
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ P♦❧✐♥ô♠✐♦s
❈❡♥tr❛✐s ♣❛r❛ ➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥

♣♦r

◆❛♥❝② ▲✐♠❛ ❈♦st❛

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❉✐♦❣♦ ❉✐♥✐③ P❡r❡✐r❛ ❞❛ ❙✐❧✈❛ ❡ ❙✐❧✈❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

❆❣♦st♦✴✷✵✶✷



■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ P♦❧✐♥ô♠✐♦s
❈❡♥tr❛✐s ♣❛r❛ ➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥

♣♦r

◆❛♥❝② ▲✐♠❛ ❈♦st❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ➪❧❣❡❜r❛

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆♥tô♥✐♦ P❡r❡✐r❛ ❇r❛♥❞ã♦ ❏ú♥✐♦r ✲ ❯❋❈●

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❏♦sé ❆♥tô♥✐♦ ❖❧✐✈❡✐r❛ ❞❡ ❋r❡✐t❛s ✲ ❯♥❇

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❉✐♦❣♦ ❉✐♥✐③ P❡r❡✐r❛ ❞❛ ❙✐❧✈❛ ❡ ❙✐❧✈❛ ✲ ❯❋❈●

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❆❣♦st♦✴✷✵✶✷

✐✐



❆❜str❛❝t

■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇❡ st✉❞② t❤❡ ♦r❞✐♥❛r② ♣♦❧②♥♦♠✐❛❧ ✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ●r❛ss♠❛♥♥

❆❧❣❡❜r❛ ✇✐t❤ ✉♥✐t②✱ ❞❡♥♦t❡❞ ❜② E✱ ❛♥❞ ✇✐t❤♦✉t ✉♥✐t②✱ ❞❡♥♦t❡❞ ❜② E ′✱ ❢♦r ✜❡❧❞s

♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐✛❡r❡♥t ❢r♦♠ ✷✳ ❲❡ ❛❧s♦ st✉❞② t❤❡ Z2✲❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s ♦❢ t❤❡

❛❧❣❡❜r❛ E ♦✈❡r ✜❡❧❞s ♦❢ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝✳ ❋✐♥❛❧②✱ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❚✲s♣❛❝❡ ♦❢ t❤❡

❝❡♥tr❛❧ ♣♦❧②♥♦♠✐❛❧s ♦❢ E ❢♦r ✜❡❧❞s ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦ ❛♥❞ ❛❧s♦ ❢♦r ✜❡❧❞s ♦❢ ♣♦s✐t✐✈❡

❝❤❛r❛❝t❡r✐st✐❝✱ ♠♦r❡♦✈❡r ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❚✲s♣❛❝❡ ♦❢ t❤❡ ❝❡♥tr❛❧ ♣♦❧②♥♦♠✐❛❧s ♦❢ E ′ ❢♦r

✜❡❧❞s ♦❢ ♣♦s✐t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝✳

❑❡②✇♦r❞s✿ P■✲❆❧❣❡❜r❛s✱ ●r❛❞❡❞ ❆❧❣❡❜r❛s✱ ●r❛❞❡❞ P♦❧②♥♦♠✐❛❧ ■❞❡♥t✐t✐❡s✱

❈❡♥tr❛❧ P♦❧②♥♦♠✐❛❧s✳

✐✐✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❞❡ ❞✐ss❡rt❛çã♦ ❡st✉❞❛♠♦s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♦r❞✐♥ár✐❛s

♣❛r❛ ❛ ➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❝♦♠ ✉♥✐❞❛❞❡✱ ❞❡♥♦t❛❞❛ ♣♦r E✱ ❡ s❡♠ ✉♥✐❞❛❞❡✱ ❞❡♥♦t❛❞❛

♣♦r E ′✱ ♣❛r❛ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳ ❆❧é♠ ❞✐ss♦✱ t❛♠❜é♠ ❡st✉❞❛♠♦s ❛s

✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ ❊ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❝♦r♣♦ t❡♠ ❝❛r❛❝t❡ríst✐❝❛

♣♦s✐t✐✈❛✳ P♦r ✜♠✱ ❞❡s❝r❡✈❡♠♦s ♦ ❚✲❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❡ ❊ t❛♥t♦

♣❛r❛ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ q✉❛♥t♦ ♣❛r❛ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛

❡ ❞❡s❝r❡✈❡♠♦s t❛♠❜é♠ ♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❡ E ′ ♣❛r❛ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛

♣♦s✐t✐✈❛✳

P❛❧❛✈r❛s✲❈❤❛✈❡✿ P■✲➪❧❣❡❜r❛s✱ ➪❧❣❡❜r❛s ●r❛❞✉❛❞❛s✱ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s

●r❛❞✉❛❞❛s✱ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s✳

✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

P♦r trás ❞❡ ✉♠❛ ❝♦♥q✉✐st❛ ♣❡ss♦❛❧ s❡♠♣r❡ ❡①✐st❡ ✉♠❛ ❣r❛♥❞❡ ❡q✉✐♣❡✳ P♦r ✐ss♦

❛❣r❛❞❡ç♦ ❛ t♦❞♦s q✉❡ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❡ss❛ r❡❛❧✐③❛çã♦✳

❆❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r ❡st❛r s❡♠♣r❡ ♣r❡s❡♥t❡ ❡♠ ♠✐♥❤❛ ✈✐❞❛✳

❆ ♠✐♥❤❛ ❢❛♠í❧✐❛ ♣❡❧♦ ❛♣♦✐♦ ❡ ♣♦r ❡♥t❡♥❞❡r ♠✐♥❤❛ ❛✉sê♥❝✐❛ ♥❡st❡s ❞♦✐s ❛♥♦s✳

❆♦ ♠❡✉ ♥♦✐✈♦✱ ❇❡♥❡✈❛❧❞♦✱ ♣❡❧❛ ❝♦♠♣r❡❡♥sã♦✱ ♣❛❝✐ê♥❝✐❛ ❡ ♣♦r t❡r s✐❞♦ ♠❡✉ ♣♦rt♦

s❡❣✉r♦ ♥♦s ♠✉✐t♦s ♠♦♠❡♥t♦s ❞❡ ❞❡s❡s♣❡r♦s ♣r♦♣♦r❝✐♦♥❛❞♦s ♣❡❧♦ ♠❡str❛❞♦✳

❆ ❋✐✉③❛ ♣♦r t❡r ♠❡ r❡❝❡❜✐❞♦ tã♦ ❝❛r✐♥❤♦s❛♠❡♥t❡ ♥❡st❛ ❝✐❞❛❞❡ ❛té ❡♥tã♦

❞❡s❝♦♥❤❡❝✐❞❛✱ ❛ ■r✐s ❡ s✉❛ ❢❛♠í❧✐❛ ♣♦r t❡r❡♠ ♠❡ ❛❝♦❧❤✐❞♦✱ ❛ ❝♦♥✈✐✈ê♥❝✐❛ ❝♦♠ ✈♦❝ês

t♦r♥❛r❛♠ ♠✐♥❤❛ ❡st❛❞✐❛ ❡♠ ❈❛♠♣✐♥❛ ●r❛♥❞❡ ♠❛✐s ❛❣r❛❞á✈❡❧✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ Pr♦❢✳ ❉✐♦❣♦ ❉✐♥✐③✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛✱ ❞❡❞✐❝❛çã♦ ❡ ♣♦r t❡r ♠❡

❛♣r❡s❡♥t❛❞♦ ❞❡ ♠♦❞♦ ❡♥❝❛♥t❛❞♦r ❛ P■✲á❧❣❡❜r❛✳

❆♦s ♣r♦❢❡ss♦r❡s ❞♦ ♣r♦❣r❛♠❛ ❞❡ ♣ós ❣r❛❞✉❛çã♦ ❡♠ ♠❛t❡♠át✐❝❛ ❞❛ ❯❋❈●✱

q✉❡ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ♠✐♥❤❛ ❢♦r♠❛çã♦✱ ❡♠ ❡s♣❡❝✐❛❧✿ ❆♥tô♥✐♦ ❇r❛♥❞ã♦✱ ❍❡♥r✐q✉❡

❋❡r♥❛♥❞❡s✱ ❉✐♦❣♦ ❉✐♥✐③✱ ❉❛♥✐❡❧ ❈♦r❞❡✐r♦ ❡ ❆♥❣❡❧♦ ❘♦♥❝❛❧❧✐✳

❆♦s ♣r♦❢❡ss♦r❡s ❡ ❝♦❧❡❣❛s ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❋❡✐r❛ ❞❡ ❙❛♥t❛♥❛ ♣❡❧♦s

❡♥s✐♥❛♠❡♥t♦s✱ ❞❡♥tr❡ ❡❧❡s ♣r❡❝✐s♦ ❞❡st❛❝❛r ♦ Pr♦❢✳✱ ❡ ❛♠✐❣♦✱ ❏♦ã♦ ❈❛r❞❡❛❧ ♣♦r t❡r

❛❝r❡❞✐t❛❞♦ ❡♠ ♠✐♠ ❡ ♣♦r t❡r ❞❡s♣❡rt❛❞♦ ✉♠ s♦♥❤♦ q✉❡ ❥á ❡st❛✈❛ ❛❞♦♠❡r❝✐❞♦✳

❆♦s ♣r♦❢❡sss♦r❡s ❆♥tô♥✐♦ ❇r❛♥❞ã♦ ❡ ❏♦sé ❆♥tô♥✐♦✱ ♣♦r t❡r❡♠ ❛❝❡✐t♦ ❛✈❛❧✐❛r ♠❡✉

tr❛❜❛❧❤♦ ❡ ♣❡❧❛s s✉❣❡stõ❡s ❞❛❞❛s✳

❆ t♦❞♦s ♠❡✉s ❝♦❧❡❣❛s ❞♦ ♠❡str❛❞♦✱ ❡♠ ❡s♣❡❝✐❛❧✿ ❋❛❜✐♦ ❡ ▼✐❝❤❡❧ ♣❡❧❛ ❛❥✉❞❛ ❝♦♠

♦ ▲❛t❡①✱ ❛ ▲✉ís✱ ❇r✐t♦ ❡ ❆rt❤✉r ♣♦r t♦r♥❛r❡♠ ❛s ❧♦♥❣❛s ❤♦r❛s ❞❡ ❡st✉❞♦ ❞✐✈❡rt✐❞❛s✳

❆ ❚❛tá✱ ❙✐r❧❡♥❡ ✭♠✐♥❤❛ ✐r♠ã ❛❝❛❞ê♠✐❝❛✮ ❡ ❊❧✐③❛❜❡t❡✱ ♣❡❧❛ ❛♠✐③❛❞❡✱ ✈♦❝ês três

❝❡rt❛♠❡♥t❡ ❢♦r❛♠ ✉♠❛s ❞❛s ♠❡❧❤♦r❡s ❝♦♥q✉✐st❛s ❞✉r❛♥t❡ ❡ss❡s ❞♦✐s ❛♥♦s✳

❆♦s t♦❞♦s ♦s ❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉▼❊✴❯❋❈●✱ ❡♠ ♣❛rt✐❝✉❧❛r ❛ ❘❡♥❛t♦ ❡ ❘♦❞r✐❣♦

♣❡❧❛ ❛❥✉❞❛ ❝♦♠ ♦ ❞❛t❛ s❤♦✇✳

❆ ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

✈



❉❡❞✐❝❛tór✐❛

➚s ♠❛✐♦r❡s ♠✉❧❤❡r❡s q✉❡ ❝♦♥❤❡❝✐

✈♦✐♥❤❛ ▼❡r❝ês ✭✐♥ ♠❡♠♦r✐❛✮ ❡ ✈♦✐♥❤❛

▲✉r❞❡s✳

✈✐



❈♦♥t❡ú❞♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶ ❈♦♥❝❡✐t♦s ❇ás✐❝♦s ✶✵

✶✳✶ ➪❧❣❡❜r❛s ❡ ➪❧❣❡❜r❛s ❊♥✈♦❧✈❡♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✷ P■✲➪❧❣❡❜r❛s✱ ❚✲✐❞❡❛✐s ❡ ❱❛r✐❡❞❛❞❡s ❞❡ ➪❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✸ ➪❧❣❡❜r❛s ●r❛❞✉❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✶✳✹ P♦❧✐♥ô♠✐♦s ▼✉❧t✐❤♦♠♦❣ê♥❡♦s✱ ▼✉❧t✐❧✐♥❡❛r❡s ❡ Pró♣r✐♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✶✳✺ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ❡ ❚✲❡s♣❛ç♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✶✳✻ ❚❛❜❡❧❛s ❞❡ ❨♦✉♥❣ ❡ ❛ ❆çã♦ ❞♦ ●r✉♣♦ ▲✐♥❡❛r ●❡r❛❧ GLm ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ♣❛r❛ ❛ ➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ✸✺

✷✳✶ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ♣❛r❛ E✱ charK = 0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✷✳✷ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ♣❛r❛ E✱ charK = p > 0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✸ ■❞❡♥t✐❞❛❞❡s ♣❛r❛ ❛ ➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s❡♠ ✉♥✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸ ■❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ E✱ charK = p ✹✺

✸✳✶ Z2✲❣r❛❞✉❛çõ❡s ♣❛r❛ E ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✷ P♦❧✐♥ô♠✐♦s ❨✲♣ró♣r✐♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸✳✸ ■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ♣❛r❛ Ek∗ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✸✳✹ ■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ♣❛r❛ E∞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✸✳✺ ■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ♣❛r❛ E ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✸✳✻ ■❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ Ek ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✸✳✻✳✶ ❆ ❡str✉t✉r❛ Γ0,m(Ek) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✸✳✻✳✷ ❆ ❡str✉t✉r❛ Γ1,m(Ek) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✸✳✻✳✸ ❖ T2✲✐❞❡❛❧ ♣❛r❛ Ek ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹



✹ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ♣❛r❛ ❛ ➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ✼✽

✹✳✶ Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✹✳✷ C(E) q✉❛♥❞♦ charK = 0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✹✳✸ C(E) q✉❛♥❞♦ charK > 2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✹✳✹ ➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ♥ã♦✲✉♥✐tár✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

❇✐❜❧✐♦❣r❛✜❛ ✾✺

✈✐✐✐



■♥tr♦❞✉çã♦

❆ P■✲t❡♦r✐❛ ✭❞♦ ✐♥❣❧ês P♦❧②♥♦♠✐❛❧ ■❞❡♥t✐t②✮ é ✉♠❛ s✉❜✲ár❡❛ ✐♠♣♦rt❛♥t❡ ❡ r❡❝❡♥t❡

❞❛ t❡♦r✐❛ ❞❡ ❛♥é✐s✱ q✉❡ tr❛t❛ ❞❡ á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳ ❙❡♥❞♦ A ✉♠❛

á❧❣❡❜r❛ ❞✐③❡♠♦s q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) ♥❛s ✈❛r✐á✈❡✐s ♥ã♦✲❝♦♠✉t❛t✐✈❛s x1, . . . , xn

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ A s❡ f(a1, . . . , an) = 0 ♣❛r❛ q✉❛✐sq✉❡r ❡❧❡♠❡♥t♦s

❞❡ A✳ ❙❡ ❡①✐st❡ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♥ã♦ ♥✉❧❛✱ A é ❞✐t❛ ✉♠❛ P■✲á❧❣❡❜r❛✳ ❆s á❧❣❡❜r❛s

❝♦♠✉t❛t✐✈❛s✱ á❧❣❡❜r❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ á❧❣❡❜r❛s ♥✐❧♣♦t❡♥t❡s ❡ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥

sã♦ ❡①❡♠♣❧♦s ❞❡ P■✲á❧❣❡❜r❛s✳

❍✐st♦r✐❝❛♠❡♥t❡✱ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ P■✲❚❡♦r✐❛ t❡✈❡ ✐♥í❝✐♦ ♣♦r ✈♦❧t❛ ❞❡ 1930✱

❡♠❜♦r❛ ❞❡ ❢♦r♠❛ ✐♠♣❧í❝✐t❛✱ ❝♦♠ ♦s tr❛❜❛❧❤♦s ❞♦s ♠❛t❡♠át✐❝♦s ❉❡❤♥ ❬✶✸❪ ❡ ❲❛❣♥❡r

❬✹✾❪✱ ♠❛s ❢♦✐ ❛ ♣❛rt✐r ❞❡ 1948 q✉❡ ❡st❛ t❡♦r✐❛ ❞❡s❡♥✈♦❧✈❡✉✲s❡ ♠❛✐s ✐♥t❡♥s❛♠❡♥t❡ ❛♣ós

♦ ❛rt✐❣♦ ❞❡ ❑❛♣❧❛♥s❦② ❬✷✷❪✱ ♦♥❞❡ ♦ ❛✉t♦r ♠♦str♦✉ q✉❡ t♦❞❛ P■✲á❧❣❡❜r❛ ♣r✐♠✐t✐✈❛ é

✉♠❛ á❧❣❡❜r❛ s✐♠♣❧❡s ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ◆♦ ♠❡s♠♦ ♣❡rí♦❞♦ ❡❧❡ ❧❡✈❛♥t♦✉ ♦ s❡❣✉✐♥t❡

q✉❡st✐♦♥❛♠❡♥t♦✿ ✧q✉❛❧ s❡r✐❛ ♦ ♠❡♥♦r ❣r❛✉ ❞❡ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ s❛t✐s❢❡✐t❛ ♣❡❧❛

á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦❞❡♠ n s♦❜r❡ ✉♠ ❝♦r♣♦❄✑ ❆ r❡s♣♦st❛ ♣❛r❛ ❡st❡ q✉❡st✐♦♥❛♠❡♥t♦

❢♦✐ ❞❛❞❛ ♣♦r ❆♠✐ts✉r ❡ ▲❡✈✐t③❦✐ ❬✷❪✱ ❡♠ ✶✾✺✵✱ q✉❛♥❞♦ ❡❧❡s ♠♦str❛r❛♠ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦

s2n(x1, . . . , x2n) =
∑

σ∈S2n
(−1)σxσ(1) . . . xσ(2n) ✭♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ ❞❡ ❣r❛✉ 2n✮ é ❛

✐❞❡♥t✐❞❛❞❡ ❞❡ ♠❡♥♦r ❣r❛✉ s❛t✐s❢❡✐t❛ ♣❡❧❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n✱ ❛ ♠❡♥♦s

❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r✳ ❆♥♦s ♠❛✐s t❛r❞❡✱ ♦✉tr♦s ♠❛t❡♠át✐❝♦s ❝♦♠♦ ❙✇❛♥ ❬✹✻❪✱

❘❛③♠②s❧♦✈ ❬✸✻❪ ❡ ❘♦ss❡t ❬✹✵❪ ❛♣r❡s❡♥t❛r❛♠ ♦✉tr❛s ❞❡♠♦♥str❛çõ❡s ♣❛r❛ ❡st❡ r❡s✉❧t❛❞♦✳

❘♦ss❡t ❝♦♥s❡❣✉✐✉ ❞❛r ✉♠❛ ♣r♦✈❛ ♠❛✐s ❝♦♥❝✐s❛ ✉s❛♥❞♦ ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❛ á❧❣❡❜r❛

❞❡ ●r❛ss♠❛♥♥ ❡ ❞♦ tr❛ç♦ ♠❛tr✐❝✐❛❧✳

❖ ❚❡♦r❡♠❛ ❞❡ ❆♠✐ts✉r ❡ ▲❡✈✐t③❦✐ ❢♦✐ ❞❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

❞❛ P■✲á❧❣❡❜r❛ ❡ ♠♦t✐✈♦✉ ♦✉tr♦s tr❛❜❛❧❤♦s✱ ❞❡♥tr❡ ❡❧❡s ♦ ❚❡♦r❡♠❛ ❞❡ ❆♠✐ts✉r ❬✶❪✱ ♦ q✉❛❧



❣❛r❛♥t❡ q✉❡ ❞❛❞❛ ✉♠❛ P■✲á❧❣❜r❛ ❡①✐st❡♠ k, m ≥ 0 t❛✐s q✉❡ smk (x1, . . . , xk) é ✉♠❛

✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❡st❛ á❧❣❡❜r❛✳ ◆♦ ❡♥t❛♥t♦✱ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E ❞❡ ✉♠ ❡s♣❛ç♦

✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ♥ã♦ s❛t✐s❢❛③ ♥❡♥❤✉♠❛

✐❞❡♥t✐❞❛❞❡ st❛♥❞❛r❞✳ ▼❛s✱ ✈❡r❡♠♦s ♥♦ ❈❛♣ít✉❧♦ ✷ q✉❡ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛

♣♦s✐t✐✈❛ p > 2 ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ st❛♥❞❛r❞ sp+1.

❉❡♥♦t❛r❡♠♦s ♣♦r Id(A) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s s❛t✐s❢❡✐t❛s

♣❡❧❛ á❧❣❡❜r❛ A✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ Id(A) é ✉♠ ❚✲✐❞❡❛❧✱ ♦✉ s❡❥❛✱ ✉♠ ✐❞❡❛❧ ✐♥✈❛r✐❛♥t❡ ♣♦r

t♦❞♦s ♦s ❡♥❞♦♠♦r✜s♠♦s ❞❡ K〈X〉✳ ❉❡st❡ ♠♦❞♦✱ s❡ ❞❡s❡❥❛r♠♦s ❞❡s❝r❡✈❡r t♦❞❛s ❛s

✐❞❡♥t✐❞❛❞❡s s❛t✐s❢❡✐t❛s ♣♦r A ❜❛st❛ ❡♥❝♦♥tr❛r ♦s ❣❡r❛❞♦r❡s ❞❡ Id(A) ❝♦♠♦ ❚✲✐❞❡❛❧✳ ❆

q✉❡stã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❣❡r❛❞♦r❡s ♣❛r❛ Id(A) ❧❡✈❛♥t❛❞❛ ♣♦r

❲✳ ❙♣❡❝❤t✱ ❡♠ ✶✾✺✵✱ ✜❝♦✉ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t ❡ ❢♦✐ s♦❧✉❝✐♦♥❛❞❛ ♣♦r

❑❡♠❡r ❡♠ ❬✷✺❪ ❡ ❬✷✻❪✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡ ♥❡ss❡s tr❛❜❛❧❤♦s ❑❡♠❡r ♥ã♦ ♠♦str♦✉ ❝♦♠♦

❞❡t❡r♠✐♥❛r t❛✐s ❣❡r❛❞♦r❡s✱ ♣r♦❜❧❡♠❛ ❡st❡ q✉❡ ❛✐♥❞❛ s❡ ❡♥❝♦♥tr❛ ❡♠ ❛❜❡rt♦ ♣❛r❛ ♠✉✐t❛s

á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✳

❊♠ ♥♦ss♦ tr❛❜❛❧❤♦ ✐r❡♠♦s ❞❡s❝r❡✈❡r ❛s ✐❞❡♥t✐❞❛❞❡s ❡ ♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s

♣❛r❛ ❛ ➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ✭♦✉ ➪❧❣❡❜r❛ ❡①t❡r✐♦r✮✳ ❆ ❡str✉t✉r❛ ❞❡ss❛ á❧❣❡❜r❛ ❢♦✐

✐♥tr♦❞✉③✐❞❛ ❡♠ ✶✽✹✹ ♣♦r ❍❡r♠❛♥♥ ●r❛s♠❛♥♥ ✭✶✽✵✾✲✶✽✼✼✮✱ ❡♠ s✉❛ ♦❜r❛ ❉✐❡ ▲✐♥❡❛❧❡

❆✉s❞❡❤♥✉♥❞s❧❡❤r❡ q✉❡ ♣♦❞❡ s❡r tr❛❞✉③✐❞❛ ❝♦♠♦ ✁✏t❡♦r✐❛ ❞❛ ❡①t❡♥sã♦✑ ♦✉ ✏t❡♦r✐❛ ❞❛s

♠❛❣♥✐t✉❞❡s ❡①t❡♥s✐✈❛s✧✳ ❆ ➪❧❣❡❜r❛ ❡①t❡r✐♦r q✉❡ ❤♦❥❡ ❧❡✈❛ ♦ ♥♦♠❡ ❞❡ s❡✉ ❝r✐❛❞♦r s✉r❣✐✉

♣❛r❛ s♦❧✉❝✐♦♥❛r ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿ ❞❛❞♦ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡

✉♠ ❝♦r♣♦ K é ♣♦ssí✈❡❧ ❝♦♥str✉✐r✱ ❞❛ ♠❛♥❡✐r❛ ♠❛✐s ❣❡r❛❧ ♣♦ssí✈❡❧✱ ✉♠❛ á❧❣❡❜r❛ A ❣❡r❛❞❛

♣♦r V ❞❡ ♠♦❞♦ q✉❡ v2 = 0 ❡♠ A✱ ♣❛r❛ t♦❞♦ v ∈ V.

❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ A é Z2✲❣r❛❞✉❛❞❛ ✭♦✉ s✉♣❡rá❧❣❡❜r❛✮ s❡ ♣♦❞❡ s❡r

❞❡❝♦♠♣♦st❛ ❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡ s✉❜❡s♣❛ç♦s A = A(0)⊕A(1) t❛✐s q✉❡ A(i)A(j) ⊆ A(i+j)

♣❛r❛ i = 0, 1✳ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❝♦♠ ❛ s✉❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ é ✉♠ ❡①❡♠♣❧♦

✐♠♣♦rt❛♥t❡ ❞❡ s✉♣❡rá❧❣❡❜r❛✳ ❉❛❞❛ ✉♠❛ s✉♣❡rá❧❣❡❜r❛ q✉❛❧q✉❡r A = A(0)⊕A(1) ♣♦❞❡♠♦s

♦❜t❡r ✉♠❛ ♥♦✈❛ s✉♣❡rá❧❣❡❜r❛ ❛ ♣❛rt✐r ❞❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ❞❡ E✱ ❛ q✉❛❧ é ❝❤❛♠❛❞❛

❞❡ ❡♥✈♦❧✈❡♥t❡ ❞❡ ●r❛ss♠❛♥♥ ❞❡ A ❡ é ❞❡✜♥✐❞❛ ♣♦r E(A) := (E(0)⊗A(0))⊕(E(1)⊗A(1)).

❆ ❡♥✈♦❧✈❡♥t❡ ❞❡ ●r❛ss♠❛♥♥ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ❜ás✐❝❛ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ✈❛r✐❡❞❛❞❡s ❞❡

á❧❣❡❜r❛s ✭✐✳ é✱ ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s q✉❡ s❛t✐s❢❛③❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❛❞♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s✮

q✉❡ ♥ã♦ ♣♦❞❡♠ s❡r ❣❡r❛❞❛s ♣♦r á❧❣❡❜r❛s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛s✳ ❑❡♠❡r ❡♠ ❬✷✺❪ ♠♦str♦✉

q✉❡ t♦❞❛ ✈❛r✐❡❞❛❞❡ ♣♦❞❡ s❡r ❣❡r❛❞❛ ♣❡❧❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ ●r❛ss♠❛♥♥ ❞❡ ✉♠❛ s✉♣❡rá❧❣❡❜r❛

✼



❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❊♠ ♥♦ss♦ tr❛❜❛❧❤♦ ♥ã♦ ✐r❡♠♦s ❛❜♦r❞❛r ❡ss❛ q✉❡stã♦✱ ❡ ❝❛s♦ ♦ ❧❡✐t♦r

q✉❡✐r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡❥❛ ❬✷✺❪ ❡ ❬✷✼❪✳

❆❧é♠ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ ♦✉tr♦ ❝♦♥❝❡✐t♦ ✐♠♣♦rt❛♥t❡ ❡♠ P■✲t❡♦r✐❛ é ♦ ❞❡

♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s✳ ❯♠ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) é ❞✐t♦ ❝❡♥tr❛❧ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ A✱

s❡ q✉❛♥❞♦ ❛✈❛❧✐❛❞♦ ❡♠ q✉❛✐sq✉❡r ❡❧❡♠❡♥t♦s ❞❡ A r❡s✉❧t❛ ❡♠ ✉♠ ❡❧❡♠❡♥t♦ ♣❡rt❡♥❝❡♥t❡

❛♦ ❝❡♥tr♦ ❞❡ A✳

❊♠ ✶✾✺✻✱ ❑❛♣❧❛♥s❦② ❬✷✸❪ ❛♣r❡s❡♥t♦✉ ✉♠❛ ❧✐st❛ ❞❡ ♣r♦❜❧❡♠❛s q✉❡ ♠♦t✐✈♦✉ ✉♠❛

sér✐❡ ❞❡ ♣❡sq✉✐s❛s r❡❧❡✈❛♥t❡s ❞✉r❛♥t❡ ❞é❝❛❞❛s✳ ❯♠ ❞❡ss❡s ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈✐❛ ❛

❡①✐stê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡sMn(K) ♣❛r❛ n > 2 ✭♣❛r❛ ♦

❝❛s♦ n = 2 ❥á ❡r❛ ❝♦♥❤❡❝✐❞♦ ♦ ♣♦❧✐♥ô♠♦ ❝❡♥tr❛❧ ❞❡ ❍❛❧❧✮✳ ❊st❡ ♣r♦❜❧❡♠❛ ❢♦✐ s♦❧✉❝✐♦♥❛❞♦

❡♠ ✶✾✼✷✲✶✾✼✸✱ ♣♦r ❋♦r♠❛♥❡❦ ❬✶✼❪ ❡ ❘❛③♠②s❧♦✈ ❬✸✼❪✳ P♦st❡r✐♦r♠❡♥t❡ ❜❛s❡❛❞♦ ❡♠

r❡s✉❧t❛❞♦s ❞❡ ❆♠✐ts✉r✱ ❑❤❛r❝❤❡♥❦♦ ❬✷✾❪ ♦❜t❡✈❡ ✉♠❛ ♦✉tr❛ ♣r♦✈❛ ❞❛ ❡①✐stê♥❝✐❛ ❞❡

♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ Mn(K)✳ P❛r❛ ♠❛✐s r❡s✉❧t❛❞♦s s♦❜r❡ ♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s

✈❡❥❛ ❬✶✻❪ ❡ ❬✶✾❪✳

❆ ✐♠♣♦rtâ♥❝✐❛ ❞❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ t❛♥t♦ ❡♠ P■✲t❡♦r✐❛ ❝♦♠♦ ❡♠ ♦✉tr❛s ár❡❛s

♥♦s ♠♦t✐✈♦✉ ❛ ❡st✉❞❛r ♦s ❝♦♥❝❡✐t♦s ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♦r❞✐♥ár✐❛s✱ ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s Z2✲❣r❛❞✉❛❞❛s ❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ ❡st❛ á❧❣❡❜r❛✳

◆♦ss♦ tr❛❜❛❧❤♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❡♠ q✉❛tr♦ ❝❛♣ít✉❧♦s✳ ◆♦ ❝❛♣ít✉❧♦ ♥♦s

♣r❡♦❝✉♣❛♠♦s ❡♠ ❛♣r❡s❡♥t❛r ❛s ❞❡✜♥✐çõ❡s ❡ ♦s r❡s✉❧t❛❞♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❛ ❧❡✐t✉r❛

❞♦s ❞❡♠❛✐s ❝❛♣ít✉❧♦s✱ ❡ ♣❛r❛ ♥ã♦ s♦❜r❡❝❛rr❡❣❛r ❛ ❧❡✐t✉r❛ ❛❧❣✉♠❛s ❞❡♠♦♥str❛çõ❡s ❢♦r❛♠

♦♠✐t✐❞❛s ✭❛s q✉❛✐s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✶✾❪ ❡ ❬✶✺❪✮✳

◆♦ ❝❛♣ít✉❧♦ ✷✱ ✜③❡♠♦s ✉♠ ❡st✉❞♦ s♦❜r❡ ♦ ❚✲✐❞❡❛❧ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥

s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❡ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛

❞✐❢❡r❡♥t❡ ❞❡ ❞♦✐s✳ ❆❧é♠ ❞✐ss♦ ❛♣r❡s❡♥t❛♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ❚✲✐❞❡❛❧

❞❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s❡♠ ✉♥✐❞❛❞❡✱ ♦s q✉❛✐s s❡rã♦ ✉t✐❧✐③❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ✸✳

◆♦ t❡r❝❡✐r♦ ❝❛♣ít✉❧♦ tr❛❜❛❧❤❛♠♦s ❝♦♠ ♦ ❛rt✐❣♦ ❞❡ ❈❡♥tr♦♥❡ ❬✽❪✱ ♥♦ q✉❛❧✱ ✉s❛♥❞♦

❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛♦s ❞❡ ❉✐ ❱✐♥❝❡♥③♦ ❡ ❉❛ ❙✐❧✈❛ ❬✹✽❪✱ ❡❧❡ ❞❡t❡r♠✐♥❛ ✉♠❛ ❜❛s❡ ♣❛r❛

❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s Z2✲❣r❛❞✉❛çõ❡s ❞❡ E s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡

❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛ ❡♠ q✉❡ ♦s ❣❡r❛❞♦r❡s ei✱ i = 1, 2, . . . ✱ sã♦ ❤♦♠♦❣ê♥❡♦s✳

◆♦ q✉❛rt♦ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ❛ ❞❡s❝r✐çã♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❢❡✐t❛ ❡♠ ❬✼❪✳

◆❡st❡ ❛rt✐❣♦ ♦s ❛✉t♦r❡s ♣r♦✈❛r❛♠ q✉❡ q✉❛♥❞♦ ❧✐❞❛♠♦s ❝♦♠ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛

③❡r♦ C(E) ✭♦ ❚✲❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s✮ é ✉♠ ❚✲❡s♣❛ç♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♦

✽



q✉❡ ♥ã♦ ♦❝♦rr❡ q✉❛♥❞♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ é ♣♦s✐t✐✈❛✳ ❆ s❛❜❡r✱ ❡ss❡ é ♦ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦

❞❡ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝✉❥♦ ❚✲❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♥ã♦ é ✜♥✐t❛♠❡♥t❡

❣❡r❛❞♦✳

✾



❈❛♣ít✉❧♦ ✶

❈♦♥❝❡✐t♦s ❇ás✐❝♦s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❡ r❡s✉❧t❛❞♦s r❡❧❡✈❛♥t❡s ♣❛r❛

♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳ ❊♠ t♦❞♦ ❝❛♣ít✉❧♦ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❡✱ ❛

♠❡♥♦s ❞❡ ♠❡♥çã♦ ❡♠ ❝♦♥trár✐♦✱ t♦❞❛s ❛s á❧❣❡❜r❛s ❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s❡rã♦ ❞❡✜♥✐❞♦s

s♦❜r❡ K.

✶✳✶ ➪❧❣❡❜r❛s ❡ ➪❧❣❡❜r❛s ❊♥✈♦❧✈❡♥t❡s

❉❡✜♥✐çã♦ ✶✳✶✳✶ ❯♠❛ K✲á❧❣❡❜r❛ ✭ ♦✉ á❧❣❡❜r❛ s♦❜r❡ K ♦✉ s✐♠♣❧❡s♠❡♥t❡ á❧❣❡❜r❛✮ é ✉♠

♣❛r (A, ∗)✱ ♦♥❞❡ A é ✉♠ K✲ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ “ ∗ ” é ✉♠❛ ♦♣❡r❛çã♦ ❜✐❧✐♥❡❛r ❡♠ A✱ ♦✉

s❡❥❛ ∗ : A× A→ A s❛t✐s❢❛③✿

✭✐✮ (a+ b) ∗ c = a ∗ c+ b ∗ c;

✭✐✐✮ a ∗ (b+ c) = a ∗ b+ a ∗ c;

✭✐✐✐✮ (λa) ∗ b = a ∗ (λb) = λ(a ∗ b).

♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A ❡ λ ∈ K.

❆ ♦♣❡r❛çã♦ “ ∗ ” é ❝❤❛♠❛❞❛ ❞❡ ♣r♦❞✉t♦ ♦✉ ♠✉❧t✐♣❧✐❝❛çã♦✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡ ❛

K✲á❧❣❡❜r❛ (A, ∗) s❡rá ❞❡♥♦t❛❞❛ ♣♦r A✱ ✜❝❛♥❞♦ ♦ ♣r♦❞✉t♦ s✉❜❡♥t❡♥❞✐❞♦✱ ❡ ❡s❝r❡✈❡r❡♠♦s

ab ❛♦ ✐♥✈és ❞❡ a∗b✱ ♣❛r❛ a, b ∈ A. ❉❛❞♦s a, b, c ∈ A ❞❡✜♥✐♠♦s abc ❝♦♠♦ s❡♥❞♦ (ab)c ❡✱ ❞❡

✉♠ ♠♦❞♦ ❣❡r❛❧✱ ❞❡✜♥✐♠♦s a1a2 . . . an ∈ A ❝♦♠♦ s❡♥❞♦ (a1a2 . . . an−1)an✱ ♣❛r❛ q✉❛✐sq✉❡r

a1, a2, . . . , an ∈ A.



❉❡✜♥✐çã♦ ✶✳✶✳✷ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛✳ ❯♠❛ ❜❛s❡ ❞❡ A é ❞❡✜♥✐❞❛ ❝♦♠♦ s❡♥❞♦

✉♠❛ ❜❛s❡ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ A✳ ❉❡✜♥✐♠♦s ❛ ❞✐♠❡♥sã♦ ❞❡ A ✭dimA✮ ❝♦♠♦ s❡♥❞♦

❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ A.

❉❡✜♥✐çã♦ ✶✳✶✳✸ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛✳ ❉✐r❡♠♦s q✉❡ ❛ á❧❣❡❜r❛ A é ✿

✭✐✮ ❆ss♦❝✐❛t✐✈❛✱ s❡ (ab)c = a(bc) ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A;

✭✐✐✮ ❈♦♠✉t❛t✐✈❛✱ s❡ ab = ba ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A;

✭✐✐✐✮ ❯♥✐tár✐❛ ✭♦✉ ❝♦♠ ✉♥✐❞❛❞❡✮ s❡ ❡①✐st❡ 1A ∈ A t❛❧ q✉❡ 1Aa = a1A = a ♣❛r❛ t♦❞♦

a ∈ A;

✭✐✈✮ ➪❧❣❡❜r❛ ❞❡ ▲✐❡ s❡ ✈❛❧❡♠ a2 = aa = 0 ❡ (ab)c+ (bc)a+ (ca)b = 0 ✭✐❞❡♥t✐❞❛❞❡ ❞❡

❏❛❝♦❜✐✮ ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A

❖❜s❡r✈❛çã♦ ✶✳✶✳✹ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ S ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ A ✭❝♦♠♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧✮✳ ◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡✿

✭✐✮ A é ❛ss♦❝✐❛t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (x1x2)x3 = x1(x2x3)✱ ♣❛r❛ q✉❛✐sq✉❡r

x1, x2, x3 ∈ S.

✭✐✐✮ A é ❝♦♠✉t❛t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x1x2 = x2x1✱ ♣❛r❛ q✉❛✐sq✉❡r x1, x2 ∈ S.

✭✐✐✐✮ A é ✉♥✐tár✐❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ 1A ∈ A t❛❧ q✉❡ 1Ax = x1A = x✱ ♣❛r❛ t♦❞♦

x ∈ S.

❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ ❡ λ ∈ K✱ ✐❞❡♥t✐✜❝❛r❡♠♦s λ ❝♦♠ ♦ ❡❧❡♠❡♥t♦ λ1A

❞❡ A ❡ ♦ ❝♦r♣♦ K ❝♦♠♦ ♦ s✉❜❝♦♥❥✉♥t♦ {λ1A; λ ∈ K} ✭s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r 1A✮✳

❆♣r❡s❡♥t❛r❡♠♦s ❛ s❡❣✉✐r ❡①❡♠♣❧♦s ✐♠♣♦rt❛♥t❡s ❞❡ á❧❣❡❜r❛s✳

❊①❡♠♣❧♦ ✶✳✶✳✺ ❙❡♥❞♦ K ✉♠ ❝♦r♣♦ ❡ n ∈ N✱ ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ Mn(K) ♠✉♥✐❞♦

❞❡ s❡✉ ♣r♦❞✉t♦ ✉s✉❛❧ é ✉♠❛ K✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡✳ ❉❡st❛❝❛♠♦s ♥❡st❛

á❧❣❡❜r❛ ❛s ♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s Ei,j q✉❡ ♣♦ss✉✐ 1 ♥❛ ❡♥tr❛❞❛ ❞❛ ✐✲és✐♠❛ ❧✐♥❤❛ ❡ ❥✲és✐♠❛

❝♦❧✉♥❛ ❡ 0 ♥❛s ❞❡♠❛✐s✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ❡❧❛s ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ Mn(K) ❡ ❛ss✐♠

dimK Mn(K) = n2✳ ❉❡ ✉♠ ♠♦❞♦ ❣❡r❛❧✱ s❡ A é ✉♠❛ K✲á❧❣❡❜r❛✱ ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧

❞❡ t♦❞❛s ❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n× n ❝♦♠ ❡♥tr❛❞❛s ❡♠ A✱ ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✉s✉❛❧ ❞❡

♠❛tr✐③❡s é ✉♠❛ K✲á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✶✳✶✳✻ ❙❡❥❛♠ V ✉♠ ❑✲❡s♣❛ç♦ ❡ L(V ) ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞♦s ♦♣❡r❛❞♦r❡s

❧✐♥❡❛r❡s ❞❡ V ✳ ▼✉♥✐❞♦ ❞❛ ❝♦♠♣♦s✐çã♦ ✱ L(V ) é ✉♠❛ K✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✉♥✐tár✐❛✳

❊①❡♠♣❧♦ ✶✳✶✳✼ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ R3 ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧ é ✉♠❛ R✲á❧❣❡❜r❛✱

❡♠ ♣❛rt✐❝✉❧❛r é ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡✳

✶✶



❊①❡♠♣❧♦ ✶✳✶✳✽ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ K[x] ❞♦s ♣♦❧✐♥ô♠✐♦s ♥❛ ✈❛r✐á✈❡❧ x ❝♦♠ ❝♦❡✜❝✐❡♥t❡s

❡♠ K✱ ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✉s✉❛❧ ❞❡ ♣♦❧✐♥ô♠✐♦s é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱ ❝♦♠✉t❛t✐✈❛

❡ ✉♥✐tár✐❛✳ ❉❡ ✉♠ ♠♦❞♦ ❣❡r❛❧✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ X = {x1, . . . , xn} ♣♦❞❡♠♦s

❞❡✜♥✐r ❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❡♠ n ✈❛r✐á✈❡✐s✱ ❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r

K[x1, . . . , xn].

❆❣♦r❛ ✈❡r❡♠♦s ♦ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ♥❡ss❡ tr❛❜❛❧❤♦✳

❊①❡♠♣❧♦ ✶✳✶✳✾ ✭➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ♦✉ ➪❧❣❡❜r❛ ❊①t❡r✐♦r✮ ❙❡❥❛♠ K ✉♠

❝♦r♣♦ ❡ V ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ K ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ❡♥✉♠❡rá✈❡❧ ❝♦♠ ❜❛s❡

e1, e2, . . .✳ ❉❡♥♦t❛♠♦s ❛ á❧❣❡❜r❛ ❡①t❡r✐♦r s♦❜r❡ K ♣♦r E✱ ❛ q✉❛❧ é ❛ss♦❝✐❛t✐✈❛ ❡ ✉♥✐tár✐❛

❡ t❡♠ ❝♦♠♦ ❜❛s❡ ♦ ❝♦♥❥✉♥t♦

{1E, ei1ei2 . . . eim |m ∈ N, i1 < i2 < . . . < im}

❡ ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ♣♦r e2i = 0 ❡ eiej = −ejei. ❉❡st❛❝❛♠♦s ❡♠ E ♦s

s✉❜❡s♣❛ç♦s✿

E(0) = 〈1E, ei1ei2 . . . eim | ♠ é ♣❛r, i1 < i2 < . . . < im〉 ❡

E(1) = 〈ei1ei2 . . . eim | ♠ é í♠♣❛r, i1 < i2 < . . . < im〉.

❈❧❛r❛♠❡♥t❡ E = E(0) ⊕ E(1)✳ ❯♠❛ ✈❡③ q✉❡ eiej = −ejei✱ t❡♠♦s

(ei1ei2 . . . eim)(ej1ej2 . . . ejn) = (−1)mn(ej1ej2 . . . ejn)(ei1ei2 . . . eim),

♣❛r❛ q✉❛✐sq✉❡r m,n ∈ N✳ ❉❛í ab = ba ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ E(0) ❡ xy = −yx ♣❛r❛

q✉❛✐sq✉❡r x, y ∈ E(1)✳ ◆♦t❡ q✉❡ s❡ charK = 2✱ ❡♥tã♦ E é ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✱ ♦

q✉❡ ♥ã♦ s❡rá ✐♥t❡r❡ss❛♥t❡ ♥❡st❡ tr❛❜❛❧❤♦✱ ♣♦r ✐ss♦ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r charK 6= 2.

❈♦♥s✐❞❡r❡ E ′ ♦ s✉❜❡s♣❛ç♦ ❞❡ E ❣❡r❛❞♦ ♣♦r {ei1ei2 . . . eim |m ∈ N, i1 < . . . < im}✳

❚❡♠♦s q✉❡ E ′✱ ♠✉♥✐❞♦ ❞❛ ♦♣❡r❛çã♦ ❞❡ E✱ é ✉♠❛ á❧❣❡❜r❛ ❝❤❛♠❛❞❛ á❧❣❡❜r❛ ❡①t❡r✐♦r

s❡♠ ✉♥✐❞❛❞❡✳ ❖❜s❡r✈❡ q✉❡ E ′ = E ′(0) ⊕ E(1)✱ ♦♥❞❡ E ′(0) é ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r

{ei1ei2 . . . eim | ♠ é ♣❛r, i1 < i2 < . . . < im}.

❊①❡♠♣❧♦ ✶✳✶✳✶✵ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛ s❡♠ ✉♥✐❞❛❞❡ ❡ ❝♦♥s✐❞❡r❡ ♦ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞♦s

K✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s K ❡ A✱ K × A = {(λ, a)|λ ∈ K ❡ a ∈ A}✳ ❉❡✜♥❛ ♦ ♣r♦❞✉t♦✿

(λ1, a1)(λ2, a2) = (λ1λ2, λ1a2 + λ2a1 + a1a2).

▼✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦✱ K×A é ✉♠❛ K✲á❧❣❡❜r❛✱ ❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r K⊕A✳ ❖❜s❡r✈❡

q✉❡ K ⊕ A ♣♦ss✉✐ ✉♥✐❞❛❞❡✱ ❛ s❛❜❡r (1A, 0A) ❡ t❛❧ ❝♦♥str✉çã♦ é ❝❤❛♠❛❞❛ ❞❡ ❛❞❥✉♥çã♦

❢♦r♠❛❧ ❞❛ ✉♥✐❞❛❞❡ ❛ A.

❆ss✐♠✱ ❛ á❧❣❡❜r❛ ❡①t❡r✐♦r E ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ E = K ⊕ E ′.

✶✷



❙❡♥❞♦ a, b ∈ A✱ ❞❡✜♥✐♠♦s ♦ ❝♦♠✉t❛❞♦r ❞❡ a ❡ b✱ ❞❡♥♦t❛❞♦ ♣♦r [a, b]✱ ❝♦♠♦ s❡♥❞♦

[a, b] = ab − ba✳ ❉❡ ✉♠ ♠♦❞♦ ❣❡r❛❧✱ ❞❡✜♥✐♠♦s ♦ ❝♦♠✉t❛❞♦r ❞❡ ❝♦♠♣r✐♠❡♥t♦ n ❝♦♠♦

s❡♥❞♦ [a1, a2, . . . , an] = [[a1, . . . , an−1], an]✱ ♦♥❞❡ ai ∈ A✳ ❆ ♣❛rt✐r ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦✱

♣♦❞❡♠♦s ♠♦str❛r q✉❡

[ab, c] = a[b, c] + [a, c]b. ✭✶✳✶✮

❋❛③❡♥❞♦ ✐♥❞✉çã♦ s♦❜r❡ n ♣♦❞❡♠♦s ♠♦str❛r q✉❡✿

[a1a2 . . . an, c] =
n∑

i=1

a1 . . . ai−1[ai, c]ai+1 . . . an. ✭✶✳✷✮

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ♣❡r♠✐t❡ ♦❜t❡r ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❛ ♣❛rt✐r ❞❡ ✉♠

❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❞❡s❞❡ q✉❡ s❡ ❝♦♥❤❡ç❛ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ♠❡s♠♦✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✶ ❙❡❥❛♠ A ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ β ✉♠❛ ❜❛s❡ ❞❡ A✳ ❉❛❞❛

f : β × β → A✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r ∗ : A × A → A t❛❧ q✉❡

u1 ∗ u2 = f(u1, u2) ♣❛r❛ q✉❛✐sq✉❡r u1, u2 ∈ β.

❉❡♠♦♥str❛çã♦✿ ❚♦♠❡♠♦s a ∈ A✳ ❊♥tã♦ a =
∑

u∈β

αuu✱ ♦♥❞❡ αu ∈ K ❡ ♦ ❝♦♥❥✉♥t♦

{u ∈ β; αu 6= 0} é ✜♥✐t♦✳ ❉❡st❛ ❢♦r♠❛✱ ❞❛❞♦s a =
∑

u∈β αuu, ❡ b =
∑

v∈β λvv ∈ A✱

❞❡✜♥❛ ∗ : A→ A ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

a ∗ b =
∑

u,v∈β

αuλvf(u, v),

♦❜s❡r✈❡ q✉❡ “ ∗ ” ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♣♦✐s s❡
∑

v∈β γvv =
∑

v∈β γ
′
vv✱ ❝♦♠ λv, λ

′
v ∈ K✱

❡♥tã♦ λv = λ′v ♣❛r❛ t♦❞♦ v ∈ β. ❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ µ ∈ β ❡ a =
∑

u∈β αuu✱

a1 =
∑

u∈β α
′
uu✱ b =

∑
v∈β λvv✱ t❡♠♦s

(a+ a1) ∗ b =
∑

u∈β

(αu + α′
u)u ∗

∑

v∈β

λvv

=
∑

u,v∈β

(αu + α′
u)λvf(u, v)

=
∑

u,v∈β

αuλvf(u, v) +
∑

u,v∈β

α′
uλvf(u, v)

= (a ∗ b) + (a1 ∗ b)

❡

µ(a ∗ b) =
∑

u∈β

µαuλvf(u, v)

=
∑

u∈β

(µαu)u ∗
∑

v∈β

λvv

= (µa) ∗ b.

