
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

■❞❡♥t✐❞❛❞❡s ❡ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s
♣❛r❛ ➪❧❣❡❜r❛s ❞❡ ▼❛tr✐③❡s

♣♦r

▲❡♦♠❛q✉❡s ❋r❛♥❝✐s❝♦ ❙✐❧✈❛ ❇❡r♥❛r❞♦

s♦❜ ♦r✐❡♥t❛çã♦ ❞❡

Pr♦❢✳ ❉r✳ ❆♥tô♥✐♦ P❡r❡✐r❛ ❇r❛♥❞ã♦ ❏ú♥✐♦r

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

❏✉♥❤♦✴✷✵✵✾



■❞❡♥t✐❞❛❞❡s ❡ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s
♣❛r❛ ➪❧❣❡❜r❛s ❞❡ ▼❛tr✐③❡s

♣♦r

▲❡♦♠❛q✉❡s ❋r❛♥❝✐s❝♦ ❙✐❧✈❛ ❇❡r♥❛r❞♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ➪❧❣❡❜r❛

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❙ér❣✐♦ ▼♦t❛ ❆❧✈❡s✭❯❋❈●✮

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ P❧❛♠❡♥ ❊♠✐❧♦✈ ❑♦s❤❧✉❦♦✈✭❯◆■❈❆▼P✮

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆♥tô♥✐♦ P❡r❡✐r❛ ❇r❛♥❞ã♦ ❏ú♥✐♦r✭❯❋❈●✮

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❏✉♥❤♦✴✷✵✵✾

✐✐



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ st✉❞② ♣♦❧②♥♦♠✐❛❧ ✐❞❡♥t✐t✐❡s ❛♥❞ ❝❡♥tr❛❧ ♣♦❧②♥♦♠✐❛❧s ❢♦r ♠❛tr✐①

❛❧❣❡❜r❛s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ♣r❡s❡♥t t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✐❞❡♥t✐t✐❡s ❛♥❞ Zn✲❣r❛❞❡❞

❛♥❞ Z✲❣r❛❞❡❞ ❝❡♥tr❛❧ ♣♦❧②♥♦♠✐❛❧s ❢♦r t❤❡ ❛❧❣❡❜r❛ Mn(K) ✭t❤❡ n × n ♠❛tr✐❝❡s ♦✈❡r

t❤❡ ✜❡❧❞ K✮ ✇❤❡♥ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ K ✐s ③❡r♦✳ ❆❢t❡r✇❛r❞s ✇❡ ❣✐✈❡ t❤❡ ❞❡s❝r✐♣t✐♦♥

♦❢ t❤❡ ♦r❞✐♥❛r② ✭♥♦♥❣r❛❞❡❞✮ ❝❡♥tr❛❧ ♣♦❧②♥♦♠✐❛❧s ❢♦r t❤❡ ❛❧❣❡❜r❛ M2(K)✱ t❤❡ 2 × 2

♠❛tr✐❝❡s ♦✈❡r K✱ ❛ss✉♠✐♥❣ t❤❡ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t t✇♦

❝❧❛ss✐❝❛❧ ❝♦♥str✉❝t✐♦♥s ♦❢ ❝❡♥tr❛❧ ♣♦❧②♥♦♠✐❛❧s ❢♦rMn(K)✳ ❚❤❡s❡ ❛♣♣❡❛r❡❞ ❛s ❛♥ ❛♥s✇❡r

t♦ ❛ ♣r♦❜❧❡♠ ♣♦s❡❞ ❜② ❑❛♣❧❛♥s❦② ✐♥ ✶✾✺✻ ❛❜♦✉t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♥♦♥tr✐✈✐❛❧ ❝❡♥tr❛❧

♣♦❧②♥♦♠✐❛❧s ❢♦r t❤❛t ❛❧❣❡❜r❛✳

✐✐✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❡st✉❞♦ s♦❜r❡ ✐❞❡♥t✐❞❛❞❡s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s

♣❛r❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❛♣r❡s❡♥t❛♠♦s ❛ ❞❡s❝r✐çã♦ ❞❛s

✐❞❡♥t✐❞❛❞❡s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s Zn✲❣r❛❞✉❛❞♦s ❡ Z✲❣r❛❞✉❛❞♦s ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)

✭♠❛tr✐③❡s n × n s♦❜r❡ ✉♠ ❝♦r♣♦ K✮✱ q✉❛♥❞♦ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ K é ③❡r♦✳ ❉❡♣♦✐s✱

❛♣r❡s❡♥t❛♠♦s ❛ ❞❡s❝r✐çã♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♦r❞✐♥ár✐♦s ♣❛r❛ ❛ á❧❣❡❜r❛ M2(K)

✭♠❛tr✐③❡s 2 × 2 s♦❜r❡ K✮✱ t❛♠❜é♠ ♣❛r❛ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❋✐♥❛❧♠❡♥t❡✱

❛♣r❡s❡♥t❛♠♦s ❞✉❛s ❝♦♥str✉çõ❡s ❝❧áss✐❝❛s ❞❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ Mn(K)✱ q✉❡

s✉r❣✐r❛♠ ❝♦♠♦ r❡s♣♦st❛ ❛ ✉♠ ♣r♦❜❧❡♠❛ s✉❣❡r✐❞♦ ♣♦r ❑❛♣❧❛♥s❦② ❡♠ ✶✾✺✻ s♦❜r❡ ❛

❡①✐stê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♥ã♦ tr✐✈✐❛✐s ♣❛r❛ ❡st❛ á❧❣❡❜r❛✳

✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

▼❡✉s s✐♥❝❡r♦s ❛❣r❛❞❡❝✐♠❡♥t♦s✿

❆ ❉❡✉s✱ ❢♦rç❛ ♠❛✐♦r q✉❡ ♥♦s ✐♥s♣✐r❛ ❡ ♥♦s ❢❛③ ♣❡rs✐st✐r ❞✐❛♥t❡ ❞♦s ♦❜stá❝✉❧♦s✳

❆♦s ♠❡✉s ♣❛✐s✱●❡r✈ás✐♦✱ ❋át✐♠❛✱ ❆♥tô♥✐♦ ❡ ❋r❛♥❝✐s❝❛✱ ♣❡❧♦ ❛♠♦r✱ ❡❞✉❝❛çã♦✱

❡ ❛♥♦s ❞❡ ❞❡❞✐❝❛çã♦✳ ❆♦s ♠❡✉s ✐r♠ã♦s✱ t✐♦s✱ ❡ ❞❡♠❛✐s ❢❛♠✐❧✐❛r❡s ♣❡❧♦ ❛❢❡t♦✱ ❛♠✐③❛❞❡ ❡

❛♣♦✐♦ ♥❛s ❤♦r❛s ❞✐❢í❝❡✐s✳

❆ ♠✐♥❤❛ ❛✈ó✱ ❉❛✳ ❋r❛♥❝✐s❝❛✱ ♣❡❧♦s ♣r✐♠❡✐r♦s ❡♥s✐♥❛♠❡♥t♦s✱ ❡♠ ❡s♣❡❝✐❛❧✱ ♣♦r

t❡r ♠❡ ❡♥s✐♥❛❞♦ ❛s q✉❛tr♦ ♦♣❡r❛çõ❡s ❢✉♥❞❛♠❡♥t❛✐s✳

❆♦s ♣r♦❢❡ss♦r❡s ❞♦ ❉▼❊✴❯❋❈● ♣❡❧❛ ♠✐♥❤❛ ❢♦r♠❛çã♦✳ ❊♠ ❡s♣❡❝✐❛❧ ❛♦ Pr♦❢❡ss♦r

❉❛♥✐❡❧ ❈♦r❞❡✐r♦✱ ♣❡❧❛ ♦r✐❡♥t❛çã♦ ❞✉r❛♥t❡ ❛ ♠✐♥❤❛ ❣r❛❞✉❛çã♦✱ ♦ ✐♥❝❡♥t✐✈♦ ❡ ♦ ❡♥♦r♠❡

❛♣♦✐♦✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❞♦ ▼❡str❛❞♦✱ ♣r♦❢❡ss♦r ❆♥tô♥✐♦ P❡r❡✐r❛ ❇r❛♥❞ã♦✱ ♣❡❧❛

❝♦♥✜❛♥ç❛✱ ♦r✐❡♥t❛çã♦✱ ❝♦♠♣❛♥❤❡✐r✐s♠♦✱ s❡r✐❡❞❛❞❡✱ ♣❛❝✐ê♥❝✐❛ ❡ t♦❞❛ ❛ ❛❥✉❞❛ q✉❡ ♠❡

❝♦♥❝❡❞❡✉ ❝♦♠ ♦ s❡✉ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠át✐❝♦✳

❆♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞❛ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ❞❛ ❯❋❈● q✉❡

❝♦♥tr✐❜✉ír❛♠ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ❝♦♠ ❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❡ ♣❛r❛ ❛ ❝♦♥❝❧✉sã♦ ❞❡st❡

tr❛❜❛❧❤♦✳

❆ ♠✐♥❤❛ ❛♠✐❣❛✱ ♣r♦❢❡ss♦r❛ ▼❛r✐s❛✱ ♣❡❧♦ ✐♥❝❡♥t✐✈♦✱ ❛ ❝♦♥✜❛♥ç❛✱ ♦ ❝❛r✐♥❤♦✱ ♦s

❝♦♥s❡❧❤♦s✳ ➱s ✉♠ ❣r❛♥❞❡ ❡①❡♠♣❧♦ ❛ s❡r s❡❣✉✐❞♦✳

❆♦s ❛♠✐❣♦s ❡ ❝♦♠♣❛♥❤❡✐r♦s ❞❡ ▼❡str❛❞♦✱ ♣❡ss♦❛s q✉❡ ♠❡ ❡♥❝♦r❛❥❛r❛♠ ❛ s❡❣✉✐r

❝♦♠ ❡ss❡ ❡ ♦✉tr♦s ♣r♦❥❡t♦s✱ ❡♠ ❡s♣❡❝✐❛❧✱ ❘❡❣✐♥❛❧❞♦✱ ❙✉❡♥❡✱ ▼❛r✐❛ ❏♦s❡❛♥❡✱ ▼❛rí❧✐❛✱

❘✐✈❛❧❞♦ ❡ ❉❛✈✐❞✳

❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛ q✉❡ ❛✈❛❧✐❛r❛♠ ♦ tr❛❜❛❧❤♦ ❡ ❝✉❥❛s s✉❣❡stõ❡s

❛❥✉❞❛r❛♠ ❛ ♠❡❧❤♦r❛r ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♦ ♥♦ss♦ tr❛❜❛❧❤♦✳

❆ ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

❆ t♦❞♦s✱ ♠❡✉ ♠✉✐t♦ ♦❜r✐❣❛❞♦✳

✈



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s✱ ●❡r✈ás✐♦ ❡ ❋át✐♠❛✳

✈✐



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

✶ ❈♦♥❝❡✐t♦s ❇ás✐❝♦s ✺

✶✳✶ ➪❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✷ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✸ ❱❛r✐❡❞❛❞❡s ❡ ➪❧❣❡❜r❛s ❘❡❧❛t✐✈❛♠❡♥t❡ ▲✐✈r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✹ ➪❧❣❡❜r❛s ❡♥✈♦❧✈❡♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✺ P♦❧✐♥ô♠✐♦s ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s ❡ ♠✉❧t✐❧✐♥❡❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✻ ❚✲❡s♣❛ç♦s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✼ ■❞❡♥t✐❞❛❞❡s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❣r❛❞✉❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷ ■❞❡♥t✐❞❛❞❡s ❡ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ●r❛❞✉❛❞♦s ♣❛r❛ ❛ ➪❧❣❡❜r❛ Mn(K) ✷✽

✷✳✶ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s Zn✲❣r❛❞✉❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✷ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s Zn✲❣r❛❞✉❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✷✳✸ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s Z✲❣r❛❞✉❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷✳✹ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s Z✲❣r❛❞✉❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✸ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ♣❛r❛ ❛ ➪❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ✺✼

✸✳✶ ❖ T ✲❡s♣❛ç♦ C(M2(K)) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹ ❈♦♥str✉çõ❡s ❞❡ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ♣❛r❛ ❛ ➪❧❣❡❜r❛ Mn(K) ✻✻

✹✳✶ ▼❛tr✐③❡s ●❡♥ér✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✹✳✷ ❈♦♥str✉çã♦ ❞❡ ❋♦r♠❛♥❡❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✹✳✸ ❈♦♥str✉çã♦ ❞❡ ❘❛③♠②s❧♦✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✹✳✹ ❈♦♥str✉çã♦ ❞❡ ▲❛t②s❤❡✈ ❡ ❙❤♠❡❧❦✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

❇✐❜❧✐♦❣r❛✜❛ ✽✷

✈✐✐



■♥tr♦❞✉çã♦

❆ t❡♦r✐❛ ❞❛s á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s é ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛

❚❡♦r✐❛ ❞❡ ❆♥é✐s✳ ❯♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ✉♠❛ á❧❣❡❜r❛ A é ✉♠ ♣♦❧✐♥ô♠✐♦

f(x1, x2, . . . , xn) ❡♠ ✈❛r✐á✈❡✐s ♥ã♦ ❝♦♠✉t❛t✐✈❛s q✉❡ s❡ ❛♥✉❧❛ q✉❛♥❞♦ ❛✈❛❧✐❛❞♦ ❡♠

q✉❛✐sq✉❡r ❡❧❡♠❡♥t♦s ❞❡ A✳ ❉✐③❡♠♦s q✉❡ A é ✉♠❛ P■✲á❧❣❡❜r❛ q✉❛♥❞♦ ❡①✐st❡ ✉♠

♣♦❧✐♥ô♠✐♦ ♥ã♦ ♥✉❧♦ ♥❡st❛s ❝♦♥❞✐çõ❡s✳ P♦❞❡♠♦s ❝✐t❛r ❝♦♠♦ ❡①❡♠♣❧♦ ❞❡ P■✲á❧❣❡❜r❛s

❛s á❧❣❡❜r❛s ❝♦♠✉t❛t✐✈❛s✱ ❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ❛s ♥✐❧♣♦t❡♥t❡s✳ ❯♠❛ ✈❡③ q✉❡ ❛s

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞✐③❡♠ ♠✉✐t♦ s♦❜r❡ ❛ ❡str✉t✉r❛ ❞❡ ✉♠❛ á❧❣❡❜r❛✱ s❡✉ ❡st✉❞♦

♣❛ss❛ ❛ s❡r ❞❡ ❣r❛♥❞❡ r❡❧❡✈â♥❝✐❛✳

❆ t❡♦r✐❛ ❞❛s á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♦✉ P■✲t❡♦r✐❛ t❡✈❡ ✐♥í❝✐♦ ❝♦♠

tr❛❜❛❧❤♦s ❞❡ ♠❛t❡♠át✐❝♦s ❝♦♠♦ ❏❛❝♦❜s♦♥✱ ❑❛♣❧❛♥s❦②✱ ▲❡✈✐t③❦✐✱ ❉✉❜♥♦✈ ❡ ■✈❛♥♦✈

✭♣♦❞❡♠♦s ❝✐t❛r ❝♦♠♦ ❡①❡♠♣❧♦s ❬✷✻❪✱ ❬✷✼❪✱ ❬✸✼❪✱ ❬✶✹❪✮✱ q✉❡ tr❛t❛✈❛♠ ❞❛ ❡str✉t✉r❛ ❞❡ ❛♥é✐s

✭♦✉ á❧❣❡❜r❛s✮ q✉❡ s❛t✐s❢❛③❡♠ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧✱ ❡ ❝♦♠❡ç♦✉ ❛ s❡ ❞❡s❡♥✈♦❧✈❡r

♠❛✐s ✐♥t❡♥s❛♠❡♥t❡ ♣♦r ✈♦❧t❛ ❞❡ 1950 q✉❛♥❞♦ ❢♦✐ ♣r♦✈❛❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❆♠✐ts✉r✲▲❡✈✐t③❦✐

❬✶✵❪✱ ♦ q✉❛❧ ❛✜r♠❛ q✉❡ ❛ á❧❣❡❜r❛Mn(K) ❞❛s ♠❛tr✐③❡s n×n s♦❜r❡ ✉♠ ❝♦r♣♦ K s❛t✐s❢❛③ ❛

✐❞❡♥t✐❞❛❞❡ ✧st❛♥❞❛r❞✧❞❡ ❣r❛✉ 2n✳ ❆♦ ❧♦♥❣♦ ❞♦s ❛♥♦s ❛ P■✲t❡♦r✐❛ t❡♠ s✐❞♦ ❞❡s❡♥✈♦❧✈✐❞❛ ❡

❡①♣♦st❛ ❛tr❛✈és ❞❡ ❡①❝❡❧❡♥t❡s tr❛❜❛❧❤♦s ✭❛rt✐❣♦s ❡ ❧✐✈r♦s✮ ❞❡ ♠❛t❡♠át✐❝♦s ❝♦♠♦ ◆❛❣❛t❛✱

❍✐❣♠❛♥✱ P♦s♥❡r✱ ❆♠✐ts✉r✱ ❍❡rst❡✐♥✱ Pr♦❝❡s✐✱ ❘♦✇❡♥✱ ❙❤✐rs❤♦✈✱ ❉r❡♥s❦② ✭♣♦❞❡♠♦s ❝✐t❛r

❝♦♠♦ ❡①❡♠♣❧♦s ❬✸✾❪✱ ❬✷✺❪✱ ❬✹✷❪✱ ❬✸❪✱ ❬✷✸❪✱ ❬✷✹❪✱ ❬✹✸❪✱ ❬✹✾❪✱ ❬✺✵❪✱ ❬✺✶❪✱ ❬✶✸❪✮ ❡♥tr❡ ♦✉tr♦s✳

❯♠❛ ❞❛s q✉❡stõ❡s ❝❡♥tr❛✐s ♥❛ P■✲t❡♦r✐❛ ❡stá r❡❧❛❝✐♦♥❛❞❛ à ❞❡s❝r✐çã♦ ❞❛s

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ ✉♠❛ á❧❣❡❜r❛✱ ✐st♦ é✱ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ✉♠❛ ❜❛s❡ ♣❛r❛

♦ ❚✲✐❞❡❛❧ ✭✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s✮ ❞❡st❛ á❧❣❡❜r❛✳ ❊♠ 1950✱ ❙♣❡❝❤t ❧❡✈❛♥t♦✉ ♦ s❡❣✉✐♥t❡

q✉❡st✐♦♥❛♠❡♥t♦✿ ✑❚♦❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ♣♦ss✉✐ ✉♠❛ ❜❛s❡ ✜♥✐t❛ ♣❛r❛ s✉❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s❄ ✑✳ ❊st❛ ♣❡r❣✉♥t❛ ✜❝♦✉ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ Pr♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t✳ ❊♠ ✶✾✽✼✱

❑❡♠❡r✱ ❡♠ s❡✉ ✐♠♣♦rt❛♥t❡ tr❛❜❛❧❤♦ ✭❬✷✾❪✱❬✸✵❪✮ s♦❜r❡ ❛ ❡str✉t✉r❛ ❞♦s ❚✲✐❞❡✐❛✐s ❡♠

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❞❡✉ ✉♠❛ r❡s♣♦st❛ ❛✜r♠❛t✐✈❛ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✳ ❈♦♥t✉❞♦✱ ❑❡♠❡r

✶



♥ã♦ ♠♦str❛ ❝♦♠♦ ❞❡t❡r♠✐♥❛r ✉♠❛ t❛❧ ❜❛s❡ ✜♥✐t❛ ❡ ♣♦rt❛♥t♦ ♥ã♦ r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛ ❞❛

❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ á❧❣❡❜r❛✱ ♣r♦❜❧❡♠❛ ❡st❡ q✉❡ ❝♦♥t✐♥✉❛ ❡♠ ❛❜❡rt♦ ❛té

❤♦❥❡✱ t❡♥❞♦ s✐❞♦ r❡s♦❧✈✐❞♦ ❛♣❡♥❛s ♣❛r❛ ❛❧❣✉♠❛s á❧❣❡❜r❛s ❡♠ ♣❛rt✐❝✉❧❛r✳

❖ tr❛❜❛❧❤♦ ❞❡ ❑❡♠❡r s♦❜r❡ ❚✲✐❞❡❛✐s t♦r♥♦✉✲s❡ ✐♠♣♦rt❛♥t❡ ♥ã♦ s♦♠❡♥t❡ ♣♦r

r❡s♣♦♥❞❡r ❛✜r♠❛t✐✈❛♠❡♥t❡ ❛♦ ❢❛♠♦s♦ Pr♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t✱ ♠❛s ♣♦r t❡r tr❛t❛❞♦ ❞❛s

á❧❣❡❜r❛s ❚✲♣r✐♠❛s✱ á❧❣❡❜r❛s ❝✉❥♦s ❚✲✐❞❡❛✐s sã♦ ❚✲♣r✐♠♦s✳ ❑❡♠❡r ♠♦str❛ ❡♠ s❡✉

tr❛❜❛❧❤♦ q✉❡ ♦s ú♥✐❝♦s ❚✲✐❞❡❛✐s ❚✲♣r✐♠♦s ♥ã♦✲tr✐✈✐❛✐s ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ sã♦ ♦s

❚✲✐❞❡❛✐s ❞❛s á❧❣❡❜r❛s Mn(K), Mn(E) ❡ Ma,b(E)✱ ♦♥❞❡ E é ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❞❡

❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ❡ Ma,b(E) é ❛ s✉❜á❧❣❡❜r❛ ❞❡ Ma+b(E) q✉❡ ❝♦♥s✐st❡ ❞❛s ♠❛tr✐③❡s q✉❡

tê♠ ♥❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ✉♠ ❜❧♦❝♦ a×a ❡ ♦✉tr♦ b×b ❝♦♠ ❡♥tr❛❞❛s ❡♠ E0✱ ♦ ❝❡♥tr♦ ❞❡

E✱ ❡ ♥❛ ❞✐❛❣♦♥❛❧ s❡❝✉♥❞ár✐❛ ❜❧♦❝♦s ❝♦♠ ❡♥tr❛❞❛s ❡♠ E1✱ ❛ ♣❛rt❡ ❛♥t✐❝♦♠✉t❛t✐✈❛ ❞❡ E✳

❆ ♣❛rt✐r ❞♦ tr❛❜❛❧❤♦ ❞❡ ❑❡♠❡r ❢♦✐ ♠♦str❛❞♦ q✉❡ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ✈❛❧❡ ❛s s❡❣✉✐♥t❡s

✐❣✉❛❧❞❛❞❡s T (Ma,b(E)⊗E) = T (Ma+b(E))✱ T (Ma,b(E)⊗Mc,d(E)) = T (Mac+bd,ad+bc(E))

❡ T (E ⊗E) = T (M1,1(E))✱ ♦♥❞❡ T (A) ❞❡♥♦t❛ ♦ ❚✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ A✳

❊st❡ r❡s✉❧t❛❞♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦ ❚❡♦r❡♠❛ ❞♦ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧ ❞❡ ❑❡♠❡r ❡ ❞♦ q✉❛❧

s❡❣✉❡ q✉❡ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ A ⊗ B ❞❡ á❧❣❡❜r❛s ❚✲♣r✐♠❛s é P■✲❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛

á❧❣❡❜r❛ ❚✲♣r✐♠❛✳

❆✐♥❞❛ s❡ ❝♦♥❤❡❝❡ ♣♦✉❝♦ s♦❜r❡ ❛s ❞❡s❝r✐çõ❡s ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❛s á❧❣❡❜r❛s ❚✲

♣r✐♠❛s✳ ❆s ✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E ❢♦r❛♠ ❞❡s❝r✐t❛s ❡♠ ❝❛r❛❝t❡ríst✐❝❛

③❡r♦ ♣♦r ▲❛t②s❤❡✈ ❬✸✺❪ ❡ ♣♦r ❑r❛❦♦✇s❦✐ ❡ ❘❡❣❡✈ ❬✸✹❪ ✭✈❡❥❛ t❛♠❜é♠ ♦ ❛rt✐❣♦

❬✷✵❪ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ E s♦❜r❡ ❝♦r♣♦s ✐♥✜♥✐t♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡

✷✮✳ ❆ ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ Mn(K) é ❝♦♥❤❡❝✐❞❛ ❛♣❡♥❛s ♥♦ ❝❛s♦ n =

2 ❡ ❢♦✐ ❞❛❞❛ ♣♦r ❘❛③♠②s❧♦✈ ❬✹✹❪ ❡ ❉r❡♥s❦② ❬✶✵❪✱ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡ ♣♦r

❑♦s❤❧✉❦♦✈ ❬✸✶❪✱ ♣❛r❛ ❝♦r♣♦s ✐♥✜♥✐t♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳ ◆♦ ❝❛s♦

❞❡ K s❡r ✉♠ ❝♦r♣♦ ✜♥✐t♦ ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ Mn(K) ❢♦r❛♠ ❞❡s❝r✐t❛s ♣♦r ▼❛❧ts❡✈

❡ ❑✉③♠✐♥ ❬✸✽❪ ♥♦ ❝❛s♦ n = 2 ❡ ♣♦r ●❡♥♦✈ ❡ ❙✐❞❡r♦✈ q✉❛♥❞♦ n = 3 ♦✉ 4

✭❬✶✽❪ ❡ ❬✶✾❪✮✳ ❊♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ s❡ ❝♦♥❤❡❝❡ ❛ ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡

E ⊗E✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❞❡ M1,1(E)✱ ♦ q✉❛❧ ❢♦✐ ❢❡✐t❛ ♣♦r P♦♣♦✈ ❬✹✶❪✳ ❱❛❧❡ s❛❧✐❡♥t❛r

q✉❡ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛ ❛✐♥❞❛ ♥ã♦ s❡ t❡♠ ❞❡s❝r✐çã♦ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡st❛s

á❧❣❡❜r❛s ❡ ♥❡♠ é ✈á❧✐❞❛ ❛ ✐❣✉❛❧❞❛❞❡ T (E ⊗ E) = T (M1,1(E))✳

❯♠❛ ❞❛s ♠❛✐♦r❡s ❢❡rr❛♠❡♥t❛s ♥♦ tr❛❜❛❧❤♦ ❞❡ ❑❡♠❡r ❢♦✐ ♦ ✉s♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s

❣r❛❞✉❛❞❛s✳ ❊st❡ t✐♣♦ ❞❡ ✐❞❡♥t✐❞❛❞❡ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s

✷



❡ t❡♠ ✉♠❛ ❡str❡✐t❛ r❡❧❛çã♦ ❝♦♠ ❡❧❛s✳ ❉❡ss❛ ❢♦r♠❛✱ ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s tê♠

❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ P■✲t❡♦r✐❛ ❡ ♣♦r ❡ss❛ r❛③ã♦ s❡ t♦r♥❛r❛♠ ♦❜❥❡t♦s ❞❡ ❡st✉❞♦s

✐♥❞❡♣❡♥❞❡♥t❡s✳

❆s á❧❣❡❜r❛s E✱ M2(K)✱ M1,1(E) ❡ E ⊗ E ♣♦ss✉❡♠ Z2✲❣r❛❞✉❛çõ❡s ♥❛t✉r❛✐s ❡

♦s ❣❡r❛❞♦r❡s ❞❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ❥á sã♦ ❝♦♥❤❡❝✐❞♦s✳ ❆s ✐❞❡♥t✐❞❛❞❡s

Z2✲❣r❛❞✉❛❞❛s ❞❡ M2(K) ❡ ❞❡ M1,1(E) ❢♦r❛♠ ❞❡s❝r✐t❛s ♣♦r ❉✐ ❱✐♥❝❡♥③♦ ❬✾❪✱ ❡♠

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡ ♣♦r ❑♦s❤❧✉❦♦✈ ❡ ❆③❡✈❡❞♦ ❬✸✷❪✱ ♣❛r❛ ❝♦r♣♦s ✐♥✜♥✐t♦s ❞❡

❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳ ◆♦ ❝❛s♦ ❞❛s á❧❣❡❜r❛sMn(K)✱ ❛s ✐❞❡♥t✐❞❛❞❡s Z✲❣r❛❞✉❛❞❛s

❡ ❛s Zn✲❣r❛❞✉❛❞❛s ❢♦r❛♠ ❞❡s❝r✐t❛s ♣❛r❛ n q✉❛❧q✉❡r ♣♦r ❱❛s✐❧♦✈s❦② ✭❬✺✹❪ ❡ ❬✺✺❪✮✱ ❡♠

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡ ♣♦r ❆③❡✈❡❞♦ ✭❬✺❪ ❡ ❬✹❪✮✱ ♣❛r❛ ❝♦r♣♦s ✐♥✜♥✐t♦s✳ ❆♣r❡s❡♥t❛r❡♠♦s

♥❡st❡ tr❛❜❛❧❤♦ ❛ ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s Z✲❣r❛❞✉❛❞❛s ❡ ❛s Zn✲❣r❛❞✉❛❞❛s ♣❛r❛Mn(K)✱

♥♦ ❝❛s♦ ❞❡ K s❡r ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

❆❧é♠ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s✱ ❡①✐st❡♠ ♦✉tr♦s t✐♣♦s ✐♠♣♦rt❛♥t❡s ❞❡ ✐❞❡♥t✐❞❛❞❡s✿

✐❞❡♥t✐❞❛❞❡s ❢r❛❝❛s✱ ✐❞❡♥t✐❞❛❞❡s tr❛ç♦ ❡ ✐❞❡♥t✐❞❛❞❡s ❝♦♠ ✐♥✈♦❧✉çã♦✳ ◆❡st❡ tr❛❜❛❧❤♦

tr❛t❛r❡♠♦s ❛♣❡♥❛s ❞❡ ✐❞❡♥t✐❞❛❞❡s ❢r❛❝❛s✱ ♦s q✉❛✐s s❡rã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❛ ❝♦♥str✉çã♦

❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K) ✭✈❡❥❛ ❬✻❪✮ q✉❡ s❡rá ❛♣r❡s❡♥t❛❞❛ ♥♦

ú❧t✐♠♦ ❝❛♣ít✉❧♦✳

❯♠ ♦✉tr♦ ❝♦♥❝❡✐t♦ t❛♠❜é♠ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ P■✲t❡♦r✐❛ é ♦ ❞❡ ♣♦❧✐♥ô♠✐♦

❝❡♥tr❛❧✳ ❯♠ ♣♦❧✐♥ô♠✐♦ f(x1, x2, . . . , xn) é ❞✐t♦ ❝❡♥tr❛❧ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ A s❡ r❡s✉❧t❛

❡♠ ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ❝❡♥tr♦ ❞❡ A q✉❛♥❞♦ ❛✈❛❧✐❛❞♦ ❡♠ q✉❛✐sq✉❡r ❡❧❡♠❡♥t♦s ❞❡st❛ á❧❣❡❜r❛✳

❈♦♠♦ ❡①❡♠♣❧♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣♦❞❡♠♦s ❝✐t❛r ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱

❝♦♥❤❡❝✐❞❛s ♣♦r ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s tr✐✈✐❛✐s✳ ❊♠ ✶✾✺✻✱ ❑❛♣❧❛♥s❦② ❬✷✽❪ ❛♣r❡s❡♥t♦✉

✉♠❛ ❧✐st❛ ❞❡ ♣r♦❜❧❡♠❛s ❡♠ ❛❜❡rt♦ q✉❡ ♠♦t✐✈❛r❛♠ ❞✐✈❡rs♦s ♣❡sq✉✐s❛❞♦r❡s ♥❛s ❞é❝❛❞❛s

s❡❣✉✐♥t❡s✳ ❯♠ ❞♦s ♣r♦❜❧❡♠❛s ❡r❛ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♥ã♦ tr✐✈✐❛❧

♣❛r❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s Mn(K)✱ ♦♥❞❡ n > 2 ✭♥♦ ❝❛s♦ n = 2 ♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❍❛❧❧

[x1, x2][x3, x4] + [x3, x4][x1, x2] ❥á ❡r❛ ❝♦♥❤❡❝✐❞♦✮✳ ❆ s♦❧✉çã♦ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ só ❢♦✐

❞❛❞❛ ✶✾✼✷✲✶✾✼✸ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ♣♦r ❋♦r♠❛♥❡❦ ❬✶✺❪ ❡ ❘❛③♠②s❧♦✈ ❬✹✺❪ ✭✈❡❥❛ t❛♠❜é♠

❬✹✼❪✮✳ ▼❛✐s t❛r❞❡✱ ♦✉tr♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ Mn(K) ❢♦r❛♠ ❝♦♥str✉í❞♦s✱ ✈❡❥❛ ♣♦r

❡①❡♠♣❧♦ ❬✷✷❪✱ ❬✶✷❪ ❡ ❬✷✶❪✳

❆ss✐♠ ❝♦♠♦ ♥❛ ❞❡s❝r✐çã♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s✱ ❛ ❞❡s❝r✐çã♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❡

✉♠❛ á❧❣❡❜r❛ é ✉♠❛ q✉❡stã♦ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ P■✲❚❡♦r✐❛✱ ❡♠❜♦r❛ ❛✐♥❞❛ s❡

❝♦♥❤❡ç❛ ♣♦✉❝♦ ♥❡st❡ s❡♥t✐❞♦✳ ◆♦ ❝❛s♦ ❞❛s á❧❣❡❜r❛s Mn(K)✱ ❣❡r❛❞♦r❡s ❞♦s ♣♦❧✐♥ô♠✐♦s

✸



❝❡♥tr❛✐s sã♦ ❝♦♥❤❡❝✐❞♦s ❛♣❡♥❛s ♥♦ ❝❛s♦ n = 2✱ ❡ ❢♦r❛♠ ❞❡t❡r♠✐♥❛❞♦s ♣♦r ❖❦❤✐t✐♥

❬✹✵❪✱ q✉❛♥❞♦ charK = 0✱ ❡ ♣♦r ❈♦❧♦♠❜♦ ❡ ❑♦s❤❧✉❦♦✈ ❬✽❪✱ q✉❛♥❞♦ K é ✐♥✜♥✐t♦ ❡ ❞❡

❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳ ❯♠❛ ❞❡s❝r✐çã♦ ❞❡t❛❧❤❛❞❛ ❞❛ ❡str✉t✉r❛ ❞❡ ♠ó❞✉❧♦ ❞♦s

♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ M2(K)✱ q✉❛♥❞♦ charK = 0✱ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❋♦r♠❛♥❡❦

❬✶✻❪✳ ◆♦ ❝❛s♦ ❞❛ á❧❣❡❜r❛ ❡①t❡r✐♦r✱ ✉♠ ❡st✉❞♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s é ❢❡✐t❛ ❡♠ ❬✶❪✳

❚❛♠❜é♠ ❢♦r❛♠ ❞❡s❝r✐t♦s ♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❣r❛❞✉❛❞♦s ♣❛r❛ ❛ á❧❣❡❜r❛Mn(K)✱ ❝♦♠

❛s ❣r❛❞✉❛çõ❡s ❞❛❞❛s ♣❡❧♦s ❣r✉♣♦s Z ❡ Zn✳ ◆❡st❛ ❞❡s❝r✐çã♦ ❛s ✐❞❡♥t✐❞❛❞❡s Z✲❣r❛❞✉❛❞❛s

❡ ❛s Zn✲❣r❛❞✉❛❞❛s ❞❡ Mn(K) r❡♣r❡s❡♥t❛r❛♠ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛✳

❆ ✐♠♣♦rtâ♥❝✐❛ ❞♦s ❝♦♥❝❡✐t♦s ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❡

♦ ❢❛t♦ ❞❡ s❡ s❛❜❡r ♣♦✉❝♦ s♦❜r❡ ❛s ❞❡s❝r✐çõ❡s ❞❛s ✐❞❡♥t✐❞❛❞❡s ❡ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s

❞❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s s♦❜r❡ ✉♠ ❝♦r♣♦ sã♦ ♠♦t✐✈❛çõ❡s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡

t❛✐s ♣♦❧✐♥ô♠✐♦s✳ ◆❡st❡ tr❛❜❛❧❤♦ ♥♦s ♣r♦♣✉s❡♠♦s ❛ ❢❛③❡r ❡st❡ ❡st✉❞♦✳

❖ ♥♦ss♦ tr❛❜❛❧❤♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❡♠ q✉❛tr♦ ❝❛♣ít✉❧♦s✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦

sã♦ ❛♣r❡s❡♥t❛❞♦s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

❞♦ tr❛❜❛❧❤♦✳ ◆♦ s❡❣✉♥❞♦ ❛♣r❡s❡♥t❛♠♦s ❛s ❞❡s❝r✐çõ❡s ❞❛s ✐❞❡♥t✐❞❛❞❡s ❡ ♣♦❧✐♥ô♠✐♦s

❝❡♥tr❛✐s Z✲❣r❛❞✉❛❞♦s ❡ Zn✲❣r❛❞✉❛❞♦s ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✱ ♦♥❞❡ K é ✉♠ ❝♦r♣♦

❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ◆❡st❛s ❞❡s❝r✐çõ❡s ❝♦♥s✐❞❡r❛♠♦s ❛s ❣r❛❞✉❛çõ❡s ♥❛t✉r❛✐s ❞❡

Mn(K) ♣❡❧♦s ❣r✉♣♦s Zn ❡ Z✳ ◆♦ t❡r❝❡✐r♦ ❝❛♣ít✉❧♦ é ❛♣r❡s❡♥t❛❞❛ ❛ ❞❡s❝r✐çã♦ ❞♦s

♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ ❛ á❧❣❡❜r❛ M2(K)✱ q✉❛♥❞♦ charK = 0✳ ❋✐♥❛❧♠❡♥t❡✱ ♥♦ q✉❛rt♦

❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ❛s ❝♦♥str✉çõ❡s ❞❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❢❡✐t❛s ♣♦r ❋♦r♠❛♥❡❦ ❬✶✺❪

❡ ❘❛③♠②s❧♦✈ ❬✹✺❪ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✱ ❝♦♥str✉çõ❡s q✉❡ s✉r❣✐r❛♠ ❝♦♠♦ r❡s♣♦st❛ ❛♦

♣r♦❜❧❡♠❛ s✉❣❡r✐❞♦ ♣♦r ❑❛♣❧❛♥s❦② ❡ ❛ ❝♦♥str✉çã♦ ❞❛❞❛ ♣♦r ▲❛t②s❤❡✈ ❡ ❙❤♠❡❧❦✐♥ ❬✸✻❪

❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ❡♠ ✉♠❛ ✈❛r✐á✈❡❧ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✱ ♦♥❞❡ K é ✉♠ ❝♦r♣♦

✜♥✐t♦✳

✹



❈❛♣ít✉❧♦ ✶

❈♦♥❝❡✐t♦s ❇ás✐❝♦s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ♦

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❱❛♠♦s ✐♥✐❝✐❛r ❝♦♠ ✉♠❛ ❞✐s❝✉ssã♦ s♦❜r❡ á❧❣❡❜r❛s✱

♥♦ss♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦✳ ◆♦ t❡①t♦ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❡✱ ❛ ♠❡♥♦s ❞❡ ❛❧❣✉♠❛ ♠❡♥çã♦

❡♠ ❝♦♥trár✐♦✱ t♦❞❛s ❛s á❧❣❡❜r❛s ❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s❡rã♦ ❞❡✜♥✐❞♦s s♦❜r❡ K✳

✶✳✶ ➪❧❣❡❜r❛s

❉❡✜♥✐çã♦ ✶✳✶✳✶ ❯♠❛ K✲á❧❣❡❜r❛ ✭á❧❣❡❜r❛ s♦❜r❡ K ♦✉ s✐♠♣❧❡s♠❡♥t❡ á❧❣❡❜r❛✮ é ✉♠

♣❛r (A, ∗)✱ ♦♥❞❡ A é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ∗ é ✉♠❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ ❡♠ A q✉❡ é ✉♠❛

❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r✱ ♦✉ s❡❥❛✱ ∗ : A× A −→ A s❛t✐s❢❛③

✭✐✮ (a+ b) ∗ c = a ∗ c+ b ∗ c;

✭✐✐✮ a ∗ (b+ c) = a ∗ b+ a ∗ c;

✭✐✐✐✮ (λa) ∗ b = a ∗ (λb) = λ(a ∗ b).

♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A ❡ λ ∈ K✳

◆❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ∗ é ❝❤❛♠❛❞♦ ❞❡ ♣r♦❞✉t♦ ♦✉ ♠✉❧t✐♣❧✐❝❛çã♦✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❛

♥♦t❛çã♦✱ ✈❛♠♦s ❞❡♥♦t❛r ✉♠❛K✲á❧❣❡❜r❛ (A, ∗) ♣♦r A✱ ❡ ❡s❝r❡✈❡r❡♠♦s ab✱ ❛♦ ✐♥✈és ❞❡ a∗b✱

♣❛r❛ a, b ∈ A✳ ❉❡✜♥✐♠♦s a1a2a3 ❝♦♠♦ s❡♥❞♦ (a1a2)a3 ❡✱ ✐♥❞✉t✐✈❛♠❡♥t❡✱ a1a2 . . . anan+1

❝♦♠♦ s❡♥❞♦ (a1a2 . . . an)an+1 ♣❛r❛ ai ∈ A✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ β é ✉♠❛ ❜❛s❡ ❞❛ á❧❣❡❜r❛

A s❡ β é ✉♠❛ ❜❛s❡ ❞❡ A ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ◆❡st❡ ❝❛s♦✱ ❞❡✜♥✐♠♦s ❛ ❞✐♠❡♥sã♦ ❞❡ A

❝♦♠♦ s❡♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ A✳

❉❡✜♥✐çã♦ ✶✳✶✳✷ ❯♠❛ á❧❣❡❜r❛ A é ❞✐t❛ s❡r✿

• ❛ss♦❝✐❛t✐✈❛ s❡ (ab)c = a(bc)✱ ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A✳

✺



• ❝♦♠✉t❛t✐✈❛ s❡ ab = ba✱ ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A✳

• ✉♥✐tár✐❛✭♦✉ ❝♦♠ ✉♥✐❞❛❞❡✮✱ s❡ ♦ ♣r♦❞✉t♦ ♣♦ss✉✐ ❡❧❡♠❡♥t♦ ♥❡✉tr♦✱ ✐st♦ é✱ s❡ ❡①✐st❡

✉♠ ❡❧❡♠❡♥t♦ 1A ∈ A ❝❤❛♠❛❞♦ ❞❡ ✉♥✐❞❛❞❡ ❞❡ A t❛❧ q✉❡ 1Aa = a1A = a ♣❛r❛ t♦❞♦

a ∈ A✳

• á❧❣❡❜r❛ ❞❡ ▲✐❡ s❡ ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A ✈❛❧❡♠ a2 = aa = 0 ❡

(ab)c+ (bc)a+ (ca)b = 0 ✭✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐✮✳

• ♥✐❧ s❡ ♣❛r❛ ❝❛❞❛ a ∈ A✱ ❡①✐st❡ n ∈ N t❛❧ q✉❡ an = 0✳ ❖ ❡❧❡♠❡♥t♦ a é ❝❤❛♠❛❞♦

❞❡ ♥✐❧♣♦t❡♥t❡ ❡ ♦ ♠❡♥♦r ♥❛t✉r❛❧ n ❝♦♠ t❛❧ ♣r♦♣r✐❡❞❛❞❡ é ❞❡♥♦♠✐♥❛❞♦ í♥❞✐❝❡ ❞❡

♥✐❧♣♦tê♥❝✐❛ ❞❡ a✳ ◗✉❛♥❞♦ ❡①✐st❡ n ∈ N t❛❧ q✉❡ an = 0 ♣❛r❛ t♦❞♦ a ∈ A✱ ❞✐③❡♠♦s

q✉❡ A é ♥✐❧ ❞❡ í♥❞✐❝❡ ❧✐♠✐t❛❞♦✳

• ♥✐❧♣♦t❡♥t❡ s❡ ❡①✐st❡ n ∈ N t❛❧ q✉❡ ♦ ♣r♦❞✉t♦ ❞❡ q✉❛✐sq✉❡r n + 1 ❡❧❡♠❡♥t♦s

❞❡ A ❝♦♠ q✉❛❧q✉❡r ❞✐s♣♦s✐çã♦ ❞❡ ♣❛rê♥t❡s❡s é ✐❣✉❛❧ ❛ ③❡r♦ ✭s❡ A é ❞❡ ▲✐❡

♦✉ ❛ss♦❝✐❛t✐✈❛✱ ✐st♦ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r q✉❡ a1a2 . . . anan+1 = 0 ♣❛r❛ q✉❛✐sq✉❡r

a1, a2, . . . , an, an+1 ∈ A✮✳ ◆❡st❡ ❝❛s♦✱ ❞❡✜♥✐♠♦s ♦ í♥❞✐❝❡ ✭♦✉ ❝❧❛ss❡✮ ❞❡ ♥✐❧♣♦tê♥❝✐❛

❞❡ A ❝♦♠♦ s❡♥❞♦ ♦ ♠❡♥♦r n q✉❡ s❛t✐s❢❛③ ❡st❛ ❝♦♥❞✐çã♦✳

❖❜s❡r✈❡ q✉❡ s❡ A é ✉♠❛ á❧❣❡❜r❛ ♥✐❧♣♦t❡♥t❡✱ ❡♥tã♦ é ♥✐❧ ❞❡ í♥❞✐❝❡ ❧✐♠✐t❛❞♦✳

❈❧❛r❛♠❡♥t❡✱ ✉♠❛ á❧❣❡❜r❛ ♥✐❧ ♥ã♦ ♣♦❞❡ t❡r ✉♥✐❞❛❞❡✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✸ ❙❡ A ❡ B sã♦ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ β ✉♠❛ ❜❛s❡ ❞❡ A ❡ f : β −→ B

é ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❛❧q✉❡r✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r F : A −→ B

❡st❡♥❞❡♥❞♦ f ✳ ❆❧é♠ ❞✐ss♦✱ s❡ g : β × β −→ A é ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❛❧q✉❡r✱ ❡♥tã♦

❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r G : A×A −→ A ❡st❡♥❞❡♥❞♦ g✳ ❆ss✐♠✱ ♣❛r❛ ❞❡✜♥✐r

✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❡♠ A✱ ❜❛st❛ ❞❡✜♥✐r ♦ ♣r♦❞✉t♦ ♣❛r❛ ♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ ❜❛s❡✳

❯♠❛ ✈❡③ ❞❡✜♥✐❞♦ ♦ ♣r♦❞✉t♦✱ ✈❡r✐✜❝❛✲s❡ q✉❡ A é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡

s❡✱ (v1v2)v3 = v1(v2v3) ♣❛r❛ q✉❛✐sq✉❡r v1, v2, v3 ∈ β✳ ■st♦ ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❛

❛♣❧✐❝❛çã♦ h : A× A× A −→ A✱ ❞❡✜♥✐❞❛ ♣♦r h(a, b, c) = (ab)c− a(bc)✱ s❡♥❞♦ tr✐❧✐♥❡❛r✱

é ♥✉❧❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ é ♥✉❧❛ ❡♠ β × β × β✳

❊♠ ♣r❛t✐❝❛♠❡♥t❡ t♦❞♦ tr❛❜❛❧❤♦ ✈❛♠♦s tr❛t❛r ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❝♦♠

✉♥✐❞❛❞❡✳ ❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ ❛ ♠❡♥♦s q✉❡ s❡❥❛ ♠❡♥❝✐♦♥❛❞♦ ♦ ❝♦♥trár✐♦✱ ♦ t❡r♠♦

á❧❣❡❜r❛ ❞❡✈❡rá s❡r ❡♥t❡♥❞✐❞♦ ❝♦♠♦ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✉♥✐tár✐❛✳ ❆♣r❡s❡♥t❛r❡♠♦s ❛

s❡❣✉✐r ❛❧❣✉♥s ❡①❡♠♣❧♦s ✐♠♣♦rt❛♥t❡s ❞❡ á❧❣❡❜r❛s✳

❊①❡♠♣❧♦ ✶✳✶✳✹ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Mn(K) ❞❛s ♠❛tr✐③❡s n × n ❝♦♠ ❡♥tr❛❞❛s ❡♠ K✱

♠✉♥✐❞♦ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✉s✉❛❧ ❞❡ ♠❛tr✐③❡s✱ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡

❛ q✉❛❧ é ❡①❛t❛♠❡♥t❡ ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ In✳ ◆❡st❛ á❧❣❡❜r❛ é ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r ❛s

✻



♠❛tr✐③❡s ✉♥✐tár✐❛s Eij✱ ♣❛r❛ 1 ≤ i, j ≤ n✱ ♦♥❞❡ Eij é ❛ ♠❛tr✐③ ❝✉❥❛ ú♥✐❝❛ ❡♥tr❛❞❛

♥ã♦ ♥✉❧❛ é 1 ♥❛ ✐✲és✐♠❛ ❧✐♥❤❛ ❡ ❥✲és✐♠❛ ❝♦❧✉♥❛✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ❡❧❛s ❢♦r♠❛♠ ✉♠❛

❜❛s❡ ♣❛r❛ Mn(K) ❡ ♣♦rt❛♥t♦ ❛ ❞✐♠❡♥sã♦ ❞❡st❛ á❧❣❡❜r❛ é n2✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱ s❡ A é

✉♠❛ á❧❣❡❜r❛✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Mn(A) ❞❡ t♦❞❛s ❛s ♠❛tr✐③❡s n × n ❝♦♠

❡♥tr❛❞❛s ❡♠ A✳ ❖ ♣r♦❞✉t♦ ❡♠ Mn(A) é ❛♥á❧♦❣♦ ❛♦ ♣r♦❞✉t♦ ❡♠ Mn(K)✳ ❚❡♠♦s q✉❡

Mn(A)✱ ♠✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦✱ é ✉♠❛ á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✶✳✶✳✺ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ {e1, e2, e3, . . .}✳ ❉❡✜♥✐♠♦s ❛

á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ✭♦✉ á❧❣❡❜r❛ ❡①t❡r✐♦r✮ ❞❡ V ✱ ❞❡♥♦t❛❞❛ ♣♦r E✱ ❝♦♠♦ s❡♥❞♦

❛ á❧❣❡❜r❛ ❝♦♠ ❜❛s❡

{1, ei1ei2 . . . eik | i1 < i2 < . . . < ik, k ≥ 1}

❡ ❝✉❥♦ ♣r♦❞✉t♦ é ❞❡✜♥✐❞♦ ♣❡❧❛s r❡❧❛çõ❡s

e2i = 0 ❡ eiej = −ejei ♣❛r❛ q✉❛✐sq✉❡r i, j ∈ N✳

❉❡st❛❝❛♠♦s ❡♠ E ♦s s❡❣✉✐♥t❡s s✉❜❡s♣❛ç♦s ✈❡t♦r✐❛✐s✿

• E0✱ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {1, ei1ei2 . . . eim | m é ♣❛r}

• E1✱ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {ei1ei2 . . . eik | k é í♠♣❛r}

❈❧❛r❛♠❡♥t❡✱ E = E0 ⊕ E1 ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❉❡s❞❡ q✉❡ eiej = −ejei t❡♠♦s

(ei1 . . . eim)(ej1 . . . ejk
) = (−1)mk(ej1 . . . ejk

)(ei1 . . . eim) ♣❛r❛ q✉❛✐q✉❡r m, k ∈ N✱ ❡ ❛ss✐♠

♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ax = xa ♣❛r❛ q✉❛✐sq✉❡r a ∈ E0 ❡ x ∈ E✱ ❡ bc = −cb ♣❛r❛

q✉❛✐sq✉❡r b, c ∈ E1✳ ❖❜s❡r✈❛♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ s❡ charK = 2✱ ❡♥tã♦ E é ✉♠❛ á❧❣❡❜r❛

❝♦♠✉t❛t✐✈❛✳

❈♦♥s✐❞❡r❛♥❞♦ E ′ ❛ á❧❣❡❜r❛ ❝♦♠ ❜❛s❡ {ei1ei2 . . . eik | i1 < i2 < . . . < ik, k ≥ 1}✱

t❡♠♦s q✉❡ E ′ ♥ã♦ t❡♠ ✉♥✐❞❛❞❡ ❡ é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❡①t❡r✐♦r s❡♠ ✉♥✐❞❛❞❡✳

❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ a, b ∈ A✱ ❞❡✜♥✐♠♦s ♦ ❝♦♠✉t❛❞♦r [a, b] = ab−ba ❡

a◦b = ab+ba✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱ ❞❡✜♥✐♠♦s ♦ ❝♦♠✉t❛❞♦r ❞❡ ❝♦♠♣r✐♠❡♥t♦ n ❝♦♠♦ s❡♥❞♦

[a1, . . . , an−1, an] = [[a1, . . . , an−1], an]✱ ♦♥❞❡ ai ∈ A✳ ❆ ♣❛rt✐r ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦✱

♣♦❞❡♠♦s ♠♦str❛r q✉❡

[ab, c] = a[b, c] + [a, c]b para quaisquer a, b, c ∈ A. ✭✶✳✶✮

❙❡ a ∈ A ❡ Ta : A −→ A é t❛❧ q✉❡ Ta(x) = [x, a]✱ ❡♥tã♦ ♣♦r ✶✳✶ s❡❣✉❡ q✉❡ Ta é ✉♠❛

❞❡r✐✈❛çã♦✳ ▲♦❣♦✱ ✉s❛♥❞♦ ✐♥❞✉çã♦ s♦❜r❡ n ♣♦❞❡✲s❡ ♠♦str❛r q✉❡

[a1a2 . . . an, c] =
n∑

i=1

a1 . . . ai−1[ai, c]ai+1 . . . an. ✭✶✳✷✮

✼



❙❡ A é ✉♠❛ á❧❣❡❜r❛✱ V ❡ W s✉❜❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡ A✱ ❞❡✜♥✐♠♦s ♦ ♣r♦❞✉t♦ VW ❝♦♠♦

s❡♥❞♦ ♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ A ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {xy | x ∈ V, y ∈ W}✳

❉❡✜♥✐çã♦ ✶✳✶✳✻ ❯♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ B ❞❡ ✉♠❛ á❧❣❡❜r❛ A s❡rá ❞❡♥♦♠✐♥❛❞♦ ❞❡

s✉❜á❧❣❡❜r❛ ❞❡ A s❡ BB ⊆ B ❡ 1 ∈ B✳ ❯♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ I ❞❡ A s❡rá ❞❡♥♦♠✐♥❛❞♦

❞❡ ✐❞❡❛❧ ❞❡ A s❡ AI ⊆ I ❡ IA ⊆ I✱ ♦✉ s❡❥❛✱ s❡ ax, xa ∈ I ♣❛r❛ q✉❛✐sq✉❡r a ∈ A ❡

x ∈ I✳

❊①❡♠♣❧♦ ✶✳✶✳✼ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ ❡①t❡r✐♦r E ✭❊①❡♠♣❧♦ ✶✳✶✳✺✮✳ ❉❛❞♦ n ∈ N

❝♦♥s✐❞❡r❡♠♦s ♦ s✉❜❡s♣❛ç♦ En ❞❡ E ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

{1, ei1ei2 . . . eik | i1 < i2 < . . . < ik ≤ n}.

