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Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❊①♣♦❡♥t❡s ❞❡ PI✲➪❧❣❡❜r❛s
❆ss♦❝✐❛t✐✈❛s

♣♦r

❆◆❚❖◆■❖ ▼❆❘❈❖❙ ❉❯❆❘❚❊ ❉❊ ❋❘❆◆➬❆ ♠

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❆♥tô♥✐♦ P❡r❡✐r❛ ❇r❛♥❞ã♦ ❏ú♥✐♦r

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

♠❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙✳
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♣♦r

❆◆❚❖◆■❖ ▼❆❘❈❖❙ ❉❯❆❘❚❊ ❉❊ ❋❘❆◆➬❆

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ➪❧❣❡❜r❛

❆♣r♦✈❛❞❛ ♣♦r✿

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❖❯❚❯❇❘❖✴✷✵✶✹

✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

◆❡st❛ ♣á❣✐♥❛ ♠✉✐t♦ ❡s♣❡❝✐❛❧ ❞❡st❡ tr❛❜❛❧❤♦✱ ❣♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r ❛ ❛❧❣✉♠❛s

♣❡ss♦❛s✱ ❞❡♥tr❡ ❛s ♠✉✐t❛s q✉❡ ♠❡ ❛❥✉❞❛r❛♠ ❛ r❡❛❧✐③á✲❧♦✳

❆ t♦❞♦s ♦s ♠❡✉s ❢❛♠✐❧✐❛r❡s✱ q✉❡ ❝♦♥tr✐❜✉ír❛♠ ❞❡ ♠❛♥❡✐r❛ s✐❣♥✐✜❝❛t✐✈❛ ♣❛r❛ ♠✐♥❤❛

❡❞✉❝❛çã♦ ❛♦ ❧♦♥❣♦ ❞❛ ♠✐♥❤❛ ✈✐❞❛✳ ❊♠ ❡s♣❡❝✐❛❧✱ ♠✐♥❤❛ ♠ã❡ ▼❛r✐❛ ❞♦ ❙♦❝♦rr♦✱ q✉❡ é

✉♠❛ ♠✉❧❤❡r ❢♦rt❡ ❡ ❜❛t❛❧❤❛❞♦r❛ ❡ q✉❡ s❡♠♣r❡ ♠❡ ♠♦t✐✈♦✉ ❛ q✉❡r❡r s❡♠♣r❡ ♠❛✐s✱ ❡ ♠❡✉

♣❛✐ ❆♥t♦♥✐♦ ❉✉❛rt❡✱ q✉❡ s❡♠♣r❡ t❡♠ ❛❧❣♦ ❛ ♠❡ ❡♥s✐♥❛r ❡ ❛ q✉❡♠ ❡✉ ❛❞♠✐r♦ ♠✉✐t♦✳ ❙ã♦

❡❧❡s ❛s ♣r✐♥❝✐♣❛✐s r❛③õ❡s ♣❛r❛ ♦ ♠❡✉ s✉❝❡ss♦✳ ❙♦✉ ❡t❡r♥❛♠❡♥t❡ ❣r❛t♦ ❛ t✉❞♦ q✉❡ ❡❧❡s

♠❡ ♣r♦♣♦r❝✐♦♥❛r❛♠✳

❆♦ ♠❡✉ ✐r♠ã♦ ❆♥❞ré ❉✉❛rt❡✱ ✉♠ ❤♦♠❡♠ ❞❡ ✐♥t❡❧✐❣ê♥❝✐❛ ♠❛❧ ❛♣r♦✈❡✐t❛❞❛✱ ❡ ❛

♠✐♥❤❛ ✐r♠ã ❘❡❣✐♥❛ ❉✉❛rt❡✱ ✉♠❛ ♠✉❧❤❡r ❞❡ ♠✉✐t❛ ❢♦rç❛ ❞❡ ✈♦♥t❛❞❡ ❡ ✐♥t❡❧✐❣ê♥❝✐❛✳

➚ ♠✐♥❤❛ q✉❡r✐❞❛ ❛✈ó ❏♦s❡❢❛ P❡✐①♦t♦ ✭✐♥ ♠❡♠♦r✐❛♥✮✳

❆♦s ♠❡✉s t✐♦s ❡ t✐❛s✳ ❊♠ ❡s♣❡❝✐❛❧✱ ❛♦ ♠❡✉ t✐♦ ❏♦sé ❈í❝❡r♦✱ q✉❡ ♥✉♥❝❛ ♠❡❞❡

❡s❢♦rç♦s ♣❛r❛ ❛❥✉❞❛r✳

➚ ♠✐♥❤❛ q✉❡r✐❞❛ ♥❛♠♦r❛❞❛ ▲❛r✐ss❛ ❋❡rr♦✱ ♣❡❧♦ ❝♦♠♣❛♥❤❡✐r✐s♠♦✱ ❝❛r✐♥❤♦✱ ❛♠♦r ❡

t❛♠❜é♠ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡♠ t❡♠♣♦s ❞✐❢í❝❡✐s✱ s❡♠♣r❡ ❛♦ ♠❡✉ ❧❛❞♦✱ ✐♥❝❡♥t✐✈❛♥❞♦✲♠❡ ♣❛r❛

q✉❡ ❡✉ ♥✉♥❝❛ ❞❡s✐st❛ ❞♦s ♠❡✉s s♦♥❤♦s✱ ❡❧❛ q✉❡ s❡♠♣r❡ ♠❡ ❛♣♦✐♦✉ ❞❡st❡ q✉❛♥❞♦ ❡✉

❛✐♥❞❛ ❡st❛✈❛ ♥❛ ❣r❛❞✉❛çã♦✳ ❉❡✐①♦ ❛q✉✐ ♦ ♠❡✉ ♠✉✐t♦ ♦❜r✐❣❛❞♦✳

➚ ♠✐♥❤❛ q✉❡r✐❞❛ ♠❛❞r✐♥❤❛ ❍❡❧❡♥❛ ✭✐♥ ♠❡♠♦r✐❛♥✮✳

❆ t♦❞♦s ♠❡✉s ❛♠✐❣♦s✱ q✉❡ ♠❡s♠♦ ❡st❛♥❞♦ ❧♦♥❣❡ ♠❡ ❛❝♦♠♣❛♥❤❛r❛♠ ♥❡ss❛ ❥♦r♥❛❞❛

❡ q✉❡ t❛♥t♦ ♠❡ ❞❡r❛♠ ❛♣♦✐♦ ❡ t♦r❝❡r❛♠ ♣♦r ❡ss❡ r❡s✉❧t❛❞♦✱ ❡♠ ❡s♣❡❝✐❛❧ ❇❡♥✐❣♥♦ ◆✉♥❡s✱

❉❛♥✐❧♦ ❋❛r✐❛s✱ ❊♠❡rs♦♥ ❈❛✈❛❧❝❛♥t❡✱ ❊r✐✈❛❧❞♦ ❇❡❧❛r♠✐♥♦✱ ❙ér❣✐♦ ❉✐❛s ✭✐♥ ♠❡♠♦r✐❛♥✮✱

❙ér❣✐♦ ◆✉♥❡s✱ ❡♥tr❡ ♦✉tr♦s q✉❡ ♠✐♥❤❛ ♠❡♠ór✐❛ t❡✐♠❛ ❡♠ ♥ã♦ ❧❡♠❜r❛r✳

❆ t♦❞❛s ❛s ❛♠✐③❛❞❡s ❝♦♥q✉✐st❛❞❛s ♥♦ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ❋ís✐❝❛ ✲ ❯❋❈●✱ ❡♠ ❡s♣❡✲

❝✐❛❧ ❉❛♥✐❧♦ ▼♦r❡✐r❛✱ ❊❞✉❛r❞♦ ▼❛r❝♦s✱ ❊✉❣ê♥✐♦ ▼❛❝✐❡❧✱ ❋r❛♥❝✐s❝♦ ❇r✐t♦✱ ▲✉❝✐❛♥♦ ❇r✐t♦✱

▼✐❣✉❡❧ ◆❡t♦✱ ❘♦❞r✐❣♦ ▲✐♠❛ ❡ ❙✐♠♦♥② ❙❛♥t♦s✳

❆♦ ❉❛♥✐❧♦ ▼♦r❡✐r❛✱ ❣r❛♥❞❡ ❛♠✐❣♦ ❡ ❝♦♠♣❛♥❤❡✐r♦ ❞❡ t♦❞♦s ♦s ♠♦♠❡♥t♦s✱ ❡ q✉❡



✐✈

♠❡ r❡❝❡❜❡✉ ♠✉✐t♦ ❜❡♠ ❡♠ ❈❛♠♣✐♥❛ ●r❛♥❞❡✳

❆♦ ❋á❜✐♦ ❘❡✐s✱ ♣❡❧❛ ❛♠✐③❛❞❡✱ ❝♦♥tr✐❜✉✐çõ❡s ❛❝❛❞ê♠✐❝❛s ❡ ✐♥❝❡♥t✐✈♦s ❝♦♥st❛♥t❡s✳

❆♦s ❛♠✐❣♦s q✉❡ ✜③ ♥♦ ❞❡❝♦rr❡r ❞♦s ❛♥♦s ❞❡ ♠❡str❛❞♦✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ❆❧❡① ❘❛♠♦s✱

❆rt❤✉r ●✐❧③❡♣❤✱ ❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s ❡ ❏♦sé ❞❡ ❇r✐t♦✱ q✉❡ t❛♥t♦ ♠❡ ❡♥s✐♥❛r❛♠ ♥♦s ✏❡st✉✲

❞♦s ❝♦❧❡t✐✈♦s✑✱ tr❛♥s❢♦r♠❛♥❞♦ ♠✐♥❤❛ ♣❛ss❛❣❡♠ ♣♦r ❈❛♠♣✐♥❛ ●r❛♥❞❡ ♠❛✐s ♣r❛③❡r♦s❛ ❡

q✉❡ t❛♥t♦ ♠❡ ✏❛❣✉❡♥t❛r❛♠✑ ❞✉r❛♥t❡ t♦❞♦s ❡ss❡s ❛♥♦s✳

❆♦ q✉❡r✐❞♦ ❛♠✐❣♦ ●❡♦✈❛♥❡ ❉✉❛rt❡ ❇♦r❣❡s✱ ♣❡❧❛ ❛♠✐③❛❞❡✱ ♦r✐❡♥t❛çã♦ ❡ ♣r✐♥❝✐♣❛❧✲

♠❡♥t❡ ♣♦r t♦❞♦s ♦s ❡♥s✐♥❛♠❡♥t♦s✱ s❡♠ ♦s q✉❛✐s ♥ã♦ t❡r✐❛ ❝♦♥s❡❣✉✐❞♦ ✐r ❛ ❧✉❣❛r ❛❧❣✉♠✱

♣r♦♣♦r❝✐♦♥❛♥❞♦✲♠❡ ✈❛❧✐♦s♦s ❝✉rs♦s ❡ q✉❡ ❞✉r❛♥t❡ ❡ss❡s ❛♥♦s ❝♦♥tr✐❜✉ír❛♠ ❞❡ ❛❧❣✉♠

♠♦❞♦ ♣❛r❛ ♦ ♥♦ss♦ ❡♥r✐q✉❡❝✐♠❡♥t♦ ♣❡ss♦❛❧ ❡ ♣r♦✜ss✐♦♥❛❧✳ ❊ t❛♠❜é♠ à s✉❛ ❡s♣♦s❛✱

❆♣❛r❡❝✐❞❛ ❇r✐♦s♦✱ q✉❡ s❡♠♣r❡ ♠❡ r❡❝❡❜❡✉ ♠✉✐t♦ ❜❡♠ ❡♠ s✉❛ r❡s✐❞ê♥❝✐❛✳

❆♦s ♠❡str❡s q✉❡ t❛♥t♦ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ♠✐♥❤❛ ❢♦r♠❛çã♦✱ ❞❡s❞❡ ♦ ❡♥s✐♥♦ ❜ás✐❝♦✱

❡♠ ❡s♣❡❝✐❛❧ ❏♦s✐✈❛❧❞♦ ❞♦s ❙❛♥t♦s✱ ■t❛♠❛r ❘♦❞r✐❣✉❡s ❡ ▲✉✐③ ●❛❧❞✐♥♦✱ ❡st❡ ú❧t✐♠❛ ❢❡③

❞❡s♣❡rt❛r ❡♠ ♠✐♠ ♦ ♣r❛③❡r ❡♠ ❡st✉❞❛r ♠❛t❡♠át✐❝❛✱ ❛té ♦ ❡♥s✐♥♦ s✉♣❡r✐♦r✱ ❡♠ ❡s♣❡❝✐❛❧

❆❞❡❧s♦♥ ▲♦♣❡s✱ ❆❧❝✐♥❞♦ ❚❡❧❡s✱ ❆rt✉r♦ ❚♦s❝❛♥✐♥✐✱ ❋r❛♥❝✐s❝♦ ❆✉r❡❧✐❛♥♦✱ ●❡♦✈❛♥❡ ❉✉❛rt❡✱

▼❛r❣❛r❡t❡ P❛✐✈❛✱ ❙❛♥❞r♦ ●✉❡❞❡s✱ ❚❡r❡s✐♥❤❛ ❞❡ ❏❡s✉s✱ ❚♦♥② ❋á❜✐♦✳ ◆ã♦ ♣♦❞❡r✐❛ ❞❡✐✲

①❛r ❞❡ ❢❛❧❛r ❞♦s q✉❡ ♠❡ ❡♥s✐♥❛r❛♠ ❡✴♦✉ ✐♥s♣✐r❛r❛♠ ♥♦ ♠❡str❛❞♦✱ ❡♠ ❡s♣❡❝✐❛❧ ❆♥❣❡❧♦

❘♦♥❝❛❧❧✐✱ ❆♥tô♥✐♦ ❇r❛♥❞ã♦✱ ❉✐♦❣♦ ❉✐♥✐③✱ ❏❡✛❡rs♦♥ ❆❜r❛♥t❡s✱ ▼❛r❝♦ ❆♥t♦♥✐♦✱ ❙❡✈❡r✐♥♦

❍♦rá❝✐♦✳

❆♦s q✉❡ ❝♦♠♣❛rt✐❧❤❛r❛♠ ❝♦♠✐❣♦ ♦ ❛❧♦❥❛♠❡♥t♦ ♥♦ ❱❡rã♦ ❞❡ ✷✵✶✷ ❞❛ ❯❋❈●✱ ❡♠

❡s♣❡❝✐❛❧ ❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s✱ ❊r✐✈❛❧❞♦ ❉✐♥✐③✱ ■③✐❞✐♦ ❙✐❧✈❛✱ ❏❛r❜❛s ❉❛♥t❛s✱ ▲✉❛♥ ❙♦✉s❛ ❡

❱✐❝t♦r P❡r❡✐r❛✳ ❇♦♥s t❡♠♣♦s ❢♦r❛♠ ❛q✉❡❧❡s✳

❆♦s ❝♦❧❡❣❛s q✉❡ ❞✉r❛♥t❡ ❡ss❡s ú❧t✐♠♦s ❞♦✐s ❛♥♦s ❞✐✈✐❞✐r❛♠ ♦ ♠❡s♠♦ ❡s♣❛ç♦ ❝♦✲

♠✐❣♦ ♥❛ s❛❧❛ ❞❛ Pós✲●r❛❞✉❛çã♦ ❞♦ ❉▼✱ ❡♠ ❡s♣❡❝✐❛❧ ❆❧❛♥ ❈❛r❧♦s✱ ❆❧❛♥ ●✉✐♠❛rã❡s✱

❆❧❡① ❘❛♠♦s✱ ❆❧✐♥❡ ❚s✉②✉❣✉❝❤✐✱ ❆r❧❛♥❞s♦♥ ▼❛t❤❡✉s✱ ❆rt❤✉r ●✐❧③❡♣❤✱ ❇r✉♥♦ ❆rt❤✉r✱

❈❛r❧♦s ❆♥tô♥✐♦✱ ❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s✱ ❉❛✈✐❞ ▲❡✈✐✱ ❉é❜♦r❛ ❑❛r♦❧❧②♥❡✱ ❊❧✐③❛❜❡t❡ ❈❛r❞♦s♦✱

❊♠❛♥✉❡❧❛ ❘é❣✐❛✱ ❊r✐✈❛❧❞♦ ❉✐♥✐③✱ ❋á❜✐♦ ❘❡✐s✱ ❋❛❜rí❝✐♦ ▲♦♣❡s✱ ❏❛♠✐❧❧② ▲♦✉rê❞♦✱ ❏♦❣❧✐

●✐❞❡❧✱ ❏♦ã♦ P❛✉❧♦ ❞❡ ▼❡♥❡s❡s✱ ❏♦sé ❞❡ ❇r✐t♦✱ ❏♦sé ▲✉❛♥❞♦✱ ❏♦sé ▼❛r❝♦s✱ ❑❡②tt ❆♠❛✲

r❛❧✱ ▲✉❝✐❛♥♦ ❈✐♣r✐❛♥♦✱ ▲✉✐s ●♦♥③❛❣❛✱ ▼✐❝❤❡❧ ❇❛rr♦s✱ ▼✐s❛❡❧❧❡ ❖❧✐✈❡✐r❛✱ ◆❛♥❝② ▲✐♠❛✱

P❛trí❝✐♦ ▲✉✐③✱ ❘♦♠✐❧❞♦ ◆❛s❝✐♠❡♥t♦✳

❆♦ ❉❛♥✐❧♦ ▼♦r❡✐r❛ ❡ ❆♥❞ré ❖❧✐✈❡✐r❛ ✭❆♥❞ré ❜❛✐①✐♥❤♦✮✱ ♣❡❧❛ ❛♠✐③❛❞❡ ❡ ♣❡❧♦ ✏❝❛♥✲

t✐♥❤♦✑ ❝❡❞✐❞♦ ♥♦ ❝♦♠❡ç♦ ❞❡ ♠✐♥❤❛ ❥♦r♥❛❞❛ ♥♦ ♠❡str❛❞♦✳



✈

❆♦s ❛♠✐❣♦s q✉❡ tã♦ ❜❡♠ ♠❡ r❡❝❡❜❡r❛♠ ❡♠ ❇r❛sí❧✐❛✱ ❡♠ ❡s♣❡❝✐❛❧ ❍✉❣♦ ❚❛❞❛s❤✐✱

❘❛✐♠✉♥❞♦ ❇❛st♦s ❡ ❱❛❧t❡r ❇♦r❣❡s✳

❆♦ Pr♦❢✳ ❉r✳ ❆❧❡①❡✐ ❑r❛ss✐❧♥✐❦♦✈✱ ♣♦r t❡r ♠❡ ❛✉①✐❧✐❛❞♦ ❡♠ ✉♠ ♣r♦❜❧❡♠❛✱ ❝♦♥tr✐✲

❜✉✐♥❞♦ ❛ss✐♠ ♣❛r❛ ♦ ê①✐t♦ ❞♦ tr❛❜❛❧❤♦✳ ▼❡✉ s✐♥❝❡r♦ ❛❣r❛❞❡❝✐♠❡♥t♦✳

➚ ❢❛♠í❧✐❛ ❞♦s ❑✐t♥❡t✬s ❞♦ ❇❡t♦✱ ♦♥❞❡ t✐✈❡ ♦ ♣r❛③❡r ❞❡ ❢❛③❡r ót✐♠❛s ❛♠✐③❛❞❡s ❡

q✉❡ ❝♦♥tr✐❜✉✐✉ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♣❛r❛ ❜♦♥s ❛♥♦s q✉❡ ♣❛ss❡✐ ❡♠ ❈❛♠♣✐♥❛ ●r❛♥❞❡✱ ❡♠

❡s♣❡❝✐❛❧ ❛♦ ❆❧✐♥❡✱ ●❛❜r✐❡❧✱ ●❧❛❞s♦♥✱ ❍❡✐t♦r✱ ▲❡✈✐✱ ▲✉❛♥❞♦✱ ❇❡t♦✱ ■r✐♥❛❧❞♦✱ ❘♦❣ér✐♦✱

❡♥tr❡ ♦✉tr♦s q✉❡ ♠❡ ❡s❝❛♣❛♠ ♥❡ss❡ ♠♦♠❡♥t♦✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r Pr♦❢✳ ❇r❛♥❞ã♦✱ ✉♠❛ ♣❡ss♦❛ q✉❡ ❛❞♠✐r♦ ❡ r❡s♣❡✐t♦✱ ✉♠ ♣r♦✜ss✐✲

♦♥❛❧ ♥♦ q✉❛❧ ♠❡ ❡s♣❡❧❤♦ ❞❡s❞❡ q✉❛♥❞♦ ♦ ❝♦♥❤❡❝✐ ♥❛s ❛✉❧❛s ❞❡ ➪❧❣❡❜r❛ ▲✐♥❡❛r ♠✐♥✐str❛✲

❞❛s ♣♦r ❡❧❡ ♥♦ ❈✉rs♦ ❞❡ ❱❡rã♦ ❡♠ ✷✵✶✶✱ ❡ t❛♠❜é♠ ♣❡❧❛ ❛♠✐③❛❞❡ ❡ tã♦ s❡♠♣r❡ ✈❛❧✐♦s❛s

s✉❣❡stõ❡s✳ ❚❡♥❤♦ ♠✉✐t♦ ♦r❣✉❧❤♦ ❞❡ t❡r s✐❞♦ ♦r✐❡♥t❛❞♦ ♣♦r ❛❧❣✉é♠ tã♦ q✉❛❧✐✜❝❛❞♦✳

❆♦s ♠❡♠❜r♦s ❞❛ ❜❛♥❝❛✱ Pr♦❢✳ ❉r✳ ❉✐♦❣♦ ❉✐♥✐③ ✭❯❋❈●✮ ❡ Pr♦❢❛✳ ❉r❛✳ ▼❛♥✉❡❧❛ ❞❛

❙✐❧✈❛ ❙♦✉③❛ ✭❯❋❇❆✮ ♣♦r ❛❝❡✐t❛r❡♠ ♣r♦♥t❛♠❡♥t❡ ♦ ❝♦♥✈✐t❡ ♣❛r❛ ❛✈❛❧✐❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦

❡ ♣❡❧❛s ✈❛❧✐♦s❛s s✉❣❡stõ❡s✳

❆ t♦❞♦s ♦s ❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛ ✲ ❯❋❈●✱ ❡♠ ❡s♣❡❝✐❛❧

❆♥❞r❡③③❛✱ ❆♥✐♥❤❛✱ ❉♦♥❛ ❉✉✱ ❉❛✈✐✱ ❙óst❡♥❡s ✭❚♦t✐♥❤❛✮✱ ❘❡♥❛t♦✱ ❘♦❞r✐❣♦✱ ❙✉ê♥❝✐❛✱

❡♥tr❡ ♦✉tr♦s✳

➚ ❯❋❈●✱ ♣❡❧❛ ✐♥❢r❛❡str✉t✉r❛ ❡ r❡❝✉rs♦s ♦❢❡r❡❝✐❞♦s ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛✲

❧❤♦✳

➚ ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

P❡ç♦ ❞❡s❝✉❧♣❛s àq✉❡❧❡s q✉❡ ✐♥❥✉st❛ ❡ ✐♥✈♦❧✉♥t❛r✐❛♠❡♥t❡ t❡♥❤❛♠ s✐❞♦ ♦♠✐t✐❞♦s✳

▼❡✉s s✐♥❝❡r♦s ❛❣r❛❞❡❝✐♠❡♥t♦s ❛ t♦❞♦s✳



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s q✉❡r✐❞♦s ♣❛✐s ❡ ✐r♠ã♦s✳



✧❙❡ ♥ã♦ ♣✉❞❡r ✈♦❛r✱ ❝♦rr❛✳

❙❡ ♥ã♦ ♣✉❞❡r ❝♦rr❡r✱ ❛♥❞❡✳

❙❡ ♥ã♦ ♣✉❞❡r ❛♥❞❛r✱ r❛st❡❥❡✱

♠❛s ❝♦♥t✐♥✉❡ ❡♠ ❢r❡♥t❡

❞❡ q✉❛❧q✉❡r ❥❡✐t♦✧✳

▼❛rt✐♥ ▲✉t❤❡r ❑✐♥❣



❘❡s✉♠♦

❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❡ (cn(A))n≥1 ❛

s❡q✉ê♥❝✐❛ ❞❡ ❝♦❞✐♠❡♥sõ❡s ❞❡ A✳ ◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛r❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥✲

tót✐❝♦ ❞❡ t❛❧ s❡q✉ê♥❝✐❛ ❝♦♠ ❜❛s❡ ❡♠ ✉♠ ❛rt✐❣♦ ❞❡ ❆✳ ●✐❛♠❜r✉♥♦ ❡ ▼✳ ❩❛✐❝❡✈✳ ◆❡st❡

❛rt✐❣♦✱ ✉t✐❧✐③❛♥❞♦✲s❡ ❞❡ ♠ét♦❞♦s ❞❛ ❚❡♦r✐❛ ❞❡ ❨♦✉♥❣ ❡ ❞❛ ❚❡♦r✐❛ ❞❛s ❘❡♣r❡s❡♥t❛çõ❡s✱

♦s ❛✉t♦r❡s ♣r♦✈❛r❛♠ q✉❡ s❡ A é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛✱ ❡♥tã♦ ♦ s❡✉ PI✲❡①♣♦❡♥t❡✱ ❞❡✜♥✐❞♦

♣♦r exp(A) = limn→∞
n
√

cn(A)✱ ❡①✐st❡ ❡ é ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦✳ P❛r❛ t❛♥t♦✱ ♣r✐♠❡✐r♦ é

❞❡♠♦♥str❛❞❛ ❛ ✈❛❧✐❞❛❞❡ ❞♦ r❡s✉❧t❛❞♦ ♣❛r❛ á❧❣❡❜r❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡ ❞❛í✱ ♣♦r ✉♠

r❡s✉❧t❛❞♦ ❞❡ ❆✳ ❑❡♠❡r✱ é ♣♦ssí✈❡❧ ❡st❡♥❞❡r ♦ r❡s✉❧t❛❞♦ ♣❛r❛ á❧❣❡❜r❛s ✜♥✐t❛♠❡♥t❡ ❣❡r❛✲

❞❛s✳ ❈♦♠♦ ♣❛rt❡ ❞♦ ❡st✉❞♦ ❞❡ PI✲❡①♣♦❡♥t❡✱ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ♣❛r❛

á❧❣❡❜r❛s s✐♠♣❧❡s✿ A é ❝❡♥tr❛❧ s✐♠♣❧❡s s♦❜r❡ K s❡✱ ❡ s♦♠❡♥t❡ s❡✱ exp(A) = dimA✳ ❆✐♥❞❛

❡st✉❞❛r❡♠♦s ♥❡st❡ tr❛❜❛❧❤♦ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡ s✉✜❝✐❡♥t❡s ♣❛r❛ ❣❛r❛♥t✐r

q✉❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦❞✐♠❡♥sõ❡s ❞❡ A s❡❥❛ ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ➪❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✱ PI✲á❧❣❡❜r❛✱ PI✲❡①♣♦❡♥t❡✱ ❈r❡s❝✐♠❡♥t♦✱ ❈♦✲

❞✐♠❡♥sõ❡s✱ ❉✐❛❣r❛♠❛s ❞❡ ❨♦✉♥❣✳



❆❜str❛❝t

▲❡t A ❛♥ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛ ♦✈❡r ❛ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦ ❛♥❞ (cn(A))n≥1 t❤❡

s❡q✉❡♥❝❡ ♦❢ ❝♦❞✐♠❡♥s✐♦♥s ♦❢ A✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ✇✐❧❧ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢

s✉❝❤ s❡q✉❡♥❝❡ ❜❛s❡❞ ♦♥ ❛ ♣❛♣❡r ♦❢ ❆✳ ●✐❛♠❜r✉♥♦ ❛♥❞ ▼✳ ❩❛✐❝❡✈✳ ■♥ t❤✐s ♣❛♣❡r✱ ✉s✐♥❣

♠❡t❤♦❞s ♦❢ t❤❡ ❨♦✉♥❣✬s ❚❤❡♦r② ❛♥❞ t❤❡ ❘❡♣r❡s❡♥t❛t✐♦♥s✬ ❚❤❡♦r②✱ t❤❡ ❛✉t❤♦rs ♣r♦✈❡❞

t❤❛t ✐❢ A ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✱ t❤❡♥ ✐ts PI✲❡①♣♦♥❡♥t✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s exp(A) =

limn→∞
n
√

cn(A)✱ ❡①✐sts ❛♥❞ ✐s ❛♥ ✐♥t❡❣❡r✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✜rst✱ ✐t ✐s s❤♦✇♥ t❤❡

✈❛❧✐❞✐t② ♦❢ t❤❡ r❡s✉❧t ❢♦r ❛❧❣❡❜r❛s ♦❢ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧✱ ❛♥❞ ❤❡♥❝❡✱ ❜② ❛ r❡s✉❧t ♦❢ ❆✳

❑❡♠❡r✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡①t❡♥❞ t❤❡ r❡s✉❧t t♦ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛❧❣❡❜r❛s✳ ❆s ♣❛rt ♦❢

t❤❡ st✉❞② ♦❢ PI✲❡①♣♦♥❡♥t✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r s✐♠♣❧❡ ❛❧❣❡❜r❛s✿ A ✐s

❝❡♥tr❛❧ s✐♠♣❧❡ ♦✈❡r K ✐❢ ❛♥❞ ♦♥❧② ✐❢ exp(A) = dimA✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ✇✐❧❧ st✉❞② ❛❧s♦

s♦♠❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s t♦ ❡♥s✉r❡ t❤❛t t❤❡ s❡q✉❡♥❝❡ ♦❢ ❝♦❞✐♠❡♥s✐♦♥s

♦❢ A ✐s ♣♦❧②♥♦♠✐❛❧❧② ❜♦✉♥❞❡❞✳

❑❡②✇♦r❞s✿ ❆ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛s✱ PI✲❛❧❣❡❜r❛✱ PI✲❡①♣♦♥❡♥t✱ ●r♦✇t❤✱ ❈♦❞✐♠❡♥s✐♦♥✱

❨♦✉♥❣✬s ❞✐❛❣r❛♠✳



❈♦♥t❡ú❞♦

❘❡s✉♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✈✐✐✐

❆❜str❛❝t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐①

■♥tr♦❞✉çã♦ ✶✶

✶ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s ✶✺

✶✳✶ K✲➪❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✷ A✲▼ó❞✉❧♦s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✶✳✸ ❘❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❡ ❙❡♠✐ss✐♠♣❧✐❝✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✶✳✹ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✷ Sn✲❘❡♣r❡s❡♥t❛çõ❡s ✺✺

✷✳✶ Sn✲❘❡♣r❡s❡♥t❛çõ❡s ❡ ❚❛❜❡❧❛s ❞❡ ❨♦✉♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✷✳✷ Sn✲❛çã♦ ❡♠ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✷✳✸ ❆❧❣✉♥s ❖✉tr♦s ❘❡s✉❧t❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✸ PI✲❊①♣♦❡♥t❡ ❞❡ ➪❧❣❡❜r❛s ✻✾

✸✳✶ ❈♦❞✐♠❡♥sõ❡s ❞❡ ✉♠❛ ➪❧❣❡❜r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✸✳✷ PI✲❊①♣♦❡♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✸✳✸ ❊①✐stê♥❝✐❛ ❞❡ ✉♠ PI✲❊①♣♦❡♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✸✳✹ ❈♦♠♣✉t❛♥❞♦ ♦ PI✲❊①♣♦❡♥t❡ ❞❡ ❛❧❣✉♠❛s ➪❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✹ ➪❧❣❡❜r❛s ❝♦♠ ❈r❡s❝✐♠❡♥t♦ P♦❧✐♥♦♠✐❛❧ ❞❛s ❈♦❞✐♠❡♥sõ❡s ✾✸

✹✳✶ Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✹✳✷ ➪❧❣❡❜r❛s ❝♦♠ ❈r❡s❝✐♠❡♥t♦ P♦❧✐♥♦♠✐❛❧ ❞❛s ❈♦❞✐♠❡♥sõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

❇✐❜❧✐♦❣r❛✜❛ ✶✵✸



■♥tr♦❞✉çã♦

❙❡❥❛♠ K ✉♠ ❝♦r♣♦ ❡ K〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❣❡r❛❞❛ ❧✐✈r❡♠❡♥t❡ ♣❡❧♦

❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧ ❞❡ ✈❛r✐á✈❡✐s X = {x1, x2, . . .} s♦❜r❡ K✳ ❙❡ A é ✉♠❛ PI✲á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ s♦❜r❡ K✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A✱ ❞❡♥♦t❛❞♦ ♣♦r

Id(A)✱ é ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✳ ➱ ✉♠ ❢❛t♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ q✉❡✱ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱

t♦❞❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡✲

❛r❡s✱ ❡ ❞❛í Id(A) é t♦t❛❧♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳ ❙❡♥❞♦

❛ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ K〈A〉 = K〈X〉/Id(A) ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❞❡ ♣♦st♦ ❡♥✉♠❡rá✈❡❧ ♥❛ ✈❛✲

r✐❡❞❛❞❡ ❣❡r❛❞❛ ♣♦r A ❡ Pn ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ♥❛s

✈❛r✐á✈❡✐s x1, . . . , xn✱ t❡♠♦s q✉❡ ✉♠ ✐♠♣♦rt❛♥t❡ ✐♥✈❛r✐❛♥t❡ é ❢♦r♥❡❝✐❞❛ ♣❡❧❛s ❞✐♠❡♥sõ❡s

cn(A) ❞♦s Sn✲♠ó❞✉❧♦s Pn/(Pn ∩ Id(A))✱ ♦✉ s❡❥❛✱

cn(A) = dimK
Pn

Pn ∩ Id(A)
, n ≥ 1,

q✉❡ é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ❛ n✲és✐♠❛ ❝♦❞✐♠❡♥sã♦ ❞❡ A✳

❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❛❝❡r❝❛ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦❞✐♠❡♥sõ❡s ❞❡

✉♠❛ á❧❣❡❜r❛ ❢♦✐ ♦❜t✐❞♦ ♣♦r ❘❡❣❡✈ ❡♠ ❬❘❪✱ ♦ q✉❛❧ ❛✜r♠❛ q✉❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦❞✐♠❡♥✲

sõ❡s ❞❡ t♦❞❛ PI✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ A é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛✱ ✐st♦ é✱ ❡①✐st❡♠

❝♦♥st❛♥t❡s C, a > 0 s❛t✐s❢❛③❡♥❞♦ cn(A) ≤ Can✱ ♣❛r❛ t♦❞♦ n ≥ 1✳

❉❛❞❛ ✉♠❛ PI✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ A✱ ♣❛r❛ n ≥ 1✱ ❞❡✜♥✐♠♦s ♦ n✲és✐♠♦ ❝♦❝❛r❛❝✲

t❡r ❞❡ A ❝♦♠♦ s❡♥❞♦ ♦ Sn✲❝❛r❛❝t❡r ❞❡ Pn(A) = Pn/Pn ∩ Id(A)✱ ❡ ♦ ❞❡♥♦t❛♠♦s ♣♦r

χn(A)✳ ❑❡♠❡r ❡♠ ❬❑✸❪ ♠♦str♦✉ q✉❡ s❡ A é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❝♦♠ ❝r❡s❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧ ❞❛s ❝♦❞✐♠❡♥sõ❡s✱ ❡♥tã♦ ♣♦❞❡✲s❡ ❞❡s❝r❡✲

✈❡r ♦ ❝r❡s❝✐♠❡♥t♦ ❞❛s ❝♦❞✐♠❡♥sõ❡s ❞❡ A ❡♠ ❧✐♥❣✉❛❣❡♠ ❞❛ s❡q✉ê♥❝✐❛ ❞♦s ❝♦❝❛r❛❝t❡r❡s

❞❡ A✳ ❆✐♥❞❛ ❡♠ ❬❑✸❪✱ ❑❡♠❡r ♠♦str♦✉ q✉❡ ♣❛r❛ t♦❞❛ PI✲á❧❣❡❜r❛ A✱ ♦✉ A t❡♠ ❝r❡s❝✐✲

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✷ ■♥tr♦❞✉çã♦

♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧ ❞❛s ❝♦❞✐♠❡♥sõ❡s✱ ♦✉ cn(A) ≥ 2n✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ✭✈❡r

t❛♠❜é♠ ❚❡♦r❡♠❛ ✹ ❞❛ r❡❢❡rê♥❝✐❛ ❬●▼❩❪✮✳ ❏á ❡♠ ❬❑✶❪✱ ❑❡♠❡r ♣r♦✈♦✉ q✉❡ s❡ cn(A) é

♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❝❡rt❛ s✉❜á❧❣❡❜r❛ B ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ t❛❧

q✉❡ Id(A) = Id(B)✳
▼✉✐t❛s ❧✐♥❤❛s ❞❡ ❡st✉❞♦ s✉r❣✐r❛♠ ❛ ♣❛rt✐r ❞❛í ❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛

s❡q✉ê♥❝✐❛ ❞❡ ❝♦❞✐♠❡♥sõ❡s t❡♠ s✐❞♦ ❝♦♠♣✉t❛❞♦ ♣❛r❛ ❛❧❣✉♠❛s á❧❣❡❜r❛s ❡♠ ❝❛r❛❝t❡ríst✐❝❛

③❡r♦✳

❙❡❥❛ A ✉♠❛ PI✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ ❈♦♠♦ ❡①✐st❡♠ ❝♦♥st❛♥t❡s C✱ a > 0 t❛✐s

q✉❡ cn(A) ≤ Can✱ ♣❛r❛ t♦❞♦ n ∈ N✱ ❛ s❡q✉ê♥❝✐❛
(

n
√

cn(A)
)

n≥1
é ❧✐♠✐t❛❞❛ ❡ ❛s✲

s✐♠ ♣♦❞❡♠♦s ❞❡✜♥✐r exp(A) = lim infn→∞
n
√

cn(A)✱ exp(A) = lim supn→∞
n
√

cn(A)

❡ exp(A) = exp(A) = exp(A) ❝❛s♦ ♦❝♦rr❛ ❛ ✐❣✉❛❧❞❛❞❡✱ ♦ q✉❛❧ ❝❤❛♠❛r❡♠♦s ❞❡ PI✲

❡①♣♦❡♥t❡ ❞❡ A✳ ❆ss✐♠✱ ♦ PI✲❡①♣♦❡♥t❡ ❞❡ A é ❡①❛t❛♠❡♥t❡ ♦ ❧✐♠✐t❡ limn→∞
n
√

cn(A)✱

q✉❛♥❞♦ ❡st❡ ❧✐♠✐t❡ ❡①✐st❡✳

◆❛ ❞é❝❛❞❛ ❞❡ ✶✾✽✵ ❆♠✐ts✉r ❝♦♥❥❡❝t✉r♦✉ q✉❡ ♣❛r❛ t♦❞❛ PI✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ A
♦ PI✲❡①♣♦❡♥t❡ ❡①✐st❡ ❡ é ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦✳ ◆♦ ✜♥❛❧ ❞❛ ❞é❝❛❞❛ ❞❡ ✶✾✾✵✱ ❆✳ ●✐❛♠❜r✉♥♦

❡ ▼✳ ❩❛✐❝❡✈✱ ❡♠ ❬●❩❪ ❡ ❡♠ ❬●❩✶❪✱ ❞❡r❛♠ ✉♠❛ r❡s♣♦st❛ ♣♦s✐t✐✈❛ ♣❛r❛ ❡st❛ q✉❡stã♦✱ ♥♦

❝❛s♦ ❞♦ ❝♦r♣♦ ❜❛s❡ s❡r ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

◗✉❛♥❞♦ s❡ t❡♠ ✉♠❛ PI✲á❧❣❡❜r❛ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❛ss♦❝✐❛t✐✈❛✱ t❛♠❜é♠ ❡①✐st❡

❛ ✐❞❡✐❛ ❞❡ s❡q✉ê♥❝✐❛ ❞❡ ❝♦❞✐♠❡♥sõ❡s ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ s❡ ♣♦❞❡ ♣❡r❣✉♥t❛r s♦❜r❡ ❛

❡①✐stê♥❝✐❛ ❡ ♦ q✉❡ ♣♦❞❡ s❡r ♦ PI✲❡①♣♦❡♥t❡✳ ●✐❛♠❜r✉♥♦✱ ▼✐s❤❝❤❡♥❦♦ ❡ ❩❛✐❝❡✈ ♣r♦✈❛✲

r❛♠ q✉❡ ♣❛r❛ t♦❞♦ ♥ú♠❡r♦ r❡❛❧ α ≥ 1 ❡①✐st❡ ❛❧❣✉♠❛ á❧❣❡❜r❛ A ✭♥ã♦✲❛ss♦❝✐❛t✐✈❛✮ t❛❧

q✉❡ exp(A) = α✳ ❖s ♠❡s♠♦s ❛✉t♦r❡s t❛♠❜é♠ ♣r♦✈❛r❛♠ q✉❡ s❡ A é ✉♠❛ á❧❣❡❜r❛ ❞❡

❞✐♠❡♥sã♦ ✷✱ ❡♥tã♦ cn(A) ≤ n + 1✱ ♣❛r❛ t♦❞♦ n ∈ N✱ ♦✉ exp(A) = 2✳ ❊st❡s ❡ ♦✉tr♦s

r❡s✉❧t❛❞♦s ❛❝❡r❝❛ ❞❡ PI✲❡①♣♦❡♥t❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛ r❡❢❡rê♥❝✐❛ ❬●▼❩❪✳

