


❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s ❞❡✈✐❞♦s ❛ ❉✐♥❣ & ❚❛♥❛❦❛ ❡ ❆❧✈❡s✱ ❞❡

▼♦r❛✐s ❋✐❧❤♦ & ❙♦✉t♦ s♦❜r❡ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ❞♦ t✐♣♦

♠✉❧t✐✲❜✉♠♣s ♣❛r❛ ❡q✉❛çõ❡s ❞❡ ❙❝❤rö❞✐♥❣❡r

−∆u+ (λV (x) + Z(x))u = f(u) ❡♠ R
N

u ∈ H1(RN)

♦♥❞❡ λ > 0✱ ❛s ❛♣❧✐❝❛çõ❡s V, Z : R
N → R sã♦ ❝♦♥tí♥✉❛s ❡ s❛t✐s❢❛③❡♠ ❛❧❣✉♠❛s ❤✐♣ót❡s❡s

❡ f : R → R é ✉♠❛ ❢✉♥çã♦ ♥ã♦✲❧✐♥❡❛r✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡st✉❞❛♠♦s ♦s ❝❛s♦s ❡♠ q✉❡

f(s) = s|s|p−1 , ∀ s ∈ R ,

❝♦♠ N ≥ 3✱ p ∈ (1, 2∗ − 1)✱ ♦♥❞❡ 2∗ − 1 = N+2
N−2

✱ ❡

f(s) = βs|s|q−1 + s|s|2
∗−2 , ∀ s ∈ R ,

♦♥❞❡ β > 0✱ N ≥ 3 ❡ q ∈ (1, 2∗ − 1)✳



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ ♣r❡s❡♥t r❡s✉❧ts ❞✉❡ t♦ ❉✐♥❣ & ❚❛♥❛❦❛ ❛♥❞ ❆❧✈❡s✱ ❞❡ ▼♦r❛✐s

❋✐❧❤♦ ❡ ❙♦✉t♦ ❛❜♦✉t ❡①✐st❡♥❝❡ ❛♥❞ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ♣♦s✐t✐✈❡ ♠✉❧t✐✲❜✉♠♣ s♦❧✉t✐♦♥s ❢♦r

❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s

−∆u+ (λV (x) + Z(x))u = f(u) ❡♠ R
N

u ∈ H1(RN)

✇❤❡r❡ λ > 0✱ t❤❡ ❛♣❧✐❝❛t✐♦♥s V, Z : R
N → R ❛r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ s❛t✐s❢② s♦♠❡ ❤②♣♦t❤❡s✐s

❛♥❞ f : R → R ✐s ❛ ♥♦♥❧✐♥❡❛r ❢✉♥❝t✐♦♥✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ st✉❞② t❤❡ ❝❛s❡s

f(s) = s|s|p−1 , ∀ s ∈ R ,

✇✐t❤ N ≥ 3✱ p ∈ (1, 2∗ − 1)✱ ✇❤❡r❡ 2∗ − 1 = N+2
N−2

✱ ❛♥❞

f(s) = βs|s|q−1 + s|s|2
∗−2 , ∀ s ∈ R ,

✇❤❡r❡ β > 0✱ N ≥ 3 ❛♥❞ q ∈ (1, 2∗ − 1)✳



❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♦♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❙♦❜r❡ ❙♦❧✉çõ❡s ▼✉❧t✐✲❜✉♠♣s ♣❛r❛

❊q✉❛çõ❡s ❞❡ ❙❝❤rö❞✐♥❣❡r ❡♠ R
N

♣♦r

❘♦❞r✐❣♦ ❈♦❤❡♥ ▼♦t❛ ◆❡♠❡r †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ▼❛r❝♦ ❆✉ré❧✐♦ ❙♦❛r❡s ❙♦✉t♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙



❙♦❜r❡ ❙♦❧✉çõ❡s ▼✉❧t✐✲❜✉♠♣s ♣❛r❛

❊q✉❛çõ❡s ❞❡ ❙❝❤rö❞✐♥❣❡r ❡♠ R
N

♣♦r

❘♦❞r✐❣♦ ❈♦❤❡♥ ▼♦t❛ ◆❡♠❡r

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ▼❛t❡♠át✐❝❛

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❋á❣♥❡r ❉✐❛s ❆r❛r✉♥❛ ✭❯❋P❇✮

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❉❛♥✐❡❧ ❈♦r❞❡✐r♦ ❞❡ ▼♦r❛✐s ❋✐❧❤♦ ✭❯❋❈●✮

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ▼❛r❝♦ ❆✉ré❧✐♦ ❙♦❛r❡s ❙♦✉t♦ ✭❯❋❈●✮

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

▼❛rç♦✴✷✵✵✾

✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦s ♠❡✉s ♣❛✐s✱ ❏♦r❣❡ ❡ ❘♦s✐♥❡✐❞❡✳ ❉❡✈♦ ♠✐♥❤❛ ✈✐❞❛ ❛ ❡❧❡s✳ ❆♠♦ ✈♦❝ês✦

❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ❣r❛❞✉❛çã♦✱ ❡♠ ❡s♣❡❝✐❛❧ ❛♦s ♣r♦❢❡ss♦r❡s ❍✉❣♦ ❡ ●✉❡rr❛✱ q✉❡ ♠❡

❞❡r❛♠ t♦❞♦ ♦ ✐♥❝❡♥t✐✈♦ ♣❛r❛ ❝♦♠❡ç❛r ❡st❛ ❥♦r♥❛❞❛✳

❆ t♦❞♦s ♦s ❛♠✐❣♦s ❞❡ ❙❛♥t❛ré♠ ❡ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡✱ q✉❡ s❡♠♣r❡ ❡st✐✈❡r❛♠ ❞♦

♠❡✉ ❧❛❞♦✱ ✐♥❝❧✉s✐✈❡ ♥❛s ❤♦r❛s ❞❡ ❡st✉❞♦✱ ❛♣❡s❛r ❞❡✱ ♥❡ss❛s ❤♦r❛s✱ ♥❡♠ t❛♥t♦. . . ❊ é

❛ss✐♠ q✉❡ t❡♠ ❞❡ s❡r✱ ❛✜♥❛❧ ❞❡ contas✱ ♥✐♥❣✉é♠ é ❞❡ ❢❡rr♦✦

❆♦s ❛♠✐❣♦s ❞♦ ❉▼❊✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ❉❛♠✐ã♦ ❡ ❱✐♥í❝✐✉s ❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ❛ ❘❛✇❧✐❧✲

s♦♥✱ q✉❡ t❛♥t♦ ♠❡ ❛❥✉❞♦r❛♠ ♥♦s ❡st✉❞♦s ❡✱ s❡ ♥ã♦ ❢♦ss❡ ♣♦r ❡❧❡s✱ ❝♦♠ ❝❡rt❡③❛ t❡r✐❛

♣❛ss❛❞♦ ♣♦r ♠❛✉s ❜♦❝❛❞♦s✳

❆ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❞♦ ♠❡str❛❞♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛♦ Pr♦❢❡ss♦r ❆♣❛r❡❝✐❞♦✱ q✉❡

♠❡ r❡❝❡❜❡✉ tã♦ ❜❡♠ ♥❡st❛ ❝✐❞❛❞❡ ❡ q✉❡ ♠✉✐t♦ ♠❡ ❛❥✉❞♦✉ ♥♦ ✐♥í❝✐♦ ❞❛ ❝❛♠✐♥❤❛❞❛✱ ❛♦

Pr♦❢❡ss♦r ❈❧❛✉❞✐❛♥♦r✱ s❡♠♣r❡ ❞✐s♣♦st♦ ❛ ❛❥✉❞❛r ❞❡ t♦❞❛s ❛s ❢♦r♠❛s✱ ❡✱ ❡♠ ❡s♣❡❝✐❛❧✱ ❛♦

Pr♦❢❡ss♦r ▼❛r❝♦ ❆✉ré❧✐♦✱ ♣❡❧❛ ♦r✐❡♥t❛çã♦✱ ❞❡❞✐❝❛çã♦ ❡ ♣❛❝✐ê♥❝✐❛ ✲ t❤❛♥❦ ②♦✉ ✈❡r② ♠✉❝❤✱

♠② ❜♦②✦

❆♦s ♣r♦❢❡ss♦r❡s ❋❛❣♥❡r ❆r❛r✉♥❛ ❡ ❉❛♥✐❡❧ ❈♦r❞❡✐r♦✱ ♠❡♠❜r♦s ❞❛ ❜❛♥❝❛✱ ♣❡❧❛ ❞✐s✲

♣♦s✐çã♦ ❡ s✉❣❡stõ❡s✳

➚ ♠✐♥❤❛ ♣r✐♥❝❡s✐♥❤❛✱ ❏éss②❝❛✱ ♠✐♥❤❛ ❡t❡r♥❛ ♥❛♠♦r❛❞❛✱ ♣♦r t♦❞❛s ❛s ♣❛❧❛✈r❛s ❞❡

❛♣♦✐♦✱ ♣❡❧♦s ♠♦♠❡♥t♦s✱ ♣♦r t✉❞♦✦ ❚❡ ❆♠♦✦

➚ ❈❆P❊❙✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

❆ t♦❞♦s q✉❡ ❝♦♥tr✐❜✉✐r❛♠ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛✲

❜❛❧❤♦✱ ♠✉✐t♦ ♦❜r✐❣❛❞♦✦

✐✐✐



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s✱ ❏♦r❣❡ ❡ ❘♦s✐♥❡✐❞❡✳

✐✈



❈♦♥t❡ú❞♦
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✶ ❊q✉❛çã♦ ♥ã♦✲❧✐♥❡❛r ❞❡ ❙❝❤rö❞✐♥❣❡r✿ ❈❛s♦ s✉❜❝rít✐❝♦ ✶✷
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✶✳✷ ❋✉♥❝✐♦♥❛❧ ▼♦❞✐✜❝❛❞♦ ❡ ❛ ❈♦♥❞✐çã♦ ❞❡

P❛❧❛✐s✲❙♠❛❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✶✳✸ ❆r❣✉♠❡♥t♦s ❞♦ t✐♣♦ ▼✐♥✐♠❛① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✶✳✹ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✷ ❊q✉❛çã♦ ♥ã♦✲❧✐♥❡❛r ❞❡ ❙❝❤rö❞✐♥❣❡r✿ ❈❛s♦ ❈rít✐❝♦ ✻✵

✷✳✶ ❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✷✳✷ ❋✉♥❝✐♦♥❛❧ ▼♦❞✐✜❝❛❞♦ ❡ ❛ ❈♦♥❞✐çã♦ ❞❡

P❛❧❛✐s✲❙♠❛❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✷✳✸ ❆r❣✉♠❡♥t♦s ❞♦ t✐♣♦ ▼✐♥✐♠❛① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✷✳✹ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

❆ ❆♣ê♥❞✐❝❡ ✾✺

❆✳✶ ❖♣❡r❛❞♦r❡s ❞❡ ◆❡♠②ts❦✐✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

❆✳✷ ❖ ❚❡♦r❡♠❛ ❞❡ ❇r❡③✐s✲▲✐❡❜ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

❆✳✸ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

❆✳✹ ❆ ❱❛r✐❡❞❛❞❡ ◆❡❤❛r✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

❆✳✺ ❖s ❊s♣❛ç♦s H ❡ Hλ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

❆✳✻ ❙❡❣✉♥❞♦ ▲❡♠❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦ ❞❡ ❈♦♠♣❛❝✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻



✐✐

❆✳✼ ❘❡❣✉❧❛r✐③❛çã♦ ❞❡ ❙♦❧✉çõ❡s ❋r❛❝❛s ❡ ❊st✐♠❛t✐✈❛ ♥❛ ♥♦r♠❛ L∞(RN)✿ ❈❛s♦s

❙✉❜❝rít✐❝♦ ❡ ❈rít✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻

❆✳✽ ❆❧❣✉♥s r❡s✉❧t❛❞♦s ❞❛ ❚❡♦r✐❛ ❞♦ ●r❛✉ ❚♦♣♦❧ó❣✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷

❇✐❜❧✐♦❣r❛✜❛ ✶✷✹



◆♦t❛çõ❡s

BR(x) ❇♦❧❛ ❛❜❡rt❛ ❞❡ ❝❡♥tr♦ ❡♠ x ❡ r❛✐♦ R❀

M(Ω) ❊s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡✐s s♦❜r❡ Ω ⊆ R
N ❀

Lp(Ω, µ) ❊s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡✐s s♦❜r❡ Ω ⊆ R
N

p✲✐♥t❡❣rá✈❡✐s✱ ❝♦♠ 1 ≤ p ≤ ∞✱ s❡❣✉♥❞♦ ❛ ♠❡❞✐❞❛ µ✳ ❙❡ µ

❞❡♥♦t❛r ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ♣♦r❡♠♦s Lp(Ω)❀

|.|p,Ω ◆♦r♠❛ ❞♦ ❡s♣❛ç♦ Lp(Ω)✳ ❈❛s♦ Ω = R
N ✱ ♣♦r❡♠♦s |.|p❀

W k,p(Ω)✱ H1(Ω) ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✱ ❝♦♠ Ω ⊆ R
N ❛❜❡rt♦❀

||.||k,p,Ω ◆♦r♠❛ ❞♦ ❡s♣❛ç♦ W k,p(Ω)✳ ❈❛s♦ t❡♥❤❛♠♦s Ω = R
N ✱

♣♦r❡♠♦s ❛♣❡♥❛s ||.||k,p✳ ❙❡ k = 1 ❡ p = 2✱ ❞❡♥♦t❛r❡♠♦s ❛

♥♦r♠❛ ♣♦r ||.||Ω✳



■♥tr♦❞✉çã♦

◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ♠♦str❛❞♦s ♥♦s ❛rt✐❣♦s ❞❡ ❉✐♥❣ &

❚❛♥❛❦❛ ❬✶✾❪ ❡ ❆❧✈❡s✱ ❞❡ ▼♦r❛✐s ❋✐❧❤♦ & ❙♦✉t♦ ❬✻❪✱ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡

❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ❞♦ t✐♣♦ ♠✉❧t✐✲❜✉♠♣s ❞❡ ❡q✉❛çõ❡s ❞❡ ❙❝❤rö❞✐♥❣❡r

−∆u+ (λV (x) + Z(x))u = f(u) ❡♠ R
N ,

u ∈ H1(RN),
(Pλ)

♦♥❞❡ λ > 0 ❡ ❛ ❢✉♥çã♦ f : R → R é ♥ã♦✲❧✐♥❡❛r✳

◆♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✱ ♠♦str❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ❉✐♥❣ & ❚❛♥❛❦❛ ❬✶✾❪ r❡❢❡r❡♥t❡s

❛♦ ♣r♦❜❧❡♠❛ (Pλ) ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ N ≥ 3 ❡

f(s) = s|s|p−1 , ∀ s ∈ R ,

♦♥❞❡ p ∈ (1, 2∗ − 1)✱ 2∗ − 1 = N+2
N−2

✳ ❆❧é♠ ❞✐ss♦✱ ❛s ❢✉♥çõ❡s V, Z : R
N → R s❛t✐s❢❛③❡♠

❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭❱✶✮ V ∈ C(RN ,R) é ✉♠❛ ❢✉♥çã♦ ♥ã♦✲♥❡❣❛t✐✈❛❀

✭❱✷✮ ❖ ❝♦♥❥✉♥t♦ Ω = intV −1({0}) é ♥ã♦✲✈❛③✐♦✱ ❛❜❡rt♦✱ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ ❢♦r♠❛❞♦

♣♦r 3 ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r Ωj✱ j = 1, 2, 3✱ ❝♦♠

dist(Ωj,Ωi) > 0 , ♣❛r❛ j 6= i

❡ V −1({0}) = Ω ❀

✭❱✸✮ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M0 > 0 t❛❧ q✉❡ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❞♦ ❝♦♥❥✉♥t♦

A = {x ∈ R
N ; V (x) ≤M0}

é ✜♥✐t❛✱ ✐st♦ é✱ |A| <∞ ❀



✽

✭❩✶✮ Z ∈ C(RN ,R) ❀

✭❩✷✮ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ M1 > 1 t❛❧ q✉❡

|Z(x)| ≤M1(V (x) + 1) , ∀x ∈ R
N ;

✭❩✸✮ P❛r❛ ❝❛❞❛ j = 1, 2, 3✱ ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞♦ ♣r♦❜❧❡♠❛ ❛❜❛✐①♦ é ♣♦s✐t✐✈♦✶

−∆u+ Z(x)u = µu ❡♠ Ωj,

u = 0 ❡♠ ∂Ωj,
✭✶✮

✐st♦ é✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s Kj✱ s❛t✐s❢❛③❡♥❞♦

|u|22,Ωj
≤ Kj

∫

Ωj

|∇u|2 + Z(x)u2 , ∀u ∈ H1
0 (Ωj) ,

♣❛r❛ j = 1, 2, 3✳

◆❡st❡ ♠♦♠❡♥t♦✱ ❝❤❛♠❛♠♦s ❛ ❛t❡♥çã♦ ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞♦

❝♦♥❥✉♥t♦ Ω✳ ❆q✉✐ s✉♣♦♠♦s q✉❡ ❡❧❛s sã♦ ❡♠ 3✱ ♠❛s ♥♦ ❛rt✐❣♦ ♥♦ q✉❛❧ ❜❛s❡❛♠♦s ❡st❡

❝❛♣ít✉❧♦✱ ♦ ♣r♦❜❧❡♠❛ é tr❛t❛❞♦ s♦❜ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ Ω t❡♠ k ❝♦♠♣♦♥❡♥t❡s

❝♦♥❡①❛s✳ ❋✐③❡♠♦s ❡st❛ ❛❞❛♣t❛çã♦ ♣❛r❛ ❢❛❝✐❧✐t❛r ♦ ❡♥t❡♥❞✐♠❡♥t♦✱ ♠❛s t♦❞❛s ❛s té❝♥✐❝❛s

❛q✉✐ ❛♣r❡s❡♥t❛❞❛s ♣♦❞❡♠ s❡r ❢❛❝✐❧♠❡♥t❡ ❡st❡♥❞✐❞❛s ♣❛r❛ ♦ ❝❛s♦ ❝✐t❛❞♦✳ ❆❧é♠ ❞✐ss♦✱ ❡♠

❉✐♥❣ & ❚❛♥❛❦❛ ❬✶✾❪ t❡♠♦s N ≥ 1✳

❙♦❜ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ ❛s s♦❧✉çõ❡s ♥ã♦✲♥❡❣❛t✐✈❛s ❞❡ (Pλ) ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐✲

③❛❞❛s ❝♦♠♦ ♣♦♥t♦s ❝rít✐❝♦s ❞♦ ❢✉♥❝✐♦♥❛❧ Υλ : H → R ❞❛❞♦ ♣♦r

Υλ(u) =

∫

RN

1

2
|∇u|2 +

1

2
(λV (x) + Z(x))u2 −

1

p+ 1
up+1

+ dx ,

♣❛r❛ t♦❞♦ u ∈ H✱ ♦♥❞❡

H = {u ∈ H1(RN) ;

∫

RN

V (x)u2dx <∞} .

◗✉❛♥❞♦ ♦ ♣❛râ♠❡tr♦ λ é s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♦ ❝♦♥❥✉♥t♦ Ω t❡♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡

♥♦s ♥♦ss♦s ❡st✉❞♦s✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ♣r♦❜❧❡♠❛

−∆u+ Z(x)u = |u|p−1u ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✷✮

✶❊st❛ ♣r♦♣r✐❡❞❛❞❡ é ✈á❧✐❞❛ s❡✱ ♣♦r ❡①❡♠♣❧♦✱ Z ❢♦r ♥ã♦✲♥❡❣❛t✐✈❛ ❡♠ Ω



✾

s✉r❣❡ ❝♦♠♦ ❧✐♠✐t❡ ❞♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ (Pλ)✳ P♦r s✉❛ ✈❡③✱ ❛s s♦❧✉çõ❡s ❞❡st❡ ♣r♦❜❧❡♠❛

sã♦ ❝❛r❛❝t❡r✐③❛❞❛s ❝♦♠♦ ♣♦♥t♦s ❝rít✐❝♦s ❞♦ ❢✉♥❝✐♦♥❛❧ IΩ : H1
0 (Ω) → R ❞❛❞♦ ♣♦r

IΩ(u) =

∫

RN

1

2
|∇u|2 +

1

2
Z(x)u2 −

1

p+ 1
up+1

+ dx ,

♣❛r❛ t♦❞♦ u ∈ H1
0 (Ω)✳

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❡st❡ ❝❛♣ít✉❧♦✱ ✈❡❥❛♠♦s ❛❧❣✉♠❛s

❞❡✜♥✐çõ❡s✳

❉✐③❡♠♦s q✉❡ ✉♠❛ s♦❧✉çã♦ u ∈ H ❞❡ (Pλ) é ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ s❡

Υλ(u) = cλ := inf{Υλ(v) ; v ∈ H\{0} é ✉♠❛ s♦❧✉çã♦ ❞❡ (Pλ)} .

❆♥❛❧♦❣❛♠❡♥t❡✱ ✉♠❛ s♦❧✉çã♦ u ∈ H1
0 (Ω) ❞❡ ✭✷✮ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ s❡

IΩ(u) = c(Ω) := inf{IΩ(v) ; v ∈ H1
0 (Ω)\{0} é ✉♠❛ s♦❧✉çã♦ ❞❡ ✭✷✮} .

▼❛✐s ❛✐♥❞❛✱ ♦s ✈❛❧♦r❡s c(Ω) ❡ cλ sã♦ ❝❤❛♠❛❞♦s ❞❡ ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞♦s ❢✉♥✲

❝✐♦♥❛✐s IΩ ❡ Υλ ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❛ss♦❝✐❛❞♦s ❛♦s ♣r♦❜❧❡♠❛s ✭✷✮ ❡ (Pλ)✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳

❱❡❥❛♠♦s ❛❣♦r❛ ♦ t❡♦r❡♠❛ q✉❡ ♠♦str❛r❡♠♦s ♥♦ ✜♥❛❧ ❞❡st❡ ❝❛♣ít✉❧♦ ❡ q✉❡ ❣❛r❛♥t❡

❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (Pλ)✳

❚❡♦r❡♠❛ ✵✳✶ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s (V 1) − (V 3) ❡ (Z1) − (Z3)✱ ♣❛r❛ ❝❛❞❛ ε > 0 ❡ ❝❛❞❛

❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ J ⊆ {1, 2, 3}✱ ❡①✐st❡ Λ = Λ(ε) t❛❧ q✉❡✱ ♣❛r❛ λ ≥ Λ✱ (Pλ) t❡♠ s♦❧✉çã♦

♣♦s✐t✐✈❛ uλ ∈ H s❛t✐s❢❛③❡♥❞♦
∣

∣

∣

∣

∣

∫

Ωj

|∇uλ|
2 + (λV (x) + Z(x))u2

λ dx−

(

1

2
−

1

p+ 1

)−1

c(Ωj)

∣

∣

∣

∣

∣

≤ ε , ✭✸✮

♣❛r❛ j ∈ J ✱ ❡
∫

RN\ΩJ

|∇uλ|
2 + u2

λ dx ≤ ε , ✭✹✮

♦♥❞❡ ΩJ =
⋃

j∈J

Ωj ❡ c(Ωj) é ✉♠ ♥í✈❡❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛

−∆u+ Z(x)u = up ❡♠ Ωj,

u > 0 ❡♠ Ωj,

u = 0 ❡♠ ∂Ωj.

✭✺✮

▼❛✐s ❛✐♥❞❛✱ ♣❛r❛ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ (λn)n∈N ❝♦♠ lim
n→∞

λn = ∞✱ ❡①✐st❡ ✉♠❛ s✉❜s❡✲

q✉ê♥❝✐❛ (λnl
)l∈N t❛❧ q✉❡ uλnl

→ u ❡♠ H1(RN)✱ ♦♥❞❡ ❛ ❢✉♥çã♦ ❧✐♠✐t❡ u ∈ H1
0 (ΩJ)

é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ❡♠ R
N\ΩJ ❡✱ ♣❛r❛ ❝❛❞❛ j ∈ J ✱ ❛ r❡str✐çã♦ u

∣

∣

Ωj
é s♦❧✉çã♦ ❞❡

❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ ✭✺✮✳



✶✵

❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ❚❡♦r❡♠❛ ✵✳✶✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦ q✉❡

❣❛r❛♥t❡ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s✳

❈♦r♦❧ár✐♦ ✵✳✷ ❙♦❜ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✵✳✶✱ ❡①✐st❡ Λ > 0 t❛❧ q✉❡✱ ♣❛r❛

λ ≥ Λ✱ (Pλ) t❡♠ ♣❡❧♦ ♠❡♥♦s 23 − 1 = 7 s♦❧✉çõ❡s ♣♦s✐t✐✈❛s✳

❇❛rts❝❤ & ❲❛♥❣ ❬✶✶❪ ❡st✉❞❛r❛♠ ❡st❡ ♠❡s♠♦ ♣r♦❜❧❡♠❛ s♦❜ ❛s ❤✐♣ót❡s❡s (V 1) −

(V 3) ❡ ❛ss✉♠✐♥❞♦ q✉❡ ❛ ❢✉♥çã♦ Z s❛t✐s❢❛③ Z ≡ 1✳ ❖s ❛✉t♦r❡s ♣r♦✈❛r❛♠ ❛ ❡①✐stê♥✲

❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ uλ ❞❡ (Pλ) ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡

q✉❛♥❞♦ λ→ ∞ ❛ s❡q✉ê♥❝✐❛ ❞❡ s♦❧✉çõ❡s uλ ❝♦♥✈❡r❣❡ ❢♦rt❡♠❡♥t❡ ❡♠ H1(RN) ♣❛r❛ ✉♠❛

s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✮✳ ❇❛rts❝❤ & ❲❛♥❣ ❬✶✵❪ ❡ ❇❛rts❝❤✱ P❛♥❦♦✈ &

❲❛♥❣ ❬✾❪ t❛♠❜é♠ ♠♦str❛r❛♠ r❡s✉❧t❛❞♦s s♦❜r❡ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s

❞♦ ♣r♦❜❧❡♠❛ (Pλ) s♦❜ ❛s ❝♦♥❞✐çõ❡s (V 1) − (V 3) ❡

inf
x∈RN

Z(x) > 0 .

❖s ❛✉t♦r❡s ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❢✉♥çã♦

Λ : N → (0,∞)

k 7→ Λ(k)

♦♥❞❡ Λ(k) é t❛❧ q✉❡ s❡ λ ≥ Λ(k)✱ ❡♥tã♦ (Pλ) t❡♠ ♣❡❧♦ ♠❡♥♦s k s♦❧✉çõ❡s ♥ã♦ ♥❡❝❡ss❛✲

r✐❛♠❡♥t❡ ♣♦s✐t✐✈❛s❀ ❡st❡ r❡s✉❧t❛❞♦ ❢♦✐ tr❛t❛❞♦ ❞❡ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧ ♣♦r ❞❡ ❋✐❣✉❡✐r❡❞♦ &

❉✐♥❣ ❬✶✼❪✱ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ❛ ❢✉♥çã♦ Z ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♣♦s✐t✐✈❛ ❡ ♦ ♣r♦❜❧❡♠❛

❡♥✈♦❧✈✐❛ ❡①♣♦❡♥t❡s ❝rít✐❝♦s ❞❡ ❙♦❜♦❧❡✈✳

◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ❆❧✈❡s✱ ❞❡ ▼♦r❛✐s ❋✐❧❤♦ &

❙♦✉t♦ ❬✻❪ r❡❧❛t✐✈♦s ❛♦ ♣r♦❜❧❡♠❛ (Pλ) ♣❛r❛ N ≥ 3 ❡

f(s) = βs|s|q−1 + s|s|2
∗−2 , ∀ s ∈ R ,

♦♥❞❡ β > 0✱ q ∈ (1, 2∗ − 1) ❡ ❛s ❢✉♥çõ❡s V, Z : R
N → R s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s (V 1)✱

(V 2)✱ (Z1) ❡ t❛♠❜é♠

✭❱✸✬✮ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M0 > 0 t❛❧ q✉❡

M0 ≤ V (x) + Z(x) , ∀x ∈ R
N ,



✶✶

✭❩✷✬✮ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ M1 > 0 t❛❧ q✉❡

|Z(x)| ≤M1 , ∀x ∈ R
N .

❆ss✐♠ ❝♦♠♦ ♥♦ ♣r♦❜❧❡♠❛ ❛♥t❡r✐♦r✱ ❛q✉✐ t❛♠❜é♠ ❛❞♠✐t✐♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ Ω

t❡♠ 3 ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✱ ♠❛s ❡♠ ❆❧✈❡s✱ ❞❡ ▼♦r❛✐s ❋✐❧❤♦ & ❙♦✉t♦ ❬✻❪ ♦ ♣r♦❜❧❡♠❛ é

tr❛t❛❞♦ s♦❜ ❛ ❝♦♥❞✐çã♦ ❞❡ q✉❡ ❡①✐st❡♠ k ❝♦♠♣♦♥❡♥t❡s✳ ❊ss❛ ❛❞❛♣t❛çã♦ t❡♠ ♦ ♠❡s♠♦

✐♥t✉✐t♦ ❞❛ ❢❡✐t❛ ♥♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ❡ t❛♠❜é♠ ♥ã♦ ❝♦♠♣r♦♠❡t❡ ❛ ✜❞❡❧✐❞❛❞❡ ❞♦ ♥♦ss♦

tr❛❜❛❧❤♦✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ ❝❛♣ít✉❧♦ é ♦

❚❡♦r❡♠❛ ✵✳✸ ❙♦❜ ❛s ❤✐♣ót❡s❡s (V 1), (V 2), (V 3′), (Z1) ❡ (Z2′)✱ ♣❛r❛ ❝❛❞❛ ❝♦♥❥✉♥t♦

♥ã♦✲✈❛③✐♦ J ⊆ {1, 2, 3}✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s β∗ > 0 ❡ λ∗ = λ∗(β∗) t❛✐s q✉❡✱ ♣❛r❛

t♦❞♦ β ≥ β∗ ❡ λ ≥ λ∗✱ ♦ ♣r♦❜❧❡♠❛ (Pλ) ♣♦ss✉✐ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s

❝♦♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ ♣❛r❛ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ (λn)n∈N ⊂ R ❝♦♠ lim
n→∞

λn = ∞✱

❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (λnl
)l∈N t❛❧ q✉❡ uλnl

→ u ❡♠ H1(RN)✱ ♦♥❞❡ ❛ ❢✉♥çã♦ ❧✐✲

♠✐t❡ u ∈ H1
0 (ΩJ) é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ❡♠ R

N\ΩJ ❡✱ ♣❛r❛ t♦❞♦ j ∈ J ✱ ❛ r❡str✐çã♦

u
∣

∣

Ωj
∈ H1

0 (Ωj) é s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞♦ ♣r♦❜❧❡♠❛

−∆u+ Z(x)u = βuq + u2∗−1 ❡♠ Ωj,

u > 0 ❡♠ Ωj,

u = 0 ❡♠ ∂Ωj.

P❛r❛ ❣❛r❛♥t✐r ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞❡ (Pλ) ♥❡st❡ ❝❛♣ít✉❧♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡

❝♦r♦❧ár✐♦✱ q✉❡ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ❚❡♦r❡♠❛ ✵✳✸✳

❈♦r♦❧ár✐♦ ✵✳✹ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✵✳✸✱ ❡①✐st❡♠ β∗ > 0 ❡ λ∗ = λ∗(β∗) t❛✐s

q✉❡✱ ♣❛r❛ β ≥ β∗ ❡ λ ≥ λ∗✱ ♦ ♣r♦❜❧❡♠❛ (Pλ) t❡♠ ♣❡❧♦ ♠❡♥♦s 23 − 1 = 7 s♦❧✉çõ❡s

♣♦s✐t✐✈❛s✳

◆♦s ú❧t✐♠♦s ❛♥♦s✱ ❢♦r❛♠ ♣✉❜❧✐❝❛❞♦s ✈ár✐♦s ❛rt✐❣♦s tr❛t❛♥❞♦ s♦❜r❡ ❡①✐stê♥✐❛ ❡ ♠✉❧✲

t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛✳ P♦r ❡①❡♠♣❧♦✱ q✉❛♥❞♦ ❛ ❢✉♥çã♦

λV (x) +Z(x) é ❝♦❡r❝✐✈❛✱ ▼✐②❛❣❛❦✐ ❬✷✻❪ ❞❡♠♦♥str♦✉ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çã♦ ♣❛r❛ (Pλ)✳ ◗✉❛♥❞♦ ❛ ❢✉♥çã♦ λV (x) + Z(x) é ✶✲♣❡r✐ó❞✐❝❛✱ ❆❧✈❡s✱ ❈❛rr✐ã♦ &

▼✐②❛❣❛❦✐ ❬✹❪ ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ (Pλ)✳ ❙❡ λV (x) + Z(x)

é r❛❞✐❛❧✱ ❆❧✈❡s✱ ❞❡ ▼♦r❛✐s ❋✐❧❤♦ & ❙♦✉t♦ ❬✼❪ ❞❡♠♦♥str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s

♣♦s✐t✐✈❛s ❞❡ (Pλ)✳ ❆❧é♠ ❞❡ r❡s✉❧t❛❞♦s s♦❜r❡ ❡①✐stê♥❝✐❛✱ ♦s ❛rt✐❣♦s ❞❡ ❈❧❛♣ & ❉✐♥❣ ❬✶✺❪✱

❞❡ ❋✐❣✉❡✐r❡❞♦ & ❉✐♥❣ ❬✶✼❪✱ ●✉✐ ❬✷✸❪ ❡ ❙éré ❬✷✽❪ t❛♠❜é♠ tr❛③❡♠ r❡s✉❧t❛❞♦s s♦❜r❡ ❛

♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (Pλ)✳



❈❛♣ít✉❧♦ ✶

❊q✉❛çã♦ ♥ã♦✲❧✐♥❡❛r ❞❡ ❙❝❤rö❞✐♥❣❡r✿

❈❛s♦ s✉❜❝rít✐❝♦

◆❡st❡ ❝❛♣ít✉❧♦ ❛❜♦r❞❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥♦ ❛rt✐❣♦ ❞❡ ❉✐♥❣ &

❚❛♥❛❦❛ ❬✶✾❪ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ❞♦ t✐♣♦ ♠✉❧t✐✲

❜✉♠♣ ❞❛ ❡q✉❛çã♦ ♥ã♦✲❧✐♥❡❛r ❞❡ ❙❝❤rö❞✐♥❣❡r

−∆u+ (λV (x) + Z(x))u = |u|p−1u ❡♠ R
N ,

u ∈ H1(RN),
(Pλ)

q✉❛♥❞♦ ♦ ♣❛râ♠❡tr♦ λ ❢♦r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♦♥❞❡ N ≥ 3✱ p ∈ (1, 2∗ − 1)✱ 2∗−1 =

N+2
N−2

✳ ❆❧é♠ ❞✐ss♦✱ ❛s ❢✉♥çõ❡s V, Z : R
N → R s❛t✐s❢❛③❡♠ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭❱✶✮ V ∈ C(RN ,R) é ✉♠❛ ❢✉♥çã♦ ♥ã♦✲♥❡❣❛t✐✈❛❀

✭❱✷✮ ❖ ❝♦♥❥✉♥t♦ Ω = intV −1({0}) é ♥ã♦✲✈❛③✐♦✱ ❛❜❡rt♦✱ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ ❢♦r♠❛❞♦

♣♦r 3 ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r Ωj✱ j = 1, 2, 3✱ ❝♦♠

dist(Ωj,Ωi) > 0 , ♣❛r❛ j 6= i

❡ V −1({0}) = Ω ❀

✭❱✸✮ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M0 > 0 t❛❧ q✉❡ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❞♦ ❝♦♥❥✉♥t♦

A = {x ∈ R
N ; V (x) ≤M0}

é ✜♥✐t❛✱ ✐st♦ é✱ |A| <∞ ❀



✶✸

✭❩✶✮ Z ∈ C(RN ,R) ❀

✭❩✷✮ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ M1 > 1 t❛❧ q✉❡

|Z(x)| ≤M1(V (x) + 1) , ∀x ∈ R
N ;

✭❩✸✮ P❛r❛ ❝❛❞❛ j = 1, 2, 3✱ ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞♦ ♣r♦❜❧❡♠❛ ❛❜❛✐①♦ é ♣♦s✐t✐✈♦✶

−∆u+ Z(x)u = µu ❡♠ Ωj,

u = 0 ❡♠ ∂Ωj,
✭✶✳✶✮

✐st♦ é✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s Kj✱ s❛t✐s❢❛③❡♥❞♦

|u|22,Ωj
≤ Kj

∫

Ωj

|∇u|2 + Z(x)u2 , ∀u ∈ H1
0 (Ωj) ,

♣❛r❛ j = 1, 2, 3✳

❙♦❜ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ ❛s s♦❧✉çõ❡s ♥ã♦✲♥❡❣❛t✐✈❛s ❞❡ (Pλ) ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐✲

③❛❞❛s ❝♦♠♦ ♣♦♥t♦s ❝rít✐❝♦s ❞♦ ❢✉♥❝✐♦♥❛❧ Υλ : H → R ❞❛❞♦ ♣♦r

Υλ(u) =

∫

RN

1

2
|∇u|2 +

1

2
(λV (x) + Z(x))u2 −

1

p+ 1
up+1

+ dx ,

♣❛r❛ t♦❞♦ u ∈ H✱ ♦♥❞❡

H = {u ∈ H1(RN) ;

∫

RN

V (x)u2dx <∞} .

◗✉❛♥❞♦ ♦ ♣❛râ♠❡tr♦ λ é s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♦ ❝♦♥❥✉♥t♦ Ω t❡♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡

♥♦s ♥♦ss♦s ❡st✉❞♦s✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ♣r♦❜❧❡♠❛

−∆u+ Z(x)u = |u|p−1u ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✶✳✷✮

s✉r❣❡ ❝♦♠♦ ❧✐♠✐t❡ ❞♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ (Pλ)✳ P♦r s✉❛ ✈❡③✱ ❛s s♦❧✉çõ❡s ❞❡st❡ ♣r♦❜❧❡♠❛

sã♦ ❝❛r❛❝t❡r✐③❛❞❛s ❝♦♠♦ ♣♦♥t♦s ❝rít✐❝♦s ❞♦ ❢✉♥❝✐♦♥❛❧ IΩ : H1
0 (Ω) → R ❞❛❞♦ ♣♦r

IΩ(u) =

∫

RN

1

2
|∇u|2 +

1

2
Z(x)u2 −

1

p+ 1
up+1

+ dx ,

♣❛r❛ t♦❞♦ u ∈ H1
0 (Ω)✳

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❡st❡ ❝❛♣ít✉❧♦✱ ✈❡❥❛♠♦s ❛❧❣✉♠❛s

❞❡✜♥✐çõ❡s✳

✶❊st❛ ♣r♦♣r✐❡❞❛❞❡ é ✈á❧✐❞❛ s❡✱ ♣♦r ❡①❡♠♣❧♦✱ Z ❢♦r ♥ã♦✲♥❡❣❛t✐✈❛ ❡♠ Ω



✶✹

❉✐③❡♠♦s q✉❡ ✉♠❛ s♦❧✉çã♦ u ∈ H ❞❡ (Pλ) é ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ s❡

Υλ(u) = cλ := inf{Υλ(v) ; v ∈ H\{0} é ✉♠❛ s♦❧✉çã♦ ❞❡ (Pλ)} .

❆♥❛❧♦❣❛♠❡♥t❡✱ ✉♠❛ s♦❧✉çã♦ u ∈ H1
0 (Ω) ❞❡ ✭✶✳✷✮ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ s❡

IΩ(u) = c(Ω) := inf{IΩ(v) ; v ∈ H1
0 (Ω)\{0} é ✉♠❛ s♦❧✉çã♦ ❞❡ ✭✷✮} .

▼❛✐s ❛✐♥❞❛✱ ♦s ✈❛❧♦r❡s c(Ω) ❡ cλ sã♦ ❝❤❛♠❛❞♦s ❞❡ ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞♦s ❢✉♥✲

❝✐♦♥❛✐s IΩ ❡ Υλ ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❛ss♦❝✐❛❞♦s ❛♦s ♣r♦❜❧❡♠❛s ✭✶✳✷✮ ❡ (Pλ)✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳

❱❡❥❛♠♦s ❛❣♦r❛ ♦ t❡♦r❡♠❛ q✉❡ ♠♦str❛r❡♠♦s ♥♦ ✜♥❛❧ ❞❡st❡ ❝❛♣ít✉❧♦ ❡ q✉❡ ❣❛r❛♥t❡

❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (Pλ)✳

❚❡♦r❡♠❛ ✶✳✶ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s (V 1) − (V 3) ❡ (Z1) − (Z3)✱ ♣❛r❛ ❝❛❞❛ ε > 0 ❡ ❝❛❞❛

❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ J ⊆ {1, 2, 3}✱ ❡①✐st❡ Λ = Λ(ε) t❛❧ q✉❡✱ ♣❛r❛ λ ≥ Λ✱ (Pλ) t❡♠ s♦❧✉çã♦

♣♦s✐t✐✈❛ uλ ∈ H s❛t✐s❢❛③❡♥❞♦
∣

∣

∣

∣

∣

∫

Ωj

|∇uλ|
2 + (λV (x) + Z(x))u2

λ dx−

(

1

2
−

1

p+ 1

)−1

c(Ωj)

∣

∣

∣

∣

∣

≤ ε , ✭✶✳✸✮

♣❛r❛ j ∈ J ✱ ❡
∫

RN\ΩJ

|∇uλ|
2 + u2

λ dx ≤ ε , ✭✶✳✹✮

♦♥❞❡ ΩJ =
⋃

j∈J

Ωj ❡ c(Ωj) é ✉♠ ♥í✈❡❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛

−∆u+ Z(x)u = up ❡♠ Ωj,

u > 0 ❡♠ Ωj,

u = 0 ❡♠ ∂Ωj.

✭✶✳✺✮

▼❛✐s ❛✐♥❞❛✱ ♣❛r❛ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ (λn)n∈N ❝♦♠ lim
n→∞

λn = ∞✱ ❡①✐st❡ ✉♠❛ s✉❜s❡✲

q✉ê♥❝✐❛ (λnl
)l∈N t❛❧ q✉❡ uλnl

→ u ❡♠ H1(RN)✱ ♦♥❞❡ ❛ ❢✉♥çã♦ ❧✐♠✐t❡ u ∈ H1
0 (ΩJ)

é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ❡♠ R
N\ΩJ ❡✱ ♣❛r❛ ❝❛❞❛ j ∈ J ✱ ❛ r❡str✐çã♦ u

∣

∣

Ωj
é s♦❧✉çã♦ ❞❡

❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ ✭✶✳✺✮✳

❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦ q✉❡

❣❛r❛♥t❡ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s✳

❈♦r♦❧ár✐♦ ✶✳✷ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✶✳✶✱ ❡①✐st❡ Λ > 0 t❛❧ q✉❡✱ ♣❛r❛ λ ≥ Λ✱

(Pλ) t❡♠ ♣❡❧♦ ♠❡♥♦s 23 − 1 = 7 s♦❧✉çõ❡s ♣♦s✐t✐✈❛s✳

❘❡ss❛❧t❛♠♦s q✉❡ ❛ ♠❛✐♦r✐❛ ❞♦s r❡s✉❧t❛❞♦s ❛q✉✐ ❛♣r❡s❡♥t❛❞♦s ❢♦r❛♠ ❜❛s❡❛❞♦s ♥♦

❛rt✐❣♦ ❞❡ ❉✐♥❣ & ❚❛♥❛❦❛ ❬✶✾❪✳ ❈❛s♦ ❝♦♥trár✐♦✱ s❡rã♦ ❞❛❞❛s ❛s ❞❡✈✐❞❛s r❡❢❡rê♥❝✐❛s✳



✶✺

✶✳✶ ❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s

❚r❛❜❛❧❤❛r❡♠♦s ♥♦ ❡s♣❛ç♦ ♥♦r♠❛❞♦

H =

{

u ∈ H1(RN);

∫

RN

V (x)u2 <∞

}

,

❝✉❥❛ ♥♦r♠❛ é ❞❛❞❛ ♣♦r

||u||2H =

∫

RN

|∇u|2 + (V (x) + 1)u2, ∀ u ∈ H .

❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ Θ ⊂ R
N ✱ t❛♠❜é♠ ❞❡✜♥✐♠♦s

H(Θ) =

{

u ∈ H1(Θ);

∫

Θ

V (x)u2 <∞

}

❝♦♠ ❛ ♥♦r♠❛

||u||2H(Θ) =

∫

Θ

|∇u|2 + (V (x) + 1)u2, ∀ u ∈ H(Θ) .

➱ ❢á❝✐❧ ✈❡r q✉❡ ♦ ❡s♣❛ç♦ (H(Θ), ||.||H(Θ)) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦

< ., . >: H(Θ) ×H(Θ) → R

(u, v) 7→ < u, v >=

∫

Θ

∇u∇v + (V (x) + 1)uv ,

s❛t✐s❢❛③❡♥❞♦ tr✐✈✐❛❧♠❡♥t❡ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

H(Θ) →֒ H1(Θ).

❆❧é♠ ❞✐ss♦✱ q✉❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ Θ é ❧✐♠✐t❛❞♦✱ s❡❣✉❡ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ V q✉❡

❛s ♥♦r♠❛s ||.||H(Θ) ❡ ||.||Θ sã♦ ❡q✉✐✈❛❧❡♥t❡s ❡ ❞❛í H(Θ) ≡ H1(Θ)✳

❚❡♥❞♦ ❡♠ ✈✐st❛ (V 2)✱ ✜①❡♠♦s✱ ♣❛r❛ ❝❛❞❛ j ∈ {1, 2, 3}✱ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✱

❧✐♠✐t❛❞♦ ❡ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡ Ω′
j ⊂ R

N t❛❧ q✉❡

(i) Ωj ⊂ Ω′
j ❀

(ii) Ω′
i ∩ Ω′

j = ∅✱ ♣❛r❛ t♦❞♦ i, j ∈ {1, 2, 3}✱ i 6= j✳

◆❡st❛ s❡çã♦✱ ❞✐s❝✉t✐r❡♠♦s ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦ ♦♣❡r❛❞♦r

∆ + (λV (x) + Z(x)) : H(Θ) → R

u 7→ ∆u+ (λV (x) + Z(x))u



✶✻

♦♥❞❡ Θ é ✉♠ ❞♦s ❝♦♥❥✉♥t♦s

Ω′
j , j = 1, 2, 3 , R

N\
⋃

j∈J

Ω′
j , J ⊆ {1, 2, 3} , R

N . ✭✶✳✻✮

◆❡st❡ s❡♥t✐❞♦✱ ✈❡❥❛♠♦s ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✶✳✸ ❊①✐st❡♠ λ1 ≥ 1 ❡ C1 > 0 t❛✐s q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ Θ ❡♠ ✭✶✳✻✮

❡ ♣❛r❛ t♦❞♦ λ ≥ λ1✱

|u|22,Θ ≤ C1

∫

Θ

|∇u|2 + (λV (x) + Z(x))u2 , ∀ u ∈ H(Θ).

❉❡♠♦♥str❛çã♦✿

Pr✐♠❡✐r❛♠❡♥t❡ s✉♣♦♥❤❛ Θ = Ω′
j✱ ❝♦♠ j ∈ {1, 2, 3} q✉❛❧q✉❡r✳

P❛r❛ ❡ss❡ ❝❛s♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r

−∆u+ (λV (x) + Z(x))u = µu ❡♠ Ω′
j,

∂u

∂η
= 0 ❡♠ ∂Ω′

j.
✭✶✳✼✮

❉❡♥♦t❛r❡♠♦s ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞❡ ✭✶✳✼✮ ♣♦r µλj✳ ▲❡♠❜r❛♠♦s q✉❡ µλj é ✉♠❛ ❢✉♥çã♦

❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❞❡ λ ❡ H(Ω′
j) ≡ H1(Ω′

j)✱ ♣♦✐s Ω′
j é ❧✐♠✐t❛❞♦✳

Pr❡❝✐s❛r❡♠♦s t❛♠❜é♠ ❞♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

▲❡♠❛ ✶✳✹ ❈♦♠ ❛s ♥♦t❛çõ❡s ❛❝✐♠❛✱ t❡♠♦s

lim
λ→∞

µλj = µ0j ,

♦♥❞❡ µ0j é ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✶✮✳

❉❡♠♦♥str❛çã♦✿

P❡❧❛ ❝❛r❛❝t❡r✐③❛çã♦ ✈❛r✐❛❝✐♦♥❛❧ ❞♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r✱ t❡♠♦s✱ ♣❛r❛ t♦❞♦ λ ≥ 1✱

µλj = inf

{

∫

Ω′
j

|∇u|2 + (λV (x) + Z(x))u2 ;u ∈ H1(Ω′
j), |u|

2
2,Ω′

j
= 1

}

≤ inf

{

∫

Ωj

|∇u|2 + Z(x)u2 ;u ∈ H1
0 (Ωj) , u ≡ 0 ❡♠ Ω′

j\Ωj , |u|
2
2,Ωj

= 1

}

= µ0j .

▲♦❣♦ limλ→∞ µλj ≤ µ0j✳ P❛r❛ ❝♦♥❝❧✉✐r♠♦s ❛ ❞❡♠♦♥str❛çã♦✱ r❡st❛ ♠♦str❛r q✉❡ ♥ã♦

♦❝♦rr❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡str✐t❛✳



✶✼

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡

µ̃ := lim
λ→∞

µλj < µ0j

✭✈❛❧❡ r❡ss❛❧t❛r q✉❡ ❡st❡ ❧✐♠✐t❡ ❡①✐st❡ ♣♦rq✉❡ µλj é ✉♠❛ ❢✉♥çã♦ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡

❞❡ λ✮✳

❚♦♠❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ q✉❛❧q✉❡r (λn)n∈N ❝♦♠ λn → ∞✳ ❊♥tã♦ ❞❡✈❡♠♦s t❡r

lim
n→∞

µλnj = µ̃ < µ0j

P❛r❛ ❝❛❞❛ n✱ s❡❥❛ uλn
∈ H1(Ω′

j) ✉♠❛ ❛✉t♦❢✉♥çã♦ ❞❡ ✭✶✳✼✮✱ ❝♦♠ λ = λn✱ ❛ss♦❝✐❛❞❛

❛♦ ❛✉t♦✈❛❧♦r µλnj✱ ✐st♦ é✱

−∆uλn
+ (λnV (x) + Z(x))uλn

= µλnjuλn
❡♠ Ω′

j,
∂uλn

∂η
= 0 ❡♠ ∂Ω′

j.
✭✶✳✽✮

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡

|uλn
|2,Ω′

j
= 1 , ∀n ∈ N . ✭✶✳✾✮

◆♦t❡ q✉❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ❞❡ ✭✶✳✽✮ ❡ ✉s❛♥❞♦ uλn
∈ H1(Ω′

j) ❝♦♠♦ ❢✉♥çã♦

t❡st❡✱

|∇uλn
|22,Ω′

j
+

∫

Ω′
j

(λnV (x) + Z(x))u2
λn

= µλnj|uλn
|22,Ω′

j
,

❞♦♥❞❡

|∇uλn
|22,Ω′

j
+ λn

∫

Ω′
j

V (x)u2
λn

≤

(

max
x∈Ω′

j

|Z(x)| + µλnj

)

|uλn
|22,Ω′

j

= max
x∈Ω′

j

|Z(x)| + µ̃ , ✭✶✳✶✵✮

❥á q✉❡ Z é ❝♦♥tí♥✉❛✱ µ̃ ≥ µλnj ❡ ♣♦r ✭✶✳✾✮✳ ▲♦❣♦ ❛ s❡q✉ê♥❝✐❛ (uλn
)n∈N é ❧✐♠✐t❛❞❛

❡♠ H(Ω′
j) ≡ H1(Ω′

j) ❡ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ q✉❡ t❛♠❜é♠

❞❡♥♦t❛r❡♠♦s ♣♦r (uλn
)n∈N✱ ❡ ✉♠❛ ❢✉♥çã♦ u0 ∈ H1(Ω′

j) t❛✐s q✉❡

uλn
⇀ u0 ❡♠ H1(Ω′

j) . ✭✶✳✶✶✮

▼❛✐s ❛✐♥❞❛✱ ❝♦♠♦ H1(Ω′
j) ❡stá ✐♠❡rs♦ ❝♦♠♣❛❝t❛♠❡♥t❡ ❡♠ L2(Ω′

j)✱ t❡♠♦s t❛♠❜é♠

uλn
→ u0 ❡♠ L2(Ω′

j) . ✭✶✳✶✷✮



✶✽

❆✜r♠❛♠♦s q✉❡ u0 ♣❡rt❡♥❝❡ ❛ H1
0 (Ω′

j) ❡ é ✉♠❛ ❛✉t♦❢✉♥çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✶✮

❛ss♦❝✐❛❞❛ ❛♦ ❛✉t♦✈❛❧♦r µ̃✳ ❉❡ ❢❛t♦✱ ♣r✐♠❡✐r❛♠❡♥t❡ ♥♦t❡ q✉❡✱ ♣♦r ✭✶✳✾✮ ❡ ✭✶✳✶✷✮ t❡♠♦s

1 = lim
n→∞

|uλn
|2,Ω′

j
= |u0|2,Ω′

j
,

✐st♦ é✱ u0 6= 0✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r ✭✶✳✶✵✮✱ t❡♠♦s

lim
n→∞

λn

∫

Ω′
j

V (x)u2
λn
<∞ ,

❞♦♥❞❡✱ ❝♦♠♦ λn → ∞✱

lim
n→∞

∫

Ω′
j

V (x)u2
λn

= 0 .

