
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ ❙♦❧✉çõ❡s ♣❛r❛ ✉♠❛
❈❧❛ss❡ ❞❡ Pr♦❜❧❡♠❛s ❈rít✐❝♦s ✈✐❛

❈❛t❡❣♦r✐❛ ❞❡ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥

♣♦r

❏éss②❝❛ ▲❛♥❣❡ ❋❡rr❡✐r❛ ▼❡❧♦ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❈❧❛✉❞✐❛♥♦r ❖❧✐✈❡✐r❛ ❆❧✈❡s

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞♦ ❈◆Pq✳



▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ ❙♦❧✉çõ❡s ♣❛r❛ ✉♠❛
❈❧❛ss❡ ❞❡ Pr♦❜❧❡♠❛s ❈rít✐❝♦s ✈✐❛

❈❛t❡❣♦r✐❛ ❞❡ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥

♣♦r

❏éss②❝❛ ▲❛♥❣❡ ❋❡rr❡✐r❛ ▼❡❧♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ❆♥á❧✐s❡

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ▼❛r❝❡❧♦ ❞❛ ❙✐❧✈❛ ▼♦♥t❡♥❡❣r♦ ✭❯◆■❈❆▼P✮

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ➶♥❣❡❧♦ ❘♦♥❝❛❧❧✐ ❋✉rt❛❞♦ ❞❡ ❍♦❧❛♥❞❛ ✭❯❋❈●✮

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❈❧❛✉❞✐❛♥♦r ❖❧✐✈❡✐r❛ ❆❧✈❡s ✭❯❋❈●✮

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❋❡✈❡r❡✐r♦✴✷✵✶✵



✐✐

❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s ♣❛r❛ ♦ s❡❣✉✐♥t❡

♣r♦❜❧❡♠❛ ❝rít✐❝♦✿




−∆u = µuq−1 + u2∗−1,

u ≥ 0, u ∈ H1
0 (Ω)

(P )

♥♦s ❝❛s♦s ❡♠ q✉❡ q = 2 ❡ 2 < q < 2∗✳ ❙❡❣✉✐♥❞♦ ❆❧✈❡s ✫ ❉✐♥❣ ❬✷❪✱ ▲❛③③♦ ❬✶✹❪✱ ❘❡② ❬✶✾❪✱

❡ ❲✐❧❧❡♠ ❬✷✶❪✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡✱ ♣❡❧♦ ♠❡♥♦s✱ ❝❛tΩ(Ω) s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P )✳

P❛❧❛✈r❛s✲❝❤❛✈❡s✿ ❈❛t❡❣♦r✐❛ ❞❡ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥✱ ❈r❡s❝✐♠❡♥t♦ ❝rít✐❝♦✱ ❈♦♥s✲

t❛♥t❡ ❞❡ ❙♦❜♦❧❡✈✳



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ st✉❞✐❡❞ t❤❡ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇

❝r✐t✐❝❛❧ ♣r♦❜❧❡♠✿




−∆u = µuq−1 + u2∗−1,

u ≥ 0, u ∈ H1
0 (Ω)

(P )

✐♥ t❤❡ ❝❛s❡s q = 2 ❛♥❞ 2 < q < 2∗✳ ❋♦❧❧♦✇✐♥❣ ❆❧✈❡s ✫ ❉✐♥❣ ❬✷❪✱ ▲❛③③♦ ❬✶✹❪✱ ❘❡② ❬✶✾❪✱

❡ ❲✐❧❧❡♠ ❬✷✶❪✱ ✇❡ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢✱ ❛t ❧❡❛st✱ ❝❛tΩ(Ω) ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥s ❢♦r t❤❡

♣r♦❜❧❡♠ (P )✳

❑❡②✇♦r❞s✿ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥ ❝❛t❡❣♦r②✱ ❈r✐t✐❝❛❧ ❣r♦✇t❤✱ ❇❡st ❙♦❜♦❧❡✈ ❝♦♥st❛♥t✳



❆❣r❛❞❡❝✐♠❡♥t♦s

❆ ❉❡✉s✱ ♣♦r ♠❡ ❞❛r ❢♦rç❛s ❡ ❝♦♥s♦❧♦ ♣❛r❛ ❝❤❡❣❛r ❛té ❛q✉✐✳

❆♦s ♠❡✉s ♣❛✐s✱ ❆❞❡✐❧t♦ ❡ ❈♦♥❝❡✐çã♦✱ q✉❡ ♠❡ ❞❡r❛♠ t♦❞♦ ❛♣♦✐♦ ❡ ❝❛r✐♥❤♦ ♣❛r❛ ❛

❝♦♥❝r❡t✐③❛çã♦ ❞❡ ♠❛✐s ❡ss❛ ❡t❛♣❛ ❞❛ ♠✐♥❤❛ ✈✐❞❛✳ ❆♠♦ ✈♦❝ês✦

❆♦ ♣r♦❢❡ss♦r ❈❧❛✉❞✐❛♥♦r✱ ♣♦r t♦❞❛ ❛t❡♥çã♦ ❡ ♣❛❝✐ê♥❝✐❛ ❞✉r❛♥t❡ ❛ ♦r✐❡♥t❛çã♦ ♥♦

♠❡str❛❞♦ ❡ ♥♦ ♣r♦❥❡t♦ ❞❡ ✐♥✐❝✐❛çã♦ ❝✐❡♥tí✜❝❛✱ ❛✐♥❞❛ ♥❛ ❣r❛❞✉❛çã♦✳ P❡❧♦ ❡s❢♦rç♦ ♣❛r❛

q✉❡ ❡✉ t❡r♠✐♥❛ss❡ ♠✐♥❤❛ ❣r❛❞✉❛çã♦ ❛ t❡♠♣♦ ❞❡ ♥ã♦ ♣❡r❞❡r ❛ ✈❛❣❛ ♣❛r❛ ♦ ♠❡str❛❞♦✳

P♦r ❛❝r❡❞✐t❛r ♥❛ ♠✐♥❤❛ ❝❛♣❛❝✐❞❛❞❡ ❡ ♣❡❧❛ ❢♦r♠❛çã♦ q✉❡ ♦ s❡♥❤♦r ♠❡✉ ❞❡✉✱ ♦ ♠❡✉ ♠✉✐t♦

♦❜r✐❣❛❞❛✦

❆♦ ♣r♦❢❡ss♦r ❆❧❝✐ô♥✐♦✱ ♣❡❧❛ ❣r❛♥❞❡ ♦r✐❡♥t❛çã♦ ❞❛❞❛ ♥♦ ♣r♦❥❡t♦ ❞❡ ✐♥✐❝✐❛çã♦ ❝✐❡♥✲

tí✜❝❛✳

❆♦s ♣r♦❢❡ss♦r❡s ▼❛r❝❡❧♦ ▼♦♥t❡♥❡❣r♦ ❡ ➶♥❣❡❧♦ ❘♦♥❝❛❧❧✐ ♣❡❧❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❡♠

♠❡ ❛✈❛❧✐❛r✱ ❢❛③❡♥❞♦ ♣❛rt❡ ❞❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛✳

❆ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❞❡ ❣r❛❞✉❛çã♦ ❞❡st❡ ❞❡♣❛rt❛♠❡♥t♦✱ q✉❡ ❛❥✉❞❛r❛♠ ♥❛ ♠✐♥❤❛

❢♦r♠❛çã♦ ❡ s❡♠♣r❡ ♠❡ ✐♥❝❡♥t✐✈❛r❛♠ ♣❛r❛ q✉❡ ❡✉ ✜③❡ss❡ ❡ss❡ ♠❡str❛❞♦✳

❆ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❞❛ ♣ós✲❣r❛❞✉❛çã♦✱ q✉❡ ❝♦♥tr✐❜✉✐r❛♠ ♣❛r❛ ❛ ❢♦r♠❛çã♦ ❞♦

♠❡✉ ❝♦♥❤❡❝✐♠❡♥t♦ ❡ ❞✐r❡t❛♠❡♥t❡ ♣❛r❛ ❛ ❝♦♥❝r❡t✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳

❆ t♦❞♦s ♦s ❢✉♥❝✐♦♥ár✐♦s ❞❛ ❯❆▼❊✳

❆♦s ♠❡✉s ❝♦❧❡❣❛s ❞❡ ❣r❛❞✉❛çã♦✱ t❛♥t♦ ❞♦ ❝✉rs♦ ❞❡ ▼❛t❡♠át✐❝❛ q✉❛♥t♦ ❞❡ ♦✉tr♦s

❝✉rs♦s ♣❡❧♦s ♠♦♠❡♥t♦s ❞❡ ❡st✉❞♦ ❡✴♦✉ ❞✐✈❡rsã♦✳

❆♦s ♠❡✉s ❝♦❧❡❣❛s ❞❛ ♣ós✲❣r❛❞✉❛çã♦✳ ❆❣r❛❞❡ç♦ ❛s ❡①♣❡r✐ê♥❝✐❛s ❝♦♠♣❛rt✐❧❤❛❞❛s

❝♦♠ ✈♦❝ês ❡ ❡s♣❡r♦ q✉❡ t♦❞♦s t❡♥❤❛♠ ✉♠ ❢✉t✉r♦ ❜r✐❧❤❛♥t❡ ❡ ✉♠❛ ❝❛rr❡✐r❛ ♣r♦♠✐ss♦r❛✳

❆♦s ♠❡✉s ❢❛♠✐❧✐❛r❡s✿ ♠❡✉s ❛✈ós✱ t✐♦s✱ t✐❛s✱ ♣r✐♠♦s✱ ♣r✐♠❛s✱✳✳✳ ♣♦r t♦❞♦ ❛♣♦✐♦✱

❝❛r✐♥❤♦ ❡ ♣❡❧❛ t♦r❝✐❞❛ q✉❡ s❡♠♣r❡ t✐✈❡r❛♠ ♣♦r ♠✐♠✳

❆♦ ❘♦❞r✐❣♦✱ ♠❛✐s q✉❡ ✉♠ ♥❛♠♦r❛❞♦✱ ✉♠ ❛♠✐❣♦ ❡ ✧♣r♦❢❡ss♦r ♣❛rt✐❝✉❧❛r✧q✉❡ ♠❡

❛❥✉❞♦✉ ❜❛st❛♥t❡ ♥❡st❡ tr❛❜❛❧❤♦ ❡ ♠❡ ❛♣♦✐♦✉ ❡♠ t♦❞♦s ♦s ♠♦♠❡♥t♦s ❞❡ ❞✐✜❝✉❧❞❛❞❡✳ ❚❡

❛♠♦ ♠✉✐t♦✦

❆♦ ♣r♦❥❡t♦ ❈❛s❛❞✐♥❤♦ ❡ ❛♦ ■◆❈❚✲▼❛t❡♠át✐❝❛✳

❆♦ ❈◆Pq✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

❆ t♦❞♦s q✉❡ ❝♦♥tr✐❜✉ír❛♠ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛✲

❜❛❧❤♦✱ ♠✉✐t♦ ♦❜r✐❣❛❞❛✦

✐✈



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s✱ ❆❞❡✐❧t♦ ❡ ▼❛ ❞❛

❈♦♥❝❡✐çã♦✳

✈



❈♦♥t❡ú❞♦

◆♦t❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶ ❘❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ❛ ❝♦♥st❛♥t❡ ❞❡ ❙♦❜♦❧❡✈ S ✶✵

✷ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❝rít✐❝♦ ✈✐❛ ♣❛ss♦ ❞❛ ♠♦♥✲

t❛♥❤❛ ✷✻

✸ ▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (Pλ) ✸✼

✸✳✶ ❉❡✜♥✐çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✷ Pr♦♣r✐❡❞❛❞❡s ❞❡ ❝❛t❡❣♦r✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✸✳✸ ❚❡♦r❡♠❛s ▼✐♥✐♠❛① ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✹ ▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✹ ▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (Pµ) ✺✾

✹✳✶ Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✷ ▲❡♠❛s té❝♥✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✹✳✸ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

❆ ❘❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ❞❡ ♠❡❞✐❞❛ ✽✺

❇ ▲❡♠❛ ❞❡ ❉❡❢♦r♠❛çã♦ ✽✼

❈ ❘❡s✉❧t❛❞♦s ✉t✐❧✐③❛❞♦s ♥❛ ❞✐ss❡rt❛çã♦ ✾✻

❇✐❜❧✐♦❣r❛✜❛ ✶✵✵



◆♦t❛çõ❡s

B(x, r) ❇♦❧❛ ❛❜❡rt❛ ❞❡ ❝❡♥tr♦ ❡♠ x ❡ r❛✐♦ r❀

Br ❇♦❧❛ ❛❜❡rt❛ ❞❡ ❝❡♥tr♦ ❡♠ 0 ❡ r❛✐♦ r❀

❝❛tX(A) ❝❛t❡❣♦r✐❛ ❞❡ A ❡♠ X❀

❝❛tX,Y (A) ❝❛t❡❣♦r✐❛ ❞❡ A ❡♠ X r❡❧❛t✐✈❛ ❛ Y ❀

‖.‖r ♥♦r♠❛ ♥♦ ❡s♣❛ç♦ Lr❀

‖.‖∞ ♥♦r♠❛ ♥♦ ❡s♣❛ç♦ L∞❀

‖.‖ ♥♦r♠❛ ♥♦ ❡s♣❛ç♦ H1
0 ❀

on(1) ♦r❞❡♠ ♣❡q✉❡♥❛❀

On(ε) ♦r❞❡♠ ❣r❛♥❞❡❀

|Ω| ♠❡❞✐❞❛ ❞♦ ❝♦♥❥✉♥t♦ Ω❀

X ′ ❞✉❛❧ ❞♦ ❡s♣❛ç♦ X❀

2∗ = 2N
N−2

❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ ❙♦❜♦❧❡✈✱ ♣❛r❛ N ≥ 3❀

S ❝♦♥st❛♥t❡ ❞❡ ❙♦❜♦❧❡✈✱ ❞❛❞❛ ♣♦r S = inf
u ∈ D1,2(R

N )

u 6= 0

‖∇u‖2
2

‖u‖2∗
2

❀

λ1(Ω) ❝♦♥st❛♥t❡ ❞❡ P♦✐♥❝❛ré✱ ❞❛❞❛ ♣♦r λ1(Ω) = inf
u ∈ H1

0
(Ω)

u 6= 0

‖∇u‖2
2

‖u‖2
2
✱ s❡ |Ω| <∞❀

C∞
0 (Ω) = {u ∈ C∞(Ω); s✉♣♣u ⊂⊂ Ω}.



■♥tr♦❞✉çã♦

❊♠ ♥♦ss♦ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♥ã♦

tr✐✈✐❛✐s ♣❛r❛ ♦s s❡❣✉✐♥t❡s ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s ❝rít✐❝♦s✿




−∆u+ λu = |u|2∗−2u,

u ≥ 0, u ∈ H1
0 (Ω)

(Pλ)

❡




−∆u = µuq−1 + u2∗−1,

u ≥ 0, u ∈ H1
0 (Ω)

(Pµ)

♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❞❡ RN ✱ N ≥ 3✱ 2∗ = 2N/(N − 2) é ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦

❞❡ ❙♦❜♦❧❡✈✱ λ > −λ1(Ω)✱ λ1(Ω) ❛ ❝♦♥st❛♥t❡ ❞❡ P♦✐♥❝❛ré✱ µ > 0 ❡ 2 < q < 2∗✳

❆ ❣r❛♥❞❡ ❞✐✜❝✉❧❞❛❞❡ ❡♠ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ✉♠

♣r♦❜❧❡♠❛ ❝rít✐❝♦ ❞❡✈❡✲s❡ à ❢❛❧t❛ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡ ❞❛ ✐♠❡rsã♦ ❞❡ H1
0 (Ω) ❡♠ L2∗(Ω)✱ ❡

❝♦♠ ✐ss♦✱ ❡♠ ❣❡r❛❧✱ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛ t❛❧ ♣r♦❜❧❡♠❛ ❡❧í♣t✐❝♦ ♥ã♦ s❛t✐s❢❛③

❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ✭♦✉ ❝♦♥❞✐çã♦ P❙✮✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❛ss♦❝✐❛r❡♠♦s ❛ ♠✉❧✲

t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞♦s ♣r♦❜❧❡♠❛s (Pλ) ❡ (Pµ) à ❣❡♦♠❡tr✐❛ ❞♦ ❞♦♠í♥✐♦ Ω✱ ♠❛✐s

♣r❡❝✐s❛♠❡♥t❡✱ ✉s❛♥❞♦ ❛ ❝❛t❡❣♦r✐❛ ❞❡ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥ ❝❛tΩ(Ω)✳

❖ ❈❛♣ít✉❧♦ ✶ ❢♦✐ ❞❡❞✐❝❛❞♦ ❛♦ ❡st✉❞♦ ❞❛ ❝♦♥st❛♥t❡ ❞❡ ❙♦❜♦❧❡✈

S = inf
u ∈ D1,2(R

N )

‖u‖
2∗

= 1

‖∇u‖2
2 > 0,

q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ❛♦ ❧♦♥❣♦ ❞♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s ❞❛ ❞✐ss❡rt❛çã♦✳ P❛r❛ ✐ss♦✱ ❡♥✉♥✲

❝✐❛♠♦s ❡ ❞❡♠♦♥str❛♠♦s ✉♠ ▲❡♠❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦ ❡ ❈♦♠♣❛❝✐❞❛❞❡ ✭▲❡♠❛ ✶✳✶✮✱ q✉❡

❝❛r❛❝t❡r✐③❛ ❛ ❢❛❧t❛ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡ ❞❛ ✐♠❡rsã♦ ❞❡ D1,2(RN) ❡♠ L2∗(RN)✳ ❖ ♥♦ss♦ ♦❜✲

❥❡t✐✈♦ ❢♦✐ ♠♦str❛r q✉❡ ❛ ❝♦♥st❛♥t❡ S é ❛t✐♥❣✐❞❛✱ ✐st♦ é✱ q✉❡ ❡①✐st❡ u ∈ D1,2(RN) t❛❧



✽

q✉❡

‖u‖2∗ = 1 ❡ ‖∇u‖2
2 = S,

❡ ❛♦ ✈❡r✐✜❝❛r q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠♦str❛r q✉❡ S é ❛t✐♥❣✐❞♦ é ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛♥s❧❛çõ❡s

❡ ❞✐❧❛t❛çõ❡s✱ ✉♠ r❡s✉❧t❛❞♦ ❞❡✈✐❞♦ à P✳ ▲✳ ▲✐♦♥s ✭❚❡♦r❡♠❛ ✶✳✸✮ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡

✉♠ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ S✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (Pλ)✳ ❚r❛✲

❜❛❧❤❛♠♦s ❝♦♠ ♦ ❢✉♥❝✐♦♥❛❧

ϕ(u) =

∫

Ω

[ |∇u|2
2

+ λ
u2

2
− (u+)2∗

2∗

]
dx, u ∈ H1

0 (Ω),

❡ ❝♦♠ ❛ ♥♦r♠❛ ‖u‖λ =
√

‖∇u‖2
2 + λ‖u‖2

2 ❡♠ H1
0 (Ω)✱ ♦♥❞❡ λ > −λ1(Ω)✳ ▼♦str❛♠♦s

q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ϕ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭P❙✮d✱ ♣❛r❛ t♦❞♦ d < c∗ = SN/2/N ✭▲❡♠❛ ✷✳✷✮✱

❡ q✉❡ ϕ s❛t✐s❢❛③ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❝♦♠ ♥í✈❡❧ ♠✐♥✐♠❛① 0 < c < c∗

✭❚❡♦r❡♠❛ ✷✳✹✮✱ ♦✉ s❡❥❛✱ c é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ♣❛r❛ ϕ✱ ♠♦str❛♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (Pλ)✳ P♦r ✜♠✱ ❛ Pr♦♣♦s✐çã♦ ✷✳✻ ❛✜r♠❛ q✉❡ s❡ ♦ ♣r♦❜❧❡♠❛

(Pλ) ❛❞♠✐t❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧✱ ❡♥tã♦ λ > −λ1(Ω)❀ ♠❛✐s ❛✐♥❞❛✱ s❡ Ω é ✉♠ ❞♦♠í♥✐♦

❧✐♠✐t❛❞♦ s✉❛✈❡ ❡str❡❧❛❞♦✱ ❡♥tã♦ λ < 0✳

◆♦❈❛♣ít✉❧♦ ✸✱ ❡st✉❞❛♠♦s ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (Pλ)✳ ◆❛

❙❡çã♦ ✸✳✶✱ ❞❡✜♥✐♠♦s ❝❛t❡❣♦r✐❛✱ s❡❣✉♥❞♦ ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥✳ ◆❛ ❙❡çã♦ ✸✳✷✱ ❞❡♠♦♥s✲

tr❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡❧❡♠❡♥t❛r❡s ❞❡ ❝❛t❡❣♦r✐❛✱ q✉❡ ❢♦r❛♠ út❡✐s ♥♦ ❞❡❝♦rr❡r ❞♦

♥♦ss♦ tr❛❜❛❧❤♦✳ ◆❛ ❙❡çã♦ ✸✳✸✱ ❞❡♠♦♥str❛♠♦s t❡♦r❡♠❛s ❞♦ t✐♣♦ ♠✐♥✐♠❛①✱ q✉❡ ❢♦r❛♠

✉t✐❧✐③❛❞♦s ♥❛ ❙❡çã♦ ✸✳✹✱ ♦♥❞❡ ❢♦✐ ❡♥✉♥❝✐❛❞♦ ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✱ q✉❡

s❡❣✉❡ ❞❡✈✐❞♦ ❛ ▲❛③③♦ ❬✶✹❪✱ q✉❛♥❞♦ N = 4✱ ❡ ❞❡✈✐❞♦ ❛ ❘❡② ❬✶✾❪✱ q✉❛♥❞♦ N ≥ 5✿

❚❡♦r❡♠❛ ✵✳✶ ❙❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ s✉❛✈❡ ❞❡ RN ✱ N ≥ 4✱ ❡♥tã♦ ❡①✐st❡ −λ1(Ω) <

λ∗ < 0 t❛❧ q✉❡✱ ♣❛r❛ λ ∈ (λ∗, 0)✱ ♦ ♣r♦❜❧❡♠❛ (Pλ) t❡♠✱ ♥♦ ♠í♥✐♠♦✱ ❝❛tΩ(Ω) s♦❧✉çõ❡s

♥ã♦ tr✐✈✐❛✐s✳

❈♦♠ ✐ss♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ (Pλ) ❡stá ❧✐❣❛❞❛ à

❣❡♦♠❡tr✐❛ ❞♦ ❞♦♠í♥✐♦ Ω✳

◆♦ ❈❛♣ít✉❧♦ ✹✱ ❡st✉❞❛♠♦s ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (Pµ)✳

P❛r❛ ✐ss♦✱ tr❛❜❛❧❤❛♠♦s ❝♦♠ ♦ ❢✉♥❝✐♦♥❛❧

Iµ(u) =
1

2

∫

Ω

|∇u|2dx− µ

q

∫

Ω

(u+)qdx− 1

2∗

∫

Ω

(u+)2∗dx, u ∈ H1
0 (Ω),



✾

❡ ❝♦♠ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐ ❛ss♦❝✐❛❞❛ ❛♦ ❢✉♥❝✐♦♥❛❧ Iµ✱

Mµ = {u ∈ H1
0 (Ω) \ {0}; I ′µ(u).u = 0}.

❙❡❣✉♥❞♦ ❆❧✈❡s & ❉✐♥❣ ❬✷❪✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✿

❚❡♦r❡♠❛ ✵✳✷ ❙❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ s✉❛✈❡ ❞❡ RN ✱ N ≥ 4✱ 2 < q < 2∗✱ ❡♥tã♦

❡①✐st❡ µ∗ > 0 t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ µ ∈ (0, µ∗)✱ ♦ ♣r♦❜❧❡♠❛ (Pµ) ♣♦ss✉✐✱ ♣❡❧♦ ♠❡♥♦s✱

❝❛tΩ(Ω) s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s✳

P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ t❡♦r❡♠❛✱ ✉s❛♠♦s ❛❧❣✉♥s ❧❡♠❛s té❝♥✐❝♦s ❞❡♠♦♥str❛❞♦s ♥❛

❙❡çã♦ ✹✳✷ ❡ ✹✳✸✱ ❡ ♣r♦❝❡❞❡♠♦s ❞❡ ♠❛♥❡✐r❛ s❡♠❡❧❤❛♥t❡ à ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✶✳

◆♦ ❆♣ê♥❞✐❝❡ ❆✱ ❡♥✉♥❝✐❛♠♦s ✉♠❛ ❞❡✜♥✐çã♦ ❡ ✉♠ t❡♦r❡♠❛ ❞❛ t❡♦r✐❛ ❞❛ ♠❡✲

❞✐❞❛✱ q✉❡ ❢♦r❛♠ út❡✐s ♣❛r❛ ♦ ❡♥✉♥❝✐❛❞♦ ❡ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦ ❡

❈♦♠♣❛❝✐❞❛❞❡ ✭▲❡♠❛ ✶✳✶✮ ❡ ♣❛r❛ ♦ ❡♥✉♥❝✐❛❞♦ ❞♦ ▲❡♠❛ ✶✳✷✳

◆♦ ❆♣ê♥❞✐❝❡ ❇✱ ❞❡♠♦♥str❛♠♦s ♦ ▲❡♠❛ ❞❡ ❉❡❢♦r♠❛çã♦ ✭▲❡♠❛ ❇✳✼✮✱ út✐❧ ♥❛s

❞❡♠♦♥str❛çõ❡s ❞❛ ❙❡çã♦ ✸✳✸✳ ❉♦✐s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s q✉❡ t❛♠❜é♠ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s

❛♦ ❧♦♥❣♦ ❞❛ ❞✐ss❡rt❛çã♦ ❡ q✉❡ ❡stã♦ ♥❡st❡ ❛♣ê♥❞✐❝❡ sã♦ ♦ ❚❡♦r❡♠❛ ❞♦s ▼✉❧t✐♣❧✐❝❛❞♦r❡s

❞❡ ▲❛❣r❛♥❣❡ ✭❚❡♦r❡♠❛ ❇✳✸✮ ❡ ♦ Pr✐♥❝í♣✐♦ ❱❛r✐❛❝✐♦♥❛❧ ❞❡ ❊❦❡❧❛♥❞ ✭❚❡♦r❡♠❛ ❇✳✽✮✳

P♦r ✜♠✱ ♥♦ ❆♣ê♥❞✐❝❡ ❈✱ ❡♥✉♥❝✐❛♠♦s r❡s✉❧t❛❞♦s ❞✐✈❡rs♦s q✉❡ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s

❛♦ ❧♦♥❣♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳



❈❛♣ít✉❧♦ ✶

❘❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ❛ ❝♦♥st❛♥t❡ ❞❡

❙♦❜♦❧❡✈ S

❊st❡ ❝❛♣ít✉❧♦ é ❞❡❞✐❝❛❞♦ ❛♦ ❡st✉❞♦ ❞❛ ❝♦♥st❛♥t❡ ❞❡ ❙♦❜♦❧❡✈

S = inf
u ∈ D1,2(R

N )

‖u‖
2∗

= 1

‖∇u‖2
2 > 0. ✭✶✳✶✮

◆♦ss♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ é ♠♦str❛r q✉❡ S é ❛t✐♥❣✐❞♦✱ ✐st♦ é✱ q✉❡ ❡①✐st❡ u ∈ D1,2(RN)

t❛❧ q✉❡

‖u‖2∗ = 1 ❡ ‖∇u‖2
2 = S.

P❛r❛ ✐ss♦✱ ✉s❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❛ ❚❡♦r✐❛ ❞❛ ▼❡❞✐❞❛ ✭❆♣ê♥❞✐❝❡ ❆✮ ❡✱ s❡❣✉✐♥❞♦

❬✹❪✱ ❬✺❪✱ ❬✶✻❪ ❡ ❬✶✼❪✱ ❡st✉❞❛♠♦s ❛ ❢❛❧t❛ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡ ❞❛ ✐♠❡rsã♦ ❞❡ D1,2(RN) ❡♠

L2∗(RN)✳

▲❡♠❛ ✶✳✶ ✭❈♦♥❝❡♥tr❛çã♦ ❡ ❈♦♠♣❛❝✐❞❛❞❡✮ ❙❡❥❛ (un) ⊂ D1,2(RN) ✉♠❛ s❡q✉ê♥❝✐❛

t❛❧ q✉❡

un ⇀ u ❡♠ D1,2(RN), ✭✶✳✷✮

|∇(un − u)|2 ⇀ µ ❡♠ M(RN), ✭✶✳✸✮

|un − u|2∗ ⇀ ν ❡♠ M(RN), ✭✶✳✹✮

un → u q✳t✳♣✳ ❡♠ RN . ✭✶✳✺✮

❉❡✜♥❛

µ∞ = lim
R→∞

lim
n→∞

∫

|x|≥R

|∇un|2dx,



✶✶

ν∞ = lim
R→∞

lim
n→∞

∫

|x|≥R

|un|2
∗

dx.

❊♥tã♦✱

‖ν‖2/2∗ ≤ S−1‖µ‖, ✭✶✳✻✮

ν2/2∗

∞ ≤ S−1µ∞, ✭✶✳✼✮

lim
n→∞

‖∇un‖2
2 = ‖∇u‖2

2 + ‖µ‖ + µ∞, ✭✶✳✽✮

lim
n→∞

‖un‖2∗

2∗ = ‖u‖2∗

2∗ + ‖ν‖ + ν∞. ✭✶✳✾✮

▼❛✐s ❛✐♥❞❛✱ s❡ u = 0 ❡ ‖ν‖2/2∗ = S−1‖µ‖✱ ❡♥tã♦ µ ❡ ν sã♦ ♠❡❞✐❞❛s s✐♥❣✉❧❛r❡s ❡

❡stã♦ ❝♦♥❝❡♥tr❛❞❛s ❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦✳

❉❡♠♦♥str❛çã♦✿

❙✉♣♦♥❤❛ ✐♥✐❝✐❛❧♠❡♥t❡ u = 0✳ ❊s❝♦❧❤❡♥❞♦ h ∈ C∞
0 (RN)✱ ♦❜t❡♠♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ❙♦❜♦❧❡✈ ✭❈✳✶✮

(∫

RN

|hun|2
∗

dx

)2/2∗

≤ S−1

∫

RN

|∇(hun)|2dx. ✭✶✳✶✵✮

❯s❛♥❞♦ ✭✶✳✷✮ ❡ ✭✶✳✸✮✱ ♦❜t❡♠♦s

(∫

RN

|h|2∗|un|2
∗

dx

)2/2∗

→
(∫

RN

|h|2∗dν
)2/2∗

❡ ∫

RN

h2|∇un|2dx→
∫

RN

h2dµ.

❉❡ ∇(hun) = h∇un + un∇h✱ t❡♠♦s

|‖∇(hun)‖2 − ‖h∇un‖2| ≤ ‖un∇h‖2,

❡ ❝♦♠♦ un → 0 ❡♠ L2
❧♦❝

(RN)✱ t❡♠✲s❡ t❛♠❜é♠

‖un∇h‖2
2 =

∫

BR

|∇h|2|un|2dx ≤ c

∫

BR

|un|2dx→ 0,

♣♦✐s s✉♣♣h ⊂ BR ♣❛r❛ ❛❧❣✉♠ R > 0✳ ❆ss✐♠✱

|‖∇(hun)‖2 − ‖h∇un‖2| → 0

✐♠♣❧✐❝❛♥❞♦ ♥♦ ❧✐♠✐t❡

lim
n→∞

∫

RN

|∇(hun)|2dx = lim
n→∞

∫

RN

h2|∇un|2dx =

∫

RN

h2dµ



✶✷

❡ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ (∫

RN

|h|2∗dν
)2/2∗

≤ S−1

∫

RN

|h|2dµ. ✭✶✳✶✶✮

❈♦♥s✐❞❡r❛♥❞♦ ❛ s❡q✉ê♥❝✐❛ (hn) ⊂ C∞
0 (RN) ❞❛❞❛ ♣♦r

hn : RN → R

x 7→ hn(x) =





1, x ∈ Bn

0, x ∈ Bc
n+1

0 ≤ hn ≤ 1,

s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛

lim
n→∞

∫

RN

|hn|2
∗

dν =

∫

RN

lim
n→∞

|hn|2
∗

dν =

∫

RN

1dν = ‖ν‖,

❡

lim
n→∞

∫

RN

|hn|2dµ =

∫

RN

lim
n→∞

|hn|2dµ =

∫

RN

1dµ = ‖µ‖.

P♦rt❛♥t♦✱ ❞❡ ✭✶✳✶✶✮ s❡❣✉❡ q✉❡

‖ν‖2/2∗ ≤ S−1‖µ‖,

✈❛❧❡♥❞♦ ❡♥tã♦ ✭✶✳✻✮✳

❋✐①❡ R > 0 ❡ ψR ∈ C1(RN) ✈❡r✐✜❝❛♥❞♦




ψR(x) = 1, |x| ≥ R + 1,

ψR(x) = 0, |x| < R,

0 ≤ ψR(x) ≤ 1 ❡♠ RN .

✭✶✳✶✷✮

❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙♦❜♦❧❡✈✱

(∫

RN

|ψRun|2
∗

dx

)2/2∗

≤ S−1

∫

RN

|∇(ψRun)|2dx,

♦❜t❡♠♦s

lim
n→∞

(∫

RN

|ψRun|2
∗

dx

)2/2∗

≤ S−1 lim
n→∞

∫

RN

|∇(ψRun)|2dx. ✭✶✳✶✸✮

❖❜s❡r✈❛♥❞♦ q✉❡

|∇(ψRun)|2 = |un∇ψR + ψR∇un|2 = u2
n|∇ψR|2 + 2unψR〈∇ψR,∇un〉 + ψ2

R|∇un|2

❡ ∫

RN

unψR〈∇ψR,∇un〉dx =

∫

|x|≤R+1

unψR〈∇ψR,∇un〉dx,



✶✸

t❡♠♦s✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱

∣∣∣∣
∫

|x|≤R+1

unψR〈∇ψR,∇un〉dx
∣∣∣∣∣ ≤

∫

|x|≤R+1

|un||ψR||∇ψR||∇un|dx

≤ cR

∫

|x|≤R+1

|un||∇un|dx

≤ cR‖un‖2,BR+1
‖∇un‖2,BR+1

→ 0,

♣♦✐s un → 0 ❡♠ L2
❧♦❝

(RN) ❡ ‖∇un‖2,BR+1
é ❧✐♠✐t❛❞❛ ✭❛q✉✐✱ cR = max

BR+1

|ψR||∇ψR|✮❀
t❛♠❜é♠✱

0 ≤
∫

RN

u2
n|∇ψR|2dx =

∫

|x|≤R+1

u2
n|∇ψR|2dx ≤ c̃R

∫

|x|≤R+1

u2
ndx = c̃R‖un‖2,BR+1

→ 0,

♦♥❞❡ c̃R = max
BR+1

|∇ψR|2✳ ▲♦❣♦✱

lim
n→∞

∫

RN

|∇(ψRun)|2dx = lim
n→∞

∫

RN

(u2
n|∇ψR|2 + 2unψR〈∇ψR,∇un〉 + ψ2

R|∇un|2)dx

= lim
n→∞

∫

RN

ψ2
R|∇un|2dx,

❡ ❞❡ ✭✶✳✶✸✮ s❡❣✉❡ q✉❡

lim
n→∞

(∫

RN

|ψRun|2
∗

dx

)2/2∗

≤ S−1 lim
n→∞

∫

RN

ψ2
R|∇un|2dx. ✭✶✳✶✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱

∫

|x|≥R+1

|∇un|2dx =

∫

|x|≥R+1

|∇un|2ψ2
Rdx ≤

∫

RN

|∇un|2ψ2
Rdx =

∫

|x|≥R

|∇un|2ψ2
Rdx ≤

∫

|x|≥R

|∇un|2dx

❡ ∫

|x|≥R+1

|un|2
∗

dx =

∫

|x|≥R+1

|un|2
∗

ψ2∗

R dx ≤
∫

RN

|un|2
∗

ψ2∗

R dx =

∫

|x|≥R

|un|2
∗

ψ2∗

R dx ≤
∫

|x|≥R

|un|2
∗

dx.

