
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s
♣❛r❛ ❛❧❣✉♠❛s ❝❧❛ss❡s ❞❡ ❊q✉❛çõ❡s

❊❧í♣t✐❝❛s ❙❡♠✐❧✐♥❡❛r❡s

♣♦r

❘❡♥❛♥ ❏❛❝❦s♦♥ ❙♦❛r❡s ■s♥❡r✐ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❈❧❛✉❞✐❛♥♦r ❖❧✐✈❡✐r❛ ❆❧✈❡s

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙



❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s
♣❛r❛ ❛❧❣✉♠❛s ❝❧❛ss❡s ❞❡ ❊q✉❛çõ❡s

❊❧í♣t✐❝❛s ❙❡♠✐❧✐♥❡❛r❡s

♣♦r

❘❡♥❛♥ ❏❛❝❦s♦♥ ❙♦❛r❡s ■s♥❡r✐

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ▼❛t❡♠át✐❝❛

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ▲❡❛♥❞r♦ ❞❛ ❙✐❧✈❛ ❚❛✈❛r❡s

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❉❡♥✐❧s♦♥ ❞❛ ❙✐❧✈❛ P❡r❡✐r❛

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❈❧❛✉❞✐❛♥♦r ❖❧✐✈❡✐r❛ ❆❧✈❡s

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❋❡✈❡r❡✐r♦✴✷✵✷✵



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
  
 
 
 
 
 
                            

 

I84e 

 

Isneri, Renan Jackson Soares. 

       Existência de soluções heteroclínicas para algumas classes de 

equações elípticas semilineares / Renan Jackson Soares Isneri. – 

Campina Grande, 2020. 

       138 f. : il. color.   

   

        Dissertação (Mestrado em Matemática) – Universidade Federal de 

Campina Grande, Centro de Ciências e Tecnologia, 2020.  

       "Orientação: Prof. Dr. Claudianor Oliveira Alves”. 
     Referências. 

   

  1. Equações Elípticas. 2. Soluções Heteroclínicas. 3. Métodos 

Variacionais. 4. Espaços de Sobolev. I. Alves, Claudianor Oliveira.        

II. Título. 
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❉❡❞✐❝❛tór✐❛

➚ ♠✐♥❤❛ ❢❛♠í❧✐❛ ❞❡❞✐❝♦ ❡st❡ tr❛✲

❜❛❧❤♦ ♣❡❧♦ ❝♦♠♣❛♥❤❡✐r✐s♠♦ ❡ ✐♥✲

❝❡♥t✐✈♦✳ ❊♠ ❡s♣❡❝✐❛❧✱ à ♠✐♥❤❛

♠ã❡ ❘✐❧✈â♥✐❛ ❙♦❛r❡s ❞❛ ❙✐❧✈❛✱ ❡ ❛♦

♠❡✉ ♣❛✐✱ ❏❛r❞❡❧ ❏❛❝❦s♦♥ ●♦♠❡s

■s♥❡r✐✱ q✉❡ sã♦ r❡s♣♦♥sá✈❡✐s ♣❡❧♦

♠❡✉ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ✐♥t❡❧❡❝t✉❛❧✳



✐✈

❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r ♠✐♥❤❛ ✈✐❞❛✱ ❢❛♠í❧✐❛✱ ❛♠✐❣♦s ❡ ❡st✉❞♦s✳ ❆❣r❛✲

❞❡ç♦ t❛♠❜é♠ ♣♦r t♦❞♦s ♦❜stá❝✉❧♦s q✉❡ ❉❡✉s ❝♦❧♦❝♦✉ ❡♠ ♠❡✉ ❝❛♠✐♥❤♦✱ ♣♦✐s ♠❡s♠♦

♥ã♦ ❝♦♠♣r❡❡♥❞❡♥❞♦ ❛s ❞✐✜❝✉❧❞❛❞❡s sã♦ ❡❧❛s q✉❡ ♠❡ ❝♦❧♦❝❛♠ ❡♠ ✉♠❛ ♣♦s✐çã♦ ❞❡ ❡st❛❞♦

♣❡ss♦❛❧ ❛❣r❛❞á✈❡❧✳ ❙♦✉ ❣r❛t♦ à ❉❡✉s ♣♦r t✉❞♦ q✉❡ ♠❡ t❡♠ ♣r♦♣♦r❝✐♦♥❛❞♦ ❛♦ ❧♦♥❣♦ ❞❛

♠✐♥❤❛ ✈✐❞❛ ❡ ❛♥t❡❝✐♣♦✱ ♥❡st❡ ♠♦♠❡♥t♦✱ ♦s ❛❣r❛❞❡❝✐♠❡♥t♦s ❞♦ q✉❡ ❛✐♥❞❛ ❊❧❡ ❛ ❞❡ ♠❡

♣r♦♣♦r❝✐♦♥❛r✳

❆❣r❛❞❡ç♦ à ♠✐♥❤❛ ❢❛♠í❧✐❛✱ ♣❡❧♦ ❛♠♦r✱ ✐♥❝❡♥t✐✈♦✱ ❝♦♥✜❛♥ç❛ ❡ ❛♣♦✐♦ ✐♥❝♦♥❞✐❝✐♦♥❛❧✳

❊♠ ❡s♣❡❝✐❛❧✱ ❛♦s ♠❡✉s ♣❛✐s ❘✐❧✈â♥✐❛ ❞❛ ❙✐❧✈❛ ❙♦❛r❡s ❡ ❏❛r❞❡❧ ❏❛❦s♦♥ ●♦♠❡s ■s♥❡r✐

q✉❡ ♠❡ ❞❡r❛♠ ❛♣♦✐♦ ❡♠ t♦❞❛s ❛s ♠✐♥❤❛s ❞❡❝✐sõ❡s✱ ❛♦ ♠❡✉ t✐♦ ❏♦r❞❡❛♥ ♣❡❧♦ ❝❛r✐♥❤♦ ❡

✐♥❝❡♥t✐✈♦ ♥❛s ❤♦r❛s ❞✐❢í❝❡✐s✱ à ♠✐♥❤❛ ❛✈ó✱ ❉❡st❡rr♦✱ ♣♦r s❡r s❡♠♣r❡ ✉♠❛ s❡❣✉♥❞❛ ♠ã❡

♣❛r❛ ♠✐♠✱ ❛♦s ♠❡✉s ✐r♠ã♦s ▲❛r✐ss❛✱ ❏❛q✉❡❧✐♥❡ ❡ ❘②❛♥✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛s ♠✐♥❤❛s

s♦❜r✐♥❤❛s ▲❛✐s ❡ ❆❧✐❝✐❛ q✉❡ ❞❡ ❝❡rt❛ ❢♦r♠❛ ❝♦♥tr✐❜✉ír❛♠ ♥❛ ♠✐♥❤❛ ✈✐❞❛✳ ❙❡♠ t♦❞♦s

✈♦❝ês ❡✉ ♥ã♦ s❡r✐❛ ♥❛❞❛ ♥❡st❡ ♠✉♥❞♦✦

❆❣r❛❞❡ç♦ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❉r✳ ❈❧❛✉❞✐❛♥♦r ❖❧✐✈❡✐r❛ ❆❧✈❡s ♣❡❧❛ ❞❡❞✐❝❛çã♦✱ ❛t❡♥✲

çã♦✱ ❛♣♦✐♦ ♠♦r❛❧✱ ❝♦♠♣r❡❡♥sã♦✱ ♣❛❝✐ê♥❝✐❛✱ ♠♦t✐✈❛çã♦ ❡ ♠✉✐t♦ ♠❛✐s✳ ❖ ♠❡s♠♦ ❢♦✐

❢✉♥❞❛♠❡♥t❛❧ ♥❛ ♠✐♥❤❛ ✈✐❞❛ ♣❡ss♦❛❧ ❡ ♣r♦✜ss✐♦♥❛❧✳ ❆♦ ❞♦✉t♦r ❛❣r❛❞❡ç♦ ♣❡❧❛s ♦♣♦rt✉✲

♥✐❞❛❞❡s q✉❡ ❢♦r❛♠ ❞❛❞❛s ❞✉r❛♥t❡ ♦ ♠❡str❛❞♦✱ ♣♦✐s ❡ss❛s ♠❡s♠❛s ♦♣♦rt✉♥✐❞❛❞❡s ❢♦r❛♠

♥❡❝❡ssár✐❛s ♣❛r❛ ♦ tér♠✐♥♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❊ss❛s ♣❛❧❛✈r❛s sã♦ ♣♦✉❝❛s ❞✐❛♥t❡ ❞❛ ♠✐♥❤❛

❡t❡r♥❛ ❣r❛t✐❞ã♦ ♣♦r t✐✱ ♣r♦❢❡ss♦r✦

❆♦s ♣r♦❢❡ss♦r❡s ▲❡❛♥❞r♦ ❞❛ ❙✐❧✈❛ t❛✈❛r❡s ❡ ❉❡♥í❧s♦♥ ❞❛ ❙✐❧✈❛ P❡r❡✐r❛ ❛❣r❛❞❡ç♦ ♣♦r

❡st❛r❡♠ ♣r❡s❡♥t❡ ♥❛ ♠✐♥❤❛ ❜❛♥❝❛ ❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ♣❡❧❛s ❝♦♥tr✐❜✉✐çõ❡s ❞❡ ❛♠❜♦s ❡♠

♠❡✉ tr❛❜❛❧❤♦✳

❆♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲

❯❋❈● ❛❣r❛❞❡ç♦ ♣♦r ♠❡ ♣r♦♣♦r❝✐♦♥❛r ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♥ã♦ ❛♣❡♥❛s r❛❝✐♦♥❛❧✱ ♠❛s ❛ ♠❛✲

♥✐❢❡st❛çã♦ ❞♦ ❝❛rát❡r ❡ ❛❢❡t✐✈✐❞❛❞❡ ❞❛ ❡❞✉❝❛çã♦ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❢♦r♠❛çã♦ ♣r♦✜ss✐♦♥❛❧✱

♣♦r ♥ã♦ s♦♠❡♥t❡ ♣♦r t❡r❡♠ ♠❡ ❡♥s✐♥❛❞♦✱ ♠❛s ♣♦r t❡r❡♠ ♠❡ ❢❡✐t♦ ❛♣r❡♥❞❡r✳



✈

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ❛♠✐❣♦s ❏♦♥♥❛s ❍❡♥r✐q✉❡✱ ❊❞✈❛♥ ❖❧✐✈❡✐r❛✱ ❉✐♠❛s ❱✐❝❡♥t❡✱

▲❡♦♥❛r❞♦ P❡r❡✐r❛✱ ❆♥❞❡rs♦♥ ❲❡♥❞❡❧✱ ❈✐❝❡r♦ ❙✐❧✈❛ ❡ ♠✉✐t♦s ♦✉tr♦s q✉❡ ♥ã♦ ❢♦r❛♠ ❝✐t❛❞♦s

sã♦ ✐r♠ã♦s ♥❛ ❛♠✐③❛❞❡ q✉❡ ✜③❡r❛♠ ♣❛rt❡ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ❞❛ ♠✐♥❤❛ ❢♦r♠❛çã♦✱

q✉❡ s❡♠♣r❡ ♠❡ ❡♥❝♦r❛❥❛r❛♠ ♣❛r❛ s❡❣✉✐r ❡♠ ❢r❡♥t❡ ❡ q✉❡ ✈ã♦ ❝♦♥t✐♥✉❛r ♣r❡s❡♥t❡s ❡♠

t♦❞❛ ♠✐♥❤❛ ✈✐❞❛✳

❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦s ♠❡✉s ❛♠✐❣♦s ♣❡r✉❛♥♦s ✭t♦❞♦s sã♦ ♣r♦❢❡ss♦r❡s ❞❛ ❯♥✐✈❡rs✐✲

❞❛❞ ◆❛❝✐♦♥❛❧ ❞❡ ❚r✉❥✐❧❧♦✱ P❡rú✮ ❍❡r♥❛♥ ❈✉t✐✱ ▼❛♥♦❡❧ ▼♦♥t❛❧✈♦ ✭P❡♣♦✮ ❡ ❈és❛r ❚♦rr❡s

♣♦r ♠❡ ♣r♦♣♦r❝✐♦♥❛r❡♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❡♠ ♠❛t❡♠át✐❝❛✱ ❜♦♥s ♠♦♠❡♥t♦s ❞❡ ❞✐str❛çõ❡s

❡ ♠✉✐t❛ s❛❜❡❞♦r✐❛ ❝♦♠ s✉❛s ❜❡❧❛s ❤✐stór✐❛s ❞❡ ✈✐❞❛✳ ●r❛t✐✜❝♦ à ❖❧✐✈ér✐♦ P✐❝❤❛r❞♦ ♣♦r

s✉❛ ♣❛❝✐ê♥❝✐❛ ❡ ❝♦♠♣r❡❡♥sã♦ ♥♦s ♠♦♠❡♥t♦s ❞✐❢í❝❡✐s✳

●r❛t✐✜❝♦ ❛♦s ♣r♦❢❡ss♦r❡s ❞❛ ❯❊P❇ q✉❡ ❢❛③❡♠ ♣❛rt❡ ❞❛ ♠✐♥❤❛ ✈✐❞❛ ❛té ♦s ❞✐❛s

❞❡ ❤♦❥❡✳ ❊♠ ❡s♣❡❝✐❛❧✱ ❱❛♥❞❡♥❜❡r❣ ▲♦♣❡s ❡ ❆❧❞♦ ❚r❛❥❛♥♦✱ ♣♦✐s ❛♠❜♦s ❢♦r❛♠ ❡ sã♦

❢✉♥❞❛♠❡♥t❛✐s ♥❛ ♠✐♥❤❛ ✈✐❞❛ ♣❡ss♦❛❧ ❡ ♥❛ ♠✐♥❤❛ ❝❛rr❡✐r❛ ❛❝❛❞ê♠✐❝❛✳

❆♣r♦✈❡✐t♦ ❡st❡ ♠♦♠❡♥t♦ ♣❛r❛ ❛❣r❛❞❡❝❡r ❛♦s ♠❡✉s ❛♠✐❣♦s ❞❡ ❯❊P❇❲❡✐❧❧❡r ❋❡❧✐♣❡✱

P❡❞r♦ ❋❡❧❧②♣❡ ❡ ❲❛❧❧❛❝❡ ●♦♠❡s q✉❡ ❤♦❥❡ sã♦ ♠❡✉s ❝♦❧❡❣❛s ❞❡ ❞♦✉t♦r❛❞♦✳

➱ ❞✐❢í❝✐❧ ❛❣r❛❞❡❝❡r t♦❞❛s ❛s ♣❡ss♦❛s q✉❡ ❞❡ ❛❧❣✉♠ ♠♦❞♦✱ ♥♦s ♠♦♠❡♥t♦s s❡r❡♥♦s

❡ ♦✉ ❛♣r❡❡♥s✐✈♦s✱ ✜③❡r❛♠ ♦✉ ❢❛③❡♠ ♣❛rt❡ ❞❛ ♠✐♥❤❛ ✈✐❞❛✱ ♣♦r ✐ss♦ ❛❣r❛❞❡ç♦ à t♦❞♦s ❞❡

❝♦r❛çã♦✳



✏❆ ❤✐♣ót❡s❡ s✉❣❡r❡

❆ ❞❡♠♦♥str❛çã♦ ❝♦♥✜r♠❛

❊ ❛ ❝♦♥❡①ã♦ s❡ ❡st❛❜❡❧❡❝❡✳✳✳✧



✈✐✐

❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❞❡ ❞✐ss❡rt❛çã♦ ✉s❛♠♦s ♠ét♦❞♦s ✈❛r✐❛❝✐♦♥❛✐s ♣❛r❛ ❡st✉❞❛r ❛ ❡①✐s✲

tê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ♣❛r❛ ❛❧❣✉♠❛s ❝❧❛ss❡s ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s ❡♠ ❢❛✐①❛s

✐♥✜♥✐t❛s ❞♦ R
2 ♦✉ ❝✐❧✐♥❞r♦s ✐♥✜♥✐t♦s ❞♦ R

N ❝♦♠ N ♠❛✐♦r ❞♦ q✉❡ ♦✉ ✐❣✉❛❧ ❛ ✸✳

P❛❧❛✈r❛s ❈❤❛✈❡✿ ❙♦❧✉çõ❡s ❍❡t❡r♦❝❧í♥✐❝❛s✱ ▼ét♦❞♦s ❱❛r✐❛❝✐♦♥❛✐s✱ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✳



✈✐✐✐

❆❜str❛❝t

■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇♦r❦✱ ✇❡ ✉s❡ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s t♦ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢

❤❡t❡r♦❝❧✐♥✐❝ s♦❧✉t✐♦♥s ❢♦r s♦♠❡ ❝❧❛ss❡s ♦❢ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ ✐♥ ✐♥✜♥✐t❡ str✐♣ ♦❢ R2 ♦r ✐♥✜♥✐t❡

❝②❧✐♥❞❡rs ♦❢ RN ✇✐t❤ N ❣r❡❛t❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ ✸✳

❑❡②✇♦r❞s✿ ❍❡t❡r♦❝❧✐♥✐❝ ❙♦❧✉t✐♦♥s✱ ❱❛r✐❛t✐♦♥❛❧ ▼❡t❤♦❞s✱ ❙♦❜♦❧❡✈ ❙♣❛❝❡s✳



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✶✳✶ ■❧✉str❛çã♦ ♥❛ ❢❛✐①❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✶✳✷ ■❧✉str❛çã♦ ❞♦ s✉♣♦rt❡ ❞❛ ❢✉♥çã♦ ϕ ♥❛ ❢❛✐①❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✶✳✸ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ĝ ♥♦ ♣❧❛♥♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✷✳✶ ❯♠❛ ✐❧✉str❛çã♦ ❞❛ ❢✉♥çã♦ Ũm ♥❛ ❢❛✐①❛ Ω = R× (−1, 1)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✷✳✷ ❯♠❛ ✐❧✉str❛çã♦ ❞♦ ♣♦t❡♥❝✐❛❧ Ṽ ♥♦ ♣❧❛♥♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

❆✳✶ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ ❝♦♥❥✉♥t♦ Ω✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶

❆✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❛ ❆♣❧✐❝❛çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✷



◆♦t❛çõs ❡ ❙✐♠❜♦❧♦❣✐❛s

• N✱ Z✱ ❡ R ❞❡♥♦t❛♠ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s✱ ✐♥t❡✐r♦s ❡ r❛✐s✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡❀

• R
N ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ N ✲❞✐♠❡♥s✐♦♥❛❧ ✉s✉❛❧❀

• |A| s✉❣❡r❡ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❞♦ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ A ⊂ R
N ❀

• ∇u =

(

∂u

∂x1
, . . . ,

∂u

∂xN

)

r❡tr❛t❛ ♦ ❣r❛❞✐❡♥t❡ ❞❡ u❀

• ‖∇u‖L2(Ω) = ‖|∇u|‖L2(Ω)❀

• q✳t✳♣ s✐❣♥✐✜❝❛ ❡♠ q✉❛s❡ t♦❞❛ ♣❛rt❡❀

• ∆u =
N
∑

i=1

∂2u

∂x2i
❞❡♥♦t❛ ♦ ❧❛♣❧❛❝✐❛♥♦ ❞❡ u❀

• → s✐♠❜♦❧✐③❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢♦rt❡ ❡♠ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ♥♦r♠❛❞♦s❀

• ⇀ s✐♠❜♦❧✐③❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ ❡♠ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ♥♦r♠❛❞♦s❀

•
∂u

∂η
❞❡s✐❣♥❛ ❛ ❞❡r✐✈❛❞❛ ♥♦r♠❛❧ ❡①t❡r✐♦r ❞❡ u ♥❛ ❞✐r❡çã♦ η❀

• on(1) r❡♣r❡s❡♥t❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ ✵ q✉❛♥❞♦

n→ ∞❀

• E ′ é ♦ ❡s♣❛ç♦ ❞✉❛❧ ❞♦ ❡s♣❛ç♦ ♥♦r♠❛❞♦ E❀

• gu é ❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ g(x, y, u) ❝♦♠ r❡❧❛çã♦ ❛ ✈❛r✐á✈❡❧ u❀

• supt ϕ ❞❡s✐❣♥❛ ♦ s✉♣♦rt❡ ❞❛ ❢✉♥çã♦ ϕ❀

• →֒ s✐♠❜♦❧✐③❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛❀



①✐

• 2∗ =
2N

N − 2
❞❡♥♦t❛ ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ ❙♦❜♦❧❡✈❀

• C1(X,R) é ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ X❀

• C∞(X) é ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ X❀

• C∞
0 (X) ❞❡s✐❣♥❛ ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❝♦♠ s✉♣♦rt❡

❝♦♠♣❛❝t♦ ❡♠ X❀

• � s✐❣♥✐✜❝❛ ♦ ✜♠ ❞❡ ✉♠❛ ❞❡♠♦♥str❛çã♦❀

• (E, ‖ · ‖E) r❡♣r❡s❡♥t❛ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ E ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛ ‖ · ‖E❀

• ∂Ω ❞❡♥♦t❛ ❛ ❢r♦♥t❡✐r❛ ❞♦ ❝♦♥❥✉♥t♦ Ω❀

• Cm,α(Ω) é ♦ ❡s♣❛ç♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s r❡❛✐s m ✈❡③❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❝✉❥❛s ❛s

❞❡r✐✈❛❞❛s ❞❡ ♦r❞❡♠ m sã♦ ❍ö❧❞❡r ❝♦♥tí♥✉❛s ❝♦♠ ❡①♣♦❡♥t❡ 0 ≤ α ≤ 1❀

• K ⊂⊂ Ω s✐❣♥✐✜❝❛ q✉❡ K ❡stá ❝♦♠♣❛❝t❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ Ω❀

• L2
❧♦❝
(Ω) =

{

u : Ω → R ♠❡♥s✉rá✈❡❧;
∫

K

|u|2dx <∞ ♣❛r❛ q✉❛❧q✉❡r K ⊂⊂ Ω

}

❀

• L∞
❧♦❝
(Ω) = {u : Ω → R ♠❡♥s✉rá✈❡❧; u é ❧✐♠✐t❛❞❛ q✳t✳♣ ❡♠ K ♣❛r❛ t♦❞♦ K ⊂⊂ Ω}❀

• |α| = α1 + . . .+ αn s❡♠♣r❡ q✉❡ α = (α1, . . . , αn) ∈ N
n❀

• Dα =
∂|α|

∂α1x1∂α2x2 · · · ∂αnxn
❀

• H1
❧♦❝
(Ω) = {u ∈ L2

❧♦❝
(Ω);Dαu ∈ L2

❧♦❝
(Ω) ♣❛r❛ 0 ≤ |α| ≤ m}❀

•
∂I(u)

∂(v)
❞❡♥♦t❛ ❛ ❞❡r✐✈❛❞❛ ❞❡ ●ât❡❛✉① ❞❡ I ❡♠ u ♥❛ ❞✐r❡çã♦ v✳



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ❝❛s♦ ♣❡r✐ó❞✐❝♦ ✷✸

✶✳✶ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ◆❡✉♠❛♥♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✶✳✶✳✶ ❙♦❧✉çã♦ ♣❡r✐ó❞✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✶✳✶✳✷ ❙♦❧✉çã♦ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✶✳✷ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❉✐r✐❝❤❧❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✶✳✷✳✶ ❙♦❧✉çã♦ ♣❡r✐ó❞✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✶✳✷✳✷ ❙♦❧✉çã♦ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✶✳✸ ❆❧❣✉♥s ♣r♦❜❧❡♠❛s r❡❧❛❝✐♦♥❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✷ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ❝❛s♦ ♥ã♦ ♣❡r✐ó❞✐❝♦ ✾✷

✷✳✶ ❘❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✷✳✷ ❆ ❢✉♥çã♦ A é ❛ss✐♥tót✐❝❛ ♥♦ ✐♥✜♥✐t♦ ❛ ✉♠❛ ❢✉♥çã♦ ♣❡r✐ó❞✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✷✳✷✳✶ ❖ ❝❛s♦ ♣❡r✐ó❞✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✷✳✷✳✷ ❖ ❝❛s♦ ♥ã♦ ♣❡r✐ó❞✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✷✳✸ ❆ ❢✉♥çã♦ A ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺

❆ Pr✐♥❝í♣✐♦ ❞❛ ❝♦♥t✐♥✉❛çã♦ ú♥✐❝❛ ✶✷✵

❇ ❘❡s✉❧t❛❞♦s ❣❡r❛✐s ✶✷✹

❇✳✶ ❘❡s✉❧t❛❞♦s ❞❡ ❆♥á❧✐s❡ ♥♦ R
N ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹

❇✳✷ ❖s ❡s♣❛ç♦s ❞❡ ▲❡❜❡s❣✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

❇✳✸ ❘❡s✉❧t❛❞♦s ❞❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✽



①✐✐✐

❈ ❖s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ✶✸✵

❈✳✶ ■♠❡rsõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✷

❇✐❜❧✐♦❣r❛✜❛ ✶✸✻



■♥tr♦❞✉çã♦

❊q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s t❛❧✈❡③ s❡❥❛ ♦ r❛♠♦ ❞❛ ♠❛t❡♠át✐❝❛ q✉❡ t❡♠ ♠❛✐♦r ♣r♦①✐♠✐✲

❞❛❞❡ ❡ ✐♥t❡r❛çõ❡s ❝♦♠ ♦✉tr❛s ár❡❛s ❞❛s ❝✐ê♥❝✐❛s✱ ❞❡s❞❡ s✉❛ ♦r✐❣❡♠✳ ❖ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

❞❡st❛ t❡♦r✐❛ ❝♦♥st✐t✉✐✲s❡ ❡♠ ✉♠ ❞♦s ♠❡❧❤♦r❡s ❡①❡♠♣❧♦s ❞❛ ✐♥t❡r❛çã♦ ❜❡♠✲s✉❝❡❞✐❞❛ ❡♥✲

tr❡ ❛ ▼❛t❡♠át✐❝❛ ❡ ❛ ❈✐ê♥❝✐❛ ❡♠ ❣❡r❛❧✱ ♦ q✉❡ t❡♠ s❡ ❝♦♥✜r♠❛❞♦ ♣r♦❣r❡ss✐✈❛♠❡♥t❡

❝♦♠ ❛ ❋ís✐❝❛✱ ◗✉í♠✐❝❛✱ ❇✐♦❧♦❣✐❛✱ ❊❝♦♥♦♠✐❛ ❡ ❊♥❣❡♥❤❛r✐❛✳ ❊st❛ ✐♥t❡r❛çã♦ s✉r❣❡ ♥❛t✉✲

r❛❧♠❡♥t❡ ❛tr❛✈és ❞♦s ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s q✉❡ ❝♦♥s✐st❡ ♥❛ ✐♥t❡r♣r❡t❛çã♦ s✐♠♣❧✐✜❝❛❞❛

❞❡ ✉♠ ❢❡♥ô♠❡♥♦ ❢ís✐❝♦ s❡❣✉♥❞♦ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❝♦♥❝❡✐t♦s ♠❡♥t❛✐s ♦✉ ❡①♣❡r✐♠❡♥t❛✐s✳

P❛r❛ ❧❡✐t♦r❡s ✐♥t❡r❡ss❛❞♦s ♥❛ ❧❡✐t✉r❛ ❞❡ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s s♦❜ ✉♠ ♣♦♥t♦ ❞❡ ✈✐st❛

❞❛ ❋ís✐❝❛ ▼❛t❡♠át✐❝❛✱ r❡❝♦♠❡♥❞❛♠♦s ❛ ❧❡✐t✉r❛ ❘♦❞♥❡② ❡ ❲✐❧s♦♥ ❬✽❪✳

Pr♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦ ♦ ❝á❧❝✉❧♦ ❞❡ ♠á①✐♠♦s ❡ ♠í♥✐♠♦s tê♠ ✉♠❛ ❤✐stór✐❛ ❛♥t✐❣❛

❡♠ ▼❛t❡♠át✐❝❛ ❡ ♦ s❡✉ ❡st✉❞♦ ❛tr❛✈és ❞♦s t❡♠♣♦s r❡s✉❧t♦✉ ❡♠ ✉♠❛ ❡①t❡♥s❛ t❡♦r✐❛

❝♦♠ ✐♠♣❧✐❝❛çõ❡s ❡♠ ❞✐✈❡rs❛s ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✳ ❆ ♦r✐❣❡♠ ❞♦ ♣r✐♥❝í♣✐♦ ❢ís✐❝♦ ❞❡

♠í♥✐♠♦ ❡♥❡r❣✐❛ ♣❛r❛ s✐t✉❛çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❞❛t❛ ♣❡❧♦ ♠❡♥♦s ❞♦ sé❝✉❧♦ XV II ♣♦✐s✱ ♥♦s

tr❛❜❛❧❤♦s ❞❡ ❊✳ ❚♦rr✐❝❡❧❧✐ ❥á ❡stá ♣r❡s❡♥t❡ ♦ ♣♦st✉❧❛❞♦ ❞❡ q✉❡ ✉♠ s✐st❡♠❛ ❞❡ ❝♦r♣♦s

s♦❜ ❛çã♦ ❞❛ ❣r❛✈✐❞❛❞❡ s❡rá ❡stá✈❡❧ s❡ ♦ s❡✉ ❝❡♥tr♦ ❞❡ ❣r❛✈✐❞❛❞❡ ♦❝✉♣❛r ❛ ♣♦s✐çã♦ ♠❛✐s

❜❛✐①❛ ♣♦ssí✈❡❧✳ ◆❡st❡ ❝❛s♦✱ ♦ q✉❡ s❡ r❡q✉❡r é ❛ ♠✐♥✐♠✐③❛çã♦ ❞❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❞♦

s✐st❡♠❛✳ ■♥s♣✐r❛❞♦ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❏♦s❡♣❤ ▲♦✉✐s ▲❛❣r❛♥❣❡ s♦❜r❡ ▼❡❝â♥✐❝❛ ❞❡ P❛rtí❝✉❧❛s✱

♦ ♠❛t❡♠át✐❝♦ ▲❡❥❡✉♥❡ ❉✐r✐❝❤❧❡t ❞❡s❡♥✈♦❧✈❡✉ ✉♠ ♠ét♦❞♦ ❞❡ ❣r❛♥❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ♣❛r❛ ♦

❡st✉❞♦ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s q✉❡ ❢♦✐ ❞❡♥♦♠✐♥❛❞♦ ♣♦r Pr✐♥❝í♣✐♦ ❞❡ ❉✐r✐❝❤❧❡t✳

❖ Pr✐♥❝í♣✐♦ ❞❡ ❉✐r✐❝❤❧❡t ❞❡✉ ♦r✐❣❡♠ ❛ ✉♠❛ ♣❛rt❡ ✐♥❞✐s♣❡♥sá✈❡❧ ❞❛ t❡♦r✐❛ ❝♦♥t❡♠✲

♣♦râ♥❡❛ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❡ ✐♥✢✉❡♥❝✐♦✉ ❞❡❝✐s✐✈❛♠❡♥t❡ ♦s ❝❛♠✐♥❤♦s ❞❛

▼❛t❡♠át✐❝❛✱ ❞♦ ✜♥❛❧ ❞♦ sé❝✉❧♦ ❳■❳ ❛té ❤♦❥❡✳ ❊st❡ ♣r✐♥❝í♣✐♦✱ ❝❛✉s♦✉ ✉♠❛s ❞❛s ❣r❛♥❞❡s

♣♦❧ê♠✐❝❛s ❞❛ ▼❛t❡♠át✐❝❛ ♥♦ sé❝✉❧♦ ❳■❳ ❡ ❢♦✐ ❝♦♥s❛❣r❛❞♦ ♣❡❧♦ ♠❛t❡♠át✐❝♦ ❉❛✈✐❞ ❍✐❧✲



✶✺

❜❡rt ❡♠ ✶✽✾✾ ❛♦ ✉t✐❧✐③❛r ❡ss❡ ♠ét♦❞♦ ♣❛r❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

❞❡ ❉✐r✐❝❤❧❡t✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s s♦❜r❡ ♦ ❛s♣❡❝t♦ ❤✐stór✐❝♦ ❝♦♥s✉❧t❡ ❈♦✉r❛♥t ❬✶✸❪✳

P❛r❛ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❢ís✐❝❛ ❞❡st❡ ♣r✐♥❝í♣✐♦ ✈❡❥❛ ❬✽✱ ❙❡çã♦ ✼✳✸❪✳

❉✉r❛♥t❡ t♦❞♦ ♦ t❡①t♦ ✉s❛r❡♠♦s té❝♥✐❝❛s ❞❡ ▼ét♦❞♦s ❱❛r✐❛❝✐♦♥❛✐s ❝♦♠♦ ❛ ♣r✐♥✲

❝✐♣❛❧ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛✳ ❋✐❣✉❡✐r❡❞♦ ❬✶✺❪ ♠❡♥❝✐♦♥❛ q✉❡

▼ét♦❞♦s ❱❛r✐❛❝✐♦♥❛✐s sã♦✱ ❤♦❥❡ ❡♠ ❞✐❛✱ ✉♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s ❢❡rr❛♠❡♥t❛s ✉t✐❧✐③❛❞❛s ♣❛r❛

❛t❛❝❛r ♣r♦❜❧❡♠❛s ♥❛ ❚❡♦r✐❛ ❞❛s ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s✳ ❆ ✐❞❡✐❛ ❝❡♥tr❛❧ ❞❡st❛ ❢❡rr❛♠❡♥t❛

❝♦♥s✐st❡ ♥❛ ♦❜t❡♥çã♦ ❞❡ ♣♦♥t♦s ❝rít✐❝♦s ♣❛r❛ ✉♠ ❢✉♥❝✐♦♥❛❧ ✭❢✉♥çã♦ t♦♠❛♥❞♦ ✈❛❧♦r❡s r❡✲

❛✐s✮ q✉❡ sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ❡♠ ✉♠ ❝❡rt♦ s❡♥t✐❞♦✱ ❛ s♦❧✉çõ❡s ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ✐♥✈❡st✐❣❛♠♦s ❛ ♦❜t❡♥çã♦ ❞❡ ♣♦♥t♦s ♠í♥✐♠♦s ❣❧♦❜❛✐s ♣❛r❛ ❢✉♥❝✐♦♥❛✐s ❛s✲

s♦❝✐❛❞♦s ❛ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s s❡♠✐❧✐♥❡❛r❡s✳ P❛r❛ ✉♠❛ ♣r✐♠❡✐r❛ ❧❡✐t✉r❛✱ ♥❛ r❡❢❡rê♥❝✐❛

❬✶✺❪ ♦ ❧❡✐t♦r ♣♦❞❡ ❡♥❝♦♥tr❛r ✉♠❛ ♠♦t✐✈❛çã♦ ❞♦ ❡st✉❞♦ ❞❡ ♠ét♦❞♦ ✈❛r✐❛❝✐♦♥❛❧ ❥✉♥t❛✲

♠❡♥t❡ ❝♦♠ ❛❧❣✉♠❛s té❝♥✐❝❛s ♣❛r❛ ♦❜t❡♥çã♦ ❞❡ ♣♦♥t♦s ❝rít✐❝♦s✳ ❏á ♣❛r❛ ✉♠❛ ❧❡✐t✉r❛

❛♣r♦❢✉♥❞❛❞❛ r❡❝♦♠❡♥❞❛♠♦s ❛s r❡❢❡rê♥❝✐❛s ❬✶✷❪✱ ❬✷✵❪✱ ❬✷✼❪ ❡ ❬✸✷❪✳ ❙✉❣❡r✐♠♦s t❛♠❜é♠ ❛

❧❡✐t✉r❛ ❞❛ ♦❜r❛ ❬✸✶❪ ❞❡✈✐❞♦ ❛ ❙tr✉✇❡✱ ♣♦✐s ❛ ♠❡s♠❛ ❛♣r❡s❡♥t❛ ✉♠❛ ✐♥tr♦❞✉çã♦ ❝♦♥❝✐s❛

❛♦s ♠ét♦❞♦s ✈❛r✐❛❝✐♦♥❛✐s ❡ ❛♣r❡s❡♥t❛ ✉♠❛ ✈✐sã♦ ❣❡r❛❧ ❞❛s ár❡❛s ❞❡ ♣❡sq✉✐s❛ ❛t✉❛❧ ♥♦

❝❛♠♣♦✳ ❆❧é♠ ❞❡ss❛s ❝♦♥s✐❞❡r❛çõ❡s ♠❛✐s s✐❣♥✐✜❝❛t✐✈❛s✱ ♦ ❧✐✈r♦ ♣♦ss✉✐ ✉♠❛ ✈❛❧✐♦s❛ ❜✐❜❧✐✲

♦❣r❛✜❛ q✉❡ ❝♦♥té♠ ✺✵✵ r❡❢❡rê♥❝✐❛s✳ ❯♠ ♦✉tr♦ ❢❛t♦r ✐♠♣♦rt❛♥t❡ é q✉❡ ♦ ♠❡s♠♦ ❝♦♥té♠

♠✉✐t♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s q✉❡✱ ❞❡ ❝❡rt❛ ❢♦r♠❛✱ s❡r✐❛♠ ❞✐❢í❝❡✐s ❞❡ ❡♥❝♦♥tr❛r ❡♠

✉♠ ú♥✐❝♦ ❧♦❝❛❧✳ ◆❛ ❧✐t❡r❛t✉r❛✱ t❛♠❜é♠ ❡①✐st❡♠ tr❛❜❛❧❤♦s s♦❜r❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

❤❡t❡r♦❝❧í♥✐❝❛ ✉s❛♥❞♦ ♦✉tr❛s ❢❡rr❛♠❡♥t❛s✳ P♦r ❡①❡♠♣❧♦✱ ❡♠ ❬✷✹❪✱ ▼❛r❝❡❧❧✐ ❡ P❛♣❛❧✐♥✐

❡♠♣r❡❣❛♠ té❝♥✐❝❛s ❞❡ ▼ét♦❞♦s ❞❡ P♦♥t♦ ❋✐①♦✳

❆ ♣r❡s❡♥t❡ ❞✐ss❡rt❛çã♦ ❡st✉❞❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❝❧áss✐❝❛ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛

♣❛r❛ ❝❡rt❛s ❝❧❛ss❡s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ✭❊❉P✮ ❡❧í♣t✐❝❛s s❡♠✐❧✐♥❡❛r❡s ❞❛

❢♦r♠❛

∆u = f(x, y, u) ❡♠ Ω ✭✶✮

s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❞❡ ◆❡✉♠❛♥♥

∂u

∂η
(x, y) = 0 s♦❜r❡ ∂Ω

♦✉ ❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t

u(x, y) = 0 s♦❜r❡ ∂Ω,
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♦♥❞❡ Ω = R × D✱ D é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡ ❡♠ R
N−1 ❡ f ✉♠❛

❢✉♥çã♦ ❞❡ R × D × R ❡♠ R ❞❡ ❝❧❛ss❡ C1 ❝♦♠ ❝❡rt❛s ♣r♦♣r✐❡❞❛❞❡s✳ ❊ss❡♥❝✐❛❧♠❡♥t❡✱

✉♠❛ s♦❧✉çã♦ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ é ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ s✉♣♦♥❤❛♠♦s q✉❡ ❛ ❡q✉❛çã♦ ✭✶✮

♣♦ss✉❛ ♥♦ ♠í♥✐♠♦ ❞✉❛s s♦❧✉çõ❡s ❝❧áss✐❝❛s ❞✐st✐♥t❛s u ❡ v s❛t✐s❢❛③❡♥❞♦ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛

❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦✳ ❯♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ U ❞❛ ❡q✉❛çã♦ ✭✶✮ s❛t✐s❢❛③❡♥❞♦ ❛ ♠❡s♠❛

❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ é ❞✐t❛ ❍❡t❡r♦❝❧í♥✐❝❛ q✉❡ ❝♦♥❡❝t❛ ❞✉❛s ❢✉♥çõ❡s u ❡ v s❡

U(x, ·) → u q✉❛♥❞♦ x→ −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D

❡

U(x, ·) → v q✉❛♥❞♦ x→ +∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D.

❆ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ r❡❝❡❜❡✉ ✉♠❛ ❛t❡♥çã♦ ❡s♣❡❝✐❛❧ ♥♦s ú❧t✐♠♦s

❛♥♦s✱ ♣♦rq✉❡ ❡ss❡ t✐♣♦ ❞❡ s♦❧✉çã♦ ❛♣❛r❡❝❡ ❡♠ ♠✉✐t♦s ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ❛ss♦❝✐❛❞♦s

❛ ♣r♦❜❧❡♠❛s q✉❡ ❛♣❛r❡❝❡♠ ❡♠ ▼❡❝â♥✐❝❛✱ ◗✉í♠✐❝❛ ❡ ❇✐♦❧♦❣✐❛✳ ▼❛r❝❡❧❧✐ ❡ P❛♣❛❧✐♥✐ ❡♠

❬✷✹❪ ♠❡♥❝✐♦♥❛♠ q✉❡ ♦ ❡st✉❞♦ s♦❜r❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ é ♠♦t✐✈❛❞❛ ❡♠ ✈ár✐♦s ❛s♣❡❝t♦s

❜✐♦❧ó❣✐❝♦s✱ ❢ís✐❝♦s ❡ ♠♦❞❡❧♦s q✉í♠✐❝♦s✱ ❝♦♠♦ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✱ ♣r♦❝❡ss♦s ❢ís✐❝♦s ♥♦s q✉❛✐s

❛ ✈❛r✐á✈❡❧ tr❛♥s✐t❛ ❞❡ ✉♠ ❡q✉✐❧í❜r✐♦ ✐♥stá✈❡❧ ♣❛r❛ ✉♠ ❡stá✈❡❧✱ ♦✉ ♣r♦♣❛❣❛çã♦ ❢r♦♥t❛❧ ❡♠

❡q✉❛çõ❡s ❞❡ r❡❛çã♦✲❞✐❢✉sã♦✳

❊♠❜♦r❛ ♦ ❢♦❝♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦ s❡❥❛ ❞✐ss❡rt❛r s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s

❤❡t❡r♦❝❧í♥✐❝❛s ♣❛r❛ ❛❧❣✉♠❛s ❝❧❛ss❡s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s✱ t❛♠❜é♠ ❡①✐st❡♠

tr❛❜❛❧❤♦s s♦❜r❡ ♦ ♠❡s♠♦ t❡♠❛ ❡♠ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✳ P♦r ❡①❡♠♣❧♦✱ ❛♦

❝♦♥s✐❞❡r❛r ❡q✉❛çõ❡s ❞♦ t✐♣♦

x′′ = f(t, x), ✭✷✮

é ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ✐♥✈❡st✐❣❛r tr❛❥❡tór✐❛s ✭s♦❧✉çõ❡s ❞❡ ✭✷✮✮ q✉❡ ❝♦♥❡❝t❛♠ ❡q✉✐❧í✲

❜r✐♦s ✭s♦❧✉çõ❡s ❝♦♥st❛♥t❡s ❞❡ ✭✷✮✮ ❞❡st❛ ❡q✉❛çã♦✳ ◗✉❛♥❞♦ ❛ tr❛❥❡tór✐❛ x ❝♦♥❡❝t❛ ❞♦✐s

❡q✉✐❧í❜r✐♦s ❞✐st✐♥t♦s p ❡ q ❞❡ ✭✷✮✱ ❛ ♠❡s♠❛ é ❝❤❛♠❛❞❛ ❞❡ tr❛❥❡tór✐❛ ❤❡t❡r♦❝❧í♥✐❝❛ ✭♦✉

s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛✮✳ ◆❡st❡ ❝❛s♦✱ ♣♦❞❡✲s❡ t❡r

lim
t→−∞

x(t) = p e lim
t→+∞

x(t) = q.

❆❧✈❡s ❡♠ ❬✸❪ ✉s❛ ▼ét♦❞♦ ❱❛r✐❛❝✐♦♥❛❧ ♣❛r❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛

♣❛r❛ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞❛ ❢♦r♠❛

x′′(t) = a(ǫt)V ′(x(t)), t ∈ R, ✭✸✮
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x(t) → −1 q✉❛♥❞♦ t→ −∞, x(t) → 1 q✉❛♥❞♦ t→ +∞, ✭✹✮

♦♥❞❡ ǫ > 0 é ✉♠ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈♦ ❡ V : R → R é ✉♠❛ ❢✉♥çã♦ ✈❡r✐✜❝❛♥❞♦✿

✭V1✮ V ∈ C2(R,R)❀

✭V2✮ V (t) ≥ 0 ♣❛r❛ t♦❞♦ t ∈ R ❡ V (±1) = 0❀

✭V3✮ V (t) > 0 ♣❛r❛ t♦❞♦ t ∈ (−1, 1)❀

✭V4✮ V ′′(±1) > 0✱

❡ a : R → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❧✐♠✐t❛❞❛ s❛t✐s❢❛③❡♥❞♦ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s✳ P♦r

❡①❡♠♣❧♦✱ a ♣♦❞❡ s❡r ✉♠❛ ❢✉♥çã♦ ♣❡rt❡♥❝❡♥t❡ ❛ L∞(R) ❡

lim inf
|t|→∞

a(t) = a∞ > inf
t∈R

a(t) = a(0) > 0.

●❛✈✐♦❧✐ ❬✶✼❪ ❡st✉❞♦✉ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❞❡ ✭✸✮ ❡ ✭✹✮ s✉♣♦♥❞♦ q✉❡

❡①✐st❡♠ 0 < l < L ❝✉♠♣r✐♥❞♦

l ≤ a(t) ≤ L, ∀t ∈ R,

a(t) → L q✉❛♥❞♦ |t| → ∞,

❡ L/l é ❛❞❡q✉❛❞❛♠❡♥t❡ ❧✐♠✐t❛❞❛ ♣♦r ❝✐♠❛✳ ❘❛❜✐♥♦✇✐t③ ❬✷✺❪ ❡st❛❜❡❧❡❝❡✉ ❛ ❡①✐stê♥❝✐❛

❞❡ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ♣❛r❛ ✉♠ ♣❛r ❞❡ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s ♣❛r❛ ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡

s✐st❡♠❛s ❍❛♠✐❧t♦♥✐❛♥♦s

u′′(t) +Wu(t, u(t)) = f(t),

♦♥❞❡ f ∈ C(R,RN)✱ f é ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x ∈ R✱

[f ] =

∫ 1

0

f(t)dt = 0,

W ∈ C2(R× R
N ,R) ❡ ✶ ♣❡r✐ó❞✐❝❛ ❡♠ R× R

N ✳ P❛r❛ ♦ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ❡♠ ❞✐♠❡♥sã♦

✶ t❛♠❜é♠ r❡❝♦♠❡♥❞❛♠♦s ♦✉tr❛s r❡❢❡rê♥❝✐❛s ❬✶✽❪✱ ❬✷✹❪ ❡ ❬✷✻❪✳

❯♠ ❞♦s tr❛❜❛❧❤♦s ♣✐♦♥❡✐r♦ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ❡q✉❛✲

çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ✉s❛♥❞♦ ▼ét♦❞♦s ❱❛r✐❛❝✐♦♥❛✐s é ❞❡✈✐❞♦ ❛ ❘❛❜✐♥♦✇✐t③✱ ❡♠ ❬✷✾❪✱

♦ q✉❛❧ ❢♦✐ ♠♦t✐✈❛❞♦ ♣♦r ❛❧❣✉♥s tr❛❜❛❧❤♦s s♦❜r❡ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ❞❡ s✐st❡♠❛s

❤❛♠✐❧t♦♥✐❛♥♦s r❡✈❡rsí✈❡✐s ♥♦ ❝❛s♦ ❡♠ ❞✐♠❡♥sã♦ ✶✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱ ♦ ♠❡s♠♦ ❢♦✐ ✐♥s♣✐✲

r❛❞♦ ♣❡❧♦s tr❛❜❛❧❤♦s ❬✷✺❪ ❡ ❬✷✻❪✳ ❇②❡♦♥✱ ▼♦♥t❡❝❤✐❛r✐ ❡ ❘❛❜✐♥♦✇✐t③ ❬✶✶❪ ❡st❛❜❡❧❡❝❡r❛♠ ❛
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❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ s✐st❡♠❛s ❡❧í♣t✐❝♦s s❡♠✐❧✐♥❡❛r❡s

s♦❜r❡ ❞♦♠í♥✐♦ ❝✐❧í♥❞r✐❝♦✳ ❖ s✐st❡♠❛ ❝♦♥s✐❞❡r❛❞♦ é ❞❛ ❢♦r♠❛

∆u+ Vu(x, y, u) = 0 ❡♠ Ω ✭✺✮

❝✉♠♣r✐♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦

∂u

∂η
= 0 s♦❜r❡ Ω, ✭✻✮

♦♥❞❡ Ω = R × D✱ D ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ R
N−1 ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱

u : Ω → R
m ❡ ❝♦♠ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ♥♦ ♣♦t❡♥❝✐❛❧ V ✿

✭V1✮ V ∈ C1(Ω× R
m) ❡ V (x, y, u) é ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x❀

✭V2✮ ❊①✐st❡♠ ♣♦♥t♦s a− 6= a+ t❛✐s q✉❡ V (x, y, a±) = 0 ♣❛r❛ t♦❞♦ (x, y) ∈ Ω ❡ V (x, y) >

0 ❝❛s♦ ❝♦♥trár✐♦❀

✭V3✮ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ V > 0 t❛❧ q✉❡

lim inf
|u|−→+∞

V (x, y, u) ≥ V ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ x ∈ Ω;

✭V4✮ P❛r❛ N ≥ 2✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s A,B > 0 t❛✐s q✉❡

|Vu(x, y, u)| ≤ A+B|u|p,

♥♦ q✉❛❧ 1 < p < N+2
N−2

s❡♠♣r❡ q✉❡ N ≥ 3 ❡ ♥ã♦ ❤á r❡str✐çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦

s✉♣❡r✐♦r ❡♠ p s❡ N = 2✳

◆❡ss❛s ❝♦♥❞✐çõ❡s✱ ♦s ❛✉t♦r❡s ♣r♦✈❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ U ❞❡ ✭✺✮ ❡

✭✻✮ t❛❧ q✉❡

lim
x→+∞

U(x, y) = a+ ✉♥✐❢♦♠❡♠❡♥t❡ ♣❛r❛ y ∈ D

❡

lim
x→−∞

U(x, y) = a− ✉♥✐❢♦♠❡♠❡♥t❡ ♣❛r❛ y ∈ D.

