
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♦♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ◆ã♦✲▲✐♥❡❛r
❆♣❧✐❝❛❞❛ ❛♦ ❊st✉❞♦ ❞❡ Pr♦❜❧❡♠❛s

❊❧í♣t✐❝♦s ◆ã♦✲▲♦❝❛✐s

♣♦r

◆❛t❛♥ ❞❡ ❆ss✐s ▲✐♠❛ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❋r❛♥❝✐s❝♦ ❏✉❧✐♦ ❙♦❜r❡✐r❛ ❞❡ ❆r❛ú❥♦ ❈♦rrê❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈◆Pq



❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ◆ã♦✲▲✐♥❡❛r
❆♣❧✐❝❛❞❛ ❛♦ ❊st✉❞♦ ❞❡ Pr♦❜❧❡♠❛s

❊❧í♣t✐❝♦s ◆ã♦✲▲♦❝❛✐s

♣♦r

◆❛t❛♥ ❞❡ ❆ss✐s ▲✐♠❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ❆♥á❧✐s❡

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆♥❣❡❧♦ ❘♦♥❝❛❧❧✐ ❋✉rt❛❞♦ ❞❡ ❍♦❧❛♥❞❛ ✲ ❯❋❈●

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❙✐❧✈❛♥♦ ❉✐❛s ❇❡③❡rr❛ ❞❡ ▼❡♥❡③❡s ✲ ❯❋❈

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❋r❛♥❝✐s❝♦ ❏✉❧✐♦ ❙♦❜r❡✐r❛ ❞❡ ❆r❛ú❥♦ ❈♦rrê❛ ✲ ❯❋❈●

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

▼❛rç♦✴2010

✐✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ✉s❛r❡♠♦s ❛❧❣✉♠❛s té❝♥✐❝❛s ❞❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ◆ã♦✲▲✐♥❡❛r ♣❛r❛

❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦s ❝❤❛♠❛❞♦s Pr♦❜❧❡♠❛s ❊❧í♣t✐❝♦s ◆ã♦✲▲♦❝❛✐s✱ ❡♥tr❡

♦s q✉❛✐s ❞❡st❛❝❛♠♦s ❛q✉❡❧❡s q✉❡ ✐♥❝❧✉❡♠ ♦ ♦♣❡r❛❞♦r ❞❡ ❑✐r❝❤❤♦✛✱ ♦✉ s❡❥❛✱ ♣r♦❜❧❡♠❛s

❞♦ t✐♣♦





−M(‖u‖2)∆u = f(x, u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✶✮

♦♥❞❡ Ω ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ M : R

+ −→ R✱ R
+ =

[0,+∞)✱ ❡ f : Ω×R −→ R sã♦ ❢✉♥çõ❡s s❛t✐s❢❛③❡♥❞♦ ❝❡rt❛s ❝♦♥❞✐çõ❡s ❛ s❡r❡♠ ❛♣r❡s❡♥✲

t❛❞❛s ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦ ❡ ∆ é ♦ ♦♣❡r❛❞♦r ▲❛♣❧❛❝✐❛♥♦✳ ‡

‡P❛❧❛✈r❛s ❈❤❛✈❡✿ Pr♦❜❧❡♠❛s ❊❧í♣t✐❝♦s ◆ã♦✲▲♦❝❛✐s✱ ❖♣❡r❛❞♦r ❞❡ ❑✐r❝❤❤♦✛✱ ❊q✉❛çã♦ ❞❡ ❈❛rr✐❡r✱

▼ét♦❞♦ ❱❛r✐❛❝✐♦♥❛❧✱ ▼ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥✱ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çã♦✳



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ ✇✐❧❧ ✉s❡ s♦♠❡ t❡❝❤♥✐q✉❡s ♦❢ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s ❋✉♥❝t✐♦♥❛❧ t♦

st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ❢♦r t❤❡ s♦♠❡ ◆♦♥❧♦❝❛❧ ❊❧❧✐♣t✐❝ Pr♦❜❧❡♠s✱ ❛♠♦♥❣ t❤❡♥

t❤♦s❡ ✇❤✐❝❤ ✐♥❝❧✉❞❡ t❤❡ ❑✐r❝❤❤♦✛ ♦♣❡r❛t♦r✱ t❤❛t ✐s✱ ♣r♦❜❧❡♠s ♦❢ t❤❡ t②♣❡




−M(‖u‖2)∆u = f(x, u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✷✮

✇❤❡r❡ Ω ⊂ R
N ✐s ❜♦✉♥❞❛r② ❞♦♠❛✐♥ ✇✐t❤ s♠♦♦t❤ ❜♦✉♥❞❛r②✱ M : R

+ −→ R✱ R
+ =

[0,+∞)✱ ❛♥❞ f : Ω × R −→ R ❛r❡ ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣ s♦♠❡ ♣r♦♣❡rt✐❡s ✇❤✐❝❤ ✇✐❧❧ ❜❡

t✐♠❡❧② ✐♥tr♦❞✉❝❡❞ ❛♥❞ ∆ ✐s t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r✳ §

§❑❡②✇♦r❞s✿ ◆♦♥❧♦❝❛❧ ❊❧❧✐♣t✐❝ Pr♦❜❧❡♠s✱ ❑✐r❝❤❤♦✛ ❖♣❡r❛t♦r✱ ❈❛rr✐❡r ❊q✉❛t✐♦♥✱ ❱❛r✐❛t✐♦♥❛❧

▼❡t❤♦❞✱ ●❛❧❡r❦✐♥ ▼❡t❤♦❞✱ ❙✉❜ ❛♥❞ ❙✉♣❡rs♦❧✉t✐♦♥✳



❆❣r❛❞❡❝✐♠❡♥t♦s

✲ Pr✐♠❡✐r❛♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r t♦❞❛ ❢♦rç❛✱ ❝♦r❛❣❡♠ ❡ s❛ú❞❡ q✉❡ ♠❡ ❞❡✉

❞✉r❛♥t❡ ❡st❡ tr❛❜❛❧❤♦✳

✲ ❆ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ Pr♦❢✳ ❋r❛♥❝✐s❝♦ ❏✉❧✐♦ ❙♦❜r❡✐r❛ ❞❡ ❆r❛ú❥♦ ❈♦rrê❛✱ ♣❡❧❛ ❞❡❞✐✲

❝❛çã♦✱ ❛t❡♥çã♦ ❡ ♣❛❝✐ê♥❝✐❛ ❞✉r❛♥t❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳

✲ ❆♦s ♠❡✉s P❛✐s ▼❛r❝♦ ❆✉ré❧✐♦ ❡ ❏✉ss❛r❛✱ ❛♦s ♠❡✉s ✐r♠ã♦s ❆♥❞②❛r❛ ❡ ■♥♦❛♥✱ ❡ ❛

♠✐♥❤❛ ❡s♣♦s❛ ❘❡♥❛t❛✱ ♠✐♥❤❛ ❡t❡r♥❛ ❣r❛t✐❞ã♦ ♣❡❧❛ ♣r❡s❡♥ç❛ ❡♠ t♦❞♦s ♦s ♠♦♠❡♥t♦s ❞❡

♠✐♥❤❛ ✈✐❞❛✱ ❞❛♥❞♦✲♠❡ ❢♦rç❛✱ ❛✉①✐❧✐❛♥❞♦✲♠❡✱ ❝♦♠♣r❡❡♥❞❡♥❞♦✲♠❡ ♥❛s ❤♦r❛s ❞✐❢í❝❡✐s✳

✲ ❆♦s ♣r♦❢❡ss♦r❡s ❉r✳ ❆♥❣❡❧♦ ❘♦♥❝❛❧❧✐ ❋✉rt❛❞♦ ❞❡ ❍♦❧❛♥❞❛ ❡ ❉r✳ ❙✐❧✈❛♥♦ ❉✐❛s

❇❡③❡rr❛ ❞❡ ▼❡♥❡③❡s ♣♦r s❡ ♠♦str❛r❡♠ ♣r❡st❛t✐✈♦s ❡ ❞✐s♣♦♥í✈❡✐s ♣❛r❛ ❢❛③❡r❡♠ à ❛✈❛❧✐❛çã♦

❞❡st❡ tr❛❜❛❧❤♦ ❞❡ ❞✐ss❡rt❛çã♦✱ ❢❛③❡♥❞♦ ♣❛rt❡ ❞❛ ❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛✳

✲ ❆♦s ♠❡✉s ❝♦❧❡❣❛s q✉❡ ❝♦♠♣❛rt✐❧❤❛r❛♠ ❝♦♠✐❣♦ ❡ss❡s ❛♥♦s ❞❡ ❡st✉❞♦s✱ ♠❡✉s ❛❣r❛✲

❞❡❝✐♠❡♥t♦s✳

✲ ❆ t♦❞♦s q✉❡ ❢❛③❡♠ ♦ ❉▼❊ ❞❛ ❯❋❈●✳

✲ ❆♦ ❈♦♥s❡❧❤♦ ◆❛❝✐♦♥❛❧ ❞❡ ❉❡s❡♥✈♦❧✈✐♠❡♥t♦ ❈✐❡♥tí✜❝♦ ❡ ❚❡❝♥♦❧ó❣✐❝♦ ✭❈◆Pq✮✱

♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

✲ ❆♦ ■♥st✐t✉t♦ ◆❛❝✐♦♥❛❧ ❞❡ ❈✐ê♥❝✐❛ ❡ ❚❡❝♥♦❧♦❣✐❛ ❞❡ ▼❛t❡♠át✐❝❛ ✭■◆❈❚▼❛t✮✱ ♣❡❧♦

❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

✲ ❆ t♦❞♦s q✉❡ ❝♦♥tr✐❜✉ír❛♠✱ ❞❡ ❢♦r♠❛ ❞✐r❡t❛✱ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡✱ ♣❛r❛ ❝♦♥❝r❡t✐③❛çã♦

❞❡st❡ tr❛❜❛❧❤♦✱ ♠❡✉ ♠✉✐t♦ ♦❜r✐❣❛❞♦✳

✈



❉❡❞✐❝❛tór✐❛

❆ ♠✐♥❤❛ ❡s♣♦s❛ ❘❡♥❛t❛✱ ❛♦s ♠❡✉s

♣❛✐s ▼❛r❝♦ ❆✉ré❧✐♦ ❡ ❏✉ss❛r❛

❡ ❛♦s ♠❡✉s ✐r♠ã♦s ❆♥❞②❛r❛ ❡

■♥♦❛♥✳

✈✐



◆♦t❛çõ❡s

(1) Ω ⊂ R
N , N ≥ 1❀

(2) ∂Ω ✲ ❢r♦♥t❡✐r❛ ❞❡ Ω❀

(3) BR(0) ✲ ❇♦❧❛ ❢❡❝❤❛❞❛ ❞❡ ❝❡♥tr♦ ③❡r♦ ❡ r❛✐♦ R❀

(4) Bδ(x) ✲ ❇♦❧❛ ❛❜❡rt❛ ❞❡ ❝❡♥tr♦ x ❡ r❛✐♦ δ❀

(5) L2(Ω) =
{
u : Ω −→ R/u é ♠❡♥s✉rá✈❡❧ ❡

∫
Ω
|u|2dx < +∞

}

(6) H1(Ω)✱ H1
0 (Ω) ❡ W 1,p(Ω) ✲ ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈❀

(7) ‖u‖ =

(∫

Ω

|∇u|2dx
) 1

2

♥♦r♠❛ ❞♦ ❡s♣❛ç♦ H1
0 (Ω)❀

(8) ‖u‖1,2 =

(∫

Ω

(|∇u|2 + |u|2)dx
) 1

2

❛ ♥♦r♠❛ ❞♦ ❡s♣❛ç♦ H1(Ω)✳

(9) ‖u‖2 =

(∫

Ω

|u|2dx
) 1

2

♥♦r♠❛ ❞♦ ❡s♣❛ç♦ L2(Ω)❀

(10) q✳t✳♣✳ ✲ ❡♠ q✉❛s❡ t♦❞❛ ♣❛rt❡❀

(11) ∆u =
∑N

i=1

∂2u

∂x2
i

:= ▲❛♣❧❛❝✐❛♥♦ ❞❡ ✉❀

(12) C0,α(Ω) =

{
u ∈ C(Ω); sup

x,y∈Ω

|u(x) − u(y)|
|x− y|α < +∞

}
❝♦♠ 0 < α < 1❀

(13) C1,α(Ω) = {u ∈ C1(Ω);Diu ∈ C0,α(Ω) ∀i, |i| ≤ 1}✳

✈✐✐
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✶ Pr♦❜❧❡♠❛s ◆ã♦✲▲♦❝❛✐s ❱✐❛ ▼✐♥✐♠✐③❛çã♦ ✶✹

✶✳✶ ❘❡s✉❧t❛❞♦s ❇ás✐❝♦s ❞❡ ▼✐♥✐♠✐③❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✷ ❖ Pr♦❜❧❡♠❛ ❞❡ ❑✐r❝❤❤♦✛ ▼✲❧✐♥❡❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✸ ❚❡♦r❡♠❛ ❞❛ ❉❡❢♦r♠❛çã♦ ❡ ✉♠ Pr✐♥❝í♣✐♦ ❞❡ ▼í♥✐♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✶✳✹ ❯♠ Pr♦❜❧❡♠❛ ◆ã♦✲▲♦❝❛❧ ❝♦♠ ❈♦♥❞✐çã♦ ❞❡ ◆❡✉♠❛♥♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷ ❖ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ✹✽

✷✳✶ ❖ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✷ Pr✐♠❡✐r♦ ❘❡s✉❧t❛❞♦ ❞❡ ❊①✐stê♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✷✳✸ ❙❡❣✉♥❞♦ ❘❡s✉❧t❛❞♦ ❞❡ ❊①✐stê♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✸ Pr♦❜❧❡♠❛s ❙✐♥❣✉❧❛r❡s ❱✐❛ ▼ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥ ✻✽

✸✳✶ ❚❡♦r❡♠❛ ❞♦ P♦♥t♦ ❋✐①♦ ❞❡ ❇r♦✉✇❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✸✳✷ ❖ Pr♦❜❧❡♠❛ ▼✲▲✐♥❡❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✸✳✸ ❯♠ ❈❛s♦ ❙✉❜✲❧✐♥❡❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✸✳✹ ❯♠ ❘❡s✉❧t❛❞♦ ❞❡ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ❞❡ ❙♦❧✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✹ ❆♣❧✐❝❛çõ❡s ❞♦ ▼ét♦❞♦ ❞❡ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çã♦ ✽✺

✹✳✶ ❯♠ Pr♦❜❧❡♠❛ ❙✉❜✲❧✐♥❡❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✹✳✷ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çõ❡s P♦s✐t✐✈❛s ♣❛r❛ ✉♠❛ ❈❧❛ss❡ ❞❡ ❙✐st❡♠❛s ❊❧í♣t✐❝♦s

◆ã♦✲▲♦❝❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✹✳✸ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ ❱✐❛ ❚❡♦r❡♠❛ ❞♦ P♦♥t♦ ❋✐①♦ ❞❡ ❙❝❤❛✉❞❡r ✳ ✳ ✳ ✳ ✳ ✶✵✾
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■♥tr♦❞✉çã♦

◆❡st❡ tr❛❜❛❧❤♦✱ ✉s❛r❡♠♦s ❛❧❣✉♠❛s té❝♥✐❝❛s ❞❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ◆ã♦✲▲✐♥❡❛r ♣❛r❛

❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞♦s ❝❤❛♠❛❞♦s Pr♦❜❧❡♠❛s ❊❧í♣t✐❝♦s ◆ã♦✲▲♦❝❛✐s✳

❖s Pr♦❜❧❡♠❛s ❊❧í♣t✐❝♦s ◆ã♦✲▲♦❝❛✐s✱ ♠✉✐t♦ ❡♠❜♦r❛ ❛♣r❡s❡♥t❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡

r❡❧❡✈❛♥t❡ ❞❡ s✐t✉❛çõ❡s ❢ís✐❝❛s✱ ❜✐♦❧ó❣✐❝❛s ❡ ❞❛s ❡♥❣❡♥❤❛r✐❛s ❡ r❡q✉❡✐r❛♠✱ ❡♠ s❡✉ ❡s✲

t✉❞♦✱ té❝♥✐❝❛s ♥ã♦✲tr✐✈✐❛✐s ❞❛ ❆♥á❧✐s❡ ◆ã♦✲▲✐♥❡❛r✱ s♦♠❡♥t❡ r❡❝❡♥t❡♠❡♥t❡ tê♠ r❡❝❡✲

❜✐❞♦ ❛ ❞❡✈✐❞❛ ❛t❡♥çã♦ ♣♦r ♣❛rt❡s ❞♦s ♣❡sq✉✐s❛❞♦r❡s ❡♠ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐❛✐s

❊❧í♣t✐❝❛s✳ ❱ár✐♦s ❛✉t♦r❡s t❡♠ ❡st✉❞❛❞♦ ♣r♦❜❧❡♠❛s ♥ã♦✲❧♦❝❛✐s✱ ❡♥tr❡ ♦s q✉❛✐s ❝✐t❛♠♦s

[4], [9], [13], [14], [16], [28] ❡ s✉❛s r❡❢❡rê♥❝✐❛s ♦♥❞❡ ❞✐❢❡r❡♥t❡s té❝♥✐❝❛s ❢♦r❛♠ ✉s❛❞❛s✳

❉❡st❛❝❛♠♦s✱ ❛q✉✐✱ ❛q✉❡❧❡s q✉❡ ✐♥❝❧✉❡♠ ♦ ♦♣❡r❛❞♦r ❞❡ ❑✐r❝❤❤♦✛✱ ♦✉ s❡❥❛✱ ♣r♦❜❧❡✲

♠❛s ❞♦ t✐♣♦





−M(‖u‖2)∆u = f(x, u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✸✮

♦♥❞❡ Ω ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ M : R

+ −→ R✱ R
+ =

[0,+∞)✱ ❡ f : Ω × R −→ R sã♦ ❢✉♥çõ❡s ❞❛❞❛s ❡ ∆ é ♦ ♦♣❡r❛❞♦r ❞❡ ▲❛♣❧❛❝❡✱ ❡♠ q✉❡

‖.‖ é ❛ ♥♦r♠❛ ✉s✉❛❧ ♥♦ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ H1
0 (Ω) ❞❛❞❛ ♣♦r

‖u‖ =

(∫

Ω

|∇u|2dx
) 1

2

.

❊st❡ ♣r♦❜❧❡♠❛ é ❜❡♠ ❝♦♥❤❡❝✐❞♦✱ s❡♥❞♦ ❛ ✈❡rsã♦ ❡st❛❝✐♦♥ár✐❛ ❞❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛

❡st✉❞❛❞❛ ♣♦r ❑✐r❝❤❤♦✛ [21]✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❑✐r❝❤❤♦✛ ❝♦♥s✐❞❡r♦✉ ♦ ♠♦❞❡❧♦ ❞❛❞♦

♣♦r



✼

ρ
∂2u

∂t2
−
(
ρ0

h
+
E

2L

∫ L

0

∣∣∣∣
∂u

∂x

∣∣∣∣
2

dx

)
∂2u

∂x2
= 0, ✭✹✮

♦♥❞❡ ♦s ♣❛râ♠❡tr♦s ♥❡st❛ ❡q✉❛çã♦ ♣♦ss✉❡♠ ♦s s❡❣✉✐♥t❡s s✐❣♥✐✜❝❛❞♦s✿ L é ♦ ❝♦♠♣r✐♠❡♥t♦

❞❛ ❝♦r❞❛✱ h é ❛ ár❡❛ ❞❡ s✉❛ s❡çã♦ tr❛♥s✈❡rs❛❧✱ E é ♦ ♠ó❞✉❧♦ ❞❡ ❨♦✉♥❣ ❞♦ ♠❛t❡r✐❛❧ ❞♦

q✉❛❧ ❡❧❛ é ❢❡✐t❛✱ ρ é ❛ ❞❡♥s✐❞❛❞❡ ❞❛ ♠❛ss❛ ❡ ρ0 é ❛ t❡♥sã♦ ✐♥✐❝✐❛❧✳

❊st❡ ♠♦❞❡❧♦ ❡st❡♥❞❡ ❛ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ ❝❧áss✐❝❛ ♣r♦♣♦st❛ ♣♦r ❉✬ ❆❧❡♠❜❡rt✱ ❝♦♥s✐✲

❞❡r❛♥❞♦ ♦s ❡❢❡✐t♦s ❞❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❝♦r❞❛ ❞✉r❛♥t❡ ❛ ✈✐❜r❛çã♦✳ ❆ ✈❡rsã♦

(4) ❛♣❛r❡❝❡✉ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❑✐r❝❤❤♦✛ [21]✱ ❡♠ 1883✱ ♠❛s ❛♣❡♥❛s

❝♦♠ ❛ ♣✉❜❧✐❝❛çã♦ ❞♦ tr❛❜❛❧❤♦ ❞❡ ❏✳ ▲✐♦♥s [24]✱ ♥♦ q✉❛❧ ❢♦✐ ♣r♦♣♦st❛ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❞❡

❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ♣❛r❛ t❛❧ ♣r♦❜❧❡♠❛✱ ❛ ❡q✉❛çã♦ ❞❛❞❛ ❡♠ (4) ❝♦♠❡ç♦✉ ❛ r❡❝❡❜❡r ♠❛✐♦r

❛t❡♥çã♦✳

❉❡st❛❝❛♠♦s✱ t❛♠❜é♠✱ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s q✉❡✱ ✐♥❝❧✉❡♠ ❛ ❡q✉❛çã♦ ❞❡ ❈❛rr✐❡r✱





−a(‖u‖2
2)∆u = f(x, u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✺✮

♦♥❞❡ Ω ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ a : R −→ (0,+∞)✱ f :

Ω × R −→ R sã♦ ❢✉♥çõ❡s ❞❛❞❛s ❡

‖u‖2 =

(∫

Ω

|u|2dx
) 1

2

é ❛ ♥♦r♠❛ ✉s✉❛❧ ❞♦ ❡s♣❛ç♦ L2(Ω)✳

●✳❋✳ ❈❛rr✐❡r [10] ❞❡❞✉③ ❛ ❡q✉❛çã♦ q✉❡ ♠♦❞❡❧❛ ✈✐❜r❛çõ❡s ❞❡ ✉♠❛ ❝♦r❞❛ ❡❧ást✐❝❛

q✉❛♥❞♦ ❛s ♠✉❞❛♥ç❛s ♥❛s t❡♥sõ❡s ♥ã♦ sã♦ ♣❡q✉❡♥❛s

ρutt −
(

1 +
EA

LT0

∫ L

0

|u|2dx
)
uxx = 0. ✭✻✮

❆q✉✐✱ u(x, t) é ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞♦ ♣♦♥t♦ x ♥♦ ✐♥st❛♥t❡ t✱ T0 é ❛ t❡♥sã♦ ❛①✐❛❧ ✐♥✐❝✐❛❧✱

E é ♦ ♠ó❞✉❧♦ ❞❡ ❨♦✉♥❣ ❞❡ ✉♠ ♠❛t❡r✐❛❧✱ A é ❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❞❡ ✉♠❛ ❝♦r❞❛✱ L é ♦

❝♦♠♣r✐♠❡♥t♦ ❞❛ ❝♦r❞❛ ❡ ρ é ❛ ❞❡♥s✐❞❛❞❡ ❞♦ ♠❛t❡r✐❛❧✳ ❈❧❛r❛♠❡♥t❡✱ s❡ ❛s ♣r♦♣r✐❡❞❛❞❡s

❞♦ ♠❛t❡r✐❛❧ ✈❛r✐❛♠ ❝♦♠ x ❡ t✱ ❡♥tã♦ t❡♠♦s ✉♠❛ ❡q✉❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ q✉❛s❡✲❧✐♥❡❛r ❞♦

t✐♣♦

utt − a(x, t, ‖u(t)‖2
2)∆u = 0. ✭✼✮



✽

▲❛r❦✐♥ [22] ❡st✉❞♦✉ ❛ ❡q✉❛çã♦ ♥ã♦ ❤♦♠♦❣ê♥❡❛ ❞❡ ❈❛rr✐❡r

utt − a(x, t, ‖u(t)‖2
2)∆u+ g(x, t, ut) = f(x, t), ✭✽✮

♣r♦✈❛♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❣❧♦❜❛✐s ❡ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛

❡♥❡r❣✐❛✳

◗✉❛♥❞♦ ❛s ❢✉♥çõ❡s a ❡ g ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ x ❡ t✱ ❋r♦t❛✱ ❈♦✉s✐♥ ❡ ▲❛r❦✐♥ [20] ♣r♦✲

✈❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❣❧♦❜❛✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♠✐st♦ ❞❡ ❈❛rr✐❡r s❡♠ r❡str✐çã♦

♥♦ t❛♠❛♥❤♦ ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✳

◆♦ q✉❡ s❡❣✉❡✱ ❢❛r❡♠♦s ✉♠ ❜r❡✈❡ ❝♦♠❡♥tár✐♦ ❞♦s ❝❛♣ít✉❧♦s ❞❡st❡ tr❛❜❛❧❤♦✳

◆♦ ❈❛♣ít✉❧♦ ✶✱ ✐♥t✐t✉❧❛❞♦ Pr♦❜❧❡♠❛s ◆ã♦✲▲♦❝❛✐s ❱✐❛ ▼✐♥✐♠✐③❛çã♦✱ ✉t✐❧✐③❛r❡♠♦s

▼ét♦❞♦s ❱❛r✐❛❝✐♦♥❛✐s ❱✐❛ ▼✐♥✐♠✐③❛çã♦ ♣❛r❛ ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❡♠ ❛❧❣✉♥s

♣r♦❜❧❡♠❛s ♥ã♦✲❧♦❝❛✐s✳

❖ ♣r✐♠❡✐r♦ ♣r♦❜❧❡♠❛ ♥ã♦✲❧♦❝❛❧ q✉❡ ❡st✉❞❛r❡♠♦s é





−M(‖u‖2)∆u = f(x) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✾✮

♦♥❞❡ f ∈ L2(Ω) ❡ M : R
+ −→ R✱ é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦

0 < m0 ≤M(s) ≤M∞ < +∞ ∀s ∈ R, ❝♦♠ m0,M∞ ∈ R. ✭✶✵✮

❆ ✈❡rsã♦ ❧♦❝❛❧ ❞❡ (9)✱ ✐st♦ é✱ q✉❛♥❞♦ M(t) ≡ 1✱ é ♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t ❝❧áss✐❝♦

❝✉❥❛ s♦❧✉çã♦ ❡①✐st❡ ❡ é ú♥✐❝❛✳ ❊♠ ❈❤✐♣♦t✱ ❱❛❧❡♥t❡ ❡ ❈❛✛❛r❡❧❧✐ [14] ♦s ❛✉t♦r❡s ♠♦str❛r❛♠

✉♠ r❡s✉❧t❛❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (9) q✉❡ ❛♣❛r❡❝❡ ♥❛ s❡çã♦ 1.2 ❞❡st❡ tr❛❜❛❧❤♦✳ P♦❞❡♠♦s

❝✐t❛r ♦✉tr♦s ❛✉t♦r❡s q✉❡ ❡st✉❞❛r❛♠ ❡st❡ ♣r♦❜❧❡♠❛✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❆❧✈❡s✱ ❈♦rrê❛ ❡

▼❛ [4]✳

❯♠ ♦✉tr♦ ♣r♦❜❧❡♠❛ q✉❡ ❢♦✐ ❡st✉❞❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦✱ é ❞❛❞♦ ♣♦r





−M(‖∇u‖2
2)∆u = f(u) + ρ(x) ❡♠ Ω,
∂u

∂η
= 0 ❡♠ ∂Ω,

✭✶✶✮

❡♠ q✉❡ Ω ⊂ R
N (N ≥ 1) é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ M : R

+ −→ R é



✾

✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦ (10)✱ f : R −→ R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ♣✲♣❡r✐ó❞✐❝❛

❡ ρ ∈ L2(Ω) ❛s q✉❛✐s s❛t✐s❢❛③❡♠
∫ p

0

f(s)ds = 0,

∫

Ω

ρ(x)dx = 0. ✭✶✷✮

❆q✉✐✱ ❛❞❛♣t❛r❡♠♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (11) ♦ q✉❡ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ❈♦st❛ [17]✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❞❡♥♦♠✐♥❛❞♦ ❖ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✱ ❞❡♠♦♥str❛r❡✲

♠♦s✱ ♥❛ s❡çã♦ 2.1✱ ❡st❡ t❡♦r❡♠❛ ♥❛ ✈❡rsã♦ ❞❡ ❆♠❜r♦s❡tt✐ ❡ ❘❛❜✐♥♦✇✐t③ [6]✱ ❡ ♥❛s s❡çõ❡s

s❡❣✉✐♥t❡s ❛♣❧✐❝❛r❡♠♦s ❡st❡ t❡♦r❡♠❛ ♣❛r❛ ❡st✉❞❛r ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ♥ã♦✲❧♦❝❛✐s✳

❖ ♣r✐♠❡✐r♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐❞❡r❛❞♦ ❢♦✐





−M(‖u‖2)∆u = f(x, u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✶✸✮

♦♥❞❡ Ω ⊂ R
N (N ≥ 1) é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ M : R

+ −→ R é

✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ ♥ã♦✲❝r❡s❝❡♥t❡ s❛t✐s❢❛③❡♥❞♦

0 < M0 ≤M(t) ≤M∞, ∀t ≥ 0, ✭✶✹✮

❡♠ q✉❡M∞,M0 > 0 sã♦ ❝♦♥st❛♥t❡s ❡ f : Ω×R −→ R é ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦✲

❞♦r② ❝✉♠♣r✐♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

(f1) ❊①✐st❡♠ ❝♦♥st❛♥t❡s

c, d > 0 ❡





0 ≤ θ < N+2
N−2

s❡ N ≥ 3

0 ≤ θ < +∞ s❡ N = 1, 2

t❛✐s q✉❡ |f(x, s)| ≤ c|s|θ + d✳

(f2) lim
s→0

f(x, s)

|s| = 0✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ x ∈ Ω✳

(f3) ❊①✐st❡♠ µ > 2 ❡ r > 0 t❛✐s q✉❡

0 < µF (x, s) ≤ sf(x, s), ∀|s| ≥ r

♦♥❞❡

F (x, s) =

∫ s

0

f(x, ξ)dξ.



✶✵

❙❡❣✉✐♠♦s ❛❧❣✉♠❛s ✐❞é✐❛s ❞❡s❡♥✈♦❧✈✐❞❛s ❡♠ ❆❧✈❡s✱ ❈♦rrê❛ ❡ ▼❛ [4] ♣❛r❛ ❡st✉❞❛r

♦ ♣r♦❜❧❡♠❛ (13)✳ ❊st❡s ❛✉t♦r❡s ♠♦str❛r❛♠ q✉❡✱ ❝♦♠ ❛❧❣✉♠❛s ❤✐♣ót❡s❡s ❛❞✐❝✐♦♥❛✐s✱

❡♥❝♦♥tr❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (13)✳

❖ ♦✉tr♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐❞❡r❛❞♦ ♥❡st❡ ❝❛♣ít✉❧♦ ❢♦✐ ♦ s❡❣✉✐♥t❡





−M(‖u‖2)∆u = f(u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✶✺✮

♦♥❞❡ Ω ⊂ R
N (N ≥ 1) é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ f : R −→ R ✉♠❛

❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s (f1)−(f2)−(f3) ❛❝✐♠❛ ♠❡♥❝✐♦♥❛❞❛s

❡ M : R
+ −→ R é ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦✱

(M1) ❊①✐st❡♠ m1, t1 > 0 t❛✐s q✉❡✱ M(t) ≥ m1 s❡✱ 0 ≤ t ≤ t1✳

(M2) ❊①✐st❡♠ m2, t2 > 0 t❛✐s q✉❡✱ 0 < M(t) ≤ m2 s❡✱ t ≥ t2✳

(M3) lim
t→+∞

M(t2)t = +∞✳

(M4) M é ♥ã♦✲❝r❡s❝❡♥t❡ ❡ M(t) > 0 ♣❛r❛ t♦❞♦ t ≥ 0✳

❆ ✈❡rsã♦ ❣❡♥❡r❛❧✐③❛❞❛ ❞♦ ♣r♦❜❧❡♠❛ (15) é ❞❛❞❛ ♣♦r✱





−[M(‖u‖p
1,p)]

p−1∆pu = f(x, u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

❝✉❥♦ Ω ⊂ R
N é ❝♦♠♦ ❛♥t❡s✱ 1 < p < N ✱ f é ✉♠❛ ❢✉♥çã♦ s✉♣❡r❧✐♥❡❛r ❝♦♠ ❝r❡s❝✐♠❡♥t♦

s✉❜❝rít✐❝♦ ❡ M é ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ (M1) ✲ (M4)✳ ◆❛s❝✐♠❡♥t♦ [26]✱ ♠♦str❛ ❛

❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ❡ ♥ã♦✲♥❡❣❛t✐✈❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ✐♥t✐t✉❧❛❞♦ Pr♦❜❧❡♠❛s ❙✐♥❣✉❧❛r❡s ❱✐❛ ▼ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥✱ ❡s✲

t✉❞❛♠♦s ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s ♥ã♦✲❧♦❝❛✐s ✉t✐❧✐③❛♥❞♦ ♦

▼ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥✳

❖ ♣r✐♠❡✐r♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐❞❡r❛❞♦ é ❞❛❞♦ ♣♦r✱





−M(‖u‖2)∆u = f ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✶✻✮



✶✶

♦♥❞❡ Ω ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ f ∈ H−1(Ω) ❡ M : R −→ R

é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦

(M0) ❊①✐st❡♠ ❝♦♥st❛♥t❡s t∞,m0 > 0 t❛✐s q✉❡, M(t) ≥ m0 > 0 ∀t ≥ t∞.

❖ s❡❣✉♥❞♦ ♣r♦❜❧❡♠❛ ❢♦✐ ♦ ❝❛s♦ s✉❜✲❧✐♥❡❛r✱




−M(‖u‖2)∆u = uα ❡♠ Ω,

u > 0 ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

✭✶✼✮

❝✉❥♦ 0 < α < 1✱ M é ♥ã♦✲❝r❡s❝❡♥t❡ ❡ ❝♦♥tí♥✉❛✱ H(t) = M(t2)t é ❝r❡s❝❡♥t❡✱ H(R) = R

❡ G(t) = t(M(t2))
2

1−α é ✐♥❥❡t♦r❛✳

P♦r ✜♠✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ♣r♦❜❧❡♠❛✱




−a
(∫

Ω

|u|qdx
)

∆u = f ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

✭✶✽✮

❡♠ q✉❡ Ω ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✱ 1 < q < 2N

N−2
, N ≥ 3✱ a : R −→ (0,+∞) é ✉♠❛

❞❛❞❛ ❢✉♥çã♦ ❡ f ∈ H−1(Ω)✳ ❖❜s❡r✈❡ q✉❡✱ q✉❛♥❞♦ q = 2 t❡♠♦s ❛ ❡q✉❛çã♦ ❞❡ ❈❛rr✐❡r✳

❙❡❣✉✐♠♦s ♥❡st❡ ❝❛♣ít✉❧♦ ❛s ✐❞é✐❛s ❞❡s❡♥✈♦❧✈✐❞❛s ♣♦r ❈♦rrê❛✲▼❡♥❡③❡s [16] ♦♥❞❡ ♦s

❛✉t♦r❡s ♠♦str❛♠✱ t❛♠❜é♠✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (16) ❝♦♥s✐❞❡r❛♥❞♦

❛ ❢✉♥çã♦ M ❞❡s❝♦♥tí♥✉❛✳ ❱ár✐♦s ❛✉t♦r❡s ♣♦ss✉❡♠ tr❛❜❛❧❤♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ♦s ♣r♦✲

❜❧❡♠❛s (16) ✲ (17) ✲ (18)✱ sã♦ ❡❧❡s ❆❧✈❡s✲❈♦rrê❛ [3]✱ ❈♦rrê❛ [15] ❡ ❈❤✐♣♦t✲▲♦✈❛t [13]

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ♣r♦❜❧❡♠❛ (18) ❢♦✐ ❡st✉❞❛❞♦ ♣♦r ❈❤✐♣♦t✲▲♦✈❛t [13] ❝♦♥s✐❞❡r❛♥❞♦

q = 2✳

◆♦ ❈❛♣ít✉❧♦ ✹✱ ❞❡♥♦♠✐♥❛❞♦ ❆♣❧✐❝❛çõ❡s ❞♦ ▼ét♦❞♦ ❞❡ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çã♦✱ ❡♥✲

❝♦♥tr❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ✉t✐❧✐③❛♥❞♦ ♦ ▼ét♦❞♦ ❞❡ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çã♦ ❱✐❛

■t❡r❛çã♦ ▼♦♥♦tô♥✐❝❛✳

❈♦♥s✐❞❡r❛♠♦s✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ♥ã♦✲❧♦❝❛✐s




−M(‖u‖2)∆u = f(x, u) ❡♠ Ω,

u > 0 ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

✭✶✾✮



✶✷

❡♠ q✉❡ Ω ⊂ R
N , (N ≥ 1) é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡ s✉❛✈❡✱ f : Ω × R

+ −→ R
+ é ✉♠❛

❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1 s❛t✐s❢❛③❡♥❞♦

lim
t→0+

f(x, t)

t
> λ1 ✭✷✵✮

❡

lim
t→+∞

f(x, t)

t
< λ1, ✭✷✶✮

❡ ❛ ❢✉♥çã♦ M s❛t✐s❢❛③

(m0) M : R
+ −→ R

+ é ❝♦♥tí♥✉❛ ❡ ❡①✐st❡ m0 > 0 t❛❧ q✉❡ M(t) ≥ m0 > 0✱ ♣❛r❛ t♦❞♦

t ≥ 0✱

(m1) M é ♥ã♦✲❝r❡s❝❡♥t❡ ❡♠ [0,+∞)✳

❖ ♣r♦❜❧❡♠❛ (19) ❢♦✐ ❡st✉❞❛❞♦ s❡❣✉✐♥❞♦ ❛s ✐❞é✐❛s ❞❡s❡♥✈♦❧✈✐❞❛s ❡♠ ❈♦rrê❛ [15]

q✉❡ ♣♦r s✉❛ ✈❡③ s❡❣✉❡ ❛s ✐❞é✐❛s ❞❡ ❆❧✈❡s✲❈♦rrê❛ [3]✳

❊♠ s❡❣✉✐❞❛✱ ❡st✉❞❛♠♦s ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ s✐st❡♠❛s ❝♦♠ t❡r♠♦s ♥ã♦✲❧♦❝❛✐s





−∆u = f1(x, u)‖v‖p1
α1
, x ∈ Ω,

−∆v = f2(x, v)‖u‖p2
α2
, x ∈ Ω,

u > 0, v > 0, x ∈ Ω,

u = v = 0, x ∈ ∂Ω,

✭✷✷✮

♦♥❞❡ Ω ⊂ R
N , (N ≥ 1)✱ é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡ s✉❛✈❡✱ pi > 0✱ 1 ≤ αi ≤ ∞ ❡

fi, i = 1, 2 sã♦ ♣♦s✐t✐✈❛s✱ ♥ã♦✲❞❡❝r❡s❝❡♥t❡s ❡ ▲✐♣s❝❤✐t③ ❝♦♥tí♥✉❛ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡♠

u, v ∈ H1
0 (Ω)✳

❖ s✐st❡♠❛ (22) s❡❣✉❡ ♦ tr❛❜❛❧❤♦ ❞❡ ❈❤❡♥✲●❛♦ [11] ♦♥❞❡ ♦s ❛✉t♦r❡s ❡st✉❞❛♠ ❛

✈❡rsã♦ ❡st❛❝✐♦♥ár✐❛ ❞♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐❞❡r❛❞♦ ❡♠ ❉❡♥❣✱ ▲✐ ❡ ❳✐❡ [28]✳

P♦r ✜♠✱ ❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s ♥ã♦✲❧♦❝❛✐s✱





−a
(∫

Ω

udx

)
∆u = λf(u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω.

✭✷✸✮

❡♠ q✉❡ a : R −→ R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦

❊①✐st❡♠ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s a0 ≤ a∞ t❛✐s q✉❡ a0 ≤ a(t) ≤ a∞, ∀t ∈ R, ✭✷✹✮



✶✸

λ > 0 é ✉♠ ♣❛râ♠❡tr♦✱ ❡ ❡①✐st❡ θ > 0 t❛❧ q✉❡ f : [0, θ] −→ R é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡

C1 s❛t✐s❢❛③❡♥❞♦

f(0) = f(θ) = 0, ✭✷✺✮

f ′(0) > 0, ✭✷✻✮

f(t) > 0, ♣❛r❛ t♦❞♦s t ∈ (0, θ). ✭✷✼✮

❉❡s✐❣♥❛r❡♠♦s ♣♦r λ1 ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞❡ (−∆, H1
0 (Ω))✱ ♦ q✉❛❧ s❛t✐s❢❛③

λ1 = inf
0 6=v∈H1

0 (Ω)

∫

Ω

|∇v|2dx
∫

Ω

v2dx

. ✭✷✽✮

❖ ♣r♦❜❧❡♠❛ (22) é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ♣r♦❜❧❡♠❛ ❛❜♦r❞❛❞♦ ♣❡❧♦s ❛✉t♦r❡s ❡♠

[12]✳

◆♦ ❆♣ê♥❞✐❝❡ ❆ ✈❛♠♦s ♠♦str❛r ✉♠ r❡s✉❧t❛❞♦ ❞❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✱ q✉❡ s❡rá ❞❡

❣r❛♥❞❡ ❛❥✉❞❛ ♥♦ ❡st✉❞♦ ❞♦s ♣r♦❜❧❡♠❛s ♥ã♦✲❧♦❝❛✐s ❛❜♦r❞❛❞♦s ♥♦s ❝❛♣ít✉❧♦s 1 ❡ 2✳

◆♦ ❆♣ê♥❞✐❝❡ ❇ ✈❛♠♦s ♠♦str❛r q✉❡ ♦ ♦♣❡r❛❞♦r T ✱ q✉❡ s✉r❣❡✱ t❛♠❜é♠✱ ♥♦s

❝❛♣ít✉❧♦s 1 ❡ 2✱ é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✳

P♦r ✜♠✱ ♥♦❆♣ê♥❞✐❝❡ ❈ ❡st❛r❡♠♦s ❡♥✉♥❝✐❛♥❞♦ ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ✉t✐❧✐③❛❞♦s

❞✉r❛♥t❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳



❈❛♣ít✉❧♦ ✶

Pr♦❜❧❡♠❛s ◆ã♦✲▲♦❝❛✐s ❱✐❛

▼✐♥✐♠✐③❛çã♦

❊st❡ ❝❛♣ít✉❧♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛♣r❡s❡♥t❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❜ás✐❝♦s ❞❡ ♠✐♥✐♠✐✲

③❛çã♦✱ t❛❧ ❝♦♠♦ ❞❡♠♦♥str❛r ❛❧❣✉♠❛s ✈❡rsõ❡s ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉❡❢♦r♠❛çã♦✱ ❡ ✉t✐❧✐③á✲❧♦s

♣❛r❛ ♦❜t❡r s♦❧✉çõ❡s ❢r❛❝❛s ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ Pr♦❜❧❡♠❛s ❊❧í♣t✐❝♦s ◆ã♦✲▲♦❝❛✐s✳

✶✳✶ ❘❡s✉❧t❛❞♦s ❇ás✐❝♦s ❞❡ ▼✐♥✐♠✐③❛çã♦

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çã♦ s❡♠✐❝♦♥t✐♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡

❞❡♠♦♥str❛r❡♠♦s ✉♠ t❡♦r❡♠❛ q✉❡ s❡rá ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ ♦❜t❡♥çã♦ ❞❡ ❡①✐stê♥❝✐❛

❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❑✐r❝❤❤♦✛ M ✲▲✐♥❡❛r✱





−M(‖u‖2)∆u = f(x) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

♦♥❞❡ f ∈ L2(Ω) ❡ M : R
+ −→ R✱ é ✉♠❛ ❢✉♥çã♦ ❞❛❞❛✳

❈♦♠❡❝❡♠♦s ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ ❢✉♥çã♦ s❡♠✐❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✶ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳ ❉✐③✲s❡ q✉❡ ✉♠❛ ❢✉♥çã♦ φ : X −→ R é

s❡♠✐❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡ ✭s✳❝✳✐✳✮ s❡ φ−1((a,+∞)) é ❛❜❡rt♦ ❡♠ ❳✱ q✉❛❧q✉❡r q✉❡ s❡❥❛

a ∈ R✳ ✭❙❡ X ❢♦r ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦✱ ❡♥tã♦ φ : X −→ R é s✳❝✳✐✳ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

φ(u) ≤ lim inf φ(un) ♣❛r❛ q✉❛❧q✉❡r u ∈ X ❡ (un) ⊂ X t❛❧ q✉❡ un → u✮✳



✶✺

❚❡♦r❡♠❛ ✶✳✶ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠♣❛❝t♦ ❡ s❡❥❛ φ : X −→ R ✉♠ ❢✉♥❝✐♦♥❛❧

s✳❝✳✐✳✳ ❊♥tã♦ φ é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ ❡①✐st❡ u0 ∈ X t❛❧ q✉❡

φ(u0) = inf
u∈X

φ(u).

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡ s❡ ♣♦❞❡ ❡s❝r❡✈❡r R =
+∞⋃
n=1

(−n,+∞)✳

❙❡♥❞♦ φ s✳❝✳✐✳ ❡ ❳ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱ t❡♠✲s❡

X =
+∞⋃

n=1

φ−1((−n,+∞))

♦♥❞❡ φ−1((−n,+∞)) é ❛❜❡rt♦ ❡♠ ❳✳ ❈♦♠♦ X é ❝♦♠♣❛❝t♦✱ s❡❣✉❡✲s❡ q✉❡ ❡①✐st❡ n0 ∈ N

t❛❧ q✉❡

X =

n0⋃

n=1

φ−1((−n,+∞)).