✶✸



❉❡ ♠♦❞♦ ✐♥t❡✐r❛♠❡♥t❡ ❛♥á❧♦❣♦✱ ♠♦str❛✲s❡ q✉❡ µ(a ∗ b) = a ∗ (µb) ❡ q✉❡

a ∗ (b1 + b2) = a ∗ b1 + a ∗ b2✱ ♣❛r❛ q✉❛✐sq✉❡r b1, b2 ∈ A✳ ▲♦❣♦✱ “ ∗ ” é ❜✐❧✐♥❡❛r✳

❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ u1, u2 ∈ β✱ t❡♠♦s q✉❡ u1 =
∑

u∈β αuu✱ ♦♥❞❡ αu = 1 s❡ u = u1✱

❡ αu = 0 s❡ u 6= u1 ❡ u2 =
∑

v∈β λvv✱ ♦♥❞❡ λv = 1 s❡ v = u2 ❡ λv = 0 s❡ v 6= u2✳ ❉❛í✱

u1 ∗ u2 =
∑

u,v∈β

αuλvf(u, v) = αu1λu2f(u, v) = f(u, v),

❡ ♦❜t❡♠♦s q✉❡ ∗ ❡st❡♥❞❡ f.

▼♦str❡♠♦s ❛❣♦r❛ ❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ⋆ : A×A→ A ❡st❡♥❞❡

f ✳ ❊♥tã♦ ❞❡✈❡rí❛♠♦s t❡r

a ⋆ b =
∑

u,v∈β

αuλv(u ∗1 v)

=
∑

u,v∈β

αuλvf(u, v)

= a ∗ b.

P♦rt❛♥t♦✱ “ ∗ ” ❡ “ ⋆ ” sã♦ ✐❣✉❛✐s✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✷ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡ ✿

✭✐✮ ✉♠ s✉❜❡s♣❛ç♦ B ❞❡ A é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A s❡ é ♠✉❧t✐♣❧✐❝❛t✐✈❛♠❡♥t❡ ❢❡❝❤❛❞♦✱

✐st♦ é✱ b1b2 ∈ B ♣❛r❛ q✉❛✐sq✉❡r b1, b2 ∈ B;

✭✐✐✮ ✉♠ s✉❜❡s♣❛ç♦ I ❞❡ A é ✉♠ ✐❞❡❛❧✭❜✐❧❛t❡r❛❧✮ ❞❡ A s❡ AI, IA ⊆ I✱ ♦✉ s❡❥❛✱ s❡

ax, xa ∈ I ♣❛r❛ q✉❛✐q✉❡r a ∈ A ❡ x ∈ I.

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✸ ❉❡✜♥✐♠♦s t❛♠❜é♠ ✐❞❡❛✐s ✉♥✐❧❛t❡r❛✐s✳ I é ❞✐t♦ ✐❞❡❛❧ à ❞✐r❡✐t❛

✭r❡s♣❡❝t✐✈❛♠❡♥t❡ à ❡sq✉❡r❞❛✮ s❡ IA ⊆ I ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ AI ⊆ I✮✳

❊①❡♠♣❧♦ ✶✳✶✳✶✹ ❈♦♥s✐❞❡r❡ k ∈ N ❡ Ek ♦ s✉❜❡s♣❛ç♦ ❞❡ E ❣❡r❛❞♦ ♣♦r

{1, ei1ei2 . . . eil | l ≤ k}✳ ❚❡♠♦s q✉❡ Ek é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ E.

❊①❡♠♣❧♦ ✶✳✶✳✶✺ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ ❖ ❝♦♥❥✉♥t♦

Z(A) = {a ∈ A| ax = xa, ♣❛r❛ t♦❞♦x ∈ A}

é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ ❆ ❝❤❛♠❛❞♦ ❞❡ ❝❡♥tr♦ ❞❡ ❆✳ ❉❛ ➪❧❣❡❜r❛ ▲✐♥❡❛r✱ t❡♠♦s q✉❡ ❞❛❞♦

n ∈ N✱ Z(Mn(K)) = {λIn|λ ∈ K}✳ P❡❧♦ ❊①❡♠♣❧♦ ✶✳✶✳✾✱ ♦❜t❡♠♦s q✉❡ Z(E) = E0.

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✻ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛✱ {Iλ|λ ∈ Λ} ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ✐❞❡❛✐s ❞❡ A ❡

{Bγ| γ ∈ Γ} ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜á❧❣❡❜r❛s ❞❡ A✱ é ❢á❝✐❧ ✈❡r q✉❡
⋂

λ∈Λ Iλ é ✉♠ ✐❞❡❛❧ ❞❡ A

❡
⋂

γ∈ΓBγ é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A.

✶✹



❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❉❡✜♥✐♠♦s ❛ r❡❧❛çã♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛

♠ó❞✉❧♦ ■ ♣♦r✿

❉❡✜♥✐çã♦ ✶✳✶✳✶✼ ❙❡♥❞♦ a, b ∈ A✱ a é ❞✐t♦ ❝♦♥❣r✉❡♥t❡ ❛ b ♠ó❞✉❧♦ I s❡ a− b ∈ I.

❚❛❧ r❡❧❛çã♦ s❡rá ❞❡♥♦t❛❞❛ ♣♦r a ≡ b ✭♠♦❞ ■✮ ♦✉ a ≡I b. ❖ ❝♦♥❥✉♥t♦ {a+ i|i ∈ I}

é ❝❤❛♠❛❞♦ ❞❡ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ a ♠ó❞✉❧♦ I ❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r a ♦✉ a+ I✳ ❖

❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ♠ó❞✉❧♦ I ❞❡ A s❡rá r❡♣r❡s❡♥t❛❞♦ ♣♦r A/I.

❈♦♥s✐❞❡r❡ ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ A/I✱ ❝✉❥❛s ♦♣❡r❛çõ❡s sã♦ ❞❛❞❛s ♣♦r✿

a+ b = a+ b ❡ λa = λa,

♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A ❡ λ ∈ K. ❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛✱ ❛ ♠✉❧t✐♣❧✐❝❛çã♦

. : A/I × A/I → A/I

(a, b) 7→ a.b = ab

❝♦♠♦ I é ✉♠ ✐❞❡❛❧ ✱ t❡♠♦s q✉❡ ❡❧❛ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ ❢❛③ ❞❡ A/I ✉♠❛ á❧❣❡❜r❛ ❝❤❛♠❛❞❛

❞❡ ➪❧❣❡❜r❛ ◗✉♦❝✐❡♥t❡ ❞❡ A ♣♦r I✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✽ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❞❡ A✳

❉❡✜♥✐♠♦s✿

✭✐✮ ❆ s✉❜á❧❣❡❜r❛ ❞❡ A ❣❡r❛❞❛ ♣♦r S✱ ❞❡♥♦t❛❞❛ ♣♦r K〈S〉✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦

❞❡ t♦❞❛s ❛s s✉❜á❧❣❡❜r❛s ❞❡ A q✉❡ ❝♦♥tê♠ S ✭♦✉ S ∪ 1A✱ ❝❛s♦ A s❡❥❛ ✉♥✐tár✐❛✮✳

✭✐✐✮ ❖ ✐❞❡❛❧ ❞❡ A ❣❡r❛❞♦ ♣♦r S✱ ❞❡♥♦t❛❞♦ ♣♦r IS✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s

♦s ✐❞❡❛✐s ❞❡ A q✉❡ ❝♦♥tê♠ S✳

❉❛ ❉❡✜♥✐çã♦ ❛♥t❡r✐♦r✱ s❡❣✉❡ q✉❡ K〈S〉 é ❛ ✏♠❡♥♦r✑ s✉❜á❧❣❡❜r❛ ❞❡ A q✉❡ ❝♦♥t❡♠

S✱ ❡ ♦ ✐❞❡❛❧ ❞❡ A ❣❡r❛❞♦ ♣♦r S é ♦ ✏♠❡♥♦r✑ ✐❞❡❛❧ ❞❡ A ❝♦♥t❡♥❞♦ S✳ ❙❡ S1 ⊆ S2 ⊆ A✱

❡♥tã♦ K〈S1〉 ⊆ K〈S2〉 ⊆ A ❡ ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S1 ❡stá ❝♦♥t✐❞♦ ♥♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S2.

❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛✱ ❞✐③❡♠♦s q✉❡ S ⊆ A ❣❡r❛ A ✭❝♦♠♦ á❧❣❡❜r❛✮ ♦✉ é ✉♠ ✉♠

❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ♣❛r❛ ❛ á❧❣❡❜r❛ A✱ s❡ K〈S〉 = A✳ ❆❧é♠ ❞✐ss♦✱ A é ❞✐t❛ ✉♠❛ á❧❣❡❜r❛

✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ s❡ ❡①✐st❡ S ⊆ A ✜♥✐t♦ t❛❧ q✉❡ K〈S〉 = A✳ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ ✉♥✐tár✐❛✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡✱ K〈S〉 ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ s✉❜❡s♣❛ç♦ ❞❡ A ❣❡r❛❞♦

♣♦r {s1s2 . . . sn|n ∈ N, si ∈ S} ❡ ♦ ✐❞❡❛❧ ❞❡ A ❣❡r❛❞♦ ♣♦r S ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ s✉❜❡s♣❛ç♦

❞❡ A ❣❡r❛❞♦ ♣♦r {asb|a, b ∈ A, s ∈ S}.

✶✺



❉❡✜♥✐çã♦ ✶✳✶✳✶✾ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r Φ : A→ B

é ❞✐t❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s s❡ Φ(a1a2) = Φ(a1)Φ(a2) ♣❛r❛ q✉❛✐sq✉❡r

a1, a2 ∈ A✳ ❙❡ A ❡ B ♣♦ss✉❡♠ ✉♥✐❞❛❞❡✱ ❡①✐❣✐♠♦s q✉❡ Φ(1A) = 1B

❉✐③❡♠♦s q✉❡ Φ é✿

✭✐✮ ✉♠ ♠♦♥♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛ ✭♦✉ ♠❡r❣✉❧❤♦✱ ♦✉ ✐♠❡rsã♦✮ s❡ Φ é ✉♠ ❤♦♠♦♠♦r✜s♠♦

✐♥❥❡t♦r❀

✭✐✐✮ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s s❡ Φ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❜✐❥❡t♦r✱ ♥❡st❡

❝❛s♦ ❞✐r❡♠♦s q✉❡ A ❡ B sã♦ á❧❣❡❜r❛s ✐s♦♠♦r❢❛s ❡ ❞❡♥♦t❛r❡♠♦s A ≃ B;

✭✐✐✐✮ ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❛ á❧❣❡❜r❛ A s❡ Φ : A→ A é ✉♠ ✐s♦♠♦r✜s♠♦❀

✭✐✈✮ ✉♠ ❡♥❞♦♠♦r✜s♠♦ ❞❛ á❧❣❡❜r❛ A s❡ Φ : A→ A é ✉♠ ❤♦♠♦♠♦r✜s♠♦✳ ❉❡♥♦t❛r❡♠♦s

♣♦r End(A) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❡♥❞♦♠♦r✜s♠♦s ❞❡ A.

❙❡❥❛ Φ : A → B ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡♥♦t❛♠♦s ♦ ♥ú❝❧❡♦ ❞❡ Φ ♣♦r

KerΦ = {x ∈ A; Φ(x) = 0B} ❡ ❛ ✐♠❛❣❡♠ ❞❡ Φ ♣♦r ImΦ = {b ∈ B; Φ(a) = b}✳ ➱ ❢á❝✐❧

♠♦str❛r q✉❡ KerΦ é ✉♠ ✐❞❡❛❧ ❞❡ A ❡ ImΦ é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ B.

❆ s❡❣✉✐r ❞❡✜♥✐r❡♠♦s á❧❣❡❜r❛s ❧✐✈r❡s ❡♠ ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s

✉♥✐tár✐❛s✳ ❖s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ P■✲t❡♦r✐❛✱ q✉❡ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛s ♣ró①✐♠❛s

s❡çõ❡s✱ ❡stã♦ ❞❡✜♥✐❞♦s ♥❡st❛s á❧❣❡❜r❛s✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✵ ❙❡❥❛ B ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ F ∈ B é

✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ❞❡ B s❡ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ X q✉❡ ❣❡r❛ F ✭❝♦♠♦ á❧❣❡❜r❛✮ t❛❧ q✉❡

♣❛r❛ t♦❞❛ á❧❣❡❜r❛ A ∈ B ❡ t♦❞❛ ❛♣❧✐❝❛çã♦ h : X → A ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦

ϕ : F → A ❡st❡♥❞❡♥❞♦ h✳ ◆❡st❛s ❝♦♥❞✐çõ❡s ❞✐③❡♠♦s q✉❡ F é ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r X

♥❛ ❝❧❛ss❡ B.

❊①❡♠♣❧♦ ✶✳✶✳✷✶ ❈♦♥s✐❞❡r❛♥❞♦ ❛ á❧❣❡❜r❛ K[x1, . . . , xn]✱ ♥♦t❡ q✉❡ ❡st❛ á❧❣❡❜r❛ é ❣❡r❛❞❛

♣❡❧♦ ❝♦♥❥✉♥t♦ X = {x1, . . . , xn}✳ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛✱ a ∈ A ❡ ❛ ❛♣❧✐❝❛çã♦

h : X → A✱ h(xi) = ai✳ ❚❡♠♦s q✉❡ ♦ ❤♦♠♦♠♦r✜s♠♦ ϕ : K[x1, . . . , xn] → A ❞❛❞♦

♣♦r ϕ(f(x1, . . . , xn)) = f(a1, . . . .an) ❡st❡♥❞❡ h✳ P♦rt❛♥t♦✱ K[x1, . . . , xn] é ✉♠❛ á❧❣❡❜r❛

❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✱ ❝♦♠✉t❛t✐✈❛s ❡ ✉♥✐tár✐❛s✱ ❧✐✈r❡♠❡♥t❡

❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ {x1, . . . , xn}.

❆❣♦r❛ ❝♦♥str✉✐r❡♠♦s ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s

✉♥✐tár✐❛s✳ P❛r❛ ✐ss♦ ❝♦♥s✐❞❡r❡ X = {x1, x2, . . .} ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❡ ❡♥✉♠❡rá✈❡❧
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❝✉❥♦s ❡❧❡♠❡♥t♦s ✐r❡♠♦s ❝❤❛♠❛r ❞❡ ✈❛r✐á✈❡✐s ♥ã♦✲❝♦♠✉t❛t✐✈❛s✳ ❯♠❛ ♣❛❧❛✈r❛ ❡♠ X é

✉♠❛ s❡q✉ê♥❝✐❛ xi1xi2 . . . xin ✱ ♦♥❞❡ n ∈ N ❡ xij ∈ X✱ s❡ n = 0 ❞✐r❡♠♦s q✉❡ ❛ ♣❛❧❛✈r❛ é

✈❛③✐❛✱ ❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r ✶✳ ❉❡✜♥✐♠♦s ♦ t❛♠❛♥❤♦ ❞❛ ♣❛❧❛✈r❛ xi1xi2 . . . xin ❝♦♠♦

s❡♥❞♦ n✳ ❉✐③❡♠♦s q✉❡ ❛s ♣❛❧❛✈r❛s xi1xi2 . . . xin ❡ xj1xj2 . . . xjm sã♦ ✐❣✉❛✐s s❡ n = m ❡

i1 = j1 . . . in = jm.

❙❡❥❛ K〈X〉 ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉❡ t❡♠ ❝♦♠♦ ❜❛s❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣❛❧❛✈r❛s

❡♠ X✳ ❚❛❧ ❡s♣❛ç♦ ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✭❝❤❛♠❛❞♦ ❞❡ ❝♦♥❝❛t❡♥❛çã♦✮

(xi1xi2 . . . xin)(xj1xj2 . . . xjm) = xi1xi2 . . . xinxj1xj2 . . . xjm

é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✉♥✐tár✐❛ ❡ X ❣❡r❛ K〈X〉 ❝♦♠♦ á❧❣❡❜r❛✳

❖s ❡❧❡♠❡♥t♦s ❞❛ á❧❣❡❜r❛ K〈X〉 sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣♦❧✐♥ô♠✐♦s✱ ♦s q✉❛✐s sã♦ s♦♠❛s

❢♦r♠❛✐s ❞❡ ♠♦♥ô♠✐♦s q✉❡ ♣♦r s✉❛ ✈❡③ sã♦ ♣r♦❞✉t♦s ❢♦r♠❛✐s ❞❡ ✉♠ ❡s❝❛❧❛r ♣♦r ✉♠❛

♣❛❧❛✈r❛ ❡♠ X.

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✷ ❆ á❧❣❡❜r❛ K〈X〉 é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s

✉♥✐tár✐❛s ❡ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r X

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ B ❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✉♥✐tár✐❛s ❡ A ∈ B✳

❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ h : X → A✱ ❞❛❞❛ ♣♦r h(xi) = ai✱ ♣❛r❛ i ∈ N✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛

ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ϕh : K〈X〉 → A t❛❧ q✉❡ ϕh(1) = 1A ❡ ϕh(x1 . . . xn) = a1 . . . an✳

❚❡♠♦s q✉❡ ϕh é ♦ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ q✉❡ ❡st❡♥❞❡ h✳ P♦rt❛♥t♦✱ K〈X〉 é ❧✐✈r❡ ♥❛ ❝❧❛ss❡

❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✉♥✐tár✐❛s✳

❙❡ f = f(x1, . . . , xn) ∈ K〈X〉✱ ❞❡♥♦t❛r❡♠♦s ♣♦r f(a1, . . . , an) ❛ ✐♠❛❣❡♠ ❞❡ f ♣♦r

ϕh✱ ♦♥❞❡ f(a1, . . . , an) é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ A ♦❜t✐❞♦ ♣❡❧❛ s✉❜st✐t✉✐çã♦ ❞❡ xi ♣♦r ai ❡♠ f.

❉❡♥♦t❛r❡♠♦s ♣♦r K1〈X〉 ❛ s✉❜á❧❣❡❜r❛ s❡♠ ✉♥✐❞❛❞❡ ❞❡ K〈X〉✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ à

♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r t❡♠♦s q✉❡ K1〈X〉 é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✳

◆♦t❡ q✉❡ K〈X〉 = K1〈X〉⊕ 〈1〉, ♦♥❞❡ 〈1〉 é ♦ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧❛ ✉♥✐❞❛❞❡✳

❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ A ❛ss♦❝✐❛t✐✈❛✱ ♣♦❞❡♠♦s ♦❜t❡r ✉♠❛ ♥♦✈❛ á❧❣❡❜r❛ A− ♠✉♥✐❞❛ ❞♦

♣r♦❞✉t♦ [a1, a2] = a1a2 − a2a1✳ ❈♦♥❢♦r♠❡ ✈✐♠♦s ♥❛ ❉❡✜♥✐çã♦ ✶✳✶✳✸✱ A− é ✉♠❛ á❧❣❡❜r❛

❞❡ ▲✐❡✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✸ ❙❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ G é ✐s♦♠♦r❢❛ ❛ ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A−

❞✐③❡♠♦s q✉❡ A é ✉♠❛ ➪❧❣❡❜r❛ ❊♥✈♦❧✈❡♥t❡ ❞❡ G.

✶✼



❊①❡♠♣❧♦ ✶✳✶✳✷✹ ❙❡❥❛ G ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❝♦♠ ❜❛s❡ {u, v} t❛❧ q✉❡ u ∗ v = v. ❆

á❧❣❡❜❛ M2(K) é ✉♠❛ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ G✱ ♣♦✐s ❛ s✉❜á❧❣❡❜r❛ M2(K)− ❣❡r❛❞❛ ♣♦r

{E11, E12} é ✐s♦♠♦r❢❛ ❛ G.

❉❡✜♥✐çã♦ ✶✳✶✳✷✺ ❙❡❥❛ G ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡✳ ❉✐③❡♠♦s q✉❡ ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛

U = U(G) é ✉♠❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈♦❧✈❡♥t❡ ❞❡ G s❡ G é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡

U(G)− ❡ ❛❧é♠ ❞✐ss♦✱ U s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ ❛ q✉❛❧ ❛ss❡❣✉r❛ q✉❡ ♣❛r❛

q✉❛❧q✉❡r á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ A ❡ q✉❛❧q✉❡r ❤♦♠♦♠♦r✜s♠♦ Φ : G→ A− ❡①✐st❡ ✉♠ ú♥✐❝♦

❤♦♠♦♠♦r✜s♠♦ ϕ : U(G) → A q✉❡ ❡st❡♥❞❡ Φ.

❊①❡♠♣❧♦ ✶✳✶✳✷✻ ❙❡❥❛ G ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❛❜❡❧✐❛♥❛ ✭✐st♦ é [g1, g2] = 0 ♣❛r❛ t♦❞♦s

g1, g2 ∈ G✮ ❝♦♠ dimG = n✳ ❈♦♥s✐❞❡r❡ {g1, . . . , gn} ✉♠❛ ❜❛s❡ ❞❡ G✱ ❛ á❧❣❡❜r❛

K[g1, . . . , gn] ❝♦♥té♠ G ❡ é ✉♠❛ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ G✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡

K[g1, . . . , gn] s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ ♣♦rt❛♥t♦ é ✉♠❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧

❡♥✈♦❧✈❡♥t❡ ❞❡ G.

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s s❡rã♦ ✉té✐s ♥❛ ❙❡çã♦ ✶✳✹ ❡ ♥♦s ❛✉①✉❧✐❛rá ❛ ❞❡t❡r♠✐♥❛r

✉♠❛ ❜❛s❡ ♣❛r❛ K〈X〉✱ ❡ss❛ ❢❡rr❛♠❡♥t❛ t❛♠❜é♠ s❡rá ✉t✐❧✐③❛❞❛ ♥♦s ❈❛♣ít✉❧♦s ✷ ❡ ✸✳

❚❡♦r❡♠❛ ✶✳✶✳✷✼ ✭P♦✐♥❝❛ré ✲ ❇✐r❦♦✛ ✲ ❲✐tt✮ ❚♦❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ♣♦ss✉✐ ✉♠❛

ú♥✐❝❛ ✭❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✮ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈♦❧✈❡♥t❡ U(G). ❙❡ G t❡♠ ❜❛s❡

{ei| i ∈ I} ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s é ♦r❞❡♥❛❞♦✱ ❡♥tã♦ U(G) t❡♠ ❜❛s❡

ei1 . . . eip | i1 ≤ . . . ≤ ip, p = 0, 1, . . . .

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❛ ♣r♦✈❛ ❡♠ ❬✶✺❪✱ ♣✳✶✶✳

❚❡♦r❡♠❛ ✶✳✶✳✷✽ ✭❲✐tt✮ ❆ s✉❜á❧❣❡❜r❛ ❞❡ ▲✐❡ L(X) ❞❡ K〈X〉− ❣❡r❛❞❛ ♣♦r X é ❧✐✈r❡

♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ ❝♦♠ X ❝♦♠♦ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ❧✐✈r❡s✳ ❆❧é♠ ❞✐ss♦✱

U(L(X)) = K〈X〉.

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡ ♠♦str❛r❡♠♦s q✉❡ L(X) é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❞❡

▲✐❡✳ ❈♦♥s✐❞❡r❡ G ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❡ ❛ ❛♣❧✐❝❛çã♦ h : X → G✱ ❞❛❞❛ ♣♦r h(xi) = gi.

❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ G ❡ ♦ ❤♦♠♦♠♦r❢s♠♦ ψ : K〈X〉 → A q✉❡ ❡st❡♥❞❡ h✳

❖❜t❡♠♦s ❡♥tã♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ψ : K〈X〉− → A− ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ❡ ❞❡♥♦t❛r❡♠♦s

♣♦r φ : L(X) → A− ❛ r❡str✐çã♦ ❞❡ ψ ❛ L(X).

◆♦t❡ q✉❡ φ(xi) = gi ❡ X = {xi; i ∈ I} ❣❡r❛ L(X). P♦rt❛♥t♦✱ φ(L(X)) ⊆ G ❡

♦❜t❡♠♦s ✉♠ ❤♦♠♦♠♦r✜s♠♦ ψ : L(X) → G, ❝♦♠ ψ(xi) = gi.

▼♦str❡♠♦s ❛❣♦r❛ q✉❡ U(L(X)) = K〈X〉. ➱ ✐♠❡❞✐❛t♦ q✉❡ L(X) ⊆ K〈X〉✳

❙✉♣♦♥❤❛ q✉❡ φ : L(X) → A− é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✱ ♦♥❞❡ A
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é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ ❙❡❥❛ ψ : K〈X〉 → A ♦ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ t❛❧ q✉❡

ψ(xi) = φ(xi) = ai, i ∈ I✳ ❈♦♠♦ ψ(xi) = φ(xi) ♣❛r❛ t♦❞♦ xi ∈ X✱ X ❣❡r❛ L(X)✱

ψ é ♦ ú♥✐❝♦ ❡st❡♥❞❡♥❞♦ φ. P♦rt❛♥t♦ U(L(X)) = K〈X〉.

✶✳✷ P■✲➪❧❣❡❜r❛s✱ ❚✲✐❞❡❛✐s ❡ ❱❛r✐❡❞❛❞❡s ❞❡ ➪❧❣❡❜r❛s

❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ ❛ ♠❡♥♦s q✉❡ s❡ ♠❡♥❝✐♦♥❡ ♦ ❝♦♥trár✐♦X ✐rá ❞❡♥♦t❛r ♦ ❝♦♥❥✉♥t♦

❡♥✉♠❡rá✈❡❧ {x1, x2, . . .}.

❉❡✜♥✐çã♦ ✶✳✷✳✶ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ f(x1, x2, . . . , xn) ∈ K〈X〉.

❉✐③❡♠♦s q✉❡ f = 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❆ ✭♦✉ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

♦r❞✐♥ár✐❛ ❞❡ A✮ s❡ f(a1, . . . , an) = 0✱ ♣❛r❛ q✉❛✐sq✉❡r a1, . . . , an ∈ A✳ ◆❡st❡ ❝❛s♦ ❞✐r❡♠♦s

q✉❡ A s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ f(x1, . . . , xn) = 0.

➱ ✐♠❡❞✐❛t♦ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ f ≡ 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ q✉❛❧q✉❡r

á❧❣❡❜r❛ A.

❖❜s❡r✈❛çã♦ ✶✳✷✳✷ ➱ ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A s❡✱ ❡

s♦♠❡♥t❡ s❡✱ f ♣❡rt❡♥❝❡ ❛♦s ♥ú❝❧❡♦s ❞❡ t♦❞♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ K〈X〉 ❡♠ A.

❉❡✜♥✐çã♦ ✶✳✷✳✸ ❙❡ A s❛t✐s❢❛③ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ f 6= 0✱ ❞✐③❡♠♦s q✉❡ A é

✉♠❛ P■✲á❧❣❡❜r❛✳

❉❡♥♦t❛r❡♠♦s ♣♦r T (A) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ A.

❙❡♥❞♦ A ❡ B á❧❣❡❜r❛s✱ ❞✐③❡♠♦s q✉❡ A ❡ B sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s s❡ T (A) = T (B).

❊①❡♠♣❧♦ ✶✳✷✳✹ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✳ ❊♥tã♦ [x1, x2] ∈ K〈X〉 é ✉♠❛

✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ t♦❞❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ é ✉♠❛ P■✲á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✶✳✷✳✺ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ dimA < n✳

❊♥tã♦ A s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ st❛♥❞❛r❞ ❞❡ ❣r❛✉ n

sn(x1, . . . , xn) =
∑

σ∈Sn

(−1)σxσ(1) . . . xσ(n),

♦♥❞❡ Sn é ♦ ❣r✉♣♦ s✐♠étr✐❝♦ ❞❡ ❣r❛✉ n✳ ❆ss✐♠ t♦❞❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ✉♠❛

P■✲á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✶✳✷✳✻ ✭❚❡♦r❡♠❛ ❆♠✐ts✉r✲▲❡✈✐t③❦✐✮ ❆ á❧❣❡❜r❛ Mn(K) ❞❛s ♠❛tr✐③❡s ❞❡

♦r❞❡♠ n × n s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ st❛♥❞❛r❞ ❞❡ ❣r❛✉ 2n. P♦rt❛♥t♦✱ Mn(K) é ✉♠❛ P■✲

á❧❣❡❜r❛✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡❥❛ ❬✶✺❪✱ ♣✳✼✾✳
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❊①❡♠♣❧♦ ✶✳✷✳✼ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ [x1, x2, x3]✳ ❉❡ ❢❛t♦✱

s❡❥❛♠ ei1 . . . ein✱ ej1 . . . ejm ❡ ek1 . . . ekl ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❞❡ E✳ ❖❜s❡r✈❡ q✉❡✿

[ei1 . . . ein , ej1 . . . ejm ] = (1− (−1)n.m)ei1 . . . einej1 . . . ejm .

❙❡ [ei1 . . . ein , ej1 . . . ejm ] 6= 0✱ ❡♥tã♦ n ❡ m sã♦ í♠♣❛r❡s ❛ss✐♠

ei1 . . . einej1 . . . ejm ∈ E(0) ❞❡ss❛ ❢♦r♠❛ [ei1 . . . ein , ej1 . . . ejm , ek1 . . . ekl ] = 0 ♣❛r❛

q✉❛❧q✉❡r l ∈ N.

❙❡ [ei1 . . . ein , ej1 . . . ejm ] = 0✱ ❡♥tã♦ [ei1 . . . ein , ej1 . . . ejm , ek1 . . . ekl ] = 0. P♦rt❛♥t♦✱

E é ✉♠❛ P■✲á❧❣❡❜r❛✳

❉❡✜♥✐çã♦ ✶✳✷✳✽ ❯♠ ✐❞❡❛❧ I ❞❡ K〈X〉 é ✉♠ T ✲✐❞❡❛❧ s❡ ϕ(I) ⊆ I✱ ♣❛r❛ t♦❞♦

ϕ ∈ End(K〈X〉).

Pr♦♣♦s✐çã♦ ✶✳✷✳✾ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❡♥tã♦ T (A) é ✉♠ ❚✲✐❞❡❛❧ ❞❡ K〈X〉✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ I é ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✱ ❡♥tã♦ ❡①✐st❡ ❛❧❣✉♠❛ á❧❣❡❜r❛ B t❛❧ q✉❡

T (B) = I.

❉❡♠♦♥str❛çã♦✿ ➱ ❢á❝✐❧ ✈❡r q✉❡ T (A) é ✉♠ ✐❞❡❛❧ ❞❡ K〈X〉✳ ❘❡st❛ ♠♦str❛r q✉❡ T (A)

é ✐♥✈❛r✐❛♥t❡ ♣❛r❛ t♦❞♦ ❡♥❞♦♠♦r✜s♠♦ ϕ ∈ End (K〈X〉)✱ t♦♠❡♠♦s ❛r❜✐tr❛r✐❛♠❡♥t❡

f = f(x1, . . . , xn) ∈ T (A) ❡ ϕ ∈ End (K〈X〉)✳ ◆♦t❡ q✉❡ s❡ ψ : K〈X〉 → A

é ✉♠ ❤♦♠♦♠♦r✜s♠♦ q✉❛❧q✉❡r ❞❡ á❧❣❡❜r❛s✱ ❡♥tã♦ ψ(ϕ(f)) = (ψ ◦ ϕ)(f) = 0 ♣♦✐s

ψ◦ϕ : K〈X〉 → A é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❡ f ∈ T (A)✳ P♦rt❛♥t♦✱ ϕ(f) ∈ Kerψ

❡ ❞❡st❡ ♠♦❞♦ ϕ(f) ∈ T (A).

❉❛❞♦ I ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✱ ❝♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ q✉♦❝✐❡♥t❡ B = K〈X〉/I

❡ ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ π : K〈X〉 → K〈X〉/I✳ ❙❡ f ∈ T (B)✱ ❡♥tã♦ f ∈ Kerπ✳

❈♦♠♦ Kerπ = I✱ t❡♠♦s q✉❡ T (B) ⊆ I✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ f(x1, . . . , xn) ∈ I ❡

g1, . . . , gn ∈ K〈X〉✱ ❡♥tã♦ f(g1, . . . , gn) ∈ I ❡ ❞❛í f(g1, . . . , gn) = f(g1, . . . , gn) = 0✳

❆ss✐♠✱ I ⊆ T (B) ❡ ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r T (B) = I.

➱ ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ ❛ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ ❚✲✐❞❡❛✐s ❛✐♥❞❛

é ✉♠ ❚✲✐❞❡❛❧✳ P♦rt❛♥t♦✱ ❞❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ S q✉❛❧q✉❡r ❞❡ K〈X〉✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

♦ ❚✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S✱ ♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r 〈S〉T ✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡

t♦❞♦s ♦s ❚✲✐❞❡❛✐s ❞❡ K〈X〉 q✉❡ ❝♦♥tê♠ S✳ ❆ss✐♠✱ 〈S〉T é ♦ ♠❡♥♦r ❚✲✐❞❡❛❧ ❞❡ K〈X〉

❝♦♥t❡♥❞♦ S✳

❊①❡♠♣❧♦ ✶✳✷✳✶✵ ✭❬✶✺❪✱ ❚❡♦r❡♠❛ ✺✳✷✳✶✮ ❙❡❥❛♠ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❡ Uk(K) ❛ á❧❣❡❜r❛

❞❛s ♠❛tr✐③❡s k× k tr✐❛♥❣✉❧❛r s✉♣❡r✐♦r❡s✳ ❊♥tã♦ T (Uk(K)) = 〈[x1, x2] . . . [x2k−1, x2k]〉
T .

❉✐③❡♠♦s q✉❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ Uk(K) s❡❣✉❡♠ ✭♦✉ sã♦ ❝♦♥s❡q✉ê♥❝✐❛✮ ❞♦ ♣♦❧✐♥ô♠✐♦

[x1, x2] . . . [x2k−1, x2k].
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❊①❡♠♣❧♦ ✶✳✷✳✶✶ ❙❡♥❞♦ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡♠ ✶✾✼✸ ❘❛③♠②s❧♦✈

❡①✐❜✐✉ ✉♠❛ ❜❛s❡ ❝♦♠ ♥♦✈❡ ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ M2(K)✳ ❯s❛♥❞♦ ❡st❡ ❢❛t♦✱ ❡♠

✶✾✽✶✱ ❉r❡♥s❦② r❡❞✉③✐✉ ❡ss❡ r❡s✉❧t❛❞♦✱ t❛♠❜é♠ ♣❛r❛ charK = 0✱ ❡ ♠♦str♦✉ q✉❡

T (M2(K)) = 〈s4(x1, x2, x3, x4) ❡ [[x1, x2]
2, x1]〉

T . ❊♠ ✷✵✵✶✱ ❑♦s❤❧✉❦♦✈ ❣❡♥❡r❛❧✐③♦✉ ♦

r❡s✉❧t❛❞♦ ❞❡ ❉r❡♥s❦② ♣❛r❛ K ✐♥✜♥✐t♦ ❡ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳ ❙❡ charK = 3

é ♥❡❝❡ssár✐♦ ✉♠❛ t❡r❝❡✐r❛ ✐❞❡♥t✐❞❛❞❡ ✭✈❡❥❛ ❬✶✵❪✮✳ ❆té ♦ ♠♦♠❡♥t♦✱ ❛ ❞❡s❝r✐çã♦ ❞❡

T (M2(K)) ❡stá ❡♠ ❛❜❡rt♦ ♣❛r❛ charK = 2.

◆♦ ❈❛♣ít✉❧♦ ✷✱ ✐r❡♠♦s ❞❡s❝r❡✈❡r ♦ ❚✲✐❞❡❛❧ ❞❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E q✉❛♥❞♦ ❛

❝❛r❛❝t❡r✐st✐❝❛ ❞♦ ❝♦r♣♦ ❢♦r ③❡r♦ ♦✉ ♣♦s✐t✐✈❛ ❡ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✷ ❙❡❥❛ {fi(x1, . . . , xni
) ∈ K〈X〉| i ∈ I} ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❛

á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ K〈X〉✳ ❆ ❝❧❛ss❡ B ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s q✉❡ s❛t✐s❢❛③❡♠

❛s ✐❞❡♥t✐❞❛❞❡s fi = 0✱ i ∈ I✱ é ❞✐t❛ ✈❛r✐❡❞❛❞❡ ✭❞❡ á❧❣❡❜r❛s ❛ss♦❝✐t✐✈❛s✮ ❞❡t❡r♠✐♥❛❞❛

♣❡❧♦ s✐st❡♠❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s {fi| i ∈ I}.

❊①❡♠♣❧♦ ✶✳✷✳✶✸ ❆ ✈❛r✐❡❞❛❞❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r S = {[x1, x2]} é ❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s

❛ss♦❝✐❛t✐✈❛s ❡ ❝♦♠✉t❛t✐✈❛s✳

✶✳✸ ➪❧❣❡❜r❛s ●r❛❞✉❛❞❛s

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s r❡❧❡✈❛♥t❡s s♦❜r❡ á❧❣❡❜r❛s

❣r❛❞✉❛❞❛s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✸✳

❉❡✜♥✐çã♦ ✶✳✸✳✶ ❙❡❥❛ G ✉♠ ❣r✉♣♦✱ ✉♠❛ á❧❣❡❜r❛ A é ❞✐t❛ ●✲❣r❛❞✉❛❞❛✱ s❡

A =
⊕

g∈GA
(g) ❡ A(g)A(h) ⊆ A(gh),

♣❛r❛ q✉❛✐sq✉❡r g, h ∈ G.

◆❛ ❉❡✜♥✐çã♦ ❛❝✐♠❛✱ ♦ s✉❜❡s♣❛ç♦ A(g) é ❝❤❛♠❛❞♦ ❞❡ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛

❞❡ ❣r❛✉ ❣ ❡ s❡✉s ❡❧❡♠❡♥t♦s sã♦ ❝❤❛♠❛❞♦s ❞❡ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ❞❡ ❣r❛✉ g.

❊①❡♠♣❧♦ ✶✳✸✳✷ ❙❡❥❛ ǫ ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞♦ ❣r✉♣♦ G✱ ❞❡✜♥✐♥❞♦ A(g) = {0}✱ s❡ g 6= ǫ

❡ A(ǫ) = A✳ ❊♥tã♦ A =
⊕

g∈GA
(g) é ✉♠❛ G✲❣r❛❞✉❛çã♦ ✭❝❤❛♠❛❞❛ ❣r❛❞✉❛çã♦ tr✐✈✐❛❧✮✳

❊①❡♠♣❧♦ ✶✳✸✳✸ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E ❡ ♦s s✉❜❡s♣❛ç♦s

E(0) = 〈1E, ei1 . . . ei2n |n ≥ 1〉 ❡ E(1) = 〈ei1 . . . ei2n+1 |n ≥ 0〉✳ ❙❛❜❡♠♦s q✉❡

E = E(0) ⊕ E(1) ❡ E(i)E(j) ⊆ E(i+j) ♣❛r❛ q✉❛✐sq✉❡r i, j ∈ Z2 ✳ ❆ss✐♠ E ❛❞♠✐t❡ ✉♠❛

Z2✲❣r❛❞✉❛çã♦✱ ❛ q✉❛❧ ❝❤❛♠❛♠♦s ❞❡ Z2✲❣r❛❞✉❛çã♦ ❝❛♥ô♥✐❝❛ ♦✉ ♥❛t✉r❛❧✳ ❖✉tr❛

Z2✲❣❛❞✉❛çã♦ ♣❛r❛ E ❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞❛ é ❛ tr✐✈✐❛❧ ♥❛ q✉❛❧ E = E ⊕ 0✳ ❱❡r❡♠♦s ❛s

❞❡♠❛✐s Z2✲❣❛❞✉❛çõ❡s ♣❛r❛ E ♥❛ ❙❡çã♦ ✸✳✶✳
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❊①❡♠♣❧♦ ✶✳✸✳✹ ❈♦♥s✐❞❡r❡ ♦ ♠♦♥ó✐❞❡ ❛❞✐t✐✈♦ N0 (N0 = N ∪ {0}) ❡ ❛ á❧❣❡❜r❛ K[x]✳

P❛r❛ n ∈ N0✱ ❞❡✜♥❛ W (n) = 〈xn〉✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ K[x] = ⊕n∈N0W
(n) é ✉♠❛

á❧❣❡❜r❛ N0✲❣r❛❞✉❛❞❛✳

❊①❡♠♣❧♦ ✶✳✸✳✺ ❈♦♥s✐❞❡r❡ n ∈ N✱ n ≥ 2✱ ❛ á❧❣❡❜r❛ M = Mn(K) ❡ ♦ ❣r✉♣♦

Zn = {0, 1, . . . , n− 1}✳ ❉❛❞♦ α ∈ Zn✱ ❞❡✜♥❛ M (α) = 〈Eij| j − i = α〉✳ ❆ ❞❡❝♦♠♣♦s✐çã♦

Mn(K) = ⊕α∈ZM
(α) é ✉♠❛ Zn✲❣r❛❞✉❛çã♦✳

❚♦♠❡♠♦s ❛❣♦r❛ ♦ ❣r✉♣♦ Z✳ ❙❡♥❞♦ k ∈ Z✱ ❞❡✜♥✐♠♦s M (k) = 〈Eij| j − i = k〉✱ s❡

−(n−1) ≤ k ≤ n−1✱ ❡M (k) = 0 s❡ | k |≥ n✳ ◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡Mn = ⊕k∈ZM
(k)

é ✉♠❛ Z✲❣r❛❞✉❛çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✻ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❡♥tã♦ 1A ∈ A(ǫ)✱ ♦♥❞❡ ǫ é ♦

❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ G.

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ 1A ∈ A✱ t❡♠♦s q✉❡ ❡①✐st❡♠ g1, . . . , gn ∈ G t❛✐s q✉❡

1A = aǫ + ag1 + . . .+ agn ✭✶✳✸✮

❝♦♠ aǫ ∈ A(ǫ) ❡ agi ∈ A(gi)✱ ♣❛r❛ i = 1, . . . , n✳ ❚♦♠❛♥❞♦ ❛❣♦r❛ h ∈ G ❡ ah ∈ A(h)✱

❛r❜✐tr❛r✐♦s✱ t❡♠♦s

ah = ahaǫ + ahag1 + . . .+ ahagn

❖❜s❡r✈❛♥❞♦ q✉❡ ahaǫ ∈ A(h)✱ ahagi ∈ A(h+gi) ❡ h, h + g1, . . . , h + gn sã♦ ❞♦✐s ❛ ❞♦✐s

❞✐st✐♥t♦s✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ahagi = 0 ♣❛r❛ i = 1, . . . , n✱ ❞♦♥❞❡ ahaǫ = ah✳ ❉❡

♠♦❞♦ t♦t❛❧♠❡♥t❡ ❛♥á❧♦❣♦ ♠♦str❛♠♦s q✉❡ aǫah = ah ❡ ❛ss✐♠ ❝♦♥❝❧✉í♠♦s q✉❡ aǫ = 1A.

❉❡✜♥✐çã♦ ✶✳✸✳✼ ❙❡❥❛♠ A ❡ B á❧❣❡❜r❛s G✲❣r❛❞✉❛❞❛s✳ ❉✐③❡♠♦s q✉❡ ♦ ❤♦♠♦♠♦r✜s♠♦

ϕ : A → B é ✉♠ ❤♦♠♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦ s❡ ϕ(A(g)) ⊆ B(g)✱ ♣❛r❛ t♦❞♦ g ∈ G✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❞❡✜♥✐♠♦s ✐s♦♠♦r✜s♠♦✱ ❡♥❞♦♠♦r✜s♠♦ ❡ ❛✉t♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦✳

P❛r❛ ❞❡✜♥✐r ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❡ T ✲✐❞❡❛✐s G✲❣r❛❞✉❛❞♦s✱ s❡rá ♥❡❝❡ssár✐♦ ♦

❝♦♥❝❡✐t♦ ❞❡ á❧❣❡❜r❛ ❧✐✈r❡ ❣r❛❞✉❛❞❛✳ ❈♦♥s✐❞❡r❡ ❛ ❢❛♠í❧✐❛ ❞♦s ❝♦♥❥✉♥t♦s ❡♥✉♠❡rá✈❡✐s✱

❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s✱ {X(g)}g∈G✳ ❙❡❥❛ X = ∪g∈GX
(g) ❡ K〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛

❧✐✈r❡✳ ❉❡✜♥✐♠♦s✿

α(1) = ǫ, α(xi) = g s❡ xi ∈ X(g) ❡ α(xi1 . . . xin) = α(xi1) . . . α(xin).

❚♦♠❛♥❞♦ K〈X〉(g) = 〈xi1 . . . xin |α(xi1 . . . xin) = g〉✱ t❡♠♦s K〈X〉 =
⊕

g∈GK〈X〉(g) ❡

K〈X〉(g)K〈X〉(h) ⊆ K〈X〉(gh)✱ ❡ ❛ss✐♠ K〈X〉 é ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✱ ❞❡♥♦♠✐♥❛❞❛

á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ G✲❣r❛❞✉❛❞❛✳

✷✷



◆♦t❛çã♦ ✶✳✸✳✽ ❙❡ f ∈ K〈X〉(g)✱ ❡♥tã♦ α(f) = g.

❉❡✜♥✐çã♦ ✶✳✸✳✾ ❙❡♥❞♦ A =
⊕

g∈GA
(g) ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❡ K〈X〉 ❛ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ G✲❣r❛❞✉❛❞❛✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) ∈ K〈X〉 é ✉♠❛

✐❞❡♥t✐❞❛❞❡ G✲❣r❛❞✉❛❞❛ ❞❡ A s❡ f(a1, . . . , an) = 0 ♣❛r❛ q✉❛✐sq✉❡r ai ∈ A t❛✐s q✉❡

α(ai) = α(xi)✱ 1 ≤ i ≤ n✳

❊①❡♠♣❧♦ ✶✳✸✳✶✵ ❙❡♥❞♦ E ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ♠✉♥✐❞❛ ❞❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧✱

♦ ♣♦❧✐♥ô♠✐♦ f(x1, x2) = x1 ◦ x2 = x1x2 + x2x1 ✭❝❤❛♠❛♠♦s “ ◦ ” ❞❡ ♣r♦❞✉t♦ ❞❡ ❏♦r❞❛♥✮✱

❝♦♠ α(x1) = α(x2) = 1✱ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ Z2✲❣r❛❞✉❛❞❛ ❞❡ E.

❉❡✜♥✐çã♦ ✶✳✸✳✶✶ ❙❡❥❛ K〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ G✲❣r❛❞✉❛❞❛✳ ❯♠ ✐❞❡❛❧ I ❞❡

K〈X〉 é ✉♠ TG✲✐❞❡❛❧ s❡ ϕ(I) ⊆ I ♣❛r❛ t♦❞♦s ❡♥❞♦♠♦r✜s♠♦s G✲❣r❛❞✉❛❞♦s ϕ ❞❡ K〈X〉.

❉❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ S ❞❡ K〈X〉✱ ❞❡✜♥✐♠♦s ♦ TG✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S✱ ♦ q✉❛❧

❞❡♥♦t❛r❡♠♦s ♣♦r 〈S〉TG ✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s TG✲✐❞❡❛✐s ❞❡ K〈X〉 q✉❡

❝♦♥tê♠ S.

❖❜s❡r✈❛çã♦ ✶✳✸✳✶✷ ◗✉❛♥❞♦ G = Zn✱ ❞❡♥♦t❛r❡♠♦s ♦ TG✲✐❞❡❛❧ ♣♦r Tn.

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❡st❛❜❡❧❡❝❡ ✉♠❛ r❡❧❛çã♦ ✐♠♣♦rt❛♥t❡ ❡♥tr❡ T ✲✐❞❡❛✐s ♦r❞✐♥ár✐♦s

❡ T ✲✐❞❡❛✐s ❣r❛❞✉❛❞♦s✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✸ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s G✲❣r❛❞✉❛❞❛s t❛✐s q✉❡ TG(A) ⊆ TG(B)✳

❊♥tã♦ T (A) ⊆ T (B)✳ ❆❞❡♠❛✐s✱ s❡ TG(A) = TG(B)✱ ❡♥tã♦ T (A) = T (B).

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ K〈Y 〉✱ ♦♥❞❡

Y = {y1, y2, . . .} ❡ s❡❥❛ f(y1, . . . , yn) ∈ T (A)✳ ❉❛❞♦s b1, . . . , bn ∈ B✱ t♦♠❡♠♦s big ∈ B(g)✱

♣❛r❛ i = 1, . . . , n ❡ g ∈ G✱ t❛✐s q✉❡ bi =
∑

g∈G big ✳ P❛r❛ ❝❛❞❛ big 6= 0✱ t♦♠❡♠♦s

xig ∈ X(g) ❡ ❝♦♥s✐❞❡r❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦ f1 = f
(∑

g∈G xig , . . . ,
∑

g∈G xng

)
∈ K〈X〉✳

❈♦♠♦ f ∈ T (A)✱ t❡♠♦s f1 ∈ TG(A) ❡ ❞❛í f1 ∈ TG(B)✳ ❋❛③❡♥❞♦ ❡♥tã♦ ❛s s✉❜st✐t✉✐çõ❡s

xig = big ✱ ♣❛r❛ i = 1, . . . , n ❡ g ∈ G✱ t❡♠♦s

f(b1, . . . , bn) = f

(
∑

g∈G

big , . . . ,
∑

g∈G

bng

)
= 0

❡ ❛ss✐♠ f ∈ T (B).