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ V ∈ L∞(Ω′
j)✱ ❡♥tã♦

lim
n→∞

∫

Ω′
j

V (x)u2
λn

=

∫

Ω′
j

V (x)u2
0 .

P♦rt❛♥t♦✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡✱

∫

Ω′
j

V (x)u2
0 = 0 ,

❡ ❞❛í✱ ✉s❛♥❞♦ (V 1) − (V 2)✱

∫

Ω′
j\Ωj

V (x)u2
0 =

∫

Ω′
j

V (x)u2
0 = 0 ,

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ u0

∣

∣

Ω′
j\Ωj

≡ 0 ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝♦♠♦ Ωj t❡♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱

u0 ∈ H1
0 (Ωj) ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♥♦ s❡♥t✐❞♦ ❞♦ tr❛ç♦✱

u0 ≡ 0 ❡♠ ∂Ωj . ✭✶✳✶✸✮

❆❣♦r❛✱ ♣❛r❛ q✉❛❧q✉❡r ϕ ∈ C∞
c (Ωj)✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ❞❡ ✭✶✳✽✮✱ t❡♠♦s

∫

Ωj

∇uλn
∇ϕ+ Z(x)uλn

ϕ = µλnj

∫

Ωj

uλn
ϕ .

▲♦❣♦✱ ❢❛③❡♥❞♦ n→ ∞ ♥❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ✉s❛♥❞♦ ✭✶✳✶✶✮✱

∫

Ωj

∇u0∇ϕ+ Z(x)u0ϕ = µ̃

∫

Ωj

u0ϕ , ∀ ϕ ∈ C∞
c (Ωj) .

❆ss✐♠✱ ❝♦♠♦ C∞
c (Ωj) é ❞❡♥s♦ ❡♠ H1

0 (Ωj)✱ u0 s❛t✐s❢❛③

−∆u0 + Z(x)u0 = µ̃u0 . ✭✶✳✶✹✮



✶✾

❉❡ss❛ ❢♦r♠❛✱ ♣♦r ✭✶✳✶✹✮ ❡ ✭✶✳✶✸✮✱ u0 ∈ H1
0 (Ωj) é ✉♠❛ ❛✉t♦❢✉♥çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✶✮

❛ss♦❝✐❛❞❛ ♦ ❛✉t♦✈❛❧♦r µ̃ < µ0j✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ❤❛❥❛ ✈✐st♦ q✉❡ µ0j é ♦ ♣r✐♠❡✐r♦

❛✉t♦✈❛❧♦r ❞❡ ✭✶✳✶✮✳ ▲♦❣♦ ❞❡✈❡♠♦s t❡r µ̃ = µ0j✳

�

❱♦❧t❡♠♦s à ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸ ❝♦♠ Θ = Ω′
j✳

❙❡❥❛ C ′ := 1
2
min1≤j≤3 µ0j > 0 ✳ ❊♥tã♦ C1 >

1
C′ s❛t✐s❢❛③ ❛ ❝♦♥❝❧✉sã♦ ❞❛ ♣r♦♣♦s✐çã♦✳

❉❡ ❢❛t♦✱ ❡s❝♦❧❤❛♠♦s λ1 ≥ 1 t❛❧ q✉❡ µλ1j ≥
1
2
µ0j✱ ♣❛r❛ t♦❞♦ j = 1, 2, 3 ✭♥♦t❡ q✉❡ t❛❧

♥ú♠❡r♦ ❡①✐st❡ ♣♦✐s µλj é ❢✉♥çã♦ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❞❡ λ✮✳ ❆ss✐♠✱ ❝♦♠♦ µλ1j é ♦

♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞❡ ✭✶✳✼✮ ❝♦♠ λ = λ1✱ t❡♠♦s✱ ♣❛r❛ t♦❞♦ u ∈ H(Ω′
j) ❡ t♦❞♦ λ ≥ λ1 ✱

1

C1

|u|22,Ω′
j

≤
1

2
µ0j|u|

2
2,Ω′

j

≤ µλ1j|u|
2
2,Ω′

j

≤

∫

Ω′
j

|∇u|2 + (λ1V (x) + Z(x))u2

≤

∫

Ω′
j

|∇u|2 + (λV (x) + Z(x))u2 ,

✐st♦ é✱

|u|22,Ω′
j
≤ C1

∫

Ω′
j

|∇u|2 + (λV (x) + Z(x))u2 .

P♦rt❛♥t♦✱ ❝♦♠♦ j é ❛r❜✐trár✐♦✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦ ♣❛r❛ t♦❞♦ Ω′
j✱ j ∈ {1, 2, 3}✳

❆♥t❡s ❞❡ ♠♦str❛r♠♦s ♦s ❝❛s♦s r❡st❛♥t❡s✱ ♣r♦✈❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦

Θ = R
N\
⋃

1≤j≤3 Ω′
j✳

P❛r❛ ❝❛❞❛ µ ∈ (0,M0 ]✱ s❡❥❛

Aµ = {x ∈ Θ ; V (x) ≤ µ} .

❈♦♠♦ V (x) > 0 ❡♠ Θ ❛ ♠❡♥♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✱ ❛ s❛❜❡r✱
⋃

1≤j≤3

∂Ω′
j✱

✉s❛♥❞♦ (V 3) t❡♠♦s

lim
µ→0

|Aµ| =

∣

∣

∣

∣

∣

⋂

µ↓0

Aµ

∣

∣

∣

∣

∣

= 0 . ✭✶✳✶✺✮

◆♦t❡ t❛♠❜é♠ q✉❡ ♣❛r❛ q✉❛❧q✉❡r µ ∈ (0,M0 ]✱ ❡①✐st❡ λ0(µ) ≥ 1 t❛❧ q✉❡

1 ≤ λV (x) + Z(x) +M2χAµ
(x) , ∀ x ∈ Θ, ∀ λ ≥ λ0(µ) , ✭✶✳✶✻✮



✷✵

♦♥❞❡ M2 = M1(M0 + 1) + 1✳ ❈♦♠ ❡❢❡✐t♦✱ ✜①❡♠♦s µ ∈ (0,M0 ] ❛r❜✐tr❛r✐❛♠❡♥t❡✳ ❙❡

x ∈ Aµ ✱ ❡♥tã♦ V (x) ≤ µ ❡ ♣♦r (Z2)

|Z(x)| ≤M1(V (x) + 1) ≤M1(M0 + 1) .

❆ss✐♠

1 ≤ 1 + Z(x) + |Z(x)| ≤ Z(x) +M2 ≤ λV (x) + Z(x) +M2 ,

♦✉ s❡❥❛✱ ✭✶✳✶✻✮ ✈❛❧❡ ♣❛r❛ x ∈ Aµ ❡ λ ≥ 1✳ ❙❡ x ∈ Θ\Aµ✱ ❡♥tã♦ V (x) > µ ❡ t♦♠❛♥❞♦

λ0(µ) = M1(1 + 1
µ
) + 1

µ
✱ s❡❣✉❡ q✉❡✱ ♣♦r (Z2)✱

1 ≤ 1 + |Z(x)| + Z(x)

≤ 1 +M1(V (x) + 1) + Z(x)

≤

[

1

V (x)
+M1

(

1 +
1

V (x)

)]

V (x) + Z(x)

≤

[

1

µ
+M1

(

1 +
1

µ

)]

V (x) + Z(x)

≤ λV (x) + Z(x) ,

♣❛r❛ t♦❞♦ λ ≥ λ0(µ)✳ ▲♦❣♦ ✭✶✳✶✻✮ é ✈á❧✐❞❛ t❛♠❜é♠ ♣❛r❛ t♦❞♦ x ∈ Θ\Aµ ❡✱ ♣♦rt❛♥t♦✱

♣❛r❛ t♦❞♦ x ❡♠ Θ✳

❆❣♦r❛ ✜①❡♠♦s u ∈ H(Θ) ❛r❜✐tr❛r✐❛♠❡♥t❡✳

❋✐①❡♠♦s✷ t❛♠❜é♠ r ∈ (2, 2∗)✳ ❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦ ❢❛t♦ ❞❡ Aµ ⊂ A

t❡r✱ ♣♦r (V 3)✱ ♠❡❞✐❞❛ ✜♥✐t❛ ❡ ❛ ■♠❡rsã♦ ❞❡ ❙♦❜♦❧❡✈ H1(Θ) →֒ Lr(Θ) ✭❝✉❥❛ ❝♦♥st❛♥t❡

❞❡ ✐♠❡rsã♦ ❞❡♥♦t❛r❡♠♦s ♣♦r C∗✮ t❡♠♦s✱ ♣❛r❛ t♦❞♦ µ ∈ (0,M0 ]✱
∫

Aµ

u2 ≤ |Aµ|
1− 2

r |u|2r,Aµ

≤ |Aµ|
1− 2

r |u|2r,Θ

≤ C2
∗ |Aµ|

1− 2
r ||u||2Θ .

◆♦ q✉❡ s❡❣✉❡✱ ❢❛r❡♠♦s Cµ = C2
∗ |Aµ|

1− 2
r ✳ ❆ ♣❛rt✐r ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ♣♦r ✭✶✳✶✻✮

t❡♠♦s✱ ♣❛r❛ ❝❛❞❛ µ ❡ λ ≥ λ0(µ)✱
∫

Aµ

u2 ≤ Cµ

∫

Θ

|∇u|2 + u2 ≤ Cµ

∫

Θ

|∇u|2 + (λV (x) + Z(x) +M2χAµ
)u2

= Cµ

∫

Θ

|∇u|2 + (λV (x) + Z(x))u2 + CµM2

∫

Aµ

u2 .

✷❊st❡s ✈❛❧♦r❡s ❣❛r❛♥t❡♠ ❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s H1(Θ) →֒ Lr(Θ) ❡ Lr(Aµ) →֒ L2(Aµ)✱ ♣♦✐s

|Aµ| < ∞✳



✷✶

✐st♦ é✱

(1 −M2Cµ)

∫

Aµ

u2 ≤ Cµ

∫

Θ

|∇u|2 + (λV (x) + Z(x))u2 . ✭✶✳✶✼✮

♣❛r❛ ❝❛❞❛ µ ❡ λ ≥ λ0(µ)✳

P♦r ✭✶✳✶✺✮ ❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ Cµ✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r µ0 ∈ (0,M0 ] s✉✜❝✐❡♥t❡♠❡♥t❡

♣❡q✉❡♥♦ t❛❧ q✉❡

M2Cµ0 ≤
1

2
. ✭✶✳✶✽✮

❙❡❥❛ λ1 = M1(1 + 1
µ0

) + 1
µ0

✳ ❊♥tã♦✱ ♣♦r ✭✶✳✶✼✮ ❡ ✭✶✳✶✽✮ t❡♠♦s✱ ♣❛r❛ µ0 ❡ λ ≥ λ1✱

∫

Aµ0

u2 ≤ 2Cµ0

∫

Θ

|∇u|2 + (λV (x) + Z(x))u2 . ✭✶✳✶✾✮

P♦r ✜♠✱ ❝❛❧❝✉❧❡♠♦s |u|22,Θ✳

❚❡♥❞♦ ❡♠ ✈✐st❛ ✭✶✳✶✻✮ ❡ ✉s❛♥❞♦ µ0 t❡♠♦s✱ ♣❛r❛ λ ≥ λ1✱

|u|22,Θ ≤

∫

Θ

(λV (x) + Z(x))u2 +M2

∫

Aµ0

u2 .

▼❛✐s ❛✐♥❞❛✱ ✉s❛♥❞♦ ✭✶✳✶✾✮ ❡ ✭✶✳✶✽✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

|u|22,Θ ≤

∫

Θ

|∇u|2 + (λV (x) + Z(x))u2 +M2

∫

Aµ0

u2

≤ (1 + 2M2Cµ0)

∫

Θ

|∇u|2 + (λV (x) + Z(x))u2

≤ 2

∫

Θ

|∇u|2 + (λV (x) + Z(x))u2 .

P♦rt❛♥t♦✱ ❝♦♠♦ u é ❛r❜✐trár✐❛✱ ✈❛❧❡ ❛ Pr♦♣♦s✐çã♦ ✶✳✸ t❛♠❜é♠ ♣❛r❛ ❡ss❡ ❝❛s♦✱ ❝♦♠

C1 = 2✳

❋✐♥❛❧♠❡♥t❡✱ s✉♣♦♥❤❛♠♦s q✉❡ Θ = R
N\
⋃

j∈J

Ω′
j ✱ ♦♥❞❡ J ⊆ {1, 2, 3} é ❛r❜✐trár✐♦

✭❡♠ ♣❛rt✐❝✉❧❛r✱ tr❛t❛r❡♠♦s ♦ ❝❛s♦ Θ = R
N ✱ ♣♦✐s ❡st❡ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ t♦♠❛r♠♦s

J = ∅ ✮✳

❉❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ J ⊆ {1, 2, 3} q✉❛❧q✉❡r✱ s❡❥❛ J ′ := {1, 2, 3}\J ✳ ❊♥tã♦✱



✷✷

♣❡❧♦s ❝❛s♦s ♠♦str❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✱ t❡♠♦s✱ ♣❛r❛ t♦❞♦ u ∈ H(Θ)✱

|u|22,Θ =
∑

j∈J ′

|u|22,Ω′
j
+ |u|22,RN\

⋃

1≤j≤3

Ω′
j

≤ C1

(

∑

j∈J ′

∫

Ω′
j

(|∇u|2 + (λV (x) + Z(x))u2) +

+

∫

RN\
⋃

1≤j≤3

Ω′
j

(|∇u|2 + (λV (x) + Z(x))u2)





= C1

∫

Θ

|∇u|2 + (λV (x) + Z(x))u2 .

�

P❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛

< ., . >λ: H(Θ) ×H(Θ) → R

(u, v) 7→ < u, v >λ=

∫

Θ

∇u∇v + (λV (x) + Z(x))uv

é ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ ❡♠ H(Θ)✱ ♣❛r❛ t♦❞♦ λ ≥ λ1✳ ❆ss✐♠✱ ❛ ❛♣❧✐❝❛çã♦

||.||λ,Θ : H(Θ) → R

u 7→ ||u||2λ,Θ =

∫

Θ

|∇u|2 + (λV (x) + Z(x))u2

❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ H(Θ)✱ ♣❛r❛ t♦❞♦ λ ≥ λ1 ❡ ♣❛r❛ t♦❞♦ Θ ❡♠ ✭✶✳✻✮✳ ◗✉❛♥❞♦

Θ = R
N ✱ ❡s❝r❡✈❡r❡♠♦s s✐♠♣❧❡s♠❡♥t❡ ||.||λ := ||.||λ,RN ✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❣❛r❛♥t❡ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❛s ♥♦r♠❛s ||.||H(Θ) ❡ ||.||λ,Θ ✳

❆♥t❡s ❡♥✉♥❝✐á✲❧♦✱ ❢❛ç❛♠♦s ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s✳

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡

λ1 ≥ 2M1(1 +
1

M0

) .

❆ss✐♠✱ s❡ x ∈ Θ s❛t✐s❢❛③ V (x) > M0 ✱ ❡♥tã♦✱ ♣♦r (Z2)✱

2|Z(x)| ≤ 2M1(V (x) + 1) < 2M1(1 +
1

M0

)V (x) ≤ λ1V (x) ,

♦✉ s❡❥❛✱

|Z(x)| ≤ 2|Z(x)| + Z(x) ≤ λV (x) + Z(x) , ✭✶✳✷✵✮

♣❛r❛ t♦❞♦ x ∈ Θ t❛❧ q✉❡ V (x) > M0 ❡ ♣❛r❛ t♦❞♦ λ ≥ λ1 ✳



✷✸

❆❧é♠ ❞✐ss♦✱ ✉♠❛ ✈❡③ q✉❡ M1 > 1✱ t❡♠♦s

λ1 = 2M1

(

1 +
1

M0

)

> M1

(

1 +
1

M0

)

+
1

M0

,

❡ ❡♥tã♦✱ ❞❡ ✭✶✳✶✻✮✱ s❡ x ∈ Θ é t❛❧ q✉❡ V (x) ≤M0✱ t❡♠♦s

0 ≤ λV (x) + Z(x) +M1(M0 + 1) , ∀λ ≥ λ1 . ✭✶✳✷✶✮

❊ss❛s ♦❜s❡r✈❛çõ❡s ♥♦s ❛❥✉❞❛rã♦ ❛ ❞❡♠♦♥str❛r ♦

❈♦r♦❧ár✐♦ ✶✳✺ ❊①✐st❡ C2 > 0 ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λ ≥ λ1 t❛❧ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦

Θ ❡♠ ✭✶✳✻✮ ❡ q✉❛❧q✉❡r u ∈ H(Θ)✱

∫

Θ

|Z(x)|u2 ≤ C2||u||
2
λ,Θ , ✭✶✳✷✷✮

∫

Θ

V (x)u2 ≤ C2||u||
2
λ,Θ . ✭✶✳✷✸✮

▼❛✐s ❛✐♥❞❛✱ ❡①✐st❡♠ C3,λ, C
′
3,λ > 0 t❛✐s q✉❡

C3,λ||u||H(Θ) ≤ ||u||λ,Θ ≤ C ′
3,λ||u||H(Θ) , ∀ u ∈ H(Θ) . ✭✶✳✷✹✮

❉❡♠♦♥str❛çã♦✿

❙❡❥❛♠ Θ ❡♠ ✭✶✳✻✮✱ u ∈ H(Θ) ❡ λ ≥ λ1 q✉❛✐sq✉❡r✳

Pr✐♠❡✐r❛♠❡♥t❡ ♠♦str❛r❡♠♦s q✉❡ ✈❛❧❡ ✭✶✳✷✷✮✳

❙❡❥❛♠ ♦s ❝♦♥❥✉♥t♦s AM0 = {x ∈ Θ;V (x) ≤ M0} ❡ BM0 = {x ∈ Θ;V (x) > M0}✳

◆♦t❡ q✉❡ AM0 ∪BM0 = Θ✳

❯s❛♥❞♦ ✭✶✳✷✵✮ ❡ ✭✶✳✷✶✮✱ t❡♠♦s

∫

BM0

|Z(x)|u2 ≤

∫

BM0

(λV (x) + Z(x))u2

≤

∫

BM0

(λV (x) + Z(x))u2 +

∫

Θ

|∇u2| +

+

∫

AM0

(λV (x) + Z(x))u2 +M1(M0 + 1)

∫

AM0

u2

≤ ||u||2λ,Θ +M1(M0 + 1)

∫

Θ

u2 ,

❞♦♥❞❡✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱

∫

BM0

|Z(x)|u2 ≤ [C1M1(M0 + 1) + 1] ||u||2λ,Θ . ✭✶✳✷✺✮



✷✹

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r (Z2) ❡ ♥♦✈❛♠❡♥t❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱
∫

AM0

|Z(x)|u2 ≤

∫

AM0

M1(V (x) + 1)u2

≤ M1(M0 + 1)|u|22,Θ

≤ C1M1(M0 + 1)||u||2λ,Θ . ✭✶✳✷✻✮

▲♦❣♦✱ ♣♦r ✭✶✳✷✺✮ ❡ ✭✶✳✷✻✮
∫

Θ

|Z(x)|u2 ≤ [2C1M1(M0 + 1) + 1] ||u||2λ,Θ ,

❡ s❡❣✉❡ ❛ ❡st✐♠❛t✐✈❛ ✭✶✳✷✷✮✳

P❛r❛ ✈❡r✐✜❝❛r ✭✶✳✷✸✮✱ ❜❛st❛ ♥♦t❛r q✉❡✱ ✉s❛♥❞♦ ❛ ú❧t✐♠❛ ❡st✐♠❛t✐✈❛✱
∫

Θ

V (x)u2 ≤

∫

Θ

λV (x)u2 ≤

∫

Θ

(λV (x) + Z(x))u2 +

∫

Θ

|Z(x)|u2

≤ ||u||2λ,Θ +

∫

Θ

|Z(x)|u2

≤ [2C1M1(M0 + 1) + 2] ||u||2λ,Θ .

P♦rt❛♥t♦✱ ❛ ❝♦♥st❛♥t❡ C2 ❞♦ ❡♥✉♥❝✐❛❞♦ ♣♦❞❡ s❡r t♦♠❛❞❛ ❝♦♠♦ C2 = 2C1M1(M0+1)+2✳

P❛r❛ ❝♦♥❝❧✉✐r♠♦s✱ ✈❡❥❛♠♦s ✭✶✳✷✹✮✳ ◆♦t❡ q✉❡✱ ♣♦r ✭✶✳✷✷✮ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✱

||u||2H(Θ) ≤

∫

Θ

|∇u|2 + (λV (x) + Z(x))u2 +

∫

Θ

|Z(x)|u2 +

∫

Θ

u2

≤ ||u||2λ,Θ + C2||u||
2
λ,Θ + C1||u||

2
λ,Θ

= (1 + C1 + C2)||u||
2
λ,Θ ,

❡

||u||2λ,Θ ≤ λ

(∫

Θ

|∇u|2 + V (x)u2 + |Z(x)|u2

)

≤ λ

(∫

Θ

|∇u|2 + V (x)u2 +M1(V (x) + 1)u2

)

≤ λ

(∫

Θ

|∇u|2 + (M1 + 1)(V (x) + 1)u2

)

≤ λ(M1 + 1)||u||2H(Θ) .

P♦rt❛♥t♦✱ ❢❛③❡♥❞♦ C3,λ = (C1 + C2 + 1)−
1
2 ❡ C ′

3,λ = [λ(M1 + 1)]−
1
2 ✱ ♦❜t❡♠♦s ✭✶✳✷✹✮ ❡✱

❛ss✐♠✱ ♦ ❝♦r♦❧ár✐♦ ❡stá ❞❡♠♦♥str❛❞♦✳

�

❖ ♣ró①✐♠♦ ❝♦r♦❧ár✐♦ ♥♦s ❢♦r♥❡❝❡rá ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉✐t♦ út✐❧ ❡♠ ♥♦ss♦s ❡st✉❞♦s✳



✷✺

❈♦r♦❧ár✐♦ ✶✳✻ ❉❛❞♦ δ0 ∈ (0, 1) ✱ ❡①✐st❡ ν0 ∈ (0, 1) t❛❧ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ Θ

❡♠ ✭✶✳✻✮✱

δ0||u||
2
λ,Θ ≤ ||u||2λ,Θ − pν0|u|

2
2,Θ , ∀u ∈ H(Θ) , ∀λ ≥ λ1 .

❉❡♠♦♥str❛çã♦✿

❋✐①❛❞♦ δ0 ∈ (0, 1) ✱ ❜❛st❛ t♦♠❛r

ν0 =
1 − δ0
pC1

> 0 ,

♦♥❞❡ C1 é ❛ ❝♦♥st❛♥t❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✳ ▲♦❣♦

C1 =
1 − δ0
pν0

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳

�

✶✳✷ ❋✉♥❝✐♦♥❛❧ ▼♦❞✐✜❝❛❞♦ ❡ ❛ ❈♦♥❞✐çã♦ ❞❡

P❛❧❛✐s✲❙♠❛❧❡

◆❡st❛ s❡çã♦✱ ❞❛r❡♠♦s✱ ❡❢❡t✐✈❛♠❡♥t❡✱ ♦s ♣r✐♠❡✐r♦s ♣❛ss♦s ❡♠ ❞✐r❡çã♦ à ❞❡♠♦♥str❛✲

çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✳

❙❡❣✉✐♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❞❡ ❉✐♥❣ & ❚❛♥❛❦❛ ❬✶✾❪✱ ❢❛r❡♠♦s ✉♠❛ ♠♦❞✐✜❝❛çã♦ ♥❛

♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ❞♦ ❢✉♥❝✐♦♥❛❧ Υλ ✱ ❞❡✜♥✐❞♦ ♥♦ ✐♥í❝✐♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ ♣❛r❛ ♦❜t❡r♠♦s ❛s

❡st✐♠❛t✐✈❛s ❞♦ ❚❡♦r❡♠❛ ✶✳✶✳

❋✐①❡♠♦s δ0 ∈ (0, 1) ❡ s❡❥❛ ν0 ❛ ❝♦♥st❛♥t❡ ❞❛❞❛ ♥♦ ❈♦r♦❧ár✐♦ ✶✳✻✳ ❉❡✜♥❛♠♦s

f : R → R ♣♦r

f(ξ) =







min{ν0ξ, ξ
p}, ξ ≥ 0,

0, ξ < 0,

=



















ν0ξ, ξ ≥ ν0

1
p−1 ,

ξp, 0 ≤ ξ ≤ ν0

1
p−1 ,

0, ξ < 0.

❉❡✜♥❛♠♦s t❛♠❜é♠ F : R → R ♣♦r

F (ξ) =

∫ ξ

0

f(s)ds =



















1
p+1

ν0

p+1
p−1 + 1

2
ν0(ξ

2 − ν0

2
p−1 ), ξ ≥ ν0

1
p−1 ,

1
p+1

ξp+1, 0 ≤ ξ ≤ ν0

1
p−1 ,

0, ξ < 0.



✷✻

❆ ♣❛rt✐r ❞❛q✉✐✱ s✉♣♦r❡♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ J = {1, 2}✳ P♦♥❤❛♠♦s

ΩJ = Ω1 ∪ Ω2 ❡ Ω′
J = Ω′

1 ∪ Ω′
2 .

❡

χJ(x) =







1, x ∈ Ω′
J ,

0, x /∈ Ω′
J .

❙❡❥❛♠ ❛s ❢✉♥çõ❡s g,G : R
N × R → R ❞❛❞❛s ♣♦r

g(x, ξ) = χJ(x)ξp
+ + (1 − χJ(x))f(ξ) ,

❡

G(x, ξ) =

∫ ξ

0

g(x, s)ds =
χJ(x)

p+ 1
ξp+1
+ + (1 − χJ(x))F (ξ) ,

❡ ❝♦♥s✐❞❡r❡♠♦s ♦ ❢✉♥❝✐♦♥❛❧ Φλ : H → R ❞❛❞♦ ♣♦r

Φλ(u) =
1

2

∫

RN

|∇u|2 + (λV (x) + Z(x))u2 −

∫

RN

G(x, u) .

❙♦❜ ❛s ❝♦♥❞✐çõ❡s (V 1)−(V 3)✱ (Z1)−(Z3) ❡ ♣❡❧❛s ❞❡✜♥✐çõ❡s ❞❡ g ❡ G✱ ♦ ❢✉♥❝✐♦♥❛❧

Φλ é ❞❡ ❝❧❛ss❡ C1(H,R) ❡ s❡✉s ♣♦♥t♦s ❝rít✐❝♦s sã♦ s♦❧✉çõ❡s ♥ã♦✲♥❡❣❛t✐✈❛s ❞♦ ♣r♦❜❧❡♠❛

−∆u+ (λV (x) + Z(x))u = g(x, u) ❡♠ R
N . ✭✶✳✷✼✮

◆♦t❡ q✉❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ g✱ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Φλ é ✉♠❛ s♦❧✉çã♦ ❞❡ (Pλ)

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ u(x) ≤ ν0

1
p−1 ❡♠ R

N\Ω′
J ✳

❖ ♦❜❥❡t✐✈♦ ❞❛ ❝♦♥str✉çã♦ ❞♦ ❢✉♥❝✐♦♥❛❧ Φλ ✱ é ❡✈✐t❛r q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s♦❧✉çõ❡s

(uλn
) ⊂ H1(RN) ❞❡ ✭✶✳✷✼✮ ❝♦♠ λ = λn ✱ lim

n→∞
λn = ∞ ✱ ♣♦ss✉❛ s✉❜s❡q✉ê♥❝✐❛s q✉❡

❝♦♥✈✐r❥❛♠ ♣❛r❛ s♦❧✉çõ❡s ♥ã♦✲♥✉❧❛s ❞❡ ✭✶✳✺✮✱ ❝♦♠ j = 3✳ ❊ss❛ ♦❜s❡r✈❛çã♦ t♦r♥❛r✲s❡✲á

♠❛✐s ❝❧❛r❛ ♥♦ ❞❡❝♦rr❡r ❞♦ tr❛❜❛❧❤♦✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡ ♥❛ Pr♦♣♦s✐çã♦ ✶✳✾✳

❆♥t❡s ❞❡ ♠♦str❛r♠♦s ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡✸ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ Φλ✱ ✈❡❥❛♠♦s

♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✶✳✼ ❙✉♣♦♥❤❛ q✉❡ ❛s s❡q✉ê♥❝✐❛s (un)n∈N ⊂ H ❡ (λn)n∈N ⊂ [λ1,∞) s❛t✐s❢❛ç❛♠

Φλn
(un) → c , ✭✶✳✷✽✮

||Φ′
λn

(un)||∗λn
→ 0 , ✭✶✳✷✾✮

✸❱❡r ❆♣ê♥❞✐❝❡ ❆✱ ❙❡çã♦ ❆✳✸✳



✷✼

♦♥❞❡

||f ||∗λ = sup
ϕ∈H , ||ϕ||λ≤1

|f(ϕ)| , ♣❛r❛ f ∈ H′ .

❊♥tã♦ ❡①✐st❡♠ ❝♦♥st❛♥t❡s m = m(c) ❡ M = M(c)✱ q✉❡ ✐♥❞❡♣❡♥❞❡♠ ❞❛s s❡q✉ê♥❝✐❛s

t♦♠❛❞❛s✱ t❛✐s q✉❡

m≤ lim inf ||un||
2
λn
≤ lim sup ||un||

2
λn
≤M. ✭✶✳✸✵✮

▼❛✐s ❛✐♥❞❛✱ m é ♣♦s✐t✐✈❛ s❡ c ♦ ❢♦r✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ ❛ s❡q✉ê♥❝✐❛ (λn)n∈N é ❝♦♥st❛♥t❡

❝♦♠ λn = λ ≥ λ1✱ ♣❛r❛ t♦❞♦ n ∈ N✱ ❡♥tã♦ (un)n∈N ∈ H é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ❞❡ Φλ✱

✐st♦ é✱ s❛t✐s❢❛③

Φλ(un) → c , ✭✶✳✸✶✮

Φ′
λ(un) → 0 ❡♠ H′ , ✭✶✳✸✷✮

❡ ✈❛❧❡ ❛ ❡st✐♠❛t✐✈❛ ✭✶✳✸✵✮✳

❉❡♠♦♥str❛çã♦✿

❙❡❥❛♠ (uλn
) ⊂ H ❡ (λn)n∈N ⊂ [λ1,∞) s❡q✉ê♥❝✐❛s q✉❛✐sq✉❡r s❛t✐s❢❛③❡♥❞♦ ✭✶✳✷✽✮ ❡

✭✶✳✷✾✮✳ ❊♥tã♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

Φλn
(un) = on(1) + c e

Φ′
λn

(un)un

||un||λn

= ε̃n , ✭✶✳✸✸✮

♦♥❞❡ (ε̃n)n∈N ⊂ R é ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ ③❡r♦✳ ▲♦❣♦ ✈❛❧❡ ❛ ✐❣✉❛❧❞❛❞❡

Φλn
(un) −

1

p+ 1
Φ′

λn
(un)un = c+ on(1) + εn||un||λn

,

♦♥❞❡ εn = − ε̃n

p+1
✱ ♣❛r❛ t♦❞♦ n ∈ N ✳ ❆ss✐♠✱ ✉s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ Φλn

❡ ❞❡ Φ′
λn

✱

(

1

2
−

1

p+ 1

)

||un||
2
λn

−

∫

RN\Ω′
J

F (un) −
f(un)un

p+ 1
= Φλn

(un) −
1

p+ 1
Φ′

λn
(un)un

= c+ on(1) + εn||un||λn
. ✭✶✳✸✹✮

❖❜s❡r✈❡♠♦s q✉❡✱ ♣❡❧❛s ❞❡✜♥✐çõ❡s ❞❡ F ❡ f ✱

F (ξ) −
1

p+ 1
f(ξ)ξ =

(

1

2
−

1

p+ 1

)

ν0(ξ
2 − ν

2
p+1

0 ) , ∀ ξ ∈ [ν
1

p+1

0 ,∞) ,

❡

F (ξ) −
1

p+ 1
f(ξ)ξ = 0 , ∀ ξ ∈ [0, ν

1
p+1

0 ] ,

❞♦♥❞❡

F (ξ) −
1

p+ 1
f(ξ)ξ ≤

(

1

2
−

1

p+ 1

)

ν0ξ
2 , ∀ ξ ≥ 0 .



✷✽

P♦rt❛♥t♦✱ ❞❡ ✭✶✳✸✹✮✱

(

1

2
−

1

p+ 1

)

(||un||
2
λn

− ν0|un|
2
2) ≤ c+ on(1) + εn||un||λn

❡✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✻✱

0 <

(

1

2
−

1

p+ 1

)

δ0||un||
2
λn

≤ c+ on(1) + εn||un||λn
.

❉❡ss❛ ❢♦r♠❛✱ ❛ s❡q✉ê♥❝✐❛ (||un||λn
)n∈N é ❧✐♠✐t❛❞❛ ❡

lim sup ||un||
2
λn

≤M :=

(

1

2
−

1

p

)−1

δ−1
0 c . ✭✶✳✸✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱

F (ξ) −
1

p+ 1
f(ξ)ξ ≥ 0 , ∀ ξ ≥ 0 .

❆ss✐♠✱ ♣♦r ✭✶✳✸✹✮✱

lim inf
n→∞

||un||
2
λn

≥ m :=

(

1

2
−

1

p

)−1

c . ✭✶✳✸✻✮

▲♦❣♦✱ ♣♦r ✭✶✳✸✺✮ ❡ ✭✶✳✸✻✮ s❡❣✉❡ ✭✶✳✸✵✮ ❡ ♦ ❧❡♠❛ ❡stá ❞❡♠♦♥str❛❞♦✳

�

❱❡❥❛♠♦s ❛❣♦r❛ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡✹ ♣❛r❛ Φλ✳

Pr♦♣♦s✐çã♦ ✶✳✽ P❛r❛ λ ≥ λ1✱ Φλ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ (PS)c ♣❛r❛ t♦❞♦

c ∈ R✱ ✐st♦ é✱ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ (PS)c ❡♠ H ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡

❡♠ H✳

❉❡♠♦♥str❛çã♦✿

❙❡❥❛♠ c ∈ R ❡ (un)n∈N ⊂ H ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ❞❡ Φλ ✱ ✐st♦ é✱ ✈❛❧❡♠ ✭✶✳✸✶✮ ❡

✭✶✳✸✷✮✳

P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ (un)n∈N é ❧✐♠✐t❛❞❛ ❡♠ H ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡♠ H1(RN)✳

▲♦❣♦✱ ❞❛ r❡✢❡①✐✈✐❞❛❞❡ ❞❡st❡s ❡s♣❛ç♦s✱ ❡①✐st❡ u ∈ H t❛❧ q✉❡

un ⇀ u ❡♠ H ❡ H1(RN)

❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✱

un → u ❡♠ Lr
❧♦❝

(RN) , ♣❛r❛ r ∈ [1, 2∗ ) .

✹❱❡r ❆♣ê♥❞✐❝❡ ❆✱ ❙❡çã♦ ❆✳✸✳



✷✾

▼♦str❡♠♦s q✉❡ un → u ❢♦rt❡♠❡♥t❡ ❡♠ H✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡ q✉❡ ❛ ❢✉♥çã♦ ❧✐♠✐t❡ u é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Φλ ✳ ❉❡ ❢❛t♦✱

✜①❡♠♦s ϕ ∈ C∞
c (RN) ❛r❜✐tr❛r✐❛♠❡♥t❡✳ P♦r ✭✶✳✸✷✮✱

lim
n→∞

Φ′
λ(un)ϕ = 0 . ✭✶✳✸✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ♥❛t✉r❡③❛ ❞❡ ϕ✱ ❛ ❛♣❧✐❝❛çã♦

w ∈ H1(RN) 7−→

∫

RN

∇w∇ϕ+ (λV (x) + Z(x))wϕ

❞❡✜♥❡ ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦ ❡♠H1(RN)✳ ▲♦❣♦✱ ❝♦♠♦ un ⇀ u ❡♠ ♥❡st❡ ❡s♣❛ç♦✱

∫

RN

∇un∇ϕ+ (λV (x) + Z(x))unϕ −→

∫

RN

∇u∇ϕ+ (λV (x) + Z(x))uϕ . ✭✶✳✸✽✮

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ p ∈ [1, 2∗ )✱ ❡♥tã♦ un → u ❢♦rt❡♠❡♥t❡ ❡♠ Lp
❧♦❝

(RN)✱ ❞♦♥❞❡

∫

Ω′
J

un
p
+ϕ −→

∫

Ω′
J

up
+ϕ . ✭✶✳✸✾✮

▼❛✐s ❛✐♥❞❛✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛

∫

RN\Ω′
J

f(un)ϕ −→

∫

RN\Ω′
J

f(u)ϕ ✭✶✳✹✵✮

s❡❣✉❡ ❞❡ un → u ❡♠ L1
❧♦❝

(RN) ❡ ❞❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✸✱ ❛ ❢✉♥çã♦ f̃ : V × R → R✱ ♦♥❞❡

V é ✉♠ ❝♦♠♣❛❝t♦ ❝♦♠ V ⊃ (suppϕ ∩ R
N\Ω′

J) ✱ ❞❛❞❛ ♣♦r

f̃(x, s) = f(s)ϕ(x) , ∀ (x, s) ∈ V × R ,

❞❡✜♥✐r ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ◆❡♠②ts❦✐✐ Nf̃ : L1(RN) → L1(RN) ❝♦♥tí♥✉❛✱ ❥á q✉❡ f̃ é ✉♠❛

❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② s❛t✐s❢❛③❡♥❞♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ f ✱

|f̃(x, s)| ≤ |ϕ|∞|f(s)| ≤ |ϕ|∞ν0|s| , ∀ (x, s) ∈ V × R .

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ✭✶✳✸✽✮✱ ✭✶✳✸✾✮ ❡ ✭✶✳✹✵✮✱ t❡♠♦s

lim
n→∞

Φ′
λ(un)ϕ = Φ′

λ(u)ϕ

❡ t❡♥❞♦ ❡♠ ✈✐st❛ ✭✶✳✸✼✮ ❡ ❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ ϕ ∈ C∞
c (RN)✱

Φ′
λ(u)ϕ = 0 , ∀ ϕ ∈ C∞

c (RN) .



✸✵

❆ss✐♠✱ ❝♦♠♦ C∞
c (RN) é ❞❡♥s♦✺ ❡♠ H✱ s❡❣✉❡ q✉❡ u é ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Φλ✳

❉❡ ✭✶✳✸✷✮ ❡ ❞❛ ❝♦♥❝❧✉sã♦ ❛❝✐♠❛ t❡♠♦s

lim
n→∞

(Φ′
λ(un) − Φ′

λ(u)) (un − u) = 0 ,

✐st♦ é✱

||un − u||2λ −

∫

RN\Ω′
J

(f(un) − f(u))(un − u) =

∫

Ω′
J

(un
p
+ − up

+)(un − u) + on(1) . ✭✶✳✹✶✮

❆❣♦r❛✱ ❝♦♠♦ max
ξ∈R

|f ′(ξ)| ≤ pν0✱ t❡♠♦s t❛♠❜é♠

∫

RN\Ω′
J

(f(un) − f(u))(un − u) ≤ pν0|un − u|22 . ✭✶✳✹✷✮

❊♥tã♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✻✱ ♣♦r ✭✶✳✹✶✮✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ✭t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡

un
p
+, u

p
+ ∈ L

p+1
p (Ω′

J)✮ ❡ ✉s❛♥❞♦ q✉❡ un → u ❡♠ Lp+1(Ω′
J)✱ ♣♦✐s p+ 1 ∈ [1, 2∗ )✱

lim
n→∞

δ0||un − u||2λ ≤ lim
n→∞

(

||un − u||2λ − pν0|un − u|22
)

≤ lim
n→∞

(

||un − u||2λ −

∫

RN\Ω′
J

(f(un) − f(u))(un − u)

)

= lim
n→∞

(

∫

Ω′
J

(un
p
+ − up

+)(un − u) + on(1)

)

≤ lim
n→∞

((

|un
p
+| p+1

p
,Ω′

J
+ |up

+| p+1
p

,Ω′
J

)

|un − u|p+1,Ω′
J

+ on(1)
)

= 0 ,

♦✉ s❡❥❛✱ un → u ❡♠ H✳

❙❡♥❞♦ ❛ss✐♠✱ ❝♦♠♦ c ∈ R ❡ (un)n∈N sã♦ ❛r❜✐trár✐❛s✱ ❛ ♣r♦♣♦s✐çã♦ ❡stá ❞❡♠♦♥s✲

tr❛❞❛✳

�

◆♦t❡ q✉❡ ❛ Pr♦♣♦s✐çã♦ ✶✳✽ ♦s ♣❡r♠✐t❡ ❛♣❧✐❝❛r ✉♠ ❛r❣✉♠❡♥t♦ ❞♦ t✐♣♦ ▼✐♥✐♠❛① ❛♦

❢✉♥❝✐♦♥❛❧ Φλ✳

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ♥♦s ❛✉①✐❧✐❛rá ♥♦ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ s❡q✉ê♥❝✐❛s

(un)n∈N ⊂ H ❡ (λn)n∈N ⊂ [λ1,∞)✱ s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ✭✶✳✷✽✮✱ ✭✶✳✷✾✮ ❝♦♠

λn → ∞ . ✭✶✳✹✸✮

✺❱❡r ❆♣ê♥❞✐❝❡ ❆✱ ▲❡♠❛ ❆✳✾



✸✶

Pr♦♣♦s✐çã♦ ✶✳✾ ❙❡❥❛♠ ❛s s❡q✉ê♥❝✐❛s (un)n∈N ⊂ H✱ (λn)n∈N ⊂ [λ1,∞) s❛t✐s❢❛③❡♥❞♦

❛s ❝♦♥❞✐çõ❡s ✭✶✳✷✽✮✱ ✭✶✳✷✾✮ ❡ ✭✶✳✹✸✮✳ ❊♥tã♦✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

un ⇀ u ❡♠ H ❡ H1(RN) ,

♣❛r❛ ❛❧❣✉♠❛ u ∈ H✳ ▼❛✐s ❛✐♥❞❛✿

✭✐✮ u ≡ 0 ❡♠ R
N\ΩJ ❡ u

∣

∣

Ωj
é ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞❡

−∆u+ Z(x)u = up ❡♠ Ωj,

u = 0 ❡♠ ∂Ωj,
✭✶✳✹✹✮

♣❛r❛ j = 1, 2❀

✭✐✐✮ (un)n∈N ❝♦♥✈❡r❣❡ ♣❛r❛ u ❡♠ ✉♠ s❡♥t✐❞♦ ❢♦rt❡✿

||un − u||λn
→ 0 , ✭✶✳✹✺✮

un → u ❡♠ H ❡ H1(RN) ; ✭✶✳✹✻✮

✭✐✐✐✮ ❛ s❡q✉ê♥❝✐❛ (un)n∈N t❛♠❜é♠ s❛t✐s❢❛③✿

∫

RN

λnV (x)u2
n → 0 , ✭✶✳✹✼✮

Φλn
(un) → IΩJ

(u) , ✭✶✳✹✽✮

||un||
2
λn,RN\Ω′

J
→ 0 , ✭✶✳✹✾✮

||un||
2
λn,Ω′

j
→

∫

Ωj

|∇u|2 + Z(x)u2 , j = 1, 2 , ✭✶✳✺✵✮

♦♥❞❡

IΩJ
(v) =

1

2

∫

ΩJ

|∇v|2 + Z(x)v2 −
1

p+ 1

∫

ΩJ

vp+1
+ .

❉❡♠♦♥str❛çã♦✿

❙❡❥❛♠ ❛s s❡q✉ê♥❝✐❛s (un)n∈N ⊂ H✱ (λn)n∈N ⊂ [λ1,∞) ❝♦♠♦ ♥♦ ❡♥✉♥❝✐❛❞♦✳

P❡❧♦ ▲❡♠❛ ✭✶✳✼✮✱ t❡♠♦s

m≤ lim inf ||un||
2
λn
≤ lim sup ||un||

2
λn
≤M. ✭✶✳✺✶✮

▲♦❣♦ (un)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ H ❡ H1(RN)✱ ❞♦♥❞❡ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

❡①✐st❡ u ∈ H t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

un ⇀ u ❡♠ H ❡ H1(RN) ✭✶✳✺✷✮

un → u ❡♠ Lp
❧♦❝

(RN), ♣❛r❛ t♦❞♦ q ∈ [1, 2∗) ✭✶✳✺✸✮



✸✷

P❛r❛ ♠♦str❛r♠♦s (i)✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦

Cm = {x ∈ R
N ;V (x) ≥

1

m
} ,

♣❛r❛ t♦❞♦ m ∈ N✳

◆♦t❡ q✉❡✱ ♣❛r❛ ♥ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

λn ≤ 2(λn − λ1). ✭✶✳✺✹✮

❆ss✐♠✱ ♣❛r❛ t♦❞♦ m ∈ N✱

∫

Cm

u2
n ≤

∫

Cm

mV (x)u2
n ≤

m

λn

∫

Cm

λnV (x)u2
n

≤
m

λn

∫

RN

2(λn − λ1)V (x)u2
n ≤

2m

λn

∫

RN

(λn − λ1)V (x)u2
n +

2m

λn

||un||
2
λ1

=
2m

λn

||un||
2
λn
.

❉❛í✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ n→ ∞ ❡ t❡♥❞♦ ❡♠ ✈✐st❛ ✭✶✳✹✸✮ ❡ ✭✶✳✺✶✮ ♦❜t❡♠♦s

lim
n→∞

|un|2,Cm
= 0 , ∀m ∈ N ,

❡ ♣❡❧♦ ▲❡♠❛ ❞❡ ❋❛t♦✉✱

|u|2,Cm
= 0 , ∀m ∈ N .

P♦rt❛♥t♦✱ u ≡ 0 ❡♠ Cm✱ ♣❛r❛ t♦❞♦ m ∈ N✱ ♦✉ s❡❥❛✱ u ≡ 0 ❡♠
⋃

m∈N
Cm = R

N\Ω✳

❆ss✐♠✱ ❝♦♠♦ Ω t❡♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ u ∈ H1
0 (Ω)✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ u

∣

∣

Ωj
∈ H1

0 (Ωj)✱

♣❛r❛ t♦❞♦ j ∈ {1, 2, 3}✳

▼♦str❡♠♦s ❛❣♦r❛ q✉❡ u
∣

∣

Ωj
∈ H1

0 (Ωj) é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✹✹✮✱ ♣❛r❛ j = 1, 2✱

❡ u
∣

∣

Ω3
≡ 0✳

P❡❧♦ q✉❡ ❢♦✐ ♠♦str❛❞♦ ❛❝✐♠❛✱ u
∣

∣

∂Ωj
≡ 0 ✱ ♣❛r❛ t♦❞♦ j ∈ {1, 2, 3}✱ ♥♦ s❡♥t✐❞♦ ❞♦

tr❛ç♦✳

P♦r ✭✶✳✷✾✮✱ t❡♠♦s✱ ♣❛r❛ t♦❞♦ j ∈ {1, 2, 3}✱

lim
n→∞

|Φ′
λn

(un)ϕ| ≤ ||Φ′
λn

(un)||∗λn
||ϕ||λn

= 0 , ∀ ϕ ∈ C∞
c (Ωj) .

▲♦❣♦✱
∫

Ωj

∇u∇ϕ+ Z(x)uϕ− g(x, u)ϕ = 0 , ∀ ϕ ∈ C∞
c (Ωj) , ✭✶✳✺✺✮



✸✸

♣❛r❛ t♦❞♦ j ∈ {1, 2, 3}✳ ❆ss✐♠✱ ❝♦♠♦ C∞
c (Ωj) é ❞❡♥s♦ ❡♠ H1

0 (Ωj)✱ u
∣

∣

Ωj
é s♦❧✉çã♦ ❞♦

♣r♦❜❧❡♠❛ ✭✶✳✹✹✮✱ ♣❛r❛ j = 1, 2, 3✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ j = 3✱ t♦♠❛♥❞♦ u
∣

∣

Ω3
❝♦♠♦ ❢✉♥çã♦

t❡st❡ ❡♠ ✭✶✳✺✺✮✱ t❡♠♦s
∫

Ω3

|∇u|2 + Z(x)u2 − f(u)u = 0 ,

♦✉ s❡❥❛✱

||u||2λ1,Ω′
3
−

∫

Ω′
3

f(u)u = 0 ,

❥á q✉❡ suppu ∩ suppV = ∅✳ ❆ss✐♠✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✻ ❡ ♣♦r t❡r♠♦s f(ξ)ξ ≤ ν0ξ
2✱

∀ ξ ∈ R✱

δ0|u|
2
2,Ω′

3
≤ ||u||2λ1,Ω′

3
− ν0|u|

2
2,Ω′

3
≤ ||u||2λ1,Ω′

3
−

∫

Ω′
3

f(u)u = 0 .

▲♦❣♦✱ u
∣

∣

Ω3
≡ 0✱ ❡ ✜❝❛ ♠♦str❛❞♦ (i)✳

P❛r❛ (ii)✱ ✉s❛r❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡

(Φ′
λn

(un) − Φ′
λn

(u))(un − u) =

= ||un − u||2λn
−

∫

RN\Ω′
J

(f(un) − f(u))(un − u) −

∫

Ω′
J

(un
p
+ − up

+)(un − u) . ✭✶✳✺✻✮

P♦r ✭✶✳✺✸✮✱ t❡♠♦s un → u ❡♠ Lp+1(Ω′
J)✱ ❞♦♥❞❡

lim
n→∞

∫

Ω′
J

(un
p
+ − up

+)(un − u) = 0 . ✭✶✳✺✼✮

❚❡♥❞♦ ❡♠ ✈✐st❛ ✭✶✳✺✷✮✱

lim
n→∞

Φ′
λn

(u)(un − u) =

= lim
n→∞

(∫

ΩJ

∇u∇(un − u) + Z(x)u(un − u) −

∫

ΩJ

up(un − u)

)

= 0 . ✭✶✳✺✽✮

▼❛✐s ❛✐♥❞❛✱ ♣♦r ✭✶✳✷✾✮ ❡ ♣❡❧❛ ❧✐♠✐t❛çã♦ ❞❡ (||un||λn
)n∈N✱

lim
n→∞

|Φ′
λn

(un)(un − u)| ≤ ||Φ′
λn

(un)||∗λn
(||un||λn

+ ||u||λn
) = 0 . ✭✶✳✺✾✮

▲♦❣♦✱ ♣♦r ✭✶✳✺✻✮✲✭✶✳✺✾✮✱

lim
n→∞

(

||un − u||2λn
−

∫

RN\Ω′
J

(f(un) − f(u))(un − u)

)

= 0 .