▲♦❣♦✱ φ(u) > −n0 ∀u ∈ X✱ ❞❡ s♦rt❡ q✉❡ φ é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡✳

❙❡❥❛

c = inf
u∈X

φ(u) > −∞

❡ s✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ φ(u) > c ♣❛r❛ t♦❞♦ u ∈ X✱ ♦✉ s❡❥❛✱ ∀u ∈ X,∃n ∈ N

t❛❧ q✉❡ φ(u) > c+
1

n
✳ ❆ss✐♠✱

X =
+∞⋃

n=1

φ−1((c+
1

n
,+∞)).

❈♦♠♦ X é ❝♦♠♣❛❝t♦✱ ❡①✐st❡ n1 ∈ N t❛❧ q✉❡

X =

n1⋃

n=1

φ−1((c+
1

n
,+∞)),

✐st♦ é✱ φ(u) > c+
1

n1

∀u ∈ X✳

❙❡♥❞♦

c = inf
u∈X

φ(u)

t❡♠✲s❡ q✉❡ c ≥ c+
1

n1

✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳

P♦rt❛♥t♦✱ ♦ í♥✜♠♦ ❝ é ❛t✐♥❣✐❞♦✱ ♦✉ s❡❥❛✱ ❡①✐st❡ u0 ∈ X t❛❧ q✉❡

φ(u0) = inf
u∈X

φ(u).

�



✶✻

❉❡✜♥✐çã♦ ✶✳✷ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳ ❉✐③✲s❡ q✉❡ φ : X −→ R é ❢r❛❝❛♠❡♥t❡

s❡♠✐❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡ ✭❢r❛❝❛♠❡♥t❡ s✳❝✳✐✳✮ s❡✱ φ ❢♦r s✳❝✳✐✳ ❝♦♥s✐❞❡r❛♥❞♦ X ❝♦♠

s✉❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✳

❚❡♦r❡♠❛ ✶✳✷ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ s✉♣♦♥❤❛ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ φ : X −→ R

s❡❥❛✿

✭✐✮ ❢r❛❝❛♠❡♥t❡ s✳❝✳✐✳✱

✭✐✐✮ ❝♦❡r❝✐✈♦✱ ✐st♦ é✱ φ(u) → +∞ q✉❛♥❞♦ ‖u‖ → +∞✳

❊♥tã♦ φ é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ ❡①✐st❡ u0 ∈ X t❛❧ q✉❡

φ(u0) = inf
u∈X

φ(u).

❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ φ ❝♦❡r❝✐✈♦✱ ❡s❝♦❧❤❡♠♦s R > 0 t❛❧ q✉❡ φ(u) ≥ φ(0)✱ ∀u ∈ X

❝♦♠ ‖u‖ > R✳ ❙❡♥❞♦ X ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ t❡♠✲s❡ q✉❡ X é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦✱

♦ q✉❡ ✐♠♣❧✐❝❛ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▼✐❧♠❛♥✲P❡tt✐s [7]✱ q✉❡ X é ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦✳

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❑❛❦✉t❛♥✐ [7]✱ ♦❜t❡♠♦s q✉❡ BR(0) é ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t❛✳

❖r❛✱ s❡♥❞♦ φ ❢r❛❝❛♠❡♥t❡ s✳❝✳✐✳ ❡BR(0) ❢r❛❝❛♠❡♥t❡ ❝♦♠♣❛❝t❛✱ t❡♠✲s❡ q✉❡ φ r❡str✐t♦

❛ BR(0) ⊂ X é ❢r❛❝❛♠❡♥t❡ s✳❝✳✐✳✳

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✱ φ é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ ❡①✐st❡ u0 ∈ BR(0) t❛❧ q✉❡

φ(u0) = inf
u∈BR(0)

φ(u).

❈♦♠♦ 0 ∈ BR(0) s❡q✉❡✲s❡ q✉❡ φ(u0) ≤ φ(0)✱ ♦ q✉❡ ✐♠♣❧✐❝❛ φ(u0) ≤ φ(u) ∀u ∈ X

❝♦♠ ‖u‖ > R✳

❆ss✐♠✱ φ(u0) ≤ φ(u)✱ ∀u ∈ X✳ ❖✉ s❡❥❛✱ φ é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ X ❡

φ(u0) = inf
u∈X

φ(u).

�

❊①❡♠♣❧♦ ✶ ❙❡❥❛ Ω ⊂ R
N (N ≥ 1) ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡ s❡❥❛ F : Ω × R −→ R

✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ ❛s ❝❤❛♠❛❞❛s ❝♦♥❞✐çõ❡s ❞❡ ❈❛r❛t❤é♦❞♦r② ✭❱❡r ❆♣ê♥❞✐❝❡ ❈✮✳

❙♦❜ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❛❞❡q✉❛❞❛✱ ❛ s❛❜❡r

Existem a, b > 0 e

{
0 ≤ σ < 2N/(N − 2) s❡ N ≥ 3,

0 ≤ σ < +∞ s❡ N = 1, 2,



✶✼

t❛✐s q✉❡✱

|F (x, s)| ≤ a|s|σ + b, ∀x ∈ Ω ❡ ∀s ∈ R, ✭✶✳✶✮

❡♥tã♦ ♦ ❢✉♥❝✐♦♥❛❧ Ψ(u) =

∫

Ω

F (x, u)dx ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ é ❢r❛❝❛♠❡♥t❡ ❝♦♥tí♥✉♦ ♥♦

❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ H1
0 (Ω)✳

Pr✐♠❡✐r❛♠❡♥t❡ ✈❛♠♦s ✈❡r✐✜❝❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ Ψ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

❉❡ ❢❛t♦✱ ♣❛r❛ u ∈ H1
0 (Ω)✱ t❡♠✲s❡

Ψ(u) =

∫

Ω

F (x, u)dx ≤
∫

Ω

|F (x, u)|dx ≤
∫

Ω

(a|u|σ + b)dx.

▲♦❣♦✱ s❡♥❞♦ Ω ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡ ♣❡❧❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ❞❡ ❙♦❜♦❧❡✈

H1
0 (Ω) →֒ Lσ(Ω), 0 ≤ σ <

2N

N − 2
, N ≥ 3

♦❜t❡♠♦s

Ψ(u) ≤ a‖u‖σ
σ + b|Ω| < +∞

♠♦str❛♥❞♦ q✉❡ Ψ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

❈♦♥s✐❞❡r❛r❡♠♦s N ≥ 3✳ ❖s ❝❛s♦s N = 1, 2 s❡❣✉❡♠✲s❡ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✳

❆❣♦r❛✱ ♠♦str❡♠♦s q✉❡ Ψ é ❢r❛❝❛♠❡♥t❡ ❝♦♥tí♥✉❛✳

❈♦♠ ❡❢❡✐t♦✱ ♣❡❧❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ❞❡ ❙♦❜♦❧❡✈✱ ❞❛❞♦s (un) ⊂ H1
0 (Ω) ❡ u ∈ H1

0 (Ω)

t❛✐s q✉❡

un ⇀ u ❡♠ H1
0 (Ω)

t❡♠✲s❡✱

un → u ❡♠ Lp(Ω), 1 ≤ p <
2N

N − 2
, N ≥ 3.

❆ss✐♠✱ s❡❥❛ p ≥ σ ⇒ p

σ
≥ 1✳ ❈♦♠ ✐ss♦✱ t❡♠♦s ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

Lp/σ(Ω) →֒ L1(Ω).

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ♦♣❡r❛❞♦r ❞❡ ◆❡♠②ts❦✐✐ [19]✱ s❡q✉❡✲s❡

F (., un(.)) → F (., u(.)) ❡♠ Lp/σ(Ω)

♦ q✉❡ ✐♠♣❧✐❝❛✱

F (., un(.)) → F (., u(.)) ❡♠ L1(Ω).



✶✽

❈♦♠ ✐ss♦✱

|Ψ(un) − Ψ(u)| ≤
∫

Ω

|F (x, un(x)) − F (x, u(x))|dx

❡ ❞❛í

|Ψ(un) − Ψ(u)| ≤ |Ω|‖F (., un(.)) − F (., u(.))‖1 → 0 q✉❛♥❞♦ n→ +∞

❧♦❣♦✱

Ψ(un) → Ψ(u) ❡♠ R.

P♦rt❛♥t♦✱ Ψ é ❢r❛❝❛♠❡♥t❡ ❝♦♥tí♥✉♦✳ �

✶✳✷ ❖ Pr♦❜❧❡♠❛ ❞❡ ❑✐r❝❤❤♦✛ ▼✲❧✐♥❡❛r

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡

❑✐r❝❤❤♦✛ ▼✲❧✐♥❡❛r





−M(‖u‖2)∆u = f(x) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✶✳✷✮

♦♥❞❡ M : R
+ −→ R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦

0 < m0 ≤M(s) ≤M∞ ∀s ∈ R ✭✶✳✸✮

❡♠ q✉❡ m0,M∞ ∈ R sã♦ ❝♦♥st❛♥t❡s ❡ f ∈ L2(Ω)✳

◆❡st❛ s❡çã♦✱ s❡❣✉✐r❡♠♦s ❛s ✐❞é✐❛s ❞❡s❡♥✈♦❧✈✐❞❛s ♣♦r ❈❤✐♣♦t✱ ❱❛❧❡♥t❡ ❡ ❈❛✛❛r❡❧❧✐

[14]✳

❈♦♥s✐❞❡r❡♠♦s ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ E : H1
0 (Ω) −→ R ❞❡✜♥✐❞♦ ♣♦r

E(u) =
1

2
M̂

(∫

Ω

|∇u|2dx
)
− Ψ(u) ∀u ∈ H1

0 (Ω) ✭✶✳✹✮

♦♥❞❡✱

M̂(s) =

∫ s

0

M(ξ)dξ ❡ Ψ(u) =

∫

Ω

f(x)udx.

Pr♦♣♦s✐çã♦ ✶✳✶ ❙❡❥❛ E : H1
0 (Ω) −→ R ❞❡✜♥✐❞♦ ♣♦r (1.4)✳ ❊♥tã♦ E ❡stá ❜❡♠ ❞❡✜♥✐❞♦

❡✱ ❛❧é♠ ❞✐ss♦✱ E ∈ C1(H1
0 (Ω),R) ❝♦♠

E ′(u).v = M(‖u‖2)

∫

Ω

∇u∇vdx−
∫

Ω

f(x)vdx ∀u, v ∈ H1
0 (Ω). ✭✶✳✺✮



✶✾

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ q✉❡ ♦s t❡r♠♦s q✉❡ ❝♦♠♣õ❡♠ ♦ ❢✉♥❝✐♦♥❛❧

E ❡stã♦ t♦❞♦s ❜❡♠ ❞❡✜♥✐❞♦s ❡ ♦ ❢✉♥❝✐♦♥❛❧ Ψ é ❧✐♥❡❛r✱ ❝♦♥tí♥✉♦ ❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❛ ❋ré❝❤❡t

❝♦♠

Ψ′(u)v =

∫

Ω

f(x)vdx ∀u, v ∈ H1
0 (Ω).

❈♦♠ ✐ss♦✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ϕ : H1
0 (Ω) −→ R ❞❡✜♥✐❞♦ ♣♦r

ϕ(u) =
1

2
M̂(ℓ(u)),

♦♥❞❡ ℓ(u) = ‖u‖2♣❛r❛ t♦❞♦ u ∈ H1
0 (Ω), é ❞❡ ❝❧❛ss❡ C1(H1

0 (Ω),R)✳ ▼❛s ✐ss♦ ♦❝♦rr❡✱ ♣♦✐s

❛ ❝♦♠♣♦st❛ ❞❡ ❢✉♥çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s é ❞✐❢❡r❡♥❝✐á✈❡❧✳ ▲♦❣♦✱ s❡♥❞♦ ℓ ❡ M̂ ❞✐❢❡r❡♥❝✐á✈❡✐s

❝♦♠

ℓ′(u)v = 2〈u, v〉 = 2

∫

Ω

∇u∇vdx ∀u ∈ H1
0 (Ω)

❡

M̂ ′(s) = M(s) ∀s ∈ R,

♦❜t❡♠♦s✱

ϕ′(u)v = M(‖u‖2)

∫

Ω

∇u∇vdx ∀u ∈ H1
0 (Ω). ✭✶✳✻✮

P♦rt❛♥t♦✱ ♦ ❢✉♥❝✐♦♥❛❧ E ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ é ❞❡ ❝❧❛ss❡ C1(H1
0 (Ω),R) ❝♦♠ ❞❡r✐✲

✈❛❞❛ ❞❛❞❛ ♣♦r (1.5)✳ �

❯♠❛ ❢✉♥çã♦ u ∈ H1
0 (Ω) é s♦❧✉çã♦ ❢r❛❝❛ ❞❡ (1.2) s❡ s❛t✐s✜③❡r✱

M(‖u‖2)

∫

Ω

∇u∇vdx−
∫

Ω

f(x)vdx = 0 ∀u ∈ H1
0 (Ω).

P♦rt❛♥t♦✱ u ∈ H1
0 (Ω) é s♦❧✉çã♦ ❞❡ (1.2) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ u é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ ❊✳

❚❡♦r❡♠❛ ✶✳✸ ❖ ❢✉♥❝✐♦♥❛❧ E ❞❡✜♥✐❞♦ ❡♠ (1.4) ♣♦ss✉✐ ✉♠ ♠í♥✐♠♦ ❣❧♦❜❛❧ ❡♠ H1
0 (Ω)✳

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡✱ ♠♦str❛r❡♠♦s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ E é ❝♦❡r❝✐✈♦✳

❉❡ ❢❛t♦✱ ❞❡ (1.3) t❡♠✲s❡

M̂(s) =

∫ s

0

M(ξ)dξ ≥
∫ s

0

m0dξ = m0s ∀s ∈ R,

♦✉ s❡❥❛✱

M̂(‖u‖2) ≥ m0‖u‖2 ∀u ∈ H1
0 (Ω).



✷✵

❆❧é♠ ❞✐ss♦✱ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❍ö❧❞❡r ❡ ❞❡ P♦✐♥❝❛ré ♦❜t❡♠♦s
∫

Ω

f(x)udx ≤
∣∣∣∣
∫

Ω

f(x)udx

∣∣∣∣ ≤
∫

Ω

|f(x)||u|dx ≤ ‖f‖2‖u‖2 ≤ c‖f‖2‖u‖ ∀u ∈ H1
0 (Ω),

❡✱ ♣♦rt❛♥t♦✱

E(u) =
1

2
M̂

(∫

Ω

|∇u|2dx
)
−
∫

Ω

f(x)udx ≥ 1

2
m0‖u‖2 − c‖f‖2‖u‖ ∀u ∈ H1

0 (Ω).

▲♦❣♦✱

E(u) ≥ ‖u‖
(

1

2
m0‖u‖ − c‖f‖2

)
→ +∞ q✉❛♥❞♦ ‖u‖ → +∞,

♠♦str❛♥❞♦ q✉❡ E é ❝♦❡r❝✐✈♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡✳

▼♦str❛r❡♠♦s q✉❡ E é ❢r❛❝❛♠❡♥t❡ s✳❝✳✐✳✳

❙❡❥❛♠ (un) ⊂ H1
0 (Ω) ❡ u ∈ H1

0 (Ω) t❛✐s q✉❡ un ⇀ u ❡♠ H1
0 (Ω)✳ ❉❛ s❡♠✐❝♦♥t✐♥✉✐✲

❞❛❞❡ ✐♥❢❡r✐♦r ❞❛ ♥♦r♠❛✱ ❞❡❞✉③✐♠♦s q✉❡✱

lim inf
n→+∞

‖un‖2 ≥ ‖u‖2. ✭✶✳✼✮

❆ss✐♠✱

lim inf
n→+∞

E(un) = lim inf
n→+∞

(
1

2
M̂(‖un‖2) −

∫

Ω

f(x)undx

)
.

❈♦♠♦ ❛s ❢✉♥çõ❡s ❛❝✐♠❛ sã♦ ✐♥t❡❣r❛✐s ❧✐♠✐t❛❞❛s ❡ ❝♦♥tí♥✉❛s t❡♠✲s❡

lim inf
n→+∞

E(un) = lim
n→+∞

(
1

2

∫ ‖un‖2

0

M(ξ)dξ −
∫

Ω

f(x)undx

)
,

❡ ♦❜t❡♠♦s✱

lim inf
n→+∞

E(un) =

(
1

2

∫ lim
n→+∞

‖un‖2

0

M(ξ)dξ − lim
n→+∞

∫

Ω

f(x)undx

)
.

❉❛í✱ s❡❣✉❡✲s❡

lim inf
n→+∞

E(un) =

(
1

2

∫ lim inf
n→+∞

‖un‖2

0

M(ξ)dξ − lim
n→+∞

∫

Ω

f(x)undx

)
.

▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲❡❜❡sq✉❡ [18] ❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❛❞❛ ♣♦r (1.7)✱ t❡♠✲s❡

lim inf
n→+∞

E(un) ≥
(

1

2

∫ ‖u‖2

0

M(ξ)dξ −
∫

Ω

f(x)udx

)
,

♦✉ s❡❥❛✱

lim inf
n→+∞

E(un) ≥ E(u)



✷✶

♠♦str❛♥❞♦ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ E é ❢r❛❝❛♠❡♥t❡ s✳❝✳✐✳ ❡♠ H1
0 (Ω)✳

P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ 1.2✱ ❡①✐st❡ u0 ∈ H1
0 (Ω) t❛❧ q✉❡

E(u0) = inf
u∈H1

0 (Ω)
E(u).

�

❖❜s❡r✈❛çã♦ ✶✳✶ ◗✉❛♥❞♦ tr❛❜❛❧❤❛♠♦s ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❧♦❝❛❧
{

−∆u = f(x) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✶✳✽✮

♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ J : H1
0 (Ω) −→ R é ❞❛❞♦ ♣♦r

J(u) =
1

2

∫

Ω

|∇u|2dx−
∫

Ω

f(x)udx ∀u ∈ H1
0 (Ω),

f ∈ L2(Ω)✱ ♦ q✉❛❧ ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ♠í♥✐♠♦ ❣❧♦❜❛❧✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦ ✈❡r❡♠♦s ♠❛✐s

❛❞✐❛♥t❡✱ ♦ ❢✉♥❝✐♦♥❛❧ E ♣♦❞❡ t❡r ✈ár✐♦s ♠í♥✐♠♦s✳

❚❡♦r❡♠❛ ✶✳✹ ❖ ❝♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s ❢r❛❝❛s ❞❡ (1.2) ❡stá ❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✲

✈♦❝❛ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s ❞❡

[M(µ)]2.µ = ‖ϕ‖2 ✭✶✳✾✮

❡♠ q✉❡ ϕ é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❢r❛❝❛ ❞❡
{

−∆ϕ = f(x) ❡♠ Ω,

ϕ = 0 ❡♠ ∂Ω.
✭✶✳✶✵✮

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ u ∈ H1
0 (Ω) ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞❡ (1.2)✱ ♦✉ s❡❥❛✱

M(‖u‖2)

∫

Ω

∇u∇vdx−
∫

Ω

f(x)vdx = 0 ∀v ∈ H1
0 (Ω),

❛ q✉❛❧ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦
∫

Ω

∇(M(‖u‖2)u)∇vdx−
∫

Ω

f(x)vdx = 0 ∀v ∈ H1
0 (Ω).

❆❣♦r❛✱ s❡❥❛ ϕ ∈ H1
0 (Ω) ❛ ú♥✐❝❛ s♦❧✉çã♦ ❢r❛❝❛ ❞❡ (1.10)✱ ❡♥tã♦

∫

Ω

∇ϕ∇vdx−
∫

Ω

f(x)vdx = 0 ∀v ∈ H1
0 (Ω).

P♦r ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ❞❡ (1.10) t❡♠✲s❡

M(‖u‖2)u = ϕ⇒M(‖u‖2)‖u‖ = ‖ϕ‖ ⇒ [M(‖u‖2)]2‖u‖2 = ‖ϕ‖2



✷✷

❡ ❞❛í✱ ‖u‖2 é s♦❧✉çã♦ ❞❡ (1.9)✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡❥❛ µ ✉♠❛ s♦❧✉çã♦ ❞❡ (1.9) ❡ ❞❡s✐❣♥❡♠♦s ♣♦r uµ ❛ s♦❧✉çã♦ ❞♦

♣r♦❜❧❡♠❛ 



−M(µ)∆uµ = f(x) ❡♠ Ω,

uµ = 0 ❡♠ ∂Ω,

q✉❡ ❡①✐st❡ ❡ é ú♥✐❝❛ ♣♦✐s✱ M(µ) 6= 0✳

◆♦✈❛♠❡♥t❡✱ ♣♦r ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ❞❡ (1.10)✱ t❡♠✲s❡

M(µ)uµ = ϕ⇒M(µ)‖uµ‖ = ‖ϕ‖ ⇒ [M(µ)]2‖uµ‖2 = ‖ϕ‖2 = [M(µ)]2µ.

▲♦❣♦✱ ‖uµ‖2 = µ é s♦❧✉çã♦ ❞❡ (1.2)✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱




−M(‖uµ‖2)∆uµ = f(x) ❡♠ Ω

uµ = 0 ❡♠ ∂Ω.

♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳ �

❖❜s❡r✈❛çã♦ ✶✳✷ P❡❧♦ ❚❡♦r❡♠❛ 1.4 ❛s s♦❧✉çõ❡s ❢r❛❝❛s ❞❡ (1.2) ✭♣♦♥t♦s ❡st❛❝✐♦♥ár✐♦s

❞❡ ❊✮ sã♦ ❞❡t❡r♠✐♥❛❞♦s ♣❡❧❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦

M(µ) =

√
‖ϕ‖2

µ
=

‖ϕ‖√
µ

✭✶✳✶✶✮

❞❡ ♠♦❞♦ q✉❡ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r M t❛❧ q✉❡ (1.11) ♣♦ss❛ t❡r ✉♠❛ ♦✉ ♠❛✐s s♦❧✉çõ❡s✳

❊①❡♠♣❧♦ ✷ ❈♦♥s✐❞❡r❛♥❞♦ M(t) = e−µ ♣❛r❛ µ ≥ 0✱ ♦ ♣r♦❜❧❡♠❛ (1.2) ♣♦ss✉✐ ♦ ♠❡s♠♦

♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦

e−µ√µ = ‖ϕ‖.

❖❜s❡r✈❡♠♦s q✉❡

g(µ) = e−µ√µ

s❛t✐s❢❛③

g(0) = 0 ❡ lim
µ→+∞

g(µ) = 0.

◆♦t❛♥❞♦ q✉❡ g′(µ) = −e−µ.
√
µ + 1

2
e−µ.µ−1/2 ❡ q✉❡ g′(µ) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡

µ = 1
2
✱ s❡❣✉❡✲s❡ q✉❡ g ❛t✐♥❣❡ s❡✉ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❡♠ µ = 1

2
❡ g(1/2) =

1

e1/2.
√

2
✳

P♦rt❛♥t♦✱



✷✸

✭✐✮ s❡ ‖ϕ‖ > 1

e1/2.
√

2
✱ ♦ ♣r♦❜❧❡♠❛ (1.2) ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦❀

✭✐✐✮ s❡ ‖ϕ‖ =
1

e1/2.
√

2
✱ ♦ ♣r♦❜❧❡♠❛ (1.2) ♣♦ss✉✐ s♦♠❡♥t❡ ✉♠❛ s♦❧✉çã♦❀

✭✐✐✐✮ ‖ϕ‖ < 1

e1/2.
√

2
✱ ♦ ♣r♦❜❧❡♠❛ (1.2) ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ ❞✉❛s s♦❧✉çõ❡s✳

❈♦♠♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r✱ ❛ ♣r❡s❡♥ç❛ ❞♦ t❡r♠♦ M(‖u‖2) ♣r♦❞✉③ ❣r❛♥❞❡s ❞✐❢❡r❡♥ç❛s

❡♥tr❡ ♦ ♣r♦❜❧❡♠❛ ♥ã♦✲❧♦❝❛❧ (1.2) ❡ ♦ ♣r♦❜❧❡♠❛ ❧♦❝❛❧ (1.8)✳

❖❜s❡r✈❛çã♦ ✶✳✸ ❙❡ M : R
+ −→ (0,+∞) ❢♦r ❝♦♥tí♥✉❛✱

t 7−→M(t)t
1
2

❢♦r ❝r❡s❝❡♥t❡ ❡

lim
t→+∞

M(t)t
1
2 = +∞,

s❡❣✉❡✲s❡✱ ❡♠ ✈✐st❛ ❞❡

lim
t→0+

M(t)t
1
2 = 0

❡ ❞♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ■♥t❡r♠❡❞✐ár✐♦✱ q✉❡ ♦ ♣r♦❜❧❡♠❛ (1.2) ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦✳

❚❡♦r❡♠❛ ✶✳✺ ✭❈♦♠♣❛r❛çã♦ ❞❡ ❊♥❡r❣✐❛s✮ ❙❡❥❛♠ u1 ❡ u2 ❞✉❛s s♦❧✉çõ❡s ❞❡ (1.2) ❝♦rr❡s✲

♣♦♥❞❡♥t❡s às s♦❧✉çõ❡s µ1 ❡ µ2 ❞❛ ❡q✉❛çã♦ (1.9)✳ ❙✉♣♦♥❤❛♠♦s q✉❡

M(µ) >
‖ϕ‖√
µ

∀µ ∈ (µ1, µ2) ✭✶✳✶✷✮

✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ M(µ) <
‖ϕ‖√
µ
✱ M(µ) =

‖ϕ‖√
µ

)✳

❊♥tã♦✱ E(u2) > E(u1) ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ E(u2) < E(u1)✱ E(u2) = E(u1)✮✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ uj ❛ s♦❧✉çã♦ ú♥✐❝❛ ❞❡




−M(‖µj‖2)∆uj = f(x) ❡♠ Ω,

uj = 0 ❡♠ ∂Ω,

✐st♦ é✱ ‖uj‖2 = µj ❡ uj =
ϕ

M(µj)
✱ j = 1, 2✳

❆ss✐♠✱

E(uj) =
1

2
M̂(‖uj‖2) −

∫

Ω

f(x)ujdx =
1

2

∫ ‖uj‖
2

0

M(ξ)dξ −
∫

Ω

f(x)
ϕ

M(µj)
dx

♦ q✉❡ ✐♠♣❧✐❝❛✱

E(uj) =
1

2

∫ µj

0

M(ξ)dξ −
∫

Ω

f(x)
ϕ

M(µj)
dx.



✷✹

❙❡♥❞♦ ϕ ❛ s♦❧✉çã♦ ú♥✐❝❛ ❞❡ (1.10)✱ t❡♠✲s❡

‖ϕ‖2 =

∫

Ω

f(x)ϕdx.

▲♦❣♦✱

E(uj) =
1

2

∫ µj

0

M(ξ)dξ − ‖ϕ‖2

M(µj)
.

❉❛í✱

E(u1) =
1

2

∫ µ1

0

M(ξ)dξ − ‖ϕ‖2

M(µ1)
,

❡

E(u2) =
1

2

∫ µ2

0

M(ξ)dξ − ‖ϕ‖2

M(µ2)
.

❙✉❜tr❛✐♥❞♦ E(u1) ❞❡ E(u2) ♦❜t❡♠♦s✱

E(u2) − E(u1) =
1

2

∫ µ2

0

M(ξ)dξ − ‖ϕ‖2

M(µ2)
− 1

2

∫ µ1

0

M(ξ)dξ +
‖ϕ‖2

M(µ1)
,

♦ q✉❡ ✐♠♣❧✐❝❛✱

E(u2) − E(u1) =
1

2

∫ µ2

µ1

M(ξ)dξ +
‖ϕ‖2

M(µ1)
− ‖ϕ‖2

M(µ2)
.

❈♦♠♦ u1 ❡ u2 sã♦ s♦❧✉çõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ µ1 ❡ µ2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠✲s❡

(∗) [M(µ1)]
2µ1 = ‖ϕ‖2 = [M(µ2)]

2µ2.

❉❛í✱

E(u2) − E(u1) =
1

2

∫ µ2

µ1

M(ξ)dξ +M(µ1)µ1 −M(µ2)µ2.

❈♦♥s✐❞❡r❡♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ♦ ❝❛s♦ ❡♠ q✉❡

M(µ) >
‖ϕ‖√
µ

∀µ ∈ (µ1, µ2).

❆ss✐♠✱

E(u2) − E(u1) >
1

2

∫ µ2

µ1

‖ϕ‖√
ξ
dξ +M(µ1)µ1 −M(µ2)µ2.

❡ ❞❛í✱

E(u2) − E(u1) > ‖ϕ‖√µ2 − ‖ϕ‖√µ1 +M(µ1)µ1 −M(µ2)µ2.

❖❜s❡r✈❡ q✉❡✱ ♣♦r (∗) t❡♠✲s❡ M(µ1)µ1 = ‖ϕ‖√µ1 ❡ M(µ2)µ2 = ‖ϕ‖√µ2✳

▲♦❣♦✱ E(u2) − E(u1) > M(µ2)µ2 −M(µ1)µ1 +M(µ1)µ1 −M(µ2)µ2 = 0✳

P♦rt❛♥t♦✱ E(u2) > E(u1)✳

❖s ♦✉tr♦s ❝❛s♦s sã♦ ❢❡✐t♦s ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✳ �



✷✺

❖❜s❡r✈❛çã♦ ✶✳✹ ◆♦t❡ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ E(u) ♥ã♦ é ❝♦♥✈❡①♦ ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ 1.4✱ ♣♦❞❡

♣♦ss✉✐r ♠❛✐s ❞❡ ✉♠ ♠í♥✐♠♦ ❣❧♦❜❛❧✳

❆♣❧✐❝❛çã♦ ✶✳✶ ❆ s❡❣✉✐r✱ ❢❛r❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ✉s❛♥❞♦ ❛r❣✉♠❡♥t♦s s❡♠❡❧❤❛♥t❡s àq✉❡✲

❧❡s ✉t✐❧✐③❛❞♦s ♥♦ ❡st✉❞♦ ❞♦ ♣r♦❜❧❡♠❛ M✲▲✐♥❡❛r✳ ❊st✉❞❛r❡♠♦s ♦ ♣r♦❜❧❡♠❛





−M(‖u‖2)∆u = uα ❡♠ Ω,

u > 0 ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

✭✶✳✶✸✮

♦♥❞❡ 1 < α <
N + 2

N − 2
s❡ N ≥ 3 ❡ 1 < α < +∞ s❡ N = 1, 2✳ ■st♦ s❡rá ❢❡✐t♦ ♣♦r

❝♦♠♣❛r❛çã♦ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ s❡♠✐❧✐♥❡❛r✱





−∆w = wα ❡♠ Ω,

w > 0 ❡♠ Ω,

w = 0 ❡♠ ∂Ω,

✭✶✳✶✹✮

♦ q✉❛❧✱ ❝♦♠♦ é ❜❡♠ ❝♦♥❤❡❝✐❞♦✱ ♣❛r❛ ♦s ✈❛❧♦r❡s ❞❡ α ❞❡s❝r✐t♦s ❛❝✐♠❛✱ ♣♦ss✉✐ s♦❧✉çã♦

♣♦s✐t✐✈❛✳

▼♦str❛✲s❡ ❡♥tã♦✱ q✉❡✿

❚❡♦r❡♠❛ ✶✳✻ ❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ❢✉♥çã♦ M s❛t✐s❢❛ç❛ ❛ ❝♦♥❞✐çã♦ (1.3)✳ ❊♥tã♦ ♦ ♣r♦✲

❜❧❡♠❛ (1.13) ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦

M(t) = ‖w‖1−αt
α−1

2 ✭❝♦♠ r❡❧❛çã♦ ❛ t > 0✮, ✭✶✳✶✺✮

♦♥❞❡ w é s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛ (1.14)✳ ❆❧é♠ ❞✐ss♦✱ s❡

lim
t→∞

M(t)

t
α−1

2

= 0, ✭✶✳✶✻✮

❡♥tã♦✱ ♦ ♣r♦❜❧❡♠❛ (1.13) ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ t > 0 ✉♠❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ (1.15)✳ ❊s❝r❡✈❡♥❞♦

γ = t
1
2‖w‖−1,

✈ê✲s❡ q✉❡

‖γw‖2 =

∥∥∥∥∥
t

1
2

‖w‖w
∥∥∥∥∥

2

= (t
1
2 )2

∥∥∥∥
w

‖w‖

∥∥∥∥ = t

❧♦❣♦✱

M(‖γw‖2) = M(t) = ‖w‖1−αt
α−1

2 = (t
1
2‖w‖−1)α−1



✷✻

♦✉ s❡❥❛✱

M(‖γw‖2) = M(t) = γα−1.

P♦rt❛♥t♦✱ u = γw > 0 é ✉♠❛ s♦❧✉çã♦ ❞❡ (1.13) ♣♦✐s

−M(‖u‖2)∆u = −M(‖γw‖2)∆(γw) = γα−1γ(−∆w)

♦ q✉❡ ✐♠♣❧✐❝❛✱

−M(‖u‖2)∆u = γαwα = uα.

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡✱ ❞❡ (1.3)✱ t❡♠✲s❡

lim
t→0+

M(t)

t
α−1

2

= +∞.

❊♠ ✈✐rt✉❞❡ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡M ✱ ❛ ❡q✉❛çã♦ (1.15) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦✱ q✉❛❧q✉❡r

q✉❡ s❡❥❛ ❛ s♦❧✉çã♦ w ❞❡ (1.14)✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛ (1.13) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦✱ ♦ q✉❡

❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛✳ �

✶✳✸ ❚❡♦r❡♠❛ ❞❛ ❉❡❢♦r♠❛çã♦ ❡ ✉♠ Pr✐♥❝í♣✐♦ ❞❡ ▼í✲

♥✐♠♦

◆❡st❛ s❡çã♦ ❞❡♠♦♥str❛r❡♠♦s ❞✉❛s ✈❡rsõ❡s ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉❡❢♦r♠❛çã♦ ✭✈❡r ❈♦st❛

[17]✮ q✉❡ s❡rã♦ ❢✉♥❞❛♠❡♥t❛✐s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❡ ✉♠ ♣r✐♥❝í♣✐♦ ❞❡ ♠í♥✐♠♦ ✐♠♣♦rt❛♥t❡✳

◆♦ q✉❡ s❡❣✉❡✱ ❞❡s✐❣♥❛♠♦s ♣♦rX ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ φ : X −→ R ✉♠ ❢✉♥❝✐♦♥❛❧

❞❡ ❝❧❛ss❡ C1(X,R) ❡ ♣♦r φc ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♥í✈❡✐s ♠❡♥♦r❡s ♦✉ ✐❣✉❛✐s ❛ c✱ ✐st♦ é✱

φc = {u ∈ X;φ(u) ≤ c}.

❉❡✜♥✐çã♦ ✶✳✸ ❙❡❥❛♠ U ⊂ X ❡ φ ∈ C1(U,R)✳ ❖ ✈❡t♦r v ∈ X é ❞✐t♦ ✈❡t♦r ♣s❡✉❞♦✲

❣r❛❞✐❡♥t❡ ✭♣✳❣✳✮ ♣❛r❛ φ ❡♠ u ∈ U s❡

✭✐✮ ‖v‖ ≤ 2‖φ′(u)‖

✭✐✐✮ 〈φ′(u), v〉 ≥ ‖φ′(u)‖2✳

❉❡✜♥✐çã♦ ✶✳✹ ❯♠ ❝❛♠♣♦ ♣s❡✉❞♦✲❣r❛❞✐❡♥t❡ ♣❛r❛ φ ∈ C1(X,R) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❧♦❝❛❧✲

♠❡♥t❡ ▲✐♣s❝❤✐t③✐❛♥❛ V : Y −→ X✱ ♦♥❞❡

Y = {u ∈ X;φ′(u) 6= 0},

s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s



✷✼

✭✐✮ ‖V (u)‖ ≤ 2‖φ′(u)‖

✭✐✐✮ 〈φ′(u), V (u)〉 ≥ ‖φ′(u)‖2

♣❛r❛ t♦❞♦ u ∈ Y ✳

❖❜s❡r✈❛çã♦ ✶✳✺ ❈♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ ❞❡ ✈❡t♦r❡s ♣✳❣✳ ♣❛r❛ φ ❡♠ u é t❛♠❜é♠ ✉♠ ✈❡t♦r

♣✳❣✳ ♣❛r❛ φ ❡♠ u✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠ (vj)j∈J ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ✈❡t♦r❡s ♣✳❣✳ ♣❛r❛ φ ❡♠ u ❡ (αj)j∈J ✉♠❛

♣❛rt✐çã♦ ❞❡ ✉♥✐❞❛❞❡ ❡♠ X✳ ❈♦♥s✐❞❡r❡♠♦s

w =
∑

j∈J

αjvj.

◆♦t❡ q✉❡✱

‖vj‖ ≤ 2‖φ′(u)‖ e 〈φ′(u), vj〉 ≥ ‖φ′(u)‖2, ∀j ∈ J.

❉❛í✱

‖w‖ =

∥∥∥∥∥
∑

j∈J

αjvj

∥∥∥∥∥ ≤
∑

j∈J

‖αjvj‖ =
∑

j∈J

αj‖vj‖

♦ q✉❡ ✐♠♣❧✐❝❛✱

‖w‖ ≤
∑

j∈J

αj(2‖φ′(u)‖) = 2‖φ′(u)‖
∑

j∈J

αj

❛ss✐♠✱

‖w‖ ≤ 2‖φ′(u)‖

❡

〈φ′(u), w〉 =

〈
φ′(u),

∑

j∈J

αjvj

〉
=
∑

j∈J

αj(〈φ′(u), vj〉) ≥
∑

j∈J

(αj‖φ′(u)‖2).

▲♦❣♦✱

〈φ′(u), w〉 ≥
∑

j∈J

(αj‖φ′(u)‖2) = ‖φ′(u)‖2
∑

j∈J

αj = ‖φ′(u)‖2.

P♦rt❛♥t♦✱ w é ✉♠ ✈❡t♦r ♣✳❣✳ ♣❛r❛ φ ❡♠ u✳

▲❡♠❛ ✶✳✶ ❚♦❞♦ φ ∈ C1(X,R) ♣♦ss✉✐ ✉♠ ❝❛♠♣♦ ♣s❡✉❞♦✲❣r❛❞✐❡♥t❡✳



✷✽

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ ũ ∈ Y ✱ ❧♦❣♦ φ′(ũ) 6= 0✳ ❊♥tã♦✱ ❡①✐st❡ w = w(ũ) ∈ X ❝♦♠

‖w‖ = 1 ❡

(∗) 〈φ′(ũ), w〉 > 2

3
‖φ′(ũ)‖.

❈♦♠ ❡❢❡✐t♦✱ ❞❡s❞❡ q✉❡ φ′(ũ) é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❝♦♥tí♥✉♦✱ t❡♠✲s❡

‖φ′(ũ)‖ = sup
‖w‖=1

〈φ′(ũ), w〉. ✭✶✳✶✼✮

❉❛í✱ ❝♦♠♦

‖φ′(ũ)‖ > 2

3
‖φ′(ũ)‖,

♣♦r (1.17) t❡♠♦s q✉❡✱ ❡①✐st❡ (wn) ⊂ X ❝♦♠ ‖wn‖ = 1 t❛❧ q✉❡

〈φ′(ũ), wn〉 → ‖φ′(ũ)‖ q✉❛♥❞♦ n→ +∞.

❆ss✐♠✱ ❡①✐st❡ w = wn ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡

〈φ′(ũ), w〉 > 2

3
‖φ′(ũ)‖.

❆❣♦r❛ ❞❡✜♥❛ ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦✱

v : Y −→ X

ũ 7−→ v(ũ) =
3

2
‖φ′(ũ)‖w.

❆ss✐♠✱

‖v(ũ)‖ =
3

2
‖φ′(ũ)‖ < 2‖φ′(ũ)‖

❡

〈φ′(ũ), v(ũ)〉 = 〈φ′(ũ),
3

2
‖φ′(ũ)‖w〉,

❞❡ ♦♥❞❡ t❡♠✲s❡

〈φ′(ũ), v(ũ)〉 =
3

2
‖φ′(ũ)‖〈φ′(ũ), w〉.

❆❣♦r❛✱ ♣♦r (∗) ♦❜t❡♠♦s

〈φ′(ũ), v(ũ)〉 > 3

2

2

3
‖φ′(ũ)‖‖φ′(ũ)‖

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

〈φ′(ũ), v(ũ)〉 > ‖φ′(ũ)‖2.



✷✾

❉❡s❞❡ q✉❡ φ′ é ❝♦♥tí♥✉❛✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ ũ ❡♠ Y q✉❡ ✐r❡♠♦s

❞❡♥♦t❛r ♣♦r Vũ t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ u ∈ Vũ t❡♠✲s❡✿

‖v(ũ)‖ < 2‖φ′(u)‖ ✭✶✳✶✽✮

❡

〈φ′(u), v(ũ)〉 > ‖φ′(u)‖2. ✭✶✳✶✾✮

◆♦t❡ q✉❡ ❛ ❢❛♠í❧✐❛ {Vũ; ũ ∈ Y } é ✉♠❛ ❝♦❜❡rt✉r❛ ❡♠ Y ✳ ❆❧é♠ ❞✐ss♦✱ Y ⊂ X

é ♠❡tr✐③á✈❡❧✱ ♣♦rt❛♥t♦ ♣❛r❛❝♦♠♣❛❝t♦✱ ❧♦❣♦ ❡①✐st❡ ✉♠ r❡✜♥❛♠❡♥t♦ ❧♦❝❛❧♠❡♥t❡ ✜♥✐t♦

{Vũj
}j∈J ✳ ❉❡st❛ ❢♦r♠❛✱ ❡①✐st❡ ✉♠❛ ♣❛rt✐çã♦ ❞❡ ✉♥✐❞❛❞❡ ❝♦♥tí♥✉❛ ❡ ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t✲

③✐❛♥❛ {φj}j∈J s✉❜♦r❞✐♥❛❞❛ ❛ {Vũj
}j∈J t❛❧ q✉❡ 0 ≤ φj ≤ 1 ❡

∑

j∈J

φj = 1 ❡♠ Y.

❈♦♥s✐❞❡r❡

V (u) =
∑

j∈J

φj(u)vj t❛❧ q✉❡ vj = v(ũj), ∀u ∈ Y.

❋✐①❛❞♦ u ∈ Y ✱ ❡①✐st❡ I ⊂ J ✜♥✐t♦ t❛❧ q✉❡

V (z) =
∑

j∈I

φj(z)vj ∀z ∈ Bδ(u),

♠♦str❛♥❞♦ q✉❡ V é ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✐❛♥❛✱ ♣♦✐s V é s♦♠❛ ✜♥✐t❛ ❞❡ ❢✉♥çõ❡s ❧♦❝❛❧♠❡♥t❡

❧✐♣s❝❤✐t③✐❛♥❛ φj(z)vj ❡♠ Bδ(u).

P❛r❛ ✜①❛r ❛ ✐❞é✐❛✱ ✈❛♠♦s s✉♣♦r I = {1, 2, ..., n0} t❛❧ q✉❡ n0 = n0(u) ❡ δ = δ(u)✱

♣♦rt❛♥t♦✱

V (z) =

n0∑

j=1

φj(z)vj ∀z ∈ Bδ(u).

❊♠ ♣❛rt✐❝✉❧❛r✱

V (u) =

n0∑

j=1

φj(u)vj

❡ ❞❛í

‖V (u)‖ ≤
n0∑

j=1

φj(u)‖vj‖.

❯s❛♥❞♦ (1.18)✱ ♦❜té♠✲s❡

‖V (u)‖ ≤
n0∑

j=1

2φj(u)‖φ′(u)‖



✸✵

♦ q✉❡ ✐♠♣❧✐❝❛✱

‖V (u)‖ ≤ 2‖φ′(u)‖
n0∑

j=1

φj(u),

✐st♦ é✱

‖V (u)‖ ≤ 2‖φ′(u)‖.

❆❧é♠ ❞✐ss♦✱

〈φ′(u), V (u)〉 =

〈
φ′(u),

n0∑

j=1

φj(u)vj

〉

❧♦❣♦✱

〈φ′(u), V (u)〉 =

n0∑

j=1

φj(u)〈φ′(u), vj〉

❞❡ ♦♥❞❡ ♦❜té♠✲s❡✱ ♣♦r (1.19)✱

〈φ′(u), V (u)〉 ≥
n0∑

j=1

φj(u)‖φ′(u)‖2,

♦✉ s❡❥❛✱

〈φ′(u), V (u)〉 ≥ ‖φ′(u)‖2

n0∑

j=1

φj(u).