❙❡ TG(A) = TG(B)✱ ❡♥tã♦ TG(A) ⊆ TG(B) ❡ TG(B) ⊆ TG(A)✱ ❡ ❞❛í s❡❣✉❡ ❛ ú❧t✐♠❛

❛✜r♠❛çã♦✳

✷✸



❖❜s❡r✈❛çã♦ ✶✳✸✳✶✹ ❆ r❡❝í♣r♦❝❛ ❞❛ ♣r♦♣♦s✐çã♦ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✳ ❈♦♠♦ ❝♦♥tr❛✲

❡①❡♠♣❧♦✱ ❞❛❞♦ n ∈ N✱ t♦♠❡♠♦s ♦ s✉❜❡s♣❛ç♦ En ❞❡ E ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

{1E, ei1 . . . eik | i1 < . . . < ik ≤ n}✳ En é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ E✱ ❡ ❛ ♣❛rt✐r ❞❛

Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ❞❡ E ✭✈❡❥❛ ♦ ❊①❡♠♣❧♦ ✶✳✸✳✸✮✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ Z2✲❣r❛❞✉❛çã♦

♣❛r❛ En ❞❛❞❛ ♣♦r✿ En = E
(0)
n ⊕ E

(1)
n ✱ ♦♥❞❡ E(0)

n = En ∩ E(0) ❡ E(1)
n = En ∩ E(1)✳

❚♦♠❛♥❞♦ n ♣❛r ❡ ❛s á❧❣❡❜r❛s En ❡ En+1 ✭s❡♥❞♦ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡

❞❡ ✷✮ ❝♦♠ s✉❛s Z2✲❣r❛❞✉❛çõ❡s ♥❛t✉r❛✐s✱ t❡♠♦s q✉❡ T (En) 6= T (En+1) ✭✈❡❥❛ ❖❜s❡r✈❛çã♦

✷✳✷✳✽✮✱ ♠❛s T2(En) = T2(En+1)✱ ♣♦✐s f(x1, x2, . . . , xn+1) = x1x2 . . . xn+1✱ ❝♦♠

α(x1) = α(x2) = . . . = α(xn+1) = 1 é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ En✱ ♠❛s ♥ã♦ é ♣❛r❛ En+1.

❉❡✜♥✐çã♦ ✶✳✸✳✶✺ ❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ A = A(0) ⊕ A(1) é

s✉♣❡r❝♦♠✉t❛t✐✈❛ s❡ ab = (−1)ijba ♣❛r❛ q✉❛✐sq✉❡r a ∈ A(i) ❡ b ∈ A(j).

P❡❧❛ ❉❡✜♥✐çã♦ ❛❝✐♠❛✱ ❞✐③❡r q✉❡ A é ✉♠❛ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r

q✉❡ A(0) ⊆ Z(A) ❡ ab = −ba ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A(1).

❊①❡♠♣❧♦ ✶✳✸✳✶✻ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E✱ ❝♦♠ s✉❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧

E = E(0) ⊕ E(1)✱ é ✉♠ ❡①❡♠♣❧♦ ❞❡ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛✳ ❆ á❧❣❡❜r❛ ❡①t❡r✐♦r En ❞❡

❞✐♠❡♥sã♦ 2n✱ ❝♦♠ s✉❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ En = E
(0)
n ⊕ E

(1)
n ✱ t❛♠❜é♠ é ✉♠ ❡①❡♠♣❧♦

❞❡ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛✳

❊①❡♠♣❧♦ ✶✳✸✳✶✼ ❙❡❥❛ L ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ♥✐❧♣♦t❡♥t❡ ❞❡ ❝❧❛ss❡ ✷ ✭✐st♦

é✱ ♦ ♣r♦❞✉t♦ (a1a2)a3 é ♥✉❧♦ ♣❛r❛ q✉❛✐sq✉❡r a1, a2, a3 ∈ L✮ ❡ s❡❥❛ L1

✉♠ s✉❜❡s♣❛ç♦ t❛❧ q✉❡ L = Z(L) ⊕ L1 ✭❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✮✱ ♦♥❞❡

Z(L) = {x ∈ L; xa = 0 ♣❛r❛ t♦❞♦ a ∈ L}✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ á❧❣❡❜r❛ HL = K ⊕ L✱ ❝✉❥♦

♣r♦❞✉t♦ é ❞❛❞♦ ♣♦r (λ1, x)(λ2, y) = (λ1λ2, λ1y + λ2x + xy)✱ ♣❛r❛ q✉❛✐sq✉❡r x, y, z ∈ L

✭✈❡❥❛ ❊①❡♠♣❧♦ ✶✳✶✳✶✵✮✱ t❡♠♦s q✉❡ HL é ❛ss♦❝✐❛t✐✈❛ ❡ ✉♥✐tár✐❛✳

❚♦♠❛♥❞♦ ❛❣♦r❛ V (0) = {(λ, x);λ ∈ K, x ∈ Z(L)} ❡ V (1) = {(0, y); y ∈ L1}✱

♦❜s❡r✈❛♠♦s q✉❡ HL = V (0) ⊕ V (1) ❡ q✉❡ ❡st❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡✜♥❡ ✉♠❛ Z2✲❣r❛❞✉❛çã♦

❡♠ HL✳ ❆❧é♠ ❞✐ss♦✱ V (0) = Z(HL) ❡ uv = −vu ♣❛r❛ q✉❛✐sq✉❡r u, v ∈ V (1)✳ ▲♦❣♦✱ HL

é s✉♣❡r❝♦♠✉t❛t✐✈❛✳

❉❡♥♦t❛r❡♠♦s ♣♦r K〈Y, Z〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ Z2✲❣r❛❞✉❛❞❛ ❣❡r❛❞❛ ♣♦r

X = Y ∪ Z✱ ♦♥❞❡ Y = {y1, y2, . . .} ❡ Z = {z1, z2, . . .} sã♦ ❝♦♥❥✉♥t♦s ❡♥✉♠❡rá✈❡✐s ❞❡

✈❛r✐á✈❡✐s ❞✐s❥✉♥t♦s✳ ❆ á❧❣❡❜r❛ K〈Y, Z〉 s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✿ P❛r❛

t♦❞❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ A = A(0) ⊕ A(1)✱ t♦❞❛ ❢✉♥çã♦

φ : Y ∪ Z → A

Y 7→ A(0)

Z 7→ A(1)

♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❛ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳

✷✹



✶✳✹ P♦❧✐♥ô♠✐♦s ▼✉❧t✐❤♦♠♦❣ê♥❡♦s✱ ▼✉❧t✐❧✐♥❡❛r❡s ❡

Pró♣r✐♦s

❖s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ❛q✉✐ s❡rã♦ ❢❡rr❛♠❡♥t❛s ❜ás✐❝❛s ♣❛r❛ ♦

❡st✉❞♦ ❞♦s ❈❛♣ít✉❧♦s ✷ ❡ ✸✳

❉❡✜♥✐çã♦ ✶✳✹✳✶ ❙❡❥❛♠ m ∈ K〈X〉 ✉♠ ♠♦♥ô♠✐♦ ❡ xi ∈ X✳ ❉❡✜♥✐♠♦s ♦ ❣r❛✉ ❞❡

m ❡♠ xi✱ ❞❡♥♦t❛❞♦ ♣♦r degxi
m✱ ❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ♦❝♦rrê♥❝✐❛s ❞❡ xi ❡♠ m✳

❯♠ ♣♦❧✐♥ô♠✐♦ f ∈ K〈X〉 é ❞✐t♦ ❤♦♠♦❣ê♥❡♦ ❡♠ xi s❡ t♦❞♦s ♦s s❡✉s ♠♦♥ô♠✐♦s tê♠ ♦

♠❡s♠♦ ❣r❛✉ ❡♠ xi✳ P♦r s✉❛ ✈❡③✱ f é ❞✐t♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦ q✉❛♥❞♦ é ❤♦♠♦❣ê♥❡♦ ❡♠

t♦❞❛s ❛s ✈❛r✐á✈❡✐s✳

❉❛❞♦ m = m(x1, . . . , xk) ✉♠ ♠♦♥ô♠✐♦ ❞❡ K〈X〉✱ ❞❡✜♥✐♠♦s ♦ ♠✉❧t✐❣r❛✉ ❞❡ m

❝♦♠♦ s❡♥❞♦ ❛ k✲✉♣❧❛ (a1, . . . , ak)✱ ♦♥❞❡ ai = degxi
m✳ ❙❡❥❛ g ∈ K〈X〉 ❛ s♦♠❛ ❞❡ t♦❞♦s ♦s

♠♦♥ô♠✐♦s ❞❡ g ❝♦♠ ✉♠ ❞❛❞♦ ♠✉❧t✐❣r❛✉ é ❝❤❛♠❛❞❛ ❞❡ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦♠♦❣ê♥❡❛

❞❡ g. ◗✉❛♥❞♦ g ∈ K〈X〉 é ❤♦♠♦❣ê♥❡♦ ❡♠ ❝❛❞❛ ✉♠❛ ❞❡ s✉❛s k✲✈❛r✐á✈❡✐s ✭♦✉ s❡❥❛✱ ♣♦ss✉✐

✉♠❛ ú♥✐❝❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦♠♦❣ê♥❡❛✮ ❞✐③❡♠♦s q✉❡ f é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳

❊①❡♠♣❧♦ ✶✳✹✳✷ ❖ ♣♦❧✐♥ô♠✐♦ f(x1, x2, x3) = x1x
2
2 + x2x1x

2
3 é ❤♦♠♦❣ê♥❡♦ ❡♠ x1✱ ♠❛s

♥ã♦ é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳

❚❡♦r❡♠❛ ✶✳✹✳✸ ❙❡❥❛♠ I ✉♠ ❚✲✐❞❡❛❧ ❞❡ K〈X〉 ❡ f(x1, . . . , xk) ∈ I✳ ❙❡ K é ✐♥✜♥✐t♦✱

❡♥tã♦ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦♠♦❣ê♥❡❛ ❞❡ f ♣❡rt❡♥❝❡ ❛ I✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ I é

❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ n ♦ ♠❛✐♦r ❣r❛✉ ❡♠ xi ❞❡ ❛❧❣✉♠ ♠♦♥ô♠✐♦ ❞❡ f ✳ P❛r❛ ❝❛❞❛

i = 0, 1, . . . , n✱ t♦♠❡♠♦s fi(x1, . . . , xk) ❝♦♠♦ s❡♥❞♦ ❛ s♦♠❛ ❞❡ t♦❞♦s ♦s ♠♦♥ô♠✐♦s

q✉❡ t❡♥❤❛♠ ❣r❛✉ i ❡♠ x1✱ ❡ ❛ss✐♠ f = f0 + f1 + . . . + fn✳ ❈♦♠♦ K é ✐♥✜♥✐t♦✱

♣♦❞❡♠♦s ❡s❝♦❧❤❡r λ0, λ1, . . . , λn ∈ K t♦❞♦s ❞✐st✐♥t♦s✳ P❛r❛ ❝❛❞❛ j = 0, 1, . . . , n✱ t❡♠♦s

gj = f(λjx1, x2, . . . , xk) = f0 + λjf1 + . . .+ λnj fn ❡ ❛ss✐♠



1 λ0 . . . λn0

1 λ1 . . . λn1
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

1 λn . . . λnn







f0

f1
✳✳✳

fn




=




g0

g1
✳✳✳

gn




❖❜s❡r✈❡ q✉❡ g0, g1, . . . , gn ∈ I✱ ♣♦✐s I é ✉♠ ❚✲✐❞❡❛❧✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♣r✐♠❡✐r❛

♠❛tr✐③ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ é ✉♠❛ ♠❛tr✐③ ❞❡ ❱❛♥❞❡r♠♦♥❞❡ ✐♥✈❡rtí✈❡❧✳ ▲♦❣♦✱ ❞❡✈❡♠♦s t❡r

f0, f1, . . . , fn ∈ I.

✷✺



❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ i = 0, 1, . . . , n ❡ t = 0, 1, . . . , t♦♠❡♠♦s fit ❝♦♠♦ s❡♥❞♦ ❛

❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❡♠ fi ❞❡ ❣r❛✉ t ❡♠ x2✳ ❯s❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❛❝✐♠❛✱

❝♦♥❝❧✉í♠♦s q✉❡ fit ∈ I ❡ ❛ss✐♠✱ r❡♣❡t✐♥❞♦ ♦ ♣r♦❝❡ss♦ ♣❛r❛ ❝❛❞❛ ✈❛r✐á✈❡❧✱ ♦❜t❡♠♦s ❛

♣r✐♠❡✐r❛ ❛✜r♠❛çã♦✳ ❋✐♥❛❧♠❡♥t❡✱ ♦❜s❡r✈❛♥❞♦ q✉❡ f é ❛ s♦♠❛ ❞❡ s✉❛s ❝♦♠♣♦♥❡♥t❡s

♠✉❧t✐❤♦♠♦❣ê♥❡❛s✱ ❝♦♥❝❧✉í♠♦s q✉❡ I é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s✳

❉❡✜♥✐çã♦ ✶✳✹✳✹ ❯♠ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xk) ∈ K〈X〉 é ♠✉❧t✐❧✐♥❡❛r s❡ é

♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❝♦♠ ♠✉❧t✐❣r❛✉ (1, 1, . . . , 1)✳ ◆❡st❡ ❝❛s♦ f t❡♠ ❛ ❢♦r♠❛

∑

σ∈Sk

ασxσ(1)
xσ(2)

. . . xσ(k)
❝♦♠ασ ∈ K.

❉❡♥♦t❛r❡♠♦s ♣♦r Pn ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ K〈X〉 ♥❛s

✈❛r✐á✈❡✐s x1, . . . , xn✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ β = {xσ(1) . . . xσ(n); σ ∈ Sn} é ✉♠❛ ❜❛s❡ ♣❛r❛ Pn✱

❞♦♥❞❡ dimPn = n!.

❉❡✜♥✐çã♦ ✶✳✹✳✺ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❖ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦

cn(A) = dim
Pn

Pn ∩ T (A)

é ❝❤❛♠❛❞♦ ♥✲és✐♠❛ ❝♦❞✐♠❡♥sã♦ ♣❛r❛ ❛ á❧❣❡❜r❛ A.

❖❜s❡r✈❛çã♦ ✶✳✹✳✻ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❊♥tã♦ A é ✉♠❛ P■✲á❧❣❡❜r❛ s❡ ❡✱ s♦♠❡♥t❡ s❡✱

cn(A) < n!✱ ♣❛r❛ ❛❧❣✉♠ n ≥ 1.

Pr♦♣♦s✐çã♦ ✶✳✹✳✼ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ 0 ✭♦✉ charK = p > deg f✮✱

❡♥tã♦ f = 0 é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✿ ❯s❛r❡♠♦s ♦ ♣r♦❝❡ss♦ ❞❡ ❧✐♥❡❛r✐③❛çã♦✳ ❙❡❥❛ I = 〈f〉T ✱ ♣❡❧♦ ❚❡♦r❡♠❛

✶✳✹✳✸ t❡♠♦s q✉❡ f é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s✳

❆ss✐♠✱ ♣❛r❛ ♣r♦✈❛r ♦ r❡s✉❧t❛❞♦ ❜❛st❛ ♠♦str❛r q✉❡ t♦❞♦ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦ é

❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ♠✉❧t✐❧✐♥❡❛r✳ ❙✉♣♦♥❤❛ f ♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❡ s❡❥❛ d = degxi
f ✳ ❊s❝r❡✈❛

f(y1 + y2, x2, . . . , xm) ∈ I ♥❛ ❢♦r♠❛

f(y1 + y2, x2, . . . , xm) =
d∑

i=0

fi(y1, y2, x2, . . . , xm),

♦♥❞❡ fi é ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ i ❡♠ y1✳ ❚❡♠♦s q✉❡ fi ∈ I ♣❛r❛

i = 0, 1, . . . , d✳ ❈♦♠♦ degyj fi < d✱ i = 1, . . . , d − 1✱ j = 1, 2✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r

❛r❣✉♠❡♥t♦s ✐♥❞✉t✐✈♦s ❡ ♦❜t❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥s❡q✉ê♥❝✐❛s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ f ✳

✷✻



P❛r❛ ✈❡r q✉❡ ❡st❛s ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛ f = 0✱ é s✉✜❝✐❡♥t❡

♦❜s❡r✈❛r♠♦s q✉❡

fi(y1, y1, x2, . . . , xm) =

(
d

i

)
f(y1, x2, . . . , xm)

❡ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❜✐♥♦♠✐❛❧ é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ ♣♦✐s t❡♠♦s ♣♦r ❤✐♣ót❡s❡ q✉❡ charK = 0

✭♦✉ charK = p > deg f✮✳

❉❡✜♥✐çã♦ ✶✳✹✳✽ ❙❡❥❛ f ∈ K〈X〉✳ ❉✐③❡♠♦s q✉❡ f é ✉♠ ♣♦❧✐♥ô♠✐♦ ♣ró♣r✐♦ ✭♦✉

❝♦♠✉t❛❞♦r✮✱ s❡ é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣r♦❞✉t♦s ❞❡ ❝♦♠✉t❛❞♦r❡s✱ ♦✉ s❡❥❛✱

f(x1, . . . , xm) =
∑

αi,...,j[xi1 , . . . , xip ] . . . [xj1 , . . . , xjq ], αi,...,j ∈ K.

❖s ♣♦❧✐♥ô♠✐♦s ♣ró♣r✐♦s ❢♦r❛♠ ❛❜♦r❞❛❞♦s ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♣♦r ▼❛❧❝❡✈ ❡ ❙♣❡❝❤t

❡♠ ✶✾✺✵✱ ❡ ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥♦ ❡st✉❞♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✉♥✐tár✐❛s✳ ■r❡♠♦s ❞❡♥♦t❛r ♣♦r B ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s

♣♦❧✐♥ô♠✐♦s ♣ró♣r✐♦s ❡♠ K〈X〉 ❡ ♣♦r Γn = B ∩ Pn✱ n = 1, 2, . . .✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s

♣♦❧✐♥ô♠✐♦s ♣ró♣r✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ ❣r❛✉ n.

❉❡✜♥✐çã♦ ✶✳✹✳✾ ❙❡❥❛ A ✉♠❛ P■✲á❧❣❡❜r❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❞✐③❡♠♦s

q✉❡

γn(A) = dim
Γn

Γn ∩ T (A)

❝♦♠ n = 1, 2, . . .✱ é ❛ ♥✲és✐♠❛ ❝♦❞✐♠❡♥sã♦ ♣ró♣r✐❛ ❞❡ A✳

❚❡♦r❡♠❛ ✶✳✹✳✶✵ ❙❡ A é ✉♠❛ P■✲á❧❣❡❜r❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡♥tã♦

❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦❞✐♠❡♥sõ❡s é ❞❛❞❛ ♣♦r

cn(A) =
n∑

k=0

(
n

k

)
γk(A).

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✺❪✱ ♣✳ ✹✼✳

◆♦ ❝❛♣ít✉❧♦ ✷ ♠♦str❛r❡♠♦s q✉❡ cn(E) = 2n−1. ❊♠ ❬✶✺❪✱ ❉r❡♥s❦② ♣r♦✈♦✉ ♦s

♣ró①✐♠♦s r❡s✉❧t❛❞♦s q✉❡ ♥♦s ♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ✉♠❛ ❜❛s❡ ❞❡ K〈X〉.

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✶ ❙✉♣♦♥❤❛ q✉❡ ♦s ❡❧❡♠❡♥t♦s

x1, x2, . . . , [xi1 , xi2 ], . . . , [xl1 , . . . , xlp ]

❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ ❞❡ L(X)✱ ♦♥❞❡ ♦s ❡❧❡♠❡♥t♦s x1, x2, . . . ♣r❡❝❡❞❡♠ ♦s

❝♦♠✉t❛❞♦r❡s✳ ❊♥tã♦

✷✼



✭✐✮ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ K〈X〉 t❡♠ ❜❛s❡ ❢♦r♠❛❞❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s

xa11 x
a2
2 . . . xamm [xi1 , xi2 ]

b . . . [xl1 , . . . , xlp ]
c,

♦♥❞❡ a1, . . . , am, b, . . . , c ≥ 0 ❡ [xi1 , xi2 ] < . . . < [xl1 , . . . , xlp ] ♥❛ ♦r❞❡♥❛çã♦ ❞❛

❜❛s❡ ❞❡ L(X);

✭✐✐✮ ❖s ❡❧❡♠❡♥t♦s ❞❡st❛ ❜❛s❡ t❛✐s q✉❡ ai = 0✱ ♣❛r❛ i = 1, . . . ,m✱ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡

♣❛r❛ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ B.

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✺❪✱ ♣✳ ✹✸✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✷ ❙❡ é A ✉♠❛ P■✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ s♦❜r❡ ✉♠ ❝♦r♣♦

✐♥✜♥✐t♦ K✱ ❡♥tã♦ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A s❡❣✉❡♠ ❞❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s

♣ró♣r✐❛s✳ ❙❡ charK = 0✱ ❡♥tã♦ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A s❡❣✉❡♠ ❞❡ s✉❛s

✐❞❡♥t✐❞❛❞❡s ♣ró♣r✐❛s ♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ♣r♦✈❛ ❡♠ ❬✶✺❪✱ ♣✳✹✸

✶✳✺ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ❡ ❚✲❡s♣❛ç♦s

❉❡✜♥✐çã♦ ✶✳✺✳✶ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ f(x1, . . . , xn) ∈ K〈X〉✳ ❉✐③❡♠♦s q✉❡ f é ✉♠

♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ A s❡ f t❡♠ t❡r♠♦ ❝♦♥st❛♥t❡ ♥✉❧♦ ❡ f(a1, . . . , an) ∈ Z(A) ♣❛r❛

q✉❛✐sq✉❡r a1, . . . , an ∈ A.

❉❡st❡ ♠♦❞♦✱ ❞✐③❡r q✉❡ f é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ A s✐❣♥✐✜❝❛ ❞✐③❡r q✉❡ [f, g]

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A ♣❛r❛ t♦❞♦ g ∈ K〈X〉.

❊①❡♠♣❧♦ ✶✳✺✳✷ ❖ ♣♦❧✐♥ô♠✐♦ f(x1, x2, x3, x4) = [x1, x2] ◦ [x3, x4]✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦

♣♦❧✐♥ô♠✐♦ ❞❡ ❍❛❧❧✱ é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ ❛ á❧❣❡❜r❛ M2(K)✳ ❖❦✐t❤✐♥ ❡♠ ❬✸✺❪

❞❡s❝r❡✈❡✉ ♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ ❛ á❧❣❡❜r❛ M2(K)✱ q✉❛♥❞♦ charK = 0✱ ❡ ❈♦❧♦♠❜♦

❡ ❑♦s❤❧✉❦♦✈ ❡♠ ❬✶✷❪ ❣❡♥❡r❛❧✐③❛r❛♠ ❡st❛ ❞❡s❝r✐çã♦✱ q✉❛♥❞♦ charK = p > 0 ❡ p 6= 2.

◆♦ ❈❛♣ít✉❧♦ ✹ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ❛ ❞❡s❝r✐çã♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ ❛

á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ♦❜t✐❞❛ ♣♦r ❇r❛♥❞ã♦✱ ❑♦s❤❧✉❦♦✈✱ ❑r❛s✐❧♥✐❦♦✈ ❡ ❉❛ ❙✐❧✈❛✱ ❡♠

❬✼❪✳

❉❡✜♥✐çã♦ ✶✳✺✳✸ ❯♠ s✉❜❡s♣❛ç♦ V ❞❡ K〈X〉 é ❞✐t♦ ✉♠ ❚✲❡s♣❛ç♦ s❡ ϕ(V ) ⊆ V ♣❛r❛

t♦❞♦ ϕ ∈ End(K〈X〉).

❊①❡♠♣❧♦ ✶✳✺✳✹ ❚♦❞♦ ❚✲✐❞❡❛❧ ❞❡ K〈X〉 é ✉♠ ❚✲❡s♣❛ç♦✳ ❖ s✉❜❡s♣❛ç♦ K = {α1|α ∈ K}

é t❛♠❜é♠ ✉♠ ❡①❡♠♣❧♦ ❞❡ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉.

✷✽



❊①❡♠♣❧♦ ✶✳✺✳✺ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❡ W ✉♠ s✉❜❡s♣❛ç♦ ❞❡ A✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦

B = {f(x1, . . . , xn) ∈ K〈X〉|f(a1, . . . , an) ∈ W ♣❛r❛ t♦❞♦ a1, . . . , an ∈ A}

é ✉♠ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉. ◗✉❛♥❞♦ W = Z(A)✱ ♦ ❚✲❡s♣❛ç♦ B é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❞♦s

♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❡ A✱ ♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r C(A).

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ❛ ✐♥t❡rs❡çã♦ ❡ ❛ s♦♠❛ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ ❚✲❡s♣❛ç♦s

❛✐♥❞❛ é ✉♠ ❚✲❡s♣❛ç♦✳ ❉❡st❛ ❢♦r♠❛✱ ❞❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ S ❞❡ K〈X〉✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r S ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s ❚✲❡s♣❛ç♦s q✉❡ ❝♦♥tê♠ S.

Pr♦♣♦s✐çã♦ ✶✳✺✳✻ ❙❡ S ⊆ K〈X〉 ❡ V é ♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r S✱ ❡♥tã♦ V

é ❡①❛t❛♠❡♥t❡ ♦ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r

{f(g1, . . . , gn)|f ∈ S, g1, . . . , gn ∈ K〈X〉}.

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡ q✉❡ ❡st❡ ❝♦♥❥✉♥t♦ é ✐❣✉❛❧ ❛

(End(K〈X〉))S = {ϕ(f)|f ∈ S, ϕ ∈ End(K〈X〉)}.

❚♦♠❡♠♦s V1 ❝♦♠♦ s❡♥❞♦ ♦ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r (End(K〈X〉))S✳ ❈♦♠♦

S ⊆ V ❡ V é ✉♠ ❚✲❡s♣❛ç♦✱ t❡♠♦s q✉❡ ϕ(f) ∈ V ♣❛r❛ q✉❛❧q✉❡r ϕ ∈ End(K〈X〉)✳

P♦rt❛♥t♦ V1 ⊆ V.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ψ(g) ∈ (End(K〈X〉))S✱ ♣❛r❛ q✉❛✐sq✉❡r ψ ∈ End(K〈X〉) ❡

g ∈ (End(K〈X〉))S✱ ❝♦♥❝❧✉í♠♦s q✉❡ V1 é ✉♠ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉✳ ❆❧é♠ ❞✐ss♦✱ S ⊆ V1 ✳

❆ss✐♠✱ V ⊆ V1✱ ❡ ✐st♦ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛✳

❙❡❥❛♠ S ⊆ K〈X〉 ❡ J ♦ ❚✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S✳ ❚♦♠❛♥❞♦

S1 = {xn+1f(x1, . . . , xn)xn+2; f ∈ S}

t❡♠♦s q✉❡ J é ❡①❛t❛♠❡♥t❡ ♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r S1✳ ❆ss✐♠✱ ❛ ♣❛rt✐r ❞❡ ✉♠❛

❜❛s❡ ❞❡ ✉♠ ❚✲✐❞❡❛❧ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ✉♠ ❝♦♥❥✉♥t♦ ❝❛♣❛③ ❞❡ ❣❡rá✲❧♦ ❝♦♠♦ ❚✲❡s♣❛ç♦✳

P❡❧♦ q✉❡ ✈✐♠♦s ❛té ❛q✉✐✱ ♦ ❝♦♥❥✉♥t♦ C(A) é s❡♠♣r❡ ✉♠ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉 ♣❛r❛

t♦❞❛ á❧❣❡❜r❛A✳ ◗✉❛♥❞♦ ❜✉s❝❛♠♦s ❞❡s❝r❡✈❡r ♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❡A✱ ♥♦ss♦ ♦❜❥❡t✐✈♦

é ❞❡t❡r♠✐♥❛r ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ C(A) q✉❡ ♣♦ss❛ ❣❡rá✲❧♦ ❝♦♠♦ ❚✲❡s♣❛ç♦✳

✷✾



✶✳✻ ❚❛❜❡❧❛s ❞❡ ❨♦✉♥❣ ❡ ❛ ❆çã♦ ❞♦ ●r✉♣♦ ▲✐♥❡❛r ●❡r❛❧

GLm

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❛ t❡♦r✐❛ ❞❡ ❨♦✉♥❣ ❡ ❛ ❛çã♦ ❞♦

❣r✉♣♦ ❧✐♥❛r ❣❡r❛❧ GLm q✉❡ s❡rã♦ ✉❧t✐③❛❞♦s ♥❛ ❙❡çã♦ ✸✳✻ ✭♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡❥❛ ♦ ❧✐✈r♦

❬✶✺❪✮✳ ❊♠ t♦❞❛ s❡çã♦✱ ❛ ♠❡♥♦s q✉❡ s❡ ♠❡♥❝✐♦♥❡ ♦ ❝♦♥trár✐♦✱ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❞❡

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

❉❡✜♥✐çã♦ ✶✳✻✳✶ ❙❡❥❛ n ≥ 1 ✉♠ ✐♥t❡✐r♦✳ ❉❡✜♥✐♠♦s ✉♠❛ ♣❛rt✐çã♦ ❞❡ n ❝♦♠♦

s❡♥❞♦ ✉♠❛ r✲✉♣❧❛ (λ1, λ2, . . . , λr) ❞❡ ♥ú♠❡r♦s ♥❛t✉r❛✐s t❛✐s q✉❡ λ1 ≥ . . . ≥ λr ❡

λ1 + . . .+ λr = n.

◆♦t❛çã♦ ✶✳✻✳✷ ❯s❛♠♦s ❛ ♥♦t❛çã♦ λ = (λ1, λ2, . . . , λr) ⊢ n ♣❛r❛ ❞✐③❡r q✉❡ λ é ✉♠❛

♣❛rt✐çã♦ ❞❡ n.

❉❡✜♥✐çã♦ ✶✳✻✳✸ ❙❡♥❞♦ λ = (λ1, λ2, . . . , λr) ⊢ n✱ ❞❡✜♥✐♠♦s ♦ ❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣ Dλ

❞❛ ♣❛rt✐çã♦ λ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

Dλ = {(i, j) ∈ N× N| 1 ≤ i ≤ r, 1 ≤ j ≤ λi}.

●r❛✜❝❛♠❡♥t❡ r❡♣r❡s❡♥t❛✲s❡ Dλ ♣♦r n q✉❛❞r❛❞♦s ❞✐str✐❜✉í❞♦s ❡♠ r ✜❧❛s

❤♦r✐③♦♥t❛✐s✱ ❝❤❛♠❛❞❛s ❞❡ ❧✐♥❤❛s s❡♥❞♦ ❛ i✲és✐♠❛ ❧✐♥❤❛ ❝♦♠♣♦st❛ ♣♦r λi q✉❛❞r❛❞♦s✳

❉❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✱ ♦s ♣r✐♠❡✐r♦s q✉❛❞r❛❞♦s ❞❛s ❧✐♥❤❛s ❛♣❛r❡❝❡♠ ♥✉♠❛ ♠❡s♠❛

❝♦❧✉♥❛ ✭✜❧❛ ✈❡rt✐❝❛❧✮✳ ❙❡♥❞♦ (i, j) ✉♠ ❡❧❡♠❡♥t♦ ❞❡ Dλ✱ ♦ q✉❛❞r❛❞♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛

❡❧❡ ❡stá ♥❛ i✲és✐♠❛ ❧✐♥❤❛ ❡ j✲és✐♠❛ ❝♦❧✉♥❛✳ ❆ ♥✉♠❡r❛çã♦ ❞❛s ❧✐♥❤❛s ❝r❡s❝❡ ❞❡ ❝✐♠❛ ♣❛r❛

❜❛✐①♦ ❡ ❛ ❞❛s ❝♦❧✉♥❛s ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✳ ❉❡♥♦t❛♥❞♦ ♣♦r cj ♦ ♥ú♠❡r♦ ❞❡ ❝é❧✉❧❛s

❞❛ j✲és✐♠❛ ❝♦❧✉♥❛✱ t❡♠♦s cj = max{i ∈ {1, 2, . . . , r}|λi ≥ j}.

❊①❡♠♣❧♦ ✶✳✻✳✹ ❆ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣ ❞❛ ♣❛rt✐çã♦ λ = (4, 3, 1) ⊢ 8

é ❞❛❞❛ ♣♦r

Dλ =

❉❡✜♥✐çã♦ ✶✳✻✳✺ ❙❡❥❛♠ n ∈ N ❡ λ = (λ1, . . . , λr) ⊢ n. ❉❡✜♥✐♠♦s ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣

❞♦ ❞✐❛❣r❛♠❛ Dλ ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❢✉♥çã♦ ❜✐❥❡t♦r❛ T : Dλ → In, ♦♥❞❡ In = {1, . . . , n}.

❉✐③❡♠♦s q✉❡ ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ T é st❛♥❞❛r❞ s❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭✐✮ T (i, j) < T (i, j + 1) ♣❛r❛ 1 ≤ i ≤ r ❡ 1 ≤ j ≤ λi − 1❀

✸✵



✭✐✐✮ T (i, j) < T (i+ 1, j) ♣❛r❛ 1 ≤ j ≤ λ1 ❡ 1 ≤ i ≤ cj − 1.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❞✐③❡r q✉❡ ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ T é st❛♥❞❛r❞ s✐❣♥✐✜❝❛ ❞✐③❡r

q✉❡ ❛s ❡♥tr❛❞❛s ❝r❡s❝❡♠ ❡♠ ❝❛❞❛ ❧✐♥❤❛ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✱ ❡ ❡♠ ❝❛❞❛ ❝♦❧✉♥❛

❞❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦✳

❊①❡♠♣❧♦ ✶✳✻✳✻ ❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s t❛❜❡❧❛s ❞❡ ❨♦✉♥❣

T1 =

✶ ✷ ✸

✺ ✹

✻

❡

T2 =

✶ ✷ ✸ ✹

✺

✻

❖❜s❡r✈❡ q✉❡ ❛ s❡❣✉♥❞❛ t❛❜❡❧❛ T2 é st❛♥❞❛r❞ ♠❛s ❛ ♣r✐♠❡✐r❛ ♥ã♦ é✳

❉❡✜♥✐çã♦ ✶✳✻✳✼ ❉❛❞❛ ✉♠❛ ♣❛rt✐çã♦ λ = (λ1, . . . , λr) ⊢ n✱ ❞❡✜♥✐♠♦s ❛ λ✲t❛❜❡❧❛ Tλ ❞❡

❝♦♥t❡ú❞♦ α = (α1, . . . , αm)✱ ♦♥❞❡ α1 + . . .+αm = n✱ ❝♦♠♦ s❡♥❞♦ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣

Dλ ❝✉❥❛s ❝é❧✉❧❛s sã♦ ♣r❡❡❡♥❝❤✐❞❛s ❝♦♠ α1 ♥ú♠❡r♦s ✶✱ α2 ♥ú♠❡r♦s ✷✱ ✳ ✳ ✳ ✱ αm ♥ú♠❡r♦s

♠✳

❉❡✜♥✐çã♦ ✶✳✻✳✽ ❯♠❛ t❛❧❡❧❛ Tλ é s❡♠✐✲st❛♥❞❛r❞ s❡ ❛s ❡♥tr❛❞❛s ♥ã♦ ❞❡❝r❡s❝❡♠ ❞❛

❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛ ♥❛s ❧✐♥❤❛s ❡ ❝r❡s❝❡♠ ❞❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦ ♥❛s ❝♦❧✉♥❛s✳

❊①❡♠♣❧♦ ✶✳✻✳✾ ❉❛❞❛s ❛s t❛❜❡❧❛s T1 ❞❡ ❝♦♥t❡ú❞♦ (2, 3, 1, 1) ❡ T2 ❞❡ ❝♦♥t❡ú❞♦

(1, 1, 1, 1, 1, 1, 1)

T1 =

✶ ✶ ✷ ✹

✷ ✷

✸

❡

T2 =

✶ ✷ ✸ ✹

✻ ✺

✼

t❡♠♦s q✉❡ T1 é ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ s❡♠✐✲st❛♥❞❛r❞✱ ♠❛s T2 ♥ã♦ é✳

P❛r❛ ❝❛❞❛ ♣❛rt✐çã♦ λ ❞❡ n ❡①✐st❡♠ ♥✦ t❛❜❡❧❛s ❞✐st✐♥t❛s ❛ss♦❝✐❛❞❛s ❛♦ ❞✐❛❣r❛♠❛

❞❡ ❨♦✉♥❣ Dλ✱ ❞❡♥tr❡ ❡❧❛s ❡stã♦ ❛s t❛❜❡❧❛s st❛♥❞❛r❞ q✉❡ ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧

✐♠♣♦rt❛♥t❡ ❡♠ P■✲t❡♦r✐❛✳ ❆✐♥❞❛ ❡♠ r❡❧❛çã♦ ❛♦ ❉✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣✱ ✉♠ ♦✉tr♦ ❝♦♥❝❡✐t♦

r❡❧❡✈❛♥t❡ é ♦ ❞❡ ❣❛♥❝❤♦✱ ♦ q✉❛❧ s❡rá ❛♣r❡s❡♥t❛❞♦ ❛ s❡❣✉✐r✳

✸✶



❉❡✜♥✐çã♦ ✶✳✻✳✶✵ ❙❡❥❛♠ λ = (λ1, . . . , λr) ⊢ n ❡ (i0, j0) ∈ Dλ. ❉❡✜♥✐♠♦s ♦ ❣❛♥❝❤♦

(i0, j0) ❞❡ Dλ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

{(i0, j)| j0 ≤ j ≤ λi0} ∪ {(i, j0)| i0 ≤ i ≤ cj0}.

❖❜s❡r✈❡ q✉❡ ♦ ❣❛♥❝❤♦ (i0, j0) ❞♦ ❞✐❛❣r❛♠❛ Dλ é ❡①❛t❛♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝é❧✉❧❛s

❞❛ ❧✐♥❤❛ i0 ❡ q✉❡ ❡stã♦ à ❞✐r❡✐t❛ ❞❛ ❝é❧✉❧❛ (i0, j0) ✭✐♥❝❧✉✐♥❞♦ ❛ ♣ró♣r✐❛ ❝é❧✉❧❛ (i0, j0)✮ ❡

❞❛s ❝é❧✉❧❛s ❞❛ ❝♦❧✉♥❛ j0 q✉❡ ❡stã♦ ❛❜❛✐①♦ ❞❛ ❝é❧✉❧❛ (i0, j0). ❉❡♥♦t❛r❡♠♦s ♣♦r hi0,j0 ♦

t❛♠❛♥❤♦ ✭♥ú♠❡r♦ ❞❡ ❝é❧✉❧❛s✮ ❞♦ ❣❛♥❝❤♦ (i0, j0).

❊①❡♠♣❧♦ ✶✳✻✳✶✶ ❈♦♥s✐❞❡r❡ ❛ ♣❛rt✐çã♦ λ = (3, 3, 1) ⊢ 7✳ ◆❛s ✜❣✉r❛s ❛❜❛✐①♦

r❡♣r❡s❡♥t❛♠♦s ♦s ❣❛♥❝❤♦s ❞❡ (1, 2) ❡ (1, 1) ❞♦ ❞✐❛❣r❛♠❛ Dλ :

❳ ❳

❳ ❡

❳ ❳ ❳

❳

❳

❉❡✜♥✐çã♦ ✶✳✻✳✶✷ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❉❡✜♥✐♠♦s ✉♠ A✲♠ó❞✉❧♦ ✭♦✉ ♠ó❞✉❧♦ s♦❜r❡ A✮

❝♦♠♦ s❡♥❞♦ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ M ✱ ♠✉♥✐❞♦ ❞❡ ✉♠ ♣r♦❞✉t♦

. : A×M → M

(a,m) 7→ a.m

q✉❡ s❛t✐s❢❛③✿

✭✐✮ a1.(a2.m) = (a1a2).m

✭✐✐✮ 1A.m = m

♣❛r❛ q✉❛✐sq✉❡r a1, a2 ∈ A✱ m ∈M ✱ ❡ “.” é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r✳

❉❡✜♥✐çã♦ ✶✳✻✳✶✸ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ M ✉♠ A✲♠ó❞✉❧♦✳ ❉✐③❡♠♦s q✉❡

✭✐✮ ❯♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ N é ✉♠ s✉❜♠ó❞✉❧♦ ✭♦✉ A✲s✉❜♠ó❞✉❧♦✮ ❞❡ M s❡ a.n ∈ N

♣❛r❛ q✉❛✐sq✉❡r a ∈ A ❡ n ∈ N ;

✭✐✐✮ M é ✉♠ A✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ✭♦✉ s✐♠♣❧❡s✮ s❡ s❡✉s ú♥✐❝♦s s✉❜♠ó❞✉❧♦s sã♦ {0} ❡

M ✳

❙❡❥❛ K〈Xm〉 = K〈x1, . . . , xm〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❞❡ ♣♦st♦ m ❡ K〈Xm〉
(n)✱

❝♦♠ n ≥ 0✱ ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ n ♣❛r❛ K〈Xm〉✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡

K〈Xm〉 ♣♦ss✉✐ ✉♠❛ ❡str✉t✉r❛ ❞❡ GLm✲♠ó❞✉❧♦ ❡ ♦ ❡s♣❛ç♦ Id(A) ∩ K〈Xm〉
(n) é ✉♠

GLm✲s✉❜♠ó❞✉❧♦ ❞❡ K〈Xm〉
(n).

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❡st❛❜❡❧❡❝❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦s GLm✲s✉❜♠ó❞✉❧♦s

✐rr❡❞✉tí✈❡✐s ❞❡ K〈Xm〉
(n) ❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ♣❛rt✐çõ❡s λ = (λ1, . . . , λr) ⊢ n✱ ♦♥❞❡ r ≤ m.
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❉❡✜♥✐çã♦ ✶✳✻✳✶✹ ❙❡❥❛ φ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❞♦ ❣r✉♣♦ ❧✐♥❡❛r

❣❡r❛❧ GLm(K)✱ ✐st♦ é✱

φ : GLm(K) → GLs(K)

♣❛r❛ ❛❧❣✉♠ s✳ ❆ r❡♣r❡s❡♥t❛çã♦ φ é ❞✐t❛ ♣♦❧✐♥♦♠✐❛❧ s❡ ❛s ❡♥tr❛❞❛s φ(g)pq ❞❛ ♠❛tr✐③

φ(g) ❞❡ ♦r❞❡♠ n × n sã♦ ♣♦❧✐♥ô♠✐♦s ♥❛s ❡♥tr❛❞❛ akl ❞❡ g ♣❛r❛ g ∈ GLm(K)✱ ♦♥❞❡

k, l = 1, . . . ,m ❡ p, q = 1, . . . , s✳ ❉✐③❡♠♦s q✉❡ ❛ r❡♣r❡s❡♥t❛çã♦ ♣♦❧✐♥♦♠✐❛❧ é

❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ d s❡ ♦s ♣♦❧✐♥ô♠✐♦s φ(g)pq sã♦ ❤♦♠♦❣ê♥❡♦s ❞❡ ❣r❛✉ d✳

❚❡♦r❡♠❛ ✶✳✻✳✶✺ ✭ ❚❡♦r❡♠❛ ✶✷✳✹✳✹ ❬✶✺❪✮✳

✭✐✮ ❊①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ 1 − 1 ❡♥tr❡ ❛s GLm✲r❡♣r❡s❡♥t❛çõ❡s ♣♦❧✐♥♦♠✐❛✐s

❤♦♠♦❣ê♥❛s ✐rrr❡❞✉tí✈❡✐s ❞❡ ❣r❛✉ n ≥ 0 ❡ ❛s ♣❛rt✐çõ❡s λ = (λ1, . . . , λm) ❞❡ n✳

❉❡♥♦t❛r❡♠♦s Wm(λ) ♦ GLm✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ r❡❧❛❝✐♦♥❛❞♦❛ λ.

✭✐✐✮ ❈♦♠♦ ✉♠ s✉❜❡s♣❛ç♦ ❞❡ K〈Xm〉
(n)✱ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Wm(λ) é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳

❆ ❞✐♠❡♥sã♦ ❞❡ s✉❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧✐t❤♦♠♦❣ê♥❡❛ W (n1,...,nm)
m é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡

λ✲t❛❜❡❧❛s s❡♠✐✲st❛♥❞❛r❞ ❝♦♥t❡ú❞♦ (n1, . . . , nm).

❙❡❥❛ λ = (λ1, . . . , λm) ⊢ n ❡ ❝♦♥s✐❞❡r❡ q1, . . . , qk ♦s ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❝♦❧✉♥❛s ❞♦

❞✐❛❣r❛♠❛ [λ]✳ ❉❡♥♦t❛♠♦s ♣♦r sλ = sλ(x1, . . . , xq) ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ K〈Xm〉 ❞❛❞♦ ♣♦r

sλ(x1, . . . , xq) =
k∏

j=1

sqj(x1, . . . , xqj)

♦♥❞❡ sp(x1, . . . , xp) é ✉♠ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞✳

❚❡♦r❡♠❛ ✶✳✻✳✶✻ ✭❚❡♦r❡♠❛ ✶✷✳✹✳✶✷ ❬✶✺❪✮ ❈♦♥s✐❞❡r❡ λ = (λ1, . . . , λm) ⊢ n ❡ K〈Xm〉
(n)

❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ n ❞❡ K〈Xm〉

✭✐✮ ❖s ❡❧❡♠❡♥t♦s sλ(x1, . . . , xq)✱ ❞❡✜♥✐❞♦s ❛❝✐♠❛✱ ❣❡r❛♠ ✉♠ GLm✲s✉❜♠ó❞✉❧♦ ❞❡

K〈Xm〉
(n) ✐s♦♠♦r❢♦ ❛ Wm(λ) ✭Wm(λ) ❞❡♥♦t❛ ♦ GLm✲s✉❜♠ó❞✉❧♦ ✐rr❡❞❞✉tí✈❡❧

r❡❧❛❝✐♦♥❛❞♦ à ♣❛rt✐çã♦ λ✮✳

✭✐✐✮ ❚♦❞♦ Wm(λ) ⊆ K〈Xm〉
(n) é ❣❡r❛❞♦ ♣♦r ✉♠ ❡❧❡♠❡♥t♦ ♥ã♦✲♥✉❧♦

ωλ(x1, . . . , xq) = sλ(x1, . . . , xq)
∑

σ∈Sn

ασσ ασ ∈ K.

❖ ❡❧❡♠❡♥t♦ ωλ(x1, . . . , xq) é ❞✐t♦ ✈❡t♦r ♣❡s♦ ♠á①✐♠♦ ❛ss♦❝✐❛❞♦ ❛ λ. ❊❧❡ é

ú♥✐❝♦ ❛ ♠❡♥♦s ❞❡ ❝♦♥st❛♥t❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❡ ❡stá ❝♦♥t✐❞♦ ♥♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞♦s ❡❧❡♠❡♥t♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s ❞❡ ❣r❛✉ (λ1, . . . , λm) ❡♠ Wm(λ).

❉❛❞❛ ❛ ♣❡r♠✉t❛çã♦ σ ∈ Sn ❞❡♥♦t❛r❡♠♦s ♣♦r T (σ) ❛ λ✲t❛❜❡❧❛ t❛❧ q✉❡ ❛ ♣r✐♠❡✐r❛

❝♦❧✉♥❛ ❞❡ T (σ) é ♣r❡❡♥❝❤✐❞❛ ❞❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦ ❝♦♠ ♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s σ(1), . . . , σ(q1)✱

σ(q1 + 1), . . . , σ(q1 + q2) ♣r❡❡♥❝❤❡♠ ❛ s❡❣✉♥❞❛ ❝♦❧✉♥❛ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳

✸✸



Pr♦♣♦s✐çã♦ ✶✳✻✳✶✼ ✭Pr♦♣♦s✐çã♦ ✶✷✳✹✳✶✹ ❬✶✺❪✮ ❙❡❥❛ λ = (λ1, . . . , λm) ✉♠❛ ♣❛rt✐çã♦ ❞❡

n ❡ Wm(λ) ⊂ K〈Xm〉
(n)✳ ❖ ✈❡t♦r ♣❡s♦ ♠á①✐♠♦ ωλ ❞❡ Wm(λ) ♣♦❞❡ s❡r ❡①♣r❡ss♦ ❞❡ ♠♦❞♦

ú♥✐❝♦ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s ωσ = sλσ
−1✱ ♦♥❞❡ ❛s σ✬s sã♦ t❛✐s q✉❡ ❛s

λ✲t❛❜❡❧❛s T (σ) sã♦ st❛♥❞❛r❞✳

✸✹



❈❛♣ít✉❧♦ ✷

■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ♣❛r❛ ❛

➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥

◆❡st❡ ❝❛♣ít✉❧♦ ❡①✐❜✐r❡♠♦s ✉♠❛ ❜❛s❡ ♣❛r❛ T (E)✳ ❖ ♠❡s♠♦ ❡♥❝♦♥tr❛✲s❡ ♦r❣❛♥✐③❛❞♦

❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ♥❛ ❙❡çã♦ ✷✳✶✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E s♦❜r❡

✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦❀ ♥❛ ❙❡çã♦ ✷✳✷ ♦ ❝♦r♣♦ K t❡rá ❝❛r❛❝t❡ríst✐❝❛

♣♦s✐t✐✈❛ ❞✐❢❡r❡♥t❡ ❞❡ ❞♦✐s ❡✱ ❞❛❞❛ ❛ ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ E

s❡r❡♠♦s ❝❛♣❛③❡s ❞❡ r❡s♣♦♥❞❡r s❡ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✳ ❙♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡

❝❛r❛❝t❡r✐stí❝❛ ✸ s❛t✐s❢❛③ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ ✷✱

q✉❡st✐♦♥❛♠❡♥t♦ ❧❡✈❛♥t❛❞♦ ♣♦r ❑❡♠❡r ❡♠ ❬✷✽❪✳ ❊ ♣♦r ✜♠✱ ♥❛ ❙❡çã♦ ✷✳✸✱ ❞❡s❝r❡✈❡r❡♠♦s

❛s ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ ❛ ➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s❡♠ ✉♥✐❞❛❞❡ E ′✱ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♣♦r

❈❤✐r✐♣♦✈ ❡ ❙✐❞❡r♦✈ ❡♠ ❬✾❪✳

✷✳✶ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ♣❛r❛ E✱ charK = 0

❉❡s❝r❡✈❡r❡♠♦s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ E s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛

③❡r♦✳ ❙❡❣✉✐♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❛♣r❡s❡♥t❛❞❛ ♣♦r ❉r❡♥s❦② ❡♠ ❬✶✺❪✳

▲❡♠❛ ✷✳✶✳✶ ❙❡❥❛ T = 〈[x1, x2, x3]〉
T ♦ ❚✲✐❞❡❛❧ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡

[x1, x2, x3]✳ ❊♥tã♦ ♦s ♣♦❧✐♥ô♠✐♦s

[x1, x2][x2, x3] ❡ [x1, x2][x3, x4] + [x1, x3][x2, x4]

♣❡rt❡♥❝❡♠ ❛ T.



