
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❆ ❉✐♠❡♥sã♦ ❞❡ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❡
❆❧❣✉♠❛s ❆♣❧✐❝❛çõ❡s ❛ P■✲❚❡♦r✐❛

♣♦r

❈❛r❧♦s ❉❛✈✐❞ ❞❡ ❈❛r✈❛❧❤♦ ▲♦❜ã♦

s♦❜ ♦r✐❡♥t❛çã♦ ❞❡

Pr♦❢✳ ❉r✳ ❙ér❣✐♦ ▼♦t❛ ❆❧✈❡s

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

▼❛rç♦✴✷✵✵✾



❆ ❉✐♠❡♥sã♦ ❞❡ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❡
❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ❛ P■✲t❡♦r✐❛

♣♦r

❈❛r❧♦s ❉❛✈✐❞ ❞❡ ❈❛r✈❛❧❤♦ ▲♦❜ã♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ➪❧❣❡❜r❛

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆♥tô♥✐♦ P❡r❡✐r❛ ❇r❛♥❞ã♦ ❏ú♥✐♦r

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❱❛♥❞❡♥❜❡r❣ ▲♦♣❡s ❱✐❡✐r❛

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❙ér❣✐♦ ▼♦t❛ ❆❧✈❡s

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

▼❛rç♦✴✷✵✵✾

✐✐



❆❜str❛❝t

❚❤❡ ✈❡r❜❛❧❧② ♣r✐♠❡ ❛❧❣❡❜r❛s ❛r❡ ✇❡❧❧ ✉♥❞❡rst♦♦❞ ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ✵ ✇❤✐❧❡ ♦✈❡r ❛

✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p > 2 ❧✐tt❧❡ ✐s ❦♥♦✇♥ ❛❜♦✉t t❤❡♠✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ❞✐s❝✉ss s♦♠❡

s❤❛r♣ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❝❛s❡s ❢♦r t❤❡ ❝❤❛r❛❝t❡r✐st✐❝✳

❲❡ ❡①❤✐❜✐t ❝♦♥str✉❝t✐♦♥s ♦❢ ❣❡♥❡r✐❝ ♠♦❞❡❧s✳ ❇② ✉s✐♥❣ t❤❡s❡ ♠♦❞❡❧s ✇❡ ❝♦♠♣✉t❡

t❤❡ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ r❡❧❛t✐✈❡❧② ❢r❡❡ ❛❧❣❡❜r❛s ♦❢ r❛♥❦ m ✐♥ t❤❡ ✈❛r✐❡t✐❡s

❣❡♥❡r❛t❡❞ ❜② E⊗E✱ Aa,b✱ Ma,b(E)⊗E✱ ❛♥❞ Mn(E)⊗E✳ ❆s ❝♦♥s❡q✉❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❡

P■ ♥♦♥ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ✐♠♣♦rt❛♥t ❛❧❣❡❜r❛s ❢♦r t❤❡ P■ t❤❡♦r② ✐♥ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝✳

✐✐✐



❘❡s✉♠♦

❆s á❧❣❡❜r❛s ✈❡r❜❛❧♠❡♥t❡ ♣r✐♠❛s sã♦ ❜❡♠ ❝♦♥❤❡❝✐❞❛s ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ✵✱ ❥á

s♦❜r❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p > 2 ♣♦✉❝♦ s❛❜❡♠♦s s♦❜r❡ ❡❧❛s✳

❆♣r❡s❡♥t❛r❡♠♦s ♠♦❞❡❧♦s ❣❡♥ér✐❝♦s ❡ ❝❛❧❝✉❧❛r❡♠♦s ❛ ❞✐♠❡♥sã♦ ❞❡ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈

♣❛r❛ ❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❞❡ ♣♦st♦ m ♥❛s ✈❛r✐❡❞❛❞❡s ❞❡t❡r♠✐♥❛❞❛s ♣❡❧❛s

á❧❣❡❜r❛s E⊗E✱ Aa,b✱ Ma,b(E)⊗E ❡ Ma,b(E)⊗E✳ ❈♦♠♦ ❝♦♥s❡qüê♥❝✐❛✱ ♦❜t❡r❡♠♦s ❛ ♣r♦✈❛

❞❛ ♥ã♦ P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ á❧❣❡❜r❛s ✐♠♣♦rt❛♥t❡s ♣❛r❛ P■✲t❡♦r✐❛ ❡♠ ❝❛r❛❝t❡ríst✐❝❛

♣♦s✐t✐✈❛✳

✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

◗✉❛♥❞♦ ♠❡ ✈❡❥♦ ♠❡str❡ ❡♠ ▼❛t❡♠át✐❝❛✱ ♦❧❤♦ ✉♠ ♣♦✉❝♦ ♣❛r❛ trás ❡ ✈❡❥♦ q✉❡

❞❡✈♦ ♠✉✐t♦ ❛ ♠✉✐t❛s ♣❡ss♦❛s✿ ❛ ♠✐♥❤❛ ♠ã❡✱ ▼❛r✐❛ ❏♦sé ❈❛r✈❛❧❤♦ ▲♦❜ã♦ ✭❩❡❧✐t❛✮✱

♣❡❧❛s ❝♦❜r❛♥ç❛s ❡ t♦❞♦ ❛♣♦✐♦ ♠♦r❛❧ ❡ ✜♥❛♥❝❡✐r♦ ❞❡ q✉❡ ♣r❡❝✐s❡✐ ♥❡st❡s ❛♥♦s❀ ❛♦s ♠❡✉s

✜❧❤♦s✱ ●r❡❣ór✐♦ ❙♦✉③❛ ▲♦❜ã♦✱ ▲í❧✐❛♥ ❆rr✉❞❛ ▲♦❜ã♦ ❡ ◆❛t❤❛❧✐❛ ❙♦✉③❛ ▲♦❜ã♦✱ q✉❡ ❛♣❡s❛r

❞❡ t♦❞❛s ❛s ❞✐✜❝✉❧❞❛❞❡s ♥✉♥❝❛ ❞❡✐①❛r❛♠ ❞❡ ❛❝r❡❞✐t❛r ❡♠ ♠✐♠✳ ❆ ♠✐♥❤❛ ♥❛♠♦r❛❞❛

❈r✐st✐❛♥❡ ▼❛r✐❛ ◆❡♣♦♠✉❝❡♥♦✱ ♣❡❧♦ ❛♣♦✐♦ ❡ ❝♦♠♣❛♥❤❡✐r✐s♠♦ ❡ ❛♦s ♠❡✉s ✐r♠ã♦s✱ ✐r♠ãs

❡ s♦❜r✐♥❤♦s ✭❛s✮✳

❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ❯❊P❇✱ ♦♥❞❡ ✜③ ♠✐♥❤❛ ❣r❛❞✉❛çã♦✿ ❘ô♠✉❧♦✱ ◆ú❜✐❛✱

❱❛♥❞❡♠❜❡r❣✱ ❈❛st♦r✱ P❡❞r♦ ▲ú❝✐♦ ❡ ❊r♥❡st♦ q✉❡ ♠❡ ❛♣r❡s❡♥t❛r❛♠ ❝♦♠ ❛ ❝❛rt❛ ❞❡

r❡❝♦♠❡♥❞❛çã♦ ❡ ♠❡ ❛♣♦✐❛r❛♠✱ ❡♠ ♣❛rt✐❝✉❧❛r ❛ ❊r♥❡st♦ ❡ ❱❛♥❞❡♠❜❡r❣ q✉❡ ♠❡ ❛❥✉❞❛r❛♠

q✉❛♥❞♦ r❡❝♦rr✐ ❛ ❡❧❡s ♣❛r❛ t✐r❛r ♠✐♥❤❛s ❞ú✈✐❞❛s✳

❆♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞❛ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ❞❛ ❯❋❈●✱ q✉❡

❝♦♥tr✐❜✉ír❛♠ ❝♦♠ ❛ ♠✐♥❤❛ ❢♦r♠❛çã♦❀ ❡♠ ❡s♣❡❝✐❛❧ ❛♦s ♣r♦❢❡ss♦r❡s ❆♥tô♥✐♦ ❇r❛♥❞ã♦✱

❇✐❛♥❝❛✱ ❱â♥✐♦ ❋r❛❣♦s♦✱ ❙❡r❣✐♦ ▼♦t❛ ❡ ❉❛♥✐❡❧ ❈♦r❞❡✐r♦✱ ❞♦s q✉❛✐s t✐✈❡ ♦ ♣r❛③❡r ❞❡ s❡r

❛❧✉♥♦✳ ❆ ❛♠✐❣❛ ✐♥❝❡♥t✐✈❛❞♦r❛✱ ♣r♦❢❡ss♦r❛ ▼❛r✐s❛✱ ♣❡❧♦ ❡①❡♠♣❧♦ ❡ ❛♣♦✐♦✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ♣r♦❢❡ss♦r ❙ér❣✐♦ ▼♦t❛✱ ♣♦r t♦❞♦ ❛❝♦♠♣❛♥❤❛♠❡♥t♦ ❞✉r❛♥t❡ ♦

♠❡✉ ♠❡str❛❞♦✱ ✉♠❛ ✈❡③ q✉❡ s❡♠ ❛ s✉❛ ❝♦♥✜❛♥ç❛ ❡ ❝♦♠♣❛♥❤❡✐r✐s♠♦ ❛❝❤♦ q✉❡ ❛s ❞✐❢í❝❡✐s

❜❛rr❡✐r❛s q✉❡ t✐✈❡ ❞❡ s✉♣❡r❛r s❡ t♦r♥❛r✐❛♠ ✐♥tr❛♥s♣♦♥í✈❡✐s✳

❆♦s ♣r♦❢❡ss♦r❡s q✉❡ ❛❝❡✐t❛r❛♠ ♦ ❝♦♥✈✐t❡ ❡ ❝♦♠♣õ❡ ❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛✱ ❆♥tô♥✐♦

❇r❛♥❞ã♦ ❡ ❱❛♥❞❡r❜❡r❣ ❱✐❡✐r❛✱ q✉❡ ♣❛r❝❡✐r♦s ❞✐❛♥t❡ ❞❛s ♠✐♥❤❛s ❞ú✈✐❞❛s ♥❛s ❞✐s❝✐♣❧✐♥❛s

♥♦ ♠❡str❛❞♦✱ ❛✐♥❞❛ t✐✈❡ ♦ ♣r❛③❡r ❞❡ t❡r t✐❞♦ ❛s s✉❛s ❝♦❧❛❜♦r❛çõ❡s ♥❛ r❡❞❛çã♦ ✜♥❛❧ ❞❛

♠✐♥❤❛ ❞✐ss❡rt❛çã♦✳

❆♦s ♠❡✉s ❝♦❧❡❣❛s ❞♦ ♠❡str❛❞♦ q✉❡ ♣❛❝✐❡♥t❡♠❡♥t❡ ❡st✉❞❛r❛♠ ❝♦♠✐❣♦ ❡

❢♦rt❛❧❡❝❡r❛♠ ♠✐♥❤❛ ❝♦♥✜❛♥ç❛✱ ❏♦s❡❛♥❡✱ ❘✐✈❛❧❞♦✱ ❙✉❡♥❡ ❡ ❡♠ ❡s♣❡❝✐❛❧ ❛ ▲❡♦♠❛q✉❡s

✭▲❡♦✮ q✉❡ ❝♦♠ ✐❞❛❞❡ ♣❛r❛ s❡r ♠❡✉ ✜❧❤♦✱ ❝♦♠♣♦rt♦✉✲s❡ ❝♦♠♦ ♠❡✉ ♣❛✐ ✐♥❝❡♥t✐✈❛♥❞♦✲♠❡

❡ ❡♥s✐♥❛♥❞♦✲♠❡✳ ❖❜r✐❣❛❞♦✱ ▲❡♦✦ ◆ã♦ s❡✐ s❡ ❝♦♥s❡❣✉✐r✐❛ ❝♦♥q✉✐st❛r ❡st❡ tít✉❧♦ s❡♠ ♦

s❡✉ ❛♣♦✐♦✳ ❆ t♦❞♦s✱ ♠❡✉ ♠✉✐t♦ ♦❜r✐❣❛❞♦✳

✈



✧❆ ❤✉♠✐❧❞❛❞❡ ❡①♣r✐♠❡✱ ✉♠❛ ❞❛s r❛r❛s ❝❡rt❡③❛s ❞❡ q✉❡

❡st♦✉ ❝❡rt♦✿ ❛ ❞❡ q✉❡ ♥✐♥❣✉é♠ é s✉♣❡r✐♦r ❛ ♥✐♥❣✉é♠✳✧

P❛✉❧♦ ❋r❡✐r❡

✈✐



❉❡❞✐❝❛tór✐❛

❉❡❞✐❝♦ ❡st❡ tr❛❜❛❧❤♦ ❛ t♦❞♦s ♠❡✉s

❛❧✉♥♦s ✭❛s✮ ❡ ❡①✲❛❧✉♥♦s ✭❛s✮ q✉❡

♣♦r q✉❛s❡ três ❞é❝❛❞❛s ♠❡ ❛t✉r❛r❛♠

❝♦♠♦ ♣r♦❢❡ss♦r ❡ t❡♥t❛r❛♠ ❛♣r❡♥❞❡r

♠❛t❡♠át✐❝❛ ❡♠ ❞✐✈❡rs❛s s❛❧❛s ❞❡ ❛✉❧❛

❝♦♠✐❣♦✱ ❛♣❡s❛r ❞❡ t♦❞❛s ❛s ♠✐♥❤❛s

❧✐♠✐t❛çõ❡s ❡ ❞✐✜❝✉❧❞❛❞❡s✳

✈✐✐



❙✉♠ár✐♦

✶ ■♥tr♦❞✉çã♦ ✶

✶✳✶ ❆♣r❡s❡♥t❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

✶✳✷ ▼❡t♦❞♦❧♦❣✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

✶✳✸ ▼♦t✐✈❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✹ ❖❜❥❡t✐✈♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✺ ❖r❣❛♥✐③❛çã♦ ❞❛ ❉✐ss❡rt❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✷ ❈♦♥❝❡✐t♦s Pr❡❧✐♠✐♥❛r❡s ✹

✷✳✶ ❈♦♥❝❡✐t♦s ❜ás✐❝♦s s♦❜r❡ á❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✷✳✷ Pr♦❞✉t♦ t❡♥s♦r✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷✳✸ ➪❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷✳✹ ❱❛r✐❡❞❛❞❡s ❡ á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✺ ■❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❤♦♠♦❣ê♥❡❛s✱ ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣ró♣r✐❛s ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✻ ■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✼ ❆ ❚❡♦r✐❛ ❞❡ ❑❡♠❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✽ ➪❧❣❡❜r❛s ❣❡♥ér✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸ ●❑✲❞✐♠❡♥sã♦ ❞❡ ➪❧❣❡❜r❛s ✷✼

✸✳✶ ❈♦♥❝❡✐t♦s ❇ás✐❝♦s ❡ Pr♦♣r✐❡❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✷ ●❑✲❞✐♠❡♥sã♦ ❡ ❆❧t✉r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✸ ❙♦❜r❡ ❛ ●❑✲❞✐♠❡♥sã♦ ❞❡ Um(A) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✹ ❆❧❣✉♥s ❈á❧❝✉❧♦s ■♠♣♦rt❛♥t❡s ✸✼

✹✳✶ ❆s á❧❣❡❜r❛s M1,1(E) ❡ E ⊗ E ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✹✳✷ ❆s á❧❣❡❜r❛s M1,1(E) ⊗ E ❡ M2(E) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✹✳✸ ●❑✲❞✐♠❡♥sã♦ ❞❡ Um(A2,1) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✈✐✐✐



✹✳✹ ●❑✲❞✐♠❡♥sã♦ ❞❡ Um(A2,2) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✺ ❘❡s✉❧t❛❞♦s ❘❡❝❡♥t❡s ✹✾

✺✳✶ ●❑✲❞✐♠❡♥sã♦ ❞❡ Um(Aa,b) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✺✳✷ ●❑✲❞✐♠❡♥sã♦ ❞❡ Um(Ma,a(E) ⊗ E) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✺✳✸ ●❑✲❞✐♠❡♥sã♦ ❞❡ Um(Ma,b(E) ⊗ E) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✺✳✹ ●❑✲❞✐♠❡♥sã♦ ❞❡ Um(Mn(E) ⊗ E) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✺✳✺ ❯♠❛ ❈♦♥❥❡❝t✉r❛ ❞❡ ❙✳▼✳ ❆❧✈❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

❇✐❜❧✐♦❣r❛✜❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✐①



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦ s❡rá ❛♣r❡s❡♥t❛❞♦ ♦ ♦❜❥❡t♦ ❞❡ ♥♦ss♦ ❡st✉❞♦✱ ✉♠❛ ♠♦t✐✈❛çã♦ ❡ ✉♠❛

❜r❡✈❡ ❞✐s❝✉ssã♦ ❛ s❡✉ r❡s♣❡✐t♦✳ P♦♥❞❡r❛♠♦s ♦s ♦❜❥❡t✐✈♦s ❡ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞♦ ♥♦ss♦

tr❛❜❛❧❤♦ ❡ ♦❢❡r❡❝❡♠♦s ✉♠ ❡sq✉❡♠❛ ❞❡ s✉❛ ♦r❣❛♥✐③❛çã♦✳

✶✳✶ ❆♣r❡s❡♥t❛çã♦

❆ ❞✐♠❡♥sã♦ ❞❡ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈✱ ❞❡♥♦t❛❞❛ ♣♦r ●❑✲❞✐♠❡♥sã♦✱ ❢♦✐ ✐♥tr♦❞✉③✐❞❛

♦r✐❣✐♥❛❧♠❡♥t❡ ♣♦r ●❡❧❢❛♥❞ ❡ ❑✐r✐❧❧♦✈ ✭✶✾✻✻✮ ♣❛r❛ ❡st✉❞❛r ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ á❧❣❡❜r❛s

❞❡ ▲✐❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ♣♦st❡r✐♦r♠❡♥t❡ t♦r♥♦✉✲s❡ ✉♠ ✐♠♣♦rt❛♥t❡ ✐♥✈❛r✐❛♥t❡ ♣❛r❛

á❧❣❡❜r❛s ❛✜♥s✱ ♣♦✐s ❛ ♠❡s♠❛ ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❡ s❡✉ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ✭❛♦

❝♦♥trár✐♦ ❞❛s sér✐❡s ❞❡ ❍✐❧❜❡rt✮✳ ❯♠❛ r❡❢❡rê♥❝✐❛ ♣❛❞rã♦ s♦❜r❡ ●❑✲❞✐♠❡♥sã♦ é ♦ ❧✐✈r♦

❞❡ ❑r❛✉s❡ ❡ ▲❡♥❛❣❛♥ ✭✈❡❥❛ ❬✷✷❪✮✱ q✉❡ t❛♠❜é♠ ❝♦♥té♠ ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s s♦❜r❡

●❑✲❞✐♠❡♥sã♦ ♣❛r❛ P■✲á❧❣❡❜r❛s✳

✶✳✷ ▼❡t♦❞♦❧♦❣✐❛

▼❡t♦❞♦❧♦❣✐❝❛♠❡♥t❡✱ ♦ ❡st✉❞♦ é ❞❡ ♥❛t✉r❡③❛ q✉❛♥t✐t❛t✐✈❛✱ s♦❜r❡t✉❞♦ ❡①♣❧✐❝❛tór✐❛

✈✐st♦ ❛ ♣r✐♥❝✐♣❛❧ ✜♥❛❧✐❞❛❞❡ t❡r s✐❞♦ ❞❡s❡♥✈♦❧✈❡r ❝♦♥❝❡✐t♦s✱ ❝♦♠ ✈✐st❛ à ❢♦r♠✉❧❛çã♦

❞❡ ♥♦✈♦s ❡s❜♦ç♦s ♣❛r❛ ❡st✉❞♦s ♣♦st❡r✐♦r❡s✳ ❇✉s❝♦✉✲s❡ ❛tr❛✈és ❞❡ ✉♠❛ ♣❡sq✉✐s❛

❜✐❜❧✐♦❣rá✜❝❛ ❝♦♠♣r❡❡♥❞❡r ❡ ❛♣r❡❡♥❞❡r ❆ ❉■▼❊◆❙➹❖ ❉❊ ●❊▲❋❆◆❉✲❑■❘■▲▲❖❱

❞❛s á❧❣❡❜r❛s✱ r❡❛❧✐③❛♥❞♦ ✉♠ ❛♣r♦❢✉♥❞❛♠❡♥t♦ t❡ór✐❝♦✳ ❆ ♣❡sq✉✐s❛ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛

♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛♣❛rt✐r ❞♦s ❛rt✐❣♦s✿ ❙✳▼✳ ❆❧✈❡s ❡ P✳ ❑♦s❧✉❦♦✈ ❬✶❪✱ ❙✳▼✳ ❆❧✈❡s ❡ ▼❛r❝❡❧❧♦

❋✐❞❡❧✐s ❬✷❪✱ ❙✳▼✳ ❆❧✈❡s ❬✸❪ ❡ ❙✳▼✳ ❆❧✈❡s ❬✹❪✳ ❉❡st❡ ♠♦❞♦✱ ❛♣ós ❞❡✜♥✐❞❛ ❛ q✉❡stã♦

✶



♠♦t✐✈❛❞♦r❛ ❡ ♦s ♦❜❥❡t✐✈♦s ❞❛ ♣❡sq✉✐s❛ ❢♦r❛♠ ❞❡t❡r♠✐♥❛❞♦s ♦ ♣❧❛♥♦ ❞❡ tr❛❜❛❧❤♦✳

✶✳✸ ▼♦t✐✈❛çã♦

❆ ♠❛✐♦r ♠♦t✐✈❛çã♦ ❞❡ ❡st✉❞❛r ❛ ❞✐♠❡♥sã♦ ❞❡ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❞❡ á❧❣❡❜r❛s

✉♥✐✈❡rs❛✐s ❞❡ á❧❣❡❜r❛s ❚✲♣r✐♠❛s é q✉❡ ♣♦❞❡♠♦s ✉s❛r t❛❧ ❝♦♥❝❡✐t♦ ♣❛r❛ ❞✐s❝✉t✐r ❛ P■✲

❡q✉✐✈❛❧❡♥❝✐❛ ❡♥tr❡ ❛s ♠❡s♠❛s✳

✶✳✹ ❖❜❥❡t✐✈♦s

❆❞q✉✐r✐r ✉♠ ♠❡❧❤♦r ❡♥t❡♥❞✐♠❡♥t♦ ❞❛ ❞✐♠❡♥sã♦ ❞❡ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❡ ❝♦♠♦

♣♦❞❡♠♦s ✉s❛✲❧á ♣❛r❛ ❞✐s❝✉t✐r P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ á❧❣❡❜r❛s ❚✲♣r✐♠❛s✳

✶✳✺ ❖r❣❛♥✐③❛çã♦ ❞❛ ❉✐ss❡rt❛çã♦

❖ ❈❛♣ít✉❧♦ ✶ ❛♣r❡s❡♥t❛ ✉♠❛ ❜r❡✈❡ ♦r❣❛♥✐③❛çã♦ ❞♦ tr❛❜❛❧❤♦ ❝♦♠ ❛ ♠♦t✐✈❛çã♦ q✉❡

♥♦s ❧❡✈♦✉ ❛ ❡①❡❝✉tá✲❧♦✳

❖ ❈❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛ ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ♦

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦✱ ❛❝♦♠♣❛♥❤❛❞♦ ❞❡ ❡①❡♠♣❧♦s✳ ❉❡✜♥❡ á❧❣❡❜r❛✱ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧✱ ❚✲✐❞❡❛❧ ❡ ❢❛③ ✉♠ ❜r❡✈❡ r❡s✉♠♦ s♦❜r❡ ❛ ❝♦♥str✉çã♦ ❞❡ á❧❣❡❜r❛s ❣❡♥ér✐❝❛s✱

❡♥tr❡ ♦✉tr♦s ❝♦♥❝❡✐t♦s ✐♠♣♦rt❛♥t❡s ❝♦♠♦ ❱❛r✐❡❞❛❞❡s ❡ á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s✱

á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s ❡ ❞✐s❝✉t✐r❡♠♦s ♦s r❡s✉❧t❛❞♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞❡st❡s ❝♦♥❝❡✐t♦s✳

❖ ❈❛♣ít✉❧♦ ✸ ❛♣r❡s❡♥t❛ ♦ ❝♦♥❝❡✐t♦ ❜ás✐❝♦ ❡ ♣r♦♣r✐❡❞❛❞❡s ❞❛ t❡♦r✐❛ ❞❡ ❞✐♠❡♥sã♦ ❞❡

●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❡ ❛❧❣✉♥s ❡①❡♠♣❧♦s✱ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❛❧t✉r❛ ❡ss❡♥❝✐❛❧ ❡ ❛❧t✉r❛ ❡ss❡♥❝✐❛❧

❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❡ ❞✐s❝✉t❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ❛ ●❑✲❞✐♠❡♥sã♦ ❞❛

á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧✳

❖ ❈❛♣ít✉❧♦ ✹ ❛♣r❡s❡♥t❛ ♦ ❝á❧❝✉❧♦ ❞❛ ●❑✲❞✐♠❡♥sã♦ ❞❡ ❛❧❣✉♠❛s á❧❣❡❜r❛s ✉♥✐✈❡rs❛✐s

❞❡ ♣♦st♦ ♠✱ ❛s á❧❣❡❜r❛s tr❛❜❛❧❤❛❞❛ sã♦✿ M1,1(E) ❡ E ⊗ E✱ M1,1(E) ⊗ E ❡ M2(E)✱

Um(A2,1) ❡ Um(A2,2)✳

❖ ❈❛♣ít✉❧♦ ✺ ❛♣r❡s❡♥t❛ ✉♠ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ♣❛r❛ ❛s á❧❣❡❜r❛s Um(Aa,b)✱

Um(Ma,a(E) ⊗ E)✱ Um(Ma,b(E) ⊗ E)✱ Um(Mn(E) ⊗ E)✱ ❝❛❧❝✉❧❛ s✉❛s ●❑✲❞✐♠❡♥sõ❡s ❡

❝❤❡❣❛ à ❝♦♥❝❧✉sã♦ q✉❡ ❛s á❧❣❡❜r❛s✿ Aa,b ❡ Ac,d✱ Aa,b ❡ Ma+b(E)✱ Ma,a(E)⊗E ❡ M2a(E)✱

Ma,b(E)⊗E ❡ Ma+b(E) ❡ Mn(E)⊗E ❡ Mn,n(E) ♥ã♦ sã♦ P■ ✲ ❡q✉✐✈❛❧❡♥t❡s s♦❜r❡ ❝♦r♣♦s

✷



❞❡ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛ ♠❛✐♦r q✉❡ ✷✳ ❋✐♥❛❧♠❡♥t❡ ❛♣r❡s❡♥t❛♠♦s ❛ ❝♦♥❥❡❝t✉r❛ ❞❡✈✐❞♦ ❛

❙✳ ▼✳ ▼♦t❛✱ ❛ ❝❡r❝❛ ❞❛ ❞✐♠❡♥sã♦ ●❡❧❢❛❜❞✲❑✐r✐❧❧♦✈ ❞❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❞❡ ♣♦st♦ ♠✱ ♥♦

q✉❛❧ ❞✐③ r❡s♣❡✐t♦ ❛♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ á❧❣❡❜r❛s ❚✲♣r✐♠❛s ♣❡❧❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✳

✸



❈❛♣ít✉❧♦ ✷

❈♦♥❝❡✐t♦s Pr❡❧✐♠✐♥❛r❡s

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❡ ❝❛♣ít✉❧♦ é r❡❧❡♠❜r❛r ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛

✉♠❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞♦ t❡①t♦✳ ❊♠ ❣❡r❛❧✱ ♥ã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❞❡♠♦♥str❛çõ❡s✱ ❡

❡♠ ❝❛s♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s✱ ✐♥❞✐❝❛r❡♠♦s ❛s ❞❡✈✐❞❛s r❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s✳

✷✳✶ ❈♦♥❝❡✐t♦s ❜ás✐❝♦s s♦❜r❡ á❧❣❡❜r❛s

■♥✐❝✐❛♠♦s ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞♦ ♦❜❥❡t♦ ❝❡♥tr❛❧ ❞❡ ♥♦ss♦s ❡st✉❞♦s✳

❉❡✜♥✐çã♦ ✷✳✶✳✶ ❉✐r❡♠♦s q✉❡ ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ A✱ ♠✉♥✐❞♦ ❞❡ ✉♠❛ ♦♣❡r❛çã♦

❜✐♥ár✐❛✱ ∗ : A×A → A✱ ❞❡♥♦♠✐♥❛❞❛ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦✱ t❡♠ ❡str✉t✉r❛ ❞❡ K✲á❧❣❡❜r❛ ✭♦✉

A é ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ K✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ q✉❡ A é ✉♠❛ á❧❣❡❜r❛✮ s❡✱ ♣❛r❛ q✉❛❧q✉❡r

α ∈ K ❡ q✉❛✐sq✉❡r a, b, c ∈ A✱ ✈❛❧❡r✿

✭✶✮ (a + b) ∗ c = a ∗ c + b ∗ c❀

✭✷✮ a ∗ (b + c) = a ∗ b + a ∗ c❀

✭✸✮ α(a ∗ b) = (αa) ∗ b = a ∗ (αb)

P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ✈❛♠♦s ❡s❝r❡✈❡r ab ❛♦ ✐♥✈és ❞❡ a ∗ b✳ ❉✐③❡♠♦s q✉❡ β é ✉♠❛

❜❛s❡ ❞❛ á❧❣❡❜r❛ A s❡ β é ✉♠❛ ❜❛s❡ ❞❡ A ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ❞❡✜♥✐♠♦s ❛ ❞✐♠❡♥sã♦

❞❡ A ❝♦♠♦ s❡♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞❡ A ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳

❉❡✜♥✐çã♦ ✷✳✶✳✷ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛✱ ❞✐r❡♠♦s q✉❡✿

✭✶✮ A é ❝♦♠✉t❛t✐✈❛ s❡ ab = ba ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A❀

✭✷✮ A é ❛ss♦❝✐❛t✐✈❛ s❡ (ab)c = a(bc) ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A❀

✭✸✮ A é ✉♥✐tár✐❛ s❡ ❡①✐st✐r 1A ∈ A t❛❧ q✉❡ 1Aa = a1A = a ♣❛r❛ q✉❛❧q✉❡r a ∈ A

✭✈❛♠♦s ❡s❝r❡✈❡r 1 ❛♦ ✐♥✈és ❞❡ 1A✮✳

✹



❊♠ ♣r❛t✐❝❛♠❡♥t❡ t♦❞♦ t❡①t♦ ✈❛♠♦s tr❛❜❛❧❤❛r ❝♦♠ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✉♥✐tár✐❛s

t❡♥❞♦ ❝♦r♣♦ ❞❡ ❜❛s❡ ✐♥✜♥✐t♦✳ ❆ss✐♠✱ ♥♦ q✉❡ s❡❣✉❡✱ ❛ ♠❡♥♦s q✉❡ s❡❥❛ ❢❡✐t❛

♠❡♥çã♦ ❡①♣❧í❝✐t❛ ❡♠ ❝♦♥trár✐♦✱ ♦ t❡r♠♦ á❧❣❡❜r❛ ❞❡✈❡rá s❡r ❡♥t❡♥❞✐❞♦ ❝♦♠♦ ✉♠❛

K✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✉♥✐tár✐❛✳

❉❡✜♥✐çã♦ ✷✳✶✳✸ ❯♠ K✲s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ B ❞❡ ✉♠❛ á❧❣❡❜r❛ A s❡rá ❞❡♥♦♠✐♥❛❞♦ ✉♠❛

K✲s✉❜á❧❣❡❜r❛ ❞❡ A✱ s❡ t✐✈❡r ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛✱ ✐st♦ é✱ s❡ B ❢♦r ❢❡❝❤❛❞♦ ❝♦♠ r❡s♣❡✐t♦

❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ❡♠ A✳ ❖ s✉❜❡s♣❛ç♦ B s❡rá ❞❡♥♦♠✐♥❛❞♦ ✉♠ ✐❞❡❛❧ à ❡sq✉❡r❞❛

❞❡ A✱ s❡ AB ⊆ B✳ ❉❡ ♠♦❞♦ s✐♠✐❧❛r✱ ❞❡✜♥✐♠♦s ✐❞❡❛❧ à ❞✐r❡✐t❛ ❞❡ A✳ ❯♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧

s❡rá s✐♠♣❧❡s♠❡♥t❡ ❞❡♥♦♠✐♥❛❞♦ ❞❡ ✐❞❡❛❧✳

◆♦s ♣ró①✐♠♦s s❡t❡ ❡①❡♠♣❧♦s r❡❝♦r❞❛♠♦s ❛s ❞❡✜♥✐çõ❡s ❞❡ ❛❧❣✉♠❛s á❧❣❡❜r❛s ❡

s✉❜á❧❣❡❜r❛s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✳

❊①❡♠♣❧♦ ✷✳✶✳✹ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❡ S ⊆ A✳ ❈♦♥s✐❞❡r❡♠♦s ♦ s✉❜❡s♣❛ç♦ BS

❞❡ A ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {1, s1s2 . . . sk | k ∈ N, si ∈ S}✳ ❚❡♠♦s q✉❡ BS é

♠✉❧t✐♣❧✐❝❛t✐✈❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❡ 1 ∈ Bs✳ ▲♦❣♦✱ BS é s✉❜á❧❣❡❜r❛ ❞❡ A✱ ❝❤❛♠❛❞❛ ❞❡

s✉❜á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r S✳ ❖❜s❡r✈❡ q✉❡ t♦❞❛ s✉❜á❧❣❡❜r❛ ❞❡ A q✉❡ ❝♦♥té♠ S ❞❡✈❡

❝♦♥t❡r BS ❡ ❛ss✐♠ B é ❛ ♠❡♥♦r s✉❜á❧❣❡❜r❛ ❞❡ A ❝♦♥t❡♥❞♦ S✳

❊①❡♠♣❧♦ ✷✳✶✳✺ ❙❡❥❛ V ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ {ei | i ∈ N}✳ ❆

á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ✭♦✉ ❡①t❡r✐♦r✮ E = E(V) é ❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r {1, ei | i ∈ N}

s❛t✐s❢❛③❡♥❞♦ ❛s r❡❧❛çõ❡s

eiej = −ejei ♣❛r❛ t♦❞♦s i, j ∈ N.