❆ss✐♠✱

〈φ′(u), V (u)〉 ≥ ‖φ′(u)‖2,

♠♦str❛♥❞♦ q✉❡ ❡①✐st❡ ✉♠ ❝❛♠♣♦ ♣s❡✉❞♦✲❣r❛❞✐❡♥t❡ ♣❛r❛ φ✳ �

❖❜s❡r✈❛çã♦ ✶✳✻ ◗✉❛♥❞♦ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ φ ∈ C1(X,R) t❡♠ ✉♠❛ ❞❡r✐✈❛❞❛

❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✐❛♥❛ φ′ : X −→ X∗✱ ❡♥tã♦ ♦ ❣r❛❞✐❡♥t❡ ❞❡ φ ✭q✉❛♥❞♦ r❡str✐t♦ ❛ Y ✮✱

∇φ : Y −→ X é ❝❧❛r❛♠❡♥t❡ ✉♠ ❝❛♠♣♦ ♣s❡✉❞♦✲❣r❛❞✐❡♥t❡ ♣❛r❛ φ✳

❈♦♠ ❡❢❡✐t♦✱ ❝♦♠♦ ♣❛r❛ t♦❞♦ u ∈ X✱ ∇φ(u) s❛t✐s❢❛③

〈φ′(u), h〉 = 〈∇φ(u), h〉 ∀h ∈ X

♦❜t❡♠♦s✱

‖∇φ(u)‖ = ‖φ′(u)‖ ≤ 2‖φ′(u)‖

❡

〈φ′(u),∇φ(u)〉 = 〈∇φ(u),∇φ(u)〉 = ‖∇φ(u)‖2 = ‖φ′(u)‖2, ∀u ∈ X.

▲♦❣♦✱ ∇φ(u) : Y −→ X é ✉♠ ❝❛♠♣♦ ♣s❡✉❞♦✲❣r❛❞✐❡♥t❡ ♣❛r❛ φ ❡♠ Y ✳ �



✸✶

❉❡✜♥✐çã♦ ✶✳✺ ❙❡❥❛ S ⊂ X ❡ δ > 0✱ ❞❡s✐❣♥❛♠♦s ♣♦r Sδ ❛ ✈✐③✐♥❤❛♥ç❛ ❢❡❝❤❛❞❛ ❞❡ S

❞❡✜♥✐❞❛ ♣♦r

Sδ = {u ∈ X; d(u, S) ≤ δ}.

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ é ✉♠❛ ✈❡rsã♦ q✉❛♥t✐t❛t✐✈❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉❡❢♦r♠❛çã♦ s❡♠

✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡ s♦❜r❡ φ✳

❚❡♦r❡♠❛ ✶✳✼ ❙❡❥❛ φ : X −→ R ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ ❝❧❛ss❡ C1(X,R)✳ ❙✉♣♦♥❤❛♠♦s q✉❡

S ⊂ X✱ c ∈ R ❡ ǫ, δ > 0 sã♦ t❛✐s q✉❡

‖φ′(u)‖ ≥ 4ǫ

δ
♣❛r❛ t♦❞♦ u ∈ φ−1([c− 2ǫ, c+ 2ǫ]) ∩ S2δ. ✭✶✳✷✵✮

❊♥tã♦ ❡①✐st❡ η ∈ C([0, 1] ×X,X) t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ u ∈ X ❡ t ∈ [0, 1]✱ t❡♠✲s❡✿

✭✐✮ η(0, u) = u✱

✭✐✐✮ η(t, u) = u se u /∈ φ−1([c− 2ǫ, c+ 2ǫ]) ∩ S2δ✱

✭✐✐✐✮ η(1, φc+ǫ ∩ S) ⊂ φc−ǫ ∩ Sδ✱

✭✐✈✮ η(t, .) : X −→ X é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥❛♠♦s

A = φ−1([c− 2ǫ, c+ 2ǫ]) ∩ S2δ,

B = φ−1([c− ǫ, c+ ǫ]) ∩ Sδ

❡

Y = {u ∈ X;φ′(u) 6= 0},

❞❡ s♦rt❡ q✉❡ B ⊂ A ⊂ Y ✳

❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❡ V : Y −→ X ✉♠ ❝❛♠♣♦ ♣s❡✉❞♦✲❣r❛❞✐❡♥t❡ ♣❛r❛ φ ❡ ❞❡✜♥❛✲

♠♦s ✉♠❛ ❢✉♥çã♦ ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✐❛♥❛ p : X −→ R ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

p(u) =
dist(u,Ac)

dist(u,Ac) + dist(u,B)
.

❖❜s❡r✈❡ q✉❡✱ 0 ≤ p ≤ 1 ❡

p(u) =





1 s❡ u ∈ B,

0 s❡ u ∈ X \ A.



✸✷

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦ ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✐❛♥❛

f : X −→ X

u 7−→ f(u) = −p(u) V (u)

‖V (u)‖ .

◆♦t❡ q✉❡✱

‖f(u)‖ =

∥∥∥∥−p(u)
V (u)

‖V (u)‖

∥∥∥∥ = ‖p(u)‖ ≤ 1, ∀u ∈ X.

❙❡❣✉❡ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②




w′(t) = f(w),

w(0) = u,

t❡♠ s♦❧✉çã♦ ú♥✐❝❛ ✭❱❡r ❞♦s ❙❛♥t♦s ❬✷✼❪✮ ❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r w(t, u)✱ s❡♥❞♦ ❞❡✜♥✐❞❛

♣❛r❛ t♦❞♦ t ≥ 0✳

❙❡❥❛ η : [0, 1] ×X −→ X ❞❡✜♥✐❞❛ ♣♦r η(t, u) = w(δt, u)✳ ❊♥tã♦✱

(i) η(0, u) = w(0, u) = u❀

(ii) η(t, u) = w(δt, u) = u✱ s❡ u /∈ A = φ−1([c− 2ǫ, c+ 2ǫ]) ∩ S2δ❀

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ u /∈ A ❡ s❡❥❛ w1(t, u) = u ∀ t ∈ R✳ ◆♦t❡ q✉❡

w′
1(t, u) = 0 = f(w1(t, u))

♦ q✉❡ ✐♠♣❧✐❝❛ 



w′
1(t) = f(w1(t)),

w1(0) = u.

❆ss✐♠✱ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡✱ t❡♠✲s❡

w1(t, u) = w(t, u) = u ∀ t ∈ R.

❉❛í✱

w(δt, u) = u ∀ t ∈ R,

❧♦❣♦✱

η(t, u) = w(δt, u) = u ∀ t ∈ [0, 1].

(iii) η(1, φc+ǫ ∩ S) ⊂ φc−ǫ ∩ Sδ❀

❉❡ ❢❛t♦✱ ♥♦t❡ q✉❡✱ ♣❛r❛ t ≥ 0✱ t❡♠♦s✿

‖w(t, u) − u‖ = ‖w(t, u) − w(0, u)‖ =

∥∥∥∥
∫ t

0

w′(τ, u)dτ

∥∥∥∥ =

∥∥∥∥
∫ t

0

f(w(τ, u))dτ

∥∥∥∥



✸✸

♦ q✉❡ ✐♠♣❧✐❝❛✱

‖w(t, u) − u‖ ≤
∫ t

0

‖f(w(τ, u))‖dτ ≤
∫ t

0

dτ = t,

❧♦❣♦✱

‖w(t, u) − u‖ ≤ t ≤ δ ∀ t ∈ [0, δ],

♣♦rt❛♥t♦✱ s❡ u ∈ S t❡♠✲s❡

dist(w(t, u), S) ≤ δ,

♦ q✉❡ ✐♠♣❧✐❝❛✱

w(t, u) ∈ Sδ ∀u ∈ S,

✐st♦ é✱

w(t, S) ⊂ Sδ ∀ t ∈ [0, δ]

❞❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s

η(t, S) ⊂ Sδ ∀ t ∈ [0, 1]. ✭✶✳✷✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ ❝❛❞❛ u ∈ X ✜①❛❞♦✱ ❛ ❢✉♥çã♦

φ : [0, 1] −→ R

t 7−→ φ(w(t, u))

é ❞❡❝r❡s❝❡♥t❡ ♣♦✐s✱

d

dt
φ(w(t, u)) = φ′(w(t, u))w′(t, u) = φ′(w(t, u))f(w(t, u)),

❡ ✉s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ f ✱

d

dt
φ(w(t, u)) = φ′(w(t, u))

(
−p(w(t, u))

V (w(t, u))

‖V (w(t, u))‖

)
,

♦ q✉❡ ✐♠♣❧✐❝❛✱

d

dt
φ(w(t, u)) = −p(w(t, u))

(
φ′(w(t, u))

V (w(t, u))

‖V (w(t, u))‖

)

❧♦❣♦✱ ♣❡❧❛ ❉❡✜♥✐çã♦ 1.4 t❡♠✲s❡

d

dt
φ(w(t, u)) ≤

(
−p(w(t, u))

‖φ′(w(t, u))‖2

‖V (w(t, u))‖

)
, ✭✶✳✷✷✮

♣♦rt❛♥t♦✱
d

dt
φ(w(t, u)) ≤ 0,



✸✹

♠♦str❛♥❞♦ q✉❡ φ(w(t, u)) é ❞❡❝r❡s❝❡♥t❡✳

❈♦♠ ✐ss♦✱ s❡❥❛ u ∈ φc+ǫ ∩ S ❡ ✈❛♠♦s ♠♦str❛r ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s✿

(a) ❙❡ φ(w(t̃, u)) < c− ǫ ♣❛r❛ ❛❧❣✉♠ t̃ ∈ [0, δ) ❡♥tã♦✱

φ(η(1, u)) = φ(w(δ, u)) ≤ φ(w(t̃, u)) < c− ǫ,

❞❡ ♦♥❞❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡✱

η(1, u) ∈ φc−ǫ.

P♦rt❛♥t♦✱ ❞✐st♦ ❡ ❞❡ (1.21) ♦❜t❡♠♦s✱

η(1, u) ∈ φc−ǫ ∩ Sδ.

(b) ◆❡st❡ ❝❛s♦✱ s✉♣♦♥❞♦ w(t, u) ∈ B = φ−1([c− ǫ, c+ ǫ])∩Sδ ∀ t ∈ [0, δ] ❞❡ s♦rt❡

q✉❡✱ ✉s❛♥❞♦ (1.22)✱ ❛ ❉❡✜♥✐çã♦ 1.4 ❡ ♦ ❢❛t♦ q✉❡ p ≡ 1 ❡♠ B✱ ♦❜té♠✲s❡

φ(w(δ, u)) − φ(w(0, u)) =

∫ δ

0

d

dt
φ(w(t, u))dt ≤

∫ δ

0

(
−p(w(t, u))

‖φ′(w(t, u))‖2

‖V (w(t, u))‖

)
dt

♦ q✉❡ ✐♠♣❧✐❝❛✱

φ(w(δ, u)) ≤ φ(u) −
∫ δ

0

1

2
‖φ′(w(t, u))‖dt ≤ c+ ǫ− 1

2

4ǫ

δ
δ = c− ǫ,

♦♥❞❡ ✉s❛♠♦s (1.20) ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✳

P♦rt❛♥t♦✱ ❡♠ q✉❛❧q✉❡r ❞♦s ❝❛s♦s (a) ♦✉ (b)✱ ♠♦str❛♠♦s q✉❡

η(1, u) = w(δ, u) ∈ φc−ǫ ∩ Sδ s❡ u ∈ φc+ǫ ∩ S.

P♦r ú❧t✐♠♦ ♠♦str❡♠♦s (iv)✱ ✐st♦ é✱ η(t, .) : X −→ X é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

P❛r❛ ✐st♦✱ ❞❡✜♥❛♠♦s ❛s s❡❣✉✐♥t❡s ❢✉♥çõ❡s

g : X −→ X

u 7−→ g(u) = η(t, u) = w(δt, u),

❡
h : X −→ X

u 7−→ h(u) = w(−δt, u).
❖❜s❡r✈❡ ♦ s❡❣✉✐♥t❡✱

(g ◦ h)(u) = g(h(u)) = w(δt, h(u)) = w(δt, w(−δt, u))



✸✺

✉s❛♥❞♦ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✢✉①♦ ✭❱❡r ❞♦s ❙❛♥t♦s [27]✮✱ ♦❜t❡♠♦s✱

(g ◦ h)(u) = w(δt− δt, u) = w(0, u) = u.

❈♦♠ ✉♠ r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦ ❡♥❝♦♥tr❛♠♦s✱

(h ◦ g)(u) = w(0, u) = u

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ η é ✐♥✈❡rsí✈❡❧✳

❆❧é♠ ❞✐ss♦✱ η(t, .) = w(δt, .) é ❝♦♥tí♥✉❛ ♣❡❧❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♥tí♥✉❛ ❝♦♠ r❡❧❛çã♦ ❛♦s

❞❛❞♦s ✐♥✐❝✐❛✐s ♣❛r❛ w(δt, .)✳ ❉❡s❞❡ q✉❡ w(−δt, .) t❛♠❜é♠ é ❝♦♥tí♥✉❛✱ η(t, .) : X −→ X

é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ �

❉❡✜♥✐çã♦ ✶✳✻ ❯♠ ❢✉♥❝✐♦♥❛❧ φ : X −→ R ❞❡ ❝❧❛ss❡ C1(X; R)✱ é ❞✐t♦ ✈❡r✐✜❝❛r ❛

❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡✱ ❞❡♥♦t❛❞❛ ♣♦r (PS)✱ s❡ t♦❞❛ s❡q✉ê♥❝✐❛ (un) ⊂ X t❛❧ q✉❡✱

φ(un) é ❧✐♠✐t❛❞❛ ❡ φ
′

(un) → 0✱ ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ❢♦rt❡ ❡♠ ❳✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ 1.7✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ❞❛

❉❡❢♦r♠❛çã♦✳

❚❡♦r❡♠❛ ✶✳✽ ❙✉♣♦♥❤❛ q✉❡ φ ∈ C1(X,R) s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ④(PS)⑥✳

❙❡ c ∈ R ♥ã♦ ❢♦r ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ φ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱

❡①✐st❡ η ∈ C([0, 1] ×X,X) t❛❧ q✉❡ ✭♣❛r❛ q✉❛❧q✉❡r u ∈ X ❡ t ∈ [0, 1]✮✿

✭✐✮ η(0, u) = u✱

✭✐✐✮ η(t, u) = u se u /∈ φ−1([c− 2ǫ, c+ 2ǫ])✱

✭✐✐✐✮ η(1, φc+ǫ) ⊂ φc−ǫ✱

✭✐✈✮ η(t, .) : X −→ X é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ c ∈ R ♥ã♦ é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ♣❛r❛ φ✱ ❞❡✈❡♠ ❡①✐st✐r ❝♦♥st❛♥t❡s

α, β > 0 t❛✐s q✉❡

u ∈ φ−1([c− 2α, c+ 2α]) ⇒ ‖φ′(u)‖ ≥ β,

♣♦✐s ❞♦ ❝♦♥trár✐♦✱ ♣❛r❛ q✉❛✐sq✉❡r α, β > 0 ❡①✐st✐rá

ũ ∈ φ−1([c− 2α, c+ 2α]) ❝♦♠ ‖φ′(ũ)‖ < β.



✸✻

❈♦♥s✐❞❡r❛♥❞♦ α =
1

2n
❡ β =

1

n
✱ ♣❛r❛ ❝❛❞❛ n ≥ 1 t❡♠✲s❡

un ∈ X ❝♦♠ un ∈ φ−1

(
[c− 1

n
, c+

1

n
]

)
❡ ‖φ′(un)‖ ≤ 1

n
.

❆ss✐♠✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ n→ +∞ ♦❜t❡♠♦s

φ(un) → c ❡ φ′(un) → 0.

❉❛ ❝♦♥❞✐çã♦ P❛❧❛✐s✲❙♠❛❧❡✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unk
) ⊂ (un) t❛❧ q✉❡

unk
→ u ♣❛r❛ ❛❧❣✉♠ u ∈ X.

❉❡s❞❡ q✉❡ φ ∈ C1(X,R) t❡♠✲s❡✱

φ(unk
) → φ(u) ❡ φ′(unk

) → φ′(u).

P♦rt❛♥t♦✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦s ❧✐♠✐t❡s ♦❜t❡♠♦s

φ(u) = c ❡ φ′(u) = 0.

▲♦❣♦✱ c é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ φ✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡✳

❉❛í✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ 1.7 ❝♦♠ S = X✱ ǫ ∈ (0, α] ✜①❛❞♦ ❡ δ =
4ǫ

β
❝♦♥❝❧✉í♠♦s ❛

❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛✳ �

❚♦r♥❛✲s❡ ❝❧❛r♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❛❝✐♠❛ q✉❡ ♦ ❚❡♦r❡♠❛ 1.8 é ✈á❧✐❞♦ s♦❜ ✉♠❛ ❝♦♥❞✐✲

çã♦ ♠❛✐s ❢r❛❝❛ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡✱ ❛ s❛❜❡r✱ ❛ ❝♦♥❞✐çã♦ {(PS)c} q✉❡ ❞❡✜♥✐r❡♠♦s ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✶✳✼ ❙❡❥❛ φ : X −→ R ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ ❝❧❛ss❡ C1(X; R)✱ ❡ c ∈ R✳ ❖

❢✉♥❝✐♦♥❛❧ φ ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ♥♦ ♥í✈❡❧ c ♦✉ (PS)c✱ s❡ ❞❛❞❛ ✉♠❛

s❡q✉ê♥❝✐❛ (un) ⊂ X t❛❧ q✉❡ φ(un) → c ❡ φ
′

(un) → 0✱ ❡♥tã♦ c é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ φ✳

❊st❛ ❝♦♥❞✐çã♦ é út✐❧ ❡♠ ❝❡rt❛s s✐t✉❛çõ❡s ♦♥❞❡ φ ♥ã♦ é ❝♦❡r❝✐✈♦✱ ❝♦♠♦ ✈❡r❡♠♦s ♥♦

♣ró①✐♠♦ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✾ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ s❡❥❛ φ ∈ C1(X,R)✳ ❙❡✱

✭✐✮ φ é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❝♦♠

c = inf
u∈X

φ(u),

✭✐✐✮ φ s❛t✐s❢❛③ (PS)c✱



✸✼

❡♥tã♦✱ ❡①✐st❡ u0 ∈ X t❛❧ q✉❡

φ(u0) = inf
u∈X

φ(u).

✭▲♦❣♦✱ c é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ φ✮✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ c ♥ã♦ s❡❥❛ ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡

φ✳ ❊♥tã♦✱ ♦ ❚❡♦r❡♠❛ 1.8 ✐♠♣❧✐❝❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡

η ∈ C([0, 1] ×X,X) t❛✐s q✉❡

η(1, φc+ǫ) ⊂ φc−ǫ,

❞❛í✱

φc+ǫ 6= ∅ ⇒ φc−ǫ 6= ∅,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦ ♣♦✐s✱

φc−ǫ = ∅, ❥á q✉❡ c = inf
u∈X

φ(u).

P♦rt❛♥t♦✱ c é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ φ✳ �

❈♦♠♦ ♥❛ ♣ró①✐♠❛ s❡çã♦ ❡st❛r❡♠♦s ❡st✉❞❛♥❞♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ◆❡✉♠❛♥♥✱ ✐r❡♠♦s

tr❛❜❛❧❤❛r ♥♦ ❡s♣❛ç♦ H1(Ω) ♦ q✉❛❧ s❡rá ❞❡❝♦♠♣♦st♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ❈♦♠♦ t♦❞❛

❢✉♥çã♦ ❝♦♥st❛♥t❡ ♣❡rt❡♥❝❡ ❛H1(Ω)✱ ❞❡s✐❣♥❛r❡♠♦s ♣♦rX1 = 〈1〉 ♦ ❡s♣❛ç♦ ❞❡ t❛✐s ❢✉♥çõ❡s✱
♦ q✉❛❧ ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ R✳ ❉❡s✐❣♥❛r❡♠♦s ♣♦r X0 ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❡♠

H1(Ω) q✉❡ ♣♦ss✉❡♠ ♠é❞✐❛ ③❡r♦ ❡♠ Ω✱ ♦✉ s❡❥❛✱

X0 = {w ∈ H1(Ω);

∫

Ω

wdx = 0}.

P❛r❛ u ∈ H1(Ω)✱ s❡❥❛ u0 ∈ H1(Ω) ❞❛❞❛ ♣♦r

u0 := u− 1

|Ω|

∫

Ω

udx

♦♥❞❡
1

|Ω|

∫

Ω

udx é ✉♠❛ ❝♦♥st❛♥t❡ r❡❛❧✳ ▲♦❣♦✱

∫

Ω

u0dx =

∫

Ω

udx−
(

1

|Ω|

∫

Ω

udx

)
|Ω| = 0

❡ ❛ss✐♠✱ t♦❞❛ ❢✉♥çã♦ u ∈ H1(Ω) ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛ u = α+ u0 ❡♠ q✉❡ α é ✉♠❛

❝♦♥st❛♥t❡ r❡❛❧ ❡ u0 ♣♦ss✉✐ ♠é❞✐❛ ③❡r♦✳



✸✽

❖❜s❡r✈❡ q✉❡ t❛❧ ❞❡❝♦♠♣♦s✐çã♦ é ú♥✐❝❛✳ ❉❡ ❢❛t♦✱ s❡ u = α + u0 = α̃ + ũ0✱ ♦♥❞❡

α, u0, α̃ ❡ ũ0 sã♦ ❝♦♠♦ ❛♥t❡s✱ t❡r❡♠♦s

α− α̃ = ũ0 − u0.

❱❛♠♦s✱ ❛❣♦r❛✱ ✐♥t❡❣r❛r ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❡st❛ ✐❣✉❛❧❞❛❞❡

(α− α̃)|Ω| = 0 ⇒ α = α̃,

♦❜t❡♥❞♦ ❛ss✐♠✱ ũ0 = u0 ♦ q✉❡ ♠♦str❛ ❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

H1(Ω) = X0 ⊕X1,

✐st♦ é✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ H1(Ω) ❛❝✐♠❛ é ❡♠ s♦♠❛ ❞✐r❡t❛✳

❆ s❡❣✉✐r✱ ❞❡♠♦♥str❛r❡♠♦s ✉♠❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞♦ t✐♣♦ P♦✐♥❝❛ré ♣❛r❛ ❛s ❢✉♥çõ❡s

❡♠ X0✳

▲❡♠❛ ✶✳✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✕❲✐rt✐♥❣❡r✮ ✭❱❡r ◆❛s❝✐♠❡♥t♦ [26]✮ ❊①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

∫

Ω

|w|2dx ≤ C

∫

Ω

|∇w|2dx, ♣❛r❛ t♦❞♦ w ∈ X0.

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ ψ ♦ ❢✉♥❝✐♦♥❛❧ ❞❡✜♥✐❞♦ ♣♦r

ψ : X0 −→ R

w 7−→ ψ(w) =

∫

Ω

|∇w|2dx, ♣❛r❛ t♦❞♦ w ∈ X0,

❡ S ❛ ✈❛r✐❡❞❛❞❡

S = {w ∈ X0;

∫

Ω

|w|2dx = 1}.

❉❡s❞❡ q✉❡ ψ é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ H1(Ω)✱ t❛♠❜é♠ s❡rá ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r✲

♠❡♥t❡ ❡♠ S ⊂ H1(Ω)✳ ▲♦❣♦✱ ♣❡❧♦ P♦st✉❧❛❞♦ ❞❡ ❉❡❞❡❦✐♥❞ ❡①✐st❡ ψ∞ t❛❧ q✉❡

ψ∞ = inf
w∈S

ψ(w).

❊♥tã♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ í♥✜♠♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ (wn) ⊂ S✱ ✐st♦

é✱

ψ(wn) → ψ∞ = inf
w∈S

ψ(w).
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❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱
∫

Ω

|wn|2dx = 1 ❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C1 t❛❧ q✉❡

∫

Ω

|∇wn|2dx ≤ C1, ♣❛r❛ t♦❞♦ n ∈ N.

❈♦♠ ❡st❡ ❢❛t♦✱ ❛ s❡q✉ê♥❝✐❛ (wn) é ❧✐♠✐t❛❞❛ ❡♠ H1(Ω) ❡ ❡♠ ✈✐st❛ ❞✐ss♦✱ ❛ s❡q✉ê♥✲

❝✐❛ r❡❛❧ (‖wn‖2
1,2) ♣♦ss✉✐ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ H1(Ω) é ✉♠ ❡s♣❛ç♦

r❡✢❡①✐✈♦✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ w0 ∈ H1(Ω) t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

wn ⇀ w0 ❡♠ H1(Ω).

❉❛í✱ ♣❡❧❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ H1(Ω) →֒ L2(Ω)✱ t❡♠✲s❡

wn → w0 ❡♠ L2(Ω).

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ✐♥t❡❣r❛❧✱ ♦❜té♠✲s❡

0 =

∫

Ω

wndx→
∫

Ω

w0dx

❡

1 =

∫

Ω

|wn|2dx→
∫

Ω

|w0|2dx.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ w0 ∈ S✳

❆✜r♠❛çã♦ ✶✳✶ ψ∞ > 0

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ψ∞ = 0✳ ❈♦♠♦ ♦ ❢✉♥❝✐♦♥❛❧

ℓ : H1(Ω) −→ R

w 7−→ ℓ(w) = ‖w‖2
1,2

é ❝♦♥✈❡①♦✱ s❡♠✐❝♦♥tí♥✉♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ wn ⇀ w0 ❡♠ H1(Ω) s❡❣✉❡✲s❡

0 = limn→∞

∫

Ω

|∇wn|2dx = limn→∞

(∫

Ω

|∇wn|2dx+

∫

Ω

|wn|2dx−
∫

Ω

|wn|2dx
)

= limn→∞(‖wn‖2
1,2 − ‖wn‖2

2)

= limn→∞ ‖wn‖2
1,2 − lim ‖wn‖2

2

= ‖w0‖2
1,2 − ‖w0‖2

2 =

∫

Ω

|∇w0|2dx,



✹✵

✐st♦ é✱ ∫

Ω

|∇w0|2dx = 0,

♦ q✉❡ ✐♠♣❧✐❝❛

w0(x) = C2 q✳t✳♣✳ ❡♠ Ω,

♦♥❞❡ C2 é ✉♠❛ ❝♦♥st❛♥t❡ r❡❛❧✳

❈♦♠♦ w0 ∈ S ⊂ X0 t❡♠♦s
∫

Ω

w0dx =

∫

Ω

C2dx = 0

❡ ❝♦♥❝❧✉í♠♦s q✉❡ C2 = 0✱ ♦ q✉❡ é ✐♠♣♦ssí✈❡❧ ❞❡✈✐❞♦ ❛
∫

Ω

|w0|2dx = 1✳

P♦rt❛♥t♦✱ ψ∞ > 0✳

❱♦❧t❡♠♦s à ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛✳

❉❡s❞❡ q✉❡

ψ∞ ≤
∫

Ω

|∇w|2dx, ♣❛r❛ t♦❞♦ w ∈ S ❝♦♠ ‖w‖2 = 1,

t♦♠❛♥❞♦✲s❡ 0 6= w ∈ X0✱ ♦❜s❡r✈❛♥❞♦ q✉❡

∣∣∣∣
w

‖w‖2

∣∣∣∣ = 1✱ s❡❣✉❡✲s❡

ψ∞ ≤
∫

Ω

∣∣∣∣∇
(

w

‖w‖2

)∣∣∣∣
2

dx =
1

‖w‖2
2

∫

Ω

|∇w|2dx

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

‖w‖2
2 ≤

1

ψ∞

∫

Ω

|∇w|2dx, ♣❛r❛ t♦❞♦ w ∈ X0

♠♦str❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✲❲✐rt✐♥❣❡r✳ �

✶✳✹ ❯♠ Pr♦❜❧❡♠❛ ◆ã♦✲▲♦❝❛❧ ❝♦♠ ❈♦♥❞✐çã♦ ❞❡ ◆❡✉✲

♠❛♥♥

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❡st✉❞❛r ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❛ s❡çã♦ ♣r❡❝❡❞❡♥t❡✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r

♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ◆❡✉♠❛♥♥ ♥ã♦✲❧✐♥❡❛r





−M(‖∇u‖2
2)∆u = f(u) + ρ(x) ❡♠ Ω,
∂u

∂η
= 0 ❡♠ ∂Ω,

✭✶✳✷✸✮
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♦♥❞❡ Ω ⊂ R
N (N ≥ 1) é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ f : R −→ R é ✉♠❛

❢✉♥çã♦ ❝♦♥tí♥✉❛ ♣✲♣❡r✐ó❞✐❝❛✱ M : R
+ −→ R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ ρ ∈ L2(Ω) ❛s

q✉❛✐s s❛t✐s❢❛③❡♠ ∫ p

0

f(s)ds = 0,

∫

Ω

ρ(x)dx = 0 ✭✶✳✷✹✮

❡

0 < µ0 ≤M(s) ≤M∞ < +∞ ❡♠ q✉❡ µ0,M∞ ∈ R. ✭✶✳✷✺✮

❆ ✈❡rsã♦ ❧♦❝❛❧✱ ✐st♦ é✱ M(t) ≡ 1✱ ❢♦✐ ❡st✉❞❛❞❛ ❡♠ ❈♦st❛ [17]✳ ❆❧é♠ ❞✐ss♦✱ s❡❣✉✐✲

r❡♠♦s ❛s ✐❞é✐❛s ❞❡s❡♥✈♦❧✈✐❞❛s ♣♦r ❡❧❡ ❛❞❛♣t❛♥❞♦ ♦ ❡st✉❞♦ ❛ ❢✉♥çã♦ M ✳

❊st❛r❡♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ❢r❛❝❛s ❞❡ (1.23)✱ ✐st♦ é✱ ❢✉♥çõ❡s

u ∈ H1(Ω) t❛✐s q✉❡

M(‖∇u‖2
2)

∫

Ω

∇u∇vdx =

∫

Ω

f(u)vdx+

∫

Ω

ρ(x)vdx ∀v ∈ H1(Ω). ✭✶✳✷✻✮

❆ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ (1.23) t❡♠♦s ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ E : H1(Ω) −→ R✱ ❞❛❞♦

♣♦r

E(u) =
1

2
M̂

(∫

Ω

|∇u|2dx
)
−
∫

Ω

F (u)dx−
∫

Ω

ρ(x)udx ∀u ∈ H1(Ω) ✭✶✳✷✼✮

♦♥❞❡

M̂(t) =

∫ t

0

M(τ)dτ ❡ F (s) =

∫ s

0

f(τ)dτ. ✭✶✳✷✽✮

Pr♦♣♦s✐çã♦ ✶✳✷ ❖ ❢✉♥❝✐♦♥❛❧ E : H1(Ω) −→ R ❞❡✜♥✐❞♦ ♣♦r (1.27) ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

❆❧é♠ ❞✐ss♦✱ E é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ é ❞❡ ❝❧❛ss❡ C1(H1(Ω),R) ❝♦♠

E ′(u)v = M

(∫

Ω

|∇u|2dx
)∫

Ω

∇u∇vdx−
∫

Ω

(f(u)+ρ(x))vdx ∀u, v ∈ H1(Ω). ✭✶✳✷✾✮

❉❡♠♦♥str❛çã♦✿ ❯♠❛ ✈❡③ q✉❡✱ ♥❡st❡ ❝❛s♦ ❛s ❢✉♥çõ❡s M ❡ f : R −→ R sã♦ ❝♦♥tí♥✉❛s

❡ f é ♣❡r✐ó❞✐❝❛ s❛t✐s❢❛③❡♥❞♦ (1.24)✱ s❡❣✉❡✲s❡ q✉❡ F é ♣❡r✐ó❞✐❝❛✱ ♣♦rt❛♥t♦ |F (s)| ≤ A ❡

E ❡stá ❝❧❛r❛♠❡♥t❡ ❜❡♠ ❞❡✜♥✐❞❛ ❡♠ H1(Ω)✳

❆❣♦r❛ ✈❛♠♦s ♠♦str❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ E é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡✳ P❛r❛ ✐st♦ ✈❛♠♦s

❞❡❝♦♠♣♦r ❡♠ s♦♠❛ ❞✐r❡t❛ ♦ ❡s♣❛ç♦ H1(Ω) ❝♦♠♦

H1(Ω) = X0 ⊕X1,

♦♥❞❡ X1 ❡ X0 sã♦ ❝♦♠♦ ❞❡✜♥✐❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳



✹✷

❊♥tã♦✱ ❡s❝r❡✈❡♥❞♦ ❡♠ (1.27) u = v + w ❝♦♠ v ∈ X0 ❡ w ∈ X1 ♦❜t❡♠♦s✱

E(u) = E(v + w) =
1

2
M̂(‖∇(v + w)‖2

2) −
∫

Ω

F (v + w)dx−
∫

Ω

ρ(x)(v + w)dx.

◆♦t❡ q✉❡✱

∇w = 0 ❡
∫

Ω

ρ(x)wdx = w

∫

Ω

ρ(x)dx = 0,

❞❛í✱ ❞❛ ❧✐♠✐t❛çã♦ ❞❛ F ❡ ❞❡ (1.25) t❡♠♦s✱

E(u) ≥ 1

2
µ0‖∇v‖2

2 − A|Ω| −
∫

Ω

ρ(x)vdx,

♦ q✉❡ ✐♠♣❧✐❝❛✱ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❍ö❧❞❡r ❡ P♦✐♥❝❛ré✲❲✐rt✐♥❣❡r✱

E(u) ≥ 1

2
µ0‖∇v‖2

2 − A|Ω| − c‖ρ‖2‖∇v‖2

❧♦❣♦✱

E(u) ≥ ‖∇v‖2

(
1

2
µ0‖∇v‖2 − c‖ρ‖2

)
− A|Ω| ∀u ∈ H1(Ω).

P♦rt❛♥t♦✱ E é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡✳

▼♦str❡♠♦s q✉❡ E ∈ C1(H1(Ω),R)✳

❖❜s❡r✈❡ q✉❡ ♦s ❢✉♥❝✐♦♥❛✐s

ϕ(u) =
1

2
M̂(‖∇u‖2

2) ❡ q(u) =

∫

Ω

ρ(x)udx

sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s ❛ ❋ré❝❤❡t ❡ ϕ, q ∈ C1(H1(Ω),R) ❝♦♠

ϕ′(u)v = M(‖∇u‖2
2)

∫

Ω

∇u∇vdx ∀u, v ∈ H1(Ω),

❡

q′(u)v =

∫

Ω

ρ(x)vdx ∀u, v ∈ H1(Ω).

❆ss✐♠✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡

ψ(u) =

∫

Ω

F (u)dx ♦♥❞❡ F (s) =

∫ s

0

f(τ)dτ

é ❞❡ ❝❧❛ss❡ C1(H1(Ω),R) ❝♦♠✱

ψ′(u)v =

∫

Ω

f(u)vdx ∀u, v ∈ H1(Ω). ✭✶✳✸✵✮

❋✐①❡♠♦s u ∈ H1(Ω)✱ ❡ ❞❡✜♥❛♠♦s

g(v) = ψ(u+ v) − ψ(u) −
∫

Ω

f(u)vdx.



✹✸

❉❛í✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ψ✱

g(v) =

∫

Ω

(F (u+ v) − F (u))dx−
∫

Ω

f(u)vdx.

❖❜s❡r✈❡ q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ❈á❧❝✉❧♦✱ t❡♠✲s❡
∫ 1

0

d

dt
F (u+ tv)dt = F (u+ v) − F (u).

❊♥tã♦✱

g(v) =

∫

Ω

[∫ 1

0

d

dt
F (u+ tv)dt

]
dx−

∫

Ω

f(u)vdx.

❯s❛♥❞♦ ❛ ❘❡❣r❛ ❞❛ ❈❛❞❡✐❛

g(v) =

∫

Ω

[∫ 1

0

(f(u+ tv)v)dt

]
dx−

∫

Ω

f(u)vdx,

❡ ❞❛í✱

g(v) =

∫

Ω

[∫ 1

0

(f(u+ tv)v)dt

]
dx−

∫

Ω

[∫ 1

0

(f(u)v)dt

]
dx.

▲♦❣♦✱

g(v) =

∫

Ω

[∫ 1

0

(f(u+ tv)v − f(u)v)dt

]
dx.

❯s❛♥❞♦✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ ♦❜t❡♠♦s✱

g(v) =

∫ 1

0

[∫

Ω

(f(u+ tv)v − f(u)v)dx

]
dt,

♦ q✉❡ ✐♠♣❧✐❝❛✱

|g(v)| ≤
∫ 1

0

[∫

Ω

|f(u+ tv) − f(u)||v|dx
]
dt.

❈♦♠♦ f é ❧✐♠✐t❛❞❛ t❡♠♦s q✉❡ f ∈ L2(Ω)✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ✉s❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡

❍ö❧❞❡r✱ ♦❜t❡♥❞♦

|g(v)| ≤
∫ 1

0

‖f(u+ tv) − f(u)‖2‖v‖2dt.

P❡❧❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ ❞❡ ❙♦❜♦❧❡✈ H1(Ω) →֒ L2(Ω)✱

s❡ v → 0 ❡♠ H1(Ω) ⇒ v → 0 ❡♠ L2(Ω)

♦ q✉❡ ✐♠♣❧✐❝❛✱

u+ tv → u ❡♠ L2(Ω), ∀ t ∈ [0, 1].

❙❡♥❞♦ f ❝♦♥tí♥✉❛✱ t❡♠✲s❡

f(u+ tv) → f(u) ❡♠ L2(Ω), ∀ t ∈ [0, 1].



✹✹

❆ss✐♠✱
|g(v)|
‖v‖1,2

≤ c
|g(v)|
‖v‖2

≤ c

∫ 1

0

‖f(u+ tv) − f(u)‖2dt,

♦ q✉❡ ✐♠♣❧✐❝❛✱

0 ≤ lim
v→0

|g(v)|
‖v‖1,2

≤ lim
v→0

(
c

∫ 1

0

‖f(u+ tv) − f(u)‖2dt

)
,

♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡s❜❡❣✉❡✱

0 ≤ lim
v→0

|g(v)|
‖v‖1,2

≤ c

∫ 1

0

(
lim
v→0

‖f(u+ tv) − f(u)‖2

)
dt = 0.

▲♦❣♦✱

lim
v→0

|g(v)|
‖v‖1,2

= 0.

P♦rt❛♥t♦✱ ψ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❛ ❋ré❝❤❡t✱ ❝♦♠ ❞❡r✐✈❛❞❛ ❞❛❞❛ ♣♦r (1.30)✳

❱❛♠♦s ✈❡r✐✜❝❛r q✉❡✱ ψ ∈ C1(H1(Ω),R)✳

❙❡❥❛♠ (un) ⊂ H1(Ω) ❡ u ∈ H1(Ω) t❛✐s q✉❡✱

un → u ❡♠ H1(Ω).

❉❛í✱

‖ψ′(un) − ψ′(u)‖H−1 = sup
‖v‖1,2≤1

|(ψ′(un) − ψ′(u))v|

= sup
‖v‖1,2≤1

∣∣∣∣
∫

Ω

(f(un) − f(u))vdx

∣∣∣∣

≤ sup
‖v‖1,2≤1

∫

Ω

|f(un) − f(u)||v|dx

≤ sup
‖v‖1,2≤1

‖f(un) − f(u)‖2‖v‖2

≤ sup
‖v‖1,2≤1

(c‖f(un) − f(u)‖2‖v‖1,2)

≤ c‖f(un) − f(u)‖2 ∀n ≥ 1.

❊♥tã♦ ❝♦♠♦✱

un → u ❡♠ H1(Ω) t❡♠✲s❡ un → u ❡♠ L2(Ω).

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ f ♦❜t❡♠♦s✱

f(un) → f(u) ❡♠ L2(Ω).

▲♦❣♦✱ ψ′(un) → ψ′(u) ❡♠ H−1(Ω)✳

P♦rt❛♥t♦✱ ψ ∈ C1(H1(Ω),R)✳ �



✹✺

❚❡♦r❡♠❛ ✶✳✶✵ ❙✉♣♦♥❤❛♠♦s q✉❡ (1.24) ❡ (1.25) s❡❥❛♠ ✈á❧✐❞♦s✱ ♦♥❞❡ f ∈ C(R,R) é ♣✲

♣❡r✐ó❞✐❝❛ ❡ ρ ∈ L2(Ω)✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛ (1.23) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ u ∈ H1(Ω)✳

❉❡♠♦♥str❛çã♦✿ ❊♠ ✈✐st❛ ❞❛ Pr♦♣♦s✐çã♦ 1.2✱ ❡♥❝♦♥tr❛r❡♠♦s ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞♦

❢✉♥❝✐♦♥❛❧ E ∈ C1(H1(Ω),R) ❞❛❞♦ ♣♦r (1.27)✳ ❙❡♥❞♦ F ♣✲♣❡r✐ó❞✐❝❛ ❡
∫

Ω

ρ(x)dx = 0✱

s❡❣✉❡✲s❡

E(u+ p) =
1

2
M̂(‖∇(u+ p)‖2

2) −
∫

Ω

F (u+ p)dx−
∫

Ω

ρ(x)(u+ p)dx

❡ ❞❛í✱

E(u+ p) =
1

2
M̂(‖∇(u)‖2

2) −
∫

Ω

F (u)dx−
∫

Ω

ρ(x)udx = E(u).

P♦rt❛♥t♦✱ E(u+ p) = E(u) ∀u ∈ H1(Ω)✳

❆✜r♠❛çã♦ ✶✳✷ ❊ s❛t✐s❢❛③ (PS)c ♣❛r❛ t♦❞♦ c ∈ R✳

❉❡ ❢❛t♦✱ s❡❥❛ (un) ⊂ H1(Ω) t❛❧ q✉❡

E(un) → c ❡ E ′(un) → 0.

❊s❝r❡✈❛ un = vn + wn ❝♦♠ vn ∈ X0 ❡ wn ∈ X1✱ ∀n ∈ N✳ ❊♥tã♦✱

E(un) = E(vn +wn) =
1

2
M̂(‖∇(vn +wn)‖2

2)−
∫

Ω

F (vn +wn)dx−
∫

Ω

ρ(x)(vn +wn)dx,

❝♦♠ ✉♠ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦❜t❡♠♦s

E(un) ≥ 1

2
µ0‖∇vn‖2

2 − A|Ω| −
∫

Ω

ρ(x)vndx ❡ |E(un)| ≤ C1

♣❛r❛ ❛❧❣✉♠ C1 > 0 ✭♣♦✐s✱ E(un) → c✮✳

▲♦❣♦✱

‖∇vn‖2

(
1

2
µ0‖∇vn‖2 − c‖ρ‖2

)
− A|Ω| ≤ C1,

♦ q✉❡ ✐♠♣❧✐❝❛✱

(‖∇vn‖2) é ❧✐♠✐t❛❞❛.

❊♥tã♦✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✲❲✐rt✐♥❣❡r✱

(‖vn‖2) é ❧✐♠✐t❛❞❛.

P♦rt❛♥t♦✱

(‖vn‖1,2) =
(
(‖vn‖2

2 + ‖∇vn‖2
2)

1
2

)
é ❧✐♠✐t❛❞❛.



✹✻

❙❡❥❛✱ ❛❣♦r❛✱ w̃n ∈ [0, p) t❛❧ q✉❡ wn ≡ w̃n(mod p)✱ ❞❡✜♥✐♥❞♦ ũn = vn + w̃n✱ t❡♠✲s❡

E(ũn) = E(vn + w̃n) = E(vn + wn + αp) = E(vn + wn) = E(un)

♦✉ s❡❥❛✱

E(ũn) = E(un).

❆♥❛❧♦❣❛♠❡♥t❡✱

E ′(ũn) = E ′(vn + w̃n) = E ′(vn + wn + αp) = E ′(vn + wn) = E ′(un).

▲♦❣♦✱

E(ũn) → c ❡ E ′(ũn) → 0.

❖r❛✱ s❡♥❞♦ (‖vn‖1,2) ❧✐♠✐t❛❞❛ ❡ w̃n ∈ [0, p) t❡♠✲s❡ q✉❡ (‖ũn‖1,2) é ❧✐♠✐t❛❞❛✳ ❚❡♠♦s

❛✐♥❞❛ q✉❡ (‖∇ũn‖2) é ❧✐♠✐t❛❞❛✳

❆ss✐♠✱ ‖∇ũn‖2
2 → t̃✳

❈♦♠♦ H1(Ω) é ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦✱ ❡①✐st❡ ũ ∈ H1(Ω) t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜✲

s❡q✉ê♥❝✐❛✱

ũn ⇀ ũ ❡♠ H1(Ω).

▲♦❣♦✱ ♣❡❧❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ ❞❡ ❙♦❜♦❧❡✈ H1(Ω) →֒ L2(Ω)✱

ũn → ũ ❡♠ L2(Ω),

❡ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ M ♦❜t❡♠♦s✱

M(‖∇ũn‖2
2) →M(t̃) ❡♠ R.

❙❡♥❞♦ ∇E(u) = M(‖∇u‖2
2)u − T (u) ♦♥❞❡ T : H1(Ω) −→ H1(Ω) é ♦♣❡r❛❞♦r

❝♦♠♣❛❝t♦✱ t❡♠✲s❡

M(‖∇ũn‖2
2)ũn = ∇E(ũn) + T (ũn) → 0 + T (ũ) ❡♠ H1(Ω),

♦ q✉❡ ✐♠♣❧✐❝❛✱

ũn =
1

M(‖∇ũn‖2
2)
M(‖∇ũn‖2

2)ũn → 1

M(t̃)
T (ũ) ❡♠ H1(Ω).

❊♥tã♦ ♣♦r ✉♥✐❝✐❞❛❞❡✱ ũn → ũ ❡♠ H1(Ω)✳

P♦rt❛♥t♦✱ E(ũ) = c ❡ E ′(ũ) = 0✱ ♦✉ s❡❥❛✱ c é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ E✳



✹✼

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ 1.9✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ u0 ∈ H1(Ω) t❛❧ q✉❡

E(u0) = inf
u∈H1(Ω)

E(u).