●✐❛♠❜r✉♥♦✱ ❘❡❣❡✈ ❡ ❩❛✐❝❡✈ ♠♦str❛r❛♠ ❡♠ ❬●❘❩✶❪ q✉❡ ❡①✐st❡✱ ❡ é ✉♠ ✐♥t❡✐r♦✱ ♦

❡①♣♦❡♥t❡ ❞❡ t♦❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛

③❡r♦ ❝✉❥♦ r❛❞✐❝❛❧ s♦❧ú✈❡❧ é ♥✐❧♣♦t❡♥t❡✳

❉❡ss❛ ❢♦r♠❛✱ ♦ PI✲❡①♣♦❡♥t❡ ❞❡ ✉♠❛ á❧❣❡❜r❛✱ q✉❛♥❞♦ ❡①✐st✐r✱ s❡rá ✉♠ ♥ú♠❡r♦ r❡❛❧

♥ã♦ ♥❡❣❛t✐✈♦✱ ♣♦❞❡♥❞♦ s❡r ✐♥t❡✐r♦ ♦✉ ♥ã♦✳

◆❡st❡ tr❛❜❛❧❤♦ ❞❡ ❞✐ss❡rt❛çã♦✱ ❡st✉❞❛r❡♠♦s✱ ❝♦♠♦ ✜③❡r❛♠ ●✐❛♠❜r✉♥♦ ❡ ❩❛✐❝❡✈

❡♠ ❬●❩❪✱ ♦ PI✲❡①♣♦❡♥t❡ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛✳ ❚❡♠♦s ❛✐♥❞❛

q✉❡ ♦ ❝❛s♦ ❣❡r❛❧ ♣❛r❛ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❢♦✐ r❡s♦❧✈✐❞♦ ♣♦✉❝♦ t❡♠♣♦ ❞❡♣♦✐s ❡♠ ❬●❩✶❪✱

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●
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t❛♠❜é♠ ♣♦r ●✐❛♠❜r✉♥♦ ❡ ❩❛✐❝❡✈✳ ❖ ♣r✐♥❝✐♣❛❧ ♣♦♥t♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❞❡t❡r♠✐♥❛r ✉♠❛

❧✐♠✐t❛çã♦ ♣❛r❛ cn(A) s♦❜ ❛ ❢♦r♠❛ C1n
r1dn ≤ cn(A) ≤ C2n

r2dn✱ ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s

C1, C2, r1, r2, d > 0✱ ♦♥❞❡ A é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛✳ ❈♦♠ ❡ss❡

r❡s✉❧t❛❞♦ ❡♠ ♠ã♦s✱ r❡s♣♦♥❞❡r❡♠♦s ♦✉tr❛ ♣❡r❣✉♥t❛✿ ❝♦♠♦ ❝❛r❛❝t❡r✐③❛r ✉♠❛ á❧❣❡❜r❛

❝❡♥tr❛❧ s✐♠♣❧❡s ❡♠ t❡r♠♦s ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ❝♦❞✐♠❡♥sõ❡s❄

❖✉tr♦ ♣♦♥t♦ q✉❡ ❛t❛❝❛r❡♠♦s ♥❡ss❡ tr❛❜❛❧❤♦ é ❛♣r❡s❡♥t❛r ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ♣❛r❛

á❧❣❡❜r❛s ❝♦♠ ❝r❡s❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧ ❞❛s ❝♦❞✐♠❡♥sõ❡s✳ ❖s r❡s✉❧t❛❞♦s ❛q✉✐ ❛♣r❡s❡♥t❛✲

❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬●❩✸❪✳ ❯♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡

✉♠❛ á❧❣❡❜r❛ A ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ t❡♥❤❛ ❝r❡s✲

❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧ ❞❛s ❝♦❞✐♠❡♥sõ❡s é q✉❡ ♣♦ss❛♠♦s ❡s❝r❡✈❡r A =
⊕m

i=0 Ai✱ ♦♥❞❡ Ai

é ✉♠❛ K✲á❧❣❡❜r❛ t❛❧ q✉❡ Ai = Bi + Ji✱ ❝♦♠ Bi ∼= K ❡ Ji é ✉♠ ✐❞❡❛❧ ♥✐❧♣♦t❡♥t❡ ❞❡ Ai❀

A0, Ji, . . . , Jm sã♦ ✐❞❡❛✐s ♥✐❧♣♦t❡♥t❡s à ❞✐r❡✐t❛ ❞❡ A ❡ AiAj = {0} ❡ BiA0 = {0} ♣❛r❛

q✉❛✐sq✉❡r i, j ∈ {1, . . . ,m} ❞✐st✐♥t♦s✳ P♦❞❡✲s❡ ♣r♦✈❛r✱ ❡ ❢❛r❡♠♦s ✐ss♦ ♥♦ ❞❡❝♦rr❡r ❞❡st❡

tr❛❜❛❧❤♦✱ q✉❡ s❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❝✉❥❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦❞✐♠❡♥sõ❡s

é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r χn(A) =
∑

λ⊢nmλχλ✱ ❝♦♠ mλ = 0 s❡

|λ| − λ1 ≥ q✱ ♦♥❞❡ J é ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❞❡ A✱ Jq = {0}✱ ❡ λ = (λ1, λ2, . . .)✳ ❱❛❧❡

❛ r❡❝í♣r♦❝❛✳

❊st❡ tr❛❜❛❧❤♦ ❡stá ❡str✉t✉r❛❞♦ ❡♠ q✉❛tr♦ ❝❛♣ít✉❧♦s✱ ❞❡ ♠♦❞♦ ❛ ❢❛❝✐❧✐t❛r ♦ ❡♥✲

t❡♥❞✐♠❡♥t♦ ❞♦s tó♣✐❝♦s ❛❜♦r❞❛❞♦s✳ ◆♦ ❈❛♣ít✉❧♦ ✶ ❛♣r❡s❡♥t❛r❡♠♦s ❛s ♥♦çõ❡s ❜ás✐❝❛s

❞❡ á❧❣❡❜r❛s s♦❜r❡ ✉♠ ❝♦r♣♦✱ ♠ó❞✉❧♦s s♦❜r❡ á❧❣❡❜r❛s ❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❣r✉♣♦s✱ ❜❡♠

❝♦♠♦ ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s✳ ❚❛♠❜é♠ ❢❛r❡♠♦s ✉♠ ❜r❡✈❡ ❡st✉❞♦ s♦❜r❡ ♦ r❛❞✐❝❛❧ ❞❡

❏❛❝♦❜s♦♥ ❡ s♦❜r❡ s❡♠✐ss✐♠♣❧✐❝✐❞❛❞❡✳ P♦r ✜♠✱ ❢❛r❡♠♦s ✉♠❛ ✐♥tr♦❞✉çã♦ às ■❞❡♥t✐❞❛❞❡s

P♦❧✐♥♦♠✐❛✐s✳

❏á ♥♦ ❈❛♣ít✉❧♦ ✷ ❢❛r❡♠♦s ✉♠ ❡st✉❞♦ ❞❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦

❣r✉♣♦ s✐♠étr✐❝♦ Sn ❛tr❛✈és ❞❛ t❡♦r✐❛ ❞❛s t❛❜❡❧❛s ❞❡ ❨♦✉♥❣✳ ❚❛❧ t❡♦r✐❛ t❡♠ ♣❛♣❡❧

❢✉♥❞❛♠❡♥t❛❧ ♥♦ ❡st✉❞♦ ❞❡ PI✲❚❡♦r✐❛✳ ❋❛❧❛r❡♠♦s ❞❛s r❡❧❛çõ❡s ❡①✐st❡♥t❡s ❡♥tr❡ ❛s Sn✲

r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❡ ❛s ❚❛❜❡❧❛s ❞❡ ❨♦✉♥❣✱ ❡ t❛♠❜é♠ ❛♣r❡s❡♥t❛r❡s r❡s✉❧t❛❞♦s

r❡❢❡r❡♥t❡s à ❛çã♦ ♥❛t✉r❛❧ ❞♦ Sn s♦❜r❡ ♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ ❣r❛✉ n✳

◆♦ ❈❛♣ít✉❧♦ ✸ tr❛❜❛❧❤❛r❡♠♦s ♥♦ s❡♥t✐❞♦ ❞❡ ♠♦str❛r q✉❡ ♦ PI✲❡①♣♦❡♥t❡ ❞❡ t♦❞❛

á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ s❡♠♣r❡

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●
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❡①✐st❡ ❡ é ✉♠ ✐♥t❡✐r♦✳ P❛r❛ t❛♥t♦✱ ❡①✐❜✐r❡♠♦s ✉♠❛ ❧✐♠✐t❛çã♦ ❞♦ t✐♣♦

C1n
r1dn ≤ cn(A) ≤ C2n

r2dn,

♦♥❞❡ C1, r1, C2, r2, d > 0 sã♦ ❝♦♥st❛♥t❡s ❡ dimA < ∞✱ ❡ ❞❡♣♦✐s ❡st❡♥❞❡r❡♠♦s ♦ r❡s✉❧✲

t❛❞♦ ♣❛r❛ á❧❣❡❜r❛s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛s ❢❛③❡♥❞♦✲s❡ ✉t✐❧✐③❛r ✉♠ ❞♦s t❡♦r❡♠❛s ❞❡ ❑❡♠❡r✳

❈♦♥❝❧✉✐r❡♠♦s ♦ ❝❛♣ít✉❧♦ ❝♦♠♣✉t❛♥❞♦ ♦ ❡①♣♦❡♥t❡ ❞❡ ❛❧❣✉♠❛s á❧❣❡❜r❛s✳

P♦r ✜♠✱ ♥♦ ❈❛♣ít✉❧♦ ✹✱ ❡①✐❜✐r❡♠♦s ❝❛r❛❝t❡r✐③❛çõ❡s ❞❡ á❧❣❡❜r❛s q✉❡ ♣♦ss✉❡♠

❝r❡s❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧ ❞❛s ❝♦❞✐♠❡♥sõ❡s✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é ❛♥❛❧✐s❛r ❡♠ q✉❛✐s s✐t✉❛çõ❡s

❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦❞✐♠❡♥sõ❡s ❞❡ ✉♠❛ ❝❡rt❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛✳

❈❛♠♣✐♥❛ ●r❛♥❞❡✱ ✶✼ ❞❡ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹

❆♥t♦♥✐♦ ▼❛r❝♦s ❉✉❛rt❡ ❞❡ ❋r❛♥ç❛

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



❈❛♣ít✉❧♦ ✶

■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

P❛r❛ ✉♠ ♠❡❧❤♦r ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦s ❝♦♥t❡ú❞♦s ❛ s❡r❡♠ ❛❜♦r❞❛❞♦s ♥♦s ♣ró①✐♠♦s

❝❛♣ít✉❧♦s✱ ❛♣r❡s❡♥t❛r❡♠♦s ♥❡st❡ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ♥♦t❛çõ❡s✱ ❞❡✜♥✐çõ❡s ❡ ♣r✐♥❝✐♣❛✐s r❡✲

s✉❧t❛❞♦s ❝♦♥❝❡r♥❡♥t❡s ❛♦ ❡st✉❞♦ ❞❡ PI✲❚❡♦r✐❛✳ ❊♠ t♦❞♦ ❡st❡ ❝❛♣ít✉❧♦✱ K ❞❡♥♦t❛rá ✉♠

❝♦r♣♦✱ charK ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ K ❡✱ ❛ ♠❡♥♦s ❞❡ ♠❡♥❝✐♦♥❛❞♦ ♦ ❝♦♥trár✐♦✱ K s❡rá ♦

❝♦r♣♦ ❜❛s❡ ❞❡ t♦❞♦s ♦s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❡ á❧❣❡❜r❛s ❛q✉✐ ❛♣r❡s❡♥t❛❞♦s✳

Pr✐♠❡✐r♦✱ ✐♥tr♦❞✉③✐r❡♠♦s ❛ ♥♦çã♦ ❞❡ á❧❣❡❜r❛ s♦❜r❡ K✳ P♦st❡r✐♦r♠❡♥t❡✱ ❢❛❧❛r❡♠♦s

❞❡ ♠ó❞✉❧♦s s♦❜r❡ á❧❣❡❜r❛s ❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❣r✉♣♦s✳ ❯♠ ❜r❡✈❡ ❡st✉❞♦ ❞♦ ❘❛❞✐❝❛❧ ❞❡

❏❛❝♦❜s♦♥ ❞❡ ✉♠❛ á❧❣❡❜r❛ s❡rá ❢❡✐t♦✱ ❡ ♣♦r ✜♠✱ tr❛t❛r❡♠♦s ❞❡ ❡①♣♦r ❛❧❣✉♥s ❞♦s ♣r✐♥❝✐♣❛✐s

r❡s✉❧t❛❞♦s ♣❡rt✐♥❡♥t❡s ❛s ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s✳

❚♦❞❛ t❡♦r✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ❛q✉✐ ♥❡st❡ ❝❛♣ít✉❧♦ ♣♦❞❡rá s❡r ❡♥❝♦♥tr❛❞❛ ♥❛s r❡❢❡rê♥❝✐❛s

❬❈❘❪✱ ❬●❩✷❪✱ ❬❍❪✱ ❬❍✶❪✱ ❬❍❑❪✱ ❬▲❪✳

✶✳✶ K✲➪❧❣❡❜r❛s

■♥✐❝✐❛r❡♠♦s ❝♦♠ ✉♠ ❜r❡✈❡ ❡st✉❞♦ s♦❜r❡ K✲á❧❣❡❜r❛s✳

❉❡✜♥✐çã♦ ✶✳✶✳✶ ❙❡❥❛ A ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♣❛r (A, ∗) é ✉♠❛ K✲

á❧❣❡❜r❛ ✭♦✉ á❧❣❡❜r❛ s♦❜r❡ K✮ s❡ ✏∗✑ é ✉♠❛ ♦♣❡r❛çã♦ ❜✐❧✐♥❡❛r ❡♠ A✱ ♦✉ s❡❥❛✱

∗ : A×A → A s❛t✐s❢❛③✿

✐✮ a ∗ (b+ c) = a ∗ b+ a ∗ c❀

✐✐✮ (a+ b) ∗ c = a ∗ c+ b ∗ c❀

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✻ ✶✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

✐✐✐✮ (λa) ∗ b = a ∗ (λb) = λ(a ∗ b)✱

♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A ❡ λ ∈ K✳

◆❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ✏∗✑ é ❞✐t❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♦✉ ♣r♦❞✉t♦✱ ❡ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞❡♥♦✲

t❛r❡♠♦s ♦ ♣r♦❞✉t♦ a∗b ♣♦r ab✱ ♣❛r❛ ❞❛❞♦s a, b ∈ A✳ ❉❡ss❛ ❢♦r♠❛✱ ❡s❝r❡✈❡r❡♠♦s s✐♠♣❧❡s✲

♠❡♥t❡ A ❛♦ ✐♥✈és ❞❡ (A, ∗)✱ ❞❡✐①❛♥❞♦ s✉❜❡♥t❡♥❞✐❞❛ ❛ ♦♣❡r❛çã♦ ♣r♦❞✉t♦✱ ❛ss✐♠ ❝♦♠♦

❞✐r❡♠♦s ✏á❧❣❡❜r❛✑ ❛♦ ✐♥✈és ❞❡ ✏K✲á❧❣❡❜r❛✑✳ ❉❡✜♥✐♠♦s ♦ ♣r♦❞✉t♦ a1a2a3 ❝♦♠♦ s❡♥❞♦

(a1a2)a3 ❡✱ ✐♥❞✉t✐✈❛♠❡♥t❡✱ ♦ ♣r♦❞✉t♦ a1a2 · · · an−1an ❝♦♠♦ s❡♥❞♦ (a1a2 · · · an−1)an✱ ♣❛r❛

ai ∈ A✳ ❉✐r❡♠♦s q✉❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ β ❞❡ A é ✉♠❛ ❜❛s❡ ❞❛ á❧❣❡❜r❛ s❡ é ✉♠❛ ❜❛s❡

❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ A✱ ❡ ❞❡✜♥✐♠♦s ❛ ❞✐♠❡♥sã♦ ❞❡ A ❝♦♠♦ s❡♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞❡ A ❝♦♠♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧✳

❉❡✜♥✐çã♦ ✶✳✶✳✷ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡ A é✿

✐✮ ❆ss♦❝✐❛t✐✈❛ s❡ (ab)c = a(bc)✱ ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ K❀

✐✐✮ ❈♦♠✉t❛t✐✈❛ ✭♦✉ ❛❜❡❧✐❛♥❛✮ s❡ ab = ba✱ ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ K❀

✐✐✐✮ ❯♥✐tár✐❛ ✭♦✉ ❝♦♠ ✉♥✐❞❛❞❡✮ s❡ ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ ❡♠ A✱ ❞❡♥♦t❛❞♦ ♣♦r 1A✱ t❛❧

q✉❡ a1A = 1Aa = a✱ ♣❛r❛ t♦❞♦ a ∈ K❀

✐✈✮ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ s❡ A s❛t✐s❢❛③✿

✶✮ a2 = aa = 0 ✭❛♥t✐❝♦♠✉t❛t✐✈✐❞❛❞❡✮❀

✷✮ (ab)c+ (bc)a+ (ca)b = 0 ✭✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐✮✱

♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A✳

P❛r❛ ❢❛❝✐❧✐t❛r ❛ ♥♦t❛çã♦✱ ❡s❝r❡✈❡r❡♠♦s 1 ❡♠ ✈❡③ ❞❡ 1A✱ ❝❛s♦ A s❡❥❛ ✉♥✐tár✐❛ ❡

♥ã♦ s❡ t❡♥❤❛ ❝♦♥❢✉sã♦ ❝♦♠ ❛ ✉♥✐❞❛❞❡ ❞♦ ❝♦r♣♦ ❜❛s❡ K✳ ◆❡st❡ ❝❛s♦✱ ✐❞❡♥t✐✜❝❛♠♦s

♥❛t✉r❛❧♠❡♥t❡ ♦ ❡❧❡♠❡♥t♦ λ1 ❞❡ A ❝♦♠ λ✱ ♣❛r❛ t♦❞♦ λ ∈ K✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦

❝♦♥❥✉♥t♦ {λ1 : λ ∈ K} ❝♦♠ K✳ ◆♦t❡ q✉❡ ❛ ❝♦♥❞✐çã♦ 1) ❞♦ ✐t❡♠ iv) ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛

♥♦s ❞✐③ q✉❡ xy = −yx✱ ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ A✳

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ♥♦s ❞❛rá ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s á❧❣❡❜r❛s✱ ❝✉❥❛s ❞❡♠♦♥s✲

tr❛çõ❡s s❡rã♦ ♦♠✐t✐❞❛s ♣♦r s❡ tr❛t❛r❡♠ ❞❡ ✐♠❡❞✐❛t❛s ❝♦♥s❡q✉ê♥❝✐❛s ❞❛ ❞❡✜♥✐çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✸ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛✳ ❚♦♠❛♥❞♦ a, b, c ∈ A ❡ λ, γ ∈ K✱ t❡♠♦s

q✉❡✿

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✶✳ K✲➪❧❣❡❜r❛s ✶✼

❛✮ 0a = a0 = 0❀

❜✮ (λa)(γb) = (λγ)ab❀

❝✮ (−a)b = a(−b) = −ab ❡ (−a)(−b) = ab❀

❞✮ a(b− c) = ab− ac ❡ (a− b)c = ac− bc❀

❡✮ ❙❡ A ♣♦ss✉✐ ✉♥✐❞❛❞❡✱ ❡♥tã♦ (−1)a = a(−1) = −a ❡ (−1)(−a) = a❀

❢✮ ❙❡ A = 0 ❡ A ♣♦ss✉✐r ✉♥✐❞❛❞❡✱ ❡♥tã♦ 1 = 0✳

❉❛r❡♠♦s ❛❣♦r❛ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ á❧❣❡❜r❛s✳

❊①❡♠♣❧♦ ✶✳✶✳✹ P♦❞❡♠♦s ♥❛t✉r❛❧♠❡♥t❡ ✈❡r K ❝♦♠♦ ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ q✉❛❧q✉❡r s✉❜✲

❝♦r♣♦ ❞❡ K✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ s❡❥❛ K ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❝♦r♣♦ F ✳ ❚❡♠♦s q✉❡ K é

✉♠❛ F✲á❧❣❡❜r❛✱ ♥❛ q✉❛❧ ♦ ♣r♦❞✉t♦ é ❞❛❞♦ ♣❡❧♦ ♣r♦❞✉t♦ ❞♦ ❝♦r♣♦ K✳ ◆♦t❡ q✉❡ K é ✉♠❛

á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱ ❝♦♠✉t❛t✐✈❛ ❡ ❝♦♠ ✉♥✐❞❛❞❡✳

❊①❡♠♣❧♦ ✶✳✶✳✺ ❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Mn(K) ❞❡ t♦❞❛s ❛s ♠❛tr✐③❡s n × n ❝♦♠

❡♥tr❛❞❛s ❡♠ K✱ ♦♥❞❡ n ∈ N✳ ▼✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✉s✉❛❧ ❞❡ ♠❛tr✐③❡s✱ Mn(K) é ✉♠❛

K✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ n2 ✳ ➱ ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r ❡♠ Mn(K)

❛s ♠❛tr✐③❡s ✉♥✐tár✐❛s Eij✱ ♣❛r❛ 1 ≤ i, j ≤ n✱ ♦♥❞❡ Eij é ❞❛❞❛ ♣❡❧❛ ♠❛tr✐③ ❝✉❥❛ ú♥✐❝❛

❡♥tr❛❞❛ ♥ã♦ ♥✉❧❛ é 1 ♥❛ i✲és✐♠❛ ❧✐♥❤❛ ❡ j✲és✐♠❛ ❝♦❧✉♥❛✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡

{Eij ∈Mn(K) : 1 ≤ i, j ≤ n} é ✉♠❛ ❜❛s❡ ♣❛r❛ Mn(K)✳

▼❛✐s ❣❡r❛❧♠❡♥t❡✱ s❡ A é ✉♠❛ á❧❣❡❜r❛✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Mn(A) ❞❡

t♦❞❛s ❛s ♠❛tr✐③❡s n × n ❝♦♠ ❡♥tr❛❞❛s ❡♠ K✳ ❖ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s ❡♠ Mn(A) é

❛♥á❧♦❣♦ ❛♦ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s ❝♦♠ ❡♥tr❛❞❛s ❡♠ A✳ ❚❡♠♦s ❡♥tã♦ ✉♠❛ ❡str✉t✉r❛ ❞❡

á❧❣❡❜r❛ ❡♠ Mn(A)✳

❖❜s❡r✈❡ q✉❡✱ ❛ ♠❡♥♦s q✉❡ n = 1 ❡ A s❡❥❛ ❝♦♠✉t❛t✐✈❛✱ Mn(A) ♥ã♦ é ❝♦♠✉t❛t✐✈❛✳

❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡ q✉❡ A é ✉♥✐tár✐❛ ❡ t♦♠❡♠♦s E11, E12 ∈Mn(A)✱ ♣❛r❛

n ≥ 2✳ ❚❡♠♦s q✉❡ E11E12 = E12 6= 0 = E12E11✳

❊①❡♠♣❧♦ ✶✳✶✳✻ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ L(V) ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞♦s ♦♣❡r❛❞♦r❡s

❧✐♥❡❛r❡s s♦❜r❡ V✳ ❚❡♠♦s q✉❡ L(V)✱ ♠✉♥✐❞♦ ❞❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❢✉♥çõ❡s✱ é ✉♠❛ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡✱ ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s s♦❜r❡ V✳ ❙❡ T, S ∈
L(V)✱ ✈❛♠♦s ❞❡♥♦t❛r T ◦ S s✐♠♣❧❡s♠❡♥t❡ ♣♦r TS✳

❊①❡♠♣❧♦ ✶✳✶✳✼ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ {e1, e2, e3, . . .}✳ ❉❡✜♥✐♠♦s ❛ á❧✲

❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ✭♦✉ á❧❣❡❜r❛ ❡①t❡r✐♦r✮ ❞❡ V✱ ❞❡♥♦t❛❞❛ ♣♦r E(V) ✭♦✉ s✐♠♣❧❡s♠❡♥t❡

♣♦r E✮✱ ❝♦♠♦ s❡♥❞♦ ❛ á❧❣❡❜r❛ ❝♦♠ ❜❛s❡

{1, ei1ei2 · · · eik | i1 < i2 < · · · < ik, k ≥ 1}
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✶✽ ✶✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

❡ ❝✉❥♦ ♣r♦❞✉t♦ é ❞❡✜♥✐❞♦ ♣❡❧❛s r❡❧❛çõ❡s e2i = 0 ❡ eiej = −ejei✱ ♣❛r❛ q✉❛✐sq✉❡r i, j ∈ N✳

❉❡st❛❝❛♠♦s ❡♠ E ♦s s✉❜❡s♣❛ç♦s ✈❡t♦r✐❛✐s E0 ❡ E1✱ ❣❡r❛❞♦s ♣❡❧♦s ❝♦♥❥✉♥t♦s

{1, ei1ei2 · · · eim | ♠ é ♣❛r} e {ei1ei2 · · · eik | ❦ é í♠♣❛r},

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆♦t❡ q✉❡ E = E0 ⊕ E1 ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳

❖❜s❡r✈❡ q✉❡ ❛ ❝♦♥❞✐çã♦ eiej = −ejei ♥♦s ♣❡r♠✐t❡ ❢❛③❡r (ei1 · · · eim)(ej1 · · · ejk) =
(−1)mk(ej1 · · · ejk)(ei1 · · · eim)✱ ♣❛r❛ q✉❛✐sq✉❡r m, k ∈ N✱ ❡ ❛ss✐♠ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

ax = xa ♣❛r❛ q✉❛✐sq✉❡r a ∈ E0 ❡ x ∈ E✱ ❡ bc = −cb✱ ♣❛r❛ q✉❛✐sq✉❡r b, c ∈ E1✳

❖❜s❡r✈❛✲s❡ ❢❛❝✐❧♠❡♥t❡ q✉❡ s❡ charK = 2✱ ❡♥tã♦ E é ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✳

❚♦♠❛♥❞♦ ❛❣♦r❛ E ′ ❝♦♠♦ s❡♥❞♦ ❛ á❧❣❡❜r❛ ❝♦♠ ❜❛s❡

{ei1ei2 · · · eik ; i1 < i2 < · · · < ik, k ≥ 1}

❡ ❝♦♠ ♦ ♣r♦❞✉t♦ ❞❡✜♥✐❞♦ ❛❝✐♠❛✱ t❡♠♦s q✉❡ E ′ ♥ã♦ t❡♠ ✉♥✐❞❛❞❡ ❡ é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛

❡①t❡r✐♦r s❡♠ ✉♥✐❞❛❞❡✳

❊①❡♠♣❧♦ ✶✳✶✳✽ ❙❡❥❛ R ✉♠ ❛♥❡❧ ✭❝♦♠ ✉♥✐❞❛❞❡✮ s✐♠♣❧❡s✱ ♦✉ s❡❥❛✱ {0} ❡ R sã♦ ♦s

ú♥✐❝♦s ✐❞❡❛✐s ❜✐❧❛t❡r❛✐s ❞❡ R✳ ❙❡♥❞♦ Z(R) = {x ∈ R | xa = ax, ∀a ∈ R} ♦ ❝❡♥tr♦ ❞❡

R✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ Z(R) é ✉♠ ❝♦r♣♦✱ ❡ ❛ss✐♠ R t❡♠ ✉♠❛ ❡str✉t✉r❛ ♥❛t✉r❛❧

❞❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ Z(R)✳ ❊st❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ❞♦ ❛♥❡❧ R✱ é

❡♥tã♦ ✉♠❛ Z(R)✲á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✶✳✶✳✾ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❡ ❝♦♥s✐❞❡r❡♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

K ⊕A = {(λ, a) | λ ∈ K, a ∈ A},

❝✉❥❛ ❛❞✐çã♦ é ❞❛❞❛ ♣♦r (λ, a) + (γ, b) = (λ + γ, a + b) ❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r é

❞❛❞❛ ♣♦r γ(λ, a) = (γλ, γa)✱ ♣❛r❛ q✉❛✐sq✉❡r λ, γ ∈ K ❡ a, b ∈ A✳ ❉❡✜♥✐♥❞♦ ❡♠ K ⊕A
♦ ♣r♦❞✉t♦ (λ, a)(γ, b) = (λγ, λb + γa + ab)✱ t❡♠♦s q✉❡ K ⊕ A é ✉♠❛ K✲á❧❣❡❜r❛ ❝♦♠

✉♥✐❞❛❞❡ ✭q✉❡ é ♦ ❡❧❡♠❡♥t♦ (1, 0)✮✳ ❖❜s❡r✈❡ q✉❡ K ⊕A é ❛ss♦❝✐❛t✐✈❛ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❝♦♠✉t❛t✐✈❛✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ A é ❛ss♦❝✐❛t✐✈❛ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠✉t❛t✐✈❛✮✳ ❊st❛

❝♦♥str✉çã♦ é ❝❤❛♠❛❞❛ ❞❡ ❛❞❥✉♥çã♦ ❢♦r♠❛❧ ❞❛ ✉♥✐❞❛❞❡ ❛ A✳

❊①❡♠♣❧♦ ✶✳✶✳✶✵ ❙❡❥❛♠ A ❡ B ❞✉❛s K✲á❧❣❡❜r❛s✳ ❖ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❡ A ♣♦r B é ❞❡✜✲

♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ❛ á❧❣❡❜r❛ A × B = {(a, b) | a ∈ A, b ∈ B} ❝✉❥❛s ♦♣❡r❛çõ❡s ❞❡ s♦♠❛✱

♣r♦❞✉t♦ ♣♦r ❡s❝❛❧❛r ❡ ♠✉❧t✐♣❧✐❝❛çã♦ sã♦ ❞❡✜♥✐❞❛s ❝♦♦r❞❡♥❛❞❛ ❛ ❝♦♦r❞❡♥❛❞❛✳ ❉❡ ❢♦r♠❛

❛♥á❧♦❣❛✱ s❡♥❞♦ {Ai}i∈In ✉♠❛ ❢❛♠í❧✐❛ ❞❡ K✲á❧❣❡❜r❛s ✐♥❞❡①❛❞❛s ♣♦r In = {1, 2, . . . , n}✱
❞❡✜♥✐♠♦s ♦ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞❛s á❧❣❡❜r❛s A1,A2, . . . ,An ❝♦♠♦ s❡♥❞♦ ❛ á❧❣❡❜r❛

A1 ×A2 × · · · × An✱ ❝✉❥❛s ♦♣❡r❛çõ❡s sã♦ ❝♦♦r❞❡♥❛❞❛ ❛ ❝♦♦r❞❡♥❛❞❛✳

❱❡❥❛♠♦s ❛❣♦r❛ ❛ ❝♦♥str✉çã♦ ❞❛ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦ KG✱ ♣❛r❛ ✉♠ ❞❛❞♦ ❣r✉♣♦ G✳

❈♦♥s✐❞❡r❡ t♦❞❛s ❛s s♦♠❛s ❢♦r♠❛✐s

∑

g∈G

αgg, αg ∈ K,
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✶✳✶✳ K✲➪❧❣❡❜r❛s ✶✾

♦♥❞❡ ♦ ❝♦♥❥✉♥t♦ {g ∈ G;αg 6= 0} é ✜♥✐t♦ ❡
∑

g∈G

αgg =
∑

g∈G

βgg s❡✱ ❡ s♦♠❡♥t❡ s❡✱ αg = βg

♣❛r❛ t♦❞♦ g ∈ G✳ ❉❡♥♦t❡♠♦s ♣♦r KG ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s♦♠❛s ❢♦r♠❛✐s ❛❝✐♠❛

❞❡✜♥✐❞❛s✳

❉❡✜♥✐♠♦s ❡♠ KG ❛s ♦♣❡r❛çõ❡s ❞❡ s♦♠❛✱ ♣r♦❞✉t♦ ♣♦r ❡s❝❛❧❛r ❡ ♣r♦❞✉t♦ ♣❡❧❛s

r❡❣r❛s
∑

αgg +
∑

βgg =
∑

(αg + βg)g,

λ
∑

αgg =
∑

(λαg)g, λ ∈ K

❡ (
∑

g∈G

αgg

)(
∑

h∈G

βhh

)

=
∑

g,h∈G

(αgβh)gh,

♦♥❞❡ ♦ ♣r♦❞✉t♦ gh ❛❝✐♠❛✱ g, h ∈ G✱ é ❞❛❞♦ ♣❡❧❛ ♦♣❡r❛çã♦ ❞❡ G✳

❈♦♠ ❡ss❛s ❞❡✜♥✐çõ❡s✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ KG é ✉♠❛ K✲á❧❣❡❜r❛✱ ❝❤❛♠❛❞❛ ❞❡

á❧❣❡❜r❛ ❞❡ ❣r✉♣♦ ❞❡ G s♦❜r❡ K✱ s❡♥❞♦ G ✉♠❛ ❜❛s❡ ❞❡ KG✳ ◆♦t❡ q✉❡ KG é ❛ss♦❝✐❛t✐✈❛

❡ ✉♥✐tár✐❛✱ ♦♥❞❡ s✉❛ ✉♥✐❞❛❞❡ é ❞❛❞❛ ♣♦r 1K1G✱ ❡ q✉❡ é ❝♦♠✉t❛t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ G

é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✳

❉❛❞❛s ✉♠❛ á❧❣❡❜r❛ A ❡ s✉❜❡s♣❛ç♦s ✈❡t♦r✐❛✐s V ❡W ❞❡ A✱ ❞❡✜♥✐♠♦s ♦ ❡s♣❛ç♦ ♣r♦✲

❞✉t♦ VW ❝♦♠♦ s❡♥❞♦ ♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ A ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

{xy | x ∈ V, y ∈ W}✳ ◆♦t❡ q✉❡ VW ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠❛ á❧❣❡❜r❛✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡✿

✐✮ A ♣♦ss✉✐ ❞✐✈✐s♦r❡s ❞❡ ③❡r♦ s❡ ❡①✐st❡ a ∈ A−{0} t❛❧ q✉❡ ab = 0 ♦✉ ba = 0✱ ♣❛r❛

❛❧❣✉♠ b ∈ A− {0}✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ a é ✉♠ ❞✐✈✐s♦r ❞❡ ③❡r♦ ❡♠ A❀

✐✐✮ a ∈ A é ✉♠ ❡❧❡♠❡♥t♦ ✐❞❡♠♣♦t❡♥t❡ s❡ a2 = a❀

◆♦ ❝❛s♦ ❡♠ q✉❡ A é ❛ss♦❝✐❛t✐✈❛✿

✐✐✐✮ ✉♠ ❡❧❡♠❡♥t♦ a ∈ A é ♥✐❧♣♦t❡♥t❡ s❡ ❡①✐st❡ n ∈ N t❛❧ q✉❡ an = 0✳ ❖ ♠❡♥♦r n

q✉❡ s❛t✐s❢❛③ an = 0 é ❝❤❛♠❛❞♦ ❞❡ í♥❞✐❝❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❡ a❀

✐✈✮ A é ✉♠❛ á❧❣❡❜r❛ ♥✐❧ s❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ A é ♥✐❧♣♦t❡♥t❡✳

✈✮ A é ✉♠❛ á❧❣❡❜r❛ ♥✐❧♣♦t❡♥t❡ s❡ ❡①✐st❡ n ∈ N t❛❧ q✉❡ An+1 = {0}✱ ✐st♦ é✱

a1 · · · an+1 = 0 ♣❛r❛ q✉❛✐sq✉❡r a1, . . . , an+1 ∈ A✳ ❖ ♠❡♥♦r n s❛t✐s❢❛③❡♥❞♦ An+1 =

{0} é ❝❤❛♠❛❞♦ ❞❡ í♥❞✐❝❡ ❞❡ ♥✐❧♣♦tê♥❝✐❛ ❞❡ A✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✷✵ ✶✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

❖❜s❡r✈❡ q✉❡✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱ s❡ a ∈ A − {0, 1} é ✉♠ ❡❧❡♠❡♥t♦ ✐❞❡♠♣♦t❡♥t❡✱

❡♥tã♦ a é ✉♠ ❞✐✈✐s♦r ❞❡ ③❡r♦ ❡♠ A✳ ◆♦t❡ t❛♠❜é♠ q✉❡ s❡ A é ♥✐❧♣♦t❡♥t❡✱ ❡♥tã♦ A é

❛✐♥❞❛ ♥✐❧✳ ❈❧❛r❛♠❡♥t❡✱ ♥❡♥❤✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ ♣♦❞❡ s❡r ♥✐❧✳

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ A ♥ã♦ ♣♦ss✉✐ ❞✐✈✐s♦r❡s ❞❡ ③❡r♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ✈❛❧❡♠ ❛s ❧❡✐s

❞♦ ❝❛♥❝❡❧❛♠❡♥t♦ ✭♣❛r❛ ♦ ♣r♦❞✉t♦✮✱ ✐st♦ é✱ ❞❛❞♦s a, b, c ∈ A✱ ❝♦♠ a 6= 0✱

ab = ac⇒ b = c ❡ ba = ca⇒ b = c.

❙❡❥❛ ❛❣♦r❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡✳ ❉✐③❡♠♦s q✉❡ a ∈ A − {0} é

✉♠ ❡❧❡♠❡♥t♦ ✐♥✈❡rsí✈❡❧ ❞❡ A ❡①✐st❡ a−1 ∈ A✱ ❝❤❛♠❛❞♦ ❞❡ ✐♥✈❡rs♦ ✭♠✉❧t✐♣❧✐❝❛t✐✈♦✮✱ t❛❧

q✉❡ aa−1 = a−1a = 1✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ s❡ a é ✐♥✈❡rsí✈❡❧✱ ❡♥tã♦ s❡✉ ✐♥✈❡rs♦

é ú♥✐❝♦✱ ❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ U(A) = {a ∈ A | a é ✐♥✈❡rsí✈❡❧}✱ ♠✉♥✐❞♦ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦

❞❡ A✱ é ✉♠ ❣r✉♣♦✱ ❝❤❛♠❛❞♦ ❞❡ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡ A✳ ◆♦t❡ q✉❡ s❡ a ∈ U(A) ❡

λ ∈ K − {0}✱ ❡♥tã♦ λa ∈ U(A)✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✷ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡✳ ❉✐③❡♠♦s q✉❡ A é

✉♠❛ á❧❣❡❜r❛ ❝♦♠ ❞✐✈✐sã♦ s❡ U(A) = A− {0}✳

❊①❡♠♣❧♦ ✶✳✶✳✶✸ ❙❡♥❞♦ n ∈ N✱ t❡♠♦s q✉❡ U(Mn(K)) = {X ∈ Mn(K); det(X) 6= 0}✳
◆♦t❡ q✉❡ s❡ n = 1✱ ❡♥tã♦ Mn(K) é ✉♠❛ á❧❣❡❜r❛ ❝♦♠ ❞✐✈✐sã♦✳ ❯s✉❛❧♠❡♥t❡ ❞❡♥♦t❛♠♦s

U(Mn(K)) ♣♦r GLn(K) ❡ ♦ ❝❤❛♠❛♠♦s ❞❡ ❣r✉♣♦ ❧✐♥❡❛r ❞❡ ❣r❛✉ n ❞❡ K✳

❙❡♥❞♦ A ❛ss♦❝✐❛t✐✈❛ ❡ a, b ∈ A✱ ❞❡✜♥✐♠♦s ♦ ❝♦♠✉t❛❞♦r [a, b] ❡ ♦ ♣r♦❞✉t♦ ❞❡ ❏♦r❞❛♥

a ◦ b✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠♦ s❡♥❞♦

[a, b] = ab− ba ❡ a ◦ b = 1

2
(ab+ ba),

♦♥❞❡ ♥❡st❡ ú❧t✐♠♦ ❝❛s♦✱ charK 6= 2✳ ❉❡✜♥✐♠♦s ❛✐♥❞❛ ♦ ❝♦♠✉t❛❞♦r ❞❡ ❝♦♠♣r✐♠❡♥t♦ n

❝♦♠♦ s❡♥❞♦ [a1, a2, . . . , an−1, an] = [[a1, a2, . . . , an−1], an]✱ ❝♦♠ a1, . . . , an ∈ A✳ ❖❜s❡r✲

✈❛♥❞♦ q✉❡ [ab, c] = a[b, c] + [a, c]b✱ ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A✱ ♣♦r ✐♥❞✉çã♦✱ ♣♦❞❡✲s❡

♠♦str❛r q✉❡

[a1a2 · · · an, b] =
n∑

i=1

a1 · · · ai−1[ai, b]ai+1 · · · an.

