
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

▼♦❞❡❧♦s ❉❡❢♦r♠á✈❡✐s ❞❡ P❛rtí❝✉❧❛s ❡
❆❧❣♦r✐t♠♦s ❞❡ ❈♦❧✐sõ❡s ❆♣❧✐❝❛❞♦s à

❙✐♠✉❧❛çã♦ ❞❡ ❚❡❝✐❞♦s

♣♦r

❏❛♠✐❧s♦♥ ❘❛♠♦s ❈❛♠♣♦s

s♦❜ ♦r✐❡♥t❛çã♦ ❞❡

Pr♦❢❛✳ ❉r❛✳ ❘♦s❛♥❛ ▼❛rq✉❡s ❞❛ ❙✐❧✈❛

Pr♦❢✳ ❉r✳ ❱❛♥✐♦ ❋r❛❣♦s♦ ❞❡ ▼❡❧♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

❉❡③❡♠❜r♦✴✷✵✵✻



▼♦❞❡❧♦s ❉❡❢♦r♠á✈❡✐s ❞❡ P❛rtí❝✉❧❛s ❡
❆❧❣♦r✐t♠♦s ❞❡ ❈♦❧✐sõ❡s ❆♣❧✐❝❛❞♦s à

❙✐♠✉❧❛çã♦ ❞❡ ❚❡❝✐❞♦s

♣♦r

❏❛♠✐❧s♦♥ ❘❛♠♦s ❈❛♠♣♦s

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆❞❡❧❛✐❧s♦♥ P❡✐①♦t♦ ❞❛ ❙✐❧✈❛

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❍❡r♠❛♥ ▼❛rt✐♥s ●♦♠❡s

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢❛✳ ❉r❛✳ ❘♦s❛♥❛ ▼❛rq✉❡s ❞❛ ❙✐❧✈❛

❖r✐❡♥t❛❞♦r

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❱❛♥✐♦ ❋r❛❣♦s♦ ❞❡ ▼❡❧♦

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❉❡③❡♠❜r♦✴✷✵✵✻

✐✐



❘❡s✉♠♦

❊st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛ ✉♠ ❡st✉❞♦ ❞❡ ❞♦✐s ♠♦❞❡❧♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❞❡❢♦r♠á✈❡✐s

❛♣❧✐❝❛❞♦s à s✐♠✉❧❛çã♦ ❞❡ t❡❝✐❞♦s✱ ❛♠❜♦s ♠♦❞❡❧♦s ❞❡ ♠❡❝â♥✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s ✜s✐❝❛♠❡♥t❡

❡♠❜❛s❛❞♦s✱ ❝♦♥t❡♠♣❧❛♥❞♦ ❛❧❣♦r✐t♠♦s✱ ✉♠ ♣❛r❛ ❝❛❞❛ ♠♦❞❡❧♦✱ ♣❛r❛ ♦ tr❛t❛♠❡♥t♦ ❞❡

❝♦❧✐sõ❡s✳ ❊st✉❞❛♠♦s ✉♠ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r ✭❝❧áss✐❝♦ ❡ ♣♦✉❝♦ r♦❜✉st♦✮ ❡ ✉♠

❜❛s❡❛❞♦ ❡♠ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r ✭♠♦❞❡r♥♦ ❡ r♦❜✉st♦✮ ❛tr❛✈és ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦✱ s✐♠✉❧❛✲

çõ❡s ❡ ✉♠❛ ❛♥á❧✐s❡ q✉❛❧✐t❛t✐✈❛ s✐♠♣❧❡s ❡♥tr❡ ♦s r❡s✉❧t❛❞♦s ✈✐s✉❛✐s ♦❜t✐❞♦s ❝♦♠ ❛♠❜♦s✳

◆❡♥❤✉♠ ❞❡st❡s ♠♦❞❡❧♦s ❛♣r❡s❡♥t❛ r❡❧❛çõ❡s ❡♥tr❡ ❞❡❢♦r♠❛çõ❡s t❛♥❣❡♥❝✐❛✐s ❡ ♥♦r♠❛✐s ❡✱

♣♦rt❛♥t♦✱ ♥ã♦ ❣❡r❛♠ r✉❣❛s ❡✴♦✉ ❞♦❜r❛s ❡s♣♦♥t❛♥❡❛♠❡♥t❡✳ P❛r❛ t♦r♥á✲❧♦s ♠❛✐s r❡❛❧ís✲

t✐❝♦s✱ ❡♠ ♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ♣r♦♣♦♠♦s ♦ ✉s♦ ❞❡ ✉♠❛ ❢♦rç❛ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❛s

❞❡❢♦r♠❛çõ❡s t❛♥❣❡♥❝✐❛✐s ❡ ♥♦r♠❛✐s✳

✐✐✐



❆❜str❛❝t

❚❤✐s ✇♦r❦ ♣r❡s❡♥ts ❛ st✉❞② ♦❢ t✇♦ ❞❡❢♦r♠❛❜❧❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠♦❞❡❧s ❛♣♣❧✐❡❞ t♦ s✐✲

♠✉❧❛t✐♦♥ ♦❢ ❝❧♦t❤s✱ ❜♦t❤ ♣❤②s✐❝❛❧❧② ❜❛s❡❞ ♠♦❞❡❧s ♦❢ ♣❛rt✐❝❧❡ ♠❡❝❤❛♥✐❝s✱ ❝♦♥t❡♠♣❧❛t✐♥❣✱

♦♥❡ ♣❡r ♠♦❞❡❧✱ ❝♦❧❧✐s✐♦♥ tr❡❛t♠❡♥t ❛❧❣♦r✐t❤♠s✳ ❲❡ st✉❞② ❛ r❡❝t❛♥❣✉❧❛r ❣r✐❞ ♠♦❞❡❧ ✭❝❧❛s✲

s✐❝ ❛♥❞ ♥♦t ✈❡r② r♦❜✉st ♦♥❡✮ ❛♥❞ ❛ tr✐❛♥❣✉❧❛r ♠❡s❤ ❜❛s❡❞ ♠♦❞❡❧ ✭♠♦❞❡r♥ ❛♥❞ r♦❜✉st

♦♥❡✮ t❤r♦✉❣❤ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ s✐♠✉❧❛t✐♦♥s ❛♥❞ ❛ s✐♠♣❧❡ q✉❛❧✐t❛t✐✈❡ ❛♥❛❧②s✐s ❜❡t✇❡❡♥

✈✐s✉❛❧ r❡s✉❧ts r❡❛❝❤❡❞ ✇✐t❤ t❤❡♠✳ ◆❡✐t❤❡r ♦❢ t❤❡s❡ ♠♦❞❡❧s ♣r❡s❡♥ts ❛ r❡❧❛t✐♦♥s❤✐♣ ✇✐t❤

t❛♥❣❡♥t ❛♥❞ ♥♦r♠❛❧ ❞❡❢♦r♠❛t✐♦♥s t❤❡r❡❢♦r❡ ❞♦♥✁t ❜✉✐❧❞ ❢♦❧❞s ❛♥❞✴♦r ✇r✐♥❦❧❡s s♣♦♥t❛✲

♥❡♦✉s❧②✳ ❚♦ t✉r♥ t❤❡♥ ♠♦r❡ r❡❛❧✐st✐❝✱ ✐♥ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ✇❡ ♣r♦♣♦s❡ t♦ ♠❛❦❡ ✉s❡

♦❢ ❛ ❝♦✉♣❧✐♥❣ ❢♦r❝❡ ❜❡t✇❡❡♥ t❛♥❣❡♥t ❛♥❞ ♥♦r♠❛❧ ❞❡❢♦r♠❛t✐♦♥s✳

✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

➚ ❉❡✉s✱ ❢♦rç❛ ❝r✐❛❞♦r❛ ❞♦ ✉♥✐✈❡rs♦✳

➚ ♠✐♥❤❛ ♠ã❡✱ ❊❞♦r✐❝❡ ❘❛♠♦s ❈❛♠♣♦s✱ ♣❡❧❛ ✈✐❞❛✱ ❛♠♦r✱ ❡❞✉❝❛çã♦✱ ♣❛❝✐ê♥❝✐❛✱

❝♦♥❢♦rt♦ ❡ ♦r❛çã♦✳ ❙♦✉✲❧❤❡ ♠✉✐t♦ ❣r❛t♦ ♣♦r t❡r✲♠❡ ❢❡✐t♦ ❤♦♠❡♠✳

➚ ♠✐♥❤❛ ❡s♣♦s❛ ❆♥❞ré❛ ❉❛♥t❛s ♣❡❧❛ ❛♠♦r✱ ♣❛❝✐ê♥❝✐❛ ❡ ❝♦♠♣r❡❡♥sã♦ ❛♦ ❧♦♥❣♦ ❞❡

♥♦ss❛ ✈✐❞❛ ❛ ❞♦✐s ❡ ♥♦ ❝✉rs♦ ❞❡ss❡ ♠❡str❛❞♦✳ ➚ ♠✐♥❤❛ ✜❧❤❛ ❘❛q✉❡❧ ♣❡❧♦ ❝❛r✐♥❤♦ ❡

❞✐✈❡rt✐♠❡♥t♦✳

❆♦s ♠❡✉s ✐r♠ã♦s✱ t✐♦s ❡ ❞❡♠❛✐s ❢❛♠✐❧✐❛r❡s ♣❡❧♦ ❛❢❡t♦✱ ❛♠✐③❛❞❡✱ ❛♣♦✐♦✱ ♣❡❧❛s ❝♦✲

♠❡♠♦r❛çõ❡s ❡ ♠♦♠❡♥t♦s ❞❡ ❧❛③❡r q✉❡ ♥♦s ❢❛③❡♠ r❡❧❛①❛r ❡ ❡sq✉❡❝❡r ♦s ♣r♦❜❧❡♠❛s ❞❛

✈✐❞❛✳

❆♦s ♣r♦❢❡ss♦r❡s ❞♦ ❉▼✴❯❋P❇ ♣❡❧❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❡♠ ❏♦ã♦ P❡ss♦❛✳ ❊♠ ❡s♣❡❝✐❛❧

❛♦s ♣r♦❢❡ss♦r❡s ▼❛r✐✈❛❧❞♦ ▼❛t♦s ❡ ❆♥tô♥✐♦ ❞❡ ❆♥❞r❛❞❡ ❡ ❙✐❧✈❛ q✉❡ s❡♠♣r❡ ♠❡ ❛♣♦✐❛r❛♠

♥❡ss❛ ❡t❛♣❛ ❞❛ ♠✐♥❤❛ ❢♦r♠❛çã♦✳ ❆♦ ♣r♦❢❡ss♦r ❆❜❞♦r❛❧ ❞❡ ❙♦✉③❛ ♣❡❧❛s ❞✐❝❛s✱ ❧✐✈r♦s ❡

❛♣♦✐♦✳

❆♦s ♠❡✉s ♦r✐❡♥t❛❞♦r❡s ❘♦s❛♥❛ ▼❛rq✉❡s ❡ ❱❛♥✐♦ ❋r❛❣♦s♦ ♣❡❧♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ ♣❡❧❛

❛❝♦❧❤✐❞❛✱ ❝♦♥✜❛♥ç❛ ❡ ❛♠✐③❛❞❡✳ ❋✐❝♦ ❢❡❧✐③ ❡♠ s❡r ✈♦ss♦ ❞✐s❝í♣✉❧♦ ♥♦ ✏❛❞♠✐rá✈❡❧ ♠✉♥❞♦

♥♦✈♦✑ ❞❛ ❝♦♠♣✉t❛çã♦ ❣rá✜❝❛✳

❆♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞❛ Pós✲❣r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ❞❛ ❯❋❈●✱ q✉❡

❝♦♥tr✐❜✉ír❛♠ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ♥❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❡ ♥❡st❡ tr❛❜❛❧❤♦✳ ❆♦ ♣r♦❢❡ss♦r

❉❛♥✐❡❧ P❡❧❧❡❣r✐♥♦ ♣♦r s✉❛ ❣❡♥t✐❧ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❡ ❛♣♦✐♦✳

❆♦s ♣r♦❢❡ss♦r❡s ❆❞❡❧❛✐❧s♦♥ P❡✐①♦t♦ ❡ ❍❡r♠❛♥ ▼❛rt✐♥s✱ ♠❡♠❜r♦s ❞❛ ❜❛♥❝❛ ❡①❛♠✐✲

♥❛❞♦r❛✱ ♣❡❧♦ ❛♣♦✐♦ ❡ ❝♦♥tr✐❜✉✐çõ❡s ✈❛❧♦r♦s❛s ❛ ❡st❡ tr❛❜❛❧❤♦✳

➚ ♣r♦❢❡ss♦r❛ ▲✐❧✐❛♥❡ ▼❛❝❤❛❞♦ ❞♦ ❉■✴❯❋P❇ q✉❡✱ ❛♣❡s❛r ❞❡ ♠✉✐t♦ ❛t❛r❡❢❛❞❛✱ ♠❡

❛✉①✐❧✐♦✉ ♥♦ ❡st✉❞♦ ❞♦ ●▲ ❡ ❈✰✰✳

➚ ❞✐r❡çã♦ ❞♦ ❈❈❊◆✴❯❋P❇ ❡ ❛ t♦❞♦s ♦s ♠❡✉s ❝♦❧❡❣❛s ❞❡ tr❛❜❛❧❤♦ ♣❡❧♦ ❛✉①í❧✐♦

✐♥❡st✐♠á✈❡❧ ❛ ❡ss❡ ♠❡✉ ♣r♦♣ós✐t♦✳ ❊♠ ❡s♣❡❝✐❛❧ ❛♦ ❛♠✐❣♦ ❡ ❝♦❧❡❣❛ ❆❧❡①s❛♥❞r♦ ❈♦✉t✐♥❤♦✳

❆♦s ❛♠✐❣♦s ❡ ❝♦♠♣❛♥❤❡✐r♦s ❞❡ ❈❛♠♣✐♥❛ ❡ ❏♦ã♦ P❡ss♦❛ q✉❡ ❞❡r❛♠✲♠❡ ❢♦rç❛ ❡

✈



â♥✐♠♦✳ ❊♠ ❡s♣❡❝✐❛❧ à ▼♦✐sés✱ ❏♦♥❛t❤❛s✱ ❋á❜✐♦ ❉❛♥t❛s✱ ❈❧❛r✐ss❛✱ ❘♦♠❡r♦✱ ❋❡r♥❛♥❞❛✱

▼❛r❝♦s✱ ❆♠❛♥❞❛✱ ❙✉❡♥❡ ❡ ❏ú❧✐♦✳

✈✐



✏❉✐③❡♠ q✉❡ ♦ ❞❡s❡❥♦ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦ ♥♦s ❢❡③ ♣❡r❞❡r ♦

♣❛r❛ís♦ ♥♦ ♣❛ss❛❞♦❀ ✈❡r❞❛❞❡ ♦✉ ♥ã♦✱ é ❝❡rt♦ q✉❡ ♥♦s

❞❛rá ♦ ♣❛r❛ís♦ ♥♦ ❢✉t✉r♦✳✑

■♥❣❡rs♦❧❧

✈✐✐



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s ❙❡❜❛st✐ã♦ ❡ ❊❞♦r✐❝❡✱ ❛♦s

♠❡✉s ✐r♠ã♦s✱ à ♠✐♥❤❛ ❡s♣♦s❛ ❆♥❞ré❛ ❡

❛♦s ♠❡✉s ✜❧❤♦s ❘❛q✉❡❧ ❡ ❚❛❧❡s✳

✈✐✐✐



✱

✐①



①
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✻✳✸ ❆♣❧✐❝❛çã♦ ❞♦ ❆❧❣♦r✐t♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✻✳✹ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✼ ❆ ❋♦rç❛ ❞❡ ❆❝♦♣❧❛♠❡♥t♦ ✻✺

✼✳✶ ❖ Pr♦❜❧❡♠❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✼✳✷ ❆♣❧✐❝❛çã♦ ❞❛ ❋♦rç❛ ❞❡ ❆❝♦♣❧❛♠❡♥t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

①✐✐



✽ ❈♦♥❝❧✉sõ❡s ❡ ❋✉t✉r♦s ❚r❛❜❛❧❤♦s ✻✾

✽✳✶ ❈♦♥❝❧✉sõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✽✳✷ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✽✳✸ ❋✉t✉r♦s ❚r❛❜❛❧❤♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

❆ ▼ét♦❞♦s ◆✉♠ér✐❝♦s ✼✸

❇ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧ ❡ ❚❡♥s♦r❡s ✼✺

❈ ◗✉❛❞r♦s ❞❡ ❆♥✐♠❛çõ❡s ✼✼

❉ ❉❡t❛❧❤❡s ■♠♣❧❡♠❡♥t❛t✐✈♦s ✽✶

❇✐❜❧✐♦❣r❛✜❛ ✽✸

①✐✐✐



①✐✈



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ❚r❡❧✐ç❛ ♠❛ss❛✲♠♦❧❛ r❡♣r❡s❡♥t❛♥❞♦ ✉♠ s✐st❡♠❛ ❞❡ ♣❛rtí❝✉❧❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✷✳✷ P❛râ♠❡tr♦s ♠❡❝â♥✐❝♦s ❞♦ ♠♦❞❡❧♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷✳✸ ❈♦♠♣r✐♠❡♥t♦s ❞❡ ♠♦❧❛s ♦✉ â♥❣✉❧♦s ✈❡rs✉s ❞❡❢♦r♠❛çõ❡s ♥♦ s✐st❡♠❛ ❞❡

♣❛rtí❝✉❧❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✸✳✶ ❖s t✐♣♦s ❞❡ ♠♦❧❛s ❧✐❣❛♥❞♦ Pi,j ❛ s❡✉s ✈✐③✐♥❤♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✸✳✷ ❉❡❢♦r♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ❡❧ást✐❝♦✿ ❜❛♥❞❡✐r❛ ♣❡♥❞✉r❛❞❛ ♣♦r ❞♦✐s ❝❛♥t♦s✳ ✳ ✶✺

✸✳✸ ❈♦♥tr♦❧❡ ❞❛ ❞❡❢♦r♠❛çã♦ ♣♦r ❞✐♥â♠✐❝❛ ✐♥✈❡rs❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✸✳✹ ❈♦rr❡çã♦ ❞❛s ♠♦❧❛s s✉♣❡r✲❡❧♦♥❣❛❞❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✸✳✺ ■♥st❛❜✐❧✐❞❛❞❡ ♥♦ ❡①❡♠♣❧♦ ❞❛ ❙❡çã♦ ✸✳✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✸✳✻ ❊♥❡r❣✐❛ ✐♥❞❡✈✐❞❛ ♣r♦❞✉③✐❞❛ ♣❡❧❛ ❝♦rr❡çã♦ ❞❛ ♣♦s✐çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✸✳✼ ▼♦❞❡❧♦ ✈❡rs✉s ❞♦❜r❛s ❡s♣♦♥tâ♥❡❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✸✳✽ ▼❛✐s ❡①❡♠♣❧♦s✿ ❜❛♥❞❡✐r❛ ❡ ✈❡❧❛ ❛♦ ✈❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✹✳✶ ▼❛❧❤❛ tr✐❛♥❣✉❧❛r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✹✳✷ ❊❧❡♠❡♥t♦ ❞❡ ❝✉r✈❛t✉r❛ ❝♦♠ â♥❣✉❧♦ ❞✐❡❞r❛❧ π − θ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✹✳✸ ▼♦❞♦s ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ♦ ❡❧❡♠❡♥t♦ ❞❡ ❝✉r✈❛t✉r❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✹✳✹ ■♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ ❢❛t♦r |E|2

|N1|+|N2|
✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✹✳✺ ➶♥❣✉❧♦s ❞❡ r❡♣♦✉s♦ ♣❡r♠✐t❡♠ ♣ré✲❡s❝✉❧♣✐r ❞♦❜r❛s ♥♦s t❡❝✐❞♦s✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✹✳✻ ■♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ❛ ❛♣r♦①✐♠❛çã♦ ✭✹✳✸✮ ❞❡ dθ/dt✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✹✳✼ ❈♦♥tr♦❧❡ ❞❛ ❞❡❢♦r♠❛çã♦✿ ❛❥✉st❡ ❞❛s ✈❡❧♦❝✐❞❛❞❡s ❝♦♠ ❝♦♥s❡r✈❛çã♦ ❞♦

♠♦♠❡♥t♦ ❧✐♥❡❛r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✹✳✽ ❉❡❢♦r♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ❡❧ást✐❝♦✿ ❜❛♥❞❡✐r❛ ♣❡♥❞✉r❛❞❛ ♣♦r ❞♦✐s ❝❛♥t♦s✳ ✳ ✸✷

①✈



✹✳✾ ❇❛♥❞❡✐r❛s ❛♦ ✈❡♥t♦ ❡♠ ♠♦❞❡❧♦s ❞✐st✐♥t♦s✿ ✭❛✮ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r❀ ✭❜✮

♠❛❧❤❛ tr✐❛♥❣✉❧❛r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✹✳✶✵ ❖ ♠♦❞❡❧♦ ♥ã♦ ❣❡r❛ ❞♦❜r❛s ❡s♣♦♥t❛♥❡❛♠❡♥t❡✿ ✭❛✮ ♣♦♥t♦s ❞✐str✐❜✉í❞♦s ♥♦

♣❧❛♥♦❀ ✭❜✮ ♣♦♥t♦s ❝♦♠ ❞✐str✐❜✉✐çã♦ ♥ã♦ ♣❧❛♥❛r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✹✳✶✶ ▼❛✐s ✉♠ ❡①❡♠♣❧♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r✿ ✈❡❧❛ ❛♦ ✈❡♥t♦✳ ✳ ✳ ✸✹

✺✳✶ ❈♦❧✐sã♦ ♣♦♥t♦✲tr✐â♥❣✉❧♦✿ ✭❛✮ ❛♥t❡s ❞❛ ❝♦❧✐sã♦❀ ✭❜✮ ❞✉r❛♥t❡ ❛ ❝♦❧✐sã♦✳ ✳ ✳ ✸✼

✺✳✷ ❈♦❧✐sã♦ ❛r❡st❛✲❛r❡st❛✿ ✭❛✮ ❛♥t❡s ❞❛ ❝♦❧✐sã♦❀ ✭❜✮ ❞✉r❛♥t❡ ❛ ❝♦❧✐sã♦✳ ✳ ✳ ✳ ✳ ✸✽

✺✳✸ ❉✐✈✐sã♦ r❡❝✉rs✐✈❛ ❞♦ t❡❝✐❞♦ ❡♠ ③♦♥❛s ❡ ❛r♠❛③❡♥❛♠❡♥t♦ ♥✉♠❛ ár✈♦r❡

❜✐♥ár✐❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✺✳✹ ❈❛✐①❛ ❛❧✐♥❤❛❞❛ ❝♦♠ ♦s ❡✐①♦s ❡♥✈♦❧✈❡♥❞♦ ✉♠❛ ♣r✐♠✐t✐✈❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✺✳✺ ❈♦♥❡ ❞❡ ♥♦r♠❛✐s ♣❛r❛ ✉♠❛ ③♦♥❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✺✳✻ ❈♦♥❡ ❞❡ â♥❣✉❧♦ α ❝❛❧❝✉❧❛❞♦ ❛ ♣❛rt✐r ❞♦s ❝♦♥❡s ❞❡s❝❡♥❞❡♥t❡s ❞❡ â♥❣✉❧♦s

α1 ❡ α2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✺✳✼ ❈✐r❝✉♥s❝r✐çã♦ ✐t❡r❛t✐✈❛ ❞❡ ③♦♥❛s ❞❡ ✐♠♣❛❝t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✺✳✽ ❚❡❝✐❞♦ ❝❛✐❞♦ s♦❜r❡ ♠❡s❛ q✉❛❞r❛❞❛ ✭❛✮ ❡ r❡t❛♥❣✉❧❛r ✭❜✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✺✳✾ ❈♦❧✐sã♦ ❡♥tr❡ ♦ t❡❝✐❞♦ ❡ ✉♠❛ ♠❡s❛ r❡❞♦♥❞❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✺✳✶✵ ❚❡❝✐❞♦ ❝❛✐❞♦ s♦❜r❡ ❡s❢❡r❛s ❞❡ r❛✐♦s ❞✐❢❡r❡♥t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✺✳✶✶ ❚❡❝✐❞♦ ❞❡s❧✐③❛♥❞♦ s♦❜r❡ ✉♠ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦ ✭❛✮ ❡ ✉♠❛ ❡s❢❡r❛ ✭❜✮✳ ✳ ✳ ✳ ✳ ✹✽

✺✳✶✷ ❖ t❡❝✐❞♦ ✜❝❛ ✏♣r❡s♦✑ à ❜♦r❞❛ ❞❡ ✉♠ ♣❧❛♥♦ q✉❛♥❞♦ ❡st❡ é ✐♥❝❧✐♥❛❞♦✳ ✳ ✳ ✳ ✹✾

✻✳✶ ❆ ♠❡❞✐❞❛ ❞❛ s♦❜r❡♣♦s✐çã♦ ❡♥tr❡ r❡❣✐õ❡s ❞♦ t❡❝✐❞♦✿ d r❡♣r❡s❡♥t❛ ❛ s♦❜r❡✲

♣♦s✐çã♦ ❡ h ❛ ❡s♣❡ss✉r❛ ❞♦ t❡❝✐❞♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✻✳✷ ❚❡❝✐❞♦ ❝❛✐❞♦ s♦❜r❡ ♠❡s❛ q✉❛❞r❛❞❛ ✭❛✮ ❡ r❡t❛♥❣✉❧❛r ✭❜✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✻✳✸ ❈♦❧✐sã♦ ❡♥tr❡ ♦ t❡❝✐❞♦ ❡ ✉♠❛ ♠❡s❛ r❡❞♦♥❞❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✻✳✹ ❚❡❝✐❞♦ ❞❡s❧✐③❛♥❞♦ s♦❜r❡ ✉♠ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦ ✭❛✮ ❡ ✉♠❛ ❡s❢❡r❛ ✭❜✮✳ ✳ ✳ ✳ ✳ ✻✵

✻✳✺ ❈♦❧✐sã♦ ❞❡ ❛r❡st❛s✿ ✭❛✮ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ❞❡ Pr♦✈♦t ❡ ✭❜✮ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦

❞❡ ❇r✐❞s♦♥ ❡t ❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✻✳✻ ❊♠ ✭❛✮✱ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ❬✸✽❪✱ ♥ã♦ ❤á ❞❡s❧✐③❛♠❡♥t♦ ❡ ❡♠ ✭❜✮✱ ❝♦♠ ♦

❛❧❣♦r✐t♠♦ ❬✶✵❪✱ ♦❝♦rr❡ ♦ ❞❡s❧✐③❛♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✻✳✼ ❖ t❡❝✐❞♦ ♥ã♦ ✜❝❛ ♣r❡s♦ à ❜♦r❞❛ ❞♦ ♣❧❛♥♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✻✳✽ ❙✐t✉❛çõ❡s✲♣r♦❜❧❡♠❛ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❞❡ Pr♦✈♦t ❬✸✽❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✻✳✾ ❉♦❜r❛s ❡stá✈❡✐s ❛✉♠❡♥t❛♠ ♦ r❡❛❧✐s♠♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

①✈✐



✼✳✶ ❆s ❞♦❜r❛s ♥ã♦ ❛♣❛r❡❝❡♠ ❡s♣♦♥t❛♥❡❛♠❡♥t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✼✳✷ ▼❛✐s ✉♠❛ s✐t✉❛çã♦ ♦♥❞❡ r✉❣❛s ♥ã♦ s✉r❣❡♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✼✳✸ ❘❡❣✐ã♦ a ❞❡ ❛♣❧✐❝❛çã♦ ❞❛ ❢♦rç❛ ❞❡ ❛❝♦♣❧❛♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✼✳✹ ❘❡s♣♦st❛ ❝♦❡r❡♥t❡ ❞♦ ♠♦❞❡❧♦ ❝♦♠ ❢♦rç❛s ❞❡ ❛❝♦♣❧❛♠❡♥t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

❈✳✶ ❱❡❧❛ ❛♦ ✈❡♥t♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

❈✳✷ ❱❡❧❛ ❛♦ ✈❡♥t♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

❈✳✸ ❈♦❧✐sõ❡s ♣❛r❛ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r✿ t❡❝✐❞♦ ❝♦❧✐❞✐♥❞♦ ❝♦♠ ♠❡s❛ q✉❛❞r❛❞❛✳ ✳ ✼✽

❈✳✹ ❈♦❧✐sõ❡s ♣❛r❛ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r✿ t❡❝✐❞♦ ❝♦❧✐❞✐♥❞♦ ❝♦♠ ♠❡s❛ q✉❛❞r❛❞❛✳ ✳ ✼✾
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Capı́tulo 1

■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ♦s ♦❜❥❡t♦s ❞❡ ♥♦ss♦ ❡st✉❞♦✱ ✉♠❛ ♠♦t✐✈❛çã♦✱ ✉♠❛

❝❧❛ss✐✜❝❛çã♦ ❡ ✉♠❛ ❜r❡✈❡ ❞✐s❝✉ssã♦ ❛ s❡✉ r❡s♣❡✐t♦✳ P♦♥❞❡r❛♠♦s ♦s ♦❜❥❡t✐✈♦s ❡ ❛ ♠❡t♦✲

❞♦❧♦❣✐❛ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦ ❡ ♦❢❡r❡❝❡♠♦s ✉♠ ❡sq✉❡♠❛ ❞❡ s✉❛ ♦r❣❛♥✐③❛çã♦✳

✶✳✶ ❆♣r❡s❡♥t❛çã♦

❊st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛ ♦ ❡st✉❞♦ ❞❡ ❞♦✐s ♠♦❞❡❧♦s ❞❡❢♦r♠á✈❡✐s ❜❛s❡❛❞♦s ❡♠ ♠❡✲

❝â♥✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s ♣❛r❛ ✉s♦ ❡♠ s✐♠✉❧❛çõ❡s ❞❡ t❡❝✐❞♦s✿ ❖ ♠♦❞❡❧♦ ❞❡ Pr♦✈♦t ❬✸✼❪✱ ❞❡

♠❛❧❤❛ r❡t❛♥❣✉❧❛r✱ ❡ ♦ ❞❡ ❇r✐❞s♦♥ ❡t ❛❧✳ ❬✶✶❪✱ ❞❡ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r✳ ❖ ♣r✐♠❡✐r♦ ♠♦❞❡❧♦

♥ã♦ ♦❢❡r❡❝❡ ✉♠ tr❛t❛♠❡♥t♦ ♣❛r❛ ❝♦❧✐sõ❡s ✭❛✉t♦✲❝♦❧✐sõ❡s ❡ ❝♦♠ ♦✉tr♦s ♦❜❥❡t♦s✮ ❛ss✐♠

❡st✉❞❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ❬✸✽❪✱ ❞♦ ♠❡s♠♦ ❛✉t♦r✱ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦st❡r✐♦r♠❡♥t❡ ♣❛r❛ ❡ss❡

♠♦❞❡❧♦✳ ❖ s❡❣✉♥❞♦ ♠♦❞❡❧♦ r❡♠❡t❡ ♦ tr❛t❛♠❡♥t♦ ❞❡ ❛✉t♦✲❝♦❧✐sõ❡s ❛♦ ❛rt✐❣♦ ❬✶✵❪ ♠❛s

❥á tr❛③ ❝♦♥s✐❣♦ ♦ tr❛t❛♠❡♥t♦ ❞❡ ❝♦❧✐sõ❡s ❝♦♠ ♦❜❥❡t♦s✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ♦♣t❛♠♦s✱ ❡♠

♥♦ss♦ ❡st✉❞♦✱ ♣♦r ✐♠♣❧❡♠❡♥t❛r ♣❛r❛ ❡ss❡ ♠♦❞❡❧♦ ❞❡❢♦r♠á✈❡❧ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❝♦❧✐sõ❡s ❬✶✵❪✳

❆ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ss❡s ♠♦❞❡❧♦s ❡ ❛❧❣♦r✐t♠♦s ❢❛③ ♣❛rt❡ ❞❡st❡ tr❛❜❛❧❤♦ ❡ ♦ ❝♦♠♣❧❡✲

♠❡♥t❛✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ ❛ s✉❜♠✐ssã♦ ❞♦s ♠❡s♠♦s ❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ t❡st❡s ❡ s✐t✉❛çõ❡s✳

◆✉♠❛ ❞❡ss❛s s✐t✉❛çõ❡s✱ à ♣r♦♣ós✐t♦✱ ♦❜s❡r✈❛♠♦s ✉♠ ❢❡♥ô♠❡♥♦ ❞❡ ❢❛❧t❛ ❞❡ r❡❛❧✐s♠♦ ♥♦s

❞♦✐s ♠♦❞❡❧♦s✿ ❡❧❡s ♥ã♦ ❣❡r❛♠ ❞♦❜r❛s ❡✴♦✉ r✉❣❛s ❡s♣♦♥t❛♥❡❛♠❡♥t❡✳ ❖♣♦rt✉♥❛♠❡♥t❡

❞❡s❝r❡✈❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❡ ❛ s♦❧✉çã♦ ♣r♦♣♦st❛ ♣❛r❛ t❛❧✳



✷ ■♥tr♦❞✉çã♦

✶✳✷ ▼♦t✐✈❛çã♦

❍á ❞é❝❛❞❛s ❛ ❝♦♠✉♥✐❞❛❞❡ ❞❡ ❝♦♠♣✉t❛çã♦ ❣rá✜❝❛ ❡st✉❞❛ ❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ♦❜❥❡✲

t♦s ❞❡❢♦r♠á✈❡✐s ❡♠ ❛♣❧✐❝❛çõ❡s ❞✐✈❡rs❛s ❣❡r❛♥❞♦ ✐♠❛❣❡♥s✱ ❛♥✐♠❛çõ❡s ❡ ❝❡♥❛s ✈✐rt✉❛✐s

❝♦♠♣❛rá✈❡✐s às ❝❡♥❛s r❡❛✐s✳ ❊ss❛s ❛♣❧✐❝❛çõ❡s ✐♥❝❧✉❡♠ ❛ ❣❡r❛çã♦ ❞❡ ✐♠❛❣❡♥s ♠é❞✐❝❛s✱

❛♥✐♠❛çã♦ ❞❡ ♠ús❝✉❧♦s✱ s✐♠✉❧❛çõ❡s ❝✐rúr❣✐❝❛s ♣❛r❛ tr❡✐♥❛♠❡♥t♦ ❞❡ ♣❡ss♦❛❧ ❡ s✐♠✉❧❛çã♦

❞❡ t❡❝✐❞♦s ♣❛r❛ ✈❡st✐♠❡♥t❛s ❞❡ ❛t♦r❡s ✈✐rt✉❛✐s ❬✷✷❪✳

❆ ♠♦❞❡❧❛❣❡♠ ❡ ❛♥✐♠❛çõ❡s ❞❡ t❡❝✐❞♦s✱ ♥♦ss♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦✱ é ❞❡ ❣r❛♥❞❡ ✐♠✲

♣♦rtâ♥❝✐❛ ♣❛r❛ ❛s ✐♥❞ústr✐❛s ❞♦ ❡♥tr❡t❡♥✐♠❡♥t♦ ❡ ❞❛ ♠♦❞❛✳ ❖ ♣r♦❥❡t♦ ❞❡ ✈❡st✉ár✐♦s

❛tr❛✈és ❞❛ ❛♥✐♠❛çã♦ ❞❡ t❡❝✐❞♦ s♦❜r❡ ✜❣✉r❛s ❤✉♠❛♥❛s✱ s♦❜r❡ ♦✉tr♦s ♦❜❥❡t♦s ♦✉ ❛✐♥❞❛

s✉s♣❡♥s♦s sã♦ ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ❞❡ss❡s ♠♦❞❡❧♦s às ✐♥❞ústr✐❛s ❞❛ ♠♦❞❛ ❡ tê①t✐❧✳ P❛r❛ ♦

❡♥tr❡t❡♥✐♠❡♥t♦ ❞❡st❛❝❛♠♦s ❛ ❛♥✐♠❛çã♦ ❞❡ ✈❡st✐♠❡♥t❛s s♦❜r❡ ❛t♦r❡s ✈✐rt✉❛✐s ❬✷✻✱ ✸✻✱ ✹✻❪✳

✶✳✸ ❈❧❛ss✐✜❝❛çã♦ ❞♦s ▼♦❞❡❧♦s ❉❡❢♦r♠á✈❡✐s

❖s ♠♦❞❡❧♦s ❞❡❢♦r♠á✈❡✐s ♣♦❞❡♠ s❡r ❝❧❛ss✐✜❝❛❞♦s ❡♠ três t✐♣♦s✿ ♠♦❞❡❧♦s ❣❡♦♠étr✐✲

❝♦s ❬✸✻✱ ✹✱ ✶✹❪✱ ❢ís✐❝♦s ❬✶✱ ✸✹✱ ✸✼✱ ✶✶✱ ✼✱ ✸✱ ✹✷❪ ❡ ❤í❜r✐❞♦s ❬✶✾✱ ✶✺❪✳ ❖s ♠♦❞❡❧♦s ❣❡♦♠étr✐❝♦s

✉s❛♠ tr❛♥s❢♦r♠❛çõ❡s ❡ ❡♥t✐❞❛❞❡s ❣❡♦♠étr✐❝❛s ❡ ♥ã♦ ❝♦♥s✐❞❡r❛♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❢ís✐✲

❝❛s ❞♦ ♦❜❥❡t♦✳ ❙ã♦ út❡✐s ♣❛r❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ♦❜❥❡t♦s rí❣✐❞♦s ❡stát✐❝♦s✳ ❖s ♠♦❞❡❧♦s

❢ís✐❝♦s ✉s✉❢r✉❡♠ ❞❡ ❝♦♥❝❡✐t♦s ❡ ♣r♦♣r✐❡❞❛❞❡s ❢ís✐❝❛s ♣❛r❛ ❛ ❞✐♥â♠✐❝❛ ❞♦ ♦❜❥❡t♦ ❡✱ ♣♦r

✐ss♦✱ sã♦ r❡❛❧✐st❛s ❡ ♠❛✐s ✐♥t✉✐t✐✈♦s✳ ❚ê♠ ♣♦r ❞❡s✈❛♥t❛❣❡♠ ♦ ❛❧t♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧

q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❛♦s ♠♦❞❡❧♦s ❣❡♦♠étr✐❝♦s✳ ❖s ♠♦❞❡❧♦s ❤í❜r✐❞♦s ✐♥❝♦r♣♦r❛♠ té❝♥✐✲

❝❛s ❞❡ ♠♦❞❡❧❛❣❡♠ ❣❡♦♠étr✐❝❛ ♣❛r❛ ❞✐♠✐♥✉✐r ♦ t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❡♠ ♠♦❞❡❧♦s

❢ís✐❝♦s✱ s✉❜st✐t✉✐♥❞♦✲♦s ❡♠ ♠♦♠❡♥t♦s ❡♠ q✉❡ ✉♠❛ té❝♥✐❝❛ ❣❡♦♠étr✐❝❛ ❛♣r♦①✐♠❛ ❜❡♠ ♦

❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ♠♦❞❡❧♦✳ ❊♠ ♥♦ss♦ tr❛❜❛❧❤♦ ♦s ♦❜❥❡t♦s sã♦ ✜s✐❝❛♠❡♥t❡ ♠♦❞❡❧❛❞♦s✳

P❡❧❛ r❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ ♦❜❥❡t♦✱ ♥❛ q✉❛❧ é ❞❡s❡♥✈♦❧✈✐❞❛ ❛ t❡♦r✐❛ ❞❛ ❞❡✲

❢♦r♠❛çã♦✱ s✉❜❞✐✈✐❞✐♠♦s ♦s ♠♦❞❡❧♦s ❢ís✐❝♦s ❡♠ ❞♦✐s r❛♠♦s✿ ♦s q✉❡ ❝♦♥s✐❞❡r❛♠ ♦ ♦❜❥❡t♦

❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ❞✐s❝r❡t♦✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞♦s ♠♦❞❡❧♦s ❞❡ s✐st❡♠❛s ❞❡ ♣❛rtí❝✉❧❛s ❬✸✼✱ ✶✶❪

✉t✐❧✐③❛♥❞♦ ❛ ♠❡❝â♥✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s✱ ❡ ♦s q✉❡ ❝♦♥s✐❞❡r❛♠ ♦ ♦❜❥❡t♦ ❝♦♠♦ ✉♠ ❝♦♥tí♥✉♦

❬✹✷✱ ✶✷✱ ✸✸❪✱ ✉t✐❧✐③❛♥❞♦ ❛ ♠❡❝â♥✐❝❛ ❞♦s ❝♦♥tí♥✉♦s✳ ❖s ❞♦ ♣r✐♠❡✐r♦ r❛♠♦ ♣❛rt❡♠ ❞♦

♠❡♥♦r ❡❧❡♠❡♥t♦ ❝♦♥st✐t✉✐♥t❡ ❞♦ ♦❜❥❡t♦✱ ❛ ♣❛rtí❝✉❧❛ ♦✉ ♣♦♥t♦✲♠❛ss❛✱ ✐♥t❡r❧✐❣❛❞♦s ❛♦s

✈✐③✐♥❤♦s ♣♦r ✜♦s ♦✉ ♠♦❧❛s ❝♦♥st✐t✉✐♥❞♦ ✉♠ ♠❡❝❛♥✐s♠♦ ♣❛r❛ ♠♦❞❡❧❛r ❛s ✐♥t❡r❛çõ❡s ❡♥tr❡

❡❧❡♠❡♥t♦s ✈✐③✐♥❤♦s✳ ❖s ♠♦❞❡❧♦s ❞♦ s❡❣✉♥❞♦ r❛♠♦✱ ❜❛s❡❛❞♦s ♥♦ ❝♦♥tí♥✉♦✱ ❣❡r❛❧♠❡♥t❡



✶✳✹ ❖❜❥❡t✐✈♦s ✸

r❡♣r❡s❡♥t❛♠ ♦ ♦❜❥❡t♦ ♣❛r❛♠❡tr✐❝❛♠❡♥t❡ ❡ ❝♦♥s✐❞❡r❛♠ ✉♠❛ r❡❣✐ã♦ ❝♦♥tí♥✉❛ ❡♠ t♦r♥♦

❞❡ ❝❛❞❛ ♣♦♥t♦ ❞♦ ♦❜❥❡t♦ ♦♥❞❡ sã♦ ✐♠♣♦st♦s ♣r✐♥❝í♣✐♦s ❞❡ ❡q✉✐❧í❜r✐♦ ❡ ♦❜t✐❞❛s ❡q✉❛çõ❡s

❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s q✉❡ ❣♦✈❡r♥❛♠ ❡ss❡ ❡q✉✐❧í❜r✐♦✳ ◆❡ss❛ ❛❜♦r❞❛❣❡♠✱ ♦s ♣❛râ♠❡tr♦s ❞❡

❝♦♥tr♦❧❡ ❞❛ ❞❡❢♦r♠❛çã♦ ❞♦ ♦❜❥❡t♦ ❥á ✈ê♠ ❡♠❜✉t✐❞♦s ♥♦ ♠♦❞❡❧♦ ❡ ♥ã♦ ❤á ✉♠❛ ❜✉s❝❛ ❞❡

♠♦❞❡❧❛r ❛s ♣♦ssí✈❡✐s ✐♥t❡r❛çõ❡s ✐♥t❡r♥❛s ❝♦♠♦ ♦❝♦rr❡ ♥♦s ♠♦❞❡❧♦s ❞❡ ♣❛rtí❝✉❧❛s✳ ◆❡ss❡

s❡♥t✐❞♦✱ ♦s ♠♦❞❡❧♦s ❜❛s❡❛❞♦s ❡♠ ♠❡❝â♥✐❝❛ ❞♦s ❝♦♥tí♥✉♦s sã♦ ❝♦♥s✐❞❡r❛❞♦s ❣❡♦♠❡tr✐✲

❝❛♠❡♥t❡ ❡①❛t♦s ❡ ♦s ❞❡ ♠❡❝â♥✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ✐♥❡①❛t♦s ❬✹✶❪✳ ◆♦ss♦s

♦❜❥❡t♦s ❞❡ ❡st✉❞♦ ♣♦ss✉❡♠ r❡♣r❡s❡♥t❛çõ❡s ❣❡♦♠étr✐❝❛s ❞✐s❝r❡t❛s✳

✶✳✹ ❖❜❥❡t✐✈♦s

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡st❡ ❡st✉❞♦ é ❛❞q✉✐r✐r ❡♥t❡♥❞✐♠❡♥t♦✱ ❢❛♠✐❧✐❛r✐③❛çã♦ ❡ ❛s✲

s✐♠✐❧❛çã♦ ❞♦s ❝♦♥❝❡✐t♦s✱ ❞❛ ♣r♦❜❧❡♠át✐❝❛ ❡ ❞❛s ✈❛♥t❛❣❡♥s ✐♥❡r❡♥t❡s à ♠♦❞❡❧❛❣❡♠ ❞❡

t❡❝✐❞♦s ❛tr❛✈és ❞♦s ♠♦❞❡❧♦s ❞❡❢♦r♠á✈❡✐s ❞❡ ♣❛rtí❝✉❧❛s ❡ ❞♦s ❛❧❣♦r✐t♠♦s ❞❡ ❝♦❧✐sõ❡s

✐♠♣❧❡♠❡♥t❛❞♦s✳

✶✳✺ ❈♦♥tr✐❜✉✐çõ❡s

❆ ♣r✐♥❝✐♣❛❧ ❝♦♥tr✐❜✉✐çã♦ ❞❡st❡ tr❛❜❛❧❤♦ ♣❛r❛ ♦s ♠♦❞❡❧♦s ❞❡❢♦r♠á✈❡✐s ❞❡ ♣❛rtí❝✉❧❛s

é ❛ ❢♦rç❛ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❞❡❢♦r♠❛çõ❡s t❛♥❣❡♥❝✐❛✐s ❡ ♥♦r♠❛✐s ✭❞❡s❝r✐t❛ ♥♦ ❈❛♣ít✉❧♦

✼✮✳ ❊ss❛ ❢♦rç❛ é ✉s❛❞❛ ❝♦♠♦ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✱ ❞❡t❡❝t❛❞♦ ❡♠ ❛♠❜♦s ♦s ♠♦❞❡❧♦s

❡st✉❞❛❞♦s✱ ♥❛ ❣❡r❛çã♦ ❞❡ r✉❣❛s ❡ ❞♦❜r❛s ❡s♣♦♥tâ♥❡❛s✳

❚❛♠❜é♠ ♣♦❞❡♠♦s ❝✐t❛r ❝♦♠♦ ❝♦♥tr✐❜✉✐çõ❡s ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ s♦❢t✇❛r❡s ❞❡✲

❞✐❝❛❞♦s à ♠♦❞❡❧♦s ❞❡ s✐st❡♠❛s ❞❡ ♣❛rtí❝✉❧❛s ❡ ❞❡ ❛♣♦✐♦✳ ❉❡s❡♥✈♦❧✈❡♠♦s ❜✐❜❧✐♦t❡❝❛s

♣❛r❛ ❝❛❞❛ ♠♦❞❡❧♦ ❡ ❛❧❣♦r✐t♠♦ ❞❡ ❝♦❧✐sã♦ ❛❧é♠ ❞❡ ❜✐❜❧✐♦t❡❝❛s ❞❡ ❢✉♥çõ❡s ♠❛t❡♠át✐❝❛s

❛❞✐❝✐♦♥❛✐s✱ ❞❡ ❡str✉t✉r❛s ❞❡ ❞❛❞♦s ❡ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳

✶✳✻ ▼❡t♦❞♦❧♦❣✐❛

❈♦♠ ♦ ❡st✉❞♦ ❡ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ ♣❛rtí❝✉❧❛s ❝❧áss✐❝♦✱ ❝♦♠♦ ♦ ❞❡

Pr♦✈♦t ❬✸✼❪✱ t❡♠♦s ✉♠ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ✐❞❡❛❧ ♣❛r❛ ♦ ♥♦ss♦ ✐♥t✉✐t♦✳ ❉❡ ❢❛t♦✱ ♥ã♦ s❡

❝♦♥stró✐ ✉♠ ❡❞✐❢í❝✐♦ ♣❡❧♦ t♦♣♦✳ Pr❡❝✐s❛♠♦s ❞❡ ✉♠❛ ❜❛s❡ ♣❛r❛ ❡st✉❞♦s ♠❛✐s ❛✈❛♥ç❛❞♦s✱

s❡♥❞♦ ❡ss❡ ♣r✐♠❡✐r♦ ♠♦❞❡❧♦ ✉♠ ót✐♠♦ r❡❢❡r❡♥❝✐❛❧✳ ❆♣ós ❡ss❡ ♣❛ss♦✱ ♥❛t✉r❛❧♠❡♥t❡ s❡



✹ ■♥tr♦❞✉çã♦

♣r♦❝✉r❛ ✉♠ r❡♣r❡s❡♥t❛♥t❡ ♠♦❞❡r♥♦ ❞❡ss❛ ❝❧❛ss❡ ❞❡ ♠♦❞❡❧♦s ❞❡❢♦r♠á✈❡✐s✳ ◆♦ss❛ ❡s❝♦❧❤❛

r❡❝❛✐✉ ❡♥tã♦ s♦❜r❡ ♦ ♠♦❞❡❧♦ ❞❡ ❇r✐❞s♦♥ ❡t ❛❧✳ ❬✶✶❪✱ ✉♠ ♠♦❞❡❧♦ ❛t✉❛❧ ❡ r♦❜✉st♦✳ ❇✉s✲

❝❛♠♦s ♠❛♥✐❢❡st❛çõ❡s ❞❡ ❢❛❧t❛ ❞❡ r❡❛❧✐s♠♦ ❡♠ ❛♠❜♦s ❡ ♣r♦♣♦♠♦s ♠♦❞✐✜❝❛çõ❡s ♣❛r❛ ❛

s♦❧✉çã♦ ❞❡ss❡s ♣r♦❜❧❡♠❛s✳ ❊st✉❞❛♠♦s✱ ❡♠ s❡❣✉✐❞❛✱ ❛❧❣♦r✐t♠♦s ❞❡ ❝♦❧✐sõ❡s ♣❛r❛ ❛♠❜♦s

♦s ♠♦❞❡❧♦s✳ ❊❧❡s ♣❡r♠✐t❡♠ ❛ ♠♦❞❡❧❛❣❡♠ ❞❛ ✐♥t❡r❛çã♦ ❞♦ t❡❝✐❞♦ ❝♦♠ ♦❜❥❡t♦s ❡♠ ❝❡♥❛

✭✐♥❝❧✉s✐✈❡ ♦ ♣ró♣r✐♦ t❡❝✐❞♦✮ s❡♥❞♦✱ ❛ss✐♠✱ ✐♥❞✐s♣❡♥sá✈❡✐s ♣❛r❛ ♣r❛t✐❝❛♠❡♥t❡ t♦❞♦s ♦s

t✐♣♦s ❞❡ s✐♠✉❧❛çõ❡s✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ♥♦ss♦s ♦❜❥❡t✐✈♦s✱ ❢❛r❡♠♦s✱ ❡♠ ♥♦ss♦s ❡st✉❞♦s✱ ✉♠ ❝♦♠♣❛r❛t✐✈♦

q✉❛❧✐t❛t✐✈♦ ❡♥tr❡ ♦s ❝♦♥❥✉♥t♦s ♠♦❞❡❧♦✲❝♦❧✐sõ❡s✳ ■ss♦ ♥ã♦ s❡rá ❢❡✐t♦ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❡

❡✜❝✐ê♥❝✐❛ ♥❡♠ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ♥✉♠ér✐❝♦✳ ❆♣❡♥❛s ❛s♣❡❝t♦s ✈✐s✉❛✐s ❡ ❞❡ r❡❛❧✐s♠♦ ♥❛s

s✐♠✉❧❛çõ❡s s❡rã♦ ♦❜s❡r✈❛❞♦s✳ ❉✐s❝✉t✐r❡♠♦s t❛♠❜é♠ ❛❧❣✉♠❛s ❛❜♦r❞❛❣❡♥s ❡ q✉❡stõ❡s

✐♥❡r❡♥t❡s à ✐♠♣❧❡♠❡♥t❛çã♦✱ q✉❛♥❞♦ ♥❡❝❡ssár✐❛s✳

✶✳✼ ❖r❣❛♥✐③❛çã♦ ❞❛ ❉✐ss❡rt❛çã♦

◆♦ ❈❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❜r❡✈❡ r❡✈✐sã♦ ❜✐❜❧✐♦❣rá✜❝❛ ❞♦s ♠♦❞❡❧♦s ❞❡❢♦r✲

♠á✈❡✐s ❞❡ ♣❛rtí❝✉❧❛s ❡ ❛❧❣♦r✐t♠♦s ❞❡ ❝♦❧✐sõ❡s ❢♦❝❛❞♦s ❡♠ ❛♣❧✐❝❛çõ❡s ♣❛r❛ s✐♠✉❧❛çã♦ ❞❡

t❡❝✐❞♦s✳ ◆♦ ❈❛♣ít✉❧♦ ✸ ❛♣r❡s❡♥t❛♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r ❡ ♥♦ ❈❛♣ít✉❧♦ ✹

❞❡s❝r❡✈❡♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r✳ ❖s ❈❛♣ít✉❧♦s ✺ ❡ ✻ tr❛t❛♠ ❞♦s ❛❧❣♦r✐t✲