▼❛✐s ❛✐♥❞❛✱ s❡ ❝❤❛rK = 2✱ ✐♠♣♦♠♦s✿

e2
i = 0 ♣❛r❛ t♦❞♦ i ∈ N.

❖❜s❡r✈❡ q✉❡ D = {1, ei1 . . . eir | 1 ≤ i1 < · · · < ir; r = 1, 2, . . . } é ✉♠❛ ❜❛s❡ ♣❛r❛ E✳

❆❧é♠ ❞✐ss♦✱ s❡ Vn é ♦ s✉❜❡s♣❛ç♦ ❞❡ V ❣❡r❛❞♦ ♣♦r {e1, . . . , en} ❞❡♥♦t❛r❡♠♦s ♣♦r E(Vn)

s✉❛ ❝♦rr❡s♣♦♥❞❡♥t❡ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✳

❊①❡♠♣❧♦ ✷✳✶✳✻ ❖ ❝♦♥❥✉♥t♦ Z(A) = {a ∈ A | ax = xa, ∀x ∈ A} é ✉♠❛ s✉❜á❧❣❡❜r❛

❞❡ A ❞❡♥♦♠✐♥❛❞❛ ♦ ❝❡♥tr♦ ❞❡ A ❡ s❡✉s ❡❧❡♠❡♥t♦s sã♦ ❞✐t♦s s❡r ❝❡♥tr❛✐s✳ ❙❡ A = E

✭á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✮ é ❢á❝✐❧ ✈❡r q✉❡ Z(E) = E0 ♦♥❞❡ E0 é ♦ s✉❜❡s♣❛ç♦ ❞❡ E ❣❡r❛❞♦

♣❡❧♦ ❝♦♥❥✉♥t♦ D0 = {1, ei1 . . . eir | 1 ≤ i1 < · · · < ir; r = 2, 4, . . . }✳

❊①❡♠♣❧♦ ✷✳✶✳✼ ❖ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s ♠❛tr✐③❡s n × n ❝♦♠ ❡♥tr❛❞❛s ♥♦ ❝♦r♣♦ K✱

❞❡♥♦t❛❞♦ ♣♦r Mn(K)✱ ♠✉♥✐❞♦ ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✉s✉❛❧ ❞❡ ♠❛tr✐③❡s✱ t❡♠ ❡str✉t✉r❛ ❞❡

á❧❣❡❜r❛✳

✺



❊①❡♠♣❧♦ ✷✳✶✳✽ ❖ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s ♠❛tr✐③❡s n × n ❝♦♠ ❡♥tr❛❞❛s ♥❛ á❧❣❡❜r❛ ❞❡

●r❛ss♠❛♥♥ E✱ ❞❡♥♦t❛❞♦ ♣♦r Mn(E)✱ ♠✉♥✐❞♦ ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✉s✉❛❧ ❞❡ ♠❛tr✐③❡s✱

t❡♠ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛✳ ❙❡❥❛♠ a, b ∈ N ❝♦♠ a + b = n✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r ❛tr❛✈és ❞❡

♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♠❛tr✐③❡s✱ q✉❡ ♦ K✲s✉❜❡s♣❛ç♦ ❞❡ Ma+b(E)

Ma,b(E) =

{(
A B

C D

)
| A ∈ Ma(E0), B ∈ Ma×b(E1), C ∈ Mb×a(E1), D ∈ Mb(E0)

}
,

t❡♠ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛✳ ❆q✉✐✱ E1 é ♦ s✉❜❡s♣❛ç♦ ❞❡ E ❣❡r❛❞♦ ♣♦r

D1 = {ei1 . . . eir | 1 ≤ i1 < · · · < ir ❀ r = 1, 3, . . . }.

❖❜s❡r✈❛♠♦s q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ E1 ❛♥t✐❝♦♠✉t❛♠ ❡♥tr❡ s✐✳

❊①❡♠♣❧♦ ✷✳✶✳✾ ❙❡❥❛♠ a, b ∈ N ❝♦♠ a+b = n✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r ❛tr❛✈és ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦

❞❡ ♠❛tr✐③❡s✱ q✉❡ ♦ K✲s✉❜❡s♣❛ç♦ ❞❡ Ma+b(E)

Aa,b =

{(
A B

C D

)
| A ∈ Ma(E), B ∈ Ma×b(E

′), C ∈ Mb×a(E
′), D ∈ Mb(E)

}

t❡♠ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛✳ ❆q✉✐✱ E ′ ❞❡♥♦t❛ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s❡♠ ✉♥✐❞❛❞❡✳

❊①❡♠♣❧♦ ✷✳✶✳✶✵ ❈♦♥s✐❞❡r❛♠♦s ❛❣♦r❛ ❛ s✉❜á❧❣❡❜r❛ ❞❡ Ma+b(K) ❞❡✜♥✐❞❛ ♣♦r✿

MaMb =

{(
A B

0 C

)
| A ∈ Ma(K); B ∈ Ma×b(K) ❡ C ∈ Mb(K)

}
.

❉❡♥♦t❛r❡♠♦s ♣♦r MaMb ❛ s✉❜á❧❣❡❜r❛ ❞❡ MaMb ♦❜t✐❞❛ ❝♦♥s✐❞❡r❛♥❞♦ B = 0✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✶ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r Φ : A → B ❞❡ á❧❣❡❜r❛s é ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✱ s❡ Φ(ab) = Φ(a)Φ(b) ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A ❡ ❛❧é♠

❞✐ss♦ Φ(1A) = 1B✳ ❆♥❛❧♦❣❛♠❡♥t❡ às ❞❡♠❛✐s ❡str✉t✉r❛s ❛❧❣é❜r✐❝❛s✱ ❝❤❛♠❛r❡♠♦s Φ ❞❡

✐s♦♠♦r✜s♠♦ q✉❛♥❞♦ Φ ❢♦r ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❜✐❥❡t♦r❀ ♠❡r❣✉❧❤♦ q✉❛♥❞♦ Φ ❢♦r ✐♥❥❡t♦r❀

❡♥❞♦♠♦r✜s♠♦ q✉❛♥❞♦ Φ ❢♦r ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A ❡♠ A❀ ❡ ❛✉t♦♠♦r✜s♠♦ q✉❛♥❞♦ Φ

❢♦r ✉♠ ❡♥❞♦♠♦r✜s♠♦ ❜✐❥❡t♦r✳

❊①❡♠♣❧♦ ✷✳✶✳✶✷ ❙❡❥❛ A
′

✉♠❛ á❧❣❡❜r❛ s❡♠ ✉♥✐❞❛❞❡✳ P♦❞❡♠♦s ♠❡r❣✉❧❤❛r A
′

♥✉♠❛

á❧❣❡❜r❛ ❝♦♠ ✉♥✐❞❛❞❡✳ ❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ A = K ⊕ A
′

❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡ ❡s♣❛ç♦s

✈❡t♦r✐❛✐s✳ ❉❡✜♥✐♠♦s ❡♠ A ❛ s❡❣✉✐♥t❡ ♠✉❧t✐♣❧✐❝❛çã♦✱ ♣❛r❛ t♦❞♦s a, b ∈ A
′

❡ ♣❛r❛ t♦❞♦s

α, β ∈ K

(α, a)(β, b) = (αβ, αb + βa + ab).

❆ss✐♠✱ (1, 0) é ✉♥✐❞❛❞❡ ❞❡ A ❡ ❛ ✐♥❝❧✉sã♦ A
′

→֒ A é ✉♠ ♠❡r❣✉❧❤♦✳ ❉✐r❡♠♦s q✉❡ A é

♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❡ A
′

♣♦r ❛❞❥✉♥çã♦ ❞❛ ✉♥✐❞❛❞❡✳

✻



✷✳✷ Pr♦❞✉t♦ t❡♥s♦r✐❛❧

◆❡st❛ s❡çã♦✱ ✐♥tr♦❞✉③✐r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧ ❞❡ ❊s♣❛ç♦s ❱❡t♦r✐❛✐s✳

❆ ♣r♦♣r✐❡❞❛❞❡ ❯♥✐✈❡rs❛❧ ❡ ♦ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧ ❞❡ ➪❧❣❡❜r❛s✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s

❡①❡♠♣❧♦s ❡ r❡s✉❧t❛❞♦s✳

❉❡✜♥✐çã♦ ✷✳✷✳✶ ❙❡❥❛♠ V ❡ W ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❡ K(V × W )✱ ♦ ❑✲❡s♣❛ç♦ ✈❡t♦r✐❛❧

❝♦♠ ❜❛s❡ V × W ✱ ✐st♦ é✱ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❢♦r♠❛❞♦ ♣❡❧❛s s♦♠❛s ❢♦r♠❛✐s
∑

(v,w)∈V ×W

α(v,w)(v, w)

♦♥❞❡ α(v,w) ∈ K ❡ {(v, w) ∈ V × W | α(v,w) 6= 0} é ✜♥✐t♦✳ ❙❡♥❞♦ U ✉♠ s✉❜❡s♣❛ç♦ ❞❡

K(V × W ) ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞♦s t✐♣♦s

(v1 + v2, w) − (v1, w) − (v2, w)

(v, w1 + w2) − (v, w1) − (v, w2)

(λv, w) − λ(v, w)

(v, λw) − λ(v, w)

❝♦♠ v1, v2, v ∈ V, w1, w2, w ∈ W ❡ λ ∈ K✳ ❉❡✜♥✐♠♦s ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ V ❡ W ✱

❞❡♥♦t❛❞♦ ♣♦r V ⊗K W ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ ♣♦r V ⊗ W ✮ ❝♦♠♦ s❡♥❞♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

q✉♦❝✐❡♥t❡ K(V ×W )/U ✳ ❉❛❞♦ (u, w) ∈ V ×W ✱ ❞❡♥♦t❛♠♦s ♣♦r v⊗w ♦ ❡❧❡♠❡♥t♦ (v, w)

❞❡ V ⊗W ❡ ♦ ❝❤❛♠❛♠♦s ❞❡ t❡♥s♦r❡s✳ ❉❡st❛ ❢♦r♠❛✱ t❡♠♦s q✉❡ {v⊗w | v ∈ V, w ∈ W}

é ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ V ⊗ W ❡

(v1 + v2) ⊗ w = (v1 ⊗ w) + (v2 ⊗ w)

v ⊗ (w1 + w2) = (v ⊗ w1) + (v ⊗ w2)

(λv) ⊗ w = λ(v ⊗ w)

v ⊗ (λw) = λ(v ⊗ w)

♣❛r❛ q✉❛✐sq✉❡r v1, v2, v ∈ V, w1, w2, w ∈ W ❡ λ ∈ K✳ ❈♦♥❝❧✉í♠♦s q✉❡ t♦❞♦s ♦s

❡❧❡♠❡♥t♦s ❞❡ V ⊗ W sã♦ ❞❛ ❢♦r♠❛ Σ(vi ⊗ wi)✱ ❝♦♠ vi ∈ V ❡ wi ∈ W ✳

❚❡♦r❡♠❛ ✷✳✷✳✷ ✭Pr♦♣r✐❡❞❛❞❡ ❯♥✐✈❡rs❛❧✮ ❙❡❥❛♠ V ✱ W ❡ U ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s♦❜r❡

♦ ❝♦r♣♦ K ❡ ❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r f : V ×W → U ✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ tr❛♥s❢♦r♠❛çã♦

❧✐♥❡❛r tf : V ⊗ W → U ✱ ❞❡✜♥✐❞❛ ♣♦r tf (v ⊗ w) = f(v, w), ∀v ∈ V e w ∈ W ✳

❉❡✜♥✐çã♦ ✷✳✷✳✸ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s✳ ❈♦♥s✐❞❡r❡ ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ A ⊗ B✳

❊①✐st❡ ✉♠ ♣r♦❞✉t♦ ❜✐❧✐♥❡❛r · : (A⊗B)×(A⊗B) → (A⊗B)✱ t❛❧ q✉❡ (a1⊗b1) ·(a2⊗b2) =

a1a2 ⊗ b1b2 ♣❛r❛ q✉❛✐sq✉❡r a1, a2 ∈ A ❡ b1, b2 ∈ B✳ ❊♥tã♦ A⊗B✱ ♠✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦

é ✉♠❛ á❧❣❡❜r❛✱ ❝❤❛♠❛❞❛ ❞❡ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧ ❞❛s ➪❧❣❡❜r❛s A ❡ B✳

❊①❡♠♣❧♦ ✷✳✷✳✹ ❙❡♥❞♦ K ✉♠ ❝♦r♣♦✱ é ♥❛t✉r❛❧♠❡♥t❡ ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ s✐ ♠❡s♠♦ ❡

K ⊗ K ≃ K✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱ s❡ A é ✉♠❛ á❧❣❡❜r❛✱ ❡♥tã♦ K ⊗A ≃ A✳

✼



❊①❡♠♣❧♦ ✷✳✷✳✺ ❙❡♥❞♦ A ✉♠❛ K✲á❧❣❡❜r❛✱ ❡♥tã♦ Mn(K) ⊗A ≃ Mn(A)✳

❊①❡♠♣❧♦ ✷✳✷✳✻ ❙❡❥❛♠ G1 ❡ G2 ❣r✉♣♦s ❡ G1 × G2 ♦ s❡✉ ♣r♦❞✉t♦ ❞✐r❡t♦✳ ❊♥tã♦

K(G1 × G2) ≃ KG1 ⊗ KG2✳

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛♠ ❛s á❧❣❡❜r❛s A ❡ B ❝♦♠ ❛ á❧❣❡❜r❛ A⊗B✳ ❙✉❛s

❞❡♠♦♥str❛çõ❡s sã♦ ✐♠❡❞✐❛t❛s✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✼ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s✳

✭✶✮ ❙❡ A ❡ B sã♦ ❛ss♦❝✐❛t✐✈❛s✱ ❡♥tã♦ A⊗ B é ❛ss♦❝✐❛t✐✈❛✳

✭✷✮ ❙❡ A ❡ B sã♦ ❝♦♠✉t❛t✐✈❛s✱ ❡♥tã♦ A⊗ B é ❝♦♠✉t❛t✐✈❛✳

✭✸✮ ❙❡ A ❡ B ♣♦ss✉❡♠ ✉♥✐❞❛❞❡✱ ❡♥tã♦ A⊗ B é ✉♠❛ á❧❣❡❜r❛ ❝♦♠ ✉♥✐❞❛❞❡✳

✷✳✸ ➪❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

◆❡st❛ s❡çã♦✱ ✐♥tr♦❞✉③✐r❡♠♦s ❛s á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ ✉♠❛ ❝❧❛ss❡

♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❞❡ á❧❣❡❜r❛s✳ P♦✐s✱ ❛❧é♠ ❞❡ s✉r❣✐r❡♠ ❝♦♠♦ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛s

á❧❣❡❜r❛s ♥✐❧♣♦t❡♥t❡s✱ ❝♦♠✉t❛t✐✈❛s ❡ ❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡❧❛s ♠❛♥té♠ ✈ár✐❛s ❞❛s ❜♦❛s

♣r♦♣r✐❡❞❛❞❡s ❞❡st❛s ❝❧❛ss❡s✳

❉❡✜♥✐çã♦ ✷✳✸✳✶ P❛r❛ ♦ ❝♦♥❥✉♥t♦ X = {x1, x2, . . . , } ❞❡ ✈❛r✐á✈❡✐s ♥ã♦ ❝♦♠✉t❛t✐✈❛s✱

K〈X〉 ❞❡♥♦t❛rá ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡✱ ✐st♦ é✱ K〈X〉 t❡rá ❝♦♠♦ ❜❛s❡ ♦s ❡❧❡♠❡♥t♦s

❞❛ ❢♦r♠❛

xi1 . . . xin ❀ xij ∈ X ❀ n = 0, 1, 2, . . .

❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣♦r

(xi1 . . . xik)(xj1 . . . xjl
) = xi1 . . . xikxj1 . . . xjl

♦♥❞❡ xit , xjs
∈ X.

❖s ❡❧❡♠❡♥t♦s ❞❡ K〈X〉 sã♦ ❞❡♥♦♠✐♥❛❞♦s ❞❡ ♣♦❧✐♥ô♠✐♦s✳

❖ s✉❜❡s♣❛ç♦ K〈X〉
′

⊂ K〈X〉 ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

xi1 . . . xin ❀ xij ∈ X ❀ n = 1, 2, . . .

é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡♥♦♠✐♥❛❞❛ ❞❡ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ s❡♠ ✉♥✐❞❛❞❡✳

❖❜s❡r✈❡ q✉❡ ❛ á❧❣❡❜r❛ K〈X〉 ❞❡✜♥✐❞❛ ❛❝✐♠❛ é✱ ♥♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛ á❧❣❡❜r❛ ❞♦s

♣♦❧✐♥ô♠✐♦s ♥ã♦ ❝♦♠✉t❛t✐✈♦s✳

✽



❉❡✜♥✐çã♦ ✷✳✸✳✷ ❯♠ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) ∈ K〈X〉 ✭♦✉ ❛ ❡①♣r❡ssã♦ f(x1, . . . , xn) =

0✮ é ❞❡♥♦♠✐♥❛❞♦ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❛ á❧❣❡❜r❛ A✱ s❡ f(a1, . . . , an) = 0 ♣❛r❛

q✉❛✐sq✉❡r a1, . . . , an ∈ A✳ ❯♠❛ á❧❣❡❜r❛ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ✭P■✲á❧❣❡❜r❛✮ é ✉♠❛

á❧❣❡❜r❛ q✉❡ s❛t✐s❢❛③ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♥ã♦ tr✐✈✐❛❧✳

❙❡❣✉❡♠ ❛❧❣✉♥s ❡①❡♠♣❧♦s ✐♠♣♦rt❛♥t❡s ❞❡ á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱

♦✉ s❡❥❛✱ ❞❡ P■✲á❧❣❡❜r❛s✳

❊①❡♠♣❧♦ ✷✳✸✳✸ ❚♦❞❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ A é ✉♠❛ P■✲á❧❣❡❜r❛✱ ♣♦✐s ♦ ♣♦❧✐♥ô♠✐♦

❝♦♠✉t❛❞♦r f(x1, x2) = [x1, x2] = x1x2 − x2x1 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ A✳

❊①❡♠♣❧♦ ✷✳✸✳✹ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E é ✉♠❛ P■✲á❧❣❡❜r❛✱ ♣♦✐s ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦

✉s❛♥❞♦ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❞❡ E ♠♦str❛ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ f(x1, x2, x3) = [[x1, x2], x3]

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ E✳

❊①❡♠♣❧♦ ✷✳✸✳✺ ❯♠❛ K✲á❧❣❡❜r❛ A é ❞✐t❛ s❡r ✉♠❛ ◆✐❧✲á❧❣❡❜r❛ s❡ ♣❛r❛ ❝❛❞❛ a ∈ A

❡①✐st❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ n t❛❧ q✉❡ an = 0✳ ❖ ♠❡♥♦r ✐♥t❡✐r♦ n ❝♦♠ t❛❧ ♣r♦♣r✐❡❞❛❞❡

é ❞❡♥♦♠✐♥❛❞♦ í♥❞✐❝❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞♦ ❡❧❡♠❡♥t♦ a✳ ❯♠❛ á❧❣❡❜r❛ A é ✉♠❛ ◆✐❧✲á❧❣❡❜r❛

❞❡ í♥❞✐❝❡ n s❡ an = 0 ♣❛r❛ t♦❞♦ a ∈ A✳ ❚♦❞❛ ◆✐❧✲á❧❣❡❜r❛ ❞❡ í♥❞✐❝❡ ❧✐♠✐t❛❞♦ n é ✉♠❛

P■✲á❧❣❡❜r❛✱ ♣♦✐s s❛t✐s❢❛③ ♦ ♣♦❧✐♥ô♠✐♦ f(x) = xn✳

❊①❡♠♣❧♦ ✷✳✸✳✻ ❯♠❛ K✲á❧❣❡❜r❛ A é ❞✐t❛ s❡r ♥✐❧♣♦t❡♥t❡ s❡ ❡①✐st❡ ✉♠ ♥❛t✉r❛❧ ✜①♦ n t❛❧

q✉❡ ♦ ♣r♦❞✉t♦ ❞❡ q✉❛✐sq✉❡r n ❡❧❡♠❡♥t♦s ❞❡ A é ✐❣✉❛❧ ❛ ③❡r♦✳ ❖ ♠❡♥♦r ♥❛t✉r❛❧ n ❝♦♠ t❛❧

♣r♦♣r✐❡❞❛❞❡ é ❞❡♥♦♠✐♥❛❞♦ ♦ í♥❞✐❝❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞❛ á❧❣❡❜r❛ A✱ ❡ A é ❞❡♥♦♠✐♥❛❞❛ ✉♠❛

á❧❣❡❜r❛ ♥✐❧♣♦t❡♥t❡ ❞❡ ❝❧❛ss❡ n − 1✳ ❚♦❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ♥✐❧♣♦t❡♥t❡ ❞❡ ❝❧❛ss❡ n − 1

é ✉♠❛ P■✲á❧❣❡❜r❛✱ ♣♦✐s ❡❧❛ s❛t✐s❢❛③ ♦ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) = x1 . . . xn✳ ❖❜s❡r✈❛♠♦s

q✉❡ ♥❡st❡ ❡①❡♠♣❧♦ ❡ ♥♦ ❛♥t❡r✐♦r✱ ❛s á❧❣❡❜r❛s ❝♦♥s✐❞❡r❛❞❛s ♥ã♦ ♣♦ss✉❡♠ ✉♥✐❞❛❞❡✳

❆q✉✐ ♠❡♥❝✐♦♥❛♠♦s ❜r❡✈❡♠❡♥t❡ q✉❡ ♦ ❝❧áss✐❝♦ ❚❡♦r❡♠❛ ❞❡ ◆❛❣❛t❛✱ ❍✐❣♠❛♥✱

❉✉❜♥♦✈ ❡ ■✈❛♥♦✈✱ ❛✜r♠❛ q✉❡ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ✵✱ t♦❞❛ ♥✐❧✲á❧❣❡❜r❛ ❞❡ í♥❞✐❝❡ ❧✐♠✐t❛❞♦✱

é ♥✐❧♣♦t❡♥t❡✳ ❱❡r ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❈❛♣ít✉❧♦ ✽ ❞❡ ❬✶✻❪✳

❊①❡♠♣❧♦ ✷✳✸✳✼ ✭❘❡❣❡✈✱ ❬✶✻❪✮ ❙❡❥❛ E ′ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s❡♠ ✉♥✐❞❛❞❡ s♦❜r❡ ✉♠

❝♦r♣♦ ✐♥✜♥✐t♦ K ❝♦♠ ❝❤❛rK = p 6= 0✳ ❊♥tã♦✱ f(x) = xp é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

♣❛r❛ E ′✳

❊①❡♠♣❧♦ ✷✳✸✳✽ ❆ á❧❣❡❜r❛ M2(K) s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ f(x1, x2, x3) = [[x1, x2]
2, x3]

❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❍❛❧❧✳ ❆ ✈❡r✐✜❝❛çã♦ é s✐♠♣❧❡s✱ ❜❛st❛ ♦❜s❡r✈❛r♠♦s ❞♦✐s

❢❛t♦s✿

✭✶✮ ❙❡ a, b ∈ M2(K) ❡♥tã♦ tr([a, b]) = 0❀

✾



✭✷✮ ❙❡ a ∈ M2(K) ❡ tr(a) = 0 ❡♥tã♦ a2 = λI2 ♦♥❞❡ I2 é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡

M2(K)✳

❊①❡♠♣❧♦ ✷✳✸✳✾ ✭❚❡♦r❡♠❛ ❞❡ ❆♠✐ts✉r✲▲❡✈✐t③❦✐✱ ❬✶✻❪✮ ❆ á❧❣❡❜r❛ Mn(K) s❛t✐s❢❛③ ♦

♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ ❞❡ ❣r❛✉ 2n

s2n(x1, . . . , x2n) =
∑

σ∈S2n

(−1)σxσ(1) . . . xσ(2n)

♦♥❞❡ S2n é ♦ ❣r✉♣♦ ❞❛s ♣❡r♠✉t❛çõ❡s ❞❡ {1, 2, . . . , 2n} ❡ (−1)σ é ♦ s✐♥❛❧ ❞❛ ♣❡r♠✉t❛çã♦

σ✳ ❆❞❡♠❛✐s✱ ♥ã♦ s❛t✐s❢❛③ ✐❞❡♥t✐❞❛❞❡s s♦❜ ❛ ❢♦r♠❛ sk
m✱ ♣❛r❛ t♦❞♦ k q✉❛♥❞♦ m < 2n✳

❊①❡♠♣❧♦ ✷✳✸✳✶✵ ✭❘❡❣❡✈✱❬✸✵❪✮ ❖ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ A = A1 ⊗A2 ❞❡ ❞✉❛s P■✲á❧❣❡❜r❛s

é ✉♠❛ P■✲á❧❣❡❜r❛✳

❆♣ós ✈ár✐♦s ❡①❡♠♣❧♦s ❞❡ P■✲á❧❣❡❜r❛s✱ s✉r❣❡ ✉♠❛ ♣❡r❣✉♥t❛ ✐♥❡✈✐tá✈❡❧✿ ❊①✐st❡♠

á❧❣❡❜r❛s q✉❡ ♥ã♦ sã♦ P■✲á❧❣❡❜r❛s ❄ ❆ r❡s♣♦st❛ é s✐♠✳ ❆ á❧❣❡❜r❛ K〈X〉✱ ♣♦r ❡①❡♠♣❧♦✱ ♥ã♦

s❛t✐s❢❛③ ♥❡♥❤✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♥ã♦ ♥✉❧❛✳ ■st♦ ♣♦❞❡ s❡r ❝♦♠♣r❡❡♥❞✐❞♦ ♣♦r ✉♠

❛r❣✉♠❡♥t♦ s✐♠♣❧❡s✳ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ f(x1, . . . , xn) s❡❥❛ ✉♠❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ♥ã♦ ♥✉❧❛ ❞❡ K〈X〉✳ ❆ss✐♠✱ f(f1(x1), . . . , fn(xn)) = 0 ♦♥❞❡ fi(xi) = xi ♣❛r❛

i = 1, . . . , n✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s f(x1, . . . , xn) 6= 0✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ♠♦str❛ q✉❡ t♦❞❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é t❛♠❜é♠ ✉♠❛

P■✲á❧❣❡❜r❛✳

❚❡♦r❡♠❛ ✷✳✸✳✶✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❞✐❣❛♠♦s n✳ ❊♥tã♦✱ ❡❧❛

s❛t✐s❢❛③ ♦ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ ❞❡ ❣r❛✉ n + 1✱ ✐st♦ é✱ ♦ ♣♦❧✐♥ô♠✐♦

sn+1(x1, . . . , xn+1) =
∑

σ∈Sn+1

(−1)σxσ(1) . . . xσ(n+1).

Pr♦✈❛✿ ❉❛ ❞❡✜♥✐çã♦ ❞❡ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ é ✐♠❡❞✐❛t♦ q✉❡ ❡❧❡ é ✐❣✉❛❧ ❛ ③❡r♦✱ s❡ ❞♦✐s

❞❡ s❡✉s ❛r❣✉♠❡♥t♦s ❢♦r❡♠ ✐❣✉❛✐s✳ P♦r ♠✉❧t✐❧✐♥❡❛r✐❞❛❞❡✱ é s✉✜❝✐❡♥t❡ ✈❡r✐✜❝❛r♠♦s ♥✉♠❛

❜❛s❡ ❞❡ A✱ ❞✐❣❛♠♦s {e1, . . . , en}✳ ❖❜s❡r✈❡ q✉❡ sn+1(ei1 , . . . , ein+1
) é t❛❧ q✉❡ ❛♦ ♠❡♥♦s

❞♦✐s ❞♦s eij sã♦ ✐❣✉❛✐s✳ ❉❛í✱ sn+1 é ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ A✳

❉❡✜♥✐çã♦ ✷✳✸✳✶✷ ❯♠ ✐❞❡❛❧ I ❞❡ ✉♠❛ á❧❣❡❜r❛ A é ❞✐t♦ s❡r ✉♠ ❚✲✐❞❡❛❧✱ s❡ I ❢♦r

✐♥✈❛r✐❛♥t❡ s♦❜ t♦❞♦s ♦s ❡♥❞♦♠♦r✜s♠♦s Φ ❞❡ A✱ ✐st♦ é✱ s❡ Φ(I) ⊆ I ♣❛r❛ t♦❞♦

❡♥❞♦♠♦r✜s♠♦ Φ : A → A✳

❚❡♦r❡♠❛ ✷✳✸✳✶✸ ❖ ✐❞❡❛❧ T (A) ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ A é ✉♠ ❚✲✐❞❡❛❧ ❞❡ K〈X〉✳

✶✵



Pr♦✈❛✿ ➱ ❢á❝✐❧ ✈❡r q✉❡ T (A) é ✉♠ ✐❞❡❛❧ ❞❡ K〈X〉✳ ❙❡❥❛♠ f(x1, . . . , xn) ∈ T (A) ❡

Φ : K〈X〉 → K〈X〉 ✉♠ ❡♥❞♦♠♦r✜s♠♦✳ ❈♦♠♦ Φ(f(x1, . . . , xn)) = f(Φ(x1), . . . , Φ(xn))

❡ f(a1, . . . , an) = 0 ♣❛r❛ q✉❛✐sq✉❡r a1, . . . , an ∈ A✱ ♦❜t❡♠♦s q✉❡✱ Φ(f(x1, . . . , xn)) ∈

T (A)✳ P♦rt❛♥t♦✱ Φ(T (A)) ⊆ T (A)✳

❚❡♦r❡♠❛ ✷✳✸✳✶✹ ❙❡ I é ✉♠ ❚✲✐❞❡❛❧ ❞❡ K〈X〉✱ ❡♥tã♦ I = T (K〈X〉/I)✳

Pr♦✈❛✿ ❙❡❥❛♠ f(x1, . . . , xn) ∈ I ❡ f1, . . . , fn ∈ K〈X〉✳ ❈♦♠♦ f(f1, . . . , fn) ∈ I✱ t❡♠♦s

q✉❡

f(f1 + I, . . . , fn + I) = f(f1, . . . , fn) + I = I.

▲♦❣♦✱ I ⊆ T (K〈X〉/I)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❞♦✲s❡ q✉❡ f(x1, . . . , xn) ∈ T (K〈X〉/I)✱

♦❜t❡♠♦s I = f(x1 + I, . . . , xn + I) = f(x1, . . . , xn) + I✳ ❉♦♥❞❡✱ f(x1, . . . , xn) ∈ I✳

▲♦❣♦ T (K〈X〉/I) ⊆ I✳ P♦rt❛♥t♦ t❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡✳

❉❡✜♥✐çã♦ ✷✳✸✳✶✺ ❉✉❛s á❧❣❡❜r❛s A ❡ B sã♦ ❞✐t❛s P■✲❡q✉✐✈❛❧❡♥t❡s ❡ ❞❡♥♦t❛♠♦s

♣♦r A ∼ B✱ s❡ ❡❧❛s s❛t✐s❢❛③❡♠ ❛s ♠❡s♠❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ ♦✉ s❡❥❛✱ s❡

T (A) = T (B)✳

❉❡✜♥✐çã♦ ✷✳✸✳✶✻ ❙❡❥❛ B ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ T (A) ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ A✱ ❞✐r❡♠♦s

q✉❡ B é ✉♠❛ ❜❛s❡ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❡ A✳ ❙❡ B ♥ã♦ ❝♦♥té♠ ♣r♦♣r✐❛♠❡♥t❡ ♥❡♥❤✉♠❛ ❜❛s❡

❞❡ A✱ B s❡rá ❞❡♥♦♠✐♥❛❞❛ ✉♠❛ ❜❛s❡ ♠✐♥✐♠❛❧ ❞❡ T (A)✳ ❙❡ S é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡

K〈X〉✱ ♦ ❚✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S é ❞❡♥♦t❛❞♦ ♣♦r 〈S〉T ✳ ◆♦✉tr❛s ♣❛❧❛✈r❛s✱ 〈S〉T é ♦ ✐❞❡❛❧

❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

{f(g1, . . . , gn) | f(x1, . . . , xn) ∈ S; gi ∈ K〈X〉}.