❯♠ tr❛❜❛❧❤♦ ❜❛st❛♥t❡ ✐♥t❡r❡ss❛♥t❡ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♥♦ R
2 t♦❞♦ é

❡♥❝♦♥tr❛❞♦ ❆❧❡ss✐♦✱ ●✉✐ ❡ ▼♦♥t❡❝❝❤✐❛r✐ ❬✷❪✱ ♣♦✐s ♦ ♠❡s♠♦ ♠♦str❛♠ ❛ ❡①✐stê♥❝✐❛ ❡ ♦ ❝♦♠✲

♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ ✉♠❛ s♦❧✉çã♦ ❞♦ t✐♣♦ s❡❧❛✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❞❡t❡r♠✐♥❛♠



✶✾

❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❝❧áss✐❝❛ v ❞♦ ♣r♦❜❧❡♠❛


















−∆u+ a(x, y)W ′(u) = 0 ❡♠ R
2,

u(x, y) = u(x, y + 1) (x, y) ∈ R
2

lim
x→±∞

u(x, y) = ±1, ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ R,

♦♥❞❡ W : R → R é ✉♠ ♣♦t❡♥❝✐❛❧ ❞❡ ●✐♥③❜✉r❣✲▲❛♥❞❛✉✳ ❖s ♣♦t❡♥❝✐❛✐s ❞❡ ●✐♥③❜✉r❣✲

▲❛♥❞❛✉ ❛♣❛r❡❝❡ ❢r❡q✉❡♥t❡♠❡♥t❡ ❡♠ ♠♦❞❡❧♦s ❢ís✐❝♦s✳ P♦r ❡①❡♠♣❧♦✱ ♦s ♠❡s♠♦s sã♦ ♠♦✲

❞❡❧♦s ♠❛✐s s✐♠♣❧❡s q✉❡ ❝♦rr❡s♣♦♥❞❡♠ ❛ ✉♠❛ ♠♦str❛ ❞❡ s✉♣❡r❝♦♥❞✉t✐✈✐❞❛❞❡✳ P❛r❛ ❛

❢✉♥çã♦ a : R2 → R ♣❡❞✐♠♦s q✉❡ s❡❥❛ ❝♦♥tí♥✉❛✱ ♣❛r✱ ♣❡r✐ó❞✐❝❛ ❡ ❡str✐t❛♠❡♥t❡ ♣♦s✐✲

t✐✈❛✳ P♦st♦ ✐st♦✱ ♦s ❛✉t♦r❡s ❞❡t❡r♠✐♥❛♠ ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ U ❞♦ t✐♣♦ s❡❧❛✱ ✐st♦ é✱

❡st❛❜❡❧❡❝❡♠ ✉♠❛ ❢✉♥çã♦ U(x, y) q✉❡ é ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛ ♥♦ ♣r✐♠❡✐r♦ q✉❛❞r❛♥t❡ ❞❡

R
2✱

U(x, y) = −U(−x, y) = −U(x,−y), U(x, y) = U(y, x) ❡♠ R
2

❡

‖U − v‖L∞(R×[j,j+1]) → 0 q✉❛♥❞♦ j → +∞.

❊①✐st❡♠ tr❛❜❛❧❤♦s s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ♥♦ ❝❛s♦ ❡♠ q✉❡

♦ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ é ♥ã♦ ❧♦❝❛❧✳ P♦r ❡①❡♠♣❧♦✱ ♥♦ ❝❛s♦ ❞♦ ♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦ ❢r❛✲

❝✐♦♥ár✐♦✱ ♥♦ ❛rt✐❣♦ ❬✺❪✱ ❆❧✈❡s✱ ❆♠❜r♦s✐♦ ❡ ❚♦rr❡s ▲❡❞❡s♠❛ ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♥ã♦ ❧♦❝❛❧ ❞♦ t✐♣♦






(−∆)αu+ a(ǫx)V ′(u) = 0, x ∈ R,

lim
x→−∞

u(x) = −1 ❡ lim
x→+∞

u(x) = 1,

❡♠ q✉❡ α ∈ (1/2, 1) ❡ ❛s ❢✉♥çõ❡s V ❡ a ❞❡✜♥✐❞❛s ❞❡ R ❡♠ R s❛t✐s❢❛③❡♠ ❛❧❣✉♠❛s

❝♦♥❞✐çõ❡s té❝♥✐❝❛s✳ P♦r ❡①❡♠♣❧♦✱ ♥❡st❡ ♠❡s♠♦ tr❛❜❛❧❤♦ V é ✉♠ ♣♦t❡♥❝✐❛❧ ❞❡ ●✐♥③❜✉r❣✲

▲❛♥❞❛✉ ❡ ❛ ❢✉♥çã♦ a s❛t✐s❢❛③❡♥❞♦ ❝❡rt❛s ♣r♦♣r✐❡❞❛❞❡s✳

◆♦ ❈❛♣ít✉❧♦ ✶✱ ❜❛s❡❛❞♦ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❘❛❜✐♥♦✇✐t③ ❬✷✾❪ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛

❞❡ s♦❧✉çã♦ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❡❧í♣t✐❝♦ s❡♠✐❧✐♥❡❛r










−∆u = g(x, y, u), em Ω
∂u

∂η
(x, y) = 0, sobre ∂Ω,

(P1)

♦♥❞❡ ❛ ❢✉♥çã♦ g s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s

✭g1✮ g ∈ C1(Ω× R,R)❀



✷✵

✭g2✮ g(x, y, t) é ♣❛r ❡ ✶✲ ♣❡r✐ó❞✐❝❛ ❡♠ x❀

✭g3✮ G(x, y, t) é ✶✲♣❡r✐ó❞✐❝❛ ❡♠ t✱ ♥♦ q✉❛❧

G(x, y, t) =

∫ t

0

g(x, y, s)ds.

◆❛ ❙✉❜s❡çã♦ ✶✳✶✳✶✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♦ ❡st✉❞♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❡r✐ó❞✐❝❛ ❞♦

♣r♦❜❧❡♠❛ (P1)✳ ❊♠ s❡❣✉✐❞❛✱ ♠♦str❡♠♦s q✉❡ ❛ ❝❧❛ss❡ ❞❛s ❢✉♥çõ❡s g q✉❡ s❛t✐s❢❛③❡♠ (g1)✲

(g3) q✉❡ ♣♦ss✉❡♠ ♦ ❝♦♥❥✉♥t♦ M ❞❛s s♦❧✉çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ (P1) ❢♦r♠❛❞♦s ♣♦r ♣♦♥t♦s

✐s♦❧❛❞♦s é ♥ã♦ ✈❛③✐❛✳ P♦r ✐ss♦✱ ❝♦♥s✐❞❡r❛♠♦s ❛ s❡❣✉✐♥t❡ ❤✐♣ót❡s❡✿

✭M✮ ❖ ❝♦♥❥✉♥t♦ M ❝♦♥s✐st❡ ❞❡ ♣♦♥t♦s ✐s♦❧❛❞♦s✳

❉✐❛♥t❡ ❞✐st♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ s❡çã♦✳

❚❡♦r❡♠❛ ✵✳✶ ❙❡❥❛ ❛ ❢✉♥çã♦ g s❛t✐s❢❛③❡♥❞♦ (g1) − (g3) ❡ (M)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛

s♦❧✉çã♦ ❝❧áss✐❝❛ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P1)✳

◆❛ ❙❡çã♦ ✶✳✷✱ ❜❛s❡❛♥❞♦✲s❡ ♥♦s ❛r❣✉♠❡♥t♦s ✈❛r✐❛❝✐♦♥❛✐s ❞❛ ♣r✐♠❡✐r❛ s❡çã♦✱ ❞❡❞✐❝❛♠♦s ❛♦

❡st✉❞♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❡r✐ó❞✐❝❛ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛

♣❛r❛ ♦ ♣r♦❜❧❡♠❛






−∆u = g(x, y, u), em Ω

u(x, y) = 0, sobre ∂Ω.
(P2).

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ é ♦ ♣r✐♥❝✐♣❛❧ ❞❛ ❙❡çã♦ ✶✳✷✳

❚❡♦r❡♠❛ ✵✳✷ ❙❡❥❛ ❛ ❢✉♥çã♦ g s❛t✐s❢❛③❡♥❞♦ (g1) − (g3) ❡ (M)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛

s♦❧✉çã♦ ❝❧áss✐❝❛ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P2)✳

◆❛ ❙❡çã♦ ✶✳✸✱ ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s ❛♥á❧♦❣♦s ❛♦s ❚❡♦r❡♠❛s ✵✳✶ ❡ ✵✳✷ ❝♦♠ ❛❧❣✉♠❛s

♠♦❞✐✜❝❛çõ❡s ♥❛s ❤✐♣ót❡s❡s ❞❛ ❢✉♥çã♦ g✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✉♠ ❞♦s r❡s✉❧t❛❞♦s é ❝♦♥s✐❞❡✲

r❛♥❞♦ g ✉♠❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ (g1)− (g2) ❡ ❛s ❝♦♥❞✐çõ❡s✿

(g4) ✭❝r❡s❝✐♠❡♥t♦ ❞❡ ❙♦❜♦❧❡✈✮ ❊①✐st❡♠ ❝♦♥st❛♥t❡s A,B ≥ 0 ❡ p ∈ [1, N+2
N−2

) s❡ N ≥ 3

❡ p ∈ [1,+∞) s❡ N = 2 t❛✐s q✉❡

|g(x, y, t)| ≤ A+B|t|p, ∀(x, y, t) ∈ Ω× R;

(g5) G(x, y, t) ≤ 0 ❡ ♦ ❝♦♥❥✉♥t♦ F = {t ∈ R | G(x, y, t) = 0} é ✜♥✐t♦ ❞❡ ❝❛r❞✐♥❛❧✐❞❛❞❡

♥♦ ♠í♥✐♠♦ ✷❀



✷✶

(g6) ❊①✐st❡♠ β > 0 ❡ R ≥ 0 t❛✐s q✉❡

|G(x, y, t)| ≥ β|t|2, ♣❛r❛ |t| ≥ R.

◆❡ss❛s ❝♦♥❞✐çõ❡s✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✳

❚❡♦r❡♠❛ ✵✳✸ ❙✉♣♦♥❞♦ q✉❡ g s❛t✐s❢❛③ (g1)✱ (g2) ❡ (g4) − (g6) ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ (P1)

♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛✳

❚❡♦r❡♠❛ ✵✳✹ ❙✉♣♦♥❞♦ q✉❡ g s❛t✐s❢❛③ (g1)✱ (g2) ❡ (g4) − (g6) ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ (P2)

♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛✳

❖ ❈❛♣ít✉❧♦ ✷ ❢♦✐ ❜❛s❡❛❞♦ ♥♦ ❡st✉❞♦ ❢❡✐t♦ ♣♦r ❆❧✈❡s ❡♠ ❬✹❪✱ ♦♥❞❡ ♦ ♠❡s♠♦ ❢♦✐

♠♦t✐✈❛❞♦ ♣❡❧♦s tr❛❜❛❧❤♦s ❞❡ ❬✷✾❪ ❡ ❬✶✶❪✳ ■♥✈❡st✐❣❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í✲

♥✐❝❛ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❡❧í♣t✐❝❛ s❡♠✐❧✐♥❡❛r ❡♠ q✉❡ ♦ t❡r♠♦ ❞❛ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡

é ♥ã♦ ♣❡r✐ó❞✐❝♦✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❡q✉❛çã♦

−∆u+ A(ǫx, y)V ′(u) = 0 ❡♠ Ω ✭✼✮

❝♦♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦

∂u

∂η
(x, y) = 0 sobre ∂Ω, ✭✽✮

♦♥❞❡ Ω = R×D é ✉♠ ❝✐❧✐♥❞r♦ ✐♥✜♥✐t♦ ❞❡ RN s❡ N > 2 ♦✉ ✉♠❛ ❢❛✐①❛ ✐♥✜♥✐t❛ s❡ N = 2✳

❆s ❤✐♣ót❡s❡s ♣❛r❛ ❛ ❢✉♥çã♦ V : R → R sã♦ ❛s s❡❣✉✐♥t❡s✿

❈♦♥❞✐çã♦ ❡♠ V ✿

✭V1✮ V ∈ C2(R,R)❀

✭V2✮ V (−1) = V (1) = 0❀

✭V3✮ V (t) > 0 ♣❛r❛ t♦❞♦ t ∈ R \ {−1, 1}✳

❋✉♥çõ❡s q✉❡ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s (V1)−(V3) sã♦ ♦s ♣♦t❡♥❝✐❛✐s ❞❡ ●✐♥s③❜✉r❣✲▲❛♥❞❛✉✳

P♦r ❡①❡♠♣❧♦✱ V (t) = (t2 − 1)2✳

❆s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ♣❛r❛ ❛ ❢✉♥çã♦ A : Ω → R sã♦ ❝♦♥s✐❞❡r❛❞❛s✿

❈♦♥❞✐çã♦ ❡♠ A✿

❆ ❢✉♥çã♦ A é ❞❡ ❝❧❛ss❡ C1 ❡ ♣❡rt❡♥❝❡ ❛ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝❧❛ss❡s✿

❈❧❛ss❡ ✶✿✭A é ❛ss✐♥tót✐❝❛ ♥♦ ✐♥✜♥✐t♦ ❛ ✉♠❛ ❢✉♥çã♦ ♣❡r✐ó❞✐❝❛✮

❊①✐st❡ ✉♠❛ ❢✉♥çã♦ Ap : Ω → R ❞❡ ❝❧❛ss❡ C1 ❡ ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x t❛❧ q✉❡



✷✷

✭A1✮ |A(x, y)− Ap(x, y)| → 0 q✉❛♥❞♦ |(x, y)| → ∞❀

✭A2✮ 0 < A0 = inf
Ω
A(x, y) ≤ A(x, y) < Ap(x, y) ∀(x, y) ∈ Ω✳

❈❧❛ss❡ ✷✿✭❈♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③✮

✭A3✮ 0 < inf
Ω
A(x, y) ≤ sup

y∈D

A(0, y) < lim inf
|(x,y)|→∞

A(x, y) = A∞ <∞✳

◆❛ ❙❡çã♦ ✷✳✶ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ♥♦t❛çõ❡s✱ s✐♠❜♦❧♦❣✐❛s ❡ r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐✲

♥❛r❡s ♣❛r❛ ❛s s❡çõ❡s s✉❜s❡q✉❡♥t❡s✳ ❏á ❛ s❡çã♦ ✷✳✷ é ❞❡❞✐❝❛❞❛ ❛♦ ♣r♦❜❧❡♠❛ ✭✼✮ ❡ ✭✽✮

♥♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❢✉♥çã♦ A ♣❡rt❡♥❝❡ ❛ ❈❧❛ss❡ ✶✳ ❖ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ s❡çã♦ é ♦

s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ✵✳✺ ❆ss✉♠❡ ✭V1✮✲✭V3✮✱ ǫ = 1 ❡ q✉❡ A ♣❡rt❡♥❝❡ ❛ ❈❧❛ss❡ ✶✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛

✭✼✮ ❡ ✭✽✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❞❡ ✶ ❛ ✲✶✳

◆❛ ❙❡çã♦ ✷✳✸✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ♣r♦❜❧❡♠❛ ✭✼✮ ❡ ✭✽✮ s✉♣♦♥❞♦ q✉❡ A s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡

❘❛❜✐♥♦✇✐t③ ♣❛r❛ ♣r♦✈❛r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✵✳✻ ❆ss✉♠❡ ✭V1✮✲✭V3✮ ❡ q✉❡ A ♣❡rt❡♥❝❡ ❛ ❈❧❛ss❡ ✷✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ǫ0 > 0

t❛❧ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✼✮ ❡ ✭✽✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❞❡ ✶ ❛ ✲✶ ♣❛r❛ t♦❞♦

ǫ ∈ (0, ǫ0)✳

◆♦ ❆♣ê♥❞✐❝❡ ❆ ♦ ❧❡✐t♦r ❡♥❝♦♥tr❛rá ♦ q✉❡ s❡rá ♥❡❝❡ssár✐♦ s♦❜r❡ ♦ Pr✐♥❝í♣✐♦ ❞❛

❈♦♥t✐♥✉❛çã♦ Ú♥✐❝❛ ♥♦ q✉❛❧ é ❞❡st❛❝❛❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡ s❡rá ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ❈❛♣ít✉❧♦ ✶✳

❖ ❆♣ê♥❞✐❝❡ ❇ é ✉♠ r❡s✉♠♦ ❞♦ q✉❡ s❡ ♥❡❝❡ss✐t❛ ❞❡ ❆♥á❧✐s❡ ❞♦ R
N ✱ ❊s♣❛ç♦s ❞❡

▲❡❜❡s❣✉❡ ❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✳ ❚❛✐s r❡s✉❧t❛❞♦s sã♦ ❝r✉❝✐❛✐s ♣❛r❛ ✉♠❛ ❜♦❛ ❝♦♠♣r❡❡♥sã♦

❞♦s ❈❛♣ít✉❧♦s ✶ ❡ ✷✳

❈♦♥❝❡✐t♦s ✐♠♣♦rt❛♥t❡s ❡ ❛❧❣✉♥s t❡♦r❡♠❛s ❞❡♠❛♥❞❛♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ❊s♣❛ç♦s

❞❡ ❙♦❜♦❧❡✈✱ ♥♦ ♥í✈❡❧ ❡ ♥❛ ❡①t❡♥sã♦ ❞♦ q✉❡ s❡ ❡♥❝♦♥tr❛ ♥♦ ❆♣ê♥❞✐❝❡ ❈✳ ❊♠ r❡❧❛çã♦

à ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✱ ♦ ❧❡✐t♦r ❞❡✈❡ ❞♦♠✐♥❛r r❡s✉❧t❛❞♦s ❞❡ ✐♠❡rsõ❡s ♣❛r❛ ❡st✉❞❛r ♦s

❈❛♣ít✉❧♦s ✶ ❡ ✷✳

➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r ♥❡st❡ ♠♦♠❡♥t♦ q✉❡ ♥ã♦ ❛❞❡♥tr❛♠♦s ❡♠ ❞❡t❛❧❤❡s s♦❜r❡

r❡s✉❧t❛❞♦s ❞❡ r❡❣✉❧❛r✐❞❛❞❡ ♣r❡s❡♥t❡ ❛q✉✐ ♥♦ t❡①t♦ ♣♦✐s ♦s ♠❡s♠♦s ❞❡♠❛♥❞❛♠ ❞❡ ❝♦♥❤❡✲

❝✐♠❡♥t♦s ♠❛✐s ❛✈❛♥ç❛❞♦s ❞❡ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❡ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐❛✐s✱ ♣♦r

❡①❡♠♣❧♦✳ ■st♦ ❢♦❣❡ t♦t❛❧♠❡♥t❡ ❞♦ ♦❜❥❡t✐✈♦ ❞❛ ❞✐ss❡rt❛çã♦✳ P❛r❛ ❡st❡ ✜♠ r❡❝♦♠❡♥❞❛♠♦s

❛s ❧❡✐t✉r❛s ❬✶✶❪✱ ❬✶✵❪ ❡ ❬✶✾❪✳



❈❛♣ít✉❧♦ ✶

❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛

♣❛r❛ ♦ ❝❛s♦ ♣❡r✐ó❞✐❝♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st✉❞❛r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣❡r✐ó❞✐❝❛s ♣❛r❛

❞✉❛s ❝❧❛ss❡s ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s s❡♠✐❧✐♥❡❛r❡s✱ ♣❛r❛ ❡♥tã♦ ❞❡t❡r♠✐♥❛r ✉♠❛ ❢❛♠í❧✐❛

M ❞❡ s♦❧✉çõ❡s ♣❡r✐ó❞✐❝❛s ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛ ❡❧í♣t✐❝♦ ❡♠ q✉❡stã♦✳ ❊♠ s❡✲

❣✉✐❞❛✱ ✉s❛r❡♠♦s té❝♥✐❝❛s ❞❡ ♠✐♥✐♠✐③❛çõ❡s ♣❛r❛ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❞♦

t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ q✉❡ ❝♦♥❡❝t❛ ❞✉❛s s♦❧✉çõ❡s ❞✐st✐♥t❛s ❡♠ M ✳

✶✳✶ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ◆❡✉♠❛♥♥

◆❡st❛ s❡çã♦✱ ❢❛r❡♠♦s ♦ ❡st✉❞♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣❡r✐ó❞✐❝❛s ♣❛r❛ ✉♠ ♣r♦✲

❜❧❡♠❛ ❡❧í♣t✐❝♦ s❡♠✐❧✐♥❡❛r ♦♥❞❡ ♦ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ ❡♠ q✉❡stã♦ é ♦ ❧❛♣❧❛❝✐❛♥♦ s❛t✐s✲

❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❞❡ ◆❡✉♠❛♥♥✳

✶✳✶✳✶ ❙♦❧✉çã♦ ♣❡r✐ó❞✐❝❛

P❛r❛ N ≥ 2 ✈❛♠♦s s❡♠♣r❡ ❛ss✉♠✐r q✉❡ D é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡♠ R
N−1✱ ✐st♦ é✱

✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✱ ❝♦♥❡①♦ ❡ ❧✐♠✐t❛❞♦ ❡♠ R
N−1✱ ❝♦♠ ❢r♦♥t❡✐r❛ ∂D s✉❛✈❡✶ ❡ Ω = R×D

✉♠ ❝✐❧✐♥❞r♦ ✐♥✜♥✐t♦ s❡ N > 2 ♦✉ ✉♠❛ ❢❛✐①❛ ✐♥✜♥✐t❛ s❡ N = 2✳ ◆❡st❡ ❝❛s♦✱ ♥♦t❡♠♦s

q✉❡ ∂Ω = R × ∂D✳ ❉❡♥♦t❛r❡♠♦s ♦s ♣♦♥t♦s ❞❡ Ω ♣♦r (x, y) ♥♦ q✉❛❧ x ∈ R ❡ y ∈ D✳

✶❱❡❥❛ ❛ ❞❡✜♥✐çã♦ ❡♠ ❬✶✵✱ ❙❡❝t✐♦♥ ✾✳✻❪✳



✷✹

❙✉♣♦♥❤❛♠♦s q✉❡ g é ✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ❡♠ Ω×R t♦♠❛♥❞♦ ✈❛❧♦r❡s ❡♠ R q✉❡ s❛t✐s❢❛③

❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭g1✮ g ∈ C1(Ω× R,R)❀

✭g2✮ g(x, y, t) é ♣❛r ❡ ✶✲ ♣❡r✐ó❞✐❝❛ ❡♠ x✱ ✐st♦ é✱

g(x, y, t) = g(−x, y, t) ❡ g(x, y, t) = g(x+ 1, y, t), ∀(x, y, t) ∈ Ω× R;

✭g3✮ G(x, y, t) é ✶✲♣❡r✐ó❞✐❝❛ ❡♠ t✱ ❡♠ q✉❡

G(x, y, t) =

∫ t

0

g(x, y, s)ds.

❖❜s❡r✈❛çã♦ ✶✳✶ ✭✐✮ ❯♠❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛ é g : Ω× R → R

❞❡✜♥✐❞♦ ♣♦r

g(x, y, t) = cos(2πx) sin(2πt).

✭✐✐✮ ◆ã♦ é ✐♠♣♦rt❛♥t❡ q✉❡ ♦s ♣❡rí♦❞♦s ❞❡ g ❡♠ x ❡ ❞❡ G ❡♠ t s❡❥❛♠ ♦s ♠❡s♠♦s✳ ❊ss❛

s✉♣♦s✐çã♦ é ❛♣❡♥❛s ♣❛r❛ ❝♦♥✈❡♥✐ê♥❝✐❛ ♥♦t❛❝✐♦♥❛❧✳

✭✐✐✐✮ ❙❡ N = 1✱ ♦ tr❛❜❛❧❤♦ s❡ r❡❞✉③ ❛♦ ❡st✉❞♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ❡♠ x✳

P❛r❛ ♦ ❡st✉❞♦ ❞❡ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ♣❛r❛ ❡st❡ ❝❛s♦ r❡❝♦♠❡♥❞❛♠♦s ❛ ❧❡✐t✉r❛

❞❛ ❞✐ss❡rt❛çã♦ ❬✶✹❪✳

❉❡ ❛❝♦r❞♦ ❝♦♠ (g2) t❡♠♦s q✉❡ G é ♣❛r ❡ ✶✲ ♣❡r✐ó❞✐❝❛ ❡♠ x ♣♦✐s

G(x, y, t) =

∫ t

0

g(x, y, s)ds =

∫ t

0

g(−x, y, s)ds = G(−x, y, t)

❡

G(x, y, t) =

∫ t

0

g(x, y, s)ds =

∫ t

0

g(x+ 1, y, s)ds = G(x+ 1, y, t),

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

■♥✐❝✐❛❧♠❡♥t❡✱ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣❡r✐ó❞✐❝❛s ♣❛r❛ ♦ s❡❣✉✐♥t❡

♣r♦❜❧❡♠❛ ❡❧í♣t✐❝♦ s❡♠✐❧✐♥❡❛r











−∆u = g(x, y, u), em Ω
∂u

∂η
(x, y) = 0, sobre ∂Ω.

(P2)

P❛r❛ ✐st♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r Ω1 = [0, 1]×D ❡

E1 = {u : Ω → R | u ∈ H1(Ω1) ❡ u é ✶✲ ♣❡r✐ó❞✐❝❛ ❡♠ x}.



✷✺

◆♦t❡♠♦s q✉❡ Ω1 s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ ❝♦♥❡ ✭✈❡❥❛ ❉❡✜♥✐çã♦ ❈✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❈✮ ❡

q✉❡ E1 6= ∅ ♣♦✐s ❛s ❢✉♥çõ❡s ❝♦♥st❛♥t❡s ❡stã♦ ❡♠ E1✳ ❱❡r✐✜❝❛✲s❡ s❡♠ ❞✐✜❝✉❧❞❛❞❡ q✉❡ E1

é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r E1 ❝♦♠♦ ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧

❞❡ H1(Ω1)✳ P♦st♦ ✐st♦✱ ✈❛♠♦s ♠✉♥✐r E1 ❝♦♠ ❛ ♥♦r♠❛ ✉s✉❛❧ ❞❡ H1(Ω1) ❞❛❞❛ ♣♦r

‖u‖H1(Ω1) =

(
∫

Ω1

|∇u|2dxdy +

∫

Ω1

|u|2dxdy

)
1
2

, u ∈ E1.

❆✜r♠❛çã♦ ✶✳✶ (E1, ‖ · ‖H1(Ω1)) é ❞❡ ❇❛♥❛❝❤✳

❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ E1✳ ❊♥tã♦✱ (un) t❛♠❜é♠ é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

❈❛✉❝❤② ❡♠ H1(Ω1)✳ ❉❛í✱ ❝♦♠♦ H1(Ω1) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡①✐st❡ u ∈ H1(Ω1) t❛❧

q✉❡ (un) ❝♦♥✈❡r❣❡ ♣❛r❛ u ❡♠ H1(Ω1)✳ ❙❡♥❞♦ ❛ss✐♠✱ ❝♦♠♦

‖un − um‖
2
H1([0,2]×D) = 2‖un − um‖

2
H1(Ω1)

, ∀n,m ∈ N,

t❡♠♦s q✉❡ (un) é ❞❡ ❈❛✉❝❤② ❡♠ H1([0, 2]×D)✳ ▲♦❣♦✱ ❡①✐st❡ v ∈ H1([0, 2]×D) t❛❧ q✉❡

un → v ❡♠ H1([0, 2]×D) q✉❛♥❞♦ n→ ∞.

P♦r ✉♥✐❝✐❞❛❞❡ ❞❡ ❧✐♠✐t❡✱ u = v ❡♠ Ω1✳ ◆♦ ❡♥t❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❱❛✐♥❜❡r❣ ✭✈❡❥❛ ♦

❚❡♦r❡♠❛ ❇✳✾ ❞♦ ❆♣ê♥❞✐❝❡ ❇✮ s❡❣✉❡ q✉❡ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛

un(x, y) → v(x, y) q✳t✳♣ ❡♠ Ω1.

❆ss✐♠✱

un(x+ 1, y) → v(x+ 1, y) q✳t✳♣ ❡♠ Ω1.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝♦♠♦ un(x+ 1, y) = un(x, y)✱

v(x+ 1, y) = v(x, y) em Ω1,

✐st♦ é✱ v é ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x✳ P♦rt❛♥t♦✱ u é ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x✳ ▲♦❣♦✱ (E1, ‖ · ‖H1(Ω1)) é

❞❡ ❇❛♥❛❝❤✳

P❛r❛ ❝❛❞❛ u ∈ H1(Ω1)✱ ❞❡✜♥✐♠♦s ♦ ❢✉♥❝✐♦♥❛❧

I1(u) =

∫

Ω1

(

1

2
|∇u|2 −G(x, y, u)

)

dxdy.

❯♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡st❡ ❢✉♥❝✐♦♥❛❧ q✉❡ s❡rá ❜❛st❛♥t❡ út✐❧ ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦ é

q✉❡

I1(u+ k) = I1(u), ∀u ∈ E1 ❡ ∀k ∈ Z. ✭✶✳✶✮



✷✻

❉❡ ❢❛t♦✱ ❝♦♠♦ G é ✶✲♣❡r✐ó❞✐❝❛ ❡♠ t s❡❣✉❡ q✉❡ k ∈ Z t❛♠❜é♠ é ✉♠ ♣❡rí♦❞♦ ♣❛r❛ G ❡♠

t✱ ✐st♦ é✱

G(x, y, t) = G(x+ k, y, t), ∀(x, y, t) ∈ Ω× R.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

I1(u+ k) =

∫

Ω1

(

1

2
|∇(u+ k)|2 −G(x, y, u+ k)

)

dxdy

=

∫

Ω1

(

1

2
|∇u|2 −G(x, y, u)

)

dxdy

= I1(u).

❱❛♠♦s ❞❡♠♦♥str❛r ♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✶✳✶ ❙❡❥❛♠ O ⊂ R
N ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ q✉❡ s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ ❝♦♥❡

❡ f : O × R → R ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② ✭✈❡❥❛ ❉❡✜♥✐çã♦ ❇✳✶✵ ❞♦ ❆♣ê♥❞✐❝❡ ❇✮

s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦

|f(x, t)| ≤ A+B|t|p,

❝♦♠ A,B > 0 ❡ 0 ≤ p < (N + 2)/(N − 2) s❡ N ≥ 3 ♦✉ 0 ≤ p < +∞ s❡ N = 1, 2✳

❊♥tã♦✱ s❡♥❞♦

F (x, t) =

∫ t

0

f(x, s)ds

♦ ❢✉♥❝✐♦♥❛❧

I(u) =

∫

O

(

1

2
|∇u|2 − F (x, u)

)

dx, u ∈ H1(O),

❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ I ∈ C1(H1(O),R) ❝♦♠

I ′(u)v =

∫

O

(∇u∇v − f(x, u)v) dx, ∀u, v ∈ H1(O).

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❞✐✈✐❞✐r ❛ ♣r♦✈❛ ❡♠ ❞✉❛s ❡t❛♣❛s✳

✶♦ ❡t❛♣❛✿ ■♥✐❝✐❛❧♠❡♥t❡ ❞❡✜♥✐♠♦s ♦ ❢✉♥❝✐♦♥❛❧ ψ : H1(O) → R ❞❛❞♦ ♣♦r

ψ(u) =

∫

O

F (x, u)dx.

❱❛♠♦s ♠♦str❛r q✉❡ ψ ∈ C1(H1(O),R) ❝♦♠

ψ′(u)(v) =

∫

O

f(x, u)vdx, ∀v ∈ H1(O).

❉❡ ❢❛t♦✱ ♥♦t❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ ψ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s F (·, u(·)) é ♠❡♥s✉rá✈❡❧

♣❛r❛ u ∈ H1(O) ✉♠❛ ✈❡③ q✉❡ f é ❞❡ ❈❛r❛t❤é♦❞♦r②✳ ❆❧é♠ ❞✐ss♦✱ ✈❡r✐✜❝❛✲s❡ q✉❡ ❡①✐st❡♠

❝♦♥st❛♥t❡s C1, C2 > 0 t❛✐s q✉❡

|F (x, t)| ≤ C1 + C2|t|
p+1, ∀t ∈ R.



✷✼

❱❛♠♦s ❛❣♦r❛ ❝❛❧❝✉❧❛r ∂ψ(u)/∂v ♣❛r❛ t♦❞♦ u, v ∈ H1(O) ♥♦ ❝❛s♦ ❡♠ q✉❡ N ≥ 3✳ ❊♥tã♦✱

∂ψ(u)

∂v
= lim

t→0

ψ(u+ tv)− tψ(u)

t

= lim
t→0

∫

O

[

F (x, u+ tv)− F (x, u)

t

]

dx.

❉❡✜♥✐♠♦s

ht(x) =
F (x, u+ tv)− F (x, u)

t
.

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❱❛❧♦r ▼é❞✐♦ ✭✈❡❥❛ ❚❡♦r❡♠❛ ❇✳✶ ❞♦ ❆♣ê♥❞✐❝❡ ❇✮✱ ❡①✐st❡ θ(x) ∈

[u(x), u(x) + tv(x)] ♦✉ θ(x) ∈ [u(x) + tv(x), u(x)] t❛❧ q✉❡

ht(x) = f(x, θ(x))v(x).

P♦st♦ ✐st♦✱ ✈❡r✐✜❝❛✲s❡ q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s A1, B1 > 0 t❛✐s q✉❡

|ht(x)| = |f(x, θ(x))v(x)|

≤
(

A1 +B1|θ(x)|
N+2
N−2

)

|v(x)|.

❆❣♦r❛✱ ❝♦♠♦ |θ(x)| ≤ 2|u(x)|+ |v(x)| ♣❛r❛ t♦❞♦ t ∈ [0, 1] s❡❣✉❡ q✉❡ ❡①✐st❡♠ ❝♦♥t❛♥t❡s

A2, A3, A4 > 0 s❛t✐s❢❛③❡♥❞♦

|ht(x)| ≤ A2|v(x)|+ A3|u(x)|
N+2
N−2 + A4|v(x)|

2∗ .

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ht ∈ L1(O)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦

ht(x) → f(x, u(x))v(x) q✉❛♥❞♦ t→ 0,

♣♦❞❡♠♦s ✉s❛r ♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡ ✭✈❡❥❛ ❚❡♦r❡♠❛ ❇✳✼

❞♦ ❆♣ê♥❞✐❝❡ ❇✮ ♣❛r❛ ❝♦♥❝❧✉✐r
∫

O

ht(x)dx→

∫

O

f(x, u(x))v(x)dx q✉❛♥❞♦ t→ 0.

❉❡ss❛ ❢♦r♠❛✱ ♣♦r ✉♥✐❝✐❞❛❞❡ ❞❡ ❧✐♠✐t❡

∂ψ(u)

∂v
=

∫

O

f(x, u(x))v(x)dx. ✭✶✳✷✮

P♦rt❛♥t♦✱ ∂ψ(u)/∂(·) : H1(O) → R ❡①✐st❡ ♣❛r❛ t♦❞♦ u ∈ H1(O)✳ P❛r❛ ❝❛❞❛ u ∈ H1(O)

✈❡r✐✜❝❛✲s❡ q✉❡ ∂ψ(u)/∂(·) é ❧✐♥❡❛r✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ v ∈ H1(O) ❝♦♠ ‖v‖H1(O) ≤ 1✱
∣

∣

∣

∣

∂ψ(u)

∂v

∣

∣

∣

∣

≤

∫

O

|f(x, u)||v|dx

≤

∫

O

(

A1 +B1|u|
N+2
N−2

)

|v|dx

≤ A1

∫

O

|v|dx+B1

∫

O

|u|
N+2
N−2 |v|dx.



✷✽

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ✭✈❡❥❛ ❚❡♦r❡♠❛ ❇✳✽ ❞♦ ❆♣ê♥❞✐❝❡ ❇✮✱
∣

∣

∣

∣

∂ψ(u)

∂v

∣

∣

∣

∣

≤ A1‖v‖L1(O) +B1‖u‖
2∗−1
L2∗ (O)

‖v‖L2∗ (O).

❯s❛♥❞♦ ❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s✷

H1(O) →֒ L1(O) ❡ H1(O) →֒ L2∗(O)

s❡❣✉❡ q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s C3, C4 > 0 ✈❡r✐✜❝❛♥❞♦
∣

∣

∣

∣

∂ψ(u)

∂v

∣

∣

∣

∣

≤
(

C3 + C4‖u‖
2∗−1
H1(O)

)

‖v‖H1(O).

❆❣♦r❛✱ ❝♦♠♦ ‖v‖H1(O) ≤ 1 ♦❜t❡♠♦s
∣

∣

∣

∣

∂ψ(u)

∂v

∣

∣

∣

∣

≤ C3 + C4‖u‖
2∗−1
H1(O),

♠♦str❛♥❞♦ q✉❡ ∂ψ(u)/∂(·) é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❝♦♥tí♥✉♦✱ ♦✉ s❡❥❛✱

∂ψ(u)

∂(·)
∈ (H1(O))′. ✭✶✳✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ H1(O) ❡ s❡❥❛ t❛♠❜é♠ u ∈ H1(O) ❝♦♠

un → u ❡♠ H1(O) q✉❛♥❞♦ n→ ∞.

❱❛♠♦s ♣r♦✈❛r q✉❡
∂ψ(un)

∂(·)
→

∂ψ(u)

∂(·)
❡♠ (H1(O))′.

❈♦♠ ❡❢❡✐t♦✱ ♥♦t❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ❡①✐st❡ C > 0 t❛❧ q✉❡
∣

∣

∣

∣

∂ψ(un)

∂v
−
∂ψ(u)

∂v

∣

∣

∣

∣

≤

∫

O

|f(x, un)− f(x, u)||v|dx

≤ ‖f(x, un)− f(x, u)‖
L

2∗

2∗−1 (O)
‖v‖L2∗ (O)

≤ C‖f(x, un)− f(x, u)‖
L

2∗

2∗−1 (O)
‖v‖H1(O),

✐st♦ é✱
∣

∣

∣

∣

∂ψ(un)

∂v
−
∂ψ(u)

∂v

∣

∣

∣

∣

≤ C‖f(x, un)− f(x, u)‖
L

2∗

2∗−1 (O)
‖v‖H1(O). ✭✶✳✹✮

❘❡❝♦r❞❡♠♦s ❛❣♦r❛ q✉❡ ♦ ♦♣❡r❛❞♦r ❞❡ ◆❡♠②ts❦✐✐ ✭✈❡❥❛ ❆♣ê♥❞✐❝❡ ❇✮✱ Nf : L2∗(O) →

L
2∗

2∗−1 (O) ❞❡✜♥✐❞♦ ♣♦r

Nf (u) := f(·, u(·))

✷■st♦ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ❈✳✼ ❞♦ ❆♣ê♥❞✐❝❡ ❈✳



✷✾

é ❝♦♥tí♥✉♦✳ P♦r ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✱

un → u ❡♠ L2∗(O) q✉❛♥❞♦ n→ ∞.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

Nf (un) → Nf (u) ❡♠ L
2∗

2∗−1 (O) q✉❛♥❞♦ n→ ∞,

✐st♦ é✱

f(x, un) → f(x, u) ❡♠ L
2∗

2∗−1 (O) q✉❛♥❞♦ n→ ∞. ✭✶✳✺✮

❯s❛♥❞♦ ✭✶✳✹✮ ❡ ✭✶✳✺✮ ♦❜t❡♠♦s

sup
‖v‖

H1(O)≤1

∣

∣

∣

∣

∂ψ(un)

∂v
−
∂ψ(u)

∂v

∣

∣

∣

∣

→ 0 q✉❛♥❞♦ n→ ∞,

♦✉ s❡❥❛✱
∂ψ(un)

∂(·)
→

∂ψ(u)

∂(·)
❡♠ (H1(O))′. ✭✶✳✻✮

P♦rt❛♥t♦✱ ♣♦r ✭✶✳✷✮✱ ✭✶✳✸✮ ❡ ✭✶✳✻✮ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❇✳✶✻ q✉❡ ψ ∈ C1(H1(O),R) ❝♦♠

∂ψ(u)

∂v
=

∫

O

f(x, u(x))v(x)dx.

❆ ❞❡♠♦♥str❛çã♦ ❞❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ ψ ♣❛r❛ N = 1, 2 s❡ ❢❛③ ❞❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡✳

✷♦ ❡t❛♣❛✿ ◆❡st❛ ❡t❛♣❛✱ ✈❛♠♦s ♣r♦✈❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧

φ(u) =
1

2
‖u‖2H1(O)

♣❡rt❡♥❝❡ ❛ C1(H1(O),R) ❝♦♠

φ′(u)v = 〈u, v〉, ∀u, v ∈ H1(O),

♦♥❞❡ 〈·, ·〉 é ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s✉❛❧ ❞❡ H1(O)✳ ❉❡ ❢❛t♦✱ ♥♦t❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♣❛r❛

❝❛❞❛ ♥ú♠❡r♦ r❡❛❧ t 6= 0 t❡♠♦s

φ(u+ tv)− φ(u)

t
=

1

2

(

‖u+ tv‖2H1(O) − ‖u‖2H1(O)

t

)

= 〈u, v〉+
t

2
‖v‖2H1(O).

P♦r ❝♦♥s❡❣✉✐♥t❡✱

lim
t→0

φ(u+ tv)− φ(u)

t
= 〈u, v〉,



✸✵

♠♦str❛♥❞♦ q✉❡

φ′(u)v = 〈u, v〉, ∀u, v ∈ H1(O).

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s ∂φ(u)/∂(·) s❡♥❞♦ ✉♠❛ ❝❛♥❞✐❞❛t❛ ♣❛r❛ φ′(u)✳ ❉❡ss❡ ♠♦❞♦✱

φ(u+ v)− φ(u)− 〈u, v〉

‖v‖H1(O)

=
1

2
‖v‖2H1(O).

P♦rt❛♥t♦✱

lim
‖v‖

H1(O)→0

φ(u+ v)− φ(u)− 〈u, v〉

‖v‖H1(O)

= 0.

❆ss✐♠✱ φ é ❋ré❝❤❡t ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠

φ′(u)(v) = 〈u, v〉.

P❛r❛ ✈❡r q✉❡ φ ∈ C1(H1(O),R) ❝♦♥s✐❞❡r❡♠♦s un → u ❡♠ H1(O) ❡ ♥♦t❡♠♦s

|φ′(un)(v)− φ′(u)(v)| = |〈un, v〉 − 〈u, v〉|

= |〈un − u, v〉|

≤ ‖un − u‖H1(O)‖v‖H1(O)

✐♠♣❧✐❝❛♥❞♦ ❡♠

sup
‖v‖

H1(O)≤1

|φ′(un)(v)− φ′(u)(v)| ≤ ‖un − u‖H1(O).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

‖φ′(un)− φ′(u)‖ → 0 q✉❛♥❞♦ un → u ❡♠ H1(O),

♠♦str❛♥❞♦ q✉❡ φ′ é ❝♦♥tí♥✉❛✳ P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❇✳✶✻ φ ∈ C1(H1(O),R)✳ P♦r

♦✉tr♦ ❧❛❞♦✱ ✈❡r✐✜❝❛✲s❡ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧

ν(u) =
1

2
‖u‖L2(O)

♣❡rt❡♥❝❡ C1(H1(O),R) ❝♦♠

ν ′(u)v =

∫

O

uvdx, ∀u, v ∈ L2(O).

P♦r ✜♠✱ ♣❡❧♦ q✉❡ ❢♦✐ ✈✐st♦ ♥❛ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ❡t❛♣❛s ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ I

♣❡rt❡♥❝❡ C1(H1(O),R) ❝♦♠

I ′(u)v =

∫

O

(∇u∇v − f(x, u)v) dx, ∀u, v ∈ H1(O).



✸✶

❉❡ ❢❛t♦✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r

I(u) =
1

2
‖u‖2H1(O) −

1

2
‖u‖2L2(O) −

∫

O

F (x, u)dx.

■st♦ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

P❡❧♦ ▲❡♠❛ ✶✳✶✱ I1 ∈ C1(E1;R)✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ♥♦t❛r q✉❡ ♣♦r (g1) t❡♠♦s q✉❡ g

é ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② ❡ g(x, y, u) é ❧✐♠✐t❛❞❛ s❡♠♣r❡ q✉❡ u ∈ E1✳ P♦rt❛♥t♦✱

I1 ∈ C1(E1;R) ❝♦♠

I ′1(u)v =

∫

Ω1

(∇u∇v − g(x, y, u)v) dxdy, ∀uE1 ❡ ∀v ∈ H1(Ω1).

❖ ❢✉♥❝✐♦♥❛❧ I1 é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ H1(Ω1)✳ ❈♦♠ ❡❢❡✐t♦✱ ❝♦♠♦ G(x, y, ·) é

♣❡r✐ó❞✐❝❛ ❡ ❝♦♥tí♥✉❛ ❡♠ R t❡♠♦s q✉❡ ❛ ♠❡s♠❛ é ❧✐♠✐t❛❞❛ ❡ s❡♥❞♦ x ❡ y ❡stã♦ ❞❡✜♥✐❞♦s

❡♠ ✉♠ ❝♦♠♣❛❝t♦ s❡❣✉❡ q✉❡ ❡①✐st❡ C > 0 t❛❧ q✉❡

G(x, y, t) ≤ C, ∀(x, y, t) ∈ Ω1 × R.

▲♦❣♦✱
∫

Ω1

G(x, y, t)dxdy ≤

∫

Ω1

Cdxdy = C|Ω1|. ✭✶✳✼✮

P♦rt❛♥t♦✱

I1(u) =

∫

Ω1

(

1

2
|∇u|2 −G(x, y, u)

)

dxdy

=
1

2
‖∇u‖2L2(Ω1)

−

∫

Ω1

G(x, y, u)dxdy

≥ −C|Ω1|,

♦✉ s❡❥❛✱

I1(u) ≥ −C|Ω1|, ∀ u ∈ H1(Ω1).

P♦r ♠❛✐s r❛③ã♦ ❛✐♥❞❛✱ I1 é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ E1✳ P♦r ✐ss♦✱ s❡❥❛

c1 = inf
u∈E1

I1(u).

❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ❞❡♥♦t❛r❡♠♦s

[u] =
1

|Ω1|

∫

Ω1

udxdy.

Pr♦♣♦s✐çã♦ ✶✳✶ ❊①✐st❡ u ∈ E1 t❛❧ q✉❡ I1(u) = c1✳



✸✷

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (um) ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ E1 t❛❧ q✉❡

I1(um) → c1 q✉❛♥❞♦ m→ ∞.

❆ss✐♠✱ ❛ s❡q✉ê♥❝✐❛ (I1(um)) é ❧✐♠✐t❛❞❛ ❡♠ R✱ ✐st♦ é✱ ❡①✐st❡ K > 0 ❝♦♠ ❛ s❡❣✉✐♥t❡

♣r♦♣r✐❡❞❛❞❡

I1(um) ≤ K, ∀ m ∈ N. ✭✶✳✽✮

❉❡ ✭✶✳✼✮ ❡ ✭✶✳✽✮✱

1

2
‖∇um‖

2
L2(Ω) ≤ I1(um) + C|Ω1| ≤ K + C|Ω1|, ∀m ∈ N. ✭✶✳✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ [um] ✉♠ ♥ú♠❡r♦ r❡❛❧ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ km

t❛❧ q✉❡

0 ≤ [um] + km < 1.

❊♥tã♦✱

[um + km] =
1

|Ω1|

∫

Ω1

(um + km) dx =
1

|Ω1|

∫

Ω1

umdx+ km = [um] + km < 1.

❡♥tr❡t❛♥t♦✱ ❞❡ ✭✶✳✶✮

I1(um + km) → c1 q✉❛♥❞♦ m→ ∞,

♠♦str❛♥❞♦ q✉❡ (um + km) t❛♠❜é♠ é ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ I1✳

❉❡ss❡ ♠♦❞♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ♣♦❞❡♠♦s s✉♣♦r

0 ≤ [um] < 1. ✭✶✳✶✵✮

❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C1 > 0 t❛❧ q✉❡

‖u‖L2(Ω1) ≤ C1

(

|[u]|+ ‖∇u‖L2(Ω1)

)

, ∀u ∈ H1(Ω1). ✭✶✳✶✶✮

❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ ♥ã♦ ❡①✐st❛ t❛❧ C1 > 0 ✈❡r✐✜❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

✭✶✳✶✶✮✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ k ∈ N ❡①✐st❡ vk ∈ H1(Ω1) ❝♦♠

‖vk‖L2(Ω1) > k
(

|[vk]|+ ‖∇vk‖L2(Ω1)

)

.

❋❛③❡♥❞♦ wk = vk/‖vk‖L2(Ω1) t❡♠♦s

1

k
> |[wk]|+ ‖∇wk‖L2(Ω1), ∀k ∈ N. ✭✶✳✶✷✮



✸✸

P♦r ❝♦♥s❡❣✉✐♥t❡✱

‖∇wk‖L2(Ω1) < 1 ❡ ‖wk‖L2(Ω1) = 1, ∀k ∈ N.

▲♦❣♦✱ ❛ s❡q✉ê♥❝✐❛ (wk) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ H1(Ω1)✳ ❙❡♥❞♦ H1(Ω1) ✉♠ ❡s♣❛ç♦

❞❡ ❍✐❧❜❡rt ❡✱ ♣♦rt❛♥t♦ r❡✢❡①✐✈♦✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❇✳✶✷ q✉❡ ❡①✐st❡ w ∈ H1(Ω1) t❛❧ q✉❡✱

❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

wk ⇀ w ❡♠ H1(Ω1).

❆ss✐♠ s❡♥❞♦✱ ♣❡❧❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ❞❡ H1(Ω1) ❡♠ L2(Ω1) ✭✈❡❥❛ ❆♣ê♥❞✐❝❡ ❈✮✱

wk → w ❡♠ L2(Ω1).

❉❡ss❛ ♠❛♥❡✐r❛✱

‖w‖L2(Ω1) = 1

✐♠♣❧✐❝❛♥❞♦ ❡♠

w 6= 0 ❡♠ Ω1. ✭✶✳✶✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r ✭✶✳✶✷✮ t❡♠♦s ❛ ❝♦♥✈❡r❣ê♥❝✐❛

[wk] → 0 q✉❛♥❞♦ k → ∞.

❆❞❡♠❛✐s✱

|[wk]− [w]| =

∣

∣

∣

∣

1

|Ω1|

∫

Ω1

wkdxdy −
1

|Ω1|

∫

Ω1

wdxdy

∣

∣

∣

∣

=
1

|Ω1|

∣

∣

∣

∣

∫

Ω1

(wk − w)dxdy

∣

∣

∣

∣

≤
1

|Ω1|

∫

Ω1

|wk − w|dxdy.

P❡❧❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ H1(Ω1) →֒ L1(Ω1) ✭✈❡❥❛ ❆♣ê♥❞✐❝❡ ❈✮ ❝♦♥st❛t❛♠♦s q✉❡

[wk] → [w] q✉❛♥❞♦ k → ∞.

P♦r ✉♥✐❝✐❞❛❞❡ ❞❡ ❧✐♠✐t❡✱
∫

Ω1

wdxdy = 0. ✭✶✳✶✹✮

❆❣♦r❛✱ ❝♦♠♦ w é ♦ ❧✐♠✐t❡ ❢r❛❝♦ ❞❛ s❡q✉ê♥❝✐❛ (wk) t❡♠♦s✸

‖w‖H1(Ω1) ≤ lim inf
k→∞

‖wk‖H1(Ω1).