▲♦❣♦✱ ❞♦ ❚❡♦r❡♠❛ ❞♦ ❙❛♥❞✉í❝❤❡ ❡ ❞❡ ✭✶✳✶✹✮

ν2/2∗

∞ = lim
R→∞

lim
n→∞

(∫

RN

|ψR|2
∗|un|2

∗

dx

)2/2∗

≤ S−1 lim
R→∞

lim
n→∞

∫

RN

|∇un|2ψ2
Rdx = S−1µ∞,

❞♦♥❞❡ s❡❣✉❡ ✭✶✳✼✮✳



✶✹

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ ‖ν‖2/2∗ = S−1‖µ‖✳ ❉❛❞❛ h ∈ C∞
0 (RN) t❡♠♦s

(∫

RN

|h|2∗dν
)1/2∗

≤ S−1/2

(∫

RN

h2dµ

)1/2

; ✭✶✳✶✺✮

❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ✜❝❛♠♦s ❝♦♠

∫

RN

h2dµ =

∫

RN

1h2dµ ≤
(∫

RN

1N/2dµ

) 2
N
(∫

RN

|h2| N
N−2dµ

)N−2
N

= ‖µ‖ 2
N

(∫

RN

|h|2∗dµ
)N−2

N

,

♦✉ s❡❥❛✱ (∫

RN

h2dµ

) 1
2

≤ ‖µ‖ 1
N

(∫

RN

|h|2∗dµ
) 1

2∗

.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r ❡ ✭✶✳✶✺✮ s❡❣✉❡ q✉❡

(∫

RN

|h|2∗dν
)1/2∗

≤ S−1/2‖µ‖ 1
N

(∫

RN

|h|2∗dµ
) 1

2∗

,

✐st♦ é✱ ∫

RN

|h|2∗dν ≤ S−2∗/2‖µ‖ 2∗

N

∫

RN

|h|2∗dµ, ∀h ∈ C∞
0 (RN)

♦ q✉❡ ✐♠♣❧✐❝❛

ν(Ω) ≤ S− 2∗

2 ‖µ‖ 2
N−2µ(Ω), ∀ ❝♦♥❥✉♥t♦ Ω ♠❡♥s✉rá✈❡❧.

▼♦str❡♠♦s q✉❡ ν(Ω) = S− 2∗

2 ‖µ‖ 2
N−2µ(Ω), ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ Ω ♠❡♥s✉rá✈❡❧✳ ❉❡

❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❡ Ω0 ⊂ RN ♠❡♥s✉rá✈❡❧ t❛❧ q✉❡ ν(Ω0) < S− 2∗

2 ‖µ‖ 2
N−2µ(Ω0)✳ P♦r

❤✐♣ót❡s❡✱

‖ν‖2/2∗ = S−1‖µ‖ ⇒ ‖ν‖ = S− 2∗

2 ‖µ‖ 2
N−2‖µ‖,

♦✉ s❡❥❛✱

ν(RN) = S− 2∗

2 ‖µ‖ 2
N−2µ(RN). ✭✶✳✶✻✮

◆♦t❡ q✉❡

ν(RN) = ν(Ω0) + ν(RN \ Ω0)

< S− 2∗

2 ‖µ‖ 2
N−2µ(Ω0) + S− 2∗

2 ‖µ‖ 2
N−2µ(RN \ Ω0)

= S− 2∗

2 ‖µ‖ 2
N−2 [µ(Ω0) + µ(RN \ Ω0)]

= S− 2∗

2 ‖µ‖ 2
N−2µ(RN),

♦ q✉❡ ❝♦♥tr❛❞✐③ ✭✶✳✶✻✮✳ ▲♦❣♦✱

ν = S− 2∗

2 ‖µ‖ 2
N−2µ. ✭✶✳✶✼✮



✶✺

❙❡❣✉❡ ❡♥tã♦ ❞❡ ✭✶✳✶✶✮ q✉❡

(∫

RN

|h|2∗dν
)1/2∗

‖ν‖1/N ≤
(∫

RN

|h|2dν
)1/2

, ∀h ∈ C∞
0 (RN)

❡ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ ❛❜❡rt♦ Ω✱

ν(Ω)1/2∗ν(RN)1/N ≤ ν(Ω)1/2.

❋✐①❛❞♦ Ω ⊂ RN ❛❜❡rt♦ t❛❧ q✉❡ ν(Ω) > 0✱ ✜❝❛♠♦s ❝♦♠

ν(RN)1/N ≤ ν(Ω)1/2ν(Ω)−1/2∗ = ν(Ω)1/N

❞♦♥❞❡ ν(RN) ≤ ν(Ω) ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ν(Ω) = ν(RN). ❊s❝r❡✈❡♥❞♦ ν = ν1 + ν2✱

♦♥❞❡ ν1 é ❛ ♣❛rt❡ ♥ã♦ s✐♥❣✉❧❛r ❞❡ ν ❡ ν2 é ❛ ♣❛rt❡ s✐♥❣✉❧❛r✱ ❡♥tã♦ ν1 t❛♠❜é♠ s❛t✐s❢❛③

ν1(Ω) = ν1(RN)✱ ♣❛r❛ t♦❞♦ Ω ⊂ RN ❛❜❡rt♦ t❛❧ q✉❡ ν1(Ω) > 0✱ ❡ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛

❢✉♥çã♦ h : [0,+∞) → R ❞❛❞❛ ♣♦r h(R) = ν1(BR)✱ s❡❣✉❡ q✉❡ ν1 = 0✳ ▲♦❣♦✱ ν = ν2✱ ♦✉

s❡❥❛✱ ν é ✉♠❛ ♠❡❞✐❞❛ s✐♥❣✉❧❛r✳ ❆❣♦r❛✱ s❡ ❢♦ss❡ ν ❝♦♥❝❡♥tr❛❞❛ ❡♠ ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s

❞❡ RN ✱ ❞✐❣❛♠♦s✱ p1 ❡ p2✱ t♦♠❛♥❞♦ Br1(p1) ❡ Br2(p2) ❞❡ ♠♦❞♦ q✉❡ Br1(p1)∩Br2(p2) = ∅✱

t❡rí❛♠♦s

ν(RN) ≥ ν(Br1(p1) ∪Br2(p2)) = ν(Br1(p1)) + ν(Br2(p2)) = ν(RN) + ν(RN) = 2ν(RN),

✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦ ν é ❝♦♥❝❡♥tr❛❞❛ ❡♠ ✉♠ ú♥✐❝♦✱ ❡ ❞❡ ✭✶✳✶✼✮ s❡❣✉❡ q✉❡ µ t❛♠❜é♠

♦ é✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ ❝❛s♦ ❣❡r❛❧ (u 6= 0)✳ ❊s❝r❡✈❛ vn = un − u✳ ❈♦♠♦ vn ⇀ 0 ❡♠

D1,2(RN)✱ |∇vn|2 ⇀ µ ❡ |vn|2∗ ⇀ ν ❡♠ M(RN)✱ ❡ vn → 0 q✳t✳♣✳ ❡♠ RN ✱ ❡♥tã♦✱ ❞♦ ❝❛s♦

❡st✉❞❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ s❡❣✉❡ ✭✶✳✻✮✳

❖❜s❡r✈❡ q✉❡

|∇un|2 = |∇vn + ∇u|2 = |∇vn|2 + 2〈∇vn,∇u〉 + |∇u|2;

❧♦❣♦ ♣❛r❛ ϕ ∈ C0(RN)✱ t❡♠✲s❡
∫

RN

ϕ|∇un|2dx =

∫

RN

ϕ|∇vn|2dx+ 2

∫

RN

ϕ〈∇vn,∇u〉dx+

∫

RN

ϕ|∇u|2dx,

❡ ❝♦♠♦ |∇vn|2 ⇀ µ ❡♠ M(RN) ❡ vn ⇀ 0 ❡♠ D1,2(RN)✱ ♦❜t❡♠♦s
∫

RN

ϕ|∇un|2dx→
∫

RN

ϕdµ+

∫

RN

ϕ|∇u|2dx,



✶✻

♦✉ s❡❥❛✱

|∇un|2 ⇀ µ+ |∇u|2 ❡♠ M(RN). ✭✶✳✶✽✮

P❡❧♦ ▲❡♠❛ ❞❡ ❇r❡③✐s✲▲✐❡❜ ✭▲❡♠❛ ❈✳✻✮✱ ♣❛r❛ t♦❞❛ h ∈ K(RN) t❡♠♦s
∫

RN

h|u|2∗dx = lim
n→∞

(∫

RN

h|un|2
∗

dx−
∫

RN

h|vn|2
∗

dx

)
.

❉❛❞❛ ❛❣♦r❛ g ∈ C0(RN)✱ ❡①✐st❡ (fs) ⊂ K(RN) t❛❧ q✉❡ fs → g ❡♠ BC(RN)✳ ◆♦t❡ q✉❡

An =

∣∣∣∣
∫

RN

g|un|2
∗

dx− 〈ν, g〉 −
∫

RN

g|u|2∗dx
∣∣∣∣

=

∣∣∣∣
∫

RN

(g − fs)|un|2
∗

dx− 〈ν, g − fs〉 −
∫

RN

(g − fs)|u|2
∗

dx+

+

∫

RN

fs|un|2
∗

dx− 〈ν, fs〉 −
∫

RN

fs|u|2
∗

dx

∣∣∣∣

≤
∫

RN

|g − fs||un|2
∗

dx+ ‖ν‖‖g − fs‖ +

∫

RN

|g − fs||u|2
∗

dx+

+

∣∣∣∣
∫

RN

fs|un|2
∗

dx− 〈ν, fs〉 −
∫

RN

fs|u|2
∗

dx

∣∣∣∣
≤ ‖νn‖‖g − fs‖ + ‖ν‖‖g − fs‖ + ‖ν̃n‖‖g − fs‖ +

+

∣∣∣∣
∫

RN

fs|un|2
∗

dx− 〈ν, fs〉 −
∫

RN

fs|u|2
∗

dx

∣∣∣∣,

♣❛r❛ t♦❞♦ s ∈ N✱ ♦♥❞❡ νn = |un|2∗ ❡ ν̃ = |u|2∗ ✳ ❋❛③❡♥❞♦ M = sup{‖νn‖, ‖ν‖, ‖ν̃‖}✱ ❡
❞❛❞♦ ε > 0✱ ✜①❡ s0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❞❡ ♠♦❞♦ q✉❡

‖g − fs0‖ <
ε

4M
;

❞❛í

An < ‖νn‖
ε

4M
+ ‖ν‖ ε

4M
+ ‖ν̃‖ ε

4M
+

∣∣∣∣
∫

RN

fs0|un|2
∗

dx− 〈ν, fs0〉 −
∫

RN

fs0|u|2
∗

dx

∣∣∣∣ ≤

≤ 3

4
ε+

∣∣∣∣
∫

RN

fs0 |un|2
∗

dx− 〈ν, fs0〉 −
∫

RN

fs0|u|2
∗

dx

∣∣∣∣,

❡ ❛❣♦r❛✱ ✜①❛♥❞♦ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❞❡ ♠♦❞♦ q✉❡
∣∣∣∣
∫

RN

fs0 |un|2
∗

dx− 〈ν, fs0〉 −
∫

RN

fs0|u|2
∗

dx

∣∣∣∣ <
ε

4

t❡r❡♠♦s

An =

∣∣∣∣
∫

RN

g|un|2
∗

dx− 〈ν, g〉 −
∫

RN

g|u|2∗dx
∣∣∣∣ < ε,

❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ ♣❛r❛ t♦❞♦ g ∈ C0(RN)✱

lim
n→∞

(∫

RN

g|un|2
∗

dx−
∫

RN

gdν

)
=

∫

RN

g|u|2∗ ,



✶✼

♦✉ s❡❥❛✱

|un|2
∗

⇀ ν + |u|2∗ ❡♠ M(RN). ✭✶✳✶✾✮

❈♦♠♦ vn ⇀ 0 ❡♠ D1,2(RN)✱

lim
n→∞

∫

|x|≥R

|∇un|2dx = lim
n→∞

∫

|x|≥R

|∇vn|2dx+ lim
n→∞

∫

|x|≥R

|∇u|2dx+ lim
n→∞

∫

|x|≥R

2〈∇vn,∇u〉dx

❡ ♣♦rt❛♥t♦

lim
n→∞

∫

|x|≥R

|∇un|2dx = lim
n→∞

∫

|x|≥R

|∇vn|2dx+

∫

|x|≥R

|∇u|2dx.

❉❛í✱

µ∞ = lim
R→∞

lim
n→∞

∫

|x|≥R

|∇un|2dx = lim
R→∞

lim
n→∞

(∫

|x|≥R

|∇vn|2dx+

∫

|x|≥R

|∇u|2dx
)

= lim
R→∞

lim
n→∞

∫

|x|≥R

|∇vn|2dx

P❡❧♦ ▲❡♠❛ ❞❡ ❇r❡③✐s✲▲✐❡❜ ✭▲❡♠❛ ❈✳✻✮✱ t❡♠♦s

∫

|x|≥R

|u|2∗dx = lim
n→∞

(∫

|x|≥R

|un|2
∗

dx−
∫

|x|≥R

|vn|2
∗

dx

)
,

❞♦♥❞❡

ν∞ = lim
R→∞

lim
n→∞

∫

|x|≥R

|un|2
∗

dx = lim
R→∞

lim
n→∞

(∫

|x|≥R

|vn|2
∗

dx+

∫

|x|≥R

|u|2∗dx
)

= lim
R→∞

lim
n→∞

∫

|x|≥R

|vn|2
∗

dx.

P♦rt❛♥t♦✱ ♣❡❧♦ ❡st✉❞♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ s❡❣✉❡ ✭✶✳✼✮✳

❋✐①❛♥❞♦ ♥♦✈❛♠❡♥t❡ R > 0 ❡ ψR ❝♦♠♦ ❡♠ ✭✶✳✶✷✮✱ ❞❡ ✭✶✳✶✽✮ t❡♠♦s

lim
n→∞

‖∇un‖2
2 = lim

n→∞

∫

RN

|∇un|2dx

= lim
n→∞

(∫

RN

|∇un|2dx+

∫

RN

ψR|∇un|2dx−
∫

RN

ψR|∇un|2dx
)

= lim
n→∞

[ ∫

RN

ψR|∇un|2dx+

∫

RN

(1 − ψR)|∇un|2dx
]

= lim
n→∞

∫

RN

ψR|∇un|2dx+

∫

RN

(1 − ψR)dµ+

∫

RN

(1 − ψR)|∇u|2dx.



✶✽

▲♦❣♦✱ ❢❛③❡♥❞♦ R → ∞✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ q✉❡

lim
n→∞

∫

RN

|∇un|2dx = lim
R→∞

lim
n→∞

∫

RN

|∇un|2dx

= lim
R→∞

lim
n→∞

∫

RN

ψR|∇un|2dx+ lim
R→∞

∫

RN

(1 − ψR)dµ+

+ lim
R→∞

∫

RN

(1 − ψR)|∇u|2dx

= µ∞ +

∫

RN

1dµ+

∫

RN

|∇u|2dx

❡ ♣♦rt❛♥t♦

lim
n→∞

‖∇un‖2
2 = µ∞ + ‖µ‖ + ‖∇u‖2

2.

❯s❛♥❞♦ ❛❣♦r❛ ✭✶✳✶✾✮✱ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ✭✶✳✾✮ s❡❣✉❡ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✳

�

❆ ❞❡♠♦♥str❛çã♦ ❞♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❬✶✻❪ ❡ ❬✶✼❪✳

▲❡♠❛ ✶✳✷ ❙❡❥❛ (un) ⊂ H1
0 (Ω) t❛❧ q✉❡

✐✮ un ⇀ u ❡♠ H1
0 (Ω)❀

✐✐✮ |∇un|2 ⇀ λ ❡♠ M(RN)❀

✐✐✐✮ |un|2∗ ⇀ ν ❡♠ M(RN)✳

❊♥tã♦✱ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s J ✱ ♥♦ ♠á①✐♠♦ ❡♥✉♠❡rá✈❡❧✱ t❡♠♦s

ν = |u|2∗ +
∑

j∈J

νjδxj , νj > 0,

λ ≥ |∇u|2 +
∑

j∈J

λjδxj , λj > 0,

ν
2/2∗

j ≥ S−1λj, ∀j ∈ J,

♦♥❞❡ xj ∈ Ω✱ δxj é ❛ ♠❛ss❛ ❞❡ ❉✐r❛❝ ❡♠ xj ❡ S é ❛ ❝♦♥st❛♥t❡ ❞❡ ❙♦❜♦❧❡✈ ✭✶✳✶✮✳

P❛r❛ ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ♣r❡❝✐s❛♠♦s ❞❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦✳ ❉❛❞♦s v ∈ D1,2(RN)✱

y ∈ RN ❡ λ > 0✱ ❞❡✜♥✐♠♦s

vy,λ(x) = λ
N−2

2 v(λx+ y).

❖❜s❡r✈❡ q✉❡ vy,λ s❛t✐s❢❛③

‖∇vy,λ‖2 = ‖∇v‖2



✶✾

❡

‖vy,λ‖2∗ = ‖v‖2∗ .

❉❡ ❢❛t♦✱

‖∇vy,λ‖2
2 =

∫

RN

|∇(λ
N−2

2 v(λx+ y))|2dx

= λN−2

∫

RN

|∇v(λx+ y)|2dx

= λN−2

∫

RN

|λ∇v(λx+ y)|2dx

❡ ✉s❛♥❞♦ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✱

‖∇vy,λ‖2
2 = λN .

1

λN

∫

RN

|(∇v)(z)|2dz

= ‖∇v‖2
2;

❡

‖vy,λ‖2∗

2∗ =

∫

RN

|λN−2
2 v(λx+ y)|2∗dx

= λN

∫

RN

|v(λx+ y)|2∗dx

= λN .
1

λN

∫

RN

|v(z)|2∗dz

= ‖v‖2∗

2∗ .

P♦rt❛♥t♦✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠♦str❛r q✉❡ S é ❛t✐♥❣✐❞♦ é ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛♥s❧❛çõ❡s ❡ ❞✐✲

❧❛t❛çõ❡s✳

❚❡♦r❡♠❛ ✶✳✸ ✭P✳▲✳ ▲✐♦♥s✱ ✶✾✽✺✮ ❙❡❥❛ (un) ⊂ D1,2(RN) ✉♠❛ s❡q✉ê♥❝✐❛ s❛t✐s❢❛③❡♥❞♦

‖un‖2∗ = 1, ‖∇un‖2
2 → S.

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (yn, λn) ⊂ RN × (0,+∞) t❛❧ q✉❡ (uyn,λn
n ) ❛❞♠✐t❡ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠ D1,2(RN)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡①✐st❡ ✉♠ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ S✳

❉❡♠♦♥str❛çã♦✿

❉❡✜♥❛ ❛s ❢✉♥çõ❡s ❞❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ▲é✈②✱

Qn(λ) = sup
y∈RN

∫

B(y,λ)

|un|2
∗

dx, λ > 0.



✷✵

❖❜s❡r✈❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱

lim
λ→0+

Qn(λ) = 0

❡

lim
λ→∞

Qn(λ) = 1.

❙❡♥❞♦ Qn ❝♦♥tí♥✉❛✱ ❡①✐st❡ λn > 0 t❛❧ q✉❡ Qn(λn) = 1/2✳ ▼❛✐s ❛✐♥❞❛✱ ❡①✐st❡ yn ∈ RN

t❛❧ q✉❡

Qn(λn) = sup
y∈RN

∫

B(y,λn)

|un|2
∗

dx =

∫

B(yn,λn)

|un|2
∗

dx =
1

2
,

❥á q✉❡

lim
|y|→∞

∫

B(y,λn)

|un|2
∗

dx = 0.

❉❡✜♥✐♥❞♦ vn = uyn,λn
n ✱ t❡♠♦s

‖vn‖2∗ = ‖uyn,λn
n ‖2∗ = ‖un‖2∗ = 1, ‖∇vn‖2

2 = ‖∇uyn,λn
n ‖2

2 = ‖∇un‖2
2 → S,

❡

1

2
=

∫

B(yn,λn)

|un|2
∗

dx =

∫

B(0,1)

|uyn,λn
n |2∗dx =

∫

B(0,1)

|vn|2
∗

dx = sup
y∈RN

∫

B(y,1)

|vn|2
∗

dx.

✭✶✳✷✵✮

❈♦♠♦ (vn) é ❧✐♠✐t❛❞❛ ❡♠ D1,2(RN) ♣♦❞❡♠♦s s✉♣♦r✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ s❡

♥❡❝❡ssár✐♦✱ q✉❡

vn ⇀ v ❡♠ D1,2(RN),

|∇(vn − v)|2 ⇀ µ ❡♠ M(RN),

|vn − v|2∗ ⇀ ν ❡♠ M(RN),

vn → v q✳t✳♣ ❡♠ RN .

P❡❧♦ ▲❡♠❛ ✶✳✶ t❡♠♦s

S = lim ‖∇vn‖2
2 = lim‖∇vn‖2

2 = ‖∇v‖2
2 + ‖µ‖ + µ∞ ✭✶✳✷✶✮

❡

1 = lim ‖vn‖2∗

2∗ = lim‖vn‖2∗

2∗ = ‖v‖2∗

2∗ + ‖ν‖ + ν∞, ✭✶✳✷✷✮

♦♥❞❡

µ∞ = lim
R→∞

lim
n→∞

∫

|x|≥R

|∇vn|2dx,



✷✶

ν∞ = lim
R→∞

lim
n→∞

∫

|x|≥R

|vn|2
∗

dx.

❉❡ ✭✶✳✷✶✮✱ ❞❡ ✭✶✳✻✮✱ ❞❡ ✭✶✳✼✮ ❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙♦❜♦❧❡✈ ✭❈✳✶✮✱ ❞❡❞✉③✐♠♦s q✉❡

S ≥ S[(‖v‖2∗

2∗)
2/2∗ + ‖ν‖2/2∗ + ν2/2∗

∞ ].

❙❡❣✉❡ ❡♥tã♦ ❞❡ ✭✶✳✷✷✮ q✉❡ ‖v‖2∗

2∗ ✱ ‖ν‖ ❡ ν∞ ❞❡✈❡♠ s❡r ✐❣✉❛✐s ❛ ✵ ♦✉ ✶✳ ❉❡ ❢❛t♦✱

S ≥ S[(‖v‖2∗

2∗)
2/2∗ + ‖ν‖2/2∗ + ν2/2∗

∞ ] ⇒ 0 ≤ (‖v‖2∗

2∗)
2/2∗ + ‖ν‖2/2∗ + ν2/2∗

∞ ≤ 1;

s✉♣♦♥❞♦ q✉❡✱ 0 < ‖vn‖2∗

2∗ < 1✱ ❝♦♠♦ 2/2∗ < 1 t❡♠♦s

(‖v‖2∗

2∗)
2/2∗ > ‖v‖2∗

2∗ , ‖ν‖2/2∗ ≥ ‖ν‖, ν2/2∗

∞ ≥ ν∞

✐♠♣❧✐❝❛♥❞♦

‖v‖2∗

2∗ + ‖ν‖ + ν∞ < (‖v‖2∗

2∗)
2/2∗ + ‖ν‖2/2∗ + ν2/2∗

∞ ≤ 1,

♦ q✉❡ ❝♦♥tr❛❞✐③ ✭✶✳✷✷✮✳

❉❛ ✐❣✉❛❧❞❛❞❡ ✭✶✳✷✵✮ s❡❣✉❡ q✉❡ ν∞ ≤ 1/2✳ ❈♦♠ ❡❢❡✐t♦✱ ♣♦r ❇r❡③✐s✲▲✐❡❜ ✭▲❡♠❛ ❈✳✻✮

t❡♠♦s ∫

B(0,1)

|v|2∗dx+

∫

B(0,1)

|vn − v|2∗dx =

∫

B(0,1)

|vn|2
∗

dx+ on(1);

t♦♠❡ φ ∈ C∞
0 (RN) ❞❛❞❛ ♣♦r

φ(x) =





1, x ∈ B(0, 1)

0, x ∈ B(0, 2)c

0 ≤ φ(x) ≤ 1,∀x ∈ RN .

❊♥tã♦✱ ∫

B(0,1)

|v|2∗φdx+

∫

B(0,1)

|vn − v|2∗φdx =

∫

B(0,1)

|vn|2
∗

dx+ on(1)

❡ ❝♦♠♦
∫

RN

|v|2∗φdx+

∫

RN

|vn − v|2∗φdx ≥
∫

B(0,1)

|v|2∗φdx+

∫

B(0,1)

|vn − v|2∗φdx

s❡❣✉❡ q✉❡
∫

RN

|v|2∗φdx+

∫

RN

|vn − v|2∗φdx ≥
∫

B(0,1)

|vn|2
∗

dx+ on(1) =
1

2
+ on(1).

❋❛③❡♥❞♦ n→ ∞✱ t❡♠♦s ∫

RN

|v|2∗φdx+ 〈ν, φ〉 ≥ 1

2
;



✷✷

❝♦♠♦ ‖φ‖∞ = 1 t❡♠♦s 〈ν, φ〉 ≤ ‖ν‖ ❡ ❝♦♠♦ 0 ≤ φ ≤ 1 t❡♠♦s
∫

RN

|v|2∗dx+ ‖ν‖ ≥
∫

RN

|v|2∗φdx+ 〈ν, φ〉 ≥ 1

2

♦ q✉❡ ✐♠♣❧✐❝❛

‖v‖2∗

2∗ + ‖ν‖ ≥ 1

2
.

▲♦❣♦✱ ❞❡ ✭✶✳✷✷✮✱

1 ≥ 1

2
+ ν∞ ⇒ ν∞ ≤ 1

2
.

P♦rt❛♥t♦✱ ♣❡❧♦ ❡st✉❞♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❝♦♥❝❧✉í♠♦s q✉❡ ν∞ = 0✳ ❙❡ ❢♦ss❡ ‖ν‖ = 1✱

t❡rí❛♠♦s v = 0 ❡ ‖ν‖2/2∗ ≥ S−1‖µ‖✱ ♣♦✐s

S = ‖µ‖ + µ∞ ≥ ‖µ‖ ⇒ S−1‖µ‖ ≤ 1 = ‖ν‖2/2∗ .

▲♦❣♦✱ t❡♠♦s v = 0 ❡ ‖ν‖2/2∗ = S−1‖µ‖ ❡ ❞♦ ▲❡♠❛ ✶✳✶✱ ❛ ♠❡❞✐❞❛ ν ❡stá ❝♦♥❝❡♥tr❛❞❛

❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦ z✳ ◆♦t❡ q✉❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ϕ ∈ C∞
0 (RN) t❛❧ q✉❡

ϕ(x) =





1, |x− z| ≤ 1/2

0, |x− z| ≥ 1

0 ≤ ϕ(x) ≤ 1, ∀x ∈ RN

t❡♠♦s
∫

B(z,1)

|vn|2
∗

dx ≥
∫

B(z,1)

|vn|2
∗

ϕdx =

∫

RN

|vn|2
∗

ϕdx→ 〈ν, ϕ〉 = ‖ν‖ϕ(z) = ‖ν‖; ✭✶✳✷✸✮

❝♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ψ ∈ C∞
0 (RN) ✈❡r✐✜❝❛♥❞♦

ψ(x) =





1, |x− z| ≤ 1

0, |x− z| ≥ 2

0 ≤ ψ(x) ≤ 1, ∀x ∈ RN

t❡♠♦s
∫

B(z,1)

|vn|2
∗

dx =

∫

B(z,1)

|vn|2
∗

ψdx ≤
∫

RN

|vn|2
∗

ψdx→ 〈ν, ψ〉 = ‖ν‖ψ(z) = ‖ν‖. ✭✶✳✷✹✮

▲♦❣♦✱ ❝♦♠♦ ∫

RN

|vn|2
∗

ϕdx ≤
∫

B(z,1)

|vn|2
∗

dx ≤
∫

RN

|vn|2
∗

ψdx

❝♦♥❝❧✉í♠♦s ❞❡ ✭✶✳✷✸✮ ❡ ✭✶✳✷✹✮ q✉❡
∫

B(z,1)

|vn|2
∗

dx→ ‖ν‖.



✷✸

P♦rt❛♥t♦✱ ❞❡ ✭✶✳✷✵✮✱ ♦❜t❡♠♦s

1

2
= sup

y∈RN

∫

B(y,1)

|vn|2
∗

dx ≥
∫

B(z,1)

|vn|2
∗

dx→ ‖ν‖ = 1,

✉♠ ❛❜s✉r❞♦✳ ❉❡ss❛ ❢♦r♠❛✱ ❝♦♥❝❧✉í♠♦s ✜♥❛❧♠❡♥t❡ q✉❡

‖v‖2∗

2∗ = 1

❡ ❛ss✐♠ S ≤ ‖∇v‖2
2✱ ❡ ❞❡ ✭✶✳✷✶✮ ♦❜t❡♠♦s

S = lim ‖∇vn‖2
2 = lim‖∇vn‖2

2 ≥ ‖∇v‖2
2,

♣♦✐s vn ⇀ v ❡♠ D1,2(RN)✳ ❆ss✐♠✱

S = ‖∇v‖2
2 = lim ‖∇vn‖2

2.

�

❆ ❞❡♠♦♥str❛çã♦ ❞♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷✶❪✳

❚❡♦r❡♠❛ ✶✳✹ ✭❆✉❜✐♥✱ ❚❛❧❡♥t✐✱ ✶✾✼✻✮ ❆ ❢✉♥çã♦

U(x) =
[N(N − 2)]

N−2
4

[1 + |x|2]N−2
2

= CN [1 + |x|2] 2−N
2 ∈ D1,2(RN), ✭✶✳✷✺✮

♦♥❞❡ CN = [N(N −2)]
N−2

4 ✱ é ✉♠ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ S✱ ✐st♦ é✱ ‖U‖2∗ = 1 ❡ ‖∇U‖2
2 = S✳

Pr♦♣♦s✐çã♦ ✶✳✺ P❛r❛ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ Ω ❞❡ RN ✱

S(Ω) = inf
u ∈ D

1,2
0

(Ω)

‖u‖
2∗

= 1

‖∇u‖2
2 = S = inf

u ∈ D1,2(R
N )

‖u‖
2∗

= 1

‖∇u‖2
2,

❡ S(Ω) ♥✉♥❝❛ é ❛t✐♥❣✐❞♦✱ ❡①❝❡t♦ q✉❛♥t♦ Ω = RN ✳

❉❡♠♦♥str❛çã♦✿

❯♠❛ ✈❡③ q✉❡ D1,2
0 (Ω) ⊂ D1,2

0 (RN) = D1,2(RN)✱ t❡♠♦s S ≤ S(Ω)✳ ❉❛❞❛ u ∈
C∞

0 (RN) ❡ ❞❛❞♦ Ω ❛❜❡rt♦ ❞❡ RN ✱ ♠♦str❛r❡♠♦s q✉❡ ❡①✐st❡♠ y ∈ RN ❡ λ > 0 t❛✐s q✉❡

uy,λ ∈ C∞
0 (Ω)✱ ♦✉ s❡❥❛✱ ♠♦str❛r❡♠♦s q✉❡ s✉♣♣uy,λ ⊂ Ω✳ ❙✉♣♦♥❤❛ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡

0 ∈ Ω✳ ❊s❝♦❧❤❡♥❞♦ y = 0 t❡r❡♠♦s

u0,λ(x) = λ
N−2

2 u(λx),



✷✹

♦♥❞❡ λ > 0 s❡rá ❞❡t❡r♠✐♥❛❞♦✳ ◆♦t❡ q✉❡ s❡ x ∈ s✉♣♣u0,λ ❡♥tã♦ ❡①✐st❡ (xn) ⊂ RN

❝♦♠ xn → x ❡ u0,λ(xn) = u(λxn) 6= 0✱ ♦✉ s❡❥❛✱ λxn ∈ s✉♣♣u ❞♦♥❞❡ λx ∈ s✉♣♣u ❡

❝♦♥s❡q✉❡♥t❡♠❡♥t❡ x ∈ (1/λ)s✉♣♣u❀ ♣♦rt❛♥t♦

s✉♣♣u0,λ ⊂ 1

λ
s✉♣♣u.

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ x ∈ (1/λ)s✉♣♣u✱ ✐st♦ é✱ s❡ λx ∈ s✉♣♣u✱ ❡♥tã♦ ❡①✐st❡ (xn) ⊂ RN

t❛❧ q✉❡ xn → λx ❡ u(xn) 6= 0✱ ♦✉ s❡❥❛✱ xn/λ → x ❡ u0,λ(xn/λ) 6= 0 ♦ q✉❡ ✐♠♣❧✐❝❛

xn/λ ∈ s✉♣♣u0,λ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ x ∈ s✉♣♣u0,λ❀ ❛ss✐♠

1

λ
s✉♣♣u ⊂ s✉♣♣u0,λ.

▲♦❣♦✱
1

λ
s✉♣♣u = s✉♣♣u0,λ

❡ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

s✉♣♣u0,λ =
1

λ
s✉♣♣u ⊂ Ω

❞♦♥❞❡ u0,λ ∈ C∞
0 (Ω)✳ ❙❡ 0 /∈ Ω✱ ✜①❡ y0 ∈ Ω ❛r❜✐trár✐♦ ❡ ❝♦♥s✐❞❡r❡ ❛ tr❛♥s❧❛çã♦

T : RN −→ RN

x 7−→ T (x) = x− y0.

❖❜s❡r✈❡ q✉❡✱ s❡♥❞♦ T ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✱ t❡♠♦s T (Ω) ✉♠ ❛❜❡rt♦ ❝♦♠ 0 ∈ T (Ω)✳ P❡❧♦

❡st✉❞♦ ❛♥t❡r✐♦r✱ ❡①✐st❡ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡

s✉♣♣u0,λ =
1

λ
s✉♣♣u ⊂ T (Ω).

◆♦t❡ ❡♥tã♦ q✉❡ s❡ x ∈ s✉♣♣u−λy0,λ ❡♥tã♦ ❡①✐st❡ (xn) ⊂ RN ❝♦♠ xn → x ❡ u−λy0,λ(xn) =

u(λxn − λy0) 6= 0✱ ♦✉ s❡❥❛✱ λxn − λy0 ∈ s✉♣♣u ❞♦♥❞❡ x − y0 ∈ (1/λ)s✉♣♣ ⊂ T (Ω) ❡

❝♦♥s❡q✉❡♥t❡♠❡♥t❡ x = T−1(x− y0) ∈ Ω✳ P♦rt❛♥t♦

s✉♣♣u−λy0,λ ⊂ Ω.

❋❛③❡♥❞♦ y = −λy0✱ t❡♠♦s

s✉♣♣uy,λ ⊂ Ω



✷✺

❞♦♥❞❡ uy,λ ∈ C∞
0 (Ω)✳ ❆♣ós ♦ ❡st✉❞♦ ❢❡✐t♦✱ s❡❥❛ (un) ⊂ C∞

0 (RN) ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐✲

③❛♥t❡ ♣❛r❛ S✳ ❊s❝♦❧❤❡♥❞♦ (yn, λn) ⊂ RN × R+ t❛❧ q✉❡ vn = uyn,λn
n ∈ C∞

0 (Ω) ⊂ D1,2
0 (Ω)

t❡♠♦s ‖vn‖2∗ = 1 ❡ S(Ω) ≤ ‖∇vn‖2
2✱ ❞♦♥❞❡

S(Ω) ≤ lim
n→∞

‖∇vn‖2
2 = S.

P♦rt❛♥t♦ S(Ω) = S.

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ Ω 6= RN ❡ q✉❡ u ∈ D1,2
0 (Ω) s❡❥❛ ✉♠ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ S(Ω)✳

❊♥tã♦ u é t❛♠❜é♠ ✉♠♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ S✳ ❆ss✉♠✐♥❞♦ q✉❡ u ≥ 0 ✭♦ q✉❡ é ♣♦ssí✈❡❧✱ ♣♦✐s

‖u‖2∗ = ‖|u|‖2∗ ❡ ‖∇u‖2
2 = ‖∇|u|‖2

2✮✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦s ▼✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡

✭❚❡♦r❡♠❛ ❇✳✸✮ u é s♦❧✉çã♦ ❢r❛❝❛ ❞❡

−∆u = Su2∗−1; RN .

P❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✭❚❡♦r❡♠❛ ❈✳✶✶✮✱ u > 0 ❡♠ RN ✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s

u ∈ D1,2
0 (Ω)✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ u = 0 ❡♠ RN \ Ω✳ ▲♦❣♦ S(Ω) ♥ã♦ é ❛t✐♥❣✐❞♦ q✉❛♥❞♦

Ω 6= RN ✳ �



❈❛♣ít✉❧♦ ✷

❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠

♣r♦❜❧❡♠❛ ❝rít✐❝♦ ✈✐❛ ♣❛ss♦ ❞❛

♠♦♥t❛♥❤❛

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛




−∆u+ λu = |u|2∗−2u,

u ≥ 0, u ∈ H1
0 (Ω)

(Pλ)

♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❞❡ RN ✱ N ≥ 3✱ 2∗ = 2N/(N − 2) é ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦

❞❡ ❙♦❜♦❧❡✈ ❡ λ > −λ1(Ω)✱ ♦♥❞❡ λ1(Ω) é ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞♦ ♣r♦❜❧❡♠❛




−∆u = λu,

u ∈ H1
0 (Ω)

s❡♥❞♦ ❞❛❞♦ ♣♦r

λ1(Ω) = inf
u ∈ H1

0
(Ω)

‖u‖2 = 1

‖∇u‖2
2 > 0.

❉❡✜♥❛

f(u) = (u+)2∗−1 ❡ F (u) =
(u+)2∗

2∗
.