❙❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f ∈ K〈X〉 ♣❡rt❡♥❝❡ ❛ 〈S〉T ❞✐③❡♠♦s q✉❡ f s❡❣✉❡ ❞❡ S✱ ♦✉ q✉❡ f é

✉♠❛ ❝♦♥s❡qüê♥❝✐❛ ❞❡ S✳ ❉♦✐s s✉❜❝♦♥❥✉♥t♦s ❞❡ K〈X〉 sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡ ❡❧❡s ❣❡r❛♠ ♦

♠❡s♠♦ ❚✲✐❞❡❛❧✳

❯♠ ❞♦s ♣r✐♥❝✐♣❛✐s ♣r♦❜❧❡♠❛s ❞❛ t❡♦r✐❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s é ❡♥❝♦♥tr❛r✱

♣❛r❛ ✉♠❛ ❞❛❞❛ á❧❣❡❜r❛✱ ❜❛s❡s ♣❛r❛ s✉❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳ ❙❡❣✉❡♠ ❛❧❣✉♥s

❡①❡♠♣❧♦s ❞❡ ❜❛s❡s ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳

❊①❡♠♣❧♦ ✷✳✸✳✶✼ ✭✈❡❥❛✱ ❬✶✻❪✮ ❆ á❧❣❡❜r❛ M2(K) q✉❛♥❞♦ K é ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛

③❡r♦✱ t❡♠ ♣♦r ❜❛s❡ ♠✐♥✐♠❛❧

s4(x1, x2, x3, x4) ❡ h(x1, x2, x3) = [[x1, x2]
2, x3].
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❊①❡♠♣❧♦ ✷✳✸✳✶✽ ❘❡❣❡✈ ❡ ❑r❛❦♦✇s❦✐✱ ❡♠ ❬✶✻❪✱ ♠♦str❛r❛♠ q✉❡ s♦❜r❡ ❝♦r♣♦s ❞❡ ❜❛s❡

❝♦♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s❡❣✉❡♠ ❞❛

✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ [[x1, x2], x3] = 0✳ ❊st❡ ú❧t✐♠♦ r❡s✉❧t❛❞♦ ❣❡♥❡r❛❧✐③❛✲s❡ ❢❛❝✐❧♠❡♥t❡

♣❛r❛ ♦ ❝❛s♦ ❞❡ ❝♦r♣♦s ✐♥✜♥✐t♦s ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛ ❡ ❞✐❢❡r❡♥t❡ ❞❡ ❞♦✐s ✭q✉❛♥❞♦

char(K) = 2✱ ❛ á❧❣❡❜r❛ é ❝♦♠✉t❛t✐✈❛✱ ❧♦❣♦ ♥ã♦ ♠✉✐t♦ ✏✐♥t❡r❡ss❛♥t❡✑ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛

❞❛ P■ t❡♦r✐❛✳ P♦✐s✱ ♥❡st❡ ❝❛s♦✱ ✉♠ r❛❝✐♦❝í♥✐♦ s✐♠♣❧❡s ♠♦str❛ q✉❡ q✉❛❧q✉❡r ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ q✉❡ ♥ã♦ s❡❥❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡✱ ✐♠♣❧✐❝❛ ♥❛ ♥✐❧♣♦tê♥❝✐❛ ❞❛

á❧❣❡❜r❛✮✳ ❘❡ss❛❧t❛♠♦s ❛✐♥❞❛ q✉❡ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❞❡

❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ é ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ P■✲á❧❣❡❜r❛ q✉❡ ♥ã♦ s❛t✐s❢❛③ ♥❡♥❤✉♠❛ ✐❞❡♥t✐❞❛❞❡

st❛♥❞❛r❞✱ q✉❛♥❞♦ ♦ ❝♦r♣♦ ❜❛s❡ é ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ◗✉❛♥❞♦✱ ❝❤❛rK = p > 2✱ ❛

á❧❣❡❜r❛ E s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ st❛♥❞❛r❞ ❞❡ ❣r❛✉ p + 1✳ ❯♠ t❡♦r❡♠❛ ❞❡✈✐❞♦ ❛ ❑❡♠❡r✱

✈❡❥❛ ❬✷✵❪✱ ❛✜r♠❛ q✉❡ ♥❡st❡ ú❧t✐♠♦ ❝❛s♦✱ t♦❞❛ P■✲á❧❣❡❜r❛ s❛t✐s❢❛③ ❛❧❣✉♠❛ ✐❞❡♥t✐❞❛❞❡

st❛♥❞❛r❞✳

❊♠ ✶✾✺✵✱ ❙♣❡❝❤t ❬✸✷❪ ❢♦r♠✉❧♦✉ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ♣❛r❛ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s

s♦❜r❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✿ ❚♦❞❛ á❧❣❡❜r❛ ♣♦ss✉✐ ✉♠❛ ❜❛s❡ ✜♥✐t❛ ♣❛r❛ s✉❛s

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s❄ ❊st❛ ♣❡r❣✉♥t❛✱ q✉❡ ✜❝♦✉ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♦ ♣r♦❜❧❡♠❛ ❞❡

❙♣❡❝❤t✱ ♣❛ss♦✉ ❛ s❡r ✉♠❛ ❞❛s q✉❡stõ❡s ❝❡♥tr❛✐s ❞❛ t❡♦r✐❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

❡ ❢♦✐ ✜♥❛❧♠❡♥t❡ r❡s♣♦♥❞✐❞❛ ❞❡ ♠♦❞♦ ♣♦s✐t✐✈♦ ♣♦r ❑❡♠❡r ❡♠ ✶✾✽✼ ✭✈❡❥❛✱ ❬✶✾❪✮✳ P♦r

✈♦❧t❛ ❞❡ ✶✾✼✸❀ ❑r❛✉s❡ ❡ ▲✈♦✈✱ s❡♣❛r❛❞❛♠❡♥t❡✱ ♣r♦✈❛r❛♠ q✉❡ ❡st❡ ♣r♦❜❧❡♠❛ t❡♠

r❡s♣♦st❛ ♣♦s✐t✐✈❛ ♣❛r❛ á❧❣❡❜r❛s ✜♥✐t❛s✳ ❆ r❡s♣♦st❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t é

♥❡❣❛t✐✈❛ ♥♦ ❝❛s♦ ❞❡ á❧❣❡❜r❛s s♦❜r❡ ❝♦r♣♦s ✐♥✜♥✐t♦s ❡ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✳ ◆ã♦

✈❛♠♦s ❡♥tr❛r ❡♠ ❞❡t❛❧❤❡s s♦❜r❡ ♦ ❛✈❛♥ç♦ ♥❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t✱ ♣♦✐s

♦ ❛ss✉♥t♦ ♠❡r❡❝❡ ❛t❡♥çã♦ ❡s♣❡❝✐❛❧✱ ❡♥✈♦❧✈❡♥❞♦ ♠ét♦❞♦s ❡ té❝♥✐❝❛s s♦✜st✐❝❛❞❛s✱ ❡ ♥ã♦

❡stá ❞✐r❡t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ❝♦♥t❡ú❞♦ ❞❛ ♣r❡s❡♥t❡ ❞✐ss❡rt❛çã♦✳ ▼❛✐s ❛❞✐❛♥t❡✱

❢❛r❡♠♦s ✉♠❛ ❡①♣♦s✐çã♦ r❡s✉♠✐❞❛ s♦❜r❡ ❛❧❣✉♥s ♣♦♥t♦s ❞❛ t❡♦r✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❑❡♠❡r✱

❝♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ❥✉st✐✜❝❛r ♦ ♥♦ss♦ ✐♥t❡r❡ss❡ ♥♦ ❡st✉❞♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❡♠ á❧❣❡❜r❛s

♠❛tr✐❝✐❛✐s ❡ ❞❡ ●r❛ss♠❛♥♥✳

✷✳✹ ❱❛r✐❡❞❛❞❡s ❡ á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛s ✈❛r✐❡❞❛❞❡s ✭❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✮ q✉❡

❝❧❛ss✐✜❝❛♠ ❛s P■✲á❧❣❡❜r❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ✐❞❡♥t✐❞❛❞❡s q✉❡ ❡st❛s s❛t✐s❢❛③❡♠✳ ❉❡♥tr♦

❞❛s ✈❛r✐❡❞❛❞❡s✱ ❡♥❝♦♥tr❛♠✲s❡ s❡✉s ❡❧❡♠❡♥t♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s✱ ❛s á❧❣❡❜r❛s ❧✐✈r❡s✳

❆tr❛✈és ❞❡st❡s ❝♦♥❝❡✐t♦s✱ ❞❡s❡♥✈♦❧✈❡✲s❡ ♦ ❡st✉❞♦ ❞❛s á❧❣❡❜r❛s ❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s
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♣♦❧✐♥♦♠✐❛✐s✳

❉❡✜♥✐çã♦ ✷✳✹✳✶ ❙❡❥❛ I ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ K〈X〉✳ ❆ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s var(I)

❞❡✜♥✐❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ I é ❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s q✉❡ s❛t✐s❢❛③❡♠ ❝❛❞❛ ✐❞❡♥t✐❞❛❞❡

❞❡ I✳ ❖ ❝♦♥❥✉♥t♦ I é ♦ ❝♦♥❥✉♥t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s q✉❡ ❞❡✜♥❡♠ ❛ ✈❛r✐❡❞❛❞❡ var(I)✳ ➱

❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♦ ❝♦♥❥✉♥t♦ I ❡stá ❝♦♥t✐❞♦ ♥♦ ♥ú❝❧❡♦ ❞❡ q✉❛❧q✉❡r ❤♦♠♦♠♦r✜s♠♦ ❞❛

á❧❣❡❜r❛ ❧✐✈r❡ K〈X〉 ♥✉♠❛ á❧❣❡❜r❛ ❞❛ ✈❛r✐❡❞❛❞❡ var(I)✳ ❆ ✈❛r✐❡❞❛❞❡ tr✐✈✐❛❧ é ❛ ❝❧❛ss❡

❞❡ á❧❣❡❜r❛s q✉❡ ❝♦♥té♠ ❛♣❡♥❛s ❛ á❧❣❡❜r❛ ♥✉❧❛ ✭♥♦✉tr❛s ♣❛❧❛✈r❛s✱ é ❛ ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛

♣❡❧♦ ❝♦♥❥✉♥t♦ K〈X〉✮✳

❉❡✜♥✐çã♦ ✷✳✹✳✷ ❙❡ V é ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s✱ ♦ ❝♦♥❥✉♥t♦

T (V) = {f ∈ K〈X〉 | f ∈ T (A) ♣❛r❛ ❝❛❞❛ A ∈ V}

é ✉♠ ❚✲✐❞❡❛❧ ❞❡ K〈X〉 ❝❤❛♠❛❞♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s q✉❡ ❞❡✜♥❡♠ ❛ ✈❛r✐❡❞❛❞❡ V✳

❉❡✜♥✐çã♦ ✷✳✹✳✸ ❙❡❥❛ V ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s✳ P❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ✜①♦ Y ✱ ❛

á❧❣❡❜r❛ UY (V) ∈ V é ✉♠❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡ V✱ s❡ UY (V) é ❧✐✈r❡

♥❛ ❝❧❛ss❡ V ✭❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r Y ✮✳ ❆ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ Y é ❝❤❛♠❛❞❛ ♦ ♣♦st♦ ❞❡

UY (V)✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ♠♦str❛ q✉❡ t♦❞❛ ✈❛r✐❡❞❛❞❡ t❡♠ ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡✳

❚❡♦r❡♠❛ ✷✳✹✳✹ ❙❡❥❛♠ V ✉♠❛ ✈❛r✐❡❞❛❞❡ ♥ã♦ tr✐✈✐❛❧ ❞❡ á❧❣❡❜r❛s ❡ Π : K〈X〉 →

K〈X〉/T (V) ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❊♥tã♦✱

✭✶✮ ❆ r❡str✐çã♦ ❞❡ Π ❛ X é ✐♥❥❡t♦r❛❀

✭✷✮ ❆ á❧❣❡❜r❛ K〈X〉/T (V) é ❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡ V ❝♦♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❧✐✈r❡ Π(X)✳

Pr♦✈❛✿ ✭✶✮ ❙❡❥❛♠ x1 ❡ x2 ❞♦✐s ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❞❡ X t❛✐s q✉❡ Π(x1) = Π(x2)✳

❈♦♥s✐❞❡r❛♠♦s ✉♠❛ á❧❣❡❜r❛ ♥ã♦ ♥✉❧❛ A ❞❡ V ❡ ✉♠ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦ a ❞❡ A✳ ❊♥tã♦✱

❡①✐st❡ ❤♦♠♦♠♦r✜s♠♦ Ψ : K〈X〉 → A t❛❧ q✉❡ Ψ(x1) = a ❡ Ψ(x2) = 0✳ ❈♦♠♦ T (V) ❡stá

❝♦♥t✐❞♦ ♥♦ ♥ú❝❧❡♦ ❞❡ Ψ✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ Φ : K〈X〉/T (V) → A ♣❛r❛ ♦ q✉❛❧

Φ ◦ Π = Ψ✳ ▼❛s✱

a = Ψ(x1) = Φ ◦ Π(x1) = Φ ◦ Π(x2) = Ψ(x2) = 0

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦ x1 = x2 ❡ ❛ss✐♠ Π r❡str✐t♦ ❛ X é ✐♥❥❡t♦r❛✳

✭✷✮ ❆ á❧❣❡❜r❛ K〈X〉/T (V) é ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ Π(X) ❡ ♣❡rt❡♥❝❡ ❛ V ❞❡s❞❡ q✉❡

s❛t✐s❢❛③ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ T (V)✳ ❱❛♠♦s ♠♦str❛r q✉❡ ❡st❛ á❧❣❡❜r❛ é ❧✐✈r❡ ❡♠ V ✱ ❝♦♠
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❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❧✐✈r❡ Π(X)✳ ❙❡❥❛♠ A ∈ V ❡ σ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ Π(X) ❡♠ A✳ ❈♦♠♦

K〈X〉 é á❧❣❡❜r❛ ❧✐✈r❡ ❝♦♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r X✱ ❛ ❛♣❧✐❝❛çã♦ σ ◦Π : X → A ❡st❡♥❞❡✲s❡ ❛

✉♠ ❤♦♠♦♠♦r✜s♠♦ Φ : K〈X〉 → A✳ ❊①✐st❡ ❤♦♠♦♠♦r✜s♠♦ Ψ : K〈X〉/T (V) → A ♣❛r❛

♦ q✉❛❧ Ψ ◦ Π = Φ✱ ♣♦✐s T (V) ⊆ Ker(Φ)✳ ❙❡ x ∈ X✱ t❡♠♦s q✉❡

Ψ(Π(x)) = Ψ ◦ Π(x) = Φ(x) = σ ◦ Π(x) = σ(Π(x))

♦✉ s❡❥❛✱ ♦ ❤♦♠♦♠♦r✜s♠♦ Ψ ❡st❡♥❞❡ ❛ ❛♣❧✐❝❛çã♦ σ✳ P♦rt❛♥t♦✱ K〈X〉/T (V) é ✉♠❛ á❧❣❡❜r❛

❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡ V ✱ t❡♥❞♦ ❝♦♠♦ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❧✐✈r❡ Π(X)✳

❯♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s é ❝❧❛r❛♠❡♥t❡ ❢❡❝❤❛❞❛ s♦❜ ❛s ♦♣❡r❛çõ❡s ❞❡ t♦♠❛r

s✉❜á❧❣❡❜r❛s✱ ✐♠❛❣❡♠ ❤♦♠♦♠ór✜❝❛ ❡ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ V ❞❡ á❧❣❡❜r❛s

é ❣❡r❛❞❛ ♣♦r ✉♠❛ ❝❧❛ss❡ U ❞❡ á❧❣❡❜r❛s s❡✱ t♦❞❛ á❧❣❡❜r❛ ❞❡ V ♣♦❞❡ s❡r ♦❜t✐❞❛ ❞❛s

á❧❣❡❜r❛s ❞❡ U ♣♦r ✉♠❛ s❡qüê♥❝✐❛ ✜♥✐t❛ ❞❡ ❛♣❧✐❝❛çõ❡s ❞❛s ♦♣❡r❛çõ❡s ❝✐t❛❞❛s ❛❝✐♠❛✿

❞❡♥♦t❛♠♦s ❡st❡ ❢❛t♦ ♣♦r V = var(U) ♦✉✱ ♣♦r V = var(A) q✉❛♥❞♦ ❛ ❝❧❛ss❡ U ❝♦♥té♠

❛♣❡♥❛s ✉♠❛ á❧❣❡❜r❛ A✳ ❖ ❝❧áss✐❝♦ ❚❡♦r❡♠❛ ❞❡ ❇✐r❦❤♦✛ ✭✈❡❥❛✱ ❬✶✻❪✮ ❞❡♠♦♥str❛ q✉❡ ✉♠❛

❝❧❛ss❡ ♥ã♦ ✈❛③✐❛ ❞❡ á❧❣❡❜r❛s é ✈❛r✐❡❞❛❞❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡❧❛ é ❢❡❝❤❛❞❛ ❝♦♠ r❡s♣❡✐t♦ às

três ♦♣❡r❛çõ❡s ❛❝✐♠❛ ❞❡s❝r✐t❛s✳

◆♦ ♣ró①✐♠♦ ❚❡♦r❡♠❛✱ ❧✐st❛♠♦s ❛❧❣✉♠❛s ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❛s ✈❛r✐❡❞❛❞❡s

✭♦♠✐t✐♠♦s ❛ ♣r♦✈❛✱ ♣♦✐s ❛ ♠❡s♠❛ é ❜❛st❛♥t❡ ❞✐r❡t❛✮✳ ➱ ✐♠♣♦rt❛♥t❡ ❢r✐s❛r q✉❡ ❡❧❡ só é

✈á❧✐❞♦ ❞❡✈✐❞♦ ❛♦ ❝♦♥❥✉♥t♦ X s❡r ✐♥✜♥✐t♦✳

❚❡♦r❡♠❛ ✷✳✹✳✺ ❙❡❥❛♠ U1 ❡ U2 ❞✉❛s ❝❧❛ss❡s ❞❡ á❧❣❡❜r❛s ❡ V ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s✳

❊♥tã♦✱

✭✶✮ T (U1) = ∩A∈U1
T (A) = T (var(U1))❀

✭✷✮ U1 ⊆ U2 ⇒ T (U2) ⊆ T (U1)❀

✭✸✮ U1 ⊆ V ⇔ T (V) ⊆ T (U1)❀

✭✹✮ ❙❡ F é ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ❡♠ V✱ ❡♥tã♦ T (V) = T (F)✳

❈♦r♦❧ár✐♦ ✷✳✹✳✻ ❙❡ A é ✉♠❛ á❧❣❡❜r❛✱ ❡♥tã♦ T (var(A)) = T (A)✳

❱ár✐♦s r❡s✉❧t❛❞♦s ❡ ❞❡✜♥✐çõ❡s ❛♣r❡s❡♥t❛❞♦s ♥❡st❛ s❡çã♦ ♣♦❞❡♠ s❡r ❣❡♥❡r❛❧✐③❛❞♦s

♣❛r❛ á❧❣❡❜r❛s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❛ss♦❝✐❛t✐✈❛s ✭á❧❣❡❜r❛s ❞❡ ▲✐❡✱ ❞❡ ❏♦r❞❛♥✱

❛❧t❡r♥❛t✐✈❛s✱ ❡♥tr❡ ♦✉tr❛s✮✱ s♦❜r❡ ❛♥é✐s ❝♦♠✉t❛t✐✈♦s ❝♦♠ ✐❞❡♥t✐❞❛❞❡✳ P♦ré♠✱ ❝♦♠♦
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❛s á❧❣❡❜r❛s tr❛t❛❞❛s ♥❡st❡ t❡①t♦ sã♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ á❧❣❡❜r❛s ❞❡ ♠❛tr✐③❡s ❡ ❛ á❧❣❡❜r❛ ❞❡

●r❛ss♠❛♥♥✱ ♥ós r❡str✐♥❣✐♠♦s ❛s ❞❡✜♥✐çõ❡s às á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s s♦❜r❡ ❝♦r♣♦s✳

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ❝❛r❛❝t❡r✐③❛ ❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❡♠ q✉❛❧q✉❡r

✈❛r✐❡❞❛❞❡✳

Pr♦♣♦s✐çã♦ ✷✳✹✳✼ ❙❡❥❛♠ V ❛ ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦r {fi | i ∈ I}✱ Y ✉♠ ❝♦♥❥✉♥t♦

q✉❛❧q✉❡r ❡ J ♦ ✐❞❡❛❧ ❞❡ K〈Y 〉 ❣❡r❛❞♦ ♣♦r

{fi(g1, . . . , gni
) | gi ∈ K〈Y 〉; i ∈ I}.

❊♥tã♦✱ ❛ á❧❣❡❜r❛ U = K〈Y 〉/J é ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❡♠ V ❝♦♠ ❝♦♥❥✉♥t♦ ❞❡

❣❡r❛❞♦r❡s ❧✐✈r❡ Y = {y + J | y ∈ Y }✳ ❉✉❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❞❡ ♠❡s♠♦

♣♦st♦ ❡♠ V sã♦ ✐s♦♠♦r❢❛s✳

Pr♦✈❛✿

✭✶✮ ❱❛♠♦s ♠♦str❛r q✉❡ U ∈ V ✳ ❙❡❥❛ fi(x1, . . . , xn) ✉♠❛ ❞❛s ✐❞❡♥t✐❞❛❞❡s q✉❡

❞❡✜♥❡♠ V ❡ s❡❥❛♠ g1, . . . , gn ∈ U ♦♥❞❡ gj = gj + J ❝♦♠ gj ∈ K〈Y 〉✳ ❊♥tã♦✱

fi(g1, . . . , gn) ∈ J ✳ ▲♦❣♦✱ fi(g1, . . . , gn) = 0✳ ■st♦ ♠♦str❛ q✉❡ fi(x1, . . . , xn) = 0 é

✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ U ✳ ❉❛í✱ U ∈ V✳

✭✷✮ ❆❣♦r❛ ✈❛♠♦s ♣r♦✈❛r ❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❡ U ✳ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❞❡ V

❡ Ψ : Y → A ✉♠❛ ❢✉♥çã♦ ❛r❜✐trár✐❛✳ ❉❡✜♥✐♠♦s ❛ ❢✉♥çã♦ Θ : Y → A ♣♦♥❞♦

Θ(y) = Ψ(y) ❡ ❡st❡♥❞❡♠♦s Θ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✭t❛♠❜é♠ ❞❡♥♦t❛❞♦ ♣♦r Θ✮

Θ : K〈Y 〉 → A✳ ■st♦ é s❡♠♣r❡ ♣♦ssí✈❡❧✱ ♣♦rq✉❡ K〈Y 〉 é á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛

❧✐✈r❡✳ P❛r❛ ♣r♦✈❛r q✉❡ Ψ ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ U ❡♠ A✱ é

s✉✜❝✐❡♥t❡ ♠♦str❛r♠♦s q✉❡ J ⊆ Ker(Θ)✳ ❙❡❥❛ f ∈ J ✱ ✐st♦ é✱

f =
∑

i∈I

uifi(gi1
, . . . , gin

)vi ♦♥❞❡ gij , ui, vi ∈ K〈Y 〉

♣❛r❛ ri1 , . . . , rin ∈ A✱ ♦ ❡❧❡♠❡♥t♦ fi(ri1 , . . . , rin) é ✐❣✉❛❧ ❛ ③❡r♦ ❡♠ A✱ ❡ ✐st♦ ✐♠♣❧✐❝❛

q✉❡ Θ(f) = 0✱ ✐st♦ é✱ J ⊆ Ker(Θ) ❡ U ≃ UY (V) é ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡

❡♠ V ✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r Y ✳

✭✸✮ |Y | = |Z| ❝♦♠ Y = {yi | i ∈ I} ❡ Z = {Zi | i ∈ I}✳ ❙❡❥❛♠ UY (V) ❡ UZ(V)

s✉❛s ❝♦rr❡s♣♦♥❞❡♥t❡s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

❤♦♠♦♠♦r✜s♠♦s

Ψ : UY (V) → UZ(V) ❡ Φ : UZ(V) → UY (V)

✶✺



♣♦♥❞♦ Ψ(yi) = zi ❡ Φ(zi) = yi✳ ❆ss✐♠✱ Ψ ❡ Φ sã♦ ✐s♦♠♦r✜s♠♦s✳

❆ ♣❛rt✐r ❞❡ ✭✶✮✱ ✭✷✮ ❡ ✭✸✮ t❡♠♦s ♦ r❡q✉❡r✐❞♦✳

❖❜s❡r✈❛çã♦ ✷✳✹✳✽ ❆ ♣❛rt✐r ❞❛ Pr♦♣♦s✐çã♦ ✷✳✹✳✼✱ t❡♠♦s q✉❡ ♦ ❚✲✐❞❡❛❧ ❞❡ K〈X〉 ❣❡r❛❞♦

♣♦r {fi | i ∈ I} ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞♦s ❡❧❡♠❡♥t♦s s♦❜ ❛ ❢♦r♠❛

uifi(gi1 , . . . , gin)vi ♦♥❞❡ gij , ui, vi ∈ K〈X〉.

✷✳✺ ■❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❤♦♠♦❣ê♥❡❛s✱

♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣ró♣r✐❛s

◆❡st❛ s❡çã♦✱ ✈❡r✐✜❝❛♠♦s q✉❡ s♦❜ ❞❡t❡r♠✐♥❛❞❛s ❝♦♥❞✐çõ❡s ♣♦❞❡♠♦s s✐♠♣❧✐✜❝❛r

❛s ✐❞❡♥t✐❞❛❞❡s q✉❡ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦✳ ❆ ♣r✐♠❡✐r❛ ✈✐st❛✱ ❡st❡s r❡s✉❧t❛❞♦s ♣❛r❡❝❡♠

❛♣❡♥❛s s✐♠♣❧✐✜❝❛r ❛s té❝♥✐❝❛s✱ ♠❛s s✉❛ ✐♠♣♦rtâ♥❝✐❛ ✈❛✐ ♠✉✐t♦ ❛❧é♠ ❞✐ss♦✱ ❝♦♠♦ ✈❡r❡♠♦s

♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✳

❉❡✜♥✐çã♦ ✷✳✺✳✶ ❯♠ ♠♦♥ô♠✐♦ m t❡♠ ❣r❛✉ k ❡♠ xi s❡ ❛ ✈❛r✐á✈❡❧ xi ♦❝♦rr❡ ❡♠ m

❡①❛t❛♠❡♥t❡ k ✈❡③❡s✳ ❯♠ ♣♦❧✐♥ô♠✐♦ é ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ k ❡♠ xi s❡ t♦❞♦s ♦s s❡✉s

♠♦♥ô♠✐♦s tê♠ ❣r❛✉ k ❡♠ xi✳ ❉❡♥♦t❛♠♦s ❡st❡ ❢❛t♦ ♣♦r degxi
f = k✳ ❯♠ ♣♦❧✐♥ô♠✐♦

❧✐♥❡❛r ❡♠ xi é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ 1 ❡♠ xi✳

❉❡✜♥✐çã♦ ✷✳✺✳✷ ❯♠ ♣♦❧✐♥ô♠✐♦ é ♠✉❧t✐❤♦♠♦❣ê♥❡♦ s❡ ♣❛r❛ ❝❛❞❛ ✈❛r✐á✈❡❧ xi t♦❞♦s ♦s

s❡✉s ♠♦♥ô♠✐♦s tê♠ ♦ ♠❡s♠♦ ❣r❛✉ ❡♠ xi✳ ❯♠ ♣♦❧✐♥ô♠✐♦ é ♠✉❧t✐❧✐♥❡❛r s❡ é ❧✐♥❡❛r ❡♠

❝❛❞❛ ✈❛r✐á✈❡❧✳ ❖ ❣r❛✉ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ é ♦ ❣r❛✉ ❞♦ s❡✉ ♠❛✐♦r ♠♦♥ô♠✐♦✳

❉❡✜♥✐çã♦ ✷✳✺✳✸ ❙❡❥❛♠ f ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ K〈X〉 ❞❡ ❣r❛✉ n ❡ xk ✉♠❛ ✈❛r✐á✈❡❧ ❞❡ f ✳

P♦❞❡♠♦s ❡s❝r❡✈❡r f ❝♦♠♦ ✉♠❛ s♦♠❛ f =
∑n

i=0 fi✱ ♦♥❞❡ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ fi é ❤♦♠♦❣ê♥❡♦

❞❡ ❣r❛✉ i ♥❛ ✈❛r✐á✈❡❧ xk✳ ❈❛❞❛ ♣♦❧✐♥ô♠✐♦ fi é ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ i ❡♠

xk ❞♦ ♣♦❧✐♥ô♠✐♦ f ✳

❖s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♠✉❧t✐❤♦♠♦❣ê♥❡♦s ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧

✐♠♣♦rt❛♥t❡ ♥❛ ❜✉s❝❛ ❞❡ ❜❛s❡s ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s s♦❜r❡ ❞❡t❡r♠✐♥❛❞♦s t✐♣♦s

❞❡ ❝♦r♣♦s✳ ❊st❡ ❢❛t♦ ❥á ♦❜s❡r✈❛❞♦ ♣♦r ❙♣❡❝❤t ❡♠ ✶✾✺✵ ❡stá ❞❡s❡♥✈♦❧✈✐❞♦ ♥♦ ♣ró①✐♠♦

❧❡♠❛✳

▲❡♠❛ ✷✳✺✳✹ ❙❡❥❛ f(x1, . . . , xm) =
∑n

i=0 fi(x1, . . . , xm) ∈ K〈X〉 ♦♥❞❡ fi é ❛

❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ f ❝♦♠ ❣r❛✉ i ❡♠ x1✳

✶✻



✭✐✮ ❙❡ ♦ ❝♦r♣♦ K ❝♦♥té♠ ♠❛✐s q✉❡ n ❡❧❡♠❡♥t♦s✱ ❡♥tã♦ ❛s ✐❞❡♥t✐❞❛❞❡s fi = 0 ♦♥❞❡

i = 1, 2, . . . , n s❡❣✉❡♠ ❞❡ f = 0❀

✭✐✐✮ ❙❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ é ③❡r♦ ♦✉ ♠❛✐♦r q✉❡ ♦ ❣r❛✉ ❞❡ f ❡♥tã♦ f = 0 é

❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♠✉❧t✐❧✐♥❡❛r❡s✳

Pr♦✈❛✿ ✭✐✮ ❙❡❥❛ I = 〈f〉T ♦ T ✲✐❞❡❛❧ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r f ✳ ❊s❝♦❧❤❡♠♦s n+1 ❡❧❡♠❡♥t♦s

❞✐st✐♥t♦s α0, . . . , αn ❞❡ K✳ ❈♦♠♦ I é ✉♠ T ✲✐❞❡❛❧✱ ♦❜t❡♠♦s q✉❡

f(αjx1, x2, . . . , xm) =
n∑

i=0

αi
jfi(x1, x2, . . . , xm) ∈ I ❀ j = 0, 1, . . . , n.

❈♦♥s✐❞❡r❛♠♦s ❡st❛s ❡q✉❛çõ❡s ❝♦♠♦ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❝♦♠ ✐♥❝ó❣♥✐t❛s fi ♣❛r❛ i =

0, 1, . . . , n✳ ❙❡♥❞♦ ∣∣∣∣∣∣∣∣∣∣∣∣

1 α0 · · · αn
0

1 α1 · · · αn
1

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

1 αn · · · αn
n

∣∣∣∣∣∣∣∣∣∣∣∣

=
∏

i<j

(αj − αi)

✉♠ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ❱❛♥❞❡r♠♦♥❞❡ q✉❡ é ❞✐❢❡r❡♥t❡ ❞❡ ✵✱ t❡♠♦s q✉❡ ❝❛❞❛

fi(x1, x2, . . . , xm) ∈ I✱ ♦✉ s❡❥❛✱ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s fi = 0 sã♦ ❝♦♥s❡qüê♥❝✐❛s

❞❡ f = 0✳

✭✐✐✮ P❡❧❛ ♣❛rt❡ ✭✐✮✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ fi(x1, x2, . . . , xm) é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳ ❙❡❥❛

k = degx1
f ✳ ❊s❝r❡✈❡♠♦s fi(y1 + y2, x2, . . . , xm) ∈ I s♦❜ ❛ ❢♦r♠❛

f(y1 + y2, x2, . . . , xm) =
k∑

i=0

fi(y1, y2, x2, . . . , xm)

♦♥❞❡ fi é ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ i ❡♠ y1✳ ▲♦❣♦✱ fi ∈ I ♣❛r❛ i = 0, 1, . . . , k✳

❈♦♠♦ degyj
fi < k ❀ i = 1, 2, . . . , k−1 ❀ j = 1, 2✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❛r❣✉♠❡♥t♦s ✐♥❞✉t✐✈♦s

❡ ♦❜t❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥s❡qüê♥❝✐❛s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ f = 0✳ P❛r❛ ✈❡r q✉❡ ❡st❛s

✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛ f = 0 é s✉✜❝✐❡♥t❡ ♦❜s❡r✈❛r♠♦s q✉❡

fi(y1, y2, x2, . . . , xm) =


 k

i


 f(y1, x2, . . . , xm)

❡ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❜✐♥♦♠✐❛❧ é ❞✐❢❡r❡♥t❡ ❞❡ ✵✱ ♣♦✐s t❡♠♦s ♣♦r ❤✐♣ót❡s❡ q✉❡ charK = 0

♦✉ ❝❤❛rK > deg(f)✳

❖❜s❡r✈❛♠♦s q✉❡ ♦ ít❡♠ ✭✐✮ ❞♦ ❧❡♠❛ ❛❝✐♠❛ s✐❣♥✐✜❝❛ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ f ❣❡r❛ ♦

♠❡s♠♦ T ✲✐❞❡❛❧ q✉❡ ♦ ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s fi ♣❛r❛ i = 0, 1, . . . , n✳
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❈♦r♦❧ár✐♦ ✷✳✺✳✺ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❊♥tã♦✱

✭✐✮ ❙❡ ♦ ❝♦r♣♦ K é ✐♥✜♥✐t♦✱ ❡♥tã♦ t♦❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A s❡❣✉❡♠ ❞❡ s✉❛s

✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❤♦♠♦❣ê♥❡❛s❀

✭✐✐✮ ❙❡ ♦ ❝♦r♣♦ K t❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡♥tã♦ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡

A s❡❣✉❡♠ ❞❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s✳

◗✉❛♥❞♦ ❛ á❧❣❡❜r❛ é ✉♥✐tár✐❛ ♣♦❞❡♠♦s r❡str✐♥❣✐r ❛ ♥♦ss❛ ❜✉s❝❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ❛ ✉♠ ❞❡t❡r♠✐♥❛❞♦ t✐♣♦ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ ❝♦♥❢♦r♠❡ ❡①♣❧✐❝❛♠♦s ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✷✳✺✳✻ ❖ ❝♦♠✉t❛❞♦r ❞❡ ❝♦♠♣r✐♠❡♥t♦ n é ❞❡✜♥✐❞♦ ✐♥❞✉t✐✈❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❡

[x1, x2] = x1x2 − x2x1 t♦♠❛♥❞♦ [x1, x2, . . . , xn] = [[x1, x2, . . . , xn−1], xn] ♣❛r❛ n > 2✳

❯♠ ♣♦❧✐♥ô♠✐♦ f ∈ K〈X〉 é ❝❤❛♠❛❞♦ ♣♦❧✐♥ô♠✐♦ ♣ró♣r✐♦ ✭♦✉ ❝♦♠✉t❛❞♦r✮✱ s❡ ❡❧❡ é ✉♠❛

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣r♦❞✉t♦s ❞❡ ❝♦♠✉t❛❞♦r❡s✱ ✐st♦ é✱

f(x1, . . . , xm) =
∑

αi,..,j[xi1 , . . . , xip ] . . . [xj1 , . . . , xjq
]; αi,..,j ∈ K.

