
❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❞❡❞✉③✐♠♦s ♦ s✐st❡♠❛ ❞❡ ❊q✉❛çõ❡s ❞❡ ➪❣✉❛s ❘❛s❛s ♥❛ ❢♦r♠❛ ▲❛✲

❣r❛♥❣❡❛♥❛ ❡ ♦❜t❡♠♦s ❛ s✉❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛✳ ❆♣❧✐❝❛♠♦s ♦ ▼ét♦❞♦ ❊s♣❡❝tr❛❧ ♥❛ ❛♥á❧✐s❡

♥✉♠ér✐❝❛ ❞❡st❡ s✐st❡♠❛ ❡ ♠♦str❛♠♦s q✉❡ ❛ ♣r♦♣❛❣❛çã♦ ❞❛s ♦♥❞❛s ❞❡ á❣✉❛s r❛s❛s ♥ã♦

❞❡♣❡♥❞❡ ❞♦ ♠❡✐♦ ❡♠ q✉❡ ❡❧❛ s❡ ♣r♦♣❛❣❛✳



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ ❞❡❞✉❝❡ t❤❡ s②st❡♠ ♦❢ ❙❤❛❧❧♦✇ ❲❛t❡r ❊q✉❛t✐♦♥s ✐♥ t❤❡ ▲❛❣r❛♥❣✐❛♥

❢♦r♠ ❛♥❞ ✇❡ ♦❜t❛✐♥ ✐ts ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥✳ ❲❡ ❤❛✈❡ ❛♣♣❧✐❡❞ t❤❡ s♣❡❝tr❛❧ ♠❡t❤♦❞ ✐♥

t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤✐s s②st❡♠ ❛♥❞ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡

s❤❛❧❧♦✇ ✇❛t❡r ✇❛✈❡s ❞♦❡s♥✬t ❞❡♣❡♥❞ ♦♥ t❤❡ ♠❡❞✐✉♠ ✐♥ ✇❤✐❝❤ ✐t s♣r❡❛❞s✳



❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♦♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❯♠❛ ❆♣❧✐❝❛çã♦ ❞♦ ▼ét♦❞♦ ❊s♣❡❝tr❛❧
♥♦ ❡st✉❞♦ ❞❛s ❊q✉❛çõ❡s ❞❡ ➪❣✉❛s

❘❛s❛s ❡♠ ▼❡✐♦ ❍❡t❡r♦❣ê♥❡♦

♣♦r

❍❛❧❧②s♦♥ ●✉st❛✈♦ ●✉❡❞❡s ❞❡ ▼♦r❛✐s ▲✐♠❛

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❏♦sé ❞❡ ❆r✐♠❛té✐❛ ❋❡r♥❛♥❞❡s

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

▼❛rç♦✴✷✵✵✼



❯♠❛ ❆♣❧✐❝❛çã♦ ❞♦ ▼ét♦❞♦ ❊s♣❡❝tr❛❧
♥♦ ❡st✉❞♦ ❞❛s ❊q✉❛çõ❡s ❞❡ ➪❣✉❛s

❘❛s❛s ❡♠ ▼❡✐♦ ❍❡t❡r♦❣ê♥❡♦

♣♦r

❍❛❧❧②s♦♥ ●✉st❛✈♦ ●✉❡❞❡s ❞❡ ▼♦r❛✐s ▲✐♠❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ▼❛t❡♠át✐❝❛

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ▲❡♥✐♠❛r ◆✉♥❡s ❞❡ ❆♥❞r❛❞❡
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Pr♦❢✳ ❉r✳ ❏♦sé ❞❡ ❆r✐♠❛té✐❛ ❋❡r♥❛♥❞❡s

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

▼❛rç♦✴✷✵✵✼
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❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡ ❛ ❉❡✉s ♣♦r t♦❞❛s ❛s ❣r❛ç❛s ❛ ♠✐♠ ❝♦♥❝❡❞✐❞❛s✳

❆ ♠❡✉s ♣❛✐s ▲✐♠❛ ❡ ❚â♥✐❛ ♣♦r ✐♥❝♦♥tá✈❡❧ ♥ú♠❡r♦ ❞❡ ❢❛t♦s✳

❆ ♠❡✉s ✐r♠ã♦s ▲❡♦♥❛r❞♦ ❡ ❆♥♥❛ ♣❡❧❛ ❝♦♠♣r❡❡♥sã♦ ❡ ❛♣♦✐♦✳

❆ ♠❡✉s ❛✈ôs ♠❛t❡r♥♦s ❆❜s❛❧ã♦ ✭✐♥ ♠❡♠♦r✐✉♠✮ ❡ ❊r✐♥❡t❡ ❡ ♠✐♥❤❛ ❛✈ó ♣❛t❡r♥❛

❆❞❡✐❞❡s ✭✐♥ ♠❡♠♦r✐✉♠✮✱ ♣♦r t♦❞♦ ♦ ❛♣♦✐♦ ❞❛❞♦ ❛ ♠✐♠ ❡♠ t♦❞♦s ♦s ♠♦♠❡♥t♦s✳

❆♦s ♣r♦❢❡ss♦r❡s ❆♣❛r❡❝✐❞♦ ❡ ▲❡♥✐♠❛r ♣♦r ❛❝❡✐t❛r❡♠ ♠❡ ❛✈❛❧✐❛r✱ ❢❛③❡♥❞♦ ♣❛rt❡ ❞❛

♠✐♥❤❛ ❜❛♥❝❛✳

❆♦ ♣r♦❢❡ss♦r ❏♦sé ❞❡ ❆r✐♠❛té✐❛ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛✱ ❛♠✐③❛❞❡✱ ❛♣♦✐♦ ❡ ❝♦♠♣r❡❡♥sã♦

❞✉r❛♥t❡ t♦❞♦ ♦ ♣❡rí♦❞♦ q✉❡ ♠❡ ♦r✐❡♥t♦✉ ❡ ♦♥❞❡ t❡♥❤♦ ♦ ♠❛✐♦r ♦r❣✉❧❤♦ ❞❡ s❡r ♦ ♣r✐♠❡✐r♦

♠❡str❡ ❢♦r♠❛❞♦ ♣♦r ❡❧❡✳

❆ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❞♦ ❉▼❊✴❯❋❈●✱ ♣❡❧❛ ❝♦♥tr✐❜✉✐çã♦ ❡♠ ♠✐♥❤❛ ❢♦r♠❛çã♦✱

♠❛s ❡♠ ❡s♣❡❝✐❛❧ ❛♦s ♣r♦❢❡ss♦r❡s ▼❛r❝♦ ❆✉ré❧✐♦✱ ♣❡❧❛ ❛♠✐③❛❞❡✱ ❛♣♦✐♦✱ ❝♦♠♣r❡❡♥sã♦ ❡

❈❧❛✉❞✐❛♥♦r✱ ♣❡❧❛ ♠♦t✐✈❛çã♦ ❡ ❝♦♥✜❛♥ç❛✳

❆ t♦❞♦s ♦s ❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉▼❊✱ ❱❛❧❞✐r✱ ❉♦♥❛ ❆r❣❡♥t✐♥❛✱ ❱❛❧❞✐③❛✱ ❱❛♥❞❛✱ ❙óst❡♥❡s

❡ ❙❛❧❡t❡✱ q✉❡ ✜③❡r❛♠ ♦ ♣♦ssí✈❡❧ ♣❛r❛ ♠❡ ❛❥✉❞❛r✳

❆ t♦❞♦s ♦s ❝♦❧❡❣❛s ❞♦ ❞❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛✳ ❆♦s ❞❡ ❣r❛❞✉❛çã♦ ❏❡s✉❛❧❞♦✱

❊♥✐✈❛❧❞♦✱ ❚❛t✐❛♥❛✱ ❏❛❝q✉❡❧✐♥❡✳ ❆♦s ❞❡ ♠❡str❛❞♦ ❆r❡❧✐✱ ❘♦♠❡r♦✱ ❋❧❛♥❦✱ ▼❛rt❛✱ ▲②❛

❘❛q✉❡❧✱ ▼❛r❝♦ ❆♥tô♥✐♦ ✭P❡r✉❛♥♦✮✱ ❏♦s❡❧♠❛✱ ❘♦s❛♥❣❡❧❛✱ ❆❧❛♥♥✐♦♥✱ ▲❡♦♣♦❧❞♦ ❡ ❏❡✛❡rs♦♥✳

❊ ❛✐♥❞❛ ❛♦s ❝♦❧❡❣❛s ❞❡ t♦❞♦s ♦s ❞✐❛s ❉②st❡rr♦✱ ❚❤✐❝✐❛♥②✱ ❉❛♥✐❡❧✱ P❛❜❧♦✱ ❋❛❜✐♦✱ ❏✉♥✐♦r

✭❇r❛③✮✱ ❏✉❧✐❛♥❛ ❡ ▲❛✉r✐❝❧é❝✐♦✳ ❚❛♠❜é♠ ❛ t♦❞♦s ♦s ❝♦❧❡❣❛s q✉❡ ✐♥❢❡❧✐③♠❡♥t❡ ♥ã♦ ❢♦r❛♠

❛q✉✐ ❝✐t❛❞♦s✱ ♠❛s q✉❡ t❛♠❜é♠ t✐✈❡r❛♠ ✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ❡♥♦r♠❡ ♥❡st❡ ♣r♦❝❡ss♦✳

❆♦ ❈◆P✬q✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

P♦r ✜♠✱ ❛❣r❛❞❡ç♦ ❛ t♦❞♦s q✉❡ ❞✐r❡t❛♠❡♥t❡ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛

r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳
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❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s ▲✐♠❛ ❡ ❚â♥✐❛ ❡ ❛

♠❡✉s ✐r♠ã♦s ▲❡♦♥❛r❞♦ ❡ ❆♥♥❛✳
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■♥tr♦❞✉çã♦

❖s ❢❡♥ô♠❡♥♦s ❧✐❣❛❞♦s ❛♦ ❡s❝♦❛♠❡♥t♦ ❞❡ ✢✉✐❞♦s sã♦ ❡st✉❞❛❞♦s ♣❡❧❛ ▼❡❝â♥✐❝❛ ❞♦s

❋❧✉✐❞♦s✱ ❝✉❥❛s ❡q✉❛çõ❡s ❣♦✈❡r♥❛♥t❡s sã♦ ♠♦❞❡❧❛❞❛s ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ♣♦r ♠❡✐♦ ❞❡ ❧❡✐s

❞❡ ❝♦♥s❡r✈❛çã♦✱ ❛s q✉❛✐s ❝♦♥s✐st❡♠ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s✳ ❆

❞✐✜❝✉❧❞❛❞❡ ❡♠ s❡ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ❛♥❛❧ít✐❝❛s ♣❛r❛ ❡st❛s ❡q✉❛çõ❡s✱ s❡ ❞❡✈❡ ❛♦ ❞♦♠í♥✐♦

✐rr❡❣✉❧❛r✱ à ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡ ❞❛s ❡q✉❛çõ❡s✱ ❡♥tr❡ ♦✉tr♦s ❢❛t♦s✳ P♦r ✐ss♦✱ ❤á ❛ ♥❡❝❡ss✐❞❛❞❡

❞♦ tr❛t❛♠❡♥t♦ ♥✉♠ér✐❝♦ ❞❡st❛s ❡q✉❛çõ❡s✳

❆ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ ✢✉✐❞♦ ✐♥❝♦♠♣r❡ssí✈❡❧ é ❞❡s❝r✐t❛ ♣❡❧❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦ ❞❡

♠❛ss❛ ❡ ♣❡❧❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦ ❞♦ ♠♦♠❡♥t♦ ✭✈❡❥❛ ❬✷❪✮✳

❆s ❊q✉❛çõ❡s ❞❡ ➪❣✉❛s ❘❛s❛s ❢♦r♠❛♠ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s

❞❡❞✉③✐❞♦s ❛ ♣❛rt✐r ❞❛s ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ ❞❡ ♠❛ss❛ ❡ ❞❡ ♠♦♠❡♥t♦ ❞❡ ✉♠ ✢✉✐❞♦✳ ❊❧❛s

❝♦♥st✐t✉❡♠ ❛s ❝♦♥❤❡❝✐❞❛s ❊q✉❛çõ❡s ❞❡ ❊✉❧❡r ❞❛ ❉✐♥â♠✐❝❛ ❞♦s ❋❧✉✐❞♦s✱ ❛s q✉❛✐s sã♦

✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛s ❝❧áss✐❝❛s ❊q✉❛çõ❡s ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s✳ ❊st❛s ❡q✉❛çõ❡s s✉r❣✐r❛♠

♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥♦ sé❝✉❧♦ ❳❱■■■ ❞❡❞✉③✐❞❛s ♣♦r ▲❛♣❧❛❝❡ ❡ ✜❝❛r❛♠ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦

❛s ❊q✉❛çõ❡s ❞❛s ▼❛rés ❞❡ ▲❛♣❧❛❝❡✳ ➱ ✐♠♣♦rt❛♥t❡ ❞❡✐①❛r ❝❧❛r♦ q✉❡ ❛♣❡s❛r ❞♦ ♥♦♠❡ ❛s

❡q✉❛çõ❡s ❞❡ á❣✉❛s r❛s❛s ♠♦❞❡❧❛♠ ❢❡♥ô♠❡♥♦s ♠❡t❡♦r♦❧ó❣✐❝♦s ❡ ♦❝❡❛♥♦❣rá✜❝♦s ❞❡ ✉♠❛

♦♥❞❛ ❝✉❥❛ ❛❧t✉r❛ é ♣❡q✉❡♥❛ ❝♦♠♣❛r❛❞❛ ❝♦♠ ♦ s❡✉ ❝♦♠♣r✐♠❡♥t♦✱ ♦✉ s❡❥❛✱ ❛q✉❡❧❛s ♦♥❞❛s

❝✉❥♦s ♥ú♠❡r♦s ❞❡ ❘♦ss❜② sã♦ ♠✉✐t♦ ♣❡q✉❡♥♦s ✭♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡❥❛ ❬✺❪✮✱ ✐st♦ ♥ã♦

s✐❣♥✐✜❝❛ q✉❡ ❛s ♦♥❞❛s t❡♥❤❛♠ ♣❡q✉❡♥❛s ❛❧t✉r❛s✳

◆❡st❡ tr❛❜❛❧❤♦ ❞❡❞✉③✐r❡♠♦s ♥♦ ❈❛♣ít✉❧♦ ✶ ❛ ❢♦r♠❛ ▲❛❣r❛♥❣❡❛♥❛ ❞❛s ❊q✉❛çõ❡s

❞❡ ➪❣✉❛s ❘❛s❛s✱ ❛s q✉❛✐s s❡rã♦ ❧✐♥❡❛r✐③❛❞❛s ❡ ❡st✉❞❛❞❛s ♥✉♠ ❞♦♠í♥✐♦ ♣❡r✐ó❞✐❝♦✳ ❆

s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❞❡st❛s ❊q✉❛çõ❡s s❡rã♦ ♦❜t✐❞❛s ♥♦ ❈❛♣ít✉❧♦ ✷✳

◆♦ tr❛❜❛❧❤♦ ❞❡ ❊❧✈✐✉s ❡ ❙ü♥❞str♦♠ ❬✹❪ é ❢❡✐t♦ ✉♠ ❡st✉❞♦ ❞❛s ♦♥❞❛s ❞❡ á❣✉❛s

✉s❛♥❞♦✲s❡ ♦ ▼ét♦❞♦ ❞❡ ❉✐❢❡r❡♥ç❛s ❋✐♥✐t❛s ❡ é ♠♦str❛❞♦ q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦♣❛✲



✼

❣❛çã♦ ❞❡st❛s ♦♥❞❛s ❞❡♣❡♥❞❡ ❞❛ ❣r❛❞❡ q✉❡ é ✉s❛❞❛ ♣❛r❛ ♠♦❞❡❧❛r ♦ ♠❡✐♦ ❡♠ q✉❡ ❡❧❛s s❡

♣r♦♣❛❣❛♠✳

◆♦ ❈❛♣ít✉❧♦ ✸ ❛♣❧✐❝❛♠♦s ♦ ▼ét♦❞♦ ❊s♣❡❝tr❛❧ ♥❛ ❛♥á❧✐s❡ ♥✉♠ér✐❝❛ ❞❛s ❊q✉❛çõ❡s

❞❡ ➪❣✉❛s ❘❛s❛s ❡ ♠♦str❛♠♦s q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦♣❛❣❛çã♦ ❞❛s ♦♥❞❛s ♥ã♦ ❞❡♣❡♥❞❡ ❞❛

❣r❛❞❡ q✉❡ é ✉s❛❞❛ ♣❛r❛ ♠♦❞❡❧❛r ♦ ♠❡✐♦ ❡♠ q✉❡ ❡❧❛s s❡ ♣r♦♣❛❣❛♠✳ ❊st❡ ❡st✉❞♦ ♠♦str❛

✉♠❛ ✈❛♥t❛❣❡♠ ❞♦ ▼ét♦❞♦ ❊s♣❡❝tr❛❧ ❡♠ r❡❧❛çã♦ ❛♦ ▼ét♦❞♦ ❞❡ ❉✐❢❡r❡♥ç❛s ❋✐♥✐t❛s ♥♦

❡st✉❞♦ ❞❛s ❊q✉❛çõ❡s ❞❡ ➪❣✉❛s ❘❛s❛s✱ ♣♦✐s s❡ ♥ã♦ ❤á ✐♥t❡r❢❡rê♥❝✐❛ ❞❛ ❣r❛❞❡ q✉❛♥❞♦ s❡

✉s❛ ♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❡s♣❡❝tr❛❧ ♥❛ ❛♥á❧✐s❡ ❞❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛s ❞❡ á❣✉❛s r❛s❛s✱

❞✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ♠ét♦❞♦ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✱ ❡♥tã♦ ❛♦ s❡ ✉s❛r ♦ ♠ét♦❞♦ ❡s♣❡❝tr❛❧

q✉❛❧q✉❡r ✐♥t❡r❢❡rê♥❝✐❛ ♥❛ ♣r♦♣❛❣❛çã♦ ❞❛ ♦♥❞❛ s❡ ❞❡✈❡ ❛ ❛❧❣✉♠ ♦✉tr♦ ❢❛t♦r✳

◆♦ ❈❛♣ít✉❧♦ ✹ ❝♦♠♣r♦✈❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♣♦r ♠❡✐♦ ❞❛ ✐♠♣❧❡♠❡♥✲

t❛çã♦ ❣rá✜❝❛ ❞❡ ❛❧❣✉♠❛s ♦♥❞❛s✳



❈❛♣ít✉❧♦ ✶

❆s ❊q✉❛çõ❡s ❞❡ ➪❣✉❛s ❘❛s❛s

✶✳✶ ❉❡r✐✈❛❞❛ ▼❛t❡r✐❛❧

❆♦ ❡st✉❞❛r♠♦s ❛s ❡q✉❛çõ❡s ❞♦ ♠♦✈✐♠❡♥t♦ ❞❡ ✉♠ ✢✉✐❞♦ ❡♠ ✉♠❛ ❞❛❞❛ r❡❣✐ã♦ ❞♦ ❡s✲

♣❛ç♦✱ ❡①✐st❡♠ ❞✉❛s ♠❛♥❡✐r❛s ❞❡ ❞❡s❝r❡✈❡r ♦ s❡✉ ♠♦✈✐♠❡♥t♦✳ ❯♠❛ ❝❤❛♠❛❞❛ ❋♦r♠✉❧❛çã♦

❊✉❧❡r✐❛♥❛ ❡ ❛ ♦✉tr❛ ❝❤❛♠❛❞❛ ❋♦r♠✉❧❛çã♦ ▲❛❣r❛♥❣❡❛♥❛✳ ❊♠ ♥♦ss♦ ❡st✉❞♦ tr❛❜❛❧❤❛r❡✲

♠♦s ❝♦♠ ❛ ❢♦r♠✉❧❛çã♦ ❧❛❣r❛♥❣❡❛♥❛✳ ◆❡st❛ ❢♦r♠✉❧❛çã♦ ❞❡✜♥✐♠♦s ✉♠❛ r❡❣✐ã♦ ♠❛t❡r✐❛❧✱

♦✉ s❡❥❛✱ ❢♦r♠❛❞❛ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣❛rtí❝✉❧❛s ❞❡ ✢✉✐❞♦ q✉❡ ❞❡♣❡♥❞❡ ❞♦ t❡♠♣♦✳

❉❡♥♦t❛r❡♠♦s ❛ r❡❣✐ã♦ ♣♦r Ω✱ ❛ q✉❛❧ ❞❡♣❡♥❞❡ ❞♦ t❡♠♣♦✱ ♦✉ s❡❥❛✱ Ω = Ω(t)✳ ❖

❞♦♠í♥✐♦ Ω s❡ ❞❡❢♦r♠❛ à ♠❡❞✐❞❛ q✉❡ s✉❛s ♣❛rtí❝✉❧❛s s❡ ♠♦✈✐♠❡♥t❛♠✳

❆ss✐♠ s❡♥❞♦✱ ❛s ❣r❛♥❞❡③❛s ❞❡ ❡s❝♦❛♠❡♥t♦ sã♦ ❡s♣❡❝✐✜❝❛❞❛s ❝♦♠♦ ❢✉♥çõ❡s ❞♦

t❡♠♣♦ ❡ ❞❛ ♣❛rtí❝✉❧❛ ❞❡ ✢✉✐❞♦ ✐❞❡♥t✐✜❝❛❞❛ ♣♦r ✉♠ ♣❛râ♠❡tr♦✿

−→x (−→a , t).

❊st❛ r❡♣r❡s❡♥t❛çã♦ ♥♦s ❞á ❛ ♣♦s✐çã♦ ❞❛ ♣❛rtí❝✉❧❛ ❞❡ ✢✉✐❞♦ q✉❡ ♥♦ ✐♥st❛♥t❡ t s❡

❡♥❝♦♥tr❛ ❡♠ −→x ✱ ♠❛s ♥♦ ✐♥st❛♥t❡ ✐♥✐❝✐❛❧ s❡ ❡♥❝♦♥tr❛✈❛ ❡♠ −→a ✳ ▲♦❣♦ −→x (−→a , t)✱ ♣❛r❛

t ∈ [0, T ]✱ ❞❡s❝r❡✈❡ ❛ ór❜✐t❛ ✭♦✉ ♠♦✈✐♠❡♥t♦✮ ❞❛ ♣❛rtí❝✉❧❛✱ ❧♦❝❛❧✐③❛❞❛ ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠
−→a ✱ ❞✉r❛♥t❡ ♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ❞❡ ❞✉r❛çã♦ ❚✳

❚r❛❞✉③✐♥❞♦ ♦s ❞❛❞♦s ❛♥t❡r✐♦r❡s ❞❡ ❢♦r♠❛ ❛ ✉s❛r♠♦s ❝♦♥❝❡✐t♦s✴♦❜❥❡t♦s ♠❛t❡♠át✐✲



✾

❝♦s✱ ❞❡✜♥✐♠♦s ❛ ❛♣❧✐❝❛çã♦ ❞❡ ❡s❝♦❛♠❡♥t♦ ϕt✿

ϕt : Ω(t0) −→ Ω(t)

−→a 7−→ ϕt(
−→a ) = −→x (−→a , t)

❊st❛ ❛♣❧✐❝❛çã♦ ϕt ❞❡s❝r❡✈❡ ♦ ♠♦✈✐♠❡♥t♦ ❞❛s ♣❛rtí❝✉❧❛s ❞❡ ✢✉✐❞♦✱ ♣❛rt✐♥❞♦ ❞❛ ❝♦♥✲

✜❣✉r❛çã♦ ✐♥✐❝✐❛❧ ❞❛ r❡❣✐ã♦ ❞❡✜♥✐❞❛ ❛té ❛ s✉❛ ❝♦♥✜❣✉r❛çã♦ ✜♥❛❧✳ ❙❡ ✜①❛r♠♦s ♦ ♣❛râ♠❡tr♦
−→a ✱ t❡♠♦s ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ♠❛t❡♠át✐❝❛ ♣❛r❛ ❛ ór❜✐t❛ ❞❡s❝r✐t❛ ♣❡❧❛ ♣❛rtí❝✉❧❛✱ q✉❡ ♥♦

✐♥st❛♥t❡ ✐♥✐❝✐❛❧ t = t0✱ r❡s✐❞✐❛ ❡♠ −→x = −→a ✳ ❖❜s❡r✈❡ q✉❡ ❡st❛♠♦s ♣r❡ss✉♣♦♥❞♦ ♦ ❝♦✲

♥❤❡❝✐♠❡♥t♦ ❞❡st❛ ❢✉♥çã♦ ϕt✱ q✉❡ ♥❛ ♠❛✐♦r✐❛ ❞♦s ❝❛s♦s ♥ã♦ é ❢á❝✐❧ ❞❡ s❡r ♦❜t✐❞❛✳

P❛r❛ ❛ ❝♦♠♣❧❡♠❡♥t❛çã♦ ❞❡ ♥♦ss♦ ❡st✉❞♦✱ ♣r❡❝✐s❛r❡♠♦s ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❉❡r✐✈❛❞❛

▼❛t❡r✐❛❧ ✭✈❡❥❛ ❬✶✶❪✮✳

❆ss✐♠✱ ❝♦♥s✐❞❡r❡ ♥♦ ✐♥st❛♥t❡ t ❛ ♣❛rtí❝✉❧❛ ❞❡ ✢✉✐❞♦ r❡♣r❡s❡♥t❛❞❛ ♣♦r✿

−→x (−→a , t) = (x(−→a , t), y(−→a , t), z(−→a , t)).

❆♣❧✐❝❛♥❞♦ ❛ ❞❡r✐✈❛❞❛ ❝♦♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ ♥❛ ♠❡s♠❛ ♦❜t❡♠♦s✱

d

dt
−→x (−→a , t) =

(
d

dt
x(−→a , t),

d

dt
y(−→a , t),

d

dt
z(−→a , t)

)
= (u(−→a , t), v(−→a , t), w(−→a , t)) =

−→
U (−→x (−→a , t), t),

♦♥❞❡
−→
U (−→x (−→a , t), t) é ♦ ❝❛♠♣♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ❞❛s ♣❛rtí❝✉❧❛s✱ ♦ q✉❛❧

❞❡♣❡♥❞❡ ❞❛ ♣♦s✐çã♦ ❞❛s ♣❛rtí❝✉❧❛s ❡ ❞♦ t❡♠♣♦✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ✉♠❛ ❣r❛♥❞❡③❛ q✉❛❧q✉❡r ✭❡s❝❛❧❛r ♦✉ ✈❡t♦r✐❛❧✮ ❛ss♦❝✐❛❞❛ ❛♦ ❡s❝♦❛✲

♠❡♥t♦✳ ❉❡♥♦t❛r❡♠♦s ❡st❛ ❣r❛♥❞❡③❛ ♣♦r Ψ = Ψ(x(−→a , t), y(−→a , t), z(−→a , t), t)✳ ❆♣❧✐❝❛♥❞♦✲

s❡ ❛ ❞❡r✐✈❛❞❛ ❝♦♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ ❡♠ Ψ ❡ ✉t✐❧✐③❛♥❞♦ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛✱ ♦❜t❡♠♦s

dΨ

dt
(−→x (−→a , t), t) =

∂Ψ

∂x

dx

dt
+

∂Ψ

∂y

dy

dt
+

∂Ψ

∂z

dz

dt
+

∂Ψ

∂t
.

♠❛s✱
dx

dt

∂Ψ

∂x
+

dy

dt

∂Ψ

∂y
+

dz

dt

∂Ψ

∂z
+

∂Ψ

∂t
= u

∂Ψ

∂x
+ v

∂Ψ

∂y
+ w

∂Ψ

∂z
+

∂Ψ

∂t
.

▲♦❣♦✱
dΨ

dt
(−→x (−→a , t), t) = u

∂Ψ

∂x
+ v

∂Ψ

∂y
+ w

∂Ψ

∂z
+

∂Ψ

∂t
= (

−→
U · ∇)Ψ +

∂Ψ

∂t
.

❉❡st❡ ♠♦❞♦✱ ♦❜t❡♠♦s ♦ ❝❤❛♠❛❞♦ ♦♣❡r❛❞♦r ❞❛ ❉❡r✐✈❛❞❛ ▼❛t❡r✐❛❧✳ ❖ q✉❛❧ é ❞❡♥♦✲

t❛❞❛ ♣♦r✱
D

Dt
≡ (

−→
U · ∇) +

∂

∂t
,



✶✵

P♦rt❛♥t♦✱ ♣❛r❛ ✉♠ ❝❛♠♣♦ Ψ q✉❛❧q✉❡r

DΨ

Dt
= (

−→
U · ∇)Ψ +

∂Ψ

∂t
. ✭✶✳✶✮

◆❛s ♣ró①✐♠❛s s❡çõ❡s ♦❜t❡r❡♠♦s ❞✉❛s ❡q✉❛çõ❡s ❞❡ ❜❛❧❛♥ç♦ ❞♦ ♠♦✈✐♠❡♥t♦ q✉❡ ♥♦s

♣❡r♠✐t❡ tr❛❜❛❧❤❛r ❡♠ ✉♠ ❞♦♠í♥✐♦ ♠❛t❡r✐❛❧✱ ❝♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ❡♠ ❬✷❪✳

✶✳✷ Pr✐♥❝í♣✐♦ ❞❡ ❝♦♥s❡r✈❛çã♦ ❞❡ ♠❛ss❛

❈♦♥s✐❞❡r❡ ✉♠ ❞♦♠í♥✐♦ ♠❛t❡r✐❛❧ r❡♣r❡s❡♥t❛❞♦ ♣♦r Ω(t)✳ ❆ ♠❛ss❛ t♦t❛❧ é ❞❡♥♦t❛❞❛

♣♦r m(Ω(t))✳ ❖ ♣r✐♥❝í♣✐♦ ❞❡ ❝♦♥s❡r✈❛çã♦ ❞❡ ♠❛ss❛ ♥♦s ❞á

D

Dt
m(Ω(t)) =

D

Dt

∫

Ω(t)

ρ(−→x , t)dΩ = 0,

♦♥❞❡ ρ(−→x , t) é ❛ ❞❡♥s✐❞❛❞❡ ❞♦ ✢✉✐❞♦ ♥✉♠ t❡♠♣♦ t q✉❛❧q✉❡r✳

◆ã♦ ♣♦❞❡♠♦s ♣❛ss❛r ❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧ ♣❛r❛ ❞❡♥tr♦ ❞❛ ✐♥t❡❣r❛❧✱ ♣♦✐s ♦ ❞♦♠í♥✐♦

é ✈❛r✐á✈❡❧ ♥♦ t❡♠♣♦✳ ❋❛ç❛♠♦s ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❞❡ ❢♦r♠❛ ❛ ♠❛♥t❡r ♦

❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r❛çã♦ ✜①♦ ♥♦ t❡♠♣♦✳ ❙❡❥❛ ϕ = ϕt ❛ ❛♣❧✐❝❛çã♦ ❞❡ ❡s❝♦❛♠❡♥t♦ ❞❡✜♥✐❞❛

♥❛ s❡çã♦ ✭✶✳✶✮ t❛❧ q✉❡ ϕt(
−→x0) = −→x (−→x0, t) = −→x ❡ −→x0 = −→x (t0) = ~a✳ ❊♥tã♦✿

D

Dt
m(Ω(t)) =

D

Dt

∫

Ω(t0)

ρ(ϕt(
−→x0), t)J(t)dΩ0,

♦♥❞❡ J(t) é ♦ ❏❛❝♦❜✐❛♥♦ ❞❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s ✭✈❡❥❛ ❬✶✷❪✮✳ ❈♦♥s✐❞❡r❛♥❞♦ ρ(ϕt(
−→x0), t) =

ρ ✭♣♦✐s é ❛ ❞❡♥s✐❞❛❞❡ ❡♠ ~a✮ ❡ J = J(t)✱ s❡❣✉❡ q✉❡✱

D

Dt
m(Ω(t)) =

∫

Ω(t0)

D

Dt
(ρJ)dΩ0 =

∫

Ω(t0)

(
Dρ

Dt
J + ρ

DJ

Dt

)
dΩ0,

♦♥❞❡ J é ❞❛❞♦ ♣♦r

J =
∂(x, y, z)

∂(x0, y0, z0)
=

∣∣∣∣∣∣∣∣∣

∂x
∂x0

∂x
∂y0

∂x
∂z0

∂y
∂x0

∂y
∂y0

∂y
∂z0

∂z
∂x0

∂z
∂y0

∂z
∂z0

∣∣∣∣∣∣∣∣∣

,

❝♦♠ −→x = (x, y, z) ❡ −→x0 = (x0, y0, z0)✳

❚❡♠♦s✱

dΩ = J(t)dΩ0 = J(t)dΩ(t0),

❛ss✐♠ ✐♥t❡❣r❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♦❜t❡♠♦s ♦ ✈♦❧✉♠❡ ❞❡ Ω

❱♦❧✉♠❡ =

∫

Ω

dΩ =

∫

Ω(t0)

JdΩ0.