❖ s✉❜❡s♣❛ç♦ En é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ E ❞❡ ❞✐♠❡♥sã♦ 2n ❡ é ❛ á❧❣❡❜r❛ ❡①t❡r✐♦r ❞♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ {e1, e2, . . . , en}✳

❊①❡♠♣❧♦ ✶✳✶✳✽ ✭❈❡♥tr♦ ❞❡ ✉♠❛ á❧❣❡❜r❛✮ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❖ ❝♦♥❥✉♥t♦

Z(A) = {a ∈ A | ax = xa, ∀x ∈ A} é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A ❞❡♥♦♠✐♥❛❞❛ ❝❡♥tr♦

❞❡ A✳ ❯♠ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ ❞❛ ➪❧❣❡❜r❛ ▲✐♥❡❛r ❡❧❡♠❡♥t❛r é q✉❡ ❞❛❞♦ n ∈ N t❡♠✲s❡

Z(Mn(K)) = {λIn×n | λ ∈ K} ✭♠❛tr✐③❡s ❡s❝❛❧❛r❡s✮✳ ❙❡ A = E✭á❧❣❡❜r❛ ❡①t❡r✐♦r✮✱

❡♥tã♦ Z(E) = E0 ✭charK 6= 2✮✳

❊①❡♠♣❧♦ ✶✳✶✳✾ ✭❙✉❜á❧❣❡❜r❛ ❣❡r❛❞❛✮ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ ∅ 6= S ⊆ A✳

❈♦♥s✐❞❡r❡♠♦s ♦ s✉❜❡s♣❛ç♦ BS ❞❡ A ❣❡r❛❞♦ ♣♦r {1, s1s2 . . . sk | k ∈ N, si ∈ S}✳ ❚❡♠♦s

q✉❡ BS é ♠✉❧t✐♣❧✐❝❛t✐✈❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❡ 1 ∈ BS✳ P♦rt❛♥t♦✱ BS é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✱

❝❤❛♠❛❞❛ ❞❡ s✉❜á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r S✳ ❆❧é♠ ❞✐ss♦✱ t♦❞❛ s✉❜á❧❣❡❜r❛ ❞❡ A q✉❡ ❝♦♥té♠

S ❞❡✈❡ ❝♦♥t❡r BS ❡ ❛ss✐♠ BS é ❛ ♠❡♥♦r s✉❜á❧❣❡❜r❛ ❞❡ A ❝♦♥t❡♥❞♦ S✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✵ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

ϕ : A −→ B é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s s❡ ϕ(xy) = ϕ(x)ϕ(y) ♣❛r❛ q✉❛✐sq✉❡r

x, y ∈ A ❡ ϕ(1A) = 1B✳ ❉✐③❡♠♦s q✉❡ ϕ é ✉♠ ♠❡r❣✉❧❤♦✭♦✉ ♠♦♥♦♠♦r✜s♠♦✮ s❡ ϕ

é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t✐✈♦✱ ✐s♦♠♦r✜s♠♦ s❡ ϕ é ❜✐❥❡t✐✈♦✱ ❡♥❞♦♠♦r✜s♠♦ s❡ ϕ

é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❡ A = B ❡ ❛✉t♦♠♦r✜s♠♦ s❡ ϕ é ✉♠ ❡♥❞♦♠♦r✜s♠♦ ❜✐❥❡t✐✈♦

✭❡♥❞♦♠♦r✜s♠♦ ❡ ✐s♦♠♦r✜s♠♦ ❛♦ ♠❡s♠♦ t❡♠♣♦✮✳

❉❡♥♦t❛♠♦s ♣♦r EndA ❡ AutA ♦s ❝♦♥❥✉♥t♦s ❞♦s ❡♥❞♦♠♦r✜s♠♦s ❡ ❛✉t♦♠♦r✜s♠♦s✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛ á❧❣❡❜r❛ A✳ ◗✉❛♥❞♦ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ψ : A −→ B✱ ❞✐③❡♠♦s

q✉❡ ❛s á❧❣❡❜r❛s A ❡ B sã♦ ✐s♦♠♦r❢❛s ❡ ❞❡♥♦t❛♠♦s ♣♦r A ≃ B✳

❙❡ ϕ : A −→ B é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✱ ♦ ❝♦♥❥✉♥t♦

Kerϕ = {a ∈ A | ϕ(a) = 0}✱ ❝❤❛♠❛❞♦ ❞❡ ♥ú❝❧❡♦ ❞❡ ϕ é ✉♠ ✐❞❡❛❧ ❞❡ A✱ ❡ ♦ ❝♦♥❥✉♥t♦

Imϕ = {ϕ(a) | a ∈ A}✱ ❝❤❛♠❛❞♦ ❞❡ ✐♠❛❣❡♠ ❞❡ ϕ✱ é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ B✳

✽



❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✱ ❝♦♥s✐❞❡r❡♠♦s ♥♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉♦❝✐❡♥t❡

A/I ♦ ♣r♦❞✉t♦ (a+I)(b+I) = ab+I ♣❛r❛ a, b ∈ A✳ ❊st❡ ♣r♦❞✉t♦ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ✭♥ã♦

❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞♦s r❡♣r❡s❡♥t❛♥t❡s ❞❛s ❝❧❛ss❡s ❧❛t❡r❛✐s✮ ❡ t♦r♥❛ A/I ✉♠❛ á❧❣❡❜r❛✱

❝♦♥❤❡❝✐❞❛ ♣♦r á❧❣❡❜r❛ q✉♦❝✐❡♥t❡ ❞❡ A ♣♦r I✳ ❉❡♥♦t❛r❡♠♦s a+I ♣♦r a✳ ❙❡❥❛ ϕ : A −→ B

✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❙❡ I é ✉♠ ✐❞❡❛❧ ❞❡ A ❡ I ⊆ Kerϕ✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦

ϕ : A/I −→ B

a 7−→ ϕ(a) = ϕ(a)

é ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❙❡ I = Kerϕ✱ ❡♥tã♦ ϕ é ✐♥❥❡t♦r❛ ❡

❝♦♥s❡q✉❡♥t❡♠❡♥t❡ A/Kerϕ ≃ Imϕ = Imϕ✳

❆♣r❡s❡♥t❛r❡♠♦s ❛ s❡❣✉✐r ❛❧❣✉♥s ❡①❡♠♣❧♦s ✐♠♣♦rt❛♥t❡s ❞❡ ❤♦♠♦♠♦r✜s♠♦s✳

❊①❡♠♣❧♦ ✶✳✶✳✶✶ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❆ ❛♣❧✐❝❛çã♦ π : A −→ A/I✱

❞❡✜♥✐❞❛ ♣♦r π(a) = a✱ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❝❤❛♠❛❞♦ ❞❡ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳

❊①❡♠♣❧♦ ✶✳✶✳✶✷ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡❧❡♠❡♥t♦ a ∈ A é ✐♥✈❡rtí✈❡❧

s❡ ❡①✐st❡ a−1 ∈ A t❛❧ q✉❡ aa−1 = a−1a = 1✳ ❱❛♠♦s ❞❡♥♦t❛r ♣♦r U(A) ♦ ❝♦♥❥✉♥t♦

❞♦s ❡❧❡♠❡♥t♦s ✐♥✈❡rtí✈❡✐s ❞❡ A✳ ❙❡ r ∈ U(A)✱ ❛ ❛♣❧✐❝❛çã♦ ξr : A −→ A✱ ❞❡✜♥✐❞❛

♣♦r ξr(x) = r−1xr✱ é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ A✱ ❝❤❛♠❛❞♦ ❞❡ ❛✉t♦♠♦r✜s♠♦ ✐♥t❡r♥♦

❞❡t❡r♠✐♥❛❞♦ ♣♦r r✳

❊①❡♠♣❧♦ ✶✳✶✳✶✸ ❙❡❥❛ A′ ✉♠❛ á❧❣❡❜r❛ s❡♠ ✉♥✐❞❛❞❡✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

A = K ⊕ A′ = {(λ, a) | λ ∈ K, a ∈ A′}

❉❡✜♥✐♠♦s ❡♠ A ♦ s❡❣✉✐♥t❡ ♣r♦❞✉t♦ (λ1, a1)(λ2, a2) = (λ1λ2, λ1a2 + λ2a1 + a1a2)✳ ❖

❝♦♥❥✉♥t♦ A✱ ♠✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦✱ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ ✭♦ ❡❧❡♠❡♥t♦

✭✶✱✵✮✮✳ ❆ ❛♣❧✐❝❛çã♦ Φ : A′ −→ A ❞❡✜♥✐❞❛ ♣♦r Φ(a) = (0, a) é ✉♠ ♠❡r❣✉❧❤♦✳ ❉✐③❡♠♦s

q✉❡ A é ♦❜t✐❞❛ ❞❡ A′ ♣♦r ❛❞❥✉♥çã♦ ❞❛ ✉♥✐❞❛❞❡✳

❊①❡♠♣❧♦ ✶✳✶✳✶✹ ❆s á❧❣❡❜r❛s E ✭á❧❣❡❜r❛ ❡①t❡r✐♦r✮ ❡ K ⊕ E ′ ✭❊①❡♠♣❧♦ ✶✳✶✳✶✸✮ sã♦

✐s♦♠♦r❢❛s✱ ♣♦✐s Ψ : K ⊕ E ′ −→ E✱ ❞❡✜♥✐❞❛ ♣♦r Ψ(λ, x) = λ+ x é ✉♠ ✐s♦♠♦r✜s♠♦✳

✶✳✷ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s

◆❡st❛ s❡çã♦ ✐♥tr♦❞✉③✐r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ■❞❡♥t✐❞❛❞❡ P♦❧✐♥♦♠✐❛❧✳ ❱❛♠♦s ✐♥✐❝✐❛r

❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ á❧❣❡❜r❛s ❧✐✈r❡s✱ ❝✉❥❛ ✐♠♣♦rtâ♥❝✐❛ ❡stá ♥♦ ❢❛t♦ ❞❡ s❡r ♦ ✧❛♠❜✐❡♥t❡✧

♦♥❞❡ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❛♣❛r❡❝❡♠✳
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❉❡✜♥✐çã♦ ✶✳✷✳✶ ❙❡❥❛ V ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ F ∈ V é

✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ❞❡ V s❡ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ Y ❣❡r❛❞♦r ❞❡ F t❛❧ q✉❡ ♣❛r❛ t♦❞❛

á❧❣❡❜r❛ A ∈ V ❡ t♦❞❛ ❛♣❧✐❝❛çã♦ h : Y → A ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s

ϕ : F → A ❡st❡♥❞❡♥❞♦ h✳ F é ❡♥tã♦ ❞✐t❛ s❡r ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r ❨ ❡ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡

|Y | ❞♦ ❝♦♥❥✉♥t♦ Y é ❝❤❛♠❛❞❛ ❞❡ ♣♦st♦ ❞❡ F ✳

❆ s❡❣✉✐r ❝♦♥str✉ír❡♠♦s ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s

❛ss♦❝✐❛t✐✈❛s ✉♥✐tár✐❛s✳ ❙❡❥❛ X = {x1, x2, . . .} ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❡ ❡♥✉♠❡rá✈❡❧

❞❡ ✈❛r✐á✈❡✐s ♥ã♦✲❝♦♠✉t❛t✐✈❛s✳ ❯♠❛ ♣❛❧❛✈r❛ ❡♠ X é ✉♠❛ s❡q✉ê♥❝✐❛ xi1xi2 . . . xin ♦♥❞❡

n ∈ N ❡ xij ∈ X✳ ❱❛♠♦s ❞❡♥♦t❛r ♣♦r 1 ❛ ♣❛❧❛✈r❛ ✈❛③✐❛✳ ❉✐③❡♠♦s q✉❡ ❞✉❛s ♣❛❧❛✈r❛s

xi1xi2 . . . xin ❡ xj1xj2 . . . xjm
sã♦ ✐❣✉❛✐s s❡ n = m ❡ i1 = j1, i2 = j2, . . . , in = jn✳

❈♦♥s✐❞❡r❡♠♦sK〈X〉 ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉❡ t❡♠ ♣♦r ❜❛s❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣❛❧❛✈r❛s

❡♠ X✳ ❉❡ss❛ ❢♦r♠❛✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ K〈X〉✱ q✉❡ ❝❤❛♠❛r❡♠♦s ❞❡ ♣♦❧✐♥ô♠✐♦s✱ sã♦ s♦♠❛s

✭❢♦r♠❛✐s✮ ❞❡ t❡r♠♦s ✭♦✉ ♠♦♥ô♠✐♦s✮ q✉❡ sã♦ ♣r♦❞✉t♦s ✭❢♦r♠❛✐s✮ ❞❡ ✉♠ ❡s❝❛❧❛r ♣♦r ✉♠❛

♣❛❧❛✈r❛ ❡♠ X✳ ❈♦♥s✐❞❡r❡♠♦s ❡♠ K〈X〉 ❛ s❡❣✉✐♥t❡ ♠✉❧t✐♣❧✐❝❛çã♦

(xi1 . . . xik)(xj1 . . . xjl
) = xi1 . . . xikxj1 . . . xjl

onde xit , xjs
∈ X.

❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ K〈X〉 ♠✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✭✈❡❥❛

❛ ❖❜s❡r✈❛çã♦ ✶✳✶✳✸✮ ❝♦♠ ✉♥✐❞❛❞❡✱ q✉❡ é ❛ ♣❛❧❛✈r❛ ✈❛③✐❛✳ ❖❜s❡r✈❡ q✉❡ X ❣❡r❛ K〈X〉

❝♦♠♦ á❧❣❡❜r❛✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✷ ❆ á❧❣❡❜r❛ K〈X〉 é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❝♦♠

✉♥✐❞❛❞❡✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ h : X −→ A ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❛❧q✉❡r✱ ❝♦♠

h(xi) = ai ♣❛r❛ i ∈ N✳ ❉❛ ❖❜s❡r✈❛çã♦ ✶✳✶✳✸ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

ϕh : K〈X〉 → A t❛❧ q✉❡ ϕh(1) = 1A ❡ ϕh(xi1xi2 . . . xin) = ai1ai2 . . . ain ✳ ❚❡♠♦s q✉❡ ϕh

é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❡ é ♦ ú♥✐❝♦ s❛t✐s❢❛③❡♥❞♦ ϕh|X = h✳

❉❡✜♥✐çã♦ ✶✳✷✳✸ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❯♠ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) ∈ K〈X〉 ✭ ♦✉ ❛

❡①♣r❡ssã♦ f(x1, . . . , xn) = 0✮ é ❞✐t♦ s❡r ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❛ á❧❣❡❜r❛ A✱ s❡

f(a1, . . . , an) = 0 ♣❛r❛ q✉❛✐sq✉❡r a1, . . . , an ∈ A✳

❖❜s❡r✈❡♠♦s q✉❡ f = f(x1, . . . , xn) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡A s❡✱ ❡ s♦♠❡♥t❡

s❡✱ f ♣❡rt❡♥❝❡ ❛♦s ♥ú❝❧❡♦s ❞❡ t♦❞♦s ♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ K〈X〉 ❡♠ A✳ ❉❡♥♦t❛♥❞♦ ♣♦r

T (A) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A✱ ❞✐③❡♠♦s q✉❡ A é ✉♠❛

✶✵



á❧❣❡❜r❛ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♦✉ P■✲á❧❣❡❜r❛✶ s❡ T (A) 6= {0}✳ ❙❡ A1 ❡ A2

sã♦ á❧❣❡❜r❛s t❛✐s q✉❡ T (A1) = T (A2)✱ ❞✐③❡♠♦s q✉❡ A1 ❡ A2 sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

❆♣r❡s❡♥t❛r❡♠♦s ❛ s❡❣✉✐r ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s✳

❊①❡♠♣❧♦ ✶✳✷✳✹ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✱ ❡♥tã♦ ♦ ♣♦❧✐♥ô♠✐♦ ❝♦♠✉t❛❞♦r

f(x1, x2) = [x1, x2] = x1x2 − x2x1 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A✳

❊①❡♠♣❧♦ ✶✳✷✳✺ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E é ✉♠❛ P■✲á❧❣❡❜r❛✱ ♣♦✐s ♦ ♣♦❧✐♥ô♠✐♦

[x1, x2, x3] é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ E✳ P❛r❛ ✈❡r ✐st♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡

[a, b] ∈ E0 = Z(E) ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ E✳

❊①❡♠♣❧♦ ✶✳✷✳✻ ❆ á❧❣❡❜r❛ M2(K) s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ f(x1, x2, x3) = [[x1, x2]
2, x3]

❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❍❛❧❧✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡✿

(1) ❙❡ A,B ∈Mn(K)✱ ❡♥tã♦ tr([A,B]) = 0❀

(2) ❙❡ A ∈M2(K) ❡ tr(A) = 0✱ ❡♥tã♦ A2 = λI2 ♦♥❞❡ I2 é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡

M2(K)✳

❊①❡♠♣❧♦ ✶✳✷✳✼ ❈♦♥s✐❞❡r❡ ♦ ♣♦❧✐♥ô♠✐♦

sn(x1, . . . , xn) =
∑

σ∈Sn

(−1)σxσ(1) . . . xσ(n),

♦♥❞❡ Sn é ♦ ❣r✉♣♦ s✐♠étr✐❝♦ ❞❛s ♣❡r♠✉t❛çõ❡s ❞❡ {1, 2, . . . , n} ❡ (−1)σ é ♦ s✐♥❛❧ ❞❛

♣❡r♠✉t❛çã♦ σ✳ ❖ ♣♦❧✐♥ô♠✐♦ sn é ❝❤❛♠❛❞♦ ❞❡ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ ❞❡ ❣r❛✉ n✳ ❊♠

❬✷❪ ❢♦✐ ♣r♦✈❛❞♦ q✉❡ s2n(x1, . . . , x2n) ∈ T (Mn(K))✱ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ ♣♦r ❚❡♦r❡♠❛ ❞❡

❆♠✐ts✉r✲▲❡✈✐t③❦✐✳ P♦st❡r✐♦r♠❡♥t❡✱ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞❛s ♦✉tr❛s ❞❡♠♦♥str❛çõ❡s ❞❡st❡

t❡♦r❡♠❛ ✭✈❡❥❛ ❬✸✸❪✱ ❬✺✸❪✱ ❬✹✻❪ ❡ ❬✹✽❪✱ ✮✳

❖s ❝♦♥❝❡✐t♦s q✉❡ ❛♣r❡s❡♥t❛r❡♠♦s ❛ s❡❣✉✐r✱ ❛ss✐♠ ❝♦♠♦ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✱ sã♦ ❞❡

❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♥❛ P■✲t❡♦r✐❛✳

❉❡✜♥✐çã♦ ✶✳✷✳✽ ❯♠ ✐❞❡❛❧ I ❞❡ K〈X〉 é ❞✐t♦ s❡r ✉♠ T ✲✐❞❡❛❧ s❡ φ(I) ⊆ I ♣❛r❛ t♦❞♦

φ ∈ EndK〈X〉✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ s❡ f(g1, . . . , gn) ∈ I ♣❛r❛ q✉❛✐sq✉❡r

f(x1, . . . , xn) ∈ I ❡ g1, . . . , gn ∈ K〈X〉✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✾ ❖ ❝♦♥❥✉♥t♦ T (A) ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ A é ✉♠ ❚✲✐❞❡❛❧

❞❡ K〈X〉✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ I é ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✱ ❡♥tã♦ ❡①✐st❡ ❛❧❣✉♠❛ á❧❣❡❜r❛ B

t❛❧ q✉❡ T (B) = I✳

✶❛ s✐❣❧❛ ✈❡♠ ❞♦ ✐♥❣❧ês ✲ ♣♦❧✐♥♦♠✐❛❧ ✐❞❡♥t✐t②✳

✶✶



❉❡♠♦♥str❛çã♦✿ ➱ ❢á❝✐❧ ✈❡r q✉❡ T (A) é ✉♠ ✐❞❡❛❧ ❞❡ K〈X〉✳ ❙❡❥❛♠

f(x1, . . . , xn) ∈ T (A) ❡ ϕ ∈ EndK〈X〉✱ ❛r❜✐trár✐♦s✳ ❙❡ ψ : K〈X〉 → A é ✉♠

❤♦♠♦♠♦r✜s♠♦ q✉❛❧q✉❡r✱ ❡♥tã♦ ψ(ϕ(f)) = (ψ ◦ϕ)(f) = 0✱ ♣♦✐s ψ ◦ϕ : K〈X〉 → A é ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❡ f ∈ T (A)✳ ❉❛í✱ ϕ(f) ∈ Ker(ψ) ❡ ♣♦rt❛♥t♦ ϕ(f) ∈ T (A)✳

❙❡❥❛ I ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✳ ❚♦♠❡♠♦s ❛ á❧❣❡❜r❛ q✉♦❝✐❡♥t❡ B = K〈X〉/I ❡

❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ π : K〈X〉 −→ K〈X〉/I✳ ❙❡ f ∈ T (B)✱ ❡♥tã♦ f ∈ Ker(π)✳

❈♦♠♦ Ker(π) = I✱ t❡♠♦s T (B) ⊆ I✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ f(x1, . . . , xn) ∈ I ❡

g1, . . . , gn ∈ K〈X〉✱ ❡♥tã♦ f(g1, . . . , gn) ∈ I ❡ ❞❛í f(g1, . . . , gn) = f(g1, . . . , gn) = 0✳

▲♦❣♦✱ f ∈ T (B)✱ ♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ❛ ✐♥t❡rs❡❝çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ ❚✲✐❞❡❛✐s é ❛✐♥❞❛

✉♠ ❚✲✐❞❡❛❧✳ ❙❡❣✉❡ ❡♥tã♦ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✵ ❙❡❥❛ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ K〈X〉✳ ❉❡✜♥✐♠♦s ♦ ❚✲✐❞❡❛❧ ❣❡r❛❞♦

♣♦r S✱ ❞❡♥♦t❛❞♦ ♣♦r 〈S〉T ✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s ❚✲✐❞❡❛✐s ❞❡ K〈X〉 q✉❡

❝♦♥té♠ S✳ ❉❡ss❛ ❢♦r♠❛✱ 〈S〉T é ♦ ♠❡♥♦r ❚✲✐❞❡❛❧ ❝♦♥t❡♥❞♦ S✳

❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ♣rát✐❝♦✱ ♦ ❚✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ s✉❜❡s♣❛ç♦

✈❡t♦r✐❛❧ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

{h1f(g1, . . . , gn)h2 | f ∈ S, h1, h2, g1, . . . , gn ∈ K〈X〉}.

❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❡ S ⊆ T (A) é t❛❧ q✉❡ T (A) = 〈S〉T ❞✐③❡♠♦s q✉❡ S é ✉♠❛

❜❛s❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ A✳ ❙❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) ∈ 〈S〉T ❞✐③❡♠♦s q✉❡ f

s❡❣✉❡ ❞❡ S✱ ♦✉ q✉❡ f é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ S✳

❯♠ ❞♦s ♣r♦❜❧❡♠❛s ❝❡♥tr❛✐s ❞❛ P■✲t❡♦r✐❛ é ❡♥❝♦♥tr❛r✱ ♣❛r❛ ✉♠❛ ❞❛❞❛ á❧❣❡❜r❛✱

❜❛s❡s ♣❛r❛ s✉❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛✱ ❝❛s♦ T (A) ♣♦ss✉❛ ✉♠❛

❜❛s❡ ✜♥✐t❛ ❡ t♦❞♦ T ✲✐❞❡❛❧ I ❝♦♠ I ⊇ T (A) t❛♠❜é♠ t❡♠ ❜❛s❡ ✜♥✐t❛✱ ❞✐③❡♠♦s q✉❡ A

s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t ✭❲✳ ❙♣❡❝❤t✮✳ ❆ q✉❡stã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❛ ❜❛s❡

✜♥✐t❛ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s s♦❜r❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦

é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t ❡✱ ❡♠ ❬✸✵❪✱ ❑❡♠❡r ❞❡✉ ✉♠❛ r❡s♣♦st❛ ♣♦s✐t✐✈❛

♣❛r❛ ❡st❛ q✉❡stã♦✳

❱❡❥❛♠♦s ❛❣♦r❛ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❜❛s❡s ❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❡ ❛❧❣✉♠❛s á❧❣❡❜r❛s

✐♠♣♦rt❛♥t❡s✳

✶✷



❊①❡♠♣❧♦ ✶✳✷✳✶✶ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ ❡ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱

❡♥tã♦ T (A) = 〈[x1, x2]〉
T ✳ ❉✐③❡♠♦s ❡♥tã♦ q✉❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ A s❡❣✉❡♠ ✭♦✉

sã♦ ❝♦♥s❡q✉ê♥❝✐❛s✮ ❞♦ ♣♦❧✐♥ô♠✐♦ [x1, x2]✳

❊①❡♠♣❧♦ ✶✳✷✳✶✷ ❙❡ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ 2✱ ❡♥tã♦

T (E) = 〈[x1, x2, x3]〉
T ✭✈❡❥❛ ❬✸✹❪ ❡ ❬✷✵❪✮✳ ◆♦ ❝❛s♦ ❞❡ K s❡r ✜♥✐t♦ ❙t♦❥❛♥♦✈❛✲❱❡♥❦♦✈❛

❬✺✷❪ ❞❡s❝r❡✈❡✉ ❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ ❡①t❡r✐♦r ♥ã♦✲✉♥✐tár✐❛ ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡

❙✐❞❡r♦✈ ❬✼❪ ❞❡s❝r❡✈❡✉ ❛s ✐❞❡♥t✐❞❛❞❡s q✉❛♥❞♦ ❛ ❞✐♠❡♥sã♦ é ✐♥✜♥✐t❛✳

❊①❡♠♣❧♦ ✶✳✷✳✶✸ ❊♠ 1973✱ ❘❛③♠②s❧♦✈ ❬✹✹❪ ♣r♦✈♦✉ q✉❡ T (M2(K)) é ✜♥✐t❛♠❡♥t❡

❣❡r❛❞♦ ♣❛r❛ charK = 0✱ ❞❡t❡r♠✐♥❛♥❞♦ ✉♠❛ ❜❛s❡ ❝♦♠ 9 ✐❞❡♥t✐❞❛❞❡s✳ P♦st❡r✐♦r♠❡♥t❡✱

❉r❡♥s❦② ❬✶✵❪ ♠♦str♦✉ q✉❡ T (M2(K)) = 〈s4(x1, x2, x3, x4), [[x1, x2]
2, x3]〉

T ✱ t❛♠❜é♠

q✉❛♥❞♦ charK = 0✳ ❊♠ 2001✱ ❑♦s❤❧✉❦♦✈ ❬✸✶❪ ❣❡♥❡r❛❧✐③♦✉ ❡st❡ r❡s✉❧t❛❞♦ ❞❡ ❉r❡♥s❦②

♣❛r❛ K ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ 2 ❡ 3✳ ◗✉❛♥❞♦ charK = 3✱ ✉♠❛ t❡r❝❡✐r❛

✐❞❡♥t✐❞❛❞❡ é ♥❡❝❡ssár✐❛ ♣❛r❛ ❣❡r❛r ♦ ❚✲✐❞❡❛❧ ✭✈❡❥❛ ❬✽❪✮✳ P❛r❛ charK = 2✱ ♦ ♣r♦❜❧❡♠❛

❞❛ ❞❡s❝r✐çã♦ ❞❡ T (M2(K)) ❛✐♥❞❛ ❡stá ❡♠ ❛❜❡rt♦✳

✶✳✸ ❱❛r✐❡❞❛❞❡s ❡ ➪❧❣❡❜r❛s ❘❡❧❛t✐✈❛♠❡♥t❡ ▲✐✈r❡s

❆♣r❡s❡♥t❛r❡♠♦s ♥❡st❛ s❡çã♦ ✉♠ ❜r❡✈❡ ❡st✉❞♦ s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❞❡ á❧❣❡❜r❛s ❡

á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s✳

❉❡✜♥✐çã♦ ✶✳✸✳✶ ❙❡❥❛ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ K〈X〉✳ ❆ ❝❧❛ss❡ B ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s q✉❡

tê♠ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ S ❝♦♠♦ ✐❞❡♥t✐❞❛❞❡s é ❝❤❛♠❛❞❛ ❞❡ ✈❛r✐❡❞❛❞❡ ✭❞❡ á❧❣❡❜r❛s

❛ss♦❝✐❛t✐✈❛s✮ ❞❡✜♥✐❞❛ ♣♦r S✳ ❆ ✈❛r✐❡❞❛❞❡ tr✐✈✐❛❧ é ❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s q✉❡ ❝♦♥té♠

❛♣❡♥❛s ❛ á❧❣❡❜r❛ ♥✉❧❛ ✭✐st♦ é✱ é ❛ ✈❛r✐❡❞❛❞❡ ❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s q✉❡ ❛ ❞❡✜♥❡♠

é K〈X〉✮✳

❙❡ B é ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s✱ s❡❥❛ T (B) ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s T ✲✐❞❡❛✐s T (A)

❝♦♠ A ∈ B✳ ❆ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s ❞❡✜♥✐❞❛ ♣♦r T (B) é ❝❤❛♠❛❞❛ ❞❡ ✈❛r✐❡❞❛❞❡

❣❡r❛❞❛ ♣♦r B ❡ ❞❡♥♦t❛❞❛ ♣♦r varB✳ ❙❡ B = {R}✱ ❡♥tã♦ ❞❡♥♦t❛♠♦s varB s✐♠♣❧❡s♠❡♥t❡

♣♦r varR✳ ❖❜s❡r✈❡ q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦r S é ✐❣✉❛❧ à ✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣♦r 〈S〉T ✳

❚❡♦r❡♠❛ ✶✳✸✳✷ ✭❇✐r❦❤♦✛✮ ❯♠❛ ❝❧❛ss❡ ♥ã♦✲✈❛③✐❛ ❞❡ á❧❣❡❜r❛s B é ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡✱

❡ s♦♠❡♥t❡ s❡✱ é ❢❡❝❤❛❞❛ ❛ ♣r♦❞✉t♦s ❞✐r❡t♦s✱ s✉❜á❧❣❡❜r❛s ❡ á❧❣❡❜r❛s q✉♦❝✐❡♥t❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✸❪✱ ♣á❣✐♥❛ ✷✹✳

❉❡✜♥✐çã♦ ✶✳✸✳✸ ❙❡❥❛ V ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s✳ P❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ✜①♦ Y ✱ ❛

á❧❣❡❜r❛ F ∈ V é ✉♠❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡ V✱ s❡ F é ❧✐✈r❡ ♥❛ ❝❧❛ss❡

V ✭❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r Y ✱ ✈❡❥❛ ❞❡✜♥✐çã♦ ✶✳✷✳✶✮✳ ❆ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ Y é ❝❤❛♠❛❞❛ ♦

♣♦st♦ ❞❡ F ✳

✶✸



❚❡♦r❡♠❛ ✶✳✸✳✹ ❚♦❞❛ ✈❛r✐❡❞❛❞❡ V ✭♥ã♦✲tr✐✈✐❛❧✮ ♣♦ss✉✐ ❛❧❣✉♠❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡

❧✐✈r❡✳ ❆❧é♠ ❞✐ss♦✱ ❞✉❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❞❡ ♠❡s♠♦ ♣♦st♦ ❡♠ V sã♦

✐s♦♠♦r❢❛s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ T (V) =
⋂

R∈V T (R) ❡ ❝♦♥s✐❞❡r❡ π : K〈X〉 −→ K〈X〉/T (V) ❛

♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❙❡❥❛♠ x1 ❡ x2 ❞♦✐s ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❞❡ X t❛✐s q✉❡ π(x1) = π(x2)✳

❈♦♥s✐❞❡r❡♠♦s ✉♠❛ á❧❣❡❜r❛ ♥ã♦✲♥✉❧❛ A ❞❡ V ❡ ✉♠ ❡❧❡♠❡♥t♦ ♥ã♦✲♥✉❧♦ a ∈ A✳ ❊♥tã♦

❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ψ : K〈X〉 −→ A t❛❧ q✉❡ ψ(x1) = a ❡ ψ(x2) = 0✳ ❈♦♠♦

T (V) ⊆ Kerψ✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ φ : K〈X〉/T (V) −→ A t❛❧ q✉❡ φ ◦ π = ψ✳

▼❛s✱ a = ψ(x1) = (φ ◦ π)(x1) = (φ ◦ π)(x2) = ψ(x2) = 0✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

▲♦❣♦✱ π|X é ✐♥❥❡t♦r❛ ❡ ♣♦rt❛♥t♦ π(X) é ❡♥✉♠❡rá✈❡❧✳

❆ á❧❣❡❜r❛ K〈X〉/T (V) é ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ π(X) ❡ ♣❡rt❡♥❝❡ ❛ V ✱ ♣♦✐s s❛t✐s❢❛③

t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ T (V)✳ ❱❛♠♦s ♠♦str❛r q✉❡ ❡st❛ á❧❣❡❜r❛ é ❧✐✈r❡ ❡♠ V ✱ ❝♦♠

❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❧✐✈r❡ π(X)✳ ❙❡❥❛♠ A ∈ V ❡ σ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ π(X) ❡♠ A✳ ❈♦♠♦

K〈X〉 é ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❝♦♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r X✱ ❛ ❛♣❧✐❝❛çã♦ σ◦π : X −→ A ❡st❡♥❞❡✲s❡

❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ θ : K〈X〉 −→ A✳ ❊①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ρ : K〈X〉/T (V) −→ A

♣❛r❛ ♦ q✉❛❧ ρ ◦ π = θ✱ ♣♦✐s T (V) ⊆ Kerθ✳ ❙❡ x ∈ X✱ t❡♠♦s q✉❡ ρ(π(x)) = (ρ ◦ π)(x) =

θ(x) = (σ ◦ π)(x) = σ(π(x))✱ ♦✉ s❡❥❛✱ ♦ ❤♦♠♦♠♦r✜s♠♦ ρ ❡st❡♥❞❡ ❛ ❛♣❧✐❝❛çã♦ σ✳

P♦rt❛♥t♦✱ K〈X〉/T (V) é ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡ V ✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ F1 ❡ F2 á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❞❡ ♠❡s♠♦ ♣♦st♦ ❡♠ V ✳

❙❡♥❞♦ F1 ❡ F2 ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛s ♣♦r Y1 ❡ Y2 r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t♦♠❡♠♦s ✉♠❛ ❜✐❥❡çã♦

g : Y1 −→ Y2✳ ❚❡♠♦s ❡♥tã♦ q✉❡ ❡①✐st❡♠ ❤♦♠♦♠♦r✜s♠♦s ❞❡ á❧❣❡❜r❛s ϕ1 : F1 −→ F2

❡ ϕ2 : F2 −→ F1 ❡st❡♥❞❡♥❞♦ g ❡ g−1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▲♦❣♦✱ (ϕ2 ◦ ϕ1)(y) = y ❡

(ϕ1 ◦ ϕ2)(z) = z✱ ♣❛r❛ q✉❛✐sq✉❡r y ∈ Y1 ❡ z ∈ Y2✳ ❙❡❣✉❡ ❡♥tã♦ q✉❡ ϕ2 ◦ ϕ1 = IdF1 ❡

ϕ1 ◦ ϕ2 = IdF2 ✱ ❡ ♣♦rt❛♥t♦ ϕ1 ❡ ϕ2 sã♦ ✐s♦♠♦r✜s♠♦s✳

❆s ✐❞é✐❛s ❞❡ ✈❛r✐❡❞❛❞❡s ❡ á❧❣❡❜r❛s ❧✐✈r❡s sã♦ ♥❛ ✈❡r❞❛❞❡ ♠❛✐s ❣❡r❛✐s ❞♦ q✉❡

❛❝❛❜❛♠♦s ❞❡ ❛♣r❡s❡♥t❛r✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✶✸❪✱ ❙❡çõ❡s ✶✳✷✱ ✶✳✷ ❡ ✷✳✸✳

✶✳✹ ➪❧❣❡❜r❛s ❡♥✈♦❧✈❡♥t❡s

❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ ❈♦♥s✐❞❡r❡ ❡♠ A ♦ ♣r♦❞✉t♦ [a, b] = ab − ba✱

♣❛r❛ a, b ∈ A✳ ❈♦♠ ❡st❡ ♣r♦❞✉t♦ t❡♠♦s ❡♠ A ✉♠❛ ♥♦✈❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛✱ q✉❡

❞❡♥♦t❛r❡♠♦s ♣♦r A(−)✳ ❈♦♠♦ [a, a] = 0 ❡ [a, b, c] + [b, c, a] + [c, a, b] = 0 ✭✐❞❡♥t✐❞❛❞❡

✶✹



❞❡ ❏❛❝♦❜✐✮ ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A✱ s❡❣✉❡ q✉❡ A(−) é ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡✳ ❙❡ ✉♠❛

á❧❣❡❜r❛ ❞❡ ▲✐❡ L é ✐s♦♠♦r❢❛ ❛ ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A(−)✱ ❞✐③❡♠♦s q✉❡ A é ✉♠❛ á❧❣❡❜r❛

❡♥✈♦❧✈❡♥t❡ ❞❡ L✳

❊①❡♠♣❧♦ ✶✳✹✳✶ ❙❡❥❛ L ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❝♦♠ ❜❛s❡ {u, v} t❛❧ q✉❡ u ∗ v = v✳ ❆

á❧❣❡❜r❛ M2(K) é ✉♠❛ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ L✱ ♣♦✐s ♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❞❡ M2(K)

❣❡r❛❞♦ ♣♦r {E11, E12} é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ M2(K)(−) ❡ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ϕ : L −→ V

q✉❡ s❛t✐s❢❛③ ϕ(u) = E11 ❡ ϕ(v) = E12 é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳

❉❡✜♥✐çã♦ ✶✳✹✳✷ ❙❡❥❛ L ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡✳ ❉✐③✲s❡ q✉❡ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ U é

✉♠❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈♦❧✈❡♥t❡ ❞❡ L✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r U = U(L)✱ s❡ L é ✉♠❛

s✉❜á❧❣❡❜r❛ ❞❡ U (−) ❡ U s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✿ ♣❛r❛ q✉❛❧q✉❡r á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ R ❡ q✉❛❧q✉❡r ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ϕ : L → R(−) ❡①✐st❡ ✉♠

ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ψ : U → R q✉❡ ❡st❡♥❞❡ ϕ✱ ♦✉ s❡❥❛✱ t❛❧

q✉❡ ψ|L = ϕ✳

❖s t❡♦r❡♠❛s q✉❡ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ❛ s❡❣✉✐r ♥♦s ❛❥✉❞❛rã♦ ❛ ❞❡t❡r♠✐♥❛r ✉♠❛ ❜❛s❡

❞❡ K〈X〉✳

❚❡♦r❡♠❛ ✶✳✹✳✸ ✭P♦✐♥❝❛ré✱ ❇✐r❦❤♦✛✱ ❲✐tt✮ ❚♦❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ L ♣♦ss✉✐ ✉♠❛

ú♥✐❝❛ ✭❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦s✮ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈♦❧✈❡♥t❡ U(L)✳ ❙❡ L t❡♠ ✉♠❛

❜❛s❡ {ei | i ∈ I} ♦♥❞❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐❝❡s I é ♦r❞❡♥❛❞♦✱ ❡♥tã♦ U(L) t❡♠ ✉♠❛ ❜❛s❡

❞❛❞❛ ♣♦r

ei1 . . . eip , i1 ≤ . . . ≤ ip, ik ∈ I, p = 0, 1, 2, . . .

♦♥❞❡ p = 0 ♥♦s ❞á ❛ ✉♥✐❞❛❞❡ ❞❡ U(L)✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✸❪✱ ♣á❣✐♥❛ ✶✶✳

❙❡♥❞♦ X = {x1, x2, . . .}✱ ❝♦♥s✐❞❡r❡♠♦s

ComX = {[xi1 , xi2 , . . . , xik ] | k ≥ 2, xij ∈ X}.

❙❡❥❛♠ B(X) ❛ s✉❜á❧❣❡❜r❛ ✭❝♦♠ ✉♥✐❞❛❞❡✮ ❞❡ K〈X〉 ❣❡r❛❞❛ ♣♦r ComX ❡ L(X) ♦

s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r X ∪ ComX✳ ❖s ♣♦❧✐♥ô♠✐♦s ❞❡ B(X) sã♦

❝❤❛♠❛❞♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ♣ró♣r✐♦s✳ ❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ K〈X〉(−)✳

▼♦str❛✲s❡ q✉❡ s❡ u, v ∈ X ∪ ComX✱ ❡♥tã♦ [u, v] ∈ L(X)✳ P♦rt❛♥t♦✱ L(X) é ✉♠❛

s✉❜á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ K〈X〉(−)✳

❚❡♦r❡♠❛ ✶✳✹✳✹ ✭❲✐tt✮ U(L(X)) = K〈X〉✳

✶✺



❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✸❪✱ ♣á❣✐♥❛ ✶✹✱ t❡♦r❡♠❛ ✶✳✸✳✺✳

P♦❞❡ s❡r ❞❡♠♦♥str❛❞♦ q✉❡ ❛ á❧❣❡❜r❛ L(X) é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❞❡ ▲✐❡✳

❉❡ ❢❛t♦✱ s❡❥❛♠ L ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❡ h : X −→ L ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❛❧q✉❡r✳ P♦r

K〈X〉 s❡r ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r X✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ϕ : K〈X〉 −→ U(L)

❡st❡♥❞❡♥❞♦ h✳ ❚❡♠♦s q✉❡ ϕ([xi1 , xi2 , . . . , xik ]) = [ϕ(xi1), ϕ(xi2), . . . , ϕ(xik)] ♣❛r❛ k ≥ 2✱

❡ ❛ss✐♠ ϕ(L(X)) ⊆ L✳ ❛❧é♠ ❞✐ss♦✱ é ✐♠❡❞✐❛t♦ ✈❡r q✉❡ s❡ f1, f2 ∈ L(X)✱ ❡♥tã♦

ϕ([f1, f2]) = [ϕ(f1), ϕ(f2)]✳ ▲♦❣♦✱ ϕ|L(X) : L(X) −→ L é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s

❞❡ ▲✐❡ q✉❡ ❡st❡♥❞❡ h✳ ❉✐③❡♠♦s ❡♥tã♦ q✉❡ L(X) é ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❧✐✈r❡✱ ❧✐✈r❡♠❡♥t❡

❣❡r❛❞❛ ♣♦r X✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ ❞❡ L(X) ❝♦♥s✐st✐♥❞♦ ❞♦s ❡❧❡♠❡♥t♦s

x1, x2, . . . , xn, . . . , u1, u2, . . . , um, . . .