❉❡♠♦♥str❛çã♦✿ ❯s❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡

[uv, w] = [u, w]v + u[v, w]. ✭✷✳✶✮

❙❡❥❛ [x1, x
2
2, x3] ∈ T ✱ ♣❡❧❛ ❡q✉❛çã♦ ✷✳✶ ♦❜t❡♠♦s✿

[x1, x
2
2, x3] = [[x1, x2]x2 + x2[x1, x2], x3]

= [[x1, x2]x2, x3] + [x2[x1, x2], x3]

= [x1, x2, x3]x2 + [x1, x2][x2, x3] + [x2, x3][x1, x2] + x2[x1, x2, x3]

❈♦♠♦ [x1, x2, x3] ≡ 0 ✭♠♦❞ ❚✮ ❡ [x2, x3][x1, x2] = [x1, x2][x2, x3] − [x1, x2, [x2, x1]]

❡♥tã♦ [x2, x3][x1, x2] ≡ [x1, x2][x2, x3]✭♠♦❞ ❚✮✳ ❆ss✐♠✱ 2[x1, x2][x2, x3] ≡ 0 ✭♠♦❞ ❚✮✱

❡ ♣♦rt❛♥t♦ [x1, x2][x2, x3] ∈ T.

❆❧é♠ ❞✐ss♦✱ ❛ ❧✐♥❡❛r✐③❛çã♦ ❞♦ ♣♦❧✐♥ô♠✐♦ f(x) = [x1, x][x, x2] é ❞❛❞❛ ♣♦r

h(y1, y2) = f(y1 + y2)− f(y1)− f(y2)

= [x1, y1][y2, x2] + [x1, y2][y1, x2].

❘❡♥♦♠❡❛♥❞♦ ❛s ✈❛r✐á✈❡✐s ❝♦♥❝❧✉í♠♦s q✉❡ [x1, x2][x3, x4] + [x1, x3][x2, x4] ♣❡rt❡♥❝❡ ❛ T.

❚❡♦r❡♠❛ ✷✳✶✳✷ ❖ ❚✲✐❞❡❛❧ T (E) é ❣❡r❛❞♦ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ [x1, x2, x3].

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉❡ ❞♦ ❊①❡♠♣❧♦ ✶✳✷✳✼ q✉❡ [x1, x2, x3] é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E✱

♣♦rt❛♥t♦✱ [x1, x2, x3] ∈ T (E)✱ ❞❛í T ⊆ T (E).

P❛r❛ ❝♦♠♣❧❡t❛r ❛ ♣r♦✈❛✱ ✐r❡♠♦s ♠♦str❛r q✉❡ ♦ ❝♦♥❥✉♥t♦

β = {[xi1 , xi2 ][xi3 , xi4 ] . . . [xi2k−1
, xi2k ] | i1 < . . . < i2k, ♣❛r❛ k = 0, 1, . . .}

❣❡r❛ B(X)/B(X) ∩ T ✱ ♦♥❞❡ B(X) é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ♣ró♣r✐♦s ❡♠

K〈X〉.

❈♦♠♦ [x1, x2, x3] ∈ T ✱ t❡♠♦s q✉❡ B(X)/B(X) ∩ T é ❣❡r❛❞♦ ♣♦r

w = [xi1 , xi2 ][xi3 , xi4 ] . . . [xi2k−1
, xi2k ], ♣❛r❛ k = 0, 1, . . . ,

❡ ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✶✱ ♣♦❞❡♠♦s ❛ss✉♠✐r i1 < . . . < i2k.

◆♦t❡ q✉❡ s❡ f =
∑
αimi ∈ T (E) ❝♦♠ mi ∈ β✱ ❡♥tã♦ αi = 0 ♣❛r❛ t♦❞♦

i = 1, 2, . . . . ❉❡ ❢❛t♦✱ ❝♦♠♦ i1 < . . . < i2k ♣♦❞❡♠♦s ❛ss✉♠✐r
∑
αimi ♠✉❧t✐❤♦♠♦❣ê♥❡♦

✸✻



❡ ❞❡st❛ ❢♦r♠❛ f(xi1 , . . . , xi2k) = α[xi1 , xi2 ] . . . [xi2k−1
, xi2k ]✳ ❋❛③❡♥❞♦ xil = eil ✱♣❛r❛

l = 1, . . . , 2k, ♦❜t❡♠♦s f(ei1 , . . . , ei2k) = αi2
kei1 . . . ei2k ✱ ❝♦♠♦ f ∈ T (E) t❡♠♦s

αi2
kei1 . . . ei2k = 0✳ ▲♦❣♦ αi = 0. P♦rt❛♥t♦✱ T = T (E)✱ ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❚❡♦r❡♠❛ ✷✳✶✳✸ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❊♥tã♦ ❛ ♥✲és✐♠❛ ❝♦❞✐♠❡♥sã♦

❞❡ E é ❞❛❞❛ ♣♦r cn(E) = 2n−1.

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ γn(E) = dimΓn/(T (E) ∩ Γn) ❛ ♥✲és✐♠❛ ❝♦❞✐♠❡♥sã♦ ♣ró♣r✐❛✳

P❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♦❜t❡♠♦s q✉❡ γn(E) = 0✱ s❡ n é í♠♣❛r✱ ❡ γn(E) = 1✱ s❡ n é ♣❛r

♣❛r❛✱ t♦❞♦ n ∈ N ❡ ❛ss✐♠ γn(E) =
1
2
(1 + (−1)n)✱ ♣❛r❛ t♦❞♦ n ∈ N✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦

❚❡♦r❡♠❛ ✶✳✹✳✶✵✱ t❡♠♦s

cn(E) =
n∑

k=0

(
n

k

)
γk(E) = 2n−1.

✷✳✷ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ♣❛r❛ E✱ charK = p > 0

◆❡t❛ s❡çã♦ ✐r❡♠♦s ❧✐❞❛r ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛E s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦

❞❡ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛ p 6= 2. ❆♣r❡s❡♥t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ❑♦s❤❧✉❦♦✈

❡ ●✐❛♠❜r✉♥♦✱ ❡♠ ❬✶✽❪✳

◆❛ s❡çã♦ ❛♥t❡r✐♦r ♠♦str❛♠♦s q✉❡ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡

[x1, x2, x3] ≡ 0. ✭✷✳✷✮

❙❡❥❛ T = 〈[x1, x2, x3]〉
T ♦ ❚✲✐❞❡❛❧ ❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ K〈X〉 ❣❡r❛❞♦

♣♦r [x1, x2, x3]✳ ❉❡♥♦t❛r❡♠♦s ♣♦r F = K〈X〉
T

❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡ ♣♦st♦

❡♥✉♠❡rá✈❡❧ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ ✭ ✷✳✷✮✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✶ ❖s ♣♦❧✐♥ô♠✐♦s

[x1, x2][x3, x4] + [x1, x3][x2, x4],

[x1, x2][x3, x4] + [x3, x2][x1, x4],

[x1, x2][x3, x4] + [x1, x4][x3, x2],

[x1, x2][x3, x4] + [x4, x2][x3, x1]

♣❡rt❡♥❝❡♠ ❛♦ ❚✲ ✐❞❡❛❧ ❚✳ ❆ ♣r♦✈❛ é ❛♥❛❧♦❣❛ ❛ ❢❡✐t❛ ♥♦ ▲❡♠❛ ✷✳✶✳✶✳

✸✼



Pr♦♣♦s✐çã♦ ✷✳✷✳✷ ❆ ❡q✉❛çã♦

2ns2n(x1, x2, . . . , x2n) = (2n)![x1, x2] . . . [x2n−1, x2n]

é ✈á❧✐❞❛ ♥❛ á❧❣❡❜r❛ F.

❉❡♠♦♥str❛çã♦✿ ❖ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ ❞❡ ❣r❛✉ 2n ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿

s2n(x1, x2, . . . , x2n) =
1

2n

∑

σ∈S2n

(−1)σ[xσ(1), xσ(2)] . . . [xσ(2n−1), xσ(2n)],

♦✉ s❡❥❛✱

2ns2n(x1, x2, . . . , x2n) =
∑

σ∈S2n

(−1)σ[xσ(1), xσ(2)] . . . [xσ(2n−1), xσ(2n)].

❈♦♠♦ [xi1 , xi2 ] = −[xi2 , xi1 ] ❡ [xi1 , xi2 ][xi3 , xi4 ] = −[xi1 , x13 ][xi2 , xi4 ] ❡♠ F ✱ ♦❜t❡♠♦s

2ns2n(x1, x2, . . . , x2n) = (2n)![x1, x2] . . . [x2n−1, x2n]

❡♠ F.

❊st❛ ♣r♦♣♦s✐çã♦ ❣❛r❛♥t❡ q✉❡ ✿

✭✐✮ s❡ charK < 2n ❡♥tã♦ s2n é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E❀

✭✐✐✮ s❡ charK = 0 ♦✉ charK > 2n✱ ❡♥tã♦ s2n ❡ [x1, x2] . . . [x2n−1, x2n] sã♦ ♣♦❧✐♥ô♠✐♦s

❡q✉✐✈❛❧❡♥t❡s ♠ó❞✉❧♦ ❛ ✐❞❡♥t✐❞❛❞❡ ✭✷✳✷✮✳

▲❡♠❛ ✷✳✷✳✸ ❖s ♣♦❧✐♥ô♠✐♦s t2n(x1, x2, . . . , x2n−1, x2n) = [x1, x2] . . . [x2n−1, x2n] ♥ã♦ sã♦

✐❞❡♥t✐❞❛❞❡s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E✱ ♣❛r❛ n = 1, 2, . . . .

❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ e1, e2, . . . , e2n ∈ E✱ ♥♦t❡ q✉❡

t2n(e1, e2, . . . , e2n−1, e2n) = 2ne1e2 . . . e2n−1e2n 6= 0.

▲❡♠❛ ✷✳✷✳✹ ❙❡ charK ≥ p✱ ♦ ♣♦❧✐♥ô♠✐♦ sk é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ E s❡✱ ❡

s♦♠❡♥t❡ s❡✱ k ≥ p+ 1.

✸✽



❉❡♠♦♥str❛çã♦✿ ▼♦str❡♠♦s q✉❡ s❡ sk ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E q✉❛♥❞♦ k ≤ p.

❈♦♥s✐❞❡r❡ k = p✳ ❙❛❜❡♠♦s q✉❡ ✿

sn+1(x1, . . . , xn+1) =
n+1∑

i=1

(−1)(i−1)xisn(x1, . . . , x̂i, . . . , xn+1),

♦♥❞❡ ❛ ✈❛r✐á✈❡❧ ❝♦♠ ❝❤❛♣é✉ x̂i ♥ã♦ ❛♣❛r❡❝❡✳ ❆ss✐♠✱

sp(e1e2, e3, . . . , ep+1) = e1e2sp−1(e3, . . . , ep+1)+

p∑

i=2

(−1)(i−1)eisp−1(e1e2, . . . , êi, . . . , ep+1).

▼❛s✱ p− 1 é ♣❛r✱ ❡ ♣♦rt❛♥t♦ eisp−1(e1e2, . . . , êi, . . . , ep+1) = 0✳ ❉❡ss❛ ❢♦r♠❛✱

sp(e1e2, e3, . . . , ep+1) = e1e2sp−1(e3, . . . , ep+1)

= e1e2(p− 1)!e3 . . . ep+1

= (p− 1)!e1e2e3 . . . ep+1 6= 0.

▲♦❣♦✱ sp ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ E✱ ❡ ❞❛í sk só é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E s❡ k ≥ p+1✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ k ≥ p+ 1 ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✷ sk é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E.

❉❛í✱ sp+1 é ❛ ✐❞❡♥t✐❞❛❞❡ st❛♥❞❛r❞ ❞❡ ♠❡♥♦r ❣r❛✉ s❛t✐s❢❡✐t❛ ♣♦r E q✉❛♥❞♦

chark = p.

❚❡♦r❡♠❛ ✷✳✷✳✺ ❙♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p 6= 2 t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ sã♦ ❝♦♥s❡q✉ê♥❝✐❛s ❞❛

ú♥✐❝❛ ✐❞❡♥t✐❞❛❞❡

[x1, x2, x3] = 0.

❉❡♠♦♥str❛çã♦✿ ❆♥❛❧✐s❡♠♦s ♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

• ❈❛s♦ ✶✿ ❙❡ charK = 0✱ é ♦ ❚❡♦r❡♠❛ ✷✳✶✳✷ ✳

• ❈❛s♦ ✷✿ ❈♦♥s✐❞❡r❡ charK = p > 2.

❈♦♠♦ ♦ ❝♦r♣♦ K é ✐♥✜♥✐t♦✱ t♦❞♦ ❚✲✐❞❡❛❧ ❡♠ K〈X〉 é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s

♣ró♣r✐♦s✳ ❆❧é♠ ❞✐ss♦✱ E é ✉♥✐tár✐❛ ❡♥tã♦ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ t♦❞♦

♣♦❧✐♥ô♠✐♦ ♣ró♣r✐♦ q✉❡ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E ❞❡❝♦rr❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ ✭✷✳✷✮✳ ❙❡♥❞♦

f(x1, . . . , xn) ∈ B(X) ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E✱ ♣♦❞❡♠♦s ❡s❝r❡✈ê✲❧❛ ❝♦♠♦✿

f(x1, . . . , xn) =
∑

αuu1 . . . uk

✸✾



♦♥❞❡ ui sã♦ ❝♦♠✉t❛❞♦r❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ≥ 2✳ ❉❡✈✐❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ [x1, x2, x3]✱

♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ♦s u′js sã♦ ❝♦♠✉t❛❞♦r❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ≤ 2✱ ♦s q✉❛✐s sã♦

❝❡♥tr❛✐s ❡♠ E✳ P❡❧♦ ▲❡♠❛ ✷✳✶✳✶ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r f ♠✉❧t✐❧✐♥❡❛r ❡ ❛♣❧✐❝❛♥❞♦ ♦

❈♦r♦❧ár✐♦ ✷✳✷✳✶✱ ♦ ♣♦❧✐♥ô♠✐♦ f ♣♦❞❡ s❡r r❡❞✉③✐❞♦ ❛

f(x1, . . . , xn) = α[x1, x2][x3, x4] . . . [xn−1, xn],

♦♥❞❡ α ∈ K ❡ n é ♣❛r✳ ❉❛í✱ s❡ α 6= 0✱ ❡♥tã♦ ♣❡❧♦ ▲❡♠❛ ✷✳✷✳✸

[x1, x2][x3, x4] . . . [xn−1, xn] ♥ã♦ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E✳ P♦rt❛♥t♦ α = 0.

❉❡♥♦t❡ ♣♦r T (E) ♦ ❚✲✐❞❡❛❧ ❞❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E ❡♠ K〈X〉✳ ❈♦♠♦ ✈✐♠♦s

♥♦ ❚❡♦r❡♠❛ ✷✳✶✳✷ T = T (E)✱ ♣♦rt❛♥t♦ F ≃ K〈X〉
T (E)

é ✉♠❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡

♣♦st♦ ❡♥✉♠❡rá✈❡❧ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✉♥✐tár✐❛s ❣❡r❛❞❛s ♣♦r E.

❉❡✜♥✐çã♦ ✷✳✷✳✻ ❙❡❥❛♠ ❆ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ s♦❜r❡ K ❡ T (A) ♦ ❚✲✐❞❡❛❧ ❞❡ A✳

❉✐③❡♠♦s q✉❡ T (A) ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t s❡ T (A) ♣♦ss✉✐ ✉♠❛ ❜❛s❡ ✜♥✐t❛ ❡

t♦❞♦ ❚✲✐❞❡❛❧ ❝♦♥t❡♥❞♦ T (A) t❛♠❜é♠ ♣♦ss✉✐ ✉♠❛ ❜❛s❡ ✜♥✐t❛✳

❈♦r♦❧ár✐♦ ✷✳✷✳✼ ❖ ❚✲✐❞❡❛❧ T = T (E) ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t✳

❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ T1 ✉♠ ❚✲✐❞❡❛❧ ❝♦♥t❡♥❞♦ T (E) = 〈[x1, x2, x3]〉
T ♣❡❧♦ ❚❡♦r❡♠❛

✷✳✷✳✺✱ t♦❞♦ ♣♦❧✐♥ô♠✐♦ ♣ró♣r✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦ f ∈ T1 é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ [x1, x2, x3] ❡

♣♦❞❡ s❡r r❡❞✉③✐❞♦ ♠ó❞✉❧♦ T (E) à ❢♦r♠❛ α[x1, x2][x3, x4] . . . [xn−1, xn]✳ ❆♦ ❡s❝♦❧❤❡r♠♦s

♦ ♠❡♥♦r n ❞❡ ♠♦❞♦ q✉❡

α[x1, x2][x3, x4] . . . [xn−1, xn] ∈ T1, α 6= 0.

t❡♠♦s q✉❡ T1✱ é ❣❡r❛❞♦ ❝♦♠♦ ❚✲✐❞❡❛❧ ♣❡❧♦ ♣r♦❞✉t♦ ❞❡ ❝♦♠✉t❛❞♦r❡s ❛❝✐♠❛ ❡ ♣♦r

[x1, x2, x3].

❖❜s❡r✈❛çã♦ ✷✳✷✳✽ ❙❡❥❛ Vk ♦ s✉❜❡s♣❛ç♦ ❞❡ V ✭✈❡❥❛ ✶✳✶✳✾✮ ❣❡r❛❞♦ ♣♦r e1, e2, . . . , ek ❡

Ek ❛ s✉❜á❧❣❡❜r❛ ❞❡ E ❣❡r❛❞❛ ♣♦r 1E ❡ ♣♦r Vk✳ ◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ s❡ p ≤ k <∞✱

♦♥❞❡ p ❞❡♥♦t❛ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ K✱ ❡♥tã♦

T (Ek) = 〈[x1, x2, x3], [x1, x2][x3, x4] . . . [xn−1, xn]〉
T ,

♦♥❞❡ n = [k
2
]+1 ❡ [k

2
] é ❛ ♣❛rt❡ ✐♥t❡✐r❛ ❞❡ k

2
✳ ❖♠✐t✐r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦

❡ ❝❛s♦ ♦ ❧❡✐t♦r s❡ ✐♥t❡r❡ss❡ ❛ ♣r♦✈❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ✭❬✶✽❪✱ ♣✳ ✸✶✶✮
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P♦rt❛♥t♦✱ ❛s á❧❣❡❜r❛s ❞❡ ●r❛ss♠❛♥♥ E2k ❡ E2k+1 s❛t✐s❢❛③❡♠ ❛s ♠❡s♠❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s✱ ✐st♦ é✱ T (E2k) = T (E2k+1).

❆❣♦r❛ ♣♦❞❡♠♦s r❡s♣♦♥❞❡r ❛♦ s❡❣✉✐♥t❡ q✉❡st✐♦♥❛♠❡♥t♦ ❞❡ ❑❡♠❡r✿ ❛ á❧❣❡❜r❛ ❞❡

●r❛ss♠❛♥♥ E ❝♦♠ ✉♥✐❞❛❞❡ ❡ ❝♦♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ s❛t✐s❢❛③ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣❛r❛

❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s M(p+1)/2✱ q✉❛♥❞♦ charK = p❄ ❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ♦❜t✐❞♦ ♣♦r

●✐❛♠❜r✉♥♦ ❡ ❑♦s❤❧✉❦♦✈ ❡♠ ❬✶✽❪✱ ❞á ✉♠❛ r❡s♣♦st❛ ♥❡❣❛t✐✈❛ ♣❛r❛ ❛ ♣❡r❣✉♥t❛ ❞❡ ❑❡♠❡r

q✉❛♥❞♦ charK = 3.

❚❡♦r❡♠❛ ✷✳✷✳✾ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ✸✳ ❊♥tã♦ E ♥ã♦ s❛t✐s❢❛③

t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s M2(K)✱ ♠❛s E4 ❡ E5

s❛t✐s❢❛③❡♠✳

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡ ❝♦♠♦ E ❡M2(K) sã♦ á❧❣❡❜r❛s ✉♥✐tár✐❛s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦

✶✳✹✳✶✷✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛♣❡♥❛s ✐❞❡♥t✐❞❛❞❡s ♣ró♣r✐❛s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ é ❢á❝✐❧ ✈❡r q✉❡

t♦❞♦ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦ ♣ró♣r✐♦ q✉❡ ♥ã♦ é ♠✉❧t✐❧✐♥❡❛r é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛E✳

❊ss❡♥❝✐❛❧♠❡♥t❡✱ ❡♠ ✭❬✸✻❪✱ s❡çã♦ ✹✱ ❚❡♦r❡♠❛ ✾✮✱ ❘❛③♠②s❧♦✈ ♣r♦✈♦✉ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

t♦❞❛ ✐❞❡♥t✐❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ♣❛r❛ M2(K) s❡❣✉❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s

4[x1, x2](v3◦v4)−[x1, v3, v4, x2]−[x1, v4, v3, x2]+[x2, v3, x1, v4]+[x2, v4, x1, v3] = 0 ✭✷✳✸✮

[v1 ◦ v2, x3] = 0 ✭✷✳✹✮

[x1, x2] ◦ [x3, x4]− [x1, x3] ◦ [x2, x4] + [x1, x4] ◦ [x2, x3] = 0 ✭✷✳✺✮

[x1, x2, [x3, x4], x5] + [x1, x2, [x3, x5], x4] + [x1, x4, [x2, x5], x3] +

+ [x1, x5, [x2, x4], x3] = 0 ✭✷✳✻✮

∑

i

αi(ui ◦ [vi, x6]) = 0, ✭✷✳✼✮

♦♥❞❡ ui ❡ vi sã♦ ❝♦♠✉t❛❞♦r❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ≥ 2✳ ❆ ♣❡♥ú❧t✐♠❛ ✐❞❡♥t✐❞❛❞❡ é ❝❤❛♠❛❞❛

❞❡ ✐❞❡♥t✐❞❛❞❡ ❱❛s✐❧♦✈s❦② ✶✳

❖❜s❡r✈❡ q✉❡✱ ❛s ❡①♣r❡ssõ❡s ✭✷✳✹✮✱ ✭✷✳✻✮ ❡ ✭✷✳✼✮ sã♦ ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ E✱ ♣♦✐s sã♦

❝♦♥s❡q✉ê♥❝✐❛s ❞❡ [x1, x2, x3]✳ ❈♦♠♦ ❛ ❡①♣r❡ssã♦ ✭✷✳✺✮ é ✐❣✉❛❧ à ✐❞❡♥t✐❞❛❞❡ st❛♥❞❛r❞

❞❡ ❣r❛✉ ✹✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✷✳✹ q✉❡ ✭✷✳✺✮ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E. ▼❛s E ♥ã♦ s❛t✐s❢❛③ ❛

✶❡♠ ✭❬✹✶❪✱ ❚❡♦r❡♠❛ ✶✮✱ ❱❛s✐❧♦✈s❦② ♣r♦✈♦✉ q✉❡ s♦❜r❡ t♦❞♦ ❝♦r♣♦ K ✐♥✜♥✐t♦ ❝♦♠ charK = p 6= 2 ❛s

✐❞❡♥t✐❞❛❞❡s ♣❛r❛ ❛ á❧❣❡❜r❛ Sl2 s❡❣✉❡♠ ❞❛ ✐❞❡♥t✐❞❛❞❡ ✭✷✳✻✮✳

✹✶



❡①♣r❡ssã♦✭✷✳✸✮✱ ♣♦✐s ❛ ♣r✐♠❡✐r❛ ♣❛r❝❡❧❛ ❞❛ ❡q✉❛çã♦ ♥ã♦ s❡ ❛♥✉❧❛ ❡♠ E✳ ❉❡ ❢❛t♦✱ ✈❡❥❛

q✉❡✿

4[e1, e2]([e3, e4] ◦ [e5, e6]) = 64e1e2e3e4e5e6.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ q✉❡ ♠❡♥❝✐♦♥❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ❛ ❡①♣r❡sã♦ ✭✷✳✸✮ é

✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛s á❧❣❡❜r❛s ❞❡ ●r❛ss♠❛♥♥ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ E4 ❡ E5.

❆té ♦ ♠♦♠❡♥t♦ s❡ ❡♥❝♦♥tr❛ ❡♠ ❛❜❡rt♦ ❛ s❡❣✉✐♥t❡ ✈❡rsã♦ ❞♦ q✉❡st✐♦♥❛♠❡♥t♦ ❞❡

❑❡♠❡r✿ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E2p−2 s❛t✐s❢❛③ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛

❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s M p+1
2
✱ q✉❛♥❞♦ charK = p ❡ p 6= 3❄

✷✳✸ ■❞❡♥t✐❞❛❞❡s ♣❛r❛ ❛ ➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s❡♠

✉♥✐❞❛❞❡

◆❡st❛ s❡çã♦ ❞❡s❝r❡✈❡r❡♠♦s ✉♠❛ ❜❛s❡ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ ❛ á❧❣❡❜r❛

❞❡ ●r❛ss♠❛♥♥ s❡♠ ✉♥✐❞❛❞❡ E ′✳ ❖s r❡s✉❧t❛❞♦s q✉❡ ❛♣r❡s❡♥t❛r❡♠♦s ❢♦r❛♠ ♣✉❜❧✐❝❛❞♦s

❡♠ r✉ss♦ ♣♦r ❈❤✐r✐♣♦✈ ❡ ❙✐❞❡r♦✈✱ ❡♠ ❬✾❪✱ ❡ ❡♠ ✷✵✵✽ ❉❛ ❙✐❧✈❛ ❬✹✸❪ ❛♣r❡s❡♥t♦✉ ❡ss❡s

r❡s✉❧t❛❞♦s ❡♠ ♣♦rt✉❣✉ês ❡♠ s✉❛ t❡s❡ ❞❡ ❞♦✉t♦r❛❞♦✳ ❊♠ t♦❞❛ s❡çã♦ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r

K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ p ♣r✐♠♦ ❡ charK = p ≥ 0.

▲❡♠❛ ✷✳✸✳✶ ❙❡ charK = p > 0✱ ❡♥tã♦ E ′ s❛t✐s❢❛③ ❛s ✐❞❡♥t✐❞❛❞❡s

∑

σ∈Sp

xσ(i1) . . . xσ(ip) ✭✷✳✽✮

xp ✭✷✳✾✮

[x1, x2, x3] ✭✷✳✶✵✮

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♣r♦✈❛r♠♦s q✉❡ ✭✷✳✽✮ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E ′ ❝♦♥s✐❞❡r❡ w1, . . . , wp

♣❡rt❡♥❝❡♥t❡s ❛ {ei1 . . . eim |m ∈ N, i1 < . . . < im} ❡ ❛♥❛❧✐s❡♠♦s ♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

• ❈❛s♦ ✶✳ ❙❡ ♥♦ ♠á①✐♠♦ ✉♠ ❞♦s ❡❧❡♠❡♥t♦s w1, . . . , wp ♣♦ss✉✐ ❝♦♠♣r✐♠❡♥t♦ í♠♣❛r✱

❡♥tã♦
∑

σ∈Sp

wσ(1) . . . wσ(p) = p!w1 . . . wp,

✉♠❛ ✈❡③ q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ t❛♠❛♥❤♦ ♣❛r ♣❡rt❡♥❝❡♠ ❛♦ ❝❡♥tr♦ ❞❡ E ′✳ ❈♦♠♦

charK = p✱ s❡❣✉❡ q✉❡
∑

σ∈Sp
wσ(1) . . . wσ(p) = 0.

✹✷



• ❈❛s♦ ✷✳ ❙✉♣♦♥❤❛ q✉❡ wi ❡ wj s❡❥❛♠ ❡❧❡♠❡♥t♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ í♠♣❛r✳ ❊♥tã♦ ♣❛r❛

t♦❞♦ ❡❧❡♠❡♥t♦ b ♣❡rt❡♥❝❡♥t❡ à ❜❛s❡ ❞❡ E ′ s❡❣✉❡ q✉❡ wibwj = −wjbwi✳ P♦rt❛♥t♦✱
∑

σ∈Sp
wσ(1) . . . wσ(p) = 0.

❉❡st❛ ❢♦r♠❛✱ E ′ s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡
∑

σ∈Sp
xσ(1) . . . xσ(p) = 0.

▼♦str❡♠♦s q✉❡ ✭✷✳✾✮ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E ′✳ ❙❡ w ∈ E ′✱ ❡♥tã♦ w =
∑r

i=1 αibi✱ ♦♥❞❡

αi ∈ K ❡ bi é ✉♠ ❡❧❡♠❡♥t♦ ❞❛ ❜❛s❡ ❞❡ E ′✱ ❡ ❞❛í wp =
∑

1≤i1,...,ip≤r αi1 . . . αipbi1 . . . bip .

❙❡ r < p✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ t❡r♠♦ bi1 . . . bip ♣❡❧♦ ♠❡♥♦s ❞♦✐s ❞♦s (bi)′s sã♦ ✐❣✉❛✐s✳

P♦rt❛♥t♦✱ bi1 . . . bip = 0✱ ❡ ❞❛í wp = 0.

❙❡ r ≥ p✱ ❡♥tã♦

wp =
∑

1≤i1,...,ip≤r

αi1 . . . αipbi1 . . . bip

=
∑

1≤i1,...,ip≤r

αi1 . . . αip

∑

σ∈Sp

biσ(1)
. . . biσ(p)

= 0.

▲♦❣♦✱ E ′ s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ xp = 0.

➱ ✐♠❡❞✐❛t♦ q✉❡ ✭✷✳✶✵✮ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E ′✱ ❥á q✉❡ E ′ ⊆ E.

❖ ♣♦❧✐♥ô♠✐♦
∑

σ∈Sp
xσ(i1) . . . xσ(ip) é ❛ ❝♦♠♣❧❡t❛ ❧✐♥❡❛r✐③❛çã♦ ❞❡ xp✱ ❞❡♥♦t❡ ♣♦r Q

♦ ❚✲✐❞❡❛❧ ❞❡ K1〈X〉 ❣❡r❛❞♦ ♣♦r [x1, x2, x3] ❡ xp✳ ❙❡❥❛ T (E ′) ♦ ❚✲✐❞❡❛❧ ❞❡ E ′ ❡♠ K1〈X〉.

▲❡♠❛ ✷✳✸✳✷ ❖ ❚✲✐❞❡❛❧ Q ❡stá ❝♦♥t✐❞♦ ❡♠ T (E ′).

❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ s❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✸✳✶✳

❙❡❥❛ D = {xǫ1i1 . . . x
ǫm
im
[xj1 , xj2 ] . . . [xj2q−1 , xj2q ]x

δ1
j1
. . . x

δ2q
j2q

|m, q ≥ 0, ǫl ∈ {1, . . . ,

p − 1}(1 ≤ l ≤ m), λt ∈ {0, . . . , p − 1}(1 ≤ t ≤ 2q), i1 < . . . < im, j1 < . . . < j2q,

ir 6= js (1 ≤ r ≤ m, 1 ≤ s ≤ 2q)}.

▲❡♠❛ ✷✳✸✳✸ ❖ ❝♦♥❥✉♥t♦ {d+Q| d ∈ D} ❣❡r❛ K〈X〉/Q ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ K.

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f = xk1 . . . xkm ∈ K〈X〉✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ [xi, xj] é ❝❡♥tr❛❧

♠ó❞✉❧♦ T (E)✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ t❛♠❜é♠ é ❝❡♥tr❛❧ ♠ó❞✉❧♦ Q ❡ xp ∈ Q✳ P❡❧♦ ▲❡♠❛

✷✳✶✳✶✱ [x1, x2][x2, x4] ♣❡rt❡♥❝❡ ❛ T ✱ ♣♦rt❛♥t♦ t❛♠❜é♠ ♣❡rt❡♥❝❡ ❛ Q✳ ❉❡st❡ ♠♦❞♦✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✶✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r f ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞♦ t✐♣♦

xǫ1i1 . . . x
ǫm
im
[xj1 , xj2 ] . . . [xj2q−1 , xj2q ]x

δ1
j1
. . . x

δ2q
j2q

+Q

✹✸



♦♥❞❡ i1 < . . . < im✱ 1 ≤ ǫi < p ✭1 ≤ i ≤ m✮✱ xjl 6= xjr ✱ ♣❛r❛ l 6= r✱ 0 < δl < p

✭1 ≤ l ≤ 2q✮✳ ❙❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ✷✳✷✳✶✱ q✉❡ ♣♦❞❡♠♦s ❛ss✉♠✐r j1 < . . . < j2q✳ P♦rt❛♥t♦✱

{d+Q| d ∈ D} ❣❡r❛ K〈X〉/Q.

❖ ♣ró①✐♠♦ ❝♦r♦❧ár✐♦ ♥♦s ❞á ✉♠ ❝❛♥❞✐❞❛t♦ ❛ ❜❛s❡ ❞❡ K〈X〉/T (E ′).

❈♦r♦❧ár✐♦ ✷✳✸✳✹ ❖ ❝♦♥❥✉♥t♦ {d + Q| d ∈ D} ❣❡r❛ K〈X〉/T (E ′) ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

s♦❜r❡ K.

❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦s ▲❡♠❛s ✷✳✸✳✷ ❡ ✷✳✸✳✸✳

▲❡♠❛ ✷✳✸✳✺ ❖s ❡❧❡♠❡♥t♦s ❞❡ D sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ♠ó❞✉❧♦ T (E ′).

❉❡♠♦♥str❛çã♦✿ ❱❡r ♣r♦✈❛ ❡♠ ❬✹✸❪✱ ♣✳✸✷✳

❈♦♠ ❡ss❡s r❡s✉❧t❛❞♦s ♣♦❞❡♠♦s ♣r♦✈❛r ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❛ s❡çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✻ ✭❬✾❪✱ ❚❡♦r❡♠❛ ✸✮ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❛r❜✐trár✐♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛

p > 2✳ ❊♥tã♦ T (E ′) = Q.

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ▲❡♠❛ ✷✳✸✳✷✱ Q ⊆ T (E ′)✳ ◆♦ ▲❡♠❛ ✷✳✸✳✸ ♠♦str❛♠♦s q✉❡

{d+Q| d ∈ D} ❣❡r❛ K〈X〉/Q✳ ❙❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ✷✳✸✳✹ ❡ ❞♦ ▲❡♠❛ ✷✳✸✳✺ q✉❡ ♦ ❝♦♥❥✉♥t♦

{d+Q| d ∈ D} é ❜❛s❡ ❞❡ K〈X〉/T (E ′)✳ P♦rt❛♥t♦ T (E ′) = Q.

◆♦ ♠❡s♠♦ tr❛❜❛❧❤♦✱ ❈❤✐r✐♣♦✈ ❡ ❙✐❞❡r♦✈ ♣r♦✈❛r❛♠ q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❣❡r❛❞❛ ♣❡❧❛

á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s❡♠ ✉♥✐❞❛❞❡ E ′ t❛♠❜é♠ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t✳

✹✹



❈❛♣ít✉❧♦ ✸

■❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ E✱

charK = p

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ❈❡♥tr♦♥❡ ✭❬✽❪✱ ✷✵✶✶✮✱ ♦s

q✉❛✐s ❛❜♦r❞❛♠ ❛ ❡str✉t✉r❛ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡

●r❛ss♠❛♥♥ E✳ ❯♠❛ ❞❡s❝r✐çã♦ ❝♦♠♣❧❡t❛ ♣❛r❛ ❛ ❡str✉t✉r❛ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

Z2✲❣r❛❞✉❛❞❛s ❞❡ E ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ♣❛r❛ q✉❛❧q✉❡r Z2✲❣r❛❞✉❛çã♦ ❢♦✐ ❞❛❞❛✱ ❡♠

✷✵✵✾✱ ♣♦r ❉✐ ❱✐♥❝❡♥③♦ ❡ ❉❛ ❙✐❧✈❛ ❬✹✽❪✳ ❈❡♥tr♦♥❡✱ r❡s♦❧✈❡✉ ✉♠ ♣r♦❜❧❡♠❛ ❛♥á❧♦❣♦✱

❞❡s❝r❡✈❡♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ❞❡ E s♦❜r❡ ✉♠ ❝♦r♣♦

✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛ ❡ ❞✐❢❡r❡♥t❡ ❞❡ ❞♦✐s✳

◆♦ ❞❡❝♦rr❡r ❞♦ ❝❛♣ít✉❧♦ ✈❡r❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦ ❞✐r❡t❛ ❡♥tr❡ ♦s ♣♦❧✐♥ô♠✐♦s

❣❡r❛❞♦r❡s ❞♦ T2✲✐❞❡❛❧✱ ♦ ♥ú♠❡r♦ k ❞❡ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ♥❛ ❜❛s❡ E ❞❡ ❣r❛✉ ✵ ♦✉ ✶

❡ ♦ ❢❛t♦ ❞❡ p ≤ k ♦✉ p > k.

✸✳✶ Z2✲❣r❛❞✉❛çõ❡s ♣❛r❛ E

❙❡❥❛♠ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p 6= 2 ❡ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡

❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ s♦❜r❡ K✳ ❈♦♥s✐❞❡r❡ E ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❣❡r❛❞❛ ♣♦r V ✱

β = {e1, e2, . . .} ✉♠❛ ❜❛s❡ ♣❛r❛ V ❡ {1E, ei1ei2 . . . ein |n ∈ N e i1 < i2 < . . . < in}

✉♠❛ ❜❛s❡ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ●❛ss♠❛♥♥ ❣❡r❛❞❛ ♣♦r V ✳ ◆❡st❛ s❡çã♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r

❛s Z2✲❣r❛❞✉❛çõ❡s ♣❛r❛ E✱ ♥❛s q✉❛✐s ♦s ❣❡r❛❞♦r❡s ei ❝♦♠ i = 1, 2, . . . sã♦ ❤♦♠♦❣ê♥❡♦s✳



■st♦ ❡q✉✐✈❛❧❡ ❛ ❝♦♥s✐❞❡r❛r ❛ ❛♣❧✐❝❛çã♦

‖ . ‖: β → Z2.

❙❡ w = e1e2 . . . ek é ✉♠ ❡❧❡♠❡♥t♦ ❞❛ ❜❛s❡ ❞❡ E✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦

Supp(w) := {ei1 , ei2 , . . . , eik} é ❞✐t♦ ♦ s✉♣♦rt❡ ❞❡ w✱ ❡ ❞❡✜♥✐♠♦s ❛ Z2✲❣r❛❞✉❛çã♦

❞❡ w ♣♦r

‖ w ‖=‖ ei1 ‖ + . . .+ ‖ eik ‖,

♦♥❞❡ ❛ ❝♦♠♣♦♥❡♥t❡ ♣❛r ❞❡ E ❝♦♠ r❡s♣❡✐t♦ ❛ ❡st❛ ❣r❛❞✉❛çã♦ é ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦

♣❡❧♦s ❡❧❡♠❡♥t♦s w t❛✐s q✉❡ ‖ w ‖= 0 ❡ ❛ ❝♦♠♣♦♥❡♥t❡ í♠♣❛r é ❧✐♥❡❛r♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦s

❡❧❡♠❡♥t♦s w t❛✐s q✉❡ ‖ w ‖= 1✳

◗✉❛♥❞♦✱ ♣❛r❛ t♦❞♦ ei ∈ β✱ t❡♠✲s❡ ‖ ei ‖= 1 ∈ Z2 ♦❜t❡♠♦s ❛

Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ♣❛r❛ E ❞❛❞❛ ♣♦r

‖ ei1 . . . eik ‖:=





0, s❡ ❦ é ♣❛r

1, ❝❛s♦ ❝♦♥trár✐♦
✭✸✳✶✮

❝♦♠♦ ❢♦✐ ✈✐st♦ ♥♦ ❊①❡♠♣❧♦ ✶✳✸✳✸✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ♣❛r❛ t♦❞♦ ei ∈ β t✐✈❡r♠♦s ‖ ei ‖= 0 ∈ Z2 ♦❜t❡♠♦s ❛

Z2✲❣r❛❞✉❛çã♦ tr✐✈✐❛❧ ♣❛r❛ E ❞❛❞❛ ♣♦r E = E(0)✳

❉❛❞♦ k ∈ N ❡ k ≥ 1 ❝♦♥s✐❞❡r❡ ❡♠ E ❛s Z2✲❣r❛❞✉❛çõ❡s ✐♥❞✉③✐❞❛s ♣❡❧❛s ❛♣❧✐❝❛❝õ❡s✿

‖ . ‖k✱ ‖ . ‖k∗ ✱ ‖ . ‖∞

❞❡✜♥✐❞❛s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r✿

‖ ei ‖k:=





0, i = 1, . . . , k

1, ❝❛s♦ ❝♦♥trár✐♦
✭✸✳✷✮

‖ ei ‖k∗ :=





1, i = 1, . . . , k

0, ❝❛s♦ ❝♦♥trár✐♦
✭✸✳✸✮

❡

‖ ei ‖∞:=





0, s❡ i é ♣❛r

1, ❝❛s♦ ❝♦♥trár✐♦
✭✸✳✹✮

◆♦ ❞❡❝♦rr❡r ❞♦ ❝❛♣ít✉❧♦✱ ✐r❡♠♦s ❡s❝r❡✈❡r

(Ek, ‖ . ‖)✱ (Ek∗ , ‖ . ‖) ❡ (E∞, ‖ . ‖)

✹✻



❡♠ ✈❡③ ❞❡

(E, ‖ . ‖k)✱ (E, ‖ . ‖k∗) ❡ (E, ‖ . ‖∞).

◆❛ ♣ró①✐♠❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ❢❡rr❛♠❡♥t❛ q✉❡ ♥♦s ❛✉①✐❧✐❛rá ♥❛ ❞❡s❝r✐çã♦ ❞❡

✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s Z2✲❣r❛❞✉❛❞❛s✳

✸✳✷ P♦❧✐♥ô♠✐♦s ❨✲♣ró♣r✐♦s

❈♦♠♦ ✈✐♠♦s ♥❛ ❙❡çã♦ ✶✳✹ ♦s ♣♦❧✐♥ô♠✐♦s ♣ró♣r✐♦s sã♦ ✐♠♣♦rt❛♥t❡s ♥♦ ❡st✉❞♦

❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♦r❞✐♥ár✐❛s ❞❡ á❧❣❡❜r❛s ❝♦♠ ✉♥✐❞❛❞❡✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦

♦s ♣♦❧✐♥ô♠✐♦s ❨✲ ♣ró♣r✐♦s✱ q✉❡ ❞❡✜♥✐r❡♠♦s ❛ s❡❣✉✐r✱ sã♦ ❢❡rr❛♠❡♥t❛s ✉té✐s q✉❛♥❞♦

❜✉s❝❛♠♦s ❞❡s❝r❡✈❡r ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ♣❛r❛ á❧❣❡❜r❛s ✉♥✐tár✐❛s Z2✲❣r❛❞✉❛❞❛s✳

❉❡✜♥✐çã♦ ✸✳✷✳✶ ❙❡❥❛ K〈Y, Z〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ✉♥✐tár✐❛ Z2✲❣r❛❞✉❛❞❛ ❡

❞❡♥♦t❡ ♣♦r B(Y ;Z) ❛ s✉❜á❧❣❡❜r❛ ✉♥✐tár✐❛ ❞❡ K〈Y, Z〉 ❣❡r❛❞❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❡ Z

❡ ♣♦r t♦❞♦s ♦s ❝♦♠✉t❛❞♦r❡s ♥ã♦✲tr✐✈✐❛✐s✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ B(Y ;Z) sã♦ ❝❤❛♠❛❞♦s ❞❡

♣♦❧✐♥ô♠✐♦s Y ✲♣ró♣r✐♦s✳

❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f ∈ K〈Y, Z〉 é Y ✲♣ró♣r✐♦ s❡✱ ❡

s♦♠❡♥t❡ s❡✱ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ❡♠ Y ❛♣❛r❡❝❡♠ ❛♣❡♥❛s ❡♠ ❝♦♠✉t❛❞♦r❡s✳ ❆ss✐♠✱ ♦s

♣♦❧✐♥ô♠✐♦s Y ✲♣ró♣r✐♦s sã♦ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❡ ♣r♦❞✉t♦s ❞❛ ❢♦r♠❛

zi1 . . . zih [uj1 , . . . , ujl1 ] . . . [ujm , . . . , ujlm ], ✭✸✳✺✮

♦♥❞❡ uj ∈ Y ∪ Z✱ h ≥ 0 ❡ l = 0, 2, . . . .

❊①❡♠♣❧♦ ✸✳✷✳✷ ❙❡ f ∈ K〈Z〉✱ ❡♥tã♦ f é ✉♠ ♣♦❧✐♥ô♠✐♦ Y ✲♣ró♣r✐♦✳

❚❡♦r❡♠❛ ✸✳✷✳✸ ❉❡♥♦t❡ ♣♦r ut ✉♠ ❡❧❡♠❡♥t♦ ❛r❜✐trár✐♦ ❞♦ ❝♦♥❥✉♥t♦ Y ∪ Z ❡ ❡s❝♦❧❤❛

✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❧✐✈r❡ L(Y ∪ Z) ❞❛❞❛ ♣♦r

y1, y2, . . . , z1, z2, . . . , [ui1 , ui2 ], [uj1 , uj2 ], . . . , [uk1 , uk2 , uk3 ], . . . ,

q✉❡ ❝♦♥s✐st❡ ❞❛s ✈❛r✐á✈❡✐s y1, y2, . . . , z1, z2, . . . ❡ ❛❧❣✉♥s ❝♦♠✉t❛❞♦r❡s✱ t❛❧ q✉❡ ❛s ✈❛r✐á✈❡✐s

♣r❡❝❡❞❛♠ ♦s ❝♦♠✉t❛❞♦r❡s✳ ❚❡♠♦s ♦ s❡❣✉✐♥t❡✿

✭✐✮ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ K〈Y, Z〉 t❡♠ ✉♠❛ ❜❛s❡

yα1
1 . . . yαm

m zµ1

1 . . . zµn

n [ui1 , ui2 ]
ν . . . [ul1 , . . . , ulp ]

̟,

♦♥❞❡ α1, . . . , αm, µ1, . . . , µn, ν, . . . , ̟ ≥ 0 ❡ [ui1 , ui2 ] < . . . < [ul1 , . . . , ulp ] ♥❛

♦r❞❡♥❛çã♦ ❞❛ ❜❛s❡ ❞❡ L(Y ∪ Z).

✹✼



✭✐✐✮ ❯♠❛ ❜❛s❡ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ B(Y ;Z) é ❞❛❞❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❞❡ K〈Y, Z〉

❝♦♠ α1, . . . , αm = 0.

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ X = Y ∪ Z✱ t❡♠♦s q✉❡ ♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ s❡❣✉❡

✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦ ✐t❡♠ ✭✐✮ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✶✶✳

P❛r❛ ❞❡♠♦♥str❛r ♦ s❡❣✉♥❞♦ ✐t❡♠✱ t♦♠❡♠♦s f ∈ B(Y ;Z)✳ ❊♥tã♦ f é ❝♦♠❜✐♥❛çã♦

❧✐♥❡❛r ❞❡ ♠♦♥ô♠✐♦s ❞❛ ❢♦r♠❛ ✭✸✳✺✮✳ ❆♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✶✶ ♣❛r❛ ❛ á❧❣❡❜r❛ ❧✐✈r❡

✉♥✐tár✐❛ K〈Z〉✱ t❡♠♦s q✉❡ zi1 . . . zin é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♠♦♥ô♠✐♦s ❞❛ ❢♦r♠❛

zβ1

1 . . . zβn

n [zi1 , zi2 ]
ϑ . . . [zl1 , . . . , zlp ]

̟,

❝♦♠ β1, . . . , βn, ϑ, . . . , ̟ ≥ 0✳ ❆ss✐♠✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ f é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡

♠♦♥ô♠✐♦s ❞❛ ❢♦r♠❛ ✭✸✳✺✮ ❝♦♠ i1 ≤ . . . ≤ ih✳ ❆♣❧✐❝❛♥❞♦ ♦ ✐t❡♠ ✭✐✐✮ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✶✶

❛ ❝❛❞❛ ♣r♦❞✉t♦ ❞❡ ❝♦♠✉t❛❞♦r❡s [uj1 , . . . , ujp ] . . . [uk1 , . . . , ukq ]✱ ❝♦♥❝❧✉í♠♦s ❛ ♣r♦✈❛✳

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ♥♦s ♣❡r♠✐t❡♠ ❡♥t❡♥❞❡r ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❛ s✉♣❡rá❧❣❡❜r❛ A

s❡r ✉♥✐tár✐❛ ❡ ❞❡ ❢❛③❡r♠♦s ✉s♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❨✲♣ró♣r✐♦s✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✹ ❙❡ ❆ é ✉♠❛ K✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ Z2 ✲ ❣r❛❞✉❛❞❛ ❡

K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ ❡♥tã♦ t♦❞❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❣r❛❞✉❛❞❛ ♣❛r❛ A s❡❣✉❡ ❞❡ s✉❛s

✐❞❡♥t✐❞❛❞❡s Y ✲♣ró♣r✐❛s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❣r❛❞✉❛❞❛ ❞❡ A✳ ❈♦♠♦ K é ✉♠

❝♦r♣♦ ✐♥✜♥✐t♦✱ ♣♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ f = f(y1, . . . , ym, z1, . . . , zn)

♠✉❧t✐❤♦♠♦❣ê♥❡♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✸✱ f ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

f =
∑

α=(α1,...,αm)

kαy
α1
1 . . . yαm

m ωα(y1, . . . , ym, z1, . . . , zn), kα ∈ K

❡ ωα(y1, . . . , ym, z1, . . . , zn) é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡

zµ1

1 . . . zµn

n [ui1 , ui2 ]
ν . . . [ul1 , . . . , ulp ]

̟.

❙❡ ♥❡♥❤✉♠❛ ✈❛r✐á✈❡❧ y ❛♣❛r❡❝❡ ❡♠ f ✱ ❡♥tã♦ f é Y ✲♣ró♣r✐♦ ❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❙✉♣♦♥❤❛ ❡♥tã♦ q✉❡ y1 ❛♣❛r❡❝❡ ❡♠ f ✳ ❏á q✉❡ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❣r❛❞✉❛❞❛ ❞❡

A✱ ❡♥tã♦ f(1 + y1, y2, . . . , ym, z1, . . . , zm) t❛♠❜é♠ é✱ ❡ ❝♦♠♦ ❛♦ s✉❜st✐t✉✐r ✉♠❛ ✈❛r✐á✈❡❧

q✉❡ ❡stá ♥♦ ❝♦♠✉t❛❞♦r ♣♦r ✶ ♦ ♠❡s♠♦ s❡ ❛♥✉❧❛✱ ♦❜t❡♠♦s

0 ≡ f(1 + y1, y2, . . . , ym, z1, . . . , zm)

=
∑

α

kα(1 + y1)
α1yα2

2 . . . yαm

m ωα(y1, . . . , ym, z1, . . . , zn)

=
∑

α

kα

[
α1∑

k=0

(
α1

k

)
yk1

]
yα2
2 . . . yαm

m ωα(y1, . . . , ym, z1, . . . , zn).