■st♦ é✱ ❡①✐st❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (1.23)✳ �



❈❛♣ít✉❧♦ ✷

❖ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛

◆❡st❡ ❝❛♣ít✉❧♦ ❞❡♠♦♥str❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ❡ ❡♠ s❡❣✉✐❞❛

❛♣r❡s❡♥t❛r❡♠♦s ❞✉❛s ❛♣❧✐❝❛çõ❡s ❛♦ ♣r♦❜❧❡♠❛ ♥ã♦✲❧♦❝❛❧ ❞♦ t✐♣♦





−M(‖u‖2)∆u = f(x, u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

♦♥❞❡ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ f t❡♠ ❝r❡s❝✐♠❡♥t♦ s✉❜❝rít✐❝♦ ❡ s✉♣❡r❧✐♥❡❛r✱ ❡ M : R
+ −→ R é

✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦ ❝❡rt❛s ❝♦♥❞✐çõ❡s ❛ s❡r❡♠ ❛♣r❡s❡♥t❛❞❛s ❛♦ ❧♦♥❣♦ ❞❛s

♣ró①✐♠❛s s❡çõ❡s✳

✷✳✶ ❖ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛

◆❡st❛ s❡çã♦ ❞❡♠♦♥str❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ❞❡ ❆♠❜r♦s❡tt✐ ❡

❘❛❜✐♥♦✇✐t③ [6]✳

❚❡♦r❡♠❛ ✷✳✶ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ φ ∈ C1(X,R) ✉♠ ❢✉♥❝✐♦♥❛❧ s❛t✐s❢❛✲

③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ (PS) (ou(PS)c)✳ ❙❡ e ∈ X ❡ 0 < r < ‖e‖ sã♦ t❛✐s

q✉❡

a ≡ max{φ(0), φ(e)} < inf
‖u‖=r

φ(u) ≡ b, ✭✷✳✶✮

❡♥tã♦✱

c = inf
γ∈Γ

max
t∈[0,1]

φ(γ(t))

é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ φ ❝♦♠ c ≤ b✱ ♦♥❞❡

Γ = {γ ∈ C([0, 1], X)/γ(0) = 0 e γ(1) = e}.



✹✾

❉❡♠♦♥str❛çã♦✿ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ✈❡r✐✜❝❛r q✉❡ c ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

❉❡ ❢❛t♦✱ ♣❛r❛ ❝❛❞❛ γ ∈ Γ✱ ❛ ❢✉♥çã♦

h : [0, 1] −→ R

t 7−→ h(t) = φ(γ(t))

é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞❡✜♥✐❞❛ ♥✉♠ ❝♦♠♣❛❝t♦✱ ♣♦rt❛♥t♦ ♣♦ss✉✐ ♠á①✐♠♦✱ ✐st♦ é✱

max
t∈[0,1]

h(t) = max
t∈[0,1]

φ(γ(t)).

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❢✉♥çã♦

Λ : [0, 1] −→ R

t 7−→ Λ(t) = ‖γ(t)‖

é t❛♠❜é♠ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❝♦♠

Λ(0) = ‖γ(0)‖ = ‖0‖ = 0 ❡ Λ(1) = ‖γ(1)‖ = ‖e‖ > r.

❯s❛♥❞♦ ♦ t❡♦r❡♠❛ ❞♦ ❱❛❧♦r ■♥t❡r♠❡❞✐ár✐♦✱ ❡①✐st❡ t0 ∈ (0, 1) t❛❧ q✉❡ Λ(t0) = r ✐st♦

é✱ ‖γ(t0)‖ = r ✐♠♣❧✐❝❛♥❞♦ ❡♠ γ(t0) ∈ ∂Br ✭❢r♦♥t❡✐r❛ ❞❛ ❜♦❧❛ ❝♦♠ ❝❡♥tr♦ ♥❛ ♦r✐❣❡♠ ❡

r❛✐♦ r✮✳

❉❛í✱

max
t∈[0,1]

φ(γ(t)) ≥ φ(γ(t0)) ≥ b, ♣♦✐s b = inf
‖u‖=r

φ(u).

P❡❧♦ ❡st✉❞♦ ❢❡✐t♦✱ b é ✉♠❛ ❝♦t❛ ✐♥❢❡r✐♦r ♣❛r❛ ♦ ❝♦♥❥✉♥t♦

Y =

{
max
t∈[0,1]

φ(γ(t)); γ ∈ Γ

}
,

❧♦❣♦✱ ♣❡❧♦ P♦st✉❧❛❞♦ ❞❡ ❉❡❞❡❦✐♥❞✱ t❛❧ ❝♦♥❥✉♥t♦ t❡♠ í♥✜♠♦ ❡ ❞❡✈❡ s❡r ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛

b✱ ♦✉ s❡❥❛✱ ♦ ♥í✈❡❧ ✧♠✐♥✐♠❛①✧❞❛❞♦ ♣♦r

c = inf
γ∈Γ

max
t∈[0,1]

φ(γ(t))

❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ ✈❡r✐✜❝❛ c ≥ b✳

❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ c ♥ã♦ é ✈❛❧♦r ❝rít✐❝♦✳

❊♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ 1.7✱ ❡①✐st❡♠ 0 < ǫ <
b− a

2
❡ η ∈ C([0, 1] ×X,X) t❛✐s q✉❡

• η(t, u) = u s❡ u /∈ φ−1([c− 2ǫ, c+ 2ǫ])✱ t ∈ [0, 1]✱



✺✵

• η(1, φc+ǫ) ⊂ φc−ǫ✳

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ c ❝♦♠♦ ♦ í♥✜♠♦ s♦❜r❡ Γ✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠ γ0 ∈ Γ t❛❧ q✉❡

max
t∈[0,1]

φ(γ0(t)) ≤ c+ ǫ ✭✷✳✷✮

❡ ❞❡✜♥✐r ♦ ❝❛♠✐♥❤♦

γ̂(t) = η(1, γ0(t)).

❆ss✐♠✱ ❝♦♠♦ γ0 ∈ Γ t❡♠✲s❡

γ̂(t) = η(1, γ0(t)) ⇒





γ̂(0) = η(1, γ0(0)) = η(1, 0),

γ̂(1) = η(1, γ0(1)) = η(1, e),

♠❛s ❝♦♠♦

φ(0), φ(e) ≤ a < b− 2ǫ ≤ c− 2ǫ

❡ ♣♦r (2.2) t❡♠♦s q✉❡

γ̂(0) = η(1, 0) = 0 ❡ γ̂(1) = η(1, e) = e

♦ q✉❡ ✐♠♣❧✐❝❛♠ γ̂ ∈ Γ✳

▼❛s ❡♥tã♦✱ ♣❡❧♦ ❡st✉❞♦ ❢❡✐t♦ t❡♠✲s❡

max
t∈[0,1]

φ(γ̂(t)) ≤ c− ǫ

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ❡♠ ✈✐st❛ ❞❛ ❞❡✜♥✐çã♦ ❞❡ c✳

P♦rt❛♥t♦✱ c é ✉♠ ✈❛❧♦r ❝rít✐❝♦✳ �

✷✳✷ Pr✐♠❡✐r♦ ❘❡s✉❧t❛❞♦ ❞❡ ❊①✐stê♥❝✐❛

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ♠♦str❛r ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧✱

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t ♥ã♦✲❧✐♥❡❛r





−M(‖u‖2)∆u = f(x, u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✷✳✸✮

♦♥❞❡ Ω ⊂ R
N (N ≥ 2) é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ M : R

+ −→ R é

✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ ♥ã♦✲❝r❡s❝❡♥t❡ s❛t✐s❢❛③❡♥❞♦

(M0,∞) 0 < M0 ≤M(t) ≤M∞, ∀t ≥ 0



✺✶

❡♠ q✉❡✱M∞,M0 sã♦ ❝♦♥st❛♥t❡s r❡❛✐s✱ ❡ f : Ω×R −→ R é ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r②

s❛t✐s❢❛③❡♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

(f1) ❊①✐st❡♠ ❝♦♥st❛♥t❡s

c, d > 0 ❡





1 ≤ θ < N+2
N−2

s❡ N ≥ 3,

1 ≤ θ < +∞ s❡ N = 1, 2,

t❛✐s q✉❡ |f(x, s)| ≤ c|s|θ + d✳

(f2) lim
s→0

f(x, s)

|s| = 0✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ x ∈ Ω✳

(f3) ❊①✐st❡♠ µ > 2 ❡ r > 0 t❛✐s q✉❡

0 < µF (x, s) ≤ sf(x, s), ∀|s| ≥ r

♦♥❞❡

F (x, s) =

∫ s

0

f(x, ξ)dξ.

❙❡❣✉✐r❡♠♦s ❛❧❣✉♠❛s ✐❞é✐❛s ❞❡s❡♥✈♦❧✈✐❞❛s ♣♦r ❆❧✈❡s✱ ❈♦rrê❛ ❡ ▼❛ [4]✳

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ❢r❛❝❛s ❞❡ (2.3)✱ ✐st♦ é✱ ❢✉♥çõ❡s u ∈
H1

0 (Ω) t❛✐s q✉❡

M(‖u‖2)

∫

Ω

∇u∇vdx−
∫

Ω

f(x, u)vdx = 0 ∀v ∈ H1
0 (Ω). ✭✷✳✹✮

❉❡✜♥✐r❡♠♦s ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ (2.3) ❡ ♠♦str❛r❡♠♦s q✉❡✱

❡❧❡ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ é ❞❡ ❝❧❛ss❡ C1✳ ■ss♦ ✐♠♣❧✐❝❛ q✉❡✱ ❡♥❝♦♥tr❛r ❛ s♦❧✉çã♦ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦✱ s❡ r❡s✉♠❡ ❡♠ ❡♥❝♦♥tr❛r ♣♦♥t♦s ❝rít✐❝♦s ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛

❛ss♦❝✐❛❞♦✳

Pr♦♣♦s✐çã♦ ✷✳✶ ❙✉♣♦♥❤❛♠♦s q✉❡ f : Ω × R −→ R s❡❥❛ ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r②

s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ (f1) ❡ M s❛t✐s❢❛③ (M0,∞)✳ ❊♥tã♦ ♦ ❢✉♥❝✐♦♥❛❧

E(u) =
1

2
M̂(‖u‖2) −

∫

Ω

F (x, u)dx ∀u ∈ H1
0 (Ω), ✭✷✳✺✮

♦♥❞❡

M̂(t) =

∫ t

0

M(ξ)dξ ❡ F (x, s) =

∫ s

0

f(x, ξ)dξ,

❡stá ❜❡♠ ❞❡✜♥✐❞♦✱ ❡ ❛❧é♠ ❞✐ss♦✱ E ∈ C1(H1
0 (Ω),R) ❝♦♠

E ′(u)v = M(‖u‖2)

∫

Ω

∇u∇vdx−
∫

Ω

f(x, u)vdx, ∀u, v ∈ H1
0 (Ω). ✭✷✳✻✮



✺✷

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ q(u) =
1

2
M̂(‖u‖2) ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ é ❞❡ ❝❧❛ss❡ C1 ❝♦♠

q′(u)v = M(‖u‖2)

∫

Ω

∇u∇vdx ∀u, v ∈ H1
0 (Ω),

é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ ψ(u) =

∫

Ω

F (x, u)dx ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ ψ ∈ C1(H1
0 (Ω),R)

❝♦♠

ψ′(u)v =

∫

Ω

f(x, u)vdx, ∀u, v ∈ H1
0 (Ω).

❖❜s❡r✈❡♠♦s q✉❡ ❛ ❢✉♥çã♦ F (x, s) é ❞❡ ❈❛r❛t❤é♦❞♦r②✱ ❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡

❝r❡s❝✐♠❡♥t♦ (f1)✳

❉❡ ❢❛t♦✱ t❡♠✲s❡

|F (x, s)| =

∣∣∣∣
∫

Ω

f(x, ξ)dξ

∣∣∣∣ ≤
∫ s

0

|f(x, ξ)|dξ ≤
∫ s

0

(c|ξ|θ + d)dξ.

❙❡ s ≥ 0 ♦❜t❡♠♦s✱

|F (x, s)| ≤
∫ s

0

(cξθ + d)dξ ≤
(

c

θ + 1
ξθ+1 + d.ξ

) ∣∣∣∣
s

0

=
c

θ + 1
sθ+1 + ds.

P♦rt❛♥t♦✱ s❡♥❞♦ s ≥ 0

|F (x, s)| ≤ c

θ + 1
|s|θ+1 + d|s|.

❙❡ s < 0 ♦❜t❡♠♦s✱

|F (x, s)| ≤
∣∣∣∣
∫ s

0

f(x, ξ)dξ

∣∣∣∣ =

∣∣∣∣−
∫ 0

s

f(x, ξ)dξ

∣∣∣∣ =

∣∣∣∣
∫ 0

s

f(x, ξ)dξ

∣∣∣∣

❛ss✐♠✱

|F (x, s)| ≤
∫ 0

s

|f(x, ξ)|dξ ≤
∫ 0

s

(c|ξ|θ + d)dξ

❧♦❣♦✱

|F (x, s)| ≤
∫ 0

s

(c(−ξ)θ + d)dξ.

❋❛ç❛♠♦s✱ ❛❣♦r❛✱ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧✱

τ = −ξ ⇒ dτ = −dξ.

❉❛í✱

|F (x, s)| ≤ −
∫ 0

−s

(cτ θ + d)dτ ≤
∫ −s

0

(cτ θ + d)dτ,



✺✸

♦ q✉❡ ✐♠♣❧✐❝❛✱

|F (x, s)| ≤
(

c

θ + 1
τ θ+1 + d.τ

) ∣∣∣∣
−s

0

=
c

θ + 1
(−s)θ+1 + d(−s).

P♦rt❛♥t♦✱ s❡♥❞♦ s < 0 ♦❜t❡♠♦s✱

|F (x, s)| ≤ c

θ + 1
|s|θ+1 + d|s|.

❈♦♥❝❧✉í♠♦s q✉❡ |F (x, s)| ≤ c1|s|θ+1 + d|s|✱ ♦♥❞❡ c1 =
c

θ + 1
≥ 0✳

❖r❛✱

1 ≤ θ + 1 ⇒ |s| ≤ 1 + |s|θ+1 ⇒ d|s| ≤ d+ d|s|θ+1.

❉❛í✱

|F (x, s)| ≤ c1|s|θ+1 + d|s| ≤ c1|s|θ+1 + d+ d|s|θ+1,

♦ q✉❡ ✐♠♣❧✐❝❛✱

|F (x, s)| ≤ (c1 + d)|s|θ+1 + d.

P♦rt❛♥t♦✱

|F (x, s)| ≤ a|s|α + b

♦♥❞❡ a = c1 + d, b = d ❡




1 ≤ α = θ + 1 < N+2
N−2

+ 1 = 2N
N−2

= 2∗ s❡ N ≥ 3,

1 ≤ α = θ + 1 < +∞ s❡ N = 1, 2.

P♦rt❛♥t♦ ♣❡❧♦ ❊①❡♠♣❧♦ 1 ❞♦ ❈❛♣ít✉❧♦ 1✱ ψ é ✉♠ ❢✉♥❝✐♦♥❛❧ ❜❡♠ ❞❡✜♥✐❞♦ ❡✱ ❛❧é♠

❞✐ss♦✱ ψ é ❢r❛❝❛♠❡♥t❡ s✳❝✳✐✳ ❡♠ H1
0 (Ω)✳

▼♦str❡♠♦s q✉❡ ψ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❛ ❋ré❝❤❡t✳

❋✐①❡♠♦s u ∈ H1
0 (Ω)✱ ❡ ❞❡✜♥❛

g(h) = ψ(u+ h) − ψ(u) −
∫

Ω

f(x, u)hdx.

❆ss✐♠✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ψ✱

g(h) =

∫

Ω

(F (x, u+ h) − F (x, u))dx−
∫

Ω

f(x, u)hdx.

❖❜s❡r✈❡ q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ❈á❧❝✉❧♦✱ t❡♠✲s❡

∫ 1

0

d

dt
F (x, u+ th)dt = F (x, u+ h) − F (x, u).



✺✹

❊♥tã♦✱

g(h) =

∫

Ω

[∫ 1

0

d

dt
F (x, u+ th)dt

]
dx−

∫

Ω

f(x, u)hdx.

❯s❛♥❞♦ ❛ ❘❡❣r❛ ❞❛ ❈❛❞❡✐❛ ♦❜t❡♠♦s✱

g(h) =

∫

Ω

[∫ 1

0

f(x, u+ th)hdt

]
dx−

∫

Ω

f(x, u)hdx,

♦ q✉❡ ✐♠♣❧✐❝❛✱

g(h) =

∫

Ω

[∫ 1

0

f(x, u+ th)hdt

]
dx−

∫

Ω

[∫ 1

0

f(x, u)hdt

]
dx.

❉❛í✱

g(h) =

∫

Ω

[∫ 1

0

(
f(x, u+ th)h− f(x, u)h

)
dt

]
dx.

❯s❛♥❞♦✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐ ♦❜t❡♠♦s✱

g(h) =

∫ 1

0

[∫

Ω

(f(x, u+ th) − f(x, u))hdx

]
dt,

♦ q✉❡ ✐♠♣❧✐❝❛✱

|g(h)| ≤
∫ 1

0

[∫

Ω

|f(x, u+ th) − f(x, u)||h|dx
]
dt.

P❡❧❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ ❞❡ ❙♦❜♦❧❡✈

H1
0 (Ω) →֒ Lp(Ω), ∀1 ≤ p ≤ 2∗,

t❡♠✲s❡

h ∈ H1
0 (Ω) ⇒ h ∈ Ls(Ω), ♦♥❞❡ s = 2∗.

❚❛♠❜é♠ t❡♠✲s❡ q✉❡✱

r =
2N

N + 2
≥ 1 ⇒ r ≤ θr <

N + 2

N − 2
r = s,

❧♦❣♦✱ ♣♦r

|f(x, u)| ≤ c|u|θ + d

t❡♠✲s❡

|f(x, u)|r ≤ 2r(cr|u|θr + dr)

♦ q✉❡ ✐♠♣❧✐❝❛✱

|f(x, u)|r ≤ c2|u|θr + d2 < +∞.



✺✺

❊♥tã♦ ♣❡❧❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s ❞❡ ❙♦❜♦❧❡✈

H1
0 (Ω) →֒ Lθr(Ω) →֒ Lr(Ω),

t❡♠✲s❡

f ∈ Lr(Ω).

❈♦♠♦
1

r
+

1

s
= 1✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r s❡❣✉❡✲s❡

∫

Ω

|f(x, u+ th) − f(x, u)||h|dx ≤ ‖f(x, u+ th) − f(x, u)‖r‖h‖s.

❉❛í✱

|g(h)| ≤
∫ 1

0

‖f(x, u+ th) − f(x, u)‖r‖h‖sdt.

❆ss✐♠✱

h→ 0 ❡♠ H1
0 (Ω) ⇒ h→ 0 ❡♠ Ls(Ω)

♦ q✉❡ ✐♠♣❧✐❝❛✱

u+ th→ u ❡♠ Ls(Ω), ∀ t ∈ [0, 1].

❈♦♠♦ s ≥ θ✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ❞❡ ❱❛✐♥❜❡r❣ [19]✱

f(., u+ th) → f(., u) ❡♠ L
s
θ (Ω) ∀ t ∈ [0, 1].

❊✱ ✉♠❛ ✈❡③ q✉❡✱ r =
2N

N + 2
<
s

θ
s❡❣✉❡✲s❡

f(., u+ th) → f(., u) ❡♠ Lr(Ω) ∀ t ∈ [0, 1].

❈♦♠♦✱
|g(h)|
‖h‖ ≤ c

|g(h)|
‖h‖s

t❡♠✲s❡
|g(h)|
‖h‖ ≤ c

∫ 1

0

‖f(x, u+ th) − f(x, u)‖rdt,

♦ q✉❡ ✐♠♣❧✐❝❛✱

0 ≤ lim
h→0

|g(h)|
‖h‖ ≤ lim

h→0

(
c

∫ 1

0

‖f(x, u+ th) − f(x, u)‖rdt

)
.

❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡s❜❡❣✉❡✱

0 ≤ lim
h→0

|g(h)|
‖h‖ ≤ c

∫ 1

0

(
lim
h→0

‖f(x, u+ th) − f(x, u)‖r

)
dt = 0.



✺✻

▲♦❣♦✱

lim
h→0

|g(h)|
‖h‖ = 0.

P♦rt❛♥t♦✱ ψ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❛ ❋ré❝❤❡t✱ ❝♦♠ ❞❡r✐✈❛❞❛ ❞❡✜♥✐❞❛ ♣♦r

ψ′(u)v =

∫

Ω

f(x, u)vdx ∀u, v ∈ H1
0 (Ω).

❱❡r✐✜q✉❡♠♦s ❛❣♦r❛ q✉❡✱ ψ ∈ C1(H1
0 (Ω),R)✳

❙❡❥❛♠ (un) ∈ H1
0 (Ω) ❡ u ∈ H1

0 (Ω) t❛✐s q✉❡✱

un → u ❡♠ H1
0 (Ω).

❉❛í✱

‖ψ′(un) − ψ′(u)‖H−1 = sup
‖h‖≤1

|(ψ′(un) − ψ′(u))h|

= sup
‖h‖≤1

∣∣∣∣
∫

Ω

(f(x, un) − f(x, u))hdx

∣∣∣∣

≤ sup
‖h‖≤1

∫

Ω

|f(x, un) − f(x, u)||h|dx

≤ sup
‖h‖≤1

‖f(x, un) − f(x, u)‖r‖h‖s

≤ sup
‖h‖≤1

(c‖f(x, un) − f(x, u)‖r‖h‖)

≤ c‖f(x, un) − f(x, u)‖r ∀n ≥ 1.

❆ss✐♠✱

un → u ❡♠ H1
0 (Ω) ⇒ un → u ❡♠ Ls(Ω).

❊♥tã♦✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ❞❡ ❱❛✐♥❜❡r❣✱

f(., un) → f(., u) ❡♠ L
s
θ (Ω),

♦ q✉❡ ✐♠♣❧✐❝❛✱

f(., un) → f(., u) ❡♠ Lr(Ω).

▲♦❣♦✱ ψ′(un) → ψ′(u) ❡♠ H−1✳



✺✼

P♦rt❛♥t♦✱ ψ ∈ C1(H1
0 (Ω),R)✳

❈♦♠ ♦ ❡st✉❞♦ ❢❡✐t♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ E ∈ C1(H1
0 (Ω),R) ❝♦♠ ❞❡r✐✈❛❞❛ ❞❛❞❛ ♣♦r

(2.6)✳ �

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♠♦str❛rá q✉❡✱ ♦ ❢✉♥❝✐♦♥❛❧ E✱ ❞❡✜♥✐❞♦ ♣♦r (2.5)✱ s❛t✐s❢❛③ ❛

●❡♦♠❡tr✐❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✳

▲❡♠❛ ✷✳✶ ❙❡❥❛ E : H1
0 (Ω) −→ R ♦ ❢✉♥❝✐♦♥❛❧ ❞❡✜♥✐❞♦ ♣♦r (2.5)✳ ❊♥tã♦✱

(a) u = 0 é ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ❧♦❝❛❧ ❡str✐t♦ ♣❛r❛ E✳

(b) ❉❛❞♦ 0 6= v ∈ H1
0 (Ω)✱ ❡①✐st❡ ρ0 > 0 t❛❧ q✉❡ E(ρ0v) ≤ 0✳

❉❡♠♦♥str❛çã♦✿ (a) P❡❧❛ ❤✐♣ót❡s❡ (f2)✱ ❞❛❞♦ ǫ > 0✱ ❡①✐st❡ δ = δ(ǫ) > 0 t❛❧ q✉❡
∣∣∣∣
f(x, s)

|s|

∣∣∣∣ ≤ ǫ ♣❛r❛ |s| ≤ δ,

♦ q✉❡ ✐♠♣❧✐❝❛ |f(x, s)| ≤ ǫ|s| ♣❛r❛ |s| ≤ δ✳

❆ss✐♠✱ s❡ 0 ≤ s ≤ δ t❡♠✲s❡

F (x, s) =

∫ s

0

f(x, ξ)dξ ≤
∫ s

0

ǫ|ξ|dξ =

∫ s

0

ǫξdξ =
ǫ

2
s2 =

ǫ

2
|s|2.

❙❡ −δ ≤ s ≤ 0✱ t❡♠✲s❡

F (x, s) =

∫ s

0

f(x, ξ)dξ = −
∫ 0

s

f(x, ξ)dξ ≥ −
∫ 0

s

ǫ|ξ|dξ = −
∫ 0

s

ǫ(−ξ)dξ,

❞❛í✱

F (x, s) ≥
∫ 0

s

ǫξdξ =
ǫ

2
ξ2

∣∣∣∣
0

s

= − ǫ

2
s2 = − ǫ

2
|s|2.

▲♦❣♦✱

− ǫ

2
|s|2 ≤ F (x, s) ≤ ǫ

2
|s|2 ♣❛r❛ |s| ≤ δ

✐♠♣❧✐❝❛♥❞♦

|F (x, s)| ≤ ǫ

2
|s|2 ♣❛r❛ |s| ≤ δ. ✭✷✳✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛ ❝♦♥❞✐çã♦ (f1) ♥ós ❡♥❝♦♥tr❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ q✉❡

|F (x, s)| ≤ c

θ + 1
|s|θ+1 + d|s| ♣❛r❛ t♦❞♦ s ∈ R.

❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ✈❛❧❡ ♣❛r❛✱ |s| ≥ δ✳ ❆✐♥❞❛ t❡♠♦s✱ 1 ≤ θ + 1 < 2∗

s❡ N ≥ 3 ❡

|F (x, s)| ≤ |s|θ+1

θ + 1

(
c+

d(θ + 1)

|s|θ
)
.



✺✽

❉❛í✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r R > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❛❧ q✉❡

d(θ + 1) ≤ |s|θ ∀|s| ≥ R.

❆ss✐♠✱

|F (x, s)| ≤ |s|θ+1

θ + 1
(c+ 1) = c1|s|θ+1, ∀|s| ≥ R.

❆❣♦r❛✱ s❡ δ ≤ |s| ≤ R t❡♠♦s✱

|F (x, s)| ≤ c

θ + 1
|s|θ+1 + d|s| ≤ c

θ + 1
Rθ+1 + dR = c2.

▲♦❣♦✱ ♣❛r❛

A ≥ c2(θ + 1)

|δ|θ+1
t❡♠♦s c2 ≤

A|δ|θ+1

θ + 1

❞❡ ♦♥❞❡ s❡❣✉❡✱

|F (x, s)| ≤ A

θ + 1
|δ|θ+1 ≤ A

θ + 1
|s|θ+1.

❙❡ |s| ≥ δ = δ(ǫ) t❡♠♦s

|F (x, s)| ≤
(

A

θ + 1

)
|s|θ+1 + c1|s|θ+1

♦ q✉❡ ✐♠♣❧✐❝❛✱

|F (x, s)| ≤ Aǫ|s|θ+1, ♦♥❞❡ Aǫ =
A

θ + 1
+ c1. ✭✷✳✽✮

❈♦♠❜✐♥❛♥❞♦ (2.7) ❡ (2.8) ♦❜t❡♠♦s✱

|F (x, s)| ≤ ǫ

2
|s|2 + Aǫ|s|θ+1, ∀s ∈ R ❡ ∀x ∈ Ω.

P♦rt❛♥t♦✱

E(u) =
1

2
M̂(‖u‖2) −

∫

Ω

F (x, u)dx ≥ 1

2
M0‖u‖2 −

∫

Ω

|F (x, u)|dx

♦ q✉❡ ✐♠♣❧✐❝❛✱

E(u) ≥ 1

2
M0‖u‖2 −

∫

Ω

( ǫ
2
|u|2 + Aǫ|u|θ+1

)
dx

❧♦❣♦✱

E(u) ≥ 1

2
M0‖u‖2 − 1

2
ǫ‖u‖2

2 − Aǫ‖u‖θ+1
θ+1.

❖❜s❡r✈❡♠♦s q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré

λ1‖u‖2
2 ≤ ‖u‖2,



✺✾

♦♥❞❡ λ1 > 0 é ♦ ♣r✐♠❡✐r♦ ❛✉t♦✲✈❛❧♦r ❞♦ −∆ s♦❜ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t✱

✐♠♣❧✐❝❛ q✉❡✱
ǫ

2
‖u‖2

2 ≤
ǫ

2λ1

‖u‖2,

❡ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ ❞❡ ❙♦❜♦❧❡✈

H1
0 (Ω) →֒ Lθ+1(Ω), 1 ≤ θ + 1 < 2∗

✐♠♣❧✐❝❛ q✉❡✱

Aǫ‖u‖θ+1
θ+1 ≤ cAǫ‖u‖θ+1 = cǫ‖u‖θ+1.

▲♦❣♦✱

E(u) ≥ 1

2
M0‖u‖2 − ǫ

2λ1

‖u‖2 − cǫ‖u‖θ+1

♦ q✉❡ ✐♠♣❧✐❝❛✱

E(u) ≥ 1

2

(
M0 −

ǫ

λ1

)
‖u‖2 − cǫ‖u‖θ+1, ∀u ∈ H1

0 (Ω). ✭✷✳✾✮

P♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ǫ > 0 t❛❧ q✉❡ ǫ < λ1 ♣❛r❛ q✉❡

(
M0 −

ǫ

λ1

)
> 0✳

❙❡❥❛ ‖u‖ = ρ✱ ❡♥tã♦

E(u) ≥
(
M0 −

ǫ

λ1

)
ρ2

2
− cǫρ

θ+1,

✐st♦ é✱

E(u) ≥
(
M0 −

ǫ

λ1

− 2cǫρ
θ−1

)
ρ2

2
.

❋✐①❡♠♦s ρ > 0 t❛❧ q✉❡✱ (
M0 −

ǫ

λ1

− 2cǫρ
θ−1

)
> 0,

♦✉ s❡❥❛✱ (
M0 −

ǫ

λ1

)
> 2cǫρ

θ−1,

✐st♦ é✱

0 < ρθ−1 ≤ M0

2cǫ
− ǫ

2λ1cǫ
.

▲♦❣♦✱

0 < ρ ≤
[
M0

2cǫ
− ǫ

2λ1cǫ

] 1
θ−1

.



✻✵

❊s❝♦❧❤❡♥❞♦✱ ρ =

[
1

2

(
M0

2cǫ
− ǫ

2λ1cǫ

)] 1
θ−1

t❡♠♦s✱

E(u) ≥ ρ2

2

(
M0

2
− 3ǫ

2λ1

)
= r > 0,

♦✉ s❡❥❛✱

E(u) > 0 = E(0) ♣❛r❛ t♦❞♦ u ∈ H1
0 (Ω) ❝♦♠ 0 < ‖u‖ ≤ r,

❞❡s❞❡ q✉❡ r > 0 s❡❥❛ ♣❡q✉❡♥♦✳

(b) ❈♦♠♦ ❛ ❝♦♥❞✐çã♦ (f3) ✐♠♣❧✐❝❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥st❛♥t❡s c, d > 0 t❛✐s q✉❡

|F (x, s)| ≥ c|s|µ − d ∀x ∈ Ω ❡ ∀ ∈ R, ✭✷✳✶✵✮

✭❱❡r ❆♣ê♥❞✐❝❡ ❆✮✱ t❡♠✲s❡

E(u) =
1

2
M̂(‖u‖2) −

∫

Ω

F (x, u)dx ≤ 1

2
M̂(‖u‖2) −

∫

Ω

(c|u|µ − d)dx

♦ q✉❡ ✐♠♣❧✐❝❛✱

E(u) ≤ 1

2
M∞‖u‖2 − c‖u‖µ

µ + d|Ω|,

❞❡ s♦rt❡ q✉❡✱ ❞❛❞♦ 0 6= v ∈ H1
0 (Ω) ❝♦♠ ‖v‖ = 1✱ ❡ ❡s❝r❡✈❡♥❞♦ δ = c‖v‖µ

µ > 0 ♦❜t❡♠♦s✱

E(ρ0v) ≤
M∞

2
ρ2

0‖v‖2 − cρµ
0‖v‖µ

µ + d|Ω| ≤ M∞

2
ρ2

0 − δρµ
0 + d|Ω|

♦ q✉❡ ✐♠♣❧✐❝❛✱

E(ρ0v) → −∞ q✉❛♥❞♦ ρ0 → +∞.

❆ss✐♠✱ ❡①✐st❡ ρ > 0 t❛❧ q✉❡ E(ρv) ≤ 0✳ �

❚❡♦r❡♠❛ ✷✳✷ ❙❡ f : Ω × R −→ R é ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② s❛t✐s❢❛③❡♥❞♦ ❛s

❝♦♥❞✐çõ❡s (f1)✱ (f2) ❡ (f3) ❡ ❛ ❢✉♥çã♦ M s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (M0,∞)✱ ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛

(2.3) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ u ∈ H1
0 (Ω)✳

❉❡♠♦♥str❛çã♦✿ ▼♦str❡♠♦s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ E✱ ❞❛❞♦ ❡♠ (2.5)✱ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦

(PS)✳

❙❡❥❛ (un) ⊂ H1
0 (Ω) t❛❧ q✉❡ |E(un)| ≤ c✱ E ′(un) → 0✳

❊♥tã♦✱ ♣❛r❛ t♦❞♦ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠♦s✱

|E ′(un)un| ≤ ‖E ′(un)‖‖un‖ ≤ ‖un‖



✻✶

♦✉ s❡❥❛✱

E(un) − 1

µ
E ′(un)un ≤ |E(un)| + 1

µ
|E ′(un)un| ≤ c+

1

µ
‖un‖

❛ss✐♠✱

c+
1

µ
‖un‖ ≥ 1

2
M̂(‖un‖2) −

∫

Ω

F (x, un)dx− 1

µ
M(‖un‖2)‖un‖2 − 1

µ

∫

Ω

f(x, un)undx

♦ q✉❡ ✐♠♣❧✐❝❛✱

c+
1

µ
‖un‖ ≥ 1

2
M̂(‖un‖2) − 1

µ
M(‖un‖2)‖un‖2 −

∫

Ω

(
1

µ
f(x, un)un − F (x, un)

)
dx.

◆♦t❡ q✉❡✱ ♣❡❧❛ ❝♦♥❞✐çã♦ (f3) t❡♠✲s❡✱
∫

Ω

(
1

µ
f(x, un)un − F (x, un)

)
dx = C +

∫

|un|>r

(
1

µ
f(x, un)un − F (x, un)

)
dx,

♦✉ s❡❥❛✱ t♦❞♦s ♦s t❡r♠♦s ❛❝✐♠❛ sã♦ ♣♦s✐t✐✈♦s✳

❉❛í✱

c+
1

µ
‖un‖ ≥ 1

2

∫ ‖un‖2

0

M(s)ds− 1

µ
M(‖un‖2)‖un‖2.

❈♦♠♦ M é ❝♦♥tí♥✉❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ♣❛r❛ ❛s ✐♥t❡❣r❛✐s✱ ♣❛r❛ ❝❛❞❛

n ∈ N✱ ❡①✐st❡ 0 < ǫn < ‖un‖2 t❛❧ q✉❡

∫ ‖un‖2

0

M(s)ds = M(ǫn)‖un‖2.

▲♦❣♦✱

c+
1

µ
‖un‖ ≥M(ǫn)‖un‖2 − 1

µ
M(‖un‖2)‖un‖2.

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ M é ♥ã♦✲❝r❡s❝❡♥t❡

M(ǫn) ≥M(‖un‖2).

P♦rt❛♥t♦✱

c+
1

µ
‖un‖ ≥ 1

2
M(‖un‖2)‖un‖2 − 1

µ
M(‖un‖2)‖un‖2 =

(
1

2
− 1

µ

)
M(‖un‖2)‖un‖2.

❉❡s❞❡ q✉❡ µ > 2✱

(
1

2
− 1

µ

)
> 0✱ ❡ ✉s❛♥❞♦ ❛ ❝♦♥❞✐çã♦ (M0,∞) ♦❜t❡♠♦s q✉❡ (‖un‖)

é ❧✐♠✐t❛❞❛✳

❆ss✐♠✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

‖un‖2 → t̃,



✻✷

❡ s❡♥❞♦ H1
0 (Ω) r❡✢❡①✐✈♦✱ ❛✐♥❞❛ t❡♠♦s✱

un ⇀ u ❡♠ H1
0 (Ω).

▲♦❣♦✱

un → u ❡♠ Lp(Ω), 1 ≤ p <
2N

N − 2
.

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ M ✱ ♦❜t❡♠♦s

M(‖un‖2) →M(t̃) ❡♠ R.

❙❡♥❞♦ ∇E(u) = M(‖u‖2)u− T (u) ♦♥❞❡ T é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✱ ♦❜t❡♠♦s✱

M(‖un‖2)un = ∇E(un) + T (un) → 0 + T (u) ❡♠ H1
0 (Ω),

♦ q✉❡ ✐♠♣❧✐❝❛✱

un =
1

M(‖un‖2)
M(‖un‖2)un → 1

M(t̃)
T (u) ❡♠ H1

0 (Ω),

▲♦❣♦✱ ♣♦r ✉♥✐❝✐❞❛❞❡✱ t❡♠♦s un → u ❡♠ H1
0 (Ω)✳

P♦rt❛♥t♦✱ E s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)✳

P❡❧♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ E ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✳ �

✷✳✸ ❙❡❣✉♥❞♦ ❘❡s✉❧t❛❞♦ ❞❡ ❊①✐stê♥❝✐❛

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ♠♦str❛r ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ❡

♥ã♦✲♥❡❣❛t✐✈❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛





−M(‖u‖2)∆u = f(u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✷✳✶✶✮

♦♥❞❡ Ω ⊂ R
N (N ≥ 1) é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ f : R −→ R ✉♠❛

❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s (f1)✱ (f2) ❡ (f3)✱ ❡ M : R
+ −→ R é

✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❝✉♠♣r✐♥❞♦✱

(M1) ❊①✐st❡♠ m1, t1 > 0 t❛✐s q✉❡ M(t) ≥ m1 s❡ 0 ≤ t ≤ t1✳

(M2) ❊①✐st❡♠ m2, t2 > 0 t❛✐s q✉❡ 0 < M(t) ≤ m2 s❡ t ≥ t2✳



✻✸

(M3) lim
t→+∞

M(t2)t = +∞✳

(M4) M é ♥ã♦✲❝r❡s❝❡♥t❡ ❡ M(t) > 0 ♣❛r❛ t♦❞♦ t ≥ 0✳

❖❜s❡r✈❛çã♦ ✷✳✶ ❆ ❢✉♥çã♦

M(t) =
1

(1 + t)α

♣❛r❛ t♦❞♦ t ≥ 0 ❡ 0 < α <
1

2
s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❛❝✐♠❛✳

◆♦t❡ q✉❡✱ ♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐❞❡r❛❞♦ é ✉♠❛ ✈❡rsã♦ ♣❛rt✐❝✉❧❛r ❞♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛




−[M(‖u‖p
1,p)]

p−1∆pu = f(x, u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

♦♥❞❡ Ω ⊂ R
N é ❝♦♠♦ ❛♥t❡s✱ 1 < p < N ✱ f é ✉♠❛ ❢✉♥çã♦ s✉♣❡r❧✐♥❡❛r ❝♦♠ ❝r❡s❝✐♠❡♥t♦

s✉❜❝rít✐❝♦ ❡M é ✉♠❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ (M1)✲(M4)✳ ❊♠ ◆❛s❝✐♠❡♥t♦ [26] ❢♦✐ ♠♦str❛❞♦

❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ❡ ♥ã♦✲♥❡❣❛t✐✈❛ ♣❛r❛ ❡st❛ ✈❡rsã♦✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛s♦ p = 2✱ ❆❧✈❡s✱ ❈♦rrê❛ ❡ ▼❛ [4] ♠♦str❛r❛♠ ✉♠ r❡s✉❧t❛❞♦ ❞❡

❡①✐stê♥❝✐❛ ✉s❛♥❞♦ ♦ t❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✱ ♦♥❞❡ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ f ♣♦ss✉✐

❝r❡s❝✐♠❡♥t♦ s✉❜❝rít✐❝♦ ❡ s✉♣❡r❧✐♥❡❛r✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡ ♥❡st❡ ❛rt✐❣♦✱ ♣❡❧♦ q✉❡ ♣❛r❡❝❡✱

❢♦✐ ✉s❛❞❛ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ❛ ❛❜♦r❞❛❣❡♠ ✈❛r✐❛❝✐♦♥❛❧ ♣❛r❛ ❡ss❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s

♥ã♦✲❧♦❝❛✐s✳

❈♦♠♦ s❛❜❡♠♦s✱ ♦ ❢❛t♦ ❞❡ f s❡r ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② s❛t✐s❢❛③❡♥❞♦ (f1)

✐♠♣❧✐❝❛ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧

E(u) =
1

2
M̂(‖u‖2) −

∫

Ω

F (u)dx ✭✷✳✶✷✮

❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ é ❞❡ ❝❧❛ss❡ C1(H1
0 (Ω),R)✱ ❝♦♠

E ′(u)v = M(‖u‖2)

∫

Ω

∇u∇vdx−
∫

Ω

f(u)vdx, ∀u, v ∈ H1
0 (Ω). ✭✷✳✶✸✮

❖ r❡s✉❧t❛❞♦ q✉❡ s❡❣✉❡ ♥♦s ❛❥✉❞❛rá ❛ ❞❡♠♦♥str❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ E s❛t✐s❢❛③ ❛

●❡♦♠❡tr✐❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✳

▲❡♠❛ ✷✳✷ (a) u = 0 é ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ❧♦❝❛❧ ❡str✐t♦ ♣❛r❛ E❀

(b) ❉❛❞♦ 0 6= v ∈ H1
0 (Ω)✱ ❡①✐st❡ ρ0 > 0 t❛❧ q✉❡ E(ρ0v) ≤ 0✳



✻✹

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s q✉❡ 0 < ‖u‖ = ρ < t1 ❡♥tã♦✱ ♣♦r (M1)

E(u) ≥ 1

2
m1‖u‖2 −

∫

Ω

F (u)dx, ∀u ∈ H1
0 (Ω).

❉❡ (f2)✱ ❞❛❞♦ ǫ > 0 ❡①✐st❡ δ = δ(ǫ) > 0 t❛❧ q✉❡

|f(s)| ≤ ǫ|s|, s❡ |s| ≤ δ.

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛ s❡çã♦ 2.2 ♦❜t❡♠♦s

|F (s)| ≤ ǫ

2
|s|2, s❡ |s| ≤ δ

❡ ♣♦r (f1)✱

|F (s)| ≤ Aǫ|s|θ+1, s❡ |s| > δ.

❈♦♠ ❡st❛s ❛✜r♠❛çõ❡s ♦❜t❡♠♦s✱

|F (s)| ≤ ǫ

2
|s|2 + Aǫ|s|θ+1, ∀s ∈ R ❡ ∀x ∈ Ω.

P♦rt❛♥t♦✱

E(u) ≥ 1

2
m1‖u‖2 −

∫

Ω

|F (u)|dx, ∀u ∈ H1
0 (Ω),

♦ q✉❡ ✐♠♣❧✐❝❛✱

E(u) ≥ 1

2
m1‖u‖2 − ǫ

2

∫

Ω

|u|2dx− Aǫ

∫

Ω

|u|θ+1dx, ∀u ∈ H1
0 (Ω),

❧♦❣♦✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱

E(u) ≥ 1

2
m1‖u‖2 − ǫ

2
‖u‖2

2 − Aǫ‖u‖θ+1
θ+1.

❯s❛♥❞♦ ✐♠❡rsã♦ ❞❡ ❙♦❜♦❧❡✈ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱ ❛♥❛❧♦❣❛♠❡♥t❡ ❝♦♠♦ ♥❛ s❡çã♦

2.2✱ ♦❜t❡♠♦s

E(u) ≥ 1

2

(
m1 −

ǫ

λ1

)
‖u‖2 − cǫ‖u‖θ+1.

P♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ǫ > 0 t❛❧ q✉❡ ǫ < λ1 ♣❛r❛ q✉❡

(
m1 −

ǫ

λ1

)
> 0✳

❆❣♦r❛ s❡❥❛✱ ‖u‖ = ρ✱ t❡♠♦s q✉❡

E(u) ≥
(
m1 −

ǫ

λ1

)
ρ2

2
− cǫρ

θ+1,

✐st♦ é✱

E(u) ≥
(
m1 −

ǫ

λ1

− 2cǫρ
θ−1

)
ρ2

2
.



✻✺

❋✐①❡♠♦s ρ > 0 t❛❧ q✉❡✱ (
m1 −

ǫ

λ1

− 2cǫρ
θ−1

)
> 0,

♦✉ s❡❥❛✱ (
m1 −

ǫ

λ1

)
> 2cǫρ

θ−1,

❛ss✐♠✱

0 < ρθ−1 ≤ m1

2cǫ
− ǫ

2λ1cǫ
.

▲♦❣♦✱

0 < ρ ≤
[
m1

2cǫ
− ǫ

2λ1cǫ

] 1
θ−1

.

❊s❝♦❧❤❡♥❞♦✱ ρ =

[
1

2

(
m1

2cǫ
− ǫ

2λ1cǫ

)] 1
θ−1

t❡♠♦s✱

E(u) ≥ ρ2

2

(
m1

2
− 3ǫ

2λ1

)
= r > 0,

❡ ❞❛í✱

E(u) > 0 = E(0) ♣❛r❛ t♦❞♦ u ∈ H1
0 (Ω) ❝♦♠ 0 < ‖u‖ ≤ r,

❞❡s❞❡ q✉❡ r > 0 s❡❥❛ ♣❡q✉❡♥♦✳

(b) ❈♦♠♦ ❛ ❝♦♥❞✐çã♦ (f3) ✐♠♣❧✐❝❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥st❛♥t❡s c, d > 0 t❛✐s q✉❡

|F (s)| ≥ c|s|µ − d ∀x ∈ Ω ❡ ∀s ∈ R, ✭✷✳✶✹✮

✭❱❡r ❆♣ê♥❞✐❝❡ ❆✮✱ t❡♠✲s❡

E(u) =
1

2
M̂(‖u‖2) −

∫

Ω

F (u)dx ≤ 1

2
M̂(‖u‖2) −

∫

Ω

(c|s|µ − d)dx.