♦♥❞❡ {u1, u2, . . .} ⊆ ComX é ✉♠❛ ❜❛s❡ ❞❡ [L(X), L(X)]✱ ♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ L(X)

❣❡r❛❞♦ ♣♦r ComX✳ ❉♦s t❡♦r❡♠❛s ✶✳✹✳✸ ❡ ✶✳✹✳✹ s❡❣✉❡ q✉❡ K〈X〉 ♣♦ss✉✐ ✉♠❛ ❜❛s❡

❢♦r♠❛❞❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s

xn1
i1
xn2

i2
. . . xnk

ik
uj1uj2 . . . ujq

, k, q, ni ≥ 0 ✭✶✳✸✮

♦♥❞❡ i1 < i2 < . . . < ik✱ j1 ≤ j2 ≤ . . . ≤ jq✳ ◆♦t❡ q✉❡ ♦s ❡❧❡♠❡♥t♦s ❝♦♠ k = 0 ❢♦r♠❛♠

✉♠❛ ❜❛s❡ ♣❛r❛ B(X) ❡ q✉❡ s❡ f(x1, x2, . . . , xn) ∈ K〈X〉✱ ❡♥tã♦

f(x1, x2, . . . , xn) =
∑

a

αax
a1
1 x

a2
2 . . . xan

n ga, ✭✶✳✹✮

♦♥❞❡ a = (a1, a2, . . . , an)✱ ai ≥ 0✱ αa ∈ K ❡ ga ∈ B(X)✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛

❞♦s ❡❧❡♠❡♥t♦s ❡♠ ✶✳✸✱ t❡♠♦s ❡st❛ ♠❛♥❡✐r❛ ❞❡ s❡ ❡①♣r❡ss❛r f ú♥✐❝❛✳

✶✳✺ P♦❧✐♥ô♠✐♦s ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s ❡ ♠✉❧t✐❧✐♥❡❛r❡s

❉❡✜♥✐çã♦ ✶✳✺✳✶ ❙❡❥❛♠ m ∈ K〈X〉 ✉♠ ♠♦♥ô♠✐♦ ❡ xi ∈ X✳ ❉❡✜♥✐♠♦s ♦ ❣r❛✉ ❞❡

xi ❡♠ m✱ ❞❡♥♦t❛❞♦ ♣♦r degxi
m✱ ❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ♦❝♦rrê♥❝✐❛s ❞❡ xi ❡♠ m✳

❯♠ ♣♦❧✐♥ô♠✐♦ f ∈ K〈X〉 é ❞✐t♦ ❤♦♠♦❣ê♥❡♦ ❡♠ xi s❡ t♦❞♦s ♦s s❡✉s ♠♦♥ô♠✐♦s tê♠

♦ ♠❡s♠♦ ❣r❛✉ ❡♠ xi✳ f é ❞✐t♦ ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦ q✉❛♥❞♦ é ❤♦♠♦❣ê♥❡♦ ❡♠ t♦❞❛s ❛s

✈❛r✐á✈❡✐s ❡ é ♠✉❧t✐❧✐♥❡❛r s❡ é ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦ ❡♠ ❝❛❞❛ ♠♦♥ô♠✐♦ ❡ ❝❛❞❛ ✈❛r✐á✈❡❧ t❡♠

❣r❛✉ ❡①❛t❛♠❡♥t❡ ✶✳

✶✻



❙❡ m = m(x1, x2, . . . , xk) é ✉♠ ♠♦♥ô♠✐♦ ❞❡ K〈X〉✱ ♦ ♠✉❧t✐❣r❛✉ ❞❡ m é ❛ k✲✉♣❧❛

(a1, a2, . . . , ak) ♦♥❞❡ ai = degxi
m✳ ❆ s♦♠❛ ❞❡ t♦❞♦s ♦s ♠♦♥ô♠✐♦s ❞❡ f ∈ K〈X〉 ❝♦♠ ✉♠

❞❛❞♦ ♠✉❧t✐❣r❛✉✱ é ❞✐t♦ s❡r ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐✲❤♦♠♦❣ê♥❡❛ ❞❡ f ✳ ◆♦t❡♠♦s ❛✐♥❞❛

q✉❡ f ∈ K〈X〉 é ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝♦♠♣♦♥❡♥t❡

♠✉❧t✐✲❤♦♠♦❣ê♥❡❛✳ ❆❧é♠ ❞✐ss♦✱ f(x1, x2, . . . , xk) ∈ K〈X〉 é ♠✉❧t✐❧✐♥❡❛r s❡ é ♠✉❧t✐✲

❤♦♠♦❣ê♥❡♦ ❝♦♠ ♠✉❧t✐❣r❛✉ (1, 1, . . . , 1)✳ ◆❡st❡ ❝❛s♦✱ f t❡♠ ❛ ❢♦r♠❛

∑

σ∈Sk

aσxσ(1)xσ(2) . . . xσ(k), aσ ∈ K.

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ♥♦s ❞❛rã♦ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛ ♥♦ tr❛❜❛❧❤♦ ❞❡

❞❡t❡r♠✐♥❛r ❣❡r❛❞♦r❡s ♣❛r❛ ❚✲✐❞❡❛✐s s♦❜r❡ ❞❡t❡r♠✐♥❛❞♦s t✐♣♦s ❞❡ ❝♦r♣♦s✳

Pr♦♣♦s✐çã♦ ✶✳✺✳✷ ❙❡❥❛♠ I ✉♠ ❚✲✐❞❡❛❧ ❞❡ K〈X〉 ❡ f(x1, x2, . . . , xk) ∈ I✳ ❙❡ K é

✐♥✜♥✐t♦ ❡♥tã♦ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐✲❤♦♠♦❣ê♥❡❛ ❞❡ f ♣❡rt❡♥❝❡ ❛ I✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

I é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ n ♦ ♠❛✐♦r ❣r❛✉ ❡♠ x1 ❞❡ ❛❧❣✉♠ ♠♦♥ô♠✐♦ ❞❡ f ✳ P❛r❛ ❝❛❞❛

i = 0, 1, . . . , n✱ ❝♦♥s✐❞❡r❡♠♦s fi(x1, x2, . . . , xk) ❝♦♠♦ s❡♥❞♦ ❛ s♦♠❛ ❞❡ t♦❞♦s ♦s ♠♦♥ô♠✐♦s

q✉❡ tê♠ ❣r❛✉ i ❡♠ x1 ✭❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❣r❛✉ i ❡♠ x1✮✳ ❚❡♠♦s ❝❧❛r❛♠❡♥t❡ q✉❡

f = f0 + f1 + . . . + fn✳ ❈♦♠♦ K é ✐♥✜♥✐t♦✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r n + 1 ❡❧❡♠❡♥t♦s

❞✐st✐♥t♦s α0, . . . , αn ∈ K✳ P❛r❛ ❝❛❞❛ j = 0, 1, 2, . . . , n t❡♠♦s gj = f(αjx1, x2, . . . , xk) =

f0 + αjf1 + . . .+ αn
j fn ❡ ❛ss✐♠





1 α0 . . . αn
0

1 α1 . . . αn
1

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

1 αn . . . αn
n









f0

f1

✳✳✳

fn




=





g0

g1

✳✳✳

gn





❖❜s❡r✈❡ q✉❡ g0, g1, . . . , gn ∈ I✱ ♣♦✐s I é ✉♠ ❚✲✐❞❡❛❧✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♣r✐♠❡✐r❛

♠❛tr✐③ ♥❛ ✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r é ✉♠❛ ♠❛tr✐③ ❞❡ ❱❛♥❞❡r♠♦♥❞❡ ✐♥✈❡rtí✈❡❧✳ ▲♦❣♦✱ ❞❡✈❡♠♦s

t❡r f0, f1, . . . , fn ∈ I✳

❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ i = 0, 1, . . . , n ❡ ❝❛❞❛ t = 0, 1, 2, . . .✱ t♦♠❡♠♦s fit ❝♦♠♦

s❡♥❞♦ ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❡♠ fi ❞❡ ❣r❛✉ t ❡♠ x2✳ ❯s❛♥❞♦ ❡♥tã♦ ♦s ♠❡s♠♦s

❛r❣✉♠❡♥t♦s ❛♥t❡r✐♦r❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡ fit ∈ I ❡ ❛ss✐♠✱ r❡♣❡t✐♥❞♦ ♦ ♣r♦❝❡ss♦ ♣❛r❛ ❝❛❞❛

✈❛r✐á✈❡❧✱ t❡♠♦s ❛ ♣r✐♠❡✐r❛ ❛✜r♠❛çã♦✳ ❋✐♥❛❧♠❡♥t❡✱ ♦❜s❡r✈❛♥❞♦ q✉❡ f é ❛ s♦♠❛ ❞❡ s✉❛s

✶✼



❝♦♠♣♦♥❡♥t❡s ♠✉❧t✐✲❤♦♠♦❣ê♥❡❛s✱ ❝♦♥❝❧✉í♠♦s q✉❡ I é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐✲

❤♦♠♦❣ê♥❡♦s✳

Pr♦♣♦s✐çã♦ ✶✳✺✳✸ ❙❡ I é ✉♠ ❚✲✐❞❡❛❧ ❞❡ K〈X〉 ❡ charK = 0✱ ❡♥tã♦ I é ❣❡r❛❞♦ ♣♦r

s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ charK = 0✱ t❡♠♦s q✉❡ K é ✐♥✜♥✐t♦ ❡ ♣♦rt❛♥t♦✱ ♣❡❧❛

♣r♦♣♦s✐çã♦ ✶✳✺✳✷✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ f(x1, x2, . . . , xn) ∈ I é ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐✲

❤♦♠♦❣ê♥❡♦✳ ❙❡❥❛ n = degx1f ✳ ❚♦♠❛♥❞♦ y1 ❡ y2 ✈❛r✐á✈❡✐s ❞❡ X ❞✐st✐♥t❛s ❞❡

x1, x2, . . . , xn✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦ h(y1, y2, x2, . . . , xn) = f(y1 + y2, x2, . . . , xn)✳

❙❡♥❞♦ h1(y1, y2, x2, . . . , xk) ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ h(y1, y2, x2, . . . , xk) ❞❡ ❣r❛✉ 1

❡♠ y1✱ t❡♠♦s q✉❡ degy2h1 = n − 1 ❡ q✉❡ h1(x1, x1, x2, . . . , xk) = nf(x1, x2, . . . , xk)✳

P♦r charK = 0✱ s❡❣✉❡ q✉❡ f é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ h1(y1, y2, . . . , xk)✳ ◆♦t❡♠♦s q✉❡

degy2h1 = n − 1 ❡ ❛ss✐♠✱ ❝❛s♦ s❡❥❛ ♥❡❝❡ssár✐♦✱ ❝♦♥t✐♥✉❛♠♦s ♦ ♣r♦❝❡ss♦ ♣❛r❛ ❛s

✈❛r✐á✈❡✐s y2, x2, . . . , xk ❡♠ h1✳ ❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ❡st❡ ♣r♦❝❡ss♦ ✭❝❤❛♠❛❞♦ ❞❡ ♣r♦❝❡ss♦

❞❡ ❧✐♥❡❛r✐③❛çã♦✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ f é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ❛❧❣✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ❞❡

I ❡ ❛ss✐♠ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✶✳✺✳✹ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ ❡♥tã♦ t♦❞❛s ❛s

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A s❡❣✉❡♠ ❞❛s s✉❛s ✐❞❡♥t✐❞❛❞❡s ♣ró♣r✐❛s ✭♦✉ s❡❥❛✱ ❞❛q✉❡❧❛s

❡♠ T (A) ∩ B(X)✮✳ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛

0✱ ❡♥tã♦ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A s❡❣✉❡♠ ❞❛s s✉❛s ✐❞❡♥t✐❞❛❞❡s ♣ró♣r✐❛s

♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f(x1, . . . , xm) ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A✳ ❈♦♠♦ K é

✐♥✜♥✐t♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ f é ♠✉❧t✐✲❤♦♠♦❣ê♥❡❛✳ ❯t✐❧✐③❛♥❞♦ ✶✳✹✱ ✈❛♠♦s ❡s❝r❡✈❡r f

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

f =
∑

αax
a1
1 . . . xam

m ωa(x1, . . . , xm), αa ∈ K,

♦♥❞❡ ωa(x1, . . . , xm) ∈ B(X) ❡ ❛ s♦♠❛ é ❢❡✐t❛ s♦❜r❡ t♦❞❛s ❛s ♠✲✉♣❧❛s a = (a1, . . . , am)

t❛✐s q✉❡ ai ≤ degxi
f ✱ 1 ≤ i ≤ m✳ ❉❡✜♥✐♠♦s ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦

M(f) = {M1, . . . ,Ml} = {a1 | a = (a1, . . . , am) e αa 6= 0},

♦♥❞❡ M1 > . . . > Ml > 0✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦ s❡❣✉❡ ❞❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✿

✶✽



❙❡ f ∈ T (A) ❡ f é ♠✉❧t✐✲❤♦♠♦❣ê♥❡❛✱ ❡♥tã♦

gj =
∑

a1=Mj

αax
a2
2 . . . xam

m ωa(x1, . . . , xm) ∈ T (A)

♣❛r❛ j = 1, 2, . . . , l✳

❉❡♠♦♥str❡♠♦s ❡st❛ ❛✜r♠❛çã♦✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ωa(x1 + 1, x2, . . . , xm) =

ωa(x1, x2, . . . , xm)✳ ❈♦♠♦ f(x1 + 1, x2, . . . , xm) t❛♠❜é♠ é ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡

A✱ ❝♦♥❝❧✉í♠♦s q✉❡

f(x1 + 1, x2, . . . , xm) =
∑

αa

a1∑

i=0



 a1

i



xi
1x

a2
2 . . . xam

m ωa(x1, . . . , xm) ∈ T (A).

❈♦♠♦ f é ♠✉❧t✐✲❤♦♠♦❣ê♥❡❛✱ a1 + degx1ωa(x1, x2, . . . , xm) = degx1f ❡ ❛ss✐♠ ❛

❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ f(x1 + 1, . . . , xm) ❝♦♠ ♠❡♥♦r ❣r❛✉ ♣♦ssí✈❡❧ ❡♠ r❡❧❛çã♦ ❛ x1

s❡ ♦❜té♠ q✉❛♥❞♦ a1 = M1 ❡ é ❞❛❞❛ ♣♦r

∑

a1=M1

αax
a2
2 . . . xam

m ωa(x1, . . . , xm), ✭✶✳✺✮

♦♥❞❡ ♦ s✉❜✲í♥❞✐❝❡ ❞♦ s♦♠❛tór✐♦ ✐♥❞✐❝❛ q✉❡ ❛ s♦♠❛ é ❢❡✐t❛ s♦❜r❡ t♦❞♦s ♦s a = (a1, . . . , am)

♦♥❞❡ a1 = M1✳ ❈♦♠♦ ♦ ❝♦r♣♦ é ✐♥✜♥✐t♦✱ ❞❛ ♣r♦♣♦s✐çã♦ ✶✳✺✳✷✱ s❡❣✉❡ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ✶✳✺

♣❡rt❡♥❝❡ ❛ T (A)✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ❛✜r♠❛çã♦ s❡❥❛ ✈❡r❞❛❞❡✐r❛ ♣❛r❛ j = 1, 2, . . . , k✱

♦♥❞❡ k é ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ ♠❡♥♦r q✉❡ l✳ ❙✉❜tr❛✐♥❞♦ xM1
1 g1 + xM2

2 g2 + . . .+ xMk

k gk ❞❡

f(x1, . . . , xm) ♦❜t❡♠♦s

h(x1, . . . , xm) =
∑

a1>Mk

αax
a1
1 . . . xam

m ωa(x1, . . . , xm) ∈ T (A).

➱ ❝❧❛r♦ q✉❡ M(h) = {Mk+1, . . . ,Ml} ❡ ❛♣❧✐❝❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❛♥t❡r✐♦r❡s ❛

❡st❡ ♣♦❧✐♥ô♠✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡

∑

a1=Mk+1

xa2
2 . . . xam

m ωa(x1, . . . , xm) ∈ T (A)

♦ q✉❡ ♣r♦✈❛ ❛ ❛✜r♠❛çã♦✳

✶✳✻ ❚✲❡s♣❛ç♦s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s

❉❡✜♥✐çã♦ ✶✳✻✳✶ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ f(x1, . . . , xn) ∈ K〈X〉✳ ❉✐③❡♠♦s q✉❡ f é ✉♠

♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ A s❡ f t❡♠ t❡r♠♦ ❝♦♥st❛♥t❡ ♥✉❧♦ ❡ f(a1, . . . , an) ∈ Z(A) ♣❛r❛

q✉❛✐sq✉❡r a1, . . . , an ∈ A

✶✾



❈♦♥❢♦r♠❡ ❡st❛ ❞❡✜♥✐çã♦✱ ❞✐③❡r q✉❡ f é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ A s✐❣♥✐✜❝❛

❞✐③❡r q✉❡ [f, g] é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ A ♣❛r❛ t♦❞♦ ♣♦❧✐♥ô♠✐♦ g ∈ K〈X〉✳ ▲♦❣♦✱ s❡ ❞✉❛s

á❧❣❡❜r❛s sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✱ ❡♥tã♦ ❡❧❛s tê♠ ♦s ♠❡s♠♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s✳

❊①❡♠♣❧♦ ✶✳✻✳✷ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛✱ t♦❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ A é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧

♣❛r❛ A✳ ❆s ✐❞❡♥t✐❞❛❞❡s sã♦ ❞✐t❛s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s tr✐✈✐❛✐s✳

❊①❡♠♣❧♦ ✶✳✻✳✸ ❖ ♣♦❧✐♥ô♠✐♦ f(x1, x2, x3, x4) = [x1, x2]◦ [x3, x4] ✭♣♦❧✐♥ô♠✐♦ ❞❡ ❍❛❧❧✮ é

✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ ❛ á❧❣❡❜r❛ M2(K)✳ ❈♦♥❢♦r♠❡ ✈❡r❡♠♦s ♥♦ ❝❛♣ít✉❧♦ ✸✱ ❖❦❤✐t✐♥

❬✹✵❪ ❞❡s❝r❡✈❡✉ ♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ ❛ á❧❣❡❜r❛ M2(K)✱ ♥♦ ❝❛s♦ ❞❡ charK = 0✳

P♦st❡r✐♦r♠❡♥t❡✱ ❈♦❧♦♠❜♦ ❡ ❑♦s❤❧✉❦♦✈ ❬✽❪ ❣❡♥❡r❛❧✐③❛r❛♠ ❡st❛ ❞❡s❝r✐çã♦ ♣❛r❛ ♦ ❝❛s♦

❞❡ K s❡r ✐♥✜♥✐t♦ ❡ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳ ❱❡r❡♠♦s t❛♠❜é♠✱ ♥♦ ❝❛♣ít✉❧♦ ✹✱

❛❧❣✉♠❛s ❝♦♥str✉çõ❡s ❞❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛Mn(K) ❛s q✉❛✐s ❡stã♦ ♥♦s ❛rt✐❣♦s ❬✶✺❪✱

❬✹✺❪ ❡ ❬✸✻❪✳

❊①❡♠♣❧♦ ✶✳✻✳✹ ❙❡❥❛ E ❛ á❧❣❡❜r❛ ❡①t❡r✐♦r s♦❜r❡ ✉♠ ❝♦r♣♦ K✳ ❚❡♠♦s q✉❡

f(x1, x2) = [x1, x2] é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ E✳ ❈❛s♦ charK = p✱ s❡❣✉❡ q✉❡

g(x) = xp é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ E✳ ❆♣r❡s❡♥t❛r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡ ❛ ❞❡s❝r✐çã♦

❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ E q✉❛♥❞♦ charK = 0✳

❉❡✜♥✐çã♦ ✶✳✻✳✺ ❯♠ s✉❜❡s♣❛ç♦ V ❞❡ K〈X〉 é ✉♠ ❚✲❡s♣❛ç♦ s❡ ϕ(V ) ⊆ V ♣❛r❛ t♦❞♦

ϕ ∈ EndK〈X〉

Pr♦♣♦s✐çã♦ ✶✳✻✳✻ ❯♠ s✉❜❡s♣❛ç♦ V ❞❡ K〈X〉 é ✉♠ ❚✲❡s♣❛ç♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

f(g1, . . . , gn) ∈ V ♣❛r❛ q✉❛✐sq✉❡r f(x1, . . . , xn) ∈ V ❡ g1, . . . , gn ∈ K〈X〉✳

❉❡♠♦♥str❛çã♦✿ ❙❛❜❡♠♦s q✉❡ ❞❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ {fi | i ∈ N}✱ ❡①✐st❡ ✉♠ ú♥✐❝♦

❡♥❞♦♠♦r✜s♠♦ ϕ ❞❡ K〈X〉 t❛❧ q✉❡ ϕ(xi) = fi ♣❛r❛ t♦❞♦ i ∈ N✳ ❙✉♣♦♥❤❛♠♦s q✉❡ V

s❡❥❛ ✉♠ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉✳ ❉❛❞♦s g1, . . . , gn ∈ K〈X〉✱ ❡①✐st❡ ✉♠ ❡♥❞♦♠♦r✜s♠♦ ϕ

❞❡ K〈X〉 t❛❧ q✉❡ ϕ(xi) = gi✱ ♣❛r❛ i = 1, . . . , n✱ ❡ ϕ(xi) = 0✱ ❝❛s♦ ❝♦♥trár✐♦✳ ▲♦❣♦✱

♣♦r V s❡r ✉♠ ❚✲❡♣❛ç♦✱ ϕ(f(x1, . . . , xn)) = f(ϕ(x1), . . . , ϕ(xn)) = f(g1, . . . , gn) ∈ V ✱

♣❛r❛ q✉❛❧q✉❡r f(x1, . . . , xn) ∈ V ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❤❛♠♦s q✉❡ f(g1, . . . , gn) ∈ V

♣❛r❛ q✉❛✐sq✉❡r f(x1, . . . , xn) ∈ V ❡ g1, . . . , gn ∈ K〈X〉✳ ❙❡ ϕ ∈ EndK〈X〉✱ ❡♥tã♦

ϕ(f(x1, . . . , xn)) = f(ϕ(x1), . . . , ϕ(xn)) ∈ V ✱ ♣♦✐s ϕ(x1), . . . , ϕ(xn) ∈ K〈X〉✳

❆♣r❡s❡♥t❛r❡♠♦s ❛ s❡❣✉✐r ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❚✲❡s♣❛ç♦s ✐♠♣♦rt❛♥t❡s✳

❊①❡♠♣❧♦ ✶✳✻✳✼ ❚♦❞♦ ❚✲✐❞❡❛❧ ❞❡ K〈X〉 é ✉♠ ❚✲❡s♣❛ç♦✳

✷✵



❊①❡♠♣❧♦ ✶✳✻✳✽ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ W ✉♠ s✉❜❡s♣❛ç♦ ❞❡ A✳ ❖ ❝♦♥❥✉♥t♦

L = {f(x1, . . . , xn) ∈ K〈X〉 | f(a1, . . . , an) ∈ W para a1, . . . , an ∈ A}

é ✉♠ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉✳ ❉❡st❛❝❛♠♦s ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r W = Z(A)✱ ♥♦ q✉❛❧ ❡stá ♥♦ss♦

♠❛✐♦r ✐♥t❡r❡ss❡✳ ❉❛í✱ t❡♠♦s ♦ ❚✲❡s♣❛ç♦

{f(x1, . . . , xn) ∈ K〈X〉 | f(a1, . . . , an) ∈ Z(A) para a1, . . . , an ∈ A}

q✉❡ é ❝♦♥❤❡❝✐❞♦ ♣♦r ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❡ A ❡ ❞❡♥♦t❛❞♦ ♣♦r C(A)✳

P♦r Z(A) s❡r ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✱ t❡♠♦s q✉❡ C(A) é ♠✉❧t✐♣❧✐❝❛t✐✈❛♠❡♥t❡ ❢❡❝❤❛❞♦✱

❝♦♥❞✐çã♦ q✉❡ ♥❡♠ t♦❞♦ ❚✲❡s♣❛ç♦ s❛t✐s❢❛③✳

➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ C(A) sã♦ ❞❛ ❢♦r♠❛ h+c✱ ♦♥❞❡ h é ✉♠

♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ✭❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ✶✳✻✳✶✮✱ ❡ c é ✉♠❛ ❝♦♥st❛♥t❡✳ ❆❧é♠ ❞✐ss♦✱

♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❡ ✉♠❛ á❧❣❡❜r❛ ♣♦❞❡ ♥ã♦ s❡r ✉♠ ❚✲❡s♣❛ç♦✳ ❉❡

❛❝♦r❞♦ ❝♦♠ ♦ ❡①❡♠♣❧♦ ✶✳✻✳✹✱ ♥♦ ❝❛s♦ charK = p✱ ✈✐♠♦s q✉❡ g(x) = xp é ✉♠ ♣♦❧✐♥ô♠✐♦

❝❡♥tr❛❧ ♣❛r❛ E✳ ❊♥tr❡t❛♥t♦✱ g(x + 1) = xp + 1 t❡♠ t❡r♠♦ ❝♦♥st❛♥t❡ ♥ã♦✲♥✉❧♦ ❡ ♥ã♦ é

❝❡♥tr❛❧✳

➱ ❢á❝✐❧ ✈❡r q✉❡ ❛ ✐♥t❡rs❡çã♦ ❡ ❛ s♦♠❛ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❚✲❡s♣❛ç♦s ❛✐♥❞❛ sã♦ ❚✲

❡s♣❛ç♦s✳ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛ ❞❡✜♥✐çã♦ ❞❡ ❚✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦✱ t❡♠♦s ♦ ❞❡

❚✲❡s♣❛ç♦ ❣❡r❛❞♦✳ ❉❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ S ❞❡K〈X〉✱ ❞❡✜♥✐♠♦s ♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r S

❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s ❚✲❡s♣❛ç♦s q✉❡ ❝♦♥tê♠ S✱ ♦✉ s❡❥❛✱ ♦♠❡♥♦r ❚✲❡s♣❛ç♦

❞❡ K〈X〉 q✉❡ ❝♦♥té♠ S✳ ❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❞á ✉♠❛ ✐♠♣♦rt❛♥t❡ ❝❛r❛❝t❡r✐③❛çã♦

❞♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦✳

Pr♦♣♦s✐çã♦ ✶✳✻✳✾ ❙❡ S ⊆ K〈X〉 ❡ V é ♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r S✱ ❡♥tã♦ V

é ♦ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r

{f(g1, . . . , gn) | f ∈ S, g1, . . . , gn ∈ K〈X〉}.

❉❡♠♦♥str❛çã♦✿ ◆♦t❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ❡st❡ ❝♦♥❥✉♥t♦ é ❡①❛t❛♠❡♥t❡ ✐❣✉❛❧ ❛

(EndK〈X〉)S = {ϕ(f) | f ∈ S, ϕ ∈ EndK〈X〉}.

❈♦♥s✐❞❡r❡♠♦s V1 ❝♦♠♦ s❡♥❞♦ ♦ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r (EndK〈X〉)S✳ ❈♦♠♦

S ⊆ V ❡ V é ✉♠ ❚✲❡s♣❛ç♦✱ t❡♠♦s q✉❡ ϕ(f) ∈ V ✱ ♦♥❞❡ f ∈ S ❡ ϕ ∈ EndK〈X〉✱ ♦✉

s❡❥❛✱ (EndK〈X〉)S ⊆ V ✳ ▲♦❣♦✱ V1 ⊆ V ✳ ❖❜s❡r✈❡♠♦s ❛❣♦r❛ q✉❡ ψ(g) ∈ (EndK〈X〉)S

q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ ψ ∈ EndK〈X〉 ❡ g ∈ (EndK〈X〉)S✳ ▲♦❣♦✱ V1 é ✉♠ ❚✲❡s♣❛ç♦ ❞❡

K〈X〉✳ ❆❧é♠ ❞✐ss♦✱ S ⊆ V1 ❡ ♣♦r V s❡r ♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r S✱ s❡❣✉❡ q✉❡ V ⊆ V1✳

P♦rt❛♥t♦✱ V = V1✳

✷✶



❖❜s❡r✈❛çã♦ ✶✳✻✳✶✵ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛s ♣r♦♣♦s✐çõ❡s ✶✳✺✳✷ ❡ ✶✳✺✳✸ t♦❞♦ ❚✲✐❞❡❛❧ é ❣❡r❛❞♦

♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s ❝❛s♦ ♦ ❝♦r♣♦ ❜❛s❡ s❡❥❛ ✐♥✜♥✐t♦ ❡ ♣♦r s❡✉s

♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s q✉❛♥❞♦ ♦ ❝♦r♣♦ ❜❛s❡ t❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❆♥❛❧♦❣❛♠❡♥t❡✱

♠♦str❛✲s❡ q✉❡ t♦❞♦ ❚✲❡s♣❛ç♦ é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ♥♦ ❝❛s♦ ❞♦

❝♦r♣♦ ❜❛s❡ t❡r ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❡ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s ♥♦ ❝❛s♦ ❞♦

❝♦r♣♦ ❜❛s❡ s❡r ✐♥✜♥✐t♦✳

❆ s❡❣✉✐r ✈❡r❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ✐♠♣♦rt❛♥t❡s✳

❊①❡♠♣❧♦ ✶✳✻✳✶✶ ❈♦♥s✐❞❡r❡♠♦s M2(K) ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ s♦❜r❡ K✱

♦♥❞❡ K ❞❡♥♦t❛ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳ ❙❡❥❛

V = {f(x1, . . . , xk) ∈ K〈X〉 | tr(f(A1, . . . , Ak)) = 0 para A1, . . . , Ak ∈M2(K)}.

◆♦t❡♠♦s q✉❡ V é ✉♠ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉 ❡ q✉❡ V ∩ C(M2(K)) = T (M2(K))✳

❉❡ ❢❛t♦✱ é ✐♠❡❞✐❛t♦ q✉❡ T (M2(K)) ⊆ V ❡ T (M2(K)) ⊆ C(M2(K))✱ ❞❡ ♦♥❞❡

s❡❣✉❡ q✉❡ T (M2(K)) ⊆ V ∩ C(M2(K))✳ ❙❡❥❛♠ f(x1, . . . , xk) ∈ V ∩ C(M2(K)) ❡

A1, . . . , Ak ∈M2(K)✳ ▲♦❣♦✱ ♣♦r f(x1, . . . , xk) ∈ C(M2(K))✱ t❡♠♦s

f(A1, . . . , Ak) =

(
λ 0

0 λ

)
, λ ∈ K.

P♦r ♦✉tr♦ ❧❛❞♦✱ f(x1, . . . , xk) ∈ V ✱ ✐st♦ é✱ tr(f(A1, . . . , Ak)) = 2λ = 0✳ ▼❛s

charK 6= 2✱ ❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ λ = 0✳ P♦rt❛♥t♦✱ f(x1, . . . , xk) ∈ T (M2(K))✳ ❙❡♥❞♦

❛ss✐♠✱ V ∩ C(M2(K)) = T (M2(K))✳

❖ ❚✲❡s♣❛ç♦ V ♥ã♦ é ♠✉❧t✐♣❧✐❝❛t✐✈❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ ♣♦✐s [x1, x2]
2 6∈ V ✳ ❇❛st❛

❝♦♥s✐❞❡r❛r♠♦s x1 = E12 − E21 ❡ x2 = E22✳

❊①❡♠♣❧♦ ✶✳✻✳✶✷ ❙❡❥❛ V ♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r [x1, x2] ❡ [x1, x2][x3, x4]✳ ❉❛

✐❣✉❛❧❞❛❞❡ ✭✶✳✶✮ t❡♠♦s

[[x1, x2]x4, x3] = [x1, x2][x4, x3] + [x1, x2, x3]x4

❡

[x1, x2, x3x4] = x3[x1, x2, x4] + [x1, x2, x3]x4.

❉❛ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ s❡❣✉❡ q✉❡ [x1, x2, x3]x4 ∈ V ❡ ❞❛ s❡❣✉♥❞❛ ♦❜t❡♠♦s

x3[x1, x2, x4]x5 = [x1, x2, x3x4]x5 − [x1, x2, x3]x4x5.

❙❡♥❞♦ ❛ss✐♠✱ x3[x1, x2, x4]x5 ∈ V ❡ ♣♦rt❛♥t♦ ♦ ❚✲✐❞❡❛❧ 〈[x1, x2, x3]〉
T ⊆ V ✳ ❯s❛♥❞♦

❛❣♦r❛ ❛ ✐❣✉❛❧❞❛❞❡ ✭✶✳✷✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

[[x3, x4] . . . [x2n−1, x2n], x2] ∈ 〈[x1, x2, x3]〉
T

✷✷



♣❛r❛ t♦❞♦ n ≥ 3✳ ❉❡ss❛ ❢♦r♠❛✱ ❝♦♠♦

[x1[x3, x4] . . . [x2n−1, x2n], x2] = [x1, x2] . . . [x2n−1, x2n] + x1[[x3, x4] . . . [x2n−1, x2n], x2]

t❡♠♦s q✉❡ [x1, x2][x3, x4] . . . , [x2n−1, x2n] ∈ V ❡ ♣♦rt❛♥t♦ V é ♠✉❧t✐♣❧✐❝❛t✐✈❛♠❡♥t❡

❢❡❝❤❛❞♦✳

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡✱ ♥♦ ❝❛s♦ ❞❡ charK = 0✱ C(E) = V ✭E é ❛ á❧❣❡❜r❛ ❞❡

●r❛s♠❛♥♥✮✳ ❈♦♠♦ [x1, x2] ❡ [x1, x2][x3, x4] sã♦ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ E✱ t❡♠♦s

V ⊆ C(E)✳ ❆❧é♠ ❞✐ss♦✱ T (E) ⊆ V ✱ ♣♦✐s T (E) é ❡①❛t❛♠❡♥t❡ ✐❣✉❛❧ ❛♦ ❚✲✐❞❡❛❧

〈[x1, x2, x3]〉
T ✳ ❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ f(x1, . . . , xk) ∈ C(E) ♠✉❧t✐❧✐♥❡❛r✳ ▲♦❣♦✱

f(x1, . . . , xk) =
∑

σ∈Sk

aσxσ(1) . . . xσ(k), aσ ∈ K.

P❛r❛ t♦❞♦ σ ∈ Sk✱ t❡♠♦s

xσ(1) . . . xσ(k) = x1xσ(i+1) . . . xσ(k)xσ(1) . . . xσ(i−1) + [xσ(1) . . . xσ(i−1), x1xσ(i+1) . . . xσ(k)],

♦♥❞❡ σ(i) = 1✳ ❉❡ss❛ ❢♦r♠❛✱ f(x1, . . . , xk) ≡ x1g(x2, . . . , xk) ✭♠♦❞ V ✮✱ ♦♥❞❡ g

é ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r✳ ▲♦❣♦✱ x1g(x2, . . . , xk) ∈ C(E) ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

g(x2, . . . , xk) ∈ C(E) ✭❢❛ç❛ x1 = 1✮✳ ❊♥tr❡t❛♥t♦✱ g ❡ x1g ♣❡rt❡♥❝❡♥t❡s ❛ C(E) só é

♣♦ssí✈❡❧ ❝❛s♦ g s❡❥❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ E✳ ❉❛í✱ x1g ∈ T (E) ❡ ♣♦rt❛♥t♦ f(x1, . . . , xk) ∈ V ✳

❖❜s❡r✈❛çã♦ ✶✳✻✳✶✸ ◆♦ ❝❛s♦ ❞❡ charK = p > 0 t❡♠♦s V 6= C(E)✳ ❉❡ ❢❛t♦✱

❝♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ U2(K) ✭♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s✮ ❡ ♦ ❚✲❡s♣❛ç♦

W = {f(x1, . . . , xk) ∈ K〈X〉 | f(A1, . . . , Ak) tem diagonal nula e os A′
is ∈ U2(K)}.

➱ ✐♠❡❞✐❛t♦ ✈❡r q✉❡ [x1, x2] ❡ [x1, x2][x3, x4] ♣❡rt❡♥❝❡♠ ❛ W ✱ ❞♦♥❞❡ V ⊆ W ✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ ♣♦❧✐♥ô♠✐♦ h(x) = xp ❞❡ C(E)✱ ✈❡r✐✜❝❛♠♦s q✉❡ h ♥ã♦ ♣❡rt❡♥❝❡ ❛ W

✭❜❛st❛ ❝♦♥s✐❞❡r❛r x1 = E11✮✳ P♦rt❛♥t♦✱ h(x) ∈ C(E) − V ✳

❍♦❥❡ s❡ s❛❜❡ q✉❡ C(E) ♥ã♦ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❛r❛ charK = p > 0 ✭✈❡❥❛ ❬✶❪✮✳

◆♦ q✉❡ ❢♦✐ tr❛t❛❞♦ ❛té ❛❣♦r❛ s♦❜r❡ ❚✲❡s♣❛ç♦s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s✱ ✈✐♠♦s q✉❡

♦ ❝♦♥❥✉♥t♦ C(A) é s❡♠♣r❡ ✉♠ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉 q✉❛❧q✉❡r q✉❡ s❡❥❛ ❛ á❧❣❡❜r❛ A✳

◗✉❛♥❞♦ ❢❛❧❛✲s❡ ❡♠ ❞❡s❝r❡✈❡r ♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❡ A✱ ❡♥t❡♥❞❡✲s❡ ♣♦r ❞❡t❡r♠✐♥❛r

✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ C(A) q✉❡ ♣♦ss❛ ❣❡rá✲❧♦ ❝♦♠♦ ❚✲❡s♣❛ç♦✳ ❊①✐st❡♠ ❚✲❡s♣❛ç♦s q✉❡

♥ã♦ sã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛♠❡♥t❡ ❢❡❝❤❛❞♦s ✭✈❡❥❛ ♦ ❡①❡♠♣❧♦ ✶✳✻✳✶✶✮ ❡ t❛♠❜é♠ ❚✲❡s♣❛ç♦s

♠✉❧t✐♣❧✐❝❛t✐✈❛♠❡♥t❡ ❢❡❝❤❛❞♦s q✉❡ ♥ã♦ sã♦ ❡s♣❛ç♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ ♥❡♥❤✉♠❛

á❧❣❡❜r❛✱ ❝♦♥❢♦r♠❡ ✈❡r❡♠♦s ❛ s❡❣✉✐r✳

Pr♦♣♦s✐çã♦ ✶✳✻✳✶✹ ❙❡ charK = p > 2✱ ❡♥tã♦ ♥ã♦ ❡①✐st❡ á❧❣❡❜r❛ A t❛❧ q✉❡ C(A) = V ✳
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❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s q✉❡ C(A) = V ♣❛r❛ ❛❧❣✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ A✳

❊♥tã♦✱ [x1, x2] ∈ C(A) ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ [x1, x2, x3] ∈ T (A)✳ ❯s❛♥❞♦ ✐♥❞✉çã♦ é

♣♦ssí✈❡❧ ♠♦str❛r q✉❡

[y, x, . . . , x︸ ︷︷ ︸
n

] =
n∑

j=0

(−1)j

(
n

j

)
xjyxn−j

♣❛r❛ n ≥ 1✱ ❡♠ t♦❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ ▲♦❣♦✱ ♣❛r❛ n = p✱ t❡♠♦s [y, x, . . . , x] =

yxp − xpy = [y, xp]✳ ❉❛í✱ ❝♦♥❝❧✉í♠♦s q✉❡ [x2, x
p
1] ∈ T (A) ❡ ♣♦rt❛♥t♦ xp

1 ∈ C(A)✱ ♦ q✉❡

❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ C(A) = V ✭✈❡❥❛ ❛ ♦❜s❡r✈❛çã♦ ✶✳✻✳✶✸✮✳

✶✳✼ ■❞❡♥t✐❞❛❞❡s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❣r❛❞✉❛❞♦s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ ✐❞❡♥t✐❞❛❞❡s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛

á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s✳ ❊st❛s ✐❞é✐❛s s❡rã♦ ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳ ◆♦ q✉❡

s❡❣✉❡✱ G ❞❡♥♦t❛rá ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❝♦♠ ♥♦t❛çã♦ ❛❞✐t✐✈❛✳

❉❡✜♥✐çã♦ ✶✳✼✳✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❯♠❛ G✲❣r❛❞✉❛çã♦ ❡♠ A é ✉♠❛ ❢❛♠í❧✐❛

{Ag | g ∈ G} ❞❡ s✉❜❡s♣❛ç♦s ❞❡ A t❛✐s q✉❡

A =
⊕

g∈G

Ag e AgAh ⊆ Ag+h

♣❛r❛ q✉❛✐sq✉❡r g, h ∈ G✳ ❉❡✜♥✐♠♦s ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❝♦♠♦ s❡♥❞♦ ✉♠❛

á❧❣❡❜r❛ ♠✉♥✐❞❛ ❞❡ ✉♠❛ G✲❣r❛❞✉❛çã♦✳

◆❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ♦ s✉❜❡s♣❛ç♦ Ag é ❝❤❛♠❛❞♦ ❞❡ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡

❣r❛✉ g ❡ ♦s s❡✉s ❡❧❡♠❡♥t♦s ❞❡ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ❞❡ ❣r❛✉ g✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s✳

❊①❡♠♣❧♦ ✶✳✼✳✷ ❚♦❞❛ á❧❣❡❜r❛ A ❛❞♠✐t❡ ✉♠❛ G✲❣r❛❞✉❛çã♦✳ ❇❛st❛ ❝♦♥s✐❞❡r❛r A0 = A

❡ Ag = {0} ♣❛r❛ t♦❞♦ g ∈ G−{0}✳ ❊st❛ ❣r❛❞✉❛çã♦ é ❝❤❛♠❛❞❛ ❞❡ ❣r❛❞✉❛çã♦ tr✐✈✐❛❧✳

❊①❡♠♣❧♦ ✶✳✼✳✸ ❆ á❧❣❡❜r❛ ❡①t❡r✐♦r E ♣♦ss✉✐ ✉♠❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ❞❛❞❛ ♣♦r

E = E0 ⊕ E1✱ ♦♥❞❡ E0 ❡ E1 sã♦ ♦s s✉❜❡s♣❛ç♦s ❞❡✜♥✐❞♦s ♥♦ ❡①❡♠♣❧♦ ✶✳✶✳✺✳

❊①❡♠♣❧♦ ✶✳✼✳✹ ❈♦♥s✐❞❡r❡ n ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡ A = Mn(K)✳ P❛r❛ ❝❛❞❛ γ ∈ Zn✱

t♦♠❡♠♦s ♦ s✉❜❡s♣❛ç♦ Mγ = 〈Eij | j − i = γ〉✳ P❛r❛ ❝❛❞❛ k ∈ Z✱ ❝♦♥s✐❞❡r❡♠♦s

Mk =

{
{0}, se |k| ≥ n

〈Eij | j − i = k〉, se |k| < n
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❖❜s❡r✈❡ q✉❡ M0 = M0 é ❡①❛t❛♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s✳ ❉♦ ❢❛t♦ ❞♦

❝♦♥❥✉♥t♦ {Eij | 1 ≤ i, j ≤ n} s❡r ✉♠❛ ❜❛s❡ ❞❡ A s❡❣✉❡ q✉❡

A =
⊕

γ∈Zn

Mγ e A =
⊕

k∈Z

Mk

❆❣♦r❛ ♣❛r❛ ✈❡r q✉❡ ❡st❛s ❞❡❝♦♠♣♦s✐çõ❡s ❞❡✜♥❡♠ ✉♠❛ Zn✲❣r❛❞✉❛çã♦ ❡ ✉♠❛ Z✲❣r❛❞✉❛çã♦✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♠ Mn(K)✱ ❜❛st❛ ♥♦t❛r♠♦s q✉❡

EijEkl =

{
0, se j 6= k

Eil, se j = k

❞♦♥❞❡ s❡❣✉❡ q✉❡ Mγ1Mγ2 ⊆ Mγ1+γ2 ♣❛r❛ γ1, γ2 ∈ Zn ❡ Mk1Mk2 ⊆ Mk1+k2 ♣❛r❛

k1, k2 ∈ Z✳

Pr♦♣♦s✐çã♦ ✶✳✼✳✺ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✱ ❡♥tã♦ 1 ∈ A0✳

❉❡♠♦♥str❛çã♦✿ ❚❡♠♦s q✉❡ ❡①✐st❡♠ g1, . . . , gn ∈ G− {0} t❛✐s q✉❡

1 = a0 + ag1 + . . .+ agn

❝♦♠ a0 ∈ A0 ❡ agi
∈ Agi

✱ ♣❛r❛ i = 1, . . . , n✳ ❚♦♠❛♥❞♦ ❛❣♦r❛ h ∈ G ❡ ah ∈ Ah✱

❛r❜✐trár✐♦s✱ t❡♠♦s

ah = aha0 + ahag1 + . . .+ ahagn

◆♦t❛♥❞♦ q✉❡ aha0 ∈ Ah, ahagi
∈ Ah+gi

❡ h, h+ g1, . . . , h+ gn sã♦ ❞♦✐s ❛ ❞♦✐s ❞✐st✐♥t♦s✱

❝♦♥❝❧✉í♠♦s q✉❡ ahagi
= 0 ♣❛r❛ i = 1, . . . , n ❡ ♣♦rt❛♥t♦ aha0 = ah✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛

♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ ♣♦r a0✱ ♦❜t❡♠♦s a0 = a0a0 + ag1a0 + . . . + agn
a0✳ ❯s❛♥❞♦ ❛❣♦r❛ ♦

❢❛t♦ ❞❡ aha0 = ah✱ t❡♠♦s a0 = a0 + ag1 + . . .+ agn
✱ ✐st♦ é✱ ag1 + . . .+ agn

= 0 ❡ ♣♦rt❛♥t♦

a0 = 1✳

❉❡✜♥✐çã♦ ✶✳✼✳✻ ❯♠❛ ❛♣❧✐❝❛çã♦ ψ : A −→ B ❡♥tr❡ á❧❣❡❜r❛s G✲❣r❛❞✉❛❞❛s é ❝❤❛♠❛❞❛

❤♦♠♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦✱ s❡ ψ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s q✉❡ s❛t✐s❢❛③

ψ(Ag) ⊆ Bg ♣❛r❛ t♦❞♦ g ∈ G✳

❱❛♠♦s ❛❣♦r❛ tr❛t❛r ❞❡ ✐❞❡♥t✐❞❛❞❡s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s G✲❣r❛❞✉❛❞♦s✳ ❆♥t❡s✱

♣r❡❝✐s❛r❡♠♦s ❞♦ ❝♦♥❝❡✐t♦ ❞❡ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ G✲❣r❛❞✉❛❞❛✳ P❛r❛ ❞❡✜♥í✲❧♦✱

❝♦♥s✐❞❡r❡♠♦s ✉♠❛ ❢❛♠í❧✐❛ {Xg | g ∈ G} ❞❡ ❝♦♥❥✉♥t♦s ❡♥✉♠❡rá✈❡✐s ❡ ❞♦✐s ❛ ❞♦✐s

❞✐s❥✉♥t♦s✳ ❚♦♠❡♠♦s ❡♥tã♦ X =
⋃

g∈GXg ❡ ❝♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡

✉♥✐tár✐❛ K〈X〉✳ ❉❡✜♥✐♠♦s ❛❣♦r❛

ω(1) = 0 e ω(x1x2 . . . xm) = ω(x1) + ω(x2) + . . .+ ω(xm)
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♦♥❞❡ ω(xi) = g s❡ xi ∈ Xg✳ ❙❡♥❞♦ ❡♥tã♦ m ✉♠ ♠♦♥ô♠✐♦ ❞❡ K〈X〉✱ ❞✐③❡♠♦s q✉❡ ω(m)