❉❡✜♥✐♠♦s ❛✐♥❞❛ ♦ ❝♦♠✉t❛❞♦r ❞❡ A✱ ❞❡♥♦t❛❞♦ ♣♦r [A,A]✱ ❝♦♠♦ s❡♥❞♦ ♦ s✉❜❡s♣❛ç♦

✈❡t♦r✐❛❧ ❞❡ A ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {[a, b] | a, b ∈ A}✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ A é

❝♦♠✉t❛t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ [A,A] = {0}✳
❯♠ r❡s✉❧t❛❞♦ ❜ás✐❝♦✱ ♦ q✉❛❧ t❛♠❜é♠ ♦♠✐t✐r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦✱ é ❞❛❞♦ ♣❡❧❛

♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✶✳ K✲➪❧❣❡❜r❛s ✷✶

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✹ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ A ✭❝♦♠♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧✮✳ ❊♥tã♦ A é✿

❛✮ ❛ss♦❝✐❛t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (uv)w = u(vw)✱ ♣❛r❛ q✉❛✐sq✉❡r u, v, w ∈ S❀

❜✮ ❝♦♠✉t❛t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ uv = vu✱ ♣❛r❛ q✉❛✐sq✉❡r u, v ∈ S❀

❝✮ ✉♥✐tár✐❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s❡ ❡①✐st❡ 1 ∈ A t❛❧ q✉❡ 1u = u1 = v✱ ♣❛r❛ t♦❞♦ u ∈ S❀

❉❡✜♥✐çã♦ ✶✳✶✳✶✺ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡✿

✐✮ ❯♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ B ❞❡ A é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A s❡ B é ♠✉❧t✐♣❧✐❝❛t✐✈❛♠❡♥t❡

❢❡❝❤❛❞♦✱ ✐st♦ é✱ b1b2 ∈ B ♣❛r❛ q✉❛✐sq✉❡r b1, b2 ∈ B❀

✐✐✮ ❯♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ I ❞❡ A é ✉♠ ✐❞❡❛❧ à ❡sq✉❡r❞❛ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ à ❞✐r❡✐t❛✮

❞❡ A s❡ xa ∈ I ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ax ∈ I✮ ♣❛r❛ q✉❛✐sq✉❡r a ∈ I ❡ x ∈ A✳ ◆♦

❝❛s♦ ❡♠ q✉❡ ax, xa ∈ I✱ ♣❛r❛ q✉❛✐sq✉❡r a ∈ I ❡ x ∈ A✱ ❞✐r❡♠♦s q✉❡ I é ✉♠ ✐❞❡❛❧

✭❜✐❧❛t❡r❛❧✮ ❞❡ A✳

❊①❡♠♣❧♦ ✶✳✶✳✶✻ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛✱ t❡♠♦s q✉❡ {0} ❡ A sã♦ ✐❞❡❛✐s ❞❡ A✱ ❝❤❛♠❛❞♦s

✐❞❡❛✐s tr✐✈✐❛✐s ❞❡ A✳ ◆♦t❡ q✉❡ t♦❞♦ ✐❞❡❛❧ ❞❡ A é ♣♦r s✐ só ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✳

❊①❡♠♣❧♦ ✶✳✶✳✶✼ ❈♦♥s✐❞❡r❡ X = {x1, x2, x3, . . .} ✉♠ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ ❡ ❡♥✉♠❡rá✈❡❧✳

❖s ❡❧❡♠❡♥t♦s xi ∈ X sã♦ ❝❤❛♠❛❞♦s ❞❡ ✈❛r✐á✈❡✐s ✭♦✉ ✐♥❞❡t❡r♠✐♥❛❞❛s✮✳ ❯♠❛ ♣❛❧❛✈r❛

❡♠ X é ✉♠❛ s❡q✉ê♥❝✐❛ xi1xi2 · · · xik ✱ ❝♦♠ k ∈ N0 = N ∪ {0} ❡ i1, i2, . . . , ik ∈ N✳ ❆

♣❛❧❛✈r❛ xi1 · · · xis t❛❧ q✉❡ s = 0 s❡rá ❛ ♣❛❧❛✈r❛ ✈❛③✐❛ ❡ ❞❡♥♦t❛❞❛ ♣♦r 1✳ ❙❡❥❛ U ♦ ❝♦♥❥✉♥t♦

❞❡ t♦❞❛s ❛s ♣❛❧❛✈r❛s ❡♠ X✱ ❡ U0 = U \ {1}✳ ❈♦♥s✐❞❡r❡ ✉♠ ♣r♦❞✉t♦ ❡♠ U ❝♦♠♦ s❡♥❞♦

❛ ❥✉st❛♣♦s✐çã♦ ❞❡ ♣❛❧❛✈r❛s✱ ✐st♦ é✱

(xi1xi2 · · · xik)(xj1xj2 · · · xjl) = xi1xi2 · · · xikxj1xj2 · · · xjl ,

♣❛r❛ i1, i2, . . . , ik, j1, j2, . . . , jl ∈ N✳ ❊st❛ ♦♣❡r❛çã♦ é ❛ss♦❝✐❛t✐✈❛ ❡ t❡♠ ✉♠ ❡❧❡♠❡♥t♦

♥❡✉tr♦✱ ❛ ♣❛❧❛✈r❛ ✈❛③✐❛✳ ❖ ♣r♦❞✉t♦ ❞❡ ✉♠ ❡s❝❛❧❛r β ∈ K ♣♦r ✉♠❛ ♣❛❧❛✈r❛ xi1xi2 · · · xik
❞❡ U ✱ ✐st♦ é✱ βxi1xi2 · · · xik ✱ s❡rá ❝❤❛♠❛❞♦ ❞❡ ♠♦♥ô♠✐♦✳ ❉✐r❡♠♦s q✉❡ ❞♦✐s ♠♦♥ô♠✐♦s

βxi1xi2 · · · xik ❡ γxj1xj2 · · · xjl sã♦ ✐❣✉❛✐s s❡ β = γ✱ k = l ❡ ir = jr✱ ♣❛r❛ r = 1, . . . , k✳

❆♥á❧♦❣♦ ♣❛r❛ U0✱ ♦❜s❡r✈❛♥❞♦ ❛♣❡♥❛s q✉❡ ❡♠ U0 ♥ã♦ ♣♦ss✉✐ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ♣❛r❛ ❥✉s✲

t❛♣♦s✐çã♦✳

❉❡♥♦t❛♠♦s ♣♦r K〈X〉 ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❡ U ✳ ❉❡ss❛

❢♦r♠❛✱ K〈X〉 é ❢♦r♠❛❞♦ ♣♦r t♦❞❛s ❛s s♦♠❛s ❢♦r♠❛✐s ✜♥✐t❛s
∑

(i) αiwi✱ ♦♥❞❡ αi ∈ K ❡

wi ∈ U ✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ K〈X〉✱ ♠✉♥✐❞♦ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ♣❡❧❛ ❥✉st❛♣♦s✐çã♦

❞❡ ♣❛❧❛✈r❛s✱ é ✉♠❛ K✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ✉♥✐tár✐❛✱ ♠❛s ♥ã♦ ❝♦♠✉t❛t✐✈❛✳ ❖❜s❡r✈❡ q✉❡

♦ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r U0✱ ♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r K0〈X〉✱ é ✉♠❛ s✉❜á❧❣❡❜r❛

✭♥ã♦ ✉♥✐tár✐❛✮ ❞❡ K〈X〉✳ ◆♦t❡ q✉❡ K〈X〉 = K0〈X〉 ⊕ 〈1〉✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ K〈X〉 sã♦

❝❤❛♠❛❞♦s ❞❡ ♣♦❧✐♥ô♠✐♦s✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✷✷ ✶✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

❙❡ f ∈ K〈X〉✱ ❡s❝r❡✈❡r❡♠♦s f = f(x1, x2, . . . , xr) =
∑

i λiwi ♣❛r❛ ✐♥❞✐❝❛r q✉❡

x1, x2, . . . , xr ∈ X sã♦ ❛s ú♥✐❝❛s ✈❛r✐á✈❡✐s q✉❡ ❛♣❛r❡❝❡♠ ❡♠ f ✱ ♦♥❞❡ λi ∈ K ❡ wi ∈ S

sã♦ ♣❛❧❛✈r❛s q✉❡ ❞❡♣❡♥❞❡♠ ❞❡ x1, x2, . . . , xr✳

❈❛s♦ X = {x1, . . . , xn} ❡ xixj = xjxi✱ i, j ∈ {1, 2, . . . , n}✱ ❞❡♥♦t❛♠♦s K〈X〉 ♣♦r

K[x1, . . . , xn] ♦✉ K[X]✱ ❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

K[x1, . . . , xn] =

{
∑

l1,...,ln

αl1···lnx
l1
1 · · · xlnn | αl1···ln ∈ K, l1 · · · , ln ∈ N0

}

,

♦ q✉❛❧ ❝❤❛♠❛♠♦s ❞❡ á❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❡♠ n ✈❛r✐á✈❡✐s ✭❝♦♠✉t❛t✐✈❛s✮✱ ♦♥❞❡ N0 =

N ∪ {0}✳

❊①❡♠♣❧♦ ✶✳✶✳✶✽ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛✱ ❞❡✜♥✐♠♦s ❝♦♠♦ s❡♥❞♦ ♦ ❝❡♥tr♦ ❞❛ á❧❣❡❜r❛

A ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ A

Z(A) = {a ∈ A | ax = xa, ∀x ∈ A}.

◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ Z(A) é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ A✳ ❈❛s♦ ❛ á❧❣❡❜r❛ A s❡❥❛

❛ss♦❝✐❛t✐✈❛✱ t❡♠♦s

(ab)x = a(bx) = a(xb) = (ax)b = (xa)b = x(ab),

♣❛r❛ q✉❛✐sq✉❡r a, b ∈ Z(A) ❡ x ∈ A✱ ❡ ❛ss✐♠✱ Z(A) é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✳ ➱ ✉♠ ❢❛t♦

❝♦♥❤❡❝✐❞♦ q✉❡✱ ♣❛r❛ t♦❞♦ n ∈ N✱ Z (Mn(K)) = {λIn×n;λ ∈ K}✱ ♦♥❞❡ In×n é ❛ ♠❛tr✐③

✐❞❡♥t✐❞❛❞❡ ❞❡ Mn(K)✳

❊①❡♠♣❧♦ ✶✳✶✳✶✾ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s M2(R)✳ ❙❡♥❞♦ B ♦ s✉❜❡s♣❛ç♦ ✈❡t♦✲

r✐❛❧ ❞❡ M2(R) ❣❡r❛❞♦ ♣❡❧❛s ♠❛tr✐③❡s E12 ❡ E22✱ ✈❡r✐✜❝❛✲s❡ q✉❡ B é ✉♠ ✐❞❡❛❧ à ❡sq✉❡r❞❛

❞❡ M2(R)✱ ♠❛s ♥ã♦ à ❞✐r❡✐t❛✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✵ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❞❡

A✳ ❉❡✜♥✐♠♦s✿

✐✮ ❛ s✉❜á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r S✱ ❞❡♥♦t❛❞❛ ♣♦r K〈S〉✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡

t♦❞❛s ❛s s✉❜á❧❣❡❜r❛s ❞❡ A q✉❡ ❝♦♥tê♠ S ✭❡ 1✱ ♥♦ ❝❛s♦ ❞❡ A s❡r ✉♥✐tár✐❛✮❀

✐✐✮ ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s ✐❞❡❛✐s ❞❡ A q✉❡

❝♦♥tê♠ S✳

◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ K〈S〉 ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ s✉❜❡s♣❛ç♦ ❞❡ A ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥✲

❥✉♥t♦ {s1s2 · · · sr | r ∈ N, si ∈ S} ✭❝❛s♦ A ♥ã♦ s❡❥❛ ✉♥✐tár✐❛✮✱ ♦✉ ❝♦♠ ♦ ❣❡r❛❞♦ ♣❡❧♦

❝♦♥❥✉♥t♦ {1, s1s2 · · · sr | r ∈ N, si ∈ S} ✭❝❛s♦A ♣♦ss✉❛ ✉♥✐❞❛❞❡✮✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♦ ✐❞❡❛❧

❞❡ A ❣❡r❛❞♦ ♣♦r S ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ s✉❜❡s♣❛ç♦ ❞❡ A ❣❡r❛❞♦ ♣♦r {asb | a, b ∈ A, s ∈ S}✳
❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛A é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ s❡ ❡①✐st✐r ✉♠ s✉❜❝♦♥❥✉♥t♦ S ⊆ A

t❛❧ q✉❡ K〈S〉 = A✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✶✳ K✲➪❧❣❡❜r❛s ✷✸

❉❡✜♥✐çã♦ ✶✳✶✳✷✶ ❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ A é s✐♠♣❧❡s s❡ s❡✉s ú♥✐❝♦s ✐❞❡❛✐s ✭❜✐❧❛✲

t❡r❛✐s✮ sã♦ ♦s tr✐✈✐❛✐s ❡ A2 6= 0✳

❯♠ r❡s✉❧t❛❞♦ ❞❡ ❢á❝✐❧ ❞❡♠♦♥str❛çã♦ é q✉❡ ✏s❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ s✐♠♣❧❡s✱

s❡✉ ❝❡♥tr♦ é ✉♠ ❝♦r♣♦✑✳ ❖✉tr♦ r❡s✉❧t❛❞♦ ❞❡ ❢á❝✐❧ ✈❡r✐✜❝❛çã♦ é q✉❡ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s

Mn(K) é s✐♠♣❧❡s✳

❱❛♠♦s ❛❣♦r❛ ❞❡✜♥✐r á❧❣❡❜r❛ q✉♦❝✐❡♥t❡✳ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳

❈♦♥s✐❞❡r❡♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉♦❝✐❡♥t❡ A/I = {a + I; a ∈ A}✳ ❉❡♥♦t❛♠♦s ♣♦r a

♦ ❡❧❡♠❡♥t♦ a + I ❞❡ A✱ ♣❛r❛ ❝❛❞❛ a ∈ A✳ ❉❡✜♥✐♠♦s ✉♠❛ ♦♣❡r❛çã♦ ♣r♦❞✉t♦ ❡♠ A/I
❝♦♠♦

· : A/I ×A/I −→ A/I
(a, b) 7−→ a · b = ab

.

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❡st❡ ♣r♦❞✉t♦ é ❜❡♠ ❞❡✜♥✐❞♦ ❡ q✉❡ A/I✱ ♠✉♥✐❞♦ ❞❡ t❛❧ ✭❛❧é♠✱ é

❝❧❛r♦✱ ❞❛s ♦♣❡r❛çõ❡s q✉❡ ♣♦ss✉✐ ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✮✱ é ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ K✱ ❝❤❛♠❛❞❛

❞❡ á❧❣❡❜r❛ q✉♦❝✐❡♥t❡ ❞❡ A ♣♦r I✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✷ ❙❡❥❛♠ A ❡ B ❞✉❛s K✲á❧❣❡❜r❛s✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❧✐♥❡❛r ϕ : A → B é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s s❡ ϕ(ab) = ϕ(a)ϕ(b) ♣❛r❛

q✉❛✐sq✉❡r a, b ∈ A✳

❙❡❥❛ ϕ : A → B ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❉✐③❡♠♦s q✉❡ ϕ é ✉♠ ♠♦♥♦✲

♠♦r✜s♠♦ s❡ é ✐♥❥❡t✐✈♦✱ ❡ q✉❡ é ✉♠ ❡♣✐♠♦r✜s♠♦ s❡ é s♦❜r❡❥❡t✐✈♦✳ ❈❛s♦ ϕ s❡❥❛ ❜✐❥❡t✐✈♦✱

❞✐③❡♠♦s q✉❡ é ✉♠ ✐s♦♠♦r✜s♠♦✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ A ❡ B sã♦ ✐s♦♠♦r❢❛s ❡ ❞❡✲

♥♦t❛♠♦s ♣♦r A ≃ B✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ A = B✱ ❞✐r❡♠♦s q✉❡ ϕ é ✉♠ ❡♥❞♦♠♦r✜s♠♦ ❞❡

A✳ ❆❧é♠ ❞✐ss♦✱ s❡♥❞♦ ϕ ✉♠ ❡♥❞♦♠♦r✜s♠♦ ❡ ✉♠ ✐s♦♠♦r✜s♠♦✱ ♦ q✉❛❧ ❝❤❛♠❛r❡♠♦s ✉♠

❛✉t♦♠♦r✜s♠♦ ❞❡ A✳

❙❡♥❞♦ ϕ : A → B ✉♠ ❤♦♠♦♠♦r✜s♠♦✱ ❞✐③❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ker(ϕ) = {a ∈ A |
ϕ(a) = 0} é ♦ ♥ú❝❧❡♦ ❞❡ ϕ✱ ❡ ♦ ❝♦♥❥✉♥t♦ Im(ϕ) = {ϕ(a) ∈ B | a ∈ A} é ❛ ✐♠❛❣❡♠ ❞❡ ϕ✳

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ ker(ϕ) é ✉♠ ✐❞❡❛❧ ❞❡ A ❡ q✉❡ Im(ϕ) é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ B✳
❚❛♠❜é♠ ♥ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❛ ❛♣❧✐❝❛çã♦

ϕ : A/ ker(ϕ) −→ Im(ϕ)

a 7−→ ϕ(a) = ϕ(a)
.

❊①❡♠♣❧♦ ✶✳✶✳✷✸ ❙❡❥❛ A ✉♠ á❧❣❡❜r❛ ✉♥✐tár✐❛✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦

ψ : K −→ A
λ 7−→ λ1A

.

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✷✹ ✶✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

❚❡♠♦s q✉❡ ψ é ✉♠ ♠♦♥♦♠♦r✜s♠♦ ❞❡ K ❡♠ A ❡ ❛ss✐♠ K é ✐s♦♠♦r❢♦ ❛ Im(ψ) =

{λ1A;λ ∈ K}✳ ▲♦❣♦✱ é ó❜✈✐♦ q✉❡ Im(ψ) é ✉♠ ❝♦r♣♦✳ ❉❛í✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ♥❛t✉r❛❧✲

♠❡♥t❡ K ❝♦♠ {λ1A;λ ∈ K}✳

❊①❡♠♣❧♦ ✶✳✶✳✷✹ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❆ ❆♣❧✐❝❛çã♦

π : A −→ A/I
a 7−→ a+ I

é ✉♠ ❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t♦r ❞❡ á❧❣❡❜r❛s✱ ❝❤❛♠❛❞♦ ❞❡ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳

❚❡♦r❡♠❛ ✶✳✶✳✷✺ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ✉♥✐tár✐❛✳ ❙ã♦ ❡q✉✐✈❛❧❡♥t❡s✿

❛✮ A é ✐s♦♠♦r❢♦ ❛ ✉♠ ♣r♦❞✉t♦ ❞✐r❡t♦ A1 × A2 × · · · × An ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s

❝♦♠ ✉♥✐❞❛❞❡ ✭♥ã♦ tr✐✈✐❛✐s✮❀

❜✮ ❊①✐t❡♠ ✐❞❡❛✐s ✭❜✐❧❛t❡r❛✐s ♥ã♦ tr✐✈✐❛✐s✮ I1, I2, . . . , In ❞❡ A t❛✐s q✉❡

A = I1 ⊕ I2 ⊕ · · · ⊕ In;

❝✮ ❊①✐st❡♠ ❡❧❡♠❡♥t♦s e1, e2, . . . , en ∈ Z(A) ✭n ≥ 2✮ t❛✐s q✉❡ eiej = 0✱ ♣❛r❛ i 6= j✱

e1 + e2 + · · ·+ en = 1 ❡ e2k = ek✱ k = 1, 2, . . . , n✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❈❘❪✱ ❝❛♣ít✉❧♦ ■❱✱ s❡çã♦ ✷✺✱ ♣á❣✐♥❛ ✶✻✺✳ �

❱❛♠♦s ❞❡✜♥✐r ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❡♥tr❡ ❞✉❛s á❧❣❡❜r❛s✳ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s

s♦❜r❡ K✳ ❈♦♠♦ ❢❡✐t♦ ♥❛ ❝♦♥str✉çã♦ ❞❛ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦✱ ♦❧❤❛♥❞♦ A ❡ B ❝♦♠♦ ❡s♣❛ç♦s

✈❡t♦r✐❛✐s✱ ❝♦♥s✐❞❡r❡ ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ K(A×B) ❝♦♠ ❜❛s❡A×B✱ ♠✉♥✐❞♦ ❞❛s ♦♣❡r❛çõ❡s

❞❡ s♦♠❛ ❡ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r ❞❛❞❛s ♣♦r

∑

αss+
∑

βss =
∑

(αs + βs)s e λ
∑

αss =
∑

(λαs)s, s ∈ A× B, λ ∈ K.

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ s✉❜❡s♣❛ç♦ U ❞❡ K(A× B) ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞♦ t✐♣♦

(a+ a1, b)− (a, b)− (a1, b)

(a, b+ b1)− (a, b)− (a, b1)

(λa, b)− λ(a, b)

(a, λb)− λ(a, b)

❝♦♠ a, a1 ∈ A✱ b, b1 ∈ B ❡ λ ∈ K✳ ❉❡✜♥✐♠♦s ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ A ❡ B✱ ❞❡♥♦t❛❞♦ ♣♦r

A⊗K B ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ ♣♦r A⊗B✮✱ ❝♦♠♦ s❡♥❞♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉♦❝✐❡♥t❡
A× B
U ✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✶✳ K✲➪❧❣❡❜r❛s ✷✺

❉❛❞♦ (a, b) ∈ A × B✱ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r a ⊗ b ♦ ❡❧❡♠❡♥t♦ (a, b) ∈ A ⊗ B✳
❈❤❛♠❛r❡♠♦s ♦s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ a ⊗ b ❞❡ t❡♥s♦r❡s✳ ❚❡♠♦s ❡♥tã♦ q✉❡ ♦ ❝♦♥❥✉♥t♦

S = {a⊗ b | a ∈ A, b ∈ B} é ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ A⊗ B✳ ◆♦t❡ q✉❡

(a+ a1)⊗ b = a⊗ b+ a1 ⊗ b

a⊗ (b+ b1) = a⊗ b+ a⊗ b1

(λa)⊗ b = λ(a⊗ b)

a⊗ (λb) = λ(a⊗ b)

♣❛r❛ a, a1 ∈ A✱ b, b1 ∈ B ❡ λ ∈ K✳ ❉❡ss❛ ❢♦r♠❛✱ ✈ê✲s❡ q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ A ⊗ B sã♦

❞❛ ❢♦r♠❛
∑

(ai ⊗ bi)✱ ❝♦♠ ai ∈ A ❡ bi ∈ B✳
❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ ❛♣❧✐❝❛çã♦ ♣r♦❞✉t♦ ⋆ : S × S → S ❞❛❞❛ ♣♦r

(a⊗ b) ⋆ (c⊗ d) 7→ ac⊗ bd,

♣❛r❛ q✉❛✐sq✉❡r a, c ∈ A ❡ b, d ∈ B✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ✏star✑ é ❜❡♠ ❞❡✜♥✐❞❛✳ ❚❡♠♦s

q✉❡ A⊗B✱ ♠✉♥✐❞♦ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛ ♣♦r ⋆✱ é ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ K✱ ❝❤❛♠❛❞❛

❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❛s á❧❣❡❜r❛s A ❡ B✳
❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r r❡❢❡r❡✲s❡ à Pr♦♣r✐❡❞❛❞❡ ❯♥✐✈❡rs❛❧ ❞♦ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧ ❡ ♥♦s

❞❛rá ✉♠❛ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❝♦♥str✉çã♦ ❞❡ ♣r♦❞✉t♦s t❡♥s♦r✐❛✐s ❡♥tr❡ á❧❣❡❜r❛s✳

❚❡♦r❡♠❛ ✶✳✶✳✷✻ ❙❡❥❛♠ V ✱ W ❡ U K✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳ P❛r❛ t♦❞❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r

ϕ : V ×W → U ✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ϕ : V ⊗W → U ✱ t❛❧ q✉❡ ϕ(v⊗w) =
ϕ(v, w) ♣❛r❛ q✉❛✐sq✉❡r v ∈ V ❡ w ∈ W ✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❈❘❪✱ ❚❡♦r❡♠❛ ✶✷✳✸✱ ♣á❣✐♥❛ ✻✶✳ �

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r tr❛③ ✉♠ r❡s✉❧t❛❞♦ ❛❝❡r❝❛ ❞♦ ❝❡♥tr♦ ❞❡ ✉♠ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧

❡♥tr❡ á❧❣❡❜r❛s ✉♥✐tár✐❛s ✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✼ ❙❡❥❛♠ A ❡ B ❞✉❛s K✲á❧❣❡❜r❛s ✉♥✐tár✐❛s✳

❛✮ ❙❡ S = {ai | i ∈ I} ❡ R = {bj | j ∈ J} sã♦ s✉❜❝♦♥❥✉♥t♦s ▲■ ❞❡ A ❡ B✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥tã♦ S ⊗ R = {ai ⊗ bj | i ∈ I, j ∈ J} é ✉♠ s✉❜❝♦♥❥✉♥t♦ ▲■ ❞❡

A⊗ B❀

❜✮ ❙❡❥❛♠ S = {ai | i ∈ I} ❡ R = {bi | i ∈ I} s✉❜❝♦♥❥✉♥t♦s ❞❡ A − {0} ❡ B − {0}✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡ S ♦✉ R ❢♦r ▲■✱ ❡♥tã♦ S ⊗ R = {ai ⊗ bi | i ∈ I} é ✉♠

s✉❜❝♦♥❥✉♥t♦ ▲■ ❞❡ A⊗ B❀

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✷✻ ✶✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

❝✮ Z(A⊗ B) = Z(A)⊗ Z(B)✳

❉❡♠♦♥str❛çã♦✿ ❛✮ ❚♦♠❡♠♦s λij ∈ K✱ ❝♦♠ i ∈ I ❡ j ∈ J ✱ t❛✐s q✉❡

∑

i∈I

∑

j∈J

λij(ai ⊗ bj) = 0.

❋✐①❛❞♦s i0 ∈ I ❡ j0 ∈ J ✱ t♦♠❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r ϕ : A×B → K q✉❡ s❛t✐s❢❛ç❛

ϕ(ai0 , bj0) = 1 ❡ ϕ(ai, bj) = 0 s❡ (i, j) 6= (i0, j0)✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✳✷✻✱ t❡♠♦s q✉❡ ❡①✐st❡

✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ϕ : A⊗ B → K t❛❧ q✉❡ ϕ(ai0 ⊗ bj0) = 1 ❡ ϕ(ai ⊗ bj) = 0 s❡

(i, j) 6= (i0, j0)✳ ❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s q✉❡

0 = ϕ

(
∑

i∈I

∑

j∈J

λij(ai ⊗ bj)

)

=
∑

i∈I

∑

j∈J

λijϕ(ai ⊗ bj) = λi0j0 .

❈♦♠♦ i ∈ I ❡ j ∈ J ❢♦r❛♠ t♦♠❛❞♦s ❛r❜✐tr❛r✐❛♠❡♥t❡✱ s❡❣✉❡✲s❡ ♦ r❡s✉❧t❛❞♦✳

❜✮ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ s✉♣♦♥❤❛♠♦s q✉❡ S s❡❥❛ ▲■✱ ❡ t♦♠❡♠♦s β ✉♠❛ ❜❛s❡

❞♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ B ❣❡r❛❞♦ ♣♦r R✳ P❛r❛ ❝❛❞❛ i ∈ I✱ ❝♦♥s✐❞❡r❡ ♦ s✉❜❡s♣❛ç♦

Zi ❞❡ A ⊗ B ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {ai ⊗ b; b ∈ β}✳ P❡❧♦ ✐t❡♠ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡

{ai ⊗ b; i ∈ I, b ∈ β} é ✉♠ s✉❜❝♦♥❥✉♥t♦ ▲■ ❞❡ A⊗ B✱ ❡ ❛ss✐♠ {Zi}i∈I é ✉♠❛ ❢❛♠í❧✐❛ ❞❡

s✉❜❡s♣❛ç♦s ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ A⊗B✱ ✐st♦ é✱ Zi ∩
(
∑

j∈I,j 6=i Zj

)

= {0}✱ ♣❛r❛ t♦❞♦ i ∈ I✳

❖❜s❡r✈❡ q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ Zi sã♦ ❞❛ ❢♦r♠❛
∑

α∈β ai⊗λαα = ai⊗
∑

α∈β λαα✱ ❡ ❛ss✐♠

t❡♠♦s q✉❡ ai ⊗ bi ∈ Zi − {0}✱ ♣❛r❛ ❝❛❞❛ i ∈ I✳ ❉❡ss❛ ❢♦r♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ S ⊗ R é

▲■✳

❝✮ ❉❡ ❢❛t♦✱ é ❢á❝✐❧ ✈❡r q✉❡ Z(A)⊗ Z(B) ⊆ Z(A⊗ B)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t♦♠❡♠♦s

α ∈ Z(A ⊗ B)✳ ❚❡♠♦s q✉❡ ❡①✐st❡♠ a1, . . . , an ∈ A ♥ã♦ ♥✉❧♦s ❡ b1, . . . , bn ∈ B ❧✐♥❡❛r✲

♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s t❛✐s q✉❡ α =
∑n

i=1 ai ⊗ bi✳ ❚♦♠❛♥❞♦ a ∈ A q✉❛❧q✉❡r✱ t❡♠♦s q✉❡

(a⊗ 1B)α = α(a⊗ 1B)✳ ❉❛í✱ t❡♠♦s
∑n

i=1 aai ⊗ bi =
∑n

i=1 aia⊗ bi✳ ▲♦❣♦✱

0 =
n∑

i=1

(aai − aia)⊗ bi =
n∑

i=1

[a, ai]⊗ bi.

P❡❧♦ ✐t❡♠ b) ❞❡st❛ ♣r♦♣♦s✐çã♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ [a, ai] = 0✱ ♣❛r❛ t♦❞♦ i = 1, . . . , n✱ ❡

♣♦rt❛♥t♦✱ ai ∈ Z(A)✱ i = 1, . . . , n✳ ❉❡ss❛ ❢♦r♠❛✱ α ∈ Z(A)⊗ B✳ P♦r s✉❛ ✈❡③✱ ♣♦❞❡♠♦s

t♦♠❛r a′1, . . . , a
′
m ∈ Z(A) ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡ b′1, . . . , b

′
m ∈ B ♥ã♦ ♥✉❧♦s t❛✐s q✉❡

α =
∑m

i=1 a
′
i⊗b′i✳ ❚♦♠❛♥❞♦ b ∈ B ❛r❜✐trár✐♦✱ t❡♠♦s (1A⊗b)α = α(1A⊗b)✱ ❡ ❞❛í s❡❣✉❡✲s❡

q✉❡
∑m

i=1 a
′
i ⊗ [b, b′i] = 0✱ ❞♦♥❞❡✱ b′1, . . . , b

′
m ∈ Z(B)✳ ❙❡❣✉❡✲s❡ ❡♥tã♦ α ∈ Z(A)⊗ Z(B)✱

❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ Z(A⊗ B) ⊆ Z(A)⊗ Z(B)✱ ❡ ❛ss✐♠ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳ �
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✶✳✷✳ A✲▼ó❞✉❧♦s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s ✷✼

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✽ ❙❡❥❛♠ A ❡ B á❧❣❡❜r❛s s♦❜r❡ K✱ ❝♦♠ B ✉♥✐tár✐❛✳ ❙❡ A = A1⊕A2✱

♦♥❞❡ A1 ❡ A2 sã♦ s✉❜á❧❣❡❜r❛s ❞❡ A✱ ❡♥tã♦

A⊗K B ∼= T1 ⊕ T2,

♦♥❞❡ Ti ∼= Ai ⊗K B✱ ♣❛r❛ i = 1, 2✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❘♦t❪✱ ❚❡♦r❡♠❛ ✽✳✽✼✱ ♣á❣✐♥❛ ✺✽✹✱ ❡ ✉t✐❧✐③❛r ♦ ❚❡♦r❡♠❛ ✶✳✶✳✷✻✳ �

✶✳✷ A✲▼ó❞✉❧♦s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s

◆❡st❛ s❡çã♦✱ tr❛t❛r❡♠♦s ❞❡ ❛♣r❡s❡♥t❛r ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s r❡❧❛t✐✈♦s ❛♦s ♠ó✲

❞✉❧♦s s♦❜r❡ á❧❣❡❜r❛s ❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❣r✉♣♦s✱ ❛ss✐♠ ❝♦♠♦ ❛ r❡❧❛çã♦ ❡♥tr❡ ❡❧❡s✳ ❆q✉✐✱

t♦❞❛s ❛s á❧❣❡❜r❛s s❡rã♦ ✉♥✐tár✐❛s ❡ ❛ss♦❝✐❛t✐✈❛s✳

❉❡✜♥✐çã♦ ✶✳✷✳✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❡ M ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❉✐r❡♠♦s q✉❡ M é ✉♠

A✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛ ✭♦✉ ♠ó❞✉❧♦ à ❡sq✉❡r❞❛ s♦❜r❡ A✮ s❡ ❡stá ♠✉♥✐❞♦ ❞❡ ✉♠ ♣r♦❞✉t♦

· : A×M −→ M

(a,m) 7−→ a ·m

q✉❡ s❛t✐s❢❛ç❛✿

✐✮ (a1 + a2) ·m = (a1 ·m) + (a2 ·m)✱

✐✐✮ a · (m1 +m2) = (a ·m1) + (a ·m2)✱

✐✐✐✮ (λa) ·m = a · (λm) = λ(a ·m)✱

✐✈✮ a1 · (a2 ·m) = (a1a2) ·m✱

✈✮ 1A ·m = m✱

♣❛r❛ q✉❛✐sq✉❡r a, a1, a2 ∈ A✱ m,m1,m2 ∈M ❡ λ ∈ K✳

❖❜s❡r✈❡ q✉❡ ♦s ✐t❡♥s i)✱ ii) ❡ iii) ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ♥♦s ❞✐③❡♠ q✉❡ ♦ ♣r♦❞✉t♦ ✏·✑
é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r✳

❊①❡♠♣❧♦ ✶✳✷✳✷ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ q✉❛❧q✉❡r✱ ♣♦❞❡♠♦s ♥❛t✉r❛❧♠❡♥t❡ ♦❧❤❛r A ❝♦♠♦

✉♠❛ A✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛✱ ❝✉❥♦ ♣r♦❞✉t♦ é ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ A✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱ s❡

t♦♠❛r♠♦s B ✉♠❛ s✉❜á❧❣❡❜r❛ ✭✉♥✐tár✐❛✮ ❞❡ A✱ t❡♠♦s q✉❡ A é ✉♠ ♠ó❞✉❧♦ à ❡sq✉❡r❞❛

s♦❜r❡ B✱ ❝✉❥♦ ♣r♦❞✉t♦ é ❞❛❞♦ ♣❡❧❛ r❡str✐çã♦ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ A ❛ B × A✳ ❱❛♠♦s

❞❡♥♦t❛r ❡st❡ B✲♠ó❞✉❧♦ ♣♦r BA✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✷✽ ✶✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

❊①❡♠♣❧♦ ✶✳✷✳✸ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ L(V ) ❛ á❧❣❡❜r❛ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s

❞❡ V ✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❞✉t♦

· : L(V )× V −→ V

(T, v) 7−→ T.v = T (v)
,

q✉❡ é ❜❡♠ ❞❡✜♥✐❞♦✳ ❚❡♠♦s q✉❡ V ✱ ♠✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦✱ é ✉♠ L(V )✲♠ó❞✉❧♦ à ❡s✲

q✉❡r❞❛✳

❊①❡♠♣❧♦ ✶✳✷✳✹ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ M ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ϕ : G → GL(M) ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ❝♦♠ ϕ(g) = ϕg✳ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦

· : KG×M −→ M

(
∑

g∈G λgg, v) 7−→ ∑

g∈G λgϕg(v)
.

❚❡♠♦s q✉❡ M ✱ ♠✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦✱ é ✉♠ KG✲♠ó❞✉❧♦ ✭à ❡sq✉❡r❞❛✮✳

❊①❡♠♣❧♦ ✶✳✷✳✺ ❙❡❥❛♠ Mn(K) ❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s n × n s♦❜r❡ K ❡ Kn ♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ ❞❛s n✲✉♣❧❛s ❡♠ K✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❞✉t♦

· : Mn(K)×Kn −→ Kn

((aij)n, (λ1, . . . , λn)) 7−→
(

n∑

j=1

a1jλj, . . . ,

n∑

j=1

anjλj

)

,

♦♥❞❡ (aij)n =






a11 · · · a1n
✳✳✳

✳ ✳ ✳
✳✳✳

an1 · · · ann




 ∈ Mn(K)✳ ❚❡♠♦s q✉❡ Kn✱ ♠✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦✱ é

✉♠ Mn(K)✲♠ó❞✉❧♦✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡✜♥❡✲s❡ A✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ ✭♦✉ ♠ó❞✉❧♦ à ❞✐r❡✐t❛ s♦❜r❡ A✮✱ ❜❛s✲

t❛♥❞♦ ❝♦♥s✐❞❡r❛r ♦ ♣r♦❞✉t♦

· : M ×A −→ M

(m, a) 7−→ m · a
s❛t✐s❢❛③❡♥❞♦✿

✐✮ m · (a1 + a2) = (m · a1) + (m · a2)✱

✐✐✮ (m1 +m2) · a = (m1 · a) + (m2 · a)✱

✐✐✐✮ m · (λa) = (λm) · a = λ(m · a)✱

✐✈✮ (m · a1) · a2 = m · (a1a2)✱

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✷✳ A✲▼ó❞✉❧♦s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s ✷✾

✈✮ m · 1A = m✱

♣❛r❛ q✉❛✐sq✉❡r a, a1, a2 ∈ A✱ m,m1,m2 ∈M ❡ λ ∈ K✳

➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ❡①✐st❡ ✉♠❛ ❞✐❢❡r❡♥ç❛ ♠❛✐s ❞♦ q✉❡ s✉t✐❧ ❡♥tr❡A✲♠ó❞✉❧♦s

à ❡sq✉❡r❞❛ ❡ A✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✱ ♦♥❞❡ ❣❡r❛❧♠❡♥t❡ ♥ã♦ é ♣♦ssí✈❡❧ s✐♠♣❧❡s♠❡♥t❡ ♠✉❞❛r

♦ ❡s❝❛❧❛r ❞❡ ✉♠ ❧❛❞♦ ♣❛r❛ ♦ ♦✉tr♦✳ ❖❜s❡r✈❡ q✉❡ ❛s ❝♦♥❞✐çõ❡s a1 · (a2 ·m) = (a1a2) ·m
✭♣❛r❛ A✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛✮ ❡ (m · a1) · a2 = m · (a1a2) ✭♣❛r❛ A✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✮

❛♣r❡s❡♥t❛♠ ✉♠❛ r❡❛❧ ❞✐❢❡r❡♥ç❛ q✉❛♥❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ A é ♥ã♦ ❝♦♠✉t❛t✐✈❛✳

❉❡✜♥✐çã♦ ✶✳✷✳✻ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ M ✉♠ A✲♠ó❞✉❧♦✳ ❉✐③❡♠♦s q✉❡✿

✐✮ ❯♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ N ❞❡ M é ✉♠ s✉❜♠ó❞✉❧♦ ✭♦✉ A✲s✉❜♠ó❞✉❧♦✮ ❞❡ M s❡

a · n ∈ N ✱ ♣❛r❛ q✉❛✐sq✉❡r a ∈ A ❡ n ∈ N ✳

✐✐✮ ❯♠ s✉❜♠ó❞✉❧♦ N 6= {0} ❞❡ M é ♠✐♥✐♠❛❧ s❡ ♥ã♦ ❡①✐st❡ s✉❜♠ó❞✉❧♦ N1 ♥ã♦ ♥✉❧♦

❞❡ M t❛❧ q✉❡ N1 ( N ✳

✐✐✐✮ N é ✉♠ s✉❜♠ó❞✉❧♦ ♠❛①✐♠❛❧ ❞❡ M s❡ N 6=M ❡ s❡ ♥ã♦ ❡①✐st❡ s✉❜♠ó❞✉❧♦ N1 ❞❡

M t❛❧ q✉❡ N ( N1 (M ✳

✐✈✮ M 6= {0} é ✉♠ A✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ✭♦✉ s✐♠♣❧❡s✮ s❡ s❡✉s ú♥✐❝♦s s✉❜♠ó❞✉❧♦s

sã♦ {0} ❡ M ✳

❊①❡♠♣❧♦ ✶✳✷✳✼ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❡ ❝♦♥s✐❞❡r❡♠♦s ♦ A✲♠ó❞✉❧♦ AA✳ ❚❡♠♦s q✉❡ ♦s

s✉❜♠ó❞✉❧♦s ❞❡ AA sã♦ ❡①❛t❛♠❡♥t❡ ♦s ✐❞❡❛✐s à ❡sq✉❡r❞❛ ❞❛ á❧❣❡❜r❛ A✳ ❙❡♥❞♦ M ✉♠ A✲

♠ó❞✉❧♦ ❡ m ∈M ✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ A·m = {a ·m; a ∈ A} é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M ✳ ❈❛s♦

M s❡❥❛ ✉♠ A✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧✱ t❡♠♦s q✉❡ A ·m = M ♣❛r❛ q✉❛❧q✉❡r m ∈ M − {0}✳
❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ A ·m =M ♣❛r❛ q✉❛❧q✉❡r m ∈M − {0}✱ ❡♥tã♦ M é ✉♠ A✲♠ó❞✉❧♦

✐rr❡❞✉tí✈❡❧✳

❊①❡♠♣❧♦ ✶✳✷✳✽ ❙❡♥❞♦ M ✉♠ A✲♠ó❞✉❧♦✱ t❡♠♦s q✉❡ ♦s s❡✉s s✉❜♠ó❞✉❧♦s ♠✐♥✐♠❛✐s sã♦

❡①❛t❛♠❡♥t❡ ❛q✉❡❧❡s q✉❡ sã♦ A✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s✳ ❈❛s♦ M t❡♥❤❛ ❞✐♠❡♥sã♦ ✜♥✐t❛✱

❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❡♥tã♦ t❡♠♦s q✉❡ M ♣♦ss✉✐ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❛❧❣✉♠ s✉❜♠ó❞✉❧♦

♠✐♥✐♠❛❧✳

❊①❡♠♣❧♦ ✶✳✷✳✾ ❙❡♥❞♦ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ t❡♠♦s q✉❡ V é ✉♠ L(V )✲♠ó❞✉❧♦ ✐rr❡✲

❞✉tí✈❡❧✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ W ✉♠ s✉❜♠ó❞✉❧♦ ♥ã♦ ♥✉❧♦ ❞❡ V ✳ ❚♦♠❡♠♦s w ∈ W − {0}
❡ v ∈ V q✉❛❧q✉❡r✳ ❚❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r T ∈ L(V ) t❛❧ q✉❡

T (w) = v✱ ❡ ❞❛í t❡♠♦s v = T (w) = T · w ∈ W ✱ ❡ ❛ss✐♠ V ⊆ W ✱ ❞♦♥❞❡ W = V ✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✸✵ ✶✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

❉❡✜♥✐r❡♠♦s ❛❣♦r❛ ♠ó❞✉❧♦ q✉♦❝✐❡♥t❡✳ ❙❡❥❛♠M ✉♠ A✲♠ó❞✉❧♦ ❡ N ✉♠ s✉❜♠ó❞✉❧♦

❞❡ M ✳ ❖❧❤❛♥❞♦ N ❝♦♠♦ ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞♦ ❡s♣❛ç♦ M ✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ q✉♦❝✐❡♥t❡ M/N q✉❡ é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❧❛t❡r❛✐s ❞❡ N ❡♠ M ✱ ✐st♦

é✱ M/N = {m + N | m ∈ M} = {m | m ∈ M}✳ ❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ ❛♣❧✐❝❛çã♦ ♣r♦❞✉t♦

❞❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ A ♣♦r ✉♠ ❡❧❡♠❡♥t♦ ❞❡ M/N ❞❛❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

· : A×M/N −→ M/N

(a,m) 7−→ a ·m
.