♠♦s ❞❡ ❝♦❧✐sõ❡s ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ❡ s❡❣✉♥❞♦ ♠♦❞❡❧♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ❈❛♣ít✉❧♦ ✼

❛♣r❡s❡♥t❛ ❛ ♥♦ss❛ ♣r♦♣♦st❛ ❞❛ ❢♦rç❛ ❞❡ ❛❝♦♣❧❛♠❡♥t♦❀ s♦❧✉çã♦ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡

❢❛❧t❛ ❞❡ r❡❛❧✐s♠♦ ❡♠ ❛♠❜♦s ♦s ♠♦❞❡❧♦s✳ ❖ ❈❛♣ít✉❧♦ ✽ tr❛③ ❝♦♥❝❧✉sõ❡s s♦❜r❡ ♦ tr❛❜❛✲

❧❤♦ ❡ ♣r♦♣♦st❛s ❞❡ ❢✉t✉r♦s ❡st✉❞♦s r❡❧❛❝✐♦♥❛❞♦s à ár❡❛✳ ❖ ❆♣ê♥❞✐❝❡ ❆ ❛♣r❡s❡♥t❛ ✉♠❛

❞✐s❝✉ssã♦ s♦❜r❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s r❡❧❛❝✐♦♥❛❞♦s ❛♦ ♥♦ss♦ tr❛❜❛❧❤♦✱ ♦ ❛♣ê♥❞✐❝❡ ❇ ❛♣r❡✲

s❡♥t❛ ✉♠❛ ❞❡s❝r✐çã♦ s✉❝✐♥t❛ ❞❡ t❡♥s♦r❡s ❡ ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ✈❡t♦r❡s✱ ♦ ❛♣ê♥❞✐❝❡

❈ ❡①✐❜❡ q✉❛❞r♦s ❞❛ ❛♥✐♠❛çã♦ ❞❡ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞♦ tr❛❜❛❧❤♦ ❜❡♠ ❝♦♠♦ ✉♠❛ t❛❜❡❧❛

❝♦♠ s❡✉s t❡♠♣♦s ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❡✱ ✜♥❛❧♠❡♥t❡✱ ♦ ❛♣ê♥❞✐❝❡ ❉ r❡❧❛t❛ ❛❧❣✉♥s ❞❡t❛❧❤❡s

✐♠♣❧❡♠❡♥t❛t✐✈♦s✳



Capı́tulo 2

▼♦❞❡❧♦s ❉❡❢♦r♠á✈❡✐s ❞❡ P❛rtí❝✉❧❛s

❋❛r❡♠♦s ❛q✉✐ ✉♠❛ r❡✈✐sã♦ ❜✐❜❧✐♦❣rá✜❝❛ ❞❡ tr❛❜❛❧❤♦s ❡♠ ♠♦❞❡❧♦s ❞❡ ♣❛rtí❝✉❧❛s

✜s✐❝❛♠❡♥t❡ ❡♠❜❛s❛❞♦s ❡ ❞✐r❡❝✐♦♥❛❞♦s à s✐♠✉❧❛çã♦ ❞❡ s✉♣❡r❢í❝✐❡s ❞❡❢♦r♠á✈❡✐s❀ ❡♠ ♥♦ss♦

❝❛s♦✱ t❡❝✐❞♦s✳ ❆♥t❡s ❞✐ss♦✱ ❡①♣♦♠♦s ✉♠❛ ❞❡s❝r✐çã♦ ❞♦ ♣r✐♥❝í♣✐♦ ❡ ❞❛ r❡♣r❡s❡♥t❛çã♦

❞❡ss❡s ♠♦❞❡❧♦s✳

✷✳✶ Pr✐♥❝í♣✐♦ ❡ ❘❡♣r❡s❡♥t❛çã♦

❊♠ ✈❡③ ❞❡ ❝♦♥s✐❞❡r❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ♠❡❝â♥✐❝❛s ❞♦ ♠❛t❡r✐❛❧ ❝♦♠♦ ✉♠ t♦❞♦✱ ♦s

♠♦❞❡❧♦s ❞❡ s✐st❡♠❛s ❞❡ ♣❛rtí❝✉❧❛s ❞✐s❝r❡t✐③❛♠ ♦ ♠❛t❡r✐❛❧ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s✲

♠❛ss❛✱ q✉❡ ✐♥t❡r❛❣❡♠ ❛tr❛✈és ❞❡ ❢♦rç❛s✱ ♠♦❞❡❧❛♥❞♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞♦ ♠❡s♠♦✳

❊♠ ❛♣❧✐❝❛çõ❡s ❞❡ ❝♦♠♣✉t❛çã♦ ❣rá✜❝❛✱ s✉♣❡r❢í❝✐❡s sã♦ ❝♦♠✉♠❡♥t❡ r❡♣r❡s❡♥t❛❞❛s

♣♦r ♠❛❧❤❛s ♣♦❧✐❣♦♥❛✐s✳ ❆ss✐♠✱ ✉♠❛ ♠❛♥❡✐r❛ ❝♦♥✈❡♥✐❡♥t❡ ❞❡ ❝♦♥str✉✐r ✉♠ s✐st❡♠❛

❞❡ ♣❛rtí❝✉❧❛s é ❝♦♥s✐❞❡r❛r ❝❛❞❛ ✈ért✐❝❡ ❞❛ ♠❛❧❤❛ ❝♦♠♦ ✉♠ ♣♦♥t♦✲♠❛ss❛ ❡ ❛s ❛r❡st❛s

❞♦s ♣♦❧í❣♦♥♦s ❝♦♠♦ ❢♦rç❛s ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛s ❞✐✈❡rs❛s ♣❛rtí❝✉❧❛s✳ ❈❛❞❛ ♣❛rtí❝✉❧❛ é

r❡♣r❡s❡♥t❛❞❛ ♣♦r s✉❛ ♣♦s✐çã♦✱ ✈❡❧♦❝✐❞❛❞❡✱ ❛❝❡❧❡r❛çã♦✱ ♠❛ss❛ ❡ ♦✉tr♦s ❛tr✐❜✉t♦s✳

❆ ♠❛♥❡✐r❛ ✉s✉❛❧ ❞❡ s✐♠✉❧❛çã♦ ♥✉♠ér✐❝❛ ❞❛ ❞✐♥â♠✐❝❛ ❞❡ ❞❡❢♦r♠❛çã♦ ❡ ♠♦✈✐♠❡♥t♦

❞❡ ✉♠ s✐st❡♠❛ ❞❡ ♣❛rtí❝✉❧❛s é ♣♦r ✐♥t❡❣r❛çã♦ ❞❛ s❡❣✉♥❞❛ ❧❡✐ ❞❡ ◆❡✇t♦♥ ❬✷✺❪

F(t) = M
d2P

dt2

♦♥❞❡ P é ❛ ♣♦s✐çã♦ ❞❛ ♣❛rtí❝✉❧❛✱ F ♦ s♦♠❛tór✐♦ ❞❛s ❢♦rç❛s ❛♣❧✐❝❛❞❛s à ♣❛rtí❝✉❧❛ ❡ M

❛ s✉❛ ♠❛ss❛✳ ❉✐ss♦ ❛❞✈é♠ ✉♠❛ ❣r❛♥❞❡ ✈❛♥t❛❣❡♠ ❞♦ ✉s♦ ❞❡ s✐st❡♠❛ ❞❡ ♣❛rtí❝✉❧❛s✿ s✉❛



✻ ▼♦❞❡❧♦s ❉❡❢♦r♠á✈❡✐s ❞❡ P❛rtí❝✉❧❛s

s✐♠♣❧✐❝✐❞❛❞❡✳ ❆s ♣♦s✐çõ❡s✱ ✈❡❧♦❝✐❞❛❞❡s ❡ ❢♦rç❛s ❞❛s ♣❛rtí❝✉❧❛s ❛♣❛r❡❝❡♠ ❡♠ ❡q✉❛çõ❡s

❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ❞❡ ❢á❝✐❧ r❡s♦❧✉çã♦✳

❆s ❢♦rç❛s ❛♣❧✐❝❛❞❛s ❛ ❝❛❞❛ ♣❛rtí❝✉❧❛ ❞❡♣❡♥❞❡♠ ❞♦ ❡st❛❞♦ ♠♦♠❡♥tâ♥❡♦ ❞♦ s✐st❡♠❛✱

r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ♣♦s✐çõ❡s ❡ ✈❡❧♦❝✐❞❛❞❡s ❞❡ ❝❛❞❛ ♣❛rtí❝✉❧❛✳ ❊st❛s ❢♦rç❛s r❡♣r❡s❡♥t❛♠

t♦❞♦s ♦s ❡❢❡✐t♦s ♠❡❝â♥✐❝♦s s♦❜r❡ ♦ s✐st❡♠❛✱ ✐♥❝❧✉✐♥❞♦ ❛ ❣r❛✈✐❞❛❞❡✱ ❡❢❡✐t♦s ❛❡r♦❞✐♥â♠✐❝♦s

❡ q✉❛✐sq✉❡r ♦✉tr❛s ✐♥✢✉ê♥❝✐❛s ❡①t❡r♥❛s✳ ❊♥tr❡t❛♥t♦✱ ❛❧❣✉♥s ❡❢❡✐t♦s ❣❡♦♠étr✐❝♦s ✭❝♦♠♦

✐♥t❡r❛çõ❡s ❝♦♠ ♦✉tr♦s ♦❜❥❡t♦s ♦✉ ❝♦♠ ❡❧❡ ♣ró♣r✐♦✮ ♣♦❞❡♠ ✐♥✢✉✐r ❞✐r❡t❛♠❡♥t❡ ♥❛ ♣♦s✐çã♦

❡ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♦ tr❛t❛♠❡♥t♦ ❞❡ ❝♦❧✐sõ❡s✳

❖s s✐st❡♠❛s ♠❛ss❛✲♠♦❧❛ sã♦ r❡♣r❡s❡♥t❛çõ❡s ♠❛✐s ❝♦♠✉♥s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♠❡✲

❝â♥✐❝♦s ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ♣❛rtí❝✉❧❛s ✭❋✐❣✉r❛ ✷✳✶✮✳ ◆❡ss❛ ❛❜♦r❞❛❣❡♠✱ ❝❛❞❛ ♣❛rtí❝✉❧❛

é ❧✐❣❛❞❛ às ✈✐③✐♥❤❛s ♣♦r ♠♦❧❛s q✉❡ r❡♣r❡s❡♥t❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡❧ást✐❝♦ ❞♦ ♠❛t❡r✐❛❧

❛tr❛✈és ❞❛ ❧❡✐ ❞❡ ❍♦♦❦ ❬✷✺❪✳ ❊ss❛s ♠♦❧❛s t❡♥❞❡♠ ❛ ♠❛♥t❡r ❛s ♣❛rtí❝✉❧❛s ❡♠ s✉❛s ♣♦s✐✲

çõ❡s ✐♥✐❝✐❛✐s ✭♦✉ ❞❡ r❡♣♦✉s♦✮✳ ❱ár✐♦s t✐♣♦s ❞❡ ♠♦❧❛s ♣♦❞❡♠ s❡r ✉s❛❞❛s ♣❛r❛ r❡♣r❡s❡♥t❛r

❞✐✈❡rs♦s ♣❛râ♠❡tr♦s ♠❡❝â♥✐❝♦s ❞♦ ♠♦❞❡❧♦ ❝♦♠♦ ❛s ❛❧t❡r❛çõ❡s ♠étr✐❝❛s ❞❡ ❡st✐❝❛♠❡♥t♦

❡ ❝♦♠♣r❡ssã♦✱ ♦ ❝✐s❛❧❤❛♠❡♥t♦ ❡ ❛ ❝✉r✈❛t✉r❛ ♦✉ ❛rq✉❡❛♠❡♥t♦ ✭❋✐❣✉r❛ ✷✳✷✮✳

❋✐❣✉r❛ ✷✳✶✿ ❚r❡❧✐ç❛ ♠❛ss❛✲♠♦❧❛ r❡♣r❡s❡♥t❛♥❞♦ ✉♠ s✐st❡♠❛ ❞❡ ♣❛rtí❝✉❧❛s✳

❊♥q✉❛♥t♦ q✉❡ ❛ ❡❧❛st✐❝✐❞❛❞❡ ♠étr✐❝❛ ♣♦❞❡ s❡r ♠♦❞❡❧❛❞❛ ♣♦r ♠♦❧❛s ❞❡ ❡❧♦♥❣❛çã♦

❛♦ ❧♦♥❣♦ ❞❛s ❛r❡st❛s✱ ❛ ❡❧❛st✐❝✐❞❛❞❡ ❞❡ ❝✐s❛❧❤❛♠❡♥t♦ ♣♦❞❡ s❡r ♠♦❞❡❧❛❞❛ t❛♥t♦ ♣❡❧♦s

â♥❣✉❧♦s ❡♥tr❡ ❛s ♠♦❧❛s ❝♦♠♦ ♣♦r ♠♦❧❛s ❞❡ ❡❧♦♥❣❛çã♦ ❞✐❛❣♦♥❛✐s✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ❛

❡❧❛st✐❝✐❞❛❞❡ ❞❡ ❝✉r✈❛t✉r❛ ♣♦❞❡ s❡r ♠♦❞❡❧❛❞❛ ♣♦r â♥❣✉❧♦s ❡♥tr❡ ❛r❡st❛s ♦♣♦st❛s ♦✉ ♣♦r

♠♦❧❛s ❞❡ ✢❡①ã♦ ❡♥tr❡ ✈ért✐❝❡s ♦♣♦st♦s ✭❋✐❣✉r❛ ✷✳✸✮✳



✷✳✷ ❘❡✈✐sã♦ ❇✐❜❧✐♦❣rá✜❝❛ ✼

❋✐❣✉r❛ ✷✳✷✿ P❛râ♠❡tr♦s ♠❡❝â♥✐❝♦s ❞♦ ♠♦❞❡❧♦✳

❋✐❣✉r❛ ✷✳✸✿ ❈♦♠♣r✐♠❡♥t♦s ❞❡ ♠♦❧❛s ♦✉ â♥❣✉❧♦s ✈❡rs✉s ❞❡❢♦r♠❛çõ❡s ♥♦ s✐st❡♠❛ ❞❡

♣❛rtí❝✉❧❛s✳

✷✳✷ ❘❡✈✐sã♦ ❇✐❜❧✐♦❣rá✜❝❛

❉❡♥tr❡ ♦s ♣r✐♠❡✐r♦s tr❛❜❛❧❤♦s ❝♦♠ s✐st❡♠❛s ❞❡ ♣❛rtí❝✉❧❛s ♥❛ s✐♠✉❧❛çã♦ ❞❡ t❡❝✐❞♦s

t❡♠♦s ♦s ❞❡ ❋❡②♥♠❛♥ ❬✷✵❪ ❡ ❞❡ ❑✉♥✐✐ ❡t ❛❧✳ ❬✷✾❪✳ ❖ ♣r✐♠❡✐r♦ ♥ã♦ ❝♦♥t❡♠♣❧❛ ♦ ❝♦♥tr♦❧❡

❞❡ ❝✐s❛❧❤❛♠❡♥t♦✱ ♦ q✉❡ ❞✐✜❝✉❧t❛ ♠✉✐t♦ s✐♠✉❧❛çõ❡s r❡❛❧✐st❛s ❝♦♠ ♠♦✈✐♠❡♥t♦✳ ❆ss✐♠ ❡❧❡

♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠ ♠♦❞❡❧♦ ❞❡ s✐♠✉❧❛çã♦ ❡stát✐❝❛✳ ❖ s❡❣✉♥❞♦ ♣♦ss✉✐ ❝♦♥tr♦❧❡s ❞❡

❞❡❢♦r♠❛çõ❡s ♠étr✐❝❛s ❡ ❞❡ ❝✐s❛❧❤❛♠❡♥t♦ ♣♦r ♠♦❧❛s ❡ ❝♦♥tr♦❧❡ ❞❡ ❝✉r✈❛t✉r❛ ♣♦r â♥❣✉❧♦s✳

❉❡s❡♥✈♦❧✈✐♠❡♥t♦ s✉❜st❛♥❝✐❛❧ ♥❛ ár❡❛ ❞❡ ♠♦❞❡❧❛❣❡♠ ❞❡ t❡❝✐❞♦s ❝♦♠ s✐st❡♠❛s ❞❡

♣❛rtí❝✉❧❛s ❡♥❝♦♥tr❛♠♦s ♥♦ tr❛❜❛❧❤♦ ❞❡ ❇r❡❡♥ ❡t ❛❧✳ ❬✽❪✳ ❊ss❡ ♠♦❞❡❧♦ ✉s❛ ❢✉♥çõ❡s ❡♥❡r✲

❣✐❛ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛s ❞❡❢♦r♠❛çõ❡s ❜❛s❡❛❞❛s ❡♠ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❡ t❡❝✐❞♦s r❡❛✐s

♦❜t✐❞♦s ♣♦r ❑❛✇❛❜❛t❛ ❬✷✼❪✳ ❖ ♣r♦❝❡ss♦ ❞❡ s✐♠✉❧❛çã♦ ♦❝♦rr❡ ❡♠ ❞✉❛s ❢❛s❡s✿ ❛ ♣r✐♠❡✐r❛

❝♦♠ ❛s ♣❛rtí❝✉❧❛s ❧✐✈r❡s s♦❜ ❛çã♦ ❞❡ ❢♦rç❛s ❡①t❡r♥❛s ❝♦♠♦ ❛ ❣r❛✈✐❞❛❞❡ ❡ ❛ s❡❣✉♥❞❛

♠✐♥✐♠✐③❛♥❞♦ ❛s ❢✉♥çõ❡s ❡♥❡r❣✐❛ ❡ ❝♦rr✐❣✐♥❞♦ ❛s ✈❡❧♦❝✐❞❛❞❡s ❛♣r♦♣r✐❛❞❛♠❡♥t❡✳



✽ ▼♦❞❡❧♦s ❉❡❢♦r♠á✈❡✐s ❞❡ P❛rtí❝✉❧❛s

Pr♦✈♦t ❬✸✼❪ ✐♥tr♦❞✉③✱ ❡♠ s❡✉ ♠♦❞❡❧♦✱ ♣r♦❝❡❞✐♠❡♥t♦s ❞❡ ❧✐♠✐t❛çã♦ ❞❡ ❞❡❢♦r♠❛✲

çã♦ ♠❡❧❤♦r❛♥❞♦ ❛ q✉❛❧✐❞❛❞❡ ❞❡ss❛ ❝❧❛ss❡ ❞❡ ♠♦❞❡❧♦s✳ ❈♦♠ ✉♠ ❡sq✉❡♠❛ ❞❡ ✐♥t❡❣r❛çã♦

t♦t❛❧♠❡♥t❡ ❡①♣❧í❝✐t♦✱ ❡ss❡ ♠♦❞❡❧♦ t❛♠❜é♠ t❡♠ ♣♦r ❝❛r❛❝t❡ríst✐❝❛ ✐♠♣♦rt❛♥t❡ s✉❛ ❡✜✲

❝✐ê♥❝✐❛ ❞❡ t❡♠♣♦✳ ❚r❛t❛♠❡♥t♦s ❞❡ ❞❡❢♦r♠❛çã♦ t❛♠❜é♠ sã♦ ❛❜♦r❞❛❞♦s ♣♦r ❉♦❝❤❡✈ ❡t

❛❧✳ ❡♠ ❬✶✼❪✳ ❱♦❧✐♥♦ ❡t ❛❧✳ ❬✹✽❪ ✐♥❝❧✉✐ ❡♠ s❡✉ ♠♦❞❡❧♦ ✉♠❛ r❡s✐stê♥❝✐❛ à ✈❛r✐❛çã♦ ❞❡ ár❡❛✱

❝❛r❛❝t❡ríst✐❝❛ ❡①✐st❡♥t❡ ❡♠ t❡❝✐❞♦s r❡❛✐s✳ ❇❛r❛✛ ❛♥❞ ❲✐t❦✐♥ ✉s❛♠ ✐♥t❡❣r❛çã♦ ✐♠♣❧í❝✐t❛

❡♠ ❬✷❪ ♣❛r❛ ✉s♦ ❞❡ ♠❛❧❤❛s ❝♦♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❡ ♣❛ss♦s ♠❛✐♦r❡s ❞❡ t❡♠♣♦✳

❱❛♥ ●❡❧❞❡r ❬✹✹❪ ❡①♣õ❡ ✉♠ ♠ét♦❞♦ ♣❛r❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ r✐❣✐❞❡③ ❡♠ s✐st❡♠❛s ♠❛ss❛✲

♠♦❧❛ ❝♦♠ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r ♣❛r❛ ♠❡❧❤♦r ❛♣r♦①✐♠❛çã♦ ❞❛s ❝❛r❛❝t❡ríst✐❝❛s r❡❛✐s ❞❡ ✉♠

t❡❝✐❞♦✳

❉❡♥tr❡ ♦s ♠❛✐s r❡❝❡♥t❡s tr❛❜❛❧❤♦s✱ ❇r✐❞s♦♥ ❡t ❛❧✳ ❬✶✶❪ ✉s❛ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r ❡

❞❡s❡♥✈♦❧✈❡ ✉♠ s✐st❡♠❛ ♣❛r❛ ❛ ♣ré✲♠♦❧❞❛❣❡♠ ❞❡ ❞♦❜r❛s✳ ❖ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛ ✉♠

❡sq✉❡♠❛ ❞❡ ✐♥t❡❣r❛çã♦ ♠✐st♦ ✭♣❛rt❡ ✐♠♣❧í❝✐t♦✱ ♣❛rt❡ ❡①♣❧í❝✐t♦✮ ❡✜❝✐❡♥t❡✳ ❈❤♦✐ ❡ ❑♦ ❬✶✸❪

tr❛❜❛❧❤❛♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝✉r✈❛t✉r❛ ❝♦♠ ❛t❡♥çã♦ ❡s♣❡❝✐❛❧ à ❢♦r♠❛çã♦ ❞❡ ❞♦❜r❛s ❡

r✉❣❛s✳

❯♠❛ ✈✐sã♦ ❣❡r❛❧ s♦❜r❡ ❜♦❛ ♣❛rt❡ ❞❛s ♣r✐♠❡✐r❛s té❝♥✐❝❛s ❡ ♠ét♦❞♦s ❞❡ ♠♦❞❡❧❛❣❡♠

♣❛r❛ t❡❝✐❞♦s ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♥♦ tr❛❜❛❧❤♦ ❞❡ ◆❣ ❡ ●r✐♠s❞❛❧❡ ❬✸✻❪✳ ❖ ❧✐✈r♦ ❞❡ ❍♦✉s❡

❡ ❇r❡❡♥ ❬✷✻❪ é r✐❝♦ ❡♠ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❛♥✐♠❛çã♦ ❞❡ t❡❝✐❞♦s ❛❧é♠ ❞❡ ❛s♣❡❝t♦s ❝♦♠♦

❝♦♥tr♦❧❡ ❡ r❡♥❞❡r✐③❛çã♦✳

◆♦s ♠♦❞❡❧♦s ❞❡ ♣❛rtí❝✉❧❛s ♠❛✐s ❛♥t✐❣♦s ♦❜s❡r✈❛♠♦s ♥❡♥❤✉♠ ♦✉ ✉♠ ✐♥❛❞❡q✉❛❞♦

tr❛t❛♠❡♥t♦ ♣❛r❛ ❝♦❧✐sõ❡s✳ ❉❡♥tr❡ ❡❧❡s t❡♠♦s ♦s ❞❡ ▲❛✢❡✉r ❡t ❛❧✳ ❬✸✵❪ ❡ ❞❡ ❈❛r✐❣♥❛♥

❡t ❛❧✳ ❬✶✷❪✳ ❖ ♣r✐♠❡✐r♦ é ♠❛✐s ♣r❡❝✐s♦ ♣♦ré♠ ❝♦♥s♦♠❡ ♠❛✐s t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦✳

❚❛♠❜é♠ ♥ã♦ ♣♦ss✉✐ ♦t✐♠✐③❛çõ❡s ♥❛ ❞❡t❡❝çã♦ ❞❡ ❝♦❧✐sõ❡s✳ ❖ s❡❣✉♥❞♦ ✉t✐❧✐③❛ ✉♠ ♠ét♦❞♦

❜❛s❡❛❞♦ ❡♠ ❞✐♥â♠✐❝❛ ✐♥✈❡rs❛✶ ❡ ❧❡✐s ❞❡ ❢r✐❝çã♦ ♠❛❝r♦s❝ó♣✐❝❛ ♣❛r❛ ❛ r❡s♣♦st❛ à ❝♦❧✐sã♦✳

❊♠ ❱♦❧✐♥♦ ❡t ❛❧✳ ❬✹✼❪ ♦❜s❡r✈❛♠♦s ✐♠♣♦rt❛♥t❡s ♦t✐♠✐③❛çõ❡s ♣❛r❛ ❝♦❧✐sõ❡s ❡ ❛✉t♦✲❝♦❧✐sõ❡s

❡♠ ♠♦❞❡❧♦s ❞❡ ♣❛rtí❝✉❧❛s ❛tr❛✈és ❞♦ ✉s♦ ❞❡ ❤✐❡r❛rq✉✐❛s ❞❡ ✈♦❧✉♠❡s ❡♥✈♦❧✈❡♥t❡s ❡ ♦

✉s♦ ❞❛ ❝✉r✈❛t✉r❛ ❞❛ s✉♣❡r❢í❝✐❡✳ ❊♠ Pr♦✈♦t ❬✸✽❪ t❡♠♦s ✉♠ ❛❧❣♦r✐t♠♦ ❣❡♦♠étr✐❝♦ ♠❛✐s

r♦❜✉st♦ ❡♠ ❝♦♠♣❧❡♠❡♥t♦ ❛♦ s❡✉ ♠♦❞❡❧♦ ❞❡ ♣❛rtí❝✉❧❛s ❬✸✼❪✳ ❊♥❝♦♥tr❛♠♦s t❛♠❜é♠ ♥❡ss❡

tr❛❜❛❧❤♦ ♦t✐♠✐③❛çõ❡s à ❞❡t❡❝çã♦ ❞❡ ❝♦❧✐sõ❡s ❡ r❡s♣♦st❛ à ❝♦♥t❛t♦ ❡ ❢r✐❝çã♦✳

❊str✉t✉r❛s ❤✐❡rárq✉✐❝❛s ❞❡ ✈♦❧✉♠❡s ❡♥✈♦❧✈❡♥t❡s ♣❛r❛ ❞❡t❡❝çã♦ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ ❡♥✲

✶❯♠ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❞✐♥â♠✐❝❛ ✐♥✈❡rs❛ é ❝❛r❛❝t❡r✐③❛❞♦ ❡ ❡st✉❞❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✸ ♣❛r❛ ❝♦♥tr♦❧❡ ❞❡

❞❡❢♦r♠❛çã♦✳



✷✳✷ ❘❡✈✐sã♦ ❇✐❜❧✐♦❣rá✜❝❛ ✾

tr❡ ♦❜❥❡t♦s sã♦ ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❛ ❡✜❝✐ê♥❝✐❛ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❝♦❧✐sã♦

❬✸✺❪✳ ❇♦♥s ❛rt✐❣♦s ♥❡ss❡s tó♣✐❝♦s sã♦ ♦s ❞❡ ●♦tts❝❤❛❧❦ ❬✷✸❪ q✉❡ ❡st✉❞❛ ❖❇❇ tr❡❡s ✭❝❛✐①❛s

❡♥✈♦❧✈❡♥t❡s ♦r✐❡♥t❛❞❛s ❝♦♠ ♦ ♦❜❥❡t♦ ✲ ❖r✐❡♥t❡❞ ❇♦✉♥❞✐♥❣ ❇♦①❡s✮✱ ♦ ❞❡ ❱❛♥ ❉❡♥ ❇❡r✲

❣❡r ❬✹✸❪ ✉s❛♥❞♦ ❆❆❇❇ tr❡❡s ✭❝❛✐①❛s ❡♥✈♦❧✈❡♥t❡s ♦r✐❡♥t❛❞❛s ❝♦♠ ♦s ❡✐①♦s ❝♦♦r❞❡♥❛❞♦s ✲

❆①❡s ❆❧✐❣♥❡❞ ❇♦✉♥❞✐♥❣ ❇♦①❡s✮ ❡ ♦ ❞❡ ❑❧♦s♦✇s❦✐ ❡t ❛❧✳ ❬✷✽❪ ✉s❛♥❞♦ ❦✲❉❖P✁s ✭♣♦❧✐❡❞r♦s

❝♦♥✈❡①♦s ❡♥✈♦❧✈❡♥t❡s ❞❡✜♥✐❞♦s ♣♦r ❦ s❡♠✐✲❡s♣❛ç♦s ✲ ❉✐s❝r❡t❡ ❖r✐❡♥t❛t✐♦♥ P♦❧②t♦♣❡✮✳

❊♥tr❡ tr❛❜❛❧❤♦s r❡❝❡♥t❡s ❡♠ ❞❡t❡❝çã♦ ❡ tr❛t❛♠❡♥t♦ ❞❡ ❝♦❧✐sõ❡s ♣♦❞❡♠♦s ❝✐t❛r ♦s

❞❡ ❇r✐❞s♦♥ ❡t ❛❧✳ ❬✶✵✱ ✶✶❪ ♣❛r❛ ♠❛❧❤❛s r❡t❛♥❣✉❧❛r ❡✴♦✉ tr✐❛♥❣✉❧❛r✱ ♦ ❛rt✐❣♦ ❞❡ ❋✉❤r♠❛♥♥

❡t ❛❧✳ ❬✷✶❪✱ ♦s três ✉s❛♥❞♦ ❞❡t❡❝çã♦ ❣❡♦♠étr✐❝❛ ❞❡ ❝♦❧✐sõ❡s✱ ❡ ♦ ❞❡ ❉♦❝❤❡✈ ❡t ❛❧✳ ❬✶✽❪✱

❡st❡ ú❧t✐♠♦ ✉s❛♥❞♦ té❝♥✐❝❛s ❞❡ ❡s♣❛ç♦✲✐♠❛❣❡♠✷ ♣❛r❛ ❛ ❞❡t❡❝çã♦ ❞❡ ❝♦❧✐sõ❡s✳

❖ ❧✐✈r♦ ❬✹✻❪ ❞❡ ❱♦❧✐♥♦ ❡ ◆✳ ▼❛❣♥❡♥❛t✲❚❤❛❧♠❛♥♥ é ✉♠❛ ❡①❝❡❧❡♥t❡ r❡❢❡rê♥❝✐❛ ❡♠

❞❡t❡❝çã♦ ❡ tr❛t❛♠❡♥t♦ ❞❡ ❝♦❧✐sõ❡s ✭❡ ♥♦ ❡st✉❞♦ ❞❡ ♠♦❞❡❧♦s ❞❡❢♦r♠á✈❡✐s✮ ❡ ♦♥❞❡ sã♦

❞✐s❝✉t✐❞❛s té❝♥✐❝❛s ❡ ♠ét♦❞♦s ✐♥❝❧✉s✐✈❡ ❞❡ r❡♥❞❡r✐③❛çã♦✳ ❖✉tr♦ tr❛❜❛❧❤♦ ✐♥t❡r❡ss❛♥t❡

é ♦ ❞❡ ●♦tts❝❤❛❧❦ ❬✷✹❪ ♦♥❞❡ sã♦ ❞✐s❝✉t✐❞❛s ❞✐✈❡rs❛s té❝♥✐❝❛s ♣❛r❛ ❛s ♠❛✐s ✈❛r✐❛❞❛s

r❡♣r❡s❡♥t❛çõ❡s ❞♦s ♦❜❥❡t♦s✳

✷❊ss❛ té❝♥✐❝❛ ❣❡r❛ ♠❛♣❛s ✭♦✉ ✐♠❛❣❡♥s✮ ❞❡ ♣r♦❢✉♥❞✐❞❛❞❡ ❞♦ ♦❜❥❡t♦ ✭♥❡ss❡ ❝❛s♦ ✉♠ ❛t♦r ✈✐rt✉❛❧✮

♣❛r❛ ❞❡t❡❝t❛r ❛s ❝♦❧✐sõ❡s✳



✶✵ ▼♦❞❡❧♦s ❉❡❢♦r♠á✈❡✐s ❞❡ P❛rtí❝✉❧❛s



Capı́tulo 3

▼♦❞❡❧♦ ❇❛s❡❛❞♦ ❡♠ ▼❛❧❤❛

❘❡t❛♥❣✉❧❛r

❆♣r❡s❡♥t❛♠♦s ♥❡st❡ ❝❛♣ít✉❧♦ ♦ ♠♦❞❡❧♦ ♣r♦♣♦st♦ ♣♦r Pr♦✈♦t ❬✸✼❪✳ ◆❡❧❡ ♦ ♦❜❥❡t♦

✏t❡❝✐❞♦✑ é ❛♣r♦①✐♠❛❞♦ ♣♦r ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡❢♦r♠á✈❡❧ ❝♦♠♣♦st❛ ♣♦r ✉♠❛ r❡❞❡ ❞❡ ♠❛ss❛s✱

✐♥t❡r❧✐❣❛❞❛s ♣♦r ♠♦❧❛s✱ ❝✉❥♦ ♠♦✈✐♠❡♥t♦ é ❝❛❧❝✉❧❛❞♦ ✉s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♥✉♠ér✐❝❛ ❞❛ ❧❡✐

❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❞✐♥â♠✐❝❛✳ ❊st❡ ♠♦❞❡❧♦ ❛♣r❡s❡♥t❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ s✉♣❡r✲❡❧❛st✐❝✐❞❛❞❡

❡♠ ❞❡t❡r♠✐♥❛❞❛s ❝✐r❝✉♥stâ♥❝✐❛s✳ P❛r❛ ❝♦rr✐❣✐r ❡ss❡ ✏❞❡❢❡✐t♦✑ Pr♦✈♦t ♣r♦♣õ❡ ❛♣❧✐❝❛r ✉♠

♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❝♦rr❡çã♦ ❜❛s❡❛❞♦ ❡♠ ❞✐♥â♠✐❝❛ ✐♥✈❡rs❛✳

❈♦♠ ♦ ❛✉①í❧✐♦ ❞❛ ♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ❛♣r❡s❡♥t❛♠♦s ❞✐✈❡rs♦s t❡st❡s✱ s✉❜♠❡t❡♥❞♦

♦ ♠♦❞❡❧♦ ❛ ✈ár✐♦s t✐♣♦s ❞❡ ❢♦rç❛s ❡ s✐t✉❛çõ❡s✳ P♦r ✜♠✱ ❞✐s❝✉t✐♠♦s ♦s ♠ér✐t♦s ❡ ❞❡♠ér✐t♦s

❞❡ss❛ ♣r♦♣♦st❛✳

✸✳✶ ❖ ▼♦❞❡❧♦ ▼❛ss❛✲▼♦❧❛

❖ ♠♦❞❡❧♦ ❡❧ást✐❝♦ é ❝♦♠♣♦st♦ ❞❡ ✉♠❛ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r ❞❡ m×n ♠❛ss❛s ✈✐rt✉❛✐s

✐♥t❡r❧✐❣❛❞❛s ♣♦r ♠♦❧❛s✱ s❡♠ ♠❛ss❛✱ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ♥❛t✉r❛❧ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳ ❯♠❛

✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ♣♦♥t♦ Pi,j é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❧✐❣❛❞♦s ❛ Pi,j ♣♦r ❛❧❣✉♠❛ ♠♦❧❛✳

❆ ❧✐❣❛çã♦ ❡♥tr❡ ♣♦♥t♦s ✈✐③✐♥❤♦s é ❡st❛❜❡❧❡❝✐❞❛ ♣♦r três t✐♣♦s ❞❡ ♠♦❧❛s ✭❋✐❣✉r❛ ✸✳✶✮✿

• ♠♦❧❛s ❧✐❣❛♥❞♦ ♦ ♣♦♥t♦ [i, j] ❛♦s ♣♦♥t♦s [i + 1, j]✱ [i, j + 1]✱ [i, j − 1] ❡ [i− 1, j] sã♦

❝❤❛♠❛❞❛s ❡str✉t✉r❛✐s❀

• ♠♦❧❛s ❧✐❣❛♥❞♦ ♦ ♣♦♥t♦ [i, j] ❛♦s ♣♦♥t♦s [i + 1, j + 1]✱ [i − 1, j + 1]✱ [i − 1, j − 1] ❡

[i + 1, j − 1] sã♦ ❝❤❛♠❛❞❛s ♠♦❧❛s ❞❡ ❝✐s❛❧❤❛♠❡♥t♦❀



✶✷ ▼♦❞❡❧♦ ❇❛s❡❛❞♦ ❡♠ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r

• ♠♦❧❛s ❧✐❣❛♥❞♦ ♦ ♣♦♥t♦ [i, j] ❛♦s ♣♦♥t♦s [i, j + 2]✱ [i, j − 2]✱ [i− 2, j] ❡ [i + 2, j] sã♦

❝❤❛♠❛❞❛s ♠♦❧❛s ❞❡ ❝✉r✈❛t✉r❛✳

❆ss✐♠✱ s♦❜ ❞❡❢♦r♠❛çõ❡s ♣✉r❛♠❡♥t❡ ❡str✉t✉r❛✐s ❛t✉❛rã♦ ❛♣❡♥❛s ❛s ♠♦❧❛s ❡str✉t✉r❛✐s✱ ♦

♠❡s♠♦ ❛❝♦♥t❡❝❡♥❞♦ ♣❛r❛ ❛s ♠♦❧❛s ❞❡ ❝✐s❛❧❤❛♠❡♥t♦ ❡ ❞❡ ❝✉r✈❛t✉r❛✱ ♣❛r❛ ❞❡❢♦r♠❛çõ❡s

♣✉r❛s ❞❡ s✉❛s ❝❛r❛❝t❡ríst✐❝❛s✳

❋✐❣✉r❛ ✸✳✶✿ ❖s t✐♣♦s ❞❡ ♠♦❧❛s ❧✐❣❛♥❞♦ Pi,j ❛ s❡✉s ✈✐③✐♥❤♦s✳

❆ ❞✐str✐❜✉✐çã♦ ❞❡ ♠❛ss❛ ♣❡❧♦s ✈ért✐❝❡s ❞❛ ♠❛❧❤❛✱ ❜❡♠ ❝♦♠♦ ❛ ❞✐str✐❜✉✐çã♦ ❞❛

r✐❣✐❞❡③ ❞❛s ♠♦❧❛s✱ ♥ã♦ é ❞✐r❡t❛♠❡♥t❡ ❛❜♦r❞❛❞❛ ♥♦ tr❛❜❛❧❤♦ ♦r✐❣✐♥❛❧ ❞❡ Pr♦✈♦t ❬✸✼❪✳

■ss♦ ♥♦s ❞á ❛ ✐❞é✐❛ ❞❡ q✉❡ ❡ss❛s ❞✐str✐❜✉✐çõ❡s s❡❥❛♠ ❞❡t❡r♠✐♥❛❞❛s ❡♠♣✐r✐❝❛♠❡♥t❡✳ ❊♠

♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ✉s❛♠♦s ❞✐str✐❜✉✐çõ❡s ❞❡ ♠❛ss❛ ❡ r✐❣✐❞❡③ ❛❞♦t❛❞❛s ♣♦r ❇r✐❞s♦♥ ❡t

❛❧✳ ❬✶✶❪ ❡♠ s❡✉ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r ✭❞❡s❝r✐t❛s ♥♦ ❈❛♣ít✉❧♦ ✹✮✳

❈❛❞❛ ♠❛ss❛ ❡stá ♣♦s✐❝✐♦♥❛❞❛ ♥♦ t❡♠♣♦ t ♥♦ ♣♦♥t♦ Pi,j(t)✱ i = 1, . . . ,m ❡

j = 1, . . . , n✱ ❡ ❛ ❡✈♦❧✉çã♦ ❞♦ s✐st❡♠❛ é ❣♦✈❡r♥❛❞❛ ♣❡❧❛ 2a ❧❡✐ ❞❡ ◆❡✇t♦♥ ✭❧❡✐ ❢✉♥✲

❞❛♠❡♥t❛❧ ❞❛ ❞✐♥â♠✐❝❛✮

Fi,j = µi,jai,j ✭✸✳✶✮

♦♥❞❡ µi,j é ❛ ♠❛ss❛ ❞♦ ♣♦♥t♦ Pi,j ❡ ai,j é ❛ ❛❝❡❧❡r❛çã♦ ❝❛✉s❛❞❛ ♣❡❧❛ ❢♦rç❛ Fi,j✳ Fi,j ♣♦❞❡

s❡r ❞✐✈✐❞✐❞❛ ❡♠ ❢♦rç❛ ✐♥t❡r♥❛ ❡ ❢♦rç❛s ❡①t❡r♥❛s✱ ✐st♦ é✱

Fi,j = Fint + Fext. ✭✸✳✷✮



✸✳✶ ❖ ▼♦❞❡❧♦ ▼❛ss❛✲▼♦❧❛ ✶✸

❆ ❢♦rç❛ ✐♥t❡r♥❛ é ❞❛❞❛ ♣❡❧❛ r❡s✉❧t❛♥t❡ ❞❛s ❢♦rç❛s ❡①❡r❝✐❞❛s ♣❡❧❛s ♠♦❧❛s q✉❡ ❧✐❣❛♠ Pi,j

❛ s❡✉s ✈✐③✐♥❤♦s✿

Fint(Pi,j) = −
∑

(k,l)

Ki,j,k,l

[

li,j,k,l − l0i,j,k,l

li,j,k,l

‖li,j,k,l‖

]

♦♥❞❡✿

• (k, l) sã♦ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s ♣♦♥t♦s ✈✐③✐♥❤♦s ❛ Pi,j✱ ❧✐❣❛❞♦s ♣♦r ❛❧❣✉♠ t✐♣♦ ❞❡

♠♦❧❛ ✭❋✐❣✉r❛ ✸✳✶✮❀

• li,j,k,l =
−−−−→
Pi,jPk,l❀

• l0i,j,k,l é ♦ ❝♦♠♣r✐♠❡♥t♦ ♥❛t✉r❛❧ ❞❛ ♠♦❧❛ ❡♥tr❡ Pi,j ❡ Pk,l❀

• Ki,j,k,l é ❛ r✐❣✐❞❡③ ❞❛ ♠♦❧❛ ❡♥tr❡ Pi,j ❡ Pk,l✳

❆s ❢♦rç❛s ❡①t❡r♥❛s sã♦ ❞❡ ♥❛t✉r❡③❛s ✈❛r✐❛❞❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ s✐t✉❛çã♦ ❛ q✉❛❧ ♦

♠♦❞❡❧♦ é s✉❜♠❡t✐❞♦✳ ❆s ♠❛✐s ❝♦♠✉♥s sã♦ ❛ ❣r❛✈✐❞❛❞❡✱ ❛♠♦rt❡❝✐♠❡♥t♦ ✈✐s❝♦s♦ ✭✈✐s❝♦s✐✲

❞❛❞❡ ❞♦ ♠❡✐♦ ❡♠ q✉❡ ♦ ❝♦r♣♦ ❡stá ✐♠❡rs♦✮ ❡ ❛ ✐♥t❡r❛çã♦ ✈✐s❝♦s❛ ❝♦♠ ✉♠ ✢✉✐❞♦ ✭✢✉✐❞♦

❡♠ ♠♦✈✐♠❡♥t♦ ✐♥t❡r❛❣✐♥❞♦ ❝♦♠ ♦ ❝♦r♣♦ ✲ ❝♦♠✉♠❡♥t❡ ♦ ✈❡♥t♦✮✳ ❙❡♥❞♦ g ❛ ❛❝❡❧❡r❛çã♦

❞❛ ❣r❛✈✐❞❛❞❡✱ ♦ ♣❡s♦ ❞❡ Pi,j é ❞❛❞♦ ♣♦r

Fgr(Pi,j) = µi,jg.

❖ ❛♠♦rt❡❝✐♠❡♥t♦ ✈✐s❝♦s♦ é ❞❛❞♦ ♣♦r

Fvisc(Pi,j) = −Cviscvi,j,

♦♥❞❡ Cvisc é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ❡ vi,j ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ Pi,j✳ ❊ss❡ ❛♠♦rt❡✲

❝✐♠❡♥t♦ r❡♣r❡s❡♥t❛ ✉♠❛ ♣r✐♠❡✐r❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❞✐ss✐♣❛çã♦ ❞❛ ❡♥❡r❣✐❛ ♠❡❝â♥✐❝❛ ❞♦

♠♦❞❡❧♦✳ P♦r ✜♠✱ ✉♠ ✢✉✐❞♦ ✈✐s❝♦s♦ ♠♦✈❡♥❞♦✲s❡ ❛ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ ✉♥✐❢♦r♠❡ uf ❡①❡r❝❡✱

❡♠ Pi,j✱ ❛ ❢♦rç❛

Ff (Pi,j) = Cf [ni,j · (uf − vi,j)]ni,j,

♦♥❞❡ ni,j é ♦ ✈❡t♦r ♥♦r♠❛❧ ✭✉♥✐tár✐♦✮ à s✉♣❡r❢í❝✐❡ ♥♦ ♣♦♥t♦ Pi,j ❡ Cf ♦ ❝♦❡✜❝✐❡♥t❡

❞❡ ✈✐s❝♦s✐❞❛❞❡ ❞♦ ✢✉✐❞♦✳ ❉❡ss❡ ♠♦❞♦✱ ✉s❛♥❞♦ ❛s ❢♦rç❛s ❛♥t❡r✐♦r♠❡♥t❡ ♠❡♥❝✐♦♥❛❞❛s✱

t❡r❡♠♦s Fext = Fgr + Fvisc + Ff ✳



✶✹ ▼♦❞❡❧♦ ❇❛s❡❛❞♦ ❡♠ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r

❯♠❛ ✈❡③ ❝♦♠♣✉t❛❞❛ ❛ ❢♦rç❛ Fi,j ✭❡q✉❛çã♦ ✭✸✳✷✮✮ ❡♠ ✉♠ t❡♠♣♦ t ❛ ❡q✉❛çã♦ ✭✸✳✶✮

♣♦❞❡ s❡r ❡①♣❧✐❝✐t❛♠❡♥t❡ ✐♥t❡❣r❛❞❛ ♥♦ t❡♠♣♦ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ✭❆♣ê♥❞✐❝❡ ❆✮


















ai,j(t + ∆t) = 1
µi,j

Fi,j(t)

vi,j(t + ∆t) = vi,j(t) + ∆tai,j(t + ∆t)

Pi,j(t + ∆t) = Pi,j(t) + ∆tvi,j(t + ∆t) .