❉❡ss❛ ❢♦r♠❛✱ ✜①❛♥❞♦ ✉♠❛ ❢✉♥çã♦ 0 6= v ∈ H1
0 (Ω) ❝♦♠ ‖v‖ = 1 t❡♠♦s✱

E(u) ≤ 1

2

∫ t2

0

M(s)ds+
1

2

∫ ‖u‖2

t2

M(s)ds− c‖u‖µ
µ + d|Ω|.

❯s❛♥❞♦ (M2) ❡ ❢❛③❡♥❞♦ u = ρ0v✱ ♦❜t❡♠♦s

E(ρ0v) ≤ c1 +
m2

2
ρ2

0‖v‖2 − cρµ
0‖v‖µ

µ + d|Ω|

❡s❝r❡✈❡♥❞♦ δ = c‖v‖µ
µ > 0 t❡♠✲s❡

E(ρ0v) ≤ c1 +
m2

2
ρ2

0 − δρµ
0 + d|Ω|



✻✻

❧♦❣♦✱

E(ρ0v) → −∞ q✉❛♥❞♦ ρ0 → +∞.

❆ss✐♠✱ ❡①✐st❡ ρ > 0 t❛❧ q✉❡ E(ρv) ≤ 0✳ �

❚❡♦r❡♠❛ ✷✳✸ ❙❡ f : R −→ R é ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s

(f1)✱(f2) ❡ (f3)✱ ❡ ❛ ❢✉♥çã♦ M s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s (M1) − (M4)✱ ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛

(2.11) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ u ∈ H1
0 (Ω)✳

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ♠♦str❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ E ❞❛❞♦ ❡♠ (2.12) s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦

(PS)✳

❙❡❥❛ (un) ⊂ H1
0 (Ω) t❛❧ q✉❡ |E(un)| ≤ c ❡ E ′(un) → 0✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ n

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠♦s✱

|E ′(un)un| ≤ ‖E ′(un)‖‖un‖ ≤ ‖un‖

♦✉ s❡❥❛✱

E(un) − 1

µ
E ′(un)un ≤ |E(un)| + 1

µ
|E ′(un)un| ≤ c+

1

µ
‖un‖

❛ss✐♠✱

c+
1

µ
‖un‖ ≥ 1

2
M̂(‖un‖2) −

∫

Ω

F (un)dx− 1

µ
M(‖un‖2)‖un‖2 − 1

µ

∫

Ω

f(un)undx

✐st♦ é✱

c+
1

µ
‖un‖ ≥ 1

2
M̂(‖un‖2) − 1

µ
M(‖un‖2)‖un‖2 −

∫

Ω

(
1

µ
f(un)un − F (un)

)
dx.

◆♦t❡ q✉❡✱ ♣❡❧❛ ❝♦♥❞✐çã♦ (f3) t❡♠✲s❡✱
∫

Ω

(
1

µ
f(un)un − F (un)

)
dx = C +

∫

|un|>r

(
1

µ
f(un)un − F (un)

)
dx,

♦✉ s❡❥❛✱ t♦❞♦s ♦s t❡r♠♦s ❛❝✐♠❛ sã♦ ♣♦s✐t✐✈♦s✳

❉❛í✱

c+
1

µ
‖un‖ ≥ 1

2
M̂(‖un‖2) − 1

µ
M(‖un‖2)‖un‖2 =

1

2

∫ ‖un‖2

0

M(s)ds− 1

µ
M(‖un‖2)‖un‖2.

❈♦♠♦ M é ❝♦♥tí♥✉❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ♣❛r❛ ✐♥t❡❣r❛✐s✱ ♣❛r❛ ❝❛❞❛

n ∈ N✱ ❡①✐st❡ 0 < ǫn < ‖un‖2 t❛❧ q✉❡

∫ ‖un‖2

0

M(s)ds = M(ǫn)‖un‖2.



✻✼

▲♦❣♦✱

c+
1

µ
‖un‖ ≥M(ǫn)‖un‖2 − 1

µ
M(‖un‖2)‖un‖2.

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ M é ♥ã♦✲❝r❡s❝❡♥t❡

M(ǫn) ≥M(‖un‖2).

P♦rt❛♥t♦✱

c+
1

µ
‖un‖ ≥ 1

2
M(‖un‖2)‖un‖2 − 1

µ
M(‖un‖2)‖un‖2 =

(
1

2
− 1

µ

)
M(‖un‖2)‖un‖2.

❉❡s❞❡ q✉❡✱ µ > 2 t❡♠♦s

(
1

2
− 1

µ

)
> 0✱ ❡ ✉s❛♥❞♦ (M3) s❡❣✉❡✲s❡ q✉❡ (‖un‖) é

❧✐♠✐t❛❞❛✳

❆ss✐♠✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

‖un‖2 → t̃,

un ⇀ u ❡♠ H1
0 (Ω),

un → u ❡♠ Lp(Ω), 1 ≤ p < 2N
N−2

.

❉❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ M ✱

M(‖un‖2) →M(t̃).

❙❡♥❞♦ ∇E(u) = M(‖u‖2)u− T (u) ♦♥❞❡ T é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✱ ♦❜t❡♠♦s✱

M(‖un‖2)un = ∇E(un) + T (un) → 0 + T (u) ❡♠ H1
0 (Ω),

♦ q✉❡ ✐♠♣❧✐❝❛✱

un =
1

M(‖un‖2)
M(‖un‖2)un → 1

M(t̃)
T (u) ❡♠ H1

0 (Ω).

▲♦❣♦✱ ♣♦r ✉♥✐❝✐❞❛❞❡✱ t❡♠♦s un → u ❡♠ H1
0 (Ω)✳

P♦rt❛♥t♦✱ E s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)✳

P❡❧♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ♦ ❢✉♥❝✐♦♥❛❧ E ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✳ �



❈❛♣ít✉❧♦ ✸

Pr♦❜❧❡♠❛s ❙✐♥❣✉❧❛r❡s ❱✐❛ ▼ét♦❞♦ ❞❡

●❛❧❡r❦✐♥

◆❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❡❧í♣t✐✲

❝♦s ♥ã♦✲❧♦❝❛✐s ❞♦ t✐♣♦




−M(‖u‖2)∆u = f(x, u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✸✳✶✮

♦♥❞❡ Ω ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✳ ❈♦♥s✐❞❡r❛r❡♠♦s ♦ ❝❛s♦

M ✲▲✐♥❡❛r ❝♦♠ f ∈ H−1(Ω)✱ ♦ ❝❛s♦ s✉❜✲❧✐♥❡❛r f(u) = uα, 0 < α < 1✳ ❯t✐❧✐③❛r❡♠♦s ♦

▼ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥ ♣❛r❛ r❡s♦❧✈❡r ❡st❡s ♣r♦❜❧❡♠❛s✳ ❆✐♥❞❛ ♥❡st❡ ❝❛♣ít✉❧♦ ✉t✐❧✐③❛r❡♠♦s

❡st❡ ♠ét♦❞♦ ♣❛r❛ r❡s♦❧✈❡r ✉♠ ♦✉tr♦ ♣r♦❜❧❡♠❛ ♥ã♦✲❧♦❝❛❧✳ ❙❡❣✉✐r❡♠♦s ❛q✉✐ ❛s ✐❞é✐❛s

❝♦♥t✐❞❛s ❡♠ ❈♦rrê❛✲▼❡♥❡③❡s [16]✳

✸✳✶ ❚❡♦r❡♠❛ ❞♦ P♦♥t♦ ❋✐①♦ ❞❡ ❇r♦✉✇❡r

◆❡st❛ s❡çã♦✱ ❡♥✉♥❝✐❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞♦ P♦♥t♦ ❋✐①♦ ❞❡ ❇r♦✉✇❡r ❡ ❡♠ s❡❣✉✐❞❛

❞❡♠♦♥str❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ q✉❡ é ✉♠❛ ✈❛r✐❛çã♦ ❞❡st❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✸✳✶ ❙❡❥❛ F : BR(0) −→ BR(0) ❝♦♠ BR(0) ⊂ R
N ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✳

❊♥tã♦✱ F tê♠ ✉♠ ♣♦♥t♦ ✜①♦ z ∈ BR(0)✱ ✐st♦ é✱ ❡①✐st❡ z ∈ BR(0) t❛❧ q✉❡ F (z) = z✳

❖ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ♣♦❞❡rá ❝♦♥s✉❧t❛r ❆❧♠❡✐❞❛ [1] ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦✲

r❡♠❛ 3.1✳



✻✾

Pr♦♣♦s✐çã♦ ✸✳✶ ❙✉♣♦♥❤❛♠♦s q✉❡ F : R
N −→ R

N é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ t❛❧ q✉❡

〈F (ξ), ξ〉 ≥ 0 ♣❛r❛ t♦❞♦ |ξ| = r > 0✱ ♦♥❞❡ 〈., .〉 é ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s✉❛❧ ❞♦ R
N ❡ |.|

s✉❛ r❡❧❛t✐✈❛ ♥♦r♠❛✳ ❊♥tã♦✱ ❡①✐st❡ z0 ∈ BR(0) t❛❧ q✉❡ F (z0) = 0✳

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ❞❡♠♦♥str❛r ❡st❡ r❡s✉❧t❛❞♦ ♣♦r ❝♦♥tr❛❞✐çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡

F (x) 6= 0, ∀x ∈ BR(0)✱ ❡ ❞❡✜♥❛ ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦

h : BR(0) −→ BR(0)

x 7−→ h(x) =
−R

|F (x)|F (x).

❖❜s❡r✈❡ q✉❡ h ✈❡r✐✜❝❛ h(BR(0)) ⊂ BR(0)✱ ♣♦✐s

|h(x)| =

∣∣∣∣
−R

|F (x)|F (x)

∣∣∣∣ =
R

|F (x)| |F (x)| = R

❡ ❝♦♠ ✐ss♦ h(x) ∈ BR(0)✳

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ F é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ t❡♠✲s❡ q✉❡ h é ❝♦♥tí♥✉❛✳ P♦rt❛♥t♦✱

♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ P♦♥t♦ ❋✐①♦ ❞❡ ❇r♦✉✇❡r✱ ❛ ❢✉♥çã♦ h t❡♠ ✉♠ ♣♦♥t♦ ✜①♦ ❡♠ BR(0)✳

❙❡❥❛ x0 t❛❧ ♣♦♥t♦ ✜①♦ ❞❡ h✱ ✐st♦ é✱ h(x0) = x0✳ ❉❡st❛ ❢♦r♠❛✱

|x0| = |h(x0)| = R > 0.

P♦r ♦✉tr♦ ❧❛❞♦✱

R2 = |x0|2 = 〈x0, x0〉 = 〈x0, h(x0)〉 =

〈
x0,

−R
|F (x0)|

F (x0)

〉
=

−R
|F (x0)|

〈x0, F (x0)〉.

❉❡s❞❡ q✉❡✱ ♣♦r ❤✐♣ót❡s❡ 〈x0, F (x0)〉 ≥ 0✱ t❡♠✲s❡✱

0 < R2 =
−R

|F (x0)|
〈x0, F (x0)〉 ≤ 0,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳

P♦rt❛♥t♦✱ ❡①✐st❡ z0 ∈ BR(0) t❛❧ q✉❡ F (z0) = 0✳ �

✸✳✷ ❖ Pr♦❜❧❡♠❛ ▼✲▲✐♥❡❛r

◆❡st❛ s❡çã♦✱ ✉t✐❧✐③❛r❡♠♦s ❛ Pr♦♣♦s✐çã♦ 3.1✱ ♣❛r❛ ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

♥♦ ❝❤❛♠❛❞♦ ♣r♦❜❧❡♠❛ M ✲▲✐♥❡❛r✱ ❞❛❞♦ ♣♦r




−M(‖u‖2)∆u = f ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✸✳✷✮



✼✵

♦♥❞❡ Ω ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ f ∈ H−1(Ω) ❡ M : R −→ R

é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦

(M0) ❊①✐st❡♠ ❝♦♥st❛♥t❡s t∞,m0 > 0 t❛✐s q✉❡ M(t) ≥ m0 > 0 ∀t ≥ t∞.

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (3.2)✱ ♦✉ s❡❥❛✱ ❢✉♥✲

çõ❡s u ∈ H1
0 (Ω) q✉❡ s❛t✐s❢❛③❡♠

M(‖u‖2)

∫

Ω

∇u∇ϕdx =

∫

Ω

fϕdx ∀ϕ ∈ H1
0 (Ω). ✭✸✳✸✮

P❛r❛ ✐ss♦✱ ✐r❡♠♦s r❡s♦❧✈❡r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✱

❚❡♦r❡♠❛ ✸✳✷ ❙✉♣♦♥❤❛♠♦s q✉❡ M : R −→ R s❡❥❛ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ q✉❡ s❛t✐s❢❛③

(M0)✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ 0 6= f ∈ H−1(Ω)✱ ♦ ♣r♦❜❧❡♠❛ (3.2) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s M+ = max{M(t), 0}✱ ❛ ♣❛rt❡ ♣♦s✐t✐✈❛ ❞❡ M ✱ ❡ ♦

♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r 



−M+(‖u‖2)∆u = f ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✸✳✹✮

❱❛♠♦s ♠♦str❛r q✉❡ ♦ ♣r♦❜❧❡♠❛ (3.4) ♣♦ss✉✐ s♦❧✉çã♦ ❡ t❛❧ s♦❧✉çã♦ r❡s♦❧✈❡ ♦ ♣r♦✲

❜❧❡♠❛ (3.2)✳

❙❡❥❛ Σ = {e1, e2, ..., em, ...} ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ♣❛r❛ ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H1
0 (Ω)✳

P❛r❛ ❝❛❞❛ m ∈ R ❝♦♥s✐❞❡r❡ Vm = s♣❛♥{e1, e2, ..., em} ⊂ H1
0 (Ω) ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ (❞✐♠(Vm) = m) ❣❡r❛❞♦ ♣♦r e1, e2, ..., em✳ ❆ss✐♠✱ ❝❛❞❛ u ∈ Vm é

r❡♣r❡s❡♥t❛❞♦ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ♣♦r

u =
m∑

i=1

ξiei.

◆♦t❡♠♦s q✉❡ (Vm, ‖.‖) ❡ (Rm, |.|) sã♦ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐s♦♠♦r❢♦s ♣♦r ✐♥t❡r♠é❞✐♦

❞❛ ❛♣❧✐❝❛çã♦

T : (Vm, ‖.‖) −→ (Rm, |.|)
u =

m∑
i=1

ξiei 7−→ T (u) = ξ = (ξ1, ξ2, ..., ξm)

♦♥❞❡ ‖u‖ = |ξ| = |T (u)| ❡ ‖.‖ é ❛ ♥♦r♠❛ ✉s✉❛❧ ❞♦ ❡s♣❛ç♦ H1
0 (Ω) ❡ |.| é ❛ ♥♦r♠❛

❡✉❝❧✐❞✐❛♥❛ ❡♠ R
m✳

❆ ♣❛rt✐r ❞❛q✉✐✱ s❡♠ ♥❡♥❤✉♠ ❝♦♠❡♥tár✐♦ ❛❞✐❝✐♦♥❛❧✱ ✐❞❡♥t✐✜❝❛r❡♠♦s u ∈ Vm ❝♦♠

ξ ∈ R
m ✈✐❛ ✐s♦♠❡tr✐❛ T ✳



✼✶

❱❛♠♦s ♠♦str❛r q✉❡ ♣❛r❛ ❝❛❞❛ m ❡①✐st❡ um ∈ Vm s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❞❡ (3.4)

s❛t✐s❢❛③❡♥❞♦

M+(‖um‖2)

∫

Ω

∇um∇eidx =≪ f, ei ≫, i = 1, ...,m

♦♥❞❡ ≪ ., .≫ é ♦ ♣❛r ❞❡ ❞✉❛❧✐❞❛❞❡ ❞❡ H−1(Ω) ❡ H1
0 (Ω)✱ ✐st♦ é✱ f ∈ H−1(Ω) s✐❣♥✐✜❝❛

f : H1
0 (Ω) −→ R

ϕ 7−→ ≪ f, ϕ≫,

♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③✱ ♣❛r❛ ❝❛❞❛ f ∈ H−1(Ω) ❡①✐st❡ ✉♠❛ ú♥✐❝❛

u = uf ∈ H1
0 (Ω) t❛❧ q✉❡

∫

Ω

∇uf∇ϕdx =≪ f, ϕ≫, ∀ϕ ∈ H1
0 (Ω)

❛❧é♠ ❞✐ss♦✱ ‖uf‖ = ‖f‖H−1 ✳

❈♦♥s✐❞❡r❡♠♦s✱ ♣❛r❛ ❝❛❞❛ m ∈ N✱ ❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦

F : R
m −→ R

m

ξ 7−→ F (ξ) = (F1(ξ), ..., Fm(ξ)),

♦♥❞❡

Fi(ξ) = M+(‖u‖2)

∫

Ω

∇u∇eidx− ≪ f, ei ≫, i = 1, ...,m ❡ u =
m∑

i=1

ξiei.

❈♦♠♦ {e1, ..., em} é ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ♣❛r❛ ♦ ❡s♣❛ç♦ Vm ❡ u =
m∑

i=1

ξiei✱ ❡♥tã♦

ξi = 〈u, ei〉 =

∫

Ω

∇u∇eidx✳ ❆ss✐♠✱

Fi(ξ) = M+(‖u‖2)ξi− ≪ f, ei ≫ .

❈♦♠ ❛s ✐♥❢♦r♠❛çõ❡s ❛❝✐♠❛✱ ✈❛♠♦s ❝❛❧❝✉❧❛r ♥♦ R
m ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈F (ξ), ξ〉 = F1(ξ)ξ1 + ...+ Fm(ξ)ξm

❛ss✐♠✱

〈F (ξ), ξ〉 = M+(‖u‖2)ξ2
1− ≪ f, e1 ≫ ξ1 + ...+M+(‖u‖2)ξ2

m− ≪ f, em ≫ ξm

♦ q✉❡ ✐♠♣❧✐❝❛✱

〈F (ξ), ξ〉 = M+(‖u‖2)
m∑

i=1

|ξi|2− ≪ f,
m∑

i=1

ξiei ≫ = M+(‖u‖2)‖u‖2− ≪ f, u≫ .



✼✷

❯s❛♥❞♦ (M0) ❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❍ö❧❞❡r ❡ P♦✐♥❝❛ré✱ ♦❜t❡♠♦s

〈F (ξ), ξ〉 ≥ m0‖u‖2 − ‖f‖H−1‖u‖2

♦ q✉❡ ✐♠♣❧✐❝❛✱

〈F (ξ), ξ〉 ≥ m0‖u‖2 − c‖f‖H−1‖u‖ ≥ 0, s❡ ‖u‖ = r, r ≈ +∞.

❉❛í✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ 3.1✱ ❡①✐st❡ um ∈ Vm ❝♦♠ ‖um‖ ≤ r✱ r ♥ã♦ ❞❡♣❡♥❞❡♥❞♦ ❞❡

m✱ t❛❧ q✉❡ F (um) = 0✱ ✐st♦ é✱ Fi(um) = 0, i = 1, ...,m✱ ♦✉ s❡❥❛✱

M+(‖um‖2)

∫

Ω

∇um∇eidx =≪ f, ei ≫, i = 1, ...,m

♦ q✉❡ ✐♠♣❧✐❝❛✱

M+(‖um‖2)

∫

Ω

∇um∇wdx =≪ f, w ≫ ∀w ∈ Vm. ✭✸✳✺✮

❖❜s❡r✈❡ q✉❡ ❞❡ (3.5) ❢❛③❡♥❞♦ w = um✱ ♦❜t❡♠♦s✱

M+(‖um‖2)‖um‖2 =≪ f, um ≫≤ c‖f‖H−1‖um‖. ✭✸✳✻✮

❱❛♠♦s ♠♦str❛r✱ ❛❣♦r❛✱ q✉❡ (‖um‖2) é ❧✐♠✐t❛❞♦✳

❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ✐st♦ ♥ã♦ ♦❝♦rr❡✳ ▲♦❣♦✱ ❛ ♠❡♥♦s ❞❡

s✉❜s❡q✉ê♥❝✐❛✱

‖um‖ → +∞.

❉❛ ❝♦♥❞✐çã♦ (M0) ❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ (3.6) t❡rí❛♠♦s✱

0 < m0‖um‖2 ≤M+(‖um‖2)‖um‖2 ≤ c‖f‖H−1‖um‖ ≤ A‖um‖

❞❡ ♦♥❞❡ s❡❣✉❡✱

0 < m0 ≤
A

‖um‖
.

P❛r❛ ‖um‖ → +∞ t❡rí❛♠♦s 0 < m0 ≤ 0 ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

P♦rt❛♥t♦✱ (‖um‖2) é ❧✐♠✐t❛❞♦✳

❆ss✐♠✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

‖um‖2 → t̃0, ♣❛r❛ t̃0 > 0.

❈♦♠♦ H1
0 (Ω) é ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦✱ ❡①✐st❡♠ (umk

) ⊂ (um) ❡ u ∈ H1
0 (Ω) t❛✐s q✉❡

umk
⇀ u ❡♠ H1

0 (Ω)



✼✸

♦ q✉❡ ✐♠♣❧✐❝❛✱

umk
→ u ❡♠ L2(Ω).

❉❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ M ✱ t❡♠✲s❡

M+(‖um‖2) →M+(t̃0).

❚♦♠❡♠♦s k ≤ m✳ ❆ss✐♠✱ Vk ⊂ Vm ❡ ❝♦♥s✐❞❡r❡ ϕ ∈ Vk✳ ▲♦❣♦✱

M+(‖um‖2)

∫

Ω

∇um∇ϕdx =≪ f, ϕ≫ ∀ϕ ∈ Vk.

❋✐①❡♠♦s k ❡ ❢❛ç❛♠♦s m→ +∞✱ ♦❜t❡♠♦s

M+(t̃0)

∫

Ω

∇u∇ϕdx =≪ f, ϕ≫ ∀ϕ ∈ Vk. ✭✸✳✼✮

❈♦♠♦ k é ❛r❜✐trár✐♦ ♥ós t❡r❡♠♦s q✉❡ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ♣❡r♠❛♥❡❝❡ ✈❡r❞❛❞❡✐r❛

♣❛r❛ t♦❞❛ ϕ ∈ H1
0 (Ω)✳

❙❡M+(t̃0) = 0 ♥ós t❡rí❛♠♦s ≪ f, ϕ≫= 0 ∀ϕ ∈ H1
0 (Ω) ❡ ❛ss✐♠ f ≡ 0 ❡♠ H−1(Ω)

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ M+(t̃0) > 0✱ ❡ ❛ss✐♠✱ M+(t̃0) = M(t̃0)✳

❚♦♠❡♠♦s ❛❣♦r❛✱ w = um✱ ❡♠ (3.5)✳ ❉❛í✱

M(‖um‖2)‖um‖2 =≪ f, um ≫

❡ ❛ss✐♠✱ ❢❛③❡♥❞♦ m→ +∞ ♦❜t❡♠♦s

M(t̃0)t̃0 =≪ f, u≫ .

▼❛s ❞❡ (3.7) ❝♦♠ ϕ = u✱ ❡♥❝♦♥tr❛♠♦s

M(t̃0)‖u‖2 =≪ f, u≫ .

❉❡st❛s ❞✉❛s ú❧t✐♠❛s ✐❣✉❛❧❞❛❞❡s ❡♥❝♦♥tr❛♠♦s ‖u‖2 = t̃0 ♦ q✉❡ ♠♦str❛ ♣♦r (3.7)

q✉❡ ❛ ❢✉♥çã♦ u é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛ (3.2)✳ �

❖❜s❡r✈❛çã♦ ✸✳✶ ❙❡❣✉❡ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ 3.2 q✉❡ ❛ s♦❧✉çã♦ u ♦❜t✐❞❛ s❛✲

t✐s❢❛③ M(‖u‖2) > 0 ✭é ❝❧❛r♦✱ s❡ t✐✈éss❡♠♦s ✉s❛❞♦ ♦✉tr❛ ❢♦r♠❛ ❞❡ ♠♦❞♦ ❛ ♦❜t❡r ✉♠❛

s♦❧✉çã♦ ❞❡ (3.2) t❛❧ ♣r♦♣r✐❡❞❛❞❡ ♥ã♦ s❡r✐❛ ✈❡r❞❛❞❡✐r❛✮✳

❖❜s❡r✈❛çã♦ ✸✳✷ ◆♦t❡ q✉❡ ❤á s♦♠❡♥t❡ ✉♠❛ s♦❧✉çã♦ ❞❡ (3.2) q✉❡ s❛t✐s❢❛③ ❡st❛ ♣r♦♣r✐✲

❡❞❛❞❡✳ ■st♦ ♣♦❞❡ s❡r ♣r♦✈❛❞♦ ❝♦♠♦ s❡❣✉❡✿



✼✹

❙❡❥❛♠ u ❡ v s♦❧✉çõ❡s ❞❡ (3.2) ♦❜t✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳ ❈♦♠♦ u ❡ v sã♦ s♦❧✉çõ❡s

❢r❛❝❛s ❞❡ (3.2) t❡♠✲s❡

M(‖u‖2)

∫

Ω

∇u∇wdx = M(‖v‖2)

∫

Ω

∇v∇wdx ∀w ∈ H1
0 (Ω),

♦ q✉❡ ✐♠♣❧✐❝❛✱

∫

Ω

∇(M(‖u‖2)u)∇wdx =

∫

Ω

∇(M(‖v‖2)v)∇wdx ∀w ∈ H1
0 (Ω).

❉❛í✱ M(‖u‖2)u ❡ M(‖v‖2)v sã♦ ❞✉❛s s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

−∆U = f ❡♠ Ω ❡ U = 0 ❡♠ ∂Ω.

P♦r ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ t❡♠✲s❡M(‖u‖2)u = M(‖v‖2)v ❡♠ Ω✱ ❡ ❛ss✐♠✱M(‖u‖2)‖u‖ =

M(‖v‖2)‖v‖✳
❙✉♣♦♥❤❛ q✉❡ ❛ ❢✉♥çã♦ H : R −→ R ❞❡✜♥✐❞❛ ♣♦r H(t) = M(t2)t s❡❥❛ ❝r❡s❝❡♥t❡

♣❛r❛ t > 0✳ ❖❜té♠✲s❡ q✉❡ ‖u‖ = ‖v‖✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱




−∆u = −∆v ❡♠ Ω,

u = v ❡♠ ∂Ω,

❡ ❡♥tã♦ u = v ❡♠ Ω✳ ❉❛í✱ s❡ H ❢♦r ❝r❡s❝❡♥t❡ t❡♠♦s ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ (3.2)✳

❖❜s❡r✈❛çã♦ ✸✳✸ ❙❡ M(t0) = 0 ♣❛r❛ ❛❧❣✉♠ t0 > 0 ❡ f = 0 ❡♠ H−1(Ω) ❡♥tã♦ ♥ã♦

t❡♠♦s ✉♥✐❝✐❞❛❞❡✳

❉❡ ❢❛t♦✱ s❡❥❛ u 6= 0 ✉♠❛ ❢✉♥çã♦ ❡♠ C2
0(Ω) ❡ s❡❥❛ v =

√
t0

u

‖u‖ ✳ ◆❡st❡ ❝❛s♦✱

‖v‖2 = t0✱ ❡ ❛ss✐♠✱ ♣❛r❛ ❝❛❞❛ ❢✉♥çã♦ 0 6= u ∈ C2
0(Ω)✱ ❛ ❢✉♥çã♦ v ❞❡✜♥✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡

é ✉♠❛ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ♣❛r❛ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✱




−M(‖v‖2)∆v = 0 ❡♠ Ω,

v = 0 ❡♠ ∂Ω.

❖❜s❡r✈❛çã♦ ✸✳✹ ❙✉♣♦♥❤❛♠♦s q✉❡ M : R −→ R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦

(M̃0) ❊①✐st❡♠ ♥ú♠❡r♦s t̃∞, m̃0 t❛✐s q✉❡ M(t) ≤ −m̃0 ∀t ≥ t̃∞.

❊♥tã♦ ♦ ♣r♦❜❧❡♠❛ (3.2) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦✳



✼✺

❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s q✉❡ 0 6= f ∈ H−1(Ω) ❡ ❝♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛




−M̃(‖u‖2)∆u = f ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

♦♥❞❡ M̃(t) = −M(t)✳ ➱ ❝❧❛r♦ q✉❡ M̃ s❛t✐s❢❛③ (M0) ❡ ♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ ♣♦ss✉✐ ✉♠❛

s♦❧✉çã♦ v ∈ H1
0 (Ω) ❝♦♠ M̃(‖v‖2) > 0✳ ❉❛í✱ u = −v é ✉♠❛ s♦❧✉çã♦ ♣❛r❛ (3.2) ❝♦♠

M(‖u‖2) < 0✳

✸✳✸ ❯♠ ❈❛s♦ ❙✉❜✲❧✐♥❡❛r

◆❡st❛ s❡çã♦ ✈❛♠♦s ❢♦❝❛r ♥♦ss❛ ❛t❡♥çã♦ ♥♦ ♣r♦❜❧❡♠❛





−M(‖u‖2)∆u = uα ❡♠ Ω,

u > 0 ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

✭✸✳✽✮

♦♥❞❡ 0 < α < 1✱ M é ♥ã♦✲❝r❡s❝❡♥t❡ ❡ ❝♦♥tí♥✉❛✱ H(t) = M(t2)t é ❝r❡s❝❡♥t❡✱ H(R) = R

❡ G(t) = t(M(t2))
2

1−α é ✐♥❥❡t♦r❛✳

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✸✳✸ ❙❡ M s❛t✐s❢❛③ (M0)✱ M(t) ≤ m∞✱ ♣❛r❛ ❛❧❣✉♠ m∞ > 0 ❡ t♦❞♦ t ≥ 0✱ ❡

lim
t→+∞

M(t2)t1−α = +∞,

❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ (3.8) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦✳

❉❡♠♦♥str❛çã♦✿ Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r




−M(‖u‖2)∆u = (u+)α + λφ(x) ❡♠ Ω,

u > 0 ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

✭✸✳✾✮

♦♥❞❡ λ > 0 é ✉♠ ♣❛râ♠❡tr♦✱ φ > 0 é ✉♠❛ ❢✉♥çã♦ ❡♠ H1
0 (Ω)✱ ❡ u+ = max{u, 0} é ❛

♣❛rt❡ ♣♦s✐t✐✈❛ ❞❡ u✳

❙❡❥❛ Σ = {e1, e2, ..., em, ...} ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ♣❛r❛ ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H1
0 (Ω)✳

P❛r❛ ❝❛❞❛ m ∈ N ❝♦♥s✐❞❡r❡ Vm = s♣❛♥{e1, e2, ..., em} ⊂ H1
0 (Ω) ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡



✼✻

❞✐♠❡♥sã♦ ✜♥✐t❛ (❞✐♠(Vm) = m) ❣❡r❛❞♦ ♣♦r {e1, e2, ..., em}✳ ❆ss✐♠✱ ❝❛❞❛ u ∈ Vm é

r❡♣r❡s❡♥t❛❞♦ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ♣♦r

u =
m∑

i=1

ξiei.

❆ ♣❛rt✐r ❞❛q✉✐✱ s❡♠ ♥❡♥❤✉♠ ❝♦♠❡♥tár✐♦ ❛❞✐❝✐♦♥❛❧✱ ✐❞❡♥t✐✜❝❛r❡♠♦s u ∈ Vm ❝♦♠

ξ ∈ R
m ✈✐❛ ✐s♦♠❡tr✐❛ T ❞❡✜♥✐❞❛ ♥❛ s❡çã♦ 3.2✳

❱❛♠♦s ♠♦str❛r q✉❡ ♣❛r❛ ❝❛❞❛ m ∈ N ❡①✐st❡ um ∈ Vm s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ❞❡

(3.9) s❛t✐s❢❛③❡♥❞♦

M(‖um‖2)

∫

Ω

∇um∇eidx−
∫

Ω

(u+
m)αeidx− λ

∫

Ω

φ(x)eidx, i = 1, ...,m.

❈♦♥s✐❞❡r❡♠♦s✱ ♣❛r❛ ❝❛❞❛ m ∈ N✱ ❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦

F : R
m −→ R

m

ξ 7−→ F (ξ) = (F1(ξ), ..., Fm(ξ)),

♦♥❞❡

Fi(ξ) = M(‖u‖2)

∫

Ω

∇u∇eidx−
∫

Ω

(u+)αeidx−λ
∫

Ω

φ(x)eidx, i = 1, ...,m ❡ u =
m∑

i=1

ξiei.

❆ss✐♠✱ s❡♥❞♦ ξi = 〈u, ei〉✱ t❡♠✲s❡

Fi(ξ) = M(‖u‖2)ξi −
∫

Ω

(u+)αeidx− λ

∫

Ω

φ(x)eidx, i = 1, ...,m.

❈♦♠ ❛s ✐❞❡♥t✐✜❝❛çõ❡s ❛❝✐♠❛✱ ✈❛♠♦s ❝❛❧❝✉❧❛r ♥♦ R
m ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈F (ξ), ξ〉 = F1(ξ)ξ1 + ...+ Fm(ξ)ξm

❛ss✐♠✱

〈F (ξ), ξ〉 = M(‖u‖2)ξ2
1 −

∫

Ω

(u+)αe1ξ1dx− λ

∫

Ω

φ(x)e1ξ1dx +

...+ M(‖u‖2)ξ2
m −

∫

Ω

(u+)αemξmdx− λ

∫

Ω

φ(x)emξmdx

♦ q✉❡ ✐♠♣❧✐❝❛✱

〈F (ξ), ξ〉 = M(‖u‖2)|ξ|2 −
∫

Ω

(u+)α

m∑

i=1

eiξidx− λ

∫

Ω

φ(x)
m∑

i=1

eiξidx

❧♦❣♦✱

〈F (ξ), ξ〉 = M(‖u‖2)‖u‖2 −
∫

Ω

(u+)αudx− λ

∫

Ω

φ(x)udx.



✼✼

❖❜s❡r✈❡ q✉❡✱

(∗)
∫

Ω

(u+)αudx ≤
∫

Ω

(u+)α|u|dx ≤
∫

Ω

|u|α+1dx.

❯s❛♥❞♦ (M0)✱ (∗) ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r t❡♠✲s❡

〈F (ξ), ξ〉 ≥ m0‖u‖2 − ‖u‖α+1
α+1 − λ‖φ‖2‖u‖2

◆♦t❡ q✉❡✱ 0 < α < 1 ✐♠♣❧✐❝❛ q✉❡ 1 < α + 1 < 2✳ ❉❛í✱ t❡♠✲s❡ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

❞❡ ❙♦❜♦❧❡✈

L2(Ω) →֒ Lα+1(Ω).

❆ss✐♠✱

〈F (ξ), ξ〉 ≥ m0‖u‖2 − A‖u‖α+1
2 − λ‖φ‖2‖u‖2.

❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré ♦❜t❡♠♦s✱

〈F (ξ), ξ〉 ≥ m0‖u‖2 − C1‖u‖α+1 − C2‖u‖ ≥ 0 ♣❛r❛ ‖u‖ = r, r ≈ +∞.

❉❛í✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ 3.1✱ ❡①✐st❡ um ∈ Vm ❝♦♠ ‖um‖ ≤ r✱ r ♥ã♦ ❞❡♣❡♥❞❡♥❞♦ ❞❡

m✱ t❛❧ q✉❡ F (um) = 0✱ ✐st♦ é✱ Fi(um) = 0 q✉❛❧q✉❡r q✉❡ s❡❥❛ i = 1, ...,m✱ ♦✉ s❡❥❛✱

M(‖um‖2)

∫

Ω

∇um∇eidx−
∫

Ω

(u+
m)αeidx− λ

∫

Ω

φ(x)eidx = 0, i = 1, ...,m,

♦ q✉❡ ✐♠♣❧✐❝❛✱

M(‖um‖2)

∫

Ω

∇um∇wdx−
∫

Ω

(u+
m)αwdx− λ

∫

Ω

φ(x)wdx = 0, ∀w ∈ Vm. ✭✸✳✶✵✮

❆ss✐♠ ♦❜t❡♠♦s✱

M(‖um‖2)‖um‖2 −
∫

Ω

(u+
m)αumdx− λ

∫

Ω

φ(x)umdx = 0

♦ q✉❡ ✐♠♣❧✐❝❛✱

M(‖um‖2)‖um‖2 =

∫

Ω

(u+
m)αumdx+ λ

∫

Ω

φ(x)umdx

≤
∫

Ω

(u+
m)α|um|dx+ λ

∫

Ω

|φ(x)||um|dx

≤
∫

Ω

|um|α+1dx+ λ

∫

Ω

|φ(x)||um|dx

≤ ‖um‖α+1
α+1 + λ‖φ‖2‖um‖2

≤ C‖um‖α+1 +D‖um‖, C,D > 0 ❝♦♥st❛♥t❡s.



✼✽

❱❛♠♦s ♠♦str❛r q✉❡ (‖um‖2) é ❧✐♠✐t❛❞❛✳

❈♦♠ ❡❢❡✐t♦✱ s✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ (‖um‖2) ♥ã♦ s❡❥❛ ❧✐♠✐t❛❞❛✳ ❊♥tã♦✱

❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ t❡rí❛♠♦s

‖um‖ → +∞.

❉❛í✱ ❞❛ ❝♦♥❞✐çã♦ (M0)✱ ♦❜t❡rí❛♠♦s

0 < m0‖um‖2 ≤ C‖um‖α+1 +D‖um‖

♦ q✉❡ ✐♠♣❧✐❝❛r✐❛✱

0 < m0 ≤
C

‖um‖1−α
+

D

‖um‖
→ 0

✐st♦ é✱ 0 < m0 ≤ 0 ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ♣♦✐s m0 > 0✳

P♦rt❛♥t♦✱ (‖um‖2) é ❧✐♠✐t❛❞♦✳

❙❡♥❞♦ H1
0 (Ω) ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ t❡♠✲s❡

‖um‖2 → t̃, ♣❛r❛ t̃ > 0.

❆❧é♠ ❞✐ss♦✱

um ⇀ u ❡♠ H1
0 (Ω)

♦ q✉❡ ✐♠♣❧✐❝❛✱

um → u ❡♠ L2(Ω)

❡ ❛✐♥❞❛ t❡♠♦s✱

um → u ❡♠ Lα+1(Ω).

❉❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ M ✱ t❡♠✲s❡

M(‖um‖2) →M(t̃).

❚♦♠❡♠♦s k ≤ m✳ ❆ss✐♠✱ Vk ⊂ Vm ❡ ❝♦♥s✐❞❡r❡ ϕ ∈ Vk✳ ▲♦❣♦✱

M(‖um‖2)

∫

Ω

∇um∇ϕdx−
∫

Ω

(u+
m)αϕdx− λ

∫

Ω

φ(x)ϕdx = 0, ∀ϕ ∈ Vk.

❋✐①❡ k ❡ s❡❥❛ m→ +∞ ♦❜t❡♠♦s

M(t̃)

∫

Ω

∇u∇ϕdx−
∫

Ω

(u+)αϕdx− λ

∫

Ω

φ(x)ϕdx = 0, ∀ϕ ∈ Vk. ✭✸✳✶✶✮



✼✾

❈♦♠♦ k é ❛r❜✐trár✐♦ t❡r❡♠♦s q✉❡ ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ♣❡r♠❛♥❡❝❡ ✈❡r❞❛❞❡✐r❛ ♣❛r❛

t♦❞❛ ϕ ∈ H1
0 (Ω)✳

❋❛ç❛♠♦s w = um ❡♠ (3.10)✱ ❡♥tã♦

M(‖um‖2)‖um‖2 −
∫

Ω

(u+
m)αumdx− λ

∫

Ω

φ(x)umdx = 0

❡ ❛ss✐♠ ❢❛③❡♥❞♦ m→ +∞ ♦❜t❡♠♦s

M(t̃)t̃−
∫

Ω

(u+)αudx− λ

∫

Ω

φ(x)udx = 0.

❉❡st❛ ✐❣✉❛❧❞❛❞❡ ❡ ❞❡ (3.11) ❝♦♠ ϕ = u✱ ♦✉ s❡❥❛✱

M(t̃)

∫

Ω

∇u∇udx−
∫

Ω

(u+)αudx− λ

∫

Ω

φ(x)udx = 0,

♦❜t❡♠♦s✱M(t̃)t̃ = M(t̃)‖u‖2 ♦ q✉❡ ✐♠♣❧✐❝❛✱ ‖u‖2 = t̃✱ ✐st♦ é✱ u é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛

♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r (3.9) ♥❛ q✉❛❧ ❞❡♣❡♥❞❡ ❞❡ λ✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❝❛❞❛ λ ∈ (0, 1) ♦❜t❡♠♦s

✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ uλ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (3.9)✳

❈♦♠♦ M(‖uλ‖2) > 0 ♣♦❞❡♠♦s ♠♦str❛r q✉❡ uλ ≥ 0 ❡ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦✱

uλ > 0✳

❉❛í✱ 



−M(‖uλ‖2)∆uλ = (u+
λ )α + λφ(x) ❡♠ Ω,

uλ > 0 ❡♠ Ω,

uλ = 0 ❡♠ ∂Ω,

✉s❛♥❞♦ q✉❡ M(t) ≤ m∞ ∀t ≥ 0✱ t❡♠✲s❡

m∞(−∆uλ) ≥M(‖uλ‖2)(−∆uλ) = (u+
λ )α + λφ(x) ≥ uα

λ ❡♠ Ω

♦ q✉❡ ✐♠♣❧✐❝❛✱ 



−∆uλ ≥ m−1
∞ uα

λ ❡♠ Ω,

uλ = 0 ❡♠ ∂Ω.

P♦r ✉♠ r❡s✉❧t❛❞♦ ❡♠ ❆♠❜r♦s❡tt✐✲❇ré③✐s✲❈❡r❛♠✐ [5]✱ t❡♠✲s❡

uλ ≥ m−1
∞ w1,

♦♥❞❡ w1 > 0 ❡♠ Ω é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛




−∆w1 ≥ wα
1 ❡♠ Ω,

w1 = 0 ❡♠ ∂Ω.



✽✵

❈♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ‖uλ‖ ≤ rλ ♦♥❞❡ rλ é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ q✉❡ ❞❡♣❡♥❞❡

❞❡ λ✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r λ ∈ (0, 1) ❡ ❢❛③❡r λ → 0+✳ P❛r❛ t❡r♠♦s ❛ ❣❛r❛♥t✐❛ q✉❡ (‖uλ‖)
é ❧✐♠✐t❛❞❛ q✉❛❧q✉❡r q✉❡ s❡❥❛ λ ∈ (0, 1)✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡

M(‖uλ‖2)‖uλ‖2 =

∫

Ω

uα+1
λ dx+ λ

∫

Ω

φ(x)uλdx

♦ q✉❡ ✐♠♣❧✐❝❛✱

M(‖uλ‖2)‖uλ‖2 ≤
∫

Ω

|uλ|α+1dx+

∫

Ω

|φ(x)||uλ|dx.

❯s❛♥❞♦ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ ❞❡ ❙♦❜♦❧❡✈ L2(Ω) →֒ Lα+1(Ω)✱ ❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡

❍ö❧❞❡r ❡ P♦✐♥❝❛ré ❡♥❝♦♥tr❛♠♦s

M(‖uλ‖2)‖uλ‖2 ≤ ‖uλ‖α+1
α+1 + ‖φ‖2‖uλ‖2 ≤ C1‖uλ‖α+1 + C2‖uλ‖, ♦♥❞❡ C1, C2 > 0.

❈♦♠♦ 0 < α < 1 ♦❜t❡♠♦s✱

M(‖uλ‖2)‖uλ‖ ≤ C1‖uλ‖α + C2

♦ q✉❡ ✐♠♣❧✐❝❛✱

M(‖uλ‖2)
‖uλ‖
‖uλ‖α

≤ C1 +
C2

‖uλ‖α

❧♦❣♦✱

M(‖uλ‖2)‖uλ‖1−α ≤ C1 +
C2

‖uλ‖α
.