▼♦str❛✲s❡ ❢❛❝✐❧♠❡♥t❡ q✉❡ t❛✐s ♦♣❡r❛çõ❡s sã♦ ❜❡♠ ❞❡✜♥✐❞❛s✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ M/N ✱

♠✉♥✐❞♦ ❞❡ t❛❧ ♣r♦❞✉t♦✱ é ✉♠ A✲♠ó❞✉❧♦✱ ❝❤❛♠❛❞♦ ❞❡ ♠ó❞✉❧♦ q✉♦❝✐❡♥t❡ ❞❡ M ♣♦r N ✳

➱ ✐♥t❡r❡ss❛♥t❡ ♦❜s❡r✈❛r q✉❡ N é ✉♠ s✉❜♠ó❞✉❧♦ ♠❛①✐♠❛❧ ❞❡ M s❡✱ ❡ s♦♠❡♥t❡

s❡✱ M/N é ✉♠ ♠♦❞✉❧♦ ✐rr❡❞✉tí✈❡❧✳ ❈♦♠♦ ❥✉st✐✜❝❛t✐✈❛✱ ♦❜s❡r✈❡ q✉❡ ♦s s✉❜♠ó❞✉❧♦s ❞❡

M/N sã♦ ❞❛ ❢♦r♠❛ M1/N ✱ ♦♥❞❡ M1 é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M t❛❧ q✉❡ N ⊆M1✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✵ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛✱ M1 ❡ M2 A✲♠ó❞✉❧♦s✳ ❉✐③❡♠♦s q✉❡ ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ϕ :M1 →M2 é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s s❡

ϕ(a ·m) = a · ϕ(m),

♣❛r❛ q✉❛✐sq✉❡r a ∈ A ❡ m ∈M1✳

❊①❡♠♣❧♦ ✶✳✷✳✶✶ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ M ✉♠ A✲♠ó❞✉❧♦✳ ❋✐①❛❞♦ m ∈M ✱ ❝♦♥s✐❞❡r❡

❛ ❛♣❧✐❝❛çã♦
T : AA −→ M

a 7−→ T (a) = a ·m .

❚❡♠♦s q✉❡ T é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s✳

❊①❡♠♣❧♦ ✶✳✷✳✶✷ ❙❡❥❛♠ M ✉♠ A✲♠ó❞✉❧♦✱ N1 ❡ N2 s✉❜♠ó❞✉❧♦s ❞❡ M t❛✐s q✉❡ M =

N1 ⊕N2✳ ❚❡♠♦s q✉❡ ❛s ♣r♦❥❡çõ❡s

π1 : M −→ N1

m = n1 + n2 7−→ π1(m) = n1

❡
π2 : M −→ N2

m = n1 + n2 7−→ π2(m) = n2

,

♦♥❞❡ n1 ∈ N1 ❡ n2 ∈ N2✱ sã♦ ❤♦♠♦♠♦r✜s♠♦s ❞❡ A✲♠ó❞✉❧♦s✳

❊①❡♠♣❧♦ ✶✳✷✳✶✸ ❙❡❥❛♠ M ✉♠ A✲♠ó❞✉❧♦ ❡ N ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M ✳ ❈♦♥s✐❞❡r❡ ❛

❛♣❧✐❝❛çã♦
ψ : M −→ M/N

m 7−→ ψ(m) = m = m+N
.

❚❡♠♦s q✉❡ ψ é ✉♠ ❤♦♠♦♠♦r✜s♠♦s ❞❡ A✲♠ó❞✉❧♦s✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✷✳ A✲▼ó❞✉❧♦s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s ✸✶

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ s❡ ϕ : M1 → M2 é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s✱

❡♥tã♦ s❡✉ ♥ú❝❧❡♦ ker(ϕ) = {m ∈M1;ϕ(m) = 0} é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M1 ❡ s✉❛ ✐♠❛❣❡♠

Im(ϕ) = {ϕ(m) ∈M2;m ∈M1} é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M2✳

❊①❡♠♣❧♦ ✶✳✷✳✶✹ ❚♦♠❡♠♦s M ❡ M1 A✲♠ó❞✉❧♦s t❛✐s q✉❡ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦

ϕ :M →M1 s♦❜r❡❥❡t✐✈♦✳ ◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡

ϕ : M/ ker(ϕ) −→ M1

m 7−→ ϕ(m) = ϕ(m)

é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s✳ ❆❞❡♠❛✐s✱ s❡ ψ : M → N é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡

A✲♠ó❞✉❧♦s✱ ❡♥tã♦ M/ ker(ψ) ∼= Im(ψ)✳

❙❡❥❛ M ✉♠ A✲♠ó❞✉❧♦✳ ❈❤❛♠❛♠♦s ❞❡ ❡♥❞♦♠♦r✜s♠♦ ❞♦ A✲♠ó❞✉❧♦ M ✉♠ ❤♦✲

♠♦♠♦r✜s♠♦ ✭❞❡ A✲♠ó❞✉❧♦s✮ ❞❡ M ❡♠ M ✳ ❱❛♠♦s ❞❡♥♦t❛r ♣♦r EndA(M) ♦ ❝♦♥❥✉♥t♦

❞❡ t♦❞♦s ♦s ❡♥❞♦♠♦r✜s♠♦s ❞♦ A✲♠ó❞✉❧♦ M ✳ ❖❜s❡r✈❛♥❞♦ q✉❡ EndA(M) ⊆ L(M)✱

♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ EndA(M) é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ L(M) ✭✈❡r ❊①❡♠♣❧♦ ✶✳✶✳✻✮✳

❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦

ϕ : A −→ L(M)

a 7−→ ϕ(a) = ϕa
,

♦♥❞❡ ϕa(m) = a ·m✱ ♣❛r❛ q✉❛❧q✉❡r m ∈M ✳ ❚❡♠♦s q✉❡ s❡ T ∈ EndA(M)✱ ❡♥tã♦

(T ◦ ϕa)(m) = T (ϕa(m)) = T (a ·m)

= a · T (m) = ϕa(T (m))

= (ϕa ◦ T )(m),

♣❛r❛ q✉❛✐sq✉❡r a ∈ A ❡ m ∈M ✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡

EndA(M) = {T ∈ L(M)|T ◦ ϕa = ϕa ◦ T, ∀a ∈ A}.

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✺ ✭▲❡♠❛ ❞❡ ❙❝❤✉r✮ ❙❡❥❛ M ✉♠ A✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧✳ ❚❡♠♦s ❡♥✲

tã♦ q✉❡ EndA(M) é ✉♠❛ á❧❣❡❜r❛ ❝♦♠ ❞✐✈✐sã♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ T ∈ EndA(M) − {0}✳ ❚❡♠♦s q✉❡ ker(T ) 6= M ❡ Im(T ) 6=
{0}✳ ❈♦♠♦ Ker(T ) ❡ Im(T ) sã♦ s✉❜♠ó❞✉❧♦s ❞❡ M ✱ ❡ ❡st❡ é ✐rr❡❞✉tí✈❡❧✱ ❞❡✈❡♠♦s t❡r

Ker(T ) = {0} ❡ Im(T ) = M ✳ ▲♦❣♦✱ T é ✐♥✈❡rsí✈❡❧ ❝♦♠♦ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r✳ ◆ã♦ é

❞✐❢í❝✐❧ ✈❡r q✉❡ T−1 ∈ EndA(M)✳ P♦rt❛♥t♦✱ s❡❣✉❡✲s❡ ♦ r❡s✉❧t❛❞♦✳ �

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✸✷ ✶✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✻ ❙❡❥❛♠M ✉♠ A✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ✭❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✮

❡ N1, N2, . . . , Nr s✉❜♠ó❞✉❧♦s ♠✐♥✐♠❛✐s ❞❡ M ✳ ❙❡ J ⊆ N1 + N2 + · · · + Nr é ✉♠

s✉❜♠ó❞✉❧♦ ✭♥ã♦ tr✐✈✐❛❧✮ ♠✐♥✐♠❛❧ ❞❡ M ✱ ❡♥tã♦ J ∼= Ni ✭❝♦♠♦ A✲♠ó❞✉❧♦s✮✱ ♣❛r❛ ❛❧❣✉♠

i ∈ {1, 2, . . . , r}✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ N1 ∩ (N2 + · · ·+Nr) 6=
{0}✳ ❈♦♠♦ N1 é ♠✐♥✐♠❛❧✱ ❞❡✈❡♠♦s t❡r N1 ⊆ N2 + N3 + · · · + Nr✱ ❡ ❛ss✐♠

N1 + N2 + N3 + · · · + Nr = N2 + N3 + · · · + Nr✳ ▲♦❣♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ ❛ s♦♠❛

N1 +N2 + · · ·+Nr é ❞✐r❡t❛✳

❉❛❞♦ x ∈ J ✱ ❡①✐st❡♠ ú♥✐❝♦s x1 ∈ N1, . . . , xr ∈ Nr t❛✐s q✉❡ x = x1+ · · ·+xr✳ P❛r❛
❝❛❞❛ j = 1, . . . , r✱ ❝♦♥s✐❞❡r❡ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s

πj : J −→ Nj

x =
r∑

i=1

xi 7−→ πj(x) = xj
.

❈♦♠♦ J 6= {0}✱ ❞❡✈❡ ❡①✐st✐r ✉♠ j0 ∈ {1, . . . , r} t❛❧ q✉❡ πj0 6= 0✱ ❡ ❛ss✐♠✱ ♣❡❧❛ ♠✐♥✐✲

♠❛❧✐❞❛❞❡ ❞❡ J ✱ t❡♠♦s q✉❡ ker(πj0) = {0}✱ ❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ J ∼= Im(πj0) ✭❝♦♠♦

A✲♠ó❞✉❧♦s✮✳ ▼❛s ❝♦♠♦ Nj0 t❛♠❜é♠ é ♠✐♥✐♠❛❧✱ ❞❡✈❡♠♦s t❡r Im(πj0) = Nj0 ✳ P♦rt❛♥t♦✱

πj0 é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s✳ �

❖ r❡s✉❧t❛❞♦ ❛❜❛✐①♦ ❞✐③ r❡s♣❡✐t♦ à ✉♥✐❝✐❞❛❞❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s✉❜♠ó❞✉❧♦s

✐rr❡❞✉tí✈❡✐s ❞❡ ✉♠ A✲♠ó❞✉❧♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✼ ❙❡❥❛ M ✉♠ A✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ✭❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✮✳

❙❡ ❡①✐st❡♠ W1,W2, . . . ,Wr ❡ N1, N2, . . . , Ns s✉❜♠ó❞✉❧♦s ♠✐♥✐♠❛✐s ✭♥ã♦ tr✐✈✐❛✐s✮ ❞❡ M

t❛✐s q✉❡ M = W1 ⊕W2 ⊕ · · · ⊕Wr = N1 ⊕ N2 ⊕ · · · ⊕ Ns✱ ❡♥tã♦ r = s ❡ ❡①✐st❡ ✉♠❛

♣❡r♠✉t❛çã♦ {j1, j2, . . . , jr} ❞❡ {1, 2, . . . , r} t❛❧ q✉❡

W1
∼= Nj1 ,W2

∼= Nj2 , . . . ,Wr
∼= Njr .

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❈❘❪✱ ❚❡♦r❡♠❛ ✶✹✳✺✱ ♣á❣✐♥❛ ✽✸✳ �

❈♦♠❡ç❛r❡♠♦s ❛❣♦r❛ ✉♠ ❜r❡✈❡ ❡st✉❞♦ s♦❜r❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❣r✉♣♦s✳ ◆❡st❛ s❡çã♦✱

G ❞❡♥♦t❛rá ✉♠ ❣r✉♣♦ ✜♥✐t♦✱ s❛❧✈♦ ♠❡♥çã♦ ❝♦♥trár✐❛✳ ❘❡❝♦r❞❛♠♦s q✉❡ GL(M) ❞❡♥♦t❛

♦ ❣r✉♣♦ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ✐♥✈❡rtí✈❡✐s ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ M ❡ GLn(K)

r❡❢❡r❡✲s❡ ❛♦ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞❡ t♦❞❛s ❛s ♠❛tr✐③❡s ✐♥✈❡rtí✈❡✐s n× n s♦❜r❡ K✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✷✳ A✲▼ó❞✉❧♦s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s ✸✸

❉❡✜♥✐çã♦ ✶✳✷✳✶✽ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ M ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❯♠❛ r❡♣r❡s❡♥t❛çã♦

❞❡ G ❝♦♠ ❡s♣❛ç♦ r❡♣r❡s❡♥t❛çã♦ M é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s

ϕ : G −→ GL(M)

g 7−→ ϕ(g) = ϕg
.

❉✉❛s r❡♣r❡s❡♥t❛çõ❡s ϕ ❡ ϕ′ ❞❡ G ❝♦♠ ❡s♣❛ç♦s M ❡ M ′✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ sã♦ ❞✐t❛s

❡q✉✐✈❛❧❡♥t❡s s❡ ❡①✐st❡ ✉♠ K✲✐s♦♠♦r✜s♠♦ ψ :M →M ′ t❛❧ q✉❡ ϕgψ = ψϕ′
g✱ ♣❛r❛ t♦❞♦

g ∈ G✱ ✐st♦ é✱ ϕgψ(m) = ψϕ′
g(m) ♣❛r❛ t♦❞♦ m ∈ M ❡ g ∈ G✳ ❆ ❞✐♠❡♥sã♦ dimKM ❞❡

M s♦❜r❡ K é ❝❤❛♠❛❞❛ ♦ ❣r❛✉ ❞❡ ϕ✳

P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞✐r❡♠♦s ❛♣❡♥❛s ✏ϕ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G ❡♠ M ✑ ❛♦ ✐♥✲

✈és ❞❡ ✏ϕ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G ❝♦♠ ❡s♣❛ç♦ r❡♣r❡s❡♥t❛çã♦ M ✑✳ ◗✉❛♥❞♦ s❡ t❡♠

dimKM = n <∞✱ ♣❛r❛ ❛❧❣✉♠ n ∈ N✱ s❛❜❡✲s❡ q✉❡ GL(M) ∼= GLn(K)✳ ◆❡st❡ ❝❛s♦✱ ✉♠❛

r❡♣r❡s❡♥t❛çã♦ ϕ ❞❡ G ❡♠ M ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ϕ : G→ GLn(K)✳

❖❜s❡r✈❡ q✉❡ s❡ n = 1✱ ❝♦♠♦ GL1(K) ∼= K∗✱ ♦♥❞❡ K∗ é ♦ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞♦ ❝♦r♣♦

K✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ϕ ❝♦♠♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ϕ : G→ K∗✳

❊①❡♠♣❧♦ ✶✳✷✳✶✾ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ M ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉❛❧q✉❡r✳ ❖ ❤♦♠♦♠♦r✲

✜s♠♦
ψ : G −→ GL(M)

g 7−→ ψ(g) = IdM

é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G ❡♠ M ✱ ❝❤❛♠❛❞❛ ❞❡ r❡♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧✳

❊①❡♠♣❧♦ ✶✳✷✳✷✵ ❙❡❥❛♠ ψ : G → GL(M) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G ❡♠ M ❡ H ✉♠

s✉❜❣r✉♣♦ ❞❡ G✳ ❚❡♠♦s q✉❡ ❛ r❡str✐çã♦ ❞❡ ψ ❛ H é ❛✐♥❞❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✳

▲♦❣♦✱ ❛ ❛♣❧✐❝❛çã♦
ψH : H −→ GL(M)

h 7−→ ψH(h) = ψ(h)

é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ H ❡♠ M ✳ ❆❞❡♠❛✐s✱ ψ ❡ ψH tê♠ ♦ ♠❡s♠♦ ❣r❛✉✳

❊①❡♠♣❧♦ ✶✳✷✳✷✶ ❙❡❥❛ C∞ ♦ ❣r✉♣♦ ❝í❝❧✐❝♦ ✐♥✜♥✐t♦✳ ❙❡♥❞♦ g ∈ C∞ t❛❧ q✉❡ C∞ = 〈g〉✱
❞❡✜♥✐♠♦s

ϕ : C∞ −→ GL2(R)

gn 7−→ ϕ(gn) =

(

1 n

0 1

)

, n ∈ Z.

❚❡♠♦s q✉❡ ϕ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r❛✉ 2 ❞❡ C∞ ❡♠ GLn(R)✳

❊①❡♠♣❧♦ ✶✳✷✳✷✷ ❚♦♠❡♠♦s Sn ♦ ❣r✉♣♦ s✐♠étr✐❝♦ ❞❡ ❣r❛✉ n✱ n ∈ N✳ ❈♦♥s✐❞❡r❡ ❛

❛♣❧✐❝❛çã♦
θ : Sn −→ R∗

σ 7−→ θ(σ) = (−1)σ
,

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✸✹ ✶✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

♦♥❞❡ (−1)σ = sign(σ) é ♦ s✐♥❛❧ ❞❛ ♣❡r♠✉t❛çã♦ σ ∈ Sn✳ ❚❡♠♦s q✉❡ θ é ✉♠❛ r❡♣r❡✲

s❡♥t❛çã♦ ❞❡ Sn ❡♠ R∗✳ ◆♦t❡ q✉❡ θ(σ) ∈ C2 = {−1, 1}✱ ♣❛r❛ q✉❛❧q✉❡r σ ∈ Sn✳ ❚❛❧

r❡♣r❡s❡♥t❛çã♦ é ❝❤❛♠❛❞❛ ❞❡ r❡♣r❡s❡♥t❛çã♦ s✐♥❛❧ ❞❡ Sn✳

❉❡✜♥✐çã♦ ✶✳✷✳✷✸ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ M ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ϕ : G → GL(M)

✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G✳ ❉✐③❡♠♦s q✉❡ ✉♠ s✉❜❡s♣❛ç♦ W ❞❡ M é ϕ✲✐♥✈❛r✐❛♥t❡ s❡

ϕg(W ) ⊆ W ♣❛r❛ t♦❞♦ g ∈ G✳ ❙❡ ❡①✐st❡ ❛❧❣✉♠ s✉❜❡s♣❛ç♦ ♥ã♦ ♥✉❧♦ W ϕ✲✐♥✈❛r✐❛♥t❡ ❞❡

M ✱ t❛❧ q✉❡ W 6=M ✱ ❞✐③❡♠♦s q✉❡ ϕ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ r❡❞✉tí✈❡❧✳ ❈❛s♦ ❝♦♥trár✐♦✱

❞✐③❡♠♦s q✉❡ ϕ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ✐rr❡❞✉tí✈❡❧✳

❖❜s❡r✈❡ q✉❡ ♦s s✉❜❡s♣❛ç♦s tr✐✈✐❛✐s {0} ❡ M ❞❡M sã♦ ϕ✲✐♥✈❛r✐❛♥t❡s✳ ❉❡ss❛ ❢♦r♠❛✱

❛✜r♠❛r q✉❡ ϕ é ✐rr❡❞✉tí✈❡❧✱ é ♦ ♠❡s♠♦ q✉❡ ❞✐③❡r q✉❡ ♦s ú♥✐❝♦s s✉❜❡s♣❛ç♦s ϕ✲✐♥✈❛r✐❛♥t❡s

❞❡ M sã♦ ♦s tr✐✈✐❛✐s✳

❙❡♥❞♦ W ✉♠ s✉❜❡s♣❛ç♦ ϕ✲✐♥✈❛r✐❛♥t❡ ❞❡ M ❡ g ∈ G✱ t❡♠♦s q✉❡ ❛ r❡str✐çã♦ ❞❡ ϕg

❛ W é ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ♣♦r

ϕg|W : W −→ W

w 7−→ ϕg|W (w) = ϕg(w)
.

❈♦♠♦ ϕg(W ) ⊆ W ❡ ϕg−1(W ) ⊆ W ✱ ❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ ϕg−1 = ϕ−1
g ✱ s❡❣✉❡✲s❡ q✉❡

ϕg(W ) = W ✳ ❆❞❡♠❛✐s✱ ϕg é ✐♥❥❡t♦r❛✳ ❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s q✉❡ ϕg|W ∈ GL(W )✳ ■ss♦

♠♦t✐✈❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✷✳✷✹ ❙❡❥❛♠ ϕ : G → GL(M) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G ❡♠ M ❡ W ✉♠

s✉❜❡s♣❛ç♦ ϕ✲✐♥✈❛r✐❛♥t❡ ❞❡ M ✳ ❉❡✜♥✐♠♦s ❛ s✉❜✲r❡♣r❡s❡♥t❛çã♦ ϕW ❝♦♠♦ s❡♥❞♦ ❛

r❡♣r❡s❡♥t❛çã♦ ❞❡ G
ϕW : G −→ GL(W )

g 7−→ ϕW (g) = ϕg|W
.

❆ s✉❜✲r❡♣r❡s❡♥t❛çã♦ ϕW é ❛✐♥❞❛ ❝❤❛♠❛❞❛ ❞❡ r❡str✐çã♦ ❞❡ ϕ ❛ W ✳

❊①❡♠♣❧♦ ✶✳✷✳✷✺ ❚♦❞❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r❛✉ 1 é ✐rr❡❞✉tí✈❡❧✳ ❙❡♥❞♦ G ✉♠ ❣r✉♣♦ ✜♥✐t♦

❞❡ ♦r❞❡♠ ≥ 2✱ ❡♥tã♦ t❡♠♦s q✉❡ t♦❞❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G ❞❡ ❣r❛✉ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ |G| é
r❡❞✉tí✈❡❧✳ ❉❡ ❢❛t♦✱ s❡❥❛ ϕ : G → GL(M) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G✱ ❝♦♠ dimM ≥ |G|✳
❚♦♠❡♠♦s v0 ∈M −{0} ❡ ❝♦♥s✐❞❡r❡ s✉❜❡s♣❛ç♦ W = 〈ϕg(v0) | g ∈ G〉 ❞❡ M ✳ ❚❡♠♦s q✉❡

W é ✉♠ s✉❜❡s♣❛ç♦ ♥ã♦ ♥✉❧♦ ϕ✲✐♥✈❛r✐❛♥t❡ ❞❡ M ✱ ❝♦♠ dimW ≤ |G|✳ ❖❜s❡r✈❛♥❞♦ q✉❡✱

♣❛r❛ ❝❛❞❛ v ∈ M \ {0}✱ Wv = 〈∑g∈G ϕg(v)〉 é ✉♠ s✉❜❡s♣❛ç♦ ϕ✲✐♥✈❛r✐❛♥t❡ ❞❡ M ✱ ❝♦♠

dimMv = 1 < |G| ≤ dimM ✱ ❞❡✈❡♠♦s t❡r
∑

g∈G ϕg = 0✱ ❡ ❞❛í✱ ♦ ❝♦♥❥✉♥t♦ {ϕg(v0) |
g ∈ G} é ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡✳ ▲♦❣♦✱ dimW < |G|✱ ❡ ❛ss✐♠ dimW < dimM ✳

P♦rt❛♥t♦✱ ϕ é r❡❞✉tí✈❡❧✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✷✳ A✲▼ó❞✉❧♦s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s ✸✺

❊①❡♠♣❧♦ ✶✳✷✳✷✻ ❆ r❡♣r❡s❡♥t❛çã♦

ψ : C∞ −→ GL2(R)

gn 7−→ ϕ(gn) =

(

1 n

0 1

)

, n ∈ N0,

é r❡❞✉tí✈❡❧✳ ❈♦♠ ❡❢❡✐t♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ ♦ s✉❜❡s♣❛ç♦ W =

{(

λ

0

)

| λ ∈ R

}

❞❡

M2×1(R) s❛t✐s❢❛③ ψ(x)(W ) ⊆ W ♣❛r❛ t♦❞♦ x ∈ C∞✳

❊①❡♠♣❧♦ ✶✳✷✳✷✼ ❚♦♠❡♠♦s ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ M ❞❡ ❞✐♠❡♥sã♦ n ∈ N✱ n ≥ 2✳

❋✐①❡♠♦s ✉♠❛ ❜❛s❡ β = {v1, v2, . . . , vn} ❞❡ M ✳ P❛r❛ ❝❛❞❛ σ ∈ Sn✱ ❝♦♥s✐❞❡r❡♠♦s ❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r Tσ : M → M q✉❡ s❛t✐s❢❛③ Tσ(vi) = vσ(i)✱ i = 1, 2, . . . , n✳ ❚❡♠♦s

q✉❡ ❛ r❡♣r❡s❡♥t❛çã♦
φ : Sn −→ GL(M)

σ 7−→ φ(σ) = Tσ

é r❡❞✉tí✈❡❧✳ ❉❡ ❢❛t♦✱ ♦❜s❡r✈❡ q✉❡ ♦s s✉❜❡s♣❛ç♦s W1 = 〈v1 + v2 + · · · + vn〉 ❡ W2 =

{λ1v1 + λ2v2 + · · ·+ λnvn | λ1 + λ2 + · · ·+ λn = 0} ❞❡ M sã♦ φ✲✐♥✈❛r✐❛♥t❡s✳ ◆♦t❡ q✉❡

φW1
é ♦❜✈✐❛♠❡♥t❡ ✐rr❡❞✉tí✈❡❧✱ ♣♦✐s tê♠ ❣r❛✉ 1✳ P♦r s✉❛ ✈❡③✱ ♥ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡

❛ s✉❜✲r❡♣r❡s❡♥t❛çã♦ φW2
é ✐rr❡❞✉tí✈❡❧ q✉❛♥❞♦ charK = 0✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✽ ❙❡❥❛♠ ϕ : G → GL(M) ❡ ψ : G → GL(N) r❡♣r❡s❡♥t❛çõ❡s ❞❡ G

❡q✉✐✈❛❧❡♥t❡s✳ ❊♥tã♦ ϕ é ✐rr❡❞✉tí✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ψ é ✐rr❡❞✉tí✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ T : M → N ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s t❛❧ q✉❡

Tϕg = ψgT ✱ ♣❛r❛ t♦❞♦ g ∈ G✳ Pr✐♠❡✐r❛♠❡♥t❡✱ s✉♣♦♥❤❛♠♦s q✉❡ ϕ é ✐rr❡❞✉tí✈❡❧✳ ❆❣♦r❛✱

♣♦r ❝♦♥tr❛❞✐çã♦✱ s✉♣♦♥❤❛♠♦s q✉❡ N1 é ✉♠ s✉❜❡s♣❛ç♦ ♥ã♦ tr✐✈✐❛❧ ψ✲✐♥✈❛r✐❛♥t❡ ❞❡ N ✳

❈♦♥s✐❞❡r❡ ♦ s✉❜❡s♣❛ç♦ M1 = T−1(N1) ❞❡ M ✳ ◆♦t❡ q✉❡ M1 é ♥ã♦ tr✐✈✐❛❧✳ P❛r❛ t♦❞♦

g ∈ G✱ t❡♠♦s q✉❡

ϕg(M1) = (T−1ψgT )(M1) = (T−1ψg)(T (M1)) = (T−1ψg)(N1) ⊆ T−1(N1) =M1,

❡ ❞❛í M1 é s✉❜❡s♣❛ç♦ ϕ✲✐♥✈❛r✐❛♥t❡ ❞❡ M ✳ ❈♦♥tr❛❞✐çã♦✦ P♦rt❛♥t♦✱ ϕ é ✐rr❡❞✉tí✈❡❧✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡♠♦♥str❛✲s❡ q✉❡ ✈❛❧❡ ❛ r❡❝í♣r♦❝❛✳ �

❊①❡♠♣❧♦ ✶✳✷✳✷✾ ❈♦♥s✐❞❡r❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦ ❣r✉♣♦ Sn ❡♠ K∗ ❞❛❞❛s ♣♦r

ς : Sn −→ K∗

σ 7−→ ς(σ) = 1
e

θ : Sn −→ K∗

σ 7−→ θ(σ) = (−1)σ
,

q✉❡ sã♦ ❛s r❡♣r❡s❡♥t❛çõ❡s tr✐✈✐❛❧ ❡ s✐♥❛❧✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡ Sn✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ς ❡ θ

♥ã♦ s❡rã♦ ❡q✉✐✈❛❧❡♥t❡s ❡♠ ❤✐♣ót❡s❡ ❞❡ charK 6= 2✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●
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❉❡✜♥✐çã♦ ✶✳✷✳✸✵ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ ϕ : G → GL(M) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G✳

❉✐③❡♠♦s q✉❡ ϕ é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧ ✭♦✉ s❡♠✐ss✐♠♣❧❡s✮ s❡ ❡①✐st❡♠ s✉❜✲

❡s♣❛ç♦s W1,W2, . . . ,Wn ϕ✲✐♥✈❛r✐❛♥t❡s ❞❡ M t❛✐s q✉❡ M = W1 ⊕ W2 ⊕ · · · ⊕ Wn ❡

ϕW1
, ϕW2

, . . . , ϕWn
sã♦ ✐rr❡❞✉tí✈❡✐s✳

❖❜s❡r✈❡ q✉❡ t♦❞❛ r❡♣r❡s❡♥t❛çã♦ ✐rr❡❞✉tí✈❡❧ é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✳

❊①❡♠♣❧♦ ✶✳✷✳✸✶ ❙❡❥❛♠ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ 2 ❡ G ∼= Z2 ✉♠ ❣r✉♣♦✳ ❙❡♥❞♦

T : K2 −→ K2

(x, y) 7−→ T (x, y) = (x+ y, y)

✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r✱ t❡♠♦s q✉❡

ψ : G −→ GL(K2)

g 7−→ ψ(g) = T

é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G✱ ♣♦✐s charK = 2✳ ❯♠❛ ✈❡③ q✉❡ W = 〈(1, 0)〉 é ♦ ú♥✐❝♦

s✉❜❡s♣❛ç♦ ψ✲✐♥✈❛r✐❛♥t❡ ❞❡ K2✱ t❡♠♦s q✉❡ ψ ♥ã♦ é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✳

❚❡♦r❡♠❛ ✶✳✷✳✸✷ ✭▼❛s❝❤❦❡✮ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ t❛❧ q✉❡ s✉❛ ♦r❞❡♠ ♥ã♦ é ❞✐✈✐sí✈❡❧

♣♦r charK✳ ❙❡ ϕ : G → GL(M) é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r❛✉ ✜♥✐t♦ ❡ W é ✉♠

s✉❜❡s♣❛ç♦ ϕ✲✐♥✈❛r✐❛♥t❡ ❞❡ M ✱ ❡♥tã♦ ❡①✐st❡ ✉♠ s✉❜❡s♣❛ç♦ W1 ϕ✲✐♥✈❛r✐❛♥t❡ ❞❡ M t❛❧

q✉❡ M = W ⊕W1✳ ❆❞❡♠❛✐s✱ ϕ é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❈❘❪✱ ❚❡♦r❡♠❛ ✶✵✳✽✱ ♣á❣✐♥❛ ✹✶✳ �

❖ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♥♦s ❞✐③ q✉❡ s❡ ϕ : G → GL(M) é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡

G✱ ❝♦♠ M ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ G ✉♠ ❣r✉♣♦ ❞❡ ♦r❞❡♠ ✜♥✐t❛ t❛❧

q✉❡ charK ∤ |G|✱ ❡♥tã♦ M = W1 ⊕W2 ⊕ · · · ⊕Wn✱ ♦♥❞❡ Wi é ϕ✲✐♥✈❛r✐❛♥t❡ ❡ ❛ s✉❜✲

r❡♣r❡s❡♥t❛çã♦ ϕWi
é ✐rr❡❞✉tí✈❡❧✱ ♣❛r❛ i = 1, 2, . . . , n✳

❚♦♠❡♠♦s ✉♠ KG✲♠ó❞✉❧♦ M ✳ ❈♦♥s✐❞❡r❡✱ ♣❛r❛ ❝❛❞❛ g ∈ G✱ ❛ ❛♣❧✐❝❛çã♦

ϕg : M −→ M

v 7−→ ϕg(v) = g · v
.

◆♦t❡ q✉❡✱ ❞❛❞♦s g, h ∈ G✱ t❡♠✲s❡ ϕgh = ϕg ◦ ϕh✳ ❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡ ϕ1 = IdM ✱ ♦♥❞❡ 1

é ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ G✱ ❡ ❛ss✐♠ ϕg−1 ◦ ϕg = ϕg ◦ ϕg−1 = IdM ✳ ▲♦❣♦✱ ϕg ∈ GL(M)✳

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ❛ ❛♣❧✐❝❛çã♦

ϕ : G −→ GL(M)

g 7−→ ϕ(g) = ϕg

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✷✳ A✲▼ó❞✉❧♦s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s ✸✼

é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G ❡♠M ✳ ❙❡♥❞♦W ✉♠ s✉❜♠ó❞✉❧♦ ❞❡M ✱ t❡♠♦s q✉❡ g ·w ∈ W ✱

♣❛r❛ q✉❛✐sq✉❡r g ∈ G ❡ w ∈ W ✳ ❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s q✉❡W é ✉♠ s✉❜❡s♣❛ç♦ ϕ✲✐♥✈❛r✐❛♥t❡

❞❡ M ✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛♠M ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ϕ : G→ GL(M) ✉♠❛ r❡♣r❡s❡♥t❛çã♦

❞❡ G ❡♠ M ✳ ❈♦♥s✐❞❡r❡ ♦ KG✲♠ó❞✉❧♦ ❞❡✜♥✐❞♦ ♥♦ ❊①❡♠♣❧♦ ✶✳✷✳✹✳ ❚♦♠❛♥❞♦ W ✉♠

s✉❜❡s♣❛ç♦ ϕ✲✐♥✈❛r✐❛♥t❡ ❞❡ M ✱ t❡♠♦s q✉❡ g · w = ϕg(w) ∈ W ✱ ♣❛r❛ q✉❛✐sq✉❡r g ∈ G ❡

w ∈ W ✳ ▲❡♠❜r❛♥❞♦ q✉❡ G é ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ✭❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✮ ❞❛ á❧❣❡❜r❛

❞❡ ❣r✉♣♦ KG✱ ❞❛❞♦ λ ∈ KG ❛r❜✐trár✐♦✱ s❡❣✉❡✲s❡ q✉❡ λ · w ∈ W ♣❛r❛ q✉❛❧q✉❡r w ∈ W ✳

❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s q✉❡ W é ✉♠ s✉❜♠ó❞✉❧♦ ❞♦ KG✲♠ó❞✉❧♦ M ✳

P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❡①✐st❡ ✉♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❡♥tr❡ ❛s

r❡♣r❡s❡♥t❛çõ❡s ❞❡ G ❡ ♦s r❡s♣❡❝t✐✈♦s KG✲♠ó❞✉❧♦s✳

❋✐♥❛❧✐③❛r❡♠♦s ❡st❛ s❡çã♦ ❝♦♠ ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ ❡♥✈♦❧✈❡♠ ❛s r❡♣r❡s❡♥t❛çõ❡s

❞❡ ✉♠ ❣r✉♣♦ G ❡ ♦s KG✲♠ó❞✉❧♦s✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✸✸ ❙❡❥❛♠ ϕ : G → GL(M) ❡ ψ : G → GL(N) r❡♣r❡s❡♥t❛çõ❡s ❞❡ G✳

❚❡♠♦s ❡♥tã♦ q✉❡✿

❛✮ ϕ ❡ ψ sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦s s❡✉s r❡s♣❡❝t✐✈♦s KG✲♠ó❞✉❧♦s M ❡ N

sã♦ ✐s♦♠♦r❢♦s❀

❜✮ ϕ é ✐rr❡❞✉tí✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ r❡s♣❡❝t✐✈♦ KG✲♠ó❞✉❧♦ M é ✐rr❡❞✉tí✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❛✮ ❙✉♣♦♥❤❛ q✉❡ ϕ ❡ ψ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ ❚♦♠❡♠♦s T : M → N ✉♠

✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r t❛❧ q✉❡ Tϕg = ψgT ✱ ♣❛r❛ t♦❞♦ g ∈ G✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦s KG✲♠ó❞✉❧♦s

M ❡ N ❝♦rr❡s♣♦♥❞❡♥t❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ ϕ ❡ ψ✱ t❡♠♦s

T (g · v) = T (ϕg(v)) = ψg(T (v)) = g · T (v)

♣❛r❛ q✉❛✐sq✉❡r g ∈ G ❡ v ∈ M ✳ ❈♦♠♦ T é ❧✐♥❡❛r ❡ G é ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡

KG✱ t❡♠♦s q✉❡ T (λ · v) = λ · T (v)✱ ♣❛r❛ q✉❛✐sq✉❡r λ ∈ KG ❡ v ∈ M ✳ ▲♦❣♦✱ T é ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ KG✲♠ó❞✉❧♦s✳ ❙❡♥❞♦ T ❜✐❥❡t♦r❛✱ t❡♠♦s q✉❡ M ❡ N sã♦ ✐s♦♠♦r❢♦s

❝♦♠♦ KG✲♠ó❞✉❧♦s✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❤❛♠♦s q✉❡ M ❡ N sã♦ KG✲♠ó❞✉❧♦s ✐s♦♠♦r❢♦s✳ ❙❡❥❛

F : M → N ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ KG✲♠ó❞✉❧♦s✳ ❚❡♠♦s q✉❡ F é ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❧✐♥❡❛r ❜✐❥❡t♦r❛ q✉❡ s❛t✐s❢❛③ F (λ · v) = λ · F (v) ♣❛r❛ q✉❛✐sq✉❡r λ ∈ KG ❡ v ∈M ✳ ❉❡ss❛

❢♦r♠❛✱ t❡♠♦s

(Fϕg)(v) = F (ϕg(v)) = F (g · v) = g · F (v) = ψg(F (v)) = (ψgF )(v),
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♣❛r❛ q✉❛✐sq✉❡r g ∈ G ❡ v ∈ M ✳ ▲♦❣♦✱ Fϕg = ψgF ✱ ♣❛r❛ q✉❛❧q✉❡r g ∈ G✱ ❡ ♣♦rt❛♥t♦✱

ϕ ❡ ψ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❜✮ P❡❧♦ q✉❡ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ♦s s✉❜♠ó❞✉❧♦s ❞♦ KG✲♠ó❞✉❧♦ M sã♦ ❡①❛t❛✲

♠❡♥t❡ ♦s s✉❜❡s♣❛ç♦s ϕ✲✐♥✈❛r✐❛♥t❡s ❞❡ M ✱ ❡ ✈✐❝❡✲✈❡rs❛✳ ❉❛í✱ s❡❣✉❡✲s❡ ♦ r❡s✉❧t❛❞♦✳ �

❆ ♣❛rt✐r ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s r❡❢♦r♠✉❧❛r ♦ ❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡

✭❚❡♦r❡♠❛ ✶✳✷✳✸✷✮ ❡♠ t❡r♠♦s ❞❡ s✉❜♠ó❞✉❧♦s✳ ❙❡❣✉❡ ❛❜❛✐①♦ t❛❧ r❡❢♦r♠✉❧❛çã♦✳

❚❡♦r❡♠❛ ✶✳✷✳✸✹ ✭▼❛s❝❤❦❡ r❡❢♦r♠✉❧❛❞♦✮ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ M ✉♠ KG✲

♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ✭❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✮✳ ❙❡ W é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M ❡

charK ∤ |G|✱ ❡♥tã♦ ❡①✐st❡ ✉♠ s✉❜♠ó❞✉❧♦ W1 ❞❡ M t❛❧ q✉❡ M = W ⊕W1✳ ❆❞❡♠❛✐s✱

❡①✐st❡♠ N1, N2, . . . , Nr s✉❜♠ó❞✉❧♦s ♠✐♥✐♠❛✐s ❞❡ M t❛✐s q✉❡ M = N1 ⊕N2 ⊕ · · · ⊕Nr✳

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ❝♦♠❜✐♥❛r ❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✸✸ ❡ ♦ ❚❡♦r❡♠❛