✭✸✳✸✮

❊st❡ ♠ét♦❞♦ é ❝♦♥❤❡❝✐❞♦ ♣♦r s❡r ♠✉✐t♦ rá♣✐❞♦ ❡ ♦❜t❡r ❜♦♥s r❡s✉❧t❛❞♦s q✉❛♥❞♦ ♦ ♣❛ss♦

❞❡ t❡♠♣♦ ∆t é ♠❡♥♦r q✉❡ ♦ ♣❡rí♦❞♦ ♥❛t✉r❛❧ ❞♦ s✐st❡♠❛ T0 = π
√

µ
K

. Pr♦✈♦t ❬✸✼❪✱

❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✱ ♠♦str❛ q✉❡ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞♦ s✐st❡♠❛ ✭✸✳✸✮ é ❡stá✈❡❧ ♣❛r❛

∆t ≤ 0.4π

√

µ

K
, ✭✸✳✹✮

♦♥❞❡ µ é ❛ ♠❡♥♦r ♠❛ss❛ ❞♦ s✐st❡♠❛ ❡ K ❛ ♠❛✐♦r r✐❣✐❞❡③✳ ◆❛ ❙❡çã♦ ✸✳✹ ♠♦str❛♠♦s ❛

✐♥st❛❜✐❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ❡♠ ❝❛s♦s ♦♥❞❡ ❛ r❡❧❛çã♦ ✭✸✳✹✮ ♥ã♦ é s❛t✐s❢❡✐t❛✳

❊♠ ❛❧❣✉♥s ❝❛s♦s ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ✉♠ t❡❝✐❞♦ ♥ã♦ é ✐♥t❡✐r❛♠❡♥t❡ ❝❛✉s❛❞♦ ♣♦r ❢♦r✲

ç❛s ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❝♦♠♣✉tá✈❡✐s ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♥♦s ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥t❛t♦✳ ❯♠❛

s✐t✉❛çã♦ tí♣✐❝❛ ❞❡ss❡ ❢❛t♦ ♦❝♦rr❡ q✉❛♥❞♦ ✉♠❛ ❝♦rt✐♥❛ ❡♥❝♦♥tr❛✲s❡ ♣❡♥❞✉r❛❞❛ ♣♦r ✉♠❛

✈❛r❡t❛✳ ❆ss♦❝✐❡♠♦s ❛♦ t❡❝✐❞♦ ❞❛ ❝♦rt✐♥❛ ✉♠❛ ♠❛❧❤❛ ❞❡ ♣♦♥t♦s ❛♠♦str❛❞♦s ✉♥✐❢♦r♠❡✲

♠❡♥t❡✳ ❈❛❞❛ ♣♦♥t♦ ✜①♦ ❞❛ ❝♦rt✐♥❛ ✭✈ért✐❝❡ ✜①♦ ❞❛ ♠❛❧❤❛✮ é ♣✉①❛❞♦ ♣❛r❛ ❜❛✐①♦ ♣❡❧❛

❣r❛✈✐❞❛❞❡ ♠❛s ❛ ✈❛r❡t❛ ❡①❡r❝❡ ✉♠❛ ❢♦rç❛ ❝♦♥tr❛✲♣❡s♦ q✉❡ ♥ã♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❝♦♠♦

❢✉♥çã♦ ❞❛s ♣♦s✐çõ❡s ❡ ✈❡❧♦❝✐❞❛❞❡s ❞♦s ✈ért✐❝❡s ❞❛ ♠❛❧❤❛✳ ❈♦♥❤❡❝❡♠♦s ❛ ♣♦s✐çã♦ ❞♦s

♣♦♥t♦s ✜①♦s ✭♣♦s✐çõ❡s ❝♦♥st❛♥t❡s ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✱ ♥♦ ♥♦ss♦ ❡①❡♠♣❧♦✱ ♣♦st♦ q✉❡

❛ ✈❛r❡t❛ é ✜①❛✮ ❡ q✉❡r❡♠♦s ❝❛❧❝✉❧❛r ❛s ✈❡❧♦❝✐❞❛❞❡s ❡ ❢♦rç❛s r❡s✉❧t❛♥t❡s ❛♣❧✐❝❛❞❛s ❛♦s

♠❡s♠♦s ✭♥❡st❡ ❝❛s♦✱ ❛♠❜❛s sã♦ ♥✉❧❛s✮✳ ❚✉❞♦ ♦❝♦rr❡ ❝♦♠♦ s❡ ♥ã♦ ❧❡✈áss❡♠♦s ❡♠ ❝♦♥t❛

♦ r❡s✉❧t❛❞♦ ❞❛ ✐♥t❡❣r❛çã♦ ❞♦ s✐st❡♠❛ ✭✸✳✸✮ ♣❛r❛ ♦s ♣♦♥t♦s ✜①♦s✿ q✉❛♥❞♦ ♦ r❡s✉❧t❛❞♦

❢♦r ❡♥❝♦♥tr❛❞♦ s✉❛s ♣♦s✐çõ❡s sã♦ r❡st❛✉r❛❞❛s ❛♦ s❡✉ ✈❛❧♦r ♣ré✈✐♦✳ ■ss♦ ❝❛r❛❝t❡r✐③❛ ✉♠

♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❞✐♥â♠✐❝❛ ✐♥✈❡rs❛✳ ❊ss❡s ♣r♦❝❡❞✐♠❡♥t♦s t❛♠❜é♠ sã♦ ✉s❛❞♦s ♣❛r❛ ❧✐❞❛r

❝♦♠ ❛✉t♦✲❝♦❧✐sõ❡s ❞♦ t❡❝✐❞♦ ❡ ❝♦❧✐sõ❡s ❝♦♠ ♦✉tr♦s ♦❜❥❡t♦s✳

✸✳✷ ❖ ❊❢❡✐t♦ ✏❙✉♣❡r✲❊❧ást✐❝♦✑

❯♠❛ ✈❡③ ✐♠♣❧❡♠❡♥t❛❞♦ ♦ ❛❧❣♦r✐t♠♦ ♣r♦♣♦st♦ ♣♦r Pr♦✈♦t ❬✸✼❪✱ s✉❜♠❡tê♠♦✲❧♦ ❛

❞✐✈❡rs❛s s✐t✉❛çõ❡s✲t❡st❡ ♣r♦❝✉r❛♥❞♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛s ♦❝♦rrê♥❝✐❛s ❞❡ ❢❛❧t❛ ❞❡ r❡❛❧✐s♠♦

❡ s✉❛s ❝❛✉s❛s✳



✸✳✷ ❖ ❊❢❡✐t♦ ✏❙✉♣❡r✲❊❧ást✐❝♦✑ ✶✺

❊st✉❞❡♠♦s ❛q✉✐ ♦ ❝❛s♦ ✭❛❜♦r❞❛❞♦ ❡♠ ❬✸✼❪✮ ❞❡ ✉♠❛ ❜❛♥❞❡✐r❛ ♣❡♥❞✉r❛❞❛ ♣♦r ❞♦✐s

❞❡ s❡✉s ❝❛♥t♦s ❛❞❥❛❝❡♥t❡s✱ s✉❥❡✐t❛ ❛ ❣r❛✈✐❞❛❞❡ ❡ s❡♠ ✈❡♥t♦ ✭uf = 0✮✳ ❯s❛♠♦s ✉♠❛

♠❛❧❤❛ ❞❡ 17 × 17 ♣♦♥t♦s ❝♦♠ ♦s s❡❣✉✐♥t❡s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦✿

• ❝♦♠♣r✐♠❡♥t♦ ♥❛t✉r❛❧ ❞❛ ♠♦❧❛ ❡str✉t✉r❛❧ ❞❡ 0.2 cm❀

• r✐❣✐❞❡③ ❞❡ 0.503 N/m ♣❛r❛ ❛s ♠♦❧❛s ❡str✉t✉r❛✐s✱ 0.031 N/m ♣❛r❛ ❛s ❞❡ ❝✉r✈❛t✉r❛

❡ 0.305 N/m ♣❛r❛ ❛s ❞❡ ❝✐s❛❧❤❛♠❡♥t♦❀

• ♣❛ss♦ ❞❡ t❡♠♣♦ 0.0085 s✳

❖s ❞♦✐s ❝❛♥t♦s ✜①♦s ♣❡r♠❛♥❡❝❡♠ ✐♠ó✈❡✐s ❛tr❛✈és ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❞✐♥â♠✐❝❛ ✐♥✈❡rs❛

❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✸✳✶✳ ❆ ❋✐❣✉r❛ ✸✳✷✭❛✮ ♠♦str❛ ❛ ♣♦s✐çã♦ ❞❛s ♠♦❧❛s ❡str✉t✉r❛✐s ✭r❡✲

♣r❡s❡♥t❛❞❛s ♣♦r ❧✐♥❤❛s✮ ❞♦ ♠♦❞❡❧♦ ❞❛ ❜❛♥❞❡✐r❛ ❡ ❛ ❋✐❣✉r❛ ✸✳✷✭❜✮ ♠♦str❛ ♦ r❡s✉❧t❛❞♦

❝♦♠♣✉t❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❛♣ós 300 ♣❛ss♦s✳

❋✐❣✉r❛ ✸✳✷✿ ❉❡❢♦r♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ❡❧ást✐❝♦✿ ❜❛♥❞❡✐r❛ ♣❡♥❞✉r❛❞❛ ♣♦r ❞♦✐s ❝❛♥t♦s✳

❊st❡ ❡①❡♠♣❧♦ ♠♦str❛ ❝❧❛r❛♠❡♥t❡ ✉♠ ♣r♦❜❧❡♠❛✿ ❛ ❡❧♦♥❣❛çã♦ ❞❛s ♠♦❧❛s ❞✐r❡t❛✲

♠❡♥t❡ ❧✐❣❛❞❛s ❛♦s ♣♦♥t♦s ✜①♦s é ♠✉✐t♦ ❣r❛♥❞❡ ❝♦♠♣❛r❛❞❛ às ❞❡♠❛✐s✳ ❖ ❝♦♠♣r✐♠❡♥t♦

❞❡ss❛s ♠♦❧❛s✱ ♥❡ss❡ ❡①❡♠♣❧♦✱ ❛✉♠❡♥t♦✉ ♣❛r❛ 0.433 cm✱ ♦✉ s❡❥❛✱ ✉♠ ❝r❡s❝✐♠❡♥t♦ ❞❡

116%✦ ❚❛❧ ❞❡❢♦r♠❛çã♦ ❧♦❝❛❧ r❛r❛♠❡♥t❡ ♦❝♦rr❡ ❡♠ t❡❝✐❞♦s✳ ◆♦ ❝❛♠♣♦ ❞❛ ❢ís✐❝❛ ❞❡

♣♦❧í♠❡r♦s ♦❝♦rr❡ ✉♠ ❢❡♥ô♠❡♥♦ ♣❛r❡❝✐❞♦✱ ❝❤❛♠❛❞♦ ❞❡ ✏s✉♣❡r✲❡❧❛st✐❝✐❞❛❞❡✑✳

❆ r❛③ã♦ ❞❡ss❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ ♠♦❞❡❧♦ ❡ ✉♠ t❡❝✐❞♦ r❡❛❧ é q✉❡ ♦ ú❧t✐♠♦ ♥ã♦ é s✉♣❡r✲

❡❧ást✐❝♦ ❡♠ ❣❡r❛❧ ❡ s✉❛ ❡❧❛st✐❝✐❞❛❞❡ é ♥ã♦✲❧✐♥❡❛r✱ ♦❝♦rr❡♥❞♦ r✉♣t✉r❛ ❛♥t❡s ❞❡ ❣r❛♥❞❡s



✶✻ ▼♦❞❡❧♦ ❇❛s❡❛❞♦ ❡♠ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r

❞❡❢♦r♠❛çõ❡s✳ ◆ã♦ é ♦❜❥❡t✐✈♦ ❞♦ ❛❧❣♦r✐t♠♦ ♠♦❞❡❧❛r r✉♣t✉r❛s ♠❛s ❧✐♠✐t❛r ❞❡❢♦r♠❛çõ❡s

✐♥❞❡s❡❥á✈❡✐s✳ ◆❛ ♠❛✐♦r✐❛ ❞♦s t❡❝✐❞♦s ❛ ❞❡❢♦r♠❛çã♦ ♠á①✐♠❛ ♣❡r♠✐t✐❞❛ ❡stá ♣♦r ✈♦❧t❛

❞♦s 10✪ ❬✷✼❪✱ ♣♦❞❡♥❞♦ ✈❛r✐❛r ✉♠ ♣♦✉❝♦ ♣❛r❛ ♠❡♥♦s ✭t❡❝✐❞♦s ❝♦♠♦ ♦ ❜r✐♠✮ ♦✉ ♣❛r❛

♠❛✐s ✭t❡❝✐❞♦s ❝♦♠♦ ♦ ❧②❝r❛r✱ ♣♦r ❡①❡♠♣❧♦✮✳

❆ s✉♣❡r✲❡❧♦♥❣❛çã♦ ♥ã♦ ❡st❛❜✐❧✐③❛ ❢❛❝✐❧♠❡♥t❡✱ ♦ q✉❡ ❧❡✈❛ ❛ ✉♠❛ ❣r❛♥❞❡ ♦s❝✐❧❛çã♦ ❡♠

t♦r♥♦ ❞♦ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❛ ❜❛♥❞❡✐r❛✱ ♥♦ ❡①❡♠♣❧♦ ❞❛ ❋✐❣✉r❛ ✸✳✷✳ P❛r❛ r❡s♦❧✈❡r ❡ss❡

♣r♦❜❧❡♠❛✱ s❡r✐❛ ♥❡❝❡ssár✐♦ ❛✉♠❡♥t❛r ♦ ❝♦❡✜❝✐❡♥t❡ Cvisc ♥❛ ❡q✉❛çã♦ ✭✸✳✶✮ ✭❛✉♠❡♥t❛♥❞♦

♦ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ♦❜❥❡t♦ ♦✉ ❝♦r♣♦✮ ♠❛s ✐ss♦ ❛❝❛rr❡t❛ ❛ ❛♣❛rê♥❝✐❛ ❞❡

✐♠❡r❣✐r ❛ ❜❛♥❞❡✐r❛ ❡♠ ✉♠ ó❧❡♦ ❡ ♦ ♠♦✈✐♠❡♥t♦ ♣❡r❞❡ r❡❛❧✐s♠♦✳

❆✉♠❡♥t❛r ❛ r✐❣✐❞❡③ ❞❛s ♠♦❧❛s ♣♦❞❡r✐❛ s❡r ❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ s✉♣❡r✲

❡❧❛st✐❝✐❞❛❞❡ ♠❛s✱ ♣❡❧❛ ❡①♣r❡ssã♦ ✭✸✳✹✮✱ t❡rí❛♠♦s q✉❡ ❞✐♠✐♥✉✐r ♦ ∆t ♣❛r❛ q✉❡ ♦ s✐st❡♠❛

✭✸✳✸✮ ♥ã♦ ❞✐✈✐r❥❛✳ ■ss♦ ❛✉♠❡♥t❛ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♦ ❝✉st♦ ❞♦ ❛❧❣♦r✐t♠♦✳ P❛r❛ ✉♠

♠❡s♠♦ t❡♠♣♦ ❞❡ ❛♥✐♠❛çã♦ s❡r✐❛♠ ♥❡❝❡ssár✐❛s ✉♠ ♥ú♠❡r♦ ♠❛✐♦r ❞❡ ✐t❡r❛çõ❡s✳

❆ss✐♠ ❞❡✈❡✲s❡ ❝♦rr✐❣✐r ♦ ♣r♦❜❧❡♠❛ s❡♠ t❡r q✉❡ ❛❧t❡r❛r ♦s ♣❛râ♠❡tr♦s ❞❡ ✈✐s❝♦s✐✲

❞❛❞❡ ❡ ♣❛ss♦ ❞❡ t❡♠♣♦✳ ❆ss✉♥t♦ ❞❛ s❡çã♦ s❡❣✉✐♥t❡✳

✸✳✸ ❈♦♥tr♦❧❡ ❞❛ ❉❡❢♦r♠❛çã♦ ♣♦r ❉✐♥â♠✐❝❛ ■♥✈❡rs❛

❆s ❞❡❢♦r♠❛çõ❡s ♣♦❞❡♠ s❡r ❝♦♥tr♦❧❛❞❛s ❛tr❛✈és ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦

❞❡ ❞✐♥â♠✐❝❛ ✐♥✈❡rs❛ ♥❛s ♠♦❧❛s s✉♣❡r✲❡❧♦♥❣❛❞❛s ♣❛r❛ r❡❞✉③✐r s❡✉s ❝♦♠♣r✐♠❡♥t♦s✳ ❆

❝❛❞❛ ♣❛ss♦ ❞❡ t❡♠♣♦✱ q✉❛♥❞♦ ❛s ♥♦✈❛s ♣♦s✐çõ❡s ❢♦r❡♠ ❝❛❧❝✉❧❛❞❛s✱ ❝❛❧❝✉❧❛♠♦s ❛ t❛①❛

♣❡r❝❡♥t✉❛❧ ❞❡ ❞❡❢♦r♠❛çã♦ ❡♠ r❡❧❛çã♦ ❛♦ ❡st❛❞♦ ❞❡ r❡♣♦✉s♦ ❞❛s ♠♦❧❛s τ =
l − l0

l0
❡✱ ❝❛s♦

❡st❛ s❡❥❛ ♠❛✐♦r q✉❡ ✉♠ ✈❛❧♦r ❝rít✐❝♦ τC ✭♥♦r♠❛❧♠❡♥t❡ 0.1✱ ♦✉ s❡❥❛ 10✪✮✱ ♦ ♣r♦❝❡❞✐♠❡♥t♦

é ❛♣❧✐❝❛❞♦ às ❡①tr❡♠✐❞❛❞❡s ❞❛ ♠♦❧❛ ❞❡ ❢♦r♠❛ q✉❡ τ = τC ✳

◆❡st❡ ♣r♦❝❡❞✐♠❡♥t♦✱ é ❛ss✉♠✐❞♦ q✉❡ ❛ ♣♦s✐çã♦ ❞❛ ♠♦❧❛✱ ❝♦♠♣✉t❛❞❛ ♣❡❧♦ s✐st❡♠❛

✭✸✳✸✮✱ é ❝♦rr❡t❛ ❝♦♠ r❡s♣❡✐t♦ à ❞✐r❡çã♦ ♠❛s ♥ã♦ ❝♦♠ r❡s♣❡✐t♦ à ❞✐stâ♥❝✐❛ ❡♥tr❡ s✉❛s

❡①tr❡♠✐❞❛❞❡s✳ ❇❛st❛ ❡♥tã♦ r❡❞✉③✐r ❡ss❛ ❞✐stâ♥❝✐❛ ♠❛♥t❡♥❞♦ ❛ ♠❡s♠❛ ❞✐r❡çã♦✳

❊①✐st❡♠ ❞✉❛s s✐t✉❛çõ❡s ♦♥❞❡ ❛s ♠♦❧❛s ♣♦❞❡♠ ❡st❛r s✉♣❡r✲❡❧♦♥❣❛❞❛s✳ ❯♠❛ q✉❛♥❞♦

❛s ❡①tr❡♠✐❞❛❞❡s ❡stã♦ s♦❧t❛s ❡ ❛ ♦✉tr❛ q✉❛♥❞♦ ✉♠❛ ❞❡❧❛s ❡stá ✜①❛✱ ♣♦r ✉♠ ♣r♦❝❡❞✐♠❡♥t♦

❞❡ ❞✐♥â♠✐❝❛ ✐♥✈❡rs❛✳ ❙❡ ❛♠❜❛s ❡stã♦ s♦❧t❛s ✭❋✐❣✉r❛ ✸✳✸✭❛✮✮✱ sã♦ ✏♣✉①❛❞❛s✑ ❡♠ ❞✐r❡çã♦ ❛♦

♣♦♥t♦ ✐♥t❡r♠❡❞✐ár✐♦ ❞❛ ♠♦❧❛ ❞❡ ♠♦❞♦ q✉❡ τ = τC ✳ ❙❡ ✉♠❛ ❞❡❧❛s é ✜①❛ ✭❋✐❣✉r❛ ✸✳✸✭❜✮✮✱

❛ ❡①tr❡♠✐❞❛❞❡ s♦❧t❛ é ✏♣✉①❛❞❛✑ ♥❛ ❞✐r❡çã♦ ❞❛ ❡①tr❡♠✐❞❛❞❡ ✜①❛ ❞❡ ♠♦❞♦ q✉❡ τ = τC ✳



✸✳✸ ❈♦♥tr♦❧❡ ❞❛ ❉❡❢♦r♠❛çã♦ ♣♦r ❉✐♥â♠✐❝❛ ■♥✈❡rs❛ ✶✼

❋✐❣✉r❛ ✸✳✸✿ ❈♦♥tr♦❧❡ ❞❛ ❞❡❢♦r♠❛çã♦ ♣♦r ❞✐♥â♠✐❝❛ ✐♥✈❡rs❛✿ ❛❥✉st❡ ❞❡ ♠♦❧❛s s✉♣❡r✲

❡❧♦♥❣❛❞❛s✳

➱ ❝❧❛r♦ q✉❡ ❡ss❛ ♦♣❡r❛çã♦ ♠♦❞✐✜❝❛ ❛ ♣♦s✐çã♦ ❞❡ ♠✉✐t♦s ♣♦♥t♦s ❡ ♣♦❞❡ ❡❧♦♥❣❛r ❡♠

❡①❝❡ss♦ ♦✉tr❛s ♠♦❧❛s✳ ▼❛s✱ s❡ ❛ ❞❡❢♦r♠❛çã♦ ❡st✐✈❡r ♠✉✐t♦ ❝♦♥❝❡♥tr❛❞❛ ❧♦❝❛❧♠❡♥t❡✱ ❛s

♠♦❧❛s ❛❢❡t❛❞❛s ♣♦r ❡ss❛ ♦♣❡r❛çã♦ s❡rã♦ ♣♦✉❝❛s ❡♠ r❡❧❛çã♦ às ❞❡t❡❝t❛❞❛s ❛♥t❡s ❞❡❧❛✳ ■ss♦

❢❛③ ❝♦♠ q✉❡ ❛ ❞❡❢♦r♠❛çã♦ s❡ ♣r♦♣❛❣✉❡ ♣❡❧❛ ♠❛❧❤❛ ❡♠ ✈❡③ ❞❡ ♣❡r♠❛♥❡❝❡r ❝♦♥❝❡♥tr❛❞❛

❡♠ ✉♠❛ ♣❡q✉❡♥❛ ár❡❛✳ ❯♠❛ r❡♣❡t✐çã♦ ❞❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ é ❡♥tã♦ ❡①❡❝✉t❛❞❛ ❛té q✉❡

♥ã♦ ❡①✐st❛♠ ♠♦❧❛s s✉♣❡r✲❡❧♦♥❣❛❞❛s✳

❖ ❡❢❡✐t♦ ❞❡ss❛ té❝♥✐❝❛ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✸✳✹✱ ✉t✐❧✐③❛♥❞♦ ♦ ❡①❡♠♣❧♦ ❞❛

❜❛♥❞❡✐r❛ ❞❡s❝r✐t♦ ❛♥t❡r✐♦r♠❡♥t❡ ❝♦♠ ♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ❧á ❡st❛❜❡❧❡❝✐❞♦s

❛ ♠❡♥♦s ❞❛ r✐❣✐❞❡③ ❞❡ ❝❛❞❛ t✐♣♦ ❞❡ ♠♦❧❛✱ q✉❡✱ ❞❡✈✐❞♦ ❛♦ ❝♦♥tr♦❧❡ ❞❛ s✉♣❡r✲❡❧❛st✐❝✐❞❛❞❡✱

♣♦❞❡ s❡r r❡❞✉③✐❞❛ ♣❡r♠✐t✐♥❞♦ ♦ ✉s♦ ❞❡ ♣❛ss♦s ♠❛✐♦r❡s ❞❡ t❡♠♣♦ ♥❛ s✐♠✉❧❛çã♦✳ ❯s❛♠♦s

0.045 N/m ♣❛r❛ ❡str✉t✉r❛✐s✱ 0.015 N/m ♣❛r❛ ❛s ❞❡ ❝✉r✈❛t✉r❛ ❡ 0.0028 N/m ♣❛r❛ ❛s

♠♦❧❛s ❞❡ ❝✐s❛❧❤❛♠❡♥t♦ ❡ ✉♠ ♣❡r❝❡♥t✉❛❧ ❝rít✐❝♦ τC = 0.1 ♣❛r❛ ❛s ♠♦❧❛s ❡str✉t✉r❛✐s ❡ ❞❡

❝✐s❛❧❤❛♠❡♥t♦✳ ◆ã♦ s❡ ❢❛③ r❡str✐çõ❡s às ♠♦❧❛s ❞❡ ❝✉r✈❛t✉r❛ ❥á q✉❡ ❡ss❛ ❝❛r❛❝t❡ríst✐❝❛ ♥ã♦

é ❧✐♠✐t❛❞❛ ❡♠ t❡❝✐❞♦s r❡❛✐s ✲ ❡❧❡s ❞♦❜r❛♠ ❢❛❝✐❧♠❡♥t❡✳ ❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦

✈✐s❝♦s♦ ♣ô❞❡ s❡r ❞✐♠✐♥✉í❞♦ ❡✈✐t❛♥❞♦ ♦ ❡❢❡✐t♦ ✏ó❧❡♦✑ ♥♦ ♠♦✈✐♠❡♥t♦✳ ❚❛♠❜é♠ ♥ã♦ ♦❝♦rr❡

❣r❛♥❞❡ ♦s❝✐❧❛çã♦ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦✳



✶✽ ▼♦❞❡❧♦ ❇❛s❡❛❞♦ ❡♠ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r

❋✐❣✉r❛ ✸✳✹✿ ❈♦rr❡çã♦ ❞❛s ♠♦❧❛s s✉♣❡r✲❡❧♦♥❣❛❞❛s✳

✸✳✹ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssõ❡s

❯♠❛ ❞❛s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ss❡ ❛❧❣♦r✐t♠♦ é ❛ s✉❛ ✈❡❧♦❝✐❞❛❞❡✳ ❖

❡sq✉❡♠❛ ❞❡ ✐♥t❡❣r❛çã♦ ❡ ♦s ♣r♦❝❡❞✐♠❡♥t♦s ❞❡ ❞✐♥â♠✐❝❛ ✐♥✈❡rs❛ sã♦ s✐♠♣❧❡s ❡ ❞❡ ❝✉st♦

❝♦♠♣✉t❛❝✐♦♥❛❧ ♠✉✐t♦ ❜❛✐①♦ s❡ ❝♦♠♣❛r❛❞♦s ❛♦s ♣r♦❝❡❞✐♠❡♥t♦s ❡ ❡sq✉❡♠❛s ✉s❛❞♦s ❡♠

♠♦❞❡❧♦s ❡❧ást✐❝♦s ❝❧áss✐❝♦s✳ ❊♥tr❡t❛♥t♦✱ ♥ã♦ s❡ ♣♦❞❡ ✉s❛r ❣r❛♥❞❡s ♣❛ss♦s ❞❡ t❡♠♣♦

❝♦♠ ✐♥t❡❣r❛çã♦ ❡①♣❧í❝✐t❛ ♣♦✐s ✐ss♦ ❣❡r❛ ✐♥st❛❜✐❧✐❞❛❞❡ ✭❋✐❣✉r❛ ✸✳✺✭❛✮✮✳ ❊ss❛ ♠❡s♠❛

✐♥st❛❜✐❧✐❞❛❞❡ ♦❝♦rr❡ ❛✉♠❡♥t❛♥❞♦ ❛ r✐❣✐❞❡③ ❞❛s ♠♦❧❛s ✭❋✐❣✉r❛ ✸✳✺✭❜✮✮✳

❋✐❣✉r❛ ✸✳✺✿ ■♥st❛❜✐❧✐❞❛❞❡ ♥♦ ❡①❡♠♣❧♦ ❞❛ ❙❡çã♦ ✸✳✷✳

❆ ❝♦rr❡çã♦ ❞♦ ❡❢❡✐t♦ s✉♣❡r✲❡❧ást✐❝♦ ♥ã♦ ❧❡✈❛ ❡♠ ❝♦♥t❛ ❛ ♦r❞❡♠ ❝♦♠ q✉❡ ❛s ♠♦❧❛s

s✉♣❡r✲❡❧♦♥❣❛❞❛s sã♦ ❛❥✉st❛❞❛s ❡♠ ❝❛❞❛ ♣❛ss♦ ❞❡ t❡♠♣♦✳ ❊❧❛ ❞❡♣❡♥❞❡ ✐♥t❡✐r❛♠❡♥t❡ ❞❛

❡str✉t✉r❛ ❞❡ ❞❛❞♦s ✉s❛❞❛ ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦✳ ❊♠ ♥♦ss♦ tr❛❜❛❧❤♦✱ ❛ ❝♦rr❡çã♦ é ❢❡✐t❛ ♣♦r

✈❛rr❡❞✉r❛ ❞❛s ❧✐♥❤❛s ❞❛ ♠❛❧❤❛ m × n✳ Pr♦✈♦t ❛t❡♥t❛ ♣❛r❛ ♦ ❢❛t♦ ❞❡ q✉❡ ❡ss❛ ♦r❞❡♠



✸✳✹ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssõ❡s ✶✾

♣♦❞❡ ❢❛③❡r ❞✐❢❡r❡♥ç❛ ❝❛s♦ ❛s s✉♣❡r✲❡❧♦♥❣❛çõ❡s s❡❥❛♠ ♠✉✐t❛s ❡ ❞✐str✐❜✉í❞❛s ♣❡❧♦ ♦❜❥❡t♦✳

❆ ❛❜♦r❞❛❣❡♠ ❞❡ss❡ ♣r♦❜❧❡♠❛ ❢♦❣❡ ❛♦ ❡s❝♦♣♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦ ❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛

❡♠ ❬✶✼❪✳ ❊♠ ♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ✉s❛♠♦s ♥♦ ♣r♦❝❡❞✐♠❡♥t♦ ✐t❡r❛t✐✈♦

❞❛ ❝♦rr❡çã♦ ❞❛ s✉♣❡r✲❡❧❛st✐❝✐❞❛❞❡ ✉♠ ♥ú♠❡r♦ ✜①♦ ❞❡ ✐t❡r❛çõ❡s✳ ◗✉❛tr♦ ✐t❡r❛çõ❡s ❢♦r❛♠

s✉✜❝✐❡♥t❡s ♣❛r❛ ❜♦♥s r❡s✉❧t❛❞♦s ✈✐s✉❛✐s✳

❖ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❞✐♥â♠✐❝❛ ✐♥✈❡rs❛✱ ♣♦r ❛t✉❛r ♥❛ ♣♦s✐çã♦ ❞♦s ♣♦♥t♦s✱ ❛❝r❡s❝❡♥t❛

❡♥❡r❣✐❛ ❛♦ s✐st❡♠❛ ❡✱ s♦❜ ❞❡t❡r♠✐♥❛❞❛s ❝✐r❝✉♥stâ♥❝✐❛s ✭❝♦♥✜❣✉r❛çõ❡s ❞♦s ♣❛râ♠❡tr♦s ❞♦

♠♦❞❡❧♦✮✱ ❛❢❡t❛ ❛ s✉❛ ❞✐♥â♠✐❝❛✳ ◆❛ ❋✐❣✉r❛ ✸✳✻✱ ✈❡♠♦s ❛ ❜❛♥❞❡✐r❛ ❝♦♠ ✉♠ ❞❡s❧♦❝❛♠❡♥t♦

✐rr❡❛❧ ♣❛r❛ ✉♠ ❞♦s ❧❛❞♦s ❥á q✉❡ ❡stá ❛♣❡♥❛s s♦❜ ♦ ❡❢❡✐t♦ ❞❛ ❣r❛✈✐❞❛❞❡✳ P❡r❝❡❜❡✲s❡

t❛♠❜é♠ q✉❡ ❛ ❜❛♥❞❡✐r❛ ♥ã♦ ❡♥tr❛ ❡♠ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ ♣♦✐s✱ ❤á ✉♠❛ ♦s❝✐❧❛çã♦

❝♦♥st❛♥t❡ ♥❛ ♣♦s✐çã♦ ❞♦s ♣♦♥t♦s ♦ q✉❡ ❛♣❛r❡♥t❛ ✉♠ ✏tr❡♠♦r✑ ❞✉r❛♥t❡ ❛ ❛♥✐♠❛çã♦✳

❋✐❣✉r❛ ✸✳✻✿ ❊♥❡r❣✐❛ ✐♥❞❡✈✐❞❛ ♣r♦❞✉③✐❞❛ ♣❡❧❛ ❝♦rr❡çã♦ ❞❛ ♣♦s✐çã♦✳

❊st❡ ♠♦❞❡❧♦ t❛♠❜é♠ ♥ã♦ ❣❡r❛ ❞♦❜r❛s ❡ r✉❣❛s✦ ❈♦♥s✐❞❡r❡ ♦ ❝❛s♦ ❞❡ ✉♠❛ ❜❛♥❞❡✐r❛

♣❡♥❞✉r❛❞❛✱ ❝♦♠♦ ♥♦ ❡①❡♠♣❧♦ ❞❛ ❙❡çã♦ ✸✳✸✱ ❝♦♠ t♦❞♦s ♦s ♣♦♥t♦s ❞✐s♣♦st♦s ♥✉♠ ♣❧❛♥♦

✈❡rt✐❝❛❧ ❞❡ ♠❡s♠❛ ❞✐r❡çã♦ ❞❛ ❣r❛✈✐❞❛❞❡ ✭s❡♠ ✈❡♥t♦✮✳ ❆ ♣❛rt✐r ❞❡ ✉♠ ✐♥st❛♥t❡ q✉❛❧q✉❡r

✏s♦❧t❛♠♦s✑ ✉♠ ❞♦s ♣♦♥t♦s ✜①♦s✳ ❆ ❜❛♥❞❡✐r❛ ❝❛✐✱ ✜❝❛♥❞♦ ♣r❡s❛ ♣♦r ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✜①♦✳

◆❛ ❋✐❣✉r❛ ✸✳✼✭❛✮✱ ♠♦str❛♠♦s ♦ q✉❡ ❛❝♦♥t❡❝❡ ♥❡ss❛ s✐t✉❛çã♦✳

◆❛ ❋✐❣✉r❛ ✸✳✼✭❜✮✱ ✉s❛♠♦s ♦ ❛rt✐❢í❝✐♦ ❞❡ ❞✐str✐❜✉✐r ♦s ♣♦♥t♦s ❞❡ ♠❛♥❡✐r❛ ♥ã♦ ♣❧❛♥❛r

❡✱ ❞❡ss❛ ❢♦r♠❛✱ ❥á q✉❡ ❡①✐st❡♠ ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢♦rç❛s ✐♥t❡r♥❛s ♥❛ ❞✐r❡çã♦ ♥♦r♠❛❧✱ sã♦

❣❡r❛❞❛s ❛s r✉❣❛s ❡ ❞♦❜r❛s✳ ◆♦ ❈❛♣ít✉❧♦ ✼ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ♣r♦♣♦st❛ ♣❛r❛ r❡s♦❧✈❡r

t❛❧ ♣r♦❜❧❡♠❛ s❡♠ ♦ ❛rt✐❢í❝✐♦ ❛♣r❡s❡♥t❛❞♦ ❛q✉✐✳

◆♦ ❛❧❣♦r✐t♠♦ ✭Pr♦✈♦t ❬✸✼❪✮✱ ♦r✐❣✐♥❛❧♠❡♥t❡✱ ♥ã♦ é ❢❡✐t♦ ♦ tr❛t❛♠❡♥t♦ ♣❛r❛ ❛s ✐♥t❡r✲

❝♦❧✐sõ❡s ♦✉ ❝♦❧✐sõ❡s✱ ❝♦♠♦ ❛t✉❛❧♠❡♥t❡ s❡ ❝♦st✉♠❛ ❢❛③❡r✳ P♦r ✐ss♦✱ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡

♣r❡s❡r✈❛çã♦ ❞❛s ❞♦❜r❛s ♥ã♦ sã♦ ♠❡♥❝✐♦♥❛❞❛s✳



✷✵ ▼♦❞❡❧♦ ❇❛s❡❛❞♦ ❡♠ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r

❋✐❣✉r❛ ✸✳✼✿ ▼♦❞❡❧♦ ✈❡rs✉s ❞♦❜r❛s ❡s♣♦♥tâ♥❡❛s✳

❋✐❣✉r❛ ✸✳✽✿ ▼❛✐s ❡①❡♠♣❧♦s✿ ❜❛♥❞❡✐r❛ ❡ ✈❡❧❛ ❛♦ ✈❡♥t♦✳

❆ ❋✐❣✉r❛ ✸✳✽ ✐❧✉str❛ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ ❡♠ ❞✉❛s s✐t✉❛çõ❡s s❡♠❡❧❤❛♥t❡s às

❡♥❝♦♥tr❛❞❛s ♥♦ tr❛❜❛❧❤♦ ♦r✐❣✐♥❛❧ ❞❡ Pr♦✈♦t✳ ❚❛♥t♦ ♥❡ss❡ ❡①❡♠♣❧♦✱ ❋✐❣✉r❛ ✸✳✽✱ q✉❛♥t♦

♥♦ ❛♥t❡r✐♦r✱ ❋✐❣✉r❛ ✸✳✼✱ ✉s❛♠♦s ✉♠❛ t❡①t✉r❛ ❛♣❧✐❝❛❞❛ s♦❜r❡ ♦ t❡❝✐❞♦✳ ❖ ✉s♦ ❞❡ t❡①t✉r❛s

❛♣r♦①✐♠❛ ♦ ✈✐s✉❛❧ ❞♦ t❡❝✐❞♦ ♠♦❞❡❧❛❞♦ ❝♦♠ ♦ t❡❝✐❞♦ r❡❛❧✳



Capı́tulo 4

▼♦❞❡❧♦ ❇❛s❡❛❞♦ ❡♠ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

❆♣r❡s❡♥t❛♠♦s ♥❡st❡ ❝❛♣ít✉❧♦ ♦ ♠♦❞❡❧♦ ♣r♦♣♦st♦ ♣♦r ❇r✐❞s♦♥ ❡t ❛❧✳ ❬✶✶❪✳ ❉✐❢❡r❡♥✲

t❡♠❡♥t❡ ❞♦ ♠♦❞❡❧♦ ❡st✉❞❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❡st❡ ♥ã♦ ♣♦ss✉✐ ♠♦❧❛s ❞❡ ❝✉r✈❛t✉r❛✳

❊♠ ✈❡③ ❞✐ss♦✱ ✉s❛ ♣❛r❛ ♠♦❞❡❧❛r ❛ ❝✉r✈❛t✉r❛ ♦ â♥❣✉❧♦ ❞✐❡❞r❛❧ ❞♦s ♣❛r❡s ❞❡ tr✐â♥❣✉❧♦s

q✉❡ tê♠ ✉♠❛ ❛r❡st❛ ❝♦♠✉♠✳

❯♠❛ ♣❛rt✐❝✉❧❛r✐❞❛❞❡ ❞❡ss❡ ♠♦❞❡❧♦ é ♦ ✉s♦ ❞❡ ✉♠ ❡sq✉❡♠❛ ♠✐st♦ ❞❡ ✐♥t❡❣r❛çã♦ ♥♦

t❡♠♣♦✱ ♦✉ s❡❥❛✱ ♦ s✐st❡♠❛ q✉❡ ❣♦✈❡r♥❛ ♦ s❡✉ ♠♦✈✐♠❡♥t♦ é ✐♥t❡❣r❛❞♦ ♣❛rt❡ ❡①♣❧✐❝✐t❛♠❡♥t❡

❡ ♣❛rt❡ ✐♠♣❧✐❝✐t❛♠❡♥t❡✳ ❖✉tr❛ ♣❛rt✐❝✉❧❛r✐❞❛❞❡ é ♦ ✉s♦ ❞❡ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❝♦rr❡çã♦

❞❛ s✉♣❡r✲❡❧❛st✐❝✐❞❛❞❡ ♠❛✐s ❝♦❡r❡♥t❡ ❡ ❛♣r♦♣r✐❛❞♦ ♣❛r❛ ♦ ✭❢✉t✉r♦✮ tr❛t❛♠❡♥t♦ ❞❡ ❝♦❧✐sõ❡s✳

❈♦♠♣❧❡♠❡♥t❛♠♦s ❡ss❡ ❡st✉❞♦ ❝♦♠ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦✱ t❡st❡s✱ ❛♥á❧✐s❡

❡ ❞✐s❝✉ssõ❡s s♦❜r❡ ♦ ♠♦❞❡❧♦✳

✹✳✶ ❖ ▼♦❞❡❧♦ ▼❛ss❛✲▼♦❧❛

❊st❡ ♠♦❞❡❧♦ ✉s❛ ✉♠❛ ♠❛❧❤❛ ❞❡ ♠❛ss❛s ❧✐❣❛❞❛s ♣♦r ♠♦❧❛s ❡str✉t✉r❛✐s✱ ❝♦♠♦ ♥❛

❙❡çã♦ ✸✳✶✱ ♦♥❞❡ ❝❛❞❛ q✉❛❞r❛❞♦ ♣♦ss✉✐ ❛♣❡♥❛s ✉♠❛ ♠♦❧❛ ❞❡ ❝✐s❛❧❤❛♠❡♥t♦ ❡♠ ✉♠❛

❞❡ s✉❛s ❞✐❛❣♦♥❛✐s✳ ❆❧é♠ ❞✐ss♦ ❛s ♠♦❧❛s ❞✐❛❣♦♥❛✐s sã♦ ❛❧t❡r♥❛❞❛s ❞❡ q✉❛❞r❛❞♦ ♣❛r❛

q✉❛❞r❛❞♦✱ ♦ q✉❡ ♥♦s ❧❡✈❛ ❛ ✉♠ ♣❛❞rã♦ ✏❡s♣✐♥❤❛ ❞❡ ♣❡✐①❡✑ ✭❋✐❣✉r❛ ✹✳✶✮✳ ■ss♦ t❡♠ ♣♦r

♦❜❥❡t✐✈♦ ♥ã♦ ✐♥tr♦❞✉③✐r t❡♥❞ê♥❝✐❛s ♣❛r❛ ❛s ❞❡❢♦r♠❛çõ❡s ♥❛ ♠❛❧❤❛✱ ❝♦♠♦ ❝❡rt❛♠❡♥t❡

♦❝♦rr❡r✐❛ ♥♦ ❝❛s♦ ❞❡ ✉s❛r♠♦s ❛ ♠❡s♠❛ ❞✐❛❣♦♥❛❧ ❡♠ t♦❞♦s ♦s q✉❛❞r❛❞♦s✳ ◆♦t❡ q✉❡ ❝❛❞❛

✈ért✐❝❡ ✐♥t❡r✐♦r ❞❛ ♠❛❧❤❛ ♣♦ss✉✐ s❡✐s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ♣❛r❛ ❞❡s❧♦❝❛♠❡♥t♦s✳

❆ ❞✐str✐❜✉✐çã♦ ❞❡ ♠❛ss❛ ♥♦s ✈ért✐❝❡s ❞❛ ♠❛❧❤❛ ♣♦❞❡ s❡r ❢❡✐t❛✶ ❝❛❧❝✉❧❛♥❞♦✲s❡ ❛

✶❊①✐st❡♠ ♠❛♥❡✐r❛s ♠❛✐s ❝♦♠♣❧✐❝❛❞❛s✱ ❝♦♠♦ ♦ ✉s♦ ❞❡ ❝é❧✉❧❛s ❞❡ ❱♦r♦♥♦✐✳ ❊ss❡ ❡st✉❞♦ ♥ã♦ ❢❛③ ♣❛rt❡

❞♦ ❡s❝♦♣♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳ ❆s ❞✐str✐❜✉✐çõ❡s q✉❡ ✉s❛♠♦s ❥á ❜❛st❛♠ ♣❛r❛ ♥♦ss♦s ♦❜❥❡t✐✈♦s✳



✷✷ ▼♦❞❡❧♦ ❇❛s❡❛❞♦ ❡♠ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

♠❛ss❛ ❞❡ ❝❛❞❛ tr✐â♥❣✉❧♦✱ ❛tr❛✈és ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♠❛ss❛ ♣♦r ár❡❛ ❞♦ t❡❝✐❞♦✱ ❡ ❛tr✐✲

❜✉✐♥❞♦ ✉♠ t❡rç♦ ❞❡ss❛ ♠❛ss❛ ❛ ❝❛❞❛ ✈ért✐❝❡ ❞♦ tr✐â♥❣✉❧♦✳ ❙❡ ✉♠ ✈ért✐❝❡ ♣❡rt❡♥❝❡ ❛

♠❛✐s ❞❡ ✉♠ tr✐â♥❣✉❧♦ r❡❝❡❜❡rá ❛ ♠❛ss❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❞❡ ❝❛❞❛ ✉♠ ❞❡❧❡s✳ ❖s ❛✉t♦r❡s

✉t✐❧✐③❛♠ r✐❣✐❞❡③ K = m/l0 ♣❛r❛ ❛s ♠♦❧❛s✱ ♦♥❞❡ m é ❛ ♠❛ss❛ ❞♦ ✈ért✐❝❡ ❡ l0 ♦ ❝♦♠♣r✐✲

♠❡♥t♦ ❞❡ r❡♣♦✉s♦ ❞❛ ♠♦❧❛✱ ❝♦♠ ✜♥❛❧✐❞❛❞❡ ❞❡ t♦r♥❛r ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♦♥❞❛ l0
√

K/ml0

✐♥❞❡♣❡♥❞❡♥t❡ ❞♦s ♣❛râ♠❡tr♦s ❞❛ ♠❛❧❤❛✳ ❊♠ ♥♦ss♦ tr❛❜❛❧❤♦ ✉s❛♠♦s ❛ ♠❛✐♦r r✐❣✐❞❡③

❡str✉t✉r❛❧✱ ❛ss✐♠ ❝❛❧❝✉❧❛❞❛✱ ♣❛r❛ t♦❞❛s ❛s ♠♦❧❛s ❡str✉t✉r❛✐s ❡✱ ❛♥❛❧♦❣❛♠❡♥t❡✱ ❛ ♠❛✐♦r

r✐❣✐❞❡③ ❞❡ ❝✐s❛❧❤❛♠❡♥t♦ ♣❛r❛ t♦❞❛s ❛s ♠♦❧❛s ❞❡ ❝✐s❛❧❤❛♠❡♥t♦✳

❋✐❣✉r❛ ✹✳✶✿ ▼❛❧❤❛ tr✐❛♥❣✉❧❛r✳

❆s ❢♦rç❛s ✐♥t❡r♥❛s ❡ ❡①t❡r♥❛s ❛t✉❛♥t❡s ♥♦ s✐st❡♠❛ sã♦ s❡♠❡❧❤❛♥t❡s às ❞❡s❝r✐t❛s ♥♦

❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❙❡çã♦ ✸✳✶✳ ❆ ❞✐❢❡r❡♥ç❛ r❡s✐❞❡ ♥❛ ❛✉sê♥❝✐❛ ❞❡ ♠♦❧❛s ❞❡ ❝✉r✈❛t✉r❛✳ ❆s

❢♦rç❛s ❞❡ ❝✉r✈❛t✉r❛ ❞♦ ♠♦❞❡❧♦ s❡rã♦ ♦❜t✐❞❛s ❛tr❛✈és ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ❝✉r✈❛t✉r❛✳

✹✳✶✳✶ ❊❧❡♠❡♥t♦s ❞❡ ❈✉r✈❛t✉r❛

❈❤❛♠❛♠♦s ❡❧❡♠❡♥t♦ ❞❡ ❝✉r✈❛t✉r❛ ❛ ✉♠ ♣❛r ❞❡ tr✐â♥❣✉❧♦s ❞❛ ♠❛❧❤❛ q✉❡ tê♠

✉♠❛ ❛r❡st❛ ❝♦♠✉♠✳ ❖ ❡❧❡♠❡♥t♦ ♦♣❡r❛ ❜❛s❡❛❞♦ ♥♦ â♥❣✉❧♦ ❞✐❡❞r❛❧✱ ❞♦♥❞❡ ♦❜t❡♠♦s ❛

❝♦♠♣♦♥❡♥t❡ ❡❧ást✐❝❛ ❞❛ ❢♦rç❛ ❞❡ ❝✉r✈❛t✉r❛✱ ❡ ❡♠ s✉❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦✱ ❞♦♥❞❡ ♦❜t❡♠♦s

❛ ❝♦♠♣♦♥❡♥t❡ ❛♠♦rt❡❝✐♠❡♥t♦ ♣❛r❛ ❛ ❢♦rç❛ ❞❡ ❝✉r✈❛t✉r❛✷✳ ❆ ❋✐❣✉r❛ ✹✳✷ ✐❧✉str❛ ✉♠

❡❧❡♠❡♥t♦ ❞❡ ❝✉r✈❛t✉r❛ ❝♦♠ ✈ért✐❝❡s ❞❡ ♣♦s✐çõ❡s xi✱ ✈❡❧♦❝✐❞❛❞❡s vi✱ i = 1, . . . 4✱ ❡ â♥❣✉❧♦

θ ❡♥tr❡ ❛s ♥♦r♠❛✐s n1 ❡ n2✳

❖ ✈❡t♦r F = (F1,F2,F3,F4) ❞❛s q✉❛tr♦ ❢♦rç❛s ❞❡ ❝✉r✈❛t✉r❛ ✭❡❧ást✐❝❛s ♦✉ ❞❡ ❛♠♦r✲

✷té❝♥✐❝❛ ✉s❛❞❛ ♣♦r ❇❛r❛✛ ❡ ❲✐t❦✐♥ ❬✷❪



✹✳✶ ❖ ▼♦❞❡❧♦ ▼❛ss❛✲▼♦❧❛ ✷✸

❋✐❣✉r❛ ✹✳✷✿ ❊❧❡♠❡♥t♦ ❞❡ ❝✉r✈❛t✉r❛ ❝♦♠ â♥❣✉❧♦ ❞✐❡❞r❛❧ π − θ✳

t❡❝✐♠❡♥t♦✮ ♣❡rt❡♥❝❡ ❛ ✉♠ ❡s♣❛ç♦ ❧✐♥❡❛r 12✲❞✐♠❡♥s✐♦♥❛❧✳ P♦❞❡♠♦s s❡❧❡❝✐♦♥❛r ✉♠❛ ❜❛s❡

♣❛r❛ ❡ss❡ ❡s♣❛ç♦ ✐❞❡♥t✐✜❝❛♥❞♦ ❞♦③❡ ✏♠♦❞♦s✑ ❞❡ ♠♦✈✐♠❡♥t♦✳ ❚❡♠♦s três tr❛♥s❧❛çõ❡s✱

três r♦t❛çõ❡s ✭✐♥st❛♥tâ♥❡❛s✮✱ ❞♦✐s ♠♦✈✐♠❡♥t♦s ♥♦ ♣❧❛♥♦ ✭❞♦ tr✐â♥❣✉❧♦ x1x3x4✮ ❞♦ ✈ért✐❝❡

x1✱ ❞♦✐s ♠♦✈✐♠❡♥t♦s ♥♦ ♣❧❛♥♦ ✭❞♦ tr✐â♥❣✉❧♦ x2x3x4✮ ❞♦ ✈ért✐❝❡ x2 ❡ ✉♠❛ ❞❡❢♦r♠❛çã♦

❞❛ ❛r❡st❛ x3 − x4 ❡♠ s✉❛ r❡t❛ s✉♣♦rt❡ ✭❋✐❣✉r❛ ✹✳✸✮✳

❋✐❣✉r❛ ✹✳✸✿ ▼♦❞♦s ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ♦ ❡❧❡♠❡♥t♦ ❞❡ ❝✉r✈❛t✉r❛✳

◆❡♥❤✉♠ ❞❡ss❡s ♦♥③❡ ♠♦❞♦s ❛❧t❡r❛♠ ♦ â♥❣✉❧♦ ❞✐❡❞r❛❧ ❡ ♣♦rt❛♥t♦ ♥ã♦ ❞❡✈❡♠ ♣❛rt✐✲

❝✐♣❛r ❞♦s ❝á❧❝✉❧♦s ❞❛s ❢♦rç❛s ❞❡ ❝✉r✈❛t✉r❛✳ ◆♦s r❡st♦✉ ♦ ❞é❝✐♠♦ s❡❣✉♥❞♦ ♠♦❞♦✱ ♦ ♠♦❞♦

❞❡ ❝✉r✈❛t✉r❛✱ q✉❡ é ♦rt♦❣♦♥❛❧ ❛ t♦❞♦s ♦s ♦✉tr♦s✳ ❊st❡ ♠♦❞♦ ❛❧t❡r❛ ♦ â♥❣✉❧♦ ❞✐❡❞r❛❧ ♠❛s



✷✹ ▼♦❞❡❧♦ ❇❛s❡❛❞♦ ❡♠ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

♥ã♦ ❝❛✉s❛ ♥❡♥❤✉♠❛ ❞❡❢♦r♠❛çã♦ ♦✉ ♠♦✈✐♠❡♥t♦ rí❣✐❞♦ ❛♦ ❡❧❡♠❡♥t♦✳ ❱❛♠♦s ❝❤❛♠á✲❧♦

❞❡ u = (u1,u2,u3,u4)✳ P❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❛♦s ♠♦✈✐♠❡♥t♦s ♥♦ ♣❧❛♥♦ ❞♦s

✈ért✐❝❡s x1 ❡ x2 ✭♥ã♦ ❣❡r❛r ♠♦✈✐♠❡♥t♦ ❞♦s ✈ért✐❝❡s ♥♦s r❡s♣❡❝t✐✈♦s ♣❧❛♥♦s✮ t❡♠♦s q✉❡

u1 é ♣❛r❛❧❡❧♦ ❛ n1 ❡ u2 é ♣❛r❛❧❡❧♦ ❛ n2✳ P❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡ à ❞❡❢♦r♠❛çã♦

❞❛ ❛r❡st❛ x3 − x4 s♦❜r❡ s✉❛ r❡t❛ s✉♣♦rt❡ ✭♥ã♦ ❣❡r❛r ❞❡❢♦r♠❛çõ❡s ♥❡st❛ ❛r❡st❛ ❛♦ ❧♦♥❣♦

❞❡ s✉❛ r❡t❛ s✉♣♦rt❡✮✱ ♦❜t❡♠♦s q✉❡ u4 − u3 ❡stá ♥♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r u1 ❡ u2 ✭♣❧❛♥♦

♦rt♦❣♦♥❛❧ à ❛r❡st❛ x3 − x4✮✳ ❆ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❝♦♠ ❛s tr❛♥s❧❛çõ❡s ✭♥ã♦ ❣❡r❛r tr❛♥s❧❛✲

çõ❡s✮ ♥♦s ❞✐③ q✉❡ u1 + u2 + u3 + u4 = 0✳ ❆ss✐♠✱ u3 + u4 t❛♠❜é♠ ♣❡rt❡♥❝❡♠ ❛♦ ❡s♣❛ç♦

❣❡r❛❞♦ ♣♦r u1 ❡ u2✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ u3 ❡ u4 ♣❡rt❡♥❝❡♠ ❛ ❡ss❡ ❡s♣❛ç♦✳ P♦r ✜♠✱ ♣❛r❛

❢❛③❡r u ♦rt♦❣♦♥❛❧ às r♦t❛çõ❡s ✭❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ ❡s❝♦❧❤✐❞❛s ❝♦♠♦ s❡♥❞♦ ❡♠ t♦r♥♦ ❞♦s

❡✐①♦s n1✱ n2 ❡ e✮✱ ❇r✐❞s♦♥ ❡t ❛❧✳ ❬✶✶❪ s✉❣❡r❡♠

u1 = |E|
N1

|N1|
2 u2 = |E|

N2

|N2|
2

u3 =
[(x1 − x4) · E]

|E|

N1

|N1|
2 +

[(x2 − x4) · E]

|E|

N2

|N2|
2 ✭✹✳✶✮

u4 = −
[(x1 − x3) · E]

|E|

N1

|N1|
2 −

[(x2 − x3) · E]

|E|

N2

|N2|
2 ,

♦♥❞❡ N1 = (x1 −x3)× (x1 −x4) ❡ N2 = (x2 −x4)× (x2 −x3) sã♦ ♥♦r♠❛✐s ✭❝❛rr❡❣❛♥❞♦

✐♥❢♦r♠❛çõ❡s ❞❛s ár❡❛s ❞♦s tr✐â♥❣✉❧♦s✮ ❡ E = x4−x3 ❛ ❛r❡st❛ ❝♦♠✉♠✳ P♦rt❛♥t♦✱ u1 ❡ u2

sã♦ ✐♥✈❡rs❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛✐s ❛s ❞✐stâ♥❝✐❛s ❞♦s ✈ért✐❝❡s x1 ❡ x2 à ❛r❡st❛ ❝♦♠✉♠ ❡ u3 ❡

u4 sã♦ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❡ u1 ❡ u2✳ ❆s ❢♦rç❛s ❞❡ ❝✉r✈❛t✉r❛ ❞❡✈❡♠ s❡r ♣r♦♣♦r❝✐♦♥❛✐s

❛ ❡ss❡ ♠♦❞♦✳

➱ ✐♥t❡r❡ss❛♥t❡ ♦❜s❡r✈❛r q✉❡✱ ♣❡❧❛ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❛♦s ♠♦❞♦s ❞❡ ♠♦✈✐♠❡♥t♦s rí❣✐✲

❞♦s✱ ♦ ♠♦❞♦ ❞❡ ❝✉r✈❛t✉r❛ ❝♦♥s❡r✈❛ ♦ ♠♦♠❡♥t♦ ❧✐♥❡❛r ❡ ♦ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r ❞♦ ❡❧❡♠❡♥t♦✳

❉❡ ❢❛t♦✱ q✉❛❧q✉❡r ♠♦❞❡❧♦ ❞❡ ❝✉r✈❛t✉r❛ ❜❛s❡❛❞♦ ❡♠ ❞♦✐s tr✐â♥❣✉❧♦s q✉❡ ♥ã♦ ✉s❡ ❡ss❛s

❞✐r❡çõ❡s ♣❛r❛ s✉❛s ❢♦rç❛s ✈❛✐ ✈✐♦❧❛r ✉♠ ❡✴♦✉ ♦✉tr♦ ♠♦♠❡♥t♦ ♦✉ ❝❛✉s❛rá ❞❡❢♦r♠❛çõ❡s

✐♥❞❡s❡❥á✈❡✐s✳

❆ ♠❛❣♥✐t✉❞❡ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❡❧ást✐❝❛ ❢♦✐ ❡s❝♦❧❤✐❞❛ ❝♦♠♦ s❡♥❞♦

Fe
i = Ke |E|2

|N1| + |N2|
sen(θ/2)ui , i = 1, . . . 4 . ✭✹✳✷✮

❆ r✐❣✐❞❡③ ❞❡ ❝✉r✈❛t✉r❛ ❡❧ást✐❝❛ Ke é ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ ♠❛t❡r✐❛❧ ❞♦ t❡❝✐❞♦ ❡ ✐♥✲

❞❡♣❡♥❞❡♥t❡ ❞❛ ♠❛❧❤❛ ❡ ♦ ❢❛t♦r sen(θ/2) ♠❡❞❡ ♦ q✉ã♦ ✏❞✐st❛♥t❡✑ ❞❡ ✉♠ ♣❧❛♥♦ ♦ ❡❧❡✲

♠❡♥t♦ ❞❡ ❝✉r✈❛t✉r❛ ❡stá✳ ❯s❛✲s❡ ❛ ❢ór♠✉❧❛ sen(θ/2) = ±
√

(1 − n1 · n2)/2 ✭✈✐st♦ q✉❡



✹✳✶ ❖ ▼♦❞❡❧♦ ▼❛ss❛✲▼♦❧❛ ✷✺

n1 ·n2 = cosθ✮ ♦♥❞❡ ♦ s✐♥❛❧ ❡s❝♦❧❤✐❞♦ ❞❡✈❡ s❡r ♦ ♠❡s♠♦ q✉❡ ♦ ❞♦ senθ q✉❡✱ ♣♦r s✉❛ ✈❡③✱

t❡♠ ♦ ♠❡s♠♦ s✐♥❛❧ q✉❡ n1×n2 ·e✱ ❝♦♠ e = E

|E|
✳ ❖ ❢❛t♦r ❝❡♥tr❛❧✸ |E|2

|N1|+|N2|
❛❥✉st❛✲s❡ ❝♦♥✲

❢♦r♠❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❛♥✐s♦tró♣✐❝❛ ❞❛ ♠❛❧❤❛ ❞❡ ♠♦❞♦ q✉❡ ❛❧t❡r❛çõ❡s ❡♠ s✉❛ ❡str✉t✉r❛