✶✶

◆♦t❡ q✉❡ s❡

J(t) = constante = 1

❡♥tã♦✱ ∫

Ω(t)

dΩ =

∫

Ω(t0)

JdΩ0 =

∫

Ω(t0)

dΩ0.

❆ss✐♠✱ ✈♦❧✉♠❡✭Ω(t)✮ ❂ ✈♦❧✉♠❡✭Ω(t0)✮✱ ∀t✳ P♦rt❛♥t♦✱ ❝♦♠♦ ♦ ✈♦❧✉♠❡ ♥ã♦ s❡ ❛❧t❡r❛ ❝♦♠

r❡❧❛çã♦ ❛♦ t❡♠♣♦✱ ♦ ✢✉✐❞♦ é ❞✐t♦ ✐♥❝♦♠♣r❡ssí✈❡❧✳ ❯♠ ❜♦♠ ❡①❡♠♣❧♦ ❞✐ss♦ s❡r✐❛ ✉♠❛

❜❡①✐❣❛ ❝❤❡✐❛ ❞❡ á❣✉❛✱ ♠❡s♠♦ s♦❢r❡♥❞♦ ❞❡❢♦r♠❛çã♦ ❡♠ s✉❛ s✉♣❡r❢í❝✐❡✱ ♦ ✈♦❧✉♠❡ ❞❡ á❣✉❛

♥ã♦ s❡ ❛❧t❡r❛✳

❘❡❧❛❝✐♦♥❛♥❞♦ ♦ ❏❛❝♦❜✐❛♥♦ ❛♦ ❞✐✈❡r❣❡♥t❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✶✳✶ ❉❛❞♦ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ~U(~x, t) ♦ ❏❛❝♦❜✐❛♥♦ ❏ ❝♦rr❡s♣♦♥❞❡♥t❡ à ♠✉✲

❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❛❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ϕt s❛t✐s❢❛③✱

DJ

Dt
= (div

−→
U )J.

❉❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✶✳✶✿
❈❛❧❝✉❧❡♠♦s ❛ ❞❡r✐✈❛❞❛ ♠❛t❡r✐❛❧ ❞♦ ❏❛❝♦❜✐❛♥♦✳ ❯s❛r❡♠♦s ♣❛r❛ ✐ss♦ ❛ ♣r♦♣r✐❡❞❛❞❡

❞❡ ♠✉❧t✐❧✐♥❡❛r✐❞❛❞❡ ❞♦ ❞❡t❡r♠✐♥❛♥t❡ ❡ ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦
∂p

∂q
= pq✱ ❞❡ss❡ ♠♦❞♦✱

DJ

Dt
=

∣∣∣∣∣∣∣

D
Dt

( ∂x
∂x0

) D
Dt

( ∂x
∂y0

) D
Dt

( ∂x
∂z0

)

yx0
yy0

yz0

zx0
zy0

zz0

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

xx0
xy0

xz0

D
Dt

( ∂y
∂x0

) D
Dt

( ∂y
∂y0

) D
Dt

( ∂y
∂z0

)

zx0
zy0

zz0

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

xx0
xy0

xz0

yx0
yy0

yz0

D
Dt

( ∂z
∂x0

) D
Dt

( ∂z
∂y0

) D
Dt

( ∂z
∂z0

)

∣∣∣∣∣∣∣
.

❖❜s❡r✈❡♠♦s ♦ ❢❛t♦ ❞❡ q✉❡✱ ❛s ✈❛r✐á✈❡✐s x, y ❡ z ❞❡♣❡♥❞❡♠ ❞❛s ❝♦♦r❞❡♥❛❞❛s

✐♥✐❝✐❛✐s (x0, y0, z0) ✭❡st❛s ✐♥✈❛r✐❛♥t❡s ❝♦♠ ♦ t❡♠♣♦✮ ❡ ❞❛ ✈❛r✐á✈❡❧ t❡♠♣♦ t✱ ♦✉ s❡❥❛✱

p = p((x0, y0, z0), t)✱ ❝♦♠ p = x, y ❡ z✳ ❆ss✐♠ D
Dt

(
∂p
∂q

)
= ∂

∂q

(
Dp
Dt

)
✱ ❝♦♠ q = x0, y0 ❡ z0✳

▲♦❣♦ ❛ ❞❡r✐✈❛❞❛ ♠❛t❡r✐❛❧ ✭♥❡st❡ ❝❛s♦✮✱ é ✐❣✉❛❧ ❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❝♦♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦✳

❚❡♠♦s✱
D

Dt

(
∂x

∂x0

)
=

∂

∂x0

(
Dx

Dt

)
=

∂u

∂x0

=
∂u

∂x

∂x

∂x0

.

❯s❛♥❞♦ ✉♠ r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦ ♣❛r❛ ❛s ♦✉tr❛s ❞❡r✐✈❛❞❛s ♦❜t❡♠♦s✿

DJ

Dt
=

∣∣∣∣∣∣∣∣∣

∂u
∂x

∂x
∂x0

∂u
∂x

∂x
∂y0

∂u
∂x

∂x
∂z0

yx0 yy0 yz0

zx0 zy0 zz0

∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣

xx0 xy0 xz0

∂v
∂y

∂y
∂x0

∂v
∂y

∂y
∂y0

∂v
∂y

∂y
∂z0

zx0 zy0 zz0

∣∣∣∣∣∣∣∣∣

+

∣∣∣∣∣∣∣∣∣

xx0 xy0 xz0

yx0 yy0 yz0

∂w
∂z

∂z
∂x0

∂w
∂z

∂z
∂y0

∂w
∂z

∂z
∂z0

∣∣∣∣∣∣∣∣∣

.

P♦❞❡♠♦s ❡♥tã♦ ❝♦♥❝❧✉✐r q✉❡✱

DJ

Dt
=

∂u

∂x
J +

∂v

∂y
J +

∂w

∂z
J = (∇ ·

−→
U )J.



✶✷

❱♦❧t❛♥❞♦ ❛♦ ♣r✐♥❝í♣✐♦ ❞❛ ❝♦♥s❡r✈❛çã♦ ❞❡ ♠❛ss❛✱ t❡♠♦s ♣❡❧♦ ▲❡♠❛ ✶✳✶ q✉❡✱

D

Dt
m(Ω(t)) =

∫

Ω(t0)

(
Dρ

Dt
J + ρ

DJ

Dt

)
dΩ0 =

∫

Ω(t0)

(
Dρ

Dt
+ ρ(div

−→
U )

)
JdΩ0 = 0.

▲♦❣♦✱ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ t❡♦r❡♠❛ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s ❡♠ ✐♥t❡❣r❛✐s ♠ú❧t✐♣❧❛s

♦❜t❡♠♦s✱

0 =

∫

Ω(t0)

(
Dρ

Dt
+ ρ(div

−→
U )

)
JdΩ0 =

∫

Ω(t)

(
Dρ

Dt
+ ρ(div

−→
U )

)
dΩ,

♣❛r❛ ✉♠ ❞♦♠í♥✐♦ Ω(t) ❛r❜✐trár✐♦✱ s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r✳ ❖❜t❡♠♦s ❡♥tã♦ ❛ ❢♦r♠❛

❞✐❢❡r❡♥❝✐❛❧ ❞❛ ▲❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦ ❞❡ ♠❛ss❛✱

Dρ

Dt
+ ρ(div

−→
U ) = 0. ✭✶✳✷✮

❖❜s❡r✈❛çã♦ ✶✳✶ ❚❡♠♦s ❡♥tã♦ ❞✉❛s ❢♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s ❞❡ ❝❛r❛❝t❡r✐③❛r ♦ r❡❣✐♠❡ ❞❡

✐♥❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ✢✉✐❞♦✿

Dρ

Dt
= 0 ♦✉ div

−→
U = 0. ✭✶✳✸✮

✶✳✸ Pr✐♥❝í♣✐♦ ❞❡ ❝♦♥s❡r✈❛çã♦ ❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ♠♦✈✐✲

♠❡♥t♦

❆ ❞❡✜♥✐çã♦ ❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ✉♠ ❞♦♠í♥✐♦ ♠❛t❡r✐❛❧ é ✭✈❡r ❬✷❪✮

−→
P =

∫

Ω(t)

ρ
−→
U dΩ.

❆ s❡❣✉♥❞❛ ▲❡✐ ❞❡ ◆❡✇t♦♥ s❡ ❡s❝r❡✈❡ ♥❛ ❢♦r♠❛

D
−→
P

Dt
=

−→
F .

❊♥tã♦✱ ♦❜t❡♠♦s
D

Dt

∫

Ω(t)

ρ
−→
U dΩ =

−→
F .

❖♥❞❡✱
−→
F =

∫

Ω(t)

−→
f dΩ,

s❡♥❞♦
−→
f é ❛ ❢♦rç❛ ♣♦r ✉♥✐❞❛❞❡ ❞❡ ♠❛ss❛✳

❯s❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ❡s❝♦❛♠❡♥t♦ ♣❛r❛ ✜①❛r ♦ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡❣r❛çã♦✱ ♦❜t❡♠♦s

D

Dt

∫

Ω(t)

ρ
−→
U dΩ =

D

Dt

∫

Ω(t0)

(ρ
−→
U )JdΩ0 =

−→
F .



✶✸

❉❛í✱

∫

Ω(t0)

D

Dt
[(ρ

−→
U )J ]dΩ0 =

∫

Ω(t0)

[(
Dρ

Dt

−→
U + ρ

D
−→
U

Dt

)
J + (ρ

−→
U )

DJ

Dt

]
dΩ0 =

−→
F .

❯t✐❧✐③❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶ ♦❜t❡♠♦s
∫

Ω(t0)

[(
Dρ

Dt

−→
U + ρ

D
−→
U

Dt

)
J + (ρ

−→
U )(div

−→
U )J

]
dΩ0 =

−→
F

♦✉ ❛✐♥❞❛✱ ∫

Ω(t0)

[
Dρ

Dt

−→
U + ρ

D
−→
U

Dt
+ (ρ

−→
U )(div

−→
U )

]
JdΩ0 =

∫

Ω(t)

−→
f dΩ, ✭✶✳✹✮

♦♥❞❡ ~f = −∇p✱ ❡ p é ❛ ♣r❡ssã♦ r❡s✉❧t❛♥t❡ ❞❛s ❢♦rç❛s ❛t✉❛♥t❡s ♥❛ r❡❣✐ã♦ ♠❛t❡r✐❛❧

❝♦♥s✐❞❡r❛❞❛ ✭✈❡❥❛ ❬✶✶❪✮✳

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ▲❡✐ ❞❡ ❈♦♥s❡r✈❛çã♦ ❞❡ ▼❛ss❛ ✭❞❛❞❛ ♣❡❧❛ ❡①♣r❡ssã♦ ✭✶✳✷✮✮ ♣♦r
−→
U

t❡♠♦s✱
−→
U

Dρ

Dt
+ (ρ

−→
U )(div

−→
U ) = 0. ✭✶✳✺✮

❉❡st❡ ♠♦❞♦ ❛♣❧✐❝❛♥❞♦ ✭✶✳✺✮ ❡♠ ✭✶✳✹✮ ♦❜t❡♠♦s✱

∫

Ω(t0)

ρ
D
−→
U

Dt
JdΩ0 =

∫

Ω(t)

ρ
D
−→
U

Dt
dΩ =

∫

Ω(t)

−∇pdΩ,

❞❛í✱ ❝♦♥❝❧✉í♠♦s q✉❡✱

ρ
D
−→
U

Dt
= −∇p, ✭✶✳✻✮

q✉❡ é ❛ ❡①♣r❡ssã♦ ❞❛ ❝♦♥s❡r✈❛çã♦ ❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ♠♦✈✐♠❡♥t♦✳

✶✳✹ ❊q✉❛çõ❡s ❞❡ ➪❣✉❛s ❘❛s❛s

❈♦♥s✐❞❡r❛♠♦s ❛❣♦r❛ ♣❛r❛ q✉❛❧q✉❡r ♠♦✈✐♠❡♥t♦ ❞♦ ✢✉✐❞♦ q✉❡ ❛ ú♥✐❝❛ ❢♦rç❛ ❡①❡r✲

❝✐❞❛ s♦❜r❡ s✉❛ s✉♣❡r❢í❝✐❡ é ❛ ♣r❡ssã♦✳ ❙❡♥❞♦ ♦ ❣❡♦♣♦t❡♥❝✐❛❧ ❞❛❞♦ ♣♦r φ = gh✱ ❝♦♠ g

♦ ✈❛❧♦r ❞❛ ❣r❛✈✐❞❛❞❡ ❡ h = h(x, y) ❛ ❛❧t✉r❛ ❞♦ ✢✉✐❞♦✱ ❛ ❢♦rç❛ ❡①❡r❝✐❞❛ s♦❜r❡ ♦ ♠♦✈✐✲

♠❡♥t♦ ❞♦ ✢✉✐❞♦ ✈❛✐ s❡r ❞❛❞❛ ♣♦r ♠❡✐♦ ❞♦ ❣r❛❞✐❡♥t❡ ❞♦ ♠❡s♠♦✳ ◆♦ ♠♦❞❡❧♦ ❞❡ á❣✉❛s

r❛s❛s✱ ❝♦♥s✐❞❡r❛♠♦s ✉♠ ✢✉✐❞♦ ✐♥❝♦♠♣r❡ssí✈❡❧ ❤♦♠♦❣ê♥❡♦ ❝♦♠ ✉♠❛ ❢r♦♥t❡✐r❛ ❤♦r✐③♦♥t❛❧

✐♥❢❡r✐♦r rí❣✐❞❛ ❡ s✉♣❡r✐♦r ✉♠❛ s✉♣❡r❢í❝✐❡ ❧✐✈r❡✳ ❖ ❝❛♠♣♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❝♦♥s✐❞❡r❛❞♦

❛q✉✐ s❡rá ♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❤♦r✐③♦♥t❛❧ ♦ q✉❛❧ é ✐♥✈❛r✐❛♥t❡ ❝♦♠ r❡❧❛çã♦ ❛ ❛❧t✉r❛✱ ✐st♦ é✱

~✈H = (u(x, y, t), v(x, y, t), 0)✳ ◆♦ s✐st❡♠❛ ❞❡ á❣✉❛s r❛s❛s✱ ✉s❛♠♦s ❛s ❡q✉❛çõ❡s ❞❡ ❝♦♥✲

s❡r✈❛çã♦ ❞❡ ♠♦♠❡♥t♦ ❡ ❞❡ ♠❛ss❛ ✭❝♦♥t✐♥✉✐❞❛❞❡✮✳ ❉❛ ♦❜s❡r✈❛çã♦ (1.1) ❛ ❡q✉❛çã♦ ❞❡



✶✹

❝♦♥t✐♥✉✐❞❛❞❡ ♣❛r❛ ✉♠ ✢✉✐❞♦ ✐♥❝♦♠♣r❡ssí✈❡❧ q✉❛❧q✉❡r✱ ❝✉❥♦ ❝❛♠♣♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡s é
−→
U

é ❞❛❞❛ ♣♦r✱

div
−→
U =

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0. ✭✶✳✼✮

■♥t❡❣r❛♥❞♦ ✈❡rt✐❝❛❧♠❡♥t❡ ❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ ❞❡ z = 0 ❛té z = h✱ ❡ ❝♦♠ ✉♠❛ ❝♦♥❞✐çã♦

❞❡ ❢r♦♥t❡✐r❛ ❞❡ w ❞❛❞♦ ♣♦r w(0) = 0 ❡ w(h) = w✱ ♦❜t❡♠♦s

∫ h

0

∂w

∂z
dz = −

∫ h

0

(
∂u

∂x
+

∂v

∂y

)
dz.

✐st♦ é✱

w = −h

(
∂u

∂x
+

∂v

∂y

)
⇒ w = −h(div~✈H).

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ♣❛rtí❝✉❧❛ ♥❛ ❞✐r❡çã♦ ❞❡ z é ❞❛❞❛ ♣♦r✱

w =
Dh

Dt
=

∂h

∂t
+ (~✈H · ∇)h,

❞♦♥❞❡
∂h

∂t
= −(~✈H · ∇)h − h(div~✈H),

q✉❡ ♠✉❧t✐♣❧✐❝❛❞❛ ♣♦r g ♥♦s ❞á ❛ ❡q✉❛çã♦ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ✉♠ ✢✉✐❞♦ ✐♥❝♦♠♣r❡ss✐✈❡❧

∂φ

∂t
= −(~✈H · ∇)φ − φ(div~✈H),

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡
Dφ

Dt
+ φ(div~✈H) = 0. ✭✶✳✽✮

P❡❧♦ q✉❡ ✈✐♠♦s ♥❛ ❙❡çã♦ ✶✳✸✱ ♦ ❜❛❧❛♥ç♦ ❞♦ ♠♦♠❡♥t♦ ❤♦r✐③♦♥t❛❧ ❞❛❞♦ ♥❛ ❡q✉❛çã♦

❞❡ ❝♦♥s❡r✈❛çã♦ ❞❡ ♠♦♠❡♥t♦ ❝♦♠ ~f = −ρ∇φ é

D~✈H

Dt
+ ∇φ = 0. ✭✶✳✾✮

❆ss✐♠ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞❡ á❣✉❛s r❛s❛s





D~✈H

Dt
+ ∇φ = 0

Dφ

Dt
+ φ(div~✈H) = 0,

✭✶✳✶✵✮

❞❡st❡ ♠♦❞♦✱ ❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ ✭✶✳✶✵✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛

D~✈H

Dt
+ ∇φ =

(
u
∂u

∂x
+ v

∂u

∂y
+

∂u

∂t
, u

∂v

∂x
+ v

∂v

∂y
+

∂v

∂t

)
+

(
∂φ

∂x
,
∂φ

∂y

)
= (0, 0),



✶✺

✐st♦ ♥♦s ❢♦r♥❡❝❡

D~✈H

Dt
+ ∇φ =

(Du

Dt
,
Dv

Dt

)
+
(∂φ

∂x
,
∂φ

∂y

)
= (0, 0)

❡ ❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛ ✭✶✳✶✵✮ é

Dφ

Dt
+ φ
(∂u

∂x
+

∂v

∂y

)
= 0.

■♥tr♦❞✉③✐❞♦ ❛rt✐✜❝✐❛❧♠❡♥t❡ ♦ ✈❡t♦r ❞❡ ♦♥❞❛ ~c = (cx, cy)✱ ♣❛r❛ ❛♥❛❧✐s❛r ♦ ❡❢❡✐t♦

❞❛ ❣r❛❞❡ ❤❡t❡r♦❣ê♥❡❛ ♥❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛s ❞❡ á❣✉❛s r❛s❛s ♥♦ s✐st❡♠❛ ✭✶✳✶✵✮✱ ❡

r❡❛rr✉♠❛♥❞♦ ♦ s✐st❡♠❛✱ ♦❜t❡♠♦s





Du

Dt
+ c2

x

∂φ

∂x
= 0

Dv

Dt
+ c2

y

∂φ

∂y
= 0

Dφ

Dt
+ φ
(∂u

∂x
+

∂v

∂y

)
= 0.

✭✶✳✶✶✮

❉❡s❡♥✈♦❧✈❡♥❞♦ ❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛ ✭✶✳✶✶✮✱ t❡♠♦s

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ c2

x

∂φ

∂x
= 0. ✭✶✳✶✷✮

❆♥t❡s ❞❡ ❞❛r♠♦s ♣r♦ss❡❣✉✐♠❡♥t♦ ❡♠ ♥♦ss♦ ❡st✉❞♦ ✐r❡♠♦s ❞❡✜♥✐r ✉♠ ✐♠♣♦rt❛♥t❡

❢❛t♦ ♣❛r❛ ❡st❡ tr❛❜❛❧❤♦✱ q✉❡ é ♦ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦✳ ❆ss✐♠✱ ❞❛❞♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡

❞❛❞♦s✱ ❝❤❛♠❛r❡♠♦s ❞❡ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦ ❝♦♠♦ s❡♥❞♦ ❛ ♠é❞✐❛ ❞❡st❡s ❞❛❞♦s✳ ▲♦❣♦✱

❧✐♥❡❛r✐③❛♥❞♦ ♦ s✐st❡♠❛ ✭✶✳✶✶✮ ❡♠ t♦r♥♦ ❞❡ ✉♠ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦ ❞❡ u = U ✱ v = V ✱ ❡

φ = Φ✱ ❡st❡s ❝♦♥st❛♥t❡s✱ ✐r❡♠♦s ❡s❝r❡✈❡r u = U + u′✱ v = V + v′ ❡ φ = Φ + φ′✱ ♦♥❞❡ u′✱

v′ ❡ φ′ sã♦ ❞❡s✈✐♦s ❞❡ O(ǫ) ❝♦♠ ǫ << 1✱ ❞♦ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦✳ ▲♦❣♦ ♣♦r ✭✶✳✶✷✮

∂(U + u′)

∂t
+ (U + u′)

∂(U + u′)

∂x
+ (V + v′)

∂(U + u′)

∂y
+ c2

x

∂(Φ + φ′)

∂x
= 0.

❈♦♠♦ (U, V, Φ) é ❝♦♥st❛♥t❡ ❡♥tã♦ s✉❛s ❞❡r✐✈❛❞❛s sã♦ ♥✉❧❛s✳ ▲♦❣♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ✜❝❛

∂u′

∂t
+ U

∂u′

∂x
+ u′

∂u′

∂x
+ V

∂u′

∂y
+ v′

∂u′

∂y
+ c2

x

∂φ′

∂x
= 0.

❚❡♠♦s t❛♠❜é♠ q✉❡
∂u′

∂x
✱ u′✱

∂u′

∂y
❡ v′ sã♦ O(ǫ)✱ ❡♥tã♦ ♦ ♣r♦❞✉t♦ ❡♥tr❡ ❡❧❡s é ❞❡ ♦r❞❡♠

O(ǫ2)✱ ♦✉ s❡❥❛✱ ❞❡s♣r❡③í✈❡✐s✳ ❆ss✐♠ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❝♦♠ ♦s t❡r♠♦s O(ǫ)✱

∂u′

∂t
+ U

∂u′

∂x
+ V

∂u′

∂y
+ c2

x

∂φ′

∂x
= 0.



✶✻

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ❢❛r❡♠♦s ♣❛r❛ ❛ s❡❣✉♥❞❛ ❡ t❡r❝❡✐r❛ ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✶✳✶✶✮✱

❡ ✈♦❧t❛♥❞♦ ❛ ❞❡♥♦t❛r ♦s t❡r♠♦s u, v ❡ φ✱ ♦❜t❡♠♦s ♦ s✐st❡♠❛






∂u

∂t
+ U

∂u

∂x
+ V

∂u

∂y
+ c2

x

∂φ

∂x
= 0

∂v

∂t
+ U

∂v

∂x
+ V

∂v

∂y
+ c2

y

∂φ

∂y
= 0

∂φ

∂t
+ U

∂φ

∂x
+ V

∂φ

∂y
+ Φ

(∂u

∂x
+

∂v

∂y

)
= 0.

✭✶✳✶✸✮



❈❛♣ít✉❧♦ ✷

❆s ♦♥❞❛s ❞❡ ➪❣✉❛s ❘❛s❛s

◆❡st❡ ❝❛♣ít✉❧♦ ✉s❛♠♦s ♦ ♠♦❞❡❧♦ ❞❡ á❣✉❛s r❛s❛s ♥♦ ♣❧❛♥♦✱ ♣❛r❛ ❛♥❛❧✐s❛r♠♦s ♦

❡❢❡✐t♦ ❞♦ ✉s♦ ❞❡ ❣r❛❞❡ ❤❡t❡r♦❣ê♥❡❛ ♥❛ ❡✈♦❧✉çã♦ ❞❡ ♦♥❞❛s ♣❧❛♥❛r❡s✱ q✉❡ sã♦ s♦❧✉çõ❡s ❞♦

s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞❡ á❣✉❛s r❛s❛s✳

❈♦♠ ❛ ♠♦t✐✈❛çã♦ ❞❡ ❡st✉❞❛r ♦ ✉s♦ ❞❡ ❣r❛❞❡s ♥ã♦ ✉♥✐❢♦r♠❡s ♦✉ ♥ã♦ ✐s♦tró♣✐❝❛s✱

✉t✐❧✐③❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❝♦♠♦ ♠♦❞❡❧♦ ♣❛r❛ ♦s ♠ét♦❞♦s ♥✉♠ér✐❝♦s✱ ❛s ❡q✉❛çõ❡s ❞❡ á❣✉❛s

r❛s❛s ❝♦♠ ♦♥❞❛s ♣♦ss✉✐♥❞♦ ✈❡❧♦❝✐❞❛❞❡s ❞✐st✐♥t❛s ♥❛s ❞✐r❡çõ❡s ① ❡ ②✳

❈♦♥s✐❞❡r❛♠♦s ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞❡ á❣✉❛s r❛s❛s ♣❧❛♥❛r✱ ❧✐♥❡❛r✐③❛❞♦ ❡♠ t♦r♥♦

❞♦ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦ (U, V, Φ) ❝♦♥st❛♥t❡✱ ❝♦♠ ✈❡t♦r ❞❡ ♦♥❞❛ ~c = (cx, cy)✱ ♦ q✉❛❧

♣♦ss✉✐ ❝♦♠♣♦♥❡♥t❡s ❞✐st✐♥t❛s ♥❛s ❞✐r❡çõ❡s ① ❡ ②✱ ❞❛❞♦ ♣♦r ✭✶✳✶✸✮ ✱ q✉❡ ♣♦r ❝♦♥✈❡♥✐ê♥❝✐❛

r❡♣❡t✐♠♦s ❛q✉✐✿





∂u

∂t
+ U

∂u

∂x
+ V

∂u

∂y
+ c2

x

∂φ

∂x
= 0

∂v

∂t
+ U

∂v

∂x
+ V

∂v

∂y
+ c2

y

∂φ

∂y
= 0

∂φ

∂t
+ U

∂φ

∂x
+ V

∂φ

∂y
+ Φ

(
∂u

∂x
+

∂v

∂y

)
= 0,

✭✷✳✶✮

♦♥❞❡ 0 ≤ x ≤ Lx ❡ 0 ≤ y ≤ Ly✳ ❆s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ q✉❡ s❡rã♦ ❝♦♥s✐❞❡r❛❞❛s sã♦

♣❡r✐ó❞✐❝❛s t❛♥t♦ ♥❛ ❞✐r❡çã♦ ① ❝♦♠♦ ♥❛ ❞✐r❡çã♦ ②✳

Pr♦❝✉r❛♠♦s s♦❧✉çã♦ ❞❡ ✭✷✳✶✮ ❞❛ ❢♦r♠❛




u

v

φ




(x, y, t) =

∞∑

k=−∞

∞∑

l=−∞

α(k, l)ei(wxkx+wyly−wt)





u0
k,l

v0
k,l

φ0
k,l




,



✶✽

♦♥❞❡ ❞❡♥♦t❛♠♦s ❛ ❢r❡q✉ê♥❝✐❛ t❡♠♣♦r❛❧ ♣♦r w✱ ❛s ❢r❡q✉ê♥❝✐❛s ❡s♣❛❝✐❛✐s ♣♦r

wx =
2π

Lx

❡ wy =
2π

Ly

.

❡ s❡♥❞♦ u0
k,l✱ v0

k,l ❡ φ0
k,l ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s q✉❡ sã♦ ❞❛❞❛s✳

❙✉❜st✐t✉✐♥❞♦ ❡st❛ s♦❧✉çã♦ ❡♠ ✭✷✳✶✮ ❡ ❛❜❛♥❞♦♥❛♥❞♦ ♦s í♥❞✐❝❡s ❦✱ ❧ ❡♠ u0
k,l✱ v0

k,l✱ φ0
k,l

♦❜t❡♠♦s ✭❢❛③❡♥❞♦ ❛s ❞❡✈✐❞❛s s✐♠♣❧✐✜❝❛çõ❡s✮✱




−w + Uwxk + V wyl 0 c2
xwxk

0 −w + Uwxk + V wyl c2
ywyl

Φwxk Φwyl −w + Uwxk + V wyl









u0

v0

φ0




=





0

0

0




.

✭✷✳✷✮

■♥tr♦❞✉③✐♠♦s ❛ ♥♦t❛çã♦

Gk,l =
√

Φ[c2
x(wxk)2 + c2

y(wyl)2]. ✭✷✳✸✮

◆♦ss♦ ✐♥t✉✐t♦ ❛q✉✐ é ♣r♦❝✉r❛r s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s ♣❛r❛ ♦ ♥♦ss♦ s✐st❡♠❛ ❞❡ á❣✉❛s

r❛s❛s✳ ❉❡st❡ ♠♦❞♦✱ ❛♥✉❧❛♥❞♦ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③ ✭✷✳✷✮ r❡s✉❧t❛ ♥❛ s❡❣✉✐♥t❡

❡q✉❛çã♦ ❝ú❜✐❝❛

(−w + Uwxk + V wyl)[(−w + Uwxk + V wyl)
2 − G2

k,l] = 0. ✭✷✳✹✮

❯♠❛ ❞❛s r❛í③❡s ❞❛ ❡q✉❛çã♦ ✭✷✳✹✮ é

w0 = Uwxk + V wyl. ✭✷✳✺✮

P❛r❛ w 6= Uwxk + V wyl ♦❜t❡♠♦s ❛♦ ❡①tr❛✐r ♦ ✈❛❧♦r ❞❡ w ♥❛ ❡q✉❛çã♦ ✭✷✳✹✮

w+ = Uwxk + V wyl + Gk,l ✭✷✳✻✮

❡

w− = Uwxk + V wyl − Gk,l. ✭✷✳✼✮

❖ ❛✉t♦✈❡t♦r ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ❛✉t♦✈❛❧♦r w0 ❞❛❞♦ ❡♠ ✭✷✳✺✮ é s♦❧✉çã♦ ❞❡




0 0 c2
xwxk

0 0 c2
ywyl

Φwxk Φwyl 0









u0

v0

φ0




=





0

0

0




. ✭✷✳✽✮



✶✾

❙❡ k 6= 0 ♦✉ l 6= 0 ❡♥tã♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ s✉♣♦♠♦s k 6= 0✱ ♣♦✐s ♦ ❝❛s♦

❡♠ q✉❡ l 6= 0 é ❛♥á❧♦❣♦✱ ❧♦❣♦ ♦❜t❡♠♦s






φ0 = 0

wxku0 + wylv
0 = 0 ⇒ u0 = −

wyl

wxk
v0, k 6= 0.