✸◆♦t❡ q✉❡ ❛ ♥♦r♠❛ é ❢r❛❝❛♠❡♥t❡ s❡♠✐❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡✳



✸✹

❉❛í✱ ♣♦r ✭✶✳✶✷✮✱
∫

Ω1

|∇w|2dxdy = 0 ✭✶✳✶✺✮

❛❝❛rr❡t❛♥❞♦ q✉❡ w é ✉♠❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡✳ ▲♦❣♦✱ ♣♦r ✭✶✳✶✹✮ ❞❡✈❡♠♦s t❡r w = 0 ❡♠

Ω1✱ ✉♠ ❛❜s✉r❞♦ ♣♦✐s ❝♦♥tr❛r✐❛ ✭✶✳✶✸✮✳ P♦rt❛♥t♦✱ ❡①✐st❡ C1 > 0 ✈❡r✐✜❝❛♥❞♦ ✭✶✳✶✶✮✳ P♦r

✭✶✳✾✮✱ ✭✶✳✶✵✮ ❡ ✭✶✳✶✶✮✱ (um) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ H1(Ω1)✳ ▲♦❣♦✱ ❡①✐st❡ u ∈ E1

✭♣♦✐s E1 é ❞❡ ❇❛♥❛❝❤✮ ❞❡ ♠❛♥❡✐r❛ q✉❡ um ⇀ u ❡♠ H1(Ω1)✳ P❡❧♦ ❚❡♦r❡♠❛ ❈✳✶✵✱ I1 é

❢r❛❝❛♠❡♥t❡ s❡♠✐❝♦♥tí♥✉♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡✱ ♣♦rt❛♥t♦✱ c1 = I1(u)✳

P❡❧♦ q✉❡ ❢♦✐ ✈✐st♦ ❛♥t❡r✐♦r♠❡♥t❡ é ❝❧❛r♦ q✉❡ I1(u+ k) = c1 ♣❛r❛ t♦❞♦ k ∈ Z✳ P♦r

✐ss♦✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦

M = {u ∈ E1 : I1(u) = c1}.

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✱ M 6= ∅✳ ❉❛q✉✐ ❡♠ ❞✐❛♥t❡ ✈❛♠♦s ❞❡♥♦t❛r

L(u) =
1

2
|∇u|2 −G(x, y, u).

Pr♦♣♦s✐çã♦ ✶✳✷ ❈♦♥s✐❞❡r❡♠♦s c1 = inf
u∈H1(Ω1)

I1(u)✳ ❊♥tã♦✱ c1 = c1✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ r❡❝♦r❞❡♠♦s q✉❡ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r E1 ❝♦♠♦ ✉♠

s✉❜❡s♣❛ç♦ ❞❡ H1(Ω1)✳ ❆ss✐♠✱ c1 ≤ c1✳ ❙✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ c1 < c1✳ ▲♦❣♦✱

♣♦r ❞❡✜♥✐çã♦ ❞❡ í♥✜♠♦ ❡①✐st❡ u0 ∈ H1(Ω1) t❛❧ q✉❡ I1(u0) < c1✳ P❛r❛ ❝❛❞❛ u ∈ H1(Ω1)

❡s❝r❡✈❡♠♦s

I1(u) =

∫ 1
2

0

∫

D

L(u)dxdy +

∫ 1

1
2

∫

D

L(u)dxdy = α(u) + β(u), ✭✶✳✶✻✮

♦♥❞❡

α(u) =

∫ 1
2

0

∫

D

L(u)dxdy ❡ β(u) =

∫ 1

1
2

∫

D

L(u)dxdy.

P♦r ❝♦♥s❡❣✉✐♥t❡✱ ❞❡✈❡♠♦s t❡r α(u0) ♦✉ β(u0) ♠❡♥♦r ❞♦ q✉❡c1/2✳ ❈♦♠ ❡❢❡✐t♦✱ s❡ ❛♠❜♦s

❢♦ss❡♠ ♠❛✐♦r❡s ❞♦ q✉❡ c1/2 t❡rí❛♠♦s ♣♦r ✭✶✳✶✻✮ q✉❡ I1(u0) ≥ c1✱ ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱

♣♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ α(u0) < c1/2✳ P♦st♦ ✐st♦✱ ❞❡✜♥✐♠♦s

ν(x, y) =











u0(x, y), s❡ 0 ≤ x ≤
1

2
, y ∈ D

u0(1− x, y), s❡
1

2
≤ x ≤ 1, y ∈ D.

❉❡s❞❡ q✉❡ ν(0, y) = ν(1, y) ❡♥tã♦ ♣♦❞❡♠♦s ❡st❡♥❞❡r ν ♣❡r✐♦❞✐❝❛♠❡♥t❡ ❡♠ Ω = R×D

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ s❡ z ∈ R t♦♠❡♠♦s k ∈ Z t❛❧ q✉❡ k ≤ z < k + 1 ❡ ❢❛③❡♠♦s
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ν(z, y) = ν(z − k, y)✳ ❉❡ss❛ ❢♦r♠❛✱ ν é ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x ❡ ♣♦rt❛♥t♦ ν ∈ E1✳ P♦r ♦✉tr♦

❧❛❞♦✱ ❝♦♠♦ G é ✉♠❛ ❢✉♥çã♦ ♣❛r ❡ ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x t❡♠♦s

β(ν) =

∫ 1

1
2

∫

D

L(ν)dxdy

=

∫ 1

1
2

∫

D

(

1

2
|∇u0(1− x, y)|2 −G(x, y, u0(1− x, y))

)

dxdy

=

∫ 1

1
2

∫

D

(

1

2
|∇u0(1− x, y)|2 −G(1− x, y, u0(1− x, y))

)

dxdy.

❋❛③❡♥❞♦ z = 1− x s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ▼✉❞❛♥ç❛ ❞❡ ❱❛r✐á✈❡❧ ✭✈❡r ❆♣ê♥❞✐❝❡ ❇✮ q✉❡

β(ν) = −

∫ 0

1
2

∫

D

(

1

2
|∇u0(z, y)|

2 −G(z, y, u0(z, y))

)

dzdy

=

∫ 1
2

0

∫

D

(

1

2
|∇u0|

2 −G(x, y, u0)

)

dxdy

= α(u0).

❈♦♠♦ ♥❛t✉r❛❧♠❡♥t❡ α(ν) = α(u0) ♦❜t❡♠♦s

I1(ν) = α(ν) + β(ν) = α(u0) + α(u0) = 2α(u0) < c1.

❆ ❞❡♠♦♥str❛çã♦ ❡stá ❝♦♠♣❧❡t❛ ♣♦✐s ✐ss♦ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ q✉❡ ν ∈ E1✳

❈♦r♦❧ár✐♦ ✶✳✸ ❙❡❥❛ u ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✶✳ ❊♥tã♦✱ u é ✉♠❛ s♦❧✉çã♦ ❝❧ás✲

s✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P1) ❝♦♠ u(x+ 1, y) = u(x, y) ♣❛r❛ t♦❞♦ (x, y) ∈ Ω✳

❉❡♠♦♥str❛çã♦✳ ❊♠ ❝♦♥❢♦r♠✐❞❛❞❡ ❝♦♠ ❛s Pr♦♣♦s✐çõ❡s ✶✳✶ ❡ ✶✳✷ t❡♠✲s❡ q✉❡ u é ✉♠

♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ I1✳ ▲♦❣♦✱
∫

[0,1]×D

∇u∇vdxdy =

∫

[0,1]×D

g(x, y, u)vdxdy, ∀v ∈ H1(Ω1). ✭✶✳✶✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡✜♥✐♠♦s ♦ ❝♦♥❥✉♥t♦

E2
1 = {u : Ω → R|u ∈ H1([1, 2]×D) ❡ u é ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x}

❡ ♦ ❢✉♥❝✐♦♥❛❧

I1,2(u) =

∫

[1,2]×D

(

1

2
|∇u|2 −G(x, y, u)

)

dxdy, ∀u ∈ E2
1 .

P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ▼✉❞❛♥ç❛ ❞❡ ❱❛r✐á✈❡❧✱

I1,2(u) = I1(u), ∀u ∈ E2
1 .
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❱❡r✐✜❝❛✲s❡ q✉❡ ❛s Pr♦♣♦s✐çõ❡s ✶✳✶ ❡ ✶✳✷ ✈❛❧❡♠ t❛♠❜é♠ ♣❛r❛ I1,2✳ P♦st♦ ✐st♦✱ u é ✉♠

♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ I1,2✳ P♦rt❛♥t♦✱
∫

[1,2]×D

∇u∇vdxdy =

∫

[1,2]×D

g(x, y, u)vdxdy, ∀v ∈ H1([1, 2]×D). ✭✶✳✶✽✮

❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡
∫

[0,2]×D

∇u∇vdxdy =

∫

[0,2]×D

g(x, y, u)vdxdy, ∀v ∈ H1([0, 2]×D).

P❛r❛ ✐ss♦✱ t♦♠❡♠♦s ✉♠❛ ❢✉♥çã♦ ❛r❜✐trár✐❛ ϕ ∈ C∞(Ω2)✳ ❙❡ ♦ supt ϕ ⊂ Ω1✱ ❡♥tã♦ ✈❛❧❡

❛ ✐❣✉❛❧❞❛❞❡ ✭✶✳✶✼✮✳ ❙❡ ❝❛s♦ supt ϕ ❡stá ❝♦♥t✐❞♦ ❡♠ [1, 2] × D ❡♥tã♦ ✈❛❧❡ ❛ ✐❣✉❛❧❞❛❞❡

✭✶✳✶✽✮✳ P♦r ú❧t✐♠♦✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ supt ϕ ❝♦♥té♠ ♣♦♥t♦s ❞❡ [0, 1] × D q✉❛♥t♦ ❡♠

[1, 2] × D ❡s❝r❡✈❡♠♦s ϕ = ϕ1 + ϕ2✱ ♦♥❞❡ ϕ1 é ϕ r❡str✐t♦ ❛♦ ❜❧♦❝♦ [0, 1] × D ❡ ϕ2 é ϕ

r❡str✐t♦ ❛♦ ❜❧♦❝♦ [1, 2]×D✳ P♦st♦ ✐st♦✱
∫

[0,2]×D

∇u∇ϕdxdy =

∫

[0,1]×D

∇u∇ϕ1dxdy +

∫

[1,2]×D

∇u∇ϕ2dxdy

=

∫

[0,1]×D

g(x, y, u)ϕ1dxdy +

∫

[1,2]×D

g(x, y, u)ϕ2dxdy

=

∫

[0,2]×D

g(x, y, u)ϕdxdy.

❋✐❣✉r❛ ✶✳✶✿ ■❧✉str❛çã♦ ♥❛ ❢❛✐①❛✳
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◆❡st❡ ♠♦♠❡♥t♦✱ ❞❡s❞❡ q✉❡ C∞([0, 2]×D) é ❞❡♥s♦ ❡♠ H1([0, 2]×D) t❡♠♦s
∫

Ω2

∇u∇vdxdy =

∫

Ω2

g(x, y, u)vdxdy, ∀v ∈ H1([0, 2]×D).

P♦rt❛♥t♦✱ ❢❛③❡♥❞♦ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ♣❛r❛ ❝❛❞❛ ❜❧♦❝♦ ❞♦ t✐♣♦ [l, k] × D✱ ❝♦♠ l, k ∈ N✱

❝♦♥❝❧✉í♠♦s
∫

Ω

∇u∇vdxdy =

∫

Ω

g(x, y, u)vdxdy, ∀v ∈ H1(Ω).

❆ss✐♠ s❡♥❞♦✱ u é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P1)✳ P♦r ✉♠ r❡s✉❧t❛❞♦ ❞❡

r❡❣✉❧❛r✐❞❛❞❡ ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✶✶✱ ❚❤❡♦r❡♠ ✸✳✶❪ ❝♦♥❝❧✉í♠♦s q✉❡ u é s♦❧✉çã♦ ❝❧áss✐❝❛ ♣❛r❛

(P1) s❡♥❞♦ ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛ ♥♦t❛✲s❡ q✉❡M é ✉♠❛ ❝❧❛ss❡ ❞❡ s♦❧✉çõ❡s ❝❧áss✐❝❛s

♣❛r❛ (P1) q✉❡ sã♦ ✶✲♣❡r✐ó❞✐❝❛s ❡♠ x✳

Pr♦♣♦s✐çã♦ ✶✳✹ ❙❡ u ∈ H1(Ω1) ❡ I1(u) = c1✱ ❡♥tã♦ u ∈M ❡ u é ♣❛r ❡♠ x✱ ✐st♦ é✱

u(x, y) = u(−x, y), ∀(x, y) ∈ Ω1.

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ u ∈ H1(Ω1) ❝♦♠ I1(u) = c1✳ ❙❡❥❛

v(x, y) =











u(x, y), s❡ 0 ≤ x ≤
1

2
, y ∈ D

u(1− x, y), s❡
1

2
≤ x ≤ 1, y ∈ D.

❊st❡♥❞❡♠♦s v ❡♠ Ω s❡♥❞♦ ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦✲

♣♦s✐çã♦ ✶✳✷ ✈❡r✐✜❝❛✲s❡ ❛ ✐❣✉❛❧❞❛❞❡ I1(v) = c1✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ♥♦t❛r q✉❡ ♣♦❞❡♠♦s s✉♣♦r

s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ α(v) ≤ c1/2 ♣❛r❛ ❡♥tã♦ ♦❜t❡r♠♦s I1(v) = 2α(v) ❡ ♣♦r✲

t❛♥t♦ I1(v) ≤ c1✳ ❙❡♥❞♦ v ∈ E1 t❡♠♦s I1(v) = c1✳ ▲♦❣♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✸ t❡♠♦s q✉❡

u ❡ v sã♦ s♦❧✉çõ❡s ❢r❛❝❛s ❞❛ ❡q✉❛çã♦

−∆u = g(x, y, u), ❡♠ Ω.

❙❡❥❛ w = u− v✳ ❊♥tã♦✱ w é s♦❧✉çã♦ ❢r❛❝❛ ❞❡

−∆w = g(x, y, u)− g(x, y, v) ❡♠ Ω.

❉❡✜♥✐♠♦s

b(x, y) =











g(x, y, u)− g(x, y, v)

u− v
, s❡ u(x, y) 6= v(x, y)

gu(x, y, u), s❡ u(x, y) = v(x, y).
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❆✜r♠❛♠♦s q✉❡ b é ❝♦♥tí♥✉❛ ❡♠ Ω✳ ❊❢❡t✐✈❛♠❡♥t❡✱ s❡ (x0, y0) ∈ Ω é t❛❧ q✉❡ u(x0, y0) 6=

v(x0, y0)✱ ❡♥tã♦ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ g✱ u ❡ v s❡❣✉❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ b ❡♠ (x0, y0)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ (x0, y0) ∈ Ω ✈❡r✐✜❝❛♥❞♦ u(x0, y0) = v(x0, y0) ❡ s❡❥❛ ✉♠❛ s❡q✉ê♥❝✐❛

(xn, yn) ❡♠ Ω t❛❧ q✉❡ xn → x0 ❡ yn → y0✳ ❊♥tã♦✱ ♥❡st❡ ❝❛s♦✱ ♣♦❞❡ ❡①✐st✐r ❞✉❛s

s✉❜s❡q✉ê♥❝✐❛s t❛✐s q✉❡

i) u(xnk
, ynk

) 6= v(xnk
, ynk

)❀

ii) u(xnk
, ynk

) = v(xnk
, ynk

)✳

P❛r❛ ♦ ♣r✐♠❡✐r♦ ❝❛s♦✱

b(xnk
, ynk

) =
g(xnk

, ynk
, u)− g(xnk

, ynk
, v)

u− v
→ gu(x0, y0, u) = b(x0, y0).

❏á ♣❛r❛ ♦ ❝❛s♦ ii)✱

b(xnk
, ynk

) = gu(xnk
, ynk

, u) → gu(x0, y0, u) = b(x0, y0),

♣♦✐s g é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ t❡♠♦s q✉❡ b é ❝♦♥tí♥✉❛ ❡♠

(x0, y0)✳ ❊♠ ❝♦♥tr❛♣❛rt✐❞❛✱ ♥♦t❡♠♦s q✉❡

−∆w = b(x, y)w, ❡♠ Ω1

❡ q✉❡

w(x, y) = 0 ❡♠ [0, 1/2]×D ❡ b ∈ L∞(Ω1).

P❡❧♦ ❚❡♦r❡♠❛ ❈✳✹✱ w ∈ H2(Ω)✱ ♣♦r ♠❛✐s r❛③ã♦ ❛✐♥❞❛✱ w ∈ H2(Ω1)✳ P❡❧♦ Pr✐♥❝í♣✐♦ ❞❛

❈♦♥t✐♥✉❛çã♦ Ú♥✐❝❛ ✭✈❡r ❆♣ê♥❞✐❝❡ ❆✮✱

w = 0 ❡♠ Ω1.

P♦rt❛♥t♦✱ u = v ✐♠♣❧✐❝❛♥❞♦ ❡♠ u ∈M ✳ ❆❧é♠ ❞✐ss♦✱ u é ♣❛r ❡♠ x ❡♠ r❛③ã♦ ❞❡

u(−x, y) = u(1− x, y) = u(x, y), ∀(x, y) ∈ Ω1.

■st♦ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

❯♠ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ ✐♥t❡r❡ss❡ é q✉❛♥❞♦ G é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ x✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦

❞❛❞♦s q✉❛✐sq✉❡r x1, x2 ∈ R ❝♦♠ x1 6= x2 ♦❜t❡♠♦s

G(x1, y, t) = G(x2, y, t), ∀y ∈ D ❡ t ∈ R.

◆❡st❡ ❝❛s♦✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ M ♣♦ss✉❡♠ ❛ ♠❡s♠❛ ♣r♦♣r✐❡❞❛❞❡✳



✸✾

Pr♦♣♦s✐çã♦ ✶✳✺ ❙❡ G é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ x ❡ w ∈M ✱ ❡♥tã♦ w é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ x✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ θ ∈ R ❡ u ∈ H1(Ω1) s❡❥❛

Iθ1 (u) =

∫ θ+ 1
2

θ− 1
2

∫

D

(

1

2
|∇u|2 −G(y, u)

)

dxdy.

❆✜r♠❛çã♦ ✶✳✷ ❙❡ u ∈ E1✱ ❡♥tã♦ Iθ1 (u) = I1(u)✳

❙❡❥❛ θ − 1
2
= k + ǫ✱ ❝♦♠ k ∈ Z ❡ ǫ ∈ [0, 1)✳ ▲♦❣♦✱

Iθ1 (u) =

∫ θ− 1
2
+1

θ− 1
2

∫

D

L(u)dxdy

=

∫ k+ǫ+1

k+ǫ

∫

D

L(u)dxdy

=

∫ k+1

k+ǫ

∫

D

L(u)dxdy +

∫ k+1+ǫ

k+1

∫

D

L(u)dxdy.

P❡❧❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✱

∫ θ+ 1
2

θ− 1
2

∫

D

L(u)dxdy =

∫ 1

ǫ

∫

D

L(u(z + k, y))dzdy +

∫ ǫ

0

∫

D

L(u(z + k + 1, y))dzdy.

❉❛ ♣❡r✐♦❞✐❝✐❞❛❞❡ s❡❣✉❡ q✉❡

∫ θ+ 1
2

θ− 1
2

∫

D

L(u)dxdy =

∫ 1

ǫ

∫

D

L(u(z, y))dzdy +

∫ ǫ

0

∫

D

L(u(z, y))dzdy.

❈♦♠♦ z é ✉♠❛ ✈❛r✐á✈❡❧ ♠✉❞❛✱ ❛s ✐♥t❡❣r❛✐s ❡♥✈♦❧✈✐❞❛s ♣♦❞❡♠ s❡r ❡s❝r✐t❛s ❡♠ t❡r♠♦s ❞❡

x ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

∫ θ+ 1
2

θ− 1
2

∫

D

L(u)dxdy =

∫ 1

ǫ

∫

D

L(u)dxdy +

∫ ǫ

0

∫

D

L(u)dxdy =

∫ 1

0

∫

D

L(u)dxdy,

♠♦str❛♥❞♦ ❛ ❛✜r♠❛çã♦✳

❉❡s❞❡ q✉❡ G é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ x s❡❣✉❡ ❞♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ♥❛ Pr♦♣♦s✐çã♦ ✶✳✷

q✉❡ s❡ w ∈M ❡

νθ(x, y) =







w(x, y), s❡ θ − 1
2
≤ x ≤ θ, y ∈ D

w(2θ − x, y), s❡ θ ≤ x ≤ θ + 1
2
, y ∈ D,

❡♥tã♦ Iθ1 (νθ) = c1 ♣❛r❛ ❝❛❞❛ θ ∈ R✳ ❉❡ss❛ ♠❛♥❡✐r❛✱

I1(νθ) = c1, ∀θ ∈ R.



✹✵

P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦t❛✲s❡ q✉❡ w(x, y) = w(2θ − x, y) s❡♠♣r❡ q✉❡ θ − 1/2 ≤ x ≤ θ✳

❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❛ ❈♦♥t✐♥✉❛çã♦ Ú♥✐❝❛ ✈❡r✐✜❝❛✲s❡ q✉❡ ❞❛❞♦ θ ∈ R ♦❝♦rr❡ ❛

✐❣✉❛❧❞❛❞❡ νθ = w✳ ❉❛í✱ ❞❛❞♦s ❞♦✐s ♥ú♠❡r♦s r❡❛✐s x1 ❡ x2 ❝♦♠ |x1 − x2| ≤ 1 ♣♦❞❡♠♦s

t♦♠❛r θ =
x1 + x2

2
❞❡ t❛❧ ❢♦r♠❛ q✉❡

w(x1, y) = w(2θ − x2, y) = w(x2, y).

P♦rt❛♥t♦✱ ❝♦♠♦ x1 ❡ x2 sã♦ ❛r❜✐trár✐♦s t❡♠♦s q✉❡ w é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ x✳

P❛r❛ ✜♥s ♣♦st❡r✐♦r❡s✱ ❞❛❞♦ k ∈ N✱ ❞❡✈❡♠♦s t❛♠❜é♠ ❡st✉❞❛r s♦❧✉çõ❡s ♣❡r✐ó❞✐❝❛s

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P1) ❡♠

Ek = {u : Ω → R|u ∈ H1(Ωk) ❡ u é ❦✲♣❡r✐ó❞✐❝❛ ❡♠ x},

♦♥❞❡

Ωk = [0, k]×D.

❉❡✜♥✐♠♦s ♦ ❢✉♥❝✐♦♥❛❧ Ik : H1(Ωk) → R ♣♦r

Ik(u) =

∫

Ωk

(

1

2
|∇u|2 −G(x, y, u)

)

dxdy.

▼♦str❛✲s❡ q✉❡ Ek é ❞❡ ❇❛♥❛❝❤✱ Ik ∈ C1(E1,R) ❡ Ik é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ Ek✳

P♦r ✐ss♦✱ ❝♦♥s✐❞❡r❡♠♦s

ck = inf
u∈Ek

Ik(u).

❆s ✐❞❡✐❛s ❝♦♥t✐❞❛s ♥❛s ♣r♦✈❛s ❞❛s ♣r♦♣♦s✐çõ❡s ❛♥t❡r✐♦r❡s ♠♦str❛♠ q✉❡ ❡①✐st❡ u ∈ Ek

t❛❧ q✉❡ Ik(u) = ck ❡✱ ❛❧é♠ ❞✐ss♦✱ ck = ck✱ ♦♥❞❡

ck = inf
u∈H1(Ωk)

Ik(u).

◆❡st❡ ❝❛s♦✱ u é ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ k✲♣❡r✐ó❞✐❝❛ ♣❛r❛ (P1)✳ ◆♦ ❡♥t❛♥t♦✱ ♥❡ss❛s ❝♦♥❞✐✲

çõ❡s✱ ♣r♦✈❛r❡♠♦s q✉❡ u é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✶✲♣❡r✐ó❞✐❝❛✳

Pr♦♣♦s✐çã♦ ✶✳✻ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛s ♥♦t❛çõ❡s ❛♥t❡r✐♦r❡s t❡♠♦s ck = kc1✳ ❆❧é♠ ❞✐ss♦✱

s❡ Ik(u) = ck ❡♥tã♦ u ∈M ✳

❉❡♠♦♥str❛çã♦✳ ❙❡ u ∈ E1✱ ❡♥tã♦ é ❝❧❛r♦ q✉❡ u ∈ Ek✳ ❆❧é♠ ❞♦ ♠❛✐s✱ Ik(u) = kI1(u)✳

❈♦♠ ✐ss♦✱

ck ≤ kI1(u), ∀u ∈ E1.



✹✶

❊♠ ♣❛rt✐❝✉❧❛r✱
ck
k

≤ I1(u), ∀u ∈ E1.

❉❡ss❛ ❢♦r♠❛✱ ❞❡✈❡♠♦s t❡r ck ≤ kc1✳ ❆❣♦r❛✱ s❡❥❛ u ∈ Ek t❛❧ q✉❡ Ik(u) = ck✳ ❙✉♣♦♥❤❛♠♦s

♣♦r ❛❜s✉r❞♦ q✉❡ ck < kc1✳ ▲♦❣♦✱ ❡①✐st❡ u ∈ H1(Ωk) ✈❡r✐✜❝❛♥❞♦ Ik(u) < kc1✳ P♦r ♦✉tr♦

❧❛❞♦✱ ❞❡♥♦t❛r❡♠♦s

Ik(u) =

∫ 1
2

0

∫

D

L(u)dxdy +

∫ 1

1
2

∫

D

L(u)dxdy + · · ·+

∫ k

k− 1
2

∫

D

L(u)dxdy

= α1(u) + α2(u) + · · ·+ α2k(u),

♥♦ q✉❛❧

αi(u) =

∫ i
2

i
2
− 1

2

∫

D

L(u)dxdy, ∀ i = 1, 2, . . . , 2k.

❙❡❣✉❡ ❡♥tã♦ q✉❡ ❞❡✈❡ ❡①✐st✐r i ∈ {1, 2, ..., 2k} t❛❧ q✉❡ αi(u) < c1/2✳ ❙❡♠ ♣❡r❞❛ ❞❡

❣❡♥❡r❛❧✐❞❛❞❡ ♣♦❞❡♠♦s s✉♣♦r q✉❡

α1(u) <
c1
2
.

➚ ✈✐st❛ ❞✐ss♦✱ ❞❡✜♥✐♠♦s

ν(x, y) =







































































u(x, y), s❡ 0 ≤ x ≤
1

2
, y ∈ D

u(1− x, y), s❡
1

2
≤ x ≤ 1, y ∈ D

u(x− 1, y), s❡ 1 ≤ x ≤
3

2
, y ∈ D

u(2− x, y), s❡ 3
2
≤ x ≤ 2, y ∈ D

✳✳✳

u(x− k + 1, y), s❡ k − 1 ≤ x ≤ k −
1

2
, y ∈ D

u(k − x, y), s❡ k − 1
2
≤ x ≤ k, y ∈ D.

❊♥tr❡t❛♥t♦✱ ❡st❡♥❞❡♥❞♦ ν ♣❡r✐♦❞✐❝❛♠❡♥t❡ ❡♠ Ω s❡❣✉❡ q✉❡ ν ∈ E1✳ ❖ ❛r❣✉♠❡♥t♦ ❝♦♥t✐❞♦

♥❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷ ♠♦str❛ q✉❡ Ik(ν) = 2kα1 < kc1✳ ▼❛s s❡♥❞♦ Ik(ν) = kI1(ν)

❝♦♥❝❧✉í♠♦s I1(ν) < c1✱ ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ck = kc1✳ P♦r ✜♠✱ s❡ Ik(u) = ck ❡♥tã♦ ♦

r❛❝✐♦❝í♥✐♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹ ❞✐③ q✉❡ Ik(ν) = ck✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

u ❡ ν sã♦ s♦❧✉çõ❡s ❢r❛❝❛s ❞❛ ❡q✉❛çã♦

−∆u = g(x, y, u) ❡♠ Ωk

❙❡♥❞♦ w = u− ν ♦❜t❡♠♦s

−∆w = g(x, y, u)− g(x, y, ν) ❡♠ Ωk.



✹✷

❆❧é♠ ❞✐ss♦✱ ✈❡r✐✜❝❛✲s❡ q✉❡

−∆w = b(x, y)w, ❡♠ Ωk,

♦♥❞❡

b(x, y) =











g(x, y, u)− g(x, y, ν)

u− ν
, s❡ u(x, y) 6= ν(x, y)

gu(x, y, u), s❡ u(x, y) = ν(x, y),

é ❝♦♥tí♥✉❛✳ P❡❧♦ ❚❡♦r❡♠❛ ❈✳✹✱ w ∈ H2(Ωk) ❡ ❞❡s❞❡ q✉❡ w = 0 ❡♠ [0, 1/2] ×D s❡❣✉❡

❞♦ Pr✐♥❝í♣✐♦ ❞❛ ❈♦♥t✐♥✉❛çã♦ Ú♥✐❝❛ q✉❡ u = ν✳ P♦rt❛♥t♦✱ u ∈M ✳

❯♠ ❢❛t♦ ✐♥t❡r❡ss❛♥t❡ ❞❡ s❡ ♦❜s❡r✈❛r é q✉❡ ✈❛❧❡♠ ❛s Pr♦♣♦s✐çõ❡s ✶✳✹ ❡ ✶✳✺ ♣❛r❛ ♦

❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ Ik✳

✶✳✶✳✷ ❙♦❧✉çã♦ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛

◆❡st❡ ♠♦♠❡♥t♦✱ r❡❝♦r❞❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ s♦❧✉çã♦ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ (P1)✳

❉❡✜♥✐çã♦ ✶✳✼ ❙❡❥❛♠ v, w ∈M ❝♦♠ v 6= w✳ ❙❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ U ∈ L∞
❧♦❝
(Ω) t❛❧ q✉❡

U é s♦❧✉çã♦ ❝❧áss✐❝❛ ❞❡ (P1)✱

‖U − v‖L∞([n,n+1]×D) → 0 q✉❛♥❞♦ n→ −∞,

✐st♦ é✱

U(x, y) → v(x, y) q✉❛♥❞♦ x→ −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D,

❡

‖U − w‖L∞([n,n+1]×D) → 0 q✉❛♥❞♦ n→ +∞,

♦✉ s❡❥❛✱

U(x, y) → v(x, y) q✉❛♥❞♦ x→ −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D,

❡♥tã♦ ❞✐③❡♠♦s q✉❡ U é ✉♠❛ s♦❧✉çã♦ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❞♦ ♣r♦❜❧❡♠❛ (P1)✳

❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠❛ ♥♦✈❛ ❝❧❛ss❡ ❞❡ ❢✉♥çõ❡s ♣❛r❛ ❞❡t❡r♠✐♥❛r

s♦❧✉çõ❡s ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P1)✳ ❚♦♠❡♠♦s ✉♠❛ ❢✉♥çã♦ g s❛t✐s❢❛✲

③❡♥❞♦ (g1)✱ (g2)✱ (g3) ❡ ❛ s❡❣✉✐♥t❡ ❤✐♣ót❡s❡✿

✭M✮ ❖ ❝♦♥❥✉♥t♦ M ❝♦♥s✐st❡ ❞❡ ♣♦♥t♦s ✐s♦❧❛❞♦s✳



✹✸

❱❛♠♦s ♠♦str❛r q✉❡ ❡ss❛ ♥♦✈❛ ❝❧❛ss❡ ❞❡ ❢✉♥çõ❡s é ♥ã♦ ✈❛③✐❛✳ ❉❡ ❢❛t♦✱ s❡❥❛ g

✉♠❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ (g1)✱ (g2) ❡ (g3)✳ ❙❡ M é ❢♦r♠❛❞♦ ♣♦r ♣♦♥t♦s ✐s♦❧❛❞♦s ❡♥tã♦

♥ã♦ ❤á ♥❛❞❛ ❛ ❢❛③❡r✳ ❈❛s♦ ❝♦♥trár✐♦✱ ♣♦❞❡♠♦s ♣❡rt✉r❜❛r ❛ ❢✉♥çã♦ g✱ ❡♠ ❝❡rt♦ s❡♥t✐❞♦✱

♣r♦❞✉③✐♥❞♦ ✉♠❛ ♥♦✈❛ ❢✉♥çã♦ ĝ ♣❛r❛ ♦ q✉❛❧M ❝♦♥s✐st❡ ❞❡ ♣♦♥t♦s ✐s♦❧❛❞♦s✳ P♦r ❡①❡♠♣❧♦✱

✜①❛❞♦ u ∈M ❞❡✜♥✐♠♦s ♦ ❢✉♥❝✐♦♥❛❧ Ĝ : Ω×R → R ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦

Ĝ(x, y, t) = G(x, y, t)− ǫ[t− (u(x, y) + k)]2, ✭✶✳✶✾✮

♦♥❞❡ ǫ > 0 ❡ k ∈ Z é ♦ ú♥✐❝♦ ♥ú♠❡r♦ ✐♥t❡✐r♦ ❝✉♠♣r✐♥❞♦

|t− (u(x, y) + k)| ≤
1

2
.

◆❡st❡ ❝❛s♦✱

ĝ(x, y, t) = g(x, y, t)− 2ǫ[t− (u(x, y) + k)].

P♦r ✜♠✱ ✈❡❥❛♠♦s q✉❡ ĝ s❛t✐s❢❛③ (g1)− (g3)✳ ❈♦♠ ❡❢❡✐t♦✱

✭g1✮ ĝ ∈ C1(Ω× R,R)

❇❛st❛ ♥♦t❛r q✉❡ g ∈ C1(Ω× R,R)✳

✭g2✮ ĝ(x, y, t) é ♣❛r ❡ ✶✲ ♣❡r✐ó❞✐❝❛ ❡♠ x

❙❡❣✉❡ ♣♦✐s g ❡ u sã♦ ♣❛r ❡ ✶✲ ♣❡r✐ó❞✐❝❛ ❡♠ x✳

✭g3✮ Ĝ(x, y, t) é ✶✲ ♣❡r✐ó❞✐❝❛ ❡♠ t

❉❛❞♦ ✉♠ ♣♦♥t♦ (x, y, t) ∈ Ω× R✱ s❡❥❛ k ♦ ú♥✐❝♦ ✐♥t❡✐r♦ t❛❧ q✉❡

|t+ 1− (u(x, y) + k)| ≤
1

2
.

❉❛ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❞❡ G ❡♠ t✱ t❡♠♦s

Ĝ(x, y, t+ 1) = G(x, y, t+ 1)− ǫ[t+ 1− (u(x, y) + k)]2

= G(x, y, t)− ǫ[t− (u(x, y) + k − 1)]2

= Ĝ(x, y, t),

♣♦✐s k − 1 é ♦ ú♥✐❝♦ ✐♥t❡✐r♦ s❛t✐s❢❛③❡♥❞♦ |t− (u(x, y) + k − 1)| ≤ 1
2
✳

❊♥tr❡t❛♥t♦✱ ♦ ❢✉♥❝✐♦♥❛❧ ❛ss♦❝✐❛❞♦ ❛ ĝ é ❞❛❞♦ ♣♦r

Î1(u) =

∫

Ω1

(

1

2
|∇u|2 − Ĝ(x, y, u)

)

dxdy.



✹✹

P❛r❛ u ∈ M t❡♠✲s❡ q✉❡ Ĝ(x, y, t) = G(x, y, t) ♣♦✐s k = 0 é ♦ ú♥✐❝♦ ✐♥t❡✐r♦ ✈❡r✐✜❝❛♥❞♦

|u− (u+ k)| ≤ 1
2
✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱

Î1(u) = I1(u) = c1, ∀u ∈M.

P♦ré♠✱ s❡ u /∈ u+ Z = {u+ k : k ∈ Z} ❡♥tã♦ ❞❡ ✭✶✳✶✾✮ t❡♠♦s Ĝ(u) < G(u) ❡ ❛ss✐♠

Î1(u) > I1(u).

P♦rt❛♥t♦✱ ♦s ú♥✐❝♦s ♠✐♥✐♠✐③❛❞♦r❡s ❞❡ Î1 sã♦ u✱ u+1✱ u+2, . . .♠♦str❛♥❞♦ q✉❡ ♦ ❝♦♥❥✉♥t♦

M̂ = {u ∈ E1 : Î1(u) = c1}

s❛t✐s❢❛③ ❛ ❤✐♣ót❡s❡ (M)✳

P❛r❛ ♣r♦✈❛r ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦ é ♥❡❝❡ssár✐♦ ❝♦♥s✐❞❡r❛r ❛ s❡❣✉✐♥t❡

♣r♦♣♦s✐çã♦ q✉❡ é ✉♠ r❡s✉❧t❛❞♦ té❝♥✐❝♦ ❝✉❥❛ ❛ ❞❡♠♦♥str❛çã♦ é ❜❛s❡❛❞❛ ❡♠ ❛r❣✉♠❡♥t♦s

✈❛r✐❛❝✐♦♥❛✐s✳ ◆♦ q✉❡ s❡❣✉❡

Bρ(v) = {u ∈ H1(Ω1) : ‖u− v‖H1(Ω1) < ρ}

❡ ♣❛r❛ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ H1(Ω1) ♥ã♦ ✈❛③✐♦ ❞❡✜♥✐♠♦s

Nρ(S) = {u ∈ H1(Ω1) : ‖u− v‖H1(Ω1) ≤ ρ ∀v ∈ S}.

Pr♦♣♦s✐çã♦ ✶✳✽ ❙✉♣♦♥❤❛♠♦s q✉❡ g s❛t✐s❢❛③ (g1) − (g3) ❡ (M)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ ρ0 t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ 0 < ρ < ρ0 t❡♠✲s❡

✭✐✮ Bρ(v) ∩ Bρ(w) = ∅, ∀v, w ∈M ❝♦♠ v 6= w✳

✭✐✐✮ I1(u) > c1, ∀u ∈ H1(Ω1) \M ✳

✭✐✐✐✮ ❊①✐st❡ α(ρ) > 0 ✈❡r✐✜❝❛♥❞♦

I1(u) ≥ c1 + α(ρ) ∀u ∈ H1(Ω1) \Nρ(M).

❉❡♠♦♥str❛çã♦✳ (i) ❙❡❥❛

γ = inf {‖v − w‖H1(Ω1) | v, w ∈M ❡ v 6= w}.

❆✜r♠❛♠♦s q✉❡ γ > 0✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ♦❝♦rr❛ ♦ ❝♦♥trár✐♦✱ ✐st♦ é✱ γ = 0✳ ❊♥tã♦✱

❡①✐st❡♠ s❡q✉ê♥❝✐❛s (vj) ❡ (wj) ❡♠ M ✱ ❝♦♠ vj 6= wj ♣❛r❛ t♦❞♦ j ∈ N✱ s❛t✐s❢❛③❡♥❞♦

‖vj − wj‖H1(Ω1) → 0 q✉❛♥❞♦ j → ∞. ✭✶✳✷✵✮



✹✺

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✱ ♣♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡

q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ K > 0 ✭❞❡♣❡♥❞❡♥t❡ ❞❡ c1✮ ✈❡r✐✜❝❛♥❞♦

‖vj‖H1(Ω1), ‖wj‖H1(Ω1) ≤ K, ∀j ∈ N.

❙❡♥❞♦ H1(Ω1) r❡✢❡①✐✈♦✱ ❡①✐st❡♠ v, w ∈ H1(Ω1) t❛✐s q✉❡

vj ⇀ v ❡ wj ⇀ w ❡♠ H1(Ω1),

❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❡❧❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ H1(Ω1) →֒

L2(Ω1) ✭✈❡❥❛ ❆♣ê♥❞✐❝❡ ❈✮ ♦❜t❡♠♦s

‖vj − wj‖L2(Ω1) → ‖v − w‖L2(Ω1) q✉❛♥❞♦ j → ∞.

❉❡ ✭✶✳✷✵✮✱

‖vj − wj‖L2(Ω1) → 0 q✉❛♥❞♦ j → ∞.

P♦r ✉♥✐❝✐❞❛❞❡ ❞❡ ❧✐♠✐t❡✱ v = w✳ ❆❣♦r❛✱ ❞❡s❞❡ q✉❡ vj ∈M t❡♠♦s

∫

Ω1

|∇vj|
2dxdy =

∫

Ω1

g(x, y, vj)vjdxdy.

❙❡♥❞♦ ❛ss✐♠✱
∫

Ω1

|∇vj|
2dxdy →

∫

Ω1

g(x, y, v)vdxdy. ✭✶✳✷✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ vj ⇀ v ❡♠ H1(Ω1) s❡❣✉❡ q✉❡

∫

Ω1

∇v∇ϕdxdy =

∫

Ω1

g(x, y, v)ϕdxdy, ∀ϕ ∈ H1(Ω1).

❊♠ ♣❛rt✐❝✉❧❛r✱
∫

Ω1

|∇v|2dxdy =

∫

Ω1

g(x, y, v)vdxdy. ✭✶✳✷✷✮

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✷✶✮ ❡ ✭✶✳✷✷✮✱

‖∇vj‖
2
L2(Ω1)

→ ‖∇v‖2L2(Ω1)
.

❉❡ss❡ ♠♦❞♦✱ ✉♠❛ ✈❡③ q✉❡

‖vj‖
2
L2(Ω1)

→ ‖v‖2L2(Ω1)

❝♦♥❝❧✉í♠♦s

‖vj‖
2
H1(Ω1)

→ ‖v‖2H1(Ω1)
.
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❧♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❇✳✶✺

vj → v ❡♠ H1(Ω1),

✉♠ ❛❜s✉r❞♦ ♣♦✐s M ❝♦♥s✐st❡ ❞❡ ♣♦♥t♦s ✐s♦❧❛❞♦s✳ P♦rt❛♥t♦✱ γ > 0✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱

❞❛❞♦ ρ0 =
γ
2
❛ ♣r♦♣r✐❡❞❛❞❡ (i) é s❛t✐s❢❡✐t❛✳

(ii) ❙❛❜❡♠♦s ❞❛s Pr♦♣♦s✐çõ❡s ✶✳✷ ❡ ✶✳✹ q✉❡ c1 = c1 ❡ s❡ u ∈ H1(Ω1) ❡ I1(u) = c1

❡♥tã♦ u ∈M ✳ ▲♦❣♦✱ ❞❡✈❡♠♦s t❡r

I1(u) > c1, ∀u ∈ H1(Ω1) \M.

(iii) ❙✉♣♦♥❤❛♠♦s q✉❡ (iii) é ❢❛❧s♦✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ m ∈ N ❡①✐st❡ um ∈ H1(Ω1)\

Nρ(M) t❛❧ q✉❡

c1 ≤ I1(um) < c1 +
1

n
.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

I1(um) → c1 q✉❛♥❞♦ m→ ∞. ✭✶✳✷✸✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶ ♣♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡

q✉❡ 0 ≤ [um] < 1 ♣❛r❛ ♦❜t❡r ❛ ❧✐♠✐t❛çã♦ ❞❛ s❡q✉ê♥❝✐❛ (um) ❡♠ H1(Ω1)✳ ▲♦❣♦✱ ❛ ♠❡♥♦s

❞❡ s✉❜s❡q✉ê♥❝✐❛✱ ❡①✐st❡ u ∈ H1(Ω1) ❝✉♠♣r✐♥❞♦

um ⇀ u ❡♠ H1(Ω1) q✉❛♥❞♦ m→ ∞. ✭✶✳✷✹✮

❖r❛✱ ❞❡s❞❡ q✉❡ I1 é ❢r❛❝❛♠❡♥t❡ s❡♠✐❝♦♥tí♥✉♦ ✐♥❢❡r✐♦r♠❡♥t❡ t❡♠♦s I1(u) = c1✳ P❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✹✱ u ∈M ✳ ❉❛❞♦ m ∈ N ❞❡✜♥✐♠♦s ❛ ❢✉♥çã♦ ϕm = u− um✳ ◆♦t❛✲s❡ q✉❡

‖ϕm‖H1(Ω1) > ρ, ∀m ∈ N.

❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦ ❡①✐st❡ m0 ∈ N t❛❧ q✉❡

‖ϕm0 − v‖H1(Ω1) ≤ ρ, ∀v ∈M,

✐st♦ é✱

‖u− um0 − v‖H1(Ω1) ≤ ρ, ∀v ∈M.

❙❡♥❞♦ u ∈M ✱ ♦❜t❡♠♦s

‖um0‖H1(Ω1) ≤ ρ,



✹✼

✉♠ ❛❜s✉r❞♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱

I1(um) = I1(u− ϕm)

=

∫

Ω1

(

1

2
|∇(u− ϕm)|

2 −G(x, y, u− ϕm)

)

dxdy

=

∫

Ω1

(

1

2
|∇u|2 −∇u∇ϕm +

1

2
|∇ϕm|

2 −G(x, y, u− ϕm)

)

dxdy

=

∫

Ω1

(

1

2
|∇u|2 −G(x, y, u)

)

dxdy +

∫

Ω1

(

1

2
|∇ϕm|

2 −∇u∇ϕm −G(x, y, u− ϕm) +G(x, y, u)

)

dxdy

= I1(u) +
1

2
‖ϕm‖

2
H1(Ω1)

−
∫

Ω1

(

∇u∇ϕm +G(x, y, u− ϕm)−G(x, y, u) +
1

2
|ϕm|

2

)

dxdy

≥ c1 +
1

2
ρ2 −

∫

Ω1

(

∇u∇ϕm +G(x, y, u− ϕm)−G(x, y, u) +
1

2
|ϕm|

2

)

dxdy,

♦✉ s❡❥❛✱

I1(um) ≥ c1 +
1

2
ρ2 −

∫

Ω1

(

∇u∇ϕm +G(x, y, u− ϕm)−G(x, y, u) +
1

2
|ϕm|

2

)

dxdy.

✭✶✳✷✺✮

P♦r ✭✶✳✷✹✮✱

ϕm ⇀ 0 ❡♠ H1(Ω1) q✉❛♥❞♦ m→ ∞. ✭✶✳✷✻✮

P❡❧❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✱

ϕm → 0 ❡♠ L2(Ω1) q✉❛♥❞♦ m→ ∞. ✭✶✳✷✼✮

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❱❛✐♥❜❡r❣ ✭✈❡❥❛ ❆♣ê♥❞✐❝❡ ❇✮✱ ❡①✐st❡♠ (ϕmk
) ⊂ (ϕm) ❡ f ∈

L2(Ω1) t❛✐s q✉❡

✶✮ ϕmk
→ 0 q✳t✳♣ ❡♠ Ω1❀

✷✮ |ϕmk
| ≤ f q✳t✳♣ ❡♠ Ω1 ❡ ♣❛r❛ t♦❞♦ k ∈ N✳

❉❡ss❡ ♠♦❞♦✱

G(x, y, u− ϕmk
) → G(x, y, u) q✳t✳♣ ❡♠ Ω1.

❙❡♥❞♦ g ❧✐♠✐t❛❞❛ ❡♠ Ω1✱ ❡①✐st❡ C > 0 t❛❧ q✉❡

|G(x, y, u− ϕmk
)| ≤ C|u− ϕmk

| ≤ C(|u|+ f).



✹✽

P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱

∫

Ω1

G(x, y, u− ϕmk
)dxdy →

∫

Ω1

G(x, y, u)dxdy. ✭✶✳✷✽✮

❚❛♠❜é♠✱ ♣♦r ✭✶✳✷✻✮ ❡ ✭✶✳✷✼✮✱

∫

Ω1

∇u∇ϕmk
dxdy → 0 ❡

∫

Ω1

|ϕmk
|2dxdy → 0. ✭✶✳✷✾✮

P♦rt❛♥t♦✱ ❛tr❛✈és ❞❡ ✭✶✳✷✽✮✱✭✶✳✷✾✮ ❡ ✭✶✳✷✺✮ ❝♦♥❝❧✉í♠♦s

c1 ≥ c1 +
1

2
ρ2,

✉♠ ❛❜s✉r❞♦✳ ▲♦❣♦✱ ❛ ♣r♦♣r✐❡❞❛❞❡ (iii) é ✈❡r❞❛❞❡✐r❛✳

❖❜s❡r✈❛çã♦ ✶✳✷ ✭✐✮ ❖ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ❡♠ i) ♠♦str❛ q✉❡

γ = inf {‖v − w‖L2(Ω1) | v, w ∈M ❡ v 6= w} > 0.

✭✐✐✮ ❖ r❛❝✐♦❝í♥✐♦ ❞❡ ✭✐✐✐✮ ❥✉st✐✜❝❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦♥st❛♥t❡ α(ρ) > 0 t❛❧ q✉❡

Ik(u) ≥ kc1 + α(ρ), ∀u ∈ H1(Ωk) \N
k
ρ (M),

♥♦ q✉❛❧ Nk
ρ (M) ❞❡♥♦t❛ ❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ M ❞❡ r❛✐♦ ρ > 0 ❡♠ H1(Ωk)✳

❱❛♠♦s ❛❣♦r❛ ✐♥tr♦❞✉③✐r ❛❧❣✉♠❛s ♥♦t❛çõ❡s ❡ ❝♦♥❝❡✐t♦s✳ ❙❡❥❛♠ u ∈ H1
❧♦❝
(R×D) ❡

k ∈ Z✳ ❉❡✜♥✐♠♦s

Pku = u|[k,k+1]×D.

P❡❧❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r Pku ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❡♠ H1(Ω1)✳ ❈♦♠

❡❢❡✐t♦✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r ❛ ❢✉♥çã♦ w : Ω1 → R ❞❛❞❛ ♣♦r

wk(x, y) = u(x+ k, y).

▲♦❣♦✱ Pku ∈ H1(Ω1) ❛ ♠❡♥♦s ❞❡ ✐❞❡♥t✐✜❝❛çã♦✳ ❚❛♠❜é♠✱ ♣❛r❛ ❝❛❞❛ v ∈M ❞❡✜♥✐♠♦s ♦

❝♦♥❥✉♥t♦

Γ−(v) = {U ∈ H1
❧♦❝
(R×D) : ‖PkU − v‖L2(Ω1) → 0 q✉❛♥❞♦ k → −∞ ❡

‖PkU −M \ {v}‖L2(Ω1) → 0 q✉❛♥❞♦ k → +∞}.

❆q✉✐✱ ‖PkU −M \ {v}‖L2(Ω1) → 0 q✉❛♥❞♦ k → +∞ s✐❣♥✐✜❝❛ q✉❡ PkU ❝♦♥✈❡r❣❡ ♣❛r❛

❛❧❣✉♠ w ∈M \ {v} ❡♠ L2(Ω1) q✉❛♥❞♦ k → +∞✳



✹✾

❆✜r♠❛çã♦ ✶✳✸ Γ−(v) 6= ∅✳

❈♦♥s✐❞❡r❡ ϕ1 ❡ ϕ2 ❡♠ C∞(Ω) s❛t✐s❢❛③❡♥❞♦






ϕ1(x, y) → 1 q✉❛♥❞♦ x→ −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D

ϕ1(x, y) → 0 q✉❛♥❞♦ x→ +∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D

❡






ϕ2(x, y) → 0 q✉❛♥❞♦ x→ −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D

ϕ2(x, y) → 1 q✉❛♥❞♦ x→ +∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D.