✭r❡✜♥❛♠❡♥t♦✱ ♣♦r ❡①❡♠♣❧♦✮ ♥ã♦ ❛❢❡t❡♠ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ♠♦❞❡❧♦✳

❯♠❛ ✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❡ss❡ ❢❛t♦r ♣♦❞❡ s❡r ♦❜t✐❞❛ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞❛ ❋✐❣✉r❛ ✹✳✹✳

❋✐❣✉r❛ ✹✳✹✿ ■♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ ❢❛t♦r |E|2

|N1|+|N2|
✳

❈♦♠♦ ❛ ár❡❛ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦ ❢♦r♠❛❞♦ ♣❡❧♦s ✈❡t♦r❡s
−→
14 ❡

−→
13 ✭❡ss❡ ♣❛r❛❧❡❧♦❣r❛♠♦ t❡♠

♣♦r ❞✐❛❣♦♥❛✐s ❛ ❛r❡st❛ 34 ❡ ♦ ✈❡t♦r
−→
14+

−→
13✮ é ♦ ❞♦❜r♦ ❞❛ ár❡❛ ❞♦ tr✐â♥❣✉❧♦ 134 t❡♠♦s

q✉❡
1

2
|N1| =

|E|h

2

❡ ♣♦rt❛♥t♦ h = |N1| / |E|✱ s❡♥❞♦ N1 =
−→
13 ×

−→
14✳ ❈♦♠ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ s♦❜r❡ ♦

tr✐â♥❣✉❧♦ 234 ❝❤❡❣❛♠♦s ❛ H = |N2| / |E|✱ ❝♦♠ N2 =
−→
24 ×

−→
23✱ ❡ ❞❡ss❛s ❞✉❛s ú❧t✐♠❛s

❡①♣r❡ssõ❡s ♦❜t❡♠♦s
|E|

H + h
=

|E|2

|N1| + |N2|
,

♦✉ s❡❥❛✱ ♦ ❢❛t♦r ❝❡♥tr❛❧ é ❞✐r❡t❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❛r❡st❛ 34 ❡

✐♥✈❡rs❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ à s♦♠❛ ❞❛s ❞✐stâ♥❝✐❛s ❞♦s ✈ért✐❝❡s 1 ❡ 2 ❛ ❡st❛ ♠❡s♠❛

❛r❡st❛✳

❖ ♠♦❞❡❧♦ ♣♦❞❡ s❡r ✐♥❝r❡♠❡♥t❛❞♦ ❝♦♠ ❛ ❢✉♥❝✐♦♥❛❧✐❞❛❞❡ ❞❡ s✐♠✉❧❛r ♣ré✲❞♦❜r❛s ♥♦

t❡❝✐❞♦✱ ❝♦♠♦ ✈✐♥❝♦s ❡♠ ✉♠❛ ❝❛❧ç❛✱ ❛tr❛✈és ❞❡ â♥❣✉❧♦s ❞❡ r❡♣♦✉s♦ ❞✐❢❡r❡♥t❡s ❞❡ ③❡r♦✳

■ss♦ ♣♦❞❡ s❡r ❢❡✐t♦ ♣❡❧❛ ❢♦rç❛ ❡❧ást✐❝❛

Fe
i = Ke |E|2

|N1| + |N2|
(sen(θ/2) − sen(θ0/2))ui , i = 1, . . . 4 ,

✸❊st❡ ❢❛t♦r é ♦❜t✐❞♦ ❡♠♣✐r✐❝❛♠❡♥t❡✳



✷✻ ▼♦❞❡❧♦ ❇❛s❡❛❞♦ ❡♠ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

♦♥❞❡ θ0 é ♦ â♥❣✉❧♦ ❞❡ r❡♣♦✉s♦✳ ■ss♦ ✐♥tr♦❞✉③ ✉♠❛ ❢♦rç❛ ✐♥t❡r♥❛ ✐♥✐❝✐❛❧ ♣❛r❛ ❝✉r✈❛r

♥❛s r❡❣✐õ❡s ♦♥❞❡ s❡ ❞❡s❡❥❛ ❞♦❜r❛s ♦✉ r✉❣❛s✳ ❆ ❋✐❣✉r❛ ✹✳✺✭❛✮✱ r❡t✐r❛❞❛ ❞❡ ❬✶✶❪✱ ♠♦str❛

❡ss❛ ✐♥t❡r❡ss❛♥t❡ ❝❛♣❛❝✐❞❛❞❡✳ ◆❛ ♣❛rt❡ ✭❜✮✱ ❞❛ ♠❡s♠❛ ✜❣✉r❛✱ ✈❡♠♦s ❛ ❞❡❢♦r♠❛çã♦ ❞♦

♠♦❞❡❧♦ s✉❜♠❡t✐❞♦ ❛♦ ♣ró♣r✐♦ ♣❡s♦✳ ◆ã♦ ✉t✐❧✐③❛r❡♠♦s ❡ss❛ ❢✉♥❝✐♦♥❛❧✐❞❛❞❡ ❡♠ ♥♦ss♦

tr❛❜❛❧❤♦✳

❋✐❣✉r❛ ✹✳✺✿ ➶♥❣✉❧♦s ❞❡ r❡♣♦✉s♦ ♣❡r♠✐t❡♠ ♣ré✲❡s❝✉❧♣✐r ❞♦❜r❛s ♥♦s t❡❝✐❞♦s✳

❆ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❛ ❢♦rç❛ ❞❡ ❝✉r✈❛t✉r❛ ❞❡♣❡♥❞❡ ❞❛ t❛①❛ ❞❡ ✈❛r✐✲

❛çã♦ ❞♦ â♥❣✉❧♦ ❞✐❡❞r❛❧✱ ❛t✉❛♥❞♦ ❞❡ ♠♦❞♦ ❛ ❞✐♠✐♥✉í✲❧❛✳ ❇r✐❞s♦♥ ❡t ❛❧✳ ❬✶✶❪ s✉❣❡r❡♠ ❛

❛♣r♦①✐♠❛çã♦

dθ/dt = u1 · v1 + u2 · v2 + u3 · v3 + u4 · v4 ✭✹✳✸✮

♣❛r❛ dθ/dt✱ ❡✈✐❞❡♥❝✐❛♥❞♦ ❛ ❡str❡✐t❛ ❧✐❣❛çã♦ ❡♥tr❡ ❛s ✈❡❧♦❝✐❞❛❞❡s ❞♦s ✈ért✐❝❡s ❡ ❛s ❞✐r❡çõ❡s

❞♦ ♠♦❞♦ ❞❡ ❝✉r✈❛t✉r❛ ♥❛ ✈❛r✐❛çã♦ ❞♦ â♥❣✉❧♦✳ ❯♠❛ ✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❡ss❛

❡①♣r❡ssã♦ ♣♦❞❡ s❡r ✈✐st❛ ♥❛ ❋✐❣✉r❛ ✹✳✻ ✭✈✐sã♦ ♣❧❛♥❛r ❞♦ ❡❧❡♠❡♥t♦ ❞❡ ❝✉r✈❛t✉r❛✮ t♦♠❛♥❞♦

♦s ✈ért✐❝❡s 1 ❡ 2 ❝♦♠♦ ❡①❡♠♣❧♦✳ ◆❛ ♣❛rt❡ ✭❛✮ ♥ã♦ ❤á ✈❛r✐❛çã♦ ❞♦ â♥❣✉❧♦ ❞✐❡❞r❛❧ ❛♦

♣❛ss♦ q✉❡ ❡♠ ✭❜✮ ♦ â♥❣✉❧♦ ✈❛r✐❛ ✏♣r♦♣♦r❝✐♦♥❛❧♠❡♥t❡✑ ❛♦s ♣r♦❞✉t♦s ✐♥t❡r♥♦s u1 · v1 ❡

u2 · v2✳

❆ss✐♠✱ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ s❡rá ❞❛❞❛ ♣♦r

Fd
i = −Kd |E| (dθ/dt)ui , i = 1, . . . 4 ,

♦♥❞❡ ♥♦✈❛♠❡♥t❡ ❢♦✐ ✐♥❝❧✉í❞♦ ✉♠ ❢❛t♦r✱ |E|✱ ♣❛r❛ q✉❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ ♠❛t❡r✐❛❧ Kd

♣♦ss❛ ♣❡r♠❛♥❡❝❡r ❝♦♥st❛♥t❡ ♠❡❞✐❛♥t❡ ❛❧t❡r❛çõ❡s ❞❛ ♠❛❧❤❛✳



✹✳✷ ■♥t❡❣r❛çã♦ ▼✐st❛ ✷✼

❋✐❣✉r❛ ✹✳✻✿ ■♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ❛ ❛♣r♦①✐♠❛çã♦ ✭✹✳✸✮ ❞❡ dθ/dt✳

❋✐♥❛❧♠❡♥t❡ t❡♠♦s✱ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ i ❞♦ ❡❧❡♠❡♥t♦✱ i = 1 . . . 4✱ ❛ ❢♦rç❛ ❞❡ ❝✉r✈❛✲

t✉r❛

Fcur
i = Fe

i + Fd
i .

✹✳✷ ■♥t❡❣r❛çã♦ ▼✐st❛

❖ ♠♦❞❡❧♦ ✉s❛ ✉♠ ❡sq✉❡♠❛ ♠✐st♦ ❞❡ ✐♥t❡❣r❛çã♦ ♥♦ t❡♠♣♦ ✭❞❛ 2a ❧❡✐ ❞❡ ◆❡✇t♦♥✱

F = ma✮ ❝♦♠❜✐♥❛♥❞♦ ❛ ✢❡①✐❜✐❧✐❞❛❞❡ ❡ s✐♠♣❧✐❝✐❞❛❞❡ ❞♦s ♠ét♦❞♦s ❡①♣❧í❝✐t♦s ❝♦♠ ❛ ❡✜❝✐✲

ê♥❝✐❛ ❞♦s ♠ét♦❞♦s ✐♠♣❧í❝✐t♦s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ é ✉s❛❞❛ ❛ ✐♥t❡❣r❛çã♦ ❡①♣❧í❝✐t❛ ♥❛s ❢♦rç❛s

❡❧ást✐❝❛s ✭❛q✉❡❧❛s q✉❡ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛ ✈❡❧♦❝✐❞❛❞❡✮ ❡ ✐♥t❡❣r❛çã♦ ✐♠♣❧í❝✐t❛ s♦❜r❡ ❛s

❢♦rç❛s ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦✹ ✭❛q✉❡❧❛s q✉❡ ❞❡♣❡♥❞❡♠ ❞❛ ✈❡❧♦❝✐❞❛❞❡✮✳ ❖ ✉s♦ ❞❛ ❛t✉❛❧✐③❛✲

çã♦ ❡①♣❧í❝✐t❛ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ♣❡r♠✐t❡✱ ❛❧t❡r❛♥❞♦ ✈❡❧♦❝✐❞❛❞❡s ❞❡ ♠❛♥❡✐r❛ s✐♠♣❧❡s✱ ✐♠♣♦r

r❡str✐çõ❡s à ❞✐♥â♠✐❝❛ ❞♦ ♠♦❞❡❧♦ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❝♦♥tr♦❧❡ ❞❛ ❞❡❢♦r♠❛çã♦ ♣❛r❛ ❛

s✉♣❡r✲❡❧❛st✐❝✐❞❛❞❡✱ ❞❡s❝r✐t♦ ♠❛✐s ❛❞✐❛♥t❡✳

❖ ❛❧❣♦r✐t♠♦ é ❛♣r❡s❡♥t❛❞♦ ❛ s❡❣✉✐r✱ ♦♥❞❡ x ❞❡♥♦t❛ ♣♦s✐çã♦✱ v ✈❡❧♦❝✐❞❛❞❡ ❡ a

❛❝❡❧❡r❛çã♦✿

• vn+1/2 = vn + ∆t
2
a (tn,xn,vn)❀ ✭❡①♣❧í❝✐t♦✮

• ▼♦❞✐✜❝❛✲s❡ vn+1/2✱ ♣❛r❛ ❝♦♥tr♦❧❡ ❞❛ ❞❡❢♦r♠❛çã♦✱ ♦❜t❡♥❞♦ ṽn+1/2❀

• xn+1 = xn + ∆tṽn+1/2❀ ✭❡①♣❧í❝✐t♦✮

✹❇r✐❞s♦♥ ❡t ❛❧✳ ❬✶✶❪ ❝♦♥s✐❞❡r❛♠ ❝♦♠♦ ❢♦rç❛ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ q✉❛❧q✉❡r ✉♠❛ q✉❡ ❞❡♣❡♥❞❛ ❞❛

✈❡❧♦❝✐❞❛❞❡✳ ❆s ❢♦rç❛s ✢✉✐❞♦ Ff ✱ ❛ ✈✐s❝♦s✐❞❛❞❡ Fvisc ❡ ♦ ❛♠♦rt❡❝✐♠❡♥t♦ ♣❛r❛ ❛ ❝✉r✈❛t✉r❛ F
d
i ❢❛③❡♠

♣❛rt❡ ❞❡ss❛ ❞❡✜♥✐çã♦✳



✷✽ ▼♦❞❡❧♦ ❇❛s❡❛❞♦ ❡♠ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

• vn+1 = vn+1/2 + ∆t
2
a (tn+1,xn+1,vn+1)❀ ✭✐♠♣❧í❝✐t♦✮

• ▼♦❞✐✜❝❛✲s❡ vn+1 ✭♥❡❧❛ ♠❡s♠❛✮ ♣❛r❛ ❝♦♥tr♦❧❡ ❞❛ ❞❡❢♦r♠❛çã♦✳

❊ss❡♥❝✐❛❧♠❡♥t❡✱ ♦ ❛❧❣♦r✐t♠♦ ❝♦♠❜✐♥❛ ✉♠ ❡sq✉❡♠❛ ❡①♣❧í❝✐t♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱

♣❛r❛ ❛t✉❛❧✐③❛r ♣♦s✐çõ❡s✱ ❝♦♠ ✉♠ ❡sq✉❡♠❛ ✐♠♣❧í❝✐t♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ♦ ♠ét♦❞♦ tr❛♣❡✲

③♦✐❞❛❧✺✱ ♣❛r❛ ❛t✉❛❧✐③❛r ✈❡❧♦❝✐❞❛❞❡s✳ ❉❡ss❛ ❢♦r♠❛✱ ❡st❡ é ✉♠ ♠ét♦❞♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠

❞❡ ♣r❡❝✐sã♦ ❡ ♠❛♥té♠✲s❡ ❡stá✈❡❧ ♣❛r❛

∆t < O(∆x
√

ρ/Ke), ✭✹✳✹✮

♦♥❞❡ ρ é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♠❛ss❛✱ Ke ❛ r✐❣✐❞❡③ ❡❧ást✐❝❛ ❞♦ ♠❛t❡r✐❛❧ ❡ ∆x ♦ ♠❡♥♦r ❝♦♠✲

♣r✐♠❡♥t♦ ❞❡ ❛r❡st❛ ❞❛ ♠❛❧❤❛✳

➱ s✉❣❡r✐❞♦ ✉♠ ❡sq✉❡♠❛ ❞❡ ✐♥t❡❣r❛çã♦ ❛❧t❡r♥❛t✐✈♦ ♣❛r❛ ♠❛t❡r✐❛✐s ♠✉✐t♦ ✏❛♠♦rt❡❝✐✲

❞♦s✑✳ ◆❡ss❡s ❝❛s♦s ♦ ♣r✐♠❡✐r♦ ❛❧❣♦r✐t♠♦ s✉❣❡r✐❞♦✱ ❡♠❜♦r❛ ❡stá✈❡❧✱ ♥ã♦ é ♠♦♥ót♦♥♦✳ ■st♦

é✱ ♦s❝✐❧❛çõ❡s ❡s♣úr✐❛s ♣♦❞❡♠ s❡r ✐♥tr♦❞✉③✐❞❛s ♣❡❧♦ ♠❡✐♦✲♣❛ss♦ ❡①♣❧í❝✐t♦✳ ❆ ❛❜♦r❞❛❣❡♠

✉t✐❧✐③❛❞❛ ♣❛r❛ ❡ss❛ s✐t✉❛çã♦ é ❛t✉❛❧✐③❛r ❛s ♣♦s✐çõ❡s ❝♦♠ ✉♠ ♠❡✐♦✲♣❛ss♦ ✐♠♣❧í❝✐t♦ ❡✱ ❡♠

s❡❣✉✐❞❛✱ ❛♣❧✐❝❛r ♦ ♠ét♦❞♦ tr❛♣❡③♦✐❞❛❧✿

• ṽn+1/2 = vn + ∆t
2
a (tn,xn,vn+1/2)❀ ✭✐♠♣❧í❝✐t♦✮

• ▼♦❞✐✜❝❛✲s❡ ṽn+1/2✱ ✭♥❡❧❛ ♠❡s♠❛✮ ♣❛r❛ ❝♦♥tr♦❧❡ ❞❛ ❞❡❢♦r♠❛çã♦❀

• xn+1 = xn + ∆tṽn+1/2❀ ✭❡①♣❧í❝✐t♦✮

• vn+1/2 = vn + ∆t
2
a (tn,xn,vn)❀ ✭❡①♣❧í❝✐t♦✮

• vn+1 = vn+1/2 + ∆t
2
a (tn+1,xn+1,vn+1)❀ ✭✐♠♣❧í❝✐t♦✮

• ▼♦❞✐✜❝❛✲s❡ vn+1 ✭♥❡❧❛ ♠❡s♠❛✮ ♣❛r❛ ❝♦♥tr♦❧❡ ❞❛ ❞❡❢♦r♠❛çã♦✳

■ss♦ ♣❡r♠✐t❡ ♦ ✉s♦ ❞❡ ♣❛ss♦s ❞❡ t❡♠♣♦ ✈❛r✐á✈❡✐s✱ ♣r❡❝✐sã♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❡ ❝♦♠♣♦r✲

t❛♠❡♥t♦ ♠♦♥ót♦♥♦✱ às ❝✉st❛s ❞❡ ♠❛✐s ✉♠❛ s♦❧✉çã♦ ✐♠♣❧í❝✐t❛✳

✹✳✸ ❈♦♥tr♦❧❡ ❞❛ ❉❡❢♦r♠❛çã♦

❊♠❜♦r❛ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❝♦♥tr♦❧❡ ❞❛ ❞❡❢♦r♠❛çã♦ ♣r♦♣♦st♦ ♣♦r Pr♦✈♦t ❬✸✼❪✱

❞❡s❝r✐t♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ♣❛r❡ç❛ ❢✉♥❝✐♦♥❛r ❜❡♠✱ ❡♥✈♦❧✈❡ ♠♦✈✐♠❡♥t♦ ❞❡ ✈ért✐❝❡s ❡

✺■ss♦ ♣♦❞❡ s❡r ✈✐st♦ s✉❜st✐t✉✐♥❞♦ v
n+1/2 ❞❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞♦ ❛❧❣♦r✐t♠♦ ♥❛ ú❧t✐♠❛✳



✹✳✸ ❈♦♥tr♦❧❡ ❞❛ ❉❡❢♦r♠❛çã♦ ✷✾

♣♦❞❡ ❝❛✉s❛r ❛✉t♦✲✐♥t❡rs❡çõ❡s ♥❛ ♠❛❧❤❛✳ ❉❛í s✉❛ ✐♥❛❞❡q✉❛çã♦ ♣❛r❛ ♦ ✉s♦ ❝♦♠ ❛❧❣♦r✐t♠♦s

❞❡ ❝♦❧✐sõ❡s✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ❛q✉✐ ♣r♦♣♦st♦ ❛❥✉st❛ ✈❡❧♦❝✐❞❛❞❡s ❡♠ ✈❡③ ❞❡ ♣♦s✐çõ❡s✱

❡✈✐t❛♥❞♦ ❡ss❡ ✐♥❝♦♥✈❡♥✐❡♥t❡✳

❆ ❝❛❞❛ ♣❛ss♦ ❞❡ t❡♠♣♦✱ ❝❛❧❝✉❧❛♠♦s ♦ ❝❛♥❞✐❞❛t♦ ❛ ♥♦✈♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ♠♦❧❛ ❡♥✲

tr❡ ❞✉❛s ♣❛rtí❝✉❧❛s ✉s❛♥❞♦ ❛s ✈❡❧♦❝✐❞❛❞❡s ❝♦rr❡♥t❡s✳ ❈❛s♦ ❛ ❞❡❢♦r♠❛çã♦ s❡❥❛ ❡①❝❡ss✐✈❛✱

❛❥✉st❛♠♦s ❛s ✈❡❧♦❝✐❞❛❞❡s✱ ❝♦♥s❡r✈❛♥❞♦ ♦ ♠♦♠❡♥t♦ ❧✐♥❡❛r ❞♦ ❝♦♥❥✉♥t♦✱ ❞❡ ♠♦❞♦ q✉❡ ❛

❞❡❢♦r♠❛çã♦ ♣❡r♠✐t✐❞❛ s❡❥❛ ❞❡✱ ♥♦ ♠á①✐♠♦✱ 10% ❞♦ s❡✉ ❝♦♠♣r✐♠❡♥t♦ ❞❡ r❡♣♦✉s♦✱ ❛♦

✜♥❛❧ ❞♦ ♣❛ss♦ ❞❡ t❡♠♣♦✳ ❆ ❋✐❣✉r❛ ✹✳✼ ✐❧✉str❛ ❡ss❡ ♠ét♦❞♦✳ ◆❛ ♣❛rt❡ ✭❛✮ ♦ ✭❢✉t✉r♦✮

❝♦♠♣r✐♠❡♥t♦ ❞❛ ♠♦❧❛ ❡①tr❛♣♦❧♦✉ s❡✉ ❧✐♠✐t❡✱ ♥❛ ♣❛rt❡ ✭❜✮ ♦s ✐♠♣✉❧s♦s ❢♦r❛♠ ❛♣❧✐❝❛❞♦s

❡ ❡♠ ✭❝✮ sã♦ ♠♦str❛❞♦s ♦s ♠♦♠❡♥t♦s ✐♥✐❝✐❛❧ ❡ ✜♥❛❧ ✭♦s ♠❡s♠♦s✮✳

❋✐❣✉r❛ ✹✳✼✿ ❈♦♥tr♦❧❡ ❞❛ ❞❡❢♦r♠❛çã♦✿ ❛❥✉st❡ ❞❛s ✈❡❧♦❝✐❞❛❞❡s ❝♦♠ ❝♦♥s❡r✈❛çã♦ ❞♦ ♠♦✲

♠❡♥t♦ ❧✐♥❡❛r✳

❖ ❛❥✉st❡ é r❡❛❧✐③❛❞♦ s❡q✉❡♥❝✐❛❧♠❡♥t❡✱ ✐st♦ é✱ ❛s ✈❡❧♦❝✐❞❛❞❡s sã♦ ❛t✉❛❧✐③❛❞❛s ✐♠❡✲

❞✐❛t❛♠❡♥t❡ ❡ ♣♦❞❡♠ ❛❢❡t❛r ♦s ✐♠♣✉❧s♦s ❛♣❧✐❝❛❞♦s às ✈❡❧♦❝✐❞❛❞❡s ❞❡ ✈ért✐❝❡s ✈✐③✐♥❤♦s✳

❚♦r♥❛✲s❡ ♥❡❝❡ssár✐♦✱ ❡♥tã♦✱ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ✐t❡r❛t✐✈♦ ♣❛r❛ ❛ss❡❣✉r❛r q✉❡ ♥❡♥❤✉♠❛

♠♦❧❛ ❞❡❢♦r♠❡ ♠❛✐s q✉❡ 10% ❞❡ s❡✉ ❝♦♠♣r✐♠❡♥t♦ ♥❛t✉r❛❧ ❞❡♥tr♦ ❞❡ ✉♠ ♠❡s♠♦ ♣❛ss♦

❞❡ t❡♠♣♦✳ ❊♠❜♦r❛ ❡ss❛s ✐t❡r❛çõ❡s ♥ã♦ ♣♦ss✉❛♠ ❝♦♥✈❡r❣ê♥❝✐❛ ❣❛r❛♥t✐❞❛✱ ❛♣❡♥❛s ✉♠❛

♦✉ ❞✉❛s sã♦ s✉✜❝✐❡♥t❡s ♣❛r❛ r❡s✉❧t❛❞♦s ✈✐s✉❛❧♠❡♥t❡ ❛❣r❛❞á✈❡✐s✳

❖✉tr❛ ♣r♦♣r✐❡❞❛❞❡ ✉s❛❞❛ ♣♦r ❡ss❡ ♠♦❞❡❧♦ é ❛ r❡str✐çã♦ ❞❛ ❝♦♠♣r❡ssã♦ ❛ 0%✱ ♦✉

s❡❥❛✱ ❞❡s❛❜✐❧✐t❛♥❞♦✲❛ ❝♦♠♣❧❡t❛♠❡♥t❡✳ ■st♦ é ❢❡✐t♦ ♣❛r❛ ❛✉♠❡♥t❛r ♦ r❡❛❧✐s♠♦ ♥♦ t♦❝❛♥t❡

à ❢♦r♠❛çã♦ ❞❡ ❞♦❜r❛s ❡ r✉❣❛s✳ ❆♣❧✐❝❛♥❞♦ ✐♠♣✉❧s♦s q✉❡ ❜❧♦q✉❡✐❛♠ ❛ ❝♦♠♣r❡ssã♦ ♣❧❛♥❛r



✸✵ ▼♦❞❡❧♦ ❇❛s❡❛❞♦ ❡♠ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

❞♦ t❡❝✐❞♦ ♣❡r♠✐t❡✲s❡ ✉♠❛ ♠❛✐♦r ❝✉r✈❛t✉r❛ ♣❛r❛ ❢♦r❛ ❞♦ ♣❧❛♥♦✻✱ ❢❛❝✐❧✐t❛♥❞♦ ❛ ♦❝♦rrê♥❝✐❛

❞❡ ❞♦❜r❛s ♦✉ r✉❣❛s✳ ❉❡ ❢❛t♦✱ ♥❛ t❡♥t❛t✐✈❛ ❞❡ ❝♦♠♣r✐♠✐r ✉♠ t❡❝✐❞♦ ✭r❡❛❧✮ ♦❜t❡♠♦s✱

✐♥✈❛r✐❛✈❡❧♠❡♥t❡✱ s❡✉ ❡♥r✉❣❛♠❡♥t♦ ❡♠ ✈❡③ ❞❡ s✉❛ ❝♦♠♣r❡ssã♦✳

✹✳✹ ❈♦♥tr♦❧❡ ❞❛ ❚❛①❛ ❞❡ ❉❡❢♦r♠❛çã♦

❊♠ ❝♦♠♣✉t❛çã♦ ❣rá✜❝❛✱ ♣♦❞❡♠ ♦❝♦rr❡r ❣r❛♥❞❡s ✈❡❧♦❝✐❞❛❞❡s ❡♠ ♠♦❞❡❧♦s ✜s✐❝❛✲

♠❡♥t❡ ❜❛s❡❛❞♦s✳ ❯♠ ❡①❡♠♣❧♦ ❞✐ss♦ ♦❝♦rr❡ ❡♠ ❛♥✐♠❛çã♦ q✉❛♥❞♦ ✉♠ ❛t♦r✱ ❞❡s❡♥❤❛❞♦ à

♠ã♦✱ s❡ ♠♦✈❡ ❝♦♠ ❣r❛♥❞❡ ✭❡ ✜s✐❝❛♠❡♥t❡ ✐♥❝♦rr❡t❛✮ ❛❝❡❧❡r❛çã♦✱ ❧❡✈❛♥❞♦ ❝♦♥s✐❣♦ ♦ t❡❝✐❞♦✳

■ss♦ ❣❡r❛❧♠❡♥t❡ ❛❝❛rr❡t❛ ✉♠❛ t❛①❛ ❞❡ ❞❡❢♦r♠❛çã♦ ♠✉✐t♦ ❛❧t❛ ❡♠ ✉♠ ♣❛ss♦ ❞❡ t❡♠♣♦✳

◆❛ ❢ís✐❝❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❝♦st✉♠❛✲s❡ ❧✐♠✐t❛r ❡ss❛ t❛①❛ ❡♠ 10%✳

❆ ♠❛♥❡✐r❛ ♥❛t✉r❛❧ ❞❡ ❝♦♥tr♦❧❛r ❛ t❛①❛ ❞❡ ❞❡❢♦r♠❛çã♦ é r❡❞✉③✐r ❛❞❛♣t❛t✐✈❛♠❡♥t❡

♦ ♣❛ss♦ ❞❡ t❡♠♣♦✱ ❣❛r❛♥t✐♥❞♦ ✉♠ ❧✐♠✐t❡ ♣❛r❛ ❛ t❛①❛✳ ❊♥tr❡t❛♥t♦✱ ✐ss♦ t♦r♥❛r✐❛ ❛

s✐♠✉❧❛çã♦ ❧❡♥t❛ ❡ ✉♠ ♥ú♠❡r♦ ♠❛✐♦r ❞❡ ♣❛ss♦s ❞❡ t❡♠♣♦ s❡r✐❛♠ ♥❡❝❡ssár✐♦s ♣❛r❛ ✉♠

♠❡s♠♦ t❡♠♣♦ ❞❡ ❛♥✐♠❛çã♦✳ ❯♠❛ ❛❧t❡r♥❛t✐✈❛ ❛tr❛❡♥t❡✱ ♣r♦♣♦st❛ ♣♦r ❇r✐❞s♦♥ ❡t ❛❧✳

❬✶✵❪✱ ❝♦♥s✐st❡ ❡♠✱ ✐t❡r❛t✐✈❛♠❡♥t❡✱ ❛♣❧✐❝❛r ✐♠♣✉❧s♦s q✉❡ r❡❞✉③❛♠ ❛ t❛①❛ ❞❡ ❞❡❢♦r♠❛çã♦

✭♣♦r ♣❛ss♦ ❞❡ t❡♠♣♦✮ ❛ ✉♠ ❧✐♠✐t❡ ❛❝❡✐tá✈❡❧ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ à ✉s❛❞❛ ♣❛r❛ ❝♦♥tr♦❧❡

❞❛ ❞❡❢♦r♠❛çã♦✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❝♦♥t✐♥✉❛r ✉s❛♥❞♦✱ ❝♦♥t✐♥✉❛♠❡♥t❡✱ ♣❛ss♦s ❞❡

t❡♠♣♦ ❧❛r❣♦s s❡♠ ♣r❡❥✉í③♦s ❛♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦✳

✹✳✺ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssõ❡s

❖ ♣r✐♠❡✐r♦ ♣♦♥t♦ ♣♦s✐t✐✈♦ ❞❡ss❡ ♠♦❞❡❧♦ ❡stá ♥❛ ♣ró♣r✐❛ ♠❛❧❤❛✳ ❊♥q✉❛♥t♦ q✉❡

♦ ✉s♦ ❞❡ ✉♠❛ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r é s✐♠♣❧❡s ♣❛r❛ ❛ s✐♠✉❧❛çã♦ ❞❡ ✉♠ ♣❡❞❛ç♦ ❞❡ t❡❝✐❞♦

✭❝♦♠♦ ❜❛♥❞❡✐r❛s✱ ❝♦rt✐♥❛s✱ r♦✉♣❛s s✐♠♣❧❡s✱ ❡t❝✮✱ ♥ã♦ ♦ é ♣❛r❛ ♦❜❥❡t♦s ❞❡ ❣❡♦♠❡tr✐❛

♠❛✐s ❝♦♠♣❧✐❝❛❞❛✳ ❆ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r s❡ ❛❞❛♣t❛ ♠❡❧❤♦r à ❞❡s❝r✐çã♦ ❞❡ ♦❜❥❡t♦s ♠❛✐s

❝♦♠♣❧❡①♦s ❡♠ s✉❛ ❣❡♦♠❡tr✐❛✳ ❆❧é♠ ❞✐ss♦✱ ♠❛❧❤❛s tr✐❛♥❣✉❧❛r❡s r❡♣r❡s❡♥t❛♠ ❞❡ ❢♦r♠❛

♠❛✐s ❛❞❡q✉❛❞❛ s✉♣❡r❢í❝✐❡s ❝✉r✈❛s ✭❝♦♠♦ ❛s ❞♦❜r❛s ❡ r✉❣❛s✮ ♦ q✉❡ t♦r♥❛ ❡ss❡ ♠♦❞❡❧♦

♠✉✐t♦ ♠❛✐s r❡❛❧íst✐❝♦✱ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❛ ✉♠ ❞❡ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r✳

❖s ❝♦♥tr♦❧❡s ❞❡ ❞❡❢♦r♠❛çã♦ ❡ t❛①❛ ❞❡ ❞❡❢♦r♠❛çã♦ ♣♦r ✐♠♣✉❧s♦s ❛♣❧✐❝❛❞♦s às ✈❡✲

❧♦❝✐❞❛❞❡s ✭♠♦♠❡♥t♦✲❝♦♥s❡r✈❛t✐✈♦s✮ sã♦ ❝♦❡r❡♥t❡s✱ r♦❜✉st♦s ❡ ❡✜❝✐❡♥t❡s✳ ❆❝r❡s❝❡♥t❛♠

♣♦✉❝❛ ❡♥❡r❣✐❛ ❛♦ s✐st❡♠❛ ❡✱ ♣♦r ✐ss♦✱ ♥ã♦ ❣❡r❛♠ ♦s❝✐❧❛çõ❡s ✐♥❞❡s❡❥á✈❡✐s✳

✻❆ ❙❡çã♦ ✹✳✺ ♠♦str❛ q✉❡ ✐ss♦ ♥ã♦ ♦❝♦rr❡ ❝❛s♦ ♦s ✈ért✐❝❡s ❡st❡❥❛♠ t♦❞♦s ❡♠ ✉♠ ♠❡s♠♦ ♣❧❛♥♦✳



✹✳✺ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssõ❡s ✸✶

❖ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❡①❝❡❞❡ ♦ ❞♦ ✉s❛❞♦ ♣♦r Pr♦✈♦t ❬✸✼❪✱

✈✐st♦ q✉❡ ❛q✉✐ ❤á ❞✉❛s ❢❛s❡s ❞❡ ❝♦♥tr♦❧❡ ✭❞❛ ❞❡❢♦r♠❛çã♦ ❡ ❞❛ t❛①❛ ❞❡ ❞❡❢♦r♠❛çã♦✮✳

❖ ❡sq✉❡♠❛ ♠✐st♦ ❞❡ ✐♥t❡❣r❛çã♦ é ♠❛✐s ♣r❡❝✐s♦ q✉❡ ✉♠ ♣✉r❛♠❡♥t❡ ❡①♣❧í❝✐t♦ ❡ ♠❛✐s

s✐♠♣❧❡s ✭❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✮ q✉❡ ✉♠ ♣✉r❛♠❡♥t❡ ✐♠♣❧í❝✐t♦✳ ❊♠ ♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦✱

♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ✉s❛♠♦s ♥♦ ❝ô♠♣✉t♦ ❞❛ ❡t❛♣❛ ✐♠♣❧í❝✐t❛ ❞❛ ✐♥t❡❣r❛çã♦ ❛♣❡♥❛s ❛s ❢♦rç❛s

❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ✈✐s❝♦s♦ ❞♦ ❛r ❡ ❞♦ ✢✉✐❞♦✱ ❡①❝❧✉✐♥❞♦ ❛s ❢♦rç❛s ❞❡ ❝✉r✈❛t✉r❛✳ ❊ss❡

❛r❣✉♠❡♥t♦ ♥♦s ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❢❛❝✐❧♠❡♥t❡ ❡ss❛ ❡t❛♣❛ s❡♠ ♦ ✉s♦ ❞❡ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r✳

❉❡ ❢❛t♦✱ ♦❜s❡r✈❡ q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ♥❡ss❛ ❡t❛♣❛ s❡rá ❞❛❞❛ ♣♦r ✭✈❡❥❛ ❛ ❙❡çã♦ ✸✳✶✮

vn+1
i,j = vn

i,j + dt(1/mi,j)(−Cviscv
n+1
i,j + Cf

[

ni,j · (uf − vn+1
i,j )

]

ni,j)

♦✉ ❛✐♥❞❛✱ ♠❡❧❤♦r ❡s❝r❡✈❡♥❞♦

vn+1
i,j = vn

i,j + dt(1/mi,j)(−Cviscv
n+1
i,j + Cf (ni,j · uf )ni,j − Cf (ni,j · v

n+1
i,j )ni,j).

❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡ ❝♦♥❤❡❝❡♥❞♦ (ni,j · v
n+1
i,j ) t❡r❡♠♦s ✉♠❛ ❡q✉❛çã♦ ❞❡ s♦❧✉çã♦ ❢á❝✐❧ ♣❛r❛

vn+1
i,j ✳ ■ss♦ ♣♦❞❡ s❡r ❢❡✐t♦ ❝❛❧❝✉❧❛♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♣♦r ni,j✱ ♦❜t❡♥❞♦

(vn+1
i,j ·ni,j) = (vn

i,j ·ni,j) + dt(1/mi,j)(−Cvisc(v
n+1
i,j ·ni,j) +Cf (ni,j ·uf )−Cf (ni,j ·v

n+1
i,j )

❞❡ ♦♥❞❡ ✐s♦❧❛♠♦s (vn+1
i,j · ni,j)✳ ◆♦t❡ q✉❡✱ s❡ ✉sáss❡♠♦s ❛s ❢♦rç❛s ❞❡ ❝✉r✈❛t✉r❛ ❛♣❛✲

r❡❝❡r✐❛♠ ♥❡ss❡s ❝á❧❝✉❧♦s ❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡ ❞✐✈❡rs♦s ♣♦♥t♦s ❡ ♦s ♠❡s♠♦s ♥ã♦ s❡r✐❛♠

❛ss✐♠ tã♦ s✐♠♣❧❡s✳ ❉❡✐①❛♠♦s ❡♥tã♦ ❛♦ ❝❛r❣♦ ❞❛ ❡t❛♣❛ ❡①♣❧í❝✐t❛ ♦ ❝ô♠♣✉t♦ ❞♦ ❡❢❡✐t♦ ❞♦

❛♠♦rt❡❝✐♠❡♥t♦ ❞❛s ❢♦rç❛s ❞❡ ❝✉r✈❛t✉r❛✳

❆ ❋✐❣✉r❛ ✹✳✽ ♠♦str❛ ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ ❜❛♥❞❡✐r❛ ♣❡♥❞✉r❛❞❛ ♣♦r ❞♦✐s ❝❛♥t♦s

❝♦♥s❡❝✉t✐✈♦s✱ ❡①❛t❛♠❡♥t❡ ❝♦♠♦ ♥❛ ❙❡çã♦ ✸✳✷ ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ◆❡st❡ ❡①❡♠♣❧♦✱ ✉t✐❧✐✲

③❛♠♦s ♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s ✭❛♦ ♠❡♥♦s ♦s ❝♦♠✉♥s ❛ ❛♠❜♦s ♦s ♠♦❞❡❧♦s✮✿ ❝♦♠♣r✐♠❡♥t♦

♥❛t✉r❛❧ ❞❛ ♠♦❧❛ ❡str✉t✉r❛❧ ❞❡ 0.2 cm✱ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ✈❡♥t♦ uf = 0✱ ♠❛❧❤❛ ❞❡ 17 × 17

✈ért✐❝❡s✱ 220 ♣❛ss♦s ❞❡ t❡♠♣♦ ❞❡ 0.02 s✱ r✐❣✐❞❡③ ❞❛s ♠♦❧❛s ❡str✉t✉r❛✐s ❡ ❞❡ ❝✐s❛❧❤❛♠❡♥t♦

❞❡ 0.01 N/m ❡ 0.0071 N/m✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ r✐❣✐❞❡③ ❡❧ást✐❝❛ ❡ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡

0.0077 N/m ❡ 0.00035 N/m✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡❢♦r♠❛çã♦ ❡ t❛①❛ ❞❡ ❞❡❢♦r♠❛çã♦ ♠á✲

①✐♠❛s ♣❡r♠✐t✐❞❛s ❞❡ 10% ❡ 5%✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖❜s❡r✈❛♠♦s✱ ♥❡ss❡ s✐♠♣❧❡s ❡①❡♠♣❧♦✱ ♠✉✐t❛s ❞❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ♠♦❞❡❧♦ ❥á ❝✐✲

t❛❞❛s ♥❡ss❛ s❡çã♦✳ ❆ ❞♦❜r❛ s✉r❣❡ ❢❛❝✐❧♠❡♥t❡ ❡ ❛♣❛r❡♥t❛ ♠❛✐s r❡❛❧✐s♠♦ ❡♠ s✉❛ ❢♦r♠❛✳

❆ ❛♥✐♠❛çã♦ ❛♣r❡s❡♥t❛✲s❡ ✏s✉❛✈❡✑✱ ❛t✐♥❣✐♥❞♦ ✉♠ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦ ♣❡r❢❡✐t♦✳ ❯♠❛



✸✷ ▼♦❞❡❧♦ ❇❛s❡❛❞♦ ❡♠ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

❋✐❣✉r❛ ✹✳✽✿ ❉❡❢♦r♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ❡❧ást✐❝♦✿ ❜❛♥❞❡✐r❛ ♣❡♥❞✉r❛❞❛ ♣♦r ❞♦✐s ❝❛♥t♦s✳

❝❛r❛❝t❡ríst✐❝❛ ♥ã♦ ❡✈✐❞❡♥t❡ ❛♥t❡s ❞❡ ♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❛♣❛r❡❝❡ ♥❛ ❜❛✐①❛ r✐❣✐❞❡③ ♥❡✲

❝❡ssár✐❛ ♣❛r❛ ❛s ♠♦❧❛s ❡str✉t✉r❛✐s ❡ ❞❡ ❝✐s❛❧❤❛♠❡♥t♦✳ ❖ r❡❛❧✐s♠♦ ♥ã♦ é ♣r❡❥✉❞✐❝❛❞♦ ♣♦r

❡ss❡s ❜❛✐①♦s ✈❛❧♦r❡s ❝♦♠♦ ♦❝♦rr❡ ♥♦ ♠♦❞❡❧♦ ♣r♦♣♦st♦ ♣♦r Pr♦✈♦t ❬✸✼❪✳ ■ss♦ ♥♦s ♣❡r♠✐t✐✉

♦ ✉s♦ ❞♦ ♣❛ss♦ ❞❡ t❡♠♣♦ ♠❛✐♦r ❡✱ ♣♦rt❛♥t♦✱ ♠❡♥♦s ✐t❡r❛çõ❡s ❢♦r❛♠ ♥❡❝❡ssár✐❛s ♣❛r❛

❛♥✐♠❛çã♦ ✭♥♦ ❡①❡♠♣❧♦ ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ✉s❛♠♦s 300 ✐t❡r❛çõ❡s ❡✱ ♠❡s♠♦ ❛ss✐♠✱ ♥ã♦

❛t✐♥❣✐♠♦s ♦ ❡q✉✐❧í❜r✐♦✮✳

❆ ❋✐❣✉r❛ ✹✳✾ ♠♦str❛ ♦ ❡①❡♠♣❧♦ ❞❛ ❜❛♥❞❡✐r❛ ❛♥t❡r✐♦r s✉❜♠❡t✐❞❛ ❛♦ ✈❡♥t♦✳ ◆❛

♣❛rt❡ ✭❛✮ ❝♦♠ ♦ ♠♦❞❡❧♦ ❜❛s❡❛❞♦ ❡♠ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r ❞♦ ❈❛♣ít✉❧♦ ✸ ❡ ♥❛ ♣❛rt❡ ✭❜✮

❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r✳ ◆♦t❛✲s❡ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ r❡❛❧✐s♠♦ ♥♦s r❡s✉❧t❛❞♦s✳ ❆

❛♣❛rê♥❝✐❛ ❡ s✉❛✈✐❞❛❞❡ ❞❡ ❢♦r♠❛ ❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ❞❡ ♠♦✈✐♠❡♥t♦s ❞♦ t❡❝✐❞♦ é s✉♣❡r✐♦r

♥♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r✳ ❖ ❆♣ê♥❞✐❝❡ ❈ ❡①✐❜❡ ❛❧❣✉♥s q✉❛❞r♦s ❞❛ ❛♥✐♠❛çã♦ ❞❡

❝❛❞❛ ✉♠❛ ❞❡ss❛s ❜❛♥❞❡✐r❛s ♣❛r❛ ♠❡❧❤♦r ♦❜s❡r✈❛çã♦ ❞❛ ❞✐♥â♠✐❝❛ ❞❡ ❛♠❜♦s ♦s ♠♦❞❡❧♦s✳

❊st❡ ♠♦❞❡❧♦✱ ❝♦♠♦ ♦ ❞❡s❝r✐t♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ t❛♠❜é♠ ♥ã♦ ❣❡r❛ ❞♦❜r❛s ❡

r✉❣❛s ❡s♣♦♥t❛♥❡❛♠❡♥t❡✦ ❈♦♥s✐❞❡r❡ ❛ ♠❡s♠❛ s✐t✉❛çã♦ ❡①♣♦st❛ ♥❛ ❙❡çã♦ ✸✳✹✳ ❯♠❛ ❜❛♥✲

❞❡✐r❛ ♣❡♥❞✉r❛❞❛ ❝♦♠ t♦❞♦s ♦s ♣♦♥t♦s ❞✐s♣♦st♦s ♥✉♠ ♣❧❛♥♦ ✈❡rt✐❝❛❧ ❞❡ ♠❡s♠❛ ❞✐r❡çã♦

❞❛ ❣r❛✈✐❞❛❞❡ ✭s❡♠ ✈❡♥t♦✮✳ ❆ ♣❛rt✐r ❞❡ ✉♠ ✐♥st❛♥t❡ q✉❛❧q✉❡r ✏s♦❧t❛♠♦s✑ ✉♠ ❞♦s ♣♦♥t♦s

✜①♦s✳ ❆ ❜❛♥❞❡✐r❛ ❝❛✐✱ ✜❝❛♥❞♦ ♣r❡s❛ ♣♦r ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✜①♦✳

❆ ❋✐❣✉r❛ ✹✳✶✵✭❛✮✱ ✐❧✉str❛ ♦ q✉❡ ❛❝♦♥t❡❝❡ ♥❡ss❛ s✐t✉❛çã♦✳ ◆❛s ❋✐❣✉r❛s ✹✳✽ ❡ ✹✳✶✵✭❜✮✱



✹✳✺ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssõ❡s ✸✸

❋✐❣✉r❛ ✹✳✾✿ ❇❛♥❞❡✐r❛s ❛♦ ✈❡♥t♦ ❡♠ ♠♦❞❡❧♦s ❞✐st✐♥t♦s✿ ✭❛✮ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r❀ ✭❜✮ ♠❛❧❤❛

tr✐❛♥❣✉❧❛r✳

❋✐❣✉r❛ ✹✳✶✵✿ ❖ ♠♦❞❡❧♦ ♥ã♦ ❣❡r❛ ❞♦❜r❛s ❡s♣♦♥t❛♥❡❛♠❡♥t❡✿ ✭❛✮ ♣♦♥t♦s ❞✐str✐❜✉í❞♦s ♥♦

♣❧❛♥♦❀ ✭❜✮ ♣♦♥t♦s ❝♦♠ ❞✐str✐❜✉✐çã♦ ♥ã♦ ♣❧❛♥❛r✳

✉s❛♠♦s ♦ ❛rt✐❢í❝✐♦ ❞❡ ❞✐str✐❜✉✐r ♦s ♣♦♥t♦s ❞❡ ♠❛♥❡✐r❛ ♥ã♦ ♣❧❛♥❛r ❡✱ ❞❡ss❛ ❢♦r♠❛✱ ❥á

q✉❡ ❡①✐st❡♠ ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢♦rç❛s ✐♥t❡r♥❛s ♥❛ ❞✐r❡çã♦ ♥♦r♠❛❧✱ sã♦ ❣❡r❛❞❛s ❛s r✉❣❛s

❡ ❞♦❜r❛s✳ ❈♦♠♦ ❥á ♠❡♥s✐♦♥❛♠♦s✱ ♥♦ ❈❛♣ít✉❧♦ ✼ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ♣r♦♣♦st❛ ♣❛r❛

r❡s♦❧✈❡r t❛❧ ♣r♦❜❧❡♠❛ s❡♠ ♦ ✉s♦ ❞❡ss❡ ❛rt✐❢í❝✐♦✳

❆ ❢❛❝✉❧❞❛❞❡ ❞❡ ♣ré✲♠♦❧❞❛❣❡♠ ❞❡ ❞♦❜r❛s ❡✴♦✉ r✉❣❛s ✭♠❡♥❝✐♦♥❛❞❛ ♥❛ ❙❡çã♦ ✹✳✶✳✶✮

❞❡ss❡ ♠♦❞❡❧♦ ♥ã♦ é ♣♦ssí✈❡❧ ❞❡ s❡r ✐♠♣❧❡♠❡♥t❛❞❛ ♥♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r✳ ❙❡

✉♠❛ ♣♦s✐çã♦ ❞❡ r❡♣♦✉s♦ ❝✉r✈❛❞❛ ✭♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦✮ ❢♦r ✉s❛❞❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦s

❝♦♠♣r✐♠❡♥t♦s ❞❡ r❡♣♦✉s♦ ❞❛s ♠♦❧❛s✱ ❛ ♣♦s✐çã♦ ❝✉r✈❛ ❞♦ t❡❝✐❞♦ ♥❛ ❞✐r❡çã♦ ♦♣♦st❛ ✭❝♦♠♦



✸✹ ▼♦❞❡❧♦ ❇❛s❡❛❞♦ ❡♠ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

s✉❛ ✐♠❛❣❡♠ ♥♦ ❡s♣❡❧❤♦✮ t❛♠❜é♠ é ✉♠❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ ♣♦✐s ❞❡t❡r♠✐♥❛ ♦s ♠❡s♠♦s

❝♦♠♣r✐♠❡♥t♦s✳ ❉❡ss❛ ❢♦r♠❛✱ ♦s ✈ért✐❝❡s ♣♦❞❡♠ ♦s❝✐❧❛r ❡♥tr❡ ❡ss❛s ❞✉❛s ♣♦s✐çõ❡s ❞✉r❛♥t❡

❛ ❛♥✐♠❛çã♦ ✏s❛❧t❛♥❞♦✑ ❡♥tr❡ ❡❧❛s✳ ■ss♦ ❞❡s❝❛r❛❝t❡r✐③❛ ❛ ♣ré✲♠♦❧❞❛❣❡♠✳

❖ tr❛❜❛❧❤♦ ♦r✐❣✐♥❛❧ ❞❡ ❇r✐❞s♦♥ ❡t ❛❧✳ ❬✶✶❪✱ ❝♦♠♦ é ❞♦ ❢❡✐t✐♦ ❞♦s tr❛❜❛❧❤♦s ♠❛✐s

r❡❝❡♥t❡s ❞❛ ár❡❛✱ tr❛t❛ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❡ ♣r❡s❡r✈❛çã♦ ❞❛s ❞♦❜r❛s ❡ r✉❣❛s ❛tr❛✈és ❞❡ ✉♠

❛❧❣♦r✐t♠♦ ♣❛r❛ ❝♦❧✐sõ❡s ❝♦♠ ♦❜❥❡t♦s✳ ❊♠ ♥♦ss♦ tr❛❜❛❧❤♦✱ ♣r❡❢❡r✐♠♦s ❞❡✐①❛r tr❛t❛♠❡♥t♦s

❞❡ ❝♦❧✐sõ❡s ✭s❡❥❛♠ ✐♥t❡r✲❝♦❧✐sõ❡s ♦✉ ❝♦♠ ♦✉tr♦s ♦❜❥❡t♦s✮ ❡♠ ❝❛♣ít✉❧♦s s❡♣❛r❛❞♦s✳

❆ ❋✐❣✉r❛ ✹✳✶✶ tr❛③ ♠❛✐s ✉♠ ❡①❡♠♣❧♦ ❞❡ s✐t✉❛çã♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❛ ❜❛♥❞❡✐r❛✱

✐❞ê♥t✐❝❛ ❛ ❛♣r❡s❡♥t❛❞❛ ❛♦ ✜♥❛❧ ❞♦ ❈❛♣ít✉❧♦ ✸ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r✳

❋✐❣✉r❛ ✹✳✶✶✿ ▼❛✐s ✉♠ ❡①❡♠♣❧♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r✿ ✈❡❧❛ ❛♦ ✈❡♥t♦✳



Capı́tulo 5

❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦

❞❡ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r

❊st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛ ♦ ❛❧❣♦r✐t♠♦ ♣❛r❛ ♦ tr❛t❛♠❡♥t♦ ❞❡ ❝♦❧✐sõ❡s✱ ❞♦ t❡❝✐❞♦