❊♥tã♦ ♦ ❢✉♥❝✐♦♥❛❧

ϕ(u) =

∫

Ω

( |∇u|2
2

+ λ
u2

2
− F (u)

)
dx ✭✷✳✶✮

é ❞❡ ❝❧❛ss❡ C2(H1
0 (Ω),R)✳ ❙❡♥❞♦ λ > −λ1(Ω)✱ ‖u‖λ =

√
‖∇u‖2

2 + λ‖u‖2
2 é ✉♠❛ ♥♦r♠❛

❡♠ H1
0 (Ω)✳



✷✼

❖❜s❡r✈❛çã♦ ✷✳✶ ✭■♠♣♦rt❛♥t❡✮ ❖ ❢✉♥❝✐♦♥❛❧ ✭✷✳✶✮ é✱ ♥❛ r❡❛❧✐❞❛❞❡✱ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r✲

❣✐❛ ❛ss♦❝✐❛❞♦ ❛♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❝rít✐❝♦✿
{

−∆u+ λu = (u+)2∗−1,

u ∈ H1
0 (Ω)

✭✷✳✷✮

♣♦✐s✱ s❡ u é s♦❧✉çã♦ ❞❡ ✭✷✳✷✮✱ ❡♥tã♦

ϕ′(u)v =

∫

Ω

(∇u.∇v + λuv)dx+

∫

Ω

(u+)2∗−1vdx = 0, ∀v ∈ H1
0 (Ω);

❢❛③❡♥❞♦ v = u−✱ ♦❜t❡♠♦s

0 = ϕ′(u)u− =

∫

Ω

(∇u.∇u− + λuu−)dx+

∫

Ω

(u+)2∗−1u−dx =

∫

Ω

[|∇u−|2 + λ(u−)2]dx,

♦✉ s❡❥❛✱ ‖u−‖2
λ = 0✱ ♠♦str❛♥❞♦ q✉❡ u ≥ 0 ❡✱ ♣♦rt❛♥t♦✱ u t❛♠❜é♠ é s♦❧✉çã♦ ❞❡ (Pλ)✳

❖ ♥♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❡ ❝❛♣ít✉❧♦ é ❞❡t❡r♠✐♥❛r ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ (Pλ)

❛❞♠✐t❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧✳

▲❡♠❛ ✷✳✷ ❚♦❞❛ s❡q✉ê♥❝✐❛ (un) ⊂ H1
0 (Ω) t❛❧ q✉❡

d = sup
n∈N

ϕ(un) < c∗ =
S
N
2

N
, ϕ′(un) → 0

❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✱ ♦✉ s❡❥❛✱ ϕ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭P❙✮d✳

❉❡♠♦♥str❛çã♦✿

Pr✐♠❡✐r❛♠❡♥t❡✱ ♠♦str❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ (un) é ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω)✳ P❛r❛ t♦❞♦

n ∈ N t❡♠♦s ϕ(un) ≤ d✳ ◆♦t❡ t❛♠❜é♠ q✉❡

− 1

2∗
ϕ′(un)un ≤

∣∣∣∣−
1

2∗
ϕ′(un)un

∣∣∣∣ ≤
1

2∗
‖ϕ′(un)‖‖un‖λ.

❈♦♠♦ ϕ′(un) → 0✱ ❡♥tã♦ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠♦s (2∗)−1‖ϕ′(un)‖ ≪ 1✱

❞♦♥❞❡ ‖un‖λ ≥ −(2∗)−1ϕ′(un)un✳ ▲♦❣♦✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡

d+ ‖un‖λ ≥ ϕ(un) − 1

2∗
ϕ′(un)un

=
‖un‖2

λ

2
−
∫

Ω

(u+
n )2∗

2∗
dx− 1

2∗
‖un‖2

λ +
1

2∗

∫

Ω

(u+
n )2∗−1undx

=

(
1

2
− 1

2∗

)
‖un‖2

λ −
1

2∗

(∫

Ω

(u+
n )2∗dx−

∫

Ω

(u+
n )2∗dx

)



✷✽

♦ q✉❡ ✐♠♣❧✐❝❛

d+ ‖un‖λ ≥
(

1

2
− 1

2∗

)
‖un‖2

λ,

♠♦str❛♥❞♦ q✉❡ (un) é ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω)✳ ❆ss✐♠✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ s❡

♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡

un ⇀ u ❡♠ H1
0 (Ω),

un → u ❡♠ L2(Ω),

un → u q✳t✳♣ ❡♠ Ω,

♣❛r❛ ❛❧❣✉♠ u ∈ H1
0 (Ω)✳ ❈♦♠♦ (un) é ❧✐♠✐t❛❞❛ ❡♠ L2∗(Ω)✱ (f(un)) é ❧✐♠✐t❛❞❛ ❡♠

L
2∗

2∗−1 (Ω)✱ ♣♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ❈✳✺✱ s❡❣✉❡ q✉❡

f(un) ⇀ f(u) ❡♠ L
2∗

2∗−1 (Ω),

♦✉ s❡❥❛✱ ∫

Ω

f(un)φdx→
∫

Ω

f(u)φdx, ∀φ ∈ L2∗(Ω),

❡ ❡♠ ♣❛rt✐❝✉❧❛r ∫

Ω

f(un)φdx→
∫

Ω

f(u)φdx, ∀φ ∈ H1
0 (Ω). ✭✷✳✸✮

❈♦♠♦ ϕ′(un) → 0✱ ♣❛r❛ φ ∈ H1
0 (Ω) t❡♠♦s

ϕ′(un)φ = on(1) ⇒ 〈un, φ〉λ =

∫

Ω

(∇un.∇φ+ λunφ)dx =

∫

Ω

f(un)φdx+ on(1),

♦♥❞❡ 〈., .〉λ ❞❡♥♦t❛ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ q✉❡ ❣❡r❛ ❛ ♥♦r♠❛ ‖.‖λ✳ ▲♦❣♦✱

un ⇀ u ❡♠ H1
0 (Ω) ⇒ 〈un, φ〉λ → 〈u, φ〉λ, ∀φ ∈ H1

0 (Ω). ✭✷✳✹✮

❉❡ ✭✷✳✸✮ ❡ ✭✷✳✹✮✱ ❢❛③❡♥❞♦ n→ ∞✱ ♦❜t❡♠♦s
∫

Ω

(∇u.∇φ+ λuφ)dx =

∫

Ω

f(u)φdx, ∀φ ∈ H1
0 (Ω), ✭✷✳✺✮

♦✉ s❡❥❛✱ u é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

−∆u+ λu = f(u).

❋❛③❡♥❞♦ φ = u ❡♠ ✭✷✳✺✮ ♦❜t❡♠♦s ‖u‖2
λ = ‖u+‖2∗

2∗ ✱ ❞♦♥❞❡

ϕ(u) =
‖u‖2

λ

2
−
∫

Ω

F (u)dx =
‖u+‖2∗

2∗

2
− ‖u+‖2∗

2∗

2∗
=

(
1

2
− 1

2∗

)
‖u+‖2∗

2∗ ≥ 0. ✭✷✳✻✮



✷✾

❉❡✜♥✐♥❞♦ vn = un − u✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ❈✳✻ q✉❡
∫

Ω

F (un)dx =

∫

Ω

F (u)dx+

∫

Ω

F (vn)dx+ on(1).

◆♦t❡ q✉❡

ϕ(un) =
‖un‖2

λ

2
−
∫

Ω

F (un)dx

=
‖vn + u‖2

λ

2
−
[ ∫

Ω

F (u)dx+

∫

Ω

F (vn)dx

]
+ on(1)

=
1

2
‖vn‖2

λ + 〈vn, u〉λ +
1

2
‖u‖2

λ −
∫

Ω

F (u)dx−
∫

Ω

F (vn)dx+ on(1)

= ϕ(u) +
1

2
‖vn‖2

λ −
∫

Ω

F (vn)dx+ 〈vn, u〉λ + on(1);

s❡♥❞♦ (un) ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω) ♣♦❞❡♠♦s s✉♣♦r q✉❡ ϕ(un) → c ≤ d ❡ ❞❛í

ϕ(u) +
1

2
‖vn‖2

λ −
∫

Ω

F (vn)dx→ c. ✭✷✳✼✮

❯♠❛ ✈❡③ q✉❡

ϕ′(un)un = ‖un‖2
λ − 2∗

∫

Ω

F (un)dx

= ‖vn‖2
λ + 2〈vn, u〉λ + ‖u‖2

λ − 2∗
[ ∫

Ω

F (u)dx+

∫

Ω

F (vn)dx

]
+ on(1)

❡ ϕ′(un)un → 0✱ ♦❜t❡♠♦s

‖vn‖2
λ + ‖u‖2

λ − 2∗
∫

Ω

F (u)dx− 2∗
∫

Ω

F (vn)dx = on(1)

❞♦♥❞❡

‖vn‖2
λ − 2∗

∫

Ω

F (vn)dx → 2∗
∫

Ω

F (u)dx− ‖u‖2
λ

= −ϕ′(u)u

= ‖u‖2
λ − ‖u+‖2∗

2∗ = 0.

❙✉♣♦♥❤❛ ❡♥tã♦ q✉❡

‖vn‖2
λ → b ❡ 2∗

∫

Ω

F (vn)dx = ‖v+
n ‖2∗

2∗ → b.

❈♦♠♦ vn → 0 ❡♠ L2(Ω) s❡❣✉❡ q✉❡ ‖∇vn‖2
2 → b✱ ❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙♦❜♦❧❡✈

‖∇vn‖2
2 ≥ S‖vn‖2∗

2∗ ≥ S‖v+
n ‖2∗

2∗



✸✵

♦❜t❡♠♦s b ≥ Sb2/2∗ ✱ ♦✉ s❡❥❛✱ b = 0 ♦✉ b ≥ SN/2 > 0✳ ◆♦t❡ q✉❡✱ ❞❡ ✭✷✳✼✮✱

ϕ(u) +

(
1

2
− 1

2∗

)
b = c,

❡ ❞❡ ✭✷✳✻✮ s❡❣✉❡ q✉❡

c ≥
(

1

2
− 1

2∗

)
b.

P♦rt❛♥t♦✱ s❡ b ≥ SN/2✱ t❡♠✲s❡

c∗ =
SN/2

N
= SN/2

(
1

2
− 1

2∗

)
≤ b

(
1

2
− 1

2∗

)
≤ c ≤ d < c∗,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ▲♦❣♦✱ b = 0 ❡ ❛ ♣r♦✈❛ ❡stá ❝♦♠♣❧❡t❛✱ ♣♦✐s

‖vn‖2
λ = ‖un − u‖2

λ → 0 ⇒ un → u ❡♠ H1
0 (Ω).

�

▲❡♠❛ ✷✳✸ ❙❡❥❛♠ Ω ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❞❡ RN ✱ N ≥ 4 ❡ −λ1(Ω) < λ < 0✳ ❊♥tã♦

❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ v ∈ H1
0 (Ω) \ {0} t❛❧ q✉❡

‖v‖2
λ

‖v‖2
2∗
< S.

❉❡♠♦♥str❛çã♦✿

❙✉♣♦♥❤❛✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ 0 ∈ Ω✳ ❉❛❞♦ r > 0✱ s❡❥❛ ψ ∈ C∞
0 (RN)

✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ t❛❧ q✉❡ s✉♣♣ψ ⊂ Br ❡ ψ = 1 ❡♠ Br/2✳ P❛r❛ ε > 0✱ ❞❡✜♥❛

Uε(x) = ε
2−N

2 U(x/ε),

uε(x) = ψ(x)Uε(x),

♦♥❞❡ U é ❞❛❞♦ ♣♦r ✭✶✳✷✺✮✳ ❚❡♠♦s ❡♥tã♦ ❛s s❡❣✉✐♥t❡s ❡st✐♠❛t✐✈❛s ✭✈❡r ❬✶❪✮✿

∫

Ω

|∇uε|2dx = SN/2 +O(εN−2),

∫

Ω

|uε|2
∗

dx = SN/2 +O(εN),

∫

Ω

|uε|2dx ≥





dε2| ln ε| +O(ε2), s❡ N = 4,

dε2 +O(εN−2), s❡ N ≥ 5,



✸✶

♦♥❞❡ d é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ ❙❡ N = 4✱ ♦❜t❡♠♦s

‖uε‖2
λ

‖uε‖2
2∗

=
‖∇uε‖2

2 + λ‖uε‖2
2

‖uε‖2
2∗

≤ S2 + λdε2| ln ε| +O(ε2)

(S2 +O(ε2))1/2

=

S2

(
1 + λ d

S2 ε
2| ln ε| + O(ε2)

S2

)

(
S2

(
1 + O(ε4)

S2

))1/2

=
S2(1 + λd̃ε2| ln ε| +O(ε2))

S(1 +O(ε4))1/2
,

♦✉ s❡❥❛✱
‖uε‖2

λ

‖uε‖2
2∗

≤ S

[
1√

1 +O(ε4)
+

λd̃ε2| ln ε|√
1 +O(ε4)

+
O(ε2)√

1 +O(ε4)

]
, ✭✷✳✽✮

♦♥❞❡ d̃ = d/S2✳ ❖❜s❡r✈❡ ❛❣♦r❛ q✉❡✿

✐✮ O(ε2)√
1+O(ε4)

= O(ε2)✱ ♣♦✐s

O(ε2)√
1+O(ε4)

ε2
=
O(ε2)

ε2

1√
1 +O(ε4)

é ❧✐♠✐t❛❞♦✱ ♣❛r❛ ε s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦❀

✐✐✮ 1√
1+O(ε4)

→ 1 q✉❛♥❞♦ ε→ 0✱ ♦✉ s❡❥❛✱ ♣❛r❛ ε s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ t❡♠♦s

1√
1 +O(ε4)

≥ 1

2
⇒ λd̃ε2| ln ε|√

1 +O(ε4)
≤ λd̃ε2| ln ε|

2
= λd̂ε2| ln ε|,

♦♥❞❡ d̂ = d̃/2❀

✐✐✐✮ ❢❛③❡♥❞♦ f(t) = 1/
√

1 + t✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ♦❜t❡♠♦s

1√
1 +O(ε4)

= 1 − 1

2
(1 + θ)−

3
2O(ε4) = 1 −O(ε4), θ ∈ (0, O(ε4)).

P♦rt❛♥t♦✱ ❞❡ ✭✷✳✽✮ s❡❣✉❡ q✉❡

‖uε‖2
λ

‖uε‖2
2∗

≤ S

[
1√

1 +O(ε4)
+

λd̃ε2| ln ε|√
1 +O(ε4)

+
O(ε2)√

1 +O(ε4)

]

≤ S[1 −O(ε4) + λd̂ε2| ln ε| +O(ε2)],



✸✷

✐st♦ é✱
‖uε‖2

λ

‖uε‖2
2∗

≤ S[1 + λd̂ε2| ln ε| +O(ε2)]. ✭✷✳✾✮

❆ss✐♠✱ ♣❛r❛ ε s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦

λd̂ε2| ln ε| +O(ε2) = ε2

[
λd̂| ln ε| + O(ε2)

ε2

]
< 0,

♣♦✐s O(ε2)
ε2 é ❧✐♠✐t❛❞♦ ❡ λd̂| ln ε| → −∞✱ ❡ ❞❡ ✭✷✳✾✮ ❝♦♥❝❧✉í♠♦s ✜♥❛❧♠❡♥t❡ q✉❡✱ ♣❛r❛ ε

s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱

‖uε‖2
λ

‖uε‖2
2∗

≤ S[1 + λd̂ε2| ln ε| +O(ε2)] < S.

❆ ❞❡♠♦♥str❛çã♦ ♣❛r❛ ♦ ❝❛s♦ N ≥ 5 s❡❣✉❡ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✳

�

❚❡♦r❡♠❛ ✷✳✹ ✭❇r❡③✐s✲◆✐r❡♠❜❡r❣✱ ✶✾✽✸✮ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✷✳✸✱ ♦ ♣r♦❜❧❡♠❛

(Pλ) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧✳

❉❡♠♦♥str❛çã♦✿

▼♦str❡♠♦s q✉❡ ϕ s❛t✐s❢❛③ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❝♦♠ ♥í✈❡❧ c < c∗✳

P❡❧♦ ▲❡♠❛ ✷✳✸✱ ❡①✐st❡ v ∈ H1
0 (Ω) \ {0} ♥ã♦ ♥❡❣❛t✐✈❛ t❛❧ q✉❡

0 <
‖v‖2

λ

‖v‖2
2∗
< S.

◆♦t❡ q✉❡

0 < max
t≥0

ϕ(tv) = max
t≥0

(‖tv‖2
λ

2
−
∫

Ω

F (tv)dx

)
= max

t≥0

(
t2

2
‖v‖2

λ −
t2

∗

2∗

∫

Ω

v2∗dx

)
.

❯s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡

d

dt

(
t2

2
‖v‖2

λ −
t2

∗

2∗
‖v‖2∗

2∗

)
= t‖v‖2

λ − t2
∗−1‖v‖2∗

2∗ = 0 ⇔ t =
‖v‖

2
2∗−2

λ

‖v‖
2∗

2∗−2

2∗

,

♦❜t❡♠♦s

0 < max
t≥0

(
t2

2
‖v‖2

λ −
t2

∗

2∗
‖v‖2∗

2∗

)
=

(
‖v‖

2
2∗−2

λ

‖v‖
2∗

2∗−2

2∗

)2
‖v‖2

λ

2
−
(
‖v‖

2
2∗−2

λ

‖v‖
2∗

2∗−2

2∗

)2∗

‖v‖2∗

2∗

2∗

♦✉

0 < max
t≥0

ϕ(tv) =

(
1

2
− 1

2∗

)( ‖v‖2
λ

‖v‖2
2∗

)N/2

<
SN/2

N
= c∗. ✭✷✳✶✵✮



✸✸

❉❡

ϕ(u) =
‖u‖2

λ

2
− ‖u+‖2∗

2∗

2∗
≥ ‖u‖2

λ

2
− ‖u‖2∗

2∗

2∗
,

❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙♦❜♦❧❡✈ t❡♠♦s

‖u‖2∗

2∗ ≤ S−2∗/2‖∇u‖2∗

2 ,

❡♥tã♦

ϕ(u) ≥ ‖u‖2
λ

2
− ‖u‖2∗

2∗

2∗
≥ ‖u‖2

λ

2
− 1

2∗S2∗/2
‖∇u‖2∗

2 .

▲♦❣♦✱ ❡①✐st❡ r > 0 t❛❧ q✉❡

b = inf
‖u‖λ=r

ϕ(u) > 0.

❉❡ ❢❛t♦✱ s❡♥❞♦ λ < 0✱ t❡♠♦s ‖u‖λ ≤ ‖∇u‖2✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ❡①✐st❡ c̃ > 0 t❛❧ q✉❡

‖u‖2
2 ≤ c̃‖∇u‖2

2, ∀u ∈ H1
0 (Ω),

♦❜t❡♠♦s

‖u‖2
λ = ‖∇u‖2

2 + λ‖u‖2
2 ≥ ‖∇u‖2

2 + λc̃‖∇u‖2
2,

♦✉ s❡❥❛✱ ‖∇u‖2 ≤ c‖u‖λ✱ ♦♥❞❡ c = (1 + λc̃)−1/2✳ ❈♦♠ ✐ss♦✱

ϕ(u) ≥ ‖u‖2
λ −

c2
∗

2∗S2∗/2
‖u‖2∗

λ .

❚♦♠❡ r1 > 0 ✭❛ s❡r ❞❡t❡r♠✐♥❛❞♦✮ ❡ ❝♦♥s✐❞❡r❡ ‖u‖λ = r1✳ ❉❛í✱

ϕ(u) ≥ r2
1

2
−Mr2∗

1 = r2
1

(
1

2
−Mr2∗−2

1

)
, ♦♥❞❡ M =

c2
∗

2∗S2∗/2
.

❡ ♥♦t❡ q✉❡ ❡s❝♦❧❤❡♥❞♦ 0 < r1 < (1/2M)1/(2∗−2) ✜❝❛♠♦s ❝♦♠

ϕ(u) ≥ r2
1

4
, s❡ ‖u‖λ = r1,

❡ ❛ss✐♠✱

b = inf
‖u‖λ=r1

ϕ(u) ≥ r2
1

4
> 0.

❖❜s❡r✈❡ ❛❣♦r❛ q✉❡ ϕ(0) = 0 ❡

ϕ(u) ≥ ‖u‖2
λ

2
−M‖u‖2∗

λ ,

❡ q✉❡
‖u‖2

λ

2
−M‖u‖2∗

λ ≥ 0 ⇔ ‖u‖2∗

λ ≤ ‖u‖2
λ

2M
⇔ ‖u‖2∗−2

λ ≤ 1

2M
,



✸✹

♦✉ s❡❥❛✱ ϕ(u) ≥ 0 s❡ u ∈ Br2 ✱ r2 ≈ 0✳ ▲♦❣♦✱ s❡ r = min{r1, r2} t❡♠♦s

b = inf
‖u‖λ=r

ϕ(u) > 0, ϕ|Br ≥ 0.

❈♦♠♦

ϕ(tv) =
t2

2
‖v‖2

λ −
t2

∗

2∗
‖v‖2∗

2∗ → −∞, t→ ∞,

♣❛r❛ t0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♠♦s ϕ(t0v) < 0✳ ❉❡ss❛ ❢♦r♠❛✱ t♦♠❛♥❞♦ γ0(t) = tt0v✱

t❡♠♦s

γ0(0) = 0 ❡ ϕ(γ0(1)) = ϕ(t0v) < 0,

❞♦♥❞❡

γ0 ∈ Γ = {γ ∈ C([0, 1], H1
0 (Ω)); γ(0) = 0, ϕ(γ(1)) < 0},

❡ ♣♦rt❛♥t♦✱ ❞❡ ✭✷✳✶✵✮✱

c = inf
γ∈Γ

max
t∈[0,1]

ϕ(γ(t))

≤ max
t∈[0,1]

ϕ(γ0(t))

≤ max
t≥0

ϕ(γ0(t))

= max
t≥0

ϕ(tt0v)

= max
t≥0

ϕ(tv) <
SN/2

N
= c∗.

▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❈✳✼✱ ϕ s❛t✐s❢❛③ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❝♦♠♦ ♥í✈❡❧

♠✐♥✐♠❛① c < SN/2/N ✱ ❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ❈✳✽✱ ❡①✐st❡ (un) ⊂ H1
0 (Ω) t❛❧ q✉❡

ϕ(un) → c, ϕ′(un) → 0.

P❡❧♦ ▲❡♠❛ ✷✳✷✱ s❡♥❞♦ c < c∗✱ (un) ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✱ ♦✉ s❡❥❛✱ ϕ

s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)c✳ ❆ss✐♠✱ c é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ ϕ✱ ✐st♦ é✱ ❡①✐st❡ u ∈ H1
0 (Ω)

t❛❧ q✉❡

ϕ(u) = c, ϕ′(u) = 0.

❈♦♠♦ c ≥ b > 0✱ ❝♦♥❝❧✉í♠♦s q✉❡ u 6= 0✳ ❈♦♠ ✐ss♦✱ ❛❝❛❜❛♠♦s ❞❡ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛

❞❡ ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛




−∆u+ λu = (u+)2∗−1,

u ∈ H1
0 (Ω)



✸✺

❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✶✱ s❡❣✉❡ ❡♥tã♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

(Pλ)✳ �

❉❡✜♥✐çã♦ ✷✳✺ ✭❉♦♠í♥✐♦ ❊str❡❧❛❞♦✮ ❯♠ ❞♦♠í♥✐♦ s✉❛✈❡ Ω ❞❡ RN é ❞✐t♦ ❡str❡❧❛❞♦

❡♠ r❡❧❛çã♦ ❛ ✉♠ ♣♦♥t♦ x0 ∈ Ω s❡ ❞❛❞♦ x ∈ ∂Ω t❡♠♦s

〈x− x0, νx〉 > 0,

♦♥❞❡ νx ❞❡♥♦t❛ ♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ ❡①t❡r✐♦r ❛ ∂Ω ❡♠ x✳

Pr♦♣♦s✐çã♦ ✷✳✻ ❙✉♣♦♥❤❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ (Pλ) t❡♠ ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧✳ ❊♥tã♦

λ > −λ1(Ω)✳ ▼❛✐s ❛✐♥❞❛✱ s❡ Ω é ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡str❡❧❛❞♦ ❧✐♠✐t❛❞♦✱ ❡♥tã♦ λ < 0✳

❉❡♠♦♥str❛çã♦✿

❙✉♣♦♥❤❛ q✉❡ u s❡❥❛ ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ❞❡ (Pλ)✳ ❙❡❥❛ e1 ∈ H1
0 (Ω) ✉♠❛

❛✉t♦❢✉♥çã♦ ❞❡ (−∆, H1
0 (Ω)) ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ❛✉t♦✈❛❧♦r λ1 = λ1(Ω) ❝♦♠ e1 > 0 ✭t♦❞❛

❛✉t♦❢✉♥çã♦ ❛ss♦❝✐❛❞❛ ❛♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞❡ (−∆, H1
0 (Ω)) ♣♦ss✉✐ s✐♥❛❧ ❞❡✜♥✐❞♦ ✲ ✈❡r

❬✷✵❪✮✳ ❙❡♥❞♦ u s♦❧✉çã♦ ❞❡ (Pλ)✱ ❡♥tã♦ u s❛t✐s❢❛③ λu = u2∗−1 + ∆u✱ ♦✉ s❡❥❛

λue1 = (u2∗−1 + ∆u)e1

❞♦♥❞❡

λ

∫

Ω

ue1dx =

∫

Ω

(u2∗−1 + ∆u)e1dx =

∫

Ω

u2∗−1e1dx+

∫

Ω

∆ue1dx >

∫

Ω

∆ue1dx. ✭✷✳✶✶✮

❖❜s❡r✈❡ q✉❡ e1 s❛t✐s❢❛③ ∫

Ω

∇u.∇e1dx = λ1

∫

Ω

ue1dx; ✭✷✳✶✷✮

❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ●r❡❡♥✱

∫

Ω

∆uvdx+

∫

Ω

∇u.∇vdx =

∫

∂Ω

∂u

∂η
vds,

❝♦♠♦ e1 = 0 ❡♠ ∂Ω✱ ♦❜t❡♠♦s ❞❡ ✭✷✳✶✷✮

∫

Ω

∆ue1dx = −
∫

Ω

∇u.∇e1dx = −λ1

∫

Ω

ue1dx

❡ ❞❡ ✭✷✳✶✶✮ s❡❣✉❡ q✉❡

λ

∫

Ω

ue1dx >

∫

Ω

∆ue1dx = −λ1

∫

Ω

ue1dx⇒



✸✻

λ > −λ1 = −λ1(Ω).

❆❣♦r❛✱ ❝♦♠♦

−∆u = au,

♦♥❞❡ a = u2∗−2 − λ ∈ LN/2(Ω)✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❇r❡③✐s✲❑❛t♦ ✭❚❡♦r❡♠❛ ❈✳✶✵✮ ✐♠♣❧✐❝❛

q✉❡ u ∈ Lp(Ω)✳ ❉❡ss❛ ♠❛♥❡✐r❛✱ u ∈ W 2,p(Ω) ♣❛r❛ t♦❞♦ 1 ≤ p < ∞✳ P❡❧❛ t❡♦r✐❛ ❞❛

r❡❣✉❧❛r✐❞❛❞❡ ❡❧í♣t✐❝❛ s❡❣✉❡ ❡♥tã♦ q✉❡ u ∈ C2(Ω) ∩ C1(Ω)✳ ❆ ✐❞❡♥t✐❞❛❞❡ ❞❡ P♦❤♦③❛❡✈

✭❚❡♦r❡♠❛ ❈✳✾✮ ♥♦s ❞á

−λ
∫

Ω

u2dx =

∫

∂Ω

|∇u|2
2

σ.νdσ, ✭✷✳✶✸✮

♦♥❞❡ ν ❞❡♥♦t❛ ♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ ❡①t❡r✐♦r ❛ ∂Ω✳ ❙❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❡str❡❧❛❞♦

❝♦♠ r❡❧❛çã♦ ❛ ♦r✐❣❡♠✱ ❡♥tã♦ 〈σ, ν〉 > 0 ❡♠ ∂Ω✳ ▲♦❣♦✱ ❞❡ ✭✷✳✶✸✮ s❡❣✉❡ q✉❡ λ ≤ 0✳ ❙❡

❢♦ss❡ λ = 0✱ ❡♥tã♦ ∇u = 0 ❡♠ ∂Ω❀ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ●r❡❡♥ ♦❜t❡rí❛♠♦s

∫

Ω

∆udx =

∫

∂Ω

∂u

∂η
ds =

∫

∂Ω

∇u.ηds = 0,

❡ ❞❡ (Pλ) s❡❣✉✐r✐❛ q✉❡

0 = −
∫

Ω

∆udx =

∫

Ω

u2∗−1dx,

✐♠♣❧✐❝❛♥❞♦ u = 0✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦✱ λ < 0✳ �



❈❛♣ít✉❧♦ ✸

▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦

♣r♦❜❧❡♠❛ (Pλ)

■♥✐❝✐❛♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♥❞♦ ❛s ❞❡✜♥✐çõ❡s ❡ ♦s r❡s✉❧t❛❞♦s r❡❢❡r❡♥t❡s ❛

❝❛t❡❣♦r✐❛✱ ❢❡rr❛♠❡♥t❛ ♣r✐♥❝✐♣❛❧ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳

✸✳✶ ❉❡✜♥✐çõ❡s

❉❡✜♥✐çã♦ ✸✳✶ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ A é ❝♦♥trát✐❧ ❡♠ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X s❡

❡①✐st❡♠ ✉♠❛ ❛♣❧✐❝❛çã♦ h : [0, 1] × A→ X ❝♦♥tí♥✉❛ ❡ w ∈ X t❛✐s q✉❡

h(0, u) = u, h(1, u) = w, ∀u ∈ A.

❉❡✜♥✐çã♦ ✸✳✷ ❙❡❥❛♠ A,B ❡ Y s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X✳

❉✐③❡♠♦s q✉❡ A é ❞❡❢♦r♠❛❞♦ ❡♠ B ♣r❡s❡r✈❛♥❞♦ Y ✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r A ≺Y B ❡♠ X✱

s❡ Y ⊂ A ∩B ❡ s❡ ❡①✐st❡ h : [0, 1] × A→ X ❝♦♥tí♥✉❛ t❛❧ q✉❡
❛✮ h(0, u) = u, h(1, u) ∈ B, ∀u ∈ A❀

❜✮ h(t, Y ) ⊂ Y, ∀t ∈ [0, 1].

❉❡✜♥✐çã♦ ✸✳✸ ❙❡❥❛♠ Y ⊂ A s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X✳ ❆

❝❛t❡❣♦r✐❛ ❞❡ A ❡♠ X r❡❧❛t✐✈❛ ❛ Y é ♦ ♠❡♥♦r ✐♥t❡✐r♦ n t❛❧ q✉❡ ❡①✐st❡♠ n+1 s✉❜❝♦♥❥✉♥t♦s

❢❡❝❤❛❞♦s A0, A1, ..., An ❡♠ X s❛t✐s❢❛③❡♥❞♦✿
❛✮ A =

n⋃
j=0

Aj❀

❜✮ A1, ..., An sã♦ ❝♦♥trát❡✐s ❡♠ X❀

❝✮ A0 ≺Y Y ❡♠ X✳

❆ ❝❛t❡❣♦r✐❛ ❞❡ A ❡♠ X r❡❧❛t✐✈❛ ❛ Y é ❞❡♥♦t❛❞❛ ♣♦r ❝❛tX,Y (A)✳



✸✽

❉❡✜♥✐çã♦ ✸✳✹ ❙❡❥❛ A ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X✳ ❆ ❝❛t❡❣♦r✐❛

❞❡ A ❡♠ X é ♦ ♠❡♥♦r ✐♥t❡✐r♦ n t❛❧ q✉❡ ❡①✐st❡♠ n s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s A1, ..., An

❢❡❝❤❛❞♦s ❡ ❝♦♥trát❡✐s ❡♠ X t❛❧ q✉❡ A =
n⋃

j=1

Aj✳ ❯s❛♠♦s ❛ ♥♦t❛çã♦ ❝❛tX(A)✳

❖❜s❡r✈❛çã♦ ✸✳✺ ◆♦t❡ q✉❡

❝❛tX(A) = ❝❛tX,∅(A)

✳

❖❜s❡r✈❛çã♦ ✸✳✻ ❊ss❛ ❞❡✜♥✐çã♦ ❞❡ ❝❛t❡❣♦r✐❛ ❢♦✐ ❞❛❞❛ ♣♦r ▲✉st❡r♥✐❦✲❙❝❤♥✐r❡❧♠❛♥ ✭✈❡r ❬✶✽❪✮✳

❊①❡♠♣❧♦ ✸✳✼ ❛✮ ❙❡♥❞♦ B ✉♠❛ ❜♦❧❛ ❡♠ RN ❡♥tã♦ ❝❛tB(B) = ❝❛tRN (B) = 1✳

❜✮ ❙❡♥❞♦ A ✉♠ ❛♥❡❧ ❡♠ R2✱ ❡♥tã♦ ❝❛tA(A) = 2✳

❝✮ ❙❡♥❞♦ T2 ♦ t♦r♦ ❡♠ R3✱ ❡♥tã♦ ❝❛tT2(T2) = 4✳

✸✳✷ Pr♦♣r✐❡❞❛❞❡s ❞❡ ❝❛t❡❣♦r✐❛

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❞❡♠♦♥str❛r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡❧❡♠❡♥t❛r❡s ❞❛ ❝❛t❡❣♦r✐❛

r❡❧❛t✐✈❛✳

▲❡♠❛ ✸✳✽ ❙❡❥❛♠ A,B,C ❡ Y s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❞❡ X t❛✐s q✉❡ Y ⊂ A ∩ B ∩ C✳

❙❡ A ≺Y B ❡ B ≺Y C ❡♠ X✱ ❡♥tã♦ A ≺Y C ❡♠ X✳

❉❡♠♦♥str❛çã♦✿

❙❡❥❛ h : [0, 1] × A→ X ❝♦♥tí♥✉❛ t❛❧ q✉❡

h(0, u) = u, h(1, u) ∈ B, ∀u ∈ A,

h(t, Y ) ⊂ Y, ∀t ∈ [0, 1],

❡ s❡❥❛ g : [0, 1] ×B → X ❝♦♥tí♥✉❛ t❛❧ q✉❡

g(0, u) = u, g(1, u) ∈ C, ∀u ∈ B,

g(t, Y ) ⊂ Y, ∀t ∈ [0, 1].

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ ❞❡❢♦r♠❛çã♦ f : [0, 1] × A→ X ❞❛❞❛ ♣♦r

f(t, u) =





h(2t, u), 0 ≤ t ≤ 1/2, u ∈ A,

g(2t− 1, h(1, u)), 1/2 < t ≤ 1, u ∈ A
.



✸✾

❖❜s❡r✈❡ q✉❡ f é ❝♦♥tí♥✉❛ ❡ q✉❡

f(0, u) = h(0, u) = u, ∀u ∈ A;

f(1, u) = g(2.1 − 1, h(1, u)) = g(1, h(1, u)) ∈ C, ∀u ∈ A, ♣♦✐s h(1, u) ∈ B.

P❛r❛ 0 ≤ t ≤ 1/2 ❡ u ∈ Y t❡♠♦s

f(t, u) = h(2t, u) ∈ Y,

❡ ♣❛r❛ 1/2 < t ≤ 1 ❡ u ∈ Y ✱

f(t, u) = g(2t− 1, h(1, u)) ∈ Y,

♦✉ s❡❥❛✱ f(t, Y ) ⊂ Y, ∀t ∈ [0, 1]✳ ❈♦♠ ✐ss♦✱ ✜❝❛ ♣r♦✈❛❞♦ q✉❡ A ≺Y C ❡♠ X✳

�

Pr♦♣♦s✐çã♦ ✸✳✾ ❙❡❥❛♠ A,B ❡ Y s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❞❡ X t❛✐s q✉❡ Y ⊂ A✳ ❆

❝❛t❡❣♦r✐❛ r❡❧❛t✐✈❛ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

❛✮ ◆♦r♠❛❧✐③❛çã♦✿ ❝❛tX,Y (Y ) = 0❀

❜✮ ❙✉❜❛❞✐t✐✈✐❞❛❞❡✿ ❝❛tX,Y (A ∪B) ≤ ❝❛tX,Y (A) + ❝❛tX(B)❀

❝✮ ▼♦♥♦t♦♥✐❝✐❞❛❞❡✿ A ≺Y B ⇒ ❝❛tX,Y (A) ≤ ❝❛tX,Y (B)✳

❉❡♠♦♥str❛çã♦✿

❛✮ ❈♦♥s✐❞❡r❛♥❞♦ A0 = Y ✱ t❡♠♦s A0 ≺Y Y ❡♠ X✱ ♣♦✐s Y ⊂ A0 ∩ Y ❡

h : [0, 1] × A0 −→ X

(t, u) 7−→ h(t, u) = u

é ❝♦♥tí♥✉❛ ❡ s❛t✐s❢❛③

h(0, u) = u, h(1, u) ∈ Y, ∀u ∈ A0; ❡ h(t, Y ) ⊂ Y, ∀t ∈ [0, 1].