❆ss✐♠✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✻ ❡ ♣♦r ✭✶✳✹✷✮✱

δ0||un − u||2λn
≤ ||un − u||2λn

− pν0|un − u|22

≤ ||un − u||2λn
−

∫

RN\Ω′
J

(f(un) − f(u))(un − u) → 0



✸✹

q✉❛♥❞♦ n → ∞✳ P♦rt❛♥t♦ ✈❛❧❡ ✭✶✳✹✺✮✳ ❆s ❝♦♥✈❡r❣ê♥❝✐❛s ✭✶✳✹✻✮ s❡❣✉❡♠ ❞♦ ❈♦r♦❧ár✐♦

✶✳✺ ❡ ❞❡ ✭✶✳✹✺✮✳

❋✐♥❛❧♠❡♥t❡✱ ✈❡❥❛♠♦s (iii)✳

❈♦♠♦ suppu ∩ suppV = ∅✱ t❡♠♦s✱ ♣♦r ✭✶✳✺✹✮✱

1

2

∫

RN

λnV (x)u2
n ≤

∫

RN

(λn − λ1)V (x)u2
n =

∫

RN

(λn − λ1)V (x)(un − u)2

≤

∫

RN

(λn − λ1)V (x)(un − u)2 + ||un − u||2λ1

= ||un − u||2λn
,

❡ ♣♦r ✭✶✳✹✺✮ s❡❣✉❡ ✭✶✳✹✼✮✳

P❛r❛ ♦s ❝❛s♦s r❡st❛♥t❡s✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r ✭✶✳✹✻✮✱ ✭✶✳✹✼✮✱ ✭✶✳✺✸✮ ❡ ♦s ❧✐♠✐t❡s

lim
n→∞

∫

RN\Ω′
J

F (un) = 0 ,

❡

lim
n→∞

∫

Θ

Z(x)u2
n =

∫

Θ

Z(x)u2 ,

♣❛r❛ Θ = R
N , R

N\Ω′
J , Ω′

j✱ j = 1, 2✳ P♦r s✉❛ ✈❡③✱ ❡st❡s s❡❣✉❡♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡

t❡r♠♦s u
∣

∣

RN\Ω
≡ 0 ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

F (ξ) ≤
ν0

2
ξ2 , ∀ ξ ∈ R ,

❛ q✉❛❧ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❞❡✜♥✐çã♦ ❞❡ F ✱ ❡ ❞♦ ❧✐♠✐t❡

lim
n→∞

∫

RN

|Z(x)||u2
n − u2| = 0 .

P❛r❛ ✈❡r✐✜❝❛r ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛❝✐♠❛✱ ♥♦t❡ q✉❡
∫

RN

|Z(x)||u2
n − u2| ≤ M1

∫

RN

(V (x) + 1)|un + u||un − u|

≤ M1

(∫

RN

(V (x) + 1)|un + u|2
) 1

2
(∫

RN

(V (x) + 1)|un − u|2
) 1

2

≤ M1||un + u||H||un − u||H

❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s ♣♦r ✭✶✳✹✻✮✳

�

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Φλ é ✉♠❛ s♦❧✉çã♦ ❞❡ (Pλ)

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ u(x) ≤ ν0

1
p−1 ❡♠ R

N\Ω′
J ✳ ◆❡st❡ s❡♥t✐❞♦✱ ✈❡❥❛♠♦s ❛



✸✺

Pr♦♣♦s✐çã♦ ✶✳✶✵ P❛r❛ ❝❛❞❛ M > 0✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Λ(M) ≥ λ1 t❛❧ q✉❡ s❡ uλ é

✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♥ã♦✲♥❡❣❛t✐✈♦ ❞❡ Φλ s❛t✐s❢❛③❡♥❞♦

Φλ(uλ) ≤M , λ ≥ Λ(M) ,

❡♥tã♦ uλ s❛t✐s❢❛③

uλ(x) ≤ ν0

1
p−1 ❡♠ R

N\Ω′
J .

❊♠ ♣❛rt✐❝✉❧❛r✱ uλ é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ (Pλ)✳

❉❡♠♦♥str❛çã♦✿

❙❡❥❛ (uλn
)n∈N ⊂ H ✉♠❛ s❡q✉ê♥❝✐❛ t❛❧ q✉❡ lim

n→∞
λn = ∞ ❡✱ ♣❛r❛ ❝❛❞❛ n✱ uλn

é ✉♠

♣♦♥t♦ ❝rít✐❝♦ ♥ã♦✲♥❡❣❛t✐✈♦ ❞❡ Φλn
✱ ✐st♦ é✱ uλn

é s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞❡ ✭✶✳✷✼✮✱

−∆v + (λnV (x) + Z(x))v = g(x, v) ❡♠ R
N .

P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ❢❛ç❛♠♦s uλn
= un✱ ♣❛r❛ t♦❞♦ n ∈ N✳

P❡❧♦ ▲❡♠❛ ✶✳✼✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱ (un)n∈N é ✉♠❛ s❡✲

q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ H1(RN) ❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✾✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

un → u ❡♠ H1(RN) ,

♦♥❞❡ u é ♦ ❧✐♠✐t❡ ❢r❛❝♦ ❞❛ s❡q✉ê♥❝✐❛ (un)n∈N ❡♠ H1(RN)✳

❆ ❞❡♠♦♥str❛çã♦ é ✉♠ ♣♦✉❝♦ ❧♦♥❣❛ ❡✱ ♣♦r ✐ss♦✱ ❛ ❞✐✈✐❞✐r❡♠♦s ❡♠ ♣❛rt❡s✳

1o P❛rt❡✿ ❊①✐st❡ C > 0 s❛t✐s❢❛③❡♥❞♦

|un|∞ ≤ C , ∀n ∈ N .

◆♦ss❛ ✐♥t❡♥çã♦ é ✉s❛r ♦ ❈♦r♦❧ár✐♦ ❆✳✷✵✳ ❉✐t♦ ✐st♦✱ ✈❡r✐✜q✉❡♠♦s ❛s s✉❛s ❤✐♣ót❡s❡s✳

■♥✐❝✐❛❧♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡✱ ♣❛r❛ t♦❞♦ n ∈ N✱ s❡ un é s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞❡

✭✶✳✷✼✮✱ ❡♥tã♦ t❛♠❜é♠ é s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞❡

−∆v + (λnV (x) + χRN\Aλn
(x)Z(x))v = g̃n(x, v) ❡♠ R

N , ✭✶✳✻✵✮

♦♥❞❡ Aλn
= {x ∈ R

N ; λnV (x) + Z(x) ≤ 0} ❡ g̃n : R
N × R → R é ❞❛❞❛✻ ♣♦r

g̃n(x, v) =
g(x, un)

un

v − (χAλn
(x)Z(x))v .

✻P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ g✱ ♥ã♦ ❤á ♣r♦❜❧❡♠❛ ❡♠ ❝♦♥s✐❞❡r❛r

g(x, s)

s
= sp−1

+ χJ(x) + (1 − χJ(x)) min{sp−1
+ , ν0} .

P♦ré♠✱ ✉s❛♠♦s ✉♠ ❛❜✉s♦ ❞❡ ♥♦t❛çã♦ ♣♦r ♥ã♦ t❡r♠♦s ♥❡❝❡ss❛r✐❛♠❡♥t❡ s > 0✳



✸✻

❆❧é♠ ❞✐ss♦✱ ❝❧❛r❛♠❡♥t❡

λnV (x) + χRN\Aλn
(x)Z(x) ≥ 0 , ∀x ∈ R

N .

❱❡❥❛♠♦s ❛❣♦r❛ q✉❡ ❛ ❢✉♥çã♦ g̃n✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱ s❛t✐s❢❛③ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭❆✳✹✷✮

❞♦ ❈♦r♦❧ár✐♦ ❆✳✷✵✳

❆✜r♠❛♠♦s q✉❡✱ ♣❛r❛ λn s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

χAλn
Z ∈ Lt(RN) , ∀ t ∈ [1,∞] . ✭✶✳✻✶✮

P❛r❛ ♣r♦✈❛r ❛ ❛✜r♠❛çã♦✱ ❜❛st❛ ♠♦str❛r q✉❡ ❛ ❢✉♥çã♦ Z é ❧✐♠✐t❛❞❛ ❡♠ Aλn
❡ q✉❡ ❡st❡

❝♦♥❥✉♥t♦ ♣♦ss✉✐ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ✜♥✐t❛✳

❚♦♠❡♠♦s ♦ ❝♦♥❥✉♥t♦ A ❞❡✜♥✐❞♦ ❡♠ (V 3)✱ ♦ q✉❛❧ t❡♠ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ✜♥✐t❛✳

◆♦t❡♠♦s q✉❡ Aλn
⊂ A✳ ❉❡ ❢❛t♦✱ s❡ x /∈ A✱ ❡♥tã♦ V (x) > M0 ❡ ❞❛í✱ ✉s❛♥❞♦ (Z3)✱

|Z(x)| ≤M1(V (x) + 1) < M1

(

1 +
1

M0

)

V (x) ,

❞♦♥❞❡✱ ♣❛r❛ λn ≥ 1 +M1

(

1 +
1

M0

)

✱

λnV (x) + Z(x) > 1 +M1

(

1 +
1

M0

)

V (x) −M1

(

1 +
1

M0

)

V (x) = V (x) > M0

❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱ x /∈ Aλn
✳ ▲♦❣♦ R

N\A ⊂ R
N\Aλn

✱ ♦✉ s❡❥❛✱ Aλn
⊂ A✱ ❞♦♥❞❡

❝♦♥❝❧✉í♠♦s q✉❡ Aλn
t❡♠ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ✜♥✐t❛✳ ❆❧é♠ ❞✐ss♦✱

|χAλn
(x)Z(x)| ≤M1(M0 + 1) , ∀x ∈ R

N .

P♦rt❛♥t♦✱ ♣❡❧♦ q✉❡ ❢♦✐ ❞✐t♦ ❛ ♣r✐♥❝í♣✐♦✱ ✈❛❧❡ ✭✶✳✻✶✮✳ ▼❛✐s ❛✐♥❞❛✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ g✱
∣

∣

∣

∣

g(x, un)

un

∣

∣

∣

∣

≤ up−1
n ❡ up−1

n ∈ L
2∗

p−1 (RN) , ✭✶✳✻✷✮

♦♥❞❡
2∗

p− 1
>
N

2
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ p < 2∗−1✱ q✉❡ é ♦ ♥♦ss♦ ❝❛s♦✳ ▲♦❣♦✱ t❡♥❞♦ ❡♠ ✈✐st❛

❛ ❞❡✜♥✐çã♦ ❞❡ g̃n✱ ✭✶✳✻✶✮ ❡ ✭✶✳✻✷✮✱ t❡♠♦s

|g̃n(x, s)| ≤
(

up−1
n (x) + χAλn

(x)Z(x)
)

|s|, ∀ (x, s) ∈ R
N × R,

♦♥❞❡

up−1
n + χAλn

Z ∈ L
2∗

p−1 (RN) , ❝♦♠
2∗

p− 1
>
N

2
.
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❉❡ss❛ ❢♦r♠❛✱ ❛♣❧✐❝❛♥❞♦ ♦ ❈♦r♦❧ár✐♦ ❆✳✷✵ ♥❛ ❡q✉❛çã♦ ✭✶✳✻✵✮✱ ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥str❛çã♦

❞❡st❛ ♣❛rt❡✳

2o P❛rt❡✿ P❛r❛ ❝❛❞❛ n✱ un ∈ C1,µ(B1(0))✱ ♣❛r❛ ❛❧❣✉♠ 0 < µ < 1✱ ❡

un(x) → 0 q✉❛♥❞♦ |x| → ∞ . ✭✶✳✻✸✮

❉❡ ❢❛t♦✱ ✜①❡♠♦s n ❛r❜✐tr❛r✐❛♠❡♥t❡ ❡ s❡❥❛ fλ,n : R
N → R ❞❛❞❛ ♣♦r

fλ,n(x) = −(λV (x) + Z(x))un(x) + g(x, un(x)) , ∀x ∈ R
N .

◆♦t❡♠♦s q✉❡✱ ✉s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ g ❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ λV + Z✱ ❛ ❢✉♥çã♦ fλ,n

♣❡rt❡♥❝❡ ❛ L∞
❧♦❝

(RN) ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

fλ,n ∈ Lt
❧♦❝

(RN) , ♣❛r❛ t ∈ [1,∞] .

❉❛í✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✶✻✱

un ∈ W 2,t
❧♦❝

(RN) , ♣❛r❛ t ∈ [1,∞] ,

❡✱ t♦♠❛♥❞♦ R > 1✱

||un||2,p,B1(0) ≤ C
(

|un|p,BR(0) + |fλ,n|p,BR(0)

)

, ✭✶✳✻✹✮

♦♥❞❡ C = C(R, p,N) > 0 é ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛♥s❧❛çõ❡s✳ ❆❣♦r❛ t♦♠❛♥❞♦ t0 > N ❡

✉s❛♥❞♦ ❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✱

un ∈ W 2,t0(B1(0)) →֒ C1,µ(B1(0)) , µ = 2 −
N

t0
,

❝♦♠♦ q✉❡rí❛♠♦s ♠♦str❛r✳

P❛r❛ ❝♦♥❝❧✉✐r ♦ ❧✐♠✐t❡ ✭✶✳✻✸✮✱ ♦❜s❡r✈❡♠♦s q✉❡ ♣♦r ✭✶✳✻✹✮ ❡ ✉s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❛

❢✉♥çã♦ fλ,n ❡ ❛ ✐♠❡rsã♦ ❛❝✐♠❛✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C ′ > 0✱ ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛♥s❧❛çõ❡s✱

t❛❧ q✉❡✱ ♣❛r❛ R > 1✱

||un||C1,µ(B1(x)) ≤ C ′
(

|un|t0,BR(x) + |un|
2∗−1
t0,BR(x)

)

, ∀x ∈ R
N . ✭✶✳✻✺✮

❆❣♦r❛✱ ❞❛❞♦ δ > 0✱ ❡①✐st❡ Rδ > 0 t❛❧ q✉❡

(

|un|t0,RN\BRδ
(0) + |un|

2∗−1
t0,RN\BRδ

(0)

)

<
δ

C ′



✸✽

❚♦♠❡♠♦s ❡♥tã♦ x ∈ R
N t❛❧ q✉❡

|x| > 2R +Rδ .

❉❡ss❛ ❢♦r♠❛✱

BR(x) ⊂ R
N\BRδ

(0) ,

✐st♦ é✱

|un|t0,BR(x) + |un|
2∗−1
t0,BR(x) ≤ |un|t0,RN\BRδ

(0) + |un|
2∗−1
t0,RN\BRδ

(0)

<
δ

C ′
.

▲♦❣♦

|un(x)| ≤ ||un||C1,µ(B1(0))

≤ C ′
(

|un|t0,BR(x) + |un|
2∗−1
t0,BR(x)

)

< δ ,

♣❛r❛ t♦❞♦ x ∈ R
N ❝♦♠ |x| > 2R +Rδ✳ ❆ss✐♠✱ ✈❛❧❡ ♦ ❧✐♠✐t❡ ✭✶✳✻✸✮✳

3o P❛rt❡✿ ❊①✐st❡ Λ = Λ(M) t❛❧ q✉❡

|uλ|∞,∂Ω′
J
≤ ν

1
p−1

0 , ∀λ ≥ Λ .

❙❡❥❛ (x̃n)n∈N ⊂ ∂Ω′
J ✉♠❛ s❡q✉ê♥❝✐❛ q✉❛❧q✉❡r✳ ❈♦♠♦ ∂Ω′

J é ❝♦♠♣❛❝t♦✱ ♣♦❞❡♠♦s

❛ss✉♠✐r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ❡①✐st❡ x̃ ∈ ∂Ω′
J t❛❧ q✉❡ lim

n→∞
x̃n = x̃✳ ❈♦♥s✐❞❡✲

r❡♠♦s ❛❣♦r❛ ❛ s❡q✉ê♥❝✐❛ (vn)n∈N ∈ H ❞❛❞❛ ♣♦r

vn(x) = un(ǫnx+ x̃n) , ∀n ∈ N ,

♦♥❞❡

ǫ2n =
1

λn

,∀n ∈ N .

❙❡♠ ♣❡r❞❡r ❛ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ vn ⇀ v ❡♠ H1(RN)✱ ♣❛r❛ ❛❧❣✉♠❛

v ∈ H1(RN)✱ ✉♠❛ ✈❡③ q✉❡ ❡st❛ s❡q✉ê♥❝✐❛ é ❧✐♠✐t❛❞❛ ♥❡st❡ ❡s♣❛ç♦✱ ❥á q✉❡ (un)n∈N ♦ é✳

❆❧é♠ ❞✐ss♦✱ t❡♠♦s✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ❢✉♥çõ❡s un✱

|vn|∞ ≤ C , ∀n ∈ N ,

−∆vn + (V (ǫnx+ x̃n) + ǫ2nZ(ǫnx+ x̃n))vn = ǫ2ng(ǫnx+ x̃n, vn) ❡♠ R
N
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❡✱ ♣♦r ✭✶✳✻✺✮ ❡ ♣❡❧❛ ♣r✐♠❡✐r❛ ♣❛rt❡✱

||vn||C1(B1(0)) ≤ K , ∀n ∈ N .

❆ ú❧t✐♠❛ ❡st✐♠❛t✐✈❛ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞❡ ❆s❝♦❧✐✲❆r③❡❧á✱ ♥♦s ❞✐③❡♠ q✉❡ ♦

❧✐♠✐t❡ ❢r❛❝♦ v ❞❡ (vn)n∈N ♣❡rt❡♥❝❡ ❛ C(B1(0)) ❡

lim
n→∞

vn = v ❡♠ C(B1(0)) .

P❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ s❡ ♥❡❝❡ssár✐♦✱ ❛ss✉♠❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡

η > 0 s❛t✐s❢❛③❡♥❞♦

un(x̃n) ≥ η , ∀n ∈ N ,

❡♥tã♦ t❡♠♦s

vn(0) ≥ η , ∀n ∈ N .

▲♦❣♦✱ v 6= 0 ❡♠ B1(0)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❢✉♥çã♦ v ✈❡r✐✜❝❛ ❛ ❡q✉❛çã♦

−∆v + V (x̃)v = 0 ❡♠ R
N ,

❞♦♥❞❡ v ≡ 0 ✭✈❡r ❙♦✉t♦ ❬✷✾❪✱ ❚❡♦r❡♠❛ ■✳✷✮✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ ❡①✐st❡

n0 ∈ N t❛❧ q✉❡

|un|∞,∂Ω′
J
≤ ν

1
p−1

0 , ∀n > n0.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝♦♠♦ ❛s s❡q✉ê♥❝✐❛s t♦♠❛❞❛s sã♦ ❛r❜✐trár✐❛s✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡

Λ̃ = Λ̃(M) t❛❧ q✉❡

|uλ|∞,∂Ω′
J
≤ ν

1
p−1

0 , ∀λ ≥ Λ̃ .

4o P❛rt❡✿ ❈♦♥❝❧✉sã♦✳

❋✐①❡♠♦s λ ≥ Λ̃ ❡ s❡❥❛ wλ : R
N\Ω′

J → R ❞❛❞❛ ♣♦r

wλ(x) = (uλ − ν
1

p−1

0 )+(x) , ∀x ∈ R
N\Ω′

J .

Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡✱ t❡♥❞♦ ❡♠ ✈✐st❛ ❛s 2o ❡ 3o ♣❛rt❡s✱ ♦ ❝♦♥❥✉♥t♦

A = {x ∈ R
N\Ω′

J ; uλ(x) ≥ ν
1

p−1

0 }



✹✵

é ❝♦♠♣❛❝t♦ ❡

suppwλ ⊆ A ⊂⊂ R
N\Ω′

J ,

♦✉ s❡❥❛✱

wλ ∈ L2(RN\Ω′
J) .

❆❧é♠ ❞✐ss♦✱

∇wλ = ∇uλ(x).χA(x) , ∀x ∈ R
N\Ω′

J .

❉❡ss❛ ❢♦r♠❛✱ wλ ∈ H1
0 (RN\Ω′

J) ❡✱ ❡♥tã♦✱ ❛ ❢✉♥çã♦ w̃λ : R
N → R ❞❛❞❛ ♣♦r

w̃λ =







wλ(x) , x ∈ R
N\Ω′

J ,

0 , x ∈ Ω′
J ,

♣❡rt❡♥❝❡ ❛ H1(RN)✳ ❆ss✐♠✱ ❝♦♠♦ uλ é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♥ã♦ ♥❡❣❛t✐✈♦ ❞❡ Φλ✱

0 = Φ′(uλ)w̃λ =

∫

RN

∇uλ∇w̃λ + (λV (x) + Z(x))uλw̃λ −

∫

RN

g(x, uλ)w̃λ

= ||w̃λ||
2
λ +

∫

RN\Ω′
J

ν
1

p−1

0 (λV (x) + Z(x))w̃λ −

∫

RN\Ω′
J

ν0uλw̃λ .

❆❣♦r❛ s❡❥❛ Λ ≥ λ1 t❛❧ q✉❡

Λ inf
x∈A

V (x) + inf
x∈A

Z(x) > ν0

❡ ❢❛ç❛♠♦s Λ = max{Λ , Λ̃}✳ ❊♥tã♦✱ ♣❛r❛ λ ≥ Λ✱

0 = ||w̃λ||
2
λ +

∫

RN\Ω′
J

ν
1

p−1

0 (λV (x) + Z(x))w̃λ −

∫

RN\Ω′
J

ν0uλw̃λ

≥ ||w̃λ||
2
λ,RN\Ω′

J
+

∫

RN\Ω′
J

ν
1

p−1

0 ν0w̃λ −

∫

RN\Ω′
J

ν0uλw̃λ

= ||w̃λ||
2
λ,RN\Ω′

J
− ν0

∫

RN\Ω′
J

(uλ − ν
1

p−1

0 )w̃λ

= ||w̃λ||
2
λ,RN\Ω′

J
− ν0

∫

RN\Ω′
J

w̃2
λ ,

❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✻✱

0 ≥ ||w̃λ||
2
λ,RN\Ω′

J
− ν0

∫

RN\Ω′
J

w̃2
λ

≥ δ0||w̃λ||
2
λ,RN\Ω′

J
,

✐st♦ é✱ ♣❛r❛ λ ≥ Λ✱

w̃λ ≡ 0 ❡♠ R
N



✹✶

❡ ❞❛í

uλ(x) ≤ ν
1

p−1

0 ❡♠ R
N\Ω′

J ,

❝♦♠♦ q✉❡rí❛♠♦s✳

�

✶✳✸ ❆r❣✉♠❡♥t♦s ❞♦ t✐♣♦ ▼✐♥✐♠❛①

♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ Φλ

Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡♠♦s ♦s s❡❣✉✐♥t❡s ❢✉♥❝✐♦♥❛✐s✱ ♣❛r❛ j = 1, 2

IΩj
: H1

0 (Ωj) → R

u 7→ IΩj
(u) =

1

2

∫

Ωj

|∇u|2 + Z(x)u2 −
1

p+ 1

∫

Ωj

up+1
+

❡

Φλ,Ω′
j
: H1(Ω′

j) → R

u 7→ Φλ,Ω′
j
(u) =

1

2

∫

Ωj

|∇u|2 + (λV (x) + Z(x))u2 −
1

p+ 1

∫

Ω′
j

up+1
+ ,

✭✈❛❧❡ ❧❡♠❜r❛r q✉❡ H1(Ω′
j) ≡ H(Ω′

j)✮ ❝✉❥♦s ♣♦♥t♦s ❝rít✐❝♦s sã♦ s♦❧✉çõ❡s ♥ã♦✲♥❡❣❛t✐✈❛s

❞❡
−∆u+ Z(x)u = up

+ ❡♠ Ωj,

u = 0 ❡♠ ∂Ωj,
✭✶✳✻✻✮

❡
−∆u+ (λV (x) + Z(x))u = up

+ ❡♠ Ω′
j,

∂u

∂η
= 0 ❡♠ ∂Ω′

j,
✭✶✳✻✼✮

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊ss❡s ❢✉♥❝✐♦♥❛✐s sã♦ ❡ss❡♥❝✐❛✐s ❡♠ ♥♦ss♦s ❛r❣✉♠❡♥t♦s ♣❛r❛ ❡♥❝♦♥tr❛r

s♦❧✉çõ❡s ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ s♦❜r❡ ♦s ❝♦♥❥✉♥t♦s Ω1 ❡ Ω2✳

◆♦t❡ q✉❡ ❛♠❜♦s ♦s ❢✉♥❝✐♦♥❛✐s IΩj
❡ Φλ,Ω′

j
tê♠ ❛ ❣❡♦♠❡tr✐❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✱

✐st♦ é✱

(i) IΩj
(0) = Φλ,Ω′

j
(0) = 0 ❀

(ii) ❊①✐st❡♠ r0, r1 > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ λ ≥ λ1✱ s❛t✐s❢❛③❡♥❞♦✱ ♣❛r❛ t♦❞♦ u ∈ H1
0 (Ωj)

❡ v ∈ H(Ω′
j)✿



✹✷

(1) IΩj
(u) ,Φλ,Ω′

j
(v) ≥ 0✱ s❡ ||u||0,Ωj

, ||v||λ,Ω′
j
≤ r0❀

(2) IΩj
(u) ,Φλ,Ω′

j
(v) ≥ r1✱ s❡ ||u||0,Ωj

= ||v||λ,Ω′
j
= r0✱

♦♥❞❡

||u||20,Ωj
=

∫

Ωj

|∇u|2 + Z(x)u2 , ∀u ∈ H1
0 (Ωj) ,

é ✉♠❛ ♥♦r♠❛ ♣❛r❛ H1
0 (Ωj) ❡q✉✐✈❛❧❡♥t❡ à ♥♦r♠❛ ✉s✉❛❧✱ ♣♦r (Z3)❀

(iii) ❊①✐st❡ ϕ ∈ C∞
c (Ωj) t❛❧ q✉❡

||ϕ||0,Ωj
= ||ϕ||λ,Ω′

j
> r0 ❡ IΩj

(ϕ) = Φλ,Ω′
j
(ϕ) < 0 .

❉❡ss❡ ♠♦❞♦✱ ♦s ♥ú♠❡r♦s ♣♦s✐t✐✈♦s

cj = inf
γ∈Γj

max
t∈[0,1]

IΩj
(γ(t)) ❡ cλ,j = inf

γ∈Γλ,j

max
t∈[0,1]

Φλ,Ω′
j
(γ(t)) ,

♦♥❞❡

Γj = {γ ∈ C([0, 1], H1
0 (Ωj)) ; γ(0) = 0 , IΩj

(γ(1)) ≤ 0 }

❡

Γλ,j = {γ ∈ C([0, 1], H1(Ω′
j)) ; γ(0) = 0 ,Φλ,Ω′

j
(γ(1)) ≤ 0 } ,

♣❛r❛ j = 1, 2✱ ❡stã♦ ❜❡♠ ❞❡✜♥✐❞♦s✳ ❆❧é♠ ❞✐ss♦✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♦s ❢✉♥❝✐♦♥❛✐s

Φλ,Ω′
j
∈ C1(H1(Ω′

j),R) ❡ IΩj
∈ C1(H1

0 (Ωj),R) s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡✱

s❡❣✉✐♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞♦ ▲❡♠❛ ✶✳✼ ❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✽✳ P♦rt❛♥t♦✱ ♣❡❧♦

❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ✭❚❡♦r❡♠❛ ❆✳✻✮✱ ♦s ✈❛❧♦r❡s cλ,j ❡ cj ❞❡✜♥✐❞♦s ❛❝✐♠❛

sã♦ ✈❛❧♦r❡s ❝rít✐❝♦s ❞❡ Φλ,Ω′
j
❡ IΩj

✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✐st♦ é✱ ❡①✐st❡♠ wj ∈ H1
0 (Ωj) ❡

wλ,j ∈ H1(Ω′
j)✱ ♣♦♥t♦s ❝rít✐❝♦s Φλ,Ω′

j
❡ IΩj

✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❛✐s q✉❡

Φλ,Ω′
j
(wλ,j) = cλ,j ❡ IΩj

(wj) = cj ,

♣❛r❛ j = 1, 2✳

❱❡❥❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ✈❛❧♦r❡s ❝rít✐❝♦s cλ,j ❡ cj✳

▲❡♠❛ ✶✳✶✶ ❈♦♠ ❛s ♥♦t❛çõ❡s ❛❝✐♠❛✱ t❡♠♦s✱ ♣❛r❛ j = 1, 2✿

✭✐✮ 0 < r1 ≤ cλ,j ≤ cj✱ ♣❛r❛ t♦❞♦ λ ≥ λ1❀



✹✸

✭✐✐✮ ❖s ✈❛❧♦r❡s ❝rít✐❝♦s cλ,j ❡ cj sã♦ ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ Φλ,Ω′
j
❡ IΩj

✱ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✱ ✐st♦ é✱

cj = inf{IΩj
(v) ; v ∈ H1

0 (Ωj)\0 , I
′
Ωj

(v) = 0},

cλ,j = inf{Φλ,Ω′
j
(v) ; v ∈ H1(Ω′

j)\0 ,Φ
′
λ,Ω′

j
(v) = 0} ;

✭✐✐✐✮ cj = max
t>0

IΩj
(twj) ❡ cλ,j = max

t>0
Φλ,Ω′

j
(twλ,j) ❀

✭✐✈✮ lim
λ→∞

cλ,j = cj ✳

❉❡♠♦♥str❛çã♦✿

❋✐①❡♠♦s j ∈ {1, 2} ❛r❜✐tr❛r✐❛♠❡♥t❡✳

❱❡❥❛♠♦s (i)✳ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ 0 < r1 ≤ cλ,j s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ Φλ,j t❡r ❛ ❣❡♦♠❡tr✐❛

❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ✭♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❞❡ ✷✳✐✐✮✳ P❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ r❡st❛♥t❡✱

cλ,j ≤ cj✱ ❜❛st❛ ♥♦t❛r q✉❡✱ ❞❛❞❛ u ∈ H1
0 (Ωj) q✉❛❧q✉❡r✱ ❛ ❢✉♥çã♦

ũ(x) =







u(x), ❡♠ Ωj,

0, ❡♠ Ω′
j\Ωj.

❡stá ❡♠ H1(Ω′
j)✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ✐♥❝❧✉sã♦ H1

0 (Ωj) ⊂ H1(Ω′
j) ❡✱ ♣♦r

❝♦♥s❡❣✉✐♥t❡✱ Γj ⊂ Γλ,j✳ ❆ss✐♠

cλ,j = inf
γ∈Γλ,j

max
t∈[0,1]

Φλ,Ω′
j
(γ(t))

≤ inf
γ∈Γj

max
t∈[0,1]

Φλ,Ω′
j
(γ(t))

≤ inf
γ∈Γj

max
t∈[0,1]

IΩj
(γ(t))

= cj

❡ ✜❝❛ ♣r♦✈❛❞♦ (i)✳

❆s ♣r♦♣r✐❡❞❛❞❡s (ii) ❡ (iii) sã♦ ❝♦♥s❡q✉ê♥❝✐❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞♦ ❚❡♦r❡♠❛ ❆✳✽

❡ ❞♦ ▲❡♠❛ ❆✳✼✳

P♦r ✜♠✱ ✈❡❥❛♠♦s ♦ ít❡♠ (iv)✳

❋✐①❡♠♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ j ∈ {1, 2}✳

❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ♥ã♦ ♦❝♦rr❡

cλ,j → cj q✉❛♥❞♦ λ→ ∞ .

❊♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (λn)n∈N ⊂ [λ1,∞) ❝♦♠ limn→∞ λn = ∞ t❛❧ q✉❡ (cλn,j)n∈N

♥ã♦ ❛❞♠✐t❡ cj ❝♦♠♦ ✉♠ ✈❛❧♦r ❞❡ ❛❞❡rê♥❝✐❛✳



✹✹

P❛r❛ t♦❞♦ n ∈ N✱ s❡❥❛ wλn,j ∈ H1(Ω′
j) ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✻✼✮✱ ❝♦♠

λ = λn✱ t❛❧ q✉❡

Φλnk
,Ω′

j
(wλnk

,j) = cλnk
,j , ✭✶✳✻✽✮

♦♥❞❡✱ ✈❛❧❡ r❡ss❛❧t❛r✱ ♣❡❧♦ ít❡♠ (i)✱ cλnk
∈ (0, cj ]✳

P♦r ✉♠ ❛r❣✉♠❡♥t♦ ❛♥á❧♦❣♦ ❛♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❛ Pr♦♣♦s✐çã♦ ✶✳✾✱ ❡①✐st❡ ✉♠❛ s✉❜✲

s❡q✉ê♥❝✐❛ (λnk
)k∈N t❛❧ q✉❡✱

wλnk
,j → u0 ❡♠ H1(Ω′

j) q✉❛♥❞♦ n→ ∞ ,

♦♥❞❡ u0 ∈ H1
0 (Ωj) é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✻✻✮✱ ❡

lim
k→∞

Φλnk
,Ω′

j
(wλnk

,j) = Φλnk
,Ω′

j
(u0) = IΩj

(u0) .

❯s❛♥❞♦ ♦ ít❡♠ (i)✱ ✭✶✳✻✽✮ ❡ q✉❡ cj é ✉♠ ♥í✈❡❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ IΩj
✱ ❞❡✈❡♠♦s t❡r

cj ≥ lim sup
k→∞

cλnk
,j = lim sup

k→∞
Φλnk

,Ω′
j
(wλnk

,j)

= IΩj
(u0)

≥ cj ,

❞♦♥❞❡ s❡❣✉❡ q✉❡ cj = lim sup
k→∞

cλnk
,j é ✉♠ ✈❛❧♦r ❞❡ ❛❞❡rê♥❝✐❛ ❞❛ s❡q✉ê♥❝✐❛ (cλn,j)n∈N✱ ♦

q✉❡ ❝♦♥tr❛❞✐③ ♥♦ss❛ s✉♣♦s✐çã♦ ✐♥✐❝✐❛❧✳ ▲♦❣♦ ✈❛❧❡ ♦ ít❡♠ (iv)✳

�

P❛r❛ ♦s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s✱ ❧❡♠❜r❛♠♦s q✉❡ ❛s s♦❧✉çõ❡s ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞♦s

♣r♦❜❧❡♠❛s ✭✶✳✻✻✮ ❡ ✭✶✳✻✼✮ t❛♠❜é♠ ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❛tr❛✈és ❞♦s ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐✲

♠✐③❛çã♦

(

1

2
−

1

p+ 1

)− p−1
p+1

c
p−1
p+1

j = inf

{

||v||20,Ωj
; v ∈ H1

0 (Ωj) ,

∫

Ωj

vp+1
+ = 1

}

❡
(

1

2
−

1

p+ 1

)− p−1
p+1

c
p−1
p+1

λ,j = inf

{

||v||2λ,Ω′
j
; v ∈ H1(Ω′

j) ,

∫

Ω′
j

vp+1
+ = 1

}

,

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s q✉❛✐s sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛

cj = inf

{

IΩj
(v) ; v ∈ H1

0 (Ωj) ,

∫

Ωj

vp+1
+ =

(

1

2
−

1

p+ 1

)−1

cj

}



✹✺

❡

cλ,j = inf

{

Φλ,Ω′
j
(v) ; v ∈ H1(Ω′

j) ,

∫

Ω′
j

vp+1
+ =

(

1

2
−

1

p+ 1

)−1

cλ,j

}

. ✭✶✳✻✾✮

❆ s❡❣✉✐r✱ ❡❧❛❜♦r❛r❡♠♦s ✉♠ ❛r❣✉♠❡♥t♦ ❞♦ t✐♣♦ ▼✐♥✐♠❛① ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ Φλ✳

P❛r❛ ❝♦♠❡ç❛r✱ ✜①❡♠♦s R > 2 t❛❧ q✉❡

IΩj
(Rwj) < 0 ❡ Rp+1|wj|

p+1
p+1,Ωj

≥ 2

(

1

2
−

1

p+ 1

)−1

cj ,

♣❛r❛ t♦❞♦ j = 1, 2✳ ❆ss✐♠✱ ♣❛r❛ j = 1, 2✱ ♦ ❝❛♠✐♥❤♦ γj : [0, 1] → H1
0 (Ωj) ❞❛❞♦ ♣♦r

γj(s) = sRwj ♣❡rt❡♥❝❡ ❛ Γj ❡

max
s∈[0,1]

IΩj
(sRwj) = cj,

♣❡❧♦ ▲❡♠❛ ✶✳✶✶ (iii)✳

❙❡❥❛ γ0 : [0, 1]2 ≡ [0, 1] × [0, 1] → H ❞❛❞❛ ♣♦r

γ0(s1, s2)(x) = s1Rw1(x) + s2Rw2(x) ,∀ (s1, s2) ∈ [0, 1]2 . ✭✶✳✼✵✮

❉❡✜♥❛♠♦s ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦

ΓJ = {γ ∈ C([0, 1]2,H) ; γ(s) = γ0(s) ,∀ s = (s1, s2) ∈ ∂([0, 1]2)}

❡

bλ,J = inf
γ∈ΓJ

max
s∈[0,1]2

Φλ(γ(s)) .

◆♦t❡ q✉❡ Γ 6= ∅✱ ♣♦✐s γ0 ∈ ΓJ ✱ ❡ q✉❡ bλ,J ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

◆♦ q✉❡ s❡❣✉❡✱ ♣♦r❡♠♦s cJ := c1 + c2✳

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ♥♦s tr❛③ ❛❧❣✉♠❛s r❡❧❛çõ❡s ❡♥tr❡ ♦s ✈❛❧♦r❡s cj, cλ,j ❡ bλ,J ✳

P❛r❛ ❛ s✉❛ ❞❡♠♦♥str❛çã♦✱ ♣r❡❝✐s❛r❡♠♦s ❞♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✶✳✶✷ P❛r❛ q✉❛❧q✉❡r γ ∈ ΓJ ❡ ♣❛r❛ ❝❛❞❛

ξ = (ξ1, ξ2) ∈ KR := [0, Rp+1|w1|
p+1
p+1,Ω1

] × [0, Rp+1|w2|
p+1
p+1,Ω2

] ,

❡①✐st❡ sγ = (s1, s2) ∈ [0, 1]2 t❛❧ q✉❡

∫

Ω′
j

γ(sγ)(x)
p+1
+ dx = ξj , ∀ j ∈ 1, 2 .



✹✻

❉❡♠♦♥str❛çã♦✿

❙❡❥❛ γ ∈ ΓJ q✉❛❧q✉❡r✳ ❉❡✜♥❛♠♦s ❛ ❛♣❧✐❝❛çã♦ γ̃ : [0, 1]2 → R
2 ♣♦r

γ̃(s) =

(

∫

Ω′
1

γ(s)(x)p+1
+ dx,

∫

Ω′
2

γ(s)(x)p+1
+ dx

)

.

❙❡ ♠♦str❛r♠♦s q✉❡ ❡①✐st❡ sγ ∈ [0, 1]2 t❛❧ q✉❡

γ̃(sγ) = ξ = (ξ1, ξ2)

t❡r♠✐♥❛♠♦s✳

❖❜s❡r✈❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ s❡ s = (s1, s2) ∈ ∂([0, 1]2)✱ ❡♥tã♦✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱

s1 ♦✉ s2 ♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦ {0, 1} ❡

γ̃(s) = (sp+1
1 Rp+1|w1|

p+1
p+1,Ω1

, sp+1
2 Rp+1|w2|

p+1
p+1,Ω2

) .

❊s❝♦❧❤❛♠♦s ξ = (ξ1, ξ2) ∈ KR ❛r❜✐tr❛r✐❛♠❡♥t❡✳

❈❛s♦ ξ ∈ ∂(KR)✱ ❡♥tã♦ ξ é ❞❛ ❢♦r♠❛

ξ = (t1R
p+1|w1|

p+1
p+1,Ω1

, t2R
p+1|w2|

p+1
p+1,Ω2

)

♦♥❞❡ t1, t2 ∈ [0, 1]✱ ❝♦♠ t1 ♦✉ t2 ❡♠ {0, 1}✳ P♦rt❛♥t♦✱ t♦♠❛♥❞♦ sγ = (s1, s2) ❝♦♠

s1 = t1
1

p+1 ❡ s2 = t2
1

p+1 ❡ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ❢❡✐t❛ ❛❝✐♠❛✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦ ♣❛r❛ ❡st❡ ❝❛s♦✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ ξ ∈ (0, 1)2✳

P❛r❛ ❝♦♥❝❧✉✐r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ sγ ♥❡ss❡ ❝❛s♦✱ ✉s❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❞❛ ❚❡♦r✐❛

❞♦ ●r❛✉ ❚♦♣♦❧ó❣✐❝♦ ♣r❡s❡♥t❡s ♥♦ ❛♣ê♥❞✐❝❡✳

❈♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦ f : [0, 1]2 → R
2 ❞❛❞❛ ♣♦r

f(s1, s2) = (sp+1
1 Rp+1|w1|

p+1
p+1,Ω1

, sp+1
2 Rp+1|w2|

p+1
p+1,Ω2

) .

❈❧❛r❛♠❡♥t❡ f ≡ γ̃ ❡♠ ∂((0, 1)2)✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✷✶✱

d(γ̃, (0, 1)2, (ξ1, ξ2)) = d(f, (0, 1)2, (ξ1, ξ2)) . ✭✶✳✼✶✮

▼❛✐s ❛✐♥❞❛✱ é ❢á❝✐❧ ✈❡r q✉❡ f é ✐♥❥❡t♦r❛✱ ❝♦♠

f





ξ
1

p+1

1

R|w1|p+1,Ω1

,
ξ

1
p+1

2

R|w2|p+1,Ω2



 = (ξ1, ξ2) ,



✹✼

❡ f é ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝♦♠

A := f ′





ξ
1

p+1

1

R|w1|p+1,Ω1

,
ξ

1
p+1

2

R|w2|p+1,Ω2



 = (aij)i,j=1,2

♦♥❞❡

aij =







ξ
p

p+1

i (p+ 1)R |wi|p+1,Ωi
, i = j,

0 , i 6= j.

❆ss✐♠✱ ❝♦♠♦

aii > 0 ,

♣❛r❛ i = 1, 2 ✱ A é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ✐♥✈❡rsí✈❡❧ ❝♦♠

s✐♥❛❧(detA) = 1 ,

❞♦♥❞❡✱ ♣❡❧♦s ❚❡♦r❡♠❛s ❆✳✷✷ ❡ ❆✳✷✸✱

d(f, (0, 1)2, (ξ1, ξ2)) = d(A,B1(0), (0, 0)) = 1 .

P♦rt❛♥t♦✱ t❡♥❞♦ ❡♠ ✈✐st❛ ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ✭✶✳✼✶✮✱

d(γ̃, (0, 1)2, (0, 0)) = 1 ,

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡ sγ ∈ (0, 1)2 s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❝❧✉sã♦ ❞♦ ❧❡♠❛✳

�

Pr♦♣♦s✐çã♦ ✶✳✶✸ ❈♦♠ ❛s ♥♦t❛çõ❡s ❛❝✐♠❛✱ t❡♠♦s✿

✭✐✮ cλ,1 + cλ,2 ≤ bλ,J ≤ cJ ✱ ♣❛r❛ t♦❞♦ λ ≥ λ1❀

✭✐✐✮ ❙❡♥❞♦ r1 > 0 ❛ ❝♦♥st❛♥t❡ ❞♦ ▲❡♠❛ ✶✳✶✶ (i)✱

Φλ(γ(s)) ≤ cJ − r1 ,

♣❛r❛ t♦❞♦ λ ≥ λ1✱ γ ∈ ΓJ ❡ s ∈ ∂([0, 1]2)✳

❉❡♠♦♥str❛çã♦✿

❱❡❥❛♠♦s (i)✳

P❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ cλ,1 + cλ,2 ≤ bλ,J ✱ ✜①❡ γ ∈ ΓJ q✉❛❧q✉❡r✳ P❡❧❛ ❢♦r♠❛ ❝♦♠♦ R

❢♦✐ ❡s❝♦❧❤✐❞♦ ❡ ❧❡♠❜r❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✶ (i)✱ ♣♦❞❡♠♦s t♦♠❛r ♦ ♣❛r

(ξ1, ξ2) =

(

(

1

2
−

1

p+ 1

)−1

cλ,1,

(

1

2
−

1

p+ 1

)−1

cλ,2

)



✹✽

♥♦ ▲❡♠❛ ✶✳✶✷✱ ❞♦♥❞❡ ❡①✐st❡ sγ ∈ [0, 1]2 t❛❧ q✉❡

∫

Ω′
j

γ(sγ)(x)
p+1
+ =

(

1

2
−

1

p+ 1

)−1

cλ,j ,

♣❛r❛ j = 1, 2✳

❆✜r♠❛♠♦s q✉❡

Φλ,RN\Ω′
J
(γ(sγ)) ≥ 0 ,

♦♥❞❡

Φλ,RN\Ω′
J
(u) =

1

2

∫

RN\Ω′
J

|∇u|2 + (λV (x) + Z(x))u−

∫

RN\Ω′
J

F (u) , ∀u ∈ H .

❉❡ ❢❛t♦✱ ♥♦t❡♠♦s q✉❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦✱

F (ξ) ≤
1

2
ν0ξ

2 , ∀ ξ ∈ R .

❆ss✐♠✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✻✱

Φλ,RN\Ω′
J
(γ(sγ)) =

1

2
||γ(sγ)||

2
λ,RN\Ω′

J
−

∫

RN\Ω′
J

F (γ(sγ))

≥
1

2
||γ(sγ)||

2
λ,RN\Ω′

J
−

1

2
ν0|γ(sγ)|

2
2,RN\Ω′

J

≥
1

2
||γ(sγ)||

2
λ,RN\Ω′

J
−

1

2
pν0|γ(sγ)|

2
2,RN\Ω′

J

≥
δ0
2
||γ(sγ)||

2
λ,RN\Ω′

J

≥ 0.

P♦rt❛♥t♦✱ ♣♦r ✭✶✳✻✾✮ ❡ ♣❡❧❛ ❛✜r♠❛çã♦ ❛❝✐♠❛✱

Φλ(γ(sγ)) = Φλ,RN\Ω′
J
(γ(sγ)) +

∑

j=1,2

Φλ,Ω′
j
(γ(sγ))

≥
∑

j=1,2

inf

{

Φλ,Ω′
j
(v) ; v ∈ H1(Ω′

j) ,

∫

Ω′
j

vp+1
+ =

(

1

2
−

1

p+ 1

)−1

cλ,j

}

=
∑

j=1,2

cλ,j .

❉❡ss❛ ❢♦r♠❛✱

max
s∈[0,1]2

Φλ(γ(s)) ≥ Φλ(γ(sγ)) ≥ cλ,1 + cλ,2

❡ ❝♦♠♦ γ ∈ ΓJ é ❛r❜✐trár✐❛✱ t❡♠♦s bλ,J ≥ cλ,1 + cλ,2✳



✹✾

P❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ bλ,J ≤ cJ ✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡✱ ❝♦♠♦ γ0 ♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦

ΓJ ✱ ❡♥tã♦

bλ,J ≤ max
s∈[0,1]2

Φλ(γ0(s))

= max
s∈[0,1]2

IΩ1(s1Rw1) + IΩ2(s2Rw2)

= c1 + c2 = cJ .

P❛r❛ ♦ ít❡♠ (ii)✱ t♦♠❡♠♦s γ ∈ ΓJ ❡ s = (s1, s2) ∈ ∂([0, 1]2) ❛r❜✐tr❛r✐❛♠❡♥t❡✳

❊♥tã♦ t❡♠♦s✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ΓJ ✱

γ(s) = γ0(s) =
∑

j=1,2

sjRwj ,

❞♦♥❞❡

Φλ(γ(s)) = Φλγ0(s) =
∑

j=1,2

IΩj
(sjRwj) .

❆❧é♠ ❞✐ss♦✱ IΩj
(sjRwj) ≤ cj✱ ♣❛r❛ t♦❞♦ j = 1, 2✳ ▼❛✐s ❛✐♥❞❛✱ ❝♦♠♦ s ∈ ∂([0, 1]2)✱

❞❡✈❡♠♦s t❡r s1 ♦✉ s2 ❡♠ {0, 1}✱ ❞✐❣❛♠♦s s1✱ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ IΩ1(s1Rw1) ≤ 0✳

▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✷✱

Φλ(γ(s)) = IΩ1(s1Rw1) + IΩ2(s2Rw2)

≤ 0 + c2 ≤ (c1 − r1) + c2

= cJ − r1 .

�

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛✱ t❡♠♦s ♦

❈♦r♦❧ár✐♦ ✶✳✶✹ ✭✐✮ lim
λ→∞

bλ,J = cJ ❀

✭✐✐✮ bλ,J é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ Φλ✱ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❉❡♠♦♥str❛çã♦✿

❖ ❧✐♠✐t❡ ❡♠ (i) é ✈❡r✐✜❝❛❞♦ ❛ ♣❛rt✐r ❞♦ ▲❡♠❛ ✶✳✶✶ (iv) ❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✸ (i)✳

❈♦♠ r❡❧❛çã♦ ❛ (ii)✱ ✉s❛♥❞♦ ❛ ♣❛rt❡ (i)✱

bλ,J > cJ −
m

2
, ✭✶✳✼✷✮



✺✵

♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♦♥❞❡ m :=
1

2
min
j=1,2

cj✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✽✱

♦ ❢✉♥❝✐♦♥❛❧ Φλ s❛t✐s❢❛③ (PS)bλ,J
✳

❆❣♦r❛ ✈❡❥❛♠♦s q✉❡ bλ,J é ✉♠ ✈❛❧♦r ❝rít✐❝♦✳ P❛r❛ ✐ss♦✱ ✉s❛r❡♠♦s ♦ ▲❡♠❛ ❞❛ ❉❡❢♦r✲

♠❛çã♦ ✭▲❡♠❛ ❆✳✺✮✳

❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ bλ,J ♥ã♦ é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ♣❛r❛ Φλ✳ ❊♥tã♦✱

♣❛r❛ ε = m/2✱ ♦ ▲❡♠❛ ❞❛ ❉❡❢♦r♠❛çã♦ ♥♦s ❢♦r♥❡❝❡ ε ∈ (0,m/2) ❡ η ∈ C([0, 1] ×H,H)

t❛✐s q✉❡

η(1, u) = u , ∀u ∈ H t❛❧ q✉❡ Φλ(u) /∈
[

bλ,J −
m

2
, bλ,J +

m

2

]

✭✶✳✼✸✮

❡

η(1,Φ
bλ,J+ε

λ ) ⊂ Φ
bλ,J−ε

λ , ✭✶✳✼✹✮

♦♥❞❡✱ ♣❛r❛ t♦❞♦ α ∈ R✱ Φα
λ ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ {u ∈ H ; Φλ(u) ≤ α}✳

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ bλ,J ✱ ❡①✐st❡ g ∈ Γ s❛t✐s❢❛③❡♥❞♦

max
s∈[0,1]2

Φλ(g(s)) ≤ bλ,J + ε . ✭✶✳✼✺✮

❉❡✜♥❛♠♦s ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ h : [0, 1]2 → H ♣♦r

h(s) = η(1, g(s)) , ∀ s ∈ [0, 1]2 .

❆✜r♠❛♠♦s q✉❡ h ∈ Γ✳ ❉❡ ❢❛t♦✱ h é ❝♦♥tí♥✉❛ ♣♦r ❝♦♥str✉çã♦✳ ❆❣♦r❛ t♦♠❡♠♦s

s ∈ ∂([0, 1]2)✱ ❞✐❣❛♠♦s s = (s1, s2)✱ ♦♥❞❡✱ s❡♠ ♣❡r❞❡r ❛ ❣❡♥❡r❛❧✐❞❛❞❡✱ s1 ∈ {0, 1}✳

❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✶ (iii) ❡ ✭✶✳✼✷✮✱ t❡♠♦s✱ ❝❛s♦ s1 = 0✱

Φλ(g(s)) = Φλ (0Rw1 + s2Rw2)

= IΩ1 (0) + IΩ2(s2Rw2)

≤ 0 + c2 ≤ cJ −
c1
2

≤ cJ −m

< bλ,J −
m

2
.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ s1 = 1✱ ❡♥tã♦✱ ♣❡❧❛ ❢♦r♠❛ ❝♦♠♦ R ❢♦✐ ✜①❛❞♦✱

Φλ(g(s)) = Φλ (Rw1 + s2Rw2)

= IΩ1 (Rw1) + IΩ2(s2Rw2)

< 0 + c2 < cJ −m

< bλ,J −
m

2
.



