
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❇❛s❡ P❛r❛ ❛s ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s
❞❛s ▼❛tr✐③❡s ❚r✐❛♥❣✉❧❛r❡s ❡♠ ❇❧♦❝♦s

❝♦♠ Z2✲●r❛❞✉❛çã♦

♣♦r

❘✐✈❛❧❞♦ ❞♦ ◆❛s❝✐♠❡♥t♦ ❏ú♥✐♦r

s♦❜ ♦r✐❡♥t❛çã♦ ❞❡

Pr♦❢✳ ❉r✳ ❙ér❣✐♦ ▼♦t❛ ❆❧✈❡s

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

❆❜r✐❧✴✷✵✵✾



❇❛s❡ P❛r❛ ❛s ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s
❞❛s ▼❛tr✐③❡s ❚r✐❛♥❣✉❧❛r❡s ❡♠ ❇❧♦❝♦s

❝♦♠ Z2✲●r❛❞✉❛çã♦

♣♦r

❘✐✈❛❧❞♦ ❞♦ ◆❛s❝✐♠❡♥t♦ ❏ú♥✐♦r

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ➪❧❣❡❜r❛

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❙ér❣✐♦ ▼♦t❛ ❆❧✈❡s ✭❯❋❈●✮

❖r✐❡♥t❛❞♦r

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆♥tô♥✐♦ P❡r❡✐r❛ ❇r❛♥❞ã♦ ❏ú♥✐♦r ✭❯❋❈●✮

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❱❛♥❞❡♥❜❡r❣ ▲♦♣❡s ❱✐❡✐r❛ ✭❯❊P❇✮

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❆❜r✐❧✴✷✵✵✾

✐✐



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧ ♠♦❞❡❧ ❢♦r t❤❡ s✉♣❡r❛❧❣❡❜r❛ ♦❢ ✉♣♣❡r tr✐❛♥❣✉❧❛r

♠❛tr✐❝❡s ❛♥❞ s❤♦✇ ❤♦✇ t♦ ♦❜t❛✐♥ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ T ✲✐❞❡❛❧s ❛s t❤❡ ❦❡r♥❡❧ ♦❢ ❛

❤♦♠♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t✇♦ ❛❧❣❡❜r❛s✳ ◆❡①t✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ♦❜t❛✐♥ t❤❡ ♣♦❧②♥♦♠✐❛❧

✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ❛❧❣❡❜r❛ ♦❢ t❤❡ ❜❧♦❝❦✲tr✐❛♥❣✉❧❛r ♠❛tr✐❝❡s ✇✐t❤ Z2✲❣r❛❞✐♥❣ ❢r♦♠ t❤❡

♦r❞✐♥❛r② ✐❞❡♥t✐t✐❡s ♦❢ t❤❡ ❛❧❣❡❜r❛s ♦❢ ✐ts ♠❛✐♥ ❞✐❛❣♦♥❛❧✳

✐✐✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ♣❛r❛ ❛ s✉♣❡rá❧❣❡❜r❛ ❞❛s

♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❡ ♠♦str❛r❡♠♦s ❝♦♠♦ ♦❜t❡r ♦ ♣r♦❞✉t♦ ❞❡ ❞♦✐s T ✲✐❞❡❛✐s

❝♦♠♦ ♦ ♥ú❝❧❡♦ ❞❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❊♠ s❡❣✉✐❞❛✱ ♠♦str❛r❡♠♦s ❝♦♠♦

♦❜t❡r ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s ❡♠ ❜❧♦❝♦s

❝♦♠ Z2✲❣r❛❞✉❛çã♦ ❛ ♣❛rt✐r ❞❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s ❞❛s á❧❣❡❜r❛s ❞❡ s✉❛ ❞✐❛❣♦♥❛❧

♣r✐♥❝✐♣❛❧✳

✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

■♥✐❝✐❛❧♠❡♥t❡✱ ❣♦st❛r✐❛ ❞❡ ❡①t❡r♥❛r ♠✐♥❤❛ ❡t❡r♥❛ ❣r❛t✐❞ã♦ àq✉❡❧❡s q✉❡ sã♦ ♦s

r❡s♣♦♥sá✈❡✐s ♣❡❧❛ ♠✐♥❤❛ ❡①✐stê♥❝✐❛✳ ■♥❝❡♥t✐✈❛❞♦r❡s ♣r✐♠❡✐r♦s✱ ❝♦♠♣r❡❡♥❞❡r❛♠ ❝♦♠♦

♥✐♥❣✉é♠ ♦ ✈❛❧♦r q✉❡ ❛ ❡❞✉❝❛çã♦ ♣♦ss✉✐✱ ❛❜r✐♥❞♦ ♥♦✈♦s ❤♦r✐③♦♥t❡s ❛ ✉♠❛ ✈✐❞❛ ❢✉t✉r❛✳

◗✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❞❡ ♣❛❧❛✈r❛s s❡r✐❛ ✐♥❝♦♠♣❧❡t♦ ♣❛r❛ r❡❣✐str❛r ❛q✉✐ ♦s ♠❡✉s ♠❛✐s

s✐♥❝❡r♦s ❛❣r❛❞❡❝✐♠❡♥t♦s ❛♦s ♠❡✉s ♣❛✐s✱ ❘✐✈❛❧❞♦ ❞♦ ◆❛s❝✐♠❡♥t♦ ✭❉✉❞✉✮ ❡ ❏♦s❡❢❛

❘♦❞r✐❣✉❡s ✭◆✐❝✐♥❤❛✮✳

➚ ♠✐♥❤❛ ❡s♣♦s❛✱ ♣❡❧♦ ✐♥❝❡♥t✐✈♦✱ ♣❡❧♦ ❛♣♦✐♦✱ ♣❡❧❛ ❞❡❞✐❝❛çã♦ ❡ ♣❡❧❛ ❝♦♠♣r❡❡♥sã♦

❞❛ ♠✐♥❤❛ ❛✉sê♥❝✐❛ ♥❡ss❡s ❛♥♦s t♦❞♦s ❞❡ ❣r❛❞✉❛çã♦ ❡ ♠❡str❛❞♦✳ ❆ ✈♦❝ê ▲✉❝✐❛♥❛✱ t♦❞♦

♦ ♠❡✉ ❛♠♦r✱ ❝❛r✐♥❤♦ ❡ ❣r❛t✐❞ã♦ ♣♦r t❡r ✜❝❛❞♦ ❛♦ ♠❡✉ ❧❛❞♦✱ ♥♦s ❜♦♥s ❡ ♠❛✉s ♠♦♠❡♥t♦s

❞❡st❛ ❧♦♥❣❛ ❥♦r♥❛❞❛✳

❆♦ ❙❛✉❞♦s♦ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❡ ❊st❛tíst✐❝❛ ✲ ❉▼❊✱ ❤♦❥❡ ❯♥✐❞❛❞❡

❆❝❛❞ê♠✐❝❛ ❞❡ ▼❛t❡♠át✐❝❛ ❡ ❊st❛tíst✐❝❛ ✲ ❯❆▼❊✱ ♣♦r t❡r ♠❡ ♣r♦♣♦r❝✐♦♥❛❞♦ ✉♠❛

❡①❝❡❧❡♥t❡ ❢♦r♠❛çã♦ ❛❝❛❞ê♠✐❝❛✳ ❆❣r❛❞❡ç♦ ❛ ❝❛❞❛ ♣r♦❢❡ss♦r q✉❡ ❝♦♥tr✐❜✉✐✉✱ ❞❡ ✉♠❛

❢♦r♠❛ ♦✉ ❞❡ ♦✉tr❛✱ ♣❛r❛ ❛ ♠✐♥❤❛ ❢♦r♠❛çã♦✳ ❊♠ ❡s♣❡❝✐❛❧✱ ❛♦ Pr♦❢✳ ▲✉✐③ ▼❡♥❞❡s

❞❡ ❆❧❜✉q✉❡rq✉❡ ◆❡t♦✱ ♣♦r ♦r✐❡♥t❛r✲♠❡ ❝♦♠♦ ❜♦❧s✐st❛ ❞♦ ■♥st✐t✉t♦ ❞♦ ▼✐❧ê♥✐♦ ❡♠

▼❛t❡♠át✐❝❛ ♣♦r ❞♦✐s ❛♥♦s✱ ♣❡❧♦ ✐♥❝❡♥t✐✈♦ ❡ ♣❡❧♦ ❡①❡♠♣❧♦ ❞❡ ♣r♦✜ss✐♦♥❛❧ q✉❡ é✳

❆♦s ❢✉♥❝✐♦♥ár✐♦s ❞❛ ❯❆▼❊✱ ♣❡❧♦ ❛♣♦✐♦ ❡ ❛♠✐③❛❞❡✳ ❊♠ ❡s♣❡❝✐❛❧ ❛ ❉✳ ❆r❣❡♥t✐♥❛✱

♣❡❧♦ ❡①❡♠♣❧♦ ❞❡ s✐♠♣❛t✐❛ ❡ ♣❡❧❛s ❝♦♥✈❡rs❛s ♥❛ ❜✐❜❧✐♦t❡❝❛ ❞♦ ❉❡♣❛rt❛♠❡♥t♦✳ ❆ t♦❞♦s

q✉❡ ❢❛③❡♠ ❛ ❯❆▼❊✱ ❛ ♠✐♥❤❛ ❣r❛t✐❞ã♦✳

❆ t♦❞♦s ♦s ♠❡✉s ❝♦❧❡❣❛s ❞❡ ❣r❛❞✉❛çã♦✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ❊♠❡rs♦♥✱ ♣❡❧❛s ♥♦✐t❡s ❞❡

❡st✉❞♦ ❡♠ s✉❛ r❡s✐❞ê♥❝✐❛✱ ❛ ❏♦s❡♠❛r ❡ ❙ér❣✐♦ ▼✐♥③é✱ ♣❡❧❛ ❛♠✐③❛❞❡ ✐♥❝♦♥t❡st❡✱ ❛♣♦✐♦ ❡

✐♥❝❡♥t✐✈♦✳

❆♦s ♠❡✉s ❝♦❧❡❣❛s ❞❡ Pós✲❣r❛❞✉❛çã♦✱ ❙✉❡♥❡✱ ❏♦s❡❛♥❡ ❡ ▲❡♦♠❛q✉❡s ♣❡❧❛ ❛❥✉❞❛✱

♣❡❧♦ ❛♣♦✐♦✱ ✐♥❝❡♥t✐✈♦ ❡ ❛♠✐③❛❞❡✳ ❆ ❉❛✈✐❞ ▲♦❜ã♦✱ ♣❡❧♦s ❡st✉❞♦s✱ ♣❡❧❛ ❛♠✐③❛❞❡✱ ♣❡❧♦

❡①❡♠♣❧♦ ❞❡ ♣❡rs❡✈❡r❛♥ç❛✱ ❡ ♣♦r t❡r ♠❡ ❝❡❞✐❞♦ ❞✐✈❡rs❛s ✈❡③❡s ❛ s✉❛ r❡s✐❞ê♥❝✐❛ s❡♠♣r❡

q✉❡ ♣r❡❝✐s❡✐✳ ❋✐q✉❡♠ ❝❡rt♦s ❞❡ q✉❡ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ♥ã♦ s❡r✐❛ ♣♦ssí✈❡❧ s❡♠

✈



❛ ❛❥✉❞❛ ❡ ♦ ❛♣♦✐♦ q✉❡ r❡❝❡❜✐ ❞❡ ❝❛❞❛ ✉♠✳ ❆ t♦❞♦s ✈♦❝ês✱ ♠✐♥❤❛ ❡t❡r♥❛ ❣r❛t✐❞ã♦✳

❆♦ Pr♦❢✳ ❙ér❣✐♦ ▼♦t❛ ❆❧✈❡s✱ ♠❡✉s s✐♥❝❡r♦s ❛❣r❛❞❡❝✐♠❡♥t♦s ♣❡❧❛s ❞✐s❝✐♣❧✐♥❛s

♠✐♥✐str❛❞❛s ♥❛ ❣r❛❞✉❛çã♦ ❡ ♥❛ Pós✲❣r❛❞✉❛çã♦✱ ♣❡❧❛ ♦r✐❡♥t❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦ ❡ ♣❡❧♦

✐♥❝❡♥t✐✈♦✳ ❆♦ Pr♦❢✳ ❆♥tô♥✐♦ ❇r❛♥❞ã♦✱ ♣❡❧❛ ❧❡✐t✉r❛ ❡ ❝♦rr❡çã♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ♣❡❧❛s

❞✐s❝✐♣❧✐♥❛s ♠✐♥✐str❛❞❛s ❡ ♣❡❧♦ ✐♥❝❡♥t✐✈♦✳

❆♦ Pr♦❢✳ ❱❛♥❞❡♥❜❡r❣ ▲♦♣❡s ❱✐❡✐r❛✱ ♣♦r t❡r ❛❝❡✐t♦ ❝♦♠♣♦r ❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛

❞❡st❡ tr❛❜❛❧❤♦✱ ♣❡❧❛ ❧❡✐t✉r❛ ❛t❡♥t❛ ❡ ♣❡❧❛s s✉❣❡stõ❡s✳

❆ t♦❞♦s q✉❡ ❝♦♥tr✐❜✉ír❛♠✱ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡✱ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡

tr❛❜❛❧❤♦✱ ♦ ♠❡✉ ♠✉✐t♦ ♦❜r✐❣❛❞♦✦

✈✐



✧❯♠❛ ✈✐❞❛ ❡♠ q✉❡ s❡ ❝♦♠❡t❡♠ ❡rr♦s ♥ã♦ é ❛♣❡♥❛s ♠❛✐s

❞✐❣♥❛✱ ♠❛s ♠✉✐t♦ ♠❛✐s út✐❧ ❞♦ q✉❡ ❛q✉❡❧❛ ❡♠ q✉❡ s❡ ✈✐✈❡

s❡♠ ❢❛③❡r ♥❛❞❛✳✧

●❡♦r❣❡ ❇❡r♥❛r❞ ❙❤❛✇

✈✐✐



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s✱ ♣❡❧♦ ❛♣♦✐♦ ✐♥❝♦♥❞✐❝✐♦♥❛❧

♣♦r t♦❞♦s ❡ss❡s ❛♥♦s✳

✈✐✐✐



❙✉♠ár✐♦
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✷ ❈♦♥❝❡✐t♦s Pr❡❧✐♠✐♥❛r❡s ✸
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✹✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✹✳✷ ❖ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✹✳✸ ❊①❡♠♣❧♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✹✳✹ ❈♦♠❡♥tár✐♦s ✜♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✐①



❇✐❜❧✐♦❣r❛✜❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

①



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ❡①♣♦r ♦ ♦❜❥❡t♦ ❞❡ ♥♦ss♦ ❡st✉❞♦ ❡ r❡❛❧✐③❛r❡♠♦s ✉♠❛ ❜r❡✈❡

❞✐s❝✉ssã♦ ❛ s❡✉ r❡s♣❡✐t♦✳ P♦♥❞❡r❛♠♦s ♦s ♦❜❥❡t✐✈♦s ❡ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦

❡ ♦❢❡r❡❝❡♠♦s ✉♠ ❡sq✉❡♠❛ ❞❡ s✉❛ ♦r❣❛♥✐③❛çã♦✳

✶✳✶ ❆♣r❡s❡♥t❛çã♦

❊♠ ✶✾✽✼✱ ❑❡♠❡r ❛♣r❡s❡♥t♦✉ ❛ s✉❛ ❞❡♥s❛ t❡♦r✐❛ s♦❜r❡ ❛ ❡str✉t✉r❛ ❞♦s T ✲✐❞❡❛✐s✱

❡ss❡ tr❛❜❛❧❤♦ t♦r♥♦✉✲s❡ ✐♠♣♦rt❛♥t❡ ♥ã♦ só ♣♦r r❡s♣♦♥❞❡r ❛✜r♠❛t✐✈❛♠❡♥t❡ ❛♦ ❢❛♠♦s♦

♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t✱ q✉❡ ✐♥❞❛❣❛✈❛ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❜❛s❡ ✜♥✐t❛ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s s♦❜r❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ♠❛s ♣♦r t❡r

tr❛t❛❞♦ ❞❛s á❧❣❡❜r❛s T ✲♣r✐♠❛s✱ q✉❡ ♥❛❞❛ ♠❛✐s sã♦ q✉❡ á❧❣❡❜r❛s ❝✉❥♦s T ✲✐❞❡❛✐s sã♦

♣r✐♠♦s ♥❛ ❝❧❛ss❡ ❞♦s T ✲✐❞❡❛✐s✳ ❑❡♠❡r ❡♠ s❡✉ tr❛❜❛❧❤♦ t❛♠❜é♠ ♠♦str♦✉ ❛ ✐♠♣♦rtâ♥❝✐❛

❞❡ s✉♣❡rá❧❣❡❜r❛s ♥❛ t❡♦r✐❛ ❞❛s á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ✭♦r❞✐♥ár✐❛s✮ s♦❜r❡

❝♦r♣♦s ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡❧❡ ❡st❛❜❡❧❡❝❡✉ q✉❡ ♣❛r❛ q✉❛❧q✉❡r P■✲

á❧❣❡❜r❛ R ❡①✐st❡ ✉♠❛ s✉♣❡rá❧❣❡❜r❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ A = A0 + A1 t❛❧ q✉❡ R ❡

A0 ⊗ E0 ⊕ A1 ⊗ E1 ♣♦ss✉❡♠ ❛s ♠❡s♠❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳ ❆q✉✐✱ E = E0 ⊕ E1

é ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ❝♦♠ s✉❛ Z2✲

❣r❛❞✉❛çã♦ ♥❛t✉r❛❧✳

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛ ✉♠ ❡st✉❞♦ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥♦s ❛rt✐❣♦s ❬✺❪ ❡

❬✶✶❪ ♦♥❞❡ ♦❜t❡♠♦s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❛s s✉♣❡rá❧❣❡❜r❛s ❡ s❡✉s r❡s♣❡❝t✐✈♦s T ✲✐❞❡❛✐s✳ ❯♠

❝♦♥str✉✐♥❞♦ ♦ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ♣❛r❛ t❛✐s á❧❣❡❜r❛s ❡ ♦ ♦✉tr♦ ❞❡s❝r❡✈❡♥❞♦ ♦ T2✲✐❞❡❛❧ ❞❛s

s✉♣❡r✐❞❡♥t✐❞❛❞❡s ❛ ♣❛rt✐r ❞♦s T ✲✐❞❡❛✐s ❞❛s á❧❣❡❜r❛s q✉❡ ❢❛③❡♠ ♣❛rt❡ ❞❛ s✉❛ ❞✐❛❣♦♥❛❧

♣r✐♥❝✐♣❛❧✳

✶



✶✳✷ ❖❜❥❡t✐✈♦s

❆♣r❡s❡♥t❛r ✉♠ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ❡ ❛ ❜❛s❡ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❛s

♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s ❡♠ ❜❧♦❝♦s ❝♦♠ Z2✲❣r❛❞✉❛çã♦✳

✶✳✸ ❈♦♥tr✐❜✉✐çõ❡s

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✱ ❛❧é♠ ❞❡ ❞✐s♣♦♥✐❜✐❧✐③❛r ✉♠ t❡①t♦ ❡♠ ♣♦rt✉❣✉ês r❡❢❡r❡♥t❡ ❛

❡st❛ ❧✐♥❤❛ ❞❡ ♣❡sq✉✐s❛✱ ❛♣r❡s❡♥t❛ ♦ q✉❡ ❞❡ ♥♦✈♦ s❡ t❡♠ ❢❡✐t♦ ♥❛ ♠❡s♠❛✱ ❞❛♥❞♦ ✉♠

♣♦ssí✈❡❧ ❞✐r❡❝✐♦♥❛♠❡♥t♦ ❞❡ ♣❡sq✉✐s❛ ❛ t❛❧ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦✳

✶✳✹ ▼❡t♦❞♦❧♦❣✐❛

▼❡t♦❞♦❧♦❣✐❝❛♠❡♥t❡✱ ♦ ❡st✉❞♦ é ❞❡ ♥❛t✉r❡③❛ q✉❛♥t✐t❛t✐✈❛✱ s♦❜r❡t✉❞♦ ❡①♣❧✐❝❛tór✐❛

✈✐st♦ ❛ ♣r✐♥❝✐♣❛❧ ✜♥❛❧✐❞❛❞❡ t❡r s✐❞♦ ❞❡s❡♥✈♦❧✈❡r ❝♦♥❝❡✐t♦s✱ ❝♦♠ ✈✐st❛s ❛ ❢♦r♠✉❧❛çã♦

❞❡ ♥♦✈♦s ❡s❜♦ç♦s ♣❛r❛ ❡st✉❞♦s ♣♦st❡r✐♦r❡s✳ ❇✉s❝♦✉✲s❡ ❛tr❛✈és ❞❡ ✉♠❛ ♣❡sq✉✐s❛

❜✐❜❧✐♦❣rá✜❝❛ ❝♦♠♣r❡❡♥❞❡r ❡ ❡♥t❡♥❞❡r ❛s s✉♣❡rá❧❣❡❜r❛s ❡ s✉❛s s✉♣❡r✐♥❞❡♥t✐❞❛❞❡s✱

r❡❛❧✐③❛♥❞♦ ✉♠ ❛♣r♦❢✉♥❞❛♠❡♥t♦ t❡ór✐❝♦✳ ❆ ♣❡sq✉✐s❛ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♣r✐♥❝✐♣❛❧♠❡♥t❡

❛ ♣❛rt✐r ❞♦s ❛rt✐❣♦s✿ ▲❡✇✐♥ ❡♠ ❬✶✶❪ ❡ ❉✐ ❱✐♥❝❡♥③♦ ❡ ❉r❡♥s❦② ❡♠ ❬✺❪✳ ❉❡st❡ ♠♦❞♦✱ ❛♣ós

❞❡✜♥✐❞❛ ❛ q✉❡stã♦ ♠♦t✐✈❛❞♦r❛ ❡ ♦s ♦❜❥❡t✐✈♦s ❞❡ ♣❡sq✉✐s❛ ❢♦✐ ❞❡t❡r♠✐♥❛❞♦ ♦ ♣❧❛♥♦ ❞❡

tr❛❜❛❧❤♦✳

✶✳✺ ❖r❣❛♥✐③❛çã♦ ❞❛ ❉✐ss❡rt❛çã♦

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❡①♣♦♠♦s ♦s ❝♦♥❝❡✐t♦s ♣r❡❧✐♠✐♥❛r❡s ✐♥❡r❡♥t❡s ❛ ❡st❡ tr❛❜❛❧❤♦✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ❛♣r❡s❡♥t❛♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ▲❡✇✐♥ ❡ s✉❛ ❞❡♠♦♥str❛çã♦✳ P♦r ✜♠✱ ♦

❈❛♣ít✉❧♦ ✹✱ é ❞❡st✐♥❛❞♦ à ❛♣r❡s❡♥t❛çã♦ ❞❛ ❜❛s❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❛s ♠❛tr✐③❡s

tr✐❛♥❣✉❧❛r❡s ❡♠ ❜❧♦❝♦s Z2✲❣r❛❞✉❛❞❛s✱ ❜❡♠ ❝♦♠♦ ❛ ✉♠ ♣❡q✉❡♥♦ r❡s✉♠♦ ❞♦ q✉❡ ❡stá

s❡♥❞♦ ❡st✉❞❛❞♦ s♦❜r❡ ♦ ❛ss✉♥t♦ ♥❛ ❛t✉❛❧✐❞❛❞❡✳

✷



❈❛♣ít✉❧♦ ✷

❈♦♥❝❡✐t♦s Pr❡❧✐♠✐♥❛r❡s

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❡ ❝❛♣ít✉❧♦ é r❡❧❡♠❜r❛r ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛

✉♠❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞♦ t❡①t♦✳ ❊♠ ❣❡r❛❧✱ ♥ã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❞❡♠♦♥str❛çõ❡s✱ ❡

❡♠ ❝❛s♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s✱ ✐♥❞✐❝❛r❡♠♦s ❛s ❞❡✈✐❞❛s r❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s✳

✷✳✶ ❈♦♥❝❡✐t♦s ❜ás✐❝♦s s♦❜r❡ á❧❣❡❜r❛s

■♥✐❝✐❛♠♦s ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞♦ ♦❜❥❡t♦ ❝❡♥tr❛❧ ❞❡ ♥♦ss♦s ❡st✉❞♦s✳

❉❡✜♥✐çã♦ ✷✳✶✳✶ ❉✐r❡♠♦s q✉❡ ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ A✱ ♠✉♥✐❞♦ ❞❡ ✉♠❛ ♦♣❡r❛çã♦

❜✐♥ár✐❛ ∗ : A × A → A ❞❡♥♦♠✐♥❛❞❛ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦✱ t❡♠ ❡str✉t✉r❛ ❞❡ K✲á❧❣❡❜r❛

✭♦✉ A é ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ K✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ q✉❡ A é ✉♠❛ á❧❣❡❜r❛✮ s❡✱ ♣❛r❛ q✉❛❧q✉❡r

α ∈ K ❡ q✉❛✐sq✉❡r a, b, c ∈ A✱ ✈❛❧❡r✿

✭✶✮ (a+ b) ∗ c = a ∗ c+ b ∗ c❀

✭✷✮ a ∗ (b+ c) = a ∗ b+ a ∗ c❀

✭✸✮ α(a ∗ b) = (αa) ∗ b = a ∗ (αb).

P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ✈❛♠♦s ❡s❝r❡✈❡r ab ❛♦ ✐♥✈és ❞❡ a ∗ b✳

❉❡✜♥✐çã♦ ✷✳✶✳✷ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛✱ ❞✐r❡♠♦s q✉❡✿

✭✶✮ A é ❝♦♠✉t❛t✐✈❛ s❡ ab = ba ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A❀

✭✷✮ A é ❛ss♦❝✐❛t✐✈❛ s❡ (ab)c = a(bc) ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A❀

✭✸✮ A é ✉♥✐tár✐❛ s❡ ❡①✐st✐r 1A ∈ A t❛❧ q✉❡ 1Aa = a1A = a ♣❛r❛ q✉❛❧q✉❡r a ∈ A ✭✈❛♠♦s

❡s❝r❡✈❡r 1 ❛♦ ✐♥✈és ❞❡ 1A✮✳

✸



❊♠ ♣r❛t✐❝❛♠❡♥t❡ t♦❞♦ t❡①t♦ ✈❛♠♦s tr❛❜❛❧❤❛r ❝♦♠ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✉♥✐tár✐❛s

t❡♥❞♦ ❝♦r♣♦ ❞❡ ❜❛s❡ ✐♥✜♥✐t♦✳ ❆ss✐♠✱ ♥♦ q✉❡ s❡❣✉❡✱ ❛ ♠❡♥♦s q✉❡ s❡❥❛ ❢❡✐t❛

♠❡♥çã♦ ❡①♣❧í❝✐t❛ ❡♠ ❝♦♥trár✐♦✱ ♦ t❡r♠♦ á❧❣❡❜r❛ ❞❡✈❡rá s❡r ❡♥t❡♥❞✐❞♦ ❝♦♠♦ ✉♠❛

K✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✉♥✐tár✐❛✳

❉❡✜♥✐çã♦ ✷✳✶✳✸ ❯♠ K✲s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ B ❞❡ ✉♠❛ á❧❣❡❜r❛ A s❡rá ❞❡♥♦♠✐♥❛❞♦ ✉♠❛

K✲s✉❜á❧❣❡❜r❛ ❞❡ A✱ s❡ t✐✈❡r ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛✱ ✐st♦ é✱ s❡ B ❢♦r ❢❡❝❤❛❞♦ ❝♦♠ r❡s♣❡✐t♦

❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ ❞❡ A✳ ❖ s✉❜❡s♣❛ç♦ B s❡rá ❞❡♥♦♠✐♥❛❞♦ ✉♠ ✐❞❡❛❧ à ❡sq✉❡r❞❛ ❞❡ A✱

s❡ AB ⊆ B✱ ♦✉ s❡❥❛✱ s❡ ax ∈ B ♣❛r❛ q✉❛✐sq✉❡r a ∈ A ❡ x ∈ B✳ ❉❡ ♠♦❞♦ s✐♠✐❧❛r✱

❞❡✜♥✐♠♦s ✐❞❡❛❧ à ❞✐r❡✐t❛ ❞❡ A✳ ❯♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ s❡rá s✐♠♣❧❡s♠❡♥t❡ ❞❡♥♦♠✐♥❛❞♦ ❞❡

✐❞❡❛❧✳

❉❡✜♥✐çã♦ ✷✳✶✳✹ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s✳ ❯♠ ♠❡r❣✉❧❤♦ ❞❡ A ❡♠ B é ✉♠❛

❛♣❧✐❝❛çã♦ σ : A→ B t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦s a, b ∈ A✱ t❡♠♦s

σ(a+ b) = σ(a) + σ(b) e σ(ab) = σ(a)σ(b).