é ♦ G✲❣r❛✉ ❞❡ m✳ ❚♦♠❛♥❞♦ ♣❛r❛ ❝❛❞❛ g ∈ G

K〈X〉g = 〈m | m é ♠♦♥ô♠✐♦ ❞❡ K〈X〉✱ ω(m) = g〉

t❡♠♦s

K〈X〉 =
⊕

g∈G

K〈X〉g e K〈X〉gK〈X〉h ⊆ K〈X〉g+h

♣❛r❛ q✉❛✐sq✉❡r g, h ∈ G✱ ❡ ❛ss✐♠K〈X〉 é ❝❤❛♠❛❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ G✲❣r❛❞✉❛❞❛✳

❙❡ f ∈ K〈X〉g✱ ❞✐③❡♠♦s q✉❡ f é ❤♦♠♦❣ê♥❡♦ ❞❡ G✲❣r❛✉ g ❡ ✉s❛♠♦s ❛ ♥♦t❛çã♦ ωG(f) = g✳

❉❡✜♥✐çã♦ ✶✳✼✳✼ ❙❡❥❛ A =
⊕

g∈GAg ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✳ ❉✐③❡♠♦s q✉❡ ✉♠

♣♦❧✐♥ô♠✐♦ f = f(x1, . . . , xn) ∈ K〈X〉 é

✐✮ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ G✲❣r❛❞✉❛❞❛ ♣❛r❛ A✱ s❡ f(a1, . . . , an) = 0 ♣❛r❛

q✉❛✐sq✉❡r ai ∈ Aω(xi) ❝♦♠ i = 1, 2, . . . , n✳

✐✐✮ ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ G✲❣r❛❞✉❛❞♦ ♣❛r❛ A✱ s❡ f(a1, . . . , an) ∈ Z(A) ♣❛r❛

q✉❛✐sq✉❡r ai ∈ Aω(xi) ❝♦♠ i = 1, 2, . . . , n✳

❊①❡♠♣❧♦ ✶✳✼✳✽ ❈♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ ❡①t❡r✐♦r E ❝♦♠ s✉❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧

✭❝♦♥❢♦r♠❡ ♦ ❊①❡♠♣❧♦ ✶✳✼✳✸✮✳ ❈♦♠♦ ab = −ba ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ E1✱ t❡♠♦s q✉❡

f(x1, x2) = x1◦x2 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ Z2✲❣r❛❞✉❛❞❛ ❞❡ E✱ ♦♥❞❡ K〈X〉 é ❛ á❧❣❡❜r❛ ❧✐✈r❡ Z2✲

❣r❛❞✉❛❞❛✱ ❡ ω(x1) = ω(x2) = 1✳ P♦r E0 = Z(E)✱ t❡♠♦s q✉❡ t♦❞♦ ♣♦❧✐♥ô♠✐♦ f ∈ K〈X〉0

é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ Z2✲❣r❛❞✉❛❞❛ ♣❛r❛ E✳

◆♦ ❡st✉❞♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♦r❞✐♥ár✐♦s ✭❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s

❞❡✜♥✐çõ❡s ✶✳✷✳✸ ❡ ✶✳✻✳✶✮✱ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❚✲✐❞❡❛❧ ❡ ❚✲❡s♣❛ç♦ sã♦ ❞❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛✳

P❛r❛ ♦ ❝❛s♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐sG✲❣r❛❞✉❛❞♦s t❡♠♦s ❝♦♥❝❡✐t♦s ❛♥á❧♦❣♦s✱

❛ s❛❜❡r✱ ♦s ❞❡ TG✲✐❞❡❛❧ ❡ TG✲❡s♣❛ç♦✳

❉❡✜♥✐çã♦ ✶✳✼✳✾ ❙❡❥❛ K〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ G✲❣r❛❞✉❛❞❛✳ ❯♠ ✐❞❡❛❧ I ❞❡

K〈X〉 é ❞✐t♦ s❡r ✉♠ TG✲✐❞❡❛❧ s❡ ϕ(I) ⊆ I ♣❛r❛ t♦❞♦ ❡♥❞♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦ ϕ ❞❡

K〈X〉✳ ❯♠ s✉❜❡s♣❛ç♦ V ❞❡ K〈X〉 é ❞✐t♦ s❡r ✉♠ TG✲❡s♣❛ç♦ s❡ ϕ(V ) ⊆ V ♣❛r❛ t♦❞♦

❡♥❞♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦ ϕ ❞❡ K〈X〉✳

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ I é ✉♠ TG✲✐❞❡❛❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f(g1, . . . , gn) ∈ I✱ ♣❛r❛

q✉❛✐sq✉❡r f(x1, . . . , xn) ∈ I ❡ gi ∈ K〈X〉ω(xi)✳ ❯♠❛ ✐❞é✐❛ ❛♥á❧♦❣❛ ♣❛r❛ TG✲❡s♣❛ç♦✳

❆s ✐❞é✐❛s ❞❡ TG✲✐❞❡❛❧ ❡ TG✲❡s♣❛ç♦s ❣❡r❛❞♦s ♣♦r ✉♠ ❞❛❞♦ s✉❜❝♦♥❥✉♥t♦ S ❞❡ K〈X〉

sã♦ ❛♥á❧♦❣❛s ❛s ✐❞é✐❛s ❞❡ ❚✲✐❞❡❛❧ ❡ ❚✲❡s♣❛ç♦s ❣❡r❛❞♦s✳ ❉❡♥♦t❛♠♦s ♣♦r 〈S〉TG ♦ TG✲✐❞❡❛❧

❣❡r❛❞♦ ♣♦r S✳
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❙❡ A é ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ TG(A) ❞❛s ✐❞❡♥t✐❞❛❞❡s G✲

❣r❛❞✉❛❞❛s ❞❡ A é ✉♠ TG✲✐❞❡❛❧ ❞❡ K〈X〉 ❡ ♦ ❝♦♥❥✉♥t♦ CG(A) ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s

G✲❣r❛❞✉❛❞♦s ❞❡ A é ✉♠ TG✲❡s♣❛ç♦ ❞❡ K〈X〉✳ ❆s ♣r♦♣♦s✐çõ❡s ✶✳✺✳✷ ❡ ✶✳✺✳✸ t❛♠❜é♠ sã♦

✈á❧✐❞❛s ♥♦ ❝❛s♦ ❞❡ TG✲✐❞❡❛❧ ❡ TG✲❡s♣❛ç♦✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♠♦str❛ ✉♠❛ ✐♠♣♦rt❛♥t❡ r❡❧❛çã♦ ❡♥tr❡ ♦s ❝♦♥❝❡✐t♦s ❞❡

✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s ❡ ❣r❛❞✉❛❞❛s✳

Pr♦♣♦s✐çã♦ ✶✳✼✳✶✵ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s✳ ❙❡ A ❡ B ♣♦ss✉❡♠ G✲❣r❛❞✉❛çõ❡s

t❛✐s q✉❡ TG(A) ⊆ TG(B)✱ ❡♥tã♦ T (A) ⊆ T (B)✳ ❆❞❡♠❛✐s✱ s❡ TG(A) = TG(B)✱ ❡♥tã♦

T (A) = T (B)✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ K〈Y 〉✱ ♦♥❞❡

Y = {y1, y2, . . .} ❡ s❡❥❛ f(y1, y2, . . . , yn) ∈ T (A)✳ ❉❛❞♦s b1, b2, . . . , bn ∈ B✱ t♦♠❡♠♦s

big ∈ Bg✱ ♣❛r❛ i = 1, . . . , n ❡ g ∈ G✱ t❛✐s q✉❡ bi =
∑

g∈G big ✳ P❛r❛ ❝❛❞❛ big 6= 0✱ t♦♠❡♠♦s

xig ∈ Xg ❡ ❝♦♥s✐❞❡r❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦ f1 = f(
∑

g∈G x1g
, . . . ,

∑
g∈G xng

) ∈ K〈X〉. ❈♦♠♦

f ∈ T (A)✱ t❡♠♦s f1 ∈ TG(A) ❡ ❞❛í f1 ∈ TG(B)✳ ❋❛③❡♥❞♦ ❡♥tã♦ ❛s s✉❜st✐t✉✐çõ❡s

xig = big ✱ ♣❛r❛ i = 1, . . . , n ❡ g ∈ G✱ t❡♠♦s

f(b1, b2, . . . , bn) = f

(∑

g∈G

b1g
,
∑

g∈G

b2g
, . . . ,

∑

g∈G

bng

)
= 0

❡ ❛ss✐♠ f ∈ T (B)✳

❙❡ TG(A) = TG(B)✱ ❡♥tã♦ TG(A) ⊆ TG(B) ❡ TG(B) ⊆ TG(A)✱ ❞♦♥❞❡ t❡♠♦s ❛

ú❧t✐♠❛ ❛✜r♠❛çã♦✳

➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ❛ r❡❝í♣r♦❝❛ ❞♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛ é ❢❛❧s❛✳ ❈♦♥s✐❞❡r❡

♥❛ á❧❣❡❜r❛ ❡①t❡r✐♦r E ❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ E = E0 ⊕ E1 ❡ ❛ Z2✲❣r❛❞✉❛çã♦ tr✐✈✐❛❧

E = E ⊕ {0}✳ ❚❡♠♦s q✉❡ f(y1, y2) = [y1, y2]✱ ❝♦♠ ω(y1) = ω(y2) = 0✱ é ✐❞❡♥t✐❞❛❞❡

Z2✲❣r❛❞✉❛❞❛ ❞❡ E ❝♦♠ r❡s♣❡✐t♦ ❛ ♣r✐♠❡✐r❛ ❣r❛❞✉❛çã♦✱ ♠❛s ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛

❝♦♠ r❡s♣❡✐t♦ ❛ ❣r❛❞✉❛çã♦ tr✐✈✐❛❧✳

✷✼



❈❛♣ít✉❧♦ ✷

■❞❡♥t✐❞❛❞❡s ❡ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s

●r❛❞✉❛❞♦s ♣❛r❛ ❛ ➪❧❣❡❜r❛ Mn(K)

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❛s ❞❡s❝r✐çõ❡s ❞❛s ✐❞❡♥t✐❞❛❞❡s ❡ ♣♦❧✐♥ô♠✐♦s

❝❡♥tr❛✐s Z✲❣r❛❞✉❛❞♦s ❡ Zn✲❣r❛❞✉❛❞♦s ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✱ ♦♥❞❡ K é ✉♠ ❝♦r♣♦ ❞❡

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ◆❡st❛s ❞❡s❝r✐çõ❡s ❡st❛r❡♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛s ❣r❛❞✉❛çõ❡s ♥❛t✉r❛✐s

❞❡ Mn(K) ♣❡❧♦s ❣r✉♣♦s Zn ❡ Z✱ ❛s q✉❛✐s ❢♦r❛♠ ❞❡✜♥✐❞❛s ♥❛ s❡çã♦ ✶✳✼✳

❆s ✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ❡ ❛s Z✲❣r❛❞✉❛❞❛s ❞❡ Mn(K) ❢♦r❛♠ ❞❡s❝r✐t❛s

♣r✐♠❡✐r❛♠❡♥t❡ ♣♦r ❱❛s✐❧♦✈s❦② ✭❬✺✺❪ ❡ ❬✺✹❪✮ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ P♦st❡r✐♦r♠❡♥t❡✱

❆③❡✈❡❞♦ ✭❬✹❪ ❡ ❬✺❪✮ ❣❡♥❡r❛❧✐③♦✉ ❡st❛ ❞❡s❝r✐çã♦ ♣❛r❛ ❝♦r♣♦s ✐♥✜♥✐t♦s q✉❛✐sq✉❡r✳

❆❧❣✉♠❛s ✐❞é✐❛s ✉s❛❞❛s ♥❛ ❞❡s❝r✐çã♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s Zn✲❣r❛❞✉❛❞♦s ❡ ♦s

Z✲❣r❛❞✉❛❞♦s ❡♥❝♦♥tr❛♠✲s❡ ❡♠ ❬✻❪✱ ♦♥❞❡ ❛ ❞❡s❝r✐çã♦ ❢♦✐ ❢❡✐t❛ ♣❛r❛ ❝♦r♣♦s ✐♥✜♥✐t♦s ❡ ❝♦♠

✉s♦ ❞❡ ♠❛tr✐③❡s ❣❡♥ér✐❝❛s✳ ❆q✉✐ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❞❡s❝r✐çã♦ ❛♣❡♥❛s ♥♦ ❝❛s♦ ❞❡ K s❡r

✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ♦♥❞❡ ✉t✐❧✐③❛♠♦s ✐❞é✐❛s s♦❜r❡ ♠♦♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s

❝♦♥t✐❞❛s ❡♠ ❬✺✺❪ ❡ ❬✺✹❪✳

❖s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s ♥❡❝❡ssár✐♦s s♦❜r❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s ♣♦❞❡♠ s❡r

❡♥❝♦♥tr❛❞❛s ♥❛ s❡çã♦ ✶✳✼✳

❊♠ t♦❞♦ ❡st❡ ❝❛♣ít✉❧♦ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

✷✳✶ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s Zn✲❣r❛❞✉❛❞❛s

❊♠ t♦❞❛ ❡st❛ s❡çã♦ K〈X〉 ❞❡♥♦t❛rá ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ Zn✲❣r❛❞✉❛❞❛✱

♦♥❞❡ X =
⋃

γ∈Zn
Xγ✱ ❡ Mn(K) ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❝♦♠ ❛ Zn✲❣r❛❞✉❛çã♦ ❞❛❞❛ ♥♦

❊①❡♠♣❧♦ ✶✳✼✳✹✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛s ♥♦t❛çõ❡s ✐♥tr♦❞✉③✐❞❛s ♥❛ s❡çã♦ ✶✳✼ ❡ ❞❡♥♦t❛r TZn
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s✐♠♣❧❡s♠❡♥t❡ ♣♦r Tn✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦

t❡♦r❡♠❛ q✉❡ ❞❡s❝r❡✈❡ ❛s ✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K) ✭✈❡❥❛ ❬✺✺❪✮✳

▲❡♠❛ ✷✳✶✳✶ ❆ á❧❣❡❜r❛ Mn(K) s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s

x1x2 − x2x1 = 0, ω(x1) = ω(x2) = 0 ✭✷✳✶✮

x1x2x3 − x3x2x1 = 0, ω(x1) = ω(x3) = −ω(x2). ✭✷✳✷✮

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ s❡ A ∈M0✱ ❡♥tã♦ A é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧✳

❉❡s❞❡ q✉❡ ❞✉❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ❝♦♠✉t❛♠✱ t❡♠♦s q✉❡ Mn(K) s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡

❣r❛❞✉❛❞❛ ✷✳✶✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛s ✐❞❡♥t✐❞❛❞❡s ✷✳✷ sã♦ ♠✉❧t✐❧✐♥❡❛r❡s✳ ▲♦❣♦✱ ♣r❡❝✐s❛♠♦s

♠♦str❛r q✉❡ ❛s ✐❞❡♥t✐❞❛❞❡s ❡♠ ✷✳✷ sã♦ s❛t✐s❢❡✐t❛s ♣❛r❛

x1 = Ei1j1 , x2 = Ei2j2 , x3 = Ei3j3 ,

♦♥❞❡ Ei1j1 , Ei3j3 ∈ Mt ❡ Ei2j2 ∈ Mn−t✱ ♦♥❞❡ 0 < t ≤ n − 1✳ ◆♦t❡ q✉❡ ♣❛r❛ ♦ ❝❛s♦

t = 0✱ ❛s ♠❛tr✐③❡s Ei1j1 , Ei2j2 , Ei3j3 sã♦ ❞✐❛❣♦♥❛✐s ❡ ♣♦rt❛♥t♦ ❝♦♠✉t❛♠ ❡♥tr❡ s✐✳ P♦r

Ei1j1 , Ei3j3 ∈Mt ❡ Ei2j2 ∈Mn−t s❡❣✉❡ q✉❡

j1 =





i1 + t, se i1 + t ≤ n,

i1 + t− n, se i1 + t > n;

i2 =





j2 + t, se j2 + t ≤ n,

j2 + t− n, se j2 + t > n;

i3 =





j3 − t, se j3 − t ≥ 1,

j3 − t+ n, se j3 − t < 1.

◆♦t❡♠♦s q✉❡ Ei1j1Ei2j2Ei3j3 6= 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ j1 = i2 ❡ j2 = i3✳ ▼♦str❛r❡♠♦s

q✉❡✱ ♥❡st❡ ❝❛s♦✱ i1 = j2 = i3 ❡ j1 = i2 = j3✳ ❖❜s❡r✈❡♠♦s q✉❡ s❡ j1 = i1 + t ❡

i2 = j2 + t − n✱ ❡♥tã♦ ♣♦r j1 = i2✱ s❡❣✉❡ q✉❡ j2 − i1 = n✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ❊♥tã♦

❛s ✐❣✉❛❧❞❛❞❡s j1 = i1 + t ❡ i2 = j2 + t − n ♥ã♦ ♦❝♦rr❡♠ s✐♠✉❧t❛♥❡❛♠❡♥t❡✳ ❉❛ ♠❡s♠❛

❢♦r♠❛✱ ❛s ❡q✉❛çõ❡s j2 = i2 − t ❡ i3 = j3 − t + n ♥ã♦ ♣♦❞❡♠ ♦❝♦rr❡r s✐♠✉❧t❛♥❡❛♠❡♥t❡✳

❊♥tã♦ q✉❛♥❞♦ j1 = i1 + t✱ ❞❡✈❡♠♦s t❡r i2 = j2 + t ❡ i3 = j3 − t✱ ♦ q✉❡ ♥♦s ❞á

i3 = j2 = i2 − t = j1 − t = i1. ✭✷✳✸✮

✷✾



❯s❛♥❞♦ ✷✳✸✱ ♦❜t❡♠♦s

i2 = j1 = i1 + t = i3 + t = j3.

❆♥❛❧♦❣❛♠❡♥t❡✱ q✉❛♥❞♦ j1 = i1 + t − n✱ t❡r❡♠♦s i2 = j2 + t − n ❡ i3 = j3 − t + n✱ ❞❡

♦♥❞❡

i3 = j2 = i2 − t+ n = j1 − t+ n = i1. ✭✷✳✹✮

❯s❛♥❞♦ ✷✳✹✱ ♦❜t❡♠♦s

i2 = j1 = i1 + t− n = i3 + t− n = j3.

❉❡st❛ ❢♦r♠❛✱ Ei1j1Ei2j2Ei3j3 6= 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Ei3j3Ei2j2Ei1j1 6= 0✳ ◆❡st❡ ❝❛s♦✱

i1 = j2 = i3 ❡ j1 = i2 = j3✱ ❡ ❞❛í

Ei1j1Ei2j2Ei3j3 = Ei1j3 = Ei3j1 = Ei3j3Ei2j2Ei1j1 .

❈❛s♦ ❝♦♥trár✐♦✱

Ei1j1Ei2j2Ei3j3 = 0 = Ei3j3Ei2j2Ei1j1

♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

❱❛♠♦s ❞❡♥♦t❛r ♣♦r In ♦ Tn ✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ✷✳✶ ❡ ✷✳✷✳

P❡❧♦ ▲❡♠❛ ✷✳✶✳✶ t❡♠♦s In ⊆ Tn(Mn(K))✳ P❛r❛ x1, x2, . . . , xk ∈ X ❡ σ ∈ Sk✱ ❝♦♥s✐❞❡r❡

mσ = mσ(x1, x2, . . . , xk) = xσ(1)xσ(2) . . . xσ(k).

❖ ♠♦♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ❡♠ x1, x2, . . . , xk ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ♣❡r♠✉t❛çã♦ ✐❞❡♥t✐❞❛❞❡ s❡rá

❞❡♥♦t❛❞♦ ♣♦r

m = m(x1, x2, . . . , xk) = x1x2 . . . xk.

❖❜✈✐❛♠❡♥t❡✱ ω(m) = ω(mσ) = ω(x1)+ω(x2)+ . . .+ω(xk)✳ ❙❛❜❡✲s❡ q✉❡ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦

❣r❛❞✉❛❞♦ ♠✉❧t✐❧✐♥❡❛r f(x1, x2, . . . , xk) ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ ❢♦r♠❛

f =
∑

σ∈Sk

aσmσ,

♦♥❞❡ aσ ∈ K✳

❯♠❛ s✉❜st✐t✉✐çã♦ S ❞♦ t✐♣♦

x1 = Ei1j1 , x2 = Ei2j2 , . . . , xk = Eikjk
, ✭✷✳✺✮

✸✵



♦♥❞❡

js − is = ω(xs), s = 1, 2, . . . , k ✭✷✳✻✮

é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞✳ ❖❜s❡r✈❡ q✉❡ Eisjs
∈ Mω(xs), s = 1, 2, . . . , k✳

P❛r❛ ✉♠ ♣♦❧✐♥ô♠✐♦ ❣r❛❞✉❛❞♦ f(x1, x2, . . . , xk) ❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S✱

❞❡♥♦t❛r❡♠♦s ♣♦r f |S ♦ ✈❛❧♦r ❞❡ f ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ s✉❜st✐t✉✐çã♦ S✳ ❈❧❛r❛♠❡♥t❡✱ s❡ ✉♠

♣♦❧✐♥ô♠✐♦ ❣r❛❞✉❛❞♦ ♠✉❧t✐❧✐♥❡❛r f é t❛❧ q✉❡ f |S = 0 ♣❛r❛ ❝❛❞❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S✱

❡♥tã♦ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ❞❡Mn(K)✳ ◆♦t❡♠♦s q✉❡ q✉❛♥❞♦ ✉♠❛ s✉❜st✐t✉✐çã♦

S ✭✈❡❥❛ ✷✳✺✮ é ❢❡✐t❛✱ ♦ ✈❛❧♦r ❞♦ ♠♦♥ô♠✐♦ mσ(x1, x2, . . . , xk) é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ s♦♠❡♥t❡

s❡

jσ(1) = iσ(2), jσ(1) = iσ(2), . . . , jσ(k−1) = iσ(k). ✭✷✳✼✮

◆❡st❡ ❝❛s♦✱ mσ|S = Eiσ(1)jσ(k)
✳

P❛r❛ ✉♠ ♠♦♥ô♠✐♦ mσ(x1, x2, . . . , xk)✱ σ ∈ Sk✱ ❡ ❞♦✐s ✐♥t❡✐r♦s 1 ≤ p ≤ q ≤ k✱

❞❡♥♦t❛r❡♠♦s ♣♦r m[p,q]
σ ❛ s✉❜♣❛❧❛✈r❛ ♦❜t✐❞❛❞❛ ❞❡ mσ ❞❡s❝❛rt❛♥❞♦ ♦s p− 1 ♣r✐♠❡✐r♦s ❡

♦s ú❧t✐♠♦s k − q ❢❛t♦r❡s✱ ♦✉ s❡❥❛✱

m[p,q]
σ = xσ(p)xσ(p+1) . . . xσ(q).

▲❡♠❛ ✷✳✶✳✷ P❛r❛ ❝❛❞❛ σ ∈ Sk✱ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S t❛❧ q✉❡

mσ(x1, x2, . . . , xk)|S 6= 0.

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ s❡rá ❢❡✐t❛ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ k✳ ❖ ❝❛s♦ k = 1

é tr✐✈✐❛❧✳ ❇❛st❛ ❝♦♥s✐❞❡r❛r x1 = Eij t❛❧ q✉❡ j − i = ω(x1)✳ ❙✉♣♦♥❤❛♠♦s q✉❡

♣❛r❛ q✉❛❧q✉❡r ♠♦♥ô♠✐♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ k✱ m1(x1, x2, . . . , xk) = xl1xl2 . . . xlk ✱ ♦♥❞❡

l1, l2, . . . , lk ∈ {1, 2, . . . , k}✱ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S t❛❧ q✉❡

m1(x1, x2, . . . , xk)|S 6= 0.

❙❡❥❛ m2(x1, x1, . . . , xk, xk+1) = xt1xt2 . . . xtkxtk+1
✱ ♦♥❞❡

{t1, t2, . . . , tk, tk+1} = {1, 2, . . . , k, k + 1}.

❙✉♣♦♥❤❛♠♦s q✉❡ ω(xtk+1
) = t✱ ♣❛r❛ ❛❧❣✉♠ 0 ≤ t < n✳ P❛r❛ xt1xt2 . . . xtk ✱ ❡①✐st❡ ✉♠❛

s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S
′

xt1 = Ei1j1 , xt2 = Ei2j2 , . . . , xtk = Eikjk
, ✭✷✳✽✮

✸✶



t❛❧ q✉❡

xt1xt2 . . . xtk |S′ = Ei1j1Ei2j2 . . . Eikjk
= Ei1jk

6= 0. ✭✷✳✾✮

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S ❢♦r♠❛❞❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s ✷✳✽ ❡

xtk+1
= Ejkik+1

✱ ♦♥❞❡

ik+1 =





jk + t, se jk + t ≤ n,

jk + t− n, se jk + t > n.

▲♦❣♦✱ ♣♦r ✷✳✾

m2(x1, x2, . . . , xk, xk+1)|S = Ei1jk
Ejkik+1

= Ei1ik+1
6= 0.

◆♦s r❡s✉❧t❛❞♦s ❡♥✉♥❝✐❛❞♦s ❛ s❡❣✉✐r S ❞❡♥♦t❛rá ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞

✭❝♦♥❢♦r♠❡ ✷✳✺✮✳

▲❡♠❛ ✷✳✶✳✸ ❙❡ mσ|S 6= 0✱ ❡♥tã♦ ♣❛r❛ 1 ≤ p ≤ q ≤ k

ω(m[p,q]
σ ) = jσ(q) − iσ(p).

❉❡♠♦♥str❛çã♦✿ P♦r ✷✳✻ ❡ ✷✳✼✱ t❡♠♦s

ω(m[p,q]
σ ) = ω(xσ(q)) + ω(xσ(q−1)) + . . .+ ω(xσ(p)) =

= jσ(q) − iσ(q) + jσ(q−1) − iσ(q−1) + . . .+ jσ(p) − iσ(p) = jσ(q) − iσ(p).

▲❡♠❛ ✷✳✶✳✹ ❙❡ ♣❛r❛ ✉♠❛ ♣❡r♠✉t❛çã♦ σ ∈ Sk✱ ❡①✐st✐r ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S t❛❧

q✉❡

mσ(x1, x2, . . . , xk)|S = m(x1, x2, . . . , xk)|S 6= 0,

❡♥tã♦

mσ(x1, x2, . . . , xk) ≡ x1n(x2, x3, . . . , xk) (mod In),

♣❛r❛ ❛❧❣✉♠ ♠♦♥ô♠✐♦ n(x2, x3, . . . , xk) = xl2xl3 . . . xlk ♠✉❧t✐❧✐♥❡❛r✳

❉❡♠♦♥str❛çã♦✿ ❈❛s♦ σ(1) = 1✱ ❛ ❞❡♠♦♥str❛çã♦ é tr✐✈✐❛❧✳ ❙✉♣♦♥❤❛♠♦s q✉❡ σ(1) 6= 1✳

▲♦❣♦✱ 1 6= σ−1(1)✱ ❡ ❛ss✐♠ 1 = σ−1(σ(1)) < σ−1(1)✳ ❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦

♣♦s✐t✐✈♦ u t❛❧ q✉❡ σ(1) = 1 + u✳ ❉❛í✱ 1 = σ−1(σ(1)) = σ−1(1 + u) < σ−1(1)✳ ❙❡❥❛ u0 ♦

♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡ σ−1(1 + u0) < σ−1(1)✳ ❖❜✈✐❛♠❡♥t❡✱

1 ≤ σ−1(1 + u0) < σ−1(1) ≤ σ−1(u0). ✭✷✳✶✵✮

✸✷



❉❡s❞❡ q✉❡ mσ|S = m|S 6= 0✱ t❡♠♦s

Ei1j1Ei2j2 . . . Eikjk
= Eiσ(1)jσ(1)

Eiσ(2)jσ(2)
. . . Eiσ(k)jσ(k)

6= 0,

❡ ❞❛í✱ i1 = iσ(1)✱ jt = it+1, t = 1, . . . , k − 1 ❡✱ ♣❛r❛ s > 1, jσ(s−1) = iσ(s)✳ ❈♦♥s✐❞❡r❛♥❞♦

p = σ−1(u0 + 1)✱ q = σ−1(1) ❡ r = σ−1(u0)✱ ♣♦r ✷✳✶✵ t❡♠♦s 1 ≤ p < q ≤ r ❡

jσ(q−1) = iσ(q) = i1 = iσ(1)✱ jσ(r) = iσ(p)✳ ❆❞❡♠❛✐s✱ s❡ p > 1✱ jσ(p−1) = iσ(p)✳ ❱❛♠♦s

❝♦♥s✐❞❡r❛r ✐♥✐❝✐❛❧♠❡♥t❡ ♦ ❝❛s♦ p > 1✳ ❉❛s ✐❣✉❛❧❞❛❞❡s

jσ(r) = iσ(p) = jσ(p−1) e jσ(q−1) = iσ(q) = iσ(1)

t❡♠♦s q✉❡

jσ(p−1) − iσ(1) = iσ(p) − jσ(q−1) = jσ(r) − iσ(q) = t0

♣❛r❛ ❛❧❣✉♠ to ∈ Z✳ P❡❧♦ ▲❡♠❛ ✷✳✶✳✸✱ t❡♠♦s

ω(m[1,p−1]
σ ) = jσ(p−1) − iσ(1) = t0;

ω(m[p,q−1]
σ ) = jσ(q−1) − iσ(p) = −t0;

ω(m[q,r]
σ ) = jσ(r) − iσ(q) = t0.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉s❛♥❞♦ ✷✳✷✱ s❡❣✉❡ q✉❡

mσ = m[1,p−1]
σ m[p,q−1]

σ m[q,r]
σ m[r+1,k]

σ ≡

≡ m[q,r]
σ m[p,q−1]

σ m[1,p−1]
σ m[r+1,k]

σ = xσ(q)xl2 . . . xlk = x1xl2 . . . xlk (mod In).

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ p = 1✳ ◆❡st❡ ❝❛s♦✱ jσ(q−1) = iσ(q) = iσ(1) = jσ(r)✱ ❡ ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✸

ω(m[1,q−1]
σ ) = jσ(q−1) − iσ(1) = 0;

ω(m[q,r]
σ ) = jσ(r) − iσ(q) = 0.

P♦rt❛♥t♦✱ ♣♦r ✷✳✶ s❡❣✉❡ q✉❡

mσ = m[1,q−1]
σ m[q,r]

σ m[r+1,k]
σ ≡

≡ m[q,r]
σ m[1,q−1]

σ m[r+1,k]
σ = xσ(q)xl2 . . . xlk = x1xl2 . . . xlk (mod In).
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▲❡♠❛ ✷✳✶✳✺ ❙❡ ♣❛r❛ ✉♠❛ ♣❡r♠✉t❛çã♦ σ ∈ Sk✱ ❡①✐st✐r ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S t❛❧

q✉❡

mσ(x1, x2, . . . , xk)|S = m(x1, x2, . . . , xk)|S 6= 0,

❡♥tã♦ mσ(x1, x2, . . . , xk) ≡ m(x1, x2, . . . , xk) (mod In).

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ▲❡♠❛ ✷✳✶✳✹✱ mσ(x1, x2, . . . , xk) ≡ x1n(x2, x3, . . . , xk) (mod In)✳

❙❡❥❛ r ♦ ♠❛✐♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡

mσ(x1, x2, . . . , xk) ≡ x1x2 . . . xrn(xr+1, . . . , xk) (mod In), ✭✷✳✶✶✮

♣❛r❛ ❛❧❣✉♠ ♠♦♥ô♠✐♦ n = n(xr+1, . . . , xk) ♠✉❧t✐❧✐♥❡❛r✳ ▼♦str❛r❡♠♦s q✉❡ r = k✳

❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ r < k✳ ❊♥tã♦✱ ♦❜✈✐❛♠❡♥t❡ r ≤ k − 2✳ ❉❡s❞❡ q✉❡

In ⊆ Tn(Mn(K))✱ ♣♦r ✷✳✶✶ t❡♠♦s

x1x2 . . . xrn(xr+1, . . . , xk)|S = mσ(x1, x2, . . . , xk)|S = m(x1, x2, . . . , xk)|S 6= 0.

❈♦♠❜✐♥❛♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r ❝♦♠

x1x2 . . . xrn|S = Ei1j1Ei2j2 . . . Eirjr
n|S = Ei1jr

n|S

❡

m|S = Ei1j1Ei2j2 . . . Eirjr
{xr+1xr+2 . . . xk}|S ,

t❡♠♦s q✉❡

n(xr+1, . . . , xk)|S = xr+1xr+2 . . . xk|S = Ejrjk
6= 0.

P❡❧♦ ▲❡♠❛ ✷✳✶✳✹✱ ❡①✐st❡ ✉♠ ♠♦♥ô♠✐♦ n
′
(xr+2, . . . , xk) ♠✉❧t✐❧✐♥❡❛r t❛❧ q✉❡

n(xr+1, . . . , xk) ≡ xr+1n
′

(xr+2, . . . , xk) (mod In).

▲♦❣♦✱

mσ ≡ x1 . . . xrn(xr+1, xr+2 . . . , xk) ≡ x1 . . . xrxr+1n
′

(xr+2, . . . , xk) (mod In),

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❡s❝♦❧❤❛ ❞♦ ♥ú♠❡r♦ r✳ P♦rt❛♥t♦✱ r = k✳

❈♦r♦❧ár✐♦ ✷✳✶✳✻ ❙❡ ♣❛r❛ ❞✉❛s ♣❡r♠✉t❛çõ❡s σ, τ ∈ Sk✱ ❡①✐st✐r ✉♠❛ s✉❜st✐t✉✐çã♦

❙t❛♥❞❛r❞ S t❛❧ q✉❡

mσ(x1, x2, . . . , xk)|S = mτ (x1, x2, . . . , xk)|S 6= 0,

❡♥tã♦ mσ(x1, x2, . . . , xk) ≡ mτ (x1, x2, . . . , xk) (mod In).

✸✹



❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s x
′

1 = xτ(1), x
′

2 = xτ(2), . . . , x
′

k = xτ(k)✳ ❙❡♥❞♦ ❛ss✐♠✱

mτ (x1, x2, . . . , xk) = m(x
′

1, x
′

2, . . . , x
′

k).

❚♦♠❡♠♦s ❛❣♦r❛ µ = τ−1 ◦ σ✳ ❉❛í✱ t❡♠♦s

mµ(x
′

1, x
′

2, . . . , x
′

k) = mσ(x1, x2, . . . , xk).

P♦r mσ|S = mτ |S 6= 0✱ t❡♠♦s q✉❡ mµ(x
′

1, x
′

2, . . . , x
′

k)|S = m(x
′

1, x
′

2, . . . , x
′

k)|S 6= 0✳ P❡❧♦

▲❡♠❛ ✷✳✶✳✺✱ s❡❣✉❡ q✉❡

mµ(x
′

1, x
′

2, . . . , x
′

k) ≡ m(x
′

1, x
′

2, . . . , x
′

k) (mod In)

❡ ♣♦rt❛♥t♦✱

mσ(x1, x2, . . . , xk) ≡ mτ (x1, x2, . . . , xk) (mod In).

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ ❝❡♥tr❛❧ ❞❡st❛ s❡çã♦✳

❚❡♦r❡♠❛ ✷✳✶✳✼ ❚♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❛ á❧❣❡❜r❛ Zn✲❣r❛❞✉❛❞❛ Mn(K)

s❡❣✉❡♠ ❞❡

x1x2 − x2x1 = 0, ω(x1) = ω(x2) = 0;

x1x2x3 − x3x2x1 = 0, ω(x1) = ω(x3) = −ω(x2),

♦✉ s❡❥❛✱ Tn(Mn(K)) = In✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ ❜❛s❡ é ③❡r♦✱ ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡

✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ Zn✲❣r❛❞✉❛❞❛ ❡ ♠✉❧t✐❧✐♥❡❛r ❛r❜✐trár✐❛ f(x1, x2, . . . , xk) ❞❡

Mn(K) ❡stá ❡♠ In✳ ❙❡❥❛ r ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♥ã♦✲♥❡❣❛t✐✈♦ t❛❧ q✉❡ f ♣♦❞❡ s❡r ❡s❝r✐t♦✱

♠ó❞✉❧♦ In✱ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ r ♠♦♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✱ ✐st♦ é✱

f ≡
r∑

q=1

aσq
mσq

(mod In), ✭✷✳✶✷✮

♦♥❞❡ 0 6= aσq
∈ K ❡ σ1, σ2, . . . , σr ∈ Sk✳ ▼♦str❛r❡♠♦s q✉❡ r = 0✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s

♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ r > 0✳ ❊♠ ✈✐rt✉❞❡ ❞♦ ▲❡♠❛ ✷✳✶✳✷✱ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦

❙t❛♥❞❛r❞ S t❛❧ q✉❡ mσ1 |S 6= 0✳ P♦r In ⊆ Tn(Mn(K))✱ t❡♠♦s q✉❡

f |S −

(
r∑

q=1

aσq
mσq

)∣∣∣∣∣
S

=

(
f −

r∑

q=1

aσq
mσq

)∣∣∣∣∣
S

= 0

✸✺



❡ ❞❛í (
r∑

q=1

aσq
mσq

)∣∣∣∣∣
S

= 0

♦ q✉❡ ♥♦s ❞á

aσ1mσ1 |S =
r∑

q=2

(−aσq
)mσq

|S .

❈♦♠❜✐♥❛♥❞♦ ❡st❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❝♦♠ ♦ ❢❛t♦ q✉❡

mσq
|S ∈ {Eij | i, j = 1, 2, . . . , k} ∪ {0}, q = 1, 2, . . . , r,

❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠ ♠❡♥♦r ✐♥t❡✐r♦ p ∈ {2, 3, . . . , r} t❛❧ q✉❡ mσp
|S = mσ1|S ✳

P♦rt❛♥t♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✶✳✻✱ mσp
≡ mσ1 (mod In) ❡ ❞❛í✱ ♣♦r ✷✳✶✷

f ≡
r∑

q=1

aσq
mσq

≡ aσ1mσ1 + aσp
mσp

+

p−1∑

q=2

aσq
mσq

+
r∑

q=p+1

aσq
mσq

≡

≡ (aσ1 + aσp
)mσ1 +

p−1∑

q=2

aσq
mσq

+
r∑

q=p+1

aσq
mσq

(mod In),

♦✉ s❡❥❛✱ f ♣♦❞❡ s❡r ❡s❝r✐t♦✱ ♠ó❞✉❧♦ In✱ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❞❡ ♠❡♥♦s q✉❡ r ♠♦♥ô♠✐♦s

♠✉❧t✐❧✐♥❡❛r❡s✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❡s❝♦❧❤❛ ❞♦ ♥ú♠❡r♦ r✳ ▲♦❣♦✱

f ≡ 0 (mod In)

❡ ❛ss✐♠ Tn(Mn(K)) = In✳

✷✳✷ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s Zn✲❣r❛❞✉❛❞♦s

❆♣r❡s❡♥t❛r❡♠♦s ♥❡st❛ s❡çã♦ ❛ ❞❡s❝r✐çã♦ ❞♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s

Zn✲❣r❛❞✉❛❞♦s ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r K〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ Zn✲❣r❛❞✉❛❞❛✱ ♦♥❞❡

X =
⋃

γ∈Zn
Xγ✳ ❉❡♥♦t❛r❡♠♦s TZn

❡ CZn
s✐♠♣❧❡s♠❡♥t❡ ♣♦r Tn ❡ Cn✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆❡st❛ ❡ ♥❛s ♣ró①✐♠❛s s❡çõ❡s ❝♦♥s✐❞❡r❡♠♦s✱ ♣❛r❛ ❝❛❞❛ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦m✱ ♦m✲❝✐❝❧♦

θm = (1 2 . . . m) ❞♦ ❣r✉♣♦ s✐♠étr✐❝♦ Sm ❡ ♦ s✉❜❣r✉♣♦ ❝í❝❧✐❝♦ Hm = 〈θm〉 ❞❡ Sm✳

❆♣r❡s❡♥t❛r❡♠♦s ❛ s❡❣✉✐r ✉♠ t✐♣♦ ✐♠♣♦rt❛♥t❡ ❞❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♥ã♦✲tr✐✈✐❛✐s

♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✳ P❛r❛ ✐ss♦✱ ♣r❡❝✐s❛r❡♠♦s ❞♦ ❝♦♥❝❡✐t♦ ❞❡ s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡t❛ ❡♠

Zn✳
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❉❡✜♥✐çã♦ ✷✳✷✳✶ ❙❡❥❛♠ α1, α2, . . . , αn ∈ Zn✳ ❉✐③❡♠♦s q✉❡ ❛ n✲✉♣❧❛ (α1, α2, . . . , αn)

é ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡t❛ s❡ {α1, α1 + α2, . . . , α1 + α2 + . . . + αn} = Zn ❡

α1 + α2 + . . .+ αn = 0✳

❊①❡♠♣❧♦ ✷✳✷✳✷ ❆ s❡q✉ê♥❝✐❛ (1, 2, 3, 2) é ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡t❛ ❡♠ Z4✳ ❉❛❞♦

γ ∈ Zn✱ t❡♠♦s q✉❡ (γ, γ, . . . , γ) é ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡t❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ γ é ✉♠

❣❡r❛❞♦r ❞♦ ❣r✉♣♦ Zn✳

▲❡♠❛ ✷✳✷✳✸ ❙❡❥❛ m(x1, x2, . . . , xk) = x1x2 . . . xk ✉♠ ♠♦♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ❞❡ K〈X〉

❝♦♠ ω(m) = 0✳ ❙❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S ✭❝♦♥❢♦r♠❡ ✷✳✺✮

x1 = Ei1j1 , x2 = Ei2j2 , . . . , xk = Eikjk

é t❛❧ q✉❡ m|S 6= 0✱ ❡♥tã♦ mσ|S 6= 0 ♣❛r❛ t♦❞♦ σ ∈ Hk✳

❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ m|S 6= 0✱ t❡♠♦s j1 = i2, j2 = i3, . . . , jk−1 = ik✳ ❈♦♠♦

m|S = Ei1jk
❡ ω(m) = 0✱ ❞❡✈❡♠♦s t❡r i1 = jk✳ ❖❜s❡r✈❡♠♦s q✉❡ mθk

|S = Ei2jk
Ei1j1 =

Ei2i2 6= 0✳ ❖ r❡s✉❧t❛❞♦ s❡❣✉❡ ❡♥tã♦ ✐♥❞✉t✐✈❛♠❡♥t❡✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✹ ❖ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r

f(x1, x2, . . . , xn) =
∑

σ∈Hn

xσ(1)xσ(2) . . . xσ(n)

♦♥❞❡ (ω(x1), ω(x2), . . . , ω(xn)) é ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡t❛ ❡♠ Zn✱ é ✉♠ ♣♦❧✐♥ô♠✐♦

❝❡♥tr❛❧ Zn✲❣r❛❞✉❛❞♦✱ q✉❡ ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ f é ♠✉❧t✐❧✐♥❡❛r ✱ ❜❛st❛ ♠♦str❛r q✉❡ f |S ∈ Z(Mn(K))

♣❛r❛ t♦❞❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S✳ ❖❜s❡r✈❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ω(x1x2 . . . xn) =

ω(x1)+ω(x2)+ . . .+ω(xn) = 0✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r m = m(x1, x2, . . . , xn) = x1x2 . . . xn✳

P❡❧♦ ▲❡♠❛ ✷✳✷✳✸✱ s❡ m|S = 0✱ ❡♥tã♦ mσ|S = 0 ♣❛r❛ t♦❞♦ σ ∈ Hn✱ ❡ ❞❛í f |S = 0✳

❙✉♣♦♥❤❛♠♦s ❡♥tã♦ S ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞

x1 = Ei1j1 , x2 = Ei2j2 , . . . , xn = Einjn

t❛❧ q✉❡ m|S 6= 0✳ ❈❧❛r❛♠❡♥t❡ ❞❡✈❡♠♦s t❡r j1 = i2, j2 = i3, . . . , jn−1 = in ❡ t❛♠❜é♠

jn = i1✱ ♣♦✐s ω(m) = ω(x1) + ω(x2) + . . .+ ω(xn) = 0✳ ▲♦❣♦✱

f |S = Ei1i1 + Ei2i2 + . . .+ Einin .

◆♦t❛♥❞♦ ❛❣♦r❛ q✉❡

ω(x1) = i2 − i1, ω(x2) = i3 − i2, . . . , ω(xn−1) = in − in−1, ω(xn) = i1 − in,

✸✼



t❡♠♦s

ω(x1) + ω(x2) = i3 − i1, . . . , ω(x1) + . . .+ ω(xn−1) = in − i1.

❈♦♠♦ (ω(x1), ω(x2), . . . , ω(xn)) é ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡t❛✱ ❞❡✈❡♠♦s t❡r i2 − i1, i3 − i1,

. . . , in − i1 ♥ã♦✲♥✉❧♦s ❡ ❞♦✐s ❛ ❞♦✐s ❞✐st✐♥t♦s✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ i1, i2, . . . , in ❞❡✈❡♠ s❡r

❞♦✐s ❛ ❞♦✐s ✐♥❝ô❣r✉♦s ♠ó❞✉❧♦ n✳ ▼❛s✱ {i1, i2, . . . , in} ⊆ {1, 2, . . . , n}✳ ▲♦❣♦✱ t❡♠♦s ❛

✐❣✉❛❧❞❛❞❡ ❞❡st❡s ❞♦✐s ❝♦♥❥✉♥t♦s ❡ ♣♦rt❛♥t♦ f |S = In ∈ Z(Mn(K))✳

❙❡❥❛♠ In ♦ Tn✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ❞❡ Mn(K) ❡ Cn(Mn(K))

♦ Tn✲❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s Zn✲❣r❛❞✉❛❞♦s ❞❡ Mn(K)✳ ❈❧❛r❛♠❡♥t❡✱ t❡♠♦s

In ⊆ Cn(Mn(K))✳ ❚♦♠❡♠♦s ❛❣♦r❛ V ❝♦♠♦ s❡♥❞♦ ♦ Tn ❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

z1[x1, x2]z2 , ω(x1) = ω(x2) = 0;

z1(x1x2x3 − x3x2x1)z2 , ω(x1) = ω(x3) = −ω(x2);
∑

σ∈Hn

xσ(1)xσ(2) . . . xσ(n) , (ω(x1), ω(x2), . . . , ω(xn)) s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡t❛,

✭✷✳✶✸✮

♦♥❞❡ z1 ❡ z2 sã♦ ✈❛r✐❛✈é✐s ❡♠ X✳

❉♦ ❢❛t♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❡♠ ✷✳✶✸ s❡r❡♠ ❝❡♥tr❛✐s s❡❣✉❡ q✉❡ V ⊆ Cn(Mn(K))✳

❖❜s❡r✈❛♥❞♦ ❛❣♦r❛ q✉❡ ♦ Tn✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s ❞♦✐s ♣r✐♠❡✐r♦s ♣♦❧✐♥ô♠✐♦s ❡♠ ✷✳✶✸ é

❡①❛t❛♠❡♥t❡ In✱ ❝♦♥❝❧✉í♠♦s q✉❡ In ⊂ V ✳

▲❡♠❛ ✷✳✷✳✺ ❙❡ ♦ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r

f(x1, x2, . . . , xk) = λ1m1(x1, x2, . . . , xk) + . . .+ λnmn(x1, x2, . . . , xk) (k ≥ n)

é t❛❧ q✉❡ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S t❛❧ q✉❡ f |S = λIn✱ ♣❛r❛ ❛❧❣✉♠ 0 6= λ ∈ K✱

❡♥tã♦ f ∈ V ✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ f |S = λIn✱ ❞❡✈❡♠♦s t❡r λ1 = λ2 = . . . = λn = λ ❡ ω(mi) = 0

♣❛r❛ ❝❛❞❛ i = 1, . . . , n✳ ❱❛♠♦s s✉♣♦r q✉❡ m1(x1, x2, . . . , xk) = x1x2 . . . xk✳ ❙❡❥❛ S ✉♠❛

s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞

x1 = Ei1j1 , x2 = Ei2j2 , . . . , xk = Eikjk

s❛t✐s❢❛③❡♥❞♦ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛✳ P♦r f |S = λIn✱ ♣❛r❛ ❝❛❞❛ i = 1, . . . , n✱ ❡①✐st❡

j ∈ {1, . . . , n} t❛❧ q✉❡ mj|S = Eii✳ ▲♦❣♦✱ ❡①✐st❡♠ 1 = l1 < l2 < . . . < ln ❞❡ ♠♦❞♦ q✉❡
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{il1 , il2 , . . . , iln} = {1, 2, . . . , n}✳ ❙❡♥❞♦ ❛ss✐♠✱

m1(x1, x2, . . . , xk) =

t1︷ ︸︸ ︷
xl1 . . . xl2−1

t2︷ ︸︸ ︷
xl2 . . . xl3−1 . . .

tn︷ ︸︸ ︷
xln . . . xk .