❆ss✐♠✱ ♦❜t❡♠♦s ♦ ❛✉t♦✈❡t♦r

R0(k, l) = (−wyl, wxk, 0)T . ✭✷✳✾✮

❖ ❛✉t♦✈❡t♦r ♣❛r❛ ♦ ❛✉t♦✈❛❧♦r w+ ❞❛❞♦ ❡♠ ✭✷✳✻✮ é s♦❧✉çã♦ ❞❡




−Gk,l 0 c2
xwxk

0 −Gk,l c2
ywyl

Φwxk Φwyl −Gk,l









u0

v0

φ0




=





0

0

0




. ✭✷✳✶✵✮

▲♦❣♦✱ 




Gk,lu
0 − c2

xwxkφ0 = 0

Gk,lv
0 − c2

ywylφ
0 = 0

−wxkΦu0 − wylΦv0 + Gk,lΦ
0 = 0

❡ ❛s ❞✉❛s ♣r✐♠❡✐r❛s ❡q✉❛çõ❡s ❛❝✐♠❛ ♥♦s ❞ã♦





u0 =
c2
xwxk

Gk,l

φ0

v0 =
c2
ywyl

Gk,l

φ0

q✉❡ ♥♦s ❞á ♦ ❛✉t♦✈❡t♦r

R+(k, l) = (c2
xwxk, c2

ywyl, Gk,l)
T . ✭✷✳✶✶✮

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♣❛r❛ ♦ ❛✉t♦✈❛❧♦r w− ❞❛❞♦ ❡♠ ✭✷✳✼✮ ♦❜t❡♠♦s ♦ ❛✉t♦✈❡t♦r

R−(k, l) = (c2
xwxk, c2

ywyl,−Gk,l)
T . ✭✷✳✶✷✮

❆❣♦r❛ s❡ kl = 0✱ ♣♦r ❡①❡♠♣❧♦✱ s✉♣♦♥❞♦ k = 0 ❡ l 6= 0✱ ♣♦✐s ♦ ❝❛s♦ k 6= 0 ❡

l = 0 é ❛♥á❧♦❣♦✱ ❡♥tã♦ ♣♦r ✭✷✳✾✮ ♦❜t❡♠♦s q✉❡ R0 = (1, 0, 0)T ❡ ♣♦r ✭✷✳✶✶✮✱ s❡❣✉❡ q✉❡

R+(0, l) = (0, c2
ywyl, G0,l)

T ❡ ❛♥❛❧♦❣❛♠❡♥t❡ R−(0, l) = (0, c2
ywyl,−G0,l)

T ✳

◆♦t❡♠♦s q✉❡ s❡ k = l = 0 ❡♠ ✭✷✳✾✮✱ ✭✷✳✶✶✮ ❡ ✭✷✳✶✷✮✱ ❡♥tã♦ ♦s ❛✉t♦✈❛❧♦r❡s w0, w+✱

w− ❡ ❛✉t♦✈❡t♦r❡s R0, R+ ❡ R− sã♦ ♥✉❧♦s✳ ❆ss✐♠ ♥ã♦ ❤á ✐♥t❡r❡ss❡ ❢ís✐❝♦ ♣♦✐s ❡❧❡s ♥ã♦

❞❡♣❡♥❞❡♠ ❞♦s ♥ú♠❡r♦s ❞❡ ♦♥❞❛s✳

P♦rt❛♥t♦✱ ❞❡♠♦♥str❛♠♦s ♦ s❡❣✉✐♥t❡



✷✵

❚❡♦r❡♠❛ ✷✳✶ ❆ s♦❧✉çã♦ ❣❡r❛❧ ♥ã♦ ❡st❛❝✐♦♥ár✐❛ ❞♦ s✐st❡♠❛ ✭✷✳✶✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛

❢♦r♠❛✱

S(x, y, t) =
∞∑

k=−∞

∞∑

l=−∞
(k,l) 6=(0,0)

[
α+(k, l)ei(wxkx+wyly−w+t)R+ + α−(k, l)ei(wxkx+wyly−w−t)R−+

+ α0(k, l)ei(wxkx+wyly−w0t)R0

]

♦♥❞❡ w+✱ w− ❡ w0 sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❡ R+(k, l)✱ R−(k, l) ❡ R0(k, l) sã♦ ♦s r❡s♣❡❝t✐✈♦s

❛✉t♦✈❡t♦r❡s ❞♦ s✐st❡♠❛ ♠❛tr✐❝✐❛❧ ✭✷✳✷✮ ❡ S = (u, v, φ)T ✳

❆ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✷✳✶✮ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦s í♥❞✐❝❡s k = 0✱ l = 0 é ♥✉❧❛✱ s❡♥❞♦

❛ss✐♠ ❡st❛❝✐♦♥ár✐❛✱ ❧♦❣♦ ♥ã♦ s♦❢r❡ ✐♥t❡r❢❡rê♥❝✐❛ ❞♦ ♠❡✐♦ ❡ ♥ã♦ t❡♠ ✐♥t❡r❡ss❡ ❢ís✐❝♦✳

P♦rt❛♥t♦ ♥ã♦ s❡rá ❛♥❛❧✐s❛❞❛✱ t❛♠❜é♠ ♣♦rq✉❡ ❛❣♦r❛ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥❛ s♦❧✉çã♦ ❞❛

♣❡rt✉r❜❛çã♦ ❞♦ s✐st❡♠❛ ✭✶✳✶✵✮❡♠ t♦r♥♦ ❞♦ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦ (U, V, Φ)✳

❖s ❛✉t♦✈❡t♦r❡s R+ ❡ R− ❝♦rr❡s♣♦♥❞❡♠ às ♦♥❞❛s ❞❡ ❣r❛✈✐❞❛❞❡ ✭♦♥❞❛s rá♣✐❞❛s✮ ❡

R0 ❝♦rr❡s♣♦♥❞❡ à ♦♥❞❛ ❞❡ ❘♦ss❜② ✭♦♥❞❛ ❧❡♥t❛✮✱ ❝♦♥❢♦r♠❡ ❬✸❪✳

❖ ♣r♦❜❧❡♠❛ ❛❣♦r❛ é ❡♥❝♦♥tr❛r ♦s ❝♦❡✜❝✐❡♥t❡s α+✱ α− ❡ α0✳ ❊❧❡s ♣♦❞❡♠ s❡r ❞❡t❡r✲

♠✐♥❛❞♦s ❛ ♣❛rt✐r ❞❡ ❛❧❣✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❛❞❛✳ P❡❧❛ s♦❧✉çã♦ ❣❡r❛❧ ❞❛❞❛ ♥♦ ❚❡♦r❡♠❛

✷✳✶✱ t❡♠♦s




u

v

φ




(x, y, 0) =

∞∑

k=−∞

∞∑

l=−∞
(k,l) 6=(0,0)

ei(wxkx+wyly)
[
α+(k, l)R+ + α−(k, l)R− + α0(k, l)R0

]
.

P❡❧❛s sér✐❡s ❞❡ ❋♦✉r✐❡r ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❝♦♠♦✱




u

v

φ




(x, y, 0) =

∞∑

k=−∞

∞∑

l=−∞
(k,l) 6=(0,0)





û

v̂

φ̂




(x, y, 0)ei(wxkx+wyly).

❉❡st❡ ♠♦❞♦✱ s❡❣✉❡ ❛ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦✱

❖❜s❡r✈❛çã♦ ✷✳✶ ❆ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✷✳✶✮ ✜❝❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛✱ q✉❛♥❞♦

é ❞❛❞❛ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ (u(x, y, 0), v(x, y, 0), φ(x, y, 0))T ✳ ❉❡ ❢❛t♦✱ ♣❛r❛ t = 0✱ ♠❛s

(k, l) 6= (0, 0) ♥❛ s♦❧✉çã♦ ❣❡r❛❧ ❞❛❞❛ ♥♦ ❚❡♦r❡♠❛ ✷✳✶✱ ♦❜t❡♠♦s ♦ s✐st❡♠❛





[α+(k, l) + α−(k, l)] c2
xwxk − α0(k, l)wyl = û0

[α+(k, l) + α−(k, l)] c2
ywyl + α0(k, l)wxk = v̂0

[α+(k, l) − α−(k, l)] Gk,l = φ̂0

♦♥❞❡ ♦s s❡❣✉♥❞♦s ♠❡♠❜r♦s ❛❝✐♠❛ sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✳

▲♦❣♦ ❛ s♦❧✉çã♦ ❞❡st❡ s✐st❡♠❛ ♥♦s ❢♦r♥❡❝❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r α+✱ α− ❡ α0



❈❛♣ít✉❧♦ ✸

❆♥á❧✐s❡ ❊s♣❡❝tr❛❧ ❞♦ ▼♦❞❡❧♦ ❞❡ ➪❣✉❛s

❘❛s❛s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♥❛❧✐s❛r❡♠♦s ♦ ❡❢❡✐t♦ ❞♦ ✉s♦ ❞❡ ❣r❛❞❡s ❤❡t❡r♦❣ê♥❡❛s ♥❛ ❡✈♦❧✉çã♦ ❞❡

♦♥❞❛s ❞❡ á❣✉❛s r❛s❛s ♣❧❛♥❛r❡s ❧✐♥❡❛r✐③❛❞❛s ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❡s♣❡❝tr❛❧✱ q✉❡ ❝♦♥s✐st❡

❡♠ ❡①♣❛♥❞✐r ❛s ✈❛r✐á✈❡✐s ❞♦ s✐st❡♠❛ ❡♠ sér✐❡s ❞❡ ❋♦✉r✐❡r✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r

q✉❡ ❛ ♣r♦♣❛❣❛çã♦ ❞❡ss❛s ♦♥❞❛s ♥ã♦ s♦❢r❡ ✐♥t❡r❢❡rê♥❝✐❛✱ ♣♦r ✉s♦ ❞❡ ❣r❛❞❡s ❤❡t❡r♦❣ê♥❡❛s✱

❞✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ♠ét♦❞♦ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✱ ❝♦♥❢♦r♠❡ é ♠♦str❛❞♦ ♥♦ ❛rt✐❣♦ ❬✹❪✳

✸✳✶ ❆s ❊q✉❛çõ❡s ❞❡ ➪❣✉❛s ❘❛s❛s ❉✐s❝r❡t✐③❛❞❛s

❈♦♥s✐❞❡r❛♠♦s ♦ s✐st❡♠❛ ✭✷✳✶✮ ♥♦ ❝❛s♦ U = V = 0✱ ♣♦rq✉❡ ♦ t❡r♠♦ ❞❡ ❛❞✈❡❝çã♦ ❞❡

♦♥❞❡ ❡❧❡s s❡ ♦r✐❣✐♥❛♠ ♥ã♦ sã♦ tr❛t❛❞♦s ❡s♣❡❝tr❛❧♠❡♥t❡✱ ♠❛s s✐♠ ♣❡❧❛ ♣❛rt❡ ❧❛❣r❛♥❣❡❛♥❛✳

◗✉❛♥❞♦ ❛s ✈❛r✐á✈❡✐s U, V sã♦ ❞✐❢❡r❡♥t❡s ❞❡ ③❡r♦✱ ♦ ♠ét♦❞♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❙❡♠✐✲

▲❛❣r❛♥❣❡❛♥♦✱ ❡ ♥ã♦ s❡rá ❡st✉❞❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦✳ P❛r❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡st❡ ♠ét♦❞♦

✈❡❥❛ ♣♦r ❡①❡♠♣❧♦✱ ♦ tr❛❜❛❧❤♦ ❬✾❪✳ ❊♥tã♦ ❞✐s❝r❡t✐③❡♠♦s ♦ s✐st❡♠❛ ✭✷✳✶✮ ✉s❛♥❞♦ ❞✐❢❡r❡♥ç❛

✜♥✐t❛ ♣r♦❣r❡ss✐✈❛ ♥❛ ❞❡r✐✈❛❞❛ t❡♠♣♦r❛❧

∂( )

∂t
=

( )+ − ( )−

∆t
, ✭✸✳✶✮

♦♥❞❡ ∆t é ♦ ♣❛ss♦ ❞❡ t❡♠♣♦✱ ( )+ ❞❡♥♦t❛ ❛ ❛✈❛❧✐❛çã♦ ♥✉♠ ♣♦♥t♦ ❞❡ ❣r❛❞❡ ♥♦ t❡♠♣♦

t + ∆t ❡ ( )− ❞❡♥♦t❛ ❛ ❛✈❛❧✐❛çã♦ ♥✉♠ ♣♦♥t♦ ❞❡ ❣r❛❞❡ ♥♦ t❡♠♣♦ t✳

◆❛s ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s ux✱ vy✱ φx ❡ φy✱ ❢❛③❡♠♦s ✉♠ tr❛t❛♠❡♥t♦ í♠♣❧✐❝✐t♦ ❞♦s



✷✷

t❡r♠♦s ❧✐♥❡❛r❡s q✉❡ ♣r♦❞✉③❡♠ ❛s ♦♥❞❛s ❞❡ ❣r❛✈✐❞❛❞❡ ✭♦♥❞❛s rá♣✐❞❛s✮✱ ✉s❛♥❞♦ ♦ ♦♣❡r❛❞♦r

❞❡ ♠é❞✐❛ t❡♠♣♦r❛❧✱ q✉❡ r❡s✉❧t❛ ♥❛ s❡❣✉✐♥t❡ ❞✐s❝r❡t✐③❛çã♦ ❞♦ s✐st❡♠❛ ✭✷✳✶✮





u+ − u−

∆t
+ c2

x

φ+
x + φ−

x

2
= 0,

v+ − v−

∆t
+ c2

y

φ+
y + φ−

y

2
= 0,

φ+ − φ−

∆t
+ Φ

(u+
x + u−

x

2
+

v+
y + v−

y

2

)
= 0.

✭✸✳✷✮

Pr♦❝✉r❛♠♦s s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞♦ ❡sq✉❡♠❛ ✭✸✳✷✮ ❞❛ ❢♦r♠❛




u−

v−

φ−




(x, y, t) =

∞∑

k=−∞

∞∑

l=−∞

α(k, l)ei(wxkx+wyly−wt)





u0
k,l

v0
k,l

φ0
k,l




, ✭✸✳✸✮

❡ 



u+

v+

φ+




(x, y, t) =

∞∑

k=−∞

∞∑

l=−∞

α(k, l)ei(wxkx+wyly−w(t+∆t))





u0
k,l

v0
k,l

φ0
k,l




. ✭✸✳✹✮

❙✉❜st✐t✉✐♥❞♦ ✭✸✳✸✮ ❡ ✭✸✳✹✮ ❡♠ ✭✸✳✷✮✱ ❝❛♥❝❡❧❛♥❞♦ ♦ t❡r♠♦ ei(wxkx+wyly−wt) ❡ ❛❜❛♥✲

❞♦♥❛♥❞♦ ♦s í♥❞✐❝❡s ❦✱ ❧ ❡♠ u0
k,l✱ v0

k,l ❡ φ0
k,l✱ ♦❜t❡♠♦s






e−iw∆t − 1

∆t
u0 +

e−iw∆t + 1

2
ic2

xwxkφ0 = 0,

e−iw∆t − 1

∆t
v0 +

e−iw∆t + 1

2
ic2

ywylφ
0 = 0,

e−iw∆t − 1

∆t
φ0 + Φ

e−iw∆t + 1

2
(iwxku0 + iwylv

0) = 0.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❝❛❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦r e
i
2
w∆t ♦❜t❡♠♦s






e−
i
2
w∆t − e

i
2
w∆t

∆t
u0 +

e−
i
2
w∆t + e

i
2
w∆t

2
ic2

xwxkφ0 = 0,

e−
i
2
w∆t − e

i
2
w∆t

∆t
v0 +

e−
i
2
w∆t + e

i
2
w∆t

2
ic2

ywylφ
0 = 0,

e−
i
2
w∆t − e

i
2
w∆t

∆t
φ0 + Φ

e−
i
2
w∆t + e

i
2
w∆t

2
(iwxku0 + iwylv

0) = 0.

❆ss✐♠✱ ✉t✐❧✐③❛♥❞♦ ❛s ❞❡✜♥✐çõ❡s ❞♦ s❡♥♦ ❡ ❝♦ss❡♥♦ ❝♦♠♣❧❡①♦s✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡

❢♦r♠❛ ♣❛r❛ ♦ s✐st❡♠❛ ❛♥t❡r✐♦r✱





2iS

∆t
u0 + Cic2

xwxkφ0 = 0,

2iS

∆t
v0 + Cic2

ywylφ
0 = 0,

2iS

∆t
φ0 + ΦC(iwxku0 + iwylv

0) = 0,

✭✸✳✺✮



✷✸

♦♥❞❡

S
❞❡❢
= sen

(
− w

∆t

2

)

❡

C
❞❡❢
= cos

(
− w

∆t

2

)
,

♦✉ ♥❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✱ ❞❡♥♦t❛♥❞♦ ❚ = ❙✴❈✱ ♦❜t❡♠♦s




2T
∆t

0 c2
xwxk

0 2T
∆t

c2
ywyl

Φwxk Φwyl
2T
∆t









u0

v0

φ0




=





0

0

0




. ✭✸✳✻✮

❆ss✐♠ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♥❛ ❙❡çã♦ ✷✱ ♦ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s

♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞❡ á❣✉❛s r❛s❛s ❞✐s❝r❡t✐③❛❞❛s✳ ❉❡st❡ ♠♦❞♦✱ ❛♦ ③❡r❛r ♦

❞❡t❡r♠✐♥❛♥t❡ ❞♦ s✐st❡♠❛ ✭✸✳✻✮✱ ♦❜t❡♠♦s

(2T

∆t

)3

−

(
2T

∆t

)
[Φ(c2

x(wxk)2 + c2
y(wyl)

2)] = 0.

❙❡❥❛ z =
2T

∆t
✱ ❡♥tã♦ ✉s❛♥❞♦ ❛ ♥♦t❛çã♦ ❞❛❞❛ ❡♠ ✭✷✳✸✮ ♣❛r❛ Gk,l✱ t❡♠✲s❡

z3 − G2
k,lz = 0. ✭✸✳✼✮

❊st❛ ❡q✉❛çã♦ ❝ú❜✐❝❛ ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s r❛í③❡s✿

z0 = 0 ✭✸✳✽✮

z+ = Gk,l ✭✸✳✾✮

z− = −Gk,l. ✭✸✳✶✵✮

❖❜s❡r✈❛♥❞♦ ♦ ❢❛t♦ q✉❡

z =
2T

∆t
= 2

tg(−w∆t
2

)

∆t

t❡♠♦s lim
∆t→0

z → −w q✉❛♥❞♦ U = V = 0✳ ❉❡st❡ ♠♦❞♦ ❛ ♠❛tr✐③ ✭✸✳✻✮ ❝♦♥✈❡r❣❡ ♣❛r❛ ❛

♠❛tr✐③ ✭✷✳✷✮✱ ❝♦♠ U = V = 0✳ ■st♦ ♠♦str❛ q✉❡ ♦ ❡sq✉❡♠❛ ✭✸✳✷✮ é ❝♦♥s✐st❡♥t❡✳ ❚❛♠❜é♠

❛s ♠❛tr✐③❡s ✭✸✳✻✮ ❡ ✭✷✳✷✮ tê♠ ♦s ♠❡s♠♦ ❛✉t♦✈❛❧♦r❡s✳ ❆ss✐♠✱ ♦s ❛✉t♦✈❡t♦r❡s ❞♦ s✐st❡♠❛

❞✐s❝r❡t✐③❛❞♦ ✭✸✳✷✮ sã♦ ✐❣✉❛✐s ❛♦s ❛✉t♦✈❡t♦r❡s R+✱ R− ❡ R0 ❞♦ s✐st❡♠❛ ❛♥❛❧ít✐❝♦ ✭✷✳✶✮✱

q✉❛♥❞♦ U = V = 0✳

❉❡♥♦t❡♠♦s S+ = (u+, v+, φ+)T ✳ ❊♥tã♦ ❞❡♠♦♥str❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦



✷✹

❚❡♦r❡♠❛ ✸✳✶ ❖ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦ ✭✸✳✷✮ é ❝♦♥s✐st❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ❛ s✉❛ s♦❧✉çã♦

❣❡r❛❧ ♥ã♦ ❡st❛❝✐♦♥ár✐❛ é ❞❛❞❛ ♣♦r

S+(x, y, t) =
∞∑

k=−∞

∞∑

l=−∞
(k,l) 6=(0,0)

[
α+(k, l)ei(wxkx+wyly−z+t)R+ + α−(k, l)ei(wxkx+wyly−z−t)R−+

+ α0(k, l)ei(wxkx+wyly−z0t)R0

]
,

♦♥❞❡ z0✱ z+ ❡ z− sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❛❞♦s ♣♦r ✭✸✳✽✮✱ ✭✸✳✾✮✱ ✭✸✳✶✵✮ ❡ R0(k, l)✱ R+(k, l)

❡ R−(k, l) sã♦ ♦s r❡s♣❡❝t✐✈♦s ❛✉t♦✈❡t♦r❡s ❞♦ s✐st❡♠❛ ♠❛tr✐❝✐❛❧ ✭✸✳✻✮✱ ❞❛❞♦s ♣♦r ✭✷✳✾✮✱

✭✷✳✶✶✮ ❡ ✭✷✳✶✷✮✳ ❖s ❝♦❡✜❝✐❡♥t❡s α+(k, l)✱ α−(k, l) ❡ α0(k, l) ♣♦❞❡♠ s❡r ❞❡t❡r♠✐♥❛❞♦s ❛

♣❛rt✐r ❞❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❛❞❛✳

P♦rt❛♥t♦✱ ♦s ❛✉t♦✈❛❧♦r❡s ❞❛❞♦s ❡♠ ✭✸✳✽✮✱ ✭✸✳✾✮ ❡ ✭✸✳✶✵✮ ❝♦♥✈❡r❣❡♠ ♣❛r❛ ♦s ❛✉t♦✲

✈❛❧♦r❡s ❞❛❞♦s ❡♠ ✭✷✳✺✮✱ ✭✷✳✻✮ ❡ ✭✷✳✼✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ q✉❛♥❞♦ ∆t → 0 ❡ U = V = 0✳

◆♦t❡♠♦s q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s ✭✸✳✽✮✱ ✭✸✳✾✮ ❡ ✭✸✳✶✵✮ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ ∆x ❡ ∆y❀ ❡❧❡s ❞❡✲

♣❡♥❞❡♠ ❛♣❡♥❛s ❞❡ ∆t✳

❆s ❢r❡q✉ê♥❝✐❛s ✭❡s♣❛❝✐❛❧ ❡ t❡♠♣♦r❛❧✮ ❞❡ ♦♥❞❛ sã♦ ❞❛❞❛s ♣❡❧♦ ❛✉t♦✈❛❧♦r❡s ❞♦ s✐s✲

t❡♠❛✱ ❝♦♥❢♦r♠❡ ❬✸❪✳ ❉❡ss❡ ♠♦❞♦✱ ♠♦str❛♠♦s q✉❡ ♦ ♠ét♦❞♦ ❡s♣❡❝tr❛❧ ❛♣❧✐❝❛❞♦ ❛♦ s✐s✲

t❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞❡ á❣✉❛s r❛s❛s t❡♠ ✉♠❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❡♠ q✉❡ ❛ ❢r❡q✉ê♥❝✐❛

❞❛ ♦♥❞❛ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ♣♦s✐çã♦ ❡s♣❛❝✐❛❧✱ ♦✉ s❡❥❛✱ ❞❡ ∆x ❡ ∆y✳ ▲♦❣♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡

♣r♦♣❛❣❛çã♦ t❛♠❜é♠ ♥ã♦ ❞❡♣❡♥❞❡✳ ❖s ♠♦❞♦s R+(k, l)✱ R−(k, l) ❡ R0(k, l) t❛♠❜é♠ ♥ã♦

❞❡♣❡♥❞❡♠ ❞❡ ∆x ❡ ∆y✳ ❆ss✐♠ ♥♦ ♠ét♦❞♦ ❡s♣❡❝tr❛❧✱ ❣r❛❞❡s ❞✐❢❡r❡♥t❡s ♥ã♦ ✐♥t❡r❢❡r❡♠

♥❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦♣❛❣❛çã♦ ❞❛ ♦♥❞❛✳

P♦❞❡♠♦s ❢❛❝✐❧♠❡♥t❡ ✈❡r q✉❡ ♦ s✐st❡♠❛ ❞❡ ❊q✉❛çõ❡s ❞❡ ➪❣✉❛s ❘❛s❛s ❞✐s❝r❡t✐③❛❞♦

❝♦♥✈❡r❣❡ ♣❛r❛ ❛ s✉❛ ❢♦r♠❛ ❛♥❛❧ít✐❝❛✱ ♣♦✐s

β+ − β−

∆t
=

β(x, y, t + ∆t) − β(x, y, t)

∆t
; ✭✸✳✶✶✮

β+
x − β−

x

2
=

βx(x, y, t + ∆t) − βx(x, y, t)

2
; ✭✸✳✶✷✮

β+
y − β−

y

2
=

βy(x, y, t + ∆t) − βy(x, y, t)

2
. ✭✸✳✶✸✮

♦♥❞❡ β = u, v ❡ φ✳ ❉❡st❡ ♠♦❞♦✱ q✉❛♥❞♦ ∆t → 0 ❛s ❡①♣r❡ssõ❡s ✭✸✳✶✶✮✱ ✭✸✳✶✷✮ ❡ ✭✸✳✶✸✮✱

❝♦♥✈❡r❣❡♠ ♣❛r❛✱
β+ − β−

∆t
→

∂β

∂t
(x, y, t); ✭✸✳✶✹✮

β+
x − β−

x

2
→

∂β

∂x
(x, y, t); ✭✸✳✶✺✮



✷✺

β+
y − β−

y

2
→

∂β

∂y
(x, y, t). ✭✸✳✶✻✮

♦♥❞❡ β = u, v ❡ φ✳

▲♦❣♦✱ ✉t✐❧✐③❛♥❞♦ ✭✸✳✶✹✮✱ ✭✸✳✶✺✮ ❡ ✭✸✳✶✻✮ ♥♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞❡ á❣✉❛s r❛s❛s

❞✐s❝r❡t✐③❛❞❛✱ ✈❡♠♦s q✉❡ ❡st❡ é ❝♦♥✈❡r❣❡♥t❡✳

✸✳✷ ❖ ▼ét♦❞♦ ◆✉♠ér✐❝♦ ❊s♣❡❝tr❛❧ ❡♠ ●r❛❞❡s ❍❡✲

t❡r♦❣ê♥❡❛s

P❛r❛ ❛♥❛❧✐s❛r ❡♠ ❞❡t❛❧❤❡s ♦ ❡❢❡✐t♦ ❞❛ ❣r❛❞❡ ❤❡t❡r♦❣ê♥❡❛ ✭♦❜s❡r✈❡ ❛ ❋✐❣✉r❛ ✭✸✳✶✮ ✮

s♦❜r❡ ❛ ♣r♦♣❛❣❛çã♦ ❞❡ ✉♠❛ ♦♥❞❛ ❞❡ á❣✉❛ r❛s❛✱ q✉❡ é s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✷✳✶✮✱ ❢❛③❡♠♦s

❛ ❛♥á❧✐s❡ ❞♦ tr❛t❛♠❡♥t♦ ♥✉♠ér✐❝♦ ✉t✐❧✐③❛❞♦ ♥♦ ♠ét♦❞♦ ❡s♣❡❝tr❛❧✱ ♦♥❞❡ ❛s ❞❡r✐✈❛❞❛s

∂/∂x ❡ ∂/∂y sã♦ tr❛t❛❞❛s ❡s♣❡❝tr❛❧♠❡♥t❡✳

❙❡❣✉❡ ❞❛s ❞✉❛s ♣r✐♠❡✐r❛s ❡q✉❛çõ❡s ❞❡ ✭✸✳✷✮ ❛♣ós ❞❡r✐✈❛çã♦ ❡♠ x ❡ y✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡ q✉❡ 




u+
x = u−

x − c2
x

∆t

2
(φ+

xx + φ−

xx)

v+
y = v−

y − c2
y

∆t

2
(φ+

yy + φ−

yy).

✭✸✳✶✼✮

❛ss✐♠ ❛♣❧✐❝❛♥❞♦ ✭✸✳✶✼✮ ❡♠ ✭✸✳✷✮ ❡ ❢❛③❡♥❞♦ ❛s ❞❡✈✐❞❛s ♦♣❡r❛çõ❡s ♠❛t❡♠át✐❝❛s✱ ♦❜t❡♠♦s✱






u+ +
∆t

2
c2
xφ

+
x = u− − c2

x

∆t

2
φ−

x

v+ +
∆t

2
c2
yφ

+
y = v− − c2

y

∆t

2
φ−

y

φ+ − Φ

(
∆t

2

)2

(c2
xφ

+
xx + c2

yφ
+
yy) = φ− − Φ∆t(u−

x + v−

y ) + Φ

(
∆t

2

)2

(c2
xφ

−

xx + c2
yφ

−

yy).

✭✸✳✶✽✮

❋✐❣✉r❛ ✸✳✶✿ ●r❛❞❡ ♣❧❛♥❛ r❡❞✉③✐❞❛✳ ∆y é ✜①♦✱ ∆x é ✜①♦ ❛♣❡♥❛s ❡♠ ❝❛❞❛ ❧✐♥❤❛ ❤♦r✐③♦♥t❛❧



✷✻

❈♦♠♦ s✉♣♦♠♦s q✉❡ (x, y) ∈ [0, Lx] × [0, Ly]✱ ❞❡✜♥✐♠♦s ❛ ❣r❛❞❡ ❤❡t❡r♦❣ê♥❡❛ ♣♦r

xn(m) = (n − 1)∆x(m) , n = 1, . . . , N(m),

ym = (m − 1)∆y , m = 1, . . . ,M,

♦♥❞❡ ∆x(m) =
Lx

N(m)
❡ ∆y =

Ly

M
✳

❖ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ◆✭♠✮ ♥❛ ❞✐r❡çã♦ x é ✈❛r✐á✈❡❧✱ ❡♥q✉❛♥t♦ q✉❡ ♦ ♥ú♠❡r♦ ❞❡

♣♦♥t♦s ▼ ♥❛ ❞✐r❡çã♦ y é ✜①♦ ✭♦❜s❡r✈❡ ❛ ✜❣✉r❛ ✸✳✶✮✳

❈♦♠ ♦ ❛✉①í❧✐♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r ✭❉❋❚✮ ✭✈❡r

❆♣ê♥❞✐❝❡ ❇✮✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛s s❡❣✉✐♥t❡s ❡①♣❛♥sõ❡s ❞✐s❝r❡t❛s ❞❡ ❋♦✉r✐❡r

δ+(xn(m), ym) =

M
2
−1∑

l=−
M
2

N(m)
2

−1∑

k=−
N(m)

2

δ̂+(k, l)ei(wxkxn(m)+wylym) ✭✸✳✶✾✮

❝♦♠ δ+ = u+, v+ ❡ φ+✱

δ−(xn(m), ym) =

M
2
−1∑

l=−
M
2

N(m)
2

−1∑

k=−
N(m)

2

δ̂−(k, l)ei(wxkxn(m)+wylym) ✭✸✳✷✵✮

❝♦♠ δ− = u−, v− ❡ φ−✳

❊♥tã♦✱ s✉❜st✐t✉✐♥❞♦ ❛s ❡①♣❛♥sõ❡s ❞❡ ❋♦✉r✐❡r ✭✸✳✶✾✮ ❡ ✭✸✳✷✵✮ ❡♠ ✭✸✳✶✽✮✱ r❡s✉❧t❛ q✉❡





û+ + c2
x

∆t
2

wxikφ̂+ = û− − c2
x

∆t
2

wxikφ̂−

v̂+ + c2
y

∆t
2

wyilφ̂
+ = v̂− − c2

y
∆t
2

wyilφ̂
−

(
1 +

(
∆t
2

)2
G2

k,l

)
φ̂+ =

(
1 −

(
∆t
2

)2
G2

k,l

)
φ̂− − Φ∆t(wxikû− + wyilv̂

−)

✭✸✳✷✶✮

♦✉ ♥❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✱ ❞❡♥♦t❛♥❞♦ Wx = Φiwxk∆t ❡ Wy = Φiwyl∆t✱ ♦❜t❡♠♦s





1 0 c2
x

∆t

2
iwxk

0 1 c2
y

∆t

2
iwyl

0 0

(
1 +

(
∆t

2

)2

G2
k,l

)









û+

v̂+

φ̂+




=





1 0 −c2
x

∆t

2
iwxk

0 1 −c2
y

∆t

2
iwyl

−Wx −Wy

(
1 −

(
∆t

2

)2

G2
k,l

)









û−

v̂−

φ̂−




.