❊ ♠❛✐s✱ σ(1A) = 1B✳ ❉❡♥♦t❛r❡♠♦s ✉♠ ♠❡r❣✉❧❤♦ ❞❛ á❧❣❡❜r❛ A ♥❛ á❧❣❡❜r❛ B ♣♦r✿

σ : A →֒ B✳

◆♦s ♣ró①✐♠♦s s❡t❡ ❡①❡♠♣❧♦s r❡❝♦r❞❛♠♦s ❛s ❞❡✜♥✐çõ❡s ❞❡ ❛❧❣✉♠❛s á❧❣❡❜r❛s ❡

s✉❜á❧❣❡❜r❛s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✳

❊①❡♠♣❧♦ ✷✳✶✳✺ ❙❡❥❛ V ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ {ei | i ∈ N}✳ ❆

á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ✭♦✉ ❡①t❡r✐♦r✮ E = E(V) é ❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

♣♦r {1, ei | i ∈ N} s❛t✐s❢❛③❡♥❞♦ ❛s r❡❧❛çõ❡s

eiej = −ejei ♣❛r❛ t♦❞♦s i, j ∈ N.

▼❛✐s ❛✐♥❞❛✱ s❡ ❝❤❛rK = 2✱ ✐♠♣♦♠♦s✿

e2i = 0 ♣❛r❛ t♦❞♦ i ∈ N.

❖❜s❡r✈❡ q✉❡ D = {1, ei1 . . . eir | 1 ≤ i1 < · · · < ir; r = 1, 2, . . . } é ✉♠❛ ❜❛s❡ ♣❛r❛ E✳

❆❧é♠ ❞✐ss♦✱ s❡ Vn é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ V ❣❡r❛❞♦ ♣♦r {e1, . . . , en} ❞❡♥♦t❛r❡♠♦s ♣♦r E(Vn)

s✉❛ ❝♦rr❡s♣♦♥❞❡♥t❡ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✳

❊①❡♠♣❧♦ ✷✳✶✳✻ ❖ ❝♦♥❥✉♥t♦ Z(A) = {a ∈ A | ax = xa, ∀x ∈ A} é ✉♠❛ s✉❜á❧❣❡❜r❛

❞❡ A ❞❡♥♦♠✐♥❛❞❛ ♦ ❝❡♥tr♦ ❞❡ A ❡ s❡✉s ❡❧❡♠❡♥t♦s sã♦ ❞✐t♦s s❡r ❝❡♥tr❛✐s✳ ❙❡ A = E

✭á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✮ é ❢á❝✐❧ ✈❡r q✉❡ Z(E) = E0✱ ♦♥❞❡ E0 é ♦ s✉❜❡s♣❛ç♦ ❞❡ E ❣❡r❛❞♦

♣❡❧♦ ❝♦♥❥✉♥t♦ D0 = {1, ei1 . . . eir | 1 ≤ i1 < · · · < ir; r = 2, 4, . . . }✳

✹



❊①❡♠♣❧♦ ✷✳✶✳✼ ❖ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s ♠❛tr✐③❡s n × n ❝♦♠ ❡♥tr❛❞❛s ♥♦ ❝♦r♣♦ K✱

❞❡♥♦t❛❞♦ ♣♦r Mn(K)✱ ♠✉♥✐❞♦ ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✉s✉❛❧ ❞❡ ♠❛tr✐③❡s✱ t❡♠ ❡str✉t✉r❛ ❞❡

á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✷✳✶✳✽ ❖ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s ♠❛tr✐③❡s n × n ❝♦♠ ❡♥tr❛❞❛s ♥❛ á❧❣❡❜r❛ ❞❡

●r❛ss♠❛♥♥ E✱ ❞❡♥♦t❛❞♦ ♣♦r Mn(E)✱ ♠✉♥✐❞♦ ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✉s✉❛❧ ❞❡ ♠❛tr✐③❡s✱

t❡♠ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛✳ ❙❡♥❞♦ a, b ∈ N ❝♦♠ a + b = n✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r ❛tr❛✈és ❞❡

♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♠❛tr✐③❡s✱ q✉❡ ♦ K✲s✉❜❡s♣❛ç♦ ❞❡ Ma+b(E)

Ma,b(E) =

{(

A B

C D

)

| A ∈Ma(E0), B ∈Ma×b(E1), C ∈Mb×a(E1), D ∈Mb(E0)

}

,

t❡♠ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛✳ ❆q✉✐✱ E1 é ♦ s✉❜❡s♣❛ç♦ ❞❡ E ❣❡r❛❞♦ ♣♦r

D1 = {ei1 . . . eir | 1 ≤ i1 < · · · < ir ❀ r = 1, 3, . . . }.

❖❜s❡r✈❛♠♦s q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ E1 ❛♥t✐❝♦♠✉t❛♠ ❡♥tr❡ s✐✳

❊①❡♠♣❧♦ ✷✳✶✳✾ ❙❡♥❞♦ a, b ∈ N ❝♦♠ a+b = n✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r ❛tr❛✈és ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦

❞❡ ♠❛tr✐③❡s✱ q✉❡ ♦ K✲s✉❜❡s♣❛ç♦ ❞❡ Ma+b(E)

Aa,b =

{(

A B

C D

)

| A ∈Ma(E), B ∈Ma×b(E
′), C ∈Mb×a(E

′), D ∈Mb(E)

}

,

t❡♠ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛✳ ❆q✉✐✱ E ′ ❞❡♥♦t❛ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s❡♠ ✉♥✐❞❛❞❡✳

❊①❡♠♣❧♦ ✷✳✶✳✶✵ ❙❡❥❛ A
′

✉♠❛ á❧❣❡❜r❛ s❡♠ ✉♥✐❞❛❞❡✳ P♦❞❡♠♦s ♠❡r❣✉❧❤❛r A
′

♥✉♠❛

á❧❣❡❜r❛ ❝♦♠ ✉♥✐❞❛❞❡✳ ❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ A = K ⊕ A
′

❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡ ❡s♣❛ç♦s

✈❡t♦r✐❛✐s✳ ❉❡✜♥✐♠♦s ❡♠ A ❛ s❡❣✉✐♥t❡ ♠✉❧t✐♣❧✐❝❛çã♦✱ ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A
′

❡ ♣❛r❛

q✉❛✐sq✉❡r α, β ∈ K✱

(α, a)(β, b) = (αβ, αb+ aβ + ab).

❆ss✐♠✱ (1, 0) é ✉♥✐❞❛❞❡ ❞❡ A ❡ ❛ ✐♥❝❧✉sã♦ A
′

→֒ A é ✉♠ ♠❡r❣✉❧❤♦✳ ❉✐r❡♠♦s q✉❡ A é

♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❡ A
′

♣♦r ❛❞❥✉♥çã♦ ❞❛ ✉♥✐❞❛❞❡✳

❊①❡♠♣❧♦ ✷✳✶✳✶✶ ❈♦♥s✐❞❡r❛♠♦s ❛❣♦r❛ ❛ s✉❜á❧❣❡❜r❛ ❞❡ Ma+b(K) ❞❡✜♥✐❞❛ ♣♦r✿

MaMb =

{(

A B

0 C

)

| A ∈Ma(K);B ∈Ma×b(K) ❡ C ∈Mb(K)

}

.

❉❡♥♦t❛r❡♠♦s ♣♦r MaMb ❛ s✉❜á❧❣❡❜r❛ ❞❡ MaMb ♦❜t✐❞❛ ❝♦♥s✐❞❡r❛♥❞♦ B = 0✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✷ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r Φ : A → B ❞❡ á❧❣❡❜r❛s é ✉♠

❤♦♠♦♠♦r✜s♠♦✱ s❡ Φ(ab) = Φ(a)Φ(b) ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A✱ ❡ ❛❧é♠ ❞✐ss♦ Φ(1A) = 1B✳

❆♥❛❧♦❣❛♠❡♥t❡ às ❞❡♠❛✐s ❡str✉t✉r❛s ❛❧❣é❜r✐❝❛s✱ ❝❤❛♠❛r❡♠♦s Φ ❞❡ ✐s♦♠♦r✜s♠♦ q✉❛♥❞♦

Φ ❢♦r ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❜✐❥❡t♦r✱ ♠❡r❣✉❧❤♦ q✉❛♥❞♦ Φ ❢♦r ✐♥❥❡t♦r✱ ❡♥❞♦♠♦r✜s♠♦ q✉❛♥❞♦

Φ ❢♦r ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A ❡♠ A✱ ❡ ❛✉t♦♠♦r✜s♠♦ q✉❛♥❞♦ Φ ❢♦r ✉♠ ❡♥❞♦♠♦r✜s♠♦

❜✐❥❡t♦r✳

✺



✷✳✷ ▼ó❞✉❧♦s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ♠ó❞✉❧♦ s♦❜r❡ ✉♠ ❣r✉♣♦ G q✉❛❧q✉❡r✱

❡①♣♦♥❞♦ ❛❧❣✉♥s r❡s✉❧t❛❞♦s✳ ❊♠ s❡❣✉✐❞❛✱ ❡st❡♥❞❡♠♦s ❡st❡ ❝♦♥❝❡✐t♦ ♣❛r❛ á❧❣❡❜r❛s✳

❉❡✜♥✐çã♦ ✷✳✷✳✶ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ M ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ ✉♠ ❝♦r♣♦ K ❡ “ · ”

✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ G ×M ❡♠ M ✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ M é ❝❤❛♠❛❞♦ ✉♠ G✲♠ó❞✉❧♦ ✭à

❡sq✉❡r❞❛✮ s♦❜r❡ K s❡ ♣❛r❛ q✉❛✐sq✉❡r g ❡ h ❡♠ G✱ m ❡ n ❡♠ M ❡ α ❡♠ K ❛s s❡❣✉✐♥t❡s

❝♦♥❞✐çõ❡s sã♦ s❛t✐s❢❡✐t❛s✿

✭✐✮ e ·m = m✱ ♦♥❞❡ e é ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ G❀

✭✐✐✮ (gh) ·m = g · (h ·m);

✭✐✐✐✮ g · (αm) = α(g ·m).

❉❡✜♥✐çã♦ ✷✳✷✳✷ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ N ❞❡ ✉♠ G✲♠ó❞✉❧♦ M é ✉♠

s✉❜♠ó❞✉❧♦ ❞❡ M s❡ N é ✉♠ G✲♠ó❞✉❧♦ s♦❜ ❛s ♦♣❡r❛çõ❡s ✐♥❞✉③✐❞❛s ❞❡ M ✳

❚❡♦r❡♠❛ ✷✳✷✳✸ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ❙❡ N é ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❞❡ ✉♠ G✲♠ó❞✉❧♦

M ✱ ❡♥tã♦ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ N é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M ❀

✭✐✐✮ N é ❢❡❝❤❛❞♦ ❝♦♠ r❡❧❛çã♦ à ❛❞✐çã♦✱ à ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r ❡ à ♠✉❧t✐♣❧✐❝❛çã♦

♣♦r ❡❧❡♠❡♥t♦s ❞❡ G✳

❉❡✜♥✐çã♦ ✷✳✷✳✹ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ M ❡ N ❞♦✐s G✲♠ó❞✉❧♦s s♦❜r❡ ✉♠ ❝♦r♣♦ K✳

❯♠❛ ❛♣❧✐❝❛çã♦ ϕ : M → N é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ G✲♠ó❞✉❧♦s s❡ ♣❛r❛ q✉❛✐sq✉❡r m ❡

n ❡♠ M ✱ α ❡♠ K ❡ g ❡♠ G✱ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ s❛t✐s❢❡✐t❛s✿

ϕ(m+ n) = ϕ(m) + ϕ(n), ϕ(αm) = αϕ(m) ❡ ϕ(g ·m) = g · ϕ(m).

❖ ♥ú❝❧❡♦ ❞❡ ϕ é ♦ ❝♦♥❥✉♥t♦ Kerϕ = {m ∈ M : ϕ(m) = 0} ❡ ❛ ✐♠❛❣❡♠ ❞❡ ϕ é ♦

❝♦♥❥✉♥t♦ ϕ(M) = {ϕ(m) : m ∈M}. ❙❡ ϕ é ❜✐❥❡t♦r❛✱ ❞✐③❡♠♦s q✉❡ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡

G✲♠ó❞✉❧♦s ❡ ❡s❝r❡✈❡♠♦s M ∼= N.

Pr♦♣♦s✐çã♦ ✷✳✷✳✺ ❙❡ G é ✉♠ ❣r✉♣♦ ❡ ϕ : M → N é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ G✲♠ó❞✉❧♦s✱

❡♥tã♦ Kerϕ é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M ❡ ϕ(M) é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ N ✳ ❆❧é♠ ❞✐ss♦✱

Kerϕ = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ϕ é ✐♥❥❡t♦r❛✳

Pr♦✈❛✿ ❆s ❞❡♠♦♥str❛çõ❡s ❞❡ q✉❡ Kerϕ é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M ❡ ❞❡ q✉❡ ϕ(M) é ✉♠

s✉❜♠ó❞✉❧♦ ❞❡ N sã♦ tr✐✈✐❛✐s✳ ❙❡ Kerϕ = 0 ❡ ϕ(m) = ϕ(n)✱ ❝♦♠ m ❡ n ❡♠ M ✱ ❡♥tã♦

ϕ(m−n) = 0 ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ m−n = 0✱ ♦✉ s❡❥❛✱ m = n✳ P♦rt❛♥t♦✱ ϕ é ✐♥❥❡t♦r❛✳

❙✉♣♦♥❞♦ ❛❣♦r❛ ϕ ✐♥❥❡t♦r❛✱ t❡♠♦s q✉❡ ♠♦str❛r q✉❡ ♦ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡ kerϕ é 0✳

P❛r❛ ✐ss♦✱ t♦♠❡♠♦s m ∈ kerϕ✳ ❉❛í✱ ϕ(m) = 0✳ ▼❛s ❝♦♠♦ ϕ(0) = 0✱ ❝♦♥❝❧✉í♠♦s q✉❡

ϕ(m) = ϕ(0)✳ ❉♦♥❞❡✱ s❡❣✉❡ q✉❡ m = 0✳

✻



❉❡✜♥✐çã♦ ✷✳✷✳✻ ❙❡❥❛♠ K ✉♠ ❝♦r♣♦✱ A ✉♠❛ K✲á❧❣❡❜r❛ ❝♦♠ ✉♥✐❞❛❞❡✱ M ✉♠ ❡s♣❛ç♦

✈❡t♦r✐❛❧ s♦❜r❡ K ❡ “·” ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ A×M ❡♠ M ✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ M é ❝❤❛♠❛❞♦

✉♠ A✲♠ó❞✉❧♦ ✭à ❡sq✉❡r❞❛✮✱ s❡ ♣❛r❛ q✉❛✐sq✉❡r a ❡ b ❡♠ A✱ m ❡ n ❡♠ M ❡ α ❡♠ K✱ ❛s

s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ s❛t✐s❢❡✐t❛s✿

✭✐✮ 1 ·m = m✱ ♦♥❞❡ 1 é ❛ ✉♥✐❞❛❞❡ ❞❡ A❀

✭✐✐✮ (a · b) ·m = a · (b ·m)❀

✭✐✐✐✮ (a+ b) ·m = a ·m+ b ·m❀

✭✐✈✮ a · (m+ n) = a ·m+ a · n❀

✭✈✮ α(a ·m) = (αa) ·m = a · (αm)✳

❉❡ ♠♦❞♦ s✐♠✐❧❛r✱ ❞❡✜♥✐♠♦s ✉♠ B✲♠ó❞✉❧♦ ✭à ❞✐r❡✐t❛✮✳ ❯♠ (A,B)✲❜✐♠ó❞✉❧♦ ♥❛❞❛

♠❛✐s é ❞♦ q✉❡ ✉♠ A✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛ ❝♦♠ r❡❧❛çã♦ ❛ á❧❣❡❜r❛ A ❡✱ ❛♦ ♠❡s♠♦ t❡♠♣♦✱

✉♠ B✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ ❝♦♠ r❡❧❛çã♦ ❛ á❧❣❡❜r❛ B✱ ❝♦♠ ❛ ❛ss♦❝✐❛t✐✈✐❞❛❞❡ ❝♦♠♣❛tí✈❡❧✳

❉❡✜♥✐çã♦ ✷✳✷✳✼ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❝♦♠ ✉♥✐❞❛❞❡✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ N ❞❡ ✉♠ A✲

♠ó❞✉❧♦ M é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M s❡ N é ✉♠ A✲♠ó❞✉❧♦ s♦❜ ❛s ♦♣❡r❛çõ❡s ✐♥❞✉③✐❞❛s ❞❡

M ✳

❚❡♦r❡♠❛ ✷✳✷✳✽ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❝♦♠ ✐❞❡♥t✐❞❛❞❡✳ ❙❡ N é ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦✲

✈❛③✐♦ ❞❡ ✉♠ A✲♠ó❞✉❧♦ M ✱ ❡♥tã♦ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ N é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M ❀

✭✐✐✮ N é ❢❡❝❤❛❞♦ ❝♦♠ r❡❧❛çã♦ à ❛❞✐çã♦✱ à ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r ❡ à ♠✉❧t✐♣❧✐❝❛çã♦

♣♦r ❡❧❡♠❡♥t♦s ❞❡ A✳

❉❡✜♥✐çã♦ ✷✳✷✳✾ ❙❡❥❛♠ A ✉♠❛ K✲á❧❣❡❜r❛ ❝♦♠ ✉♥✐❞❛❞❡✱ M ❡ N A✲♠ó❞✉❧♦s✳ ❯♠❛

❛♣❧✐❝❛çã♦ ϕ : M → N é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ♠ó❞✉❧♦s s❡ ♣❛r❛ q✉❛✐sq✉❡r m ❡ n ❡♠

M ✱ α ❡♠ K ❡ a ❡♠ A ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ s❛t✐s❢❡✐t❛s✿

ϕ(m+ n) = ϕ(m) + ϕ(n), ϕ(αm) = αϕ(m) ❡ ϕ(a ·m) = a · ϕ(m)✳

❖ ♥ú❝❧❡♦ ❞❡ ϕ é ♦ ❝♦♥❥✉♥t♦ Kerϕ = {m ∈ M : ϕ(m) = 0} ❡ ❛ ✐♠❛❣❡♠ ❞❡ ϕ é ♦

❝♦♥❥✉♥t♦ ϕ(M) = {ϕ(m) : m ∈M}✳ ❙❡ ϕ é ❜✐❥❡t♦r❛✱ ❞✐③❡♠♦s q✉❡ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡

♠ó❞✉❧♦s ❡ ❡s❝r❡✈❡♠♦s M ∼= N ✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✵ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ❡ ϕ : M → N é ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s✱ ❡♥tã♦ Kerϕ é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M ❡ ϕ(M) é ✉♠

s✉❜♠ó❞✉❧♦ ❞❡ N ✳ ❆❧é♠ ❞✐ss♦✱ Kerϕ = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ϕ é ✐♥❥❡t♦r❛✳

Pr♦✈❛✿ ❙❡♠❡❧❤❛♥t❡ à ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✺✳

✼



✷✳✸ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱

❡st❡♥❞❡♥❞♦ ♦ ♠❡s♠♦ ♣❛r❛ á❧❣❡❜r❛s✳

❙❡❥❛♠ A ❡ B ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s♦❜r❡ ✉♠ ❝♦r♣♦ K✳ ❖ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦ A × B

é t❛♠❜é♠ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ K✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ s♦♠❛ ❝♦♠♦

(a1, b1) + (a2, b2) = (a1 + a2, b1 + b2)

❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r ❝♦♠♦

λ(a, b) = (λa, λb).

❊st❡ ❡s♣❛ç♦ é ❝❤❛♠❛❞♦ s♦♠❛ ❞✐r❡t❛ ❞❡ A ❡ B✳

❉❡✜♥✐çã♦ ✷✳✸✳✶ ❙❡❥❛♠ A ❡ B ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s♦❜r❡ ✉♠ ❝♦r♣♦ K✳ ■♥❞✐❝❛♠♦s ♣♦r

(A×B)+ ♦ ❝♦♥❥✉♥t♦

{
∑

(a,b)∈A×B

nab(a, b);nab ∈ Z ❡ nab 6= 0 ♣❛r❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣❛r❡s ♦r❞❡♥❛❞♦s (a, b)⑥✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✷ ❙❡ ❞❡✜♥✐♠♦s ❛ s♦♠❛ ❞❡ ❞♦✐s ❡❧❡♠❡♥t♦s ❞❡ (A×B)+ ♣♦r

∑

(a,b)∈A×B

mab(a, b) +
∑

(a,b)∈A×B

nab(a, b) =
∑

(a,b)∈A×B

(mab + nab)(a, b)✱

❡♥tã♦ (A×B)+ é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✸ ❈❛❞❛ ❡❧❡♠❡♥t♦
∑

(a,b)∈A×B

nab(a, b) ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦
n
∑

i=1

(ai, bi).

❉❡✜♥✐çã♦ ✷✳✸✳✹ ❙❡❥❛♠ A ❡ B ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s♦❜r❡ ✉♠ ❝♦r♣♦ K✳ ❉❡✜♥✐♠♦s HA×B

❝♦♠♦ ♦ s✉❜❣r✉♣♦ ❞❡ (A×B)+ ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞♦s t✐♣♦s✿

✭✐✮ (a1 + a2, b1) − (a1, b1) − (a2, b1)❀

✭✐✐✮ (a1, b1 + b2) − (a1, b1) − (a1, b2)❀

✭✐✐✐✮ (λa1, b1) − (a1, λb1).

P❛r❛ q✉❛✐sq✉❡r a1 ❡ a2 ❡♠ A✱ b1 ❡ b2 ❡♠ B ❡ λ ❡♠ K✳ ❉❡✜♥✐♠♦s A ⊗ B =

(A × B)+/HA×B ❝♦♠♦ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ A ❡ B✳ ❉❡♥♦t❛♠♦s ♣♦r a ⊗ b ❝❛❞❛

❡❧❡♠❡♥t♦ (a, b) +HA×B ❞❡ A⊗B✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✺ ❖❜✈✐❛♠❡♥t❡ A⊗B é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳ ❆❧é♠ ❞✐ss♦✱ ❝❛❞❛ ❡❧❡♠❡♥t♦




∑

(a,b)∈A×B

nab(a, b)



+HA×B ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦
n
∑

i=1

ai ⊗ bi.

✽



❉❡✜♥✐çã♦ ✷✳✸✳✻ ❙❡❥❛♠ A ❡ B ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s♦❜r❡ ✉♠ ❝♦r♣♦ K ❡ G ✉♠ ❣r✉♣♦

❛❜❡❧✐❛♥♦✳ ❉✐③❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ ψ : A×B → G é ❜✐❧✐♥❡❛r s❡ ♣❛r❛ q✉❛✐sq✉❡r a1 ❡ a2

❡♠ A✱ b1 ❡ b2 ❡♠ B ❡ λ ❡♠ K ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ s❛t✐s❢❡✐t❛s✿

✭✐✮ ψ(a1 + a2, b1) = ψ(a1, b1) + ψ(a2, b1)❀

✭✐✐✮ ψ(a1, b1 + b2) = ψ(a1, b1) + ψ(a1, b2)❀

✭✐✐✐✮ ψ(λa1, b1) = ψ(a1, λb1).

Pr♦♣♦s✐çã♦ ✷✳✸✳✼ ❙❡❥❛♠ A ❡ B ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❡ G ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳ ❙❡

ψ : A × B → G é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡

❣r✉♣♦s ψ
′

: A⊗B → G t❛❧ q✉❡ ψ
′

(a⊗ b) = ψ(a, b) ♣❛r❛ q✉❛✐sq✉❡r a ❡♠ A ❡ b ❡♠ B✳

Pr♦✈❛✿ ❆ ❛♣❧✐❝❛çã♦ ψ ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ψ :

(A×B)+ → G ❞❡✜♥✐♥❞♦

ψ





∑

(a,b)∈A×B

nab(a, b)



 =
∑

(a,b)∈A×B

ψ(nab(a, b))✳

❖❜s❡r✈❡♠♦s q✉❡ ♦ s✉❜❣r✉♣♦ HA×B ❡stá ❝♦♥t✐❞♦ ♥♦ ♥ú❝❧❡♦ ❞❡ ψ✳ ❈♦♥s✐❞❡r❡♠♦s ❛

❛♣❧✐❝❛çã♦ ψ
′

: A⊗B → G✱ ❞❛❞❛ ♣♦r ψ
′

(x+HA×B) = ψ(x).

❱❛♠♦s ♣r♦✈❛r q✉❡ ψ
′

❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❙❡ x+HA×B = y+HA×B✱ ❡♥tã♦ x− y ∈

HA×B✳ ▲♦❣♦✱ ψ(x−y) = 0 ✐♠♣❧✐❝❛ ψ(x) = ψ(y)✱ ♦✉ s❡❥❛✱ ψ
′

(x+HA×B) = ψ
′

(y+HA×B)✳

➱ ❢á❝✐❧ ✈❡r q✉❡ ψ
′

é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❡ q✉❡ ψ
′

(a⊗ b) = ψ(a, b)✱ ♣❛r❛

t♦❞♦ a ❡♠ A ❡ b ❡♠ B✳

❈❧❛r❛♠❡♥t❡✱ ψ
′

é ú♥✐❝❛✳

▲❡♠❛ ✷✳✸✳✽ ❙❡❥❛♠ A✱ B✱ A
′

❡ B
′

❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳ ❙❡ ψ1 : A → A
′

❡ ψ2 : B → B
′

sã♦ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ❞❡♥♦t❛❞♦

♣♦r ψ1 ⊗ ψ2 : A⊗B → A
′

⊗B
′

✱ t❛❧ q✉❡ (ψ1 ⊗ ψ2)(a⊗ b) = ψ1(a) ⊗ ψ2(b)✱ ♣❛r❛ t♦❞♦ a

❡♠ A ❡ b ❡♠ B✳

Pr♦✈❛✿ ❱❛♠♦s ❞❡✜♥✐r ψ : A×B → A
′

⊗B
′

♣♦r ψ(a, b) = ψ1(a)⊗ ψ2(b)✳ ❖❜✈✐❛♠❡♥t❡✱

ψ é ❜✐❧✐♥❡❛r✳ ▲♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✼✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❞❡ A⊗B

❡♠ A
′

⊗ B
′

♣♦ss✉✐♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❡st❛❜❡❧❡❝✐❞❛✳ ❈❧❛r❛♠❡♥t❡✱ ❡st❡ ❤♦♠♦♠♦r✜s♠♦ é

ú♥✐❝♦✳

❚❡♦r❡♠❛ ✷✳✸✳✾ ❙❡ A ❡ B sã♦ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s♦❜r❡ ✉♠ ❝♦r♣♦ K✱ ❡♥tã♦ A⊗B é ✉♠

❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ K✱ ❝♦♠ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r ❞❡✜♥✐❞❛ ♣♦r λ
n
∑

i=1

(ai ⊗ bi) =

n
∑

i=1

((λai) ⊗ bi)✳

✾



Pr♦✈❛✿ ❉❛❞♦ λ ❡♠ K✱ ❞❡✜♥✐♠♦s ψλ : A → A ♣♦r ψλ(a) = λa✳ ❈♦♠♦ ψλ é ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r✱ ❞❡✜♥✐♠♦s λ
n
∑

i=1

(ai ⊗ bi) = (ψλ ⊗ idB)

(

n
∑

i=1

(ai ⊗ bi)

)

✳ ▲♦❣♦✱

λ
n
∑

i=1

(ai ⊗ bi) =
n
∑

i=1

((λai) ⊗ bi)✳ ❈♦♠♦ ψλ ⊗ idB ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ t❡♠♦s q✉❡ ♦

♣r♦❞✉t♦ ♣♦r ❡s❝❛❧❛r ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ A⊗B é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ K✳

❚❡♦r❡♠❛ ✷✳✸✳✶✵ ❙❡❥❛♠ A✱ B✱ A
′

❡ B
′

❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳ ❙❡ ψ1 : A → A
′

❡

ψ2 : B → B
′

sã♦ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r✱

❞❡♥♦t❛❞❛ ♣♦r ψ1 ⊗ψ2 : A⊗B → A
′

⊗B
′

✱ t❛❧ q✉❡ (ψ1 ⊗ψ2)(a⊗ b) = ψ1(a)⊗ψ2(b) ♣❛r❛

t♦❞♦ a ❡♠ A ❡ b ❡♠ B✳

Pr♦✈❛✿ ❱❛♠♦s ❞❡✜♥✐r ψ : A×B → A
′

⊗B
′

♣♦r ψ(a, b) = ψ1(a)⊗ ψ2(b)✳ ❖❜✈✐❛♠❡♥t❡✱

ψ é ❜✐❧✐♥❡❛r✳ ▲♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✼✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s

ψ
′

: A⊗B → A
′

⊗B
′

t❛❧ q✉❡ ψ
′

(a⊗ b) = ψ(a, b) = ψ1(a)⊗ ψ2(b)✱ ♣❛r❛ t♦❞♦ a ❡♠ A ❡

b ❡♠ B✳ ❆❧é♠ ❉✐ss♦✱

ψ
′

(λ
n
∑

i=1

(ai ⊗ bi)) = ψ
′

(
n
∑

i=1

((λai) ⊗ bi)) =
n
∑

i=1

ψ
′

((λai) ⊗ bi) =
n
∑

i=1

ψ1(λai) ⊗ ψ2(bi) =

n
∑

i=1

(λψ1(ai)) ⊗ ψ2(bi) =
n
∑

i=1

(λ(ψ1(ai) ⊗ ψ2(bi))) =
n
∑

i=1

(λψ
′

(ai ⊗ bi)) =

λ
n
∑

i=1

ψ
′

(ai ⊗ bi) = λψ
′

(
n
∑

i=1

ai ⊗ bi).