❋✐①❡♠♦s w ∈M ❞✐❢❡r❡♥t❡ ❞❡ v ❡ ❞❡✜♥✐♠♦s

ψ(x, y) = ϕ1(x, y)v(x, y) + ϕ2(x, y)w(x, y).

❊♥tã♦✱

‖Pkψ − v‖2L2(Ω1)
=

∫ 1

0

∫

D

|Pkψ − v|2dxdy

=

∫ 1

0

∫

D

|ψ(x+ k, y)− v|2dxdy

=

∫ 1

0

∫

D

|ϕ1(x+ k, y)v + ϕ2(x+ k, y)w − v|2dxdy

≤

∫ 1

0

∫

D

|ϕ1(x+ k, y)− 1|2|v|2dxdy +

∫ 1

0

∫

D

|ϕ2(x+ k, y)|2|w|2dxdy.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦

|ϕ1(x+ k, y)− 1|2|v|2 → 0, |ϕ2(x+ k, y)|2|w|2 → 0 q✉❛♥❞♦ k → −∞

❡ ❛s ❢✉♥çõ❡s |ϕ1(x + k, y) − 1|2|v|2 ❡ |ϕ2(x + k, y)|2|w|2 sã♦ ❞♦♠✐♥❛❞❛s ♣♦r ❢✉♥çõ❡s

✐♥t❡❣rá✈❡✐s✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡ q✉❡

‖Pkψ − v‖L2(Ω1) → 0 q✉❛♥❞♦ k → −∞.

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♠♦str❛✲s❡

‖Pkψ − w‖L2(Ω1) → 0 q✉❛♥❞♦ k → +∞.

P♦rt❛♥t♦✱ ψ ∈ Γ−(v)✳

❉❛❞♦ k ∈ Z ❞❡✜♥✐♠♦s ♦ ❢✉♥❝✐♦♥❛❧ ak : Γ−(v) → R ∪ {∞} ♣♦r

ak(U) =

∫ k+1

k

∫

D

(L(U)− L(v)) dxdy.



✺✵

▲❡♠❛ ✶✳✷ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛s ♥♦t❛çõ❡s ❛♥t❡r✐♦r❡s✱ ❞❛❞♦ ❝❛❞❛ k ∈ Z t❡♠♦s✿

✭✐✮ ak(U) ≥ 0❀

✭✐✐✮ ak(U) = 0 ⇐⇒ PkU ∈M ✳

❉❡♠♦♥str❛çã♦✳ (i) ❉❡ ❢❛t♦✱ ♣❡❧❛ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❞❡ v✱

c1 =

∫ 1

0

∫

D

L(v)dxdy =

∫ k+1

k

∫

D

L(v)dxdy. ✭✶✳✸✵✮

❚❛♠❜é♠✱ ♣♦r ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧✱
∫ 1

0

∫

D

L(PkU)dxdy =

∫ k+1

k

∫

D

L(U)dxdy. ✭✶✳✸✶✮

▲♦❣♦✱ ❝♦♠♦ PkU ∈ H1(Ω1) s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷ q✉❡

c1 ≤

∫ 1

0

∫

D

L(PkU)dxdy. ✭✶✳✸✷✮

P♦r ✭✶✳✸✵✮✲✭✶✳✸✷✮✱
∫ k+1

k

∫

D

(L(U)− L(v)) dxdy ≥ 0.

P♦rt❛♥t♦✱ ak(U) ≥ 0 ♣❛r❛ t♦❞♦ k ∈ Z ❡ U ∈ Γ−(v)✳

(ii) ❉❡s❞❡ q✉❡ v ∈M ♦❜t❡♠♦s

ak(U) = 0 ⇔

∫ k+1

k

∫

D

(L(U)− L(v)) dxdy = 0

⇔

∫ k+1

k

∫

D

L(U)dxdy =

∫ k+1

k

∫

D

L(v)dxdy

⇔

∫ k+1

k

∫

D

L(U)dxdy =

∫ 1

0

∫

D

L(v)dxdy

⇔

∫ k+1

k

∫

D

L(U)dxdy = c1

⇔ I1(PkU) = c1.

❉❛ Pr♦♣♦s✐çã♦ ✶✳✹ ❝♦♥❝❧✉í♠♦s q✉❡ ak(U) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Pk(U) ∈M ✳

❋✐♥❛❧♠❡♥t❡✱ ❞❡✜♥✐♠♦s ♦ ❢✉♥❝✐♦♥❛❧ J : Γ−(v) → R ∪ {+∞} ♣♦r

J(U) =
∑

k∈Z

ak(U).

❚❛❧ ❢✉♥❝✐♦♥❛❧ s❡rá r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ♦❜t❡♥çã♦ ❞❡ s♦❧✉çã♦ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ (P1)✳ P❡❧♦ ✐t❡♠ (i) ❞♦ ▲❡♠❛ ✶✳✷ t❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞♦ ♥ú♠❡r♦ r❡❛❧

σ = inf
U∈Γ−(v)

J(U).



✺✶

✵➚ ♣r✐♠❡✐r❛ ✈✐st❛✱ ♣♦❞❡ ♣❛r❡❝❡r q✉❡ J(U) é ✐❣✉❛❧ ❛

∫

R×D

(L(U)− L(v)) dxdy

◆♦ ❡♥t❛♥t♦✱ ❡①✐st❡♠ ❢✉♥çõ❡s U ∈ Γ−(v) t❛❧ q✉❡ J(U) <∞ ♠❛s ♣❛r❛ ❛s q✉❛✐s ❛ ✐♥t❡❣r❛❧

❛❝✐♠❛ ♥ã♦ é ❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡✳

❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ❞✐③❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ (Um) ⊂ H1
❧♦❝
(R × D) é ❧✐♠✐t❛❞❛

❡♠ H1
❧♦❝
(R × D) ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ❞❛❞♦ q✉❛❧q✉❡r l ∈ N ❛ s❡q✉ê♥❝✐❛ (Um) é ❧✐♠✐t❛❞❛

❡♠ H1([−l, l] × D)✳ P♦st♦ ✐st♦✱ ❞✐③❡♠♦s t❛♠❜é♠ q✉❡ (Um) ❝♦♥✈❡r❣❡ ❢r❛❝♦ ♣❛r❛ U ∈

H1
❧♦❝
(R×D)✱ ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r

Um ⇀ U ❡♠ H1
❧♦❝
(R×D),

♣❛r❛ ✐♥❞✐❝❛r q✉❡ ❞❛❞♦ q✉❛❧q✉❡r l ∈ N t❡♠♦s Um ⇀ U ❡♠ H1([−l, l]×D)✳ ❉❡ ♠❛♥❡✐r❛

❛♥á❧♦❣❛✱ ❞❡♥♦t❛r❡♠♦s

Um → U ❡♠ L2
❧♦❝
(R×D)

♣❛r❛ ❛♣♦♥t❛r q✉❡ Um → U ❡♠ L2([−l, l]×D) s❡♠♣r❡ q✉❡ l ∈ N✳

❈♦♠ ❛ ❞✐s❝✉ssã♦ ❢❡✐t❛ ❛♥t❡r✐♦r♠❡♥t❡ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ♣r♦✈❛r ♦ s❡❣✉✐♥t❡

t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✶✳✾ ❆ss✉♠❛ q✉❡ g s❛t✐s❢❛③ (g1) − (g3) ❡ (M)✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ v ∈ M ✱

❡①✐st❡ U ∈ Γ−(v) t❛❧ q✉❡ J(U) = σ✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ s❡rá ❞✐✈✐❞✐❞❛ ❡♠ ✹ ❡t❛♣❛s ♣r✐♥❝✐♣❛✐s✿

✭❆✮ ❈♦♥str✉çã♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ J q✉❡ t❡♠ ❝♦♠♦

❧✐♠✐t❡ ❢r❛❝♦ ❛❧❣✉♠ U ∈ H1
loc(R×D)❀

✭❇✮ ❊st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ U ❝♦♠ x→ −∞❀

✭❈✮ ❊st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ U ❝♦♠ x→ +∞❀

✭❉✮ Pr♦✈❛ ❞❡ q✉❡ U ♠✐♥✐♠✐③❛ J ❡♠ Γ−(v)✳

✭❆✮ ❈♦♥str✉çã♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ J ✳

❉❛❞♦s k ∈ Z ❡ W ∈ Γ−(v)✱ ❝♦♥s✐❞❡r❡

χkW (x, y) = W (x− k, y).



✺✷

❆✜r♠❛çã♦ ✶✳✹ χkW ∈ Γ−(v).

❉❡ ❢❛t♦✱ ♥♦t❡♠♦s q✉❡

‖Pj(χkW )− v‖2L2(Ω1)
=

∫ 1

0

∫

D

|Pj(χkW )− v|2dxdy

=

∫ 1

0

∫

D

|Pj(W (x− k, y))− v|2dxdy

=

∫ 1

0

∫

D

|W (x− k + j, y)− v(x, y)|2dxdy

=

∫ 1

0

∫

D

|W (x− k + j, y)− v(x− k + j, y)|2dxdy.

P♦r ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧✱

‖Pj(χkW )− v‖2L2(Ω1)
=

∫ j−k+1

j−k

∫

D

|W (x, y)− v(x, y)|2dxdy.

❈♦♠♦ W ∈ Γ−(v) ❞❡✈❡♠♦s t❡r

‖Pj(χkW )− v‖2L2(Ω1)
→ 0 q✉❛♥❞♦ j → −∞.

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ❞❛❞♦ k ∈ Z ♠♦str❛✲s❡ q✉❡ ❡①✐st❡ w ∈M \ {v} t❛❧ q✉❡

‖Pj(χkW )− w‖L2(Ω1) → 0 q✉❛♥❞♦ j → +∞.

P♦rt❛♥t♦✱ χkW ∈ Γ−(v) s❡♠♣r❡ q✉❡ k ∈ Z ❡ W ∈ Γ−(v)✱ ♦ q✉❡ ♣r♦✈❛ ❛ ❛✜r♠❛çã♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ G é ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x s❡❣✉❡ ♣♦r ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ q✉❡

ai(χkW ) = ai(W ), ∀i, k ∈ Z.

❉❡ss❡ ♠♦❞♦✱

J(χkW ) = J(W ), ∀k ∈ Z. ✭✶✳✸✸✮

❙❛❜❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (Wm) ⊂ Γ−(v) ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ J ✱ ✐st♦

é✱

J(Wm) → σ q✉❛♥❞♦ m→ ∞. ✭✶✳✸✹✮

❉❡ ✭✶✳✸✸✮✲✭✶✳✸✹✮ ❛ s❡q✉ê♥❝✐❛ (χk(m)Wm) t❛♠❜é♠ é ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ J ♣❛r❛ q✉❛❧q✉❡r

q✉❡ s❡❥❛ ❛ s❡q✉ê♥❝✐❛ (k(m))m∈N ⊂ Z✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❖❜s❡r✈❛çã♦ ✶✳✷ ♣♦❞❡♠♦s

❡s❝♦❧❤❡r ✉♠ ♥ú♠❡r♦ r❡❛❧ ρ t❛❧ q✉❡

ρ ∈ (0,
γ

3
).



✺✸

P❛r❛ ❝❛❞❛ m ∈ N✱ ❡s❝♦❧❤❡♠♦s k(m) ❝♦♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡

‖Pj(χk(m)Wm)− v‖L2(Ω1) ≤ ρ, ∀j < 0 ✭✶✳✸✺✮

❡

‖P0(χk(m)Wm)− v‖L2(Ω1) > ρ. ✭✶✳✸✻✮

❈♦♠ ❡❢❡✐t♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ Γ−(v) s❡❣✉❡ q✉❡ ❞❛❞♦ m ∈ N ❡①✐st❡ k0(m) > 0

✈❡r✐✜❝❛♥❞♦

‖Pj(Wm)− v‖L2(Ω1) ≤ ρ, ∀j < −k0(m).

P♦st♦ ✐st♦✱ ✈❛♠♦s ✜①❛r k(m) s❡♥❞♦ ♦ ♠❡♥♦r ♥ú♠❡r♦ ♥❛t✉r❛❧ t❛❧ q✉❡

‖Pj(Wm)− v‖L2(Ω1) ≤ ρ, ∀j < −k(m).

❊♥tã♦✱

‖Pj(Wm)− v‖L2(Ω1) ≤ ρ, ∀j < −k(m)

❡

‖Pj(Wm)− v‖L2(Ω1) > ρ, ∀j = −k(m),−k(m) + 1, . . . ,−1, 0.

❉✐❛♥t❡ ❞✐st♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ s❡q✉ê♥❝✐❛ (χk(m)Wm(x, y)) ✈❡r✐✜❝❛✲s❡ q✉❡ ❛ ♠❡s♠❛ s❛t✐s❢❛③

❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✶✳✸✺✮ ❡ ✭✶✳✸✻✮✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡

q✉❡ k(m) = 0 ♣❛r❛ t♦❞♦ m ∈ N✳ ❊♠ r❡s✉♠♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐✲

♠✐③❛♥t❡ (Wm) ♣❛r❛ J s❛t✐s❢❛③❡♥❞♦

‖PjWm − v‖L2(Ω1) ≤ ρ, ∀j < 0 ✭✶✳✸✼✮

❡

‖P0Wm − v‖L2(Ω1) > ρ. ✭✶✳✸✽✮

P♦r ✭✶✳✸✹✮✱ ❡①✐st❡ C > 0 t❛❧ q✉❡

J(Wm) ≤ C, ∀m ∈ N. ✭✶✳✸✾✮

❆✜r♠❛çã♦ ✶✳✺ P❛r❛ q✉❛❧q✉❡r l ∈ N✱ t❡♠♦s✿

✭✐✮ ‖Wm‖L2([−l,0]×D) ≤ ‖v‖L2([−l,0]×D) + ρl, ∀m ∈ N;

✭✐✐✮ ❊①✐st❡ α > 0 ✈❡r✐✜❝❛♥❞♦

‖∇Wm‖
2
L2([−l,0]×D) ≤ C + lc1 + lα|D|, ∀m ∈ N;



✺✹

✭✐✐✐✮ ❊①✐st❡ β > 0 t❛❧ q✉❡

‖∇Wm‖
2
L2([0,l]×D) ≤ C + lc1 + lβ|D|, ∀m ∈ N.

(i) ◆♦t❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡

‖Wm‖L2([−l,0]×D) ≤
l−1
∑

i=0

‖Wm‖L2([−l+i,−l+i+1]×D). ✭✶✳✹✵✮

P♦r ✭✶✳✸✼✮✱

‖Wm‖L2([j,j+1]×D) ≤ ρ+ ‖v‖L2(Ω1), ∀j < 0. ✭✶✳✹✶✮

❉❡ ✭✶✳✹✶✮ ❡ ✭✶✳✹✵✮ s❡❣✉❡ q✉❡

‖Wm‖L2([−l,0]×D) ≤
l−1
∑

i=0

(

ρ+ ‖v‖L2(Ω1)

)

= l
(

ρ+ ‖v‖L2(Ω1)

)

= lρ+ ‖v‖L2([−l,0]×D),

♦✉ s❡❥❛✱

‖Wm‖L2([−l,0]×D) ≤ ‖v‖L2([−l,0]×D) + ρl, ∀m ∈ N.

(ii) ❉❛❞♦ m ∈ N✱ ❞❡ ✭✶✳✸✾✮ ✈❡♠ q✉❡
∫ 0

−l

∫

D

(L(Wm)− L(v)) dxdy =
l−1
∑

i=0

(
∫ −l+i+1

−l+i

∫

D

(L(Wm)− L(v)) dxdy

)

=
−1
∑

i=−l

ai(Wm)

≤ J(Wm)

≤ C,

♦✉ s❡❥❛✱
∫ 0

−l

∫

D

(

1

2
|∇Wm|

2 −G(x, y,Wm)

)

dxdy ≤ C +

∫ 0

−l

∫

D

L(v)dxdy.

■st♦ ♥♦s ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r q✉❡

‖∇Wm‖
2
L2([−l,0]×D) ≤ C + lc1 +

∫ 0

−l

∫

D

G(x, y,Wm)dxdy.

▼❛s t❡♥❞♦ ❡♠ ✈✐st♦ q✉❡ G(x, y, t) é ♣❡r✐ó❞✐❝❛ ❡ ❝♦♥tí♥✉❛ ♥❛ ✈❛r✐á✈❡❧ t t❡♠♦s ❛ ❡①✐stê♥❝✐❛

❞❡ α > 0 t❛❧ q✉❡ G(x, y, t) ≤ α ♣❛r❛ t♦❞♦ (x, y, t) ∈ [−l, 0]×D × R✳ P♦rt❛♥t♦✱

‖∇Wm‖
2
L2([−l,0]×D) ≤ C + lc1 + lα|D|, ∀m ∈ N.

(iii) ❊st❡ ❝❛s♦ é ❛♥á❧♦❣♦ ❛♦ ✐t❡♠ (ii)✳

❆ ❆✜r♠❛çã♦ ✶✳✺ ♠♦str❛ q✉❡ ♣❛r❛ ❝❛❞❛ l ∈ N ❛ s❡q✉ê♥❝✐❛ (Wm) é ❧✐♠✐t❛❞❛ ❡♠

H1([−l, 0]×D)✳



✺✺

❆✜r♠❛çã♦ ✶✳✻ ❉❛❞♦ l ∈ N✱ ❡①✐st❡ C0 > 0 t❛❧ q✉❡

‖u‖L2([0,l]×D) ≤ C0

(

‖u‖L2([−l,0]×D) + ‖∇u‖L2([−l,l]×D)

)

, ∀u ∈ H1([−l, l]×D).

❙✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ ♥ã♦ ❡①✐st❡ C0 > 0 ✈❡r✐✜❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✳

❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ m ∈ N ❡①✐st❡ um ∈ H1([−l, l]×D) t❛❧ q✉❡

‖um‖L2([0,l]×D) > m
(

‖um‖L2([−l,0]×D) + ‖∇um‖L2([−l,l]×D)

)

.

❱❛♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡

‖um‖L2([0,l]×D) = 1 ∀m ∈ N.

❉✐❛♥t❡ ❞✐st♦✱

‖um‖L2([−l,0]×D) + ‖∇um‖L2([−l,l]×D) <
1

m
, ∀m ∈ N,

❡ ♣♦rt❛♥t♦✱

‖um‖L2([−l,0]×D) → 0 ❡ ‖∇um‖L2([−l,l]×D) → 0.

❊♠ ♣❛rt✐❝✉❧❛r✱

‖um‖L2([−l,0]×D) → 0, ‖∇um‖L2([−l,0]×D) → 0 ❡ ‖∇um‖L2([0,l]×D) → 0. ✭✶✳✹✷✮

P♦r ✭✶✳✹✷✮✱ (um) é ❧✐♠✐t❛❞❛ ❡♠ H1([−l, 0] × D)✳ ▲♦❣♦✱ ❡①✐st❡♠ (umk
) ⊂ (um) ❡ u ∈

H1([−l, 0]×D) t❛✐s q✉❡

umk
⇀ u ❡♠ H1([−l, 0]×D).

P❡❧❛s ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛s ❞❡ ❙♦❜♦❧❡✈✱

umk
→ u ❡♠ L2([−l, 0]×D). ✭✶✳✹✸✮

❉❡ss❡ ♠♦❞♦✱

‖umk
‖L2([−l,0]×D) → ‖u‖L2([−l,0]×D). ✭✶✳✹✹✮

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✹✷✮ ❡ ✭✶✳✹✹✮ t❡♠♦s

u = 0 q✳t✳♣ ❡♠ [−l, 0]×D.



✺✻

◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦ ‖um‖L2([0,l]×D) = 1 ♣❛r❛ t♦❞♦ m ∈ N s❡❣✉❡ ❞❡ ✭✶✳✹✷✮ q✉❡ ❛ s❡❣✉ê♥❝✐❛

(um) é ❧✐♠✐t❛❞❛ ❡♠ H1([0, l] × D)✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱ ❡①✐st❡♠ (umki
) ⊂ (umk

) ❡ w ∈

H1([0, l]×D) s❛t✐s❢❛③❡♥❞♦

umki
⇀ w ❡♠ H1([0, l]×D).

P❡❧❛s ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛ ❞❡ ❙♦❜♦❧❡✈✱

umki
→ w ❡♠ L2([0, l]×D). ✭✶✳✹✺✮

❖r❛✱ ♣♦r ✭✶✳✹✺✮✱

‖w‖L2([0,l]×D) = 1. ✭✶✳✹✻✮

❆❞❡♠❛✐s✱ ♣❡❧❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ ❡ ♣♦r ✭✶✳✹✷✮ ❡ ✭✶✳✹✺✮✱

‖w‖2H1([0,l]×D) ≤ lim inf
n→∞

(

‖umki
‖2
L2([0,l]×D)

+ ‖∇umki
‖2
L2([0,l]×D)

)

≤ lim inf
n→∞

‖umki
‖2
L2([0,l]×D)

= ‖w‖2L2([0,l]×D),

♦✉ s❡❥❛✱

‖w‖2L2([0,l]×D) + ‖∇w‖2L2([0,l]×D) ≤ ‖w‖2L2([0,l]×D),

❛❝❛rr❡t❛♥❞♦ ❡♠

‖∇w‖2L2([0,l]×D) = 0.

▲♦❣♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c ∈ R t❛❧ q✉❡

w = c q✳t✳♣ ❡♠ [0, l]×D.

❉❡ ✭✶✳✹✻✮✱ c 6= 0✳ P♦r ✜♠✱ ♥♦t❡♠♦s q✉❡ (um) é ❧✐♠✐t❛❞❛ ❡♠ H1([−l, l] ×D)✳ P♦r ✐ss♦✱

❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ ❡①✐st❡ z ∈ H1([−l, l]×D) ❝✉♠♣r✐♥❞♦

umki
→ z ❡♠ L2([−l, l]×D). ✭✶✳✹✼✮

❊♠ ✈✐st❛ ❞❡ ✭✶✳✹✸✮✱ ✭✶✳✹✺✮ ❡ ✭✶✳✹✼✮✱

z =







0 ❡♠ [−l, 0]×D

c ❡♠ [0, l]×D.



✺✼

❉❡s❞❡ q✉❡ w ∈ H1([−l, l]×D) ❝♦♥❝❧✉í♠♦s c = 0✱ ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ❛ ❆✜r♠❛çã♦

✶✳✻ ✜❝❛ s❛t✐s❢❡✐t❛ ♣❛r❛ t♦❞♦ u ∈ H1([−l, l]×D) t❛❧ q✉❡ ‖u‖L2([0,l]×D) = 1✳ P♦ré♠✱ ♣❛r❛

u 6= 0 ❡♠ H1([−l, l]×D) ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

∥

∥

∥

∥

u

‖u‖L2(Ωl)

∥

∥

∥

∥

L2(Ωl)

≤ C0

(

∥

∥

∥

∥

u

‖u‖L2(Ωl)

∥

∥

∥

∥

L2([−l,0]×D)

+

∥

∥

∥

∥

∇

(

u

‖u‖L2(Ωl)

)
∥

∥

∥

∥

L2([−l,l]×D)

)

,

✐♠♣❧✐❝❛♥❞♦ ❡♠

‖u‖L2([0,l]×D) ≤ C0

(

‖u‖L2([−l,0]×D) + ‖∇u‖L2([−l,l]×D)

)

.

❈♦♠♦ ♥❛t✉r❛❧♠❡♥t❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ ♣❛r❛ u = 0 ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❛

❆✜r♠❛çã♦ ✶✳✻✳

❊♠ ❝♦♥❢♦r♠✐❞❛❞❡ ❝♦♠ ❛s ❆✜r♠❛çõ❡s ✶✳✺ ❡ ✶✳✻ ❞❡❞✉③✐♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ (Wm)

é ❧✐♠✐t❛❞❛ ❡♠ H1([−l, l] × D) s❡♠♣r❡ q✉❡ l ∈ N✳ P♦rt❛♥t♦✱ (Wm) é ❧✐♠✐t❛❞❛ ❡♠

H1
❧♦❝
(R×D)✳ ▲♦❣♦✱ ❡①✐st❡ U ∈ H1

❧♦❝
(R×D) t❛❧ q✉❡

Wm ⇀ U ❡♠ H1
❧♦❝
(R×D)

❡

Wm → U ❡♠ L2
❧♦❝
(R×D).

❉❡ ✭✶✳✸✼✮ ❡ ✭✶✳✸✽✮ s❡❣✉❡ q✉❡

‖PjU − v‖L2(Ω1) ≤ ρ, ∀j < 0 ✭✶✳✹✽✮

❡

‖P0U − v‖L2(Ω1) > ρ. ✭✶✳✹✾✮

✭❇✮ ❊st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ U ❝♦♠ x→ −∞✳

❊♠ ✈✐st❛ ❞❡ ✭✶✳✸✾✮ ♣♦❞❡♠♦s ❡st✐♠❛r

l
∑

−l

ak(Wm) ≤ C, ∀l ∈ N.

❆ss✐♠✱ ❝♦♠♦ ♦s ❢✉♥❝✐♦♥❛✐s ak sã♦ ❢r❛❝❛♠❡♥t❡ s❡♠✐❝♦♥tí♥✉♦s ✐♥❢❡r✐♦r♠❡♥t❡✹✱ ♦❜t❡♠♦s

l
∑

−l

ak(U) ≤ C, ∀l ∈ N.

✹❱❡❥❛ ♦ ❚❡♦r❡♠❛ ❈✳✶✵✳



✺✽

P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ l✱

J(U) =
∑

k∈Z

ak(U) ≤ C. ✭✶✳✺✵✮

❙❡♥❞♦ ❛ sér✐❡ ✭✶✳✺✵✮ ❝♦♥✈❡r❣❡♥t❡✱ ❞❡✈❡♠♦s t❡r

ak(U) → 0 q✉❛♥❞♦ |k| → ∞. ✭✶✳✺✶✮

❙❡❥❛ ρ ✉♠ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦ ❝✉♠♣r✐♥❞♦

ρ+ ρ <
γ

2
. ✭✶✳✺✷✮

❉❡ ✭✶✳✺✶✮ ❡①✐st❡ k0 ∈ N ✈❡r✐✜❝❛♥❞♦

ak(U) <
α(ρ)

2
, ∀ |k| > k0, ✭✶✳✺✸✮

♦♥❞❡ α(ρ) > 0 é t♦♠❛❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✐t❡♠ (iii) ❞❛ Pr♦♣♦s✐çã♦ ✶✳✽✳

❆✜r♠❛çã♦ ✶✳✼ ❙❡❥❛ k ∈ N t❛❧ q✉❡ |k| > k0✳ ❊♥tã♦✱ PkU ∈ Nρ(M)✳

❈♦♠ ❡❢❡✐t♦✱ ❞❡ ✭✶✳✺✸✮

ak(U) =

∫ k+1

k

∫

D

(L(U)− L(v)) dxdy <
α(ρ)

2

❛❝❛rr❡t❛♥❞♦ ❡♠
∫ k+1

k

∫

D

L(U)dxdy <
α(ρ)

2
+

∫ k+1

k

∫

D

L(v)dxdy.

❆ss✐♠✱

I1(PkU) < α(ρ) + c1.

P♦rt❛♥t♦✱ ♣❡❧♦ ✐t❡♠ (iii) ❞❛ Pr♦♣♦s✐çã♦ ✶✳✽✱

PkU ∈ Nρ(M), ∀ |k| > k0.

■st♦ ❝♦♥❝❧✉✐ ❛ ❛✜r♠❛çã♦✳

❘❡s✉❧t❛ ❞❛ ❆✜r♠❛çã♦ ✶✳✼ q✉❡ ♣❛r❛ ❝❛❞❛ |k| > k0 ❡①✐st❡ uk ∈M t❛❧ q✉❡

‖PkU − uk‖H1(Ω1) ≤ ρ. ✭✶✳✺✹✮

◆❡st❡ ♠♦♠❡♥t♦✱ ❝♦♥s✐❞❡r❡♠♦s

QkU = U |[k,k+2]×D.



✺✾

◆♦t❡ q✉❡ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r QkU s❡♥❞♦ ✉♠❛ ❢✉♥çã♦ ❡♠ H1(Ω2)✳ P❛r❛ ❝❛❞❛ |k| > k0

s❡❣✉❡ ❞❡ ✭✶✳✺✸✮ q✉❡

ak(U) + ak+1(U) < α(ρ),

✐st♦ é✱

I2(QkU) < α(ρ) + 2

∫

Ω1

L(v)dxdy = α(ρ) + 2c1.

P❡❧♦ ✐t❡♠ (ii) ❞❛ ❖❜s❡r✈❛çã♦ ✶✳✷✱ QkU ∈ N2
ρ (M) s❡♠♣r❡ q✉❡ |k| > k0✳ ❆ss✐♠✱

‖QkU − u‖H1(Ω2) ≤ ρ, ∀|k| > k0 ❡ ∀u ∈M,

♦♥❞❡ M é ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ E2✳ P♦rt❛♥t♦✱ ♣❛r❛ ❝❛❞❛ |k| > k0

❡①✐st❡ uk ∈M t❛❧ q✉❡

‖QkU − uk‖H1(Ω2) ≤ ρ. ✭✶✳✺✺✮

❆❧é♠ ❞✐ss♦✱ ✈❡r✐✜❝❛✲s❡ s❡♠ ❞✐✜❝✉❧❞❛❞❡s q✉❡

‖QkU − uk‖
2
H1(Ω2)

= ‖PkU − uk‖
2
H1(Ω1)

+ ‖Pk+1U − uk‖
2
H1(Ω1)

. ✭✶✳✺✻✮

P♦r ✭✶✳✺✹✮✲✭✶✳✺✻✮✱

‖uk − uk‖H1(Ω1) ≤ ‖PkU − uk‖H1(Ω1) + ‖PkU − uk‖H1(Ω1) ≤ ρ+ ρ ≤ 2ρ.

❉❡ ♠♦❞♦ s✐♠✐❧❛r✱ ♠♦str❛✲s❡ q✉❡

‖uk+1 − uk‖H1(Ω1) ≤ 2ρ.

❚♦♠❛♥❞♦ 2ρ < γ✱ ♦♥❞❡ γ é ❞❡✜♥✐❞♦ ♥❛ ♣r♦✈❛ ❞♦ ✐t❡♠ (i) ❞❛ Pr♦♣♦s✐çã♦ ✶✳✽✱ ♦❜t❡♠♦s

uk = uk+1 = uk, ∀|k| > k0. ✭✶✳✺✼✮

❊♠ ✈✐st❛ ❞❡ ✭✶✳✹✽✮✱ ✭✶✳✺✷✮ ❡ ✭✶✳✺✹✮✱

k < −k0 ⇒ ‖uk − v‖L2(Ω1) ≤ ‖uk − PkU‖L2(Ω1) + ‖PkU − v‖L2(Ω1)

≤ ρ+ ρ <
γ

2
.

▲♦❣♦✱ v = uk s❡♠♣r❡ q✉❡ k < −k0✳ P♦rt❛♥t♦✱ ❞❡ ✭✶✳✺✹✮

‖PkU − v‖H1(Ω1) ≤ ρ. ✭✶✳✺✽✮

❆✜r♠❛çã♦ ✶✳✽ ‖PkU − v‖H1(Ω1) → 0 q✉❛♥❞♦ k → −∞✳



✻✵

P♦r ✭✶✳✺✶✮✱

∫ 1

0

∫

D

L(PkU)dxdy →

∫ 1

0

∫

D

L(v)dxdy q✉❛♥❞♦ |k| → +∞,

♦✉ s❡❥❛✱

I1(PkU) → c1 q✉❛♥❞♦ |k| → −∞.

❖ ❛r❣✉♠❡♥t♦ ❝♦♥t✐❞♦ ♥❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶ ♠♦str❛ q✉❡ (PkU) é ❧✐♠✐t❛❞❛ ❡♠

H1(Ω1)✳ ❆ss✐♠✱ ❡①✐st❡ U ∈ H1(Ω1) t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

PkU ⇀ U ❡♠ H1(Ω1) q✉❛♥❞♦ k → −∞.

❉❡s❞❡ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ I1 é ❢r❛❝❛♠❡♥t❡ s❡♠✐❝♦♥tí♥✉♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❞❡❞✉③✐♠♦s I1(U) ≤

c1✱ ❡ ♣♦rt❛♥t♦✱ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷ t❡♠✲s❡ I1(U) = c1✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✹✱

❝♦♥❝❧✉í♠♦s U ∈M ✳ P♦r ✭✶✳✺✽✮✱

‖U − v‖H1(Ω1) ≤ ‖PkU − v‖H1(Ω1) ≤ ρ < γ, ∀k < −k0

P♦rt❛♥t♦✱ U = v✳ ❊♥tã♦✱ ♣❡❧❛s ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛s ❞❡ ❙♦❜♦❧❡✈

‖PkU‖L2(Ω1) → ‖v‖L2(Ω1) q✉❛♥❞♦ k → −∞.

❖ r❛❝✐♦❝í♥✐♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✽ ♠♦str❛ q✉❡

PkU → v ❡♠ H1(Ω1) q✉❛♥❞♦ k → −∞.

■st♦ ❝♦♥❝❧✉✐ ❛ ❛✜r♠❛çã♦✳

✭❈✮ ❖ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ U ❝♦♠ x→ +∞✳

❉❡ ✭✶✳✺✹✮ ❡ ✭✶✳✺✼✮ ❡①✐st❡ w ∈M t❛❧ q✉❡

‖PkU − w‖H1(Ω1) ≤ ρ, ∀k > k0. ✭✶✳✺✾✮

❆ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✶✳✼ ♠♦str❛ q✉❡

PkU → w q✉❛♥❞♦ k → +∞ ❡♠ H1(Ω1).

◆♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡ w 6= v✳ P❛r❛ ❝♦♥s❡❣✉✐r t❛❧ ❡❢❡✐t♦ ✈❛♠♦s s✉♣♦r ♣♦r ❛❜s✉r❞♦

q✉❡ w = v✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛✜r♠❛♠♦s q✉❡ ❡①✐st❡♠ k ≥ 0 ❡ β ≥ 0 t❛✐s q✉❡

‖PkWm − u‖H1(Ω1) > β, ∀u ∈M, ✭✶✳✻✵✮



✻✶

❝♦♠ m s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❞❛❞♦ k ≥ 0 ❡①✐st❡ ✉♠❛ s❡q✉ê♥✲

❝✐❛ ❞❡ ♥ú♠❡r♦s ♥❛t✉r❛✐s (mi(k)) ❝♦♠ mi(k) → +∞ q✉❛♥❞♦ i → +∞ ❡ (vmi(k)) ⊂ M

t❛✐s q✉❡

‖PkWmi(k) − vmi(k)‖H1(Ω1) → 0 q✉❛♥❞♦ i→ +∞. ✭✶✳✻✶✮

❊♠ ✈✐st❛ ❞❡ q✉❡ (Wm) ❝♦♥✈❡r❣❡ ❢r❛❝♦ ♣❛r❛ U ❡♠ H1
❧♦❝
(Ω) s❡❣✉❡ q✉❡ ♣❛r❛ ❝❛❞❛ k ≥

0 ✜①❛❞♦ ❛ s❡q✉ê♥❝✐❛ (PkWm) ❝♦♥✈❡r❣❡ ❢r❛❝♦ ♣❛r❛ PkU ❡♠ H1(Ω1)✳ P❡❧❛s ✐♠❡rsõ❡s

❝♦♠♣❛❝t❛s ❞❡ ❙♦❜♦❧❡✈✱

PkWm → PkU ❡♠ L2(Ω1) q✉❛♥❞♦ m→ +∞. ✭✶✳✻✷✮

P♦r ❝♦♥s❡❣✉✐♥t❡✱ ❛ s❡q✉ê♥❝✐❛ (PkWm) é ❞❡ ❈❛✉❝❤② ❡♠ L2(Ω1)✳ ❈♦♠♦

‖vmi(k) − vmj(k)‖L2(Ω1) ≤ ‖PkWmi(k)−vmi(k)‖L2(Ω1) + ‖PkWmj(k) − PkWmi(k)‖L2(Ω1)

+ ‖PkWmj(k) − vmj(k)‖L2(Ω1)

s❡❣✉❡ ❞❡ ✭✶✳✻✶✮ q✉❡

‖vmi(k) − vmj(k)‖L2(Ω1) → 0 q✉❛♥❞♦ i, j → +∞.

❉❡ss❡ ♠♦❞♦✱ ♣❡❧❛ ✐t❡♠ (i) ❞❛ ❖❜s❡r✈❛çã♦ ✶✳✷ t❡♠♦s q✉❡ ❡①✐st❡ ❛♣❡♥❛s ✉♠❛ q✉❛♥t✐❞❛❞❡

✜♥✐t❛ ❞❡ ❢✉♥çõ❡s ❡♠ M q✉❡ sã♦ ♣♦ssí✈❡✐s ❝❛♥❞✐❞❛t❛s ♣❛r❛ vmi(k)✳ ❆ss✐♠✱ s❡♠ ♣❡r❞❛ ❞❡

❣❡♥❡r❛❧✐❞❛❞❡ ♣♦❞❡♠♦s s✉♣♦r q✉❡ vmi(k) = vk✳ ❊♥tã♦✱ ❞❡ ✭✶✳✻✶✮ ❡ ✭✶✳✻✷✮ ♦❜t❡♠♦s

PkU = vk, ∀k ≥ 0. ✭✶✳✻✸✮

P♦r ✭✶✳✺✷✮✱ ✭✶✳✺✾✮✱ ✭✶✳✻✸✮ ❡ ❞♦ ✐t❡♠ (i) ❞❛ ❖❜s❡r✈❛çã♦ ✶✳✷✱

vk = w = PkU, ∀k > k0. ✭✶✳✻✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ vk ∈M ❞❡❞✉③✐♠♦s q✉❡

vk(0, y) = vk(1, y) = vk+1(0, y), ∀k ≥ 0.

❉❡ ❢❛t♦✱ ❞❛ ✐❣✉❛❧❞❛❞❡ ✭✶✳✻✸✮

vk(0, y) = vk(1, y) = PkU(1, y) = U(1 + k, y) = Pk+1U(0, y) = vk+1(0, y).

P❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✸✱ vk é s♦❧✉çã♦ ❝❧áss✐❝❛ ❞♦ ♣r♦❜❧❡♠❛






−∆w = g(x, y, w), em Ω
∂w

∂ν
(x, y) = 0, sobre ∂Ω.



✻✷

❉✐❛♥t❡ ❞✐st♦✱ ♣❛r❛ ❝❛❞❛ k ≥ 0 ❞❡✜♥✐♠♦s

zk = vk − vk+1.

❱❡r✐✜❝❛✲s❡ q✉❡ zk é s♦❧✉çã♦ ❝❧áss✐❝❛ ♣❛r❛ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❡❧í♣t✐❝♦


















−∆zk = g(x, y, vk)− g(x, y, vk+1), em Ω

zk(0, y) = zk(1, y) = 0, com y ∈ D
∂zk
∂ν

(0, y) = 0, sobre ∂Ω.

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦ ẑk ❞❡✜♥✐❞❛ ♥♦ ❝✐❧✐♥❞r♦ Ω = R×D ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

ẑk(x, y) =







zk(x, y), s❡ (x, y) ∈ Ω1

0, s❡ (x, y) /∈ Ω1.

❉❡ss❡ ♠♦❞♦✱ ❛✜r♠❛♠♦s ẑk é s♦❧✉çã♦ ❢r❛❝❛ ❞❛ ❡q✉❛çã♦

−∆ẑk = bk(x, y)ẑk ❡♠ Ω,

♦♥❞❡ bk : Ω → R ❞❡✜♥✐❞❛ ♣♦r

bk(x, y) =











g(x, y, vk)− g(x, y, vk+1)

vk − vk+1

, s❡ vk(x, y) 6= vk+1(x, y)

gvk(x, y, vk), s❡ vk(x, y) = vk+1(x, y)

é ❝♦♥tí♥✉❛ ✭✈❡❥❛ ❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✮✳ ❉❡ ❢❛t♦✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡
∫

Ω

∇ẑk∇ϕdxdy =

∫

Ω

bk(x, y)ẑkϕdxdy,

♣❛r❛ t♦❞♦ ϕ ∈ C∞(Ω) ❝♦♠ supt ϕ ⊂ [0, 2]×D✳ ❙❡♥❞♦ ❛ss✐♠✱ s❡❥❛♠

Q1 = ([0, 1]×D) ∩ supt ϕ ❡ Q2 = ((1, 2]×D) ∩ supt ϕ.

P♦r ❝♦♥s❡❣✉✐♥t❡✱
∫

Ω

∇ẑk∇ϕdxdy =

∫

Q1

∇ẑk∇ϕdxdy +

∫

Q2

∇ẑk∇ϕdxdy

=

∫

Q1

∇zk∇ϕdxdy

= −

∫

Q1

(∆zk)ϕdxdy +

∫

∂Q1

∂zk
∂η

ϕds

= −

∫

Q1

(∆zk)ϕdxdy

=

∫

Q1

bk(x, y)ẑkϕdxdy

=

∫

Ω

bk(x, y)ẑkϕdxdy.



✻✸

P❡❧♦ Pr✐♥❝í♣✐♦ ❞❛ ❈♦♥t✐♥✉❛çã♦ Ú♥✐❝❛✱ ẑk = 0 ❡♠ Ω ❡✱ ♣♦rt❛♥t♦✱ zk = 0 ❡♠ Ω1✳ ❈♦♥s❡✲

q✉❡♥t❡♠❡♥t❡✱

vk = vk+1, ∀k ≥ 0. ✭✶✳✻✺✮

P♦r ✭✶✳✻✹✮ ❡ ✭✶✳✻✺✮✱

vk = w, ∀k ≥ 0.

❊♠ ♣❛rt✐❝✉❧❛r✱

v0 = w = P0U.

P♦ré♠✱ ❝♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ v = w t❡♠♦s

P0U = v.

◆♦ ❡♥t❛♥t♦✱ ❞❡ ✭✶✳✹✾✮

P0U 6= v,

✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ❡①✐st❡♠ k ≥ 0 ❡ β ≥ 0 ✈❡r✐✜❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✶✳✻✵✮✳

❊♥tr❡t❛♥t♦✱ t♦♠❛♥❞♦ β s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ s❡ ♥❡❝❡ssár✐♦✱ s❡❣✉❡ ❞❡ ✭✶✳✻✵✮ ❡ ❞♦

✐t❡♠ (iii) ❞❛ Pr♦♣♦s✐çã♦ ✶✳✽ q✉❡ ❡①✐st❡ α(β) > 0 ❝✉♠♣r✐♥❞♦

I1(PkWm) ≥ c1 + α(β),

♣❛r❛ m s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♦✉ s❡❥❛✱

ak(Wm) ≥ α(β) ✭✶✳✻✻✮

s❡♠♣r❡ q✉❡ m ❢♦r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❉❡ ♦✉tr❛ ❢♦r♠❛✱ ❝♦♠♦ J(Wm) → σ q✉❛♥❞♦

m→ ∞✱ ❡♥tã♦ ♣❛r❛ m s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ♦❜t❡♠♦s

J(Wm) ≤ σ +
1

3
α(β). ✭✶✳✻✼✮

◆♦ q✉❡ s❡❣✉❡ ✜①❛♠♦s

δ ∈

(

0,
γ

2

)

✭✶✳✻✽✮

❞❡ ♠♦❞♦ q✉❡

max
u∈B3δ(w)

∫

Ω1

(L(u)− L(w)) dxdy ≤
α(β)

3
. ✭✶✳✻✾✮

❚♦♠❛♥❞♦ k ≥ 0 s❛t✐s❢❛③❡♥❞♦ ✭✶✳✻✵✮✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ k = k(δ) > k

t❛❧ q✉❡

k ≥ k ⇒ ‖PkU − w‖H1(Ω1) ≤
δ

4
, ✭✶✳✼✵✮

♣♦✐s PkU → w ❡♠ H1(Ω1) q✉❛♥❞♦ k → +∞✳



✻✹

❆✜r♠❛çã♦ ✶✳✾ ❊①✐st❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ m = m(δ) s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡

♣❛r❛ ❛❧❣✉♠ k = k(m) ≥ k t❡♠✲s❡

‖PkWm − w‖H1(Ω1) ≤ δ. ✭✶✳✼✶✮

❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❞❛❞♦ k ≥ k ❡ m s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡rí❛♠♦s

‖PkWm − w‖H1(Ω1) > δ. ✭✶✳✼✷✮

❖r❛✱ ♣❛r❛ k ≥ k s❡❣✉❡ ❞❡ ✭✶✳✼✵✮ q✉❡

‖PkWm − w‖L2(Ω1) ≤ ‖PkWm − PkU‖L2(Ω1) + ‖PkU − w‖L2(Ω1)

≤ ‖PkWm − PkU‖L2(Ω1) +
δ

4
.

▼❛s ❝♦♠♦ PkWm → PkU ❡♠ L2(Ω1) q✉❛♥❞♦ m → ∞ s❡❣✉❡ q✉❡ ❡①✐st❡ m = m(k, δ)

✈❡r✐✜❝❛♥❞♦

k ≥ k ❡ m ≥ m ⇒ ‖PkWm − w‖L2(Ω1) ≤
δ

2
. ✭✶✳✼✸✮

◆♦ ❡♥t❛♥t♦✱ ❛✜r♠❛♠♦s q✉❡ s❡ u ∈M \ {w} ❡♥tã♦

‖PkWm − u‖H1(Ω1) ≥
δ

2
, ∀m ≥ m. ✭✶✳✼✹✮

❈♦♠ ❡❢❡✐t♦✱ s❡ ❢♦ss❡ ❛♦ ❝♦♥trár✐♦ t❡rí❛♠♦s ♣♦r ✭✶✳✼✸✮ q✉❡

‖u− w‖L2(Ω1) ≤ ‖PkWm − w‖L2(Ω1) + ‖PkWm − u‖L2(Ω1)

<
δ

2
+
δ

2
< γ.

P❡❧♦ ✐t❡♠ (i) ❞❛ ❖❜s❡r✈❛çã♦ ✶✳✷✱ u = w✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞❡

✭✶✳✼✷✮✱ ✭✶✳✼✹✮ ❡ ❞♦ ✐t❡♠ (iii) ❞❛ Pr♦♣♦s✐çã♦ ✶✳✽ t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ k ≥ k ❡①✐st❡

α( δ
2
) > 0 s❛t✐s❢❛③❡♥❞♦

ak(Wm) ≥ α

(

δ

2

)

, ∀m ≥ m. ✭✶✳✼✺✮

❉✐❛♥t❡ ❞✐st♦✱ t♦♠❡♠♦s l = l(δ) ∈ N t❛❧ q✉❡

(l + 1)α

(

δ

2

)

> σ +
α(β)

3
✭✶✳✼✻✮

❡

m ≥ max
k≤k≤k+l

m(k, δ).



✻✺

P♦r ✭✶✳✼✺✮ ❡ ✭✶✳✼✻✮✱

J(Wm) ≥
k+l
∑

k=k

ak(Wm) ≥
k+l
∑

k=k

α

(

δ

2

)

= (l + 1)α

(

δ

2

)

> σ +
α(β)

3
,

✐st♦ é✱

J(Wm) > σ +
α(β)

3
,

♦ q✉❡ ❝♦♥tr❛r✐❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✶✳✻✼✮✳ P♦rt❛♥t♦✱ ❛ ❆✜r♠❛çã♦ ✶✳✾ é ✈❡r❞❛❞❡✐r❛✳

❋✐♥❛❧♠❡♥t❡✱ ✈❛♠♦s ❝♦♥❝❧✉✐r ❛ ♣r♦✈❛ ❞♦ ✐t❡♠ ✭❈✮✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦s ✐♥✲

t❡✐r♦s m ❡ k ❞❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❆✜r♠❛çã♦ ✶✳✾ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❢✉♥çã♦

Um(x, y) =



















v(x, y), s❡ x ≤ k, y ∈ D

((k + 1)− x)v(x, y) + (x− k)Wm(x, y), s❡ k < x ≤ k + 1, y ∈ D

Wm(x, y), s❡ k + 1 < x, y ∈ D.

❊♥tã♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ Um ✜❝❛ ❝❧❛r♦ q✉❡ Um ∈ Γ−(v)✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦ ❛✐♥❞❛

❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ v = w ♦❜t❡♠♦s

‖PkUm − w‖H1(Ω1) = ‖(k − x)(Wm − w)‖H1(Ω1). ✭✶✳✼✼✮

❉❡ ❢❛t♦✱ ❜❛st❛ ♥♦t❛r

PkUm(x, y)− w(x, y) = ((k + 1)− x)v(x, y) + (x− k)Wm(x, y)− w(x, y)

= ((k + 1)− x)w(x, y) + (x− k)Wm(x, y)− w(x, y)

= kw(x, y) + w(x, y)− xw(x, y) + (x− k)Wm(x, y)− w(x, y)

= (k − x)w(x, y) + (x− k)Wm(x, y)

= (k − x)(Wm(x, y)− w(x, y))

✐♠♣❧✐❝❛♥❞♦ ❡♠

‖PkUm − w‖H1(Ω1) = ‖(k − x)(Wm − w)‖H1(Ω1).

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ z = x− k t❡♠♦s

(k − x)(Wm(x, y)− w(x, y)) = (k − x)Wm(x, y)− (k − x)w(x, y)

= (k − (z + k))Wm(z + k, y)− (k − (z + k))w(z + k, y)

= −zWm(z + k, y) + zw(z + k, y)

= −z(Wm(z + k)− w(z, y)).



✻✻

❉❡ss❡ ♠♦❞♦✱

‖(k − x)(Wm − w)‖H1(Ω1) = |z|‖PkWm − w‖H1(Ω1). ✭✶✳✼✽✮

P♦r ❝♦♥s❡❣✉✐♥t❡✱ ❝♦♠♦ |z| = |x − k| ≤ 1 s❡❣✉❡ ❞❛ ❆✜r♠❛çã♦ ✶✳✾ ❡ ❞❡ ✭✶✳✼✼✮ ❡ ✭✶✳✼✽✮

q✉❡

‖PkUm − w‖H1(Ω1) ≤ ‖PkWm − w‖H1(Ω1) ≤ δ. ✭✶✳✼✾✮

P♦r ✭✶✳✻✾✮ ❡ ✭✶✳✼✾✮✱

ak(Um) ≤
α(β)

3
. ✭✶✳✽✵✮

❆❣♦r❛✱ ❝♦♠♦ Um = v ♣❛r❛ x ≤ k ♦❜t❡♠♦s ap(Um) = 0 s❡♠♣r❡ q✉❡ p < k✳ ➚ ✈✐st❛ ❞✐ss♦✱

J(Um) = ak(Um) +
∞
∑

p=k+1

ap(Wm). ✭✶✳✽✶✮

▲♦❣♦✱ ❞❡ ✭✶✳✻✻✮✲✭✶✳✻✼✮ ❡ ✭✶✳✽✵✮✲✭✶✳✽✶✮ t❡♠♦s

J(Um) ≤ ak(Um) + J(Wm)− ak(Wm)

≤
α(β)

3
+ σ +

α(β)

3
− α(β)

≤ σ −
α(β)

3

< σ,

✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ w 6= v ❝♦♠

‖PkU − w‖H1(Ω1) → 0 q❛♥❞♦ k → +∞.