✺✶

❆ss✐♠ s❡♥❞♦✱

Φλ(g(s)) /∈
[

bλ,J −
m

2
, bλ,J +

m

2

]

,

♣❛r❛ t♦❞♦ s ∈ ∂([0, 1]2)✱ ❡ ❞❛í✱ ♣♦r ✭✶✳✼✸✮✱

h(s) = η(1, g(s)) = g(s) = γ0(s) , ∀ s ∈ ∂([0, 1]2) ,

❞♦♥❞❡ h ∈ Γ✳ P♦rt❛♥t♦

bλ,J ≤ max
s∈[0,1]2

Φλ(h(s)) .

P♦ré♠✱ ♣♦r ✭✶✳✼✹✮ ❡ ✭✶✳✼✺✮✱ ❞❡✈❡♠♦s t❡r t❛♠❜é♠

max
s∈[0,1]2

Φλ(h(s)) ≤ bλ,J − ε ,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦ bλ,J é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ Φλ✱ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✳

�

◆❛ ♣ró①✐♠❛ ❡ ú❧t✐♠❛ s❡çã♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ ♣r♦✈❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♣♦♥t♦

❝rít✐❝♦ uλ ∈ H t❛❧ q✉❡

(i) lim
λ→∞

Φλ(uλ) = cJ ❀

(ii) uλ

∣

∣

Ωj
❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✺✮✱ ♣❛r❛

j = 1, 2❀

(iii) uλ

∣

∣

RN\ΩJ
→ 0 ❢♦rt❡♠❡♥t❡ ❡♠ H1(RN)✳

✶✳✹ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❛ s❡çã♦ é ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ uλ✱ ♣❛r❛ λ

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ q✉❡ s❡ ❛♣r♦①✐♠❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ ✭✶✳✻✻✮

❡♠ ❝❛❞❛ Ωj✱ j ∈ J ✱ ❡ ❞❡ ③❡r♦ ❡♠ R
N\ΩJ ✳

❉❛❞♦ µ > 0✱ s❡❥❛ ♦ ❝♦♥❥✉♥t♦

Dλ
µ = {u ∈ H ; ||u||λ,RN\Ω′

J
≤ µ ,

∣

∣

∣

∣

∣

∣

||u||λ,Ω′
j
−

√

(

1

2
−

1

p+ 1

)−1

cj

∣

∣

∣

∣

∣

∣

≤ µ , j = 1, 2} .
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❙❡❥❛ t❛♠❜é♠ ♦ ❝♦♥❥✉♥t♦ ΦcJ

λ ❞❛❞♦ ♣♦r

ΦcJ

λ = {u ∈ H ; Φλ(u) ≤ cJ} .

❊♠ ❣❡r❛❧✱ s♦❧✉çõ❡s ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ ✭✶✳✻✻✮ ♥ã♦ sã♦ ú♥✐❝❛s✳ P♦ré♠✱ ♦❜s❡r✈❡

q✉❡✱ ❞❛❞♦ j ∈ {1, 2}✱ ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ wj ❞❡ ✭✶✳✻✻✮ ❞❡✈❡ s❛t✐s❢❛③❡r

IΩj
(wj) = cj ❡ I ′Ωj

(wj)wj = 0✱ ❞♦♥❞❡

IΩj
(wj) +

1

p+ 1
I ′Ωj

(wj)wj = cj

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱
∫

Ωj

|∇wj|
2 + Z(x)w2

j =

(

1

2
−

1

p+ 1

)−1

cj .

❙❡❣✉❡ ❞❛í q✉❡ ♦ ❝♦♥❥✉♥t♦ Dλ
µ ∩ ΦcJ

λ ✱ ♣❛r❛ µ > 0 q✉❛❧q✉❡r✱ ❝♦♥té♠ t♦❞❛s ❛s ❢✉♥çõ❡s ❞❛

❢♦r♠❛

ω(x) =







wj(x) , x ∈ Ωj,

0 , x ∈ R
N\ΩJ .

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ✜①❡♠♦s µ > 0 t❛❧ q✉❡

µ <
1

3
min
j=1,2

√

(

1

2
−

1

p+ 1

)−1

cj .

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❡st✐♠❛t✐✈❛ ✉♥✐❢♦r♠❡ ♣❛r❛ ||Φ′
λ(u)||

∗
λ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦

(Dλ
2µ\D

λ
µ) ∩ ΦcJ

λ ✳

Pr♦♣♦s✐çã♦ ✶✳✶✺ ❈♦♠ µ ✜①❛❞♦ ❛❝✐♠❛✱ ❡①✐st❡♠ σ0 > 0 ❡ Λ∗ ≥ λ1 t❛✐s q✉❡

||Φ′
λ(u)||

∗
λ ≥ σ0

♣❛r❛ t♦❞♦ u ∈ (Dλ
2µ\D

λ
µ) ∩ ΦcJ

λ ❡ t♦❞♦ λ ≥ Λ∗✳

❉❡♠♦♥str❛çã♦✿

❆ ❞❡♠♦♥str❛çã♦ s❡rá ❢❡✐t❛ ♣♦r ❝♦♥tr❛❞✐çã♦ ❡ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✾✳

❙✉♣♦♥❤❛♠♦s ❡♥tã♦ q✉❡ ❡①✐st❛♠ s❡q✉ê♥❝✐❛s (λn)n∈N ⊂ [λ1,∞) ❡ (un)n∈N ⊂ H t❛✐s

q✉❡ lim
n→∞

λn = ∞ ❡ un ∈ (Dλn

2µ\D
λn
µ ) ∩ ΦcJ

λn
s❛t✐s❢❛ç❛ ||Φ′

λ(un)||∗λn
→ 0 q✉❛♥❞♦ n→ ∞✳

❈♦♠♦ un ∈ Dλn

2µ ✱ ♣❛r❛ t♦❞♦ n ∈ N✱ (||un||λn,RN ) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✳ ❉❛í

(Φλn
(un)) t❛♠❜é♠ ♦ é ❡ ♣♦❞❡♠♦s ❛ss✉♠✐r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡

lim
n→∞

Φλn
(un) = c ≤ cJ ,
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♦♥❞❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ s❡❣✉❡ ❞❡ un ∈ ΦcJ

λn
✳

P♦rt❛♥t♦ ❡st❛♠♦s ♥❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✾ ❡ ❛ ♣❛rt✐r ❞❡❧❛ ♣♦❞❡♠♦s ❡①tr❛✐r

✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ q✉❡ ❛✐♥❞❛ ❞❡♥♦t❛r❡♠♦s ♣♦r (un)n∈N✱ t❛❧ q✉❡ un → u ∈ H1
0 (ΩJ)

❢♦rt❡♠❡♥t❡ ❡♠ H1(RN)✱ ♦♥❞❡ ♦ ❧✐♠✐t❡ u é ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞❡ ✭✶✳✻✻✮ ❡

IΩJ
(u) = lim

n→∞
Φλn

(un) ≤ cJ ✭✶✳✼✻✮

||un||
2
λn,Ω′

j
→
∫

Ωj
|∇u|2 + Z(x)u2 ♣❛r❛ j = 1, 2 , ✭✶✳✼✼✮

||un||
2
λn,RN\Ω′

J
→ 0 . ✭✶✳✼✽✮

❈♦♠♦ cJ = c1 + c2 ❡ c1, c2 > 0 sã♦ ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✱ ✭✶✳✼✻✮ ♥♦s ❞á ❞✉❛s

♣♦ss✐❜✐❧✐❞❛❞❡s✿

✶ ✲ IΩj

(

u
∣

∣

Ωj

)

= cj✱ ♣❛r❛ j = 1, 2✱ ♦✉ s❡❥❛✱ u
∣

∣

Ωj
é s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡

✭✶✳✻✻✮✱ ♣❛r❛ j = 1, 2❀

✷ ✲ ❡①✐st❡ j0 ∈ {1, 2}✱ t❛❧ q✉❡ IΩj0

(

u
∣

∣

Ωj0

)

= 0✱ ✐st♦ é✱ u
∣

∣

Ωj0

≡ 0✳

❙❡ ♦❝♦rr❡ ❛ ♣r✐♠❡✐r❛✱ ❡♥tã♦✱ ♣❡❧♦ ❝♦♠❡♥tár✐♦ ❢❡✐t♦ ♥♦ ✐♥í❝✐♦ ❞❡st❛ s❡çã♦✱ u ❞❡✈❡

s❛t✐s❢❛③❡r
∫

Ωj

|∇u|2 + Z(x)u2 =

(

1

2
−

1

p+ 1

)−1

cj , ♣❛r❛ j = 1, 2 ,

❡ ♣♦r ✭✶✳✼✼✮ ❡ ✭✶✳✼✽✮ un ❞❡✈❡ ♣❡rt❡♥❝❡r ❛♦ ❝♦♥❥✉♥t♦ Dλn
µ ✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

❝♦♥tr❛❞✐③❡♥❞♦ ❛ ♥♦ss❛ s✉♣♦s✐çã♦ ✐♥✐❝✐❛❧ ❞❡ q✉❡ un ∈ (Dλn

2µ\D
λn
µ )✳

❙❡ ♦❝♦rr❡ ❛ s❡❣✉♥❞❛ ♣♦ss✐❜✐❧✐❞❛❞❡✱ ❡♥tã♦✱ ♣♦r ✭✶✳✼✼✮✱

lim
n→∞

∣

∣

∣

∣

∣

∣

||un||λn,Ω′
jo
−

√

(

1

2
−

1

p+ 1

)−1

cj0

∣

∣

∣

∣

∣

∣

=

=

∣

∣

∣

∣

∣

∣

lim
n→∞

||un||λn,Ω′
jo
− lim

n→∞

√

(

1

2
−

1

p+ 1

)−1

cj0

∣

∣

∣

∣

∣

∣

=

=

√

(

1

2
−

1

p+ 1

)−1

cj0 ≥ 3µ ,

♦ q✉❡ t❛♠❜é♠ ❝♦♥tr❛❞✐③ un ∈ (Dλn

2µ\D
λn
µ )✳

P♦rt❛♥t♦✱ ♥❡♥❤✉♠❛ ❞❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣♦❞❡ ♦❝♦rr❡r ❡ ❡♥tã♦ ❞❡✈❡♠ ❡①✐st✐r ❝♦♥s✲

t❛♥t❡s σ0 > 0 ❡ Λ∗ ≥ λ1 s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❝❧✉sã♦ ❞♦ t❡♦r❡♠❛✳

�
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❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ♥♦s ❞❛rá ❛s ú❧t✐♠❛s ❢❡rr❛♠❡♥t❛s ♣❛r❛ ❞❡♠♦♥str❛r ♦ ❚❡♦✲

r❡♠❛ ✶✳✶✳

Pr♦♣♦s✐çã♦ ✶✳✶✻ ❙❡❥❛♠ µ ✜①❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ❡ Λ∗ ≥ λ1 ❛ ❝♦♥st❛♥t❡ ❞❛❞❛ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✶✺✳ ❊♥tã♦✱ ♣❛r❛ λ ≥ Λ∗ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ uλ ❞♦ ♣r♦❜❧❡♠❛ ✭Pλ✮ ❝♦♠

uλ ∈ Dλ
µ ∩ ΦcJ

λ ✳

❉❡♠♦♥str❛çã♦✿

❋❛r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ♣♦r ❝♦♥tr❛❞✐çã♦✳

❙✉♣♦♥❤❛♠♦s ❡♥tã♦ q✉❡ ❡①✐st❛ (λn)n∈N ⊂ [Λ∗ ,∞) t❛❧ q✉❡ λn → ∞ ❡ q✉❡✱ ♣❛r❛

❝❛❞❛ n ∈ N✱ ♥ã♦ ❡①✐st❛♠ ♣♦♥t♦s ❝rít✐❝♦s ♥♦ ❝♦♥❥✉♥t♦ Dλn
µ ∩ ΦcJ

λn
✳ ▼❛✐s ❛✐♥❞❛✱ ❝♦♠♦ ❛

Pr♦♣♦s✐çã♦ ✶✳✽ ❛ss❡❣✉r❛ q✉❡✱ ♣❛r❛ t♦❞♦ n✱ ♦ ❢✉♥❝✐♦♥❛❧ Φλn
s❛t✐s❢❛③ (PS)✱ ❡♥tã♦ ❞❡✈❡

❡①✐st✐r ✉♠❛ ❝♦♥st❛♥t❡ dλn
= d(λn) > 0 ❝♦♠

||Φ′
λn

(u)||∗λn
≥ dλn

, ∀u ∈ Dλn
µ ∩ ΦcJ

λn
.

❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✺ t❡♠♦s

||Φ′
λn

(u)||∗λn
≥ σ0 , ∀u ∈ (Dλn

2µ\D
λn
µ ) ∩ ΦcJ

λn
, ✭✶✳✼✾✮

♦♥❞❡ σ0 > 0 ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ λn✳

◆♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡✱ s♦❜ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ ♥ã♦ ♦❝♦rr❡

bλn
→ cJ , q✉❛♥❞♦ n→ ∞ .

P❛r❛ ✐ss♦✱ ❡st✉❞❛r❡♠♦s✱ ♣❛r❛ ❝❛❞❛ n✱ ❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ❢✉♥❝✐♦♥❛❧ Φλn
❡ ♦ ❝♦♥❥✉♥t♦ Dλn

µ ✳

❋✐①❡♠♦s ❡♥tã♦ λn ∈ {λj}j∈N✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ❢❛r❡♠♦s λn = λ✳

P❡❧♦ ❢❛t♦ ❞❡ ❛ ❞❡♠♦♥str❛çã♦ s❡r ✉♠ t❛♥t♦ ❧♦♥❣❛✱ ❛ ❞✐✈✐❞✐r❡♠♦s ❡♠ ♣❛ss♦ ❞❡ ♠♦❞♦

❛ ❢❛❝✐❧✐t❛r ♦ ❡♥t❡♥❞✐♠❡♥t♦✳

1o P❛ss♦✿ ❈♦♥str✉çã♦ ❞❡ ✉♠❛ ❞❡❢♦r♠❛çã♦ η✳

❊s❝♦❧❤❛♠♦s ✉♠ ❢✉♥❝✐♦♥❛❧ ▲✐♣s❝❤✐t③ Ψ : H → R t❛❧ q✉❡

Ψ ≡ 1 ❡♠ Dλ
3µ
2

, Ψ ≡ 0 ❡♠ H\Dλ
2µ ❡ 0 ≤ Ψ ≤ 1 ❡♠ H .

❡ ❞❡✜♥❛♠♦s✱ ♣❛r❛ u ∈ ΦcJ

λ ✱

V (u) = −Ψ(u)
Φ′

λ(u)

||Φ′
λ(u)||

∗
λ

: ΦcJ

λ → H′ ≡ H



✺✺

♦♥❞❡ ✐❞❡♥t✐✜❝❛♠♦s ♦s ❡s♣❛ç♦s H ❡ ♦ s❡✉ ❞✉❛❧ H′ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘❡♣r❡s❡♥t❛çã♦ ❞❡

❘✐❡s③✳ ❆❣♦r❛✱ s❡❥❛ ❛ ❞❡❢♦r♠❛çã♦ η : [0,∞) × ΦcJ

λ → ΦcJ

λ ❞❡✜♥✐❞❛ ♣❡❧❛ ❡q✉❛çã♦







dη

dt
= V (η),

η(0, u) = u ∈ ΦcJ

λ .

◆♦t❡ q✉❡ ❡st❛ ❛♣❧✐❝❛çã♦ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ♣❛r❛

❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ❖r❞✐♥ár✐❛s✱ ❥á q✉❡ V é ✉♠❛ ❢✉♥çã♦ ❧✐♣s❝❤✐t③✐❛♥❛✳ ❆ ❞❡❢♦r♠❛çã♦

η t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

dΦ(η(t, u))

dt
= −Ψ(η(t, u))||Φ′

λ(η(t, u))||
∗
λ ≤ 0 , ∀ t ≥ 0 , ∀u ∈ ΦcJ

λ , ✭✶✳✽✵✮

η(t, u) = u , ∀ t ≥ 0 , ∀u ∈ ΦcJ

λ \Dλ
2µ , ✭✶✳✽✶✮

❡
∣

∣

∣

∣

∣

∣

∣

∣

dη

dt

∣

∣

∣

∣

∣

∣

∣

∣

λ

= ||V (η)||λ ≤ 1 , ∀ t ≥ 0 , ∀u ∈ ΦcJ

λ . ✭✶✳✽✷✮

2o P❛ss♦✿ ❆ ❛♣❧✐❝❛çã♦ η(t, γ0)✳

❙❡❥❛ γ0 ∈ ΓJ ❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ❡♠ ✭✶✳✼✵✮✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡

γ0(s) /∈ Dλ
2µ , ∀ s ∈ ∂([0, 1]2).

❉❡ ❢❛t♦✱ t♦♠❡ s = (s1, s2) ∈ ∂([0, 1]2) q✉❛❧q✉❡r✳ ❙✉♣♦♥❤❛♠♦s ❡♥tã♦✱ s❡♠ ♣❡r❞❛ ❞❡

❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ s1 ♣❡rt❡♥ç❛ ❛ {0, 1}✳ ❚❡♠♦s ❞♦✐s ❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✳ ❙❡ s1 = 0✱ ❡♥tã♦

||γ0(0, s2)||λ,Ω′
1

= 0 ❡ ❞❛í s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛ ♥ã♦ ✐♥❝❧✉sã♦✳ ❈❛s♦ s1 = 1✱ ❡♥tã♦✱ ♣❡❧❛

❞❡✜♥✐çã♦✱ γ0(1, s2)
∣

∣

Ω′
1

= Rw1✱ ❝♦♠ R > 2✱ ❡ ❞❛í

||γ0(1, s2)||λ,Ω′
1

= R||w1||0,Ω1 = R

√

(

1

2
−

1

p+ 1

)−1

c1 ,

❞♦♥❞❡ s❡❣✉❡ q✉❡
∣

∣

∣

∣

∣

∣

||γ0(1, s2)||λ,Ω′
1
−

√

(

1

2
−

1

p+ 1

)−1

c1

∣

∣

∣

∣

∣

∣

> 2µ

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ γ0(1, s2) /∈ Dλ
2µ✳



✺✻

▼❛✐s ❛✐♥❞❛✱ ♣♦r ✭✶✳✽✶✮✱

η(t, γ0(s)) = γ0(s) , ∀ s ∈ ∂([0, 1]2)

❡ ♣♦r ❝♦♥s❡❣✉✐♥t❡ η(t, γ0(s)) ∈ ΓJ ✱ ♣❛r❛ t♦❞♦ t ≥ 0✳

❆❣♦r❛✱ ♥♦t❡ q✉❡✿

❛✮ supp γ0(s) ⊂ ΩJ ✱ ♣❛r❛ t♦❞♦ s ∈ [0, 1]2✱ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ γ0

✐♥❞❡♣❡♥❞❡♠ ❞❡ λ ≥ λ1❀

❜✮ Φ(γ0(s)) ≤ cJ ✱ ♣❛r❛ t♦❞♦ s ∈ [0, 1]2 ❡ ✈❛❧❡ ❛ ✐❣✉❛❧❞❛❞❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s1 = s2 =

R−1✱ ✐st♦ é✱ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ γ0(s1, s2) = w1 + w2✳

❆ss✐♠✱ ❝♦♠♦ w1 + w2 ∈ Dλ
µ✱ ♦ ♥ú♠❡r♦

m0 = max{Φλ(u) ; u ∈ γ0([0, 1]2)\Dλ
µ} ✭✶✳✽✸✮

♥ã♦ ❞❡♣❡♥❞❡ ❞❡ λ✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ (a)✱ ❡ é ❡str✐t❛♠❡♥t❡ ♠❡♥♦r q✉❡ cJ ✳

3o P❛ss♦✿ ❆✜r♠❛çã♦✿

max
s∈[0,1]2

Φλ(η(T, γ0(s))) ≤ max{m0, cJ −
1

2
σ0µ} ,

♣❛r❛ T s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♦♥❞❡ m0 < cJ é ❞❛❞♦ ❡♠ ✭✶✳✽✸✮ ❡ σ0 é ❞❛❞♦ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✶✺✳

❋✐①❡♠♦s s ∈ [0, 1]2 q✉❛❧q✉❡r ❡ ✈❡❥❛♠♦s ♦ q✉❡ ❛❝♦♥t❡❝❡ ❝♦♠ Φλ(η(t, γ0(s))) ❝❛s♦

γ0(s) ♣❡rt❡♥ç❛ ♦✉ ♥ã♦ ❛ Dλ
µ✳

❙❡ γ0(s) /∈ Dλ
µ✱ ❡♥tã♦✱ ♣♦r ✭✶✳✽✵✮✱

Φλ(η(t, γ0(s))) ≤ Φλ(γ0(s)) ≤ m0 ,

♣❛r❛ t♦❞♦ t ≥ 0✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡

max
s∈[0,1]2

Φλ(η(T, γ0(s))) ≤ max{m0, cJ −
1

2
σ0µ} .

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ γ0(s) ∈ Dλ
µ ❡ ❛♥❛❧✐s❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❛♣❧✐❝❛çã♦

η0(t) = η(t, γ0(s))✳

❙❡❥❛♠ d̃λ = min{dλ, σ0} ❡ T =
σ0µ

2d̃λ

✳

❚❡♠♦s ❞♦✐s ❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✿

✶✳ η0(t) ∈ int(Dλ
3µ/2)✱ ♣❛r❛ t♦❞♦ t ∈ [0, T ]❀



✺✼

✷✳ η0(t0) ∈ ∂(Dλ
3µ/2)✱ ♣❛r❛ ❛❧❣✉♠ t0 ∈ (0, T ]✳

❙❡ ♦❝♦rr❡ ❛ ♣r✐♠❡✐r❛ ♣♦ss✐❜✐❧✐❞❛❞❡✱ ❡♥tã♦✱ ♣❡❧❛ ♥❛t✉r❡③❛ ❞❡ Ψ✱ t❡♠♦s Ψ(η0(t)) = 1

❡ ||Φ′
λ(η0(t))||

∗
λ ≥ d̃λ✱ ♣❛r❛ t♦❞♦ t ∈ [0, T ]✳ ❆ss✐♠✱ ♣♦r ✭✶✳✽✵✮✱

Φλ(η0(T )) = Φλ(γ0(s)) +

∫ T

0

d

dr
Φλ(η0(r))dr

= Φλ(γ0(s)) −

∫ T

0

Ψ(η0(r))||Φ
′
λ(η0(r))||

∗
λdr

≤ cJ −

∫ T

0

d̃λdr

= cJ − d̃λT = cJ −
1

2
σ0µ .

❙❡ ♦❝♦rr❡ ❛ s❡❣✉♥❞❛ ♣♦ss✐❜✐❧✐❞❛❞❡✱ ❡♥tã♦✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ η0✱ ❡①✐st❡ 0 ≤ t1 <

t0 ≤ T t❛❧ q✉❡

η0(t1) ∈ ∂Dλ
µ, ✭✶✳✽✹✮

η0(t) ∈ Dλ
3µ
2

\Dλ
µ , ∀ t ∈ [t1, t0] . ✭✶✳✽✺✮

❆✜r♠❛♠♦s q✉❡

||η0(t0) − η0(t1)||λ ≥
µ

2
. ✭✶✳✽✻✮

❉❡ ❢❛t♦✱ ❛ ❢♦r♠❛ ❝♦♠♦ t0 ❢♦✐ t♦♠❛❞♦ ✐♠♣❧✐❝❛ ❡♠

||η0(t0)||λ,RN\Ω′
J

=
3µ

2
♦✉

∣

∣

∣

∣

∣

∣

||η0(t0)||λ,Ω′
j0
−

√

(

1

2
−

1

p+ 1

)−1

cj0

∣

∣

∣

∣

∣

∣

=
3µ

2
,

♣❛r❛ ❛❧❣✉♠ j0 ∈ {1, 2}✳ ❙✉♣♦♥❤❛♠♦s q✉❡

||η0(t0)||λ,RN\Ω′
J

=
3µ

2
.

❉❡ ✭✶✳✽✹✮✱ t❡♠♦s

||η0(t1)||λ,RN\Ω′
J
≤ µ .

❊♥tã♦✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✱

||η0(t0) − η0(t1)||λ,RN\Ω′
J

≥ ||η0(t0)||λ,RN\Ω′
J
− ||η0(t1)||λ,RN\Ω′

J

≥
µ

2
.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡
∣

∣

∣

∣

∣

∣

||η0(t0)||λ,Ω′
j0
−

√

(

1

2
−

1

p+ 1

)−1

cj0

∣

∣

∣

∣

∣

∣

=
3µ

2
,



✺✽

❡♥tã♦ ♠❛✐s ✉♠❛ ✈❡③ ❞❡ ✭✶✳✽✹✮ ♦❜t❡♠♦s
∣

∣

∣

∣

∣

∣

||η0(t1)||λ,Ω′
j0
−

√

(

1

2
−

1

p+ 1

)−1

cj0

∣

∣

∣

∣

∣

∣

≤ µ

❡ ♥♦✈❛♠❡♥t❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❝❤❡❣❛♠♦s ❛

||η0(t0) − η0(t1)||λ,Ω′
j0
≥

1

2
µ .

P♦rt❛♥t♦

||η0(t0) − η0(t1)||λ ≥ ||η0(t0) − η0(t1)||λ,RN\Ω′
J

+ ||η0(t0) − η0(t1)||λ,Ω′
j0

≥
1

2
µ

❡ t❡♠♦s ❛ ❝♦♥❝❧✉sã♦ ❞❛ ❛✜r♠❛çã♦✳

P❛r❛ ✜♥❛❧✐③❛r ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡r❝❡✐r♦ ♣❛ss♦✱ ♥♦t❡ q✉❡ ❛ ♣❛rt✐r ❞❡ ✭✶✳✽✻✮✱ ♣❡❧♦

❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ❡ ♣♦r ✭✶✳✽✷✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

t0 − t1 ≥
1

2
µ .

❆❧é♠ ❞✐ss♦✱ t❡♥❞♦ ❡♠ ✈✐st❛ ✭✶✳✽✵✮ ❡ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ Ψ✱ t❡♠♦s Ψ(η0) ≡ 1 ❡♠ [t1, t0]✳

❆ss✐♠✱ ✉s❛♥❞♦ ✭✶✳✽✺✮ ❡ ✭✶✳✼✾✮✱

Φλ(η0(T )) = Φλ(γ0(s)) +

∫ T

0

d

dr
Φλ(η0(r))dr

= Φλ(γ0(s)) −

∫ T

0

Ψ(η0(r))||Φ
′
λ(η0(r))||

∗
λdr

≤ cJ −

∫ t0

t1

Ψ(η0(r))||Φ
′
λ(η0(r))||

∗
λdr

≤ cJ −

∫ t0

t1

σ0dr = cJ − (t0 − t1)σ0

= cJ −
1

2
σ0µ

❡✱ ♣♦rt❛♥t♦✱ s❡❣✉❡ ❛ ❝♦♥❝❧✉sã♦ ❞❛ ❛✜r♠❛çã♦✳

4o P❛ss♦✿ ❈♦♥❝❧✉sã♦ ❞❛ Pr♦♣♦s✐çã♦✳

❈♦♠♦ η0(s) = η(T, γ0(s)) ∈ ΓJ ✱ ❡♥tã♦✱ ❧❡♠❜r❛♥❞♦ q✉❡ ✜③❡♠♦s λ = λn✱

bλn,J ≤ max
s∈[0,1]2

Φλn
(η0(s)) ≤ max{m0, cJ −

1

2
σ0µ} < cJ , ∀n ∈ N .



✺✾

▲♦❣♦✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ n→ ∞ ❡ t❡♥❞♦ ❡♠ ✈✐st❛ ♦ ❈♦r♦❧ár✐♦ ✶✳✶✹ ❡ ♦ ❢❛t♦ ❞❡ q✉❡ m0

❡ σ0 ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ λn✱

cJ = lim
n→∞

bλn,J ≤ max{m0, cJ −
1

2
σ0µ} < cJ

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ❉❡ss❛ ❢♦r♠❛✱ Φλ t❡♠ ♣♦♥t♦ ❝rít✐❝♦ uλ ∈ Dλ
µ✱ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✱ ❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✵✱ ❢❛③❡♥❞♦ M = cJ ✱ uλ é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ (Pλ)✳

�

❆❣♦r❛ ❞❡♠♦♥str❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✱ ♦ ❚❡♦r❡♠❛ ✶✳✶

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✿

❙❡❥❛ (λn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❛r❜✐trár✐❛ t❛❧ q✉❡ λn ≥ Λ∗ ✱ ♣❛r❛ t♦❞♦ n ∈ N✱ ❡

lim
n→∞

λn = ∞✳ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✶✻✱ ♦❜t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ (uλn
)n∈N ⊂ H ♦♥❞❡✱

♣❛r❛ ❝❛❞❛ n ∈ N✱ uλn
∈ Dλn

µ ∩ΦcJ

λn
é ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛ (Pλ)✱ ❝♦♠

λ = λn✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✾✱ ♣♦❞❡♠♦s ❡①tr❛✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ q✉❡ t❛♠❜é♠ ❞❡♥♦t❛r❡✲

♠♦s ♣♦r (uλn
)n∈N✱ t❛❧ q✉❡ uλn

→ u ∈ H1
0 (ΩJ) ❢♦rt❡♠❡♥t❡ ❡♠ H1(RN)✱ ♦♥❞❡ ♦ ❧✐♠✐t❡ u

é ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞❡ ✭✶✳✻✻✮✱

||uλn
||2λn,RN\Ω′

J
→ 0 ✭✶✳✽✼✮

❡

||uλn
||2λn,Ω′

j
→

∫

Ωj

|∇u|2 + Z(x)u2 =

(

1

2
−

1

p+ 1

)−1

cj , ✭✶✳✽✽✮

♣❛r❛ j = 1, 2 ✱ ♦♥❞❡ ♦ ú❧t✐♠♦ ❧✐♠✐t❡ é ♦❜t✐❞♦ ✉s❛♥❞♦ ❛r❣✉♠❡♥t♦s ❛♥á❧♦❣♦s ❛♦s ❡①♣❧♦r❛❞♦s

♥❛ Pr♦♣♦s✐çã♦ ✶✳✶✺ ❡ q✉❡ uλn
♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦ Dλn

µ ✱ ♣❛r❛ t♦❞♦ n✳

❈♦♠♦ ❛s ❝♦♥✈❡r❣ê♥❝✐❛s ❛❝✐♠❛ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛ s❡q✉ê♥❝✐❛ (λn)n∈N ❡s❝♦❧❤✐❞❛ ✐♥✐✲

❝✐❛❧♠❡♥t❡✱ t❡♠♦s ✭✶✳✸✮ ❡ ✭✶✳✹✮ ❞❡ ✭✶✳✽✽✮ ❡ ✭✶✳✽✼✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ❛✐♥❞❛

❝♦♠♦ r❡s✉❧t❛❞♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✾✱ t❡♠♦s u ≡ 0 ❡♠ R
N\ΩJ ❡✱ ❞❡ ✭✶✳✽✽✮✱ u

∣

∣

Ωj
é s♦❧✉çã♦

❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ ✭✶✳✻✻✮✱ ♣❛r❛ j = 1, 2✳ P♦rt❛♥t♦✱ ✜❝❛ ♣r♦✈❛❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✶✳

�



❈❛♣ít✉❧♦ ✷

❊q✉❛çã♦ ♥ã♦✲❧✐♥❡❛r ❞❡ ❙❝❤rö❞✐♥❣❡r✿

❈❛s♦ ❈rít✐❝♦

◆♦ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s r❡s✉❧t❛❞♦s ❞❡ ❆❧✈❡s✱ ❞❡ ▼♦r❛✐s

❋✐❧❤♦ & ❙♦✉t♦ ❬✻❪ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ❞♦ t✐♣♦ ♠✉❧t✐✲

❜✉♠♣ ❞❛ ❡q✉❛çã♦ ♥ã♦✲❧✐♥❡❛r ❞❡ ❙❝❤rö❞✐♥❣❡r

−∆u+ (λV (x) + Z(x))u = βu|u|q−1 + u|u|2
∗−2 ❡♠ R

N

u ∈ H1(RN)
, (Pλ)

♦♥❞❡ λ > 0✱ β > 0✱ N ≥ 3✱ q ∈ (1, 2∗ − 1) ❡ ❛s ❢✉♥çõ❡s V, Z : R
N → R s❛t✐s❢❛③❡♠ ❛s

❝♦♥❞✐çõ❡s (V 1)✱ (V 2)✱ (Z1) ❞♦ ♣r♦❜❧❡♠❛ ❞♦ ❈❛♣ít✉❧♦ ✶ ❡ t❛♠❜é♠

✭❱✸✬✮ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M0 > 0 t❛❧ q✉❡

M0 ≤ V (x) + Z(x) , ∀x ∈ R
N ,

✭❩✷✬✮ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ M1 > 0 t❛❧ q✉❡

|Z(x)| ≤M1 , ∀x ∈ R
N .

❈♦♠ ❛s ❤✐♣ót❡s❡s ❛❝✐♠❛✱ ❛s s♦❧✉çõ❡s ♥ã♦✲♥❡❣❛t✐✈❛s ❞❡ (Pλ) ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐✲

③❛❞❛s ❝♦♠♦ ♣♦♥t♦s ❝rít✐❝♦s ❞♦ ❢✉♥❝✐♦♥❛❧ Υλ : Hλ → R ❞❛❞♦ ♣♦r

Υλ(u) =

∫

RN

1

2
|∇u|2 +

1

2
(λV (x) + Z(x))u2 −

β

q + 1
uq+1

+ −
1

2∗
u2∗

+ dx ,



✻✶

♣❛r❛ t♦❞♦ u ∈ Hλ✱ ♦♥❞❡

Hλ = {u ∈ H1(RN) ;

∫

RN

(λV (x) + Z(x))u2dx <∞} .

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ ❝❛♣ít✉❧♦ é ♦

❚❡♦r❡♠❛ ✷✳✶ ❙♦❜ ❛s ❤✐♣ót❡s❡s (V 1), (V 2), (V 3′), (Z1) ❡ (Z2′)✱ ♣❛r❛ ❝❛❞❛ ❝♦♥❥✉♥t♦

♥ã♦✲✈❛③✐♦ J ⊆ {1, 2, 3}✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s β∗ > 0 ❡ λ∗ = λ∗(β∗) t❛✐s q✉❡✱ ♣❛r❛

t♦❞♦ β ≥ β∗ ❡ λ ≥ λ∗✱ ♦ ♣r♦❜❧❡♠❛ (Pλ) ♣♦ss✉✐ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s

❝♦♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ ♣❛r❛ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ (λn)n∈N ⊂ R ❝♦♠ lim
n→∞

λn = ∞✱

❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (λnl
)l∈N t❛❧ q✉❡ uλnl

→ u ❡♠ H1(RN)✱ ♦♥❞❡ ❛ ❢✉♥çã♦ ❧✐✲

♠✐t❡ u ∈ H1
0 (ΩJ) é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ❡♠ R

N\
⋃

j∈J

Ωj ❡✱ ♣❛r❛ t♦❞♦ j ∈ J ✱ ❛ r❡str✐çã♦

u
∣

∣

Ωj
∈ H1

0 (Ωj) é s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞♦ ♣r♦❜❧❡♠❛

−∆u+ Z(x)u = βuq + u2∗−1 ❡♠ Ωj,

u > 0 ❡♠ Ωj,

u = 0 ❡♠ ∂Ωj .

✭✷✳✶✮

P❛r❛ ❣❛r❛♥t✐r ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞❡ (Pλ) ♥❡st❡ ❝❛♣ít✉❧♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡

❝♦r♦❧ár✐♦✱ q✉❡ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳

❈♦r♦❧ár✐♦ ✷✳✷ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✶✱ ❡①✐st❡♠ β∗ > 0 ❡ λ∗ = λ∗(β∗) t❛✐s

q✉❡✱ ♣❛r❛ β ≥ β∗ ❡ λ ≥ λ∗✱ ♦ ♣r♦❜❧❡♠❛ (Pλ) t❡♠ ♣❡❧♦ ♠❡♥♦s 23 − 1 = 7 s♦❧✉çõ❡s

♣♦s✐t✐✈❛s✳

❉❡st❛❝❛♠♦s q✉❡ ❛ ♠❛✐♦r✐❛ ❞♦s r❡s✉❧t❛❞♦s ❛q✉✐ ❛♣r❡s❡♥t❛❞♦s ❢♦r❛♠ ❜❛s❡❛❞♦s ♥♦

❛rt✐❣♦ ❞❡ ❆❧✈❡s✱ ❞❡ ▼♦r❛✐s ❋✐❧❤♦ & ❙♦✉t♦ ❬✻❪✳ ❈❛s♦ ❤❛❥❛ ❡①❝❡çõ❡s✱ s❡rã♦ ❞❛❞❛s ❛s

❞❡✈✐❞❛s r❡❢❡rê♥❝✐❛s✳

✷✳✶ ❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ tr❛❜❛❧❤❛r❡♠♦s ♥♦ ❡s♣❛ç♦ (Hλ, ||.||λ) ❞❡✜♥✐❞♦ ♣♦r

Hλ =

{

u ∈ H1(RN);

∫

RN

(λV (x) + Z(x))u2 <∞

}

,

❡

||u||2λ =

∫

RN

|∇u|2 + (λV (x) + Z(x))u2, ∀ u ∈ Hλ ,

♣❛r❛ ❝❛❞❛ λ > 0✳



✻✷

❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ Θ ⊆ R
N ✱ t❛♠❜é♠ ❞❡✜♥✐♠♦s✱ ♣❛r❛ ❝❛❞❛ λ > 0✱ ♦ ❡s♣❛ç♦

(Hλ(Θ), ||.||λ,Θ)✱ ♦♥❞❡

Hλ(Θ) =

{

u ∈ H1(Θ);

∫

Θ

(λV (x) + Z(x))u2 <∞

}

❡ ❛ ♥♦r♠❛ é

||u||2λ,Θ =

∫

Θ

|∇u|2 + (λV (x) + Z(x))u2, ∀ u ∈ Hλ(Θ) .

❙❡ λ ≥ 1✱ ❡♥tã♦✱ t❡♥❞♦ ❡♠ ✈✐st❛ (V 3′)✱ ♦ ❡s♣❛ç♦ (Hλ(Θ), ||.||Hλ,Θ
) é ✉♠ ❡s♣❛ç♦ ❞❡

❍✐❧❜❡rt✱ ❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦

< ., . >λ: Hλ(Θ) ×Hλ(Θ) → R

(u, v) 7→ < u, v >λ=

∫

Θ

∇u∇v + (λV (x) + Z(x))uv ,

s❛t✐s❢❛③❡♥❞♦ ❛ ✐♠❡rsã♦

Hλ(Θ) →֒ H1(Θ)

❝♦♠ ❝♦♥st❛♥t❡ ❞❡ ✐♠❡rsã♦ C = (min{1,M0})
1/2✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t❡♠♦s

||u||2λ,Θ ≥M0|u|
2
2,Θ , ∀u ∈ Hλ(Θ) .

❆ ♣❛rt✐r ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ✈❡rsã♦ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✻ ❞♦

❈❛♣ít✉❧♦ ✶✳

▲❡♠❛ ✷✳✸ P❛r❛ t♦❞♦ δ0 ∈ (0, 1) ✱ ❡①✐st❡ ν0 ∈ (0, 1) t❛❧ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r Θ ⊂ R
N

❛❜❡rt♦✱

δ0||u||
2
λ,Θ ≤ ||u||2λ,Θ − ν0|u|

2
2,Θ , ∀u ∈ Hλ(Θ) λ ≥ λ1 .

◆❡st❡ ♠♦♠❡♥t♦✱ ✜①❡♠♦s δ0 ∈ (0, 1) ❞❡ ♠♦❞♦ q✉❡

2ν0 < M0 , ✭✷✳✷✮

♦♥❞❡ M0 é ❛ ❝♦♥st❛♥t❡ ❞❛❞❛ ❡♠ (V 3′)✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ❧❡♠❛ s❡❣✉❡ ♦s ♠❡s♠♦s ♣❛ss♦s ❞❛ ♣r♦✈❛ ❞♦ ❝♦r♦❧ár✐♦ ❝✐t❛❞♦

❡✱ ♣♦r ✐ss♦✱ ♥ã♦ ❛ ❢❛r❡♠♦s✳

❚❡♥❞♦ ❡♠ ✈✐st❛ ♦ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ♥❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦✱

♦ ♣ró①✐♠♦ ❧❡♠❛✱ q✉❡ é ✉♠❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ❆✳✶✺✱ s❡rá ❞❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛ ♥♦s

♥♦ss♦s ❡st✉❞♦s✳



✻✸

▲❡♠❛ ✷✳✹ ❙❡ (vn)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ H1(RN) s❛t✐s❢❛③❡♥❞♦

vn ⇀ v ❡♠ L2∗(RN)

|vn|
2∗ ∗
⇀ ν ❡♠ M(RN)

|∇vn|
2 ∗
⇀ µ ❡♠ M(RN)

♦♥❞❡ ν ❡ µ sã♦ ♠❡❞✐❞❛s ✜♥✐t❛s ♥ã♦✲♥❡❣❛t✐✈❛s ❡♠ R
N ✱ ❡♥tã♦ ❡①✐st❡♠ ✉♠ ❝♦♥❥✉♥t♦ I✱ ♥♦

♠á①✐♠♦ ❡♥✉♠❡rá✈❡❧✱ ❢❛♠í❧✐❛s {xi}i∈I ❞❡ ♣♦♥t♦s ❞✐st✐♥t♦s ❡♠ R
N ❡ {νi}i∈I ❡♠ (0,∞)

t❛✐s q✉❡

ν = |v|2
∗

+
∑

i∈I

νiδxi
,

❝♦♠
∑

i∈I

ν
2
2∗

i <∞ ,

❡

µ({xi}) ≥ Sν
2
2∗

i , ∀ i ∈ I ,

♦♥❞❡ δx é ❛ ♠❛ss❛ ❞❡ ❉✐r❛❝ ❡♠ x ❡ S é ❛ ♠❡❧❤♦r ❝♦♥st❛♥t❡ ❞❡ ❙♦❜♦❧❡✈ ♣❛r❛ ❛ ✐♠❡rsã♦

H1(RN) →֒ L2∗(RN)✳

✷✳✷ ❋✉♥❝✐♦♥❛❧ ▼♦❞✐✜❝❛❞♦ ❡ ❛ ❈♦♥❞✐çã♦ ❞❡

P❛❧❛✐s✲❙♠❛❧❡

❉❡✜♥❛♠♦s ❛ ❢✉♥çã♦ h : R → R ♣♦r

h(s) =







βsq + s2∗−1, s ≥ 0,

0, s < 0.

❡ ✜①❡♠♦s ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✶ a t❛❧ q✉❡

h(a)

a
= ν0 ,

♦♥❞❡ ν0 é ❛ ❝♦♥st❛♥t❡ ❞❛❞❛ ❡♠ ✭✷✳✷✮✳

❈♦♥s✐❞❡r❡♠♦s t❛♠❜é♠ ❛s ❢✉♥çõ❡s f, F : R → R ❞❛❞❛s ♣♦r

f(s) =







min{ν0s, h(s)}, s ≥ 0,

0, s < 0,

=



















ν0s, s ≥ a,

h(s), 0 ≤ s ≤ a,

0, s < 0,

✶❚❛❧ ❝♦♥st❛♥t❡ ❡①✐st❡ ❡♠ ✈✐rt✉❞❡ ❞♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ■♥t❡r♠❡❞✐ár✐♦✱ ❥á q✉❡ ❛ ❢✉♥çã♦ q✉❡ ❛ss♦❝✐❛ ❛

❝❛❞❛ x > 0 ♦ ✈❛❧♦r h(x)/x ❡ s❡ ❛♥✉❧❛ ❝❛s♦ ❝♦♥trár✐♦✱ é ❝♦♥tí♥✉❛ ❡ 0 = lim
x→0

h(x)
x

< ν0 < β + 1 = h(1)/1✳



✻✹

❡

F (s) =

∫ s

0

f(r)dr =



















H(a) + 1
2
ν0(s

2 − a2), s ≥ a,

H(s), 0 ≤ s ≤ a,

0, s < 0,

♦♥❞❡

H(s) =

∫ s

0

h(r)dr .

◆♦ q✉❡ s❡❣✉❡✱ s✉♣♦r❡♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ J = {1, 2}✳ ❉❡ss❛

❢♦r♠❛✱ ♣♦♥❤❛♠♦s

ΩJ = Ω1 ∪ Ω2 ❡ Ω′
J = Ω′

1 ∪ Ω′
2 .

❡

χJ(x) =







1, x ∈ Ω′
J ,

0, x /∈ Ω′
J ,

❡ ❞❡✜♥❛♠♦s ❛s ❢✉♥çõ❡s g,G : R
N × R → R ♣♦r

g(x, s) = χJ(s)h(s) + (1 − χJ(x))f(s)

❡

G(x, s) =

∫ s

0

g(x, r)dr = χJ(x)H(s) + (1 − χJ(x))F (s).

❆❣♦r❛ ❝♦♥s✐❞❡r❡♠♦s ♦ ❢✉♥❝✐♦♥❛❧ Φλ : Hλ → R ❞❛❞♦ ♣♦r

Φλ(u) =
1

2

∫

RN

|∇u|2 + (λV (x) + Z(x))u2 −

∫

RN

G(x, u) .

❙♦❜ ❛s ❝♦♥❞✐çõ❡s (V 1)−(V 3′)✱ (Z1)−(22′) ❡ ♣❡❧❛s ❞❡✜♥✐çõ❡s ❞❡ g ❡ G✱ ♦ ❢✉♥❝✐♦♥❛❧

Φλ é ❞❡ ❝❧❛ss❡ C1(Hλ,R) ❡ s❡✉s ♣♦♥t♦s ❝rít✐❝♦s sã♦ s♦❧✉çõ❡s ♥ã♦✲♥❡❣❛t✐✈❛s ❞♦ ♣r♦❜❧❡♠❛

−∆u+ (λV (x) + Z(x))u = g(x, u) ❡♠ R
N . ✭✷✳✸✮

◆♦t❡ q✉❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ g✱ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Φλ é ✉♠❛ s♦❧✉çã♦ ❞❡ (Pλ)

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ u(x) ≤ a ❡♠ R
N\Ω′

J ✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ♠♦str❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ ♥♦s ❞❛rã♦ ✐♥❢♦r♠❛çõ❡s

✐♠♣♦rt❛♥t❡s r❡❧❛❝✐♦♥❛❞❛s ❛♦ ❢✉♥❝✐♦♥❛❧ Φλ ❡ à ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡✷✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡✱ ♣❡❧❛s ❞❡✜♥✐çõ❡s ❞❡ h ❡ f ✱ ♣♦❞❡♠♦s ❛ss✉♠✐r✱ s❡♠

♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ (PS)c ❞❡ Φλ é ♥ã♦✲♥❡❣❛t✐✈❛✳

✷❱❡r ❆♣ê♥❞✐❝❡ ❆✱ ❙❡çã♦ ❆✳✸



✻✺

❉❡ ❢❛t♦✱ s❡❥❛ (un)n∈N ⊂ Hλ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ❞❡ Φλ✱ ✐st♦ é✱

Φλ(un) → c ❡ Φλ(un) → 0 ❡♠ H′
λ . ✭✷✳✹✮

❙✉♣♦♥❤❛♠♦s✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱ q✉❡

||un−||λ > 0 , ∀n ∈ N ,

♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ ♥ã♦ ❤á ♦ q✉❡ ❢❛③❡r✳

❊♥tã♦✱ t❡♥❞♦ ❡♠ ✈✐st❛ ❛s ❞❡✜♥✐çõ❡s ❞❡ h ❡ f ❡ ✉s❛♥❞♦ q✉❡ un = un+ + un− ❝♦♠

supp (un+) ∩ supp (un−) = ∅✱

Φ′
λ(un)(un−) =

∫

RN

∇un∇(un−) + (λV (x) + Z(x))un(un−) −

∫

RN

g(x, un)(un−)

=

∫

RN

|∇(un−)|2 + (λV (x) + Z(x))(un−)2 −

∫

RN

g(x, (un+))(un−)

=

∫

RN

|∇(un−)|2 + (λV (x) + Z(x))(un−)2

= ||un−||
2
λ .

❆ss✐♠✱

||un−||
2
λ = Φ′

λ(un)(un−) ≤ ||Φ′
λ(un)||∗λ||un−||λ ,

♦♥❞❡ ||.||∗λ ❞❡♥♦t❛ ❛ ♥♦r♠❛ ❞❡ H′
λ✱ ❡ ❞❛í✱ ♣♦r ✭✷✳✹✮

||un−||λ ≤ ||Φ′
λ(un)||∗λ → 0 . ✭✷✳✺✮

P❛r❛ ❝♦♥❝❧✉✐r♠♦s✱ r❡st❛ ♠♦str❛r q✉❡ (un+)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ❞❡ Φλ✳

❙❡♥❞♦ ❛ss✐♠✱ ❜❛st❛ ♦❜s❡r✈❛r♠♦s q✉❡✱ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ un+

❡ un−✱

Φλ(un) =
1

2

∫

RN

|∇un|
2 + (λV (x) + Z(x))u2

n −

∫

RN

G(x, un)

=
1

2

∫

RN

|∇(un+)|2 + (λV (x) + Z(x))(un+)2 −

∫

RN

G(x, un+) +

+
1

2

∫

RN

|∇(un−)|2 + (λV (x) + Z(x))(un−)2

= Φλ(un+) +
1

2
||un−||

2
λ . ✭✷✳✻✮

▲♦❣♦✱ ♣♦r ✭✷✳✹✮ ❡ ✭✷✳✺✮✱

Φλ(un+) = Φλ(un) −
1

2
||un−||

2
λ → c ✭✷✳✼✮



✻✻

❆❧é♠ ❞✐ss♦✱ ♣♦r ✭✷✳✻✮✱

Φ′
λ(un)v = Φ′

λ(un+)v +

∫

RN

∇(un−)∇v + (λV (x) + Z(x))(un−)v , ∀ v ∈ Hλ .

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❛r❛ t♦❞❛ v ∈ Hλ ❝♦♠ ||v||λ ≤ 1✱

|Φ′
λ(un+)v| = |Φ′

λ(un)v −

∫

RN

∇(un−)∇v + (λV (x) + Z(x))(un−)v|

≤ |Φ′
λ(un)v| + |

∫

RN

∇(un−)∇v + (λV (x) + Z(x))(un−)v|

≤ ||Φ′
λ(un)||∗λ||v||λ + | < un−, v > |

≤ ||Φ′
λ(un)||∗λ + ||un−||λ ,

❞♦♥❞❡

||Φ′
λ(un+)||∗λ ≤ ||Φ′

λ(un)||∗λ + ||un−||λ

❡ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ n→ ∞ ♦❜t❡♠♦s

Φ′
λ(un+) → 0 ❡♠ Hλ .