P♦rt❛♥t♦✱ ψ
′

é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r✳ ❉❡✜♥✐♥❞♦ ψ1 ⊗ ψ2 = ψ
′

✱ t❡♠♦s ❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❞❡s❡❥❛❞❛✳ ❈❧❛r❛♠❡♥t❡✱ ψ1 ⊗ ψ2 é ú♥✐❝❛✳

❚❡♦r❡♠❛ ✷✳✸✳✶✶ ❙❡ A ❡ B sã♦ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s♦❜r❡ ✉♠ ❝♦r♣♦ K✱ ❡♥tã♦✿

✭✐✮ ❙❡ a1, . . . , am sã♦ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ A ❡ b1, . . . , bm sã♦ ✈❡t♦r❡s

❞❡ B t❛✐s q✉❡
m
∑

i=1

ai ⊗ bi = 0✱ ❡♥tã♦ bi = 0 ♣❛r❛ t♦❞♦ i ∈ {1, . . . ,m}❀

✭✐✐✮ ❙❡ a1, . . . , am sã♦ ✈❡t♦r❡s ❞❡ A ❡ b1, . . . , bm sã♦ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s

❞❡ B t❛✐s q✉❡
m
∑

i=1

ai ⊗ bi = 0✱ ❡♥tã♦ ai = 0 ♣❛r❛ t♦❞♦ i ∈ {1, . . . ,m}❀

✭✐✐✐✮ ❙❡ {e1, . . . , en} é ✉♠❛ ❜❛s❡ ❞❡ A ❡ {f1, . . . , fn} é ✉♠❛ ❜❛s❡ ❞❡ B✱ ❡♥tã♦ {ei⊗fj; 1 ≤

i ≤ m e 1 ≤ j ≤ n} é ✉♠❛ ❜❛s❡ ❞❡ A⊗B✳ ❆❧é♠ ❞✐ss♦✱ s❡ a =
m
∑

i=1

αiei ❡ b =
n
∑

j=1

βjfj✱

❡♥tã♦ a⊗ b =
m
∑

i=1

n
∑

j=1

αiβj(ei ⊗ fj).

✶✵



Pr♦✈❛✿ P❛r❛ ♣r♦✈❛r ❛ ♣❛rt❡ (i)✱ ❝♦♥s✐❞❡r❡♠♦s A ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ A t❛✐s q✉❡ {a1, . . . , am}∪A é ✉♠❛ ❜❛s❡ ❞❡ A✳ ❙❡❥❛ ψk : A×B → B ❛

❛♣❧✐❝❛çã♦ ❞❛❞❛ ♣♦r ψk(a, b) = αkb✱ ♦♥❞❡ αk é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ak✱ q✉❛♥❞♦ ❡s❝r❡✈❡♠♦s a

❡♠ ❢✉♥çã♦ ❞❛ ❜❛s❡ {a1, . . . , am}∪A✳ ❈❧❛r❛♠❡♥t❡✱ ψk é ❜✐❧✐♥❡❛r✳ ▲♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦

✷✳✸✳✼✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ψ
′

k : A×B → B t❛❧ q✉❡ ψ
′

k(a⊗ b) = ψk(a, b)✳

❈♦♠♦
m
∑

i=1

ai ⊗ bi = 0✱ t❡♠♦s q✉❡ bk = ψ
′

k(
m
∑

i=1

ai ⊗ bi) = ψ
′

k(0) = 0✳ P♦rt❛♥t♦✱ bi = 0

♣❛r❛ t♦❞♦ i ∈ {1, . . . ,m}✳

❆♥❛❧♦❣❛♠❡♥t❡ ♣r♦✈❛♠♦s ❛ ♣❛rt❡ (ii)✳

P❛r❛ ♣r♦✈❛r ❛ ♣❛rt❡ (iii)✱ ✈❛♠♦s ♠♦str❛r q✉❡ B = {ei ⊗ fj : 1 ≤ i ≤ m e 1 ≤

j ≤ n} é ✉♠❛ ❜❛s❡ ❞❡ A ⊗ B✳ ❙✉♣♦♥❤❛♠♦s✱ q✉❡ ❡①✐st❛♠ ❝♦❡✜❝✐❡♥t❡s γij, 1 ≤ i ≤ m ❡

1 ≤ j ≤ n t❛✐s q✉❡
m
∑

i=1

(
n
∑

j=1

γij(ei ⊗ fj)) = 0✳ ▲♦❣♦✱

m
∑

i=1

n
∑

j=1

γij(ei ⊗ fj) =
m
∑

i=1

n
∑

j=1

(ei ⊗ γijfj) =
m
∑

i=1

ei ⊗ (
n
∑

j=1

γijfj).

P♦rt❛♥t♦✱ ♣❛r❛ ❝❛❞❛ i✱ t❡♠♦s q✉❡
n
∑

j=1

γijfj = 0✱ ❞❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ γij = 0

♣❛r❛ 1 ≤ i ≤ m ❡ 1 ≤ j ≤ n✳ P♦rt❛♥t♦✱ B é ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳

❱❛♠♦s ♣r♦✈❛r q✉❡ B ❣❡r❛ A ⊗ B✳ ❙❡❥❛♠ a =
m
∑

i=1

αiei ∈ A ❡ b =
n
∑

j=1

βjfj ∈ B✳

▲♦❣♦✱

a⊗ b =
m
∑

i=1

αiei ⊗
n
∑

j=1

βjfj =
m
∑

i=1

(αiei ⊗
n
∑

j=1

βjfj) =
m
∑

i=1

n
∑

j=1

(αiei ⊗ βjfj) =

m
∑

i=1

n
∑

j=1

αiβj(ei ⊗ fj).

❆ss✐♠✱ é ❢á❝✐❧ ✈❡r q✉❡ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦
p
∑

i=1

ai ⊗ bi ❞❡ A ⊗ B ♣♦❞❡ s❡r ❡s❝r✐t♦

❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞❡ B✳ P♦rt❛♥t♦✱ B ❣❡r❛ A⊗B ❡ é ✉♠❛ ❜❛s❡

❞❡ A⊗B✳

❙❡❥❛♠ A ❡ B á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❝♦♠ ✉♥✐❞❛❞❡ s♦❜r❡ ✉♠ ❝♦r♣♦ K✳ ❖ ♣r♦❞✉t♦

❝❛rt❡s✐❛♥♦ A × B é t❛♠❜é♠ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ s♦❜r❡ K✱

❝♦♥s✐❞❡r❛♥❞♦ ❛ s♦♠❛ ❝♦♠♦

(a1, b1) + (a2, b2) = (a1 + a2, b1 + b2)✱

❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❝♦♠♦

✶✶



(a1, b1) · (a2, b2) = (a1a2, b1b2)

❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r ❝♦♠♦

λ(a, b) = (λa, λb).

❚❡♦r❡♠❛ ✷✳✸✳✶✷ ❙❡ A ❡ B sã♦ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡ s♦❜r❡ ✉♠ ❝♦r♣♦

K✱ ❡♥tã♦ A⊗B é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ s♦❜r❡ K✱ ❝♦♠ ♠✉❧t✐♣❧✐❝❛çã♦

✐♥❞✉③✐❞❛ ♣♦r (a1 ⊗ b1)(a2 ⊗ b2) = (a1a2 ⊗ b1b2).

Pr♦✈❛✿ ❋✐①❛♥❞♦ a2 ❡ b2✱ ❞❡✜♥✐♠♦s ψ1 ❡ ψ2 ♣♦r ψ1(a1) = a1a2 ❡ ψ2(b1) = b1b2 ♣❛r❛

q✉❛✐sq✉❡r a1 ❡♠ A ❡ b1 ❡♠ B✳ ❈❧❛r❛♠❡♥t❡✱ ψ1 ❡ ψ2 sã♦ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s✳ ▲♦❣♦

ψ1 ⊗ ψ2 : A⊗B → A⊗B ❞❡✜♥❡ ♠✉❧t✐♣❧✐❝❛çã♦ à ❞✐r❡✐t❛ ♣♦r a2 ⊗ b2✳

❋❛③❡♥❞♦ ✐st♦ ♣❛r❛ t♦❞♦ a2 ❡♠ A ❡ b2 ❡♠ B✱ r❡✈❡rt❡♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦✱ ✜①❛♥❞♦

x ❡♠ A ⊗ B ❡ ❞❡✜♥✐♥❞♦ ψx : A × B → A ⊗ B ♣♦r ψx(a, b) = x(a ⊗ b) ♣❛r❛ q✉❛❧q✉❡r

(a, b) ❡♠ A × B✳ ❈♦♠♦ ψx é ❜✐❧✐♥❡❛r✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✼✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ψ
′

x : A⊗B → A⊗B t❛❧ q✉❡ ψ
′

x(a⊗ b) = ψ(a, b) ♣❛r❛ t♦❞♦ a

❡♠ A ❡ b ❡♠ B✳ ❆ ❛♣❧✐❝❛çã♦ ψ
′

x ❝♦rr❡s♣♦♥❞❡ à ♠✉❧t✐♣❧✐❝❛çã♦ à ❡sq✉❡r❞❛ ♣♦r x✳

➱ ❢á❝✐❧ ✈❡r ❛❣♦r❛ q✉❡ A⊗B é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✐❞❡♥t✐❞❛❞❡✳

❚❡♦r❡♠❛ ✷✳✸✳✶✸ ❙❡❥❛♠ A✱ B✱ A
′

❡ B
′

á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡✳ ❙❡

ψ1 : A → A
′

❡ ψ2 : B → B
′

sã♦ ❤♦♠♦♠♦r✜s♠♦s ❞❡ á❧❣❡❜r❛s✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦

❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ψ1 ⊗ ψ2 : A ⊗ B → A
′

⊗ B
′

t❛❧ q✉❡ (ψ1 ⊗ ψ2)(a ⊗ b) =

ψ1(a) ⊗ ψ2(b) ♣❛r❛ q✉❛✐sq✉❡r a ❡♠ A ❡ b ❡♠ B✳

Pr♦✈❛✿ ❱❛♠♦s ❞❡✜♥✐r ψ : A×B → A
′

⊗B
′

♣♦r ψ(a, b) = ψ1(a)⊗ ψ2(b)✳ ❖❜✈✐❛♠❡♥t❡✱

ψ é ❜✐❧✐♥❡❛r✳ ▲♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✼✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

ψ
′

: A ⊗ B → A
′

⊗ B
′

t❛❧ q✉❡ ψ
′

(a ⊗ b) = ψ(a, b) = ψ1(a) ⊗ ψ2(b) ♣❛r❛ q✉❛✐sq✉❡r

a ❡♠ A ❡ b ❡♠ B✳

❆❧é♠ ❞✐ss♦✱

ψ
′

((a1 ⊗ b1)(a2 ⊗ b2)) = (ψ1 ⊗ ψ2)((a1 ⊗ b1)(a2 ⊗ b2)) = (ψ1 ⊗ ψ2)(a1a2 ⊗ b1b2) =

ψ1(a1a2)⊗ψ2(b1b2) = ψ1(a1)ψ1(a2)⊗ψ2(b1)ψ2(b2) = (ψ1(a1)⊗ψ1(a2))(ψ2(b1)⊗ψ2(b2)) =

(ψ1 ⊗ ψ2(a1 ⊗ b1))(ψ1 ⊗ ψ2(a2 ⊗ b2)) = ψ
′

(a1 ⊗ b1)ψ
′

(a2 ⊗ b2).

❆ss✐♠✱ é ❢á❝✐❧ ✈❡r q✉❡ ψ
′

é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❉❡✜♥✐♥❞♦ ψ1 ⊗ ψ2 = ψ
′

✱

t❡♠♦s ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡s❡❥❛❞♦✳ ❈❧❛r❛♠❡♥t❡✱ ψ1 ⊗ ψ2 é ú♥✐❝♦✳

✶✷



✷✳✹ ➪❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

◆❡st❛ s❡çã♦✱ ✐♥tr♦❞✉③✐r❡♠♦s ❛s á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ ✉♠❛ ❝❧❛ss❡

♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❞❡ á❧❣❡❜r❛s✳ P♦✐s✱ ❛❧é♠ ❞❡ s✉r❣✐r❡♠ ❝♦♠♦ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛s

á❧❣❡❜r❛s ♥✐❧♣♦t❡♥t❡s✱ ❝♦♠✉t❛t✐✈❛s ❡ ❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡❧❛s ♠❛♥té♠ ✈ár✐❛s ❞❛s ❜♦❛s

♣r♦♣r✐❡❞❛❞❡s ❞❡st❛s ❝❧❛ss❡s✳

❉❡✜♥✐çã♦ ✷✳✹✳✶ P❛r❛ ♦ ❝♦♥❥✉♥t♦ X = {x1, x2, . . . , } ❞❡ ✈❛r✐á✈❡✐s ♥ã♦ ❝♦♠✉t❛t✐✈❛s✱

K〈X〉 ❞❡♥♦t❛rá ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡✱ ✐st♦ é✱ K〈X〉 t❡♠ ❝♦♠♦ ❜❛s❡ ♦s ❡❧❡♠❡♥t♦s

❞❛ ❢♦r♠❛

xi1 . . . xin ❀ xij ∈ X ❀ n = 0, 1, 2, . . .

❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣♦r

(xi1 . . . xik)(xj1 . . . xjl
) = xi1 . . . xikxj1 . . . xjl

♦♥❞❡ xit , xjs
∈ X.

❖s ❡❧❡♠❡♥t♦s ❞❡ K〈X〉 sã♦ ❞❡♥♦♠✐♥❛❞♦s ❞❡ ♣♦❧✐♥ô♠✐♦s✳

❖ s✉❜❡s♣❛ç♦ K〈X〉
′

⊂ K〈X〉 ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

xi1 . . . xin ❀ xij ∈ X ❀ n = 1, 2, . . .

é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡♥♦♠✐♥❛❞❛ ❞❡ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ s❡♠ ✉♥✐❞❛❞❡✳

❖❜s❡r✈❡ q✉❡ ❛ á❧❣❡❜r❛ K〈X〉 ❞❡✜♥✐❞❛ ❛❝✐♠❛ é✱ ♥♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛ á❧❣❡❜r❛ ❞♦s

♣♦❧✐♥ô♠✐♦s ♥ã♦ ❝♦♠✉t❛t✐✈♦s✳

❉❡✜♥✐çã♦ ✷✳✹✳✷ ❯♠ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) ∈ K〈X〉 ✭♦✉ ❛ ❡①♣r❡ssã♦ f(x1, . . . , xn) =

0✮ é ❞❡♥♦♠✐♥❛❞♦ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❛ á❧❣❡❜r❛ A✱ s❡ f(a1, . . . , an) = 0 ♣❛r❛

q✉❛✐sq✉❡r a1, . . . , an ∈ A✳ ❯♠❛ á❧❣❡❜r❛ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ✭P■✲á❧❣❡❜r❛✮ é ✉♠❛

á❧❣❡❜r❛ q✉❡ s❛t✐s❢❛③ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♥ã♦ tr✐✈✐❛❧✳

❙❡❣✉❡♠ ❛❧❣✉♥s ❡①❡♠♣❧♦s ✐♠♣♦rt❛♥t❡s ❞❡ á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱

♦✉ s❡❥❛✱ ❞❡ P■✲á❧❣❡❜r❛s✳

❊①❡♠♣❧♦ ✷✳✹✳✸ ❚♦❞❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ A é ✉♠❛ P■✲á❧❣❡❜r❛✱ ♣♦✐s ♦ ♣♦❧✐♥ô♠✐♦

❝♦♠✉t❛❞♦r f(x1, x2) = [x1, x2] = x1x2 − x2x1 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ A✳

❊①❡♠♣❧♦ ✷✳✹✳✹ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E é ✉♠❛ P■✲á❧❣❡❜r❛✱ ♣♦✐s ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦

✉s❛♥❞♦ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❞❡ E ♠♦str❛ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ f(x1, x2, x3) = [[x1, x2], x3]

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ E✳

❊①❡♠♣❧♦ ✷✳✹✳✺ ✭❘❡❣❡✈✱ ❬✻❪✮ ❙❡❥❛ E ′ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s❡♠ ✉♥✐❞❛❞❡ s♦❜r❡ ✉♠

❝♦r♣♦ ✐♥✜♥✐t♦ K ❝♦♠ ❝❤❛rK = p 6= 0✳ ❊♥tã♦✱ f(x) = xp é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

♣❛r❛ E ′✳

✶✸



❊①❡♠♣❧♦ ✷✳✹✳✻ ❆ á❧❣❡❜r❛ M2(K) s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ f(x1, x2, x3) = [[x1, x2]
2, x3]

❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❍❛❧❧✳ ❆ ✈❡r✐✜❝❛çã♦ é s✐♠♣❧❡s✱ ❜❛st❛ ♦❜s❡r✈❛r♠♦s ❞♦✐s

❢❛t♦s✿

✭✶✮ ❙❡ a, b ∈M2(K)✱ ❡♥tã♦ tr([a, b]) = 0❀

✭✷✮ ❙❡ a ∈ M2(K) ❡ tr(a) = 0✱ ❡♥tã♦ a2 = λI2 ♦♥❞❡ I2 é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡

M2(K)✳

❊①❡♠♣❧♦ ✷✳✹✳✼ ✭❚❡♦r❡♠❛ ❞❡ ❆♠✐ts✉r✲▲❡✈✐t③❦✐✱ ❬✻❪✮ ❆ á❧❣❡❜r❛ Mn(K) s❛t✐s❢❛③ ♦

♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ ❞❡ ❣r❛✉ 2n

s2n(x1, . . . , x2n) =
∑

σ∈S2n

(−1)σxσ(1) . . . xσ(2n)

♦♥❞❡ S2n é ♦ ❣r✉♣♦ ❞❛s ♣❡r♠✉t❛çõ❡s ❞❡ {1, 2, . . . , 2n} ❡ (−1)σ é ♦ s✐♥❛❧ ❞❛ ♣❡r♠✉t❛çã♦

σ✳ ❆❞❡♠❛✐s✱ ♥ã♦ s❛t✐s❢❛③ ✐❞❡♥t✐❞❛❞❡s s♦❜ ❛ ❢♦r♠❛✱ sk
m✱ ♣❛r❛ t♦❞♦ k✱ q✉❛♥❞♦ m < 2n✳

❊①❡♠♣❧♦ ✷✳✹✳✽ ❯♠❛ K✲á❧❣❡❜r❛ A é ❞✐t❛ s❡r ✉♠❛ ◆✐❧✲á❧❣❡❜r❛ s❡ ♣❛r❛ ❝❛❞❛ a ∈ A

❡①✐st❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ n t❛❧ q✉❡ an = 0✳ ❖ ♠❡♥♦r ✐♥t❡✐r♦ n ❝♦♠ t❛❧ ♣r♦♣r✐❡❞❛❞❡

é ❞❡♥♦♠✐♥❛❞♦ í♥❞✐❝❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞♦ ❡❧❡♠❡♥t♦ a✳ ❯♠❛ á❧❣❡❜r❛ A é ✉♠❛ ◆✐❧✲á❧❣❡❜r❛

❞❡ í♥❞✐❝❡ n s❡ an = 0 ♣❛r❛ t♦❞♦ a ∈ A✳ ❚♦❞❛ ◆✐❧✲á❧❣❡❜r❛ ❞❡ í♥❞✐❝❡ ❧✐♠✐t❛❞♦ n é ✉♠❛

P■✲á❧❣❡❜r❛✱ ♣♦✐s s❛t✐s❢❛③ ♦ ♣♦❧✐♥ô♠✐♦ f(x) = xn✳

❊①❡♠♣❧♦ ✷✳✹✳✾ ❯♠❛ K✲á❧❣❡❜r❛ A é ❞✐t❛ s❡r ♥✐❧♣♦t❡♥t❡ s❡ ❡①✐st❡ ✉♠ ♥❛t✉r❛❧ ✜①♦ n t❛❧

q✉❡ ♦ ♣r♦❞✉t♦ ❞❡ q✉❛✐sq✉❡r n ❡❧❡♠❡♥t♦s ❞❡ A é ✐❣✉❛❧ ❛ ③❡r♦✳ ❖ ♠❡♥♦r ♥❛t✉r❛❧ n ❝♦♠ t❛❧

♣r♦♣r✐❡❞❛❞❡ é ❞❡♥♦♠✐♥❛❞♦ ♦ í♥❞✐❝❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞❛ á❧❣❡❜r❛ A✱ ❡ A é ❞❡♥♦♠✐♥❛❞❛ ✉♠❛

á❧❣❡❜r❛ ♥✐❧♣♦t❡♥t❡ ❞❡ ❝❧❛ss❡ n − 1✳ ❚♦❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ♥✐❧♣♦t❡♥t❡ ❞❡ ❝❧❛ss❡ n − 1

é ✉♠❛ P■✲á❧❣❡❜r❛✱ ♣♦✐s ❡❧❛ s❛t✐s❢❛③ ♦ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) = x1 . . . xn✳ ✭❖❜s❡r✈❛♠♦s

q✉❡ ♥❡st❡ ❡①❡♠♣❧♦ ❡ ♥♦ ❛♥t❡r✐♦r✱ ❛s á❧❣❡❜r❛s ❝♦♥s✐❞❡r❛❞❛s ♥ã♦ ♣♦ss✉❡♠ ✉♥✐❞❛❞❡✳✮

❆q✉✐ ♠❡♥❝✐♦♥❛♠♦s ❜r❡✈❡♠❡♥t❡ q✉❡ ♦ ❝❧áss✐❝♦ ❚❡♦r❡♠❛ ❞❡ ◆❛❣❛t❛✱ ❍✐❣♠❛♥✱

❉✉❜♥♦✈ ❡ ■✈❛♥♦✈✱ ❛✜r♠❛ q✉❡ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ✵✱ t♦❞❛ ◆✐❧✲á❧❣❡❜r❛ ❞❡ í♥❞✐❝❡ ❧✐♠✐t❛❞♦✱

é ♥✐❧♣♦t❡♥t❡✳ P❛r❛ ✈❡r ♠❛✐s ❞❡t❛❧❤❡s ❈❛♣ít✉❧♦ ✽ ❞❡ ❬✻❪✳

❚❡♦r❡♠❛ ✷✳✹✳✶✵ ✭❘❡❣❡✈✱❬✶✹❪✮ ❖ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ A = A1 ⊗A2 ❞❡ ❞✉❛s P■✲á❧❣❡❜r❛s é

✉♠❛ P■✲á❧❣❡❜r❛✳

❆♣ós ✈ár✐♦s ❡①❡♠♣❧♦s ❞❡ P■✲á❧❣❡❜r❛s✱ s✉r❣❡ ✉♠❛ ♣❡r❣✉♥t❛ ✐♥❡✈✐tá✈❡❧✿ ❊①✐st❡♠

á❧❣❡❜r❛s q✉❡ ♥ã♦ sã♦ P■✲á❧❣❡❜r❛s❄ ❆ r❡s♣♦st❛ é s✐♠✳ ❆ á❧❣❡❜r❛K〈X〉✱ ♣♦r ❡①❡♠♣❧♦✱ ♥ã♦

s❛t✐s❢❛③ ♥❡♥❤✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♥ã♦ ♥✉❧❛✳ ■st♦ ♣♦❞❡ s❡r ❝♦♠♣r❡❡♥❞✐❞♦ ♣♦r ✉♠

❛r❣✉♠❡♥t♦ s✐♠♣❧❡s✳ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ f(x1, . . . , xn) s❡❥❛ ✉♠❛ ✐❞❡♥t✐❞❛❞❡
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♣♦❧✐♥♦♠✐❛❧ ♥ã♦ ♥✉❧❛ ❞❡ K〈X〉✳ ❆ss✐♠✱ f(f1(x1), . . . , fn(xn)) = 0 ♦♥❞❡ fi(xi) = xi ♣❛r❛

i = 1, . . . , n✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s f(x1, . . . , xn) 6= 0✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ♠♦str❛ q✉❡ t♦❞❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é t❛♠❜é♠ ✉♠❛

P■✲á❧❣❡❜r❛✳

❚❡♦r❡♠❛ ✷✳✹✳✶✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❞✐❣❛♠♦s n✳ ❊♥tã♦✱ ❡❧❛

s❛t✐s❢❛③ ♦ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ ❞❡ ❣r❛✉ n+ 1✱ ✐st♦ é✱ ♦ ♣♦❧✐♥ô♠✐♦

sn+1(x1, . . . , xn+1) =
∑

σ∈Sn+1

(−1)σxσ(1) . . . xσ(n+1).