❝♦♠ ♦❜❥❡t♦s ❡ ❝♦♥s✐❣♦ ♣ró♣r✐♦✱ ♣r♦♣♦st♦ ♣♦r Pr♦✈♦t ❬✸✽❪ ♣❛r❛ ♦ s❡✉ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛

r❡t❛♥❣✉❧❛r ❬✸✼❪✱ ❞❡s❝r✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✸✳

❉❡♥tr❡ ❛s ♣r✐♥❝✐♣❛✐s ❞✐✜❝✉❧❞❛❞❡s ♥♦ tr❛t❛♠❡♥t♦ ❞❡ ❝♦❧✐sõ❡s ♣♦❞❡♠♦s ❝✐t❛r ❛ ❞❡✲

t❡❝çã♦✱ ❛ ♦t✐♠✐③❛çã♦ ❞❛ ❞❡t❡❝çã♦✱ ❛ r❡s♣♦st❛ à ❝♦❧✐sã♦ ❡ ❛ ❝♦♥s✐stê♥❝✐❛✱ ♦✉ s❡❥❛✱ ❛ s✉❛

❡st❛❜✐❧✐❞❛❞❡ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐♥â♠✐❝❛ ❞♦s ♦❜❥❡t♦s ❡♥✈♦❧✈✐❞♦s✳ ❖ ❛❧❣♦r✐t♠♦ ❡♠ q✉❡stã♦ ❧✐❞❛

❝♦♠ ❝❛❞❛ ✉♠❛ ❞❡ss❛s ❞✐✜❝✉❧❞❛❞❡s✳ ➱ ❛♣r❡s❡♥t❛❞♦ ❡♥tã♦ ✉♠ ♠ét♦❞♦ r♦❜✉st♦ ♣❛r❛ ♦

❝ô♠♣✉t♦ ❞❛ r❡s♣♦st❛ à ♠ú❧t✐♣❧❛s ❝♦❧✐sõ❡s✳

P♦r ✜♠✱ ❞✐s❝✉t✐♠♦s ❞❡t❛❧❤❡s ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ❛❧❣♦r✐t♠♦ ❡

❛s ✐♠♣r❡ssõ❡s ♦❜t✐❞❛s ❛tr❛✈és ❞❡ ♥♦ss❛s s✐♠✉❧❛çõ❡s✳

✺✳✶ ❉❡t❡❝çã♦ ❞❡ ❈♦❧✐sõ❡s

❆ ❞❡t❡❝çã♦ ❞❡ ❝♦❧✐sõ❡s s❡ ❢❛③ ♥❡❝❡ssár✐❛ ❡♥tr❡ ♦ ♦❜❥❡t♦ ❞❡❢♦r♠á✈❡❧ ✭t❡❝✐❞♦✮ ❡ ♦❜❥❡✲

t♦s ♠ó✈❡✐s ❞❡ ✉♠❛ ❝❡♥❛ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♥s✐❣♦ ♠❡s♠♦✳ ▲❡✈❛♥❞♦✲s❡ ❡♠ ❝♦♥s✐❞❡r❛çã♦

❛ ❞❡t❡❝çã♦ ❡ ❛ r❡s♣♦st❛ à ❝♦❧✐sã♦✱ ❛♠❜♦s ♦s ❝❛s♦s sã♦ tr❛t❛❞♦s ❞❛ ♠❡s♠❛ ❢♦r♠❛✳ ❆ ❞✐❢❡✲

r❡♥ç❛ ❡①✐st❡ ♥❛ ♦t✐♠✐③❛çã♦ ♣❛r❛ ❛s ❛✉t♦✲❝♦❧✐sõ❡s✱ ❝♦♠♦ ♦♣♦rt✉♥❛♠❡♥t❡ s❡rá ❞✐s❝✉t✐❞♦✳

❆ss✐♠✱ ♥ã♦ ❢❛r❡♠♦s ❞✐st✐♥çã♦ ❡♥tr❡ ❛✉t♦✲❝♦❧✐sõ❡s ❡ ❝♦❧✐sõ❡s ❡♥tr❡ ♦❜❥❡t♦s ❞✐❢❡r❡♥t❡s✳

❖ ❡❧❡♠❡♥t♦ ❞❡ ❝♦❧✐sã♦ ❜ás✐❝♦ ♥❡ss❡ ❛❧❣♦r✐t♠♦ é ♦ tr✐â♥❣✉❧♦✱ ♣♦rt❛♥t♦ t♦❞♦s ♦s ♦❜✲

❥❡t♦s ✉s❛❞♦s ♥✉♠❛ ❝❡♥❛ ❞❡✈❡♠ s❡r ❛q✉✐ r❡♣r❡s❡♥t❛❞♦s ♣♦r ❡❧❡s✱ ✐♥❝❧✉s✐✈❡ ♦ ♥♦ss♦ ♠♦❞❡❧♦

❞❡❢♦r♠á✈❡❧ ❞♦ t❡❝✐❞♦✳ P❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r ❬✸✼❪ ♣♦❞❡✲s❡✱ ♣♦r ❡①❡♠♣❧♦✱



✸✻ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r

t♦♠❛r ✉♠❛ ❞✐❛❣♦♥❛❧ ❡♠ ❝❛❞❛ q✉❛❞r❛❞♦✱ ♦❜t❡♥❞♦ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ tr✐❛♥❣✉❧❛❞❛ ❞♦

t❡❝✐❞♦✳

❙❡❥❛ t0 ✉♠ ✐♥st❛♥t❡ ❡♠ q✉❡ ♥ã♦ ❤❛❥❛♠ ♣❡♥❡tr❛çõ❡s ❡♥tr❡ ♦ t❡❝✐❞♦ ❡ ♦ ♦❜❥❡t♦✳ ❈♦✲

♥❤❡❝❡♥❞♦ ❛s ♣♦s✐çõ❡s ❡ ✈❡❧♦❝✐❞❛❞❡s ❞❡ ❝❛❞❛ ✈ért✐❝❡ ❞♦ ♠♦❞❡❧♦ ❡♠ t0 é ♣♦ssí✈❡❧ ❝♦♠♣✉t❛r

s✉❛s ♣♦s✐çõ❡s ❡♠ t0 + ∆t✳ ❆ ❞❡t❡❝çã♦ ❞❡ ❝♦❧✐sõ❡s ❝♦♥s✐st❡ ❡♠ ✈❡r✐✜❝❛r✱ ♥♦ ✐♥t❡r✈❛❧♦

[t0, t0 + ∆t]✱ s❡ ✉♠❛ ✭♦✉ ✈ár✐❛s✮ ❞❛s s❡❣✉✐♥t❡s s✐t✉❛çõ❡s ♦❝♦rr❡✉ ✭♦✉ ♦❝♦rr❡r❛♠✮✿

• ✉♠ ✈ért✐❝❡ ❞❡ ✉♠❛ ♠❛❧❤❛ t♦❝❛ ♦ tr✐â♥❣✉❧♦ ❞❛ ♦✉tr❛ ✭❝♦❧✐sã♦ ♣♦♥t♦✲tr✐â♥❣✉❧♦✮❀

• ✉♠❛ ❛r❡st❛ ❞♦ tr✐â♥❣✉❧♦ ❞❡ ✉♠❛ ♠❛❧❤❛ t♦❝❛ ✉♠❛ ❛r❡st❛ ❞❡ ✉♠ tr✐â♥❣✉❧♦ ❞❛ ♦✉tr❛

✭❝♦❧✐sã♦ ❛r❡st❛✲❛r❡st❛✮✳

➱ ✐♠♣♦rt❛♥t❡ ❛t❡♥t❛r ♣❛r❛ ♦ ❢❛t♦ ❞❡ q✉❡✱ ♥♦ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ✉s❛❞♦ ♣❡❧♦ ♠♦❞❡❧♦✱

❞✉r❛♥t❡ ♦ ✐♥t❡r✈❛❧♦ [t0, t0 + ∆t]✱ é ❝♦♥s✐❞❡r❛❞♦ q✉❡ ❝❛❞❛ ✈ért✐❝❡ s❡ ♠♦✈❡ ❛ ✉♠❛ ✈❡❧♦❝✐✲

❞❛❞❡ ❝♦♥st❛♥t❡✳ ❊ss❛ ♣r♦♣r✐❡❞❛❞❡ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦✱ ❝♦♠♦ ✈❡r❡♠♦s ♥❛s

s❡çõ❡s s❡❣✉✐♥t❡s✳

✺✳✶✳✶ ❆ ❈♦❧✐sã♦ P♦♥t♦✲❚r✐â♥❣✉❧♦

❙❡❥❛ P(t) ✉♠ ♣♦♥t♦ ❡♠ ♠♦✈✐♠❡♥t♦ ❡ A(t)✱ B(t) ❡ C(t) ♦s ✈ért✐❝❡s ❞❡ ✉♠ tr✐✲

â♥❣✉❧♦✱ t❛♠❜é♠ ❡♠ ♠♦✈✐♠❡♥t♦✳ ❙❡❥❛♠ V✱ VA✱ VB ❡ VC s✉❛s r❡s♣❡❝t✐✈❛s ✈❡❧♦❝✐✲

❞❛❞❡s ❝♦♥st❛♥t❡s ❞✉r❛♥t❡ ♦ ✐♥t❡r✈❛❧♦ [t0, t0 + ∆t]✳ ❆ss✐♠✱ t❡♠♦s P(t) = P(t0) + tV✱

A(t) = A(t0) + tVA✱ B(t) = B(t0) + tVB ❡ C(t) = C(t0) + tVC ✳

◆❛ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠❛ ❝♦❧✐sã♦✱ ❞❡✈❡rá ❡①✐st✐r t ♥♦ ✐♥t❡r✈❛❧♦ [t0, t0 + ∆t] t❛❧ q✉❡

P(t) ♣❡rt❡♥ç❛ ❛♦ tr✐â♥❣✉❧♦ ABC(t) ✭❋✐❣✉r❛ ✺✳✶✮✱ ♦✉ s❡❥❛

∃ t ∈ [t0, t0 + ∆t] tal que

∃ u, v ∈ [0, 1] , u + v ≤ 1, AP(t) = uAB(t) + vAC(t) ✭✺✳✶✮

❈♦♠♦ ❡st❛ ❡q✉❛çã♦ ✈❡t♦r✐❛❧ ♥♦s ❧❡✈❛ ❛ ✉♠ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r✱ ♣r❡❝✐s❛♠♦s ❞❡

♦✉tr❛ ❝♦♥❞✐çã♦ q✉❡ ❡①♣r❡ss❡ ♦ ❢❛t♦ ❞❡ q✉❡ ♦ ♣♦♥t♦ ♣❡rt❡♥ç❛ ❛♦ tr✐â♥❣✉❧♦✳ ❖❝♦rr❡ q✉❡✱

♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧ N(t) = AB(t)×AC(t) é ♣❡r♣❡♥❞✐❝✉❧❛r ❛♦ ♣❧❛♥♦ ❞♦ tr✐â♥❣✉❧♦ ABC

❡✱ ♣♦rt❛♥t♦✱ ❛ r❡❧❛çã♦

AP(t) · N(t) = 0 ✭✺✳✷✮



✺✳✶ ❉❡t❡❝çã♦ ❞❡ ❈♦❧✐sõ❡s ✸✼

❋✐❣✉r❛ ✺✳✶✿ ❈♦❧✐sã♦ ♣♦♥t♦✲tr✐â♥❣✉❧♦✿ ✭❛✮ ❛♥t❡s ❞❛ ❝♦❧✐sã♦❀ ✭❜✮ ❞✉r❛♥t❡ ❛ ❝♦❧✐sã♦✳

❞❡✈❡ s❡r s❛t✐s❢❡✐t❛ ♥♦ t❡♠♣♦ ❞❡ ❝♦❧✐sã♦✳

❊st❛ ú❧t✐♠❛ r❡❧❛çã♦ é ♥❡❝❡ssár✐❛ ♠❛s ♥ã♦ s✉✜❝✐❡♥t❡✳ ❖ ♣♦♥t♦ P(t) ♣♦❞❡ ♣❡rt❡♥❝❡r

❛♦ ♣❧❛♥♦ q✉❡ ❝♦♥té♠ ♦ tr✐â♥❣✉❧♦ ♠❛s ♥ã♦ ❡st❛r ❝♦♥t✐❞♦ ♥♦ tr✐â♥❣✉❧♦✳ ◆ã♦ ♦❜st❛♥t❡✱ ❡❧❛

♥♦s ♣❡r♠✐t✐rá ❞❡t❡r♠✐♥❛r ♦ t❡♠♣♦ ❞❡ ❝♦❧✐sã♦ ❞❡ ♠❛♥❡✐r❛ ❞✐r❡t❛✳ ❉❡ ❢❛t♦✱ N(t) é ✉♠❛

❡①♣r❡ssã♦ ❡♠ t2 ❡ AP(t) ✉♠❛ ❡①♣r❡ssã♦ ❡♠ t✱ ♣♦rt❛♥t♦ ❛ r❡❧❛çã♦ ✭✺✳✷✮ é ✉♠❛ ❡q✉❛çã♦

❞❡ t❡r❝❡✐r♦ ❣r❛✉ ❞❡ ❢á❝✐❧ s♦❧✉çã♦✳ ❉♦s três ✈❛❧♦r❡s ♦❜t✐❞♦s✱ ❛♣❡♥❛s ♦s q✉❡ ❡stã♦ ♥♦

✐♥t❡r✈❛❧♦ [t0, t0 + ∆t] ♣♦❞❡♠ ❝♦rr❡s♣♦♥❞❡r ❛ ✉♠❛ ❝♦❧✐sã♦✳ P❛r❛ ✐❞❡♥t✐✜❝❛r q✉❛✐s ❞❡ss❡s

✈❛❧♦r❡s ✐❞❡♥t✐✜❝❛♠ ✉♠❛ ❝♦❧✐sã♦✱ ❡ ♥ã♦ ❝♦♣❧❛♥❛r✐❞❛❞❡s✱ ♦s ✐♥❥❡t❛♠♦s ❞❡ ✈♦❧t❛ ♥❛ ❡q✉❛çã♦

✭✺✳✶✮ t♦r♥❛♥❞♦✲❛ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r✳

❙❡ ✈ár✐♦s ✈❛❧♦r❡s (t, u, v) ❢♦r❡♠ s♦❧✉çõ❡s ❞♦ s✐st❡♠❛✱ ❝♦♥s✐❞❡r❛✲s❡ ❝♦♠♦ ❝♦❧✐sã♦

❛q✉❡❧❡ q✉❡ ♦❝♦rr❡✉ ♣r✐♠❡✐r♦✱ ♦✉ s❡❥❛✱ ♦ q✉❡ ♣♦ss✉✐ ♦ ♠❡♥♦r ✈❛❧♦r ❞❡ t✳

✺✳✶✳✷ ❆ ❈♦❧✐sã♦ ❆r❡st❛✲❆r❡st❛

❙❡❥❛♠ AB(t) ✉♠❛ ❛r❡st❛ ❞♦ t❡❝✐❞♦ ❡ CD(t) ✉♠❛ ❛r❡st❛ ❞❡ ✉♠ ♦❜❥❡t♦ ❡♠ ♠♦✲

✈✐♠❡♥t♦ ✭❝♦♠♦ ❤❛✈í❛♠♦s ❞✐t♦✱ ♦ ♦❜❥❡t♦ ♣♦❞❡ s❡r ♦ ♣ró♣r✐♦ t❡❝✐❞♦✮✳ ◆❛ ♦❝♦rrê♥❝✐❛ ❞❡

✉♠❛ ❝♦❧✐sã♦ ❞❡✈❡rá ❡①✐st✐r t ∈ [t0, t0 + ∆t] t❛❧ q✉❡ ✭❋✐❣✉r❛ ✺✳✷✮

∃ u, v ∈ [0, 1] , A(t) + u(B − A)(t) = C(t) + v(D − C)(t) ✭✺✳✸✮

◆♦✈❛♠❡♥t❡ s♦♠♦s ❧❡✈❛❞♦s à ✉♠ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ❡ ♥❡❝❡ss✐t❛♠♦s ❞❡ ♠❛✐s ✉♠❛

r❡❧❛çã♦ ♣❛r❛ ♦❜t❡r♠♦s ♣♦ssí✈❡✐s ✈❛❧♦r❡s ❞❡ t✳ ❉✉r❛♥t❡ ❛ ❝♦❧✐sã♦✱ ♦s q✉❛tr♦ ♣♦♥t♦s ❞❡✈❡♠

❡st❛r ❡♠ ✉♠ ♠❡s♠♦ ♣❧❛♥♦✱ ❞♦♥❞❡ ❛ r❡❧❛çã♦

(

AB(t) × CD(t)
)

· AC(t) = 0



✸✽ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r

❋✐❣✉r❛ ✺✳✷✿ ❈♦❧✐sã♦ ❛r❡st❛✲❛r❡st❛✿ ✭❛✮ ❛♥t❡s ❞❛ ❝♦❧✐sã♦❀ ✭❜✮ ❞✉r❛♥t❡ ❛ ❝♦❧✐sã♦✳

❞❡✈❡ s❡r s❛t✐s❢❡✐t❛ ♥❡ss❡ ✐♥st❛♥t❡✳

❊ss❛ r❡❧❛çã♦ s❡ tr❛❞✉③ ❡♠ ✉♠❛ ❡q✉❛çã♦ ❞❡ t❡r❝❡✐r♦ ❣r❛✉ q✉❡✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛

q✉❡ ♥❛ ❝♦❧✐sã♦ ♣♦♥t♦✲tr✐â♥❣✉❧♦✱ ♥♦s ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r u ❡ v ❛♣ós ✐♥❥❡t❛r ♦s ✈❛❧♦r❡s ❞❡ t

♥❛ ❡q✉❛çã♦ ✭✺✳✸✮✳ ❆ s♦❧✉çã♦ (t, u, v) t❛♠❜é♠ s❡rá ❛ q✉❡ ♦❝♦rr❡✉ ♣r✐♠❡✐r♦✳

✺✳✷ ❖t✐♠✐③❛çõ❡s ❞❛ ❉❡t❡❝çã♦ ❞❡ ❈♦❧✐sõ❡s

◆♦ tr❛t❛♠❡♥t♦ ❞❡ ❝♦❧✐sõ❡s✱ ❛ ❞❡t❡❝çã♦ ❞❡ ❝♦❧✐sã♦ é ❛ q✉❡ ♠❛✐s ❝♦♥s♦♠❡ t❡♠♣♦ ❞❡

♣r♦❝❡ss❛♠❡♥t♦✳ P♦r ❡ss❡ ♠♦t✐✈♦✱ ✉♠ ❛❧❣♦r✐t♠♦ ❢♦rç❛ ❜r✉t❛✶ s♦❜r❡ ♦s ♣r♦❝❡❞✐♠❡♥t♦s

❞❡ ❞❡t❡❝çã♦✱ ❡st✉❞❛❞♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ t♦r♥❛✲s❡ ✐♥✈✐á✈❡❧ ♣❛r❛ ♠❛❧❤❛s ❞❡ t❡❝✐❞♦ ❡

❞❡ ♦❜❥❡t♦s ❝♦♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s✳ ❆ss✐♠✱ ♦t✐♠✐③❛çõ❡s sã♦ ♥❡❝❡ssár✐❛s✳ ❆s

❤✐❡r❛rq✉✐❛s ❞❡ ✈♦❧✉♠❡s ❡♥✈♦❧✈❡♥t❡s ❡ ❛ ♦t✐♠✐③❛çã♦ ♣❡❧❛ ❝✉r✈❛t✉r❛ ❞❛ s✉♣❡r❢í❝✐❡ sã♦ ❛s

♠❛✐s ❝♦♠✉♥s✳

✺✳✷✳✶ ❍✐❡r❛rq✉✐❛ ❞❡ ❈❛✐①❛s ❊♥✈♦❧✈❡♥t❡s

❊st❡ t✐♣♦ ❞❡ ♦t✐♠✐③❛çã♦✱ ❥á ❜❡♠ ❝♦♥❤❡❝✐❞❛✱ ❝♦♥s✐st❡ ♥❛ ❞✐✈✐sã♦ r❡❝✉rs✐✈❛ ❞♦ t❡❝✐❞♦

✭❡ t❛♠❜é♠ ❞♦ ♦❜❥❡t♦✮ ❡♠ ③♦♥❛s s♦❜r❡♣♦st❛s ❡ ♥♦ ❛r♠❛③❡♥❛♠❡♥t♦ ❞❡ss❛s ③♦♥❛s ♥✉♠❛

❡str✉t✉r❛ ❞❡ ár✈♦r❡ ✭❋✐❣✉r❛ ✺✳✸✮✳ ❊♠ ♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ✉s❛♠♦s ár✈♦r❡s ❜✐♥ár✐❛s✷✳

❆ ❝❛❞❛ ✐t❡r❛çã♦✱ ✉♠❛ ❝❛✐①❛ ❡♥✈♦❧✈❡♥t❡ ❡♠ ❝❛❞❛ ③♦♥❛ é ❝❛❧❝✉❧❛❞❛ ❡ ❛r♠❛③❡♥❛❞❛

❥✉♥t♦ ❛ ❡❧❛ ♥♦s ♥♦❞♦s ❞❛ ár✈♦r❡✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡ ❝♦❧✐sã♦ ❛♥❛❧✐s❛ ❛s ár✈♦r❡s ❞♦ t❡❝✐❞♦

❡ ❞♦ ♦❜❥❡t♦ ❡❧✐♠✐♥❛♥❞♦ t❡st❡s ❞❡ ❝♦❧✐sõ❡s ❞❡s♥❡❝❡ssár✐♦s ❡♥tr❡ ♣r✐♠✐t✐✈❛s q✉❡ ❡stã♦ ❡♠

❝❛✐①❛s ❝♦♠ ✐♥t❡rs❡çã♦ ✈❛③✐❛✳ P❛r❛ ♠❛✐♦r ♣r❡❝✐sã♦ ❞♦ ♠ét♦❞♦✱ ❛s ❝❛✐①❛s ❞❡✈❡♠ ❡♥✈♦❧✈❡r

✶❆q✉❡❧❡ q✉❡ t❡st❛ ❝♦❧✐sõ❡s ❡♥tr❡ t♦❞❛s ❛s ♣r✐♠✐t✐✈❛s ♣♦ssí✈❡✐s s❡♠ ♥❡♥❤✉♠ t✐♣♦ ❞❡ ♦t✐♠✐③❛çã♦✳
✷❊①♣❧❛♥❛çã♦ ❞❡t❛❧❤❛❞❛ s♦❜r❡ ár✈♦r❡s ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ♥♦ ❧✐✈r♦ ❞❡ ▲♦✉❞♦♥ ❬✸✷❪✱ ❝♦♠ ✐♠♣❧❡♠❡♥✲

t❛çõ❡s ✐♥❝❧✉s✐✈❡✳



✺✳✷ ❖t✐♠✐③❛çõ❡s ❞❛ ❉❡t❡❝çã♦ ❞❡ ❈♦❧✐sõ❡s ✸✾

❋✐❣✉r❛ ✺✳✸✿ ❉✐✈✐sã♦ r❡❝✉rs✐✈❛ ❞♦ t❡❝✐❞♦ ❡♠ ③♦♥❛s ❡ ❛r♠❛③❡♥❛♠❡♥t♦ ♥✉♠❛ ár✈♦r❡ ❜✐♥ár✐❛✳

❛s ♣♦s✐çõ❡s ❞❛ ③♦♥❛ ❡♠ t0 ❡ t0 + ∆t✳ ❊♠ ♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ❡s❝♦❧❤❡♠♦s ❛s ❝❛✐①❛s

❛❧✐♥❤❛❞❛s ❝♦♠ ♦s ❡✐①♦s ✭❋✐❣✉r❛ ✺✳✹✮ ♦✉✱ ✉s❛♥❞♦ ❛ t❡r♠✐♥♦❧♦❣✐❛ ♠❛✐s ❝♦♥❤❡❝✐❞❛✱ ❆❆❇❇✸

✭❆①❡s ❆❧✐❣♥❡❞ ❇♦✉♥❞✐♥❣ ❇♦①❡s✮✳

❋✐❣✉r❛ ✺✳✹✿ ❈❛✐①❛ ❛❧✐♥❤❛❞❛ ❝♦♠ ♦s ❡✐①♦s ❡♥✈♦❧✈❡♥❞♦ ✉♠❛ ♣r✐♠✐t✐✈❛✳

✸❯♠ ❜♦♠ tr❛❜❛❧❤♦ s♦❜r❡ ❆❆❇❇ tr❡❡s ♣♦❞❡ s❡r ✈✐st♦ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❱❛♥ ❉❡♥ ❇❡r❣❡♥ ❬✹✸❪✳



✹✵ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r

✺✳✷✳✷ ❆ ❈✉r✈❛t✉r❛ ❞❛ ❙✉♣❡r❢í❝✐❡ ❡ ❛ ❉❡t❡❝çã♦ ❞❡ ❆✉t♦✲❝♦❧✐sõ❡s

❆ té❝♥✐❝❛ ❛q✉✐ ❞❡s❝r✐t❛ é ✉♠❛ ❛❞❛♣t❛çã♦ ❞❛ ♣r♦♣♦st❛ ♣♦r ❱♦❧✐♥♦ ❡ ◆✳ ▼❛❣♥❡♥❛t✲

❚❤❛❧♠❛♥♥ ❬✹✼❪✳ ❆ ♦t✐♠✐③❛çã♦ ❜❛s❡✐❛✲s❡ ♥❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ ✉♠❛ ③♦♥❛ ✭❝♦♥❡①❛✹✮ ❞♦

t❡❝✐❞♦ ❝♦♠ ✏❜❛✐①❛ ❝✉r✈❛t✉r❛✑ ♥ã♦ s❡ ❛✉t♦✲✐♥t❡rs❡❝t❛ ❡✱ é ❝❧❛r♦✱ ③♦♥❛s ♠❡♥♦r❡s ❞❡♥tr♦

❞❡❧❛ ♥ã♦ s❡ ✐♥t❡rs❡❝t❛♠ ✉♠❛s ❝♦♠ ❛s ♦✉tr❛s✳

❆ ❝✉r✈❛t✉r❛ ❞❡ ✉♠❛ ③♦♥❛ ♣♦❞❡ s❡r ❛✈❛❧✐❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞❡ ♥♦r♠❛✐s ❞❡ ❝❛❞❛

♣r✐♠✐t✐✈❛ q✉❡ ❝♦♠♣õ❡ ❛ ♠❡s♠❛✳ ❈❛❧❝✉❧❛✲s❡ ✉♠ ❝♦♥❡ ❝♦♠ t♦❞♦s ❡ss❡s ✈❡t♦r❡s ♥♦r♠❛✐s

❡ ♦ â♥❣✉❧♦ α ❞❡ s❡✉ ✈ért✐❝❡ ❞❡t❡r♠✐♥❛rá q✉❛♥❞♦ ✉♠❛ ③♦♥❛ s❡ ❛✉t♦✲✐♥t❡rs❡❝t❛ ♦✉ ♥ã♦

✭❋✐❣✉r❛ ✺✳✺✮✳ ❈❛s♦ α < π ❛ ③♦♥❛ ♥ã♦ ♣♦ss✉✐ ❛✉t♦✲❝♦❧✐sõ❡s✳

❋✐❣✉r❛ ✺✳✺✿ ❈♦♥❡ ❞❡ ♥♦r♠❛✐s ♣❛r❛ ✉♠❛ ③♦♥❛✳

❖s ❝♦♥❡s sã♦ ❝❛❧❝✉❧❛❞♦s ✉s❛♥❞♦ ❛ ❡str✉t✉r❛ ❤✐❡rárq✉✐❝❛ ❞❛ s❡çã♦ ❛♥t❡r✐♦r✳ ◆❛

❜❛s❡ ❞❛ ár✈♦r❡✱ ❝❛❞❛ ❢♦❧❤❛ ♣♦ss✉✐ ✉♠ ✈❡t♦r ♥♦r♠❛❧ ❡ ❡♥tã♦✱ ♥❡ss❡ t✐♣♦ ❞❡ ③♦♥❛✱ t❡♠♦s

α = 0 ❡ ♦ ❡✐①♦ ❞❡ss❡ ❝♦♥❡ é ♦ ♣ró♣r✐♦ ✈❡t♦r ♥♦r♠❛❧✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ ♥♦❞♦ ❞❛ ár✈♦r❡✱

❞♦ q✉❛❧ ❝♦♥❤❡❝❡♠♦s ♦s ❝♦♥❡s ❞❡ s❡✉s ♥♦❞♦s ❞❡s❝❡♥❞❡♥t❡s✱ ❝❛❧❝✉❧❛♠♦s ♦ ❝♦♥❡ ✉s❛♥❞♦ ♦s

â♥❣✉❧♦s α1 ❡ α2 ❞❡ s❡✉s ❞❡s❝❡♥❞❡♥t❡s ❡ ♦ â♥❣✉❧♦ β ❡♥tr❡ ♦s ❡✐①♦s ❞❡ss❡s ❝♦♥❡s✳ ❖ ✈❡t♦r

❡✐①♦ ❞♦ ♥♦✈♦ ❝♦♥❡ é ❝❛❧❝✉❧❛❞♦ ❝♦♠♦ ❛ ♠é❞✐❛ ❞♦s ❡✐①♦s ❞♦s ❝♦♥❡s ❞❡s❝❡♥❞❡♥t❡s ❡ ♦ ♥♦✈♦

â♥❣✉❧♦ α ✭❋✐❣✉r❛ ✺✳✻✮ é ❝❛❧❝✉❧❛❞♦ ♣❡❧❛ ❡①♣r❡ssã♦

α = β/2 + max(α1, α2).

Pr♦✈♦t ❬✸✽❪ ❛t❡♥t❛ ♣❛r❛ ♦ ❢❛t♦ ❞❡ q✉❡ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ é ✈á❧✐❞♦ ❛♣❡♥❛s ♣❛r❛ ❝♦♥❡s

❞❡s❝❡♥❞❡♥t❡s ❝✉❥❛s ③♦♥❛s s❡❥❛♠ ❛❞❥❛❝❡♥t❡s✱ ♦ q✉❡ ♣♦❞❡ ♥ã♦ ♦❝♦rr❡r ❝❛s♦ ♦ ❝♦♥t♦r♥♦ ❞♦

t❡❝✐❞♦ ♥ã♦ ❢♦r ❝♦♥✈❡①♦✳ ❆ ❡str✉t✉r❛ ❤✐❡rárq✉✐❝❛ q✉❡ ✉s❛♠♦s s❛t✐s❢❛③ ❡ss❡ ❝r✐tér✐♦ ♣❛r❛

t♦❞♦s ♦s ❝❛s♦s ❛❜♦r❞❛❞♦s ♥❡ss❡ tr❛❜❛❧❤♦✳
✹❊ss❛ ❝♦♥❞✐çã♦✱ s❡❣✉♥❞♦ ❱♦❧✐♥♦✱ ♥ã♦ é s✉✜❝✐❡♥t❡✳ Pr♦✈♦t r❡ss❛❧t❛ q✉❡ ❡❧❛ ♦ é✱ ♥❛ ♣rát✐❝❛✱ ♣❛r❛ ♦s

❝❛s♦s ♥❡❝❡ssár✐♦s ❛♦ ♠♦❞❡❧♦✳



✺✳✸ ❘❡s♣♦st❛ à ❈♦❧✐sã♦ ✹✶

❋✐❣✉r❛ ✺✳✻✿ ❈♦♥❡ ❞❡ â♥❣✉❧♦ α ❝❛❧❝✉❧❛❞♦ ❛ ♣❛rt✐r ❞♦s ❝♦♥❡s ❞❡s❝❡♥❞❡♥t❡s ❞❡ â♥❣✉❧♦s α1

❡ α2✳

✺✳✸ ❘❡s♣♦st❛ à ❈♦❧✐sã♦

❆ r❡s♣♦st❛ à ❝♦❧✐sã♦ ❡♥tr❡ ❞♦✐s ♦❜❥❡t♦s t❡♠ ♣♦r ♦❜❥❡t✐✈♦ ♣r✐♠♦r❞✐❛❧ ❡✈✐t❛r ✐♥t❡r✲

♣❡♥❡tr❛çõ❡s ❡♥tr❡ ❛♠❜♦s✱ ♠❛s t❛♠❜é♠ s✐♠✉❧❛ ♦s ❡❢❡✐t♦s ❞❡ ❢r✐❝çã♦ ❡ ❞❡ r❡♣✐q✉❡ ✭❝♦♠♦

♦❝♦rr❡ q✉❛♥❞♦ ✉♠❛ ❜♦❧❛ ❝❛✐ s♦❜r❡ ✉♠❛ ♠❡s❛ ❡ ✜❝❛ ✏♣✉❧❛♥❞♦✑ s♦❜r❡ ❡❧❛✮✳

✺✳✸✳✶ ❈♦♥t❛t♦ ❡ ❋r✐❝çã♦

◗✉❛♥❞♦ ❞♦✐s ♦❜❥❡t♦s ❝♦❧✐❞❡♠✱ ❡①✐st❡ ✉♠ t❡♠♣♦ ❡♠ q✉❡ ❡❧❡s ❡stã♦ ❡♠ ❝♦♥t❛t♦✳

❆s ❧❡✐s ❞❡ ❢r✐❝çã♦ ♠❛❝r♦s❝ó♣✐❝❛s ❞❡ ❈♦✉❧♦♠❜ ❬✺❪ ♣♦❞❡♠ s❡r ❛♣❧✐❝❛❞❛s ♥❡ss❛ s✐t✉❛çã♦✳

Pr♦✈♦t ❬✸✽❪✱ ❡♠ s❡✉ tr❛❜❛❧❤♦✱ ❝♦♥s✐❞❡r❛ ♥❡ss❛ s❡çã♦ ❝♦❧✐sõ❡s ♣❡r❢❡✐t❛♠❡♥t❡ ✐♥❡❧ást✐❝❛s✱

♦✉ s❡❥❛✱ t♦❞❛ ❛ ❡♥❡r❣✐❛ é ❞✐ss✐♣❛❞❛ ❡ ♥ã♦ ❤á ♦ ❡❢❡✐t♦ r❡♣✐q✉❡✳

❙❡❥❛ P ✉♠ ♣♦♥t♦ ❞❡ ♠❛ss❛ ❡♠ ❝♦♥t❛t♦ ❝♦♠ ✉♠❛ s✉♣❡r❢í❝✐❡ rí❣✐❞❛✱ s❡♠ ♠♦✈✐♠❡♥t♦✱

♥♦ ♣♦♥t♦ H ❡ N ♦ ✈❡t♦r ✉♥✐tár✐♦ ♥♦r♠❛❧ à s✉♣❡r❢í❝✐❡ ♥❡ss❡ ♣♦♥t♦✳ ❙❡❥❛ F ❛ ❢♦rç❛ ❛♣❧✐❝❛❞❛

❛ P ♣❛r❛ ♠❛♥t❡r ♦ ❝♦♥t❛t♦✳ ❆ss✐♠✱ FN = (F ·N)N ❡ FT = F−FN sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s

♣❡r♣❡♥❞✐❝✉❧❛r ❡ t❛♥❣❡♥❝✐❛❧✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛ ❢♦rç❛ F✳ P❡❧❛s ❧❡✐s ❞❡ ❢r✐❝çã♦✱ ♦❜t❡♠♦s

• s❡ ‖FT‖ > kf ‖FN‖✱ ❤❛✈❡rá ❝♦♥t❛t♦ ❞❡s❧✐③❛♥t❡ ❡ ❝♦♠ ❢r✐❝çã♦✱ ♦✉ s❡❥❛✱ ♦ ♣♦♥t♦ s❡

♠♦✈❡rá ♣❛r❛❧❡❧❛♠❡♥t❡ à s✉♣❡r❢í❝✐❡ s♦❜ ❛çã♦ ❞❛ ❢♦rç❛ FS = FT − kf ‖FN‖
FT

‖FT ‖
❀

• s❡ ‖FT‖ ≤ kf ‖FN‖✱ ❤❛✈❡rá ✉♠ ❝♦♥t❛t♦ ♥ã♦ ❞❡s❧✐③❛♥t❡ ❡ ♦ ♣♦♥t♦ ♣❡r♠❛♥❡❝❡rá

♣❛r❛❞♦✱ ✐st♦ é✱ FS = 0❀



✹✷ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r

♦♥❞❡ kf ∈ R
+ é ❝❤❛♠❛❞♦ ❞❡ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝çã♦✳ ❙❡ kf = 0✱ ❤❛✈❡rá ❞❡s❧✐③❛♠❡♥t♦

s❡♠ ❢r✐❝çã♦ ❡ s❡ kf = ∞ ♥ã♦ ❤❛✈❡rá ❞❡s❧✐③❛♠❡♥t♦ ❛❧❣✉♠✳ ❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❢r✐❝çã♦ é ✉♠

♣❛râ♠❡tr♦ ❞♦ t❡❝✐❞♦ ❡✱ ♣♦rt❛♥t♦✱ ❞❡✈❡ s❡r ❡s♣❡❝✐✜❝❛❞♦ ❝♦♠♦ t❛❧✳

◆✉♠❛ ❝♦❧✐sã♦ ♣♦♥t♦✲tr✐â♥❣✉❧♦ ♦♥❞❡ ♦ tr✐â♥❣✉❧♦ ❡st❡❥❛ ♣❛r❛❞♦✱ ❛ ❢♦rç❛ ❞❡ ❝♦♥t❛t♦

❣❡r❛❞❛ ♣❡❧♦ ♣♦♥t♦ ♥♦ tr✐â♥❣✉❧♦ ✭❡ ✈✐❝❡✲✈❡rs❛✮ é ❞❡s❝♦♥❤❡❝✐❞❛✳ ❈♦♥❤❡❝❡♥❞♦ ❛♣❡♥❛s ❛

✈❡❧♦❝✐❞❛❞❡ V ❞♦ ♣♦♥t♦✱ ❛♥t❡s ❞❛ ❝♦❧✐sã♦✱ ❛ s✉❛ ❛❝❡❧❡r❛çã♦ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞❛ ♣♦r

(V
′

− V)/∆t✱ ♦♥❞❡ V
′

é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ♣♦♥t♦ ❛♣ós ❛ ❝♦❧✐sã♦✳ ❆ss✐♠✱ ❛ ❢♦rç❛ ❞❡

❝♦♥t❛t♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ♣♦r FC = m(V
′

−V)/∆t✳ P♦ré♠✱ V
′

é ❥✉st❛♠❡♥t❡ ♦ q✉❡ ♦

❛❧❣♦r✐t♠♦ ♣r♦❝✉r❛ ❞❡t❡r♠✐♥❛r✳

P❛r❛ r❡s♦❧✈❡r ❡ss❡ ♣r♦❜❧❡♠❛ é t♦♠❛❞❛ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♥♦ ❝á❧❝✉❧♦ ❞❛ ❢♦rç❛ ❣❡r❛❞❛

♣❡❧♦ ✐♠♣❛❝t♦✳ ❊ss❛ ❛♣r♦①✐♠❛çã♦ ❝♦♥s✐st❡ ❡♠ ❝♦♥s✐❞❡r❛r q✉❡ ❛s ❢♦rç❛s ❡♥✈♦❧✈✐❞❛s ♥✉♠❛

❝♦❧✐sã♦ sã♦ ♣r♦♣♦r❝✐♦♥❛✐s às ✈❡❧♦❝✐❞❛❞❡s✱ ♦ q✉❡✱ ✐♥t✉✐t✐✈❛♠❡♥t❡✱ ❢❛③ s❡♥t✐❞♦✿ ❝♦♠ ✉♠❛

❣r❛♥❞❡ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ✐♠♣❛❝t♦✱ ✉♠❛ ❣r❛♥❞❡ ❢♦rç❛ é ❣❡r❛❞❛✳ ❆ss✐♠✱ q✉❛❧q✉❡r q✉❡ s❡❥❛

❡ss❡ ❝♦❡✜❝✐❡♥t❡ ❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡✱ ❛s ❧❡✐s ❞❡ ❢r✐❝çã♦ ❛♥t❡r✐♦r♠❡♥t❡ ❞❡s❝r✐t❛s ♣♦❞❡♠

s❡r r❡❡s❝r✐t❛s s✉❜st✐t✉✐♥❞♦✲s❡ F ♣♦r V ❡ FS ♣♦r V
′

✳

❊ss❛s r❡❧❛çõ❡s ♥♦s ❞❛rã♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ♣♦♥t♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛♣ós ❛ ❝♦❧✐sã♦✳

❈♦♠♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ♣♦♥t♦ é ❝♦♥s✐❞❡r❛❞❛ ❝♦♥st❛♥t❡ ❞✉r❛♥t❡ ♦ ✐♥t❡r✈❛❧♦ [t0, t0 + ∆t]✱

♦ ❛❧❣♦r✐t♠♦ s✉❜st✐t✉✐ ❛ ✈❡❧♦❝✐❞❛❞❡ V ❞♦ ♣♦♥t♦ ♥♦ ✐♥t❡r✈❛❧♦ ♣♦r V
′

❡ ❝❛❧❝✉❧❛ ❛ s✉❛

tr❛❥❡tór✐❛✳ ■ss♦ ❡q✉✐✈❛❧❡ ❛ ❝♦♥s✐❞❡r❛r q✉❡ ❛ ❝♦❧✐sã♦ ♦❝♦rr❡✉ ❡①❛t❛♠❡♥t❡ ❡♠ t0✱ ❡♠❜♦r❛

♦ t❡♠♣♦ ❞❡ ❝♦❧✐sã♦ t ∈ [t0, t0 + ∆t] t❡♥❤❛ s✐❞♦ ❝❛❧❝✉❧❛❞♦ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❞❡t❡❝çã♦✳

✺✳✸✳✷ ■♠♣❛❝t♦ ❡ ❉✐ss✐♣❛çã♦

❊♠ ❝♦♥tr❛st❡ ❝♦♠ ♦ ❝♦♥t❛t♦✱ ♦✉tr♦ ❢❡♥ô♠❡♥♦ ❞✉r❛♥t❡ ❛ ❝♦❧✐sã♦ é ♦ ✐♠♣❛❝t♦ ❡

s❡✉ ❡❢❡✐t♦ ❝♦❧❛t❡r❛❧ ❞❡ r❡♣✐q✉❡✳ ❊♠ ❝♦❧✐sõ❡s ❡❧ást✐❝❛s ♥ã♦ ❤á ❞✐ss✐♣❛çã♦ ❞❡ ❡♥❡r❣✐❛✱ ❡♠

❝♦❧✐sõ❡s ✐♥❡❧ást✐❝❛s ❡①✐st❡ ❞✐ss✐♣❛çã♦ ❡ ❡♠ ❝♦❧✐sõ❡s ♣❡r❢❡✐t❛♠❡♥t❡ ✐♥❡❧ást✐❝❛s ❛ ❡♥❡r❣✐❛ é

✐♥t❡✐r❛♠❡♥t❡ ❞✐ss✐♣❛❞❛✳

❊ss❡s ❝♦♠♣♦rt❛♠❡♥t♦s ♣♦❞❡♠ s❡r ❡①♣r❡ss♦s ♣❡❧❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❡♠♣ír✐❝❛✳ ❈♦♠

❛ ♠❡s♠❛ ♥♦t❛çã♦ ❛♥t❡r✐♦r✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ✉♠ ♣♦♥t♦ P ❝♦❧✐❞✐♥❞♦ ❝♦♠ ✉♠ tr✐â♥❣✉❧♦

♣❛r❛❞♦ s❡rá✱ ❛♣ós ❛ ❝♦❧✐sã♦✱ V
′

= VT − kdVN ✱ ♦♥❞❡ kd ∈ [0, 1] é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡

❞✐ss✐♣❛çã♦ ✭s❡ kd = 0 t❡♠♦s ✉♠❛ ❝♦❧✐sã♦ ♣❡r❢❡✐t❛♠❡♥t❡ ✐♥❡❧ást✐❝❛ ❡ s❡ kd = 1 t❡♠♦s

✉♠❛ ❝♦❧✐sã♦ ❡❧ást✐❝❛✮✳ ❊ss❡ ❝♦❡✜❝✐❡♥t❡ t❛♠❜é♠ ❢❛③ ♣❛rt❡ ❞♦s ♣❛râ♠❡tr♦s ♠❡❝â♥✐❝♦s ❞♦

t❡❝✐❞♦✳



✺✳✹ ❈♦♥s✐stê♥❝✐❛ ♣❛r❛ ▼ú❧t✐♣❧❛s ❈♦❧✐sõ❡s ✹✸

✺✳✸✳✸ ❘❡s♣♦st❛ ❚♦t❛❧

❉❡t❡r♠✐♥❛r❡♠♦s ❛❣♦r❛ ❛ r❡s♣♦st❛ t♦t❛❧ ❛♣❧✐❝❛❞❛ ❛♦s ❡❧❡♠❡♥t♦s ❡♥✈♦❧✈✐❞♦s ♥✉♠❛

❝♦❧✐sã♦✳ ◆♦ ❝❛s♦ ❣❡r❛❧✱ ❛ ✈❡❧♦❝✐❞❛❞❡ V = VT + VN ❞❡ ✉♠ ♣♦♥t♦ ❛♥t❡s ❞❛ ❝♦❧✐sã♦ ❝♦♠

✉♠ tr✐â♥❣✉❧♦ ♣❛r❛❞♦ s❡rá✱ ❛♣ós ❛ ❝♦❧✐sã♦✱ s✉❜st✐t✉í❞❛ ♣♦r V
′

✱ s❡♥❞♦ q✉❡

• s❡ ‖VT‖ > kf ‖VN‖✱ ❡♥tã♦ V
′

= VT − kf ‖VN‖
VT

‖VT ‖
− kdVN ❀

• s❡ ‖VT‖ ≤ kf ‖VN‖✱ ❡♥tã♦ V
′

= −kdVN ✳

◆♦ ❝❛s♦ ❞❡ ♦❜❥❡t♦s ♠ó✈❡✐s✱ ❡ss❛s r❡❧❛çõ❡s s❡rã♦ ❛♣❧✐❝❛❞❛s à ✈❡❧♦❝✐❞❛❞❡s ❝❛❧❝✉❧❛❞❛s

♥♦ r❡❢❡r❡♥❝✐❛❧ ♠ó✈❡❧ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ✐❣✉❛❧ ❛♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞♦ ♦❜❥❡t♦✱ ♦✉ s❡❥❛✱ ❛

✈❡❧♦❝✐❞❛❞❡ V ❞❡ ❝❛❞❛ ♣♦♥t♦✱ ✉s❛❞❛ ♥♦ ❝á❧❝✉❧♦ ❞❛ r❡s♣♦st❛✱ s❡rá ❞❛❞❛ ♣❡❧❛ ❞✐❢❡r❡♥ç❛

❡♥tr❡ ❛ ✈❡❧♦❝✐❞❛❞❡ r❡❛❧ ❞♦ ♣♦♥t♦ ❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞♦ ♦❜❥❡t♦✳ ◆♦ ❝❛s♦

❞❡ ❛✉t♦✲❝♦❧✐sõ❡s✱ ❛s ✈❡❧♦❝✐❞❛❞❡s s❡rã♦ ❝❛❧❝✉❧❛❞❛s ♥♦ r❡❢❡r❡♥❝✐❛❧ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ❝❡♥tr♦

❞❡ ♠❛ss❛ ❞❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❡♥✈♦❧✈✐❞♦s ♥❛ ❝♦❧✐sã♦❀ ♦ ♣♦♥t♦ ❡ ♦ tr✐â♥❣✉❧♦ ♦✉ ❛s ❞✉❛s

❛r❡st❛s✳ ■ss♦ s✐❣♥✐✜❝❛ ❞✐③❡r q✉❡ ❛ r❡s♣♦st❛ ❛t✉❛ ❝♦♠♦ s❡ ❛ ❝♦❧✐sã♦ ♦❝♦rr❡ss❡ ♥♦ ❝❡♥tr♦

❞❡ ♠❛ss❛ ❞♦s ❡❧❡♠❡♥t♦s ❡♥✈♦❧✈✐❞♦s✳

P❛r❛ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧ ❞❡ ❝❛❞❛ ♣♦♥t♦ ❡♠ s✉❛s ❝♦♠♣♦♥❡♥✲

t❡s ♥♦r♠❛❧ ❡ t❛♥❣❡♥❝✐❛❧✱ ❛ ♥♦r♠❛❧ ✉s❛❞❛ s❡rá ❛ ♥♦r♠❛❧ ❞♦ tr✐â♥❣✉❧♦✱ ♥♦ ❝❛s♦ ♣♦♥t♦✲

tr✐â♥❣✉❧♦✱ ♦✉ ♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧ ✭♥♦r♠❛❧✐③❛❞♦✮ ❞❛s ❞✉❛s ❛r❡st❛s✱ ♥♦ ❝❛s♦ ❛r❡st❛✲❛r❡st❛✳

✺✳✹ ❈♦♥s✐stê♥❝✐❛ ♣❛r❛ ▼ú❧t✐♣❧❛s ❈♦❧✐sõ❡s

❊st❡ ❛❧❣♦r✐t♠♦ tr❛t❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦❧✐sõ❡s ❡♥tr❡ ♣❛r❡s ❞❡ ❡❧❡♠❡♥t♦s✱ ♣♦♥t♦ ❡ tr✐✲

â♥❣✉❧♦ ❡ ❡♥tr❡ ❞✉❛s ❛r❡st❛s✱ ❞❡ ❢♦r♠❛ ✐♥❞❡♣❡♥❞❡♥t❡✳ ❈❛❞❛ ❝ô♠♣✉t♦ ❞❡ ❝♦❧✐sã♦ ♠♦❞✐✜❝❛

❛s ♣♦s✐çõ❡s ❞♦s ♣♦♥t♦s ❡♥✈♦❧✈✐❞♦s ❡✱ ♣♦rt❛♥t♦✱ ❞♦s tr✐â♥❣✉❧♦s ❡ ❛r❡st❛s ❧✐❣❛❞♦s ❛ ❡st❡s✳

◆❛❞❛ ❣❛r❛♥t❡✱ ❡♥tã♦✱ q✉❡ ❡ss❛s ♠♦❞✐✜❝❛çõ❡s ❞❡ ♣♦s✐çõ❡s ♥ã♦ ❛❝❛rr❡t❡♠ ♥♦✈❛s ❝♦❧✐sõ❡s✳

Pr♦✈♦t ❬✸✽❪ ❞❡♥♦♠✐♥❛ ❡st❡s ❝❛s♦s ♣♦r ♠ú❧t✐♣❧❛s ❝♦❧✐sõ❡s✳

❖ ♠ét♦❞♦ ♣❛r❛ ♠❛♥t❡r ❛ ❝♦♥s✐stê♥❝✐❛ ❞❛s ❝♦❧✐sõ❡s ✉s❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❜❛s❡✐❛✲s❡

♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ③♦♥❛s ♦♥❞❡ ❛s ❝♦❧✐sõ❡s ♠ú❧t✐♣❧❛s ♦❝♦rr❡♠ ❡ ♥♦ tr❛t❛♠❡♥t♦ ❡s♣❡❝í✜❝♦

❞❛s ♠❡s♠❛s s♦❜ ✉♠❛ ♥♦✈❛ ❤✐♣ót❡s❡ ❞❡ ❝♦❧✐sã♦✳



✹✹ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r

✺✳✹✳✶ ❩♦♥❛s ❞❡ ■♠♣❛❝t♦

P❛r❛ ✐❞❡♥t✐✜❝❛r s❡✱ ❛♣ós ❛ ❞❡t❡❝çã♦ ❡ r❡s♣♦st❛ ❞❡ ❝♦❧✐sõ❡s✱ ♥♦✈❛s s✐t✉❛çõ❡s ❞❡

❝♦❧✐sã♦ ❢♦r❛♠ ❝r✐❛❞❛s✱ ❢❛③✲s❡ ✉♠❛ ♥♦✈❛ ❞❡t❡❝çã♦✳ ❈❛s♦ ♥ã♦ s❡❥❛♠ ❞❡t❡❝t❛❞❛s ♥♦✈❛s

❝♦❧✐sõ❡s ♦ ❛❧❣♦r✐t♠♦ ❛✈❛♥ç❛ ♣❛r❛ ♦ ♣ró①✐♠♦ ♣❛ss♦ ❞❡ t❡♠♣♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ s❡r✐❛

♣♦ssí✈❡❧ ❝♦♠♣✉t❛r ✉♠❛ ♥♦✈❛ r❡s♣♦st❛ às ❝♦❧✐sõ❡s ❡ r❡♣❡t✐r ♦ ♣r♦❝❡ss♦ ❛té q✉❡ ♥♦✈❛s

❝♦❧✐sõ❡s ♥ã♦ ♦❝♦rr❡ss❡♠✳ ❊♥tr❡t❛♥t♦ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ ✐t❡r❛t✐✈♦ ♥ã♦ ♣♦ss✉✐ ❣❛r❛♥t✐❛s

❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✳

❆ ♣r✐♠❡✐r❛ ❢❛s❡ ❞♦ ♠ét♦❞♦ ♣r♦♣♦st♦ ❝♦♥s✐st❡ ❡♠ ❝✐r❝✉♥s❝r❡✈❡r t♦❞♦s ♦s ♣♦♥t♦s

❡♥✈♦❧✈✐❞♦s ❡♠ ♠ú❧t✐♣❧❛s ❝♦❧✐sõ❡s✳ ❯s❛♥❞♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ✐t❡r❛t✐✈♦ ❞❡s❝r✐t♦ ❛❝✐♠❛✱

♠❡♠♦r✐③❛✲s❡✱ ❡♠ ❝❛❞❛ ✐t❡r❛çã♦✱ ♦s ♣♦♥t♦s q✉❡ ❡st❡❥❛♠ ✏✉♥✐❞♦s✑ ♣♦r ♣❡rt❡♥❝❡r❡♠ ❛ ✉♠❛

♠❡s♠❛ ❝♦❧✐sã♦✱ ♣♦♥t♦✲tr✐â♥❣✉❧♦ ♦✉ ❛r❡st❛✲❛r❡st❛✱ ♦✉ ♣♦r t♦♠❛r❡♠ ♣❛rt❡ ❡♠ ❝♦❧✐sõ❡s

❞✐❢❡r❡♥t❡s ♠❛s ❝♦♠ ♣♦♥t♦s ❝♦♠✉♥s✳ ❊ss❡s ❝♦♥❥✉♥t♦s ❞❡ ♣♦♥t♦s sã♦ ❞❡♥♦♠✐♥❛❞♦s ③♦♥❛s

❞❡ ✐♠♣❛❝t♦✳

❊♠ ❝❛❞❛ ✐t❡r❛çã♦✱ ❡st❛s ③♦♥❛s ♣♦❞❡♠ ❝r❡s❝❡r q✉❛♥❞♦ ♥♦✈❛s ❝♦❧✐sõ❡s s✉r❣✐r❡♠

✭❋✐❣✉r❛ ✺✳✼✮✳ ❉✉r❛♥t❡ ❡ss❡ ♣r♦❝❡ss♦ ❞❡ ❝r❡s❝✐♠❡♥t♦✱ s❡ ❞✉❛s ③♦♥❛s ♣♦ss✉ír❡♠ ♣♦♥t♦s

❝♦♠✉♥s s❡rã♦ ✉♥✐❞❛s ♥✉♠❛ ♠❛✐♦r✳ ❖ ♣r♦❝❡ss♦ t❡r♠✐♥❛ q✉❛♥❞♦ t♦❞❛s ❛s ③♦♥❛s ♣❛r❛r❡♠

❞❡ ❝r❡s❝❡r✱ ✜❝❛♥❞♦ ❡stá✈❡✐s✳ ❉✐r❡♠♦s q✉❡ ❛s ③♦♥❛s ❡stã♦ ❝✐r❝✉♥s❝r✐t❛s✳

❋✐❣✉r❛ ✺✳✼✿ ❈✐r❝✉♥s❝r✐çã♦ ✐t❡r❛t✐✈❛ ❞❡ ③♦♥❛s ❞❡ ✐♠♣❛❝t♦✳

❆ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ss❡ ♠ét♦❞♦ é ❣❛r❛♥t✐❞❛ ♣♦✐s✱ ♥♦ ♣✐♦r ❝❛s♦✱ ❛s ③♦♥❛s ❝r❡s❝❡rã♦ ❡

s❡rã♦ ✉♥✐❞❛s ❛té ❡♥✈♦❧✈❡r❡♠ t♦❞♦ ♦ t❡❝✐❞♦✳



✺✳✹ ❈♦♥s✐stê♥❝✐❛ ♣❛r❛ ▼ú❧t✐♣❧❛s ❈♦❧✐sõ❡s ✹✺

✺✳✹✳✷ ❍✐♣ót❡s❡ ❞❡ ❈♦❧✐sã♦ ♣❛r❛ ❩♦♥❛s ❞❡ ■♠♣❛❝t♦

❖❜s❡r✈❡♠♦s q✉❡ ❛s ❝♦❧✐sõ❡s ♦❝♦rr❡♠ ❡♥tr❡ t0 ❡ t0 + ∆t ❧♦❣♦✱ t❡♠✲s❡ ❛ ❣❛r❛♥t✐❛ ❞❡

q✉❡ ♥ã♦ ♦❝♦rr❡♠ ✐♥t❡r♣❡♥❡tr❛çõ❡s ❡♠ t0✳ ❖ ♠♦✈✐♠❡♥t♦ ❞♦s ♣♦♥t♦s ❡♠ ✉♠❛ ③♦♥❛ ❞❡

✐♠♣❛❝t♦✱ ❞❡ ❝❡rt♦ ♠♦❞♦✱ t♦r♥❛✲s❡ ❞✐❢í❝✐❧ ❞❡✈✐❞♦ às ♠ú❧t✐♣❧❛s ❝♦❧✐sõ❡s✱ ❥á q✉❡ ♦s ♣♦♥t♦s

❡stã♦ t♦❞♦s ❡♠ ❝♦♥t❛t♦ ✉♥s ❝♦♠ ♦s ♦✉tr♦s✳

❆ ✐❞é✐❛ ❡♥tã♦ é ❛❞♠✐t✐r q✉❡ ❡ss❡s ♣♦♥t♦s s❡ ♠♦✈❡♠ ❝♦♠♦ ✉♠ t♦❞♦ ♣❡r♠❛♥❡❝❡♥❞♦

✜①♦s ❝♦♠ r❡s♣❡✐t♦ ✉♥s ❛♦s ♦✉tr♦s✱ ❞❡ ♠♦❞♦ q✉❡ ♥ã♦ ♦❝♦rr❛♠ ♥♦✈❛s ❝♦❧✐sõ❡s ❞❡♥tr♦ ❞❡

✉♠❛ ③♦♥❛✳ ❊st❛ ❤✐♣ót❡s❡ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ❡q✉✐✈❛❧❡ ❛ s✉♣♦r q✉❡✱ ❞❡♥tr♦ ❞❡ ✉♠❛ ③♦♥❛✱ ❛

r❡s♣♦st❛ à ❝♦❧✐sã♦ ❝♦♥s✐st❡ ❡♠ ✐♠♣❛❝t♦ ♣❡r❢❡✐t❛♠❡♥t❡ ✐♥❡❧ást✐❝♦ ❡ ❝♦♥t❛t♦ ♥ã♦ ❞❡s❧✐③❛♥t❡✳

❆s ③♦♥❛s ❞❡ ✐♠♣❛❝t♦ s❡ ❝♦♠♣♦rt❛rã♦ ❝♦♠♦ ♦❜❥❡t♦s rí❣✐❞♦s ❞✉r❛♥t❡ ♦ ✐♥t❡r✈❛❧♦

❝♦♥s✐❞❡r❛❞♦ s❡♥❞♦ ❝❛r❛❝t❡r✐③❛❞❛s ♣♦r ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❣r✉♣♦ VG ❡ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡

❛♥❣✉❧❛r ❞❡ ❣r✉♣♦ ΩG✳ VG é ❝❛❧❝✉❧❛❞❛ ❝♦♠♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛✺ ❞♦s n ♣♦♥t♦s ❞❛ ③♦♥❛

Z ❡ ΩG é ❝❛❧❝✉❧❛❞❛ ❝♦♠ r❡❢❡rê♥❝✐❛ ❛♦ ❝❡♥tr♦ ❣❡♦♠étr✐❝♦ G ❞❛ ③♦♥❛ Z✱ ♦✉ s❡❥❛

VG =
1

n

∑

M∈Z

VM e ΩG =
1

n

∑

M∈Z

−−→
GM × (VM − VG)

|
−−→
GM|2

,

♦♥❞❡ G =
1

n

∑

M∈Z M✳

❆ r❡s♣♦st❛ à ❝♦❧✐sã♦✱ ♣❛r❛ t♦❞♦ M ∈ Z✱ s❡rá ❞❛❞❛ ♣❡❧❛ ♥♦✈❛ ✈❡❧♦❝✐❞❛❞❡

V
′

M = VG + ΩG ×
−−→
GM.