✹✽



❆ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ ♠✐♥✐♠❛❧ ❡♠ y1 é ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞♦s s♦♠❛♥❞♦s ❝♦♠

α1 ♠❛①✐♠❛❧ ❡♥tr❡ ❛q✉❡❧❡s ❝♦♠ kα 6= 0. ❈♦♠♦ T2(A) é ❤♦♠♦❣ê♥❡♦✱ ♦❜t❡♠♦s q✉❡ ❡st❛

❝♦♠♣♦♥❡♥t❡ t❛♠❜é♠ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ❞❡ A✱ ♣♦rt❛♥t♦

∑

α1♠❛①

kαy
α2
2 . . . yαm

m ωα(y1, . . . , ym, z1, . . . , zn) ≡ 0.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❡ss❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣♦r yα1
1 ❡ s✉❜tr❛✐♥❞♦ ♦ ♣r♦❞✉t♦ ♣♦r f

♦❜t❡♠♦s ✉♠❛ ✐❞❡♥t✐❞❛❞❡ q✉❡ é s✐♠✐❧❛r ❛ f ♠❛s q✉❡ ❡♥✈♦❧✈❡ ✈❛❧♦r❡s ♠❡♥♦r❡s ❞❡ α1✳

❘❡♣❡t✐♥❞♦ ❡st❡ ♣r♦❝❡ss♦ ♦❜t❡♠♦s

∑

α1✜①❛❞♦

kαy
α2
2 . . . yαm

m ωα(y1, . . . , ym, z1, . . . , zn) ≡ 0.

Pr♦❝❡❞❡♥❞♦ ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛ ❝♦♠ ❛s ❞❡♠❛✐s ✈❛r✐á✈❡✐s y2, . . . , ym✱ ❝♦♥❝❧✉í♠♦s

q✉❡

ωα(y1, . . . , ym, z1, . . . , zn) ≡ 0,

♣❛r❛ t♦❞♦ α ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❈♦r♦❧ár✐♦ ✸✳✷✳✺ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✳ ❈♦♥s✐❞❡r❡ A ❡ B ❞✉❛s K✲á❧❣❡❜r❛s

Z2✲❣r❛❞✉❛❞❛s ❛ss♦❝✐❛t✐✈❛s ❝♦♠ ✉♥✐❞❛❞❡✳ ❙❡ B(Y ;Z)∩ T2(A) = B(Y ;Z)∩ T2(B) ❡♥tã♦

T2(A) = T2(B).

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f ∈ T2(A)✱ ❝♦♠♦ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦

❛♥t❡r✐♦r q✉❡ f ∈ B(Y ;Z) ∩ T2(A)✳ P♦r ❤✐♣ót❡s❡ B(Y ;Z) ∩ T2(A) = B(Y ;Z) ∩ T2(B)✱

❡ ♥♦✈❛♠❡♥t❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✹✱ ♦❜t❡♠♦s q✉❡ f ∈ T2(B)✳ ❆ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛ é

❛♥á❧♦❣❛✳ P♦rt❛♥t♦✱ T2(A) = T2(B).

P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ♦s ♣♦❧✐♥ô♠✐♦s Y ✲♣ró♣r✐♦s ✈❡❥❛ ✭❬✶✹❪❀ s❡çã♦ ✷✮ ❡ ✭❬✹✼❪❀

s❡çã♦ ✷✮✳

◆❛s ♣ró①✐♠❛s s❡çõ❡s ✐r❡♠♦s ❞❡s❝r❡✈❡r ✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

❣r❛❞✉❛❞❛s ♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s Z2✲ ❣r❛❞✉❛çõ❡s ❛♣r❡s❡♥t❛❞❛s ♥❛ ❙❡çã♦ ✸✳✶✳

✸✳✸ ■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ♣❛r❛ Ek∗

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❞❡s❝r❡✈❡r ❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡

●r❛ss♠❛♥♥ ❝♦♠ ❛ ❣r❛❞✉❛çã♦ ✐♥❞✉③✐❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ‖ . ‖k∗ ✱ ❞❛❞❛ ♣♦r Ek∗ = E
(0)
k∗ ⊕E

(1)
k∗ ✱

♦♥❞❡ E(0)
k∗ é ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ei1 . . . eim ∈ β ♦♥❞❡ ❛ q✉❛♥t✐❞❛❞❡

✹✾



❞❡ ❡❧❡♠❡♥t♦s e′is ❝♦♠ i ≤ k é ♣❛r✳ ❏á ♥♦s ❣❡r❛❞♦r❡s ❞❡ E(1)
k∗ t❡♠♦s ✉♠❛ q✉❛♥t✐❞❛❞❡

í♠♣❛r ❞❡st❡s ❡❧❡♠❡♥t♦s✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✶ ❆ á❧❣❡❜r❛ Ek∗ s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ zp✱ q✉❛♥❞♦ charK = p > 0.

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ charK = p > 0✳ ❱✐♠♦s ♥❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✻ q✉❡ 1E ∈ E
(0)
k∗ ✱ ❡

❞❡st❛ ❢♦r♠❛ E(1)
k∗ é ✉♠ s✉❜❡s♣❛ç♦ ❞❛ á❧❣❡❜r❛ ❞❡ ●❛ss♠❛♥♥ s❡♠ ✉♥✐❞❛❞❡ E ′✳ P♦rt❛♥t♦

s❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✸✳✶ q✉❡ ♣❛r❛ q✉❛❧q✉❡r s✉❜st✐t✉✐çã♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ E(1)
k∗ ♦ ♠♦♥ô♠✐♦

zp s❡ ❛♥✉❧❛✱ ❡ ❛ss✐♠ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ Z2✲❣r❛❞✉❛❞❛ ❞❡ Ek∗ .

▲❡♠❛ ✸✳✸✳✷ ❖ ♠♦♥ô♠✐♦ z1 . . . zk+1 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ Z2✲❣r❛❞✉❛❞❛ ♣❛r❛ Ek∗ .

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ♦ ♠♦♥ô♠✐♦ z1 . . . zk+1 é ♠✉❧t✐❧✐♥❡❛r✱ é s✉✜❝✐❡♥t❡

♠♦str❛r q✉❡ ❡❧❡ s❡ ❛♥✉❧❛ ♣❛r❛ ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ ❜❛s❡ ❞❡ E
(1)
k∗ . ❈♦♥s✐❞❡r❡

β = {ei1 . . . eil | ❡①✐st❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ í♠♣❛r ❞❡ e′is t❛❧ q✉❡ i ≤ k e i1 < . . . < il} ✉♠❛

❜❛s❡ ♣❛r❛ E(1)
k∗ ✳ ❚♦♠❛♥❞♦ ai = ei1 . . . eil ∈ β ✭❝♦♠ 1 ≤ i ≤ k + 1✮✱ s❡❣✉❡ ❞♦ Pr✐♥❝í♣✐♦

❞❛s ❣❛✈❡t❛s ❞❡ ❉✐r✐❝❤❧❡t q✉❡ ♥♦ ♣r♦❞✉t♦ a1a2 . . . ak+1 ❛❧❣✉♠ ❞♦s e′is s❡ r❡♣❡t❡✳ P♦rt❛♥t♦

a1 . . . ak+1 = 0

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s s❡rã♦ út❡✐s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❛

s❡çã♦✱ ♦ ❚❡♦r❡♠❛ ✸✳✸✳✶✹✳

▲❡♠❛ ✸✳✸✳✸ ❖s ♣♦❧✐♥ô♠✐♦s t2n = [y1, y2] . . . [y2n−1, y2n] ♥ã♦ sã♦ ✐❞❡♥t✐❞❛❞❡s

Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ Ek∗ .

❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ é ❛♥á❧♦❣❛ à ❢❡✐t❛ ♥♦ ▲❡♠❛ ✷✳✷✳✸✳

❆♥t❡s ❞❡ ❞❡♠♦♥str❛r ♦ ♣ró①✐♠♦ ❧❡♠❛ ❡♥✉♥❝✐❛r❡♠♦s ❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❜✐♥ô♠✐♦

❞❡ ◆❡✇t♦♥ ✭♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡r ❬✸✹❪✱ ♣á❣✳ ✶✶✹✮✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✹ ✭❚❡♦r❡♠❛ ❞❡ ▲❡✐❜♥✐③✮

(x1 + x2 + . . .+ xp)
n =

∑ n!

α1!α2! . . . αp!
xα1
1 x

α2
2 . . . xαp

p

❡st❡♥❞❡♥❞♦✲s❡ ♦ s♦♠❛tór✐♦ ❛ t♦❞♦s ♦s ✈❛❧♦r❡s ✐♥t❡✐r♦s ♥ã♦✲♥❡❣❛t✐✈♦s ❞❡ α1, α2, . . . , αp

t❛✐s q✉❡ α1 + α2 + . . .+ αp = n.

▲❡♠❛ ✸✳✸✳✺ ❙❡❥❛ r ∈ N t❛❧ q✉❡ r < p ❡ r < k✳ ❊♥tã♦ ♦ ♠♦♥ô♠✐♦ zr ♥ã♦ é ✉♠❛

✐❞❡♥t✐❞❛❞❡ Z2✲❣r❛❞✉❛❞❛ ♣❛r❛ Ek∗ .

✺✵



❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ❛ s✉❜st✐t✉✐çã♦

ϕ : K〈Y, Z〉 → E

z 7→
r∑

i=1

eiek+i.

◆♦t❡ q✉❡ eiek+i ∈ E
(1)
k∗ ✱ ❥á q✉❡ i ≤ r < k✱ ❡ ❝♦♠♦ ϕ(z) ∈ Z(E)✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡

▲❡✐❜♥✐③ (
r∑

i=1

eiek+i

)r

=
∑

l1+...+lr=r

r!

l1! . . . lr!
(e1ek+1)

l1 . . . (erek+r)
lr .

❈♦♠♦ (eiek+i)
2 = 0✱ ♣❛r❛ t♦❞♦ i = 1, . . . , r✱ ❡

∑r
1 li = r ❝♦♥s✐❞❡r❡ li = 1. ❉❡st❛ ❢♦r♠❛✱

ϕ(zr) = r!e1ek+1 . . . erek+r.

P♦r ❤✐♣ót❡s❡ r < k ❡ r < p✱ ❡ ♣♦rt❛♥t♦ zr 6= 0.

❈♦r♦❧ár✐♦ ✸✳✸✳✻ ❈♦♥s✐❞❡r❡ ♦ ♠♦♥ô♠✐♦ m(z1, . . . , zl) ❞❡ ♠✉❧t✐❣r❛✉ (r1, . . . , rl) t❛❧ q✉❡∑l
i=1 ri ≤ k✳ ❙❡ maxi{ri} = r < p✱ ❡♥tã♦ m ♥ã♦ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ Ek∗ . ❊♠

♣❛rt✐❝✉❧❛r✱ t = zr11 . . . zrll ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ Z2✲❣r❛❞✉❛❞❛ ♣❛r❛ Ek∗ .

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❞❡♠♦♥str❛r ♦ r❡s✉❧t❛❞♦✱ ❡①✐❜✐r❡♠♦s ✉♠❛ s✉❜st✐t✉✐çã♦ ♣♦r

❡❧❡♠❡♥t♦s ❞❡ E(1)
k∗ ❞❡ ♠♦❞♦ q✉❡ ♦ ♠♦♥ô♠✐♦ m ♥ã♦ s❡ ❛♥✉❧❡✳

❈♦♥s✐❞❡r❡ ❛ s✉❜st✐t✉✐çã♦ Z2✲❣r❛❞✉❛❞❛

ϕ : K〈Y, Z〉 → E

z1 7→ e1ek+1 + e2ek+2 + . . .+ er1ek+r1

z2 7→ er1+1ek+r1+1 + . . .+ er1+r2ek+r1+r2

✳✳✳

zl 7→ er1+...+rl−1+1ek+r1+...+rl−1+1 + . . .+ er1+...+rlek+r1+...+rl .

❆ ❝♦♥❞✐çã♦
∑l

i=1 ri ≤ k ❣❛r❛♥t❡ q✉❡ t♦❞♦s ♦s ϕ(zi)′s tê♠ s✉♣♦rt❡s ❞✐s❥✉♥t♦s✱ ❡ ❛ ✐♠❛❣❡♠

❞❡ ϕ só ❞❡♣❡♥❞❡ ❞♦ ♠✉❧t✐❣r❛✉ ❞❡ m✱ ♣♦✐s t♦❞♦s ♦s ϕ(zi)′s ♣❡♥t❡♥❝❡♠ ❛♦ ❝❡♥tr♦ ❞❡ E.

❆ss✐♠✱

ϕ(m(z1, . . . , zl)) = ϕ(zr11 . . . zrll ).

P♦rt❛♥t♦✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ❛♥t❡r✐♦r q✉❡

ϕ(m(z1, . . . , zl)) = ±
l∏

i=1

ri!e1 . . . er1+...+rlek+1 . . . ek+r1+...+rl .

✺✶



❈♦♠♦✱ ♣♦r ❤✐♣ót❡s❡✱ maxi{ri} = r < p✱
∏l

i=1 ri! 6≡ 0✭♠♦❞ ♣✮, ❡ ❞❛í t❡♠♦s q✉❡ m ♥ã♦ é

✐❞❡♥t✐❞❛❞❡ Z2✲❣r❛❞✉❛❞❛ ♣❛r❛ Ek∗ .

▲❡♠❛ ✸✳✸✳✼ ❙❡❥❛ I = 〈[x1, x2, x3], z1 . . . zk+1, z
p〉T2✳ ❊♥tã♦ I ⊆ T2(Ek∗).

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✷✱ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✶ ❡ ❞♦

▲❡♠❛ ✸✳✸✳✷ q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s ❡♠ I sã♦ ✐❞❡♥t✐❞❛❞❡s Z2 ✲ ❣r❛❞✉❛❞❛s ♣❛r❛ Ek∗ ✳ P♦rt❛♥t♦✱

I ⊆ T2(Ek∗).

▲❡♠❛ ✸✳✸✳✽ ❙❡❥❛♠ f(x1, . . . , xn) ∈ B(X) = B(Y ;Z) ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦

❡ s, h ∈ N t❛✐s q✉❡ s+ h = n✳ ❙❡ f(y1, . . . , ys, z1, . . . , zh) ∈ B(Y ;Z) ❡♥tã♦ ✱ ♠ó❞✉❧♦ I✱

f ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦✿

f =
∑

αzd11 . . . zdhh [y1, y2] . . . [ys−1, ys][zj1 , zj2 ] . . . [zj
m

′
−1
, zj

m
′ ],

s❡ s é ♣❛r✱ ♦✉

f =
∑

αzd11 . . . zdhh [y1, y2] . . . [ys−2, ys−1][ys, zj1 ] . . . [zj
m

′
−1
, zj

m
′ ]

s❡ s é í♠♣❛r✱ ♦♥❞❡ m
′
≤ h✱ di ∈ {ri − 1, ri}✱

∑h
i=1 ri ≤ k ❡ ♦s í♥❞✐❝❡s sã♦ ♦r❞❡♥❛❞♦s✳

❉❡♠♦♥str❛çã♦✿ ❉❛❞♦ f(y1, . . . , ys, z1, . . . , zh) ∈ B(Y ;Z)✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✸

f =
∑
αzµ1

1 . . . zµa
a . . . [ui1 , ui2 ]

ν . . . [ul1 , . . . , ulp ]
̟✳ ❈♦♠♦ ♦s ❝♦♠✉t❛❞♦r❡s sã♦ ❝❡♥tr❛✐s

♠ó❞✉❧♦ I✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ♦s ❝♦♠✉t❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s y′s ❛♥t❡❝❡❞❡♠ ♦s

❝♦♠✉t❛❞♦r❡s ❞❡ ✈❛r✐á✈❡✐s z′s✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛♥❞♦ T = 〈[x1, x2, x3]〉 ⊂ I✱ t❡♠♦s

q✉❡ [ui, uj]
2 ≡ 0 (♠♦❞T ) ❡ [ul1 , . . . , ulp ] ≡ 0 (♠♦❞T )✱ s❡ lp ≥ 3✳ ❆ss✐♠

f =
∑

αzµ1

1 . . . zµa

a . . . [yi1 , yi2 ] . . . [yis−1 , yis ][zj1 , zj2 ] . . . [zjm′−1
, zjm′ ]

s❡ s é ♣❛r✱ ♦✉

f =
∑

αzµ1

1 . . . zµa

a . . . [yi1 , yi2 ] . . . [yis−2 , yis−1 ][yis , zj1 ] . . . [zj1 , zjm′ ]

s❡ s é í♠♣❛r✱ ❡ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s m′ ≥ h.

➱ ❢á❝✐❧ ✈❡r q✉❡ [xi, xj] = −[xj, xi] ❡✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✷✳✶✱

[x1, x2][x3, x4] ≡ −[x1, x3][x2, x4] (modT )✳ ▲♦❣♦ ♣♦❞❡♠♦s ❛❞♠✐t✐r q✉❡ i1 < . . . < is

❡ j1 < . . . < jm′ ✳ ❙❡♥❞♦ degzifi = ri✱ ❝♦♠♦ ♦ ♠♦♥ô♠✐♦ z1 . . . zk+1 ∈ I✱ t❡♠♦s q✉❡✱

♠ó❞✉❧♦ I✱
∑
ri ≤ k✳ P♦r ♦✉tr♦ ❧❛❞♦✱ zp t❛♠❜é♠ ♣❡rt❡♥❝❡ ❛ I✱ ❡ ❡♥tã♦ ❞❡✈❡♠♦s t❡r

maxi{ri} = r < p. P♦rt❛♥t♦✱ ♠ó❞✉❧♦ I✱

f =
∑

αzd11 . . . zdhh [y1, y2] . . . [ys−1, ys][zj1 , zj2 ] . . . [zj
m

′
−1
, zj

m
′ ],

✺✷



s❡ s é ♣❛r✱ ♦✉

f =
∑

αzd11 . . . zdhh [y1, y2] . . . [ys−2, ys−1][ys, zj1 ] . . . [zj
m

′
−1
, zj

m
′ ]

s❡ s é í♠♣❛r✳

❉❡✜♥✐çã♦ ✸✳✸✳✾ ❙❡❥❛♠ f(y1, . . . , ys, z1, . . . , zh) ∈ B(Y ;Z) ❡ J = {j1, . . . , jm′} ⊆

{1, . . . , h}✳ ❉❡✜♥✐r❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦ fJ ♣♦r✿

zd11 . . . zdhh [y1, y2] . . . [ys−1, ys][zj1 , zj2 ] . . . [zj
m

′
−1
, zj

m
′ ],

s❡ s é ♣❛r✱ ♦✉

zd11 . . . zdhh [y1, y2] . . . [ys−2, ys−1][ys, zj1 ] . . . [zj
m

′
−1
, zj

m
′ ]

s❡ s é í♠♣❛r✳ ❆❧é♠ ❞✐ss♦✱ di ∈ {ri − 1, ri} ❡
∑h

i=1 ri ≤ k.

❉❡st❡ ♠♦❞♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ❡ ♣❡❧♦ ▲❡♠❛ ✸✳✸✳✽✱ ❞❛❞♦ f ∈ B(Y ;Z)✱ t❡♠♦s

q✉❡ f ≡
∑

J⊆{1,...,h} αfJ (♠♦❞ I).

◆♦s ❡①❡♠♣❧♦s ❛ s❡❣✉✐r✱ ✐r❡♠♦s ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ♣♦❧✐♥ô♠✐♦s fJ ❡

fJ̃ q✉❛♥❞♦ ❛✈❛❧✐❛❞♦s ♣♦r ❝❡rt♦s ❡❧❡♠❡♥t♦s ❞❡ Ek∗ ✱ ❡ ❡♠ s❡❣✉✐❞❛ ❡ss❡ r❡s✉❧t❛❞♦ s❡rá

❣❡♥❡r❛❧✐③❛❞♦ ♥❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✶✸✳

❈♦♥s✐❞❡r❡ J̃ = {j̃1, . . . , j̃m′} ⊆ {1, . . . , h} t❛❧ q✉❡ J̃ 6⊆ J ✳

❉❡♥♦t❛r❡♠♦s fJ̃ = zd11 . . . zdhh [y1, y2] . . . [ys−1, ys][zj̃1 , zj̃2 ] . . . [zj̃
m

′
−1

, zj̃
m

′
] s❡ s é ♣❛r ❡

fJ̃ = zd11 . . . zdhh [y1, y2] . . . [ys−2, ys−1][ys, zj̃1 ] . . . [zj̃m′−1
, zj̃m′

] s❡ s é í♠♣❛r✳

❊①❡♠♣❧♦ ✸✳✸✳✶✵ ❙❡❥❛♠ J = ∅ ❡ ❛ s✉❜st✐t✉✐çã♦

ϕ∅ : K〈Y, Z〉 → E

yi 7→ ek+i

z1 7→ e1ek+s+1 + e2ek+s+2 + . . .+ er1ek+s+r1

✳✳✳

zh 7→ er1+...+rh−1+1ek+s+r1+...+rh−1+1 + . . .+ er1+...+rhek+s+r1+...+rh .

◆♦t❡ q✉❡ ♥❛ ❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ❞❡ E✱ ϕ∅(zi) ∈ Z(E) ♣❛r❛ i = 1, . . . , h✱ ❡ ❛ss✐♠

ϕ∅([u, zi]) = 0 ♣❛r❛ q✉❛✐sq✉❡r i ∈ J̃ ❡ u ∈ K〈Y, Z〉✳ ❉❛í✱ ϕ∅(fJ̃) = 0 ❡ ♣❡❧♦s ▲❡♠❛s

✸✳✸✳✸ ❡ ✸✳✸✳✺ s❡❣✉❡ q✉❡

ϕ∅(f∅) = ϕ∅(z
r1
1 . . . zrhh [y1, y2] . . . [ys−1, ys])

= ±2s/2
l∏

i=1

ri!e1 . . . e∑h
i=1 ri

ek+1 . . . ek+s.

P♦rt❛♥t♦✱ ϕ∅(f∅) 6= 0 ❡ ϕ∅(fJ̃) = 0✱ s❡♠♣r❡ q✉❡ J̃ 6⊆ ∅.

✺✸



❊①❡♠♣❧♦ ✸✳✸✳✶✶ ❉❛❞♦s J = {a} ❡ ❛ s✉❜st✐t✉✐çã♦

ϕ{a} : K〈Y, Z〉 → E

yi 7→ ek+i

z1 7→ e1ek+1 + . . .+ er1ek+s+r1

✳✳✳

za 7→ e∑a−1
i=1 ri+1 + e∑a−1

i=i ri+2ek+s+
∑a−1

i=i ri+2 + . . .+ e∑a
i=1 ri

ek+s+
∑a

i=1 ri

✳✳✳

zh 7→ e∑h−1
i=1 ri+1 + e∑h−1

i=i ri+2ek+s+
∑h−1

i=i ri+2 + . . .+ e∑h
i=1 ri

ek+s+
∑h

i=1 ri
.

❙❡♥❞♦ f{a} = zr11 . . . zra−1
a . . . zrhh [y2, y3] . . . [ys−1, ys][y1, za]✳ ❙❡❣✉❡ ❞♦s ▲❡♠❛s ✸✳✸✳✸ ❡

✸✳✸✳✺ q✉❡

ϕ{a}(f{a}) = ±2
s−1
2

+1
∏

i=(1,...,â,...,h)

ri!(ra − 1)!e1 . . . e∑h
i=1 ri

ek+1 . . . ek+s 6= 0

❡ ϕ{a}([zi1 , zi2 ]) = 0 ♣❛r❛ q✉❛✐sq✉❡r i1, i2 ∈ J̃ ✱ ❥á q✉❡ ❛♣ós ❛ s✉❜st✐t✉✐çã♦ ♣❡❧♦ ♠❡♥♦s

✉♠ ❞♦s z′is ♣❡rt❡♥❝❡♠ ❛ Z(E)✳ ❆ss✐♠✱ ϕ{a}(fJ̃) = 0✱ ♣❛r❛ J̃ 6⊆ J.

❊①❡♠♣❧♦ ✸✳✸✳✶✷ ◗✉❛♥❞♦ J = {a, b}✱ ❝♦♥s✐❞❡r❡

ϕ{a,b} : K〈Y, Z〉 → E

yi 7→ ek+i

z1 7→ e1ek+s+1 + e2ek+s+2 + . . .+ er1ek+s+r1

✳✳✳

za 7→ e∑a−1
i=1 ri+1 + e∑a−1

i=1 ri+2ek+s+
∑a−1

i=1 ri+2 + . . .+ e∑a
i=1 ri

ek+s+
∑a

i=1 ri

✳✳✳

zb 7→ e∑b−1
i=1 ri+1 + e∑b−1

i=1 ri+2ek+s+
∑b−1

i=1 ri+2 + . . .+ e∑b
i=1 ri

ek+s+
∑b

i=1 ri

✳✳✳

zh 7→ e∑h−1
i=1 ri+1ek+s+

∑h−1
i=1 ri+1 + . . .+ e∑h

i=1 ri
ek+s+

∑h
i=1 ri

.

❖❜s❡r✈❡ q✉❡ t♦❞♦s ♦s ϕ{a,b}(fJ̃) t❛✐s q✉❡ J̃ 6⊆ J sã♦ ♥✉❧♦s✱ ♣♦✐s ♦s ϕ{a,b}(zi)
′s t❛✐s q✉❡ i ∈

J̃ ♣❡rt❡♥❝❡♠ ❛ Z(E)✱ ❝♦♠♦ f{a,b} = zr11 . . . zra−1
a . . . zrb−1

b . . . zrhh [y1, y2] . . . [ys−1, ys][za, zb]

t❡♠♦s q✉❡

ϕ{a,b}([za, zb]) = [e∑a−1
i=1 ri+1, e∑b−1

i=1 ri+1]

= 2e∑a−1
i=1 ri+1e∑b−1

i=1 ri+1 6 0.

P❡❧♦s ▲❡♠❛s ✸✳✸✳✸ ❡ ✸✳✸✳✺✱ t❡♠♦s

ϕ{a,b}(f{a,b}) = ±2(s+1)/2
∏

i=(1,...,â,...,b̂,...,h)

ri!(ra − 1)!(rb − 1)!e1 . . . e∑h
i=1 ri

ek+1 . . . ek+s 6= 0.

✺✹



Pr♦♣♦s✐çã♦ ✸✳✸✳✶✸ ❉❛❞♦ J ⊆ {1, . . . , h}✱ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ϕJ : K〈Y, Z〉 → E

t❛❧ q✉❡ ϕJ(fJ) 6= 0 ❡ ϕJ(fJ̃) = 0 ♣❛r❛ J̃ 6⊆ J.

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ J = {j1, . . . , jm′} ⊆ {1, . . . , h} ❡ ❛ s✉❜st✐t✉✐çã♦

ϕJ : K〈Y, Z〉 → E ♥❛ q✉❛❧ ❛s ✈❛r✐á✈❡✐s ♣❡rt❡♥❝❡♥t❡s ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡

❣r❛✉ ✵ s❡rã♦ s✉❜st✐t✉✐❞❛s ♣♦r ❡❧❡♠❡♥t♦s ❡♠ E
(0)
k∗ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✶ ❡ ❛s ✈❛r✐á✈❡✐s z′js

♣❡❧❛ s♦♠❛ ❞❡ rj ❡❧❡♠❡♥t♦s ♣❡rt❡♥❝❡♥t❡s ❛ E(1)
k∗ ♦♥❞❡ ❝❛❞❛ ♣❛r❝❡❧❛ t❡♠ ❝♦♠♣r✐♠❡♥t♦ ✷✱

❡①❝❡t♦ ❛s ✈❛r✐á✈❡✐s ❝✉❥♦ í♥❞✐❝❡ j ∈ J ✱ ♥❡st❡ ❝❛s♦ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❛ s♦♠❛ ❞❡✈❡rá t❡r

❝♦♠♣r✐♠❡♥t♦ ✶✳ ❆❧é♠ ❞✐ss♦ t♦❞♦s ♦s y′is ❡ z′js ❞❡✈❡rã♦ t❡r s✉♣♦rt❡s ❞✐s❥✉♥t♦s✱ ❡ ✐ss♦ é

♣♦ssí✈❡❧ ♣♦✐s ♥❛ ❞❡✜♥✐çã♦ ❞♦s f ′
Js✱
∑h

j=1 rj ≤ k.

❈♦♠ ❡st❛ s✉❜st✐t✉✐çã♦✱ ϕJ(fJ̃) = 0✱ ❥á q✉❡ ϕJ(zj) ∈ Z(E) ♣❛r❛ t♦❞♦ j ∈ J̃ ❡

❝♦♠♦ ϕJ([u, zj]) 6= 0✱ ♣❛r❛ t♦❞♦ j ∈ J ❡ u ∈ K〈Y, Z〉✱ s❡❣✉❡ ❞♦s ▲❡♠❛s ✸✳✸✳✸ ❡ ✸✳✸✳✺

q✉❡ ϕJ(fJ) 6= 0.

❚❡♦r❡♠❛ ✸✳✸✳✶✹ ❙❡❥❛♠ p, k ∈ N✱ ♦♥❞❡ p é ♣r✐♠♦ ❡ p 6= 2✳ ❙♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K

❞❡ ❝❛r❛❝t❡ríst✐❝❛ p 6= 2 t❛❧ q✉❡ p > k✱ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s Z2✲❣r❛❞✉❛❞❛s

♣❛r❛ Ek∗ sã♦ ❝♦♥s❡q✉ê♥❝✐❛s ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s✿

[x1, x2, x3]✱ z1 . . . zk+1.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ p ≤ k✱ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ Ek∗ sã♦

❝♦♥s❡q✉ê♥❝✐❛s ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s✿

[x1, x2, x3]✱ z1 . . . zk+1, z
p

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡ s✉♣♦♥❤❛ p ≤ k✳ ▼♦str❛r❡♠♦s q✉❡ ❞❛❞❛s ❛s á❧❣❡❜r❛s

Ek∗ ❡ B = K〈Y, Z〉/I✱ ❝♦♠ I = 〈[x1, x2, x3], z1 . . . zk+1, z
p〉T2 ✱ s♦❜r❡ K t❡♠♦s q✉❡

T2(Ek∗) = T2(B).

P❡❧♦ ❈♦r♦❧ár✐♦ ✸✳✷✳✺✱ ❜❛st❛ ♠♦str❛r q✉❡ B(Y ;Z) ∩ T2(Ek∗) = B(Y ;Z) ∩ T2(B).

❆ ✐♥❝❧✉sã♦ B(Y ;Z) ∩ T2(B) ⊆ B(Y ;Z) ∩ T2(Ek∗)✱ s❡❣✉❡ ❞♦ ❧❡♠❛ ✸✳✸✳✼✳

P❛r❛ ♣r♦✈❛r ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✱ ❢❛r❡♠♦s ✐♥❞✉çã♦ s♦❜r❡ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ J ✳

■♥✐❝✐❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❡ f ∈ B(Y ;Z) ∩ T2(Ek∗)✳ ❈♦♠♦ f ∈ B(Y ;Z) s❡❣✉❡ ❞♦ ▲❡♠❛

✸✳✸✳✽ q✉❡ f ≡
∑
αJfJ ✱ ♠ó❞✉❧♦ I✳ P♦r ♦✉tr♦ ❧❛❞♦✱ f ∈ T2(Ek∗)✱ ❡♥tã♦ ♣❛r❛ q✉❛❧q✉❡r

s✉❜st✐t✉✐çã♦ ϕ : K〈Y, Z〉 → E✱ t❡♠♦s ϕ(f) = 0✳ ❙❡ | J |= 0✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛

s✉❜st✐t✉✐çã♦ ϕ∅ t❡♠♦s q✉❡ ϕ∅(f) = 0 ❡ s❡❣✉❡ ❞♦ ❊①❡♠♣❧♦ ✸✳✸✳✶✵ q✉❡ α∅ = 0✳ ❙✉♣♦♥❤❛

q✉❡ αJ = 0 ♣❛r❛ t♦❞♦ J ⊆ {1, . . . , h} t❛❧ q✉❡ | J |< m′ ♦♥❞❡ m′ ∈ N ❡ m′ ≤ h✳

▼♦str❛r❡♠♦s q✉❡ αJ = 0 q✉❛♥❞♦ | J |= m′✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ J̃ ⊆ {1, . . . , h} t❛❧ q✉❡

J̃ 6= J ♥♦t❡ q✉❡

✺✺



• s❡ J̃  J ✱ ❡♥tã♦ | J̃ |< m′ ❡ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ αJ̃ = 0✳ ❆ss✐♠✱ ♣❛r❛ q✉❛❧q✉❡r

s✉❜st✐t✉✐çã♦ ϕ : K〈Y, Z〉 → E t❡♠♦s q✉❡ ϕ(f) = ϕ(αJfJ) = αJϕ(fJ) = 0✱ ❡♠

♣❛rt✐❝✉❧❛r✱ ϕJ(f) = αJϕJ(fJ) = 0✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✶✸ q✉❡ ϕJ(fJ) 6= 0✱

♣♦rt❛♥t♦ αJ = 0✳

• s❡ J̃ 6⊆ J ✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ s✉❜st✐t✉✐çã♦ ϕJ : K〈Y, Z〉 → E s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦

✸✳✸✳✶✸ q✉❡ ϕJ(fJ̃) = 0 ❡ ϕJ(fJ) 6= 0✱ ❝♦♠♦ ϕ(f) é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ♣❛r❛

q✉❛❧q✉❡r s✉❜st✐t✉✐çã♦ ϕ : K〈Y, Z〉 → E✱ ♦❜t❡♠♦s q✉❡ αJ = 0✳

❈♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦str❛r✱ T2(Ek∗) = T2(B)✱ ✐st♦ ❡q✉✐✈❛❧❡ ❞✐③❡r q✉❡ t♦❞❛s ❛s

✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ Ek∗ sã♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s ✐❞❡♥t✐❞❛❞❡s [x1, x2, x3] ❡

z1 . . . zk+1.

❱✐♠♦s ♥❛ ❙❡çã♦ ✷✳✸ q✉❡ zp é ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ♠♦♥ô♠✐♦ z1 . . . zk+1 q✉❛♥❞♦ k < p ✱

❞❡st❡ ♠♦❞♦ ♦ T2✲✐❞❡❛❧ ❞❡ Ek∗ ♣♦❞❡ s❡r r❡❞✉③✐❞♦ ❛ T2(Ek∗) = 〈z1 . . . zk+1, [x1, x2, x3]〉
T2 .

✸✳✹ ■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ♣❛r❛ E∞

❆❣♦r❛ ✐r❡♠♦s ❞❡s❝r❡✈❡r ❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ ❛ á❧❣❡❜r❛

❞❡ ●r❛ss♠❛♥♥ E∞ = (E, ‖ . ‖∞)✱ s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K ❝♦♠

charK = p 6= 2✳ ◆❡st❛ Z2✲❣r❛❞✉❛çã♦ ♦s s✉❜❡s♣❛ç♦s ❤♦♠♦❣ê♥❡♦s ❞❡ ❣r❛✉ ✵ ❡ ✶ sã♦

❣❡r❛❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r {ei1 . . . eim | ❡①✐st❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ♣❛r ❞❡ e′is ❝♦♠ i í♠♣❛r}

❡ {ei1 . . . eim | ❡①✐st❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ í♠♣❛r ❞❡ e′is ❝♦♠ i í♠♣❛r}.

▲❡♠❛ ✸✳✹✳✶ ❖s ♣♦❧✐♥ô♠✐♦s t2n = [y1, y2] . . . [y2n−1, y2n] ♥ã♦ sã♦ ✐❞❡♥t✐❞❛❞❡s

Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ E∞.

❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ é ❛♥á❧♦❣❛ ❛ ❞♦ ▲❡♠❛ ✷✳✷✳✸✳

▲❡♠❛ ✸✳✹✳✷ ❙❡❥❛ r ∈ N✱ ❝♦♠ r < p✳ ❊♥tã♦ ♦ ♠♦♥ô♠✐♦ zr ♥ã♦ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡

Z2✲❣r❛❞✉❛❞❛ ♣❛r❛ E∞.

❉❡♠♦♥str❛çã♦✿ ❉❛❞❛ ❛ s✉❜st✐t✉✐çã♦ ϕ : K〈Y, Z〉 → E✱ t❛❧ q✉❡ ϕ(z) =
∑r

i=1 e2i−1e2i✱

❝♦♠♦ ❡♠ ❝❛❞❛ t❡r♠♦ ❞♦ s♦♠❛tór✐♦ ❡①✐st❡ ❛♣❡♥❛s ✉♠ ❡❧❡♠❡♥t♦ ei ❝♦♠ 1 ≤ i ≤ r í♠♣❛r✱

s❡❣✉❡ q✉❡ e2i−1e2i ∈ E
(1)
∞ ✳ ❆❧é♠ ❞✐ss♦✱ ϕ(z) ∈ Z(E)✳ P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡

▲❡✐❜♥✐③✱ ϕ(zr) = r!e1e2 . . . e2r−1e2r✳ ▼❛s ♣♦r ❤✐♣♦tés❡ r < p ✱ ❧♦❣♦ ϕ(zr) 6= 0.

✺✻



❈♦r♦❧ár✐♦ ✸✳✹✳✸ ❉❛❞♦ ♦ ♠♦♥ô♠✐♦ m(z1, . . . , zl) ❞❡ ♠✉❧t✐❣r❛✉ (r1, . . . , rl) s❡

maxi{ri} = r < p✱ ❡♥tã♦ m ♥ã♦ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ E∞. ❊♠ ♣❛rt✐❝✉❧❛r✱

t = zr11 . . . zrll ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ Z2✲❣r❛❞✉❛❞❛ ♣❛r❛ E∞.

❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ é ❛♥á❧♦❣❛ à ❛♣r❡s❡♥t❛❞❛ ♥♦ ❈♦r♦❧ár✐♦ ✸✳✸✳✻✳

▲❡♠❛ ✸✳✹✳✹ ❙❡❥❛ I = 〈[x1, x2, x3], z
p〉T2 ❡♥tã♦ I ⊆ T2(E∞).

❉❡♠♦♥str❛çã♦✿ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✻✱ 1E ∈ E
(0)
∞ ✱ ❡ ❞❡st❛ ❢♦r♠❛ t❡♠♦s

q✉❡ E(1)
∞ ⊆ E ′✳ ❆ss✐♠ s❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✸✳✶ q✉❡ zp é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ Z2✲❣r❛❞✉❛❞❛ ♣❛r❛

E∞✳ ❏á ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✳✷ t❡♠♦s q✉❡ [x1, x2, x3] é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ Z2✲❣r❛❞✉❛❞❛ ♣❛r❛

E∞✳ P♦t❛♥t♦✱ I ⊆ T2(E∞).

▲❡♠❛ ✸✳✹✳✺ ❈♦♥s✐❞❡r❡ f(x1, . . . , xn) ∈ B(X) = B(Y ;Z) ✉♠ ♣♦❧✐♥ô♠✐♦

♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❡ s, h ∈ N t❛✐s q✉❡ s + h = n✱ ♦♥❞❡ s ❡ h sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦

♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s ♣❡rt❡♥❝❡♥t❡s às ❝♦♠♣♦♥❡♥t❡ ❞❡ ❣r❛✉s 0 ❡ 1✳ ❊♥tã♦✱ ♠ó❞✉❧♦ I✱ f

♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦✿

f =
∑

αzd11 . . . zdhh [y1, y2] . . . [ys−1, ys][zj1 , zj2 ] . . . [zj
m

′
−1
, zj

m
′ ],

s❡ s é ♣❛r✱ ♦✉

f =
∑

αzd11 . . . zdhh [y1, y2] . . . [ys−2, ys−1][ys, zj1 ] . . . [zj
m

′
−1
, zj

m
′ ]

s❡ s é í♠♣❛r✱ ♦♥❞❡ m
′
≤ h✱ di ∈ {ri − 1, ri} ❡ ♦s í♥❞✐❝❡s sã♦ ♦r❞❡♥❛❞♦s✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✸✳✸✳✽✳

❖s ❡①❡♠♣❧♦s ❛❜❛✐①♦ ♥♦s ❞❛rã♦ ✉♠❛ ✐❞❡✐❛ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s ♣♦❧✐♥ô♠✐♦s fJ ✱

fJ̃ ✭❞❡✜♥✐❞♦s ♥❛ ❙❡çã♦ ✸✳✹✱ ♣✳ ✺✸✮ q✉❛♥❞♦ s✉❜st✐t✉í❞♦s ♣♦r ❝❡rt♦s ❡❧❡♠❡♥t♦s ❞❡ E∞.

❊①❡♠♣❧♦ ✸✳✹✳✻ P❛r❛ J = ∅✱ ❝♦♥s✐❞❡r❡ ❛ s✉❜st✐t✉✐çã♦

ϕ∅ : K〈Y, Z〉 → E

yi 7→ e2i

z1 7→ e1e2(s+1) + e3e2(s+2) + . . .+ e2r1−1e2(s+r1)

✳✳✳

zh 7→ e2(r1+...+rh−1+1)−1e2(s+r1+...+rh−1+1) + . . .+ e2(r1+...+rh−1)e2(s+r1+...+rh).

◆❛ ❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ❞❡ E✱ ϕ∅(zi) ∈ Z(E) ♣❛r❛ i = 1, . . . , h✱ ❛ss✐♠ ϕ∅([u, zi]) = 0 ♣❛r❛

q✉❛✐sq✉❡r i ∈ J̃ ❡ u ∈ K〈Y, Z〉✳ P♦rt❛♥t♦✱ ϕ∅(fJ̃) = 0 ❡ ♣❡❧♦s ▲❡♠❛s ✸✳✹✳✶ ❡ ✸✳✹✳✷ s❡❣✉❡

q✉❡

ϕ∅(f∅) = ϕ∅(z
r1
1 . . . zrhh [y1, y2] . . . [ys−1, ys])

= ±2s/2
l∏

i=1

ri!e1 . . . e2(∑h
i=1 ri)

. . . e2s.

✺✼



P♦rt❛♥t♦✱ ϕ∅(f∅) 6= 0 ❡ ϕ∅(fJ̃) = 0✱ s❡♠♣r❡ q✉❡ J̃ 6⊆ ∅.

❊①❡♠♣❧♦ ✸✳✹✳✼ ❈♦♥s✐❞❡r❡ J = {a} ❡ ❛ s✉❜st✐t✉✐çã♦

ϕ{a} : K〈Y, Z〉 → E

yi 7→ e2i

z1 7→ e1e2(s+1) + . . .+ e2r1−1e2(s+r1)

✳✳✳

za 7→ e2(∑a−1
i=1 ri+1)−1 + . . .+ e2(

∑a
i=1 ri)−1e2(s+

∑a
i=1 ri)

✳✳✳

zh 7→ e2(∑h−1
i=1 ri+1)−1e2(∑h−1

i=1 ri+1) + . . .+ e∑h
i=1 ri

ek+s+
∑h

i=1 ri
.

❙❡♥❞♦ f{a} = zr11 . . . zra−1
a . . . zrhh [y1, y2] . . . [ys, za]✱ s❡❣✉❡ ❞♦s ▲❡♠❛s ✸✳✹✳✶ ❡ ✸✳✹✳✷ q✉❡

ϕ{a}(f{a}) = ±2
s−1
2

+1
∏

i=(1,...,â,...,h)

ri!(ra − 1)!e1 . . . e2(∑h
i=1 ri

)e2 . . . e2s 6= 0

❡ ϕ{a}([zi1 , zi2 ]) = 0 ♣❛r❛ q✉❛✐sq✉❡r i1, i2 ∈ J̃ ✱ ❥á q✉❡ ❛♣ós ❛ s✉❜st✐t✉✐çã♦ ♣❡❧♦ ♠❡♥♦s

✉♠ ❞♦s zj ∈ Z(E)✳ ❆ss✐♠✱ ϕ{a}(fJ̃) = 0✱ ♣❛r❛ J̃ 6⊂ J.

Pr♦♣♦s✐çã♦ ✸✳✹✳✽ ❉❛❞♦ J ⊆ {1, . . . , h}✱ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ϕJ : K〈Y, Z〉 → E

t❛❧ q✉❡ ϕJ(fJ) 6= 0 ❡ ϕJ(fJ̃) = 0 ♣❛r❛ J̃ 6⊆ J.

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✶✸✳

❚❡♦r❡♠❛ ✸✳✹✳✾ ❙♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p > 2 t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s ❞❡ E∞ sã♦ ❝♦♥s❡q✉ê♥❝✐❛s ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s

[x1, x2, x3] ❡ zp.

❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ é ❛♥á❧♦❣❛ à ❛♣r❡s❡♥t❛❞❛ ♥♦ ❚❡♦r❡♠❛ ✸✳✸✳✶✹✳

✸✳✺ ■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ♣❛r❛ E

❆❣♦r❛ ✐r❡♠♦s ❧✐❞❛r ❝♦♠ ❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥

E ✐♥❞✉③✐❞❛ ♣❡❧❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧✳ ❙❛❜❡♠♦s q✉❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❤♦♠♦❣ê♥❡❛s ❞❡

E sã♦ E(0) = 〈ei1 . . . eim |m é ♣❛r〉 ❡ E(1) = 〈ei1 . . . ein |n é í♠♣❛r〉✳ ❊ss❛s ✐❞❡♥t✐❞❛❞❡s

s❡rã♦ ❞❡s❝r✐t❛s ❝♦♠♦ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ ❛s

á❧❣❡❜r❛s s✉♣❡r❝♦♠✉t❛t✐✈❛s✱ ♣♦✐s ❝♦♠♦ ✈✐♠♦s ♥♦ ❊①❡♠♣❧♦ ✶✳✸✳✶✻✱ E ♠✉♥✐❞❛ ❞❡ss❛

Z2✲❣r❛❞✉❛çã♦ é ✉♠❛ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ ❜❛s❡ ❞❡ ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛

q✉❛❧q✉❡r á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛✳

✺✽



◆♦t❛çã♦ ✸✳✺✳✶ ❈♦♥s✐❞❡r❡ I = 〈[y1, y2], [y1, z1], z1 ◦ z2〉
T2 ❡ In = 〈[y1, y2], [y1, z1],

z1 ◦ z2, z1 . . . zn〉
T2 ♣❛r❛ ❛❧❣✉♠ n ∈ N.

Pr♦♣♦s✐çã♦ ✸✳✺✳✷ ❙❡❥❛ A = A(0) ⊕ A(1) ✉♠❛ á❧❣❡❜r❛ s✉♣❡r❝♦♠✉t❛t✐✈❛✳ ❊♥tã♦

T2(A) = I ♦✉ T2(A) = In ♣❛r❛ ❛❧❣✉♠ n ∈ N✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ♦s ❡❧❡♠❡♥t♦s ❡♠ A(0) ♣❡rt❡♥❝❡♠ ❛♦ ❝❡♥tr♦ ❞❡ A✱ ♦s ♣♦❧✐♥ô♠✐♦s

[y1, y2] ❡[y1, z1] sã♦ ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛A✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦A é ✉♠❛ á❧❣❡❜r❛

s✉♣❡r❝♦♠✉t❛t✐✈❛✱ ♦s ❡❧❡♠❡♥t♦s ❡♠ A(1) ❛♥t✐✲❝♦♠✉t❛♠✳ ▲♦❣♦ z1◦z2 t❛♠❜é♠ é ✐❞❡♥t✐❞❛❞❡

Z2✲❣r❛❞✉❛❞❛ ♣❛r❛ A✳ P♦rt❛♥t♦ I ⊆ T2(A). ❙❡♥❞♦ f(y1, . . . , ys, z1, . . . , zh) ∈ T2(A) ✉♠

♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦✱ ❡♥tã♦

f ≡ αyl11 . . . y
ls
s z

k1
1 . . . zkhh (♠♦❞I)

♦♥❞❡ α ∈ K✱ li = degyi f ❡ kj = degzj f ✳ ❙❡ f 6∈ I✱ ❞❡✈❡♠♦s t❡r k1 = . . . = kh = 1✱ ♣♦✐s

z2i ∈ I ❡ α 6= 0✳ ❉❛í✱ ❢❛③❡♥❞♦ yi = 1✱ ♣❛r❛ i = 1, . . . , s ❝♦♥❝❧✉í♠♦s q✉❡ z1 . . . zh ∈ T2(S)✳

▲♦❣♦✱ s❡ z1 . . . zh 6∈ T2(S) ♣❛r❛ t♦❞♦ h ∈ N✱ ❞❡✈❡♠♦s t❡r T2(S) = I.

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ z1 . . . zt ∈ T2(S) ♣❛r❛ ❛❧❣✉♠ t ∈ N ❡ t♦♠❡♠♦s

t0 = min{t ∈ N|z1 . . . zt ∈ T2(S)}✳ ❉❛í✱ I1 = 〈[y1, y2], [y1, z2], z1 ◦ z2, z1 . . . zt0〉
T2 ⊆

T2(S)✳ ❯s❛♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❛❝✐♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ s❡ f 6∈ I✱ ❡♥tã♦ h ≥ t0 ❡ ❞❛í f é

❝♦♥❣r✉❡♥t❡ ♠ó❞✉❧♦ I ❛ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ z1 . . . zt0 ✳ ▲♦❣♦✱ T2(S) = It0 ✳

❚❡♦r❡♠❛ ✸✳✺✳✸ ❙❡❥❛ E ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡

❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ❞♦✐s✱ ♠✉♥✐❞❛ ❞❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧✳ ❚❡♠♦s q✉❡ T2(E) =

I.