✭❆ss✉♠✐♥❞♦ q✉❡ ✶ é ✉♠ ♣r♦❞✉t♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ✈❛③✐♦ ❞❡ ❝♦♠✉t❛❞♦r❡s✳✮ ❉❡♥♦t❛♠♦s

♣♦r B(X) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ♣ró♣r✐♦s ❞❡ K〈X〉✳

❖ ♣ró①✐♠♦ ❧❡♠❛ ♠♦str❛ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝♦♠✉t❛❞♦r❡s ♣❛r❛ ❡♥❝♦♥tr❛r

✉♠❛ ❜❛s❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛✳ ❙✉❛ ♣r♦✈❛ ♥ã♦ é ❝♦♠♣❧✐❝❛❞❛ ❡ ♣♦❞❡

s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ✭❬✶✻❪✱ ♣r♦♣♦s✐çã♦ ✹✳✸✳✸✱ ♣♣ ✹✷✲✹✹✮✳ ❆ ❞❡♠♦♥str❛çã♦ ❡stá ❜❛s❡❛❞❛ ♥♦

❢❛t♦ q✉❡ K〈X〉 é ❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈♦❧✈❡♥t❡ ❞❡ L〈X〉 ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♦r❡♠❛ ❞❡

❲✐tt✳

▲❡♠❛ ✷✳✺✳✼ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❡♥tã♦ t♦❞❛s ❛s

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A s❡❣✉❡♠ ❞❛s s✉❛s ✐❞❡♥t✐❞❛❞❡s ♣ró♣r✐❛s ✭♦✉ s❡❥❛✱ ❞❛q✉❡❧❛s

❡♠ T (A)∩B(X)✮✳ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ✵ ❡♥tã♦

t♦❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A s❡❣✉❡♠ ❞❛s s✉❛s ✐❞❡♥t✐❞❛❞❡s ♣ró♣r✐❛s ♠✉❧t✐❧✐♥❡❛r❡s✳

✷✳✻ ■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s

❆♦ ❡st✉❞❛r♠♦s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♦r❞✐♥ár✐❛s✱ ❡♠ ❛❧❣✉♥s ♠♦♠❡♥t♦s é

✐♥t❡r❡ss❛♥t❡ tr❛t❛r♠♦s ❞❡ ♦✉tr♦s t✐♣♦s ❞❡ ✐❞❡♥t✐❞❛❞❡s✱ ❛tr❛✈és ❞❛s q✉❛✐s ♣♦❞❡♠♦s

♦❜t❡r ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s✳ ❉❡st❛ ✐❞é✐❛ s✉r❣✐r❛♠✱ ♣♦r ❡①❡♠♣❧♦✿

❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❢r❛❝❛s✱ ❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ ✐♥✈♦❧✉çã♦ ❡ ❛s ✐❞❡♥t✐❞❛❞❡s

❝♦♠ ❣r❛❞✉❛çã♦ ✭❣r❛❞✉❛❞❛s✮✳ ❖ ♥♦ss♦ ✐♥t❡r❡ss❡ ♥❛s ú❧t✐♠❛s é q✉❡ ❛s ♠❡s♠❛s ❡stã♦
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r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛s ♦r❞✐♥ár✐❛s✳ ◆❡st❛ s❡çã♦✱ ✈❛♠♦s tr❛❜❛❧❤❛r ❝♦♠ t❛✐s ✐❞❡♥t✐❞❛❞❡s ❡

❢❛③❡r ✉♠ ❜r❡✈❡ r❡s✉♠♦ ❞❛ ✐♠♣♦rt❛♥t❡ t❡♦r✐❛ ❡str✉t✉r❛❧ ❞♦s T ✲✐❞❡❛✐s ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r

❑❡♠❡r✳ ◆♦ q✉❡ s❡❣✉❡✱ ✜①❛♠♦s G ❝♦♠♦ ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❛❞✐t✐✈♦✳

❉❡✜♥✐çã♦ ✷✳✻✳✶ ❯♠❛ á❧❣❡❜r❛ A é ❞✐t❛ s❡r G✲❣r❛❞✉❛❞❛✱ s❡ A = ⊕g∈GAg ♦♥❞❡ Ag é

s✉❜❡s♣❛ç♦ ❞❡ A ♣❛r❛ t♦❞♦ g ∈ G ❡ AgAh ⊆ Ag+h ♣❛r❛ t♦❞♦s g, h ∈ G✳ ❯♠ ❡❧❡♠❡♥t♦

a ∈ ∪g∈GAg é ❝❤❛♠❛❞♦ ❤♦♠♦❣ê♥❡♦✳ P❛r❛ t♦❞♦ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ a✱ t❡♠♦s a ∈ Ag

♣❛r❛ ❛❧❣✉♠ g ∈ G✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ❣r❛✉ ❤♦♠♦❣ê♥❡♦ ❞❡ a é ✐❣✉❛❧ ❛ g✱ ❡ ❞❡♥♦t❛♠♦s

wG(a) = g✳ ❙❡ a =
∑

ag∈Ag
ag✱ ❝❤❛♠❛♠♦s ag ❞❡ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ g ❡♠

a✳

❉❡✜♥✐çã♦ ✷✳✻✳✷ ❯♠ s✉❜❡s♣❛ç♦ B ❞❡ ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ A é ❞✐t♦ s❡r G✲

❣r❛❞✉❛❞♦✱ s❡

B =
∑

g∈G

Bg ♦♥❞❡ Bg = B ∩ Ag,

♦s q✉❛✐s ❞❡♥♦♠✐♥❛r❡♠♦s ❞❡ s✉❜❡s♣❛ç♦s ❤♦♠♦❣ê♥❡♦s✳

❉❡✜♥✐çã♦ ✷✳✻✳✸ ❯♠❛ ❛♣❧✐❝❛çã♦ Φ : A → B ❡♥tr❡ á❧❣❡❜r❛s G✲❣r❛❞✉❛❞❛s é ❝❤❛♠❛❞❛

❤♦♠♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦✱ s❡ Φ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ q✉❡ s❛t✐s❢❛③ Φ(Ag) ⊆ Bg ♣❛r❛

t♦❞♦ g ∈ G✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ❞❡✜♥✐♠♦s ✐s♦♠♦r✜s♠♦✱ ❡♥❞♦♠♦r✜s♠♦ ❡ ❛✉t♦♠♦r✜s♠♦

G✲❣r❛❞✉❛❞♦✳

❖s ♣ró①✐♠♦s ❞♦✐s ❧❡♠❛s sã♦ ❞❡ ❞❡♠♦♥str❛çã♦ ✐♠❡❞✐❛t❛✳

▲❡♠❛ ✷✳✻✳✹ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❡ B ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✳ ❆s s❡❣✉✐♥t❡s

❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭✶✮ B é s✉❜á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❞❡ A❀

✭✷✮ B é á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ t❛❧ q✉❡ Bg ⊆ Ag ♣❛r❛ t♦❞♦ g ∈ G❀

✭✸✮ ❆s ❝♦♠♣♦♥❡♥t❡s ❤♦♠♦❣ê♥❡❛s ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ B ♣❡rt❡♥❝❡♠ ❛ B❀

✭✹✮ B é ❣❡r❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s✳

▲❡♠❛ ✷✳✻✳✺ ❙❡ I é ✉♠ ✐❞❡❛❧ G✲❣r❛❞✉❛❞♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ A ❡♥tã♦ A/I é

✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❝♦♥s✐❞❡r❛♥❞♦ (A/I)g = {a + I/a ∈ Ag}✳

❖❜s❡r✈❛çã♦ ✷✳✻✳✻ ❙❡❥❛ Φ : A → B ✉♠ ❤♦♠♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦ ❞❡ á❧❣❡❜r❛s✳

❊♥tã♦✱ ♦ Ker(Φ) é ✉♠ ✐❞❡❛❧ G✲❣r❛❞✉❛❞♦ ❞❡ A ❡ Φ(A) é ✉♠❛ s✉❜á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛

❞❡ B t❛❧ q✉❡ (Φ(A))g = Φ(Ag)✳ ◆♦✉tr❛s ♣❛❧❛✈r❛s✱ ♣❡❧♦ ▲❡♠❛ ✷✳✻✳✺✱ ✈❛❧❡ ❛ ✈❡rsã♦

❣r❛❞✉❛❞❛ ❞♦ t❡♦r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦✱ ✐st♦ é✱ ❛ á❧❣❡❜r❛ q✉♦❝✐❡♥t❡ A/ ker Φ é ✐s♦♠♦r❢❛

✭❝♦♠♦ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛✮ ❛ ImΦ = Φ(A)✳
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❊♠ s❡❣✉✐❞❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s✳ ❉❡s❞❡ q✉❡

✉♠❛ ♠❡s♠❛ á❧❣❡❜r❛ ♣♦❞❡ t❡r ❞✐❢❡r❡♥t❡s ❣r❛❞✉❛çõ❡s✱ ❡st❡s ❡①❡♠♣❧♦s s❡rã♦ ✐♠♣♦rt❛♥t❡s

♣❛r❛ ❛♣r❡s❡♥t❛r♠♦s ❛s ❣r❛❞✉❛çõ❡s q✉❡ ✉s❛r❡♠♦s ♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✱ t❛♠❜é♠

❞❡♥♦♠✐♥❛❞❛s ❞❡ ❣r❛❞✉❛çõ❡s ❝❛♥ô♥✐❝❛s ✭♦✉ ✉s✉❛✐s✮✳

❊①❡♠♣❧♦ ✷✳✻✳✼ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E é Z2✲❣r❛❞✉❛❞❛✳ ❉❡ ❢❛t♦✱ s❡❥❛ E0 ♦

s✉❜❡s♣❛ç♦ ❞❡ E ❣❡r❛❞♦ ♣♦r {1, ei1 . . . eik | 1 ≤ i1 < · · · < ik ❀ k = 2, 4, . . . } ❡ s❡❥❛

E1 ♦ s✉❜❡s♣❛ç♦ ❞❡ E ❣❡r❛❞♦ ♣♦r {ei1 . . . eik | 1 ≤ i1 < · · · < ik ❀ k = 1, 3, . . . }✳ ❆ss✐♠✱

E = E0 ⊕ E1 ❡ ❢❛❝✐❧♠❡♥t❡ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ EiEj ⊆ Ei+j ♣❛r❛ t♦❞♦s i, j ∈ Z2✳

❊①❡♠♣❧♦ ✷✳✻✳✽ ❆ ♣❛rt✐r ❞❛ ❣r❛❞✉❛çã♦ ❞♦ ❊①❡♠♣❧♦ ✷✳✻✳✼ ❝♦♥str✉✐r❡♠♦s ✉♠❛ Z2✲

❣r❛❞✉❛çã♦ ♣❛r❛ ♦ q✉❛❞r❛❞♦ t❡♥s♦r✐❛❧ ❞❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E ⊗ E✳ P❛r❛ t❛♥t♦

é s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r♠♦s

(E ⊗ E)0 = (E0 ⊗ E0) ⊕ (E1 ⊗ E1) ❡ (E ⊗ E)1 = (E0 ⊗ E1) ⊕ (E1 ⊗ E0).

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ é ❞✐str✐❜✉t✐✈♦ ❡♠ r❡❧❛çã♦ ❛ s♦♠❛ ❞✐r❡t❛✱ é

✐♠❡❞✐❛t♦ ✈❡r✐✜❝❛r q✉❡

E ⊗ E = (E ⊗ E)0 ⊕ (E ⊗ E)1.

❆❧é♠ ❞✐ss♦✱ ✈❡r✐✜❝❛✲s❡ ❞✐r❡t❛♠❡♥t❡ q✉❡

(E ⊗ E)i(E ⊗ E)j ⊆ (E ⊗ E)i+j ♣❛r❛ t♦❞♦s i, j ∈ Z2.

P♦rt❛♥t♦ ❛ á❧❣❡❜r❛ E ⊗ E é Z2✲❣r❛❞✉❛❞❛✳

❊①❡♠♣❧♦ ✷✳✻✳✾ ❆ á❧❣❡❜r❛ M1,1(E) é Z2✲❣r❛❞✉❛❞❛✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❛♠♦s

M1,1(E) = (M1,1(E))0 ⊕ (M1,1(E))1

♦♥❞❡

(M1,1(E))0 =

{(
a 0

0 d

)
| a, d ∈ E0

}
❡ (M1,1(E))1 =

{(
0 b

c 0

)
| b, c ∈ E1

}

❡ ✈❡r✐✜❝❛♠♦s ❞✐r❡t❛♠❡♥t❡ q✉❡

(M1,1(E))i(M1,1(E))j ⊆ (M1,1(E))i+j ♣❛r❛ t♦❞♦s i, j ∈ Z2.

❊①❡♠♣❧♦ ✷✳✻✳✶✵ ❙❡❥❛ {Xg | g ∈ G} ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ❡

❡♥✉♠❡rá✈❡✐s✳ ❈♦♥s✐❞❡r❛♥❞♦ X = ∪g∈GXg✱ ❛ á❧❣❡❜r❛ K〈X〉 é ❞❡♥♦♠✐♥❛❞❛ ❞❡ á❧❣❡❜r❛

❧✐✈r❡ G✲❣r❛❞✉❛❞❛✳ P❛r❛ ✉♠❛ ✈❛r✐á✈❡❧ x ∈ X✱ ❞❡✜♥✐♠♦s wG(x) = g s❡ x ∈ Xg✳

❘❡❝♦r❞❛♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♠♦♥ô♠✐♦s {1, xi1 . . . xik | xij ∈ X ❡ n = 1, 2, . . . }

é ✉♠❛ ❜❛s❡ ❞❡ K〈X〉✳ P❛r❛ ✉♠ t❛❧ ♠♦♥ô♠✐♦✱ ❞✐❣❛♠♦s m = xi1 . . . xin✱ ❞❡✜♥✐♠♦s
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wG(m) =
∑n

j=1 wG(xij) ❝♦♠♦ s❡♥❞♦ ♦ ❣r❛✉ ❤♦♠♦❣ê♥❡♦ ❞♦ ♠♦♥ô♠✐♦✳ ❙❡ g ∈ G✱

❞❡♥♦t❛♠♦s ♣♦r K〈X〉g ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s ♠♦♥ô♠✐♦s ❞❡ ❣r❛✉ g✳ ❖❜s❡r✈❛♥❞♦

q✉❡

K〈X〉gK〈X〉h ⊆ K〈X〉g+h ♣❛r❛ t♦❞♦s g, h ∈ G,

❝♦♥❝❧✉í♠♦s q✉❡ K〈X〉 é ❞❡ ❢❛t♦ ●✲❣r❛❞✉❛❞❛✳

❉❡✜♥✐çã♦ ✷✳✻✳✶✶ ❯♠ ✐❞❡❛❧ I ♥✉♠❛ á❧❣❡❜r❛ ●✲❣r❛❞✉❛❞❛ A é ❝❤❛♠❛❞♦ ❞❡ TG✲✐❞❡❛❧ s❡

I é ✐♥✈❛r✐❛♥t❡ ♣♦r t♦❞♦s ♦s ❡♥❞♦♠♦r✜s♠♦s G✲❣r❛❞✉❛❞♦s ❞❡ A✱ ✐st♦ é✱ Φ(I) ⊆ I ♣❛r❛

t♦❞♦ ❡♥❞♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦ Φ ❞❡ A✳

❉❡✜♥✐çã♦ ✷✳✻✳✶✷ ❯♠ ♣♦❧✐♥ô♠✐♦ 0 6= f = f(x1, . . . , xn) ∈ K〈X〉✱ ♦✉ ♠❡s♠♦ ❛

❡①♣r❡ssã♦ f(x1, . . . , xn) = 0✱ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ G✲❣r❛❞✉❛❞❛ ❞❛ á❧❣❡❜r❛ G✲

❣r❛❞✉❛❞❛ A✱ s❡

f(a1, . . . , an) = 0 ♣❛r❛ t♦❞♦ ai ∈ Agi
♦♥❞❡ gi = wG(xi) ❡ i = 1, 2, . . . , n.

❖ ❝♦♥❥✉♥t♦ TG(A) ❞❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s G✲❣r❛❞✉❛❞❛s ❞❡ A é ✉♠ TG✲✐❞❡❛❧ ❞❡ K〈X〉✱

❞❡♥♦♠✐♥❛❞♦ ❞❡ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s G✲❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ A✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ♦r❞✐♥ár✐♦✱ ❛s á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

❣r❛❞✉❛❞❛s ♣♦ss✉❡♠ ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛ T ✲✐❞❡❛✐s✱ ✈❛r✐❡❞❛❞❡s✱

♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✱ ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s✱ ❡t❝✳ ❆ss✐♠✱ ♣♦r ❡①❡♠♣❧♦✱ ❞✐③❡♠♦s

q✉❡ h ∈ K〈X〉 é TG ❝♦♥s❡qüê♥❝✐❛ ❞❡ f ✭♦✉ q✉❡ h s❡❣✉❡ ❞❡ f ❝♦♠♦ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛✮

s❡ h ♣❡rt❡♥❝❡ ❛♦ TG✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r f ❡♠ K〈X〉✳ ❇❡♠ ❝♦♠♦✱ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡

♣♦❧✐♥ô♠✐♦s {fi(xi1 , . . . , xin) ∈ K〈X〉 | i ∈ I} ❛ ❝❧❛ss❡ V ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s G✲

❣r❛❞✉❛❞❛s s❛t✐s❢❛③❡♥❞♦ ❛s ✐❞❡♥t✐❞❛❞❡s fi = 0 ♣❛r❛ t♦❞♦ i é ❝❤❛♠❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡

❞❡ á❧❣❡❜r❛s G✲❣r❛❞✉❛❞❛s ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦ s✐st❡♠❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s {fi | i ∈ I}✳

❉❡st❡ ♠♦❞♦ ❛❞❛♣t❛♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s

❣r❛❞✉❛❞❛s✳

❖s r❡s✉❧t❛❞♦s ❛ s❡❣✉✐r ❢♦r♥❡❝❡♠ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s ❛ ♣❛rt✐r

❞❡ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s✳

▲❡♠❛ ✷✳✻✳✶✸ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s G✲❣r❛❞✉❛❞❛s ❝♦♠ r❡s♣❡❝t✐✈♦s T ✲✐❞❡❛✐s ❞❡

✐❞❡♥t✐❞❛❞❡s G✲❣r❛❞✉❛❞❛s TG(A) ❡ TG(B)✳ ❙❡ TG(A) ⊆ TG(B) ❡♥tã♦ T (A) ⊆ T (B)✳

Pr♦✈❛✿ ❙❡❥❛♠ f(x1, . . . , xm) ✉♠❛ ✐❞❡♥t✐❞❛❞❡ q✉❛❧q✉❡r ❞❡ A ❡

b1 =
∑

g∈G

b1g
, . . . , bm =

∑

g∈G

bmg
∈ B.
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❈♦♠♦ f ∈ T (A)✱ t❡♠♦s q✉❡

f(
∑

g∈G

x1g
, . . . ,

∑

g∈G

xmg
) ∈ TG(A) ⊆ TG(B)

❞❛í✱ ✈❡♠ q✉❡✱ f(b1, . . . , bm) = f(
∑

g∈G b1g
, . . . ,

∑
g∈G bmg

) = 0✳

P♦rt❛♥t♦✱ T (A) ⊆ T (B).

❈♦r♦❧ár✐♦ ✷✳✻✳✶✹ ❙❡ TG(A) = TG(B) ❡♥tã♦ T (A) = T (B)✳

❖❜s❡r✈❛çã♦ ✷✳✻✳✶✺ ✭❈♦♥tr❛✲❡①❡♠♣❧♦✮ ❈♦♥s✐❞❡r❛♠♦s ♥❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E

❞✉❛s ❣r❛❞✉❛çõ❡s✳ ❆ ♣r✐♠❡✐r❛ é ❛ Z2✲❣r❛❞✉❛çã♦ E = E0 ⊕ E1✱ ❛ s❡❣✉♥❞❛ é ❛

❣r❛❞✉❛çã♦ tr✐✈✐❛❧✳ ❖ ♣♦❧✐♥ô♠✐♦ y1y2 = y2y1✱ ♦♥❞❡ degZ2
(y1) = degZ2

(y2) = 0✱ é ✉♠❛

✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ á❧❣❡❜r❛ E ❝♦♠ ❛ ♣r✐♠❡✐r❛ ❣r❛❞✉❛çã♦✱ ♠❛s ♥ã♦ é ✐❞❡♥t✐❞❛❞❡

❣r❛❞✉❛❞❛ ♣❛r❛ ❛ s❡❣✉♥❞❛ ❣r❛❞✉❛çã♦✳ P♦rt❛♥t♦✱ ✉♠❛ ♠❡s♠❛ á❧❣❡❜r❛ ♣♦❞❡ t❡r ✐❞❡♥t✐❞❛❞❡s

❣r❛❞✉❛❞❛s ❞✐❢❡r❡♥t❡s ❝♦♥❢♦r♠❡ s✉❛ ❣r❛❞✉❛çã♦✳

✷✳✼ ❆ ❚❡♦r✐❛ ❞❡ ❑❡♠❡r

◆❡st❛ s❡çã♦ ❢❛r❡♠♦s ✉♠ ❜r❡✈❡ r❡s✉♠♦ s♦❜r❡ ❛ t❡♦r✐❛ ❡str✉t✉r❛❧ ❞♦s T ✲✐❞❡❛✐s

❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❑❡♠❡r ♣❛r❛ á❧❣❡❜r❛s s♦❜r❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ◆♦ q✉❡

s❡❣✉❡✱ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❖ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ♣♦❞❡rá

❡♥❝♦♥tr❛r ♠❛✐s ✐♥❢♦r♠❛çõ❡s ♥❛s ♠♦♥♦❣r❛✜❛s ❬✶✾❪ ❡ ❬✶✷❪✳

❆ t❡♦r✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❑❡♠❡r ♠♦str♦✉ q✉❡ ❛s P■✲á❧❣❡❜r❛s s♦❜r❡ ❝♦r♣♦s ❞❡

❝❛r❛❝t❡ríst✐❝❛ ✵✱ s❛t✐s❢❛③❡♠ ♠✉✐t❛s ♣r♦♣r✐❡❞❛❞❡s ✏❜♦❛s✑ q✉❡ ❛s ❛♣r♦①✐♠❛♠ ❞❛s á❧❣❡❜r❛s

❝♦♠✉t❛t✐✈❛s✳ ❈♦♠❡ç❛♠♦s ❝♦♠ ♦s ❝♦♥❝❡✐t♦s ❞❡ T ✲✐❞❡❛✐s T ✲♣r✐♠♦s ❡ T ✲s❡♠✐♣r✐♠♦s✱ q✉❡

tê♠ ✉♠ ♣❛♣❡❧ ❡①tr❡♠❛♠❡♥t❡ ✐♠♣♦rt❛♥t❡ ♥❡ss❛ t❡♦r✐❛✳

❉❡✜♥✐çã♦ ✷✳✼✳✶ ❉✐r❡♠♦s q✉❡✿

✭✶✮ ❯♠ T ✲✐❞❡❛❧ S é T ✲s❡♠✐♣r✐♠♦ s❡✱ ♣❛r❛ q✉❛❧q✉❡r T ✲✐❞❡❛❧ J ✱ J n ⊆ S ✐♠♣❧✐❝❛r q✉❡

J ⊆ S❀

✭✷✮ ❯♠ T ✲✐❞❡❛❧ I é T ✲♣r✐♠♦ s❡✱ ♣❛r❛ q✉❛✐sq✉❡r T ✲✐❞❡❛✐s J1,J2✱ J1J2 ⊆ I ✐♠♣❧✐❝❛r

q✉❡ J1 ⊆ I ♦✉ J2 ⊆ I✳

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛s ❙❡çõ❡s ✷ ❡ ✸ ❞♦ ❝❛♣ít✉❧♦ ■ ❞❡

❬✶✾❪✱ ❡ r❡❝♦♠❡♥❞❛♠♦s ❡st❡ ❧✐✈r♦ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❡ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❡st❛ t❡♦r✐❛✳

❚❡♦r❡♠❛ ✷✳✼✳✷ ✭❑❡♠❡r✮

✷✷



✭✶✮ ❙❡❥❛ V 6= ∅ ✉♠❛ ✈❛r✐❡❞❛❞❡✳ ❊♥tã♦ V = NmW✱ ♦♥❞❡ Nm é ❛ ♠❛✐♦r ✈❛r✐❡❞❛❞❡

❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ♥✐❧♣♦t❡♥t❡s ❞❡ í♥❞✐❝❡ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ m✱ W é ❛ ♠❛✐♦r

s✉❜✈❛r✐❡❞❛❞❡ s❡♠✐♣r✐♠❛ ❞❡ V ❡ ♦ ♣r♦❞✉t♦ ❞❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s NM ❝♦♥s✐st❡ ❞❛s

á❧❣❡❜r❛s A t❡♥❞♦ ✉♠ ✐❞❡❛❧ I ❝♦♥t✐❞♦ ❡♠ N ❡ ❝✉❥♦ q✉♦❝✐❡♥t❡ A/I ❡stá ❡♠ M❀

✭✷✮ ❖ T ✲✐❞❡❛❧ I é s❡♠✐♣r✐♠♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ I = I1 ∩ · · · ∩ Iq ♦♥❞❡ ♦s T ✲✐❞❡❛✐s Ij

sã♦ T ✲♣r✐♠♦s✳

✭✸✮ ❖s ú♥✐❝♦s T ✲✐❞❡❛✐s T ✲♣r✐♠♦s ♥ã♦ tr✐✈✐❛✐s sã♦✿

T (Mn(K)) ✱ T (Mn(E)) ❡ T (Ma,b(E)).

❙❡ A = A0 ⊕A1 é ✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ ❡♥tã♦

E(A) = A0 ⊗ E0 ⊕A1 ⊗ E1

é ❞❡♥♦♠✐♥❛❞❛ ♦ ❡♥✈❡❧♦♣❡ ❞❡ ●r❛ss♠❛♥♥ ❞❡ A✳

❑❡♠❡r ❞❡♠♦♥str♦✉ ❛✐♥❞❛ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✱ ✈❡❥❛ ❬✶✾❪✳

✭✶✮ ❚♦❞♦ T ✲✐❞❡❛❧ ♥ã♦ tr✐✈✐❛❧ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ T ✲✐❞❡❛❧ ❞♦ ❡♥✈❡❧♦♣❡ ❞❡ ●r❛ss♠❛♥♥ ❞❡

✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ ❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛❀

✭✷✮ ❖ T ✲✐❞❡❛❧ ❞❡ q✉❛❧q✉❡r á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ ❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦

T ✲✐❞❡❛❧ ❞❡ ❛❧❣✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛❀

✭✸✮ ❉❡ ✭✶✮ ❡ ✭✷✮ s❡❣✉❡ q✉❡ t♦❞♦ T ✲✐❞❡❛❧ ♥ã♦ tr✐✈✐❛❧ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ T ✲✐❞❡❛❧ ❞♦ ❡♥✈❡❧♦♣❡

❞❡ ●r❛ss♠❛♥♥ ❞❡ ❛❧❣✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❉❡♥tr❡ ❛s ❝♦♥s❡q✉ê♥❝✐❛s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞♦s r❡s✉❧t❛❞♦s ❛❝✐♠❛ ❡stá ❛ r❡s♣♦st❛

❛✜r♠❛t✐✈❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t✳

❈♦♠♦ ✈✐st♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛ ❤✐♣ót❡s❡ s♦❜r❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ s❡r ③❡r♦

♣❡r♠✐t❡✲♥♦s tr❛❜❛❧❤❛r ❛♣❡♥❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s✱ ❡ ❛ss✐♠✱ ♣♦❞❡♠♦s ❢❛③❡r

✉s♦ ❞❛s ❜♦❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ♠✉❧t✐❧✐♥❡❛r✐❞❛❞❡✳ ◆♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞❡

❑❡♠❡r✱ ❡st❛s ♣r♦♣r✐❡❞❛❞❡s ❢♦r❛♠ ❜❛st❛♥t❡ ✉t✐❧✐③❛❞❛s✳ ❯♠❛ q✉❡stã♦ ✐♥t❡r❡ss❛♥t❡ é

♦ q✉❛♥t♦ ❡st❛ t❡♦r✐❛ ❞❡♣❡♥❞❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s❄ ❖❜s❡r✈❛♠♦s q✉❡ ❡ss❛

q✉❡stã♦ ❡stá ❢♦rt❡♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ✉♠❛ ♣♦ssí✈❡❧ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s r❡s✉❧t❛❞♦s

♦❜t✐❞♦s ♣♦r ❑❡♠❡r ♣❛r❛ á❧❣❡❜r❛s s♦❜r❡ ❝♦r♣♦s ✐♥✜♥✐t♦s ❞❡ q✉❛❧q✉❡r ❝❛r❛❝t❡ríst✐❝❛✳

❈♦♥✈é♠ ♦❜s❡r✈❛r q✉❡✱ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✱ ❛ t❡♦r✐❛ ❞❡ ❑❡♠❡r ♥ã♦ s❡ ❛♣❧✐❝❛

✷✸



❞✐r❡t❛♠❡♥t❡✳ ❯♠ ❞♦s ♦❜stá❝✉❧♦s é ♦ s✉r❣✐♠❡♥t♦ ❞❡ ♥♦✈♦s T ✲✐❞❡❛✐s T ✲♣r✐♠♦s✱ ❝❤❛♠❛❞♦s

❞❡ T ✲✐❞❡❛✐s ✐rr❡❣✉❧❛r❡s✱ ❝✉❥❛ ❞❡s❝r✐çã♦ ❝♦♠♣❧❡t❛ é ❛✐♥❞❛ ✉♠ ♣r♦❜❧❡♠❛ ❡♠ ❛❜❡rt♦✳ ◆♦

❡♥t❛♥t♦✱ ✈✐♠♦s q✉❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s ♣♦❞❡♠ s❡r ✉s❛❞❛s ♥♦ ❡st✉❞♦ ❞❛s

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♦r❞✐♥ár✐❛s ❡♠ á❧❣❡❜r❛s s♦❜r❡ ❝♦r♣♦s ❞❡ q✉❛❧q✉❡r ❝❛r❛❝t❡ríst✐❝❛✳

❘❡ss❛❧t❛♠♦s q✉❡ r❡❝❡♥t❡♠❡♥t❡ ❢♦✐ ♣r♦✈❛❞♦ ♣♦r ❇❡❧♦✈ ❬✶✶❪✱ ●r✐s❤✐♥ ❬✶✽❪ ❡

❙❤❝❤✐❣♦❧❡✈ ❬✸✶❪ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t r❡s♦❧✈❡✲s❡ ❡♠ ♥❡❣❛t✐✈♦ s♦❜r❡ ❝♦r♣♦s ❞❡

❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✳

✷✳✽ ➪❧❣❡❜r❛s ❣❡♥ér✐❝❛s

P♦❞❡♠♦s ♦❜s❡r✈❛r ♥♦ r❡s✉♠♦ s♦❜r❡ ❛ t❡♦r✐❛ ❞❡ ❑❡♠❡r✱ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛s P■✲

á❧❣❡❜r❛s Mn(K)✱ Mn(E) ❡ Ma,b(E)✳ ❊①✐st❡♠ ❝♦♥str✉çõ❡s ❛❧❣é❜r✐❝❛s ❣❡♥ér✐❝❛s ♣❛r❛ ❛s

á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡st❛s á❧❣❡❜r❛s✳ P❛r❛ ❛ á❧❣❡❜r❛ Mn(K) ❡st❛ é ❛ á❧❣❡❜r❛ ❞❛s

♠❛tr✐③❡s ❣❡♥ér✐❝❛s ✐♥tr♦❞✉③✐❞❛s ♣♦r Pr♦❝❡s✐ ❬✷✻❪✱ ❡ ♣❛r❛ Mn(E) ❡ Ma,b(E) ❛s ❝♦♥str✉çõ❡s

❣❡♥ér✐❝❛s ❢♦r❛♠ ❞❛❞❛s ♣♦r ❇❡r❡❧❡ ❬✽❪✳ ❖✉tr♦ ❝❛s♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♥♦ss♦s ♦❜❥❡t✐✈♦s é

❛ ❝♦♥str✉çã♦ ❞❛❞❛ ♣♦r ▲❡✇✐♥ ❬✷✸❪ ♣❛r❛ Um(A) q✉❛♥❞♦ T (A) = T (A1)T (A2)✳ ❱❛♠♦s

❢❛③❡r ✉♠ ❜r❡✈❡ r❡s✉♠♦ s♦❜r❡ ❡st❛s ❝♦♥str✉çõ❡s✳ P❛r❛ ♠❛✐s ❝❛s♦s✱ ✈❡❥❛ ♦ ❈❛♣ít✉❧♦ ✹

❡ ❈❛♣ít✉❧♦ ✺✱ ❞❡st❡ tr❛❜❛❧❤♦ ❡ ❛s r❡❢❡rê♥❝✐❛s ❝✐t❛❞❛s ❛❝✐♠❛ ❡ ✈❡❥❛ t❛♠❜é♠ ❬✷✹❪ ♣❛r❛

❛♣❧✐❝❛çõ❡s✳

❙❡❥❛♠ Y = {y1, y2, . . . } ❡ Z = {z1, z2, . . . } ❝♦♥❥✉♥t♦s ❞❡ ✈❛r✐á✈❡✐s ❝♦♠ Y ∩ Z =

∅✳ ❚♦♠❛♥❞♦ X = Y ∪ Z ❞❡♥♦t❛♠♦s ♣♦r K〈X〉 ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❣❡r❛❞❛ ♣♦r X✳

❋r❡qü❡♥t❡♠❡♥t❡✱ ❞❡♥♦♠✐♥❛♠♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ Y ❞❡ ♣❛r❡s ❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ Z ❞❡

í♠♣❛r❡s✳ ◆♦✉tr❛s ♣❛❧❛✈r❛s✱ ❞❡✜♥✐♠♦s w = wZ2
: X → Z2 ♣♦♥❞♦ w(x) = 0 s❡

x ∈ Y ❡ w(x) = 1 s❡ x ∈ Z✳ ❉❡st❡ ♠♦❞♦✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ Y t❛♠❜é♠ sã♦

❞❡♥♦♠✐♥❛❞♦s ❞❡ ✵✲✈❛r✐á✈❡✐s ❡ ♦s ❞❡ Z ❞❡ ✶✲✈❛r✐á✈❡✐s✳ ❙❡ f = x1x2 . . . xk é ✉♠

♠♦♥ô♠✐♦✱ ❞❡✜♥✐♠♦s w(f) = w(x1)+w(x2)+· · ·+w(xk) ✭❛q✉✐ ❝♦♥s✐❞❡r❛♠♦s ❛ s♦♠❛tór✐❛

♠ó❞✉❧♦ ✷✮✱ ❡ ❝❤❛♠❛♠♦s f ❞❡ ♣❛r s❡ w(f) = 0✱ ❡ ❞❡ í♠♣❛r s❡ w(f) = 1✳ ❆ss✐♠✱

K〈X〉 = K〈X〉0 ⊕ K〈X〉1 é Z2✲❣r❛❞✉❛❞❛ ♦♥❞❡ K〈X〉0 é ♦ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦

♣❡❧♦s ♠♦♥ô♠✐♦s ♣❛r❡s ❡ K〈X〉1 é ♦ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧♦s ♠♦♥ô♠✐♦s í♠♣❛r❡s✳

❉❡✜♥✐çã♦ ✷✳✽✳✶ ❙❡❥❛ A = A0⊕A1 ✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ A0∪A1

sã♦ ❞❡♥♦♠✐♥❛❞♦s ❞❡ ❤♦♠♦❣ê♥❡♦s✳ ❆❧é♠ ❞✐ss♦✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ a ♣♦ss✉✐ ✉♠
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❣r❛✉ w ❡♠ Z2✱ ✐st♦ é✱ w(a) = 0 ♦✉ 1✳ ❆ á❧❣❡❜r❛ A é ❞✐t❛ s✉♣❡r❝♦♠✉t❛t✐✈❛✱ s❡

ab = (−1)w(a)w(b)
ba ♣❛r❛ t♦❞♦s a,b ∈ A0 ∪ A1.