❉❡st❛ ❢♦r♠❛ ❛t✉❛❧✐③❛♠♦s ♦s ❝♦❡✜❝✐❡♥t❡s ❡s♣❡❝tr❛✐s û+✱ v̂+ ❡ φ̂+ ❛ ♣❛rt✐r ❞♦s ❝♦❡✜✲

❝✐❡♥t❡s ❡s♣❡❝tr❛✐s û−✱ v̂− ❡ φ̂−✳ ▼❛s ❝♦♠♦ é ✉s❛❞♦ ❛ ❉❋❚ ♥❛s ❞✐r❡çõ❡s x ❡ y✱ ♦ ♥ú♠❡r♦

❞❡ ♣♦♥t♦s ❞❡ ♠❛❧❤❛ ♥♦ ❡s♣❛ç♦ ❢ís✐❝♦ ❞❡✈❡ s❡r s✉✜❝✐❡♥t❡ ♣❛r❛ ✉s❛r ✉♠❛ tr❛♥s❢♦r♠❛❞❛



✷✼

rá♣✐❞❛ ❞❡ ❋♦✉r✐❡r ✭❋❋❚✮ ♥♦s ❝♦❡✜❝✐❡♥t❡s ❡s♣❡❝tr❛✐s ✭❡s♣❛ç♦ ❡s♣❡❝tr❛❧✮✳ ❆ r❡❞✉çã♦ ❞❡

♣♦♥t♦s ♥❛ ❣r❛❞❡ ❢ís✐❝❛ é ❢❡✐t❛ ❛♦ ❧♦♥❣♦ ❞❡ ❝❛❞❛ ❧✐♥❤❛ ❤♦r✐③♦♥t❛❧✱ ❛ss✐♠ ♥♦ ❡s♣❛ç♦ ❡s♣❡❝✲

tr❛❧ ❞❡✈❡♠♦s ❝♦♠♣❧❡t❛r ❝♦♠ ③❡r♦s ❛q✉❡❧❡s ♥ú♠❡r♦s ❞❡ ♦♥❞❛s ♠❛✐s ❛❧t♦s ♣❛r❛ ❡❢❡t✉❛r

❛ ❋❋❚✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❋❋❚ ❡①✐❣❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ ❞♦s ♥ú♠❡r♦s ❞❡ ♦♥❞❛✳

❊♥tã♦ ♣❛r❛ ♦❜t❡r ♦s ✈❛❧♦r❡s ❛t✉❛❧✐③❛❞♦s ❞❡ u+✱ v+ ❡ φ+ ♥♦ ❞♦♠í♥✐♦ ❢ís✐❝♦✱ ❜❛st❛ ✉s❛r

❛s ❡①♣❛♥sõ❡s ✭✸✳✶✾✮ ❡ ✭✸✳✷✵✮✳

✸✳✸ ❈❛s♦ ❯♥✐❞✐♠❡♥s✐♦♥❛❧

❱❛♠♦s tr❛t❛r ❛❣♦r❛ ❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞❡ á❣✉❛s r❛s❛s ❝♦♥s✐❞❡r❛♥❞♦ ✈=❝t❡✱

❡ ❝♦♥s✐❞❡r❛♥❞♦ u ❡ φ ❝♦♠♦ ❢✉♥çõ❡s ❛♣❡♥❛s ❞❛s ✈❛r✐á✈❡✐s x ❡ t✱ ♠❛s s♦❜ ❛s ♠❡s♠❛s

❝♦♥❞✐çõ❡s ✐♠♣♦st❛s ♥♦ ❈❛♣ít✉❧♦ ✷✳ ❆ss✐♠ ♦❜t❡♠♦s ❞❡ ✭✷✳✶✮ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛






∂u

∂t
+ U

∂u

∂x
+ c2

x

∂φ

∂x
= 0

∂φ

∂t
+ U

∂φ

∂x
+ Φ

∂u

∂x
= 0

✭✸✳✷✷✮

♥♦ ❞♦♠í♥✐♦ 0 ≤ x ≤ Lx✱ ♦♥❞❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❡♠ x é ♣❡r✐ó❞✐❝❛✳

Pr♦❝✉r❛♠♦s s♦❧✉çã♦ ❞❡ ✭✸✳✷✷✮ ❞❛ ❢♦r♠❛


 u

φ



 (x, t) =
∞∑

k=−∞

α(k)ei(wxkx−wt)



 u0
k

φ0
k



 ,

♦♥❞❡ ❞❡♥♦t❛♠♦s

wx =
2π

Lx

.

❙✉❜st✐t✉✐♥❞♦ ❡st❛ s♦❧✉çã♦ ❡♠ ✭✸✳✷✷✮ ❡ ❛❜❛♥❞♦♥❛♥❞♦ ♦s í♥❞✐❝❡s ❦✱ ❧ ♦❜t❡♠♦s


 −w + Uwxk c2
xwxk

Φwxk −w + Uwxk







 u0

φ0



 =



 0

0



 . ✭✸✳✷✸✮

■♥tr♦❞✉③✐♥❞♦ ❛ ♥♦t❛çã♦

Gk =
√

Φc2
x(wxk)2. ✭✸✳✷✹✮

❆♥✉❧❛♥❞♦ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③ ✭✸✳✷✸✮ r❡s✉❧t❛ ♥❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ q✉❛❞rát✐❝❛

(−w + Uwxk)2 − G2
k = 0. ✭✸✳✷✺✮



✷✽

▲♦❣♦ ♣♦❞❡♠♦s ❡①tr❛✐r ♦s ✈❛❧♦r❡s ❞❡ w ❞❛ ❡q✉❛çã♦ ✭✸✳✷✺✮

w+ = Uwxk + Gk ✭✸✳✷✻✮

♦✉

w− = Uwxk − Gk. ✭✸✳✷✼✮

❖ ❛✉t♦✈❡t♦r ♣❛r❛ ♦ ❛✉t♦✈❛❧♦r w+ ❞❛❞♦ ❡♠ ✭✸✳✷✻✮ é s♦❧✉çã♦ ❞❡


 −Gk c2
xwxk

Φwxk −Gk







 u0

φ0



 =



 0

0



 . ✭✸✳✷✽✮

▲♦❣♦✱ 



Gku

0 − c2
xwxkφ0 = 0

−Φwxku0 + Gkφ
0 = 0.

❆ss✐♠✱

u0 =
c2
xwxk

Gk

φ0

q✉❡ ♥♦s ❞á ♦ ❛✉t♦✈❡t♦r

R+(k) = (c2
xwxk,Gk)

T . ✭✸✳✷✾✮

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♣❛r❛ ♦ ❛✉t♦✈❛❧♦r w− ❞❛❞♦ ❡♠ ✭✸✳✷✼✮ ♦❜t❡♠♦s ♦ ❛✉t♦✈❡t♦r

R−(k) = (c2
xwxk,−Gk)

T . ✭✸✳✸✵✮

P♦rt❛♥t♦✱ ❞❡♠♦♥str❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

❚❡♦r❡♠❛ ✸✳✷ ❆ s♦❧✉çã♦ ❣❡r❛❧ ♥ã♦ ❡st❛❝✐♦♥ár✐❛ ❞♦ s✐st❡♠❛ ✭✸✳✷✷✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛

❢♦r♠❛✱

S(x, t) =
∞∑

k=−∞
k 6=0

[
α+(k)ei(wxkx−w+t)R+ + α−(k)ei(wxkx−w−t)R−

]

♦♥❞❡ w+ ❡ w− sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❡ R+(k) ❡ R−(k) sã♦ ♦s r❡s♣❡❝t✐✈♦s ❛✉t♦✈❡t♦r❡s ❞♦

s✐st❡♠❛ ♠❛tr✐❝✐❛❧ ✭✸✳✷✸✮ ❡ S = (u, φ)T ✳

❆ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✸✳✷✷✮ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ í♥❞✐❝❡ k = 0 é ❝♦♥st❛♥t❡✱ s❡♥❞♦

❛ss✐♠ ❡st❛❝✐♦♥ár✐❛✱ ❧♦❣♦ ♥ã♦ s♦❢r❡ ✐♥t❡r❢❡rê♥❝✐❛ ❞♦ ♠❡✐♦ ❡ ♥ã♦ t❡♠ ✐♥t❡r❡ss❡ ❢ís✐❝♦✱

♣♦rt❛♥t♦ ♥ã♦ s❡rá ❛♥❛❧✐s❛❞❛✳

❖s ❛✉t♦✈❡t♦r❡s R+✱ R− ❝♦rr❡s♣♦♥❞❡♠ às ♦♥❞❛s ❞❡ ❣r❛✈✐❞❛❞❡ ✭♦♥❞❛s rá♣✐❞❛s✮✱

❝♦♥❢♦r♠❡ ❬✸❪✳

❖s ❝♦❡✜❝✐❡♥t❡s α+ ❡ α− sã♦ ❞❡t❡r♠✐♥❛❞♦s ❛ ♣❛rt✐r ❞❡ ❛❧❣✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧

❞❛❞❛✱ ❝♦♥❢♦r♠❡ ❛ ♦❜s❡r✈❛çã♦ s❡❣✉✐♥t❡



✷✾

❖❜s❡r✈❛çã♦ ✸✳✶ ❆ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✸✳✷✷✮ ✜❝❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛✱ q✉❛♥❞♦

é ❞❛❞❛ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ (u(x, 0), φ(x, 0))T ✳ ❉❡ ❢❛t♦✱ ♣❛r❛ t❂✵✱ ♠❛s k 6= 0 ♥❛

s♦❧✉çã♦ ❣❡r❛❧ ❞❛❞❛ ♥♦ ❚❡♦r❡♠❛ ✸✳✷✱ ♦❜t❡♠♦s ♦ s✐st❡♠❛




[α+(k) + α−(k)] c2

xwxk = û0

[α+(k) − α−(k)] Gk = φ̂0

♦♥❞❡ ♦s s❡❣✉♥❞♦s ♠❡♠❜r♦s ❛❝✐♠❛ sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✳

▲♦❣♦ ❛ s♦❧✉çã♦ ❞❡st❡ s✐st❡♠❛ ♥♦s ❢♦r♥❡❝❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r α+ ❡ α−✳

◆❛s ❞❡r✐✈❛❞❛s t❡♠♣♦r❛✐s ❞♦ s✐st❡♠❛ ✭✸✳✷✷✮ ✉s❛♠♦s ❛ ❞✐s❝r❡t✐③❛çã♦ ❞❛❞❛ ❡♠ ✭✸✳✶✮

❡ ♥❛s ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s ux ❡ φx✱ ❢❛③❡♠♦s ✉♠ tr❛t❛♠❡♥t♦ í♠♣❧✐❝✐t♦ ❞♦s t❡r♠♦s q✉❡ ♣r♦✲

❞✉③❡♠ ❛s ♦♥❞❛s ❞❡ ❣r❛✈✐❞❛❞❡ ✭♦♥❞❛s rá♣✐❞❛s✮✱ ✉s❛♥❞♦ ♦ ♦♣❡r❛❞♦r ❞❡ ♠é❞✐❛ t❡♠♣♦r❛❧✱

q✉❡ r❡s✉❧t❛ ♥❛ s❡❣✉✐♥t❡ ❞✐s❝r❡t✐③❛çã♦ ❞♦ s✐st❡♠❛ ✭✸✳✷✷✮ ❝♦♠ U = 0






u+ − u−

∆t
+ c2

x

φ+
x + φ−

x

2
= 0,

φ+ − φ−

∆t
+ Φ

(u+
x + u−

x

2

)
= 0.

✭✸✳✸✶✮

Pr♦❝✉r❛♠♦s s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❞♦ ❡sq✉❡♠❛ ✭✸✳✸✶✮ ❞❛ ❢♦r♠❛


 u−

φ−



 (x, y) =
∞∑

k=−∞

α(k)ei(wxkx−wt)



 u0
k

φ0
k



 , ✭✸✳✸✷✮

❡ 

 u+

φ+



 (x, y) =
∞∑

k=−∞

α(k)ei(wxkx−w(t+∆t))



 u0
k

φ0
k



 . ✭✸✳✸✸✮

❙✉❜st✐t✉✐♥❞♦ ✭✸✳✸✷✮ ❡ ✭✸✳✸✸✮ ❡♠ ✭✸✳✸✶✮✱ ❝❛♥❝❡❧❛♥❞♦ ♦ t❡r♠♦ e−i(wxkx−wt) ❡ ❛❜❛♥✲

❞♦♥❛♥❞♦ ♦ í♥❞✐❝❡ ❦✱ ♦❜t❡♠♦s





e−iw∆t − 1

∆t
u0 +

e−iw∆t + 1

2
ic2

xwxkφ0 = 0,

e−iw∆t − 1

∆t
φ0 + Φ

e−iw∆t + 1

2
(iwxku0) = 0.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❝❛❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦r e
i
2
w∆t ♦❜t❡♠♦s






e−
i
2
w∆t − e

i
2
w∆t

∆t
u0 +

e−
i
2
w∆t + e

i
2
w∆t

2
ic2

xwxkφ0 = 0,

e−
i
2
w∆t − e

i
2
w∆t

∆t
φ0 +

e−
i
2
w∆t + e

i
2
w∆t

2
iΦwxku0 = 0.



✸✵

❆ss✐♠✱ ✉t✐❧✐③❛♥❞♦ ♣r♦♣r✐❡❞❛❞❡s ❞❡ s❡♥♦s ❡ ❝♦ss❡♥♦s✱ ♦❜t❡♠♦s ❛ s❡❣✐♥t❡ ❢♦r♠❛ ♣❛r❛

♦ s✐st❡♠❛ ❛♥t❡r✐♦r✱ 




2iS

∆t
u0 + Cic2

xwxkφ0 = 0,

2iS

∆t
φ0 + ΦCiwxku0 = 0.

✭✸✳✸✹✮

♦♥❞❡

S
❞❡❢
= sen

(
− w

∆t

2

)

❡

C
❞❡❢
= cos

(
− w

∆t

2

)
,

♦✉ ♥❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✱ ❞❡♥♦t❛♥❞♦ ❚ ❂ ❙✴❈✱ ♦❜t❡♠♦s



2T
∆t

c2
xwxk

Φwxk
2T
∆t







 u0

φ0



 =



 0

0



 . ✭✸✳✸✺✮

❆♦ ③❡r❛r ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞♦ s✐st❡♠❛ ✭✸✳✸✺✮✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❞❡ ❞✐s♣❡r✲

sã♦ (
2T

∆t

)2

− Φc2
x(wxk)2 = 0.

❙❡❥❛ z = 2T
∆t
✱ ❡♥tã♦ ✉s❛♥❞♦ ❛ ♥♦t❛çã♦ ✭✸✳✷✹✮✱ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ✜❝❛

z2 − G2
k = 0. ✭✸✳✸✻✮

❉♦♥❞❡ ♦❜t❡♠♦s

z+ = Gk ✭✸✳✸✼✮

❡

z− = −Gk. ✭✸✳✸✽✮

❚❡♠♦s q✉❡

z =
2T

∆t
= 2

tg(−w∆t
2

)

∆t
→ −w

q✉❛♥❞♦ ∆t → 0✳ ❉❡st❡ ♠♦❞♦ ❛ ♠❛tr✐③ ✭✸✳✸✺✮ ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ ♠❛tr✐③ ✭✸✳✷✸✮✱ ❝♦♠ U = 0✳

■st♦ ♠♦str❛ q✉❡ ♦ ❡sq✉❡♠❛ ✭✸✳✸✶✮ é ❝♦♥s✐st❡♥t❡✳ ❚❛♠❜é♠ ❛s ♠❛tr✐③❡s ✭✸✳✸✺✮ ❡ ✭✸✳✷✸✮

tê♠ ♦s ♠❡s♠♦ ❛✉t♦✈❛❧♦r❡s✳ ❆ss✐♠✱ ♦s ❛✉t♦✈❡t♦r❡s ❞♦ s✐st❡♠❛ ❞✐s❝r❡t✐③❛❞♦ ✭✸✳✸✶✮ sã♦

✐❣✉❛✐s ❛♦s ❛✉t♦✈❡t♦r❡s R+ ❡ R− ❞♦ s✐st❡♠❛ ❛♥❛❧ít✐❝♦ ✭✸✳✷✷✮✱ ❝♦♠ U = 0✳

❖s ❛✉t♦✈❛❧♦r❡s ❞❛❞♦s ❡♠ ✭✸✳✸✼✮ ❡ ✭✸✳✸✽✮ ❝♦♥✈❡r❣❡♠ ♣❛r❛ ♦s ❛✉t♦✈❛❧♦r❡s ❞❛❞♦s ❡♠

✭✸✳✷✻✮ ❡ ✭✸✳✷✼✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ q✉❛♥❞♦ ∆t → 0✳ ◆♦t❡♠♦s q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s ✭✸✳✸✼✮ ❡

✭✸✳✸✽✮ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ ∆x✱ ❛♣❡♥❛s ❞❡ ∆t✳



✸✶

P❛r❛ ♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❡s♣❡❝tr❛❧ ❡♠ ❣r❛❞❡s ❤❡t❡r♦❣ê♥❡❛s✱ tr❛t❛r❡♠♦s ❞❡ ♠♦❞♦

❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛✐♥❞❛ v❂❝t❡ ❡ t♦♠❛♥❞♦ U = 0✳

❙❡❣✉❡ ❡♥tã♦ ❞❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ ✭✸✳✸✶✮ q✉❡

u+
x = u−

x −
c2
x∆t

2
(φ+

xx + φ−

xx). ✭✸✳✸✾✮

❆♣❧✐❝❛♥❞♦ ✭✸✳✸✾✮ ❡♠ ✭✸✳✸✶✮ ❡ ❢❛③❡♥❞♦ ❛s ❞❡✈✐❞❛s ♦♣❡r❛çõ❡s ♠❛t❡♠át✐❝❛s✱ ♦❜t❡♠♦s✱





u+ + c2
x

∆t
2

φ+
x = u− − c2

x
∆t
2

φ−

x

φ+ − Φc2
x

(
∆t
2

)2
φ+

xx = φ− − ∆tΦu−

x + Φc2
x

(
∆t
2

)2
φ−

xx

✭✸✳✹✵✮

❙✉♣♦♥❞♦ q✉❡ x ∈ [0, Lx]✳ ❊♥tã♦ ❞❡✜♥✐♠♦s ❛ ❣r❛❞❡ ❤❡t❡r♦❣ê♥❡❛

xn =






(n − 1)∆x1, 1 ≤ n ≤ N1

(n − 1)∆x2, N − N2 + 1 ≤ n ≤ N,

♦♥❞❡ N = N1 + N2✱ Lx = L1 + L2✱ ∆x1 =
L1

N1

❡ ∆x2 =
L2

N2

✳

❈♦♠ ♦ ❛✉①í❧✐♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r ✭❉❋❚✮ ✭✈❡r

❆♣ê♥❞✐❝❡ ❇✮✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛s s❡❣✉✐♥t❡s ❡①♣❛♥sõ❡s ❞✐s❝r❡t❛s ❞❡ ❋♦✉r✐❡r

δ+(xn) =

N
2
−1∑

k=−
N
2

δ̂+(k, l)ei(wxkxn(m) ✭✸✳✹✶✮

❝♦♠ δ+ = u+ ❡ φ+✱

δ−(xn) =

N(m)
2

−1∑

k=−
N(m)

2

δ̂−(k, l)ei(wxkxn(m) ✭✸✳✹✷✮

❝♦♠ δ− = u− ❡ φ−✳

❊♥tã♦✱ s✉❜st✐t✉✐♥❞♦ ❛s ❡①♣❛♥sõ❡s ❞❡ ❋♦✉r✐❡r ✭✸✳✹✶✮ ❡ ✭✸✳✹✷✮ ❡♠ ✭✸✳✹✵✮✱ r❡s✉❧t❛ q✉❡





û+ + c2
x

∆t
2

wxikφ̂+ = û− − c2
x

∆t
2

wxikφ̂−

(
1 +

(
∆t
2

)2
G2

k

)
φ̂+ =

(
1 −

(
∆t
2

)2
G2

k

)
φ̂− − Φ∆twxikû−

♦✉ ♥❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✱ ❞❡♥♦t❛♥❞♦ Wx = Φiwxk∆t✱ ♦❜t❡♠♦s




1 c2
x

∆t

2
wxik

0

(
1 +

(
∆t

2

)2

G2
k

)







 û+

φ̂+



 =





1 −c2
x

∆t

2
wxik

−Wx

(
1 −

(
∆t

2

)2

G2
k

)







 û−

φ̂−



 .



✸✷

❉❡st❛ ❢♦r♠❛ ❛t✉❛❧✐③❛♠♦s ♦s ❝♦❡✜❝✐❡♥t❡s ❡s♣❡❝tr❛✐s û ❡ φ̂✳ ▼❛s ❝♦♠♦ é ✉s❛❞♦ ❛

❉❋❚ ♥❛ ❞✐r❡çã♦ x✱ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞❡ ♠❛❧❤❛ ♥♦ ❡s♣❛ç♦ ❢ís✐❝♦ ❞❡✈❡ s❡r s✉✜❝✐❡♥t❡

♣❛r❛ ✉s❛r ✉♠❛ tr❛♥s❢♦r♠❛❞❛ rá♣✐❞❛ ❞❡ ❋♦✉r✐❡r ✭❋❋❚✮ ♥♦s ❝♦❡✜❝✐❡♥t❡s ❡s♣❡❝tr❛✐s ✭❡s♣❛ç♦

❡s♣❡❝tr❛❧✮✳ ❊♥tã♦ ♣❛r❛ ♦❜t❡r ♦s ✈❛❧♦r❡s ❛t✉❛❧✐③❛❞♦s ❞❡ u ❡ φ ♥♦ ❞♦♠í♥✐♦ ❢ís✐❝♦✱ ❜❛st❛

✉s❛r ❛s ❡①♣r❡ssõ❡s ✭✸✳✹✶✮ ❡ ✭✸✳✹✷✮✳

✸✳✹ ❖ ❯s♦ ❞❡ ❉✐❢❡r❡♥ç❛s ❋✐♥✐t❛s

❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✹❪ ❡ é ✉s❛❞♦ ♣❛r❛ ♠♦str❛r✱ q✉❡ ♥♦

♠ét♦❞♦ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦♣❛❣❛çã♦ ❞❛ ♦♥❞❛ ❞❡ á❣✉❛ r❛s❛ ❞❡♣❡♥❞❡

❞❛ ❣r❛❞❡✱ q✉❡ é ✉s❛❞❛ ♣❛r❛ ♠♦❞❡❧❛r ♦ ♠❡✐♦ ❡♠ q✉❡ ❛ ♦♥❞❛ s❡ ♣r♦♣❛❣❛✳

Pr♦♣♦s✐çã♦ ✸✳✸ ❈♦♥s✐❞❡r❡♠♦s ♦ s✐st❡♠❛ ✭✷✳✶✮ ❞✐s❝r❡t✐③❛❞♦ ♣❡❧♦ s❡❣✉✐♥t❡ ♠ét♦❞♦ ❞❡

❞✐❢❡r❡♥ç❛s ✜♥✐t❛s s❡♠✐✲✐♠♣❧í❝✐t♦





uj+1
m,n − uj−1

m,n

2∆t
+ Uuj

x + V uj
y + c2

x

φj+1
x + φj−1

x

2
= 0

vj+1
m,n − vj−1

m,n

2∆t
+ Uvj

x + V vj
y + c2

y

φj+1
y + φj−1

y

2
= 0

φj+1
m,n − φj−1

m,n

2∆t
+ Uφj

x + V φj
y + Φ

(
uj+1

x + uj−1
x

2
+

vj+1
y + vj−1

y

2

)
= 0,

✭✸✳✹✸✮

♦♥❞❡ ✉s❛♠♦s ❛s ❛♣r♦①✐♠❛çõ❡s

Fx ≈
Fm+1,n − Fm−1,n

2∆x
, Fy ≈

Fm,n+1 − Fm,n−1

2∆y
, F j

m,n = F (m∆x, n∆y, j∆t).

❊♥tã♦ ♦❜t❡♠♦s ✉♠❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ♦♥❞❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦♣❛❣❛çã♦ ❞❛ ♦♥❞❛

❞❡♣❡♥❞❡ ❞❛ ♠❛❧❤❛✱ ♦✉ s❡❥❛✱ ❞❡ ∆x ❡ ∆y✱ ❛❧é♠ ❞❡ ∆t✳

❉❡♠♦♥str❛çã♦✿

❉❡ ❢❛t♦ ♣r♦❝✉r❡♠♦s s♦❧✉çõ❡s ❞❡ ✭✸✳✹✸✮ ❞❛ ❢♦r♠❛




uj
m,n

vj
m,n

φj
m,n




= ei(wxkm∆x+wyln∆y−wj∆t)





u0

v0

φ0




, ✭✸✳✹✹✮

♦♥❞❡ ❢♦✐ ✉s❛❞♦ ♦ ❢❛t♦ q✉❡ x = m∆x✱ y = n∆y ❡ t = j∆t✳

❉❡♥♦t❛♥❞♦

St =
e−iw∆t − eiw∆t

2∆t
=

−2isen(w∆t)

2∆t
, ✭✸✳✹✺✮



✸✸

Ct =
e−i∆tw + ei∆tw

2∆t
=

2cos(w∆t)

2∆t
, ✭✸✳✹✻✮

Sx =
e−ik∆x − eik∆x

2∆x
=

−2isen(k∆x)

2∆x
, ✭✸✳✹✼✮

Sy =
e−il∆y − eil∆y

2∆y
=

−2isen(l∆y)

2∆y
, ✭✸✳✹✽✮

❡ s✉❜st✐t✉✐♥❞♦ ✭✸✳✹✹✮ ❡♠ ✭✸✳✹✸✮✱ ♦❜t❡♠♦s





Stu
0 + USxu

0 + V Syu
0 +

c2
x

2

(
e−iw∆tSx + eiw∆tSx

)
φ0 = 0

Stv
0 + USxv

0 + V Syv
0 +

c2
y

2

(
e−iw∆tSy + eiw∆tSy

)
φ0 = 0

Stφ
0 + USxφ

0 + V Syφ
0 +

Φ

2

(
e−iw∆tSxu

0 + ei∆twSxu
0 + e−i∆twSyv

0 + ei∆twSyv
0
)
φ0 = 0.

❉♦♥❞❡ s❡❣✉❡ q✉❡






(St + USx + V Sy)u
0 + c2

x∆tCtSxφ
0 = 0

(St + USx + V Sy)v
0 + c2

y∆tCtSyφ
0 = 0

(St + USx + V Sy)φ
0 + Φ∆t(CtSxu

0 + CtSyv
0) = 0,

♦✉ ♥❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✱ ❞❡♥♦t❛♥❞♦ St + USx + V Sy ♣♦r λ = λ(∆x, ∆y, ∆t)✱ ♦❜t❡♠♦s





λ 0 c2
x∆tCtSx

0 λ c2
x∆tCtSx

Φ∆tCtSx Φ∆tCtSy λ









u0

v0

φ0




= 0. ✭✸✳✹✾✮

❆♦ ③❡r❛r ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③ ❞♦ s✐st❡♠❛✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦

λ3 − λΦ∆t(c2
xS

2
xC

2
t + c2

yS
2
yC

2
t ) = 0. ✭✸✳✺✵✮

❆s s♦❧✉çõ❡s ❞❡ λ sã♦ λ = 0 ♦✉ λ = ±
√

Φ∆t(c2
xS

2
xC

2
t + c2

yS
2
yC

2
t )✳ P❛r❛ λ 6= 0✱ t❡♠♦s q✉❡

λ ❞❡♣❡♥❞❡ ❞❡ ∆t✱ ∆x ❡ ∆y✱ ♣♦✐s Ct✱ Sx ❡ Sy ❞❡♣❡♥❞❡♠ ❞❡ ∆t✱ ∆x ❡ ∆y✱ ❞❡ ❛❝♦r❞♦ ❝♦♠

❛s ❡q✉❛çõ❡s ✭✸✳✹✻✮✱ ✭✸✳✹✼✮ ❡ ✭✸✳✹✽✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ λ = 0 ❡♥tã♦ St +USx +V Sy = 0✱

♦✉ s❡❥❛✱ St = −(USx + V Sy)✱ ❧♦❣♦ ♣❡❧❛s ❡①♣r❡ssõ❡s ✭✸✳✹✺✮✱ ✭✸✳✹✼✮ ❡ ✭✸✳✹✽✮✱ s❡❣✉❡ q✉❡

−sen(w∆t) = ∆t

[
U

(
sen(k∆x)

∆x

)
+ V

(
sen(l∆y)

∆y

)]
,



✸✹

❞♦♥❞❡ s❡❣✉❡ q✉❡✱

w =
1

∆t
❛r❝s❡♥

{
−∆t

[
U

(
sen(k∆x)

∆x

)
+ V

(
sen(l∆y)

∆y

)]}
.