▲♦❣♦✱

ω(t1) = il2 − i1, ω(t2) = il3 − il2 , . . . , ω(tn−1) = iln − iln−1, e ω(tn) = i1 − iln .

❆ s❡q✉ê♥❝✐❛ (ω(t1), ω(t2), . . . , ω(tn)) é ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡t❛ ❡♠ Zn✳ ❉❡ ❢❛t♦✱

ω(t1) + ω(t2) + . . .+ ω(tn) = il2 − i1 + il3 − il2 + . . .+ iln − iln−1 + i1 − iln = 0.

❆❧é♠ ❞✐ss♦✱

ω(t1) = il2 − il1 , ω(t1) + ω(t2) = il3 − il1 , . . . , ω(t1) + ω(t2) + . . .+ ω(tn−1) = iln − il1 .

❉❛í✱ s❡♥❞♦ {il1 , il2 , . . . , iln} = {1, 2, . . . , n}✱ ❞❡✈❡♠♦s t❡r il2 − il1 , il3 − il1 , . . . , iln − il1

♥ã♦✲♥✉❧♦s ❡ ❞♦✐s ❛ ❞♦✐s ❞✐st✐♥t♦s✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ♦ ♠♦♥ô♠✐♦

t2︷ ︸︸ ︷
xl2 . . . xl3−1 . . .

tn︷ ︸︸ ︷
xln . . . xk

t1︷ ︸︸ ︷
xl1 . . . xl2−1

❡ ♦❜s❡r✈❡♠♦s q✉❡ t2 . . . tnt1|S = Eil2 il2
✳ P♦r f |S = λIn✱ ❡①✐st❡ ❛❧❣✉♠ q ∈ {1, 2, . . . , n}

t❛❧ q✉❡ mq|S = t2 . . . tnt1|S = Eil2 il2
❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✶✳✻✱ ❝♦♥❝❧✉í♠♦s q✉❡

mq ≡ t2 . . . tnt1 (mod In)✳ ❈♦♠♦ {tσ(1)tσ(2) . . . tσ(n)|S ; σ ∈ Hn} = {E11, E22, . . . , Enn}

❝♦♥t✐♥✉❛♠♦s ❝♦♠ ❡st❡ r❛❝✐♦❝í♥✐♦✱ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❈♦r♦❧ár✐♦ ✷✳✶✳✻✱ ❡ ❝♦♥❝❧✉í♠♦s

q✉❡

f(x1, x2, . . . , xk) = λ(m1 +m2 + . . .+mn) ≡ λ
∑

σ∈Hn

tσ(1)tσ(2) . . . tσ(n) (mod In),

❡ ❞❛í

f(x1, x2, . . . , xk) ≡ λ
∑

σ∈Hn

tσ(1)tσ(2) . . . tσ(n) (mod V ),

♣♦✐s In ⊆ V ✳ ❆❧é♠ ❞✐ss♦✱
∑

σ∈Hn

tσ(1)tσ(2) . . . tσ(n) ∈ V ✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡

f(x1, x2, . . . , xk) ∈ V ✳

❚❡♦r❡♠❛ ✷✳✷✳✻ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❊♥tã♦ Cn(Mn(K)) = V ✳
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❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f(x1, x2, . . . , xk) ∈ Cn(Mn(K))✳ P♦❞❡♠♦s s✉♣♦r f ♠✉❧t✐❧✐♥❡❛r✳

❙✉♣♦♥❤❛♠♦s ❛✐♥❞❛ q✉❡ f ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ Zn✲❣r❛❞✉❛❞❛ ♣❛r❛Mn(K)✳ P♦❞❡♠♦s ❡s❝r❡✈❡r

f ♥❛ ❢♦r♠❛

f = λ1m1 + λ2m2 + . . .+ λlml

♦♥❞❡ m1,m2, . . . ,ml sã♦ ♠♦♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❡♠ x1, x2, . . . , xk✳ P♦r f ♥ã♦ s❡r

✐❞❡♥t✐❞❛❞❡ Zn✲❣r❛❞✉❛❞❛ ♣❛r❛ Mn(K)✱ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S t❛❧ q✉❡

f |S = λIn✱ ♣❛r❛ ❛❧❣✉♠ 0 6= λ ∈ K✳ ▲♦❣♦✱ l ≥ n✳ ❖❜s❡r✈❡♠♦s ❛✐♥❞❛ q✉❡ ♣❛r❛

❝❛❞❛ i = 1, 2, . . . , l✱ t❡♠♦s mi|S = 0 ♦✉ mi|S = Ejj✳ ❚❡♠♦s t❛♠❜é♠ q✉❡ ♣❛r❛ ❝❛❞❛

i = 1, . . . , n✱ ❡①✐st❡ ji ∈ {1, 2, . . . , l} t❛❧ q✉❡ mji
|S = Eii✳ ❏✉♥t❛♥❞♦ ♦s t❡r♠♦s m′

ji
s t❛✐s

q✉❡ mji
|S = Eii ❡ ✉s❛♥❞♦ ♦ ❈♦r♦❧ár✐♦ ✷✳✶✳✻✱ ❝♦♥❝❧✉í♠♦s q✉❡

f(x1, x2, . . . , xk) ≡ α1mj1 + α2mj2 + . . .+ αnmjn
+ β1mt1 + . . .+ βrmtr (mod V ),

♦♥❞❡ r < l✱ α1, . . . , αn, β1, . . . , βr ∈ K✳ P❡❧♦ ▲❡♠❛ ✷✳✷✳✺✱ t❡♠♦s

α1mj1 + α2mj2 + . . .+ αnmjn
∈ V,

❞♦♥❞❡ s❡❣✉❡ q✉❡

f(x1, x2, . . . , xk) ≡ β1mt1 + . . .+ βrmtr (mod V ).

P♦r f ∈ Cn(Mn(K))✱ t❡♠♦s q✉❡ β1mt1 + . . . + βrmtr ∈ Cn(Mn(K))✳ ❙❡ r < n✱ ❡♥tã♦

β1mt1 + . . .+βrmtr ∈ In ⊆ V ✳ ❈❛s♦ ❝♦♥trár✐♦✱ r❡♣❡t✐♠♦s ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s

✐♥✐❝✐❛❧♠❡♥t❡✳

✷✳✸ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s Z✲❣r❛❞✉❛❞❛s

◆❡st❛ ❡ ♥❛ ♣ró①✐♠❛ s❡çõ❡s ❞❡♥♦t❛r❡♠♦s ♣♦r K〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡

Z✲❣r❛❞✉❛❞❛✱ ♦♥❞❡ X =
⋃

m∈Z
Xm ❡ Mn(K) ❛ á❧❣❡❜r❛ Z✲❣r❛❞✉❛❞❛✱ ❞❡✜♥✐❞❛ ♥❛ s❡çã♦

✶✳✼✳

❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ❛ s❡❣✉✐r s❡rã♦ ✉s❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛

q✉❡ ❞❡s❝r❡✈❡ ❛s ✐❞❡♥t✐❞❛❞❡s Z✲❣r❛❞✉❛❞❛s ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✳

▲❡♠❛ ✷✳✸✳✶ ❆ á❧❣❡❜r❛ Mn(K) s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐❞❛❞❡s

x = 0 , |ω(x)| ≥ n; ✭✷✳✶✹✮

x1x2 − x2x1 = 0 , ω(x1) = ω(x2) = 0; ✭✷✳✶✺✮

x1x2x3 − x3x2x1 = 0 , ω(x1) = ω(x3) = −ω(x2). ✭✷✳✶✻✮
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❉❡♠♦♥str❛çã♦✿ ❉❡s❞❡ q✉❡ Mk = {0} q✉❛♥❞♦ |k| ≥ n✱ t❡♠♦s q✉❡ Mn(K) s❛t✐s❢❛③ ❛s

✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ✷✳✶✹✳ P♦r ♦✉tr♦ ❧❛❞♦✱ M0 é ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ✳

▲♦❣♦✱ ✷✳✶✺ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ Mn(K)✳

❆s ✐❞❡♥t✐❞❛❞❡s ✷✳✶✻ sã♦ ♠✉❧t✐❧✐♥❡❛r❡s✳ ❉❡ss❛ ❢♦r♠❛✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ ❛s

✐❞❡♥t✐❞❛❞❡s ✷✳✶✻ sã♦ s❛t✐s❢❡✐t❛s q✉❛♥❞♦

x1 = Ei1j1 , x2 = Ei2j2 , x3 = Ei3j3 ,

♦♥❞❡ Ei1j1 , Ei3j3 ∈ Mk ❡ Ei2j2 ∈ M−k ❡ |k| ≤ n − 1✳ ◆♦t❡♠♦s q✉❡ Ei1j1Ei2j2Ei3j3 6= 0

s❡✱ ❡ s♦♠❡♥t❡ s❡✱

j1 = i2 e j2 = i3. ✭✷✳✶✼✮

▼♦str❛r❡♠♦s q✉❡ ♥❡st❡ ❝❛s♦✱ i1 = j2 = i3 ❡ j1 = i2 = j3✳ ❉❡ ❢❛t♦✱ ♣♦r Ei1j1 , Ei3j3 ∈Mk✱

Ei2j2 ∈M−k ❡ ✷✳✶✼✱ t❡♠♦s

i2 = j1 = i1 + k, ✭✷✳✶✽✮

♣♦r ✷✳✶✽

i3 = j2 = i2 − k = i1, ✭✷✳✶✾✮

❡ ♣♦r ✷✳✶✾

j3 = i3 + k = i1 + k = j1.

❙✐♠✐❧❛r♠❡♥t❡✱ Ei3j3Ei2j2Ei1j1 6= 0✱ s♦♠❡♥t❡ s❡ j1 = i2 = j3 ❡ i1 = j2 = i3✳ ❉❡st❛ ❢♦r♠❛✱

Ei1j1Ei2j2Ei3j3 6= 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Ei3j3Ei2j2Ei1j1 6= 0✳ ◆❡st❡ ❝❛s♦✱ i1 = j2 = i3 ❡

j1 = i2 = j3✱ ❡ ❞❛í

Ei1j1Ei2j2Ei3j3 = Ei1j3 = Ei3j1 = Ei3j3Ei2j2Ei1j1 .

❈❛s♦ ❝♦♥trár✐♦✱

Ei1j1Ei2j2Ei3j3 = 0 = Ei3j3Ei2j2Ei1j1

♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

❉❡♥♦t❛r❡♠♦s ♣♦r Jn ♦ TZ✲✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ ✷✳✶✹ ❛

✷✳✶✻ ❡ SSt ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s✉❜st✐t✉✐çõ❡s ❙t❛♥❞❛r❞ ✭❝♦♥❢♦r♠❡ ❙❡çã♦ ✷✳✶✮✳ ❆q✉✐

ω(xs) = js − is✳ ❘❡❝♦r❞❡♠♦s q✉❡ ❞❛❞♦s ✉♠ ♠♦♥ô♠✐♦ mσ(x1, x2, . . . , xk)✱ σ ∈ Sk✱ ❡ ❞♦✐s

✐♥t❡✐r♦s 1 ≤ p ≤ q ≤ k✱ ❞❡♥♦t❛♠♦s ♣♦r m[p,q]
σ ❛ s✉❜♣❛❧❛✈r❛ ♦❜t✐❞❛❞❛ ❞❡ mσ ❞❡s❝❛rt❛♥❞♦

♦s p− 1 ♣r✐♠❡✐r♦s ❡ ♦s ú❧t✐♠♦s k − q ❢❛t♦r❡s✱ ♦✉ s❡❥❛✱

m[p,q]
σ = xσ(p)xσ(p+1) . . . xσ(q).

✹✶



◆♦s r❡s✉❧t❛❞♦s ❡♥✉♥❝✐❛❞♦s ❛ s❡❣✉✐r S ❞❡♥♦t❛rá ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞✳

▲❡♠❛ ✷✳✸✳✷ ❙❡❥❛ σ ∈ Sk✳ ❙❡ mσ|S 6= 0✱ ❡♥tã♦ ♣❛r❛ 1 ≤ p ≤ q ≤ k

ω(m[p,q]
σ ) = jσ(q) − iσ(p).

❉❡♠♦♥str❛çã♦✿ P♦r ✷✳✻ ❡ ✷✳✼✱ t❡♠♦s

ω(m[p,q]
σ ) = ω(xσ(q)) + ω(xσ(q−1)) + . . .+ ω(xσ(p)) =

= (jσ(q) − iσ(q)) + (jσ(q−1) − iσ(q−1)) + . . .+ (jσ(p) − iσ(p)) = jσ(q) − iσ(p).

▲❡♠❛ ✷✳✸✳✸ ❙❡❥❛♠ σ ∈ Sk ❡

x1 = Ei1j1 , x2 = Ei2j2 , . . . , xk = Eikjk
, ✭✷✳✷✵✮

✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ t❛❧ q✉❡ max{i1, j1, i2, j2, . . . , ik, jk} = n − t✱ ♦♥❞❡ t ≥ 1

✭r❡s♣❡❝t✐✈❛♠❡♥t❡ min{i1, j1, i2, j2, . . . , ik, jk} = 1 + r✱ ♦♥❞❡ r ≥ 1✮✳

✭✐✮ ❙❡ mσ(x1, x2, . . . , xk)|(2.20) = 0✱ ❡♥tã♦ q✉❛♥❞♦ ❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞

x1 = Ei′1j′1
, x2 = Ei′2j′2

, . . . , xk = Ei′
k
j′
k
, ✭✷✳✷✶✮

❝♦♠ i′s = is + t ❡ j′s = js + t ✭r❡s♣✳ i′s = is − r ❡ j′s = js − r✮✱ s = 1, 2, . . . , k é

❢❡✐t❛✱ t❡♠♦s

mσ(x1, x2, . . . , xk)|(2.21) = 0.

✭✐✐✮ ❙❡mσ(x1, x2, . . . , xk)|(2.20) = Eiσ(1)jσ(k)
✱ ❡♥tã♦mσ(x1, x2, . . . , xk)|(2.21) = Ei′

σ(1)
j′
σ(k)

✳

❉❡♠♦♥str❛çã♦✿ ✭✐✮ ❉❛ ✐❣✉❛❧❞❛❞❡

mσ|(2.20) = Eiσ(1)jσ(1)
Eiσ(2)jσ(2)

. . . Eiσ(k)jσ(k)
= 0,

♥ós t❡♠♦s q✉❡ jσ(s) 6= iσ(s+1) ♣❛r❛ ❛❧❣✉♠ s ∈ {1, 2, . . . , k − 1}✳ ❊♥tã♦

j′σ(s) = jσ(s) + t 6= iσ(s+1) + t = i′σ(s+1) (resp. j′σ(s) = jσ(s) − r 6= iσ(s+1) − r = i′σ(s+1)).

P♦rt❛♥t♦✱ mσ|(2.21) = 0✳

✭✐✐✮ P❛r❛ s = 1, . . . , k − 1✱ ❛ ✐❣✉❛❧❞❛❞❡ jσ(s) = iσ(s+1)✱ ♥♦s ❞á j′σ(s) = i′σ(s+1)✳ P♦rt❛♥t♦✱

mσ|(2.21) = Ei′
σ(1)

j′
σ(1)
Ei′

σ(2)
j′
σ(2)

. . . Ei′
σ(k)

j′
σ(k)

= Ei′
σ(1)

j′
σ(k)

,

✹✷



❝♦♥❝❧✉✐♥❞♦ ❛ss✐♠ ❛ ❞❡♠♦♥str❛çã♦✳

P❛r❛ ✉♠ ♠♦♥ô♠✐♦ ❣r❛❞✉❛❞♦ n(x1, x2, . . . , xr) = xi1xi2 . . . xir ❡ 1 ≤ p ≤ q ≤ r✱

❞❡♥♦t❛r❡♠♦s ♣♦r |ω(n[p,q])| ♦ ✈❛❧♦r ❛❜s♦❧✉t♦ ❞♦ ❣r❛✉ ❤♦♠♦❣ê♥❡♦ ❞❛ s✉❜♣❛❧❛✈r❛ n
[p,q]✳

❈♦♥s✐❞❡r❡♠♦s

ω̂(n) = max{|ω(n[p,q])| / 1 ≤ p ≤ q ≤ r}.

➱ ❝❧❛r♦ q✉❡ s❡ ω̂(n) ≥ n✱ ❡♥tã♦ n ∈ Jn✳ ❉❡ ❢❛t♦✱ ❡①✐st❡ ✉♠❛ s✉❜♣❛❧❛✈r❛

n
[p′,q′]✱ 1 ≤ p′ ≤ q′ ≤ r✱ t❛❧ q✉❡ ω̂(n) = |ω(n[p′,q′])| ≥ n✳ ❉❛í✱

n = n
[1,p′−1]

n
[p′,q′]

n
[q′+1,r] ∈ Jn,

♣♦✐s n[p′,q′] ∈ Jn✳

▲❡♠❛ ✷✳✸✳✹ ❙❡

x0

(
∑

σ∈P

aσmσ(x1, x2, . . . , xk)

)
= 0,

♦♥❞❡ P ⊆ Sk✱ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ❞❡ Mn(K) t❛❧ q✉❡ ω̂(x0mσ) ≤ n − 1✱ ♣❛r❛

t♦❞♦ σ ∈ P ✱ ❡♥tã♦ ∑

σ∈P

aσmσ(x1, x2, . . . , xk) ∈ TZ(Mn(K)).

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞

S t❛❧ q✉❡ (
∑

σ∈P

aσmσ

)∣∣∣∣∣
S

=
n∑

i,j=1

bijEij 6= 0, bij ∈ K. ✭✷✳✷✷✮

P♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ s❡ ω(x0) ≥ 0✱ ❡♥tã♦

max{i1, j1, i2, j2, . . . , ik, jk} = n,

♣♦✐s s❡ max{i1, j1, i2, j2, . . . , ik, jk} = n − t ❝♦♠ t ≥ 1✱ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✸✱ ❛

s✉❜st✐t✉✐çã♦ S ′ ❞❛ ❢♦r♠❛ xs = Ei′sj′s
✱ ❝♦♠ i′s = is + t ❡ j′s = js + t✱ s = 1, 2, . . . , k é t❛❧

q✉❡ max{i′1, j
′
1, i

′
2, j

′
2, . . . , i

′
k, j

′
k} = n ❡

(
∑

σ∈P

aσmσ

)∣∣∣∣∣
S′

6= 0.

❙✐♠✐❧❛r♠❡♥t❡✱ ♥ós ♣♦❞❡♠♦s s✉♣♦r q✉❡ s❡ ω(x0) < 0✱ ❡♥tã♦

min{i1, j1, i2, j2, . . . , ik, jk} = 1.

✹✸



◆ós ♣♦❞❡♠♦s s✉♣♦r ❛✐♥❞❛ q✉❡ ♣❛r❛ q✉❛❧q✉❡r ❝♦❡✜❝✐❡♥t❡ bij 6= 0 ❡♠ ✷✳✷✷✱ 1 ≤ i−ω(x0) ≤

n✳ P❛r❛ ✈❡r✐✜❝❛r ✐st♦✱ ♦❜s❡r✈❡♠♦s q✉❡ i ∈ {iσ(1) | σ ∈ P, mσ|S 6= 0}. ▲♦❣♦✱ é s✉✜❝✐❡♥t❡

♣r♦✈❛r q✉❡ 1 ≤ iσ(1) − ω(x0) ≤ n✱ ♣❛r❛ ❝❛❞❛ σ ∈ P ❝♦♠ mσ|S 6= 0✳

Pr✐♠❡✐r♦✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝❛s♦ ♦♥❞❡ ω(x0) ≥ 0 ❡ max{i1, j1, i2, j2, . . . , ik, jk} = n✳

❊♠ ❞❡❝♦rrê♥❝✐❛ ❞❡ ✷✳✼✱ ♣❛r❛ σ ∈ P ❝♦♠ mσ|S 6= 0✱ s❡ max{j1, j2, . . . , jk} < n✱ ❡♥tã♦

iσ(1) = n✳ ▲♦❣♦✱

ω(x0) ≥ 0, ♦✉ s❡❥❛, n− ω(x0) ≤ n, ❞❡ ♦♥❞❡, iσ(1) − ω(x0) ≤ n.

❆❧é♠ ❞✐ss♦✱

ω(x0) ≤ |ω(x0)| ≤ ω̂(x0mσ) ≤ n− 1, ♦✉ s❡❥❛, 1 ≤ n− ω(x0), ✐st♦ é, 1 ≤ iσ(1) − ω(x0).

P♦rt❛♥t♦✱ 1 ≤ iσ(1) − ω(x0) ≤ n✳ ❆❣♦r❛ ✈❛♠♦s s✉♣♦r q✉❡ max{j1, j2, . . . , jk} = n✳

❊s❝♦❧❤❛ ✉♠ σ ∈ P ❛r❜✐trár✐♦ t❛❧ q✉❡ mσ|S 6= 0 ❡ ❝♦♥s✐❞❡r❡♠♦s n = jσ(r)✱ ♣❛r❛ ❛❧❣✉♠

1 ≤ r ≤ k✳ P❡❧♦ ▲❡♠❛ ✷✳✸✳✷✱ t❡♠♦s

ω(x0m
[1,r]
σ ) = ω(x0) + jσ(r) − iσ(1) = ω(x0) + n− iσ(1).

❈♦♠❜✐♥❛♥❞♦ ✐st♦ ❝♦♠ ω(x0m
[1,r]
σ ) ≤ |ω(x0m

[1,r]
σ )| ≤ ω̂(x0mσ) ≤ n− 1✱ ♦❜t❡♠♦s q✉❡

ω(x0) + n− iσ(1) ≤ n− 1, ✐st♦ é, ω(x0) − iσ(1) ≤ −1, ❞❡ ♦♥❞❡, 1 ≤ iσ(1) − ω(x0).

❆❧é♠ ❞✐ss♦✱ iσ(1) ≤ n ≤ ω(x0)+n✱ ✐st♦ é✱ iσ(1)−ω(x0) ≤ n ✳ ❉❛í✱ 1 ≤ iσ(1)−ω(x0) ≤ n✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ♦ ❝❛s♦ ♦♥❞❡ ω(x0) < 0 ❡ min{i1, j1, i2, j2, . . . , ik, jk} = 1✳ ❊♠

✈✐rt✉❞❡ ❞❡ ✷✳✼✱ s❡ min{j1, j2, . . . , jk} > 1✱ ❡♥tã♦ iσ(1) = 1 ♣❛r❛ t♦❞♦ σ ∈ P t❛❧ q✉❡

mσ|S 6= 0✳ ❉❛í✱

ω(x0) < 0, ♦✉ s❡❥❛, 1 = iσ(1) < iσ(1) − ω(x0).

❆❧é♠ ❞♦ ♠❛✐s✱ ♣♦r −ω(x0) ≤ |ω(x0)| ≤ ω̂(x0mσ) ≤ n− 1✱ t❡♠♦s q✉❡ −ω(x0) ≤ n− 1✱

♦✉ s❡❥❛✱ iσ(1) − ω(x0) = 1− ω(x0) ≤ n✳ ❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ min{j1, j2, . . . , jk} = 1✳

❊s❝♦❧❤❛ ✉♠ σ ∈ P ❛r❜✐trár✐♦ t❛❧ q✉❡mσ|S 6= 0 ❡ t♦♠❡ r ∈ {1, 2, . . . , k} t❛❧ q✉❡ 1 = jσ(r)✳

P❡❧♦ ▲❡♠❛ ✷✳✸✳✷✱ t❡♠♦s

ω(x0m
[1,r]
σ ) = ω(x0) + jσ(r) − iσ(1) = ω(x0) + 1 − iσ(1).

❈♦♠❜✐♥❛♥❞♦ ✐st♦ ❝♦♠

−ω(x0m
[1,r]
σ ) ≤ |ω(x0m

[1,r]
σ )| ≤ ω̂(x0mσ) ≤ n− 1,

✹✹



♦❜t❡♠♦s q✉❡ −ω(x0) − 1 + iσ(1) ≤ n− 1✱ ✐st♦ é✱ iσ(1) − ω(x0) ≤ n✳ P♦r ♦✉tr♦ ❧❛❞♦✱

ω(x0) < 0, ✐st♦ é, 1 ≤ iσ(1) < iσ(1) − ω(x0), ♦✉ s❡❥❛, 1 ≤ iσ(1) − ω(x0).

▲♦❣♦✱ 1 ≤ iσ(1) − ω(x0) ≤ n✳

❋✐♥❛❧♠❡♥t❡✱ ❡s❝♦❧❤❛ i0, j0 ∈ {1, 2, . . . , n} t❛❧ q✉❡ bi0j0 6= 0✳ P❡❧♦ q✉❡ ❢♦✐ ❡①♣♦st♦

❛♥t❡r✐♦r♠❡♥t❡✱ 1 ≤ i0 − ω(x0) ≤ n✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S ′ ❢♦r♠❛❞❛

♣♦r S ❡ x0 = Ei0−ω(x0),i0 ✱ t❡♠♦s q✉❡

(
x0

∑

σ∈P

aσmσ

)∣∣∣∣∣
S′

= Ei0−ω(x0),i0

(
n∑

i,j=1

bijEij

)
=

n∑

j=1

bi0jEi0−ω(x0),j 6= 0,

❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❤✐♣ót❡s❡ ❞♦ ▲❡♠❛✳

❈♦r♦❧ár✐♦ ✷✳✸✳✺ P❛r❛ q✉❛❧q✉❡r ♠♦♥ô♠✐♦ ❣r❛❞✉❛❞♦ mσ(x1, x2, . . . , xk) ❝♦♠

ω̂(mσ) ≤ n− 1✱ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S t❛❧ q✉❡ mσ(x1, x2, . . . , xk)|S 6= 0✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ k = 1✱ mσ(x1) = x1✳ ▲♦❣♦✱ ♣♦r ω̂(mσ) ≤ n − 1✱ s❡❣✉❡ q✉❡

|ω(x1)| ≤ n− 1✳ ❇❛st❛ ❡♥tã♦ ❡s❝♦❧❤❡r x1 = Ei1j1 t❛❧ q✉❡ j1 − i1 = ω(x1)✳

❙✉♣♦♥❤❛♠♦s q✉❡ ♣❛r❛ q✉❛❧q✉❡r ♠♦♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r m ❞❡ t❛♠❛♥❤♦ k✱ ♦♥❞❡

ω̂(m) ≤ n − 1✱ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S t❛❧ q✉❡ m(x1, x2, . . . , xk)|S 6= 0✳

❈♦♥s✐❞❡r❡♠♦s ♦ ♠♦♥ô♠✐♦ n(x1, x2, . . . , xk, xk+1) = xi1xi2 . . . xikxik+1
✱ ❝♦♠ i1, i2, . . . , ik,

ik+1 ∈ {1, 2, . . . , k, k + 1}✱ t❛❧ q✉❡ ω̂(n) ≤ n− 1✳ ❖❜s❡r✈❡ q✉❡

n(x1, x2, . . . , xk, xk+1) = xi1n
′(xi2 , . . . , xik , xik+1

).

▲♦❣♦✱ ω̂(n) = ω̂(xi1n
′) ≤ n − 1✳ P♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✹ n = xi1n

′ ♥ã♦ ♣♦❞❡ s❡r

✐❞❡♥t✐❞❛❞❡ Z✲❣r❛❞✉❛❞❛ ♣❛r❛ Mn(K)✱ ♣♦✐s ❞♦ ❝♦♥trár✐♦ n
′ t❛♠❜é♠ s❡r✐❛ ✐❞❡♥t✐❞❛❞❡✳

❆❧é♠ ❞✐ss♦✱ ❞❡ ω̂(xi1n
′) ≤ n− 1 s❡❣✉❡ q✉❡ ω̂(n′) ≤ n− 1✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡ ❞❡

✐♥❞✉çã♦✳

❉❡♥♦t❡♠♦s ♣♦r Λ0 ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♠♦♥ô♠✐♦s mσ(x1, x2, . . . , xk)✱ σ ∈ Sk✱

t❛❧ q✉❡ ω̂(mσ) = n− 1✳

▲❡♠❛ ✷✳✸✳✻ P❛r❛ q✉❛❧q✉❡r ♠♦♥ô♠✐♦ mσ(x1, x2, . . . , xk) ∈ Λ0✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛

s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S t❛❧ q✉❡ mσ|S 6= 0✳

✹✺



❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ m
[p,q]
σ ✉♠❛ s✉❜♣❛❧❛✈r❛ ❞❡ mσ ❝♦♠ |ω(m

[p,q]
σ )| = n− 1 ❡ S ✉♠❛

s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ t❛❧ q✉❡ mσ|S 6= 0✳ ❙❡ ω(m
[p,q]
σ ) = −n + 1✱ ❡♥tã♦ m[p,q]

σ |S = En1✳

▲♦❣♦✱ Eiσ(p)jσ(q)
= En1✱ ♦✉ s❡❥❛✱ iσ(p) = n ❡ jσ(q) = 1✳ ❙✉♣♦♥❤❛♠♦s ✉♠❛ s✉❜st✐t✉✐çã♦

❙t❛♥❞❛r❞ S ′ t❛❧ q✉❡ mσ|S′ 6= 0✳ ❙❡♥❞♦ ❛ss✐♠✱ i′σ(p) = n ❡ j′σ(q) = 1✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

iσ(p) = i′σ(p) e jσ(q) = j′σ(q). ✭✷✳✷✸✮

❚❡♠♦s q✉❡

mσ|S = Eiσ(1)jσ(1)
. . . Eiσ(p−1)jσ(p−1)

Eiσ(p)jσ(p)
. . . Eiσ(q)jσ(q)

Eiσ(q+1)jσ(q+1)
. . . Eiσ(k)jσ(k)

,

❡

mσ|S′ = Ei′
σ(1)

j′
σ(1)

. . . Ei′
σ(p−1)

j′
σ(p−1)

Ei′
σ(p)

j′
σ(p)

. . . Ei′
σ(q)

j′
σ(q)
Ei′

σ(q+1)
j′
σ(q+1)

. . . Ei′
σ(k)

j′
σ(k)

.

P♦r ✷✳✼ ❡ ✷✳✷✸✱ t❡♠♦s q✉❡ jσ(p−1) = iσ(p) = i′σ(p) = j′σ(p−1)✳ ▲♦❣♦✱ ♣♦r ✷✳✻ t❡♠♦s

❛✐♥❞❛ q✉❡ ω(xσ(p−1)) = jσ(p−1) − iσ(p−1) = j′σ(p−1) − i′σ(p−1)✱ ❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

iσ(p−1) = i′σ(p−1)✳ ❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ❡st❡ r❛❝✐♦❝í♥✐♦✱ ✉s❛♥❞♦ ✷✳✻ ❡ ✷✳✼✱ ❝♦♥❝❧✉í♠♦s q✉❡

S = S ′✳ ❙✐♠✐❧❛r♠❡♥t❡✱ s❡ ω(m
[p,q]
σ ) = n−1✱ ❡♥tã♦m[p,q]

σ |S = E1n✳ ▲♦❣♦✱ Eiσ(p)jσ(q)
= E1n✱

✐st♦ é✱ iσ(p) = 1 ❡ jσ(q) = n✳ ❯s❛♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❡①♣♦st♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ❝♦♥❝❧✉í♠♦s

q✉❡ ♦s í♥❞✐❝❡s is ❡ js✱ s = 1, 2, . . . , k sã♦ ❞❡t❡r♠✐♥❛❞♦s ✉♥✐❝❛♠❡♥t❡✳

P❛r❛ i, j = 1, . . . , n ❡ S ∈ SSt✱ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

Λ(S, i, j) = {mσ(x1, x2, . . . , xk) ∈ Λ0 | mσ|S = Eij}.

❈❧❛r❛♠❡♥t❡✱ Λ(S, i, j) = ∅✱ s❡ ω(mσ) 6= j − i✳ ❊♠ ✈✐rt✉❞❡ ❞♦ ▲❡♠❛ ✷✳✸✳✻✱ ♦s ❝♦♥❥✉♥t♦s

Λ(S, i, j) sã♦ ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s ❡ ❛ ✉♥✐ã♦ ❝♦✐♥❝✐❞❡ ❝♦♠ Λ0✱ ♦✉ s❡❥❛✱

Λ0 =
⋃

(S,i,j)

Λ(S, i, j), ✭✷✳✷✹✮

♦♥❞❡ (S, i, j) ✈❛r✐❛ s♦❜r❡ t♦❞❛s ❛s tr✐♣❧❛s ♦r❞❡♥❛❞❛s (S, i, j)✱ ❝♦♠ S ∈ SSt ❡

i, j = 1, . . . , n✳ ❉❡ ❢❛t♦✱ s❡ Λ(S, i, j) ∩ Λ(S ′, i′, j′) 6= ∅✱ ❡♥tã♦ ❡①✐st❡ mσ ∈ Λ0 t❛❧ q✉❡

mσ|S = Eij ❡ mσ|S′ = Ei′j′ ✳ ▼❛s ❡♠ ✈✐rt✉❞❡ ❞♦ ▲❡♠❛ ✷✳✸✳✻✱ S = S ′ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

(i, j) = (i′, j′)✳ ➱ ✐♠❡❞✐❛t♦ q✉❡

⋃

(S,i,j)

Λ(S, i, j) ⊆ Λ0.

❙❡❥❛ mσ ∈ Λ0✳ ❊①✐st❡ ❡♥tã♦ ✉♠❛ ú♥✐❝❛ s✉❜st✐t✉✐çã♦ S ′ t❛❧ q✉❡ mσ|S′ 6= 0✱ ♦✉ s❡❥❛✱

mσ|S′ = Ei′j′ ✳ ❉❛í✱ mσ ∈ Λ(S ′, i′, j′) ⊆
⋃

(S,i,j) Λ(S, i, j)✳

✹✻



▲❡♠❛ ✷✳✸✳✼ ❙❡ ♣❛r❛ ✉♠❛ ♣❡r♠✉t❛çã♦ σ ∈ Sk✱ ❡①✐st✐r ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S t❛❧

q✉❡

mσ(x1, x2, . . . , xk)|S = m(x1, x2, . . . , xk)|S 6= 0,

❡♥tã♦

mσ(x1, x2, . . . , xk) ≡ x1n(x2, x3, . . . , xk) (mod Jn),

♣❛r❛ ❛❧❣✉♠ ♠♦♥ô♠✐♦ n(x2, x3, . . . , xk) = xl2xl3 . . . xlk .

❉❡♠♦♥str❛çã♦✿ ❈❛s♦ σ(1) = 1✱ ❛ ❞❡♠♦♥str❛çã♦ é tr✐✈✐❛❧✳ ❙✉♣♦♥❤❛♠♦s q✉❡ σ(1) 6= 1✳

▲♦❣♦✱ 1 6= σ−1(1)✱ ❡ ❛ss✐♠ 1 = σ−1(σ(1)) < σ−1(1)✳ ❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦

♣♦s✐t✐✈♦ u t❛❧ q✉❡ σ(1) = 1 + u✳ ❉❛í✱ 1 = σ−1(σ(1)) = σ−1(1 + u) < σ−1(1)✳ ❙❡❥❛ u0 ♦

♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡ σ−1(1 + u0) < σ−1(1)✳ ❖❜✈✐❛♠❡♥t❡✱

1 ≤ σ−1(1 + u0) < σ−1(1) ≤ σ−1(u0). ✭✷✳✷✺✮

❉❡s❞❡ q✉❡ mσ|S = m|S 6= 0✱ t❡♠♦s

Ei1j1Ei2j2 . . . Eikjk
= Eiσ(1)jσ(1)

Eiσ(2)jσ(2)
. . . Eiσ(k)jσ(k)

6= 0,

❡ ❞❛í✱ i1 = iσ(1)✱ jt = it+1, t = 1, . . . , k − 1 ❡✱ ♣❛r❛ s > 1, jσ(s−1) = iσ(s)✳ ❈♦♥s✐❞❡r❛♥❞♦

p = σ−1(u0 + 1)✱ q = σ−1(1) ❡ r = σ−1(u0)✱ ♣♦r ✷✳✷✺ t❡♠♦s 1 ≤ p < q ≤ r ❝♦♠

jσ(q−1) = iσ(q) = iσ(1)✱ jσ(r) = iσ(p) ❡✱ s❡ p > 1✱ jσ(p−1) = iσ(p)✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r

✐♥✐❝✐❛❧♠❡♥t❡ ♦ ❝❛s♦ p > 1✳ ❉❛s ✐❣✉❛❧❞❛❞❡s

jσ(r) = iσ(p) = jσ(p−1) e jσ(q−1) = iσ(q) = iσ(1)

t❡♠♦s q✉❡

jσ(p−1) − iσ(1) = iσ(p) − jσ(q−1) = jσ(r) − iσ(q) = α0

♣❛r❛ ❛❧❣✉♠ αo ∈ Z✳ P❡❧♦ ▲❡♠❛ ✷✳✸✳✷✱ t❡♠♦s

ω(m[1,p−1]
σ ) = jσ(p−1) − iσ(1) = α0;

ω(m[p,q−1]
σ ) = jσ(q−1) − iσ(p) = −α0;

ω(m[q,r]
σ ) = jσ(r) − iσ(q) = α0.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉s❛♥❞♦ ✷✳✶✻✱ s❡❣✉❡ q✉❡

mσ = m[1,p−1]
σ m[p,q−1]

σ m[q,r]
σ m[r+1,k]

σ ≡

✹✼



≡ m[q,r]
σ m[p,q−1]

σ m[1,p−1]
σ m[r+1,k]

σ = xσ(q)xl2 . . . xlk = x1xl2 . . . xlk (mod Jn).

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ p = 1✳ ◆❡st❡ ❝❛s♦✱ jσ(q−1) = iσ(q) = iσ(1) = jσ(r)✱ ❡ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✷

ω(m[1,q−1]
σ ) = jσ(q−1) − iσ(1) = 0;

ω(m[q,r]
σ ) = jσ(r) − iσ(q) = 0.

P♦rt❛♥t♦✱ ♣♦r ✷✳✶✺ s❡❣✉❡ q✉❡

mσ = m[1,q−1]
σ m[q,r]

σ m[r+1,k]
σ ≡

≡ m[q,r]
σ m[1,q−1]

σ m[r+1,k]
σ = xσ(q)xl2 . . . xlk = x1xl2 . . . xlk (mod Jn).

❈♦r♦❧ár✐♦ ✷✳✸✳✽ ❙❡ ♣❛r❛ ❞✉❛s ♣❡r♠✉t❛çõ❡s σ, τ ∈ Sk✱ ❡①✐st✐r ✉♠❛ s✉❜st✐t✉✐çã♦

❙t❛♥❞❛r❞ S t❛❧ q✉❡

mσ(x1, x2, . . . , xk)|S = mτ (x1, x2, . . . , xk)|S 6= 0,

❡♥tã♦ mσ(x1, x2, . . . , xk) ≡ xτ(1)n(xτ(2), xτ(3), . . . , xτ(k)) (mod Jn)✱ ♣❛r❛ ❛❧❣✉♠

n(y2, y3, . . . , yk) = yl2yl3 . . . ylk ✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s x
′

1 = xτ(1), x
′

2 = xτ(2), . . . , x
′

k = xτ(k)✳ ▲♦❣♦✱

mτ (x1, x2, . . . , xk) = m(x
′

1, x
′

2, . . . , x
′

k).

❚♦♠❡♠♦s ❛❣♦r❛ µ = τ−1 ◦ σ✳ ❙❡♥❞♦ ❛ss✐♠✱

mµ(x
′

1, x
′

2, . . . , x
′

k) = mσ(x1, x2, . . . , xk).

P♦r mσ|S = mτ |S 6= 0✱ t❡♠♦s q✉❡ mµ(x
′

1, x
′

2, . . . , x
′

k)|S = m(x
′

1, x
′

2, . . . , x
′

k)|S 6= 0✳ ❉♦

▲❡♠❛ ✷✳✸✳✼ s❡❣✉❡ q✉❡

mµ(x
′

1, x
′

2, . . . , x
′

k) ≡ x
′

1x
′

l2
. . . x

′

lk
(mod Jn),

♦♥❞❡ {l2, . . . , lk} = {2, . . . , k}✱ ♦✉ s❡❥❛✱

mσ(x1, x2, . . . , xk) ≡ xτ(1)x
′

l2
. . . x

′

lk
(mod Jn),

♦ q✉❡ ♥♦s ❞á

mσ(x1, x2, . . . , xk) ≡ xτ(1)n(xτ(2), xτ(3), . . . , xτ(k)) (mod Jn),

♣❛r❛ ❛❧❣✉♠ ♠♦♥ô♠✐♦ n(y2, y3, . . . , yk) = yl2yl3 . . . ylk ✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛ s❡çã♦✳

✹✽



❚❡♦r❡♠❛ ✷✳✸✳✾ ❚♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❛ á❧❣❡❜r❛ Z✲❣r❛❞✉❛❞❛ Mn(K)

s❡❣✉❡♠ ❞❡

x = 0 , |ω(x)| ≥ n;

x1x2 − x2x1 = 0 , ω(x1) = ω(x2) = 0;

x1x2x3 − x3x2x1 = 0 , ω(x1) = ω(x3) = −ω(x2),

✐st♦ é✱ TZ(Mn(K)) = In✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♣r♦✈❛r q✉❡ TZ(Mn(K)) = Jn ♥ós ✉s❛r❡♠♦s ✐♥❞✉çã♦ s♦❜r❡

n✳ ❙❡❥❛ n = 1✳ ◆❡st❡ ❝❛s♦✱ M1(K) = M0 = K✳ ❊♠ ✈✐rt✉❞❡ ❞❡ ✷✳✶✹✱ ♥ós

♣r❡❝✐s❛♠♦s ❝♦♥s✐❞❡r❛r s♦♠❡♥t❡ ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ M1(K) q✉❡ sã♦ ❞❛ ❢♦r♠❛

f(x1, x2, . . . , xk) = 0✱ ♦♥❞❡ ω(x1) = ω(x2) = . . . = ω(xk) = 0✳ ❉❡ ❢❛t♦✱ ♣♦✐s ❞♦ ❝♦♥trár✐♦

❡①✐st❡ i ∈ {1, 2, . . . , k} t❛❧ q✉❡ |ω(xi)| ≥ 1✳ ▲♦❣♦✱ mσ(x1, x2, . . . , xk) ∈ J1✱ ♣❛r❛ t♦❞♦

σ ∈ Sk ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ f(x1, x2, . . . , xk) ∈ J1✳ ❆s ✐❞❡♥t✐❞❛❞❡s f(x1, x2, . . . , xk) = 0✱

♦♥❞❡ ω(x1) = ω(x2) = . . . = ω(xk) = 0 sã♦ ♥❛ ✈❡r❞❛❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

♦r❞✐♥ár✐❛s ❞❡ M0 = K✳ ❉❡s❞❡ q✉❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ s❡❣✉❡♠

❞❡ [x1, x2] ✭✈❡❥❛ ❬✶✸❪✱ ♣á❣✐♥❛ ✹✺✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ TZ(M1(K)) = J1✳

❆❣♦r❛ s❡❥❛ n > 1 ❡ ✈❛♠♦s s✉♣♦r q✉❡ TZ(Mn−1(K)) = Jn−1✳ ❉❡s❞❡ q✉❡ ❛ ❝❛✲

r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ ❜❛s❡ é ③❡r♦✱ ♥ós ♣r❡❝✐s❛♠♦s ♣r♦✈❛r s♦♠❡♥t❡ q✉❡ ❝❛❞❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ Z✲❣r❛❞✉❛❞❛ ♠✉❧t✐❧✐♥❡❛r ❞❡ Mn(K) ❡stá ❡♠ Jn✳ ◆ós t❛♠❜é♠ ✉s❛r❡♠♦s

✐♥❞✉çã♦ s♦❜r❡ k ❛ss✉♠✐♥❞♦ q✉❡ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r g(y1, y2, . . . , yk−1) ∈

TZ(Mn(K)) ❡♠ k − 1 ✈❛r✐á✈❡✐s ❡stá ❡♠ Jn✳ ❙❡❥❛ f(x1, x2, . . . , xk) ✉♠ ♣♦❧✐♥ô♠✐♦ Z✲

❣r❛❞✉❛❞♦ ♠✉❧t✐❧✐♥❡❛r ❛r❜✐trár✐♦ ❡♠ TZ(Mn(K))✳ ◆♦t❡ q✉❡

ψ : Mn−1(K) −→ Mn(K)

A 7−→ ψ(A) =



 A 0

0 0





é ✉♠ ♠❡r❣✉❧❤♦ ♥❛t✉r❛❧ Z✲❣r❛❞✉❛❞♦ ❞❡ Mn−1(K) ❡♠ Mn(K)✳ ❉❡s❞❡ q✉❡

f(x1, x2, . . . , xk) ∈ TZ(Mn(K)) ❡ ψ é ✉♠ ♠❡r❣✉❧❤♦ Z✲❣r❛❞✉❛❞♦✱ s❡❣✉❡ q✉❡

f(x1, x2, . . . , xk) ∈ TZ(Mn−1(K)) = Jn−1✳ ▲♦❣♦✱ f é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✷✳✶✹ ❛ ✷✳✶✻ ❡

❞❛s ✐❞❡♥t✐❞❛❞❡s

x = 0, ♣❛r❛ |ω(x)| = n− 1. ✭✷✳✷✻✮

❊♥tã♦ f ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

f = f1 + f2 + f3,

✹✾



♣❛r❛ f1, f2, f3 ♣♦❧✐♥ô♠✐♦s Z✲❣r❛❞✉❛❞♦s ♠✉❧t✐❧✐♥❡❛r❡s✱ ♦♥❞❡ f1 é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✷✳✶✺✱

f2 é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✷✳✶✻ ❡ f3 é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✷✳✶✹ ❡ ✷✳✷✻✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ f3 ♣♦❞❡

s❡r ❡s❝r✐t♦ ❞❛ ❢♦r♠❛

f3 =
∑

ω̂(mσ)≥n−1

aσmσ(x1, x2, . . . , xk).

❉❡ ❢❛t♦✱ ♣♦r f3 s❡r ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✷✳✶✹ ❡ ✷✳✷✻✱ t❡♠♦s q✉❡
∑
aαg

α
1 g

α
2 g

α
3 ✱ ♦♥❞❡

gα
1 , g

α
3 ∈ K〈X〉 ❡ gα

2 é t❛❧ q✉❡ |ω(gα
2 )| ≥ n− 1✳ P♦r gα

2 s❡r ❤♦♠♦❣ê♥❡♦ ❝♦♠ r❡s♣❡✐t♦ ❛♦

Z✲❣r❛✉✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r f3 ❞❛ ❢♦r♠❛

f3 =
∑

aγm
γ
1m

γ
2m

γ
3 ,

♦♥❞❡ |ω(mγ
2)| ≥ n − 1 ❡ mγ

1 ,m
γ
2 ,m

γ
3 sã♦ ♠✉❧t✐❧✐♥❡❛r❡s ❡ s❡♠ t❡r♠♦s x′is ❡♠ ❝♦♠✉♠✳

❈♦♠♦ |ω(mγ
2)| ≥ n−1✱ t❡♠♦s q✉❡ ω̂(mγ

1m
γ
2m

γ
3) ≥ n−1✱ ♣❛r❛ t♦❞♦ γ✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r

mγ
1m

γ
2m

γ
3 = mσ✳ ❋❛③❡♥❞♦ γ ✈❛r✐❛r✱ σ t❛♠❜é♠ ✈❛r✐❛✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛✐♥❞❛ f3

❞❛ ❢♦r♠❛

f3 =
∑

ω̂(mσ)≥n−1

aσmσ(x1, x2, . . . , xk).

❉❡s❞❡ q✉❡ mσ(x1, x2, . . . , xk) ∈ Jn q✉❛♥❞♦ ω̂(mσ) > n− 1✱ s❡❣✉❡ q✉❡

f ≡ f3 ≡
∑

ω̂(mσ)=n−1

aσmσ(x1, x2, . . . , xk) =
∑

mσ∈Λ0

aσmσ(x1, x2, . . . , xk) (mod Jn).