P♦rt❛♥t♦✱ ♣❡❧♦ ❧✐♠✐t❡ ❛❝✐♠❛ ❡ ♣♦r ✭✷✳✼✮✱ (un+)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ❞❡ Φλ✱ ❝♦♠♦

q✉❡rí❛♠♦s ♠♦str❛r✳

❖ ♣ró①✐♠♦ ❧❡♠❛ é ✉♠❛ ✈❡rsã♦ ❞♦ ▲❡♠❛ ✶✳✼ ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❡ ❣❛r❛♥t❡✱ ❝♦♠♦

❝❛s♦ ♣❛rt✐❝✉❧❛r✱ q✉❡ t♦❞❛ s❡q✉ê♥❝✐❛ (PS)c ❞❡ Φλ é ❧✐♠✐t❛❞❛✳

▲❡♠❛ ✷✳✺ ❙✉♣♦♥❤❛ q✉❡ ❛s s❡q✉ê♥❝✐❛s (un)n∈N ∈ H ❡ (λn)n∈N ⊂ [λ1,∞) s❛t✐s❢❛ç❛♠

Φλn
(un) → c, ✭✷✳✽✮

||Φ′
λn

(un)||∗λn
→ 0 , ✭✷✳✾✮

♦♥❞❡ c ∈ R ❡

||f ||∗λ = sup
ϕ∈H , ||ϕ||λ≤1

|f(ϕ)| , ♣❛r❛ f ∈ H′ .

❊♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M = M(c)✱ q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❛s s❡q✉ê♥❝✐❛s t♦♠❛❞❛s✱ t❛❧ q✉❡

0≤ lim inf ||un||
2
λn
≤ lim sup ||un||

2
λn
≤M.

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ ❛ s❡q✉ê♥❝✐❛ (λn)n∈N é ❝♦♥st❛♥t❡ ❝♦♠ λn = λ ≥ λ1✱ ♣❛r❛ t♦❞♦ n ∈ N✱

❡♥tã♦ (un)n∈N ∈ H é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡ (PS)c ❞❡ Φλ✱ ✐st♦ é✱ s❛t✐s❢❛③

Φλ(un) → c, ✭✷✳✶✵✮

Φ′
λ(un) → 0 ❡♠ H′ . ✭✷✳✶✶✮



✻✼

❉❡♠♦♥str❛çã♦✿

P❛r❛ ❞❡♠♦♥str❛r♠♦s ❡ss❡ ❧❡♠❛✱ ❜❛st❛ ♥♦t❛r q✉❡ ✈❛❧❡♠ ❛s ❡st✐♠❛t✐✈❛s

H(s) −
1

q + 1
h(s)s ≤ 0 , ∀ s ∈ R ,

❡

F (s) −
1

q + 1
f(s)s ≤ ν0s

2

(

1

2
−

1

q + 1

)

, ∀ s ∈ R ,

❡ r❡♣❡t✐r ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❡♠♣r❡❣❛❞♦s ♥❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✶✳✼ ❞♦ ❈❛♣ít✉❧♦ ✶✳

�

P❛r❛ ❡♥✉♥❝✐❛r♠♦s ♦ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r✱ ♣r❡❝✐s❛♠♦s ✜①❛r ❛❧❣✉♠❛s ♥♦t❛çõ❡s✳

❉❛❞♦ j ∈ {1, 2, 3}✱ s❡❥❛ ♦ ❢✉♥❝✐♦♥❛❧ Ij : H1
0 (Ωj) → R ❞❛❞♦ ♣♦r

Ij(u) =
1

2

∫

Ωj

|∇u|2 + Z(x)u2 −
β

q + 1

∫

Ωj

uq+1
+ −

1

2∗

∫

Ωj

u2∗

+ . ✭✷✳✶✷✮

❱❛❧❡ ❞❡st❛❝❛r q✉❡ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ Ij sã♦ s♦❧✉çõ❡s ❢r❛❝❛s ♣♦s✐t✐✈❛s ❞♦ ♣r♦❜❧❡♠❛

−∆u+ Z(x)u = βuq + u2∗−1 ❡♠ Ωj,

u = 0 ❡♠ ∂Ωj

✭✷✳✶✸✮

❡ q✉❡ ❡st❡ t❡♠ ❛ ❣❡♦♠❡tr✐❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✱ ❞♦♥❞❡ ✜❝❛ ❜❡♠ ❞❡✜♥✐❞♦ ♦ ♥í✈❡❧

♠✐♥✐♠❛① ❞♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ✭❚❡♦r❡♠❛ ❆✳✻✮✱

cj = inf
γ∈Γj

max
t∈[0,1]

Ij(γ(t)) , ✭✷✳✶✹✮

♦♥❞❡ Γj = {γ ∈ C([0, 1], H1
0 (Ωj)) ; γ(0) = 0 , Ij(γ(1)) < 0}✳

❆ té❝♥✐❝❛ q✉❡ ❢♦✐ ❛♣❧✐❝❛❞❛ ♣♦r ❆❧✈❡s✱ ❞❡ ▼♦r❛✐s ❋✐❧❤♦ & ❙♦✉t♦ ♣❛r❛ ♣r♦✈❛r ♦

❚❡♦r❡♠❛ ✷✳✶✱ ✐♥❝❧✉✐ ❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛ ❞♦ ❢✉♥❝✐♦♥❛❧ ❛ss♦❝✐❛❞♦ ❛♦

♣r♦❜❧❡♠❛ (Pλ) ❝♦♠ ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛ ❞❡ ❢✉♥❝✐♦♥❛✐s r❡❧❛❝✐♦♥❛❞♦s ❛ ♣r♦❜❧❡♠❛s ❛✉①✐❧✲

✐❛r❡s r❡❢❡r❡♥t❡s ❛♦ ♣r♦❜❧❡♠❛ (Pλ)✱ ❛ss✐♠ ❝♦♠♦ ♦ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❛❧❣✉♠❛s

s❡q✉ê♥❝✐❛s (PS)c✳

◆❡st❡ s❡♥t✐❞♦✱ ✈❡❥❛♠♦s ♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✷✳✻ ❊①✐st❡ β∗ > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ β > β∗✱ t❡♠♦s

cj ∈

(

0,

(

1

2
−

1

q + 1

)

S
N
2

4

)

, ∀ j ∈ {1, 2, 3} ,

♦♥❞❡ S é ❛ ♠❡❧❤♦r ❝♦♥st❛♥t❡ ❞❡ ❙♦❜♦❧❡✈ ♣❛r❛ ❛ ✐♠❡rsã♦ H1(RN) →֒ L2∗(RN)✳



✻✽

❉❡♠♦♥str❛çã♦✿

❙❡❥❛ j ∈ {1, 2, 3} q✉❛❧q✉❡r✳

❋✐①❡♠♦s ❡♥tã♦ ✉♠❛ ❢✉♥çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ϕj ∈ H1
0 (Ωj)\{0} ❡ ❝♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐✲

❝❛çã♦ σj : [0,∞) → R ❞❛❞❛ ♣♦r

σj(t) = Ij(tϕj) =
t2

2

∫

Ωj

|∇ϕ|2 + Z(x)ϕ2 − tq+1 β

q + 1

∫

Ωj

ϕq+1 −
t2

∗

2∗

∫

Ωj

ϕ2∗ .

➱ ❢á❝✐❧ ✈❡r q✉❡ σj é ❝♦♥tí♥✉❛✱ σj(0) = 0✱ σj(t) > 0 ♣❛r❛ t > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱

❥á q✉❡ σ′
j(t) > 0 ♣❛r❛ t ♣ró①✐♠♦ ❞❡ 0✱ ❡ limt→∞ σj(t) = −∞✳ ❙❡♥❞♦ ❛ss✐♠✱ ❡①✐st❡

tβ,j ∈ (0,∞) t❛❧ q✉❡

Ij(tβ,jϕj) = max
t≥0

Ij(tϕj)

❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱

0 = σ′
j(tβ,j) = t

∫

Ωj

|∇ϕj|
2 + Z(x)ϕ2

j − tqβ

∫

Ωj

ϕq+1
j − t2

∗−1

∫

Ωj

ϕ2∗

j . ✭✷✳✶✺✮

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ cj é ♦ ♥í✈❡❧ ♠✐♥✐♠❛① ❞❡ Ij✱ t❡♠♦s

cj ≤ Ij(tβ,jϕj). ✭✷✳✶✻✮

◆♦t❡ q✉❡✱ ♣♦r ✭✷✳✶✺✮✱
∫

Ωj

|∇ϕj|
2 + Z(x)ϕ2

j = βtq−1
β,j

∫

Ωj

ϕq+1
j + t2

∗−2
β,j

∫

Ωj

ϕ2∗

j

≥ βtq−1
β,j

∫

Ωj

ϕq+1
j

❡ ❞❛í

tβ,j ≤









∫

Ωj

|∇ϕj|
2 + Z(x)ϕ2

j

β

∫

Ωj

ϕq+1
j









1
q−1

,

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

lim
β→∞

tβ,j = 0 .

❯s❛♥❞♦ ♦ ❧✐♠✐t❡ ❛♥t❡r✐♦r✱ t❡♠♦s✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ Ij✱

lim
β→∞

Ij(tβ,jϕj) = 0

❞♦♥❞❡✱ ♣♦r ✭✷✳✶✻✮ ❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❧✐♠✐t❡✱ s❡❣✉❡ q✉❡ ❡①✐st❡ β∗
j > 0 t❛❧ q✉❡

cj <

(

1

2
−

1

q + 1

)

S
N
2

4
, ∀ β ≥ β∗ . ✭✷✳✶✼✮



✻✾

P♦rt❛♥t♦✱ ❝♦♠♦ j ∈ {1, 2, 3} é ❛r❜✐trár✐♦✱ ♣❛r❛ ❝❛❞❛ j ∈ {1, 2, 3} ❡①✐st❡ β∗
j > 0

s❛t✐s❢❛③❡♥❞♦ ✭✷✳✶✼✮✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣❛r❛ ❝♦♥❝❧✉✐r♠♦s ❛ ❞❡♠♦♥str❛çã♦✱ ❜❛st❛ t♦♠❛r

β∗ = max
1≤j≤3

β∗
j .

�

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r é ♦

❈♦r♦❧ár✐♦ ✷✳✼ P❛r❛ β s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♠✲s❡

∑

1≤j≤3

cj ∈

(

0,

(

1

2
−

1

q + 1

)

S
N
2

)

.

❊ss❛ ✐♥❢♦r♠❛çã♦ é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦s ♥♦ss♦ ❡st✉❞♦s✱ ❝♦♠♦ ♠♦str❛ ❛

Pr♦♣♦s✐çã♦ ✷✳✽ P❛r❛ ❝❛❞❛ λ ≥ 1 ❡ c ∈
(

0,
(

1
2
− 1

q+1

)

S
N
2

)

✱ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ (PS)c

(un)n∈N ⊂ Hλ ❞♦ ❢✉♥❝✐♦♥❛❧ Φλ ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠ Hλ✳

❉❡♠♦♥str❛çã♦✿

❙❡❥❛♠ λ ≥ 1 ❡ (un)n∈N ⊂ Hλ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ❞❡ Φλ ♥ã♦✲♥❡❣❛t✐✈❛✸✳

P❡❧♦ ▲❡♠❛ ✷✳✺ (un)n∈N é ✉♠❛ é ❧✐♠✐t❛❞❛ ❡♠Hλ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡♠ H1(RN)✱

❥á q✉❡ Hλ →֒ H1(RN)✳ ❉❡ss❛ ❢♦r♠❛✱ ❡①✐st❡ K > 0 s❛t✐s❢❛③❡♥❞♦

K ≥ max
n∈N

{||un||λ , |un|
2
2 , |∇un|

2
2} . ✭✷✳✶✽✮

❉❛í✱ s❡♥❞♦ Hλ ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦✱ ❥á q✉❡ é ❞❡ ❍✐❧❜❡rt✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

un ⇀ u ❡♠ Hλ ❡ H1(RN) . ✭✷✳✶✾✮

♣❛r❛ ❛❧❣✉♠❛ u ∈ Hλ✳ ▼❛✐s ❛✐♥❞❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✱ t❡♠♦s t❛♠❜é♠

un → u ❡♠ Lr
❧♦❝

(RN) , r ∈ [1, 2∗ ) , ✭✷✳✷✵✮

❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱

un(x) → u(x) q✉❛s❡ s❡♠♣r❡ ❡♠ R
N . ✭✷✳✷✶✮

◆♦t❡ q✉❡ s❡ ♠♦str❛r♠♦s ❛ ❝♦♥✈❡r❣ê♥❝✐❛

||un||λ → ||u||λ, q✉❛♥❞♦ n→ ∞, ✭✷✳✷✷✮

✸P♦❞❡♠♦s t♦♠á✲❧❛ ❞❡ss❛ ❢♦r♠❛ ❞❡✈✐❞♦ à ♦❜s❡r✈❛çã♦ ❢❡✐t❛ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣á❣✐♥❛ ✻✹✳



✼✵

❡♥tã♦ t❡r♠✐♥❛ ❛ ❞❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❞♦ ❥á ♠♦str❛❞❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛❝✐♠❛✱

❝♦♠♦ un ⇀ u ❡♠ Hλ q✉❡ é ✉♠ ❡s♣❛ç♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦ ✭♣♦✐s é ❞❡ ❍✐❧❜❡rt✮✱

s❡❣✉❡ q✉❡

un → u ❡♠ Hλ .

❱❡❥❛♠♦s ❛❣♦r❛ q✉❡✱ ❝♦♠♦

||un||λ − ||u||λ = Φ′
λ(un)un − Φ′

λ(u)u+

∫

RN

g(x, un)un −

∫

RN

g(x, u)u ,

❡♥tã♦ ♥♦ss♦ ♦❜❥❡t✐✈♦ ♣❛ss❛ ❛ s❡r ❛ ✈❡r✐✜❝❛çã♦ ❞❛s ❝♦♥✈❡r❣ê♥❝✐❛s

lim
n→∞

Φ′
λ(un)un = Φ′

λ(u)u ✭✷✳✷✸✮

❡

lim
n→∞

∫

RN

g(x, un)un =

∫

RN

g(x, u)u . ✭✷✳✷✹✮

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❛s ✐❣✉❛❧❞❛❞❡s é ✉♠ t❛♥t♦ ❧♦♥❣❛ ❡✱ ♣♦r ✐ss♦✱ ❛ ❞✐✈✐❞✐r❡♠♦s ❡♠

✺ ♣❛rt❡s✳

1o P❛rt❡✿ ❖ ❧✐♠✐t❡ ❢r❛❝♦ u é ♣♦♥t♦ ❝rít✐❝♦ ❞♦ ❢✉♥❝✐♦♥❛❧ Φλ ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ✈❛❧❡

♦ ❧✐♠✐t❡ ✭✷✳✷✸✮✳

❈♦♠♦ C∞
c (RN) é ❞❡♥s♦✹ ❡♠ Hλ✱ ❜❛st❛ ♠♦str❛r q✉❡

Φ′
λ(u)ϕ = 0 , ∀ϕ ∈ C∞

c (RN) . ✭✷✳✷✺✮

❉❛í✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡✱ ♣❛r❛ t♦❞❛ ϕ ∈ C∞
c (RN) ✈❛❧❡ ♦ ❧✐♠✐t❡

∫

RN

∇un∇ϕ+ (λV (x) + Z(x))unϕ−

∫

RN

g(x, un)ϕ =

= Φ′
λ(un)ϕ −→ Φ′

λ(u)ϕ =

=

∫

RN

∇un∇ϕ+ (λV (x) + Z(x))unϕ−

∫

RN

g(x, un)ϕ , ✭✷✳✷✻✮

♣♦✐s✱ ❥á q✉❡ (un)n∈N é (PS)c✱ t❡♠♦s

Φ′
λ(un)ϕ→ 0 , ∀ϕ ∈ C∞

c (RN) ,

❡ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ t❡r❡♠♦s ✭✷✳✷✺✮✳

✹❱❡r ❆♣ê♥❞✐❝❡ ❆✱ ▲❡♠❛ ❆✳✾



✼✶

❙❡♥❞♦ ❛ss✐♠✱ ♠♦str❡♠♦s ✭✷✳✷✻✮✳

❋✐①❡♠♦s ϕ ∈ C∞
c (RN) ❛r❜✐tr❛r✐❛♠❡♥t❡✳

P❡❧❛ ♥❛t✉r❡③❛ ❞❡ ϕ✱ ❛ ❛♣❧✐❝❛çã♦

w ∈ H1(RN) 7→

∫

RN

∇w∇ϕ+ (λV (x) + Z(x))wϕ

❞❡✜♥❡ ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦ ❡♠H1(RN)✳ ▲♦❣♦✱ ❝♦♠♦ un ⇀ u ❡♠ ♥❡st❡ ❡s♣❛ç♦✱

∫

RN

∇un∇ϕ+ (λV (x) + Z(x))unϕ→

∫

RN

∇u∇ϕ+ (λV (x) + Z(x))uϕ . ✭✷✳✷✼✮

❆❧é♠ ❞✐ss♦✱ ♣♦r ✭✷✳✷✵✮✱ t❡♠♦s t❛♠❜é♠

∫

Ω′
J

h(un)ϕ = β

∫

Ω′
J

uq
nϕ+

∫

Ω′
J

u2∗−1
n ϕ −→ β

∫

Ω′
J

uqϕ+

∫

Ω′
J

u2∗−1ϕ =

∫

Ω′
J

h(u)ϕ . ✭✷✳✷✽✮

▼❛✐s ❛✐♥❞❛✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛

∫

RN\Ω′
J

f(un)ϕ→

∫

RN\Ω′
J

f(u)ϕ ✭✷✳✷✾✮

s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ un → u ❡♠ L1
❧♦❝

(RN) ❡ ❞❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✸✱ ❛ ❢✉♥çã♦ f̃ : V ×R → R✱

♦♥❞❡ V é ✉♠ ❝♦♠♣❛❝t♦ ❝♦♠ V ⊃ (suppϕ ∩ R
N\Ω′

J) ✱ ❞❛❞❛ ♣♦r

f̃(x, s) = f(s)ϕ(x) , ∀ (x, s) ∈ V × R ,

❞❡✜♥✐r ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ◆❡♠②ts❦✐✐ Nf̃ : L1(RN) → L1(RN) ❝♦♥tí♥✉❛✱ ❥á q✉❡ f̃ é ✉♠❛

❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② s❛t✐s❢❛③❡♥❞♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ f ✱

|f̃(x, s)| ≤ |ϕ|∞|f(s)| ≤ |ϕ|∞ν0|s| , ∀ (x, s) ∈ V × R .

P♦rt❛♥t♦✱ ✭✷✳✷✻✮ s❡❣✉❡ ❞❡ ✭✷✳✷✼✮✱ ✭✷✳✷✽✮ ❡ ✭✷✳✷✾✮✱ ❡ ❛ss✐♠ ❝♦♥❝❧✉í♠♦s ❛ 1o ♣❛rt❡✳

❆s ♣ró①✐♠❛s ❡t❛♣❛s tê♠ ♣♦r ♦❜❥❡t✐✈♦ ♠♦str❛r ♦ ❧✐♠✐t❡ ✭✷✳✷✹✮✳

2o P❛rt❡✿ ❉❛❞♦ ε > 0✱ ❡①✐st❡ R > 0 t❛❧ q✉❡

∫

BR(x)

|∇un|
2 + (λV (x) + Z(x))u2

n ≤ ε , ✭✷✳✸✵✮

♣❛r❛ t♦❞♦ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❋✐①❡♠♦s ✉♠❛ ❢✉♥çã♦ ζ ∈ C∞(RN , [0, 1]) s❛t✐s❢❛③❡♥❞♦

ζ
∣

∣

BR(0)c ≡ 1 , ζ
∣

∣

B R
2

(0)
≡ 0 ❡ |∇ζ(x)| ≤

3

R
, ∀x ∈ R

N ,



✼✷

♦♥❞❡ R > 0 é✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ t❛❧ q✉❡

BR/2(0) ⊃ Ω′
J .

❈♦♠♦ (un)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ✱ ♣♦r ✭✷✳✶✽✮ t❡♠♦s

|Φ′(un)(ζun)| ≤ ||Φ′(un)||∗λ ||ζun||λ ≤ K||Φ′(un)||∗λ → 0 . ✭✷✳✸✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ❢♦r♠❛ ❝♦♠♦ ζ ❢♦✐ t♦♠❛❞❛✱ t❡♠♦s

Φ′
λ(un)(ζun) =

∫

RN

∇un∇(ζun) + (λV (x) + Z(x))un(ζun) −

∫

RN

g(x, un)(ζun)

=

∫

RN

ζ(|∇un|
2 + (λV (x) + Z(x))u2

n) + un∇un∇ζ −

∫

RN

ζf(un)un ,

❞♦♥❞❡
∫

RN

ζ(|∇un|
2 + (λV (x) + Z(x))u2

n) = Φ′
λ(un)(ζun) −

∫

RN

un∇un∇ζ +

+

∫

RN

ζf(un)un . ✭✷✳✸✷✮

❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ t❡♥❞♦ ❡♠ ✈✐st❛ ✭✷✳✶✽✮ ❡ ❛ ♥❛t✉r❡③❛ ❞❡ ζ✱

−

∫

RN

un∇un∇ζ ≤

∫

RN

|un||∇un∇ζ|

≤ |un|
2
2|∇un∇ζ|

2
2

≤
3K2

R
. ✭✷✳✸✸✮

❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ f ❡ ♣♦r (V 3′)✱ t❡♠♦s

f(v)v ≤ ν0v
2 ≤

ν0

M0

(λV (x) + Z(x))v2

≤
ν0

M0

(|∇v|2 + (λV (x) + Z(x))v2) , ∀ v ∈ Hλ ,

♦♥❞❡ ν0/M0 < 1✱ ♣❡❧❛ ♠❛♥❡✐r❛ ❝♦♠♦ ν0 ❢♦✐ ❡s❝♦❧❤✐❞❛✱ ✭✷✳✷✮✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱
∫

RN

ζf(un)un ≤
ν0

M0

∫

RN

ζ(|∇un|
2 + (λV (x) + Z(x))u2

n) , ∀n ∈ N .

▼❛✐s ❛✐♥❞❛✱ ✉s❛♥❞♦ ✭✷✳✸✸✮ ❡ ❛ ú❧t✐♠❛ ❡st✐♠❛t✐✈❛ ❡♠ ✭✷✳✸✷✮✱ ♦❜t❡♠♦s
(

1 −
ν0

M0

)∫

RN

ζ(|∇un|
2 + (λV (x) + Z(x))u2

n) ≤ Φ′
λ(un)(ζun) +

3K2

R

❞♦♥❞❡✱ ♣❡❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ζ✱
∫

BR(0)c

|∇un|
2 + (λV (x) + Z(x))u2

n ≤ αΦ′
λ(un)(ζun) +

3K2α

R



✼✸

♦♥❞❡ α =
(

1 − ν0

M0

)−1

✳ P♦rt❛♥t♦✱ ❞❛❞♦ ε > 0✱ ♣♦r ✭✷✳✸✶✮ t❡♠♦s

αΦ′
λ(un)(ζun) ≤

ε

2
, ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

❡ t♦♠❛♥❞♦ R ❞❡ ♠♦❞♦ q✉❡
3K2

R
≤
ε

2

s❡❣✉❡ ❛ ❝♦♥❝❧✉sã♦ ❞❡st❛ ♣❛rt❡✳

3o P❛rt❡✿ ❆ s❡q✉ê♥❝✐❛ (νi)i∈I ♦❜t✐❞❛ ❞❡ (un)n∈N ♣❡❧♦ ▲❡♠❛ ✷✳✹ s❛t✐s❢❛③

νi = 0 , ∀ i ∈ I .

Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡ ❡st❛♠♦s s♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✷✳✹✳

❉❡ ❢❛t♦✱ ❝❧❛r❛♠❡♥t❡ (un)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ❢r❛❝♦ ❡♠ L2∗(RN)✱ ✉♠❛

✈❡③ q✉❡ é ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ❡♠ H1(RN) ❡ H1(RN) →֒ L2∗(RN) ❝♦♥t✐♥✉❛♠❡♥t❡✳

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♦ ❡s♣❛ç♦✺ (M(RN), ||.||M)✱ ♦♥❞❡ ❛ ♥♦r♠❛ ||.||M é ❞❛❞❛ ♣♦r

||σ||M = |σ|(RN) , ∀σ ∈M(RN) ,

é s❡♣❛rá✈❡❧ ❡ é ♦ ❞✉❛❧ ❞❡ (C0(R
N), |.|∞)✱ ❡♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❇❛♥❛❝❤✲❆❧❛♦❣❧✉✲

❇♦✉r❜❛❦✐✱ ❜❛st❛ ♠♦str❛r q✉❡ ❛s s❡q✉ê♥❝✐❛s ( |un|
2∗ )n∈N ❡ ( |∇un|

2 )n∈N sã♦ ❧✐♠✐t❛❞❛s

❡♠ M(RN) ♣❛r❛ ❝♦♥❝❧✉✐r♠♦s q✉❡ ❡st❛s sã♦✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ ❢r❛❝❛♠❡♥t❡ ❝♦♥✲

✈❡r❣❡♥t❡s✳ ▼❛s ✐ss♦ é ✐♠❡❞✐❛t♦✱ ✉♠❛ ✈❡③ q✉❡

|| |un|
2∗ ||M =

∫

RN

|un|
2∗ = |un|

2∗

2∗

❡

|| |∇un|
2 ||M =

∫

RN

|∇un|
2 = |∇un|

2
2

❡ (un)n∈N é ❧✐♠✐t❛❞❛ ❡♠ H1(RN) ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡♠ L2∗(RN)✳

❆❣♦r❛ ✈❛♠♦s à ❞❡♠♦♥str❛çã♦ ❞❡st❛ ♣❛rt❡✳

P❛r❛ ❝♦♠❡ç❛r✱ ❛✜r♠❛♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s L é ✜♥✐t♦✳

❉❡ ❢❛t♦✱ ❝♦♠♦ (un)n∈N é (PS)c✱ t❡♠♦s✱ ♣❛r❛ ❝❛❞❛ ϕ ∈ C∞
c (RN)✱

on(1) := Φ′
λ(un)ϕ→ 0 ,

✺✈❡r ❆♣ê♥❞✐❝❡ ❆✱ ❙❡çã♦ ❆✳✻



✼✹

♦✉ s❡❥❛✱
∫

RN

ϕ|∇un|
2 +

∫

RN

ϕ(λV (x) + Z(x))u2
n +

∫

RN

un∇un∇ϕ =

∫

RN

ϕg(x, un)un + on(1) .

✭✷✳✸✹✮

❋✐①❡♠♦s ❡♥tã♦ η ∈ C∞
c (RN , [0, 1]) t❛❧ q✉❡

η
∣

∣

B(0,1)
≡ 1 , η

∣

∣

B(0,2)c ≡ 0 , ❡ |∇η|∞ ≤ 3 , ❝♦♠ supp∇η ⊂ B(0, 2) .

❆❣♦r❛ t♦♠❡♠♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ ε > 0 ❡ xj ∈ {xi}i∈I ✱ ♦♥❞❡ (xi)i∈I é ❛ s❡q✉ê♥❝✐❛

❞❡ ♣♦♥t♦s ❞✐s❥✉♥t♦s ❞❛❞❛ ♥♦ ▲❡♠❛ ✷✳✹✱ ❡ ❝♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦ ηε ∈ C∞
c (RN , [0, 1])

❞❛❞❛ ♣♦r

ηε(x) = η

(

x− xj

ε

)

, ∀x ∈ R
N .

➱ ❢á❝✐❧ ✈❡r q✉❡ ❛ ❢✉♥çã♦ ❛❝✐♠❛ s❛t✐s❢❛③

ηε

∣

∣

Bε(xj)
≡ 1 , ηε

∣

∣

B2ε(xj)
c ≡ 0 , ❡ |∇ηε|∞ ≤

3

ε
, ❝♦♠ supp∇ηε ⊂ B2ε(xj) . ✭✷✳✸✺✮

❆ss✐♠✱ ❢❛③❡♥❞♦ ηε ≡ ϕ ❡♠ ✷✳✸✹ ❡ ❞❡♥♦t❛♥❞♦ ❛ ❜♦❧❛ B2ε(xj) ♣♦r B✱ t❡♠♦s
∫

B

ηε|∇un|
2 +

∫

B

ηε(λV (x)+Z(x))u2
n

∫

B

un∇un∇ηε =

∫

B

ηεg(x, un)un +on(1) . ✭✷✳✸✻✮

❆❣♦r❛ ♦❜s❡r✈❡ q✉❡
∫

B

ηε(λV (x) + Z(x))u2
n ≥ 0 ,

❥á q✉❡ t♦❞❛s ❛s ❢✉♥çõ❡s ❞♦ ✐♥t❡❣r❛♥❞♦ sã♦ ♥ã♦✲♥❡❣❛t✐✈❛s✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ g s❡❣✉❡ q✉❡

g(x, s)s ≤ h(s)s = βsq+1 + s2∗ , ∀x ∈ R
N , ∀ s ∈ R ,

❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❡ ❍ö❧❞❡r✱ ✭✷✳✸✺✮ ❡ ✭✷✳✶✽✮✱

−

∫

B

un∇un∇ηε ≤

∫

B

un|∇un||∇ηε| ≤
3

ε

∫

B

un|∇un|

≤
3

ε
|un|2,B|∇un|2,B ≤

3K
1
2

ε
|un|2,B .

❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ✭✷✳✸✻✮ ❝♦♠♦

∫

B

ηε|∇un|
2 ≤

3K
1
2

ε
|un|2,Bβ

∫

B

ηεu
q+1
n +

∫

B

ηεu
2∗

n + on(1)

❞♦♥❞❡ ♦❜t❡♠♦s✱ ❛♣❧✐❝❛♥❞♦ ♦ ❧✐♠✐t❡ n→ ∞ ❡ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✹ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✭✷✳✶✾✮✱

∫

B

ηεdµ ≤
3K

1
2

ε
|u|2,Bβ

∫

B

ηεu
q+1 +

∫

B

ηεdν .



✼✺

▼❛✐s ❛✐♥❞❛✱ ❝♦♠♦ 1
2∗

+ 1
N

= 1
2
✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ❧❡♠❜r❛♥❞♦ q✉❡

B = B2ε(xj)✱

|u|2,B ≤ |B2ε(xj)|
1
N |u|2∗,B = ((2ε)NωN)

1
N |u|2∗,B = 2εω

1
N

N |u|2∗,B ,

♦♥❞❡ ωN ❞❡♥♦t❛ ♦ ✈♦❧✉♠❡ ❞❛ ❜♦❧❛ ✉♥✐tár✐❛ ❡♠ R
N ✳ ❊♥tã♦

∫

B

ηεdµ ≤ (6K
1
2ω

1
N

N )|u|2∗,B + β

∫

B

ηεu
q+1 +

∫

B

ηεdν . ✭✷✳✸✼✮

❆❣♦r❛✱ ❝♦♠♦ ❛ ❢✉♥çã♦ l ≡ 1 ♣❡rt❡♥❝❡ ❛♦s ❡s♣❛ç♦s L1(B, ν)✱ L1(B, µ) ❡ L1(B)✱

|ηε(x)| ≤ l(x) , ∀x ∈ B,

❡

ηε(x) → χ{xj}(x) q✉❛s❡ s❡♠♣r❡ ❡♠ B , q✉❛♥❞♦ ε→ 0 ,

♦♥❞❡ χ{xj} é ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ♣♦♥t♦ xj✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦✲

♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❞❡✈❡♠♦s t❡r
∫

B

ηεdν → ν({xj}) = νj ,

∫

B

ηεdµ→ µ({xj}) ,

∫

B

ηεu
q+1 → 0 , q✉❛♥❞♦ ε→ 0 .

P♦rt❛♥t♦✱ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ ε→ 0 ❡♠ ✭✷✳✸✼✮ s❡❣✉❡ q✉❡

µ({xj}) ≤ 6K
1
2ω

1
N

N · 0 + β · 0 + νj ,

✐st♦ é✱

µ({xj}) ≤ νj . ✭✷✳✸✽✮

P♦r ✜♠✱ ❝♦♠♦ ♦ ▲❡♠❛ ✷✳✹ t❛♠❜é♠ ♥♦s ❞á

µ({xi}) ≥ Sν
2
2∗

i , ∀ i ∈ I , ✭✷✳✸✾✮

s❡ νj > 0✱ ❡♥tã♦ s❡❣✉❡ ❞❡ ✭✷✳✸✽✮ q✉❡

νj ≥ S
N
2 , ✭✷✳✹✵✮

❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ❛♣❡♥❛s ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ νi ♥ã♦✲♥✉❧♦s✱ ♣♦✐s ❞❡

♦✉tr❛ ❢♦r♠❛ t❡rí❛♠♦s
∞
∑

i=1

Sν
2
2∗

i = ∞ ,

♦ q✉❡ ❝♦♥tr❛r✐❛ ♦ ▲❡♠❛ ✷✳✹✳



✼✻

❆ s❡❣✉✐r✱ ♠♦str❡♠♦s q✉❡

νi = 0 , ∀i ∈ I .

❯s❛♥❞♦ ♠❛✐s ✉♠❛ ✈❡③ q✉❡ (un)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c✱ t❡♠♦s

Φλ(un) −
1

q + 1
Φ′

λ(un)un = c+ on(1) ,

❡ ✉s❛♥❞♦ q✉❡✱ ♣♦r ✭✷✳✷✮✱

∫

RN

(λV (x) + Z(x))u2
n +

∫

RN

1

q + 1
g(x, un)un −G(x, un) ≥

≥

(

M0 − ν0

(

1

2
−

1

q + 1

))∫

RN

u2
n ≥ (M0 − ν0)

∫

RN

u2
n ≥ 0 .

♦❜t❡♠♦s
(

1

2
−

1

q + 1

)∫

RN

|∇un|
2 ≤ c+ on(1)

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❢❛③❡♥❞♦ n→ ∞✱
(

1

2
−

1

q + 1

)

µ({xi}) ≤

(

1

2
−

1

q + 1

)∫

RN

dµ ≤ c , ∀ i ∈ I . ✭✷✳✹✶✮

❆❣♦r❛✱ s❡ ❡①✐st❡ j ∈ I t❛❧ q✉❡ νi > 0✱ ❡♥tã♦✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ✭✷✳✸✾✮ ❡ ✭✷✳✹✵✮✱

❞❡✈❡♠♦s t❡r

c ≥

(

1

2
−

1

q + 1

)

µ({xj}) ≥

(

1

2
−

1

q + 1

)

Sν
2
2∗

j ≥

(

1

2
−

1

q + 1

)

S
N
2 ,

♦ q✉❡ ❝♦♥tr❛r✐❛ ❛ ❢♦r♠❛ ❝♦♠♦ t♦♠❛♠♦s ❛ ❝♦♥st❛♥t❡ c ♥♦ ❡♥✉♥❝✐❛❞♦✳ ▲♦❣♦

νi = 0 , ∀ i ∈ I ,

❝♦♠♦ q✉❡rí❛♠♦s ♠♦str❛r✳

4o P❛rt❡✿ un → u ❡♠ L2∗

❧♦❝
(RN)✳

P❡❧♦ ▲❡♠❛ ✷✳✹ ❡ ♣❡❧❛ ♣❛rt❡ ❛♥t❡r✐♦r t❡♠♦s

|un|
2∗ ∗
⇀ |u|2

∗

❡♠ M(RN). ✭✷✳✹✷✮

❚♦♠❡♠♦s V ⊂ R
N ✉♠ ❝♦♠♣❛❝t♦ ❛r❜✐trár✐♦✳

P❛r❛ ✈❡r✐✜❝❛r♠♦s ♦ r❡s✉❧t❛❞♦ ❞❡st❛ ♣❛rt❡✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡ un → u ❡♠

L2∗(V )✱ ♦ q✉❡ ❢❛r❡♠♦s ❝♦♠ ♦ ❛✉①í❧✐♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❇r❡③✐s✲▲✐❡❜ ✭❚❡♦r❡♠❛ ❆✳✹✮ ❡

✉s❛♥❞♦ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✭✷✳✹✷✮✳



✼✼

❋✐①❡♠♦s ❡♥tã♦ ✉♠❛ ❢✉♥çã♦ ϕ ∈ C∞
c (RN , [0, 1]) t❛❧ q✉❡ ϕ

∣

∣

V
≡ 1✳

P♦r ✭✷✳✷✶✮✱ ❝❧❛r❛♠❡♥t❡

ϕ
1
2∗ (x)un(x)

n→∞
−→ ϕ

1
2∗ (x)u(x) q✉❛s❡ s❡♠♣r❡ ❡♠ R

N

❡

|ϕ
1
2∗ un|2∗ =

(∫

RN

ϕu2∗

n

)

≤ |un|2∗ ,

❞♦♥❞❡ ❛ s❡q✉ê♥❝✐❛ (ϕ2∗un)n∈N é ❧✐♠✐t❛❞❛ ❡♠ L2∗(RN)✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ✉s❛r ♦

❚❡♦r❡♠❛ ❞❡ ❇r❡③✐s✲▲✐❡❜ ✭❚❡♦r❡♠❛ ❆✳✹✮ ❡ ❝♦♥❝❧✉✐r q✉❡

|ϕ
1
2∗ un|

2∗

2∗ − |ϕ
1
2∗ un − ϕ

1
2∗ u|2

∗

2∗
n→∞
−→ |ϕ

1
2∗ u|2

∗

2∗ .

❆❧é♠ ❞✐ss♦✱ ❞❡ ✭✷✳✹✷✮ ♦❜t❡♠♦s

|ϕ
1
2∗ un|

2∗

2∗ =

∫

RN

ϕu2∗

n
n→∞
−→

∫

RN

ϕu2∗ ,

♦ q✉❡ ♥♦s ❞á✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡✱

|ϕ
1
2∗ un − ϕ

1
2∗ u|2

∗

2∗
n→∞
−→ 0

❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱

∫

V

|un − u|2
∗

≤

∫

V

ϕ|un − u|2
∗

= |ϕ
1
2∗ un − ϕ

1
2∗ u|2

∗

2∗
n→∞
−→ 0 ,

✐st♦ é✱ un → u ❡♠ L2∗(V )✳ ❆ss✐♠✱ ❝♦♠♦ V ⊂ R
N é ❛r❜✐trár✐♦✱ t❡♠♦s ❛ ❝♦♥❝❧✉sã♦ ❞❡st❛

♣❛rt❡✳

5o P❛rt❡✿

∫

RN

g(x, un)un →

∫

RN

g(x, u)u q✉❛♥❞♦ n→ ∞ ❡ ❝♦♥❝❧✉sã♦✳

❋✐♥❛❧♠❡♥t❡ ♠♦str❡♠♦s q✉❡

lim
n→∞

∫

RN

g(x, un)un =

∫

RN

g(x, u)u . ✭✷✳✹✸✮

P❛r❛ ✐ss♦✱ ♠♦str❛r❡♠♦s q✉❡

lim
n→∞

∫

RN

h(un)un =

∫

RN

h(u)u ✭✷✳✹✹✮

❡

lim
n→∞

∫

RN

f(un)un =

∫

RN

f(u)u . ✭✷✳✹✺✮



✼✽

❖ ❧✐♠✐t❡ ✭✷✳✹✹✮ s❡❣✉❡ ❞❡ ✭✷✳✷✵✮ ❡ ❞❛ ♣❛rt❡ ❛♥t❡r✐♦r✱ ❞❡ ♠❛♥❡✐r❛ s❡♠❡❧❤❛♥t❡ à ❢❡✐t❛

❡♠ ✭✷✳✷✽✮ ❢❛③❡♥❞♦ ϕ ≡ un✳

▼♦str❛r❡♠♦s ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✭✷✳✹✺✮ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞❛ ♣❛rt❡ ✷✳

❋✐①❡♠♦s ε > 0 q✉❛❧q✉❡r✳

P❡❧❛ 2o ♣❛rt❡✱ ❡①✐st❡ R > 0 s❛t✐s❢❛③❡♥❞♦ ✭✷✳✸✵✮✳

◆♦t❡ q✉❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ f ✱

max
s∈R

|f ′(s)| ≤ h′(a) + ν0 := ν1 ,

♦♥❞❡ a > 0 é ❛ ❝♦♥st❛♥t❡ q✉❡ ❢♦✐ ✜①❛❞❛ ♥♦ ✐♥í❝✐♦ ❞❡st❛ s❡çã♦✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ (un)n∈N

é ❧✐♠✐t❛❞❛ ❡♠ Hλ✱ ❡①✐st❡ K1 > 0 t❛❧ q✉❡

|u|2 + |un|2 ≤ K1 , ∀n ∈ N .

❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s
∣

∣

∣

∣

∣

∫

RN\Ω′
J

f(un)un − f(u)u

∣

∣

∣

∣

∣

≤

∫

RN\Ω′
J

|f(un)un − f(un)u| +

∫

RN\Ω′
J

|f(un)u− f(u)u|

≤

∫

RN\Ω′
J

ν0|un| |un − u| +

∫

RN\Ω′
J

ν1|u| |un − u|

≤ ν1 (|un|2|un − u|2 + |u|2|un − u|2)

≤ ν1K1|un − u|2 . ✭✷✳✹✻✮

❆❣♦r❛✱ ♥♦t❡♠♦s q✉❡

|un − u|2 = |un − u|2,BR(0) + |un − u|2,BR(0)c

≤ |un − u|2,BR(0) +
1

M
1/2
0

||un − u||λ,BR(0)c

≤ |un − u|2,BR(0) +
1

M
1/2
0

(

||un||λ,BR(0)c + ||u||λ,BR(0)c

)

.

▼❛✐s ❛✐♥❞❛✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ q✉❡ un ⇀ u ❡♠ Hλ ❡ ❛ ❢♦r♠❛ ❝♦♠♦ R > 0 ❢♦✐ ♦❜t✐❞♦✱

t❡♠♦s

||u||λ,BR(0)c ≤ lim inf ||un||λ,BR(0)c ≤ ε .

▲♦❣♦

|un − u|2 = |un − u|2,BR(0) +
2

M
1/2
0

ε .

P♦rt❛♥t♦✱ t❡♥❞♦ ❡♠ ✈✐st❛ ✭✷✳✹✻✮✱ s❡❣✉❡ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ q✉❡
∣

∣

∣

∣

∣

∫

RN\Ω′
J

f(un)un − f(u)u

∣

∣

∣

∣

∣

≤ K1ν1|un − u|2,BR(0) +
2K1ν1

M
1/2
0

ε ,



✼✾

❞♦♥❞❡✱ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ s✉♣❡r✐♦r ❡ ✉s❛♥❞♦ ✭✷✳✷✵✮✱

lim sup

∣

∣

∣

∣

∣

∫

RN\Ω′
J

f(un)un − f(u)u

∣

∣

∣

∣

∣

≤
2K1ν1

M
1/2
0

ε .

❆ss✐♠✱ ❝♦♠♦ ε > 0 é ❛r❜✐trár✐♦✱ ❞❡✈❡♠♦s t❡r

0 ≤ lim inf

∣

∣

∣

∣

∣

∫

RN\Ω′
J

f(un)un − f(u)u

∣

∣

∣

∣

∣

≤ lim sup

∣

∣

∣

∣

∣

∫

RN\Ω′
J

f(un)un − f(u)u

∣

∣

∣

∣

∣

= 0 ,

❡ ❞❛í ❝♦♥❝❧✉í♠♦s q✉❡ ✈❛❧❡ ✭✷✳✹✺✮ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❝♦♥❝❧✉sã♦ ❞♦ t❡♦r❡♠❛✱ ♣❡❧♦

q✉❡ ❢♦✐ ❝♦❧♦❝❛❞♦ ♥♦ ✐♥í❝✐♦ ❞❛ ❞❡♠♦♥str❛çã♦✳

�

❯♠❛ s❡q✉ê♥❝✐❛ (un)n∈N ⊂ H1(RN) é ❞✐t❛ (PS)∞,c q✉❛♥❞♦

un ∈ Hλn
, lim

n→∞
Φλn

(un) = c ❡ lim
n→∞

||Φ′
λn

(un)||∗λn
= 0 ,

♦♥❞❡ ❛ s❡q✉ê♥❝✐❛ (λn)n∈N s❛t✐s❢❛③

lim
n→∞

λn = ∞ .

❆ s❡❣✉✐r✱ ♠♦str❛r❡♠♦s ❛ ♣r♦♣♦s✐çã♦ q✉❡ tr❛③ ♦s r❡s✉❧t❛❞♦s r❡❢❡r❡♥t❡s às s❡q✉ê♥❝✐❛s

(PS)∞,c ♣r❡s❡♥t❡s ♥♦ ❛rt✐❣♦ ❞❡ ❆❧✈❡s✱ ❞❡ ▼♦r❛✐s ❋✐❧❤♦ & ❙♦✉t♦ ❬✻❪✱ ❛ q✉❛❧ é ✉♠❛ ✈❡rsã♦

❞❛ Pr♦♣♦s✐çã♦ ✶✳✾ ❞♦ ❈❛♣ít✉❧♦ ✶✳

Pr♦♣♦s✐çã♦ ✷✳✾ ❙❡❥❛ (un)n∈N ⊂ H1(RN) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∞,c ❝♦♠ ♥í✈❡❧ c ♣❡rt❡♥✲

❝❡♥t❡ ❛♦ ✐♥t❡r✈❛❧♦
(

0,
(

1
2
− 1

q+1

)

S
N
2

)

✳ ❊♥tã♦✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

un ⇀ u ❡♠ H1(RN) ,

♣❛r❛ ❛❧❣✉♠❛ u ∈ H1(RN)✳ ▼❛✐s ❛✐♥❞❛✿

✭✐✮ u ≡ 0 ❡♠ R
N\ΩJ ❡ u

∣

∣

Ωj
é ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞❡

−∆u+ Z(x)u = βu|u|q−1 + u|u|2
∗−1 ❡♠ Ωj

u = 0 ❡♠ ∂Ωj

, (Pj)

♣❛r❛ j = 1, 2✳

✭✐✐✮ (un)n∈N ❝♦♥✈❡r❣❡ ♣❛r❛ u ❡♠ ✉♠ s❡♥t✐❞♦ ❢♦rt❡✿

||un − u||λn
→ 0

un → u ❡♠ H1(RN)



✽✵

✭✐✐✐✮ ❛ s❡q✉ê♥❝✐❛ (un)n∈N t❛♠❜é♠ s❛t✐s❢❛③✿
∫

RN

λnV (x)u2
n → 0 ✭✷✳✹✼✮

||un||
2
λn,RN\ΩJ

→ 0 ✭✷✳✹✽✮

||un||
2
λn,Ω′

j
→

∫

Ωj

|∇u|2 + Z(x)u2 , j = 1, 2 , ✭✷✳✹✾✮

❉❡♠♦♥str❛çã♦✿

❙❡❥❛ (un)n∈N ⊂ H1(RN) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∞,c ❝♦♠ c ∈
(

0,
(

1
2
− 1

q+1

)

S
N
2

)

✳

P❡❧♦ ▲❡♠❛ ✷✳✺✱ ❛ s❡q✉ê♥❝✐❛ (un)n∈N é ❧✐♠✐t❛❞❛ ❡♠ H1(RN) ❡ ❞❛í✱ ❛ ♠❡♥♦s ❞❡

s✉❜s❡q✉ê♥❝✐❛✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

un ⇀ u ❡♠ H1(RN) ,

♣❛r❛ ❛❧❣✉♠❛ u ∈ H1(RN)✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✱

un → u ❡♠ Lr
❧♦❝

(RN) , ∀ r ∈ [1, 2∗ ) , ✭✷✳✺✵✮

❞♦♥❞❡

un(x) → u(x) , q✉❛s❡ s❡♠♣r❡ ❡♠ R
N

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❢✉♥çã♦ u é ♥ã♦✲♥❡❣❛t✐✈❛✳

P❛r❛ ♠♦str❛r♠♦s (i)✱ ❜❛st❛ ❛❞❛♣t❛r ♦s ❛r❣✉♠❡♥t♦s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✾ (i) ❞♦ ❝❛♣í✲

t✉❧♦ ❛♥t❡r✐♦r✳

❆❣♦r❛ ✈❡❥❛♠♦s (ii)✳

◆♦t❡♠♦s q✉❡

||un − u||2λn
−

∫

RN\Ω′
J

(f(un) − f(u))(un − u) = Φ′
λn

(un)(un − u) − Φ′
λn

(u)(un − u) +

+

∫

Ω′
J

(h(un) − h(u))(un − u) .

❆ss✐♠✱ s❡ ♠♦str❛r♠♦s q✉❡

lim
n→∞

Φ′
λn

(un)(un − u) = lim
n→∞

Φ′
λn

(u)(un − u) = lim
n→∞

∫

Ω′
J

(h(un) − h(u))(un − u) = 0 .

✭✷✳✺✶✮

❡♥tã♦ (ii) ❡stá ❞❡♠♦♥str❛❞❛✳ ❈♦♠ ❡❢❡✐t♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ f ❡ ❧❡♠❜r❛♥❞♦ q✉❡ u ≡ 0

❡♠ R
N\ΩJ ✱ t❡♠♦s

f(un(x)) − f(u(x)) = f(un(x)) − f(0) = f(un(x))



✽✶

❡

f(un(x) − u(x)) = f(un(x) − 0) = f(un(x)) ,

♣❛r❛ t♦❞♦ x /∈ Ω′
J ✳ ❉❛í

∫

RN\Ω′
J

(f(un) − f(u))(un − u) =

∫

RN\Ω′
J

(f(un − u))(un − u) ≤ ν0|un − u|22 ,

♦✉ s❡❥❛✱ ♣❡❧♦ ▲❡♠❛ ✷✳✸✱

δ0||un − u||2λn
≤ ||un − u||2λn

− ν0|un − u|22

≤ ||un − u||2λn

∫

RN\Ω′
J

(f(un) − f(u))(un − u)

= Φ′
λn

(un)(un − u) − Φ′
λn

(u)(un − u) +

+

∫

Ω′
J

(h(un) − h(u))(un − u) .

P♦rt❛♥t♦✱ ❢❛③❡♥❞♦ n→ ∞ ❡ ✉s❛♥❞♦ ✭✷✳✺✶✮

||un − u||2 ≤ ||un − u||2λn
→ 0 .

❉❡ss❛ ❢♦r♠❛✱ ♠♦str❡♠♦s ✭✷✳✺✶✮✳

❖ ❧✐♠✐t❡

lim
n→∞

Φ′
λn

(un)(un − u) = 0

s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦ ❢❛t♦ ❞❡ (un)n∈N s❡r (PS)c,∞ ❡ ❧✐♠✐t❛❞❛✳

P❛r❛ ❝♦♥❝❧✉✐r♠♦s q✉❡

∫

Ω′
J

(h(un) − h(u))(un − u) = 0 ✭✷✳✺✷✮

♣r✐♠❡✐r❛♠❡♥t❡ ♥♦t❡ q✉❡

∫

Ω′
J

(h(un) − h(u))(un − u) = β

∫

Ω′
J

(uq
n − uq)(un − u) +

∫

Ω′
J

(u2∗−1
n − u2∗−1)(un − u) .

❆✜r♠❛♠♦s q✉❡

lim
n→∞

∫

Ω′
J

(uq
n − uq)(un − u) = 0 . ✭✷✳✺✸✮

❉❡ ❢❛t♦✱ ❝♦♠♦

1
q+1

q

+
1

q
= 1 , uq

n ∈ L
q+1

q (Ω′
J) ❡ |uq

n| q+1
q

,Ω′
J

= |un|
q
q+1,Ω′

J
, ∀n ∈ N ,



✽✷

❡♥tã♦✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱

∫

Ω′
J

(uq
n − uq)(un − u) ≤ |uq

n − uq| q+1
q

,Ω′
J
|un − u|qq+1,Ω′

J

≤ ( |un|
q
q+1,Ω′

J
+ |u|qq+1,Ω′

J
) |un − u|qq+1,Ω′

J

❆ss✐♠✱ ❝♦♠♦ un → u ❡♠ Lq(Ω′
J) ❡ (un)n∈N é ❧✐♠✐t❛❞❛ ❡♠ Lq+1(Ω′

J)✱ ♣♦✐s t❛♠❜é♠

t❡♠♦s un → u ❡♠ Lq+1(Ω′
J)✱ ❢❛③❡♥❞♦ n → ∞ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s ✭✷✳✺✸✮✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱

lim
n→∞

∫

Ω′
J

(u2∗−1
n − u2∗−1)(un − u) = 0 .