❊①❡♠♣❧♦ ✷✳✽✳✷ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ é s❡♠ ❞ú✈✐❞❛ ♦ ❡①❡♠♣❧♦ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❞❡

á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛✳

❉❡✜♥✐çã♦ ✷✳✽✳✸ ❙❡❥❛ K〈X〉 = K〈X〉0 ⊕ K〈X〉1 ❛ á❧❣❡❜r❛ ❧✐✈r❡ Z2✲❣r❛❞✉❛❞❛ ❞❡✜♥✐❞❛

❝♦♠♦ ❛❝✐♠❛✳ P❛r❛ ♦s ♠♦♥ô♠✐♦s f, g ∈ K〈X〉✱ ❝♦♥s✐❞❡r❛♠♦s ❛s r❡❧❛çõ❡s fg =

(−1)w(f)w(g)gf ❡ s❡❥❛ I ♦ ✐❞❡❛❧ Z2✲❣r❛❞✉❛❞♦ ❣❡r❛❞♦ ♣♦r ❡st❛s r❡❧❛çõ❡s✳ ◗✉❛♥❞♦

❝❤❛rK = p > 0✱ ❛❞✐❝✐♦♥❛♠♦s {yp
i | yi ∈ Y } ❛♦ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ I✳ ❆

á❧❣❡❜r❛ K〈Y ; Z〉 = K〈X〉/I é ♥❛t✉r❛❧♠❡♥t❡ Z2✲❣r❛❞✉❛❞❛ ✭♣♦✐s ❤❡r❞❛ ❛ ❣r❛❞✉❛çã♦ ❞❡

K〈X〉✮ ❡ é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❧✐✈r❡ s✉♣❡r❝♦♠✉t❛t✐✈❛✳

▲❡♠❛ ✷✳✽✳✹ ❙❡❥❛♠ K[Y ] ❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ❝♦♠✉t❛t✐✈♦s ❣❡r❛❞❛ ♣♦r Y ❡ E(Z)

❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❣❡r❛❞❛ ♣❡❧♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ Z✳ ❊♥tã♦✱ ❛s á❧❣❡❜r❛s

K〈Y ; Z〉 ❡ K[Y ] ⊗ E(Z) sã♦ ✐s♦♠♦r❢❛s✳

Pr♦✈❛✿ ❙❡❥❛ Ψ : K[Y ] ⊗ E(Z) → K〈Y ; Z〉 = K〈X〉/I ❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣♦r

Ψ(a ⊗ b) = ab + I✳ ➱ ✐♠❡❞✐❛t♦ q✉❡ ❡st❛ ❛♣❧✐❝❛çã♦ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✭❞❡ á❧❣❡❜r❛s✮

s♦❜r❡❥❡t♦r✳ ❙❡❥❛♠ a = y1 . . . yn ∈ K[Y ] ❡ b = z1 . . . zm ∈ E(Z)✱ ❛♠❜♦s ♥ã♦ ♥✉❧♦s✳

❋❛③❡♥❞♦ ❛s s✉❜st✐t✉✐çõ❡s y1 = · · · = yn = 1 ❡ z1 = e1, . . . , zm = em ♦♥❞❡ {e1, . . . , em}

é s✉❜❝♦♥❥✉♥t♦ ❞❛ ❜❛s❡ ❞❡ E✱ t❡♠♦s q✉❡ ab 6∈ T2(E)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ K〈X〉/I

é ❛ á❧❣❡❜r❛ ❧✐✈r❡ s✉♣❡r❝♦♠✉t❛t✐✈❛✱ t❡♠♦s q✉❡ I = ∩Q |✱ ♦♥❞❡ Q ❝♦rr❡ s♦❜r❡ t♦❞♦s

♦s T2✲✐❞❡❛✐s ❞❡ á❧❣❡❜r❛s s✉♣❡r❝♦♠✉t❛t✐✈❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ I ⊆ T2(E) ❡ ❞✐st♦ s❡❣✉❡ ❛

✐♥❥❡t✐✈✐❞❛❞❡ ❞❡ Ψ✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

▲❡♠❛ ✷✳✽✳✺ ✭❛✮ ❆ á❧❣❡❜r❛ K〈Y ; Z〉 é ❝❛♥♦♥✐❝❛♠❡♥t❡ Z2✲❣r❛❞✉❛❞❛ ❡ ❧✐✈r❡ ♥❛ ❝❧❛ss❡

❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s Z2✲❣r❛❞✉❛❞❛s s✉♣❡r❝♦♠✉t❛t✐✈❛s✳ ◆♦✉tr❛s ♣❛❧❛✈r❛s✱ ♣❛r❛ t♦❞❛

á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ s✉♣❡r❝♦♠✉t❛t✐✈❛ A = A0 ⊕A1✱ t♦❞❛ ❢✉♥çã♦ Φ : Y ∪ Z → A

t❛❧ q✉❡ Φ(Y ) ⊆ A0 ❡ Φ(Z) ⊆ A1 ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ Z2✲

❣r❛❞✉❛❞♦ ❞❡ á❧❣❡❜r❛s❀

✭❜✮ ❙❡ Y = {y1, y2, . . . }✱ Z = {z1, z2, . . . } ❡ xi = yi + zi ♦♥❞❡ i = 1, 2, . . . ✳ ❊♥tã♦✱

t♦❞❛ ❢✉♥çã♦ Φ : xi → A = A0 ⊕ A1 ❀ i = 1, 2, . . . ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❛ ✉♠

❤♦♠♦♠♦r✜s♠♦ ❤♦♠♦❣ê♥❡♦ ❞❡ K〈Y ; Z〉 → A ❞❡ á❧❣❡❜r❛s Z2✲❣r❛❞✉❛❞❛s✳

Pr♦✈❛✿ ❱❡❥❛ ✐♥tr♦❞✉çã♦ ❞❡ ❬✽❪✳

✷✺



❙❡❥❛♠ n ❡ m ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s ❡ ❝♦♥s✐❞❡r❡♠♦s ♦s ❝♦♥❥✉♥t♦s

Y = {y(q)
ij | i, j = 1, . . . , n; q = 1, . . . ,m} ❡ Z = {z(q)

ij | i, j = 1, . . . , n; q = 1, . . . ,m}.

❈♦♠❜✐♥❛♥❞♦ ❛ ❝♦♥str✉çã♦ ❞❡ Pr♦❝❡s✐ ❬✷✼❪ ❝♦♠ ❛ ❞❡ ❇❡r❡❧❡ ❬✽❪✱ ❞❡✜♥✐♠♦s ❛s s❡❣✉✐♥t❡s

♠❛tr✐③❡s ❝♦♠ ❡♥tr❛❞❛s ❡♠ K〈Y ; Z〉✿

✭✶✮ ❆s n × n ♠❛tr✐③❡s ❣❡♥ér✐❝❛s

Aq =
n∑

i,j=1

y
(q)
ij Eij ♦♥❞❡ q = 1, . . . ,m;

✭✷✮ ❆s n × n ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❝♦♠ ❡♥tr❛❞❛s s✉♣❡r❝♦♠✉t❛t✐✈❛s

Bq =
n∑

i,j=1

(y
(q)
ij + z

(q)
ij )Eij ♦♥❞❡ q = 1, . . . ,m;

✭✸✮ ❆s (a, b) ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ✭n = a + b✮

Cq =
n∑

i,j=1

t
(q)
ij Eij ♦♥❞❡ t

(q)
ij = y

(q)
ij s❡ (i, j) ∈ ∆0 ❡ t

(q)
ij = z

(q)
ij s❡ (i, j) ∈ ∆1 ❡ q = 1, . . . ,m.

❚❡♦r❡♠❛ ✷✳✽✳✻ ✭Pr♦❝❡s✐ ✭✐✮ ❡ ❇❡r❡❧❡ ✭✭✐✐✮✱✭✐✐✐✮✮✮

✭✐✮ ✭✈❡❥❛ ❬✷✻❪✮❆ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r A1, . . . , Am é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡

❧✐✈r❡ ❞❡ ♣♦st♦ m ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦r Mn(K)✱ ✐st♦ é✱ ❛ á❧❣❡❜r❛ Um(Mn(K))❀

✭✐✐✮ ✭✈❡❥❛ ❬✽❪✮❆ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r B1, . . . , Bm é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡

❞❡ ♣♦st♦ m ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦r Mn(K)✱ ✐st♦ é✱ ❛ á❧❣❡❜r❛ Um(Mn(E))❀

✭✐✐✐✮ ✭✈❡❥❛ ❬✽❪✮❆ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r C1, . . . , Cm é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡

❞❡ ♣♦st♦ m ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦r Mn(K)✱ ✐st♦ é✱ ❛ á❧❣❡❜r❛ Um(Ma,b(E))✳

❙❡❥❛♠ A1 ❡ A2 ❞✉❛s P■✲á❧❣❡❜r❛s ❝♦♠ T ✲✐❞❡❛✐s✱ T (A1) ❡ T (A2)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▲❡✇✐♥ ❡♠ ❬✷✸❪ ❛♣r❡s❡♥t♦✉ ♦ s❡❣✉✐♥t❡ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ♣❛r❛ ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡

❞❡ ♣♦st♦ m ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ T ✲✐❞❡❛❧ T (A) = T (A1)T (A1)✳

❚❡♦r❡♠❛ ✷✳✽✳✼ ✭▲❡✇✐♥✮ ❙❡❥❛♠ Um(A1) ❡ Um(A2) ❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s

❣❡r❛❞❛s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r yi ❡ zi ♦♥❞❡ i = 1, . . . ,m✳ ❈♦♥s✐❞❡r❡ ♦ (Um(A1), Um(A2))

❜✐♠ó❞✉❧♦ ❧✐✈r❡ Um =
∑m

i=1 Um(A1)uiUm(A2)✳ ❊♥tã♦✱ ❛ s✉❜á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r✿

xi = yiE11 + ziE22 + uiE12 ♦♥❞❡ i = 1, . . . ,m

♥❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❡♠ ❜❧♦❝♦s 2 × 2
(

Um(A1) Um

0 Um(A2)

)

é ✐s♦♠♦r❢❛ ❛ Um(A) ♦♥❞❡ T (A) = T (A1)T (A2)✳

✷✻



❈❛♣ít✉❧♦ ✸

●❑✲❞✐♠❡♥sã♦ ❞❡ ➪❧❣❡❜r❛s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❡ ♣r♦♣r✐❡❞❛❞❡s ❞❛ t❡♦r✐❛ ❞❡ ●❑✲

❞✐♠❡♥sã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ ✉♠❛ ❜♦❛ ❝♦♠♣r❡❡♥sã♦ ❞❛ ❞✐ss❡rt❛çã♦✳

✸✳✶ ❈♦♥❝❡✐t♦s ❇ás✐❝♦s ❡ Pr♦♣r✐❡❞❛❞❡s

■♥✐❝✐❛♠♦s ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞♦ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦s✱ ❛ ❞✐♠❡♥sã♦ ❞❡

●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈✳

❉❡✜♥✐çã♦ ✸✳✶✳✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ ✜♥✐t♦ {r1, . . . , rm}✱

❝♦♥s✐❞❡r❛♠♦s Vn = span{ri1 . . . rin/ij = 1, . . . ,m} ❀ n = 1, 2, . . . ❡ V0 = K✳ ❆ ❢✉♥çã♦

❞❡ ❛r❣✉♠❡♥t♦ ✐♥t❡✐r♦ ❡ ♥ã♦✲♥❡❣❛t✐✈♦ n✱ ❞❡✜♥✐❞❛ ♣♦r

gV(n) = dimK(V0 + · · · + Vn) ❀ n = 1, 2, . . .

é ❞❡♥♦♠✐♥❛❞❛ ❛ ❢✉♥çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❛ á❧❣❡❜r❛ A ✭❝♦♠ r❡s♣❡✐t♦ ❛ V = V1✮✳

❆ ❞✐♠❡♥sã♦ ❞❡ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❞❛ á❧❣❡❜r❛ A é ❞❡✜♥✐❞❛ ♣♦r

●❑dim (A) = lim sup
n→∞

logn[gV(n)] = lim sup
n→∞

{
log[gV(n)]

log(n)

}
.

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ tr❛t❛ ❞❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ●❑✲❞✐♠❡♥sã♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ ♥♦

q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦ s❡✉ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s✳

▲❡♠❛ ✸✳✶✳✷ ❆ ●❑✲❞✐♠❡♥sã♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ A ♥ã♦ ❞❡♣❡♥❞❡ ❞❛

❡s❝♦❧❤❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s✳

Pr♦✈❛✿ ❙❡❥❛♠ V = span{r1, . . . , rm} ❡ W = span{s1, . . . , sl} s✉❜❡s♣❛ç♦s ❣❡r❛❞♦s ♣♦r

❞♦✐s ❝♦♥❥✉♥t♦s ❞❡ ❣❡r❛❞♦r❡s ❞❛ á❧❣❡❜r❛ A✳ ❙❡❥❛♠ ●❑dim V(A) ❡ ●❑dim W(A) ❛s ●❑✲

❞✐♠❡♥sõ❡s ❞❡ A ❞❡✜♥✐❞❛s ♣♦r V ❡ W ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ r1, . . . , rm ❣❡r❛♠ ❛

✷✼



á❧❣❡❜r❛ A✱ ❡①✐st❡ ✐♥t❡✐r♦ p t❛❧ q✉❡ ♣❛r❛ t♦❞♦ j = 1, . . . , l t❡♠♦s q✉❡ sj ∈ V0 + · · ·+Vpn✳

❆ss✐♠✱

W0 + · · · + Wn ⊆ V0 + · · · + Vpn ❀ n = 0, 1, . . .

❉❛í✱ ♦❜t❡♠♦s q✉❡

gW(n) = dimK(W0 + · · · + Wn) ≤ dimK(V0 + · · · + Vpn) = gV(pn)

❡ ❛♣❧✐❝❛♥❞♦ ❧♦❣❛r✐t♠♦✱ ✈❡♠ q✉❡

logn(gW(n)) ≤ logn(gV(pn)) =
logpn(gV(pn))

logpn(n)
=

logpn(gV(pn))

1 − logpn(p)
.

❆❣♦r❛ ❛♣❧✐❝❛♥❞♦ ❧✐♠✐t❡✱

lim sup
n→∞

logn[gW(n)] ≤ lim sup
n→∞

{
logpn[gV(pn)]

1 − logpn(p)

}
= lim sup

pn→∞

logpn[gV(pn)]

≤ lim sup
n→∞

logn[gV(n)].

❆❣♦r❛✱ ❞❛ ❞❡✜♥✐çã♦✱ ♦❜t❡♠♦s q✉❡

●❑dim W(A) ≤ ●❑dim V(A).

❉❡ ♠♦❞♦ s✐♠✐❧❛r ♦❜t❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❝♦♥trár✐❛✱ ❡ ♣♦rt❛♥t♦

●❑dim W(A) = ●❑dim V(A)

❝♦♠♦ q✉❡rí❛♠♦s✳

❊①❡♠♣❧♦ ✸✳✶✳✸ ❙❡❥❛ A = K[x1, x2, . . . , xm] ❛ á❧❣❡❜r❛ ♣♦❧✐♥♦♠✐❛❧✳ ❊♥tã♦✱

●❑dim (A) = m✳

Pr♦✈❛✿ ❖❜s❡r✈❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♠♦♥ô♠✐♦s ❞❡ ❣r❛✉ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ n ❡♠ m ✈❛r✐á✈❡✐s

é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ♠♦♥ô♠✐♦s ❞❡ ❣r❛✉ n ❡♠ m+1 ✈❛r✐á✈❡✐s✱ ♣♦✐s s❡ a1 + · · ·+am ≤ n✱

t❡♠♦s ❛ s❡❣✉✐♥t❡ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛✿

xa1

1 xa2

2 . . . xam

m ↔ xa0

0 xa1

1 xa2

2 . . . xam

m ♦♥❞❡ a0 = n − (a1 + · · · + am)

❡♥tr❡ ❡st❡s ❝♦♥❥✉♥t♦s✳ ❆❣♦r❛✱ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❝♦♥❥✉♥t♦ ✉s✉❛❧ ❞❡ ❣❡r❛❞♦r❡s ❞❡ A✱ t❡♠♦s

g(n) =


 n + m

m


 ❀ n = 1, 2, 3, . . .

✷✽



q✉❡ é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ m✳ ❆ ♣❛rt✐r ❞❛ ❞❡✜♥✐çã♦ ❞❡ ●❑✲❞✐♠❡♥sã♦✱ ♦❜t❡♠♦s q✉❡

●❑dim (A) = lim sup
n→∞

logn[gV(n)] = m

❝♦♠♦ ❞❡s❡❥❛❞♦✳

◆♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❛ ❞✐♠❡♥sã♦

❞❡ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈✳ P❛r❛ ❞❡♠♦♥str❛çõ❡s ❡ ♠❛✐s ❞❡t❛❧❤❡s r❡❝♦♠❡♥❞❛♠♦s ✉♠❛ ❧❡✐t✉r❛

❞❡ ✭❬✶✻❪ ❡ ❬✷✷❪✮✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✹ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳

✭✶✮ ❙❡❥❛♠ I ✉♠ ✐❞❡❛❧ ❞❡ A ❡ S ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✳ ❊♥tã♦

●❑dim (S),●❑dim (A/I) ≤ ●❑dim (A);

✭✷✮ ❙❡❥❛ B ✉♠❛ á❧❣❡❜r❛ q✉❡ é ✐♠❛❣❡♠ ❤♦♠♦♠ór✜❝❛ ❞❡ A✳ ❊♥tã♦

●❑dim (B) ≤ ●❑dim (A);

✭✸✮ ●❑dim (A) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ A é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

◆♦s ♦✉tr♦s ❝❛s♦s✱ t❡♠♦s q✉❡

●❑dim (A) = 1 ♦✉ ●❑dim (A) ≥ 2;

✭✹✮ ❙❡ B = A[x1, . . . , xm]✱ ❝♦♠ x1, . . . , xm ✈❛r✐á✈❡✐s ❝♦♠✉t❛♥❞♦✱ ❡♥tã♦

●❑dim (B) = ●❑dim (A) + m;

✭✺✮ ❙❡❥❛ A ❝♦♠✉t❛t✐✈❛✳ ❊♥tã♦✱ ❛ ●❑✲❞✐♠❡♥sã♦ ❞❡ A é ✐❣✉❛❧ ❛♦ ❣r❛✉ ❞❡

tr❛♥s❝❡♥❞ê♥❝✐❛ ❞❡ A✱ ✐st♦ é✱ ❛♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❡❧❡♠❡♥t♦s ❛❧❣❡❜r✐❝❛♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡s❀

✭✻✮ ●❑dim (A) < ∞ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❢✉♥çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ A ❝♦♠ r❡s♣❡✐t♦ ❛

❛❧❣✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❣❡r❛❞♦r❡s é ❞❡ ❝r❡s❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s ❞♦✐s ❡①❡♠♣❧♦s ❞❡ á❧❣❡❜r❛s q✉❡ ♥ã♦ ♣♦ss✉❡♠ ●❑✲

❞✐♠❡♥sã♦ ✜♥✐t❛✳ ◆♦ ♣r✐♠❡✐r♦ ❛ á❧❣❡❜r❛ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ ❡ ♥♦ s❡❣✉♥❞♦ ❛ á❧❣❡❜r❛

♥ã♦ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛✳

❊①❡♠♣❧♦ ✸✳✶✳✺ ❙❡❥❛ m > 1✳ ❆ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ A = K〈x1, . . . , xm〉

✭♣♦❧✐♥ô♠✐♦s ♥ã♦ ❝♦♠✉t❛t✐✈♦s✮ ♥ã♦ t❡♠ ●❑✲❞✐♠❡♥sã♦ ✜♥✐t❛✳

✷✾



Pr♦✈❛✿ P❛r❛ ♦ ❝♦♥❥✉♥t♦ ✉s✉❛❧ ❞❡ ❣❡r❛❞♦r❡s ❞❡ A✱ ❛ ❢✉♥çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ é ❞❛❞❛ ♣♦r

g(n) = 1 + m + m2 + · · · + mn ❀ n = 0, 1, 2, . . .

❈♦♠♦ ❡st❛ ❢✉♥çã♦ ❝r❡s❝❡ ♠❛✐s rá♣✐❞♦ q✉❡ q✉❛❧q✉❡r ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧✱ ❞❛ Pr♦♣♦s✐çã♦

✸✳✶✳✹✭✻✮✱ ♦❜t❡♠♦s q✉❡ ❛ ●❑✲❞✐♠❡♥sã♦ ❞❛ á❧❣❡❜r❛ A ♥ã♦ ♣♦❞❡ s❡r ✜♥✐t❛✳

❊①❡♠♣❧♦ ✸✳✶✳✻ ❙❡❥❛ A = R[[x]] ❛ R✲á❧❣❡❜r❛ ❞❛s sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❞❡ x ❝♦♠

❝♦❡✜❝✐❡♥t❡s ❡♠ R✳ ❊♥tã♦✱ GK dim(A) = ∞✳

Pr♦✈❛✿ ❱❛♠♦s ♠♦str❛r q✉❡ ♣❛r❛ ❝❛❞❛ n ∈ N✱ ❡①✐st❡ ✉♠❛ s✉❜á❧❣❡❜r❛ B ❞❡ A

s❛t✐s❢❛③❡♥❞♦ GK dim(B) ≥ n✱ ❞❛í ❝♦♥❝❧✉í♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ GK dim(A) = ∞✳

❙❡❥❛ {ri | i = 1, 2, . . . } ✉♠ ❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧ ✐♥✜♥✐t♦ ❞❡ ♥ú♠❡r♦s r❡❛✐s q✉❡ é

❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ s♦❜r❡ Q✳ ❊♥tã♦✱ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s {fi(x) = erix | i =

1, 2, . . . } é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ s♦❜r❡ R✳ ❆❣♦r❛✱ ✈✐❛ sér✐❡ ❞❡ ▼❛❝❧❛✉r✐♥ ❝❛❞❛

❢✉♥çã♦ ❞❡st❡ ❝♦♥❥✉♥t♦ ♣♦❞❡ s❡r ♣❡♥s❛❞❛ ❝♦♠♦ ✉♠ ❡❧❡♠❡♥t♦ ❞❛ á❧❣❡❜r❛ A✳ ▲♦❣♦✱ A

❝♦♥té♠ ✉♠❛ s✉❜á❧❣❡❜r❛ ✐s♦♠♦r❢❛ ❛ á❧❣❡❜r❛ ♣♦❧✐♥♦♠✐❛❧

R[y1, y2, . . . yn] ♣❛r❛ ❝❛❞❛ n ∈ N.

❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✹✭✶✮ ❡ ♦ ❊①❡♠♣❧♦ ✸✳✶✳✸✱ ♣❛r❛ ❝❛❞❛ n✱ ♦❜t❡♠♦s q✉❡✿

GK dim(A) ≥ n.

P♦rt❛♥t♦

GK dim(A) = ∞,

❝♦♠♦ q✉❡rí❛♠♦s✳

✸✳✷ ●❑✲❞✐♠❡♥sã♦ ❡ ❆❧t✉r❛s

◆❡st❛ s❡çã♦ ✈❛♠♦s ❛♥❛❧✐s❛r ❝♦♠♦ ❛ ●❑✲❞✐♠❡♥sã♦ s❡ ❝♦♠♣♦rt❛ ❝♦♠ r❡s♣❡✐t♦ ❛

❛❧t✉r❛✱ ❛❧t✉r❛ ❡ss❡♥❝✐❛❧ ❡ ❛❧t✉r❛ ❡ss❡♥❝✐❛❧ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ✉♠❛ á❧❣❡❜r❛✳ P❛r❛ ♠❛✐s

✐♥❢♦r♠❛çõ❡s ❡ ❞❡t❛❧❤❡s✱ ✈❡❥❛ ✭❬✺❪✱ ❬✶✻❪✱ ❬✶✼❪✮✳

❉❡✜♥✐çã♦ ✸✳✷✳✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r r1, r2, . . . , rm✳ ❙❡❥❛ H ✉♠ ❝♦♥❥✉♥t♦

✜♥✐t♦ ❞❡ ♠♦♥ô♠✐♦s ♥♦s r′is✳ ❉✐r❡♠♦s q✉❡ A é ❞❡ ❛❧t✉r❛ h = hH(A) ❝♦♠ r❡s♣❡✐t♦ ❛ H

s❡✱ h é ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡ A ♣♦❞❡ s❡r ❣❡r❛❞❛✱ ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♣❡❧♦s

♣r♦❞✉t♦s

U j1
i1

U j2
i2

. . . U jt

it
♦♥❞❡ Uik ∈ H ❡ t ≤ h.
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❊①❡♠♣❧♦ ✸✳✷✳✷ ❙❡❥❛♠ A = K[x1, x2, . . . , xm] ❡ H = {x1, x2, . . . , xm}✳ ❊♥tã♦✱

hH(A) = m✳

Pr♦✈❛✿ ❈♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ A é ❣❡r❛❞❛ ♣❡❧♦s ♣r♦❞✉t♦s xk1

1 . . . xkm
m ❡ ♦s ♠♦♥ô♠✐♦s

q✉❡ ♣♦ss✉❡♠ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ♥ã♦ ♣♦❞❡♠ s❡r ❡s❝r✐t♦s ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡

♠♦♥ô♠✐♦s ❝♦♠ ♠❡♥♦s q✉❡ m ♣♦tê♥❝✐❛s ❞✐st✐♥t❛s ❞❡ xi✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♦r❡♠❛ ❞❡ ❙❤✐rs❤♦✈ s♦❜r❡ ❛ ❛❧t✉r❛✱ é ✉♠

❞♦s r❡s✉❧t❛❞♦s ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ t❡♦r✐❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ❞❛s P■ á❧❣❡❜r❛s✳

❚❡♦r❡♠❛ ✸✳✷✳✸ ✭❙❤✐rs❤♦✈✮ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r r1, r2, . . . , rm✳ ❆ss✉♠❛ q✉❡

A s❛t✐s❢❛③ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❣r❛✉ d > 1✳ ❊♥tã♦✱ A t❡♠ ❛❧t✉r❛ ✜♥✐t❛ ❝♦♠

r❡s♣❡✐t♦ ❛♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦ ❞❡ ♠♦♥ô♠✐♦s

{ri1ri2 . . . ris | ij = 1, 2, . . . m ❡ s < d}

Pr♦✈❛✿ ❱❡❥❛ ✭❬✶✻❪✱ ❈❛♣ít✉❧♦ ✾✮✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ é ❞❡✈✐❞♦ ❛ ❆✳ ❇❡r❡❧❡ ✭✶✾✽✷✮✳ ❉❛r❡♠♦s ✉♠❛ ✐❞é✐❛ ❞❡ s✉❛

❞❡♠♦♥str❛çã♦ ✈✐❛ ❚❡♦r❡♠❛ ❞❡ ❙❤✐rs❤♦✈ ✭❛ ♣r♦✈❛ ♦r✐❣✐♥❛❧ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷✷❪✮✳

❚❡♦r❡♠❛ ✸✳✷✳✹ ✭❇❡r❡❧❡✮ ❚♦❞❛ P■✲á❧❣❡❜r❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ A t❡♠ ●❑✲❞✐♠❡♥sã♦

✜♥✐t❛✳

Pr♦✈❛✿ ✭■❞é✐❛✮ ❙❡❥❛ A ❣❡r❛❞❛ ♣♦r V = span{r1, r2, . . . , rm} s❛t✐s❢❛③❡♥❞♦ ✉♠❛

✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❣r❛✉ d > 1✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❙❤✐rs❤♦✈✱ ❡①✐st❡ h t❛❧ q✉❡

A é ❣❡r❛❞❛ ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♣❡❧♦s ♠♦♥ô♠✐♦s

U j1
i1

U j2
i2

. . . U jt

it
♦♥❞❡ t ≤ h

❡ ♦s ♠♦♥ô♠✐♦s Ui1 , . . . , Uit sã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠❡♥♦r q✉❡ d✳ ❆❣♦r❛✱ Vn é ❣❡r❛❞♦ ♣❡❧♦s

♠♦♥ô♠✐♦s ❝♦♠ k1|Ui1 | + · · · + kt|Uit| = n✳ ❉❛í✱ V0 + · · · + Vn é s✉❜❡s♣❛ç♦ ❞♦ ❡s♣❛ç♦

❣❡r❛❞♦ ♣❡❧♦s ♠♦♥ô♠✐♦s

Uk1

i1
Uk2

i2
. . . Ukh

ih
♦♥❞❡ k1 + · · · + kh ≤ n.