❊♥tã♦ ♣♦r ✷✳✷✹

f ≡
∑

S∈SSt

n∑

i,j=1




∑

mσ∈Λ(S,i,j)

aσmσ(x1, x2, . . . , xk)



 (mod Jn). ✭✷✳✷✼✮

❙❡ ♥ós ♣r♦✈❛r♠♦s q✉❡ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ ❣r❛❞✉❛❞♦
∑
aσmσ ❡♠ ✷✳✷✼ ♣❡rt❡♥❝❡ ❛ Jn✱ ❡♥tã♦

❛ ✐♥❝❧✉sã♦ TZ(Mn(K)) ⊆ Jn ❡st❛rá ❞❡♠♦♥str❛❞❛✳ ❖❜s❡r✈❡ q✉❡ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✻✱ ♣❛r❛

S0,S ∈ SSt ❡ i, j ∈ {1, 2, . . . , n} ♥ós t❡♠♦s q✉❡




∑

mσ∈Λ(S,i,j)

aσmσ




∣∣∣∣∣
S0

=





0, se S 6= S0;[∑

mσ∈Λ(S0,i,j) aσ

]
Eij, se S = S0.

✭✷✳✷✽✮

▲♦❣♦✱ ♣❛r❛ q✉❛❧q✉❡r S ∈ SSt✱ ♣♦r ✷✳✷✼ ❡ ✷✳✷✽ t❡r❡♠♦s

f |S =
n∑

i,j=1




∑

mσ∈Λ(S,i,j)

aσ



Eij = 0,

✺✵



❡ ♣♦rt❛♥t♦
∑

mσ∈Λ(S,i,j) aσ = 0✱ i, j = 1, 2, . . . , n✳ P♦r ✷✳✷✽✱ t❡♠♦s q✉❡

∑

mσ∈Λ(S,i,j)

aσmσ(x1, x2, . . . , xk) ∈ TZ(Mn(K)), S ∈ SSt, i, j = 1, 2, . . . , n.

❙❡ Λ(S, i, j) 6= ∅✱ ❡s❝♦❧❤❛ ✉♠❛ ♣❡r♠✉t❛çã♦ τ ∈ Sk ❞❡ ♠❛♥❡✐r❛ q✉❡

mτ ∈ Λ(S, i, j)✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✸✳✽✱ ♣❛r❛ ❝❛❞❛ mσ ∈ Λ(S, i, j)✱ ❡①✐st❡ ✉♠ ♠♦♥ô♠✐♦

n
[σ] = n

[σ](xτ(2), xτ(3), . . . , xτ(k)) t❛❧ q✉❡ mσ ≡ xτ(1)n
[σ] (mod Jn)✳ ◆♦t❡♠♦s q✉❡

xτ(1)n
[σ] 6∈ TZ(Mn(K))✱ ♣♦✐s ❞♦ ❝♦♥trár✐♦ mσ ∈ TZ(Mn(K))✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦

❞❡ mσ ∈ Λ(S, i, j)✳ ▲♦❣♦✱ ♣♦r xτ(1)n
[σ] 6∈ TZ(Mn(K)) s❡❣✉❡ q✉❡ ω̂(xτ(1)n

[σ]) ≤ n − 1✳

❈♦♥s✐❞❡r❡ P = {σ ∈ Sk | mσ ∈ Λ(S, i, j)}✳ ❙❡♥❞♦ ❛ss✐♠✱

∑

mσ∈Λ(S,i,j)

aσmσ =
∑

σ∈P

aσmσ ≡
∑

σ∈P

aσxτ(1)n
[σ] = xτ(1)

∑

σ∈P

aσn
[σ] (mod Jn). ✭✷✳✷✾✮

P♦r
∑

mσ∈Λ(S,i,j) aσmσ ∈ TZ(Mn(K)) ❡ ✷✳✷✾✱ t❡♠♦s q✉❡ xτ(1)

∑
σ∈P aσn

[σ] ∈ TZ(Mn(K))✳

▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✹✱
∑

σ∈P aσn
[σ] ∈ TZ(Mn(K)) ❡ ♣♦r s❡r ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛

♠✉❧t✐❧✐♥❡❛r ❞❡ Mn(K) ❡♠ k− 1 ✈❛r✐❛✈é✐s✱ ❝♦♥❝❧✉í♠♦s q✉❡
∑

σ∈P aσn
[σ] ∈ Jn✳ P♦rt❛♥t♦✱

♣♦r ✷✳✷✾ ♣❛r❛ q✉❛✐q✉❡r S ∈ SSt ❡ i, j = 1, 2, . . . , n✱

∑

mσ∈Λ(S,i,j)

aσmσ ≡ 0 (mod Jn),

♦ q✉❡ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦✳

✷✳✹ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s Z✲❣r❛❞✉❛❞♦s

❆♣r❡s❡♥t❛r❡♠♦s ♥❡st❛ s❡çã♦ ❛ ❞❡s❝r✐çã♦ ❞♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s

Z✲❣r❛❞✉❛❞♦s ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✳

❙❡❥❛♠ Jn ♦ TZ✲✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ ✷✳✶✹ ❛ ✷✳✶✻ ❡

CZ(Mn(K)) ♦ TZ✲❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s Z✲❣r❛❞✉❛❞♦s ❞❡ Mn(K)✳ ❈❧❛r❛♠❡♥t❡✱

t❡♠♦s Jn ⊆ CZ(Mn(K))✳

▲❡♠❛ ✷✳✹✳✶ ❙❡❥❛ m(x1, x2, . . . , xk) = x1x2 . . . xk ✉♠ ♠♦♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ❞❡ K〈X〉

❝♦♠ ω(m) = 0✳ ❙❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S

x1 = Ei1j1 , x2 = Ei2j2 , . . . , xk = Eikjk

é t❛❧ q✉❡ m|S 6= 0✱ ❡♥tã♦ mσ|S 6= 0 ♣❛r❛ t♦❞♦ σ ∈ Hk✳

✺✶



❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ m|S 6= 0✱ t❡♠♦s j1 = i2, j2 = i3, . . . , jk−1 = ik✳ ❈♦♠♦

m|S = Ei1jk
❡ ω(m) = 0✱ ❞❡✈❡♠♦s t❡r i1 = jk✳ ❖❜s❡r✈❡♠♦s q✉❡ mθk

|S = Ei2jk
Ei1j1 =

Ei2i2 6= 0✳ ❖ r❡s✉❧t❛❞♦ s❡❣✉❡ ❡♥tã♦ ✐♥❞✉t✐✈❛♠❡♥t❡✳

Pr♦♣♦s✐çã♦ ✷✳✹✳✷ ❖ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r

f(x1, x2, . . . , xn) =
∑

σ∈Hn

xσ(1)xσ(2) . . . xσ(n),

♦♥❞❡ ω̂(x1x2 . . . xk) ≤ n − 1 ❡ (ω(x1), ω(x2), . . . , ω(xn)) é ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡t❛ ❡♠

Zn✱ é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ Z✲❣r❛❞✉❛❞♦✱ q✉❡ ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ f é ♠✉❧t✐❧✐♥❡❛r✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ f |S ∈ Z(Mn(K)) ♣❛r❛

t♦❞❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S✳ P❡❧♦ ▲❡♠❛ ✷✳✹✳✶✱ s❡ m|S = 0✱ ❡♥tã♦ mσ|S = 0 ♣❛r❛ t♦❞♦

σ ∈ Hn✱ ❡ ❞❛í f |S = 0✳ ❙✉♣♦♥❤❛♠♦s ❡♥tã♦ S ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞

x1 = Ei1j1 , x2 = Ei2j2 , . . . , xn = Einjn

t❛❧ q✉❡ m|S 6= 0✳ ❖❜s❡r✈❡ q✉❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ S é ❣❛r❛♥t✐❞❛ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✸✳✺✳

❈❧❛r❛♠❡♥t❡ ❞❡✈❡♠♦s t❡r j1 = i2, j2 = i3, . . . , jn−1 = in ❡ t❛♠❜é♠ jn = i1✱ ♣♦✐s

ω(m) = ω(x1) + ω(x2) + . . .+ ω(xn) = 0✳ ▲♦❣♦✱

f |S = Ei1i1 + Ei2i2 + . . .+ Einin .

◆♦t❛♥❞♦ ❛❣♦r❛ q✉❡

ω(x1) = i2 − i1, ω(x2) = i3 − i2, . . . , ω(xn−1) = in − in−1, ω(xn) = i1 − in,

t❡♠♦s

ω(x1) + ω(x2) = i3 − i1, . . . , ω(x1) + . . .+ ω(xn−1) = in − i1.

❈♦♠♦ (ω(x1), ω(x2), . . . , ω(xn)) é ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡t❛✱ ❞❡✈❡♠♦s t❡r i2 − i1, i3 − i1,

. . . , in − i1 ♥ã♦✲♥✉❧♦s ❡ ❞♦✐s ❛ ❞♦✐s ❞✐st✐♥t♦s✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ i1, i2, . . . , in ❞❡✈❡♠ s❡r

❞♦✐s ❛ ❞♦✐s ✐♥❝ô❣r✉♦s ♠ó❞✉❧♦ n✳ ▼❛s✱ {i1, i2, . . . , in} ⊆ {1, 2, . . . , n}✳ ▲♦❣♦✱ t❡♠♦s ❛

✐❣✉❛❧❞❛❞❡ ❞❡st❡s ❞♦✐s ❝♦♥❥✉♥t♦s✱ ❡ ♣♦rt❛♥t♦ f |S = In ∈ Z(Mn(K))✳

▲❡♠❛ ✷✳✹✳✸ ❙❡ ♣❛r❛ ✉♠❛ ♣❡r♠✉t❛çã♦ σ ∈ Sk✱ ❡①✐st✐r ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S t❛❧

q✉❡

mσ(x1, x2, . . . , xk)|S = m(x1, x2, . . . , xk)|S 6= 0,

❡♥tã♦

mσ(x1, x2, . . . , xk) ≡ m(x1, x2, . . . , xk) (mod Jn).

✺✷



❉❡♠♦♥str❛çã♦✿ P❡❧♦ ▲❡♠❛ ✷✳✸✳✼✱ mσ(x1, x2, . . . , xk) ≡ x1n(x2, x3, . . . , xk) (mod Jn)✳

❙❡❥❛ r ♦ ♠❛✐♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡

mσ(x1, x2, . . . , xk) ≡ x1x2 . . . xrn(xr+1, . . . , xk) (mod Jn), ✭✷✳✸✵✮

♣❛r❛ ❛❧❣✉♠ ♠♦♥ô♠✐♦ n = n(xr+1, . . . , xk)✳ ▼♦str❛r❡♠♦s q✉❡ r = k✳ ❙✉♣♦♥❤❛♠♦s ♣♦r

❝♦♥tr❛❞✐çã♦ q✉❡ r < k✳ ❊♥tã♦✱ ♦❜✈✐❛♠❡♥t❡ r ≤ k−2✳ ❉❡s❞❡ q✉❡ Jn = TZ(Mn(K))✱ ♣♦r

✷✳✸✵ t❡♠♦s

x1x2 . . . xrn(xr+1, . . . , xk)|S = mσ(x1, x2, . . . , xk)|S = m(x1, x2, . . . , xk)|S 6= 0.

❈♦♠❜✐♥❛♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r ❝♦♠

x1x2 . . . xrn|S = Ei1j1Ei2j2 . . . Eirjr
n|S = Ei1jr

n|S

❡

m|S = Ei1j1Ei2j2 . . . Eirjr
{xr+1xr+2 . . . xk}|S ,

t❡♠♦s q✉❡

n(xr+1, . . . , xk)|S = xr+1xr+2 . . . xk|S = Ejrjk
6= 0.

P❡❧♦ ▲❡♠❛ ✷✳✸✳✼✱ ❡①✐st❡ ✉♠ ♠♦♥ô♠✐♦ n
′
(xr+2, . . . , xk) t❛❧ q✉❡

n(xr+1, . . . , xk) ≡ xr+1n
′

(xr+2, . . . , xk) (mod Jn).

▲♦❣♦✱

mσ ≡ x1 . . . xrn(xr+1, xr+2 . . . , xk) ≡ x1 . . . xrxr+1n
′

(xr+2, . . . , xk) (mod Jn),

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❡s❝♦❧❤❛ ❞♦ ♥ú♠❡r♦ r✳ P♦rt❛♥t♦✱ r = k✳

❈♦r♦❧ár✐♦ ✷✳✹✳✹ ❙❡ ♣❛r❛ ❞✉❛s ♣❡r♠✉t❛çõ❡s σ, τ ∈ Sk✱ ❡①✐st✐r ✉♠❛ s✉❜st✐t✉✐çã♦

❙t❛♥❞❛r❞ S t❛❧ q✉❡

mσ(x1, x2, . . . , xk)|S = mτ (x1, x2, . . . , xk)|S 6= 0,

❡♥tã♦ mσ(x1, x2, . . . , xk) ≡ mτ (x1, x2, . . . , xk) (mod In).

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s x
′

1 = xτ(1), x
′

2 = xτ(2), . . . , x
′

k = xτ(k)✳ ▲♦❣♦✱

mτ (x1, x2, . . . , xk) = m(x
′

1, x
′

2, . . . , x
′

k).

✺✸



❚♦♠❡♠♦s ❛❣♦r❛ µ = τ−1 ◦ σ✳ ❙❡♥❞♦ ❛ss✐♠✱

mµ(x
′

1, x
′

2, . . . , x
′

k) = mσ(x1, x2, . . . , xk).

P♦r mσ|S = mτ |S 6= 0✱ t❡♠♦s q✉❡ mµ(x
′

1, x
′

2, . . . , x
′

k)|S = m(x
′

1, x
′

2, . . . , x
′

k)|S 6= 0✳ P❡❧♦

▲❡♠❛ ✷✳✹✳✸✱ s❡❣✉❡ q✉❡

mµ(x
′

1, x
′

2, . . . , x
′

k) ≡ m(x
′

1, x
′

2, . . . , x
′

k) (mod Jn)

❡ ♣♦rt❛♥t♦✱

mσ(x1, x2, . . . , xk) ≡ mτ (x1, x2, . . . , xk) (mod Jn).

❚♦♠❡♠♦s ❛❣♦r❛ W ❝♦♠♦ s❡♥❞♦ ♦ TZ✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

z1xz2 , |ω(x)| ≥ n;

z1[x1, x2]z2 , ω(x1) = ω(x2) = 0;

z1(x1x2x3 − x3x2x1)z2 , ω(x1) = ω(x3) = −ω(x2);
∑

σ∈Hn

xσ(1)xσ(2) . . . xσ(n) , (ω(x1), ω(x2), . . . , ω(xn)) s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡t❛,

✭✷✳✸✶✮

♦♥❞❡ ω̂(x1x2 . . . xn) ≤ n− 1 ❡ z1 ❡ z2 sã♦ ✈❛r✐❛✈é✐s ❡♠ X✳

❉♦ ❢❛t♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❡♠ ✷✳✸✶ s❡r❡♠ ❝❡♥tr❛✐s s❡❣✉❡ q✉❡

W ⊆ CZ(Mn(K))✳ ❖❜s❡r✈❛♥❞♦ ❛❣♦r❛ q✉❡ ♦ TZ✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s três ♣r✐♠❡✐r♦s

♣♦❧✐♥ô♠✐♦s ❡♠ ✷✳✸✶ é ❡①❛t❛♠❡♥t❡ Jn✱ ❝♦♥❝❧✉í♠♦s q✉❡ Jn ⊂ W ✳

▲❡♠❛ ✷✳✹✳✺ ❙❡ ♦ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r

f(x1, x2, . . . , xk) = λ1m1(x1, x2, . . . , xk) + . . .+ λnmn(x1, x2, . . . , xk) (k ≥ n)

é t❛❧ q✉❡ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S t❛❧ q✉❡ f |S = λIn✱ ♣❛r❛ ❛❣✉♠ 0 6= λ ∈ K✱

❡♥tã♦ f ∈ W ✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ f |S = λIn✱ ❞❡✈❡♠♦s t❡r λ1 = λ2 = . . . = λn = λ ❡ ω(mi) = 0

♣❛r❛ ❝❛❞❛ i = 1, 2, . . . , n✳ ❱❛♠♦s s✉♣♦r q✉❡ m1(x1, x2, . . . , xk) = x1x2 . . . xk✳ ❙❡❥❛ S

✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞

x1 = Ei1j1 , x2 = Ei2j2 , . . . , xk = Eikjk

✺✹



s❛t✐s❢❛③❡♥❞♦ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛✳ P♦r f |S = λIn✱ ♣❛r❛ ❝❛❞❛ i = 1, . . . , n ❡①✐st❡

j ∈ {1, . . . , n} t❛❧ q✉❡ mj|S = Eii✳ ▲♦❣♦✱ ❡①✐st❡♠ 1 = l1 < l2 < . . . < ln ❞❡ ♠♦❞♦ q✉❡

{il1 , il2 , . . . , iln} = {1, 2, . . . , n}✳ ❙❡♥❞♦ ❛ss✐♠✱

m1(x1, x2, . . . , xk) =

t1︷ ︸︸ ︷
xl1 . . . xl2−1

t2︷ ︸︸ ︷
xl2 . . . xl3−1 . . .

tn︷ ︸︸ ︷
xln . . . xk .

▲♦❣♦✱

ω(t1) = il2 − i1, ω(t2) = il3 − il2 , . . . , ω(tn−1) = iln − iln−1 e ω(tn) = i1 − iln .

❆ s❡q✉ê♥❝✐❛ (ω(t1), ω(t2), . . . , ω(tn)) é ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡t❛ ❡♠ Zn✱ ♣♦✐s

ω(t1)+ω(t2)+ . . .+ω(tn) = ω(m1) = 0 = il2 − i1 + il3 − il2 + . . .+ iln − iln−1 + i1 − iln .

❆❧é♠ ❞✐ss♦✱

ω(t1) = il2 − il1 , ω(t1) + ω(t2) = il3 − il1 , . . . , ω(t1) + ω(t2) + . . .+ ω(tn−1) = iln − il1 .

❉❛í✱ s❡♥❞♦ {il1 , il2 , . . . , iln} = {1, 2, . . . , n}✱ ❞❡✈❡♠♦s t❡r il2 − il1 , il3 − il1 , . . . , iln − il1

♥ã♦✲♥✉❧♦s ❡ ❞♦✐s ❛ ❞♦✐s ❞✐st✐♥t♦s✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ♦ ♠♦♥ô♠✐♦

t2︷ ︸︸ ︷
xl2 . . . xl3−1 . . .

tn︷ ︸︸ ︷
xln . . . xk

t1︷ ︸︸ ︷
xl1 . . . xl2−1

❡ ♦❜s❡r✈❡♠♦s q✉❡ t2 . . . tnt1|S = Eil2 il2
✳ P♦r f |S = λIn✱ ❡①✐st❡ ❛❧❣✉♠ q ∈ {1, 2, . . . , n}

t❛❧ q✉❡ mq|S = t2 . . . tnt1|S = Eil2 il2
❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✹✳✹✱ ❝♦♥❝❧✉í♠♦s q✉❡

mq ≡ t2 . . . tnt1 (mod Jn)✳ ❆❧é♠ ❞✐ss♦✱ ω̂(t1t2 . . . tn) ≤ n − 1✳ ❈♦♠♦

{tσ(1)tσ(2) . . . tσ(n)|S ; σ ∈ Hn} = {E11, E22, . . . , Enn} ❝♦♥t✐♥✉❛♠♦s ❝♦♠ ❡st❡ r❛❝✐♦❝í♥✐♦

✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❈♦r♦❧ár✐♦ ✷✳✹✳✹ ❡ ❝♦♥❝❧✉í♠♦s q✉❡

f(x1, x2, . . . , xk) = λ(m1 +m2 + . . .+mn) ≡ λ
∑

σ∈Hn

tσ(1)tσ(2) . . . tσ(n) (mod Jn),

❡ ❞❛í

f(x1, x2, . . . , xk) ≡ λ
∑

σ∈Hn

tσ(1)tσ(2) . . . tσ(n) (mod W ) (pois Jn ⊆ W ).

❆❧é♠ ❞✐ss♦✱
∑

σ∈Hn

tσ(1)tσ(2) . . . tσ(n) ∈ W ✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ f(x1, x2, . . . , xk) ∈ W ✳

✺✺



❚❡♦r❡♠❛ ✷✳✹✳✻ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❊♥tã♦ CZ(Mn(K)) = W ✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f(x1, x2, . . . , xk) ∈ CZ(Mn(K))✳ P♦❞❡♠♦s s✉♣♦r f ♠✉❧t✐❧✐♥❡❛r✳

❙✉♣♦♥❤❛♠♦s ❛✐♥❞❛ q✉❡ f ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ Z✲❣r❛❞✉❛❞❛ ♣❛r❛Mn(K)✳ P♦❞❡♠♦s ❡s❝r❡✈❡r

f ♥❛ ❢♦r♠❛

f = λ1m1 + λ2m2 + . . .+ λlml,

♦♥❞❡ m1,m2, . . . ,ml sã♦ ♠♦♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❡♠ x1, x2, . . . , xk✳ P♦r f ♥ã♦ s❡r

✐❞❡♥t✐❞❛❞❡ Z✲❣r❛❞✉❛❞❛ ♣❛r❛ Mn(K)✱ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S t❛❧ q✉❡

f |S = λIn✱ ♣❛r❛ ❛❧❣✉♠ 0 6= λ ∈ K✳ ▲♦❣♦✱ l ≥ n✳ ❖❜s❡r✈❡♠♦s ❛✐♥❞❛ q✉❡ ♣❛r❛

❝❛❞❛ i = 1, 2, . . . , l✱ t❡♠♦s mi|S = 0 ♦✉ mi|S = Ejj✳ ❚❡♠♦s t❛♠❜é♠ q✉❡ ♣❛r❛ ❝❛❞❛

i = 1, . . . , n✱ ❡①✐st❡ ji ∈ {1, 2, . . . , l} t❛❧ q✉❡ mji
|S = Eii✳ ❏✉♥t❛♥❞♦ ♦s t❡r♠♦s m′

ji
s t❛✐s

q✉❡ mji
|S = Eii ❡ ✉s❛♥❞♦ ♦ ❈♦r♦❧ár✐♦ ✷✳✹✳✹✱ ❝♦♥❝❧✉í♠♦s q✉❡

f(x1, x2, . . . , xk) ≡ α1mj1 + α2mj2 + . . .+ αnmjn
+ β1mt1 + . . .+ βrmtr (mod W ),

♦♥❞❡ r < l ❡ α1, . . . , αn, β1, . . . , βr ∈ K✳ P❡❧♦ ▲❡♠❛ ✷✳✹✳✺✱ t❡♠♦s

α1mj1 + α2mj2 + . . .+ αnmjn
∈ W,

❞♦♥❞❡ s❡❣✉❡ q✉❡

f(x1, x2, . . . , xk) ≡ β1mt1 + . . .+ βrmtr (mod W ).

P♦r f ∈ CZ(Mn(K))✱ t❡♠♦s q✉❡ β1mt1 + . . . + βrmtr ∈ CZ(Mn(K))✳ ❙❡ r < n✱ ❡♥tã♦

β1mt1 + . . . + βrmtr ∈ Jn ⊆ W ✳ ❈❛s♦ ❝♦♥trár✐♦✱ r❡♣❡t✐♠♦s ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s

✉s❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳

✺✻



❈❛♣ít✉❧♦ ✸

P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ♣❛r❛ ❛ ➪❧❣❡❜r❛

❞❛s ♠❛tr✐③❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠

❯♠ ❞♦s ♣r✐♥❝✐♣❛✐s ♣r♦❜❧❡♠❛s ♥❛ P■✲❚❡♦r✐❛ é ❞❡t❡r♠✐♥❛r s❡ ♣❛r❛ ✉♠❛ ❞❛❞❛ á❧❣❡❜r❛

A ♦ T ✲❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❡ A é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ◆❡st❡ ❝❛♣ít✉❧♦

❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ❜❛s❡ ✜♥✐t❛ ❝♦♥str✉í❞❛ ♣♦r ❖❦❤✐t✐♥ ❬✹✵❪ ♣❛r❛ ♦ T ✲❡s♣❛ç♦ ❞♦s

♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♦r❞✐♥ár✐♦s ❞❛ á❧❣❡❜r❛ M2(K)✱ ♦♥❞❡ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❞❡

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❈♦❧♦♠❜♦ ❡ ❑♦s❤❧✉❦♦✈ ❬✽❪ ❣❡♥❡r❛❧✐③❛r❛♠ ❡st❛ ❞❡s❝r✐çã♦ ❞♦ T ✲❡s♣❛ç♦

C(M2(K)) ♣❛r❛ ♦ ❝❛s♦ ❞❡ K s❡r ✐♥✜♥✐t♦ ❡ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳

✸✳✶ ❖ T ✲❡s♣❛ç♦ C(M2(K))

◆❡st❛ s❡çã♦ ❞❡♥♦t❛r❡♠♦s ♣♦r K〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡✱ ♦♥❞❡

X = {x0, x1, . . .} é ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❡ ❡♥✉♠❡rá✈❡❧ ✭❝♦♥❢♦r♠❡ ❙❡çã♦ ✶✳✷✮✱

L = L(X) ⊂ K〈X〉 ✭✈❡❥❛ ❙❡çã♦ ✶✳✹✮ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❧✐✈r❡ ❝♦♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r X✱

L2 = L ∩ T (M2(K)) ❡ K ❞❡♥♦t❛rá s❡♠♣r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

❈♦♥s✐❞❡r❡♠♦s ♦s ♣♦❧✐♥ô♠✐♦s H(x1, x2, x3, x4, x5) = [h(x1, x2, x3, x4), x5]✱ ♦♥❞❡

h(x1, x2, x3, x4) = [x1, x2] ◦ [x3, x4] ✭♣♦❧✐♥ô♠✐♦ ❞❡ ❍❛❧❧✮ ❡ s4(x1, x2, x3, x4) ♦ ♣♦❧✐♥ô♠✐♦

❙t❛♥❞❛r❞ ❞❡ ❣r❛✉ ✹ ✭✈❡❥❛ ❊①❡♠♣❧♦ ✶✳✷✳✼✮✳

▲❡♠❛ ✸✳✶✳✶ ❙ã♦ ✈á❧✐❞❛s ❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛❞❡s✿

✭✐✮ H(x1, x2, x3, x4, x5) = [x1, x2] ◦ [x3, x4, x5] + [x1, x2, x5] ◦ [x3, x4];

✭✐✐✮ s4(x1, x2, x3, x4) = [x1, x2] ◦ [x3, x4] − [x1, x3] ◦ [x2, x4] + [x1, x4] ◦ [x2, x3]✳

✺✼



❉❡♠♦♥str❛çã♦✿ ✭✐✮ ❯s❛♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ ❡♠ ✶✳✶✱ t❡♠♦s

H(x1, x2, x3, x4, x5) = [[x1, x2] ◦ [x3, x4], x5] = [[x1, x2][x3, x4] + [x3, x4][x1, x2], x5] =

[[x1, x2], x5][x3, x4] + [x1, x2][[x3, x4], x5] + [[x3, x4], x5][x1, x2] + [x3, x4][[x1, x2], x5] =

[x1, x2, x5][x3, x4] + [x1, x2][x3, x4, x5] + [x3, x4, x5][x1, x2] + [x3, x4][x1, x2, x5] =

[x1, x2, x5] ◦ [x3, x4] + [x1, x2] ◦ [x3, x4, x5].

✭✐✐✮ ❚❡♠♦s t❛♠❜é♠

s4(x1, x2, x3, x4) =
∑

σ∈S4

(−1)σxσ(1)xσ(2)xσ(3)xσ(4) =

x1x2x3x4 − x1x2x4x3 − x1x3x2x4 + x1x3x4x2 + x1x4x2x3 − x1x4x3x2−

x2x1x3x4 + x2x1x4x3 + x2x3x1x4 − x2x3x4x1 − x2x4x1x3 + x2x4x3x1+

x3x1x2x4 − x3x1x4x2 − x3x2x1x4 + x3x2x4x1 + x3x4x1x2 − x3x4x2x1−

x4x1x2x3 + x4x1x3x2 + x4x2x1x3 − x4x2x3x1 − x4x3x1x2 + x4x3x2x1 =

x1x2(x3x4 − x4x3) + x1x3(x4x2 − x2x4) + x1x4(x2x3 − x3x2) − x2x1(x3x4 − x4x3)+

x2x3(x1x4 − x4x1) − x2x4(x1x3 − x3x1) − x3x1(x4x2 − x2x4) − x3x2(x1x4 − x4x1)+

x3x4(x1x2 − x2x1) − x4x1(x2x3 − x3x2) + x4x2(x1x3 − x3x1) − x4x3(x1x2 − x2x1) =

(x1x2 −x2x1)(x3x4 −x4x3)+ (x3x4 −x4x3)(x1x2 −x2x1)+ (x1x3 −x3x1)(x4x2 −x2x4)+

(x4x2−x2x4)(x1x3−x3x1)+(x1x4−x4x1)(x2x3−x3x2)+(x2x3−x3x2)(x1x4−x4x1) =

[x1, x2] ◦ [x3, x4] + [x1, x3] ◦ [x4, x2] + [x1, x4] ◦ [x2, x3] =

[x1, x2] ◦ [x3, x4] − [x1, x3] ◦ [x2, x4] + [x1, x4] ◦ [x2, x3].

❯♠❛ ❜❛s❡ ✜♥✐t❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ ❛ á❧❣❡❜r❛ M2(K) ❢♦✐ ❝♦♥str✉í❞❛ ✐♥✐❝✐❛❧♠❡♥t❡

♣♦r ❘❛③♠②s❧♦✈ ❬✹✹❪✳ P♦st❡r✐♦r♠❡♥t❡✱ ❉r❡♥s❦② ❬✶✵❪ ♠♦str♦✉ q✉❡ ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡

M2(K) s❡❣✉❡♠ ❞♦s ♣♦❧✐♥ô♠✐♦s H(x1, x2, x3, x4, x5) ❡ s4(x1, x2, x3, x4)✳

❖❜s❡r✈❡♠♦s q✉❡ x0s4 6∈ V (h)✱ ♦♥❞❡ V (h) é ♦ T ✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦

h(x1, x2, x3, x4)✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ♦❜s❡r✈❛r♠♦s q✉❡ [h(x1, x2, x3, x4), x5] é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛

❛ á❧❣❡❜r❛ ❡①t❡r✐♦r E✱ ✈✐st♦ q✉❡ [x1, x2, x3] é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E ✭✈❡❥❛ ❊①❡♠♣❧♦ ✶✳✷✳✶✷✮✳

▲♦❣♦✱ s❡ x0s4 ∈ V (h)✱ ❡♥tã♦ [x0s4, x5] s❡r✐❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E ❡ ♣♦rt❛♥t♦ x0s4 s❡r✐❛

✺✽



✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ E✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣❛r❛ x1 = e1✱ x2 = e2✱ x3 = e3✱ x4 = e4

❡ x0 = e5✱ t❡rí❛♠♦s q✉❡ e5s4(e1, e2, e3, e4) = 24e1e2e3e4e5 ∈ Z(E) = E0✱ ♦ q✉❡ é

✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❆❧é♠ ❞✐ss♦✱ h 6∈ V (x0s4)✱ ♦♥❞❡ V (x0s4) é ♦ T ✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦

♣♦❧✐♥ô♠✐♦ x0s4✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ♦❜s❡r✈❛r♠♦s q✉❡ x0s4 ∈ T (M2(K)) ❡ h 6∈ T (M2(K))✳

❱❛♠♦s ❞❡♥♦t❛r ♣♦r V = V (h, x0s4) ♦ T ✲❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

h ❡ x0s4✳ P❡❧♦ q✉❡ ❢♦✐ ❡①♣♦st♦ ❛♥t❡r✐♦r♠❡♥t❡✱ V ♥ã♦ ♣♦❞❡ s❡r ❣❡r❛❞♦✱ ❝♦♠♦ T ✲❡s♣❛ç♦✱

♣♦r ❛♣❡♥❛s ✉♠ ❞❡ss❡s ♣♦❧✐♥ô♠✐♦s✳ ❆❞❡♠❛✐s✱ ♣♦r h, x0s4 ∈ C(M2(K))✱ ❝♦♥❝❧✉í♠♦s q✉❡

V ⊆ C(M2(K))✳

▲❡♠❛ ✸✳✶✳✷ ❊①✐st❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ▲✐❡ l ∈ L t❛❧ q✉❡ c = x0h + l é ✉♠ ♣♦❧✐♥ô♠✐♦

❝❡♥tr❛❧ ♣❛r❛ M2(K) ❡ c ∈ V ✳

❉❡♠♦♥str❛çã♦✿ ◆♦t❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♥❛ á❧❣❡❜r❛ K〈X〉 ✈❛❧❡

x0([x1, x2] ◦ [x3, x4]) + x1([x0, x2] ◦ [x3, x4]) = c1 + l1, ✭✸✳✶✮

♦♥❞❡

c1 = [x0x1, x2]◦[x3, x4]−[x0, x2, x1]◦[x3, x4]−
1

2
([x3, x4, x0]◦[x1, x2]+[x3, x4, x1]◦[x0, x2]),

l1 =
1

2
([[x1, x2], [x3, x4, x0]] + [[x0, x2], [x3, x4, x1]]) ∈ L.

❖❜s❡r✈❡ q✉❡ ♣❡❧❛ ❡①♣r❡ssã♦ ❞❡ c1✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ c1 ∈ V (h)✳ ❉❡ ❢❛t♦✱ ❛ ✐❣✉❛❧❞❛❞❡

❡♠ ✸✳✶ é ✈❡r❞❛❞❡✐r❛✱ ♣♦✐s ♣♦r ✶✳✶ t❡♠♦s q✉❡

c1 + l1 = ([x0, x2]x1 + x0[x1, x2]) ◦ [x3, x4] − [x0, x2, x1] ◦ [x3, x4]−

1

2
[x3, x4, x0] ◦ [x1, x2] −

1

2
[x3, x4, x1] ◦ [x0, x2] +

1

2
[x1, x2][x3, x4, x0]−

1

2
[x3, x4, x0][x1, x2] +

1

2
[x0, x2][x3, x4, x1] −

1

2
[x3, x4, x1][x0, x2] =

([x0, x2]x1 + x0[x1, x2]) ◦ [x3, x4] − [x0, x2, x1] ◦ [x3, x4]−

[x3, x4, x0][x1, x2] − [x3, x4, x1][x0, x2] =

[x0, x2]x1[x3, x4] + [x3, x4][x0, x2]x1 + x0[x1, x2][x3, x4] + [x3, x4]x0[x1, x2]−

[x0, x2, x1][x3, x4] − [x3, x4][x0, x2, x1] − [x3, x4, x0][x1, x2] − [x3, x4, x1][x0, x2] =

(x1[x0, x2] + [x0, x2, x1])[x3, x4] + [x3, x4](x1[x0, x2] + [x0, x2, x1])+

✺✾



x0[x1, x2][x3, x4] + (x0[x3, x4] + [x3, x4, x0])[x1, x2] − [x0, x2, x1][x3, x4]−

[x3, x4][x0, x2, x1] − [x3, x4, x0][x1, x2] − [x3, x4, x1][x0, x2] =

x1[x0, x2][x3, x4] + [x0, x2, x1][x3, x4] + [x3, x4]x1[x0, x2] + [x3, x4][x0, x2, x1]+

x0[x1, x2][x3, x4] + x0[x3, x4][x1, x2] + [x3, x4, x0][x1, x2] − [x0, x2, x1][x3, x4]−

[x3, x4][x0, x2, x1] − [x3, x4, x0][x1, x2] − [x3, x4, x1][x0, x2] =

x1[x0, x2][x3, x4] + (x1[x3, x4] + [x3, x4, x1])[x0, x2]+

x0[x1, x2][x3, x4] + x0[x3, x4][x1, x2] − [x3, x4, x1][x0, x2] =

x1[x0, x2][x3, x4] + x1[x3, x4][x0, x2] + x0[x1, x2][x3, x4] + x0[x3, x4][x1, x2] =

x1([x0, x2] ◦ [x3, x4]) + x0([x1, x2] ◦ [x3, x4]).

P♦r ✸✳✶✱ ❡①✐st❡♠ c2, c3 ∈ V (h) ❡ l2, l3 ∈ L t❛✐s q✉❡

x0h− x0([x1, x3] ◦ [x2, x4]) = c2 + l2; ✭✸✳✷✮

x0h− x0([x1, x4] ◦ [x2, x3]) = c3 + l3. ✭✸✳✸✮

❈♦♠♦ x0h = x0([x1, x2] ◦ [x3, x4])✱ s✉❜tr❛✐♠♦s ✸✳✷ ❞❡ ✸✳✸ ❡ ♦❜t❡♠♦s

x0h−x0([x1, x2]◦[x3, x4])−x0([x1, x4]◦[x2, x3])+x0([x1, x3]◦[x2, x4]) = (c3−c2)+(l3−l2)

♦ q✉❡ ♥♦s ❞á

x0h− x0s4 = (c3 − c2) + (l3 − l2) ❡ ❞❛í x0h+ (l2 − l3) = (c3 − c2) + x0s4,

♦✉ s❡❥❛✱

x0h+ l = c ∈ V,

♦♥❞❡ l = l2 − l3 ∈ L ❡ c = c3 − c2 + x0s4 ∈ V ✳

▲❡♠❛ ✸✳✶✳✸ T (M2(K)) ⊂ V.

❉❡♠♦♥str❛çã♦✿ Pr✐♠❡✐r❛♠❡♥t❡ ✈❛♠♦s ♠♦str❛r q✉❡ s4, x0s4, H, x0H ∈ V ✳

❈❧❛r❛♠❡♥t❡✱ s4, x0s4 e H ∈ V ✱ ♣♦✐s ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✶✱ s4 ❡ H ♣❡rt❡♥❝❡♠ ❛ V (h) ⊂ V ✳

❊♠ ❬✹✹❪ ❢♦✐ ♣r♦✈❛❞♦ q✉❡ L2 ⊂ V ✳ ❉♦ ▲❡♠❛ ✸✳✶✳✷✱ ❡①✐st❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ▲✐❡ l t❛❧ q✉❡

x0H + l ∈ V ✳ ❉❡ ❢❛t♦✱ ❡①✐st❡♠ l1, l2 ∈ L✱ t❛✐s q✉❡

x0([x1, x2] ◦ [x3, x4, x5]) + l1 ∈ V, ✭✸✳✹✮

x0([x1, x2, x5] ◦ [x3, x4]) + l2 ∈ V. ✭✸✳✺✮

✻✵



❙♦♠❛♥❞♦ ❛s ✐❣✉❛❧❞❛❞❡s ✸✳✹ ❡ ✸✳✺✱ ♦❜t❡♠♦s q✉❡ x0H + l ∈ V ✱ ♦♥❞❡ l = l1 + l2✳ ❙❡♥❞♦

❛ss✐♠✱ x0H+l = f ∈ V ✳ P♦r x0H s❡r ✐❞❡♥t✐❞❛❞❡ ♣❛r❛M2(K)✱ s❡❣✉❡ q✉❡ l ∈ C(M2(K))✳

P♦r ♦✉tr♦ ❧❛❞♦✱ l é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ▲✐❡✱ ❧♦❣♦ t❡♠ tr❛ç♦ ③❡r♦ ❡♠ q✉❛❧q✉❡r s✉❜st✐t✉✐çã♦

❡ ♣♦r ✶✳✻✳✶✶ ❝♦♥❝❧✉í♠♦s q✉❡ l é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ M2(K)✳ ▲♦❣♦✱ l ∈ T (M2(K)) ∩ L =

L2 ⊂ V ✳ P♦rt❛♥t♦✱ x0H = f − l ∈ V ✳ ❖❜s❡r✈❡ q✉❡ [x0s4, x5] = x0s4x5 − x5x0s4✳ P♦r

♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ✶✳✶✱ s❡❣✉❡ q✉❡ [x0s4, x5] = [x0, x5]s4 + x0[s4, x5]✳ ❉❡ss❛ ❢♦r♠❛✱

x0s4x5 − x5x0s4 = [x0, x5]s4 + x0[s4, x5].

◆♦t❡♠♦s q✉❡

x0[s4, x5] = x0[[x1, x2]◦[x3, x4], x5]−x0[[x1, x3]◦[x2, x4], x5]+x0[[x1, x4]◦[x2, x3], x5] ∈ V,

♣♦✐s é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ x0H✳ ❉❛í✱ ❝♦♠♦ x5x0s4, [x0, x5]s4, x0[s4, x5] ∈ V ✱

❝♦♥❝❧✉í♠♦s q✉❡ x0s4x5 ∈ V ✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛✲s❡ q✉❡ x0Hx6 ∈ V ✳ P♦rt❛♥t♦✱

T (M2(K)) ⊂ V ✳

❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ a, b, c ∈ A✳ ❆♣❛rt✐r ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦✱

♣♦❞❡♠♦s ♠♦str❛r q✉❡

[a ◦ b, c] = a ◦ [b, c] + b ◦ [a, c], ✭✸✳✻✮

(b ◦ c) ◦ a− b ◦ (c ◦ a) = [a, b, c]. ✭✸✳✼✮

▲❡♠❛ ✸✳✶✳✹ ❙❡ A1, A2, A3, A4 ∈ Sl2(K) ✭❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❞❡ tr❛ç♦ ③❡r♦ ❡♠

M2(K)✮✱ ❡♥tã♦

4[A1, A2](A3◦A4) = [A1, A3, A4, A2]+[A1, A4, A3, A2]−[A2, A3, A1, A4]−[A2, A4, A1, A3].

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡ u ❡ v sã♦ ❝♦♠✉t❛❞♦r❡s ❡♠ K〈X〉✱ ❡♥tã♦

4[x, y](u ◦ v) ≡ [x, u, v, y] + [x, v, u, y] − [y, u, x, v] − [y, v, x, u] (mod T (M2(K)).

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ A ◦ B ∈ Z(M2(K))✱ ♣❛r❛ A,

B ∈ Sl2(K)✳ ▲♦❣♦✱ ✉s❛♥❞♦ ❛s ✐❣✉❛❧❞❛❞❡s ✸✳✻ ❡ ✸✳✼✱ t❡♠♦s q✉❡

[A1, A3, A4, A2] + [A1, A4, A3, A2] − [A2, A3, A1, A4] − [A2, A4, A1, A3] =

[[A1, A3, A4], A2] + [[A1, A4, A3], A2] − [[A2, A3, A1], A4] − [[A2, A4, A1], A3] =

[(A3 ◦ A4) ◦ A1 − A3 ◦ (A4 ◦ A1), A2] + [(A4 ◦ A3) ◦ A1 − A4 ◦ (A3 ◦ A1), A2]−

✻✶



[(A3 ◦ A1) ◦ A2 − A3 ◦ (A1 ◦ A2), A4] − [(A4 ◦ A1) ◦ A2 − A4 ◦ (A1 ◦ A2), A3] =

[(A3 ◦A4) ◦A1, A2] − [A3 ◦ (A4 ◦A1), A2] + [(A4 ◦A3) ◦A1, A2] − [A4 ◦ (A3 ◦A1), A2]−

[(A3 ◦A1) ◦A2, A4] + [A3 ◦ (A1 ◦A2), A4]− [(A4 ◦A1) ◦A2, A3] + [A4 ◦ (A1 ◦A2), A3] =

(A3 ◦ A4) ◦ [A1, A2] + A1 ◦ [A3 ◦ A4, A2] − A3 ◦ [A4 ◦ A1, A2] − (A4 ◦ A1) ◦ [A3, A2]+

(A4 ◦ A3) ◦ [A1, A2] + A1 ◦ [A4 ◦ A3, A2] − A4 ◦ [A3 ◦ A1, A2] − (A3 ◦ A1) ◦ [A4, A2]−

(A3 ◦ A1) ◦ [A2, A4] − A2 ◦ [A3 ◦ A1, A4] + A3 ◦ [A1 ◦ A2, A4] + (A1 ◦ A2) ◦ [A3, A4]−

(A4 ◦ A1) ◦ [A2, A3] − A2 ◦ [A4 ◦ A1, A3] + A4 ◦ [A1 ◦ A2, A3] + (A1 ◦ A2) ◦ [A4, A3] =

(A3 ◦A4) ◦ [A1, A2] − (A4 ◦A1) ◦ [A3, A2] + (A4 ◦A3) ◦ [A1, A2] − (A3 ◦A1) ◦ [A4, A2]−

(A3 ◦A1) ◦ [A2, A4] + (A1 ◦A2) ◦ [A3, A4]− (A4 ◦A1) ◦ [A2, A3] + (A1 ◦A2) ◦ [A4, A3] =

(A3 ◦ A4) ◦ [A1, A2] + (A4 ◦ A3) ◦ [A1, A2] = 2(A3 ◦ A4)[A1, A2] + 2(A3 ◦ A4)[A1, A2] =

4[A1, A2](A3 ◦ A4).

P❛r❛ ♠♦str❛r♠♦s ❛ s❡❣✉♥❞❛ ❛✜r♠❛çã♦ ❜❛st❛ ♦❜s❡r✈❛r♠♦s q✉❡

M2(K) = Sl2(K) ⊕D,

♦♥❞❡ D = {λI2 | λ ∈ K} = Z(M2(K)) ❡ q✉❡ q✉❛❧q✉❡r ❝♦♠✉t❛❞♦r r❡s✉❧t❛ ❡♠ ✉♠❛

♠❛tr✐③ ❞❡ tr❛ç♦ ③❡r♦ ❡♠ M2(K)✳

❆ ♣r✐♠❡✐r❛ ❛✜r♠❛çã♦ ❞♦ ▲❡♠❛ ✸✳✶✳✹ ♥♦s ❞✐③ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ g(x1, x2, x3, x4) =

4[x1, x2](x3 ◦x4)− [x1, x3, x4, x2]− [x1, x4, x3, x2] + [x2, x3, x1, x4] + [x2, x4, x1, x3] é ✉♠❛

✐❞❡♥t✐❞❛❞❡ ❢r❛❝❛ ♣❛r❛ M2(K) ✭✈❡❥❛ ❙❡çã♦ ✹✳✸✮✳

❆ ♣ró①✐♠❛ ❞❡✜♥✐çã♦ s❡rá ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ♣r✐♥❝✐♣❛❧

r❡s✉❧t❛❞♦ ❞❡st❛ s❡çã♦✳

❉❡✜♥✐çã♦ ✸✳✶✳✺ ❙❡❥❛ f(x1, x2, . . . , xk) ∈ K〈X〉 ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r✳ ❉✐③❡♠♦s

q✉❡ ♦ ♣♦st♦ ❞❡ f é ✐❣✉❛❧ ❛ n ❡ ❞❡♥♦t❛♠♦s ♣♦r r(f) = n ≥ 0✱ s❡ ❡①✐st❡♠ n ✈❛r✐❛✈é✐s ♥♦

♣♦❧✐♥ô♠✐♦ f t❛❧ q✉❡ f |xi1
=...=xin=1 6= 0 ❡ n é ♦ ♠❛✐♦r ♥ú♠❡r♦ q✉❡ s❛t✐s❢❛③ t❛❧ ♣r♦♣r✐❡❞❛❞❡✳

❙❡ f(x1, x2, . . . , xk) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♠✉❧t✐❧✐♥❡❛r✱ ❡♥tã♦ ♣♦r ✶✳✹ ♣♦❞❡♠♦s

❡①♣r❡ssá✲❧♦ ❞❛ ❢♦r♠❛

f(x1, x2, . . . , xk) =
∑

a

xa1
1 x

a2
2 . . . xak

k wa, ✭✸✳✽✮
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♦♥❞❡ wa ∈ B(X)✱ xa1
1 x

a2
2 . . . xak

k wa é ♠✉❧t✐❧✐♥❡❛r ❡ a = (a1, a2, . . . , ak)✳ P♦r

xa1
1 x

a2
2 . . . xak

k wa s❡r ♠✉❧t✐❧✐♥❡❛r t❡♠♦s 0 ≤ ai ≤ 1✳ ▼♦str❛r❡♠♦s q✉❡ ❡st❛ ❢♦r♠❛ ❞❡

r❡♣r❡s❡♥t❛r f é ú♥✐❝❛✳ ❙✉♣♦♥❤❛♠♦s q✉❡

f(x1, x2, . . . , xk) =
∑

a

xa1
1 x

a2
2 . . . xak

k w
′
a, ✭✸✳✾✮

♦♥❞❡ w′
a ∈ B(X)✱ a = (a1, a2, . . . , ak) ❡ 0 ≤ ai ≤ 1✳ P❛r❛ ❝❛❞❛ a ❝♦♥s✐❞❡r❡♠♦s

Ma =
∑k

i=1 ai ❡ Γ = {Ma | a = (a1, a2, . . . , ak)}✳ ❚♦♠❡♠♦s Mb = max Γ✳ ❙✉❜st✐t✉✐♥❞♦

❡♠ ✸✳✽ ❡ ✸✳✾ ❛s ✈❛r✐á✈❡✐s xi ♣♦r ✶✱ ♦♥❞❡ bi 6= 0✱ t❡♠♦s q✉❡ wb = w′
b✳ ▲♦❣♦✱ ♣♦r ✸✳✽ ❡ ✸✳✾

s❡❣✉❡ q✉❡
∑

a
a6=b

xa1
1 x

a2
2 . . . xak

k wa =
∑

a
a6=b

xa1
1 x

a2
2 . . . xak

k w
′
a.

❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ❡st❡ r❛❝✐♦❝í♥✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ wa = w′
a ♣❛r❛ t♦❞♦ a ❡ ♣♦rt❛♥t♦

t❡♠♦s ❛ ✉♥✐❝✐❞❛❞❡ ❞❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ f ❡♠ ✸✳✽✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ♣♦st♦ ❞♦ ♣♦❧✐♥ô♠✐♦ f

♣♦❞❡ s❡r ❡♥t❡♥❞✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ ♠á①✐♠♦ ❞♦ ❝♦♥❥✉♥t♦ Γ✱ ♦✉ s❡❥❛✱ r(f) = max Γ✳

▲❡♠❛ ✸✳✶✳✻ ❙❡❥❛ f ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♠✉❧t✐❧✐♥❡❛r ❞❡ M2(K)✱ ♦♥❞❡ r(f) = 0✳ ◆❡st❡

❝❛s♦✱ f = c+ g✱ ♦♥❞❡ c =
∑
li1 ◦ l

i
2✱ l

i
1, l

i
2 ∈ L ❡ g ∈ T (M2(K))✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♣r♦✈❛r ♦ ▲❡♠❛ é s✉✜❝✐❡♥t❡ r❡♣r❡s❡♥t❛r♠♦s f ❝♦♠♦ ✉♠❛

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ✉♠ ♣r♦❞✉t♦ ❞❡ ❝♦♠✉t❛❞♦r❡s ❡ ❛♣❧✐❝❛r ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s ♥❡❝❡ssár✐♦

❛ ✐❣✉❛❧❞❛❞❡

2uv = u ◦ v + [u, v] ✭✸✳✶✵✮

❡ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❛ á❧❣❡❜r❛ M2(K) ❞♦ ▲❡♠❛ ✸✳✶✳✹✳ ◆♦t❡♠♦s q✉❡ s❡ u1 ❡ u2 sã♦

❝♦♠✉t❛❞♦r❡s✱ ❡♥tã♦ ♣♦r ✸✳✶✵✱ u1u2 = 1
2
(u1 ◦ u2) + 1

2
[u1, u2]✳ P♦r u1, u2 ∈ L ❡ L s❡r

✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ K〈X〉(−)✱ s❡❣✉❡ q✉❡ [u1, u2] ∈ L✳ ❙✉♣♦♥❤❛♠♦s q✉❡

u1u2 . . . un ≡
∑

li1 ◦ l
i
2 + l (mod T (M2(K)), onde li1, l

i
2 e l ∈ L. ✭✸✳✶✶✮

❖❜s❡r✈❡ q✉❡ ❡st❛♠♦s ✐♥❞✉çã♦ s♦❜r❡ n✳ P❛r❛ n = 2 ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳ ❙✉♣♦♥❞♦

✸✳✶✶ t❡♠♦s

u1u2 . . . unun+1 ≡
(∑

li1 ◦ l
i
2

)
un+1 + lun+1 (mod T (M2(K)).

❆❧é♠ ❞✐ss♦ ♣♦r ✸✳✶✵✱ lun+1 = 1
2
(l ◦ un+1) + 1

2
[l, un+1] ❡stá ♥❛ ❢♦r♠❛

∑
li1 ◦ li2 + l✳

❆♥❛❧✐s❛r❡♠♦s ❛❣♦r❛ ♦ t❡r♠♦ (
∑
li1 ◦ l

i
2)un+1✳ ◆♦t❡♠♦s q✉❡

(li1 ◦ l
i
2)un+1 = un+1(l

i
1 ◦ l

i
2) + [li1 ◦ l

i
2, un+1].
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❯s❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ❞♦ ▲❡♠❛ ✸✳✶✳✹✱ ❝♦♠ x = [y1, . . . , ym−1] ❡ y = ym✱ ♦♥❞❡

un+1 = [y1, y2 . . . , ym] ❡ yi ∈ X✱ ❝♦♥❝❧✉í♠♦s q✉❡ mod T (M2(K))✱ un+1(l
i
1 ◦ li2) ❡stá

♥❛ ❢♦r♠❛
∑
li1 ◦ l

i
2 + l✳ P♦r ✸✳✻✱ t❡♠♦s q✉❡

[li1 ◦ l
i
2, un+1] = li1 ◦ [li2, un+1] + li2 ◦ [li1, un+1].

❈♦♠♦ [li2, un+1], [l
i
1, un+1] ∈ L✱ s❡❣✉❡ q✉❡ li1 ◦ [li2, un+1] ❡ li2 ◦ [li1, un+1] ❡stã♦ ♥❛ ❢♦r♠❛

li1 ◦ l
i
2✱ ❝♦♠ li1, l

i
2 ∈ L✳ P♦rt❛♥t♦✱ u1u2 . . . unun+1 ≡

∑
li1 ◦ l

i
2 + l (mod T (M2(K))✱ ♦♥❞❡

li1, l
i
2 e l ∈ L✳ ▲♦❣♦✱ f ≡

∑
li1 ◦ l

i
2 + l′✱ ♦♥❞❡ l′ ∈ L✳ ❉❡s❞❡ q✉❡ f ❡ li1 ◦ l

i
2 sã♦ ❝❡♥tr❛✐s✱

s❡❣✉❡ q✉❡ l′ ∈ C(M2(K))✳ ▼❛s l′ é ❞❡ ▲✐❡✱ ❧♦❣♦ r❡s✉❧t❛ ❡♠ ✉♠❛ ♠❛tr✐③ ❞❡ tr❛ç♦ ③❡r♦✱

❞♦♥❞❡ l′ ∈ T (M2(K))✳ ❙❡♥❞♦ ❛ss✐♠✱ f =
∑
li1 ◦ l

i
2 + g✱ ♦♥❞❡ g ∈ T (M2(K))✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❞❡s❝r✐çã♦ ❞♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❛ á❧❣❡❜r❛

M2(K)✳

❚❡♦r❡♠❛ ✸✳✶✳✼ C(M2(K)) = V.

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ V ⊆ C(M2(K))✱ ❜❛st❛ ♠♦str❛r♠♦s ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✳ ❆

❞❡♠♦♥str❛çã♦ s❡rá ❢❡✐t❛ ♣♦r ✐♥❞✉çã♦ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♣♦st♦ ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ f ✳ ❙❡❥❛

f ∈ C(M2(K)) ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ✭charK = 0✮ ❡ s✉♣♦♥❤❛♠♦s q✉❡ r(f) = 0✳

P❡❧♦ ▲❡♠❛ ✸✳✶✳✻✱ f =
∑
li1 ◦ li2 + g✱ ♦♥❞❡ li1, l

i
2 ∈ L ❡ g ∈ T (M2(K))✳ ❆❧é♠ ❞✐ss♦✱

li1 ◦ li2 ∈ V (h) ⊂ V ❡ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✸ g ∈ T (M2(K)) ⊂ V ✳ P♦rt❛♥t♦✱ f ∈ V ✳

❙✉♣♦♥❤❛♠♦s q✉❡ s❡ f é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♠✉❧t✐❧✐♥❡❛r ❞❡ ♣♦st♦ ♠❡♥♦r q✉❡ n✱ ❡♥tã♦

f ∈ V ✳ ❙❡❥❛ f ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♠✉❧t✐❧✐♥❡❛r ❞❡ ♣♦st♦ n ≥ 1✳ P♦r ✸✳✽✱ f ♣♦❞❡ s❡r

r❡♣r❡s❡♥t❛❞♦ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡①♣r❡ssõ❡s ♠✉❧t✐❧✐♥❡❛r❡s ❞♦ t✐♣♦

xi1 . . . xikuj1 . . . ujl
,

♦♥❞❡ i1 < . . . < ik ❡ ♦s ujm
✬s sã♦ ❝♦♠✉t❛❞♦r❡s✳ ◆ós ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

f = x1 . . . xnϕ+
∑

xi1 . . . xinϕi + f ′, ✭✸✳✶✷✮

♦♥❞❡ ϕ 6= 0✱ r(ϕ) = r(ϕi) = 0 ❡ r(f ′) < n✳ ❖❜s❡r✈❡ q✉❡ ϕ = f |x1=...=xn=1✱ ♣♦✐s

ϕi|x1=...=xn=1 = 0✱ ✉♠❛ ✈❡③ q✉❡ {1, . . . , n} 6= {i1, . . . , in}✳ ❉❛í✱ ϕ é ✉♠ ♣♦❧✐♥ô♠✐♦

❝❡♥tr❛❧✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❝❛❞❛ ϕi é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧✱ ♣♦✐s ϕi = f |xi1
=...=xin=1✳

❆♥❛❧✐s❛r❡♠♦s ❛❣♦r❛ ♦ t❡r♠♦ x1 . . . xnϕ✳ ❖ t❡r♠♦
∑
xi1 . . . xinϕi é ❛♥á❧♦❣♦✳ ❊♠ ✈✐rt✉❞❡

✻✹



❞♦ ▲❡♠❛ ✸✳✶✳✻✱ ♣♦r ϕ s❡r ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ❞❡ ♣♦st♦ ③❡r♦✱ t❡♠♦s q✉❡ ϕ = c + g✱

♦♥❞❡ g ∈ T (M2(K)) ❡ c =
∑
li1 ◦ l

i
2 ∈ V (h)✱ ❝♦♠ li1, l

i
2 ∈ L✳ ▲♦❣♦✱

x1 . . . xnϕ = x1 . . . xnc+ x1 . . . xng.

P♦r x1 . . . xng ∈ T (M2(K)) ⊂ V ✱ t❡♠♦s q✉❡

x1 . . . xnϕ ≡ x1 . . . xnc (mod V ). ✭✸✳✶✸✮

P❡❧♦ ▲❡♠❛ ✸✳✶✳✷✱ ♣❛r❛ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ y(li1 ◦ li2)✱ ♦♥❞❡ y é ✉♠❛ ✈❛r✐á✈❡❧✱ ❡①✐st❡ ✉♠

♣♦❧✐♥ô♠✐♦ ❞❡ ▲✐❡ li ∈ L t❛❧ q✉❡

ci = y(li1 ◦ l
i
2) + li, ✭✸✳✶✹✮

♦♥❞❡ ci é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ❞❡ V ✳ ▲♦❣♦✱ s✉❜st✐t✉✐♥❞♦ y ♣♦r x1x2 . . . xn ❡♠ ✸✳✶✹

t❡♠♦s

x1 . . . xnc = x1 . . . xn

∑
li1 ◦ l

i
2 =

∑
ci|y=x1x2...xn

−
∑

li|y=x1x2...xn
, ✭✸✳✶✺✮

♣❛r❛ ❛❧❣✉♠ li ∈ L ❡ ci ∈ V ✳ ❈♦♠♦ ci|y=x1x2...xn
∈ V ✱ t❡♠♦s

x1 . . . xnc ≡ −
∑

li|y=x1x2...xn
(mod V ).

❯s❛♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ ✶✳✷ ✭♣✳✼✮ s❛❜❡✲s❡ q✉❡ r(li|y=x1x2...xn
) < n✳ ▲♦❣♦✱

x1 . . . xnc ≡ t (mod V ),

♦♥❞❡ t é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ♣♦st♦ ♠❡♥♦r q✉❡ n✳ ❯s❛♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ♣❛r❛ t♦❞♦s

♦s ϕ′
is✱ t❡♠♦s q✉❡ f ≡ F (mod V )✱ ❝♦♠ r(F ) < n✳ P♦r f s❡r ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ❡

V ⊂ C(M2(K))✱ s❡❣✉❡ q✉❡ F t❛♠❜é♠ é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ❡ t❡♠ ♣♦st♦ ♠❡♥♦r q✉❡

n✳ ▲♦❣♦✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ F ∈ V ✱ ❡ ♣♦r ❝♦♥s❡❣✉✐♥t❡ f ∈ V ✳

✻✺



❈❛♣ít✉❧♦ ✹

❈♦♥str✉çõ❡s ❞❡ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s

♣❛r❛ ❛ ➪❧❣❡❜r❛ Mn(K)

❊♠ ✶✾✺✻✱ ❑❛♣❧❛♥s❦② ❬✷✽❪ ❛♣r❡s❡♥t♦✉ ✉♠❛ ❧✐st❛ ❞❡ ♣r♦❜❧❡♠❛s ❡♠ ❛❜❡rt♦ ♥❛ ❚❡♦r✐❛

❞❡ ❆♥é✐s✱ ❡♠ ♣❛rt✐❝✉❧❛r ♥❛ P■✲❚❡♦r✐❛✱ q✉❡ ♠♦t✐✈❛r❛♠ ♠✉✐t♦s ♣❡sq✉✐s❛❞♦r❡s ♥❛s ❞é❝❛❞❛s

s❡❣✉✐♥t❡s✳ ❯♠ ❞❡st❡s ♣r♦❜❧❡♠❛s ❡r❛ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♥ã♦✲

tr✐✈✐❛❧ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✱ ❝♦♠ n > 2 ✭♥♦ ❝❛s♦ n = 2 ♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❍❛❧❧

[x1, x2]◦ [x3, x4] ❥á ❡r❛ ❝♦♥❤❡❝✐❞♦✮✳ ❆ s♦❧✉çã♦ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ ❢♦✐ ❞❛❞❛ ❡♠ ✶✾✼✷✲✶✾✼✸

✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ♣♦r ❋♦r♠❛♥❡❦ ❬✶✺❪ ❡ ❘❛③♠②s❧♦✈ ❬✹✺❪ q✉❡ ♣r♦✈❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡

t❛✐s ♣♦❧✐♥ô♠✐♦s ♣♦r ❝♦♥str✉çã♦ ❞✐r❡t❛✳ ◆❡st❡ ❈❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛s ❝♦♥tr✉çõ❡s ❞❡

♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❢❡✐t❛s ♣♦r ❋♦r♠❛♥❡❦ ❡ ❘❛③♠②s❧♦✈✳ ❏á ♥❛ ú❧t✐♠❛ s❡çã♦✱ tr❛t❛r❡♠♦s

❞❛ ❝♦♥str✉çã♦ ♣♦r ▲❛t②s❤❡✈ ❡ ❙❤♠❡❧❦✐♥ ✭✈❡❥❛ ❬✸✻❪✮ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ❡♠ ✉♠❛

✈❛r✐á✈❡❧ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✱ ♦♥❞❡ K s❡rá ✉♠ ❝♦r♣♦ ✜♥✐t♦✳

✹✳✶ ▼❛tr✐③❡s ●❡♥ér✐❝❛s

◆❡st❛ s❡çã♦ ✈❛♠♦s ❛ss✉♠✐r K ✉♠ ❝♦r♣♦ ❡✱ ♣❛r❛ ✉♠ ✐♥t❡✐r♦ n ≥ 2✱ ✜①❛r❡♠♦s ❛

♥♦t❛çã♦ Ωn ♣❛r❛ ❛ K✲á❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❡♠ ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s

Ωn = K[y(i)
pq | p, q = 1, . . . , n, i = 1, 2, . . .].

❉❡✜♥✐çã♦ ✹✳✶✳✶ ❆s ♠❛tr✐③❡s ❞❡ Mn(Ωn)

yi =
n∑

p,q=1

y(i)
pqEpq, i = 1, 2, . . .

sã♦ ❝❤❛♠❛❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s n× n✳ ❆ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s yi✱

i = 1, 2, . . .✱ ❞❡♥♦t❛❞❛ ♣♦r Rn✱ é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❞❡ ♦r❞❡♠
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n✳ ◆ós ❞❡♥♦t❛r❡♠♦s ♣♦r Rn,m ❛ s✉❜á❧❣❡❜r❛ ❞❡ Rn ❣❡r❛❞❛ ♣❡❧❛s m ♣r✐♠❡✐r❛s ♠❛tr✐③❡s

❣❡♥ér✐❝❛s y1, y2, . . . , ym✳

❊①❡♠♣❧♦ ✹✳✶✳✷ P❛r❛ n = m = 2✱ tr♦❝❛♥❞♦ ❛ ♥♦t❛çã♦ ❡ ❛ss✉♠✐♥❞♦ q✉❡ y(1)
pq = xpq ❡

y
(2)
pq = ypq✱ ❛ á❧❣❡❜r❛ R2,2 é ❣❡r❛❞❛ ♣♦r

x =

(
x11 x12

x21 x22

)
e y =

(
y11 y12

y21 y22

)
.

❙❡♥❞♦ C ✉♠❛ K✲á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✱ ❛s ♠❛tr✐③❡s n × n ❝♦♠ ❡♥tr❛❞❛s ❡♠ C

♣♦❞❡♠ s❡r ♦❜t✐❞❛s ♣♦r ❡s♣❡❝✐❛❧✐③❛çõ❡s ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s✱ ✐st♦ é✱ α =
∑n

p,q=1 γpqEpq,

γpq ∈ C é ♦❜t✐❞❛ ❞❡ y1 =
∑n

p,q=1 y
(1)
pq Epq tr♦❝❛♥❞♦ ❛s ✈❛r✐á✈❡✐s y(1)

pq ♣♦r γpq✳

❖s r❡s✉❧t❛❞♦s ❡♥✉♥❝✐❛❞♦s ❛ s❡❣✉✐r s❡rã♦ ❞❡ ❣r❛♥❞❡ ✈❛❧✐❛ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦

❚❡♦r❡♠❛ ✹✳✷✳✶ q✉❡ s❡rá tr❛t❛❞♦ ♥❛ ♣ró①✐♠❛ s❡çã♦✳

▲❡♠❛ ✹✳✶✳✸ ❖s ❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ ❣❡♥ér✐❝❛ y1 sã♦ ❞♦✐s ❛ ❞♦✐s ❞✐st✐♥t♦s✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s y1 ✉♠❛ ♠❛tr✐③ ❝♦♠ ❡♥tr❛❞❛s ♥♦ ❝♦r♣♦ ❞❡ ❢r❛çõ❡s ❞❛

á❧❣❡❜r❛ ♣♦❧✐♥♦♠✐❛❧ Ωn✳ ❙❡❥❛ f(λ) ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ y1✳ ❙✉♣♦♥❤❛♠♦s q✉❡

f(λ) t❡♠ ③❡r♦s ♠ú❧t✐♣❧♦s✳ ❊♥tã♦ ♦ ❞✐s❝r✐♠✐♥❛♥t❡ ❞❡ f(λ) é ✐❣✉❛❧ ❛ ③❡r♦✳ ❉❡s❞❡ q✉❡ ❝❛❞❛

♠❛tr✐③ A ❞❡ ♦r❞❡♠ n× n ❝♦♠ ❡♥tr❛❞❛s ❡♠ K ♣♦❞❡ s❡r ♦❜t✐❞❛ ♣♦r ✉♠❛ ❡s♣❡❝✐❛❧✐③❛çã♦

❞❡ y1✱ ♦ ❞✐s❝r✐♠✐♥❛♥t❡ ❞♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ fA(λ) t❛♠❜é♠ é ✐❣✉❛❧ ❛ ③❡r♦ ❡ ✐st♦

s✐❣♥✐✜❝❛ q✉❡ A ∈Mn(K) t❡♠ ❛✉t♦✈❛❧♦r❡s ♠ú❧t✐♣❧♦s✳ P❛r❛ ♠♦str❛r ♦ ▲❡♠❛ é s✉✜❝✐❡♥t❡

❡♥❝♦♥tr❛r♠♦s ✉♠❛ ♠❛tr✐③ A ∈ Mn(K) q✉❡ ♥ã♦ ♣♦ss✉❛ ❛✉t♦✈❛❧♦r❡s ♠ú❧t✐♣❧♦s✳ ❙❡ K é

✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ ❡♥tã♦ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❝✉❥♦s ❡❧❡♠❡♥t♦s ❞❛

❞✐❛❣♦♥❛❧ sã♦ t♦❞♦s ❞✐st✐♥t♦s✳ ❙❡ K = Fq é ✉♠ ❝♦r♣♦ ❞❡ q ❡❧❡♠❡♥t♦s✱ ❡♥tã♦ ❡①✐st❡ ✉♠

♣♦❧✐♥ô♠✐♦ ✐rr❡❞✉tí✈❡❧ s♦❜r❡ Fq ❞❡ ❣r❛✉ n ❡ ❞❡ss❛ ❢♦r♠❛ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ ♠❛tr✐③

A ∈ Mn(Fq) q✉❡ t❡♠ ❝♦♠♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❡st❡ ♣♦❧✐♥ô♠✐♦ ✐rr❡❞✉tí✈❡❧ ✭❜❛st❛

t♦♠❛r ❛ ♠❛tr✐③ ❛ss♦❝✐❛❞❛ ♦✉ ❝♦♠♣❛♥❤❡✐r❛ ❞♦ ♣♦❧✐♥ô♠✐♦✮✳ P♦rt❛♥t♦✱ ❛ ♠❛tr✐③ A ♥ã♦

t❡♠ ❛✉t♦✈❛❧♦r❡s ♠ú❧t✐♣❧♦s ❡♠ ♥❡♥❤✉♠❛ ❡①t❡♥sã♦ ❞❡ Fq✳

❈♦r♦❧ár✐♦ ✹✳✶✳✹ ❙❡❥❛♠

y′1 =
n∑

p,q=1

y(1)
pp Epp, y

′
i = yi, i > 1

♠❛tr✐③❡s ❣❡♥ér✐❝❛s✳ ❆ á❧❣❡❜r❛ R′
n ❣❡r❛❞❛ ♣♦r y′1, y

′
2, . . . é ✐s♦♠♦r❢❛ ❛ á❧❣❡❜r❛ ❣❡♥ér✐❝❛

Rn✳
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❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ Ξ ♦ ❢❡❝❤♦ ❛❧❣é❜r✐❝♦ ❞♦ ❝♦r♣♦ ❞❡ ❢r❛çõ❡s ❞❛ á❧❣❡❜r❛ ♣♦❧✐♥♦♠✐❛❧

Ωn✳ P❡❧♦ ▲❡♠❛ ✹✳✶✳✸✱ ❛ ♠❛tr✐③ ❣❡♥ér✐❝❛ y1 ♥ã♦ t❡♠ ❛✉t♦✈❛❧♦r❡s ♠ú❧t✐♣❧♦s✳ ▲♦❣♦✱ ❡①✐st❡

✉♠❛ ♠❛tr✐③ z ❝♦♠ ❡♥tr❛❞❛s ❡♠ Ξ t❛❧ q✉❡ u1 = z−1y1z é ❞✐❛❣♦♥❛❧✳ ❙❡❥❛

ui = z−1yiz, i = 1, 2, . . .

❉❡♥♦t❡♠♦s ♣♦r Un ❛ K✲s✉❜á❧❣❡❜r❛ ❞❡ Mn(Ξ) ❣❡r❛❞❛ ♣♦r u1, u2, . . .✳ ❆s á❧❣❡❜r❛s Un ❡

Rn sã♦ ✐s♦♠♦r❢❛s✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❤♦♠♦♠♦r✜s♠♦

ϕ : Rn −→ Un

yi 7−→ ϕ(yi) = ui.

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ϕ é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❙❡❥❛♠ φ : Rn −→ R′
n ❡ ψ : R′

n −→ Un

♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ á❧❣❡❜r❛s s❛t✐s❢❛③❡♥❞♦ φ(yi) = y′i ❡ ψ(y′i) = ui✱ i = 1, 2, . . .✳ ❆

❝♦♠♣♦s✐çã♦

ψφ : Rn −→ Un

yi 7−→ (ψφ)(yi) = ui.

é ✉♠ ✐s♦♠♦r✜s♠♦✱ ❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ Kerφ = {0}✳ ❆❧é♠ ❞✐ss♦✱ φ é s♦❜r❡❥❡t♦r❛✱ ❧♦❣♦ φ

é ✉♠ ✐s♦♠♦r✜s♠♦✳

✹✳✷ ❈♦♥str✉çã♦ ❞❡ ❋♦r♠❛♥❡❦

◆❡st❛ s❡çã♦ ✈❛♠♦s ❝♦♥s✐❞❡r❛r Mn(K) ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❝♦♠ ❡♥tr❛❞❛s ❡♠

K✱ ♦♥❞❡ K s❡rá ✉♠ ❝♦r♣♦ q✉❛❧q✉❡r✳

❙❡❥❛♠ x1, . . . , xn+1 ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s ❡ X, Y1, . . . , Yn ✈❛r✐á✈❡✐s ♥ã♦✲

❝♦♠✉t❛t✐✈❛s✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦ ❞❡ K[x1, . . . , xn+1] ❡♠ K〈X, Y1, . . . , Yn〉

❞❡✜♥✐❞❛ ♣♦r

θ : K[x1, . . . , xn+1] −→ K〈X, Y1, . . . , Yn〉

g(x1, . . . , xn+1) −→ θ(g(x1, . . . , xn+1)) = G(X, Y1, . . . , Yn),

♦♥❞❡

g(x1, . . . , xn+1) =
∑

αax
α1
1 . . . x

αn+1

n+1 e

G(X, Y1, . . . , Yn) =
∑

αaX
α1Y1X

α2Y2 . . . X
αnYnX

αn+1 .

❉❛❞♦s x =
∑n

p=1 xpEpp, yq = Eiqjq
∈ Mn(K)✱ ♦♥❞❡ xp ∈ K ❡ q = 1, . . . , n é ❢á❝✐❧ ✈❡r

q✉❡

G(x, y1, . . . , yn) = g(xi1 , . . . , xin , xjn
)Ei1j1 . . . Einjn

. ✭✹✳✶✮
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❇❛st❛ ♥♦t❛r♠♦s q✉❡ xEij = xiEij ❡ Eijx = xjEij✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♥ã♦ tr✐✈✐❛❧

♣❛r❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s Mn(K)✳

❚❡♦r❡♠❛ ✹✳✷✳✶ ❙❡❥❛

g(x1, . . . , xn+1) =
∏

2≤i≤n

(x1 − xi)(xn+1 − xi)
∏

2≤j<k≤n

(xj − xk)
2

✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ K[x1, . . . , xn+1]✳ ❖ ♣♦❧✐♥ô♠✐♦ ❡♠ K〈X, Y1, . . . , Yn〉 ❞❛❞♦ ♣♦r

F (X, Y1, . . . , Yn) = G(X, Y1, . . . , Yn)+G(X, Y2, . . . , Yn, Y1)+. . .+G(X, Yn, Y1, . . . , Yn−1),

♦♥❞❡ G(X, Y1, . . . , Yn) = θ(g(x1, . . . , xn+1))✱ é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ❛

á❧❣❡❜r❛ Mn(K)✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠♦str❛r q✉❡ F (X, Y1, . . . , Yn) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛

Mn(K) é s✉✜❝✐❡♥t❡ ♠♦str❛r♠♦s q✉❡ F (X,Y1, . . . , Yn) é ❝❡♥tr❛❧ q✉❛♥❞♦ X,Y1, . . . , Yn

sã♦ ♠❛tr✐③❡s ❣❡♥ér✐❝❛s✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦

h : {y
(i)
pq | p, q = 1, . . . , n, i = 1, 2, . . .} −→ K

h(y
(1)
pq ) = 1, s❡ (p, q) = (1, 1);

h(y
(1)
pq ) = 0, s❡ (p, q) 6= (1, 1);

h(y
(2)
pq ) = 1, s❡ (p, q) = (1, 2);

h(y
(2)
pq ) = 0, s❡ (p, q) 6= (1, 2);

✳✳✳

h(y
(n2)
pq ) = 1, s❡ (p, q) = (n, n);

h(y
(n2)
pq ) = 0, s❡ (p, q) 6= (n, n).

P♦r Ωn s❡r ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ❝♦♠✉t❛t✐✈❛ ❧✐✈r❡ ❣❡r❛❞❛ ♣♦r

{y(i)
pq | p, q = 1, . . . , n, i = 1, 2, . . .},

❝♦♥❝❧✉í♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ h s❡ ❡st❡♥❞❡ ❛ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦

ψ : Ωn −→ K.

❖ ❤♦♠♦♠♦r✜s♠♦ ψ ✐♥❞✉③ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ Mn(Ωn) ❡♠ Mn(K) ❞❛❞♦ ♣♦r

Γ : Mn(Ωn) −→ Mn(K)

(fij)n×n 7−→ Γ((fij)) = (ψ(fij))n×n.
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❆❧é♠ ❞✐ss♦✱ ϕ = Γ|Rn
: Rn −→ Mn(K) é ✉♠ ❤♦♠♦♠♦r✜s♠♦ q✉❡ s❛t✐s❢❛③ ϕ(y1) = E11,

ϕ(y2) = E12, . . . , ϕ(yn2) = Enn ❡ ♣♦rt❛♥t♦ s♦❜r❡❥❡t✐✈♦✳ ▲♦❣♦✱ ❞❛❞♦s

X, Y1, . . . , Yn ∈Mn(K),

❡①✐st❡♠ X,Y1, . . . , Yn ∈ Rn t❛✐s q✉❡ ϕ(X) = X, ϕ(Y1) = Y1, . . . , ϕ(Yn) = Yn✳ ▲♦❣♦✱

F (X, Y1, . . . , Yn) = F (ϕ(X), ϕ(Y1), . . . , ϕ(Yn)) = ϕ(F (X,Y1, . . . , Yn)) ∈ Z(Mn(K)),

♣♦✐s ❡st❛♠♦s s✉♣♦♥❞♦ F (X,Y1, . . . , Yn) ❝❡♥tr❛❧ ♣❛r❛ ❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛sX,Y1, . . . , Yn✳

P♦r Rn ≃ R′
n ✭✈❡❥❛ ❈♦r♦❧ár✐♦ ✹✳✶✳✹✮ ♣♦❞❡♠♦s s✉♣♦r X ❞✐❛❣♦♥❛❧✱ ♦✉ s❡❥❛✱

X =
∑n

i=1 xiEii✱ ♦♥❞❡ ♦s x′is sã♦ ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s✳ ❱❡r✐✜❝❛r❡♠♦s ❡st❛ ❛✜r♠❛çã♦✳

❙❡❥❛♠ X, Y1, . . . , Yn ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❡♠ Rn✳ ❯s❛♥❞♦ ♦ ❢❛t♦ ❞❡ Rn ≃ R′
n✱ t♦♠❡♠♦s

X,Y1, . . . , Yn ∈ R′
n✱ ♦♥❞❡ X é ❞✐❛❣♦♥❛❧✱ ❡ ✉♠ ✐s♦♠♦r✜s♠♦ φ : R′

n −→ Rn t❛✐s q✉❡

φ(X) = X, φ(Y1) = Y1, . . . , φ(Yn) = Yn✳ ❉❛í✱

F (X, Y1, . . . , Yn) = F (φ(X), φ(Y1), . . . , φ(Yn)) = φ(F (X,Y1, . . . , Yn)) ∈ Z(Rn),

s❡ F (X,Y1, . . . , Yn) ∈ Z(R′
n)✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣♦❞❡♠♦s s✉♣♦r X ✉♠❛ ♠❛tr✐③ ❣❡♥ér✐❝❛

❞✐❛❣♦♥❛❧✳ ❉❡s❞❡ q✉❡ F (X, Y1, . . . , Yn) é ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ❡♠ Y1, . . . , Yn ❜❛st❛

♠♦str❛r♠♦s q✉❡ é ❝❡♥tr❛❧ ♣❛r❛ ❛s ♠❛tr✐③❡s Y1, . . . , Yn ✉♥✐tár✐❛s✳ ❖❜s❡r✈❡ q✉❡ ♣♦r ✹✳✶

G(X,Ei1j1 , . . . , Einjn
) = g(xi1 , . . . , xin , xjn

)Ei1j1 . . . Einjn
.

▼♦str❛r❡♠♦s q✉❡ g(xi1 , . . . , xin , xjn
) é ♥ã♦✲♥✉❧♦ s♦♠❡♥t❡ q✉❛♥❞♦ {i1, . . . , in} é ✉♠❛

♣❡r♠✉t❛çã♦ ❞❡ {1, . . . , n} ❡ i1 = jn✳ ❉❡ ❢❛t♦✱

g(xi1 , . . . , xin , xjn
) =

∏

i∈{i2,...,in}

(xi1 − xi)(xjn
− xi)

∏

j<k
j,k∈{i2,...,in}

(xj − xk)
2. ✭✹✳✷✮

❙❡ {i1, . . . , in} ♥ã♦ é ✉♠❛ ♣❡r♠✉t❛çã♦ ❞❡ {1, . . . , n}✱ ❡♥tã♦ ❤❛✈❡rá r❡♣❡t✐çã♦ ❡♥tr❡ ♦s

i′js✳ ▲♦❣♦✱ ♣♦r ✹✳✷ s❡❣✉❡ q✉❡ g(xi1 , . . . , xin , xjn
) ≡ 0✳ ❈❛s♦ jn 6= i1✱ ❡ {i1, i2, . . . , in} é

✉♠❛ ♣❡r♠✉t❛çã♦ ❞❡ {1, 2, . . . , n} t❡♠♦s jn ∈ {i2, . . . , in} ❡ ♣♦r ✹✳✷ t❛♠❜é♠ ❝♦♥❝❧✉í♠♦s

q✉❡ g(xi1 , . . . , xin , xjn
) ≡ 0✳ ❉❛í✱ q✉❛♥❞♦ {i1, . . . , in} é ✉♠❛ ♣❡r♠✉t❛çã♦ ❞❡ {1, . . . , n}

❡ i1 = jn✱ ♦❜t❡♠♦s q✉❡

g(xi1 , . . . , xin , xjn
) =

∏

1≤i<j≤n

(xi − xj)
2 = D.
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❈❧❛r❛♠❡♥t❡ Ei1j1Ei2j2 . . . Einjn
6= 0 s♦♠❡♥t❡ s❡ j1 = i2, j2 = i3, . . . , jn−1 = in✳ ❉✐r❡♠♦s

q✉❡ Ei1j1 , Ei2j2 , . . . , Einjn
❢♦r♠❛♠ ✉♠ ❝✐❝❧♦ ❞❡ ♠❛tr✐③❡s ✉♥✐tár✐❛s s❡ {i1, . . . , in} é ✉♠❛

♣❡r♠✉t❛çã♦ ❞❡ {1, . . . , n} ❡ j1 = i2, j2 = i3, . . . , jn−1 = in e jn = i1✳ ❙❡♥❞♦ ❛ss✐♠✱

G(X,Ei1j1 , . . . , Einjn
) =





DEi1i1 , s❡ ❛s ♠❛tr✐③❡s ✉♥✐tár✐❛s ❢♦r♠❛♠ ✉♠ ❝✐❝❧♦;

0, ❝❛s♦ ❝♦♥trár✐♦,

♦♥❞❡ D =
∏

1≤i<j≤n(xi − xj)
2✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛✲s❡ q✉❡

G(X,Ei2j2 , . . . , Einjn
, Ei1j1) =





DEi2i2 , s❡ ❛s ♠❛tr✐③❡s ✉♥✐tár✐❛s ❢♦r♠❛♠ ✉♠ ❝✐❝❧♦;

0, ❝❛s♦ ❝♦♥trár✐♦.

❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ❡st❡ r❛❝✐♦❝í♥✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡

F (X,Ei2j2 , . . . , Einjn
, Ei1j1) =





DIn, s❡ ❛s ♠❛tr✐③❡s ✉♥✐tár✐❛s ❢♦r♠❛♠ ✉♠ ❝✐❝❧♦;

0, ❝❛s♦ ❝♦♥trár✐♦.

P♦rt❛♥t♦✱ F (X, Y1, . . . , Yn) ∈ Z(Mn(K)) ♣❛r❛ q✉❛❧q✉❡r s✉❜st✐t✉✐çã♦ ❡♠ X, Y1, . . . , Yn✳

P❛r❛ ❝♦♥❝❧✉✐r ❛ ❞❡♠♦♥str❛çã♦ r❡st❛✲♥♦s ♣r♦✈❛r q✉❡ F (X, Y1, . . . , Yn) ♥ã♦ é ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ♣❛r❛Mn(K)✳ ❙❡K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❡ X ∈Mn(K) é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧

❝♦♠ ❛✉t♦✈❛❧♦r❡s ❞✐st✐♥t♦s ρ1, . . . , ρn✱ ❡♥tã♦

F (X,E12, . . . , Ek−1,k, Ek1) =
∏

1≤p<q≤n

(ρp − ρq)
2In 6= 0. ✭✹✳✸✮

q✉❡ é ✉♠❛ ♠❛tr✐③ ♥ã♦✲♥✉❧❛ ❡♠ Mn(K)✳

❙✉♣♦♥❤❛♠♦s K = Fq ✉♠ ❝♦r♣♦ ✜♥✐t♦ ❞❡ ♦r❞❡♠ q✳ ❉❛❞♦ n ∈ N✱ ❡①✐st❡ ✉♠

♣♦❧✐♥ô♠✐♦ l(x) ♠ô♥✐❝♦✱ ✐rr❡❞✉tí✈❡❧ ❡ ❞❡ ❣r❛✉ n ❡♠ Fq[x]✳ ❙❡♥❞♦ Fqm ♦ ❝♦r♣♦ ❞❡ r❛í③❡s

❞❡ l(x)✱ t❡♠♦s q✉❡ ❛s n r❛í③❡s ❞❡ l(x) ❡♠ Fqm sã♦ ❞✐st✐♥t❛s✳ ❈♦♥s✐❞❡r❡♠♦s ❡♥tã♦

X ∈ Mn(Fq) q✉❡ t❡♠ ♣♦r ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ l(x)✳ ❉❡ss❛ ❢♦r♠❛✱ ❡①✐st❡ ✉♠❛

♠❛tr✐③ Z ∈Mn(Fqm) t❛❧ q✉❡ Z−1XZ é ❞✐❛❣♦♥❛❧✳ P♦rt❛♥t♦✱ ♣♦r ✹✳✸ s❡❣✉❡ q✉❡

F (Z−1XZ,E12, E23, . . . , En1) 6= 0, ♦✉ s❡❥❛, ZF (Z−1XZ,E12, E23, . . . , En1)Z
−1 6= 0,

❡ ❞❛í

F (Z(Z−1XZ)Z−1, ZE12Z
−1, ZE23Z

−1, . . . , ZEn1Z
−1) 6= 0, ✐st♦ é,

F (X,ZE12Z
−1, ZE23Z

−1, . . . , ZEn1Z
−1) 6= 0 ❡♠ Mn(Fqm).
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◆♦t❡♠♦s q✉❡ F (X,ZE12Z
−1, ZE23Z

−1, . . . , ZEn1Z
−1) é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s

t❡r♠♦s F (X,Ei1j1 , Ei2j2 , . . . , Einjn
)✱ ♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s ♣❡rt❡♥❝❡♠ ❛ Fqm ✳ ▲♦❣♦✱ ♣♦r

F (X,ZE12Z
−1, ZE23Z

−1, . . . , ZEn1Z
−1) 6= 0✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛❧❣✉♠

F (X,Ei1j1 , Ei2j2 , . . . , Einjn
) 6= 0.

❆❧é♠ ❞✐ss♦✱ F (X,Ei1j1 , Ei2j2 , . . . , Einjn
) ∈Mn(Fq)✱ ♦ q✉❡ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦✳

✹✳✸ ❈♦♥str✉çã♦ ❞❡ ❘❛③♠②s❧♦✈

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❛❞❛ ♣♦r ❘❛③♠②s❧♦✈ ❬✹✺❪ ❞❡ ✉♠

♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✱ ♦♥❞❡ K ❞❡♥♦t❛ ✉♠ ❝♦r♣♦✳ ❱❛♠♦s ✐♥tr♦❞✉③✐r

♦ ❝♦♥❝❡✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❢r❛❝❛ q✉❡ s❡rá ❞❡ ❣r❛♥❞❡ ✈❛❧✐❛ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

❞❛s ✐❞é✐❛s ❞❡st❛ ❝♦♥str✉çã♦✳

❉❡✜♥✐çã♦ ✹✳✸✳✶ ❖ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xk) ∈ K〈X〉 s❡rá ❞✐t♦ ✉♠❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ❢r❛❝❛ ♣❛r❛ ❛ á❧❣❡❜r❛Mn(K)✱ s❡ f(a1, . . . , ak) = 0 ♣❛r❛ q✉❛✐sq✉❡r a1, . . . , ak

♠❛tr✐③❡s ❞❡ tr❛ç♦ ③❡r♦ ❡♠ Mn(K)✱ ♦✉ s❡❥❛✱ ♣❛r❛ q✉❛✐sq✉❡r a1, . . . , ak ∈ Sln(K)✳ ❯♠❛

✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❢r❛❝❛ é ❞✐t❛ s❡r ❡ss❡♥❝✐❛❧♠❡♥t❡ ❢r❛❝❛ s❡ ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛

Mn(K)✳

❊①❡♠♣❧♦ ✹✳✸✳✷ ❖ ♣♦❧✐♥ô♠✐♦ [x2
1, x2] é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❢r❛❝❛ ♣❛r❛

M2(K)✳ ❉❡ ❢❛t♦✱ s❡❥❛♠ A1, A2 ∈ Sl2(K)✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ ♦

♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ A1 é x2 − (tr A1)x + det(A1)✳ ▲♦❣♦✱ A2
1 = −det(A1)I2✱

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ [A2
1, A2] = 0✳ P♦r ♦✉tr♦ ❧❛❞♦✱ [x2

1, x2] ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ M2(K)✱

❜❛st❛ ❝♦♥s✐❞❡r❛r♠♦s x1 = E11 ❡ x2 = E12✳

▲❡♠❛ ✹✳✸✳✸ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❈❛♣❡❧❧✐

dn(x1, . . . , xn; y1, . . . , yn, yn+1) =
∑

σ∈Sn

(−1)σy1xσ(1)y2 . . . ynxσ(n)yn+1,

♦ ♣♦❧✐♥ô♠✐♦ dn2(x1, . . . , xn2 ; y1, . . . , yn2 , yn2+1) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❢r❛❝❛

♣❛r❛ Mn(K)✱ ♦ q✉❛❧ s❡ ❛♥✉❧❛ q✉❛♥❞♦ ♦s x′s sã♦ s✉❜st✐t✉í❞♦s ♣♦r ❡❧❡♠❡♥t♦s ❞❡ Sln(K)

❡ ♦s y′s sã♦ ♠❛tr✐③❡s ❛r❜✐trár✐❛s ❞❡ Mn(K)✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ dn2 é ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ♥❛s ✈❛r✐❛✈é✐s x′s ❜❛st❛

♠♦str❛r♠♦s ❛ ❛✜r♠❛çã♦ ♣❛r❛ ✉♠❛ ❜❛s❡ ❞❡ Sln(K)✳ ❉❡s❞❡ q✉❡ dimSln(K) = n2 − 1✱

❞❛❞♦s A1, . . . , An2 ∈ β✱ ♦♥❞❡ β é ✉♠❛ ❜❛s❡ ❞❡ Sln(K)✱ ❡①✐st❡♠ i0, j0 ∈ {1, . . . , n2} t❛✐s
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q✉❡ Ai0 = Aj0 ✱ i0 6= j0✳ ❚♦♠❡ θ = (i0 j0) ∈ Sn2 ✳ ❖❜s❡r✈❡♠♦s q✉❡ Sn2 = An2 ∪ θAn2 ✱

✉♠❛ ✈❡③ q✉❡ θ ∈ Sn2 − An2 ✳ ❙❡❥❛♠ σ ∈ An2 ❡ B1, . . . , Bn2 , Bn2+1 ∈Mn(K)✳ ❉❛í✱ ♣♦r

B1Aσ(1)B2Aσ(2)B3 . . . Bn2Aσ(n2)Bn2+1 = B1A(θσ)(1)B2A(θσ)(2)B3 . . . Bn2A(θσ)(n2)Bn2+1,

t❡♠♦s

dn2(A1, . . . , An2 ;B1, . . . , Bn2 , Bn2+1) =
∑

σ∈A
n2

B1Aσ(1)B2Aσ(2)B3 . . . Bn2Aσ(n2)Bn2+1+

∑

σ∈A
n2

(−1)B1A(θσ)(1)B2A(θσ)(2)B3 . . . Bn2A(θσ)(n2)Bn2+1 = 0,

❡ ❛ss✐♠ dn2 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❢r❛❝❛ ♣❛r❛Mn(K)✳ ❘❡st❛ ♠♦str❛r♠♦s q✉❡ dn2

♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ Mn(K)✳

❈♦♥s✐❞❡r❡ Ep1q1 , Ep2q2 , . . . , Ep
n2q

n2 ❛s ❞✐st✐♥t❛s ♠❛tr✐③❡s ✉♥✐tár✐❛s ❞❡ Mn(K)✳

◆♦t❡♠♦s q✉❡

dn2(Ep1q1 , Ep2q2 , . . . , Ep
n2q

n2 ;E1p1 , Eq1p2 , . . . , Eq
n2−2p

n2−1
, Eq

n2−1p
n2 , Eq

n21) =

∑

σ∈S
n2

(−1)σE1p1Epσ(1)qσ(1)
Eq1p2Epσ(2)qσ(2)

. . . Eq
n2−1p

n2Ep
σ(n2)qσ(n2)

Eq
n21.

❆❧é♠ ❞✐ss♦✱ E1p1Epσ(1)qσ(1)
Eq1p2Epσ(2)qσ(2)

. . . Eq
n2−1p

n2Ep
σ(n2)qσ(n2)

Eq
n21 é ✐❣✉❛❧ ❛ ③❡r♦ ❛

♠❡♥♦s q✉❡

p1 = pσ(1) e qσ(1) = q1, ♦✉ s❡❥❛✱ σ(1) = 1;

p2 = pσ(2) e qσ(2) = q2, ♦✉ s❡❥❛✱ σ(2) = 2;
✳✳✳

✳✳✳
✳✳✳

pn2−1 = pσ(n2−1) e qσ(n2−1) = qn2−1, ♦✉ s❡❥❛✱ σ(n2 − 1) = n2 − 1;

pn2 = pσ(n2) e qσ(n2) = qn2 , ♦✉ s❡❥❛✱ σ(n2) = n2.

▲♦❣♦✱ ❡st❡ ♣r♦❞✉t♦ é ✐❣✉❛❧ ❛ ③❡r♦ ❛ ♠❡♥♦s q✉❡ σ s❡❥❛ ❛ ♣❡r♠✉t❛çã♦ ✐❞❡♥t✐❞❛❞❡✳ P♦rt❛♥t♦✱

dn2(Ep1q1 , Ep2q2 , . . . , Ep
n2q

n2 ;E1p1 , Eq1p2 , . . . , Ep1q1 , Eq
n2−1p

n2 , Eq
n21) =

E1p1Ep1q1Eq1p2Ep2q2 . . . Eq
n2−1p

n2Ep
n2q

n2Eq
n21 = E11 6= 0.

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘❛③♠②s❧♦✈✱ ❝✉❥❛

✐♠♣♦rtâ♥❝✐❛ ❡stá ♥♦ ❢❛t♦ ❞❛ ❝♦♥str✉çã♦ ❞❡ ❘❛③♠②s❧♦✈ ❡stá ❜❛s❡❛❞❛ ♥❡st❡ ❝♦♥❝❡✐t♦✳
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❉❡✜♥✐çã♦ ✹✳✸✳✹ ❙❡❥❛ f(x, y1, . . . , ym) ∈ K〈x, y1, . . . , ym〉 ✉♠ ♣♦❧✐♥ô♠✐♦ ❧✐♥❡❛r

✭❤♦♠♦❣ê♥❡♦ ❡ ❞❡ ❣r❛✉ ✶✮ ♥❛ ✈❛r✐❛✈é❧ x✳ ❊s❝r❡✈❡♥❞♦ f s♦❜ ❛ ❢♦r♠❛ f =
∑k

i=1 gixhi✱

♦♥❞❡ gi, hi ∈ K〈y1, . . . , ym〉✱ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘❛③♠②s❧♦✈ ❞❡ f é ♦ ♣♦❧✐♥ô♠✐♦

f ∗(x, y1, . . . , ym) =
k∑

i=1

hixgi.