■st♦ ❝♦♥❝❧✉✐ ❛ ❡t❛♣❛ ✭❈✮✳

✭❉✮ U ♠✐♥✐♠✐③❛ J ❡♠ Γ−(v)✳

P❡❧❛s ❡t❛♣❛s ✭❆✮✱ ✭❇✮ ❡ ✭❈✮✱ t❡♠♦s q✉❡ U ∈ Γ−(v)✳ ❉❡ ❢❛t♦✱ ♣♦r ✭❇✮ q✉❡

PkU → v ❡♠ L2(Ω1) q✉❛♥❞♦ k → −∞

❡ ♣♦r ✭❈✮

PkU → w ❡♠ L2(Ω1) q✉❛♥❞♦ k → +∞,

❝♦♠ v 6= w✳ P♦st♦ ✐st♦✱

J(U) ≥ σ. ✭✶✳✽✷✮



✻✼

◆♦ ❡♥t❛♥t♦✱ ❞❛❞♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ ǫ > 0✱ l ∈ N ❡ m s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ♦❜t❡♠♦s

σ + ǫ ≥ J(Wm) ≥
l
∑

k=−l

ak(Wm).

❋❛③❡♥❞♦ m→ +∞ t❡♠♦s✺

σ + ǫ ≥
l
∑

−l

ak(U).

❉❡s❞❡ q✉❡ l é ❛r❜✐trár✐♦✱

σ + ǫ ≥ J(U).

P♦rt❛♥t♦✱

σ ≥ J(U). ✭✶✳✽✸✮

▲♦❣♦✱ ♣♦r ✭✶✳✽✷✮✲✭✶✳✽✸✮✱

J(U) = σ.

■st♦ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

❈♦r♦❧ár✐♦ ✶✳✶✵ U é ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P1)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ϕ ∈ C∞(R×D) ❝♦♠ ✧s✉♣♦rt❡ ❝♦♠♣❛❝t♦✧ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ♣❛r❛

|x| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠♦s q✉❡ ϕ(x, y) = 0✳ ❉❛❞♦ δ ∈ R✱ ❡♥tã♦ U + δϕ ∈ Γ−(v)✳

❈♦♠ ❡❢❡✐t♦✱ ♣❛r❛ |x| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠✲s❡ U(x, y) = U(x, y) + δϕ(x, y)✳ P♦r

❝♦♥s❡❣✉✐♥t❡✱ Pk(U + δϕ) = PkU s❡♠♣r❡ q✉❡ |x| ❢♦r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ▲♦❣♦✱

Pk(U + δϕ) → v ❡♠ L2(Ω1) q✉❛♥❞♦ k → −∞

❡ ❡①✐st❡ w ∈M \ {v} t❛❧ q✉❡

Pk(U + δϕ) → w ❡♠ L2(Ω1) q✉❛♥❞♦ k → +∞.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦t❡♠♦s t❛♠❜é♠ q✉❡ ♣❛r❛ k0 ∈ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠✲s❡

∑

|k|>k0

ak(U + δϕ) =
∑

|k|>k0

ak(U).

✺◆♦t❡ q✉❡ s♦♠❛s ✜♥✐t❛s ❞❡ ❢♥❝✐♦♥❛✐s ❢r❛❝❛♠❡♥t❡s ❝♦♥tí♥✉♦s ✐♥❢❡r✐♦r♠❡♥t❡s t❛♠❜é♠ ♦ sã♦✳



✻✽

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

J(U + tϕ)− J(U) =
∑

k∈Z

ak(U + δϕ)−
∑

k∈Z

ak(U)

=
∑

|k|>k0

ak(U + δϕ) +

k0
∑

k=−k0

ak(U + δϕ)−
∑

|k|>k0

ak(U)−
k0
∑

k=−k0

ak(U)

=

k0
∑

k=−k0

ak(U + δϕ)−
k0
∑

k=−k0

ak(U)

=

k0
∑

k=−k0

∫ k+1

k

∫

D

L(U + tϕ)dxdy −
k0
∑

k=−k0

∫ k+1

k

∫

D

L(U)dxdy

=

∫ k0

−k0

∫

D

(L(U + tϕ)− L(U)) dxdy.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

lim
t→0

J(U + tϕ)− J(U)

t
=

∫ k0

−k0

∫

D

(∇u∇ϕ− g(x, y, U)ϕ) dxdy. ✭✶✳✽✹✮

❆❣♦r❛✱ ❞❡s❞❡ q✉❡ ϕ é ❞❡ ✧s✉♣♦rt❡ ❝♦♠♣❛❝t♦✧✱
∫ −k0

−∞

∫

D

(∇u∇ϕ− g(x, y, U)ϕ) dxdy =

∫ +∞

k0

∫

D

(∇u∇ϕ− g(x, y, U)ϕ) dxdy = 0.

✭✶✳✽✺✮

P♦r ✭✶✳✽✹✮ ❡ ✭✶✳✽✺✮✱

lim
t→0

J(U + tϕ)− J(U)

t
=

∫ +∞

−∞

∫

D

(∇u∇ϕ− g(x, y, U)ϕ) dxdy.

❚♦❞❛✈✐❛✱ ❞❡♥♦t❛♥❞♦ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♣♦r J ′(U)ϕ t❡♠♦s ❡♥tã♦

J ′(U)ϕ =

∫

R×D

(∇U∇ϕ− g(x, y, U)ϕ) dxdy.

◆❡st❡ ❝❛s♦✱ U é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P1)✳ P♦r ✉♠ ❛r❣✉♠❡♥t♦ ❡♥❝♦♥tr❛❞♦

❡♠ ❬✶✶✱ ❙❡❝t✐♦♥ ✻❪✱ U ∈ C2,α(Ω) ♣❛r❛ ❛❧❣✉♠ α ∈ (0, 1)✳ ▲♦❣♦ U é ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛

❞❡ (P1)✳ P♦r ✜♠✱ s❡❥❛ ‖U‖C2,α(Ω) = B ❡ ♣❛r❛ ❝❛❞❛ i ∈ Z ❝♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦

Ui(x, y) = U(x+ i, y), ∀(x, y) ∈ Ω1.

❊♥tã♦✱

‖Ui‖C2,α(Ω1)
≤ B, ∀i ∈ Z.

P❡❧♦ ❚❡♦r❡♠❛ ❈✳✶✶✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛

C2,α(Ω1) →֒ C2(Ω1).



✻✾

❙❡❣✉❡ ❞❛í q✉❡ ❛ s❡q✉ê♥❝✐❛ (Ui)i≤0 ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (Uik)ik≤0 ❝♦♥✈❡r❣❡♥t❡ ❡♠

C2(Ω1)✳ ❆ss✐♠✱ ❡①✐st❡ U0 ∈ C(Ω1) t❛❧ q✉❡

Uik → U0 ❡♠ C2(Ω1) q✉❛♥❞♦ ik → −∞.

❊♠ ♣❛rt✐❝✉❧❛r✱

Uik → U0 ❡♠ Ω1 q✉❛♥❞♦ ik → −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D.

❉❡ ❢❛t♦✱ ❝♦♠♦ (Uik)ik≤0 é ❧✐♠✐t❛❞❛ ❡♠ C2(Ω1) s❡❣✉❡ q✉❡ ❛ ♠❡s♠❛ é ❧✐♠✐t❛❞❛ ❡♠ C1(Ω1)✳

❆ss✐♠✱ ❡①✐st❡ L > 0 t❛❧ q✉❡

|U ′(x, y)| ≤ L, ∀(x, y) ∈ Ω1.

▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ✈❛❧♦r ▼é❞✐♦ ❡①✐st❡ θ ∈ R t❛❧ q✉❡

|Uik(x1, y)− Uik(x2, y)| ≤ |U ′
ik
(θ, y)||x1 − x2|, ∀k ∈ Z ❡ ∀y ∈ D,

♦✉ ♠❡❧❤♦r✱

|Uik(x1, y)− Uik(x2, y)| ≤ L|x1 − x2|, ∀k ∈ Z ❡ ∀y ∈ D,

♠♦str❛♥❞♦ q✉❡ (Uik(·, y))ik≤0 é ❡q✉✐❝♦♥tí♥✉❛ ♣❛r❛ t♦❞♦ y ∈ D✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❆s❝♦❧✐✲

❆r③❡❧á ✭✈❡❥❛ ❆♣ê♥❞✐❝❡ ❇✮✱

Uik → U0 ❡♠ Ω1 q✉❛♥❞♦ ik → −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ U ∈ Γ−(v) t❡♠♦s

Uik → v ❡♠ L2(Ω1) q✉❛♥❞♦ ik → −∞.

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❱❛✐♥❜❡r❣✱ ❡①✐st❡ (Uikj
)ikj≤0 ⊂ (Uik)ik≤0 t❛❧ q✉❡

Uikj
(x, y) → v(x, y) q✳t✳♣ ❡♠ Ω1 q✉❛♥❞♦ ikj → −∞.

P♦r ✉♥✐❝✐❞❛❞❡ ❞❡ ❧✐♠✐t❡✱ U0 = v✳ ▲♦❣♦✱

Uik → v ❡♠ Ω1 q✉❛♥❞♦ ik → −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D.

❆✜r♠❛♠♦s q✉❡

Ui → v ❡♠ Ω1 q✉❛♥❞♦ i→ −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D.



✼✵

❈♦♠ ❡❢❡✐t♦✱ ❝❛s♦ ❝♦♥trár✐♦ ❡①✐st❡♠ (Uik)ik≤0 ⊂ (Ui)i≤0 ❡ ǫ > 0 t❛✐s q✉❡

‖Uik − v‖L∞(Ω1) ≥ ǫ, ∀k ∈ N.

❖r❛✱ ❞❡s❞❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ (Uik) ❧✐♠✐t❛❞❛ s❡❣✉❡ ❞♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r q✉❡ ❡①✐st❡

(Uikj
)ikj≤0 ⊂ (Uik)ik≤0 t❛❧ q✉❡ Uikj

❝♦♥✈❡r❣❡ ♣❛r❛ v ❡♠ Ω1 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D✱

✉♠ ❛❜s✉❞♦✳ P♦rt❛♥t♦✱

Ui → v ❡♠ Ω1 q✉❛♥❞♦ i→ −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D.

▲♦❣♦✱

‖U − v‖L∞(Ωi) = ‖Ui − v‖L∞(Ω1) → 0 q✉❛♥❞♦ i→ −∞.

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♣r♦✈❛✲s❡ q✉❡ ❡①✐st❡ w ∈M \ {v} t❛❧ q✉❡

‖U − w‖L∞(Ωi) → 0 q✉❛♥❞♦ i→ +∞.

➚ ✈✐st❛ ❞✐ss♦✱ U é ✉♠❛ s♦❧✉çã♦ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P1)✳

P❛r❛ ✜♥❛❧✐③❛r ❡st❛ s❡çã♦ ❢❛r❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦♠❡♥tár✐♦✳ ❙❡❥❛ H ♦ ❝♦♥❥✉♥t♦ ❞❛s

s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ❞♦ ♣r♦❜❧❡♠❛ (P1)✳ ❊♥tã♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✶✵ H 6= ∅✳ ❆✜r♠❛✲

♠♦s q✉❡ H ⊂ Γ−(v)✱ ✐st♦ é✱ t♦❞❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❞❡ (P1) ♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦

Γ−(v)✳ ❉❡ ❢❛t♦✱ s❡ U ∈ H ❜❛st❛ ♥♦t❛r

‖PkU − v‖2L2(Ω1)
=

∫ 1

0

∫

D

|PkU − v|2dxdy

=

∫ k+1

k

∫

D

|U − v|2dxdy

≤ |D|‖U(x+ k, y)− v‖L∞(Ω1)

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

‖PkU − v‖L2(Ω1) → 0 q✉❛♥❞♦ k → −∞.

❉❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡✱ ♠♦str❛✲s❡ q✉❡

‖PkU − w‖L2(Ω1) → 0 q✉❛♥❞♦ k → +∞,

♣❛r❛ ❛❧❣✉♠ w ∈M \{v}✳ ■st♦ ❝♦♥❝❧✉✐ ♥♦ss❛ ❛✜r♠❛çã♦✳ ◆♦ ❡♥t❛♥t♦✱ é ❝❧❛r♦ q✉❡ ❡①✐st❡♠

❢✉♥çõ❡s ❞❡ Γ−(v) q✉❡ ♥ã♦ ♣❡rt❡♥❝❡♠ ❛♦ ❝♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s H✳



✼✶

✶✳✷ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❉✐r✐❝❤❧❡t

◆❡st❛ s❡çã♦✱ t❡♠♦s ♣♦r ♦❜❥❡t✐✈♦ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t✳ ❆ ❝♦♥str✉çã♦ ❞❡st❛ s❡çã♦ é✱ ❡♠ ❝❡rt♦ s❡♥t✐❞♦✱ ✉♠ ♣♦✉❝♦

♠❛✐s sút✐❧ ❞♦ q✉❡ ♦ ❝❛s♦ ❞❡ ◆❡✉♠❛♥♥✳ P♦ré♠✱ ❛ ❡ssê♥❝✐❛ ❞❛ ❝♦♥str✉çã♦ é ❛ ♠❡s♠❛✳

✶✳✷✳✶ ❙♦❧✉çã♦ ♣❡r✐ó❞✐❝❛

❈♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❡❧í♣t✐❝♦ s❡♠✐❧✐♥❡❛r ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐✲

❝❤❧❡t






−∆u = g(x, y, u), em Ω

u(x, y) = 0, sobre ∂Ω,
(P2)

♦♥❞❡ g s❛t✐s❢❛③ (g1)✲(g3) ❡ (M)✳ P❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P2) ✈❛♠♦s ❝♦♥s✐❞❡r❛r ✐♥✐❝✐❛❧♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦

E1 = {u : Ω → R | u ∈ H1(Ω1), u(x, y) = 0 s♦❜r❡ (0, 1)× ∂D ❡ u é ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x}.

❱❡r✐✜❝❛✲s❡ q✉❡ E1 é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ♦ ♠❡s♠♦

❝♦♠♦ ✉♠ s✉❜❡s♣❛ç♦ ❞❡ H1(Ω1)✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ♠♦str❛ q✉❡ ✈❛❧❡ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré ❡♠ E1✳ ❖

♠❡s♠♦ é ❝r✉❝✐❛❧ ♣❛r❛ ❛ ❞✐s❝✉ssã♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

✭P2✮✳

Pr♦♣♦s✐çã♦ ✶✳✶✶ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡
∫

Ω1

|u|2dxdy ≤ C

∫

Ω1

|∇u|2dxdy, ∀u ∈ E1.

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ ♥ã♦ ❡①✐st❡ C > 0 ✈❡r✐✜❝❛♥❞♦ ❛ ❞❡s✐✲

❣✉❛❧❞❛❞❡ ❞❡ ❛❝✐♠❛✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ n ∈ N ❡①✐st❡ un ∈ E1 t❛❧ q✉❡
∫

Ω1

|un|
2dxdy > n

∫

Ω1

|∇un|
2dxdy. ✭✶✳✽✻✮

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ♣♦❞❡♠♦s s✉♣♦r

‖un‖L2(Ω1) = 1, ∀n ∈ N. ✭✶✳✽✼✮

P♦r ❝♦♥s❡❣✉✐♥t❡✱ ❞❡ ✭✶✳✽✻✮ ❡ ✭✶✳✽✼✮ ♦❜t❡♠♦s
∫

Ω1

|∇un|
2dxdy <

1

n
, ∀n ∈ N.
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▲♦❣♦✱
∫

Ω1

|∇un|
2dxdy → 0 q✉❛♥❞♦ n→ ∞. ✭✶✳✽✽✮

P♦r ✭✶✳✽✼✮ ❡ ✭✶✳✽✽✮✱ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ H1(Ω1)✳ ❙❡♥❞♦ ❛ss✐♠✱ ❡①✐st❡

u ∈ H1(Ω1) t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

un ⇀ u ❡♠ H1(Ω1) q✉❛♥❞♦ n→ ∞.

P❡❧❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✱

un → u ❡♠ L2(Ω1) q✉❛♥❞♦ n→ ∞. ✭✶✳✽✾✮

❉❡ss❛ ❢♦r♠❛✱

‖u‖2H1(Ω1)
≤ lim inf

n−→+∞
‖un‖

2
H1(Ω1)

≤ lim inf
n−→+∞

(
∫

Ω1

|un|
2dxdy +

∫

Ω1

|∇un|
2dxdy

)

.

P♦r ✭✶✳✽✽✮ ❡ ✭✶✳✽✾✮✱

‖u‖2H1(Ω1)
≤ ‖u‖2L2(Ω1)

,

♦✉ s❡❥❛✱
∫

Ω1

|u|2dxdy +

∫

Ω1

|∇u|2dxdy ≤

∫

Ω1

|u|2dxdy

✐♠♣❧✐❝❛♥❞♦ ❡♠
∫

Ω1

|∇u|2dxdy = 0. ✭✶✳✾✵✮

P♦r ✭✶✳✽✽✮✲✭✶✳✾✵✮✱

‖u‖H1(Ω1) → ‖u‖H1(Ω1) q✉❛♥❞♦ n→ ∞.

❉❛í✱ ❝♦♠♦ H1(Ω1) é ✉♠ ❡s♣❛ç♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦ ❞❡✈❡♠♦s t❡r

un → u ❡♠ H1(Ω1) q✉❛♥❞♦ n→ ∞. ✭✶✳✾✶✮

❊♥tr❡t❛♥t♦✱ ❞❡s❞❡ q✉❡ H1(Ω1) ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ L2(∂Ω1) ✭✈❡❥❛ ❆♣ê♥❞✐❝❡
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❈✮ ❡①✐st❡ L > 0 t❛❧ q✉❡
∣

∣

∣

∣

∫

(0,1)×∂D

|un|
2ds−

∫

(0,1)×∂D

|u|2ds

∣

∣

∣

∣

≤

∫

(0,1)×∂D

∣

∣|un|
2 − |u|2

∣

∣ ds

≤

∫

∂Ω1

∣

∣|un|
2 − |u|2

∣

∣ ds

≤

∫

∂Ω1

|un − u|2ds

≤ ‖un − u‖2L2(∂Ω1)

≤ L‖un − u‖2H1(Ω1)
.

❉❡ss❡ ♠♦❞♦✱ ♣♦r ✭✶✳✾✶✮

∫

(0,1)×∂D

|un|
2ds→

∫

(0,1)×∂D

|u|2ds q✉❛♥❞♦ n→ ∞.

P♦rt❛♥t♦✱
∫

(0,1)×∂D

|u|2ds = 0,

♣♦✐s (un) ⊂ E1✳ ▲♦❣♦✱ ♣♦r ✭✶✳✾✵✮ ❞❡✈❡♠♦s t❡r q✉❡ u é ❝♦♥st❛♥t❡ ❡♠ Ω1✱ ♠❛s ❝♦♠♦

u = 0 s♦❜r❡ (0, 1)× ∂D ❡♥tã♦ ❝♦♥❝❧✉í♠♦s q✉❡ u = 0 ❡♠ Ω1✱ ✉♠ ❛❜s✉r❞♦ ✉♠❛ ✈❡③ q✉❡

❞❡ ✭✶✳✽✻✮ t❡♠♦s u 6= 0 ❡♠ Ω1✳ ■st♦ ♥ós ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r q✉❡ ❡①✐st❡ C > 0 t❛❧ q✉❡

∫

Ω1

|u|2dxdy ≤ C

∫

Ω1

|∇u|2dxdy, ∀u ∈ E1,

✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✶✶✱ ♠♦str❛✲s❡ q✉❡ s❡ u ∈ H1
❧♦❝
(Ω) ❡ u(x, y) = 0

s♦❜r❡ R× ∂D ❡♥tã♦ ♣❛r❛ t♦❞♦ l ∈ N ❡①✐st❡ Cl > 0 ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ u t❛❧ q✉❡

∫ l

−l

∫

D

|u|2dxdy ≤ Cl

∫ l

−l

∫

D

|∇u|2dxdy. ✭✶✳✾✷✮

❆❧é♠ ❞✐ss♦✱ ❡♠ E1 t❡♠♦s ❛ s❡❣✉✐♥t❡ ♥♦r♠❛

‖u‖ =

(
∫

Ω1

|∇u|2dxdy

)
1
2

.

❆ ♠❡s♠❛ é ♣r♦✈❡♥✐❡♥t❡ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈u, v〉 =

∫

Ω1

∇u∇vdxdy, ∀u, v ∈ E1.

❆✜r♠❛çã♦ ✶✳✶✵ E1 ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛ ‖ · ‖ é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳
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■♥✐❝✐❛❧♠❡♥t❡✱ ♥♦t❡♠♦s q✉❡ E1 ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛ ✉s✉❛❧ ❞❡ H1(Ω1) é ❢❡❝❤❛❞♦✳ ❉❡ ❢❛t♦✱

s❡ (um) é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ E1 t❛❧ q✉❡

um → u ❡♠ (E1, ‖ · ‖H1(Ω1)) q✉❛♥❞♦ m→ ∞,

❡♥tã♦ ♣❡❧❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ H1(Ω1) →֒ L2(∂Ω1) ♦❜t❡♠♦s

um → u ❡♠ L2(∂Ω1) q✉❛♥❞♦ m→ ∞.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

um → u ❡♠ L2((0, 1)× ∂D) q✉❛♥❞♦ m→ ∞.

P♦rt❛♥t♦✱

u = 0 ❡♠ (0, 1)× ∂D,

♠♦str❛♥❞♦ q✉❡ u ∈ E1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✶✳✶ ♥ós ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r

q✉❡ E1 ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛ ✉s✉❛❧ ❞❡ H1(Ω1) é ❞❡ ❇❛♥❛❝❤✳ P♦r ✜♠✱ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ P♦✐♥❝❛ré ❡♠ E1 s❡❣✉❡ q✉❡ ❛ ♥♦r♠❛ ‖ · ‖ é ❡q✉✐✈❛❧❡♥t❡ ❛ ♥♦r♠❛ ✉s✉❛❧ ❞❡ H1(Ω1)✳

P♦rt❛♥t♦✱ (E1, ‖ · ‖) é ❞❡ ❍✐❧❜❡rt✳

❈♦♠ t✉❞♦✱ ❞❡✜♥✐♠♦s ♦ ❢✉♥❝✐♦♥❛❧ I1 ❞❛❞♦ ♣♦r

I1(u) =
1

2

∫

Ω1

|∇u|2dxdy −

∫

Ω1

G(x, y, u)dxdy, u ∈ E1.

P❡❧♦ ▲❡♠❛ ✶✳✶✱ I1 é ❞❡ ❝❧❛ss❡ C1 ❡ ♣❛r❛ ❝❛❞❛ u ∈ E1 t❡♠✲s❡

I
′

1(u)v =

∫

Ω1

(∇u∇v − g(x, y, u)v) dxdy, ∀v ∈ H1(Ω1).

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❙❡çã♦ ✶✳✶ ♦ ❢✉♥❝✐♦♥❛❧ I1 é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ H1(Ω1)✳ P♦r

✐ss♦✱ s❡❥❛

d1 = inf
u∈E1

I1.

❙❡♥❞♦ (um) ⊂ E1 ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ d1 s❡❣✉❡ ♣♦r ✭✶✳✾✮ q✉❡ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ L > 0 t❛❧ q✉❡

‖um‖
2 ≤ L, ∀m ∈ N,

♠♦str❛♥❞♦ q✉❡ (um) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ E1✳ P❡❧❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶

❡①✐st❡ u ∈ E1 t❛❧ q✉❡ I1(u) = d1✳ ❊♥tã♦✱ s❡❥❛

M = {u ∈ E1 : I1(u) = d1}.
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❈♦♥s✐❞❡r❛♥❞♦

d1 inf
u∈H1(Ω1)

I1(u)

❡♥tã♦ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷ ♥ós ❞✐③ q✉❡

d1 = d1.

Pr♦♣♦s✐çã♦ ✶✳✶✷ ❖ ♣r♦❜❧❡♠❛ ✭P2✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ♣❡r✐ó❞✐❝❛ ❡♠ x✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ q✉❡ ❢♦✐ ❞✐s❝✉t✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡ s❡❣✉❡ q✉❡ ❡①✐st❡ u ∈M t❛❧ q✉❡

I1(u) = d1✳ ❆ss✐♠✱ u é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ I1✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱

∫ 1

0

∫

D

∇u∇ϕdxdy =

∫ 1

0

∫

D

g(x, y, u)ϕdxdy, ∀ϕ ∈ C∞
0 (Ω1).

❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ♦ ❛r❣✉♠❡♥t♦ ❞❛ ♣r♦✈❛ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✸ ♠♦str❛✲s❡ q✉❡ ♣❛r❛ ❝❛❞❛

k ∈ N t❡♠✲s❡

∫ k

−k

∫

D

∇u∇ϕdxdy =

∫ k

−k

∫

D

g(x, y, u)ϕdxdy, ∀ϕ ∈ C∞
0 ([−k, k]×D).

❉❡ss❡ ♠♦❞♦✱ t♦♠❛♥❞♦ q✉❛❧q✉❡r ϕ ∈ C∞
0 (Ω) s❛❜❡✲s❡ q✉❡ ❡①✐st❡ k ∈ N t❛❧ q✉❡ ♦ s✉♣♦rt❡

❞❡ ϕ ❡stá ❝♦♥t✐❞♦ ❡♠ [−k, k] × D✳ P♦r ✐ss♦✱ ✐❞❡♥t✐✜❝❛♥❞♦ ϕ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞❡

C∞
0 ([−k, k]×D) ♦❜t❡♠♦s

∫

R×D

∇u∇ϕdxdy =

∫

R×D

g(x, y, u)ϕdxdy, ∀ϕ ∈ C∞
0 (Ω).

❋✐❣✉r❛ ✶✳✷✿ ■❧✉str❛çã♦ ❞♦ s✉♣♦rt❡ ❞❛ ❢✉♥çã♦ ϕ ♥❛ ❢❛✐①❛✳

P♦rt❛♥t♦✱ u é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P2)✳ P♦r r❡s✉❧t❛❞♦s ❞❡ r❡❣✉❧❛r✐❞❛❞❡

♣❛r❛ u ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✶✵✱ ❈❤❛♣t❡r ✾❪ ❡ ❬✶✾✱ ❈❤❛♣t❡rs ✽✲✾❪ ❝♦♥❝❧✉í♠♦s q✉❡ u é ✉♠❛
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s♦❧✉çã♦ ❝❧áss✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P2)✳ ❆❧é♠ ❞✐ss♦✱ u é ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x ♣♦✐s u ∈ E1✳

❖❜s❡r✈❛✲s❡ q✉❡ ❛s Pr♦♣♦s✐çõ❡s ✶✳✹✱ ✶✳✺ ❡ ✶✳✻ t❛♠❜é♠ sã♦ ✈á❧✐❞❛s ♣❛r❛ ♦ ❝❛s♦ ❞❡

❉✐r✐❝❤❧❡t✳

✶✳✷✳✷ ❙♦❧✉çã♦ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛

❆✜♠ ❞❡ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❉✐r✐❝❤❧❡t✱ à

✈✐st❛ ❞❛ ❙❡çã♦ ✶✳✶✱ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ✈❛r✐❛❝✐♦♥❛❧ é ❝r✉❝✐❛❧✳

Pr♦♣♦s✐çã♦ ✶✳✶✸ ❙✉♣♦♥❤❛♠♦s q✉❡ g s❛t✐s❢❛③ (g1) − (g3) ❡ (M)✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ ρ0 t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ 0 < ρ < ρ0 t❡♠✲s❡

✐✮ Bρ(v) ∩Bρ(w) = ∅, ∀v, w ∈M ❝♦♠ v 6= w❀

✐✐✮ I1(u) > d1, ∀u ∈ H1(Ω1) \M ❀

✐✐✐✮ ❡①✐st❡ α(ρ) > 0 ✈❡r✐✜❝❛♥❞♦

I1(u) ≥ d1 + α(ρ) ∀u ∈ H1(Ω1) \Nρ(M).

❉❡♠♦♥str❛çã♦✳ ❆ ♣r♦✈❛ é s❡♠❡❧❤❛♥t❡ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✽✳

❈♦r♦❧ár✐♦ ✶✳✶✹ ❚❡♠♦s✿

✐✮ β = inf {‖v − w‖L2(Ω1) | v, w ∈M ❡ v 6= w} > 0❀

✐✐✮ Ik(u) ≥ kd1 + α(ρ), ∀u ∈ H1(Ωk) \ N
k
ρ (M), ♦♥❞❡ Nk

ρ (M) ❞❡♥♦t❛ ❛ ✈✐③✐♥❤❛♥ç❛

❞❡ M ❞❡ r❛✐♦ ρ > 0 ❡♠ H1(Ωk) ❡

Ik(u) =

∫ k

0

∫

D

L(u)dxdy.

❉❡♠♦♥str❛çã♦✳ ➱ ❛♥á❧♦❣❛ ❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✸✳

❉❛❞♦ v ∈M ❞❡✜♥✐♠♦s ♦ ❝♦♥❥✉♥t♦

Γ
−
(v) = {U ∈ H1

❧♦❝(R×D)|u(x, y) = 0 s♦❜r❡ R× ∂D, ‖PkU − v‖L2(Ω1) → 0

q✉❛♥❞♦ k → −∞ ❡ ❡①✐st❡ w ∈M \ {v} t❛❧ q✉❡

‖PkU − w‖L2(Ω1) → 0 q✉❛♥❞♦ k → +∞}.

❱❡r✐✜❝❛✲s❡ q✉❡ Γ
−
(v) 6= ∅✳ ❉❛❞♦s k ∈ Z ❡ U ∈ Γ

−
(v) ❞❡✜♥✐♠♦s

ak(U) =

∫ k+1

k

∫

D

(L(U)− L(v)) dxdy.



✼✼

❈♦♥❢♦r♠❡ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✶✳✷ ✈❡r✐✜❝❛✲s❡ q✉❡

ak(U) ≥ 0, ∀k ∈ Z ❡ ∀U ∈ Γ−(v)

❡

ak(U) = 0 s❡ ❡ s♦♠❡♥t❡ s❡ PkU ∈M.

❉❡✜♥✐♠♦s t❛♠❜é♠ ♦ ❢✉♥❝✐♦♥❛❧ J : Γ
−
(v) → R ∪ {∞} ♣♦r

J(U) =
∑

k∈Z

ak(U).

❙❡❥❛

σ = inf
U∈Γ

−
(v)

J(U).

❚❡♦r❡♠❛ ✶✳✶✺ ❙❡❥❛ ❛ ❢✉♥çã♦ g s❛t✐s❢❛③❡♥❞♦ (g1) − (g3) ❡ (M)✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛

v ∈M ✱ ❡①✐st❡ U ∈ Γ
−
(v) t❛❧ q✉❡ J(U) = σ✳

❉❡♠♦♥str❛çã♦✳ ❘❡♣❡t✐♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✾ ✈❛♠♦s

❡♥❝♦♥tr❛r ✉♠❛ s❡q✉ê♥❝✐❛ (Wm) ⊂ Γ
−
(v) ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ J ❝♦♠

‖PjWm − v‖L2(Ω1) ≤ ρ, ∀j < 0

❡

‖P0Wm − v‖L2(Ω1) > ρ,

❡♠ q✉❡ ρ ∈ (0, β
3
)✳ ❆✐♥❞❛ ❡♠ ❝♦♥❢♦r♠✐❞❛❞❡ ❝♦♠ ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✶✳✾ s❡❣✉❡ q✉❡

❡①✐st❡ C > 0 t❛❧ q✉❡

‖∇Wm‖L2([−l,l]×D) ≤ C, ∀m ∈ N.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré ❡♠ ✭✶✳✾✷✮ t❡♠♦s

‖Wm‖L2([−l,l]×D) ≤ Cl, ∀m ∈ N.

P♦rt❛♥t♦✱ ❛ s❡q✉ê♥❝✐❛ (Wm) é ❧✐♠✐t❛❞❛ ❡♠ H1([−l, l] × D) ♣❛r❛ t♦❞♦ l ∈ N ❡✱ ♣♦r

❝♦♥s❡❣✉✐♥t❡✱ (Wm) é ❧✐♠✐t❛❞❛ ❡♠ H1
❧♦❝
(Ω)✳ ▲♦❣♦✱ ❡①✐st❡ U ∈ H1

❧♦❝
(Ω) t❛❧ q✉❡

Wm ⇀ U ❡♠ H1
❧♦❝
(Ω)

❡

Wm → U ❡♠ L2
❧♦❝
(Ω).

❖ ❝♦♠♣❛rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ U ❝♦♠ x → −∞ ❡ x → +∞ sã♦ ♦❜t✐❞♦s ❞❡ ♠♦❞♦

❛♥á❧♦❣♦ ❛s ❡t❛♣❛s ✭❇✮ ❡ ✭❈✮ ❞♦ ❚❡♦r❡♠❛ ✶✳✾✳ P❡❧❛ ❡t❛♣❛ ✭❉✮ ❞❡❞✉③✲s❡ J(U) = σ.



✼✽

❈♦r♦❧ár✐♦ ✶✳✶✻ U é ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P2)✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ♣r♦✈❛ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✶✵ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r

J ′(U)ϕ =

∫

Ω

(∇u∇ϕ− g(x, y, U)ϕ) dxdy, ∀ϕ ∈ C∞
0 (Ω).

❉✐❛♥t❡ ❞✐st♦✱ t❡♠♦s q✉❡ U é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P2)✳ P♦r r❡s✉❧t❛❞♦s

❞❡ r❡❣✉❧❛r✐❞❛❞❡ ♣❛r❛ U ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✶✵✱ ❈❤❛♣t❡r ✾❪ ❡ ❬✶✾✱ ❈❤❛♣t❡rs ✽✲✾❪ s❡❣✉❡ q✉❡

U ∈ C2,α(Ω)✳ ❖ ❛r❣✉♠❡♥t♦ ❞❛ ♣r♦✈❛ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✶✵ ♠♦str❛ q✉❡ U é ✉♠❛ s♦❧✉çã♦

❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ (P2)✳

✶✳✸ ❆❧❣✉♥s ♣r♦❜❧❡♠❛s r❡❧❛❝✐♦♥❛❞♦s

◆❡st❛ s❡çã♦✱ ♠♦str❛r❡♠♦s ❝♦♠♦ ♦s r❡s✉❧t❛❞♦s ❞❛s ❙❡çõ❡s ✶✳✶ ❡ ✶✳✷ sã♦ tr❛♥s❢❡r✐❞♦s✱

❡♠ ❝❡rt♦ s❡♥t✐❞♦✱ ♣❛r❛ ♦✉tr❛s s✐t✉❛çõ❡s✳ ❈♦♠♦ ❛s ✐❞❡✐❛s sã♦ tã♦ ♣ró①✐♠❛s ❛♦s r❡s✉❧t❛❞♦s

❛♥t❡r✐♦r❡s✱ ❛ ❡①♣♦s✐çã♦ ❛q✉✐ s❡rá ❜r❡✈❡✳

❆ ♣r✐♠❡✐r❛ ✈❛r✐❛♥t❡ ❡♥✈♦❧✈❡ ♦ ♣r♦❜❧❡♠❛ ❡❧í♣t✐❝♦






















−∆u = g(x, y, u), em Ω0

u(0, y) = ψ(y), com y ∈ D
∂u

∂η
(x, y) = 0, sobre ∂Ω0,

(P3)

❡♠ q✉❡ Ω0 = (−∞, 0]×D é ✉♠❛ s❡♠✐❢❛✐①❛ ✐♥✜♥✐t❛ s❡ N = 2 ♦✉ ✉♠ s❡♠✐❝✐❧✐♥❞r♦ ✐♥✜♥✐t♦

s❡ N > 2 ❡ ψ é s✉❛✈❡ ❝♦♠
∂ψ

∂η
(y) = 0 s♦❜r❡ ∂D.

❉❡ss❡ ♠♦❞♦✱ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ sã♦ ❝♦♠♣❛tí✈❡✐s✳ P❛r❛ ❝❛❞❛ k ∈ N s❡❥❛

Ω−k = [−k, 0]×D.

❈♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦

Γ− = {U ∈ H1
❧♦❝
(Ω0) : U |x=0 = ψ ❡ ❡①✐st❡ w ∈M t❛❧ q✉❡

‖PkU − w‖H1(Ω−1) → 0 q✉❛♥❞♦ k → −∞},

♦♥❞❡ M é ♦ ❝♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s ♣❡r✐ó❞✐❝❛s✻ ❞♦ ♣r♦❜❧❡♠❛ (P3)✳ ◆♦t❡♠♦s q✉❡ Γ− 6= ∅✳

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡♠♦s ϕ1, ϕ2 ∈ C∞(Ω0) ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✻❆ ❝♦♥str✉çã♦ ❞❡st❡ ❝♦♥❥✉♥t♦ é ❢❡✐t❛ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ q✉❡ s❡ ❡♥❝♦♥tr❛ ♥❛ ❙❡çã♦ ✶✳✶✳



✼✾

✶✮ ϕ1(0, y) = 0 ❝♦♠ y ∈ D❀

✷✮ ϕ1(x, y) → 1 q✉❛♥❞♦ x→ −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D❀

✸✮ ϕ2(0, y) = 1 ❝♦♠ y ∈ D❀

✹✮ suptϕ2 é ❝♦♠♣❛❝t♦ ❡♠ Ω0✳

❈♦♠ ✐ss♦✱ ♣❛r❛ ❝❛❞❛ w ∈M ❞❡✜♥✐♠♦s ❛ ❢✉♥çã♦ νw : Ω0 → R ♣♦r

νw(x, y) = ϕ1(x, y)w(x, y) + ϕ2(x, y)ψ(y).

❇❛s❡❛♥❞♦✲s❡ ♥❛ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✶✳✸ ❝♦♥st❛t❛♠♦s

PkU → νw ❡♠ H1(Ω−1) q✉❛♥❞♦ k → −∞.

P♦rt❛♥t♦✱ ✜❝❛ ❥✉st✐✜❝❛❞♦ q✉❡ ηv ∈ Γ−✳

P❛r❛ ❝❛❞❛ U ∈ Γ− ❞❡✜♥✐♠♦s ♦ ❢✉♥❝✐♦♥❛❧

J0(U) =
0
∑

−∞

ak(U),

♥♦ q✉❛❧

ak(U) =

∫ k+1

k

∫

D

(L(U)− L(v)) dxdy,

❝♦♠ v ∈M ✜①❛❞♦ ❡ k ∈ Z t❛❧ q✉❡ k ≤ −1✳ ❈♦♠♦ ak(U) ≥ 0 ♣❛r❛ t♦❞♦ U ∈ Γ− t❡♠♦s

J0(U) ≥ 0, ∀ U ∈ Γ−.

P♦r ✐ss♦✱ s❡❥❛

σ0 = inf
U∈Γ−

J0(U).

❚❡♦r❡♠❛ ✶✳✶✼ ❙❡❥❛♠ (g1)−(g3) s❛t✐s❢❡✐t♦s✳ ❊♥tã♦✱ ❡①✐st❡ U ∈ Γ− t❛❧ q✉❡ J0(U) = σ0✳

❆❧é♠ ❞✐ss♦✱ U é ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ♣❛r❛ (P3) ❡

‖PkU − w‖H1(Ω−1) → 0 q✉❛♥❞♦ k → −∞,

♣❛r❛ ❛❧❣✉♠ w ∈M ✳

❉❡♠♦♥str❛çã♦✳ ◆♦t❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ♣♦❞❡♠♦s s✉♣♦r

q✉❡ (Wm) é ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ J0✱ ✐st♦ é✱

J0(Wm) → σ0 q✉❛♥❞♦ m→ ∞, ✭✶✳✾✸✮



✽✵

s❛t✐s❢❛③❡♥❞♦

‖PkWm − wm‖H1(Ω−1) → 0 q✉❛♥❞♦ k → −∞, ✭✶✳✾✹✮

s❡♥❞♦ (wm) ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ M ❧✐♠✐t❛❞❛ ❡♠ H1(Ω−1)✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ (Wm) ⊂ Γ

s❡❣✉❡ q✉❡ ♣❛r❛ ❝❛❞❛ m ∈ N ❡①✐st❡ wm ∈M t❛❧ q✉❡

‖PkWm − wm‖H1(Ω−1) → 0 q✉❛♥❞♦ k → −∞.

❈♦♥❢♦r♠❡ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (km)

❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s t❛❧ q✉❡ (wm + km) ⊂ M ❡ é ❧✐♠✐t❛❞❛ ❡♠ H1(Ω−1)✳ ◆♦ ❡♥t❛♥t♦✱

✈❡r✐✜❝❛✲s❡ q✉❡ (Wm + km) ❡stá ❝♦♥t✐❞♦ ❡♠ Γ ❡ é ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ J0✳

P♦rt❛♥t♦✱ ❛s s❡q✉ê♥❝✐❛s (wm + km) ❡ (Wm + km) ✈❡r✐✜❝❛♠ ✭✶✳✾✹✮✳

❉❛❞♦ l ∈ N ♣♦❞❡♠♦s ✉s❛r ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✼ ♣❛r❛ ❛s ❢✉♥çõ❡sWm−ψ

❡ ❡♥tã♦ ♦❜t❡r ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡✽

‖Wm‖
2
L2([−l,0]×D) = ‖Wm − ψ + ψ‖2L2([−l,0]×D)

≤ ‖Wm − ψ‖2L2([−l,0]×D) + ‖ψ‖2L2([−l,0]×D)

≤ C‖∇(Wm − ψ)‖2L2([−l,0]×D) + ‖ψ‖2L2([−l,0]×D)

≤ C
(

‖ψ‖2H1([−l,0]×D) + ‖∇Wm‖
2
L2([−l,0]×D)

)

,

♦✉ s❡❥❛✱

‖Wm‖
2
L2([−l,0]×D) ≤ C

(

‖ψ‖2H1([−l,0]×D) + ‖∇Wm‖
2
L2([−l,0]×D)

)

. ✭✶✳✾✺✮

❙❡❣✉♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✾ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C1 ✭❞❡♣❡♥✲

❞❡♥t❡ ❞❡ l✮ t❛❧ q✉❡

‖∇Wm‖
2
L2([−l,0]×D) ≤ C1, ∀m ∈ N. ✭✶✳✾✻✮

P♦r ✭✶✳✾✺✮ ❡ ✭✶✳✾✻✮✱ ❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ (Wm) é ❧✐♠✐t❛❞❛ ❡♠ H1([−l, 0] × D)✳

❉❡s❞❡ q✉❡ l é ❛r❜✐trár✐♦✱ (Wm) é ❧✐♠✐t❛❞❛ ❡♠ H1
❧♦❝
(Ω0)✳ ❈♦♠ ✐st♦✱ ❡①✐st❡ U ∈ H1

❧♦❝
(Ω0)

t❛❧ q✉❡

Wm ⇀ U ❡♠ H1
❧♦❝
(Ω0).

P♦r ✭✶✳✾✸✮ J(Wm) ❡①✐st❡ C > 0 s❛t✐s❢❛③❡♥❞♦

0
∑

−l

ak(Wm) ≤ C, ∀ l ∈ N.

✼❆ ❞❡s✐❣✉❛❧❞❛❞❡ s❡❣✉❡ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ❛s ❢✉♥çõ❡s ❡♠ E1

✽❉❡♥♦t❛♠♦s ♣♦r ❈ ✈ár✐❛s ❝♦♥st❛♥t❡s✳



✽✶

P♦r ❝♦♥s❡❣✉✐♥t❡✱
0
∑

−l

ak(U) ≤ C, ∀ l ∈ N.

P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ l✱

J0(U) =
0
∑

−∞

ak(U) ≤ C. ✭✶✳✾✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱ t♦♠❡♠♦s ✉♠ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦ ρ t❛❧ q✉❡

ρ+ ρ <
β

2
,

♦♥❞❡✾ ρ ∈ (0, β/3) ❡

β = inf{‖v − w‖L2(Ω−1) : v, w ∈M ❡ v 6= w} > 0.

❉❛í✱ ❡①✐st❡ k0 ∈ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡

ak(U) <
α(ρ)

2
♣❛r❛ − k < −k0, ✭✶✳✾✽✮

♥♦ q✉❛❧ α(ρ) > 0 é t♦♠❛❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ✐t❡♠ (iii) ❞❛ Pr♦♣♦s✐çã♦ ✶✳✽ r❡❢❡r❡♥t❡ ❛

❡st❡ ❝❛s♦✳ P♦st♦ ✐st♦✱ PkU ∈ Nρ(M) s❡♠♣r❡ q✉❡ −k < −k0✳ ▲♦❣♦✱ ♣❛r❛ ❝❛❞❛ −k < −k0

❡①✐st❡ uk ∈M ✈❡r✐✜❝❛♥❞♦

‖PkU − uk‖H1(Ω−1) ≤ ρ. ✭✶✳✾✾✮

P❛r❛ k ≤ −2 ❞❡✜♥✐♠♦s

QkU = U |[k,k+2]×D.

❊♥tã♦✱ ♣❛r❛ k < −k0 ❡①✐st❡ uk ∈M t❛❧ q✉❡

‖QkU − uk‖H1(Ω−2) ≤ ρ. ✭✶✳✶✵✵✮

❆❞❡♠❛✐s✱ ✈❡r✐✜❝❛✲s❡

‖QkU − uk‖
2
H1(Ω−2)

= ‖PkU − uk‖
2
H1(Ω−1)

+ ‖Pk+1U − uk‖
2
H1(Ω−1)

. ✭✶✳✶✵✶✮

P♦r ✭✶✳✾✾✮✱ ✭✶✳✶✵✵✮ ❡ ✭✶✳✶✵✶✮✱

‖uk − uk‖H1(Ω−1) ≤ 2ρ ❡ ‖uk+1 − uk‖H1(Ω−1) ≤ 2ρ.

❉❛í✱ s❡♥❞♦ 2ρ < β ♦❜t❡♠♦s

uk = uk+1 = uk, ∀ − k < −k0.

✾❱❡❥❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✽✳



✽✷

❊♥tr❡t❛♥t♦✱ ❝♦♠♦ (wm) é ❧✐♠✐t❛❞❛ ❡♠ H1(Ω−1) t❡♠♦s q✉❡ ❡①✐st❡ w ∈ H1(Ω−1) t❛❧ q✉❡

wm ⇀ w q✉❛♥❞♦ m→ ∞.

❯s❛♥❞♦ ❛s ✐❞❡✐❛s ❝♦♥t✐❞❛s ♥❛ ❙❡çã♦ ✶✳✶ ❞❡❞✉③✲s❡ q✉❡ w ∈ M ✳ ▲♦❣♦✱ ❝♦♠♦ PkWm ⇀ U

♦❜t❡♠♦s

‖PkU − w‖H1(Ω−1) ≤ lim inf
m→∞

‖PkWm − wm‖H1(Ω−1)

❆✉♠❡♥t❛♥❞♦ k0 s❡ ♥❡❝❡ssár✐♦ ❛t✐♥❣✐♠♦s

‖PkU − w‖H1(Ω−1) ≤ ρ, ∀ − k < −k0

P♦r ✭✶✳✾✹✮ ❡ ✭✶✳✾✾✮✱

k < −k0 ⇒ ‖uk − w‖L2(Ω−1) ≤ ‖uk − PkU‖L2(Ω−1) + ‖PkU − w‖L2(Ω−1)

≤ ρ+ ρ <
β

2

✐♠♣❧✐❝❛♥❞♦ ❡♠

w = uk ∀ k < −k0.

P♦rt❛♥t♦✱ ❞❡ ✭✶✳✾✾✮

‖PkU − w‖H1(Ω−1) ≤ ρ.

❉✐❛♥t❡ ❞✐st♦✱ ♠♦str❛✲s❡ q✉❡

‖PkU − w‖L2(Ω−1) → 0 q✉❛♥❞♦ k → −∞.

❖ r❛❝✐♦❝í♥✐♦ ❞❛ ❡t❛♣❛ ✭❉✮ ❞♦ ❚❡♦r❡♠❛ ✶✳✾ ❝♦♥❝❡❞❡ J0(U) = σ0✳

◆❡st❡ ♠♦♠❡♥t♦✱ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❤❡t❡r♦❝❧í♥✐❝❛s ♣❛r❛ ♠❛✐s

❞✉❛s ❝❧❛ss❡s ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s ❝♦♠ ❛❧❣✉♠❛s ✈❛r✐❛çõ❡s ❡♠ r❡❧❛çã♦ ❛s ❤✐♣ót❡s❡s

(g1)✲(g3)✳ P❛r❛ ❡♥✉♥❝✐❛r ♦ ♣r✐♠❡✐r♦ ♣r♦❜❧❡♠❛ r❡❡①❛♠✐♥❛♠♦s ♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥❛ ❙❡çã♦

✶✳✶ ♠❛✐s ❛❜str❛t❛♠❡♥t❡✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❜❧❡♠❛ (P1)✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ❢✉♥çã♦ g

s❛t✐s❢❛③ (g1)− (g2) ❡

✭g4✮ ✭❝r❡s❝✐♠❡♥t♦ ❞❡ ❙♦❜♦❧❡✈✮ ❊①✐st❡♠ ❝♦♥st❛♥t❡s A,B ≥ 0 ❡ p ∈
[

1, N+2
N−2

)

s❡

N ≥ 3 ♦✉ p ∈ [1,+∞) s❡ N = 2 t❛✐s q✉❡

|g(x, y, t)| ≤ A+B|t|p, ∀(x, y, t) ∈ Ω× R.



✽✸

❙❡❥❛♠ E1 ❡ I1 ❞❡✜♥✐❞♦s ❝♦♠♦ ♥❛ ❙✉❜s❡çã♦ ✶✳✶✳✶✳ P♦r (g1) ❡ (g4) ❝♦♥❝❧✉í♠♦s✿

✭✐✮ I1 ❧❡✈❛ ❧✐♠✐t❛❞♦ ❡♠ ❧✐♠✐t❛❞♦❀

✭✐✐✮ I1 é ❢r❛❝❛♠❡♥t❡ s❡♠✐❝♦♥tí♥✉♦ ✐♥❢❡r✐♦r♠❡♥t❡✳

❙❡❥❛

c1 = inf
u∈E1

I1(u).