✺✳✹✳✸ ■t❡r❛çã♦

❆ ❤✐♣ót❡s❡ ❛❝✐♠❛ ❣❛r❛♥t❡ q✉❡ ♥ã♦ ♦❝♦rr❡rá ❝♦❧✐sõ❡s ❡♠ ❝❛❞❛ ③♦♥❛ ❞✉r❛♥t❡ ♦

✐♥t❡r✈❛❧♦ [t0, t0+∆t] ♠❛s ♥❛❞❛ ❣❛r❛♥t❡ q✉❡ ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞❛s ③♦♥❛s ♥ã♦ ❝r✐❡♠ ❝♦❧✐sõ❡s

❡♠ s✉❛s ❜♦r❞❛s✳ P❛r❛ q✉❡ ✐ss♦ ♥ã♦ ♦❝♦rr❛✱ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ✐t❡r❛t✐✈♦ ❞❛ ❝✐r❝✉♥s❝r✐çã♦✱

❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✺✳✹✳✶✱ ❞❡✈❡ s❡r ❛❝♦♣❧❛❞♦ ❛♦ ❞❛ r❡s♣♦st❛ ❡s♣❡❝í✜❝❛ ♥❛s ③♦♥❛s✳ ❆ss✐♠✱

♦ ❛❧❣♦r✐t♠♦ ♣♦❞❡ s❡r ❞✐✈✐❞✐❞♦ ❡♠ três ❢❛s❡s✿

✶✳ ❞❡t❡❝çã♦ ❡ r❡s♣♦st❛ às ❝♦❧✐sõ❡s s❡♠ ❧❡✈❛r ❡♠ ❝♦♥t❛ ❛s ③♦♥❛s ❞❡ ✐♠♣❛❝t♦❀

✷✳ ♥♦✈❛ ❞❡t❡❝çã♦ ❞❡ ❝♦❧✐sõ❡s ♠❡♠♦r✐③❛♥❞♦ ③♦♥❛s ❞❡ ✐♠♣❛❝t♦✱ s❡ ♥♦✈❛s ❝♦❧✐sõ❡s ❛♣❛✲

r❡❝❡r❡♠✳ ❆♣❧✐❝❛✲s❡ ❛ r❡s♣♦st❛ ❡s♣❡❝í✜❝❛ à ❝♦❧✐sã♦ ♥❛s ③♦♥❛s ❞❡t❡❝t❛❞❛s❀

✺P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ s✉♣♦♠♦s q✉❡ t♦❞♦s ♦s ♣♦♥t♦s tê♠ ♠❡s♠❛ ♠❛ss❛✳ ◆ã♦ s❡♥❞♦ ❡ss❡ ♦ ❝❛s♦✱ ❛s

✈❡❧♦❝✐❞❛❞❡s s❡r✐❛♠ ❝❛❧❝✉❧❛❞❛s ❝♦♠ r❡❧❛çã♦ ❛♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛✳



✹✻ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r

✸✳ ✐t❡r❛çã♦ ❞❛ s❡❣✉♥❞❛ ❢❛s❡✱ ❝r❡s❝❡♥❞♦ ❡ ❥✉♥t❛♥❞♦ ③♦♥❛s s❡ ♥❡❝❡ssár✐♦✱ ❛té q✉❡ ♥ã♦

s❡ ❞❡t❡❝t❡ ♥♦✈❛s ❝♦❧✐sõ❡s✳

◆♦t❡ q✉❡ ❡st❡ ♠ét♦❞♦ ✐t❡r❛t✐✈♦ ♦❝♦rr❡ ❡♠ ❝❛❞❛ ♣❛ss♦ ❞❡ t❡♠♣♦✳ ❆♣❡♥❛s q✉❛♥❞♦

❛s ③♦♥❛s sã♦ ❝✐r❝✉♥s❝r✐t❛s ❡ ❛ r❡s♣♦st❛ às ❝♦❧✐sõ❡s r❡s♦❧✈✐❞❛s✱ ❛ ♠❡♠ór✐❛ ❞❡ss❛s ③♦♥❛s é

❛♣❛❣❛❞❛ ❡ ♦ ❛❧❣♦r✐t♠♦ ♣❛ss❛ ❛♦ ♣ró①✐♠♦ ♣❛ss♦ ❞❡ t❡♠♣♦✳

✺✳✺ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssõ❡s

P❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❞❡ss❡ ❛❧❣♦r✐t♠♦✱ s✐♠✉❧❛♠♦s ❞✐✈❡rs❛s s✐t✉❛çõ❡s ❞❡ ❝♦❧✐sõ❡s ❞❡

t❡❝✐❞♦s ❝♦♠ ❛❧❣✉♥s ♦❜❥❡t♦s✳ ❯s❛♠♦s ♠❛❧❤❛s ❝♦♠ ♥ú♠❡r♦s ❞✐❢❡r❡♥t❡s ❞❡ ♣♦♥t♦s✱ ♦❜❥❡t♦s

❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛tr✐t♦ ❞❡ s✉♣❡r❢í❝✐❡ ✈❛r✐❛❞♦s ❡ t❡❝✐❞♦s ❝♦♠ ♣❛râ♠❡tr♦s ❞❡ ❞❡♥s✐❞❛❞❡

❞❡ ♠❛ss❛✱ ❡❧❛st✐❝✐❞❛❞❡ ❡ ❛tr✐t♦ ❞✐✈❡rs♦s✳ ❆ ❋✐❣✉r❛ ✺✳✽ ♠♦str❛ ❛ ❝♦❧✐sã♦ ❞❡ ✉♠ t❡❝✐❞♦

❞❡ ♠❛❧❤❛ 17 × 17 ♣♦♥t♦s ❝♦♠ ✉♠❛ ♠❡s❛ q✉❛❞r❛❞❛ ✭❛✮ ❡ ✉♠❛ r❡t❛♥❣✉❧❛r ✭❜✮✳ ❆s

❞✐str✐❜✉✐çõ❡s ❞♦s t❡❝✐❞♦s s♦❜r❡ ❡ss❡s ♦❜❥❡t♦s sã♦ t❛✐s q✉❡ ♥ã♦ ❤á ♦ ❞❡s❧✐③❛♠❡♥t♦✳ ◆❛

❋✐❣✉r❛ ✺✳✾ t❡♠♦s ❛ ❝♦❧✐sã♦✱ ❝♦♠ ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ❡ ♣❛râ♠❡tr♦s ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱

❞♦ t❡❝✐❞♦ ❞❡ ♠❛❧❤❛ 33×33 ❝♦♠ ✉♠❛ ♠❡s❛ r❡❞♦♥❞❛✳ ❖ ❆♣ê♥❞✐❝❡ ❈ ❡①✐❜❡ ❛❧❣✉♥s q✉❛❞r♦s

❞❛ ❛♥✐♠❛çã♦ ❞❡ ❋✐❣✉r❛ ✺✳✽✭❛✮✳

❋✐❣✉r❛ ✺✳✽✿ ❚❡❝✐❞♦ ❝❛✐❞♦ s♦❜r❡ ♠❡s❛ q✉❛❞r❛❞❛ ✭❛✮ ❡ r❡t❛♥❣✉❧❛r ✭❜✮✳

❙✐♠✉❧❛♠♦s✱ t❛♠❜é♠✱ ❝♦❧✐sõ❡s ❝♦♠ ♦❜❥❡t♦s ♥ã♦ ♣❧❛♥♦s✳ ❆ ❋✐❣✉r❛ ✺✳✶✵ ♠♦str❛ ❛

❝♦❧✐sã♦ ❞❡ t❡❝✐❞♦s ❝♦♠ ❡s❢❡r❛s ❞❡ ❞✐❢❡r❡♥t❡s r❛✐♦s✳ ◆❛ ♣❛rt❡ ✭❛✮ t❡♠♦s ✉♠ t❡❝✐❞♦ ❞❡

♠❛❧❤❛ 17×17 ❝❛✐❞♦ s♦❜r❡ ❛ ❡s❢❡r❛ ♠❡♥♦r ❡ ♥❛ ♣❛rt❡ ✭❜✮ ✉♠ t❡❝✐❞♦ ❞❡ ♠❛❧❤❛ 33×33 s♦❜r❡

✉♠❛ ❡s❢❡r❛ ♠❛✐♦r✳ ◆♦✈❛♠❡♥t❡✱ ❛ ❞✐str✐❜✉✐çã♦ ✉s❛❞❛ é t❛❧ q✉❡ ♥ã♦ ♦❝♦rr❡ ♦ ❞❡s❧✐③❛♠❡♥t♦

❞♦ t❡❝✐❞♦✳



✺✳✺ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssõ❡s ✹✼

❋✐❣✉r❛ ✺✳✾✿ ❈♦❧✐sã♦ ❡♥tr❡ ♦ t❡❝✐❞♦ ❡ ✉♠❛ ♠❡s❛ r❡❞♦♥❞❛✳

❋✐❣✉r❛ ✺✳✶✵✿ ❚❡❝✐❞♦ ❝❛✐❞♦ s♦❜r❡ ❡s❢❡r❛s ❞❡ r❛✐♦s ❞✐❢❡r❡♥t❡s✳

❈♦❧✐sõ❡s ❝♦♠ ♦❜❥❡t♦s ❞❡ ❜❛✐①♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛tr✐t♦ sã♦ ❡①✐❜✐❞❛s ♥❛ ❋✐❣✉r❛ ✺✳✶✶✳

❯♠ t❡❝✐❞♦ ❞❡ ♠❛❧❤❛ 17×17 ❞❡s❧✐③❛ s♦❜r❡ ✉♠ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦ ✭❛✮ ❡ ✉♠ t❡❝✐❞♦ ❞❡ ♠❛❧❤❛

33×33 s♦❜r❡ ✉♠❛ ❡s❢❡r❛ ✭❜✮✳ ❙ã♦ ♠♦str❛❞♦s✱ ♣❛r❛ ❝❛❞❛ ♦❜❥❡t♦ ❞❡ ❝♦❧✐sã♦✱ ❞♦✐s ✐♥st❛♥t❡s

❞❛ s✐♠✉❧❛çã♦✳ ❖ ❆♣ê♥❞✐❝❡ ❈ ♠♦str❛ ❛❧❣✉♥s q✉❛❞r♦s ❞❛ ❛♥✐♠❛çã♦ ❞❛ ❋✐❣✉r❛ ✺✳✶✶✭❛✮✳

❊♠❜♦r❛ ❡♠ ♥♦ss♦ tr❛❜❛❧❤♦ ♥ã♦ ❡♥❢♦q✉❡ ❛ ❡✜❝✐ê♥❝✐❛ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦s ♠♦❞❡❧♦s

❡ ❛❧❣♦r✐t♠♦s ❞❡ ❝♦❧✐sõ❡s✱ ❝❛❜❡✱ ❛♦ ♠❡♥♦s ♥♦ ❝❛s♦ ❞♦s ❛❧❣♦r✐t♠♦s ❞❡ ❝♦❧✐sõ❡s✱ ✉♠ ❝♦✲

♠❡♥tár✐♦ ❛ r❡s♣❡✐t♦ ❞♦ t❡♠♣♦ ❣❛st♦ ♣❛r❛ ❛s s✐♠✉❧❛çõ❡s✳ ❋✐①❛❞♦ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s

❞❛ ♠❛❧❤❛ ❞♦s ♦❜❥❡t♦s ❡♠ 33 × 33✱ ♦❜t✐✈❡♠♦s✱ ♣❛r❛ ❞✉❛s ♠❛❧❤❛s ❞❡ ♣♦♥t♦s ❞♦ t❡❝✐❞♦

❞✐❢❡r❡♥t❡s✱ ♦s ❞❛❞♦s✿

• ♠❛❧❤❛ ❞❡ 17 × 17✿ ❡♥tr❡ 30s ❡ 3♠✐♥ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ♣❛r❛ 2s ❞❡ s✐♠✉❧❛çã♦❀

• ♠❛❧❤❛ ❞❡ 33 × 33✿ ❡♥tr❡ 2♠✐♥ ❡ 8♠✐♥ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ♣❛r❛ 2s ❞❡ s✐♠✉❧❛çã♦✳



✹✽ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r

❋✐❣✉r❛ ✺✳✶✶✿ ❚❡❝✐❞♦ ❞❡s❧✐③❛♥❞♦ s♦❜r❡ ✉♠ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦ ✭❛✮ ❡ ✉♠❛ ❡s❢❡r❛ ✭❜✮✳

❊ss❡s t❡♠♣♦s t❛♠❜é♠ ❞❡♣❡♥❞❡♠ ❞❛ ár❡❛ ❞♦ t❡❝✐❞♦ ❡♠ ❝♦♥t❛t♦ ❝♦♠ ♦ ♦❜❥❡t♦ ❡ ❞♦

t❡♠♣♦ ❞❡ss❡ ❝♦♥t❛t♦✳ ❉❡ ❢❛t♦✱ ♠❛✐♦r❡s ár❡❛s ❞❡ ❝♦♥t❛t♦ ❡ t❡♠♣♦ ❞❡ ❝♦❧✐sã♦ s✐❣♥✐✜❝❛♠

♠❛✐s ❝♦❧✐sõ❡s ❛ s❡r❡♠ tr❛t❛❞❛s✱ ♣♦rt❛♥t♦ ♠❛✐s t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦✳ ❖ ❆♣ê♥❞✐❝❡ ❈

tr❛③✱ ♣❛r❛ ♦s ❧❡✐t♦r❡s ❝✉r✐♦s♦s✱ ♦s t❡♠♣♦s ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❡①♣♦st♦s

❡♠ ♥♦ss♦ tr❛❜❛❧❤♦✳

❖ t❡♠♣♦ ❞❡ Pr♦❝❡ss❛♠❡♥t♦ ❛✉♠❡♥t❛ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❝♦♠ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣♦♥✲

t♦s ❞❛ ♠❛❧❤❛ ❞♦ t❡❝✐❞♦✱ ❛ss✐♠✱ ♣❛r❛ ❞✐♠✐♥✉í✲❧♦✱ ❞❡✈❡✲s❡ ✉s❛r ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s

♣♦ssí✈❡❧ ♥❛s s✐♠✉❧❛çõ❡s✳ ▼❛s ✐ss♦ t❡♠ s✉❛s ❞❡s✈❛♥t❛❣❡♥s✳ ❖ t❡❝✐❞♦ ♣❡r❞❡ r❡❛❧✐s♠♦ ♥❛

s✉❛ ❢♦r♠❛ ✭❋✐❣✉r❛ ✺✳✶✵✮ ❡ ❛♣r❡s❡♥t❛ ♣r♦❜❧❡♠❛s ♥❛ ❝♦❧✐sã♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❝♦♠ ❜♦r❞❛s

❡ q✉✐♥❛s✳ ◆♦t❡✱ ♥❛ ❋✐❣✉r❛ ✺✳✾✱ q✉❡ ❛s ❞♦❜r❛s ❞♦ t❡❝✐❞♦ ♥❛s ❜♦r❞❛s ❞❛ ♠❡s❛ r❡❞♦♥❞❛

♥ã♦ ❛❝♦♠♣❛♥❤❛♠ ♦ ❢♦r♠❛t♦ r❡❛❧ ❞❡st❡ ♦❜❥❡t♦✳



✺✳✺ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssõ❡s ✹✾

❋✐❣✉r❛ ✺✳✶✷✿ ❖ t❡❝✐❞♦ ✜❝❛ ✏♣r❡s♦✑ à ❜♦r❞❛ ❞❡ ✉♠ ♣❧❛♥♦ q✉❛♥❞♦ ❡st❡ é ✐♥❝❧✐♥❛❞♦✳

❆✐♥❞❛ ❢❛❧❛♥❞♦ ❡♠ ♦❜❥❡t♦s ❝♦♠ ❜♦r❞❛s ❡ q✉✐♥❛s✱ t❡♠♦s ♠❛✐s ✉♠❛ ♠❛♥✐❢❡st❛çã♦

❞❡ ❢❛❧t❛ ❞❡ r❡❛❧✐s♠♦ ❛ss♦❝✐❛❞❛ ❛ ❡❧❡s✿ ♦ t❡❝✐❞♦ ♥ã♦ ❞❡s❧✐③❛ ❝♦rr❡t❛♠❡♥t❡ ♥❛ s✉♣❡r❢í❝✐❡

❞❡ss❡s ♦❜❥❡t♦s✳ ◆❛ ❋✐❣✉r❛ ✺✳✶✷✭❛✮ t❡♠♦s ✉♠ t❡❝✐❞♦ ❛ss❡♥t❛❞♦ ❡ ✐♠ó✈❡❧ s♦❜r❡ ✉♠❛ ♠❡s❛

❤♦r✐③♦♥t❛❧✳ ◆✉♠ ❞❡t❡r♠✐♥❛❞♦ ✐♥st❛♥t❡✱ ✐♥❝❧✐♥❛♠♦s ❛ ♠❡s❛ ♠❛s ♦ t❡❝✐❞♦ ♥ã♦ ❞❡s❧✐③❛❀

✜❝❛ ✏♣r❡s♦✑ à ❜♦r❞❛ ✭❋✐❣✉r❛ ✺✳✶✷✭❜✮✮✳

❆♣❡s❛r ❞❡ Pr♦✈♦t ✉s❛r✱ ❡♠ s❡✉ ❛❧❣♦r✐t♠♦✱ ❛ tr✐❛♥❣✉❧❛çã♦ ❞❛ ♠❛❧❤❛ ❞♦ t❡❝✐❞♦ ♣♦r

r❡tâ♥❣✉❧♦s ❝♦rt❛❞♦s ♣❡❧❛ ♠❡s♠❛ ❞✐❛❣♦♥❛❧ ✭✐♥❞✉③✐♠♦s ✐ss♦ ♣❡❧♦s ❞✐❛❣r❛♠❛s ❡ ✜❣✉r❛s

❛♣r❡s❡♥t❛❞❛s ❡♠ s❡✉ ❛rt✐❣♦ ❬✸✽❪✮✱ ✉s❛♠♦s✱ ❡♠ ♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ ♦ ♠❡s♠♦ ❡st✐❧♦ ❞❡

tr✐❛♥❣✉❧❛çã♦ ✉s❛❞♦ ♥❛ ♠❛❧❤❛ ❞♦ ♠♦❞❡❧♦ ❞❡ ❇r✐❞s♦♥ ❡t ❛❧✳ ❬✶✶❪ ✭❞❡s❝r✐t❛ ♥❛ ❙❡çã♦ ✹✳✶✮✳



✺✵ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r



Capı́tulo 6

❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦

❞❡ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

❆♣r❡s❡♥t❛♠♦s✱ ♥❡ss❡ ❝❛♣ít✉❧♦✱ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❝♦❧✐sõ❡s ♣r♦♣♦st♦ ♣♦r ❇r✐❞s♦♥ ❡t

❛❧✳ ❬✶✵❪ ❛♣❧✐❝❛❞♦ ❛♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r ❬✶✶❪ ♦✉tr♦r❛ ❡st✉❞❛❞♦✳ ❊ss❡ ❛❧❣♦r✐t♠♦

❢♦✐ ❝♦♥❝❡❜✐❞♦ ❡♠ ❞❛t❛ ❛♥t❡r✐♦r ❛♦ ♠♦❞❡❧♦ ❞❡❢♦r♠á✈❡❧ ❡♠ q✉❡ ♦ ✉t✐❧✐③❛r❡♠♦s✱ ♠❛s s❡✉

❢✉♥❝✐♦♥❛♠❡♥t♦ ✐♥❞❡♣❡♥❞❡ ❞♦ ♠♦❞❡❧♦ ❞❡ ♣❛rtí❝✉❧❛s ✉t✐❧✐③❛❞♦✳

❖ ❛❧❣♦r✐t♠♦ ❛ss❡♠❡❧❤❛✲s❡ ❛♦ ❡st✉❞❛❞♦ ♣❛r❛ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r ✭❈❛♣ít✉❧♦ ✺✮ ♥❛

❞❡t❡❝çã♦ ❞❡ ❝♦❧✐sõ❡s ❡ ♥♦ tr❛t❛♠❡♥t♦ ♣❛r❛ ♠ú❧t✐♣❧❛s ❝♦❧✐sõ❡s✳ ❊♥tr❡t❛♥t♦✱ ❡st❡ ❝♦♥✲

s✐❞❡r❛ ❛ ❡s♣❡ss✉r❛ ❞♦ t❡❝✐❞♦ ❡ ❡rr♦s ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦❀ ❞❡t❛❧❤❡s ♥❡❣❧✐❣❡♥❝✐❛❞♦s ♣❡❧♦

❛❧❣♦r✐t♠♦ ❛♥t❡r✐♦r✳ ❚❛♠❜é♠ ❛♣❧✐❝❛ ❢♦rç❛s ❞❡ r❡♣✉❧sã♦✱ ❛♦ ❞❡t❡❝t❛r ♣r♦①✐♠✐❞❛❞❡ ❞❡

❝♦❧✐sã♦✱ ❞✐♠✐♥✉✐♥❞♦ ❛ ❝❛r❣❛ ♣❛r❛ ❛ ❞❡t❡❝çã♦ ❞❡ ❝♦❧✐sõ❡s ✭❡✈✐t❛♥❞♦ q✉❡ ❜♦❛ ♣❛rt❡ ❞❡❧❛s

♦❝♦rr❛♠✮ ❡ ❛✉♠❡♥t❛♥❞♦ ♦ r❡❛❧✐s♠♦ ❞❛s s✐♠✉❧❛çõ❡s✳ ❖✉tr♦ ♣♦♥t♦ ❢♦rt❡ ❞❡ss❡ ❛❧❣♦r✐t♠♦

❡stá ♥✉♠❛ ❛♣❧✐❝❛çã♦ ♠❛✐s ❝♦❡r❡♥t❡ ❞❛ r❡s♣♦st❛ à ❝♦❧✐sã♦ ❡ ♣r♦①✐♠✐❞❛❞❡ s♦❜r❡ ♦s ✈ért✐❝❡s

❡♥✈♦❧✈✐❞♦s✳

❙✐t✉❛çõ❡s ❞✐✈❡rs❛s sã♦ ❛♣r❡s❡♥t❛❞❛s ❝♦♠♦ ❡①❡♠♣❧♦s ❞♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ ❛❧❣♦✲

r✐t♠♦✱ ❛❝♦♠♣❛♥❤❛❞❛s ❞❡ ❝♦♠❡♥tár✐♦s ♣❡rt✐♥❡♥t❡s s♦❜r❡ ❛ s✉❛s ❝❛r❛❝t❡ríst✐❝❛s ❡ s✉❛

✐♠♣❧❡♠❡♥t❛çã♦✳

✻✳✶ ❉❡t❡❝çã♦ ❞❡ Pr♦①✐♠✐❞❛❞❡ ❡ ❈♦❧✐sã♦

P❛r❛ ❛❝❡❧❡r❛r ♦ ♣r♦❝❡ss♦ ❞❡ ❞❡t❡❝çã♦ ❞❡ ♣r♦①✐♠✐❞❛❞❡ ✭♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ r❡♣✉❧sã♦✮

❡ ❞❡ ✐♥t❡rs❡çã♦ ✭♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ❝♦❧✐sã♦✮✱ ♦ ❛❧❣♦r✐t♠♦ ✉s❛ ❛ ❤✐❡r❛rq✉✐❛ ❞❡ ✈♦❧✉♠❡s

❡♥✈♦❧✈❡♥t❡s ❜❛s❡❛❞❛ ❡♠ ❆❆❇❇ ✭❙❡çã♦ ✺✳✷✳✶✮✳



✺✷ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

P❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ r❡♣✉❧sã♦✱ ❛ ❝❛❞❛ ♣❛ss♦ ❞❡ t❡♠♣♦✱ ❝❛❧❝✉❧❛✲s❡ ✉♠❛ ❝❛✐①❛ ❡♥✈♦❧✲

✈❡♥❞♦ ❝❛❞❛ tr✐â♥❣✉❧♦ ❛✉♠❡♥t❛❞❛ ♣❡❧❛ ❡s♣❡ss✉r❛ ❞♦ t❡❝✐❞♦ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❛ ❤✐❡r❛r✲

q✉✐❛✳ ❊♠ ♥♦ss♦ ❝❛s♦✱ ✉s❛♠♦s 1♠♠ ❞❡ ❡s♣❡ss✉r❛✳ P❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ❝♦❧✐sã♦✱ r❡❝❛❧❝✉❧❛✲s❡

❛ ❤✐❡r❛rq✉✐❛ t♦♠❛♥❞♦ ❝❛✐①❛s ❡♥✈♦❧✈❡♥❞♦ ♦s tr✐â♥❣✉❧♦s ❡♠ t0 ❡ t0+∆t ✭❡①❛t❛♠❡♥t❡ ❝♦♠♦

❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✺✳✷✳✶✮ ❛✉♠❡♥t❛❞❛s ♣♦r ✉♠❛ t♦❧❡râ♥❝✐❛ à ❡rr♦s ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ ❞❛

♠áq✉✐♥❛✳ ❊♠ ♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❛tr✐❜✉í♠♦s 10−6 ❛ ❡ss❛ t♦❧❡râ♥❝✐❛✳ ❊♠ ❛♠❜♦s ♦s

❝❛s♦s✱ ❝á❧❝✉❧♦ ❞❛ r❡♣✉❧sã♦ ❡ ❝á❧❝✉❧♦ ❞❛ ❝♦❧✐sã♦✱ ♦ ❛❧❣♦r✐t♠♦ ♣❡r❝♦rr❡ r❡❝✉rs✐✈❛♠❡♥t❡

❛s ár✈♦r❡s t❡st❛♥❞♦ ✐♥t❡rs❡çõ❡s ❡♥tr❡ ❛s ❝❛✐①❛s ❡✱ ❝❛s♦ ❤❛❥❛ ✐♥t❡rs❡çã♦✱ t❡st❛rá ♣r♦①✐✲

♠✐❞❛❞❡s ❡ ❝♦❧✐sõ❡s ❡♥tr❡ ♣♦♥t♦s ❡ tr✐â♥❣✉❧♦s ❡ ❡♥tr❡ ♣❛r❡s ❞❡ ❛r❡st❛s ❝♦♥t✐❞❛s ♥❡ss❛s

❝❛✐①❛s✳

❉✐r❡♠♦s q✉❡ ✉♠ ♣♦♥t♦ ❡stá ♣ró①✐♠♦ ❞❡ ✉♠ tr✐â♥❣✉❧♦ s❡ ❡st✐✈❡r ❛ ✉♠❛ ❞✐stâ♥❝✐❛

✭❞♦ tr✐â♥❣✉❧♦✮ ♠❡♥♦r q✉❡ ❛ ❡s♣❡ss✉r❛ ❞♦ t❡❝✐❞♦✳ ❯♠ ♣♦♥t♦ ❝♦❧✐❞✐rá ❝♦♠ ✉♠ tr✐â♥❣✉❧♦

s❡ ❡st✐✈❡r ❛ ✉♠❛ ❞✐stâ♥❝✐❛ ♠❡♥♦r q✉❡ ❛ ♠❛r❣❡♠ ❞❡ t♦❧❡râ♥❝✐❛ à ❡rr♦s✳ ❉❛q✉✐ ❡♠ ❞✐❛♥t❡

✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ xij r❡♣r❡s❡♥t❛♥❞♦ xi − xj✳

P❛r❛ s❛❜❡r s❡ ✉♠ ♣♦♥t♦ x4 ❡stá ♣ró①✐♠♦ ❛ ✉♠ tr✐â♥❣✉❧♦ x1x2x3 ❞❡ ♥♦r♠❛❧ n

t❡st❛✲s❡ ♣r✐♠❡✐r♦ s❡ ♦ ♣♦♥t♦ ❡stá ♣ró①✐♠♦ ❛♦ ♣❧❛♥♦ q✉❡ ❝♦♥té♠ ♦ tr✐â♥❣✉❧♦✱ ♦✉ s❡❥❛✱ s❡

|x43 · n| < h✱ ♦♥❞❡ h é ❛ ❡s♣❡ss✉r❛ ❞♦ t❡❝✐❞♦✳ ❈❛s♦ ✐ss♦ ♦❝♦rr❛✱ ♣r♦❥❡t❛♠♦s ♦ ♣♦♥t♦ ♥♦

♣❧❛♥♦ ❝❛❧❝✉❧❛♥❞♦ s✉❛s ❝♦♦r❞❡♥❛❞❛s ❜❛r✐❝ê♥tr✐❝❛s w1, w2 ❡ w3 ❝♦♠ r❡s♣❡✐t♦ ❛♦ tr✐â♥❣✉❧♦✿





x13 · x13 x13 · x23

x13 · x23 x23 · x23









w1

w2



 =





x13 · x43

x23 · x43





w1 + w2 + w3 = 1.

❙❡ ❡ss❛s ❝♦♦r❞❡♥❛❞❛s ❡st✐✈❡r❡♠ ♥♦ ✐♥t❡r✈❛❧♦ [−δ, 1 + δ]✱ ♦♥❞❡ δ é h ❞✐✈✐❞✐❞♦ ♣❡❧♦ ❝♦♠✲

♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦✶ ❞♦ tr✐â♥❣✉❧♦✱ r❡❣✐str❛♠♦s ❛ ♣r♦①✐♠✐❞❛❞❡✳

P❛r❛ s❛❜❡r s❡ ✉♠❛ ❛r❡st❛ x1x2 ❡stá ♣ró①✐♠❛ ❛ ♦✉tr❛ ❛r❡st❛ x3x4 ♣r♦❝✉r❛♠♦s ✉♠

♣❛r ❞❡ ♣♦♥t♦s✱ ✉♠ ❡♠ ❝❛❞❛ ❛r❡st❛✱ q✉❡ ❡st❡❥❛♠ ♠❛✐s ♣ró①✐♠♦s ❡♥tr❡ s✐ ❡ ♠❡❞✐♠♦s ❛

❞✐stâ♥❝✐❛ ❡♥tr❡ ❡❧❡s✳ ❉❡s❝❛rt❛♥❞♦✲s❡ ♦ ❝❛s♦ ❞❡❣❡♥❡r❛❞♦ |x21×x43| ♠❡♥♦r q✉❡ ❛ ♠❛r❣❡♠

❞❡ t♦❧❡râ♥❝✐❛ à ❡rr♦s✱ ✐ss♦ é ❢❡✐t♦ r❡s♦❧✈❡♥❞♦✲s❡ ❛ ❡q✉❛çã♦ ♥♦r♠❛❧





x21 · x21 −x21 · x43

−x21 · x43 x43 · x43









a

b



 =





x21 · x31

−x43 · x31



 .

✶▼é❞✐❛ ❛r✐t♠ét✐❝❛ ❞♦s ❝♦♠♣r✐♠❡♥t♦s ❞❛s ❛r❡st❛s✳



✻✳✷ ❘❡s♣♦st❛ ❛♦ ❈♦♥t❛t♦ ❡ à ❈♦❧✐sã♦ ✺✸

❙❡ ♦s ♣♦♥t♦s ❡stã♦ s♦❜r❡ ❛s ❛r❡st❛s✱ ✐st♦ é✱ 0 ≤ a, b ≤ 1✱ ❡stá t❡r♠✐♥❛❞♦✳ ❈❛s♦ ❝♦♥trár✐♦✱

♦s ✏♣✉①❛♠♦s✑ ♣❛r❛ ❛s ❡①tr❡♠✐❞❛❞❡s ♠❛✐s ♣ró①✐♠❛s ❞❡ s✉❛s r❡s♣❡❝t✐✈❛s ❛r❡st❛s ✭♥♦ ❝❛s♦

❞❡ ✉♠ ♣♦♥t♦ ♣❡rt❡♥❝❡r ❛ ♣r✐♠❡✐r❛ ❛r❡st❛ ❡ ♦ ♦✉tr♦ ♥ã♦ ♣❡rt❡♥❝❡r à s❡❣✉♥❞❛✱ ♣✉①❛♠♦s

❛♣❡♥❛s ♦ q✉❡ ♥ã♦ ♣❡rt❡♥❝❡ ♦❜t❡♥❞♦ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ r❡s♣♦st❛✮✳ ❖ ♣♦♥t♦ q✉❡ t✐✈❡r

♠❛✐♦r ❞❡s❧♦❝❛♠❡♥t♦ é ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ r❡s♣♦st❛✱ ❝♦♠ ❛ s❡❣✉♥❞❛ ♣❛rt❡ s❡♥❞♦ ❛

♣r♦❥❡çã♦ ❞♦ ♣r✐♠❡✐r♦ ♣♦♥t♦ s♦❜r❡ ❛ r❡t❛ s✉♣♦rt❡ ❞❛ s❡❣✉♥❞❛ ❛r❡st❛✳ ❉❡✈❡✲s❡ ✏♣✉①❛r✑

❡ss❡ ♥♦✈♦ ♣♦♥t♦ ♣❛r❛ ❛ ❡①tr❡♠✐❞❛❞❡ ♠❛✐s ♣ró①✐♠❛ ❞❛ ❛r❡st❛✱ ❝❛s♦ ❡❧❡ ♥ã♦ ♣❡rt❡♥ç❛ ❛

❡❧❛✳ ❙❛❧✈❛♠♦s ❛ ❞✐r❡çã♦ ❛♣♦♥t❛♥❞♦ ❞❡ ✉♠ ♣♦♥t♦ ❛ ♦✉tr♦ ❝♦♠♦ ❛ ♥♦r♠❛❧ ❡ ♦s ♣❡s♦s

0 ≤ a, b ≤ 1✱ ❞❡ ♠♦❞♦ q✉❡ t❡♠♦s ❛s ♣♦s✐çõ❡s ❞♦s ♣♦♥t♦s ❛♦ ❧♦♥❣♦ ❞❛s ❛r❡st❛s✱ ❛ s❛❜❡r

x1 + ax21 ❡ x3 + bx43✳

P❛r❛ ❞❡t❡❝t❛r ✉♠❛ ❝♦❧✐sã♦ ❡♥tr❡ ✉♠ ♣♦♥t♦ ❡ ✉♠ tr✐â♥❣✉❧♦ ♦✉ ❡♥tr❡ ❛r❡st❛s✱ é

♥❡❝❡ssár✐♦ ♦❜s❡r✈❛r q✉❛♥❞♦ ♦s q✉❛tr♦ ♣♦♥t♦s ❡stã♦ ❡♠ ✉♠ ♠❡s♠♦ ♣❧❛♥♦ ✭❝♦♠♦ ❞❡s❝r✐t♦

♥♦ ❛❧❣♦r✐t♠♦ ❞❡ Pr♦✈♦t ❬✸✽❪ ♥❛s ❙❡çõ❡s ✺✳✶✳✶ ❡ ✺✳✶✳✷✮✳ ■ss♦ ♥♦s ❧❡✈❛ à ❡q✉❛çã♦ ❝ú❜✐❝❛

(x21 + tv21) × (x31 + tv31) · (x41 + tv41) = 0,

❞♦♥❞❡ ✐♥❥❡t❛♠♦s ❛s r❛í③❡s✱ ❞❡s❝❛rt❛♥❞♦✲s❡ ❛q✉❡❧❛s q✉❡ ❡stã♦ ❢♦r❛ ❞♦ ✐♥t❡r✈❛❧♦ [0, ∆t]✱

❡♠ ♦r❞❡♠ ❝r❡s❝❡♥t❡✱ ♥♦s t❡st❡s ❞❡ ♣r♦①✐♠✐❞❛❞❡ ❥á ❞❡s❝r✐t♦s✳ ❈❛s♦ ♦s ❡❧❡♠❡♥t♦s ❡st❡❥❛♠

❞❡♥tr♦ ❞❛ ♣r♦①✐♠✐❞❛❞❡ ❞❡ ❝♦❧✐sã♦ ✭♥♦ss❛ t♦❧❡râ♥❝✐❛ à ❡rr♦s✱ 10−6✮✱ r❡❣✐str❛♠♦s ❛ ❝♦❧✐sã♦✳

✻✳✷ ❘❡s♣♦st❛ ❛♦ ❈♦♥t❛t♦ ❡ à ❈♦❧✐sã♦

Pr❡❝✐s❛♠♦s ❧✐❞❛r ❝♦♠ ♣♦♥t♦s ❞♦ t❡❝✐❞♦ ✐♥t❡r✐♦r❡s ❛ tr✐â♥❣✉❧♦s ❡ ❛r❡st❛s ❝♦♠♣✉✲

t❛♥❞♦ s✉❛s ✈❡❧♦❝✐❞❛❞❡s ♦✉ ❛♣❧✐❝❛♥❞♦ ✐♠♣✉❧s♦s ❛ ❡❧❡s✳ ❖ ❛❧❣♦r✐t♠♦ ❞❡t❡r♠✐♥❛ ❛s ✈❡❧♦❝✐✲

❞❛❞❡s ❞❡ss❡s ♣♦♥t♦s ❡ ♦s ✐♠♣✉❧s♦s✱ ♥❡❝❡ssár✐♦s à ❝♦rr❡çã♦ ♥❛s ✈❡❧♦❝✐❞❛❞❡s ❞♦s ✈ért✐❝❡s

❡♥✈♦❧✈✐❞♦s✱ ❛tr❛✈és ❞❡ ✐♥t❡r♣♦❧❛çã♦ ❧✐♥❡❛r✳

✻✳✷✳✶ ❉❡t❡r♠✐♥❛♥❞♦ ❱❡❧♦❝✐❞❛❞❡s ❡ ❛ ❆♣❧✐❝❛çã♦ ❞❡ ■♠♣✉❧s♦s

❙❡ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❛ ✉♠ tr✐â♥❣✉❧♦ x1x2x3 ♣♦ss✉✐ ❝♦♦r❞❡♥❛❞❛s ❜❛r✐❝ê♥tr✐❝❛s

w1, w2 ❡ w3 ✭❝❛❧❝✉❧❛❞❛s ❞✉r❛♥t❡ ❛ ❞❡t❡❝çã♦ ❞❡ ♣r♦①✐♠✐❞❛❞❡ ♦✉ ❝♦❧✐sã♦✮ s✉❛ ✈❡❧♦❝✐❞❛❞❡

✐♥t❡r♣♦❧❛❞❛ s❡rá w1v1 +w2v2 +w3v3 ❡✱ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ ♣♦s✐çã♦

r❡❧❛t✐✈❛ a ✭❞✐stâ♥❝✐❛ ❞♦ ♣♦♥t♦ à ❡①tr❡♠✐❞❛❞❡ x2✮ ❛ ✉♠❛ ❛r❡st❛ x1x2 ♣♦ss✉✐ ✈❡❧♦❝✐❞❛❞❡

✐♥t❡r♣♦❧❛❞❛ (1 − a)v1 + av2✳



✺✹ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

❙❡ ✉♠ ✐♠♣✉❧s♦ ❞❡ ♠❛❣♥✐t✉❞❡ I ♥❛ ❞✐r❡çã♦ n ♣r❡❝✐s❛ s❡r ❛♣❧✐❝❛❞♦ ❛ ❞♦✐s ♣♦♥t♦s ❞♦

t❡❝✐❞♦✱ In ❛♦ ♣r✐♠❡✐r♦ ❡ −In ❛♦ s❡❣✉♥❞♦✱ ❞❡✈❡♠♦s ❛♣❧✐❝á✲❧♦ ❛♦s ✈ért✐❝❡s ❞♦ tr✐â♥❣✉❧♦✱

t❡♥❞♦ ♣♦r ♣❡s♦s ❛s ❝♦♦r❞❡♥❛❞❛s ❜❛r✐❝ê♥tr✐❝❛s✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ♠✉❞❛♥ç❛ ♥❛ ✈❡❧♦❝✐❞❛❞❡

r❡❧❛t✐✈❛ ❞♦s ♣♦♥t♦s s❡❥❛ ❛❧❝❛♥ç❛❞❛✳ ◗✉❛♥❞♦ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❛♦ tr✐â♥❣✉❧♦ x1x2x3 ❝♦♠

❝♦♦r❞❡♥❛❞❛s ❜❛r✐❝ê♥tr✐❝❛s w1, w2 ❡ w3 ✐♥t❡r❛❣❡ ❝♦♠ ♦ ♣♦♥t♦ x4✱ ❝❛❧❝✉❧❛♠♦s ♦ ✐♠♣✉❧s♦

❛❥✉st❛❞♦

Ĩ =
2I

1 + w2
1 + w2

2 + w2
3

❡ ❛s ♥♦✈❛s ✈❡❧♦❝✐❞❛❞❡s

v
′

i = vi + wi
Ĩ

m
n i = 1, 2, 3

v
′

4 = v4 −
Ĩ

m
n,

❝♦♥s✐❞❡r❛♥❞♦ q✉❡ t♦❞♦s ♦s ✈ért✐❝❡s t❡♥❤❛♠ ♠❡s♠❛ ♠❛ss❛✳ P❛r❛ ♦ ❝❛s♦ ❛r❡st❛✲❛r❡st❛

♦♥❞❡ ✉♠ ♣♦♥t♦ ❞❡ ♣♦s✐çã♦ r❡❧❛t✐✈❛ a ✭❞✐stâ♥❝✐❛ ❞♦ ♣♦♥t♦ à ❡①tr❡♠✐❞❛❞❡ x2✮ ❛♦ ❧♦♥❣♦ ❞❛

❛r❡st❛ x1x2 ✐♥t❡r❛❣❡ ❝♦♠ ♦✉tr♦ ❞❡ ♣♦s✐çã♦ r❡❧❛t✐✈❛ b ✭❞✐stâ♥❝✐❛ ❞♦ ♣♦♥t♦ à ❡①tr❡♠✐❞❛❞❡

x4✮ ❛♦ ❧♦♥❣♦ ❞❛ ❛r❡st❛ x3x4✱ ❝❛❧❝✉❧❛♠♦s ♦ ✐♠♣✉❧s♦ ❛❥✉st❛❞♦

Ĩ =
2I

a2 + (1 − a)2 + b2 + (1 − b)2

❡ ❛s ♥♦✈❛s ✈❡❧♦❝✐❞❛❞❡s

v
′

1 = v1 + (1 − a)
Ĩ

m
n v

′

2 = v2 + a
Ĩ

m
n

v
′

3 = v3 − (1 − b)
Ĩ

m
n v

′

4 = v4 − b
Ĩ

m
n.