P♦rt❛♥t♦ ✈❛❧❡ ♦ ❧✐♠✐t❡ ✭✷✳✺✷✮✳

P♦r ✜♠✱ ♣❛r❛ ✈❡r✐✜❝❛r q✉❡

lim
n→∞

Φ′
λn

(u)(un − u) = 0 ,

❜❛st❛ ♦❜s❡r✈❛r q✉❡

Φ′
λn

(u)(un − u) =

∫

Ω′
J

∇u∇(un − u) + Z(x)u(un − u) −

∫

Ω′
J

h(u)(un − u)

❡ ✈❛❧❡♠

lim
n→∞

∫

Ω′
J

h(u)(un − u) = 0 ,

♣♦r ✉♠ ❛r❣✉♠❡♥t♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ♣❛r❛ ❝♦♥❝❧✉✐r ✭✷✳✺✸✮✱ ❡

lim
n→∞

∫

Ω′
J

∇u∇(un − u) + Z(x)u(un − u) = 0 ,

❥á q✉❡ un ⇀ u ❡♠ H1(RN) ❡ ❛ ❛♣❧✐❝❛çã♦

v ∈ H1(RN) 7−→

∫

Ω′
J

∇u∇v + Z(x)uv

❞❡✜♥❡ ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦ ❡♠ H1(RN)✳

❙❡♥❞♦ ❛ss✐♠✱ ✈❛❧❡ ✭✷✳✺✶✮ ❡ ♣❡❧♦ q✉❡ ❢♦✐ ❝♦❧♦❝❛❞♦ ✐♥✐❝✐❛❧♠❡♥t❡✱ t❡♠♦s (ii)✳

❋✐♥❛❧♠❡♥t❡✱ ✈❡❥❛♠♦s (iii)✳

❙♦❜r❡ ✭✷✳✹✼✮✱ ♣♦r (V 3′) ❡ ❝♦♠♦ suppu ∩ suppV = ∅ ❡✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡



✽✸

❣r❛♥❞❡✱ λn ≤ 2(λn − 1)✱ t❡♠♦s
∫

RN

λnV (x)u2
n =

λn

λn − 1

∫

RN

(λn − 1)V (x)u2
n

≤ 2

∫

RN

(λn − 1)V (x)(un − u)2 + (V (x) + Z(x))(un − u)2 +

+2

∫

RN

|∇(un − u)|2

≤ 2

∫

RN

|∇(un − u)|2 + (λnV (x) + Z(x))(un − u)2

= 2||un − u||2λn

❡ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ n→ ∞ ♦❜t❡♠♦s✱ ♣♦r ✭✷✳✹✼✮✱ ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳

❊♠ r❡❧❛çã♦ ❛ ✭✷✳✹✽✮✱ ♥♦t❡ q✉❡✱ ✉s❛♥❞♦ ✉♠ ❛r❣✉♠❡♥t♦ ❛♥á❧♦❣♦ ❛♦ ❡♠♣r❡❣❛❞♦

❛❝✐♠❛✱

||un||
2
λn,RN\ΩJ

= ||un − u||2λn,RN\ΩJ

≤ ||un − u||2λn
→ 0 , q✉❛♥❞♦ n→ ∞ .

P❛r❛ ✜♥❛❧✐③❛r✱ s❡❣✉❡ ❞❡ ✭✷✳✹✼✮ q✉❡
∣

∣

∣

∣

||un||
2
λn,Ω′

j
− ||un||

2
λn,Ω′

j

∣

∣

∣

∣

→ 0 , q✉❛♥❞♦ n→ ∞ .

❡ ❝♦♠♦

||u||2λn,Ω′
j
=

∫

Ωj

|∇u|2 + Z(x)u2

❝♦♥❝❧✉í♠♦s q✉❡ ✈❛❧❡ ✭✷✳✹✾✮

�

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Φλ é ✉♠❛ s♦❧✉çã♦ ❞❡ (Pλ)

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ u(x) ≤ a ❡♠ R
N\Ω′

J ✱ ♦♥❞❡ a é ❛ ❝♦♥st❛♥t❡ ✜①❛❞❛ ♥♦ ✐♥í❝✐♦ ❞❡st❛ s❡çã♦✳

◆❡st❡ s❡♥t✐❞♦✱ ✈❡❥❛♠♦s ❛

Pr♦♣♦s✐çã♦ ✷✳✶✵ ❙❡❥❛ {uλ}λ≥1 ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ❞❡ ✭✷✳✸✮ s❛t✐s❢❛③❡♥❞♦

sup
λ≥1

{Φλ(uλ)} <

(

1

2
−

1

q + 1

)

S
N
2 .

❊♥tã♦ ❡①✐st❡ λ∗ ≥ 1 t❛❧ q✉❡

|uλ|∞,RN\Ω′
J
≤ a , ∀λ ≥ λ∗ ,

✐st♦ é✱ uλ é s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ (Pλ) ♣❛r❛ λ ≥ λ∗✳



✽✹

❉❡♠♦♥str❛çã♦✿

❙❡❥❛ (λn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠ limn→∞ λn = ∞✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱

❢❛ç❛♠♦s uλn
= un✳

P❡❧♦ ▲❡♠❛ ✷✳✺✱ (un)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ❞❡ ✭✷✳✸✮

❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✻✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

un → u ❡♠ H1(RN) ,

♦♥❞❡ u é ♦ ❧✐♠✐t❡ ❢r❛❝♦ ❞❡ (un)n∈N ❡♠ H1(RN)✳

◆♦ss❛ ✐♥t❡♥çã♦ é ✉s❛r ❛ Pr♦♣♦s✐çã♦ ❆✳✶✼ ❡✱ ❡♠ s❡❣✉✐❞❛✱ ❛♣ós ♠♦❞✐✜❝❛r♠♦s ♦ ♣r♦✲

❜❧❡♠❛ ✭✷✳✸✮✱ ❛♣❧✐❝❛r ♦ ❈♦r♦❧ár✐♦ ❆✳✷✵ ♣❛r❛ ❝♦♥❝❧✉✐r♠♦s ❛ ❡st✐♠❛t✐✈❛ ❞❡s❡❥❛❞❛✳ ❉✐t♦ ✐st♦✱

❞❡✈❡♠♦s ♠♦str❛r q✉❡ ❛ ❢✉♥çã♦ g q✉❡ ❛♣❛r❡❝❡ ♥♦ ♣r♦❜❧❡♠❛ ✭✷✳✸✮ s❛t✐s❢❛③ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

✭❆✳✷✹✮ ❞❛ Pr♦♣♦s✐çã♦ ❆✳✶✼✳

❉❡ ❢❛t♦✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛✿ s❡ 1 < a < b✱ α ≥ 0 ❡ 0 < γ ≤ 1✱ ❡♥tã♦

αsa ≤ γs+

(

α

γ

)
b−1
a−1

sb , ∀ s ≥ 0 .

▲♦❣♦ g s❛t✐s❢❛③ ✭❆✳✷✹✮✱ ♣♦✐s

g(x, s) = χJ(x)h(s) + (1 − χJ(x))f(s) ≤ h(s) + ν0s = ν0s+ βsq + s2∗−1

❡ ❝♦♠♦ 1 < q < 2∗ − 1✱ β > 0 ❡ 0 < ν0 < 1✱

g(x, s) ≤ ν0s+ ν0s+

(

β

ν0

)
2∗−2
q−1

s2∗−1 + s2∗−1 , ∀ s ≥ 0 ,

♦✉ s❡❥❛✱

g(x, un) ≤ 2ν0un +

(

1 +

(

β

ν0

)
2∗−2
q−1

)

u2∗−1
n = (2ν0 + an(x))un , ∀n ∈ N ,

♦♥❞❡ an(x) = Cu2∗−2
n ✱ ❝♦♠ C =

(

1 +
(

β
ν0

)
2∗−2
q−1

)

u2∗−1
n ✱ ❡stá ❡♠ L

N
2

(RN )✱ ♣❛r❛ t♦❞♦ ♥✱

❥á q✉❡ (2∗ − 2)N
2

= 2∗ ❡ H1(RN) →֒ L2∗(RN)✳ ❊♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✶✼✱ ✜①❛❞♦

r > 2∗✱

|un|r ≤ Cr||un|| , ∀n ∈ N ,

❞♦♥❞❡ s❡❣✉❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ (un)n∈N é ❧✐♠✐t❛❞❛ ❡♠ Lr(RN)✱ ✉♠❛ ✈❡③ q✉❡ ♦ é ❡♠

H1(RN)✳



✽✺

❆❣♦r❛✱ r❡❡s❝r❡✈❛♠♦s ♦ ♣r♦❜❧❡♠❛ ✭✷✳✸✮ ❝♦♠♦

−∆un + (λnV (x) + Z(x) − 2ν0)un = g̃(x, un) , ❡♠ R
N ,

♦♥❞❡

g̃(x, un) = g(x, un) − 2ν0un ≤ an(x)un ,

❡ an = Cu2∗−2
n ∈ L

r
2∗−2 (RN)✱ ❝♦♠ r

2∗−2
> 2∗

2∗−2
= N

2
✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ❈♦r♦❧ár✐♦ ❆✳✷✵

❛ss❡❣✉r❛ q✉❡ ❡①✐st❡ K0 > 0 t❛❧ q✉❡

|un|∞ ≤ K0 , ∀n ∈ N .

❉❡st❡ ♣♦♥t♦ ❡♠ ❞✐❛♥t❡✱ ❛ ♣r♦✈❛ é ❛♥á❧♦❣❛ à ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✵✱ ♣❛rt❡s ✷✱ ✸ ❡ ✹✱

❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳

�

✷✳✸ ❆r❣✉♠❡♥t♦s ❞♦ t✐♣♦ ▼✐♥✐♠❛①

♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ Φλ

P❛r❛ ❝❛❞❛ λ ≥ 1 ❡ j ∈ {1, 2}✱ s❡❥❛ ♦ ❢✉♥❝✐♦♥❛❧ Φλ,j : H1(Ω′
j) → R ❞❛❞♦ ♣♦r

Φλ,j(u) =
1

2

∫

Ω′
j

|∇u|2 +(λV (x)+Z(x))u2−
β

q + 1

∫

Ω′
j

uq+1
+ −

1

2∗

∫

Ω′
j

u2∗

+ , ∀u ∈ H1(Ω′
j) ,

✭✷✳✺✹✮

❝✉❥♦s ♣♦♥t♦s ❝rít✐❝♦s sã♦ s♦❧✉çõ❡s ❢r❛❝❛s ♣♦s✐t✐✈❛s ❞♦ ♣r♦❜❧❡♠❛

−∆u+ (λV (x) + Z(x))u = βuq + u2∗−1 ❡♠ Ω′
j ,

∂u

∂η
= 0 ❡♠ ∂Ω′

j .
✭✷✳✺✺✮

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ Φλ,j t❡♠ ❛ ●❡♦♠❡tr✐❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✳

❉❡ss❛ ❢♦r♠❛✱ ♦ ♥í✈❡❧ ♠✐♥✐♠❛① ❛ss♦❝✐❛❞♦ ❛♦ ❢✉♥❝✐♦♥❛❧ Φλ,j ❞❛❞♦ ♣♦r

cλ,j = inf
γ∈Γλ,j

max
t∈[0,1]

Φλ,j(γ(t)) ,

♦♥❞❡ Γλ,j = {γ ∈ C([0, 1], H1(Ω′
j)) ; γ(0) = 0 , Φλ,j(γ(1)) < 0}✱ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

❯♠❛ ✈❡③ q✉❡ β > 0 é ♣❡q✉❡♥♦✱ ❜❛s❡❛♥❞♦✲s❡ ❡♠ ●❛r❝✐❛ ❆③♦r❡r♦ & P❡r❛❧ ❆❧♦♥s♦ ❬✷✷❪

❡ ❆❧✈❡s & ❊❧ ❍❛♠✐❞✐ ❬✺❪✱ ♣♦❞❡✲s❡ ♠♦str❛r✱ ♣❛r❛ ❝❛❞❛ j ∈ {1, 2}✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❞✉❛s



✽✻

❢✉♥çõ❡s ♥ã♦ ♥❡❣❛t✐✈❛s wj ∈ H1
0 (Ωj) ❡ wλ,j ∈ H1(Ω′

j)✱ s♦❧✉çõ❡s ❞♦s ♣r♦❜❧❡♠❛s ✭✷✳✶✸✮ ❡

✭✷✳✺✺✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✐st♦ é✱ wj s❛t✐s❢❛③

Ij(wj) = cj ❡ I ′j(wj) = 0 ,

♦♥❞❡ Ij ❢♦✐ ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✶✷✮✱ ❡ wλ,j ✱ ♣♦r s✉❛ ✈❡③✱

Φλ,j(wλ,j) = cλ,j ❡ Φ′
λ,j(wλ,j) = 0 .

❆❣♦r❛ t♦♠❡♠♦s R > 1 t❛❧ q✉❡

Ij

(

1

R
wj

)

<
cj
2
, ∀ j ∈ {1, 2} ,

❝♦♠ cj ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✶✹✮✱ ❡

Ij (Rwj) ≤ 0 , ∀ j ∈ {1, 2} .

P❡❧❛ ♥❛t✉r❡③❛ ❞❡ wj ❡ ♣❡❧❛ ❢♦r♠❛ ❝♦♠♦ R ❢♦✐ t♦♠❛❞♦✱ ❛ ✐❣✉❛❧❞❛❞❡

max
s∈[1/R2,1]

Ij(sRwj) = Ij(wj) = cj , ∀ j ∈ {1, 2} ✭✷✳✺✻✮

é ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ▲❡♠❛ ❆✳✼✱ ✉♠❛ ✈❡③ q✉❡

cj = Ij(wj) ≤ max
s∈[1/R2,1]

Ij(sRwj) ≤ max
s≥0

Ij(sRwj) = Ij(wj) = cj .

❈♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦ γ0 : [1/R2, 1]2 ≡ [1/R2, 1] × [1/R2, 1] → H1(Ω′
J) ❞❛❞❛

♣♦r

γ0(s1, s2)(x) = s1Rw1(x) + s2Rw2(x) , ∀ (s1, s2) ∈ [1/R2, 1]2 ,

❡✱ ❡♥tã♦✱ ❞❡✜♥❛♠♦s ♦ ❝♦♥❥✉♥t♦

ΓJ = {γ ∈ C([1/R2, 1]2, H1(Ω′
J)\{0}) ; γ(s) = γ0(s) , ∀ s ∈ ∂

(

[1/R2, 1]2
)

}

❡

bλ,J = inf
γ∈ΓJ

max
s∈[1/R2,1]2

Φλ(γ(s)) .

◆♦t❡ q✉❡ γ0 ∈ ΓJ 6= ∅ ❡ q✉❡ ♦ ✈❛❧♦r bλ,J ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r♠♦s ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ q✉❡ r❡❧❛❝✐♦♥❛ ♦s ✈❛❧♦r❡s cJ := c1+c2✱

cλ,1 + cλ,2 ❡ bλ,J ✱ ✈❡❥❛♠♦s ♦ s❡❣✉✐♥t❡ ❧❡♠❛✳



✽✼

▲❡♠❛ ✷✳✶✶ P❛r❛ ❝❛❞❛ γ ∈ ΓJ ✱ ❡①✐st❡ sγ ∈ [1/R2, 1]2 t❛❧ q✉❡

Φ′
λ,j(γ(sγ))(γ(sγ)) = 0 , ∀ j ∈ {1, 2} .

❉❡♠♦♥str❛çã♦✿

❙❡❥❛ γ ∈ ΓJ q✉❛❧q✉❡r✳ ❉❡✜♥❛♠♦s ❛ ❛♣❧✐❝❛çã♦ γ̃ : [1/R2, 1]2 → R
2 ♣♦r

γ̃(s) =
(

Φ′
λ,1(γ(s))(γ(s)) , Φ′

λ,2(γ(s))(γ(s))
)

.

❙❡ ♠♦str❛r♠♦s q✉❡ ❡①✐st❡ s ∈ [1/R2, 1]2 t❛❧ q✉❡ γ̃(s) = (0, 0)✱ t❡r♠✐♥❛♠♦s✳ P❛r❛

✐ss♦✱ ❛ss✐♠ ❝♦♠♦ ♥♦ ▲❡♠❛ ✶✳✶✷ ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ✉s❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ❚❡♦r✐❛

❞♦ ●r❛✉ ❚♦♣♦❧ó❣✐❝♦ ♣r❡s❡♥t❡s ♥♦ ❛♣ê♥❞✐❝❡ ♣❛r❛ ❝♦♥❝❧✉✐r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ t❛❧ s✳

❉❡ss❛ ❢♦r♠❛✱ ♠♦str❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ (0, 0) /∈ γ̃(∂([1/R2, 1]2))✳ ❈♦♠ ❡❢❡✐t♦✱ s❡

s ∈ ∂([1/R2, 1]2)✱ ❡♥tã♦ γ(s) = γ0(s) ❡ ❛ss✐♠

Φ′
λ,j(γ0(s))(γ0(s)) = I ′j(sjRwj)(sjRwj) , j = 1, 2 .

❆✜r♠❛♠♦s q✉❡

I ′j(sjRwj)(sjRwj) = 0 s❡✱ ❡ só s❡✱ sj =
1

R
, ∀j ∈ {1, 2} . ✭✷✳✺✼✮

❉❡ ❢❛t♦✱ ✜①❡♠♦s j ∈ {1, 2} ❛r❜✐tr❛r✐❛♠❡♥t❡✳ ❆ ♣r✐♥❝í♣✐♦ ♥♦t❡♠♦s q✉❡✱ ♣❡❧❛s ❝❛r❛❝t❡rís✲

t✐❝❛s ❞❡ wj ✱ t❡♠♦s

||wj||
2
λ,Ωj

− β|wj|
q+1
q+1,Ωj

− |wj|
2∗

2∗,Ωj
= I ′j(wj)(wj) = 0 .

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ I ′j(sjRwj)(sjRwj) = 0✱ ❡♥tã♦✱ ✉s❛♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱

0 = (sjR)−2I ′j(sjRwj)(sjRwj)

= ||wj||
2
λ,Ωj

− β(sjR)q−1|wj|
q+1
q+1,Ωj

− (sjR)2∗−1|wj|
2∗

2∗,Ωj

= (1 − (sjR)q−1)β|wj|
q+1
q+1,Ωj

+ (1 − (sjR)2∗−1)|wj|
2∗

2∗,Ωj
,

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ sj = 1/R✱ ✉♠❛ ✈❡③ q✉❡ 2∗ − 2 > q − 1 > 0✱ ♦✉ s❡❥❛✱ ❛s ❢✉♥çõ❡s

t 7→ tq−1 ❡ t 7→ t2
∗−2✱ ♣❛r❛ t ≥ 0✱ sã♦ ❝r❡s❝❡♥t❡s✳ P♦rt❛♥t♦✱ ❝♦♠♦ j é ❛r❜✐trár✐♦✱ s❡❣✉❡ ❛

❛✜r♠❛çã♦ ❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱ q✉❡ (0, 0) /∈ γ̃(∂([1/R2, 1]2))✱ ❥á q✉❡ ♦ ♣♦♥t♦ (1/R, 1/R)

♥ã♦ ♣❡rt❡♥❝❡ ❛ ∂([1/R2, 1]2)✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❛ ❢✉♥çã♦ f : [1/R2, 1]2 → R
2 ❞❛❞❛ ♣♦r

f(s) = (f1(s), f2(s)) ,



✽✽

♦♥❞❡✱ ♣❛r❛ j = 1, 2✱

fj(s) = I ′j(sjRwj)(sjRwj)

= s2
jR

2||wj||
2
λ,Ωj

− βsq+1
j Rq+1|wj|

q+1
q+1,Ωj

− s2∗

j R
2∗|wj|

2∗

2∗,Ωj
.

❈❧❛r❛♠❡♥t❡ f ≡ γ̃ ❡♠ ∂([1/R2, 1])✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✷✶✱

d(γ̃, (1/R2, 1)2, (0, 0)) = d(f, (1/R2, 1)2, (0, 0)) . ✭✷✳✺✽✮

▼❛✐s ❛✐♥❞❛✱ ♣♦r ✭✷✳✺✼✮✱ f(s) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s = (1/R, 1/R)✳ ❆❧é♠ ❞✐ss♦✱ é

❢á❝✐❧ ✈❡r q✉❡ f é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ f ′(1/R, 1/R) = (aij)i,j=1,2 ✱ ♦♥❞❡

aij =







2R||wi||
2
λ,Ωi

− β(q + 1)R|wi|
q+1
q+1,Ωi

− 2∗R|wi|
2∗

2∗,Ωi
, i = j

0 i 6= j
.

❆ss✐♠✱ ❝♦♠♦

aii = 2R
(

||wi||
2
λ,Ωi

− β|wi|
q+1
q+1,Ωi

− |wi|
2∗

2∗,Ωi

)

−

−
(

β(q − 1)R|wi|
q+1
q+1,Ωi

+ (2∗ − 2)R|wi|
2∗

2∗,Ωi

)

= −
(

β(q − 1)R|wi|
q+1
q+1,Ωi

+ (2∗ − 2)R|wi|
2∗

2∗,Ωi

)

< 0 ,

♣❛r❛ i = 1, 2 ✱ f ′(1/R, 1/R) é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ✐♥✈❡rsí✈❡❧ ❝♦♠

s✐♥❛❧(det f ′(1/R, 1/R)) = 1 ,

❞♦♥❞❡✱ ♣❡❧♦s ❚❡♦r❡♠❛s ❆✳✷✷ ❡ ❆✳✷✸✱

d(f, (1/R2, 1)2, (0, 0)) = d(f ′(1/R, 1/R), B1(0), (0, 0)) = 1 .

P♦rt❛♥t♦✱ t❡♥❞♦ ❡♠ ✈✐st❛ ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ✭✷✳✺✽✮✱

d(γ̃, (1/R2, 1)2, (0, 0)) = 1 ,

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡ sγ ∈ (1/R2, 1)2 s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❝❧✉sã♦ ❞♦ ❧❡♠❛✳

�

Pr♦♣♦s✐çã♦ ✷✳✶✷ ❈♦♠ ❛s ♥♦t❛çõ❡s ❛❝✐♠❛✱ t❡♠♦s✿



✽✾

✭✐✮ cλ,1 + cλ,2 ≤ bλ,J ≤ cJ ✱ ♣❛r❛ t♦❞♦ λ ≥ 1❀

✭✐✐✮ Φλ(γ(s)) < cJ ✱ ♣❛r❛ t♦❞♦ λ ≥ 1✱ γ ∈ ΓJ ❡ s ∈ ∂([1/R2, 1]2)✳

❉❡♠♦♥str❛çã♦✿

Pr✐♠❡✐r❛♠❡♥t❡ ✈❡❥❛♠♦s (i)✳

❋✐①❡♠♦s λ ≥ 1 ❡ γ ∈ ΓJ q✉❛✐sq✉❡r✳

P❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ cλ,1 + cλ,2 ≤ bλ,J ✱ ♦❜s❡r✈❡♠♦s q✉❡✱ ♣❡❧♦ ▲❡♠❛ ✷✳✶✶✱ ❡①✐st❡

sγ ∈ [1/R2, 1]2 t❛❧ q✉❡

Φ′
λ,j(γ(sλ)) = 0 , j = 1, 2 ,

❞♦♥❞❡ γ(sγ) ♣❡rt❡♥❝❡ à ✈❛r✐❡❞❛❞❡ ◆❡❤❛r✐ Nj = {u ∈ H1(Ω′
j) ; Φ′

λ,j(u)(u) = 0}✱ ♣❛r❛

j = 1, 2✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✽✱

Φλ(γ(sγ)) =

(

Φλ(γ(sγ)) −
∑

j=1,2

Φλ,Ω′
j
(γ(sγ))

)

+
∑

j=1,2

Φλ,Ω′
j
(γ(sγ))

≥

(

Φλ(γ(sγ)) −
∑

j=1,2

Φλ,Ω′
j
(γ(sγ))

)

+
∑

j=1,2

inf
v∈Nj

Φλ,Ω′
j
(v)

=

(

Φλ(γ(sγ)) −
∑

j=1,2

Φλ,Ω′
j
(γ(sγ))

)

+
∑

j=1,2

cλ,j .

❆❣♦r❛ ✈❡❥❛♠♦s q✉❡

Φλ(γ(sγ)) −
∑

j=1,2

Φλ,Ω′
j
(γ(sγ)) ≥ 0 .

❉❡ ❢❛t♦✱ ♥♦t❡♠♦s q✉❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ F ✱

F (s) ≤
1

2
ν0s

2 , ∀ s ∈ R .

❆ss✐♠✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✸ ❡ ❛s ❞❡✜♥✐çõ❡s ❞❡ Φλ ❡ Φλ,j ✱

Φλ(γ(sγ)) −
∑

j=1,2

Φλ,Ω′
j
(γ(sγ)) =

1

2
||γ(sγ)||

2
λ,RN\Ω′

J
−

∫

RN\Ω′
J

F (γ(sγ))

≥
1

2
||γ(sγ)||

2
λ,RN\Ω′

J
−

1

2
ν0|γ(sγ)|

2
2,RN\Ω′

J

≥
δ0
2
||γ(sγ)||

2
λ,RN\Ω′

J

≥ 0.

❉❡ss❛ ❢♦r♠❛✱ ♣❡❧♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛té ❛q✉✐✱ t❡♠♦s

max
s∈[1/R2,1]2

Φλ(γ(s)) ≥ cλ,1 + cλ,2



✾✵

❡ ❝♦♠♦ γ ∈ ΓJ é ❛r❜✐trár✐❛✱ s❡❣✉❡ q✉❡ bλ,J ≥ cλ,1 + cλ,2✳

P❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ bλ,J ≤ cJ ✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ γ0 ♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦ ΓJ ❡

❡♥tã♦

bλ,J ≤ max
s∈[1/R2,1]2

Φλ(γ0(s))

= max
s∈[1/R2,1]2

(I1(s1Rw1) + I2(s2Rw2))

= c1 + c2 = cJ ,

❡ ❛ss✐♠ ❝♦♥❝❧✉í♠♦s (i)✳

P❛r❛ ♦ ít❡♠ (ii)✱ t♦♠❡♠♦s λ ≥ 1✱ γ ∈ ΓJ ❡ s = (s1, s2) ∈ ∂([1/R2, 1]2) ❛r❜✐tr❛r✐❛✲

♠❡♥t❡✳ ❊♥tã♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ΓJ ✱

γ(s) = γ0(s) =
∑

j=1,2

sjRwj ,

❞♦♥❞❡

Φλ(γ(s)) = Φλ(γ0(s)) =
∑

j=1,2

Ij(sjRwj) .

❆❧é♠ ❞✐ss♦✱ ❧❡♠❜r❛♥❞♦ ✭✷✳✺✻✮✱

Ij(sjRwj) ≤ cj , j = 1, 2 .

▼❛✐s ❛✐♥❞❛✱ ❝♦♠♦ s ∈ ∂([1/R2, 1]2)✱ ❞❡✈❡♠♦s t❡r s1 ♦✉ s2 ❡♠ {1/R2, 1}✱ ❞✐❣❛♠♦s s1✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❡❧❛ ❢♦r♠❛ ❝♦♠♦ R > 1 ❢♦✐ ✜①❛❞♦✱ I1(s1Rw1) ≤
c1
2
✳ ▲♦❣♦

Φλ(γ(s)) = I1(s1Rw1) + I2(s2Rw2)

≤
c1
2

+ c2

< cJ ,

♠♦str❛♥❞♦✱ ❛ss✐♠✱ ♦ ít❡♠ (ii)

�

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r✱ t❡♠♦s ♦

❈♦r♦❧ár✐♦ ✷✳✶✸ ❈♦♠ ❛s ♥♦t❛çõ❡s ❛❝✐♠❛✱ t❡♠♦s✿

✭✐✮ lim
λ→∞

bλ,J = cJ ❀

✭✐✐✮ bλ,J é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ Φλ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳



✾✶

❉❡♠♦♥str❛çã♦✿

❱❡❥❛♠♦s ♦ ít❡♠ (i)✳

❆ss✐♠ ❝♦♠♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ▲❡♠❛ ✶✳✶✶ ít❡♥s (i) ❡ (iv)✱ t❡♠♦s

0 < cλ,j ≤ cj ❡ lim
λ→∞

cλ,j = cj .

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❈♦♠ r❡❧❛çã♦ ❛ (ii)✱ ✉s❛♥❞♦ ❛ ♣❛rt❡ (i) ❡ ♦ ❈♦r♦❧ár✐♦ ✷✳✼✱ ♥♦t❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡

q✉❡✱ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

bλ,J ∈

(

0,

(

1

2
−

1

q + 1

)

S
N
2

)

❡ bλ,J > cJ −
m

2
, ✭✷✳✺✾✮

♦♥❞❡m :=
1

2
min
j=1,2

cj✳ ❉❡ss❛ ❢♦r♠❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✽✱ ♦ ❢✉♥❝✐♦♥❛❧Φλ s❛t✐s❢❛③ (PS)bλ,J
✳

❆❣♦r❛ ✈❡❥❛♠♦s q✉❡ bλ,J é ✉♠ ✈❛❧♦r ❝rít✐❝♦✳ P❛r❛ ✐ss♦✱ ✉s❛r❡♠♦s ♦ ▲❡♠❛ ❞❛ ❉❡❢♦r✲

♠❛çã♦ ✭▲❡♠❛ ❆✳✺✮✳

❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ bλ,J ♥ã♦ é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ♣❛r❛ Φλ✳ ❊♥tã♦✱ ♣❛r❛

ε = m/2✱ ♦ ▲❡♠❛ ❞❛ ❉❡❢♦r♠❛çã♦ ♥♦s ❢♦r♥❡❝❡ ε ∈ (0,m/2) ❡ η ∈ C([0, 1] ×Hλ,Hλ) t❛✐s

q✉❡

η(1, u) = u , ∀u ∈ Hλ t❛❧ q✉❡ Φλ(u) /∈
[

bλ,J −
m

2
, bλ,J +

m

2

]

✭✷✳✻✵✮

❡

η(1,Φ
bλ,J+ε

λ ) ⊂ Φ
bλ,J−ε

λ , ✭✷✳✻✶✮

♦♥❞❡✱ ♣❛r❛ t♦❞♦ α ∈ R✱ Φα
λ ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ {u ∈ Hλ ; Φλ(u) ≤ α}✳

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ bλ,J ✱ ❡①✐st❡ g ∈ Γ s❛t✐s❢❛③❡♥❞♦

max
s∈[1/R2,1]2

Φλ(g(s)) ≤ bλ,J + ε . ✭✷✳✻✷✮

❉❡✜♥❛♠♦s ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ h : [1/R2, 1]2 → Hλ ♣♦r

h(s) = η(1, g(s)) , ∀ s ∈ [1/R2, 1]2 .

❆✜r♠❛♠♦s q✉❡ h ∈ Γ✳ ❉❡ ❢❛t♦✱ h é ❝♦♥tí♥✉❛ ♣♦r ❝♦♥str✉çã♦✳ ❆❣♦r❛ t♦♠❡♠♦s

s ∈ ∂([1/R2, 1]2)✱ ❞✐❣❛♠♦s s = (s1, s2)✱ ♦♥❞❡✱ s❡♠ ♣❡r❞❡r ❛ ❣❡♥❡r❛❧✐❞❛❞❡✱ s1 ∈ {1/R2, 1}✳



✾✷

❊♥tã♦✱ ♣♦r ✭✷✳✺✻✮ ❡ ✭✷✳✺✾✮✱ t❡♠♦s✱ ❝❛s♦ s1 = 1/R2✱

Φλ(g(s)) = Φλ

(

1

R
w1 + s2Rw2

)

= I1

(

1

R
w1

)

+ I2(s2Rw2)

≤
c1
2

+ c2 = cJ −
c1
2

≤ cJ −m

< bλ,J −
m

2
.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ s = (1, s2)✱ ❡♥tã♦

Φλ(g(s)) = Φλ (Rw1 + s2Rw2)

= I1 (Rw1) + I2(s2Rw2)

≤ c2 < cJ −m

< bλ,J −
m

2
.

❆ss✐♠ s❡♥❞♦✱

Φλ(g(s)) /∈
[

bλ,J −
m

2
, bλ,J +

m

2

]

,

♣❛r❛ t♦❞♦ s ∈ ∂([1/R2, 1]2)✱ ❡ ❞❛í✱ ♣♦r ✭✷✳✻✵✮✱

h(s) = η(1, g(s)) = g(s) = γ0(s) , ∀ s ∈ ∂([1/R2, 1]2) ,

❞♦♥❞❡ h ∈ Γ✳ P♦rt❛♥t♦

bλ,J ≤ max
s∈[1/R2,1]2

Φλ(h(s)) .

P♦ré♠✱ ♣♦r ✭✷✳✻✶✮ ❡ ✭✷✳✻✷✮✱ ❞❡✈❡♠♦s t❡r t❛♠❜é♠

max
s∈[1/R2,1]2

Φλ(h(s)) ≤ bλ,J − ε ,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦ bλ,J é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ Φλ✱ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✳

�

✷✳✹ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶

P❛r❛ ❞❡♠♦♥str❛r ♦ ❚❡♦r❡♠❛ ✷✳✶✱ ♣r❡❝✐s❛♠♦s ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛

uλ ❞♦ ♣r♦❜❧❡♠❛ (Pλ) ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ q✉❡ s❡ ❛♣r♦①✐♠❡ ❞❡ ✉♠❛ s♦❧✉çã♦



✾✸

❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞♦ ♣r♦❜❧❡♠❛ ✷✳✶ ❡♠ ❝❛❞❛ Ωj✱ j ∈ J ✱ ❡ ❞❡ ③❡r♦ ❡♠ R
N\ΩJ ✳ P❛r❛

✐ss♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞✉❛s ♣r♦♣♦s✐çõ❡s q✉❡✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ♠♦str❛❞♦s

❛té ❛q✉✐✱ ❣❛r❛♥t❡♠ ❛ ✈❛❧✐❞❛❞❡ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳

❙❡❥❛♠ ♦ ♥ú♠❡r♦

M = 1 +
∑

j∈J

√

(

1

2
−

1

q + 1

)−1

cj ,

❡ ❛ ❜♦❧❛ ❢❡❝❤❛❞❛ ❞❡ ❝❡♥tr♦ ❡♠ 0 ∈ Hλ ❡ r❛✐♦ M + 1✱

BM+1(0) = {u ∈ Hλ ; ||u||λ ≤M + 1} .

❉❛❞♦ µ > 0✱ ❞❡✜♥❛♠♦s t❛♠❜é♠

Dλ
µ =

{

u ∈ BM+1(0) ; ||u||λ,RN\Ω′
J
≤ µ , |Φλ,j(u) − cj| ≤ µ , ∀ j ∈ J

}

.

▲❡♠❜r❛♠♦s q✉❡ ΦcJ

λ ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦

ΦcJ

λ = {u ∈ Hλ ; Φλ(u) ≤ cJ} .

◆♦t❡♠♦s q✉❡

ω = w1 + w2 ∈ Dλ
µ ∩ ΦcJ

λ ,

♣❛r❛ t♦❞♦ µ > 0✱ ❡ ❞❛í Dλ
µ ∩ ΦcJ

λ 6= ∅✳

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r♠♦s✱ ✜①❡♠♦s µ > 0 t❛❧ q✉❡

µ <
1

3
min
j=1,2

cj .

❖s r❡s✉❧t❛❞♦s q✉❡ ♠♦str❛r❡♠♦s ❛❣♦r❛ sã♦ ✈❡rsõ❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛s Pr♦♣♦✲

s✐çõ❡s ✶✳✶✺ ❡ ✶✳✶✻ ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❡ ✉♠❛ ✈❡③ q✉❡ s✉❛s ❞❡♠♦♥str❛çõ❡s s❡❣✉❡♠ ♦s

♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞❛s ♣r✐♠❡✐r❛s✱ ♥ã♦ ❛s ❢❛r❡♠♦s✳

Pr♦♣♦s✐çã♦ ✷✳✶✹ ❈♦♠ µ > 0 ✜①❛❞♦ ❛❝✐♠❛✱ ❡①✐st❡♠ σ0 > 0 ❡ Λ∗ ≥ 1✱ ✐♥❞❡♣❡♥❞❡♥t❡s

❞❡ λ✱ t❛✐s q✉❡

||Φ′
λ(u)||

∗
λ ≥ σ0

♣❛r❛ t♦❞♦ u ∈
(

Dλ
2µ\D

λ
µ

)

∩ ΦcJ

λ ❡ t♦❞♦ λ ≥ Λ∗✳

Pr♦♣♦s✐çã♦ ✷✳✶✺ ❙❡❥❛♠ µ ✜①❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ❡ Λ∗ ≥ 1 ❛ ❝♦♥st❛♥t❡ ❞❛❞❛ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✷✳✶✹✳ ❊♥tã♦✱ ♣❛r❛ λ ≥ Λ∗ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ uλ ❞♦ ♣r♦❜❧❡♠❛

✭Pλ✮ ❝♦♠ uλ ∈ Dλ
µ ∩ ΦcJ

λ ✳



✾✹

❆❣♦r❛ ❞❡♠♦♥str❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✱ ♦ ❚❡♦r❡♠❛ ✷✳✶

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✿

❙❡❥❛ (λn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❛r❜✐trár✐❛ t❛❧ q✉❡ λn ≥ Λ∗ ✱ ♣❛r❛ t♦❞♦ n ∈ N✱ ❡

lim
n→∞

λn = ∞✳ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✶✺✱ ♦❜t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ (uλn
)n∈N ⊂ Hλn

♦♥❞❡✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱ uλn
∈ Dλn

µ ∩ΦcJ

λn
é ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛ (Pλ)✱

❝♦♠ λ = λn✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✾✱ ♣♦❞❡♠♦s ❡①tr❛✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ q✉❡ t❛♠❜é♠ ❞❡♥♦t❛r❡✲

♠♦s ♣♦r (uλn
)n∈N✱ t❛❧ q✉❡ uλn

→ u ∈ H1
0 (ΩJ) ❢♦rt❡♠❡♥t❡ ❡♠ H1(RN)✱ ♦♥❞❡ ♦ ❧✐♠✐t❡ u

é ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞❡ (Pj)✱

||uλn
||2λn,RN\Ω′

J
→ 0

❡

lim
n→∞

Φλn,j(uλn
) = cj , ✭✷✳✻✸✮

♣❛r❛ j = 1, 2 ✱ ♦♥❞❡ ♦ ú❧t✐♠♦ ❧✐♠✐t❡ é ♦❜t✐❞♦ ✉s❛♥❞♦ ❛r❣✉♠❡♥t♦s ❛♥á❧♦❣♦s ❛♦s ❡①♣❧♦r❛❞♦s

♥❛ Pr♦♣♦s✐çã♦ ✶✳✶✺ ❡ q✉❡ uλn
♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦ Dλn

µ ✱ ♣❛r❛ t♦❞♦ n✳

❖❜s❡r✈❡♠♦s q✉❡ ❛s ❝♦♥✈❡r❣ê♥❝✐❛s ❛❝✐♠❛ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛ s❡q✉ê♥❝✐❛ (λn)n∈N ❡s✲

❝♦❧❤✐❞❛ ✐♥✐❝✐❛❧♠❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ❛✐♥❞❛ ❝♦♠♦ r❡s✉❧t❛❞♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✾✱ t❡♠♦s u ≡ 0

❡♠ R
N\ΩJ ❡✱ ❞❡ ✭✷✳✻✸✮✱ u

∣

∣

Ωj
é s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ (Pj)✱ ♣❛r❛ j = 1, 2✱ ✉♠❛

✈❡③ q✉❡

Φλ,j(u) = lim
n→∞

Φλ,j(uλn
) = cj .

P♦rt❛♥t♦✱ ✜❝❛ ♣r♦✈❛❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✶✳

�



❆♣ê♥❞✐❝❡ ❆

❆✳✶ ❖♣❡r❛❞♦r❡s ❞❡ ◆❡♠②ts❦✐✐

❊st❛ s❡çã♦ ❢♦✐ ❜❛s❡❛❞❛ ♥♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ ❞❡ ❞❡ ❋✐❣✉❡✐r❡❞♦ ❬✶✻❪✳

❙❡❥❛♠ Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ R
N ✱ ❝♦♠ N ≥ 1✱ ❡ ♦ ❝♦♥❥✉♥t♦

M(Ω) = {u : Ω → R ; u é ▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡❧}.

❯♠❛ ❢✉♥çã♦ f : Ω × R → R é ❝❤❛♠❛❞❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② s❡✿

(i) ♣❛r❛ ❝❛❞❛ s ∈ R ✜①♦✱ ❛ ❢✉♥çã♦ x 7→ f(x, s) é ▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡❧ ❡♠ Ω❀

(ii) ♣❛r❛ x ∈ Ω ✜①❛❞♦ ✭q✉❛s❡ s❡♠♣r❡✮✱ ❛ ❢✉♥çã♦ s 7→ f(x, s) é ❝♦♥tí♥✉❛✳

❙♦❜r❡ ❛s ❢✉♥çõ❡s ❞❡ ❈❛r❛t❤é♦❞♦r②✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿

❚❡♦r❡♠❛ ❆✳✶ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r②✳ P❛r❛ t♦❞♦ u ∈ M(Ω)✱ ❛ ❢✉♥çã♦

x ∈ Ω 7→ f(x, u(x)) ∈ R é ♠❡♥s✉rá✈❡❧✳

❉❡♠♦♥str❛çã♦✿

❋✐①❡♠♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ u ∈ M(Ω) ❡ s❡❥❛ (un)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s

s✐♠♣❧❡s ❝♦♥✈❡r❣✐♥❞♦ q✉❛s❡ s❡♠♣r❡ ♣❛r❛ u ✭✈❡r ▲❡♠❛ ❆✳✷ ❛ s❡❣✉✐r✮✳

P❡❧❛ ♥❛t✉r❡③❛ ❞❡ f ✱ ❝❛❞❛ ❢✉♥çã♦ f(x, un(x)) é ▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡❧ ❡ ❛ s❡q✉ê♥❝✐❛

(f(x, un(x)))n∈N ❝♦♥✈❡r❣❡ q✉❛s❡ s❡♠♣r❡ ♣❛r❛ f(x, u(x))✳ ❉❡ss❛ ❢♦r♠❛✱ ❝♦♠♦ ♦ ❧✐♠✐t❡

♣♦♥t✉❛❧ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s é ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

�



✾✻

▲❡♠❛ ❆✳✷ ❙❡ ❢ é ✉♠❛ ❢✉♥çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ♠❡♥s✉rá✈❡❧✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛

(ϕn)n∈N ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s t❛❧ q✉❡✿

(i) 0 ≤ ϕn(x) ≤ ϕn+1(x)✱ ♣❛r❛ t♦❞♦ x ∈ R
N , n ∈ N❀

(ii) f(x) = lim
n→∞

ϕn(x)✱ ♣❛r❛ t♦❞♦ x ∈ R
N ❀

(iii) ❈❛❞❛ ϕn é ✉♠❛ ❢✉♥çã♦ s✐♠♣❧❡s✳

P❛r❛ ✉♠❛ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r✱ ✈❡r ❇❛rt❧❡ ❬✽❪✱ ▲❡♠❛ ✷✳✶✶✳

❚❡♥❞♦ ❡♠ ✈✐st❛ ♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ❞❛❞❛ ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② f ✱ ❞❡✲

✜♥✐♠♦s ♦ ❖♣❡r❛❞♦r ❞❡ ◆❡♠②ts❦✐✐ Nf : M(Ω) → M(Ω)✱ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ❢✉♥çã♦

♠❡♥s✉rá✈❡❧ u ∈ M(Ω) ✉♠❛ ❢✉♥çã♦ Nf (u)✱ t❛♠❜é♠ ♠❡♥s✉rá✈❡❧✱ ❞❛❞❛ ♣♦r

Nf (u)(x) = f(x, u(x)) , ∀x ∈ Ω .

❉❡♥tr❡ ❛s ✈ár✐❛s ♣r♦♣r✐❡❞❛❞❡s ✐♥t❡r❡ss❛♥t❡s q✉❡ ♦s ♦♣❡r❛❞♦r❡s ❞❡ ◆❡♠②ts❦✐✐ ♣♦s✲

s✉❡♠✱ ♥❡st❡ tr❛❜❛❧❤♦ ✉s❛♠♦s ❛ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ❆✳✸ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r②✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛♠ ✉♠❛ ❝♦♥s✲

t❛♥t❡ c > 0✱ ✉♠❛ ❢✉♥çã♦ b ∈ Lq(Ω)✱ 1 ≤ q ≤ ∞✱ ❡ r > 0 t❛✐s q✉❡

|f(x, s)| ≤ c|s|r + b(x) , ∀ (x, s) ∈ Ω × R . ✭❆✳✶✮

❊♥tã♦✿

(i) Nf ❛♣❧✐❝❛ Lqr(Ω) ❡♠ Lq(Ω)❀

(ii) Nf é ❝♦♥tí♥✉❛ ❡ ❧✐♠✐t❛❞❛ ✭✐st♦ é✱ ❛♣❧✐❝❛ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❡♠ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛✲

❞♦s✮✳

❉❡♠♦♥str❛çã♦✿

▼♦str❡♠♦s q✉❡ ✈❛❧❡ ♦ ít❡♠ (a)✳ ❉❡ ❢❛t♦✱ s❡❥❛ u ∈ Lqr(Ω)✳ ❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

❡ ▼✐♥❦♦✇s❦✐ ❡♠ ✭❆✳✶✮ ♦❜t❡♠♦s

|Nf (u)|q,Ω ≤ c |(|u|r)|q,Ω + |b|q,Ω = c|u|rqr,Ω + |b|q,Ω ,

❞♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦ ❡✱ t❛♠❜é♠✱ ❛ ❧✐♠✐t❛çã♦ ❞❡ Nf ✳

P❛r❛ ♠♦str❛r♠♦s ♦ ít❡♠ (b)✱ t♦♠❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ q✉❛❧q✉❡r (un)n∈N ⊂ Lqr(Ω)

q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ ❛❧❣✉♠❛ u ∈ Lqr(Ω) ❡ ❝♦♥❝❧✉❛♠♦s q✉❡ Nf (un) → Nf (u) ❡♠ Lq(Ω)✳



✾✼

❉❛❞❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❛❧q✉❡r ❞❡ (un)n∈N ✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡st❛ ✭q✉❡

❝♦♥t✐♥✉❛r❡♠♦s ❛ ❞❡♥♦t❛r ♣♦r (un)n∈N✮ s❛t✐s❢❛③❡♥❞♦✱ ♣❛r❛ ❛❧❣✉♠❛ h ∈ Lqr(Ω)✱

|un(x)| ≤ h(x) , ∀x ∈ Ω ,

❡

un(x) → u(x) q✉❛s❡ s❡♠♣r❡ ❡♠ Ω .

❆ss✐♠✱ ♣♦r ✭❆✳✶✮ ❡ ♣❡❧❛ ♥❛t✉r❡③❛ ❞❡ f ✱

|Nf (un(x))| ≤ ( c|h(x)|r + b(x) ) ∈ Lq(Ω)

❡

Nf (un(x)) → Nf (u(x)) q✉❛s❡ s❡♠♣r❡ ❡♠ Ω ,

❞♦♥❞❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛✱

Nf (un(x)) → Nf (u(x)) ❡♠ Lq(Ω) .

❆❝❛❜❛♠♦s ❞❡ ♠♦str❛r q✉❡ t♦❞❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (Nf (un))n∈N ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛

❝♦♥✈❡r❣❡♥t❡✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ♥❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ ♣ró♣r✐❛ s❡q✉ê♥❝✐❛✳ ❙❡❣✉❡ ❡♥tã♦ ♦ ít❡♠

(b) ❡ ❛ ✈❛❧✐❞❛❞❡ ❞♦ t❡♦r❡♠❛✳

�

❆✳✷ ❖ ❚❡♦r❡♠❛ ❞❡ ❇r❡③✐s✲▲✐❡❜

◆❡st❛ s❡çã♦ ❡♥✉♥❝✐❛♠♦s ♦ ♣r✐♥❝✐♣❛❧ t❡♦r❡♠❛ ♣r❡s❡♥t❡ ❡♠ ❇r❡③✐s & ▲✐❡❜ ❬✶✹❪✱ ♦♥❞❡

❡♥❝♦♥tr❛✲s❡ ❛ ❞❡♠♦♥str❛çã♦✳

❚❡♦r❡♠❛ ❆✳✹ ✭❇r❡③✐s✲▲✐❡❜✮ ❙❡❥❛♠ (fn)n∈N ⊂ Lp(Ω)✱ ❝♦♠ 1 ≤ p <∞✳ ❙✉♣♦♥❤❛ q✉❡

❡①✐st❛♠ f ∈ Lp(Ω) t❛❧ q✉❡

fn → f q✉❛s❡ s❡♠♣r❡ ❡♠ R
N

❡ C > 0 t❛❧ q✉❡

|fn|p,Ω ≤ C , ∀n ∈ N .

❊♥tã♦ t❡♠♦s

lim
n→∞

{

|fn|
p
p,Ω − |fn − f |pp,Ω

}

= |f |pp,Ω .



✾✽

❆✳✸ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❛ s❡çã♦✱ q✉❡ ❢♦✐ ❜❛s❡❛❞❛ ❡♠ ❘❛❜✐♥♦✇✐t③ ❬✷✼❪✱ é ❞❡♠♦♥str❛r

✉♠❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ❞❡ ❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③✳

❈♦♠❡❝❡♠♦s ♣♦r ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s✳

❙❡❥❛♠ (E, ||.||E) ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ ✉♠ ❢✉♥❝✐♦♥❛❧ Φ : E → R ❞❡ ❝❧❛ss❡

C1(E,R)✳ ❉✐③❡♠♦s q✉❡ (un)n∈N ⊂ E é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ♥♦ ♥í✈❡❧ c ∈ R

♦✉✱ r❡s✉♠✐❞❛♠❡♥t❡✱ s❡q✉ê♥❝✐❛ (PS)c ❞♦ ❢✉♥❝✐♦♥❛❧ Φ✱ s❡ s❛t✐s❢❛③

Φ(un) → c

❡

Φ′(un) → 0 ❡♠ E ′.

❉✐③✲s❡ t❛♠❜é♠ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ Φ s❛t✐s❢❛③ ❛ ❈♦♥❞✐çã♦ P❛❧❛✐s✲❙♠❛❧❡ ♥♦ ♥í✈❡❧ c ∈ R

♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ ❝♦♥❞✐çã♦ (PS)c✱ s❡ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ (PS)c ❞❡ Φ ❛❞♠✐t❡ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✳

❱❡❥❛♠♦s ❛❣♦r❛ ✉♠❛ ❞❡✜♥✐çã♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ à ✏❣❡♦♠❡tr✐❛✑ ❞♦ ❢✉♥❝✐♦♥❛❧ Φ✳

❖ ❢✉♥❝✐♦♥❛❧ Φ t❡♠ ❛ ❣❡♦♠❡tr✐❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ s❡ s❛t✐s❢❛③✿

(i) Φ(0) = 0❀

(ii) ❊①✐st❡♠ α, r > 0 s❛t✐s❢❛③❡♥❞♦✱ ♣❛r❛ t♦❞♦ u ∈ E✱

(1) Φ(u) ≥ 0✱ s❡ ||u||E ≤ r✱

(2) Φ(u) ≥ α✱ s❡ ||u||E = r❀

(iii) ❊①✐st❡ ϕ ∈ E t❛❧ q✉❡

||ϕ||E > r ❡ Φ(ϕ) < 0 .