▲♦❣♦✱ ❝❛tX,Y (Y ) = 0✳



✹✵

❜✮ ❙✉♣♦♥❤❛ ❝❛tX,Y (A) = n ❡ ❝❛tX(B) = m✱ ♦✉ s❡❥❛✱ ❡①✐st❡♠ A0, A1, ..., An ❢❡❝❤❛❞♦s

❡♠ X t❛✐s q✉❡

A =
n⋃

j=0

Aj, A1, ..., An sã♦ ❝♦♥trát❡✐s ❡♠ X, ❡ A0 ≺Y Y ❡♠ X,

❡ ❡①✐st❡♠ t❛♠❜é♠ B1, ..., Bm ❢❡❝❤❛❞♦s ❡♠ X t❛✐s q✉❡

B =
m⋃

k=1

Bk ❡ B1, ..., Bm sã♦ ❝♦♥trát❡✐s ❡♠ X.

❉❡ss❛ ❢♦r♠❛✱

A ∪B = A0 ∪ [A1 ∪ ... ∪ An ∪B1 ∪ ... ∪Bm],

♦♥❞❡ ❛ ✉♥✐ã♦ ❡♥tr❡ ❝♦❧❝❤❡t❡s ❝♦♥té♠✱ ♥♦ ♠á①✐♠♦✱ n+m ❝♦♥❥✉♥t♦s ❝♦♥trát❡✐s ❡♠

X✱ ❡ A0 ≺Y Y ✳ ▲♦❣♦✱ ❝❛tX,Y (A ∪B) ≤ n+m = ❝❛tX,Y (A) + ❝❛tX(B)✳

❝✮ ❙✉♣♦♥❤❛ A ≺Y B ♣❡❧❛ ❞❡❢♦r♠❛çã♦ h✱ ✐✳❡✳✱ Y ⊂ A ∩ B ❡ h : [0, 1] × A → X é

❝♦♥tí♥✉❛ ❡ s❛t✐s❢❛③

h(0, u) = u, h(1, u) ∈ B, ∀u ∈ A ❡ h(t, Y ) ⊂ Y, ∀t ∈ [0, 1].

❙❡ ❝❛tX,Y (B) = ∞✱ ♦ r❡s✉❧t❛❞♦ é ✐♠❡❞✐❛t♦✳ ❙✉♣♦♥❞♦ ❡♥tã♦ ❝❛tX,Y (B) = n✱ s❡❥❛

(B0, B1, ..., Bn) ❛ ❝♦❜❡rt✉r❛ ❢❡❝❤❛❞❛ ❞❡ ❇ ❝♦rr❡s♣♦♥❞❡♥t❡✳ ❉❡✜♥❛

Aj = {u ∈ A;h(1, u) ∈ Bj}, j = 0, 1, ..., n.

❖❜s❡r✈❡ q✉❡

✐✮ A =
n⋃

j=0

Aj❀

✐✐✮ A0 ≺Y B0✳ ❉❡ ❢❛t♦✱ (B0, B1, ..., Bn) s❛t✐s❢❛③

B =
n⋃

j=0

Bj, B1, ..., Bn sã♦ ❝♦♥trát❡✐s ❡♠ X, ❡ B0 ≺Y Y ❡♠ X.

❊♥tã♦✱ ❝♦♠♦ Y ⊂ B0✱ s❡❣✉❡ q✉❡ Y ⊂ A0✱ ♣♦✐s

u ∈ Y ⇒ h(1, u) ∈ Y ⊂ B0 ⇒ u ∈ A0.

❈♦♠ ✐ss♦✱ t❡♠♦s Y ⊂ A0 ∩B0 ❡ ❞❡✜♥✐♥❞♦

h0 : [0, 1] × A0 −→ X

(t, u) 7−→ h0(t, u) = h(t, u)

é ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ A0 ≺Y B0✳ ▲♦❣♦✱ ❝♦♠♦ B0 ≺Y Y ✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✸✳✽ q✉❡

A0 ≺Y Y ✳



✹✶

✐✐✐✮ Aj ≺∅ Bj, j = 1, ..., n✳ ❈♦♠ ❡❢❡✐t♦✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r

hj : [0, 1] × Aj −→ X

(t, u) 7−→ hj(t, u) = h(t, u).

❙❡♥❞♦ Bj ❝♦♥trát✐❧✱ ❝♦♥s✐❞❡r❡ gj : [0, 1] × Bj → X ❛ r❡s♣❡❝t✐✈❛ ❞❡❢♦r♠❛çã♦ ❡ ❞❡✜♥❛

fj : [0, 1] × Aj → X ♣♦r

fj(t, u) =





hj(2t, u), 0 ≤ t ≤ 1/2, u ∈ Aj,

gj(2t− 1, hj(1, u)), 1/2 < t ≤ 1, u ∈ Aj.

❊ss❛s ❢✉♥çõ❡s ✐♠♣❧✐❝❛♠ q✉❡ ♦s ❝♦♥❥✉♥t♦s Aj sã♦ ❝♦♥trát❡✐s ❡♠ X✳ P♦r ✜♠✱ ♦❜s❡r✈❡ q✉❡

❛ ❢✉♥çã♦

f : A −→ X

u 7−→ f(u) = h(1, u)

é ❝♦♥tí♥✉❛ ❡ q✉❡ Aj = f−1(Bj)✱ ❞♦♥❞❡ ❝❛❞❛ Aj é ❢❡❝❤❛❞♦ ❡♠ X✳ P♦rt❛♥t♦✱ ❞❡ ✭✐✮✲✭✐✐✐✮✱

❝♦♥❝❧✉í♠♦s q✉❡

❝❛tX,Y (A) ≤ n = ❝❛tX,Y (B).

�

❆♥t❡s ❞♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ✈❡❥❛♠♦s ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✳

❉❡✜♥✐çã♦ ✸✳✶✵ ❯♠ ❡s♣❛ç♦ ♠étr✐❝♦ X é ✉♠ ❡①t❡♥s♦r ❛❜s♦❧✉t♦ ❞❡ ✈✐③✐♥❤❛♥ç❛✱ ❛❜r❡✈✐✲

❛❞❛♠❡♥t❡✱ ❊❆❱✱ s❡ ♣❛r❛ t♦❞♦ ❡s♣❛ç♦ ♠étr✐❝♦ E✱ ♣❛r❛ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ F ❞❡

E ❡ t♦❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : F → X✱ ❡①✐st❡ ✉♠❛ ❡①t❡♥sã♦ ❝♦♥tí♥✉❛ ❞❡ f ❞❡✜♥✐❞❛

❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ F ❡♠ E✳

❉❡✜♥✐çã♦ ✸✳✶✶ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X é ♥♦r♠❛❧ s❡ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ❝♦♥❥✉♥t♦s ❞✐s✲

❥✉♥t♦s ❢❡❝❤❛❞♦s A ❡ B ❞❡ X ❡①✐st❡ f : X → [0, 1] ❝♦♥tí♥✉❛ t❛❧ q✉❡ f(A) = {0} ❡

f(B) = {1}✳

❖❜s❡r✈❛çã♦ ✸✳✶✷ ❚♦❞♦ ❡s♣❛ç♦ ♠étr✐❝♦ X é ♥♦r♠❛❧✿ ❞❛❞♦s A ❡ B ❢❡❝❤❛❞♦s ❡ ❞✐s❥✉♥t♦s

❡♠ X ❜❛st❛ ❝♦♥s✐❞❡r❛r ❛ ❢✉♥çã♦ ❞❡ ❯r②s♦❤♥ f : X → [0, 1] ❞❛❞❛ ♣♦r

f(x) =
❞✐st(x,A)

❞✐st(x,A) + ❞✐st(x,B)
.

Pr♦♣♦s✐çã♦ ✸✳✶✸ ❙❡❥❛ A ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ ✉♠ ❊❆❱ X✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛

✈✐③✐♥❤❛♥ç❛ ❢❡❝❤❛❞❛ B ❞❡ A ❡♠ X t❛❧ q✉❡ ❝❛tX(B) = ❝❛tX(A)✳



✹✷

❉❡♠♦♥str❛çã♦✿

❙✉♣♦♥❤❛ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ❝❛tX(A) = 1✱ ♦✉ s❡❥❛✱ q✉❡ A é ❝♦♥trát✐❧✱ ❡ ❝♦♥s✐❞❡r❡

h : [0, 1]×A→ X ❛ r❡s♣❡❝t✐✈❛ ❤♦♠♦t♦♣✐❛✳ ❖ ❝♦♥❥✉♥t♦ N = ([0, 1]×A)∪ ({0, 1}×X)

é ❢❡❝❤❛❞♦ ❡♠ M = [0, 1] ×X✳ ❆ ❛♣❧✐❝❛çã♦ f : N → X ❞❛❞❛ ♣♦r

f(t, u) =





h(t, u), t ∈ [0, 1], u ∈ A,

u, t = 0, u ∈ X,

h(1, u0), t = 1, u ∈ X,

♦♥❞❡ u0 ∈ A é ✜①♦✱ é ❝♦♥tí♥✉❛✳ P♦r ❤✐♣ót❡s❡✱ s❡♥❞♦ X ✉♠ ❊❆❱✱ ❡①✐st❡ ✉♠❛ ❡①t❡♥sã♦

❝♦♥tí♥✉❛ g ❞❡ f ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ N ❡♠ M ✳ ❈♦♠ M é ✉♠ ❡s♣❛ç♦

♠étr✐❝♦✱ s❡❣✉❡ ❞❛ ❖❜s❡r✈❛çã♦ ✸✳✶✷ q✉❡ ♦ ♠❡s♠♦ é ♥♦r♠❛❧✱ ❧♦❣♦ ♣♦❞❡♠♦s s✉♣♦r U

❢❡❝❤❛❞♦✳ ❈♦♠ ❡❢❡✐t♦✱ s❡♥❞♦ N ❡ U c ❢❡❝❤❛❞♦s ❞✐s❥✉♥t♦s ❞❡ M ✱ ❡①✐st❡ f : M → [0, 1]

❝♦♥tí♥✉❛ t❛❧ q✉❡ f(N) = {0} ❡ f(U c) = {1}❀ ❝♦♥s✐❞❡r❛♥❞♦ ❡♥tã♦ Ũ = {x ∈ M ; f(x) ≤
1/2}✱ t❡♠♦s Ũ ❢❡❝❤❛❞♦ ❝♦♠ N ⊂ Ũ ⊂ U ✳ ❈♦♠♦ [0, 1] × A ⊂ N ⊂ U ✱ t❡♠♦s ([0, 1] ×
A) ∩ ∂U = ∅✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ♣r♦❥❡çã♦

Π2 : [0, 1] ×X −→ X

(t, u) 7−→ Π2(t, u) = u,

t❡♠♦s Π2(∂U) ∩ A = ∅❀ ❧♦❣♦✱ ❢❛③❡♥❞♦ B = Π2(U) \ ✐♥t(Π2(∂U)) t❡♠♦s B ❢❡❝❤❛❞♦✱

A ⊂ B ❡ [0, 1] × B ⊂ U ✳ ▼❛s ❡♥tã♦ B é ❝♦♥trát✐❧ ❡♠ X✳ ❉❡ ❢❛t♦✱ t❡♠♦s g : U → X

❝♦♥tí♥✉❛ ❡ [0, 1] ×B ⊂ U ❀ ❡s❝r❡✈❛ ❡♥tã♦

p = g|[0,1]×B : [0, 1] ×B → X,

q✉❡ é ❝♦♥tí♥✉❛ ❡ ♦❜s❡r✈❡ q✉❡ s❡ u ∈ B ❡♥tã♦ u ∈ A ♦✉ u ∈ B \ A❀ s❡ u ∈ A✱ ❡♥tã♦

(0, u), (1, u) ∈ N ❡ ❞❛í

p(0, u) = g(0, u) = f(0, u) = h(0, u) = u,

❡

p(1, u) = g(1, u) = f(1, u) = h(1, u0),

❡ s❡ u ∈ B \ A✱ ❡♥tã♦ u ∈ X ❞❡ ♠♦❞♦ q✉❡ (0, u), (1, u) ∈ N ❡ ❛ss✐♠

p(0, u) = g(0, u) = f(0, u) = u



✹✸

❡

p(1, u) = g(1, u) = f(1, u) = h(1, u) = h(1, u0).

P♦rt❛♥t♦✱

p(0, u) = u, p(1, u) = h(1, u0), ∀u ∈ B

❡ ❛ss✐♠✱ ❝❛tX(B) = 1 = ❝❛tX(A)✳

❙❡ ❝❛tX(A) = n✱ ❡♥tã♦ A =
n⋃

i=1

Ai✱ ♦♥❞❡ ❝❛❞❛ Ai é ❝♦♥trát✐❧✱ ✐✳❡✳✱ ❝❛tX(Ai) =

1, i = 1, ..., n✳ P❡❧♦ ❡st✉❞♦ ❢❡✐t♦✱ ❡①✐st❡ Bi ✈✐③✐♥❤❛♥ç❛ ❢❡❝❤❛❞❛ ❞❡ Ai t❛❧ q✉❡ ❝❛tX(Bi) =

❝❛tX(Ai) = 1✳ ❚♦♠❛♥❞♦ B =
n⋃

i=1

Bi✱ t❡♠♦s B ✈✐③✐♥❤❛♥ç❛ ❢❡❝❤❛❞❛ ❞❡ A ❡ ❝❛❞❛ Bi é

❝♦♥trát✐❧✱ ❞♦♥❞❡

❝❛tX(B) ≤ n = ❝❛tX(A). ✭✸✳✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ A ⊂ B ✐♠♣❧✐❝❛ A ≺∅ B✿ ❜❛st❛ t♦♠❛r

q : [0, 1] × A −→ X

(t, u) 7−→ q(t, u) = u.

❉❛ ♣r♦♣r✐❡❞❛❞❡ ✭❝✮ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✾ s❡❣✉❡ q✉❡

❝❛tX(A) = ❝❛tX,∅(A) ≤ ❝❛tX,∅(B) = ❝❛tX(B). ✭✸✳✷✮

❉❡ ✭✸✳✶✮ ❡ ✭✸✳✷✮ s❡❣✉❡ q✉❡

❝❛tX(A) = ❝❛tX(B).

�

✸✳✸ ❚❡♦r❡♠❛s ▼✐♥✐♠❛①

◆❡st❛ s❡çã♦✱ s✉♣♦♥❤❛ q✉❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ψ ∈ C2(X,R) ❡ ψ′(v) 6= 0✱

♣❛r❛ t♦❞♦ v ∈ V = {u ∈ X;ψ(u) = 1}✳ ❯s❛r❡♠♦s ❛q✉✐ ♦s r❡s✉❧t❛❞♦s ❞♦ ❆♣ê♥❞✐❝❡ ❇✳

❙❡❥❛♠ ϕ ∈ C1(X,R) ❡ Y ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ ϕd = {v ∈ V ;ϕ(v) ≤ d}✱ ♦♥❞❡
d ∈ R é ✜①♦✳ P❛r❛ j ≥ 1 ❞❡✜♥❛

Aj = {A ⊂ ϕd;A é ❢❡❝❤❛❞♦✱ A ⊃ Y, ❝❛tϕd,Y (A) ≥ j},

cj = inf
A∈Aj

sup
u∈A

ϕ(u).



✹✹

❚❡♦r❡♠❛ ✸✳✶✹ ❙❡

a = sup
Y
ϕ < c = ck = ... = ck+m ≤ d, ✭✸✳✸✮

❡♥tã♦ ♣❛r❛ t♦❞♦s ε ∈ (0, (c− a)/2)✱ δ > 0✱ A ∈ Ak+m ❡ B ⊂ ϕd ❢❡❝❤❛❞♦ t❛✐s q✉❡

sup
A
ϕ ≤ c+ ε, ❝❛tϕd(B) ≤ m,

❡①✐st❡ u ∈ V t❛❧ q✉❡

❛✮ c− 2ε ≤ ϕ(u) ≤ c+ 2ε;

❜✮ ❞✐st(u,A \ ✐♥tB) ≤ 2δ;

❝✮ ‖ϕ′(u)‖∗ ≤ 8ε/δ.

❉❡♠♦♥str❛çã♦✿

❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡♠ ε ∈ (0, (c − a)/2)✱ δ > 0✱ A ∈ Ak+m ❡

B ∈ ϕd ❢❡❝❤❛❞♦ t❛✐s q✉❡

sup
A
ϕ ≤ c+ ε, ❝❛tϕd(B) ≤ m,

t❛✐s q✉❡✱ ♣❛r❛ t♦❞♦ u ∈ V ❝♦♠ c− 2ε ≤ ϕ(u) ≤ c+ 2ε ❡ ❞✐st(u,A \ ✐♥tB) ≤ 2δ✱ t❡♠♦s

‖ϕ′(u)‖∗ > 8ε/δ❀ ❢❛③❡♥❞♦ S = A \ ✐♥tB✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✿

∀u ∈ ϕ−1([c− 2ε, c+ 2ε]) ∩ S2δ, t❡♠♦s ‖ϕ′(u)‖∗ ≥ 8ε/δ.

❚❡♠♦s S ⊂ V ✱ ♣♦✐s

u ∈ S ⇒ u ∈ A ❡ A ∈ Ak+m ⇒ A ⊂ ϕd ⊂ V ⇒ u ∈ V.

▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ❇✳✼✱ ❡①✐st❡ η : [0, 1] × V → V ❝♦♥tí♥✉❛ t❛❧ q✉❡

• η(t, u) = u s❡ t = 0 ♦✉ u /∈ ϕ−1([c− 2ε, c+ 2ε]) ∩ S2δ❀

• η(1, ϕc+ε ∩ S) ⊂ ϕc−ε✳

❖❜s❡r✈❡ q✉❡✿

(i) Y ⊂ ϕc−ε✿

u ∈ Y ⇒ ϕ(u) ≤ c− 2ε, ♣♦✐s sup
Y
ϕ = a < c− 2ε⇒ ϕ(u) ≤ c− ε⇒ u ∈ ϕc−ε.

(ii) Y ⊂ S = A \ ✐♥tB✿



✹✺

Y ⊂ A✱ ♣♦✐s A ∈ Ak+m✳ ❚r♦❝❛♥❞♦✱ s❡ ♥❡❝❡ssár✐♦✱ B ♣♦r B \ ✐♥tY ✱ q✉❡ é ❢❡❝❤❛❞♦

❡ ❡stá ❝♦♥t✐❞♦ ❡♠ ϕd✱ t❡♠♦s

B \ ✐♥tY ⊂ B ⇒ ❝❛tϕd(B \ ✐♥tY ) ≤ ❝❛tϕd(B) ≤ m,

❡ t❛♠❜é♠ Y * ✐♥t(B \ ✐♥tY )✱ ♣♦✐s

u ∈ Y ⇒ u ∈ ✐♥tY ⇒ u /∈ B \ ✐♥tY ⇒ u /∈ ✐♥t(B \ ✐♥tY ),

♦✉

u ∈ Y ⇒ u ∈ ∂Y ⇒ u ∈ ∂(B \ ✐♥tY ) ⇒ u /∈ ✐♥t(B \ ✐♥tY ).

❉❡ (i) ❡ (ii) ❝♦♥❝❧✉í♠♦s q✉❡ Y ⊂ S ∩ ϕc−ε✳

(iii) ϕc+ε ∩ S = S✿

s❡ u ∈ S✱ ❡♥tã♦ u ∈ A✱ ❞❛í ϕ(u) ≤ c + ε✱ ♣♦✐s sup
A
ϕ ≤ c + ε✳ ▲♦❣♦✱ u ∈ ϕc+ε✱ ♦✉

s❡❥❛✱ S ⊂ ϕc+ε✱ ❡ ❛ss✐♠✱ S = S ∩ ϕc+ε✳

(iv) η(0, u) = u, ∀u ∈ V ✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ η(0, u) = u, ∀u ∈ S.

(v) u ∈ S = ϕc+ε ∩ S ⇒ η(1, u) ∈ ϕc−ε.

(vi) η(t, Y ) ⊂ Y, ∀t ∈ [0, 1]✿

❞❡ ❢❛t♦✱ s❡ u ∈ Y ✱ ❡♥tã♦ ϕ(u) < c− 2ε✱ ❞❛í u /∈ ϕ−1([c− 2ε, c+ 2ε]) ♦ q✉❡ ✐♠♣❧✐❝❛

u /∈ ϕ−1([c− 2ε, c+ 2ε]) ∩ S2δ✱ ❡ ❞❛í η(t, u) = u, ∀t ∈ [0, 1] ❡ ♣♦rt❛♥t♦

η(t, Y ) = Y, ∀t ∈ [0, 1].

▲♦❣♦✱ ❝♦♥s✐❞❡r❛♥❞♦ η̃ = η|[0,1]×S : [0, 1]×S → V ✱ ❝♦♥❝❧✉í♠♦s q✉❡ S = A\✐♥tB ≺Y

ϕc−ε. ❆ss✐♠✱

A ∈ Ak+m ⇒ k +m ≤ ❝❛tϕd,Y (A)

≤ ❝❛tϕd,Y (A \ ✐♥tB) + ❝❛tϕd(A ∩B)

≤ ❝❛tϕd,Y (A \ ✐♥tB) + ❝❛tϕd(B)

≤ ❝❛tϕd,Y (ϕc−ε) +m,

✐♠♣❧✐❝❛♥❞♦ q✉❡ ❝❛tϕd,Y (ϕc−ε) ≥ k✳ ❯♠❛ ✈❡③ q✉❡ Y ⊂ ϕc−ε ⊂ ϕd ❡ ϕc−ε é ❢❡❝❤❛❞♦✱

❡♥tã♦ ϕc−ε ∈ Ak✱ ❡ ❛ss✐♠

c = ck = inf
A∈Ak

sup
u∈A

ϕ(u) ≤ sup
u∈ϕc−ε

ϕ(u) ≤ c− ε,



✹✻

❝❤❡❣❛♥❞♦ ❛ ✉♠ ❛❜s✉r❞♦ ❡ ✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛✳

�

❉❡✜♥✐çã♦ ✸✳✶✺ ❆ ❢✉♥çã♦ ϕ|V s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭P❙✮c s❡ t♦❞❛ s❡q✉ê♥❝✐❛ (un) ⊂ V

t❛❧ q✉❡

ϕ(un) → c, ‖ϕ′(un)‖∗ → 0

❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠ V ✳

❚❡♦r❡♠❛ ✸✳✶✻ ❙♦❜ ❛ ❤✐♣ót❡s❡ (3.3)✱ s❡ ϕ|V s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭P❙✮c✱ ❡♥tã♦ ❝❛tϕd(Kc) ≥
m+ 1✱ ♦♥❞❡ Kc = {u ∈ V ;ϕ(u) = c ❡ ‖ϕ′(u)‖∗ = 0}✳

❉❡♠♦♥str❛çã♦✿

❙✉♣♦♥❤❛ q✉❡ ❝❛tϕd(Kc) ≤ m✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✸✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

❢❡❝❤❛❞❛ B ❞❡ Kc ❡♠ ϕd t❛❧ q✉❡ ❝❛tϕd(Kc) = ❝❛tϕd(B) ≤ m✳ P❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱

❡①✐st❡ (un) ⊂ V t❛❧ q✉❡

ϕ(un) → c,

❞✐st(un, An \ ✐♥tB) → 0,

❡

‖ϕ′(un)‖∗ → 0,

♦♥❞❡ An ∈ Ak+m✱ ∀n✳ P♦r ❤✐♣ót❡s❡✱ ❡①✐st❡ u ∈ V t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛

un → u ❡♠ V.

❈♦♠♦ ϕ ∈ C1(X,R)✱ ❡♥tã♦

ϕ(un) → ϕ(u) ❡ ‖ϕ′(un)‖∗ → ‖ϕ′(u)‖∗;

❞❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡✱ s❡❣✉❡ q✉❡ ϕ(u) = c ❡ ‖ϕ′(u)‖∗ = 0✱ ♦✉ s❡❥❛✱ u ∈ Kc✳ ❚❛♠❜é♠

An ⊂ ϕd ⇒ An \ ✐♥tB ⊂ ϕd \ ✐♥tB;

❞❛í

❞✐st(un, An \ ✐♥tB) → 0 ⇒ ❞✐st(un, ϕ
d \ ✐♥tB) → 0 ⇒ ❞✐st(u, ϕd \ ✐♥tB) = 0,

❡ s❡♥❞♦ ϕd \ ✐♥tB ❢❡❝❤❛❞♦✱ s❡❣✉❡ q✉❡ u ∈ ϕd \ ✐♥tB✳ P♦rt❛♥t♦

u ∈ Kc ∩ (ϕd \ ✐♥tB) ⇒ u ∈ Kc ❡ u ∈ ϕd \ ✐♥tB ⇒ u ∈ Kc ❡ u /∈ ✐♥tB,



✹✼

❛❜s✉r❞♦✱ ♣♦✐s Kc ⊂ ✐♥tB✳

�

❚❡♦r❡♠❛ ✸✳✶✼ ❙❡ sup
Y
ϕ < c1 ❡ ϕ|V s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭P❙✮c ♣❛r❛ t♦❞♦ c ∈ [c1, d]✱

❡♥tã♦ ϕ−1([c1, d]) ❝♦♥té♠✱ ♣❡❧♦ ♠❡♥♦s✱ ❝❛tϕd,Y (ϕd) ♣♦♥t♦s ❝rít✐❝♦s ❞❡ ϕ|V ✳

❉❡♠♦♥str❛çã♦✿

❙❡ ❝❛tϕd,Y (ϕd) = n✱ ♦❜t❡♠♦s

sup
Y
ϕ < c1 ≤ c2 ≤ ... ≤ cn ≤ d.

P❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ❝❛tϕd(Kc) ≥ m + 1 = n − 1 + 1 = n✳ ❙❡ c ∈ [c1, d]✱ ❡♥tã♦

Kc ⊂ ϕ−1([c1, d])❀ ❞❛í

❝❛tϕd(ϕ
−1([c1, d])) ≥ ❝❛tϕd(Kc) ≥ n = ❝❛tϕd,Y (ϕd).

❙❡ Kc é ✐♥✜♥✐t♦✱ ❡♥tã♦ ϕ−1([c1, d]) ❝♦♥té♠ ✐♥✜♥✐t♦s ♣♦♥t♦s ❝rít✐❝♦s✳ ❙❡ Kc é ✜♥✐t♦✱ ❡

❝❛tϕd(Kc) ≥ n✱ ❡♥tã♦ Kc ♣♦ss✉✐✱ ♣❡❧♦ ♠❡♥♦s n ♣♦♥t♦s✳ ▲♦❣♦✱ ❝♦♠♦ Kc ⊂ ϕ−1([c1, d])✱

s❡❣✉❡ q✉❡ ϕ−1([c1, d]) ❝♦♥té♠✱ ♥♦ ♠í♥✐♠♦✱ n ♣♦♥t♦s ❝rít✐❝♦s ❞❡ ϕ|V ✳
�

❚❡♦r❡♠❛ ✸✳✶✽ ❙❡ ϕ|V é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭P❙✮c✱ ♣❛r❛ t♦❞♦

c ∈ [inf
V
ϕ, d]✱ ❡♥tã♦ ϕ|V t❡♠ ✉♠ ♠í♥✐♠♦ ❡ ϕd ♣♦ss✉✐✱ ♥♦ ♠í♥✐♠♦✱ ❝❛tϕd(ϕd) ♣♦♥t♦s

❝rít✐❝♦s ❞❡ ϕ|V ✳

❉❡♠♦♥str❛çã♦✿

Pr✐♠❡✐r❛♠❡♥t❡✱ ♠♦str❡♠♦s q✉❡ c1 = inf
V
ϕ✳ ❋❛③❡♥❞♦ Y = ∅✱ ♦❜s❡r✈❡ q✉❡

A1 = {A ⊂ ϕd;A ❢❡❝❤❛❞♦ ❡ ♥ã♦ ✈❛③✐♦}.

❊s❝r❡✈❛ ❡♥tã♦ α = inf
ϕd
ϕ✳ ◆♦t❡ q✉❡✱ ❞❛❞♦ u ∈ ϕd✱ ϕ(u) ≥ c1✱ ♣♦✐s ❢❛③❡♥❞♦ A = {u}

t❡♠♦s ∅ 6= A ⊂ ϕd✱ A ❢❡❝❤❛❞♦✱ ❞♦♥❞❡

c1 = inf
A∈A1

sup
u∈A

ϕ(u) ≤ sup
v∈{u}

ϕ(v) = ϕ(u).

▲♦❣♦✱

α = inf
ϕd
ϕ ≥ c1.



✹✽

P♦r ♦✉tr♦ ❧❛❞♦✱ t♦♠❡ (un) ⊂ ϕd t❛❧ q✉❡ ϕ(un) → c1✳ ❊♥tã♦

c1 ≥ inf
u∈{un}

ϕ(u) ≥ inf
ϕd
ϕ = α.

P♦rt❛♥t♦✱ c1 = α✳ ❊s❝r❡✈❛ ❛❣♦r❛ β = inf
V
ϕ✳ ❈♦♠♦ ϕd ⊂ V ✱ ❡♥tã♦ α ≥ β✳ ❚❛♠❜é♠✱

d ≥ c1 = α ≥ β ✐♠♣❧✐❝❛ β ≤ d✳ ❙❡ β = d ❡♥tã♦

α = inf
ϕd
ϕ ≤ sup

ϕd
ϕ ≤ d = β.

❙❡ β < d✱ s❡❥❛ (un) ⊂ V t❛❧ q✉❡ ϕ(un) → β❀ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ϕ(un) ≤ d✱

♦✉ s❡❥❛✱ (un) ⊂ ϕd✳ ▲♦❣♦✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

β = inf
u∈{un}

ϕ(u) ≥ inf
ϕd
ϕ = α.

❊♠ q✉❛❧q✉❡r ❝❛s♦✱ t❡♠♦s β ≥ α✱ ❡ s❡❣✉❡ ❡♥tã♦ q✉❡ α = β✳ ❈♦♠ ✐ss♦✱ ❝♦♥❝❧✉í♠♦s q✉❡

c1 = α = β = inf
V
ϕ.

▲♦❣♦✱ ♣❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ❝♦♠♦ ϕ|V s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭P❙✮c ♣❛r❛ t♦❞♦ c ∈
[inf

V
ϕ, d] = [c1, d]✱ s❡❣✉❡ q✉❡ ϕ−1([c1, d]) = ϕ−1((∞, d]) = ϕd ❝♦♥té♠✱ ♣❡❧♦ ♠❡♥♦s✱

❝❛tϕd,∅(ϕd) = ❝❛tϕd(ϕd) ♣♦♥t♦s ❝rít✐❝♦s ❞❡ ϕ|V ✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✻✱ ❝♦♠♦ ϕ|V s❛t✐s❢❛③ ❛

❝♦♥❞✐çã♦ ✭P❙✮c1 ✱ t❡♠♦s ❝❛tϕd(Kc1) ≥ 1✱ ♦✉ s❡❥❛✱ ❡①✐st❡ u ∈ Kc1 t❛❧ q✉❡ ϕ(u) = c1 = inf
V
ϕ

❡ ‖ϕ′(u)‖∗ = 0✱ ❞♦♥❞❡ u é ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ❞❡ ϕ|V ✳
�

✸✳✹ ▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s

❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛




−∆u+ λu = |u|2∗−2u,

u ≥ 0, u ∈ H1
0 (Ω)

(Pλ)

♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ s✉❛✈❡ ❞❡ RN ✱ N ≥ 4 ❡ λ > −λ1(Ω)✳ ❖ ❚❡♦r❡♠❛ ✷✳✹

❛✜r♠❛ q✉❡ s❡ −λ1(Ω) < λ < 0✱ ♦ ♣r♦❜❧❡♠❛ (Pλ) ❛❞♠✐t❡ ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧✳

◆❡st❛ s❡çã♦✱ ♣r♦✈❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ λ∗ ∈ (−λ1(Ω), 0) t❛❧ q✉❡✱ ♣❛r❛ λ∗ < λ < 0✱

♦ ♣r♦❜❧❡♠❛ (Pλ) t❡♠✱ ♣❡❧♦ ♠❡♥♦s✱ ❝❛tΩ(Ω) s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s✳ ❊st❡ r❡s✉❧t❛❞♦ ❡stá

❢♦r♠❛❧✐③❛❞♦ ♥♦ s❡❣✉✐♥t❡



✹✾

❚❡♦r❡♠❛ ✸✳✶✾ ❙❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ s✉❛✈❡ ❞❡ RN ✱ N ≥ 4✱ ❡♥tã♦ ❡①✐st❡

−λ1(Ω) < λ∗ < 0 t❛❧ q✉❡✱ ♣❛r❛ λ∗ < λ < 0✱ ♦ ♣r♦❜❧❡♠❛ (Pλ) t❡♠✱ ♥♦ ♠í♥✐♠♦✱ ❝❛tΩ(Ω)

s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s✳

❖ t❡♦r❡♠❛ ❛♥t❡r✐♦r é ❞❡✈✐❞♦ ❛ ❬✶✹❪✱ q✉❛♥❞♦ N = 4✱ ❡ ❞❡✈✐❞♦ ❛ ❬✶✾❪✱ q✉❛♥❞♦

N ≥ 5✳

P❛r❛ ♦ ♥♦ss♦ ❡st✉❞♦ ❝♦♥s✐❞❡r❡ ♦ ❢✉♥❝✐♦♥❛❧

ψ(u) =

∫

Ω

(u+)2∗dx;

t❡♠♦s ψ ∈ C2(H1
0 (Ω),R)✳ ❉❡✜♥✐♠♦s ❛❣♦r❛ ♦ ❢✉♥❝✐♦♥❛❧

ϕλ(u) =

∫

Ω

[|∇u|2 + λu2]dx

s♦❜r❡ ❛ ✈❛r✐❡❞❛❞❡

V = {u ∈ H1
0 (Ω);ψ(u) = 1}.

❊♠ H1
0 (Ω)✱ ✉s❛r❡♠♦s ❛ ♥♦r♠❛ ✉s✉❛❧ ‖u‖ = ‖∇u‖2✳

❱❡❥❛♠♦s ❛❧❣✉♥s ❧❡♠❛s q✉❡ ❛❥✉❞❛rã♦ ❛ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ✸✳✶✾✳

▲❡♠❛ ✸✳✷✵ ❚♦❞❛ s❡q✉ê♥❝✐❛ (un) ∈ V t❛❧ q✉❡

ϕλ(un) → c < S, ‖ϕ′
λ(un)‖∗ → 0

❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✱ ♦✉ s❡❥❛✱ ϕλ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭P❙✮c✳

❉❡♠♦♥str❛çã♦✿

▼♦str❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ ❡①✐st❡ (µn) ⊂ R t❛❧ q✉❡

−∆un + λun − µn(u+
n )2∗−1 → 0 ❡♠ H−1(Ω).

P❡❧❛ Pr♦♣♦s✐çã♦ ❇✳✸ t❡♠♦s

‖ϕ′
λ(un)‖∗ = min

γ∈R

‖ϕ′
λ(un) − γψ′(un)‖;

❧♦❣♦✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱ ❡①✐st❡ γn ∈ R t❛❧ q✉❡

‖ϕ′
λ(un)‖∗ = ‖ϕ′

λ(un) − γnψ
′(un)‖

✐♠♣❧✐❝❛♥❞♦

ϕ′
λ(un) − γnψ

′(un) → 0 ❡♠ H−1(Ω);
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❝♦♠♦

ϕ′
λ(u)v = 2

∫

Ω

(∇u.∇v + λuv)dx, ψ′(u)v = 2∗
∫

Ω

(u+)2∗−1vdx, ∀u, v ∈ H1
0 (Ω),

t❡♠♦s

2

∫

Ω

(∇un.∇v + λunv)dx− 2∗γn

∫

Ω

(u+
n )2∗−1vdx→ 0, ∀v ∈ H1

0 (Ω), ‖v‖ = 1.