◆♦t❡♠♦s q✉❡ c1 ❡①✐st❡ ❡♠ R ♣♦✐s ♣❛r❛ ❝❛❞❛ u ∈ E1 ❛ ❢✉♥çã♦ G(·, y, u(·, y)) : R → R é

❝♦♥tí♥✉❛ ❡ ✶✲♣❡r✐ó❞✐❝❛ ❡♠ R ❡✱ ♣♦rt❛♥t♦✱ é ❧✐♠✐t❛❞❛✳

❖❜s❡r✈❛çã♦ ✶✳✸ ◆♦t❡ q✉❡ ♠❡❞✐❛♥t❡ ❛s ❤✐♣ót❡s❡s (g1)✱ (g2) ❡ (g4) t❡♠♦s q✉❡ ♦ ❢✉♥❝✐✲

♦♥❛❧ I1 ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ H1(Ω1)✳

❆ss✉♠✐♠♦s q✉❡ g ❝✉♠♣r❡ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭g5✮ G(x, y, t) ≤ 0 ❡ ♦ ❝♦♥❥✉♥t♦ F = {t ∈ R | G(x, y, t) = 0} é ✜♥✐t♦ ❞❡ ❝❛r❞✐♥❛❧✐❞❛❞❡

♥♦ ♠í♥✐♠♦ ✷❀

✭g6✮ ❊①✐st❡♠ β > 0 ❡ R ≥ 0 t❛✐s q✉❡

|G(x, y, t)| ≥ β|t|2, ♣❛r❛ |t| ≥ R.

❆❣♦r❛✱ s✐♠✦ P❡❧❛ ❝♦♥❞✐çã♦ (g5) t❡♠♦s q✉❡ I1 é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡

❡♠ H1(Ω1) ❝♦♠ s❡✉ í♥✜♠♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❞♦ q✉❡ ✵✳ P♦rt❛♥t♦✱ c1 ≥ 0✳

❖❜s❡r✈❛çã♦ ✶✳✹ P♦r (g1) ❡ (g5) G ♣♦ss✉✐ ♠á①✐♠❛s ❧♦❝❛✐s ♣❛r❛ (x, y) ∈ R×D ❡ t ∈ F ✳

P♦rt❛♥t♦✱ g(x, y, t) = 0 ❡♠ t❛✐s ♣♦♥t♦s✳

❆ss✉♠✐♠♦s ❛ s❡❣✉✐♥t❡ ❤✐♣ót❡s❡✿

✭a1✮ ◗✉❛❧q✉❡r s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ c1 é ❧✐♠✐t❛❞❛✳

❖❜s❡r✈❛çã♦ ✶✳✺ ❊♠ ❣❡r❛❧✱ (a1) ♥ã♦ é ✈❡r❞❛❞❡✳ P♦r ❡①❡♠♣❧♦✱ ♥❛ ❙❡çã♦ ✶✳✶ ❡♠♣r❡❣❛✲

♠♦s ❛ ❝♦♥❞✐çã♦ (g3) ♣❛r❛ ✉s❛r ❛ s✐♠❡tr✐❛ ❡♠ Z ❡ ❡♥tã♦ ♦❜t❡r ❛ ❝♦♥❞✐çã♦ (a1)✳

❉❛❞♦ (a1)✱ ❡♥tã♦ ✈❛❧❡ ❛ Pr♦♣♦s✐çã♦ ✶✳✶ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ g s❛t✐s❢❛③ (g1)✱ (g2) ❡

(g4)✲(g6)✳ ❆ss✐♠✱ ♦❜t❡♠♦s M 6= ∅✱ ♥♦ q✉❛❧

M = {u ∈ H1(Ω1) : I1(u) = c1}.

◆❡ss❛s ❝♦♥❞✐çõ❡s✱ t❛♠❜é♠ ✈❛❧❡♠ ❛s Pr♦♣♦s✐çõ❡s ✶✳✷✱ ✶✳✹ ❡ ✶✳✺ ❡ ♦ ❈♦r♦❧ár✐♦ ✶✳✸ ♣❛r❛

❡st❡ ❝❛s♦✳ ❈♦♥s✐❞❡r❡♠♦s t❛♠❜é♠ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦✿



✽✹

✭ak✮ ◗✉❛❧q✉❡r s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ ck é ❧✐♠✐t❛❞❛✳

❆q✉✐✱ ck é ❞❡✜♥✐❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❙✉❜s❡çã♦ ✶✳✶✳✶✳ ◆❡st❡ ❝❛s♦✱ ✈❛❧❡ ❛ Pr♦♣♦s✐çã♦ ✶✳✻✳

❙✉♣♦♥❤❛♠♦s q✉❡ g ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (M) ❡ ❛ s❡❣✉✐♥t❡ ❤✐♣ót❡s❡✿

✭❜✮ ❆ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ M é ♣❡❧♦ ♠❡♥♦s ✷✳

P♦r ✭❜✮✱ t❡♠✲s❡ ❛ ✈❛❧✐❞❛❞❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✽✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ q✉❛❧q✉❡r v ∈

M ✱ ❝♦♥✐❞❡r❡♠♦s Γ−(v)✱ J ❡ σ ❞❡✜♥✐❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❙✉❜s❡çã♦ ✶✳✶✳✷✳ ❈♦♠ t✉❞♦✱ ♦

❚❡♦r❡♠❛ ✶✳✾ ❡ ♦ ❈♦r♦❧ár✐♦ ✶✳✶✵ sã♦ ✈á❧✐❞♦s s❡ ❛ss✉♠✐♠♦s q✉❡✿

✭❝✮ ◗✉❛❧q✉❡r s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ σ é ❧✐♠✐t❛❞❛ ❡♠ H1
❧♦❝
(Ω)✳

❘❡❝❛♣✐t✉❧❛♥❞♦✱ ❞❛❞♦s (g1)✱ (g2) ❡ (g4)✲(g6) ❡♥tã♦ ❡①✐st❡ ✉♠ ❚❡♦r❡♠❛ ✶✳✾ ❡ ✉♠

❈♦r♦❧ár✐♦ ✶✳✶✵ ❞❡s❞❡ q✉❡ (a1)✱ (ak)✱ ✭❜✮✱ ✭❝✮ ❡ (M) sã♦ s❛t✐s❢❡✐t♦s✳

Pr♦♣♦s✐çã♦ ✶✳✶✽ ❙❡ g s❛t✐s❢❛③ (g1) − (g2) ❡ (g4) − (g6)✱ ❡♥tã♦ (a1)✱ (ak)✱ ✭❜✮✱ ✭❝✮ ❡

(M) sã♦ s❛t✐s❢❡✐t♦s✳

❉❡♠♦♥str❛çã♦✳ P♦r (g1) ❡ (g5)✱ M = F ❡ c1 = 0✳ ❉❡ ❢❛t♦✱ ❥á s❛❜❡♠♦s q✉❡ c1 ≥ 0✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ t0 ∈ R é t❛❧ q✉❡ G(x, y, t0) = 0✱ ❡♥tã♦ ❞❡✜♥✐♥❞♦ u0(x, y) := t0 t❡♠✲s❡

q✉❡ u0 ∈ E1 ❝♦♠ I1(u0) = 0✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱ c1 = 0✳ ■st♦ ♥ós ❞✐③ q✉❡ F ⊂ M ✳ ❆❧é♠

❞✐ss♦✱ s❡ u ∈M ✱ ❡♥tã♦ é s❛❜✐❞♦ q✉❡ I1(u) = 0✳ P♦st♦ ✐st♦✱

0 ≤
1

2

∫

Ω1

|∇u|2dxdy −

∫

Ω1

G(x, y, u)dxdy = 0.

❯s❛♥❞♦ (g1) ❡ (g5) ♦❜t❡♠♦s G(x, y, u) = 0 ❡✱ ❛ss✐♠✱ u ∈ F ✳ P♦rt❛♥t♦✱ M = F ✳ ▲♦❣♦✱

♣♦r (g5) ❝♦♥❝❧✉í♠♦s q✉❡ ✭❜✮ ❡ (M) sã♦ s❛t✐s❢❡✐t♦s✳ P❛r❛ ❝♦♥❝❧✉✐r ♠♦str❡♠♦s q✉❡ (a1)

t❛♠❜é♠ é s❛t✐s❢❡✐t♦✳ ❈♦♠ ❡❢❡✐t♦✱ s❡♥❞♦ (um) ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ c1 t❡♠♦s

q✉❡ ❡①✐st❡ K > 0 t❛❧ q✉❡

I1(um) =
1

2

∫

Ω1

|∇um|
2dxdy −

∫

Ω1

G(x, y, um)dxdy ≤ K, ∀m ∈ N. ✭✶✳✶✵✷✮

P♦r (g5)✱

‖∇um‖
2
L2(Ω1)

≤ 2K, ∀m ∈ N.



✽✺

◆♦ ❡♥t❛♥t♦✱ ♣❡❧❛s ❤✐♣ót❡s❡s (g5)✱ (g6) ❡ ♣♦r ✭✷✳✶✶✮ ♦❜t❡♠♦s

∫

Ω1

|um|
2dxdy =

∫

{(x,y);|um|≤R}

|um|
2dxdy +

∫

{(x,y);|um|>R}

|um|
2dxdy

≤ R2|Ω1|+ β−1

∫

{(x,y);|um|>R}

|G(x, y, um)|dxdy

≤ R2|Ω1| − β−1

∫

{(x,y);|um|>R}

G(x, y, um)dxdy

≤ R2|Ω1|+ β−1K,

♦✉ s❡❥❛✱
∫

Ω1

|um|
2dxdy ≤ R2|Ω1|+ β−1K, ∀m ∈ N.

P♦rt❛♥t♦✱ (um) é ❧✐♠✐t❛❞❛ ❡♠ H1(Ω1)✳ ❉❡ ♠♦❞♦ s✐♠✐❧❛r✱ ♠♦str❛✲s❡ q✉❡ (ak) é ✈á❧✐❞♦✳

P♦r ✜♠✱ ♣❛r❛ ❛ ✈❛❧✐❞❛❞❡ ❞❡ ✭❝✮ t♦♠❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ (Wm) ♣❛r❛ σ✳

❉❛í✱ s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞♦ ❢✉♥❝✐♦♥❛❧ J q✉❡ ♣❛r❛ ❝❛❞❛ l ∈ N t❡♠♦s

∫ l

−l

∫

D

(

1

2
|∇um|

2 −G(x, y, um)

)

dxdy ≤ C + lc1,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0✳ P❡❧❛ ✈❛❧✐❞❛❞❡ ❞❡ (ak) ❝♦♥❝❧✉í♠♦s q✉❡ ✭❝✮ é s❛t✐s❢❡✐t♦✳

■st♦ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛✳

❆♣❧✐❝❛♥❞♦ ❛ ❝♦♥str✉çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✽ t❡♠♦s✱ ❛ ♠❡♥♦s ❞❡ ❞❡t❛❧❤❡s✱ ♦s s❡✲

❣✉✐♥t❡s t❡♦r❡♠❛s✳

❚❡♦r❡♠❛ ✶✳✶✾ ❙✉♣♦♥❞♦ q✉❡ g s❛t✐s❢❛③ (g1)✱ (g2) ❡ (g4)− (g6) ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛






−∆u = g(x, y, u), em Ω
∂u

∂η
(x, y) = 0, sobre ∂Ω

♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❤❡t❡r♦❝❧í♥✐❝❛✳

❚❡♦r❡♠❛ ✶✳✷✵ ❙✉♣♦♥❞♦ q✉❡ g s❛t✐s❢❛③ (g1)✱ (g2) ❡ (g4)− (g6) ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛
{

−∆u = g(x, y, u), em Ω

u(x, y) = 0, sobre ∂Ω

♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❤❡t❡r♦❝❧í♥✐❝❛✳

P❛r❛ ❝♦♥❝❧✉✐r ❡st❛ s❡çã♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠❛ ♦✉tr❛ ❝❧❛ss❡ ❞❡ ❢✉♥çõ❡s g ♣❛r❛

❞❡t❡r♠✐♥❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t✳ P❛r❛



✽✻

❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛✱ ❥á s❛❜❡♠♦s q✉❡ ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱ ✐st♦ é✱ ❡①✐st❡

✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖u‖L2(Ω1) ≤ C‖∇u‖L2(Ω1), ∀u ∈ E1, ✭✶✳✶✵✸✮

♦♥❞❡ E1 é ❞❡✜♥✐❞♦ ♥❛ ❙❡çã♦ ✶✳✷✳ ❆❧é♠ ❞✐ss♦✱ ❞❛q✉✐ ❡♠ ❞✐❛♥t❡ ✈❛♠♦s ❝♦♥s✐❞❡r❛r t♦❞❛

❛ ♥♦t❛çã♦ ❞❛ ♠❡s♠❛ s❡çã♦✳

❙✉♣♦♥❤❛♠♦s q✉❡ g é ✉♠❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ ✭g1✮✱ ✭g2✮ ❡

✭g7✮ ❊①✐st❡ K > 0 t❛❧ q✉❡

|g(x, y, t)| ≤ K, ∀(x, y, t) ∈ R×D × R;

✭g8✮ g(x, y, 0) = 0❀

✭g9✮ ❊①✐st❡ ϕ ∈ E1 t❛❧ q✉❡ I1(ϕ) < 0❀

✭g10✮ g(x, y, t) = −g(x, y,−t) ♣❛r❛ t♦❞♦ (x, y, t) ∈ R×D × R✳

❖❜s❡r✈❛çã♦ ✶✳✻ ❙❡❣✉♥❞♦ ❬✷✾❪✱ ♦ ❡st✉❞♦ ❞❡ss❛ ❝❧❛ss❡ ❞❡ ❢✉♥çõ❡s ❢♦✐ ♠♦t✐✈❛❞❛ ♣❡❧♦

tr❛❜❛❧❤♦ ❞❡ ❑✐r❝❤❣äss♥❡r ❬✷✶❪✱ q✉❡ ❝♦♥s✐❞❡r♦✉ ✉♠ ♣r♦❜❧❡♠❛ q✉❡ s✉r❣❡ ♥❛ ❚❡♦r✐❛ ❞❛s

❖♥❞❛s ❞❡ ➪❣✉❛✳

P♦r ✭g7✮✱ ✭g4✮ é ✈❡r✐✜❝❛❞❛✳ P♦r ✭✶✳✶✵✸✮✱ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ d1

é ❧✐♠✐t❛❞❛✳ ❆ss✐♠✱ ✭a1✮ é s❛t✐s❢❡✐t❛ ❡✱ s✐♠✐❧❛r♠❡♥t❡✱ ❛s ❝♦♥❞✐çõ❡s ✭ak✮ ❡ ✭❝✮ t❛♠❜é♠ sã♦

s❛t✐s❢❡✐t❛s✳ ❖❜s❡r✈❛♠♦s t❛♠❜é♠ q✉❡ ❞❡ ✭g9✮ ♦❜t❡♠♦s I1(0) = 0 > d1✳ ▼❡❞✐❛♥t❡ ✭g10✮✱

s❡ v ∈M ❡♥tã♦

−v ∈M ❡ v 6= −v.



✽✼

❉❡ ❢❛t♦✱ ✈✐❛ ♦ ❚❡♦r❡♠❛ ❞❡ ▼✉❞❛♥ç❛ ❞❡ ❱❛r✐á✈❡❧ t❡♠♦s

I1(−v) =

∫ 1

0

∫

D

(

1

2
|∇(−v)|2 −G(x, y,−v)

)

dxdy

=

∫ 1

0

∫

D

1

2
|∇(−v)|2dxdy −

∫ 1

0

∫

D

∫ −v

0

g(x, y, t)dtdxdy

=

∫ 1

0

∫

D

1

2
|∇v|2dxdy −

∫ 1

0

∫

D

∫ −v

0

−g(x, y,−t)dtdxdy

=

∫ 1

0

∫

D

1

2
|∇v|2dxdy −

∫ 1

0

∫

D

∫ v

0

g(x, y, t)dtdxdy

=

∫ 1

0

∫

D

1

2
|∇v|2dxdy −

∫ 1

0

∫

D

G(x, y, v)dxdy

=

∫ 1

0

∫

D

(

1

2
|∇v|2 −G(x, y, v)

)

dxdy

= I1(v).

❆❞❡♠❛✐s✱ s❡ ❞❡❝♦rr❡ss❡ v ∈ M ❝♦♠ v = −v t❡rí❛♠♦s v = 0 ❡✱ ♣♦rt❛♥t♦✱ I1(v) = 0✱ ✉♠

❛❜s✉r❞♦ ♣♦✐s d1 < 0✳ ➚ ✈✐st❛ ❞✐ss♦✱ −v ∈ M ❡ v 6= −v✳ ▲♦❣♦✱ ✭❜✮ é s❛t✐s❢❡✐t♦✳ ❊♠

❣❡r❛❧✱ ✭M✮ ♥ã♦ é s❛t✐s❢❡✐t♦✳ P♦ré♠✱ ❛ss✐♠ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♥❛ ❙✉❜s❡çã♦ ✶✳✶✳✷ ♣♦❞❡♠♦s

❝♦♥s✐❞❡r❛r ✉♠❛ ♥♦✈❛ ❝❧❛ss❡ ❞❡ ❢✉♥çã♦ ♣❛r❛ ❛ q✉❛❧ ✭M✮ s❡ ♦❜té♠✳

P❛r❛ ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ❢✉♥çõ❡s q✉❡ s❛t✐s❢❛③❡♠ ✭g1✮✱ ✭g2✮ ❡ ✭g7✮✲✭g10✮✱

❝♦♥s✐❞❡r❡♠♦s

g(x, y, t) = λa(y)t− h(x, y, t, λ)t,

♥♦ q✉❛❧ λ > λ1✱ ❝♦♠ λ1 ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r✶✵ ❞♦ ♣r♦❜❧❡♠❛ ❧✐♥❡❛r






















−∆u = λa(y)u, em Ω1

u(x, y) = 0, sobre (0, 1)× ∂D
∂u

∂η
(x, y) = 0, sobre {0, 1} ×D,

a(y) > 0 ❡♠ D ❡ ❞❡ ❝❧❛ss❡ C1✱ h t❛♠❜é♠ ❞❡ ❝❧❛ss❡ C1✱ ♣❛r ❡ ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x✱

h(x, y, 0) = 0✱ h(x, y,−t) = h(x, y, t) ❡ ❡①✐st❡ R > 0 t❛❧ q✉❡

h(x, y, R) > λa(y). ✭✶✳✶✵✹✮

❆❧é♠ ❞✐ss♦✱ h(x, y, t, λ) = o(|t|) q✉❛♥❞♦ |t| → 0 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ ✐♥t❡r✈❛❧♦s ❧✐♠✐t❛❞♦s

q✉❡ ❝♦♥té♠ λ✳ ❱❡r✐✜❝❛✲s❡ ❢❛❝✐❧♠❡♥t❡ q✉❡ g s❛t✐s❢❛③ ✭g1✮✱ ✭g2✮✱ ✭g8✮ ❡ ✭g10✮✳

✶✵❈♦♥s✉❧t❡ ❬✶✼✱ ❈❛♣ít✉❧♦ ✹❪ ♣❛r❛ ✉♠ ❡st✉❞♦ s♦❜r❡ ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r✳



✽✽

❆✜r♠❛çã♦ ✶✳✶✶ g ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ ✭g9✮✳

❉❡ ❢❛t♦✱ ♥❡st❡ ❝❛s♦ ♦ ❢✉♥❝✐♦♥❛❧ é ❞❛❞♦ ♣♦r

I1(u) =
1

2

∫

Ω1

|∇u|2dxdy −
λ

2

∫

Ω1

a|u|2dxdy +

∫

Ω1

H(x, y, u, λ)dxdy,

❡♠ q✉❡

H(x, y, t, λ) =

∫ t

0

h(x, y, z, λ)dz.

❚♦♠❛♥❞♦ ϕ ✉♠❛ ❛✉t♦❢✉♥çã♦ ❛ss♦❝✐❛❞❛ ❛ λ1 ❡ ♣❛r❛ s > 0 ♥♦t❡♠♦s

I1(sϕ) =
1

2

∫

Ω1

|∇(sϕ)|2dxdy −
λ

2

∫

Ω1

a|sϕ|2dxdy +

∫

Ω1

H(x, y, sϕ, λ)dxdy

=
s2

2

(

1−
λ

λ1

)
∫

Ω1

|∇ϕ|2dxdy −

∫

Ω1

H(x, y, sϕ, λ)dxdy

= s2
[

1

2

(

1−
λ

λ1

)
∫

Ω1

|∇ϕ|2dxdy −

∫

Ω1

H(x, y, sϕ, λ)

s2
dxdy

]

,

♦✉ s❡❥❛✱

I1(sϕ) = s2
[

1

2

(

1−
λ

λ1

)
∫

Ω1

|∇ϕ|2dxdy −

∫

Ω1

H(x, y, sϕ, λ)

s2
dxdy

]

. ✭✶✳✶✵✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛s ❤✐♣ót❡s❡s s♦❜r❡ ❛ ❢✉♥çã♦ h ❡ ♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ s♦❜r❡

❛ ❢✉♥çã♦ H ♦❜t❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♥ú♠❡r♦ θ ∈ (0, 1) t❛❧ q✉❡
∣

∣

∣

∣

H(x, y, sϕ, λ)

s2

∣

∣

∣

∣

=

∣

∣

∣

∣

H(x, y, sϕ, λ)−H(x, y, 0, λ)

s2

∣

∣

∣

∣

=

∣

∣

∣

∣

h(x, y, θsϕ, λ)sϕ

s2

∣

∣

∣

∣

=

∣

∣

∣

∣

h(x, y, θsϕ, λ)sθϕ2

sθϕ

∣

∣

∣

∣

.

▼❛s ❝♦♠♦ h(x, y, t, λ) = o(|t|) q✉❛♥❞♦ |t| → 0 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ ✐♥t❡r✈❛❧♦s ❧✐♠✐t❛❞♦s

q✉❡ ❝♦♥té♠ λ✱ ❡♥tã♦ ❞❛❞♦ ǫ > 0 t❡♠✲s❡
∣

∣

∣

∣

h(x, y, θsϕ, λ)sθϕ2

sθϕ

∣

∣

∣

∣

≤ ǫθ|ϕ|2,

s❡♠♣r❡ q✉❡ s > 0 é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱
∣

∣

∣

∣

H(x, y, sϕ, λ)

s2

∣

∣

∣

∣

≤ ǫθ|ϕ|. ✭✶✳✶✵✻✮

P♦r ✭✶✳✶✵✺✮ ❡ ✭✶✳✶✵✻✮✱

I1(sϕ) ≤ s2
[

1

2

(

1−
λ

λ1

)
∫

Ω1

|∇ϕ|2dxdy + ǫθ

∫

Ω1

|ϕ|dxdy

]

.



✽✾

❚♦♠❛♥❞♦ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ s❡ ♥❡❝❡ssár✐♦✱ ❝♦♥❝❧✉í♠♦s

I1(sϕ) < 0

♣♦✐s 1− λ
λ1
< 0✳ P♦rt❛♥t♦✱ ✈❛❧❡ ❛ ❛✜r♠❛çã♦✳

❊♠ ❣❡r❛❧✱ ✭g7✮ ♥ã♦ é s❛t✐s❢❡✐t❛✳ P♦ré♠✱ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ ❢✉♥çã♦ ❛tr❛✈és ❞❡ g

q✉❡ s❛t✐s❢❛③ ✭g1✮✱ ✭g2✮ ❡ ✭g7✮✲✭g10✮✳ P❛r❛ ♦❜t❡r t❛❧ ❢✉♥çã♦ ❜❛st❛ ❝♦♥s✐❞❡r❛r

ĝ(x, y, t) =



















g(x, y, R), s❡ t < −R

g(x, y, t), s❡ |t| ≤ R

g(x, y, R), s❡ t > R.

✭✶✳✶✵✼✮

❋✐❣✉r❛ ✶✳✸✿ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ĝ ♥♦ ♣❧❛♥♦✳

❉❡ ❢❛t♦✱ s❡♥❞♦ g ✉♠❛ ❢✉♥çã♦ ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x ❡ y ❞❡✜♥✐❞❛ ❡♠ ✉♠ ❝♦♠♣❛❝t♦ t❡♠♦s q✉❡

g(x, y, R) é ❧✐♠✐t❛❞❛✳ P♦rt❛♥t♦✱ ❞❡❞✉③✐♠♦s q✉❡ ĝ s❛t✐s❢❛③ ✭g7✮✳ ❋❡✐t❛ ❛s ❝♦♥s✐❞❡r❛çõ❡s

❛❝✐♠❛✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✷✶ ❆ ❝❧❛ss❡ ❞❛s ❢✉♥çõ❡s g q✉❡ s❛t✐s❢❛③❡♠ (g1)✱ (g2)✱ (g7)✲(g10) ❡ (M) é

♥ã♦ ✈❛③✐❛✳ ❆❞❡♠❛✐s✱ ♦ ♣r♦❜❧❡♠❛ ❡❧í♣t✐❝♦
{

−∆u = g(x, y, u), em Ω

u(x, y) = 0, sobre ∂Ω

♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛✱ ♦✉ s❡❥❛✱ ❡①✐st❡♠ ❢✉♥çõ❡s u, v ∈ M ✱ v 6= u✱ ❡ U ∈

Γ
−
(v) s♦❧✉çõ❡s ❝❧áss✐❝❛s ❞♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ ❝♦♠

U(x, y) → v q✉❛♥❞♦ x→ −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D



✾✵

❡

U(x, y) → u q✉❛♥❞♦ x→ +∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D.

❙❡❥❛ g ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ (g1)✱ (g2)✱ (g8)✲(g10)✳ ❈♦♥s✐❞❡r❛♥❞♦ ĝ ❝♦♠♦ ❡♠

✭✶✳✶✵✼✮ s❡❣✉❡ q✉❡ ĝ s❛t✐s❢❛③ (g1)✱ (g2) ❡ (g7)✲(g10)✳ ❙❡♥❞♦ ❛ss✐♠✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦s

s❡❣✉✐♥t❡s ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s

Pr♦❜❧❡♠❛ ■♥✐❝✐❛❧✿






−∆u = g(x, y, u), em Ω

u(x, y) = 0, sobre ∂Ω.

Pr♦❜❧❡♠❛ ❆✉①✐❧✐❛r✿






−∆u = ĝ(x, y, u), em Ω

u(x, y) = 0, sobre ∂Ω.

❆tr❛✈és ❞❡ ✉♠❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r

✉♠❛ s♦❧✉çã♦ t❛♠❜é♠ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✐♥✐❝✐❛❧✳ ❉❡ ❢❛t♦✱ ❡♠ ❝♦♥✲

❝♦r❞â♥❝✐❛ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✶✳✷✶ ❞❡s❢r✉t❛♠♦s ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛

U ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r✳ ❆❧❡❣❛♠♦s q✉❡ U s❛t✐s❢❛③

‖U‖L∞(R×Ω) ≤ R. ✭✶✳✶✵✽✮

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠ M̂ ♦ ❝♦♥❥✉♥t♦ ❞❛s s♦❧✉çõ❡s ♣❡r✐ó❞✐❝❛s ♠✐♥✐♠✐③❛❞♦r❛s ❞♦ ♣r♦❜❧❡♠❛

❛✉①✐❧✐❛r ❡ v ∈ M̂ t❛❧ q✉❡

U(x, y) → v q✉❛♥❞♦ x→ −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D. ✭✶✳✶✵✾✮

❊♥tã♦✱ ♣♦r ✭g9✮✱ v 6= 0✳ ❉❡ss❡ ♠♦❞♦✱ ❝♦♠♦ v é ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ t❡♠♦s q✉❡ ❛ ♠❡s♠❛

♣♦ss✉✐ ♠á①✐♠♦ ♣♦s✐t✐✈♦ ♦✉ ♠í♥✐♠♦ ♥❡❣❛t✐✈♦ ❡♠ Ω1✱ ❞✐❣❛♠♦s (x̂, ŷ) ∈ R×D✳ ❆ss✉♠✐♠♦s

♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ✐st♦ é✱ v ❞❡té♠ ♠á①✐♠♦ ♣♦s✐t✐✈♦ ♥♦ ♣♦♥t♦ (x̂, ŷ)✳ ❙❡ v(x̂, ŷ) ≥ R✱ ❞❡

✭✶✳✶✵✹✮ ❡ ❞♦ ❚❡♦r❡♠❛ B.3

0 ≤ −∆v(x̂, ŷ) = ĝ(x̂, ŷ, v) = g(x̂, ŷ, R) = λa(y)R− h(x̂, ŷ, R, λ)R < 0,

✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ v(x̂, ŷ) < R✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❞♦ ♦ s❡❣✉♥❞♦ ❝❛s♦✱ s❡

v(x̂, ŷ) ≤ −R ❡♥tã♦ ❞❡ ♠♦❞♦ s✐♠✐❧❛r ♦❜t❡♠♦s

0 ≥ −∆v(x̂, ŷ) = ĝ(x̂, ŷ, v) = −g(x̂, ŷ,−R) = λ− a(y)R + h(x̂, ŷ, R, λ)R > 0,

✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ ❡♠ t♦❞♦s ♦s ❝❛s♦s t❡♠♦s |v| < R ❡♠ Ω1✱ ♦✉ s❡❥❛✱

‖v‖L∞(Ω1) < R. ✭✶✳✶✶✵✮



✾✶

P♦r ❝♦♥s❡❣✉✐♥t❡✱ v é s♦❧✉çã♦ ♣❡r✐ó❞✐❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✐♥✐❝✐❛❧ ♣♦✐s ĝ(x, y, v) = g(x, y, v)✱

✐st♦ é✱ v ∈M ✳ ❋✐♥❛❧♠❡♥t❡✱ ♣♦r ✭✶✳✶✵✾✮ ❡ ✭✶✳✶✶✵✮ ❡①✐st❡ L > 0 t❛❧ q✉❡

|U(x, y)| ≤ R ♣❛r❛ |x| ≥ L. ✭✶✳✶✶✶✮

❆❣♦r❛✱ ❝♦♠♦ U 6= 0 ✭♣♦✐s s❡ ❛♣r♦①✐♠❛ ✉♥✐❢♦r♠❡♠❡♥t❡ ❞❡ v✮ ❡♥tã♦ t❡♠♦s q✉❡ U ♣♦ss✉✐

✉♠ ♠á①✐♠♦ ♣♦s✐t✐✈♦ ♦✉ ✉♠ ♠í♥✐♠♦ ♥❡❣❛t✐✈♦ ❡♠ [−L,L] × D✳ ❉❛í✱ ✉s❛♥❞♦ ♦ ♠❡s♠♦

❛r❣✉♠❡♥t♦ ❛❝✐♠❛ ❝♦♥❝❧✉í♠♦s

‖U‖L∞([−L,L]×D) ≤ R. ✭✶✳✶✶✷✮

P♦r ✭✶✳✶✶✶✮ ❡ ✭✶✳✶✶✷✮✱

‖U‖L∞(R×D) ≤ R.

P♦rt❛♥t♦✱ U é ✉♠❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✐♥✐❝✐❛❧✱ ♣♦✐s ♥❡st❡ ❝❛s♦

ĝ(x, y, U) = g(x, y, U).

❊♠ sú♠✉❧❛✱ ♣♦rt❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✷✷ ❙❡ g s❛t✐s❢❛③ (g1)✱ (g2)✱ (g8)✲(g10) ❡ (M) ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛
{

−∆u = g(x, y, u), em Ω

u(x, y) = 0, sobre ∂Ω

♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛✳



❈❛♣ít✉❧♦ ✷

❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛

♣❛r❛ ♦ ❝❛s♦ ♥ã♦ ♣❡r✐ó❞✐❝♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❝♦♠♣❧❡♠❡♥t❛♥❞♦ ♦ ❈❛♣ít✉❧♦ ✶✱ ✈❛♠♦s ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ❞✉❛s ❝❧❛ss❡s ❞❡ ❢✉♥çõ❡s ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡

❞♦ ♣r♦❜❧❡♠❛ ❡❧í♣t✐❝♦ é ♥ã♦ ♣❡r✐ó❞✐❝❛✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çã♦ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ❛ ❡q✉❛çã♦ ♦ ♣r♦❜❧❡♠❛










−∆u+ A(ǫx, y)V ′(u) = 0, em Ω
∂u

∂η
(x, y) = 0, sobre ∂Ω,

(P4)

♥♦ q✉❛❧ ❛ss✉♠✐r❡♠♦s ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ♣❛r❛ ❛s ❢✉♥çõ❡s A : Ω → R ❡ V : R → R✿

❈♦♥❞✐çã♦ ❡♠ V ✿

✭V1✮ V ∈ C2(R,R)❀

✭V2✮ V (−1) = V (1) = 0❀

✭V3✮ V (t) > 0 ♣❛r❛ t♦❞♦ t ∈ R \ {−1, 1}✳

❯♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ ❢✉♥çã♦ V q✉❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s (V1) − (V3) é ♦ ♣♦t❡♥❝✐❛❧ ❞❡

●✐♥③❜✉r❣✲▲❛♥❞❛✉ V (t) = (t2 − 1)2✳

❈♦♥❞✐çã♦ ❡♠ A✿

❆♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✱ A é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1 q✉❡ ♣❡rt❡♥❝❡ ❛ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s

❝❧❛ss❡s✿



✾✸

❈❧❛ss❡ ✶✿✭A é ❛ss✐♥tót✐❝❛ ♥♦ ✐♥✜♥✐t♦ ❛ ✉♠❛ ❢✉♥çã♦ ♣❡r✐ó❞✐❝❛✮

❊①✐st❡ ✉♠❛ ❢✉♥çã♦ Ap : Ω → R ❞❡ ❝❧❛ss❡ C1 s❡♥❞♦ ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x t❛❧ q✉❡

✭A1✮ |A(x, y)− Ap(x, y)| → 0 q✉❛♥❞♦ |(x, y)| → +∞❀

✭A2✮ 0 < A0 = inf
Ω
A(x, y) ≤ A(x, y) < Ap(x, y) ♣❛r❛ t♦❞♦ (x, y) ∈ Ω✳

❈❧❛ss❡ ✷✿✭❈♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③✮

✭A3✮ 0 < inf
Ω
A(x, y) ≤ sup

y∈D

A(0, y) < lim inf
|(x,y)|→+∞

A(x, y) = A∞ < +∞✳

❆ ❝♦♥❞✐çã♦ (A3) ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ♣♦r ❘❛❜✐♥♦✇✐t③ ❬✷✽✱ ❚❤❡♦r❡♠ ✹✳✸✸❪ ♣❛r❛ ♦ ❡st✉❞♦ ❞❛

❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ❡q✉❛çõ❡s ❞♦ t✐♣♦

−ǫ∆u+ A(x)u = f(u), ❡♠ R
N ,

♦♥❞❡ ǫ > 0✱ f : R → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❝♦♠ ❝r❡s❝✐♠❡♥t♦ s✉❜❝rít✐❝♦ ❡ A : RN → R

é ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦

0 < inf
RN

A(x) < lim inf
|x|→+∞

A(x).

❆ss✐♠ ❝♦♠♦ ❆❧✈❡s ❬✹❪✱ ❝❤❛♠❛r❡♠♦s ❛ ❝♦♥❞✐çã♦ (A3) ♣♦r ❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③✳

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❡♠ x ❞❡ ✶

❛ ✲✶ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭P4✮✳ ❆q✉✐✱ ✉♠❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❞❡ ✶ ❛ ✲✶ é ✉♠❛ ❢✉♥çã♦

U ∈ C2(Ω,R) ✈❡r✐✜❝❛♥❞♦ ✭P4✮ ❝♦♠

U(x, y) → 1 q✉❛♥❞♦ x→ −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D

❡

U(x, y) → −1 q✉❛♥❞♦ x→ +∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D.

✷✳✶ ❘❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s

❈♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ✭P4✮ ❝♦♠ ǫ = 1✱ ✐st♦ é✱










−∆u+ A(x, y)V ′(u) = 0, em Ω
∂u

∂η
(x, y) = 0, sobre ∂Ω.



✾✹

❙❡❥❛

Γ = {U ∈ H1
❧♦❝
(Ω) | ‖PkU − 1‖L2([0,1]×D) → 0 q✉❛♥❞♦ k → −∞ ❡

‖PkU + 1‖L2([0,1]×D) → 0 q✉❛♥❞♦ k → +∞}.

❱❡r✐✜❝❛✲s❡ q✉❡ Γ 6= ∅✳ ❉❡ ❢❛t♦✱ ♣❛r❛ ❝❛❞❛ j ∈ N ✜①❛❞♦ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ❢✉♥çã♦

ϕ(x, y) =



















1, s❡ x < j, y ∈ D

2j + 1− 2x, s❡ j ≤ x ≤ j + 1, y ∈ D

−1, s❡ j + 1 < x, y ∈ D.

❆ss✐♠✱ ♣❡❧❛s ✐❞❡✐❛s ❝♦♥t✐❞❛s ♥♦ ❈❛♣ít✉❧♦ ✶ ❝♦♥❝❧✉í♠♦s ϕ ∈ Γ✳

❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ✈❛♠♦s ✜①❛r ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦

L(u) =
1

2
|∇u|2 + A(x, y)V (u).

❉❡✜♥✐♠♦s ♦ ❢✉♥❝✐♦♥❛❧ J : Γ → R ∪ {+∞} ♣♦r

J(U) =
∑

k∈Z

Ik(U),

❡♠ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ Ik : H1([k, k + 1]×D) → R é ❞❡✜♥✐❞♦ ♣♦r

Ik(U) =

∫ k+1

k

∫

D

L(U)dxdy.

◆♦t❛✲s❡ q✉❡ Ik(U) ≥ 0 ♣❛r❛ t♦❞♦ U ∈ Γ ❡ k ∈ Z✳ ❈♦♠ ❡❢❡✐t♦✱ ❜❛st❛ ♥♦t❛r

Ik(U) =

∫ k+1

k

∫

D

L(U)dxdy

=

∫ k+1

k

∫

D

(

1

2
|∇u|2 + A(x, y)V (u)

)

dxdy

≥
1

2

∫ k+1

k

∫

D

|∇u|2dxdy + inf
Ω
A

∫ k+1

k

∫

D

V (U)dxdy.

❙❡♥❞♦ A ❡ V ❢✉♥çõ❡s ♣♦s✐t✐✈❛s✱

Ik(U) ≥ 0, ∀k ∈ Z ❡ ∀U ∈ Γ.

❉❡ss❡ ♠♦❞♦✱ ❞❡✈❡♠♦s t❡r J(U) ≥ 0 ♣❛r❛ t♦❞♦ U ∈ Γ✳ P♦rt❛♥t♦✱ ❡①✐st❡ ♦ ♥ú♠❡r♦ r❡❛❧

θ∗ = inf
U∈Γ

J(U).



✾✺

P♦r ❞❡✜♥✐çã♦ ❞❡ í♥✜♠♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ (Um) ⊂ Γ ♣❛r❛ J ✱ ✐st♦ é✱

J(Um) → θ∗ q✉❛♥❞♦ m→ ∞.

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

−1 ≤ Um(x, y) ≤ 1, ∀(x, y) ∈ Ω.

❉❡ ❢❛t♦✱ ♣❛r❛ ❝❛❞❛ m ∈ N ❜❛st❛ ❝♦♥s✐❞❡r❛r ❛ ❢✉♥çã♦

Ũm(x, y) =



















−1, s❡ Um(x, y) ≤ −1

Um(x, y), s❡ − 1 ≤ Um(x, y) ≤ 1

1, s❡ Um(x, y) ≥ 1.

❋✐❣✉r❛ ✷✳✶✿ ❯♠❛ ✐❧✉str❛çã♦ ❞❛ ❢✉♥çã♦ Ũm ♥❛ ❢❛✐①❛ Ω = R× (−1, 1)✳

P♦r ❞❡✜♥✐çã♦✱ Ũm ∈ H1
❧♦❝
(Ω) ♣❛r❛ ❝❛❞❛ m ∈ N✳ ◆♦ ❡♥t❛♥t♦✱ ❞❛❞♦s (x, y) ∈ Ω ❡

m ∈ N t❡♠✲s❡

|Ũm(x, y)− 1| ≤ |Um(x, y)− 1| ❡ |Ũm(x, y) + 1| ≤ |Um(x, y) + 1|.

❉❡ ❢❛t♦✱ ♥♦t❡♠♦s q✉❡

1) s❡ Ũm(x, y) = 1 ❡♥tã♦ |Ũm(x, y)− 1| = 0 ≤ |Um(x, y)− 1|❀

2) s❡ Ũm(x, y) = −1 ❡♥tã♦ |Ũm(x, y)− 1| = 2 ≤ |Um(x, y)− 1|❀



✾✻

3) s❡ Ũm(x, y) = Um(x, y) ❡♥tã♦ |Ũm(x, y)− 1| = |Um(x, y)− 1|✳

❊♠ t♦❞♦s ♦s ❝❛s♦s✱

|Ũm(x, y)− 1| ≤ |Um(x, y)− 1|, ∀(x, y) ∈ Ω ❡ ∀m ∈ N.

P❛r❛ ♦✉tr❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ✈❡r✐✜❝❛✲s❡ ❞❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡✳ ❈♦♠ t✉❞♦✱ ❝♦♥❝❧✉í♠♦s q✉❡

(Ũm) ⊂ Γ✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

θ∗ ≤ J(Ũm), ∀m ∈ N.

❆❞❡♠❛✐s✱ é ❝❧❛r♦ q✉❡

|∇Ũm| ≤ |∇Um|, ∀m ∈ N,

❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞♦ ♣♦t❡♥❝✐❛❧ V ✱

V (Ũm) ≤ V (Um), ∀m ∈ N.

▲♦❣♦✱

J(Ũm) ≤ J(Um), ∀m ∈ N.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

θ∗ ≤ J(Ũm) ≤ J(Um) = θ∗ + om(1).

P♦rt❛♥t♦✱ (Ũm) é ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ J ❡♠ Γ ❝♦♠

−1 ≤ Ũm(x, y) ≤ 1, ∀(x, y) ∈ Ω.

❊♠ r❡s✉♠♦✱ ❞❛q✉✐ ❡♠ ❞✐❛♥t❡ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ (Um) ⊂ Γ ♣❛r❛

J ✱ ✐st♦ é✱

J(Um) → θ∗ q✉❛♥❞♦ m→ ∞, ✭✷✳✶✮

s❛t✐s❢❛③❡♥❞♦

−1 ≤ Um(x, y) ≤ 1, ∀(x, y) ∈ Ω. ✭✷✳✷✮

❆✜r♠❛çã♦ ✷✳✶ ❉❛❞♦s l, k ∈ Z ❝♦♠ k < l s❡❣✉❡ q✉❡ ❡①✐st❡ C > 0 ✭❞❡♣❡♥❞❡♥t❡ ❞❡ k ❡

l✮ t❛❧ q✉❡

‖∇Um‖L2([k,l]×D) + ‖Um‖L2([k,l]×D) ≤ C, ∀m ∈ N.



✾✼

❉❡ ❢❛t♦✱ ♣♦r ✭✷✳✶✮ ❡①✐st❡ C0 > 0 ❞❡ ♠❛♥❡✐r❛ q✉❡

J(Um) ≤ C0, ∀m ∈ N.

➚ ✈✐st❛ ❞✐ss♦✱
l
∑

k

Ii(Um) ≤ C0, ∀m ∈ N,

✐st♦ é✱

1

2

∫ l

k

∫

D

|∇Um|
2dxdy +

∫ l

k

∫

D

A(x, y)V (Um)dxdy ≤ C0, ∀m ∈ N.

❉❛í✱ s❡♥❞♦ A(x, y)V (Um) ≥ 0 ♣❛r❛ ❝❛❞❛ m ∈ N s❡❣✉❡ q✉❡

1

2
‖∇Um‖

2
L2([k,l]×D) ≤ C0, ∀m ∈ N. ✭✷✳✸✮

❊♥tr❡t❛♥t♦✱ ❞❡ ✭✷✳✷✮

∫ l

k

∫

D

|Um|
2dxdy ≤

∫ l

k

∫

D

dxdy = (l − k)|D|, ∀m ∈ N,

♦✉ s❡❥❛✱

‖Um‖L2([k,l]×D) ≤ (l − k)|D|, ∀m ∈ N. ✭✷✳✹✮

P♦rt❛♥t♦✱ ♣♦r ✭✷✳✸✮ ❡ ✭✷✳✹✮ ❡①✐st❡ C > 0 s❛t✐s❢❛③❡♥❞♦ ❛ ❆✜r♠❛çã♦ ✷✳✶✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ♣❛r❛ ❝❛❞❛ l ❡ k ✐♥t❡✐r♦s ❞✐st✐♥t♦s✱ ❝♦♠ k < l✱ ❞❡♥♦t❛r❡♠♦s ♦

❞♦♠í♥✐♦ Λk,l ♣♦r

Λk,l = [k, l]×D.

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ l = k + 1 ❞❡♥♦t❛r❡♠♦s Λk = [k, k + 1]×D✳ P♦r ❡①❡♠♣❧♦✱

Λ0 = [0, 1]×D.

P♦st♦ ✐st♦✱ s❡❣✉❡ ❞❛ ❆✜r♠❛çã♦ ✷✳✶ q✉❡ ❛ s❡q✉ê♥❝✐❛ (Um) é ❧✐♠✐t❛❞❛ ❡♠ H1(Λk,l) ♣❛r❛

q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ k, l ∈ Z ❝♦♠ k < l✳ ❉❡ss❛ ♠❛♥❡✐r❛✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

❡①✐st❡ U ∈ H1
❧♦❝
(Ω) t❛❧ q✉❡

Um ⇀ U ❡♠ H1(Λk,l), ∀k, l ∈ Z, k < l,

❡

Um → U ❡♠ L2(Λk,l), ∀k, l ∈ Z, k < l.



✾✽

❊♠ ♣❛rt✐❝✉❧❛r✱

Um ⇀ U ❡♠ H1(Λk), ∀k ∈ Z, ✭✷✳✺✮

Um → U ❡♠ L2(Λk), ∀k ∈ Z, ✭✷✳✻✮

❡

Um(x, y) → U(x, y) q✳t✳♣✳ ❡♠ Ω. ✭✷✳✼✮

❉❛❞♦ ǫ > 0 ♣❡r❝♦rr❡ ❞❡ ✭✷✳✶✮ q✉❡ ♣❛r❛ m s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❛t✐♥❣✐♠♦s

k
∑

−k

ak(Um) ≤ J(Um) ≤ θ∗ + ǫ, ∀k ∈ N.

❋❛③❡♥❞♦ m→ ∞✱
k
∑

−k

ak(U) ≤ θ∗ + ǫ, ∀k ∈ N.

P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ k ❡ ǫ ❝♦♥❝❧✉í♠♦s

J(U) ≤ θ∗. ✭✷✳✽✮

❆❧é♠ ❞✐ss♦✱ ❞❡ ✭✷✳✷✮

−1 ≤ U(x, y) ≤ 1 q✳t✳♣ ❡♠ Ω. ✭✷✳✾✮

✷✳✷ ❆ ❢✉♥çã♦ A é ❛ss✐♥tót✐❝❛ ♥♦ ✐♥✜♥✐t♦ ❛ ✉♠❛ ❢✉♥çã♦

♣❡r✐ó❞✐❝❛

◆❡st❡ s❡çã♦✱ ✈❛♠♦s ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛✱ ♥♦ ❝❛s♦ ❡♠ q✉❡

ǫ = 1 ❡ ❛ ❢✉♥çã♦ A ♣❡rt❡♥❝❡ ❛ ❈❧❛ss❡ ✶✱ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛










−∆u+ A(ǫx, y)V ′(u) = 0, em Ω
∂u

∂η
(x, y) = 0, sobre ∂Ω.

P❛r❛ ✐ss♦✱ é ♥❡❝❡ssár✐♦ ♦ ❡st✉❞♦ ❞❛ s❡❣✉✐♥t❡ ❙✉❜s❡çã♦ ✷✳✷✳✶ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

−∆u+ Ap(x, y)V
′(u) = 0 ❡♠ Ω

♠✉♥✐❞♦ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛

∂u

∂η
(x, y) = 0 s♦❜r❡ Ω.



✾✾

✷✳✷✳✶ ❖ ❝❛s♦ ♣❡r✐ó❞✐❝♦

■♥✐❝✐❛❧♠❡♥t❡✱ ❧❡♠❜r❛♠♦s q✉❡ ❛ ❢✉♥çã♦ Ap é ❞❡ ❝❧❛ss❡ C1 ❡ ✶✲♣❡r✐ó❞✐❝❛ ❡♠ x

s❛t✐s❢❛③❡♥❞♦

✭A1✮ |A(x, y)− Ap(x, y)| → 0 q✉❛♥❞♦ |(x, y)| → ∞❀

✭A2✮ 0 < A0 = inf
Ω
A(x, y) ≤ A(x, y) < Ap(x, y) ♣❛r❛ t♦❞♦ (x, y) ∈ Ω✳

❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❡❧í♣t✐❝♦ s❡♠✐❧✐♥❡❛r










−∆u+ Ap(x, y)V
′(u) = 0, em Ω

∂u

∂η
(x, y) = 0, sobre ∂Ω.

(P5)

❆✜r♠❛çã♦ ✷✳✷ ❖ ♣r♦❜❧❡♠❛ (P5) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛✳

❙❡❥❛♠ R1 > 1 ❡ R > R1 ❛ s❡r ✜①❛❞♦✳ ❉❡✜♥✐♠♦s ❛ ❢✉♥çã♦ Ṽ : R → R ❞❛❞♦ ♣♦r

Ṽ (t) =



















V (t), s❡ |t| ≤ R1

ϕ(t), s❡ R1 ≤ |t| ≤ R

t2, s❡ |t| ≥ R,

❡♠ q✉❡ ϕ : R → R é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ q✉❡ ❝♦♥❡❝t❛ s✉❛✈❡♠❡♥t❡ ✭❡♠ ❝❡rt♦ s❡♥t✐❞♦✮ ❛

❢✉♥çã♦ V ♥❛ ❢✉♥çã♦ t2 ❡♠ R1 ≤ |t| ≤ R ❞❡ ♠❛♥❡✐r❛ q✉❡ ♦ ♣♦t❡♥❝✐❛❧ Ṽ é ❞❡ ❝❧❛ss❡ C2✳

❋✐❣✉r❛ ✷✳✷✿ ❯♠❛ ✐❧✉str❛çã♦ ❞♦ ♣♦t❡♥❝✐❛❧ Ṽ ♥♦ ♣❧❛♥♦✳
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❉✐❛♥t❡ ❞✐st♦✱ ❞❡✜♥✐♠♦s ❛ ❢✉♥çã♦ g : Ω× R → R ❞❛❞❛ ♣♦r

g(x, y, t) = −Ap(x, y)Ṽ
′(t).

❉❡ss❡ ♠♦❞♦✱ é ❝❧❛r♦ q✉❡ g s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s (g1) ❡ (g2)✱ ✐st♦ é✱ g é ❞❡ ❝❧❛ss❡ C1 ❡

✶✲♣❡r✐ó❞✐❝❛ ❡♠ x✳ ❱❡❥❛♠♦s t❛♠❜é♠ q✉❡ g s❛t✐s❢❛③ (g4)✲(g6) ✭✈❡❥❛ ❛ ❙❡çã♦ ✶✳✸✮✿

✶✮ g ✈❡r✐✜❝❛ (g4)❀

❈♦♠♦ Ap é ✶✲♣❡r✐ó❞✐❝❛ ❡ ❝♦♥tí♥✉❛ ❡♠ x ∈ R ❝♦♠ y ∈ D ❞❡✜♥✐❞♦ ❡♠ ✉♠ ❝♦♠♣❛❝t♦✱

s❡❣✉❡ q✉❡ ❡①✐st❡ C0 > 0 t❛❧ q✉❡

|Ap(x, y)| ≤ C0, ∀(x, y) ∈ R×D.