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ (‖uλ‖) ♥ã♦ s❡❥❛ ❧✐♠✐t❛❞❛✱ ❡♥tã♦ ❛ ♠❡♥♦s ❞❡

s✉❜s❡q✉ê♥❝✐❛✱ ‖uλ‖ → +∞✳

❉❛í✱ ❡ ❞♦ ❢❛t♦ q✉❡ lim
t→∞

M(t2)t1−α = +∞ ♦❜t❡♠♦s✱

+∞ ≤ C1

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ (‖uλ‖) é ❧✐♠✐t❛❞❛ ∀λ ∈ (0, 1)✳

❋❛③❡♥❞♦ λ→ 0 ❡ ♣r♦❝❡❞❡♥❞♦ ❝♦♠♦ ❛♥t❡s✱ t❡r❡♠♦s q✉❡

limuλ = u

❡ u é s♦❧✉çã♦ ❞❡ (3.9)✳ �



✽✶

✸✳✹ ❯♠ ❘❡s✉❧t❛❞♦ ❞❡ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ❞❡ ❙♦✲

❧✉çã♦

◆❡st❛ s❡çã♦✱ ❡st✉❞❛r❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ q✉❡ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❡s✲

t✉❞❛❞♦ ♣♦r ❈❤✐♣♦t✲▲♦✈❛t [13]✳ ▼❛s ♣r❡❝✐s❛♠❡♥t❡✱ ❡ss❡s ❛✉t♦r❡s✱ ❡st✉❞❛r❛♠ ♦ ♣r♦❜❧❡♠❛




−a
(∫

Ω

udx

)
∆u = f ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

✭✸✳✶✷✮

♦♥❞❡ Ω ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✱ N ≥ 1✱ a : R −→ (0,+∞) é ✉♠❛ ❞❛❞❛ ❢✉♥çã♦ ❡

f ∈ H−1(Ω)✳ ❆ ❡q✉❛çã♦ (3.12) é ❛ ✈❡rsã♦ ❡st❛❝✐♦♥ár✐❛ ❞♦ ♣r♦❜❧❡♠❛ ♣❛r❛❜ó❧✐❝♦





ut − a

(∫

Ω

u(x, t)dx

)
∆u = f ❡♠ Ω × (0, T ),

u = 0 ❡♠ ∂Ω × (0, T ),

u(x, 0) = u0(x), ut(x, 0) = u1(x),

❡♠ q✉❡ Ω ⊂ R
N é ❝♦♠♦ ❛♥t❡s✱ a : R −→ (0,+∞) é ✉♠❛ ❞❛❞❛ ❢✉♥çã♦✱ f ∈ H−1(Ω)✱ T é

✉♠❛ ❝♦♥st❛♥t❡ ❛r❜✐trár✐❛✳ ◆❡st❡ ♣r♦❜❧❡♠❛ ❛ ❢✉♥çã♦ u ♣♦❞❡ r❡♣r❡s❡♥t❛r✱ ♣♦r ✐♥stâ♥❝✐❛✱ ❛

❞❡♥s✐❞❛❞❡ ❞❡ ✉♠❛ ♣♦♣✉❧❛çã♦ ✭❞❡ ❜❛❝tér✐❛s✱ ♣♦r ❡①❡♠♣❧♦✮ s✉❥❡✐t❛ à ❞✐ss❡♠✐♥❛çã♦✳ ◆❡st❡

❝❛s♦✱ ♦ ❝♦❡✜❝✐❡♥t❡ a é s✉♣♦st♦ ❞❡♣❡♥❞❡r ❞❛ ♣♦♣✉❧❛çã♦ t♦t❛❧ ❡♠ Ω✳ ❱❡r ❈❤✐♣♦t✲▲♦✈❛t[13]

♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✳

❆q✉✐ ❡st✉❞❛r❡♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛




−a
(∫

Ω

|u|qdx
)

∆u = f ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

✭✸✳✶✸✮

♦♥❞❡ Ω✱ f sã♦ ❝♦♠♦ ❛♥t❡s ❡ 1 < q < 2N
N−2

, N ≥ 3✳ ◗✉❛♥❞♦ q = 2 t❡♠♦s ❛ ❡q✉❛çã♦ ❞❡

❈❛rr✐❡r✳

❚❡♦r❡♠❛ ✸✳✹ ❙❡ t 7→ a(t) é ❞❡❝r❡s❝❡♥t❡ ❡ ❝♦♥tí♥✉❛✱ ♣❛r❛ t ≥ 0✱

lim
t→+∞

a(tq)t = +∞

❡ t 7→ a(tq)t é ✐♥❥❡t♦r❛✱ ♣❛r❛ t ≥ 0✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ 0 6= f ∈ H−1(Ω) ♦ ♣r♦❜❧❡♠❛ (3.13)

♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❢r❛❝❛✳



✽✷

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ 3.3 ❞❛ s❡çã♦ ❛♥t❡r✐♦r✱ s❡❥❛

F : R
m −→ R

m

ξ 7−→ F (ξ) = (F1(ξ), ..., Fm(ξ)),

♦♥❞❡

Fi(ξ) = a(‖u‖q
q)

∫

Ω

∇u∇eidx− ≪ f, ei ≫, i = 1, ...,m ❝♦♠ u =
m∑

i=1

ξiei,

❡ ❛ ✐❞❡♥t✐✜❝❛çã♦ R
m ❡ Vm ♠❡♥❝✐♦♥❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡✳ ❆ss✐♠✱

Fi(ξ) = a(‖u‖q
q)ξi− ≪ f, ei ≫, i = 1, ...,m

❡ ❡♥tã♦

〈F (ξ), ξ〉 = a(‖u‖q
q)‖u‖2− ≪ f, ei ≫ .

❚❡♠♦s q✉❡ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ r > 0 ❞❡ ♠♦❞♦ q✉❡ 〈F (ξ), ξ〉 ≥ 0, ∀|ξ| = r

❡♠ Vm✳

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ♣❛r❛ ❝❛❞❛ r > 0 ❡①✐st❡ ur ∈ Vm t❛❧ q✉❡

‖ur‖ = r ❡

〈F (ξr), ξr〉 < 0, ξr ↔ ur.

❚♦♠❛♥❞♦ r = n ∈ N ♥ós ♦❜t❡♠♦s ❛ s❡q✉ê♥❝✐❛ (un)✱ ‖un‖ = n✱ un ∈ Vm ❡

〈F (un), un〉 = a(‖un‖q
q)‖un‖2− ≪ f, un ≫ < 0.

❆ss✐♠✱

a(‖un‖q
q)‖un‖2 < ≪ f, un ≫ ≤ ‖f‖H−1‖un‖2 ≤ C‖f‖H−1‖un‖

♦ q✉❡ ✐♠♣❧✐❝❛✱

a(‖un‖q
q)‖un‖ ≤ C‖f‖H−1 , ∀n = 1, 2, ... .

P❡❧❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ ❞❡ ❙♦❜♦❧❡✈

H1
0 (Ω) →֒ Lq(Ω), 1 < q <

2N

N − 2
, N ≥ 3,

♦❜té♠✲s❡ ‖u‖q ≤ α‖u‖ ♣❛r❛ ❛❧❣✉♠ α > 0✳ ❆❣♦r❛✱ ♣❡❧❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ a

t❡♠✲s❡

a(‖u‖q
q) ≥ a(αq‖u‖q)



✽✸

❡ ❛ss✐♠✱

a(αq‖un‖q)‖un‖ < c‖f‖

♦✉ ❛✐♥❞❛✱

a((β
1
q ‖un‖)q)β

1
q ‖un‖ < β

1
q c‖f‖.

❊♠ ✈✐st❛ ❞❡✱

lim
t→+∞

a(tq)t = +∞

t❡♠✲s❡ q✉❡✱ ‖un‖ ≤ k✱ ∀n ∈ N ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ♣♦✐s ‖un‖ = n✳

❆ss✐♠✱ ❡①✐st❡ rm > 0 t❛❧ q✉❡

〈F (ξ), ξ〉 ≥ 0, ∀|ξ| = rm.

❊♠ ✈✐st❛ ❞❛ Pr♦♣♦s✐çã♦ 3.1✱ ❡①✐st❡ um ∈ Vm✱ ❝♦♠ ‖um‖ ≤ rm t❛❧ q✉❡

Fi(um) = 0, i = 1, 2, ...,m,

❞❡ ♠♦❞♦ q✉❡✱

a(‖um‖q
q)

∫

Ω

∇um∇wdx = ≪ f, w ≫, ∀w ∈ Vm. ✭✸✳✶✹✮

❙❡❥❛ w = um ❡♠ (3.14)✱ ❡♥❝♦♥tr❛♠♦s

a(‖um‖q
q)‖um‖2 = ≪ f, um ≫≤ C‖f‖H−1‖um‖

♦ q✉❡ ✐♠♣❧✐❝❛✱

a(‖um‖q
q)‖um‖ ≤ C‖f‖H−1 .

▲♦❣♦✱

a((β
1
q ‖um‖)q)β

1
q ‖um‖ < β

1
q c‖f‖.

❈♦♠♦ lim
t→+∞

a(tq)t = +∞✱ ❝♦♥❝❧✉í♠♦s q✉❡ ‖um‖ ≤ k, ∀m = 1, 2, ... ♣❛r❛ ✉♠❛

❝♦♥st❛♥t❡ k q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ m✳

❉❛í✱

um ⇀ u ❡♠ H1
0 (Ω)

♦ q✉❡ ✐♠♣❧✐❝❛✱

um → u ❡♠ Lq(Ω), 1 < q <
2N

N − 2

❡ ❛ss✐♠✱

‖um‖q → ‖u‖q.



✽✹

❚♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ ❡♠ (3.14)✱ ♥ós ❝♦♥❝❧✉í♠♦s q✉❡ u é s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

(3.13)✳ ❙❡♥❞♦ a(tq)t ✐♥❥❡t♦r❛ ♣❛r❛ t ≥ 0✱ t❛❧ s♦❧✉çã♦ é ú♥✐❝❛✳ �



❈❛♣ít✉❧♦ ✹

❆♣❧✐❝❛çõ❡s ❞♦ ▼ét♦❞♦ ❞❡ ❙✉❜ ❡

❙✉♣❡rs♦❧✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st✉❞❛r❡♠♦s ❛❧❣✉♥s Pr♦❜❧❡♠❛s ❊❧í♣t✐❝♦s ◆ã♦✲▲♦❝❛✐s ✉t✐❧✐③❛♥❞♦

❙✉❜ ❡ ❙✉♣❡rs♦❧✉çã♦ ❱✐❛ ■t❡r❛çã♦ ▼♦♥♦tô♥✐❝❛✳ ❆ Pr✐♠❡✐r❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s q✉❡

❛♣❛r❡❝❡ é ❞❛❞♦ ♣♦r 



−M(‖u‖2)∆u = f(x, u) ❡♠ Ω,

u > 0 ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

❡♠ q✉❡ Ω ⊂ R
N , (N ≥ 1) é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ s✉❛✈❡✱ f : Ω × R

+ −→ R
+ é ✉♠❛

❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1 s❛t✐s❢❛③❡♥❞♦ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s✳

❊♠ s❡❣✉✐❞❛✱ ❡st✉❞❛♠♦s ✉♠❛ ❝❧❛ss❡ ❞❡ ❙✐st❡♠❛s ❊❧í♣t✐❝♦s ◆ã♦✲▲♦❝❛✐s ❞❛❞♦ ♣♦r




−∆u = f1(x, u)‖v‖p1
α1
, x ∈ Ω,

−∆v = f2(x, v)‖u‖p2
α2
, x ∈ Ω,

u > 0, v > 0, x ∈ Ω,

u = v = 0, x ∈ ∂Ω,

♦♥❞❡ Ω ⊂ R
N , (N ≥ 1)✱ é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ s✉❛✈❡✱ pi > 0✱ 1 ≤ αi ≤ +∞ ❡

fi, i = 1, 2 s❛t✐s❢❛③❡♠ ❛❧❣✉♠❛s ❤✐♣ót❡s❡s q✉❡ s❡rã♦ ✐♥tr♦❞✉③✐❞❛s ♣♦st❡r✐♦r♠❡♥t❡✳



✽✻

P♦r ú❧t✐♠♦✱ 



−a
(∫

Ω

udx

)
∆u = λf(u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

❡♠ q✉❡ a : R −→ R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦✿

❊①✐st❡♠ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s a0 ≤ a∞ t❛✐s q✉❡ a0 ≤ a(t) ≤ a∞, ∀t ∈ R,

λ > 0 é ✉♠ ♣❛râ♠❡tr♦✱ ❡ ❡①✐st❡ θ > 0 t❛❧ q✉❡ f : [0, θ] −→ R é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡

C1 s❛t✐s❢❛③❡♥❞♦
f(0) = f(θ) = 0,

f ′(0) > 0,

f(t) > 0, ♣❛r❛ t♦❞♦s t ∈ (0, θ).

❉❡ss❛ ✈❡③ ♦ ♣r♦❜❧❡♠❛ ❡st❛rá ❛ss♦❝✐❛❞♦ ❛ ✉♠ t❡♦r❡♠❛ ❞❡ ♣♦♥t♦ ✜①♦✳

✹✳✶ ❯♠ Pr♦❜❧❡♠❛ ❙✉❜✲❧✐♥❡❛r

◆❡st❛ s❡çã♦ ❡st✉❞❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s ♥ã♦✲❧♦❝❛✐s✱





−M(‖u‖2)∆u = f(x, u) ❡♠ Ω,

u > 0 ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

✭✹✳✶✮

❡♠ q✉❡ Ω ⊂ R
N , (N ≥ 1) é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ s✉❛✈❡✱ f : Ω × R

+ −→ R
+ é ✉♠❛

❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1 s❛t✐s❢❛③❡♥❞♦

lim
t→0+

f(x, t)

t
> λ1 ✭✹✳✷✮

❡

lim
t→+∞

f(x, t)

t
< λ1, ✭✹✳✸✮

♦♥❞❡ λ1 > 0 é ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞❡ (−∆, H1
0 (Ω)) s♦❜ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞❡

❉✐r✐❝❤❧❡t✳ ❊st❛s ❞✉❛s ú❧t✐♠❛s ❝♦♥❞✐çõ❡s ♥♦s ❞✐③❡♠ q✉❡ ♥❛s ♣r♦①✐♠✐❞❛❞❡s ❞❡ 0 ♦ ❣rá✜❝♦

❞❛ ❢✉♥çã♦ f(x, .) ❡♥❝♦♥tr❛✲s❡ ❛❝✐♠❛ ❞❛ r❡t❛ λ1t✱ ❡♥q✉❛♥t♦ q✉❡ ♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ f(x, .) ❡stá ❛❜❛✐①♦ ❞♦ ❣rá✜❝♦ ❞❛ r❡t❛ λ1t✳



✽✼

❯s❛r❡♠♦s ❛q✉✐✱ ❛ té❝♥✐❝❛ ❞❡ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çã♦✱ ✈✐❛ ■t❡r❛çã♦ ▼♦♥♦tô♥✐❝❛✱ ♣❛r❛

♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (4.1)✳ ❊st❛♠♦s s❡❣✉✐♥❞♦ ❛s

✐❞é✐❛s ❞❡s❡♥✈♦❧✈✐❞❛s ❡♠ ❈♦rrê❛ [15]✳

❆♥t❡s ❞❡ ✐♥✐❝✐❛r♠♦s✱ r❡❧❡♠❜r❡✲♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ s✉❜s♦❧✉çã♦ ❡ s✉♣❡rs♦❧✉çã♦✳

❉✐③✲s❡ q✉❡ u ∈ C2(Ω) é ✉♠❛ s✉♣❡rs♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (4.1) s❡




−M(‖u‖2)∆u ≥ f(x, u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω.

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞✐③✲s❡ q✉❡ u ∈ C2(Ω) é ✉♠❛ s✉❜s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (4.1) s❡




−M(‖u‖2)∆u ≤ f(x, u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω.

❈♦♥s✐❞❡r❡♠♦s✱ ❛❣♦r❛✱ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

(m0) M : R
+ −→ R

+ é ❝♦♥tí♥✉❛ ❡ ❡①✐st❡ m0 > 0 t❛❧ q✉❡ M(t) ≥ m0 > 0✱ ♣❛r❛ t♦❞♦

t ≥ 0✱

(m1) M é ♥ã♦✲❝r❡s❝❡♥t❡ ❡♠ [0,+∞)✱ ❡ ❞❡✜♥❛ H : R
+ −→ R

+ ♣♦r H(t) = M(t2)t✳

❈♦♠ ❛s ✐♥❢♦r♠❛çõ❡s ❛❝✐♠❛ t❡♠✲s❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✹✳✶ ✭❯♠ Pr✐♥❝í♣✐♦ ❞❡ ❈♦♠♣❛r❛çã♦✮ ❙✉♣♦♥❤❛♠♦s q✉❡ M s❛t✐s❢❛ç❛ (m0) −
(m1) ❡ H s❡❥❛ ❝r❡s❝❡♥t❡ ❝♦♠ H(R) = R✳ ❙❡❥❛♠ u,w ∈ C2(Ω) ❢✉♥çõ❡s ♥ã♦✲♥❡❣❛t✐✈❛s

✈❡r✐✜❝❛♥❞♦ {
−M(‖u‖2)∆u ≤ −M(‖w‖2)∆w ❡♠ Ω,

u = w = 0 ❡♠ ∂Ω.
✭✹✳✹✮

❊♥tã♦✱

u ≤ w ❡♠ Ω.

❉❡♠♦♥str❛çã♦✿ ❋❛ç❛♠♦s ♦ s❡❣✉✐♥t❡✿ ♠✉❧t✐♣❧✐q✉❡♠♦s ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ❞❡s✐❣✉❛❧✲

❞❛❞❡ ❡♠ (4.4) ♣♦r u ❡ ❞❡♣♦✐s ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ ♦❜té♠✲s❡

M(‖u‖2)

∫

Ω

−∆uudx ≤M(‖w‖2)

∫

Ω

−∆wudx

♦ q✉❡ ✐♠♣❧✐❝❛✱

M(‖u‖2)‖u‖2 ≤M(‖w‖2)

∫

Ω

∇w∇udx.



✽✽

❆❣♦r❛✱ ❢❛ç❛♠♦s ♦ ♠❡s♠♦ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠

(4.4) ♣♦r w ❡ ❞❡♣♦✐s ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ ♣❛r❛ ♦❜t❡r

M(‖u‖2)

∫

Ω

∇u∇wdx ≤M(‖w‖2)‖w‖2.

❆ss✐♠✱
M(‖u‖2)‖u‖2

M(‖w‖2)
≤
∫

Ω

∇u∇wdx ≤ M(‖w‖2)‖w‖2

M(‖u‖2)

♦ q✉❡ ✐♠♣❧✐❝❛✱
M(‖u‖2)‖u‖2

M(‖w‖2)
≤ M(‖w‖2)‖w‖2

M(‖u‖2)
.

▲♦❣♦✱ (
M(‖u‖2)

)2

‖u‖2 ≤
(
M(‖w‖2)

)2

‖w‖2

❞❡ ♦♥❞❡ r❡s✉❧t❛ q✉❡✱

M(‖u‖2)‖u‖ ≤M(‖w‖2)‖w‖

❡ ❞❡s❞❡ q✉❡ H(t) = M(t2)t é ❝r❡s❝❡♥t❡✱ ♦❜té♠✲s❡

‖u‖ ≤ ‖w‖.

❉❛í✱ ❝♦♠♦ M é ♥ã♦✲❝r❡s❝❡♥t❡ ❡♠ [0,+∞)

M(‖u‖2) ≥M(‖w‖2). ✭✹✳✺✮

❉❡ (4.4) t❡♠✲s❡




−∆(M(‖u‖2)u−M(‖w‖2)w) ≤ 0 ❡♠ Ω,

u = w = 0 ❡♠ ∂Ω.

❯s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦✱

M(‖u‖2)u−M(‖w‖2)w ≤ 0

♦ q✉❡ ✐♠♣❧✐❝❛✱

M(‖u‖2)u ≤M(‖w‖2)w.

❉❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ❞❡ (4.5)✱ ❝♦♥❝❧✉í♠♦s

u ≤ w ❡♠ Ω.

�



✽✾

❚❡♦r❡♠❛ ✹✳✷ ❙✉♣♦♥❤❛♠♦s q✉❡ M s❛t✐s❢❛ç❛ (m0)− (m1)✱ H s❡❥❛ ❝r❡s❝❡♥t❡ ❡ H(R) =

R✳ ❙❡❥❛♠ u,w ∈ C2(Ω) ❢✉♥çõ❡s s❛t✐s❢❛③❡♥❞♦

0 ≤ u ≤ w ❡♠ Ω,

u = w = 0 ❡♠ ∂Ω,
✭✹✳✻✮

❡
−M(‖u‖2)∆u ≤ f(x, u) ❡♠ Ω,

−M(‖w‖2)∆w ≥ f(x,w) ❡♠ Ω.
✭✹✳✼✮

❆s ❢✉♥çõ❡s u ❡ w sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s✉❜ ❡ s✉♣❡rs♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

{
−M(‖u‖2)∆u(x) = f(x, u(x)) ❡♠ Ω,

u(x) = 0 ❡♠ ∂Ω.

❆❧é♠ ❞✐ss♦✱ s✉♣♦♥❤❛♠♦s q✉❡ f : Ω × R −→ R s❡❥❛ ❝r❡s❝❡♥t❡ ♥❛ ✈❛r✐á✈❡❧ t✱ ♣❛r❛ x ∈ Ω

✜①❛❞♦✱ ✐st♦ é✱

t1 ≥ t2 ⇒ f(x, t1) ≥ f(x, t2), ♣❛r❛ t♦❞♦ x ∈ Ω.

❊♥tã♦✱ ❡①✐st❡ U ∈ H1
0 (Ω) t❛❧ q✉❡

{
−M(‖U‖2)∆U = f(x, U) ❡♠ Ω,

U = 0 ❡♠ ∂Ω,
✭✹✳✽✮

❡ u ≤ U ≤ w ❡♠ Ω✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ u ∈ C2(Ω) t❡♠✲s❡ q✉❡ f(., u(.)) ∈ L2(Ω)✳ ❈♦♥s✐❞❡r❡♠♦s ♦

♣r♦❜❧❡♠❛ M ✲❧✐♥❡❛r 



−M(‖v‖2)∆v = f(x, v) ❡♠ Ω,

v = 0 ❡♠ ∂Ω.
✭✹✳✾✮

❖❜s❡r✈❡ q✉❡✱ t 7→M((t
1
2 )2)t

1
2 é ❝r❡s❝❡♥t❡✱

lim
t→+∞

M((t
1
2 )2)t

1
2 = +∞ ❡ lim

t→0+
M((t

1
2 )2)t

1
2 = 0,

❡♥tã♦ ♣❡❧♦ ❖❜s❡r✈❛çã♦ 1.3 s❡❣✉❡✲s❡ q✉❡ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ u1 ∈ H1
0 (Ω) ❞♦ ♣r♦✲

❜❧❡♠❛ (4.9)✳ ❚❡♠✲s❡✱ t❛♠❜é♠✱ q✉❡

−M(‖u1‖2)∆u1 = f(x, u) ≥ −M(‖u‖2)∆u, ❡♠ Ω

❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ 4.1✱

u ≤ u1 ❡♠ Ω.



✾✵

❖❜s❡r✈❡ q✉❡✱ s❡♥❞♦ f ❝r❡s❝❡♥t❡ ♥❛ ✈❛r✐á✈❡❧ t✱ ♣❛r❛ x ∈ Ω ✜①❛❞♦✱ t❡♠♦s f(x, u) ≤
f(x,w)✳ ▲♦❣♦✱

−M(‖u1‖2)∆u1 ≤ −M(‖w‖2)∆w ❡♠ Ω,

❡ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ Pr✐♥❝í♣✐♦ ❞❡ ❈♦♠♣❛r❛çã♦ ✭❚❡♦r❡♠❛ 4.1✮ t❡♠✲s❡

u1 ≤ w ❡♠ Ω

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

0 ≤ u ≤ u1 ≤ w ❡♠ Ω.

❆♥❛❧♦❣❛♠❡♥t❡✱ ♦❜t❡♠♦s v1 ∈ H1
0 (Ω) t❛❧ q✉❡





−M(‖v1‖2)∆v1 = f(x,w) ❡♠ Ω,

v1 = 0 ❡♠ ∂Ω,

♦✉ s❡❥❛

−M(‖u‖2)∆u ≤ f(x, u) = −M(‖u1‖2)∆u1 ≤ f(x,w) = −M(‖v1‖2)∆v1

❡

f(x,w) = −M(‖v1‖2)∆v1 ≤ −M(‖w‖2)∆w, ❡♠ Ω

♦ q✉❡ ✐♠♣❧✐❝❛✱

0 ≤ u ≤ u1 ≤ v1 ≤ w ❡♠ Ω.

❘❡♣❡t✐♥❞♦ ❡st❡ ❛r❣✉♠❡♥t♦✱ ❡♥❝♦♥tr❛♠♦s ❞✉❛s s❡q✉ê♥❝✐❛s (un), (vn) ⊂ H1
0 (Ω) s❛✲

t✐s❢❛③❡♥❞♦

0 ≤ u = u0 ≤ u1 ≤ ... ≤ un ≤ vn ≤ ... ≤ v1 ≤ v0 = w ❡♠ Ω, ✭✹✳✶✵✮




−M(‖un‖2)∆un = f(x, un−1) ❡♠ Ω,

un = 0 ❡♠ ∂Ω,
✭✹✳✶✶✮

❡ 



−M(‖vn‖2)∆vn = f(x, vn−1) ❡♠ Ω,

vn = 0 ❡♠ ∂Ω.
✭✹✳✶✷✮

▼♦str❛r❡♠♦s q✉❡✱ ❛ s❡q✉ê♥❝✐❛ (un) ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠❛ s♦❧✉çã♦ U ❞❡ (4.8)✳ ▼✉❧t✐✲

♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ❡q✉❛çã♦ (4.11) ♣♦r un ❡ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ ♦❜t❡♠♦s

M(‖un‖2)‖un‖2 =

∫

Ω

f(x, un−1(x))un(x)dx.



✾✶

❉❛í✱

M(‖un‖2)‖un‖2 ≤ ‖f(., un−1(.))‖2‖un‖2

♦ q✉❡ ✐♠♣❧✐❝❛✱

M(‖un‖2)‖un‖ ≤ C‖f(., un)‖2

❧♦❣♦✱

M(‖un‖2)‖un‖ ≤ C. ✭✹✳✶✸✮

❉❡s❞❡ q✉❡ H é ❝r❡s❝❡♥t❡ ❝♦♠ H(R) = R ❝♦♥❝❧✉í♠♦s✱ ❞❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ q✉❡

(‖un‖) é ❧✐♠✐t❛❞❛✳ ❆ss✐♠✱ ♣❛ss❛♥❞♦ ♣♦ss✐✈❡❧♠❡♥t❡ ♣❛r❛ s✉❜s❡q✉ê♥❝✐❛✱ ❡①✐st❡ U ∈ H1
0 (Ω)

t❛❧ q✉❡

un ⇀ U ❡♠ H1
0 (Ω),

❡ ✉s❛♥❞♦ ❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✱ ♦❜té♠✲s❡

un → U ❡♠ Lp(Ω)

♣❛r❛ p ∈ [1, p∗)✱ s❡ N ≥ 3✱ ♦✉ p ∈ [1,+∞) s❡ N = 1, 2✳ ❖❜s❡r✈❛♥❞♦ q✉❡ ❡①✐st❡ k1 > 0

t❛❧ q✉❡

‖un‖∞ ≤ k1 ∀n ∈ N,

t❡r❡♠♦s q✉❡ un ∈ W 1,p(Ω) ❝♦♠ p > N ✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ (un) ⊂ C1,α(Ω) ❝♦♠

‖un‖1,α ≤ k2 ♣❛r❛ ❛❧❣✉♠ k2 > 0.

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ❛ ✐♠❡rsã♦ ❞❡ ❙❝❤❛✉❞❡r✱ ❝♦♥s❡❣✉✐♠♦s

‖un‖2 → ‖U‖2

❡ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ M

M(‖un‖2) →M(‖U‖2). ✭✹✳✶✹✮

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❝❛❞❛ ϕ ∈ H1
0 (Ω)✱ t❡♠♦s

〈un, ϕ〉 → 〈U,ϕ〉 ✭✹✳✶✺✮

❡ ∫

Ω

f(., un(.))ϕdx→
∫

Ω

f(., U)ϕdx. ✭✹✳✶✻✮



✾✷

❆ss✐♠✱ ❞❡ (4.14) − (4.16) t❡♠✲s❡

−M(‖U‖2)

∫

Ω

∇U∇ϕdx =

∫

Ω

f(x, U)ϕdx, ∀ϕ ∈ H1
0 (Ω)

✐st♦ é✱ 



−M(‖U‖2)∆U = f(x, U) ❡♠ Ω,

U = 0 ❡♠ ∂Ω,

❝♦♠ 0 ≤ u ≤ U ≤ w ❡♠ Ω✳

❉♦ ♠❡s♠♦ ♠♦❞♦✱ ❡♥❝♦♥tr❛♠♦s V ❝♦♠♦ ♦ ❧✐♠✐t❡ ❞❛ s❡q✉ê♥❝✐❛ (vn) t❛❧ q✉❡




−M(‖V ‖2)∆V = f(x, V ) ❡♠ Ω,

V = 0 ❡♠ ∂Ω,

❝♦♠ 0 ≤ u ≤ U ≤ V ≤ w ❡♠ Ω✱ ❡ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❡stá ❝♦♠♣❧❡t❛✳ �

❆♣❧✐❝❛çã♦ ✹✳✶ ❋❛r❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ t❡♦r❡♠❛ ♣r❡❝❡❞❡♥t❡ ❛♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛





−M(‖u‖2)∆u = uα ❡♠ Ω,

u > 0 ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

✭✹✳✶✼✮

❡♠ q✉❡ 0 < α < 1✳

▼♦str❛r❡♠♦s q✉❡ s❡ M : R −→ R ❢♦r ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ♥ã♦✲❝r❡s❝❡♥t❡✱ s❛t✐s✲

❢❛③❡♥❞♦ (m0)✱ s❡ H : R −→ R ❢♦r ❝r❡s❝❡♥t❡✱ ❝♦♠ H(R) = R ❡ s❡ ❛ ❢✉♥çã♦

G(t) = [M(t2)]
1

1−α t

❢♦r ✐♥❥❡t✐✈❛ ❡♠ [0,+∞) ♦ ♣r♦❜❧❡♠❛ (4.17) ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦✳

❱❛♠♦s ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❡ ❛ ✉♥✐❝✐❞❛❞❡✳

❊①✐stê♥❝✐❛✳ ❙❡❥❛ φ1 ✉♠❛ ❛✉t♦✲❢✉♥çã♦ ♣♦s✐t✐✈❛ ❞❡ (−∆, H1
0 (Ω))✱ ❛ss♦❝✐❛❞❛ ❛♦

s❡✉ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r λ1✱ ♦✉ s❡❥❛✱

{
−∆φ1 = λ1φ1 ❡♠ Ω,

φ1 = 0 ❡♠ ∂Ω,

❡ t❛❧ q✉❡ ‖φ1‖ = 1✳ ❆ss✐♠✱

−M(‖ǫφ1‖2)∆(ǫφ1) = ǫM(ǫ2)λ1φ1 ❡♠ Ω.

❖❜s❡r✈❡ q✉❡ ǫφ1 é ✉♠❛ s✉❜s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (4.17) s❡ ǫ > 0 ❢♦r s✉✜❝✐❡♥t❡♠❡♥t❡

♣❡q✉❡♥♦✱ ♦✉ s❡❥❛✱

ǫM(ǫ2)λ1φ1 ≤ (ǫφ1)
α ❡♠ Ω



✾✸

❝♦♠ 0 < α < 1✳

❉❡ ❢❛t♦✱ ♦❜s❡r✈❡ q✉❡✱

lim
ǫ→0

ǫ1−αM(ǫ2)λ1‖φ1‖1−α
∞ = 0

❡

‖φ1‖1−α
∞ ≥ [φ1(x)]

1−α.

▲♦❣♦✱

ǫ1−αM(ǫ2)λ1[φ1(x)]
1−α ≤ ǫ1−αM(ǫ2)λ1‖φ1‖1−α

∞ ≤ 1.

❆ss✐♠✱

ǫ1−αM(ǫ2)λ1[φ1(x)]
1−α ≤ 1,

❡ s❡♥❞♦ 0 < α < 1 t❡♠✲s❡

ǫM(ǫ2)λ1φ1(x) ≤ ǫα[φ1(x)]
α

♦ q✉❡ ✐♠♣❧✐❝❛

ǫM(ǫ2)λ1φ1 ≤ (ǫφ1)
α, 0 < α < 1.

P♦rt❛♥t♦✱

−M(‖ǫφ1‖2)∆(ǫφ1) ≤ (ǫφ1)
α ❡♠ Ω.

❙❡❥❛ e ∈ C∞
0 (Ω) ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

{
−∆e = 1 ❡♠ Ω,

e = 0 ❡♠ ∂Ω.

◆♦t❡ q✉❡✱ γe é ✉♠❛ s✉♣❡rs♦❧✉çã♦ ❞❡ (4.17)✱ ✐st♦ é✱

−M(γ2‖e‖2)∆(γe) ≥ (γe)α,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

γM(γ2‖e‖2) ≥ γαeα,

q✉❛♥❞♦ γ ❢♦r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❉❡ ❢❛t♦✱ ♦❜s❡r✈❡ q✉❡✱

lim
γ→+∞

γ1−α = +∞.

❙✉♣♦♥❤❛ q✉❡ γ1−α > ‖e‖α
∞ ≥ [e(x)]α ❡♥tã♦✱

γ1−α > [e(x)]α ⇒ γ > γα[e(x)]α ⇒ γ > (γe(x))α.

▲♦❣♦✱

−∆(γe) = γ > (γe)α

♦ q✉❡ ✐♠♣❧✐❝❛✱

−M(γ2‖e‖2)∆(γe) ≥ (γe)α

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

γM(γ2‖e‖2) ≥ γαeα.



✾✹

❆✜r♠❛çã♦ ✹✳✶ P❛r❛ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ t❡♠♦s t❛♠❜é♠

ǫφ1(x) < γe(x), ∀x ∈ Ω. ✭✹✳✶✽✮

P❛r❛ δ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❞❡✜♥❛♠♦s ♦ ❝♦♥❥✉♥t♦

Ωδ = {x ∈ Ω; ❞✐st(x, ∂Ω) < δ}.

❙❡♥❞♦ e, φ1 > 0 ❡♠ Ω ❡ Ω\Ωδ ❝♦♠♣❛❝t♦✱ t❡♠♦s q✉❡ ❡①✐st❡ k0 > 0 t❛❧ q✉❡

γe(x)

φ1(x)
≥ k0 ∀x ∈ Ω\Ωδ. ✭✹✳✶✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦
∂e

∂ν
(x) < 0 ❡♠ ∂Ω✱ ♦♥❞❡ ν é ♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ ❡①t❡r✐♦r

❡♠ ∂Ω✱ ❡ s❡♥❞♦ ∂Ω ❝♦♠♣❛❝t♦✱ ❡♥tã♦ ❡①✐st❡ k1 < 0 t❛❧ q✉❡

∂e

∂ν
(x) ≤ k1, ∀x ∈ Ωδ.

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ φ1 ∈ C1
0(Ω) ❡①✐st❡ k2 > 0 s❛t✐s❢❛③❡♥❞♦

∣∣∣∣
∂φ1

∂ν
(x)

∣∣∣∣ ≤ k2, ∀x ∈ Ωδ.

❙❡❥❛ A1 = inf
Ωδ

∂φ1

∂ν
< 0 ❡ ❞❡✜♥❛

H(x) = nφ1(x) − e(x), ❝♦♠ x ∈ Ωδ.

❊♥tã♦✱
∂H

∂ν
(x) = n

∂φ1

∂ν
− ∂e

∂ν
(x) ≥ nA1 − k1 > 0, ∀x ∈ Ωδ,

❞❡s❞❡ q✉❡ n >
k1

A1

✳

❋✐①❡♠♦s x ∈ Ωδ ❡ ❝♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦

g(s) = H(x+ sν), ♣❛r❛ t♦❞♦ s ∈ R.

P❛r❛ ❝❛❞❛ x ∈ Ωδ ❡s❝♦❧❤❛ ú♥✐❝♦ x̃ ∈ Ωδ ❞❡ ♠♦❞♦ q✉❡ ❛ r❡t❛ q✉❡ ♣❛ss❛ ♣♦r ❡ss❡s ❞♦✐s

♣♦♥t♦s ❝♦✐♥❝✐❞❛ ❝♦♠ ❛ r❡t❛ s✉♣♦rt❡ ❞♦ ✈❡t♦r ♥♦r♠❛❧ ❡①t❡r✐♦r ν = ν(x̃)✳

▲♦❣♦✱ ❡①✐st❡ s̃ > 0 t❛❧ q✉❡ x+ s̃ν = x̃ ∈ ∂Ω✳

❉❡s❞❡ q✉❡✱ H(∂Ω) ≡ 0✱ s❡❣✉❡✲s❡

g(s̃) = H(x+ s̃ν) = 0.

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✱ ❡①✐st❡ ξ ∈ (0, s̃) t❛❧ q✉❡

g(s̃) − g(0) = g′(ξ)(s̃− 0),



✾✺

♦✉ s❡❥❛✱

−H(x) =
∂H

∂ν
(x+ ξν)s̃ > 0 ❡♠ Ωδ.

P♦rt❛♥t♦✱ H(x) ≤ 0 ♣❛r❛ t♦❞♦ x ∈ Ωδ✳ ❉❡ ♦♥❞❡ s❡❣✉❡ q✉❡✱

nφ1(x) ≤ e(x) ❡♠ ∀x ∈ Ωδ,

❝♦♥s❡q✉❡♥t❡♠❡♥t❡
γe(x)

φ1(x)
≥ γn > 0 ❡♠ Ωδ. ✭✹✳✷✵✮

▲♦❣♦✱ ❞❡ (4.19) ❡ (4.20) ♦❜t❡♠♦s

γe(x)

φ1(x)
≥ k > 0 ∀x ∈ Ω

♦♥❞❡ k = min{k0, γn}✳
❙❡❣✉❡ ♣❛r❛ 0 < ǫ < k ❛ ✈❛❧✐❞❛❞❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ (4.18)✳ �

❆ss✐♠✱ t❡♠♦s ❛♦ ♥♦ss♦ ❞✐s♣♦r ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ 4.2 ❞❡ ♠♦❞♦ q✉❡ ❡①✐st❡

✉♠❛ s♦❧✉çã♦ U ∈ C2(Ω) ❞❡ (4.17)✱ s❛t✐s❢❛③❡♥❞♦

ǫφ1(x) ≤ U(x) ≤ γe(x) ❡♠ Ω

♦ q✉❡ ♠♦str❛ ❛ ❡①✐stê♥❝✐❛✳

❯♥✐❝✐❞❛❞❡✳ ❙❡❥❛♠ U1 ❡ U2 s♦❧✉çõ❡s ❞❡ (4.17)✳ ❖❜s❡r✈❡ q✉❡ ❛s ❢✉♥çõ❡s

Ũ1(x) = [M(‖U1‖2)]
1

1−αU1(x)

❡

Ũ2(x) = [M(‖U2‖2)]
1

1−αU2(x)

sã♦ ❛♠❜❛s s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛





−∆v = vα ❡♠ Ω,

v > 0 ❡♠ Ω,

v = 0 ❡♠ ∂Ω,

♣♦✐s

∫

Ω

∇Ũ1∇ϕdx = [M(‖U1‖2)]
1

1−α

∫

Ω

∇U1∇ϕdx = [M(‖U1‖2)]
α

1−α

∫

Ω

Uα
1 ϕdx

♦ q✉❡ ✐♠♣❧✐❝❛✱

∫

Ω

∇Ũ1∇ϕdx =

∫

Ω

[[M(‖U1‖2)]
1

1−αU1]
αϕdx =

∫

Ω

Ũα
1 ϕdx, ∀ϕ ∈ H1

0 (Ω).



✾✻

❆♥❛❧♦❣❛♠❡♥t❡✱ ♦❜té♠✲s❡
∫

Ω

∇Ũ2∇ψdx =

∫

Ω

Ũα
2 ψdx, ∀ψ ∈ H1

0 (Ω).

❯s❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ❞❡ ✉♥✐❝✐❞❛❞❡ ♠♦str❛❞♦ ❡♠ ❇r❡③✐s✲❖s✇❛❧❞ [8]✱ ❝♦♥❝❧✉í♠♦s q✉❡

Ũ1(x) = Ũ2(x) ♣❛r❛ t♦❞♦ x ∈ Ω

❡

[M(‖U1‖2)]
1

1−α‖U1‖ = [M(‖U2‖2)]
1

1−α‖U2‖.

P❡❧❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ❛ ❢✉♥çã♦ G é ✐♥❥❡t♦r❛ ❡♠ [0,+∞) s❡❣✉❡✲s❡ q✉❡ ‖U1‖ = ‖U2‖✱
❝♦♥❝❧✉í❞♦ ❛ss✐♠ q✉❡✱ U1(x) = U2(x) ♣❛r❛ t♦❞♦ x ∈ Ω✳ ❊ ❝♦♠ ✐ss♦ ❛ ❞❡♠♦♥str❛çã♦ ❞❛

✉♥✐❝✐❞❛❞❡ ❡stá ❝♦♠♣❧❡t❛✳

❆♣❧✐❝❛çã♦ ✹✳✷ ❯♠❛ ♦✉tr❛ ❛♣❧✐❝❛çã♦ r❡❢❡r❡✲s❡ ❛♦ ♣r♦❜❧❡♠❛





−M(‖u‖2)∆u = uα + λuβ ❡♠ Ω,

u > 0 ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

✭✹✳✷✶✮

♦♥❞❡M : R −→ R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦ (m0)✱ λ é ✉♠ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈♦

❡ 0 < β < 1 < α✳ ❆ ✈❡rsã♦ ❧♦❝❛❧ ❞❡st❡ ♣r♦❜❧❡♠❛✱ ✐st♦ é✱ q✉❛♥❞♦ M(t) ≡ 1 ♣❛r❛ t♦❞♦

t ∈ R✱ ❢♦✐ ❛❜♦r❞❛❞♦ ❡♠ ❆♠❜r♦s❡tt✐✱ ❇r❡③✐s ❡ ❈❡r❛♠✐ [5]✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✱

{
−∆e = 1 ❡♠ Ω,

e = 0 ❡♠ ∂Ω,

❡ s❡❥❛ e > 0✱ e ∈ C∞
0 (Ω) ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛♥t❡r✐♦r✳ ❉❡s❞❡ q✉❡ 0 < β <

1 < α✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r λ0 > 0 t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ 0 < λ ≤ λ0 ❡①✐st❡ δ = δ(λ) > 0

s❛t✐s❢❛③❡♥❞♦

m0γ ≥ λγβ‖e‖β
∞ + γα‖e‖α

∞.

❉❡ ❢❛t♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ é ❡q✉✐✈❛❧❡♥t❡ ❛

1 ≥ λ

m0

γβ−1‖e‖β
∞ +

1

m0

γα−1‖e‖α
∞. ✭✹✳✷✷✮

❙❡❥❛ F : (0,+∞) −→ (0,+∞) ✉♠❛ ❢✉♥çã♦ r❡❛❧ ❞❛❞❛ ♣♦r

F (γ) =
λ

m0

γβ−1‖e‖β
∞ +

1

m0

γα−1‖e‖α
∞.

❆ss✐♠✱ ❞❡s❡❥❛♠♦s q✉❡ F (γ) ≤ 1✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s ❞❡r✐✈❛r ❛ ❢✉♥çã♦ F ❡ ♦❜t❡r✱

F ′(γ) =
λ

m0

(β − 1)γβ−2‖e‖β
∞ +

1

m0

(α− 1)γα−2‖e‖α
∞.



✾✼

❋❛ç❛♠♦s✱ F ′(γ) = 0✳ ❈♦♠ ✐ss♦✱

λ

m0

(β − 1)γβ−2‖e‖β
∞ +

1

m0

(α− 1)γα−2‖e‖α
∞ = 0

♦ q✉❡ ✐♠♣❧✐❝❛✱
1

m0

(α− 1)γα−2‖e‖α
∞ =

λ

m0

(1 − β)γβ−2‖e‖β
∞,

❧♦❣♦✱

γ(λ) = γ = λ
1

α−β

(
1 − β

α− 1

)
‖e‖−1

∞ . ✭✹✳✷✸✮

❖✉ s❡❥❛✱ ♦ ♠í♥✐♠♦ ❞❡ F ♦❝♦rr❡ ❡♠ (4.23)✱ ❛❧é♠ ❞✐ss♦✱

F (γ(λ)) → 0 q✉❛♥❞♦ λ ↓ 0.

▲♦❣♦✱ ❡①✐st❡ λ0 > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ λ ∈ [0, λ0) t❡♠♦s✱ F (γ(λ)) ≤ 1✳

❆❝❛❜❛♠♦s ❞❡ ❥✉st✐✜❝❛r (4.22)✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦❜t❡♠♦s q✉❡ ❛ ❢✉♥çã♦ γe s❛t✐s❢❛③

−M(‖γe‖2)∆(γe) = γM(γ2‖e‖2) ≥ γm0

♦ q✉❡ ✐♠♣❧✐❝❛✱

−M(‖γe‖2)∆(γe) ≥ λγβ‖e‖β
∞ + γα‖e‖α

∞

❞❡ ♦♥❞❡ s❡❣✉❡✱

−M(‖γe‖2)∆(γe) ≥ λ(γe)β + (γe)α

❡ ♣♦rt❛♥t♦ γe é ✉♠❛ s✉♣❡rs♦❧✉çã♦ ❞❡ (4.21)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ φ1 ✉♠❛ ❛✉t♦❢✉♥çã♦ ♣♦s✐t✐✈❛ ❞❡ (−∆, H1
0 (Ω))✱ ❛ss♦❝✐❛❞❛ ❛♦

s❡✉ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r λ1✱ ❡ t❛❧ q✉❡ ‖φ1‖ = 1✳

❖❜s❡r✈❡ q✉❡✱

−M(‖ǫφ1‖2)∆(ǫφ1) = ǫM(ǫ2)λ1φ1 ❡♠ Ω.

❆ss✐♠✱ ♣❛r❛ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠♦s

ǫM(ǫ2)λ1φ1(x) ≤ λ(ǫφ1)
β + (ǫφ1)

α ❡♠ Ω

♣♦✐s 0 < β < 1 < α✳

❉❡ ❢❛t♦✱ ♥♦t❡ q✉❡

lim
ǫ→0

ǫ1−βλ1M(ǫ2)‖φ1‖1−β
∞ = 0

❡

‖φ1‖1−β
∞ ≥ [φ1(x)]

1−β.