❞❡ ▼❛s❝❤❦❡✳ �

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✼✱ t❡♠♦s q✉❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ M ❣❛r❛♥t✐❞❛ ♥♦ t❡♦r❡♠❛

❛♥t❡r✐♦r é ú♥✐❝❛✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✳

❈♦♥s✐❞❡r❡♠♦s G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❝✉❥❛ ♦r❞❡♠ ♥ã♦ é ♠ú❧t✐♣❧♦ ❞❡ charK✳ ◆❡st❛s

❝♦♥❞✐çõ❡s✱ t❡♠♦s q✉❡ t♦❞❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r❛✉ ✜♥✐t♦ ❞❡ G é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧

✭❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡✮✳ P❛r❛ ❝❛❞❛ g ∈ G✱ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ρ : KG → KG
q✉❡ s❛t✐s❢❛③ ρg(α) = gα✱ ♣❛r❛ t♦❞♦ α ∈ KG✳ ◆♦t❡ q✉❡ ρg ∈ GL(KG)✳ ❈♦♥s✐❞❡r❡ ❛❣♦r❛
❛ ❛♣❧✐❝❛çã♦ ρ ❞❛❞❛ ♣♦r

ρ : G −→ GL(KG)
g 7−→ ρ(g) = ρg

,

q✉❡ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G✱ ❝❤❛♠❛❞❛ ❞❡ r❡♣r❡s❡♥t❛çã♦ r❡❣✉❧❛r à ❡sq✉❡r❞❛ ❞❡ G✳

❚❡♠♦s q✉❡ ρ é ✐♥❥❡t✐✈❛ ❡ é ❛ r❡♣r❡s❡♥t❛çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ KG✲♠ó❞✉❧♦ KGKG✳ ◆♦t❡
q✉❡ ♦s s✉❜❡s♣❛ç♦s ρ✲✐♥✈❛r✐❛♥t❡s ❞❡ KG sã♦ ❡①❛t❛♠❡♥t❡ ♦s ✐❞❡❛✐s à ❡sq✉❡r❞❛ ❞❡ KG✳
❉❡ss❛ ❢♦r♠❛✱ s❡❣✉❡✲s❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡ q✉❡ s❡ W é ✉♠ ✐❞❡❛❧ à ❡sq✉❡r❞❛ ❞❡ KG✱
❡♥tã♦ ❡①✐st❡ ✉♠ ✐❞❡❛❧ à ❡sq✉❡r❞❛ W1 ❞❡ KG t❛❧ q✉❡ KG = W ⊕W1✳

❖❜s❡r✈❛♥❞♦ q✉❡ N é ✉♠ ✐❞❡❛❧ ♠✐♥✐♠❛❧ à ❡sq✉❡r❞❛ ❞❡ KG s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ s✉❜✲

r❡♣r❡s❡♥t❛çã♦ ρN é ✐rr❡❞✉tí✈❡❧✱ t❡♠♦s q✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r KG ❝♦♠♦ ✉♠❛ s♦♠❛ ❞✐r❡t❛

❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✐❞❡❛✐s ♠✐♥✐♠❛✐s à ❡sq✉❡r❞❛ ❞❡ KG ✭❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡✮✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✷✳ A✲▼ó❞✉❧♦s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s ✸✾

❚❡♦r❡♠❛ ✶✳✷✳✸✺ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❝✉❥❛ ♦r❞❡♠ ♥ã♦ é ❞✐✈✐sí✈❡❧ ♣♦r charK✳ ❊♥✲

tã♦ t♦❞♦ KG✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ é ✐s♦♠♦r❢♦ ❛ ❛❧❣✉♠ ✐❞❡❛❧ ♠✐♥✐♠❛❧ à ❡sq✉❡r❞❛ ❞❡ KG✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ t♦❞❛ r❡♣r❡s❡♥t❛çã♦ ✐rr❡❞✉tí✈❡❧ ❞❡ G é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ s✉❜✲

r❡♣r❡s❡♥t❛çã♦ ❞❛ r❡♣r❡s❡♥t❛çã♦ r❡❣✉❧❛r à ❡sq✉❡r❞❛ ❞❡ G✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❈❘❪✱ ❚❡♦r❡♠❛ ✷✺✳✶✵✱ ♣á❣✐♥❛ ✶✻✻✳ �

◆❛s ❝♦♥❞✐çõ❡s ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ ❡ t♦♠❛♥❞♦ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ KG t❛❧ q✉❛❧

❛ q✉❡ é ❣❛r❛♥t✐❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✸✹✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✻ q✉❡ ♦ ♥ú♠❡r♦ ❞❡

r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❞❡ G é ✜♥✐t♦✱ ❛ ♠❡♥♦s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ P♦❞❡✲s❡ ♠♦str❛r q✉❡

♦ ♥ú♠❡r♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❞❡ G é ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s

❞❡ ❝♦♥❥✉❣❛çã♦ ❞✐st✐♥t❛s ❞❡ G ✭✈❡r ❬❈❘❪✱ ❖❜s❡r✈❛çã♦ ✷✼✳✷✺✱ ♣á❣✐♥❛ ✶✽✽✮✳

❚❡♦r❡♠❛ ✶✳✷✳✸✻ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ✜♥✐t♦✱ t❛❧ q✉❡ charK ∤ |G|✳ ❙❡♥❞♦ r ♦ ♥ú♠❡r♦ ❞❡

r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❞❡ G✱ ❛ ♠❡♥♦s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱ ❝♦♥s✐❞❡r❡ I1, I2, . . . , Ir ✐❞❡❛✐s

♠✐♥✐♠❛✐s à ❡sq✉❡r❞❛ ❞❡ KG✱ ❞♦✐s ❛ ❞♦✐s ♥ã♦ ✐s♦♠♦r❢♦s ✭❝♦♠♦ KG✲♠ó❞✉❧♦s✮✳ ❊♥tã♦

Ji = IiKG é ✉♠ ❜✐❧❛t❡r❛❧ ❞❡ KG✱ ♣❛r❛ i = 1, 2, . . . , r✳ ❆❞❡♠❛✐s✱

KG = J1 ⊕ J2 ⊕ · · · ⊕ Jr.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❈❘❪✱ ❚❡♦r❡♠❛ ✷✺✳✶✺✱ ♣á❣✐♥❛ ✶✻✽✳ �

❯♠❛ ✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛ ❡♠ ❚❡♦r✐❛ ❞❛s r❡♣r❡s❡♥t❛çõ❡s é ❢♦r♥❡❝✐❞❛ ♣❡❧❛ ❚❡♦r✐❛

❞♦s ❈❛r❛❝t❡r❡s✳ ❆q✉✐✱ ❛ ❛♣❧✐❝❛çã♦ tr : L(M) → K é ❛ ❢✉♥çã♦ tr❛ç♦ ❡♠ L(M)✱ ♦♥❞❡ M

é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❉❡✜♥✐çã♦ ✶✳✷✳✸✼ ❙❡❥❛ ϕ : G → GL(M) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G ❞❡ ❣r❛✉ ✜♥✐t♦✳

❉❡✜♥✐♠♦s ♦ ❝❛r❛❝t❡r ❞❡ ϕ ❝♦♠♦ s❡♥❞♦ ❛ ❛♣❧✐❝❛çã♦

χϕ : G −→ K
g 7−→ χϕ(g) = tr(ϕg)

.

❉✐③❡♠♦s q✉❡ χϕ é ✉♠ ❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧ s❡ ϕ ❢♦r ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ✐rr❡❞✉tí✈❡❧ ❞❡

G✳ ❆❞❡♠❛✐s✱ dimM = degχϕ é ❝❤❛♠❛❞♦ ♦ ❣r❛✉ ❞♦ ❝❛r❛❝t❡r χϕ✳

◆♦ ❝❛s♦ ❞❡ ✉♠ r❡♣r❡s❡♥t❛çã♦ ϕ : G → GLn(K)✱ ❞❡✜♥✐♠♦s ♦ ❝❛r❛❝t❡r ❞❡ ϕ ❞❡

❢♦r♠❛ ❛♥á❧♦❣❛✱ ♦❜s❡r✈❛♥❞♦ ❛♣❡♥❛s q✉❡ χϕ(g) é ♦ tr❛ç♦ ❞❛ ♠❛tr✐③ ϕg✱ g ∈ G✳

❙❡♥❞♦ ϕ : G → GL(M) ❡ ψ : G → GL(N) r❡♣r❡s❡♥t❛çõ❡s ❡q✉✐✈❛❧❡♥t❡s ❞❡ G✱

❛♠❜❛s ❞❡ ❣r❛✉s ✜♥✐t♦s✱ t♦♠❡♠♦s T :M → N ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r t❛❧ q✉❡ Tϕg = ψgT ✱

g ∈ G✳ ❚❡♠♦s ❞❛í q✉❡

χϕ(g) = tr(ϕg) = tr(T−1ψgT ) = tr(ψg) = χψ(g),

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✹✵ ✶✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

♣❛r❛ t♦❞♦ g ∈ G✳ ▲♦❣♦✱ χϕ = χψ✳

❚♦♠❛♥❞♦ ϕ : G→ GL(M) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡G ❞❡ ❣r❛✉ ✜♥✐t♦ ❡ χ s❡✉ ❝❛r❛❝t❡r✱

t❡♠♦s q✉❡ s❡ g, g1 ∈ G sã♦ ❝♦♥❥✉❣❛❞♦s✱ ✐st♦ é✱ g = h−1g1h ♣❛r❛ ❛❧❣✉♠ h ∈ G✱ ❡♥tã♦

χ(g) = tr(ϕg) = tr(ϕh−1g1h) = tr(ϕh−1ϕg1ϕh) = tr(ϕg1) = χ(g1).

◆♦t❡ q✉❡ χϕ(1) = tr(IdM) = dimM ✱ ♦♥❞❡ 1 é ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ G✳

❊①❡♠♣❧♦ ✶✳✷✳✸✽ ❙❡♥❞♦ ς : G → GL(M) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧ ❞❡ ❣r❛✉ ✜♥✐t♦ ❞❡

G✱ ✐st♦ é✱ ς(g) = IdM ✱ ♣❛r❛ t♦❞♦ g ∈ G✱ t❡♠♦s q✉❡ χς(g) = dimM ✱ ♣❛r❛ t♦❞♦ g ∈ G✳

❆❣♦r❛✱ s❡❥❛ ρ : G→ K∗ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G✳ ◆♦t❡ q✉❡ ρ t❡♠ ❣r❛✉ 1✳ ❊♥tã♦

χρ(g) = ρ(g),

♣❛r❛ t♦❞♦ g ∈ G✳ ▲♦❣♦✱ χρ = ρ✳

❊①❡♠♣❧♦ ✶✳✷✳✸✾ ❙❡❥❛ M ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ n✳ ❈♦♥s✐❞❡r❡ ❛

r❡♣r❡s❡♥t❛çã♦ ❞❡ G
φ : Sn −→ GL(M)

σ 7−→ φ(σ) = Tσ

❞❡✜♥✐❞❛ ♥♦ ❊①❡♠♣❧♦ ✶✳✷✳✷✼✳ ❙❡❥❛ rσ = #{i | σ(i) = i, i = 1, 2, . . . , n}✱ ♦♥❞❡ σ ∈ Sn✱

✐st♦ é✱ rσ é ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ✜①❛❞♦s ♣♦r σ ∈ Sn✳ ❙❡♥❞♦ χ : Sn → R ♦ ❝❛r❛❝t❡r ❞❡

φ✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ χ(σ) = rσ✳

❙♦❜ ❤✐♣ót❡s❡ ❞❡ G s❡r ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ s❡♥❞♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ K ✐❣✉❛❧ ❛ ③❡r♦✱

❡♥tã♦ ✈❛❧❡ ♦ ❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡✱ ❡ ❝♦♠ ✐ss♦✱ t❡♠♦s ♦s r❡s✉❧t❛❞♦s ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ✶✳✷✳✹✵ ❚♦❞♦ ❝❛r❛❝t❡r ❞❡ G ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ s♦♠❛ ❞❡ ❝❛r❛❝t❡r❡s ✐rr❡✲

❞✉tí✈❡✐s ❞❡ G✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❏▲❪✱ Pr♦♣♦s✐çã♦ ✶✸✳✶✽✱ ♣á❣✐♥❛ ✶✷✼✳ �

❯♠❛ ♦✉tr❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬❙❪✱ Pr♦♣♦✲

s✐çã♦ ✷✱ ♣á❣✐♥❛ ✶✶✳

❚❡♦r❡♠❛ ✶✳✷✳✹✶ ❉✉❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❣r❛✉s ✜♥✐t♦s ❞❡ G ❝♦♠ ♦ ♠❡s♠♦ ❝❛r❛❝t❡r

sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❏▲❪✱ ❚❡♦r❡♠❛ ✶✹✳✷✶✱ ♣á❣✐♥❛ ✶✹✸✳ �

❱❡r t❛♠❜é♠ ❬❇❪✱ ❚❡♦r❡♠❛ ✼✳✹✱ ♣á❣✐♥❛ ✼✾✱ ♦✉ ❬❙❪✱ ❈♦r♦❧ár✐♦ ✷✱ ♣á❣✐♥❛ ✶✻✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✸✳ ❘❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❡ ❙❡♠✐ss✐♠♣❧✐❝✐❞❛❞❡ ✹✶

◆♦t❡ q✉❡ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❡①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛

❜✐✉♥í✈♦❝❛ ❡♥tr❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❞❡ ❣r❛✉ ✜♥✐t♦ ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ G ❡ ♦s

❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ G✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡ ✉♠❛ ❝♦rr❡s✲

♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❡♥tr❡ ♦s KG✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s ❡ ♦s G✲❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s✳

✶✳✸ ❘❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❡ ❙❡♠✐ss✐♠♣❧✐❝✐❞❛❞❡

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ♣❡rt✐♥❡♥t❡s ❛♦ ❘❛❞✐❝❛❧ ❞❡

❏❛❝♦❜s♦♥ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❡ ❛ s❡♠✐ss✐♠♣❧✐❝✐❞❛❞❡✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ✐♥❞✐❝❛❞❛s

♣❛r❛ ❡st❛ s❡çã♦ sã♦ ❬❍❪ ❡ ❬❋❡❪✱ ♥❛s q✉❛✐s ♦ ❧❡✐t♦r ♣♦❞❡rá ❡♥❝♦♥tr❛r ❞❡♠♦♥str❛çõ❡s ❡

♠❛✐♦r❡s ❞❡t❛❧❤❡s✳ ❊♠ t♦❞❛ ❡st❛ s❡çã♦✱ t♦❞❛ á❧❣❡❜r❛ ❛♣r❡s❡♥t❛❞❛ s❡rá s❡♠♣r❡ ✉♠❛

á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛✳ ❙❛❜❡✲s❡ q✉❡ s❡ I ❡ J sã♦ ✐❞❡❛✐s ✭❜✐❧❛t❡r❛✐s✮ ♥✐❧♣♦t❡♥t❡s

❞❡ A✱ ❡♥tã♦ I + J é ✉♠ ✐❞❡❛❧ ✭❜✐❧❛t❡r❛❧✮ ♥✐❧♣♦t❡♥t❡ ❞❡ A ✭✈❡r ❬❋❡❪✱ ▲❡♠❛ ✶✻✳✶✱ ♣á❣✐♥❛

✹✽✮✳ ❆ss✐♠✱ s❡♥❞♦ N ✉♠ ✐❞❡❛❧ ♥✐❧♣♦t❡♥t❡ ❞❡ A ❞❡ ❞✐♠❡♥sã♦ ♠á①✐♠❛✱ s❡❣✉❡ q✉❡ N ❞❡✈❡

❝♦♥t❡r t♦❞♦s ♦s ✐❞❡❛✐s ♥✐❧♣♦t❡♥t❡s ❞❡ A✱ ❡ ❞❛í N é ♦ ♠❛✐♦r ✐❞❡❛❧ ♥✐❧♣♦t❡♥t❡ ❞❡ A✳

❉❡✜♥✐çã♦ ✶✳✸✳✶ ❉❛❞❛ ✉♠❛ K✲á❧❣❡❜r❛ A✱ ❞❡✜♥✐♠♦s ♦ ❘❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❞❡ A✱

❞❡♥♦t❛❞♦ ♣♦r J(A)✱ ❝♦♠♦ s❡♥❞♦ ♦ ♠❛✐♦r ✐❞❡❛❧ ✭❜✐❧❛t❡r❛❧✮ ♥✐❧♣♦t❡♥t❡ ❞❡ A✳

❖❜s❡r✈❡ ❡♥tã♦ q✉❡ J(A) ❝♦♥tê♠ t♦❞♦s ♦s ✐❞❡❛✐s ♥✐❧♣♦t❡♥t❡s ❞❡ A✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✷ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❚♦❞♦ ✐❞❡❛❧ ♥✐❧ à ❡sq✉❡r❞❛ ✭♦✉ à ❞✐r❡✐t❛✮ ❞❡ A
❡stá ❝♦♥t✐❞♦ ❡♠ J(A)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❋❡❪✱ ❚❡♦r❡♠❛ ✶✻✳✷✱ ♣á❣✐♥❛ ✺✵✳ �

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❞✐③ r❡s♣❡✐t♦ ❛♦ q✉♦❝✐❡♥t❡ ❞❡ ✉♠❛ á❧❣❡❜r❛ A ♣♦r s❡✉ r❛❞✐❝❛❧

❞❡ ❏❛❝♦❜s♦♥ J(A)✳

❚❡♦r❡♠❛ ✶✳✸✳✸ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ q✉♦❝✐❡♥t❡ A/J(A)✳ ❚❡♠♦s q✉❡

J (A/J(A)) = {0}.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❍❪✱ ❚❡♦r❡♠❛ ✶✳✷✳✹✱ ♣á❣✐♥❛ ✶✺✳ �

❖ t❡♦r❡♠❛ ❛❝✐♠❛ ♠♦t✐✈❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✱ q✉❡ r❡❧❛❝✐♦♥❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ r❛❞✐❝❛❧

❞❡ ❏❛❝♦❜s♦♥ ❛♦ ✐♠♣♦rt❛♥t❡ ❝♦♥❝❡✐t♦ ❞❡ s❡♠✐ss✐♠♣❧✐❝✐❞❛❞❡✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✹✷ ✶✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

❉❡✜♥✐çã♦ ✶✳✸✳✹ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❡ J ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❞❡ A✳ ❉✐③❡♠♦s q✉❡ A
é ✉♠❛ á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s s❡ J = {0}✳

❙❡♥❞♦ ❛ss✐♠✱ t❡♠♦s ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✸ q✉❡ A/J(A) é ✉♠❛ á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s✱

s❡❥❛ q✉❛❧ ❢♦r ❛ á❧❣❡❜r❛ A✳ ◆♦t❡ q✉❡ t♦❞❛ á❧❣❡❜r❛ s✐♠♣❧❡s é ❛✐♥❞❛ s❡♠✐ss✐♠♣❧❡s✱ ✉♠❛

✈❡③ q✉❡ A2 é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ♥ã♦ ♥✉❧♦ ❞❡ A ❡ ❛ss✐♠ A2 = A✱ ❞♦♥❞❡ A ♥ã♦ ♣♦❞❡ s❡r

♥✐❧♣♦t❡♥t❡ ❡ ♣♦rt❛♥t♦ J(A) ❞❡✈❡ s❡r ♥✉❧♦✳

❖❜s❡r✈❛çã♦ ✶✳✶ ❙❛❜❡✲s❡ q✉❡ t♦❞❛ á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s ✭❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ t♦❞❛ á❧✲

❣❡❜r❛ s✐♠♣❧❡s✮ ♣♦ss✉✐ ✉♥✐❞❛❞❡ ✭✈❡r ❬❋❡❪✱ ❈♦r♦❧ár✐♦ ✷✱ ♣á❣✐♥❛ ✺✾✮✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r tr❛③ ✉♠ r❡s✉❧t❛❞♦ ✐♠♣♦rt❛♥t❡ s♦❜r❡ á❧❣❡❜r❛s s✐♠♣❧❡s✳ ❚❛❧

r❡s✉❧t❛❞♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♦r❡♠❛ ❞❡ ❲❡❞❞❡r❜✉r♥✲❆rt✐♥✳

❚❡♦r❡♠❛ ✶✳✸✳✺ ✭❲❡❞❞❡r❜✉r♥✲❆rt✐♥✮ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛ s✐♠♣❧❡s✳ ❊♥tã♦ A ∼=
Mn(D)✱ ♣❛r❛ ❛❧❣✉♠❛ K✲á❧❣❡❜r❛ ❝♦♠ ❞✐✈✐sã♦ D✱ n ≥ 1✳ ❆❞❡♠❛✐s✱ n é ú♥✐❝♦✱ ❛ss✐♠

❝♦♠♦ D✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ♣❛r❛ t♦❞❛ á❧❣❡❜r❛ ❝♦♠ ❞✐✈✐sã♦ D✱

Mn(D) é ✉♠❛ á❧❣❡❜r❛ s✐♠♣❧❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❋❡❪✱ ❚❡♦r❡♠❛ ✷✹✳✶✱ ♣á❣✐♥❛ ✻✺✳ �

➱ ✉♠ ❢❛t♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ q✉❡ s❡ K é ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❡ D é

✉♠❛ K✲á❧❣❡❜r❛ ❝♦♠ ❞✐✈✐sã♦ ✭❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✮✱ ❡♥tã♦ D ∼= K ✭♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱

✈❡r ❬❍❪✱ ▲❡♠❛ ✷✳✶✳✺✱ ♣á❣✐♥❛ ✺✵✮✳ ❆ss✐♠✱ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡✳

❚❡♦r❡♠❛ ✶✳✸✳✻ ❙❡♥❞♦ K ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❡ A ✉♠❛ á❧❣❡❜r❛ s✐♠♣❧❡s

❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ K✱ ❡♥tã♦ A ∼= Mn(K)✱ ♣❛r❛ ❛❧❣✉♠ n ∈ N✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✼ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s✳ ❊♥tã♦ A é ❛ s♦♠❛ ❞✐r❡t❛ ❞❡ ✉♠

♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✐❞❡❛✐s ♠✐♥✐♠❛✐s ❞❡ A✱ ✐st♦ é✱

A = I1 ⊕ I2 ⊕ · · · ⊕ Ir,

♦♥❞❡ I1, I2, . . . , Ir sã♦ ✐❞❡❛✐s ♠✐♥✐♠❛✐s ❞❡ A✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❘♦t❪✱ ❈♦r♦❧ár✐♦ ✽✳✹✹✱ ♣á❣✐♥❛ ✺✺✹✳ �

❚❡♦r❡♠❛ ✶✳✸✳✽ ✭❲❡❞❞❡r❜✉r♥✲❆rt✐♥ ■■✮ ❚♦❞❛ K✲á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s A é ✐s♦♠♦r❢❛

❛ ✉♠ ♣r♦❞✉t♦ ❞✐r❡t♦

Mn1
(D1)×Mn2

(D2)× · · · ×Mnr
(Dr),

♦♥❞❡ D1, D2, . . . , Dr sã♦ K✲á❧❣❡❜r❛s ❝♦♠ ❞✐✈✐sã♦✱ ❡ ♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s r, n1, n2, . . . , nr✱

❛ss✐♠ ❝♦♠♦ ❛s á❧❣❡❜r❛s Di✱ sã♦ ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦s ♣♦r A✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✸✳ ❘❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❡ ❙❡♠✐ss✐♠♣❧✐❝✐❞❛❞❡ ✹✸

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❋❡❪✱ ❚❡♦r❡♠❛ ✷✺✳✶✱ ♣á❣✐♥❛ ✻✾✳ �

◆♦t❡ q✉❡ s❡ r = 1 ♥♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ ❡♥tã♦ t❡r❡♠♦s ♦ ❚❡♦r❡♠❛ ✶✳✸✳✺✳

❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s s♦❜r❡ ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ K✱

t❡♠♦s ❞♦s ❚❡♦r❡♠❛s ✶✳✸✳✽ ❡ ✶✳✸✳✻ q✉❡

A ∼= Mn1
(K)×Mn2

(K)× · · · ×Mnr
(K),

♦♥❞❡ r, n1, n2, . . . , nr sã♦ ✐♥t❡✐r♦s✳

❯♠ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ é ♦ ❚❡♦r❡♠❛ ❞❡ ❲❡❞❞❡r❜✉r♥✲▼❛❧❝❡✈✱ q✉❡ tr❛③ ✉♠❛ ❞❡✲

❝♦♠♣♦s✐çã♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ ♣❡rt❡♥❝❡♥t❡ ❛ ✉♠❛ ❝❡rt❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s ❡♠ t❡r♠♦s ❞♦

r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❞❛ á❧❣❡❜r❛ ❡ ❞❡ ✉♠❛ s✉❜á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s✳

❚❡♦r❡♠❛ ✶✳✸✳✾ ✭❲❡❞❞❡r❜✉r♥✲▼❛❧❝❡✈✮ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛

s♦❜r❡ ✉♠ ❝♦r♣♦ K✱ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ s✉❜á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s

♠❛①✐♠❛❧ B t❛❧ q✉❡

A = B + J.

❆❞❡♠❛✐s✱ s❡ B ❡ B′ sã♦ s✉❜á❧❣❡❜r❛s t❛✐s q✉❡ A = B + J = B′ + J ✱ ❡♥tã♦ ❡①✐st❡ x ∈ J

t❛❧ q✉❡ B′ = (1 + x)B(1 + x)−1✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❈❘❪✱ ❚❡♦r❡♠❛ ✼✷✳✶✾✱ ♣á❣✐♥❛ ✹✾✶✳ �

❈♦♥❝❧✉✐r❡♠♦s ❡st❛ s❡çã♦ ❝♦♠ ❛ ✐❞❡✐❛ ❞❡ ❡①t❡♥sã♦ ❞♦ ❝♦r♣♦ ❜❛s❡ ❞❡ ✉♠❛ á❧❣❡❜r❛

❡ ❝♦♠ ❞♦✐s r❡s✉❧t❛❞♦s q✉❡ r❡❧❛❝✐♦♥❛♠ ❡st❛ ✐❞❡✐❛ ❝♦♠ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❡ s❡♠✐ss✐♠✲

♣❧✐❝✐❞❛❞❡✳

❙❡♥❞♦ F ✉♠ ❝♦r♣♦ ❞❡ ❡①t❡♥sã♦ ❞❡K✱ ❝♦♥s✐❞❡r❡ ❛ F ✲á❧❣❡❜r❛ ❞❛❞❛ ♣♦rA = A⊗KF ✱

❝✉❥♦ ♣r♦❞✉t♦ ♣♦r ❡s❝❛❧❛r é ❞❛❞♦ ♣♦r λ(a ⊗ b) = a ⊗ λb✱ ♣❛r❛ q✉❛✐sq✉❡r a ∈ A ❡

λ, b ∈ F ✳ ❉✐③❡♠♦s q✉❡ A é ♦❜t✐❞❛ ❞❡ A ♣♦r ❡①t❡♥sã♦ ❞❡ ❡s❝❛❧❛r❡s✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡

dimF(A⊗K F) = dimKA✳

❚❡♦r❡♠❛ ✶✳✸✳✶✵ ❙✉♣♦♥❤❛ A ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ K✱ charK = 0✱ ❡ K ⊆ F ✉♠❛ ❡①t❡♥sã♦

❛❧❣é❜r✐❝❛ ❞❡ ❝♦r♣♦s✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ F✲á❧❣❡❜r❛ A = A⊗K F ✱ t❡♠✲s❡

J(A) = J(A)⊗K F .

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❘♦❪✱ ❚❡♦r❡♠❛ ✷✳✺✳✸✻✱ ♣á❣✐♥❛ ✶✾✷✳ �

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✹✹ ✶✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

❉❡✜♥✐çã♦ ✶✳✸✳✶✶ ❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ A s♦❜r❡ ✉♠ ❝♦r♣♦ K✱ ❞✐③❡♠♦s q✉❡ A é ❝❡♥tr❛❧

s♦❜r❡ K s❡ Z(A) = K✳ ❉✐③❡♠♦s ❛✐♥❞❛ q✉❡ A é ❝❡♥tr❛❧ s✐♠♣❧❡s s♦❜r❡ K s❡ é s✐♠♣❧❡s ❡

❝❡♥tr❛❧ s♦❜r❡ K✳

◗✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❝♦r♣♦ ❜❛s❡ ❞❛ á❧❣❡❜r❛ ❡♠ q✉❡stã♦✱

♦♠✐t✐r❡♠♦s ✏s♦❜r❡ K✑ ❞✐③❡♥❞♦ ❛♣❡♥❛s q✉❡ ✏A é ❝❡♥tr❛❧ s✐♠♣❧❡s✑✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✷ ❙❡❥❛ F = K ♦ ❢❡❝❤♦ ❛❧❣é❜r✐❝♦ ❞♦ ❝♦r♣♦ K✳ ❙❡ A é ✉♠❛ K✲á❧❣❡❜r❛

❝❡♥tr❛❧ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡♥tã♦ A⊗K F é ✉♠❛ F✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❋❡❪✱ ▲❡♠❛ ✷✾✳✶✱ ♣á❣✐♥❛ ✼✽✳ �

▲❡♠❛ ✶✳✸✳✶✸ ❙❡♥❞♦ A ✉♠❛ K✲á❧❣❡❜r❛✱ t❡♠♦s q✉❡

Mn(A) ∼= Mn(K)⊗A.

❆❞❡♠❛✐s✱ Mn(K)⊗Mm(K) ∼= Mnm(K)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❏✷❪✱ Pr♦♣♦s✐çõ❡s ✹✳✾ ❡ ✹✳✶✵✱ ♣á❣✐♥❛s ✷✶✻✲✷✶✼✳ �

❙❡♥❞♦ F ⊇ K é ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ ❝♦r♣♦s✱ ❝♦♠ charK = 0✱ ❡♥tã♦ F é ✉♠❛

K✲á❧❣❡❜r❛ ❡

F ⊗K K ∼=
s⊕

i=1

Ki ✭❝♦♠♦ K✲á❧❣❡❜r❛s✮

♣❛r❛ ❛❧❣✉♠ s ∈ N✱ ❡ Ki
∼= K✱ ♣❛r❛ i = 1, . . . , n✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ F ❡st❡♥❞❡ K✱ t❡♠♦s q✉❡

F é ✉♠❛ K✲á❧❣❡❜r❛ s✐♠♣❧❡s✳ ▲♦❣♦✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✶✵ q✉❡ F⊗KK é s❡♠✐ss✐♠♣❧❡s

s♦❜r❡ K✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❲❡❞❞❡r❜✉r♥✲❆rt✐♥ ■■ ❡ ♣♦r K s❡r ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱

t❡♠♦s q✉❡

F ⊗K K ∼= Mn1
(K)× · · · ×Mns

(K),

♣❛r❛ ❛❧❣✉♠ s ∈ N✳ ▼❛s ♦❜s❡r✈❡ q✉❡ F ⊗K K ❡ ❛❜❡❧✐❛♥♦✳ ▲♦❣♦✱ n1 = · · · = ns = 1 ❡

❝♦♠ ✐ss♦ Mni
(K) ∼= K✱ ♣❛r❛ i = 1, . . . , s✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❜ás✐❝♦ ♣❡rt✐♥❡♥t❡ às á❧❣❡❜r❛s s✐♠♣❧❡s✳

❚❡♦r❡♠❛ ✶✳✸✳✶✹ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❝♦♠ charK = 0✳

❈♦♥s✐❞❡r❡ F = K ♦ ❢❡❝❤♦ ❛❧❣é❜r✐❝♦ ❞❡ K✳ ❊♥tã♦

A⊗K F ∼= B1 ⊕ · · · ⊕ Bn,

♦♥❞❡ B1, . . . ,Bn sã♦ F✲á❧❣❡❜r❛s ❝❡♥tr❛✐s s✐♠♣❧❡s✱ t❛✐s q✉❡ Bi ∼= Bj✱ ♣❛r❛ i 6= j✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✹✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ✹✺

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ A é ✉♠❛ á❧❣❡❜r❛ s✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ K✱ s❡❣✉❡ ❞♦

❚❡♦r❡♠❛ ❞❡ ❲❡❞❞❡r❜✉r♥✲❆rt✐♥ q✉❡ ❡①✐st❡♠ m ∈ N ❡ D ✉♠❛ K✲á❧❣❡❜r❛ ❝♦♠ ❞✐✈✐sã♦ ❞❡

❞✐♠❡♥sã♦ ✜♥✐t❛ t❛✐s q✉❡ A ∼= Mm(D)✳ P❡❧♦ ▲❡♠❛ ✶✳✸✳✶✸✱ A ∼= Mm(K)⊗K D✳

❈♦♥s✐❞❡r❡ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ A⊗KK ∼= (Mm(K)⊗KD)⊗KK✳ P♦❞❡♠♦s ❛ss✉♠✐r

q✉❡ F = Z(D) ⊆ K✱ ✉♠❛ ✈❡③ q✉❡ F ⊇ K é ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ✭❡ ♣♦rt❛♥t♦ ❛❧❣é❜r✐❝❛✮

❞❡ ❝♦r♣♦s✳ ❚❡♠♦s q✉❡ D é ✉♠❛ F ✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✶✷

q✉❡ D ⊗F K é ✉♠❛ K✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ ❉❡ss❛ ❢♦r♠❛✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✻

q✉❡ D ⊗F K ∼= Ml(K)✱ ♣❛r❛ ❛❧❣✉♠ l ∈ N✳

❖❜s❡r✈❡ q✉❡ F é ✉♠❛ K✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❉❛ ♦❜s❡r✈❛çã♦ ❢❡✐t❛ ❛❝✐♠❛✱

t❡♠♦s q✉❡ F ⊗K K ∼=
⊕s

i=1 K✱ ♣❛r❛ ❛❧❣✉♠ s ∈ N✳ ❚❡♠♦s ❡♥tã♦ q✉❡

D ⊗K K ∼= (D ⊗F F)⊗K K ∼= D ⊗F

(
F ⊗K K

)

∼= D ⊗F

(
s⊕

n=1

K
)

∼=
s⊕

n=1

(
D ⊗F K

) ∼=
s⊕

n=1

Ml(K)

∼=
s⊕

n=1

(
Ml(K)⊗K K

)
.

▲♦❣♦✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✸✳✶✸ t❡♠♦s

A⊗K K ∼= Mm(K)⊗K

(
D ⊗K K

)

∼= Mm(K)⊗K

(
s⊕

n=1

(
Ml(K)⊗K K

)

)

∼=
s⊕

n=1

(
(Mm(K)⊗K Ml(K))⊗K K

)

∼=
s⊕

n=1

(
Mml(K)⊗K K

)
.

❈♦♠♦ Mml(K) é ✉♠❛ K✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✶✷ q✉❡ B =

Mml(K)⊗K K é ✉♠❛ K✲á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ P♦rt❛♥t♦✱

A⊗K K ∼= B1 ⊕ · · · ⊕ Bs

♦♥❞❡ Bi ∼= B✱ ♣❛r❛ i = 1, . . . , s✳ �

✶✳✹ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s

◆❡st❛ s❡çã♦ s❡rã♦ ❞❛❞❛s ❞❡✜♥✐çõ❡s ❡ ❡①❡♠♣❧♦s ♣❡rt✐♥❡♥t❡s à PI✲❚❡♦r✐❛✳ ■♥✐❝✐❛r❡✲

♠♦s ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ á❧❣❡❜r❛ ❧✐✈r❡✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●
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❉❡✜♥✐çã♦ ✶✳✹✳✶ ❙❡❥❛♠ ζ ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s ❡ A ∈ ζ ✉♠❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r ✉♠

❝♦♥❥✉♥t♦ X✳ ❆ á❧❣❡❜r❛ A é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ζ✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛

♣❡❧♦ ❝♦♥❥✉♥t♦ X✱ s❡ ♣❛r❛ t♦❞❛ á❧❣❡❜r❛ B ∈ ζ✱ q✉❛❧q✉❡r ❛♣❧✐❝❛çã♦ φ : X → B ♣♦❞❡ s❡r

❡st❡♥❞✐❞❛ ♣❛r❛ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ Φ : A → B✳ ❆ ❝❛r❞✐♥❛❧✐❞❛❞❡ |X| ❞♦ ❝♦♥❥✉♥t♦

X é ❝❤❛♠❛❞♦ ❞❡ ♣♦st♦ ❞❡ A✳

❊①❡♠♣❧♦ ✶✳✹✳✷ ❆ á❧❣❡❜r❛ K〈X〉✱ ❝♦♠ X = {x1, x2, . . .}✱ é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s

á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✉♥✐tár✐❛s✳ ❉❡ ❢❛t♦✱ t♦♠❡♠♦s ✉♠❛ á❧❣❡❜r❛ B ❛ss♦❝✐❛t✐✈❛ ❡ ✉♥✐tár✐❛

q✉❛❧q✉❡r✱ ❡ ❝♦♥s✐❞❡r❡ ✉♠❛ ❛♣❧✐❝❛çã♦ φ ❞❡ X ❡♠ B✳ ❙❡♥❞♦ φ(xi) = ai✱ i = 1, 2, . . .✱

❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ φ′ q✉❡ s❛t✐s❢❛③ xi1 · · · xis 7→ ai1 · · · ais✱ ♣❛r❛ t♦❞♦ s ∈ Z+✳ ◆♦t❡

q✉❡ φ′ ❡st❡♥❞❡ φ ❡ q✉❡

φ′(xi1 · · · xisxj1 · · · xjr) = ai1 · · · aisaj1 · · · ajr
= φ′(xi1 · · · xis)φ′(xj1 · · · xjr),

♣❛r❛ q✉❛✐sq✉❡r r, s ∈ Z+✳ ❈♦♠♦ K〈X〉 é ❣❡r❛❞♦ ✭❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✮ ♣❡❧❛s ♣❛❧❛✈r❛s

❡♠ X✱ s❡❣✉❡✲s❡ q✉❡ ❡①✐st❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r Φ : K〈X〉 → B q✉❡ ❡st❡♥❞❡ φ′✳

❉❡ss❛ ❢♦r♠❛✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ Φ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s q✉❡ ❡st❡♥❞❡

φ✳ ❆ ♣❛rt✐r ❞❛ ❛♣❧✐❝❛çã♦ Φ ✐♥tr♦❞✉③✐♠♦s ❛ ♥♦t❛çã♦ f(a1, . . . , as)✱ ♦♥❞❡ f ∈ K〈X〉 ❡

a1, . . . , as ∈ B✱ q✉❡ ♥❛❞❛ ♠❛✐s é ❞♦ q✉❡ ❛ ✐♠❛❣❡♠ ❞❡ f ♣♦r Φ✳ ❆❣♦r❛✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s

❛ s✉❜á❧❣❡❜r❛ K0〈X〉 ❞❡ K〈X〉✱ t❡♠♦s q✉❡ ❡st❛ é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s

❛ss♦❝✐❛t✐✈❛s✳ ❙❡♥❞♦ X ✉♠ ❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧ ❞❡ ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s✱ t❡♠♦s q✉❡

K[X] é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✉♥✐tár✐❛s✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛

♣♦r X✳

❉❡✜♥✐çã♦ ✶✳✹✳✸ ❙❡❥❛ f = f(x1, x2, . . . , xs) =
∑d

i=1wi ✉♠ ♣♦❧✐♥ô♠✐♦ ♥ã♦ ♥✉❧♦ ❞❡

K〈X〉✱ ♦♥❞❡ wi = λixi1xi2 · · · xir é ✉♠ ♠♦♥ô♠✐♦ ❝♦♠ ✈❛r✐á✈❡✐s ❡♠ {x1, x2, . . . , xs}✱
i = 1, . . . , d✳ ❉❡✜♥✐♠♦s ♦ ❣r❛✉✿

✐✮ ❞❡ xj ❡♠ wi✱ ♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r degxj(wi)✱ ❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ♦❝♦r✲

rê♥❝✐❛s ❞❡ xj ❡♠ wi❀

✐✐✮ ❞❡ wi✱ i = 1, 2, . . . , d✱ ❞❡♥♦t❛❞♦ ♣♦r deg(wi)✱ ❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ✈❛✲

r✐á✈❡✐s q✉❡ ❛♣❛r❡❝❡♠ ♥♦ ♠♦♥ô♠✐♦ wi✱ ✐♥❝❧✉s✐✈❡ ❝♦♥t❛❜✐❧✐③❛♥❞♦ ❛s ♠✉❧t✐♣❧✐❝✐❞❛❞❡s

❞❡ ❝❛❞❛ ✈❛r✐á✈❡❧❀

✐✐✐✮ ❞❡ f ❝♦♠♦ s❡♥❞♦ ♦ ♠❛✐♦r ❣r❛✉ ❞❡♥tr❡ ♦s ❣r❛✉s ❞❡ s❡✉s ♠♦♥ô♠✐♦s✱ q✉❡ ❞❡♥♦t❛✲

r❡♠♦s ♣♦r deg(f)✱ ✐st♦ é✱ deg(f) = max{deg(wi) | i = 1, 2, . . . , d}❀

✐✈✮ ❞❡ xj ❡♠ f ❝♦♠♦ s❡♥❞♦ ♦ ✐♥t❡✐r♦ max{degxj(wi) | i = 1, 2, . . . , d}✱ ❡ ♦ ❞❡♥♦t❛r❡✲

♠♦s ♣♦r degxj(f)✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●
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❙❡♥❞♦ ✉♠ ♣♦❧✐♥ô♠✐♦ f = f(x1, x2, . . . , xs) ❡♠ K〈X〉 t❛❧ q✉❡ k = deg(w1) =

deg(w2) = · · · = deg(wd)✱ ♦♥❞❡ f(x1, x2, . . . , xs) =
∑d

i=1wi✱ ❞✐r❡♠♦s q✉❡ f é ✉♠

♣♦❧✐♥ô♠✐♦ ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ k✳ ❈❛s♦ degxi(w1) = degxi(w2) = · · · = degxi(wd)✱

♣❛r❛ ❛❧❣✉♠ i ∈ {1, 2, . . . , s}✱ ❞✐r❡♠♦s q✉❡ f é ✉♠ ♣♦❧✐♥ô♠✐♦ ❤♦♠♦❣ê♥❡♦ ❡♠ xi✳ ❙❡ f ❢♦r

❤♦♠♦❣ê♥❡♦ ❡♠ t♦❞❛s ❛ s✉❛s ✈❛r✐á✈❡✐s✱ ❡♥tã♦ ❞✐r❡♠♦s q✉❡ f é ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦

❞❡ ♠✉❧t✐❣r❛✉ (k1, k2, . . . , ks)✱ ♦♥❞❡ ki = degxi(w1)✱ i = 1, 2, . . . , s✳

❊①❡♠♣❧♦ ✶✳✹✳✹ ❈♦♥s✐❞❡r❡ ♦ ♣♦❧✐♥ô♠✐♦

f(x1, x2) = [x31, x2] = x31x2 − x2x
3
1

❡♠ K〈x1, x2〉✳ ❚❡♠♦s q✉❡ f é ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦ ❞❡ ♠✉❧t✐❣r❛✉ (3, 1)✳ ❈♦♥✲

s✐❞❡r❡ ❛❣♦r❛ ♦ ♣♦❧✐♥ô♠✐♦

g(y1, y2, y3) = y3y2y3y1y3y2 + 4y1y3y
2
2y

2
3 − y2y1y2y

3
3

♣❡rt❡♥❝❡♥t❡ ❛ K〈y1, y2, y3〉✳ ◆♦t❡ q✉❡ g é ✉♠ ♣♦❧✐♥ô♠✐♦ ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ 6✱ ❡ ♠❛✐s✱

é ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦ ❞❡ ♠✉❧t✐❣r❛✉ (1, 2, 3)✳

❉✐③❡♠♦s q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f = f(x1, x2, . . . , xs) ∈ K〈X〉 é ❧✐♥❡❛r ♥❛ ✈❛r✐á✈❡❧ xi

s❡ f é ❤♦♠♦❣ê♥❡♦ ❡♠ xi ❡ degxi(f) = 1✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ f é ❧✐♥❡❛r ❡♠ t♦❞❛s ❛s s✉❛s

✈❛r✐á✈❡✐s ✭♦✉ ❛✐♥❞❛✱ f é ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦ ❞❡ ♠✉❧t✐❣r❛✉ (1, 1, . . . , 1)✮✱

❞✐③❡♠♦s q✉❡ f é ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✺ ❙❡❥❛ f = f(x1, x2, . . . , xs) ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ K〈X〉 q✉❡ é ❧✐♥❡❛r ♥❛

✈❛r✐á✈❡❧ xi✱ ♣❛r❛ ❛❧❣✉♠ i = 1, . . . , s✳ ❊♥tã♦

f(x1, . . . , xi−1,

t∑

j=1

λjyj, xi+1, . . . , xs) =
t∑

j=1

λjf(x1, . . . , xi−1, yj, xi+1, . . . , xs),

♦♥❞❡ λj ∈ K ❡ y1, . . . , yt ∈ X✳ ❆❞❡♠❛✐s✱ s❡♥❞♦ f ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r✱ t❡♠♦s q✉❡

f(

t1∑

i=1

λi1yi1, . . . ,

ts∑

i=1

λisyis) =

t1∑

i1=1

λi11 . . .

ts∑

is=1

λiss(yi11, . . . , yiss).