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ Ṽ ′ t❛♠❜é♠ é ❝♦♥tí♥✉❛ t❡♠♦s q✉❡ ❡①✐st❡ C1 > 0 ✈❡r✐✜❝❛♥❞♦

|Ṽ ′(t)| ≤ C1, ∀t ∈ [−R,R].

❚♦♠❛♥❞♦ C = C0 · C1 ♦❜t❡♠♦s

|g(x, y, t)| ≤ C + C0|t|
2, ∀(x, y, t) ∈ Ω× R.

P♦rt❛♥t♦✱ g s❛t✐s❢❛③ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ ❙♦❜♦❧❡✈✳

✷✮ g ✈❡r✐✜❝❛ (g5)❀

❉❡ ❢❛t♦✱ ♥♦t❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ ❛ ♣r✐♠✐t✐✈❛ ❞❡ g ❡♠ t é ❞❛❞♦ ♣♦r

G(x, y, t) = −Ap(x, y)Ṽ (t).

❉❛í✱ ♣♦r (V1)− (V3) ❡ (A1)− (A2)✱

G(x, y, t) ≤ 0, ∀ (x, y, t) ∈ Ω× R.

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ V (1) = V (−1) = 0 ❡ Ṽ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ♣♦t❡♥❝✐❛❧ V ♥♦ ✐♥t❡r✈❛❧♦

[−1, 1] ♦❜t❡♠♦s

Ṽ (1) = Ṽ (−1) = 0

✐♠♣❧✐❝❛♥❞♦ ❡♠

G(x, y,−1) = G(x, y, 1) = 0.

P♦rt❛♥t♦✱ ❞❡ (V3) ♦ ❝♦♥❥✉♥t♦ F = {t ∈ R : G(x, y, t) = 0} t❡♠ ❝❛r❞✐♥❛❧✐❞❛❞❡ ✷✳
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✸✮ g ✈❡r✐✜❝❛ (g6)❀

❈♦♠ ❡❢❡✐t♦✱ ♣❡❧❛ ❝♦♥❞✐çã♦ (A2)✱

|G(x, y, t)| = Ap(x, y, t)Ṽ (t)

≥ A(x, y)Ṽ (t)

≥ A0Ṽ (t).

P♦r ❝♦♥s❡❣✉✐♥t❡✱

|G(x, y, t)| ≥ A0|t|
2, ∀|t| ≥ R,

♠♦str❛♥❞♦ q✉❡ g s❛t✐s❢❛③ (g6)✳

▼❡❞✐❛♥t❡ ❛s ♦❜s❡r✈❛çõ❡s ❛♥t❡r✐♦r❡s✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✾ q✉❡ ♦ ♣r♦❜❧❡♠❛










−∆u+ Ap(x, y)Ṽ
′(u) = 0, em Ω

∂u

∂η
(x, y) = 0, sobre ∂Ω

♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ W ∗✳ ❆s ✐❞❡✐❛s ❝♦♥t✐❞❛s ♥❛ ❙❡çã♦ ✷✳✶ ♣❡r♠✐t❡ s✉♣♦r

s❡♠ ♣❡r❞❡ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡

−1 ≤ W ∗(x, y) ≤ 1 q✳t✳♣ ❡♠ Ω.

❉❡ss❡ ♠♦❞♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞♦ ♣♦t❡♥❝✐❛❧ Ṽ

V (W ∗) = Ṽ (W ∗).

▲♦❣♦✱ W ∗ s❛t✐s❢❛③

−∆W ∗ + Ap(x, y)V
′(W ∗) = 0 ❡♠ Ω.

P♦st♦ ✐st♦✱ W ∗ é ✉♠❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P5)✳ ❆❧é♠ ❞✐ss♦✱W ∗ ❞❡✈❡

♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦♥❡❝t❛r ✶ ❡ ✲✶ ♣♦✐s ♥❡st❡ ❝❛s♦ F =M = {−1, 1}✳

❱❛♠♦s ✜①❛r ❛❧❣✉♠❛s ♥♦t❛çõ❡s q✉❡ s❡rã♦ ❢✉♥❞❛♠❡♥t❛✐s ❛♦ ❧♦♥❣♦ ❞❡ss❡ ❝❛♣ít✉❧♦✳

❙❡❥❛ Jp : Γ → R ∪ {+∞} ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡✜♥✐❞♦ ♣♦r

Jp(U) =
∑

k∈Z

Ik,p(U),

❡♠ q✉❡ Ik,p : H1(Λk) → R é ❞❛❞♦ ♣♦r

Ik,p(U) =

∫ k+1

k

∫

D

Lp(U)dxdy

❡

Lp(U) =
1

2
|∇U |2 + Ap(x, y)V (U).
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❆✜r♠❛çã♦ ✷✳✸ ❙❡♥❞♦ θ∗p = inf
U∈Γ

Jp(U)✱ ❡♥tã♦ θ∗ < θ∗p✳

❉❡ ❢❛t♦✱ ♥♦t❡♠♦s q✉❡ A < Ap ❡♠ Ω ❡ ♣♦r ❝♦♥str✉çã♦ Jp(W ∗) = θ∗p.

θ∗ ≤ J(W ∗) =
∑

k∈Z

Ik(W
∗)

≤
∑

k∈Z

∫ k+1

K

∫

D

(

1

2
|∇W ∗|2 + A(x, y)V (W ∗)

)

dxdy

<
∑

k∈Z

∫ k+1

K

∫

D

(

1

2
|∇W ∗|2 + Ap(x, y)V (W ∗)

)

dxdy

≤
∑

k∈Z

Ik,p(W
∗) = Jp(W

∗) = θ∗p,

♦✉ s❡❥❛✱

θ∗ < θ∗p.

✷✳✷✳✷ ❖ ❝❛s♦ ♥ã♦ ♣❡r✐ó❞✐❝♦

❱❛♠♦s ❛ss✉♠✐r ♣♦r ✉♠ ♠♦♠❡♥t♦ q✉❡ ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ é ✈❡r❞❛❞❡✐r❛✳

Pr♦♣♦s✐çã♦ ✷✳✶ P❛r❛ δ ∈ (0,
√

|Λ0|)✱ ❡①✐st❡ j0 ∈ N t❛❧ q✉❡

‖U − 1‖L2(Λ−j) ≤ δ ❡ ‖U + 1‖L2(Λj) ≤ δ, ∀j ≥ j0,

♥♦ q✉❛❧ U é ❞❛❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭✷✳✺✮ ✲ ✭✷✳✾✮✳

❆ Pr♦♣♦s✐çã♦ ✷✳✶ é ❝r✉❝✐❛❧ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♣❛r❛ ♦ ♣r♦✲

❜❧❡♠❛ (P4) ♥♦ ❝❛s♦ ❡♠ q✉❡ ǫ = 1 ❡ A ♣❡rt❡♥❝❡ ❛ ❈❧❛ss❡ ✶✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❞❡♠♦♥str❛çã♦

❞❛ ♠❡s♠❛ ❛♣r❡s❡♥t❛ ✐❞❡✐❛s ❞✐❢❡r❡♥t❡s ❞❛s q✉❛✐s sã♦ ❡♥❝♦♥tr❛❞❛s ♥♦ ❈❛♣ít✉❧♦ ✶✱ ❝♦♠♦

✈❡r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡✳

❚❡♦r❡♠❛ ✷✳✷ ❆ss✉♠❛ ✭V1✮✲✭V3✮✱ ǫ = 1 ❡ q✉❡ A ♣❡rt❡♥❝❡ ❛ ❈❧❛ss❡ ✶✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛

✭P4✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❞❡ ✶ ❛ ✲✶✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ♦❜s❡r✈❛♠♦s q✉❡ ✭Um✮ é ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡

♣❛r❛ J ❡ q✉❡ ❝♦♥✈❡r❣❡ ❢r❛❝♦ ✭❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✮ ♣❛r❛ U ∈ H1
❧♦❝
(Ω)✳ ❊♥tã♦✱

J(U) ≤ θ∗.

P❡❧❛ ❞❡✜♥✐çã♦ ❞♦ ❢✉♥❝✐♦♥❛❧ J ✱

Ij(U) → 0 q✉❛♥❞♦ j → ±∞,
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♦✉ s❡❥❛✱

1

2
‖∇PjU‖

2
L2(Λ0)

+

∫ 1

0

∫

D

A(x, y)V (PjU)dxdy → 0 q✉❛♥❞♦ j → ±∞. ✭✷✳✶✵✮

❆ss✐♠✱ ❝♦♠♦ ❛s ❢✉♥çõ❡s A ❡ V sã♦ ♣♦s✐t✐✈❛s ❞❡✈❡♠♦s t❡r

‖∇PjU‖
2
L2(Λ0)

→ 0 q✉❛♥❞♦ j → ±∞. ✭✷✳✶✶✮

◆♦ ❡♥t❛♥t♦✱ ♣♦r ✭✷✳✾✮ s❡❣✉❡ q✉❡ ❡①✐st❡ C > 0 t❛❧ q✉❡

‖PjU‖L2(Λ0) ≤ C, ∀j ∈ Z. ✭✷✳✶✷✮

❉❡ss❡ ♠♦❞♦✱ ♣♦r ✭✷✳✶✵✮ ❡ ✭✷✳✶✶✮ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ (P−jU)j∈N é ❧✐♠✐t❛❞❛ ❡♠

H1(Λ0)✳ P♦r ✐ss♦✱ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ✭P−jkU✮ ❡ Û ∈ H1(Λ0) t❛✐s q✉❡

P−jkU ⇀ Û ❡♠ H1(Λ0) q✉❛♥❞♦ jk → +∞,

P−jkU → Û ❡♠ L2(Λ0) q✉❛♥❞♦ jk → +∞

❡

P−jkU(x, y) → Û(x, y) q✳t✳♣✳ ❡♠ Λ0 q✉❛♥❞♦ jk → +∞.

❆✐♥❞❛ ♣♦r ✭✷✳✶✵✮✱
∫ 1

0

∫

D

V (P−jkU)dxdy → 0 q✉❛♥❞♦ jk → +∞.

❉❡ ❢❛t♦✱ ❜❛st❛ ♥♦t❛r q✉❡
∫ 1

0

∫

D

V (P−jkU)dxdy ≤
1

A0

∫ 1

0

∫

D

A(x, y)V (P−jkU)dxdy

❡
∫ 1

0

∫

D

A(x, y)V (P−jkU)dxdy → 0 q✉❛♥❞♦ jk → +∞.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱
∫ 1

0

∫

D

V (Û)dxdy = 0.

P♦rt❛♥t♦✱ V (Û) = 0 ❡♠ Λ0✳ P❡❧❛s ❝♦♥❞✐çõ❡s ✭V1✮✲✭V3✮✱

Û = 1 ♦✉ Û = −1.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

P−jkU → 1 ♦✉ P−jkU → −1 ❡♠ L2(Λ0) q✉❛♥❞♦ jk → +∞.
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❆✜r♠❛çã♦ ✷✳✹ P−jkU → 1 ❡♠ L2(Λ0) q✉❛♥❞♦ jk → +∞.

❉❡ ❢❛t♦✱ s✉♣♦♥❞♦ ♣♦r ❛❜s✉r❞♦ q✉❡ Û = −1 t❡♠♦s

‖U − 1‖2L2(Λ−jk
) =

∫ 1

0

∫

D

|P−jkU − 1|2dxdy → 4|Λ0|.

▲♦❣♦✱ ❝♦♠♦ δ <
√

|Λ0| s❡❣✉❡ q✉❡ ♣❛r❛ t♦❞♦ jk s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡

‖U − 1‖L2(Λ−jk
) > δ

♦ q✉❡ ❝♦♥tr❛r✐❛ ❛ Pr♦♣♦s✐çã♦ ✷✳✶✳ P♦rt❛♥t♦✱

P−jkU → 1 ❡♠ L2(Λ0) q✉❛♥❞♦ jk → +∞.

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ✈❡r✐✜❝❛✲s❡ q✉❡ t♦❞❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (P−jU)j∈N ♣♦ss✉✐ ✉♠❛ s✉❜✲

s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ♣❛r❛ ✶✳ ❊♥tã♦✱

P−jU → 1 ❡♠ L2(Λ0) q✉❛♥❞♦ j → +∞.

❉❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡✱ ♠♦str❛✲s❡

PjU → −1 ❡♠ L2(Λ0) q✉❛♥❞♦ j → +∞.

❈♦♠ t✉❞♦✱ U ∈ Γ ❡ ♣♦rt❛♥t♦ J(U) = θ∗✳ ❆s ✐❞❡✐❛s ♣r❡s❡♥t❡s ♥❛ ♣r♦✈❛ ❞♦ ❈♦r♦❧ár✐♦

✶✳✶✵ ♠♦str❛ q✉❡ U é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛










−∆u+ A(x, y)V ′(u) = 0, em Ω
∂u

∂η
(x, y) = 0, sobre ∂Ω.

P♦r ❬✶✶✱ ❚❤❡♦r❡♠ ✸✳✶❪ t❡♠✲s❡ U ∈ C2(Ω,R) ❝♦♠

U(x, y) → 1 q✉❛♥❞♦ x −→ −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D

❡

U(x, y) → −1 q✉❛♥❞♦ x −→ +∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D.

■st♦ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

❱❛♠♦s ❛❣♦r❛ ❞❡♠♦♥str❛r ❛ Pr♦♣♦s✐çã♦ ✷✳✶✳

Pr♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷ ♠♦str❛✲s❡ q✉❡ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛

✭Pjk✮ ❞❡ (PjU) t❛❧ q✉❡

PjkU → 1 ♦✉ PjkU → −1 ❡♠ L2(Λ0) q✉❛♥❞♦ jk → +∞.
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❆✜r♠❛çã♦ ✷✳✺ PjkU → −1 ❡♠ L2(Λ0) q✉❛♥❞♦ jk → +∞.

❙✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ ❛ ❛✜r♠❛çã♦ ❛❝✐♠❛ s❡❥❛ ❢❛❧s❛✳ ❆ss✐♠✱

Pjk → 1 ❡♠ L2(Λ0) q✉❛♥❞♦ jk → +∞. ✭✷✳✶✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❧❡♠❜r❛♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ (Um) ⊂ Γ é ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡

♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ J ✳ ❯s❛♥❞♦ ❡st❡ ❢❛t♦✱ ✈❛♠♦s ♠♦str❛r q✉❡ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛

(Ums
) ❞❡ (Um)✱ ✉♠❛ s❡q✉ê♥❝✐❛ (ks) ❞❡ ♥ú♠❡r♦s ♥❛t✉r❛✐s ❡ i∗ ∈ N t❛❧ q✉❡ i∗ < ks ♣❛r❛

t♦❞♦ s ∈ N✱ ks → +∞ ❡

‖PjUms
− 1‖L2(Λ0) < δ ❡ ‖PksUms

− 1‖L2(Λ0) ≥ δ, ∀j ∈ [i∗, ks − 1] ∩ N.

❉❡ ❢❛t♦✱ ♣♦r ✭✷✳✶✸✮ ❡①✐st❡ i∗ ∈ N t❛❧ q✉❡

‖PjnU − 1‖L2(Λ0) < δ, ∀jn ≥ i∗. ✭✷✳✶✹✮

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ jn = i∗✱

‖U − 1‖L2([i∗,i∗+1]) < δ.

❆❣♦r❛✱ ❝♦♠♦ Um → U ❡♠ L2
❧♦❝
(Ω) s❡❣✉❡ q✉❡ ❡①✐st❡ m1 ∈ N t❛❧ q✉❡ ✭♣♦r ♣r❡s❡r✈❛çã♦ ❞❡

s✐♥❛❧✮

‖Um1 − 1‖L2([i∗,i∗+1]) < δ.

❉❡s❞❡ q✉❡ Um1 ∈ Γ✱ ✈❛♠♦s ✜①❛r k1 ∈ N ❝♦♠ k1 ≥ i∗ + 1 s❡♥❞♦ ♦ ♣r✐♠❡✐r♦ ♥ú♠❡r♦

s❛t✐s❢❛③❡♥❞♦

‖Um1 − 1‖L2([j,j+1]×D) < δ ❡ ‖Um1 − 1‖L2([k1,k1+1]×D) ≥ δ, ∀j ∈ [i∗, k1] ∩ N.

P♦r ✭✷✳✶✹✮✱

‖U − 1‖L2([i∗,i∗+1]×D) < δ ❡ ‖U − 1‖L2([i∗+1,i∗+2]×D) < δ.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❢❛t♦ q✉❡ Um → U ❡♠ L2
❧♦❝
(Ω) t❡♠♦s q✉❡ ❡①✐st❡

m2 ∈ N ✈❡r✐✜❝❛♥❞♦

‖Um2 − 1‖L2([i∗,i∗+1]×D) < δ ❡ ‖Um2 − 1‖L2([i∗+1,i∗+2]×D) < δ.
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❙❡♥❞♦ Um2 ∈ Γ✱ ♣♦❞❡♠♦s ✜①❛r k2 ∈ N ❝♦♠ k2 ≥ i∗ + 2 ❝♦♠♦ s❡♥❞♦ ♦ ♣r✐♠❡✐r♦ ♥ú♠❡r♦

✈❡r✐✜❝❛♥❞♦

‖Um2 − 1‖L2([j,j+1]×D) < δ ❡ ‖Um2 − 1‖L2([k2,k2+1]×D) ≥ δ, ∀j ∈ [i∗, k2 − 1] ∩ N.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r ✭✷✳✶✹✮✱

‖U − 1‖L2([i∗,i∗+1]×D) < δ, ‖U − 1‖L2([i∗+1,i∗+2]×D) < δ ❡ ‖U − 1‖L2([i∗+2,i∗+3]×D) < δ.

❉❡ss❡ ♠♦❞♦✱ ❡①✐st❡ m3 ∈ N t❛❧ q✉❡

‖Um3−1‖L2([i∗,i∗+1]×D) < δ, ‖Um3−1‖L2([i∗+1,i∗+2]×D) < δ, ‖Um3−1‖L2([i∗+2,i∗+3]×D) < δ.

❙❡♥❞♦ Um3 ∈ Γ t❡♠♦s q✉❡ ❡①✐st❡ k3 ∈ N✱ ❝♦♠ k3 ≥ i∗ + 3✱ s❛t✐s❢❛③❡♥❞♦

‖Um3 − 1‖L2([j,j+1]×D) < δ ❡ ‖Um3 − 1‖L2([k3,k3+1]×D) ≥ δ, ∀j ∈ [i∗, k3 − 1] ∩ N.

❘❡♣❡t✐♥❞♦ ❡st❡ ❛r❣✉♠❡♥t♦ ❡♥❝♦♥tr❛r❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ (Ums
) ⊂ Γ ❡ ✉♠❛ s❡q✉ê♥❝✐❛

❞❡ ♥ú♠❡r♦s ♥❛t✉r❛✐s (ks) t❛✐s q✉❡

‖Ums
−1‖L2([j,j+1]×D) < δ ❡ ‖Ums

−1‖L2([ks,ks+1]×D) ≥ δ, ∀j ∈ [i∗, ks−1]∩N, ✭✷✳✶✺✮

❝♦♠ ks → +∞ q✉❛♥❞♦ s → +∞ ♣♦✐s ks ≥ i∗ + s ♣❛r❛ t♦❞♦ s ∈ N✳ ❉❡ ♦✉tr♦ ♣♦♥t♦ ❞❡

✈✐st❛✱ s❡♥❞♦ (Um) ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ H1
❧♦❝
(Ω)✱ ❛ s❡q✉ê♥❝✐❛ (Qms

) ❞❛❞❛ ♣♦r

Qms
(x, y) = Ums

(x+ ks, y)

t❛♠❜é♠ é ❧✐♠✐t❛❞❛ ❡♠ H1
❧♦❝
(Ω)✳ ❆ss✐♠✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ ❡①✐st❡ W ∈ H1

❧♦❝
(Ω)

❞❡ ♠❛♥❡✐r❛ q✉❡

Qms
⇀W ❡♠ H1(Λk), ∀k ∈ Z, ✭✷✳✶✻✮

Qms
→ W ❡♠ L2(Λk), ∀k ∈ Z, ✭✷✳✶✼✮

Qms
(x, y) → W (x, y) q✳t✳♣✳ ❡♠ Ω ✭✷✳✶✽✮

❡

−1 ≤ W (x, y) ≤ 1, ∀(x, y) ∈ Ω. ✭✷✳✶✾✮

◆♦t❡♠♦s q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✶✾✮ ♦❝♦rr❡ ♣♦✐s

|Um(x, y)| ≤ 1, ∀(x, y) ∈ Ω.
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P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡✜♥✐♥❞♦ ♦ ❢✉♥❝✐♦♥❛❧ Ĩsj : H1(Λj) → R ♣♦r

Ĩsj (U) =

∫ j+1

j

∫

D

(

1

2
|∇U |2 + A(x+ ks, y)V (U)

)

dxdy,

t❡♠♦s ♣♦r ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ q✉❡

Ĩsj (Qms
) = Ij+ks(Ums

).

❉❡ ❢❛t♦✱

Ĩsj (Qms
) =

∫ j+1

j

∫

D

(

1

2
|∇Qms

|2 + A(x+ ks, y)V (Qms
)

)

dxdy

=

∫ j+1

j

∫

D

(

1

2
|∇Ums

(x+ ks, y)|
2 + A(x+ ks, y)V (Ums

(x+ ks, y))

)

dxdy

=

∫ j+ks+1

j+ks

∫

D

(

1

2
|∇Ums

(x, y)|2 + A(x, y)V (Ums
(x, y))

)

dxdy

= Ij+ks(Ums
).

P♦r ❝♦♥s❡❣✉✐♥t❡✱

∑

j∈N

Ĩsj (Qms
) =

∑

j∈N

Ij(Ums
) = J(Ums

) = θ∗ + oms
(1) ≤ θ∗ + 1 ✭✷✳✷✵✮

❡

Jp(W ) ≤ θ∗. ✭✷✳✷✶✮

❈♦♠ ❡❢❡✐t♦✱ ♣♦r ✭✷✳✷✵✮✱

l
∑

−l

Ĩsj (Qms
) ≤ θ∗ + oms

(1), ∀l ∈ N.

❆❣♦r❛✱ ❝♦♠♦ Qms
⇀ W ❡♠ Λk ♣❛r❛ t♦❞♦ k ∈ Z ❡ Ĩsj é ✉♠ ❢✉♥❝✐♦♥❛❧ ❢r❛❝❛♠❡♥t❡

s❡♠✐❝♦♥tí♥✉♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡

A(x+ ks, y) → Ap(x, y) q✉❛♥❞♦ s→ ∞

♦❜t❡♠♦s

Ij,p(W ) ≤ lim inf
s→+∞

Ĩj(Qms
).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

l
∑

−l

Ij,p(W ) ≤
l
∑

−l

lim inf
s→+∞

Ĩj(Qms
) ≤ lim inf

s→+∞

l
∑

−l

Ĩj(Qms
), ∀l ∈ N.
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❉❡ss❡ ♠♦❞♦✱
l
∑

−l

Ij,p(W ) ≤ θ∗, ∀l ∈ Z,

♦ q✉❡ ❥✉st✐✜❝❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✷✶✮✳ ❙❡♥❞♦ ❛ss✐♠✱ t❡♠♦s

Ij,p(W ) → 0 q✉❛♥❞♦ j → ±∞. ✭✷✳✷✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ ❝❛❞❛ j ∈ N ❞❡♥♦t❛r❡♠♦s ❛ ❢✉♥çã♦

W̃j = P−jW.

❙❡❣✉❡ ❞❛í q✉❡ ❛ s❡q✉ê♥❝✐❛ (W̃j) é ❧✐♠✐t❛❞❛ ❡♠ H1(Λ0)✳ ▲♦❣♦✱ ❡①✐st❡ W0 ∈ H1(Λ0) t❛❧

q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

W̃j ⇀W0 ❡♠ H1(Λ0) q✉❛♥❞♦ j → +∞.

P❡❧❛s ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛s ❞❡ ❙♦❜♦❧❡✈✱

W̃j → W0 ❡♠ L2(Λ0) q✉❛♥❞♦ j → +∞.

P♦r ✭✷✳✶✺✮✱ ♣❛r❛ ❝❛❞❛ j ∈ N✱ ❡①✐st❡ m∗ = m∗(j) ∈ N t❛❧ q✉❡

‖Um − 1‖L2([−j+km,−j+km+1]×D) ≤ δ, ∀m ≥ m∗,

✐st♦ é✱

‖P−jQm − 1‖L2(Lambda0) ≤ δ, ∀m ≥ m∗.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❢❛③❡♥❞♦ m→ +∞ t❡♠♦s

‖W̃j − 1‖L2(Λ0) ≤ δ, ∀j ∈ N.

❋❛③❡♥❞♦ j → +∞ ❝♦♥❝❧✉í♠♦s

‖W0 − 1‖L2(Λ0) ≤ δ. ✭✷✳✷✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r ✭✷✳✷✷✮ ❡ ♣♦r ✉♠ ❛r❣✉♠❡♥t♦ ❢❡✐t♦ ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✷ t❡♠♦s

W0 = 1 ♦✉ W0 = −1.
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❈♦♠♦ δ ∈ (0,
√

|Λ0|) ❡ ♣♦r ✭✷✳✷✸✮ ❞❡✈❡♠♦s t❡r W0 = 1. ❈♦♠ ❡❢❡✐t♦✱ s❡ W0 = −1 s❡❣✉❡

❞❡ ✭✷✳✷✸✮ q✉❡

‖W0 − 1‖L2(Λ0) ≤ δ ⇒

(
∫

Λ0

|2|2dxdy

)
1
2

≤ δ

⇒(4|Λ0|)
1
2 ≤ δ

⇒
√

|Λ0| ≤
δ

2
< δ,

✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ W0 = 1✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱

‖W̃j − 1‖L2(Λ0) → 0 q✉❛♥❞♦ j → +∞.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡♥♦t❛r❡♠♦s ♣❛r❛ ❝❛❞❛ j ∈ N

Wj = PjW.

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ❡①✐st❡ Ŵ0 ∈ L2(Λ0) t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

Wj → Ŵ0 ❡♠ L2(Λ0) q✉❛♥❞♦ j → +∞.

❆❧é♠ ❞✐ss♦✱ ✈❡r✐✜❝❛✲s❡ q✉❡

Ŵ0 = 1 ♦✉ Ŵ0 = −1.

❱❛♠♦s ♠♦str❛r q✉❡ Ŵ0 = −1✳ P❛r❛ t❛❧✱ s✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ Ŵ0 = 1✳ ❙❡❣✉❡

❞❡ ✭✷✳✶✺✮ q✉❡ ❡①✐st❡ j1 ∈ N t❛❧ q✉❡

‖W − 1‖L2([j1−1,j1]×D) ≥ δ ❡ ‖W − 1‖L2([j1,j1+1]×D) ≤ δ.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ Qm → W ❡♠ L2([j1 − 1, j1 + 1] × D) s❡❣✉❡ q✉❡ ❡①✐st❡ m0 ∈ N

t❛❧ q✉❡

‖Qm −W‖L2([j1,j1+1]×D) ≤ δ ❡ ‖Qm −W‖L2([j1−1,j1]×D) ≤
δ

2
∀m ≥ m0.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦r ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r

‖Qm − 1‖L2([j1,j1+1]×D) ≤ ‖Qm −W‖L2([j1,j1+1]×D) + ‖W − 1‖L2([j1,j1+1]×D)

❡

‖Qm − 1‖L2([j1−1,j1]×D) ≥ ‖W − 1‖L2([j1−1,j1]×D) − ‖Qm −W‖L2([j1−1,j1]×D),
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♦✉ s❡❥❛✱

‖Qm − 1‖L2(Λj1−1) ≥
δ

2
❡ ‖Qm − 1‖L2(Λj1

) ≤ 2δ, ∀m ≥ m0. ✭✷✳✷✹✮

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ❞❡♥♦t❛r β = β(δ) ♦ ♥ú♠❡r♦ r❡❛❧ ❞❛❞♦ ♣♦r

β

Ã0

= inf
u∈Nδ

I∗,δ(u),

❡♠ q✉❡ Ã0 = min{1, A0}✱ I∗,δ : H1((−1, 1)×D) → R é ❞❡✜♥✐❞♦ ♣♦r

I∗,δ(u) =

∫ 1

−1

∫

D

(

|∇u|2 + V (u)
)

dxdy

❡

Nδ = {u ∈ H1((−1, 1)×D) : ‖u‖L∞((−1,1)×D) ≤ 1, ‖u−1‖L2(Λ−1) ≥
δ

2
❡ ‖u−1‖L2(Λ0) ≤ 2δ}.

P♦r ✭✷✳✷✹✮ ♦❜t❡♠♦s Qm−j1 ∈ Nδ ♣❛r❛ t♦❞♦ m ≥ m0✳ ❉❛í✱

∫ j1+1

j1−1

∫

D

(

|∇Qm|
2 + V (Qm)

)

dxdy ≥
β

Ã0

, ∀m ≥ m0. ✭✷✳✷✺✮

❆✜r♠❛çã♦ ✷✳✻ β > 0✳

❉❡ ❢❛t♦✱ s❡ β = 0 ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (uk) ∈ Nδ t❛❧ q✉❡

I∗,δ(uk) → 0 q✉❛♥❞♦ k → +∞.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

lim
k→+∞

∫ 1

−1

∫

D

|∇uk|
2dxdy = lim

k→+∞

∫ 1

−1

∫

D

V (uk)dxdy = 0. ✭✷✳✷✻✮

❙❡❣✉❡ ❞❛í q✉❡ ❛ s❡q✉ê♥❝✐❛ (uk) é ❧✐♠✐t❛❞❛ ❡♠ H1((−1, 1) × D)✳ ▲♦❣♦✱ ❡①✐st❡ u ∈

H1((−1, 1)×D) ❞❡ ♠❛♥❡✐r❛ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

uk ⇀ u ❡♠ H1(Λ−1,1)

❡

uk → u ❡♠ L2(Λ−1,1). ✭✷✳✷✼✮

P♦r ❝♦♥s❡❣✉✐♥t❡✱ ❞❡ ✭✷✳✷✻✮ ❡ ✭✷✳✷✼✮✱

∫ 1

−1

∫

D

V (u)dxdy = 0.



✶✶✶

❆ss✐♠ ❞❡✈❡♠♦s t❡r V (u) = 0✳ P♦rt❛♥t♦ u = −1 ♦✉ u = 1✳ ❙❡ u = 1✱ ❡♥tã♦ ♣♦r ✭✷✳✷✼✮

s❡❣✉❡ q✉❡ ♣❛r❛ δ > 0 ❡①✐st❡ k0 ∈ N t❛❧ q✉❡

‖uk − 1‖L2([−1,1]×D) <
δ

4
, ∀k ≥ k0.

❊♠ ♣❛rt✐❝✉❧❛r✱

‖uk − 1‖L2([−1,0]×D) <
δ

4
, ∀k ≥ k0

♦ q✉❡ ❝♦♥tr❛r✐❛ ♦ ❢❛t♦ ❞❡ (uk) ∈ Nδ✳ ❙❡ ❝❛s♦ u = −1 ❡♥tã♦

‖u− 1‖L2([0,1]×D) = 2|Λ0|
1
2 ≤ ‖uk − u‖L2([0,1]×D) + ‖uk − 1‖L2([0,1]×D).

❉❛í✱ ❞❛❞♦ ǫ > 0 ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r k s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡

|Λ0|
1
2 ≤ ǫ+ δ.

❉❡s❞❡ q✉❡ ǫ > 0 é ❛r❜✐trár✐♦ ♦❜t❡♠♦s

√

|Λ0| ≤ δ,

✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ β > 0✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛✉♠❡♥t❛♥❞♦ m0 s❡ ♥❡❝❡ssár✐♦ t❡♠♦s

J(Um) ≤ θ∗ +
β

4
, ∀m ≥ m0. ✭✷✳✷✽✮

◆♦ q✉❡ s❡❣✉❡✱ ♣❛r❛ ❝❛❞❛ j ≥ j1 + 2 ❡ ❝❛❞❛ m ≥ m0 ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ ❢✉♥çã♦

Zj,m(x, y) =



















1, s❡ x ≤ j, y ∈ D

((j + 1)− x) + (x− j)Qm(x, y), s❡ j < x ≤ j + 1, y ∈ D

Qm(x, y), s❡ j + 1 < x, y ∈ D.

❉❡s❞❡ q✉❡ Qm ∈ Γ ♣❛r❛ t♦❞♦ m ∈ N ✈❡r✐✜❝❛✲s❡ q✉❡ Zj,m ∈ Γ ♣❛r❛ ❝❛❞❛ j ≥ j1 + 2✳

❆❧é♠ ❞✐ss♦✱

Jp(Zj,m) = Ip,j(Zj,m) +
∞
∑

k=j+1

Ip,k(Qm),

♣♦✐s

Ip,k(Zj,m) = 0 ♣❛r❛ k < j.

❉❡ss❡ ♠♦❞♦✱

θ∗p ≤ Ip,j(Zj,m) +
∞
∑

k=j+1

Ip,k(Qm). ✭✷✳✷✾✮



✶✶✷

❈♦♠♦ ❛ ❢✉♥çã♦ A ✈❡r✐✜❝❛ (A1)✲(A2) ❡ (J(Um)) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✱ ❡♥tã♦ ❛✉✲

♠❡♥t❛♥❞♦ m0 s❡ ♥❡❝❡ssár✐♦✱ ♦❜t❡♠♦s

∞
∑

k=j+1

Ip,k(Qm) =
∞
∑

k=j+1+km

Ip,k(Um) ≤
∞
∑

k=j+1+km

Ik(Um) +
β

4
, ∀m ≥ m0. ✭✷✳✸✵✮

❆❣♦r❛✱ ❝♦♠♦ j ≥ j1 + 2✱ ✭✷✳✷✺✮✱ ✭✷✳✷✾✮ ❡ ✭✷✳✸✵✮ ✐♠♣❧✐❝❛♠ ❡♠

θ∗p ≤ Ip,j(Zj,m) + J(Um)− Ã0

∫ j1+1

j1−1

∫

D

(

|∇Qm|
2 + V (Qm)

)

dxdy +
β

4
.

❈♦♠❜✐♥❛♥❞♦ ❝♦♠ ✭✷✳✷✺✮ ❡ ✭✷✳✷✽✮ ✲ ✭✷✳✸✵✮ ❝♦♥❝❧✉í♠♦s

θ∗p ≤ Ip,j(Zj,m) + θ∗ +
β

4
− Ã0

β

Ã0

+
β

4

≤ Ip,j(Zj,m) + θ∗ −
β

2
,

♦✉ s❡❥❛✱

θ∗p ≤ Ip,j(Zj,m) + θ∗ −
β

2
. ✭✷✳✸✶✮

❆❣♦r❛✱ ❝♦♠♦

−1 ≤ Wj(x, y) ≤ 1 ♣❛r❛ t♦❞♦ j ∈ N

❡

Wj → 1 ❡♠ L2(Λ0) q✉❛♥❞♦ j → +∞

t❡♠♦s

lim
j→+∞

∫ 1

0

∫

D

A(x+ j, y)V (−x+ 1 + xWj)dxdy = 0

❡

lim
j→+∞

∫ 1

0

∫

D

|1−Wj|
2dxdy = 0.

❆ss✐♠✱ ❞❛❞♦ ǫ > 0 ❡①✐st❡ j0 = j0(ǫ) > j1 + 2✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ m✱ t❛❧ q✉❡

∫ 1

0

∫

D

A(x+ j, y)V (−x+ 1 + xWj)dxdy < ǫ, ∀j ≥ j0 ✭✷✳✸✷✮

❡
∫ 1

0

∫

D

|1−Wj|
2dxdy < ǫ, ∀j ≥ j0. ✭✷✳✸✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛✜r♠❛♠♦s q✉❡ ❡①✐st❡♠ j ≥ j0 ❡ m ≥ m0 ❞❡ ♠❛♥❡✐r❛ q✉❡

Ip,j(Zj,m) =

∫ j+1

j

∫

D

L(Zj,m)dxdy <
β

2
.



✶✶✸

❙✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ t❛❧ ❛✜r♠❛çã♦ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ j ≥ j0

❡①✐st❡ m1 = m1(j) ≥ m0 ✈❡r✐✜❝❛♥❞♦
∫ j+1

j

∫

D

L(Zj,m)dxdy ≥
β

2
, ∀m ≥ m1.

❉❛í✱ ❛ ♣❛rt✐r ❞❛ ❞❡✜♥✐çã♦ ❞❡ Zj,m ❡ ❞❛ ❝♦♥❞✐çã♦ (A2) t❡♠♦s
∫ j+1

j

∫

D

|∇Zj,m|
2dxdy ≥

β

2
−

∫ j+1

j

∫

D

Ap(x, y)V ((j + 1)− x+ (x− j)Qm) dxdy

♣❛r❛ t♦❞♦ m ≥ m1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❛♠♦s q✉❡ ✭✷✳✸✷✮ t❛♠❜é♠ ♦❝♦rr❡ ♣❛r❛ ♦ ❝❛s♦

♣❡r✐ó❞✐❝♦✱ ✐st♦ é✱
∫ 1

0

∫

D

Ap(x, y)V (−x+ 1 + xWj)dxdy < ǫ, ∀j ≥ j0.

❉❡ss❡ ♠♦❞♦✱ t♦♠❛♥❞♦ ǫ < β/4 ❡①✐st❡ m2 = m2(j) ≥ m1(j) t❛❧ q✉❡
∫ j+1

j

∫

D

|∇Zj,m|
2dxdy ≥

β

4
, ∀m ≥ m2(j). ✭✷✳✸✹✮

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❞❡✜♥✐çã♦ ❞❡ Zj,m ❡ ❞♦ ❣r❛❞✐❡♥t❡ s❡❣✉❡ q✉❡ ❡①✐st❡ C > 0 t❛❧ q✉❡
∫ j+1

j

∫

D

|∇Zj,m|
2dxdy ≤ C

(
∫ 1

0

∫

D

|1− PjQm|
2dxdy +

∫ j+1

j

∫

D

|∇Qm|
2dxdy

)

.

✭✷✳✸✺✮

❆❣♦r❛✱ ✜①❛♥❞♦ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡♠ ✭✷✳✸✸✮✱ ✭✷✳✸✹✮ ❡ ✭✷✳✸✺✮ ✐♠♣❧✐❝❛♠ ❡♠
∫ j+1

j

∫

D

|∇Qm|
2dxdy ≥

β

8
, ∀m ≥ m2(j).

❙❡❥❛ l ∈ N t❛❧ q✉❡

(l + 1)
β

8
> θ∗ + 1

❡ ✜①❡♠♦s m > max{m2(j) : j0 ≤ j ≤ j0 + l}. ❊♥tã♦✱

J(Um) ≥

j0+l
∑

k=j0

Ĩk(Qm)

≥

j0+l
∑

k=j0

(
∫ k+1

k

∫

D

|∇Qm|
2dxdy +

∫ k+1

k

∫

D

A(x+ km, y)V (Qm)dxdy

)

≥ (l + 1)
β

8
+

j0+l
∑

k=j0

∫ k+1

k

∫

D

A(x+ km, y)V (Qm)dxdy

≥ (l + 1)
β

8

> θ∗ + 1,



✶✶✹

♦✉ s❡❥❛✱

J(Um) > θ∗ + 1,

✉♠ ❛❜s✉r❞♦ ♣♦✐s J(Um) ≤ θ∗ + 1 ♣❛r❛ t♦❞♦ m ∈ N✳ P♦rt❛♥t♦✱ ❡①✐st❡♠ j = j(m) ❡

m ≥ m0 t❛✐s q✉❡

Ip,j(Zj,m) <
β

2
.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦r ✭✷✳✸✶✮✱

θ∗p ≤ θ∗,

✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ❞❡✈❡♠♦s t❡r Ŵ0 = −1✳ ❉❡ss❡ ♠♦❞♦✱ t❡♠♦s W ∈ Γ ❡ ❝♦♠♦

Jp(W ) ≤ θ∗ s❡❣✉❡ q✉❡

θ∗p ≤ Jp(W ) ≤ θ∗,

♦ q✉❡ t❛♠❜é♠ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ✈❛❧❡ ❛ ❆✜r♠❛çã♦ ✷✳✺✱ ✐st♦ é✱

PjkU → −1 ❡♠ L2(Λ0) q✉❛♥❞♦ jk → +∞.

❆❣♦r❛✱ r❡♣❡t✐♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡ss♦ s❡❣✉❡ q✉❡ t♦❞❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (PjU) ♣♦ss✉✐ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ❡♠ L2(Λ0) ♣❛r❛ ✲✶✳ ❆ss✐♠✱

PjU → −1 ❡♠ L2(Λ0) q✉❛♥❞♦ j → +∞.

▲♦❣♦✱ ❡①✐st❡ j∗ ∈ N t❛❧ q✉❡

‖PjU + 1‖L2(Λ0) ≤ δ, ∀j ≥ j∗.

❯s❛♥❞♦ ✉♠ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ♣r♦✈❛✲s❡ q✉❡

PjU → 1 ❡♠ L2(Λ0) q✉❛♥❞♦ j → −∞.

❉❛í✱ ❡①✐st❡ k∗ ∈ N t❛❧ q✉❡

‖PjU − 1‖L2(Λ0) ≤ δ, ∀j ≥ −k∗.

❆ Pr♦♣♦s✐çã♦ ✷✳✶ ✜❝❛ ❝♦♥❝❧✉í❞❛ t♦♠❛♥❞♦ j0 = max{j∗, k∗}✳



✶✶✺

✷✳✸ ❆ ❢✉♥çã♦ A ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞♦ t✐♣♦ ❤❡t❡r♦❝❧í♥✐❝❛ ♥♦

❝❛s♦ ❡♠ q✉❡ ❛ ❢✉♥çã♦ A ♣❡rt❡♥❝❡ ❛ ❈❧❛ss❡ ✷✳ ❆ s❡❣✉✐r✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ♣r♦❜❧❡♠❛










−∆u+ A(ǫx, y)V ′(u) = 0, em Ω
∂u

∂η
(x, y) = 0, sobre ∂Ω,

❝♦♠ ǫ > 0 ❡ A s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❘❛❜✐♥♦✇✐t③

✭A3✮ 0 < inf
Ω
A(x, y) ≤ sup

y∈D

A(0, y) < lim inf
|(x,y)|→+∞

A(x, y) = A∞ < +∞✳

❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ ❞❡♥♦t❛r❡♠♦s Jǫ, J∞ : Γ −→ R∪{+∞} ♦s ❢✉♥❝✐♦♥❛✐s ❞❡✜♥✐❞♦s ♣♦r

Jǫ(U) =
∑

k∈Z

Iǫ,k(U) ❡ J∞(U) =
∑

k∈Z

I∞,k(U),

❡♠ q✉❡ Iǫ,k(U) : H1(Λk) → R ❡ I∞,k(U) : H
1(Λk) → R sã♦ ❞❛❞♦s ♣♦r

Iǫ,k(U) =

∫ k+1

k

∫

D

(

|∇U |2 + A(ǫx, y)V (U)
)

dxdy

❡

I∞,k(U) =

∫ k+1

k

∫

D

(

|∇U |2 + A∞V (U)
)

dxdy.

❆❧é♠ ❞✐ss♦✱ ❞❡♥♦t❛r❡♠♦s ♣♦r θǫ ❡ θ∞ ♦s ♥ú♠❡r♦s r❡❛✐s

θǫ = inf
Γ
Jǫ(U) ❡ θ∞ = inf

Γ
J∞(U).

❉❡✜♥✐♠♦s t❛♠❜é♠ ♦s ❢✉♥❝✐♦♥❛✐s Imax,k(U) : H
1(Λk) → R ❡ Jmax,k : Γ → R ♣♦r

Imax,k(U) =

∫ k+1

k

∫

D

(

|∇U |2 + A0V (U)
)

dxdy,

❝♦♠ A0 = max
y∈D

A(0, y)✱ ❡

Jmax(U) =
∑

k∈Z

Imax,k(U).

❙❡❥❛ t❛♠❜é♠ ♦ ♥ú♠❡r♦ r❡❛❧ θmax ❞❛❞♦ ♣♦r

θmax = inf
Γ
Jmax(U).

❉❡s❞❡ ❞❡ q✉❡ A0 ❡ A∞ sã♦ ♥ú♠❡r♦s r❡❛✐s s❡❣✉❡ ❞❛ ❙❡çã♦ ✷✳✷ q✉❡ ❡①✐st❡♠W∞,Wmax ∈ Γ

✈❡r✐✜❝❛♥❞♦

Jmax(Wmax) = θmax ❡ J∞(W∞) = θ∞.



✶✶✻

▲❡♠❛ ✷✳✶ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♥♦t❛çã♦ ❛♥t❡r✐♦r✱

lim sup
ǫ→0

θǫ ≤ θmax ❡ θmax < θ∞.

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ ǫ > 0✱

θǫ ≤ Jǫ(U), ∀U ∈ Γ.

❊♠ ♣❛rt✐❝✉❧❛r✱

θǫ ≤ Jǫ(Wmax).

◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦

A(ǫx, y) → A(0, y) ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D q✉❛♥❞♦ ǫ→ 0

♦❜t❡♠♦s

lim
ǫ→0

Jǫ(Wmax) ≤ Jmax(Wmax).

❙❡♥❞♦ θmax = Jmax(Wmax) ❝♦♥❝❧✉í♠♦s

lim
ǫ→0

Jǫ(Wmax) ≤ θmax.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

lim sup
ǫ→0

θǫ ≤ θmax. ✭✷✳✸✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ❝♦♥❞✐çã♦ ✭A3✮ t❡♠♦s

Jmax(U) < J∞(U), ∀U ∈ Γ.

❊♠ ♣❛rt✐❝✉❧❛r✱

θmax ≤ Jmax(W∞) < J∞(W∞) = θ∞. ✭✷✳✸✼✮

P♦rt❛♥t♦✱ ♣♦r ✭✷✳✸✻✮ ❡ ✭✷✳✸✼✮ ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦str❛çã♦ ❞♦ ❧❡♠❛✱ ✐st♦ é✱

lim sup
ǫ→0

θǫ ≤ θmax ❡ θmax < θ∞.

■st♦ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦✳

◆❛ s❡q✉ê♥❝✐❛✱ ✈❛♠♦s ✜①❛r ǫ0 > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ t❛❧ q✉❡

θǫ < θ∞, ∀ǫ ∈ (0, ǫ0).



✶✶✼

❯s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r ♠♦str❛✲s❡ q✉❡ ♣❛r❛ ❝❛❞❛ ǫ > 0 ❡①✐st❡

✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ (Um) ⊂ Γ ♣❛r❛ Jǫ✱ ✐st♦ é✱

Jǫ(Um) → θǫ q✉❛♥❞♦ m→ +∞,

❝♦♠

−1 ≤ Um(x, y) ≤ 1, ∀(x, y) ∈ Ω ❡ ∀m ∈ N

❡ ❆❧é♠ ❞✐ss♦✱ ✈❡r✐✜❝❛✲s❡ t❛♠❜é♠ q✉❡ ❡①✐st❡ U ∈ H1
❧♦❝
(Ω) t❛❧ q✉❡

Um ⇀ U ❡♠ H1(Λk), ∀k ∈ Z,

Um → U ❡♠ L2(Λk), ∀k ∈ Z,

Um(x, y) → U(x, y) q✳t✳♣✳ ❡♠ Ω,

−1 ≤ U(x, y) ≤ 1, ∀(x, y) ∈ Ω,

❡

Jǫ(U) ≤ θǫ.

Pr♦♣♦s✐çã♦ ✷✳✸ P❛r❛ δ ∈ (0,
√

|Λ0|) ❡ ✜①❛❞♦ ǫ ∈ (0, ǫ0)✱ ❡①✐st❡ j0 ∈ N t❛❧ q✉❡

‖U − 1‖L2(Λ−j) ≤ δ ❡ ‖U + 1‖L2(Λj) ≤ δ, ∀j ≥ j0.

❉❡♠♦♥str❛çã♦✳ P❛r❛ ǫ ∈ (0, ǫ0) ♦ ❛r❣✉♠❡♥t♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷ ♠♦str❛ q✉❡ ❡①✐st❡ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ✭PjkU✮ ❞❡ (PjU) t❛❧ q✉❡

PjkU → 1 ♦✉ PjkU → −1 ❡♠ L2(Λ0) q✉❛♥❞♦ jk → +∞.

❆✜r♠❛çã♦ ✷✳✼ PjkU → −1 ❡♠ L2(Λ0) q✉❛♥❞♦ jk → +∞.

❙✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ ♦❝♦rr❛

PjkU → 1 ❡♠ L2(Λ0) q✉❛♥❞♦ jk → +∞.

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶ s❡❣✉❡ q✉❡ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ✭Ums
✮

❞❡ ✭Um✮ ❡ i∗ ∈ N✱ ❝♦♠ i∗ < ks ♣❛r❛ t♦❞♦ s ∈ N ❡ ks → +∞ q✉❛♥❞♦ s→ +∞✱ t❛✐s q✉❡

‖Ums
(·+ j, y)− 1‖L2(Λ0) < δ ❡ ‖Ums

(·+ ks, y)− 1‖L2(Λ0) ≥ δ, ∀j ∈ [i∗, ks − 1] ∩ N.

❱❡r✐✜❝❛✲s❡ q✉❡ ❛ s❡q✉ê♥❝✐❛

Qms
(x, y) = Ums

(x+ ks, y)



✶✶✽

é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ H1
❧♦❝
(Ω)✳ ▲♦❣♦✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ ❡①✐st❡ W ∈

H1
❧♦❝
(Ω) t❛❧ q✉❡

Qm ⇀W ❡♠ H1(Λk), ∀k ∈ Z,

Qm → W ❡♠ L2(Λk), ∀k ∈ Z,

Qm(x, y) → W (x, y) q✳t✳♣✳ ❡♠ Ω,

❡

−1 ≤ W (x, y) ≤ 1, ∀(x, y) ∈ Ω.

P♦r ♦✉tr♦ ❧❛❞♦✱ ✈❛♠♦s ❞❡✜♥✐r ♦ ❢✉♥❝✐♦♥❛❧ Ĩsǫ,j : H
1(Λj) → R ♣♦r

Ĩsǫ,j(U) =

∫ j+1

j

∫

D

(

1

2
|∇U |2 + A(ǫx+ ǫks, y)V (U)

)

dxdy.