▲♦❣♦✱ w ❞❡♣❡♥❞❡ ❞❡ ∆t✱ ∆x ❡ ∆y✱ ♦✉ s❡❥❛✱ ❞❡♣❡♥❞❡ ❞❛ ❣r❛❞❡✳ P♦rt❛♥t♦ ❛ r❡❧❛çã♦ ❞❡

❞✐s♣❡rsã♦ ❞❡ t♦❞❛s ❛s ♦♥❞❛s ❞❡♣❡♥❞❡ ❞❡ ∆t✱ ∆x ❡ ∆y✳



❈❛♣ít✉❧♦ ✹

❘❡s✉❧t❛❞♦s ◆✉♠ér✐❝♦s

❱✐♠♦s ♥❛ ❙❡çã♦ ✸✳✶ q✉❡ ♦ ✉s♦ ❞♦ ▼ét♦❞♦ ❊s♣❡❝tr❛❧ ♥♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s

❞❡ á❣✉❛s r❛s❛s r❡s✉❧t❛ ♥❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❣r❛❞❡✱ ♣♦rq✉❡ s✉❛

✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦♣❛❣❛çã♦ ✐♥❞❡♣❡♥❞❡ ❞❛ ❣r❛❞❡ ✉t✐❧✐③❛❞❛✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❡ ❝❛♣ít✉❧♦ é

✐❧✉str❛r ❡st❡ r❡s✉❧t❛❞♦✱ ♣♦r ♠❡✐♦ ❞❡ ❡①❡♠♣❧♦s ♥✉♠ér✐❝♦s✳ P❛r❛ ✐st♦ ♦ ❡sq✉❡♠❛ ♥✉♠ér✐❝♦

✭✸✳✷✶✮ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ✉s❛♥❞♦✲s❡ ♦ ▼❛t▲❛❜ ✭✈❡r ❆♣ê♥❞✐❝❡ ❈✮✳

❖s ❡①❡♠♣❧♦s ❛q✉✐ ✉t✐❧✐③❛❞♦s ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s ❛♣❡♥❛s ❝♦♠ ❞❛❞♦s ❤✐♣♦tét✐❝♦s✳

◆♦ ❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ tr❛t❛r❡♠♦s ♦ ❡sq✉❡♠❛ ✭✸✳✷✶✮ ✈❛r✐❛♥❞♦ ❛ ❣r❛❞❡ ❞❡ ♣♦♥t♦s

❡ ❛s ❢✉♥çõ❡s ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡ ❣❡♦♣♦t❡♥❝✐❛❧ ✭❢ís✐❝♦✮✱ ❞❡♥tr❡ ♦✉tr♦s ❞❛❞♦s✳ ❙❡rã♦ ❢❡✐t❛s ❛s

♠❛♥✐♣✉❧❛çõ❡s ✉t✐❧✐③❛♥❞♦✲s❡ ❛♣❡♥❛s ♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ✈❡t♦r✐③❛❞♦ ✭♦ q✉❡ ♣r♦♣♦r❝✐♦♥❛

✉♠ ❣❛♥❤♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✮✳ ❈♦♠ ♦s r❡s✉❧t❛❞♦s ❞❡s❡❥❛❞♦s ❢❛r❡♠♦s ❛ ✐♠♣❧❡♠❡♥t❛çã♦

❣rá✜❝❛✳

P❛r❛ ♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ✈❡❥❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ❡♠ ❬✶✵❪✳

✹✳✶ ❯♥✐❞✐♠❡♥s✐♦♥❛❧

✶◦ ❈❛s♦ ❯♥✐❞✐♠❡♥s✐♦♥❛❧ ❚♦♠❛r❡♠♦s ❛ ❢✉♥çã♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡ ♦ ❣❡♦♣♦t❡♥❝✐❛❧✱ ❣r❛❞❡

♥ã♦✲✉♥✐❢♦r♠❡ ❡ ♦s ♣❛râ♠❡tr♦s ❝♦♥❢♦r♠❡ ❛ ❚❛❜❡❧❛ ✹✳✶✳ ❖ r❡s✉❧t❛❞♦ ❡stá ✐❧✉str❛❞♦ ♥❛s

❋✐❣✉r❛s ✹✳✶ ❡ ✹✳✷

✷◦ ❈❛s♦ ❯♥✐❞✐♠❡♥s✐♦♥❛❧ ❚♦♠❛r❡♠♦s ❛ ❢✉♥çã♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡ ♦ ❣❡♦♣♦t❡♥❝✐❛❧✱ ❣r❛❞❡

♥ã♦✲✉♥✐❢♦r♠❡ ❡ ♦s ♣❛râ♠❡tr♦s ❝♦♥❢♦r♠❡ ❛ ❚❛❜❡❧❛ ✹✳✷✳ ❖ r❡s✉❧t❛❞♦ ❡stá ✐❧✉str❛❞♦ ♥❛s

❋✐❣✉r❛s ✹✳✸ ❡ ✹✳✹
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❱❛r✐á✈❡✐s ❉❛❞♦s

❈♦♠♣r✐♠❡♥t♦ ❞♦ ❞♦♠í♥✐♦ ❡♠ ① ✷✵

◆ú♠❡r♦ ❞❡ ♣♦♥t♦s ♥♦ ✶◦ ✐♥t❡r✈❛❧♦ ❞❡ ♣❛rt✐çõ❡s ❞❡ ① ✻✵✵

◆ú♠❡r♦ ❞❡ ♣♦♥t♦s ♥❛ ✷◦ ✐♥t❡r✈❛❧♦ ❞❡ ♣❛rt✐çõ❡s ❞❡ ① ✶✹✵✵

❱❡t♦r ❞❡ ♦♥❞❛ ❞♦♠í♥✐♦ ❞❡ ① cx ✶

❱❛❧♦r ❞❡ ∆t ✶✵✵

❚❡♠♣♦ ✜♥❛❧ ✺✵✵✵

❱❛❧♦r ❞❡ Φ ✶

❱❡❧♦❝✐❞❛❞❡ ❞❡ ✉ ✺

❱❡❧♦❝✐❞❛❞❡ ❞❡ φ ✶

❚❛❜❡❧❛ ✹✳✶✿ ❉❛❞♦s ♣❛r❛ ♦ ✶◦ ❝❛s♦ ❯♥✐❞✐♠❡♥s✐♦♥❛❧

❱❛r✐á✈❡✐s ❉❛❞♦s

❈♦♠♣r✐♠❡♥t♦ ❞♦ ❞♦♠í♥✐♦ ❡♠ ① ✷✵

◆ú♠❡r♦ ❞❡ ♣♦♥t♦s ♥♦ ✶◦ ✐♥t❡r✈❛❧♦ ❞❡ ♣❛rt✐çõ❡s ❞❡ ① ✻✵✵

◆ú♠❡r♦ ❞❡ ♣♦♥t♦s ♥❛ ✷◦ ✐♥t❡r✈❛❧♦ ❞❡ ♣❛rt✐çõ❡s ❞❡ ① ✶✹✵✵

❱❡t♦r ❞❡ ♦♥❞❛ ❞♦♠í♥✐♦ ❞❡ ① cx ✶

❱❛❧♦r ❞❡ ∆t ✶✵✵

❚❡♠♣♦ ✜♥❛❧ ✺✵✵✵

❱❛❧♦r ❞❡ Φ ✶

❱❡❧♦❝✐❞❛❞❡ ❞❡ ✉ s❡♥✭①✮

❱❡❧♦❝✐❞❛❞❡ ❞❡ φ ✲s❡♥✭①✮

❚❛❜❡❧❛ ✹✳✷✿ ❉❛❞♦s ♣❛r❛ ♦ ✷◦ ❝❛s♦ ❯♥✐❞✐♠❡♥s✐♦♥❛❧



✸✼

✹✳✷ ❇✐❞✐♠❡♥s✐♦♥❛❧

✶◦ ❈❛s♦ ❇✐❞✐♠❡♥s✐♦♥❛❧ ❚♦♠❛r❡♠♦s ❛s ❢✉♥çõ❡s ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡ ❣❡♦♣♦tê♥❝✐❛❧ ❝♦♥✲

st❛♥t❡s✱ ❣r❛❞❡ ✉♥✐❢♦r♠❡ ❡ ♦s ♣❛râ♠❡tr♦s ❝♦♥❢♦r♠❡ ❛ ❚❛❜❡❧❛ ✹✳✸✳ ❖s ❣rá✜❝♦s ❡stã♦

✐❧✉str❛❞❛s ♥❛s ❋✐❣✉r❛s ✹✳✺ ✲ ✹✳✶✵✳

✷◦ ❈❛s♦ ❇✐❞✐♠❡♥s✐♦♥❛❧ ❚♦♠❛r❡♠♦s ❛s ❢✉♥çõ❡s ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡ ❣❡♦♣♦tê♥❝✐❛❧ ❞✐st✐♥t❛s✱

❣r❛❞❡ ✉♥✐❢♦r♠❡ ❡ ♦s ♣❛râ♠❡tr♦s ❝♦♥❢♦r♠❡ ❛ ❚❛❜❡❧❛ ✹✳✹✳ ❖s ❣rá✜❝♦s ❡stã♦ ✐❧✉str❛❞❛s

♥❛s ❋✐❣✉r❛s ✹✳✶✶ ✲ ✹✳✶✻✳

✸◦ ❈❛s♦ ❇✐❞✐♠❡♥s✐♦♥❛❧ ❚♦♠❛r❡♠♦s ❛s ❢✉♥çõ❡s ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡ ❣❡♦♣♦tê♥❝✐❛❧ ❞✐st✐♥t❛s✱

❣r❛❞❡ ✉♥✐❢♦r♠❡ ❡ ♦s ♣❛râ♠❡tr♦s ❝♦♥❢♦r♠❡ ❛ ❚❛❜❡❧❛ ✹✳✺✳ ❖s ❣rá✜❝♦s ❡stã♦ ✐❧✉str❛❞❛s

♥❛s ❋✐❣✉r❛s ✹✳✶✼ ✲ ✹✳✷✷✳

✹◦ ❈❛s♦ ❇✐❞✐♠❡♥s✐♦♥❛❧ ❚♦♠❛r❡♠♦s ❛s ❢✉♥çõ❡s ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡ ❣❡♦♣♦tê♥❝✐❛❧ ❞✐st✐♥t❛s✱

❣r❛❞❡ ✉♥✐❢♦r♠❡ ❡ ♦s ♣❛râ♠❡tr♦s ❝♦♥❢♦r♠❡ ❛ ❚❛❜❡❧❛ ✹✳✻✳ ❖s ❣rá✜❝♦s ❡stã♦ ✐❧✉str❛❞❛s

♥❛s ❋✐❣✉r❛s ✹✳✷✸ ✲ ✹✳✷✽✳

✺◦ ❈❛s♦ ❇✐❞✐♠❡♥s✐♦♥❛❧ ❚♦♠❛r❡♠♦s ❛s ❢✉♥çõ❡s ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡ ❣❡♦♣♦tê♥❝✐❛❧ ❞✐st✐♥t❛s✱

❣r❛❞❡ ✉♥✐❢♦r♠❡ ❡ ♦s ♣❛râ♠❡tr♦s ❝♦♥❢♦r♠❡ ❛ ❚❛❜❡❧❛ ✹✳✼✳ ❖s ❣rá✜❝♦s ❡stã♦ ✐❧✉str❛❞❛s

♥❛s ❋✐❣✉r❛s ✹✳✷✾ ✲ ✹✳✸✹✳

❱❛r✐á✈❡✐s ❉❛❞♦s

❈♦♠♣r✐♠❡♥t♦ ❞♦ ❞♦♠í♥✐♦ ❡♠ ① ✷π

❈♦♠♣r✐♠❡♥t♦ ❞♦ ❞♦♠✐♥✐♦ ❡♠ ② ✷π

◆ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞♦ ❞♦♠í♥✐♦ ❡♠ ① ✸✷

◆ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞♦ ❞♦♠í♥✐♦ ❡♠ ② ✸✷

❈♦♠♣♦♥❡♥t❡ cx ❞♦ ✈❡t♦r ❞❡ ♦♥❞❛ ✶

❈♦♠♣♦♥❡♥t❡ cy ❞♦ ✈❡t♦r ❞❡ ♦♥❞❛ ✶

❱❛❧♦r ❞❡ ∆t ✶✵

❚❡♠♣♦ ❋✐♥❛❧ ✺✵✵

❱❛❧♦r ❞❡ Φ ✶

❈♦♠♣♦♥❡♥t❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ✉ ✸

❈♦♠♣♦♥❡♥t❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ✈ ✷

●❡♦♣♦t❡♥❝✐❛❧ φ ✶

❚❛❜❡❧❛ ✹✳✸✿ ❉❛❞♦s ♣❛r❛ ♦ ✶◦ ❝❛s♦ ❇✐❞✐♠❡♥s✐♦♥❛❧



✸✽

❱❛r✐á✈❡✐s ❉❛❞♦s

❈♦♠♣r✐♠❡♥t♦ ❞♦ ❞♦♠í♥✐♦ ❡♠ ① ✷π

❈♦♠♣r✐♠❡♥t♦ ❞♦ ❞♦♠✐♥✐♦ ❡♠ ② ✷π

◆ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞♦ ❞♦♠í♥✐♦ ❡♠ ① ✸✷

◆ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞♦ ❞♦♠í♥✐♦ ❡♠ ② ✸✷

❈♦♠♣♦♥❡♥t❡ cx ❞♦ ✈❡t♦r ❞❡ ♦♥❞❛ ✶

❈♦♠♣♦♥❡♥t❡ cy ❞♦ ✈❡t♦r ❞❡ ♦♥❞❛ ✶

❱❛❧♦r ❞❡ ∆t ✶✵

❚❡♠♣♦ ❋✐♥❛❧ ✺✵✵

❱❛❧♦r ❞❡ Φ ✶

❈♦♠♣♦♥❡♥t❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ✉ ❝♦s✭②✮

❈♦♠♣♦♥❡♥t❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ✈ s❡♥✭①✮

●❡♦♣♦t❡♥❝✐❛❧ φ ✶

❚❛❜❡❧❛ ✹✳✹✿ ❉❛❞♦s ♣❛r❛ ♦ ✷◦ ❝❛s♦ ❇✐❞✐♠❡♥s✐♦♥❛❧

❱❛r✐á✈❡✐s ❉❛❞♦s

❈♦♠♣r✐♠❡♥t♦ ❞♦ ❞♦♠í♥✐♦ ❡♠ ① ✷π

❈♦♠♣r✐♠❡♥t♦ ❞♦ ❞♦♠✐♥✐♦ ❡♠ ② ✷π

◆ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞♦ ❞♦♠í♥✐♦ ❡♠ ① ✸✷

◆ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞♦ ❞♦♠í♥✐♦ ❡♠ ② ✸✷

❈♦♠♣♦♥❡♥t❡ cx ❞♦ ✈❡t♦r ❞❡ ♦♥❞❛ ✶

❈♦♠♣♦♥❡♥t❡ cy ❞♦ ✈❡t♦r ❞❡ ♦♥❞❛ ✶

❱❛❧♦r ❞❡ ∆t ✶✵

❚❡♠♣♦ ❋✐♥❛❧ ✺✵✵

❱❛❧♦r ❞❡ Φ ✶

❈♦♠♣♦♥❡♥t❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ✉ s❡♥✭①✮∗❝♦s✭②✮

❈♦♠♣♦♥❡♥t❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ✈ ✲s❡♥✭②✮∗❝♦s✭①✮

●❡♦♣♦t❡♥❝✐❛❧ φ ✶

❚❛❜❡❧❛ ✹✳✺✿ ❉❛❞♦s ♣❛r❛ ♦ ✸◦ ❝❛s♦ ❇✐❞✐♠❡♥s✐♦♥❛❧



✸✾

❱❛r✐á✈❡✐s ❉❛❞♦s

❈♦♠♣r✐♠❡♥t♦ ❞♦ ❞♦♠í♥✐♦ ❡♠ ① ✷π

❈♦♠♣r✐♠❡♥t♦ ❞♦ ❞♦♠✐♥✐♦ ❡♠ ② ✷π

◆ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞♦ ❞♦♠í♥✐♦ ❡♠ ① ✸✷

◆ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞♦ ❞♦♠í♥✐♦ ❡♠ ② ✸✷

❈♦♠♣♦♥❡♥t❡ cx ❞♦ ✈❡t♦r ❞❡ ♦♥❞❛ ✶

❈♦♠♣♦♥❡♥t❡ cy ❞♦ ✈❡t♦r ❞❡ ♦♥❞❛ ✶

❱❛❧♦r ❞❡ ∆t ✶✵✵

❚❡♠♣♦ ❋✐♥❛❧ ✺✵✵✵

❱❛❧♦r ❞❡ Φ ✵✳✺

❈♦♠♣♦♥❡♥t❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ✉ s❡♥✭① ✰ ②✮

❈♦♠♣♦♥❡♥t❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ✈ s❡♥✭① ✰ ②✮

●❡♦♣♦t❡♥❝✐❛❧ φ s❡♥✭① ✰ ②✮

❚❛❜❡❧❛ ✹✳✻✿ ❉❛❞♦s ♣❛r❛ ♦ ✹◦ ❝❛s♦ ❇✐❞✐♠❡♥s✐♦♥❛❧

❱❛r✐á✈❡✐s ❉❛❞♦s

❈♦♠♣r✐♠❡♥t♦ ❞♦ ❞♦♠í♥✐♦ ❡♠ ① ✷π

❈♦♠♣r✐♠❡♥t♦ ❞♦ ❞♦♠✐♥✐♦ ❡♠ ② ✷π

◆ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞♦ ❞♦♠í♥✐♦ ❡♠ ① ✸✷

◆ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞♦ ❞♦♠í♥✐♦ ❡♠ ② ✸✷

❈♦♠♣♦♥❡♥t❡ cx ❞♦ ✈❡t♦r ❞❡ ♦♥❞❛ ✶

❈♦♠♣♦♥❡♥t❡ cy ❞♦ ✈❡t♦r ❞❡ ♦♥❞❛ ✶

❱❛❧♦r ❞❡ ∆t ✶✵✵

❚❡♠♣♦ ❋✐♥❛❧ ✺✵✵✵

❱❛❧♦r ❞❡ Φ ✷

❈♦♠♣♦♥❡♥t❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ✉ ❝♦s✭① ✰ ②✮ ✲ s❡♥✭① ✰ ②✮

❈♦♠♣♦♥❡♥t❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ ✈ ❝♦s✭① ✰ ②✮ ✲ s❡♥✭① ✰ ②✮

●❡♦♣♦t❡♥❝✐❛❧ φ ❝♦s✭① ✰ ②✮ ✲ s❡♥✭① ✰ ②✮

❚❛❜❡❧❛ ✹✳✼✿ ❉❛❞♦s ♣❛r❛ ♦ ✺◦ ❝❛s♦ ❇✐❞✐♠❡♥s✐♦♥❛❧



✹✵

❋✐❣✉r❛ ✹✳✶✿ ❱❛❧♦r❡s ✐♥✐❝✐❛✐s ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡ ❣❡♦♣♦t❡♥❝✐❛❧

❋✐❣✉r❛ ✹✳✷✿ ❱❛❧♦r❡s ✜♥❛✐s ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡ ❣❡♦♣♦t❡♥❝✐❛❧



✹✶

❋✐❣✉r❛ ✹✳✸✿ ❱❛❧♦r❡s ✐♥✐❝✐❛✐s ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡ ❣❡♦♣♦t❡♥❝✐❛❧

❋✐❣✉r❛ ✹✳✹✿ ❱❛❧♦r❡s ✜♥❛✐s ❞❡ ✈❡❧♦❝✐❞❛❞❡ ❡ ❣❡♦♣♦t❡♥❝✐❛❧



✹✷

❋✐❣✉r❛ ✹✳✺✿ ❋✉♥çã♦ ✉ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✻✿ ❋✉♥çã♦ ✉ ♥♦ t❡♠♣♦ ✜♥❛❧

❋✐❣✉r❛ ✹✳✼✿ ❋✉♥çã♦ ✈ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✽✿ ❋✉♥çã♦ ✈ ♥♦ t❡♠♣♦ ✜♥❛❧

❋✐❣✉r❛ ✹✳✾✿ ❋✉♥çã♦ φ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✶✵✿ ❋✉♥çã♦ φ ♥♦ t❡♠♣♦ ✜♥❛❧



✹✸

❋✐❣✉r❛ ✹✳✶✶✿ ❋✉♥çã♦ ✉ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✶✷✿ ❋✉♥çã♦ ✉ ♥♦ t❡♠♣♦ ✜♥❛❧

❋✐❣✉r❛ ✹✳✶✸✿ ❋✉♥çã♦ ✈ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✶✹✿ ❋✉♥çã♦ ✈ ♥♦ t❡♠♣♦ ✜♥❛❧

❋✐❣✉r❛ ✹✳✶✺✿ ❋✉♥çã♦ φ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✶✻✿ ❋✉♥çã♦ φ ♥♦ t❡♠♣♦ ✜♥❛❧



✹✹

❋✐❣✉r❛ ✹✳✶✼✿ ❋✉♥çã♦ ✉ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✶✽✿ ❋✉♥çã♦ ✉ ♥♦ t❡♠♣♦ ✜♥❛❧

❋✐❣✉r❛ ✹✳✶✾✿ ❋✉♥çã♦ ✈ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✷✵✿ ❋✉♥çã♦ ✈ ♥♦ t❡♠♣♦ ✜♥❛❧

❋✐❣✉r❛ ✹✳✷✶✿ ❋✉♥çã♦ φ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✷✷✿ ❋✉♥çã♦ φ ♥♦ t❡♠♣♦ ✜♥❛❧



✹✺

❋✐❣✉r❛ ✹✳✷✸✿ ❋✉♥çã♦ ✉ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✷✹✿ ❋✉♥çã♦ ✉ ♥♦ t❡♠♣♦ ✜♥❛❧

❋✐❣✉r❛ ✹✳✷✺✿ ❋✉♥çã♦ ✈ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✷✻✿ ❋✉♥çã♦ ✈ ♥♦ t❡♠♣♦ ✜♥❛❧

❋✐❣✉r❛ ✹✳✷✼✿ ❋✉♥çã♦ φ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✷✽✿ ❋✉♥çã♦ φ ♥♦ t❡♠♣♦ ✜♥❛❧



✹✻

❋✐❣✉r❛ ✹✳✷✾✿ ❋✉♥çã♦ ✉ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✸✵✿ ❋✉♥çã♦ ✉ ♥♦ t❡♠♣♦ ✜♥❛❧

❋✐❣✉r❛ ✹✳✸✶✿ ❋✉♥çã♦ ✈ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✸✷✿ ❋✉♥çã♦ ✈ ♥♦ t❡♠♣♦ ✜♥❛❧

❋✐❣✉r❛ ✹✳✸✸✿ ❋✉♥çã♦ φ ♥♦ t❡♠♣♦ ✐♥✐❝✐❛❧ ❋✐❣✉r❛ ✹✳✸✹✿ ❋✉♥çã♦ φ ♥♦ t❡♠♣♦ ✜♥❛❧



❆♣ê♥❞✐❝❡ ❆

▼ét♦❞♦ ❞❛s ❉✐❢❡r❡♥ç❛s ❋✐♥✐t❛s

◆❡st❡ ❆♣ê♥❞✐❝❡ ❢❛r❡♠♦s ✉♠❛ ❜r❡✈❡ ✐♥tr♦❞✉çã♦ ❛♦ ▼ét♦❞♦ ❞❛s ❉✐❢❡r❡♥ç❛s ❋✐♥✐t❛s✱

❡ ❡st✉❞❛r❡♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ❝♦♥s✐stê♥❝✐❛ ❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❡sq✉❡♠❛

♥✉♠ér✐❝♦ ✭♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡❥❛ ❬✽❪✱ ❬✶✶❪✱ ❬✶✸❪ ❡ ❬✶✹❪✮✳

❖ ♠ét♦❞♦ ❞❛s ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ❢♦✐ ✉t✐❧✐③❛❞♦ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❬✹❪ ♣❛r❛ ❛✈❛❧✐❛r ❛

♣r♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛s ❞❡ á❣✉❛s r❛s❛s✱ ❝♦♥❢♦r♠❡ ✈✐♠♦s ♥❛ ❙❡çã♦ ✸✳✹✳

❆ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ❡st✉❞♦ ❞❛ ❝♦♥s✐stê♥❝✐❛✱ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❡s✲

q✉❡♠❛ ♥✉♠ér✐❝♦ é ❡♥❝♦♥tr❛r ❛ ♠❡❧❤♦r ❞✐s❝r❡t✐③❛çã♦ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r✲

❝✐❛❧✳ ❊st❛ ❞✐s❝r❡t✐③❛çã♦ q✉❛♥❞♦ ❛❞❡q✉❛❞❛✱ ❛♣r♦①✐♠❛ ❛s s♦❧✉çõ❡s ❞♦ ♠ét♦❞♦ ♥✉♠❡r✐❝♦

❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ ❡st✉❞❛❞❛✳

❆✳✶ ❆♣r♦①✐♠❛çã♦ ♣♦r ❉✐❢❡r❡♥ç❛s ❋✐♥✐t❛s

❆ s♦❧✉çã♦ ❞❡ ✉♠❛ ❊❉P ❡♠ ✉♠❛ r❡❣✐ã♦ ❘ ✐♠♣❧✐❝❛ ♥❛ ♦❜t❡♥çã♦ ❞♦s ✈❛❧♦r❡s ♣❛r❛

❛ ✈❛r✐á✈❡❧ ❞❡♣❡♥❞❡♥t❡ ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞❡ ❘✳ ▼❛s q✉❛♥❞♦ tr❛❜❛❧❤❛♠♦s ❝♦♠ ✉♠ ♠ét♦❞♦

♥✉♠ér✐❝♦ ♦❜t❡♠♦s ❛ s♦❧✉çã♦ ❞❛ ❊❉P ❡♠ ❞❡t❡r♠✐♥❛❞♦s ♣♦♥t♦s ❞❛ r❡❣✐ã♦ ❘ ✭(x, t)✱ ♣♦r

❡①❡♠♣❧♦✮✱ ♣♦r ❝á❧❝✉❧♦s ❝♦♠♦ ❛❞✐çã♦ ❡ ♠✉❧t✐♣❧✐❝❛çã♦✳ ■ss♦ s❡ ❞á✱ ♣♦✐s ♥ã♦ ♣♦❞❡♠♦s ♦❜t❡r

s♦❧✉çõ❡s ♥✉♠ér✐❝❛s s♦❜r❡ ✉♠❛ r❡❣✐ã♦ ❝♦♥tí♥✉❛✱ ❞❡✈✐❞♦ ❛♦s ✐♥✜♥✐t♦s ♣♦♥t♦s ❞❛ ♠❡s♠❛✳

◆❛❞❛ ♥ós ✐♠♣❡❞❡ ❞❡ ❡♥❝♦♥tr❛r♠♦s ❛s s♦❧✉çõ❡s ❞❛ ❊❉P ❡♠ ❞❡t❡r♠✐♥❛❞♦s ♣♦♥t♦s ❞❡ ❘✳

❉❡st❡ ♠♦❞♦✱ ✈❛♠♦s r❡❞✉③✐r ♦ ♣r♦❜❧❡♠❛ r❡❢❡r❡♥t❡ ❛ ❊❉P à ✉♠ ♣r♦❜❧❡♠❛ ❞✐s❝r❡t✐③❛❞♦ ♦

q✉❛❧ ♥ós s♦♠♦s ❝❛♣❛③❡s ❞❡ r❡s♦❧✈❡r✳ ▼❛s✱ ♣❛r❛ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ tr❛t❛r ♥✉♠❡r✐❝❛♠❡♥t❡

❛s ❊❉Ps✱ ❡❧❛s ❞❡✈❡♠ s❡r ❡①♣r❡ss❛s ♥❛ ❢♦r♠❛ ❞❡ ♦♣❡r❛çõ❡s ❛r✐t♠ét✐❝❛s q✉❡ ♦ ❝♦♠♣✉t❛❞♦r



✹✽

s❡❥❛ ❝❛♣❛③ ❞❡ r❡s♦❧✈❡r✳

P❛r❛ ♦ ♥♦ss♦ ❡st✉❞♦ ❞❛s ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ❞❡✈❡♠♦s ❞❡✜♥✐r ✉♠❛ ❣r❛❞❡ ❞❡ ♣♦♥t♦s✱

s♦❜r❡ ❛ r❡❣✐ã♦ ❘ ❝♦♥s✐❞❡r❛❞❛ ✭✈❡❥❛ ❛ ✜❣✉r❛ ❆✳✶✮✳ ❊ss❛ ❣r❛❞❡ s❡rá ❢♦r♠❛❞❛ ❞✐s❝r❡t✐③❛♥❞♦✲

s❡ ♦ ❞♦♠í♥✐♦✱ ✐st♦ é✱ ❞✐✈✐❞✐♥❞♦✲♦ ❡♠ ♣♦♥t♦s✳ ❆ r❡❣✐ã♦ q✉❡ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r s❡rá ❞❛

❢♦r♠❛ (x, t)✱ ♦♥❞❡ x ∈ R ❡ t ∈ R+ ∪ {0}✳ ❆ ❣r❛❞❡ s❡rá ❝♦♠♣♦st❛ ❞❡ ♣♦♥t♦s ❞❛

❢♦r♠❛ (xn, tj) = (n∆x, j∆t)✱ ♦♥❞❡ n ❡ j sã♦ ✐♥t❡✐r♦s ❛r❜✐trár✐♦s ❝♦♠ n = 1, · · · , N

❡ j = 1, · · · , J ✱ ✭♥ã♦ ♥❡❝❡ssár✐❛♠❡♥t❡ N ❡ J sã♦ ✐❣✉❛✐s✮ ❡ ♦♥❞❡ ∆x ❡ ∆t sã♦ ❛s

❞✐stâ♥❝✐❛s q✉❡ s❡♣❛r❛♠ ♦s ♣♦♥t♦s xn ❡ tj✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✭∆x ❡ ∆t t❛♠❜é♠ ♥ã♦

sã♦ ♥❡❝❡ssár✐❛♠❡♥t❡ ✐❣✉❛✐s✮✳ ❆s ❡①♣r❡ssõ❡s ❝❛❧❝✉❧❛❞❛s s♦❜r❡ ♦s ♣♦♥t♦s ❞❡ ❣r❛❞❡✱ ❢♦r✲

♠❛♠ ✉♠❛ ❡q✉❛çã♦ ❛❧❣é❜r✐❝❛✱ ❞❡♥♦♠✐♥❛❞❛ ❡q✉❛çã♦ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ✭❊❉❋✮✳ ▲♦❣♦

r❡s♦❧✈❡♥❞♦✲s❡ ❛s ❊❉❋✬s✱ ❡♥❝♦♥tr❛✲s❡ ❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❞❛ ❊❉P✳ ❆ s♦❧✉çã♦ ♥♦ ❡♥✲

t❛♥t♦ ♥ã♦ é ❡①❛t❛ ❞❡✈✐❞♦ ❛ ❡rr♦s

• ✐♥❡r❡♥t❡s ❛♦ ♣r♦❝❡ss♦ ♣r♦❝❡ss♦ ❞❡ ❞✐s❝r❡t✐③❛çã♦ ❞❛s ❡q✉❛çõ❡s❀

• ❞❡ ❛rr❡❞♦♥❞❛♠❡♥t♦ ♥♦s ❝á❧❝✉❧♦s ❢❡✐t♦s ♥♦ ❝♦♠♣✉t❛❞♦r❀

• ♥❛ ❛♣r♦①✐♠❛çã♦ ♥✉♠ér✐❝❛ ❞❛s ❝♦♥❞✐çõ❡s ❛✉①✐❧✐❛r❡s ✭❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❡ ❞❡ ❝♦♥✲

t♦r♥♦✮✳

P♦❞❡♠♦s ♦❜s❡r✈❛r ♣❡❧❛ ✜❣✉r❛ q✉❡ ♦s ♣♦♥t♦s xn ❡ tj sã♦ ❞❛ ❢♦r♠❛✱

• xn = x0 + n∆x ❡ xn+1 = xn + ∆x❀

• tj = t0 + j∆t ❡ tj+1 = tj + ∆t✳



✹✾

◆♦ ✐♥t✉✐t♦ ❞❡ ♠❡❧❤♦r❛r ❛ ♥♦t❛çã♦✱ ✈❛♠♦s ❡s❝r❡✈❡ ✉♠❛ ❢✉♥çã♦ f : R → R ❛♣❧✐❝❛❞❛

s♦❜r❡ ♦s ♣♦♥t♦s ❞❛ ❣r❛❞❡ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

f(xn, tj) = f j
n. ✭❆✳✶✮

P♦❞❡✲s❡ ♣❡♥s❛r ♥❛s ❛♣r♦①✐♠❛çõ❡s ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ❝♦♠ ♦ ✐♥✈❡rs♦ ❞♦ ♣r♦❝❡ss♦

❞❡ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ❧✐♠✐t❡✱ ✉t✐❧✐③❛❞♦ ♣❛r❛ ♦❜t❡r ❛ ❞❡r✐✈❛❞❛ ❞❡ ✉♠❛ ❢✉♥çã♦ f ✳ ❈♦♥s✐❞❡r❛✲

s❡ ❛ ❞❡✜♥✐çã♦ ❞❛ ❞❡r✐✈❛❞❛ ❞❡ ✉♠❛ ❢✉♥çã♦ f : R → R ❝♦♥tí♥✉❛✿

df

dt
(x) = lim

h→0

f(x + h) − f(x)

h

❆ ❢❡rr❛♠❡♥t❛ ♠❛t❡♠át✐❝❛ ❜ás✐❝❛ ♥♦ ❝á❧❝✉❧♦ ❞❡ ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ ❛s ❞❡r✐✈❛❞❛s é

❛ ❙ér✐❡ ❞❡ ❚❛②❧♦r q✉❡ r❡❧❛❝✐♦♥❛ ✈❛❧♦r❡s ❞❛ ❢✉♥çã♦ ❡ s✉❛s ❞❡r✐✈❛❞❛s✱ ♥✉♠ ♣♦♥t♦ x✱ ❝♦♠

✈❛❧♦r❡s ❞❡ss❛ ♠❡s♠❛ ❢✉♥çã♦ ♥✉♠❛ ✈✐③✐♥❤❛ç❛ ❞❡ x✱ ♦✉ s❡❥❛✱ ❝♦♠ f(x + ∆x)✳ ❙❡ f(x)

t❡♠ ❞❡r✐✈❛❞❛s ❛té ❛ ♦r❞❡♠ p + 1 ❡♠ x ♣♦❞❡♠♦s ❡s❝r❡✈❡r✱

f(x + ∆x) = f(x) + (∆x)
df

dx
(x) +

(∆x)2

2!

d2f

dx2
(x) + · · · +

(∆x)p

p!

dpf

dxp
(x) + Rp+1, ✭❆✳✷✮

❡♠ q✉❡ Rp+1 é ♦ r❡st♦✱ ❞❡✜♥✐❞♦ ❝♦♠♦

Rp+1 =
(∆x)p+1

(p + 1)!

dp+1f

dxp+1
(ξ), x < ξ < x + ∆x.