▲❡♠❛ ✹✳✸✳✺ ❙❡❥❛♠ ai, bi ∈ Mn(K), i = 1, . . . ,m✱ f(u) =
∑m

i=1 aiubi ❡

f ∗(u) =
∑m

i=1 biuai✱ ♣❛r❛ u ∈ Mn(K)✳ ❙❡ f(u) = 0 ♣❛r❛ t♦❞♦ u ∈ Mn(K)✱ ❡♥tã♦

f ∗(u) = 0 ♣❛r❛ t♦❞♦ u ∈Mn(K)✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s ❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❡♠ V = Mn(K) ❞❛❞❛ ♣♦r 〈A,B〉 =

tr(AB)✳ ◆♦t❡♠♦s q✉❡ ❡st❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r é ♥ã♦✲❞❡❣❡♥❡r❛❞❛✱ ♦✉ s❡❥❛✱ s❡ 〈u, V 〉 = 0✱

❡♥tã♦ u = 0✳ ▲♦❣♦✱ ❞❛❞♦s u, v ∈Mn(K)✱ ✈✐st♦ q✉❡ f(u) = 0✱ t❡♠♦s q✉❡ tr(f(u)) = 0 ❡

❞❛í

0 = tr

((
m∑

i=1

aiubi

)
v

)
= tr

(
m∑

i=1

aiubiv

)
=

m∑

i=1

tr[(aiu)(biv)] =

m∑

i=1

tr[(biv)(aiu)] =
m∑

i=1

tr(bivaiu) = tr

[(
m∑

i=1

bivai

)
u

]
= tr(f ∗(v)u),

❡ ❛ss✐♠ 〈f ∗(v), u〉 = 0✳ ❈♦♠♦ u ❢♦✐ t♦♠❛❞♦ ❛r❜✐tr❛r✐❛r♠❡♥t❡✱ ❝♦♥❝❧✉í♠♦s q✉❡

〈f ∗(v), V 〉 = 0✱ ❡ ♣♦rt❛♥t♦ f ∗(v) = 0✳ ▼❛s v t❛♠❜é♠ ❢♦✐ t♦♠❛❞♦ ❛r❜✐tr❛r✐❛r♠❡♥t❡✱

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ f ∗(v) = 0, ∀v ∈Mn(K)✳

▲❡♠❛ ✹✳✸✳✻ ❚♦❞❛ ♠❛tr✐③ ❞❡ tr❛ç♦ ③❡r♦ ❡♠ Mn(K) é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡

❝♦♠✉t❛❞♦r❡s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ A ∈ Sln(K)✳ ❊♥tã♦ A =
∑n

p,q=1 αpqEpq✱ ♦♥❞❡ α11+. . .+αnn = 0✳

▲♦❣♦✱

A =
n∑

p,q=1
p 6=q

αpqEpq +
n∑

p=1

αppEpp =
n∑

p,q=1
p 6=q

αpqEpq + α11E11 +
n∑

p=2

αppEpp =

n∑

p,q=1
p 6=q

αpqEpq +
n∑

p=2

−αppE11 +
n∑

p=2

αppEpp =
n∑

p,q=1
p 6=q

αpqEpq +
n∑

p=2

−αpp(E11 − Epp).

P♦rt❛♥t♦✱ ♦s ❡❧❡♠❡♥t♦s Eij, i 6= j ❡ E11 − Eii, i = 2, . . . , n ❢♦r♠❛♠ ✉♠❛ ❜❛s❡

♣❛r❛ Sln(K)✳ ❆❧é♠ ❞✐ss♦✱ Eij = [Eij, Ejj] ♣❛r❛ i 6= j ❡ E11 − Eii = [E1i, Ei1] ♣❛r❛

i = 2, . . . , n✳
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▲❡♠❛ ✹✳✸✳✼ ✭▲❡♠❛ ❞❡ ❘❛③♠②s❧♦✈✮ ❙❡❥❛♠ f(x, y1, . . . , ym) ∈ K〈x, y1, . . . , ym〉 ✉♠

♣♦❧✐♥ô♠✐♦ ❧✐♥❡❛r ❡♠ x ❡ f ∗(x, y1, . . . , ym) ♦ ♣♦❧✐♥ô♠✐♦ ❞❛❞♦ ♣❡❧❛ tr❛♥s❢♦r♠❛❞❛ ❞❡

❘❛③♠②s❧♦✈ ❞❡ f ✳ ❊♥tã♦

✭✐✮ f(x, y1, . . . , ym) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K) s❡✱ ❡ s♦♠❡♥t❡

s❡✱ f ∗(x, y1, . . . , ym) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ Mn(K)✳

✭✐✐✮ f ∗(x, y1, . . . , ym) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f(x, y1, . . . , ym) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❢r❛❝❛ ❡

f([x, y0], y1, . . . , ym) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ Mn(K)✳

❉❡♠♦♥str❛çã♦✿

✭✐✮ ❙❡❥❛

f(x, y1, . . . , ym) =
k∑

i=1

ai(y1, . . . , ym)xbi(y1, . . . , ym)

❡ ♣❛r❛ r1, . . . , rm ∈Mn(K) ❝♦♥s✐❞❡r❡

f(u) = f(u, r1, . . . , rm) =
k∑

i=1

ai(r1, . . . , rm)ubi(r1, . . . , rm).

P❡❧♦ ▲❡♠❛ ✹✳✸✳✺✱ f(u) = 0 ♣❛r❛ t♦❞♦ u ∈Mn(K) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f ∗(u) = 0 ♣❛r❛ t♦❞♦

u ∈ Mn(K)✳ ❖❜s❡r✈❡ q✉❡ f ∗(u) = f ∗(u, r1, . . . , rm)✳ ❈♦♠♦ r1, . . . , rm ❢♦r❛♠ t♦♠❛❞♦s

❛r❜✐tr❛r✐❛r♠❡♥t❡✱ ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥str❛çã♦✳

✭✐✐✮ ❈♦♥s✐❞❡r❡

f(x, y1, . . . , ym) =
k∑

i=1

ai(y1, . . . , ym)xbi(y1, . . . , ym).

❆♣❧✐❝❛♥❞♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❘❛③♠②s❧♦✈ ❛

g(x, y0, y1, . . . , ym) = f([x, y0], y1, . . . , ym) =
k∑

i=1

ai(xy0 − y0x)bi,

♦❜t❡♠♦s

g∗(x, y0, y1, . . . , ym) =
k∑

i=1

(y0bixai − bixaiy0) =

[
y0,

k∑

i=1

bixai

]
= [y0, f

∗(x, y1, . . . , ym)].

❈❧❛r❛♠❡♥t❡✱ f ∗(x, y1, . . . , ym) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ Mn(K) s❡✱ ❡ s♦♠❡♥t❡ s❡✱

g∗(x, y0, y1, . . . , ym) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ Mn(K) ❡ ♣❡❧❛ ♣r✐♠❡✐r❛ ♣❛rt❡

❞♦ ▲❡♠❛✱ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ g(x, y0, y1, . . . , ym) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛

Mn(K)✳ ❖❜✈✐❛♠❡♥t❡✱ f ∗(x, y1, . . . , ym) ♥ã♦ s❡ ❛♥✉❧❛ s♦❜r❡ Mn(K) s❡✱ ❡ s♦♠❡♥t❡

✼✺



s❡✱ f(x, y1, . . . , ym) ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ Mn(K)✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦s

A,B1, . . . , Bm ∈ Sln(K)✱ ♣❡❧♦ ▲❡♠❛ ✹✳✸✳✻✱ ❡①✐st❡♠ Ci, Di ∈ Mn(K) t❛✐s q✉❡

A =
∑t

i=1 αi[Ci, Di]✳ ▲♦❣♦✱

f(A,B1, . . . , Bm) = f

(
t∑

i=1

αi[Ci, Di], B1, . . . , Bm

)
=

t∑

i=1

αif([Ci, Di], B1, . . . , Bm) = 0,

♣♦✐s f([x, y0], y1, . . . , ym) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ Mn(K)✳

❚❡♦r❡♠❛ ✹✳✸✳✽ ❈♦♥s✐❞❡r❡ ♦ ♣♦❧✐♥ô♠✐♦

f(x, z1, . . . , z2n2−2, y1, . . . , yn2−1) = dn2(x, [z1, z2], . . . , [z2n2−3, z2n2−2]; 1, y1, . . . , yn2−1, 1),

♦♥❞❡ dn(x1, . . . , xn; y1, . . . , yn, yn+1) é ♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❈❛♣❡❧❧✐✳ ❆ tr❛♥s❢♦r♠❛❞❛ ❞❡

❘❛③♠②s❧♦✈ ❛♣❧✐❝❛❞❛ ❛ f ♥♦s ❞á ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♥❛♦ tr✐✈✐❛❧ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✳

❉❡♠♦♥str❛çã♦✿ ❉♦ ❧❡♠❛ ✹✳✸✳✸ t❡♠♦s q✉❡ f(x, z1, . . . , z2n2−2, y1, . . . , yn2−1) é ✉♠❛

✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❢r❛❝❛ ♣❛r❛ Mn(K)✳ ➱ t❛♠❜é♠ ❝❧❛r♦ q✉❡ ❛ s✉❜st✐t✉✐çã♦ ❞❡

x ♣♦r ✉♠ ❝♦♠✉t❛❞♦r ♥♦s ❞á ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ✭✈❡❥❛ ▲❡♠❛ ✹✳✸✳✸✮✳ ▲♦❣♦✱

f([x, y0], z1, . . . , yn2−1) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ Mn(K)✳ P❡❧♦ ❧❡♠❛ ❞❡

❘❛③♠②s❧♦✈ ✹✳✸✳✼ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ f(x, z1, . . . , yn2−1) ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

♣❛r❛ Mn(K)✳ P♦❞❡♠♦s ❡s❝♦❧❤❡r 2n2 − 2 ♠❛tr✐③❡s ❞❡ tr❛ç♦ ③❡r♦ zi ∈ Sln(K) t❛✐s

q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♠✉t❛❞♦r❡s [z2i−1, z2i], i = 1, . . . , n2 − 1 ❝♦✐♥❝✐❞❛ ❝♦♠ ❛ ❜❛s❡ ❞❡

Sln(K) ❞❛❞❛ ♥♦ ▲❡♠❛ ✹✳✸✳✻✳ P❛r❛ ✐ss♦✱ ❜❛st❛ ♥♦t❛r♠♦s q✉❡ E11−Eii = [E1i, Ei1]✱ ♦♥❞❡

i = 2, . . . , n ❡ ♣❛r❛ i 6= j ❡ l 6= i, j✱ Eij = [Eij, Ejj −Ell]✳ ❙✉❜st✐t✉✐♥❞♦ x ♣♦r x = E11 ❡

✉s❛♥❞♦ ❛ ❛♥t✐✲s✐♠❡tr✐❛ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❈❛♣❡❧❧✐ ♥❛s ✈❛r✐á✈❡✐s x′is t❡♠♦s q✉❡

f(x, z1, . . . , z2n2−3, z2n2−2, y1, . . . , yn2−1) = ±dn2(Eij; 1, y1, . . . , yn2−1, 1),

♦♥❞❡ dn2(Eij; 1, y1, . . . , yn2−1, 1) s✐❣♥✐✜❝❛ q✉❡ ❡st❛♠♦s s✉❜st✐t✉✐♥❞♦ ❛s ✈❛r✐❛✈é✐s ❛♥t✐✲

s✐♠étr✐❝❛s ♣♦r n2 ♠❛tr✐③❡s ✉♥✐tár✐❛s ❞✐st✐♥t❛s✳ ❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ❛ ✐❞é✐❛ ❞❛

❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✹✳✸✳✸✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡

dn2(Ep1q1 , Ep2q2 , . . . , Ep
n2q

n2 ; 1, Eq1p2 , . . . , Eq
n2−1p

n2 , 1) = Ep1q
n2 6= 0.

P♦rt❛♥t♦✱ ♣❡❧♦ ❧❡♠❛ ❞❡ ❘❛③♠②s❧♦✈✱ ❝♦♥❝❧✉í♠♦s q✉❡ f ∗ é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♥ã♦

tr✐✈✐❛❧ ♣❛r❛ Mn(K)✳

✼✻



✹✳✹ ❈♦♥str✉çã♦ ❞❡ ▲❛t②s❤❡✈ ❡ ❙❤♠❡❧❦✐♥

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❛❞❛ ♣♦r ▲❛t②s❤❡✈ ❡ ❙❤♠❡❧❦✐♥ ❬✸✻❪ ❞❡

✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ❡♠ ✉♠❛ ✈❛r✐á✈❡❧ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✱ ♦♥❞❡ K ❞❡♥♦t❛rá ✉♠

❝♦r♣♦ ✜♥✐t♦✳ ❈♦♠❡ç❛r❡♠♦s ❝♦♠ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦

r❡s✉❧t❛❞♦ ❝❡♥tr❛❧ ❞❡st❛ s❡çã♦✳

▲❡♠❛ ✹✳✹✳✶ ❙❡❥❛♠ n ∈ N✱ K ✉♠ ❝♦r♣♦ ✜♥✐t♦ ❞❡ ♦r❞❡♠ q ❡ L ✉♠❛ ❡①t❡♥sã♦

❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞❛ ❞❡ K✳ ❊♥tã♦ L ♣♦ss✉✐ ✉♠ ú♥✐❝♦ s✉❜❝♦r♣♦ ❞❡ ♦r❞❡♠ qn✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ f(x) = xqn

− x ∈ L[x]✳ P♦r f ′(x) = qnxqn−1 − 1 = −1✱

t❡♠♦s q✉❡ f(x) ♣♦ss✉✐ ❡♠ L qn r❛í③❡s ❞✐st✐♥t❛s✳ ❊st❛s r❛í③❡s sã♦ ❡①❛t❛♠❡♥t❡ ♦s

❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ F = {a ∈ L | aqn

= a} q✉❡ é ✉♠ s✉❜❝♦r♣♦ ❞❡ L✳ ❆ss✐♠✱

|F | = qn✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❛♠ ❞♦✐s s✉❜❝♦r♣♦s ❞✐st✐♥t♦s F1 ❡ F2 ❞❡ L✱ ❛♠❜♦s ❝♦♠

♦r❞❡♠ qn✳ ▲♦❣♦✱ aqn

= a ♣❛r❛ t♦❞♦ a ∈ F1∪F2✳ ❙❡♥❞♦ ❛ss✐♠✱ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ F1∪F2

é r❛í③ ❞❡ f(x) = xqn

− x✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s F1 ∪F2 t❡♠ ♠❛✐s q✉❡ qn ❡❧❡♠❡♥t♦s✳

▲❡♠❛ ✹✳✹✳✷ ❙❡❥❛♠ f(x) ∈ K[x]✱ λ ∈ K ❡ N =





0 0 0 · · · 0 0

1 0 0 · · · 0 0

0 1 0 · · · 0 0

0 0 1 · · · 0 0
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳

0 0 0 · · · 1 0





∈ Mn(K)✳

❊♥tã♦ f(λIn +N) = f(λ)In +N1✱ ♦♥❞❡ Nn
1 = 0✳

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ✉s❛r ♦ ❇✐♥ô♠✐♦ ❞❡ ◆❡✇t♦♥ ❡ ♦ ❢❛t♦ ❞❡ N s❡r ♥✐❧♣♦t❡♥t❡ ❞❡

í♥❞✐❝❡ n✳

❚❡♦r❡♠❛ ✹✳✹✳✸ ❙❡❥❛♠ K = Fq ✉♠ ❝♦r♣♦ ✜♥✐t♦ ❞❡ q ❡❧❡♠❡♥t♦s ❡ p(x) ✉♠ ♣♦❧✐♥ô♠✐♦

✐rr❡❞✉tí✈❡❧ ❞❡ ❣r❛✉ n ❡♠ Fq[x]✳ ❖ ♣♦❧✐♥ô♠✐♦ ❡♠ ✉♠❛ ✈❛r✐❛✈é❧

c(x) =

(
xqn

− x

p(x)

)(qn−1)n n−1∏

m=1

(xqm

− x)(qn−1)n

é ❝❡♥tr❛❧ ♣❛r❛ Mn(Fq)✳

❉❡♠♦♥str❛çã♦✿

✼✼



▼♦str❛r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ p(x) ❞✐✈✐❞❡ xqn

− x✳ ❙❡❥❛♠ L ✉♠❛ ❡①t❡♥sã♦

❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞❛ ❞❡ Fq ❡ a ∈ L t❛❧ q✉❡ p(a) = 0✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ✐❞❡❛❧

I = {h(x) ∈ Fq[x] | h(a) = 0} ❞❡ Fq[x] ❡ ma,K(x) ♦ ♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧ ❞❡ a s♦❜r❡ K✳

❙❛❜❡✲s❡ q✉❡ ♦ ✐❞❡❛❧ I é ❣❡r❛❞♦ ♣♦rma,K(x)✱ ✐st♦ é✱ I = 〈ma,Fq
(x)〉 ❡ma,Fq

(x) é ✐rr❡❞✉tí✈❡❧

s♦❜r❡ Fq✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r p(x) ∈ I ❡①✐st❡ s(x) ∈ K[x] t❛❧ q✉❡ p(x) = ma,K(x)s(x)✳

❈♦♠♦ p(x) é ✐rr❡❞✉tí✈❡❧ ❡♠ Fq[x]✱ ❝♦♥❝❧✉í♠♦s q✉❡ ∂ma,Fq
(x) = ∂p(x) = n✳ ❙❡♥❞♦ ❛ss✐♠✱

[Fq(a) : K] = ∂ma,Fq
(x) = n ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ |Fq(a)| = qn✳ ❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛

f(x) = xqn

− x✳ ❉✐✈✐❞✐♥❞♦ f(x) ♣♦r p(x) ❡♠ Fq[x] ♦❜t❡♠♦s q(x), r(x) ∈ Fq[x] t❛✐s q✉❡

f(x) = p(x)q(x)+r(x)✱ ♦♥❞❡ r(x) ≡ 0 ♦✉ ∂r(x) < ∂p(x)✳ ▲♦❣♦✱ f(a) = p(a)q(a)+r(a) =

r(a)✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r Fq(a)
∗ = Fq(a) − {0} s❡r ✉♠ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡ ♦r❞❡♠

qn − 1✱ s❡❣✉❡ q✉❡ aqn−1 = 1 ❡ ♣♦rt❛♥t♦ aqn

= a✳ ▲♦❣♦✱ r(a) = 0✳ ❈♦♠♦ r(a) = 0 ❡

∂p(x) = ∂ma,K(x) = n s❡❣✉❡ q✉❡ r(x) ≡ 0✳ P♦rt❛♥t♦✱ p(x) ❞✐✈✐❞❡ f(x)✳

❙❡❥❛♠ A ∈ Mn(Fq) ❡ pA(x) ∈ Fq[x] ♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ A✳ ❈♦♥s✐❞❡r❡

α ∈ L ✉♠ ❛✉t♦✈❛❧♦r ❞❡ A✳ ❈♦♠♦ pA(α) = 0 ❡ ∂pA(x) = n✱ t❡♠♦s q✉❡ [K(α) : K] =

m ≤ n✱ ♦✉ s❡❥❛✱ ❝❛❞❛ ❛✉t♦✈❛❧♦r ❞❡ A ♣❡rt❡♥❝❡ ❛ ❛❧❣✉♠❛ ❡①t❡♥sã♦ Fqm ❞❡ Fq ❝♦♠

m ≤ n✳ ❊①✐st❡ ✉♠❛ ❡①t❡♥sã♦ ❞❡ Fq✱ ♣♦r ❡①❡♠♣❧♦ ♦ ❝♦r♣♦ ❞❡ r❛í③❡s ❞❡ pA(x)✱ ♦♥❞❡ A é

s❡♠❡❧❤❛♥t❡ ❛ ✉♠❛ ♠❛tr✐③ N ♥❛ ❢♦r♠❛ ❈❛♥ô♥✐❝❛ ❞❡ ❏♦r❞❛♥✳ ❙❡ ♠♦str❛r♠♦s q✉❡ ❝✭◆✮❂✵✱

s❡❣✉❡ ❝❧❛r❛♠❡♥t❡ q✉❡ c(A) = 0✱ ♣♦✐s ❡①✐st❡ ✉♠❛ ♠❛tr✐③ ✐♥✈❡rsí✈❡❧ B ∈Mn(F )✱ ♦♥❞❡ F

é t❛❧ ❡①t❡♥sã♦✱ ❞❡ ♠♦❞♦ q✉❡ B−1AB = N ✳ ▲♦❣♦✱ c(A) = c(BNB−1) = Bc(N)B−1 = 0✳

P♦❞❡♠♦s ❡s❝r❡✈❡r N ♥❛ ❢♦r♠❛

N =





Nλ1 0 · · · 0

0 Nλ2 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · Nλr




,

♦♥❞❡ λ1, λ2, · · · , λr sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A✱ Nλi
= λiIsi

+Bsi
✱

Bsi
=





0 0 0 · · · 0 0

1 0 0 · · · 0 0

0 1 0 · · · 0 0

0 0 1 · · · 0 0
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳

0 0 0 · · · 1 0





✼✽



❡ si é ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞♦ ❛✉t♦✈❛❧♦r λi✳ ▲♦❣♦✱

c(N) =





c(Nλ1) 0 · · · 0

0 c(Nλ2) · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · c(Nλr
)





▼♦str❛r❡♠♦s q✉❡ s❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A ♥ã♦ sã♦ ③❡r♦s ❞❡ p(x)✱ ❡♥tã♦ c(N) = 0✳

❙✉♣♦♥❤❛♠♦s q✉❡ λ1 ❡stá ❡♠ ❛❧❣✉♠❛ ❡①t❡♥sã♦ Fqm0 ♣❛r❛ ❛❧❣✉♠ m0 ∈ {1, · · · , n − 1}✳

❈♦♥s✐❞❡r❡♠♦s h(x) = xqn
−x

p(x)
❡ l(x) = xqm0 − x✳ P♦r λ1 ∈ Fqm0 ✱ t❡♠♦s q✉❡ l(λ1) = 0✳

❉❛í✱ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❛ ♠❛tr✐③ Bs1 s❡r ♥✐❧♣♦t❡♥t❡ ❞❡ í♥❞✐❝❡ s1 ❡ ♦ ▲❡♠❛ ✹✳✹✳✷✱ ❝♦♥❝❧✉í♠♦s

q✉❡

c(Nλ1) = h(Nλ1)
(qn−1)nl(Nλ1)

(qn−1)n

n−1∏

m=1
m6=m0

(N qm

λ1
−Nλ1)

(qn−1)n =

h(Nλ1)
(qn−1)n(l(λ1)Is1 +Bs1)

(qn−1)n

n−1∏

m=1
m6=m0

(N qm

λ1
−Nλ1)

(qn−1)n =

h(Nλ1)
(qn−1)n(Bn

s1
)(qn−1)

n−1∏

m=1
m6=m0

(N qm

λ1
−Nλ1)

(qn−1)n = 0.

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ λ1 ❡stá ❡♠ ❛❧❣✉♠❛ ❡①t❡♥sã♦ Fqn ❞❡ Fq ❡ λ1 ♥ã♦ é ③❡r♦ ❞❡ p(x)✳

▲♦❣♦✱ (x− λ1) ❡stá ❡♥tr❡ ♦s ❢❛t♦r❡s ❞❡ h(x)✳ ❉❛í✱

c(Nλ1) = h(Nλ1)
(qn−1)n

n−1∏

m=1

(N qm

λ1
−Nλ1)

(qn−1)n =

(h(λ1)Is1 +Bs1)
(qn−1)n

n−1∏

m=1

(N qm

λ1
−Nλ1)

(qn−1)n = (Bn
s1

)(qn−1)

n−1∏

m=1

(N qm

λ1
−Nλ1)

(qn−1)n = 0.

❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛♠♦s q✉❡ c(Nλi
) = 0 ♣❛r❛ i = 2, · · · , r ❡ ♣♦rt❛♥t♦ c(N) = 0✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ A ∈Mn(Fq) q✉❡ t❡♠ ✉♠ ❛✉t♦✈❛❧♦r s❡♥❞♦ ③❡r♦ ❞❡ p(x)✳ ❙❡❥❛

λ ❡st❡ ❛✉t♦✈❛❧♦r✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ✐❞❡❛❧ J = {h(x) ∈ Fq[x] | h(λ) = 0} ❡ mλ,Fq
(x)

♦ ♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧ ❞❡ λ s♦❜r❡ Fq✳ ◆ã♦ é ❞✐❢í❝✐❧ ♣r♦✈❛r q✉❡ J = 〈mλ,Fq
(x)〉✳ P♦r

p(x) ∈ J ✱ ❡①✐st❡ g(x) ∈ Fq[x] t❛❧ q✉❡ p(x) = mλ,Fq
(x)g(x)✳ ▼❛s p(x) é ✐rr❡❞✉tí✈❡❧✱ ❞❡

♦♥❞❡ s❡❣✉❡ q✉❡ J = 〈p(x)〉✳ ❈♦♠♦ pA(x) ∈ J ✱ ❝♦♥❝❧✉í♠♦s q✉❡ pA(x) é ❞✐✈✐sí✈❡❧ ♣♦r p(x)

❡ ♣♦r ∂pA(x) = ∂p(x)✱ t❡♠♦s q✉❡ pA(x) = γp(x) ♣❛r❛ ❛❧❣✉♠ γ ∈ Fq ❡ ❞❛í ♦s ❛✉t♦✈❛❧♦r❡s

❞❡ A sã♦ ❡①❛t❛♠❡♥t❡ ♦s ③❡r♦s ❞❡ p(x)✳ ❆ ♠❛tr✐③ A ♥ã♦ t❡♠ ❛✉t♦✈❛❧♦r❡s ♠ú❧t✐♣❧♦s

✼✾



❡♠ Fqn ✱ ♣♦✐s ♣♦❧✐♥ô♠✐♦s ✐rr❡❞✉tí✈❡✐s s♦❜r❡ ❝♦r♣♦s ✜♥✐t♦s ♥ã♦ t❡♠ ③❡r♦s ♠ú❧t✐♣❧♦s ❡♠

♥❡♥❤✉♠❛ ❡①t❡♥sã♦✳ ❙❡♥❞♦ ❛ss✐♠✱ ❛ ❢♦r♠❛ ❝❛♥ô♥✐❝❛ ❞❡ ❏♦r❞❛♥ ❞❡ A ❡♠ Mn(Fqn)✱ ♦♥❞❡

Fqn é ✉♠❛ ❡①t❡♥sã♦ ❞❡ ❣r❛✉ n ❞❡ Fq ✭Fqn é ♦ ❝♦r♣♦ ❞❡ r❛í③❡s ❞♦ ♣♦❧✐♥ô♠✐♦ p(x)✮✱ é ✉♠❛

♠❛tr✐③ ❞✐❛❣♦♥❛❧ q✉❡ ❝❤❛♠❛r❡♠♦s ❞❡ N ✳ ▲♦❣♦✱

c(N) =

(
h(N)n

n−1∏

m=1

(N qm

−N)n

)qn−1

= g(N)qn−1,

♦♥❞❡ h(x) = xqn
−x

p(x)
❡ g(x) = h(x)n

∏n−1
m=1(x

qm

− x)n✳ ▼♦str❛r❡♠♦s q✉❡ g(N) é ✉♠❛

♠❛tr✐③ ❞✐❛❣♦♥❛❧✱ ❝✉❥♦s ❛✉t♦✈❛❧♦r❡s sã♦ ♥ã♦✲♥✉❧♦s ❡♠ Fqn ✳ ❆ ♠❛tr✐③ N t❡♠ ❛ ❢♦r♠❛

N =





λ1 0 · · · 0

0 λ2 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · λn




,

♦♥❞❡ λ1, λ2, · · · , λn sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A✳ ◆♦t❡♠♦s q✉❡✿

✭✐✮ λi ♥ã♦ é r❛í③ ❞♦ ♣♦❧✐♥ô♠✐♦ xqm

− x ♣❛r❛ m ∈ {1, · · · , n − 1}✳ ❙✉♣♦♥❤❛♠♦s✱

♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ λi é r❛í③ ❞♦ ♣♦❧✐♥ô♠✐♦ xqm

− x ♣❛r❛ ❛❧❣✉♠ m = 1, · · · , n − 1✳

❈♦♥s✐❞❡r❡♠♦s ♦ s✉❜❝♦r♣♦ Fqm = {a ∈ L | aqm

− a = 0} ❞❡ L✳ P❡❧♦ ▲❡♠❛ ✹✳✹✳✶✱

❝♦♥❝❧✉í♠♦s q✉❡ |Fqm| = qm✳ ➱ ♣♦ssí✈❡❧ ♠♦str❛r✱ ✉s❛♥❞♦ ✉♠ r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦ ❛♦

q✉❡ ❢♦✐ ❢❡✐t♦ ♥♦ ✐♥í❝✐♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ t❡♦r❡♠❛✱ q✉❡ [Fq(λi) : K] = n✱ ♦✉ s❡❥❛✱

|Fq(λi)| = qn✳ P♦r ♦✉t♦ ❧❛❞♦✱ ♣♦r λi ∈ Fqm ✱ t❡♠♦s q✉❡ Fq(λi) ⊆ Fqm ✱ ♦ q✉❡ é ✉♠

❛❜s✉r❞♦ ✈✐st♦ q✉❡ m < n✳

✭✐✐✮ λi ♥ã♦ ♣♦❞❡ ❛♥✉❧❛r h(x)✱ ♣♦✐s λi é ③❡r♦ ❞❡ p(x) ❡ s❡♥❞♦ ❛ss✐♠ (x − λi) ♥ã♦

❛♣❛r❡❝❡ ♥❛ ❢❛t♦r❛çã♦ ❞❡ h(x)✳

❙❡♥❞♦ ❛ss✐♠✱

g(N) =





α1 0 · · · 0

0 α2 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · αn




❡ ❞❛í g(N)qn−1 =





αqn−1
1 0 · · · 0

0 αqn−1
2 · · · 0

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 · · · αqn−1
n




,

✽✵



♦♥❞❡ α1, α2, · · · , αn sã♦ t♦❞♦s ♥ã♦✲♥✉❧♦s✳ ❈♦♠♦ Fqn − {0} é ✉♠ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦

❞❡ ♦r❞❡♠ qn − 1✱ s❡❣✉❡ q✉❡ αqn−1
i = 1 ♣❛r❛ t♦❞♦ i = 1, · · · , n✳ ▲♦❣♦✱

c(N) = g(N)qn−1 =





αqn−1
1 0 · · · 0

0 αqn−1
2 · · · 0

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 · · · αqn−1
n




=





1 0 · · · 0

0 1 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · 1




= In.

P♦r A s❡r s❡♠❡❧❤❛♥t❡ ❛ N ✱ ❡①✐st❡ B ∈ Mn(Fqn) t❛❧ q✉❡ B−1AB = N ✳ ❉❛í✱

c(A) = c(BNB−1) = Bc(N)B−1 = BInB
−1 = In ∈ Z(Mn(Fq))✳

❈♦♠♦ ♥♦ ❝❛s♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣♦❞❡✲s❡ ♣❡r❣✉♥t❛r q✉❛❧ ♦ ❣r❛✉ ♠í♥✐♠♦

❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ Mn(K)✱ q✉❛♥❞♦ charK = 0✳ ❖ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ❞❡

❋♦r♠❛♥❡❦ ✭❙❡çã♦ ✹✳✷✮ é ❞❡ ❣r❛✉ n2✳ ❉♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❘❛③♠②s❧♦✈ ✭❙❡çã♦ ✹✳✸✮✱ ❝✉❥♦ ❣r❛✉

é ♠❛✐♦r✱ ❍❛❧♣✐♥ ❬✷✷❪ ❞❡❞✉③✐✉ ✉♠ ♥♦✈♦ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ❞❡ ❣r❛✉ n2✳ ❆❝r❡❞✐t♦✉✲s❡ ♣♦r

❛❧❣✉♠ t❡♠♣♦ q✉❡ n2 ❢♦ss❡ ❛ r❡s♣♦st❛ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ ♥♦ ❝❛s♦ ❞❡ n ≥ 3✳ ❊♥tr❡t❛♥t♦✱

❉r❡♥s❦② ❡ ❑❛s♣❛r✐❛♥ ❬✶✶❪ ❝♦♥str✉ír❛♠ ✉♠ ♥♦✈♦ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ❞❡ ❣r❛✉ ✽ ♣❛r❛ ❛

á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ ✸ ❡ ♣r♦✈❛r❛♠ q✉❡ ✽ é ♦ ❣r❛✉ ♠í♥✐♠♦✳ ❊♠ ❬✶✼❪ ❋♦r♠❛♥❡❦

❝♦♥❥❡❝t✉r♦✉ q✉❡ q✉❛♥❞♦ charK = 0 ♦ ❣r❛✉ ♠í♥✐♠♦ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ❞❡Mn(K)

é 1
2
(n2+3n−2) s❡ n ≥ 3✳ ◆♦t♦✉✲s❡ q✉❡ ❡st❛ é ❛ ú♥✐❝❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ q✉❡ ❛ss✉♠✐❛ ♦s

✈❛❧♦r❡s ✶✱ ✹ ❡ ✽ ♣❛r❛ n = 1, 2 ❡ 3✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉r❡♥s❦② ❬✶✷❪ ❝♦♥str✉✐✉ ♣♦❧✐♥ô♠✐♦s

❝❡♥tr❛✐s ❞❡ ❣r❛✉ (n − 1)2 + 1 ♣❛r❛ n ≥ 3 ❡ ❡st❡s sã♦ ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ♠❡♥♦r ❣r❛✉ ❛té

❡♥tã♦ ❝♦♥str✉í❞♦s✳

✽✶



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❊✳ ❆❧✈❡s✱ ❆✳ ❇r❛♥❞ã♦✱ P✳ ❑♦s❤❧✉❦♦✈✱ ❆✳ ❑r❛s✐❧♥✐❦♦✈✱ ❚❤❡ ❝❡♥tr❛❧ ♣♦❧②♥♦♠✐❛❧s ❢♦r

t❤❡ ●r❛ss♠❛♥♥ ❛❧❣❡❜r❛✱ ■sr❛❡❧ ❏✳ ▼❛t❤✳ ❛ ❛♣❛r❡❝❡r✳

❬✷❪ ❙✳ ❆✳ ❆♠✐ts✉r✱ ❏✳ ▲❡✈✐ts❦✐✱ ▼✐♥✐♠❛❧ ✐❞❡♥t✐t✐❡s ❢♦r ❛❧❣❡❜r❛s✱ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳

❙♦❝✳ ✶✱ ✹✹✾✲✹✻✸ ✭✶✾✺✵✮✳

❬✸❪ ❙✳ ❆✳ ❆♠✐ts✉r✱ ❆ ♥♦t❡ ♦♥ P✐✲r✐♥❣s✱ ■sr❛❡❧ ❏✳ ▼❛t❤✳ ✶✵✱ ✷✶✵✲✷✶✶ ✭✶✾✼✶✮✳

❬✹❪ ❙✳ ❙✳ ❆③❡✈❡❞♦✱ ●r❛❞❡❞ ✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ♠❛tr✐③ ❛❧❣❡❜r❛ ♦❢ ♦r❞❡r n ♦✈❡r ❛♥ ✐♥✜♥✐t❡

✜❡❧❞✱ ❈♦♠♠✉♥✳ ❆❧❣❡❜r❛ ✸✵ ✭✶✷✮✱ ✺✽✹✾✲✺✽✻✵ ✭✷✵✵✷✮✳

❬✺❪ ❙✳ ❙✳ ❆③❡✈❡❞♦✱ ❆ ❜❛s✐s ❢♦r Z✲❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s ♦❢ ♠❛tr✐❝❡s ♦✈❡r ✐♥✜♥✐t❡ ✜❡❧❞s✱

❙❡r❞✐❝❛ ▼❛t❤✳ ❏♦✉r♥❛❧ ✷✾ ✭✷✮✱ ✶✹✾✲✶✺✽ ✭✷✵✵✸✮✳

❬✻❪ ❆✳ ❇r❛♥❞ã♦✱ ●r❛❞❡❞ ❝❡♥tr❛❧ ♣♦❧②♥♦♠✐❛❧s ❢♦r t❤❡ ❛❧❣❡❜r❛ Mn(K)✱ ❘❡♥❞✐❝♦♥t✐ ❞❡❧

❈✐r❝♦❧♦ ▼❛t❡♠❛t✐❝♦ ❞✐ P❛❧❡r♠♦✳ ✺✼✱ ✷✻✺✲✷✼✽ ✭✷✵✵✽✮✳

❬✼❪ P✳ ❩❤✳ ❈❤✐r✐♣♦✈✱ P✳ ◆✳ ❙✐❞❡r♦✈✱ ❖♥ ❜❛s❡s ❢♦r ✐❞❡♥t✐t✐❡s ♦❢ s♦♠❡ ✈❛r✐❡t✐❡s ♦❢

❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛s✱ P❧✐s❦❛ ❙t✉❞✐❛ ▼❛t❤❡♠❛t✐❝❛ ❇✉❧❣❛r✐❝❛ ✷✱ ✶✵✸✲✶✶✺ ✭✶✾✽✶✮✳

❬✽❪ ❏✳ ❈♦❧♦♠❜♦✱ P✳ ❑♦s❤❧✉❦♦✈✱ ❈❡♥tr❛❧ ♣♦❧②♥♦♠✐❛❧s ✐♥ t❤❡ ♠❛tr✐① ❛❧❣❡❜r❛ ♦❢ ♦r❞❡r t✇♦✱

▲✐♥❡❛r ❆❧❣❡❜r❛ ❆♣♣❧✳ ✸✼✼✱ ✺✸✲✻✼ ✭✷✵✵✹✮✳

❬✾❪ ❖✳ ▼✳ ❉✐ ❱✐♥❝❡♥③♦✱ ❖♥ t❤❡ ❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s ♦❢ M1,1(E)✱ ■sr❛❡❧ ❏✳ ▼❛t❤✳ ✽✵ ✭✸✮✱

✸✷✸✲✸✸✺ ✭✶✾✾✷✮✳

❬✶✵❪ ❱✳ ❉r❡♥s❦②✱ ❆ ♠✐♥✐♠❛❧ ❜❛s✐s ❢♦r t❤❡ ✐❞❡♥t✐t✐❡s ♦❢ ❛ s❡❝♦♥❞✲♦r❞❡r ♠❛tr✐① ❛❧❣❡❜r❛

♦✈❡r ❛ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ✵✱ ❆❧❣❡❜r❛ ❛♥❞ ▲♦❣✐❝ ✷✵ ✭✸✮✱ ✶✽✽✲✶✾✹ ✭✶✾✽✶✮✳

❬✶✶❪ ❱✳ ❉r❡♥s❦②✱ ❆✳ ❑❛s♣❛r✐❛♥✱ ❆ ♥❡✇ ❝❡♥tr❛❧ ♣♦❧②♥♦♠✐❛❧ ❢♦r 3 × 3 ♠❛tr✐❝❡s✱ ❈♦♠♠✳

❆❧❣❡❜r❛ ✶✸✱ ✼✹✺✲✼✺✷ ✭✶✾✽✺✮✳

❬✶✷❪ ❱✳ ❉r❡♥s❦②✱ ◆❡✇ ❈❡♥tr❛❧ ♣♦❧②♥♦♠✐❛❧s ❢♦r t❤❡ ♠❛tr✐① ❛❧❣❡❜r❛✱ ■sr❛❡❧ ❏✳ ▼❛t❤✳ ✾✷✱

✷✸✺✲✷✹✽ ✭✶✾✾✺✮✳

✽✷



❬✶✸❪ ❱✳ ❉r❡♥s❦②✱ ❋r❡❡ ❛❧❣❡❜r❛s ❛♥❞ P■ ❛❧❣❡❜r❛s✱ ●r❛❞✉❛t❡ ❈♦✉rs❡ ✐♥ ❆❧❣❡❜r❛✱ ❙♣r✐♥❣❡r✲

❱❡r❧❛❣ P❚❊✳▲❚❉✱ ✶✾✾✾✳

❬✶✹❪ ❏✳ ❉✉❜♥♦✈✱ ❱✳ ■✈❛♥♦✈✱ ❙✉r ❧✬❛❜❛✐ss❡♠❡♥t ❞✉ ❞❡❣ré ❞❡s ♣♦❧②♥ô♠❡s ❡♥ ❛✣♥❡✉rs✱ ❈✳

❘✳ ✭❉♦❦❧❛❞②✮ ❆❝❛❞✳ ❙❝✐✳ ❯❙❙❘ ✹✶✱ ✾✻✲✾✽ ✭✶✾✹✸✮✳

❬✶✺❪ ❊✳ ❋♦r♠❛♥❡❦✱ ❈❡♥tr❛❧ ♣♦❧②♥♦♠✐❛❧s ❢♦r ♠❛tr✐① r✐♥❣s✱ ❏✳ ❆❧❣❡❜r❛ ✷✸✱ ✶✷✾✲✶✸✷ ✭✶✾✼✷✮✳

❬✶✻❪ ❊✳ ❋♦r♠❛♥❡❦✱ ■♥✈❛r✐❛♥ts ❛♥❞ t❤❡ r✐♥❣ ♦❢ ❣❡♥❡r✐❝ ♠❛tr✐❝❡s✱ ❏✳ ❆❧❣❡❜r❛ ✽✾✱ ✶✼✽✲✷✷✸

✭✶✾✽✹✮✳

❬✶✼❪ ❊✳ ❋♦r♠❛♥❡❦✱ ❚❤❡ ♣♦❧②♥♦♠✐❛❧ ✐❞❡♥t✐t✐❡s ❛♥❞ ✐♥✈❛r✐❛♥ts ♦❢ n × n ♠❛tr✐❝❡s✱

❈❇▼❙ ❘❡❣✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ❙❡r✐❡s ✐♥ ▼❛t❤❡♠❛t✐❝s ✼✽✱ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧

❙♦❝✐❡t②✱ Pr♦✈✐❞❡♥❝❡✱ ❘■ ✭✶✾✾✶✮✳

❬✶✽❪ ●✳ ❑✳ ●❡♥♦✈✱ ❇❛s✐s ❢♦r ✐❞❡♥t✐t✐❡s ♦❢ ❛ t❤✐r❞ ♦r❞❡r ♠❛tr✐① ❛❧❣❡❜r❛ ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞✱

❆❧❣❡❜r❛ ❛♥❞ ▲♦❣✐❝ ✷✵✱ ✷✹✶✲✷✺✼ ✭✶✾✽✶✮✳

❬✶✾❪ ●✳ ❑✳ ●❡♥♦✈✱ P✳ ◆✳ ❙✐❞❡r♦✈✱ ❆ ❜❛s✐s ❢♦r ✐❞❡♥t✐t✐❡s ♦❢ t❤❡ ❛❧❣❡❜r❛ ♦❢ ❢♦✉rt❤✲♦r❞❡r

♠❛tr✐❝❡s ♦✈❡r ❛ ✜♥✐t❡ ✜❡❧❞✱ ❙❡r❞✐❝❛ ✽✱ ✸✶✸✲✸✷✸✱ ✸✺✶✲✸✻✻ ✭✶✾✽✷✮✳

❬✷✵❪ ❆✳ ●✐❛♠❜r✉♥♦✱ P✳ ❑♦s❤❧✉❦♦✈✱ ❖♥ t❤❡ ✐❞❡♥t✐t✐❡s ♦❢ t❤❡ ●r❛ss♠❛♥♥ ❛❧❣❡❜r❛s ✐♥

❝❤❛r❛❝t❡r✐st✐❝ ♣❃✵✱ ■sr❛❡❧ ❏✳ ▼❛t❤✳ ✶✷✷✱ ✸✵✺✲✸✶✻ ✭✷✵✵✶✮✳

❬✷✶❪ ❆✳ ●✐❛♠❜r✉♥♦✱ ❆✳ ❱❛❧❡♥t✐✱ ❈❡♥tr❛❧ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ♠❛tr✐① ✐♥✈❛r✐❛♥ts✱ ■sr❛❡❧ ❏✳

▼❛t❤✳ ✾✻✱ ✷✽✶✲✷✾✼ ✭✶✾✾✻✮✳

❬✷✷❪ P✳ ❍❛❧♣✐♥✱ ❈❡♥tr❛❧ ❛♥❞ ✇❡❛❦ ✐❞❡♥t✐t✐❡s ❢♦r ♠❛tr✐❝❡s✱ ❈♦♠♠✉♥✳ ❆❧❣❡❜r❛ ✶✶ ✭✶✾✮✱

✷✷✸✼✲✷✷✹✽ ✭✶✾✽✸✮✳

❬✷✸❪ ■✳ ◆✳ ❍❡rst❡✐♥✱ ◆♦♥❝♦♠♠✉t❛t✐✈❡ ❘✐♥❣s✱ ❈❛r✉s ▼❛t❤✳ ▼♦♥♦❣r❛♣❤s ✶✺✱ ❲✐❧❡② ❛♥❞

❙♦♥s✱ ■♥❝✳✱ ◆❡✇ ❨♦r❦ ✭✶✾✻✽✮✳

❬✷✹❪ ■✳ ◆✳ ❍❡rst❡✐♥✱ ◆♦t❡s ❢r♦♠ ❛ ❘✐♥❣ ❚❤❡♦r② ❈♦♥❢❡r❡♥❝❡✱ ❈❇▼❙ ❘❡❣✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡

❙❡r✐❡s ✐♥ ▼❛t❤✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✾ ✭✶✾✼✶✮✳

❬✷✺❪ ●✳ ❍✐❣♠❛♥✱ ❖♥ ❛ ❝♦♥❥❡❝t✉r❡ ♦❢ ◆❛❣❛t❛✱ Pr♦❝✳ ❈❛♠❜✳ P❤✐❧♦s✳ ❙♦❝✳ ✺✷✱ ✶✲✹ ✭✶✾✺✻✮✳

❬✷✻❪ ◆✳ ❏❛❝♦❜s♦♥✱ ❙tr✉❝t✉r❡ t❤❡♦r② ♦❢ ❛❧❣❡❜r❛✐❝ ❛❧❣❡❜r❛s ♦❢ ❜♦✉♥❞❡❞ ❞❡❣r❡❡✱ ❆♥♥❛❧s ♦❢

▼❛t❤✳ ✹✻✱ ✻✾✺✲✼✵✼ ✭✶✾✹✺✮✳

❬✷✼❪ ■✳ ❑❛♣❧❛♥s❦②✱ ❘✐♥❣s ✇✐t❤ ❛ ♣♦❧②♥♦♠✐❛❧ ✐❞❡♥t✐t②✱ ❇✉❧❧✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✺✹✱ ✺✼✺✲

✺✽✵ ✭✶✾✹✽✮✳
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❬✷✽❪ ■✳ ❑❛♣❧❛♥s❦②✱ Pr♦❜❧❡♠s ✐♥ t❤❡ t❤❡♦r② ♦❢ r✐♥❣s✱ ❘❡♣♦rt ♦❢ ❛ ❈♦♥❢❡r❡♥❝❡ ♦♥ ▲✐♥❡❛r

❆❧❣❡❜r❛s✱ ❏✉♥❡✱ ✶✾✺✻✱ ✐♥ ◆❛t✐♦♥❛❧ ❆❝❛❞✳ ♦❢ ❙❝✐✳ ✲ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧✱

❲❛s❤✐♥❣t♦♥✱ P✉❜❧✳ ✺✵✷✱ ✶✲✸ ✭✶✾✺✼✮✳

❬✷✾❪ ❆✳ ❑❡♠❡r✱ ❱❛r✐❡t✐❡s ❛♥❞ Z2✲❣r❛❞❡❞ ❛❧❣❡❜r❛s✱ ▼❛t❤✳ ❯❙❙❘✱ ■③✈✳ ✷✺✱ ✸✺✾✲✸✼✹ ✭✶✾✽✺✮✳
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