❉❡ss❡ ♠♦❞♦✱ s❡ ♦ ❢✉♥❝✐♦♥❛❧ Φ t❡♠ ❛ ❣❡♦♠❡tr✐❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✱ ♦ ♥ú♠❡r♦

c = inf
γ∈Γ

max
t∈[0,1]

Φ(γ(t)),

♦♥❞❡

Γ = {γ ∈ C([0, 1], E) ; γ(0) = 0 ,Φ(γ(1)) ≤ 0},

❡stá ❜❡♠ ❞❡✜♥✐❞♦✳ ❊st❡ ✈❛❧♦r é ❝❤❛♠❛❞♦ ♥í✈❡❧ ♠✐♥✐♠❛① ❞♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛

▼♦♥t❛♥❤❛ ❛ss♦❝✐❛❞♦ ❛♦ ❢✉♥❝✐♦♥❛❧ Φ✳



✾✾

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r ❡ ♣r♦✈❛r ♦ r❡s✉❧t❛❞♦ q✉❡ ✐♥t✐t✉❧❛ ❡st❛ s❡çã♦✱ ✈❡❥❛♠♦s ✉♠ r❡✲

s✉❧t❛❞♦ q✉❡ ♥♦s ❛✉①✐❧✐❛rá ♥❛ s✉❛ ❞❡♠♦♥str❛çã♦✱ ✉♠❛ ✈❡rsã♦ s✐♠♣❧✐✜❝❛❞❛ ❞♦ ▲❡♠❛ ❞❛

❉❡❢♦r♠❛çã♦✳

▲❡♠❛ ❆✳✺ ✭▲❡♠❛ ❞❛ ❉❡❢♦r♠❛çã♦✮ ❙❡❥❛♠ (E, ||.||E) ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ c ∈ R ❡

Φ ∈ C1(E,R) ✉♠ ❢✉♥❝✐♦♥❛❧ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ (PS)c✳ ❙❡❥❛♠ t❛♠❜é♠ ♦s ❝♦♥❥✉♥t♦s

K = {u ∈ E ; Φ(u) = c ❡ Φ′(u) = 0}

❡✱ ❞❛❞♦ s ∈ R✱

As = {u ∈ E ; Φ(u) ≤ s} .

❙❡ ❝ ♥ã♦ é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ Φ✱ ✐st♦ é✱ s❡ ♥ã♦ ❡①✐st❡ u ∈ E t❛❧ q✉❡ Φ′(u) = 0 ❝♦♠

Φ(u) = c✱ ❡♥tã♦✱ ❞❛❞♦ ε̃ > 0✱ ❡①✐st❡♠ ε ∈ (0, ε̃) ❡ η ∈ C([0, 1] × E,E) t❛✐s q✉❡✿

(i) η(1, u) = u✱ s❡ Φ(u) /∈ [c− ε̃, c+ ε̃]❀

(ii) η(1, Ac+ε) ⊂ Ac−ε✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛ ❡♥❝♦♥tr❛✲s❡ ❡♠ ❘❛❜✐♥♦✇✐t③ ❬✷✼❪✳

❚❡♦r❡♠❛ ❆✳✻ ✭❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✮ ❙❡❥❛♠ (E, ||.||E) ✉♠ ❡s♣❛ç♦ ❞❡

❇❛♥❛❝❤ ❡ ✉♠ ❢✉♥❝✐♦♥❛❧ Φ ∈ C1(E,R) ❝♦♠ ❛ ❣❡♦♠❡tr✐❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ❡

s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ♥♦ ♥í✈❡❧ c ∈ R✱ ♦♥❞❡

c = inf
γ∈Γ

max
t∈[0,1]

Φ(γ(t)) ,

❝♦♠

Γ = {γ ∈ C([0, 1], E) ; γ(0) = 0 , Φ(γ(1)) < 0} .

❊♥tã♦ c é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ Φ✳

❉❡♠♦♥str❛çã♦✿

❈♦♠♦ ❞✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ✉♠❛ ✈❡③ q✉❡ Φ t❡♠ ❛ ❣❡♦♠❡tr✐❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✱

♦ ♥í✈❡❧ ♠✐♥✐♠❛① c ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

❙❡❥❛ γ ∈ Γ q✉❛❧q✉❡r✳ ❊♥tã♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ Γ✱ ❞❡✈❡♠♦s t❡r

||γ(t)||E = r, ♣❛r❛ ❛❧❣✉♠ t ∈ [0, 1].

❉❡ss❛ ❢♦r♠❛✱ ♣♦r (i)✱

max
t∈[0,1]

Φ(γ(t)) ≥ inf
u∈E , ||u||E=r

Φ(u) ≥ α,



✶✵✵

❞♦♥❞❡ c ≥ α✳

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ c ♥ã♦ é ✈❛❧♦r ❝rít✐❝♦ ❞❡ Φ✳ ❊♥tã♦ ♦ ▲❡♠❛ ❆✳✺

❝♦♠ ε̃ =
α

2
♥♦s ❢♦r♥❡❝❡ ε ∈ (0, ε̃) ❡ η ∈ C([0, 1] × E,E) s❛t✐s❢❛③❡♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s 1

❡ 2 ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✳

❚♦♠❡♠♦s γ ∈ Γ t❛❧ q✉❡

max
t∈[0,1]

Φ(γ(t)) ≤ c+ ε ✭❆✳✷✮

❡ ❝♦♥s✐❞❡r❡♠♦s γ̃ : [0, 1] → E ❞❛❞❛ ♣♦r

γ̃ = η(1, γ(t)) , ∀ t ∈ [0, 1].

P❡❧❛ ♥❛t✉r❡③❛ ❞❡ η ❡ γ✱ t❡♠♦s γ̃ ∈ C([0, 1], E)✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ γ(0) = 0 ❡

Φ(0) = 0 <
α

2
≤ c− ε̃ ,

t❡♠♦s✱ ♣❡❧♦ ▲❡♠❛ ❆✳✺ (1)✱

γ̃(0) = η(1, γ(0)) = γ(0) = 0. ✭❆✳✸✮

❆♥❛❧♦❣❛♠❡♥t❡✱ ❝♦♠♦ Φ(γ(1)) < 0✱ s❡❣✉❡ q✉❡

γ̃(1) = η(1, γ(1)) = γ(1)

❡ ❞❛í

Φ(γ̃(1)) = Φ(γ(1)) < 0 . ✭❆✳✹✮

❆ss✐♠✱ ❞❡ ✭❆✳✸✮ ❡ ✭❆✳✹✮✱ γ̃ ∈ Γ ❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ c✱

c ≤ max
t∈[0,1]

Φ(γ̃(t)) . ✭❆✳✺✮

P♦r ✭❆✳✷✮✱ γ([0, 1]) ⊂ Ac+ε✱ ❞♦♥❞❡✱ ♣❡❧♦ ▲❡♠❛ ❆✳✺ (2)✱ γ̃([0, 1]) ⊂ Ac−ε✱ ✐st♦ é✱

max
t∈[0,1]

≤ c− ε ,

♦ q✉❡ ❝♦♥tr❛❞✐③ ✭❆✳✺✮✳ ❊ss❛ ❝♦♥tr❛❞✐çã♦ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ t❡r♠♦s s✉♣♦st♦ q✉❡ c ♥ã♦ é

✈❛❧♦r ❝rít✐❝♦ ❞❡ Φ✳ P♦rt❛♥t♦✱ ♦ t❡♦r❡♠❛ é ✈á❧✐❞♦✳

�
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❆✳✹ ❆ ❱❛r✐❡❞❛❞❡ ◆❡❤❛r✐

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❛ s❡çã♦ é✱ ❜❛s❡❛♥❞♦✲♥♦s ❡♠ ❲✐❧❧❡♠ ❬✸✵❪✱ ✐♥tr♦❞✉③✐r ❡ ❞❡♠♦♥✲

str❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ❛ ❱❛r✐❡❞❛❞❡ ◆❡❤❛r✐✳

❙❡❥❛♠ Ω ⊂ R
N ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ (E,<,>E) ✉♠ ❡s♣❛ç♦

❞❡ ❍✐❧❜❡rt s❛t✐s❢❛③❡♥❞♦ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

E →֒ H1(Ω)

❡ ♦ ❢✉♥❝✐♦♥❛❧ Φ : E → R ❞❛❞♦ ♣♦r

Φ(u) =
1

2
||u||2E −

β

q + 1

∫

Ω

uq+1
+ −

α

2∗

∫

Ω

u2∗

+ , ∀u ∈ E ,

♦♥❞❡ ||.||E é ❛ ♥♦r♠❛ ❞❡ E ✐♥❞✉③✐❞❛ ♣❡❧♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ β > 0 ❡ α ∈ {0, 1}✳

❯♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ q✉❡ u ∈ E s❡❥❛ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞♦ ❢✉♥❝✐♦♥❛❧ Φ é

Φ′(u)u = 0 .

❊st❛ ❝♦♥❞✐çã♦ ❞❡✜♥❡ ❛ ❱❛r✐❡❞❛❞❡ ◆❡❤❛r✐

N = {u ∈ E ; Φ′(u)u = 0 , u 6= 0} .

❱❛❧❡ r❡ss❛❧t❛r q✉❡✱ ♣❛r❛ ❞❡✜♥✐r♠♦s ❛ ❱❛r✐❡❞❛❞❡ ◆❡❤❛r✐✱ ♣r❡❝✐s❛♠♦s ❛♣❡♥❛s s✉♣♦r

q✉❡ Φ ∈ C1(E,R) ❡ Φ′(0) = 0✳ ❆s ♣r♦♣r✐❡❞❛❞❡s ❞❡st❛ ✈❛r✐❡❞❛❞❡ q✉❡ ✈❡r❡♠♦s ❛ s❡❣✉✐r

❢♦r❛♠ ✉s❛❞❛s s♦❜r❡ ♦s ❢✉♥❝✐♦♥❛✐s Φλ,Ω′
j
, IΩj

❡ Φλ,j, Ij✱ ♣r❡s❡♥t❡s ♥♦ ♣r✐♠❡✐r♦ ❡ s❡❣✉♥❞♦

❝❛♣ít✉❧♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊st❡ ❢❛t♦ ❥✉st✐✜❝❛ ❛s ❤✐♣ót❡s❡s ❛❞✐❝✐♦♥❛✐s s♦❜r❡ ♦ ❡s♣❛ç♦

E✱ ♦ ❝♦♥❥✉♥t♦ Ω ❡ ❛ ❢♦r♠❛ ❝♦♠♦ t♦♠❛♠♦s ♦ ❢✉♥❝✐♦♥❛❧ Φ✳

▲❡♠❛ ❆✳✼ P❛r❛ ❝❛❞❛ u ∈ E ♥ã♦ ♥✉❧♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♥ú♠❡r♦ tu > 0 t❛❧ q✉❡ tuu ∈ N ✳

❆❧é♠ ❞✐ss♦✱

Φ(tu u) = max
t≥0

Φ(tu) .

❉❡♠♦♥str❛çã♦✿

❋✐①❡♠♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ u ∈ E✱ u 6= 0✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦ g : R+ → R ❞❛❞❛

♣♦r

g(t) = Φ(tu) =
t2

2
||u||2E − tq+1 β

q + 1

∫

Ω

uq+1
+ − t2

∗ α

2∗

∫

Ω

u2∗

+ , ∀ t ≥ 0. ✭❆✳✻✮

Pr✐♠❡✐r❛♠❡♥t❡ ♠♦str❡♠♦s q✉❡ g ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ❝rít✐❝♦✳
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◆♦t❡♠♦s q✉❡ g ∈ C∞(R+,R)✱ g(0) = 0✱ g(t) > 0✱ ♣❛r❛ t > 0 s✉✜❝✐❡♥t❡♠❡♥t❡

♣❡q✉❡♥♦✱ ❡ lim
t→∞

g(t) = −∞✳ ❙♦❜ ❡st❛s ❝✐r❝✉♥stâ♥❝✐❛s✱ g ♣♦ss✉✐ ❛♦ ♠❡♥♦s ✉♠ ♣♦♥t♦

❝rít✐❝♦ ♣♦s✐t✐✈♦✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r tu✱ s❛t✐s❢❛③❡♥❞♦

g(tu) = max
t≥0

g(t),

✐st♦ é✱

Φ(tu u) = max
t≥0

Φ(tu).

❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡♠♦s q✉❡ t0 > 0 é ♣♦♥t♦ ❝rít✐❝♦ ❞❡ g s❡✱ ❡ só s❡✱

0 = g′(t0) = t0 ||u||
2
E − tq0β

∫

Ω

uq+1
+ − t2

∗−1
0 α

∫

Ω

u2∗

+ ,

♦ q✉❡ ❡q✉✐✈❛❧❡ ❛

||u||2E = tq−1
0 β

∫

Ω

uq+1
+ + t2

∗−2
0 α

∫

Ω

u2∗

+ .

❉❡ss❛ ❢♦r♠❛✱ ❝♦♠♦ ❛ ❢✉♥çã♦ à ❞✐r❡✐t❛ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ é ❝r❡s❝❡♥t❡✱ s❡❣✉❡ ❛ ✉♥✐❝✐❞❛❞❡

❞♦ ♣♦♥t♦ ❝rít✐❝♦ tu✳ P♦r ✜♠✱ ❞❡

tg(t) = Φ′(tu)(tu), ∀ t ≥ 0,

t❡♠♦s tuu ∈ N ✳ P♦rt❛♥t♦✱ ❝♦♠♦ u ∈ E ✜①❛❞♦ ❛ ♣r✐♥❝í♣✐♦ é ❛r❜✐trár✐♦✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦

♣❛r❛ t♦❞♦ u ∈ E✳

�

P❛r❛ ✜♥❛❧✐③❛r✱ ❞❡✜♥❛♠♦s

c1 := inf
u∈N

Φ(u),

c2 := inf
0 6=u∈E

max
t≥0

Φ(tu),

c := inf
γ∈Γ

max
t∈[0,1]

Φ(γ(t)),

♦♥❞❡

Γ = {γ ∈ C([0, 1], E) ; γ(0) = 0,Φ(γ(1)) < 0},

❡ ✈❡❥❛♠♦s ❞❡ q✉❡ ❢♦r♠❛ ❡ss❡s ✈❛❧♦r❡s s❡ r❡❧❛❝✐♦♥❛♠✳

❚❡♦r❡♠❛ ❆✳✽ ❈♦♠ ❛s ♥♦t❛çõ❡s ❛❝✐♠❛✱ t❡♠♦s

c1 = c2 = c > 0.
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❉❡♠♦♥str❛çã♦✿

Pr✐♠❡✐r❛♠❡♥t❡ ♥♦t❡♠♦s q✉❡✱ ♣❛rt✐r ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ c1 = c2✳

❆❣♦r❛✱ ❝♦♠♦

lim
t→∞

Φ(tu) = −∞, ∀u ∈ E,

❡♥tã♦ ❡①✐st❡ tu,∞ > 0 t❛❧ q✉❡ Φ(tu,∞u) < 0✳ ❆ss✐♠✱ ❛ ❛♣❧✐❝❛çã♦ γu : [0, 1] → E ❞❛❞❛

♣♦r

γu(t) = t(tu,∞u), ∀ t ≥ 0,

♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦ Γ✳ ▲♦❣♦✱ ❞❡✈❡♠♦s t❡r c ≤ c2✳

P♦r ✜♠✱ ♦❜s❡r✈❡♠♦s q✉❡ ❛ ✈❛r✐❡❞❛❞❡ N s❡♣❛r❛ E\{0} ❡♠ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s✱ ❛

s❛❜❡r✱

N+ := {u ∈ E ; Φ′(u)u > 0} ❡ N− := {u ∈ E ; Φ′(u)u < 0}.

❱❡❥❛♠♦s t❛♠❜é♠ q✉❡✱ ❝♦♠♦ E →֒ H1(Ω) ❝♦♥t✐♥✉❛♠❡♥t❡✱ ❡♥tã♦ E →֒ Lt(Ω) ❝♦♥t✐♥✉❛✲

♠❡♥t❡✱ ♣❛r❛ t ∈ [1, 2∗]✱ ❝♦♠ ❝♦♥st❛♥t❡ ❞❡ ✐♠❡rsã♦ Ct = C(t)✳ ❉❡ss❛ ❢♦r♠❛

Φ′(u)u ≥ ||u||2E − β Cq+1
q+1 ||u||

q+1
E − αC2∗

2∗ ||u||
2∗

E

> 0

♣❛r❛ ||u||E s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳ P♦rt❛♥t♦✱ ❡①✐st❡ ε > 0 t❛❧ q✉❡

N+ ⊃
(

B(0)ε\{0}
)

.

❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ❛s ♥♦t❛çõ❡s ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✱

Φ′(tu)u ≥ 0, ∀ t ∈ [0, tu], ∀u ∈ E\{0}, ✭❆✳✼✮

♣♦✐s s❡ ❡①✐st✐ss❡♠ u ∈ E ❡ t̃ ∈ [0, tu] t❛✐s q✉❡ Φ′(t̃u)u < 0✱ ❡♥tã♦ ❛ ❢✉♥çã♦ g ❞❡✜♥✐❞❛

❡♠ ✭❆✳✻✮ ❛ss♦❝✐❛❞❛ ❛ u ♣♦ss✉✐r✐❛ ❞♦✐s ♣♦♥t♦s ❝rít✐❝♦s✱ ♦ q✉❡ ♥ã♦ ♣♦❞❡ ♦❝♦rr❡r✳ ❯♠

❛r❣✉♠❡♥t♦ ❛♥á❧♦❣♦ ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r q✉❡

tu > 1, ∀u ∈ N+. ✭❆✳✽✮

❆ss✐♠✱

Φ(u) > 0, ∀u ∈ N+.

❈♦♠ ❡❢❡✐t♦✱ t♦♠❡♠♦s u ∈ N+ ❛r❜✐tr❛r✐❛♠❡♥t❡✳ ❈♦♥s✐❞❡r❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❢✉♥çã♦ g

❞❡✜♥✐❞❛ ❡♠ ✭❆✳✻✮✱ t❡♠♦s✱ ♣♦r ✭❆✳✼✮✱

g′(t) = Φ′(tu)u ≥ 0, ∀ t ∈ [0, tu],
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❞♦♥❞❡ g é ♥ã♦✲❞❡❝r❡s❝❡♥t❡ ❡♠ [0, tu] ❡ ❞❛í✱ ♣♦r ✭❆✳✽✮✱

Φ(u) = g(1) ≥ 0.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

Φ(u) ≥ 0, ∀u ∈ N+,

❡✱ ♣♦rt❛♥t♦✱ t♦❞♦ ❝❛♠✐♥❤♦ γ ∈ Γ ❞❡✈❡ ✐♥t❡r❝❡♣t❛r N ✳ ❉❡ss❛ ❢♦r♠❛✱ c ≥ c1✱ ❡ ♦ r❡s✉❧t❛❞♦

❡stá ❞❡♠♦♥str❛❞♦✳

�

❆✳✺ ❖s ❊s♣❛ç♦s H ❡ Hλ

◆❡st❛ s❡çã♦ ❞❡♠♦♥str❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ q✉❡ ✉s❛♠♦s ♥❛s Pr♦♣♦s✐çõ❡s ✶✳✽ ❡ ✷✳✽✱

❛ s❛❜❡r✱ q✉❡ C∞
c (RN) é ❞❡♥s♦ ❡♠ H ❡ Hλ✳ ❊♥✉♥❝✐❛r❡♠♦s ❡ ♣r♦✈❛r❡♠♦s ♦ r❡s✉❧t❛❞♦

❛♣❡♥❛s ♣❛r❛ ♦ ❡s♣❛ç♦ H✱ ♦ q✉❛❧ ❝♦♥s✐❞❡r❛r❡♠♦s ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

||u||2λ =

∫

RN

|∇u|2 + (λV (x) + Z(x))u2, ∀u ∈ H,

q✉❡ t❛♠❜é♠ é ♥♦r♠❛ ❞♦ ❡s♣❛ç♦ Hλ✳ ❆ss✐♠✱ ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦ ♣❛r❛ ♦

❡s♣❛ç♦ Hλ é ✐♥t❡✐r❛♠❡♥t❡ ❛♥á❧♦❣❛✳

▲❡♠❛ ❆✳✾ ❖ ❡s♣❛ç♦ C∞
c (RN) é ❞❡♥s♦ ❡♠ H✳

❉❡♠♦♥str❛çã♦✿

❆ ♣r♦✈❛ s❡rá ❢❡✐t❛ ❡♠ ❞✉❛s ♣❛rt❡s✳ Pr✐♠❡✐r❛♠❡♥t❡ ♠♦str❛r❡♠♦s q✉❡ t♦❞❛ ❢✉♥çã♦

❞❡ H ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞❛ ♣♦r ❢✉♥çõ❡s ❞❡st❡ ❡s♣❛ç♦ ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ ❡✱ ♣♦st❡✲

r✐♦r♠❡♥t❡✱ q✉❡ t♦❞❛ ❢✉♥çã♦ ❞❡H ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ é ❧✐♠✐t❡ ❞❡ ❢✉♥çõ❡s ❞❡ C∞
c (RN)✳

1o P❛rt❡✿ ❚♦❞❛ ❢✉♥çã♦ ❞❡ H ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞❛ ♣♦r ❢✉♥çõ❡s ❞❡st❡ ❡s♣❛ç♦ ❝♦♠ s✉✲

♣♦rt❡ ❝♦♠♣❛❝t♦✳

❋✐①❡♠♦s u ∈ H ❞❡ ❢♦r♠❛ ❛r❜✐trár✐❛ ❡ t♦♠❡♠♦s ϕ ∈ C∞
c (RN , [0, 1]) s❛t✐s❢❛③❡♥❞♦

ϕ
∣

∣

B1(0)
≡ 1, ϕ

∣

∣

B2(0)c ≡ 0 ❡ |∇ϕ(x)| ≤ 3, ∀x ∈ R
N .

❈♦♥s✐❞❡r❡♠♦s ❛ s❡q✉ê♥❝✐❛ (ϕn)n∈N ⊂ C∞
c (RN) ❞❛❞❛ ♣♦r

ϕn(x) = ϕ
(x

n

)

, ∀x ∈ R
N , ∀n ∈ N.
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❊♥tã♦

ϕn

∣

∣

B1(0)
≡ 1, |∇ϕn(x)| ≤

3

n
❡ uϕn ∈ H t❡♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✱ ∀n ∈ N.

❆❣♦r❛ t♦♠❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❞❡ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ (uϕn)n∈N ⊂ H✳ ❆✜r♠❛♠♦s

q✉❡ uϕn → u ❡♠ H✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛

❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ t❡♠♦s

(λV (x) + Z(x))(uϕn)2 → (λV (x) + Z(x))u2 ❡♠ L1(RN)

❡✱ ♣❛r❛ t♦❞♦ 1 ≤ j ≤ N ✱

∂

∂xj

(uϕn) = u
∂ϕn

∂xj

+ ϕn
∂u

∂xj

→
∂u

∂xj

❡♠ L2(RN),

♦✉ s❡❥❛✱

∇(uϕn) → ∇u ❡♠ (L2(RN))N ,

❞♦♥❞❡ s❡❣✉❡ ❛ ❝♦♥❝❧✉sã♦ ❞❡st❛ ♣r✐♠❡✐r❛ ♣❛rt❡✱ ❥á q✉❡ u ∈ H é q✉❛❧q✉❡r✳

2o P❛rt❡✿ ❚♦❞❛ ❢✉♥çã♦ ❞❡ H ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ é ❧✐♠✐t❡ ❞❡ ❢✉♥çõ❡s ❞❡ C∞
c (RN)✳

❋✐①❡♠♦s q✉❛❧q✉❡r u ∈ H ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ ❡ s❡❥❛ (ρn)n∈N ⊂ C∞
c (RN) ✉♠❛

s❡q✉ê♥❝✐❛ r❡❣✉❧❛r✐③❛♥t❡✱ ✐st♦ é✱

supp ρn ⊂ B 1
n
(0) ❡

∫

RN

ρn = 1, ∀n ∈ N.

❚♦♠❡♠♦s ❛ s❡q✉ê♥❝✐❛ (ρn ∗ u) ⊂ C∞
c (RN) ✭✈❛❧❡ ❧❡♠❜r❛r q✉❡ ❛ ❝♦♥✈♦❧✉çã♦ ❞❡ ❢✉♥çõ❡s

❞❡ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ t❡♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✮ ❡ ✜①❡♠♦s R > 0 t❛❧ q✉❡

supp (ρn ∗ u) ⊂ BR(0), ∀n ∈ N.

❆✜r♠❛♠♦s q✉❡ ρn ∗ u→ u ❡♠ H✳ ❈♦♠ ❡❢❡✐t♦✱ ♥♦t❡♠♦s q✉❡

lim
n→∞

∣

∣

∣

∣

∫

RN

(λV (x) + Z(x))(ρn ∗ u− u)2

∣

∣

∣

∣

≤ |λV + Z|∞,BR(0) lim
n→∞

∫

RN

|ρn ∗ u− u|2 = 0,

♣♦✐s ρn ∗ u→ u ❡♠ L2(RN) ❡✱ ❛ ♣❛rt✐r ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❝♦♥✈♦❧✉çã♦✱

∇(ρn ∗ u) = ρn ∗ ∇u→ ∇u ❡♠ L2(RN).

❉❡ss❛ ❢♦r♠❛✱ ❝♦♠♦ u ∈ H ❞❡ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ é ❛r❜✐trár✐❛✱ ✈❛❧❡ ❛ ❝♦♥❝❧✉sã♦ ❞❡st❛

♣❛rt❡✳ P♦rt❛♥t♦✱ t❡♥❞♦ ❡♠ ✈✐st❛ ❛ ♣r✐♠❡✐r❛ ❡ ❛ s❡❣✉♥❞❛ ♣❛rt❡✱ ✈❛❧❡ ♦ r❡s✉❧t❛❞♦✳

�
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❆✳✻ ❙❡❣✉♥❞♦ ▲❡♠❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦ ❞❡ ❈♦♠♣❛❝✐❞❛❞❡

❊st❛ s❡çã♦ ❢♦✐ ❜❛s❡❛❞❛ ❡♠ ▲✐♦♥s ❬✷✹❪ ❡ ❋♦❧❧❛♥❞ ❬✷✶❪✳

◆❡st❛ s❡çã♦ ❡♥✉♥❝✐❛r❡♠♦s ❡ ❞❡♠♦♥str❛r❡♠♦s✱ ❡♠ ♣❛rt❡✱ ♦ ❙❡❣✉♥❞♦ ▲❡♠❛ ❞❡ ❈♦♥✲

❝❡♥tr❛çã♦ ❞❡ ❈♦♠♣❛❝✐❞❛❞❡ ❞❡✈✐❞♦ ❛ P✳✲▲✳ ▲✐♦♥s✳ P❛r❛ ✐ss♦✱ ♥❡❝❡ss✐t❛r❡♠♦s ❞❡ ❛❧❣✉♠❛s

❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s✳ ❈♦♠❡❝❡♠♦s ♣❡❧♦ ❡s♣❛ç♦ C0(R
N) ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s q✉❡ s❡

❛♥✉❧❛♠ ♥♦ ✐♥✜♥✐t♦ ❡ ♣❡❧♦ ❡s♣❛ç♦ M(RN) ❞❛s ♠❡❞✐❞❛s ❞❡ ❘❛❞♦♥ ❝♦♠ s✐♥❛❧ ❡♠ R
N ✳

❙❡❥❛ f ∈ C(RN)✳ ❉✐r❡♠♦s q✉❡ f s❡ ❛♥✉❧❛ ♥♦ ✐♥✜♥✐t♦ s❡✱ ♣❛r❛ t♦❞♦ ε > 0✱ ♦

❝♦♥❥✉♥t♦ {x ∈ R
N ; |f(x)| ≥ ε} é ❝♦♠♣❛❝t♦✳ ❉❡✜♥❛♠♦s✱ ❡♥tã♦✱ ♦ ❝♦♥❥✉♥t♦

C0(R
N) = {f ∈ C(RN); f s❡ ❛♥✉❧❛ ♥♦ ✐♥✜♥✐t♦}.

❈❧❛r❛♠❡♥t❡ t❡♠♦s Cc(R
N) ⊂ C0(R

N) ❡✱ ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛ ❞♦ s✉♣r❡♠♦✱ C0(R
N) é

✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦✳ ▼❛✐s ❛✐♥❞❛✱ ♣♦❞❡✲s❡ ♠♦str❛r q✉❡ C0(R
N) é ♦ ❢❡❝❤♦ ❞❡

Cc(R
N) ❝♦♠ r❡❧❛çã♦ à ♥♦r♠❛ ❞♦ s✉♣r❡♠♦ ✭✈❡r ❋♦❧❧❛♥❞ ❬✷✶❪✱ ❚❡♦r❡♠❛ ✹✳✸✺✮ ❡ q✉❡ ❡st❡

é ✉♠ ❡s♣❛ç♦ s❡♣❛rá✈❡❧✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ✭✈❡r ▲♦♣❡s ❬✷✺❪✱ ❚❡♦r❡♠❛ ✸✳✶✽✮

❚❡♦r❡♠❛ ❆✳✶✵ ❙❡❥❛ K ⊂ R
N ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✳ ❖ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s

s♦❜r❡ K✱ C(K)✱ é s❡♣❛rá✈❡❧✳

❙❡❥❛♠ µ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ ❡♠ R
N ❡ A ⊆ R

N ✉♠ ❝♦♥❥✉♥t♦ ♥❛ σ✲á❧❣❡❜r❛ ❞❡

❇♦r❡❧ B✳ ❆ ♠❡❞✐❞❛ µ é ❝❤❛♠❛❞❛ ♦✉t❡r r❡❣✉❧❛r ❡♠ A s❡

µ(A) = inf{µ(U);U ⊃ A,U ❛❜❡rt♦}

❡ ✐♥♥❡r r❡❣✉❧❛r ❡♠ A s❡

µ(A) = sup{µ(K);K ⊂ A,K ❝♦♠♣❛❝t♦}.

▼❛✐s ❛✐♥❞❛✱ ✉♠❛ ♠❡❞✐❞❛ µ q✉❡ é ✐♥♥❡r ❡ ♦✉t❡r r❡❣✉❧❛r ♥♦s ❝♦♥❥✉♥t♦s ❞❡ ❇♦r❡❧ é ❝❤❛♠❛❞❛

r❡❣✉❧❛r✳ ❯♠❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ ❡♠ R
N é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ q✉❡ é ✜♥✐t❛ ❡♠ ❝♦♥❥✉♥t♦s

❝♦♠♣❛❝t♦s✱ ♦✉t❡r r❡❣✉❧❛r ❡♠ ❝♦♥❥✉♥t♦s ❞❡ ❇♦r❡❧ ❡ ✐♥♥❡r r❡❣✉❧❛r ❡♠ ❝♦♥❥✉♥t♦s ❛❜❡rt♦s✳

❯♠❛ ♠❡❞✐❞❛ µ é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ ❝♦♠ s✐♥❛❧ s❡ s✉❛s ✈❛r✐❛çõ❡s ♣♦s✐t✐✈❛ ❡ ♥❡❣❛t✐✈❛

sã♦ ♠❡❞✐❞❛s ❞❡ ❘❛❞♦♥✳ ❉❡♥♦t❛r❡♠♦s ♣♦r M(RN) ♦ ❡s♣❛ç♦ ❞❛s ♠❡❞✐❞❛s ✜♥✐t❛s ❞❡

❘❛❞♦♥ ❝♦♠ s✐♥❛❧ ❡♠ R
N ✱ ♦ q✉❛❧✱ ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

||µ||M = |µ|(RN), ∀µ ∈M(RN),

♦♥❞❡ |µ| é ❛ ✈❛r✐❛çã♦ t♦t❛❧ ❞❛ ♠❡❞✐❞❛ µ✱ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦✳

P♦❞❡✲s❡ ♠♦str❛r q✉❡ ✭✈❡r ❋♦❧❧❛♥❞ ❬✷✶❪✱ ❚❡♦r❡♠❛ ✼✳✽✮
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❚❡♦r❡♠❛ ❆✳✶✶ ❚♦❞❛ ♠❡❞✐❞❛ ❞❡ ❇♦r❡❧ ❡♠ R
N q✉❡ é ✜♥✐t❛ ❡♠ ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s é

r❡❣✉❧❛r✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ µ é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥✳

❖s ❡s♣❛ç♦s M(RN) ❡ C0(R
N) s❡ r❡❧❛❝✐♦♥❛♠ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ✭✈❡r ❋♦❧❧❛♥❞ ❬✷✶❪✱

❚❡♦r❡♠❛ ✼✳✶✼✮✿

❚❡♦r❡♠❛ ❆✳✶✷ ❙❡❥❛ µ ∈M(RN) ❡ ❝♦♥s✐❞❡r❡ ♦ ❢✉♥❝✐♦♥❛❧ Iµ : C0(R
N) → R ❞❛❞♦ ♣♦r

Iµ(f) =

∫

RN

f dµ, ∀ f ∈ C0(R
N).

❆ ❛♣❧✐❝❛çã♦ µ 7→ Iµ é ✉♠ ✐s♦♠♦r✜s♠♦ ✐s♦♠étr✐❝♦ ❞❡M(RN) ♥♦ ❡s♣❛ç♦ ❞✉❛❧ ❞❡ C0(R
N)✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦ ❡s♣❛ç♦ ❞❛s ♠❡❞✐❞❛s ❞❡ ❘❛❞♦♥ é ♦ ❞✉❛❧ ❞♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s

❝♦♥tí♥✉❛s q✉❡ s❡ ❛♥✉❧❛♠ ♥♦ ✐♥✜♥✐t♦✳ ❉❡ss❛ ❢♦r♠❛✱ ❞❛ s❡♣❛r❛❜✐❧✐❞❛❞❡ ❞❡ C0(R
N) ❡ ♣❡❧♦

t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ t♦❞❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ M(RN) ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡

❝♦♥✈❡r❣❡ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✲✯ ✭✈❡r ❇r❡③✐s ❬✶✷❪✱ ❈♦r♦❧ár✐♦ ■■■✳✷✻✮✳

❱❡❥❛♠♦s ❛❣♦r❛ ❞✉❛s ❞❡✜♥✐çõ❡s ❛✉①✐❧✐❛r❡s✳ ❙❡❥❛♠ µ ❡ ν ♠❡❞✐❞❛s ❡♠ ✉♠ ♠❡s♠♦

❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧ (X,X )✳ ❆ ♠❡❞✐❞❛ µ é ❞✐t❛ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❡♠ r❡❧❛çã♦ à

♠❡❞✐❞❛ ν✱ s❡✱ ♣❛r❛ t♦❞♦ E ∈ X t❛❧ q✉❡ ν(E) = 0✱ t✐✈❡r♠♦s µ(E) = 0✳ ◆❡st❡ ❝❛s♦✱

❡s❝r❡✈❡♠♦s µ≪ ν✳ ❉✐③❡♠♦s t❛♠❜é♠ q✉❡ µ ❡ ν sã♦ ♠✉t✉❛♠❡♥t❡ s✐♥❣✉❧❛r❡s✱ s❡ ❡①✐st❡♠

❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s A ❡ B ❡♠ X t❛✐s q✉❡ X = A ∪ B ❡ µ(A) = ν(B) = 0✳ ◆❡st❡ ❝❛s♦✱

❡s❝r❡✈❡♠♦s µ ⊥ ν✳

❖✉tr♦ r❡s✉❧t❛❞♦ q✉❡ s❡rá ✉s❛❞♦ ❛❞✐❛♥t❡ é ♦ ✭✈❡r ❋♦❧❧❛♥❞ ❬✷✶❪✱ ❚❡♦r❡♠❛ ✼✳✶✵✮

❚❡♦r❡♠❛ ❆✳✶✸ ✭▲✉s✐♥✮ ❙❡❥❛♠ µ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥ ❡♠ R
N ❡ f : R

N → R ✉♠❛

❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ q✉❡ s❡ ❛♥✉❧❛ ❢♦r❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ✜♥✐t❛✳ ❊♥tã♦✱ ❞❛❞♦

ε > 0✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ φ ∈ Cc(R
N) t❛❧ q✉❡

µ({x ∈ R
N ; f(x) 6= φ(x)}) < ε.

▼❛✐s ❛✐♥❞❛✱ s❡ f é ❧✐♠✐t❛❞❛✱ ❡♥tã♦ φ s❛t✐s❢❛③

sup
x∈RN

|φ(x)| ≤ sup
x∈RN

|f(x)|.

P♦r ✜♠✱ ✈❡❥❛♠♦s ♦ ❡s♣❛ç♦ D1,p(RN)✳ ❉❛❞♦s N > 2 ❡ 1 < p < N ✱ D1,p(RN) é ♦

❢❡❝❤❛♠❡♥t♦ ❞♦ ❡s♣❛ç♦ C∞
c (RN) ❝♦♠ r❡❧❛çã♦ à ♥♦r♠❛ ||.||D1,p : C∞

c (RN) → R ❞❛❞❛ ♣♦r

||ϕ||D1,p =

(∫

RN

|∇ϕ|p dx

) 1
p

, ∀ϕ ∈ C∞
c (RN).
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P♦❞❡✲s❡ ♠♦str❛r q✉❡✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠❡tr✐❛✱ ✭✈❡r ❆❧✈❡s ❬✸❪✱ ❆♣ê♥❞✐❝❡ ❆✳✶✮

D1,p(RN) = {u ∈ Lp∗(RN);
∂u

∂xi

∈ Lp(RN), 1 ≤ i ≤ N}.

❆❧é♠ ❞✐ss♦✱ D1,p(RN) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦ ❡ s❡♣❛rá✈❡❧ ❡ ✈❛❧❡♠ ❛s ✐♠❡rsõ❡s

D1,p(RN) →֒ Lp∗(RN) ❡ D1,p(RN) →֒ Lr
loc(R

N)✱ ♣❛r❛ r ∈ [1, r∗)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❝♦♥tí♥✉❛ ❡ ❝♦♠♣❛❝t❛✳ ❉❡st❛ ú❧t✐♠❛✱ s❡❣✉❡ q✉❡✱ ✉s❛♥❞♦ ✉♠ ❛r❣✉♠❡♥t♦ ❞❡ s❡q✉ê♥❝✐❛

❞✐❛❣♦♥❛❧✱ s❡ un ⇀ u ❡♠ D1,p(RN)✱ ❡♥tã♦ un → u q✉❛s❡ s❡♠♣r❡ ❡♠ R
N ✳

❖ ♣ró①✐♠♦ ❧❡♠❛ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❙❡❣✉♥❞♦ ▲❡♠❛ ❞❡ ❈♦♥✲

❝❡♥tr❛çã♦ ❞❡ ❈♦♠♣❛❝✐❞❛❞❡✳

▲❡♠❛ ❆✳✶✹ ❙❡❥❛♠ µ ❡ ν ♠❡❞✐❞❛s ❞❡ ❘❛❞♦♥ ✜♥✐t❛s ♥ã♦✲♥❡❣❛t✐✈❛s ❡♠ R
N t❛✐s q✉❡✱

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C0 ≥ 0✱

(∫

RN

|ϕ|q dν

)1/q

≤ C0

(∫

RN

|ϕ|p dµ

)1/p

, ∀ϕ ∈ C∞
0 (RN), ✭❆✳✾✮

♦♥❞❡ 1 ≤ p < q ≤ +∞✳ ❊♥tã♦ ❡①✐st❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧ J ✭✜♥✐t♦ ♦✉ ✐♥✜♥✐t♦✮✱

❢❛♠í❧✐❛s {xj}j∈J ❞❡ ♣♦♥t♦s ❞✐st✐♥t♦s ❡♠ R
N ❡ {νj}j∈J ⊂ (0,∞) t❛✐s q✉❡

ν =
∑

j∈J

νjδxj
❡ µ ≥ C−p

0

∑

j∈J

ν
p/q
j δxj

.

❊♠ ♣❛rt✐❝✉❧❛r✱
∑

j∈J

ν
p/q
j <∞.

❉❡♠♦♥str❛çã♦✿

Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡♠♦s q✉❡✱ ♣❡❧♦ ▲❡♠❛ ❆✳✷ ❡ ♦ ❚❡♦r❡♠❛ ❞❡ ▲✉s✐♥ ✭❚❡♦r❡♠❛

❆✳✶✸✮✱ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ r❡❣✉❧❛r✐③❛♥t❡ ❡ ❝♦♥✈♦❧✉çã♦✱ ♠♦str❛✲s❡ q✉❡ ❛

❞❡s✐❣✉❛❧❞❛❞❡ ✭❆✳✾✮ é ✈á❧✐❞❛ ♣❛r❛ t♦❞❛ ϕ ♠❡♥s✉rá✈❡❧✱ ❧✐♠✐t❛❞❛✱ ♣♦s✐t✐✈❛ ❡ q✉❡ s❡ ❛♥✉❧❛

❢♦r❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ✜♥✐t❛ ✭✈❛❧❡ r❡ss❛❧t❛r q✉❡ ❛s ♠❡❞✐❞❛s ν ❡ µ sã♦ ✜♥✐t❛s✮✳

❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s ν ≪ µ✱ ♣♦✐s✱ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ E ♥❛ σ✲á❧❣❡❜r❛ ❞❡ ❇♦r❡❧ B t❛❧ q✉❡

µ(E) = 0✱ t♦♠❛♥❞♦ ϕ ≡ χE ❡♠ ✭❆✳✾✮✱ ♦❜t❡♠♦s

ν(E) ≤ C q
0 µ(E)q/p = 0. ✭❆✳✶✵✮

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❉❡❝♦♠♣♦s✐çã♦ ❞❡ ▼❡❞✐❞❛s ❞❡ ▲❡❜❡s❣✉❡ ✭✈❡r ❇❛rt❧❡ ❬✽❪✱

❚❡♦r❡♠❛ ✽✳✶✶✮ às ♠❡❞✐❞❛s µ ❡ ν✱ ❡①✐st❡♠ ♠❡❞✐❞❛s α ❡ β s❛t✐s❢❛③❡♥❞♦

α≪ ν ❡ β ⊥ ν



✶✵✾

t❛✐s q✉❡

µ = α+ β. ✭❆✳✶✶✮

❆❧é♠ ❞✐ss♦✱ ❞❡ α≪ ν✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘❛❞♦♥✲◆✐❦♦❞ý♠ ✭✈❡r ❇❛rt❧❡ ❬✽❪✱ ❚❡♦r❡♠❛ ✽✳✾✮✱

❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ g ∈ L1(RN ,B, ν)✱ ú♥✐❝❛ q✉❛s❡ s❡♠♣r❡✱ t❛❧ q✉❡

α = gν,

❞♦♥❞❡ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ✭❆✳✶✶✮ ❝♦♠♦

µ = gν + β. ✭❆✳✶✷✮

▼❛✐s ❛✐♥❞❛✱ ♣❡❧♦ ❢❛t♦ ❞❡ gν ⊥ β✱ t❡♠♦s✱ ❛ ♣❛rt✐r ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭❆✳✾✮✱

(∫

RN

|ϕ|q dν

)1/q

≤ C0

(∫

RN

|ϕ|pg dν

)1/p

, ∀ϕ ∈ C∞
0 (RN),

❡✱ ❝❧❛r❛♠❡♥t❡✱ µ ≥ gν✳ ❉✐t♦ ✐st♦✱ s✉♣♦r❡♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ❛ ♠❡❞✐❞❛

β é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✳ ❙✉♣♦r❡♠♦s t❛♠❜é♠ q✉❡

g(x) < +∞, ∀x ∈ R
N ,

✉♠❛ ✈❡③ q✉❡ g ∈ L1(RN ,B, ν) ❡ ❞❛í ν({x ∈ R
N ; g(x) = +∞}) = 0✳

❈♦♥s✐❞❡r❡♠♦s ♦s ❝♦♥❥✉♥t♦s

Gk = {x ∈ R
N ; k − 1 ≤ g(x) < k}, ∀ k ∈ N,

❡ ❛s ♠❡❞✐❞❛s ✜♥✐t❛s ♥ã♦✲♥❡❣❛t✐✈❛s ❞❡ ❘❛❞♦♥ ❡♠ R
N

νk = gθχGk
ν, ♦♥❞❡ θ = q/(q − p). ✭❆✳✶✸✮

◆♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡✱ ♣❛r❛ ❝❛❞❛ k ∈ N✱ ❛s ♠❡❞✐❞❛s νk sã♦ ❞❛❞❛s ♣♦r ✉♠❛ s♦♠❛

✜♥✐t❛ ❞❡ ♠❛ss❛s ❞❡ ❉✐r❛❝ ❡✱ ✉s❛♥❞♦ ❡st❡ ❢❛t♦✱ ❞❡❞✉③✐r q✉❡ ❛s ♠❡❞✐❞❛s χGk
ν✱ ♣❛r❛ t♦❞♦

k ∈ N✱ t❛♠❜é♠ tê♠ ❡st❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦♥❞❡✱ t♦♠❛♥❞♦ ❛ sér✐❡
∑

k∈N

χGk
ν✱ ❝♦♥❝❧✉✐r q✉❡ ν

❛❞♠✐t❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡s❡❥❛❞❛✳

❙❡❥❛ k ∈ N q✉❛❧q✉❡r✳ P❛r❛ ♠♦str❛r♠♦s ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ νk✱ t♦♠❡♠♦s ❡♠ ✭❆✳✾✮

❢✉♥çõ❡s ϕ ❞❛ ❢♦r♠❛

ϕ = gθ/qχGk
ψ,



✶✶✵

♦♥❞❡ ψ é ✉♠❛ ❢✉♥çã♦ ❛r❜✐trár✐❛ ♠❡♥s✉rá✈❡❧✱ ❧✐♠✐t❛❞❛✱ ♥ã♦✲♥❡❣❛t✐✈❛ ❡ q✉❡ s❡ ❛♥✉❧❛ ❢♦r❛

❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ✜♥✐t❛✳ ❉❛í✱ ❝♦♠♦

(

gθ/qχGk

)q
ν = gθχGk

ν = νk,

❡

(

gθ/qχGk

)p
µ = gθp/qgχGk

ν

= g
θp
q

+1χGk
ν

= gθχGk
ν = νk,

s❡❣✉❡ q✉❡✱ ♣❛r❛ t♦❞❛ ψ✱

(∫

RN

|ψ|q dνk

)1/q

≤ C0

(∫

RN

|ψ|p dνk

)1/p

,

❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡✱ t♦♠❛♥❞♦ ψ ≡ χE✱ ♣❛r❛ E ∈ B q✉❛❧q✉❡r✱

νk(E) ≤ C0νk(E)q/p, ∀E ∈ B.

P♦rt❛♥t♦✱ ❞❛❞♦ E ∈ B✱ t❡♠✲s❡ νk(E) = 0 ♦✉ νk(E) ≥ C0
−θq/p =: ρ✳ ❆ss✐♠✱ t❡♥❞♦ ❡♠

✈✐st❛ q✉❡✱ ♣❛r❛ x ∈ R
N ❛r❜✐trár✐♦✱ ✈❛❧❡♠ ❛s ✐❣✉❛❧❞❛❞❡s

νk({x}) = νk

(

⋂

ε↓0

Bε(x)

)

= lim
ε↓0

νk(Bε(x)),

❞❡✈❡♠♦s t❡r✱ ♣❛r❛ ❝❛❞❛ x ∈ R
N ✱

νk({x}) ≥ ρ ♦✉ ❡①✐st❡ εx = ε(x) > 0 t❛❧ q✉❡ νk(Bεx
(x)) = 0.

▲♦❣♦✱ ❝♦♠♦ νk é ✉♠❛ ♠❡❞✐❞❛ ✜♥✐t❛✱ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ í♥❞✐❝❡s Jk ❡ ❞❡ ♣♦♥t♦s

Sk := {xj}j∈Jk
⊂ R

N t❛✐s q✉❡

νk({xj}) ≥ ρ, ∀ j ∈ Jk ❡ νk(Bεx
(x)) = 0, ∀x /∈ Sk, ✭❆✳✶✹✮

✐st♦ é✱ t❡♠♦s ❛ r❡♣r❡s❡♥t❛çã♦

νk =
∑

j∈Jk

νjδxj
,

♦♥❞❡ νj = νk({xj})✱ ♣❛r❛ j ∈ Jk✳ ❉❡ ❢❛t♦✱ s❡❥❛ ♦ ❝♦♥❥✉♥t♦ O = R
N\Sk✳ ❉❛❞♦ ✉♠

s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ K ⊂ O ❛r❜✐trár✐♦✱ (Bεx
(x))x∈K é ✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ ♣❛r❛



✶✶✶

K✱ ❞♦♥❞❡✱ ❞❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ K✱ ♣♦❞❡♠♦s ❡①tr❛✐r ✉♠❛ s✉❜❝♦❜❡rt✉r❛ ✜♥✐t❛ ❢♦r♠❛❞❛

♣♦r ❜♦❧❛s ❝✉❥♦s ❝❡♥tr♦s ♣❡rt❡♥❝❡♠ ❛♦ ❝♦♥❥✉♥t♦ O✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦r ✭❆✳✶✹✮✱ t❡♠✲s❡

νk(K) = 0 ❡✱ ♣♦r νk s❡r ✉♠❛ ♠❡❞✐❞❛ ❞❡ ❘❛❞♦♥✱ νk(O) = 0✱ ❥á q✉❡ K é ❛r❜✐trár✐♦✳

❆ss✐♠✱ ✜❝❛ ♠♦str❛❞❛ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ νk✳ ▼♦str❡♠♦s ❛❣♦r❛ q✉❡ ❡ss❛ r❡♣r❡s❡♥t❛çã♦

♥♦s ❢♦r♥❡❝❡ ❛ ❛✜r♠❛çã♦ s♦❜r❡ ν✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡✱ s❡ x ∈ R
N é t❛❧ q✉❡ ν({x}) > 0✱ ❡♥tã♦ g(x) > 0✳

❉❡ ❢❛t♦✱ s❡ ν({x}) > 0✱ ❡♥tã♦✱ ❝♦♠♦ ν ≪ µ✱ ❞❡✈❡♠♦s t❡r µ({x}) > 0✳ ▼❛✐s ❛✐♥❞❛✱ ♣♦r

✭❆✳✶✷✮ ❡ ✉s❛♥❞♦ q✉❡ gν ⊥ β✱

0 < µ({x}) = g(x)ν({x}) + β({x}) = g(x)ν({x}),

❞♦♥❞❡ s❡❣✉❡ ❛ ❝♦♥❝❧✉sã♦✳ ❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s✱ ❛ ♣❛rt✐r ❞❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ νk✱

χGk
ν =

∑

j∈Jk

νj

(g(xj))α
δxj
.

P♦r ✜♠✱ ♣❛r❛ ❝♦♥❝❧✉✐r♠♦s ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ν✱ ❜❛st❛ ♥♦t❛r♠♦s q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛

❈♦♥✈❡r❣ê♥❝✐❛ ▼♦♥ót♦♥❛✱
∑

k∈N

νχGk
= ν,

❞♦♥❞❡

ν =
∑

k∈N

∑

j∈Jk

νj

(g(xj))α
δxj
.

❆❣♦r❛✱ ❢❛③❡♥❞♦ νj =
νj

(g(xj))α ❡ ♦❜s❡r✈❛♥❞♦ q✉❡ ❛ ✉♥✐ã♦ S :=
⋃

k∈N

Sk é ❞✐s❥✉♥t❛✱ ♣♦✐s ♦s

❝♦♥❥✉♥t♦s Gk sã♦ ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s✱ ❡ é ❡♥✉♠❡rá✈❡❧ ✭✜♥✐t♦ ♦✉ ✐♥✜♥✐t♦✮✱ t❡♠♦s

ν =
∑

j∈J

νjδxj
,

♦♥❞❡ J :=
⋃

k∈N

Jk é✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛✱ ✐st♦ é✱ ν é r❡♣r❡✲

s❡♥t❛❞❛ ♣♦r ✉♠❛ s♦♠❛✱ ♥♦ ♠á①✐♠♦ ❡♥✉♠❡rá✈❡❧✱ ❞❡ ♠❛ss❛s ❞❡ ❉✐r❛❝✳ ▼❛✐s ❛✐♥❞❛✱ ❛

♣❛rt✐r ❞❡ ✭❆✳✶✵✮✱

µ ≥ C−p
0

∑

j∈J

ν
p/q
j δxj

.

�

❆❣♦r❛ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❡♥✉♥❝✐❛r ❡ ❞❡♠♦♥str❛r ♦
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▲❡♠❛ ❆✳✶✺ ✭❙❡❣✉♥❞♦ ▲❡♠❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦ ❞❡ ❈♦♠♣❛❝✐❞❛❞❡✮ ❙❡❥❛ (un)n∈N

✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ D1,p(RN)✱ ❝♦♠ 1 < p < N ✱ t❛❧ q✉❡

un ⇀ u ❡♠ D1,p(RN)

|un|
p∗ ∗
⇀ ν ❡♠ M(RN)

|∇un|
p ∗
⇀ µ ❡♠ M(RN)

♦♥❞❡ u ∈ D1,p(RN) ν ❡ µ sã♦ ♠❡❞✐❞❛s ✜♥✐t❛s ♥ã♦✲♥❡❣❛t✐✈❛s ❡♠ R
N ✳ ❊♥tã♦

✭✐✮ ❊①✐st❡♠ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ J ✱ ❢❛♠í❧✐❛s {xj}j∈J ❞❡ ♣♦♥t♦s ❞✐st✐♥t♦s ❡♠ R
N ❡

{νj}j∈J ❡♠ (0,∞) t❛✐s q✉❡

ν = |u|p
∗

+
∑

j∈J

νjδxj
.