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❘♦✶❪✱ ❖❜s❡r✈❛çã♦ ✶✳✶✳✸✵✱ ♣á❣✐♥❛ ✵✽✳ �

❉❡✜♥✐r❡♠♦s ❛❣♦r❛ ♦ q✉❡ ✈❡♠ ❛ s❡r ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧✳

❉❡✜♥✐çã♦ ✶✳✹✳✻ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ f = f(x1, x2, . . . , xs) ∈ K〈X〉 ✉♠ ♣♦❧✐♥ô♠✐♦✳

❉✐③❡♠♦s q✉❡ f é ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A s❡

f(a1, a2, . . . , as) = 0, ∀a1, a2, . . . , as ∈ A.

◆❡st❡ ❝❛s♦✱ ❞✐r❡♠♦s q✉❡ f ≡ 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ A✱ ♦✉ ❛✐♥❞❛✱ A s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡

f ≡ 0✳
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❱❛❧❡ ♦❜s❡r✈❛r q✉❡ f ≡ 0 é ✐❞❡♥t✐❞❛❞❡ ❞❡ A s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f ♣❡rt❡♥❝❡ ❛♦s

♥ú❝❧❡♦s ❞❡ t♦❞♦s ♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ K〈X〉 ❡♠ A✳

❉❡♥♦t❛r❡♠♦s ♣♦r Id(A) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❛ á❧❣❡❜r❛

A✱ ✐st♦ é✱ Id(A) = {f ∈ K〈X〉 | f ≡ 0 ❡♠ A}✳ ❖❜s❡r✈❛♥❞♦ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ♥✉❧♦ f = 0

é ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ q✉❛❧q✉❡r á❧❣❡❜r❛ A ✭❝❤❛♠❛❞♦ ❛ss✐♠ ❞❡ ✐❞❡♥t✐❞❛❞❡ tr✐✈✐❛❧✮✱

t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✹✳✼ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ s❛t✐s❢❛③❡♥❞♦ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♥ã♦ tr✐✈✐❛❧ f ≡ 0✱

♦✉ s❡❥❛✱ Id(A) 6= {0}✱ ❞✐③❡♠♦s q✉❡ A é ✉♠❛ PI✲á❧❣❡❜r❛✳

❉❡✜♥✐çã♦ ✶✳✹✳✽ ❉✐③❡♠♦s q✉❡ ❞✉❛s á❧❣❡❜r❛s A ❡ B sã♦ PI✲❡q✉✐✈❛❧❡♥t❡s s❡ Id(A) =

Id(B)✳

❊①❡♠♣❧♦ ✶✳✹✳✾ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✱ t❡♠♦s q✉❡ A s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡

f(x1, x2) = [x1, x2] ≡ 0✱ ❡ ❛ss✐♠ t♦❞❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ é ✉♠❛ PI✲á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✶✳✹✳✶✵ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ♥✐❧ ❞❡ í♥❞✐❝❡ ❧✐♠✐t❛❞♦✱ t❡♠♦s q✉❡ A é ✉♠❛ PI✲

á❧❣❡❜r❛✳ ❉❡ ❢❛t♦✱ t❡♠♦s q✉❡ ❡①✐t❡ r ∈ Z t❛❧ q✉❡ ar = 0 ♣❛r❛ q✉❛❧q✉❡r a ∈ A✳ ❚♦♠❛♥❞♦

♦ ♣♦❧✐♥ô♠✐♦ f(x) = xr✱ t❡♠♦s q✉❡ f ≡ 0 ❡♠ A✱ ✈✐st♦ q✉❡ f(a) = ar = 0✱ ♣❛r❛

q✉❛❧q✉❡r a ∈ A✳ ❈♦♥s✐❞❡r❡ ❛❣♦r❛ N ❝♦♠♦ s❡♥❞♦ ✉♠❛ á❧❣❡❜r❛ ♥✐❧♣♦t❡♥t❡✱ ❝✉❥♦ í♥❞✐❝❡

❞❡ ♥✐❧♣♦tê♥❝✐❛ é s✳ ▲♦❣♦✱ N s+1 = {0}✱ ❡ ❞❛í ♦ ♣♦❧✐♥ô♠✐♦ g = g(x1, x2, . . . , xs+1) =

x1x2 · · · xs+1 ≡ 0 ❡♠ N ✳ P♦rt❛♥t♦✱ t♦❞❛ á❧❣❡❜r❛ ♥✐❧♣♦t❡♥t❡ é ✉♠❛ PI✲á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✶✳✹✳✶✶ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❞❡✜♥✐❞❛ ♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✼✳ ❚❡✲

♠♦s q✉❡ E é ✉♠❛ PI✲á❧❣❡❜r❛✳ ❉❡ ❢❛t♦✱ ♦❜s❡r✈❛♥❞♦ q✉❡ [E,E] ⊆ E0 = Z(E)✱ ♦♥❞❡

E = E0 ⊕ E1✱ t❡♠♦s q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ f = f(x1, x2, x3) = [x1, x2, x3] é ✉♠❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ E✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✷ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❡ A ✉♠❛ K✲á❧❣❡❜r❛✳ ❙❡

K ⊆ F é ✉♠❛ ❡①t❡♥sã♦ ❞❡ ❝♦r♣♦s✱ ❡♥tã♦

Id(A) ⊆ Id(A⊗K F).

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ ▲❡♠❛ ✶✳✹✳✷✱ ♣á❣✐♥❛ ✶✵✳ �

❉❡✜♥✐çã♦ ✶✳✹✳✶✸ ❙❡❥❛ f = f(x1, . . . , xn, y1, . . . , yt) ✉♠ ♣♦❧✐♥ô♠✐♦ ❧✐♥❡❛r ♥❛s ✈❛r✐á✈❡✐s

x1, . . . , xn✳ ❉✐③❡♠♦s q✉❡ f é ❛❧t❡r♥❛♥t❡ ♥❛s ✈❛r✐á✈❡✐s x1, . . . , xn s❡ ♦ ♣♦❧✐♥ô♠✐♦ f s❡

❛♥✉❧❛ q✉❛♥❞♦ s✉❜st✐t✉í♠♦s xi ♣♦r xj✱ ♣❛r❛ q✉❛✐sq✉❡r i, j ∈ {1, . . . , n} ❞✐st✐♥t♦s✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✹✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ✹✾

◆♦t❡ q✉❡✱ ♣❡❧❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❡ f ♥❛s ✈❛r✐á✈❡✐s x1, . . . , xn✱ s❡ f ❢♦r ✉♠ ♣♦❧✐♥ô♠✐♦

❛❧t❡r♥❛♥t❡ ♥❛s ✈❛r✐á✈❡✐s x1, . . . , xn✱ ❡♥tã♦ ♣❛r❛ t♦❞♦ σ ∈ Sn ✭♦♥❞❡ Sn é ♦ ❣r✉♣♦ s✐♠étr✐❝♦

❞❡ ❣r❛✉ n✮ t❡♠♦s q✉❡

f(xσ(1), . . . , xσ(n), y1, . . . , yt) = (−1)σf(x1, . . . , xn, y1, . . . , yt).

P❛r❛ ♦s ❞❡t❛❧❤❡s✱ ✈❡r ❬❘♦✶❪✱ ❈♦r♦❧ár✐♦ 1.2.6✱ ♣á❣✐♥❛ ✶✶✳

❈❛s♦ f s❡❥❛ ❛❧t❡r♥❛♥t❡ ❡♠ t♦❞❛s ❛s s✉❛s ✈❛r✐á✈❡✐s✱ ❞✐r❡♠♦s q✉❡ f é ❛❧t❡r♥❛♥t❡✳

❱❛❧❡ ♦❜s❡r✈❛r q✉❡ s❡ f(x1, . . . , xn) é ❛❧t❡r♥❛♥t❡ ❡♠ ❛❧❣✉♠ s✉❜❝♦♥❥✉♥t♦ {xi1 , . . . , xis}
❞❡ {x1, . . . , xn}✱ ❡♥tã♦ é ❛❧t❡r♥❛♥t❡ ❡♠ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ {xi1 , . . . , xis}✳ ❯♠❛ ♣r♦✲

♣r✐❡❞❛❞❡ ❜ás✐❝❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ❛❧t❡r♥❛♥t❡s ❡♠ ❛❧❣✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s é ❞❛❞♦ ❛

s❡❣✉✐r✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✹ ❙❡❥❛ f = f(x1, . . . , xn, y1, . . . , yt) ✉♠ ♣♦❧✐♥ô♠✐♦ ❛❧t❡r♥❛♥t❡ ♥❛s

✈❛r✐á✈❡✐s x1, . . . , xn ❡ A ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ K✳ ❙❡ a1, . . . , an ∈ A sã♦ ❧✐♥❡❛r♠❡♥t❡

❞❡♣❡♥❞❡♥t❡s s♦❜r❡ K✱ ❡♥tã♦ f(a1, . . . , an, b1, . . . , bt) = 0✱ ♣❛r❛ q✉❛✐sq✉❡r b1, . . . , bt ∈ A✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ Pr♦♣♦s✐çã♦ 1.5.2✱ ♣á❣✐♥❛ ✶✷✳ �

❉❡✜♥✐çã♦ ✶✳✹✳✶✺ ❉❡✜♥✐♠♦s ♦ ♣♦❧✐♥ô♠✐♦ ❙t❛♥❞❛r❞ ❞❡ ❣r❛✉ n ❝♦♠♦ s❡♥❞♦ ♦ ♣♦❧✐♥ô✲

♠✐♦

Stn(x1, x2, . . . , xn) =
∑

σ∈Sn

(−1)σxσ(1)xσ(2) · · · xσ(n).

◆♦t❡ q✉❡ Stn(x1, . . . , xn) é ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ❡ ❛❧t❡r♥❛♥t❡✳ ❆ ♣r♦♣♦s✐çã♦

❛ s❡❣✉✐r ♥♦s tr❛③ ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s à r❡s♣❡✐t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❛❧t❡r♥❛♥t❡s✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✻ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ K✳ ❊♥tã♦ t❡♠♦s✿

❛✮ ❙❡ f(x1, . . . , xn) é ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ❛❧t❡r♥❛♥t❡ ❞❡ ❣r❛✉ n✱ ❡♥tã♦

f = αStn(x1, . . . , xn),

♣❛r❛ ❛❧❣✉♠ α ∈ K✳

❜✮ ❙❡ dimK A = m <∞✱ ❡♥tã♦ A s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ ❙t❛♥❞❛r❞ ❞❡ ❣r❛✉ m+1✱ ✐st♦

é✱ Stm+1 ≡ 0 ❡♠ A✳

❉❡♠♦♥str❛çã♦✿ ❛✮ ❱❡r ❬❘♦✶❪✱ ❖❜s❡r✈❛çã♦ ✶✳✷✳✶✺✱ ♣á❣✐♥❛ ✶✸✳

❜✮ ❱❡r ❬●❩✷❪✱ ❚❡♦r❡♠❛ ✶✳✺✳✽✱ ♣á❣✐♥❛ ✶✹✳ �

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✺✵ ✶✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ PI✲➪❧❣❡❜r❛s

P❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡ ❛s ♠❛tr✐③❡s ❞❡Mn(K) s❛t✐s❢❛③❡♠ ❛ ✐❞❡♥t✐❞❛❞❡

❙t❛♥❞❛r❞ ❞❡ ❣r❛✉ n2 + 1✳ ❖ ❚❡♦r❡♠❛ ❞❡ ❆♠✐ts✉r✲▲❡✈✐t③❦✐ ♥♦s ❞á ✉♠ ✈❛❧♦r ❜❛st❛♥t❡

✐♥❢❡r✐♦r ❝♦♠ r❡❧❛çã♦ ❛ ❝♦♥❞✐çã♦ n2 + 1✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r ❛❜❛✐①♦✳

❚❡♦r❡♠❛ ✶✳✹✳✶✼ ✭❆♠✐ts✉r✲▲❡✈✐t③❦✐✮ ❆ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s Mn(K) s❛t✐s❢❛③ ❛ ✐❞❡♥✲

t✐❞❛❞❡ ❙t❛♥❞❛r❞ St2n ≡ 0✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ ❚❡♦r❡♠❛ 1.7.7✱ ♣á❣✐♥❛ ✶✽✳ �

❆❣♦r❛✱ t♦♠❡♠♦s f ∈ Id(A)✳ ❚❡♠♦s ❡♥tã♦ q✉❡ gfh ∈ Id(A)✱ ♣❛r❛ q✉❛✐sq✉❡r

g, h ∈ K〈X〉✳ ▲♦❣♦✱ ♦❜s❡r✈❛♥❞♦ q✉❡ Id(A) é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ K〈X〉 Id(A)✱ t❡♠♦s q✉❡

Id(A) é ✉♠ ✐❞❡❛❧ ✭❜✐❧❛t❡r❛❧✮ ❞❡ K〈X〉✳ ❆❧é♠ ❞✐ss♦✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ Id(A) é ✐♥✈❛✲

r✐❛♥t❡ ♣♦r ❡♥❞♦♠♦r✜s♠♦s ❞❡ K〈X〉✳ ❈♦♠ ❡❢❡✐t♦✱ t♦♠❡♠♦s f(x1, x2, . . . , xs) ∈ Id(A)✱

g1, g2, . . . , gs ∈ K〈X〉✱ ❝♦♠ gi = gi(x1i, . . . , xkii)✱ ❡ ψ ∈ EndK(K〈X〉) s❛t✐s❢❛③❡♥❞♦

ψ(xi) = gi(x1i, . . . , xkii)✳ ❆ss✐♠✱ t❡♠♦s q✉❡

ψ(f(x1, x2, . . . , xs)) = f(ψ(x1), ψ(x2), . . . , ψ(xs))

= f(g1(x11, . . . , xs11), g2(x12, . . . , xs22), . . . , gs(x1s, . . . , xkss)).

❖❜s❡r✈❛♥❞♦ ❛❣♦r❛ q✉❡ gi(a1, a2, . . . , aki) ∈ A ♣❛r❛ q✉❛✐sq✉❡r a1, a2, . . . , aki ∈ A✱ ♣♦✲

❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ψ(f) ≡ 0 ❡♠ A✳ P♦rt❛♥t♦✱ ψ(Id(A)) ⊆ Id(A)✱ ♣❛r❛ q✉❛❧q✉❡r

ψ ∈ EndK(K〈X〉)✳ ■ss♦ ♠♦t✐✈❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✽ ❙❡❥❛ I ✉♠ ✐❞❡❛❧ ❞❡ K〈X〉✳ ❉✐③❡♠♦s q✉❡ I é ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉
s❡ ψ(I) ⊆ I✱ ♣❛r❛ t♦❞♦ ψ ∈ K〈X〉✳

❉❡ss❛ ❢♦r♠❛✱ s❡❣✉❡✲s❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦ ❡ ❞♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛❝✐♠❛ q✉❡ Id(A)

é ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ ❛ á❧❣❡❜r❛ A✳ ❚❡♠♦s ❛✐♥❞❛ q✉❡✱ s❡♥❞♦ B
s✉❜á❧❣❡❜r❛ ❞❛ á❧❣❡❜r❛ A✱ Id(A) ⊆ Id(B)✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✾ ❙❡♥❞♦ I ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✱ t❡♠♦s ❡♥tã♦ q✉❡ I = Id(K〈X〉/I)✳

❉❡♠♦♥str❛çã♦✿ Pr✐♠❡✐r❛♠❡♥t❡✱ t♦♠❡♠♦s f = f(x1, x2, . . . , xs) ∈ I✳ ❙❡❥❛♠

g1 + I, g2 + I, . . . , gs + I ∈ K〈X〉/I q✉❛✐sq✉❡r✳ ❚❡♠♦s q✉❡

f(g1 + I, g2 + I, . . . , gs + I) = f(g1, g2, . . . , gs) + I = I = 0,

✈✐st♦ q✉❡ f(g1, g2, . . . , gs) ∈ I✱ ♣♦✐s I é ✐♥✈❛r✐❛♥t❡ ♣♦r ❡♥❞♦♠♦r✜s♠♦s ❞❡ K〈X〉✳ ▲♦❣♦✱

f ∈ Id(K〈X〉/I)✱ ❡ ❝♦♠ ✐ss♦ I ⊆ Id(K〈X〉/I)✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●
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P♦r ♦✉tr♦ ❧❛❞♦✱ t♦♠❡♠♦s f = f(x1, x2, . . . , xs) ∈ Id(K〈X〉/I)✳ ❯♠❛ ✈❡③ q✉❡

x1, x2, . . . , xs ∈ K〈X〉/I✱ t❡♠♦s q✉❡

0 = f(x1, x2, . . . , xs) = f(x1, x2, . . . , xs),

❡ ♣♦rt❛♥t♦ f ∈ I✱ ❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ Id(K〈X〉/I) ⊆ I✳

P♦rt❛♥t♦✱ I = Id(K〈X〉/I)✳ �

❉❡✜♥✐çã♦ ✶✳✹✳✷✵ ❉❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ S ❞❡ K〈X〉✱ ❞❡✜♥✐♠♦s ♦ T ✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r

S✱ ❞❡♥♦t❛❞♦ ♣♦r 〈S〉T ✱ ❝♦♠♦ s❡♥❞♦ ♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

{h1ϕ(f)h2 | f ∈ End(K〈X〉), h1, h2 ∈ K〈X〉}✳

❱❛❧❡ ♦❜s❡r✈❛r q✉❡ 〈S〉T ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s T ✲✐❞❡❛✐s ❞❡

K〈X〉 q✉❡ ❝♦♥tê♠ S✳ ❙❡♥❞♦ S ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ Id(A) ♣❛r❛ ✉♠❛ ❝❡rt❛ á❧❣❡❜r❛

A✱ ❞✐③❡♠♦s q✉❡ S é ✉♠❛ ❜❛s❡ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❡ A✳

❊①❡♠♣❧♦ ✶✳✹✳✷✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❡ ✉♥✐tár✐❛✳ ❚❡♠♦s q✉❡ Id(A) =

〈[x1, x2]〉T ✳

❊①❡♠♣❧♦ ✶✳✹✳✷✷ ❙❡❥❛ E ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ s♦❜r❡ K✱ ❝♦♠

charK = 0✳ ❊♥tã♦ t❡♠♦s q✉❡ Id(E) = 〈[x1, x2, x3]〉T ✳ P❛r❛ ❛ ❞❡♠♦♥str❛çã♦✱ ✈❡r ❬❉❪✱

❚❡♦r❡♠❛ ✺✳✶✳✷✱ ♣á❣✐♥❛ ✺✵✱ ♦✉ ✈❡r ❬❑❘❪✱ ❈♦r♦❧ár✐♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✶✱ ♣á❣✐♥❛ ✹✸✼✳

❉❡✜♥✐çã♦ ✶✳✹✳✷✸ ❉♦✐s ❝♦♥❥✉♥t♦s ❞❡ ♣♦❧✐♥ô♠✐♦s S ❡ S1 sã♦ ❞✐t♦s ❡q✉✐✈❛❧❡♥t❡s s❡ ❡❧❡s

❣❡r❛♠ ♦ ♠❡s♠♦ T ✲✐❞❡❛❧✱ ✐st♦ é✱ 〈S〉T = 〈S1〉T ✳

❘❡❧❡♠❜r❡♠♦s q✉❡ s❡ Id(A) = Id(B)✱ ♣❛r❛ ❞❛❞❛s PI✲á❧❣❡❜r❛s A ❡ B✱ ❡♥tã♦ A ❡

B sã♦ ❞✐t❛s PI✲❡q✉✐✈❛❧❡♥t❡s✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✷✹ ❙❡ charK = 0✱ ❡♥tã♦ t♦❞♦ ♣♦❧✐♥ô♠✐♦ ♥ã♦ ♥✉❧♦ f ∈ K〈X〉 é ❡q✉✐✲

✈❛❧❡♥t❡ ❛ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❉❪✱ Pr♦♣♦s✐çã♦ ✹✳✷✳✸✱ ♣á❣✐♥❛ ✸✾✳ �

P♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ❡♠ t❡r♠♦s ❞❡ T ✲✐❞❡❛✐s✳

❈♦r♦❧ár✐♦ ✶✳✹✳✷✺ ❙❡ charK = 0✱ ❡♥tã♦ t♦❞♦ T ✲✐❞❡❛❧ é ❣❡r❛❞♦ ✭❝♦♠♦ T ✲✐❞❡❛❧✮ ♣♦r s❡✉s

♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●
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❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ ❈♦r♦❧ár✐♦ ✶✳✸✳✾✱ ♣á❣✐♥❛ ✵✾✳ �

❉♦ ❝♦r♦❧ár✐♦ ❛❝✐♠❛✱ t❡♠♦s q✉❡ s❡ A é ✉♠❛ PI✲á❧❣❡❜r❛ ❡ charK = 0✱ ❡♥tã♦ é

s✉✜❝✐❡♥t❡ ❡st✉❞❛r ❛s ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ A✳

❚❡♦r❡♠❛ ✶✳✹✳✷✻ ✭❑❡♠❡r✮ ❙❡❥❛ A ✉♠❛ PI✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ s♦✲

❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ K✲á❧❣❡❜r❛ C ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ t❛❧ q✉❡ A ❡

C sã♦ PI✲❡q✉✐✈❛❧❡♥t❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❑✷❪✱ ❚❡♦r❡♠❛ ✶✱ ♣á❣✐♥❛ ✾✶✳ �

❋♦✐ ✈✐st♦ q✉❡ ✉♠❛ á❧❣❡❜r❛ q✉❛❧q✉❡r ❞❡t❡r♠✐♥❛ ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✳ ❘❡❝✐♣r♦❝❛✲
♠❡♥t❡✱ ♠✉✐t❛s á❧❣❡❜r❛s ♣♦❞❡♠ ❝♦rr❡s♣♦♥❞❡r ❛♦ ♠❡s♠♦ T ✲✐❞❡❛❧ ❞❡ K〈X〉✳ ■ss♦ ♠♦t✐✈❛

❛ ❞❡✜♥✐çã♦ ❞❡ ❱❛r✐❡❞❛❞❡s ❞❡ ➪❧❣❡❜r❛s✱ ❞❛❞❛ ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✶✳✹✳✷✼ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ S ⊆ K〈X〉✱ ❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡✲

❜r❛s A t❛❧ q✉❡ f ≡ 0 ❡♠ A✱ ♣❛r❛ t♦❞♦ f ∈ S✱ é ❝❤❛♠❛❞❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❞❡t❡r♠✐♥❛❞❛

♣♦r S✱ ❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r V = V(S)✳

◆♦t❡ q✉❡ s❡ V é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ S ⊆ K〈X〉 ❡ 〈S〉T
é ♦ T ✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S✱ ❡♥tã♦ V(S) = V(〈S〉T ) ❡ 〈S〉T =

⋂

A∈V Id(A)✳ ◆❡st❡ ❝❛s♦✱

❡s❝r❡✈❡r❡♠♦s 〈S〉T = Id(V)✳
❙✉♣♦♥❤❛♠♦s V ✉♠❛ ✈❛r✐❡❞❛❞❡ ❡ A ✉♠❛ K✲á❧❣❡❜r❛ t❛❧ q✉❡ Id(A) = Id(V)✳ ❉✐③❡✲

♠♦s ♥❡st❡ ❝❛s♦ q✉❡ V é ❛ ✈❛r✐❡❞❛❞❡ ❣❡r❛❞❛ ♣♦r A ❡ ❡s❝r❡✈❡r❡♠♦s V = var(A)✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♦r❡♠❛ ❞❡ ❇✐r❦❤♦✛✱ tr❛③ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦

❞❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡ ❞❡t❡r♠✐♥❛♠ ❛s ✈❛r✐❡❞❛❞❡s✳

❚❡♦r❡♠❛ ✶✳✹✳✷✽ ✭❇✐r❦❤♦✛✮ ❯♠❛ ❝❧❛ss❡ V ✭♥ã♦ ✈❛③✐❛✮ ❞❡ á❧❣❡❜r❛s é ✉♠❛ ✈❛r✐❡❞❛❞❡

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s❛t✐s❢❛③✿

❛✮ ❙❡ A ∈ V ❡ ϕ : B → A é ✉♠ ♠♦♥♦♠♦r✜s♠♦✱ ❡♥tã♦ B ∈ V❀

❜✮ ❙❡ A ∈ V ❡ ϕ : A → B é ✉♠ ❡♣✐♠♦r✜s♠♦✱ ❡♥tã♦ B ∈ V❀

❝✮ ❙❡ {Aγ}γ∈Γ é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ á❧❣❡❜r❛s ❡ Aγ ∈ V✱ ♣❛r❛ t♦❞♦ γ ∈ Γ✱ ❡♥tã♦
∏

γ∈Γ Aγ ∈ V✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ ❚❡♦r❡♠❛ ✶✳✷✳✸✱ ♣á❣✐♥❛ ✵✹✳ �

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✳✹✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ✺✸

◆♦ r❡s✉❧t❛❞♦ ❛❜❛✐①♦✱ ❛s á❧❣❡❜r❛s ❞❡ ●r❛ss♠❛♥♥ tê♠ ♣♦st♦ ❡♥✉♠❡rá✈❡❧ s♦❜r❡ ✉♠

❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❉✐r❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ A é ✉♠❛ s✉♣❡rá❧❣❡❜r❛ s❡ ❡①✐st✐✲

r❡♠ A0 ❡ A1 s✉❜❡s♣❛ç♦s ❞❡ A t❛✐s q✉❡ A = A0⊕A1 ❡ AiAj ⊆ Ai+j✱ i, j = {0, 1}✳ ❙❡♥❞♦
E = E0 ⊕ E1 ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❡ A = A0 ⊕A1 ✉♠❛ s✉♣❡rá❧❣❡❜r❛✱ ❞❡✜♥✐♠♦s ❛

❡♥✈♦❧tór✐❛ ❞❡ ●r❛ss♠❛♥♥ ❞❡ A ❝♦♠♦ s❡♥❞♦ ❛ á❧❣❡❜r❛

E(A) = (A0 ⊗ E0)⊕ (A1 ⊗ E1).

❚❡♦r❡♠❛ ✶✳✹✳✷✾ ✭❑❡♠❡r✮ ❊♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ t♦❞❛ ✈❛r✐❡❞❛❞❡ ✭♥ã♦ tr✐✈✐❛❧✮ ❞❡

á❧❣❡❜r❛s é ❣❡r❛❞❛ ♣❡❧❛ ❡♥✈♦❧tór✐❛ ❞❡ ●r❛ss♠❛♥♥ ❞❡ ❛❧❣✉♠❛ s✉♣❡rá❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛✳ ❙❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ♥ã♦ ❝♦♥té♠ ♥❡♥❤✉♠❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✱ ❡♥tã♦ ❡❧❛ é

❣❡r❛❞❛ ♣♦r ❛❧❣✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❑✶❪✱ ❚❡♦r❡♠❛ ✷✳✸✱ ♣á❣✐♥❛ ✻✹✳ �
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❈❛♣ít✉❧♦ ✷

Sn✲❘❡♣r❡s❡♥t❛çõ❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ ♣♦✉❝♦ ❞❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❛s r❡♣r❡s❡♥t❛çõ❡s

❞♦ ❣r✉♣♦ s✐♠étr✐❝♦ Sn ❛tr❛✈és ❞❛s t❡♦r✐❛ ❞❛ t❛❜❡❧❛s ❞❡ ❨♦✉♥❣✳ ❚❛❧ t❡♦r✐❛ t❡♠ ♣❛✲

♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♥♦ ❡st✉❞♦ ❞❡ PI✲❚❡♦r✐❛✳ ■♥✐❝✐❛r❡♠♦s ❝♦♠ ✉♠ ❜r❡✈❡ ❡st✉❞♦ ❞❛s Sn✲

❘❡♣r❡s❡♥t❛çõ❡s ❡ s✉❛s r❡❧❛çõ❡s ❝♦♠ ❛s ❚❛❜❡❧❛s ❞❡ ❨♦✉♥❣✳ P♦st❡r✐♦r♠❡♥t❡✱ ❢❛❧❛r❡♠♦s

s♦❜r❡ ❛s Sn✲❛çõ❡s ❡♠ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✱ ❛s q✉❛✐s ❢♦r♥❡❝❡♠ ✉♠❛ ❢❡rr❛♠❡♥t❛ ❜❛s✲

t❛♥t❡ út✐❧ ♥♦ ❡st✉❞♦ ❞❡ PI✲❚❡♦r✐❛✳ P♦r ✜♠✱ ♥❛ ú❧t✐♠❛ s❡çã♦✱ s❡rã♦ ❞❛❞♦s ❛❧❣✉♥s r❡s✉❧✲

t❛❞♦s q✉❡ ❡♥✈♦❧✈❡♠ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ❡s♣❡❝í✜❝♦

❞❡ KSn✱ ❛tr❛✈és ❞❛s t❛❜❡❧❛s ❞❡ ❨♦✉♥❣✳

❚♦❞❛ ❛ t❡♦r✐❛ ❛♣r❡s❡♥t❛❞❛ ❛q✉✐ ♣♦❞❡rá s❡r ❡♥❝♦♥tr❛❞❛ ♥❛s r❡❢❡rê♥❝✐❛s ❬●❩✷❪✱ ❬❏❛❪✱

❬❏❑❪✱ ❬❘♦❜❪✳ ❊♠ t♦❞♦ ❡st❡ ❝❛♣ít✉❧♦✱ K s❡rá ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

✷✳✶ Sn✲❘❡♣r❡s❡♥t❛çõ❡s ❡ ❚❛❜❡❧❛s ❞❡ ❨♦✉♥❣

◆❡st❛ s❡çã♦ ❞❡s❝r❡✈❡r❡♠♦s ❛❧❣✉♥s ♣♦♥t♦s ❞❛ t❡♦r✐❛ ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦ ❣r✉♣♦

s✐♠étr✐❝♦ Sn✱ n ≥ 1✱ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❉❡s❝r❡✈❡r❡♠♦s t❛♠❜é♠

❛❧❣✉♥s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ❞❛ t❡♦r✐❛ ❞❡ ❨♦✉♥❣ ❡ s✉❛ ❡str❡✐t❛ r❡❧❛çã♦ ❝♦♠ ❛s Sn✲

r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s✳ ■♥✐❝✐❛r❡♠♦s ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ ♣❛rt✐çã♦ ❞❡ n✳

❉❡✜♥✐çã♦ ✷✳✶✳✶ ❙❡❥❛ n ≥ 1 ✉♠ ✐♥t❡✐r♦✳ ❯♠❛ ♣❛rt✐çã♦ λ ❞❡ n é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

✐♥t❡✐r♦s λ = (λ1, . . . , λr) t❛❧ q✉❡ λ1 ≥ · · · ≥ λr > 0 ❡
∑r

i=1 λi = n✳ ◆❡st❡ ❝❛s♦✱

❡s❝r❡✈❡♠♦s λ ⊢ n ♦✉ |λ| = n✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✺✻ ✷✳ Sn✲❘❡♣r❡s❡♥t❛çõ❡s

P❛r❛ ✉♠❛ ♣❛rt✐çã♦ λ ⊢ n t❛❧ q✉❡ λ1 = · · · = λr = k✱ ❡s❝r❡✈❡♠♦s λ = (kr) ❡♠ ✈❡③

❞❡ λ = (k, . . . , k) ❡ n = kr✳ ❉❛❞❛s ❞✉❛s ♣❛rt✐çõ❡s λ = (λ1, . . . , λr) ❡ µ = (µ1, . . . , µs) ❞❡

n✱ ❞✐③❡♠♦s q✉❡ λ > µ s❡ λk > µk ♣❛r❛ k = min{i ∈ N | λi 6= µi} ✭♦r❞❡♠ ❧❡①✐❝♦❣rá✜❝❛✮✳

▲♦❣♦✱ t❡♠♦s ✉♠❛ r❡❧❛çã♦ ❞❡ ♦r❞❡♠ ♥♦ ❝♦♥❥✉♥t♦ ❞❛s ♣❛rt✐çõ❡s ❞❡ n✳

➱ ✉♠ ❢❛t♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ q✉❡ ❛s ❞✐st✐♥t❛s ❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛çã♦ ❞❡ Sn ❡stã♦ ❡♠

❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❝♦♠ ❛s ♣❛rt✐çõ❡s ❞❡ n✳ ❉❡ ❢❛t♦✱ s❡ σ ∈ Sn✱ ❡♥tã♦ ♣♦❞❡♠♦s

❞❡❝♦♠♣♦r σ ❝♦♠♦ ♣r♦❞✉t♦ ❞❡ ❝✐❝❧♦s ❞✐s❥✉♥t♦s✳ ❙❡❥❛ σ = (i1 · · · ir) · · · (j1 · · · js) ✉♠❛

❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❝✐❝❧♦s ❞✐s❥✉♥t♦s ❞❡ σ✱ ♦♥❞❡ r + · · · + s = n✳ ❉❛í✱ ❞❛❞♦ q✉❛❧q✉❡r

♣❡r♠✉t❛çã♦ β ∈ Sn✱ t❡♠♦s q✉❡

βσβ−1 = (β(i1) · · · β(ir)) · · · (β(j1) · · · β(js)). ✭✷✳✶✮

❈♦♠♦ ♦s ❝✐❧♦s ❛❝✐♠❛ sã♦ ❞✐s❥✉♥t♦s✱ ♣♦❞❡♠♦s ❛ss✉♠✐r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡

r ≥ · · · ≥ s✳ ◆♦t❡ q✉❡ ♣♦❞❡♠♦s ❛ss♦❝✐❛r σ ❛ ✉♠❛ ♣❛rt✐çã♦ λ = (r, . . . , s) ❞❡ n✳ ❙❡❣✉❡

❞❡ ✭✷✳✶✮ q✉❡ ❞✉❛s ♣❡r♠✉t❛çõ❡s ❞❡ Sn sã♦ ❝♦♥❥✉❣❛❞❛s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❞❡t❡r♠✐♥❛♠ ❛

♠❡s♠❛ ♣❛rt✐çã♦ ❞❡ n✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡r ❬❏✸❪✱ ♣á❣✐♥❛s ✼✹✲✼✺✳

❉❛❞♦s ϕ : G → GL(M) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r❛✉ ✜♥✐t♦✱ ♦♥❞❡ M é ✉♠ ❡s♣❛ç♦

✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❡ χϕ ♦ s❡✉ ❝❛r❛❝t❡r✱ t❡♠♦s q✉❡ χϕ(g) = χϕ(h)✱ ❞❡s❞❡

q✉❡ g, h ∈ G s❡❥❛♠ ❝♦♥❥✉❣❛❞♦s ✉♠ ❞♦ ♦✉tr♦✱ ❡ ❛ss✐♠ χϕ é ❝♦♥st❛♥t❡ ♥❛s ❝❧❛ss❡s ❞❡

❝♦♥❥✉❣❛çã♦ ❞❡ G✱ ✐st♦ é✱ χϕ é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡s ❞❡ G✳ ❚❡♠♦s ❛✐♥❞❛ q✉❡ ♦ ♥ú♠❡r♦ ❞❡

❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s ❞❡ ✉♠ ❣r✉♣♦ ✜♥✐t♦ G é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛çã♦

❞❡ G ✭✈❡r ❬❏▲❪✱ ❚❡♦r❡♠❛ ✶✺✳✸✱ ♣á❣✐♥❛ ✶✺✷✮✳ ❉❡ss❛ ❢♦r♠❛✱ ♦s ❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s ❞❡

Sn ✭q✉❡ ❡stã♦ ❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❝♦♠ ♦s Sn✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s✮ ❡stã♦ ❡♠

❝♦rr❡s♣♦♥❞ê♥❝✐❛ 1 − 1 ❝♦♠ ❛s ♣❛rt✐çõ❡s ❞❡ n✳ ❉❛í✱ ❞❡♥♦t❛r❡♠♦s ♣♦r χλ ♦ Sn✲❝❛r❛❝t❡r

✐rr❡❞✉tí✈❡❧ ✭❡ ♣♦rMλ ♦ Sn✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧✮ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ λ ⊢ n✱ ❡ ♣♦r dλ = χλ(1)

♦ ❣r❛✉ ❞❡ χλ✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✷ ❙❡❥❛ n ≥ 1✳ ❊①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❡♥tr❡ ♦s Sn✲

❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s ❡ ❛s ♣❛rt✐çõ❡s ❞❡ n✳ ❙❡❥❛♠ {χλ | λ ⊢ n} ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s

❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s ❞❡ Sn ❡ dλ = χλ(1) ♦ ❣r❛✉ ❞❡ χλ✱ ♣❛r❛ λ ⊢ n✳ ❊♥tã♦

KSn =
⊕

λ⊢n

Iλ ∼=
⊕

λ⊢n

Mdλ(K),

♦♥❞❡ Iλ = eλKSn ❡ eλ =
∑

σ∈Sn
χλ(σ)σ é ❛ ✉♥✐❞❛❞❡ ❞❡ Iλ✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ Pr♦♣♦s✐çã♦ ✷✳✷✳✷✱ ♣á❣✐♥❛ ✹✼✳ �
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✷✳✶✳ Sn✲❘❡♣r❡s❡♥t❛çõ❡s ❡ ❚❛❜❡❧❛s ❞❡ ❨♦✉♥❣ ✺✼

❉❡✜♥✐çã♦ ✷✳✶✳✸ ❙❡♥❞♦ λ = (λ1, . . . , λr) ⊢ n✱ ❞❡✜♥✐♠♦s ♦ ❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣ ❛s✲

s♦❝✐❛❞♦ ❛ λ ❝♦♠♦ s❡♥❞♦ ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ Z× Z ❞❡✜♥✐❞♦ ❝♦♠♦

Dλ = {(i, j) ∈ Z× Z | i = 1, . . . , r, j = 1, . . . , λi}.