❉❡st❡ ♠♦❞♦✱ ❝♦♠♦ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ♦s ♣♦♥t♦s ❞❛ ❣r❛❞❡✱ ❡♥tã♦ ❡st❛♠♦s

❝♦♥s✐❞❡r❛♥❞♦ ♦s ♣♦♥t♦s xn✳ ❆ss✐♠✱

f(xn + ∆x) = f(xn) + (∆x)
df

dx
(xn) +

(∆x)2

2!

d2f

dx2
(xn) + · · · + ✭❆✳✸✮

+
(∆x)p

p!

dpf

dxp
(xn) + Rp+1,

❡♠ q✉❡ Rp+1 é ♦ r❡st♦✱ ❞❡✜♥✐❞♦ ❝♦♠♦

Rp+1 =
(∆x)p+1

(p + 1)!

dp+1f

dxp+1
(ξn), xn < ξn < xn + ∆x.

❙❡ n = 1 ❡♠ ✭❆✳✷✮ ♦❜t❡♠♦s ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ ❞❡r✐✈❛❞❛ df
dx

✭x✮✱ ❝♦♥❤❡❝✐❞❛

❝♦♠♦ ❞✐❢❡r❡♥ç❛ ♣r♦❣r❡ss✐✈❛✱ q✉❡ é ❞❛❞❛ ♣♦r✱

df

dx
(x) =

f(x + ∆x) − f(x)

∆x
−

(∆x)

2!

d2f

dx2
(ξ). ✭❆✳✹✮

♦♥❞❡ ♦ t❡r♠♦ (∆x)
2!

d2f
dx2 (ξ) r❡♣r❡s❡♥t❛ ♦ ❡rr♦ ❞❡ss❛ ❛♣r♦①✐♠❛çã♦✳



✺✵

❉❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡✱ t♦♠❛♥❞♦ −∆x ❡♠ ✭❆✳✷✮✱ ❛✐♥❞❛ ❝♦♠ n = 1✱ ♦❜t❡♠♦s ❛

❢ór♠✉❧❛ r❡❣r❡ss✐✈❛ q✉❡ ✉t✐❧✐③❛ ❛ ❞✐❢❡r❡♥ç❛ r❡❣r❡ss✐✈❛ ❡ s❡✉ ❡rr♦✱ ♦✉ s❡❥❛✱

df

dx
(x) =

f(x) − f(x − ∆x)

∆x
+

(∆x)

2!

d2f

dx2
(ξ). ✭❆✳✺✮

❚♦♠❛♥❞♦ n = 2 ❡♠ ✭❆✳✷✮✱ ❡ r❡❡s❝r❡✈❡♥❞♦ ✭❆✳✷✮ ♣❛r❛ ∆x ❡ −∆x✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

♦❜t❡♠♦s

f(x + ∆x) = f(x) + (∆x)
df

dx
(x) +

(∆x)2

2!

d2f

dx2
(x) +

(∆x)3

3!

d3f

dx3
(ξ1), ✭❆✳✻✮

❡

f(x − ∆x) = f(x) − (∆x)
df

dx
(x) +

(∆x)2

2!

d2f

dx2
(x) −

(∆x)3

3!

d3f

dx3
(ξ2), ✭❆✳✼✮

♦♥❞❡ x < ξ1, ξ2 < x + ∆x✳

❋❛③❡♥❞♦ ❛ s✉❜tr❛çã♦ ❞❡ ✭❆✳✻✮ ♣♦r ✭❆✳✼✮ ♦❜t❡♠♦s ❛ ❞✐❢❡r❡♥ç❛ ❝❡♥tr❛❞❛ ♦✉ ❢ór♠✉❧❛

❞❡ ❞✐❢❡r❡♥ç❛s ❝❡♥tr❛✐s

df

dx
(x) =

f(x + ∆x) − f(x − ∆x)

2∆x
−

(∆x)2

3!

d3f

dx3
(ξ), ✭❆✳✽✮

♦♥❞❡ x−∆x < ξ < x+∆x ❡ ❢♦✐ ✉t✐❧✐③❛❞♦ ♦ t❡♦r❡♠❛ ❞♦ ✈❛❧♦r ✐♥t❡r♠❡❞✐ár✐♦ ✈á❧✐❞♦ ♣❛r❛

❢✉♥çõ❡s ❝♦♥tí♥✉❛s✱

1

2

(
d3f

dx3
(ξ1) +

d3f

dx3
(ξ2)

)
, ♣❛r❛ ❛❧❣✉♠ ξ ∈ [min{ξ1, ξ2}, max{ξ1, ξ2}].

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦s ♣♦♥t♦s ❞❡ ❣r❛❞❡ ♥❛s ❡①♣r❡ssõ❡s ✭❆✳✹✮✱ ✭❆✳✺✮ ❡ ✭❆✳✽✮ ♦❜t❡♠♦s✱

•
df

dx
(xn) =

f(xn + ∆x) − f(xn)

∆x
−

(∆x)

2!

d2f

dx2
(ξn) ✭❞✐❢❡r❡♥ç❛ ♣r♦❣r❡ss✐✈❛✮❀

•
df

dx
(xn) =

f(xn) − f(xn − ∆x)

∆x
+

(∆x)

2!

d2f

dx2
(ξn) ✭❞✐❢❡r❡♥ç❛ r❡❣r❡ss✐✈❛✮❀

•
df

dx
(xn) =

f(xn + ∆x) − f(xn − ∆x)

2∆x
−

(∆x)2

3!

d3f

dx3
(ξn) ✭❞✐❢❡r❡♥ç❛ ❝❡♥tr❛❧✮

P♦rt❛♥t♦✱ ♣❡❧❛s ❡①♣r❡ssõ❡s ✭❆✳✶✮ ❡ ✭❆✳✹✮ t❡♠♦s q✉❡✱ ❞❛❞♦ ✉♠❛ ❢✉♥çã♦ v : R
3 → R

❝♦♥tí♥✉❛ ❛♣❧✐❝❛❞❛ ♥❛ ❣r❛❞❡ ❞❡ ♣♦♥t♦s (xn, ym, tj)✱ tê♠ s✉❛ ❞✐❢❡r❡♥ç❛ ♣r♦❣r❡ss✐✈❛ ❝♦♠

r❡❧❛çã♦ ❛ ✈❛r✐á✈❡❧ t ❞❛ ❢♦r♠❛✱

dv

dt
(xn, ym, tj) =

vj+1
n,m − vj

n,m

∆t
✭❆✳✾✮
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❆✳✷ ❈♦♥s✐stê♥❝✐❛✱ ❈♦♥✈❡r❣ê♥❝✐❛ ❡ ❊st❛❜✐❧✐❞❛❞❡

◗✉❛♥❞♦ s❡ r❡s♦❧✈❡ ✉♠❛ ❊❉P ♥✉♠❡r✐❝❛♠❡♥t❡✱ é ♥❛t✉r❛❧ q✉❡st✐♦♥❛r♠♦s s❡ ❛ s♦❧✉çã♦

❝❛❧❝✉❧❛❞❛ s❡ ❛♣r♦①✐♠❛✱ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛✱ ❞❛ s♦❧✉çã♦ r❡❛❧ ❞❛ ❊❉P✱ ♣♦✐s ❝♦♠♦ s❛❜❡♠♦s

♦ ❡rr♦ ♥❛ ❞✐s❝r❡t✐③❛çã♦ ✐♥✢✉ê♥❝✐❛ ♥❛ q✉❛❧✐❞❛❞❡ ♥✉♠ér✐❝❛ ❞❛ ❛♣r♦①✐♠❛çã♦ ♥✉♠ér✐❝❛ ❞❡

❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s✳

❊st❛♠♦s q✉❡r❡♥❞♦ ❞❡t❡r♠✐♥❛r✱ ❢✉♥❞❛♠❡♥t❛❧♠❡♥t❡✱ q✉❛♥❞♦ ❡ s♦❜ q✉❡ ❝♦♥❞✐çõ❡s

❛ s♦❧✉çã♦ ❞✐s❝r❡t✐③❛❞❛ é ❛ r❡♣r❡s❡♥t❛çã♦ ❞❛ s♦❧✉çã♦ r❡❛❧ ❞❛ ❊❉P✳ ❆ r❡s♣♦st❛ ❛ ❡ss❛

q✉❡stã♦ ❞❡♣❡♥❞❡ ❞❛ ❝♦♥s✐stê♥❝✐❛ ❞❛s ❡q✉❛çõ❡s ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ❡ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❡

❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❡♠♣r❡❣❛❞♦✳

❆✳✷✳✶ ❈♦♥s✐stê♥❝✐❛

❆ ♣r♦♣r✐❡❞❛❞❡ ♠❛✐s ❜ás✐❝❛ q✉❡ ✉♠ ♠ét♦❞♦ ♥✉♠ér✐❝♦ t❡♠✱ ♥♦ s❡♥t✐❞♦ ❞❡ s❡r út✐❧✱

é q✉❡ s✉❛s s♦❧✉çõ❡s ❞❡✈❡♠ s❡ ❛♣r♦①✐♠❛r ❞❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❡q✉❛çã♦

❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧✱ ❛ q✉❡ ❛ ♠❡s♠❛ r❡♣r❡s❡♥t❛✳ ❊ss❛s ❛♣r♦①✐♠❛çõ❡s ❞❡✈❡♠ ♠❡❧❤♦r❛r

q✉❛♥❞♦ ❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ ♦s ♣♦♥t♦s ❞❛ ❣r❛❞❡ t❡♥❞❡r❡♠ ❛ ③❡r♦✳ ❆ss✐♠✱ ♣❛r❛ q✉❡ ✉♠❛

❞✐s❝r❡t✐③❛çã♦ s❡❥❛ ❝♦♥s✐st❡♥t❡ ❝♦♠ ❛ ❊❉P✱ s❡✉ ❡rr♦ ❞❡✈❡ t❡♥❞❡r ♣❛r❛ ③❡r♦ q✉❛♥❞♦ ❛s

❞✐stâ♥❝✐❛s ❡♥tr❡ ♦s ♣♦♥t♦s ❞❛ ❣r❛❞❡ t❡♥❞❡r❡♠ ♣❛r❛ ③❡r♦✳ P❛r❛ ✈❡r✐✜❝❛r ❛ ❝♦♥s✐stê♥❝✐❛

❞❡ ✉♠❛ ❞✐s❝r❡t✐③❛çã♦✱ ❞❡✈❡♠♦s s✉❜st✐t✉✐r ❛s ❡①♣❛♥sõ❡s ❡♠ sér✐❡s ❞❡ ❚❛②❧♦r ♥❛ ❡q✉❛çã♦

❞❡ ❞✐❢❡r❡♥ç❛s✱ ❡ ❢❛r❡♠♦s ∆x, ∆y ❡ ∆t → 0✳ ❈❛s♦ ♦ ❡rr♦ ✈á ♣❛r❛ ③❡r♦✱ ❛ ❞✐s❝r❡t✐③❛çã♦

é ❝♦♥s✐st❡♥t❡ ❝♦♠ ❛ ❊❉P✳ ❊ss❡ é✱ ❡ss❡♥❝✐❛❧♠❡♥t❡✱ ♦ ❝❛♠✐♥❤♦ ✐♥✈❡rs♦ ❞♦ ♣r♦❝❡ss♦ ❞❡

❞✐s❝r❡t✐③❛çã♦✳

❊♠❜♦r❛ ♣♦ss❛ ♣❛r❡❝❡r ó❜✈✐♦ q✉❡ t♦❞❛s ❛s ❞✐s❝r❡t✐③❛çõ❡s sã♦ ❝♦♥s✐st❡♥t❡s ❝♦♠ ❛

❊❉P ♦r✐❣✐♥❛❧✱ ❛❧❣✉♠❛s ❞❡❧❛s ♥ã♦ ♦ sã♦✱ ♦✉ ♦ sã♦ ❡♠ ❛❧❣✉♥s ❝❛s♦s✳ P♦r ✐ss♦✱ ❞❡✈❡✲s❡

s❡♠♣r❡ ✈❡r✐✜❝❛r ❛ ❝♦♥s✐stê♥❝✐❛ ❞❛ ❞✐s❝r❡t✐③❛çã♦ ❛♥t❡s ❞❡ tr❛❜❛❧❤❛r♠♦s ❝♦♠ ❡❧❛ ♥✉♠❡r✐✲

❝❛♠❡♥t❡✳

❊♠ r❡s✉♠♦✱ q✉❛♥❞♦ ✉♠❛ ❊❉P é ❞✐s❝r❡t✐③❛❞❛ ♣r♦❝✉r❛✲s❡ ♦❜t❡r ✉♠❛ ❆♣r♦①✐♠❛çã♦

♣♦r ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s✱ ❛ q✉❛❧✱ q✉❛♥❞♦ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣♦♥t♦s q✉❡ ❝♦♠♣õ❡♠ ❛ ❣r❛❞❡

t❡♥❞❡ ♣r❛ ③❡r♦✱ t❡♠ s❡✉ ❡rr♦ t❡♥❞❡♥❞♦ ❛ ③❡r♦✳ ▲♦❣♦ ❛ ❛♣r♦①✐♠❛çã♦ ✈♦❧t❛ ❛ s❡r ❛ ❊❉P✳
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❆✳✷✳✷ ❈♦♥✈❡r❣ê♥❝✐❛

❙❛❜❡♠♦s q✉❡✱ s❡ ❛ ❞✐s❝r❡t✐③❛çã♦ ❢♦r ❝♦♥s✐st❡♥t❡ ✱ ❡♥tã♦✱ q✉❛♥❞♦ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡

♦s ♣♦♥t♦s ❞❛ ❣r❛❞❡ t❡♥❞❡r❡♠ ♣❛r❛ ③❡r♦✱ ♦ ❡rr♦ s❡ ❛♥✉❧❛ ❡ r❡❝✉♣❡r❛♠♦s ❛ ❊❉P ♦r✐❣✐♥❛❧✳

❊ ❝♦♠♦ ✐ss♦ ❛❢❡t❛ ❛ s♦❧✉çã♦ ❞❛ ❊❉P ❛♣ós ✉♠ ♥ú♠❡r♦ ❛r❜✐trár✐♦ ❞❡ ♣❛ss♦s ❞❡ t❡♠♣♦❄

❈❛s♦ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♥♦ ❞♦♠í♥✐♦ ❞❡ ✐♥t❡r❡ss❡ vj
n,m s❡ ❛♣r♦①✐♠❡ ❞❛ s♦❧✉çã♦ ❡①❛t❛

v(xn, ym, tj) ❞❛ ❊❉P✱ ❝♦♥❢♦r♠❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣♦♥t♦s ❞❛ ❣r❛❞❡ ❞✐♠✐♥✉✐✱ ❡♥tã♦ ♦

♠ét♦❞♦ ♥✉♠ér✐❝♦ é ❞✐t♦ ❝♦♥✈❡r❣❡♥t❡✱ ✐st♦ é✱ ❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❛♣r♦①✐♠❛❞❛ ❝♦♥✈❡r❣❡

♣❛r❛ ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❛ ❊❉P✳

❖❜s❡r✈❛çã♦ ❆✳✶ ❆ ❝♦♥s✐stê♥❝✐❛ é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ❝♦♥✈❡r❣ê♥❝✐❛✱ ♠❛s

♥ã♦ s✉✜❝✐❡♥t❡✳

❆✳✷✳✸ ❊st❛❜✐❧✐❞❛❞❡

❯♠ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ❡stá✈❡❧ é ❛q✉❡❧❡ ♥♦ q✉❛❧ q✉❛✐sq✉❡r ❡rr♦s ♦✉ ♣❡rt✉❜❛çõ❡s

♥❛ s♦❧✉çã♦ ♥ã♦ sã♦ ❛♠♣❧✐✜❝❛❞♦s s❡♠ ❧✐♠✐t❡✳ ❊ss❛ ❛♠♣❧✐✜❝❛çã♦✱ q✉❛♥❞♦ ♣r❡s❡♥t❡✱ ❢❛③

❝♦♠ q✉❡ ♦ ♠ó❞✉❧♦ ❞♦s ✈❛❧♦r❡s ❞❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ❝r❡sç❛ ❛ ❝❛❞❛ ❡t❛♣❛ ❞♦s ❝á❧❝✉❧♦s✳

❊✈❡♥t✉❛❧♠❡♥t❡✱ ❡ss❛ s♦❧✉çã♦ ✧❡①♣❧♦❞❡✧✳ ❈♦♠♦ ❡ss❡ ❝r❡s❝✐♠❡♥t♦ é ♣✉r❛♠❡♥t❡ r❡❧❛t✐✈♦ ❛♦

♠ét♦❞♦ ♥✉♠ér✐❝♦✱ ❡ ♥ã♦ à ❢ís✐❝❛ ❞♦ ♣r♦❜❧❡♠❛✱ ❡❧❡ ❞❡✈❡ s❡r ❡✈✐t❛❞♦✳ P♦rt❛♥t♦✱ ♦ ❝♦♥❝❡✐t♦

❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛♦ ❝r❡s❝✐♠❡♥t♦✱ ♦✉ ❞✐♠✐♥✉✐çã♦ ❞♦s ❡rr♦s ✐♥tr♦❞✉③✐❞♦s

♥♦s ❝á❧❝✉❧♦s✳

❯♠❛ s♦❧✉çã♦ ♥✉♠ér✐❝❛ ♣❛r❛ s❡r ❡stá✈❡❧✱ ❡❧❛ ❞❡✈❡ t❛♠❜é♠ s❛t✐s❢❛③❡r ♦ s❡❣✉✐♥t❡

t❡♦r❡♠❛✱

❉❡✜♥✐çã♦ ❆✳✶ ❯♠ ♠ét♦❞♦ ❞❡ ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s P∆x,∆y,∆tv
j
n,m = 0 ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞❡

♣r✐♠❡✐r❛✲♦r❞❡♠ é ❡stá✈❡❧ ❡♠ ✉♠❛ r❡❣✐ã♦ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ Λ s❡ ❡①✐st✐r ✉♠ ✐♥t❡✐r♦ ❏ t❛❧

q✉❡ ♣❛r❛ ❛❧❣✉♠ t❡♠♣♦ ♣♦s✐t✐✈♦ ❚✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ CT t❛❧ q✉❡

h

∞∑

m=−∞

|vj
n,m|

2 ≤ CT h

J∑

p=0

∞∑

m=−∞

|vp
n,m|

2 ✭❆✳✶✵✮

♣❛r❛ 0 ≤ j∆t ≤ T ✱ ❝♦♠ (∆x, ∆y, ∆t) ∈ Λ✳

❆ ✐♠♣♦rtâ♥❝✐❛ ❞♦s ❝♦♥❝❡✐t♦s ❞❡ ❝♦♥s✐stê♥❝✐❛ ❡ ❡st❛❜✐❧✐❞❛❞❡ é ✈✐st♦ ♥♦ ❚❡♦r❡♠❛ ❞❡

❊q✉✐✈❛❧ê♥❝✐❛ ❞❡ ▲❛①✲❘✐❝❤t♠②❡r✱ ♦ q✉❛❧ é ♦ t❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ t❡♦r✐❛ ❞♦ ♠ét♦❞♦

❞❛s ❞✐❢❡r❡♥ç❛s ✜♥✐t❛s ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧✳



✺✸

❚❡♦r❡♠❛ ❆✳✷ ✭❖ ❚❡♦r❡♠❛ ❞❡ ❊q✉✐✈❛❧ê♥❝✐❛ ❞❡ ▲❛①✲❘✐❝❤t♠②❡r✮✳ ❯♠ ♠ét♦❞♦ ❞❡ ❞✐❢❡✲

r❡♥ç❛s ✜♥✐t❛s ❝♦♥s✐st❡♥t❡ ♣❛r❛ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ ❝✉❥♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r

✐♥✐❝❛❧ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ é ❝♦♥✈❡r❣❡♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡❧❡ é ❡stá✈❡❧✳



❆♣ê♥❞✐❝❡ ❇

■♥tr♦❞✉çã♦ às ❚r❛♥s❢♦r♠❛❞❛s

❉✐s❝r❡t❛s ❞❡ ❋♦✉r✐❡r

◆❡st❡ ❆♣ê♥❞✐❝❡✱ ✐r❡♠♦s tr❛t❛r ❞❡ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛ ✉s❛❞❛ ♥❡st❡ tr❛✲

❜❛❧❤♦ ❝❤❛♠❛❞❛ ❚r❛♥s❢♦r♠❛❞❛ ❉✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r ✭❉❋❚✮ ❡ ❞❡ s✉❛ ✐♥✈❡rs❛ ❝❤❛♠❛❞❛

❚r❛♥s❢♦r♠❛❞❛ ❉✐s❝r❡t❛ ■♥✈❡rs❛ ❞❡ ❋♦✉r✐❡r ✭■❉❋❚✮✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡❥❛ ❬✶❪✳

❇✳✶ ❯♠ ♣♦✉❝♦ ❞❡ ❍✐stór✐❛

❆♥t❡s ❞❡ ❝♦♠❡ç❛r♠♦s ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❛ ❚r❛♥s❢♦r♠❛çã♦ ❉✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r✱

✈❛♠♦s ❡①♣❧❛♥❛r ✉♠ ♣♦✉❝♦ s♦❜r❡ s✉❛ ❤✐stór✐❛✱ ♣❛r❛ ♦❜s❡r✈❛r♠♦s ❛ s✉❛ ✐♠♣♦rtâ♥❝✐❛ ♥♦

❝♦♥t❡①t♦ ♠❛t❡♠át✐❝♦ ❞❡ ❤♦❥❡ ❡♠ ❞✐❛✱ ♣♦✐s ❛❧❣✉♠❛s ✈❛❧✐♦s❛s ♣❡rs♣❡❝t✐✈❛s ♥ã♦ ✈ê♠ ❝♦♠

❛ ❞❡s❝♦❜❡rt❛ ❞❛ ❉❋❚ ❛ ❞❡③ ❛♥♦s ❛trás✱ ♥❡♠ ❢♦✐ ✐♥✈❡♥t❛❞❛ ❝♦♠ ❛ ❋❋❚ tr✐♥t❛ ❛♥♦s

❛trás ✭❝❤❛♠❛♠♦s ❞❡ ❋❋❚ ❛ ❉❋❚ q✉❡ s❡rá ❛♣❧✐❝❛❞❛ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✮✳ ❊❧❛ t❡♠

✉♠❛ ❢❛s❝✐♥❛♥t❡ ❤✐stór✐❛✱ ❛tr❛✈❡ss❛♥❞♦ ♠❛✐s ❞❡ ❞♦✐s sé❝✉❧♦s q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❝♦♠ ♦

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ♠❛t❡♠át✐❝❛ ❛♣❧✐❝❛❞❛ ❡ ❞❛ ❛♥á❧✐s❡ ♥✉♠ér✐❝❛✳

❆ ❆♥á❧✐s❡ ❞❡ ❋♦✉r✐❡r t❡♠ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✷✵✵ ❛♥♦s ❡ s✉❛ ❤✐stór✐❛ ❡stá ❝❤❡✐❛ ❞❡

❝♦♥tr♦✈érs✐❛s ❡ ❢❡✐t♦s ♣r♦❞✐❣✐♦s♦s✳ P❛r❛ ❛♣r❡❝✐❛r ❛ ❤✐stór✐❛ ❝♦♠♣❧❡t❛✱ t❡♠♦s ❞❡ ✈♦❧t❛r

✉♥s ✻✵ ❛♥♦s ❛♥t❡s ❞❡ ✶✽✵✼✱ q✉❛♥❞♦ ❏❡❛♥ ❇❛♣t✐st❡ ❏♦s❡♣❤ ❋♦✉r✐❡r ❛♣r❡s❡♥t♦✉ ❛ ♣r✐♠❡✐r❛

✈❡rsã♦ ❞❛ t❡♦r✐❛ ❞❡ ❝♦♥❞✉çã♦ ❞❡ ❝❛❧♦r ♣❛r❛ ❛ ❆❝❛❞❡♠✐❛ ❞❡ ❈✐ê♥❝✐❛ ❞❡ P❛r✐s✳ ❖ ❛♥♦ ❞❡

✶✼✺✵ é ✉♠ ❜♦♠ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ♣♦✐s✱ ♦ ❝á❧❝✉❧♦ ❞❡ ◆❡✇t♦♥ ❡ ▲❡✐❜♥✐t③✱ ♣✉❜❧✐❝❛❞♦ ✼✺

❛♥♦s ❛♥t❡s✱ ❡st❛✈❛ ❤❛❜✐❧✐t❛♥❞♦ ❛ ❝r✐❛çã♦ ❞❡ ♣♦❞❡r♦s❛s ♥♦✈❛s t❡♦r✐❛s ❞❛ ♠❡❝â♥✐❝❛ ❝❡❧❡st❡
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❡ ♠❡❝â♥✐❝❛ ❞♦ ❝♦♥tí♥✉♦✳

❊①✐st✐❛♠ ❞♦✐s ♣r♦❜❧❡♠❛s ❡①❝❡❧❡♥t❡s q✉❡ ❢♦❝❛❧✐③❛r❛♠ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❛ ❡♥❡r❣✐❛

❞♦s ♠❛t❡♠át✐❝♦s✱ ❡ ❢♦r♠❛r❛♠ ❛s s❡♠❡♥t❡s q✉❡ ♥♦ ✜♥❛❧ ❞❛s ❝♦♥t❛s s❡ t♦r♥❛r❛♠ ❛ ❛♥á❧✐s❡

❞❡ ❋♦✉r✐❡r✳ ❖ ♣r✐♠❡✐r♦ ♣r♦❜❧❡♠❛ ❡r❛ ❞❡s❝r❡✈❡r ❛ ✈✐❜r❛çã♦ ❞❡ ✉♠ ✜♦ ❡st✐❝❛❞♦ ❝♦♠ ❡①✲

tr❡♠✐❞❛❞❡s ✜①❛s ✭♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ ❛ ♣r♦♣❛❣❛çã♦ ❞❡ s♦♠ ❡♠ ✉♠ ♠❡✐♦ ❡❧ást✐❝♦✮✳

◆♦t❛✈❡❧♠❡♥t❡✱ ❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ❝♦♠♦ ❝♦♥❤❡❝❡♠♦s ❤♦❥❡✱ ❥á t✐♥❤❛ s✐❞♦ ❢♦r♠✉❧❛❞❛✱ ❡ ♦s

♠❛t❡♠át✐❝♦s ❏❡❛♥ ❞✬❆❧❡♠❜❡rt✱ ▲❡♦♥❤❛r❞ ❊✉❧❡r✱ ❉❛♥✐❡❧ ❇❡r♥♦✉❧❧✐✱ ❡ ❏♦s❡♣❤✲▲♦✉✐s ▲❛✲

❣r❛♥❣❡ t✐♥❤❛♠ ♣r♦♣♦st♦s ♠ét♦❞♦s ❞❡ s♦❧✉çã♦ ♣♦r ✈♦❧t❛ ❞❡ ✶✼✺✵✳ ❆ s♦❧✉çã♦ ❞❡ ❇❡r♥♦✉❧❧✐

❧❡✈♦✉ à ❢♦r♠❛ ❞❡ sér✐❡ tr✐❣♦♥♦♠étr✐❝❛

y = As❡♥x❝♦sat + Bs❡♥2x❝♦s2at + ...

♥❛ q✉❛❧ ① é ❛ ✈❛r✐á✈❡❧ ❡s♣❛❝✐❛❧ ❡ t é ❛ ✈❛r✐á✈❡❧ t❡♠♣♦r❛❧✳ ❊st❛ s♦❧✉çã♦ ❥á ❛♥t❡❝✐♣❛✈❛

❛ ❢♦r♠❛ ❝♦♥tí♥✉❛ ❞❡ ✉♠❛ sér✐❡ ❞❡ ❋♦✉r✐❡r✳ ➱ ❛♣❛r❡♥t❡ q✉❡ ❛♠❜♦s ❊✉❧❡r ❡ ▲❛❣r❛♥❣❡

r❡❛❧♠❡♥t❡ ❞✐s❝r❡t✐③❛r❛♠ ♦ ♣r♦❜❧❡♠❛ ❞❛ ✈✐❜r❛çã♦ ♥♦ ✜♦✱ ✐♠❛❣✐♥❛♥❞♦ ♦ ✜♦ ❝♦♥s✐st✐♥❞♦

❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣❛rtí❝✉❧❛s ❝♦♥❡❝t❛❞❛s✳ ❆ s♦❧✉çã♦ ❞❡st❡ ♣r♦❜❧❡♠❛ ❞✐s❝r❡t♦

❡①✐❣✐✉ ❡♥❝♦♥tr❛r ♦ ♠♦❞❡❧♦ ❞❛ ❢✉♥çã♦ q✉❡ ❞❡s❝r❡✈❡ ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ ✜♦✱ ❡ ♦ tr❛❜❛❧❤♦

❞❡ ▲❛❣r❛♥❣❡ s♦❜r❡ ❡st❡ ♣r♦❜❧❡♠❛✱ ♣✉❜❧✐❝❛❞♦ ❡♠ ✶✼✺✾✱ ❝♦♥té♠ ✐♥❣r❡❞✐❡♥t❡s ❞♦ q✉❡

❝❤❛♠❛♠♦s ❤♦❥❡ ❞❡ ❙ér✐❡ ❞❡ ❙❡♥♦s ❉✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r✳

❖ s❡❣✉♥❞♦ ♣r♦❜❧❡♠❛ q✉❡ ♥✉tr✐✉ ❛s r❛í③❡s ❞❛ ❛♥á❧✐s❡ ❞❡ ❋♦✉r✐❡r✱ ♣❛rt✐❝✉❧❛r♠❡♥t❡

❡♠ s✉❛ ❢♦r♠❛ ❞✐s❝r❡t❛✱ ❡r❛ ❞❡t❡r♠✐♥❛r ❛s ór❜✐t❛s ❞❡ ❝♦r♣♦s ❝❡❧❡st✐❛✐s✳ ❊✉❧❡r✱ ▲❛❣r❛♥❣❡✱

❡ ❆❧❡①✐s ❈❧❛✉❞❡ ❈❧❛✐r❛✉t✱ ✜③❡r❛♠ ❝♦♥tr✐❜✉✐çõ❡s ❢✉♥❞❛♠❡♥t❛✐s✱ ♣r♦♣♦♥❞♦ q✉❡ ♦s ❞❛❞♦s

r❡t✐r❛❞♦s ❞❛s ♦❜s❡r✈❛çõ❡s ❢♦ss❡♠ ❛♣r♦①✐♠❛❞♦s ♣♦r ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❡ ❢✉♥çõ❡s

♣❡r✐ó❞✐❝❛s✳ ❖ ❝á❧❝✉❧♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s ♥❡st❛s ❡①♣❛♥sõ❡s tr✐❣♦♥♦♠étr✐❝❛s ❝♦♥❞✉③✐❛♠ ❛

✉♠ ❝á❧❝✉❧♦ q✉❡ ❤♦❥❡ ❝❤❛♠❛rí❛♠♦s ✉♠❛ ❚r❛♥s❢♦r♠❛❞❛ ❉✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r✳ ◆❛ r❡❛❧✐❞❛❞❡✱

✉♠ ❞♦❝✉♠❡♥t♦ ♣✉❜❧✐❝❛❞♦ ❡♠ ✶✼✺✹ ♣♦r ❈❧❛✐r❛✉t✱ ❝♦♥té♠ ♦ q✉❡ t❡r✐❛ s✐❞♦ ❞❡s❝r✐t♦ ❝♦♠♦

❛ ♣r✐♠❡✐r❛ ❢♦r♠✉❧❛ ❡①♣❧í❝✐t❛ ❞❛ ❉❋❚✳

❆ ❤✐stór✐❛ s❡❣✉❡ ❞♦✐s ❝❛♠✐♥❤♦s ♥♦ ❝♦♠❡ç♦ ❞♦ sé❝✉❧♦ ❳■❳✳ ◆ã♦ s✉r♣r❡❡♥❞❡♥t❡✲

♠❡♥t❡✱ ♣♦❞❡rí❛♠♦s ❝❤❛♠❛r ✉♠ ❝❛♠✐♥❤♦ ❝♦♥tí♥✉♦ ❡ ♦ ♦✉tr♦ ❞✐s❝r❡t♦✳ ◆❛ ♣❛rt❡ ❝♦♥tí♥✉❛