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ E é ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥t❛✱ t❡♠♦s q✉❡

♣❛r❛ q✉❛❧q✉❡r n ∈ N✱ z1 . . . zn ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ Z2✲❣r❛❞✉❛❞❛ ❡ ❞❡st❡ ♠♦❞♦ ♦ r❡s✉❧t❛❞♦

s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✺✳✷

P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❛ r❡❧❛çã♦ ❡♥tr❡ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❡ ❛s á❧❣❡❜r❛s

s✉♣❡r❝♦♠✉t❛t✐✈❛s ✈❡❥❛ ✭❬✻❪✱ ♣✳ ✷✾✮

✸✳✻ ■❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ Ek

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❙❡çã♦ ✸✳✶✱ ❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ Ek ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st❛ ❝♦♠♦

s♦♠❛ ❞✐r❡t❛ ❞♦s s✉❜❡s♣❛ç♦s ❤♦♠♦❣ê♥❡♦ E(0)
k ❡ E(1)

k ✱ ♦♥❞❡ E(0)
k é ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣❡r❛❞♦

✺✾



♣❡❧♦s ❡❧❡♠❡♥t♦s ei1 . . . eim ∈ β ♦♥❞❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s e′is ❝♦♠ i > k é ♣❛r✱ ❡♠

E
(1)
k t❡♠♦s ✉♠❛ q✉❛♥t✐❞❛❞❡ í♠♣❛r ❞❡st❡s ❡❧❡♠❡♥t♦s✳ ❖ ❝á❧❝✉❧♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣❛r❛

Ek ♥ã♦ é tã♦ ❞✐r❡t♦ q✉❛♥t♦ ♦ ❢❡✐t♦ ♣❛r❛ ❛s ❞❡♠❛✐s Z2✲❣r❛❞✉❛çõ❡s ❞❡ E✳ ❈♦♠ ♦ ✐♥t✉✐t♦

❞❡ ❢❛❝✐❧✐t❛r ❛ ❞❡s❝r✐çã♦ ❞❡ss❛s ✐❞❡♥t✐❞❛❞❡s ❈❡♥tr♦♥❡✱ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ♣♦r ❉✐

❱✐♥❝❡♥③♦ ❡ ❉❛ ❙✐❧✈❛ ❡♠ ❬✹✽❪✱ ❢❡③ ♦ ❡st✉❞♦ ❞❡ ❛❧❣✉♥s s✉❜❡s♣❛ç♦s ❤♦♠♦❣ê♥❡♦s ❡s♣❡❝✐❛✐s

❞❡ ♣♦❧✐♥ô♠✐♦s ♣ró♣r✐♦s ♣❛r❛ ♦❜t❡r ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❛ ❡str✉t✉r❛ ❞♦ T2✲✐❞❡❛❧ ❞❡ Ek.

❈♦♥s✐❞❡r❡ Γh(K, d) ⊆ B(Y ;Z) ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞♦s ♣♦❧✐♥ô♠♦s Y ✲♣ró♣r✐♦s

❤♦♠♦❣ê♥❡♦s ❡♠ h ✈❛r✐á✈❡✐s {x1, . . . , xh; xi ∈ {yi, zi}} ❞❡ ❣r❛✉ d✳ ❉❡✜♥✐r❡♠♦s ♦ ❡s♣❛ç♦

Γh(A, d) ♣♦r

Γh(A, d) = Γh(K, d)(A) := Γh(K, d)/(Γh(K, d) ∩ T2(A).

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ Γh(K, d) é ✉♠ GLd✲♠ó❞✉❧♦ ❝♦♠ r❡s♣❡✐t♦ ❛ ❛çã♦ ♥❛t✉r❛❧ à ❡sq✉❡r❞❛

❡ Γh(K, d) ∩ T2(A) é ✉♠ GLd✲s✉❜♠ó❞✉❧♦ ✳ P♦rt❛♥t♦ Γh(A, d) t❛♠❜é♠ é ✉♠ GLd✲

♠ó❞✉❧♦✳

❋✐①❛❞♦s s, t ∈ N✱ ❞❡✜♥✐♠♦s

Γs,t := spanK〈w ∈ Γs+t(A, d); y1, . . . , ys, z1, . . . , zt ♦❝♦rr❡♠ ❡♠w〉.

◆♦t❡ q✉❡ s❡ s+ t = d✱ ♦ ❡s♣❛ç♦ Γs,t é ✉♠ GLs×GLt✲♠ó❞✉❧♦✱ ❡ ♦ s✉❜❡s♣❛ç♦ Γs,t∩T2(A)

é ✉♠ GLs ×GLt✲s✉❜♠ó❞✉❧♦✳ ❆ss✐♠ ♦ ❡s♣❛ç♦ Γs,t(A, d) := Γs,t/(Γs,t ∩ T2(A)) t❛♠❜é♠

é ✉♠ GLs ×GLt✲♠ó❞✉❧♦✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Cs,t(A) s✉❛ ❞✐♠❡♥sã♦✳

▲❡♠❛ ✸✳✻✳✶ ❖ ♠♦♥ô♠✐♦ zp é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ Z2✲❣r❛❞✉❛❞❛ ♣❛r❛ Ek.

❉❡♠♦♥str❛çã♦✿ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✻✱ t❡♠♦s q✉❡ E(1)
k ⊆ E ′✱ ♣♦rt❛♥t♦

s❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✸✳✶ q✉❡ zp é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ Ek.

❉❡♥♦t❛r❡♠♦s I = 〈[u1, u2, u3]|ui ∈ {yi, zi}, i = 1, 2, 3〉T ✱ é ✐♠❡❞✐❛t♦ q✉❡

I ⊆ T2(Ek).

▲❡♠❛ ✸✳✻✳✷ ❙❡ l ≡ 0 (♠♦❞ 2) ❡♥tã♦

✭✐✮ Γl,m é ❣❡r❛❞♦ ♠ó❞✉❧♦ I ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

z
ri1
i1
. . . z

ris
is

[y1, y2][yl−1, yl]

♦♥❞❡
∑s

j=1 rij = m✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♣❛r❛ t♦❞♦ f ∈ Γl,m ❡①✐st❡ g ∈ Γ0,m t❛❧

q✉❡ f(y1, . . . , yl, z1, . . . , zs) ≡ g(z1, . . . , zs)[y1, y2] . . . [yl−1, yl] (♠♦❞ I);

✻✵



✭✐✐✮ s❡ l ≥ k + 1 ❡♥tã♦ f ∈ T2(Ek)❀

✭✐✐✐✮ s❡ l ≤ k ❡♥tã♦ f ∈ T2(Ek) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ g ∈ T2(Ek−l).

❉❡♠♦♥str❛çã♦✿

✭✐✮ ❙❡❥❛ f ∈ Γl,m✱ ❝♦♠♦ l ≡ 0 (♠♦❞ 2) ❛ ❡①✐stê♥❝✐❛ ❞♦ ♣♦❧✐♥ô♠✐♦ g ∈ Γ0,m s❡❣✉❡

❞✐r❡t❛♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦ ❞♦ T2✲✐❞❡❛❧ I ❡ ❞❛ ❡q✉❛çã♦

[uσ(1), uσ(2)] . . . [uσ(n−1), uσ(n)] ≡ (−1)σ[u1, u2] . . . [un−1, un] ✭✸✳✻✮

♦♥❞❡ (−1)σ é ♦ s✐♥❛❧ ❞❛ ♣❡r♠✉t❛çã♦ σ.

✭✐✐✮ ❈♦♠♦ l ≡ 0 (♠♦❞2)✱ ❞❛❞♦ f ∈ Γl,m ♣❡❧♦ ✐t❡♠ ✭✐✮ ❡①✐st❡ g ∈ Γ0,m t❛❧

q✉❡ f(y1, . . . , yl, z1, . . . , zs) ≡ g(z1, . . . , zs)[y1, y2] . . . [yl−1, yl] (♠♦❞ I) ❝♦♠♦ ♦s

♣♦❧✐♥ô♠✐♦s Y ✲♣ró♣r✐♦s sã♦ ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦r ❤✐♣ót❡s❡ l ≥ k + 1 é s✉✜❝✐❡♥t❡

♠♦str❛r q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ [y1, y2] . . . [yl−1, yl] s❡ ❛♥✉❧❛ ♣❛r❛ ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ ❜❛s❡

❞❡ E(0)
k ✳ ❈♦♥s✐❞❡r❡ β = {ei1 . . . eil ; ❡①✐st❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ í♠♣❛r ❞❡ e′is t❛❧ q✉❡ i ≤

k e i1 < . . . < il} ✉♠❛ ❜❛s❡ ♣❛r❛ E
(0)
k ✱ t♦♠❛♥❞♦ bi = ei1 . . . eil ∈ β ✭❝♦♠

1 ≤ i ≤ k + 1✮✱ s❡❣✉❡ ❞♦ Pr✐♥❝í♣✐♦ ❞❛s ❣❛✈❡t❛s ❞❡ ❉✐r✐❝❤❧❡t q✉❡ ❡♠ ♣❡❧♦

♠❡♥♦s ✉♠ ❞♦s b′is ❛❧❣✉♠ ❞♦s e′is s❡ r❡♣❡t❡♠✳ P♦rt❛♥t♦ [b1, b2] . . . [bl, bl+1] = 0✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡ f ∈ T2(Ek).

✭✐✐✐✮ P♦r ❤✐♣ót❡s❡ l ≤ k✱ ❡♥tã♦ ♦ ♣r♦❞✉t♦ ❞♦s ❝♦♠✉t❛❞♦r❡s [y1, y2] . . . [yl−1, yl]

♥ã♦ s❡ ❛♥✉❧❛ q✉❛♥❞♦ ❛✈❛❧✐❛❞♦ ♣♦r ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❞❡ β✳ ❉❡st❡

♠♦❞♦✱ ♣❡❧♦ ✐t❡♠ ✭✐✮ ❡①✐st❡ g ∈ Γ0,m t❛❧ q✉❡ g ♣♦ss✉✐ k − l ❡❧❡♠❡♥t♦s

♣❡rt❡♥❝❡♥t❡s ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ ✵✳ ❈♦♠♦ f ∈ T2(Ek)

s❡❣✉❡ q✉❡ g ∈ T2(Ek−l). ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ g ∈ T2(Ek−l) ❡♥tã♦

f(y1, . . . , yl, z1, . . . , zs) ≡ g(z1, . . . , zs)[y1, y2] . . . [yl−1, yl] (♠♦❞ I) t❛♠❜é♠ é

✐❞❡♥t✐❞❛❞❡ ♣❛r❛ Ek.

◗✉❛♥❞♦ l é í♠♣❛r✱ ♦❜t❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ ❛♦ ❧❡♠❛ ❛♥t❡r✐♦r✳

▲❡♠❛ ✸✳✻✳✸ ❙❡❥❛ l ≡ 1 (♠♦❞ 2) ❡ f ∈ Γl,m ❡♥tã♦

✭✐✮ P❛r❛ t♦❞♦ f ∈ Γl,m ❡①✐st❡ g ∈ Γ1,m t❛❧ q✉❡

f(y1, . . . , yl, z1, . . . , zs) = g(z1, . . . , zs, y1)[y2, y3] . . . [yl−1, yl] (♠♦❞ I)

♦♥❞❡ g(z1, . . . , zs, y1) = z
ri1
i1
. . . z

ris
is

[z, y1] ❡
∑s

j=1 rij = m;

✻✶



✭✐✐✮ s❡ l ≥ k + 1 ❡♥tã♦ f ∈ T2(Ek);

✭✐✐✐✮ s❡ l ≤ k ❡♥tã♦ f ∈ T2(Ek) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ g ∈ T2(Ek−l+1).

❖s ❧❡♠❛ ❛❝✐♠❛ ♥♦s ♣❡r♠✐t❡ ❡st✉❞❛r ❛♣❡♥❛s Γ0,m ∩ T2(Ek) ❡ Γ1,m ∩ T2(Ek)✱ ♣❛r❛

t♦❞♦ k.

✸✳✻✳✶ ❆ ❡str✉t✉r❛ Γ0,m(Ek)

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ Γ0,m é ❣❡r❛❞♦✱ ♠ó❞✉❧♦ I✱ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

z
ri1
i1
. . . z

ris
is

[zj1 , zj2 ] . . . [zjt−1 , zjt ],

♦♥❞❡ t é ♣❛r✱
∑s

j=1 rij = m − t✱ i1 < . . . < is ❡ j1 < . . . < jt. ❉❡♥♦t❛r❡♠♦s ♣♦r I(p) ♦

T2✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r I ❡ ♣♦r zp ❡ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ t❡♠♦s q✉❡ Γ0,m é ❣❡r❛❞♦✱ ♠ó❞✉❧♦

I(p)✱ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

z
ri1
i1
. . . z

ris
is

[zj1 , zj2 ] . . . [zjt−1 , zjt ],

♦♥❞❡ t é ♣❛r✱
∑s

j=1 rij = m− t✱ i1 < . . . < is✱ j1 < . . . < jt ❡ rin < p ♣❛r❛ i = 1, . . . , s.

❉❛❞♦ f = z
ri1
i1
. . . z

ris
is

[zj1 , zj2 ] . . . [zjt−1 , zjt ]✱ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

S = {✈❛r✐á✈❡✐s ❤♦♠♦❣ê♥❡❛s q✉❡ ♦❝♦rr❡♠ ❡♠ ❢} ⊆ {z1, . . . , zm}.

❙❡ | S |= h✱ ✐st♦ é✱ S = {zi1 , . . . , zih} ❡♥tã♦ ♦ ♣♦❧✐♥ô♠✐♦ f ♣❡rt❡♥❝❡ ❛ ❝♦♠♣♦♥❡♥t❡

❤♦♠♦❣ê♥❡❛ Γh = (0, . . . , 0,mi1 , 0, . . . , 0,mi2 , 0, . . . , 0,mih , 0, . . . , 0) ❞❡ Γ0,m✱ ♣❛r❛

s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦ ✐♥❞✐❝❛r❡♠♦s ♦ ♠✉❧t✐❣r❛✉ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ Γ[h] ♣♦r

(m1, . . . ,mh).

❉❡✜♥✐çã♦ ✸✳✻✳✹ ❙❡❥❛♠ S = {✈❛r✐á✈❡✐s ❤♦♠♦❣ê♥❡❛s ❞✐❢❡r❡♥t❡s q✉❡ ♦❝♦rr❡♠ ❡♠ ❢} ❡

T = {j1, . . . , jt} ⊆ S✱ ❞❡♥♦t❛r❡♠♦s fT ♣♦r z
ri1
i1
. . . z

ris
is

[zj1 , zj2 ] . . . [zjt−1 , zjt ], ♦♥❞❡ t é

♣❛r✱
∑s

j=1 = m− t✱ i1 < . . . < is ❡ j1 < . . . < jt.

❉❡st❡ ♠♦❞♦✱ q✉❛❧q✉❡r f ∈ Γh é✱ ♠ó❞✉❧♦ I✱ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s fT ✱

✐st♦ é✱

f ≡
∑

T

αtfT (♠♦❞ I)

♦♥❞❡ αT ∈ K.

❈♦♥s✐❞❡r❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ zp✱ t❡♠♦s q✉❡ fT (p) = z
ri1
i1
. . . z

ris
is

[zj1 , zj2 ] . . . [zjt−1 , zjt ],

♦♥❞❡ t é ♣❛r✱
∑s

j=1 rij = m− t✱ i1 < . . . < is✱ j1 < . . . < jt ❡ rin < p ♣❛r❛ i = 1, . . . , s.

❆ss✐♠ s❡ f ∈ Γh ❡♥tã♦ f ≡
∑

T αtfT (p) (♠♦❞ I(p)).

✻✷



❉❡✜♥✐çã♦ ✸✳✻✳✺ P❛r❛ m ≥ 2✱ t❡♠♦s

gm(zi1 , . . . , zih) =
∑

T

(−2)−
|T |
2 fT ,

♦♥❞❡ | T | é ♣❛r✳ ❆❧é♠ ❞✐ss♦✱ g1(z1) = z1.

❖ ♣ró①✐♠♦ ❧❡♠❛ s❡❣✉❡ ❞❛ ❉❡✜♥✐çã♦ ✸✳✻✳✺✳

▲❡♠❛ ✸✳✻✳✻ ◆❛ s✉♣❡rá❧❣❡❜r❛ K〈Y, Z〉✱ ❛s s❡❣✉✐♥t❡s ❡q✉✐✈❛❧ê♥❝✐❛s sã♦ ✈á❧✐❞❛s✿

✭✐✮ gm+1(z1, . . . , zm+1) ≡ z1gm(z2, . . . , zm+1) − 1
2
[z1, z2]gm−1(z3, . . . , zm+1)

− 1
2

∑m−2
i=2 z2z3 . . . zi[z1, zi+1]gm−i(zi+2, . . . , zm+1)−

1
2
z2 . . . zm[z1, zm+1] (♠♦❞ I);

✭✐✐✮ gm+1(z1, . . . , zm, zm+1) ≡ gm(z1, . . . , zm)zm+1 − 1
2
gm−1(z1, . . . , zm−1)[zm, zm+1]

− 1
2

∑m−2
i=1 gi(z1, . . . , zi)zi+2 . . . zm[zi+1, zm+1]]−

1
2
z2 . . . zm[z1, zm+1] (♠♦❞ I).

❉❡✜♥✐çã♦ ✸✳✻✳✼ ❙❡❥❛ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ N✳ ❉❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦ ϕS ∈

End(K〈Y, Z〉) ♣♦r ϕS(yi) := y|S|+i✱ ♣❛r❛ t♦❞♦ i ≥ 1 ❡

ϕS(zi) := vi =

{
yi s❡ i ∈ S

zi s❡ i 6∈ S.

▲❡♠❛ ✸✳✻✳✽ ❉❛❞♦ f ∈ K〈Z〉✱ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❣r❛❞✉❛❞❛ ♣❛r❛ Ek s❡✱ ❡

s♦♠❡♥t❡ s❡✱ ϕS(f) ∈ T2(E) ♣❛r❛ t♦❞♦ S ⊆ {1, . . . , h} ❝♦♠ | S |≤ k.

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f(zi1 , . . . , zij) ∈ T2(Ek)✱ ❡♥tã♦ q✉❛❧q✉❡r s✉❜st✐t✉✐çã♦ ♣♦r

❡❧❡♠❡♥t♦s ♣❡rt❡♥❝❡♥t❡s ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ ✶ ❛♥✉❧❛ ♦ ♣♦❧✐♥ô♠✐♦ f ✳

❚♦♠❡♠♦s l ∈ N✱ ❝♦♠ 0 ≤ l ≤ h t❛❧ q✉❡ il ≤ k ❡ ❢❛ç❛♠♦s ❛ s❡❣✉✐♥t❡ s✉❜st✐t✉✐çã♦

zij =





aij = eijek+ij s❡ j = 1, . . . l

bij = ek+ij j = l + 1, . . . h.

P♦r ❤✐♣ót❡s❡✱ f(ai1 , . . . , ail , bil+1
, . . . , bih) = 0✳ ❙✉♣♦♥❤❛ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱

S = {i1, . . . , il} ⊆ {1, . . . , h}✱ ❡♥tã♦ ♣❡❧❛ ❉❡✜♥✐çã♦ ✸✳✻✳✼

ϕS(f(zi1 , . . . , zih)) = g(yi1 , . . . , yil , zil+1
, . . . , zih).

❈♦♠♦ ❡①✐st❡♠✱ ai1 , . . . , ail , bil+1
, . . . , bih ∈ E ❝♦♠ s✉♣♦rt❡ ❞✐s❥✉♥t♦ t❛❧ q✉❡

ϕS(f(ai1 , . . . , ail , bil+1
, . . . , bih)) = 0 ❡♥tã♦ ϕS(f) ∈ T2(E).

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡ f ∈ K〈Z〉✳ P♦r ❤✐♣ót❡s❡ ϕS(f) ∈ T2(E) ♣❛r❛ t♦❞♦

S ⊆ {1, . . . , h} ❝♦♠ | S |≤ k. ❋❛ç❛♠♦s ❛ s❡❣✉✐♥t❡ s✉❜st✐t✉✐çã♦ zij 7→ zij ✱ ❞❡ ♠♦❞♦

✻✸



q✉❡ ♦ s✉♣♦rt❡ ❞❡ t♦❞♦s ♦s z′is s❡❥❛♠ ❞✐s❥✉♥t♦s✳ ❉❡ss❛ ❢♦r♠❛ ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡

zij
′s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♣❛r é ≤ k✳ ❆❧é♠ ❞✐ss♦ ❡♥tã♦ ♦s ♠♦♥ô♠✐♦s ai1 , . . . , ail ∈ E

(0)
k ❡

bil+1
, . . . , bih ∈ E

(1)
k ✱ ❢❛③❡♥❞♦ S = {i1, . . . , il} ⊆ {1, . . . , h}✱ t❛❧ q✉❡ | S |≤ k✱ s❡❣✉❡ q✉❡

f(zi1 , . . . , zih) = ϕS(f(ai1 , . . . , ail , bil+1
, . . . , bih)).

P♦rt❛♥t♦✱ f ∈ T2(Ek).

Pr♦♣♦s✐çã♦ ✸✳✻✳✾ ❖ ♣♦❧✐♥ô♠✐♦ gk+2(z1, . . . , zk+2) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

Z2✲❣r❛❞✉❛❞❛ ♣❛r❛ Ek.

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ ϕS(gk+2) ∈ T2(E) ♣❛r❛

t♦❞♦ S t❛❧ q✉❡ | S |≤ k✳ Pr♦✈❛r❡♠♦s ❛ ♣r♦♣♦s✐çã♦ ❢❛③❡♥❞♦ ✐♥❞✉çã♦ s♦❜r❡ k.

❙❡ k = 0✱ ❡♥tã♦ ϕS(gk+2) = ϕ∅(g2) = g2(z1, z2)✱ ❡ ♣❡❧♦ ✐t❡♠ ✭✐✮ ❞♦ ▲❡♠❛ ✸✳✻✳✻

t❡♠♦s q✉❡

g2(z1, z2) = z1g1(z2)−
1

2
[z1, z2]

= z1z2 −
1

2
[z1, z2]

=
1

2
(z1z2 + z2z1).

P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✺✳✸✱ g2(z1, z2) ∈ T2(E).

❈♦♥s✐❞❡r❡ k ≥ 1 ❡ ✜①❡ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ {1, . . . , k + 2} t❛❧ q✉❡ | S |≤ k✳

❊♠❜♦r❛ ϕS ♥ã♦ s❡❥❛ ✉♠ ❡♥❞♦♠♦r✜s♠♦ Z2✲❣r❛❞✉❛❞♦ ♣❛r❛ ❛ s✉♣❡rá❧❣❡❜r❛ ❧✐✈r❡ K〈Y, Z〉

♦ T2✲✐❞❡❛❧ I é ✐♥✈❛r✐❛♥t❡ s♦❜ ❛ ❛çã♦ ❞❡st❛ ❛♣❧✐❝❛çã♦✳

❆ss✉♠❛ q✉❡ k + 2 ∈ S✳ P❡❧♦ ✐t❡♠ ✭✐✐✮ ❞♦ ▲❡♠❛ ✸✳✻✳✻✱ ♦❜t❡♠♦s

ϕS(gk+2(z1, . . . , zk+2)) ≡ ϕS(gk+1(z1, . . . , zk+1))yk+2
1

2
gk−1(z1, . . . , zk)[zk+1, yk+2]

−
1

2

k∑

i=1

gi(z1, . . . , zi)zi+2 . . . zk+1[zi+1, yk+2]

−
1

2
z2 . . . zk+1[z1, yk+2] (♠♦❞ I),

♥♦✈❛♠❡♥t❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✺✳✸✱ s❡❣✉❡ q✉❡

ϕS(gk+2) ≡ ϕS(gk+1)yk+2 (♠♦❞T2(E)). ✭✸✳✼✮

❙❡❥❛ S ′ = S − {k + 2}✱ ❡♥tã♦ | S ′ |≤ k − 1✱ ❛ss✐♠

ϕS(gk+1(z1, . . . , zk+1) ≡ ϕS′(gk+1(z1, . . . , zk+1)) (♠♦❞T2(E)).

✻✹



P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ ϕS(gk+1) ∈ T2(E)✱ ❡ s❡❣✉❡ ❞❡ ✭✸✳✼✮ q✉❡ ϕS(gk+2) ∈ T2(E).

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ k + 2 6∈ S✳ ❙❡♥❞♦ l ♦ ♠❛✐♦r ❡❧❡♠❡♥t♦ ❞♦ ❝♦♥❥✉♥t♦

{1, . . . , k + 1} − S✱ t❡♠♦s

(v1, . . . , vk+2) = (v1, . . . , vl−1, vl, vl+1, . . . , vk+2)

= (v1, . . . , vl−1, zl, yl+1, . . . , yk+1, zk+2).

❙❡ i = 0, . . . , l−2✱ ❝♦♠♦ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ S∩{i+2, . . . , k+2} é ♥♦ ♠á①✐♠♦

k − i− 1✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ ♦❜t❡♠♦s

ϕS(gk+1−i(zi+2, . . . , zk+2)) ∈ T2(E).

❙❡ i = l, . . . , k✱ ❡♥tã♦ ϕS([z1, zi+1]) = [v1, yi+1] ∈ T2(E)✳ P♦rt❛♥t♦✱ ♣❡❧♦ ✐t❡♠ ✭✐✐✮ ❞♦

▲❡♠❛ ✸✳✻✳✻ ♦❜t❡♠♦s

ϕS(gk+2(z1, . . . , zk+2)) ≡ −
1

2
v2 . . . vl−1[v1, zl]yl+1 . . . yk+1zk+2

−
1

2
v2 . . . vk−1zlyl+1 . . . yk+1[z1, zk+2] (♠♦❞T2(E)).

❈♦♠♦ T2(E) ❝♦♥tê♠ ♦s ♣♦❧✐♥ô♠✐♦s [yi, zj] ❡ zizj+zjzi✱ ❝♦♥❝❧✉í♠♦s ♥♦ss❛ ❞❡♠♦♥str❛çã♦✳

◆♦t❛çã♦ ✸✳✻✳✶✵ ❉❡♥♦t❛r❡♠♦s ♣♦r Jk ♦ T2✲✐❞❡❛❧ ❞❛ s✉♣❡rá❧❣❡❜r❛ K〈Y, Z〉 ❣❡r❛❞♦ ♣♦r

I ❡ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ gk+2(z1, . . . , zk+2)✱ ❡ ♣♦r Jk(p) ♦ T2✲✐❞❡❛❧ ❞❛ s✉♣❡rá❧❣❡❜r❛ K〈Y, Z〉

❣❡r❛❞♦ ♣♦r I(p) ❡ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ gk+2(z1, . . . , zk+2).

▲❡♠❛ ✸✳✻✳✶✶ ◆❛ s✉♣❡rá❧❣❡❜r❛ ❧✐✈r❡ K〈Y, Z〉 t❡♠♦s✿

✭✐✮ z1 . . . zk+2 ≡ −
∑

T 6=∅, |T |é ♣❛r
(−2)−

|T |
2 fT (♠♦❞ Jk)(Jk(p))

✭✐✐✮ z2 . . . zk+2[z1, zk+3] ≡
∑

T ′ βT ′fT ′ (♠♦❞ Jk)(Jk(p))✱ ♣❛r❛ ❛❧❣✉♥s βT ′ ∈ K ❡

T ′ ⊆ {1, . . . , k + 3}✳ ❆❧é♠ ❞✐ss♦ s❡ | T ′ |= 2✱ ❡♥tã♦ 1 6∈ T ′.

❉❡♠♦♥str❛çã♦✿

✭✐✮ ❖ r❡s✉❧t❛❞♦ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ ❉❡✜♥✐çã♦ ✸✳✻✳✺✳

✭✐✐✮ P❡❧♦ ✐t❡♠ ❛♥t❡r✐♦r t❡♠♦s

[z1 . . . zk+2, zk+3] ≡
∑

αT

[∑
fT , zk+3

]
(♠♦❞ Jk).

✻✺



❙❡ fT = zj1 . . . zjb [zt1 , zt2 ] . . . [ztb′−1
, ztb′ ]✱ ❡♥tã♦ ♠ó❞✉❧♦ I t❡♠♦s

[fT , zk+3] ≡
b∑

s=1

zj1 . . . zjs−1zjs+1 . . . zjb [zjs , zk+3][zt1 , zt2 ] . . . [ztb′−1
, ztb′ ]. ✭✸✳✽✮

P♦r ♦✉tr♦ ❧❛❞♦✱

[z2 . . . zk+2, zk+3] ≡
∑

αT

k+2∑

s=1

zj2 . . . zjs−1zjs+1 . . . zjk+2
[zjs , zk+3]. ✭✸✳✾✮

➱ ❢á❝✐❧ ✈❡r q✉❡

z2 . . . zk+2[z1, zk+3] ≡ −z1[z2 . . . zk+2, zk+3] + [z1 . . . zk+2, zk+3] (♠♦❞ I),

❛ss✐♠ ❞❡ ✭✸✳✽✮ ❡ ✭✸✳✾✮ s❡❣✉❡ q✉❡

z2 . . . zk+2[z1, zk+3] ≡ −z1

k+2∑

s=2

z2 . . . zjs−1zjs+1 . . . zk+2[zs, zk+3] +

+
∑

αT

b∑

s=1

zj1 . . . zjs−1zjs+1 . . . zb[zs, zk+3][zt1 , zt2 ] . . . [ztb′−1
, ztb′ ]

❈♦♠♦ I ⊆ Jk✱ ❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✻✮✱ ♦❜t❡♠♦s

z2 . . . zk+2[z1, zk+3] ≡
∑

T ′ βT ′fT ′ (♠♦❞Jk)✱ ♦♥❞❡ T ′ ⊆ {1, . . . , k + 3}.

❈♦♥s✐❞❡r❛♥❞♦ ♦ T2✲✐❞❡❛❧ Jk(p)✱ ❛ ♣r♦✈❛ s❡❣✉❡ ❞❡ ♠♦❞♦ ✐♥t❡✐r❛♠❡♥t❡ ❛♥á❧♦❣♦✳

❖❜s❡r✈❛çã♦ ✸✳✻✳✶✷ ❆tr❛✈és ❞❡ s✉❜st✐t✉✐çõ❡s ♣♦r ✈❛r✐á✈❡✐s ❛❞❡q✉❛❞❛s ♣♦❞❡♠♦s ♦❜t❡r

✉♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ ❛♦ ▲❡♠❛ ✸✳✻✳✶✶ ♣❛r❛ ♦s ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s✳ ❙✉♣♦♥❤❛ k = 1

❡ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p > 3✳ ❈♦♥s✐❞❡r❡ ❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦❣ê♥❡❛ (1, 1, 1)✳

❚❡♠♦s

z1z2z3 ≡
1

2
z1[z2, z3] +

1

2
z2[z1, z3] +

1

2
z3[z1, z2] (♠♦❞ Jk).

❊①❡♠♣❧♦ ✸✳✻✳✶✸ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦❣ê♥❡❛ (2, 1, 0)✱ ♣❡❧♦ ▲❡♠❛

✸✳✻✳✶✶✱ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s ❡q✉✐✈❛❧ê♥❝✐❛s ♠ó❞✉❧♦ Jk
•z21z2 ≡

1
2
z1[z1, z2] +

1
2
z1[z1, z2] = z1[z1, z2]

•z1z2z1 ≡ −1
2
z1[z1, z2] +

1
2
z2[z1, z1] +

1
2
z1[z1, z2] = 0

•z2z
2
1 ≡ 1

2
z2[z1, z1]−

1
2
z1[z1, z2]−

1
2
z1[z1, z2] = −z1[z1, z2].

❖❜s❡r✈❡ q✉❡ s❡ ❝♦♥s✐❞❡r❛r♠♦s ♥♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r ❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦♠♦❣ê♥❡❛

(3, 0, 0)✱ ♦❜t❡♠♦s z31 ≡ 0 ❡ ❡♥tã♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ zp é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡

g3(z1, z2, z3).

✻✻



Pr♦♣♦s✐çã♦ ✸✳✻✳✶✹ P❛r❛ m ≥ 1✱ Γ0,m é ❣❡r❛❞♦ ♠ó❞✉❧♦ Jk ♣♦r

∑

Γ[h]

h−1∑

s=m−(k+1)

(
h− 1

s

)

♣♦❧✐♥ô♠✐♦s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ t♦❞♦ m ≥ 1✱ Γ0,m é ❣❡r❛❞♦ ♠ó❞✉❧♦ Jk(p) ♣♦r

∑

Γ[h]

h−1∑

s=m−(k+1)

(
h− 1

s

)

♣♦❧✐♥ô♠✐♦s✱ ♦♥❞❡ ❛ s♦♠❛ é r❡❛❧✐③❛❞❛ ❡♠ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ♠✉❧t✐❤♦❣ê♥❡❛s

(n1, . . . , nh) t❛✐s q✉❡ ni ≤ p ♣❛r❛ q✉❛❧q✉❡r i = 1, . . . , h.

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ❢♦✐ ❞✐t♦ ♥♦ ✐♥í❝✐♦ ❞❛ s❡çã♦✱ Γ0,m é ❣❡r❛❞♦ ♣♦r s✉❛s ❝♦♠♣♦♥❡♥t❡s

❤♦♠♦❣ê♥❡❛s✳ ❙❡❥❛ Γ[h] ✉♠❛ ❞❡st❛s ❝♦♠♣♦♥❡♥t❡s✱ ❝♦♠♦ ♠❡♥❝✐♦♥❛❞♦ Γ[h] é ❣❡r❛❞♦ ♠ó❞✉❧♦

I ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

fT = z
ri1
i1
. . . z

ris
is

[zj1 , zj2 ] . . . [zjt−1 , zjt ]

♦♥❞❡ T = {j1, . . . , jt}✱ | T |= t é ♣❛r ❡ ♦s í♥❞✐❝❡s i′rs ❡ j′rs ❡stã♦ ♦r❞❡♥❛❞♦s✳

❙✉♣♦♥❤❛ q✉❡ m ≥ k+2✳ ❊♥tã♦ s❡❣✉❡ ❞♦ ▲❡♠❛ ✸✳✻✳✶✶ ❡ ❞❛ ❖❜s❡r✈❛çã♦ ✸✳✻✳✶✷ q✉❡

q✉❛❧q✉❡r ♣♦❧✐♥ô♠✐♦ fT é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s fS ✭♣❡rt❡♥❝❡♥t❡s ❛ ♠❡s♠❛

❝♦♠♣♦♥❡♥t❡✮✳ ❖s ♣♦❧✐♥ô♠✐♦s fS sã♦ ❧✐♥❡❛r❡s ♥♦s ❝♦♠✉t❛❞♦r❡s✳ ❊♥tã♦ ♦ ♥ú♠❡r♦ t♦t❛❧

❞❡ f
′

Ss ❞❡♣❡♥❞❡ ❞♦ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s q✉❡ ❛♣❛r❡❝❡♠ ♥❡❧❡✱ ✐st♦ é✱ ✐❣✉❛❧ ❛ h✳ ❙❡♥❞♦ s ❛

❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ S✱ t❡♠♦s q✉❡ m− s ≤ k+1✳ ❉❡♥♦t❛r❡♠♦s ♣♦r d[h] = d[h](k)

♦ ♥ú♠❡r♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s fS✳ ❯s❛♥❞♦ ❛ r❡❧❛çã♦
(
h
s

)
=
(
h−1
s

)
+
(
h−1
s−1

)
✱ ♦❜t❡♠♦s

♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s ♣❛r❛ d[h] ✿

• ❈❛s♦ ✶✿ ❙❡❥❛ m ≡ k ✭♠♦❞ ✷✮✱ ❡♥tã♦ d[h] =
∑h

s=2

(
h
s

)
=
∑h−1

s=2,m−s≤k+1

(
h−1
s

)
.

• ❈❛s♦ ✷✿ ❙❡❥❛ m ≡ k + 1 ✭♠♦❞ ✷✮✳ ❙❡ m − s = k + 1✱ ♣❡❧♦ ✐t❡♠ ✭✐✐✮ ❞♦ ▲❡♠❛

✸✳✻✳✶✶ t❡♠♦s q✉❡ 1 6∈ S✳ ❈♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s S ❞❡ {1, . . . , h} t❛✐s

q✉❡ 1 ∈ S é
(

h−1
m−(k+1)

)
✱ ❡♥tã♦

d[h] =

(
h− 1

m− (k + 1)

)
+

h∑

s=2,m−s≤k

(
h

s

)

d[h] =

(
h− 1

m− (k + 1)

)
+

h−1∑

s=m−k

(
h− 1

s

)
=

h−1∑

s=m−(k+1)

(
h− 1

s

)
.

✻✼



❆❣♦r❛ s❡ m ≤ k + 1✱ ❡♥tã♦ d[h] =
∑h

s=0, s é ♣❛r

(
h
s

)
=
∑h−1

s=0

(
h−1
s

)
❥á q✉❡

(
h−1
s

)
= 0

♣❛r❛ t♦❞♦ s ≥ h.

❉❡st❡ ♠♦❞♦✱ Γ0,m✱ ♠ó❞✉❧♦ Jk✱ é ❣❡r❛❞♦ ♣♦r

∑

Γ[h]

h−1∑

s=m−(k+1)

(
h− 1

s

)

♣♦❧✐♥ô♠✐♦s✳ ❆❧é♠ ❞✐ss♦✱ ♠ó❞✉❧♦ Jk(p)✱ Γ[h] é ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

fT = z
ri1
i1
. . . z

ris
is

[zj1 , zj2 ] . . . [zjt−1 , zjt ]

♦♥❞❡ T = {j1, . . . , jt}✱ | T | é ♣❛r✱ ♦s í♥❞✐❝❡s i′rs ❡ j′rs ❡stã♦ ♦r❞❡♥❛❞♦s ❡ riq ≤ p − 1✱

♣❛r❛ t♦❞♦ q = 1, . . . , s.

◆♦✈❛♠❡♥t❡✱ ♦ ♥ú♠❡r♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❣❡r❛❞♦r❡s ❞❡♣❡♥❞❡ ❞♦ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s

q✉❡ ♦❝♦rr❡ ❡♠ Γ[h] ❡ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡ t❡♠♦s q✉❡ Γ0,m é ❣❡r❛❞♦✱

♠ó❞✉❧♦ Jk(p)✱ ♣♦r
∑

Γ[h]

∑h−1
s=m−(k+1)

(
h−1
s

)
♣♦❧✐♥ô♠✐♦s✳

❉❡✜♥✐çã♦ ✸✳✻✳✶✺ ❙❡❥❛ Γ[h] ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ♣❛r❛ Γ0,m ❡ l ≤ h ≤ m✳

❉❡✜♥❛

tl(zi1 , . . . , zih) =
∑

σ

Sl(zσ−1(i1), zi2 , . . . , zil)zσ−1(il+1) . . . zσ−1(ih),

tl(p)(zi1 , . . . , zih) =
∑

σ

Sl(zσ−1(i1), zi2 , . . . , zil)zσ−1(il+1) . . . zσ−1(ih),

♦♥❞❡ Sl(u1, . . . , ul) ❞❡♥♦t❛ ♦ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ ❞❡ ❣r❛✉ l ❡ degzis tl(p) < p.

❖❜s❡r✈❛çã♦ ✸✳✻✳✶✻ ❖s ♣♦❧✐♥ô♠✐♦s tl✱ tl(p) ❝♦rr❡s♣♦♥❞❡♠ ❛♦ ❣❛♥❝❤♦ ❞❛ t❛❜❡❧❛ ❨♦✉♥❣

s❡♠✐✲st❛♥❞❛r❞ ❞❛ ♣❛rt✐çã♦ (m− l + 1, 1l−1) = (1 + b, 1m−b−1).

▲❡♠❛ ✸✳✻✳✶✼ ❙❡❥❛ b = m − l ≤ k ❡ p > k✳ ❊♥tã♦ tl ♥ã♦ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛

♣❛r❛ Ek✳ ❙❡ p ≤ k✱ ❡♥tã♦ tl(p) ♥ã♦ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ Ek.

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s s✉♣♦r p > k✳ ❈♦♠♦ b ≤ k ❡①✐st❡♠✱ ♥♦ ♠á①✐♠♦✱

b ❡❧❡♠❡♥t♦s ❝❡♥tr❛✐s ❞❡ ❣r❛✉ í♠♣❛r ❡♠ Ek ❝♦♠ s✉♣♦rt❡s ❞✐s❥✉♥t♦s✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

✐r❡♠♦s ❝♦♥s✐❞❡r❛r ni = deg zi ❡ ♦s ❝♦♥❥✉♥t♦s

S1 = {✈❛r✐á✈❡✐s ❞✐❢❡r❡♥t❡s q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ✧♣❡r♥❛✧❞♦ ❣❛♥❝❤♦} = {z1, . . . , zl−1}

S2 = {✈❛r✐á✈❡✐s q✉❡ ❛♣❛r❡❝❡♠ ❛♣❡♥❛s ♥♦ ✧❜r❛ç♦✧❞♦ ❣❛♥❝❤♦} = {zl, . . . , zh}

✻✽



❈♦♥s✐❞❡r❡♠♦s ❛ s✉❜st✐t✉çã♦ ϕ : K〈Y, Z〉 → E ❞❛❞❛ ♣♦r

z1 7→ e1 + e2ek+2 + . . .+ en1ek+n1

✳✳✳

zl−1 7→ e∑l−2
j=1 nj+1 + e∑l−2

j=1 nj+2ek+
∑l−2

j=1 nj+2 + . . .+ e∑l−1
j=1 nj

ek+
∑l−1

j=1 nj

✳✳✳

zl 7→ e∑l−1
j=1 nj+1 + e∑l−1

j=1 nj+2ek+
∑l−1

j=1 nj+2 + . . .+ e∑l
j=1 nj

ek+
∑l

j=1 nj

✳✳✳

zl+1 7→ e∑l
j=1 nj+1ek+

∑l
j=1 nj+1 + . . .+ e∑l+1

j=1 nj
ek+

∑l+1
j=1 nj

✳✳✳

zh 7→ e∑h−1
j=1 nj+1ek+

∑h−1
j=1 nj+1 + . . .+ e∑h

j=1 nj
ek+

∑h
j=1 nj

❱❛♠♦s ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ♣♦❧✐♥ô♠✐♦ ϕ(tl) q✉❛♥❞♦ l é ♣❛r ♦✉ í♠♣❛r✳

• ❈❛s♦ ✶✿ l é ♣❛r✳ P❛r❛ i ≥ l + 1✱ ♦s z′is sã♦ ❡❧❡♠❡♥t♦s ❝❡♥tr❛✐s✱

❞❡st❡ ♠♦❞♦ Sl(ϕ(zi), ϕ(z1), . . . , ϕ(zl−1)) = 0 ❡ Sl(ϕ(zl), ϕ(z1), . . . , ϕ(zl−1)) =

l!en+1 . . . e∑l−1
j=1 nj+1✳ ◆❡st❡ ❝❛s♦✱ ♦❜t❡♠♦s q✉❡

tl(ϕ(zl), ϕ(z1), . . . , ϕ(zl−1), ϕ(zl+1), . . . , ϕ(zh)) =

±l!
h∏

i=1

n′
i!e1en+1ek+n1 . . . e2ek+2 . . . e∑h

j=1 nj+1 . . . ek+
∑h

j=1 nj

♦♥❞❡ n′
i ∈ {ni, ni − 1}✳ ❈♦♠♦ 0 ≤ m − l ≤ p✱ t❡♠♦s q✉❡ p ♥ã♦ ❛♣❛r❡❝❡ ♥♦

t❡r♠♦ l!
∏h

i=1 n
′
i! ❡ ❞❛í tl ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ Ek✱ ❝♦♠♦ q✉❡rí❛♠♦s

❞❡♠♦♥str❛r✳

• ❈❛s♦ ✷✿ l é í♠♣❛r✳ ◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡

Sl(z1, . . . , zl) =
l∑

j=1

(−1)j+1zjSl−1(z1, . . . , zj−1, zj+1, . . . , zl)

❡ ❛ss✐♠✱

Sl(ϕ(zi), ϕ(z1), . . . , ϕ(zl)) = ϕ(zi)Sl−1(ϕ(z1), . . . , ϕ(zl−1) +

+
∑

(−1)j+1ϕ(zj)Sl−1(ϕ(zi), . . . , ϕ(zl−1).

✻✾



❙❡ i = l✱ ❡♥tã♦✱ ♣❡❧♦ ❝❛s♦ ❛♥t❡r✐♦r t❡♠♦s q✉❡ Sl−1(ϕ(zi), . . . , ϕ(z1−1) 6= 0✱ ❡ ❝♦♠♦

Sl−1(ϕ(z1), . . . , ϕ(z1−1)) t❛♠❜é♠ é ♥ã♦✲♥✉❧♦✱ s❡❣✉❡ q✉❡ Sl 6= 0✳ P♦rt❛♥t♦✱ tl ♥ã♦

é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ Ek.

❙❡ i ≥ l + 1✱ ✈✐♠♦s ♥♦ ❈❛s♦ ✶ q✉❡ Sl−1(ϕ(zi), . . . , ϕ(zl) = 0✳ ❉❡st❡ ♠♦❞♦

Sl = ϕ(zi)Sl−1(ϕ(z1), . . . , ϕ(zl−1)

= ϕ(zi)(l − 1)!e1en1+1 . . . e∑l−1
j=1 nj+1.

❈♦♠♦ ♦ s✉♣♦rt❡ ❞♦s z′js sã♦ t♦❞♦s ❞✐s❥✉♥t♦s✱ t❡♠♦s Sl(zi, z1, . . . , zl−1) 6= 0✳ ▲♦❣♦✱

tl ♥ã♦ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ Ek.

❙✉♣♦♥❞♦ p ≤ k✱ ❛ ♣r♦✈❛ é ✐♥t❡✐r❛♠❡♥t❡ ❛♥á❧♦❣❛ ❡ ❝♦♠♦ degzi = ni < p✱ ♣❛r❛ t♦❞♦

i = 1, . . . , h✱ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

◆♦t❡ q✉❡ ♣❛r❛ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ S1 ⊆ {z1, . . . , zm} ❞❡ ❝❛r❞✐♥❛❧✐❞❛❞❡ l✱ ❡①✐st❡

✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ ♦s q✉❛✐s ❞❡♥♦t❛r❡♠♦s ♣♦r tl(S1)✱ tl(p)(S1)✱ t❛❧ q✉❡

❛s ✈❛r✐á✈❡✐s ❡♠ S1 ❛♣❛r❡❝❡♠ ❛♣❡♥❛s ♥❛ ✧♣❡r♥❛✧❞♦ ❣❛♥❝❤♦ ❞♦s ✈ár✐♦s tl ∈ tl(S1) ♦✉

tl(p) ∈ tl(p)(S1). ❈♦♥s✐❞❡r❡ ♦s ♣♦❧✐♥ô♠✐♦s

t∗l =
∑

S1⊆{z1,...,zm}

∑

tl∈tl(S1)

tl

tl(p)
∗ =

∑

S1⊆{z1,...,zm}

∑

tl(p)∈tl(p)(S1)

tl(p).

◆♦ ♣ró①✐♠♦ ▲❡♠❛✱ s❡rá ♠♦str❛❞♦ q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s ❛❝✐♠❛ ♥ã♦ sã♦ ✐❞❡♥t✐❞❛❞❡s

❣r❛❞✉❛❞❛s ♣❛r❛ Ek✳

▲❡♠❛ ✸✳✻✳✶✽ ❙❡❥❛♠ m ≥ 1 ❡ p > k✳ ❊♥tã♦ t∗l ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ Ek✳ ❙❡

p ≤ k✱ ❡♥tã♦ t∗l (p) ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ Ek.