❋❛③❡♥❞♦ ❛ ✐❞❡♥t✐✜❝❛çã♦ −∆ : H1
0 (Ω) → H−1(Ω) ♣♦r

−∆u : H1
0 (Ω) −→ R

v 7−→ 〈−∆u, v〉 =
∫

Ω
∇u.∇vdx,

♦❜t❡♠♦s

2

∫

Ω

(−∆unv + λunv)dx− 2∗γn

∫

Ω

(u+
n )2∗−1vdx→ 0, ∀v ∈ H1

0 (Ω), ‖v‖ = 1 ⇒
∫

Ω

(−∆unv + λunv)dx−
2∗γn

2

∫

Ω

(u+
n )2∗−1vdx→ 0, ∀v ∈ H1

0 (Ω), ‖v‖ = 1;

❢❛③❡♥❞♦ µn = 2∗γn/2 ♦❜t❡♠♦s

−∆un + λun − µn(u+
n )2∗−1 → 0 ❡♠ H−1(Ω). ✭✸✳✹✮

❖❜s❡r✈❡ ❛❣♦r❛ q✉❡ ❛ s❡q✉ê♥❝✐❛ (un) é ❧✐♠✐t❛❞❛✿ ❝♦♠♦ ϕλ(u) = ‖∇u‖2
2 + λ‖u‖2

2✱ ❡

λ > −λ1✱ ‖u‖2
λ = ‖∇u‖2

2 + λ‖u‖2
2 é ✉♠❛ ♥♦r♠❛ ❡♠ H1

0 (Ω) ❡q✉✐✈❛❧❡♥t❡ à ♥♦r♠❛ ✉s✉❛❧✱

❝♦♠♦ ✈✐st♦ ♥♦ ❈❛♣ít✉❧♦ ✷❀ ❞♦ ❧✐♠✐t❡ ϕλ(un) = ‖un‖2
λ → c✱ s❡❣✉❡ q✉❡ (un) é ❧✐♠✐t❛❞❛ ❡♠

H1
0 (Ω)✳ ❈♦♠ ✐ss♦✱ ❞❡ ✭✸✳✹✮ s❡❣✉❡ q✉❡

−
∫

Ω

(∆unun + λunun − µn(u+
n )2∗−1un)dx→ 0

♦✉ s❡❥❛✱ ∫

Ω

(|∇un|2 + λu2
n − µn(u+

n )2∗)dx→ 0

❡ ❛ss✐♠

ϕλ(un) − µn → 0,

♣♦✐s (un) ⊂ V ✳ ▲♦❣♦✱ µn → c✳ ❈♦♠♦ ϕλ(u) = ‖u‖2
λ ≥ 0 ❡ ϕλ(un) → c ❡♥tã♦ c ≥ 0❀

s❡ c = 0✱ t❡rí❛♠♦s ϕλ(un) = ‖un‖2
λ → 0✱ ❞♦♥❞❡ (un) ❝♦♥✈❡r❣❡ ❢♦rt❡ ❡♠ H1

0 (Ω)✱ ❧♦❣♦

s✉♣♦♥❞♦ c > 0✱ ❝♦♠♦ µn → c✱ t❡♠♦s µn > 0 ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❉❡✜♥✐♥❞♦

vn = µ
N−2

4
n un✱ ♦❜t❡♠♦s

∫

Ω

[ |∇vn|2
2

+ λ
v2

n

2
− (v+

n )2∗

2∗

]
dx =

µ
N−2

2
n

2
ϕλ(un) − µ

N
2
n

2∗
→ c

N
2

N
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❡

−∆vn + λvn − µn(v+
n )2∗−1 = µ

N−2
4

n [−∆un + λun − µn(u+
n )2∗−1] → 0 ❡♠ H−1(Ω).

P♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✷✱ s❡♥❞♦ c < S ✭♦✉ s❡❥❛✱ cN/2/N < SN/2/N = c∗✮✱ s❡❣✉❡ q✉❡

(vn) ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡❀ ♠❛s ❡♥tã♦ (un) ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛

❝♦♥✈❡r❣❡♥t❡✳

�

▲❡♠❛ ✸✳✷✶ ❙❡ N ≥ 4 ❡ −λ1(Ω) < λ < 0✱ ❡♥tã♦

m(λ,Ω) = inf
u∈V

ϕλ(u) < S,

❡ ❡①✐st❡ u ∈ V t❛❧ q✉❡ ϕλ(u) = m(λ,Ω)✳

❉❡♠♦♥str❛çã♦✿

P❡❧♦ ▲❡♠❛ ✷✳✸ ❡①✐st❡ v ∈ H1
0 (Ω) \ {0} ♥ã♦ ♥❡❣❛t✐✈❛ t❛❧ q✉❡

‖∇v‖2
2 + λ‖v‖2

2

‖v‖2
2∗

< S.

❉❡✜♥✐♥❞♦ w = v/‖v‖2
2∗ ✱ t❡♠♦s w ♥ã♦ ♥❡❣❛t✐✈❛✱ ‖w‖2

2∗ = ‖w+‖2
2∗ = 1 ✭♦✉ s❡❥❛✱ w ∈ V ✮ ❡

ϕλ(w) = ‖∇w‖2
2 + λ‖w‖2

2 =
‖∇v‖2

2 + λ‖v‖2
2

‖v‖2
2∗

< S.

▲♦❣♦✱

m(λ,Ω) = inf
u∈V

ϕλ(u) ≤ ϕλ(w) < S.

P❡❧♦ Pr✐♥❝í♣✐♦ ❱❛r✐❛❝✐♦♥❛❧ ❞❡ ❊❦❡❧❛♥❞ ✭❚❡♦r❡♠❛ ❇✳✽ ❡ ❈♦r♦❧ár✐♦ ❇✳✾✮✱ ϕλ ❛❞♠✐t❡ ✉♠❛

s❡q✉ê♥❝✐❛ ✭P❙✮c ❝♦♠ c = inf
u∈V

ϕλ(u)✱ ❡ ♣❡❧♦ ▲❡♠❛ ✸✳✷✵✱ ϕλ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭P❙✮c✱

❝♦♠ c = inf
u∈V

ϕλ(u) = m(λ,Ω)✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✽✱ ϕλ ❛ss✉♠❡ ♠í♥✐♠♦✱ ✐✳❡✳✱ ❡①✐st❡

u ∈ V t❛❧ q✉❡

ϕλ(u) = m(λ,Ω) = min
u∈V

ϕλ(u).

�

❉❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦

β : V −→ RN

u 7−→ β(u) =
∫

Ω
(u+)2∗xdx.

✭✸✳✺✮



✺✷

▲❡♠❛ ✸✳✷✷ ❙❡ (un) ⊂ V é t❛❧ q✉❡ ‖un‖2 → S✱ ❡♥tã♦ ❞✐st(β(un),Ω) → 0✳

❉❡♠♦♥str❛çã♦✿

❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❞✐st(β(un),Ω) 9 0✳ P❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥✲

❝✐❛✱ s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡

❞✐st(β(un),Ω) > r > 0,

u+
n ⇀ u ❡♠ D1,2(RN),

|∇(u+
n − u)|2 ⇀ µ ❡♠ M(RN),

|u+
n − u|2∗ ⇀ ν ❡♠ M(RN),

u+
n → u q✳t✳♣✳ ❡♠ Ω.

❈♦♠♦ Ω é ❧✐♠✐t❛❞♦✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶ t❡♠♦s

S = ‖∇u‖2
2 + ‖µ‖,

1 = ‖u‖2∗

2∗ + ‖ν‖,

‖ν‖2/2∗ ≤ S−1‖µ‖,

❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙♦❜♦❧❡✈✱

‖u‖2
2∗ ≤ S−1‖∇u‖2

2.

❈♦♠ ✐ss♦✱ s❡❣✉❡ q✉❡ ‖u‖2∗

2∗ ❡ ‖ν‖ sã♦ ✐❣✉❛✐s ❛ ✵ ♦✉ ✶✳ ❈♦♠ ❡❢❡✐t♦✱ ❞❡

S‖ν‖2/2∗ ≤ ‖µ‖, S‖u‖2
2∗ ≤ ‖∇u‖2

2

t❡♠♦s

S = ‖∇u‖2
2 + ‖µ‖ ≥ S(‖u‖2

2∗ + ‖ν‖2/2∗),

♦✉ s❡❥❛✱ 0 ≤ ‖u‖2
2∗ + ‖ν‖2/2∗ ≤ 1; s✉♣♦♥❞♦ 0 < ‖u‖2∗

2∗ , ‖ν‖ < 1 ❡♥tã♦

2 < 2∗ ⇒ 2/2∗ < 1 ⇒ (‖u‖2∗

2∗)
2/2∗ > ‖u‖2∗

2∗ ❡ ‖ν‖2/2∗ > ‖ν‖,

❞♦♥❞❡

1 = ‖u‖2∗

2∗ + ‖ν‖ < ‖u‖2
2∗ + ‖ν‖2/2∗ ≤ 1,



✺✸

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ♣♦r Ω s❡r ❧✐♠✐t❛❞♦✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✺ q✉❡ u = 0✳

▲♦❣♦✱ ‖ν‖ = 1✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

‖ν‖2/2∗ = S−1‖µ‖.

❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✱ s❡❣✉❡ q✉❡ ν é s✐♥❣✉❧❛r ❡ ❡stá ❝♦♥❝❡♥tr❛❞❛ ❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦

y ∈ Ω✳ ▲♦❣♦✱

β(un) =

∫

Ω

(u+
n )2∗xdx→

∫

Ω

xdν = y ∈ Ω,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ ♦ ❧❡♠❛ é ✈á❧✐❞♦✳ �

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r 0 ∈ Ω✳ ❈♦♠ ✐ss♦✱ ❡s❝♦❧❤❛ r > 0

s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ t❛❧ q✉❡ Br ⊂ Ω✱ ❡ ❞❡ ♠♦❞♦ q✉❡ ♦s ❝♦♥❥✉♥t♦s

Ω+
r = {x ∈ RN ; ❞✐st(x,Ω) ≤ r}

❡

Ω−
r = {x ∈ Ω; ❞✐st(x, ∂Ω) ≥ r}.

s❡❥❛♠ ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s ❛ Ω✳ ❉❡✜♥❛ t❛♠❜é♠

m(λ) = m(λ,Br) < S.

▲❡♠❛ ✸✳✷✸ ❊①✐st❡ −λ1(Ω) < λ∗ < 0 t❛❧ q✉❡ ♣❛r❛ λ∗ < λ < 0✱

u ∈ ϕ
m(λ)
λ ⇒ β(u) ∈ Ω+

r .

❉❡♠♦♥str❛çã♦✿

P❛r❛ t♦❞♦ u ∈ V ✱ s❡❣✉❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r q✉❡

‖u+‖2
2 =

∫

Ω

(u+)2dx =

∫

Ω

(u+)2.1dx ≤ ‖1‖N/2‖(u+)2‖N/(N−2) = |Ω|2/N‖u+‖2
2∗ = |Ω|2/N .

❙❡ u ∈ V ❡ ‖u‖2 = ‖u+‖2 + ‖u−‖2 ≤ S + ε✱ ❡♥tã♦ ‖u−‖2 ≤ ε✱ ♣♦✐s ‖u+‖2 ≥ S✱ ❥á q✉❡

‖u+‖2∗ = 1✳ ❚❛♠❜é♠✱

‖u−‖2
2 ≤

1

λ1

‖u−‖2 ≤ ε

λ1

.

P❡❧♦ ▲❡♠❛ ✸✳✷✷✱ ❡①✐st❡ ε > 0 t❛❧ q✉❡

u ∈ V, ‖u‖2 ≤ S + ε⇒ β(u) ∈ Ω+
r . ✭✸✳✻✮



✺✹

❋✐①❡ ❡♥tã♦ λ∗ = − ε
|Ω|2/N+ε/λ1

✱ ♣❛r❛ ε > 0 ❞❡ ♠♦❞♦ q✉❡ λ∗ > −λ1(Ω)✳ ❙❡ λ∗ < λ < 0 ❡

u ∈ ϕ
m(λ)
λ t❡♠♦s

‖u‖2 = ‖∇u‖2
2 + λ‖u‖2

2 − λ‖u‖2
2

= ϕλ(u) − λ‖u‖2
2

≤ m(λ) − λ‖u+‖2
2 − λ‖u−‖2

2

≤ S − λ∗‖u+‖2
2 − λ∗‖u−‖2

2

≤ S − λ∗|Ω|2/N − λ∗
ε

λ1

≤ S − λ∗
(
|Ω|2/N +

ε

λ1

)

= S + ε.

P♦rt❛♥t♦✱ ❞❡ ✭✸✳✻✮✱ s❡❣✉❡ q✉❡ β(u) ∈ Ω+
r ✳

�

▲❡♠❛ ✸✳✷✹ ❙❡ N ≥ 4 ❡ λ∗ < λ < 0✱ ❡♥tã♦ ❝❛t
ϕ
m(λ)
λ

(ϕ
m(λ)
λ ) ≥ ❝❛tΩ(Ω)✳

❉❡♠♦♥str❛çã♦✿

❉❡✜♥❛ γ : Ω−
r → ϕ

m(λ)
λ ♣♦r

γ(y) : Ω −→ R

x 7−→ γ(y)(x) =





v(x− y), x ∈ B(y, r)

0, ❝✳❝✳

♦♥❞❡ v ∈ H1
0 (Br) é t❛❧ q✉❡ v ≥ 0✱ ‖v‖2∗ = 1 ❡

m(λ) = ϕλ(v) =

∫

Br

[|∇v|2 + λv2]dx.

✭❆ ❡①✐stê♥❝✐❛ ❞❡ v é ❞❛❞❛ ♣❡❧♦ ▲❡♠❛ ✸✳✷✶✱ ❡ t❡♠♦s v ≥ 0 ♣♦✐s s❡♥❞♦ v ♠í♥✐♠♦ ❞❡ ϕλ

❡♠ V ✱ s❡❣✉❡ q✉❡

‖ϕ′
λ(v)‖∗ = 0 ⇒ ∃γ ∈ R;ϕ′

λ(v) − γψ′(v) = 0 ❡♠ H−1(Br)

⇒ 2

∫

Br

(∇v.∇u+ λvu)dx− 2∗γ

∫

Br

(v+)2∗−1udx = 0, ∀v ∈ H1
0 (Br);

❢❛③❡♥❞♦ u = v−✱

2

∫

Br

[|∇v−|2 + λ(v−)2]dx = ‖∇v−‖2
2 + λ‖v−‖2

2 = 0 ⇒ v− = 0.)



✺✺

❈♦♠♦ v é ✉♠❛ ❢✉♥çã♦ r❛❞✐❛❧ ✭✈❡r ❬✶✷❪✮✱ ✉s❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ β ❞❛❞❛ ❡♠ ✭✸✳✺✮ t❡♠♦s

(β ◦ γ)(y) =

∫

Ω

[(γ(y)(x))+]2
∗

xdx

=

∫

B(y,r)

[v(x− y)]2
∗

xdx

=

∫

Br

v(z)2∗(z + y)dz

=

∫

Br

v(z)2∗zdz + y

∫

Br

v(z)2∗dz

= y.

❆ ❛♣❧✐❝❛çã♦ γ é ❝♦♥tí♥✉❛✿ s❡ yn → y ❡♠ Ω−
r ✱ ❡♥tã♦

‖γ(yn) − γ(y)‖2 =

∫

Ω

|∇(γ(yn) − γ(y))|2dx

=

∫

Ω

|∇(v(x− yn) − v(x− y))|2dx

=

∫

Ω

N∑

i=1

[∂i(v(x− yn) − v(x− y))]2dx

=
N∑

i=1

∫

Ω

[∂i(v(x− yn) − v(x− y))]2dx

=
N∑

i=1

∫

Ω

[∂iv(x− yn) − ∂iv(x− y)]2dx

=
N∑

i=1

∫

Ω

|Tyn(∂iv) − Ty(∂iv)|2dx→ 0,

♣♦✐s ❛ ❛♣❧✐❝❛çã♦ Ty : L2(RN) → L2(RN) ❞❛❞❛ ♣♦r

Tyf : RN −→ R

x 7−→ Tyf(x) = f(x− y)

é ❝♦♥tí♥✉❛✳ ▲♦❣♦✱ γ(yn) → γ(y) ❡♠ H1
0 (Ω)✱ ♠♦str❛♥❞♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ γ✳

❚❛♠❜é♠ β é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✿ ❝♦♠♦

β(u) =

(∫

Ω

(u+)2∗xidx

)N

i=1

= (βi(u))
N
i=1,



✺✻

♣❛r❛ ❝❛❞❛ i = 1, ..., N ✱ t❡♠♦s

|βi(u) − βi(v)| =

∣∣∣∣
∫

Ω

(u+)2∗xidx−
∫

Ω

(v+)2∗xidx

∣∣∣∣

=

∣∣∣∣
∫

Ω

[(u+)2∗ − (v+)2∗ ]xidx

∣∣∣∣

≤
∫

Ω

|(u+)2∗ − (v+)2∗||xi|dx

≤ ❞✐❛♠(Ω)

∫

Ω

|(u+)2∗ − (v+)2∗|dx→ 0,

q✉❛♥❞♦ u → v✱ ♣♦✐s ψ(u) =
∫

Ω
(u+)2∗dx é ❝♦♥tí♥✉❛✳ ▲♦❣♦✱ βi é ❝♦♥tí♥✉❛✱ ♣❛r❛ t♦❞♦

i = 1, ..., N ✱ ❞♦♥❞❡ β é ❝♦♥tí♥✉❛✳ ❙❡ ❝❛t
ϕ
m(λ)
λ

(ϕ
m(λ)
λ ) = ∞✱ ♦ r❡s✉❧t❛❞♦ é ✐♠❡❞✐❛t♦✳

❙✉♣♦♥❤❛ ❡♥tã♦ q✉❡ ❝❛t
ϕ
m(λ)
λ

(ϕ
m(λ)
λ ) = n✱ ✐✳❡✳✱

ϕ
m(λ)
λ = A1 ∪ ... ∪ An,

♦♥❞❡ Aj✱ j = 1, ..., n sã♦ ❢❡❝❤❛❞♦s ❡ ❝♦♥trát❡✐s ❡♠ ϕ
m(λ)
λ ✱ ♦✉ s❡❥❛✱ ❡①✐st❡♠ hj : [0, 1] ×

Aj → ϕ
m(λ)
λ ❝♦♥tí♥✉❛s t❛✐s q✉❡ ♣❛r❛ t♦❞♦ u ∈ Aj✱

hj(0, u) = u, hj(1, u) = wj,

♦♥❞❡✱ ♣❛r❛ ❝❛❞❛ j = 1, ..., n✱ wj ∈ ϕ
m(λ)
λ é ✜①♦✳ ❈♦♥s✐❞❡r❡ Bj = γ−1(Aj), j = 1, ..., n✳

❙❡♥❞♦ γ ❝♦♥tí♥✉❛✱ ♦s ❝♦♥❥✉♥t♦s Bj sã♦ ❢❡❝❤❛❞♦s ❡

Ω−
r = γ−1(ϕ

m(λ)
λ ) = γ−1(A1 ∪ ... ∪ An) = γ−1(A1) ∪ ... ∪ γ−1(An) = B1 ∪ ... ∪Bn.

❉❡✜♥❛ ❛❣♦r❛ ❛ ❛♣❧✐❝❛çã♦

gj : [0, 1] ×Bj −→ Ω+
r

(t, x) 7−→ gj(t, x) = β(hj(t, γ(x))).

❖❜s❡r✈❡ q✉❡✿

✐✮ gj ❡stá ❜❡♠ ❞❡✜♥✐❞♦✿

t ∈ [0, 1], x ∈ Bj = γ−1(Aj) ⇒ γ(x) ∈ Aj ⇒ hj(t, γ(x)) ❡stá ❜❡♠ ❞❡✜♥✐❞♦;

❡ ♣❡❧♦ ▲❡♠❛ ✸✳✷✸✱ s❡ λ∗ < λ < 0✱ ❡♥tã♦

hj(t, γ(x)) ∈ ϕ
m(λ)
λ ⇒ β(hj(t, γ(x))) ∈ Ω+

r .



✺✼

✐✐✮ gj é ❝♦♥tí♥✉❛✱ ♣♦✐s β, hj, γ ♦ sã♦✳

✐✐✐✮ gj(0, x) = β(hj(0, γ(x))) = β(γ(x)) = x, ∀x ∈ Bj, ❡

gj(1, x) = β(hj(1, γ(x))) = β(wj), ∀x ∈ Bj.

P♦rt❛♥t♦✱ Bj é ❝♦♥trát✐❧ ❡♠ Ω+
r ✱ ♣❛r❛ t♦❞♦ j = 1, ...n✱ ❞♦♥❞❡

❝❛tΩ(Ω) = ❝❛tΩ+
r
(Ω−

r ) ≤ n = ❝❛t
ϕ
m(λ)
λ

(ϕ
m(λ)
λ ).

�

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✾✿

P❡❧♦s ▲❡♠❛s ✸✳✷✵ ❡ ✸✳✷✶✱ ♣❛r❛

c ≤ m(λ,Ω) ≤ m(λ) < S

ϕλ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭P❙✮c✳ ❉♦ ❚❡♦r❡♠❛ ✸✳✶✽ s❡❣✉❡ q✉❡ ϕm(λ)
λ ❝♦♥té♠✱ ♥♦ ♠í♥✐♠♦✱

❝❛t
ϕ
m(λ)
λ

(ϕ
m(λ)
λ ) ♣♦♥t♦s ❝rít✐❝♦s ❞❡ ϕλ✱ ❞♦♥❞❡✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✹✱ ♣❛r❛ λ∗ < λ < 0✱ ϕm(λ)

λ

❝♦♥té♠✱ ♣❡❧♦ ♠❡♥♦s✱ n = ❝❛tΩ(Ω) ♣♦♥t♦s ❝rít✐❝♦s ❞❡ ϕλ✱ ❞✐❣❛♠♦s✱ u1, ..., un✳ ❈♦♠♦

✈✐st♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✷✵✱ ♣❛r❛ ❝❛❞❛ j = 1, ..., n ❡①✐st❡ µj ∈ R t❛❧ q✉❡

−∆uj + λuj − µj(u
+
j )2∗−1 = 0. ✭✸✳✼✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✼✮ ♣♦r u−j ♦❜t❡♠♦s

−∆uju
−
j + λ(u−j )2 = 0;

✐♥t❡❣r❛♥❞♦ s♦❜r❡ Ω✱

∫

Ω

[∇uj.∇u−j + λ(u−j )2]dx = 0 ⇒
∫

Ω

[|∇u−j |2 + λ(u−j )2]dx =

‖∇u−j ‖2
2 + λ‖u−j ‖2

2 = 0

❞♦♥❞❡ u−j = 0✳ ▲♦❣♦✱ uj = u+
j ❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

−∆uj + λuj − µju
2∗−1
j = 0. ✭✸✳✽✮



✺✽

❈♦♠♦ uj ∈ ϕ
m(λ)
λ ⊂ V, j = 1, ..., n✱ ❡♥tã♦ uj 6= 0 ✭♣♦✐s ‖uj‖2∗ = 1✮✱ ❡ ♦❜s❡r✈❡ q✉❡✱

♠✉❧t✐♣❧✐❝❛♥❞♦ ✭✸✳✽✮ ♣♦r uj ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ Ω ♦❜t❡♠♦s

∫

Ω

[|∇uj|2 + λ(uj)
2]dx = µj

∫

Ω

u2∗

j dx ⇒

ϕλ(uj) = µj ⇒

µj 6= 0, ∀j = 1, ..., n,

❡ ❡♥tã♦ vj = µ
N−2

4
j uj é ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ❞❡ (Pλ)✱ ♣♦✐s ❞❛❞♦ w ∈ H1

0 (Ω) t❡♠♦s

∫

Ω

(∇vj.∇w + λvjw)dx =

∫

Ω

(µ
N−2

4
j ∇uj.∇w + λµ

N−2
4

j ujw)dx

= µ
N−2

4
j

∫

Ω

µju
2∗−1
j wdx

=

∫

Ω

µ
N+2

4
j u2∗−1

j wdx

=

∫

Ω

v2∗−1
j wdx.

❈♦♠ ✐ss♦✱ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡✱ ♣❡❧♦ ♠❡♥♦s✱ n = ❝❛tΩ(Ω) s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (Pλ)✳ �



❈❛♣ít✉❧♦ ✹

▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦

♣r♦❜❧❡♠❛ (Pµ)

◆❡st❡ ❝❛♣ít✉❧♦✱ s❡❣✉✐♥❞♦ ❬✷❪ ❡st✉❞❛r❡♠♦s ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦

♣r♦❜❧❡♠❛ ❡❧í♣t✐❝♦ ❝rít✐❝♦




−∆u = µuq−1 + u2∗−1,

u ≥ 0, u ∈ H1
0 (Ω),

(Pµ)

♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ s✉❛✈❡ ❞❡ RN ✱ N ≥ 4✱ 2 < q < 2∗ ❡ µ > 0✳ ❊♠ H1
0 (Ω)✱

✉s❛r❡♠♦s ❛ ♥♦r♠❛ ✉s✉❛❧ ‖u‖ = ‖∇u‖2✳

❖ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦ é ❞❛❞♦ ♣❡❧♦ s❡❣✉✐♥t❡

❚❡♦r❡♠❛ ✹✳✶ ❙❡ N ≥ 4 ❡ 2 < q < 2∗✱ ❡♥tã♦ ❡①✐st❡ µ∗ > 0 t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛

µ ∈ (0, µ∗)✱ ♦ ♣r♦❜❧❡♠❛ (Pµ) ♣♦ss✉✐✱ ♣❡❧♦ ♠❡♥♦s✱ ❝❛tΩ(Ω) s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s✳

✹✳✶ Pr❡❧✐♠✐♥❛r❡s

❈♦♥s✐❞❡r❡ ♦ ❢✉♥❝✐♦♥❛❧

Iµ(u) =
1

2

∫

Ω

|∇u|2dx− µ

q

∫

Ω

(u+)qdx− 1

2∗

∫

Ω

(u+)2∗dx. ✭✹✳✶✮

❖ ❢✉♥❝✐♦♥❛❧ Iµ é ❞❡ ❝❧❛ss❡ C2(H1
0 (Ω),R)✳ ❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐ ❛ss♦✲

❝✐❛❞❛ ❛ Iµ✿

Mµ = {u ∈ H1
0 (Ω) \ {0}; I ′µ(u)u = 0}.



✻✵

Pr♦♣♦s✐çã♦ ✹✳✷ ❖ ♥ú♠❡r♦

cµ = inf{Iµ(u);u ∈ Mµ} ✭✹✳✷✮

❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

❉❡♠♦♥str❛çã♦✿

▼♦str❡♠♦s q✉❡ Iµ é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ♥❛ ✈❛r✐❡❞❛❞❡ Mµ✳ ❉❛❞♦ u ∈ Mµ✱

t❡♠♦s u 6= 0 ❡

I ′µ(u)u =

∫

Ω

|∇u|2dx− µ

∫

Ω

(u+)qdx−
∫

Ω

(u+)2∗dx = 0,

♦✉ s❡❥❛✱

‖u‖2 = µ

∫

Ω

(u+)qdx+

∫

Ω

(u+)2∗dx.

❉❛í✱

Iµ(u) =
1

2
‖u‖2 − µ

q

∫

Ω

(u+)qdx− 1

2∗

∫

Ω

(u+)2∗dx

=
µ

2

∫

Ω

(u+)qdx+
1

2

∫

Ω

(u+)2∗dx− µ

q

∫

Ω

(u+)qdx− 1

2∗

∫

Ω

(u+)2∗dx

= µ

(
1

2
− 1

q

)∫

Ω

(u+)qdx+

(
1

2
− 1

2∗

)∫

Ω

(u+)2∗dx ≥ 0,

❞♦♥❞❡ ✵ é ❝♦t❛ ✐♥❢❡r✐♦r ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ {Iµ(u);u ∈ Mµ} ❡ ❛ss✐♠ ✜❝❛ ❜❡♠ ❞❡✜♥✐❞♦ ♦

♥ú♠❡r♦ ❞❛❞♦ ❡♠ ✭✹✳✷✮✳

�

Pr♦♣♦s✐çã♦ ✹✳✸ ❖ ❢✉♥❝✐♦♥❛❧ Iµ s❛t✐s❢❛③ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✳

❉❡♠♦♥str❛çã♦✿

❖❜s❡r✈❡ ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ Iµ(0) = 0✳ ◆♦t❡ q✉❡

Iµ(u) =
1

2
‖u‖2 − µ

q
‖u+‖q

q −
1

2∗
‖u+‖2∗

2∗

≥ 1

2
‖u‖2 − µ

q
‖u‖q

q −
1

2∗
‖u‖2∗

2∗

≥ 1

2
‖u‖2 − µc1

q
‖u‖q − c2

2∗
‖u‖2∗ ,

♦♥❞❡ c1, c2 > 0 ❛♣❛r❡❝❡♠ ❞❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ ❞❡ H1
0 (Ω) ❡♠ Lq(Ω) ❡ L2∗(Ω)❀ ❡s❝♦❧❤❡♥❞♦

❡♥tã♦ r1 > 0 ✭❛ s❡r ✜①❛❞♦✮ ❡ ❝♦♥s✐❞❡r❛♥❞♦ ‖u‖ = r1 t❡♠♦s

Iµ(u) ≥ r2
1

2
− µc1

q
rq
1 −

c2
2∗
r2∗

1



✻✶

❡ ♣❛r❛ r1 ≈ 0 t❡♠♦s

Iµ(u) ≥ 1

4
r2
1, s❡ ‖u‖ = r1.

▲♦❣♦

b = inf
‖u‖=r1

Iµ(u) ≥ 1

4
r2
1 > 0.

❚❛♠❜é♠✱ ❝♦♠♦

Iµ(u) ≥ 1

2
‖u‖2 − µc1

q
‖u‖q − c2

2∗
‖u‖2∗

❡

1

2
‖u‖2 − µc1

q
‖u‖q − c2

2∗
‖u‖2∗ ≥ 0 ⇔ 1

2
‖u‖2 ≥ µc1

q
‖u‖q +

c2
2∗
‖u‖2∗

⇔ µc1
q

‖u‖q−2 +
c2
2∗
‖u‖2∗−2 ≤ 1

2

⇔ ‖u‖ ≈ 0,

t❡♠♦s Iµ(u) ≥ 0 s❡ u ∈ Br2 ✱ r2 ≈ 0✳ P♦rt❛♥t♦✱ ❢❛③❡♥❞♦ r = min{r1, r2}✱ ❡st❛♠♦s ♥❛s

❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ✭❚❡♦r❡♠❛ ❈✳✼✮✳

�

❉❡♥♦t❡♠♦s ♣♦r c̃µ ♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❞♦ ❢✉♥❝✐♦♥❛❧ Iµ✱ ❞❛❞♦ ♣♦r

c̃µ = inf
v∈H1

0 (Ω)\{0}
max
t≥0

Iµ(tv) > 0.

▲❡♠❛ ✹✳✹ ❙❡❥❛ N ≥ 4✳ ❊♥tã♦ Iµ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭P❙✮c ♣❛r❛ t♦❞♦ c ∈ (0, SN/2/N)✳

▼❛✐s ❛✐♥❞❛✱ c̃µ ∈ (0, SN/2/N) ♣❛r❛ µ > 0 ❡ 2 < q < 2∗✳

❉❡♠♦♥str❛çã♦✿

❙✉♣♦♥❤❛ c ∈ (0, SN/2/N) ❡ q✉❡ (un) ⊂ H1
0 (Ω) é t❛❧ q✉❡

Iµ(un) → c ❡ I ′µ(un) → 0.

❖❜s❡r✈❡ ❡♥tã♦ q✉❡ ❛ s❡q✉ê♥❝✐❛ (un) é ❧✐♠✐t❛❞❛✱ ♣♦✐s

c+ on(1) + on(1)‖un‖ = Iµ(un) − 1

q
I ′µ(un)un

=
1

2
‖un‖2 − µ

q
‖u+

n ‖q
q −

1

2∗
‖u+

n ‖2∗

2∗ −
1

q
‖un‖2 +

µ

q
‖u+

n ‖q
q +

1

q
‖u+

n ‖2∗

2∗

=

(
1

2
− 1

q

)
‖un‖2 +

(
1

q
− 1

2∗

)
‖un‖2∗

2∗

≥
(

1

2
− 1

q

)
‖un‖2,



✻✷

❞♦♥❞❡ (un) é ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω)✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r un ≥ 0✱

♣❛r❛ t♦❞♦ n ∈ N✱ ♣♦✐s

I ′µ(un)u−n = ‖u−n ‖2 → 0.

❉♦ ▲❡♠❛ ✶✳✷ ❡ ❞♦ ❚❡♦r❡♠❛ ❆✳✷✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s

s✉♣♦r

un ⇀ u ❡♠ H1
0 (Ω),

un → u q✳t✳♣✳ ❡♠ Ω,

|∇un|2 ⇀ λ ≥ |∇u|2 +
∑

j∈J

λjδxj ,

|un|2
∗

⇀ ν = |u|2∗ +
∑

j∈J

νjδxj .

❈♦♥s✐❞❡r❡ xk ∈ Ω✱ ♣❛r❛ ❛❧❣✉♠ k ∈ J ✱ ❡ ❞❛❞♦ ε > 0 ❝♦♥s✐❞❡r❡ ϕ ∈ C∞
0 (RN) t❛❧ q✉❡

ϕ ≡ 1 ❡♠ B(xk, ε),

ϕ ≡ 0 ❡♠ B(xk, 2ε)
c,

❡

|∇ϕ| ≤ 2

ε
.

❆ s❡q✉ê♥❝✐❛ (ϕun) é ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω)✱ ❞♦♥❞❡

I ′µ(un)(ϕun) =

∫

Ω

∇un.∇(ϕun)dx− µ

∫

Ω

(un)q−1(ϕun)dx−
∫

Ω

(un)2∗−1(ϕun)dx→ 0,

♦✉ s❡❥❛✱

lim
n→∞

[ ∫

Ω

ϕ|∇un|2dx+

∫

Ω

un(∇un.∇ϕ)dx− µ

∫

Ω

ϕ(un)qdx−
∫

Ω

ϕ(un)2∗dx

]
= 0

❡ ❛ss✐♠ ♦❜t❡♠♦s

lim
n→∞

∫

Ω

un(∇un.∇ϕ)dx =

∫

Ω

ϕdν + µ

∫

Ω

uqϕdx−
∫

Ω

ϕdλ. ✭✹✳✸✮

❉❛í✱ ❝♦♠♦

0 ≤ lim
n→∞

∣∣∣∣
∫

Ω

un(∇un.∇ϕ)dx

∣∣∣∣ = lim
n→∞

∣∣∣∣
∫

B(xk,2ε)

un(∇un.∇ϕ)dx

∣∣∣∣ ≤ lim
n→∞

2

ε

∫

B(xk,2ε)

|un||∇un|dx,

✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r

0 ≤ lim
n→∞

2

ε
‖un‖2,B(xk,2ε)‖∇un‖2,B(xk,2ε) ≤ lim

n→∞

2

ε
M‖un‖2,B(xk,2ε) =

2

ε
M‖u‖2,B(xk,2ε),



✻✸

♦♥❞❡ M ≥ ‖∇un‖2,B(xk,2ε) = ‖un‖✱ ❥á q✉❡ (un) é ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω)✳ ◆♦t❡ ❛❣♦r❛ q✉❡✱

✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r

‖u‖2,B(xk,2ε) =

(∫

B(xk,2ε)

(1.u)2dx

)1/2

=

(∫

B(xk,2ε)

1Ndx

)1/N(∫

B(xk,2ε)

|u|2∗dx
)1/2∗

≤ [(2ε)NwN ]1/N‖u‖2∗,B(xk,2ε),

♦♥❞❡ wN ❞❡♥♦t❛ ♦ ✈♦❧✉♠❡ ❞❛ ❜♦❧❛ ✉♥✐tár✐❛ ❡♠ RN ✳ ▲♦❣♦

2

ε
M‖u‖2,B(xk,2ε) ≤

2

ε
M(2ε)w

1/N
N ‖u‖2∗,B(xk,2ε) = C‖u‖2∗,B(xk,2ε), ♦♥❞❡ C = 4Mw

1/N
N ,

❡ ❛ss✐♠✱

0 ≤ lim
n→∞

∣∣∣∣
∫

Ω

un(∇un.∇ϕ)dx

∣∣∣∣ ≤ C‖u‖2∗,B(xk,2ε) = C

(∫

B(xk,2ε)

|u|2∗dx
)1/2∗

→ 0, ε→ 0.

✭✹✳✹✮

❉❡ ✭✹✳✸✮ ❡ ✭✹✳✹✮ s❡❣✉❡ q✉❡

0 = lim
ε→0

[ ∫

B(xk,2ε)

ϕdν + µ

∫

B(xk,2ε)

uqϕdx−
∫

B(xk,2ε)

ϕdλ

]
≤ νk − λk

❡ ❛ss✐♠ νk ≥ λk✳ P❡❧♦ ▲❡♠❛ ✶✳✷✱ t❡♠♦s ν2/2∗

k ≤ S−1λk✱ ❞♦♥❞❡ νk ≥ Sν
2/2∗

k ❀ ✐✳❡✳✱ νk = 0

♦✉ νk ≥ SN/2✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ k0 ❝♦♠ νk0 6= 0✱ ✐✳❡✳✱ νk0 ≥ SN/2✱ ❡♥tã♦

c = lim
n→∞

Iµ(un) = lim
n→∞

(
Iµ(un) − 1

2
I ′µ(un)un

)

= lim
n→∞

[
µ

(
1

2
− 1

q

)∫

Ω

(un)qdx+

(
1

2
− 1

2∗

)∫

Ω

(un)2∗dx

]

= µ

(
1

2
− 1

q

)∫

Ω

uqdx+
1

N
lim

n→∞

∫

Ω

(un)2∗dx;

✜①❛♥❞♦ ❛❣♦r❛ ψ ∈ C∞
0 (RN) t❛❧ q✉❡ ψ ≡ 1 ❡♠ Ω ❡ ψ ≡ 0 ❢♦r❛ ❞❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ Ω✱

t❡♠♦s

lim
n→∞

∫

Ω

(un)2∗dx = lim
n→∞

∫

Ω

(un)2∗ψdx

=

∫

Ω

u2∗ψdx+

∫

Ω

(∑

k∈J

νkδxk

)
ψdx

=

∫

Ω

u2∗dx+
∑

k∈J

νk.