❙❡❥❛ p ♦ ♥ú♠❡r♦ ❞❡ ♠♦♥ô♠✐♦s ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ♠❡♥♦r q✉❡ d (p = 1+m+ · · ·+md−1)✳

❖ ♥ú♠❡r♦ ❞❡ s❡q✉ê♥❝✐❛s ❞❡ í♥❞✐❝❡s (i1, . . . , ih) é ❧✐♠✐t❛❞♦ ♣♦r ph✳ ❆ss✐♠✱ ❛ ❞✐♠❡♥sã♦

gV(n) ❞❡ V0 + · · ·+Vn é ❧✐♠✐t❛❞❛ ♣❡❧♦ ♣r♦❞✉t♦ ❡♥tr❡ ♦ ♥ú♠❡r♦ ❞❡ s❡q✉ê♥❝✐❛s (i1, . . . , ih)

❡ ♦ ♥ú♠❡r♦ ❞❡ ♠♦♥ô♠✐♦s ❞❡ ❣r❛✉ ≤ n ❡♠ h ✈❛r✐á✈❡✐s

gV(n) ≤ ph


 n + h

h




✸✶



q✉❡ é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ h✳ ❉❛í✱ ♦❜t❡♠♦s q✉❡

GK dim(A) ≤ h,

♦♥❞❡ h é ❛ ❛❧t✉r❛ ❞❡ A✳

❊♠ r❡s✉❧t❛❞♦s ♠❛✐s r❡❝❡♥t❡s✱ ❇❡❧♦✈ ✭✈❡❥❛ ❬✶✷❪✱ ♣✳ ✷✺✹✲✷✺✽✮✱ ❆s♣❛r✉❤♦✈ ❡ ❉r❡♥s❦②

❡♠ ✭❬✺❪✱❬✶✼❪✮✱ ❡st✉❞❛r❛♠ ❛s ♥♦çõ❡s ❞❡ ❛❧t✉r❛ ❡ss❡♥❝✐❛❧ ❡ ❛❧t✉r❛ ❡ss❡♥❝✐❛❧ ❣❡♥❡r❛❧✐③❛❞❛✱

q✉❡ ♣❛ss❛♠♦s ❛ ❞❡s❝r❡✈❡r ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✸✳✷✳✺ ❙❡❥❛♠ P ❡ Q ❞♦✐s s✉❜❝♦♥❥✉♥t♦s ✜♥✐t♦s ❞❡ ✉♠❛ P■✲á❧❣❡❜r❛ ✜♥✐t❛♠❡♥t❡

❣❡r❛❞❛ A✳

✭✐✮ ❖ ✐♥t❡✐r♦ hess(A) é ❞❡♥♦♠✐♥❛❞♦ ❛ ❛❧t✉r❛ ❡ss❡♥❝✐❛❧ ❞❡ A ❝♦♠ r❡s♣❡✐t♦ ❛♦s

❝♦♥❥✉♥t♦s P ❡ Q s❡ hess(A) é ♦ ♠❡♥♦r ✐♥t❡✐r♦ q ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ A é

❣❡r❛❞❛ ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♣❡❧♦s ♣r♦❞✉t♦s✿

v1u
a1

1 v2 . . . vqu
aq

q vq+1 ❀ ui ∈ P ❀ vj ∈ Q ❀ ak ≥ 0.

✭✐✐✮ ❙❡ A é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ ✉♠❛ á❧❣❡❜r❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ B✱ ❡♥tã♦ hess(B) ❝♦♠

r❡s♣❡✐t♦ ❛ P ❡ Q ✭s✉❜❝♦♥❥✉♥t♦s ✜♥✐t♦s ❞❡ B✮ é ❞❡♥♦♠✐♥❛❞❛ ❛ ❛❧t✉r❛ ❡ss❡♥❝✐❛❧

❣❡♥❡r❛❧✐③❛❞❛ ❞❡ A✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r✱ hgess(A)✳

❖ ♥♦ss♦ ✐♥t❡r❡ss❡ ♥♦ ❡st✉❞♦ ❞❡ t❛✐s ❛❧t✉r❛s é ❥✉st✐✜❝❛❞♦ ❛ ♣❛rt✐r ❞♦ s❡❣✉✐♥t❡

r❡s✉❧t❛❞♦ ✭♣❛r❛ ❞❡t❛❧❤❡s ✈❡❥❛ ♦ ❚❡♦r❡♠❛ ✹✳✺ ❞❡ ❬✶✼❪✮✳

❚❡♦r❡♠❛ ✸✳✷✳✻ P❛r❛ t♦❞❛ P■✲á❧❣❡❜r❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ A✱ t❡♠♦s q✉❡

●❑dim (A) ≤ hess(A) ❡ ●❑dim (A) ≤ hgess(A).

❖❜s❡r✈❡ q✉❡ ❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ♦❜t❡r ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ ●❑✲

❞✐♠❡♥sã♦ ❞❡ P■✲á❧❣❡❜r❛s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛s✳

✸✳✸ ❙♦❜r❡ ❛ ●❑✲❞✐♠❡♥sã♦ ❞❡ Um(A)

◆❡st❛ s❡çã♦ ❞✐s❝✉t✐r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ❛ ●❑✲❞✐♠❡♥sã♦ ❞❛ á❧❣❡❜r❛

✉♥✐✈❡rs❛❧ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♠❛ á❧❣❡❜r❛ A✳ ❊st❡s r❡s✉❧t❛❞♦s sã♦ ❞❡ ✐♠♣♦rtâ♥❝✐❛

❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦ r❡st❛♥t❡ ❞❡st❡ tr❛❜❛❧❤♦✳

❉❡✜♥✐çã♦ ✸✳✸✳✶ ❆ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ✭t❛♠❜é♠ ❝❤❛♠❛❞❛ ❞❡ ✉♥✐✈❡rs❛❧✮ ❞❡

♣♦st♦ m ♥❛ ✈❛r✐❡❞❛❞❡ ❣❡r❛❞❛ ♣❡❧❛ á❧❣❡❜r❛ A é ❞❡✜♥✐❞❛ ♣♦r

Um(A) = K〈x1, . . . , xm〉/(T (A) ∩ K〈x1, . . . , xm〉) = K〈x1, . . . , xm〉/Tm(A).

✸✷



▲❡♠❛ ✸✳✸✳✷ ❙❡ A ❡ B sã♦ ❞✉❛s á❧❣❡❜r❛s P■✲❡q✉✐✈❛❧❡♥t❡s ❡♥tã♦

Um(A) = Um(B) ❡ ●❑dim [Um(A)] = ●❑dim [Um(B)].

Pr♦✈❛✿ ❙❡♥❞♦ A ❡ B á❧❣❡❜r❛s P■✲❡q✉✐✈❛❧❡♥t❡s✱ t❡♠♦s q✉❡ T (A) = T (B)✳ ❉❛í✱ ✈❡♠ q✉❡

Tm(A) = Tm(B) ❡ Um(A) = K〈x1, . . . , xm〉/Tm(A) = K〈x1, . . . , xm〉/Tm(B) = Um(B)✳

P♦rt❛♥t♦✱ ●❑dim [Um(A)] = ●❑dim [Um(B)]✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✸ P♦r ✈ár✐❛s ✈❡③❡s✱ ♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✱ ✈❛♠♦s ✉s❛r ❛ ❝♦♥tr❛✲

♣♦s✐t✐✈❛ ❞♦ ▲❡♠❛ ✸✳✸✳✷✱ ✐st♦ é✱ P■✲á❧❣❡❜r❛s q✉❡ ♣♦ss✉❡♠ á❧❣❡❜r❛s ✉♥✐✈❡rs❛✐s ❝♦♠

❞✐♠❡♥sõ❡s ❞❡ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❞✐❢❡r❡♥t❡s ♥ã♦ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

▲❡♠❛ ✸✳✸✳✹ ❙❡ T (A) ⊆ T (B) ❡♥tã♦ ●❑dim [Um(A)] ≥ ●❑dim [Um(B)]✳

Pr♦✈❛✿ ❙❡♥❞♦ T (A) ⊆ T (B) ♦❜t❡♠♦s q✉❡ Tm(A) ⊆ Tm(B)✳ ❆ ♣❛rt✐r ❞✐ss♦ ♦❜t❡♠♦s ♦

s❡❣✉✐♥t❡ ❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t♦r

Ψ : Um(A) −→ Um(B)

f + Tm(A) 7−→ f + Tm(B).

❉❛í✱ Um(B) é ✐♠❛❣❡♠ ❤♦♠♦♠ór✜❝❛ ❞❡ Um(A) ❡ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✹✭✷✮✱ ♦❜t❡♠♦s q✉❡

●❑dim [Um(A)] ≥ ●❑dim [Um(B)]

❝♦♠♦ q✉❡rí❛♠♦s✳

▲❡♠❛ ✸✳✸✳✺ ❙❡ A ⊆ B ❡♥tã♦ ●❑dim [Um(A)] ≤ ●❑dim [Um(B)]✳

Pr♦✈❛✿ ❈♦♠♦ A ⊆ B✱ t❡♠♦s T (A) ⊇ T (B) ❡ ❡♠ s❡❣✉✐❞❛ ✉s❛♠♦s ♦ ▲❡♠❛ ✸✳✸✳✹✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ é ❞❡✈✐❞♦ ❛ Pr♦❝❡s✐ ❡ ❇❡r❡❧❡✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❡

❞❡♠♦♥str❛çõ❡s s✉❣❡r✐♠♦s ✉♠❛ ❧❡✐t✉r❛ ❞❡ ✭❬✷✻❪✱❬✽❪✮✳

❚❡♦r❡♠❛ ✸✳✸✳✻ ✭Pr♦❝❡s✐ ✭✐✮ ❡ ❇❡r❡❧❡ ✭✭✐✐✮✱✭✐✐✐✮✮✮ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡

❝❛r❛❝t❡ríst✐❝❛ ❛r❜✐trár✐❛✳ ❊♥tã♦✿

✭✐✮ ●❑dim [Um(Mn(K))] = (m − 1)n2 + 1❀

✭✐✐✮ ●❑dim [Um(Mn(E))] = (m − 1)n2 + 1❀

✭✐✐✐✮ ●❑dim [Um(Ma,b(E))] = (m − 1)(a2 + b2) + 2✳

✸✸



❆ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ❛❝✐♠❛ ❡♠ s✉❛ ♣❛rt❡ ✭✐✐✮✱ ❞❛❞❛ ♣♦r ❇❡r❡❧❡ ❡♠ ❬✽❪✱

t❛♠❜é♠ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ ❢ór♠✉❧❛ ♣❛r❛ ❝❛❧❝✉❧❛r ●❑dim [Um(A)] q✉❛♥❞♦ T (A) =

T (Mn1
(K)) . . . T (Mns

(K))✳

❆ s❛❜❡r

●❑dim [Um(A)] =
s∑

i=1

●❑dim Um(Mni
(K)).

❈♦r♦❧ár✐♦ ✸✳✸✳✼ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❝♦♠ ❝❤❛rK = 0✳ ❊♥tã♦✿

✭✐✮ ●❑dim [Um(E ⊗ E)] = 2m❀

✭✐✐✮ ●❑dim [Um(Ma,b(E) ⊗ E)] = (m − 1)(a + b)2 + 1❀

✭✐✐✐✮ ●❑dim [Um(Ma,b(E) ⊗ Mc,d(E))] = (m − 1)[(ac + bd)2 + (ad + bc)2] + 2✳

Pr♦✈❛✿ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞♦ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧ ❞❡ ❑❡♠❡r✱ t❡♠♦s

T (E ⊗ E) = T (M1,1(E))✱ T (Ma,b(E) ⊗ E) = T (Ma+b(E)) ❡

T (Ma,b(E) ⊗ Mc,d(E)) = T (Mac+bd,ad+bc(E))✳

❆❣♦r❛✱ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✸✳✸✳✷ ❡ ♦ ❚❡♦r❡♠❛ ✸✳✸✳✻ ❛ ♣r♦✈❛ s❡❣✉❡✳

▲❡♠❛ ✸✳✸✳✽ ✭❱❡❥❛ ❬✽❪✮ ●❑dim [Um(MaMb)] = (m − 1)(a2 + b2) + 2.

Pr♦✈❛✿ ❙❡♥❞♦ T (MaMb) = T (Ma(K))T (Mb(K))✱ ❞♦ ❝♦♠❡♥tár✐♦ ❛♣ós ♦ ❚❡♦r❡♠❛ ✸✳✸✳✻✱

s❡❣✉❡ q✉❡ ●❑dim [Um(MaMb)] = ●❑dim [Um(Ma(K))] + ●❑dim [Um(Mb(K))]✳

❆❣♦r❛✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✸✳✻✭✐✮✱ ♦❜t❡♠♦s q✉❡

●❑dim [Um(MaMb)] = [(m− 1)(a2) + 1] + [(m− 1)(b2) + 1] = (m− 1)(a2 + b2) + 2✳

▲❡♠❛ ✸✳✸✳✾ ●❑dim [Um(MaMb)] = (m − 1)(a2 + b2) + 2 = ●❑dim [Um(Ma,b(E))]✳

Pr♦✈❛✿ ❈♦♠♣❛r❡ ♦ ❚❡♦r❡♠❛ ✸✳✸✳✻✭✐✐✐✮ ❝♦♠ ♦ ▲❡♠❛ ✸✳✸✳✽✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❬✷✷❪✱ ❞❛❞❛s ❞✉❛s K✲á❧❣❡❜r❛s A ❡ B✱ t❡♠♦s q✉❡

✭✶✮ ●❑dim (A⊕ B) = max{●❑dim (A),●❑dim (B)}❀

✭✷✮ max{●❑dim (A),●❑dim (B)} ≤ ●❑dim (A⊗ B) ≤ ●❑dim (A) + ●❑dim (B)✳

◆♦ss♦ ♣ró①✐♠♦ ♦❜❥❡t✐✈♦ s❡rá ❞✐s❝✉t✐r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✭✶✮ ❡ ✭✷✮ q✉❛♥❞♦

s✉❜st✐t✉í♠♦s A⊕ B ❡ A⊗ B ♣♦r Um(A⊕ B) ❡ Um(A⊗ B)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❚❡♦r❡♠❛ ✸✳✸✳✶✵ ●❑dim [Um(A⊕ B)] = max{●❑dim [Um(A)],●❑dim [Um(B)]}.

✸✹



Pr♦✈❛✿ ■♥✐❝✐❛❧♠❡♥t❡✱ ♦❜s❡r✈❛♠♦s q✉❡

✭✶✮ T (A⊕ B) = T (A) ∩ T (B) ❡ Tm(A⊕ B) = Tm(A) ∩ Tm(B)❀

✭✷✮ Um(A⊕ B) = K〈x1, . . . , xm〉/Tm(A⊕ B) = K〈x1, . . . , xm〉/Tm(A) ∩ Tm(B)✳

❆❣♦r❛✱ s❡♥❞♦ A,B ⊆ A⊕ B ✉s❛♠♦s ♦ ▲❡♠❛ ✸✳✸✳✺✱ ♣❛r❛ ♦❜t❡r q✉❡

●❑dim [Um(A)],●❑dim [Um(B)] ≤ ●❑dim [Um(A⊕ B)].

❉❛í✱ t❡♠♦s

●❑dim [Um(A⊕ B)] ≥ max{●❑dim [Um(A)],●❑dim [Um(B)]}. ✭✸✳✶✮

❈♦♥s✐❞❡r❛♠♦s ❛❣♦r❛ ❛ ✐♠❡rsã♦ ♥❛t✉r❛❧

K〈x1, . . . , xm〉/Tm(A⊕ B) →֒ K〈x1, . . . , xm〉/Tm(A) ⊕ K〈x1, . . . , xm〉/Tm(B),

♦✉ s❡❥❛✱

Um(A⊕ B) →֒ Um(A) ⊕ Um(B).

❯t✐❧✐③❛♥❞♦ ✭✶✮ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✹✱ ♦❜t❡♠♦s q✉❡

●❑dim [Um(A⊕ B)] ≤ max{●❑dim [Um(A)],●❑dim [Um(B)]}. ✭✸✳✷✮

❆ ♣❛rt✐r ❞❡ ✭✸✳✶✮ ❡ ✭✸✳✷✮✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡

●❑dim [Um(A⊕B)] = max{●❑dim [Um(A)],●❑dim [Um(B)]} = ●❑dim [Um(A)⊕Um(B)]

❝♦♠♦ ❞❡s❡❥❛❞♦✳

❚❡♦r❡♠❛ ✸✳✸✳✶✶ ●❑dim [Um(A⊗ B)] ≥ max{●❑dim [Um(A)],●❑dim [Um(B)]}✳

Pr♦✈❛✿ ■♥✐❝✐❛♠♦s ♦❜s❡r✈❛♥❞♦ q✉❡✿

✭✶✮ A⊗ 1 ≃ A ❡ 1 ⊗ B ≃ B ⇒ T (A⊗ 1) = T (A) ❡ T (1 ⊗ B) = T (B)❀

✭✷✮ A⊗ 1 ❡ 1 ⊗ B sã♦ s✉❜á❧❣❡❜r❛s ❞❡ A⊗ B✳

❯s❛♥❞♦ ✭✶✮ ❡ ✭✷✮✱ s❡❣✉❡ q✉❡

T (A⊗B) ⊆ T (A⊗1) = T (A) ✱ T (A⊗B) ⊆ T (1⊗B) = T (B) ❡ T (A⊗B) ⊆ T (A)∩T (B).

▲♦❣♦✱

●❑dim [Um(A⊗B)] ≥ ●❑dim

[
K〈x1, . . . , xm〉

Tm(A) ∩ Tm(B)

]
= max{●❑dim [Um(A)],●❑dim [Um(B)]}.

P♦rt❛♥t♦✱ ●❑dim [Um(A⊗ B)] ≥ max{●❑dim [Um(A)],●❑dim [Um(B)]}✳

✸✺



❖❜s❡r✈❛çã♦ ✸✳✸✳✶✷ P❛r❛ m > 1✱ ♥ã♦ é ✈❛❧✐❞❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

●❑dim [Um(A⊗ B)] ≤ ●❑dim [Um(A)] + ●❑dim [Um(B)].

❉❡ ❢❛t♦✱ s❡❥❛♠ A = B = M1,1(E) ❡ K ✉♠ ❝♦r♣♦ ❝♦♠ ❝❤❛rK = 0✳

❙❡♥❞♦

●❑dim [Um(A)] = ●❑dim [Um(B)] = 2m

♦❜t❡♠♦s q✉❡

●❑dim [Um(A⊗ B)] = ●❑dim [Um(M1,1 ⊗ M1,1)] = ●❑dim [Um(M2,2(E))] = 8m − 6.

❆❣♦r❛✱ s❡ m > 1✱ ❡♥tã♦

●❑dim [Um(A⊗ B)] = 8m − 6 > 4m = ●❑dim [Um(A)] + ●❑dim [Um(B)].

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ ❝♦t❛ ✐♥❢❡r✐♦r ♣❛r❛ ❛ ●❑✲❞✐♠❡♥sã♦ ❞❛ á❧❣❡❜r❛

✉♥✐✈❡rs❛❧ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ á❧❣❡❜r❛ Aa,b✳

▲❡♠❛ ✸✳✸✳✶✸ ●❑dim [Um(Aa,b)] ≥ (m − 1)(a2 + b2) + 2.

Pr♦✈❛✿ ■♥✐❝✐❛♠♦s ♦❜s❡r✈❛♥❞♦ q✉❡ Ma,b(E) ⊆ Aa,b✳ ❉♦ ▲❡♠❛ ✸✳✸✳✺✱ s❛❜❡♠♦s q✉❡

●❑dim [Um(Ma,b(E))] ≤ ●❑dim [Um(Aa,b)].

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✸✳✸✳✻✭✐✐✐✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

(m − 1)(a2 + b2) + 2 ≤ ●❑dim [Um(Aa,b)],

❝♦♠♦ q✉❡rí❛♠♦s✳

✸✻



❈❛♣ít✉❧♦ ✹

❆❧❣✉♥s ❈á❧❝✉❧♦s ■♠♣♦rt❛♥t❡s

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦ ❝á❧❝✉❧♦ ❞❛ ❞✐♠❡♥sã♦ ❞❡ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❞❡ ❛❧❣✉♠❛s

á❧❣❡❜r❛s ✉♥✐✈❡rs❛✐s ❞❡ ♣♦st♦ ♠✳ ❚❛✐s ❝á❧❝✉❧♦s sã♦ ✐♠♣♦rt❛♥t❡s ♣♦✐s ♠♦str❛♠ ❝♦♠♦

❝❛❧❝✉❧❛r ❛ ●❑✲❞✐♠❡♥sã♦ ❞❡ ❢♦r♠❛ ❡①♣❧í❝✐t❛✳

✹✳✶ ❆s á❧❣❡❜r❛s M1,1(E) ❡ E ⊗ E

◆❡st❛ s❡çã♦ ❝♦♥str✉✐r❡♠♦s ✉♠ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ❛♣r♦♣r✐❛❞♦ ♣❛r❛ ❛ á❧❣❡❜r❛

Um(E ⊗ E)✱ s♦❜r❡ ❝♦r♣♦s ✐♥✜♥✐t♦s ❝♦♠ ❝❤❛rK = p > 2✳ ❊♠ s❡❣✉✐❞❛ ✉s❛r❡♠♦s ❡ss❡

♠♦❞❡❧♦ ♣❛r❛ ❝❛❧❝✉❧❛r GK dim[Um(E ⊗ E)]✳ ▼❛✐s ❛✐♥❞❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ♥♦✈❛

♣r♦✈❛ ❞❛ ♥ã♦ P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s á❧❣❡❜r❛s E ⊗ E ❡ M1,1(E)✳

P❛r❛ ❝❤❛rK = 0✱ ❥á ✈✐♠♦s q✉❡

●❑dim [Um(E ⊗ E)] = ●❑dim [Um(M1,1(E))] = 2m.

P❛r❛ ❝❤❛rK = p > 2✱ ❆③❡✈❡❞♦✱ ❋✐❞❡❧✐s ❡ ❑♦s❤❧✉❦♦✈ ❡♠ ✭❬✻❪✱ ❬✼❪✮✱ ✉s❛♥❞♦

✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s✱ ♠♦str❛r❛♠ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s

✭✶✮ ❙❡ A = K ⊕ M1,1(E
′)✱ ❡♥tã♦ T (A) = T (K ⊕ M1,1(E

′)) = T (E ⊗ E)❀

✭✷✮ ❆s á❧❣❡❜r❛s A ❡ M1,1(E) ♥ã♦ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳ ❆❞❡♠❛✐s✱

T (A) = T (E ⊗ E) ) T (M1,1(E)).

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❛ s❡çã♦ s❡rá ♠♦str❛r q✉❡ ♣❛r❛ ❝♦r♣♦s ✐♥✜♥✐t♦s ❝♦♠ ❝❤❛rK =

p > 2✱ t❡♠♦s

●❑dim [Um(E ⊗ E)] = m.

✸✼



▲❡♠❛ ✹✳✶✳✶ ●❑dim [Um(A)] ≥ m✳

Pr♦✈❛✿ ❙❡♥❞♦ K ⊂ A = K⊕M1,1(E
′) ❡ m = ●❑dim [Um(K)]✱ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✹✭✶✮✱

✈❡♠ q✉❡ m = ●❑dim [Um(K)] ≤ ●❑dim [Um(A)] ✭♣♦❞❡rí❛♠♦s t❡r ✉s❛❞♦ ♦ ❚❡♦r❡♠❛

✸✳✸✳✻✭✐✮✱ ❝♦♠ n = 1✱ ♣❛r❛ ♦❜t❡r q✉❡ ●❑dim [Um(K)] = m✮✳

❱❛♠♦s ❝♦♥str✉✐r ✉♠ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ♣❛r❛ ❛ á❧❣❡❜r❛ A✳ ❙❡❥❛ Ω ❛ á❧❣❡❜r❛

s✉♣❡r❝♦♠✉t❛t✐✈❛ ❧✐✈r❡ ❝♦♠ ❣❡r❛❞♦r❡s ♣❛r❡s x
(i)
11 , x

(i)
22 ✱ ❡ ❣❡r❛❞♦r❡s í♠♣❛r❡s y

(i)
12 , y

(i)
21 ✱ ♦♥❞❡

i = 1, . . . ,m✳ ❙❡❥❛♠ x1, . . . , xm ❡❧❡♠❡♥t♦s tr❛♥s❝❡♥❞❡♥t❡s ✐♥❞❡♣❡♥❞❡♥t❡s s♦❜r❡ K ❡ s❡❥❛

L = K(x1, . . . , xm) s❡✉ r❡s♣❡❝t✐✈♦ ❝♦r♣♦ ❞❡ ❢✉♥çõ❡s r❛❝✐♦♥❛✐s✳ ❉❡✜♥❛ ❛s ♠❛tr✐③❡s

Xi = xi


 1 0

0 1


 ; Yi =


 x

(i)
11 y

(i)
12

y
(i)
21 x

(i)
22


 ♦♥❞❡ i = 1, . . . ,m.

❙❡❥❛ UL ❛ L✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s Zi = Xi + Yi ❝♦♠ i = 1, . . . ,m✳ ❊♥tã♦ UL

♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ✉♠❛ K✲á❧❣❡❜r❛✱ ❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r U ✳ ❖ s❡❣✉✐♥t❡

❧❡♠❛ é ✐♠❡❞✐❛t♦✳

▲❡♠❛ ✹✳✶✳✷ ❆ á❧❣❡❜r❛ U é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ Um(A)✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✸ ●❑dim [Um(A)] ≤ m✳

Pr♦✈❛✿ ❯t✐❧✐③❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♣♦r ❘❡❣❡✈ ❡♠ ❬✷✾❪✱ ❚❡♦r❡♠❛ ✷✳✶✳ ❙❡

❝❤❛rK = p > 2✱ ❡♥tã♦ ●❑dim [Um(Mn(E ′))] = 0 ✭♥♦t❡ q✉❡ E ′ s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡

xp = 0✮✳

❈❧❛r❛♠❡♥t❡✱ t❡♠♦s ❛ ✐♥❝❧✉sã♦

Um(A) = U ⊆ V = Um(M2(E
′))[X1, . . . , Xm];

❛q✉✐ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ Um(M2(E
′)) ❝♦♠♦ ❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s

Y1, . . . , Ym ❞❛❞❛s ❛❝✐♠❛✳ ❖❜s❡r✈❛♥❞♦ q✉❡ Um(A) ⊆ Um(M2(E
′))K[X1, . . . , Xm]✱

♣♦❞❡♠♦s ✉s❛r ♦ ▲❡♠❛ ✸✳✸✳✺ ❡ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✹✭✹✮✱ ♣❛r❛ ♦❜t❡r q✉❡

●❑dim [Um(A)] ≤ ●❑dim {Um(M2(E
′))K[X1, . . . , Xm]}

= ●❑dim [Um(M2(E
′))] + ●❑dim (K[X1, . . . , Xm])

= ●❑dim [Um(M2(E
′))] + m

= m.

✸✽



❆ ❈❖❚❆ ❙❯P❊❘■❖❘ ❯❙❆◆❉❖ ❆▲❚❯❘❆

❖❜s❡r✈❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ Um(A) ⊆ V ♦♥❞❡ V é ❣❡r❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s s♦❜ ❛ ❢♦r♠❛

Xa1

1 . . . Xam

m .g ♦♥❞❡ g ∈ Um(M2(E
′)) ❡ ai ≥ 0.

P♦r ❘❡❣❡✈ ✭❬✷✾❪✱ ❚❡♦r❡♠❛ ✷✳✶✮✱ s❛❜❡♠♦s q✉❡ ❡①✐st❡ s♦♠❡♥t❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡

t❛✐s g✬s✱ ❞✐❣❛♠♦s g1, . . . , gt✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❛♥❞♦ P = {X1, . . . , Xm} ❡ Q = {g1, . . . , gt}✱

♦❜t❡♠♦s q✉❡

●❑dim [Um(A)] ≤ ●❑dim (V) ≤ hess(V) = hgess(Um(A)) = hgess(U) ≤ m.

P♦rt❛♥t♦✱ ●❑dim [Um(A)] ≤ m✳

❯s❛♥❞♦ ♦ ▲❡♠❛ ✹✳✶✳✶ ❡ ❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✸✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✹✳✶✳✹ ●❑dim [Um(E ⊗ E)] = m q✉❛♥❞♦ ❝❤❛rK = p > 2✳

❈♦r♦❧ár✐♦ ✹✳✶✳✺ ❆s á❧❣❡❜r❛s E ⊗ E ❡ M1,1(E) ♥ã♦ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

Pr♦✈❛✿ ❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❛s á❧❣❡❜r❛s E⊗E ❡ M1,1(E) sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✱

✐st♦ é T (E ⊗ E) = T (M1,1(E))✳ ❊♥tã♦ Tm(E ⊗ E) = Tm(M1,1(E)) ❡ ❞❛í Um(E ⊗ E) =

Um(M1,1(E))✳ ❈♦♠♦ ●❑dim [Um(M1,1(E))] = 2m✱ ♦❜t❡♠♦s q✉❡

●❑dim [Um(E ⊗ E)] = ●❑dim [Um(M1,1(E))] = 2m,

❝♦♥tr❛❞✐③❡♥❞♦ ♦ ❚❡♦r❡♠❛ ✹✳✶✳✹✳ P♦rt❛♥t♦✱ ❛s á❧❣❡❜r❛s E ⊗E ❡ M1,1(E) ♥ã♦ ♣♦❞❡♠ s❡r

P■✲❡q✉✐✈❛❧❡♥t❡s✳

✹✳✷ ❆s á❧❣❡❜r❛s M1,1(E) ⊗ E ❡ M2(E)

◆❡st❛ s❡çã♦ ✈❛♠♦s ❝♦♥str✉✐r ✉♠ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ♣❛r❛ ❛ á❧❣❡❜r❛ Um(M1,1(E)⊗E)

s♦❜r❡ ❝♦r♣♦s ✐♥✜♥✐t♦s ❝♦♠ ❝❤❛rK = p > 2✳ ❊♠ s❡❣✉✐❞❛ ✉s❛r❡♠♦s ❡ss❡ ♠♦❞❡❧♦ ♣❛r❛

❝❛❧❝✉❧❛r GK dim Um(M1,1(E) ⊗ E)✳ ▼❛✐s ❛✐♥❞❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ♥♦✈❛ ♣r♦✈❛ ❞❛

♥ã♦ P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s á❧❣❡❜r❛s M1,1(E) ⊗ E ❡ M2(E)✳

P❛r❛ ❝❤❛rK = 0✱ ❥á ✈✐♠♦s q✉❡

●❑dim [Um(M1,1(E) ⊗ E)] = ●❑dim [Um(M2(E))] = 4m − 3.

P❛r❛ ❝❤❛rK = p > 2✱ ❆③❡✈❡❞♦✱ ❋✐❞❡❧✐s ❡ ❑♦s❤❧✉❦♦✈ ❡♠ ✭❬✻❪✱ ❬✼❪✮✱ ✉s❛♥❞♦

✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s✱ ♠♦str❛r❛♠ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

✸✾



✭✶✮ ❙❡ A = A1,1✱ ❡♥tã♦ T (A) = T (M1,1(E) ⊗ E)❀

✭✷✮ ❆s á❧❣❡❜r❛s A ❡ M1,1(E) ⊗ E ♥ã♦ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳ ▼❛✐s ❛✐♥❞❛✱

T (A) = T (M1,1(E) ⊗ E) ) T (M2(E)).

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❛ s❡çã♦ é ♠♦str❛r q✉❡ ♣❛r❛ ❝♦r♣♦s ✐♥✜♥✐t♦s ❝♦♠ ❝❤❛rK = p >

2✱ t❡♠♦s q✉❡

●❑dim [Um(M1,1(E) ⊗ E)] = 2m.

▲❡♠❛ ✹✳✷✳✶ ●❑dim [Um(M1,1(E) ⊗ E)] = ●❑dim [Um(A)]✳

Pr♦✈❛✿ ❙❡♥❞♦ T (M1,1(E) ⊗ E) = T (A)✱ s❡❣✉❡ q✉❡

Tm(M1,1(E) ⊗ E) = Tm(A) ❡ Um(M1,1(E) ⊗ E) = Um(A).

P♦rt❛♥t♦✱ ●❑dim [Um(M1,1(E) ⊗ E)] = ●❑dim [Um(A)]✳

▲❡♠❛ ✹✳✷✳✷ ●❑dim [Um(A)] ≥ 2m✳

Pr♦✈❛✿ ❙❡♥❞♦ M1,1(E) ⊆ A1,1 é ❢á❝✐❧ ✈❡r q✉❡

●❑dim [Um(M1,1(E))] ≤ ●❑dim [Um(A1,1)].

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✸✳✻✭✐✐✐✮ ❝♦♠ a = b = 1✱ ♦❜t❡♠♦s q✉❡ ●❑dim [Um(A)] ≥

2m ✭♣♦❞❡rí❛♠♦s t❡r ✉s❛❞♦ ♦ ❚❡♦r❡♠❛ ✸✳✸✳✶✶ ❡ q✉❡ ●❑dim [Um(M1,1(E))] = 2m ❡

●❑dim [Um(E)] = m✮✳

❱❛♠♦s ❝♦♥str✉✐r ✉♠ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ♣❛r❛ ❛ á❧❣❡❜r❛ A = A1,1✳ ❙❡❥❛

 a∗ b

c d∗


 ∈ A1,1 = A ♦♥❞❡ a∗, d∗ ∈ E ❡ b, c ∈ E ′.

P♦❞❡♠♦s ❡s❝r❡✈❡r

 a∗ b

c d∗


 =


 a1 0

0 a2


+


 a b

c d


 , ♦♥❞❡ a1, a2 ∈ K ❡ a, b, c, d ∈ E ′.

❙❡♥❞♦ ❝❤❛rK = p 6= 2✱ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r ❡st❛s ♠❛tr✐③❡s s♦❜ ❛ ❢♦r♠❛

 a∗ b

c d∗


 = b1


 1 0

0 1


+ b2


 1 0

0 −1


+


 a b

c d




✹✵



♦♥❞❡ b1 = (a1 + a2)/2 ❡ b2 = (a1 − a2)/2✳

❆❣♦r❛ s❡❥❛♠

Xi = ri


 1 0

0 1


 ; Yi = ti


 1 0

0 −1


 ❡ Wi =


 x

(i)
11 x

(i)
12

x
(i)
21 x

(i)
22


 ,

❛q✉✐ ri ❡ ti sã♦ ✈❛r✐á✈❡✐s ❝♦♠✉t❛♥❞♦ ❡ x
(i)
kl sã♦ ❣❡r❛❞♦r❡s ❧✐✈r❡s ❞❡ Ω

′

✳

❈♦♥s✐❞❡r❛♠♦s U ❝♦♠♦ s❡♥❞♦ ❛ K✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s Zi = Xi+Yi+Wi

♦♥❞❡ i = 1, . . . ,m✳ ❖ s❡❣✉✐♥t❡ ❧❡♠❛ é ✐♠❡❞✐❛t♦✳

▲❡♠❛ ✹✳✷✳✸ ❆ á❧❣❡❜r❛ U é ✐s♦♠♦r❢❛ ❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ Um(A) = Um(A1,1)✳

▲❡♠❛ ✹✳✷✳✹ ●❑dim [Um(A)] ≤ 2m.