Pr♦✈❛✿ ❉❛ ❞❡✜♥✐çã♦ ❞❡ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ é ✐♠❡❞✐❛t♦ q✉❡ ❡❧❡ é ✐❣✉❛❧ ❛ ③❡r♦✱ s❡ ❞♦✐s

❞❡ s❡✉s ❛r❣✉♠❡♥t♦s ❢♦r❡♠ ✐❣✉❛✐s✳ P♦r ♠✉❧t✐❧✐♥❡❛r✐❞❛❞❡✱ é s✉✜❝✐❡♥t❡ ✈❡r✐✜❝❛r♠♦s ♥✉♠❛

❜❛s❡ ❞❡ A✱ ❞✐❣❛♠♦s {e1, . . . , en}✳ ❖❜s❡r✈❡ q✉❡ sn+1(ei1 , . . . , ein+1
) é t❛❧ q✉❡ ❛♦ ♠❡♥♦s

❞♦✐s ❞♦s eij sã♦ ✐❣✉❛✐s✳ ❉❛í✱ sn+1 é ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ A✳

❉❡✜♥✐çã♦ ✷✳✹✳✶✷ ❯♠ ✐❞❡❛❧ I ❞❡ ✉♠❛ á❧❣❡❜r❛ A é ❞✐t♦ s❡r ✉♠ ❚✲✐❞❡❛❧✱ s❡ I ❢♦r

✐♥✈❛r✐❛♥t❡ s♦❜ t♦❞♦s ♦s ❡♥❞♦♠♦r✜s♠♦s Φ ❞❡ A✱ ✐st♦ é✱ s❡ Φ(I) ⊆ I ♣❛r❛ t♦❞♦

❡♥❞♦♠♦r✜s♠♦ Φ : A→ A✳

❚❡♦r❡♠❛ ✷✳✹✳✶✸ ❖ ✐❞❡❛❧ T (A) ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ A é ✉♠ ❚✲✐❞❡❛❧ ❞❡ K〈X〉✳

Pr♦✈❛✿ ❙❡❥❛♠ f(x1, . . . , xn) ∈ T (A) ❡ Φ : K〈X〉 → K〈X〉 ✉♠ ❡♥❞♦♠♦r✜s♠♦✳

❈♦♠♦ Φ(f(x1, . . . , xn)) = f(Φ(x1), . . . ,Φ(xn)) ❡ f(a1, . . . , an) = 0 ♣❛r❛ q✉❛✐sq✉❡r

a1, . . . , an ∈ A✱ ♦❜t❡♠♦s q✉❡✱ Φ(f(x1, . . . , xn)) ∈ T (A)✳ P♦rt❛♥t♦✱ Φ(T (A)) ⊆ T (A)✳

❖❜s❡r✈❛çã♦ ✷✳✹✳✶✹ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❡ I é ✉♠ ✐❞❡❛❧ ❞❡ A✱ ❡♥tã♦ ♦ q✉♦❝✐❡♥t❡ A/I

t❡♠ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛✳

❚❡♦r❡♠❛ ✷✳✹✳✶✺ ❙❡ I é ✉♠ ❚✲✐❞❡❛❧ ❞❡ K〈X〉✱ ❡♥tã♦✱ I = T (K〈X〉/I)✳

Pr♦✈❛✿ ❙❡❥❛♠ f(x1, . . . , xn) ∈ I ❡ f1, . . . , fn ∈ K〈X〉✳ ❈♦♠♦ f(f1, . . . , fn) ∈ I✱ t❡♠♦s

q✉❡

f(f1 + I, . . . , fn + I) = f(f1, . . . , fn) + I = I.

▲♦❣♦✱ I ⊆ T (K〈X〉/I)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❞♦✲s❡ q✉❡ f(x1, . . . , xn) ∈ T (K〈X〉/I)✱

♦❜t❡♠♦s I = f(x1 + I, . . . , xn + I) = f(x1, . . . , xn)+ I✳ ❉♦♥❞❡✱ f(x1, . . . , xn) ∈ I✳ ▲♦❣♦

T (K〈X〉/I) ⊆ I✳ P♦rt❛♥t♦ t❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡✳

✶✺



❉❡✜♥✐çã♦ ✷✳✹✳✶✻ ❙❡❥❛ B ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ T (A) ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ A✳ ❉✐r❡♠♦s

q✉❡ B é ✉♠❛ ❜❛s❡ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❡ A✳ ❙❡ B ♥ã♦ ❝♦♥té♠ ♣r♦♣r✐❛♠❡♥t❡ ♥❡♥❤✉♠❛ ❜❛s❡

❞❡ A✱ B s❡rá ❞❡♥♦♠✐♥❛❞❛ ✉♠❛ ❜❛s❡ ♠✐♥✐♠❛❧ ❞❡ T (A)✳ ❙❡ S é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡

K〈X〉✱ ♦ ❚✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S é ❞❡♥♦t❛❞♦ ♣♦r 〈S〉T ✳ ◆♦✉tr❛s ♣❛❧❛✈r❛s✱ 〈S〉T é ♦ ✐❞❡❛❧

❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

{f(g1, . . . , gn) | f(x1, . . . , xn) ∈ S; gi ∈ K〈X〉},

♦✉ ❛✐♥❞❛✱

〈S〉T = {h1f(g1, . . . , gn)h2; f(x1, . . . , xn) ∈ S, gi, h1, h2 ∈ K〈X〉✱ ♣❛r❛ i = 1, . . . , n}.

❙❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f ∈ K〈X〉 ♣❡rt❡♥❝❡ ❛ 〈S〉T ❞✐③❡♠♦s q✉❡ f s❡❣✉❡ ❞❡ S✱ ♦✉ q✉❡ f é

✉♠❛ ❝♦♥s❡qüê♥❝✐❛ ❞❡ S✳ ❉♦✐s s✉❜❝♦♥❥✉♥t♦s ❞❡ K〈X〉 sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡ ❡❧❡s ❣❡r❛♠ ♦

♠❡s♠♦ ❚✲✐❞❡❛❧✳

❯♠ ❞♦s ♣r✐♥❝✐♣❛✐s ♣r♦❜❧❡♠❛s ❞❛ t❡♦r✐❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s é ❡♥❝♦♥tr❛r✱

♣❛r❛ ✉♠❛ ❞❛❞❛ á❧❣❡❜r❛✱ ❜❛s❡s ♣❛r❛ s✉❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳ ❙❡❣✉❡♠ ❛❧❣✉♥s

❡①❡♠♣❧♦s ❞❡ ❜❛s❡s ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳

❊①❡♠♣❧♦ ✷✳✹✳✶✼ ✭✈❡❥❛✱ ❬✻❪✮ ❆ á❧❣❡❜r❛ M2(K) q✉❛♥❞♦ K é ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛

③❡r♦✱ t❡♠ ♣♦r ❜❛s❡ ♠✐♥✐♠❛❧

s4(x1, x2, x3, x4) ❡ h(x1, x2, x3) = [[x1, x2]
2, x3].

❊①❡♠♣❧♦ ✷✳✹✳✶✽ ❘❡❣❡✈ ❡ ❑r❛❦♦✇s❦✐✱ ❡♠ ❬✻❪✱ ♠♦str❛r❛♠ q✉❡ s♦❜r❡ ❝♦r♣♦s ❝♦♠

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s❡❣✉❡♠ ❞❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ [[x1, x2], x3] = 0✳ ❊st❡ ú❧t✐♠♦ r❡s✉❧t❛❞♦ ❣❡♥❡r❛❧✐③❛✲s❡ ❢❛❝✐❧♠❡♥t❡ ♣❛r❛ ♦ ❝❛s♦

❞❡ ❝♦r♣♦s ✐♥✜♥✐t♦s ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛ ❡ ❞✐❢❡r❡♥t❡ ❞❡ ❞♦✐s ✭q✉❛♥❞♦ char(K) = 2✱

❛ á❧❣❡❜r❛ é ❝♦♠✉t❛t✐✈❛✱ ❧♦❣♦ ♥ã♦ ♠✉✐t♦ ✏✐♥t❡r❡ss❛♥t❡✑ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ P■ t❡♦r✐❛✳

◆❡st❡ ❝❛s♦✱ ✉♠ r❛❝✐♦❝í♥✐♦ s✐♠♣❧❡s ♠♦str❛ q✉❡ q✉❛❧q✉❡r ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ q✉❡ ♥ã♦

s❡❥❛ ❝♦♥s❡qüê♥❝✐❛ ❞❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡✱ ✐♠♣❧✐❝❛ ♥❛ ♥✐❧♣♦tê♥❝✐❛ ❞❛ á❧❣❡❜r❛✮✳ ❘❡ss❛❧t❛♠♦s

❛✐♥❞❛ q✉❡ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ é

✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ P■✲á❧❣❡❜r❛ q✉❡ ♥ã♦ s❛t✐s❢❛③ ♥❡♥❤✉♠❛ ✐❞❡♥t✐❞❛❞❡ st❛♥❞❛r❞✱ q✉❛♥❞♦

♦ ❝♦r♣♦ ❜❛s❡ é ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ◗✉❛♥❞♦✱ ❝❤❛rK = p > 2✱ ❛ á❧❣❡❜r❛ E s❛t✐s❢❛③ ❛

✐❞❡♥t✐❞❛❞❡ st❛♥❞❛r❞ ❞❡ ❣r❛✉ p+ 1✳ ❯♠ t❡♦r❡♠❛ ❞❡✈✐❞♦ ❛ ❑❡♠❡r✱ ✈❡❥❛ ❬✶✵❪✱ ❛✜r♠❛ q✉❡

♥❡st❡ ú❧t✐♠♦ ❝❛s♦✱ t♦❞❛ P■✲á❧❣❡❜r❛ s❛t✐s❢❛③ ❛❧❣✉♠❛ ✐❞❡♥t✐❞❛❞❡ st❛♥❞❛r❞✳

❊♠ ✶✾✺✵✱ ❙♣❡❝❤t ❬✶✻❪ ❢♦r♠✉❧♦✉ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ♣❛r❛ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s

s♦❜r❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✿ ❚♦❞❛ á❧❣❡❜r❛ ♣♦ss✉✐ ✉♠❛ ❜❛s❡ ✜♥✐t❛ ♣❛r❛ s✉❛s

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s❄ ❊st❛ ♣❡r❣✉♥t❛✱ q✉❡ ✜❝♦✉ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♦ ♣r♦❜❧❡♠❛ ❞❡

✶✻



❙♣❡❝❤t✱ ♣❛ss♦✉ ❛ s❡r ✉♠❛ ❞❛s q✉❡stõ❡s ❝❡♥tr❛✐s ❞❛ t❡♦r✐❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

❡ ❢♦✐ ✜♥❛❧♠❡♥t❡ r❡s♣♦♥❞✐❞❛ ❞❡ ♠♦❞♦ ♣♦s✐t✐✈♦ ♣♦r ❑❡♠❡r ❡♠ ✶✾✽✼ ✭✈❡❥❛✱ ❬✾❪✮✳ P♦r

✈♦❧t❛ ❞❡ ✶✾✼✸✱ ❑r❛✉s❡ ❡ ▲✈♦✈✱ s❡♣❛r❛❞❛♠❡♥t❡✱ ♣r♦✈❛r❛♠ q✉❡ ❡st❡ ♣r♦❜❧❡♠❛ t❡♠

r❡s♣♦st❛ ♣♦s✐t✐✈❛ ♣❛r❛ á❧❣❡❜r❛s ✜♥✐t❛s✳ ❆ r❡s♣♦st❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t é

♥❡❣❛t✐✈❛ ♥♦ ❝❛s♦ ❞❡ á❧❣❡❜r❛s s♦❜r❡ ❝♦r♣♦s ✐♥✜♥✐t♦s ❡ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✳ ◆ã♦

✈❛♠♦s ❡♥tr❛r ❡♠ ❞❡t❛❧❤❡s s♦❜r❡ ♦ ❛✈❛♥ç♦ ♥❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t✱ ♣♦✐s

♦ ❛ss✉♥t♦ ♠❡r❡❝❡ ❛t❡♥çã♦ ❡s♣❡❝✐❛❧✱ ❡♥✈♦❧✈❡♥❞♦ ♠ét♦❞♦s ❡ té❝♥✐❝❛s s♦✜st✐❝❛❞❛s✱ ❡ ♥ã♦

❡stá ❞✐r❡t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ❝♦♥t❡ú❞♦ ❞❛ ♣r❡s❡♥t❡ ❞✐ss❡rt❛çã♦✳ ▼❛✐s ❛❞✐❛♥t❡✱

❢❛r❡♠♦s ✉♠❛ ❡①♣♦s✐çã♦ r❡s✉♠✐❞❛ s♦❜r❡ ❛❧❣✉♥s ♣♦♥t♦s ❞❛ t❡♦r✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❑❡♠❡r✱

❝♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ❥✉st✐✜❝❛r ♦ ♥♦ss♦ ✐♥t❡r❡ss❡ ♥♦ ❡st✉❞♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❡♠ á❧❣❡❜r❛s

♠❛tr✐❝✐❛✐s ❡ ❞❡ ●r❛ss♠❛♥♥✳

✷✳✺ ❱❛r✐❡❞❛❞❡s ❡ á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛s ✈❛r✐❡❞❛❞❡s ✭❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✮ q✉❡

❝❧❛ss✐✜❝❛♠ ❛s P■✲á❧❣❡❜r❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ✐❞❡♥t✐❞❛❞❡s q✉❡ ❡st❛s s❛t✐s❢❛③❡♠✳ ❉❡♥tr♦

❞❛s ✈❛r✐❡❞❛❞❡s✱ ❡♥❝♦♥tr❛♠✲s❡ s❡✉s ❡❧❡♠❡♥t♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s✱ ❛s á❧❣❡❜r❛s ❧✐✈r❡s✳

❆tr❛✈és ❞❡st❡s ❝♦♥❝❡✐t♦s✱ ❞❡s❡♥✈♦❧✈❡✲s❡ ♦ ❡st✉❞♦ ❞❛s á❧❣❡❜r❛s ❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s✳

❉❡✜♥✐çã♦ ✷✳✺✳✶ ❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ F é ❧✐✈r❡ s❡ ❡①✐st❡ X ⊆ F t❛❧ q✉❡ X ❣❡r❛

F ❡ ♣❛r❛ ❝❛❞❛ á❧❣❡❜r❛ A ❡ ❝❛❞❛ ❛♣❧✐❝❛çã♦ h : X → A ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦

ϕ : F → A ❡st❡♥❞❡♥❞♦ h✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ F é ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r X✳

❉❡✜♥✐çã♦ ✷✳✺✳✷ ❙❡❥❛ I ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ K〈X〉✳ ❆ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s var(I)

❞❡✜♥✐❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ I é ❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s q✉❡ s❛t✐s❢❛③❡♠ ❝❛❞❛ ✐❞❡♥t✐❞❛❞❡

❞❡ I❀ ❖ ❝♦♥❥✉♥t♦ I é ♦ ❝♦♥❥✉♥t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s q✉❡ ❞❡✜♥❡♠ ❛ ✈❛r✐❡❞❛❞❡ var(I)✳ ❆

✈❛r✐❡❞❛❞❡ tr✐✈✐❛❧ é ❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s q✉❡ ❝♦♥té♠ ❛♣❡♥❛s ❛ á❧❣❡❜r❛ ♥✉❧❛ ✭♥♦✉tr❛s

♣❛❧❛✈r❛s✱ é ❛ ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ K〈X〉✮✳

❖❜s❡r✈❛çã♦ ✷✳✺✳✸ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♦ ❝♦♥❥✉♥t♦ I ❡stá ❝♦♥t✐❞♦ ♥♦ ♥ú❝❧❡♦ ❞❡

q✉❛❧q✉❡r ❤♦♠♦♠♦r✜s♠♦ ❞❛ á❧❣❡❜r❛ ❧✐✈r❡ K〈X〉 ♥✉♠❛ á❧❣❡❜r❛ ❞❛ ✈❛r✐❡❞❛❞❡ var(I)✳

❉❡✜♥✐çã♦ ✷✳✺✳✹ ❙❡ V é ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s✱ ♦ ❝♦♥❥✉♥t♦

T (V) = {f ∈ K〈X〉 | f ∈ T (A) ♣❛r❛ ❝❛❞❛ A ∈ V}

é ✉♠ ✐❞❡❛❧ ❞❡ K〈X〉 ❝❤❛♠❛❞♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s q✉❡ ❞❡✜♥❡♠ ❛ ✈❛r✐❡❞❛❞❡ V✳
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❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ♠♦str❛ q✉❡ t♦❞❛ ✈❛r✐❡❞❛❞❡ t❡♠ ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡✳

❚❡♦r❡♠❛ ✷✳✺✳✺ ❙❡❥❛♠ V ✉♠❛ ✈❛r✐❡❞❛❞❡ ♥ã♦ tr✐✈✐❛❧ ❞❡ á❧❣❡❜r❛s ❡ Π : K〈X〉 →

K〈X〉/T (V) ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❊♥tã♦✱

✭✶✮ ❆ r❡str✐çã♦ ❞❡ Π à X é ✐♥❥❡t♦r❛❀

✭✷✮ ❆ á❧❣❡❜r❛ K〈X〉/T (V) é ❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡ V ❝♦♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❧✐✈r❡ Π(X)✳

Pr♦✈❛✿ ❙❡❥❛♠ x1 ❡ x2 ❞♦✐s ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❞❡ X t❛✐s q✉❡ Π(x1) = Π(x2)✳

❈♦♥s✐❞❡r❛♠♦s ✉♠❛ á❧❣❡❜r❛ ♥ã♦ ♥✉❧❛ A ❞❡ V ❡ ✉♠ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦ a ❞❡ A✳ ❊♥tã♦✱

❡①✐st❡ ❤♦♠♦♠♦r✜s♠♦ Ψ : K〈X〉 → A t❛❧ q✉❡ Ψ(x1) = a ❡ Ψ(x2) = 0✳ ❈♦♠♦ T (V) ❡stá

❝♦♥t✐❞♦ ♥♦ ♥ú❝❧❡♦ ❞❡ Ψ✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ Φ : K〈X〉/T (V) → A ♣❛r❛ ♦ q✉❛❧

Φ ◦ Π = Ψ✳ ▼❛s✱

a = Ψ(x1) = Φ ◦ Π(x1) = Φ ◦ Π(x2) = Ψ(x2) = 0

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦ x1 = x2 ❡ Π r❡str✐t♦ ❛ X é ✐♥❥❡t♦r❛✳

❆ á❧❣❡❜r❛ K〈X〉/T (V) é ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ Π(X) ❡ ♣❡rt❡♥❝❡ ❛ V ❞❡s❞❡ q✉❡

s❛t✐s❢❛ç❛ t♦❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ T (V)✳ ❱❛♠♦s ♠♦str❛r q✉❡ ❡st❛ á❧❣❡❜r❛ é ❧✐✈r❡ ❡♠ V ✱ ❝♦♠

❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❧✐✈r❡ Π(X)✳ ❙❡❥❛♠ A ∈ V ❡ σ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ Π(X) ❡♠ A✳ ❈♦♠♦

K〈X〉 é á❧❣❡❜r❛ ❧✐✈r❡ ❝♦♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r X✱ ❛ ❛♣❧✐❝❛çã♦ σ ◦ Π : X → A ❡st❡♥❞❡✲s❡

❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ Φ : K〈X〉 → A✳ ❊①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ Ψ : K〈X〉/T (V) → A

♣❛r❛ ♦ q✉❛❧ Ψ ◦ Π = Φ✱ ♣♦✐s T (V) ⊆ Ker(Φ)✳ ❙❡ x ∈ X✱ t❡♠♦s q✉❡

Ψ(Π(x)) = Ψ ◦ Π(x) = Φ(x) = σ ◦ Π(x) = σ(Π(x))

♦✉ s❡❥❛✱ ♦ ❤♦♠♦♠♦r✜s♠♦ Ψ ❡st❡♥❞❡ ❛ ❛♣❧✐❝❛çã♦ σ✳ ▲♦❣♦✱ Ψ é ♦ ❤♦♠♦♠♦r✜s♠♦

♣r♦❝✉r❛❞♦✳ P♦rt❛♥t♦✱ K〈X〉/T (V) é ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡ V ✱ t❡♥❞♦ ❝♦♠♦

❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❧✐✈r❡ Π(X)✳

❯♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s é ❝❧❛r❛♠❡♥t❡ ❢❡❝❤❛❞❛ s♦❜ ❛s ♦♣❡r❛çõ❡s ❞❡ t♦♠❛r

s✉❜á❧❣❡❜r❛s✱ ✐♠❛❣❡♠ ❤♦♠♦♠ór✜❝❛ ❡ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ V ❞❡ á❧❣❡❜r❛s

é ❣❡r❛❞❛ ♣♦r ✉♠❛ ❝❧❛ss❡ U ❞❡ á❧❣❡❜r❛s s❡ t♦❞❛ á❧❣❡❜r❛ ❞❡ V ♣♦❞❡ s❡r ♦❜t✐❞❛ ❞❛s á❧❣❡❜r❛s

❞❡ U ♣♦r ✉♠❛ s❡qüê♥❝✐❛ ✜♥✐t❛ ❞❡ ❛♣❧✐❝❛çõ❡s ❞❛s ♦♣❡r❛çõ❡s ❝✐t❛❞❛s ❛❝✐♠❛✳ ❉❡♥♦t❛♠♦s

❡st❡ ❢❛t♦ ♣♦r V = var(U)✱ ♦✉ ♣♦r V = var(A) q✉❛♥❞♦ ❛ ❝❧❛ss❡ U ❝♦♥té♠ ❛♣❡♥❛s

✉♠❛ á❧❣❡❜r❛ A✳ ❖ ❝❧áss✐❝♦ ❚❡♦r❡♠❛ ❞❡ ❇✐r❦❤♦✛ ✭✈❡❥❛✱ ❬✻❪✮ ❞❡♠♦♥str❛ q✉❡ ✉♠❛ ❝❧❛ss❡
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♥ã♦ ✈❛③✐❛ ❞❡ á❧❣❡❜r❛s é ✈❛r✐❡❞❛❞❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡❧❛ é ❢❡❝❤❛❞❛ ❝♦♠ r❡s♣❡✐t♦ às três

♦♣❡r❛çõ❡s ❛❝✐♠❛ ❞❡s❝r✐t❛s✳

◆♦ ♣ró①✐♠♦ ❚❡♦r❡♠❛✱ ❧✐st❛♠♦s ❛❧❣✉♠❛s ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❛s ✈❛r✐❡❞❛❞❡s

✭♦♠✐t✐♠♦s ❛ ♣r♦✈❛✱ ♣♦✐s ❛ ♠❡s♠❛ é ❜❛st❛♥t❡ ❞✐r❡t❛✮✳ ➱ ✐♠♣♦rt❛♥t❡ ❢r✐s❛r q✉❡ ❡❧❡ só é

✈á❧✐❞♦ ❞❡✈✐❞♦ ❛♦ ❝♦♥❥✉♥t♦ X s❡r ✐♥✜♥✐t♦✳

❚❡♦r❡♠❛ ✷✳✺✳✻ ❙❡❥❛♠ U1 ❡ U2 ❞✉❛s ❝❧❛ss❡s ❞❡ á❧❣❡❜r❛s ❡ V ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s✳

❊♥tã♦✱

✭✶✮ T (U1) = ∩A∈U1
T (A) = T (var(U1))❀

✭✷✮ U1 ⊆ U2 ⇒ T (U2) ⊆ T (U1)❀

✭✸✮ U1 ⊆ V ⇔ T (V) ⊆ T (U1)❀

✭✹✮ ❙❡ F é ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ❡♠ V✱ ❡♥tã♦ T (V) = T (F )✳

❈♦r♦❧ár✐♦ ✷✳✺✳✼ ❙❡ A é ✉♠❛ á❧❣❡❜r❛✱ ❡♥tã♦ T (var(A)) = T (A)✳

❱ár✐♦s r❡s✉❧t❛❞♦s ❡ ❞❡✜♥✐çõ❡s ❛♣r❡s❡♥t❛❞♦s ♥❡st❛ s❡çã♦ ♣♦❞❡♠ s❡r ❣❡♥❡r❛❧✐③❛❞♦s

♣❛r❛ á❧❣❡❜r❛s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❛ss♦❝✐❛t✐✈❛s ✭á❧❣❡❜r❛s ❞❡ ▲✐❡✱ ❞❡ ❏♦r❞❛♥✱

❆❧t❡r♥❛t✐✈❛s✱ ❡♥tr❡ ♦✉tr❛s✮✱ s♦❜r❡ ❛♥é✐s ❝♦♠✉t❛t✐✈♦s ❝♦♠ ✐❞❡♥t✐❞❛❞❡✳ P♦ré♠✱ ❝♦♠♦

❛s á❧❣❡❜r❛s tr❛t❛❞❛s ♥❡st❡ t❡①t♦ sã♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s ❡ ❛ á❧❣❡❜r❛

❞❡ ●r❛ss♠❛♥♥✱ ♥ós r❡str✐♥❣✐♠♦s ❛s ❞❡✜♥✐çõ❡s às á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s s♦❜r❡ ❝♦r♣♦s✳

❉❡✜♥✐çã♦ ✷✳✺✳✽ P❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ✜①♦ Y ✱ ❛ á❧❣❡❜r❛ UY (V) ∈ V é ❝❤❛♠❛❞❛ ✉♠❛

á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡ V✱ s❡ UY (V) é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ V ✭❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r

Y ✮✳ ❆ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ Y é ❝❤❛♠❛❞❛ ♦ ♣♦st♦ ❞❡ UY (V)✳

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ❝❛r❛❝t❡r✐③❛ ❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❡♠ q✉❛❧q✉❡r

✈❛r✐❡❞❛❞❡✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✾ ❙❡❥❛♠ V ❛ ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦r {fi | i ∈ I}✱ Y ✉♠ ❝♦♥❥✉♥t♦

q✉❛❧q✉❡r ❡ J ♦ ✐❞❡❛❧ ❞❡ K〈Y 〉 ❣❡r❛❞♦ ♣♦r

{fi(g1, . . . , gni
) | gi ∈ K〈Y 〉; i ∈ I}.

❊♥tã♦✱ ❛ á❧❣❡❜r❛ U = K〈X〉/J é ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❡♠ V ❝♦♠ ❝♦♥❥✉♥t♦ ❞❡

❣❡r❛❞♦r❡s ❧✐✈r❡ Y = {y + J | y ∈ Y }✳ ❉✉❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❞❡ ♠❡s♠♦

♣♦st♦ ❡♠ V sã♦ ✐s♦♠♦r❢❛s✳

Pr♦✈❛✿
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✭✶✮ ❱❛♠♦s ♠♦str❛r q✉❡ U ∈ V✳ ❙❡❥❛ fi(x1, . . . , xn) ✉♠❛ ❞❛s ✐❞❡♥t✐❞❛❞❡s q✉❡ ❞❡✜♥❡♠ V

❡ s❡❥❛♠ g1, . . . , gn ∈ F ♦♥❞❡ gj = gj+J ❝♦♠ gj ∈ K〈Y 〉✳ ❊♥tã♦✱ fi(g1, . . . , gn) ∈ J ✳

▲♦❣♦✱ fi(g1, . . . , gn) = 0✳ ■st♦ ♠♦str❛ q✉❡ fi(x1, . . . , xn) = 0 é ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ U ✳ ❉❛í✱ U ∈ V✳

✭✷✮ ❆❣♦r❛ ✈❛♠♦s ♣r♦✈❛r ❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞❡ F ✳ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❞❡ V

❡ Ψ : Y → A ✉♠❛ ❢✉♥çã♦ ❛r❜✐trár✐❛✳ ❉❡✜♥✐♠♦s ❛ ❢✉♥çã♦ Θ : Y → A ♣♦♥❞♦

Θ(y) = Ψ(y) ❡ ❡st❡♥❞❡♠♦s Θ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✭t❛♠❜é♠ ❞❡♥♦t❛❞♦ ♣♦r Θ✮

Θ : K〈Y 〉 → A✳ ■st♦ é s❡♠♣r❡ ♣♦ssí✈❡❧✱ ♣♦rq✉❡ K〈Y 〉 é á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡✳

P❛r❛ ♣r♦✈❛r q✉❡ Ψ ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ U → A✱ é s✉✜❝✐❡♥t❡

♠♦str❛r♠♦s q✉❡ J ⊆ Ker(Θ)✳ ❙❡❥❛ f ∈ J ✱ ✐st♦ é✱

f =
∑

i∈I

uifi(gi1
, . . . , gin

)vi ♦♥❞❡ gij , ui, vi ∈ K〈Y 〉.