❊♥tã♦

c = lim
n→∞

Iµ(un) = µ

(
1

2
− 1

q

)∫

Ω

uqdx+
1

N

∫

Ω

u2∗dx+
1

N

∑
νk

≥ µ

(
1

2
− 1

q

)∫

Ω

uqdx+
1

N

∫

Ω

u2∗dx+
1

N
SN/2

≥ 1

N
SN/2,



✻✹

♣♦✐s νk0 ≥ SN/2✳ ▼❛s ✐ss♦ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ q✉❡ c ∈ (0, SN/2/N)✳ ▲♦❣♦✱ νk = 0✱ ♣❛r❛

t♦❞♦ k ∈ J ❡ ❛ss✐♠

lim
n→∞

∫

Ω

(un)2∗dx =

∫

Ω

u2∗dx.

❯♠❛ ✈❡③ q✉❡ un ⇀ u ❡♠ L2∗(Ω) ✭♣♦✐s un ⇀ u ❡♠ H1
0 (Ω)✮ ❡ ‖un‖2∗ → ‖u‖2∗ ✱ t❡♠♦s

un → u ❡♠ L2∗(Ω) ✭❚❡♦r❡♠❛ ❈✳✹✮✳ ❊♥✜♠✱ ♠♦str❡♠♦s ❛❣♦r❛ q✉❡ un → u ❡♠ H1
0 (Ω)✳

❖❜s❡r✈❡ q✉❡

‖un − u‖2 = 〈un − u, un − u〉 = ‖un‖2 − 〈un, u〉 − 〈u, un − u〉;

♥♦t❡ ❛❣♦r❛ q✉❡

‖un‖2 = I ′µ(un)un + µ‖un‖q
q + ‖un‖2∗

2∗

= on(1) + µ‖un‖q
q + ‖un‖2∗

2∗ ;

−〈un, u〉 = −I ′µ(un)u− µ

∫

Ω

(un)q−1udx−
∫

Ω

(un)2∗−1udx

= on(1) − µ

∫

Ω

(un)q−1udx−
∫

Ω

(un)2∗−1udx;

❡ −〈u, un − u〉 = on(1)✱ ♣♦✐s un − u ⇀ 0 ❡♠ H1
0 (Ω)✳ P♦rt❛♥t♦✱

‖un − u‖2 = on(1) + µ‖un‖q
q + ‖un‖2∗

2∗ − µ

∫

Ω

(un)q−1udx−
∫

Ω

(un)2∗−1udx→ 0,

♣♦✐s un → u ❡♠ Lq(Ω) ❡ ❡♠ L2∗(Ω)✳

▼♦str❡♠♦s ❛❣♦r❛ q✉❡ ♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ c̃µ ♣❡rt❡♥❝❡ ❛♦ ✐♥t❡r✈❛❧♦

(0, SN/2/N)✳ ❈♦♥s✐❞❡r❡✱ ♣❛r❛ ε > 0✱ ❛ ❢✉♥çã♦

Uε(x) = ε
2−N

2 U

(
x

ε

)
= CN(ε2 + |x|2) 2−N

2 ,

♦♥❞❡ U é ❞❛❞♦ ❡♠ ✭✶✳✷✺✮✳ ❋❛③❡♥❞♦ C = C
2−N

2
N ❡ ε = (δ/C)1/2 ♦❜t❡♠♦s

Uδ(x) = (δ + C|x|2) 2−N
2 .

❱♦❧t❛♥❞♦ ❛♦ ♣❛râ♠❡tr♦ ε✱ ❝♦♥s✐❞❡r❡ ❡♥tã♦ ❛s ❢✉♥çõ❡s

Uε(x) = (ε+ C|x|2) 2−N
2 ,

φ ∈ C∞
0 (RN) ❝♦♠ φ ≡ 1 ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ ♦r✐❣❡♠ ❡ s✉♣♣φ ⊂ Ω✱

uε = φ(x)Uε(x)



✻✺

❡

vε =
uε

‖uε‖2∗
.

❚❡♠♦s ❡♥tã♦ ❛s s❡❣✉✐♥t❡s ❡st✐♠❛t✐✈❛s ✭✈❡r ❬✽❪ ❡ ❬✶✵❪✮✿

‖vε‖2 = S +O(ε
N−2

2 ), ✭✹✳✺✮

c1ε
1
2
(N−

q(N−2)
2

) ≤ ‖vε‖q
q ≤ c2ε

1
2
(N−

q(N−2)
2

), ✭✹✳✻✮

❡

‖vε‖q
q → 0, ε→ 0. ✭✹✳✼✮

❖ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡ ❡①✐st❡ ε > 0 t❛❧ q✉❡

max
t≥0

Iµ(tvε) <
SN/2

N

✭♥❡st❡ ❝❛s♦✱ t❡♠♦s c̃µ = inf
u∈H1

0 (Ω)\{0}
max
t≥0

Iµ(tv) ≤ max
t≥0

Iµ(tvε) <
SN/2

N
✮✳ ❈♦♥s✐❞❡r❡ ❛s

❢✉♥çõ❡s

g(t) = Iµ(tvε) =
t2

2

∫

Ω

|∇vε|2dx− µ
tq

q

∫

Ω

vq
εdx−

t2
∗

2∗

∫

Ω

v2∗

ε dx

=
t2

2

∫

Ω

|∇vε|2dx− µ
tq

q

∫

Ω

vq
εdx−

t2
∗

2∗

❡

g(t) =
t2

2

∫

Ω

|∇vε|2dx−
t2

∗

2∗
.

❖❜s❡r✈❡ q✉❡ max
t≥0

Iµ(tvε) é ❛t✐♥❣✐❞♦ ♣❛r❛ ❛❧❣✉♠ tε > 0✱ ❡ ❞❡ss❛ ♠❛♥❡✐r❛

0 = g′(tε) = tε

∫

Ω

|∇vε|2dx− µtq−1
ε

∫

Ω

vq
εdx− t2

∗−1
ε

= tε

[ ∫

Ω

|∇vε|2dx− t2
∗−2

ε − µtq−2
ε

∫

Ω

vq
εdx

]
.

❈♦♠ ✐ss♦✱ ♦❜t❡♠♦s
∫

Ω

|∇vε|2dx− t2
∗−2

ε − µtq−2
ε

∫

Ω

vq
εdx = 0

❞♦♥❞❡ ∫

Ω

|∇vε|2dx = t2
∗−2

ε + µtq−2
ε

∫

Ω

vq
εdx > t2

∗−2
ε ,

♦✉ s❡❥❛✱

tε ≤
(∫

Ω

|∇vε|2dx
) 1

2∗−2

. ✭✹✳✽✮



✻✻

❊st❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✐♠♣❧✐❝❛ q✉❡

∫

Ω

|∇vε|2dx = t2
∗−2

ε + µtq−2
ε

∫

Ω

vq
εdx

≤ t2
∗−2

ε + µ

(∫

Ω

|∇vε|2dx
) q−2

2∗−2
∫

Ω

vq
εdx

= t2
∗−2

ε + µ‖vε‖
2(q−2)
2∗−2 ‖vε‖q

q,

❞♦♥❞❡

t2
∗−2

ε ≥ ‖vε‖2 − µ‖vε‖
2(q−2)
2∗−2 ‖vε‖q

q

= ‖vε‖2[1 − µ‖vε‖
2(q−2)
2∗−2

−2‖vε‖q
q],

❡ ✉s❛♥❞♦ ✭✹✳✺✮ ❡ ✭✹✳✼✮ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ε s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❞❡ ♠♦❞♦ q✉❡

t2
∗−2

ε ≥ S

2
. ✭✹✳✾✮

✭■st♦ s✐❣♥✐✜❝❛ q✉❡ ♣♦❞❡♠♦s ❧✐♠✐t❛r ✐♥❢❡r✐♦r♠❡♥t❡ tε✱ s❡♠ ❞❡♣❡♥❞❡r ❞❡ ε✳✮ ❖❜s❡r✈❡ q✉❡

g ❛t✐♥❣❡ ♠á①✐♠♦✱ ❡ ❞❛í g′(t) = 0 ✐♠♣❧✐❝❛

t =

(∫

Ω

|∇vε|2dx
) 1

2∗−2

❡ q✉❡ g é ❝r❡s❝❡♥t❡ ♥♦ ✐♥t❡r✈❛❧♦ [0, (
∫

Ω
|∇vε|2dx)

1
2∗−2 ]✳ ❊♥tã♦✱ ✉s❛♥❞♦ ✭✹✳✺✮✱✭✹✳✽✮ ❡ ✭✹✳✾✮✱

g(tε) = g(tε) − µ
tqε
q

∫

Ω

vq
εdx

≤ g

((∫

Ω

|∇vε|2dx
) 1

2∗−2
)
− µ

tqε
q

∫

Ω

vq
εdx

❡ ♥♦t❡ q✉❡✱ ✉s❛♥❞♦ ✭✹✳✺✮✱

g

((∫

Ω

|∇vε|2dx
) 1

2∗−2
)

=
1

2

((∫

Ω

|∇vε|2dx
) 1

2∗−2
)2

‖vε‖2 − 1

2∗

((∫

Ω

|∇vε|2dx
) 1

2∗−2
)2∗

=
1

2
‖vε‖N−2‖vε‖2 − 1

2∗
‖vε‖N

=
1

2
‖vε‖N − 1

2∗
‖vε‖N =

1

N
‖vε‖N

=
1

N
(‖vε‖2)N/2 =

1

N
[S +O(ε

N−2
2 )]N/2

=
1

N
SN/2[1 +O(ε

N−2
2 )]N/2,



✻✼

❡ ❛ss✐♠✱ ❞❡ ✭✹✳✾✮✱

g(tε) ≤
1

N
SN/2[1 +O(ε

N−2
2 )]N/2 − µ

q

(
S

2

) q
2∗−2

∫

Ω

vq
εdx;

❡s❝r❡✈❡♥❞♦ f(t) = (1 + t)N/2✱ ❞♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ♦❜t❡♠♦s

[1 +O(ε
N−2

2 )]N/2 =
N

2
(1 + θ)

N
2
−1O(ε

N−2
2 ) + 1 = O(ε

N−2
2 ) + 1, θ ∈ (0, O(εN)),

❞♦♥❞❡

g(tε) ≤ 1

N
SN/2 +O(ε

N−2
2 ) − µ

q

(
S

2

) q
2∗−2

∫

Ω

vq
εdx

≤ 1

N
SN/2 + c3ε

N−2
2 − µ

q

(
S

2

) q
2∗−2

∫

Ω

vq
εdx.

❉❡ ✭✹✳✻✮ ♦❜t❡♠♦s

g(tε) ≤ 1

N
SN/2 + c3ε

N−2
2 − µ

q

(
S

2

) q
2∗−2

c1ε
1
2
(N−q(N−2

2
))

≤ 1

N
SN/2 + c3ε

N−2
2 − µĉ1ε

1
2
(N−q(N−2

2
)).

❈♦♠♦
N − 2

2
>

1

2

(
N − q(N − 2)

2

)
,

♣♦✐s N ≥ 4✱ ❡♥tã♦✱ ♣❛r❛ ε ≈ 0 t❡♠♦s

c3ε
N−2

2 − µĉ1ε
1
2
(N−q(N−2

2
)) < 0,

❡ ❞❛í

g(tε) = max
t≥0

g(t) = max
t≥0

Iµ(tvε) <
SN/2

N
,

❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

�

▲❡♠❛ ✹✳✺ P❛r❛ ❝❛❞❛ u ∈ H1
0 (Ω) \ {0} ❡①✐st❡ ú♥✐❝♦ tu ∈ (0,+∞) t❛❧ q✉❡ tuu ∈ Mµ ❡

max
t≥0

Iµ(tu) = Iµ(tuu).

❉❡♠♦♥str❛çã♦✿

❉❛❞♦ u ∈ H1
0 (Ω) \ {0}✱ ❞❡✜♥❛

g : [0,∞) −→ R

t 7−→ g(t) = Iµ(tu) = t2

2
‖u‖2 − µtq

q
‖u+‖q

q − t2
∗

2∗
‖u+‖2∗

2∗ .



✻✽

❆ ❢✉♥çã♦ g ❛❞♠✐t❡ ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦✱ ♦✉ s❡❥❛✱ ❡①✐st❡ tu ∈ (0,∞) t❛❧ q✉❡

max
t≥0

Iµ(tu) = Iµ(tuu).

◆♦t❡ q✉❡ tuu ∈ Mµ✱ ♣♦✐s tuu 6= 0 ❡

d

dt
Iµ(tu)

∣∣∣∣
t=tu

= 0 ⇔ I ′µ(tuu)u = 0 ⇔ I ′µ(tuu)(tuu) = 0.

❆❣♦r❛ ♦❜s❡r✈❡ q✉❡

g′(t) = 0 ⇔ ‖u‖2 =
µtq−1

t
‖u+‖q

q +
t2

∗−1

t
‖u+‖2∗

2∗ ⇔ ‖u‖2 = µtq−2‖u+‖q
q + t2

∗−2‖u+‖2∗

2∗ ;

s❡ ❡①✐st✐ss❡♠ t1 ❡ t2 ❝♦♠ t1 < t2 t❛✐s q✉❡ g′(t1) = g′(t2) = 0✱ t❡rí❛♠♦s

‖u‖2 = µtq−2
1 ‖u+‖q

q + t2
∗−2

1 ‖u+‖2∗

2∗

❡

‖u‖2 = µtq−2
2 ‖u+‖q

q + t2
∗−2

2 ‖u+‖2∗

2∗ ,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ▲♦❣♦✱ g ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ❞❡ ♠á①✐♠♦✱ ❞♦♥❞❡ tu é ú♥✐❝♦✳ �

❈♦r♦❧ár✐♦ ✹✳✻ ❙❡ u ∈ Mµ ❡♥tã♦

Iµ(u) = max
t≥0

Iµ(tu).

▲❡♠❛ ✹✳✼ ❙❡ N ≥ 4 ❡ 2 < q < 2∗ ❡♥tã♦ cµ = c̃µ ♣❛r❛ µ > 0✳

❉❡♠♦♥str❛çã♦✿

P❡❧♦ ▲❡♠❛ ✹✳✹ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ❈✳✼✱ ♣❛r❛ ❝❛❞❛ µ > 0 ❡①✐st❡

uµ ∈ H1
0 (Ω) t❛❧ q✉❡

Iµ(uµ) = c̃µ ❡ I ′µ(uµ) = 0.

▲♦❣♦✱ ❞❛❞♦ v ∈ Mµ✱ t❡♠♦s v 6= 0 ❡✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✹✳✻✱

Iµ(v) = max
t≥0

Iµ(tv) ≥ c̃µ = inf
u∈H1

0 (Ω)\{0}
max
t≥0

Iµ(tu),

❞♦♥❞❡

cµ = inf
u∈Mµ

Iµ(u) ≥ c̃µ. ✭✹✳✶✵✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ uµ ∈ Mµ ❡ Iµ(uµ) = c̃µ✱ t❡♠♦s

cµ = inf
u∈Mµ

Iµ(u) ≤ Iµ(uµ) = c̃µ. ✭✹✳✶✶✮



✻✾

P♦rt❛♥❞♦✱ ❞❡ ✭✹✳✶✵✮ ❡ ✭✹✳✶✶✮ s❡❣✉❡ q✉❡

cµ = c̃µ.

�

▲❡♠❛ ✹✳✽ ❙❡ µ1 ≥ µ2 ❡♥tã♦ cµ1 ≤ cµ2✱ ♦✉ s❡❥❛✱ cµ é ♥ã♦ ❝r❡s❝❡♥t❡ ❡♠ µ✳

❉❡♠♦♥str❛çã♦✿

❙❡ µ2 ≤ µ1 ❡♥tã♦ Iµ2 ≥ Iµ1 ❀ ❧♦❣♦✱ ❞❛❞♦ t ∈ [0,∞) ❡ u ∈ H1
0 (Ω) \ {0} t❡♠♦s

Iµ2(tu) ≥ Iµ1(tu)

❞♦♥❞❡

max
t≥0

Iµ2(tu) ≥ max
t≥0

Iµ1(tu) ≥ inf
u∈H1

0 (Ω)\{0}
max
t≥0

Iµ1(tu) = c̃µ1 ,

❡ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✹✳✼ s❡❣✉❡ q✉❡

cµ2 = c̃µ2 = inf
u∈H1

0 (Ω)\{0}
max
t≥0

Iµ2(tu) ≥ c̃µ1 = cµ1 .

�

❉❡♥♦t❡♠♦s ❛❣♦r❛ ♣♦r c0 > 0 ♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❛ss♦❝✐❛❞♦ ❛♦ ❢✉♥❝✐♦♥❛❧

I0(u) =
1

2
‖u‖2 − 1

2∗

∫

Ω

(u+)2∗dx, ✭✹✳✶✷✮

❡ ♦❜s❡r✈❡ q✉❡ cµ ≤ c0✱ ♣❛r❛ t♦❞♦ µ > 0✳

❉❛❞♦ ❛❣♦r❛ r > 0✱ s❡❥❛ ψ ∈ C∞
0 (RN) ✉♠❛ ❢✉♥çã♦ r❛❞✐❛❧ ♥ã♦ ♥❡❣❛t✐✈❛ t❛❧ q✉❡

s✉♣♣ψ ⊂ Br ❡ ψ ≡ 1 ❡♠ Br/2✳ P❛r❛ ε > 0✱ ❞❡✜♥❛

uε(x) =
CNψ(x)ε

N−2
2

(ε2 + |x|2)N−2
2

,

♦♥❞❡ CN = N(N − 2)
N−2

4 ✭uε é ❜❛s✐❝❛♠❡♥t❡ ❛ ♠❡s♠❛ ❢✉♥çã♦ ✉s❛❞❛ ♥❛ ❞❡♠♦♥str❛çã♦

❞♦ ▲❡♠❛ ✷✳✸✮✳ ❙❡❣✉♥❞♦ ❬✶❪✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ❡st✐♠❛t✐✈❛s✿
∫

Ω

|∇uε|2dx = SN/2 +O(εN−2)

❡ ∫

Ω

|uε|2
∗

dx = SN/2 +O(εN).



✼✵

❊s❝r❡✈❛

vε =
uε

‖uε‖2∗
. ✭✹✳✶✸✮

❊♥tã♦ vε é r❛❞✐❛❧✱ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ s❛t✐s❢❛③

‖vε‖2 = S +O(εN−2). ✭✹✳✶✹✮

❉❡ ❢❛t♦✱

‖vε‖2 =
‖uε‖2

‖uε‖2
2∗

=
SN/2 +O(εN−2)

[SN/2 +O(εN)]2/2∗

=
SN/2 +O(εN−2)

[
SN/2

(
1 + O(εN )

SN/2

)]2/2∗

=
SN/2 +O(εN−2)

S
N−2

2 [1 +O(εN)]2/2∗

=
SN/2

S
N−2

2 [1 +O(εN)]2/2∗
+

O(εN−2)

S
N−2

2 [1 +O(εN)]2/2∗
,

♦✉ s❡❥❛✱

‖vε‖2 =
S

[1 +O(εN)]2/2∗
+

O(εN−2)

[1 +O(εN)]2/2∗
=

S +O(εN−2)

[1 +O(εN)]2/2∗
;

❢❛③❡♥❞♦ f(t) = 1/(1 + t)2/2∗ = (1 + t)−2/2∗ ✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ♦❜t❡♠♦s

1

[1 +O(εN)]2/2∗
= 1 − 2

2∗
(1 + θ)

2
2∗

−1O(εN) = 1 −O(εN), θ ∈ (0, O(ε
N−2

2 )),

❡ ❞❛í✱

‖vε‖2 =
S +O(εN−2)

[1 +O(εN)]2/2∗

= [S +O(εN−2)][1 −O(εN)]

= S −O(εN) +O(εN−2) −O(εN−2)O(εN)

= S +O(εN−2).

▲❡♠❛ ✹✳✾ c0 = SN/2/N ✳

❉❡♠♦♥str❛çã♦✿

❙❡❥❛ vε ❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ❡♠ ✭✹✳✶✸✮✳ ❈♦♠♦ ‖vε‖2∗ = 1✱ t❡♠♦s S ≤ ‖vε‖2 ❡ ❞❡

✭✹✳✶✹✮ t❡♠♦s

‖vε‖2 → S, ε→ 0.



✼✶

❊s❝r❡✈❡♥❞♦

g(t) = I0(tvε) =
t2

2
‖vε‖2 − t2

∗

2∗
‖vε‖2∗

2∗ ,

♦❜s❡r✈❡ q✉❡ g ❛ss✉♠❡ ♠á①✐♠♦✱ ❞♦♥❞❡ ❡①✐st❡ tε > 0 t❛❧ q✉❡

d

dt
I0(tεvε) = 0,

❡ ❛ ❢♦r♠❛ ❞❡ I0 ✐♠♣❧✐❝❛

tε = ‖vε‖
2

2∗−2 .

❉❛í✱

c0 = inf
u∈H1

0 (Ω)\{0}
max
t≥0

I0(tu)

≤ max
t≥0

I0(tvε)

= I0(tεvε)

=
t2ε
2
‖vε‖2 − t2

∗

ε

2∗
‖vε‖2∗

2∗

=
1

N
t2

∗

ε ,

♦✉ s❡❥❛✱

c0 ≤
1

N
(‖vε‖

2
2∗−2 )2∗ =

1

N
(‖vε‖2)

2∗

2∗−2 → S
2∗

2∗−2

N

❡ ♣♦rt❛♥t♦

c0 ≤
SN/2

N
. ✭✹✳✶✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ (un) ⊂ H1
0 (Ω) t❛❧ q✉❡

I0(un) → c0, I ′0(un) → 0.

❆ s❡q✉ê♥❝✐❛ (un) é ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω)✳ ❉❡ ❢❛t♦✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠♦s

I0(un) ≤ c0 + 1;

❝♦♠♦

− 1

2∗
I ′0(un)un ≤

∣∣∣∣−
1

2∗
I ′0(un)un

∣∣∣∣ ≤
1

2∗
‖I ′0(un)‖‖un‖

❡ ‖I ′0(un)‖ → 0✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠♦s (1/2∗)‖I ′0(un)‖ ≪ 1✱ ❞♦♥❞❡

− 1

2∗
I ′0(un)un ≤ ‖un‖.



✼✷

▲♦❣♦✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠♦s✱

c0 + 1 + ‖un‖ ≥ I0(un) − 1

2∗
I ′0(un)un

=
1

2
‖un‖2 − 1

2∗
‖u+

n ‖2∗

2∗ −
1

2∗
‖un‖2 +

1

2∗
‖u+

n ‖2∗

2∗

=

(
1

2
− 1

2∗

)
‖un‖2,

♠♦str❛♥❞♦ q✉❡ (un) é ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω)✳ ❆ss✐♠✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ t❡♠♦s

‖un‖2 → l✱ ♣❛r❛ ❛❧❣✉♠ l ∈ (0,∞)✳ ❖❜s❡r✈❡ q✉❡

I ′0(un)u−n = ‖u−n ‖2 → 0,

❡ ❝♦♠ ✐ss♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r un ≥ 0✱ ❡ ❞❛í ❞❡

I ′0(un)un = ‖un‖2 − ‖un‖2∗

2∗ → 0

t❡♠♦s

‖un‖2 → l ❡ ‖un‖2∗

2∗ → l, l > 0. ✭✹✳✶✻✮

❋❛③❡♥❞♦ vn = un/‖un‖2∗ ✱ t❡♠♦s ‖vn‖2∗ = 1 ❡

S ≤ ‖vn‖2 =
‖un‖2

‖un‖2
2∗

→ l

l2/2∗

✐♠♣❧✐❝❛

S ≤ l2/N . ✭✹✳✶✼✮

◆♦t❡ q✉❡

I0(un) =
1

2
‖un‖2 − 1

2∗
‖un‖2∗

2∗ → c0,

❡ ❞❡ ✭✹✳✶✻✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ l = c0N ❀ ❞❡ ✭✹✳✶✼✮ s❡❣✉❡ q✉❡

S ≤ (coN)2/N ,

♦✉ s❡❥❛✱

c0 ≥
SN/2

N
. ✭✹✳✶✽✮

❉❡ ✭✹✳✶✺✮ ❡ ✭✹✳✶✽✮ ❝♦♥❝❧✉í♠♦s q✉❡

c0 =
SN/2

N
.

�



✼✸

❖❜s❡r✈❛çã♦ ✹✳✶✵ ❛✮ ❙❡ G é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❞❡ RN ✱ ♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛

♠♦♥t❛♥❤❛ r❡❢❡r❡♥t❡ ❛♦ ❢✉♥❝✐♦♥❛❧

I0,G =
1

2

∫

G

|∇u|2dx− 1

2∗

∫

G

(u+)2∗dx

é SN/2/N ✱ ✐✳❡✳✱ ♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❞❡ I0,G ✐♥❞❡♣❡♥❞❡ ❞♦ ❞♦♠í♥✐♦ G

✭✈❡r Pr♦♣♦s✐çã♦ ✶✳✺✮✳

❜✮ P♦❞❡♠♦s ❛ss✉♠✐r q✉❡ t♦❞❛ s❡q✉ê♥❝✐❛ ✭P❙✮c ❞❡ Iµ é ♥ã♦ ♥❡❣❛t✐✈❛✳

▲❡♠❛ ✹✳✶✶ ❙❡ µn → 0 ❡♥tã♦ cµn → c0✳

❉❡♠♦♥str❛çã♦✿

❙❛❜❡♠♦s q✉❡

cµn ≤ c0, ∀n ∈ N.

P❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ cµn < c0 ✭❞♦ ❝♦♥trár✐♦✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉✐r✐❛✮✳ P❡❧♦s

▲❡♠❛s ✹✳✹ ❡ ✹✳✾✱ s❡❥❛ (un) ⊂ H1
0 (Ω)✱ un ≥ 0 t❛❧ q✉❡

Iµn(un) = cµn , I ′µn(un) = 0,

❡ s❡❥❛ (tn) ⊂ (0,∞) t❛❧ q✉❡ tnun ∈ M0 = {u ∈ H1
0 (Ω) \ {0}; I ′0(u)u = 0} ✭❛ ❡①✐stê♥❝✐❛

(tn) s❡❣✉❡ ❛❞❛♣t❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✹✳✺✮✳ ◆♦t❡ q✉❡

c0 = inf
u∈H1

0 (Ω)\{0}
max
t≥0

I0(tu) ≤ max
t≥0

I0(tun)

= I0(tnun)

= Iµn(tnun) +
µn

q

∫

Ω

[(tnun)+]qdx

= Iµn(tnun) +
µnt

q
n

q

∫

Ω

[(un)+]qdx

= Iµn(tnun) +
µnt

q
n

q
‖un‖q

q;

❝♦♠♦ un ∈ Mµn ✱ ❡♥tã♦

Iµn(tnun) ≤ max
t≥0

Iµn(tun) = Iµn(un) = cµn ,

❡ ❞❛í✱

c0 ≤ cµn +
µnt

q
n

q
‖un‖q

q. ✭✹✳✶✾✮

▼♦str❡♠♦s ❛❣♦r❛ q✉❡ ❛ s❡q✉ê♥❝✐❛ (tn) é ❧✐♠✐t❛❞❛✳ ❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡✱ ❛

♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ tn → ∞✳ ❈♦♠♦ cµn ≤ c0✱ ♠♦str❛✲s❡ ❢❛❝✐❧♠❡♥t❡ q✉❡ ❛ s❡q✉ê♥❝✐❛



✼✹

(un) é ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω)✳ ❉❡ tnun ∈ M0 s❡❣✉❡ q✉❡ max

t≥0
I0(tun) = I0(tnun)✱ ♦✉ s❡❥❛

d
dt
I0(tun)

∣∣∣∣
t=tn

= 0✱ ❡ ❝♦♠ ✐ss♦ ♦❜t❡♠♦s

‖un‖2 = t2
∗−2

n ‖un‖2∗

2∗ .

❆ss✐♠ ❞❡✈❡♠♦s t❡r ‖un‖2∗

2∗ → 0✳ ▲♦❣♦✱ ♣♦r ✐♥t❡r♣♦❧❛çã♦✱ s❡❣✉❡ q✉❡ ‖un‖q
q → 0✳ ❈♦♠♦

I ′µn(un)un = 0 t❡♠♦s

‖un‖2 = µn‖un‖q
q + ‖un‖2∗

2∗ ,

❡ ❞❛í ‖un‖2 → 0✱ ❡ ❞❡

cµn = Iµn(un) =
1

2
‖un‖2 − µn

q
‖un‖q

q −
1

2∗
‖un‖2∗

2∗ ,

s❡❣✉❡ q✉❡ cµn → 0✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦ ♣♦✐s

0 < cµ1 ≤ cµn , ∀n ∈ N ⇒ lim
n→∞

cµn ≥ cµ1 > 0.

P♦rt❛♥t♦✱ (tn) é ❧✐♠✐t❛❞❛✱ ❡ ❞❡ ✭✹✳✶✾✮ s❡❣✉❡ q✉❡

c0 ≤ lim inf
n→∞

(
cµn +

µnt
q
n

q
‖un‖q

q

)
= lim inf

n→∞
cµn ≤ lim sup

n→∞
cµn ≤ c0,

❡ ❝♦♥❝❧✉í♠♦s ❡♥✜♠ q✉❡ lim
n→∞

cµn = c0✳

�

✹✳✷ ▲❡♠❛s té❝♥✐❝♦s

❖s ❧❡♠❛s ❞❡♠♦♥str❛❞♦s ♥❡st❛ s❡çã♦ t❡rã♦ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❞❡♠♦♥s✲

tr❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✱ ❡♥✉♥❝✐❛❞♦ ♥♦ ✐♥í❝✐♦ ❞♦ ♠❡s♠♦✳

▲❡♠❛ ✹✳✶✷ ❙❡❥❛ (un) ⊂ H1
0 (Ω) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♥ã♦ ♥❡❣❛t✐✈❛s t❛❧ q✉❡ ‖un‖2∗ =

1 ❡ ‖un‖2 → S✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (yn, λn) ⊂ RN × R+ t❛❧ q✉❡

vn(x) = λ
N−2

2
n un(λnx+ yn)

❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠ D1,2(RN)✳ ▼❛✐s ❛✐♥❞❛✱

λn → 0 ❡ yn → y ∈ Ω.



✼✺

❉❡♠♦♥str❛çã♦✿

❈♦♠♦ H1
0 (Ω) = D1,2

0 (Ω) ⊂ D1,2
0 (RN) = D1,2(RN)✱ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ♣r✐♠❡✐r❛

♣❛rt❡ ❞❡ss❡ ❧❡♠❛ s❡❣✉❡ ❞❡ ❢♦r♠❛ ✐❞ê♥t✐❝❛ à ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✶✳✸✳ ▼♦str❡♠♦s

❡♥tã♦ ❛s ❝♦♥✈❡r❣ê♥❝✐❛s✳ ❙✉♣♦♥❤❛ q✉❡ λn → ∞✳ ❊s❝r❡✈❡♥❞♦ Ωλn = (Ω − yn)/λn✱

♦❜s❡r✈❡ q✉❡
∫

Ωλn

|vn|2dx =

∫

RN

|vn|2dx

=

∫

RN

|λ
N−2

2
n un(λnx+ yn)|2dx

= λN−2
n

∫

RN

|un(λnx+ yn)|2dx,

✉s❛♥❞♦ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✱
∫

RN

|vn|2dx =
λN−2

n

λN
n

∫

RN

|un(z)|2dz

=
1

λ2
n

‖un‖2
2

≤ M

λ2
n

→ 0,

♣♦✐s (un) é ❧✐♠✐t❛❞❛ ❡♠ L2(RN)✳ ❆ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ vn → v ❡♠ D1,2(RN)✱ ❡ ❞♦

▲❡♠❛ ❞❡ ❋❛t♦✉ ♦❜t❡♠♦s

0 = lim
n→∞

∫

RN

|vn|2dx ≥
∫

RN

|v|2dx ≥ 0

♦ q✉❡ ✐♠♣❧✐❝❛ v = 0✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s ‖vn‖2∗ = 1 ❡

vn → v ❡♠ D1,2(RN) ⇒ ‖vn‖2∗ → ‖v‖2∗ .

▲♦❣♦✱ λn → λ0 ≥ 0✳ ❙❡ |yn| → ∞ ❡♥tã♦

|λnx+ yn| ≥ |yn| − λn|x| → ∞,∀x ∈ Ω,

❞♦♥❞❡✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ un(λnx + yn) = 0 ✐♠♣❧✐❝❛♥❞♦ ‖un‖2∗ = 0✱ ❛❜✲

s✉r❞♦✳ ▲♦❣♦✱ yn → y ∈ RN ✳ ❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ λn → λ0 > 0✳ ❊♥tã♦

Ωλn =
Ω − yn

λn

→ Ω − y

λ0

= Ω̃ 6= RN ,

❡ ❝♦♠ ✐ss♦ t❡rí❛♠♦s ‖v‖2∗,Ω̃ = 1 ❡ ‖v‖2 = S✱ ♦✉ s❡❥❛✱ v ❛ss✉♠✐r✐❛ ❛ ♠❡❧❤♦r ❝♦♥st❛♥t❡ ❞❡

❙♦❜♦❧❡✈ ❡♠ Ω̃✱ ♦ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ✭Pr♦♣♦s✐çã♦ ✶✳✺✮✳ ▲♦❣♦✱ λn → 0✳ ❊ s✉♣♦♥❞♦ q✉❡

y /∈ Ω✱ ❝♦♠♦

λnx+ yn → y, ∀x ∈ Ω,



✼✻

♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ λnx + yn /∈ Ω✱ ❞♦♥❞❡ un(λnx + yn) = 0 ✐♠♣❧✐❝❛♥❞♦

‖un‖2∗ = 0✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦ y ∈ Ω✳

�

❈♦♠♦ ❢❡✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✸✱ s✉♣♦♥❞♦ 0 ∈ Ω✱ ❡s❝♦❧❤❛ r > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦

t❛❧ q✉❡ Br ⊂ Ω✱ ❡ ❞❡ ♠♦❞♦ q✉❡ ♦s ❝♦♥❥✉♥t♦s

Ω+
r = {x ∈ RN ; ❞✐st(x,Ω) ≤ r}

❡

Ω−
r = {x ∈ Ω; ❞✐st(x, ∂Ω) ≥ r}

s❡❥❛♠ ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s ❛ Ω✳

❉❡✜♥❛ ❛❣♦r❛

H1
0,r❛❞(Br) = {u ∈ H1

0 (Br);u é r❛❞✐❛❧},

❡ ❡s❝r❡✈❛

Iµ,Br(u) =
1

2

∫

Br

|∇u|2dx− µ

q

∫

Br

(u+)qdx− 1

2∗

∫

Br

(u+)2∗dx, u ∈ H1
0,r❛❞(Br),

Mµ,Br = {u ∈ H1
0,r❛❞(Br) \ {0}; I ′µ,Br(u)u = 0}

❡

m(µ) = inf{Iµ,Br(u);u ∈ Mµ,Br}

✭❝♦♠♦ ♥❛ Pr♦♣♦s✐çã♦ ✹✳✷✱ ♦ ♥ú♠❡r♦ m(µ) ❡stá ❜❡♠ ❞❡✜♥✐❞♦✮✳ ❉❡♥♦t❡ ♣♦r m̃(µ) ♦ ♥í✈❡❧

❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❞♦ ❢✉♥❝✐♦♥❛❧ Iµ,Br ❡♠ H1
0,r❛❞(Br)✳

▲❡♠❛ ✹✳✶✸ ❙✉♣♦♥❤❛ N ≥ 4 ❡ 2 < q < 2∗✳ ❚❡♠♦s

❛✮ Iµ,Br s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭P❙✮c ♣❛r❛ t♦❞♦ c ∈ (0, SN/2/N) ❡♠ H1
0,r❛❞(Br) ❡✱ ♠❛✐s

❛✐♥❞❛✱ m̃(µ) ∈ (0, SN/2/N) ♣❛r❛ µ > 0❀

❜✮ m(µ) = m̃(µ)❀

❝✮ m(µ) → SN/2/N q✉❛♥❞♦ µ→ 0✳

❉❡♠♦♥str❛çã♦✿

❙❡❣✉❡ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ às ❞❡♠♦♥str❛çõ❡s ❞♦s ▲❡♠❛s ✹✳✹✱ ✹✳✼ ❡ ✹✳✶✶✳

�



✼✼

❉❡✜♥❛ ❛❣♦r❛ ❛ ❛♣❧✐❝❛çã♦

β : Mµ −→ RN

u 7−→ β(u) = 1
SN/2

∫
Ω
(u+)2∗xdx,

✭✹✳✷✵✮

❡ ♦ ❝♦♥❥✉♥t♦

Im(µ)
µ = {u ∈ H1

0 (Ω); Iµ(u) ≤ m(µ)}.