Pr♦✈❛✿ ❊s❝r❡✈❡♠♦s ❛s ♠❛tr✐③❡s Wi ❝♦♠♦ Wi = W 1
i + W 2

i ♦♥❞❡

W 1
i =


 x

(i)
11 0

0 x
(i)
22


 ❡ W 2

i =


 0 x

(i)
12

x
(i)
21 0


 .

➱ ✐♠❡❞✐❛t♦ ✈❡r✐✜❝❛r q✉❡ ♦s Xi sã♦ ❝❡♥tr❛✐s✱ Yi ❝♦♠✉t❛♠ ❡♥tr❡ s✐ ❡ q✉❡ Yi ❝♦♠✉t❛♠ ❝♦♠

W 1
j ❡ ❛♥t✐❝♦♠✉t❛♠ ❝♦♠ W 2

j ✳ ❉❛í✱ ♦❜t❡♠♦s q✉❡ YiWj = W
′

jYi ♦♥❞❡ W
′

j = W 1
j − W 2

j ✳

❊s❝r❡✈❡♠♦s Xm+1, . . . , X2m ♣❛r❛ Y1, . . . , Ym✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦ t♦❞♦

❡❧❡♠❡♥t♦ ❞❡ U ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s s♦❜ ❛ ❢♦r♠❛

g1X
a1

1 g2 . . . g2mXa2m

2m g2m+1 ♦♥❞❡ gi ∈ Um[M2(E
′)] ✱ ai ≥ 0 ❡ i = 1, . . . , 2m.

❙❡ V é ♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❛❝✐♠❛✱ ❡♥tã♦✱ ♦❜✈✐❛♠❡♥t❡✱ ❡❧❡ é ❢❡❝❤❛❞♦ ❝♦♠

r❡s♣❡✐t♦ ❛ ♠✉❧t✐♣❧✐❝❛çã♦✱ ❡ ♣♦rt❛♥t♦ V é ✉♠❛ á❧❣❡❜r❛✳ P♦r ❘❡❣❡✈ ✭❬✷✾❪✱ ❚❡♦r❡♠❛ ✷✳✶✮✱

❡①✐st❡ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ t❛✐s gi✬s✱ ❞✐❣❛♠♦s g1, . . . , gt✳ ❈♦♥s✐❞❡r❛♠♦s ♦s ❝♦♥❥✉♥t♦s

P = {X1, . . . , X2m} ❡ Q = {g1, . . . , gt},

❡ ❛ ♣❛rt✐r ❞❡st❡s✱ ♦❜t❡♠♦s q✉❡✿

●❑dim [Um(A)] ≤ ●❑dim (U) ≤ hgess(U) = hess(V) ≤ 2m.

❉❛í✱ t❡♠♦s q✉❡ ●❑dim [Um(A)] ≤ 2m✳

❯s❛♥❞♦ ♦s ▲❡♠❛s ✹✳✷✳✶✱ ✹✳✷✳✷ ❡ ✹✳✷✳✹✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✹✳✷✳✺ ●❑dim [Um(M1,1(E) ⊗ E)] = 2m q✉❛♥❞♦ ❝❤❛rK = p > 2✳

✹✶



❈♦r♦❧ár✐♦ ✹✳✷✳✻ ❆s á❧❣❡❜r❛s M1,1(E) ⊗ E ❡ M2(E) ♥ã♦ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

Pr♦✈❛✿ ❙✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❛s á❧❣❡❜r❛s M1,1(E) ⊗ E ❡ M2(E) sã♦ P■✲

❡q✉✐✈❛❧❡♥t❡s✱ ✐st♦ é✱ q✉❡ T (M1,1(E)) ⊗ E = T (M2(E))✳

❆ss✐♠✱ Tm(M1,1(E) ⊗ E) = Tm(M2(E))✱ ❧♦❣♦ Um(M1,1(E) ⊗ E) = Um(M2(E)) ❡

❡♥tã♦ t❡♠♦s ●❑dim [Um(M1,1(E) ⊗ E)] = ●❑dim [Um(M2(E))]✳

❖❜t❡♠♦s ●❑dim [Um(M1,1(E) ⊗ E)] = 2m 6= 4m − 3 = ●❑dim [Um(M2(E))]✳

P♦rt❛♥t♦✱ ❛s á❧❣❡❜r❛s M1,1(E) ⊗ E ❡ M2(E) ♥ã♦ ♣♦❞❡♠ s❡r P■✲❡q✉✐✈❛❧❡♥t❡s✳

✹✳✸ ●❑✲❞✐♠❡♥sã♦ ❞❡ Um(A2,1)

◆❡st❛ s❡çã♦ ✈❛♠♦s ❝♦♥str✉✐r ✉♠ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ♣❛r❛ ❛ á❧❣❡❜r❛ Um(A2,1)✳ ❆

♣❛rt✐r ❞❡st❡ ♠♦❞❡❧♦ ✈❛♠♦s ❝❛❧❝✉❧❛r GK dim[Um(A2,1)]✳

❱❛♠♦s ❝♦♥str✉✐r ✉♠ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ♣❛r❛ ❛ á❧❣❡❜r❛ Um(A2,1) ❞❡ ♠♦❞♦ s✐♠✐❧❛r

❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ❛s á❧❣❡❜r❛s A ❡ A1,1✳ ❙❡❥❛♠ Zi = X∗
i + Y ∗

i ♦♥❞❡ i = 1, 2, . . . ,m ❡

X∗

i =




x
∗(i)
11 x

∗(i)
12 0

x
∗(i)
21 x

∗(i)
22 0

0 0 x
∗(i)
33


 ❡ Y ∗

i =




y
∗(i)
11 y

∗(i)
12 y

∗(i)
13

y
∗(i)
21 y

∗(i)
22 y

∗(i)
23

y
∗(i)
31 y

∗(i)
32 y

∗(i)
33


 .

❆q✉✐ x
∗(i)
kl sã♦ ✈❛r✐á✈❡✐s ❝♦♠✉t❛♥❞♦ ✭❝♦rr❡s♣♦♥❞❡♥t❡s à ♣❛rt❡ ❡s❝❛❧❛r ❞❛s r❡s♣❡❝t✐✈❛s

❡♥tr❛❞❛s ❞❡ A2,1✮✳ ▼❛✐s ❛✐♥❞❛✱ y
∗(i)
kl sã♦ ❣❡r❛❞♦r❡s ❞❛ á❧❣❡❜r❛ ❧✐✈r❡ s✉♣❡r❝♦♠✉t❛t✐✈❛

s❡♠ ✉♥✐❞❛❞❡ Ω
′

✳ ❆ ♣❛rt✐r ❞✐ss♦ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✹✳✸✳✶ ❙❡❥❛ U ❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r Z1, . . . , Zm✳ ❊♥tã♦✱ U ≃ Um(A2,1)✳

❖❜s❡r✈❡ q✉❡ U ⊆ U1 ♦♥❞❡ U1 é ❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧♦s X∗
i ❡ ♣❡❧♦s Y ∗

i ♦♥❞❡

i = 1, . . . ,m✳ ❙❡❣✉✐♥❞♦ ✭❬✽✱ s❡çã♦ ✺❪✮ ♠✉❞❛♠♦s ♦ ♠♦❞❡❧♦ ❞❡ U1 ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳

P❛ss❛♥❞♦ ❞❡ K ♣❛r❛ ♦ ❢❡❝❤♦ ❛❧❣é❜r✐❝♦ ❞♦ ❝♦r♣♦ K(x
∗(i)
kl ) ♥ós ❞✐❛❣♦♥❛❧✐③❛♠♦s ❛

♠❛tr✐③ ❣❡♥ér✐❝❛ X∗
1 ✳ ■st♦ é ❢❡✐t♦ ♣♦r ❝♦♥❥✉❣❛çã♦ ♣♦r ❛❧❣✉♠❛ ♠❛tr✐③ T ✱ ❡ ♦❜t❡♠♦s ❛s

♠❛tr✐③❡s TX∗
i T−1 ♦♥❞❡ i = 1, . . . ,m✳ ▼❛✐s ❛✐♥❞❛✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ❛ ♠❛tr✐③ T ❞❡

♠♦❞♦ q✉❡ TX∗
2T

−1 t❡♥❤❛ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛

TX∗

2T
−1 =




α1 α 0

α α2 0

0 0 α3




✹✷



♣❛r❛ ❡❧❡♠❡♥t♦s ❛❧❣❡❜r✐❝❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s α ❡ αi✳ ❈♦♠♦ ❛s ❡♥tr❛❞❛s ❞❛s ♠❛tr✐③❡s

sã♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s s♦❜r❡ K ♣♦❞❡♠♦s s✉❜st✐t✉✐r X∗
1 ♣♦r TX∗

i T−1✱ ❡ ❡st❛s

❣❡r❛♠ ✉♠❛ á❧❣❡❜r❛ ✐s♦♠♦r❢❛ ❛ U ✳

P♦rt❛♥t♦✱ ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ✐❞❡♥t✐✜❝❛♠♦s X∗
1 ❝♦♠ TX∗

i T−1 ❡ ❛ss✉♠✐♠♦s

q✉❡ x
∗(1)
12 = x

∗(1)
21 = 0 ❡ x

∗(2)
12 = x

∗(2)
21 ✳ ❱❛♠♦s ✉s❛r ❛ ♥♦t❛çã♦ U1 ♣❛r❛ ❛ á❧❣❡❜r❛ ❣❡r❛❞❛

♣❡❧❛s ♥♦✈❛s ♠❛tr✐③❡s X∗
i ❡ Y ∗

i ♦♥❞❡ i = 1, . . . ,m✳ ❱❛♠♦s ❝♦♥str✉✐r ✉♠❛ ♥♦✈❛ á❧❣❡❜r❛

U2 t❛❧ q✉❡ Um(A2,1) ⊆ U2 ❡ s❛t✐s❢❛③❡♥❞♦ ●❑dim (U2) ≤ 5m − 3✳

Pr✐♠❡✐r♦ tr❛❜❛❧❤❛♠♦s ❝♦♠ ❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ diag(x
(1)
11 , x

(1)
22 , x

(1)
33 )✳ ◆❡st❡ ❝❛s♦✱

❡s❝r❡✈❡♠♦s X∗
1 = X1 + X2 + X3✱ t♦♠❛♥❞♦

X1 = x
(1)
11




1 0 0

0 1 0

0 0 1


 ❀ X2 = x

(1)
22




1 0 0

0 −1 0

0 0 −1


 ❀ X3 = x

(1)
33




1 0 0

0 1 0

0 0 −1


 ;

❛q✉✐ x
(1)
11 = (x

∗(1)
11 + x

∗(1)
33 )/2✱ x

(1)
22 = (x

∗(1)
11 − x

∗(1)
22 )/2✱ x

(1)
33 = (x

∗(1)
22 − x

∗(1)
33 )/2✳

❆❣♦r❛ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♠❛tr✐③ s✐♠étr✐❝❛✱ ❡s❝r❡✈❡♠♦s X∗
2 = X4 + X5 + X6 + Y

(2)
1 ✱

t♦♠❛♥❞♦

X4 = x
(2)
11




1 0 0

0 1 0

0 0 1


 ❀ X5 = x

(2)
22




1 0 0

0 −1 0

0 0 −1


 ;

X6 = x
(2)
33




1 0 0

0 1 0

0 0 −1


 ❀ Y

(2)
1 = x

(2)
12




0 1 0

1 0 0

0 0 0


 ;

❛q✉✐ x
(2)
ii sã♦ ♦❜t✐❞♦s ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ x

(1)
ii ❡ x

(2)
12 = x

∗(2)
12 ✳

❋✐♥❛❧♠❡♥t❡✱ q✉❛♥❞♦ i ≥ 3 ❡s❝r❡✈❡♠♦s X∗
i = X

(i)
7 +X

(i)
8 +X

(i)
9 +Y

(i)
1 +Z

(i)
1 t♦♠❛♥❞♦

X
(i)
7 = x

(i)
11




1 0 0

0 1 0

0 0 1


 ❀ X

(i)
8 = x

(i)
22




1 0 0

0 −1 0

0 0 −1


 ❀ X

(i)
9 = x

(i)
33




1 0 0

0 1 0

0 0 −1


 ;

Y
(i)
1 = x

(i)
12




0 1 0

1 0 0

0 0 0


 ❀ Z

(i)
1 = x

(i)
21




0 1 0

−1 0 0

0 0 0


 ;

✹✸



❛q✉✐ ♦s x
(i)
kk sã♦ ♦❜t✐❞♦s ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♦s x

(1)
kk ✱ ♠❛✐s ❛✐♥❞❛ x

(i)
12 = (x

∗(i)
12 + x

(i)
21 )/2

❡ x
(i)
21 = (x

∗(i)
12 − x

(i)
21 )/2✳

❆❣♦r❛ r❡♥♦♠❡❛♠♦s ❛s ♠❛tr✐③❡s Xi✱ X
(j)
i ✱ Y

(j)
i ❡ Z

(j)
i ❝♦♠♦ s❡❣✉❡✳ ❊s❝r❡✈❡♠♦s

X7 = X
(3)
7 ✱ X8 = X

(3)
8 ✱ X9 = X

(3)
9 ✱

X10 = X
(4)
7 ✱ X11 = X

(4)
8 ✱ X12 = X

(4)
9 ✱. . . , X3m = X

(m)
9 ✱

Y1 = Y
(2)
1 ✱ Y2 = Y

(3)
1 ✱ . . . , Ym−1 = Y

(m)
1 ✱

Z1 = Z
(3)
1 ✱ Z2 = Y

(4)
1 ✱ . . . , Zm−2 = Z

(m)
1 ✳

▲❡♠❛ ✹✳✸✳✷ ❖s ❡❧❡♠❡♥t♦s Xi✱ Yi ❡ Zi s❛t✐s❢❛③❡♠ ❛s r❡❧❛çõ❡s

XiXj = XjXi ❀ YiYj = YjYi ❀ ZiZj = ZjZi;

XiYj = ±YjXi ❀ XiZj = ±ZjXi ❀ YiZj = ZjYi.

Pr♦✈❛✿ P♦❞❡♠♦s ❢❛③❡r t❛❧ ✈❡r✐✜❝❛çã♦ ❛tr❛✈és ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❛♠♦s

B1 = Um(M3(E
′))[X1, . . . , X3m] ✱ B2 = B1[Y1, . . . , Ym−1] ❡ B3 = B2[Z1, . . . , Zm−2].

▲❡♠❛ ✹✳✸✳✸ Um(A2,1) ⊆ B3✳

Pr♦✈❛✿ ❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ B3✳

P❛r❛ ✉♠❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ✈❛♠♦s ♥♦✈❛♠❡♥t❡ r❡♥♦♠❡❛r ❛s ✈❛r✐á✈❡✐s✱ ❝♦♠♦

s❡❣✉❡✳ ❊s❝r❡✈❡♠♦s X3m+j = Yj ♦♥❞❡ j = 1 . . . , m − 1 ❡ X4m−1+j = Zj ♦♥❞❡

j = 1 . . . , m − 2✳ ❋✐♥❛❧♠❡♥t❡✱ ❝❤❛♠❛r❡♠♦s ❞❡ U2 ❛ á❧❣❡❜r❛ B3✳

▲❡♠❛ ✹✳✸✳✹ ●❑dim [Um(A2,1)] ≤ 5m − 3✳

Pr♦✈❛✿ ❈♦♠♦ Um(A2,1) ⊆ U2 é s✉✜❝✐❡♥t❡ ♣r♦✈❛r♠♦s q✉❡ hess(U2) ≤ 5m−3✳ ▼❛s✱ t♦❞♦

❡❧❡♠❡♥t♦ ❞❡ U2 é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s s♦❜ ❛ ❢♦r♠❛

g1X
a1

1 g2 . . . g5m−3X
a5m−3

5m−3 g5m−2 ♦♥❞❡ gi ∈ Um[M3(E
′)] ❀ ai ≥ 0 ❡ i = 1, . . . , 5m − 3.

◆♦✈❛♠❡♥t❡ ✉s❛♥❞♦ ❘❡❣❡✈ ✭❬✷✾❪✱ ❚❡♦r❡♠❛ ✷✳✶✮✱ ❡①✐st❡ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ t❛✐s g✬s✱

❞✐❣❛♠♦s g1, . . . , gt✳ ❈♦♥s✐❞❡r❛♠♦s ❛❣♦r❛ ♦s s❡❣✉✐♥t❡s ❝♦♥❥✉♥t♦s

P = {X1, . . . , X5m−3} ❡ Q = {g1, . . . , gt}.

✹✹



❆ ♣❛rt✐r ❞❡st❡s ❝♦♥❥✉♥t♦s ♦❜t❡♠♦s q✉❡

●❑dim [Um(A2,1)] ≤ hgess(Um(A2,1)) = hess(U2) ≤ 5m − 3.

P♦rt❛♥t♦✱

●❑dim [Um(A2,1)] ≤ 5m − 3

❝♦♠♦ ❞❡s❡❥❛❞♦✳

❯s❛♥❞♦ ♦s ▲❡♠❛s ✸✳✸✳✶✸ ❡ ✹✳✸✳✹✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✹✳✸✳✺ ●❑dim [Um(A2,1)] = 5m − 3.

✹✳✹ ●❑✲❞✐♠❡♥sã♦ ❞❡ Um(A2,2)

◆❡st❛ s❡çã♦ ❝♦♥str✉✐r❡♠♦s ✉♠ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ♣❛r❛ ❛ á❧❣❡❜r❛ Um(A2,2)✳ ❆ ♣❛rt✐r

❞❡st❡ ♠♦❞❡❧♦ ✈❛♠♦s ❝❛❧❝✉❧❛r GK dim[Um(A2,2)]✳

❈♦♠♦ ♥❛ s❡çã♦ ♣ré✈✐❛ ✐♥✐❝✐❛♠♦s ❝♦♠ ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦

❛♣r♦♣r✐❛❞♦ ♣❛r❛ ❛ á❧❣❡❜r❛ Um(A2,2)✳ ❚♦❞♦ ❡❧❡♠❡♥t♦ A ❞❡ A2,2 ♣♦❞❡ s❡r ❡s❝r✐t♦ s♦❜

❛ ❢♦r♠❛

A =




α1 α2 0 0

α3 α4 0 0

0 0 α5 α6

0 0 α7 α8




+




a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44




♦♥❞❡ αi ∈ K ❀ aij ∈ E ′.

P♦rt❛♥t♦✱ ❝♦♥s✐❞❡r❛♠♦s Zi = X∗
i + Y ∗

i ❝♦♠ i = 1, . . . ,m✱ ♦♥❞❡

X∗

i =




x
∗(i)
1 x

∗(i)
2 0 0

x
∗(i)
3 x

∗(i)
4 0 0

0 0 x
∗(i)
5 x

∗(i)
6

0 0 x
∗(i)
7 x

∗(i)
8




❀ Y ∗

i =




y
∗(i)
11 y

∗(i)
12 y

∗(i)
13 y

∗(i)
14

y
∗(i)
21 y

∗(i)
22 y

∗(i)
23 y

∗(i)
24

y
∗(i)
31 y

∗(i)
32 y

∗(i)
33 y

∗(i)
34

y
∗(i)
41 y

∗(i)
42 y

∗(i)
43 y

∗(i)
44




.

❆q✉✐ x
∗(i)
j sã♦ ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s ❡ y

∗(i)
kl sã♦ ❣❡r❛❞♦r❡s ❧✐✈r❡s ❞❛ á❧❣❡❜r❛

s✉♣❡r❝♦♠✉t❛t✐✈❛ ❧✐✈r❡ s❡♠ ✉♥✐❞❛❞❡ Ω
′

✳ ❉❡♥♦t❛♠♦s ♣♦r U ❛ K✲á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r

Z1, . . . , Zm✳ ❆♣❛rt✐r ❞❛ ❝♦♥str✉çã♦ ❞♦ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ❛❝✐♠❛✱ t❡♠♦s ♦ s❡❣✉✐♥t❡

r❡s✉❧t❛❞♦✳

✹✺



▲❡♠❛ ✹✳✹✳✶ ❆ á❧❣❡❜r❛ U é ✐s♦♠♦r❢❛ ❛ á❧❣❡❜r❛ ❣❡♥ér✐❝❛ ✭q✉❡ é r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡✮ ❞❡

♣♦st♦ m ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s ❞❡t❡r♠✐♥❛❞❛ ♣♦r A2,2✳

❙❡❣✉✐♥❞♦ ♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❡♠ ✭❬✽❪✱ s❡çã♦ ✺✮ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ X∗
1 é ❞✐❛❣♦♥❛❧ ❡

X∗
2 é s✐♠étr✐❝❛✳ ❚♦❞❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❛s ♠❛tr✐③❡s

X1
1 = diag(1, 1, 1, 1) ❀ X1

2 = diag(1, 1,−1,−1);

X1
3 = diag(1,−1, 1,−1) ❀ X1

4 = diag(1,−1,−1, 1).

❊♠ t❛✐s ❝♦♠❜✐♥❛çõ❡s t❡♠♦s q✉❡ ❞✐✈✐❞✐r ♣♦r ✹ ✭❧❡♠❜r❡♠♦s q✉❡ ❝❤❛rK = p 6= 2✮✳ ❙❡❥❛♠

Z2
1 =




0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0




❀ Z2
2 =




0 1 0 0

1 0 0 0

0 0 0 −1

0 0 −1 0




;

Y 3
1 =




0 1 0 0

−1 0 0 0

0 0 0 −1

0 0 1 0




❀ Y 3
2 =




0 −1 0 0

1 0 0 0

0 0 0 1

0 0 −1 0




.

➱ ✐♠❡❞✐❛t♦ q✉❡ t♦❞❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❡♠ ❜❧♦❝♦ 2 × 2 ❝♦♠ ❞✐❛❣♦♥❛❧ s❡❝✉♥❞ár✐❛ ♥✉❧❛ é

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ X1
1 ✱ X2

1 ✱ X3
1 ✱ X4

1 ✱ Z2
1 ❡ Z2

2 ✱ ❡ t♦❞❛ ♠❛tr✐③ ❞❡ ♦r❞❡♠ ✹ ❡♠ ❜❧♦❝♦

2×2 ❝♦♠ ❞✐❛❣♦♥❛❧ s❡❝✉♥❞ár✐❛ ♥✉❧❛ é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❛s s❡✐s ❛❝✐♠❛ ♠❛✐s ❛s ♠❛tr✐③❡s

Y 3
1 ❡ Y 3

2 ✳ ❖s ❞❡♥♦♠✐♥❛❞♦r❡s q✉❡ ❛♣❛r❡❝❡♠ sã♦ ✷ ♦✉ ✹✳ ❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡ ♠❛tr✐③❡s

Xi = xiX
1
1 ❝♦♠ i = 1, . . . ,m ❀ Xi = xiX

1
2 ❝♦♠ i = m + 1, . . . , 2m;

Xi = xiX
1
3 ❝♦♠ i = 2m + 1, . . . , 3m ❀ Xi = xiX

1
4 ❝♦♠ i = 3m + 1, . . . , 4m.

❆q✉✐ xi✱ ❝♦♠ i = 1 . . . , 4m sã♦ ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s✳ ▼❛✐s ❛✐♥❞❛✱

Zi = ziZ
2
1 , ❝♦♠ i = 1, . . . ,m − 1 ❀ Zi = ziZ

2
2 , ❝♦♠ i = m, . . . , 2m − 2;

❛q✉✐ t♦❞♦s zi sã♦ ✈❛rá✈❡✐s ❝♦♠✉t❛t✐✈❛s✱ ❡

Yi = yiY
3
1 , ❝♦♠ i = 1, . . . ,m − 2 ❀ Yi = yiY

3
2 , ❝♦♠ i = m − 1, . . . , 2m − 4,

♦♥❞❡ t♦❞♦s zi sã♦ ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s✳

❆tr❛✈és ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦ ✈❡r✐✜❝❛♠♦s q✉❡ ♣❛r❛ t♦❞♦s i, j ♣♦ssí✈❡✐s t❡♠♦s✿

✹✻



XiXj = XjXi✱ YiYj = YjYi✱ ZiZj = ZjZi✱ XiYj = ±YjXi✱ XiZj = ±ZjXi ❡

YiZj = ±ZjYi✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦ ♣ró①✐♠♦ ❧❡♠❛ é ✐♠❡❞✐❛t❛✳

▲❡♠❛ ✹✳✹✳✷ ❙❡❥❛♠ T1, . . . , Tm ❛s m ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ♣❛r❛ M4(E
′) ❡ s❡❥❛♠ R1 =

X1 +Xm+1 +X2m+1 +X3m+1 +T1✱ R2 = X2 +Xm+2 +X2m+2 +X3m+2 +Z1 +Zm +T2✱

Ri = Xi + Xm+i + X2m+i + X3m+i + Zi−1 + Z2i−2 + Yi−2 + Y2i−4 + Ti✱ i ≥ 3✳ ❊♥tã♦✱ ❛

á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s R1, . . . , Rm é ✐s♦♠♦r❢❛ ❛ á❧❣❡❜r❛ ❣❡♥ér✐❝❛ Um(A2,2)✳

❆❣♦r❛✱ r❡♥♦♠❡❛♥❞♦ Zi ❝♦♠♦ X4m+i ♣❛r❛ i = 1, . . . , 2m − 2 ❡ Yi ❝♦♠♦ X6m−2+i

♣❛r❛ i = 1, . . . , 2m − 4✱ ♦❜t❡♠♦s XiXj = ±XjXi ♣❛r❛ t♦❞♦s ✈❛❧♦r❡s ♣♦ssí✈❡✐s ❞❡ i ❡ j✳

❙❡❥❛

U1 = ((Um(M4(E
′))[X1, . . . , X4m])[X4m+1, . . . , X6m−2])[X6m−1, . . . , X8m−6].

❈♦♠♦ ❛♥t❡s✱ ❢❛❝✐❧♠❡♥t❡ ♠♦str❛♠♦s q✉❡ U1 é ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s

g1X
a1

1 g2 . . . g8m−6X
a8m−6

8m−6 g8m−5 ❀ ai ≥ 0 ❡ gj ∈ Um(M4(E
′)).

P♦r ❘❡❣❡✈ ✭❬✷✾❪✱ ❚❡♦r❡♠❛ ✷✳✶✮✱ t❡♠♦s q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ g✬s✱ ❞✐❣❛♠♦s g1, . . . , gs✳

❈♦♥s✐❞❡r❛♥❞♦ ♦s ❝♦♥❥✉♥t♦s✱

P = {X1, . . . , X8m−6} ❡ Q = {g1, . . . , gs},

♦❜t❡♠♦s q✉❡ hess(U1) ≤ 8m − 6.

▲❡♠❛ ✹✳✹✳✸ ●❑dim [Um(A2,2)] ≤ 8m − 6✳

Pr♦✈❛✿ ❇❛st❛ ♦❜s❡r✈❛r♠♦s q✉❡

●❑dim [Um(A2,2)] ≤ ●❑dim (U1) ≤ hess(U1) = hgess(Um(A2,2)) ≤ 8m − 6.

P♦rt❛♥t♦✱

●❑dim [Um(A2,2)] ≤ 8m − 6

❝♦♠♦ q✉❡rí❛♠♦s✳

❯s❛♥❞♦ ♦s ▲❡♠❛s ✸✳✸✳✶✸ ❡ ✹✳✹✳✸✱ ♦❜t❡♠♦s ❞✐r❡t❛♠❡♥t❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✹✳✹✳✹ ●❑dim [Um(A2,2)] = 8m − 6.

✹✼



❈♦r♦❧ár✐♦ ✹✳✹✳✺ ❆s á❧❣❡❜r❛s A2,2 ❡ A3,1 ♥ã♦ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

Pr♦✈❛✿ ❙✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❛s á❧❣❡❜r❛s A2,2 ❡ A3,1 sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✱ ✐st♦

é✱ q✉❡ T (A2,2) = T (A3,1)✳ ❯s❛♥❞♦ ♦ ▲❡♠❛ ✸✳✸✳✷✱ t❡♠♦s q✉❡

●❑dim [Um(A2,2)] = ●❑dim [Um(A3,1)]. ✭✹✳✶✮

❏á ✈✐♠♦s ❡♠ s❡çõ❡s ❛♥t❡r✐♦r❡s q✉❡

●❑dim [Um(A2,2)] = 8m − 6 ✭▲❡♠❛ ✹✳✹✳✹✮ ✭✹✳✷✮

❡

●❑dim [Um(A3,1)] ≥ 10m − 8 ✭▲❡♠❛ ✸✳✸✳✶✸✮. ✭✹✳✸✮

❆❣♦r❛ ❞❡ ✹✳✷ ❡ ✹✳✸✱ ♣❛r❛ m > 1✱ ♦❜t❡♠♦s q✉❡

●❑dim [Um(A2,2)] = 8m − 6 < 10m − 8 ≤ ●❑dim [Um(A3,1)]. ✭✹✳✹✮

❖❜s❡r✈❡ q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ ✹✳✹ ❝♦♥tr❛❞✐③ ✹✳✶✳ P♦rt❛♥t♦✱ ❛s á❧❣❡❜r❛s A2,2 ❡ A3,1 ♥ã♦

♣♦❞❡♠ s❡r P■✲❡q✉✐✈❛❧❡♥t❡s✳

✹✽



❈❛♣ít✉❧♦ ✺

❘❡s✉❧t❛❞♦s ❘❡❝❡♥t❡s

✺✳✶ ●❑✲❞✐♠❡♥sã♦ ❞❡ Um(Aa,b)

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ♣❛r❛ ❛ á❧❣❡❜r❛ Um(Aa,b)✳ ❆

♣❛rt✐r ❞❡st❡ ♠♦❞❡❧♦ ✈❛♠♦s ❝❛❧❝✉❧❛r GK dim[Um(Aa,b)]✳ ❈♦♠♦ ❛♣❧✐❝❛çã♦✱ ❝♦♥❝❧✉✐r❡♠♦s

q✉❡ ❛s á❧❣❡❜r❛s Aa,b ❡ Ma+b ♥ã♦ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳ ▲❡♠❜r❛♠♦s q✉❡ s♦❜r❡ ❝♦r♣♦s ❝♦♠

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❛s á❧❣❡❜r❛s Aa,b ❡ Ma+b(E) sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s ✭✐st♦ s❡❣✉❡ ❞♦ ❢❛t♦

q✉❡ E ❡ E ′ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s ❡♠ ❝❤❛rK = 0✱ ✈❡❥❛ ❬✷✺❪✮ ❡ ❞❛í✱

GK dim[Um(Aa,b)] = GK dim[Um(Ma+b(E))] = (m − 1)(a + b)2 + 1.

◆♦ q✉❡ s❡❣✉❡ ✈❛♠♦s ❛ss✉♠✐r q✉❡ ❝❤❛rK = p > 2✳

❆❣♦r❛ ❝♦♥str✉✐r❡♠♦s ♦ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ♣❛r❛ ❛ á❧❣❡❜r❛ Aa,b✳ ❙❡❥❛ Wr = X̃r + Ỹr +

Z̃r❀ r = 1✱ ✷✱ ✳ ✳ ✳ ✱ k✱ ❝♦♠

X̃r = (aij)n×n ♦♥❞❡ aij =





x̃ij
(r), s❡ (i, j) ∈ ∆0,

0, s❡ (i, j) ∈ ∆1,

♦♥❞❡ ∆0 = {(i, j); 1 ≤ i, j ≤ a ♦✉ a + 1 ≤ i, j ≤ a + b}

❡ ∆1 = {(i, j); 1 ≤ i ≤ a ❡ a + 1 ≤ j ≤ a + b ♦✉ a + 1 ≤ i ≤ a + b ❡ 1 ≤ j ≤ a}

Ỹr = (ỹij
(r))n×n ❡ Z̃r = (z̃ij

(r))n×n.