❡♠ ✶✽✵✼✱ ❋♦✉r✐❡r ❛♣r❡s❡♥t♦✉ ✉♠ tr❛❜❛❧❤♦ ♥❛ ❆❝❛❞❡♠✐❛ ❞❡ P❛r✐s✱ ♥❛ q✉❛❧ ❡❧❡ ❛✜r♠♦✉✱

q✉❡ ✉♠❛ ❢✉♥çã♦ ❛r❜✐trár✐❛ ♣♦❞❡r✐❛ s❡r r❡♣r❡s❡♥t❛❞❛ ❝♦♠♦ ✉♠❛ sér✐❡ ✐♥✜♥✐t❛ ❞❡ s❡♥♦s ❡

❝♦ss❡♥♦s✳ ❖ tr❛❜❛❧❤♦ ✐♥s♣✐r♦✉ ❛♣❡♥❛s ❡♥t✉s✐❛s♠♦ ♠♦❞❡r❛❞♦ ❞❛ ❆❝❛❞❡♠✐❛ ❡ ❛ s✉❣❡stã♦

❞❡ q✉❡ ❋♦✉r✐❡r ♠❡❧❤♦r❛ss❡ ♦ s❡✉ tr❛❜❛❧❤♦ s✉❜♠❡t❡♥❞♦ ✐st♦ ♣❛r❛ ♦ ♣rê♠✐♦ ♣r✐♥❝✐♣❛❧ ❡♠
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✶✽✶✷✳ ❆♣❡s❛r ❞♦ ❢❛t♦ q✉❡ ❊✉❧❡r ❡ ❇❡r♥♦✉❧❧✐ ✐♥tr♦❞✉③✐r❛♠ r❡♣r❡s❡♥t❛çõ❡s tr✐❣♦♥♦♠étr✐✲

❝❛s ❞❡ ❢✉♥çõ❡s✱ ❡ ❞❡ q✉❡ ▲❛❣r❛♥❣❡ ❥á t✐♥❤❛ ♣r♦❞✉③✐❞♦ ♦ q✉❡ ❝❤❛♠❛♠♦s ❞❡ ✉♠❛ s♦❧✉çã♦

❡♠ sér✐❡s ❞❡ ❋♦✉r✐❡r ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛✱ ❛ r❡✐✈✐♥❞✐❝❛çã♦ ♠❛✐s ❣❡r❛❧ ❞❡ ❋♦✉r✐❡r ❞❡

q✉❡ ✉♠❛ ❢✉♥çã♦ ❛r❜✐trár✐❛ ♣✉❞❡ss❡ s❡r ❞❛❞❛ ♣♦r t❛❧ r❡♣r❡s❡♥t❛çã♦ ❞❡s♣❡rt♦✉ ❝❡t✐❝✐s♠♦✱

s❡ ♥ã♦ ❛❢r♦♥t❛ ♥❛ ❆❝❛❞❡♠✐❛✳

❍✐st♦r✐❝❛♠❡♥t❡ ♦s ♠❛t❡♠át✐❝♦s ❡stã♦ ❞✐✈✐❞✐❞♦s s♦❜r❡ q✉❛♥t♦ ❞❡ ❝ré❞✐t♦ é ❛tr✐❜✉í❞♦

❛ ▲❛❣r❛♥❣❡ ♣❡❧❛ ❞❡s❝♦❜❡rt❛ ❞❛s ❙ér✐❡s ❞❡ ❋♦✉r✐❡r✳

❙❡♠ ❧❡✈❛r ❡♠ ❝♦♥t❛ ❛ ♦r✐❣✐♥❛❧✐❞❛❞❡ ❡ ♦ r✐❣♦r ❞♦ tr❛❜❛❧❤♦ ❞❡ ❋♦✉r✐❡r q✉❛♥❞♦

❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③✱ ❛ ❛♥á❧✐s❡ ❞❡ ❋♦✉r✐❡r ♠✉❞♦✉ ❛ ♣❛✐s❛❣❡♠ ✐♥t❡✐r❛ ❞❛

♠❛t❡♠át✐❝❛ ❡ s✉❛s ❛♣❧✐❝❛çõ❡s✳

▼❛s ❛ ♣❛rt❡ ❝♦♥tí♥✉❛ ♥ã♦ t❡r♠✐♥❛ ❝♦♠ ♦ tr❛❜❛❧❤♦ ❞❡ ❋♦✉r✐❡r✳ ❖ r❡st❛♥t❡ ❞♦

sé❝✉❧♦ ❳■❳ ❢♦✐ ✉♠❛ ✐♥❝✉❜❛❞♦r❛ ❞♦ ♣❡♥s❛♠❡♥t♦ ♠❛t❡♠át✐❝♦ ♥❛ ❊✉r♦♣❛✳ ❆❧❣✉♥s ❞♦s

♠❛✐♦r❡s ♠❛t❡♠át✐❝♦s ❞♦ ♣❡rí♦❞♦ t❛✐s ❝♦♠♦ P♦✐ss♦♥✱ ❉✐r✐❝❤❧❡t ❡ ❘✐❡♠❛♥♥ ❛✈❛♥ç❛r❛♠ ♥❛

t❡♦r✐❛ ❞❛s sér✐❡s tr✐❣♦♥♦♠étr✐❝❛s ❡ ❡♥❢r❡♥t❛r❛♠ ♦ ❞❡s❛✜♦ ❞❛s q✉❡stõ❡s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

❞❛s sér✐❡s✳ ❆ ❜❛t❛❧❤❛ ❝♦♥t✐♥✉♦✉ ♥♦ sé❝✉❧♦ ❳❳ q✉❛♥❞♦ ▲❡❜❡s❣✉❡✱ ❛r♠❛❞♦ ❝♦♠ s✉❛ ♥♦✈❛

t❡♦r✐❛ ❞❛ ✐♥t❡❣r❛çã♦✱ ❢♦✐ ❝❛♣❛③ ❞❡ ♣r♦❞✉③✐r ♣r♦♣♦s✐çõ❡s ♠❛✐s ❣❡r❛✐s s♦❜r❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛

❞❡ sér✐❡s tr✐❣♦♥♦♠étr✐❝❛s✳

❘❡t♦r♥❡♠♦s ♥♦✈❛♠❡♥t❡ ♣❛r❛ ♦ ✐♥í❝✐♦ ❞♦ sé❝✉❧♦ ❳■❳ ❡ s✐❣❛♠♦s ♣❛r❛ ❛ s❡❣✉♥❞❛

♣❛rt❡ ❞❡ t♦❞♦ ❡st❡ ❡♥r❡❞♦✳ ❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❈❧❛✐r❛✉t ❡ ▲❛❣r❛♥❣❡

t✐♥❤❛♠ ❝♦♥s✐❞❡r❛❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛❥✉st❡ ❛str♦♥ô♠✐❝♦ ❞❡ ❞❛❞♦s✱ ❡ ♣♦r ❝❛✉s❛ ❞❡st❡s

❞❛❞♦s t❡r❡♠ ♣❛❞rõ❡s ♣❡r✐ó❞✐❝♦s✱ s❡r✐❛ ♥❛t✉r❛❧ ✉t✐❧✐③❛r ❢✉♥çõ❡s ❛♣r♦①✐♠❛❞❛s q✉❡ ❝♦♥✲

s✐st✐❛♠ ❞❡ s❡♥♦s ❡ ❝♦ss❡♥♦s✳ ❊♥tã♦ ❡st❡ ❞❛❞♦s r❡♣r❡s❡♥t❛r✐❛♠ ❛♠♦str❛s ❞✐s❝r❡t❛s ❞❡

✉♠❛ ❢✉♥çã♦ ❞❡s❝♦♥❤❡❝✐❞❛✱ ❡ ❡♥tã♦ ❛ ❢✉♥çã♦ ❞❡ ❛♣r♦①✐♠❛çã♦ s❡r✐❛ ✉♠❛ s♦♠❛ ✜♥✐t❛ ❞❡

❢✉♥çõ❡s tr✐❣♦♥♦♠étr✐❝❛s❀ ❡st❡ tr❛❜❛❧❤♦ ❣✉✐♦✉ ❛❧❣✉♠❛s ❞❛s t❡♥❞ê♥❝✐❛s q✉❡ ❛♥t❡❝❡❞❡r❛♠

❛ tr❛♥s❢♦♠❛❞❛ ❞✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r✳

❖ tr❛❜❛❧❤♦ ❞❡ ▲❛❣r❛♥❣❡ ❡♠ ✐♥t❡r♣♦❧❛çã♦ ❡r❛ ❡✈✐❞❡♥t❡♠❡♥t❡ ❝♦♥❤❡❝✐❞♦ ♣❡❧♦ ♠❛t❡✲

♠át✐❝♦ ❛❧❡♠ã♦ ❈❛r❧ ❋r✐❡❞r✐❝❤ ●❛✉ss✱ ♦ q✉❛❧ ♦r✐❣✐♥♦✉ ✉♠❛ ❝♦rr❡♥t❡ ♣r♦❧í✜❝❛ ❞❡ ♠❛t❡♠át✐✲

❝♦s ♦r✐❣✐♥ár✐♦s ❡♠ ●ött✐♥❣❡♥✳ ◗✉❛s❡ ✉♠❛ ♥♦t❛ ❞❡ r♦❞❛♣é ♣❛r❛ ❛ ✈❛st❛ ♣r♦❞✉çã♦ ❞❡

●❛✉ss✱ ❢♦✐ s✉❛ ♣ró♣r✐❛ ❝♦♥tr✐❜✉✐çã♦ ♣❛r❛ ❛ ✐♥t❡r♣♦❧❛çã♦ tr✐❣♦♥♦♠étr✐❝❛✱ ❛ q✉❛❧ t❛♠❜é♠

❝♦♥t✐♥❤❛ ❛ tr❛♥s❢♦r♠❛❞❛ ❞✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r✳ ■❣✉❛❧♠❡♥t❡ s✐❣♥✐✜❝❛t✐✈♦ é ✉♠ ♣❡q✉❡♥♦

❝á❧❝✉❧♦ ❡♥t❡rr❛❞♦ ♥♦ s❡✉ tr❛t❛❞♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦ q✉❡ ❛♣❛r❡❝❡✉ ♣♦st✉♠❛♠❡♥t❡ ❡♠ ✶✽✻✻

❝♦♠♦ ✉♠ tr❛❜❛❧❤♦ ✐♥é❞✐t♦✳ ❊st❡ tr❛❜❛❧❤♦ t✐♥❤❛ s✐❞♦ ❞❛t❛❞♦ ❡♠ ✶✽✵✺✱ ❡ ❝♦♥t✐♥❤❛ ♦
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♣r✐♠❡✐r♦ ✉s♦ ❝❧❛r♦ ❡ ✐♥❞✐s♣✉tá✈❡❧ ❞❛ ❚r❛♥s❢♦r♠❛❞❛ ❘á♣✐❞❛ ❞❡ ❋♦✉r✐❡r ✭❋❋❚✮✱ ❛ q✉❛❧

é ❛tr✐❜✉í❞❛ ❣❡r❛❧♠❡♥t❡ ❛ ❈♦♦❧❡② ❡ ❚✉❦❡② ❡♠ ✶✾✻✺✳ ■r♦♥✐❝❛♠❡♥t❡ ♦ ❝á❧❝✉❧♦ ❞❡ ●❛✉ss

❢♦✐ ❝✐t❛❞♦ ❡♠ ✶✾✵✹ ♥❛ ❡♥❝✐❝❧♦♣é❞✐❛ ❞❡ ❇✉r❦❤❛r❞t ❡ ♥♦✈❛♠❡♥t❡ ❡♠ ✶✾✼✼ ♣♦r ●♦❧❞st✐♥❡✳

❆ ❤✐stór✐❛ ✐♥t❡✐r❛ ❞❛ ❋❋❚ ❢♦✐ r❡❧❡♠❜r❛❞❛ ♥♦✈❛♠❡♥t❡ ❡♠ ✶✾✽✺ ♥❛ ❢❛s❝✐♥❛♥t❡ ✐♥✈❡st✐✲

❣❛çã♦ ♠❛t❡♠át✐❝❛ ❞❡ ❍❡✐❞❡♠❛♥✱ ❏♦❤♥s♦♥ ❡ ❇✉rr✉s✱ ♦ q✉❛❧ ♦❜s❡r✈♦✉ q✉❡ ✧♦ tr❛❜❛❧❤♦

❞❡ ❇✉r❦❤❛r❞t ❡ ●♦❧❞st✐♥❡ ❢♦✐ q✉❛s❡ tã♦ ❞❡s❛❞✈❡rt✐❞♦ q✉❛♥t♦ ♦ tr❛❜❛❧❤♦ ❞❡ ●❛✉ss✧✳

❇✳✷ ■♥tr♦❞✉çã♦

❊♠ ♥♦ss♦ tó♣✐❝♦ ❛♥t❡r✐♦r ❢❛❧❛♠♦s s♦❜r❡ ❛ ❤✐stór✐❛ ❞❛s sér✐❡s ❞❡ ❋♦✉r✐❡r✳ ▼❛s✱

❛✜♥❛❧ ❞❡ ❝♦♥t❛s✱ ♥♦ q✉❡ ❡st❛s sér✐❡s ♣♦❞❡♠ ♥♦s ❛❥✉❞❛r ❡♠ ♥♦ss❛ q✉❡stã♦ ❞❡ ❛♣r❡s❡♥t❛r

❛s ❉❋❚✬s ❡ ♦ q✉❡✱ ❡①❛t❛♠❡♥t❡✱ é ❛ ❉❋❚❄ ❯♠❛ r❡s♣♦st❛ s✐♠♣❧❡s é ❝♦♥s✐❞❡r❛r ✉♠❛

❢ór♠✉❧❛✱ t❛❧ ❝♦♠♦

Fk =
1

N

N
2
−1∑

n=−
N
2

fne
−i2πnk/N ✭❇✳✶✮

❡ ❛ ❝♦♥❞✐çã♦ ❞❡ q✉❡ ❡st❛ s♦♠❛ é t♦♠❛❞❛ ♣❛r❛ ✉♠ k ✐❣✉❛❧ ❛ ❛❧❣✉♥s N ✐♥t❡✐r♦s ❝♦♥s❡❝✉✲

t✐✈♦s✳ ❆ ❡q✉❛çã♦ ✭❇✳✶✮ é✱ ❞❡ ❢❛t♦✱ ✉♠❛ ❞❡✜♥✐çã♦ q✉❡ ✉s❛r❡♠♦s✱ ♠❛s ❛ r❡s♣♦st❛ ❧❛♥ç❛❞❛

♥ã♦ r❡s♣♦♥❞❡ ❛ q✉❡stã♦ ♦r✐❣✐♥❛❧✳ ❖ q✉❡✱ ❡♥tã♦✱ é ❛ ❉❋❚❄ ❈♦♠ ❡st❡ ♥♦♠❡✱ ♣♦❞❡♠♦s

❞❡❞✉③✐r q✉❡ ❡❧❛ é ✉♠❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r❄ ❙❡ ❡❧❛ ♥ã♦ ❢♦r ✉♠❛ tr❛♥s❢♦r♠❛❞❛ ❞❡

❋♦✉r✐❡r✱ s❡r✐❛ ♣♦ssí✈❡❧ ❛♣r♦①✐♠á✲❧❛ ♣♦r ✉♠❛❄ ❖ ❛❞❥❡t✐✈♦ ❞✐s❝r❡t♦ s✉❣❡r❡ q✉❡ ❡st❛ ♣♦❞❡

s❡r ♠❛✐s r✐❣♦r♦s❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛ ♣♦r ✉♠❛ sér✐❡ ❞❡ ❋♦✉r✐❡r q✉❡ ❛ ❚r❛♥s❢♦r♠❛❞❛ ❝♦♥✲

tí♥✉❛ ❞❡ ❋♦✉r✐❡r❄ ➱ ❡st❡ ♦ ❝❛s♦❄ ◆❛ ✈❡r❞❛❞❡ ♥ã♦ ❡①✐st❡♠ r❡s♣♦st❛s s✐♠♣❧❡s ♣❛r❛ ❡st❛s

q✉❡stõ❡s✳ ❊①❛♠✐♥❛❞❛ ♣♦r ❝❡rt❛s ♣❡s♣❡❝t✐✈❛s✱ ❛ ❉❋❚ é ❝❛❞❛ ✉♠❛ ❞❡st❛s ❝♦✐s❛s✳ ◆♦ss♦

tr❛❜❛❧❤♦ ❛q✉✐✱ ♥ã♦ é ❞á ✉♠❛ r❡s♣♦st❛ ♣❛r❛ t♦❞❛s ❡st❛s q✉❡stõ❡s✳ P♦rt❛♥t♦✱ ❛ tít✉❧♦ ❞❡

❝♦♥❤❡❝✐♠❡♥t♦✱ ✈❛♠♦s ♠♦str❛r ❝♦♠♦ ♣♦❞❡♠♦s ❛♣r♦①✐♠❛r ✉♠❛ ❉❋❚ ♣❡❧❛ ❚r❛♥s❢♦r♠❛❞❛

❞❡ ❋♦✉r✐❡r ❡ ♣❡❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✉♠❛ sér✐❡ ❞❡ ❋♦✉r✐❡r✳ ❆♣ós ✐ss♦ ❡st❡♥❞❡r❡♠♦s ❛ ❉❋❚

❞♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ ♦ ❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✳
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❇✳✸ ❆♣r♦①✐♠❛çã♦ ❞❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ♣❡❧❛

❉❋❚

❯♠ ♣r♦❜❧❡♠❛ ♥❛t✉r❛❧ ♣❛r❛ ❡①❛♠✐♥❛r♠♦s ♣r✐♠❡✐r♦ s❡r✐❛ ❛ ❛♣r♦①✐♠❛çã♦ ❞❛ tr❛♥s✲

❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ ✉♠❛ ❢✉♥çã♦ f ✭♣♦ss✐✈❡❧♠❡♥t❡ ❝♦♠ ✈❛❧♦r❡s ❝♦♠♣❧❡①♦s✮ ❞❡ ✉♠❛

✈❛r✐á✈❡❧ r❡❛❧ ①✳ ❘❡❝♦♥❤❡❝❡♠♦s q✉❡ ♥❛ ♣rát✐❝❛✱ f ♣♦❞❡ ♥ã♦ ❛♣❛r❡❝❡r ❡①♣❧✐❝✐t❛♠❡♥t❡

❝♦♠♦ ✉♠❛ ❢✉♥çã♦✱ ♠❛s ♣♦❞❡ s❡r ❞❛❞❛ ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s ❞❡ ❞❛❞♦s ❞✐s✲

❝r❡t✐③❛❞♦s✳ ❊♥tr❡t❛♥t♦✱ ♣❛r❛ ❡st❡ ♠♦♠❡♥t♦✱ ✈❛♠♦s ❛ss✉♠✐r q✉❡ f é ❞❡✜♥✐❞❛ ❡♠ ✉♠

✐♥t❡r✈❛❧♦ (−∞,∞) ❡ ♣♦ss✉✐ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❝♦♥❤❡❝✐❞❛s✱ ✉♠❛ ❞❛s q✉❛✐s é q✉❡ s❡❥❛

❛❜s♦❧✉t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧ ♥❛ r❡t❛✱ ✐st♦ é✱
∫

∞

−∞

|f(x)|dx < ∞.

❊♥tã♦ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❢✉♥çã♦ f̂(ω) ♣♦r

f̂(ω) =

∫
∞

−∞

f(x)e−i2πωxdx, ✭❇✳✷✮

♦♥❞❡ −∞ < ω < ∞✳ ❆ ❢✉♥çã♦ f̂ é ❞✐t❛ ❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ f ❡ é

✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✭❇✳✷✮✳ ❆ tr❛♥s❢♦r♠❛❞❛ f̂ é ❞✐t❛ s❡r ❞❡✜♥✐❞❛ ♥♦ ❞♦♠í♥✐♦

❞❡ ❢r❡q✉ê♥❝✐❛ ♦✉ ❞♦♠í♥✐♦ ❞❛ tr❛♥s❢♦r♠❛❞❛✱ ❡ ❛ ❢✉♥çã♦ f é ❞✐t❛ s❡r ❞❡✜♥✐❞❛ ♥♦ ❞♦♠í♥✐♦

❡s♣❛❝✐❛❧ s❡ x é ✉♠❛ ❝♦♦r❞❡♥❛❞❛ ❡s♣❛❝✐❛❧✱ ♦✉ ♥♦ ❞♦♠í♥✐♦ t❡♠♣♦r❛❧ s❡ f é ✉♠❛ ❢✉♥çã♦

❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✳ ❉❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛ é ♦ ❢❛t♦ q✉❡ t❛♠❜é♠ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦

✐♥✈❡rs❛ ❡♥tr❡ f ❡ f̂ ✱ ❞❛❞❛ ♣♦r

f(x) =

∫
∞

−∞

f̂(ω)ei2πωxdω. ✭❇✳✸✮

❊st❛ r❡❧❛çã♦ é ❝❤❛♠❛❞❛ ❛ ❚r❛♥s❢♦r♠❛❞❛ ■♥✈❡rs❛ ❞❡ ❋♦✉r✐❡r ❞❡ f̂(ω)✳

❆❣♦r❛ ✈❛♠♦s ✈❡r ❝♦♠♦ ❛ ❉❋❚ s✉r❣❡ ❝♦♠♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♥❛t✉r❛❧✳ ▼❛s ❛♥t❡s

❞✐ss♦ ✉♠❛ ♦❜s❡r✈❛çã♦ ♣rát✐❝❛ é ♥❡❝❡ssár✐❛✿ q✉❛♥❞♦ ❛ ❢✉♥çã♦ é ❞❡t❡r♠✐♥❛❞❛ ♦✉ ❥á é

❧✐♠✐t❛❞❛ ♥♦s ❡①tr❡♠♦s ✭♣♦r ❡①❡♠♣❧♦✱ f ♣♦❞❡ r❡♣r❡s❡♥t❛r ✉♠ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ q✉❡ t❡♠

❢r♦♥t❡✐r❛ ❜❡♠ ❞❡✜♥✐❞❛✮✱ ♦✉ ♣♦r ❝❛✉s❛ ❞❡ ♠ét♦❞♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ f ✈❛✐ ❛ss✉♠✐r ✈❛❧♦r

③❡r♦ ❢♦r❛ ❞❡ ✉♠ ✐♥t❡r✈❛❧♦ ✜♥✐t♦✳ P❛r❛ ❡st❡ ♠♦♠❡♥t♦✱ ✈❛♠♦s ❛ss✉♠✐r q✉❡ f(x) = 0 ♣❛r❛

|x| > A/2✳ ❆ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❝♦♠ ❛s ❡①tr❡♠✐❞❛❞❡s ❧✐♠✐t❛❞❛s é ❞❛❞❛ ♣♦r

f̂(ω) =

∫
∞

−∞

f(x)e−i2πωxdx =

∫ A/2

−A/2

f(x)e−i2πωxdx. ✭❇✳✹✮



✺✾

❊st❛ é ❛ ✐♥t❡❣r❛❧ q✉❡ ❞❡s❡❥❛♠♦s ❛♣r♦①✐♠❛r ♥✉♠❡r✐❝❛♠❡♥t❡✳

P❛r❛ ❝r✐❛r♠♦s ✉♠ ♠ét♦❞♦ ❞❡ ❛♣r♦①✐♠❛çõ❡s✱ ♦ ✐♥t❡r✈❛❧♦ ❬−❆✴✷✱❆✴✷❪ ❞❡ ✐♥t❡❣r❛çã♦

s❡rá ❞✐✈✐❞✐❞♦ ❡♠ N s✉❜✐♥t❡r✈❛❧♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ∆x = A/N ✳ ❆ss✉♠✐r❡♠♦s q✉❡ N

é ♣❛r✱ ❡ ✉♠❛ ❣r❛❞❡ ❞❡ N + 1 ♣♦♥t♦s ❞❡ ❞✐stâ♥❝✐❛s ✐❣✉❛✐s s❡rá ❞❡✜♥✐❞❛ ♣❡❧♦s ♣♦♥t♦s

xn = n∆x ♣❛r❛ ♥ ❂ −◆✴✷✿◆✴✷✳ ❊♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞❛ ❣r❛❞❡ s❡rá

x
−

N
2

= −
A

2
, . . . , x(0) = 0, . . . , xN

2
=

A

2
.

❆ss✉♠✐r❡♠♦s ❛❣♦r❛ q✉❡ ❛ ❢✉♥çã♦ f é ❝♦♥❤❡❝✐❞❛ ♣❛r❛ ♦s ♣♦♥t♦s ❞❛ ❣r❛❞❡ ✭❞❡ ❢❛t♦✱ f só

♣♦❞❡ s❡r ❝♦♥❤❡❝✐❞❛ ♣❛r❛ ❡st❡s ♣♦♥t♦s✮✳ ❉❡♥♦t❡♠♦s ♦ ✐♥t❡❣r❛♥❞♦ ♣♦r

g(x) = f(x)e−i2πωx,

♣♦❞❡♠♦s ❛♣❧✐❝❛r ❛ r❡❣r❛ ❞♦ tr❛♣é③✐♦✱ ♣❛r❛ ✐♥t❡❣r❛❧ ✭❇✳✹✮✳ ■st♦ ♥♦s ❢♦r♥❡❝❡ ❛ ❛♣r♦①✐✲

♠❛çã♦✱

∫ A
2

−
A
2

g(x)dx ≈
∆x

2



g

(
−

A

2

)
+ 2

N
2
−1∑

n=−
N
2

+1

g(xn) + g

(
A

2

)

 .

❆❣♦r❛ ✐r❡♠♦s ❛❝r❡s❝❡♥t❛r ❛ ❤✐♣ót❡s❡ q✉❡ g(−A/2) = g(A/2)✳ ❈♦♠ ❡st❛ ❝♦♥s✐❞❡✲

r❛çã♦✱ ❛ ❛♣r♦①✐♠❛çã♦ ❞❛❞❛ ♣❡❧❛ r❡❣r❛ ❞♦ tr❛♣é③✐♦ ♣♦❞❡ s❡r ❡s❝r✐t❛

f̂(ω) =

∫ A
2

−
A
2

g(x)dx ≈ ∆x

N
2
−1∑

n=−
N
2

g(xn) =
A

N

N
2
−1∑

n=−
N
2

f(xn)e−i2πωxn .

◆♦ ♠♦♠❡♥t♦✱ ❡st❛s ❛♣r♦①✐♠❛çõ❡s ♣♦❞❡♠ s❡r ❛✈❛❧✐❛❞❛s ♣❛r❛ ✉♠ ✈❛❧♦r q✉❛❧q✉❡r

❞❡ ω✳ ❆♥t❡❝✐♣❛♠♦s q✉❡ ❛ ❛♣r♦①✐♠❛çã♦ é ❢❡✐t❛ s♦♠❡♥t❡ ♣❛r❛ ✈❛❧♦r❡s s❡❧❡❝✐♦♥❛❞♦s ❞❡ ω✳

P♦rt❛♥t♦✱ ❞❡t❡r♠✐♥❛r❡♠♦s q✉❛♥t♦s ❡ q✉❛✐s ✈❛❧♦r❡s ❞❡ ω ♣♦❞❡♠♦s ✉s❛r✳ ❈♦♠ ♦ ♣r♦♣ós✐t♦

❞❡ ♦❜t❡r ❛ ❉❋❚✱ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠❛ ❛♠♦str❛ ❞❡ ✈❛❧♦r❡s ❞❡ f(xn) ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛

✉♥✐❝✐❞❛❞❡ ❞❛s ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ f̂(ω) ❡ ✈✐❝❡✲✈❡rs❛✳ ❊♥tã♦ N ✈❛❧♦r❡s ❞❡ f(xn) sã♦

✉s❛❞♦s ♥❛ ❛♣r♦①✐♠❛çã♦ ❞❛ r❡❣r❛ ❞♦ tr❛♣é③✐♦✱ ✐st♦ é ♣♦st♦ ♣❡❧❛ r❛③ã♦ q✉❡ ❡s❝♦❧❤❡r❡♠♦s

N ✈❛❧♦r❡s ❞❡ ω ♣❛r❛ ♦❜t❡r ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ f̂ ✳

❆ q✉❡stã♦ ❞❡ q✉❛✐s ✈❛❧♦r❡s ❞❡ ❢r❡q✉ê♥❝✐❛ ✉s❛r r❡q✉❡r ✉♠❛ ❞✐s❝✉ssã♦ ❞❡ ❢✉♥❞❛♠❡♥✲

t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❛ ❉❋❚✱ ♣♦rq✉❡ ✐st♦ ❞✐r❡❝✐♦♥❛ ♣❛r❛ ❛s r❡❧❛çõ❡s r❡❝í♣r♦❝❛s✳ ❊❧❛s

sã♦ ✉♠ ♣❛ss♦ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❡♥❝♦♥tr❛r♠♦s ❛ ❉❋❚✳

❏á ❛♣r❡s❡♥t❛♠♦s ♥❡st❡ ❝♦♥t❡①t♦✱ ♦ ✐♥t❡r✈❛❧♦ ❬−❆✴✷✱ ❆✴✷❪ ❝♦♠♦ s❡♥❞♦ ♦ ❞♦♠í♥✐♦

❡s♣❛❝✐❛❧ ✭♦✉ t❡♠♣♦r❛❧✮✱ ❝♦♠ ❡s♣❛ç❛♠❡♥t♦ ♥❛ ❣r❛❞❡ ❞❡ t❛♠❛♥❤♦ ∆x ❡ ❛ ❣r❛❞❡ ❞❡ ♣♦♥t♦s



✻✵

❞❛❞❛ ♣♦r xn = n∆x✳ ❆ss♦❝✐❛❞♦ ❝♦♠ ❡st❡ ❞♦♠í♥✐♦ ❡stá ✉♠ ❞♦♠í♥✐♦ ❞❡ ❢r❡q✉ê♥❝✐❛

q✉❡ ❞❡♥♦t❛♠♦s ♣♦r ❬−Ω/2, Ω/2❪✳ ❊st❡ ❞♦♠í♥✐♦ ❞❡ ❢r❡q✉ê♥❝✐❛✱ ❧♦❣♦ s❡rá ♠✉♥✐❞♦ ❞❡

✉♠❛ ❣r❛❞❡ q✉❡ ❝♦♥s✐st✐rá ✐❣✉❛❧♠❡♥t❡ ❞❡ N ♣♦♥t♦s ✐❣✉❛❧♠❡♥t❡ ❡s♣❛ç❛❞♦s✱ s❡♣❛r❛❞♦s

♣♦r ✉♠❛ ❞✐stâ♥❝✐❛ ∆ω✳ ❉❡♥♦t❛r❡♠♦s ❡st❡ ♣♦♥t♦s ❞❛ ❣r❛❞❡ ♣♦r ωk = k∆Ω✱ ♦♥❞❡

k = −N/2 : N/2 − 1✳

■♠❛❣✐♥❡ q✉❡ t♦❞❛s ❛s ♦♥❞❛s ✭s❡♥♦s ❡ ❝♦ss❡♥♦s✮ tê♠ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ❞❡ ♣❡rí♦❞♦s

❡♠ ❬−❆✴✷✱ ❆✴✷❪ ❡ q✉❡ s❡ ❛❥✉st❡♠ ❡①❛t❛♠❡♥t❡ ♥♦ ✐♥t❡r✈❛❧♦✳ ❉❡st❛s ♦♥❞❛s✱ ❝♦♥s✐❞❡r❡

❛ ♦♥❞❛ ❝♦♠ ♦ ♠❛✐♦r ♥ú♠❡r♦ ♣♦ssí✈❡❧ ❞❡ ♣❡rí♦❞♦s✳ ❊st❛ ♦♥❞❛ é ❣❡r❛❧♠❡♥t❡ ❝❤❛♠❛❞❛

♣r✐♠❡✐r♦✲♠♦❞♦✱ ♦✉ ♠♦❞♦ ❢✉♥❞❛♠❡♥t❛❧✳ ❈❧❛r❛♠❡♥t❡ ❡st❛ ♦♥❞❛ t❡♠ ✉♠ ♣❡rí♦❞♦ ❝♦♠♣❧❡t♦

♥♦ ✐♥t❡r✈❛❧♦ ❬−❆✴✷✱ ❆✴✷❪ ♦✉ ✉♠ ♣❡rí♦❞♦ ❞❡ ✉♥✐❞❛❞❡ ❆✳ ❖ q✉❡ é ❛ ❢r❡q✉ê♥❝✐❛ ❞❡st❛ ♦♥❞❛❄

❊st❛ ♦♥❞❛✱ tê♠ ✉♠❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ✶✴❆ ♣❡rí♦❞♦s ♣♦r ✉♥✐❞❛❞❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦✳ ❊st❛

❢r❡q✉ê♥❝✐❛ s❡rá ❛ ♠❡♥♦r ❢r❡q✉ê♥❝✐❛ ❛ss♦❝✐❛❞❛ ❝♦♠ ♦ ✐♥t❡r✈❛❧♦ ❬−❆✴✷✱ ❆✴✷❪✳ P♦rt❛♥t♦✱

❞❡♥♦t❛r❡♠♦s ❡st❛ ✉♥✐❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❢r❡q✉ê♥❝✐❛

∆ω =
1

A

❡ ❡st❡ s❡rá ♦ ❡s♣❛ç❛♠❡♥t♦ ♥❛ ❣r❛❞❡ ❞♦ ❞♦♠í♥✐♦ ❞❡ ❢r❡q✉ê♥❝✐❛✳ ❚♦❞❛s ❛s ♦✉tr❛s ❢r❡q✉ê♥✲

❝✐❛s r❡❝♦♥❤❡❝✐❞❛s ♣❡❧❛ ❉❋❚ s❡rã♦ ♠ú❧t✐♣❧♦s ✐♥t❡✐r♦s ❞❡ ∆ω ❞❡ ❢♦r♠❛ ❝♦rr❡s♣♦♥❞❡♥t❡

❝♦♠ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ❞❡ ♣❡rí♦❞♦s ❡♠ ❬−❆✴✷✱ ❆✴✷❪✳ ❊♥tã♦ ❡①✐st❡♠ N ♣♦♥t♦s ❞❡ ❣r❛❞❡

♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ❢r❡q✉ê♥❝✐❛ ❬−Ω/2, Ω/2❪✱ ❡ ♦s ♣♦♥t♦s ❞❡ ❣r❛❞❡ s❡rã♦ s❡♣❛r❛❞♦s ♣♦r ∆ω✱

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ Ω = N∆ω✳ ❈♦♠❜✐♥❛♥❞♦ ❡st❛s ❞✉❛s ❡①♣r❡ssõ❡s✱ t❡r❡♠♦s ❛ ♣r✐♠❡✐r❛

r❡❧❛çã♦ r❡❝í♣r♦❝❛✿

Ω = N∆ω =
N

A
♦✉ AΩ = N.