▲❡♠❛ ✹✳✶✹ ❊①✐st❡ µ∗ > 0 t❛❧ q✉❡✱ s❡ µ ∈ (0, µ∗) ❡ u ∈ Mµ ∩ Im(µ)
µ ✱ ❡♥tã♦ β(u) ∈ Ω+

r ✳

❉❡♠♦♥str❛çã♦✿

❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡♠ µn → 0 ❡ un ∈ Mµn ∩ I
m(µn)
µn t❛✐s q✉❡

β(un) /∈ Ω+
r ✳ ◆♦t❡ q✉❡

cµn = inf
u∈Mµn

Iµn(u) ≤ Iµn(un)

=
1

2

∫

Ω

|∇un|2dx−
µn

q

∫

Ω

(u+
n )qdx− 1

2∗

∫

Ω

(u+
n )2∗dx

≤ m(µn),

❡

0 = I ′µn(un)un =

∫

Ω

|∇un|2dx− µn

∫

Ω

(u+
n )qdx−

∫

Ω

(u+
n )2∗dx.

❙❡♥❞♦ (un) ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω)✱ ♦❜t❡♠♦s

cµn + on(1) ≤ 1

2

∫

Ω

|∇un|2dx−
1

2∗

∫

Ω

(u+
n )2∗dx ≤ m(µn) + on(1) ✭✹✳✷✶✮

❡ ∫

Ω

|∇un|2dx−
∫

Ω

(u+
n )2∗dx = on(1). ✭✹✳✷✷✮

❉❡ c0 = SN/2/N ✭▲❡♠❛ ✹✳✾✮✱ cµn → c0 q✉❛♥❞♦ µn → 0 ✭▲❡♠❛ ✹✳✶✶✮ ❡ m(µ) → SN/2/N

q✉❛♥❞♦ µ→ 0 ✭▲❡♠❛ ✹✳✶✸✱ ✭❝✮✮✱ t❡♠♦s

cµn → SN/2

N
❡ m(µn) → SN/2

N
,

♣♦rt❛♥t♦✱ ❞❡ ✭✹✳✷✶✮ ❡ ✭✹✳✷✷✮✱ ❛ s❡q✉ê♥❝✐❛ wn = un/‖u+
n ‖2∗ ✈❡r✐✜❝❛

‖w+
n ‖2∗ = 1 ❡

∫

Ω

|∇wn|2dx→ S.

❉❡ ❢❛t♦✱ ❞❡ ✭✹✳✷✷✮ s❡❣✉❡ q✉❡

lim
n→∞

∫

Ω

|∇un|2dx = lim
n→∞

∫

Ω

(u+
n )2∗dx = l



✼✽

❡ ❞❡ ✭✹✳✷✶✮✱ ♣❛ss❛♥❞♦ ♦ ❧✐♠✐t❡ q✉❛♥❞♦ n→ ∞✱ ♦❜t❡♠♦s

SN/2

N
≤ 1

2
l − 1

2∗
l ≤ SN/2

N

❡ ❞❛í l = SN/2✳ ▲♦❣♦✱

∫

Ω

|∇wn|2dx = ‖wn‖2 =
‖un‖2

‖u+
n ‖2

2∗
=

‖un‖2

(‖u+
n ‖2∗

2∗)
2
2∗

→ SN/2

(SN/2)
2
2∗

= S.

❉❡ss❛ ♠❛♥❡✐r❛✱ ❛ s❡q✉ê♥❝✐❛ w̃n = w+
n s❛t✐s❢❛③

‖w̃n‖2∗ = 1 ❡ ‖w̃n‖2 =

∫

Ω

|∇w̃n|2dx→ S,

❥á q✉❡

S ≤ ‖w̃n‖2 = ‖w+
n ‖2 ≤ ‖wn‖2 → S.

P♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✷✱ ❡①✐st❡ (λn, yn) ⊂ R+ × RN t❛❧ q✉❡ ❛ s❡q✉ê♥❝✐❛ vn(x) =

λ
N−2

2
n w̃n(λnx + yn) ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ❢♦rt❡ ♣❛r❛ v ❡♠ D1,2(RN)✳

❖❜s❡r✈❡ q✉❡

β(un) =
1

SN/2

∫

Ω

(u+
n )2∗xdx =

‖u+
n ‖2∗

2∗

SN/2

∫

Ω

w̃2∗

n (x)xdx.

❋✐①❛♥❞♦ ϕ ∈ C∞
0 (RN) ❝♦♠ ϕ(x) = x, ∀x ∈ Ω✱ t❡♠♦s

β(un) =
‖u+

n ‖2∗

2∗

SN/2

∫

Ω

w̃2∗

n (z)zdz

=
‖u+

n ‖2∗

2∗

SN/2

∫

Ω

w̃2∗

n (z)ϕ(z)dz

=
‖u+

n ‖2∗

2∗

SN/2

∫

RN

w̃2∗

n (z)ϕ(z)dz

=
‖u+

n ‖2∗

2∗

SN/2

∫

RN

w̃2∗

n (λnx+ yn)ϕ(λnx+ yn)λN
n dx

=
‖u+

n ‖2∗

2∗

SN/2

∫

RN

v2∗

n (x)ϕ(λnx+ yn)dx,

❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ s❡❣✉❡ q✉❡

β(un) → SN/2

SN/2
y = y ∈ Ω,

♦✉ s❡❥❛✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠♦s β(un) ∈ Ω ⊂ Ω+
r ✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❖ ❧❡♠❛ ✜❝❛ ❡♥tã♦ ❞❡♠♦♥str❛❞♦✳

�



✼✾

P❡❧♦ ▲❡♠❛ ✹✳✶✸✱ ❡①✐st❡ vµ ∈ Mµ,Br t❛❧ q✉❡

Iµ,Br(vµ) = m̃(µ) = m(µ),

❡ vµ é ♥ã♦ ♥❡❣❛t✐✈❛✱ ♣♦✐s

I ′µ,Br(vµ) = 0 ⇒ I ′µ,Br(vµ)v−µ = ‖v−µ ‖2 = 0.

❉❡✜♥❛ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ γ : Ω−
r → I

m(µ)
µ ♣♦r

γ(y) : Br −→ R

x 7−→ γ(y)(x) =





vµ(x− y), x ∈ B(y, r)

0, ❝✳❝✳

. ✭✹✳✷✸✮

◆♦t❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ y ∈ Ω−
r ✱ t❡♠♦s

(β ◦ γ)(y) =
1

SN/2

∫

Ω

xvµ(x− y)2∗dx

=
1

SN/2

∫

Ω

(z + y)vµ(z)2∗dz

=
1

SN/2

∫

Ω

zvµ(z)2∗dz +
1

SN/2

∫

Ω

yvµ(z)2∗dz,

♦✉ s❡❥❛✱

(β ◦ γ)(y) =
1

SN/2

∫

Ω

yvµ(z)2∗dz = α(µ)y

✭♣♦✐s vµ é r❛❞✐❛❧✮✱ ♦♥❞❡

α(µ) =
1

SN/2

∫

Ω

vµ(z)2∗dz.

▲❡♠❛ ✹✳✶✺ ❙❡ µ→ 0 ❡♥tã♦ α(µ) → 1✳

❉❡♠♦♥str❛çã♦✿

◆♦t❡ q✉❡

m(µ) = Iµ,Br(vµ) =
1

2

∫

Br

|∇vµ|2dx−
µ

q

∫

Br

vq
µdx−

1

2∗

∫

Br

v2∗

µ dx ≤ SN/2

N
✭✹✳✷✹✮

❡

I ′µ,Br(vµ)vµ =

∫

Br

|∇vµ|2dx− µ

∫

Br

vq
µdx−

∫

Br

v2∗

µ dx = 0

✐♠♣❧✐❝❛
1

q

∫

Br

|∇vµ|2dx−
µ

q

∫

Br

vq
µdx−

1

q

∫

Br

v2∗

µ dx = 0.



✽✵

❉❡ss❛ ❢♦r♠❛
(

1

2
− 1

q

)∫

Br

|∇vµ|2dx ≤
(

1

2
− 1

q

)∫

Br

|∇vµ|2dx+

(
1

q
− 1

2∗

)∫

Br

v2∗

µ dx

= Iµ,Br(vµ) − 1

q
I ′µ,Br(vµ)vµ

❞♦♥❞❡ (
1

2
− 1

q

)∫

Br

|∇vµ|2dx ≤ SN/2

N
,

♠♦str❛♥❞♦ q✉❡ ❛ s❡q✉ê♥❝✐❛ (vµ) é ❧✐♠✐t❛❞❛✳ ❙✉♣♦♥❞♦✱ ‖vµ‖2 → l t❡♠♦s✱ ❞❡

‖vµ‖2 − µ‖vµ‖q
q − ‖vµ‖2∗

2∗ = 0,

‖vµ‖2∗

2∗ → l✳ ❉❡ ✭✹✳✷✹✮ ❡ ❞♦ ▲❡♠❛ ✹✳✶✸✱✭❝✮✱ s❡❣✉❡ q✉❡ l = SN/2✱ ♦✉ s❡❥❛✱ ‖vµ‖2∗

2∗ → SN/2✱

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

α(µ) =
1

SN/2

∫

Ω

v2∗

µ dx =
1

SN/2
‖vµ‖2∗

2∗ →
SN/2

SN/2
= 1,

q✉❛♥❞♦ µ→ 0✳

�

P❡❧♦ ▲❡♠❛ ✹✳✶✺✱ ♣❛r❛ µ ≈ 0✱ ✜❝❛ ❜❡♠ ❞❡✜♥✐❞❛ ❛ ❛♣❧✐❝❛çã♦

Hµ : [0, 1] × (Mµ ∩ Im(µ)
µ ) −→ RN

(t, u) 7−→ Hµ(t, u) =

(
t+ 1−t

α(µ)

)
β(u).

✭✹✳✷✺✮

▲❡♠❛ ✹✳✶✻ ❊①✐st❡ µ∗ > 0 t❛❧ q✉❡ s❡ µ ∈ (0, µ∗) ❡♥tã♦

Hµ([0, 1] × (Mµ ∩ Im(µ)
µ )) ⊂ Ω+

r .

❉❡♠♦♥str❛çã♦✿

❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡♠ tn ∈ [0, 1]✱ µn → 0 ❡ un ∈ Mµn ∩ Im(µn)
µn

t❛✐s q✉❡ Hµn(tn, un) /∈ Ω+
r ✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r tn → t0 ∈ [0, 1]✳

P❡❧♦ ▲❡♠❛ ✹✳✶✺ ❡ ❝♦♠♦ ✈✐st♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✹✳✶✹✱ t❡♠♦s

α(µn) → 1 ❡ β(un) → y ∈ Ω.

❉❡ss❛ ❢♦r♠❛

Hµn(tn, un) =

(
tn +

1 − tn
α(µn)

)
β(un) → y ∈ Ω,

❞♦♥❞❡✱ ♣❛r❛ n ≈ ∞✱ Hµn(tn, un) ∈ Ω ⊂ Ω+
r , ♦ q✉❡ é ✉♠ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦✱ ♦ ❧❡♠❛ é

✈á❧✐❞♦✳

�



✽✶

✹✳✸ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✶

❱❡❥❛♠♦s ❛♥t❡s ❛❧❣✉♥s ❧❡♠❛s✳

▲❡♠❛ ✹✳✶✼ ❙❡ uµ é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Iµ ❡♠ Mµ✱ ❡♥tã♦ ♦ ♠❡s♠♦ é ✉♠ ♣♦♥t♦ ❝rít✐❝♦

❞❡ Iµ ❡♠ H1
0 (Ω)✳

❉❡♠♦♥str❛çã♦✿

❙❡ uµ ∈ Mµ ❡♥tã♦ I ′µ(uµ)uµ = 0✳ ❋❛③❡♥❞♦

Jµ(u) = ‖u‖2 − µ‖u+‖q
q − ‖u+‖2∗

2∗ ,

♣❡❧♦ ❚❡♦r❡♠❛ ❇✳✸✱ ❡①✐st❡ θ ∈ R t❛❧ q✉❡

I ′µ(uµ) = θJ ′
µ(uµ). ✭✹✳✷✻✮

❖❜s❡r✈❡ q✉❡

J ′
µ(uµ)uµ = 2‖uµ‖2 − µq‖u+

µ ‖q
q − 2∗‖u+

µ ‖2∗

2∗

❡ ❝♦♠♦

0 = I ′µ(uµ)uµ = Jµ(uµ) = ‖uµ‖2 − µ‖u+
µ ‖q

q − ‖u+
µ ‖2∗

2∗

✐♠♣❧✐❝❛

‖uµ‖2 = µ‖u+
µ ‖q

q + ‖u+
µ ‖2∗

2∗ ,

t❡♠♦s

J ′
µ(uµ)uµ = 2(µ‖u+

µ ‖q
q + ‖u+

µ ‖2∗

2∗) − µq‖u+
µ ‖q

q − 2∗‖u+
µ ‖2∗

2∗

= µ(2 − q)‖u+
µ ‖q

q + (2 − 2∗)‖u+
µ ‖2∗

2∗ < 0,

❞♦♥❞❡✱ ❞❡ ✹✳✷✻✱

0 = I ′µ(uµ)uµ = θJ ′
µ(uµ)uµ

✐♠♣❧✐❝❛♥❞♦ q✉❡ θ = 0✱ ♦✉ s❡❥❛✱ I ′µ(uµ) = 0 ❡ uµ é ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Iµ ❡♠ H1
0 (Ω)✳

�

❆ s❡❣✉✐r✱ ❞❡♥♦t❛♠♦s ♣♦r IMµ ❛ r❡str✐çã♦ ❞❡ Iµ ❡♠ Mµ✳

▲❡♠❛ ✹✳✶✽ ❚♦❞❛ s❡q✉ê♥❝✐❛ (un) ⊂ Mµ t❛❧ q✉❡ Iµ(un) → c < SN/2/N ❡ I ′Mµ
(un) → 0

❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠ H1
0 (Ω)✱ ♣❛r❛ µ > 0 ❡ 2 < q < 2∗✳



✽✷

❉❡♠♦♥str❛çã♦✿

❋❛③❡♥❞♦ Jµ ❝♦♠♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✹✳✶✼✱ ❡♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ❇✳✸✱

❞❛❞♦ u ∈ Mµ✱ t❡♠♦s

‖I ′Mµ
(u)‖∗ = min

θ∈R

‖I ′µ(u) − θJ ′
µ(u)‖.

▲♦❣♦✱ ♣♦r ❤✐♣ót❡s❡✱ ❡①✐st❡ (θn) ⊂ R t❛❧ q✉❡

‖I ′Mµ
(un)‖∗ = ‖I ′µ(un) − θnJ

′
µ(un)‖ → 0,

♦✉ s❡❥❛✱

I ′µ(un) = θnJ
′
µ(un) + on(1). ✭✹✳✷✼✮

◆❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✹✳✶✼✱ ✈✐♠♦s q✉❡ J ′
µ(u)u < 0✱ ♣❛r❛ t♦❞♦ u ∈ Mµ✳ ❈♦♠♦ (un)

é ❧✐♠✐t❛❞❛✱ s✉♣♦♥❞♦ q✉❡ J ′
µ(un)un → 0 s❡❣✉❡ ❞❡

‖un‖2 = µ‖u+
n ‖q

q + ‖u+
n ‖2∗

2∗

✭♣♦✐s I ′µ(un)un = 0✮ ❡

J ′
µ(un)un = 2‖un‖2 − qµ‖u+

n ‖q
q − 2∗‖u+

n ‖2∗

2∗

= µ(2 − q)‖u+
n ‖q

q + (2 − 2∗)‖u+
n ‖2∗

2∗ → 0

q✉❡

‖u+
n ‖q

q → 0 ❡ ‖u+
n ‖2∗

2∗ → 0,

❞♦♥❞❡ ‖un‖2 → 0 ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ‖un‖ → 0. P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ (un) ⊂ Mµ✱

✈✐♠♦s q✉❡ ‖un‖2 = µ‖u+
n ‖q

q + ‖u+
n ‖2∗

2∗ ✱ ❡ ❞❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s✱ t❡♠♦s

‖un‖2 ≤ µ‖un‖q
q + ‖un‖2∗

2∗

≤ µc1‖un‖q + c2‖un‖2∗

≤ c̃(µ‖un‖q + ‖un‖2∗), ♦♥❞❡ c̃ = max{c1, c2},

❡ ❛ss✐♠

1 ≤ c̃(µ‖un‖q−2 + ‖un‖2∗−2) → 0,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ J ′
µ(un)un → l < 0✳ ❉❡ ✭✹✳✷✼✮✱

t❡♠♦s

0 = I ′µ(un)un = θnJ
′
µ(un)un + on(1),



✽✸

❞♦♥❞❡ θn → 0✱ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Iµ(un) → 0✳ ▲♦❣♦✱

Iµ(un) → c < SN/2/N ❡ Iµ(un) → 0,

❡ ❛ ❝♦♥❝❧✉sã♦ s❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✹✳

�

▲❡♠❛ ✹✳✶✾ ❙❡ N ≥ 4 ❡ µ ∈ (0, µ∗) ❡♥tã♦ ❝❛t
I
m(µ)
Mµ

(I
m(µ)
Mµ

) ≥ ❝❛tΩ(Ω)✳

❉❡♠♦♥str❛çã♦✿

❙❡ ❝❛t
I
m(µ)
Mµ

(I
m(µ)
Mµ

) = ∞✱ ♥❛❞❛ ❛ ❞❡♠♦♥str❛r✳ ❙✉♣♦♥❤❛ q✉❡ ❝❛t
I
m(µ)
Mµ

(I
m(µ)
Mµ

) = n✱ ✐✳❡✱

I
m(µ)
Mµ

= A1 ∪ ... ∪ An,

♦♥❞❡ Aj✱ j = 1, ..., n sã♦ ❢❡❝❤❛❞♦s ❡ ❝♦♥trát❡✐s ❡♠ I
m(µ)
Mµ

✱ ♦✉ s❡❥❛✱ ❡①✐st❡♠ hj : [0, 1] ×
Aj → I

m(µ)
Mµ

❝♦♥tí♥✉❛s t❛✐s q✉❡

hj(0, u) = u, hj(1, u) = wj, ∀u ∈ Aj,

♦♥❞❡ wj ∈ I
m(µ)
Mµ

é ✜①♦✱ ♣❛r❛ ❝❛❞❛ j = 1, ..., n✳ ❈♦♥s✐❞❡r❡ Bj = γ−1(Aj)✱ j = 1, ..., n✱

♦♥❞❡ γ é ❞❛❞❛ ❡♠ ✭✹✳✷✸✮✳ ❈♦♠♦ ✈✐st♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✷✹✱ γ é ❝♦♥tí♥✉❛✱

❞♦♥❞❡ ♦s ❝♦♥❥✉♥t♦s Bj sã♦ ❢❡❝❤❛❞♦s✱ ❡ s❛t✐s❢❛③❡♠

Ω−
r = B1 ∪ ... ∪Bn.

❉❡✜♥❛ ❛❣♦r❛ ❛ ❞❡❢♦r♠❛çã♦

gj : [0, 1] ×Bj −→ Ω+
r

(t, y) 7−→ gj(t, y) = Hµ(t, hj(t, γ(y))),

♦♥❞❡ Hµ é ❛ ❛♣❧✐❝❛çã♦ ❞❛❞❛ ❡♠ ✭✹✳✷✺✮✱ ♣❛r❛ µ ∈ (0, µ∗)✳ ❈♦♠♦ ✈✐st♦ ♥❛ ❞❡♠♦♥str❛çã♦

❞♦ ▲❡♠❛ ✸✳✷✹✱ ❛ ❛♣❧✐❝❛çã♦ β ❞❛❞❛ ❡♠ ✭✹✳✷✵✮ é ❝♦♥tí♥✉❛✱ ❞♦♥❞❡ ❛ ❛♣❧✐❝❛çã♦Hµ é ❝♦♥tí♥✉❛

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ gj é ❝♦♥tí♥✉❛✱ ♣❛r❛ t♦❞♦ j = 1, ..., n✳ ❆❣♦r❛✱ ♥♦t❡ q✉❡

gj(0, y) = Hµ(0, hj(0, γ(y)))

= Hµ(0, γ(y))

=

(
0 +

1 − 0

α(µ)

)
β(γ(y))

=
β(γ(y))

α(µ)
=
α(µ)y

α(µ)
= y, ∀y ∈ Bj,



✽✹

❡

gj(1, y) = Hµ(1, hj(1, γ(y)))

= Hµ(1, w)

=

(
1 +

1 − 1

α(µ)

)
β(w)

= β(w) ∈ Ω+
r , ∀y ∈ Bj,

♣♦✐s µ ∈ (0, µ∗) ✭✈❡r ▲❡♠❛ ✹✳✶✹✮✳ ❉❡ss❛ ❢♦r♠❛✱ ♦s ❝♦♥❥✉♥t♦s Bj sã♦ ❝♦♥trát❡✐s ❡♠ Ω+
r ✱

❞♦♥❞❡

❝❛tΩ(Ω) = ❝❛tΩ+
r
(Ω−

r ) ≤ n = ❝❛t
I
m(µ)
Mµ

(I
m(µ)
Mµ

).

�

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✶✿

P❡❧♦s ▲❡♠❛s ✹✳✹ ❡ ✹✳✶✸✱ s❛❜❡♠♦s q✉❡

cµ,m(µ) <
SN/2

N
,

♣❛r❛ µ > 0 s❡ 2 < q < 2∗✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✽✱ IMµ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭P❙✮c✱

♣❛r❛ t♦❞♦ c ∈ (0, SN/2/N)✳ ❯s❛♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❞❛ ❙❡çã♦ ✸✳✸✱ ❝♦♥❝❧✉í♠♦s q✉❡ Im(µ)
Mµ

❝♦♥té♠✱ ♣❡❧♦ ♠❡♥♦s✱ ❝❛t
I
m(µ)
Mµ

(I
m(µ)
Mµ

) ♣♦♥t♦s ❝rít✐❝♦s ❞❡ IMµ ✱ ♦✉ s❡❥❛✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✾✱

I
m(µ)
Mµ

❝♦♥té♠✱ ♣❡❧♦ ♠❡♥♦s✱ ❝❛tΩ(Ω) ♣♦♥t♦s ❝rít✐❝♦s ❞❛ r❡str✐çã♦ ❞❡ Iµ ❡♠ Mµ✳ ❆❣♦r❛✱

♣❡❧♦ ▲❡♠❛ ✹✳✶✼✱ ❝♦♠♦ t♦❞♦ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ IMµ é ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Iµ✱ ❝♦♥❝❧✉í♠♦s ❡♥✜♠

q✉❡ Iµ ❝♦♥té♠✱ ♣❡❧♦ ♠❡♥♦s✱ ❝❛tΩ(Ω) ♣♦♥t♦s ❝rít✐❝♦s✳ ❈♦♠♦ t❛✐s ♣♦♥t♦s ❝rít✐❝♦s ❡stã♦

❡♠ Mµ✱ ♦s ♠❡s♠♦ sã♦ ♥ã♦ ♥✉❧♦s✱ ❡ sã♦ s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ (Pµ)✳ ▲♦❣♦✱ ✜❝❛ ♠♦str❛❞❛

❛ ❡①✐stê♥❝✐❛ ❞❡✱ ♣❡❧♦ ♠❡♥♦s✱ ❝❛tΩ(Ω) s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s ❞♦ ♣r♦❜❧❡♠❛ (Pµ)✳

�



❆♣ê♥❞✐❝❡ ❆

❘❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ❞❡ ♠❡❞✐❞❛

◆❡st❡ ❛♣ê♥❞✐❝❡ ❡♥✉♥❝✐❛♠♦s ✉♠❛ ❞❡✜♥✐çã♦ ❡ ✉♠ t❡♦r❡♠❛ q✉❡ ❢♦r❛♠ út❡✐s ♣❛r❛ ♦

❡♥✉♥❝✐❛❞♦ ❡ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦ ❡ ❈♦♠♣❛❝✐❞❛❞❡ ✶✳✶✱ ❡ ♣❛r❛ ♦

❡♥✉♥❝✐❛❞♦ ❞♦ ▲❡♠❛ ✶✳✷✳

❉❡✜♥✐çã♦ ❆✳✶ ❙❡❥❛ Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ RN ❡ ❞❡✜♥❛

K(Ω) = {u ∈ C(Ω); s✉♣♣ ⊂⊂ Ω}

❡

BC(Ω) =

{
u ∈ C(Ω); ‖u‖∞ = sup

x∈Ω
|u(x)| <∞

}
.

❖ ❡s♣❛ç♦ C0(Ω) é ♦ ❢❡❝❤♦ ❞❡ K(Ω) ❡♠ BC(Ω) ❝♦♠ r❡s♣❡✐t♦ ❛ ♥♦r♠❛ ✉♥✐❢♦r♠❡✳ ❯♠❛

♠❡❞✐❞❛ ✜♥✐t❛ ❡♠ Ω é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❝♦♥tí♥✉♦ ❡♠ C0(Ω)✳ ❆ ♥♦r♠❛ ❞❡ ✉♠❛ ♠❡❞✐❞❛

✜♥✐t❛ µ é ❞❛❞❛ ♣♦r

‖µ‖ = sup
u ∈ C0(Ω)

‖u‖∞ = 1

|〈µ, u〉|.

❉❡♥♦t❡♠♦s ♣♦r M(Ω) ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ M+(Ω)✮ ♦ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛s ✜♥✐t❛s ✭r❡s♣❡❝✲

t✐✈❛♠❡♥t❡✱ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛s ✜♥✐t❛s ♣♦s✐t✐✈❛s✱ ✐✳❡✳✱ ❛s ♠❡❞✐❞❛s µ t❛✐s q✉❡ 〈µ, u〉 ≥
0, ∀u ∈ C0(Ω) ❝♦♠ u ≥ 0✮ ❡♠ Ω✳ ❯♠❛ s❡q✉ê♥❝✐❛ (µn) ❝♦♥✈❡r❣❡ ❢r❛❝♦ ♣❛r❛ µ ❡♠

M(Ω)✱ ❡ ❡s❝r❡✈❡♠♦s

µn ⇀ µ,

s❡

〈µn, u〉 → 〈µ, u〉, ∀u ∈ C0(Ω),

✐✳❡✳✱ ∫

Ω

udµn →
∫

Ω

udµ, ∀u ∈ C0(Ω).



✽✻

❆ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❛ s❡❣✉✐r ♣♦r s❡r ✈✐st❛ ❡♠ ❬✷✵❪✳

❚❡♦r❡♠❛ ❆✳✷ ❛✮ ❚♦❞❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❞❡ ♠❡❞✐❞❛s ✜♥✐t❛s ❡♠ Ω ❛❞♠✐t❡ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡✳

❜✮ ❙❡ µn ⇀ µ ❡♠ M(Ω) ❡♥tã♦ (µn) é ❧✐♠✐t❛❞❛ ❡

‖µ‖ ≤ lim
n→∞

‖µn‖.

❝✮ ❙❡ µ ∈ M+(Ω)✱ ❡♥tã♦

‖µ‖ = 〈µ, 1〉 = sup
u ∈ BC(Ω)

‖u‖∞ = 1

〈µ, u〉.



❆♣ê♥❞✐❝❡ ❇

▲❡♠❛ ❞❡ ❉❡❢♦r♠❛çã♦

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ❛♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s q✉❡ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♥♦

❈❛♣ít✉❧♦ ✸ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳

❈♦♥s✐❞❡r❛♠♦s ❛ s❡❣✉✐♥t❡ s✐t✉❛çã♦✿ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ψ ∈ C2(X,R)✱

V = {v ∈ X;ψ(v) = 1}✱ ♣❛r❛ t♦❞♦ v ∈ V ✱ ψ′(v) 6= 0✳

■♥✐❝✐❡♠♦s ❝♦♠ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s✳

❉❡✜♥✐çã♦ ❇✳✶ ❛✮ ❖ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❞❡ V ♥♦ ♣♦♥t♦ v é ❞❛❞♦ ♣♦r

TvV = {y ∈ X; 〈ψ′(v), y〉 = 0}.

❜✮ ❙❡❥❛♠ ϕ ∈ C1(X,R) ❡ v ∈ V ✳ ❆ ♥♦r♠❛ ❞❛ ❞❡r✐✈❛❞❛ ❞❛ r❡str✐çã♦ ❞❡ ϕ ❛ V ❡♠ v

é ❞❡✜♥✐❞❛ ♣♦r

‖ϕ′(v)‖∗ = sup
y ∈ TvV

‖y‖ = 1

〈ϕ′(v), y〉.

❝✮ ❖ ♣♦♥t♦ v é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❛ r❡str✐çã♦ ❞❡ ϕ ❛ V s❡ ❛ r❡str✐çã♦ ❞❡ ϕ′(v) ❛ TvV

é ✐❣✉❛❧ ❛ ③❡r♦✱ ✐✳❡✳✱ s❡ ‖ϕ′(v)‖∗ = 0✳

▲❡♠❛ ❇✳✷ ❙❡ f, g ∈ X ′✱ ❡♥tã♦

sup
y ∈ ker g

‖y‖ = 1

〈f, y〉 = min
λ∈R

‖f − λg‖.

❉❡♠♦♥str❛çã♦✿



✽✽

P❛r❛ t♦❞♦ λ ∈ R t❡♠♦s

sup
y ∈ ker g

‖y‖ = 1

〈f, y〉 = sup
y ∈ ker g

‖y‖ = 1

〈f − λg, y〉

≤ sup
‖y‖=1

〈f − λg, y〉,

♦✉ s❡❥❛✱

sup
y ∈ ker g

‖y‖ = 1

〈f, y〉 ≤ ‖f − λg‖, ∀λ ∈ R,

❞♦♥❞❡ sup
y ∈ ker g

‖y‖ = 1

〈f, y〉 é ✉♠❛ ❝♦t❛ ✐♥❢❡r✐♦r ♣❛r❛ ♦ ❝♦♥❥✉♥t♦

{‖f − λg‖, λ ∈ R}.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍❛❤♥✲❇❛♥❛❝❤ ✭❚❡♦r❡♠❛ ❈✳✸✮✱ ❡①✐st❡ ✉♠ ❢✉♥❝✐♦♥❛❧

❧✐♥❡❛r ❝♦♥tí♥✉♦ f̃ : X → R ❝♦✐♥❝✐❞✐♥❞♦ ❝♦♠ f0 = f |ker g : ker g → R ❡♠ ker g ❡

✈❡r✐✜❝❛♥❞♦

‖f̃‖ = sup
y ∈ ker g

‖y‖ = 1

〈f0, y〉 = ‖f0‖.

❈♦♠♦ ker g ⊂ ker(f − f̃)✱ ❡①✐st❡ λ ∈ R t❛❧ q✉❡ f − f̃ = λg✳ P♦rt❛♥t♦✱

sup
y ∈ ker g

‖y‖ = 1

〈f, y〉 = ‖f̃‖ = ‖f − λg‖.

�

❚❡♦r❡♠❛ ❇✳✸ ✭▼✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡✮ ❙❡ ϕ ∈ C1(X,R) ❡ u ∈ V ✱ ❡♥tã♦

‖ϕ′(u)‖∗ = min
λ∈R

‖ϕ′(u) − λψ′(u)‖.

❊♠ ♣❛rt✐❝✉❧❛r✱ u é ♣♦♥t♦ ❝rít✐❝♦ ❞❡ ϕ|V s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ λ ∈ R t❛❧ q✉❡

ϕ′(u) = λψ′(u).

❉❡♠♦♥str❛çã♦✿

❉♦ ▲❡♠❛ ❇✳✷ s❡❣✉❡ q✉❡

‖ϕ′(u)‖∗ = sup
y ∈ TuV

‖y‖ = 1

〈ϕ′(u), u〉

= sup
y ∈ kerψ′(u)

‖y‖ = 1

〈ϕ′(u), u〉

= min
λ∈R

‖ϕ′(u) − λψ′(u)‖.



✽✾

❆ s❡❣✉♥❞❛ ♣❛rt❡ ❞♦ t❡♦r❡♠❛ s❡❣✉❡ ❞❡ ❢♦r♠❛ ✐♠❡❞✐❛t❛✳

�

❉❡✜♥✐çã♦ ❇✳✹ ❙❡❥❛ ϕ ∈ C1(X,R)✳ ❯♠ ✈❡t♦r ♣s❡✉❞♦❣r❛❞✐❡♥t❡ t❛♥❣❡♥t❡ ♣❛r❛ ϕ ❡♠

u ∈M = {u ∈ V ; ‖ϕ′(u)‖∗ 6= 0} é ✉♠ ✈❡t♦r v ∈ TuV t❛❧ q✉❡

‖v‖ ≤ 2‖ϕ′(u)‖∗

❡

〈ϕ′(u), v〉 ≥ ‖ϕ′(u)‖2
∗.

❯♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♣s❡✉❞♦❣r❛❞✐❡♥t❡ t❛♥❣❡♥t❡ ♣❛r❛ ϕ ❡♠ M é ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧

g : M → X ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t✐③✐❛♥♦ t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ u ∈ M ✱ g(u) é ✉♠ ✈❡t♦r

♣s❡✉❞♦❣r❛❞✐❡♥t❡ t❛♥❣❡♥t❡ ♣❛r❛ ϕ ❡♠ u✳

❖❜s❡r✈❛çã♦ ❇✳✺ ◗✉❛❧q✉❡r ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ ❞❡ ✈❡t♦r❡s ♣s❡✉❞♦❣r❛❞✐❡♥t❡s t❛♥❣❡♥t❡s

♣❛r❛ ϕ ❡♠ u é t❛♠❜é♠ ✉♠ ✈❡t♦r ♣s❡✉❞♦❣r❛❞✐❡♥t❡ t❛♥❣❡♥t❡ ♣❛r❛ ϕ ❡♠ u✳

Pr♦♣♦s✐çã♦ ❇✳✻ ❙❡❥❛ ϕ ∈ C1(X,R)✳ ❊①✐st❡ ❡♥tã♦ ✉♠ ❝❛♠♣♦ ♣s❡✉❞♦❣r❛❞✐❡♥t❡ t❛♥❣❡♥t❡

♣❛r❛ ϕ ❡♠ M ✳

❉❡♠♦♥str❛çã♦✿

P❛r❛ ❝❛❞❛ v ∈M ✱ ❡①✐st❡ x ∈ TvV t❛❧ q✉❡ ‖x‖ = 1 ❡

〈ϕ′(v), x〉 > 2

3
‖ϕ′(v)‖∗.

❊①✐st❡ t❛♠❜é♠ z ∈ X t❛❧ q✉❡ 〈ψ′(v), z〉 = 1✳ ❉❡✜♥❛ y = 3
2
‖ϕ′(v)‖∗x ❡ ♣❛r❛ ❝❛❞❛ u ∈ V

t❛❧ q✉❡ 〈ψ′(u), z〉 6= 0✱ ❞❡✜♥❛

gv(u) = y − 〈ψ′(u), y〉
〈ψ′(u), z〉z.

❈♦♠♦ gv(v) = y ✭♣♦✐s x ∈ TvV ✮✱ ♦❜t❡♠♦s

‖gv(v)‖ = ‖y‖ =
3

2
‖ϕ′(v)‖∗‖x‖ =

3

2
‖ϕ′(v)‖∗ < 2‖ϕ′(v)‖∗

❡

〈ϕ′(v), gv(v)〉 = 〈ϕ′(v), y〉 = 〈ϕ′(v),
3

2
‖ϕ′(v)‖∗x〉 =

3

2
‖ϕ′(v)‖∗〈ϕ′(v), x〉 >

>
3

2
‖ϕ′(v)‖∗

2

3
‖ϕ′(v)‖∗ = ‖ϕ′(v)‖2

∗.

❈♦♠♦ ϕ′ ❡ gv sã♦ ❝♦♥tí♥✉❛s✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ Nv ❞❡ v t❛❧ q✉❡

‖gv(u)‖ ≤ 2‖ϕ′(u)‖∗



✾✵

❡

〈ϕ′(u), gv(u)〉 ≥ ‖ϕ′(u)‖2
∗, ∀u ∈ Nv.