❆♣❧✐❝❛♥❞♦ ♦s ✐♠♣✉❧s♦s ❞❡ss❛ ❢♦r♠❛ sã♦ ❣❡r❛❞♦s ♦s t♦rq✉❡s ❛♣r♦♣r✐❛❞♦s ♣❛r❛ ✐♥t❡r❛çõ❡s

❝♦♠ ♣♦♥t♦s ❧♦❝❛❧✐③❛❞♦s ❢♦r❛ ❞♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞♦s tr✐â♥❣✉❧♦s ❡ ❛r❡st❛s✳

✻✳✷✳✷ ❘❡♣✉❧sã♦

❆s ❢♦rç❛s ❞❡ r❡♣✉❧sã♦ tê♠ ♣♦r ✜♥❛❧✐❞❛❞❡ r❡❞✉③✐r ♦ ♥ú♠❡r♦ ❞❡ ❝♦❧✐sõ❡s ✭♣r♦❝❡ss♦

♠❛✐s ❝❛r♦ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✮ t♦r♥❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ♠❛✐s ❡✜❝✐❡♥t❡✳ ❈♦♠♦ ♦ t❡❝✐❞♦

♣♦ss✉✐ ✉♠❛ ❡s♣❡ss✉r❛ ✜①❛✱ ❛s ❢♦rç❛s ❞❡ r❡♣✉❧sã♦ sã♦ ❛♣❧✐❝❛❞❛s ❡♥tr❡ r❡❣✐õ❡s ❞♦ t❡❝✐❞♦

q✉❡ t❡♥❤❛♠ ❡ss❛ ♣r♦①✐♠✐❞❛❞❡✳ ■ss♦ ♣❡r♠✐t❡ q✉❡ ♦ t❡❝✐❞♦ ❞❡s❧✐③❡ s♦❜r❡ s✐ ♦✉ s♦❜r❡

♦❜❥❡t♦s s❡♠ ♦❜stá❝✉❧♦s ❡①❝❡ss✐✈♦s ❝❛✉s❛❞♦s ♣♦r ❡rr♦s ❞❡ ❞✐s❝r❡t✐③❛çã♦ r❡s✉❧t❛♥t❡s ❞❛

r❡♣r❡s❡♥t❛çã♦ ❞❡ s✉♣❡r❢í❝✐❡s ♣♦r tr✐â♥❣✉❧♦s✳



✻✳✷ ❘❡s♣♦st❛ ❛♦ ❈♦♥t❛t♦ ❡ à ❈♦❧✐sã♦ ✺✺

❙❡ ✉♠ ♣❛r✱ ♣♦♥t♦✲tr✐â♥❣✉❧♦ ♦✉ ❛r❡st❛✲❛r❡st❛✱ ❡st✐✈❡r ♣ró①✐♠♦✱ ❞♦✐s t✐♣♦s ❞❡ ❢♦rç❛

❞❡ r❡♣✉❧sã♦ sã♦ ❛♣❧✐❝❛❞❛s✳ ❆ ♣r✐♠❡✐r❛ ❜❛s❡❛❞❛ ❡♠ ✉♠❛ ❝♦❧✐sã♦ ✐♥❡❧ást✐❝❛ ❡ ❛ s❡❣✉♥❞❛

❜❛s❡❛❞❛ ❡♠ ✉♠❛ ♠♦❧❛✳

❙✉♣♦♥❤❛ q✉❡ ❞♦✐s ♣♦♥t♦s ❞♦ t❡❝✐❞♦✱ ✉♠ ❞❡♥tr♦ ❞❡ ✉♠ tr✐â♥❣✉❧♦ ❡ ♦✉tr♦ ✈ért✐❝❡ ❞❛

♠❛❧❤❛ ♦✉ ❛♠❜♦s ✐♥t❡r✐♦r❡s ❛ ❞✉❛s ❛r❡st❛s✱ ❡st❡❥❛♠ ♣ró①✐♠♦s ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ r❡❧❛t✐✈❛ VN

♠❡♥♦r q✉❡ ③❡r♦ ✭❛♣r♦①✐♠❛♥❞♦✲s❡✮✱ ♥❛ ❞✐r❡çã♦ ♥♦r♠❛❧ ✭❱❡❥❛ ❛ ❙❡çã♦ ✻✳✷✳✶ ♣❛r❛ ❞❡t❛❧❤❡s

❞❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❞♦s ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❡ ❛ ❙❡çã♦ ✻✳✶ ♣❛r❛ ❞❡t❛❧❤❡s s♦❜r❡

❛ ♥♦r♠❛❧ ✉s❛❞❛ ♥❛s ✐♥t❡r❛çõ❡s ♣♦♥t♦✲tr✐â♥❣✉❧♦ ❡ ❛r❡st❛✲❛r❡st❛✮✳ P❛r❛ ❡❧✐♠✐♥❛r ❛ ❝♦❧✐sã♦

✐♠✐♥❡♥t❡✱ ❛♣❧✐❝❛✲s❡ ✉♠ ✐♠♣✉❧s♦ ✐♥❡❧ást✐❝♦ ❞❡ ♠❛❣♥✐t✉❞❡ mVN/2 ♥❛ ❞✐r❡çã♦ ♥♦r♠❛❧ ✭✈❡❥❛

♥❛ ❙❡çã♦ ✻✳✷✳✶ ❝♦♠♦ ❞✐str✐❜✉✐r ❡ss❡ ✐♠♣✉❧s♦ ♥♦s ✈ért✐❝❡s ❡♥✈♦❧✈✐❞♦s✮✳

◗✉❛♥❞♦ r❡❣✐õ❡s ❞♦ t❡❝✐❞♦ ❡stã♦ ♠✉✐t♦ ♣ró①✐♠❛s✱ ♦❝♦rr❡ ❛ ❝♦♠♣r❡ssã♦ ❞❡ s✉❛s

✜❜r❛s✳ ❆ss✐♠✱ ❛ s❡❣✉♥❞❛ ❢♦rç❛ é ✉s❛❞❛ ♣❛r❛ ♠♦❞❡❧❛r ❡ss❛ ❝♦♠♣r❡ssã♦✳ ❊ss❛ ❢♦rç❛

❞❡✈❡ s❡r ♣r♦♣♦r❝✐♦♥❛❧ à s♦❜r❡♣♦s✐çã♦✱ ❡♥tr❡ ❛s r❡❣✐õ❡s✱ ❡①❝❡❞❡♥t❡ à ❡s♣❡ss✉r❛ ❞♦ t❡❝✐❞♦✳

❈♦♠♦ ♦ ❛❧❣♦r✐t♠♦ ❡✈✐t❛rá q✉❛❧q✉❡r t✐♣♦ ❞❡ ✐♥t❡rs❡çã♦✱ ❡ss❡ t✐♣♦ ❞❡ ❢♦rç❛ ❞❡ r❡♣✉❧sã♦

❡stá ❧✐♠✐t❛❞❛ ❛ ✉♠ ♠á①✐♠♦ q✉❛♥❞♦ ♦s ♦❜❥❡t♦s s❡ t♦❝❛♠✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❛❧❣♦r✐t♠♦

❧✐♠✐t❛ ❡ss❛ ❢♦rç❛ ❞❡ ♠♦❞♦ q✉❡ ♦s ♦❜❥❡t♦s ♥✉♥❝❛ s❡❥❛♠ ❞✐st❛♥❝✐❛❞♦s ♠❛✐s q✉❡ ❛ ③♦♥❛ ❞❡

s♦❜r❡♣♦s✐çã♦ ♥✉♠ ú♥✐❝♦ ♣❛ss♦ ❞❡ t❡♠♣♦✳ ■ss♦ é ✐♠♣♦rt❛♥t❡ ♣♦✐s ❛ ♠❛❣♥✐t✉❞❡ ❞❛ ❢♦rç❛

❞❡ r❡♣✉❧sã♦ s❡rá ✉s❛❞❛ ♣❛r❛ ❛ ♠♦❞❡❧❛❣❡♠ ❞❛ ❢r✐❝çã♦ ✭❙❡çã♦ ✻✳✷✳✸✮✳

◆❛ ♠♦❞❡❧❛❣❡♠ ❞❛ ❢♦rç❛ ❞❡ r❡♣✉❧sã♦ ♣♦r ♠♦❧❛ ✉s❛✲s❡ ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦ ♣❛r❛

♠❡❞✐r ❛ s♦❜r❡♣♦s✐çã♦ ✭❋✐❣✉r❛ ✻✳✶✮

d = h − (x4 − w1x1 − w2x2 − w3x3) · n,

❞♦♥❞❡ ♦❜t❡♠♦s ❛ ❢♦rç❛ kd ♥❛ ❞✐r❡çã♦ ♥♦r♠❛❧✱ s❡♥❞♦ h ❛ ❡s♣❡ss✉r❛ ❞♦ t❡❝✐❞♦✱ k ❛

❝♦♥st❛♥t❡ ❞❛ ♠♦❧❛ ❡ ∆tkd ♦ ✐♠♣✉❧s♦✳ ❈♦♠♦ ❞✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣❛r❛ ❧✐♠✐t❛r ♦ ❞✐st❛♥✲

❝✐❛♠❡♥t♦ ❝❛✉s❛❞♦ ♣❡❧❛ ❢♦rç❛✱ r❡❞✉③✐r❡♠♦s ❛ s♦❜r❡♣♦s✐çã♦ ❡♠✱ ♥♦ ♠á①✐♠♦✱ ✉♠❛ ❢r❛çã♦

✭♣♦r ❡①❡♠♣❧♦✱ 10✪✮ ♣♦r ♣❛ss♦ ❞❡ t❡♠♣♦✳ ❆ss✐♠✱ s❡ ❛ ❝♦♠♣♦♥❡♥t❡ ♥♦r♠❛❧ ❞❛ ✈❡❧♦❝✐❞❛❞❡

r❡❧❛t✐✈❛ VN ≥ 0.1d/∆t ❛ r❡♣✉❧sã♦ ♥ã♦ é ❛♣❧✐❝❛❞❛✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❝❛❧❝✉❧❛✲s❡ ♦ ✐♠♣✉❧s♦

❞❡ ♠❛❣♥✐t✉❞❡

I = −min
(

∆tkd, m(
0.1d

∆t
− VN)

)

❡ ❞✐str✐❜✉✐✲s❡ ♣❡❧♦s ✈ért✐❝❡s ❡♥✈♦❧✈✐❞♦s ❝♦♠♦ ❞✐t♦ ♥❛ ❙❡çã♦ ✻✳✷✳✶✳



✺✻ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

❋✐❣✉r❛ ✻✳✶✿ ❆ ♠❡❞✐❞❛ ❞❛ s♦❜r❡♣♦s✐çã♦ ❡♥tr❡ r❡❣✐õ❡s ❞♦ t❡❝✐❞♦✿ d r❡♣r❡s❡♥t❛ ❛ s♦❜r❡♣♦✲

s✐çã♦ ❡ h ❛ ❡s♣❡ss✉r❛ ❞♦ t❡❝✐❞♦✳

✻✳✷✳✸ ❋r✐❝çã♦

❆ ❢♦rç❛ ❞❡ r❡♣✉❧sã♦ ❞❛ ❙❡çã♦ ✻✳✷✳✷ é ❛ ♥❡❣❛t✐✈❛ ❞❛ ❢♦rç❛ ♥♦r♠❛❧ FN q✉❡ ♣r❡ss✐♦♥❛

♦ t❡❝✐❞♦✳ P♦rt❛♥t♦✱ ❛ ❢♦rç❛ ❞❡ ❢r✐❝çã♦✱ q✉❡ ♣♦ss✉✐ ♠❡s♠❛ ❞✐r❡çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ r❡❧❛t✐✈❛

t❛♥❣❡♥❝✐❛❧ ♣ré✲❢r✐❝çã♦ V
pre
T ♠❛s ❞❡ s❡♥t✐❞♦ ♦♣♦st♦ ❛♦ ❞❡❧❛✱ t❡♠ ♠❛❣♥✐t✉❞❡ ♠á①✐♠❛

µFN ✱ ♦♥❞❡ µ é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛tr✐t♦✳ ■ss♦ ❞❡t❡r♠✐♥❛ ✉♠ ✐♠♣✉❧s♦ ❞❡ ♠❛❣♥✐t✉❞❡

µFN∆t ❡ ✉♠❛ ♠✉❞❛♥ç❛ ♥❛ ✈❡❧♦❝✐❞❛❞❡ r❡❧❛t✐✈❛ t❛♥❣❡♥❝✐❛❧ ❞❡✱ ♥♦ ♠á①✐♠♦✱ µFN∆t/m

✭❛ss✉♠✐♥❞♦ ♠❛ss❛ ✐❣✉❛❧ ♣❛r❛ t♦❞❛s ❛s ♣❛rtí❝✉❧❛s✮✳ ❖ ❝á❧❝✉❧♦ ❞❛ ♥♦✈❛ ✈❡❧♦❝✐❞❛❞❡ ♣♦❞❡

s❡r s✐♠♣❧✐✜❝❛❞♦ ♦❜s❡r✈❛♥❞♦✲s❡ q✉❡ FN∆t/m é ❛ ✈❛r✐❛çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ r❡❧❛t✐✈❛ ∆VN ✱ ♥❛

❞✐r❡çã♦ ♥♦r♠❛❧✱ q✉❡ ♣♦❞❡ s❡r ❞✐r❡t❛♠❡♥t❡ ❝❛❧❝✉❧❛❞❛ ♥♦ ❛❧❣♦r✐t♠♦ ❞❡ r❡♣✉❧sã♦✳ ❆ss✐♠✱

♦ ❞❡❝rés❝✐♠♦ ♥❛ ♠❛❣♥✐t✉❞❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡ r❡❧❛t✐✈❛ t❛♥❣❡♥❝✐❛❧ s❡rá min(µ∆VN , |Vpre
T |)✱

✐st♦ é✱ ❛ ✈❡❧♦❝✐❞❛❞❡ r❡❧❛t✐✈❛ t❛♥❣❡♥❝✐❛❧ ✜♥❛❧ é

VT = max
(

1 − µ
∆VN

|Vpre
T |

, 0
)

V
pre
T .

❋✐♥❛❧♠❡♥t❡✱ ❛♣❧✐❝❛♠♦s ♦ ✐♠♣✉❧s♦ ❞❡ ♠❛❣♥✐t✉❞❡

I = m

(

1 − max(1 − µ ∆VN

|Vpre

T
|
, 0)

)

|Vpre
T |

2

♥❛ ❞✐r❡çã♦ ❞❡ V
pre
T ✱ ♣❛r❛ ❛s ♣r♦①✐♠✐❞❛❞❡s ♣♦♥t♦✲tr✐â♥❣✉❧♦ ❡ ❛r❡st❛✲❛r❡st❛✳

✻✳✷✳✹ ❈♦❧✐sã♦

❆s ❢♦rç❛s ❞❡ r❡♣✉❧sã♦ ♥ã♦ ❡✈✐t❛♠ t♦t❛❧♠❡♥t❡ ❛s ✐♥t❡r♣❡♥❡tr❛çõ❡s ♣♦rq✉❡ t❡st❛♠

♣♦s✐çõ❡s ❡♠ ♠♦♠❡♥t♦s ❞✐s❝r❡t♦s ❞♦ t❡♠♣♦✳ P❛r❛ ✉♠ tr❛t❛♠❡♥t♦ r♦❜✉st♦ ❞❡ ❝♦❧✐sõ❡s✱

❞❡✈❡✲s❡ ❝♦♥s✐❞❡r❛r ♦ ✏❝❛♠✐♥❤♦✑ ❞♦ t❡❝✐❞♦ ❡♥tr❡ ♣❛ss♦s ❞❡ t❡♠♣♦✳ P♦r ✐ss♦ t♦♠❛♠♦s✱ ♥❛

❙❡çã♦ ✻✳✶✱ ❝❛✐①❛s ❡♥✈♦❧✈❡♥❞♦ ♦ ♦❜❥❡t♦ ❡ s✉❛ ❢✉t✉r❛ ♣♦s✐çã♦✳

◗✉❛♥❞♦ ✉♠❛ ❝♦❧✐sã♦ é r❡❣✐str❛❞❛ ✭❙❡çã♦ ✻✳✶✮✱ ♦ ❛❧❣♦r✐t♠♦ ❧❡✈❛ ❡♠ ❝♦♥t❛ s❡ ♦s

♦❜❥❡t♦s ❡stã♦ s❡ ❛♣r♦①✐♠❛♥❞♦ ♦✉ s❡ ❛❢❛st❛♥❞♦✳ ❙❡ ❡stã♦ s❡ ❛♣r♦①✐♠❛♥❞♦✱ ✉♠ ✐♠♣✉❧s♦



✻✳✷ ❘❡s♣♦st❛ ❛♦ ❈♦♥t❛t♦ ❡ à ❈♦❧✐sã♦ ✺✼

❞❡ r❡♣✉❧sã♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥❡❧ást✐❝♦ é ❛♣❧✐❝❛❞♦✳ ❈❛s♦ ❡st❡❥❛♠ s❡ ❛❢❛st❛♥❞♦✱ é ❛♣❧✐❝❛❞♦

✉♠ ✐♠♣✉❧s♦ ❞❡ r❡♣✉❧sã♦ ❜❛s❡❛❞♦ ♥✉♠❛ ♠♦❧❛✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ é

❛♥á❧♦❣♦ ❛♦ ❞❡s❝r✐t♦ ♥❛ ❙❡çã♦ ✻✳✷✳✷✳

✻✳✷✳✺ ❩♦♥❛s ❞❡ ■♠♣❛❝t♦

❖ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛ ❛ té❝♥✐❝❛ ♣r♦♣♦st❛ ♣♦r Pr♦✈♦t ❬✸✽❪ ✭❥á ❞❡s❝r✐t❛ ♥❛ ❙❡çã♦ ✺✳✹✳✶

❞♦ ❈❛♣ít✉❧♦ ✺✮ ♣❛r❛ ♦ tr❛t❛♠❡♥t♦ ❞❡ ♠ú❧t✐♣❧❛s ❝♦❧✐sõ❡s✳ ❊♥tr❡t❛♥t♦✱ ❜r✐❞s♦♥ ❡t ❛❧✳

❬✶✵❪ ❛✜r♠❛♠ q✉❡ ❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ✈❡❧♦❝✐❞❛❞❡ ❛♥❣✉❧❛r ❞♦ tr❛❜❛❧❤♦ ❞❡ Pr♦✈♦t ❡stá

✐♥❝♦rr❡t❛ ❡ ❛♣r❡s❡♥t❛♠ ❛s s❡❣✉✐♥t❡s ❝♦rr❡çõ❡s✳

Pr✐♠❡✐r♦ ❝❛❧❝✉❧❛✲s❡ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ ❞❛ ③♦♥❛ ❞❡ ✐♠♣❛❝t♦

xCM =

∑

i mxn
i

∑

i m
, vCM =

∑

i mv
n+1/2
i

∑

i m

❡ ❡♠ s❡❣✉✐❞❛ ♦ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r ❞♦s ✈ért✐❝❡s ❝♦♠ r❡❧❛çã♦ ❛♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛

L =
∑

i

m(xn
i − xCM) × (v

n+1/2
i − vCM)

❡ ♦ t❡♥s♦r ✭3×3✮ ❞❡ ✐♥ér❝✐❛ ❞❛ ❝♦♥✜❣✉r❛çã♦ ❛t✉❛❧ ❞♦s ✈ért✐❝❡s✱ δ r❡♣r❡s❡♥t❛♥❞♦ ♦ t❡♥s♦r

✐❞❡♥t✐❞❛❞❡ ✭✈❡❥❛ ♦ ❆♣ê♥❞✐❝❡ ❇✮✱

I =
∑

i

m
(

|xn
i − xCM |2δ − (xn

i − xCM) ⊗ (xn
i − xCM)

)

.

❆ ✈❡❧♦❝✐❞❛❞❡ ❛♥❣✉❧❛r ❞♦ ❝♦r♣♦ rí❣✐❞♦ q✉❡ ♣r❡s❡r✈❛ ♦ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r s❡rá −→ω = I−1L

❡ ❛ ♥♦✈❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ✈ért✐❝❡ i s❡rá v
n+1/2
i = vCM + −→ω × (xi − xCM)✳ ❊♥tr❡t❛♥t♦✱

♣r♦❝✉r❛✲s❡ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ s♦❜r❡ ✉♠ ✐♥t❡r✈❛❧♦ ✜♥✐t♦ ∆t t❛❧ q✉❡ ❛s ♥♦✈❛s ♣♦s✐çõ❡s

xn+1 = xn + ∆tvn+1/2 ❝♦rr❡s♣♦♥❞❛♠ ❡①❛t❛♠❡♥t❡ ❛ ✉♠ ♠♦✈✐♠❡♥t♦ rí❣✐❞♦✳ ❙❡ ❡ss❛ ❝♦♥✲

❞✐çã♦ ♥ã♦ é ❝✉♠♣r✐❞❛ ✭❝♦♠♦ ❛❝♦♥t❡❝❡ ❡♠ Pr♦✈♦t ❬✸✽❪✮ ✐♥t❡r♣❡♥❡tr❛çõ❡s ♣♦❞❡♠ ♦❝♦rr❡r✳

❆❝❡✐t❛♥❞♦ ♣❡q✉❡♥♦s ❡rr♦s ✭O(∆t)✮ ♥♦ ❡✐①♦ ❡ ♥♦ â♥❣✉❧♦ ❞❡ r♦t❛çã♦✱ ♦ ❛❧❣♦r✐t♠♦ ❝♦♥s✐✲

❞❡r❛ q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡ −→ω ♣❡r♠❛♥❡ç❛ ❝♦♥st❛♥t❡ ❛♦ ❧♦♥❣♦ ❞♦ ♣❛ss♦ ❞❡ t❡♠♣♦✳ ❈❛❧❝✉❧❛♥❞♦

❛s ❝♦♠♣♦♥❡♥t❡s ✜①❛ ❡ ❞❡ r♦t❛çã♦ ❞❛ ♣♦s✐çã♦

xF =
[

(xi − xCM) ·
−→ω

|−→ω |

] −→ω

|−→ω |
, xR = xi − xCM − xF

♦❜té♠✲s❡ ❛ ♣♦s✐çã♦ ✜♥❛❧

xn+1
i = xCM + ∆tvCM + xF + cos(∆t|−→ω |)xR + sen(∆t|−→ω |)

( −→ω

|−→ω |
× xR

)



✺✽ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

❡✱ ♣♦rt❛♥t♦✱ ❛ ♥♦✈❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ s❡rá

v
n+1/2
i =

(xn+1
i − xn

i )

∆t
.

✻✳✸ ❆♣❧✐❝❛çã♦ ❞♦ ❆❧❣♦r✐t♠♦

❖ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ ❝♦❧✐sõ❡s r❡❛❧✐③❛❞♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ é t♦t❛❧♠❡♥t❡ s❡♣❛r❛❞♦ ❞❛

❡✈♦❧✉çã♦ ✐♥t❡r♥❛ ❞♦ ♠♦❞❡❧♦ ❞❡❢♦r♠á✈❡❧ ✭❡ ❞❡ t♦❞♦s ♦s ♦❜❥❡t♦s ❡♠ ❝❡♥❛✮✳ ■ss♦ ♣❡r♠✐t❡

♦ s❡✉ ✉s♦ ❝♦♠ q✉❛❧q✉❡r ♠♦❞❡❧♦ ❞❡ ♣❛rtí❝✉❧❛s✳

❆ ♣❛rt✐r ❞❡ ✉♠ t❡♠♣♦ t = 0 ❝♦♠ ♣♦s✐çõ❡s x0 ❡ ✈❡❧♦❝✐❞❛❞❡s v0 ♦ ❛❧❣♦r✐t♠♦ é

❛♣❧✐❝❛❞♦ ❝♦♠♦ s❡❣✉❡✱ ♣❛r❛ n = 0, 1, 2, . . .✿

• ❙❡❧❡❝✐♦♥❛r ✉♠ ♣❛ss♦ ❞❡ t❡♠♣♦ ∆t ❡ ❢❛③❡r tn+1 = tn + ∆t❀

• ❆✈❛♥ç❛r ♣❛r❛ ❛s ✈❡❧♦❝✐❞❛❞❡s ❡ ♣♦s✐çõ❡s ❝❛♥❞✐❞❛t❛s v̄n+1 ❡ x̄n+1 ❝♦♠ ❛ ❞✐♥â♠✐❝❛

✐♥t❡r♥❛ ❞♦ ♠♦❞❡❧♦ ❞❡❢♦r♠á✈❡❧❀

• ❈❛❧❝✉❧❛r ❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ v̄n+1/2 = (x̄n+1 − xn)/∆t❀

• ❚❡st❛r ♣r♦①✐♠✐❞❛❞❡ ❝♦♠ xn✱ ❛♣❧✐❝❛♥❞♦ ❢♦rç❛s ❞❡ r❡♣✉❧sã♦ ❡ ❢r✐❝çã♦ à ✈❡❧♦❝✐❞❛❞❡

♠é❞✐❛✱ ♦❜t❡♥❞♦ ṽn+1/2❀

• ❚❡st❛r ❛s tr❛❥❡tór✐❛s ❧✐♥❡❛r❡s ❞❡ xn ❝♦♠ ṽn+1/2 ♣❛r❛ ❝♦❧✐sõ❡s ♦❜t❡♥❞♦ ❛ ✈❡❧♦❝✐❞❛❞❡

♠é❞✐❛ ✜♥❛❧ vn+1/2❀

• ❈❛❧❝✉❧❛r ❛ ♣♦s✐çã♦ ✜♥❛❧ xn+1 = xn + ∆tvn+1/2❀

• ❈❛s♦ ♥ã♦ ❤❛❥❛♠ r❡♣✉❧sõ❡s ♦✉ ❝♦❧✐sõ❡s✱ ❢❛③❡r vn+1 = v̄n+1✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❛✈❛♥ç❛r

✭✐♠♣❧✐❝✐t❛♠❡♥t❡✮ ❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛ vn+1/2 ♣❛r❛ vn+1✱ ♦✉ s❡❥❛✱ ❞❡✈❡✲s❡ r❡s♦❧✈❡r

❛ ❡q✉❛çã♦ vn+1 = vn+1/2 + ∆t
2
a(tn+1,xn+1,vn+1)✳

❊♠ ♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦✱ t♦♠❛♠♦s ❛ ❛♣r♦①✐♠❛çã♦ vn+1 = vn+1/2✱ ♦✉ s❡❥❛✱ s✉✲

♣r✐♠✐♠♦s ♦ ú❧t✐♠♦ ♣❛ss♦ ❞❛ ❧✐st❛ ❛♥t❡r✐♦r✳ ◆♦ ♠♦❞❡❧♦ ❞❡❢♦r♠á✈❡❧ ❞❡ ❇r✐❞s♦♥ ❡t ❛❧✳

❬✶✶❪✱ ♦♥❞❡ ❛♣❧✐❝❛♠♦s ❡ss❡ ❛❧❣♦r✐t♠♦✱ ❡ss❛ ú❧t✐♠❛ ❡t❛♣❛ r❡♣r❡s❡♥t❛ ❛ ❛t✉❛çã♦ ❞❡ ❢♦rç❛s

❞❡♣❡♥❞❡♥t❡s ❞❛ ✈❡❧♦❝✐❞❛❞❡ ✭✈❡❥❛ ❛ ❙❡çã♦ ✹✳✷✮✳ P❛r❛ ♣♦♥t♦s s♦❜ ❡❢❡✐t♦ ❞♦ tr❛t❛♠❡♥t♦

❞❡ r❡♣✉❧sã♦ ♦✉ ❝♦❧✐sã♦✱ ❡ss❡ ❡❢❡✐t♦ é ♣♦✉❝♦ ♥♦t❛❞♦ ✭❝♦♠♦ ♦❝♦rr❡ ❡♠ ♥♦ss❛s s✐♠✉❧❛✲

çõ❡s✱ ❙❡çã♦ ✻✳✹✮✳ ❆ss✐♠✱ ❡✈✐t❛♠♦s ♦ ❝ô♠♣✉t♦ ❞❡ss❛ ❡t❛♣❛ ✐♠♣❧í❝✐t❛✳ ◆♦ ♠♦❞❡❧♦ ❞❡



✻✳✹ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssõ❡s ✺✾

♠❛❧❤❛ r❡t❛♥❣✉❧❛r ❞❡ Pr♦✈♦t ❬✸✼❪✱ ♦ ú❧t✐♠♦ ít❡♠ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❝♦❧✐sõ❡s é r❡❛❧♠❡♥t❡

❞❡s♥❡❝❡ssár✐♦ ❥á q✉❡ ♥❡ss❡ ♠♦❞❡❧♦ ❛s ✈❡❧♦❝✐❞❛❞❡s vn+1 ❡ vn+1/2 ❝♦✐♥❝✐❞❡♠ ✭❙❡çã♦ ✸✳✶✮✳

✻✳✹ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssõ❡s

❈♦♠♦ t❡♠♦s ❢❡✐t♦ ❛♦ ❧♦♥❣♦ ❞❡ ♥♦ss♦ ❡st✉❞♦✱ ❛♣r❡s❡♥t❛♠♦s s✐♠✉❧❛çõ❡s ❞✐✈❡rs❛s

♣❛r❛ ❛ ♦❜s❡r✈❛çã♦ ❞♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦s ❛❧❣♦r✐t♠♦s ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ❝♦♠♣❛r❛r

s❡✉s ❞❡s❡♠♣❡♥❤♦s ❡♠ s✐t✉❛çõ❡s s❡♠❡❧❤❛♥t❡s✳ ❆ ❋✐❣✉r❛ ✻✳✷ ♠♦str❛ t❡❝✐❞♦s ❞❡ ♠❛❧❤❛

17× 17 ♣♦♥t♦s ❝♦❧✐❞✐♥❞♦ ❝♦♠ ✉♠❛ ♠❡s❛ q✉❛❞r❛❞❛ ✭❛✮ ❡ ✉♠❛ ♠❡s❛ r❡t❛♥❣✉❧❛r ✭❜✮✳ ❯♠

t❡❝✐❞♦ ❞❡ ♠❛❧❤❛ 33×33 ♣♦♥t♦s ❝♦❧✐❞✐♥❞♦ ❝♦♠ ✉♠❛ ♠❡s❛ r❡❞♦♥❞❛ é ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛

✻✳✸✳ ◆❡ss❡s ❡①❡♠♣❧♦s✱ ❛s ❞✐str✐❜✉✐çõ❡s ❞♦s t❡❝✐❞♦s s♦❜r❡ ❛s ♠❡s❛s sã♦ t❛✐s q✉❡ ❡❧❡s ♥ã♦

❞❡s❧✐③❛♠✳ ❖ ❆♣ê♥❞✐❝❡ ❈ ❡①✐❜❡ ❛❧❣✉♥s q✉❛❞r♦s ❞❛ ❛♥✐♠❛çã♦ ❞❡ ❋✐❣✉r❛ ✻✳✷✭❛✮✳

❋✐❣✉r❛ ✻✳✷✿ ❚❡❝✐❞♦ ❝❛✐❞♦ s♦❜r❡ ♠❡s❛ q✉❛❞r❛❞❛ ✭❛✮ ❡ r❡t❛♥❣✉❧❛r ✭❜✮✳

❋✐❣✉r❛ ✻✳✸✿ ❈♦❧✐sã♦ ❡♥tr❡ ♦ t❡❝✐❞♦ ❡ ✉♠❛ ♠❡s❛ r❡❞♦♥❞❛✳



✻✵ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

❙❡♠❡❧❤❛♥t❡ ❛♦ q✉❡ ✜③❡♠♦s ♥❛ ❙❡çã♦ ✺✳✺ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❡st✉❞❛❞♦ ♥❛q✉❡❧❡ ❝❛✲

♣ít✉❧♦✱ s✐♠✉❧❛çõ❡s ❞❡ ❝♦❧✐sõ❡s ❝♦♠ ♦❜❥❡t♦s ❞❡ ❜❛✐①♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛tr✐t♦ sã♦ ❡①✐❜✐❞❛s

♥❛ ❋✐❣✉r❛ ✻✳✹✳ ❖ ✉♠ t❡❝✐❞♦ ❞❡ ♠❛❧❤❛ 17 × 17 ❞❡s❧✐③❛ s♦❜r❡ ✉♠ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦ ✭❛✮ ❡

✉♠ t❡❝✐❞♦ ❞❡ ♠❛❧❤❛ 33× 33 s♦❜r❡ ✉♠❛ ❡s❢❡r❛ ✭❜✮✳ ❙ã♦ ♠♦str❛❞♦s✱ ♣❛r❛ ❝❛❞❛ ♦❜❥❡t♦ ❞❡

❝♦❧✐sã♦✱ ❞♦✐s ✐♥st❛♥t❡s ❞❛ s✐♠✉❧❛çã♦✳ ❖ ❆♣ê♥❞✐❝❡ ❈ ♠♦str❛ ❛❧❣✉♥s q✉❛❞r♦s ❞❛ ❛♥✐♠❛çã♦

❞❛ ❋✐❣✉r❛ ✻✳✹✭❛✮✳

❋✐❣✉r❛ ✻✳✹✿ ❚❡❝✐❞♦ ❞❡s❧✐③❛♥❞♦ s♦❜r❡ ✉♠ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦ ✭❛✮ ❡ ✉♠❛ ❡s❢❡r❛ ✭❜✮✳

❉❡s❞❡ ❥á✱ ♣♦❞❡♠♦s ♥♦t❛r ❝❛r❛❝t❡ríst✐❝❛s ♠❛r❝❛♥t❡s ❞♦ ❛❧❣♦r✐t♠♦✳ ❖❜s❡r✈❡✱ ♥♦s

❡①❡♠♣❧♦s ❞❛ ❋✐❣✉r❛ ✻✳✷✱ ❝♦♠♦ ❛ ♣❛rt❡ ❞♦ t❡❝✐❞♦ q✉❡ t♦❝❛ ❛s ❜♦r❞❛s ❞❛s ♠❡s❛s ❡stá

✐♥❝❧✐♥❛❞❛ ✭❝♦♠♣❛r❡ ❝♦♠ ❛ ❋✐❣✉r❛ ✺✳✽✮✳ ■ss♦ ♦❝♦rr❡ ♣♦rq✉❡ ♦s ✐♠♣✉❧s♦s ♥ã♦ sã♦ ❝❛❧❝✉✲

❧❛❞♦s ❡ ❛♣❧✐❝❛❞♦s ❛♦s ✈ért✐❝❡s ❝♦♥s✐❞❡r❛♥❞♦ ❛ r❡❛❧ ♣♦s✐çã♦ ❞♦ ♣♦♥t♦ ❞❡ ❝♦❧✐sã♦ ✭❙❡çõ❡s

✻✳✶ ❡ ✻✳✷✳✶✮✳ ▲❡♠❜r❛♠♦s q✉❡✱ ♥♦ ❛❧❣♦r✐t♠♦ ❞❡ Pr♦✈♦t ❬✸✽❪✱ ❝♦♥s✐❞❡r❛♠✲s❡ ♦s ❝❡♥tr♦s



✻✳✹ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssõ❡s ✻✶

❞❡ ♠❛ss❛ ❞♦s ♦❜❥❡t♦s ❡♥✈♦❧✈✐❞♦s ❝♦♠♦ ♣♦♥t♦s ❞❡ ❝♦❧✐sã♦ ✭❙❡çã♦ ✺✳✸✳✸✮✳ ❆ ❋✐❣✉r❛ ✻✳✺

♠♦str❛ ♦ q✉❡ ♦❝♦rr❡ ♥❡ss❡ t✐♣♦ ❞❡ s✐t✉❛çã♦✿ ♥❛ ♣❛rt❡ ✭❛✮ ✈❡♠♦s ✭♥✉♠❛ r❡♣r❡s❡♥t❛çã♦

❞❡ ❛❧❣✉♥s ✈ért✐❝❡s ❡ ❛r❡st❛s✱ ♦♥❞❡ ❛ ❝♦r ✈❡r❞❡ r❡♣r❡s❡♥t❛ ♦ ♦❜❥❡t♦✮ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❛ ♠❛❧❤❛ q✉❛♥❞♦ ♦ t❡❝✐❞♦ ❝❛✐ s♦❜r❡ ✉♠❛ ♠❡s❛ ✉s❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ Pr♦✈♦t ❬✸✽❪ ❡ ♥❛

♣❛rt❡ ✭❜✮ ✉s❛♥❞♦ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❇r✐❞s♦♥ ❡t ❛❧✳ ❬✶✵❪✳ ❊ss❛ ❢♦r♠❛ ❝♦❡r❡♥t❡ ❞❡ ❛♣❧✐❝❛çã♦

❞❡ ✐♠♣✉❧s♦s✱ ❞♦ ❛❧❣♦r✐t♠♦ ❬✶✵❪✱ ❣❡r❛ ♦ t♦rq✉❡ r❡s♣♦♥sá✈❡❧ ♣❡❧♦ ♠♦✈✐♠❡♥t♦ ❞❛ ❛r❡st❛✱

r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s s❡t❛s ✈❡r♠❡❧❤❛s ♥❛ ✜❣✉r❛✳ ❊ss❛ ❝❛r❛❝t❡ríst✐❝❛ ❢❛③ ❝♦♠ q✉❡ ♦ t❡❝✐❞♦

❋✐❣✉r❛ ✻✳✺✿ ❈♦❧✐sã♦ ❞❡ ❛r❡st❛s✿ ✭❛✮ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ❞❡ Pr♦✈♦t ❡ ✭❜✮ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦

❞❡ ❇r✐❞s♦♥ ❡t ❛❧✳

❞❡s❧✐③❡ s♦❜r❡ s✉♣❡r❢í❝✐❡s ❝♦♠ q✉✐♥❛s✳ ❆ r❡♣r❡s❡♥t❛çã♦ ❞❛ ❋✐❣✉r❛ ✻✳✻✭❛✮ ♠♦str❛ q✉❡✱ ❝♦♠

♦ ❛❧❣♦r✐t♠♦ ❬✸✽❪✱ ♦ t❡❝✐❞♦ ✜❝❛ ♣r❡s♦ à q✉✐♥❛ ✭✈❡❥❛ t❛♠❜é♠ ❛ ❋✐❣✉r❛ ✺✳✶✷✮✱ ❡♥q✉❛♥t♦

q✉❡ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ❬✶✵❪✱ ♥❛ ♣❛rt❡ ✭❜✮✱ ♦ t❡❝✐❞♦ ❞❡s❧✐③❛ s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡✳ ❆ ❋✐❣✉r❛

❋✐❣✉r❛ ✻✳✻✿ ❊♠ ✭❛✮✱ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ❬✸✽❪✱ ♥ã♦ ❤á ❞❡s❧✐③❛♠❡♥t♦ ❡ ❡♠ ✭❜✮✱ ❝♦♠ ♦ ❛❧❣♦✲

r✐t♠♦ ❬✶✵❪✱ ♦❝♦rr❡ ♦ ❞❡s❧✐③❛♠❡♥t♦✳

✻✳✼ ✐❧✉str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ t❡❝✐❞♦ ✭❞❡ ♠❛❧❤❛ 17 × 17✮ s♦❜r❡ ✉♠ ♣❧❛♥♦ ✐♥❝❧✐♥❛❞♦

❡♠ ❝♦♥tr❛st❡ ❛♦ ❡①❡♠♣❧♦ ❞❛ ❋✐❣✉r❛ ✺✳✶✷ ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳



✻✷ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r

❋✐❣✉r❛ ✻✳✼✿ ❖ t❡❝✐❞♦ ♥ã♦ ✜❝❛ ♣r❡s♦ à ❜♦r❞❛ ❞♦ ♣❧❛♥♦✳

◆❛ ✈❡r❞❛❞❡✱ ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❝♦❧✐sõ❡s ❞❡ Pr♦✈♦t ❬✸✽❪ ♥ã♦ ❝♦♥t❡♠♣❧❛ ❛❞❡q✉❛❞❛♠❡♥t❡

❡ss❛s s✐t✉❛çõ❡s ♠❛✐s ❝♦♠♣❧❡①❛s ✉♠❛ ✈❡③ q✉❡ ❢♦✐ ❝♦♥❝❡❜✐❞♦ ♣❛r❛ ♦ ❞❡s✐❣♥ ❞❡ r♦✉♣❛s✱ ♥♦r✲

♠❛❧♠❡♥t❡ ♣♦st❛s s♦❜r❡ ♠❛♥❡q✉✐♥s ✈✐rt✉❛✐s✳ ❊ss❡s ♠❛♥❡q✉✐♥s ♣♦ss✉❡♠ ❢♦r♠❛s s✉❛✈❡s✱

s❡♠ ♣♦♥t❛s ❡✴♦✉ q✉✐♥❛s✳ ❊♠ t♦❞♦s ♦s ❡①❡♠♣❧♦s ❞♦ ❈❛♣ít✉❧♦ ✺✱ t♦♠❛♠♦s s✐t✉❛çõ❡s ❡

❝♦♥✜❣✉r❛çõ❡s ❞❡ ♣❛râ♠❡tr♦s ❡ ♣♦s✐çõ❡s ❞♦s ♦❜❥❡t♦s t❛✐s q✉❡ ❡ss❡s ♣r♦❜❧❡♠❛s ♥ã♦ ♦❝♦r✲

r❡ss❡♠ ♦✉ ❢♦ss❡♠ ✐♠♣❡r❝❡♣tí✈❡✐s✳ ❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❡s❢❡r❛ ❝♦♠ ❡✐①♦ ♠❛✐s ♣ró①✐♠♦ ❞♦

❝❡♥tr♦ ❞♦ t❡❝✐❞♦✱ ❝♦♠♣❛r❛♥❞♦ ❝♦♠ ❛ ❋✐❣✉r❛ ✺✳✶✶✭❜✮✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦ t❡❝✐❞♦ ❞❡s❧✐③❛

♣♦r ✉♠ ❧❛❞♦ ✜❝❛♥❞♦ ♣r❡s♦ à ❡s❢❡r❛ ♣❡❧♦ ♦✉tr♦ ✭❋✐❣✉r❛ ✻✳✽✭❛✮✮✳ ❆ ❛✉sê♥❝✐❛ ❞❡ t♦rq✉❡

♥❛s ❛r❡st❛s ✐♠♣❡❞❡ ♦ s❡✉ ❞❡s❧✐③❛♠❡♥t♦✳ ❈♦♠ ♦❜❥❡t♦s ❡♠ ♠♦✈✐♠❡♥t♦ t❛♠❜é♠ ♦❝♦r✲

r❡♠ ♣r♦❜❧❡♠❛s ❞❡ ♠❡s♠❛s ❝❛✉s❛s✳ ❆ ❋✐❣✉r❛ ✻✳✽✭❜✮ ♠♦str❛ ♦ q✉❡ ♦❝♦rr❡ ❛ ✉♠ t❡❝✐❞♦

❝❛✐❞♦ s♦❜r❡ ✉♠❛ ❡s❢❡r❛✱ ❝♦♠ ❣r❛♥❞❡ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛tr✐t♦✱ ❡♠ ♠♦✈✐♠❡♥t♦✳ ❖ ♥ã♦ tr❛t❛✲

♠❡♥t♦ ❞♦s ❡rr♦s ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ ❞❛ ♠áq✉✐♥❛ ♦✉ tr✉♥❝❛♠❡♥t♦ ❞❡ ✈❛❧♦r❡s ♣r♦✈♦❝❛♠

✐♥t❡r♣❡♥❡tr❛çõ❡s ❡✱ ♣♦rt❛♥t♦✱ ♣❡r❞❛ ❞❡ r❡❛❧✐s♠♦✳

❋✐❣✉r❛ ✻✳✽✿ ❙✐t✉❛çõ❡s✲♣r♦❜❧❡♠❛ ♣❛r❛ ♦ ❛❧❣♦r✐t♠♦ ❞❡ Pr♦✈♦t ❬✸✽❪✳



✻✳✹ ❘❡s✉❧t❛❞♦s ❡ ❉✐s❝✉ssõ❡s ✻✸

◗✉❛♥t♦ ❛♦ t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ♥ã♦ ♣❡r❝❡❜❡♠♦s ❣r❛♥❞❡s ❞✐❢❡r❡♥ç❛s ♦ ❛❧❣♦✲

r✐t♠♦ ❛q✉✐ ❡st✉❞❛❞♦ ❡ ♦ ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ P❛r❛ ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ❡ ♣❛râ♠❡tr♦s

❡s❝♦❧❤✐❞♦s ♥❛s s✐♠✉❧❛çõ❡s r❡❛❧✐③❛❞❛s ❝♦♠ ♦ ❛❧❣♦r✐t♠♦ ❞❡ Pr♦✈♦t✱ ♦❜t✐✈❡♠♦s t❡♠♣♦s

❞❡ ♣r♦❝❡ss❛♠❡♥t♦s ♠✉✐t♦ ♣ró①✐♠♦s✳ ❆ ♣❧❛t❛❢♦r♠❛ ❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ✉s❛❞❛ ♣❛r❛ ❛

❡①❡❝✉çã♦ ❞❛s s✐♠✉❧❛çõ❡s ❢♦✐ ✭❡ s❡♠♣r❡ s❡rá✱ ❡♠ t♦❞❛s ❛s s✐♠✉❧❛çõ❡s✮ ❛ ♠❡s♠❛ ♦✉tr♦r❛

✉s❛❞❛✳

❆s ❡✜❝✐❡♥t❡s ❢♦rç❛s ❞❡ r❡♣✉❧sã♦ ❡ ♦ tr❛t❛♠❡♥t♦ r♦❜✉st♦ ❞❡ ❝♦❧✐sõ❡s ❞♦ ❛❧❣♦r✐t♠♦

❬✶✵❪✱ ❡♠ s✐♥❡r❣✐❛✱ ♣❡r♠✐t❡♠ ❛ s✐♠✉❧❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦s ❝♦♠♣❧❡①♦s ❞♦ t❡❝✐❞♦✳ ❖ tr❛✲

t❛♠❡♥t♦ ❞❡ ❛✉t♦✲❝♦❧✐sã♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ❢r✐❝çã♦ ♣r♦❞✉③ ❞♦❜r❛s ❡stá✈❡✐s✱ ❛✉♠❡♥t❛♥❞♦

♦ r❡❛❧✐s♠♦✳ ❆ ❋✐❣✉r❛ ✻✳✾ ✐❧✉str❛ ❜❡♠ ♦ q✉❡ ❢♦✐ ❞✐t♦✳ ◆❡❧❛ ♦❜s❡r✈❛♠♦s ✉♠❛ ❡s❢❡r❛✱ ❞❡

♠❛❧❤❛ 65 × 65 ♣♦♥t♦s✱ ❣✐r❛♥❞♦ s♦❜r❡ ✉♠ ♣❧❛♥♦✳

❋✐❣✉r❛ ✻✳✾✿ ❉♦❜r❛s ❡stá✈❡✐s ❛✉♠❡♥t❛♠ ♦ r❡❛❧✐s♠♦✳



✻✹ ❆❧❣♦r✐t♠♦ ❞❡ ❈♦❧✐sã♦ P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r



Capı́tulo 7

❆ ❋♦rç❛ ❞❡ ❆❝♦♣❧❛♠❡♥t♦

◆❡st❡ ❝❛♣ít✉❧♦ ♣r♦♣♦♠♦s ♦ ✉s♦ ❞❡ ✉♠❛ ❢♦rç❛ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❞❡❢♦r♠❛çõ❡s

t❛♥❣❡♥❝✐❛✐s ❡ ♥♦r♠❛✐s ❝♦♠♦ s♦❧✉çã♦ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ❢❛❧t❛ ❞❡ r❡❛❧✐s♠♦✱ ✈✐st♦ ♥❛s ❙❡çõ❡s

✸✳✹ ❡ ✹✳✺✱ ❞❡✈✐❞♦ ❛♦ ♥ã♦ ❛♣❛r❡❝✐♠❡♥t♦ ❡s♣♦♥tâ♥❡♦ ❞❡ ❞♦❜r❛s ❡ r✉❣❛s✳ ❆ té❝♥✐❝❛ ♣♦❞❡ s❡r

✉s❛❞❛ ♣❛r❛ q✉❛✐sq✉❡r ❞♦s ❞♦✐s ♠♦❞❡❧♦s ❞❡❢♦r♠á✈❡✐s ❡st✉❞❛❞♦s✱ ♣♦rt❛♥t♦ ♦s ❡①❡♠♣❧♦s

❛q✉✐ ♣r❡s❡♥t❡s ♣♦❞❡♠ s❡r ♣r♦❞✉③✐❞♦s ❝♦♠ ❛♠❜♦s✳

✼✳✶ ❖ Pr♦❜❧❡♠❛

❘❡t♦♠❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❛ ❙❡çã♦ ✸✳✸✿ ❯♠❛ ❜❛♥❞❡✐r❛ ♣❡♥❞✉r❛❞❛ ❝♦♠ t♦❞♦s ♦s

♣♦♥t♦s ❞✐s♣♦st♦s ♥✉♠ ♣❧❛♥♦ ✈❡rt✐❝❛❧ ❞❡ ♠❡s♠❛ ❞✐r❡çã♦ ❞❛ ❣r❛✈✐❞❛❞❡ ✭s❡♠ ✈❡♥t♦✮✳ ❆

♣❛rt✐r ❞❡ ✉♠ ✐♥st❛♥t❡ q✉❛❧q✉❡r ✏s♦❧t❛♠♦s✑ ✉♠ ❞♦s ♣♦♥t♦s ✜①♦s✳ ❆ ❜❛♥❞❡✐r❛ ❝❛✐✱ ✜❝❛♥❞♦

♣r❡s❛ ♣♦r ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✜①♦✳ ❆ ❋✐❣✉r❛ ✼✳✶✱ ♠♦str❛ ♦ q✉❡ ❛❝♦♥t❡❝❡ ♥❡ss❛ s✐t✉❛çã♦✳

❋✐❣✉r❛ ✼✳✶✿ ❆s ❞♦❜r❛s ♥ã♦ ❛♣❛r❡❝❡♠ ❡s♣♦♥t❛♥❡❛♠❡♥t❡✳



✻✻ ❆ ❋♦rç❛ ❞❡ ❆❝♦♣❧❛♠❡♥t♦

■ss♦ ❛❝♦♥t❡❝❡ ♣♦rq✉❡✱ ❡st❛♥❞♦ t♦❞♦s ♦s ♣♦♥t♦s ❡ ❢♦rç❛s ❝♦♥t✐❞♦s ♥✉♠ ♠❡s♠♦

♣❧❛♥♦✱ ♥ã♦ ❤á ❢♦rç❛s ❡♠ ❞✐r❡çõ❡s ♥ã♦ ♣❛r❛❧❡❧❛s ❛♦ ♣❧❛♥♦✱ ♦✉ s❡❥❛✱ ♥ã♦ ❤á ❝♦♠♣♦♥❡♥t❡s

❞❡ ❢♦rç❛s ♥❛ ❞✐r❡çã♦ ♥♦r♠❛❧ ❛♦ ♣❧❛♥♦✳ P♦rt❛♥t♦✱ ♦ r❡s✉❧t❛❞♦ ❞❛s ✐♥t❡r❛çõ❡s ❡♥tr❡ ♦s

♣♦♥t♦s ❡ ❢♦rç❛s ♥ã♦ ❞❡s❧♦❝❛ ♣♦♥t♦s ♣❛r❛ ❢♦r❛ ❞♦ ♣❧❛♥♦✱ ❛ss✐♠ ❛s r✉❣❛s ♥ã♦ sã♦ ❢♦r♠❛❞❛s✳

❖❝♦rr❡ q✉❡✱ ❡♠ ❣❡r❛❧✱ ♦s t❡❝✐❞♦s ❛♣r❡s❡♥t❛♠ ✉♠❛ t❡♥❞ê♥❝✐❛✱ q✉❛♥❞♦ ❞❡❢♦r♠❛❞♦s✱

❞❡ ♣r❡s❡r✈❛çã♦ ❞❛ ár❡❛ ♦ q✉❡ ❛❝❛rr❡t❛ ♦ s✉r❣✐♠❡♥t♦ ❞❡ ❢♦rç❛s ✐♥t❡r♥❛s ❝❛♣❛③❡s ❞❡ ❝r✐❛r

r✉❣❛s ❡✴♦✉ ❞♦❜r❛s✱ ❝♦♥❢♦r♠❡ ❛ r✐❣✐❞❡③ ❞❡ ❝✉r✈❛t✉r❛✳ ❊st❡ ♠♦❞❡❧♦ ♥ã♦ ❛♣r❡s❡♥t❛ ❛ r❡✲

❧❛çã♦ ❡♥tr❡ ❞❡❢♦r♠❛çõ❡s t❛♥❣❡♥❝✐❛✐s ❡ ♥♦r♠❛✐s ❡ ♣♦r ✐ss♦ ♥ã♦ r❡s♣♦♥❞❡ ❛❞❡q✉❛❞❛♠❡♥t❡

à s✐t✉❛çã♦ ❡①♣♦st❛✳ ◆❛ ❋✐❣✉r❛ ✼✳✷ ♠♦str❛♠♦s ♦✉tr❛ s✐t✉❛çã♦✿ ♥✉♠ t❡❝✐❞♦✱ s❡♠ ♠♦✈✐✲

♠❡♥t♦✱ ♣✉①❛♠♦s ❞✉❛s ❞❡ s✉❛s ❡①tr❡♠✐❞❛❞❡s ♥ã♦ ❝♦♥s❡❝✉t✐✈❛s✳ ◆♦✈❛♠❡♥t❡ ♦❜s❡r✈❛♠♦s

✉♠❛ s✐t✉❛çã♦ ♥ã♦ r❡❛❧✐st❛✳

❋✐❣✉r❛ ✼✳✷✿ ▼❛✐s ✉♠❛ s✐t✉❛çã♦ ♦♥❞❡ r✉❣❛s ♥ã♦ s✉r❣❡♠✳

✼✳✷ ❆♣❧✐❝❛çã♦ ❞❛ ❋♦rç❛ ❞❡ ❆❝♦♣❧❛♠❡♥t♦

◆♦ss♦ ♣r♦❝❡❞✐♠❡♥t♦ ❜❛s❡✐❛✲s❡ ♥❛ ❛♣❧✐❝❛çã♦ ❞❡ ✉♠❛ ❢♦rç❛ ♣r♦♣♦r❝✐♦♥❛❧ ❛ ✉♠ ❝♦✲

❡✜❝✐❡♥t❡ λ✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❝♦♣❧❛♠❡♥t♦✱ ♥❛ ❞✐r❡çã♦ ♥♦r♠❛❧ ❡♠ ✉♠ ♣♦♥t♦ q✉❛♥❞♦✱

♥♦ ❝ô♠♣✉t♦ ❞❡ ✉♠❛ ❢♦rç❛ ❡❧ást✐❝❛ ❡str✉t✉r❛❧ ♦✉ ❞❡ ❝✐s❛❧❤❛♠❡♥t♦✱ ❢♦r ❞❡t❡❝t❛❞♦ ✉♠❛

❡❧♦♥❣❛çã♦ ♦✉ ❝♦♥tr❛çã♦ ❞❛ ♠♦❧❛✳ ❚♦♠❛r❡♠♦s✱ ♣❛r❛ ❛ ❞❡s❝r✐çã♦ ❞♦ ♣r♦❝❡ss♦✱ ❛s ♠♦❧❛s

❡str✉t✉r❛✐s✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ❛❣❡ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ♣❛r❛ ❛s ♠♦❧❛s ❞❡ ❝✐s❛❧❤❛♠❡♥t♦✳

P❛r❛ ✉♠❛ ♠♦❧❛ ❡str✉t✉r❛❧ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♥❛t✉r❛❧ l0 t❡♠♦s ✉♠ ❝♦♠♣r✐♠❡♥t♦

♠á①✐♠♦ ♣❡r♠✐t✐❞♦ lmax = 1.1l0✱ ♣❛r❛ ♦ ❝♦♥tr♦❧❡ ❞❛ s✉♣❡r✲❡❧❛st✐❝✐❞❛❞❡✳ ❖ q✉❡ ❢❛③❡♠♦s é

❞❡t❡r♠✐♥❛r ✉♠ ❝♦♠♣r✐♠❡♥t♦ ❝rít✐❝♦ lcrit ♣❛r❛ ❛ ♠♦❧❛✱ l0 < lcrit ≤ lmax✱ ❛ ♣❛rt✐r ❞♦ q✉❛❧ ❛

❢♦rç❛ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ♣❛ss❛rá ❛ ❛t✉❛r✳ ❊♠ ♥♦ss❛s s✐♠✉❧❛çõ❡s✱ ✉t✐❧✐③❛♠♦s lcrit = 1.05l0✳



✼✳✷ ❆♣❧✐❝❛çã♦ ❞❛ ❋♦rç❛ ❞❡ ❆❝♦♣❧❛♠❡♥t♦ ✻✼

◗✉❛♥❞♦✱ ❞✉r❛♥t❡ ❛ ❛✈❛❧✐❛çã♦ ❞❛s ❢♦rç❛s ❡❧ást✐❝❛s✱ ♦ ♣♦♥t♦ Pij t✐✈❡r ✉♠ ✈✐③✐♥❤♦ Pkl ❝✉❥❛