❯♠❛ ♥♦t❛çã♦ ❜❛st❛♥t❡ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❞❡♥♦t❛r ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣ Dλ ❞❡ ✉♠❛

♣❛rt✐çã♦ λ ❞❡ n ❝♦♥s✐st❡ ❡♠ ❞✐str✐❜✉✐r n ❝❛✐①❛s ❡♠ r ❧✐♥❤❛s ❞❡ ♠♦❞♦ q✉❡ ♥❛ i✲és✐♠❛

❧✐♥❤❛ ❤❛❥❛ λi ❝♦❧✉♥❛s✳ ❆ss♦❝✐❛♠♦s ❝❛❞❛ ❝❛✐①❛ ❛ ✉♠ ♣❛r (i, j) ∈ Dλ t❛❧ q✉❡ ❛ ♣r✐♠❡✐r❛

❝♦♦r❞❡♥❛❞❛ i ✭♦ í♥❞✐❝❡ ❞❛ ❧✐♥❤❛✮ ❛✉♠❡♥t❛ ❞❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦ ❡ ❛ s❡❣✉♥❞❛ ❝♦♦r❞❡♥❛❞❛

j ✭♦ í♥❞✐❝❡ ❞❛ ❝♦❧✉♥❛✮ ❛✉♠❡♥t❛ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❞✐r❡✐t❛✳ P♦r ❡①❡♠♣❧♦✱ ♦ ❞✐❛❣r❛♠❛

D(4,3,1) é r❡♣r❡s❡♥t❛❞♦ ♣♦r

D(4,3,1) = .

P❛r❛ ❛ ♣❛rt✐çã♦ λ ⊢ n✱ ❞❡♥♦t❛r❡♠♦s ♣♦r λ′ ❛ ♣❛rt✐çã♦ ❝♦♥❥✉❣❛❞❛ ❞❡ λ✱ q✉❡ é ❞❛❞❛

♣♦r λ′ = (λ′1, . . . , λ
′
s)✱ ♦♥❞❡ λ

′
1, . . . , λ

′
s sã♦ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❛s ❝♦❧✉♥❛s ❞❡ Dλ✳ P♦r

❡①❡♠♣❧♦✱ s❡♥❞♦ λ = (4, 3, 1) ✉♠❛ ♣❛rt✐çã♦ ❞❡ 8✱ t❡♠♦s q✉❡ λ′ = (3, 2, 2, 1)✳

❉❡✜♥✐çã♦ ✷✳✶✳✹ ❙❡❥❛ λ ⊢ n ✉♠❛ ♣❛rt✐çã♦✳ ❉❡✜♥✐♠♦s ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ Tλ ❞♦

❞✐❛❣r❛♠❛ Dλ ❝♦♠♦ s❡♥❞♦ ✉♠ ♣r❡❡♥❝❤✐♠❡♥t♦ ❞❛s ❝❛✐①❛s ❞❡ Dλ ❝♦♠ ♦s ✐♥t❡✐r♦s 1, . . . , n✳

❉✐r❡♠♦s q✉❡ Tλ é ✉♠❛ t❛❜❡❧❛ ❞❛ ❢♦r♠❛ λ✳

❊①❡♠♣❧♦ ✷✳✶✳✺ ❈♦♥s✐❞❡r❡ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣ ❞❛❞♦ ♣♦r

D(4,3) = .

❚❡♠♦s q✉❡ ❛ t❛❜❡❧❛

T(4,3) =
2 7 1 4
3 6 5

é ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣✳

❉❡✜♥✐çã♦ ✷✳✶✳✻ ❯♠❛ t❛❜❡❧❛ Tλ ❞❛ ❢♦r♠❛ λ é ❞✐t❛ st❛♥❞❛r❞ s❡ ♦s ✐♥t❡✐r♦s ❡♠ ❝❛❞❛

❧✐♥❤❛ ❡ ❡♠ ❝❛❞❛ ❝♦❧✉♥❛ ❞❡ Tλ ❛✉♠❡♥t❛♠ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛ ❡ ❞❡ ❝✐♠❛ ♣❛r❛

❜❛✐①♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊①❡♠♣❧♦ ✷✳✶✳✼ ❆ t❛❜❡❧❛

T(3,3,2,1) =

1 2 4
3 5 6
7 9
8

é st❛♥❞❛r❞✳ ❏á ❛ t❛❜❡❧❛

T(3,1) =
1 4 3
2

♥ã♦ é st❛♥❞❛r❞✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✺✽ ✷✳ Sn✲❘❡♣r❡s❡♥t❛çõ❡s

❊①✐st❡ ✉♠❛ ❡str❡✐t❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ♥ú♠❡r♦ ❞❡ t❛❜❡❧❛s st❛♥❞❛r❞s ❞❛ ❢♦r♠❛ λ ❡ ♦

❣r❛✉ ❞♦ Sn✲❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧ χλ✳

❚❡♦r❡♠❛ ✷✳✶✳✽ ❉❛❞❛ ✉♠❛ ♣❛rt✐çã♦ λ ⊢ n✱ ♦ ♥ú♠❡r♦ ❞❡ t❛❜❡❧❛s st❛♥❞❛r❞s ❞❛ ❢♦r♠❛ λ

é ✐❣✉❛❧ ❛ dλ✱ ♦ ❣r❛✉ ❞❡ χλ✱ ♦ Sn✲❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ λ✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❇❪✱ ❚❡♦r❡♠❛ ✹✳✻✱ ♣á❣✐♥❛ ✶✶✹✳ �

❆♣r❡s❡♥t❛r❡♠♦s ❛q✉✐ ✉♠❛ ❢ór♠✉❧❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ❣r❛✉ dλ ❞♦ ❝❛r❛❝t❡r ✐rr❡❞✉✲

tí✈❡❧ χλ✳

❉❛❞♦ ✉♠ ❞✐❛❣r❛♠❛ Dλ✱ λ ⊢ n✱ ✐❞❡♥t✐✜❝❛♠♦s ✉♠❛ ❝❛✐①❛ ❞❡ Dλ ❝♦♠ ♦ ♣❛r ❝♦r✲

r❡s♣♦♥❞❡♥t❡ (i, j)✳ P♦r ❡①❡♠♣❧♦✱ ❛ q✉❛rt❛ ❝❛✐①❛ ❞❛ t❡r❝❡✐r❛ ❧✐♥❤❛ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣❛r

(3, 4)✳

❉❡✜♥✐çã♦ ✷✳✶✳✾ P❛r❛ t♦❞❛ ❝❛✐①❛ (i, j) ∈ Dλ✱ ❞❡✜♥✐♠♦s ♦ ❣❛♥❝❤♦ ❞❡ (i, j) ❝♦♠♦ s❡♥❞♦

♦ ♥ú♠❡r♦ hij = λi+ λ′j − i− j +1✱ ♦♥❞❡ λ′ = (λ′1, . . . , λ
′
s) é ❛ ♣❛rt✐çã♦ ❝♦♥❥✉❣❛❞❛ ❞❡ λ✳

◆♦t❡ q✉❡ hij ❝♦♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ❝❛✐①❛s q✉❡ ❡stã♦ à ❞✐r❡✐t❛ ❡ ❛❜❛✐①♦ ❞❡ (i, j)✱

✐♥❝❧✉✐♥❞♦ ❛ ♣ró♣r✐❛ ❝❛✐①❛ (i, j)✳

❚❡♦r❡♠❛ ✷✳✶✳✶✵ ✭❋ór♠✉❧❛ ❞♦ ●❛♥❝❤♦✮ ❙❡♥❞♦ λ ⊢ n✱ t❡♠♦s q✉❡

dλ =
n!

∏

i,j

hij
,

♦♥❞❡ ♦ ♣❛r (i, j) ♣❡r❝♦rr❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ Dλ✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❏❑❪✱ ❚❡♦r❡♠❛ ✷✳✸✳✷✶✱ ♣á❣✐♥❛ ✺✻✳ �

❉❡s❝r❡✈❡r❡♠♦s ❛❣♦r❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ✐❞❡❛✐s ♠✐♥✐♠❛✐s à ❡sq✉❡r❞❛ ❞❡ KSn✳
❉❛❞❛ ✉♠❛ t❛❜❡❧❛ Tλ ❞❛ ❢♦r♠❛ λ✱ ♣❛r❛ λ ⊢ n✱ ❞❡♥♦t❛r❡♠♦s ♣♦r Tλ = Dλ(aij)✱ ♦♥❞❡ aij

é ♦ ✐♥t❡✐r♦ q✉❡ ♣r❡❡♥❝❤❡ ❛ ❝❛✐①❛ (i, j)✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✶ ❙❡❥❛ λ = (λ1, . . . , λr) ⊢ n✳ ❉❡✜♥✐♠♦s ♦ ❡st❛❜✐❧✐③❛❞♦r ❞❡ ❧✐♥❤❛s

❞❡ Tλ ❝♦♠♦ s❡♥❞♦

RTλ = Sλ1(a11, . . . , a1λ1)× · · · × Sλr(ar1, . . . , arλr) ✭♣r♦❞✉t♦ ❞✐r❡t♦ ✐♥t❡r♥♦✮,

♦♥❞❡ Sλi(ai1, . . . , aiλi) ❞❡♥♦t❛ ♦ s✉❜❣r✉♣♦ ❞❡ Sn q✉❡ ❛❣❡ ♥♦s ✐♥t❡✐r♦s ai1, . . . , aiλi✱

❞❡✐①❛♥❞♦ ♦s ❞❡♠❛✐s ✜①♦s✳ ❖❜s❡r✈❡ q✉❡ Sλi(ai1, . . . , aiλi) ∼= Sλi✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✷✳✶✳ Sn✲❘❡♣r❡s❡♥t❛çõ❡s ❡ ❚❛❜❡❧❛s ❞❡ ❨♦✉♥❣ ✺✾

❆ss✐♠✱ RTλ é ♦ s✉❜❣r✉♣♦ ❞❡ Sn ❝♦♠♣♦st♦ ♣♦r t♦❞❛s ❛s ♣❡r♠✉t❛çõ❡s q✉❡ ❡st❛❜✐❧✐✲

③❛♠ ❛s ❧✐♥❤❛s ❞❡ Tλ✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡✜♥✐♠♦s ❡st❛❜✐❧✐③❛❞♦r ❞❡ ❝♦❧✉♥❛s ❞❡ Tλ ♥♦ q✉❡ s❡❣✉❡✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✷ ❙❡❥❛ λ = (λ1, . . . , λr) ⊢ n ❡ ❝♦♥s✐❞❡r❡ ❛ s✉❛ ♣❛rt✐çã♦ ❝♦♥❥✉❣❛❞❛

λ′ = (λ′1, . . . , λ
′
s)✳ ❉❡✜♥✐♠♦s ♦ ❡st❛❜✐❧✐③❛❞♦r ❞❡ ❝♦❧✉♥❛s ❞❡ Tλ ❝♦♠♦ s❡♥❞♦

CTλ = Sλ′
1
(a11, . . . , aλ′

1
1)× · · · × Sλ′s(a1λ1 , . . . , aλ′sλ1) ✭♣r♦❞✉t♦ ❞✐r❡t♦ ✐♥t❡r♥♦✮.

P♦r ✐ss♦✱ CTλ é ♦ s✉❜❣r✉♣♦ ❞❡ Sn ❝♦♥st✐t✉í❞♦ ❞❡ t♦❞❛s ❛s ♣❡r♠✉t❛çõ❡s q✉❡ ❡st❛✲

❜✐❧✐③❛♠ ❛s ❝♦❧✉♥❛s ❞❡ Tλ✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✸ P❛r❛ ✉♠❛ ❞❛❞❛ t❛❜❡❧❛ Tλ✱ λ ⊢ n✱ ❞❡✜♥✐♠♦s

eTλ =
∑

σ∈RTλ
τ∈CTλ

(−1)τστ.

❉✐③❡♠♦s q✉❡ ✉♠ ❡❧❡♠❡♥t♦ e ∈ KG é ✐❞❡♠♣♦t❡♥t❡ ❡ss❡♥❝✐❛❧ s❡ ❡①✐st❡ ❛❧❣✉♠ γ ∈ K✱

γ 6= 0✱ t❛❧ q✉❡ e2 = γe✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡❧❡♠❡♥t♦ ✐❞❡♠♣♦t❡♥t❡ é ♠✐♥✐♠❛❧ s❡ ♦ ✐❞❡❛❧

❣❡r❛❞♦ ♣♦r ❡❧❡ ❢♦r ♠✐♥✐♠❛❧✳

❋✐①❛❞❛ λ ⊢ n✱ ♣♦❞❡✲s❡ ♠♦str❛r q✉❡ e2Tλ = aeTλ ✱ ♦♥❞❡ a =
n!

dλ
=

∏

(i,j)∈Dλ

hij é

✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥✉❧♦ ✭✈❡r ❬❇❪✱ ❚❡♦r❡♠❛ ✸✳✶✱ ♣á❣✐♥❛ ✶✵✾✮✱ ✐st♦ é✱ eTλ é ✉♠ ❡❧❡♠❡♥t♦

✐❞❡♠♣♦t❡♥t❡ ❡ss❡♥❝✐❛❧✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✹ ❙❡❥❛♠ α ∈ Sn✱ λ ❡ µ ♣❛rt✐çõ❡s ❞❡ n✱ Dλ ❡ Dµ ❞✐❛❣r❛♠❛s ❞❡ ❨♦✉♥❣

❡ Tλ ❡ Tµ s✉❛s r❡s♣❡❝t✐✈❛s t❛❜❡❧❛s ❞❡ ❨♦✉♥❣✳ ❊♥tã♦ t❡♠♦s✿

❛✮ ❊①✐st❡ γ ∈ K s❛t✐s❢❛③❡♥❞♦ eTλαeTλ = γeTλ❀

❜✮ ❙❡ λ > µ✱ ❡♥tã♦ eTλαeTµ = 0✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❏✷❪✱ ❈❛♣ít✉❧♦ ✺✱ ❙❡çã♦ ✹✱ ♣á❣✐♥❛s ✷✻✺✲✷✻✾✳ �

❚❡♠♦s ❛❜❛✐①♦ ✉♠ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ ❛ r❡s♣❡✐t♦ ❞❡ eTλ ✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✺ P❛r❛ t♦❞❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ Tλ ❞❛ ❢♦r♠❛ λ ⊢ n✱ ♦ ❡❧❡♠❡♥t♦ eTλ é

✉♠ ✐❞❡♠♣♦t❡♥t❡ ❡ss❡♥❝✐❛❧ ♠✐♥✐♠❛❧ ❞❡ KSn ❡ KSneTλ é ✉♠ ✐❞❡❛❧ ♠✐♥✐♠❛❧ à ❡sq✉❡r❞❛ ❞❡

KSn ❝♦♠ ❝❛r❛❝t❡r χλ✳ ❆s t❛❜❡❧❛s ❞❡ ❨♦✉♥❣ Tλ ❡ T ∗
λ sã♦ ❞❛ ♠❡s♠❛ ❢♦r♠❛ s❡✱ ❡ s♦♠❡♥t❡

s❡✱ eTλ ❡ eT ∗

λ
❣❡r❛♠ r❡♣r❡s❡♥t❛çõ❡s ❡q✉✐✈❛❧❡♥t❡s ❡♠ KSn✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✻✵ ✷✳ Sn✲❘❡♣r❡s❡♥t❛çõ❡s

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❇❪✱ ❚❡♦r❡♠❛ ✸✳✶✱ ♣á❣✐♥❛ ✶✵✾✱ ♣❛r❛ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡✱ ❡ ❚❡♦r❡♠❛

✸✳✷✱ ♣á❣✐♥❛ ✶✶✵✱ ♣❛r❛ ❛ s❡❣✉♥❞❛ ♣❛rt❡✳ �

❆ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ♥♦s ❞✐③ q✉❡ s❡ ❞✉❛s t❛❜❡❧❛s Tλ ❡ T ∗
λ sã♦ ❞❛ ♠❡s♠❛ ❢♦r♠❛

λ✱ ❡♥tã♦ KSneTλ ∼= KSneT ∗

λ
❝♦♠♦ Sn✲♠ó❞✉❧♦s✱ ❛♦ ♣❛ss♦ q✉❡ s❡ Tλ ❡ T ∗

λ sã♦ ❞❡ ❢♦r♠❛s

❞✐❢❡r❡♥t❡s✱ ❡♥tã♦ KSneTλ ≇ KSneT ∗

λ
✳

❚❡♠♦s q✉❡ ❛s t❛❜❡❧❛s st❛♥❞❛r❞s ❛♣❛r❡❝❡♠ q✉❛♥❞♦ s❡ q✉❡r ❡♥❝♦♥tr❛r ✉♠❛ ❞❡❝♦♠✲

♣♦s✐çã♦ ❞❡ Iλ ✭✈❡r Pr♦♣♦s✐çã♦ ✷✳✶✳✷✮ ❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡ ✐❞❡❛✐s ♠✐♥✐♠❛✐s à ❡sq✉❡r❞❛

❞❡ KSn✳ ❊st❛ ❞❡❝♦♠♣♦s✐çã♦ é ❞❛❞❛ ❡♠ ❢✉♥çã♦ ❞♦s ✐❞❡♠♣♦t❡♥t❡s ❡ss❡♥❝✐❛✐s r❡s✉❧t❛♥t❡s

❞❛s t❛❜❡❧❛s st❛♥❞❛r❞ ❞❛ ❢♦r♠❛ λ✳ ■st♦ é ❡①♣r❡ss❛❞♦ ♥♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✻ ❙❡ T1, . . . , Tdλ sã♦ t♦❞❛s ❛s t❛❜❡❧❛s st❛♥❞❛r❞s ❞❛ ❢♦r♠❛ λ✱ ❡♥tã♦

Iλ✱ ♦ ✐❞❡❛❧ ✭❜✐❧❛t❡r❛❧✮ ♠✐♥✐♠❛❧ ❞❡ KSn ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ λ✱ t❡♠ ❛ ❞❡❝♦♠♣♦s✐çã♦

Iλ =

dλ⊕

i=1

KSneTi .

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ Pr♦♣♦s✐çã♦ ✷✳✷✳✶✹✱ ♣á❣✐♥❛ ✹✾✳ �

❘❡❧❡♠❜r❛♥❞♦ q✉❡ KSn =
⊕

µ⊢n Iµ ✭✈❡r Pr♦♣♦s✐çã♦ ✷✳✶✳✷✮✱ ♦♥❞❡ Iµ é ♦ ✐❞❡❛❧ ✭❜✐❧❛✲

t❡r❛❧✮ ❞❡ KSn ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ µ✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡

KSn =
⊕

µ⊢n
Tµstandard

KSneTµ .

❆❣♦r❛✱ ♦❜s❡r✈❛♥❞♦ q✉❡ Sn ♣♦❞❡ s❡r ✐♠❡rs♦ ❡♠ Sn+1✱ ❜❛st❛♥❞♦ ✈❡r Sn ❝♦♠♦ ✉♠

s✉❜❣r✉♣♦ ❞❡ Sn+1 ❢♦r♠❛❞♦ ❞❡ t♦❞❛s ❛s ♣❡r♠✉t❛çõ❡s q✉❡ ✜①❛♠ ♦ ✐♥t❡✐r♦ n+1✱ ❞❛r❡♠♦s

✉♠ r❡s✉❧t❛❞♦ q✉❡ ❞á ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ✐rr❡❞✉tí✈❡✐s ❞❡ t♦❞♦ Sn✲♠ó❞✉❧♦ ✐♥❞✉③✐❞♦

❡♠ Sn+1✳

❙❡❥❛♠ H ✉♠ s✉❜❣r✉♣♦ ❞♦ ❣r✉♣♦ G ❡ M ✉♠ G✲♠ó❞✉❧♦✳ ❘❡❧❡♠❜r❛♠♦s q✉❡ ♣♦❞❡✲

♠♦s ❝♦♥s✐❞❡r❛r✱ ♣♦r r❡str✐çã♦✱ M ❝♦♠♦ ✉♠ H✲♠ó❞✉❧♦✱ ❡ ♦ ❞❡♥♦t❛r❡♠♦s ♣♦r M ↓ H✱

❝❤❛♠❛♥❞♦✲♦ ❞❡ ♠ó❞✉❧♦ ✐♥❞✉③✐❞♦ ❡♠ H✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡♥❞♦ M ✉♠ H✲♠ó❞✉❧♦✱ ♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧ KG⊗KHM t❡♠ ✉♠❛ ❡str✉t✉r❛ ♥❛t✉r❛❧ ❞❡ G✲♠ó❞✉❧♦✳ ❉❡♥♦t❛r❡♠♦s t❛❧

♠ó❞✉❧♦ ♣♦r M ↑ G ❡ ♦ ❝❤❛♠❛r❡♠♦s ❞❡ G✲♠ó❞✉❧♦ ✐♥❞✉③✐❞♦ ♣♦r M ✳

◆♦ t❡♦r❡♠❛ ❛❜❛✐①♦✱ ❞❡♥♦t❛r❡♠♦s ♣♦rMλ ♦ Sn✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ❝♦rr❡s♣♦♥❞❡♥t❡

❛ ♣❛rt✐çã♦ λ ❞❡ n✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✷✳✷✳ Sn✲❛çã♦ ❡♠ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ✻✶

❚❡♦r❡♠❛ ✷✳✶✳✶✼ ✭❇r❛♥❝❤✐♥❣✮ ❙❡♥❞♦ ♦ ❣r✉♣♦ Sn ✐♠❡rs♦ ❡♠ Sn+1 ❝♦♠♦ ♦ s✉❜❣r✉♣♦

❞❡ Sn+1 q✉❡ ✜①❛ ♦ ✐♥t❡✐r♦ n+ 1✱ t❡♠♦s✿

❛✮ ❙❡ λ ⊢ n✱ ❡♥tã♦
Mλ ↑ Sn+1

∼=
∑

µ∈λ+

Mµ,

♦♥❞❡ λ+ é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣❛rt✐çõ❡s ❞❡ n + 1 ❝✉❥♦ ❞✐❛❣r❛♠❛ é ♦❜t✐❞♦ ❞❡

Dλ ❛❞✐❝✐♦♥❛♥❞♦✲s❡ ✉♠❛ ❝❛✐①❛❀

❜✮ ❙❡ µ ⊢ n+ 1✱ ❡♥tã♦

Mµ ↓ Sn ∼=
∑

λ∈µ−

Mλ,

♦♥❞❡ µ− é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣❛rt✐çõ❡s ❞❡ n ❝✉❥♦ ❞✐❛❣r❛♠❛ é ♦❜t✐❞♦ ❞❡ Dµ

r❡t✐r❛♥❞♦✲s❡ ✉♠❛ ❝❛✐①❛✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❏❑❪✱ ❚❡♦r❡♠❛ ✷✳✹✳✸✱ ♣á❣✐♥❛ ✺✾✳ �

❱❛❧❡ ♦❜s❡r✈❛r q✉❡ s❡ γ = (γ1, . . . , γr) ⊢ n✱ ❡♥tã♦

γ+ = {γi+ ⊢ n+ 1 | γi+ = (γ1, . . . , γi−1, γi + 1, γi+1, . . .), i = 1, . . . , r + 1}

♦♥❞❡ γ(r+1)+ = (γ1, . . . , γr, 1)✱ ❡

γ− = {γi− ⊢ n− 1 | γi− = (γ1, . . . , γi−1, γi − 1, γi+1, . . .), i = 1, . . . , r − 1}.

✷✳✷ Sn✲❛çã♦ ❡♠ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s

◆❡st❛ s❡çã♦ ✐♥tr♦❞✉③✐r❡♠♦s ✉♠❛ ❛çã♦ ❞♦ ❣r✉♣♦ s✐♠étr✐❝♦ Sn ♥♦ ❡s♣❛ç♦ ❞♦s ♣♦✲

❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❡♠ n ✈❛r✐á✈❡✐s ✜①❛s✳ ❚❛❧ ❛çã♦ é ✉♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s ❢❡rr❛♠❡♥t❛s

♣❛r❛ ❞❡♠♦♥str❛r ❛❧❣✉♥s ✐♠♣♦rt❛♥t❡s r❡s✉❧t❛❞♦s ❞❛ PI✲❚❡♦r✐❛✳ ■♥✐❝✐❛r❡♠♦s ❝♦♠ ✉♠

r❡s✉❧t❛❞♦ ❛❝❡r❝❛ ❞❡ Sn✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶ ❙❡❥❛ M ✉♠ Sn✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛ ✐rr❡❞✉tí✈❡❧ ❝♦♠ ❝❛r❛❝t❡r χ(M) =

χλ✱ ♣❛r❛ ❛❧❣✉♠ λ ⊢ n✳ ❊♥tã♦ ❡①✐st❡♠ ❛❧❣✉♠ f ∈ M ❡ ❛❧❣✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ Tλ
❞❛ ❢♦r♠❛ λ t❛✐s q✉❡ M é ❣❡r❛❞♦ ❝♦♠♦ Sn✲♠ó❞✉❧♦ ♣♦r ✉♠ ❡❧❡♠❡♥t♦ ❞❛ ❢♦r♠❛ eTλf ✳

❆❞❡♠❛✐s✱ ♣❛r❛ t♦❞❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ T ∗
λ ❞❛ ❢♦r♠❛ λ✱ ❡①✐st❡ f ′ ∈ M t❛❧ q✉❡ M =

KSneT ∗

λ
f ′✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ ▲❡♠❛ ✷✳✹✳✶✱ ♣á❣✐♥❛ ✺✷✳ �
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✻✷ ✷✳ Sn✲❘❡♣r❡s❡♥t❛çõ❡s

❆ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ❞✐③ q✉❡ ❞❛❞❛ ✉♠❛ ♣❛rt✐çã♦ γ ⊢ n ❡ ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ Tγ

❞❛ ❢♦r♠❛ γ✱ t♦❞♦ Sn✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ M ✱ ❝♦♠ ❝❛r❛❝t❡r χ(M) = χγ✱ ♣♦❞❡ s❡r ❣❡r❛❞♦

♣♦r ✉♠ ❡❧❡♠❡♥t♦ ❞♦ t✐♣♦ eTγf ✱ ♣❛r❛ ❛❧❣✉♠ f ∈M ✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛✱ ✜①❛❞♦ n ≥ 1✱ ♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ Pn ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧♦

❝♦♥❥✉♥t♦ {xσ(1)xσ(2) · · · xσ(n) | σ ∈ Sn}. ▲♦❣♦✱ s❡ f ∈ Pn✱ ❡♥tã♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

f =
∑

σ∈Sn

ασxσ(1)xσ(2) · · · xσ(n), ασ ∈ K.

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ Pn ❝♦♥tê♠ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ✭❞❡ ❣r❛✉ n✮ ♠✉❧t✐❧✐♥❡❛r❡s ♥❛s

✈❛r✐á✈❡✐s x1, x2, . . . , xn ❞❛ á❧❣❡❜r❛ ❧✐✈r❡ K〈X〉✱ ❡ ♣♦r ✐ss♦ Pn é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❞♦s

♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ ❣r❛✉ n✳ ❖❜s❡r✈❡ q✉❡ dimPn = n!✱ ✉♠❛ ✈❡③ q✉❡ ♦ ❝♦♥❥✉♥t♦

{xσ(1) · · · xσ(n) | σ ∈ Sn} é ✉♠❛ ❜❛s❡ ❞♦ ❡s♣❛ç♦ Pn✳

❉❡✜♥✐♠♦s ❛ ❛♣❧✐❝❛çã♦ ϕ : KSn → Pn ❝♦♠♦ s❡♥❞♦ ❛ q✉❡ s❛t✐s❢❛③

ϕ

(
∑

σ∈Sn

ασσ

)

=
∑

σ∈Sn

ασxσ(1)xσ(2) · · · xσ(n), ασ ∈ K.

◆♦t❡ q✉❡ ϕ é ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r✳ ❆ss✐♠✱ q✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦✱ ♣♦❞❡✲

♠♦s ✉s❛r ❛ ♠❡s♠❛ ♥♦t❛çã♦ ♣❛r❛ ✉♠ ❡❧❡♠❡♥t♦ f ∈ KSn ❡ ♣❛r❛ s✉❛ ✐♠❛❣❡♠ ♣♦r ϕ ❡♠

Pn✳ ❖❜s❡r✈❡ q✉❡ Sn ❛❣❡ ❡♠ Pn ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ s❡ σ ∈ Sn ❡ f(x1, . . . , xn) ∈ Pn✱

❡♥tã♦

σf(x1, . . . , xn) = f(xσ(1), . . . , xσ(n)),

♦✉ s❡❥❛✱ σ ❛❣❡ ❡♠ f ♣❡r♠✉t❛♥❞♦ s✉❛s ✈❛r✐á✈❡✐s ❝♦♥❢♦r♠❡ σ✳ ❊st❛ ❛çã♦ ❢❛③ ❞❡ Pn ✉♠

Sn✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛✳

❈♦♠♦ ♦s T ✲✐❞❡❛✐s sã♦ ✐♥✈❛r✐❛♥t❡s ♣♦r ❡♥❞♦♠♦r✜s♠♦s✱ ♣♦❞❡✲s❡ ✈❡r q✉❡ sã♦ ❛✐♥❞❛

✐♥✈❛r✐❛♥t❡s ♣♦r ♣❡r♠✉t❛çõ❡s ❞❡ ✈❛r✐á✈❡✐s✱ ❡ ❞❛í✱ s❡♥❞♦ A ✉♠❛ PI✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱

t❡♠♦s q✉❡ σf ∈ Pn ∩ Id(A)✱ ♣❛r❛ q✉❛✐sq✉❡r σ ∈ Sn ❡ f ∈ Pn ∩ Id(A)✳ ▲♦❣♦✱ ♦❜t❡♠♦s

q✉❡ Pn ∩ Id(A) é ✉♠ Sn✲s✉❜♠ó❞✉❧♦ ❞❡ Pn✳ ❉❛í✱ ♦ q✉♦❝✐❡♥t❡ Pn(A) =
Pn

Pn ∩ Id(A)
t❡♠

✉♠❛ ❡str✉t✉r❛ ❞❡ Sn✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛✳

❉❡✜♥✐çã♦ ✷✳✷✳✷ P❛r❛ n ≥ 1✱ ❞❡✜♥✐♠♦s ♦ n✲és✐♠♦ ❝♦❝❛r❛❝t❡r ❞❡ ✉♠❛ PI✲á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ A ❝♦♠♦ s❡♥❞♦ ♦ Sn✲❝❛r❛❝t❡r ❞❡ Pn(A) =
Pn

Pn ∩ Id(A)
✱ ❡ ♦ ❞❡♥♦t❛♠♦s ♣♦r

χn(A)✳

◆♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✱ ✐r❡♠♦s ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ s❡q✉ê♥❝✐❛

❞❡ ❝♦❞✐♠❡♥sõ❡s (cn(A))n≥1✱ ♦♥❞❡ cn(A) = χn(A)(1)✱ ♣❛r❛ t♦❞❛ PI✲á❧❣❡❜r❛ A✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✷✳✸✳ ❆❧❣✉♥s ❖✉tr♦s ❘❡s✉❧t❛❞♦s ✻✸

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✹✵✱ ♣♦❞❡♠♦s ❞❡❝♦♠♣♦r ♦ n✲és✐♠♦ ❝♦❝❛r❛❝t❡r ❞❡ A ❡♠ ✐rr❡❞✉tí✲

✈❡✐s✱ ❡ ❞❛í ♣♦❞❡♠♦s ❡s❝r❡✈❡r

χn(A) =
∑

µ⊢n

mµχµ ,

♦♥❞❡ χµ é ♦ Sn✲❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧ ❛ss♦❝✐❛❞♦ à ♣❛rt✐çã♦ µ ❞❡ n ❡ mµ ≥ 0 é ❛ ❝♦rr❡s✲

♣♦♥❞❡♥t❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ♥♦s ❞❛rá ✉♠❛ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❝♦♠♣✉t❛r ♦ n✲és✐♠♦ ❝♦❝❛r❛❝t❡r

❞❡ ✉♠❛ PI✲á❧❣❡❜r❛ A✳

❚❡♦r❡♠❛ ✷✳✷✳✸ ❙❡❥❛ A ✉♠❛ PI✲á❧❣❡❜r❛ ❝♦♠ n✲és✐♠♦ ❝♦❝❛r❛❝t❡r χn(A) =
∑

µ⊢nmµχµ

✭❝♦♠♦ ❞❡s❝r✐t♦ ❛❝✐♠❛✮✳ P❛r❛ ❝❛❞❛ ♣❛rt✐çã♦ µ ⊢ n✱ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ mµ é ✐❣✉❛❧ ❛ ③❡r♦

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ á❧❣❡❜r❛ A s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ eTµf ≡ 0✱ ♣❛r❛ t♦❞❛ t❛❜❡❧❛ Tµ ❞❛

❢♦r♠❛ µ ❡ t♦❞♦ ♣♦❧✐♥ô♠✐♦ f = f(x1, . . . , xn) ∈ Pn✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ ❚❡♦r❡♠❛ ✷✳✹✳✺✱ ♣á❣✐♥❛ ✺✺✳ �

▲❡♠❜r❡♠♦s q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✷✹✱ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ t♦❞❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ♥ã♦ ♥✉❧❛ é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s✳ ◆♦

♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ❞❡s❝r❡✈❡r❡♠♦s ❛ ❡str✉t✉r❛ ❞♦ ❡s♣❛ç♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s

❡♠ t❡r♠♦s ❞❡ Sn✲❛çõ❡s✳

❚❡♦r❡♠❛ ✷✳✷✳✹ ❙❡❥❛ f ∈ Pn ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r q✉❛❧q✉❡r✳ ❊♥tã♦ ❡①✐st❡♠ ✉♠

❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s g1, . . . , gr ∈ Pn ❡ ♣❛rt✐çõ❡s λ1, . . . , λr ❞❡ n✱ r ≥ 1✱ t❛✐s

q✉❡

KSnf = KSneTλ1g1 + · · ·+KSneTλr gr.

❉❡♠♦♥str❛çã♦✿ ❚♦♠❡♠♦s f ∈ Pn q✉❛❧q✉❡r✳ ❊s❝r❡✈❡♥❞♦ M = KSnf ✱ s❡❣✉❡ ❞♦

❚❡♦r❡♠❛ ✶✳✷✳✸✹ q✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡rM =M1⊕· · ·⊕Mr✱ ♦♥❞❡Mi é ✉♠ Sn✲s✉❜♠ó❞✉❧♦

✐rr❡❞✉tí✈❡❧ ❞❡ M ✳ ◆♦t❡ q✉❡ M ⊆ Pn✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✶✱ ❡①✐st❡♠ g1 ∈M1, . . . , gr ∈
Mr ❡ t❛❜❡❧❛s ❞❡ ❨♦✉♥❣ Tλ1 , . . . , Tλr ✱ ♦♥❞❡ Tλi é ❞❛ ❢♦r♠❛ λi ⊢ n✱ t❛✐s q✉❡ M1 =

KSneTλ1g1, . . . ,Mr = KSneTλr gr✳ P♦rt❛♥t♦✱ KSnf = KSneTλ1g1 + · · ·+KSneTλr gr✳ �

✷✳✸ ❆❧❣✉♥s ❖✉tr♦s ❘❡s✉❧t❛❞♦s

◆❡st❛ s❡çã♦✱ ❞❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s út❡✐s ❛❝❡r❝❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s

❞♦ t✐♣♦ eTλf ✱ ♦♥❞❡ λ ⊢ n ❡ Tλ é ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ ❞❛ ❢♦r♠❛ λ✱ ❛❧é♠ ❞❡ ♦✉tr♦s

r❡s✉❧t❛❞♦s ♠❛✐s ❣❡r❛✐s ❞❛ ❚❡♦r✐❛ ❞❡ ❨♦✉♥❣✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●
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Pr♦♣♦s✐çã♦ ✷✳✸✳✶ ❙❡❥❛♠ H ✉♠ s✉❜❣r✉♣♦ ❞❡ CTλ✱ N s✉❜❣r✉♣♦ ❞❡ RTλ✱ M ✉♠ Sn✲

♠ó❞✉❧♦ ❡ eTλu 6= 0 ♣❛r❛ ❛❧❣✉♠ u ∈M ✳ ❊♥tã♦✿

(
∑

σ∈H

(−1)σσ

)

eTλu 6= 0 e

(
∑

σ∈N

σ

)


∑

τ∈CTλ

(−1)ττ



 eTλu 6= 0.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ ▲❡♠❛ ✷✳✺✳✶ ❡ ▲❡♠❛ ✷✳✺✳✷✱ ♣á❣✐♥❛ ✺✼✳ �

❉❡✜♥✐çã♦ ✷✳✸✳✷ ❉❛❞♦ ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r f = f(x1, . . . , xn)✱ ❞✐③❡♠♦s q✉❡ f

❝♦rr❡s♣♦♥❞❡ à t❛❜❡❧❛ Tλ s❡ f = eTλf0 ♣❛r❛ ❛❧❣✉♠ ♣♦❧✐♥ô♠✐♦ f0 ∈ Pn✱ ♦♥❞❡ Tλ é ✉♠❛

t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ ❛ss♦❝✐❛❞❛ à ♣❛rt✐çã♦ λ ⊢ n✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✸ ❙❡♥❞♦ f = f(x1, . . . , xn) ∈ Pn − {0} ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦rr❡s♣♦♥❞❡♥t❡

à t❛❜❡❧❛ Tλ✱ ♣❛r❛ ❛❧❣✉♠ λ ⊢ n✱ t❡♠♦s ❡♥tã♦ q✉❡ KSnf é ✉♠ Sn✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f0 ∈ Pn t❛❧ q✉❡ f = eTλf0✳ ❉❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦

ϕ : KSneTλ −→ KSnf
a 7−→ ϕ(a) = a · f0

.

❚❡♠♦s q✉❡ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t✐✈♦ ❞❡ Sn✲♠ó❞✉❧♦s✳ ❈♦♠♦ KSneTλ é ✐rr❡✲

❞✉tí✈❡❧ ✭Pr♦♣♦s✐çã♦ ✷✳✶✳✶✺✮ ❡ Kerϕ 6= KSneTλ ✱ ✈✐st♦ q✉❡ ϕ(eTλ) = f 6= 0✱ t❡♠♦s q✉❡

Kerϕ = {0} ❡ ❛ss✐♠ ϕ é ✉♠ ✐s♦♠♦r✜s♠♦✳ P♦rt❛♥t♦✱ KSnf é ✐rr❡❞✉tí✈❡❧✳ �

❆❣♦r❛✱ t♦♠❡♠♦s ✐♥t❡✐r♦s d, l, t ≥ 0✳ ❉❡✜♥✐♠♦s ❛ ♣❛rt✐çã♦

h(d, l, t) = (l + t, . . . , l + t
︸ ︷︷ ︸

d

, l, . . . , l
︸ ︷︷ ︸

t

).

❖❜s❡r✈❡ q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛ss♦❝✐❛❞♦ à ♣❛rt✐çã♦ h(d, l, t) é ♦ ❣❛♥❝❤♦ ❞❛ ❢♦r♠❛

✛ t ✲✻

t

❄
✛ l ✲

✻

d

❄

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✷✳✸✳ ❆❧❣✉♥s ❖✉tr♦s ❘❡s✉❧t❛❞♦s ✻✺

❚❛♠❜é♠ ❞❡✜♥✐♠♦s ♦ ❣❛♥❝❤♦ ✐♥✜♥✐t♦ ❝♦♠♦ s❡❣✉❡✿

H(d, l) =
⋃

n≥1

{λ = (λ1, λ2, . . .) ⊢ n | λd+1 ≤ l}.