❖❜s❡r✈❡ q✉❡ ❡st❛ r❡❧❛çã♦ ❛✜r♠❛ q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ❞♦♠í♥✐♦ ❡s♣❛❝✐❛❧ ✭♦✉ t❡♠♣♦r❛❧✮

❡ ❞♦ ❞♦♠í♥✐♦ ❞❡ ❢r❡q✉ê♥❝✐❛ ✈❛r✐❛♠ ✐♥✈❡rs❛♠❡♥t❡ ✉♠ ❝♦♠ ♦ ♦✉tr♦✳

❆ s❡❣✉♥❞❛ r❡❧❛çã♦ ❞❡ r❡❝✐♣r♦❝✐❞❛❞❡ é ♦❜t✐❞❛ ♠❛✐s ❢❛❝✐❧♠❡♥t❡✳ ❙❡♥❞♦ ♦ ✐♥t❡r✈❛❧♦

❬−❆✴✷✱ ❆✴✷❪ ❝♦❜❡rt♦ ♣♦r N ♣♦♥t♦s ❞❡ ❣r❛❞❡ s❡♣❛r❛❞♦s ♣♦r ∆x✱ ❡♥tã♦ N∆x = A✳

❈♦♠❜✐♥❛♥❞♦ ✐st♦ ❝♦♠ ♦ ❢❛t♦ q✉❡ ∆ω = 1/A✱ ♦❜t❡♠♦s

1

∆ω
= A = N∆x ♦✉ ∆x∆ω =

1

N
.

❈♦♠♦ ♥❛ ♣r✐♠❡✐r❛ r❡❧❛çã♦ r❡❝í♣r♦❝❛✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ❛ ❡s♣❛ç❛♠❡♥t♦ ♥❛s ❣r❛❞❡s

sã♦ r❡❧❛t✐✈❛♠❡♥t❡ ✐♥✈❡rs♦s✳
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❆ ♣❛rt✐r ❞❡ ❛❣♦r❛ s❛❜❡♠♦s q✉❡✱

AΩ = N ❡ ∆x∆ω =
1

N
.

❊♥tã♦ ❝♦♠ ❡st❛s r❡❧❛çõ❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ ♠ã♦s ♣♦❞❡♠♦s ✈♦❧t❛r ♣❛r❛ ❛ q✉❡stã♦ ❞❡

❛♣r♦①✐♠❛çã♦ ❞❛ r❡❣r❛ ❞♦ tr❛♣é③✐♦ ❡ ❡①tr❛✐r ❛ ❉❋❚✳ Pr✐♠❡✐r❛♠❡♥t❡ ✉s❛r❡♠♦s fn ♣❛r❛

❞❡♥♦t❛r ♦s ✈❛❧♦r❡s ❞❡ f(xn) ♣❛r❛ n = −N/2 : N/2 − 1✳ ❊♥tã♦✱ ♣❛r❛ ❛♣r♦①✐♠❛r f̂ ♥♦s

♣♦♥t♦s ❞❡ ❣r❛❞❡ ❞❡ ❢r❡q✉ê♥❝✐❛ ωk = k∆ω = k/A✱ ♥♦t❛♠♦s q✉❡

xnωk = (n∆x)(k∆ω) =
nA

N

k

A
=

nk

N
.

❆ s♦♠❛ ♥❛ r❡❣r❛ ❞♦ tr❛♣é③✐♦ s❡ t♦r♥❛

f̂(ωk) ≈
A

N

N
2
−1∑

n=−
N
2

f(xn)e−i2πωkxn =
A

N

N
2
−1∑

n=−
N
2

fne
−i2πnk/N .

P♦rt❛♥t♦✱ ♥♦ss❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r f̂ ♣❛r❛ ❛ ❣r❛❞❡ ❞❡ ♣♦♥t♦s

❞❡ ❢r❡q✉ê♥❝✐❛ ωk = k/A é ❞❛❞❛ ♣♦r

f̂(ωk) = f̂

(
k

A

)
=

∫ A/2

−A/2

f(x)e−i2πωxdx ≈ A
1

N

N
2
−1∑

n=−
N
2

fne
−i2πnk/N .

♣❛r❛ k = −N/2 : N/2 − 1✳ ❆ ❡①♣r❡ssã♦ à ❞✐r❡✐t❛ é ❛ ♥♦ss❛ ❞❡✜♥✐çã♦ ❡s❝♦❧❤✐❞❛ ♣❛r❛ ❛

❉❋❚✳ ❉❡st❡ ♠♦❞♦ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ N ✈❛❧♦r❡s ❛♠♦str❛✐s fn✱ ❛ ❉❋❚ ❝♦♥s✐st✐rá

❞♦s N ❝♦❡✜❝✐❡♥t❡s

Fk =
1

N

N
2
−1∑

n=−
N
2

fne
−i2πnk/N

♣❛r❛ k = −N/2 : N/2 − 1✳ P♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❛♣r♦①✐♠❛♠♦s ❛ ❚r❛♥s❢♦r♠❛❞❛ ❞❡

❋♦✉r✐❡r f̂(ωk) ♣♦r f̂(ωk) ≈ AFk✳ ❱❛♠♦s ❛❣♦r❛ ✐♥tr♦❞✉③✐r ♦✜❝✐❛❧♠❡♥t❡ ❛ ❉❋❚✳

❇✳✹ ❆ ❉❋❚ ❡ ❛ ■❉❋❚

❱❛♠♦s ❛❣♦r❛ ❡s❝r❡✈❡r ❛s ❉❋❚✬s ❝♦♠ ✉♠ ♥ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ♣❛r❡s✱ í♠♣❛r❡s ❡

❞❡♣♦✐s ❣❡♥❡r❛❧✐③❛r❡♠♦s ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠❛ ♣❛rt✐çã♦ q✉❛❧q✉❡r✳ Pr♦❝❡❞❡r❡♠♦s ❞❡ ❢♦r♠❛

❛♥á❧♦❣❛ ♣❛r❛ ❛s ■❉❋❚✬s ✭❚r❛♥s❢♦r♠❛❞❛ ❉✐s❝r❡t❛ ■♥✈❡rs❛ ❞❡ ❋♦✉r✐❡r✮✳
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❇✳✹✳✶ ❚r❛♥s❢♦r♠❛❞❛ ❉✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r

❙❡❥❛ N ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ♣❛r ❡ s❡❥❛ fn ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ N ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s

♦♥❞❡ n = −N/2 : N/2 − 1✳ ❊♥tã♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r é ✉♠❛ ♦✉tr❛

s❡q✉ê♥❝✐❛ ❞❡ N ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s ❞❛❞❛ ♣♦r

Fk =
1

N

N
2
−1∑

n=−
N
2

fne
−i2πnk/N ✭❇✳✺✮

♣❛r❛ k = −N/2 : N/2 − 1✳

P♦❞❡♠♦s t❛♠❜é♠ t♦♠❛r ❛ ❉❋❚ q✉❛♥❞♦ N é í♠♣❛r✳ ❆ss✐♠✱ s❡❥❛ N ✉♠ ✐♥t❡✐r♦

♣♦s✐t✐✈♦ í♠♣❛r ❡ s❡❥❛ fn ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ N ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s ♦♥❞❡ n = −(N−1)/2 :

(N − 1)/2✳ ❊♥tã♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r é ✉♠❛ ♦✉tr❛ s❡q✉ê♥❝✐❛ ❞❡ N

♥ú♠❡r♦s ❝♦♠♣❧❡①♦s ❞❛❞❛ ♣♦r

Fk =
1

N

N−1
2∑

n=−
N−1

2

fne
−i2πnk/N ✭❇✳✻✮

♣❛r❛ k = −(N − 1)/2 : (N − 1)/2✳

❱❛♠♦s ❛❣♦r❛ ❡s❝r❡✈❡r ❛ ❡①♣r❡ssã♦ ❞❛ ❉❋❚ ♣❛r❛ ✉♠❛ ♣❛rt✐çã♦ q✉❛❧q✉❡r✱ ✭❡st❛ é ❛

s✉❛ ❢♦r♠❛ ❛❧t❡r♥❛t✐✈❛✮✳

❙❡❥❛ N ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡ s❡❥❛ fn ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ N ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s

♦♥❞❡ n = 0 : N − 1✳ ❊♥tã♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r é ✉♠❛ ♦✉tr❛ s❡q✉ê♥❝✐❛

❞❡ N ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s ❞❛❞❛ ♣♦r

Fk =
1

N

N−1∑

n=0

fne
−i2πnk/N ✭❇✳✼✮

♣❛r❛ k = 0 : N − 1✳

❇✳✹✳✷ ❚r❛♥s❢♦r♠❛❞❛ ❉✐s❝r❡t❛ ■♥✈❡rs❛ ❞❡ ❋♦✉r✐❡r

❆ss✐♠ ❝♦♠♦ ❢♦♠♦s ❝❛♣❛③❡s ❞❡ ❝❤❡❣❛r ❛ ❉❋❚ ❛tr❛✈és ❞❡ ❛❧❣✉♠❛s ♠❛♥✐♣✉❧❛çõ❡s

♠❛t❡♠át✐❝❛s✱ t❛♠❜é♠ ♣♦❞❡♠♦s ❝❤❡❣❛r ❛ s✉❛ ✐♥✈❡rs❛✱ ♠❛s ❡st❛s ♦♣❡r❛çõ❡s ♥ã♦ sã♦

r❡❧❡✈❛♥t❡s ♣❛r❛ ❡st❡ tr❛❜❛❧❤♦ ❡ s✐♠ ❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ■❉❋❚✳ ▲♦❣♦✱ ✐r❡♠♦s ❛♣❡♥❛s

❛♣r❡s❡♥t❛r ❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ■❉❋❚✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ q✉❡ ❡s❝r❡✈❡♠♦s ♣❛r❛ ♦s ❝❛s♦s ❛♥t❡r✐♦r❡s ✭❞❛ ❉❋❚✮✱ ✈❛♠♦s

❞❡s❝r❡✈❡r ❛ ✐♥✈❡rs❛ ❞❛s ❉❋❚✬s✳
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❙❡❥❛ N ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ♣❛r ❡ s❡❥❛ Fk ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ N ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s

♦♥❞❡ k = −N/2 : N/2 − 1✳ ❊♥tã♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞✐s❝r❡t❛ ✐♥✈❡rs❛ ❞❡ ❋♦✉r✐❡r é ✉♠❛

♦✉tr❛ s❡q✉ê♥❝✐❛ ❞❡ N ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s ❞❛❞❛ ♣♦r

fn =

N
2
−1∑

k=−
N
2

Fke
i2πnk/N ✭❇✳✽✮

♣❛r❛ n = −N/2 : N/2 − 1✳

P❛r❛ ♦ ❝❛s♦ ❞❡ N í♠♣❛r✳ ❙❡❥❛ N ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ í♠♣❛r ❡ s❡❥❛ Fk ✉♠❛ s❡q✉ê♥❝✐❛

❞❡ N ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s ♦♥❞❡ k = −(N − 1)/2 : (N − 1)/2✳ ❊♥tã♦ ❛ tr❛♥s❢♦r♠❛❞❛

❞✐s❝r❡t❛ ✐♥✈❡rs❛ ❞❡ ❋♦✉r✐❡r é ✉♠❛ ♦✉tr❛ s❡q✉ê♥❝✐❛ ❞❡ N ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s ❞❛❞❛ ♣♦r

fn =

N−1
2∑

k=−
N−1

2

Fke
i2πnk/N ✭❇✳✾✮

♣❛r❛ n = −(N − 1)/2 : (N − 1)/2✳

❱❛♠♦s ❛❣♦r❛ ❡s❝r❡✈❡r ❛ ❡①♣r❡ssã♦ ❞❛ ■❉❋❚ ♣❛r❛ ✉♠❛ ♣❛rt✐çã♦ q✉❛❧q✉❡r ✭❡st❛ é

❛ s✉❛ ❢♦r♠❛ ❛❧t❡r♥❛t✐✈❛✮✳

❙❡❥❛ N ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡ s❡❥❛ Fk ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ N ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s

♦♥❞❡ k = 0 : N − 1✳ ❊♥tã♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞✐s❝r❡t❛ ✐♥✈❡rs❛ ❞❡ ❋♦✉r✐❡r é ✉♠❛ ♦✉tr❛

s❡q✉ê♥❝✐❛ ❞❡ N ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s ❞❛❞❛ ♣♦r

fn =
N−1∑

k=0

Fke
i2πnk/N ✭❇✳✶✵✮

♣❛r❛ n = 0 : N − 1✳

❇✳✺ ❆♣r♦①✐♠❛çã♦ ❞❛ ❉❋❚ ♣❛r❛ ♦s ❈♦❡✜❝✐❡♥t❡s ❞❡

❙ér✐❡s ❞❡ ❋♦✉r✐❡r

◆❡st❛ s❡çã♦ ✈❛♠♦s ♠♦str❛r ❝♦♠♦ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ❛ ❉❋❚ ♣❛r❛ ♦❜t❡r ✉♠❛ ❛♣r♦①✐✲

♠❛çã♦ ♣❛r❛ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✉♠❛ sér✐❡ ❞❡ ❋♦✉r✐❡r✳ P❡♥s❛♥❞♦ ♥✐st♦ ✈❛♠♦s ❡s❝r❡✈❡r ❛

❞❡✜♥✐çã♦ ❞❡ ✉♠❛ sér✐❡ ❞❡ ❋♦✉r✐❡r✳

❉❡✜♥✐çã♦ ❇✳✶ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ q✉❡ é ♣❡r✐ó❞✐❝❛ ❝♦♠ ♣❡rí♦❞♦ ❆ ✭t❛♠❜é♠ ❝❤❛♠❛❞❛

❆✲♣❡r✐ó❞✐❝❛✮✳ ❊♥tã♦ ❛ ❙ér✐❡ ❞❡ ❋♦✉r✐❡r ❞❡ f é ❛ sér✐❡ tr✐❣♦♥♦♠étr✐❝❛

f(x) ∼
∞∑

k=−∞

cke
i2πxk/A, ✭❇✳✶✶✮



✻✹

♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r ck sã♦ ❞❛❞♦s ♣♦r

ck =
1

A

∫ A
2

−
A
2

f(x)e−i2πkx/Adx. ✭❇✳✶✷✮

❖ sí♠❜♦❧♦ ∼ ♠♦str❛ q✉❡ ❛ sér✐❡ ❞❡ ❋♦✉r✐❡r ❡stá ❛ss♦❝✐❛❞❛ ❝♦♠ ❛ ❢✉♥çã♦ f ✳

❈♦♥s✐❞❡r❡♠♦s ❛ ❡①♣r❡ssã♦ ✭❇✳✶✷✮ ❡ ♥♦s ❧❡♠❜r❡♠♦s ❞❡ t♦❞❛s ❛s ♦♣❡r❛çõ❡s ❢❡✐t❛s

♥❛ ❙❡çã♦ ✭❇✳✸✮✳ ❉❡st❡ ♠♦❞♦ t❡r❡♠♦s✱

ck =
1

A

∫ A
2

−
A
2

f(x)e−i2πkx/Adx ≈
1

A

A

N

N
2
−1∑

n=−
N
2

fne
−i2πnk/N .

P♦rt❛♥t♦ t❡♠♦s✱

ck ≈
1

N

N
2
−1∑

n=−
N
2

fne
−i2πnk/N = Fk.

♣❛r❛ k = −N/2 : N/2 − 1✳

▼♦str❛♥❞♦ ❛ss✐♠ q✉❡ ❛ ❉❋❚ s❡ ❛♣r♦①✐♠❛ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ sér✐❡ ❞❡ ❋♦✉r✐❡r✳

❇✳✻ ❚r❛♥s❢♦r♠❛❞❛ ❉✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r ❡♠ ❉✉❛s ❉✐✲

♠❡♥sõ❡s

❈♦♠♦ ♥❛ ❉❋❚ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ❉❋❚✬s ♠✉❧t✐❞✐♠❡♥s✐♦♥❛✐s ❝♦♠❡ç❛♠ ❝♦♠ ✐♠♣❧❡✲

♠❡♥t❛çõ❡s✳ ❉❡♣❡♥❞❡♥❞♦ ❞❛ ♦r✐❣❡♠ ❞♦ ♣r♦❜❧❡♠❛ ♣❛rt✐❝✉❧❛r✱ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♣♦❞❡ s❡r

❞❛❞❛ ❝♦♠♦ ✉♠❛ ❢♦r♠❛ ❞✐s❝r❡t❛ ✭♥♦ ❝❛s♦ ❞❡ ❞❛❞♦s ❛♠♦str❛✐s✮ ♦✉ ❡♠ ❢♦r♠❛ ❝♦♥tí♥✉❛ ✭♥♦

❝❛s♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s✮✳ ◆❡st❡ ♠♦♠❡♥t♦ ❛ss✉♠❛ q✉❡ ❝♦♥s✐❞❡r❛♠♦s ✉♠❛

❢✉♥çã♦ f ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ r❡❣✐ã♦ r❡t❛♥❣✉❧❛r
{

(x, y) : −
A

2
≤ x ≤

A

2
,−

B

2
≤ y ≤

B

2

}
.

❈♦♠♦ ♥♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❡st❛ ❢✉♥çã♦ s❡rá ❛♠♦str❛❞❛ ♥♦ s❡♥t✐❞♦ ❞❡ ❛✈❛❧✐á✲❧❛ ♥✉✲

♠❡r✐❝❛♠❡♥t❡✳ P❛r❛ ♦❜t❡r ❡st❛ ❛♠♦str❛❣❡♠ ✉♠❛ ❣r❛❞❡ é ❡st❛❜❡❧❡❝✐❞❛ ♥❛ r❡❣✐ã♦ ❝♦♠

❡s♣❛ç❛♠❡♥t♦ ✉♥✐❢♦r♠❡ ∆x = A/N ♥❛ ❞✐r❡çã♦ x ❡ ∆y = B/M ♥❛ ❞✐r❡çã♦ y✳ ❆ ❣r❛❞❡

❞❡ ♣♦♥t♦s é ❞❛❞♦ ♣♦r

(xn, ym) = (n∆x, m∆y)

♣❛r❛ n = −N/2 : N/2 − 1 ❡ m = −M/2 : M/2 − 1✳ ❆ ❢✉♥çã♦ ❞❡ ❡♥tr❛❞❛ f ♣♦❞❡

❛❣♦r❛ s❡r ❛♠♦str❛❞❛ ♣❛r❛ ❡st❡s ✈❛❧♦r❡s ❞❛ ❣r❛❞❡ ❞❡ ♣♦♥t♦s✱ ♣r♦❞✉③✐♥❞♦ ❛ s❡q✉ê♥❝✐❛ ❞❡



✻✺

♥ú♠❡r♦s fnm = f(xn, ym)✳ ❊♠ ❛♥t❡❝✐♣❛çã♦ ❛♦ ✉s♦ ❞❡ fnm ❝♦♠♦ ❡♥tr❛❞❛ ♣❛r❛ ❛ ❉❋❚✱

❥á ❝♦♠❡ç❛♠♦s ❛ ♣❡♥s❛r ♥✐st♦ ❝♦♠♦ s❡♥❞♦ f ❞✉♣❧❛♠❡♥t❡ ♣❡r✐ó❞✐❝❛✱ s✐❣♥✐✜❝❛♥❞♦ q✉❡

fn±N,m = fnm ❡ fn,m±M = fnm.

P❛r❛ ♠♦t✐✈❛r ❛ ❉❋❚ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ ❝♦♠❡ç❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ❝❛s♦ ❧✐❣❡✐r❛✲

♠❡♥t❡ ❡s♣❡❝✐❛❧ q✉❡ s❡rá ❣❡♥❡r❛❧✐③❛❞♦ ✐♠❡❞✐❛t❛♠❡♥t❡✳ ❆ss✉♠❛ q✉❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❡♥✲

tr❛❞❛ fnm é s❡♣❛rá✈❡❧✱ ✐st♦ é✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❢♦r♠❛ fnm = gnhm✱ ♦ ♣r♦❞✉t♦ ❞❡ ✉♠

t❡r♠♦ ♥✲❞❡♣❡♥❞❡♥t❡ ✭♦✉ x✲❞❡♣❡♥❞❡♥t❡✮ ❡ ✉♠ t❡r♠♦ ♠✲❞❡♣❡♥❞❡♥t❡ ✭♦✉ y✲❞❡♣❡♥❞❡♥t❡✮✳

❈♦♠ ❡st❛ ♣❡q✉❡♥❛ s✉♣♦s✐çã♦✱ r❡♣r❡s❡♥t❛r❡♠♦s ❛ ❡♥tr❛❞❛ fnm ♣♦r ♠❡✐♦ ❞❡ s❡♥♦s ❡

❝♦ss❡♥♦s ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞✐r❡❝✐♦♥❛✐s✳ ◆❡st❡ ❝❛s♦ s❡♣❛r❛❞♦✱ s❛❜❡♠♦s q✉❡

❛s s❡q✉ê♥❝✐❛s gn ❡ hm tê♠ r❡♣r❡s❡♥t❛çõ❡s ♣❛r❛ ■❉❋❚✬s ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✱

gn =

N
2
−1∑

k=−
N
2

Gke
i2πnk/N ❡ hm =

M
2
−1∑

j=−
M
2

Hje
i2πmj/M .

◆❡st❛s r❡♣r❡s❡♥t❛çõ❡s✱ n = −N/2 : N/2 − 1 ❡ m = −M/2 : M/2 − 1✳ ❘❡❝♦♥❤❡❝❡♠♦s

Gk ❡ Hj ❝♦♠♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ❉❋❚ ❞❡ gn ❡ hm✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛❞♦s ♣♦r✱

Gk =
1

N

N
2
−1∑

n=−
N
2

gne
−i2πnk/N ❡ Hj =

1

M

M
2
−1∑

m=−
M
2

hme−i2πmj/M ,

♦♥❞❡ k = −N/2 : N/2 − 1 ❡ j = −M/2 : M/2 − 1✳ ❆❣♦r❛ ❡stá ♠❛✐s s✐♠♣❧❡s ❝♦♥str✉✐r

✉♠❛ r❡♣r❡s❡♥t❛çã♦ ♣❛r❛ ❛ s❡q✉ê♥❝✐❛ ❜✐❞✐♠❡♥s✐♦♥❛❧ fnm = gnhm✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛s ❞✉❛s

r❡♣r❡s❡♥t❛çõ❡s ❞❡ gn ❡ hm✱ t❡♠♦s

fnm = gnhm =




N
2
−1∑

k=−
N
2

Gke
i2πnk/N








N
2
−1∑

j=−
N
2

Hje
i2πmj/M



 =

=

N
2
−1∑

k=−
N
2

M
2
−1∑

j=−
M
2

GkHj ei2πnk/Nei2πmj/M .

❙❡ ❛❣♦r❛ t♦♠❛r♠♦s ♦ ♣r♦❞✉t♦ GkHj ❝♦♠♦ s❡♥❞♦ ♦ ♥♦✈♦ ❝♦❡✜❝✐❡♥t❡ Fkj ❞❛ ❉❋❚✱

t❡♠♦s ❛ s❡❣✉✐♥t❡ r❡♣r❡s❡♥t❛çã♦ ♣❛r❛ ❛ ❡♥tr❛❞❛ ❞❛ s❡q✉ê♥❝✐❛ fnm

fnm =

N
2
−1∑

k=−
N
2

M
2
−1∑

j=−
M
2

Fkj ei2πnk/Nei2πmj/M .
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♦♥❞❡ n = −N/2 : N/2 − 1 ❡ m = −M/2 : M/2 − 1✳ ❆ss✐♠ s❡♥❞♦✱ ♣♦❞❡♠♦s ❝♦♠❜✐♥❛r

❛s ❡①♣r❡ssõ❡s ♣❛r❛ ♦s ❝♦❡✜❝✐❡♥t❡s Gk ❡ Hj ❞❛ ❉❋❚ ♣❛r❛ ❡s❝r❡✈❡r q✉❡

Fkj = GkHj =



 1

N

N
2∑

n=−
N
2

+1

gne
−i2πnk/N







 1

M

M
2
−1∑

m=−
M
2

hme−i2πmj/M



 =

=
1

NM

N
2
−1∑

n=−
N
2

M
2
−1∑

m=−
M
2

gnhme−i2πnk/Ne−i2πmj/M ,

♦♥❞❡ fnm = gnhm✱ k = −N/2 : N/2 − 1 ❡ j = −M/2 : M/2 − 1✳

❇✳✻✳✶ ❚r❛♥s❢♦r♠❛❞❛ ❉✐s❝r❡t❛ ❞❡ ❋♦✉r✐❡r ❇✐❞✐♠❡♥s✐♦♥❛❧

❉❛❞❛ ✉♠❛ ❡♥tr❛❞❛ fnm ❞❡ ♦r❞❡♠ N × M ✱ ❛ ❉❋❚ ❜✐❞✐♠❡♥s✐♦♥❛❧ é ❞❛❞❛ ♣❡❧❛

s❡❣✉✐♥t❡ ❢ór♠✉❧❛

Fkj =
1

NM

N
2
−1∑

n=−
N
2

M
2
−1∑

m=−
M
2

fnme−i2πnk/Ne−i2πmj/M ,

♣❛r❛ k = −N/2 : N/2 − 1 ❡ j = −M/2 : M/2 − 1✳

❇✳✻✳✷ ❚r❛♥s❢♦r♠❛❞❛ ❉✐s❝r❡t❛ ■♥✈❡rs❛ ❞❡ ❋♦✉r✐❡r ❇✐❞✐♠❡♥s✐♦♥❛❧

❆ ✐♥✈❡rs❛ ❞❛ ❉❋❚ ❜✐❞✐♠❡♥s✐♦♥❛❧ é ❞❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ❢ór♠✉❧❛

fnm =

N
2
−1∑

k=−
N
2

M
2
−1∑

j=−
M
2

Fkj ei2πnk/Nei2πmj/M ,

♣❛r❛ n = −N/2 : N/2 − 1 ❡ m = −M/2 : M/2 − 1✳



❆♣ê♥❞✐❝❡ ❈

▲✐st❛ ❞❡ Pr♦❣r❛♠❛s

❊♥❝♦♥tr❛♠✲s❡ ❛q✉✐✱ t♦❞♦s ♦s ❝ó❞✐❣♦s ❝♦♠ ♦s ❞✐r❡tór✐♦s ❡ ❛rq✉✐✈♦s ✉t✐❧✐③❛❞♦s ♥♦

♣r♦❣r❛♠❛ ▼❛t▲❛❜ ✭✈❡r ❬✻❪ ❡ ❬✼❪✮✱ ♣❛r❛ ♦❜t❡r♠♦s ♦s r❡s✉❧t❛❞♦s r❡❢❡r❡♥t❡s ❛ ❡st❡ tr❛❜❛❧❤♦

t❛♥t♦ ♣❛r❛ ♦ ❝❛s♦ ❯♥✐❞✐♠❡♥s✐♦♥❛❧✱ q✉❛♥t♦ ♣❛r❛ ♦ ❝❛s♦ ❇✐❞✐♠❡♥s✐♦♥❛❧✳

❖s ❝❛s♦s ❯♥✐❞✐♠❡♥s✐♦♥❛❧ ❡ ❇✐❞✐♠❡♥s✐♦♥❛❧ q✉❡ sã♦ tr❛t❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✱ ❢♦r❛♠

♠❛♥✐♣✉❧❛❞♦s ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✳ ❆ ❛♣r❡s❡♥t❛çã♦ ❛q✉✐ ❞♦s ♠♦❞❡❧♦s ❯♥✐❞✐♠❡♥s✐♦♥❛❧ ❡

❇✐❞✐♠❡♥s✐♦♥❛❧ tê♠ ♦ ✐♥t✉✐t♦ ❞❡ ♠♦str❛r✱ q✉❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ❣r❛❞❡✱ ❛ ♦♥❞❛ ❞❡ á❣✉❛

r❛s❛ s❡ ♣r♦♣❛❣❛ s❡♠ s♦❢r❡r ❛❧t❡r❛çõ❡s ❡♠ s✉❛ ❡str✉t✉r❛✳ ❉❡✈❡♠♦s ❧❡♠❜r❛r✱ q✉❡ ❞❡✈❡✲s❡

t♦♠❛r ✉♠ ♥ú♠❡r♦ s✉✜❝✐❡♥t❡ ❞❡ ♣♦♥t♦s ♥❛ ❣r❛❞❡✱ ❞❡ ♠♦❞♦ ❛ s❡ ❡✈✐t❛r ♦s ❝❤❛♠❛❞♦s

✧❜✐❝♦s✧✳ ❊st❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❢♦r❛ ❢❡✐t❛ s♦♠❡♥t❡ ♥❛ ❢♦r♠❛ ❯♥✐❞✐♠❡♥s✐♦♥❛❧✱ ♣♦r ❝❛✉s❛

❞❛ ❢❛❝✐❧✐❞❛❞❡ ❞❡ ♠❛♥✐♣✉❧❛çã♦ ❞❛s ♣❛rt✐çõ❡s ❡♠ ❛♣❡♥❛s ✉♠ ❡✐①♦✳ ❖ ❝❛s♦ ❇✐❞✐♠❡♥s✐♦♥❛❧
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f(x, y) = cos(x). ∗ sin(y); g(x, y) = x.∧2; h(x, y) = x + y.
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