P❛r❛ ri1 , . . . , rin ∈ A✱ ♦ ❡❧❡♠❡♥t♦ fi(ri1 , . . . , rin) é ✐❣✉❛❧ ❛ ③❡r♦ ❡♠ A✱ ❡ ✐st♦ ✐♠♣❧✐❝❛

q✉❡ Θ(f) = 0✱ ✐st♦ é✱ J ⊆ Ker(Θ) ❡ U ≃ UY (V) é ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡

❡♠ V ✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r Y ✳

✭✸✮ ❙❡ |Y | = |Z|✱ ❝♦♠ Y = {yi | i ∈ I} ❡ Z = {Zi | i ∈ I}✳ ❙❡❥❛♠ FY (V) ❡ FZ(V)

s✉❛s ❝♦rr❡s♣♦♥❞❡♥t❡s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s✳ ❙❡♥❞♦ ❛♠❜❛s r❡❧❛t✐✈❛♠❡♥t❡

❧✐✈r❡s✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❤♦♠♦♠♦r✜s♠♦s

Ψ : FY (V) → FZ(V) ❡ Φ : FZ(V) → FY (V)

♣♦♥❞♦ Ψ(yi) = zi ❡ Φ(zi) = yi✳ ❆ss✐♠✱ Ψ ❡ Φ sã♦ ✐s♦♠♦r✜s♠♦s✳

❆ ♣❛rt✐r ❞❡ ✭✶✮✱ ✭✷✮ ❡ ✭✸✮ t❡♠♦s ♦ r❡q✉❡r✐❞♦✳

❖❜s❡r✈❛çã♦ ✷✳✺✳✶✵ ❆ ♣❛rt✐r ❞❛ Pr♦♣♦s✐çã♦ ✷✳✺✳✾✱ t❡♠♦s q✉❡ ♦ ❚✲✐❞❡❛❧ ❞❡ K〈X〉

❣❡r❛❞♦ ♣♦r {fi | i ∈ I} ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞♦s ❡❧❡♠❡♥t♦s s♦❜ ❛

❢♦r♠❛

uifi(gi1 , . . . , gin)vi ♦♥❞❡ gij , ui, vi ∈ K〈X〉.

✷✳✻ ■❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❤♦♠♦❣ê♥❡❛s✱ ♠✉❧t✐❧✐♥❡❛✲

r❡s ❡ ♣ró♣r✐❛s

◆❡st❛ s❡çã♦✱ ✈❡r✐✜❝❛♠♦s q✉❡ s♦❜ ❞❡t❡r♠✐♥❛❞❛s ❝♦♥❞✐çõ❡s ♣♦❞❡♠♦s s✐♠♣❧✐✜❝❛r

❛s ✐❞❡♥t✐❞❛❞❡s q✉❡ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦✳ ➚ ♣r✐♠❡✐r❛ ✈✐st❛✱ ❡st❡s r❡s✉❧t❛❞♦s ♣❛r❡❝❡♠

✷✵



❛♣❡♥❛s s✐♠♣❧✐✜❝❛r ❛s té❝♥✐❝❛s✱ ♠❛s s✉❛ ✐♠♣♦rtâ♥❝✐❛ ✈❛✐ ♠✉✐t♦ ❛❧é♠ ❞✐ss♦✱ ❝♦♠♦ ✈❡r❡♠♦s

♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✳

❉❡✜♥✐çã♦ ✷✳✻✳✶ ❯♠ ♠♦♥ô♠✐♦ M t❡♠ ❣r❛✉ k ❡♠ xi s❡✱ ❛ ✈❛r✐á✈❡❧ xi ♦❝♦rr❡ ❡♠ M

❡①❛t❛♠❡♥t❡ k ✈❡③❡s✳ ❯♠ ♣♦❧✐♥ô♠✐♦ é ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ k ❡♠ xi✱ s❡ t♦❞♦s ♦s s❡✉s

♠♦♥ô♠✐♦s t❡♠ ❣r❛✉ k ❡♠ xi✳ ❉❡♥♦t❛♠♦s ❡st❡ ❢❛t♦ ♣♦r degxi
f = k✳ ❯♠ ♣♦❧✐♥ô♠✐♦ é

❧✐♥❡❛r ❡♠ xi é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ 1 ❡♠ xi✳

❉❡✜♥✐çã♦ ✷✳✻✳✷ ❯♠ ♣♦❧✐♥ô♠✐♦ é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✱ s❡ ♣❛r❛ ❝❛❞❛ ✈❛r✐á✈❡❧ xi✱ t♦❞♦s ♦s

s❡✉s ♠♦♥ô♠✐♦s tê♠ ♦ ♠❡s♠♦ ❣r❛✉ ❡♠ xi✳ ❯♠ ♣♦❧✐♥ô♠✐♦ é ♠✉❧t✐❧✐♥❡❛r s❡ é ❧✐♥❡❛r ❡♠

❝❛❞❛ ✈❛r✐á✈❡❧✳ ❖ ❣r❛✉ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ é ♦ ❣r❛✉ ❞♦ s❡✉ ♠❛✐♦r ♠♦♥ô♠✐♦✳

❉❡✜♥✐çã♦ ✷✳✻✳✸ ❙❡❥❛♠ f ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ K〈X〉 ❞❡ ❣r❛✉ n ❡ xk ✉♠❛ ✈❛r✐á✈❡❧ ❞❡ f ✳

P♦❞❡♠♦s ❡s❝r❡✈❡r f ❝♦♠♦ ✉♠❛ s♦♠❛✱ f =
∑n

i=0 fi✱ ♦♥❞❡ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ fi é ❤♦♠♦❣ê♥❡♦

❞❡ ❣r❛✉ i ♥❛ ✈❛r✐á✈❡❧ xk✳ ❖ ♣♦❧✐♥ô♠✐♦ fi é ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ i ❡♠ xk

❞♦ ♣♦❧✐♥ô♠✐♦ f ✳

❖s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♠✉❧t✐❤♦♠♦❣ê♥❡♦s ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧

✐♠♣♦rt❛♥t❡ ♥❛ ❜✉s❝❛ ❞❡ ❜❛s❡s ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s s♦❜r❡ ❞❡t❡r♠✐♥❛❞♦s t✐♣♦s

❞❡ ❝♦r♣♦s✳ ❊st❡ ❢❛t♦✱ ❥á ♦❜s❡r✈❛❞♦ ♣♦r ❙♣❡❝❤t ❡♠ ✶✾✺✵✱ ❡stá ❞❡s❡♥✈♦❧✈✐❞♦ ♥♦ ♣ró①✐♠♦

❧❡♠❛✳

▲❡♠❛ ✷✳✻✳✹ ❙❡❥❛ f(x1, . . . , xm) =
∑n

i=0 fi(x1, . . . , xm) ∈ K〈X〉✱ ♦♥❞❡ fi é ❛

❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ f ❝♦♠ ❣r❛✉ i ❡♠ x1✳

✭✐✮ ❙❡ ♦ ❝♦r♣♦ K ❝♦♥té♠ ♠❛✐s q✉❡ n ❡❧❡♠❡♥t♦s✱ ❡♥tã♦ ❛s ✐❞❡♥t✐❞❛❞❡s fi = 0 ♦♥❞❡

i = 1, 2, . . . , n s❡❣✉❡♠ ❞❡ f = 0❀

✭✐✐✮ ❙❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ é ③❡r♦ ♦✉ ♠❛✐♦r q✉❡ ♦ ❣r❛✉ ❞❡ f ✱ ❡♥tã♦ f = 0 é

❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♠✉❧t✐❧✐♥❡❛r❡s✳

Pr♦✈❛✿ ✭✐✮ ❙❡❥❛ I = 〈f〉T ♦ T ✲✐❞❡❛❧ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r f ✳ ❊s❝♦❧❤❡♠♦s n+1 ❡❧❡♠❡♥t♦s

❞✐st✐♥t♦s α0, . . . , αn ❞❡ K✳ ❈♦♠♦ I é ✉♠ T ✲✐❞❡❛❧✱ ♦❜t❡♠♦s q✉❡

f(αjx1, x2, . . . , xm) =
n
∑

i=0

αi
jfi(x1, x2, . . . , xm) ∈ I ❀ j = 0, 1, . . . , n.

❈♦♥s✐❞❡r❛♠♦s ❡st❛s ❡q✉❛çõ❡s ❝♦♠♦ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❝♦♠ ✐♥❝ó❣♥✐t❛s fi ♣❛r❛ i =

0, 1, . . . , n✳ ❈♦♠♦
∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 α0 · · · αn
0

1 α1 · · · αn
1

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

1 αn · · · αn
n

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
∏

i<j

(αj − αi)

✷✶



é ✉♠ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ❱❛♥❞❡r♠♦♥❞❡ q✉❡ é ❞✐❢❡r❡♥t❡ ❞❡ ✵✱ t❡♠♦s q✉❡ ❝❛❞❛

fi(x1, x2, . . . , xm) ∈ I✱ ♦✉ s❡❥❛✱ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s fi = 0 sã♦ ❝♦♥s❡qüê♥❝✐❛s

❞❡ f = 0✳

✭✐✐✮ P❡❧❛ ♣❛rt❡ ✭✐✮✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ fi(x1, x2, . . . , xm) é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳ ❙❡❥❛

k = degx1
f ✳ ❊s❝r❡✈❡♠♦s fi(y1 + y2, x2, . . . , xm) ∈ I s♦❜ ❛ ❢♦r♠❛

f(y1 + y2, x2, . . . , xm) =
k
∑

i=0

fi(y1, y2, x2, . . . , xm)

♦♥❞❡ fi é ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ i ❡♠ y1✳ ▲♦❣♦✱ fi ∈ I ♣❛r❛ i = 0, 1, . . . , k✳

❈♦♠♦ degyj
fi < k ❀ i = 1, 2, . . . , k−1 ❀ j = 1, 2✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❛r❣✉♠❡♥t♦s ✐♥❞✉t✐✈♦s

❡ ♦❜t❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥s❡q✉ê♥❝✐❛s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ f = 0✳ P❛r❛ ✈❡r q✉❡ ❡st❛s

✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛ f = 0 é s✉✜❝✐❡♥t❡ ♦❜s❡r✈❛r♠♦s q✉❡

fi(y1, y2, x2, . . . , xm) =





k

i



 f(y1, x2, . . . , xm)

❡ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❜✐♥♦♠✐❛❧ é ❞✐❢❡r❡♥t❡ ❞❡ ✵✱ ♣♦✐s t❡♠♦s ♣♦r ❤✐♣ót❡s❡ q✉❡ char(K) = 0

♦✉ ❝❤❛rK ≥ deg(f)✳

❖❜s❡r✈❛♠♦s q✉❡ ♦ ✐t❡♠ ✭✐✮ ❞♦ ❧❡♠❛ ❛❝✐♠❛ s✐❣♥✐✜❝❛ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ f ❣❡r❛ ♦

♠❡s♠♦ T ✲✐❞❡❛❧ q✉❡ ♦ ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s fi ♣❛r❛ i = 0, 1, . . . , n✳

❈♦r♦❧ár✐♦ ✷✳✻✳✺ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❊♥tã♦✱

✭✐✮ ❙❡ ♦ ❝♦r♣♦ K é ✐♥✜♥✐t♦✱ ❡♥tã♦ t♦❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A s❡❣✉❡♠ ❞❡ s✉❛s

✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❤♦♠♦❣ê♥❡❛s❀

✭✐✐✮ ❙❡ ♦ ❝♦r♣♦ K t❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡♥tã♦ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡

A s❡❣✉❡♠ ❞❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s✳

◗✉❛♥❞♦ ❛ á❧❣❡❜r❛ é ✉♥✐tár✐❛ ♣♦❞❡♠♦s r❡str✐♥❣✐r ❛ ♥♦ss❛ ❜✉s❝❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ❛ ✉♠ ❞❡t❡r♠✐♥❛❞♦ t✐♣♦ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ ❝♦♥❢♦r♠❡ ❡①♣❧✐❝❛♠♦s ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✷✳✻✳✻ ❖ ❝♦♠✉t❛❞♦r ❞❡ ❝♦♠♣r✐♠❡♥t♦ n é ❞❡✜♥✐❞♦ ✐♥❞✉t✐✈❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❡

[x1, x2] = x1x2 − x2x1 t♦♠❛♥❞♦ [x1, x2, . . . , xn] = [[x1, x2, . . . , xn−1], xn] ♣❛r❛ n > 2✳

❯♠ ♣♦❧✐♥ô♠✐♦ f ∈ K〈X〉 é ❝❤❛♠❛❞♦ ♣♦❧✐♥ô♠✐♦ ♣ró♣r✐♦ ✭♦✉ ❝♦♠✉t❛❞♦r✮✱ s❡ ❡❧❡ é ✉♠❛

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣r♦❞✉t♦s ❞❡ ❝♦♠✉t❛❞♦r❡s✱ ✐st♦ é✱

f(x1, . . . , xm) =
∑

αi,..,j[xi1 , . . . , xip ] . . . [xj1 , . . . , xjq
] ❀ αi,..,j ∈ K.

✭❆ss✉♠✐♥❞♦ q✉❡ ✶ é ✉♠ ♣r♦❞✉t♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ✈❛③✐♦ ❞❡ ❝♦♠✉t❛❞♦r❡s✮✳ ❉❡♥♦t❛♠♦s

♣♦r B(X) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ♣ró♣r✐♦s ❞❡ K〈X〉✳
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❖ ♣ró①✐♠♦ ❧❡♠❛ ♠♦str❛ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝♦♠✉t❛❞♦r❡s ♣❛r❛ ❡♥❝♦♥tr❛r

✉♠❛ ❜❛s❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛✳ ❙✉❛ ♣r♦✈❛ ♥ã♦ é ❝♦♠♣❧✐❝❛❞❛ ❡ ♣♦❞❡

s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ✭❬✻❪✱ ♣r♦♣♦s✐çã♦ ✹✳✸✳✸✱ ♣♣ ✹✷✲✹✹✮✳ ❆ ❞❡♠♦♥str❛çã♦ ❡stá ❜❛s❡❛❞❛ ♥♦

❢❛t♦ q✉❡ K〈X〉 é ❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈♦❧✈❡♥t❡ ❞❡ L〈X〉✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♦r❡♠❛ ❞❡

❲✐tt✳

▲❡♠❛ ✷✳✻✳✼ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ ❡♥tã♦ t♦❞❛s ❛s

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A s❡❣✉❡♠ ❞❛s s✉❛s ✐❞❡♥t✐❞❛❞❡s ♣ró♣r✐❛s ✭♦✉ s❡❥❛✱ ❞❛q✉❡❧❛s

❡♠ T (A) ∩ B(X)✮✳ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛

✵✱ ❡♥tã♦ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A s❡❣✉❡♠ ❞❛s s✉❛s ✐❞❡♥t✐❞❛❞❡s ♣ró♣r✐❛s

♠✉❧t✐❧✐♥❡❛r❡s✳

✷✳✼ ■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s

❆♦ ❡st✉❞❛r♠♦s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♦r❞✐♥ár✐❛s✱ ❡♠ ❛❧❣✉♥s ♠♦♠❡♥t♦s é

✐♥t❡r❡ss❛♥t❡ tr❛t❛r♠♦s ❞❡ ♦✉tr♦s t✐♣♦s ❞❡ ✐❞❡♥t✐❞❛❞❡s✱ ❛tr❛✈és ❞❛s q✉❛✐s ♣♦❞❡♠♦s

♦❜t❡r ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s✳ ❉❡st❛ ✐❞é✐❛ s✉r❣✐r❛♠✱ ♣♦r ❡①❡♠♣❧♦✱

❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❢r❛❝❛s✱ ❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ ✐♥✈♦❧✉çã♦ ❡ ❛s ✐❞❡♥t✐❞❛❞❡s

❝♦♠ ❣r❛❞✉❛çã♦ ✭❣r❛❞✉❛❞❛s✮✳ ❖ ♥♦ss♦ ✐♥t❡r❡ss❡ ♥❛s ú❧t✐♠❛s é q✉❡ ❛s ♠❡s♠❛s ❡stã♦

r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛s ♦r❞✐♥ár✐❛s✳ ◆❡st❛ s❡çã♦✱ ✈❛♠♦s tr❛❜❛❧❤❛r ❝♦♠ t❛✐s ✐❞❡♥t✐❞❛❞❡s ❡

❢❛③❡r ✉♠ ❜r❡✈❡ r❡s✉♠♦ ❞❛ ✐♠♣♦rt❛♥t❡ t❡♦r✐❛ ❡str✉t✉r❛❧ ❞♦s T ✲✐❞❡❛✐s ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r

❑❡♠❡r✳ ◆♦ q✉❡ s❡❣✉❡✱ ✜①❛♠♦s G ❝♦♠♦ ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❛❞✐t✐✈♦✳

❉❡✜♥✐çã♦ ✷✳✼✳✶ ❯♠❛ á❧❣❡❜r❛ A é ❞✐t❛ s❡r G✲❣r❛❞✉❛❞❛✱ s❡ A = ⊕g∈GAg ♦♥❞❡ Ag é

s✉❜❡s♣❛ç♦ ❞❡ A ♣❛r❛ t♦❞♦ g ∈ G ❡ AgAh ⊆ Ag+h ♣❛r❛ t♦❞♦s g, h ∈ G✳ ❯♠ ❡❧❡♠❡♥t♦

a ∈ ∪g∈GAg é ❝❤❛♠❛❞♦ ❤♦♠♦❣ê♥❡♦✳ P❛r❛ t♦❞♦ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ a✱ t❡♠♦s a ∈ Ag

♣❛r❛ ❛❧❣✉♠ g ∈ G✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ❣r❛✉ ❤♦♠♦❣ê♥❡♦ ❞❡ a é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ g✱ ❡

❞❡♥♦t❛♠♦s wG(a) = g✳ ❙❡ a =
∑

ag∈Ag
ag✱ ❝❤❛♠❛♠♦s ag ❞❡ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡

❣r❛✉ g ❡♠ a✳

❉❡✜♥✐çã♦ ✷✳✼✳✷ ❯♠ s✉❜❡s♣❛ç♦ B ❞❡ ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ A é ❞✐t♦ s❡r G✲

❣r❛❞✉❛❞♦✱ s❡

B =
∑

g∈G

Bg ♦♥❞❡ Bg = B ∩ Ag,

♦s q✉❛✐s ❞❡♥♦♠✐♥❛r❡♠♦s ❞❡ s✉❜❡s♣❛ç♦s ❤♦♠♦❣ê♥❡♦s✳

❉❡✜♥✐çã♦ ✷✳✼✳✸ ❯♠❛ ❛♣❧✐❝❛çã♦ Φ : A → B ❡♥tr❡ á❧❣❡❜r❛s G✲❣r❛❞✉❛❞❛s é ❝❤❛♠❛❞❛

❤♦♠♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦✱ s❡ Φ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ q✉❡ s❛t✐s❢❛③ Φ(Ag) ⊆ Bg ♣❛r❛

✷✸



t♦❞♦ g ∈ G✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ❞❡✜♥✐♠♦s ✐s♦♠♦r✜s♠♦✱ ❡♥❞♦♠♦r✜s♠♦ ❡ ❛✉t♦♠♦r✜s♠♦

G✲❣r❛❞✉❛❞♦✳

❖s ♣ró①✐♠♦s ❞♦✐s ❧❡♠❛s sã♦ ❞❡ ❞❡♠♦♥str❛çõ❡s ✐♠❡❞✐❛t❛s✳

▲❡♠❛ ✷✳✼✳✹ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❡ B ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✳ ❆s s❡❣✉✐♥t❡s

❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭✶✮ B é s✉❜á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❞❡ A❀

✭✷✮ B é á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ t❛❧ q✉❡ Bg ⊆ Ag ♣❛r❛ t♦❞♦ g ∈ G❀

✭✸✮ ❆s ❝♦♠♣♦♥❡♥t❡s ❤♦♠♦❣ê♥❡❛s ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ B ♣❡rt❡♥❝❡♠ ❛ B❀

✭✹✮ B é ❣❡r❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s✳

▲❡♠❛ ✷✳✼✳✺ ❙❡ I é ✉♠ ✐❞❡❛❧ G✲❣r❛❞✉❛❞♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ A✱ ❡♥tã♦ A/I é

✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❝♦♥s✐❞❡r❛♥❞♦ (A/I)g = {a+ I/a ∈ Ag}✳

❖❜s❡r✈❛çã♦ ✷✳✼✳✻ ❙❡❥❛ Φ : A → B ✉♠ ❤♦♠♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦ ❞❡ á❧❣❡❜r❛s✳

❊♥tã♦✱ ♦ Ker(Φ) é ✉♠ ✐❞❡❛❧ G✲❣r❛❞✉❛❞♦ ❞❡ A ❡ Φ(A) é ✉♠❛ s✉❜á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛

❞❡ B t❛❧ q✉❡ (Φ(A))g = Φ(Ag)✳ ◆♦✉tr❛s ♣❛❧❛✈r❛s✱ ♣❡❧♦ ▲❡♠❛ ✷✳✼✳✺✱ ✈❛❧❡ ❛ ✈❡rsã♦

❣r❛❞✉❛❞❛ ❞♦ t❡♦r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦✱ ✐st♦ é✱ ❛ á❧❣❡❜r❛ q✉♦❝✐❡♥t❡ A/ ker Φ é ✐s♦♠♦r❢❛

✭❝♦♠♦ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛✮ ❛ ImΦ = Φ(A)✳

❊♠ s❡❣✉✐❞❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s✳ ❉❡s❞❡ q✉❡

✉♠❛ ♠❡s♠❛ á❧❣❡❜r❛ ♣♦❞❡ t❡r ❞✐❢❡r❡♥t❡s ❣r❛❞✉❛çõ❡s✱ ❡st❡s ❡①❡♠♣❧♦s s❡rã♦ ✐♠♣♦rt❛♥t❡s

♣❛r❛ ❛♣r❡s❡♥t❛r♠♦s ❛s ❣r❛❞✉❛çõ❡s q✉❡ ✉s❛r❡♠♦s ♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✱ t❛♠❜é♠

❞❡♥♦♠✐♥❛❞❛s ❞❡ ❣r❛❞✉❛çõ❡s ❝❛♥ô♥✐❝❛s ✭♦✉ ✉s✉❛✐s✮✳

❊①❡♠♣❧♦ ✷✳✼✳✼ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E é Z2✲❣r❛❞✉❛❞❛✳ ❉❡ ❢❛t♦✱ s❡❥❛ E0 ♦

s✉❜❡s♣❛ç♦ ❞❡ E ❣❡r❛❞♦ ♣♦r {1, ei1 . . . eik | 1 ≤ i1 < · · · < ik ❀ k = 2, 4, . . . } ❡ s❡❥❛

E1 ♦ s✉❜❡s♣❛ç♦ ❞❡ E ❣❡r❛❞♦ ♣♦r {ei1 . . . eik | 1 ≤ i1 < · · · < ik ❀ k = 1, 3, . . . }✳ ❆ss✐♠✱

E = E0 ⊕ E1 ❡ ❢❛❝✐❧♠❡♥t❡ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ EiEj ⊆ Ei+j ♣❛r❛ t♦❞♦s i, j ∈ Z2

❊①❡♠♣❧♦ ✷✳✼✳✽ ❆ ♣❛rt✐r ❞❛ ❣r❛❞✉❛çã♦ ❞♦ ❊①❡♠♣❧♦ ✷✳✼✳✼ ❝♦♥str✉✐r❡♠♦s ✉♠❛ Z2✲

❣r❛❞✉❛çã♦ ♣❛r❛ ♦ q✉❛❞r❛❞♦ t❡♥s♦r✐❛❧ ❞❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E✳ P❛r❛ t❛♥t♦ é

s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r♠♦s

(E ⊗ E)0 = (E0 ⊗ E0) ⊕ (E1 ⊗ E1) ❡ (E ⊗ E)1 = (E0 ⊗ E1) ⊕ (E1 ⊗ E0).

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ é ❞✐str✐❜✉t✐✈♦ ❡♠ r❡❧❛çã♦ ❛ s♦♠❛ ❞✐r❡t❛✱ é

✐♠❡❞✐❛t♦ ✈❡r✐✜❝❛r q✉❡

E ⊗ E = (E ⊗ E)0 ⊕ (E ⊗ E)1.
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❆❧é♠ ❞✐ss♦✱ ✈❡r✐✜❝❛✲s❡ ❞✐r❡t❛♠❡♥t❡ q✉❡

(E ⊗ E)i(E ⊗ E)j ⊆ (E ⊗ E)i+j ♣❛r❛ t♦❞♦s i, j ∈ Z2.

P♦rt❛♥t♦ ❛ á❧❣❡❜r❛ E ⊗ E é Z2✲❣r❛❞✉❛❞❛✳

❊①❡♠♣❧♦ ✷✳✼✳✾ ❆ á❧❣❡❜r❛ M1,1(E) é Z2✲❣r❛❞✉❛❞❛✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❛♠♦s

M1,1(E) = (M1,1(E))0 ⊕ (M1,1(E))1,

♦♥❞❡

(M1,1(E))0 =

{(

a 0

0 d

)

| a, d ∈ E0

}

❡ (M1,1(E))1 =

{(

0 b

c 0

)

| b, c ∈ E1

}

,

❡ ✈❡r✐✜❝❛♠♦s ❞✐r❡t❛♠❡♥t❡ q✉❡

(M1,1(E))i(M1,1(E))j ⊆ (M1,1(E))i+j ♣❛r❛ t♦❞♦s i, j ∈ Z2.

❊①❡♠♣❧♦ ✷✳✼✳✶✵ ❙❡❥❛ {Xg | g ∈ G} ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ❡

❡♥✉♠❡rá✈❡✐s✳ ❈♦♥s✐❞❡r❛♥❞♦ X = ∪g∈GXg✱ ❛ á❧❣❡❜r❛ K〈X〉 é ❞❡♥♦♠✐♥❛❞❛ ❞❡ á❧❣❡❜r❛

❧✐✈r❡ G✲❣r❛❞✉❛❞❛✳ P❛r❛ ✉♠❛ ✈❛r✐á✈❡❧ x ∈ X✱ ❞❡✜♥✐♠♦s wG(x) = g s❡ x ∈ Xg✳

❘❡❝♦r❞❛♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♠♦♥ô♠✐♦s {1, xi1 . . . xik | xij ∈ X ❡ n = 1, 2, . . . }

é ✉♠❛ ❜❛s❡ ❞❡ K〈X〉✳ P❛r❛ ✉♠ t❛❧ ♠♦♥ô♠✐♦✱ ❞✐❣❛♠♦s m = xi1 . . . xin✱ ❞❡✜♥✐♠♦s

wG(m) =
∑n

j=1wG(xij) ❝♦♠♦ s❡♥❞♦ ♦ ❣r❛✉ ❤♦♠♦❣ê♥❡♦ ❞♦ ♠♦♥ô♠✐♦✳ ❙❡ g ∈ G✱

❞❡♥♦t❛♠♦s ♣♦r K〈X〉g ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s ♠♦♥ô♠✐♦s ❞❡ ❣r❛✉ g✳ ❖❜s❡r✈❛♥❞♦

q✉❡

K〈X〉gK〈X〉h ⊆ K〈X〉g+h ♣❛r❛ t♦❞♦s g, h ∈ G,

❝♦♥❝❧✉í♠♦s q✉❡ K〈X〉 é ❞❡ ❢❛t♦ ●✲❣r❛❞✉❛❞❛✳

❉❡✜♥✐çã♦ ✷✳✼✳✶✶ ❯♠ ✐❞❡❛❧ I ♥✉♠❛ á❧❣❡❜r❛ ●✲❣r❛❞✉❛❞❛ A é ❝❤❛♠❛❞♦ ❞❡ TG✲✐❞❡❛❧ s❡

I é ✐♥✈❛r✐❛♥t❡ ♣♦r t♦❞♦s ♦s ❡♥❞♦♠♦r✜s♠♦s G✲❣r❛❞✉❛❞♦s ❞❡ A✱ ✐st♦ é✱ Φ(I) ⊆ I ♣❛r❛

t♦❞♦ ❡♥❞♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦ Φ ❞❡ A✳

❉❡✜♥✐çã♦ ✷✳✼✳✶✷ ❯♠ ♣♦❧✐♥ô♠✐♦ 0 6= f = f(x1, . . . , xn) ∈ K〈X〉✱ ♦✉ ♠❡s♠♦ ❛

❡①♣r❡ssã♦ f(x1, . . . , xn) = 0✱ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ G✲❣r❛❞✉❛❞❛ ❞❛ á❧❣❡❜r❛ G✲

❣r❛❞✉❛❞❛ A✱ s❡

f(a1, . . . , an) = 0 ♣❛r❛ t♦❞♦ ai ∈ Agi
, ♦♥❞❡ gi = wG(xi) ❡ i = 1, 2, . . . , n.