❆q✉✐ x̃ij
(r) sã♦ ✈❛r✐á✈❡✐s ❝♦♠✉t❛♥❞♦ ❡ ❡❧❛s ❝♦rr❡s♣♦♥❞❡♠ ❛ ♣❛rt❡ ❡s❝❛❧❛r ❞❛s r❡s♣❡❝t✐✈❛s

❡♥tr❛❞❛s ❞❛s ♠❛tr✐③❡s ❡♠ Aa,b❀ ỹij
(r) sã♦ ❣❡r❛❞♦r❡s ❧✐✈r❡s ❞❡ Ω

′

0 ❡ z̃ij
(r) sã♦ ❣❡r❛❞♦r❡s

❧✐✈r❡s ❞❡ Ω1✳ ▲❡♠❜r❛♠♦s q✉❡ Ω
′

= Ω
′

0 ⊕ Ω1 é ❛ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛ ❧✐✈r❡ s❡♠

✉♥✐❞❛❞❡✳

✹✾



▲❡♠❛ ✺✳✶✳✶ ❙❡ U é ❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r W1, . . . ,Wm✱ ❡♥tã♦ U ≃ Um(Aa,b)✳

Pr♦✈❛✿ ❆ ♣r♦✈❛ é ❛♥á❧♦❣❛ ❛♦ ❝❛s♦ ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s✳ ❱❡❥❛ t❛♠❜é♠ ❛ ♣r♦✈❛ ❞♦

▲❡♠❛ ✼ ❞❡ ❬✼❪✳

◆♦t❡ q✉❡ U ⊆ U1 ♦♥❞❡ U1 é ❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r X̃r✱ Ỹr ❡ Z̃r ♦♥❞❡ r = 1✱ ✷✱ ✳ ✳ ✳ ✱

k✳ ❉♦ ♠❡s♠♦ ♠♦❞♦ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ❡♠ ❬❬✽❪✱ ❙❡çã♦ ✺❪✱ ♠✉❞❛♠♦s ♦ ♠♦❞❡❧♦ ❞❡ U1✳

P❛ss❛♥❞♦ ❞❡ K ♣❛r❛ ♦ ❢❡❝❤♦ ❛❧❣é❜r✐❝♦ ❞♦ ❝♦r♣♦ K(x̃ij
(r)) ♣♦❞❡♠♦s ❞✐❛❣♦♥❛❧✐③❛r

❛ ♠❛tr✐③ ✏❣❡♥ér✐❝❛✑ X̃1✳ ■st♦ é ❢❡✐t♦ ❛tr❛✈és ❞❛ ❝♦♥❥✉❣❛çã♦ ♣♦r ✉♠❛ ♠❛tr✐③ T ✱ ❞❡ ♦♥❞❡

♦❜t❡♠♦s ❛s ♠❛tr✐③❡s Xr = TX̃rT
−1✱ Yr = T ỸrT

−1✱ ❡ Zr = TZ̃rT
−1✱ r = 1✱ ✷✱ ✳ ✳ ✳ ✱ k✳

▼❛♥t❡♠♦s ❛ ♥♦t❛çã♦ U1 ♣❛r❛ ❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r Xr✱ Yr ❡ Zr✱ ❛q✉✐ X1 =
∑n

i=1 λieii✳

◆♦ r❡st❛♥t❡ ❞❛ ♣r♦✈❛ ❛ss✉♠✐r❡♠♦s q✉❡ k = 2 ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛s ♥♦t❛çõ❡s✳ P❛r❛

♦❜t❡r ✉♠ ❧✐♠✐t❡ s✉♣❡r✐♦r ♣❛r❛ ❛ ●❑✲❞✐♠❡♥sã♦ ❞❡ U ✐♠❡r❣✐♠♦s U1 ❡♠ ✉♠ ❛♥❡❧ ♠❛✐♦r

R✳ ❊st❡ ❛♥❡❧ R é ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

{λiEii, x
(2)
ij Eij | (i, j) ∈ ∆0} ∪ {y(r)

ij Eij, z
(r)
ij Eij | 1 ≤ i, j ≤ k; r = 1, 2}.

P❛r❛ t♦r♥❛r ❛s ♥♦t❛çõ❡s ♠❛✐s s✐♠♣❧❡s ❡s❝r❡✈❡♠♦s xij ♣❛r❛ x
(2)
ij ✱ yij ♣❛r❛ y

(1)
ij ✱ tij ♣❛r❛

y
(2)
ij ✱ zij ♣❛r❛ z

(1)
ij ✱ wij ♣❛r❛ z

(2)
ij ✳ ❆ss✐♠✱ R ♣♦❞❡ s❡r ♣❡♥s❛❞♦ ❝♦♠♦ ✉♠❛ ✈❡rsã♦ ✏s♣❧✐t✑

❞❡ U1✳

▲❡♠❛ ✺✳✶✳✷ ❙❡❥❛♠ V ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ u1✱ ✳ ✳ ✳ ✱ un✱ ❡

r =
∏

i

λαi

i

∏

i,j

x
aij

ij

∏

i,j

y
bij

ij

∏

i,j

t
cij

ij

∏

i,j

z
dij

ij

∏

i,j

w
fij

ij est.

❆q✉✐ ♦s í♥❞✐❝❡s ❞❡ xij ❡ λi ✈ã♦ s♦❜r❡ ∆0✱ ❡ ♦s í♥❞✐❝❡s ❞❡ yij✱ tij✱ zij✱ wij ✈ã♦ s♦❜r❡ t♦❞♦s

1 ≤ i✱ j ≤ k❀ αi✱ aij sã♦ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✱ bij✱ cij ∈ {0, 1, . . . , p− 1} ❡ dij✱ fij ∈ {0, 1}✳

❙✉♣♦♥❤❛ q✉❡ r ∈ R✳ ❊♥tã♦

∑

i,j

(aij + bij + cij + dij + fij)(ui − uj) = us − ut ❡♠ V .

Pr♦✈❛✿ ❱❡❥❛ ✭❬✽❪✱ ▲❡♠❛ ✶✺✮✳

❉❡✜♥✐♠♦s fs,t(m) ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ sê①t✉♣❧❛s ♦r❞❡♥❛❞❛s (αi, aij, bij, cij, dij, fij)

q✉❡ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛ ❡ ❛ r❡str✐çã♦ ❛❞✐❝✐♦♥❛❧ q✉❡ ❛ s♦♠❛ ❞❛s ❡♥tr❛❞❛s é

≤ m✳ ❙❡❥❛ f(m) =
∑

s,t fs,t(m)✳ ❆ ❢✉♥çã♦ f(m) é ✉♠ ❧✐♠✐t❡ s✉♣❡r✐♦r ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡

❝r❡s❝✐♠❡♥t♦ ❞❡ R✳ ❆ss✐♠ ♣❛ss❛♠♦s ❛ ❡st✐♠❛r ❛ ❢✉♥çã♦ f(m)✳

✺✵



Pr✐♠❡✐r♦ ♦❜s❡r✈❛♠♦s q✉❡ ❛s ❡♥tr❛❞❛s ❞❡ ✉♠❛ t❛❧ sê①t✉♣❧❛ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦

∑

i,j

(aij + bij + cij + dij + fij)(ui − uj) = us − ut

♣❛r❛ ❝❛❞❛ ❡s❝♦❧❤❛ ❞❡ s ❡ t✳ ▼❛✐s ❛✐♥❞❛✱ ♦❜t❡♠♦s q✉❡

∑

i

αi +
∑

i,j

(aij + bij + cij + dij + fij) ≤ m.

❆ss✐♠✱ ❡①✐st❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ❡s❝♦❧❤❛s ♣❛r❛ s✱ t✱ bij✱ cij✱

dij ❡ fij q✉❡ s❛t✐s❢❛③❡♠ ❛s ❞✉❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ ❡ ♦ ♥ú♠❡r♦ ❞❡st❛s ♣♦ss✐❜✐❧✐❞❛❞❡s é

≤ m22mpm✳

❋✐①❛♠♦s ❛❣♦r❛ s✱ t✱ bij✱ cij✱ dij ❡ fij s❛t✐s❢❛③❡♥❞♦ ❛s ❞✉❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✳ ❊♥tã♦

♦s aij ❞❡✈❡♠ s❛t✐s❢❛③❡r

∑

i,j

aij(ui − uj) = u ❡
∑

i,j

aij = m′

♦♥❞❡

u = us − ut −
∑

i,j

(bij + cij + dij + fij)(ui − uj) ❡

m′ = m −
∑

i,j

(bij + cij + dij + fij).

▲❡♠❛ ✺✳✶✳✸ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ H ⊆ V ✉♠ ❤✐♣❡r♣❧❛♥♦ ❞❡ ❞✐♠❡♥sã♦ d✳ ❙❡❥❛

L(n) ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞❡ V ❝✉❥❛s ❝♦♦r❞❡♥❛❞❛s ❡stã♦ t♦❞❛s ❡♠ {0, 1, . . . , n}✳ ❊♥tã♦✱

♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❡♠ H ∩ L(n) é ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ (n + 1)d✳

Pr♦✈❛✿ ❱❛♠♦s ✉s❛r ✐♥❞✉çã♦ s♦❜r❡ d✳ ❖ ❝❛s♦ d = 0 é tr✐✈✐❛❧✳ ❙❡❥❛ Hi ♦ ❤✐♣❡r♣❧❛♥♦ ❞❡

❝♦❞✐♠❡♥sã♦ 1 ♥♦ q✉❛❧ ❛ ♣r✐♠❡✐r❛ ❝♦♦r❞❡♥❛❞❛ é ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ 1✳ ❙❡♥❞♦ dimH > 1

❛❧❣✉♠❛ ❝♦♦r❞❡♥❛❞❛ ♥ã♦ é ❝♦♥st❛♥t❡ ❡♠ H✱ ✈❛♠♦s ❛ss✉♠✐r q✉❡ ❡st❛ é ❛ ♣r✐♠❡✐r❛✳

P♦rt❛♥t♦✱ dim(Hi ∩ H) = d − 1 ❡✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ Hi ∩ H ∩ L(n) t❡♠

❝❛r❞✐♥❛❧✐❞❛❞❡ ≤ (n + 1)d−1✳ ❆❣♦r❛✱ H ∩ L(n) é ❛ ✉♥✐ã♦ s♦❜r❡ i = 0, 1, . . . , n ❞❡

Hi ∩H ∩ L(n)✱ ❡ ❞❛í t❡♠ ❝❛r❞✐♥❛❧✐❞❛❞❡ ≤ (n + 1)d✳

❙❡❥❛♠ V ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ {αi, aij | (i, j) ∈ ∆0} ❡ W ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

❝♦♠ ❜❛s❡ {ui − uj | (i, j) ∈ ∆0}✳ ❖ ❝♦♥❥✉♥t♦

H = {(αi, aij) |
∑

i,j

aij(ui − uj) = u}

✺✶



é ✉♠ ❤✐♣❡r♣❧❛♥♦ ❡♠ V ❞❡ ❝♦❞✐♠❡♥sã♦ k − 2 ❡ ❛ss✐♠ ❡❧❡ é ❞❡ ❞✐♠❡♥sã♦ (a2 + b2 + k) −

(k − 2) = a2 + b2 + 2✳ ■st♦✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ▲❡♠❛ ✺✳✶✳✸✱ ♣r♦✈❛ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✺✳✶✳✹ f(n) é ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡ ♣♦r ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ a2 + b2 + 2✳

❚❡♦r❡♠❛ ✺✳✶✳✺ ●❑dim [Um(Aa,b)] = (m − 1)(a2 + b2) + 2✳

Pr♦✈❛✿ ❉♦ ▲❡♠♠❛ ✸✳✸✳✶✸✱ ✈❡♠ q✉❡ ●❑dim [Um(Aa,b)] ≥ (m − 1)(a2 + b2) + 2✳

❙❡ m = 2✱ ❡♥tã♦

●❑dim [Um(Aa,b)] ≤ lim sup logn[f(n)] ≤ a2 + b2 + 2.

❙❡ m > 2✱ ❛ ♣r♦✈❛ é s✐♠✐❧❛r✱ ♣♦✐s ❝❛❞❛ ♥♦✈❛ ♠❛tr✐③ ❣❡♥ér✐❝❛ ❛❞✐❝✐♦♥❛ (a2 + b2) ♥♦✈❛s

✈❛r✐á✈❡✐s x
(r)
ij ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r❡❧❛çõ❡s ♣❡r♠❛♥❡❝❡ ♦ ♠❡s♠♦✳ ❆ ♣❛rt✐r ❞✐ss♦✱ f(n) ♣❛ss❛

❛ s❡r ❧✐♠✐t❛❞♦ s✉♣❡r✐♦r♠❡♥t❡ ♣♦r ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ (m − 1)(a2 + b2) + 2✱ ❞♦♥❞❡

♦❜t❡♠♦s

●❑dim [Um(Aa,b)] ≤ lim sup logn[f(n)] ≤ (m − 1)(a2 + b2) + 2.

P♦rt❛♥t♦✱

●❑dim [Um(Aa,b)] = (m − 1)(a2 + b2) + 2

❝♦♠♦ q✉❡rí❛♠♦s✳

❈♦r♦❧ár✐♦ ✺✳✶✳✻ ❆s á❧❣❡❜r❛s Aa,b ❡ Ac,d✱ ♦♥❞❡ (a, b) 6= (c, d)✱ ♥ã♦ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

Pr♦✈❛✿ ❆s á❧❣❡❜r❛s ♥ã♦ ♣♦❞❡♠ s❡r P■✲❡q✉✐✈❛❧❡♥t❡s ♣♦✐s s✉❛s á❧❣❡❜r❛s ✉♥✐✈❡rs❛✐s tê♠

●❑✲❞✐♠❡♥sõ❡s ❞✐❢❡r❡♥t❡s✳

❈♦r♦❧ár✐♦ ✺✳✶✳✼ ✭❬✸❪✱ ❚❡♦r❡♠❛ ✶✮ ❆s á❧❣❡❜r❛s Aa,b ❡ Ma+b(E) ♥ã♦ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

Pr♦✈❛✿ ❆s á❧❣❡❜r❛s ♥ã♦ ♣♦❞❡♠ s❡r P■✲❡q✉✐✈❛❧❡♥t❡s ♣♦✐s s✉❛s á❧❣❡❜r❛s ✉♥✐✈❡rs❛✐s tê♠

●❑✲❞✐♠❡♥sõ❡s ❞✐❢❡r❡♥t❡s✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✽ ❖ ❚❡♦r❡♠❛ ✺✳✶✳✺ ❣❡♥❡r❛❧✐③❛ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s ♣r♦✈❛❞♦s ❡♠

❬✶❪ ❡ ❞✐s❝✉t✐❞♦s ♥❛s s❡çõ❡s ✹✳✹✱ ✹✳✺ ❡ ✹✳✻ ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳

✭✶✮ ●❑dim [Um(A1,1)] = 2m❀

✭✷✮ ●❑dim [Um(A2,1)] = 5m − 3❀

✭✸✮ ●❑dim [Um(A2,2)] = 8m − 6✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✾ ✭❬✹❪✮ ❉❡ ♠♦❞♦ s✐♠✐❧❛r ♠♦str❛♠♦s q✉❡

●❑dim [Um(Ma,b(E))] = (m − 1)(a2 + b2) + 2.

✺✷



✺✳✷ ●❑✲❞✐♠❡♥sã♦ ❞❡ Um(Ma,a(E) ⊗ E)

◆❡st❛ s❡çã♦ ♠♦str❛r❡♠♦s ❝♦♠♦ ♦❜t❡r GKdimUm(Ma,a(E)⊗E)✳ ❈♦♠♦ ❛♣❧✐❝❛çã♦

❝♦♥❝❧✉✐r❡♠♦s q✉❡ ❛s á❧❣❡❜r❛s Ma,a(E) ⊗ E ❡ M2a(E) ♥ã♦ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

▲❡♠❜r❛♠♦s q✉❡ s♦❜r❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❛s á❧❣❡❜r❛s Ma,a(E)⊗E ❡ M2a(E)

sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✱ ❡ ❞❛í ♦❜t❡♠♦s q✉❡

GK dim[Um(Ma,a(E) ⊗ E)] = GK dim[Um(M2a(E))] = (m − 1)(2a)2 + 1.

■♥✐❝✐❛♠♦s ❧❡♠❜r❛♥❞♦ q✉❡ ❛s á❧❣❡❜r❛s Ma,a(E)⊗E ❡ Aa,a sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳ ❉❛í✱

♦❜t❡♠♦s q✉❡ Um(Ma,a(E) ⊗ E) = Um(Aa,a)✳

❚❡♦r❡♠❛ ✺✳✷✳✶ GK dim[Um(Ma,a(E) ⊗ E)] = (m − 1)(2a2) + 2✳

Pr♦✈❛✿ ❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✺✳✶✳✺ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s ♦❜s❡r✈❛çõ❡s ❢❡✐t❛s ❛❝✐♠❛✱ ♦❜t❡♠♦s

q✉❡ GK dim[Um(Ma,a(E) ⊗ E)] = GK dim[Um(Aa,a)] = (m − 1)(2a2) + 2✳

❈♦r♦❧ár✐♦ ✺✳✷✳✷ ❆s á❧❣❡❜r❛s Ma,a(E) ⊗ E ❡ M2a(E) ♥ã♦ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

Pr♦✈❛✿ ❆s á❧❣❡❜r❛s ♥ã♦ ♣♦❞❡♠ s❡r P■✲❡q✉✐✈❛❧❡♥t❡s✱ ♣♦✐s s✉❛s á❧❣❡❜r❛s ✉♥✐✈❡rs❛✐s

♣♦ss✉❡♠ ●❑✲❞✐♠❡♥sã♦ ❞✐❢❡r❡♥t❡s✳ ❇❛st❛ ♦❜s❡r✈❛r♠♦s q✉❡

✭✶✮ ❉❡ ❇❡r❡❧❡ ✭❬✽❪✱ ❚❡♦r❡♠❛ ✼✮✱ s❛❜❡♠♦s q✉❡ GK dim[Um(M2a(E))] = (m−1)(2a)2+1❀

✭✷✮ ❉♦ ❚❡♦r❡♠❛ ✺✳✷✳✶✱ ♦❜t❡♠♦s q✉❡ GK dim[Um(Ma,a(E) ⊗ E)] = (m − 1)(2a2) + 2✳

❯s❛♥❞♦ ✭✶✮ ❡ ✭✷✮ ♦❜t❡♠♦s q✉❡ GK dim[Um(M2a(E))] 6= GK dim[Um(Ma,a(E)⊗E)]✳

✺✳✸ ●❑✲❞✐♠❡♥sã♦ ❞❡ Um(Ma,b(E) ⊗ E)

◆❡st❛ s❡çã♦ ♠♦str❛r❡♠♦s ❝♦♠♦ ♦❜t❡r GK dim Um(Ma,b(E)⊗E)✳ ❈♦♠♦ ❛♣❧✐❝❛çã♦

❝♦♥❝❧✉✐r❡♠♦s q✉❡ ❛s á❧❣❡❜r❛s Ma,b(E) ⊗ E ❡ Ma+b(E) ♥ã♦ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

▲❡♠❜r❛♠♦s q✉❡ s♦❜r❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❛s á❧❣❡❜r❛s Ma,b(E)⊗E ❡ Ma+b(E)

sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✱ ❡ ❞❛í ♦❜t❡♠♦s q✉❡

GK dim[Um(Ma,b(E) ⊗ E)] = GK dim[Um(Ma+b(E))] = (m − 1)(a + b)2 + 1.

▲❡♠❛ ✺✳✸✳✶ GK dim[Um(Ma,b(E) ⊗ E)] ≥ (m − 1)(a2 + b2) + 2

✺✸



Pr♦✈❛✿ ❈♦♠♦ Ma,b(E) ♠❡r❣✉❧❤❛ ❡♠ Ma,b(E) ⊗ E ♦❜t❡♠♦s q✉❡

T (Ma,b(E) ⊗ E) ⊆ T (Ma,b(E))

❡ ❛ss✐♠

GK dim[Um(Ma,b(E) ⊗ E)] ≥ GK dim[Um(Ma,b(E))] = (m − 1)(a2 + b2) + 2

▲❡♠❛ ✺✳✸✳✷ GK dim[Um(Ma,b(E) ⊗ E)] ≤ (m − 1)(a2 + b2) + 2

Pr♦✈❛✿ ❉❡ ❛❝♦r❞♦ ❝♦♠ ✭❬✷❪✱ ❚❡♦r❡♠❛ ✷✸✮ s❛❜❡♠♦s q✉❡

T (Aa,b) ⊆ T (Ma,b(E) ⊗ E)

❡ ❛ss✐♠

GK dim[Um(Ma,b(E) ⊗ E)] ≤ GK dim[Um(Aa,b)] = (m − 1)(a2 + b2) + 2

❯s❛♥❞♦ ♦s ▲❡♠❛s ✺✳✸✳✶ ❡ ✺✳✸✳✷ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✺✳✸✳✸ GK dim[Um(Ma,b(E) ⊗ E)] = (m − 1)(a2 + b2) + 2

❈♦r♦❧ár✐♦ ✺✳✸✳✹ ✭❬✹❪✱❚❡♦r❡♠❛ ✷✼✮❆s á❧❣❡❜r❛s Ma,b(E) ⊗ E ❡ Ma+b(E) ♥ã♦ sã♦ P■✲

❡q✉✐✈❛❧❡♥t❡s✳

Pr♦✈❛✿ ❆s á❧❣❡❜r❛s ♥ã♦ ♣♦❞❡♠ s❡r P■✲❡q✉✐✈❛❧❡♥t❡s✱ ♣♦✐s s✉❛s á❧❣❡❜r❛s ✉♥✐✈❡rs❛✐s

♣♦ss✉❡♠ ●❑✲❞✐♠❡♥sã♦ ❞✐❢❡r❡♥t❡s✳ ❇❛st❛ ♦❜s❡r✈❛r♠♦s q✉❡

✭✶✮ ❉❡ ❇❡r❡❧❡ ✭❬✽❪✱ ❚❡♦r❡♠❛ ✼✮✱ s❛❜❡♠♦s q✉❡

GK dim Um(Ma+b(E)) = (m − 1)(a + b)2 + 1;

✭✷✮ ❉♦ ❚❡♦r❡♠❛ ✺✳✸✳✸ ♦❜t❡♠♦s q✉❡ GK dim[Um(Ma,b(E)⊗E)] = (m−1)(a2 +b2)+2✳

❯s❛♥❞♦ ✭✶✮ ❡ ✭✷✮ ♦❜t❡♠♦s q✉❡ GK dim Um(Ma+b(E)) 6= GK dim Um(Ma,b(E) ⊗ E)✳

✺✹



✺✳✹ ●❑✲❞✐♠❡♥sã♦ ❞❡ Um(Mn(E) ⊗ E)

◆❡st❛ s❡çã♦ ♠♦str❛r❡♠♦s ❝♦♠♦ ♦❜t❡r GK dim[Um(Mn(E)⊗E)]✳ ❈♦♠♦ ❛♣❧✐❝❛çã♦

❝♦♥❝❧✉✐r❡♠♦s q✉❡ ❛s á❧❣❡❜r❛s Mn(E) ⊗ E ❡ Mn,n(E) ♥ã♦ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

▲❡♠❜r❛♠♦s q✉❡ s♦❜r❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❛s á❧❣❡❜r❛s Mn(E)⊗E ❡ Mn,n(E)

sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✱ ❡ ❞❛í ♦❜t❡♠♦s q✉❡

GK dim[Um(Mn,n(E) ⊗ E)] = GK dim[Um(M2n(E))] = (m − 1)(2n)2 + 1.

▲❡♠❛ ✺✳✹✳✶ GK dim[Um(Mn(E) ⊗ E)] ≥ (m − 1)n2 + 1

Pr♦✈❛✿ ❈♦♠♦ Mn(K) ♠❡r❣✉❧❤❛ ❡♠ Mn(K) ⊕ Mn,n(E
′

) ♦❜t❡♠♦s q✉❡

T (Mn(K) ⊕ Mn,n(E
′

)) ⊆ T (Mn(K))

❞❡ ❛❝♦r❞♦ ❝♦♠ ✭❬✷❪✱ ▲❡♠❛ ✶✵✮ s❛❜❡♠♦s q✉❡

T (Mn(K) ⊕ Mn,n(E
′

)) = T (Mn(E) ⊗ E)

❡ ❛ss✐♠

T (Mn(E) ⊗ E) ⊆ T (Mn(K)).

P♦r ❝♦♥s❡❣✉✐♥t❡✱ ❝♦♥❝❧✉í♠♦s q✉❡

GK dim[Um(Mn(E) ⊗ E)] ≥ GK dim[Um(Mn(K))] = (m − 1)n2 + 1

▲❡♠❛ ✺✳✹✳✷ GK dim[Um(Mn(E) ⊗ E)] ≤ (m − 1)n2 + 1

Pr♦✈❛✿ ❱❡❥❛ ✭❬✷❪✱ ▲❡♠❛ ✸✵✮

❯s❛♥❞♦ ♦s ▲❡♠❛s ✺✳✹✳✶ ❡ ✺✳✹✳✷ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✺✳✹✳✸ GK dim[Um(Mn(E) ⊗ E)] = (m − 1)n2 + 1

❈♦r♦❧ár✐♦ ✺✳✹✳✹ ❆s á❧❣❡❜r❛s Mn(E) ⊗ E ❡ Mn,n(E) ♥ã♦ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

Pr♦✈❛✿ ❆s á❧❣❡❜r❛s ♥ã♦ ♣♦❞❡♠ s❡r P■✲❡q✉✐✈❛❧❡♥t❡s✱ ♣♦✐s s✉❛s á❧❣❡❜r❛s ✉♥✐✈❡rs❛✐s

♣♦ss✉❡♠ ●❑✲❞✐♠❡♥sã♦ ❞✐❢❡r❡♥t❡s✳ ❇❛st❛ ♦❜s❡r✈❛r♠♦s q✉❡

✭✶✮ ❉❡ ❇❡r❡❧❡ ✭❬✽❪✱ ❚❡♦r❡♠❛ ✼✮✱ s❛❜❡♠♦s q✉❡ GK dim[Um(Mn,n(E))] = (m−1)2n2+2❀

✭✷✮ ❉♦ ❚❡♦r❡♠❛ ✺✳✹✳✸✱ ♦❜t❡♠♦s q✉❡ GK dim Um(Mn(E) ⊗ E) = (m − 1)n2 + 1✳

❯s❛♥❞♦ ✭✶✮ ❡ ✭✷✮ ❝♦♥❝❧✉í♠♦s q✉❡ GK dim Um(Mn,n(E)) 6= GK dim Um(Mn(E)⊗E)✳

✺✺



✺✳✺ ❯♠❛ ❈♦♥❥❡❝t✉r❛ ❞❡ ❙✳▼✳ ❆❧✈❡s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ❈♦♥❥❡❝t✉r❛✱ ❞❡✈✐❞♦ ❛ ❙✳▼✳ ❆❧✈❡s✱ ❛ ❝❡r❝❛ ❞❛

❞✐♠❡♥sã♦ ❞❡ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❞❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❞❡ ♣♦st♦ m✱ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦

♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ á❧❣❡❜r❛s T ✲♣r✐♠❛s ♣❡❧❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✳

❈♦♥❥❡❝t✉r❛ ✺✳✺✳✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ T ✲♣r✐♠❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K ❝♦♠

❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛ p > 2✳ ❊♥tã♦

GK dim Um(A) = GK dim Um(A ⊗ E)

❖❜s❡r✈❛çã♦ ✺✳✺✳✷ ◆❡st❡ tr❛❜❛❧❤♦✱ ♠♦str❛♠♦s q✉❡ ❛ ❝♦♥❥❡❝t✉r❛ ✺✳✺✳✶ é ✈❛❧✐❞❛ ♣❛r❛ ❛s

á❧❣❡❜r❛s T ✲♣r✐♠❛s E✱ Ma,b(E)✱ Mn(E) ❡ Mn(K)✱ ♦✉ s❡❥❛

✭✶✮ GK dim Um(E) = GK dim Um(E ⊗ E)❀

✭✷✮ GK dim Um(Ma,b(E)) = GK dim Um(Ma,b(E) ⊗ E)❀

✭✸✮ GK dim Um(Mn(E)) = GK dim Um(Mn(E) ⊗ E)❀

✭✹✮ GK dim Um(Mn(K)) = GK dim Um(Mn(K) ⊗ E)✱ ♥❡st❡ ❝❛s♦ ❜❛st❛ ♦❜s❡r✈❛r q✉❡

Mn(E) ≃ Mn(K) ⊗ E✳

❆ ♠❛✐♦r ❞✐✜❝✉❧❞❛❞❡ q✉❡ ❡♥❝♦♥tr❛♠♦s ♣❛r❛ tr❛❜❛❧❤❛r♠♦s ❝♦♠ ❛ ❝♦♥❥❡❝t✉r❛ ❛❝✐♠❛

é q✉❡ ♥ã♦ t❡♠♦s ✉♠❛ ❞❡s❝r✐çã♦ ❞❛s á❧❣❡❜r❛s T ✲♣r✐♠❛s ♣❛r❛ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛

♣♦s✐t✐✈❛✳ ❆❞❡♠❛✐s✱ ❛ ❝♦♥❥❡❝t✉r❛ é tr✐✈✐❛❧♠❡♥t❡ ❢❛❧s❛ q✉❛♥❞♦ ♦ ❝♦r♣♦ é ❞❡ ❝❛r❛❝t❡ríst✐❝❛

③❡r♦✳

✺✻



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❙✳▼✳ ❆❧✈❡s✱ P✳ ❑♦s❤❧✉❦♦✈✱ P♦❧②♥♦♠✐❛❧ ■❞❡♥t✐t✐❡s ♦❢ ❆❧❣❡❜r❛s ✐♥ P♦s✐t✐✈❡

❈❤❛r❛❝t❡r✐st✐❝✱ ❏✳ ❆❧❣❡❜r❛✱ 305(2)✱ 1149 − 1165✱ 2006✳

❬✷❪ ❙✳▼✳ ❆❧✈❡s✱ ▼❛r❡❧❧♦ ❋✐❞❡❧✐s✱ ❚❤❡ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❞✐♠❡♥s✐♦♥ ♦❢ Ma,b(E) ⊗ E ❛♥❞

Mn(E) ⊗ E ✐♥ P♦s✐t✐✈❡ ❈❤❛r❛❝t❡r✐st✐❝✱ ❙❡r❞✐❝❛ ▼❛t❤✱ s✉❜♠❡t✐❞♦✱ 2009✳

❬✸❪ ❙✳▼✳ ❆❧✈❡s✱ P■ ♥♦♥✲❡q✉✐✈❛❧❡♥❝❡ ✐♥ P♦s✐t✐✈❡ ❈❤❛r❛❝t❡r✐st✐❝✱ ▼❛♥✉s❝r✐♣t❛ ▼❛t❤✱

❛❝❡✐t♦✱ 2008✳

❬✹❪ ❙✳▼✳ ❆❧✈❡s✱ P■ ✭♥♦♥✮❡q✉✐✈❛❧❡♥❝❡ ❛♥❞ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❞✐♠❡♥s✐♦♥✱ ❘❡♥❞✐❝♦♥t✐ ❞❡❧

❈✐r❝♦❧♦ ▼❛t❡♠❛t✐❝♦ ❞✐ P❛❧❡r♠♦✱ 58✱109 − 124✱ 2009✳

❬✺❪ ❚✳ ❆s♣❛r✉❤♦✈✱ ❚❤❡ ❙❤✐rs❤♦✈ t❤❡♦r❡♠ ❛♥❞ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❞✐♠❡♥s✐♦♥ ❢♦r ✜♥✐t❡❧②

❣❡♥❡r❛t❡❞ P■ ❛❧❣❡❜r❛s ✭✐♥ ❇✉❧❣❛r✐❛♥✮✱ ▼❙❝ ❚❤❡s✐s✱ ❉❡♣t✳ ▼❛t❤✳ ■♥❢♦r✳✱ ❯♥✐✈✳

♦❢ ❙♦✜❛✱ 1995✳

❬✻❪ ❙✳❙✳ ❆③❡✈❡❞♦✱ ▼✳ ❋✐❞❡❧❧✐s ❛♥❞ P✳ ❑♦s❤❧✉❦♦✈✱ ❚❡♥s♦r Pr♦❞✉❝t ❚❤❡♦r❡♠s ✐♥ ♣♦s✐t✐✈❡

❝❤❛r❛❝t❡r✐st✐❝✱ ❏✳ ❆❧❣❡❜r❛ 276(2)✱ 836 − 845✱ 2004✳

❬✼❪ ❙✳❙✳ ❆③❡✈❡❞♦✱ ▼✳ ❋✐❞❡❧❧✐s ❛♥❞ P✳ ❑♦s❤❧✉❦♦✈✱ ●r❛❞❡❞ ✐❞❡♥t✐t✐❡s ❛♥❞ P■ ❡q✉✐✈❛❧❡♥❝❡

♦❢ ❛❧❣❡❜r❛s ✐♥ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝✱ ❈♦♠♠✉♥✳ ❆❧❣❡❜r❛✱ 33(4)✱ 1011 − 1022✱

2005✳

❬✽❪ ❆✳ ❇❡r❡❧❡✱ ●❡♥❡r✐❝ ❱❡r❜❛❧❧② Pr✐♠❡ ❆❧❣❡❜r❛s ❛♥❞ t❤❡✐r ●❑✲❞✐♠❡♥s✐♦♥s✱ ❈♦♠♠✉♥✳

❆❧❣❡❜r❛✱ 21(5)✱ 1487 − 1504✱ 1993✳

❬✾❪ ❆✳ ❇❡r❡❧❡✱ ❈❧❛ss✐✜❝❛t✐♦♥ t❤❡♦r❡♠s ❢♦r ✈❡r❜❛❧❧② s❡♠✐♣r✐♠❡ ❛❧❣❡❜r❛s✱ ❈♦♠♠✉♥✳

❆❧❣❡❜r❛✱ 21(5)✱ 1505 − 1512✱ 1993✳

❬✶✵❪ ❆✳ ❨❛✳ ❇❡❧♦✈✱ ❖♥ t❤❡ r❛t✐♦♥❛❧✐t② ♦❢ ❍✐❧❜❡rt s❡r✐❡s ♦❢ r❡❧❛t✐✈❡❧② ❢r❡❡ ❛❧❣❡❜r❛s ✭✐♥

❘✉ss✐❛♥✮✱ ❯s♣❡❦❤✐ ▼❛t✳ ◆❛✉❦ 52✱ No.2✱ 150 − 154✱ 1997✳

✺✼



❬✶✶❪ ❆✳ ❨❛✳ ❇❡❧♦✈✱ ❈♦✉♥t❡r❡①❛♠♣❧❡s t♦ t❤❡ ❙♣❡❝t❤ ♣r♦❜❧❡♠✱ ▼❛t❤❡♠❛t✐❝ ♦❢ t❤❡ ❯❙❙❘✲

❙❜♦r♥✐❦✱ 191✱ No.3 − 4✱ 329 − 340✱ 2000✳

❬✶✷❪ ❆✳❑✳ ❇❡❧♦✈✱ ▲✳❍✳ ❘♦✇❡♥✱ ❈♦♠♣✉t❛t✐♦♥❛❧ ❆s♣❡❝ts ♦❢ P♦❧②♥♦♠✐❛❧ ■❞❡♥t✐t✐❡s✱ ❆✳❑✳

P❡t❡rs✱ ❲❡❧❧❡s❧❡②✱ 2005✳
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