❆ ❢❛♠í❧✐❛ N = {Nv; v ∈M} é ✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ ❞❡M ✳ ❈♦♠♦M é ❡s♣❛ç♦ ♠étr✐❝♦✱

♦ ♠❡s♠♦ é ♣❛r❛❝♦♠♣❛❝t♦ ✭✈❡r ❬✶✺❪✮✱ ❧♦❣♦✱ N ♣♦❞❡ s❡r r❡✜♥❛❞❛ ♣♦r ✉♠❛ ❝♦❜❡rt✉r❛

❛❜❡rt❛ ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛ M = {Mi; i ∈ I} ✭✐✳❡✳✱ ♣❛r❛ t♦❞♦ i ∈ I ❡①✐st❡ vi ∈ M t❛❧

q✉❡ Mi ⊂ Nvi ✱ ❡ t♦❞♦ ♣♦♥t♦ ❞❡ M ♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ q✉❡ ✐♥t❡r❝❡♣t❛ ❛♣❡♥❛s ✉♠

♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝♦♥❥✉♥t♦s Mi✮✳ ❉❡✜♥❛✱ ♣❛r❛ u ∈M ✱

gi(u) =





gvi(u), u ∈ Nvi

0, u /∈ Nvi ,

ρi(u) = ❞✐st(u,M c
i ),

❡

g(u) =
∑

i∈I

ρi(u)gi(u)∑
j∈I

ρj(u)
.

▼♦str❡♠♦s q✉❡ g é ✉♠ ❝❛♠♣♦ ♣s❡✉❞♦❣r❛❞✐❡♥t❡ ♣❛r❛ ϕ ❡♠ M ✳

✐✮ gi(u) é ✉♠ ✈❡t♦r ♣s❡✉❞♦❣r❛❞✐❡♥t❡ t❛♥❣❡♥t❡ ♣❛r❛ ϕ ❡♠ u ∈ M ✳ ❉❡ ❢❛t♦✱ gi(u) ∈
TuV ✱ ♣♦✐s

〈ψ′(u), gi(u)〉 = 0.

❊ ❞❛❞♦ u ∈M ✱ u ∈ Nvi ✱ ♣❛r❛ ❛❧❣✉♠ i ∈ I✱ ❞♦♥❞❡

gi(u) = gvi(u),

❡ ❛ss✐♠

‖gi(u)‖ = ‖gvi(u)‖ ≤ 2‖ϕ′(u)‖∗

❡

〈ϕ′(u), gi(u)〉 = 〈ϕ′(u), gvi(u)〉 ≥ ‖ϕ′(u)‖2
∗.

✐✐✮ P♦r M s❡r ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛✱ ❛ s♦♠❛

∑

j∈I

ρj(u) =
∑

j∈I

❞✐st(u,M c
j )

é ✜♥✐t❛❀ ♦❜s❡r✈❡ t❛♠❜é♠ q✉❡ βi(u) = ρi(u)/
∑
j∈I

ρj(u) é t❛❧ q✉❡
∑
i∈I

βi(u) = 1✳ ▲♦❣♦✱

g(u) é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ ❞❡ ✈❡t♦r❡s ♣s❡✉❞♦❣r❛❞✐❡♥t❡s t❛♥❣❡♥t❡ ♣❛r❛ ϕ ❡♠

u✱ ❡ ❞❛ ❖❜s❡r✈❛çã♦ ❇✳✺✱ s❡❣✉❡ q✉❡ g(u) é ✉♠ ✈❡t♦r ♣s❡✉❞♦❣r❛❞✐❡♥t❡ t❛♥❣❡♥t❡ ♣❛r❛

ϕ ❡♠ u✳



✾✶

�

▲❡♠❛ ❇✳✼ ✭▲❡♠❛ ❞❡ ❉❡❢♦r♠❛çã♦✮ ❙❡❥❛♠ ϕ ∈ C1(X,R)✱ S ⊂ V ✱ c ∈ R✱ ε, δ > 0

t❛✐s q✉❡

∀u ∈ ϕ−1([c− 2ε, c+ 2ε]) ∩ S2δ, t❡♠♦s ‖ϕ′(u)‖∗ ≥
8ε

δ
, ✭❇✳✶✮

♦♥❞❡

S2δ = {u ∈ X; dist(u, S) ≤ 2δ}.

❊♥tã♦✱ ❡①✐st❡ η ∈ C([0, 1] × V, V ) t❛❧ q✉❡

(i) η(t, u) = u, s❡ t = 0 ♦✉ u /∈ ϕ−1([c− 2ε, c+ 2ε]) ∩ S2δ;

(ii) ϕ(η(., u)) é ♥ã♦ ❝r❡s❝❡♥t❡✱ ∀u ∈ V ❀

(iii) η(1, ϕc+ε ∩ S) ⊂ ϕc−ε.

❉❡♠♦♥str❛çã♦✿

P❡❧♦ ▲❡♠❛ ❇✳✻✱ ❡①✐st❡ ✉♠ ❝❛♠♣♦ ♣s❡✉❞♦❣r❛❞✐❡♥t❡ g ♣❛r❛ ϕ ❡♠

M = {u ∈ V ; ‖ϕ′(u)‖∗ 6= 0}✳ ❉❡✜♥❛

A = ϕ−1([c− 2ε, c+ 2ε]) ∩ S2δ,

B = ϕ−1([c− ε, c+ ε]) ∩ Sδ,

❡

φ(u) =
❞✐st(u,Ac)

❞✐st(u,Ac) + ❞✐st(u,B)
,∀u ∈ V.

❆ ❢✉♥çã♦ φ é ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t✐③✐❛♥❛ ✭✈❡r ❬✾❪✮✳ ❉❡✜♥❛ ❛❣♦r❛ f : V −→ X ♣♦r

f(u) =





−φ(u)g(u)

‖g(u)‖2
, u ∈ A,

0, u ∈ V \ A;

♥♦t❡ q✉❡ f é ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t✐③✐❛♥❛ ❡ q✉❡ f(u) ∈ TuV ✱ ♣❛r❛ t♦❞♦ u ∈ V. ❉❛

❉❡✜♥✐çã♦ ❇✳✹ ❡ ❞❡ ✭❇✳✶✮ s❡❣✉❡ q✉❡

u ∈ V \A⇒ ‖f(u)‖ = 0 ≤ δ

8ε

❡

u ∈ A⇒ ‖f(u)‖ =

∥∥∥∥∥
−φ(u)g(u)

‖g(u)‖2

∥∥∥∥∥ =
φ(u)g(u)

‖g(u)‖2
≤ 1

‖g(u)‖ ≤ 1

‖ϕ′(u)‖∗
≤ δ

8ε
,



✾✷

♦✉ s❡❥❛

‖f(u)‖ ≤ δ

8ε
,∀u ∈ V.

▲♦❣♦✱ s❡♥❞♦ f ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t✐③✐❛♥❛✱ ♦ ♣r♦❜❧❡♠❛




d

dt
σ(t, u) = f(σ(t, u)),

σ(0, u) = u

❛❞♠✐t❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ σ(., u) ❡ s❡♥❞♦ f ❧✐♠✐t❛❞❛✱ t❛❧ s♦❧✉çã♦ ❡stá ❞❡✜♥✐❞❛ ❡♠ t♦❞❛

r❡t❛✳ ❚❛♠❜é♠✱ s❡❣✉❡ ❞❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♥tí♥✉❛ ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s q✉❡ σ é ❝♦♥tí♥✉❛ ❡♠

R × V ✳ ❉❡✜♥❛ ❡♥tã♦

η : [0, 1] × V −→ V

(t, u) 7−→ η(t, u) = σ(8εt, u);

♣❛r❛ t ≥ 0✱ t❡♠♦s

‖σ(t, u)−u‖ = ‖σ(t, u)−σ(0, u)‖ =

∥∥∥∥∥

∫ t

0

f(σ(τ, u))dτ

∥∥∥∥∥ ≤
∫ t

0

‖f(σ(τ, u))‖dτ ≤
∫ t

0

δ

8ε
dτ

❞♦♥❞❡

‖σ(t, u) − u‖ ≤ δt

8ε
, ✭❇✳✷✮

❡

d

dt
ϕ(σ(t, u)) = 〈ϕ′(σ(t, u)), σ′(t, u)〉

= 〈ϕ′(σ(t, u)), f(σ(t, u))〉

= − φ(σ(t, u))

‖g(σ(t, u))‖2
〈ϕ′(σ(t, u)), g(σ(t, u))〉

≤ − φ(σ(t, u))

‖g(σ(t, u))‖2
‖ϕ′(σ(t, u))‖2

∗

✐♠♣❧✐❝❛♥❞♦
d

dt
ϕ(σ(t, u)) ≤ −1

4
φ(σ(t, u)). ✭❇✳✸✮

❈♦♠ ✐ss♦ ❡♠ ♠ã♦s✱ ❞❡♠♦♥str❡♠♦s ❛ t❡s❡ ❞♦ ♥♦ss♦ ❧❡♠❛✳

(i)❙❡ t = 0✱ ❡♥tã♦

η(0, u) = σ(0, u) = u.

❙❡ u /∈ ϕ−1([c− 2ε, c+ 2ε]) ∩ S2δ ✭✐✳❡✳✱ s❡ u ∈ Ac✮✱ ♥♦t❡ q✉❡ ω(t) = u é s♦❧✉çã♦ ❞❡




d
dt
σ(t, u) = f(σ(t, u)),

σ(0, u) = u



✾✸

♣♦✐s 



d
dt
ω(t) = 0 = f(u) = f(ω(t)),

ω(0) = u.

▲♦❣♦

σ(t, u) = u, ∀t ∈ R,∀u ∈ Ac ⇒ σ(8εt, u) = u, ∀t ∈ R,∀u ∈ Ac,

❞♦♥❞❡

η(t, u) = u, ∀t ∈ [0, 1],∀u ∈ Ac.

(ii) ❋✐①❛♥❞♦ u ∈ V ✱ ❝♦♥s✐❞❡r❡

γ(t) = ϕ(η(t, u)), ∀t ∈ [0, 1].

❉❡ ✭❇✳✸✮ s❡❣✉❡ q✉❡

d

dt
γ(t) =

d

dt
ϕ(η(t, u)) =

d

dt
ϕ(σ(8εt, u)) = 〈ϕ′(σ(8εt, u)), σ′(8εt, u)8ε〉 =

= 8ε〈ϕ′(σ(8εt, u)), f(σ(8εt, u))〉 ≤ −2εφ(σ(t, u)) ≤ 0,

❞♦♥❞❡ γ é ♥ã♦ ❝r❡s❝❡♥t❡✱ ♣❛r❛ t♦❞♦ u ∈ V ✳

(iii) ❙❡❥❛ u ∈ ϕc+ε ∩ S✳ ❙❡ ❡①✐st❡ t0 ∈ [0, 8ε] t❛❧ q✉❡ ϕ(σ(t0, u)) < c − ε✱ ❡♥tã♦✱ ♣❡❧♦

✐t❡♠ (ii) s❡❣✉❡ q✉❡

ϕ(σ(8ε, u)) ≤ ϕ(σ(t0, u)) < c− ε⇒ ϕ(η(1, u)) < c− ε⇒ η(1, u) ∈ ϕc−ε.

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡

ϕ(σ(t, u)) ≥ c− ε, ∀t ∈ [0, 8ε];

♥♦t❡ ❡♥tã♦ q✉❡

ϕ(σ(t, u)) ≤ ϕ(σ(0, u)) = ϕ(u) ≤ c+ ε, ∀t ∈ [0, 8ε]

❞♦♥❞❡

σ(t, u) ∈ ϕ−1([c− ε, c+ ε]), ∀t ∈ [0, 8ε].

❉❡ ✭❇✳✷✮✱ s❡ t ≥ 0✱ t❡♠♦s

‖η(t, u) − u‖ = ‖σ(8εt, u) − u‖ ≤ δ(8εt)

8ε
= δt ≤ δ, ∀t ∈ [0, 1];

❧♦❣♦✱

η(t, u) ∈ Sδ, ∀u ∈ S, t ∈ [0, 1]



✾✹

✐♠♣❧✐❝❛♥❞♦ q✉❡

σ(t, u) ∈ Sδ, ∀u ∈ S, t ∈ [0, 8ε].

❆ss✐♠✱ σ(t, u) ∈ ϕ−1([c− ε, c+ ε]) ∩ Sδ = B✱ ♣❛r❛ t♦❞♦ t ∈ [0, 8ε]✱ ❡ ❝♦♠♦

ϕ(σ(8ε, u)) − ϕ(σ(0, u)) =

∫ 8ε

0

d

dt
ϕ(σ(t, u))dt

s❡❣✉❡ ❞❡ ✭❇✳✸✮ q✉❡

ϕ(σ(8ε, u)) = ϕ(u) +

∫ 8ε

0

d

dt
ϕ(σ(t, u))dt

≤ ϕ(u) − 1

4

∫ 8ε

0

φ(σ(t, u))dt

= c+ ε− 8ε

4
,

♦✉ s❡❥❛✱ ϕ(η(1, u)) ≤ c − ε✱ ❡ ❝♦♠♦ u ∈ ϕc+ε ∩ S ❢♦✐ ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s ❡♥✜♠ q✉❡

η(1, ϕc+ε ∩ S) ⊂ ϕc−ε✳

�

❚❡♦r❡♠❛ ❇✳✽ ✭Pr✐♥❝í♣✐♦ ❱❛r✐❛❝✐♦♥❛❧ ❞❡ ❊❦❡❧❛♥❞✮ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛✲

♥❛❝❤ ❡ G ∈ C2(X,R) t❛❧ q✉❡ ♣❛r❛ t♦❞♦ v ∈ V = {v ∈ X;G(v) = 1}✱ t❡♠♦s G′(v) 6= 0✳

❙❡❥❛♠ v ∈ V ❡ ε, δ > 0 ❝♦♠

F (v) ≤ inf
V
F + ε;

❡♥tã♦ ❡①✐st❡ u ∈ V t❛❧ q✉❡

❛✮ F (u) ≤ inf
V
F + 2ε;

❜✮ ‖u− v‖ ≤ 2δ;

❝✮ min
λ∈R

‖F ′(u) − λG′(u)‖ ≤ 8ε/δ.

❉❡♠♦♥str❛çã♦✿

❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ♣❛r❛ t♦❞♦ u ∈ V t❛❧ q✉❡

F (u) ≤ inf
V
F + 2ε, ‖u− v‖ ≤ 2δ,

t❡♥❤❛♠♦s

‖F ′(u)‖∗ = min
λ∈R

‖F ′(u) − λG′(u)‖ > 8ε/δ,

✐✳❡✳✱

∀u ∈ F−1([c− 2ε, c+ 2ε)] ∩ S2δ = F−1([c, c+ 2ε)] ∩ S2δ, t❡♠♦s ||F ′(u)||∗ ≥
8ε

δ
,



✾✺

♦♥❞❡ S = {v} ❡ c = inf
V
F ✳ P❡❧♦ ▲❡♠❛ ❇✳✼✱ ❡①✐st❡ η : [0, 1] × V → V ❝♦♥tí♥✉❛ t❛❧ q✉❡

η(1, F c+ε ∩ S) ⊂ F c−ε✳ ❖❜s❡r✈❡ q✉❡

F (v) ≤ c+ ε⇒ v ∈ F c+ε ⇒ F c+ε ∩ S = {v},

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ η(1, v) ∈ F c−ε✱ ♦✉ s❡❥❛✱ F (η(1, v)) ≤ c − ε < c✱ ❛❜s✉r❞♦✱ ♣♦✐s

c = inf
V
F ≤ F (v)✱ ♣❛r❛ t♦❞♦ v ∈ V ✳

�

❈♦r♦❧ár✐♦ ❇✳✾ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ❇✳✽✱ s❡❥❛ (vn) ⊂ V ✉♠❛ s❡q✉ê♥❝✐❛ t❛❧

q✉❡

F (vn) → inf
V
F.

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (un) ⊂ V t❛❧ q✉❡

❛✮ F (un) → inf
V
F ❀

❜✮ ‖un − vn‖ → 0❀

❝✮ ‖F ′(un)‖∗ → 0❀

♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ✭P❙✮c ♣❛r❛ F ✱ ❝♦♠ ♥í✈❡❧ c = inf
V
F ✳



❆♣ê♥❞✐❝❡ ❈

❘❡s✉❧t❛❞♦s ✉t✐❧✐③❛❞♦s ♥❛ ❞✐ss❡rt❛çã♦

◆❡st❡ ❛♣ê♥❞✐❝❡ ❡♥✉♥❝✐❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ ✉t✐❧✐③❛♠♦s ♥♦ ❞❡❝♦rr❡r ❞♦

♥♦ss♦ tr❛❜❛❧❤♦✳ ❖s ♠❡s♠♦s s❡rã♦ ❛♣r❡s❡♥t❛❞♦s s❡♠ ❞❡♠♦♥str❛çã♦✱ ❛♣❡♥❛s s❡rá ❝✐t❛❞♦

♦♥❞❡ ❛ ♣r♦✈❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛✳

❙❡❥❛♠ N ≥ 3 ❡ 2∗ = 2N/(N − 2) ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ ❙♦❜♦❧❡✈✳ ❖ ❡s♣❛ç♦

D1,2(RN) = {u ∈ L2∗(RN);∇u ∈ L2(RN)}

❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ∫

RN

∇u.∇vdx

❡ ❛ ♥♦r♠❛ ❝♦rr❡s♣♦♥❞❡♥t❡ (∫

RN

|∇u|2dx
)1/2

é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳ ❖ ❡s♣❛ç♦ D1,2
0 (Ω) é ♦ ❢❡❝❤♦ ❞❡ C∞

0 (Ω) ❡♠ D1,2(RN)✳ ❙❡

|Ω| <∞✱ ❡♥tã♦ D1,2
0 (Ω) = H1

0 (Ω)✳ ❖ ♥ú♠❡r♦

S = inf
u ∈ D1,2(R

N )

‖u‖
2∗

= 1

‖∇u‖2
2

é ♣♦s✐t✐✈♦✳ ❆ ❝♦♥st❛♥t❡ ❞❡ ❙♦❜♦❧❡✈ t❛♠❜é♠ é ❞❛❞❛ ♣♦r

S = inf
D1,2(RN )\{0}

‖∇u‖2
2

‖u‖2
2∗

❡ ❝♦♠ ✐ss♦ ♦❜t❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙♦❜♦❧❡✈✿

‖u‖2
2∗ ≤ S−1‖∇u‖2

2, ∀u ∈ D1,2(RN). ✭❈✳✶✮



✾✼

❊ s❡ |Ω| <∞✱ ❡♥tã♦ ❛ ❝♦♥st❛♥t❡ ❞❡ P♦✐♥❝❛ré

λ1(Ω) = inf
u ∈ H1

0
(Ω)

‖u‖2 = 1

‖∇u‖2
2 > 0

é ❛t✐♥❣✐❞❛ ✭✈❡r ❬✻❪ ♦✉ ❬✷✵❪✮✳

P❛r❛ ♦s ❚❡♦r❡♠❛s ❈✳✶ ❡ ❈✳✷✱ ✈❡r ❬✻❪ ♦✉ ❬✷✵❪✳

❚❡♦r❡♠❛ ❈✳✶ ✭❚❡♦r❡♠❛ ❞❡ ❙♦❜♦❧❡✈✮ ❆s s❡❣✉✐♥t❡s ✐♠❡rsõ❡s sã♦ ❝♦♥tí♥✉❛s✿

H1(RN) →֒ Lp(RN), 2 ≤ p <∞, N = 1, 2,

H1(RN) →֒ Lp(RN), 2 ≤ p ≤ 2∗, N ≥ 3,

D1,2(RN) →֒ L2∗(RN), N ≥ 3.

❚❡♦r❡♠❛ ❈✳✷ ✭❚❡♦r❡♠❛ ❞❡ ❘❡❧❧✐❝❤✮ ❙❡ |Ω| < ∞ ❡♥tã♦ ❛s s❡❣✉✐♥t❡s ✐♠❡rsõ❡s sã♦

❝♦♠♣❛❝t❛s✿

H1
0 (Ω) →֒ Lp(Ω), 1 ≤ p < 2∗.

❆ ❞❡♠♦♥str❛çã♦ ❞♦s ❞♦✐s ♣ró①✐♠♦s t❡♦r❡♠❛s ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✻❪✳

❚❡♦r❡♠❛ ❈✳✸ ✭❚❡♦r❡♠❛ ❞❡ ❍❛❤♥✲❇❛♥❛❝❤✮ ❙❡❥❛♠ E ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ G ⊂ E

✉♠ s✉❜❡s♣❛ç♦ ❡ g : G→ R ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❝♦♥tí♥✉❛ ❞❡ ♥♦r♠❛

‖g‖ = sup
x ∈ G

‖x‖ = 1

g(x).

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❝♦♥tí♥✉❛ f : E → R q✉❡ ♣r♦❧♦♥❣❛ g✱ ✐✳❡✳✱

g(x) = f(x), ∀x ∈ G,

❡ t❛❧ q✉❡

‖f‖ = sup
x ∈ E

‖x‖ = 1

f(x) = ‖g‖.

❚❡♦r❡♠❛ ❈✳✹ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦✳ ❙❡❥❛ (xn) ⊂ E

t❛❧ q✉❡ xn ⇀ x ❡♠ ❊ ❡ lim sup ‖xn‖ ≤ ‖x‖✳ ❊♥tã♦ xn → x ❡♠ E✳

❆s s❡❣✉✐♥t❡s ✈❡rsõ❡s ❞♦s ❧❡♠❛s ❞❡ ❇r❡③✐s✲▲✐❡❜ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✷✵❪

❡ ❬✷✶❪✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▲❡♠❛ ❈✳✺ ✭❇r❡③✐s✲▲✐❡❜✱ ✶❛ ✈❡rsã♦✮ ❙❡❥❛ Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ RN ❡ s❡❥❛

(un) ⊂ Lp(Ω)✱ 1 < p <∞✳ ❙❡

❛✮ (un) é ❧✐♠✐t❛❞❛ ❡♠ Lp(Ω)❀



✾✽

❜✮ un → u q✳t✳♣✳ ❡♠ Ω✳ ❊♥tã♦

un ⇀ u ❡♠ Lp(Ω).

▲❡♠❛ ❈✳✻ ✭❇r❡③✐s✲▲✐❡❜✱ ✷❛ ✈❡rsã♦✮ ❙❡❥❛ Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ RN ❡ s❡❥❛

(un) ⊂ Lp(Ω)✱ 1 ≤ p <∞✳ ❙❡

❛✮ (un) é ❧✐♠✐t❛❞❛ ❡♠ Lp(Ω)❀

❜✮ un → u q✳t✳♣✳ ❡♠ Ω✳ ❊♥tã♦

lim
n→∞

(‖un‖p
p − ‖un − u‖p

p) = ‖u‖p
p.

❖s r❡s✉❧t❛❞♦s ❈✳✼ à ❈✳✾ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✷✶❪✳

❚❡♦r❡♠❛ ❈✳✼ ✭❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✮ ❙❡❥❛♠ H ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱

ϕ ∈ C2(H,R) t❛❧ q✉❡ ϕ(0) = 0 ❡ ❡①✐st❡ r > 0 ❝♦♠

ϕ|Br ≥ 0 ❡ b = inf
‖u‖=r

ϕ(u) > 0.

❊♥tã♦✱ ♣❛r❛ t♦❞♦ ε > 0 ❡①✐st❡ u ∈ H t❛❧ q✉❡

✐✮ c− 2ε ≤ ϕ(u) ≤ c+ 2ε❀

✐✐✮ ‖ϕ′(u)‖ ≤ 2ε✱

♦♥❞❡

b ≤ c = inf
γ∈Γ

max
t∈[0,1]

ϕ(γ(t))

❡

Γ = {γ ∈ C([0, 1], H); γ(0) = 0 ❡ ϕ(γ(1)) < 0}.

❈♦r♦❧ár✐♦ ❈✳✽ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✱ ϕ ❛❞♠✐t❡ ✉♠❛

s❡q✉ê♥❝✐❛ ✭P❙✮c✱ ✐✳❡✳✱ ❡①✐st❡ (un) ⊂ H t❛❧ q✉❡

ϕ(un) → c ❡ ϕ′(un) → 0.

❚❡♦r❡♠❛ ❈✳✾ ✭■❞❡♥t✐❞❛❞❡ ❞❡ P♦❤♦③❛❡✈✮ ❙❡❥❛ u ∈ H2
❧♦❝

(Ω) ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦✲

❜❧❡♠❛ {
−∆u = f(u),

u ∈ H1
0 (Ω)

♦♥❞❡ f ∈ C1(R,R) ❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡ s✉❛✈❡ ❞❡ RN ✱ N ≥ 3✳ ❉❡✜♥❛

F (u) =

∫ u

0

f(s)ds.

❙❡ F (u) ∈ L1(Ω)✱ ❡♥tã♦ u s❛t✐s❢❛③

1

2

∫

∂Ω

|∇u|2σ.νdσ = N

∫

Ω

F (u)dx− N − 2

2

∫

Ω

|∇u|2dx, ✭❈✳✷✮

♦♥❞❡ ν ❞❡♥♦t❛ ♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ ❡①t❡r✐♦r ❛ ∂Ω✳



✾✾

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ♣♦❞❡ s❡r ✈✐st♦ ❡♠ ❬✼❪✳

❚❡♦r❡♠❛ ❈✳✶✵ ✭❇r❡③✐s✲❑❛t♦✮ ❙❡❥❛♠ Ω ✉♠ ❞♦♠í♥✐♦ ❞❡ RN ❡ g : Ω× RN → R ✉♠❛

❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② t❛❧ q✉❡ ♣❛r❛ q✉❛s❡ t♦❞♦ x ∈ Ω ✈❛❧❡

|g(x, u)| ≤ a(x)(1 + |u|),

♦♥❞❡ a ∈ L
N/2
❧♦❝

(Ω)✳ ❙❡❥❛ t❛♠❜é♠ u ∈ H1
❧♦❝

(Ω) ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞❡

−∆u = g(., u) ❡♠ Ω.

❊♥tã♦ u ∈ Lp
❧♦❝

(Ω) ♣❛r❛ q✉❛❧q✉❡r p <∞✳ ❙❡ u ∈ H1
0 (Ω) ❡ a ∈ LN/2(Ω) ❡♥tã♦ u ∈ Lp(Ω)

♣❛r❛ q✉❛❧q✉❡r p <∞✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❡♥❝♦♥tr❛✲s❡ ❡♠ ❬✶✸❪✳

❚❡♦r❡♠❛ ❈✳✶✶ ✭Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦✮ ❙❡ u é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛
{

−∆u = f(x),

u ∈ D1,2(RN)

❝♦♠ f ≥ 0✱ ❡♥tã♦ u ≥ 0❀ ❡ s❡ u ❛t✐♥❣❡ ♠í♥✐♠♦✱ ❡♥tã♦ u ≡ 0✳



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❆❧✈❡s✱ ❈✳ ❖✳✱ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ P♦s✐t✐✈❛ ❞❡ ❊q✉❛çõ❡s ❊❧í♣t✐❝❛s ◆ã♦✲▲✐♥❡❛r❡s

❱❛r✐❛❝✐♦♥❛✐s ❡♠ RN ✱ ❚❡s❡ ❞❡ ❉♦✉t♦r❛❞♦✱ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❇r❛sí❧✐❛✱ ✶✾✾✻✳

❬✷❪ ❆❧✈❡s✱ ❈✳ ❖✳✱ & ❉✐♥❣✱ ❨✳ ❍✳✱ ▼✉❧t✐♣❧✐❝✐t② ♦❢ P♦s✐t✐✈❡ ❙♦❧✉t✐♦♥s t♦ ❛ ♣✲▲❛♣❧❛❝✐❛♥

❊q✉❛t✐♦♥ ■♥✈♦❧✈✐♥❣ ❈r✐t✐❝❛❧ ◆♦♥❧✐♥❡❛r✐t②✱ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s

❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✷✼✾ ✭✷✵✵✸✮✱ ✺✵✽✲✺✷✶✳

❬✸❪ ❇❛rt❧❡✱ ❘✳ ●✳✱ ❚❤❡ ❊❧❡♠❡♥ts ♦❢ ■♥t❡❣r❛t✐♦♥ ❛♥❞ ▲❡❜❡s❣✉❡ ▼❡❛s✉r❡✱ ❲✐❧❡②✱ ✶✾✾✺✳

❬✹❪ ❇❡♥✲◆❛♦✉♠✱ ❆✳ ❑✳✱ ❚r♦❡st❧❡r✱ ❈✳ & ❲✐❧❧❡♠✱ ▼✳✱ ❊①tr❡♠❛ Pr♦❜❧❡♠s ❲✐t❤ ❈r✐t✐❝❛❧

❙♦❜♦❧❡✈ ❊①♣♦♥❡♥ts ♦♥ ❯♥❜♦✉❞❡❞ ❉♦♠❛✐♥s✱ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s✱ ❚▼❆ ✷✻ ✭✶✾✾✻✮✱

✽✷✸✲✽✸✸✳

❬✺❪ ❇✐❛♥❝❤✐✱ ●✳✱ ❈❤❛❜r♦✇s❦✐✱ ❏✳ & ❙③✉❧❦✐♥✱ ❆✳✱ ❖♥ ❙②♠♠❡tr✐❝ ❙♦❧✉t✐♦♥s ♦❢ ❛♥ ❊❧❧✐♣t✐❝

❊q✉❛t✐♦♥ ❲✐t❤ ❛ ◆♦♥❧✐♥❡❛r✐t② ■♥✈♦❧✈✐♥❣ ❈r✐t✐❝❛❧ ❙♦❜♦❧❡✈ ❊①♣♦♥❡♥t✱ ◆♦♥❧✐♥❡❛r

❆♥❛❧②s✐s✱ ❚▼❆ ✷✺ ✭✶✾✾✺✮✱ ✹✶✲✺✾✳

❬✻❪ ❇r❡③✐s✱ ❍✳✱ ❆♥❛❧②s❡ ❋♦♥❝t✐♦♥♥❡❧❧❡✳ ❚❤é♦r✐❡ ❡t ❛♣♣❧✐❝❛t✐♦♥s✱ ❉✉♥♦❞✱ P❛r✐s✱ ✷✵✵✺✳

❬✼❪ ❇r❡③✐s✱ ❍✳ & ❑❛t♦✱ ❚✳✱ ❘❡♠❛r❦s ♦♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ❖♣❡r❛t♦r ✇✐t❤ ❘❡❣✉❧❛r ❈♦♠♣❧❡①

P♦t❡♥t✐❛❧s✱ ❏✳ ▼❛t❤✳ P✉r❡s ❡t ❆♣♣❧✳ ✺✽ ✭✶✾✼✾✮✱ ✶✸✼✲✶✺✶✳

❬✽❪ ❇r❡③✐s✱ ❍✳ & ◆✐r❡♥❜❡r❣✱ ▲✳✱ P♦s✐t✐✈❡ ❙♦❧✉t✐♦♥s ♦❢ ◆♦♥❧✐♥❡❛r ❊❧❧✐♣t✐❝ ❊q✉❛t✐♦♥s

■♥✈♦❧✈✐♥❣ ❈r✐t✐❝❛❧ ❙♦❜♦❧❡✈ ❊①♣♦♥❡♥ts✱ ❈♦♠♠✳ P✉r❡ ❆♣♣❧✳ ▼❛t❤✳ ✸✻ ✭✶✾✽✸✮✱

✹✸✼✲✹✼✼✳

❬✾❪ ❈❛✈❛❧❝❛♥t❡✱ ▲✳ P✳ ❞❡ ▲✳✱ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çõ❡s P♦s✐t✐✈❛s P❛r❛ ✉♠❛ ❈❧❛ss❡ ❞❡

Pr♦❜❧❡♠❛s ❊❧í♣t✐❝♦s ♥ã♦ ▲✐♥❡❛r❡s ❡♠ ❉♦♠í♥✐♦s ♥ã♦ ▲✐♠✐t❛❞♦s✱ ❉✐ss❡rt❛çã♦ ❞❡

▼❡str❛❞♦✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡✱ ✷✵✵✹✳



✶✵✶

❬✶✵❪ ●❛r❝✐❛ ❆③♦r❡r♦✱ ❏✳✱ & P❡r❛❧ ❆❧♦♥③♦✱ ■✳✱ ❊①✐st❡♥❝❡ ❛♥❞ ◆♦♥✲✉♥✐q✉❡♥❡ss ❢♦r t❤❡

♣✲▲❛♣❧❛❝✐❛♥✿ ◆♦♥❧✐♥❡❛r ❊✐❣❡♥✈❛❧✉❡s✱ ❈♦♦♠✳ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✶✷

✭✶✾✽✼✮✱ ✶✸✽✾✲✶✹✸✵✳

❬✶✶❪ ●❛r❝✐❛ ❆③♦r❡r♦✱ ❏✳✱ & P❡r❛❧ ❆❧♦♥③♦✱ ■✳✱ ▼✉❧t✐♣❧✐❝✐t② ♦❢ ❙♦❧✉t✐♦♥s ❢♦r ❊❧❧✐♣t✐❝ Pr♦❜✲

❧❡♠s ✇✐t❤ ❈r✐t✐❝❛❧ ❊①♣♦♥❡♥t ✇✐t❤ ❛ ◆♦♥s②♠♠❡tr✐❝ ❚❡r♠✱ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳

❙♦❝✳ ✷ ✭✶✾✾✶✮✱ ✽✼✼✲✽✾✺✳

❬✶✷❪ ●✐❞❛s✱ ❇✳✱ ◆✐✱ ❲❡✐✲▼✐♥❣ & ◆✐r❡♥❜❡r❣✱ ▲✳✱ ❙②♠♠❡tr② ♦❢ P♦s✐t✐✈❡ ❙♦❧✉t✐♦♥s ♦❢ ◆♦♥✲

❧✐♥❡❛r ❊❧❧✐♣t✐❝ ❊q✉❛t✐♦♥s ✐♥ RN ✱ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s P❛rt

❆✱ ❱♦❧✳ ✼❆ ✭✶✾✽✶✮✱ ✸✻✾✲✹✵✷✳

❬✶✸❪ ❑❛✈✐❛♥✱ ❖✳✱ ■♥tr♦❞✉❝t✐♦♥ à ❧❛ ❚❤é♦r✐❡ ❞❡s P♦✐♥ts ❈r✐t✐q✉❡s ❡t ❆♣♣❧✐❝❛t✐♦♥s ❛✉①

Pr♦❜❧è♠❡s ❊❧❧✐♣t✐q✉❡s✱ ❙♣r✐♥❣❡r✱ ❍❡✐❞❡❧❜❡r❣✱ ✶✾✾✾✸✳

❬✶✹❪ ▲❛③③♦✱ ▼✳✱ ❙♦❧✉t✐♦♥s P♦s✐t✐✈❡s ▼✉❧t✐♣❧❡s ♣♦✉r ✉♥❡ ➱q✉❛t✐♦♥ ❊❧❧✐♣t✐q✉❡ ♥♦♥ ▲✐♥é❛✐r❡

❛✈❡❝ ❧✬❡①♣♦s❛♥t ❈r✐t✐q✉❡ ❞❡ ❙♦❜♦❧❡✈✱ ❈✳ ❘✳ ❆❝❛❞✳ ❙❝✐✳✱ P❛r✐s✱ ✸✶✹ ✭✶✾✾✷✮✱ ■✻✶✲■✻✹✳

❬✶✺❪ ▲✐♠❛✱ ❊✳ ▲✳✱ ❊s♣❛ç♦s ▼étr✐❝♦s✱ Pr♦❥❡t♦ ❊✉❝❧✐❞❡s✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ■▼P❆ ✭✷✵✵✺✮✳

❬✶✻❪ ▲✐♦♥s✱ P✳✲▲✳✱ ❚❤❡ ❈♦♥❝❡♥tr❛t✐♦♥✲❈♦♠♣❛❝t♥❡ss Pr✐♥❝✐♣❧❡ ✐♥ t❤❡ ❈❛❧❝✉❧✉s ♦❢ ❱❛r✐❛✲

t♦♥s✳ ❚❤❡ ▲✐♠✐t ❈❛s❡✱ P❛rt ✶✱ ❘❡✈✐st❛ ▼❛t❡♠át✐❝❛ ■❜❡r♦❛♠❡r✐❝❛♥❛ ❱♦❧✳ ✶✱ ♥♦

✶ ✭✶✾✽✺✮✱ ✹✺✲✶✷✶✳

❬✶✼❪ ▲✐♦♥s✱ P✳✲▲✳✱ ❚❤❡ ❈♦♥❝❡♥tr❛t✐♦♥✲❈♦♠♣❛❝t♥❡ss Pr✐♥❝✐♣❧❡ ✐♥ t❤❡ ❈❛❧❝✉❧✉s ♦❢ ❱❛r✐❛✲

t♦♥s✳ ❚❤❡ ▲✐♠✐t ❈❛s❡✱ P❛rt ✷✱ ❘❡✈✐st❛ ▼❛t❡♠át✐❝❛ ■❜❡r♦❛♠❡r✐❝❛♥❛ ❱♦❧✳ ✶✱ ♥♦

✶ ✭✶✾✽✺✮✱ ✶✹✺✲✷✵✶✳

❬✶✽❪ ▲✉st❡r♥✐❦✱ ▲✳ & ❙❝❤♥✐r❡❧♠❛♥✱ ▲✳✱ ▼ét❤♦❞❡s ❚♦♣♦❧♦❣✐q✉❡s ❞❛♥s ❧❡s Pr♦❜❧è♠❡s ❱❛r✐✲

❛t✐♦♥♥❡❧s✱ ❍❡r♠❛♥♥✱ P❛r✐s✱ ✶✾✸✹✳
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