❖ ❝♦♥❥✉♥t♦ TG(A) ❞❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s G✲❣r❛❞✉❛❞❛s ❞❡ A é ✉♠ TG✲✐❞❡❛❧ ❞❡ K〈X〉✱

❞❡♥♦♠✐♥❛❞♦ ❞❡ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s G✲❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ A✳
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❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ♦r❞✐♥ár✐♦✱ ❛s á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

❣r❛❞✉❛❞❛s ♣♦ss✉❡♠ ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛ T ✲✐❞❡❛✐s✱ ✈❛r✐❡❞❛❞❡s✱

♣♦❧✐♥ô♠✐♦s ❧✐♥❡❛r❡s✱ ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s✱ ❡t❝✳ ❆ss✐♠✱ ♣♦r ❡①❡♠♣❧♦✱ ❞✐③❡♠♦s q✉❡

h ∈ K〈X〉 é TG ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ f ✭♦✉ h s❡❣✉❡ ❞❡ f ❝♦♠♦ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛✮ s❡

h ♣❡rt❡♥❝❡ ❛♦ TG✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r f ❡♠ K〈X〉✳ ❇❡♠ ❝♦♠♦✱ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡

♣♦❧✐♥ô♠✐♦s {fi(xi1 , . . . , xin) ∈ K〈X〉 | i ∈ I} ❛ ❝❧❛ss❡ V ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s G✲

❣r❛❞✉❛❞❛s s❛t✐s❢❛③❡♥❞♦ ❛s ✐❞❡♥t✐❞❛❞❡s fi = 0✱ ♣❛r❛ t♦❞♦ i✱ é ❝❤❛♠❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡

❞❡ á❧❣❡❜r❛s G✲❣r❛❞✉❛❞❛s ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦ s✐st❡♠❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s {fi | i ∈ I}✳

❉❡st❡ ♠♦❞♦✱ ❛❞❛♣t❛♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s

❣r❛❞✉❛❞❛s✳

❖s r❡s✉❧t❛❞♦s ❛ s❡❣✉✐r ❢♦r♥❡❝❡♠ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s ❛ ♣❛rt✐r

❞❡ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s✳

▲❡♠❛ ✷✳✼✳✶✸ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s G✲❣r❛❞✉❛❞❛s ❝♦♠ r❡s♣❡❝t✐✈♦s T ✲✐❞❡❛✐s ❞❡

✐❞❡♥t✐❞❛❞❡s G✲❣r❛❞✉❛❞❛s TG(A) ❡ TG(B)✳ ❙❡ TG(A) ⊆ TG(B)✱ ❡♥tã♦ T (A) ⊆ T (B)✳

Pr♦✈❛✿ ❙❡❥❛♠ f(x1, . . . , xm) ✉♠❛ ✐❞❡♥t✐❞❛❞❡ q✉❛❧q✉❡r ❞❡ A ❡

b1 =
∑

g∈G

b1g
, . . . , bm =

∑

g∈G

bmg
∈ B.

❈♦♠♦ f ∈ T (A)✱ t❡♠♦s q✉❡

f(
∑

g∈G

x1g
, . . . ,

∑

g∈G

xmg
) ∈ TG(A) ⊆ TG(B)

❞❛í✱ ✈❡♠ q✉❡✱ f(b1, . . . , bm) = f(
∑

g∈G b1g
, . . . ,

∑

g∈G bmg
) = 0✳

P♦rt❛♥t♦✱ T (A) ⊆ T (B).

❈♦r♦❧ár✐♦ ✷✳✼✳✶✹ ❙❡ TG(A) = TG(B)✱ ❡♥tã♦ T (A) = T (B)✳

❖❜s❡r✈❛çã♦ ✷✳✼✳✶✺ ✭❈♦♥tr❛✲❡①❡♠♣❧♦✮ ❈♦♥s✐❞❡r❛♠♦s ♥❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E

❞✉❛s ❣r❛❞✉❛çõ❡s✳ ❆ ♣r✐♠❡✐r❛ é ❛ Z2✲❣r❛❞✉❛çã♦ E = E0 ⊕E1✱ ❛ s❡❣✉♥❞❛ é ❛ ❣r❛❞✉❛çã♦

tr✐✈✐❛❧ ♦♥❞❡ y1y2 = y2y1 ♥ã♦ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛✳ P♦rt❛♥t♦✱ ✉♠❛ ♠❡s♠❛ á❧❣❡❜r❛

♣♦❞❡ t❡r ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞✐❢❡r❡♥t❡s ❝♦♥❢♦r♠❡ s✉❛ ❣r❛❞✉❛çã♦✳

✷✳✽ ❆ ❚❡♦r✐❛ ❞❡ ❑❡♠❡r

◆❡st❛ s❡çã♦ ❢❛r❡♠♦s ✉♠ ❜r❡✈❡ r❡s✉♠♦ s♦❜r❡ ❛ t❡♦r✐❛ ❡str✉t✉r❛❧ ❞♦s T ✲✐❞❡❛✐s

❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❑❡♠❡r ♣❛r❛ á❧❣❡❜r❛s s♦❜r❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ◆♦ q✉❡
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s❡❣✉❡✱ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❖ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ♣♦❞❡rá

❡♥❝♦♥tr❛r ♠❛✐s ✐♥❢♦r♠❛çã♦ ♥❛s ♠♦♥♦❣r❛✜❛s ❬✸❪ ❡ ❬✾❪✳

❆ t❡♦r✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❑❡♠❡r ♠♦str♦✉ q✉❡ ❛s P■ á❧❣❡❜r❛s s♦❜r❡ ❝♦r♣♦s ❞❡

❝❛r❛❝t❡ríst✐❝❛ ✵✱ s❛t✐s❢❛③❡♠ ♠✉✐t❛s ♣r♦♣r✐❡❞❛❞❡s ✏❜♦❛s✑ q✉❡ ❛s ❛♣r♦①✐♠❛♠ às á❧❣❡❜r❛s

❝♦♠✉t❛t✐✈❛s✳ ❈♦♠❡ç❛♠♦s ❝♦♠ ♦s ❝♦♥❝❡✐t♦s ❞❡ T ✲✐❞❡❛✐s T ✲♣r✐♠♦s ❡ T ✲s❡♠✐♣r✐♠♦s✱ q✉❡

tê♠ ✉♠ ♣❛♣❡❧ ❡①tr❡♠❛♠❡♥t❡ ✐♠♣♦rt❛♥t❡ ♥❡ss❛ t❡♦r✐❛✳

❉❡✜♥✐çã♦ ✷✳✽✳✶ ❉✐r❡♠♦s q✉❡✿

✭✶✮ ❯♠ T ✲✐❞❡❛❧ S é T ✲s❡♠✐♣r✐♠♦ s❡✱ ♣❛r❛ q✉❛❧q✉❡r T ✲✐❞❡❛❧ J ✱ J n ⊆ S ✐♠♣❧✐❝❛r q✉❡

J ⊆ S❀

✭✷✮ ❯♠ T ✲✐❞❡❛❧ I é T ✲♣r✐♠♦ s❡✱ ♣❛r❛ q✉❛✐sq✉❡r T ✲✐❞❡❛✐s J1,J2✱ J1J2 ⊆ I ✐♠♣❧✐❝❛r

q✉❡ J1 ⊆ I ♦✉ J2 ⊆ I✳

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛s s❡çõ❡s ✷ ❡ ✸ ❞♦ ❈❛♣ít✉❧♦ ■ ❞❡

❬✾❪✱ ❡ r❡❝♦♠❡♥❞❛♠♦s ❡st❡ ❧✐✈r♦ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❡ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❡st❛ t❡♦r✐❛✳

❚❡♦r❡♠❛ ✷✳✽✳✷ ✭❑❡♠❡r✮

✭✶✮ ❙❡❥❛ V 6= ∅ ✉♠❛ ✈❛r✐❡❞❛❞❡✳ ❊♥tã♦ V = NmW✱ ♦♥❞❡ Nm é ❛ ♠❛✐♦r ✈❛r✐❡❞❛❞❡

❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ♥✐❧♣♦t❡♥t❡s ❞❡ í♥❞✐❝❡ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ m✱ W é ❛ ♠❛✐♦r

s✉❜✈❛r✐❡❞❛❞❡ s❡♠✐♣r✐♠❛ ❞❡ V ❡ ♦ ♣r♦❞✉t♦ ❞❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s NM ❝♦♥s✐st❡ ❞❛s

á❧❣❡❜r❛s A t❡♥❞♦ ✉♠ ✐❞❡❛❧ I ❝♦♥t✐❞♦ ❡♠ N ❡ ❝✉❥♦ q✉♦❝✐❡♥t❡ A/I ❡stá ❡♠ M❀

✭✷✮ ❖ T ✲✐❞❡❛❧ I é s❡♠✐♣r✐♠♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ I = I1 ∩ · · · ∩ Iq ♦♥❞❡ ♦s T ✲✐❞❡❛✐s Ij

sã♦ T ✲♣r✐♠♦s✳

✭✸✮ ❖s ú♥✐❝♦s T ✲✐❞❡❛✐s T ✲♣r✐♠♦s ♥ã♦ tr✐✈✐❛✐s sã♦✿

T (Mn(K)) ✱ T (Mn(E)) ❡ T (Ma,b(E)).

❙❡ A = A0 ⊕ A1 é ✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛✱ ❡♥tã♦

E(A) = A0 ⊗ E0 ⊕ A1 ⊗ E1

é ❞❡♥♦♠✐♥❛❞❛ ♦ ❡♥✈❡❧♦♣❡ ❞❡ ●r❛ss♠❛♥♥ ❞❡ A✳

❑❡♠❡r ❞❡♠♦♥str♦✉ ❛✐♥❞❛ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✱ ✈❡❥❛ ❬✾❪✳

✭✶✮ ❚♦❞♦ T ✲✐❞❡❛❧ ♥ã♦ tr✐✈✐❛❧ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ T ✲✐❞❡❛❧ ❞♦ ❡♥✈❡❧♦♣❡ ❞❡ ●r❛ss♠❛♥♥ ❞❡

✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ ❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛❀
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✭✷✮ ❖ T ✲✐❞❡❛❧ ❞❡ q✉❛❧q✉❡r á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ ❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦

T ✲✐❞❡❛❧ ❞❡ ❛❧❣✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛❀

✭✸✮ ❉❡ ✭✶✮ ❡ ✭✷✮✱ s❡❣✉❡ q✉❡ t♦❞♦ T ✲✐❞❡❛❧ ♥ã♦ tr✐✈✐❛❧ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ T ✲✐❞❡❛❧ ❞♦ ❡♥✈❡❧♦♣❡

❞❡ ●r❛ss♠❛♥♥ ❞❡ ❛❧❣✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❉❡♥tr❡ ❛s ❝♦♥s❡q✉ê♥❝✐❛s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞♦s r❡s✉❧t❛❞♦s ❛❝✐♠❛ ❡stá ❛ r❡s♣♦st❛

❛✜r♠❛t✐✈❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t✳

❈♦♠♦ ✈✐st♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛ ❤✐♣ót❡s❡ s♦❜r❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ s❡r ③❡r♦

♣❡r♠✐t❡✲♥♦s tr❛❜❛❧❤❛r ❛♣❡♥❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s✱ ❡ ❛ss✐♠ ♣♦❞❡♠♦s ❢❛③❡r

✉s♦ ❞❛s ❜♦❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ♠✉❧t✐❧✐♥❡❛r✐❞❛❞❡✳ ◆♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞❡

❑❡♠❡r ❡st❛s ♣r♦♣r✐❡❞❛❞❡s ❢♦r❛♠ ❜❛st❛♥t❡ ✉t✐❧✐③❛❞❛s✳ ❯♠❛ q✉❡stã♦ ✐♥t❡r❡ss❛♥t❡ é ♦

q✉❛♥t♦ ❡st❛ t❡♦r✐❛ ❞❡♣❡♥❞❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s✳ ❖❜s❡r✈❛♠♦s q✉❡ ❡ss❛ q✉❡stã♦

❡stá ❢♦rt❡♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ✉♠❛ ♣♦ssí✈❡❧ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s

♣♦r ❑❡♠❡r ♣❛r❛ á❧❣❡❜r❛s s♦❜r❡ ❝♦r♣♦s ✐♥✜♥✐t♦s ❞❡ q✉❛❧q✉❡r ❝❛r❛❝t❡ríst✐❝❛✳ ❈♦♥✈é♠

♦❜s❡r✈❛r q✉❡✱ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✱ ❛ t❡♦r✐❛ ❞❡ ❑❡♠❡r ♥ã♦ s❡ ❛♣❧✐❝❛ ❞✐r❡t❛♠❡♥t❡✱

✉♠ ❞♦s ♦❜stá❝✉❧♦s é ♦ s✉r❣✐♠❡♥t♦ ❞❡ ♥♦✈♦s T ✲✐❞❡❛✐s T ✲♣r✐♠♦s✱ ❝❤❛♠❛❞♦s ❞❡ T ✲✐❞❡❛✐s

✐rr❡❣✉❧❛r❡s✱ ❝✉❥❛ ❞❡s❝r✐çã♦ ❝♦♠♣❧❡t❛ é ❛✐♥❞❛ ✉♠ ♣r♦❜❧❡♠❛ ❡♠ ❛❜❡rt♦✳ ◆♦ ❡♥t❛♥t♦✱ ✈✐♠♦s

q✉❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s ♣♦❞❡♠ s❡r ✉s❛❞❛s ♥♦ ❡st✉❞♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ♦r❞✐♥ár✐❛s ❡♠ á❧❣❡❜r❛s s♦❜r❡ ❝♦r♣♦s ❞❡ q✉❛❧q✉❡r ❝❛r❛❝t❡ríst✐❝❛✳

❘❡ss❛❧t❛♠♦s q✉❡ r❡❝❡♥t❡♠❡♥t❡ ❢♦✐ ♣r♦✈❛❞♦ ♣♦r ❇❡❧♦✈ ❬✷❪✱ ●r✐s❤✐♥ ❬✽❪ ❡ ❙❤❝❤✐❣♦❧❡✈

❬✶✺❪ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t r❡s♦❧✈❡✲s❡ ❡♠ ♥❡❣❛t✐✈♦ s♦❜r❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛

♣♦s✐t✐✈❛✳

✷✳✾ ➪❧❣❡❜r❛s ❣❡♥ér✐❝❛s

P♦❞❡♠♦s ♦❜s❡r✈❛r ♥♦ r❡s✉♠♦ s♦❜r❡ ❛ t❡♦r✐❛ ❞❡ ❑❡♠❡r ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛s P■✲

á❧❣❡❜r❛s Mn(K)✱ Mn(E) ❡ Ma,b(E)✳ ❊①✐st❡♠ ❝♦♥str✉çõ❡s ❛❧❣é❜r✐❝❛s ❣❡♥ér✐❝❛s ♣❛r❛ ❛s

á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡st❛s á❧❣❡❜r❛s✳ P❛r❛ ❛ á❧❣❡❜r❛Mn(K) ❡st❛ é ❛ á❧❣❡❜r❛ ❞❛s

♠❛tr✐③❡s ❣❡♥ér✐❝❛s ✐♥tr♦❞✉③✐❞❛s ♣♦r Pr♦❝❡s✐ ❬✶✸❪✱ ❡ ♣❛r❛Mn(E) ❡Ma,b(E) ❛s ❝♦♥str✉çõ❡s

❣❡♥ér✐❝❛s ❢♦r❛♠ ❞❛❞❛s ♣♦r ❇❡r❡❧❡ ❬✶❪✳ ❖✉tr♦ ❝❛s♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♥♦ss♦s ♦❜❥❡t✐✈♦s é

❛ ❝♦♥str✉çã♦ ❞❛❞❛ ♣♦r ▲❡✇✐♥ ❬✶✶❪ ♣❛r❛ Um(A) q✉❛♥❞♦ T (A) = T (A1)T (A2)✳ ❱❛♠♦s

❢❛③❡r ✉♠ ❜r❡✈❡ r❡s✉♠♦ s♦❜r❡ ❡st❛s ❝♦♥str✉çõ❡s ❡ ♣❛r❛ ♠❛✐s ❝❛s♦s✱ ✈❡❥❛ ♦ ❈❛♣ít✉❧♦ ✹
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❞❡st❡ tr❛❜❛❧❤♦ ❡ ❛s r❡❢❡rê♥❝✐❛s ❝✐t❛❞❛s ❛❝✐♠❛✳ ❱❡❥❛ t❛♠❜é♠ ❬✶✷❪ ♣❛r❛ ❛♣❧✐❝❛çõ❡s✳

❙❡❥❛♠ Y = {y1, y2, . . . } ❡ Z = {z1, z2, . . . } ❝♦♥❥✉♥t♦s ❞❡ ✈❛r✐á✈❡✐s ❝♦♠ Y ∩ Z =

∅✳ ❚♦♠❛♥❞♦ X = Y ∪ Z✱ ❞❡♥♦t❛♠♦s ♣♦r K〈X〉 ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❣❡r❛❞❛ ♣♦r X✳

❋r❡q✉❡♥t❡♠❡♥t❡✱ ❞❡♥♦♠✐♥❛♠♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ Y ❞❡ ♣❛r❡s ❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ Z ❞❡

í♠♣❛r❡s✳ ◆♦✉tr❛s ♣❛❧❛✈r❛s✱ ❞❡✜♥✐♠♦s w = wZ2
: X → Z2 ♣♦♥❞♦ w(x) = 0 s❡

x ∈ Y ❡ w(x) = 1 s❡ x ∈ Z✳ ❉❡st❡ ♠♦❞♦✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ Y t❛♠❜é♠ sã♦

❞❡♥♦♠✐♥❛❞♦s ❞❡ ✵✲✈❛r✐á✈❡✐s ❡ ♦s ❞❡ Z ❞❡ ✶✲✈❛r✐á✈❡✐s✳ ❙❡ f = x1x2 . . . xk é ✉♠

♠♦♥ô♠✐♦✱ ❞❡✜♥✐♠♦s w(f) = w(x1)+w(x2)+· · ·+w(xk) ✭❛q✉✐ ❝♦♥s✐❞❡r❛♠♦s ❛ s♦♠❛tór✐❛

♠ó❞✉❧♦ ✷✮✱ ❡ ❝❤❛♠❛♠♦s f ❞❡ ♣❛r s❡ w(f) = 0✱ ❡ ❞❡ í♠♣❛r s❡ w(f) = 1✳ ❆ss✐♠✱

K〈X〉 = K〈X〉0 ⊕K〈X〉1 é Z2✲❣r❛❞✉❛❞❛✱ ♦♥❞❡ K〈X〉0 é ♦ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦

♣❡❧♦s ♠♦♥ô♠✐♦s ♣❛r❡s ❡K〈X〉1 é ♦ s✉❜❡s♣❛ç♦ ❞❡K〈X〉 ❣❡r❛❞♦ ♣❡❧♦s ♠♦♥ô♠✐♦s í♠♣❛r❡s✳

❉❡✜♥✐çã♦ ✷✳✾✳✶ ❙❡❥❛ A = A0⊕A1 ✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ A0∪A1

sã♦ ❞❡♥♦♠✐♥❛❞♦s ❞❡ ❤♦♠♦❣ê♥❡♦s✳ ❆❧é♠ ❞✐ss♦✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ a ♣♦ss✉✐ ✉♠

❣r❛✉ w ❡♠ Z2✱ ✐st♦ é✱ w(a) = 0 ♦✉ 1✳ ❆ á❧❣❡❜r❛ A é ❞✐t❛ s✉♣❡r❝♦♠✉t❛t✐✈❛✱ s❡

ab = (−1)w(a)w(b)
ba ♣❛r❛ t♦❞♦s a,b ∈ A0 ∪ A1.

❊①❡♠♣❧♦ ✷✳✾✳✷ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ é s❡♠ ❞ú✈✐❞❛ ♦ ❡①❡♠♣❧♦ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❞❡

á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛✳

❉❡✜♥✐çã♦ ✷✳✾✳✸ ❙❡❥❛ K〈X〉 = K〈X〉0 ⊕K〈X〉1 ❛ á❧❣❡❜r❛ ❧✐✈r❡ Z2✲❣r❛❞✉❛❞❛ ❞❡✜♥✐❞❛

❝♦♠♦ ❛❝✐♠❛✳ P❛r❛ ♦s ♠♦♥ô♠✐♦s f, g ∈ K〈X〉✱ ❝♦♥s✐❞❡r❛♠♦s ❛s r❡❧❛çõ❡s fg =

(−1)w(f)w(g)gf ❡ s❡❥❛ I ♦ ✐❞❡❛❧ Z2✲❣r❛❞✉❛❞♦ ❣❡r❛❞♦ ♣♦r ❡st❛s r❡❧❛çõ❡s✳ ◗✉❛♥❞♦

❝❤❛rK = p > 0✱ ❛❞✐❝✐♦♥❛♠♦s {yp
i | yi ∈ Y } ❛♦ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ I✳ ❆ á❧❣❡❜r❛

K〈Y ;Z〉 = K〈X〉/I é ♥❛t✉r❛❧♠❡♥t❡ Z2✲❣r❛❞✉❛❞❛ ✭♣♦✐s ❤❡r❞❛ ❛ ❣r❛❞✉❛çã♦ ❞❡ K〈X〉✮ ❡

é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❧✐✈r❡ s✉♣❡r❝♦♠✉t❛t✐✈❛✳

▲❡♠❛ ✷✳✾✳✹ ❙❡❥❛♠ K[Y ] ❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ❝♦♠✉t❛t✐✈♦s ❣❡r❛❞❛ ♣♦r Y ❡ E(Z)

❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❣❡r❛❞❛ ♣❡❧♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ Z✳ ❊♥tã♦✱ ❛s á❧❣❡❜r❛s

K〈Y ;Z〉 ❡ K[Y ] ⊗ E(Z) sã♦ ✐s♦♠♦r❢❛s✳

Pr♦✈❛✿ ❙❡❥❛ Ψ : K[Y ] ⊗ E(Z) → K〈Y ;Z〉 = K〈X〉/I ❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣♦r

Ψ(a ⊗ b) = ab + I✳ ➱ ✐♠❡❞✐❛t♦ q✉❡ ❡st❛ ❛♣❧✐❝❛çã♦ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✭❞❡ á❧❣❡❜r❛s✮

s♦❜r❡❥❡t♦r✳ ❙❡❥❛♠ a = y1 . . . yn ∈ K[Y ] ❡ b = z1 . . . zm ∈ E(Z)✱ ❛♠❜♦s ♥ã♦ ♥✉❧♦s✳

❋❛③❡♥❞♦ ❛s s✉❜st✐t✉✐çõ❡s y1 = · · · = yn = 1 ❡ z1 = e1, . . . , zm = em ♦♥❞❡ {e1, . . . , em}

é s✉❜❝♦♥❥✉♥t♦ ❞❛ ❜❛s❡ ❞❡ E✱ t❡♠♦s q✉❡ ab 6∈ T2(E)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ K〈X〉I é ❛

á❧❣❡❜r❛ ❧✐✈r❡ s✉♣❡r❝♦♠✉t❛t✐✈❛✱ t❡♠♦s q✉❡ I = ∩Q✱ ♦♥❞❡ Q ❝♦rr❡ s♦❜r❡ ♦s T2✲✐❞❡❛✐s ❞❛s

✷✾



á❧❜❡❣r❛s s✉♣❡r❝♦♠✉t❛t✐✈❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ I ⊆ T2(E) ❡ ❞✐st♦ s❡❣✉❡ ❛ ✐♥❥❡t✐✈✐❞❛❞❡ ❞❡

Ψ✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

▲❡♠❛ ✷✳✾✳✺ ✭❛✮ ❆ á❧❣❡❜r❛ K〈Y ;Z〉 é ❝❛♥♦♥✐❝❛♠❡♥t❡ Z2✲❣r❛❞✉❛❞❛ ❡ ❧✐✈r❡ ♥❛ ❝❧❛ss❡

❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s Z2✲❣r❛❞✉❛❞❛s s✉♣❡r❝♦♠✉t❛t✐✈❛s✳ ◆♦✉tr❛s ♣❛❧❛✈r❛s✱ ♣❛r❛ t♦❞❛

á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ s✉♣❡r❝♦♠✉t❛t✐✈❛ A = A0 ⊕ A1✱ t♦❞❛ ❢✉♥çã♦ Φ : Y ∪ Z → A

t❛❧ q✉❡ Φ(Y ) ⊆ A0 ❡ Φ(Z) ⊆ A1 ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡

á❧❣❡❜r❛s❀

✭❜✮ ❙❡❥❛ Y = {y1, y2, . . . }✱ Z = {z1, z2, . . . } ❡ xi = yi + zi✱ ♦♥❞❡ i = 1, 2, . . . ❀ ❊♥tã♦✱

t♦❞❛ ❢✉♥çã♦ Φ : xi → A = A0 ⊕ A1 ❀ i = 1, 2, . . . ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❛ ✉♠

❤♦♠♦♠♦r✜s♠♦ ❤♦♠♦❣ê♥❡♦ ❞❡ K〈Y ;Z〉 → A ❞❡ á❧❣❡❜r❛s Z2✲❣r❛❞✉❛❞❛s✳

Pr♦✈❛✿ ❱❡❥❛ ✐♥tr♦❞✉çã♦ ❞❡ ❬✶❪✳

❙❡❥❛♠ n ❡ m ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s ❡ ❝♦♥s✐❞❡r❛♠♦s ♦s ❝♦♥❥✉♥t♦s

Y = {y(q)
ij | i, j = 1, . . . , n; q = 1, . . . ,m} ❡ Z = {z(q)

ij | i, j = 1, . . . , n; q = 1, . . . ,m}.

❈♦♠❜✐♥❛♥❞♦ ❛ ❝♦♥str✉çã♦ ❞❡ Pr♦❝❡s✐ ❝♦♠ ❛ ❞❡ ❇❡r❡❧❡✱ ❞❡✜♥✐♠♦s ❛s s❡❣✉✐♥t❡s

♠❛tr✐③❡s ❝♦♠ ❡♥tr❛❞❛s ❡♠ K〈Y ;Z〉✿

✭✶✮ ❆s n× n ♠❛tr✐③❡s ❣❡♥ér✐❝❛s

Aq =
n
∑

i,j=1

y
(q)
ij Eij ♦♥❞❡ q = 1, . . . ,m;

✭✷✮ ❆s n× n ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❝♦♠ ❡♥tr❛❞❛s s✉♣❡r❝♦♠✉t❛t✐✈❛s

Bq =
n
∑

i,j=1

(y
(q)
ij + z

(q)
ij )Eij ♦♥❞❡ q = 1, . . . ,m;

✭✸✮ ❆s (a, b)✲♠❛tr✐③❡s ❣❡♥ér✐❝❛s ✭n = a+ b✮

Cq =
n
∑

i,j=1

t
(q)
ij Eij,

♦♥❞❡ t(q)ij = y
(q)
ij s❡ (i, j) ∈ ∆0 ❡ t(q)ij = z

(q)
ij s❡ (i, j) ∈ ∆1 ❡ q = 1, . . . ,m.