♠♦❧❛ ❞❡ ❧✐❣❛çã♦ ❡st❡❥❛ ❝♦♠ t❛♠❛♥❤♦ ❛❝✐♠❛ ❞❡ lcrit ❛♣❧✐❝❛♠♦s ❛♦ ♣♦♥t♦ Pij ❛ ❢♦rç❛

Fa = ±λ∆aNij,

♦♥❞❡ Nij é ❛ ♥♦r♠❛❧ ♥♦ ♣♦♥t♦ Pij✱ ∆a = l − lcrit ♠❡❞❡ ♦ ❛✈❛♥ç♦ ♥❛ r❡❣✐ã♦ a ❞❡

❛♣❧✐❝❛çã♦ ✭❋✐❣✉r❛ ✼✳✸✮ ❡ ♦ s✐♥❛❧ é ❡s❝♦❧❤✐❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡ ❡♠ ❝❛❞❛ ❛♣❧✐❝❛çã♦ ❞❛ ❢♦rç❛✳

❊ss❛ ❡s❝♦❧❤❛ ❛❧❡❛tór✐❛ ♠♦❞❡❧❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ r❡❛❧ ❞♦s t❡❝✐❞♦s q✉❛♥❞♦ ♣❡r♠✐t❡ q✉❡

❛s r✉❣❛s ❣❡r❛❞❛s ✈❛r✐❡♠ ❞❡ ♣♦s✐çã♦✱ ❛♦ r❡♣❡t✐r✲s❡ ✈ár✐❛s ✈❡③❡s ✉♠❛ ♠❡s♠❛ s✐♠✉❧❛çã♦✳

❈♦♠ ❡ss❛ ❛♣❧✐❝❛çã♦✱ ❛s ❞♦❜r❛s s✉r❣❡♠ ♥♦ t❡❝✐❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ r✐❣✐❞❡③ ❞❡ ❝✉r✈❛t✉r❛

❞♦ ♠❡s♠♦✳

❋✐❣✉r❛ ✼✳✸✿ ❘❡❣✐ã♦ a ❞❡ ❛♣❧✐❝❛çã♦ ❞❛ ❢♦rç❛ ❞❡ ❛❝♦♣❧❛♠❡♥t♦✳

❊ss❡ ♣r♦❝❡❞✐♠❡♥t♦ é ❛♣❧✐❝❛❞♦ ❞❛ ♠❡s♠❛ ❢♦r♠❛ ♣❛r❛ ♦ ❝❛s♦ ❞❛ ❝♦♥tr❛çã♦ ❞❛s

♠♦❧❛s✱ s✉❜st✐t✉✐♥❞♦✲s❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❝rít✐❝♦ ♣♦r ✉♠❛ ❢r❛çã♦ ♠❡♥♦r q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦

♥❛t✉r❛❧ l0 ❞❛ ♠♦❧❛✱ ♣♦r ❡①❡♠♣❧♦ lcrit = 0.95l0✳ ◗✉❛♥❞♦ ❛s ♠♦❧❛s ♣♦ss✉ír❡♠ t❛♠❛♥❤♦

✐♥❢❡r✐♦r ❛ ❡st❡✱ ❛ ❢♦rç❛ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ é ❛♣❧✐❝❛❞❛✳

❆ ❛♣❧✐❝❛çã♦ ❞❛ ❢♦rç❛ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ é ❢❡✐t❛ ❞❛ ♠❡s♠❛ ❢♦r♠❛ ♣❛r❛ ♦s ♠♦❞❡❧♦s

❞❡❢♦r♠á✈❡✐s ❡st✉❞❛❞♦s✱ Pr♦✈♦t ❬✸✼❪ ❡ ❇r✐❞s♦♥ ❡t ❛❧✳ ❬✶✶❪✳ P♦ré♠✱ ♥❡st❡ ú❧t✐♠♦✱ ❢♦✐

♥❡❝❡ssár✐❛ ✉♠❛ ♣❡q✉❡♥❛ ❛❧t❡r❛çã♦✱ ✈✐st♦ q✉❡ ♥❡❧❡ ♥ã♦ é ♣❡r♠✐t✐❞♦ ❝♦♠♣r❡ssã♦ ♣❛r❛

❛s ♠♦❧❛s ✭❙❡çã♦ ✹✳✸✮✳ P❡r♠✐t✐♠♦s✱ ❡①❛t❛♠❡♥t❡ ❝♦♠♦ ♥♦ ♠♦❞❡❧♦ ❞❡ Pr♦✈♦t ❬✸✼❪✱ ❛

❝♦♠♣r❡ssã♦ ❞❛s ♠♦❧❛s ❞❡ ❢♦r♠❛ q✉❡ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❛ ❢♦rç❛ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ♥❡ss❛

s✐t✉❛çã♦✳ ❖✉tr❛ ♣❛rt✐❝✉❧❛r✐❞❛❞❡ ❞❡ss❡ ♠❡s♠♦ ♠♦❞❡❧♦ é q✉❡ ❡❧❡ ♥ã♦ ♣♦ss✉✐ ♠♦❧❛s ❞❡

❝✐s❛❧❤❛♠❡♥t♦ ❡ s✐♠ ♠♦❧❛s ❡str✉t✉r❛✐s ❝♦♠ ❝♦♠♣r✐♠❡♥t♦s ♥❛t✉r❛✐s ❞✐❢❡r❡♥t❡s ✭❞♦✐s ❡♠

♥♦ss♦ ❝❛s♦✮✳ ❆ss✐♠ ❛♣❧✐❝❛♠♦s ❛ té❝♥✐❝❛ ❛♣❡♥❛s ♥❡ss❛s ♠♦❧❛s ✉s❛♥❞♦ ❝♦♠♣r✐♠❡♥t♦s

❝rít✐❝♦s ❛♣r♦♣r✐❛❞♦s ♣❛r❛ ❝❛❞❛ ✉♠❛✳

❆ ❋✐❣✉r❛ ✼✳✹ ♠♦str❛ ♦ r❡s✉❧t❛❞♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞❛s ❢♦rç❛s ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ♣❛r❛

♦s ❡①❡♠♣❧♦s ❞❛ s❡çã♦ ❛♥t❡r✐♦r✳ ❖ ❆♣ê♥❞✐❝❡ ❈ ❡①✐❜❡ ❛❧❣✉♥s q✉❛❞r♦s ❞❛ ❛♥✐♠❛çã♦ ❞❛



✻✽ ❆ ❋♦rç❛ ❞❡ ❆❝♦♣❧❛♠❡♥t♦

❜❛♥❞❡✐r❛ ♣❡♥❞✉r❛❞❛ ♣♦r ✉♠ ♣♦♥t♦ ❝♦♠ ♦ ✉s♦ ❞❡ ♥♦ss♦ ❛❝♦♣❧❛♠❡♥t♦✳

❋✐❣✉r❛ ✼✳✹✿ ❘❡s♣♦st❛ ❝♦❡r❡♥t❡ ❞♦ ♠♦❞❡❧♦ ❝♦♠ ❢♦rç❛s ❞❡ ❛❝♦♣❧❛♠❡♥t♦✳



Capı́tulo 8

❈♦♥❝❧✉sõ❡s ❡ ❋✉t✉r♦s ❚r❛❜❛❧❤♦s

❋✐♥❛❧✐③❛♠♦s✱ ♥❡st❡ ❝❛♣ít✉❧♦✱ ♦ ♥♦ss♦ ❡st✉❞♦ s♦❜r❡ ♠♦❞❡❧♦s ❞❡❢♦r♠á✈❡✐s ❡ ❛❧❣♦✲

r✐t♠♦s ❞❡ ❝♦❧✐sõ❡s ❝♦♠ ❛s ❝♦♥❝❧✉sõ❡s ❡ ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s✳ Pr♦❝✉r❛♠♦s✱

t❛♠❜é♠✱ tr❛ç❛r ♠❡t❛s ♣❛r❛ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ♥♦ss♦s ❡st✉❞♦s s♦❜r❡ ♦s t❡♠❛s ❛tr❛✈és

❞❡ ♣r♦♣♦st❛s ♣❛r❛ ❢✉t✉r♦s tr❛❜❛❧❤♦s✳

✽✳✶ ❈♦♥❝❧✉sõ❡s

❖ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r ❞❡ Pr♦✈♦t ❬✸✼❪ ♠♦str♦✉✱ ♣❛r❛ ♥ós✱ t❡r ♠❛✐♦r ✐♠♣♦r✲

tâ♥❝✐❛ ❤✐stór✐❝❛ ❡ ❞✐❞át✐❝❛ q✉❡ ✐♠♣♦rtâ♥❝✐❛ ♣rát✐❝❛✳ ❙❡✉ ♠ét♦❞♦ s✐♠♣❧❡s ❞❡ ✐♥t❡❣r❛çã♦✱

s✉❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ❝✉r✈❛t✉r❛ ♣♦r ♠♦❧❛s ✭♦ q✉❡ ✐♠♣♦ss✐❜✐❧✐t❛ ❛ ♣ré✲♠♦❧❞❛❣❡♠ ❞❡ ❞♦❜r❛s✮

❡ ♦ s❡✉ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❝♦rr❡çã♦ ❞❛ s✉♣❡r✲❡❧❛st✐❝✐❞❛❞❡ ✭q✉❡ ♥ã♦ ❝♦♥s❡r✈❛ ♦ ♠♦♠❡♥t♦

❧✐♥❡❛r✮ ♦ t♦r♥❛♠ ✉♠ ♠♦❞❡❧♦ ♣♦✉❝♦ r❡❛❧íst✐❝♦ ❡ ♣♦✉❝♦ ✈❡rsát✐❧✳ ❊♥tr❡t❛♥t♦✱ ♥♦s s❡r✈✐✉✱

❛❞❡q✉❛❞❛♠❡♥t❡✱ ❝♦♠♦ ✉♠ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ♣❛r❛ ♥♦ss♦s ❡st✉❞♦s✳

❖ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r ❞❡ ❇r✐❞s♦♥ ❡t ❛❧✳ ❬✶✶❪ ♠♦str♦✉✲s❡ ♠❛✐s r❡❛❧ís✲

t✐❝♦✳ ❆ ♠❛❧❤❛ tr✐❛♥❣✉❧❛❞❛ r❡♣r❡s❡♥t❛ ♠❡❧❤♦r s✉♣❡r❢í❝✐❡s ❝✉r✈❛s✱ ❛ ❝♦rr❡çã♦ ❞❛ s✉♣❡r✲

❡❧❛st✐❝✐❞❛❞❡ ❝♦♠ ❝♦♥s❡r✈❛çã♦ ❞♦ ♠♦♠❡♥t♦ ❧✐♥❡❛r tr❛③ ✉♠❛ ♠♦❜✐❧✐❞❛❞❡ ❝♦♠♣❛rá✈❡❧ à

❞❡ t❡❝✐❞♦s r❡❛✐s✱ ♦ s✐st❡♠❛ ❞❡ ✐♥t❡❣r❛çã♦ ♠❛✐s ❡❧❛❜♦r❛❞♦ ♠❡❧❤♦r❛ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡ ❛

♠♦❞❡❧❛❣❡♠ ❞❛ ❝✉r✈❛t✉r❛ ♣♦r â♥❣✉❧♦s ❡♥tr❡ tr✐â♥❣✉❧♦s ♣❡r♠✐t❡♠ t❛♥t♦ ♠❛✐s r❡❛❧✐s♠♦

q✉❛♥t♦ ✉♠ ♥ú♠❡r♦ ♠❛✐♦r ❞❡ ❛♣❧✐❝❛çõ❡s ♣❛r❛ ❡ss❡ ♠♦❞❡❧♦✳

◆❡♥❤✉♠ ❞❡ss❡s ♠♦❞❡❧♦s ❝♦♥t❡♠♣❧❛ r❡❧❛çõ❡s ❡♥tr❡ ❞❡❢♦r♠❛çõ❡s t❛♥❣❡♥❝✐❛✐s ❡ ♥♦r✲

♠❛✐s ❡✱ ♣♦r ✐ss♦✱ ❡❧❡s ♥ã♦ ❣❡r❛♠ ❞♦❜r❛s ❡ r✉❣❛s ❡s♣♦♥t❛♥❡❛♠❡♥t❡✳ Pr♦♣✉s❡♠♦s ♦ ✉s♦

❞❛ ❢♦rç❛ ❞❡ ✉♠❛ ❛❝♦♣❧❛♠❡♥t♦ ❡♥tr❡ ❡ss❛s ❞❡❢♦r♠❛çõ❡s✱ ❡♠ ❛♠❜♦s ♦s ♠♦❞❡❧♦s✱ ❝♦♠♦



✼✵ ❈♦♥❝❧✉sõ❡s ❡ ❋✉t✉r♦s ❚r❛❜❛❧❤♦s

s♦❧✉çã♦ ♣❛r❛ ❡ss❡ ♣r♦❜❧❡♠❛✳

P♦❞❡♠♦s✱ ❛♣r♦♣r✐❛❞❛♠❡♥t❡✱ r❡♣❡t✐r ❛ ♣r✐♠❡✐r❛ ❢r❛s❡ ❞♦s ❞♦✐s ♣r✐♠❡✐r♦s ♣❛rá❣r❛❢♦s

❞❡ss❛ s❡çã♦ ♣❛r❛ ♦s ❛❧❣♦r✐t♠♦s ❞❡ ❝♦❧✐sõ❡s ❞❡ Pr♦✈♦t ❬✸✽❪ ❡ ❞❡ ❇r✐❞s♦♥ ❡t ❛❧✳ ❬✶✵❪✱ r❡s♣❡❝✲

t✐✈❛♠❡♥t❡✳ ❖ ♣r✐♠❡✐r♦ r❡✈❡❧♦✉✲s❡ ✐♥s✉✜❝✐❡♥t❡ ♣❛r❛ ❛ ❝♦rr❡t❛ ❞❡t❡❝çã♦ ❡ tr❛t❛♠❡♥t♦ ❞❡

❝♦❧✐sõ❡s ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣♦r ♥❡❣❧✐❣❡♥❝✐❛r ❡rr♦s ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ ❞❛ ♠áq✉✐♥❛ ❡ ❡rr♦s

❞❡ tr✉♥❝❛♠❡♥t♦ ❞❡ ✈❛❧♦r❡s✳ ❖ s❡❣✉♥❞♦ ❝♦♥s✐❞❡r❛ ❡ss❡s ❡rr♦s✱ ❞❡s❡♥✈♦❧✈❡ ✉♠❛ té❝♥✐❝❛

♠❛✐s ❝♦❡r❡♥t❡ ❞❡ ❛♣❧✐❝❛çã♦ ❞❡ ✐♠♣✉❧s♦s ♣❛r❛ ❛ ❝♦rr❡çã♦ ❞❛s ✈❡❧♦❝✐❞❛❞❡s ❡ ❝♦rr✐❣❡ ♦

♣r♦❝❡ss♦ ❞❡ ③♦♥❛s ❞❡ ✐♠♣❛❝t♦✱ ♣r♦♣♦st♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❬✸✽❪✳

✽✳✷ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

◆ã♦ ❢♦✐ ❢á❝✐❧ ♣❛r❛ ♥ós✱ ❞❡♥tr♦ ❞♦ ❝✉rt♦ ♣r❛③♦ ❞❡ ✉♠ ❝✉rs♦ ❞❡ ♠❡str❛❞♦✱ ❡st✉❞❛r

❡ ✐♠♣❧❡♠❡♥t❛r ❞♦✐s ♠♦❞❡❧♦s ❞❡❢♦r♠á✈❡✐s ❡ ❞♦✐s ❛❧❣♦r✐t♠♦s ❞❡ ❝♦❧✐sõ❡s✳ ▼✉✐t♦s ❢♦r❛♠

♦s ❛rt✐❣♦s ❡ ❧✐✈r♦s ❧✐❞♦s ♣❛r❛ ❛❧❝❛♥ç❛r♠♦s ❡ss❡ ✜♠✳ ❆❧é♠ ❞✐ss♦✱ t✐✈❡♠♦s q✉❡ ❡st✉❞❛r

❝❛♠♣♦s ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦s ❝♦♠♦ ♦s ❞❛ ❋ís✐❝❛ ❡ ❞❛s ❈✐ê♥❝✐❛s ❞❛ ❈♦♠♣✉t❛çã♦✳ ◆❡ss❡

ú❧t✐♠♦✱ ❡st✉❞❛♠♦s ❛ ❜✐❜❧✐♦t❡❝❛ ▼❡s❛ ❡ ♦ ●▲❯❚✱ ♣r♦❣r❛♠❛çã♦ ❡♠ ❈✰✰✱ ❡str✉t✉r❛s ❞❡

❞❛❞♦s✱ ♦r✐❡♥t❛çã♦ à ♦❜❥❡t♦s ✭❛♦ ♠❡♥♦s s♦❜r❡❝❛r❣❛ ❞❡ ♦♣❡r❛❞♦r❡s✮✱ ❡♥✜♠✱ ✉♠❛ ❣r❛♥❞❡

q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥❢♦r♠❛çã♦ t❡✈❡ ❞❡ s❡r ❞✐❣❡r✐❞❛✳

❆rt✐❣♦s r❡♠❡t❡♠ à ♦✉tr♦s ❛rt✐❣♦s ❡♠ ❝❛❞❡✐❛s q✉❛s❡ s❡♠ ✜♠✳ Pr❡❝✐s❛♠♦s✱ ❡♥tã♦✱

❢❛③❡r tr✉♥❝❛♠❡♥t♦s ♥❡ss❛s ❝❛❞❡✐❛s ❛tr❛✈és ❞❡ ❡s❝♦❧❤❛s❀ ❡st❛s✱ q✉❛s❡ s❡♠♣r❡✱ ❞✐r❡❝✐♦♥❛❞❛s

à s✐♠♣❧✐❝✐❞❛❞❡✳

❖♣t❛♠♦s ♣♦r ♥ã♦ ❛♣❧✐❝❛r ♠ét♦❞♦s✱ ❝♦♠♦ ♦ ❞♦ ❣r❛❞✐❡♥t❡ ❝♦♥❥✉❣❛❞♦ ❬✸✾❪✱ ♣❛r❛ ❛

s♦❧✉çã♦ ❞❡ s✐st❡♠❛s ✐♠♣❧í❝✐t♦s✳ ❊♠ ✈❡③ ❞✐ss♦✱ ♣r♦❝✉r❛♠♦s s♦❧✉çõ❡s ❛❧t❡r♥❛t✐✈❛s ✭❝♦♠♦

❡♠ ✹✳✷ ❡ ✻✳✸✮ q✉❡✱ ❛♣❡s❛r ❞❡ s✐♠♣❧❡s✱ s❡r✈✐ss❡♠ ❛♦s ♦❜❥❡t✐✈♦s ✐♥✐❝✐❛✐s ❞❡ ♥♦ss♦ ❡st✉❞♦✳

❊✈✐t❛♠♦s ✐♠♣❧❡♠❡♥t❛r ❛ ❡t❛♣❛ ❞❡ ❝♦❧✐sõ❡s ❞♦ ❛rt✐❣♦ ❬✶✶❪ ♣♦✐s ❡st❛ ♥❡❝❡ss✐t❛ ❞❡ ❡str✉t✉r❛s

❞❡ ❞❛❞♦s ❡ té❝♥✐❝❛s q✉❡ ♥ã♦ ❝❛❜❡r✐❛♠ ♥♦ ❡s❝♦♣♦ ❞❡ss❡ tr❛❜❛❧❤♦ ✭❡ss❛ ❡t❛♣❛ r❡♠❡t❡

❛♦ ❡st✉❞♦ ❞❡ ♥♦✈♦s ❝♦♥❝❡✐t♦s ❝♦♠♦ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❝♦♠ s✐♥❛❧✱ ♠♦❞❡❧♦s ✐♠♣❧í❝✐t♦s✱

❡♥tr❡ ♦✉tr♦s✮✳ ❚❛♠❜é♠ ❡✈✐t❛♠♦s ♦ ♣ós✲♣r♦❝❡ss❛♠❡♥t♦ ♣♦r s✉❜❞✐✈✐sã♦ ♥♦ ❛rt✐❣♦ ❞❡

❝♦❧✐sõ❡s ❬✶✵❪✳ ❊ss❛ té❝♥✐❝❛ é ❞❡❞✐❝❛❞❛ ❛ ✉♠❛ ♠❡❧❤♦r✐❛ ♥❛ ❛♣❛rê♥❝✐❛ ❞♦ t❡❝✐❞♦ ❛tr❛✈és

❞❛ s✉❛✈✐③❛çã♦ ❞❛ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r✱ ♣♦rt❛♥t♦ ♣ô❞❡ s❡r ♣♦st❛ à ♣❛rt❡ ♥ã♦ ❝♦♠♣r♦♠❡t❡♥❞♦

♥♦ss♦s ♦❜❥❡t✐✈♦s✳

❖s ♠♦❞❡❧♦s ❛♣r❡s❡♥t❛❞♦s ❢✉♥❝✐♦♥❛r❛♠ ❞❛ ❢♦r♠❛ ❡s♣❡r❛❞❛✱ ♠❡s♠♦ ❝♦♠ ❛s r❡str✐✲



✽✳✸ ❋✉t✉r♦s ❚r❛❜❛❧❤♦s ✼✶

çõ❡s ❢❡✐t❛s ♥❛s ✐♠♣❧❡♠❡♥t❛çõ❡s✳ P✉❞❡♠♦s r❡❛❧✐③❛r s✐♠✉❧❛çõ❡s s❡♠❡❧❤❛♥t❡s às ❡♥❝♦♥tr❛✲

❞❛s ♥♦s tr❛❜❛❧❤♦s ❡st✉❞❛❞♦s ❡✱ ❛❧é♠ ❞✐ss♦✱ ❝r✐❛♠♦s s✐t✉❛çõ❡s ♥♦✈❛s ❞♦♥❞❡✱ ✐♥❝❧✉s✐✈❡✱

❞❡t❡❝t❛♠♦s ✉♠❛ ❢❛❧t❛ ❞❡ r❡❛❧✐s♠♦ ❡ ♣r♦♣♦♠♦s ✉♠❛ s♦❧✉çã♦✳

✽✳✸ ❋✉t✉r♦s ❚r❛❜❛❧❤♦s

❯♠❛ ✈❡③ ❛❧❝❛♥ç❛❞♦s ♥♦ss♦s ♦❜❥❡t✐✈♦s ✐♥✐❝✐❛✐s ♥♦s ❡st✉❞♦s ❞❡ ♠♦❞❡❧♦s ❞❡❢♦r♠á✈❡✐s✱

❡①✐st❡♠ ✈ár✐❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ tr❛❜❛❧❤♦s q✉❡ ♥♦s ♣❡r♠✐t❛♠ ❝♦♥s♦❧✐❞❛r ❡ ❡①♣❛♥❞✐r

♥♦ss♦s ❝♦♥❤❡❝✐♠❡♥t♦s ♥❛ ár❡❛✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛❧♠❡❥❛♠♦s ❝♦♥❝❧✉✐r ❛ ❝♦♥str✉çã♦ ❞♦s ♠♦❞❡❧♦s ❞❡❢♦r♠á✈❡✐s ❡ ❛❧✲

❣♦r✐t♠♦s ❞❡ ❝♦❧✐sõ❡s ❥á ❡st✉❞❛❞♦s✱ ❛❝r❡s❝❡♥t❛♥❞♦ ♦ q✉❡ ❧❤❡s ❞❡✐①❛♠♦s ❢❛❧t❛r ♦✉ ♦ q✉❡✱

❞❡❧✐❜❡r❛❞❛♠❡♥t❡✱ ❛❧t❡r❛♠♦s✱ ❝♦♠♦ ❞✐t♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✳ ■ss♦ ✐♠♣❧✐❝❛ ♥❛ t❛r❡❢❛ r❡❧❛✲

❝✐♦♥❛❞❛ ❞❡ ❞❡s❡♥✈♦❧✈❡r ❛s ❡str✉t✉r❛s ❞❡ ❞❛❞♦s ❡ té❝♥✐❝❛s ❝♦♠♣❧❡♠❡♥t❛r❡s ♥❡❝❡ssár✐❛s✳

Pr♦❝✉r❛r❡♠♦s ❞❡s❡♥✈♦❧✈❡r t❛♠❜é♠✱ ♥❡ss❡ í♥t❡r✐♠✱ ♥♦ss❛s ❤❛❜✐❧✐❞❛❞❡s ♣❛r❛ ❛ ♦r✐❡♥t❛çã♦

à ♦❜❥❡t♦s✱ ✈✐s❛♥❞♦ ❛s ✈❛♥t❛❣❡♥s ✐♥❡r❡♥t❡s ❛ ❡ss❡ t✐♣♦ ❞❡ ♣r♦❣r❛♠❛çã♦✳

P❛r❛ ♦s ♠♦❞❡❧♦s ❞❡❢♦r♠á✈❡✐s ♣♦❞❡♠♦s ❡st✉❞❛r ❛ té❝♥✐❝❛ ❞❡ ❝♦rr❡çã♦ ❞❛ s✉♣❡r✲

❡❧❛st✐❝✐❞❛❞❡ ✭❛ ♦r❞❡♠ ❞❡ ❛❥✉st❡ ❞❛s ♠♦❧❛s ❡ ❝♦♠♦ ♦ ❛❥✉st❡ ❞❡✈❡ s❡r ❢❡✐t♦✮✱ ❛ ❡✜❝✐ê♥❝✐❛

❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ s❡✉s s✐st❡♠❛s ❞❡ ✐♥t❡❣r❛çã♦ ♥✉♠ér✐❝❛ ❡ ❛ ♠♦❞❡❧❛❣❡♠ ♠❛✐s ♣r❡❝✐s❛ ❞♦

❛tr✐t♦ ❡ ❞❡ ❢♦rç❛s ❡①t❡r♥❛s ✭❝♦♠♦ ♦ ✈❡♥t♦✱ ♣♦r ❡①❡♠♣❧♦✮✳

P❛r❛ ♦ ❡st✉❞♦ ❞❡ ❛❧❣♦r✐t♠♦s ❞❡ ❝♦❧✐sõ❡s✱ ❞❡✈❡♠♦s s✉❜♠❡tê✲❧♦s ❛ ✉♠ ♠❛✐♦r ♥ú♠❡r♦

❞❡ s✐t✉❛çõ❡s✳ ❆ ❝♦♥str✉çã♦ ❞❡ ♠❛♥❡q✉✐♥s ♠ó✈❡✐s ✈✐rt✉❛✐s ❡ ♦❜❥❡t♦s ❞❡ ❣❡♦♠❡tr✐❛s

❝♦♠♣❧❡①❛s s❡rã♦ ♣❛ss♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ❡st✉❞♦ ❞♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❡ss❡s ❛❧❣♦r✐t♠♦s✳

❖s ♣ró♣r✐♦s ❝r✐❛❞♦r❡s ❞♦ ❛❧❣♦r✐t♠♦ ❬✶✵❪ ✐♥❞✐❝❛♠✱ ♣❛r❛ s❡✉s ❢✉t✉r♦s tr❛❜❛❧❤♦s✱ ♦ ❡st✉❞♦

❞❡ ❝♦❧✐sõ❡s ❝♦♠ ♦❜❥❡t♦s ♣♦♥t✐❛❣✉❞♦s ❡ ❝♦❧✐sõ❡s ❞♦ t❡❝✐❞♦ ✏❡♥❣❛✈❡t❛❞♦✑ ❡♥tr❡ ❞♦✐s ♦❜❥❡t♦s✳

Pr♦❝✉r❛r❡♠♦s s✐t✉❛çõ❡s ❝♦♠♦ ❡st❛s ❡♠ ♥♦ss♦s ❡st✉❞♦s ✈✐♥❞♦✉r♦s✳

❖s ❝✉st♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s t❛♠❜é♠ s❡rã♦ ♦❜❥❡t♦s ❞❡ ♥♦ss♦ ✐♥t❡r❡ss❡✳ P❛r❛ ♦ tr❛✲

t❛♠❡♥t♦ ❞❡ ❝♦❧✐sõ❡s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ té❝♥✐❝❛s q✉❡ ❣❛r❛♥t❛♠ rá♣✐❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠

s❡✉s r❡s✉❧t❛❞♦s ❝♦♥tr✐❜✉❡♠ ♣❛r❛ ♦ ❜❛✐①♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❡ ♠❛✐♦r ❡✜❝✐ê♥❝✐❛ ❞♦

❛❧❣♦r✐t♠♦✳

Pr❡t❡♥❞❡♠♦s t❛♠❜é♠ ❛♠♣❧✐❛r ♥♦ss♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❜✐❜❧✐♦❣rá✜❝♦s s♦❜r❡ ♦s ♠♦✲

❞❡❧♦s ❞❡❢♦r♠á✈❡✐s ❞❡ ♣❛rtí❝✉❧❛s✱ ❛❧❣♦r✐t♠♦s ❞❡ ❝♦❧✐sõ❡s✱ té❝♥✐❝❛s ♥✉♠ér✐❝❛s✱ ❢❡rr❛♠❡♥t❛s

❝♦♠♣✉t❛❝✐♦♥❛✐s ✭❛♣❧✐❝á✈❡✐s ❛♦ ❝♦♥t❡①t♦ ❞❡ ❝♦♠♣✉t❛çã♦ ❣rá✜❝❛✮ ❡ ❛♣❧✐❝❛çõ❡s ♣♦ssí✈❡✐s



✼✷ ❈♦♥❝❧✉sõ❡s ❡ ❋✉t✉r♦s ❚r❛❜❛❧❤♦s

♣❛r❛ ♦s ♠♦❞❡❧♦s ✭s❡❥❛♠ ♠❛t❡♠át✐❝❛s✱ ♠é❞✐❝❛s✱ ♥♦ ❡♥tr❡t❡♥✐♠❡♥t♦ ♦✉ ❡♠ q✉❛❧q✉❡r ♦✉tr❛

ár❡❛ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦✮✳



Apêndice A

▼ét♦❞♦s ◆✉♠ér✐❝♦s

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❜r❡✈❡ ❞❡s❝r✐çã♦ ❞♦s ♠ét♦❞♦s ❞❡ ❊✉❧❡r ❡ tr❛✲

♣❡③♦✐❞❛❧✱ ✉s❛❞♦s ❡♠ ♥♦ss♦ ❡st✉❞♦✱ ♣❛r❛ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s

♦r❞✐♥ár✐❛s ✭❊❉❖✮✳

❊✉❧❡r ❆✈❛♥ç❛❞♦ ✭❋❊✮✿ ♦ ♠❛✐s s✐♠♣❧❡s ♠ét♦❞♦ ♣❛r❛ s♦❧✉çã♦ ❞❡ ✉♠❛ ❊❉❖✳ ❊❧❡ ✉s❛ ❛

✐♥❝❧✐♥❛çã♦ ❡♠ ❝❛❞❛ ♣♦♥t♦✱ ❝❛❧❝✉❧❛❞❛ ❝♦♠ ❛ ❊❉❖✱ ♣❛r❛ ❡①tr❛♣♦❧❛r ❡ ❡♥❝♦♥tr❛r ♦ ♣ró①✐♠♦

♣♦♥t♦✿

xn+1 = xn + hx
′

n.

P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ✐♥t❡❣r❛r ❛ ❊❉❖ x
′

(t) = −2x(t) + t✱ ❝♦♠ x(0) = 1✱ ✉s❛♥❞♦ ♦ ♣❛ss♦

h = 0.1✱ ❢❛③❡♠♦s

x(0.1) = x(0) + hx
′

(0) = 1 + (0.1)(−2(1) + 0) = 0.8 .

❊✉❧❡r ❘❡❝✉❛❞♦ ✭❇❊✮✿ ❡ss❡ ♠ét♦❞♦✱ ✉♠ ♣♦✉❝♦ ♠❛✐s ❝♦♠♣❧✐❝❛❞♦✱ t♦♠❛ ✉♠ ♣❛ss♦ ❞♦

♠ét♦❞♦ ❋❊ ♣❛r❛ ✉s❛r ❛ ✐♥❝❧✐♥❛çã♦ ❞♦ ♣♦♥t♦ à ❢r❡♥t❡✱ ❡ ♥ã♦ ❛ ❞♦ ♣♦♥t♦ ♦r✐❣✐♥❛❧✱ ♣❛r❛

❡①tr❛♣♦❧❛r ❛ ♣❛rt✐r ❞♦ ♣♦♥t♦ ♦r✐❣✐♥❛❧✿

xn+1 = xn + hx
′

n+1,FE

♦♥❞❡ xn+1,FE é ♦ r❡s✉❧t❛❞♦ ❞♦ ♣❛ss♦ ❋❊ ❞❡ xn ❡ x
′

n+1,FE é ❛ ✐♥❝❧✐♥❛çã♦ ♥❡ss❡ ♣♦♥t♦✳ P♦r

❡①❡♠♣❧♦✱ ♣❛r❛ ✐♥t❡❣r❛r ❛ ♠❡s♠❛ ❊❉❖ ❛♥t❡r✐♦r ✭❝♦♠ ♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s✮ ✉s❛♥❞♦

❇❊✱ ❢❛③❡♠♦s

x(0.1)FE = x(0) + hx
′

(0) = 1 + (0.1)(−2(1) + 0) = 0.8



✼✹ ▼ét♦❞♦s ◆✉♠ér✐❝♦s

❡✱ ❡♠ s❡❣✉✐❞❛✱

x(0.1) = x(0) + h
(

x
′

(0.1)FE

)

= 1 + (0.1)(−2(0.8) + 0.1) = 0.85 .

▼ét♦❞♦ ❚r❛♣❡③♦✐❞❛❧✿ ❡st❡ ♠ét♦❞♦ t♦♠❛ ✉♠ ♣❛ss♦ ❋❊ ♣❛r❛ ♦❜t❡r xn+1,FE✱ ✉s❛ ❛

❊❉❖ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ✐♥❝❧✐♥❛çã♦ ♥❡ss❡ ♣♦♥t♦ ❡ t♦♠❛ ❛ ♠é❞✐❛ ❡♥tr❡ ❡ss❛ ✐♥❝❧✐♥❛çã♦ ❡

❛ ✐♥❝❧✐♥❛çã♦ ❞♦ ♣♦♥t♦ ❛t✉❛❧ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞♦ ♣ró①✐♠♦ ♣♦♥t♦✿

xn+1 = xn +
h

2

(

x
′

n + x
′

n+1,FE

)

.

P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ✐♥t❡❣r❛r ❛ ♠❡s♠❛ ❊❉❖ ❛♥t❡r✐♦r ✭❝♦♠ ♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s✮ ✉s❛♥❞♦

❇❊✱ ❢❛③❡♠♦s

x(0.1)FE = x(0) + hx
′

(0) = 1 + (0.1)(−2(1) + 0) = 0.8

❡✱ ❡♠ s❡❣✉✐❞❛✱

x(0.1) = x(0)+
h

2

(

x
′

(0)+x
′

(0.1)FE

)

= 1+(0.05)[(−2(1)+0)+(−2(0.8)+0.1)] = 0.825 .

❊st❡ ú❧t✐♠♦ ♠ét♦❞♦ é ♦ ♠❛✐s ♣r❡❝✐s♦ ❞♦s três✱ ❛♣r❡s❡♥t❛♥❞♦ ❡rr♦s ❞❡ ♦r❞❡♠ O(h3)✳

❖s ❞❡♠❛✐s ❛♣r❡s❡♥t❛♠ ❡rr♦s ❞❡ ♦r❞❡♠ O(h2)✳ ❯♠ ❡st✉❞♦ ❞❡t❛❧❤❛❞♦ s♦❜r❡ ❡rr♦s✱ ❡s✲

t❛❜✐❧✐❞❛❞❡ ❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❛ s♦❧✉çã♦ ❞❡ ❊❉❖ ♣♦❞❡♠ s❡r

❡♥❝♦♥tr❛❞♦s ♥❛s r❡❢❡rê♥❝✐❛s ❬✶✻❪ ❡ ❬✻❪✳



Apêndice B

Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧ ❡ ❚❡♥s♦r❡s

❈♦♠❡ç❛r❡♠♦s ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r ❡ s❡❣✉✐r❡♠♦s ❝♦♠ ❛s ❞❡✜♥✐çõ❡s

❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❡ t❡♥s♦r❡s✳ P❛r❛ ♥♦ss♦ ❡st✉❞♦✱ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ s❡rá t♦♠❛❞♦

❛♣❡♥❛s s♦❜r❡ ❞♦✐s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡ ❞✐♠❡♥sõ❡s ✜♥✐t❛s✱ ❛ s❛❜❡r✱ ❞✉❛s ❝ó♣✐❛s ❞♦ R
3✳

P❛r❛ ❝♦♥❤❡❝❡r ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ♣❛r❛ ♠❛✐s ❡s♣❛ç♦s✱ ✐♥❝❧✉s✐✈❡ ❞❡ ❞✐✲

♠❡♥sã♦ ✐♥✜♥✐t❛✱ ❛❧é♠ ❞❡ ♥♦çõ❡s ❞❡ á❧❣❡❜r❛ ❞❡ t❡♥s♦r❡s✱ r❡❝♦♠❡♥❞❛♠♦s ❛ ❧❡✐t✉r❛ ❞♦

❧✐✈r♦ ❬✸✶❪✳

❉❡✜♥✐çã♦ ✶ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❡ s❡❥❛♠ U, V ❡ W ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳ ❆ ❛♣❧✐❝❛çã♦ ϕ :

U × V → W é ❝❤❛♠❛❞❛ ❜✐❧✐♥❡❛r s❡ ❢♦r ❧✐♥❡❛r ❡♠ s✉❛s ❞✉❛s ❝♦♦r❞❡♥❛❞❛s✱ ✐st♦ é✱

• ϕ(u + v, p + q) = ϕ(u, p) + ϕ(v, p) + ϕ(u, q) + ϕ(v, q) ❡

• ϕ(ku, sp) = ksϕ(u, p)✱

♣❛r❛ q✉❛✐sq✉❡r u, v ∈ U ✱ p, q ∈ V ❡ k, s ∈ K✳

❉❡✜♥✐çã♦ ✷ ❙❡❥❛♠ U ❡ V ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡ ❞✐♠❡♥sõ❡s m ❡ n✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❯♠ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ U ♣♦r V é ✉♠ ♣❛r (Z, ϕ) q✉❡ s❛t✐s❢❛③ ♦s ❝r✐tér✐♦s

• Z é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ϕ : U × V → Z é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r❀

• ❞✐♠(Z) = mn ❡

• ϕ(U × V ) ❣❡r❛ ♦ ❡s♣❛ç♦ Z✳

◆♦♠❡♥❝❧❛t✉r❛✿

• ✉s❛♠♦s U ⊗ V ♣❛r❛ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ U ♣♦r V ❀

• r❡♣r❡s❡♥t❛✲s❡ ϕ(u, v) ♣♦r u ⊗ v✱ ❧❡♥❞♦✲s❡ ✏u t❡♥s♦r v✑❀



✼✻ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧ ❡ ❚❡♥s♦r❡s

• ♦s ❡❧❡♠❡♥t♦s ❞❡ U ⊗V sã♦ ❝❤❛♠❛❞♦s ❞❡ t❡♥s♦r❡s ✭♦✉ 2✲t❡♥s♦r❡s✱ ♣❡❧♦ ✉s♦ ❞❡ ❞♦✐s

❡s♣❛ç♦s✮✳

❆♣r❡s❡♥t❛♠♦s ✉♠❛ ✭♦ ❧✐✈r♦ ❬✸✶❪ ♠♦str❛ três✮ ❝♦♥str✉çã♦ ♣❛r❛ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧

❡♥tr❡ ❞♦✐s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳ ❙❡❥❛♠ {e1, . . . , em} ❡ {f1, . . . , fn} ❜❛s❡s ❞♦s ❡s♣❛ç♦s U

❡ V ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❚♦♠❡♠♦s ✉♠❛ ❜❛s❡ {h11, . . . , hij, . . . , hmn} ❞❡ Z ❡ ❞❡✜♥❛♠♦s

ϕ : U × V → Z ♥♦s ♣❛r❡s (ei, fj) ♣♦r ϕ(ei, fj) = hij✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ♣❛r (Z, ϕ) é ✉♠

♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ U ♣♦r V ✳

❊♠ ♥♦ss♦ ❝❛s♦✱ ✐❞❡♥t✐✜❝❛♥❞♦ R
9 ❝♦♠ ♦ ❡s♣❛ç♦ M3×3 ❞❛s ♠❛tr✐③❡s 3 × 3 t❡♥❞♦

{e1, e2, e3} ❜❛s❡ ❞❡ R
3 ❡ {f11, f12, . . . , f32, f33} ❜❛s❡ ❞❡ M3×3✱ ❞❡✜♥❛♠♦s

ϕ : R
3 × R

3 → M3×3 ♥♦s ♣❛r❡s (ei, ej) ♣♦r ϕ(ei, ej) = fij✳ ❆ss✐♠✱ (M3×3, ϕ) é ✉♠

♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ R
3 ♣♦r R

3✳ ❚♦♠❛♥❞♦ u =
∑

i αiei ❡ v =
∑

i βiei ❡♠ R
3 t❡r❡♠♦s

❡♥tã♦ ❛ ❡①♣r❡ssã♦ ❞❡ u ⊗ v ❞❛❞❛ ♣♦r

u ⊗ v = ϕ(u, v) =











α1β1 α1β2 α1β3

α2β1 α2β2 α2β3

α3β1 α3β2 α3β3











.

❖ t❡♥s♦r ✐❞❡♥t✐❞❛❞❡ é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ♠❛tr✐③










1 0 0

0 1 0

0 0 1











.



Apêndice C

◗✉❛❞r♦s ❞❡ ❆♥✐♠❛çõ❡s

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡ss❡ ❛♣ê♥❞✐❝❡ é ♠♦str❛r q✉❛❞r♦s ❞❡ ❛♥✐♠❛çã♦ ❞❡ ❛❧❣✉♥s

❡①❡♠♣❧♦s q✉❡ ❝♦♥st❛♠ ♥♦ tr❛❜❛❧❤♦✱ ❧❡✈❛♥❞♦ ♦ ❧❡✐t♦r ❛ t❡r ♠❛✐♦r ♥♦çã♦ ❞♦ ❝♦♠♣♦rt❛✲

♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞♦s ♠♦❞❡❧♦s ❞❡❢♦r♠á✈❡✐s ❡ ❛❧❣♦r✐t♠♦s ❞❡ ❝♦❧✐sõ❡s✳

■♥❝❧✉í♠♦s ♥❡ss❡ ❛♣ê♥❞✐❝❡ ❛ ❞❡s❝r✐çã♦ ❞❛s ♠❛❧❤❛s ❞♦s ♦❜❥❡t♦s ❡ ♦s t❡♠♣♦s ❞❡ ❛♥✐✲

♠❛çã♦ ❡ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ ❝❛❞❛ ❡①❡♠♣❧♦ ❛q✉✐ ❛♣r❡s❡♥t❛❞♦✱ ❡♠❜♦r❛✱ ❝♦♠♦ ❛✜r♠❛♠♦s

❡♠ ♥♦ss♦s ♦❜❥❡t✐✈♦s✱ ❡ss❛s ♦❜s❡r✈❛çõ❡s ♥ã♦ ❢❛ç❛♠ ♣❛rt❡ ❞♦ ❡s❝♦♣♦ ❞❡ ♥♦ss♦ tr❛❜❛❧❤♦✳

❆♣❡♥❛s q✉❡r❡♠♦s✱ ❝♦♠ ✐ss♦✱ s❛t✐s❢❛③❡r ❛♦s ❡s♣ír✐t♦s ♠❛✐s ❝✉r✐♦s♦s✳

▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r✿ ❆q✉✐ ♠♦str❛♠♦s ✭❋✐❣✉r❛ ❈✳✶✮ ❛❧❣✉♥s q✉❛❞r♦s ❞❛

❛♥✐♠❛çã♦ ❞❛ ❜❛♥❞❡✐r❛ ❛♦ ✈❡♥t♦ ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✹✳✾✭❛✮✳ ❈♦♠ ❛ ♠❛❧❤❛ ❞❡ 13 × 13

♣♦♥t♦s✱ ♥❡ss❡ ❡①❡♠♣❧♦✱ ♦❜t✐✈❡♠♦s ✉♠ t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ 1.2 s❡❣✉♥❞♦s ♣❛r❛ 3

s❡❣✉♥❞♦s ❞❡ ❛♥✐♠❛çã♦✳

❋✐❣✉r❛ ❈✳✶✿ ❱❡❧❛ ❛♦ ✈❡♥t♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r✳



✼✽ ◗✉❛❞r♦s ❞❡ ❆♥✐♠❛çõ❡s

▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r✿ ◆❛ ❋✐❣✉r❛ ❈✳✷ ❡①✐❜✐♠♦s ❛❧❣✉♥s q✉❛❞r♦s ❞❛ ❛♥✐♠❛çã♦

❞❛ ❜❛♥❞❡✐r❛ ❛♦ ✈❡♥t♦ ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✹✳✾✭❜✮✳ ❈♦♠ ❛ ♠❛❧❤❛ ❞❡ 13 × 13 ♣♦♥t♦s✱

♥❡ss❡ ❡①❡♠♣❧♦✱ ♦❜t✐✈❡♠♦s ✉♠ t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ 5 s❡❣✉♥❞♦s ♣❛r❛ 3 s❡❣✉♥❞♦s

❞❡ ❛♥✐♠❛çã♦✳

❋✐❣✉r❛ ❈✳✷✿ ❱❡❧❛ ❛♦ ✈❡♥t♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r✳

❈♦❧✐sõ❡s P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❘❡t❛♥❣✉❧❛r✿ ◆❛ ❋✐❣✉r❛ ❈✳✸ ❡①✐❜✐♠♦s ❛❧❣✉♥s

q✉❛❞r♦s ❞❛ ❛♥✐♠❛çã♦ ❞❛ ❝♦❧✐sã♦ ❞❡ ✉♠ t❡❝✐❞♦ ❝♦♠ ✉♠❛ ♠❡s❛ q✉❛❞r❛❞❛ ❝♦♠♦ ♠♦str❛❞❛

♥❛ ❋✐❣✉r❛ ✺✳✽✭❛✮✳ ❈♦♠ ❛ ♠❛❧❤❛ ❞❡ 17 × 17 ♣♦♥t♦s ♣❛r❛ ♦ t❡❝✐❞♦ ❡ 33 × 33 ♣❛r❛ ❛

♠❡s❛✱ ♥❡ss❡ ❡①❡♠♣❧♦✱ ♦❜t✐✈❡♠♦s ✉♠ t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ 36.4 s❡❣✉♥❞♦s ♣❛r❛ 3

s❡❣✉♥❞♦s ❞❡ ❛♥✐♠❛çã♦✳

❋✐❣✉r❛ ❈✳✸✿ ❈♦❧✐sõ❡s ♣❛r❛ ♠❛❧❤❛ r❡t❛♥❣✉❧❛r✿ t❡❝✐❞♦ ❝♦❧✐❞✐♥❞♦ ❝♦♠ ♠❡s❛ q✉❛❞r❛❞❛✳



✼✾

❈♦❧✐sõ❡s P❛r❛ ♦ ▼♦❞❡❧♦ ❞❡ ▼❛❧❤❛ ❚r✐❛♥❣✉❧❛r✿ ◆❛ ❋✐❣✉r❛ ❈✳✹ ❡①✐❜✐♠♦s ❛❧❣✉♥s

q✉❛❞r♦s ❞❛ ❛♥✐♠❛çã♦ ❞❛ ❝♦❧✐sã♦ ❞❡ ✉♠ t❡❝✐❞♦ ❝♦♠ ✉♠❛ ♠❡s❛ q✉❛❞r❛❞❛ ❝♦♠♦ ♠♦str❛❞❛

♥❛ ❋✐❣✉r❛ ✻✳✷✭❛✮✳ ❈♦♠ ❛ ♠❛❧❤❛ ❞❡ 17× 17 ♣♦♥t♦s ♣❛r❛ ♦ t❡❝✐❞♦ ❡ 33× 33 ♣❛r❛ ❛ ♠❡s❛✱

♥❡ss❡ ❡①❡♠♣❧♦✱ ♦❜t✐✈❡♠♦s ✉♠ t❡♠♣♦ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ 1 ♠✐♥✉t♦ ❡ 7 s❡❣✉♥❞♦s ♣❛r❛

3 s❡❣✉♥❞♦s ❞❡ ❛♥✐♠❛çã♦✳

❋✐❣✉r❛ ❈✳✹✿ ❈♦❧✐sõ❡s ♣❛r❛ ♠❛❧❤❛ tr✐❛♥❣✉❧❛r✿ t❡❝✐❞♦ ❝♦❧✐❞✐♥❞♦ ❝♦♠ ♠❡s❛ q✉❛❞r❛❞❛✳



✽✵ ◗✉❛❞r♦s ❞❡ ❆♥✐♠❛çõ❡s



Apêndice D

❉❡t❛❧❤❡s ■♠♣❧❡♠❡♥t❛t✐✈♦s

◆❡st❡ ❆♣ê♥❞✐❝❡✱ ❜✉s❝❛♠♦s ❡①♣♦r✱ ❞❡ ❢♦r♠❛ s✉❝✐♥t❛✱ ❛❧❣✉♠❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡

♥♦ss❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ♣❧❛t❛❢♦r♠❛ ❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ✉t✐❧✐③❛❞❛ ❡

♦ ❤❛r❞✇❛r❡ ❡♠♣r❡❣❛❞♦ ♥❛ ❝♦♥❢❡❝çã♦ ❞♦s ♠♦❞❡❧♦s✱ ❛❧❣♦r✐t♠♦s ❡ s✐♠✉❧❛çõ❡s✳

❍❛r❞✇❛r❡ ❡ P❧❛t❛❢♦r♠❛ ❞❡ ❉❡s❡♥✈♦❧✈✐♠❡♥t♦✿ ❖ ❤❛r❞✇❛r❡ ❡♠♣r❡❣❛❞♦ ❛♦ ❧♦♥❣♦

❞❡st❡ tr❛❜❛❧❤♦✱ t❛♥t♦ ♥❛ ♣r♦❣r❛♠❛çã♦ q✉❛♥t♦ ♥❛ ❡❧❛❜♦r❛çã♦ ❡ ❡①❡❝✉çã♦ ❞❛s s✐♠✉❧❛çõ❡s✱

❢♦✐ ✉♠ ♥♦t❡❜♦♦❦ ❝♦♠ ♣r♦❝❡ss❛❞♦r P❡♥t✐✉♠ ❈❡❧❡r♦♥ ▼ ❞❡ 1.4●❍③ ❝♦♠ 512 ▼❇ ❞❡ ❘❆▼

❡ ✈í❞❡♦ ■♥t❡❧ 82852 ●▼✳ ❆ ♣❧❛t❛❢♦r♠❛ ❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡s❝♦❧❤✐❞❛ ❢♦✐ ♦ ❱✐s✉❛❧ ❈✰✰

6.0 s♦❜r❡ ♦ s✐st❡♠❛ ♦♣❡r❛❝✐♦♥❛❧ ❲✐♥❞♦✇s ❳P✳

❇✐❜❧✐♦t❡❝❛s ●rá✜❝❛s✿ ❚♦❞❛ ❛ ❡t❛♣❛ ❞❡ r❡♥❞❡r✐③❛çã♦ ✉t✐❧✐③❛❞❛ ❡♠ ♥♦ss♦ ❡st✉❞♦ ✜❝♦✉ ❛

❝❛r❣♦ ❞❛ ❜✐❜❧✐♦t❡❝❛ ❣rá✜❝❛ ▼❊❙❆ ✸❉ ✭❤tt♣✿✴✴✇✇✇✳♠❡s❛✸❞✳♦r❣✮ ❝♦♠ ❝♦♥tr♦❧❡ ❞❡ ❥❛♥❡❧❛s

❜❛s❡❛❞♦ ♥❛ ❜✐❜❧✐♦t❡❝❛ ●▲❯❚ ✭✐♥❝❧✉í❞❛ ♥❛ ▼❊❙❆ ✸❉✮✳

■♠♣❧❡♠❡♥t❛çã♦✿ ❯t✐❧✐③❛♠♦s s♦❜r❡❝❛r❣❛ ❞❡ ♦♣❡r❛❞♦r❡s ✭✉♠❛ ❢✉♥❝✐♦♥❛❧✐❞❛❞❡ ✐♥t❡r❡s✲

s❛♥t❡ ❞❡ ❈✰✰✮ ♣❛r❛ ♦♣❡r❛çõ❡s ❝♦♠ ♥♦ss♦s t✐♣♦s ❞❡ ❞❛❞♦s ❞❡✜♥✐❞♦s ❡♠ ✉♠❛ ❜✐❜❧✐♦t❡❝❛

♠❛t❡♠át✐❝❛ q✉❡ ❝r✐❛♠♦s ♣❛r❛ ♦s ♠♦❞❡❧♦s ❡ ❛❧❣♦r✐t♠♦s ❞❡ ❝♦❧✐sõ❡s✱ ❛ ♠❛t❤❛❞❞✳ ❊ss❛

❜✐❜❧✐♦t❡❝❛ ❝♦♥té♠ ❢✉♥çõ❡s ❡ ❞❡✜♥✐çõ❡s ❞❡ t✐♣♦s ♥❡❝❡ssár✐❛s às ✐♠♣❧❡♠❡♥t❛çõ❡s✳ ❉❡✲

s❡♥✈♦❧✈❡♠♦s ❜✐❜❧✐♦t❡❝❛s ♣❛r❛ ❛s ❡str✉t✉r❛s ❞❡ ❞❛❞♦s ❡ ♦♣❡r❛çõ❡s r❡❧❛❝✐♦♥❛❞❛s ❛ ❡ss❛s
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