P♦r ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧✱

∑

j∈Z

Ĩsǫ,j(Qm) = Jǫ(Ums
) = θǫ + oms

(1). ✭✷✳✸✽✮

❆❣♦r❛✱ ❝♦♠♦ (Um) é ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ Jǫ s❡❣✉❡ ❞♦ ▲❡♠❛ ❞❡

❋❛t♦✉ ❡ ❞❡ ✭✷✳✸✽✮ q✉❡

J∞(W ) ≤ θǫ.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

I∞,j(W ) → 0 q✉❛♥❞♦ j → ±∞. ✭✷✳✸✾✮

P❛r❛ ❝❛❞❛ j ∈ N✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦

Wj = P−jW.

P❡❧♦ ❢❛t♦ q✉❡ W ∈ L∞(Ω) ❡①✐st❡ W0 ∈ H1(Ω) t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

Wj ⇀W0 ❡♠ H1(Λ0) q✉❛♥❞♦ j → +∞.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

Wj → W0 ❡♠ L2(Λ0) q✉❛♥❞♦ j → +∞.

❆r❣✉♠❡♥t❛♥❞♦ ❞❡ ♠♦❞♦ s✐♠✐❧❛r ❛ Pr♦♣♦s✐çã♦ ✷✳✶✱ t❡♠♦s

‖W0 − 1‖L2(Λ0) ≤ δ.



✶✶✾

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r ✭✷✳✸✾✮

W0 = 1 ♦✉ W0 = −1.

❈♦♠♦ δ ∈ (0,
√

|Λ0|) ❞❡✈❡♠♦s t❡r W0 = 1✳ ❊♥tã♦✱

‖Wj − 1‖L2(Λ0) → 0 q✉❛♥❞♦ j → +∞.

❆❣♦r❛✱ ✜①❛♥❞♦

Ŵj = PjW

✈❡r✐✜❝❛✲s❡ q✉❡ ❡①✐st❡ Ŵ0 ∈ H1
❧♦❝
(Ω) t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

Ŵj → Ŵ0 ❡♠ L2(Λ0) q✉❛♥❞♦ j → +∞.

❆❧é♠ ❞✐ss♦✱ ✈❡r✐✜❝❛✲s❡ t❛♠❜é♠ q✉❡ Ŵ0 = −1✳ ❉❡ ❢❛t♦✱ ❛ss✉♠✐♥❞♦ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡

Ŵ0 = 1 s❡❣✉❡ q✉❡ ♣❛r❛ ❝❛❞❛ j ∈ N ❞❡✜♥✐♥❞♦ ❛ ❢✉♥çã♦

Hj(x, y) =



















1, s❡ x ≤ j, y ∈ D

((j + 1)− x) + (x− j)Qm(x, y), s❡ j < x ≤ j + 1, y ∈ D

Qm(x, y), s❡ j + 1 < x, y ∈ D

♦❜t❡♠♦s θ∞ ≤ θǫ ♦ q✉❡ ❝♦♥tr❛r✐❛ ♦ ▲❡♠❛ ✷✳✶✳ ▲♦❣♦✱ Ŵ0 = −1✳ P♦rt❛♥t♦✱ ❞❡ ❛❝♦r❞♦

❝♦♠ ❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶ ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦✳

❚❡♦r❡♠❛ ✷✳✹ ❆ss✉♠❡ ✭V1✮✲✭V3✮ ❡ q✉❡ A ♣❡rt❡♥❝❡ ❛ ❈❧❛ss❡ ✷✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ǫ0 > 0

t❛❧ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭P3✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❞❡ ✶ ❛ ✲✶ ♣❛r❛ t♦❞♦ ǫ ∈ (0, ǫ0)✳

❉❡♠♦♥str❛çã♦✳ ❚♦♠❛♥❞♦ ǫ0 ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✷✳✶ s❡❣✉❡ q✉❡ ♣❛r❛ ❝❛❞❛

ǫ ∈ (0, ǫ0) ❞❡✈❡ ❡①✐st✐r j0 ∈ N t❛❧ q✉❡

‖U − 1‖L2(Ω−j) ≤ δ ❡ ‖U + 1‖L2(Ωj) ≤ δ, ∀j ≥ j0.

❋❛③❡♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞❛ ♣r♦✈❛ ❞❛ ❚❡♦r❡♠❛ ✷✳✷ t❡♠♦s q✉❡ U ∈ Γ ❝♦♠ Jǫ(U) =

θǫ✳ ❆❞❡♠❛✐s✱ U ∈ C2(Ω,R) s❡♥❞♦ U s♦❧✉çã♦ ❤❡t❡r♦❝❧í♥✐❝❛ ❞♦ ♣r♦❜❧❡♠❛






−∆u+ A(ǫx, y)V ′(u) = 0, em Ω
∂u

∂ν
(x, y) = 0, sobre ∂Ω,

✐st♦ é✱

U(x, y) → 1 q✉❛♥❞♦ x→ −∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D

❡

U(x, y) → −1 q✉❛♥❞♦ x→ +∞ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y ∈ D.

■st♦ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛✳



❆♣ê♥❞✐❝❡ ❆

Pr✐♥❝í♣✐♦ ❞❛ ❝♦♥t✐♥✉❛çã♦ ú♥✐❝❛

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ✈❛♠♦s ✐♥tr♦❞✉③✐r ♦ Pr✐♥❝í♣✐♦ ❞❛ ❈♦♥t✐♥✉❛çã♦ Ú♥✐❝❛ ✈✐❛ ✉♠❛

❍✐♣❡rs✉♣❡r❢í❝✐❡✳ ❚❛❧ r❡s✉❧t❛❞♦ é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♥❛ t❡♦r✐❛ ❞❛s ❡q✉❛çõ❡s ❡❧í♣t✐❝❛s✳ P♦r

✜♠✱ ❢❛r❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞♦ ❝♦♥t❡ú❞♦ ❡♥❝♦♥tr❛❞♦ ♥♦

❈❛♣ít✉❧♦ ✶✳

❙❡❥❛ Ω ⊂ R
N ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ♦♣❡r❛❞♦r ❡❧í♣t✐❝♦ ❞❛

❢♦r♠❛

Pu = −∆u+ qu,

❡♠ q✉❡ q ∈ L∞(Ω)✳

❚❡♦r❡♠❛ ❆✳✶ ✭Pr✐♥❝í♣✐♦ ❞❛ ❈♦♥t✐♥✉❛çã♦ Ú♥✐❝❛ ✈✐❛ ✉♠❛ ❍✐♣❡rs✉♣❡r❢í❝✐❡✮ ❙❡❥❛

S ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❞❡ ❝❧❛ss❡ C∞ t❛❧ q✉❡

Ω = S+ ∪ S ∪ S−

♦♥❞❡ S+ ❡ S− ❞❡♥♦t❛♠ ♦s ❞♦✐s ❧❛❞♦s ❞❡ S✳ ❙❡ x0 ∈ S✱ V é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡

x0 ❡♠ Ω✱ u ∈ H2(V ) s❛t✐s❢❛③

Pu = 0 ❡♠ V

❡

u = 0 ❡♠ V ∩ S−,

❡♥tã♦ u = 0 ❡♠ ❛❧❣✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x0✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✸✵✱ ❚❤❡♦r❡♠ ✶✳✸❪✳

❆ ✐♠❛❣❡♠ ❛ s❡❣✉✐r ✐❧✉str❛ ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❛ ♥♦çã♦ ❞♦ ❝♦♥❥✉♥t♦ Ω✳



✶✷✶

❋✐❣✉r❛ ❆✳✶✿ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ ❝♦♥❥✉♥t♦ Ω✳

❯♠❛ ❛♣❧✐❝❛çã♦ ❞♦ Pr✐♥❝í♣✐♦ ❞❛ ❝♦♥t✐♥✉❛çã♦ ú♥✐❝❛ é ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❆♣❧✐❝❛çã♦✿ ❙❡❥❛ Ω1 = [0, 1] × D✱ ❡♠ q✉❡ D ⊂ R
N−1✱ N ≥ 2✱ é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦

❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✳ ❙❡❥❛ t❛♠❜é♠ w ∈ H2(Ω1) t❛❧ q✉❡

−∆w − bw = 0 Ω,

♣♦rq✉❛♥t♦ b ∈ L∞(Ω1) ❡ w(x, y) = 0 ❡♠ [0, 1
2
]×D✳

❆✜r♠❛çã♦ ❆✳✶ w = 0 ❡♠ Ω1✳

❚♦♠❡♠♦s x0 = 1
2
❡ V ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ (x0, y0) ❡♠ Ω1✱ ♥♦ q✉❛❧ y0 ∈ D é ✜①❛❞♦✳

❙❡❥❛ S s❡♥❞♦ ❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ x0 = 1
2
❡ S− ❛ r❡❣✐ã♦ [0, 1

2
)×D✳ ❉✐❛♥t❡ ❞✐st♦✱

w = 0 ❡♠ V ∩ S−.

P❡❧♦ Pr✐♥❝í♣✐♦ ❞❛ ❈♦♥t✐♥✉❛çã♦ Ú♥✐❝❛ ✈✐❛ ✉♠❛ ❍✐♣❡rs✉♣❡r❢í❝✐❡✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛

✈✐③✐♥❤❛♥ç❛ Uy0 ❞❡ (x0, y0) ❡♠ Ω1 t❛❧ q✉❡

w = 0 ❡♠ Uy0 .



✶✷✷

❋✐❣✉r❛ ❆✳✷✿ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❛ ❆♣❧✐❝❛çã♦✳

❋❛③❡♥❞♦ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ (x0, y)✱ ❝♦♠ y ∈ D✱ ❡♥❝♦♥tr❛r❡♠♦s ✉♠❛

✈✐③✐♥❤❛♥ç❛ Uy ❞❡ (x0, y) ❡♠ Ω1 t❛❧ q✉❡

w = 0 ❡♠ Uy.

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❛❜❡rt♦

Ux0 =
⋃

y∈D

Uy.

❈♦♠♦ {x0} ×D é ❝♦♠♣❛❝t♦ s❡❣✉❡ q✉❡ ❡①✐st❡♠ y1, . . . , ym ∈ D t❛✐s q✉❡

Ux0 ⊂ Uy1 ∪ · · · ∪ Uym .

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ ♥ú♠❡r♦ r❡❛❧

xλ = inf{x ∈ [0, 1]×D; x ≥ 1/2 ❡ w(t, y) = 0 ♣❛r❛ t♦❞♦ 0 ≤ t ≤ x ❡ y ∈ D}

s❛t✐s❢❛③

xλ > 1/2.

P♦r ❝♦♥s❡❣✉✐♥t❡✱

w(x, y) = 0 ♣❛r❛ t♦❞♦ 0 ≤ x ≤ xλ ❡ y ∈ D.

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♣r♦✈❛✲s❡ q✉❡ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ❝❛❞❛ ♣♦♥t♦ (xλ, y)✱ y ∈ D ❡①✐st❡

xα > xλ t❛❧ q✉❡

w(x, y) = 0 ♣❛r❛ t♦❞♦ 0 ≤ x ≤ xα ❡ y ∈ D.



✶✷✸

P♦rt❛♥t♦✱ ❢❛③❡♥❞♦ ❡st❡ ♣r♦❝❡ss♦ ❝❤❛❣❛♠♦s ❛ ❝♦♥❝❧✉sã♦ q✉❡ w = 0 ❡♠ Ω1✳



❆♣ê♥❞✐❝❡ ❇

❘❡s✉❧t❛❞♦s ❣❡r❛✐s

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ✈❛♠♦s ❢❛③❡r ✉♠ r❡s✉♠♦ ❞♦ q✉❡ s❡ ♥❡❝❡ss✐t❛ ❞❡ ❘❡s✉❧t❛❞♦s ❞❛s

t❡♦r✐❛s ❞❡ ❆♥á❧✐s❡ ❞♦ R
N ✱ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ❡ ❊s♣❛ç♦s ❞❡ ▲❡❜❡s❣✉❡✳

❇✳✶ ❘❡s✉❧t❛❞♦s ❞❡ ❆♥á❧✐s❡ ♥♦ R
N

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❡♥✉♥❝✐❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❡s♣❡❝í✜❝♦s ❞❡ ❆♥á❧✐s❡ ♥♦ RN ✳ P❛r❛

✉♠ ❡st✉❞♦ ♠❛✐s ❞❡t❛❧❤❛❞♦ r❡❝♦♠❡♥❞❛♠♦s ❛s ❧❡✐t✉r❛s ▲✐♠❛ ❬✷✷✱ ✷✸❪ ❡ ❇❛rt❧❡ ❬✼❪✳

❚❡♦r❡♠❛ ❇✳✶ ✭❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✮ ❙❡❥❛ f : U → R ❞❡✜♥✐❞❛ ♥♦ ❛❜❡rt♦ U ⊂

R
N ✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ [a, a+v] ❡st❡❥❛ ❝♦♥t✐❞♦ ❡♠ U ✱ q✉❡ ❛ r❡str✐çã♦

f |[a, a+ v] s❡❥❛ ❝♦♥tí♥✉❛ ❡ q✉❡ ❡①✐st❛ ❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧ ∂f
∂v
(x)✱ s❡❣✉♥❞♦ v✱ ❡♠ t♦❞♦

♣♦♥t♦ x ∈ (a, a+ v)✳ ❊♥tã♦✱ ❡①✐st❡ θ ∈ (0, 1) t❛❧ q✉❡

f(a+ v)− f(a) =
∂f

∂v
(a+ θv).

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✷✸❪✳

❚❡♦r❡♠❛ ❇✳✷ ✭❚❡♦r❡♠❛ ❞❡ ▼✉❞❛♥ç❛ ❞❡ ❱❛r✐á✈❡❧✮ ❙❡❥❛♠ h : U → V ✉♠ ❞✐❢❡✲

♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ C1 ❡♥tr❡ ❛❜❡rt♦s U, V ∈ R
N ✱ X ∈ U ✉♠ ❝♦♠♣❛❝t♦ ♠❡♥s✉rá✈❡❧

s❡❣✉♥❞♦ ❏♦r❞❛♥ ❡ f : h(X) → R ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧✳ ❊♥tã♦✱ f ◦ h : X → R é

✐♥t❡❣rá✈❡❧ ❡
∫

h(X)

f(y)dy =

∫

X

f(h(x)) · |det.h′(x)|dx.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✷✸❪✳



✶✷✺

❚❡♦r❡♠❛ ❇✳✸ ❙❡❥❛ Ω ⊂ R
N ✉♠ ❛❜❡rt♦ ❡ f : Ω → R ✉♠❛ ❢✉♥çã♦ ❝♦♠ ❞❡r✐✈❛❞❛s ❞❡

s❡❣✉♥❞❛ ♦r❞❡♠ ❝♦♥tí♥✉❛s ❡♠ Ω✳ ❙❡ c ∈ Ω é ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ r❡❧❛t✐✈♦ ✭r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✱ ♠á①✐♠♦✮ ❞❡ f ✱ ❡♥tã♦

D2f(c)(w)2 =
N
∑

i,j=1

∂2f

∂xi∂xj
(c)wiwj ≥ 0

✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ D2f(c)(w)2 ≤ 0✮ ♣❛r❛ t♦❞♦ w ∈ R
N ✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✼✱ ❚❤❡♦r❡♠ ✹✷✳✹❪✳

❯♠ r❡s✉❧t❛❞♦ ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛ ♦ ❡st✉❞♦ ❞❛ ♠❛t❡♠át✐❝❛ ❡♠ ❣❡r❛❧ é ♦ ❚❡♦r❡♠❛

❞❡ ❆s❝♦❧✐✲❆r③❡❧á✳ ❆ ✜♠ ❞❡ ❡♥✉♥❝✐❛r t❛❧ r❡s✉❧t❛❞♦ s❡❥❛♠ K ⊂ R ❡ fn : K → R✳ ❉✐③✲s❡

q✉❡ ❛ s❡q✉ê♥❝✐❛ (fn) é ❡q✉✐❝♦♥tí♥✉❛ s❡ ❞❛❞♦ ǫ > 0 ❡①✐st❡ δ > 0 t❛❧ q✉❡

x ∈ K, |x− x0| < δ ⇒ |fn(x)− fn(x0)| < ǫ ∀n ∈ N ❡ ∀x0 ∈ K.

❚❡♦r❡♠❛ ❇✳✹ ✭❆s❝♦❧✐✲❆r③❡❧á✮ ❙❡❥❛ K ⊂ R ❝♦♠♣❛❝t♦✳ ❚♦❞❛ s❡q✉ê♥❝✐❛ ❡q✉✐❝♦♥tí♥✉❛

❡ ❧✐♠✐t❛❞❛ ❞❡ ❢✉♥çõ❡s fn : K → R ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✷✷❪✳

❇✳✷ ❖s ❡s♣❛ç♦s ❞❡ ▲❡❜❡s❣✉❡

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ✐♥tr♦❞✉③✐r ♦ ❝♦♥❝❡✐t♦ ❞♦s ❡s♣❛ç♦s ❞❡ ▲❡❜❡s❣✉❡ ❡ ❛❧❣✉♥s r❡s✉❧✲

t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s✳

❙❡❥❛♠ (X,A, µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ❡ 1 ≤ p < ∞✳ ❉❡✜♥✐♠♦s ♦ ❡s♣❛ç♦

Lp(X,A, µ) ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s µ✲❡q✉✐✈❛❧❡♥t❡s ❞❡ ❢✉♥çõ❡s r❡❛✐s A✲♠❡♥s✉rá✈❡✐s f ✱ ❡♠

q✉❡ |f |p t❡♠ ✐♥t❡❣r❛❧ ✜♥✐t❛ ❡♠ r❡❧❛çã♦ ❛ µ s♦❜r❡ X✳ ❉❡✜♥✐♠♦s t❛♠❜é♠ ❛ ♥♦r♠❛ ❡♠

Lp(X,A, µ) ❞❛❞❛ ♣♦r

‖f‖Lp(X,A,µ) =

(
∫

X

|f |pdµ

)
1
p

.

P❛r❛ ♦ ❝❛s♦ p = ∞ ♦ ❡s♣❛ç♦ L∞(X,A, µ) ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛

❞❛s ❢✉♥çõ❡s r❡❛✐s A✲♠❡♥s✉rá✈❡✐s q✉❡ sã♦ ❧✐♠✐t❛❞❛s q✉❛s❡ s❡♠♣r❡✳ ❙❡ f ∈ L∞(X,A, µ)

❡ M ∈ A ❝♦♠ µ(M) = 0✱ ❡♥tã♦ ❞❡✜♥✐♠♦s

Sf (M) = sup{|f(x)| : x /∈M}

❡

‖f‖L∞(X,A,µ) = inf{S(M) :M ∈ A ❡ µ(M) = 0}.



✶✷✻

❖s ❡s♣❛ç♦s (Lp(X,A, µ), ‖ · ‖Lp(X,A,µ))✱ 1 ≤ p ≤ ∞✱ sã♦ ❞❡♥♦♠✐♥❛❞♦s ❡s♣❛ç♦s ❞❡

▲❡❜❡s❣✉❡✳

❚❡♦r❡♠❛ ❇✳✺ ❖ ❡s♣❛ç♦ ❞❡ ▲❡❜❡s❣✉❡ Lp(X,A, µ) é ❞❡ ❇❛♥❛❝❤ ♣❛r❛ t♦❞♦ 1 ≤ p ≤ ∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✻✱ ❚❤❡♦r❡♠ ✻✳✶✹ ❡ ✻✳✶✻❪ ♦✉ ❬✶✵✱ ❚❤❡♦r❡♠ ✹✳✽❪✳

❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r Ω ❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ R
N ♠❡♥s✉rá✈❡❧

❛ ▲❡❜❡s❣✉❡✳ ◆♦t❛✲s❡ q✉❡ L2(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

∫

Ω

uvdx, ∀u, v ∈ L2(Ω).

❊♥tr❡t❛♥t♦✱ s❡ Ω é ❧✐♠✐t❛❞♦ ❡♥tã♦

Lp(Ω) ⊂ Lq(Ω), ∀1 ≤ q ≤ p < +∞. ✭❇✳✶✮

❉❡ ❢❛t♦✱ s❡ f ∈ Lp(Ω) ❡♥tã♦

∫

Ω

|f |qdx ≤ |Ω|
p−q
p

(
∫

Ω

|f |pdx

)
q
p

= |Ω|
p−q
p ‖f‖qLp(Ω) < +∞

❡✈✐❞❡♥❝✐❛♥❞♦ q✉❡ f ∈ Lq(Ω) ❝♦♠

‖f‖Lq(Ω) ≤ |Ω|
p−q
p ‖f‖Lp(Ω).

❆ s❡❣✉✐r ❡♥✉♥❝✐❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❝❧áss✐❝♦s r❡❢❡r❡♥t❡s ❛♦s ❡s♣❛ç♦s ❞❡ ▲❡✲

❜❡s❣✉❡✳

❚❡♦r❡♠❛ ❇✳✻ ✭▲❡♠❛ ❞❡ ❋❛t♦✉✮ ❙❡ (fn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❞❡✜♥✐❞❛s ❡♠

Ω ❡ t♦♠❛♥❞♦ ✈❛❧♦r❡s ❡♠ R ❡ ♠❡♥s✉rá✈❡✐s s❡♥❞♦ ♥ã♦✲♥❡❣❛t✐✈❛s✱ ❡♥tã♦
∫

Ω

(lim inf fn)dx ≤ lim inf

∫

Ω

fndx.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✻✱ ❚❤❡♦r❡♠ ✹✳✽❪✳

❚❡♦r❡♠❛ ❇✳✼ ✭❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✮ ❙❡❥❛♠ (fn)

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ❡ Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ ❞❡ R
N t❛✐s q✉❡

✭✐✮ fn(x) → f(x) q✳t✳♣ ❡♠ Ω❀

✭✐✐✮ ❊①✐st❡ h ∈ L1(Ω) t❛❧ q✉❡ |fn(x)| ≤ h(x) ♣❛r❛ t♦❞♦ n ∈ N✳

❊♥tã♦✱

lim
n→+∞

∫

Ω

fn(x) =

∫

Ω

f(x)dx.



✶✷✼

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✻✱ ❚❤❡♦r❡♠ ✺✳✻❪✳

❚❡♦r❡♠❛ ❇✳✽ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✮ ❙❡❥❛♠ f ∈ Lp(Ω) ❡ g ∈ Lq(Ω) ❝♦♠ p, q >

1 ❡ 1/p+ 1/q = 1✳ ❊♥tã♦✱ fg ∈ L1(Ω) ❡

‖fg‖L1(Ω) ≤ ‖f‖Lp(Ω)‖g‖Lq(Ω).

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✻✱ ❚❤❡♦r❡♠ ✻✳✾❪ ♦✉ ❬✶✵✱ ❚❤❡♦r❡♠ ✹✳✻❪✳

❚❡♦r❡♠❛ ❇✳✾ ✭❱❛✐♥❜❡r❣✮ ❙❡❥❛♠ (fn) ⊂ Lp(Ω) ❡ f ∈ Lp(Ω) t❛✐s q✉❡

fn → f ❡♠ Lp(Ω) q✉❛♥❞♦ n→ +∞.

❊♥tã♦✱ ❡①✐st❡♠ h ∈ Lp(Ω) ❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (fnk
) t❛✐s q✉❡

✐✮ fnk
(x) → f(x) q✳t✳♣ ❡♠ Ω❀

✐✐✮ |fnk
(x)| ≤ h(x) q✳t✳♣ ❡♠ Ω ♣❛r❛ t♦❞♦ k ∈ N✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✶✵✱ ❚❤❡♦r❡♠ ✹✳✾❪✳

❯♠❛ ❝❧❛ss❡ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❞❡ ♦♣❡r❛❞♦r❡s ♥ã♦✲❧✐♥❡❛r❡s ❛t✉❛♥❞♦ ❡♥tr❡ ♦s ❡s♣❛ç♦s

❞❡ ▲❡❜❡s❣✉❡ é ❛ ❞♦s ♦♣❡r❛❞♦r❡s ❞❡ ◆❡♠②ts❦✐✐✱ ♦s q✉❛✐s ♣❛ss❛♠♦s ❛ ❡st✉❞❛r ❡♠ s❡❣✉✐❞❛✳

❉❡✜♥✐çã♦ ❇✳✶✵ ❙❡❥❛ (X,A, µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦

f : X × R → R s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② s❡✿

✭✐✮ ❆ ❢✉♥çã♦ f(·, t) : X → R é ♠❡♥s✉rá✈❡❧ ♣❛r❛ t♦❞♦ t ∈ R ✜①❛❞♦❀

✭✐✐✮ ❆ ❢✉♥çã♦ f(x, ·) : R → R é ❝♦♥tí♥✉❛ q✳t✳♣ ❡♠ X✳

❚❡♦r❡♠❛ ❇✳✶✶ ❙❡❥❛♠ Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ R
N ♠❡♥s✉rá✈❡❧ ❛ ▲❡❜❡s❣✉❡ ❝♦♠ ♠❡❞✐❞❛

✜♥✐t❛✱ f : Ω × R → R ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② ❡ 1 ≤

p, q <∞✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ❝♦♥st❛♥t❡s C1, C2 > 0 t❛✐s q✉❡

|f(x, t)| ≤ C1 + C2|t|
p/q q✳t✳♣ ❡♠ X ❡ ∀t ∈ R.

❊♥tã♦✱ ♦ ♦♣❡r❛❞♦r ❞❡ ◆❡♠②ts❦✐✐

Nf : Lp(Ω) → Lq(Ω), Nf (u)(x) := f(x, u(x)),

❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ é ❝♦♥tí♥✉♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✾✱ ❚❡♦r❡♠❛ ✾✳✶✳✹❪



✶✷✽

❇✳✸ ❘❡s✉❧t❛❞♦s ❞❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧

❱❛♠♦s ❢❛③❡r ✉♠❛ ❜r❡✈❡ ❞✐s❝✉ssã♦ s♦❜r❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✳

P❛r❛ ✉♠❛ ❧❡✐t✉r❛ ❣❡r❛❧ s♦❜r❡ ❡st❡ t❡♠❛ ❛❝♦♥s❡❧❤❛♠♦s ❛s ❧❡✐t✉r❛s ❬✾❪ ❡ ❬✶✵❪✳ ❉❛q✉✐ ❡♠

❞✐❛♥t❡ ✈❛♠♦s ❞❡♥♦t❛r E ❝♦♠♦ s❡♥❞♦ ✉♠ ❡s♣❛ç♦ r❡❛❧ ❞❡ ❇❛♥❛❝❤ ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛ ‖ · ‖✳

❚❡♦r❡♠❛ ❇✳✶✷ ❙❡❥❛♠ E ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦ ❡ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ E✳

❊♥tã♦✱ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unk
) ❡ u ∈ E t❛✐s q✉❡

unk
⇀ u ❡♠ E q✉❛♥❞♦ k → ∞.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✶✵✱ ❚❤❡♦r❡♠ ✸✳✶✽❪✳

❉❡✜♥✐çã♦ ❇✳✶✸ ❯♠ ❡s♣❛ç♦ E é ❝❤❛♠❛❞♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦ s❡ ❞❛❞♦ ǫ > 0 ❡①✐st❡

δ > 0 t❛❧ q✉❡
∥

∥

∥

∥

u+ v

2

∥

∥

∥

∥

≤ 1− δ s❡♠♣r❡ q✉❡ ‖u‖, ‖v‖ ≤ 1 ❡ ‖u− v‖ ≥ ǫ.

❊①❡♠♣❧♦s ❞❡ ❡s♣❛ç♦s ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦s sã♦ ♦s ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✳ ❉❡ ❢❛t♦✱

s❡♥❞♦ H ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt s❡❣✉❡ ❞❛ ▲❡✐ ❞♦ P❛r❛❧❡❧♦❣r❛♠♦ q✉❡
∥

∥

∥

∥

u+ v

2

∥

∥

∥

∥

2

=
‖u‖2

2
+

‖v‖2

2
−

‖u− v‖2

4
, ∀u, v ∈ H.

❉❡ss❡ ♠♦❞♦✱ ❞❛❞♦s ǫ > 0 ❡ u, v ∈ H ❝♦♠ ‖u‖, ‖v‖ ≤ 1 ❡ ‖u− v‖ ≥ ǫ ♦❜t❡♠♦s
∥

∥

∥

∥

u+ v

2

∥

∥

∥

∥

2

≤ 1−
ǫ2

4
.

P♦rt❛♥t♦✱ ❜❛st❛ t♦♠❛r

δ = 1−

(

1−
ǫ2

4

)
1
2

> 0.

❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❡s♣❛ç♦ H1(Ω) é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦ ♣♦rq✉❛♥t♦ é ❞❡ ❍✐❧❜❡rt✳

❚❡♦r❡♠❛ ❇✳✶✹ ✭▼✐❧♠❛♥✲P❡tt✐s✮ ❚♦❞♦ ❡s♣❛ç♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦ ❞❡ ❇❛♥❛❝❤ é

✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✶✵✱ ❚❤❡♦r❡♠ ✸✳✸✶❪✳

❚❡♦r❡♠❛ ❇✳✶✺ ❆ss✉♠✐♠♦s q✉❡ E é ✉♠ ❡s♣❛ç♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦✳ ❙❡❥❛ (un)

✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ E t❛❧ q✉❡ un ⇀ u ❡♠ E ❡

lim sup
n→∞

‖un‖ ≤ ‖u‖.

❊♥tã♦✱

un → u ❡♠ E q✉❛♥❞♦ n→ ∞.



✶✷✾

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✶✵✱ Pr♦♣♦s✐t✐♦♥ ✸✳✸✷❪✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ é s♦❜r❡ ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ ❢✉♥❝✐♦♥❛✐s ❞❡✜♥✐❞♦s ❡♠ ❡s✲

♣❛ç♦s ♥♦r♠❛❞♦s✳

❚❡♦r❡♠❛ ❇✳✶✻ ❙❡❥❛♠ E ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❡ I : E → R ✉♠ ❢✉♥❝✐♦♥❛❧ ✈❡r✐✜❝❛♥❞♦✿

✐✮
∂I(u)

∂(·)
: E → R ❡①✐st❡ ♣❛r❛ t♦❞♦ u ∈ E❀

✐✐✮
∂I(u)

∂(·)
∈ E ′ ♣❛r❛ t♦❞♦ u ∈ E❀

✐✐✐✮ ❙❡ un → u ❡♠ E✱ ❡♥tã♦

∂I(un)

∂(·)
→

∂I(u)

∂(·)
❡♠ E ′.

❊♥tã♦✱ I ∈ C1(E,R) ❝♦♠

I ′(u)v =
∂I(u)

∂(v)
, ∀u, v ∈ E.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✸✷❪✳



❆♣ê♥❞✐❝❡ ❈

❖s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈

◆❡ss❛ ❛♣ê♥❞✐❝❡✱ ❡♥✉♥❝✐❛r❡♠♦s ❝♦♥❝❡✐t♦s ✐♠♣♦rt❛♥t❡s ❡ ❛❧❣✉♥s t❡♦r❡♠❛s ❝❧áss✐❝♦s

s♦❜r❡ ♦s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✳ P❛r❛ ✉♠❛ ❧❡✐t✉r❛ ❣❡r❛❧ s♦❜r❡ ❡st❡ t❡♠❛ ✐♥❞✐❝❛♠♦s ♦ ❧✐✈r♦

❆❞❛♠s ❬✶❪✳

❙❡❥❛♠ Ω ⊂ R
N ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✱ u : Ω → R ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ ❝♦♠ r❡❧❛✲

çã♦ à ♠❡❞✐❞❛ ❞❡ ▲❡❜❡❣✉❡✱ α = (α1, . . . , αn), β = (β1, . . . , βn) ∈ N
N ❡ z = (z1, . . . , zn) ∈

R
N ✳ ❉❡✜♥✐♠♦s

i) |α| = α1 + . . .+ αn❀

ii) zα = zα1
1 · . . . · zαn

n ❀

iii) α! = α1! . . . αn!❀

iv) α ≤ β s❡♠♣r❡ q✉❡ αi ≤ βi ♣❛r❛ t♦❞♦ i = 1, 2, . . . , n✳

P♦st♦ ✐st♦✱ ❞❡✜♥✐♠♦s ♦ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ Dα ♣♦r

Dα =
∂|α|

∂α1x1∂α2x2 · · · ∂αnxn
.

❉❡✜♥✐çã♦ ❈✳✶ P❛r❛ 1 ≤ p ≤ +∞ ❡ m ∈ N✱ ❞❡✜♥✐♠♦s ♣♦r Wm,p(Ω) ♦ s❡❣✉✐♥t❡

s✉❜❝♦♥❥✉♥t♦ ❞❡ Lp(Ω)

Wm,p(Ω) = {u ∈ Lp(Ω) : Dαu ∈ Lp(Ω) ♣❛r❛ 0 ≤ |α| ≤ m}.

❖ ❝♦♥❥✉♥t♦ Wm,p(Ω) é ❞✐t♦ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈✳



✶✸✶

❊♠ Wm,p(Ω) ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ s❡❣✉✐♥t❡ ♥♦r♠❛

‖u‖m,p =
∑

|α|≤m

‖Dαu‖Lp(Ω)‖Lp(Ω)
.

❚❡♦r❡♠❛ ❈✳✷ (Wm,p(Ω), ‖·‖m,p) é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♠❡s♠♦

é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✶✱ ❚❤❡♦r❡♠ ✸✳✸❪

❊♠ ♣❛rt✐❝✉❧❛r✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ m = 1 ❡ p = 2 ❞❡♥♦t❛r❡♠♦s

H1(Ω) = W 1,2(Ω).

❊♥tr❡t❛♥t♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ s❡❣✉✐♥t❡ ♥♦r♠❛ ✉s✉❛❧ ❡♠ H1(Ω)

‖u‖H1(Ω) =

(
∫

Ω

|∇u|2dx+

∫

Ω

|v|2dx

)
1
2

, u ∈ H1(Ω).

❱❡r✐✜❝❛✲s❡ q✉❡ ❛ ♠❡s♠❛ é ❡q✉✐✈❛❧❡♥t❡ ❛ ♥♦r♠❛ ‖ · ‖1,2✳ ❚❛❧ ❡s♣❛ç♦ é ❞❡ ❍✐❧❜❡rt ❝♦♠ ♦

♣r♦❞✉t♦ ✐♥t❡r♥♦

〈u, v〉H1(Ω) =

∫

Ω

∇u∇vdx+

∫

Ω

uvdx, u, v ∈ H1(Ω).

❊♠ ❝♦♥tr❛♣❛rt✐❞❛✱ ❞❡✜♥✐♠♦s ♦ ❡s♣❛ç♦

H1
0 (Ω) = C∞

0 (Ω)
‖·‖

H1(Ω)

❝♦♠ ❛ ♥♦r♠❛

‖u‖ =

(
∫

Ω

|∇u|2dx

)
1
2

.

❚❡♦r❡♠❛ ❈✳✸ ❙❡❥❛♠ Ω ⊂ R
N ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✱ m ∈ N ❡ 1 ≤ p < ∞✳ ❊♥tã♦✱

C∞(Ω) é ❞❡♥s♦ ❡♠ Wm,p(Ω)✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✶✱ ❚❤❡♦r❡♠ ✸✳✷✷❪

❯♠ r❡s✉❧t❛❞♦ ✐♠♣♦rt❛♥t❡ s♦❜r❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❢r❛❝❛s é ♦ s❡❣✉✐♥t❡ r❡✲

s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ❈✳✹ ❙❡❥❛ Ω = R × D s❡♥❞♦ D ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ R
N−1 ❝♦♠ ❢r♦♥t❡✐r❛

s✉❛✈❡✳ ❙❡❥❛♠ f ∈ L2(Ω) ❡ u ∈ H1(Ω) ✭ ♦✉ u ∈ H1
0 (Ω)✮ s❛t✐s❢❛③❡♥❞♦

∫

Ω

∇u∇vdxdy =

∫

Ω

fvdxdy, ∀v ∈ H1(Ω) (♦✉ ∀v ∈ H1
0 (Ω)).

❊♥tã♦✱ u ∈ H2(Ω)✳

❉❡♠♦♥str❛çã♦✳ ❆ ♣r♦✈❛ é ❛♥á❧♦❣❛ ❛ ❞❡♠♦♥str❛çã♦ ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✵✱ ❚❤❡♦r❡♠ ✾✳✷✺❪

✭s❡♥❞♦ s❡♠❡❧❤❛♥t❡ ❛♦ ❝❛s♦ ❞♦ R
N
+ ✮✳
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❈✳✶ ■♠❡rsõ❡s

◆❡st❛ s❡çã♦✱ tr❛t❛r❡♠♦s ❞❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛❜♦r❞❛r❡♠♦s

❛s ✐♠❡rsõ❡s s♦❜r❡ ❞♦♠í♥✐♦s q✉❡ s❛t✐s❢❛③❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ ❝♦♥❡✳

❉❡✜♥✐çã♦ ❈✳✺ ❙❡❥❛♠ (X, ‖·‖X) ❡ (Y, ‖·‖Y ) ❡s♣❛ç♦s ♥♦r♠❛❞♦s✳ ❉✐r❡♠♦s q✉❡ (X, ‖·‖X)

❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ (Y, ‖ · ‖Y ) q✉❛♥❞♦✿

❛✮ X é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ Y ❀

❜✮ ❆ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ I : (X, ‖ · ‖X) → (Y, ‖ · ‖Y ) é ❝♦♥tí♥✉❛✳

❆❧é♠ ❞✐ss♦✱ ❞✐r❡♠♦s q✉❡ (X, ‖ · ‖X) ❡stá ✐♠❡rs♦ ❝♦♠♣❛❝t❛♠❡♥t❡ ❡♠ (Y, ‖ · ‖Y ) q✉❛♥❞♦

✈❛❧❡ a) ❡

❝✮ ❆ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ I : (X, ‖ · ‖X) → (Y, ‖ · ‖Y ) é ❝♦♠♣❛❝t❛✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ✭❇✳✶✮✱

Lp(Ω) →֒ Lq(Ω) ❝♦♥t✐♥✉❛♠❡♥t❡ ❝♦♠ 1 ≤ q ≤ p < +∞. ✭❈✳✶✮

❈♦♠♦ t♦❞❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❝♦♠♣❛❝t❛ é ❝♦♥tí♥✉❛ s❡❣✉❡ q✉❡ t♦❞❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ é

❝♦♥tí♥✉❛✳

❖s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s s♦❜r❡ ✐♠❡rsõ❡s sã♦ ✐♠♣♦rt❛♥tíss✐♠♦s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡

❊❉P ❊❧í♣t✐❝❛s q✉❛♥❞♦ s❡ tr❛t❛ ❞♦ ✉s♦ ❞❛ ❢❡rr❛♠❡♥t❛ ▼ét♦❞♦ ❱❛r✐❛❝✐♦♥❛✐s✳

❉❡✜♥✐çã♦ ❈✳✻ ✭❆ ❝♦♥❞✐çã♦ ❞♦ ❝♦♥❡✮ ❉✐③❡♠♦s q✉❡ ✉♠ ❞♦♠í♥✐♦ Ω ⊂ R
N s❛t✐s❢❛③ ❛

♣r♦♣r✐❡❞❛❞❡ ❞♦ ❝♦♥❡ s❡ ❡①✐st❡ ✉♠ ❝♦♥❡ ✜♥✐t♦ C t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ x ∈ Ω s❡❥❛ ♦ ✈ért✐❝❡

❞❡ ✉♠ ❝♦♥❡ ✜♥✐t♦ Cx ❝♦♥t✐❞♦ ❡♠ Ω ❡ ❝♦♥❣r✉❡♥t❡ ❛ C✳ ❖❜s❡r✈❡ q✉❡ Cx ♥ã♦ ♣r❡❝✐s❛ s❡r

♦❜t✐❞♦ ❞❡ C ♣♦r ✉♠❛ tr❛♥s❧❛çã♦ ♣❛r❛❧❡❧❛✱ ♠❛s s✐♠♣❧❡s♠❡♥t❡ ♣♦r ♠♦✈✐♠❡♥t♦ rí❣✐❞♦✳

❈♦♥s✐❞❡r❡♠♦s ♦s s❡❣✉✐♥t❡s t❡♦r❡♠❛s ❞❡ ✐♠❡rsõ❡s s♦❜r❡ ❞♦♠í♥✐♦s q✉❡ s❛t✐s❢❛③❡♠ ❛

♣r♦♣r✐❡❞❛❞❡ ❞♦ ❝♦♥❡✳

❚❡♦r❡♠❛ ❈✳✼ ❙❡❥❛♠ Ω ✉♠ ❞♦♠í♥✐♦ s❛t✐s❢❛③❡♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ ❝♦♥❡✱ m ∈ N ❡

1 ≤ p ≤ ∞. ❊♥tã♦ t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s✿

❛✮ ❙❡ mp > N ✱ ❡♥tã♦

Wm,p(Ω) →֒ Lq(Ω) ♣❛r❛ p ≤ q ≤ ∞;

❜✮ ❙❡ mp = N ✱ ❡♥tã♦

Wm,p(Ω) →֒ Lq(Ω) ♣❛r❛ p ≤ q <∞;



✶✸✸

❝✮ ❙❡ mp < N ✱ ❡♥tã♦

Wm,p(Ω) →֒ Lq(Ω) ♣❛r❛ p ≤ q ≤ Np/(N −mp).

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✶✱ ❚❤❡♦r❡♠ ✹✳✶✷❪

❚❡♦r❡♠❛ ❈✳✽ ✭❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✮ ❙❡❥❛♠ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ R
N s❛t✐s❢❛✲

③❡♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ ❝♦♥❡ ❞❡ ❢r♦♥t❡✐r❛ s✉❛✈❡ ❡ 1 ≤ p ≤ ∞✳ ❊♥tã♦✱ ❛s s❡❣✉✐♥t❡s

✐♠❡rsõ❡s sã♦ ❝♦♠♣❛❝t❛s✿

❛✮ W 1,p(Ω) →֒ Lp(Ω)✱ 1 ≤ q ≤ np
n−p

s❡ p < n❀

❜✮ W 1,p(Ω) →֒ Lp(Ω)✱ 1 ≤ q ≤ ∞ s❡ p = n❀

❝✮ W 1,p(Ω) →֒ C(Ω) s❡ p > n✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❬✶✱ ❚❤❡♦r❡♠ ✻✳✸❪✳

❊ r❡❧❛çã♦ ❛♦ ❚❡♦r❡♠❛ ❈✳✼✱ s❡❣✉❡ q✉❡ s❡ N ≥ 3 ❛ s❡❣✉✐♥t❡ ✐♠❡rsã♦ é ❝♦♥tí♥✉❛

H1(Ω) →֒ L2∗(Ω).

◆♦ ❡♥t❛♥t♦✱ ❡♠ ❝♦♥❢♦r♠✐❞❛❞❡ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈ ❛ s❡❣✉✐♥t❡ ✐♠❡rsã♦

é ❝♦♠♣❛❝t❛

W 1,p(Ω) →֒ Lp(Ω), ∀1 ≤ p <∞.

❊♠ ♣❛rt✐❝✉❧❛r✱

H1(Ω) →֒ L2(Ω). ✭❈✳✷✮

P♦r ✜♠✱ ❝♦♠♦ ❝♦♠♣♦s✐çã♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❝♦♥tí♥✉❛ ❝♦♠ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

❝♦♠♣❛❝t❛ é ❝♦♠♣❛❝t❛ ✭✈❡❥❛✱ ♣♦r ❡①❡♠♣❧♦ ❬✾✱ Pr♦♣♦s✐çã♦ ✼✳✷✳✻❪✮✱ t❡♠♦s ♣♦r ✭❈✳✶✮ ❡ ✭❈✳✷✮

q✉❡

H1(Ω) →֒ L1(Ω) ❝♦♠♣❛❝t❛♠❡♥t❡✳ ✭❈✳✸✮

❉❡✜♥✐çã♦ ❈✳✾ ❙❡❥❛ (E, ‖ · ‖) ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✳ ❯♠ ❢✉♥❝✐♦♥❛❧ I : E → R ∪ {∞}

é ❞✐t♦ s❡♠✐❝♦♥tí♥✉♦ ✐♥❢❡r✐♦r♠❡♥t❡ q✉❛♥❞♦ ♣❛r❛ t♦❞❛ s❡q✉ê♥❝✐❛ (un) ❡♠ E ❝♦♠

un → u ❡♠ E t✐✈❡r♠♦s q✉❡

I(u) ≤ lim inf
n→∞

I(un). ✭❈✳✹✮

❉✐③❡♠♦s q✉❡ I é ❢r❛❝❛♠❡♥t❡ s❡♠✐❝♦♥tí♥✉♦ ✐♥❢❡r✐♦r♠❡♥t❡ q✉❛♥❞♦ un ⇀ u ❡♠ E

✐♠♣❧✐❝❛ ❡♠ ✭❈✳✹✮✳
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❯♠ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦ ❞❡ ✉♠ ❢✉♥❝✐♦♥❛❧ ❢r❛❝❛♠❡♥t❡ s❡♠✐❝♦♥tí♥✉♦ ✐♥❢❡r✐♦r♠❡♥t❡ é

❛ ♥♦r♠❛ ❞❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✳ P❛r❛ ♦✉tr♦ ❡①❡♠♣❧♦✱ ♥♦t❡♠♦s ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ❈✳✶✵ ❙❡❥❛♠ Ω ⊂ R
N ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ q✉❡ s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦

❝♦♥❡ ❡ f : Ω×R → R ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤é♦❞♦r② s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝r❡s❝✐✲

♠❡♥t♦

|f(x, t)| ≤ A+B|t|p,

❝♦♠ A,B > 0 ❡ 0 ≤ p < (N + 2)/(N − 2) s❡ N ≥ 3 ♦✉ 0 ≤ p < +∞ s❡ N = 1, 2✳

❊♥tã♦✱ s❡♥❞♦

F (x, t) =

∫ t

0

f(x, s)ds

♦ ❢✉♥❝✐♦♥❛❧

I(u) =

∫

Ω

(

1

2
|∇u|2 − F (x, u)

)

dx, u ∈ H1(Ω)

é ❢r❛❝❛♠❡♥t❡ s❡♠✐❝♦♥tí♥✉♦ ✐♥❢❡r✐♦r♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦s ❢✉♥❝✐♦♥❛✐s

φ(u) =
1

2
‖u‖2H1(Ω) ❡ ψ(u) =

∫

Ω

F (x, u)dx.

P❛rt✐♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ♣❛r❛ ❛ ♣r♦✈❛ ❞❡ q✉❡ ♦ ❢✉♥❝✐♦♥❛ ψ é ❢r❛❝❛♠❡♥t❡ s❡♠✐❝♦♥tí♥✉♦

✐♥❢❡r✐♦r♠❡♥t❡ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ N ≥ 3✳ P❡❧♦ ❚❡♦r❡♠❛ ❈✳✽✱

H1(Ω) →֒ Lq(Ω) ❝♦♠♣❛❝t❛♠❡♥t❡ ∀ 1 ≤ q <
N + 2

N − 2
.

❉❛í✱ s❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ H1(Ω) t❛❧ q✉❡ un ⇀ u ❡♠ H1(Ω) ❡♥tã♦

un → u ❡♠ Lq(Ω).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞♦ ❚❡♦r❡♠❛ ❇✳✶✶ ❝♦♥❝❧✉í♠♦s

F (·, un) → F (·, u) ❡♠ Lq/p(Ω).

❉❡s❞❡ q✉❡ Ω é ❧✐♠✐t❛❞♦ s❡❣✉❡ q✉❡ Lq/p(Ω) ⊂ L1(Ω) ❡ ❛ss✐♠

F (·, un) → F (·, u) ❡♠ L1(Ω).

P♦rt❛♥t♦✱

lim
n→∞

ψ(un) = ψ(u)

s❡♠♣r❡ q✉❡ un ⇀ u ❡♠ H1(Ω)✳ ▲♦❣♦✱ ψ é ❢r❛❝❛♠❡♥t❡ s❡♠✐❝♦♥tí♥✉♦ ✐♥❢❡r✐♦r♠❡♥t❡✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ❛ ♥♦r♠❛ é ❢r❛❝❛♠❡♥t❡ s❡♠✐❝♦♥tí♥✉♦ ✐♥❢❡r✐♦r♠❡♥t❡ s❡❣✉❡ q✉❡ ♦

❢✉♥❝✐♦♥❛❧ φ t❛♠❜é♠ ♦ é✳ ❱❡r✐✜❝❛✲s❡ q✉❡ s♦♠❛ ❞❡ ❢✉♥❝✐♦♥❛✐s ❢r❛❝❛♠❡♥t❡ s❡♠✐❝♦♥tí♥✉♦s

✐♥❢❡r✐♦r♠❡♥t❡ t❛♠❜é♠ ♦ é✳ ❖ ❝❛s♦ N = 1, 2 é ❛♥á❧♦❣♦✳ ■st♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛✳
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❚❡♦r❡♠❛ ❈✳✶✶ ❙❡❥❛♠ Ω ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✱ m ✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦ ❡ 0 < α <

1✳ ❊♥tã♦ ❡①✐st❡ ❛ s❡❣✉✐♥t❡ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛✿

Cm,α(Ω) →֒ Cm(Ω).

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✱ ❚❤❡♦r❡♠ ✶✳✸✹❪

❉❡✜♥✐çã♦ ❈✳✶✷ ✭❖♣❡r❛❞♦r❡s ❞❡ ❡①t❡♥sã♦✮ ❙❡❥❛ Ω ✉♠ ❞♦♠í♥✐♦ ❡♠ R
N ✳ P❛r❛ m

❡ p ❞❛❞♦s✱ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r E ❞❡ Wm,p(Ω) ❡♠ Wm,p(RN) é ❝❤❛♠❛❞♦ ❞❡ (m, p)✲

♦♣❡r❛❞♦r ❞❡ ❡①t❡♥sã♦ s✐♠♣❧❡s ♣❛r❛ Ω s❡ ❡①✐st❡ ❛ ❝♦♥st❛♥t❡ K = K(m, p) t❛❧ q✉❡

♣❛r❛ ❝❛❞❛ u ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ ✈á❧✐❞❛s✿

✭✐✮ Eu(x) = u(x) q✳t✳♣ ❡♠ Ω❀

✭✐✐✮ ‖E(u)‖Wm,p(RN ) ≤ K‖E(u)‖Wm,p(Ω)✳

❚❡♦r❡♠❛ ❈✳✶✸ ❙❡❥❛ Ω ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡♠ R
N ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✳ ❙✉♣♦♥❤❛♠♦s

q✉❡ ❡①✐st❡ ✉♠ (m, p)✲♦♣❡r❛❞♦r ❞❡ ❡①t❡♥sã♦ s✐♠♣❧❡s ♣❛r❛ Ω ❡ q✉❡ mp < n ❡ p ≤ q ≤

p∗ = (N − 1)p/(N −mp)✳ ❊♥tã♦✱ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

Wm,p(Ω) →֒ Lq(∂Ω).

❙❡ mp = n✱ ❡♥tã♦ ❛ ✐♠❡rsã♦ ❛❝✐♠❛ é ✈á❧✐❞❛ ♣❛r❛ p ≤ q <∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✱ ❚❤❡♦r❡♠ ✺✳✸✻❪

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡♠ R
N ✱ N ≥ 2✱ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡

❡♥tã♦

H1(Ω) →֒ L2(∂Ω).
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