❚❡♦r❡♠❛ ✷✳✾✳✻ ✭Pr♦❝❡s✐ ✭✐✮ ❡ ❇❡r❡❧❡ ✭✭✐✐✮✱✭✐✐✐✮✮✮

✭✐✮ ✭✈❡❥❛ ❬✶✸❪✮❆ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r A1, . . . , Am é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡

❧✐✈r❡ ❞❡ ♣♦st♦ m ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦r Mn(K)✱ ✐st♦ é✱ ❛ á❧❣❡❜r❛ Um(Mn(K))❀

✭✐✐✮ ✭✈❡❥❛ ❬✶❪✮❆ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r B1, . . . , Bm é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡

❞❡ ♣♦st♦ m ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦r Mn(K)✱ ✐st♦ é✱ ❛ á❧❣❡❜r❛ Um(Mn(E))❀

✭✐✐✐✮ ✭✈❡❥❛ ❬✶❪✮❆ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r C1, . . . , Cm é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡

❞❡ ♣♦st♦ m ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦r Mn(K)✱ ✐st♦ é✱ ❛ á❧❣❡❜r❛ Um(Ma,b(E))✳
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❈❛♣ít✉❧♦ ✸

❖ ❚❡♦r❡♠❛ ❞❡ ▲❡✇✐♥

◆st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ t❡♦r❡♠❛ ❞❡✈✐❞♦ ❛ ▲❡✇✐♥ ❡♠ ❬✶✶❪✱ q✉❡ ♠♦str❛

❝♦♠♦ ♦❜t❡r ♦ ♣r♦❞✉t♦ ❞❡ ❞♦✐s ✐❞❡❛✐s ❝♦♠♦ ♦ ♥ú❝❧❡♦ ❞❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡

á❧❣❡❜r❛s✳ ❊st❡ tr❛❜❛❧❤♦ ♠♦t✐✈♦✉ ♦ tr❛❜❛❧❤♦ ❞❡ ❉✐ ❱✐♥❝❡♥③♦ ❡ ❉r❡♥s❦② ✭✈❡❥❛ ❬✺❪✮ q✉❡

❛♣r❡s❡♥t❛r❡♠♦s ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳

✸✳✶ ❖ ❚❡♦r❡♠❛ ❞❡ ▲❡✇✐♥

❙❡❥❛♠ A ❡ B ❞✉❛s K✲á❧❣❡❜r❛s ❝♦♠ T ✲✐❞❡❛✐s T (A) ❡ T (B)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖

♣r♦❞✉t♦ ❞♦s T ✲✐❞❡❛✐s T (A)T (B) é ❛✐♥❞❛ ✉♠ T ✲✐❞❡❛❧✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é ❝♦♥str✉✐r ✉♠❛

K✲á❧❣❡❜r❛ C ❝♦♥t❡♥❞♦ A ❡ B t❛❧ q✉❡ T (C) = T (A)T (B)✱ t❛❧ ❝♦♥str✉çã♦ ❢♦✐ ❛♣r❡s❡♥t❛❞❛

♣♦r ▲❡✇✐♥ ❡♠ ❬✶✶❪✳

❙❡❥❛ K〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡✱ ♦♥❞❡ X é ✉♠ ❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧✳

❉❡♥♦t❡♠♦s ♣♦r R ♦ K〈X〉✲❜✐♠ó❞✉❧♦ ❧✐✈r❡ ❝♦♠ ❝♦♥❥✉♥t♦s ❡♥✉♠❡rá✈❡✐s ❞❡ ❣❡r❛❞♦r❡s

❧✐✈r❡s R1 ❡ R2✳

❆ss✐♠✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r δ : K〈X〉 → R ❞❡✜♥✐❞❛ ♣♦r δ(xi) = ri

♣❛r❛ i ≥ 1✱ s❛t✐s❢❛③❡♥❞♦✿

δ(fg) = fδ(g) + δ(f)g ♣❛r❛ t♦❞♦s f, g ∈ K〈X〉.

❖❜s❡r✈❡ q✉❡

δ(x1x2) = x1δ(x2) + δ(x1)x2 = r1x2 + x1r2.

❉❡ ♠♦❞♦ s✐♠✐❧❛r✱ t❡♠♦s q✉❡

δ(x1x2x3) = r1x2x3 + x1r2x3 + x1x2r3
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❡ ✐♥❞✉t✐✈❛♠❡♥t❡✱ ♦❜t❡♠♦s

δ(xi1xi2 . . . xin) =
n
∑

j=1

xi1xi2 . . . xij−1
rjxij+1

. . . xin .

❊♥tã♦✱ ❡st❡♥❞❡♠♦s ♣♦r ❧✐♥❡❛r✐❞❛❞❡✱ ♣❛r❛ t♦❞♦ K〈X〉✳

❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

ψ : K〈X〉 →





K〈X〉 R

0 K〈X〉





❞❡✜♥✐❞❛ ♣♦r

f → ψ(f) =





f δ(f)

0 f





❱❡❥❛♠♦s q✉❡ ψ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❉❡ ❢❛t♦✱ s❡❥❛♠ f, g ∈ K〈X〉✱ ❡

♦❜s❡r✈❡ q✉❡

ψ(fg) =





fg δ(fg)

0 fg



 =





fg (δ(f)g + fδ(g))

0 fg



 = ψ(f)ψ(g).

▼❛✐s ❛✐♥❞❛

ψ(1) =





1 δ(1)

0 1



 =





1 0

0 1



 .

P♦rt❛♥t♦ ψ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳

❈♦♥s✐❞❡r❛♥❞♦ ❞♦✐s ✐❞❡❛✐s U ❡ V ❞❡ K〈X〉 t❡♠♦s q✉❡ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ R
UR+RV

t❡♠ ❡str✉t✉r❛ ❞❡ (K〈X〉
U

, K〈X〉
V

)✲❜✐♠ó❞✉❧♦ ❧✐✈r❡ ❝♦♠ ❜❛s❡ {ri +(UR+RV ); i = 1, 2, . . . }✳

❙❡❥❛♠ ΠU ❡ ΠV ❛s ♣r♦❥❡çõ❡s ❝❛♥ô♥✐❝❛s ❞❡ U ❡ V ❡♠ K〈X〉✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦

δ1 : K〈X〉 →
R

UR +RV

❞❡✜♥✐❞❛ ♣♦r

δ1(f) = δ(f) + (UR +RV ).

❆ss✐♠✱ ❛ ❛♣❧✐❝❛çã♦ δ1 é t❛♠❜é♠ ✉♠❛ ❞❡r✐✈❛çã♦✱ ♦✉ s❡❥❛✱

δ1(fg) = δ1(f)(g + I) + (f + I)δ1(g) ♦♥❞❡ I = UR +RV.

■st♦ ✐♠♣❧✐❝❛ q✉❡ ❛ ❛♣❧✐❝❛çã♦

Ψ : K〈X〉 →





K〈X〉
U

R
UR+RV

0 K〈X〉
V
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❞❡✜♥✐❞❛ ♣♦r

f → Ψ(f) =





ΠU(f) δ1(f)

0 ΠV (f)





é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛ ✈❛♠♦s ♠♦str❛r q✉❡ Ker(Ψ) = UV ✳ P❛r❛ t❛♥t♦✱ ♦❜s❡r✈❡

✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ s❡ f ♥ã♦ ♣❡rt❡♥❝❡ ❛ U ✱ ❡♥tã♦ ΠU(f) 6= 0 ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ f ♥ã♦

❡stá ❡♠ KerΨ✳ ■ss♦ ♠♦str❛ q✉❡ KerΨ ⊂ U ✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ✈❡♠♦s q✉❡ KerΨ ⊂ V ✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ f ∈ U ❡ g ∈ V t❡♠♦s q✉❡

Ψ(fg) = Ψ(f)Ψ(g) =





ΠU(f) δ1(f)

0 ΠV (f)









ΠU(g) δ1(g)

0 ΠV (g)



 =





0 0

0 0



 .

❉❛í✱ t❡♠♦s q✉❡

UV ⊂ KerΨ ⊂ U ∩ V.

▲♦❣♦✱ ♣❛r❛ ❝♦♥❝❧✉✐r ❛ ♣r♦✈❛ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ V ∩KerΨ ⊂ UV ✳ ❈♦♥s✐❞❡r❡

❛ ❜❛s❡ B ❞❡ K〈X〉 ❢♦r♠❛❞❛ ♣♦r t♦❞♦s ♦s ♠♦♥ô♠✐♦s ❡♠ X✳ ❈♦♥s✐❞❡r❡ t❛♠❜é♠ X

❧✐♥❡❛r♠❡♥t❡ ♦r❞❡♥❛❞❛✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ x1 < x2 < . . . ✳ ❉❡✜♥❛ ❛❣♦r❛ ❛ s❡❣✉✐♥t❡

♦r❞❡♥❛çã♦ ❧✐♥❡❛r ♥❛ ❜❛s❡ B✿ P❛r❛ q✉❛✐sq✉❡r ❞♦✐s ❡❧❡♠❡♥t♦s a, b ∈ B ❞✐③❡♠♦s q✉❡

a > b s❡ deg(a) < deg(b) ♦✉ deg(a) = deg(b) ❡ a é ❡str✐t❛♠❡♥t❡ ♠❛✐♦r q✉❡ b ♥❛ ♦r❞❡♠

❧❡①✐❝♦❣rá✜❝❛ à ❞✐r❡✐t❛✳

❆❣♦r❛ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ✉♠❛ ♦r❞❡♥❛çã♦ ❧✐♥❡❛r ♥♦ ❝♦♥❥✉♥t♦ R0 = {r1, r2, . . . } ❞♦s

❣❡r❛❞♦r❡s ❞❡ R ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ r1 < r2 < . . . ✳ ❊♥tã♦✱ ✉♠❛ K✲❜❛s❡ ❞❡ R ❝♦♥s✐st❡

❞❡ t♦❞♦s ♣r♦❞✉t♦s arib ❝♦♠ a, b ∈ B✳ ❊st❛ ❜❛s❡ t❛♠❜é♠ ♣♦❞❡ s❡r ♦r❞❡♥❛❞❛ ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿ arib < crjd s❡✱ ❡ s♦♠❡♥t❡ s❡✱ b < d ♦✉ b = d ❡ ri < rj ♦✉ b = d ❡ ri = rj ❡ a < c✳

❙❡❥❛ f ∈ K〈X〉 ✉♠ ♣♦❧✐♥ô♠✐♦ q✉❛❧q✉❡r ❡ s❡❥❛ f 1 ♦ ♠❛✐♦r ♠♦♥ô♠✐♦ ❞❡ f ❀ ❉❡✜♥❛

❛❣♦r❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ C ⊂ B ❞❡ ♠♦❞♦ q✉❡ ✉♠ ♠♦♥ô♠✐♦ c ∈ C s❡ c = v1 ♣❛r❛ ❛❧❣✉♠

v ∈ V ❡ c = bw1 ♣❛r❛ ❛❧❣✉♠ w ∈ V ❡ b 6= 1✳

P❛r❛ q✉❛❧q✉❡r c ∈ C✱ s❡❥❛ ac ∈ V ✜①♦ ❝♦♠ a1
c = c✳ ❊♥tã♦ q✉❛❧q✉❡r v ∈ V ♣♦ss✉✐

♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦ t✐♣♦

bc = ba1
c = (bac)

1, c ∈ C

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

v1 > (v − bac)
1,

✸✸



♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ v − bac ∈ V ✱ ♣❡❧♦ ❢❛t♦ ❞❡ V s❡r ✐❞❡❛❧✳ P♦rt❛♥t♦✱ ✉t✐❧✐③❛♥❞♦ ✐♥❞✉çã♦

tr❛♥s✜♥✐t❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ac✱ ❝♦♠ c ∈ C✱ ❣❡r❛ V ❝♦♠♦ ✉♠ K〈X〉✲

♠ó❞✉❧♦ à ❡sq✉❡r❞❛✳

❈♦♠♦ V é ✉♠ ✐❞❡❛❧ ♥ã♦ tr✐✈✐❛❧ ❞❡ K〈X〉✱ t❡♠♦s q✉❡ q✉❛❧q✉❡r c ∈ C é ✉♠

♠♦♥ô♠✐♦ ❞❡ ❣r❛✉ ♣♦s✐t✐✈♦ ❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ c = xidc ♦♥❞❡ dc ∈ B ❡ xi ∈ X✳

◆♦t❡ q✉❡ dc 6∈ C ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ C✳ P♦r ❝♦♥✈❡♥✐ê♥❝✐❛✱ ❞❡♥♦t❛r❡♠♦s xi ♣♦r xc ❡

ri = δ(xi) = δ(xc) = rc✳

❙❡❥❛ R0B ❛ ❜❛s❡ ❞♦ K〈X〉✲♠ó❞✉❧♦ ❧✐✈r❡ à ❡sq✉❡r❞❛ T = RK〈X〉✳ ❯s❛♥❞♦ ❛

♦r❞❡♥❛çã♦ ♣♦❞❡♠♦s ❞❡❝♦♠♣♦r R0B ❡♠ três ♣❛rt❡s✱ ❝♦♠♦ s❡❣✉❡

B1 = {rcdc; c ∈ C}, B2 = {rbc; r ∈ R0, b ∈ B, c ∈ C}

❡

B3 = {rb; r ∈ R0, b ∈ B, rb 6∈ B1 ∪B2}.

❖❜s❡r✈❡ q✉❡ B1 ❡ B2 sã♦ ❞✐s❥✉♥t♦s✱ ♣♦✐s s❡ rbc1 = rcdc✱ ❡♥tã♦ bc1 = dc✱ ❡ ✐ss♦

✐♠♣❧✐❝❛ q✉❡ xcbc1 = xcdc ∈ C✳ ▼❛s ❝♦♠♦ c1 ∈ C✱ t❡♠♦s xcbc1 6∈ C✱ ♦ q✉❡ é ✉♠❛

❝♦♥tr❛❞✐çã♦✳

❯s❛♥❞♦ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❛❝✐♠❛✱ ❝♦♥str✉í♠♦s ✉♠❛ ♥♦✈❛ ❜❛s❡ ♣❛r❛ T ✱ ❝♦♠♦ s❡❣✉❡✿

❖❜s❡r✈❡ q✉❡ a1
c = xcdc ❡ δ(a1

c) = δ(xcdc) = δ(xc)dc + xcδ(dc)✳ P♦rt❛♥t♦✱ (δ(ac))
1✱ ♦

♣r✐♠❡✐r♦ t❡r♠♦ ❞❡ δ(a1
c)✱ é ✐❣✉❛❧ ❛ δ(xc)dc = rcdc✳ ❆ ♣❛rt✐r ❞✐ss♦✱ ♣♦❞❡♠♦s s✉❜st✐t✉✐r

B1 ♣♦r K1 = {δ(ac); c ∈ C}✳

❆❣♦r❛ ♣❛r❛ q✉❛❧q✉❡r ♠♦♥ô♠✐♦ bc✱ ❝♦♠ b ∈ B ❡ c ∈ C✱ t♦♠❛♠♦s vbc = bac ∈ V ✱

❝♦♠ (vbc)
1 = bc ❡ t♦♠❛♠♦s K2 = {r(vbc)

1; r ∈ R0, b ∈ B, c ∈ C}✳ ❆ss✐♠✱ ❡①✐st❡ ✉♠❛

❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ✭b → b
′

✮ ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ B1 ∪ B2 ❡ K1 ∪K2✱ t❛❧ q✉❡

b = b
′

✳ ❚♦♠❛♥❞♦ K3 = B3✱ ❝♦♠ ❛r❣✉♠❡♥t♦s s✐♠♣❧❡s ❞❡ r❡❞✉çã♦ ❛♦ ♣r✐♠❡✐r♦ t❡r♠♦✱

♠♦str❛♠♦s q✉❡ K = K1 ∪ K2 ∪ K3 ❣❡r❛ T ❝♦♠♦ ✉♠ K〈X〉✲♠ó❞✉❧♦ ❧✐✈r❡ à ❡sq✉❡r❞❛✳

P♦r ♦✉tr♦ ❧❛❞♦✱ q✉❛❧q✉❡r r❡❧❛çã♦ ♥ã♦ tr✐✈✐❛❧ ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ K ❧❡✈❛ ❛ ✉♠❛ r❡❧❛çã♦

♥ã♦ tr✐✈✐❛❧ ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❞❡ RK〈X〉✳ P♦rt❛♥t♦✱ K é ✉♠❛ ❜❛s❡ ❞❡ T ✳

❖❜s❡r✈❡ q✉❡ ♦s ❡❧❡♠❡♥t♦s vbc✱ ❝♦♠ b ∈ B ❡ c ∈ C✱ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ❧✐♥❡❛r ❞❡ V ✳

▲♦❣♦✱ K2 é ✉♠❛ ❜❛s❡ ❞❡ R0V = span{K2} ❡ RV = K〈X〉R0V = K〈X〉(span{K2})✳

❙❡♥❞♦ K ✉♠❛ ❜❛s❡ ❞❡ T = RK〈X〉✱ t❡♠♦s

UR = UK〈X〉R0K〈X〉 = UR0K〈X〉 = UK = UK1 ⊕ UK2 ⊕ UK3

✸✹



❡

UR +RV = UK1 ⊕K〈X〉K2 ⊕ UK3.

❆❣♦r❛✱ s❡❥❛ v ∈ V ∩KerΨ✳ ❊♥tã♦ δ1(v) = 0✱ ✐st♦ é✱ δ(v) ∈ UR + RV ✳ ❯s❛♥❞♦

❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❞❡r✐✈❛çã♦ δ ❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ v ♥❛ s♦♠❛ v =
∑

c∈C bcac ❝♦♠

bc ∈ K〈X〉✱ ♦❜t❡♠♦s q✉❡

δ(v) = δ(
∑

bcac) =
∑

δ(bcac) =
∑

δ(bc)ac +
∑

bcδ(ac),

♦✉ s❡❥❛✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

δ(v) = Av +Bv, ♦♥❞❡ Av =
∑

δ(bc)ac ❡ Bv =
∑

bcδ(ac).

❉❛í✱ t❡♠♦s q✉❡ Av ∈ RV ❡ Bv ∈ K〈X〉K1✱ ❡ ❝♦♠♦ δ(v) ∈ UR + RV ✱ ♦❜t❡♠♦s q✉❡

Bv ∈ (UR +RV ) ∩K〈X〉K1✳

❆❣♦r❛✱

(UR +RV ) ∩K〈X〉K1 = (UK1 ⊕K〈X〉K2 ⊕ UK3) ∩K〈X〉K1,

❞♦♥❞❡ Bv ∈ UK1✳ ▼❛s✱ ❝♦♠♦ ♦s ❡❧❡♠❡♥t♦s δ(ac) ❞❡ K1 sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s à ❡sq✉❡r❞❛✱

s❡❣✉❡ q✉❡ t♦❞♦ bc✱ ♣❡❧❛ ❡①♣r❡ssã♦ ❞❡ Bv✱ ♣❡rt❡♥❝❡ ❛ U ✳ ▲♦❣♦✱

v =
∑

bcac ∈ UV.

■ss♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛✳

❚❡♠♦s ♣r♦✈❛❞♦ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❞❡✈✐❞♦ ❛ ▲❡✇✐♥✳

❚❡♦r❡♠❛ ✸✳✶✳✶ ❙❡❥❛ R ✉♠ (K〈X〉, K〈X〉)✲❜✐♠ó❞✉❧♦ ❧✐✈r❡ ❝♦♠ ❣❡r❛❞♦r❡s ❧✐✈r❡s

r1, r2, . . . ✱ ❡ s❡❥❛♠ U ❡ V ✐❞❡❛✐s ❞❡ K〈X〉✳ ❙❡❥❛♠

ΠU : K〈X〉 →
K〈X〉

U
❡ ΠV : K〈X〉 →

K〈X〉

V
,

♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡♣✐♠♦r✜s♠♦s ❝❛♥ô♥✐❝♦s✳

❈♦♥s✐❞❡r❡ ❛✐♥❞❛✱ ❛ ❞❡r✐✈❛çã♦ δ : K〈X〉 → R ❞❡✜♥✐❞❛ ♣♦r δ(xi) = ri ♣❛r❛ i ≥ 1 ❡

s❡❥❛

δ1 : K〈X〉 →
R

UR +RV
,

❞❡✜♥✐❞❛ ♣♦r

δ1(f) = δ(f) + (UR +RV ).

✸✺



❊♥tã♦ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

Ψ : K〈X〉 →

(

K〈X〉
U

R
UR+RV

0 K〈X〉
V

)

,

❞❡✜♥✐❞❛ ♣♦r

f → Ψ(f) =

(

ΠU(f) δ1(f)

0 ΠV (f)

)

,

é ✉♠ ❤♦♠♦r♠♦✜s♠♦ ❞❡ á❧❣❡❜r❛s ❡ Ker(Ψ) = UV ✳
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❈❛♣ít✉❧♦ ✹

❇❛s❡ P❛r❛ ❛s ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s

❞❛s ▼❛tr✐③❡s ❚r✐❛♥❣✉❧❛r❡s ❡♠ ❇❧♦❝♦s

❝♦♠ Z2✲●r❛❞✉❛çã♦

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r ✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❞❛s

▼❛tr✐③❡s ❚r✐❛♥❣✉❧❛r❡s ❡♠ ❇❧♦❝♦s ❝♦♠ Z2✲❣r❛❞✉❛çã♦✳ ❖s r❡s✉❧t❛❞♦s sã♦ ❞❡✈✐❞♦ ❛ ❉✐

❱✐♥❝❡♥③♦ ❡ ❉r❡♥s❦②✱ ❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✺❪✳

✹✳✶ ■♥tr♦❞✉çã♦

❙❡❥❛ K ✉♠ ❝♦r♣♦✳ ❊♠ ♥♦ss♦ ❝❛s♦✱ ✉♠❛ s✉♣❡rá❧❣❡❜r❛ s♦❜r❡ K✱ ♥❛❞❛ ♠❛✐s é

❞♦ q✉❡ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ A ❝♦♠ ✉♠❛ Z2✲❣r❛❞✉❛çã♦ A = A0 + A1✱ ✐st♦ é✱

AiAj ⊆ Ai+j ♣❛r❛ t♦❞♦s i ❡ j ♥♦ ❣r✉♣♦ ❛❞✐t✐✈♦ Z2✳ ◆ã♦ ❛ss✉♠✐r❡♠♦s q✉❡ A0∩A1 = {0}✳

❑❡♠❡r ♠♦str♦✉ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ s✉♣❡rá❧❣❡❜r❛s ♥❛ t❡♦r✐❛ ❞❛s á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ✭♦r❞✐♥ár✐❛s✮ s♦❜r❡ ❝♦r♣♦s ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡❧❡

❡st❛❜❡❧❡❝❡✉ q✉❡ ♣❛r❛ q✉❛❧q✉❡r P■✲á❧❣❡❜r❛ R ❡①✐st❡ ✉♠❛ s✉♣❡rá❧❣❡❜r❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛

A = A0+A1 t❛❧ q✉❡ R ❡ A0⊗E0⊕A1⊗E1 ♣♦ss✉❡♠ ❛s ♠❡s♠❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳

❆q✉✐✱ E = E0⊕E1 é ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛

❝♦♠ s✉❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧✳

❆té ♦ tr❛❜❛❧❤♦ ❞❡ ❉✐ ❱✐♥❝❡♥③♦ ❡ ❉r❡♥s❦✐✱ ❡♠ ❬✺❪✱ ❛s ❜❛s❡s ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s

Z2✲❣r❛❞✉❛❞❛s ❞❡ ✉♠❛ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛ A ❡r❛♠ ❝♦♥❤❡❝✐❞❛s ❡♠ ❛❧❣✉♥s ♣♦✉❝♦s

❝❛s♦s ✭✈❡❥❛ ❬✹❪ ❡ ❬✶✽❪ ♣❛r❛ ❡①❡♠♣❧♦s✮

❙❡❥❛♠ R1 ❡ R2 á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s s♦❜r❡ ✉♠ ❝♦r♣♦ K ❡ s❡❥❛ M ✉♠ (R1, R2)✲
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❜✐♠ó❞✉❧♦ ❧✐✈r❡✳ ❊♥❝♦♥tr❛r❡♠♦s ✉♠❛ ❜❛s❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s Z2✲❣r❛❞✉❛❞❛s

♣❛r❛ ❛ s✉♣❡rá❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s q✉❛❞r❛❞❛s ❞❡ ♦r❞❡♠ ❞♦✐s

A =





R1 M

0 R2



 ,

❝♦♠ ❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧

A0 =





R1 0

0 R2



 ❡ A1 =





0 M

0 0



 ,

❛ss✉♠✐♥❞♦ q✉❡ ❝♦♥❤❡❝❡♠♦s ❜❛s❡s ❞♦s T ✲✐❞❡❛✐s T (R1)✱ T (R2) ❡ T (R1) ∩ T (R2) ❞❛s

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♦r❞✐♥ár✐❛s ❞❛s á❧❣❡❜r❛s R1✱ R2 ❡ R1 ⊕ R2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

➱ ❢á❝✐❧ ✈❡r q✉❡ A2
1 = 0✱ ✐st♦ é✱ ❛ ❝♦♠♣♦♥❡♥t❡ í♠♣❛r ❞❛ s✉♣❡rá❧❣❡❜r❛ A é ♥✐❧♣♦t❡♥t❡

❞❡ ❝❧❛ss❡ ✷✳ P♦rt❛♥t♦✱ ❡st❡ ❢❛t♦ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠ ♣r✐♠❡✐r♦ ♣❛ss♦ ♣❛r❛

✉♠ ❡st✉❞♦ s✐st❡♠át✐❝♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❛s s✉♣❡rá❧❣❡❜r❛s ❝♦♠ ❝♦♠♣♦♥❡♥t❡ í♠♣❛r

♥✐❧♣♦t❡♥t❡✳ ➱ ♥♦ ❡s♣ír✐t♦ ❞♦ r❡s✉❧t❛❞♦ ❞♦ ❈❛♣ít✉❧♦ ❛♥t❡r✐♦r q✉❡ ♦❜t❡r❡♠♦s ✉♠❛

❞❡s❝r✐çã♦ ❞❛ s✉♣❡rá❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❛ ✈❛r✐❡❞❛❞❡ ❞❡ s✉♣❡rá❧❣❡❜r❛s ❣❡r❛❞❛s ♣♦r

A✳ ■st♦ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ❞❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s

❡♠ ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s✱ ❡st❛❜❡❧❡❝✐❞♦ ♣♦r ▲❡✇✐♥✱ ❡ ❞❡t❛❧❤❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ❛♥t❡r✐♦r

❞❡st❡ tr❛❜❛❧❤♦✳

❙♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❛s ❜❛s❡s ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

♦r❞✐♥ár✐❛s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❢♦✐ ❡♥❝♦♥tr❛❞❛ ♣♦r

▼❛❧✬❝❡✈ ❡✱ ♣❛r❛ ❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ ❞♦✐s ♣♦r ❘❛③♠②s❧♦✈ ❡ ✉♠ ❞♦s ❛✉t♦r❡s ❡♠ ❬✹❪✳

❆♣❧✐❝❛r❡♠♦s ❡st❡s r❡s✉❧t❛❞♦s ♣❛r❛ ♦❜t❡r ❜❛s❡s ♣❛r❛ ❛s s✉♣❡r✐❞❡♥t✐❞❛❞❡s ❞❛s á❧❣❡❜r❛s

❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s ❡♠ ❜❧♦❝♦s

A =





R1 N

0 R2



 ,

❝♦♠ ❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧✱ ♥♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

✭✶✮ R1 ❡ R2 sã♦ ❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❞❡ ♦r❞❡♠ p ❡ q✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❡ N ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ p ♣♦r q✱ ❝♦♠ p > q❀

✭✷✮ R1 = R2 = N = M2(K)❀

✭✸✮ R1 = N = M2(K) ❡ R2 é ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❞❡ ♦r❞❡♠

❞♦✐s✳

✸✽



✹✳✷ ❖ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧

❙❡❥❛♠ Y = {y1, y2, . . . }✱ Z = {z1, z2, . . . } ❡ X = Y ∪ Z✳ ❈♦♥s✐❞❡r❡♠♦s ❛s

✈❛r✐á✈❡✐s y1, y2, . . . ❡ z1, z2, . . . ❝♦♠♦ ♣❛r❡s ❡ í♠♣❛r❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ K〈X〉✱ ❣❡r❛❞❛ ❧✐✈r❡♠❡♥t❡ ♣♦r X✱ ♣♦ss✉✐ ✉♠❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧✱

K〈X〉 = K〈X〉0 ⊕ K〈X〉1✱ ♦♥❞❡ ✉♠ ♠♦♥ô♠✐♦ w = xi1xi2 . . . xin ♣❡rt❡♥❝❡ ❛ K〈X〉0

s❡ ♦ ♥ú♠❡r♦ ❞❡ ❡♥tr❛❞❛s ❡♠ w ❞❡ ❡❧❡♠❡♥t♦s ❞❡ Z é ♣❛r ❡ w ∈ K〈X〉1 s❡ ♦ ♥ú♠❡r♦

❞❡st❛s ❡♥tr❛❞❛s ❢♦r í♠♣❛r✳ ❯♠ ♣♦❧✐♥ô♠✐♦ f(y, z) = f(y1, . . . , ym, z1, . . . , zn) ∈ K〈X〉 é

❞✐t❛ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ✭♦✉ s✉♣❡r✐❞❡♥t✐❞❛❞❡✮ Z2✲❣r❛❞✉❛❞❛ ♣❛r❛ ❛ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛

A = A0 + A1✱ s❡ f(b, c) = f(b1, . . . , bm, c1, . . . , cn) = 0 ♣❛r❛ t♦❞♦s b1, . . . , bm ∈ A0 ❡

c1, . . . , cn ∈ A1✳ ❉❡♥♦t❛r❡♠♦s ♣♦r T2(A) ♦ T2✲✐❞❡❛❧ ❞❛s s✉♣❡r✐❞❡♥t✐❞❛❞❡s ❞❡ A ❡ ♣♦r

U2(A) = K〈X〉
T2(A)

❛ s✉♣❡rá❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❛ ✈❛r✐❡❞❛❞❡ ❞❡ s✉♣❡rá❧❣❡❜r❛s ❣❡r❛❞❛

♣♦r A✳ ❯s❛r❡♠♦s ❛s ♠❡s♠❛s ♥♦t❛çõ❡s y1, y2, . . . ❡ z1, z2, . . . ♣❛r❛ ♦s ❣❡r❛❞♦r❡s ❞❡ U2(A)✳

◆♦ ❝❛s♦ ♦r❞✐♥ár✐♦✱ ❡s❝r❡✈❡r❡♠♦s ❛s ♥♦t❛çõ❡s ❝♦♠♦ ❛❝✐♠❛✱ ❡①❝❧✉✐♥❞♦ ♦ í♥❞✐❝❡ ✷✳

❖s ❞♦✐s ♣ró①✐♠♦s t❡♦r❡♠❛s ❝♦♥st✐t✉❡♠ ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳

❚❡♦r❡♠❛ ✹✳✷✳✶ ❙❡❥❛♠ R1 ❡ R2 P■✲á❧❣❡❜r❛s ✭♦r❞✐♥ár✐❛s✮ ❛ss♦❝✐❛t✐✈❛s s♦❜r❡ ✉♠ ❝♦r♣♦

K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛ ❡ s❡❥❛ M ♦ (R1, R2)✲❜✐♠ó❞✉❧♦ ❧✐✈r❡✳ ❙❡❥❛

A =

(

R1 M

0 R2

)

,

♠✉♥✐❞❛ ❝♦♠ ❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧

A0 =

(

R1 0

0 R2

)

❡ A1 =

(

0 M

0 0

)

.