✭✐✐✮ ❆❧é♠ ❞✐ss♦✱

µ ≥ |∇un|
p +

∑

j∈J

µjδxj

♣❛r❛ ❛❧❣✉♠ µj s❛t✐s❢❛③❡♥❞♦

µj ≥ Sν
p/q
j , ∀ j ∈ J,

♦♥❞❡ S é ❛ ♠❡❧❤♦r ❝♦♥st❛♥t❡ ♣❛r❛ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ D1,p(RN) →֒ Lp∗(RN)✳

✭✐✐✐✮ ▼❛✐s ❛✐♥❞❛✱ s❡ u ≡ 0 ❡ µ(RN) ≤ S
(

ν(RN)
)p/q

✱ ❡♥tã♦ J é ✉♥✐tár✐♦ ❡

ν = γδx0 = (Sγp/q)−1µ ,

♣❛r❛ ❛❧❣✉♥s x0 ∈ R
N ❡ γ ≥ 0✳

❉❡♠✳✿

❈♦♠♦ ❞✐t♦ ❛ ♣r✐♥❝í♣✐♦✱ ♥ã♦ ❞❡♠♦♥str❛r❡♠♦s ❛ t❡r❝❡✐r❛ ♣❛rt❡ ❞♦ ❧❡♠❛✱ ✉♠❛ ✈❡③

q✉❡ ♥ã♦ ❛ ✉s❛r❡♠♦s✳

Pr✐♠❡✐r❛♠❡♥t❡ ♠♦str❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❧✐♠✐t❡ ❢r❛❝♦ ❞❛

s❡q✉ê♥❝✐❛ (un)n∈N ⊂ D1,p(RN) é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦✱ ✐st♦ é✱ u ≡ 0✱ ❛tr❛✈és ❞❛ ❛♣❧✐❝❛çã♦

❞♦ ▲❡♠❛ ❆✳✶✹✳ P❛r❛ ✐ss♦✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡ ❛s ♠❡❞✐❞❛s ν ❡ µ s❛t✐s❢❛③❡♠ ✉♠❛

✐❣✉❛❧❞❛❞❡ s❡♠❡❧❤❛♥t❡ ❛ ✭❆✳✾✮✱ ❛ s❛❜❡r✱

(∫

RN

|ϕ|p
∗

dν

)1/p∗

≤ S−1/p

(∫

RN

|ϕ|p dµ

)1/p

. ✭❆✳✶✺✮



✶✶✸

❙❡❥❛♠ ϕ ∈ C∞
c (RN) ❛r❜✐trár✐❛ ❡ Ω ⊂ R

N ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❝♦♥t❡♥❞♦ ♦

s✉♣♦rt❡ ❞❡ ϕ✳ ❊♥tã♦ ϕun ∈ D1,p(RN) ❡✱ ❞❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ D1,p(RN) →֒ Lp∗(RN)✱

(∫

RN

|ϕ|p
∗

|un|
p∗ dx

)1/p∗

≤ S−1/p

(∫

RN

|∇(ϕun)|p dx

)1/p

. ✭❆✳✶✻✮

❖❜s❡r✈❡♠♦s q✉❡✱ ❝♦♠♦ |un|
p∗ ∗
⇀ ν ♣♦r ❤✐♣ót❡s❡✱ ❡♥tã♦

lim
n→∞

(∫

RN

|ϕ|p
∗

|un|
p∗ dx

)1/p∗

=

(∫

RN

|ϕ|p
∗

dν

)1/p∗

. ✭❆✳✶✼✮

❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❚r✐❛♥❣✉❧❛r✱
∣

∣

∣

∣

∣

(∫

RN

|∇(ϕun)|p dx

)1/p

−

(∫

RN

|ϕ∇un|
p dx

)1/p
∣

∣

∣

∣

∣

=

∣

∣

∣

∣

|∇(ϕun)|p,Ω − |ϕ∇un|p,Ω

∣

∣

∣

∣

≤ |un∇ϕ|p,Ω, ✭❆✳✶✽✮

❡✱ ❞❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ D1,p(RN) →֒ Lp
loc(R

N)✱

lim
n→∞

|un∇ϕ|p,Ω ≤ |∇ϕ|∞,Ω lim
n→∞

|un|p,Ω = 0.

P♦rt❛♥t♦✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ n→ ∞ ❡♠ ✭❆✳✶✽✮✱ ♦❜t❡♠♦s

lim
n→∞

(∫

RN

|∇(ϕun)|p dx

)1/p

=

(∫

RN

|ϕ|p dµ

)1/p

. ✭❆✳✶✾✮

❆ss✐♠✱ t❡♥❞♦ ❡♠ ✈✐st❛ ✭❆✳✶✼✮ ❡ ✭❆✳✶✾✮ ❡ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ n→ ∞ ❡♠ ✭❆✳✶✻✮✱ ♦❜t❡♠♦s

✭❆✳✶✺✮✳ ❉❡ss❛ ❢♦r♠❛✱ s❡ u ≡ 0✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❛ ♣❛rt✐r ❞♦ ▲❡♠❛ ❆✳✶✹✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ ♦ ❧✐♠✐t❡ u ∈ D1,p(RN) ♥ã♦ é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦✳ ❈♦♥✲

s✐❞❡r❡♠♦s✱ ❡♥tã♦✱ ❛ s❡q✉ê♥❝✐❛ (vn)n∈N ∈ D1,p(RN) ❞❛❞❛ ♣♦r vn = un − u✱ ♣❛r❛ t♦❞♦

n ∈ N✳ ❊♥tã♦

vn ⇀ 0 ❡♠ D1,p(RN)

❡✱ ❛❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♦ ❡s♣❛ç♦M(RN) é ✉♠ ❡s♣❛ç♦ s❡♣❛rá✈❡❧ ❡ ❛s s❡q✉ê♥❝✐❛s (|vn|
p∗)n∈N✱

(|∇vn|
p)n∈N ⊂ M(RN) sã♦ ❧✐♠✐t❛❞❛s✱ ♣♦❞❡♠♦s ❛ss✉♠✐r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱

q✉❡ ❡①✐st❡♠ ν0, µ0 ∈M(RN) ♥ã♦✲♥❡❣❛t✐✈❛s t❛✐s q✉❡

|vn|
p∗ ∗
⇀ ν0 ❡ |∇vn|

p ∗
⇀ µ0 ❡♠ M(RN).

P❡❧♦ t❡♦r❡♠❛ ❞❡ ❇ré③✐s✲▲✐❡❜ t❡♠♦s✱ ♣❛r❛ t♦❞❛ ϕ ∈ C∞
c (RN)✱

lim
n→∞

(∫

RN

|ϕ|p
∗

|un|
p∗ dx−

∫

RN

|ϕ|p
∗

|vn|
p∗ dx

)

=

∫

RN

|ϕ|p
∗

|u|p
∗

dx.



✶✶✹

❚❡♠♦s t❛♠❜é♠

lim
n→∞

(∫

RN

|ϕ|p
∗

|un|
p∗ dx−

∫

RN

|ϕ|p
∗

|vn|
p∗ dx

)

=

∫

RN

|ϕ|p
∗

dν −

∫

RN

|ϕ|p
∗

dν0.

▲♦❣♦✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡✱

∫

RN

|ϕ|p
∗

|u|p
∗

dx =

∫

RN

|ϕ|p
∗

dν −

∫

RN

|ϕ|p
∗

dν0,

❞♦♥❞❡ ♦❜t❡♠♦s

ν = |u|p
∗

+ ν0

❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱ ❛ r❡♣r❡s❡♥t❛çã♦ (i) ❞❡ ν ❛ ♣❛rt✐r ❞❛ ❞❡ ν0✳

P❛r❛ ❝♦♥❝❧✉✐r (ii)✱ ♥♦t❡♠♦s q✉❡✱ ♣♦r ✭❆✳✶✻✮✱

(∫

RN

|ϕ|p
∗

|un|
p∗ dx

)1/p∗

S1/p ≤

(∫

RN

|∇(ϕun)|p dx

)1/p

≤

(∫

RN

|un|
p|∇ϕ|p dx

)1/p

+

(∫

RN

|ϕ|p|∇un|
p dx

)1/p

,

♣❛r❛ t♦❞❛ ϕ ∈ C∞
c (RN)✳ ❊♥tã♦✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ n → ∞ ❡ ✉s❛♥❞♦ ❛ ✐♠❡rsã♦

D1,p(RN) →֒ Lp
loc(R

N) ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱

(∫

RN

|ϕ|p
∗

dν

)1/p∗

S1/p ≤

(∫

RN

|u|p|∇ϕ|p dx

)1/p

+

(∫

RN

|ϕ|p dµ

)1/p

, ✭❆✳✷✵✮

♣❛r❛ t♦❞❛ ϕ ∈ C∞
c (RN)✳ ❙❡❥❛ φ ∈ C∞

c (RN) s❛t✐s❢❛③❡♥❞♦

φ(0) = 1, 0 ≤ φ ≤ 1 ❡ suppφ ⊂ B1(0).

❋✐①❡♠♦s ε > 0 ❡ j ∈ J q✉❛✐sq✉❡r✱ ♦♥❞❡ J é ♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s ❞❛ r❡♣r❡s❡♥t❛çã♦ (i)

❞❡ ν✱ ❡ ❞❡✜♥❛

φj
ε(x) = φ

(

x− xj

ε

)

, ∀x ∈ R
N .

❊♥tã♦✱ t♦♠❛♥❞♦ ϕ ≡ φj
ε ❡♠ ✭❆✳✷✵✮ ✱ ♦❜t❡♠♦s

ν
1/p∗

j S1/p ≤

(

∫

Bε(xj)

|φj
ε|

p∗ dν

)1/p∗

≤ µ(Bε(xj))
1/p +

(

∫

Bε(xj)

ε−p|u|p
∣

∣

∣

∣

(∇φ)

(

x− xj

ε

)∣

∣

∣

∣

p

dx

)1/p

. ✭❆✳✷✶✮



✶✶✺

❆❣♦r❛✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱

(

∫

Bε(xj)

|u|p
∣

∣

∣

∣

(∇φ)

(

x− xj

ε

)∣

∣

∣

∣

p

dx

)1/p

≤

≤

(

∫

Bε(xj)

|u|p
∗

dx

)1/p∗ (
∫

Bε(xj)

∣

∣

∣(∇φ)
(x

ε

)∣

∣

∣

N

dx

)1/N

,

♣♦✐s 1
p

= 1
p∗

+ 1
n
✳ ▲♦❣♦✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ✭❆✳✷✶✮ ❝♦♠♦

ν
1/p∗

j S1/p ≤ µ(Bε(xj))
1/p + C

(

∫

Bε(xj)

|u|p
∗

dx

)1/p∗

, ✭❆✳✷✷✮

♦♥❞❡

C = ε−1

(

∫

Bε(xj)

∣

∣

∣
(∇φ)

(x

ε

)∣

∣

∣

N

dx

)1/N

.

P♦rt❛♥t♦✱ ❢❛③❡♥❞♦ ε→ 0 ❡♠ ✭❆✳✷✷✮✱

µ({xj}) > 0 ❡ µ ≥ Sν
p/p∗

j δxj
, ∀ j ∈ J,

❡ ❞❛í✱ ❝♦♠♦ ❛s ♠❛ss❛s ❞❡ ❉✐r❛❝ sã♦ ♠✉t✉❛♠❡♥t❡ s✐♥❣✉❧❛r❡s✱

µ ≥
∑

j∈J

Sν
p/p∗

j δxj
:= µ1.

P❛r❛ ✜♥❛❧✐③❛r✱ s❡❥❛♠ ϕ ∈ Cc(R
N) ✉♠❛ ❢✉♥çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❛r❜✐trár✐❛ ❡ ❝♦♥s✐❞❡r❡♠♦s ♦

❢✉♥❝✐♦♥❛❧ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ v ∈ D1,p(RN) ♦ ✈❛❧♦r
∫

RN

ϕ|∇v|p dx✳ ❈♦♠♦ ❡st❡ ❢✉♥❝✐♦♥❛❧

é ❝♦♥✈❡①♦ ❡ ❝♦♥tí♥✉♦ ❡ un ⇀ u ❡♠ D1,p(RN)✱ t❡♠♦s ✭✈❡r ❇r❡③✐s ❬✶✷❪✱ ❈♦r♦❧ár✐♦ ✸✳✽✮✱

∫

RN

ϕ|∇u|p dx ≤

∫

RN

ϕ dµ,

❡✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ▲✉s✐♥ ✭❚❡♦r❡♠❛ ❆✳✶✸✮ ❝♦♠♦ ❛♥t❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡

∫

A

ϕ|∇u|p dx =

∫

RN

χA|∇u|
p dx ≤

∫

RN

χA dµ = µ(A), ∀A ∈ B,

✐st♦ é✱ µ ≥ |∇u|p✳ ❉❡ss❛ ❢♦r♠❛✱ ❝♦♠♦ |∇u|p ❡ µ1 sã♦ ♠❡❞✐❞❛s ♠✉t✉❛♠❡♥t❡ s✐♥❣✉❧❛r❡s✱

❛ r❡♣r❡s❡♥t❛çã♦ (ii) s❡❣✉❡✳

�



✶✶✻

❆✳✼ ❘❡❣✉❧❛r✐③❛çã♦ ❞❡ ❙♦❧✉çõ❡s ❋r❛❝❛s ❡ ❊st✐♠❛t✐✈❛

♥❛ ♥♦r♠❛ L∞(RN)✿ ❈❛s♦s ❙✉❜❝rít✐❝♦ ❡ ❈rít✐❝♦

◆❡st❛ s❡çã♦✱ ❜❛s❡❛❞❛ ❡♠ ❇r❡③✐s & ❑❛t♦ ❬✶✸❪✱ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s q✉❡ ♥♦s

❛✉①✐❧✐❛r❛♠ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛s Pr♦♣♦s✐çõ❡s ✶✳✶✵ ❡ ✷✳✶✵✳

Pr✐♠❡✐r❛♠❡♥t❡ ✈❡❥❛♠♦s ✉♠❛ ✈❡rsã♦ ❞❡ ✉♠ t❡♦r❡♠❛ ❞❡✈✐❞♦ ❛ ❆❣♠♦♥ ❬✶❪ ♣r❡s❡♥t❡

❡♠ ❆✐r❡s ❬✷❪✳

❚❡♦r❡♠❛ ❆✳✶✻ ❙❡❥❛♠ u ∈ L2
❧♦❝

(RN)✱ f ∈ Lp
❧♦❝

(RN)✱ 1 < p < ∞✱ ❡ s✉♣♦♥❤❛ q✉❡ ❛

❢✉♥çã♦ u s❡❥❛ ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞❛ ❡q✉❛çã♦

−∆u = f ❡♠ R
N .

❊♥tã♦✱ u ∈ W 2,p
❧♦❝

(RN)✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦s Ω ⊂⊂ Ω̃ ⊂⊂ R
N ✱ t❡♠♦s ❛ ❡st✐♠❛t✐✈❛

||u||2,p,Ω ≤ C
(

|f |p,Ω̃ + |u|p,Ω̃

)

, ✭❆✳✷✸✮

♦♥❞❡ C = C(|Ω|, |Ω̃|, p,N) > 0✳

❱❛❧❡ ❞❡st❛❝❛r ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ✐♠♣♦rt❛♥tíss✐♠❛ ❞❛ ❝♦♥st❛♥t❡ C ❞❛❞❛ ♥♦ t❡♦r❡♠❛

❛❝✐♠❛✿ ❡❧❛ é ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛♥s❧❛çõ❡s✱ ✉♠❛ ✈❡③ q✉❡ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛ ♠❡❞✐❞❛ ❞♦s

❝♦♥❥✉♥t♦s Ω ❡ Ω̃✳ ❙❡♥❞♦ ❛ss✐♠✱ s❡ T : R
N → R

N é ✉♠❛ tr❛♥s❧❛çã♦✱ ❡♥tã♦ ♣♦❞❡♠♦s

r❡❡s❝r❡✈❡r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭❆✳✷✸✮ ❝♦♠♦

||u||2,p,T (Ω) ≤ C
(

|f |p,T (Ω̃) + |u|p,T (Ω̃)

)

.

Pr♦♣♦s✐çã♦ ❆✳✶✼ ❙❡❥❛♠ ❛s ❢✉♥çõ❡s a ∈ M+(RN) ❡ f : R
N × R+ → R+ ❝♦♠ f

s❛t✐s❢❛③❡♥❞♦ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ ♣❛r❛ ❝❛❞❛ v ∈ H1(RN) ♥ã♦ ♥❡❣❛t✐✈❛✱ ❡①✐st❡ ✉♠❛

❢✉♥çã♦ h ∈ L
N
2 (RN) t❛❧ q✉❡

f(x, v(x)) ≤ (h(x) + Cf )v(x), ∀x ∈ R
N , ✭❆✳✷✹✮

♦♥❞❡ Cf = C(f) ∈ R é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ ❙❡ v ∈ H1(RN) é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛

❞❡

−∆v + a(x)v = f(x, v) ❡♠ R
N , ✭❆✳✷✺✮

❡♥tã♦ v ∈ Lp(RN) ♣❛r❛ t♦❞♦ 2 ≤ p <∞✳ ▼❛✐s ❛✐♥❞❛✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Cp > 0 q✉❡

só ❞❡♣❡♥❞❡ ❞❡ p, Cf ❡ h t❛❧ q✉❡

|v|p ≤ Cp||v||.

❆❧é♠ ❞✐ss♦✱ s❡ (vn)n∈N, (an)n∈N ❡ (hn)n∈N s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s ❛❝✐♠❛ ❡ hn → h ❡♠

L
N
2 (RN)✱ ❛ s❡q✉ê♥❝✐❛ Cp,n = C(p, Cf , hn) é ❧✐♠✐t❛❞❛✳



✶✶✼

❱❡❥❛♠♦s ❛❣♦r❛ ✉♠ r❡s✉❧t❛❞♦ ❛✉①✐❧✐❛r✳

▲❡♠❛ ❆✳✶✽ ❙❡❥❛♠ Ω ⊆ R
N ✉♠ ❝♦♥❥✉♥t♦ q✉❛❧q✉❡r✱ p0 ≥ 1✱ ❡ u ∈ M(Ω) t❛❧ q✉❡

u ∈ Lp(Ω)✱ ♣❛r❛ t♦❞♦ p ≥ p0✳ ❙❡ ❡①✐st❡ K > 0 t❛❧ q✉❡

|u|p,Ω ≤ K ∀ p ≥ p0 ,

❡♥tã♦ u ∈ L∞(Ω) ❡

|u|∞,Ω ≤ K .

❉❡♠♦♥str❛çã♦✿

❉❡ ❢❛t♦✱ ✜①❡♠♦s ε > 0 ❞❡ ❢♦r♠❛ ❛r❜✐trár✐❛ ❡ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦

E = {x ∈ Ω ; |u(x)| ≥ K + ε}.

▼♦str❛r❡♠♦s q✉❡ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❞❡ E é ♥✉❧❛✱ ❞♦♥❞❡ s❡❣✉✐rá ❛ ❝♦♥❝❧✉sã♦ ❞♦

❧❡♠❛✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❞♦ ❝♦♥❥✉♥t♦ E é ✜♥✐t❛✳

❈♦♠ ❡❢❡✐t♦✱ s❡ ❢♦ss❡ |Ω| = ∞✱ ❡♥tã♦ ♥ã♦ t❡rí❛♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ u ∈ L1(Ω)✱ ♦ q✉❡

❝♦♥tr❛❞✐③ ❛ ♥♦ss❛ ❤✐♣ót❡s❡✳ P♦rt❛♥t♦✱ ❞❡✈❡♠♦s t❡r |Ω| < ∞✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s✱ ♣❛r❛

t♦❞♦ p ≥ p0✱

(K + ε)p|E| ≤

∫

E

|f |p ≤ |f |pp,Ω ≤ Kp ,

✐st♦ é✱

(K + ε)|E|
1
p ≤ K .

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❛ ♠❡❞✐❞❛ ❞❡E é ♣♦s✐t✐✈❛✳ ❆♣❧✐❝❛♥❞♦ ♦ ❧✐♠✐t❡ p→ ∞

♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s

(K + ε) = lim
p→∞

(K + ε)|E|
1
p ≤ K ,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ▲♦❣♦ E t❡♠ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♥✉❧❛ ❡ ❞❛í

|u|∞,Ω ≤ K .

�

❆ ♣❛rt✐r ❞♦ ú❧t✐♠♦ ❧❡♠❛✱ ♣♦❞❡♠♦s ❞❡♠♦♥str❛r ♦

▲❡♠❛ ❆✳✶✾ ❙❡❥❛♠ ❛s ❢✉♥çõ❡s a ∈ M+(RN) ❡ f : R
N × R+ → R+ s❛t✐s❢❛③❡♥❞♦✿



✶✶✽

✭❍✶✮ ❊①✐st❡ h ∈ Lq(RN)✱ ❝♦♠ q > 1✱ t❛❧ q✉❡

|f(x, s)| ≤ h(x)|s| , ∀x ∈ R
N ,∀ s ∈ R;

✭❍✷✮ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Sr > 0 t❛❧ q✉❡

|u|2r ≤ Sr

∫

RN

|∇u|2 + a(x)u2 ,

♣❛r❛ t♦❞❛ u ∈ H1(RN) t❛❧ q✉❡
∫

RN a(x)u
2 <∞✱ ♦♥❞❡ r > 2q

q−1
✳

❊♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C = C(q, r, |h|q) t❛❧ q✉❡

|v|∞ ≤ C|v|r ,

♣❛r❛ q✉❛❧q✉❡r v ∈ H1(RN) s♦❧✉çã♦ ❢r❛❝❛ ❞❡ ✭❆✳✷✺✮✳ ❆❧é♠ ❞✐ss♦✱ s❡ (vn)n∈N, (an)n∈N ❡

(hn)n∈N s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s ❛❝✐♠❛ ❡ (|hn|q)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✱ ❛ s❡q✉ê♥✲

❝✐❛ Cn = C(q, r, |hn|q) é ❧✐♠✐t❛❞❛✳

❉❡♠♦♥str❛çã♦✿

❙❡❥❛ v ∈ H1(RN) ✉♠❛ s♦❧✉çã♦ ❛r❜✐trár✐❛ ❞♦ ♣r♦❜❧❡♠❛ ✭❆✳✷✺✮✳ P♦rt❛♥t♦✱ v s❛t✐s❢❛③

∫

RN

∇v∇u+ a(x)vu =

∫

RN

f(x, v)u , ∀u ∈ H1(RN) . ✭❆✳✷✻✮

P❛r❛ ❝❛❞❛ n ∈ N ❡ α > 1✱ ❝♦♥s✐❞❡r❡♠♦s ♦s ❝♦♥❥✉♥t♦s

An = {x ∈ R
N ; |v(x)|α−1 ≤ n} ❡ Bn = R

N\An ,

❡ ❞❡✜♥❛ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s (vn)n∈N ♣♦r

vn = v|v|2(α−1) ❡♠ An ❡ vn = n2v ❡♠ Bn .

◆♦t❡ q✉❡ vn ∈ H1(RN)✱ |vn(x)| ≤ |v(x)|2α−1 ❡

∇vn = (2α− 1)|v|2(α−1)∇v ❡♠ An ❡ ∇vn = n2∇v ❡♠ Bn .

❉❡ss❛ ❢♦r♠❛✱ t♦♠❛♥❞♦ vn ≡ u ❡♠ ✭❆✳✷✻✮✱

∫

RN

∇v∇vn + a(x)vvn =

∫

RN

f(x, v)vn ,

❞♦♥❞❡
∫

RN

∇v∇vn = (2α− 1)

∫

An

|v|2(α−1)|∇v|2 + n2

∫

Bn

|∇v|2 . ✭❆✳✷✼✮



✶✶✾

❆❣♦r❛ ❝♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ (wn)n∈N ❞❛❞❛ ♣♦r

wn = v|v|α−1 ❡♠ An ❡ wn = nv ❡♠ Bn .

❖❜s❡r✈❡ q✉❡ w2
n = vvn ≤ |v|2α✱ ❞♦♥❞❡

0 ≤ a(x)w2
n = a(x)vvn ❡♠ R

N , ✭❆✳✷✽✮

❡

∇wn = α|v|α−1∇v ❡♠ An ❡ ∇wn = n∇v ❡♠ Bn , ✭❆✳✷✾✮

❧♦❣♦
∫

RN

|∇wn|
2 = α2

∫

An

|v|2(α−1)|∇v|2 + n2

∫

Bn

|∇v|2 . ✭❆✳✸✵✮

P♦r ✭❆✳✷✼✮✲✭❆✳✸✵✮ t❡♠♦s

∫

RN

|∇wn|
2 + a(x)w2

n −

∫

RN

∇v∇vn + a(x)vvn = (α− 1)2

∫

An

|v|2(α−1)|∇v|2 . ✭❆✳✸✶✮

❚❡♠♦s t❛♠❜é♠✱ ♣♦r ✭❆✳✷✼✮ ❡ ✭❆✳✷✽✮✱

(2α− 1)

∫

An

|v|2(α−1)|∇v|2 ≤

∫

RN

∇v∇vn + a(x)vvn . ✭❆✳✸✷✮

P♦rt❛♥t♦✱ ♣♦r ✭❆✳✸✶✮ ❡ ✭❆✳✸✷✮✱

∫

RN

|∇wn|
2 + a(x)w2

n ≤

[

(α+ 1)2

2α− 1
+ 1

] ∫

RN

∇v∇vn + a(x)vvn ,

❞♦♥❞❡ t❡♠♦s✱ ❥á q✉❡ v é s♦❧✉çã♦ ❞❡ ✭❆✳✷✺✮ ❡ α > 1✱

∫

RN

|∇wn|
2 + a(x)w2

n ≤
α2

2α− 1

∫

RN

f(x, v)vn

≤ α2

∫

RN

f(x, v)vn .

P♦r (H2)✱ (H1) ❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ wn✱ t❡♠♦s✱ ✉s❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ❛❝✐♠❛✱

[∫

An

|wn|
r

] 2
r

≤

[∫

RN

|wn|
r

] 2
r

≤ Sr

∫

RN

|∇wn|
2 + a(x)w2

n

≤ Srα
2

∫

RN

h(x)vvn

≤ Srα
2

∫

RN

h(x)w2
n .



✶✷✵

P❛r❛ q1 = q
q−1

✱ s❡❣✉❡ q✉❡✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱

[∫

An

|wn|
r

] 2
r

≤ Srα
2|h|q

[∫

RN

|wn|
2q1

] 1
q1

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ wn✱

[∫

An

|v|rα

] 2
r

≤ Srα
2|h|q

[∫

RN

|v|2q1α

] 1
q1

.

P♦rt❛♥t♦✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❡ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ▼♦♥ót♦♥❛✱

|v|2α
rα ≤ Srα

2|h|q|v|
2α
2q1α ,

✐st♦ é✱

|v|rα ≤ α
1
α (Sr|h|q)

1
2α |v|2q1α . ✭❆✳✸✸✮

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ♠♦str❛r❡♠♦s✱ ♣♦r ✉♠ ♣r♦❝❡ss♦ ❞❡ ✐♥❞✉çã♦ ❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ❍ö❧❞❡r ❣❡♥❡r❛❧✐③❛❞❛ ✭♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ✐♥t❡r♣♦❧❛çã♦✮✱ q✉❡

v ∈ Lp(RN)✱ ♣❛r❛ t♦❞♦ p ≥ r✳

❙❡❥❛ η = r
2q1

> 1✳

1o : ❋❛③❡♥❞♦ α = η ❡♠ ✭❆✳✸✸✮✱ t❡♠♦s r = 2q1α ❡

|v|rη ≤ η
1
η (Sr|h|q)

1
2η |v|r . ✭❆✳✸✹✮

2o : ❋❛③❡♥❞♦ α = η2 ❡♠ ✭❆✳✸✸✮✱ t❡♠♦s rη = 2q1α ❡

|v|rη2 ≤ η
2

η2 (Sr|h|q)
1

2η2 |v|rη . ✭❆✳✸✺✮

❉❛s ✐❣✉❛❧❞❛❞❡s ✭❆✳✸✹✮ ❡ ✭❆✳✸✺✮✱ s❡❣✉❡ q✉❡

|v|rη2 ≤ η
1
η
+ 2

η2 (Sr|h|q)
1
2
( 1

η
+ 1

η2 )
|v|r . ✭❆✳✸✻✮

3o : ❋❛③❡♥❞♦ α = η3 ❡♠ ✭❆✳✸✸✮✱ t❡♠♦s rη2 = 2q1α ❡

|v|rη3 ≤ η
3

η3 (Sr|h|q)
1

2η3 |v|rη2 . ✭❆✳✸✼✮

❉❛s ✐❣✉❛❧❞❛❞❡s ✭❆✳✸✻✮ ❡ ✭❆✳✸✼✮✱ s❡❣✉❡ q✉❡

|v|rη3 ≤ η
1
η
+ 2

η2 + 3
η3 (Sr|h|q)

1
2
( 1

η
+ 1

η2 + 1
η3 )

|v|r . ✭❆✳✸✽✮
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ko : P♦r ✉♠ ❛r❣✉♠❡♥t♦ ❞❡ ✐♥❞✉çã♦✱ ❢❛③❡♥❞♦ α = ηk ❡♠ ✭❆✳✸✸✮✱ ❛ k✲és✐♠❛ ❡t❛♣❛ ♥♦s

❞á

|v|rηk ≤ η
1
η
+ 2

η2 + 3
η3 +...+ k

ηk (Sr|h|q)
1
2
( 1

η
+ 1

η2 + 1
η3 +...+ 1

ηk )
|v|r . ✭❆✳✸✾✮

k + 1o : ❋❛③❡♥❞♦ α = ηk+1 ❡♠ ✭❆✳✸✸✮✱ t❡♠♦s rηk = 2q1α ❡

|v|rηk+1 ≤ η
k+1

(ηk+1) (Sr|h|q)
1

2ηk+1 |v|rηk . ✭❆✳✹✵✮

❉❛s ✐❣✉❛❧❞❛❞❡s ✭❆✳✸✾✮ ❡ ✭❆✳✹✵✮✱ s❡❣✉❡ q✉❡

|v|rηk+1 ≤ η
1
η
+ 2

η2 + 3
η3 +...+ k+1

(ηk+1) (Sr|h|q)
1
2
( 1

η
+ 1

η2 + 1
η3 +...+ 1

ηk+1 )
|v|r . ✭❆✳✹✶✮

❈♦♥❝❧✉sã♦✿ ❈♦♠♦ ❛s sér✐❡s q✉❡ ❛♣❛r❡❝❡♠ ❡♠ ✭❆✳✹✶✮ sã♦ ❝♦♥✈❡r❣❡♥t❡s ❡ ✈❛❧❡♠

∞
∑

k=1

k

ηk
=

η2

(η − 1)2
❡

1

2

∞
∑

k=1

1

ηk
=

1

2(η − 1)
,

s❡❣✉❡ ❞❡ ✭❆✳✹✶✮ ❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ✐♥t❡r♣♦❧❛çã♦ q✉❡

|v|p ≤ η
1

η−1 (Sr|h|q)
1

2(η−1) |v|r ,

♣❛r❛ t♦❞♦ p ≥ r✳ ❙❡❣✉❡ ♦ r❡s✉❧t❛❞♦ ♣❛r❛ C = η
1

η−1 (Sr|h|q)
1

2(η−1) ✱ ♣❡❧♦ ▲❡♠❛ ❆✳✶✽✳

�

❈♦♠♦ ❛♣❧✐❝❛çõ❡s ❞♦ ▲❡♠❛ ❆✳✶✾✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

❈♦r♦❧ár✐♦ ❆✳✷✵ ❙✉♣♦♥❤❛ q✉❡ N > 2✱ a ∈ M+(RN)✱ f : R
N × R+ → R+ ❡ q✉❡ ❡①✐st❡

h ∈ Lq(RN)✱ ❝♦♠ q > N
2
✱ t❛❧ q✉❡

|f(x, s)| ≤ h(x)|s| , ∀x ∈ R
N ,∀ s ∈ R; ✭❆✳✹✷✮

❊♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C = C(q, |h|q) t❛❧ q✉❡

|v|∞ ≤ C||v|| ,

♣❛r❛ q✉❛❧q✉❡r v ∈ H1(RN) s♦❧✉çã♦ ❢r❛❝❛ ❞❡ ✭❆✳✷✺✮✳ ❆❧é♠ ❞✐ss♦✱ s❡ (vn)n∈N, (an)n∈N ❡

(hn)n∈N s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s ❛❝✐♠❛ ❡ (|hn|q)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✱ ❛ s❡q✉ê♥✲

❝✐❛ Cn = C(q, |hn|q) é ❧✐♠✐t❛❞❛✳



✶✷✷

❉❡♠♦♥str❛çã♦✿

❯s❛r❡♠♦s ♦ ▲❡♠❛ ❆✳✶✾ ❝♦♠ r = 2∗✳ ❱❡r✐✜q✉❡♠♦s ❡♥tã♦ s✉❛s ❤✐♣ót❡s❡s✳

❆ ❤✐♣ót❡s❡ (H1) ❡stá ❝❧❛r❛♠❡♥t❡ s❛t✐s❢❡✐t❛✳

P❛r❛ ❛ ❤✐♣ót❡s❡ (H2)✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❙♦❜♦❧❡✈✲●❛❣❧✐❛r❞♦✲

◆✐r❡♠❜❡r❣✱

|u|2∗ ≤ C̃|∇u|2 , ∀u ∈ H1(RN) ,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C̃ > 0✳ ▲♦❣♦✱ ❝♦♠♦ a ∈ M+(RN)✱

|u|2∗ ≤ C̃

∫

RN

|∇u|2 + a(x)u2 ,

♣❛r❛ t♦❞❛ u ∈ H1(RN) t❛❧ q✉❡
∫

RN a(x)u
2 <∞✳ ❆❧é♠ ❞✐ss♦✱ ♥♦t❡ t❛♠❜é♠ q✉❡

2∗ =
2N

N − 2
>

2q

q − 1
s❡✱ ❡ só s❡✱ q >

N

2
.

P♦rt❛♥t♦ ❡st❛♠♦s ❞❡♥tr♦ ❞❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ❆✳✶✾ s❡ t♦♠❛r♠♦s r = 2∗✳ ❆ss✐♠✱

❡①✐st❡ C = C(q, |h|q, 2
∗) > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛ v ∈ H1(RN) s♦❧✉çã♦ ❞❡ ✭❆✳✷✺✮✱

|v|∞ ≤ C|v|2∗ ,

❞♦♥❞❡ s❡❣✉❡ ❛ ❝♦♥❝❧✉sã♦ ❞♦ ❧❡♠❛ ♣♦r ♠❛✐s ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❙♦❜♦❧❡✈✲

●❛❣❧✐❛r❞♦✲◆✐r❡♠❜❡r❣✳

�

❆✳✽ ❆❧❣✉♥s r❡s✉❧t❛❞♦s ❞❛ ❚❡♦r✐❛ ❞♦ ●r❛✉ ❚♦♣♦❧ó❣✐❝♦

❊st❛ s❡çã♦ ❢♦✐ ❜❛s❡❛❞❛ ❡♠ ❉❡✐♠❧✐♥❣ ❬✶✽❪

❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛ ||.||E ❡ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

Γ = {(f,Ω, y) ; Ω ⊂ E ❛❜❡rt♦ ❧✐♠✐t❛❞♦✱ f : Ω → E ❝♦♥tí♥✉❛✱ y /∈ f(∂Ω)} .

❯♠ ❣r❛✉ t♦♣♦❧ó❣✐❝♦ ❡♠ E é ✉♠❛ ❛♣❧✐❝❛çã♦

d : Γ → Z

❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

(D1) d(I, B1(0), 0) = 1✱ ♦♥❞❡ I(x) = x✱ ♣❛r❛ t♦❞♦ x ∈ E❀



✶✷✸

(D2) ✭❊①❝✐sã♦✮ ❙❡ Ω1✱ Ω2✱ Ω sã♦ ❛❜❡rt♦s ❡♠ E t❛✐s q✉❡

Ω1 ∩ Ω2 = ∅, Ω1 ∪ Ω2 ⊂ Ω ❡ f(x) 6= y, ∀x ∈ Ω\(Ω1 ∪ Ω2),

❡♥tã♦

d(f,Ω, y) = d(f,Ω1, y) + d(f,Ω2, y) ;

(D3) ✭■♥✈❛r✐â♥❝✐❛ ♣♦r ❤♦♠♦t♦♣✐❛✮ ❙❡ H : [0, 1]×Ω → E ❡ y : [0, 1] → E sã♦ ❛♣❧✐❝❛çõ❡s

❝♦♥tí♥✉❛s t❛✐s q✉❡

H(t, x) 6= y(t)∀ t ∈ [0, 1] ,

❡♥tã♦ d(H(t, .),Ω, y(t)) é ❝♦♥st❛♥t❡✱ ♣❛r❛ t♦❞♦ t ∈ [0, 1]✳

P♦❞❡✲s❡ ♠♦str❛r q✉❡ E = R
N ❡stá ♠✉♥✐❞♦ ❞❡ ✉♠ ❣r❛✉ t♦♣♦❧ó❣✐❝♦✳ ◆❡st❡ tr❛❜❛❧❤♦✱

✉s❛♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

❚❡♦r❡♠❛ ❆✳✷✶ ❙❡❥❛♠ Ω ⊂ R
N ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❡ y ∈ R

N ✳ ❙❡ f, g : Ω → R
N sã♦

❝♦♥tí♥✉❛s ❡ s❛t✐s❢❛③❡♠

f(x) = g(x) , ∀x ∈ ∂Ω,

❡♥tã♦

d(f,Ω, y) = d(f,Ω, y) .

❚❡♦r❡♠❛ ❆✳✷✷ ❙❡❥❛♠ Ω ⊂ R
N ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦✱ f : Ω → R

N ✱ y ∈ R
N ❡ x0 ∈ Ω t❛❧

q✉❡ {x0} = f−1({y}) ✳ ❙❡ f é ❝♦♥tí♥✉❛ ❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ x0 ∈ Ω ❡ f ′(x0) : R
N → R

N

é ✐♥✈❡rsí✈❡❧✱ ❡♥tã♦

d(f,Ω, y) = d(f ′(x0), B1(0), 0) .

❚❡♦r❡♠❛ ❆✳✷✸ ❙❡ A : R
N → R

N é ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ✐♥✈❡rsí✈❡❧✱ ❡♥tã♦

d(A,B1(0), 0) = sinal(det(A)) = (−1)m ,

♦♥❞❡ m é ❛ s♦♠❛ ❞❛s ♠✉❧t✐♣❧✐❝✐❞❛❞❡s ❞❡ t♦❞♦s ♦s ❛✉t♦✈❛❧♦r❡s ♥❡❣❛t✐✈♦s ❞❡ A✳



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❆❣♠♦♥✱ ❙✳✱ ❚❤❡ Lp ❆♣♣r♦❛❝❤ t♦ t❤❡ ❉✐r✐❝❤❧❡t Pr♦❜❧❡♠✱ ❆♥♥✳ ❙❝♦✉❧❛ ◆♦r♠✳ ❙✉♣✳

P✐s❛ ✶✸ ✭✶✾✺✾✮✱ ✹✵✺✲✹✹✽✳

❬✷❪ ❆✐r❡s✱ ❏✳ ❊✳ ❋✳✱ ❊①✐stê♥❝✐❛✱ ❘❡❣✉❧❛r✐❞❛❞❡ ❡ ❉❡❝❛✐♠❡♥t♦ ❊①♣♦♥❡♥❝✐❛❧ ❞❡ ❙♦❧✉çã♦

♣❛r❛ Pr♦❜❧❡♠❛s ❊❧í♣t✐❝♦s ❙❡♠✐❧✐♥❡❛r❡s ❡♠ R
N ✱ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦✳ ❯♥✐✲

✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡✱ ✶✾✾✽✳

❬✸❪ ❆❧✈❡s✱ ❈✳ ❖✳✱ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ P♦s✐t✐✈❛ ❞❡ ❊q✉❛çõ❡s ❊❧í♣t✐❝❛s ◆ã♦✲▲✐♥❡❛r❡s

❱❛r✐❛❝✐♦♥❛✐s ❡♠ R
N ✱ ❚❡s❡ ❞❡ ❉♦✉t♦r❛❞♦✱ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❇r❛sí❧✐❛✱ ✶✾✾✻✳

❬✹❪ ❆❧✈❡s✱ ❈✳ ❖✳✱ ❈❛rr✐ã♦✱ P✳ ❈✳✱ & ▼✐②❛❣❛❦✐✱ ❖✳ ❍✳✱ ◆♦♥❧✐♥❡❛r P❡rt✉❜❛t✐♦♥s ♦❢ ❛ P❡✲

r✐♦❞✐❝ ❊❧❧✐♣t✐❝ Pr♦❜❧❡♠ ✇✐t❤ ❈r✐t✐❝❛❧ ●r♦✇t❤✱ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳ ✷✻✵ ✭✷✵✵✶✮✱

✶✸✸✲✶✹✻✳

❬✺❪ ❆❧✈❡s✱ ❈✳ ❖✳✱ & ❊❧ ❍❛♠✐❞✐✱ ❆✳✱ ◆❡❤❛r✐ ▼❛♥✐❢♦❧❞ ❛♥❞ ❊①✐st❡♥❝❡ ♦❢ P♦s✐t✐✈❡ ❙♦❧✉t✐♦♥s

t♦ ❛ ❈❧❛ss ♦❢ ◗✉❛s✐❧✐♥❡❛r Pr♦❜❧❡♠s✱ ◆♦♥❧✐♥❡❛r ❆♥❛❧✐②s✐s ✲ ❚❆▼ ✻✵ ✭✷✵✵✺✮✱ ✻✶✶✲

✻✷✹✳

❬✻❪ ❆❧✈❡s✱ ❈✳ ❖✳✱ ❞❡ ▼♦r❛✐s ❋✐❧❤♦✱ ❉✳ ❈✳✱ & ❙♦✉t♦✱ ▼✳ ❆✳ ❙✳✱ ▼✉❧t✐♣❧✐❝✐t② ♦❢ P♦s✐t✐✈❡

❙♦❧✉t✐♦♥s ♦❢ ❛ ◆♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❊q✉❛t✐♦♥✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❊❞✐♥❜✉r❣❤

▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✺✷ ✭✷✵✵✾✮✱ ✶✲✷✶✳

❬✼❪ ❆❧✈❡s✱ ❈✳ ❖✳✱ ❞❡ ▼♦r❛✐s ❋✐❧❤♦✱ ❉✳ ❈✳✱ & ❙♦✉t♦✱ ▼✳ ❆✳ ❙✳✱ ❘❛❞✐❛❧❧② ❙②♠♠❡tr✐❝

❙♦❧✉t✐♦♥s ❢♦r ❛ ❈❧❛ss ♦❢ ❈r✐t✐❝❛❧ ❊①♣♦♥❡♥t ❊❧❧✐♣t✐❝ Pr♦❜❧❡♠s ✐♥ R
N ✱ ❊❧❡❝tr♦♥✐❝

❏♦✉r♥❛❧ ♦❢ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥✱ ✶✾✾✻ ✭✶✾✾✻✮✱ ♥◦ ✵✼✱ ✶✲✶✷✳

❬✽❪ ❇❛rt❧❡✱ ❘✳ ●✳✱ ❚❤❡ ❊❧❡♠❡♥ts ♦❢ ■♥t❡❣r❛t✐♦♥ ❛♥❞ ▲❡❜❡s❣✉❡ ▼❡❛s✉r❡✱ ❲✐❧❡②✱ ✶✾✾✺✳



✶✷✺

❬✾❪ ❇❛rts❝❤✱ ❚✳✱ P❛♥❦♦✈✱ ❆✳✱ & ❲❛♥❣✱ ❩✳ ◗✳✱ ◆♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❊q✉❛t✐♦♥s ✇✐t❤

❙t❡❡♣ P♦t❡♥❝✐❛❧ ❲❡❧❧✱ ❈♦♠♠✳ ❈♦♥t❡♠♣✳ ▼❛t❤✳✱ ✸ ✭✷✵✵✶✮✱ ✺✹✾✲✺✻✾✳

❬✶✵❪ ❇❛rts❝❤✱ ❚✳✱ & ❲❛♥❣✱ ❩✳ ◗✳✱ ❊①✐st❡♥❝❡ ❛♥❞ ▼✉❧t✐♣❧✐❝✐t② ❘❡s✉❧ts ❢♦r s♦♠❡ ❙✉♣❡r✲

❧✐♥❡❛r ❊❧❧✐♣t✐❝ Pr♦❜❧❡♠s ♦♥ R
N P♦s✐t✐✈❡ ❙♦❧✉t✐♦♥s ❢♦r ❛ ◆♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r

❡q✉❛t✐♦♥✱ ❈♦♠♠✳ P✳❉✳❊✳✱ ✷✵ ✭✶✾✾✺✮✱ ✶✼✷✺✲✶✼✹✶✳

❬✶✶❪ ❇❛rts❝❤✱ ❚✳✱ & ❲❛♥❣✱ ❩✳ ◗✳✱ ▼✉❧t✐♣❧❡ P♦s✐t✐✈❡ ❙♦❧✉t✐♦♥s ❢♦r ❛ ◆♦♥❧✐♥❡❛r

❙❝❤rö❞✐♥❣❡r ❊q✉❛t✐♦♥✱ ❩✳ ❆♥❣❡✇✳ ▼❛t❤✳ P❤②s✳✱ ✺✶ ✭✷✵✵✵✮✱ ✸✻✻✲✸✽✹✳

❬✶✷❪ ❇r❡③✐s✱ ❍✳✱ ❆♥❛❧②s❡ ❋♦♥❝t✐♦♥♥❡❧❧❡✳ ❚❤é♦r✐❡ ❡t ❛♣♣❧✐❝❛t✐♦♥s✱ ❉✉♥♦❞✱ P❛r✐s✱ ✷✵✵✺✳

❬✶✸❪ ❇r❡③✐s✱ ❍✳ & ❑❛t♦✱ ❚✳✱ ❘❡♠❛r❦s ♦♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ❖♣❡r❛t♦r ✇✐t❤ ❘❡❣✉❧❛r ❈♦♠♣❧❡①

P♦t❡♥t✐❛❧s✱ ❏✳ ▼❛t❤✳ P✉r❡s ❡t ❆♣♣❧✳ ✺✽ ✭✶✾✼✾✮✱ ✶✸✼✲✶✺✶✳

❬✶✹❪ ❇r❡③✐s✱ ❍✳✱ & ▲✐❡❜✱ ❊✳✱ ❆ ❘❡❧❛t✐♦♥ ❜❡t✇❡❡♥ P♦✐♥t✇✐s❡ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ❋✉♥❝t✐♦♥s

❛♥❞ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ❋✉♥❝t✐♦♥❛❧s✱ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ ✈♦❧ ✽✽✱ ♥♦ ✸ ✭✶✾✽✸✮✱

✹✽✻✲✹✾✵✳

❬✶✺❪ ❈❧❛♣♣✱ ▼✳ & ❉✐♥❣✱ ❨✳✱ P♦s✐t✐✈❡ ❙♦❧✉t✐♦♥s ♦❢ ❛ ❙❝❤ö❞✐♥❣❡r ❊q✉❛t✐♦♥ ✇✐t❤ ❈r✐t✐❝❛❧

◆♦♥❧✐♥❡❛r✐t②✱ ❩✳ ❆♥❣❡✇✳ ▼❛t❤✳ P❤②s✳✱ ✺✺ ✭✷✵✵✹✮✱ ✺✾✷✲✻✵✺✳

❬✶✻❪ ❞❡ ❋✐❣✉❡✐r❡❞♦✱ ❉✳ ●✳✱ ▲❡❝t✉r❡s ♦♥ t❤❡ ❊❦❡❧❛♥❞ ❱❛r✐❛t✐♦♥❛❧ Pr✐♥❝✐♣❧❡ ✇✐t❤ ❆♣♣❧✐❝❛✲

t✐♦♥s ❛♥❞ ❉❡t♦✉rs✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✽✾✳

❬✶✼❪ ❞❡ ❋✐❣✉❡✐r❡❞♦✱ ❉✳ ●✳✱ & ❉✐♥❣✱ ❨✳✱ ❙♦❧✉t✐♦♥s ♦❢ ❛ ◆♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❊q✉❛t✐♦♥✱

❉✐s❝r❡t❡ ❈♦♥t✐♥✳ ❉✉♥✳ ❙②st❡♠✱ ✵✽ ✭✷✵✵✷✮✱ ✺✻✸✲✺✽✹✳

❬✶✽❪ ❉❡✐♠❧✐♥❣✱ ❑✳✱ ◆♦♥❧✐♥❡❛r ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✽✵✳

❬✶✾❪ ❉✐♥❣✱ ❨✳ & ❚❛♥❛❦❛✱ ❑✳✱ ▼✉❧t✐♣❧✐❝✐t② ♦❢ P♦s✐t✐✈❡ ❙♦❧✉t✐♦♥s ♦❢ ❛ ◆♦♥❧✐♥❡❛r

❙❝❤rö❞✐♥❣❡r ❊q✉❛t✐♦♥✱ ▼❛♥✉s❝r✐♣t❛ ▼❛t❤✳✱ ✶✶✷ ✭✷✵✵✸✮✱ ✶✵✾✲✶✸✺✳

❬✷✵❪ ❉✐♥✐③✱ ❍✳ ❆✳ ❈✳✱ ❙♦❜r❡ ♦s ▲❡♠❛s ❞❡ ❈♦♥❝❡♥tr❛çã♦ ❞❡ ❈♦♠♣❛❝✐❞❛❞❡ ❞❡ P✳ ▲✳ ▲✐✲

♦♥s ❡ ❆♣❧✐❝❛çõ❡s✱ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦✳ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛

●r❛♥❞❡✱ ✷✵✵✷✳

❬✷✶❪ ❋♦❧❧❛♥❞✱ ●✳ ❇✳✱ ❘❡❛❧ ❆♥❛❧②s✐s✳ ▼♦❞❡r♥ ❚❡❝❤♥✐q✉❡s ❛♥❞ ❚❤❡✐r ❆♣♣❧✐❝❛t✐♦♥s✱ ❲✐❧❡②✱

✶✾✾✾✱ ✷❛ ❡❞✳
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❬✷✷❪ ●❛r❝✐❛ ❆③♦r❡r♦✱ ❏✳✱ & P❡r❛❧ ❆❧♦♥③♦✱ ■✳✱ ▼✉❧t✐♣❧✐❝✐t② ♦❢ ❙♦❧✉t✐♦♥s ❢♦r ❊❧❧✐♣t✐❝ Pr♦❜✲

❧❡♠s ✇✐t❤ ❈r✐t✐❝❛❧ ❊①♣♦♥❡♥t ✇✐t❤ ❛ ◆♦♥s②♠♠❡tr✐❝ ❚❡r♠✱ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳

❙♦❝✳ ✷ ✭✶✾✾✶✮✱ ✽✼✼✲✽✾✺✳

❬✷✸❪ ●✉✐✱ ❈✳✱ ❊①✐st❡♥❝❡ ♦❢ ▼✉❧t✐✲❜✉♠♣ ❙♦❧✉t✐♦♥s ❢♦r ❛ ◆♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❊q✉❛t✐♦♥s

✈✐❛ ❱❛r✐❛t✐♦♥❛❧ ▼❡t❤♦❞✱ ❈♦♠♠✳ P✳❉✳❊✳✱ ✷✶ ✭✶✾✾✻✮✱ ✼✽✼✲✽✷✵✳
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