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡ s✉♣♦♥❤❛ p > k✳ ❋✐①❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s

S = {z1, . . . , zh} ❡ ❝♦♥s✐❞❡r❡ ❛ s✉❜st✐t✉✐çã♦ ϕ t❛❧ q✉❡ ϕ ❛♣❧✐❝❛❞❛ ♥♦s ❡❧❡♠❡♥t♦s ❞❡ S é

✐❞ê♥t✐❝❛ ❛ s✉❜st✐t✉✐çã♦ ✉s❛❞❛ ♥❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✸✳✻✳✶✼✳ P❛r❛ ❝❛❞❛ ✉♠❛ ❞❛s ✈❛r✐á✈❡✐s

r❡♠❛♥❡s❝❡♥t❡s {zh+1, . . . , zm} ✐r❡♠♦s ❢❛③❡r ❛ s❡❣✉✐♥t❡ s✉❜st✐t✉✐çã♦

zh+1 7→ ek+
∑h

j=1 nj+1 + . . .+ ek+
∑h+1

j=1 nj

✳✳✳

zm 7→ ek+
∑m−1

j=1 nj+1 + . . .+ ek+∑m
j=1 nj

.
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❈♦♠ ❡st❛ s✉❜st✐t✉✐çã♦✱ é ❢á❝✐❧ ✈❡r q✉❡✱ ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞✐st✐♥t♦s

❞❡ {z1, . . . , zm} ❛ s✉❜st✐t✉✐çã♦ ϕ ♥♦s ❞á ❡❧❡♠❡♥t♦s ❞✐❢❡r❡♥t❡s ❞❛ ❜❛s❡ ❞❡ E ❝♦♠ ❛❧❣✉♥s

❝♦❡✜❝✐❡♥t❡s✳ P♦rt❛♥t♦ ♣♦❞❡♠♦s ❧✐❞❛r ❛♣❡♥❛s ❝♦♠ ♦s ❣❛♥❝❤♦s ♣r❡❡♥❝❤✐❞♦s ❝♦♠ ♦ ♠❡s♠♦

❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ✧♣❡r♥❛✧❞♦ ❣❛♥❝❤♦ s❡❥❛ ♣r❡❡♥❝❤✐❞❛ ❝♦♠ ✉♠

❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s ❞✐❢❡r❡♥t❡ ❞❛q✉❡❧❡ ✉t✐❧✐③❛❞♦ ♥♦ ▲❡♠❛ ✸✳✻✳✶✼✳ ❉❡st❡ ♠♦❞♦✱ ✉♠

❞♦s ❡❧❡♠❡♥t♦s ❝❡♥tr❛✐s r❡s✐❞❡ ♥❛ ✧♣❡r♥❛✧❞♦ ❣❛♥❝❤♦ ❡ ♣♦rt❛♥t♦ ϕ(tl) = 0✳ P♦r ✐ss♦✱ s❡♠

♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s ❧✐❞❛r ❛♣❡♥❛s ❝♦♠ ♦s ❣❛♥❝❤♦s ❝✉❥❛ ✧♣❡r♥❛✧é ♣r❡❡♥❝❤✐❞❛

❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s {z1, . . . , zh}✳ ❋✐①❡♠♦s ❞♦✐s ❞❡❧❡s✳ ◆♦t❡ q✉❡ s❡ (n1, . . . , nh) ❡

(m1, . . . ,mh) sã♦ ❛s s❡q✉ê♥❝✐❛s ❞❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❛s ✈❛r✐á✈❡✐s {z1, . . . , zh} ❡♠ ❝❛❞❛ ✉♠

❞♦s ❣❛♥❝❤♦s✱ ❡♥tã♦ ❡①✐st❡ j ∈ {1, . . . , h} t❛❧ q✉❡ mj > nj✱ ❡ ❛ s✉❜st✐t✉✐çã♦ ♥♦✈❛♠❡♥t❡

s❡ ❛♥✉❧❛✳ P♦rt❛♥t♦✱ ❛ s✉❜st✐t✉✐çã♦ s❡rá ♥ã♦ ♥✉❧❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t✐✈❡r♠♦s ❛ ✧♣❡r♥❛✧❞♦

❣❛♥❝❤♦ ♣r❡❡♥❝❤✐❞❛ ❝♦♠ ✈❛r✐á✈❡✐s ❤♦♠♦❣ê♥❡❛s ❞❡ ❣r❛✉ (n1, . . . , nh)✱ ♦ q✉❡ ❥á ❢♦✐ ♣r♦✈❛❞♦

♥♦ ▲❡♠❛ ❛♥t❡r✐♦r✳ ❙❡ p ≤ k ❛ ♣r♦✈❛ é ❛♥á❧♦❣❛✳

P❡❧❛ t❡r♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞♦ ❣r✉♣♦ ❧✐♥❡❛r ❣❡r❛❧ GLm✱ t❡♠♦s q✉❡ ❡①✐st❡

✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♥❛t✉r❛❧ ❡♥tr❡ ❝❛❞❛ GLm✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ❡ ❝❡rt♦s ♣♦❧✐♥ô♠✐♦s

❤♦♠♦❣ê♥❡♦s✳ ❙❡❣✉❡ ❞♦ ▲❡♠❛ ✸✳✻✳✶✽ q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s t∗l ❡ t
∗
l (p) ❝♦rr❡s♣♦♥❞❡♠ ❛ ❛❧❣✉♠

GLm✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧✳

Pr♦♣♦s✐çã♦ ✸✳✻✳✶✾ ❙❡❥❛♠ m ≥ 1 ❡ p > k✱ ❡♥tã♦ Γ0,m(Ek) = Γ0,m(Jk)✳ ❙❡ p ≤ k✱

❡♥tã♦ Γ0,m(Ek) = Γ0,m(Jk(p))

❉❡♠♦♥str❛çã♦✿ ❙❡ p > k✱ ❡♥tã♦ Jk ⊆ T2(Ek) ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✻✳✶✹ s❡❣✉❡ q✉❡

C0,m(Ek) = dim
Γ0,m

Γ0,m ∩ T2(Ek)
≤
∑

Γ[h]

d[h] =
∑

Γ[h]

h−1∑

s=m−(k+1)

(
h− 1

s

)
.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉❡ ❞♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❚❡♦r❡♠❛ ✶✳✻✳✶✻ q✉❡ t∗l ❣❡r❛ ✉♠ GLm(K)✲

s✉❜♠ó❞✉❧♦ ✐s♦♠♦r❢♦ ❛ Wm(λ)✳ ❙❡❣✉❡ ❞♦ ✐t❡♠ ✭✐✐✮ ❞♦ ❚❡♦r❡♠❛ ✶✳✻✳✶✺ q✉❡ ❛ ❞✐♠❡♥sã♦

❞❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦♠♦❣ê♥❛ Wm(λ)
(n1,...,nh) é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ λ✲t❛❜❡❧❛s s❡♠✐✲

st❛♥❞❛r❞ ❝♦♠ ❝♦♥t❡ú❞♦ (n1, . . . , nh)✱ ❡ ❛ss✐♠ dimWm(λ)
(n1,...,nh) =

(
h−1
l−1

)
✳ ❈♦♠♦

❡st❛s ❝♦♠♣♦♥❡♥t❡s ✐rr❡❞✉tí✈❡✐s sã♦ t♦❞❛s ❞✐st✐♥t❛s ♣❛r❛ t♦❞♦ l ≥ m − k✱ ♦✉ s❡❥❛✱

l − 1 ≥ m− (k + 1) ♦❜t❡♠♦s

∑

Γ[h]

h−1∑

s=m−(k+1)

(
h− 1

s

)
≤ C0,m(Ek).

✼✶



P♦rt❛♥t♦✱ Γ0,m(Ek) = Γ0,m(Jk)✳

❙❡ p ≤ k✱ ❡♥tã♦ Jk(p) ⊆ (T2(Ek) ❡ ❞❡ ♠♦❞♦ ✐♥t❡✐r❛♠❡♥t❡ ❛♥á❧♦❣♦ ♠♦str❛♠♦s q✉❡

Γ0,m(Ek) = Γ0,m(Jk(p)).

✸✳✻✳✷ ❆ ❡str✉t✉r❛ Γ1,m(Ek)

❊st✉❞❛r❡♠♦s ❛❣♦r❛ ♦ ❡s♣❛ç♦ Γ1,m∩T2(Ek) ♣❛r❛ t♦❞♦ k ≥ 1✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✻✳✾

q✉❡ gk+1(z1, . . . , zk+1) ∈ T2(Ek−1)✱ ❡ ❡♥tã♦ ❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s

[gk+1(z1, . . . , zk+1), y] ✭✸✳✶✵✮

gk+1(z1, . . . , zk+1)[zk+2, y] ✭✸✳✶✶✮

♣❡rt❡♥❝❡♠ ❛ T2(Ek).

❉❡✜♥✐çã♦ ✸✳✻✳✷✵ ❱❛♠♦s ❞❡✜♥✐r J ′
k ❝♦♠♦ ♦ T2✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r I ❡ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

✸✳✶✵ ❡ ✸✳✶✶✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡✜♥✐r❡♠♦s J ′
k(p) ❝♦♠♦ ♦ T2✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r I(p) ❡ ♣❡❧♦s

♣♦❧✐♥ô♠✐♦s ✸✳✶✵ ❡ ✸✳✶✶✳

❖ ♣ró①✐♠♦ ▲❡♠❛ s❡❣✉❡ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ▲❡♠❛ ✸✳✻✳✶✶✳

▲❡♠❛ ✸✳✻✳✷✶ ◆❛ s✉♣❡rá❧❣❡❜r❛ ❧✐✈r❡ K〈Y, Z〉 t❡♠♦s✿

✭✐✮ z1 . . . zk+1[zk+2, y] ≡ −
∑

T 6=∅(−2)−
k+1−|T |

2 fT (♠♦❞J ′
k)(J

′
k(p))

✭✐✐✮ z2 . . . zk+2[z1, y] ≡
∑

T ′ βT ′fT ′ (♠♦❞J ′
k)(J

′
k(p))✱ ♣❛r❛ ❛❧❣✉♥s βT ′ ∈ K ❡

T ′ ⊆ {1, . . . , k + 1}✳ ❆❧é♠ ❞✐ss♦ s❡ | T ′ |= k✱ ❡♥tã♦ 1 ∈ T ′.

❯s❛♥❞♦ ❛r❣✉♠❡♥t♦s ❛♥á❧♦❣♦s àq✉❡❧❡s ❞❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ♥❛ P♦♣♦s✐çã♦ ✸✳✻✳✶✹

♦❜t❡♠♦s✿

Pr♦♣♦s✐çã♦ ✸✳✻✳✷✷ P❛r❛ m ≥ 1✱ Γ1,m é ❣❡r❛❞♦ ♠ó❞✉❧♦ J ′
k ♣♦r

∑

Γ[h]

h−1∑

s=m−k

(
h− 1

s

)

♣♦❧✐♥ô♠✐♦s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ m ≥ 1✱ Γ1,m é ❣❡r❛❞♦ ♠ó❞✉❧♦ J ′
k(p) ♣♦r

∑

Γ[h]

h−1∑

s=m−k

(
h− 1

s

)

♣♦❧✐♥ô♠✐♦s✱ ♦♥❞❡ ❛ s♦♠❛ é ❡①❡❝✉t❛❞❛ ❡♠ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ♠✉❧t✐❤♦♠♦❣ê♥❡❛s

(m1, . . . ,mh) t❛✐s q✉❡ mi ≤ p ♣❛r❛ t♦❞♦ i = 1, . . . , h.

✼✷



❉❡✜♥✐çã♦ ✸✳✻✳✷✸ ❙❡❥❛ Γ[h] ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ♣❛r❛ Γ1,m ❡ l ≤ h ≤ m✳

❉❡✜♥✐r❡♠♦s

ql(y, zi1 , . . . , zil) =
∑

σ

(−1)σ[zσ(i1), y]zσ(i2) . . . zσ(il)

t′l(zi1 , . . . , zih) =
∑

σ

ql(y, zσ−1(i1), zi2 , . . . , zil)zσ−1(il+1) . . . zσ−1(ih)

❡

t′l(p)(zi1 , . . . , zih) =
∑

σ

ql(y, zσ−1(i1), zi2 , . . . , zil)zσ−1(il+1) . . . zσ−1(ih)

♦♥❞❡ degzis t
′(p) < p.

❖❜s❡r✈❛çã♦ ✸✳✻✳✷✹ ❖ ♣♦❧✐♥ô♠✐♦ t′l ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣❛r (1, µm−l)✱ ♦♥❞❡ µm−l é ❛

♣❛rt✐çã♦ (m− l + 1, 1l−1) ⊢ m.

▲❡♠❛ ✸✳✻✳✷✺ ❙❡❥❛♠ b = m− l ≤ k ❡ p > k✳ ❊♥tã♦ t′l ♥ã♦ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛

♣❛r❛ Ek✳ ❙❡ p ≤ k✱ ❡♥tã♦ t′l(p) ♥ã♦ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ Ek.

◆♦t❡ q✉❡ ♣❛r❛ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ S1 ⊆ {z1, . . . , zm} ❞❡ ❝❛r❞✐♥❛❧✐❞❛❞❡ l✱ ❡①✐st❡

✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ ❝❤❛♠❛❞♦s t′l(S1)✱ t′l(p)(S1)✱ t❛✐s q✉❡ ❛s ✈❛r✐á✈❡✐s

❡♠ S1 ♦❝♦rr❡♠ ❛♣❡♥❛s ♥❛ ✧♣❡r♥❛✧❞♦ ❣❛♥❝❤♦ ♣❛r❛ ✈ár✐♦s t′l ∈ t′l(S1) ♦✉ t′l(p) ∈ t′l(S1)(p)✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦s ♣♦❧✐♥ô♠✐♦s

t′l
∗
=

∑

S1⊆{z1,...,zm}

∑

t′
l
∈t′

l
(S1)

t′l,

t′l(p)
∗
=

∑

S1⊆{z1,...,zm}

∑

t′
l
(p)∈t′

l
(S1)(p)

t′l(p).

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ▲❡♠❛ ✸✳✻✳✶✽✱ ♦❜t❡♠♦s

▲❡♠❛ ✸✳✻✳✷✻ ❙❡❥❛♠ m ≥ 1 ❡ p > k✳ ❊♥tã♦ t′l
∗ ♥ã♦ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛

Ek✳ ❙❡ p ≤ k✱ ❡♥tã♦ t′l(p)
∗ ♥ã♦ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ Ek.

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ é ❛♥á❧♦❣❛ à Pr♦♣♦s✐çã♦ ✸✳✻✳✶✾✳

Pr♦♣♦s✐çã♦ ✸✳✻✳✷✼ ❙❡❥❛♠ m ≥ 1 ❡ p > k✳ ❊♥tã♦ Γ1,m(Ek) = Γ1,m(J
′
k)✳ ❙❡ p ≤ k✱

❡♥tã♦ Γ1,m(Ek) = Γ1,m(J
′
k(p)).

✼✸



✸✳✻✳✸ ❖ T2✲✐❞❡❛❧ ♣❛r❛ Ek

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ♣♦r ❉❛ ❙✐❧✈❛ ❡♠ ❬✹✹❪ ✐r❡♠♦s ❣❡♥❡r❛❧✐③❛r ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s

♥❛s ❙❡çõ❡s ✸✳✻✳✶ ❡ ✸✳✻✳✷ ❡ ✜♥❛❧♠❡♥t❡ ❞❡ ♣♦ss❡ ❞❡ss❡s r❡s✉❧t❛❞♦s s❡r❡♠♦s ❝❛♣❛③❡s ❞❡

❞❡s❝r❡✈❡r ✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ Ek.

◆♦t❛çã♦ ✸✳✻✳✷✽ ❙❡ l ≡ 0 ✭♠♦❞ ✷✮✱ ❝♦♥s✐❞❡r❡ Jk ♦ T2✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r I ❡ ♣❡❧♦s

♣♦❧✐♥ô♠✐♦s✿

[y1, y2] . . . [yk−1, yk][yk+1, x] ✭ s❡ ❦ é ♣❛r✱ k ≥ l + 1✮ ✭✸✳✶✷✮

[y1, y2] . . . [yk, yk+1][yk+1, x] ✭ s❡ ❦ é í♠♣❛r✱ l ≥ k + 1✮ ✭✸✳✶✸✮

gk−l+2(z1, . . . , zk−l+2)[y1, y2] . . . [yl−1, yl] ✭ s❡ ❦ é ♣❛r✱ l ≤ k✮ ✭✸✳✶✹✮

▲❡♠❛ ✸✳✻✳✷✾ ❙❡ l ≡ 0 ✭♠♦❞ ✷✮✱ ❡♥tã♦ Jk ⊆ T2(Ek).

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ E(0)
k ♣♦ss✉✐ ♥♦ ♠á①✐♠♦ k ❡❧❡♠❡♥t♦s ❝♦♠ s✉♣♦rt❡s ❞✐s❥✉♥t♦s✱

♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❛s ❣❛✈❡t❛s ❞❡ ❉✐r✐❝❤❧❡t✱ t❡♠♦s q✉❡ ♥♦s ♣♦❧✐♥ô♠✐♦s ✭✸✳✶✷✮ ❡ ✭✸✳✶✸✮ ❛❧❣✉♠

❞♦s e′is ♣❛r❛ i = 1, . . . , k s❡ r❡♣❡t❡✳ P♦rt❛♥t♦ ❡st❡s ♣♦❧✐♥ô♠✐♦s ♣❡rt❡♥❝❡♠ ❛ T2(Ek)✳

❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✻✳✾✱ t❡♠♦s gk−l+2 ∈ T2(Ek−l) ❡ s❡❣✉❡ ❞♦ ▲❡♠❛ ✸✳✻✳✷ q✉❡

✭✸✳✶✹✮ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ Ek.

◆♦t❛çã♦ ✸✳✻✳✸✵ ❙❡ l ≡ 1 ✭♠♦❞ ✷✮✱ ❝♦♥s✐❞❡r❡ J ′
k ♦ T2✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r I ❡ ♣❡❧♦s

♣♦❧✐♥ô♠✐♦s✿

[y1, y2] . . . [yl−1, yl][yl+1, yl+2] ✭ s❡ l ≥ k + 2 ✮ ✭✸✳✶✺✮

[y1, y2] . . . [yk−1, yk][yk+1, x] ✭ s❡ k é ♣❛r✱ l = k + 1 ✮ ✭✸✳✶✻✮

[y1, y2] . . . [yk, yk+1] ✭ s❡ k é í♠♣❛r✱ l ≥ k + 1✮ ✭✸✳✶✼✮

[gk−l+2(z1, . . . , zk−l+2), y1][y2, y3] . . . [yl−1, yl] ✭ s❡ l ≤ k✮ ✭✸✳✶✽✮

gk−l+2(z1, . . . , zk−l+2)[zk−l+3, y1][y2, y3] . . . [yl−1, yl] ✭ s❡ l ≤ k✮ ✭✸✳✶✾✮

❯s❛♥❞♦ ❛r❣✉♠❡♥t♦s ❛♥á❧♦❣♦s àq✉❡❧❡s ✉s❛❞♦s ♥♦ ▲❡♠❛ ✸✳✻✳✷✾ ♦❜t❡♠♦s✿

▲❡♠❛ ✸✳✻✳✸✶ ❙❡ l ≡ 1 ✭♠♦❞ ✷✮✱ ❡♥tã♦ J ′
k ⊆ T2(Ek).

❆❣♦r❛ s♦♠♦s ❝❛♣❛③❡s ❞❡ ❞❡s❝r❡✈❡r ♦ T2✲✐❞❡❛❧ ❞❡ Ek.

❚❡♦r❡♠❛ ✸✳✻✳✸✷ ❙❡❥❛ T2(Ek) ♦ T2✲✐❞❡❛❧ ♣❛r❛ Ek✳ ❋❛③❡♥❞♦ X = Y ∪Z✱ s❡ p > k ❡♥tã♦

T2(Ek) é ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s✿

• [x1, x2, x3]

✼✹



• [y1, y2] . . . [yk−1, yk] ✭ s❡ k é í♠♣❛r✮

• [y1, y2] . . . [yk, yk+1][yk+1, x] ✭ s❡ k é ♣❛r✮

• gk−l+2(z1, . . . , zk−l+2)[y1, y2] . . . [yl−1, yl] ✭ s❡ l ≤ k✱ l é í♠♣❛r✮

• [gk−l+2(z1, . . . , zk−l+2), y1][y2, y3] . . . [yl−1, yl] ✭ s❡ l ≤ k✱ l é í♠♣❛r✮

• gk−l+2(z1, . . . , zk−l+2)[z, y1][y2, y3] . . . [yl−1, yl] ✭ s❡ l ≤ k✱ l é í♠♣❛r✮✳

❙❡ p ≤ k ❛❞✐❝✐♦♥❡ à ❧✐st❛ ❛❝✐♠❛ ❛ ✐❞❡♥t✐❞❛❞❡

• zp✳

❉❡♠♦♥str❛çã♦✿ ❉❡♥♦t❡ ♣♦r Pk ♦ T2✲ ✐❞❡❛❧ ❞❡ K〈Y ∪ Z〉 ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

❧✐st❛❞♦s ❛❝✐♠❛✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣❛r✐❞❛❞❡ ❞❡ k✳ ■r❡♠♦s ♠♦str❛r q✉❡ T2(Ek) = Pk✳ ■ss♦

s❡rá ❢❡✐t♦ ♣❛r❛ p > k✱ ❡ ♦ ❝❛s♦ p ≤ k s❡❣✉❡ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦✳ ❙❡❣✉❡ ❞♦s ▲❡♠❛s ✸✳✻✳✷✾

❡ ✸✳✻✳✸✶ q✉❡ Pk ⊆ T2(Ek)✳

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ Γl,m ∩ T2(Ek) ⊆ Γl,m ∩ Pk✳ ❊st✉❞❛r❡♠♦s s❡♣❛r❛❞❛♠❡♥t❡

♦s ❝❛s♦s ❡♠ q✉❡ k ❡ l tê♠ ❛ ♠❡s♠❛ ♣❛r✐❞❛❞❡✳ ❈♦♠♦ I = 〈[x1, x2, x3]〉
T2 ✱ é ✐♠❡❞✐❛t♦ q✉❡

I ⊆ Pk.

• ❈❛s♦ ✶✿ ❙✉♣♦♥❤❛ k ❡ l ♣❛r❡s✳

❉❛❞♦ f(y1, . . . , yl, z1, . . . , zt) ∈ Γl,m∩T2(Ek)✱ ❝♦♠♦ l é ♣❛r✱ ♣❡❧♦ ✐t❡♠ ✭✐✮ ❞♦ ▲❡♠❛

✸✳✻✳✷✱ ❡①✐st❡ g(z1, . . . , zt) ∈ Γ0,m t❛❧ q✉❡

f ≡ g[y1, y2] . . . [yl−1, yl] (♠♦❞ I).

❈♦♠♦ I ⊆ Pk✱ t❡♠♦s

f ≡ g[y1, y2] . . . [yl−1, yl] (♠♦❞Pk).

❏á q✉❡ [y1, y2] . . . [yk−1, yk][yk+1, x] ∈ Pk✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ l ≤ k✱ ❡ ❛ss✐♠

♣❡❧♦ ✐t❡♠ ✭✐✐✐✮ ❞♦ ▲❡♠❛ ✸✳✻✳✷ ♦❜t❡♠♦s q✉❡ g ∈ T2(Ek−l)✳ ❋❛ç❛♠♦s h = k − l✱

♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✻✳✶✾✱ t❡♠♦s q✉❡ g ∈ Jh✳ P♦rt❛♥t♦✱ ❡①✐st❡♠ ♠♦♥ô♠✐♦s vi✱

wi ∈ K〈Y ∪ Z〉 ❡ ❛❧❣✉♥s ❡♥❞♦♠♦r✜s♠♦s ❣r❛❞✉❛❞♦s ϕi ❞❛ s✉♣❡rá❧❣❡❜r❛ ❧✐✈r❡ t❛❧

q✉❡

g ≡
∑

i

viϕi(gh+2)wi (♠♦❞ I).

✼✺



❙❛❜❡♠♦s q✉❡ ♦s ❝♦♠✉t❛❞♦r❡s [x1, x2] sã♦ ❡❧❡♠❡♥t♦s ❝❡♥tr❛✐s ♥❛ s✉♣❡rá❧❣❡❜r❛

K〈Y ∪ Z〉/I✱ ❧♦❣♦

f ≡ g[y1, y2] . . . [yl−1, yl] ≡
∑

i

viϕi(gh+2)[y1, y2] . . . [yl−1, yl]wi (♠♦❞ I).

◆♦t❡ q✉❡ gh+2(z1, ..., zt′ )✱ t
′
≤ h + 2 ❡ [y1, y2] . . . [yl−1, yl] sã♦ ♣♦❧✐♥ô♠✐♦s ❡♠

❝♦♥❥✉♥t♦s ❞✐st✐♥t♦s ❞❡ ✈❛r✐á✈❡✐s✱ ❞❡st❡ ♠♦❞♦ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ϕi(yj) = yj✱

♣❛r❛ t♦❞♦ i, j✳ ❆ss✐♠ ❝❛❞❛ ♣❛r❝❡❧❛ ❞♦ s♦♠❛tór✐♦ ❛♥t❡r✐♦r é ✉♠ ❡❧❡♠❡♥t♦ ❞♦

T2✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r gh+2[y1, y2] . . . [yl−1, yl] ❡ ❡st❡s sã♦ ♦s ❣❡r❛❞♦r❡s ❞❡ Pk✱ ❝♦♠♦

I ⊆ Pk✱ ❝♦♥❝❧✉í♠♦s q✉❡ f ∈ Γl,m ∩ Pk.

• ❈❛s♦ ✷✿ ❙❡❥❛♠ k ❡ l í♠♣❛r❡s✳

❙❡❥❛ f(y1, . . . , yl, z1, . . . , zt) ∈ Γl,m ∩ T2(Gk). ❈♦♠♦ l é í♠♣❛r✱ ♣❡❧♦ ✐t❡♠ ✭✐✮ ❞♦

▲❡♠❛ ✸✳✻✳✸ ❡①✐st❡ g ∈ Γ1,m t❛❧ q✉❡

f ≡ g(z1, . . . , zt, y1)[y2, y3] . . . [yl−1, yl] (mod I).

❏á q✉❡ I ⊆ Pk✱ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❛❝✐♠❛ t❛♠❜é♠ é ✈á❧✐❞❛ ♠ó❞✉❧♦ Pk✳ ❉❡ ♠♦❞♦

❛♥á❧♦❣♦ ❛♦ ❈❛s♦ ✶✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ l ≤ k✳ ❆ss✐♠ ♣❡❧♦ ✐t❡♠ ✭✐✐✐✮ ❞♦ ▲❡♠❛

✸✳✻✳✸ ♦❜t❡♠♦s q✉❡ g ∈ T2(Ek−l+1)✳ ❋❛ç❛♠♦s h = k−l+1✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✻✳✷✼✱

t❡♠♦s q✉❡ g ∈ Jh′ ✳ P♦rt❛♥t♦✱ ❡①✐st❡♠ ♠♦♥ô♠✐♦s vi, wi, bi, ci ∈ K〈Y ∪Z〉 ❡ ❛❧❣✉♥s

❡♥❞♦♠♦r✜s♠♦s ❣r❛❞✉❛❞♦s ϕi ❞❛ s✉♣❡rá❧❣❡❜r❛ ❧✐✈r❡✱ t❛✐s q✉❡

g ≡
∑

i

viϕi([gh+1, y1])wi + biϕi(gh+1[z, y1])ci (modI).

❈♦♠♦ ♦s ❝♦♠✉t❛❞♦r❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞♦✐s sã♦ ❡❧❡♠❡♥t♦s ❝❡♥tr❛✐s ♥❛

s✉♣❡rá❧❣❡❜r❛ K〈Y ∪ Z〉/I✱ ♦❜t❡♠♦s✿

f ≡
∑

i

(viϕi([gh+1, y1])wi + biϕi(gh+1[z, y1])ci)[y2, y2] . . . [yl−1, yl]wi (modI).

❈♦♠♦ Y ∩ Z = ∅ ✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ϕi(yj) = yj✱ ♣❛r❛ t♦❞♦ i, j✳ P♦rt❛♥t♦✱

❝❛❞❛ ♣❛r❝❡❧❛ ❞♦ s♦♠❛tór✐♦ ❛♥t❡r✐♦r é ✉♠ ❡❧❡♠❡♥t♦ ❞♦ T2✲✐❞❡❛❧ ❣❡r❛❞♦r ♣♦r

[gh+1, y1] ❡ gh+1[z, y1])ci)[y2, y2] . . . [yl−1, yl] ❡ ❡st❡s sã♦ ♦s ❣❡r❛❞♦r❡s ❞❡ Pk✳ ❈♦♠♦

I ⊆ Pk✱ ❝♦♥❝❧✉í♠♦s q✉❡ f ∈ Pk✳

❙❡ k ❡ l t✐✈❡r❡♠ ♣❛r✐❞❛❞❡s ❞✐❢❡r❡♥t❡s ✉s❛♠♦s ❛r❣✉♠❡♥t♦s ❛♥á❧♦❣♦s ❛♦s ✉t✐❧✐③❛❞♦s

♥♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✳ ❊ ♣♦r ✜♠ s❡ p ≤ k ❡♥tã♦ zp ♥ã♦ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡

✼✻



gk−l+2(z1, . . . , zk−l+2)✱ ♣♦r ✐ss♦ ❞❡✈❡♠♦s ❛❝r❡s❝❡♥t❛r zp ❛♦ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞♦ T2✲✐❞❡❛❧

❞❡ Ek.

✼✼



❈❛♣ít✉❧♦ ✹

P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ♣❛r❛ ❛ ➪❧❣❡❜r❛ ❞❡

●r❛ss♠❛♥♥

❖ ♦❜❥❡t✐✈♦ ❞❡ss❡ ❝❛♣ít✉❧♦ é ❞❛r ✉♠❛ ❞❡s❝r✐çã♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❛ á❧❣❡❜r❛

❞❡ ●r❛ss♠❛♥♥ E s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳ ❚❛❧

❞❡s❝r✐çã♦ ❢♦✐ ❞❛❞❛ ♣♦r ❇r❛♥❞ã♦✱ ❑♦s❤❧✉❦♦✈✱ ❑r❛s✐❧♥✐❦♦✈ ❡ ❉❛ ❙✐❧✈❛ ❡♠ ❬✼❪✱ ❡ ♥♦

♠❡s♠♦ tr❛❜❛❧❤♦✱ ✉t✐❧✐③❛♥❞♦✲s❡ ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❙❤❝❤✐❣♦❧❡✈ ❬✹✷❪✱ ❢♦✐ ♣r♦✈❛❞♦ q✉❡ s❡

charK = p > 2✱ ❡♥tã♦ C(E) ♥ã♦ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ✉♠ ❚✲❡s♣❛ç♦✳ ❊ss❡ é ♦

♣r✐♠❡✐r♦ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝✉❥♦ ❚✲❡s♣❛ç♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♥ã♦

é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❊♠ t♦❞♦ ❝❛♣ít✉❧♦ K〈X〉 ❞❡♥♦t❛rá ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❛ss♦❝✐❛t✐✈❛ ✉♥✐tár✐❛ s♦❜r❡ K

❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ X = {x0, x1, . . .}.

✹✳✶ Pr❡❧✐♠✐♥❛r❡s

◆❡st❛ s❡çã♦ ✈❡r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ✉té✐s ♥♦ ❞❡❝♦rr❡r ❞♦ ❝❛♣ít✉❧♦✳

❈♦♠♦ ✈✐♠♦s ♥♦ ❚❡♦r❡♠❛ ✷✳✶✳✷✱ T (E) = T = 〈[x1, x2, x3]〉
T ❡ ♣❛r❛ ♣r♦✈❛r ♦s ♣r✐♥❝✐♣❛✐s

r❡s✉❧t❛❞♦s ❞♦ ❝❛♣ít✉❧♦✱ ♣r❡❝✐s❛r❡♠♦s ❞❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❚✲✐❞❡❛❧ T.

▲❡♠❛ ✹✳✶✳✶ ❙❡❥❛ K ✉♠ ❝♦r♣♦✳ P❛r❛ q✉❛✐sq✉❡r g1, g2, g3, g4 ∈ K〈X〉 t❡♠♦s✿

✭✐✮ ❖s ❡❧❡♠❡♥t♦s [g1, g2] + T sã♦ ❝❡♥tr❛✐s ❡♠ K〈X〉
T

;

✭✐✐✮ [g1, g2][g3, g4] + T = −[g1, g3][g2, g4] + T.



❉❡♠♦♥str❛çã♦✿

✭✐✮ ➱ ✐♠❡❞✐❛t❛✳

✭✐✐✮ ❙❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✶✳✶✳

▲❡♠❛ ✹✳✶✳✷ P❛r❛ q✉❛✐sq✉❡r g1, g2 ∈ K〈X〉 t❡♠♦s✿

✭✐✮ [gn1 , g2] ≡ ngn−1
1 [g1, g2] (♠♦❞T )

✭✐✐✮ (g1g2)
n ≡ gn1 g

n
2 + n(n−1)

2
gn−1
1 gn−1

2 [g2, g1] (♠♦❞T )

✭✐✐✐✮ (g1 + g2)
n ≡

∑n
j=0

(
n
j

)
gn−j
1 gj2 +

n(n−1)
2

(g1 + g2)
n−2[g1, g2] (♠♦❞ ❚)

❉❡♠♦♥str❛çã♦✿

✭✐✮ ❆ ♣r♦✈❛ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ ❡q✉❛çã♦ ✭✶✳✷✮ ❡ ❞♦ ✐t❡♠ ✭✐✮ ❞♦ ▲❡♠❛ ✹✳✶✳✶✳

✭✐✐✮ ❋❛r❡♠♦s ✐♥❞✉çã♦ s♦❜r❡ n✳ P❛r❛ n = 1 é ✐♠❡❞✐❛t♦✳ ❙✉♣♦♥❤❛ q✉❡ ❛ r❡❧❛çã♦ é ✈á❧✐❞❛

♣❛r❛ n− 1✱ ♦✉ s❡❥❛✱

(g1g2)
n−1 ≡ gn−1

1 gn−1
2 +

(n− 1)(n− 2)

2
gn−2
1 gn−2

2 [g2, g1] (♠♦❞T ).

▼♦str❡♠♦s q✉❡ ♦ r❡s✉❧t❛❞♦ é ✈á❧✐❞♦ ♣❛r❛ n✱

(g1g2)
n = (g1g2)(g1g2)

n−1

≡ (g1g2)

(
gn−1
1 gn−1

2 +
(n− 1)(n− 2)

2
gn−2
1 gn−2

2 [g2, g1]

)
(♠♦❞T )

≡ g1g2g
n−1
1 gn−1

2 +
(n− 1)(n− 2)

2
g1g2g

n−2
1 gn−2

2 [g2, g1] (♠♦❞T )

≡ g1(g
n−1
1 g2 + [g2, g

n−1
1 ])gn−1

2 +
(n− 1)(n− 2)

2
g1(g

n−2
1 g2 +

+ [g2, g
n−2
1 ])gn−2

2 [g2, g1] (♠♦❞T )

≡ gn1 g
n
2 + g1[g2, g

n−1
1 ]gn−1

2 +
(n− 1)(n− 2)

2
gn−1
1 gn−1

2 [g2, g1] +

+
(n− 1)(n− 2)

2
g1[g2, g

n−2
1 ]gn−2

2 [g2, g1] (♠♦❞T ).

❙❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✶✳✶ q✉❡ [g2, g
n−2
1 ][g2, g1] ∈ T ✱ ❡ ❛ss✐♠

(g1g2)
n ≡ gn1 g

n
2 + g1[g2, g

n−1
1 ]gn−1

2 +
(n− 1)(n− 1)

2
gn−1
1 gn−1

2 [g2, g1] (♠♦❞T ).

✼✾



P❡❧♦ ✐t❡♠ ✭✐✮ ♦❜t❡♠♦s q✉❡

(g1g2)
n ≡ gn1 g

n
2 + g1

(
(n− 1)gn−2

1 [g2, g1]
)
gn−1
2 +

(n− 1)(n− 2)

2
gn−1
1 gn−1

2 [g2, g1] (♠♦❞T )

≡ gn1 g
n
2 + (n− 1)gn−1

1 gn−2
2 [g2, g1] +

(n− 1)(n− 2)

2
gn−1
1 gn−1

2 [g2, g1] (♠♦❞T )

≡ gn1 g
n
2 +

n(n− 1)

2
gn−1
1 gn−1

2 [g2, g1] (♠♦❞T ).

✭✐✐✐✮ ❋❛r❡♠♦s ♥♦✈❛♠❡♥t❡ ✐♥❞✉çã♦ s♦❜r❡ n✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ❛ r❡❧❛çã♦ é ✈á❧✐❞❛ ♣❛r❛

n = 1, 2 ❡ 3✳ ❙✉♣♦♥❤❛ ✈❡r❞❛❞❡✐r♦ ♣❛r❛ n− 1 ❡ n− 2✱ ♦✉ s❡❥❛✱

(g1 + g2)
n−1 ≡

n−1∑

j=0

(
n− 1

j

)
gn−1−j
1 gj2 +

(n− 1)(n− 2)

2
(g1 + g2)

n−3[g2, g1] (♠♦❞T )

✭✹✳✶✮

❡

(g1+ g2)
n−2 ≡

n−2∑

j=0

(
n− 2

j

)
gn−2−j
1 gj2 +

(n− 2)(n− 3)

2
(g1+ g2)

n−4[g2, g1] (♠♦❞T ).

✭✹✳✷✮

■r❡♠♦s ♠♦str❛r q✉❡ ♦ r❡s✉❧t❛❞♦ é ✈á❧✐❞♦✱ ♠ó❞✉❧♦ T ✱ ♣❛r❛ n ≥ 4✳ P♦r ❤✐♣ót❡s❡ ❞❡

✐♥❞✉çã♦✱ t❡♠♦s q✉❡

(g1 + g2)
n ≡ (g1 + g2)(g1 + g2)

n−1 (♠♦❞T )

(g1 + g2)
n ≡

n−1∑

j=0

(
n− 1

j

)
gn−j
1 gj2 +

n−1∑

j=0

(
n− 1

j

)
g2g

n−1−j
1 gj2 +

+
(n− 1)(n− 2)

2
(g1 + g2)

n−2[g2, g1] (♠♦❞T )

≡
n−1∑

j=0

(
n− 1

j

)
gn−j
1 gj2 +

n−1∑

j=1

(
n− 1

j

)(
g
n−(j+1)
1 gj+1

2 + [g2, g
n−(j+1)
1 ]gj2

)
+

+
(n− 1)(n− 2)

2
(g1 + g2)

n−2[g2, g1] (♠♦❞T )

≡ gn1 +
n−1∑

j=1

(
n− 1

j

)
gn−j
1 gj2 +

n−1∑

j=1

(
n− 1

j − 1

)
gn−j
1 gj2 + gn2 +

+
n−1∑

j=0

(
n− 1

j

)
[g2, g

n−(j+1)
1 ]gj2 +

(n− 1)(n− 2)

2
(g1 + g2)

(n−2)[g2, g1] (♠♦❞T ).

✽✵



❙❡❣✉❡ ❞♦ ✐t❡♠ ✭✐✮ q✉❡

(g1 + g2)
n ≡ gn1 +

n−1∑

j=1

(
n− 1

j

)
gn−j
1 gj2 +

n−1∑

j=1

(
n− 1

j − 1

)
gn−j
1 gj2 + gn2 +

+
n−1∑

j=0

(
n− 1

j

)
(n− j − 1)gn−j−2

1 gj2[g2, g1] +

+
(n− 1)(n− 2)

2
(g1 + g2)

(n−2)[g2, g1] (♠♦❞T )

≡ gn1 +
n−1∑

j=1

(
n

j

)
gn−j
1 gj2 + gn2 + (n− 1)

(
n−2∑

j=0

(
n− 2

j

)
gn−2−j
1 gj2

)
[g2, g1] +

+
(n− 1)(n− 2)

2
(g1 + g2)

n−2[g2, g1] (♠♦❞T )

❡ ♣❡❧❛ r❡❧❛çã♦ ✭✹✳✷✮✱ ♦❜t❡♠♦s

(g1 + g2)
n ≡

n∑

j=0

(
n

j

)
gn−j
1 gj2 + (n− 1)(g1 + g2)

n−2[g2, g1]−

−
(n− 1)(n− 2)(n− 3)

2
(g1 + g2)

n−4[g2, g1][g2, g1] +

+
(n− 1)(n− 2)

2
(g1 + g2)

n−2[g2, g1] (♠♦❞T )

❝♦♠♦ [g2, g1][g2, g1] ∈ T ✱

(g1 + g2)
n ≡

n∑

j=0

(
n

j

)
gn−j
1 gj2 + (n− 1)(g1 + g2)

n−2[g2, g1] +

+
(n− 1)(n− 2)

2
(g1 + g2)

n−2[g2, g1] (♠♦❞T )

≡
n∑

j=0

(
n

j

)
gn−j
1 gj2 +

n(n− 1)

2
(g1 + g2)

n−2[g2, g1] (♠♦❞T ).

▲❡♠❛ ✹✳✶✳✸ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p > 2✳ P❛r❛ q✉❛✐sq✉❡r g, g1, g2 ∈ K〈X〉

t❡♠♦s✿

✭✐✮ ❖s ❡❧❡♠❡♥t♦s gp + T sã♦ ❝❡♥tr❛✐s ❡♠ K〈X〉
T

❀

✭✐✐✮ (g1g2)
p + T = gp1g

p
2 + T ❀

✭✐✐✐✮ (g1 + g2)
p + T = gp1 + gp2 + T ✳

❉❡♠♦♥str❛çã♦✿

✽✶



✭✐✮ P❡❧♦ ✐t❡♠ ✭✐✮ ❞♦ ▲❡♠❛ ✹✳✶✳✶✱ ♦s ❡❧❡♠❡♥t♦s [g1, g2] + T sã♦ ❝❡♥tr❛✐s ❡♠ K〈X〉
T

✳ P♦r

✐♥❞✉çã♦ é ♣♦ssí✈❡❧ ♠♦str❛r q✉❡✿

[g1, g, . . . , g︸ ︷︷ ︸
n

] =
n∑

j=0

(−1)j
(
n

j

)
gjg1g

n−j,

♣❛r❛ n ≥ 1 ❡♠ t♦❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ ◗✉❛♥❞♦ n = p✱ ♠ó❞✉❧♦ T ✱ t❡♠♦s✿

[g1, g, . . . , g] = g1g
p − gpg1 = [g1, g

p]

❈♦♠♦ [g1, g, . . . , g] ∈ T ✱ t❡♠♦s q✉❡ gp + T é ✉♠ ❡❧❡♠❡♥t♦ ❝❡♥tr❛❧ ♣❛r❛ K〈X〉
T
.

✭✐✐✮ P❡❧♦ ✐t❡♠ ✭✐✐ ✮ ❞♦ ▲❡♠❛ ✹✳✶✳✷✱ t❡♠♦s q✉❡

(g1g2)
n ≡ gn1 g

n
2 +

n(n− 1)

2
gn−1
1 gn−1

2 [g1, g2] (♠♦❞ ❚).

❈♦♠♦ charK = p > 2,

(g1g2)
p ≡ gp1g

p
2 (♠♦❞ ❚).

❆ss✐♠ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ (g1g2)
p + T = gp1g

p
2 + T.

✭✐✐✐✮ ❙❡❣✉❡ ❞♦ ✐t❡♠ ✭✐✐✮ ❞♦ ▲❡♠❛ ✹✳✶✳✷ q✉❡

(g1 + g2)
n ≡

n∑

j=0

(
n

j

)
gn−j
1 gj2 +

n(n− 1)

2
(g1 + g2)

n−2[g1, g2] (♠♦❞ ❚).

❈♦♠♦ charK = p > 2 t❡♠♦s

(g1 + g2)
p ≡ gp1 + gp2 (♠♦❞ ❚).

P♦rt❛♥t♦✱ (g1 + g2)
p + T = gp1 + gp2 + T.

Pr♦♣♦s✐çã♦ ✹✳✶✳✹ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p 6= 2✳ ❊♥tã♦ ♦ K✲

❡s♣❛ç♦ ✈❡t♦r✐❛❧ K〈X〉
T

t❡♠ ❝♦♠♦ ❜❛s❡

xn1
i1
xn2
i2
. . . xns

is
[xj1 , xj2 ] . . . [xj2r−1 , xj2r ] + T ✭✹✳✸✮

♦♥❞❡ s, r ≥ 0✱ i1 < i2 < . . . < is✱ j1 < j2 < ... < j2r✱ nk > 0 ♣❛r❛ t♦❞♦ ❦✳

❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ ❞❡ss❛ ♣r♦♣♦s✐çã♦✱ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✶✶

❡ ❞♦ ▲❡♠❛ ✹✳✶✳✶✳

✽✷



▲❡♠❛ ✹✳✶✳✺ ❙❡❥❛♠ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ 6= 2 ❡ g = g(x2, . . . , xl) ∈

K〈X〉 ✉♠ ♣♦❧✐♥ô♠✐♦ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ x1✳ ❙✉♣♦♥❤❛ q✉❡ x1g + T é ❝❡♥tr❛❧ ❡♠ K〈X〉
T

✳

❊♥tã♦ g ∈ T.

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❞♦ q✉❡ x1g + T é ❝❡♥tr❛❧ ❡♠ K〈X〉
T

✱ t❡♠♦s q✉❡ [x0, x1g] ∈ T ✳

❱✐♠♦s q✉❡ T = T (E)✱ ♣♦rt❛♥t♦ [x0, x1g] t❛♠❜é♠ ♣❡rt❡♥❝❡ ❛ T (E)✳ ❙❡❣✉❡ ❞❛ ❉❡✜♥✐çã♦

❞❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s q✉❡ x1g ∈ C(E)✳ ❈♦♠♦ ❡st❛♠♦s ❧✐❞❛♥❞♦ ❝♦♠ ✉♠❛ á❧❣❡❜r❛

✉♥✐tár✐❛ ♣♦❞❡♠♦s s✉❜st✐t✉✐r x1 = 1✱ ❡ ❞❛í g ♣❡rt❡♥❝❡ ❛ C(E)✳ ❯s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✶✮

♦❜t❡♠♦s

[x0, x1g] = x1[x0, g] + [x0, x1]g. ✭✹✳✹✮

▲♦❣♦ [x0, x1]g ∈ T ✱ ❡ ❞❛í s❡❣✉❡ q✉❡ g ∈ T ✳ ❈♦♠ ❡❢❡✐t♦✱ s❡ g 6∈ T ❡①✐st❡♠ w2, . . . , wl ∈ E

t❛✐s q✉❡ 0 6= g(w2, . . . , wl) ∈ E ❡ s✉❜st✐t✉✐♥❞♦ x0 = ei ❡ x1 = ej t❛✐s q✉❡ ei ❡ ej ♥ã♦

❛♣❛r❡❝❡♠ ❡♠ g(w2, . . . , wl) t❡♠♦s [ei, ej]g(w2, . . . , wl) = 2e1ejg(w2, . . . , wl) 6= 0 ✉♠❛

❝♦♥tr❛❞✐çã♦✳

▲❡♠❛ ✹✳✶✳✻ ❙❡❥❛♠ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ 6= 2 ❡ f = f(x1, x2, . . . , xn) ∈

K〈X〉 ✉♠ ♣♦❧✐♥ô♠✐♦ ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ ✶ ❡♠ x1✳ ❙✉♣♦♥❤❛ q✉❡ f + T s❡❥❛ ❝❡♥tr❛❧ ❡♠
K〈X〉
T

✳ ❊♥tã♦ f + T ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉
T

❣❡r❛❞♦ ♣♦r [x1, x2] + T.

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f =
∑

i αiaix1bi ✱ ♦♥❞❡ αi ∈ K ❡ ai✱ bi sã♦ ♠♦♥ô♠✐♦s

✭❛❧❣✉♥s ❞❡❧❡s ♣♦ss✐✈❡❧♠❡♥t❡ ✐❣✉❛✐s ❛ ✶✮✱ ♦s q✉❛✐s ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ x1✳ ❈♦♠♦

ax1b = x1ba+ [a, x1b] ♣❛r❛ t♦❞♦ a, b ∈ K〈X〉✱ t❡♠♦s

f = x1g(x2, . . . , xl) + h(x1, x2, . . . , xl),

♦♥❞❡ h(x1, x2, . . . , xl) =
∑

i[ai, x1bi] ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r [x1, x2] ❡

g = g(x2, . . . , xl) ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ x1✳ ❙❡♥❞♦ f + T ❡ h + T ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❡♠
K〈X〉
T

✱ s❡❣✉❡ q✉❡ x1g + T t❛♠❜é♠ é✳ P❡❧♦ ▲❡♠❛ ❛♥t❡r✐♦r g ∈ T ✳ ❆ss✐♠ g + T = T ❡

f + T = h+ T =
∑

i[ai, x1bi] + T.

❉❡ss❛ ❢♦r♠❛✱ f + T ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉
T

❣❡r❛❞♦ ♣♦r [x1, x2] + T.

✹✳✷ C(E) q✉❛♥❞♦ charK = 0

❆❣♦r❛ ✐r❡♠♦s ❞❡s❝r❡✈❡r ♦ ❚✲❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ E s♦❜r❡ ✉♠ ❝♦r♣♦

❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳
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Pr♦♣♦s✐çã♦ ✹✳✷✳✶ ❙❡ charK = 0✱ ❡♥tã♦ ♦ ❚✲❡s♣❛ç♦ C(E) é ❣❡r❛❞♦ ♣♦r ✶ ❡ ♣❡❧♦s

♣♦❧✐♥ô♠✐♦s x1[x2, x3, x4] ❡ [x1, x2].

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❊♥tã♦ t♦❞♦ ❚✲❡s♣❛ç♦ é

❣❡r❛❞♦ ♣♦r ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❚✲❡s♣❛ç♦ C(E)
T

❞♦s ❡❧❡♠❡♥t♦s

❝❡♥tr❛✐s ❡♠ K〈X〉
T

t❛♠❜é♠ é✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✳✻✱ ♦ ❚✲❡s♣❛ç♦ C(E)
T

❡stá ❝♦♥t✐❞♦

♥♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r ✶ ❡ ♣♦r [x1, x2] +T ✳ ❈♦♠♦ [x1, x2] +T é ❝❡♥tr❛❧ ❡♠ K〈X〉
T

✱ C(E)
T

é ❣❡r❛❞♦ ❝♦♠♦ ❚✲❡s♣❛ç♦ ♣♦r ✶ ❡ ♣♦r [x1, x2] + T ✳ ❆ss✐♠✱ ♣❡❧❛ ❡q✉❛çã♦

x1[x2, x3, x4] = x1[x2, x3, x4]− x1x4[x2, x3, x4] ✭✹✳✺✮

❝♦♠♦ ❚✲❡s♣❛ç♦✱ C(E) é ❣❡r❛❞♦ ♣♦r ✶✱ x1[x2, x3, x4] ❡ [x1, x2].

Pr♦♣♦s✐çã♦ ✹✳✷✳✷ ❙❡ charK = 0✱ ❡♥tã♦ ♣❛r❛ t♦❞♦ n ≥ 2,

dimK(Pn/Pn ∩ C(E)) = 2n−2

❉❡♠♦♥str❛çã♦✿ ❏á ❢♦✐ ♣r♦✈❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✷✳✶✳✸ q✉❡

Cn(E) = dimK Pn/(Pn ∩ T ) = 2n−1,

♣❛r❛ t♦❞♦ n ≥ 1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❡ ✭❬✺❪ ✱ Pr♦♣♦s✐çã♦ ✽✮ q✉❡✱

♣❛r❛ t♦❞♦ n ≥ 2

dimK(Pn ∩ V )/(Pn ∩ T ) = 2n−2,

♦♥❞❡ V é ♦ ❚✲❡s♣❛ç♦ ❡♠ K〈X〉 ❣❡r❛❞♦ ♣♦r [x1, x2] ❡ ♣♦r T ✳ P♦rt❛♥t♦✱

dimK Pn/(Pn ∩ V ) = dimK Pn/(Pn ∩ T )− dimK(Pn ∩ V )/(Pn ∩ T ) = 2n−2.

P❡❧❛ Pr♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ C(E) = V ⊕ 〈1〉K ✳ ❉❛í✱ Pn ∩ V = Pn ∩ C(E)✱ ♣❛r❛ t♦❞♦

n ≥ 1✳ ▲♦❣♦✱ dimK Pn/(Pn ∩ C(E)) = 2n−2.

✹✳✸ C(E) q✉❛♥❞♦ charK > 2

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❞❡s❝r❡✈❡r ♦ ❚✲❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ E✱ s♦❜r❡

✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛ ❡ ❞✐❢❡r❡♥t❡ ❞❡ ❞♦✐s✱ ❛ ♣❛rt✐r ❞❡ss❛ ❞❡s❝r✐çã♦ ✈❡r❡♠♦s

q✉❡ C(E) é ✉♠ ❚✲❡s♣❛ç♦ ❧✐♠✐t❡ ❡♠ K〈X〉.