❈♦♥s✐❞❡r❡ ❛✐♥❞❛ ♦s T ✲✐❞❡❛✐s T (R1)✱ T (R2) ❡ T (R1) ∩ T (R2) ❝♦♠ ❜❛s❡s {f 1
l1
; l1 ∈ L1}✱

{f 2
l2
; l2 ∈ L2} ❡ {fl; l ∈ L}✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦✱ ♦ T2✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s Z2✲❣r❛❞✉❛❞❛s ❞❡ A t❡♠ ❝♦♠♦ ❜❛s❡ ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦

{z1z2, fl(y), f
1
l1
(y)z1, y1f

2
l2
(y); l1 ∈ L1, l2 ∈ L2, l ∈ L}.

Pr♦✈❛✿ ❈♦♠♦ A1 = Me12 ❡ A2
1 = 0✱ ♦❜t❡♠♦s q✉❡ z1z2 = 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A✳

P❛r❛ q✉❛✐sq✉❡r r1, . . . , rml
∈ A0✱ ❡①✐st❡♠ r1

1, . . . , r
1
ml

∈ R1✱ r2
1, . . . , r

2
ml

∈ R2 t❛✐s q✉❡

ri = r1
i e11 + r2

i e22 , i = 1, . . . ,ml.

▲♦❣♦✱

✸✾



fl(r) = fl(r
1)e11 + fl(r

2)e22 = 0✱

♣♦✐s fl ∈ T (R1)∩T (R2)✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ f 1
l1
(y)z1 = 0 ❡ z1f

2
l2
(y) = 0 sã♦ ✐❞❡♥t✐❞❛❞❡s

♣❛r❛ A ❡

z1z2, fl(y), f
1
l1
(y)z1, z1f

2
l2
(y) ∈ T2(A)✱

♣❛r❛ q✉❛❧q✉❡r l1 ∈ L1, l2 ∈ L2, l ∈ L✳

❙❡❥❛ f(y1, . . . , ym, z1, . . . , zn) = 0 ✉♠❛ ✐❞❡♥t✐❞❛❞❡ Z2✲❣r❛❞✉❛❞❛ ❞❡ A ❡ s❡❥❛ f (q) ❛

❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ q ❡♠ z1, . . . , zn✳ ❱❛♠♦s ♠♦str❛r q✉❡ t♦❞♦ f (q) s❡❣✉❡

❞❡

{z1z2, fl(y), f
1
l1
(y)z1, z1f

2
l2
(y); l1 ∈ L1, l2 ∈ L2, l ∈ L}

❙❡ q > 1✱ ❡♥tã♦ q✉❛❧q✉❡r ♠♦♥ô♠✐♦ ❞❡ f (q) ❝♦♥té♠ ✉♠❛ s✉❜♣❛❧❛✈r❛ zp1
yi1 · · · yikzp2

✳

❈♦♠♦ zp1
yi1 · · · yik , zp2

∈ (K〈X〉)1✱ ❛ s✉♣❡r✐❞❡♥t✐❞❛❞❡ zp1
yi1 · · · yikzp2

= 0 é ✉♠❛

❝♦♥s❡qüê♥❝✐❛ ❞❡ z1z2 = 0✱ ✐st♦ é✱ f (q) = 0 s❡❣✉❡ ❞❡ z1z2 = 0✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r

q✉❡ f = f (0) + f (1)✳ ❈♦♠♦ A0 ∩ A1 = {0}✱ ❡♥tã♦ f (0) = 0 ❡ f (1) = 0 sã♦ ❛♠❜❛s

✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ A✳

❙❡ q = 0✱ ❡♥tã♦ f (0)(y1, . . . , ym) = 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A s❡✱ ❡ s♦♠❡♥t❡

s❡✱ f (0)(r1)e11 + f (0)(r2)e22 = 0 ♣❛r❛ t♦❞♦ r1
i ∈ R1, r

2
i ∈ R2✱ ❝♦♠ i = 1, . . . ,m✳

▲♦❣♦ f (0)(u) ∈ T (R1) ∩ T (R2) ❡ ❛ s✉♣❡r✐❞❡♥t✐❞❛❞❡ f (0)(y) = 0 é ✉♠❛ ❝♦♥s❡qüê♥❝✐❛

❞❡ {fl(y); l ∈ L}✳

❋✐♥❛❧♠❡♥t❡✱ s❡ q = 1✱ ✐st♦ é

f (1)(y1, . . . , ym, z1, . . . , zn) =
n
∑

i=1

ki
∑

j=1

f 1
ij(y)z1f

2
ij(y), ki > 0✳

♥❡st❡ ❝❛s♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛s ❝♦♠♣♦♥❡♥t❡s ♠✐st✉r❛❞❛s ❞❡ f (1)(y, z1, . . . , zn)✱ ♣♦❞❡♠♦s

❛ss✉♠✐r q✉❡ n = 1✱ ♦✉ s❡❥❛✱

f (1)(y1, . . . , ym, z1) =
k
∑

j=1

f 1
j (y)z1f

2
j (y), k > 0.

❱❛♠♦s ❢❛③❡r ✉s♦ ❞❡ ❛❧❣✉♠❛s ✐❞é✐❛s ✉t✐❧✐③❛❞❛s ♥❛ ❞❡♠♦♥str❛çã♦ ❡♠ ❬✶✾❪✳ ❖❜s❡r✈❡

q✉❡ t♦❞❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♦r❞✐♥ár✐❛ f 1(u1, . . . , um) = 0 ♣❛r❛ R1 ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡

❢♦r♠❛

f 1(u1, . . . , um) =
∑

w1f 1
l1
(t1, . . . , tml1

)w2 = 0✱

✹✵



♣❛r❛ ❛❧❣✉♥s w1, w2, t1, . . . , tml1
∈ K〈U〉✳ ❈♦♠♦ w2(y1, . . . , ym)z1 ∈ (K〈X〉)1✱ ♣❛r❛

q✉❛❧q✉❡r f 1(u) ∈ T (R1) ❛ s✉♣❡r✐❞❡♥t✐❞❛❞❡ f 1(y)z1 = 0 é ✉♠❛ ❝♦♥s❡qüê♥❝✐❛ ❞❡

{f 1
l1
(y)z1 = 0; l1 ∈ L1}❀ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛ f 2(u) ∈ T (R2)✳ P♦rt❛♥t♦✱ s❡♠ ♣❡r❞❛

❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s ❛ss✉♠✐r ♥❛ ❡①♣r❡ssã♦ ❞❡ f (1)(y, z1)✱ q✉❡ f 2
j , j = 1, . . . , k✱ sã♦

❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ♠ó❞✉❧♦ T (R2) ❡ f 1
j (u) ∈ T (R1)✱ ♣❛r❛ ❝❛❞❛ j = 1, . . . , k✳

❱❛♠♦s ♠♦str❛r q✉❡ ✐st♦ ♥♦s ❧❡✈❛ ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❙❡❥❛ P ♦ (R1, Kord(R2))✲❜✐♠ó❞✉❧♦ ❧✐✈r❡ ❣❡r❛❞♦ ♣♦r v1✳ ❈♦♠♦ f 1
1 (u) ∈ T (R1)✱

❡♥tã♦ ❡①✐st❡♠ r1
1, . . . , r

1
m ∈ R1 t❛✐s q✉❡ f 1

1 (u) 6= 0✱ ✐st♦ é✱

f(y, v1) =
k
∑

j=1

f 1
j (r1

1, . . . , r
1
m)v1f

2
j (y1, . . . , ym) 6= 0

❡♠ P ✳ ❘❡❡s❝r❡✈❡♠♦s f(y, v1) ❝♦♠♦

f(y, v1) =

p
∑

i=1

s1
i v1g

2
i (y)✱

♦♥❞❡ s1
1, . . . , s

1
p sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ R1✳ ❈♦♠♦ f 2

1 , . . . , f
2
k sã♦ ❧✐♥❡❛r♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ Kord(R2)✱ ♦❜t❡♠♦s q✉❡ g2
i (u) ∈ T (R2), i = 1, . . . , p✱ ❡ p > 0✳ ❉❛í✱

g2
1(r

2) 6= 0 ♣❛r❛ ❛❧❣✉♠ r2
1, . . . , r

2
m ∈ R2 ❡✱ ♣❛r❛ ✉♠ ❡❧❡♠❡♥t♦ m1 ∈ M ❞♦ ❝♦♥❥✉♥t♦

❣❡r❛❞♦r ❧✐✈r❡ ❞♦ (R1, R2)✲❜✐♠ó❞✉❧♦ M ✱ ❛ s♦♠❛
p
∑

i=1

s1
im1g

2
i (r

2) é ❞✐❢❡r❡♥t❡ ❞❡ 0 ❡♠ M ✳

❝♦♠♦

f (1)(r1
1e11 + r2

1e22, . . . , r
1
me11 + r2

me22,m1e12) =

(

p
∑

i=1

s1
im1g

2
i (r

2)

)

e12✱

❡♥tã♦ f (1)(y, z1) ♥ã♦ ❞❡s❛♣❛r❡❝❡ ❡♠ A✳

■st♦ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ q✉❡ ❛ ❜❛s❡ ❞♦ T2(A) é

{z1z2, fl(y), f
1
l1
(y)z1, y1f

2
l2
(y); l1 ∈ L1, l2 ∈ L2, l ∈ L}✳

✹✶



❚❡♦r❡♠❛ ✹✳✷✳✷ ▼❛♥t❡♥❞♦ ❛s ♥♦t❛çõ❡s ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ s❡❥❛♠ U2(R1) ❡ U2(R2)

❛s ❝♦rr❡s♣♦♥❞❡♥t❡s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❡ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛s ♣♦r {u1
1, u

2
1, . . . }

❡ {u1
2, u

2
2, . . . }✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ s❡❥❛ V ♦ (U2(R1), U2(R2))✲❜✐♠ó❞✉❧♦ ❧✐✈r❡ ❝♦♠

❣❡r❛❞♦r❡s ❧✐✈r❡s w1, w2, . . . ✳ ❆ s✉♣❡rá❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ U2(A) é ✐s♦♠♦r❢❛ ❛

s✉♣❡rá❧❣❡❜r❛ U1
2 (A) ❞❡

(

U2(R1) V

0 U2(R2)

)

❣❡r❛❞❛ ♣♦r

y1
i = ui

1E11 + ui
2E22 ❡ zi

1 = wiE12 ❝♦♠ i = 1, 2, . . . .

Pr♦✈❛✿ ❙❡❥❛ w : U〈X〉 → U1
2 (A) ♦ ❤♦♠♦♠♦r✜s♠♦ Z2✲❣r❛❞✉❛❞♦✱ ❞❡✜♥✐❞♦ ♣♦r

w(yi) = yi, w(zi) = zi, i = 1, 2, . . .✳ ➱ s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ Ker w = T2(A)✳ ❙❡❥❛

{f 1
l1
; l1 ∈ L1}, {f

2
l2
; l2 ∈ L2} ❡ {fl; l ∈ L} ❜❛s❡s ❞♦s T ✲✐❞❡❛✐s ✭♦r❞✐♥ár✐♦s✮ T (R1), T (R2)

❡ T (R1) ∩ T (R2)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖❜✈✐❛♠❡♥t❡✱ ❛ s✉♣❡rá❧❣❡❜r❡ U1
2 (A) s❛t✐s❢❛③ ❛s

✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s z1z2 = 0, fl(y) = 0, f1
l1
(y)z1 = 0, z1f

2
l2
(y) = 0, l1 ∈ L1, l2 ∈

L2, l ∈ L ❡ ♣❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡ Ker w ⊃ T2(A)✳

❙❡❥❛ f(y, z) = f(y1, . . . , ym, z1, . . . , zn) ∈ Ker w✳ ❙❡❣✉✐r❡♠♦s ❛s ♣r✐♥❝✐♣❛✐s ❡t❛♣❛s

❞❛ ❞❡♠♦♥str❛çã♦ ❛♥t❡r✐♦r✳ ❙❡❥❛ f (q) ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ q ❡♠ z1, . . . , zn✳

➱ ❢á❝✐❧ ✈❡r q✉❡ f (q) ∈ T2(A) ⊆ Ker w ♣❛r❛ q > 1✱ ♣♦✐s zp1
yi1 · · · yikzp2

∈ T2(A)✱ ❡

❞❛í✱ f (0) + f (1) ∈ Ker w✳ ❈♦♠♦ ❛s ❝♦♠♣♦♥❡♥t❡s ♣❛r❡s ❡ í♠♣❛r❡s ❞❛ s✉♣❡rá❧❣❡❜r❛

U1
2 (A) s❡ ✐♥t❡rs❡❝t❛♠ tr✐✈✐❛❧♠❡♥t❡✱ ♦❜t❡♠♦s q✉❡ f (0) ❡ f (1) ♣❡rt❡♥❝❡♠ ❛♦ ker w✳ ▲♦❣♦✱

f (0)(u) ∈ T (R1) ∩ T (R2) ❡ ❞❡ss❛ ❢♦r♠❛✱ f (0)(y) ∈ T2(A)✳ ❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ q = 1✱

♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ ♣❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ ♥ã♦✲♥✉❧♦

f (1)(y, w1, . . . , wn) =
n
∑

i=1

ki
∑

j=1

f 1
ij(y)wif

2
ij(y) ∈ W ✳

❡①✐st❡♠ r1
1, . . . , r

1
m ∈ R1✱ r2

1, . . . , r
2
m ∈ R2✱ m1, . . . ,mn ∈M t❛✐s q✉❡

f (1)(r1
1e11 + r2

1e22, . . . , r
1
me11 + r2

me22,m1e12, . . . ,mne12) 6= 0✱

♦✉ s❡❥❛✱ f(y, z) ∈ Ker w ✐♠♣❧✐❝❛ f (1)(y, z) ∈ T2(A)✳ ▲♦❣♦✱ f(y, z) = 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡

Z2✲❣r❛❞✉❛❞❛ ♣❛r❛ A ❡ Ker w ⊂ T2(A)✳ ■st♦ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛✳

✹✷



✹✳✸ ❊①❡♠♣❧♦s

❙❡❥❛ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❡ s❡❥❛

A =





R1 N

0 R2



 ,

❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s ❡♠ ❜❧♦❝♦ ❝♦♠ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧✱ ♥♦s s❡❣✉✐♥t❡s

❝❛s♦s✿

✭✶✮ R1 ❡ R2 sã♦ ❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❞❡ ♦r❞❡♠ p ❡ q✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❡ N ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ p ♣♦r q✱ ❝♦♠ p > q❀

✭✷✮ R1 = R2 = N = M2(K)❀

✭✸✮ R1 = N = M2(K) ❡ R2 é ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❞❡ ♦r❞❡♠

❞♦✐s✳

❊♥tã♦✱ ❛s ❜❛s❡s ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s Z2✲❣r❛❞✉❛❞❛s ❞❡ A sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

✭✶✮ z1z2✱ [y1, y2] . . . [y2p−1, y2p] ❡ z1[y1, y2] . . . [y2q−1, y2q]❀

✭✷✮ z1z2✱ s4(y) ❡ [[y1, y2]
2, y1]✱ ♦♥❞❡ s4(y) = s4(y1, y2, y3, y4) é ♦ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞

❞❡ ❣r❛✉ ✹❀

✭✸✮ z1z2✱ s4(y)✱[[y1, y2]
2, y1] ❡ z1[y1, y2][y3, y4]✳

✹✳✹ ❈♦♠❡♥tár✐♦s ✜♥❛✐s

✭✶✮ ❊♠ ❡st✉❞♦s r❡❝❡♥t❡s✱ ❙✳ ▼✳ ❆❧✈❡s ❡ P✳ ❑♦s❤❧✉❦♦✈ ❣❡♥❡r❛❧✐③❛r❛♠ ♦s r❡s✉❧t❛❞♦s

❛❝✐♠❛ ♣❛r❛ ♠❛tr✐③❡s ❡♠ ❜❧♦❝♦s ❞❡ ♦r❞❡♠ n❀

✭✷✮ ❆t✉❛❧♠❡♥t❡✱ ❆✳ ❇r❛♥❞ã♦ ❡stá ❞❡s❝r❡✈❡♥❞♦ ♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❡ t❛✐s á❧❣❡❜r❛s❀

✭✸✮ ❯♠ ♣r♦❜❧❡♠❛ ✐♥t❡r❡ss❛♥t❡ é t❡♥t❛r ❡♥❝♦♥tr❛r ✐❞❡♥t✐❞❛❞❡s ❢r❛❝❛s ♣❛r❛

s✉♣❡rá❧❣❡❜r❛s✱ ♣♦✐s ❛ ♣❛rt✐r ❞❡❧❛s ♣♦❞❡♠♦s ♦❜t❡r ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s ❡

♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s✳

✹✸



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆✳ ❇❡r❡❧❡✱ ●❡♥❡r✐❝ ❱❡r❜❛❧❧② Pr✐♠❡ ❆❧❣❡❜r❛s ❛♥❞ t❤❡✐r ●❑✲❞✐♠❡♥s✐♦♥s✱ ❈♦♠♠✉♥✳

❆❧❣❡❜r❛✱ 21(5)✱ 1487 − 1504✱ 1993✳

❬✷❪ ❆✳ ❨❛✳ ❇❡❧♦✈✱ ❈♦✉♥t❡r❡①❛♠♣❧❡s t♦ t❤❡ ❙♣❡❝t❤ ♣r♦❜❧❡♠✱ ▼❛t❤❡♠❛t✐❝ ♦❢ t❤❡ ❯❙❙❘✲

❙❜♦r♥✐❦✱ 191✱ N o.3 − 4✱ 329 − 340✱ 2000✳

❬✸❪ ❆✳❑✳ ❇❡❧♦✈✱ ▲✳❍✳ ❘♦✇❡♥✱ ❈♦♠♣✉t❛t✐♦♥❛❧ ❆s♣❡❝ts ♦❢ P♦❧②♥♦♠✐❛❧ ■❞❡♥t✐t✐❡s✱ ❆✳❑✳

P❡t❡rs✱ ❲❡❧❧❡s❧❡②✱ 2005✳

❬✹❪ ❖✳ ▼✳ ❉✐ ❱✐♥❝❡♥③♦✱ ❖♥ t❤❡ ❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s ♦❢ M1,1(E)✱ ■sr❛❡❧ ❏✳ ▼❛t❤✳✱ 80(3)✱

323 − 335✱ 1992✳

❬✺❪ ❖✳ ▼✳ ❉✐ ❱✐♥❝❡♥③♦ ❛♥❞ ❱✳ ❉r❡♥s❦②✱ ❚❤❡ ❇❛s✐s ♦❢ t❤❡ P♦❧②♥♦♠✐❛❧ ■❞❡♥t✐t✐❡s

❢♦r ❙✉♣❡r❛❧❣❡❜r❛s ♦❢ tr✐❛♥❣✉❧❛r ▼❛tr✐❝❡s✱ ❈♦♠♠✉♥✳ ✐♥ ❆❧❣❡❜r❛✳ ▼❛t❤✳✱ 24(2)✱

727 − 735✱ 1996✳

❬✻❪ ❱✳ ❉r❡♥s❦②✱ ❋r❡❡ ❛❧❣❡❜r❛s ❛♥❞ P■ ❛❧❣❡❜r❛s✱ ●r❛❞✉❛t❡ ❈♦✉rs❡ ✐♥ ❆❧❣❡❜r❛✱ ❙♣r✐♥❣❡r✲

❱❡r❧❛❣ P❚❊✳▲❚❉✱ ✶✾✾✾✳

❬✼❪ ❱✳ ❉r❡♥s❦②✱ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❞✐♠❡♥s✐♦♥ ♦❢ P■ ❛❧❣❡❜r❛s✱ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ P✉r❡ ❛♥❞

❆♣♣❧✳ ▼❛t❤✳ 198✱ ❉❡♥❦❡r✱ ◆❡✇ ❨♦r❦✱ 97 − 113✱ 1998✳

❬✽❪ ❆✳ ❱✳ ●r✐s❤✐♥✱ ❊①❛♠♣❧❡s ♦❢ ❚✲s♣❛❝❡s ❛♥❞ ❚✲✐❞❡❛❧s ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ 2 ✇✐t❤♦t ✜♥✐t❡

❜❛s✐s ♣r♦♣❡rt②✭✐♥ ❘✉ss✐❛♥✮✱ ❋✉♥❞❛♠❡♥t❛❧♥❛②❛ ✐ Pr✐❦❧❛❞♥❛②❛ ▼❛t❡♠❛t✐❦❛✱ 5✱

N o.1✱ 101 − 118✱ 1999✳

❬✾❪ ❆✳ ❑❡♠❡r✱ ■❞❡❛❧s ♦❢ ✐❞❡♥t✐t✐❡s ♦❢ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛s✱ ❚r❛♥s❧❛t✐♦♥s ▼❛t❤✳

▼♦♥♦❣r❛♣❤s 87✱ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ Pr♦✈✐❞❡♥❝❡✳ ❘■✱ 1991✳

❬✶✵❪ ❆✳ ❑❡♠❡r✱ ❚❤❡ st❛♥❞❛r❞ ✐❞❡♥t✐t✐❡s ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ♣✿ ❆ ❝♦♥❥❡❝t✉r❡ ♦❢ ■✳❇✳

❱♦❧✐❝❤❡♥❦♦✱ ■sr❛❡❧ ❏✳ ▼❛t❤✳✱ 81(3)✱ 343 − 355✱ 1993✳

✹✹



❬✶✶❪ ❏✳ ▲❡✇✐♥✱ ❆ ♠❛tr✐① r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛s✱ ■✱ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳

❙♦❝✳✱ 188✱ 293 − 308✱ 1974✳

❬✶✷❪ ❱✳❚✳ ▼❛r❦♦✈✱ ❚❤❡ ●❡❧❢❛♥❞✲❑✐r✐❧❧♦✈ ❞✐♠❡♥s✐♦♥✿ ◆✐❧♣♦t❡♥❝② r❡♣r❡s❡♥t❛❜✐❧✐t②✱ ◆♦♥

♠❛tr✐① ✈❛r✐❡t✐❡s ✭✐♥ ❘✉ss✐❛♥✮✱ ❙✐❜❡r✐❛♥ ❙❝❤♦♦❧ ♦♥ ❱❛r✐❡t✐❡s ♦❢ ❆❧❣❡❜r❛✐❝

❙②st❡♠s✱ ❆❜str❛❝ts✱ ❇❛r♥❛✉❧✱ 43 − 45✱ 1988✳

❬✶✸❪ ❈✳ Pr♦❝❡s✐✱ ◆♦♥✲❝♦♠♠✉t❛t✐✈❡ ❆✣♥❡ ❘✐♥❣s✱ ❆tt✐ ❆❝❝❛❞✳ ◆❛③✳ ▲✐♥❝❡✐ ♠❡♥❤✳ ❈❧✳ ❙❝✐✳

❋✐s✳ ▼❛t ◆❛t✉r✳ ❙❡③ ■✱ 8(8)✱ 239 − 255✱ 1967✳

❬✶✹❪ ❆✳ ❘❡❣❡✈✱ ❊①✐st❡♥❝❡ ♦❢ ✐❞❡♥t✐t✐❡s ✐♥ A⊗ B✱ ■sr❛❡❧ ❏✳ ▼❛t❤✳✱ 11✱ 131 − 152✱ 1972✳

❬✶✺❪ ❱✳❱✳ ❙❤❝❤✐❣♦❧❡✈✱ ❊①❛♠♣❧❡s ♦❢ ✐♥✜♥✐t❡❧② ❜❛s❛❜❧❡ ❚✲s♣❛❝❡s✱ ▼❛t❤❡♠❛t✐❝s ♦❢ t❤❡

❯❙❙❘✲❙❜♦r♥✐❦✱ 191✱ N o.3 − 4✱ 459 − 476✱ 2000✳

❬✶✻❪ ❲✳ ❙♣❡❝t❤✱ ●❡s❡t③❡ ✐♥ r✐♥❣❡♥✱ ▼❛t❤✳ ❩✳✱ 52✱ 557 − 589✱ 1950✳

❬✶✼❪ ❑✳ ❩❤❡✈❧❛❦♦✈✱ ❆✳ ❙❧✐♥❦♦✱ ■✳ ❙❤❡st❛❦♦✈ ❛♥❞ ❆✳ ❙❤✐rs❤♦✈✱ ❘✐♥❣s t❤❛t ❛r❡ ◆❡❛r❧②

❛ss♦❝✐❛t✐✈❡✱ P✉r❡ ❆♣♣❧✳ ▼❛t❤✳✱ 104✱ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ◆❡✇ ❨♦r❦ ✲ ▲♦♥❞♦♥✱ 1982✳

❬✶✽❪ ■✳ ❇✳ ❱♦❧✐❝❤❡♥❦♦✱ ◆♦♥✲❤♦♠♦❣❡♥❡✉s s✉❜❛❧❣❡❜r❛s ♦❢ ❝♦♠✉t❛t✐✈❡ s✉♣❡r❛❧❣❡❜r❛s✱

♣r❡♣r✐♥t 20 ■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❇✐❡❧♦r✉s✐❛♥ ❆❝❛❞❡♠✐❝ ♦❢ ❙❝✐❡♥❝s✱ 1985✳

❬✶✾❪ ❯✳ ▲❡r♦♥✱ ❆✳ ❱❛♣♥❡✱ P♦❧②♥♦♠✐❛❧ ✐❞❡♥t✐t✐❡s ♦❢ r❡❧❛t❡❞ r✐♥❣s✱ ■sr❛❡❧ ❏✳ ▼❛t❤✳ 8✱

127 − 137✱ 1975✳
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