▲♦❣♦✱

ǫ1−βλ1M(ǫ2)[φ1(x)]
1−β ≤ ǫ1−βλ1M(ǫ2)‖φ1‖1−β

∞ ≤ 1.



✾✽

❆ss✐♠✱

ǫ1−βλ1M(ǫ2)[φ1(x)]
1−β ≤ 1,

❡ s❡♥❞♦ 0 < β < 1✱ t❡♠✲s❡

ǫM(ǫ2)λ1φ1(x) ≤ ǫβ[φ1(x)]
β

♦ q✉❡ ✐♠♣❧✐❝❛✱

ǫM(ǫ2)λ1φ1(x) ≤ (ǫφ1(x))
β, ♣❛r❛ 0 < β < 1.

▲♦❣♦✱

−M(‖ǫφ1‖2)∆(ǫφ1) = ǫM(ǫ2)λ1φ1 ≤ λ(ǫφ1)
β.

❈♦♠♦ φ1(x) > 0 ❡♠ Ω✱ ❝♦♥❝❧✉í♠♦s

−M(‖ǫφ1‖2)∆(ǫφ1) ≤ λ(ǫφ)β + (ǫφ1)
α, ♣❛r❛ 0 < β < 1 < α.

P♦rt❛♥t♦✱ ǫφ1 é ✉♠❛ s✉❜s♦❧✉çã♦ ❞❡ (4.21) ❞❡s❞❡ q✉❡ ǫ > 0 s❡❥❛ s✉✜❝✐❡♥t❡♠❡♥t❡

♣❡q✉❡♥♦✳

❖❜s❡r✈❡ q✉❡✱ ♣❡❧❛ ❆✜r♠❛çã♦ 4.1 t❡♠✲s❡✱

ǫφ1(x) < γe(x), ∀x ∈ Ω

❞❡s❞❡ q✉❡ ǫ > 0 s❡❥❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳

P♦rt❛♥t♦✱ t❡♠♦s ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ 4.2✱ ❞❡ ♠♦❞♦ q✉❡ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦

U ∈ C2(Ω) ❞❡ (4.21)✱ s❛t✐s❢❛③❡♥❞♦

ǫφ1(x) ≤ U(x) ≤ γe(x), ∀x ∈ Ω.

✹✳✷ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çõ❡s P♦s✐t✐✈❛s ♣❛r❛ ✉♠❛ ❈❧❛ss❡

❞❡ ❙✐st❡♠❛s ❊❧í♣t✐❝♦s ◆ã♦✲▲♦❝❛✐s

◆❡st❛ s❡çã♦ ❛✐♥❞❛ ✉t✐❧✐③❛r❡♠♦s ♦ ♠ét♦❞♦ ❞❡ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çã♦✱ ✈✐❛ ■t❡r❛çã♦

▼♦♥♦tô♥✐❝❛ ♣❛r❛ ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♥❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ s✐st❡♠❛s

❡❧í♣t✐❝♦s ♥ã♦✲❧♦❝❛✐s✱





−∆u = f1(x, u)‖v‖p1
α1
, x ∈ Ω,

−∆v = f2(x, v)‖u‖p2
α2
, x ∈ Ω,

u > 0, v > 0, x ∈ Ω,

u = v = 0, x ∈ ∂Ω,

✭✹✳✷✹✮



✾✾

♦♥❞❡ Ω ⊂ R
N , (N ≥ 1)✱ é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡ s✉❛✈❡✱ pi > 0✱ 1 ≤ αi ≤ +∞ ❡

fi, i = 1, 2 s❛t✐s❢❛③❡♠ ❛❧❣✉♠❛s ❤✐♣ót❡s❡s q✉❡ s❡rã♦ ✐♥tr♦❞✉③✐❞❛s ♣♦st❡r✐♦r♠❡♥t❡✳

❊st❡ s✐st❡♠❛ é ❛ ✈❡rsã♦ ❡st❛❝✐♦♥ár✐❛ ❞♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ♣❛r❛❜ó❧✐❝♦ ♥ã♦✲❧♦❝❛❧




ut − ∆u = f1(x, u)‖v‖p1
α1
, x ∈ Ω, t > 0,

vt − ∆v = f2(x, v)‖u‖p2
α2
, x ∈ Ω, t > 0,

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω,

u(x, t) = 0, v(x, t) = 0, x ∈ ∂Ω, t > 0.

✭✹✳✷✺✮

◗✉❛♥❞♦ ❛s ❢✉♥çõ❡s f1, f2 ❢♦r❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s✱ ♦ s✐st❡♠❛ (4.25) ❢♦✐ ❞✐s❝✉t✐❞♦

♣♦r ❉❡♥❣✱ ▲✐ ❡ ❳✐❡ [28]✳

❙❡❣✉✐r❡♠♦s ❛s ✐❞é✐❛s ❞❡s❡♥✈♦❧✈✐❞❛s ❡♠ ❈❤❡♥✲●❛♦ [11]✳

❱❡❥❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ s✐st❡♠❛ (4.24)✱

❉❡✜♥✐çã♦ ✹✳✶ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ (u, v) ∈ H1
0 (Ω)×H1

0 (Ω) é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛

❞❡ (4.24)✱ s❡ s❛t✐s✜③❡r
∫

Ω

∇u∇ϕdx = ‖v‖p1
α1

∫

Ω

f1(x, u)ϕdx

∫

Ω

∇v∇ϕdx = ‖u‖p2
α2

∫

Ω

f2(x, v)ϕdx

♣❛r❛ t♦❞♦ ϕ ∈ H1
0 (Ω)✳

❆ s❡❣✉✐r✱ ❡♥✉♥❝✐❛r❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ s✉❜s♦❧✉çã♦ ❡ s✉♣❡rs♦❧✉çã♦ ♣❛r❛ ♦ s✐st❡♠❛

(4.24)✳

❉❡✜♥✐çã♦ ✹✳✷ ❯♠❛ ❢✉♥çã♦ (u, v) ∈ H1
0 (Ω)∩L∞(Ω)×H1

0 (Ω)∩L∞(Ω) é ❝❤❛♠❛❞❛ ✉♠❛

s✉♣❡rs♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ (4.24) s❡
∫

Ω

∇u∇ϕdx ≥ ‖v‖p1
α1

∫

Ω

f1(x, u)ϕdx, ∀ϕ ∈ H1
0 (Ω), ϕ > 0 q✳t✳♣✳ ❡♠ Ω,

∫

Ω

∇v∇ψdx ≥ ‖u‖p2
α2

∫

Ω

f2(x, v)ψdx, ∀ψ ∈ H1
0 (Ω), ψ > 0 q✳t✳♣✳ ❡♠ Ω.

✭✹✳✷✻✮

❆♥❛❧♦❣❛♠❡♥t❡✱ (u, v) ∈ H1
0 (Ω) ∩ L∞(Ω) × H1

0 (Ω) ∩ L∞(Ω) é ❝❤❛♠❛❞❛ ✉♠❛ s✉❜✲

s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ (4.24) s❡
∫

Ω

∇u∇ϕdx ≤ ‖v‖p1
α1

∫

Ω

f1(x, u)ϕdx, ∀ϕ ∈ H1
0 (Ω), ϕ > 0 q✳t✳♣✳ ❡♠ Ω,

∫

Ω

∇v∇ψdx ≤ ‖u‖p2
α2

∫

Ω

f2(x, v)ψdx, ∀ψ ∈ H1
0 (Ω), ψ > 0 q✳t✳♣✳ ❡♠ Ω.

✭✹✳✷✼✮



✶✵✵

❱❡r❡♠♦s✱ ❛❣♦r❛✱ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✹✳✸ ❙✉♣♦♥❤❛♠♦s q✉❡ f1(x, u), f2(x, v) ∈ C(Ω×R) sã♦ ♥ã♦✲❞❡❝r❡s❝❡♥t❡s✱ ♣♦✲

s✐t✐✈❛s ❡ ▲✐♣s❝❤✐t③ ❝♦♥tí♥✉❛ ❡♠ u ❡ v r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙✉♣♦♥❤❛♠♦s t❛♠❜é♠✱ q✉❡ ❡①✐st❛

✉♠❛ s✉♣❡rs♦❧✉çã♦ ❢r❛❝❛ (u(x), v(x)) ❡ ✉♠❛ s✉❜s♦❧✉çã♦ ❢r❛❝❛ (u(x), v(x)) ❞♦ s✐st❡♠❛

(4.24)✱ s❛t✐s❢❛③❡♥❞♦

(u(x), v(x)) ≥ 0, (u(x), v(x)) ≤ 0 ❡♠ ∂Ω ♥♦ s❡♥t✐❞♦ ❞♦ tr❛ç♦,

(u(x), v(x)) ≤ (u(x), v(x)) q✳t✳♣✳ ❡♠ Ω.

✭✹✳✷✽✮

❊♥tã♦ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ (u, v) ❞❡ (4.24)✱ t❛❧ q✉❡

(u(x), v(x)) ≤ (u(x), v(x)) ≤ (u(x), v(x)), q✳t✳♣✳ ❡♠ Ω. ✭✹✳✷✾✮

❆❧é♠ ❞✐ss♦✱ s❡ (u(x), v(x)) > 0 ❡♠ Ω✱ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ (4.24) é ♣♦s✐t✐✈❛✳

❉❡♠♦♥str❛çã♦✿ ❊s❝r❡✈❡♥❞♦ (u0, v0) = (u, v)✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ s❡q✉ê♥❝✐❛

{(uk, vk)} ⊂ H1
0 (Ω) ×H1

0 (Ω) ❛ ♣❛rt✐r ❞♦ s❡❣✉✐♥t❡ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦
∫

Ω

∇uk∇ϕdx = ‖vk−1‖p1
α1

∫

Ω

f1(x, uk−1)ϕdx, ∀ϕ ∈ H1
0 (Ω),

∫

Ω

∇vk∇ψdx = ‖uk−1‖p2
α2

∫

Ω

f2(x, vk−1)ψdx, ∀ψ ∈ H1
0 (Ω).

✭✹✳✸✵✮

❆✜r♠❛♠♦s q✉❡✱

(u0, v0) = (u, v) ≤ (u1, v1) ≤ ... ≤ (un, vn) ≤ (u, v). ✭✹✳✸✶✮

P❛r❛ ❞❡♠♦♥str❛r (4.31)✱ ❢❛ç❛♠♦s ♣r✐♠❡✐r♦✱ k = 1 ❡♠ (4.30)✳

❆ss✐♠✱
∫

Ω

∇u1∇ϕdx ≤ ‖v0‖p1
α1

∫

Ω

f1(x, u0)ϕdx, ∀ϕ ∈ H1
0 (Ω),

∫

Ω

∇v1∇ψdx ≤ ‖u0‖p2
α2

∫

Ω

f2(x, v0)ψdx, ∀ψ ∈ H1
0 (Ω).

✭✹✳✸✷✮

❙✉❜tr❛✐♥❞♦ (4.32) ❞❡ (4.27) ❡♥❝♦♥tr❛♠♦s✱
∫

Ω

∇u0∇ϕdx−
∫

Ω

∇u1∇ϕdx ≤ ‖v0‖p1
α1

∫

Ω

f1(x, u0)ϕdx− ‖v0‖p1
α1

∫

Ω

f1(x, u0)ϕdx

✐st♦ é✱ ∫

Ω

∇(u0 − u1)∇ϕdx ≤ 0.



✶✵✶

❆♥❛❧♦❣❛♠❡♥t❡ ❡♥❝♦♥tr❛♠♦s✱
∫

Ω

∇(v0 − v1)∇ψdx ≤ 0.

❉❡✜♥✐♥❞♦ ϕ = (u0 − u1)
+ ❡ ψ = (v0 − v1)

+✱ ♦❜t❡♠♦s
∫

Ω

∇(u0 − u1)∇(u0 − u1)
+dx ≤ 0,

∫

Ω

∇(v0 − v1)∇(v0 − v1)
+dx ≤ 0.

❉❡st❛s ❞✉❛s ú❧t✐♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s t❡♠✲s❡✱
∫

Ω

∇((u0 − u1)
+ − (u0 − u1)

−)∇(u0 − u1)
+dx ≤ 0

♦ q✉❡ ✐♠♣❧✐❝❛✱
∫

Ω

∇(u0 − u1)
+∇(u0 − u1)

+dx−
∫

Ω

∇(u0 − u1)
−∇(u0 − u1)

+dx ≤ 0.

❉❛í✱ ∫

Ω

|∇(u0 − u1)
+|2dx ≤ 0

♦✉ s❡❥❛✱ ∫

Ω

|∇(u0 − u1)
+|2dx = 0

❧♦❣♦✱

(u0 − u1)
+ = 0.

P♦rt❛♥t♦✱ u0 ≤ u1✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ❡♥❝♦♥tr❛♠♦s v0 ≤ v1✳

❈♦♠ ♦ ❡st✉❞♦ ❢❡✐t♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡✱

(u0, v0) ≤ (u1, v1) q✳t✳♣✳ ❡♠ Ω.

❙✉♣♦♥❤❛♠♦s ❛ ✈❡r❛❝✐❞❛❞❡ ❞❡✱

(uk−1, vk−1) ≤ (uk, vk) q✳t✳♣✳ ❡♠ Ω, ♣❛r❛ ❛❧❣✉♠ k. ✭✹✳✸✸✮

❉❡ (4.30) ♦❜t❡♠♦s✱
∫

Ω

∇uk+1∇ϕdx = ‖vk‖p1
α1

∫

Ω

f1(x, uk)ϕdx, ∀ϕ ∈ H1
0 (Ω),

∫

Ω

∇vk+1∇ψdx = ‖uk‖p2
α2

∫

Ω

f2(x, vk)ψdx, ∀ψ ∈ H1
0 (Ω).

✭✹✳✸✹✮



✶✵✷

❉❡✜♥✐♥❞♦ ϕ = (uk−uk+1)
+ ❡ ψ = (vk−vk+1)

+✱ ❡ ♣r♦❝❡❞❡♥❞♦ ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱

♦❜t❡♠♦s
∫

Ω

∇(uk−uk+1)
+∇(uk−uk+1)

+dx =

∫

Ω

[f1(x, uk−1)‖vk−1‖p1
α1
−f1(x, uk)‖vk‖p1

α1
](uk−uk+1)

+dx

❡
∫

Ω

∇(vk−vk+1)
+∇(vk−vk+1)

+dx =

∫

Ω

[f2(x, vk−1)‖uk−1‖p2
α2
−f2(x, vk)‖uk‖p2

α2
](vk−vk+1)

+dx.

❆ss✐♠✱ ❞❡ (4.33) ❡ ❝♦♠♦ f1, f2 sã♦ ♣♦s✐t✐✈❛s✱ ♥ã♦✲❞❡❝r❡s❝❡♥t❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡
∫

Ω

∇(uk − uk+1)
+∇(uk − uk+1)

+dx ≤ 0

❡ ∫

Ω

∇(vk − vk+1)
+∇(vk − vk+1)

+dx ≤ 0.

P♦rt❛♥t♦✱ ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦❜t❡♠♦s

(uk, vk) ≤ (uk+1, vk+1) q✳t✳♣✳ ❡♠ Ω.

P♦r ✜♠✱ s✉❜tr❛✐♥❞♦ (4.34) ❞❡ (4.26) ✈❛♠♦s ❡♥❝♦♥tr❛r
∫

Ω

∇(u− uk+1)∇ϕdx ≥ ‖v‖p1
α1

∫

Ω

f1(x, u)ϕdx− ‖vk‖p1
α1

∫

Ω

f1(x, uk)ϕdx

❡ ∫

Ω

∇(v − vk+1)∇ψdx ≥ ‖u‖p2
α2

∫

Ω

f2(x, v)ψdx− ‖uk‖p2
α2

∫

Ω

f2(x, vk)ψdx

♣❛r❛ t♦❞♦s ϕ, ψ ∈ H1
0 (Ω)✳

❉❛í✱ ❞❡✜♥✐♥❞♦ ϕ = (uk+1 − u)+ ❡ ψ = (vk+1 − v)+✱ ❡♥❝♦♥tr❛♠♦s
∫

Ω

∇(uk+1 − u)∇(uk+1 − u)+dx ≤
∫

Ω

[f1(x, uk)‖vk‖p1
α1

− f1(x, u)‖v‖p1
α1

](uk+1 − u)+dx

❡
∫

Ω

∇(vk+1 − v)∇(vk+1 − v)+dx ≤
∫

Ω

[f2(x, vk)‖uk‖p2
α2

− f2(x, v)‖u‖p2
α2

](vk+1 − v)+dx

❈♦♠♦ (uk, vk) ≤ (u, v) ❡ f1, f2 sã♦ ♣♦s✐t✐✈❛s ❡ ♥ã♦✲❞❡❝r❡s❝❡♥t❡s✱ ♦❜t❡♠♦s
∫

Ω

∇(uk+1 − u)∇(uk+1 − u)+dx ≤ 0

❡ ∫

Ω

∇(vk+1 − v)∇(vk+1 − v)+dx ≤ 0,



✶✵✸

t❡♠♦s✱

(uk+1, vk+1) ≤ (u, v) q✳t✳♣✳ ❡♠ Ω.

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ k = 0 t❛♠❜é♠ é ✈á❧✐❞♦ ♣♦r (4.29)✳ P♦rt❛♥t♦ (4.31) é ✈á❧✐❞♦✳

❱❛♠♦s ♠♦str❛r q✉❡ (‖un‖) é ❧✐♠✐t❛❞❛✳ P❛r❛ ✐ss♦✱ ♦❜s❡r✈❡ q✉❡ u, v ∈ H1
0 (Ω) ×

L∞(Ω) ❡♥tã♦

|un(x)| ≤ |u(x)| ≤ ‖u‖∞

❡

|un(x)| ≤ |u(x)| ≤ ‖u‖∞,

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡✱ (un, vn) ∈ Lα(Ω) q✉❛❧q✉❡r q✉❡ s❡❥❛ 1 ≤ α ≤ +∞✳

❈♦♠♦ ❛s ❢✉♥çõ❡s f1, f2 sã♦ ♥ã♦✲❞❡❝r❡s❝❡♥t❡s✱ t❡♠✲s❡

f1(x, un) ≤ f1(x, u) ≤ f1(x, ‖u‖∞)

❡

f2(x, vn) ≤ f2(x, v) ≤ f2(x, ‖v‖∞).

❋❛③❡♥❞♦ ϕ = un ❡♠ (4.30) ❡♥❝♦♥tr❛♠♦s

‖un‖2 =

∫

Ω

∇un∇undx = ‖vn−1‖p1
α1

∫

Ω

f1(x, un−1)undx.

▲♦❣♦✱ ❝♦♠ ❛s ✐♥❢♦r♠❛çõ❡s ❛❝✐♠❛ ❡ ❡st❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✱ ♦❜t❡♠♦s✱

‖un‖2 ≤ ‖v‖p1
∞

∫

Ω

f1(x, ‖u‖∞)‖u‖∞dx = C, ∀n ∈ N.

P♦rt❛♥t♦✱ (‖un‖) é ❧✐♠✐t❛❞❛✳ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ❡♥❝♦♥tr❛♠♦s q✉❡✱ (‖vn‖) t❛♠✲

❜é♠ é ❧✐♠✐t❛❞❛✳

❈♦♠ ♦ ❡st✉❞♦ ❢❡✐t♦ ❡ ❞♦ ❢❛t♦ ❞❡ H1
0 (Ω) s❡r ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦✱ ❛ ♠❡♥♦s ❞❡

s✉❜s❡q✉ê♥❝✐❛✱ ❡①✐st❡ u ∈ H1
0 (Ω) t❛❧ q✉❡✱

un ⇀ u ❡♠ H1
0 (Ω),

un → u ❡♠ Lα2(Ω), 1 ≤ α2 ≤ α∗
2

❡✱

un(x) → u(x) q✳t✳♣✳ ❡♠ Ω.



✶✵✹

❆♥❛❧♦❣❛♠❡♥t❡✱ ❡♥❝♦♥tr❛♠♦s ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

vn ⇀ v ❡♠ H1
0 (Ω),

vn → v ❡♠ Lα1(Ω), 1 ≤ α1 ≤ α∗
1

❡✱

vn(x) → v(x) q✳t✳♣✳ ❡♠ Ω.

❱❛♠♦s ♠♦str❛r q✉❡✱

un → u ❡♠ H1
0 (Ω),

❡

vn → v ❡♠ H1
0 (Ω).

P❛r❛ ✐ss♦✱ ♦❜s❡r✈❡ q✉❡

|f1(x, un)| ≤ f1(x, ‖u‖∞)

❡

|f2(x, vn)| ≤ f2(x, ‖v‖∞)

♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ f1, f2 ❡♠ u, v r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠✲s❡

f1(x, un(x)) → f1(x, u(x)) q✳t✳♣✳ ❡♠ Ω

❡

f2(x, vn(x)) → f2(x, v(x)) q✳t✳♣✳ ❡♠ Ω.

❈♦♠ ✐ss♦✱ ♥♦t❡♠♦s q✉❡ ❡st❛♠♦s ♥❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦✲

♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ♦ q✉❡ ✐♠♣❧✐❝❛

∫

Ω

f1(x, un(x))dx→
∫

Ω

f1(x, u(x))dx

❡ ∫

Ω

f2(x, vn(x))dx→
∫

Ω

f2(x, v(x))dx.

▲♦❣♦✱ t❡♠✲s❡ q✉❡✱

‖un − u‖2 =

∫

Ω

∇(un − u)∇(un − u)dx =

∫

Ω

∇un∇(un − u)dx−
∫

Ω

∇u∇(un − u)dx



✶✵✺

✐st♦ é✱

‖un − u‖2 = ‖vn−1‖p1
α1

∫

Ω

f1(x, un−1)(un − u)dx− ‖v‖p1
α1

∫

Ω

f1(x, u)(un − u)dx.

❉❛í✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡✱ q✉❛♥❞♦ n→ +∞ ♦❜t❡♠♦s

‖un − u‖2 → 0 ⇒ ‖un − u‖ → 0.

▲♦❣♦✱ un → u ❡♠ H1
0 (Ω)✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♦❜t❡♠♦s vn → v ❡♠ H1
0 (Ω)✳

P♦rt❛♥t♦✱ (u, v) ∈ H1
0 (Ω)×H1

0 (Ω) é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ s✐st❡♠❛ (4.24)✳ �

❚❡♦r❡♠❛ ✹✳✹ ❙✉♣♦♥❤❛♠♦s q✉❡ f1, f2 s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ 4.3✱ ❡ q✉❡

0 < m1 ≤ f1(x, u) ≤M1✱ 0 < m2 ≤ f2(x, v) ≤M2 ❡♠ Ω × R ❡ p1p2 < 1✳ ❊♥tã♦✱ ❡①✐st❡

✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ ♦ s✐st❡♠❛ (4.24)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ (w1, w2) ❛ ú♥✐❝❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛




−∆w1 = m1 ❡♠ Ω,

−∆w2 = m2 ❡♠ Ω,

w1 = w2 = 0 ❡♠ ∂Ω,

t❛✐s q✉❡

‖w1‖p1p2
α1

‖w2‖p2
α2

≤ ‖w2‖p1
α1
‖w1‖p1p2

α2
.

❙❡❥❛♠

u =
(
‖w1‖p1p2

α1
‖w2‖p2

α2

) 1
(1−p1p2) w1

❡

v =
(
‖w2‖p1p2

α1
‖w1‖p2

α2

) 1
(1−p1p2) w2.

❱❛♠♦s ♠♦str❛r q✉❡✱ (u, v) é ✉♠❛ s✉❜s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ ♦ s✐st❡♠❛ (4.24)✳

❉❡ ❢❛t♦✱
∫

Ω

∇u∇ϕdx = (‖w1‖p1p2
α1

‖w2‖p2
α2

)
1

(1−p1p2)

∫

Ω

∇w1∇ϕdx

= (‖w1‖p1p2
α1

‖w2‖p2
α2

)
1

(1−p1p2)

∫

Ω

m1ϕdx

≤ (‖w1‖p1p2
α1

‖w2‖p2
α2

)
1

(1−p1p2)

∫

Ω

f1(x, u)ϕdx.



✶✵✻

❆ ♣❛rt✐r ❞❛q✉✐✱ ✈❛♠♦s ❛♣❡♥❛s ❞❡s❡♥✈♦❧✈❡r ♦ s❡❣✉✐♥t❡ t❡r♠♦✱ (‖w1‖p1p2
α1

‖w2‖p2
α2

)
1

(1−p1p2) ✳

❖❜s❡r✈❡ q✉❡✱

(‖w1‖p1p2
α1

‖w2‖p2
α2

)
1

(1−p1p2) = (‖w1‖p1p2
α1

‖w2‖p2
α2
‖w1‖p2

α2
‖w1‖−p2

α2
‖w2‖p1p2

α1
‖w2‖−p1p2

α1
)

1
(1−p1p2)

=
(
(‖w2‖p1p2

α1
‖w1‖p2

α2
)
(

‖w1‖α1

‖w2‖α1

)p1p2
(

‖w2‖α2

‖w1‖α2

)p2
) 1

(1−p1p2)

= (‖w2‖p1p2
α1

‖w1‖p2
α2

)p1

[
(‖w1‖

p1
α1

‖w2‖α2 )p2

(‖w1‖
p2
α2

)p1

] 1
(1−p1p2) ‖w2‖p1

α1

≤ (‖w2‖p1p2
α1

‖w1‖p2
α2

)p1‖w2‖p1
α1
.

▲♦❣♦✱ ∫

Ω

∇u∇ϕdx ≤ (‖w2‖p1p2
α1

‖w1‖p2
α2

)p1‖w2‖p1
α1

∫

Ω

f1(x, u)ϕdx,

♦ q✉❡ ✐♠♣❧✐❝❛✱ ∫

Ω

∇u∇ϕdx ≤ ‖v‖p1
α1

∫

Ω

f1(x, u)ϕdx.

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣♦✱ ♦❜t❡♠♦s
∫

Ω

∇v∇ψdx ≤ ‖u‖p2
α2

∫

Ω

f2(x, v)ψdx.

P♦rt❛♥t♦✱ (u, v) é ✉♠❛ s✉❜s♦❧✉çã♦ ♣❛r❛ ♦ s✐st❡♠❛ (4.24)✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ (W1,W2) ❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛




−∆W1 = M1 ❡♠ Ω,

−∆W2 = M2 ❡♠ Ω,

W1 = W2 = 0 ❡♠ ∂Ω,

❡ s❡❥❛♠

u =
(
‖W1‖p1p2

α1
‖W2‖p2

α2

) 1
(1−p1p2) W1

❡

v =
(
‖W2‖p1p2

α1
‖W1‖p2

α2

) 1
(1−p1p2) W2,

s❛t✐s❢❛③❡♥❞♦

‖W1‖p1p2
α1

‖W2‖p2
α2

≥ ‖W2‖p1
α1
‖W1‖p1p2

α2
.

❉❡ ❢♦r♠❛ s✐♠✐❧❛r✱ ♠♦str❛✲s❡ q✉❡ (u, v) ❞❡✜♥✐❞♦s ❛❝✐♠❛✱ é ✉♠❛ s✉♣❡rs♦❧✉çã♦ ♣❛r❛

♦ s✐st❡♠❛ (4.24)✳



✶✵✼

❈♦♠♦ mi ≤ Mi✱ t❡♠♦s wi ≤ Wi✱ i = 1, 2✳ ❙❡♥❞♦ 0 < p1p2 < 1✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r

(u, v) ≤ (u, v)✳ ■ss♦ ♣r♦✈❛ ♦ t❡♦r❡♠❛✳ �

❆❣♦r❛✱ ❡st✉❞❡♠♦s ♦ ❝❛s♦ ❡s♣❛❝✐❛❧ αi = pi = 1, i = 1, 2✳ ❈♦♠ ✐ss♦✱ t❡♠✲s❡ ♦

s❡❣✉✐♥t❡ s✐st❡♠❛✱ 



−∆u = f1(x, u)

∫

Ω

|v|dx, ❡♠ Ω,

−∆v = f2(x, v)

∫

Ω

|u|dx, ❡♠ Ω,

u = v = 0 ❡♠ ∂Ω.

✭✹✳✸✺✮

❉❡♥♦t❛♥❞♦ ♣♦r ϕ0(x) ❛ ú♥✐❝❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛ ❡❧í♣t✐❝♦ ❧✐♥❡❛r




−∆ϕ0(x) = 1 ❡♠ Ω,

ϕ0(x) = 0 ❡♠ ∂Ω,

t❡♠✲s❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✹✳✶ ❆ss✉♠✐♥❞♦ q✉❡ f1 ❡ f2 ❝✉♠♣r❡♠ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ 4.3✱ ❡ s❛✲

t✐s❢❛③❡♠ 0 < fi ≤ Mi, i = 1, 2 ❡♠ Ω × R✳ ❊♥tã♦✱ ❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❞❡ (4.35)

❡①✐st❡ s❡

ρ2 ≤ 1

M1M2

.

❉❡♠♦♥str❛çã♦✿ ❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ✈ê✲s❡ q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐✲

t✐✈❛s s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s K1 ❡ K2 t❛✐s q✉❡

M1ρ ≤
K1

K2

≤ 1

M2ρ
.

❙❡❥❛♠ W (x) = K1ϕ0(x) ❡ S(x) = K2ϕ0(x)✱ ❡♥tã♦ (W,S) é ✉♠❛ s✉♣❡rs♦❧✉çã♦

♣❛r❛ (4.35)✳

❉❡ ❢❛t♦✱ ♦❜s❡r✈❡ q✉❡
∫

Ω

∇W∇ϕdx = K1

∫

Ω

∇ϕ0∇ϕdx

≥ M1ρK2

∫

Ω

∇ϕ0∇ϕdx

= M1ρK2

∫

Ω

ϕdx,



✶✵✽

♦ q✉❡ ✐♠♣❧✐❝❛✱ ∫

Ω

∇W∇ϕdx ≥ ρK2

∫

Ω

f1(x,W )ϕdx

=

∫

Ω

S(x)dx

∫

Ω

f1(x,W )ϕdx

=

∫

Ω

|S|dx
∫

Ω

f1(x,W )ϕdx.

P♦rt❛♥t♦✱
∫

Ω

∇W∇ϕdx ≥
∫

Ω

|S|dx
∫

Ω

f1(x,W )ϕdx, x ∈ Ω.

❆♥❛❧♦❣❛♠❡♥t❡✱ ❡♥❝♦♥tr❛♠♦s✱
∫

Ω

∇S∇ψdx ≥
∫

Ω

|W |dx
∫

Ω

f2(x, S)ψdx, x ∈ Ω.

P♦rt❛♥t♦✱ (W,S) é ✉♠❛ s✉♣❡rs♦❧✉çã♦ ♣❛r❛ (4.35)✳ ❆❧é♠ ❞✐ss♦✱ (0, 0) é ✉♠❛ s✉❜✲

s♦❧✉çã♦ ♣❛r❛ (4.35)✱ ♦ q✉❡ ♠♦str❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ♣❛r❛ (4.35)

✈✐❛ ❚❡♦r❡♠❛ 4.3✳ �

Pr♦♣♦s✐çã♦ ✹✳✷ ❆ss✉♠✐♥❞♦ q✉❡✱ 0 < mi ≤ fi ≤ Mi (i = 1, 2) ❡♠ Ω × R ❡ q✉❡ ρ

s❛t✐s❢❛③

ρ2 <
1

M1M2

♦✉ ρ2 >
1

m1m2

. ✭✹✳✸✻✮

❊♥tã♦ ♦ s✐st❡♠❛ (4.35) ♣♦ss✉✐ ❛♣❡♥❛s ❛ s♦❧✉çã♦ tr✐✈✐❛❧✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ (u, v) é ✉♠❛ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ♣❛r❛ (4.35)✳ ▼✉❧t✐♣❧✐✲

❝❛♥❞♦ (4.35) ♣♦r ϕ0✱ ❡♥❝♦♥tr❛♠♦s

−∆uϕ0 = f1(x, u)ϕ0

∫

Ω

|v|dx,

❡

−∆vϕ0 = f2(x, v)ϕ0

∫

Ω

|u|dx,

❛❣♦r❛ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡♠ Ω ❝❛❞❛ ✉♠❛ ❞❛s ✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ ♦❜t❡♠♦s
∫

Ω

∇u∇ϕ0dx =

∫

Ω

|v|dx
∫

Ω

f1(x, u)ϕ0dx

❡ ∫

Ω

∇u∇ϕ0dx =

∫

Ω

|u|dx
∫

Ω

f2(x, v)ϕ0dx



✶✵✾

♦ q✉❡ ✐♠♣❧✐❝❛✱ ∫

Ω

udx = ‖v‖1

∫

Ω

f1(x, u)ϕ0dx

❡ ∫

Ω

vdx = ‖u‖1

∫

Ω

f2(x, v)ϕ0dx.

❈♦♠♦ 0 < mi ≤ fi ≤Mi, (i = 1, 2)✱ ❡ ϕ0 é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛✱ t❡♠✲s❡

m1ρ‖v‖1 ≤ ‖v‖1

∫

Ω

f1(x, u)ϕ0dx =

∫

Ω

udx ≤
∫

Ω

|u|dx = ‖u‖1 ≤M1ρ‖v‖1,

❡

m2ρ‖u‖1 ≤ ‖u‖1

∫

Ω

f2(x, v)ϕ0dx =

∫

Ω

vdx ≤
∫

Ω

|v|dx = ‖v‖1 ≤M2ρ‖u‖1.

❆ss✐♠✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♠❡♠❜r♦ ❛ ♠❡♠❜r♦✱ ❡ss❛s ❞✉❛s ❞❡s✐❣✉❛❧❞❛❞❡s✱ ❡♥❝♦♥tr❛♠♦s

m1m2ρ
2‖v‖1‖u‖1 ≤ ‖v‖1‖u‖1 ≤M1M2ρ

2‖v‖1‖u‖1

♦ q✉❡ ✐♠♣❧✐❝❛✱

m1m2ρ
2 ≤ 1 ≤M1M2ρ

2

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♣♦r (4.36)✳ �

✹✳✸ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ ❱✐❛ ❚❡♦r❡♠❛ ❞♦ P♦♥t♦ ❋✐①♦

❞❡ ❙❝❤❛✉❞❡r

◆❡st❛ s❡çã♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ♥ã♦✲❧♦❝❛❧✱




−a
(∫

Ω

udx

)
∆u = λf(u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

✭✹✳✸✼✮

❡♠ q✉❡ a : R −→ R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦✿

❊①✐st❡♠ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s a0 ≤ a∞ t❛✐s q✉❡ a0 ≤ a(t) ≤ a∞, ∀t ∈ R, ✭✹✳✸✽✮

λ > 0 é ✉♠ ♣❛râ♠❡tr♦✱ ❡ ❡①✐st❡ θ > 0 t❛❧ q✉❡ f : [0, θ] −→ R é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡

C1 s❛t✐s❢❛③❡♥❞♦

f(0) = f(θ) = 0, ✭✹✳✸✾✮

f ′(0) > 0, ✭✹✳✹✵✮

f(t) > 0, ♣❛r❛ t♦❞♦s t ∈ (0, θ). ✭✹✳✹✶✮



✶✶✵

❉❡ss❛ ✈❡③ ♦ ♣r♦❜❧❡♠❛ ❡st❛rá ❛ss♦❝✐❛❞♦ ❛ ✉♠ t❡♦r❡♠❛ ❞❡ ♣♦♥t♦ ✜①♦✳ ❙❡❣✉✐r❡♠♦s

❛q✉✐✱ ❛s ✐❞é✐❛s ❞❡s❡♥✈♦❧✈✐❞❛s ♣♦r ❈❤✐♣♦t✲❈♦rrê❛ [12]✳

❉❡s✐❣♥❛r❡♠♦s ♣♦r λ1 ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞❡ (−∆, H1
0 (Ω))✱ ♦ q✉❛❧ s❛t✐s❢❛③

λ1 = inf
0 6=v∈H1

0 (Ω)

∫

Ω

|∇v|2dx
∫

Ω

v2dx

. ✭✹✳✹✷✮

❚❡♦r❡♠❛ ✹✳✺ ❙♦❜ ❛s ❤✐♣ót❡s❡s (4.39), (4.40), (4.41), (4.42) ❡ s❡

λ >
λ1a∞
f ′(0)

. ✭✹✳✹✸✮

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ u ❞♦ ♣r♦❜❧❡♠❛ (4.37) t❛❧ q✉❡ 0 < u(x) < θ

♣❛r❛ t♦❞♦ x ∈ Ω✳

❉❡♠♦♥str❛çã♦✿ ❉❡s✐❣♥❡♠♦s ♣♦r φ1 ❛ ♣r✐♠❡✐r❛ ❛✉t♦❢✉♥çã♦ ♥♦r♠❛❧✐③❛❞❛ ♣❛r❛ ♦ ♣r♦✲

❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t✱ ✐st♦ é✱




−∆φ1 = λ1φ1 ❡♠ Ω,

φ1 ∈ H1
0 (Ω), φ1 > 0,

∫

Ω

φ2
1 = 1.

✭✹✳✹✹✮

❱❛♠♦s ❞✐✈✐❞✐r ❡st❛ ❞❡♠♦♥str❛çã♦ ❡♠ s❡✐s ♣❛ss♦s✳

✶♦ P❛ss♦✳ ❊s❝♦❧❤❡r❡♠♦s t0 > 0 t❛❧ q✉❡ u = t0φ1 s❛t✐s❢❛③

−∆u ≤ λf(u)

a

(∫

Ω

wdx

) ✭✹✳✹✺✮

♣❛r❛ t♦❞❛ w ∈ L1(Ω)✳

❉❡ ❢❛t♦✱ ❡♠ ✈✐rt✉❞❡ ❞❡ (4.44)✱ t❡♠✲s❡

−∆(t0φ1) = λ1t0φ1 ❡♠ Ω

♦ q✉❡ ✐♠♣❧✐❝❛✱

−∆u = λ1t0φ1 ❡♠ Ω.

❉❡s❞❡ q✉❡ φ1 ∈ C0(Ω)✱ φ1 > 0 ❡♠ Ω✱ ❡♥❝♦♥tr❛♠♦s t0 > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡✲

q✉❡♥♦✱ t❛❧ q✉❡ 0 < t0φ1(x) < θ ♣❛r❛ t♦❞♦ x ∈ Ω✳ ❆ss✐♠✱ ♣❛r❛ t♦❞❛ w ∈ L1(Ω)✱

t❡r❡♠♦s
λf(t0φ1)

a∞
≤ λf(u)

a

(∫

Ω

wdx

) ,



✶✶✶

❧❡♠❜r❛♥❞♦ q✉❡ ✈❛❧❡ (4.38)✳

❖❜s❡r✈❡♠♦s q✉❡ f ′(0) >
λ1a∞
λ

❡ f(0) = 0✳ ❉❛í✱ s❡♥❞♦ f ∈ C1(Ω)✱ ♣♦❞❡♠♦s

❡s❝♦❧❤❡r t0 > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❞❡ ♠♦❞♦ q✉❡

f(t0φ1) − f(0)

t0φ1 − 0
=
f(t0φ1)

t0φ1

≥ λ1a∞
λ

.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

λ1t0φ1 ≤
λf(t0φ1)

a∞
≤ λf(u)

a

(∫

Ω

wdx

) ❡♠ Ω,

♦ q✉❡ ✐♠♣❧✐❝❛✱

−∆(t0φ1) ≤
λf(u)

a

(∫

Ω

wdx

) ❡♠ Ω,

❧♦❣♦✱

−a
(∫

Ω

wdx

)
∆u ≤ λf(u) ❡♠ Ω.

❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ ✜①❡♠♦s t0 > 0 t❛❧ q✉❡(4.45) s❡❥❛ s❛t✐s❢❡✐t❛✳

❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❡ ❝♦♥✈❡①♦ ❞❡ L2(Ω)✿

K = {v ∈ L2(Ω); t0φ1 ≤ v ≤ θ q✳t✳♣✳ ❡♠ Ω}. ✭✹✳✹✻✮

✷♦ P❛ss♦✳ ❊①✐st❡ µ > 0 t❛❧ q✉❡

g(t) = λf(t) + µt ✭✹✳✹✼✮

é ♥ã♦✲❞❡❝r❡s❝❡♥t❡ ❡♠ (0, θ)✳

❉❡ ❢❛t♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡

g′(t) = λf ′(t) + µ ≥ λ inf
(0,θ)

f ′ + µ ≥ 0

♦ q✉❡ é ♣♦ssí✈❡❧✱ ♣♦✐s f ∈ C1([0, θ])✱ ❜❛st❛♥❞♦ ♣❛r❛ ✐ss♦ t♦♠❛r♠♦s µ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✳

❆❞♠✐t❛♠♦s✱ ♥♦ q✉❡ s❡ s❡❣✉❡✱ q✉❡ (4.47) s❡❥❛ s❛t✐s❢❡✐t❛✳

P❛r❛ ❝❛❞❛ w ∈ K ❝♦♥s✐❞❡r❡♠♦s

u = Tw ✭✹✳✹✽✮



✶✶✷

❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛




−∆u+
µu

a

(∫

Ω

wdx

) =
g(w)

a

(∫

Ω

wdx

) ❡♠ Ω,

u = 0 ❡♠ ∂Ω.

✭✹✳✹✾✮

❖❜s❡r✈❡ q✉❡ w ∈ K ✐♠♣❧✐❝❛ q✉❡ w ∈ Lp(Ω) ∀p ≥ 1✱ ❡ t♦❞♦s ♦s t❡r♠♦s ❡♠ (4.49)

❢❛③❡♠ s❡♥t✐❞♦✳ ▲♦❣♦✱ ♣♦♥t♦s ✜①♦s ❞❡ T sã♦ s♦❧✉çõ❡s ❞❡ (4.37)✳

✸♦ P❛ss♦✳ u = Tw ∈ K✳

❉❡✈✐❞♦ ❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞❡ g✱ t❡♠♦s ♣❛r❛ x ∈ Ω✱

−∆u+
µu

a

(∫

Ω

wdx

) =
g(w)

a

(∫

Ω

wdx

) ≤ g(θ)

a

(∫

Ω

wdx

) = −∆θ +
µθ

a

(∫

Ω

wdx

)

❡

−∆u+
µu

a

(∫

Ω

wdx

) =
g(w)

a

(∫

Ω

wdx

) ≥ g(u)

a

(∫

Ω

wdx

) ≥ −∆u+
µu

a

(∫

Ω

wdx

) .

❉❡s❞❡ q✉❡✱ u ≤ u ≤ θ ❡♠ ∂Ω✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ u ≤ u ≤ θ ❡♠ Ω✱ ✐st♦ é✱

u ∈ K✳

✹♦ P❛ss♦✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ w t❛❧ q✉❡

∥∥|∇u|
∥∥

2
≤ C ✭✹✳✺✵✮

✐st♦ é✱ u é ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω) ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ w✳ ❆q✉✐✱

∥∥.
∥∥

2
❞❡s✐❣♥❛ ❛ ♥♦r♠❛ ✉s✉❛❧

❡♠ L2(Ω) ❡ |.| é ❛ ♥♦r♠❛ ❡✉❝❧✐❞✐❛♥❛ ❡♠ R
N ✳

❉❡ ❢❛t♦✱ ❞❛ ❢♦r♠✉❧❛çã♦ ❢r❛❝❛ ❞❡ (4.49) t❡♠✲s❡

∫

Ω

|∇u|2dx+
µ

a

(∫

Ω

wdx

)
∫

Ω

u2dx =

∫

Ω

g(w)

a

(∫

Ω

wdx

)udx. ✭✹✳✺✶✮

❙❡❥❛ M = sup
(0,θ)

|g|✳



✶✶✸

❉❡ (4.51)✱ ♦❜t❡♠♦s
∫

Ω

|∇u|2dx =

∫

Ω

g(w)

a

(∫

Ω

wdx

)udx− µ

a

(∫

Ω

wdx

)
∫

Ω

u2dx

=
1

a

(∫

Ω

wdx

)
[∫

Ω

g(w)udx− µ

∫

Ω

udx

]

≤ 1

a0

∫

Ω

g(w)udx

≤ M

a0

∫

Ω

udx.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ♥❡st❛ ú❧t✐♠❛ ✐♥t❡❣r❛❧✱ ❡♥❝♦♥tr❛♠♦s✱
∫

Ω

|∇u|2dx ≤ M

a0

· |Ω| 12 ·
(∫

Ω

u2dx

) 1
2

≤ M

a0

· |Ω| 12√
λ1

·
(∫

Ω

|∇u|2dx
) 1

2

∥∥|∇u|
∥∥

2,Ω
≤ M

a0

· |Ω| 12√
λ1

. ✭✹✳✺✷✮

✺♦ P❛ss♦✳ ❆ ❛♣❧✐❝❛çã♦ T : K −→ K é ❝♦♥tí♥✉❛✳

❖❜s❡r✈❡♠♦s q✉❡ K ❡stá ❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♥♦r♠❛ ✐♥❞✉③✐❞❛ ❞❡ L2(Ω)✳

❙❡❥❛ (wu) ✉♠❛ s❡q✉ê♥❝✐❛ t❛❧ q✉❡

wu → w ❡♠ L2(Ω), wu, w ∈ K.

▼♦str❛r❡♠♦s q✉❡✱

uµ = Twu → Tw = u ❡♠ L2(Ω).