✽✹



▲❡♠❛ ✹✳✸✳✶ ❙❡❥❛ charK = p > 2 ❡ f = f(x1, x2, . . . , xl) ✉♠ ♣♦❧✐♥ô♠✐♦ ❤♦♠♦❣ê♥❡♦ ❞❡

❣r❛✉ m1 ❡♠ x1✳ ❙✉♣♦♥❤❛ q✉❡ f + T é ❝❡♥tr❛❧ ❡♠ K〈X〉
T

❡ q✉❡ p ♥ã♦ ❞✐✈✐❞❡ m1✳ ❊♥tã♦

f + T ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉
T

❣❡r❛❞♦ ♣♦r [x1, x2] + T.

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ m1 ♥ã♦ é ♠ú❧t✐♣❧♦ ❞❡ p✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r m1 = pq+m✱ ♦♥❞❡

0 < m < p✳ ❆❧é♠ ❞✐ss♦✱ f +T é ❡s❝r✐t♦ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ ✭✹✳✸✮✱

❧♦❣♦

f + T = xpq1 g + T,

♦♥❞❡ g = g(x1, . . . , xl) ❡ ♦ ❣r❛✉ ❞❡ g ❡♠ x1 é m.

❙❡❥❛ Φ ∈ End(K〈X〉) ❞❡✜♥✐❞❛ ♣♦r Φ(x1) = 1+x1 ❡ Φ(xj) = xj✱ ♣❛r❛ t♦❞♦ j 6= 1.

❊♥tã♦

Φ(f) ≡ (1 + x1)
pqg(1 + x1, x2, . . . , xl) (♠♦❞ ❚)

≡ (1 + xp1)
qg(1 + x1, x2, . . . , xl) (♠♦❞ ❚)

❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ Φ(f) ❞❡ ❣r❛✉ m ❡♠ x1 é g(x1, x2, . . . , xl)✳ ❙❡❣✉❡ q✉❡

g+T ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉
T

❣❡r❛❞♦ ♣♦r f +T ✳ ❈♦♠♦ f +T é ❝❡♥tr❛❧ ❡♠ K〈X〉
T

✱

♦s ❡❧❡♠❡♥t♦s ❣❡r❛❞♦s ♣♦r f + T t❛♠❜é♠ sã♦✳ ❊♠ ♣❛rt✐❝✉❧❛r g + T é ❝❡♥tr❛❧ ❡♠ K〈X〉
T
.

❙❡❥❛ h = h(x′1, . . . , x
′
m, x2, . . . , xl) ❛ ❧✐♥❡❛r✐③❛çã♦ t♦t❛❧ ❞❡ g ❝♦♠ r❡s♣❡✐t♦ ❛ x1✱ ✐st♦

é✱ h(x′1, . . . , x
′
m, x2, . . . , xl) é ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ g(x′1+ . . .+x

′
m, x2, . . . xl) q✉❡

é ♠✉❧t✐❧✐♥❡❛r ❡♠ x′1, . . . , x
′
m✳ ❆ss✐♠✱ h(x1, . . . , x1, x2, . . . , xl) = m!g(x1, . . . , xl).

❖ ❣r❛✉ ❞♦ ♣♦❧✐♥ô♠✐♦ h é ✶ ❡♠ x′1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ h+ T é ❝❡♥tr❛❧ ❡♠ K〈X〉
T

✱ ♣♦✐s

♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦ ❡❧❡♠❡♥t♦ ❝❡♥tr❛❧ g + T ✳ ❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✹✳✶✳✻✱

h+ T ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉
T

❣❡r❛❞♦ ♣♦r [x1, x2] + T ❡ ✈❛❧❡

g(x1, . . . , xl) + T = (m!)−1h(x1, . . . , x1, x2, . . . , xl) + T.

❉❡st❡ ♠♦❞♦✱ ♦❜t❡♠♦s q✉❡ f + T = (xp1)
qg + T ♣❡rt❡♥❝❡ ❛♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r

xp0[x1, x2] + T ✱ q✉❡ ❡stá ❝♦♥t✐❞♦ ♥♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉
T

❣❡r❛❞♦ ♣♦r [x1, x2] + T.

❈♦♥s✐❞❡r❡ q(x1, x2) = xp−1
1 [x1, x2]x

p−1
2 ❡ ❞❡ ✉♠ ♠♦❞♦ ❣❡r❛❧ ✱

qn(x1, . . . , x2n) = q(x1, x2)q(x3, x4) . . . q(x2n−1, x2n).

❚❡♦r❡♠❛ ✹✳✸✳✷ ❙♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p > 2✱ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

C(E) ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❡ E é ❣❡r❛❞♦ ✭❝♦♠♦ ✉♠ ❚✲❡s♣❛ç♦ ❡♠ K〈X〉✮ ♣❡❧♦

♣♦❧✐♥ô♠✐♦

x1[x2, x3, x4] ✭✹✳✻✮

✽✺



❡ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

xp0, x
p
0q1, x

p
0q2, . . . , x

p
0qn, . . . . ✭✹✳✼✮

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f = f(x1, . . . , xl) ∈ C(E) ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❞❡

❣r❛✉ mi ❡♠ xi✱ i = 1, 2, . . . , l✳ ❊♥tã♦ f + T é ❝❡♥tr❛❧ ❡♠ K〈X〉/T ✳ ❉❛ ❡q✉❛çã♦ ✭✹✳✺✮

t❡♠♦s q✉❡ ♦ ❚✲✐❞❡❛❧ T ❡stá ❝♦♥t✐❞♦ ♥♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ ✭✹✳✻✮✳

❆ss✐♠✱ s❡ f ∈ T ✱ ❡♥tã♦ f ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r ✭✹✳✻✮✳

❙✉♣♦♥❤❛ q✉❡ f 6∈ T ❡ q✉❡ ♣❛r❛ ❛❧❣✉♠ i✱ 1 ≤ i ≤ l✱ mi ♥ã♦ é ♠ú❧t✐♣♦ ❞❡ p✳

❘❡♥♦♠❡❛♥❞♦ ❛s ✈❛r✐á✈❡✐s xi ♣♦❞❡♠♦s ❛ss✉♠✐r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ i = 1

❡ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✸✳✶✱ f + T ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r [x1, x2] + T ✳ ❉❛í

f ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r ✭✹✳✻✮ ❡ ♣♦r [x1, x2]✳ ▼❛s✱ [x1, x2] é ❛ ❝♦♠♣♦♥❡♥t❡

❤♦♠♦❣ê♥❡❛ ❞❡ ♠✉❧t✐❣r❛✉ (0, 1, 1) ❞♦ ♣♦❧✐♥ô♠✐♦

(1 + x0)
p(1 + x1)

p−1[1 + x1, 1 + x2](1 + x2)
p−1

❞❡ ♠♦❞♦ q✉❡ ♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r [x1, x2] ❡stá ❝♦♥t✐❞♦ ♥♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦

♣♦❧✐♥ô♠✐♦ xp0x
p−1
1 [x1, x2]x

p−1
2 q✉❡ é ✐❣✉❛❧ ❛ xp0q1✳ ❆ss✐♠✱ s❡ mi ♥ã♦ é ♠ú❧t✐♣❧♦ ❞❡ p ♣❛r❛

❛❧❣✉♠ i✱ ❡♥tã♦ f ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r ✭✹✳✻✮ ❡ ♣♦r xp0q1.

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ f 6∈ T ❡ q✉❡✱ ♣❛r❛ t♦❞♦ i✱ mi é ♠ú❧t✐♣❧♦ ❞❡ p✳ ❈♦♠♦ f + T

é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ ✭✹✳✸✮ ❡✱ ♣❡❧♦s ▲❡♠❛s ✹✳✶✳✶ ❡ ✹✳✶✳✸✱

♦s ❡❧❡♠❡♥t♦s xpi + T ❡ [xi, xj] + T sã♦ ❝❡♥tr❛✐s ❡♠ K〈X〉
T

✱ ✜❝❛ ❝❧❛r♦ q✉❡ f + T é ✉♠❛

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

xpq11 . . . xpqll xp−1
i1

[xi1 , xi2 ]x
p−1
i2

. . . xp−1
i2k−1

[xi2k−1
, xi2k ]x

p−1
i2k

+ T ✭✹✳✽✮

♦♥❞❡ k, l ≥ 0✱ 1 ≤ i1 < i2 < . . . < i2k ≤ l✳ ❆❧é♠ ❞✐ss♦✱ ❥á q✉❡ (x1+x2)p+T = xp1x
p
2+T ✱

♦ ❡❧❡♠❡♥t♦ ✹✳✽ ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉
T

❣❡r❛❞♦ ♣♦r

xp0x
p−1
l [x1, x2]x

p−1
2 . . . xp−1

2k−1[x2k−1, x2k]x
p−1
2k + T = xp0qk + T.

❙❡❣✉❡ ❞❛í q✉❡ f ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉
T

❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s ✭✹✳✻✮ ❡

♣❡❧♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ✭✹✳✼✮✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛ ❝♦♥s✐❞❡r❡♠♦s I ♦ ✐❞❡❛❧ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s f p ♣❛r❛

t♦❞♦ f ∈ K〈X〉 s❡♠ t❡r♠♦ ❡s❝❛❧❛r ❡ Vn ♦ ❚✲❡s♣❛ç♦ ❡♠ K〈X〉 ❣❡r❛❞♦ ♣♦r q1, q2, . . . , qn

❝♦♠♦ ❢♦r❛♠ ❞❡✜♥✐❞♦s ♥♦ ❚❡♦r❡♠❛ ✹✳✸✳✷✳ ❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ s❡ ❞❡✈❡ ❛ ❙❝❤✐❣♦❧❡✈✱ ❡

é ✉♠❛ r❡❢♦r♠✉❧❛çã♦ ❞❡ ✭❬✹✷❪✱ ▲❡♠❛ ✶✸✮✳

✽✻



Pr♦♣♦s✐çã♦ ✹✳✸✳✸ ✭❬✹✷❪✮ P❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n ≥ 1 ❡①✐st❡ k(n) > n t❛❧ q✉❡

qk(n) 6∈ Vn + T + I.

◆❛ ✈❡r❞❛❞❡✱ r❡s✉❧t❛ ❞❛ ♣r♦✈❛ ❞❡ ✭ ❬✹✷❪✱ ▲❡♠❛ ✶✸✮✱ q✉❡ ♥❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✸ ♣♦❞❡♠♦s

❛ss✉♠✐r k(n) = n+ 1.

❙❡❥❛ Wn ♦ ❚✲❡s♣❛ç♦ ❡♠ K〈X〉 ❣❡r❛❞♦ ♣♦r xp0, x
p
0q1, . . . , x

p
0qn ❡ 〈1〉K ∼= K ♦

s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r ✶ ❡♠ K〈X〉.

▲❡♠❛ ✹✳✸✳✹ P❛r❛ ❝❛❞❛ n ≥ 1✱ Vn + 〈1〉K + I = Wn + I.

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ qi(x1, . . . , x2i) é ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ ✵ ❡♠ x0 ❞❡

(1 + x0)
pqi(x1, . . . , x2i)✱ qi ❡stá ❝♦♥t✐❞♦ ♥♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r x0qi✳ ❆ss✐♠

qi ∈ Wn✱ ♣❛r❛ t♦❞♦ i ≤ n✳ ❚❡♠♦s t❛♠❜é♠ q✉❡ 1 ∈ Wn✳ ▲♦❣♦✱ Vn + 〈1〉K ⊆ Wn ♣❛r❛

t♦❞♦ n ❡ ❛ss✐♠ Vn + 〈1〉K + I ⊆ Wn + I✱ ♣❛r❛ n ≥ 1.

▼♦str❡♠♦s ❛❣♦r❛ ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✳ ❙❡❥❛♠ g0, g1, . . . , g2i ∈ K〈X〉 ❡❧❡♠❡♥t♦s

❛r❜✐trár✐♦s✳ ❙✉♣♦♥❤❛ q✉❡ g0 = α + f ✱ ♦♥❞❡ α ∈ K ❡ f é ✉♠ ♣♦❧✐♥ô♠✐♦ s❡♠ t❡r♠♦

❝♦♥st❛♥t❡✳ ❊♥tã♦✱ gp0 = αp + f p ∈ 〈1〉K + I✳ P♦r ♦✉tr♦ ❧❛❞♦✱

gp0qi(g1, . . . , g2i) = (α + f)pqi(g1, . . . , g2i) = αpqi + f pqi

❡ ❛ss✐♠

gp0qi(g1, . . . , g2i) = αpqi(g1, . . . , g2i) + h,

♦♥❞❡ h ∈ I✳ ❈♦♠♦ Wn é ❣❡r❛❞♦ s♦❜r❡ K ♣❡❧♦s ❡❧❡♠❡♥t♦s gp0 ❡ gp0qi(g1, . . . , g2i) ♣❛r❛

t♦❞♦ i ≤ n ❡ ♣❛r❛ t♦❞♦ g0, g1, . . . , g2i ∈ K1〈X〉✱ t❡♠♦s Wn ⊆ Vn + 〈1〉K + I✱ ♣❛r❛ t♦❞♦

n ≥ 1, ♣♦rt❛♥t♦ Vn + 〈1〉K + I = Wn + I✱ ♣❛r❛ t♦❞♦ n.

❯s❛♥❞♦ ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❙❤❝❤✐❣♦❧❡✈ ❬✹✷❪ ❞❡❞✉③✲s❡ ❞♦ ❚❡♦r❡♠❛ ❛♥t❡r✐♦r ♦ s❡❣✉✐♥t❡

r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✹✳✸✳✺ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ ❝♦♠ charK = p > 2✱ ❡♥tã♦ ♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ C(E) ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ✉♥✐tár✐❛ E s♦❜r❡

K ♥ã♦ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ✉♠ ❚✲❡s♣❛ç♦ ❡♠ K〈X〉.

❉❡♠♦♥str❛çã♦✿ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✸✱ ♣❛r❛ t♦❞♦ n ≥ 1 ❡①✐st❡ k(n) > n

t❛❧ q✉❡ Vk(n) $ Vn + T + I✱ ♦✉ ❞❡ ♠♦❞♦ ❡q✉✐✈❛❧❡♥t❡✱ Vn + T + I ) Vk(n) + T + I✳ ❈♦♠♦

♣❛r❛ ❝❛❞❛ l✱ ♥❡♥❤✉♠ ❡❧❡♠❡♥t♦ ❞❡ Vl + T + I t❡♠ t❡r♠♦ ❡s❝❛❧❛r ♥ã♦✲ ♥✉❧♦✱

Vn + 〈1〉K + T + I ) Vk(n) + 〈1〉K + T + I.
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P❡❧♦ ▲❡♠❛ ✹✳✸✳✹✱ t❡♠♦s

Wn + T + I ) Wk(n) + T + I,

♣❛r❛ ❝❛❞❛ n✳ ❉❛í✱ Wn + T ) Wk(n) + T ✱ ♣❛r❛ ❝❛❞❛ n✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ❝❛❞❡✐❛

W1 + T ⊆ W2 + T ⊆ . . . ⊆ Wn + T ⊆ . . .

❝♦♥tê♠ ✉♠❛ s✉❜❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ✐♥✜♥✐t❛✳ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✸✳✷✱

C(E) = ∪n(Wn + T ),

♦✉ s❡❥❛✱ ♦ ❚✲❡s♣❛ç♦ C(E) ♥ã♦ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ✉♠ ❚✲❡s♣❛ç♦✳

❉❡✜♥✐çã♦ ✹✳✸✳✻ ❯♠ ❚✲❡s♣❛ç♦ V ❡♠ K〈X〉 é ❞✐t♦ ❚✲❡s♣❛ç♦ ❧✐♠✐t❡ s❡ t♦❞♦ ❚✲❡s♣❛ç♦

♠❛✐♦r W 	 V é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ✉♠ ❚✲❡s♣❛ç♦ ♠❛s V ♥ã♦ é✳

Pr♦✈❛r❡♠♦s ❛❣♦r❛ q✉❡ C(E) é ✉♠ ❚✲❡s♣❛ç♦ ❧✐♠✐t❡✳ P❛r❛ ✐ss♦ ♣r❡❝✐s❛r❡♠♦s ❞❛

s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✹✳✸✳✼ ❙❡❥❛ W ✉♠ ❚✲❡s♣❛ç♦ ❡♠ K〈X〉 t❛❧ q✉❡ C(E) � W ✳ ❊♥tã♦ ❡①✐st❡

✉♠ ❚✲✐❞❡❛❧ I 	 T ❡♠ K〈X〉 t❛❧ q✉❡ W = C(E) + I.

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥❛ I ❝♦♠♦ ♦ ♠❛✐♦r ❚✲✐❞❡❛❧ ❝♦♥t✐❞♦ ❡♠ W ✳ ❆ss✐♠ ❛ ✐♥❝❧✉sã♦

C(E) + I ⊂ W é ✐♠❡❞✐❛t❛✳ P❛r❛ ♣r♦✈❛r ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✱ ❛ss✉♠❛ q✉❡ f ∈ W é

♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ mi ❡♠ xi✳ ❖❜s❡r✈❡ q✉❡ s❡ mi ❢♦r ♠ú❧t✐♣❧♦ ❞❡ p✱ ❡♥tã♦ f + T

é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r s♦❜r❡ K ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ ✭✹✳✽✮ q✉❡ sã♦ ❝❡♥tr❛✐s ❡♠ K〈X〉
T

✳

❆ss✐♠ f ∈ C(E).

❙✉♣♦♥❤❛♠♦s q✉❡ f 6∈ C(E)✳ ❊♥tã♦ ❞❡✈❡ ❡①✐st✐r i t❛❧ q✉❡ mi ♥ã♦ s❡❥❛ ♠ú❧t✐♣❧♦ ❞❡

p✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡r♥❡r❛❧✐❞❛❞❡✱ ❛ss✉♠❛ i = 1✳ ❆ss✐♠ m1 = pq +m✱ ♦♥❞❡ 0 < m < p✳

❉❡st❛ ❢♦r♠❛✱ f + T = xpq1 g(x1, x2, . . . , xl) + T ✱ ♦♥❞❡ g = g(x1, x2, . . . , xl) ♣♦ss✉✐ ❣r❛✉

m ❡♠ x1.

❙❡❥❛ φ ✉♠ ❡♥❞♦♠♦r✜s♠♦ ❞❡ K〈X〉 t❛❧ q✉❡ φ(x1) = 1 + x1 ❡ φ(xj) = xj✱ ♣❛r❛

j > 1✳ ❉❛í✱

φ(f) + T = (1 + xp1)
qg(1 + x1, x2, . . . , xl) + T.

P♦rt❛♥t♦✱ ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ φ(f) + T ❞❡ ❣r❛✉ m ❡♠ x1 é ✐❣✉❛❧ ❛

g(x1, x2, . . . , xl) + T ✳ ▲♦❣♦✱ g ∈ W.
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❙❡❥❛ h = h(x′1, . . . , x
′
m, x2, . . . , xl) ✉♠❛ ❧✐♥❡❛r✐③❛çã♦ t♦t❛❧ ❞❡ g ❡♠ r❡❧❛çã♦ ❛ x1✱ ♦✉

s❡❥❛✱ h é ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ g(x′1 + . . .+ x′m, x2, . . . , xl) q✉❡ é ♠✉❧t✐❧✐♥❡❛r ❡♠

x′1, . . . , x
′
m✳ ❊♥tã♦ h ∈ W ❡

h(x1, . . . , x1, x2, . . . , xl) = m!g(x1, x2, . . . , xl).

❖ ♣♦❧✐♥ô♠✐♦ h ♣♦ss✉✐ ❣r❛✉ ✶ ❡♠ x′1✱ ❡ ❡♥tã♦ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♥❛ ♣r♦✈❛ ❞♦ ▲❡♠❛

✹✳✶✳✻✱

h = x′1h1(x
′
2, . . . , x

′
m, x2, . . . , xl) + h2(x

′
1, x

′
2, . . . , x

′
m, x2, . . . , xl),

♦♥❞❡ h1 ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ x′1 ❡ h2+T ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❞❡ K〈X〉
T

❣❡r❛❞♦ ♣♦r [x1, x2]+T ✳

❈♦♠♦ h2 ∈ C(E)✱ t❡♠♦s x′1h1 ∈ W ✳ ❖❜s❡r✈❡ q✉❡

x′1h1x
′′
1 = x′′1x

′
1h1 + [x′1h1, x

′′
1] ∈ W,

✐st♦ é✱ ♦ ❚✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r h1 ❡stá ❝♦♥t✐❞♦ ❡♠ W ✳ P♦rt❛♥t♦ h1 ∈ I✳ ❆ss✐♠✱

h = x′1h1 + h2 ∈ I + C(E)

❡

g = (m!)−1h ∈ I + C(E).

❈♦♠♦ f = xpq1 g + g1✱ ♦♥❞❡ g1 ∈ T ⊂ C(E) ❡ xpq1 g ∈ I + C(E))✱ t❡♠♦s

W ⊆ I + C(E)).

▲❡♠❛ ✹✳✸✳✽ ❙❡❥❛ I ✉♠ ❚✲✐❞❡❛❧ ❞❡ K〈X〉 t❛❧ q✉❡ I 	 T = 〈[x1, x2, x3]〉
T . ❊♥tã♦

I = 〈[x1, x2, x3], [x1, x2] . . . [x2n−1, x2n]〉
T ✱ ♣❛r❛ ❛❧❣✉♠ n ∈ N.

❉❡♠♦♥str❛çã♦✿ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✷✳✶✳✶ ♦s ♣♦❧✐♥ô♠✐♦s [x1, x2][x2, x3] ❡

[x1, x2][x3, x4] + [x1, x3][x2, x4] ♣❡rt❡♥❝❡♠ ❛ T.

❈♦♠♦ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❡ K〈X〉 é ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛✱ t❡♠♦s

q✉❡ I é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♣ró♣r✐♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s✳ ❉❛❞♦

ω = [xi1 , . . . , xiq ] . . . [xl1 , . . . , xlq ] ∈ I✱ s❡ ❛❧❣✉♠ ❞♦s ❝♦♠✉t❛❞♦r❡s t✐✈❡r ❝♦♠♣r✐♠❡♥t♦

♠❛✐♦r q✉❡ ✷✱ ❡♥tã♦ ω ∈ T ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ♦s ❝♦♠✉t❛❞♦r❡s t✐✈❡r❡♠ t❛♠❛♥❤♦ ❞♦✐s

t❡♠♦s q✉❡✱ ♠ó❞✉❧♦ T ✱ ω = [xi1 , xi2 ] . . . [xi2k−1
, xi2k ] ❡ i1 < i2 < . . . < i2k✳ ❆ss✐♠✱

t♦♠❛❞♦ f(x1, . . . , xn) ∈ I − T ✉♠ ♣♦❧✐♥ô♠✐♦ ♣ró♣r✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦✱ t❡♠♦s q✉❡

f ≡
∑
αjωj (♠♦❞T )✱ ♦♥❞❡ αj ∈ K ❡ ♦s ωj✬s sã♦ ♣r♦❞✉t♦s ❞❡ ❝♦♠✉t❛❞♦r❡s ❞❡ t❛♠❛♥❤♦

❞♦✐s ❡ t♦❞♦s ❞❡ ♠❡s♠♦ ♠✉❧t✐❣r❛✉✳ ❉❡st❡ ♠♦❞♦ n ❞❡✈❡ s❡r ♣❛r✳
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◆♦✈❛♠❡♥t❡ ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✶✱ t❡♠♦s q✉❡ [x1, x2][x3, x4] ≡ −[x1, x3][x2, x4] (♠♦❞T )✱

❡ ❞❛í f ≡ α[x1, x2] . . . [xn−1, xn] (♠♦❞T )✱ ❝♦♠ α 6= 0✳ P♦rt❛♥t♦✱ [x1, x2] . . . [xn−1, xn] ∈

I ❡ t♦♠❛♥❞♦ n0 = min{n ∈ N|n é ♣❛r, [xi1 , xi2 ] . . . [xn−1, xn] ∈ I} ♦❜t❡♠♦s q✉❡

I = 〈[x1, x2, x3], [x1, x2] . . . [xn0−1, xn0 ]〉
T ✳

❚❡♦r❡♠❛ ✹✳✸✳✾ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ C(E) ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ♣❛r❛ ❛ á❧❣❡❜r❛ E s♦❜r❡

✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p > 2 é ✉♠ ❚✲❡s♣❛ç♦ ❧✐♠✐t❡ ❡♠ K〈X〉.

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✸✳✷✱ t❡♠♦s q✉❡ C(E) ♥ã♦ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡ ❝❛❞❛ ❚✲❡s♣❛ç♦W 	 C(E) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ❚✲❡s♣❛ç♦✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✼✱ W = C(E)+ I ♣❛r❛ ❛❧❣✉♠ ❚✲✐❞❡❛❧ I 	 T ✳ ❙❡❣✉❡ ❞♦ ▲❡♠❛

❛♥t❡r✐♦r q✉❡ I é ❣❡r❛❞♦ ❝♦♠♦ ❚✲✐❞❡❛❧ ♣♦r [x1, x2, x3] ❡ [x1, x2][x3, x4] . . . [x2N−1, x2N ]

♣❛r❛ ❛❧❣✉♠ N ∈ N✳ ❈♦♠♦ ❚✲❡s♣❛ç♦ I é ❣❡r❛❞♦ ♣♦r

x0[x1, x2, x3] ✭✹✳✾✮

❡

x0[x1, x2][x3, x4] . . . [x2N−1, x2N ]. ✭✹✳✶✵✮

❈♦♠♦ ♦ ❚✲❡s♣❛ç♦ C(E) é ❣❡r❛❞♦ ♣♦r ✭✹✳✾✮ ❡ ♣❡❧♦ ❝♦♥❥✉♥t♦

xp0, x
p
0q1, . . . , x

p
0qn, . . . ✭✹✳✶✶✮

♦ ❚✲❡s♣❛ç♦ W = C(E) + I é ❣❡r❛❞♦ ♣♦r ✭✹✳✾✮ ✱ ✭✹✳✶✵✮ ❡ ♣❡❧♦ ❝♦♥❥✉♥t♦ ✭✹✳✶✶✮✳ ❖❜s❡r✈❡

q✉❡ xp0qs ∈ I ♣❛r❛ t♦❞♦ s ≥ N ✱ ♣♦✐s ♣❡❧♦ ▲❡♠❛ ✹✳✶✳✶✱

xp0qs + T = xp0x
p−1
1 [x1, x2]x

p−1
2 . . . xp−1

2s−1[x2s−1, x2s]x
p−1
2s + T

xp0qs + T = xp0x
p−1
1 . . . xp−1

2s−1x
p−1
2s [x1, x2] . . . [x2s−1, x2s] + T.

❉❛í✱ W é ❣❡r❛❞♦ ❝♦♠♦ ❚✲❡s♣❛ç♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s ✭✹✳✾✮ ✱ ✭✹✳✶✵✮ ❡ xp0, x
p
0q1, . . . , x

p
0qN−1✳

P♦rt❛♥t♦ W é ✉♠ ❚✲❡s♣❛ç♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❊♠ ✈✐rt✉❞❡ ❞❡ss❡s r❡s✉❧t❛❞♦s✱ s✉r❣❡ ♦ s❡❣✉✐♥t❡ q✉❡st✐♦♥❛♠❡♥t♦✿ C(E) é ♦ ú♥✐❝♦

❚✲❡s♣❛ç♦ ❧✐♠✐t❡ ❡♠ K〈X〉 q✉❛♥❞♦ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p > 2❄ ❊♠

❬✼❪ ♦s ❛✉t♦r❡s ❛❝r❡❞✐t❛♠ q✉❡ ❛ r❡s♣♦st❛ ♣❛r❛ ❡st❡ q✉❡st✐♦♥❛♠❡♥t♦ s❡❥❛ ♣♦s✐t✐✈❛✳

❈♦♠♦ ✈✐♠♦s✱ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ é ❝r✉❝✐❛❧ ♥❛ ❞❡s❝r✐çã♦ ❞♦ ❚✲❡s♣❛ç♦ C(E)✱

♣♦✐s q✉❛♥❞♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ é ③❡r♦ ♠♦str❛♠♦s q✉❡ C(E) é ✉♠ ❚✲❡s♣❛ç♦ ✜♥✐t❛♠❡♥t❡

❣❡r❛❞♦✱ ♦ q✉❡ ♥ã♦ ♦❝♦rr❡ q✉❛♥❞♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ é p > 22.
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✹✳✹ ➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ♥ã♦✲✉♥✐tár✐❛

❙❡❥❛ K1〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ♥ã♦ ✉♥✐tár✐❛ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦

❝♦♥❥✉♥t♦ X✳

❆s ❞❡✜♥✐çõ❡s ❞❡ ❚✲✐❞❡❛❧ ✭❚✲❡s♣❛ç♦✮ ❡♠ K1〈X〉 sã♦ ❛♥á❧♦❣❛s àq✉❡❧❛s ❞❛❞❛s ❡♠

K〈X〉✳ ➱ ❡✈✐❞❡♥t❡ q✉❡ s❡ I ⊂ K1〈X〉 é ✉♠ ❚✲✐❞❡❛❧ ❡♠ K〈X〉✱ ❡♥tã♦ I é ✉♠ ❚✲✐❞❡❛❧

❡♠ K1〈X〉✳ ▼❛s✱ ❛ r❡❝í♣r♦❝❛ ♥❡♠ s❡♠♣r❡ é ✈❡r❞❛❞❡✐r❛✱ ❝♦♠♦ ✈❡r❡♠♦s ♥♦ ❡①❡♠♣❧♦ ❛

s❡❣✉✐r✳

❊①❡♠♣❧♦ ✹✳✹✳✶ ❖ ✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r f p✱ t❛❧ q✉❡ f ∈ K1〈X〉✱ é ✉♠ ❚✲✐❞❡❛❧ ❡♠ K1〈X〉✱

♠❛s ♥ã♦ é ❡♠ K〈X〉.

❙❡❥❛♠ E ′ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ♥ã♦✲✉♥✐tár✐❛ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ s♦❜r❡ ♦

❝♦r♣♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ 6= 2✱ E ′ ⊂ E✱ ❡ T (E ′) ♦ ❚✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ E ′✱

T (E ′) ⊂ K1〈X〉. P♦❞❡✲s❡ ❞❡❞✉③✐r ❞❡ ❬✸✷❪ q✉❡ s❡ charK = 0 ❡♥tã♦ T (E ′) = T (E).

P♦rt❛♥t♦✱ s♦❜r❡ t❛✐s ❝♦r♣♦s t❡♠♦s q✉❡ C(E ′) = C(E) ∩ K1〈X〉✳ ❉❛í C(E ′)/T

é ❣❡r❛❞♦ ❝♦♠♦ ❚✲❡s♣❛ç♦ ❡♠ K1〈X〉
T

♣♦r [x1, x2] + T ✳ ❖❜s❡r✈❡ q✉❡ T é ❣❡r❛❞♦ ❝♦♠♦

❚✲❡s♣❛ç♦ ❡♠ K1〈X〉 ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s [x1, x2, x3] ❡ x1[x2, x3, x4]✱ ❡ ❝♦♠♦ [x1, x2, x3] ❡stá

❝♦♥t✐❞♦ ♥♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r [x1, x2]✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✹✳✹✳✷ ❙❡ charK = 0✱ ❡♥tã♦ ♦ ❚✲❡s♣❛ç♦ C(E ′) ❡♠ K1〈X〉 é ❣❡r❛❞♦ ♣❡❧♦s

♣♦❧✐♥ô♠✐♦s x1[x2, x3, x4] ❡ [x1, x2].

❈♦♠♦ ✈✐♠♦s ♥❛ ❙❡çã♦ ✷✳✸ T (E ′) = Q✱ ♦♥❞❡ Q ❞❡♥♦t❛ ♦ ❚✲✐❞❡❛❧ ❞❡ K1〈X〉 ❣❡r❛❞♦

♣♦r [x1, x2, x3] ❡ xp.

❆ ♣ró①✐♠❛ Pr♦♣♦s✐çã♦ é ✈á❧✐❞❛ ❡♠ ✉♠ ❝♦r♣♦ ❛r❜✐trár✐♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p > 2

❡ s✉❛ ❞❡♠♦str❛çã♦ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❡ ✭❬✾❪✱ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✸✮ ❛ss✐♠ ❝♦♠♦ ❞❡

✭❬✸✶❪✱ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✸✮✳ P❛r❛ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ t❛❧ Pr♦♣♦s✐çã♦ ♣♦❞❡ s❡r ❞❡❞✉③✐❞❛

❞❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✹✳

Pr♦♣♦s✐çã♦ ✹✳✹✳✸ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p > 2✳ ❊♥tã♦ K〈X〉/Q

é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ K ❝♦♠ ✉♠❛ ❜❛s❡

xn1
i1
xn2
i2
. . . xns

is
[xj1 , xj2 ] . . . [xj2r−1 , xj2r ] +Q ✭✹✳✶✷✮

♦♥❞❡ s, r ≥ 0✱ i1 < i2 < . . . < is✱ j1 < j2 < . . . < j2r✱ 0 < nk < p✱ ♣❛r❛ t♦❞♦ k.

✾✶



❉❡♠♦♥str❛çã♦✿ P❡❧♦ ✐t❡♠ ✭✐✮ ❞♦ ▲❡♠❛ ✹✳✶✳✸ ✱ ♦s ❡❧❡♠❡♥t♦s xpi + T ✱ i = 0, 1, . . . sã♦

❝❡♥tr❛✐s ❡♠K〈X〉/T ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦s ✐t❡♥s ✭✐✐✮ ❡ ✭✐✐✐✮ ❞♦ ▲❡♠❛

✹✳✶✳✸ q✉❡ xpi + T ✱ i = 0, 1, . . .✱ ❣❡r❛ Q/T ❝♦♠♦ ✉♠ ✐❞❡❛❧ ❡♠ K〈X〉/T ✳ P❡❧❛ Pr♦♣♦s✐çã♦

✹✳✶✳✹ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ ✭✹✳✸✮ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ K〈X〉/T ✱ s❡❣✉❡ q✉❡ Q/T

é ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ ✭✹✳✸✮ ❝♦♠ nk ≥ p✱ ♣❛r❛ ❛❧❣✉♠ k✱ ❡ ♣♦rt❛♥t♦ ♦s

❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ ✭✹✳✸✮ ❝♦♠ 0 < nk < p✱ ♣❛r❛ t♦❞♦ k✱ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ K〈X〉

♠ó❞✉❧♦ Q.

▲❡♠❛ ✹✳✹✳✹ ❙❡❥❛ charK = p > 2 ❡ f = f(x1, x2, . . . , xn) ∈ K〈X〉 ✉♠ ♣♦❧✐♥ô♠✐♦

❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ ♠ ❡♠ x1✱ 0 < m < p✳ ❙✉♣♦♥❤❛ q✉❡ f +Q é ❝❡♥tr❛❧ ❡♠ K〈X〉1/Q✳

❊♥tã♦ f +Q ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❞❡ K1〈X〉/Q ❣❡r❛❞♦ ♣♦r [x1, x2] +Q.

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡ q✉❡ ♣♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ m = 1✳

❉❡ ❢❛t♦✱ s❡❥❛ h = h(x′1, . . . , x
′
m, x2, . . . , xm) ✉♠❛ ❧✐♥❡❛r✐③❛çã♦ t♦t❛❧ ❞❡ f ❡♠ r❡❧❛çã♦ ❛ x1✱

✐st♦ é✱ h é ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ f(x′1 + . . . + x′m, x2, . . . , xm) q✉❡ é ♠✉❧t✐❧✐♥❡❛r

❡♠ r❡❧❛çã♦ ❛ x′1, . . . , x
′
m✳ ❊♥tã♦✱

h(x1, . . . , x1, x2, . . . , xm) = m!f(x1, x2, . . . , xn).

❈♦♠♦ f +Q é ❝❡♥tr❛❧ ❡♠ K1〈X〉/Q✱ h+Q t❛♠❜é♠ é✳ ❆ss✐♠✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡

h+Q ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❞❡ K1〈X〉/Q ❣❡r❛❞♦ ♣♦r [x1, x2] +Q✳ ❆q✉✐✱

h = h(x1, . . . , xm, xm+1, . . . , xl+m−1)

é ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ ✶ ❡♠ x1.

P❛r❛ ❝♦♠♣❧❡t❛r ❛ ♣r♦✈❛✱ é s✉✜❝✐❡♥t❡ r❡♣❡t✐r ❛s ♣r♦✈❛s ❞♦s ▲❡♠❛s ✹✳✶✳✺ ❡ ✹✳✶✳✻

s✉❜st✐t✉✐♥❞♦ T ♣♦r Q ❡ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ ✭✹✳✸✮ ♣♦r ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ ✭✹✳✶✷✮✳

❆ss✐♠ ❝♦♠♦ ❞❡♥♦t❛♠♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r

qn = qn(x1, . . . , x2n) = xp−1
1 [x1, x2]x

p−1
2 . . . xp−1

2n−1[x2n−1, x2n]x
p−1
2n .

❚❡♦r❡♠❛ ✹✳✹✳✺ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p > 2✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ C(E ′)

❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❡ E ′ é ❣❡r❛❞♦ ❝♦♠♦ ❚✲❡s♣❛ç♦ ❡♠ K1〈X〉 ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

x1[x2, x3, x4], x
p
1, x1x

p
2, ✭✹✳✶✸✮

♣❡❧♦ ♣♦❧✐♥ô♠✐♦ [x1, x2] ❡ ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦❧✐♥ô♠✐♦s {qs; s = 1, 2, . . .}.

✾✷



❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f = f(x1, x2, . . . . , xl) ∈ C(E ′) ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦

❞❡ ❣r❛✉ mi ❡♠ xi✱ i = 1, . . . , l✳ ❊♥tã♦✱ f + Q é ❝❡♥tr❛❧ ❡♠ K1〈X〉/Q✳ ❖❜s❡r✈❡ q✉❡ ♦

❚✲✐❞❡❛❧ Q é ❣❡r❛❞♦ ❝♦♠♦ ✉♠ ❚✲❡s♣❛ç♦ ❡♠ K〈X〉 ♣❡❧♦ ♣♦❧✐♥ô♠✐♦s ✭✹✳✶✸✮ ❥✉♥t❛♠❡♥t❡

❝♦♠ [x1, x2, x3].

❙✉♣♦♥❤❛ q✉❡ f 6∈ Q✳ ❙✉♣♦♥❤❛ q✉❡ ♣❛r❛ ❛❧❣✉♠ i✱ 1 ≤ i ≤ l✱ t❡♠♦s 0 < mi < p✳

❘❡♥♦♠❡❛♥❞♦ ❛s ✈❛r✐á✈❡✐s ❡♠ xi✱ ♣♦❞❡♠♦s ❛ss✉♠✐r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ i = 1✳

P❡❧♦ ▲❡♠❛ ✹✳✹✳✹✱ f +Q ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❞❡ K1〈X〉/Q ❣❡r❛❞♦ ♣♦r [x1, x2]+Q✱ ✐st♦

é✱ f ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r ✭✹✳✶✸✮ ❡ ♣♦r [x1, x2].

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ f 6∈ Q ❡✱ ♣❛r❛ t♦❞♦ i✱ mi = p✳ ❊♥tã♦ f+Q é ✉♠❛ ❝♦♠❜✐♥❛çã♦

❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ ✭✹✳✶✷✮✳ ❈♦♥t✉❞♦✱ s❡ l é í♠♣❛r✱ ❡♥tã♦ ♥❡♥❤✉♠ ❡❧❡♠❡♥t♦

❞❛ ❢♦r♠❛ ✭✹✳✶✷✮ t❡♠ ❣r❛✉ p ❡♠ t♦❞♦s xi✱ 1 ≤ i ≤ l✳ ❙❡ l = 2k ♣❛r❛ ❛❧❣✉♠ k✱ ❡♥tã♦ ♦

ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❛ ❢♦r♠❛ ✭✹✳✶✷✮ ❝♦♠ ❣r❛✉ p ❡♠ x1, . . . , xl é qk(x1, . . . , x2k) +Q✱ ❡ ♥❡st❡

❝❛s♦ f +Q = αqk +Q ♣❛r❛ α ∈ K✳ ❙❡❣✉❡ ❞❛í q✉❡ f ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❡♠ K1〈X〉

❣❡r❛❞♦ ♣♦r ✭✹✳✶✸✮ ❡ qk.

❆ss✐♠✱ ❡♠ q✉❛❧q✉❡r ❝❛s♦ f ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❡♠ K1〈X〉 ❣❡r❛❞♦ ♣❡❧♦s

♣♦❧✐♥ô♠✐♦s ✭✹✳✶✸✮✱ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ [x1, x2] ❡ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s qs✱ s = 1, 2, . . . .

❚❡♦r❡♠❛ ✹✳✹✳✻ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p > 2✳ ❊♥tã♦✱ ♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ C(E ′) ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s ❞❡ E ′ s♦❜r❡ K ♥ã♦ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦

✉♠ ❚✲❡s♣❛ç♦ ❡♠ K1〈X〉.

❉❡♠♦♥str❛çã♦✿ ❘❡❝♦r❞❡♠♦s q✉❡ Vn é ♦ ❚✲❡s♣❛ç♦ ❡♠ K〈X〉 ❣❡r❛❞♦ ♣♦r q1, . . . , qn✳

❖❜s❡r✈❡ q✉❡ [x1, x2] ∈ V1✱ ✉♠❛ ✈❡③ q✉❡ [x1, x2] é ❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❧✐♥❡❛r ❞♦ ♣♦❧✐♥ô♠✐♦

q(1 + x1, 1 + x2) = (1 + x1)
p−1[1 + x1, 1 + x2](1 + x2)

p−1

= (1 + x1)
p−1[x1, x2](1 + x2)

p−1.

▲❡♠❜r❡ q✉❡ I é ♦ ✐❞❡❛❧ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s f p ♣❛r❛ t♦❞♦ f ∈ K〈X〉 s❡♠

t❡r♠♦ ❡s❝❛❧❛r✱ ✐st♦ é✱ ♣♦r f p ♣❛r❛ t♦❞♦ f ∈ K1〈X〉✳ ❖❜s❡r✈❡ q✉❡ Q = T + I✱ s❡❣✉❡ ❞❛

♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✹✳✸✳✺ q✉❡ ❛ ❝❛❞❡✐❛ ❞❡ ❚✲❡s♣❛ç♦s ❞❡ K1〈X〉

V1 +Q ⊆ V2 +Q ⊆ . . .

❝♦♥tê♠ ✉♠❛ s✉❜❝❛❞❡✐❛ ❡str✐t❛♠❡♥t❡ ❛s❝❡♥❞❡♥t❡ ✐♥✜♥✐t❛✳ ▼❛s ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✸✳✺✱

C(E ′) =
⋃

n

(Vn +Q)

✾✸



♣❛r❛ n ≥ 1. P♦rt❛♥t♦✱ ♦ ❚✲❡s♣❛ç♦ C(E ′) ♥ã♦ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳

❉❡✜♥✐♠♦s ❚✲❡s♣❛ç♦ ❧✐♠✐t❡ ❡♠ K1〈X〉✱ ❞♦ ♠❡s♠♦ ♠♦❞♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♣❛r❛

K〈X〉✳ ❑✐r❡❡✈❛ ❡♠ ❬✸✵❪ ❝♦♥str✉✐✉ ✉♠ ❚✲❡s♣❛ç♦ ❧✐♠✐t❡ ❡♠ K1〈X〉 s♦❜r❡ ✉♠ ❝♦r♣♦

❞❡ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✳ P❛r❛ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p > 2✱ ❡ss❡ r❡s✉❧t❛❞♦ ♣♦❞❡

s❡r ❡①♣r❡ss♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳

❚❡♦r❡♠❛ ✹✳✹✳✼ ✭❬✷✵❪✮ ❙♦❜r❡ ♦ ❝♦r♣♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p > 2✱ ♦ ❚✲❡s♣❛ç♦ V ❣❡r❛❞♦

♣♦r Q ❡ ♣❡❧♦ ❝♦♥❥✉♥t♦

{xα1
1 x

α2
2 [x1, x2] . . . x

α2s−1

2s−1 x
α2s
2s [x2s−1, x2s]|s ∈ N, αi ∈ {1, p− 1}♣❛r❛ t♦❞♦ i} ✭✹✳✶✹✮

é ✉♠ ❚✲❡s♣❛ç♦ ❧✐♠✐t❡ ❡♠ K1〈X〉.

❙❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✶✳✸ q✉❡ s❡ ♣❛r❛ ✉♠ ❡❧❡♠❡♥t♦ ❞♦ ❝♦♥❥✉♥t♦ ✭✹✳✶✹✮ t❡♠♦s αi 6= p−1

♣❛r❛ ❛❧❣✉♠ i✱ ❡♥tã♦ ♦ ❡❧❡♠❡♥t♦ ♣❡rt❡♥❝❡ ❛♦ ❚✲❡s♣❛ç♦ ❞❡ K1〈X〉 ❣❡r❛❞♦ ♣♦r Q ❡ [x1, x2]✳

P♦r ✐ss♦✱ ♦ ❚✲❡s♣❛ç♦ ❧✐♠✐t❡ V ❛❝✐♠❛ ♣♦❞❡ s❡r ❣❡r❛❞♦ ♣♦r Q✱ [x1, x2] ❡ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s

qs (s ∈ N)✱ ♦✉ s❡❥❛✱ C(E ′) = V. ❆ss✐♠ t❡♠♦s✿

❚❡♦r❡♠❛ ✹✳✹✳✽ ❙♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ p > 2✱ C(E ′) é ✉♠

❚✲❡s♣❛ç♦ ❧✐♠✐t❡ ❡♠ K1〈X〉✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❑✐r❡❡✈❛ ❡♠ ❬✸✵❪✳

❈♦♠ ✐ss♦✱ s✉r❣❡ ♦ ♠❡s♠♦ q✉❡st✐♦♥❛♠❡♥t♦ ❡♥❝♦♥tr❛❞♦ ♣❛r❛ C(E)✳ ❙❡rá q✉❡ C(E ′)

é ♦ ú♥✐❝♦ ❚✲❡s♣❛ç♦ ❧✐♠✐t❡ ❡♠ K1〈X〉 s♦❜r❡ ✉♠ ❝♦r♣♦ K ❞❡ ❝❛r❛❝❡ríst✐❝❛ p > 2❄

✾✹



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❙✳ ❆✳ ❆♠✐ts✉r✱ ❆ ♥♦t❡ ♦♥ P■✲r✐♥❣s✱ ■sr❛❡❧ ❏✳ ▼❛t❤✳✱ ✶✵✱ ✷✶✵✲✷✶✶✱ ✶✾✼✶✳

❬✷❪ ❙✳ ❆✳ ❆♠✐ts✉r✱ ❏✳ ▲❡✈✐ts❦②✱ ▼✐♥✐♠❛❧ ✐❞❡♥t✐t✐❡s ❢♦r ❛❧❣❡❜r❛s✱ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳✱

✶✱ ✹✹✾✲✹✻✸✱ ✶✾✺✵✳

❬✸❪ ◆✳ ❆♥✐s✐♠♦✈✱ Zp✲❝♦❞✐♠❡♥s✐♦♥ ♦❢ Zp✲✐❞❡♥t✐t✐❡s ♦❢ ●r❛ss♠❛♥♥ ❆❧❣❡❜r❛✱ ❈♦♠♠✉♥✳ ✐♥

❆❧❣❡❜r❛ ✷✾ ✭✾✮✱ ✹✷✶✶✲✹✷✸✵✱ ✷✵✵✶✳

❬✹❪ ◆✳ ❆♥✐s✐♠♦✈✱ ▲✐♥❡❛r✐③❛t✐♦♥ ♠❡t❤♦❞ ♦❢ ❝♦♠♣✉t✐♥❣ Z2✲❝♦❞✐♠❡♥s✐♦♥s ♦❢ ✐❞❡♥t✐t✐❡s ♦❢

t❤❡ ●r❛ss♠❛♥♥ ❆❧❣❡❜r❛✱ P♦❧②♥♦♠✐❛❧ ■❞❡♥t✐t✐❡s ❛♥❞ ❈♦♠❜✐♥❛t♦r✐❛❧ ▼❡t❤♦❞s✱

▲❡❝t✳ ◆♦t❡s ✐♥ P✉r❡ ❛♥❞ ❆♣❧❧✳ ▼❛t✳ ✷✸✺✱ ▼❛r❝❡❧ ❉❡❦❦❡r✱ ✶✲✷✻✱ ✷✵✵✸✳

❬✺❪ ❈✳ ❇❡❦❤✲❖❝❤✐r✱ ❉✳ ❘✐❧❡②✱ ❆ t❤❡♦r❡♠ ♦❢ ❋r♦❜❡♥✐✉s✱ ❛ t❤❡♦r❡♠ ♦❢ ❆♠✐ts✉r✲▲❡✈✐t③❦✐

❛♥❞ ❝♦❤♦♠♦❧♦❣② t❤❡♦r②✱ ❏✳ ▼❛t❤✳ ▼❡❝❤✳ ✼✱ ✷✸✼✲✷✻✹✱ ✶✾✺✽✳

❬✻❪ ❆✳ P✳ ❇r❛♥❞ã♦ ❏r✳✱ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s ♣❛r❛ ➪❧❣❡❜r❛s ●r❛❞✉❛❞❛s✱ ❚❡s❡ ❞❡

❉♦✉t♦r❛❞♦✱ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s✱ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✱

❊st❛tíst✐❝❛ ❡ ❈♦♠♣✉t❛çã♦ ❈✐❡♥tí✜❝❛✱ ✷✵✵✻✳

❬✼❪ ❆✳ P✳ ❇r❛♥❞ã♦ ❏r✳✱ P✳ ❑♦s❤❧✉❦♦✈✱ ❆✳ ❑r❛s✐❧♥✐❦♦✈✱ ❊✳ ❆✳ ❉❛ ❙✐❧✈❛✱ ❚❤❡ ❝❡♥tr❛❧

♣♦❧②♥♦♠✐❛❧s ❢♦r t❤❡ ●r❛ss♠❛♥♥ ❛❧❣❡❜r❛✱ ■sr❛❡❧ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✳ ✶✼✵✱

✶✷✼✲✶✹✹✱ ✷✵✶✵✳
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