❉❡ (4.49)✱ ♦❜t❡♠♦s

−∆(u− uµ) +
µu

a

(∫

Ω

wdx

) − µuµ

a

(∫

Ω

wudx

) =
g(w)

a

(∫

Ω

wdx

) − g(wu)

a

(∫

Ω

wudx

)

❡ ❛ss✐♠✱

(∗)

−∆(u− uµ) +
µ(u− uµ)

a

(∫

Ω

wdx

) = µuµ





1

a

(∫

Ω

wudx

) − 1

a

(∫

Ω

wdx

)





+





g(w)

a

(∫

Ω

wdx

) − g(wu)

a

(∫

Ω

wudx

)




.



✶✶✹

❆ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ t❡♠♦s

wu(x) → w(x) q✳t✳♣✳ ❡♠ Ω.

❉♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡♠❜❡s❣✉❡✱ ❞❡s❞❡ q✉❡ wu, w ∈ K✱

s❡❣✉❡✲s❡

wu → w ❡♠ Lp(Ω), ∀p ≥ 1. ✭✹✳✺✸✮

❖ ❧❛❞♦ ❞✐r❡✐t♦ ❆µ ❞❡ (∗) s❛t✐s❢❛③

|❆µ| ≤ µθ

∣∣∣∣∣∣∣∣





1

a

(∫

Ω

wudx

) − 1

a

(∫

Ω

wdx

)





∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣





g(w)

a

(∫

Ω

wdx

) − g(wu)

a

(∫

Ω

wudx

)





∣∣∣∣∣∣∣∣

❡

a

(∫

Ω

wudx

)
→ a

(∫

Ω

wdx

)
.

❆❣♦r❛✱ ♥♦✈❛♠❡♥t❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ s❡❣✉❡✲

s❡ q✉❡

❆µ → 0 ❡♠ L2(Ω).

❉❡ (∗)✱ t❡♠✲s❡ q✉❡✱

uµ → u ❡♠ H1
0 (Ω),

♠♦str❛♥❞♦ ❛ss✐♠✱ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ❚✳

✻♦ P❛ss♦✳ ❈♦♥❝❧✉sã♦✳

❉❡✈✐❞♦ ❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❛ ✐♠❡rsã♦H1
0 (Ω) →֒ L2(Ω)✱ T : K −→ K é ✉♠❛ ❛♣❧✐❝❛çã♦

❝♦♠♣❛❝t❛✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ P♦♥t♦ ❋✐①♦ ❞❡ ❙❝❤❛✉❞❡r [18]✱ T : K −→ K ♣♦ss✉✐

✉♠ ♣♦♥t♦ ✜①♦ ❡♠ K✳

■st♦ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛✳ �

❖❜s❡r✈❛çã♦ ✹✳✶ ❙❡ h é ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ (4.39) − (4.41)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛

s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ♣❛r❛ 



−∆u =
h(u)

a

(∫

Ω

udx

) ,

u ∈ H1
0 (Ω),

✭✹✳✺✹✮

❞❡s❞❡ q✉❡ h′(0) > λ1a∞✳ ✭❇❛st❛ ❢❛③❡r h = λf✮✳



✶✶✺

❊①❡♠♣❧♦ ✸ ❈♦♥s✐❞❡r❡♠♦s θ′ < 0 < θ ❡ f : [θ′, θ] −→ R ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1

s❛t✐s❢❛③❡♥❞♦

✭✐✮ f(θ′) = f(0) = f(θ) = 0,

✭✐✐✮ f ′(0) > 0,

✭✐✐✐✮ f(t) < 0 ∀t ∈ (θ′, 0) ❡ f(t) > 0 ∀t ∈ (0, θ).

◆❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ t❡♠✲s❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

❚❡♦r❡♠❛ ✹✳✻ ❆ss✉♠✐♥❞♦ (4.38)✱ (i), (ii), (iii) ❡

λ >
λ1a∞
f ′(0)

,

♦ ♣r♦❜❧❡♠❛ (4.37) ♣♦ss✉✐ ❞✉❛s s♦❧✉çõ❡s ♥ã♦✲tr✐✈✐❛✐s✳

❉❡♠♦♥str❛çã♦✿ ❙❛❜❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ❡♥tr❡ 0 ❡ θ ♣❡❧♦ ❚❡♦r❡♠❛

4.5✳ ❆❣♦r❛✱ s❡ ũ é ✉♠❛ s♦❧✉çã♦ ❞❡





−∆u =
−λf(−u)

a

(∫

Ω

(−u)dx
) ,

u ∈ H1
0 (Ω),

❡♥tr❡ 0 ❡ −θ′ ❡♥tã♦✱ ❝❧❛r❛♠❡♥t❡ u = −ũ é ✉♠❛ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ❞❡ (4.37) ❡♥tr❡ θ′ ❡

0✳ ■ss♦ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛✳ �



❆♣ê♥❞✐❝❡ ❆

❯♠❛ ❈♦♥s❡q✉ê♥❝✐❛ ❞❛ ❈♦♥❞✐çã♦ ❞❡

❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③

❚❡♦r❡♠❛ ❆✳✶ ❙✉♣♦♥❤❛♠♦s q✉❡✱ ❡①✐st❡♠ µ > 2 ❡ r > 0 t❛✐s q✉❡

0 < µF (x, s) ≤ sf(x, s), ∀|s| ≥ r

♦♥❞❡

F (x, s) =

∫ s

0

f(x, ξ)dξ

❡ f : Ω × R −→ R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✳

❊♥tã♦✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s c, d > 0 t❛✐s q✉❡

|F (x, s)| ≥ c|s|µ − d, ∀s ∈ R ❡ ∀x ∈ Ω.

❉❡♠♦♥str❛çã♦✿ ❈♦♠ ❡❢❡✐t♦✱ ❞❛ ❤✐♣ót❡s❡ t❡♠♦s✱

µ

s
≤ f(x, s)

F (x, s)
, ∀s ≥ r > 0.

▲♦❣♦✱ ∫ t

r

µ

s
ds ≤

∫ t

r

f(x, s)

F (x, s)
ds ∀t ≥ r,

⇒ µln s

∣∣∣∣
t

r

≤ lnF (x, s)

∣∣∣∣
t

r

∀t ≥ r,

⇒ µ(ln t− ln r) ≤ lnF (x, t) − lnF (x, r) ∀t ≥ r,

⇒ ln

(
t

r

)µ

≤ ln
F (x, t)

F (x, r)
∀t ≥ r,



✶✶✼

⇒
(
t

r

)µ

≤ F (x, t)

F (x, r)
∀t ≥ r,

⇒ F (x, t) ≥ F (x, r)

(
1

r

)µ

tµ ∀t ≥ r > 0.

❈♦♠♦ F é ❝♦♥tí♥✉❛✱ t❡♠✲s❡

(i) F (x, t) ≥ k1|t|µ ∀s ≥ r > 0.

❆❣♦r❛✱ s❡❥❛ s ≤ −r ≤ 0✳ P❡❧❛ ❤✐♣ót❡s❡ t❡♠✲s❡

(∗) µ

s
≥ f(x, s)

F (x, s)
.

❋❛ç❛♠♦s u ≥ r > 0 ❡ −u = s✳ ❆ss✐♠✱




f(x, s) = f(x,−u) = g(x, u),

F (x, s) = F (x,−u) = G(x, u),

✐♠♣❧✐❝❛ q✉❡✱

f(x, s) = F ′(x, s) =
d

ds
F (x, s) =

d

ds
G(x, u) =

d

du
G(x, u)

du

ds

❧♦❣♦✱

f(x, s) = −G′(x, u)

♦✉ ❛✐♥❞❛

G′(x, u) = −g(x, u).

P♦r (∗) s❡❣✉❡ q✉❡✱
µ

−u ≥ g(x, u)

G(x, u)
⇒ µ

u
≤ −g(x, u)

G(x, u)
,

❧♦❣♦✱ ∫ t

r

µ

u
du ≤

∫ t

r

−g(x, u)
G(x, u)

du ∀t ≥ r > 0,

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ❡♥❝♦♥tr❛♠♦s✱
(
t

r

)µ

≤ G(x, t)

G(x, r)
du ∀t ≥ r > 0,

♦ q✉❡ ✐♠♣❧✐❝❛✱

G(x, t) ≥ k2t
µ, ∀t ≥ r > 0,

♦✉ ❛✐♥❞❛✱

G(x, u) ≥ k2u
µ, ∀u ≥ r > 0,



✶✶✽

❧♦❣♦✱

(ii) F (x, s) ≥ k2(−s)µ, ∀s ≤ −r < 0.

❚♦♠❡♠♦s k = min{k1, k2}✱ ❡♥tã♦ ❞❡ (i)✱❡ (ii) t❡♠✲s❡

F (x, s) ≥ k|s|µ, ∀|s| ≥ r.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ F ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✱ t❡♠✲s❡ q✉❡

F
∣∣∣
Ω̄×[−r,r]

é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡✳

▲♦❣♦✱ ❡①✐st❡ d > 0 t❛❧ q✉❡

−d
2

≤ inf
Ω̄×[−r,r]

F (x, s) ≤ F (x, s), ∀|s| ≤ r.

❚♦♠❛♥❞♦ k3 > 0 t❛❧ q✉❡✱

k3|s|µ ≤ d

2
(|s| ≤ r)

♦❜t❡♠♦s✱

F (x, s) ≥ −d
2

=
d

2
− d ≥ k3|s|µ − d.

❙❡❥❛ c = min{k, k3} ❡♥tã♦

F (x, s) ≥ k|s|µ ≥ k|s|µ − d ≥ c|s|µ − d, s❡ |s| ≥ r

❡

F (x, s) ≥ k3|s|µ − d ≥ c|s|µ − d, s❡ |s| ≤ r.

▲♦❣♦✱

F (x, s) ≥ c|s|µ − d, ∀s ∈ R ❡ ∀x ∈ Ω.

P♦rt❛♥t♦✱

|F (x, s)| ≥ c|s|µ − d, ∀s ∈ R ❡ ∀x ∈ Ω,

♦♥❞❡ c, d > 0. �



❆♣ê♥❞✐❝❡ ❇

❯♠ ❖♣❡r❛❞♦r ❈♦♠♣❛❝t♦

◆❡st❡ ❛♣ê♥❞✐❝❡ ✈❛♠♦s ♠♦str❛r q✉❡ ♦ ♦♣❡r❛❞♦r T : H1
0 (Ω) −→ H1

0 (Ω)✱ ♦ q✉❛❧ ❢♦✐

❝♦♥s✐❞❡r❛❞♦ ♥♦ ❞❡❝♦rr❡r ❞♦ ❈❛♣ít✉❧♦ 1 ❡ ♥♦ ❈❛♣ít✉❧♦ 2✱ é ❝♦♠♣❛❝t♦✳

❱❛♠♦s ❞❡♥♦t❛r ♣♦r ∇E : H1
0 (Ω) −→ H1

0 (Ω) ♦ ❣r❛❞✐❡♥t❡ ❞❡ E✱ ♦ q✉❛❧ é ❞❡✜♥✐❞♦

❛tr❛✈és ❞♦ ❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③✱ ✐st♦ é✱ ∇E(u) ∈ H1
0 (Ω) é ♦ ú♥✐❝♦ ✈❡t♦r

t❛❧ q✉❡

E ′(u)v = 〈∇E(u), v〉, v ∈ H1
0 (Ω),

♦♥❞❡ 〈., .〉 é ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞♦ ❡s♣❛ç♦ H1
0 (Ω)✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛q✉✐✱ E : H1
0 (Ω) −→ R✱ ❞❡✜♥✐❞♦ ♣♦r✱

E(u) =
1

2
M̂

(∫

Ω

|∇u|2dx
)
− ψ(u), ∀u ∈ H1

0 (Ω)

♦♥❞❡

ψ(u) =

∫

Ω

F (x, u)dx, M̂(t) =

∫ t

0

M(τ)dτ ❡ F (x, s) =

∫ s

0

f(x, τ)dτ.

❆❧é♠ ❞✐ss♦✱ f é ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② s❛t✐s❢❛③❡♥❞♦

(f1) ❊①✐st❡♠ ❝♦♥st❛♥t❡s

c, d > 0 ❡





0 ≤ θ < N+2
N−2

s❡ N ≥ 3,

0 ≤ θ < +∞ s❡ N = 1, 2

t❛✐s q✉❡ |f(x, s)| ≤ c|s|θ + d✳



✶✷✵

❊ ♥♦t❡ q✉❡ s✉❛ ❞❡r✐✈❛❞❛ é ❞❛❞❛ ♣♦r✱

E ′(u)v = M

(∫

Ω

|∇u|2dx
)∫

Ω

∇u∇vdx−
∫

Ω

f(x, u)vdx ∀u, v ∈ H1
0 (Ω).

❉❛í✱

E ′(u)v = M(‖u‖2)

∫

Ω

∇u∇vdx−
∫

Ω

f(x, u)vdx = M(‖u‖2)〈u, v〉−ψ′(u)v, ∀u, v ∈ H1
0 (Ω).

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③✱ ❛❣♦r❛

♣❛r❛ ψ′(u)✱ t❡♠✲s❡

ψ′(u)v = 〈∇ψ(u), v〉, ∀v ∈ H1
0 (Ω).

▲♦❣♦✱

E ′(u)v = M(‖u‖2)〈u, v〉 − 〈∇ψ(u), v〉 = 〈M(‖u‖2)u−∇ψ(u), v〉, ∀v ∈ H1
0 (Ω).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

∇E(u) = M(‖u‖2)u−∇ψ(u).

❈♦♥s✐❞❡r❛♥❞♦✱ T (u) = ∇ψ(u) ♦❜t❡♠♦s✱

∇E(u) = M(‖u‖2)u− T (u).

Pr♦♣♦s✐çã♦ ❇✳✶ ❖ ♦♣❡r❛❞♦r T : H1
0 (Ω) −→ H1

0 (Ω) é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ (un) ⊂ H1
0 (Ω) ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✳ ❈♦♠♦ H1

0 (Ω) ✉♠

❡s♣❛ç♦ r❡✢❡①✐✈♦ t❡♠✲s❡ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ ❡①✐st❡ u ∈ H1
0 (Ω) t❛❧ q✉❡✱

un ⇀ u ❡♠ H1
0 (Ω).

❆❣♦r❛✱ ♣❡❧❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛

H1
0 (Ω) →֒ Lp1(Ω), ∀1 ≤ p1 < 2∗,

t❡♠✲s❡

un → u ❡♠ Lp1(Ω).

❚❛♠❜é♠ t❡♠✲s❡ q✉❡✱

r1 =
p1

p1 − 1
≤ p1

θ
⇒ 0 ≤ θr1 < p1,



✶✷✶

❧♦❣♦✱

|f(x, u)|r1 ≤ 2r1(cr1|u|θr1 + dr1)

❛ss✐♠✱

|f(x, u)|r1 ≤ c2|u|θr1 + d2 < +∞.

❊♥tã♦ ♣❡❧❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s ❞❡ ❙♦❜♦❧❡✈

H1
0 (Ω) →֒ Lθr1(Ω) →֒ Lr1(Ω),

t❡♠✲s❡

f ∈ Lr1(Ω).

❈♦♠♦
1

r1
+

1

p1

= 1✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r s❡❣✉❡✲s❡

∫

Ω

|f(x, u+ th) − f(x, u)||h|dx ≤ ‖f(x, u+ th) − f(x, u)‖r1‖h‖p1 .

❆ss✐♠✱ ♣❛r❛ h ∈ H1
0 (Ω) t❡♠✲s❡✱

h→ 0 ❡♠ H1
0 (Ω) ⇒ h→ 0 ❡♠ Lp1(Ω)

♦ q✉❡ ✐♠♣❧✐❝❛✱

u+ th→ u ❡♠ Lp1(Ω), ∀ t ∈ [0, 1].

❈♦♠♦ p1 ≥ θ✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ❞❡ ❱❛✐♥❜❡r❣✱

f(., u+ th) → f(., u) ❡♠ L
p1
θ (Ω) ∀ t ∈ [0, 1].

❊✱ ✉♠❛ ✈❡③ q✉❡✱ r1 =
p1

p1 − 1
<
p1

θ
s❡❣✉❡✲s❡ q✉❡

f(., u+ th) → f(., u) ❡♠ Lr1(Ω) ∀ t ∈ [0, 1].



✶✷✷

❉❛í✱

‖T (un) − T (u)‖ = ‖ψ′(un) − ψ′(u)‖H−1 = sup
‖h‖≤1

|(ψ′(un) − ψ′(u))h|

= sup
‖h‖≤1

∣∣∣∣
∫

Ω

(f(x, un) − f(x, u))hdx

∣∣∣∣

≤ sup
‖h‖≤1

∫

Ω

|f(x, un) − f(x, u)||h|dx

≤ sup
‖h‖≤1

‖f(x, un) − f(x, u)‖r1‖h‖p1

≤ sup
‖h‖≤1

(c‖f(x, un) − f(x, u)‖r1‖h‖)

≤ c‖f(x, un) − f(x, u)‖r1 ∀n ≥ 1.

❆ss✐♠✱

un → u ❡♠ H1
0 (Ω) ⇒ un → u ❡♠ Lp1(Ω).

❊♥tã♦✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ❞❡ ❱❛✐♥❜❡r❣✱

f(., un) → f(., u) ❡♠L
p1
θ (Ω),

♦ q✉❡ ✐♠♣❧✐❝❛✱

f(., un) → f(., u) ❡♠Lr1(Ω)

▲♦❣♦✱ T (un) → T (u) ❡♠ H−1✳

P♦rt❛♥t♦✱ T é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✳ �



❆♣ê♥❞✐❝❡ ❈

❆❧❣✉♥s ❘❡s✉❧t❛❞♦s ❯t✐❧✐③❛❞♦s

◆❡st❡ ❛♣ê♥❞✐❝❡ ❡♥✉♥❝✐❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ ❛❧❣✉♥s t❡♦r❡♠❛s ✉t✐❧✐③❛❞♦s ♥♦

❞❡❝♦rr❡r ❞❡st❛ ❞✐ss❡rt❛çã♦✳

❚❡♦r❡♠❛ ❈✳✶ ✭❱❡r [23]✮ ❯♠❛ ❢❛♠í❧✐❛ ❈ = (❈λ)λ∈L ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❡s♣❛ç♦

♠étr✐❝♦M ❝❤❛♠❛✲s❡ ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛ q✉❛♥❞♦ t♦❞♦ ♣♦♥t♦ x ∈M ♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

q✉❡ ✐♥t❡r❝❡♣t❛ ❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝♦♥❥✉♥t♦s ❈λ✳

❊♠ t❡r♠♦s ♠❛✐s ❡①♣❧í❝✐t♦s✿ ❈ é ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ ❝❛❞❛

x ∈ M ❡①✐st❡♠ í♥❞✐❝❡s λ1, ..., λn ∈ L ❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ∋ x t❛✐s q✉❡ V ∩ Cλ 6= ∅ ⇒
λ ∈ {λ1, ...λn}✳

❚❡♦r❡♠❛ ❈✳✷ ✭❱❡r [23]✮ ❯♠ ❡s♣❛ç♦ ♠étr✐❝♦ M ❝❤❛♠❛✲s❡ ♣❛r❛❝♦♠♣❛❝t♦ q✉❛♥❞♦ t♦❞❛

❝♦❜❡rt✉r❛ ❛❜❡rt❛ ❞❡ M ♣♦❞❡ s❡r r❡t✐✜❝❛❞❛ ♣♦r ✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛✳

❚❡♦r❡♠❛ ❈✳✸ ✭❱❡r [23]✮ ❙❡❥❛ M ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦✳ ❯♠❛ ♣❛rt✐çã♦ ❞❡ ✉♥✐❞❛❞❡ ❡♠

M é ✉♠❛ ❢❛♠í❧✐❛ (ϕλ)λ∈I ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ϕλ : M −→ R t❛✐s q✉❡✿

✭✐✮ P❛r❛ t♦❞♦ x ∈M ❡ t♦❞♦ λ ∈ I✱ t❡♠✲s❡ ϕλ(x) ≥ 0❀

✭✐✐✮ ❆ ❢❛♠í❧✐❛ ❈ = (sup(ϕλ))λ∈I é ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛ ❡♠ M ❀

✭✐✐✐✮ P❛r❛ t♦❞♦ x ∈M t❡♠✲s❡
∑
λ∈I

ϕλ(x) = 1✳

❚❡♦r❡♠❛ ❈✳✹ ✭❱❡r [7]✮ ❙❡❥❛ H ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳ ❈❤❛♠❛♠♦s ❞❡ ❇❛s❡ ❍✐❧❜❡rt✐❛♥❛

✭♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ s❡ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦✱ ❜❛s❡✮✱ ✉♠❛ s❡q✉ê♥❝✐❛ (en) ❞❡ ❡❧❡♠❡♥t♦s ❞❡

H t❛❧ q✉❡

✭✐✮ |en| = 1 ∀n, (em, en) = 0 ∀m,n✱ m 6= n✱



✶✷✹

✭✐✐✮ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣❡r❛❞♦ ♣♦r (en) é ❞❡♥s♦ ❡♠ H✳

❚❡♦r❡♠❛ ❈✳✺ ✭❱❡r [7]✮ ❚♦❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H s❡♣❛rá✈❡❧✱ ❛❞♠✐t❡ ✉♠❛ ❜❛s❡ ❍✐❧❜❡r✲

t✐❛♥❛✳

❚❡♦r❡♠❛ ❈✳✻ ✭❱❡r [23]✮ ❚♦❞♦ ❡s♣❛ç♦ ♠étr✐❝♦ M s❡♣❛rá✈❡❧✱ é ♣❛r❛❝♦♠♣❛❝t♦✳

❚❡♦r❡♠❛ ❈✳✼ ✭❚❡♦r❡♠❛ ❞❡ ❑❛❦✉t❛♥✐✮ ✭❱❡r [7]✮ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❊♥tã♦

X é ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

BX = {x ∈ X; ‖x‖ ≤ 1}

é ❝♦♠♣❛❝t❛ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✳

❚❡♦r❡♠❛ ❈✳✽ ✭❚❡♦r❡♠❛ ❞❡ ▼✐❧♠❛♥✲P❡tt✐s✮ ✭❱❡r [7]✮ ❚♦❞♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ✉♥✐❢♦r✲

♠❡♠❡♥t❡ ❝♦♥✈❡①♦ é r❡✢❡①✐✈♦✳

❚❡♦r❡♠❛ ❈✳✾ ✭❱❡r [7]✮ ❙❡❥❛ {fn} ⊂ X ′✳ ❊♥tã♦✱

✭✐✮ fn → f ❡♠ X ′ ⇒ fn ⇀ f ❡♠ X ′✳

✭✐✐✮ fn ⇀ f ❡♠ X ′ ⇒ fn
∗
⇀ f ❡♠ X ′✳

✭✐✐✐✮ fn
∗
⇀ f ❡♠ X ′✱ ❡♥tã♦ ‖fn‖ é ❧✐♠✐t❛❞❛ ❡ ‖f‖ ≤ lim inf

n→∞
‖fn‖.

✭✐✈✮ fn
∗
⇀ f ❡ xn → x✱ ❡♥tã♦ fn(x) → f(x) ❡♠ R✳

❉❡✜♥✐çã♦ ❈✳✶ ✭❱❡r [19]✮ ❙❡❥❛ Ω ⊂ R
N , N ≥ 1✳ ❉✐③✲s❡ q✉❡ f : Ω × R −→ R é ✉♠❛

❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② s❡✿

(a) f(., s) é ♠❡♥s✉rá✈❡❧ ❡♠ Ω✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ s ∈ R ✜①❛❞♦❀

(b) f(x, .) é ❝♦♥tí♥✉❛ ❡♠ R✱ q✳t✳♣✳ ❡♠ Ω✳

❚❡♦r❡♠❛ ❈✳✶✵ ✭❚❡♦r❡♠❛ ❞❡ ❱❛✐♥❜❡r❣✮✭❱❡r [19]✮ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛♠ ❝♦♥st❛♥t❡s c >

0✱ ✉♠❛ ❢✉♥çã♦ b(x) ∈ Lq(Ω)✱ 1 ≤ q ≤ +∞✱ ❡ r > 0 t❛✐s q✉❡

|f(x, s)| ≤ c|s|r + b(x), ∀x ∈ Ω, ∀s ∈ R.

❊♥tã♦✱

(a) Nf : Lrq −→ Lq❀

(b) Nf é ❝♦♥tí♥✉❛ ❡ ❧✐♠✐t❛❞❛ ✭♠❛✐s ❛✐♥❞❛✱ ❧❡✈❛ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡♠ ❝♦♥❥✉♥t♦ ❧✐♠✐✲

t❛❞♦✮✳

N é ❝❤❛♠❛❞♦ ❖♣❡r❛❞♦r ❞❡ ◆❡♠✐ts❦✐✳



✶✷✺

❚❡♦r❡♠❛ ❈✳✶✶ ✭❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐✮✭❱❡r [7]✮ ❙✉♣♦♥❤❛♠♦s q✉❡ F ∈ L1(Ω1 × Ω2)✳

❊♥tã♦✱ ♣❛r❛ t♦❞♦ x ∈ Ω1

F (x, u) ∈ L1
y(Ω2) ❡

∫

Ω2

F (x, y)dy ∈ L1
x(Ω1).

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ♣❛r❛ t♦❞♦ y ∈ Ω2

F (x, u) ∈ L1
x(Ω1) ❡

∫

Ω1

F (x, y)dx ∈ L1
y(Ω2).

❆❧é♠ ❞✐ss♦✱

∫

Ω1

dx

∫

Ω2

F (x, y)dy =

∫

Ω2

dy

∫

Ω1

F (x, y)dx =

∫∫

Ω1×Ω2

F (x, y)dxdy.

❚❡♦r❡♠❛ ❈✳✶✷ ✭❚❡♦r❡♠❛ ❞❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③✲❋ré❝❤❡t✮✭❱❡r [7]✮ P❛r❛ t♦❞❛ ϕ ∈
H ′ ❡①✐st❡ f ∈ H ú♥✐❝♦ t❛❧ q✉❡✱

〈ϕ, v〉 = (f, v) ∀v ∈ H.

❆❧é♠ ❞✐ss♦✱ |f | = ‖ϕ‖H′✳ ✭H ′ é ♦ ❞✉❛❧ ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H✮✳

❚❡♦r❡♠❛ ❈✳✶✸ ✭❱❡r [7]✮ ❙❡❥❛ H ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦✳ ❙❡ (un) é ✉♠❛

s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ H✱ ❡♥tã♦ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unj
) ⊂ (un) ❡ u ∈ H t❛✐s

q✉❡

unj
⇀ u ❡♠ H.

❚❡♦r❡♠❛ ❈✳✶✹ ✭❱❡r [7]✮ ❙❡❥❛ (xn) ✉♠❛ s❡q✉ê♥❝✐❛ ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ❡♠ ✉♠

❡s♣❛ç♦ ♥♦r♠❛❞♦ X✱ ✐st♦ é✱ ❡①✐st❡ x ∈ X t❛❧ q✉❡

xn ⇀ x ❡♠ X.

❊♥tã♦✱

• ❖ ❧✐♠✐t❡ ❢r❛❝♦ x ❞❡ (xn) é ú♥✐❝♦✳

• ❚♦❞❛ s✉❜s❡q✉ê♥❝✐❛ (xnj
) ⊂ (xn) ❝♦♥✈❡r❣❡ ❢r❛❝♦ ♣❛r❛ x✳

• ❆ s❡q✉ê♥❝✐❛ (xn) é ❧✐♠✐t❛❞❛✳

❚❡♦r❡♠❛ ❈✳✶✺ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✮✭❱❡r [7]✮ ❙❡❥❛♠ f ∈ Lp(Ω) ❡ g ∈ Lq(Ω)✱

♦♥❞❡ 1 ≤ p <∞ ❡
1

p
+

1

q
= 1✳ ❊♥tã♦✱

fg ∈ L1(Ω) ❡ ‖fg‖1 ≤ ‖f‖p.‖g‖q.



✶✷✻

❚❡♦r❡♠❛ ❈✳✶✻ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✮✭❱❡r [7]✮ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞❡

R
N ✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖u‖2 ≤ C.

(∫

Ω

|∇u|pdx
) 1

2

, ∀u ∈ H1
0 (Ω).

❚❡♦r❡♠❛ ❈✳✶✼ ✭❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✮✭❱❡r [18]✮ ❙❡❥❛ fn

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ✐♥t❡❣rá✈❡✐s q✉❡ ❝♦♥✈❡r❣❡♠ ❡♠ q✉❛s❡ t♦❞❛ ♣❛rt❡ ♣❛r❛ ✉♠❛

❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ f ✳ ❙❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ g t❛❧ q✉❡

|fn| ≤ g ∀n ∈ N,

❡♥tã♦ f é ✐♥t❡❣rá✈❡❧ ❡ ∫
fdµ = lim

∫
fndµ.

❚❡♦r❡♠❛ ❈✳✶✽ ✭■♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✮✭❱❡r [7]✮ ❆s s❡❣✉✐♥t❡s ✐♠❡rsõ❡s sã♦ ❝♦♥tí♥✉❛s✿

H1
0 (Ω) →֒ Lp(Ω), 1 ≤ s ≤ 2∗ =

2N

N − 2
♣❛r❛ N ≥ 3,

❡

H1
0 (Ω) →֒ Lp(Ω), 1 ≤ p < +∞ ♣❛r❛ N = 1 ♦✉ N = 2.

❚❡♦r❡♠❛ ❈✳✶✾ ✭❚❡♦r❡♠❛ ❞❛ ■♠❡rsã♦ ❈♦♠♣❛❝t❛ ❞❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✮✭❱❡r [7]✮ s❡♥❞♦

Ω ⊂ R
N ✱ ❛s s❡❣✉✐♥t❡s ✐♠❡rsõ❡s sã♦ ❝♦♠♣❛❝t❛s✿

H1(Ω) →֒ Lp(Ω), 1 ≤ s < 2∗ =
2N

N − 2
♣❛r❛ N ≥ 3,

❡

H1(Ω) →֒ Lp(Ω), 1 ≤ p < +∞ ♣❛r❛ N = 1 ♦✉ N = 2.

❚❡♦r❡♠❛ ❈✳✷✵ ✭Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦✮✭❱❡r[18]✮ ❙❡❥❛ u ∈ H1
0 (Ω) s♦❧✉çã♦ ❞❡

{
−∆u+ λu = h ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭❈✳✶✮

♦♥❞❡ h ∈ Lσ(Ω)✱ σ = 2N
N+2

✱ λ ✉♠ ♣❛râ♠❡tr♦ r❡❛❧ ♥ã♦✲♥❡❣❛t✐✈♦ ❡ h ≥ 0 ❡♠ Ω✳ ❊♥tã♦

u ≥ 0 ❡♠ Ω✳ ❆❧é♠ ❞✐ss♦✱ s❡ h > 0 ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♣♦s✐t✐✈❛✱ ❡♥tã♦ u > 0

❡♠ Ω✳

❙❡ u ∈ C1(Ω)✱ ❡♥tã♦ ❛ ❞❡r✐✈❛❞❛ ♥♦r♠❛❧ ❡①t❡r✐♦r
∂u

∂η
(x) < 0 ♣❛r❛ t♦❞♦ x ∈ Ω✳

❚❡♦r❡♠❛ ❈✳✷✶ ✭❱❡r [18]✮ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ K ✉♠ ❝♦♠♣❛❝t♦ ❝♦♥✈❡①♦

❡ T : K −→ K ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✳ ❊♥tã♦ T ❛❞♠✐t❡ ✉♠ ♣♦♥t♦ ✜①♦ x ∈ X✱ ✐st♦ é✱

Tx = x✳



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❖✳❇✳ ❆❧♠❡✐❞❛✱ ❚❡♦r✐❛ ❞♦ ❣r❛✉ ❡ ❛♣❧✐❝❛çõ❡s✱ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦✳ ❯❋❈●✱ 2006✳

❬✷❪ ❈✳❖✳ ❆❧✈❡s ✫ ❉✳●✳ ❞❡ ❋✐❣✉❡✐r❡❞♦✱ ◆♦♥✈❛r✐❛t✐♦♥❛❧ ❡❧❧✐♣t✐❝ s②st❡♠s ✈✐❛ ●❛❧❡r❦✐♥

♠❡t❤♦❞s✱ ❋✉♥❝t✐♦♥ ❙♣❛❝❡s✱ ❉✐✛❡r❡♥t✐❛❧ ❖♣❡r❛t♦rs ❛♥❞ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s ✲ ❚❤❡

❍❛♥s ❚r✐❡❜❡❧ ❆♥♥✐✈❡rs❛r② ❱♦❧✉♠❡✱ ❊❞✳ ❇✐r❦❤❛✉s❡r✱ ❙✇✐t③❡r❧❛♥❞✱ 47✲57, 2003✳

❬✸❪ ❈✳❖✳ ❆❧✈❡s ✫ ❋✳❏✳❙✳❆✳ ❈♦rrê❛✱ ❖♥ ❊①✐st❡♥❝❡ ♦❢ ❙♦❧✉t✐♦♥s ❢♦r ❛ ❈❧❛ss ♦❢ Pr♦✲

❜❧❡♠s ■♥✈♦❧✈✐♥❣ ❛ ◆♦♥❧✐♥❡❛r ❖♣❡r❛t♦r✱ ❈♦♠♠✳ ♦♥ ❆♣♣❧✐❡❞ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s

8(2001)✱ 43✲56✳

❬✹❪ ❈✳❖✳ ❆❧✈❡s✱ ❋✳❏✳❙✳❆✳ ❈♦rrê❛ ✫ ❚✳❋✳ ▼❛✱ P♦s✐t✐✈❡ ❙♦❧✉t✐♦♥s ❢♦r ❛ ◗✉❛s✐❧✐♥❡❛r ❊❧❧✐♣✲

t✐❝ ❊q✉❛t✐♦♥ ♦❢ ❑✐r❝❤❤♦✛ ❚②♣❡✱ ❈♦♠♣✉t❡rs ❛♥❞ ▼❛t❤❡♠❛t✐❝s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥✱

49(2005)85✲93✳

❬✺❪ ❆✳ ❆♠❜r♦s❡tt✐✱ ❍✳ ❇r❡③✐s ✫ ●✳ ❈❡r❛♠✐✱ ❈♦♠❜✐♥❡❞ ❊✛❡❝ts ♦❢ ❈♦♥❝❛✈❡ ❛♥❞ ❝♦♥✈❡①

♥♦♥❧✐♥❡❛r✐t✐❡s ✐♥ s♦♠❡ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✱ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳ 122(1994), 519✲543✳

❬✻❪ ❆✳ ❆♠❜r♦s❡tt✐ ✫ P✳▼✳ ❘❛❜✐♥♦✇✐t③✱ ❈✉❛❧ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s ✐♥ ❝r✐t✐❝❛❧ ♣♦✐♥t t❤❡✲

♦r② ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✱ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳ 14(1973), 349✲381✳

❬✼❪ ❍✳ ❇r❡③✐s✱ ❆♥❛❧②s❡ ❢♦♥❝t✐♦♥♥❡❧❧❡✱ ▼❛ss♦♥✱ P❛r✐s✱ 1983✳

❬✽❪ ❍✳ ❇r❡③✐s ✫ ▲✳ ❖s✇❛❧❞✱ ❘❡♠❛r❦s ♦♥ ❙✉❜❧✐♥❡❛r ❊❧❧✐♣t✐❝ ❊q✉❛t✐♦♥s✱ ◆♦♥❧✐♥❡❛r ❆♥❛❧✳✱

❱♦❧✳10✱ ◆✳1(1986), 55✲64✳

❬✾❪ ❍✳ ❇✉❡♥♦✱ ●✳ ❊r❝♦❧❡✱ ❲✳ ❋❡rr❡✐r❛ ✫ ❆✳ ❩✉♠♣❛♥♦✱ ❊①✐st❡♥❝❡ ❛♥❞ ♠✉❧t✐♣❧✐❝✐t② ♦❢

♣♦s✐t✐✈❡ s♦❧✉t✐♦♥s ❢♦r t❤❡ ♣✲▲❛♣❧❛❝✐❛♥ ✇✐t❤ ♥♦♥❧♦❝❛❧ ❝♦❡✣❝✐❡♥t✱ ❏✳ ▼❛t❤✳ ❆♥❛❧✳

❆♣♣❧✳ 343(2008)151✕158✳



✶✷✽

❬✶✵❪ ❈❆❘❘■❊❘✱ ●✳ ❋✳✱ ❖♥ t❤❡ ◆♦♥❧✐♥❡❛r ❱✐❜r❛t✐♦♥ Pr♦❜❧❡♠❛ ♦❢ t❤❡ ❊❧❛st✐❝ ❙tr✐♥❣✱

◗✉❛rt✳ ❆♣♣❧✳ ▼❛t❤✳✱❱♦❧✳ 3(1945), 157 − 165✳

❬✶✶❪ ❨✳ ❈❤❡♥ ✫ ❍✳ ●❛♦✱ ❊①✐st❡♥❝❡ ♦❢ P♦s✐t✐✈❡ ❙♦❧✉t✐♦♥s ❋♦r ◆♦♥❧♦❝❛❧ ❛♥❞ ◆♦♥✈❛r✐❛t✐✲

♦♥❛❧ ❊❧❧✐♣t✐❝ ❙②st❡♠s✱ ❇✉❧❧✳ ❆✉str❛❧✳ ▼❛t❤✳ ❙♦❝✳✱ ❱♦❧✳72 (2005)271✲281✳

❬✶✷❪ ▼✳ ❈❤✐♣♦t ✫ ❋✳❏✳❙✳❆✳ ❈♦rrê❛✱ ❇♦✉♥❞❛r② ▲❛②❡r ❙♦❧✉t✐♦♥s t♦ ❋✉♥❝t✐♦♥❛❧ ❊❧❧✐♣t✐❝

❊q✉❛t✐♦♥s✱ ❇✉❧❧✳ ❇r❛③✳ ▼❛t❤✳ ❙♦❝✳✱ ◆❡✇ ❙❡r✐❡s 40(3), 381✲393✱ 2009✳

❬✶✸❪ ▼✳ ❈❤✐♣♦t ✫ ❇✳ ▲♦✈❛t✱ ❙♦♠❡ r❡♠❛r❦s ♦♥ ♥♦♥❧♦❝❛❧ ❡❧❧✐♣t✐❝ ❛♥❞ ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s✱

◆♦♥❧✐♥❡❛r ❆♥❛❧✳ ❚❤❡♦r②✱ ▼❡t❤✳ ❆♣♣❧✳ 30(7)(1997)4619✲4627✳

❬✶✹❪ ▼✳ ❈❤✐♣♦t✱ ❱✳ ❱❛❧❡♥t❡ ✫ ●✳ ❱❡r❣❛r❛ ❈❛✛❛r❡❧❧✐✱ ❘❡♠❛r❦s ♦♥ ❛ ♥♦♥❧♦❝❛❧ ♣r♦❜❧❡♠ ✐♥✲

✈♦❧✈✐♥❣ t❤❡ ❉✐r✐❝❤❧❡t ❡♥❡r❣②✱ ❘❡♥❞✐❝♦♥t✐ ❙❡♠✳ ▼❛t✳ P❛❞♦✈❛ 110(2003)199✕220✳

❬✶✺❪ ❋✳❏✳❙✳❆ ❈♦rrê❛✱ Pr♦❜❧❡♠❛s ❊❧í♣t✐❝♦s ◆ã♦✲▲♦❝❛✐s ❡ ❆❧❣✉♠❛s ❚é❝♥✐❝❛s ❞❡ ❆♥á❧✐s❡

❋✉♥❝✐♦♥❛❧ ◆ã♦✲▲✐♥❡❛r✱ ❙❇❆✱ ❱♦❧✳ 31✱ ◆♦ 2✱ 2005✳

❬✶✻❪ ❋✳❏✳❙✳❆✳ ❈♦rrê❛ ✫ ❙✳❉✳❇✳ ▼❡♥❡③❡s✱ ❊①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s t♦ ♥♦♥❧♦❝❛❧ ❛♥❞ s✐♥❣✉✲

❧❛r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s ✈✐❛ ●❛❧❡r❦✐♥ ♠❡t❤♦❞✱ ❊❧❡❝tr♦♥✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s

19(2004) 1✕10✳

❬✶✼❪ ❉✳●✳ ❈♦st❛✱ ❚ó♣✐❝♦s ❡♠ ❛♥á❧✐s❡ ♥ã♦✲❧✐♥❡❛r ❡ ❆♣❧✐❝❛çõ❡s ás ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s✱

❈◆Pq✲■▼P❆✱ 1986✳

❬✶✽❪ ▲✳❈✳ ❊✈❛♥s✱ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ❱♦❧✳ 19✱ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐✲

❡t②✱ ❯✳❙✳❆✳✱ 1998✳

❬✶✾❪ ❉✳●✳ ❞❡ ❋✐❣✉❡✐r❡❞♦✱ ❚❤❡ ❊❦❡❧❛♥❞ ❱❛r✐❛t✐♦♥❛❧ Pr✐♥❝✐♣❧❡ ❲✐t❤ ❆♣♣❧✐❝❛t✐♦♥s ❆♥❞

❉❡t♦✉rs✱ ❚❛t❛ ■♥st✐t✉t❡ ❋✉♥❞❛♠❡♥t❛❧ r❡s❡❛r❝❤ ❇♦♠❜❛②✱ 1989✳

❬✷✵❪ ❋❘❖❚❆✱ ❈✳ ▲✳✱ ❈❖❯❙■◆✱ ❆✳ ❚✳ ❛♥❞ ▲❆❘❑■◆✱ ◆✳ ❆✳✱ ❊①✐st❡♥❝❡ ♦❢ ●❧♦❜❛❧ ❙♦❧✉t✐♦♥s

❛♥❞ ❊♥❡r❣② ❉❡❝❛② ❢♦r t❤❡ ❈❛rr✐❡r ❊q✉❛t✐♦♥ ✇✐t❤ ❉✐ss✐♣❛t✐✈❡ ❚❡r♠✱ ❉✐✛❡r❡♥t✐❛❧

■♥t❡❣r❛❧ ❊q✉❛t✐♦♥✱ ♣♣✳453✲459✱ 124(1999)✳

❬✷✶❪ ●✳ ❑✐r❝❤❤♦✛✱ ▼❡❝❤❛♥✐❦✱ ❚❡✉❜♥❡r✱ ▲❡✐♣③✐❣✱ 1883✳

❬✷✷❪ ◆✳ ❆✳ ▲❆❘❑■◆✱ ●❧♦❜❛❧ ❘❡❣✉❧❛r ❙♦❧✉t✐♦♥s ❢♦r t❤❡ ◆♦♥❤♦♠♦❣❡♥❡♦✉s ❈❛rr✐❡r ❊q✉❛✲

t✐♦♥✳ ▼❛t❤✳ Pr♦❜❧❡♠s ✐♥ ❊♥❣✐♥❡❡r✐♥❣✳ ❱♦❧✳ 8✳ ♣♣✳ 15✲31 (2002)✳

❬✷✸❪ ❊✳▲✳ ▲✐♠❛✱ ❊s♣❛ç♦s ♠étr✐❝♦s✱ Pr♦❥❡t♦ ❊✉❝❧✐❞❡s✱ ❈◆Pq✲■▼P❆✱ 1977✳



✶✷✾

❬✷✹❪ ❏✳▲✳ ▲✐♦♥s✱ ❖♥ ❙♦♠❡ ◗✉❡st✐♦♥s ✐♥ ❇♦✉♥❞❛r② ❱❛❧✉❡ Pr♦❜❧❡♠s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ P❤②✲

s✐❝s✱ ■♥t❡r♥❛t✐♦♥❛❧ ❙②♠♣♦s✐✉♠ ♦♥ ❈♦♥t✐♥✉✉♠✱ ▼❡❝❤❛♥✐❝s ❛♥❞ P❛rt✐❛❧ ❉✐✛❡r❡♥✲

t✐❛❧ ❊q✉❛t✐♦♥s✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦ (1977)✱ ▼❛t❤❡♠❛t✐❝s ❙t✉❞✐❡s✳✱ ❱♦❧✳ 30✱ ◆♦rt❤✲

❍♦❧❧❛♥❞✱ ❆♠st❡r❞❛♠✱ (1978)284✲346✳

❬✷✺❪ ❚✳❋✳ ▼❛✱ ❘❡♠❛r❦s ♦♥ ❛♥ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥ ♦❢ ❑✐r❝❤❤♦✛ t②♣❡✱ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s

❱♦❧✳63 (2005)1967✕1977✳

❬✷✻❪ ❘✳●✳ ◆❛s❝✐♠❡♥t♦✱ Pr♦❜❧❡♠❛s ❊❧í♣t✐❝♦s ◆ã♦✲▲♦❝❛✐s ❞♦ ❚✐♣♦ ♣✲❑✐r❝❤❤♦✛✱ ❚❡s❡ ❞❡

❉♦✉t♦r❛❞♦✱ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ❊s✲

t❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛✱ (2008)✳

❬✷✼❪ ▼✳❉✳ ❞♦s ❙❛♥t♦s✱ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s

✈✐❛ ♠ét♦❞♦s ✈❛r✐❛❝✐♦♥❛✐s✱ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦✳ ❯❋❈●✱ 2005✳

❬✷✽❪ ❲❡✐❜✐♥❣ ❉❡♥❣✱ ❨✉①✐❛♥❣ ▲✐ ✫ ❈❤✉♥❤♦♥❣ ❳✐❡✱ ❇❧♦✇✲✉♣ ❛♥❞ ❣❧♦❜❛❧ ❡①✐st❡♥❝❡ ❢♦r ❛

♥♦♥❧♦❝❛❧ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ s②st❡♠✱❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳ 277(2003)199✕217✳