❊♥tã♦✱ H(d, l) ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❞✐❛❣r❛♠❛s ❝♦♥t✐❞♦s ♥♦

❞✐❛❣r❛♠❛ ❞❛❞♦ ♣❡❧❛ s❡❣✉✐♥t❡ ✜❣✉r❛

✛ l ✲

✻

d

❄

❖ ✐♥t❡✐r♦ d é ❝❤❛♠❛❞♦ ❞❡ ♠ã♦ ❞♦ ❣❛♥❝❤♦ ❡ l é ♦ ♣é ❞♦ ❣❛♥❝❤♦✳ ❉✐③❡♠♦s q✉❡ ✉♠❛

♣❛rt✐çã♦ λ ♣❡rt❡♥❝❡ ❛♦ ❣❛♥❝❤♦H(d, l)✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r λ ∈ H(d, l)✱ s❡ ♦ ❝♦rr❡s♣♦♥❞❡♥t❡

❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣ Dλ ❡stá ❝♦♥t✐❞♦ ❡♠ H(d, l)✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ M é ✉♠ Sn✲♠ó❞✉❧♦

❝♦♠ ❝❛r❛❝t❡r χ(M) =
∑

λ⊢mλχλ✱ ❡♥tã♦ ❡s❝r❡✈❡♠♦s χ(M) ⊆ H(d, l) s❡ λ ∈ H(d, l)

♣❛r❛ t♦❞❛ ♣❛rt✐çã♦ λ ⊢ n t❛❧ q✉❡ mλ 6= 0✳

❖❜s❡r✈❡ q✉❡ h(s, 0, n) = (n, . . . , n
︸ ︷︷ ︸

s

, 0, . . . , 0
︸ ︷︷ ︸

n

) = (ns)✱ ❡ ❞❛í ♦ ❝♦♥❥✉♥t♦

H(s, 0;n) = {λ ⊢ n | Dλ ⊆ Dh(s,0,n)}

= {λ = (λ1, . . . , λr) ⊢ n | r ≤ s}

é ❢♦r♠❛❞♦ ♣♦r t♦❞❛s ❛s ♣❛rt✐çõ❡s ❞❡ n q✉❡ ♣❡rt❡♥❝❡♠ ❛♦ ❣❛♥❝❤♦ ✐♥✜♥✐t♦ H(s, 0) ✭❢❛✐①❛

❞❡ ❛❧t✉r❛ s✮✳ ❚❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✹ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ ❙❡ dimA = s <∞✱ ❡♥tã♦

χn(A) =
∑

λ∈H(s,0;n)

mλχλ.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❘❩❪✱ ▲❡♠❛ ✸✳✹✱ ♣á❣✐♥❛ ✶✾✸✾✳ �

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ❛ ❡str✉t✉r❛ ❞♦ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ❝♦rr❡s♣♦♥❞❡♥t❡ à t❛❜❡❧❛ ❞❡

❨♦✉♥❣ Tλ✱ ♦♥❞❡ λ ∈ H(d, l)✱ ♦ ❣❛♥❝❤♦ ✐♥✜♥✐t♦✳ ❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ♥♦s ❞á ✉♠❛ ✉♠❛

❢❡rr❛♠❡♥t❛ ♣❛r❛ ❝♦♥str✉✐r ♣♦❧✐♥ô♠✐♦s s✐♠étr✐❝♦s ♦✉ ❛❧t❡r♥❛♥t❡s✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●
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❚❡♦r❡♠❛ ✷✳✸✳✺ ❙❡❥❛♠ λ ✉♠❛ ♣❛rt✐çã♦ ❞❡ n✱ Tλ ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ ❞❛ ❢♦r♠❛ λ

❡ f = eTλg✱ ♦♥❞❡ g = g(x1, . . . , xn) ∈ Pn é ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ♥❛s ✈❛r✐á✈❡✐s

x1, . . . , xn✳ ❙❡ λ ∈ H(d, l)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ Xn = {x1, . . . , xn} ❡♠

✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛

Xn = X1 ∪ · · · ∪Xd′ ∪ Y1 ∪ · · · ∪ Yl′ ✭✷✳✷✮

❝♦♠ d′ ≤ d✱ l′ ≤ l ❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r f ′ = f ′(x1, . . . , xn) t❛❧ q✉❡

✲ f ′ é s✐♠étr✐❝♦ ❡♠ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s Xi✱ i = 1, . . . , d′❀

✲ f ′ é ❛❧t❡r♥❛♥t❡ ❡♠ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s Yj✱ j = 1, . . . , l′❀

✲ KSnf = KSnf ′❀

✲ ♦s ✐♥t❡✐r♦s d′, l′, |X1|, . . . , |Xd′ |, |Y1|, . . . , |Yl′ | sã♦ ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦s ♣♦r λ

❡ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛ ❡s❝♦❧❤❛ ❞❛ t❛❜❡❧❛ Tλ❀

✲ ❛ ❞❡❝♦♠♣♦s✐çã♦ ✭✷✳✷✮ é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r Tλ ❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ g✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ ▲❡♠❛ ✷✳✺✳✻✱ ♣á❣✐♥❛ ✻✵✳ �

❚♦♠❡♠♦s ❛❣♦r❛ ❞✉❛s ♣❛rt✐çõ❡s λ = (λ1, . . . , λr) ⊢ n ❡ µ = (µ1, . . . , µs) ⊢ m✳

❉✐③❡♠♦s q✉❡ λ ≥ µ s❡ r ≥ s ❡ λi ≥ µi ♣❛r❛ t♦❞♦ i = 1, 2, . . . , s✳ ◆♦t❡ q✉❡ λ ≥ µ s❡✱

❡ s♦♠❡♥t❡ s❡✱ Dµ ⊆ Dλ✳ ➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ♥❛ ♣á❣✐♥❛ ✺✻ ❛♣r❡s❡♥t❛♠♦s ✉♠❛

r❡❧❛çã♦ ❞❡ ♦r❞❡♠ ♥♦ ❝♦♥❥✉♥t♦ ❞❛s ♣❛rt✐çõ❡s ❞❡ ✉♠ ♠❡s♠♦ ♥ú♠❡r♦ ✐♥t❡✐r♦✱ ❥á ❡st❛ ú❧t✐♠❛

❞❡✜♥✐çã♦ ✭q✉❡ ♥ã♦ ❝❤❡❣❛ ❛ s❡r ✉♠❛ r❡❧❛çã♦ ❞❡ ♦r❞❡♠✮ tr❛③ ✉♠❛ ❢♦r♠❛ ❞❡ ❝♦♠♣❛r❛r

♣❛rt✐çõ❡s ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s ❞✐st✐♥t♦s✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✻ ❙❡ λ ⊢ n✱ µ ⊢ m sã♦ t❛✐s q✉❡ µ ≤ λ✱ ❝♦♠ n−m ≤ c✱ ❡♥tã♦

dµ ≤ dλ ≤ ncdµ.

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ❢ór♠✉❧❛ ❞♦ ❣❛♥❝❤♦ ✭❚❡♦r❡♠❛ ✷✳✶✳✶✵✮✱ t❡♠♦s q✉❡

dλ =
n!

∏

(i,j)∈Dλ

hλij
e dµ =

m!
∏

(i,j)∈Dµ

hµij
,

♦♥❞❡ hλij ❡ h
µ
ij sã♦ ♦s ❣❛♥❝❤♦s ❞❡ (i, j) ❞♦s ❞✐❛❣r❛♠❛s Dλ ❡ Dµ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦

µ ≤ λ✱ ❡ ❞❛í Dλ ⊇ Dµ✱ t❡♠♦s q✉❡
∏

(i,j)∈Dλ
hλij ≥ ∏

(i,j)∈Dµ
hµij✳ ◆♦t❡ q✉❡ n! =

n(n− 1) · · · (m+ 1)m! ≤ nn−mm!✱ ❡ ❞❛í✱ ♣♦r ❤✐♣ót❡s❡✱ n! ≤ ncm!✳ ❚❡♠♦s ❡♥tã♦

dλ =
n!

∏

(i,j)∈Dλ

hλij
≤ n!

∏

(i,j)∈Dµ

hµij
≤ ncm!

∏

(i,j)∈Dµ

hµij
= ncdµ
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✷✳✸✳ ❆❧❣✉♥s ❖✉tr♦s ❘❡s✉❧t❛❞♦s ✻✼

❡ ❛ss✐♠✱ ♣r♦✈❛♠♦s ❛ s❡❣✉♥❞❛ ✐♥❡q✉❛çã♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ ❞❡♠♦♥str❛r ❛ ✐♥❡q✉❛çã♦ dµ ≤ dλ✱ ✉t✐❧✐③❛r❡♠♦s ♦ ❚❡♦r❡♠❛

❇r❛♥❝❤✐♥❣ ✭❚❡♦r❡♠❛ ✷✳✶✳✶✼✮✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ n = m+1✳

❆ss✐♠✱ µ ∈ λ−✱ ♦✉ ❛✐♥❞❛✱ λ ∈ µ+✳ ❚❡♠♦s q✉❡ λ ⊢ m + 1✱ ❡ ❛ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛

❇r❛♥❝❤✐♥❣✱

Mλ ↓ Sm ∼=
∑

µ′∈λ−

Mµ′ ,

❝♦♠♦ Sm✲♠ó❞✉❧♦s✳ ❙❡♥❞♦ χ′
λ ♦ ❝❛r❛❝t❡r ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ Mλ ↓ Sm✱ s❡❣✉❡✲s❡ q✉❡

χ′
λ
∼=
∑

µ′∈λ−

χµ′ ,

♠❛s ❝♦♠♦ dλ = dimMλ = dim(Mλ ↓ Sm) = χ′
λ(1)✱ t❡♠♦s q✉❡ dλ =

∑

µ′∈λ− dµ′ ≥ dµ✳

P♦rt❛♥t♦✱ dµ ≤ dλ ≤ ncdµ✳ �

❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r t❛♠❜é♠ ♣♦❞❡rá s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬❘✶❪✱ ❈❛s♦s ❊s♣❡❝✐❛✐s ✹✳✺✱

❈❛s♦ ✶✱ ♣á❣✐♥❛ ✶✸✹✳

❉❛❞❛s ❞✉❛s ❢✉♥çõ❡s f(n) ❡ g(n) ❞❡ ✉♠ ❛r❣✉♠❡♥t♦ r❡❛❧ n✱ ❞✐③❡♠♦s q✉❡ f(n) ❡

g(n) ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ✐❣✉❛✐s✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r f(n) ∼= g(n)✱ s❡ lim
n→∞

f(n)

g(n)
= 1✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✼ P❛r❛ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s C, r > 0✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ✐♥❡q✉❛çã♦
∑

µ⊢n
µ∈H(d,l)

dµ ≤ Cnr(d+ l)n.

❆❞❡♠❛✐s✱ ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s a, b✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡ ❛ss✐♥tót✐❝❛

dh(d,l,k) ∼=
n→∞

anb(d+ l)n,

♦♥❞❡ h(d, l, k) ⊢ n✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ ▲❡♠❛ ✻✳✷✳✺✱ ♣á❣✐♥❛ ✶✹✽✳ �

❖❜s❡r✈❡ q✉❡ s❡ λ ∈ H(d, 0) ❡ λ ⊢ n✱ ❡♥tã♦ λ ∈ H(d, 0;n)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦

λ ∈ H(d, 0;n)✱ t❡♠♦s q✉❡ λ ∈ H(d, 0) ❡ λ ⊢ n✳ ❚❡♠♦s ❡♥tã♦ ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦ ❞❛

♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳

❈♦r♦❧ár✐♦ ✷✳✸✳✽ ❊①✐st❡♠ ❝♦♥st❛♥t❡s C, r > 0 t❛✐s q✉❡
∑

λ∈H(d,0;n)

dλ ≤ Cnrdn.
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✻✽ ✷✳ Sn✲❘❡♣r❡s❡♥t❛çõ❡s

❉❡♠♦♥str❛çã♦✿ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✼✱

∑

λ∈H(d,0;n)

dλ =
∑

λ⊢n
λ∈H(d,0)

dλ ≤ Cnrdn,

♣❛r❛ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s C, r > 0✳ �

P♦r ✜♠✱ ❡♥❝❡rr❛r❡♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❝♦♠ ✉♠ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ ❛❝❡r❝❛ ❞♦ ❝r❡s✲

❝✐♠❡♥t♦ ❞❛s ♠✉❧t✐♣❧✐❝✐❞❛❞❡smλ✬s q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ❞❡❝♦♠♣♦s✐çã♦ χn(A) =
∑

λ⊢nmλχλ✱

♦♥❞❡ χn(A) é ♦ n✲és✐♠♦ ❝♦❝❛r❛❝t❡r ❞❛ K✲á❧❣❡❜r❛ A✳ ❯♠❛ ♦✉tr❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❡

t❡♦r❡♠❛ ♣♦❞❡rá s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬●❩✷❪✱ ▲❡♠❛ ✹✳✾✳✷✱ ♣á❣✐♥❛ ✶✶✻✳

❚❡♦r❡♠❛ ✷✳✸✳✾ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❝✉❥♦ ❝♦❝❛✲

r❛❝t❡r é ❞❛❞♦ ♣♦r χn(A) =
∑

λ⊢nmλχλ✳ ❊♥tã♦ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ mλ é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡

❧✐♠✐t❛❞❛✱ ♣❛r❛ ❝❛❞❛ λ ⊢ n✱ ✐st♦ é✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s a, k > 0 t❛✐s q✉❡

mλ ≤ ank,

♣❛r❛ q✉❛✐sq✉❡r n ∈ N ❡ λ ⊢ n✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❇❘❪✱ ❚❡♦r❡♠❛ ✶✻✱ ♣á❣✐♥❛ ✺✻✻✳ �
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❈❛♣ít✉❧♦ ✸

PI✲❊①♣♦❡♥t❡ ❞❡ ➪❧❣❡❜r❛s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦❞✐♠❡♥sõ❡s ❞❡ ✉♠❛ á❧❣❡❜r❛✱ q✉❡

s❡rá ❞❡♥♦t❛❞❛ ♣♦r cn(A)✱ ❞❛ q✉❛❧ s❡ ❞❡r✐✈❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ PI✲❡①♣♦❡♥t❡ ❞❡ ✉♠❛ á❧❣❡❜r❛✳

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡st❡ ❝❛♣ít✉❧♦ é ❞❡♠♦♥str❛r ❛ ❡①✐stê♥❝✐❛ ❞♦ PI✲❡①♣♦❡♥t❡ ♣❛r❛ t♦❞❛

á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛✱ ❡ q✉❡ ❡st❡ é ✉♠ ✐♥t❡✐r♦ ✭♥ã♦ ♥❡❣❛t✐✈♦✮✳ ❆ ❝❤❛✈❡

♣❛r❛ t❛❧ r❡s✉❧t❛❞♦ é ❡♥❝♦♥tr❛r ✉♠❛ ❧✐♠✐t❛çã♦ ❞♦ t✐♣♦ C1n
r1dn ≤ cn(A) ≤ C2n

r2dn✱ ♦♥❞❡

C1, r1, C2, r2, d > 0 sã♦ ❝♦♥st❛♥t❡s ❡ A é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛

s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡ ✉t✐❧✐③❛r ✉♠ t❡♦r❡♠❛ ❞❡ ❑❡♠❡r ✭✈❡r ❚❡♦r❡♠❛

✶✳✹✳✷✻✮ ♣❛r❛ ❡st❡♥❞❡r ♦ r❡s✉❧t❛❞♦ ♣❛r❛ á❧❣❡❜r❛s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛s✳ P♦r ✜♠✱ ♥❛ ú❧t✐♠❛

s❡çã♦✱ ❞❛r❡♠♦s ❛❧❣✉♠❛s ❝♦♥s❡q✉ê♥❝✐❛s ✐♠♣♦rt❛♥t❡s ❞❡ ♦ PI✲❡①♣♦❡♥t❡ ❡①✐st✐r ❡ s❡r ✉♠

✐♥t❡✐r♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ q✉❡ ✉♠❛ á❧❣❡❜r❛ é ❝❡♥tr❛❧ s✐♠♣❧❡s s❡♠♣r❡ q✉❡ s❡✉ PI✲

❡①♣♦❡♥t❡ ❢♦r ✐❣✉❛❧ ❛ s✉❛ ❞✐♠❡♥sã♦✳ ❱❛❧❡ ❛ r❡❝í♣r♦❝❛✳ ❚♦❞♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❛q✉✐

❛♣r❡s❡♥t❛❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛ r❡❢❡rê♥❝✐❛ ❬●❩❪✳ ❆❧❣✉♥s r❡s✉❧t❛❞♦s ♦r✐✉♥❞♦s

❞♦ ❡st✉❞♦ ❞❛ ❛♥á❧✐s❡ r❡❛❧ s❡rã♦ ❛❞♠✐t✐❞♦s s❡♠ ❛ ❞❡✈✐❞❛ ❝♦♠♣r♦✈❛çã♦✱ ♠❛s q✉❡ ♣♦❞❡♠

s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬▲✐❪✳

❊♠ t♦❞♦ ❡st❡ ❝❛♣ít✉❧♦ K ❞❡♥♦t❛rá s❡♠♣r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❡ s❡rã♦

❝♦♥s✐❞❡r❛❞❛s ❛♣❡♥❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛s s♦❜r❡ K✳

✸✳✶ ❈♦❞✐♠❡♥sõ❡s ❞❡ ✉♠❛ ➪❧❣❡❜r❛

❙❡❥❛♠ A ✉♠❛ PI✲á❧❣❡❜r❛ s♦❜r❡ K ❡ K〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❞❡ ♣♦st♦

❡♥✉♠❡rá✈❡❧✱ ❝♦♠ X = {x1, x2, . . .}✳ ❉✐③❡♠♦s q✉❡ ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ K〈X〉 é

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✼✵ ✸✳ PI✲❊①♣♦❡♥t❡ ❞❡ ➪❧❣❡❜r❛s

✉♠ T ✲❡s♣❛ç♦ s❡ é ✉♠ s✉❜❡s♣❛ç♦ ✐♥✈❛r✐❛♥t❡ ♣♦r t♦❞♦s ♦s ❡♥❞♦♠♦r✜s♠♦s ❞❡ K〈X〉✳ P❡❧♦
❈♦r♦❧ár✐♦ ✶✳✹✳✷✺✱ Id(A) é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳ ❉❛í✱ s❡❣✉❡✲s❡ q✉❡

Id(A) é ❣❡r❛❞♦ ✭❝♦♠♦ T ✲❡s♣❛ç♦✮ ♣❡❧♦ s✉❜❡s♣❛ç♦

(P1 ∩ Id(A))⊕ (P2 ∩ Id(A))⊕ · · · ⊕ (Pn ∩ Id(A))⊕ · · ·

♥❛ á❧❣❡❜r❛ K〈X〉✳
◆❡st❛ s❡çã♦✱ ❞❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❛ r❡s♣❡✐t♦ ❞❛s ❞✐♠❡♥sõ❡s ❞❡ Pn ∩ Id(A)

❡♠ r❡❧❛çã♦ ❛ Pn✳ ■♥✐❝✐❛r❡♠♦s ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❢♦r♠❛❧ ❞❡ ❝♦❞✐♠❡♥sã♦ ❞❡ ✉♠ á❧❣❡❜r❛ A✳

❉❡✜♥✐çã♦ ✸✳✶✳✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❖ ♥ú♠❡r♦ ✐♥t❡✐r♦

cn(A) = dimPn(A) = dim
Pn

Pn ∩ Id(A)

é ❝❤❛♠❛❞♦ ❞❡ n✲és✐♠❛ ❝♦❞✐♠❡♥sã♦ ❞❛ á❧❣❡❜r❛ A✳ ❆ s❡q✉ê♥❝✐❛ (cn(A))n∈N é ❝❤❛♠❛❞❛

❞❡ s❡q✉ê♥❝✐❛ ❞❡ ❝♦❞✐♠❡♥sõ❡s ❞❡ A✳

◆♦t❡ q✉❡ dim(Pn∩ Id(A)) = n!− cn(A)✳ ❉❡ss❛ ❢♦r♠❛✱ s❡ cn(A) < n!✱ ♣❛r❛ ❛❧❣✉♠

n ≥ 1✱ ❡♥tã♦ A é ✉♠❛ P■✲á❧❣❡❜r❛✳

❙❡ V é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s ❡ A é t❛❧ q✉❡ V = var(A)✱ ❞❡✜♥✐♠♦s cn(V) =
cn(A)✳

❊①❡♠♣❧♦ ✸✳✶✳✷ ❙❡❥❛ N ✉♠❛ á❧❣❡❜r❛ ♥✐❧♣♦t❡♥t❡ t❛❧ q✉❡ Nm = {0}✳ ▲♦❣♦✱ Pn ⊆ Id(N )

♣❛r❛ t♦❞♦ n ≥ m✳ ❆ss✐♠✱ cn(N ) = 0 ♣❛r❛ q✉❛❧q✉❡r n ≥ m✳

❊①❡♠♣❧♦ ✸✳✶✳✸ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✱ t❡♠♦s ❡♥tã♦ q✉❡ cn(A) ≤ 1✱ ♣❛r❛

t♦❞♦ n ∈ N✳ ❈♦♠ ❡❢❡✐t♦✱ ♣❡❧♦ ❊①❡♠♣❧♦ ✶✳✹✳✷✶✱ Id(A) = 〈[x1, x2]〉T ✳ ❙❡❣✉❡ ❞❛í q✉❡

xixj ≡ xjxi(mod Pn ∩ Id(A))✱ i, j = 1, 2, . . . , n✳ ▲♦❣♦✱ ♣❛r❛ t♦❞❛ σ ∈ Sn✱ t❡♠♦s

xσ(1)xσ(2) · · · xσ(n) ≡ x1x2 · · · xn(mod Pn ∩ Id(A)).

❚♦♠❛♥❞♦ f(x1, x2, . . . , xn) =
∑

σ∈Sn
λσxσ(1)xσ(2) · · · xσ(n) ∈ Pn✱ λσ ∈ K✱ t❡♠♦s q✉❡

f(x1, x2, . . . , xn) ≡ λx1x2 · · · xn(mod Pn ∩ Id(A)),

♣❛r❛ ❛❧❣✉♠ λ ∈ K✳ ❉❡ss❛ ❢♦r♠❛✱ Pn(A) = 〈x1x2 · · · xn〉✱ ✐st♦ é✱ x1x2 · · · xn ❣❡r❛ Pn(A)✳

P♦rt❛♥t♦✱ cn(A) ≤ 1✳

◆♦t❡ q✉❡ s❡ A ❢♦r ✉♥✐tár✐❛✱ ❡♥tã♦ cn(A) = 1✱ ✈✐st♦ q✉❡✱ x1, x2, . . . , xn /∈ Id(A)✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✹ ❙❡♥❞♦ E ❛ K✲á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ✭❝♦♠♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧✮✳ ❊♥tã♦

cn(E) = 2n−1,

♣❛r❛ t♦❞♦ n = 1, 2, . . . .

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✸✳✶✳ ❈♦❞✐♠❡♥sõ❡s ❞❡ ✉♠❛ ➪❧❣❡❜r❛ ✼✶

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❑❘❪✱ ❈♦r♦❧ár✐♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✱ ♣á❣✐♥❛ ✹✸✻✳ �

❖ r❡s✉❧t❛❞♦ ❛❝✐♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ t❛♠❜é♠ ❡♠ ❬❉❪✱ ❚❡♦r❡♠❛ ✺✳✶✳✷✱ ♣á❣✐♥❛

✺✵✱ ❡ ❛✐♥❞❛ ❡♠ ❬●❩✷❪✱ ❚❡♦r❡♠❛ ✹✳✶✳✽✱ ♣á❣✐♥❛ ✾✵✳

❈♦♥s✐❞❡r❡ UT2(K) =










a11 a12

0 a22



 ∈M2(K) | a11, a12, a22 ∈ K






❛ á❧❣❡❜r❛ ❞❛s

♠❛tr✐③❡s 2× 2 tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s s♦❜r❡ K✳ ❚❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✺ ❊♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ♦ T ✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ UT2(K) é ❣❡✲

r❛❞♦ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦

[x1, x2][x3, x4].

❆❞❡♠❛✐s✱

cn(UT2(K)) = 2n−1(n− 2) + 2,

♣❛r❛ t♦❞♦ n = 1, 2, 3 · · · ✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ ❚❡♦r❡♠❛ ✹✳✶✳✺✱ ♣á❣✐♥❛ ✽✽✳ �

❆✐♥❞❛ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ❡♠ ❬▼❪✱ Pr♦♣♦✲

s✐çã♦ ✸✱ ♣á❣✐♥❛ ✷✹✸✳

❆ s❡❣✉✐r✱ ❞❛r❡♠♦s ✉♠❛ ❝♦♥❞✐çã♦ q✉❡ ♥♦s ❣❛r❛♥t✐rá ❛ ✐❣✉❛❧❞❛❞❡ ❞❡ T ✲✐❞❡❛✐s ❞❡

✐❞❡♥t✐❞❛❞❡s ❞❡ á❧❣❡❜r❛s✱ ❛❧é♠ ❞❡ ♠♦str❛r q✉❡ ❛ ❛♣❧✐❝❛çã♦ A 7→ cn(A)✱ ♦♥❞❡ A é ✉♠❛

PI✲á❧❣❡❜r❛✱ ✐♥✈❡rt❡ ♦r❞❡♠✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✻ ❙❡❥❛♠ A ❡ B ❞✉❛s PI✲á❧❣❡❜r❛s s♦❜r❡ ♦ ♠❡s♠♦ ❝♦r♣♦ K✳ ❊♥tã♦

t❡♠♦s✿

❛✮ ❙❡ Id(A) ⊆ Id(B)✱ ❡♥tã♦ cn(B) ≤ cn(A)✱ ♣❛r❛ t♦❞♦ n ≥ 1❀

❜✮ ❙❡ Id(A) ⊆ Id(B) ❡ cn(A) = cn(B)✱ ♣❛r❛ t♦❞♦ n ≥ 1✱ ❡♥tã♦ Id(A) = Id(B)✳

❉❡♠♦♥str❛çã♦✿ ❛✮ Pr✐♠❡✐r❛♠❡♥t❡✱ t❡♠♦s q✉❡ Pn ∩ Id(A) ⊆ Pn ∩ Id(B)✱ ♣❛r❛ t♦❞♦

n ≥ 1✳ ▲♦❣♦✱ dim(Pn ∩ Id(A)) ≤ dim((Pn ∩ Id(B))✱ n ≥ 1✳ ❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛ t♦❞♦

n ≥ 1✱ t❡♠♦s q✉❡

cn(A) = n!− dim(Pn ∩ Id(A)) ≥ n!− dim(Pn ∩ Id(B)) = cn(B).

❜✮ ❚❡♠♦s q✉❡ Pn∩Id(A) ⊆ Pn∩Id(B)✱ ♣❛r❛ t♦❞♦ n ≥ 1✳ ❉♦ ❢❛t♦ ❞❡ cn(A) = cn(B)
s❡❣✉❡ q✉❡ dim(Pn∩Id(A)) = dim(Pn∩Id(B))✳ ▲♦❣♦✱ Pn∩Id(A) = Pn∩Id(B)✱ ♣❛r❛ t♦❞♦

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✼✷ ✸✳ PI✲❊①♣♦❡♥t❡ ❞❡ ➪❧❣❡❜r❛s

n ≥ 1✳ ❈♦♠♦ charK = 0✱ t❡♠♦s q✉❡ Id(A) ❡ Id(B) sã♦ ❣❡r❛❞♦s ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s

♠✉❧t✐❧✐♥❡❛r❡s✱ ❡ ❞❛í s❡❣✉❡✲s❡ q✉❡ Id(A) = Id(B)✳ �

❆❣♦r❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❛✜r♠❛ q✉❡ ♣♦❞❡♠♦s ✏❡st❡♥❞❡r✑ ♦ ❝♦r♣♦

❜❛s❡ ❞❡ ✉♠❛ á❧❣❡❜r❛ A ❡ ♠❡s♠♦ ❛ss✐♠ ♥❡♠ ❛s ❝♦❞✐♠❡♥sõ❡s ❡ ♥❡♠ ♦s ❝♦❝❛r❛❝t❡r❡s

❞❡ A s❡ ❛❧t❡r❛♠✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✶✷ q✉❡ ❛ á❧❣❡❜r❛ A = A ⊗K F ✱ ✈✐st❛ ❝♦♠♦

K✲á❧❣❡❜r❛✱ s❛t✐s❢❛③ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ Id(A)✱ ✐st♦ é✱ Id(A) ⊆ Id(A⊗KF)✳ ■st♦ s✐❣✲

♥✐✜❝❛ q✉❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ✐❞❡♥t✐❞❛❞❡s ❞❡ A ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ F ✳ ❉❡♥♦t❡♠♦s ♣♦r

cFn (A) ❛ n✲és✐♠❛ ❝♦❞✐♠❡♥sã♦✱ ♦❧❤❛♥❞♦ A ❝♦♠♦ F ✲á❧❣❡❜r❛✳ ❙❡❥❛♠ χn(A) =
∑

λ⊢nmλχλ

❡ χn(A) =
∑

λ⊢nm
F
λ χλ ♦ n✲és✐♠♦ ❝♦❝❛r❛❝t❡r ❞❡ A ❡ ♦ n✲és✐♠♦ ❝♦❝❛r❛❝t❡r ❞❡ A✱ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✳

❚❡♦r❡♠❛ ✸✳✶✳✼ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ ✉♠ ❝♦r♣♦ K ❡ K ⊆ F ✉♠❛ ❡①t❡♥sã♦ ❞❡

❝♦r♣♦s✳ ❚❡♠♦s ❡♥tã♦

cFn (A) = cn(A),

♣❛r❛ t♦❞♦ n = 1, 2, . . .✳ ❆❞❡♠❛✐s✱ mF
λ = mλ✱ ♣❛r❛ q✉❛❧q✉❡r λ ⊢ n✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ ❚❡♦r❡♠❛ ✹✳✶✳✾✱ ♣á❣✐♥❛ ✾✸✳ �

❙❡❣✉❡ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ q✉❡ ♣♦❞❡♠♦s ❛ss✉♠✐r ✭❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✮✱ s❡♠♣r❡

q✉❡ q✉✐s❡r♠♦s✱ K ❝♦♠♦ ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✳ ❱❛❧❡ ♦❜s❡r✈❛r t❛♠❜é♠ q✉❡

❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ n✲és✐♠♦ ❝♦❝❛r❛❝t❡r ❞❡ A ❡♠ ❝♦♠♣♦♥❡♥t❡s ✐rr❡❞✉tí✈❡✐s ♥ã♦ s❡ ❛❧t❡r❛

q✉❛♥❞♦ ✏❡st❡♥❞❡♠♦s✑ ♦ ❝♦r♣♦ ❜❛s❡✱ ✐st♦ é✱ χn(A) = χn(A ⊗K F)✱ ♣❛r❛ t♦❞♦ n ≥ 1 ❡

K ⊆ F ✉♠❛ ❡①t❡♥sã♦ ❞❡ ❝♦r♣♦s✳

❊♥✉♥❝✐❛r❡♠♦s ❛❣♦r❛ ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❣❛r❛♥t❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦❞✐♠❡♥sõ❡s

❞❡ t♦❞❛ PI✲á❧❣❡❜r❛ é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛✳ ❚❛❧ r❡s✉❧t❛❞♦ s❡r✈❡ ❝♦♠♦ ❢❡rr❛♠❡♥t❛

♣❛r❛ ♠♦str❛r q✉❡ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ PI✲á❧❣❡❜r❛s é ❛✐♥❞❛ ✉♠❛ PI✲á❧❣❡❜r❛✳

❚❡♦r❡♠❛ ✸✳✶✳✽ ❙❡❥❛ A ✉♠❛ PI✲á❧❣❡❜r❛ s❛t✐s❢❛③❡♥❞♦ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❣r❛✉ d ≥ 1✳

❊♥tã♦

cn(A) ≤ (d− 1)2n,

♣❛r❛ t♦❞♦ n ∈ N✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❉❪✱ ❚❡♦r❡♠❛ ✽✳✶✳✼✱ ♣á❣✐♥❛ ✶✶✶✳ �

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✸✳✷✳ PI✲❊①♣♦❡♥t❡s ✼✸

❚❡♦r❡♠❛ ✸✳✶✳✾ ❙❡❥❛♠ A ❡ B ❞✉❛s PI✲á❧❣❡❜r❛s s♦❜r❡ ♦ ❝♦r♣♦ K✳ ❊♥tã♦

cn(A⊗ B) ≤ cn(A)cn(B), n ≥ 1.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬●❩✷❪✱ ❚❡♦r❡♠❛ ✹✳✷✳✺✱ ♣á❣✐♥❛ ✾✻✳ �

➱ ✐♠❡❞✐❛t♦ ❞♦s ❚❡♦r❡♠❛s ✸✳✶✳✽ ❡ ✸✳✶✳✾ ♦ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ✸✳✶✳✶✵ ❖ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ A⊗B ❞❡ ❞✉❛s PI✲á❧❣❡❜r❛s é t❛♠❜é♠ ✉♠❛ PI✲

á❧❣❡❜r❛✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❘❪✱ ❚❡♦r❡♠❛ ✺✳✶✱ ♣á❣✐♥❛ ✶✺✶✳ �

✸✳✷ PI✲❊①♣♦❡♥t❡s

◆❡st❛ s❡çã♦✱ ❞❡✜♥✐r❡♠♦s ♦ PI✲❡①♣♦❡♥t❡ ❞❡ ✉♠❛ á❧❣❡❜r❛✳ ❚❛♠❜é♠ ❡♥✉♥❝✐❛r❡♠♦s

❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ❛❝❡r❝❛ ❞❡ PI✲❡①♣♦❡♥t❡✳

❙❡❥❛♠ A ✉♠❛ PI✲á❧❣❡❜r❛ s♦❜r❡ ♦ ❝♦r♣♦ K✱ ❡ (cn(A))n≥1 ❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦❞✐♠❡♥✲

sõ❡s ❞❡ A✳

❈❛s♦ A s❡❥❛ ♥✐❧♣♦t❡♥t❡✱ s❡❣✉❡ ❞♦ ❊①❡♠♣❧♦ ✸✳✶✳✷ q✉❡ ❡①✐st❡ ✉♠ n0 ∈ N t❛❧ q✉❡

cn(A) = 0 ♣❛r❛ t♦❞♦ n ≥ n0✳ ❈❛s♦ ❝♦♥trár✐♦✱ s❡ A ♥ã♦ ❢♦r ♥✐❧♣♦t❡♥t❡✱ ❡♥tã♦

x1 · · · xn /∈ Id(A)

s❡❥❛ q✉❛❧ ❢♦r n ≥ 1✱ ❡ ❛ss✐♠✱ cn(A) 6= 0 ♣❛r❛ t♦❞♦ n ≥ 1✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✳✽✱ cn(A) é

❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛✱ ♦✉ s❡❥❛✱ ❞❡✈❡ ❡①✐st✐r ✉♠❛ ❝♦♥st❛♥t❡ a > 0 t❛❧ q✉❡

1 ≤ cn(A) ≤ an,

❡ ❞❛í ❛ s❡q✉ê♥❝✐❛ ❞❛s n✲és✐♠❛s r❛í③❡s
(

n
√

cn(A)
)

n≥1
é ❧✐♠✐t❛❞❛✱ t❛♥t♦ s✉♣❡r✐♦r♠❡♥t❡

q✉❛♥t♦ ✐♥❢❡r✐♦r♠❡♥t❡✳

❉❡✜♥✐çã♦ ✸✳✷✳✶ ❙❡❥❛ A ✉♠❛ PI✲á❧❣❡❜r❛✳ ❉❡✜♥✐♠♦s✿

✐✮ ♦ ❡①♣♦❡♥t❡ ✐♥❢❡r✐♦r ❞❡ A ❝♦♠♦ s❡♥❞♦ ♦ ❧✐♠✐t❡

exp(A) = lim inf
n→∞

n
√

cn(A) ;

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✼✹ ✸✳ PI✲❊①♣♦❡♥t❡ ❞❡ ➪❧❣❡❜r❛s

✐✐✮ ♦ ❡①♣♦❡♥t❡ s✉♣❡r✐♦r ❞❡ A ❝♦♠♦ s❡♥❞♦ ♦ ❧✐♠✐t❡

exp(A) = lim sup
n→∞

n
√

cn(A) ;

✐✐✐✮ ♦ ❡①♣♦❡♥t❡ ✭♦✉ PI✲❡①♣♦❡♥t❡✮ ❞❡ A ❝♦♠♦ s❡♥❞♦ ♦ ❧✐♠✐t❡

exp(A) = lim
n→∞

n
√

cn(A) ,

❞❡s❞❡ q✉❡ s❡ t❡♥❤❛ exp(A) = exp(A)✳

◆♦ ❝❛s♦ ❡♠ q✉❡ V = var(A) é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s✱ ♦♥❞❡ A é ✉♠❛ PI✲

á❧❣❡❜r❛✱ ❡s❝r❡✈❡♠♦s exp(V) = exp(A) ❡ ❝❤❛♠❛r❡♠♦s exp(V) ♦ ❡①♣♦❡♥t❡ ❞❛ ✈❛r✐❡❞❛❞❡

V ✳
❱❡r❡♠♦s ❛❣♦r❛ q✉❡ ✉♠❛ ❧✐♠✐t❛çã♦ s✉♣❡r✐♦r ❞♦ ❝r❡s❝✐♠❡♥t♦ ❞❛s ❝♦❞✐♠❡♥sõ❡s ❞❡

✉♠❛ á❧❣❡❜r❛ A ♣♦❞❡ s❡r ❞❛❞❛ ❡♠ t❡r♠♦s ❞❛ ❞✐♠❡♥sã♦ ❞❡st❛ á❧❣❡❜r❛✳

❚❡♦r❡♠❛ ✸✳✷✳✷ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❝♦♠ dimA = d✳ ❊♥tã♦

cn(A) ≤ dn ✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❇❉❪✱ Pr♦♣♦s✐çã♦ ✷✳✸✱ ♣á❣✐♥❛ ✶✾✳ �

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ ♣♦❞❡ s❡r ✈✐st❛ ♥♦ ❝♦r♦❧ár✐♦ ❛ s❡❣✉✐r✳

❈♦r♦❧ár✐♦ ✸✳✷✳✸ ❙❡ dimA = d é ✜♥✐t❛✱ ❡♥tã♦ exp(A) ≤ d ✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✳✷✱ t❡♠♦s q✉❡ cn(A) ≤ dn✱ ♣❛r❛ t♦❞♦ n ≥ 1✳ ▲♦❣♦✱

exp(A) = lim sup
n→∞

n
√

cn(A) ≤ lim sup
n→∞

n
√
dn = d ,

❡ ♣♦rt❛♥t♦ exp(A) ≤ d✳ �

❖❜s❡r✈❡ q✉❡ ♦ ❝♦r♦❧ár✐♦ ❛♥t❡r✐♦r ♥ós ❞á ✉♠❛ ❜♦❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ♦ ❡①♣♦❡♥t❡

s✉♣❡r✐♦r ❞❡ A✳

✸✳✸ ❊①✐stê♥❝✐❛ ❞❡ ✉♠ PI✲❊①♣♦❡♥t❡

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st✉❞♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ♦ q✉❛❧

♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ♥♦ ❛rt✐❣♦ ❬●❩❪✳ ❆q✉✐✱ A s❡rá s❡♠♣r❡ ✉♠❛ PI✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛

✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ s♦❜r❡ ♦ ❝♦r♣♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❱❛♠♦s ♠♦str❛r ❛ ❡①✐stê♥❝✐❛

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✸✳✸✳ ❊①✐stê♥❝✐❛ ❞❡ ✉♠ PI✲❊①♣♦❡♥t❡ ✼✺

❞❡ ✉♠ PI✲❡①♣♦❡♥t❡ ❞❡ A✳ ◆♦ ❛rt✐❣♦ ❬●❩✶❪✱ t❛❧ r❡s✉❧t❛❞♦ é ❡st❡♥❞✐❞♦ ♣❛r❛ t♦❞❛ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛✳

❉❛❞♦s ♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s d, k, t✱ ❝♦♥s✐❞❡r❡ xj1, . . . , x
j
d, y1, . . . , yt✱ ❝♦♠ 1 ≤ j ≤ k✱

❝♦♠♦ s❡♥❞♦ ✈❛r✐á✈❡✐s ❞✐st✐♥t❛s✳ ❉❡✜♥✐♠♦s Qd,k ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s

♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s

f = f(x11, . . . , x
1
d, . . . , x

k
1, . . . , x

k
d, y1, . . . , yt),

♦♥❞❡ t = 1, 2, . . .✱ t❛❧ q✉❡ f é ❛❧t❡r♥❛♥t❡ ❡♠ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s {xj1, . . . , xjd}✱
♣❛r❛ t♦❞♦ j = 1, 2, . . . , k✳ ❉✐③❡♠♦s q✉❡ f ∈ Qd,k é ✉♠ ♣♦❧✐♥ô♠✐♦ (k; d)✲♠✉❧t✐✲❛❧t❡r♥❛♥t❡✳

❖ ❧❡♠❛ ❛ s❡❣✉✐r ♥♦s ❞❛rá ✉♠❛ ❧✐♠✐t❛çã♦ s✉♣❡r✐♦r ♣❛r❛ ❛ n✲és✐♠❛ ❝♦❞✐♠❡♥sã♦ ❞❡

✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ q✉❡ s❛t✐s❢❛ç❛ ✉♠❛ ❝❡rt❛ ❝❧❛ss❡ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦✲

♠✐❛✐s✳

▲❡♠❛ ✸✳✸✳✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s❛t✐s❢❛③❡♥❞♦ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s

f ≡ 0✱ f ∈ Qd+1,k✱ ♣❛r❛ ❛❧❣✉♠ k > 0 ❡ ❛❧❣✉♠ d > 0✳ ❊♥tã♦ cn(A) ≤ Cnrdn ♣❛r❛

❛❧❣✉♠❛s ❝♦♥st❛♥t❡s C, r > 0✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ dimA = s✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✹✱ s❡❣✉❡✲s❡ q✉❡

cn(A) = dimχn(A) =
∑

λ∈H(s,0;n)

mλdλ ,

♦♥❞❡ mλ é ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ χλ ❡♠ χn(A)✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✸✳✾✱ ❡①✐st❡♠ ❝♦♥st❛♥✲

t❡s a, k1 > 0 t❛✐s q✉❡ ♣❛r❛ t♦❞♦ n ≥ 1 ❡ λ ∈ H(s, 0;n) t❡♠✲s❡ mλ ≤ ank1 ✱ ❡ ❞❛í

cn(A) ≤ ank1
∑

λ∈H(s,0;n) dλ✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✸✳✽✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s C1, k2 > 0 t❛✐s

q✉❡
∑

λ∈H(s,0;n) dλ ≤ C1n
k2sn✳ ▲♦❣♦✱

cn(A) ≤ ank1
∑

λ∈H(s,0;n)

dλ ≤ ank1C1n
k2sn = aC1n

k1+k2sn.

P♦rt❛♥t♦✱ cn(A) ≤ Cnksn✱ ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s C, k > 0✳ ❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛ ♦ ❝❛s♦

❡♠ q✉❡ s ≤ d t❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣r♦❝✉r❛❞♦✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ d < s✳ ❙❡❥❛ λ ✉♠❛ ♣❛rt✐çã♦ ❞❡ n ❡ s✉♣♦♥❤❛♠♦s q✉❡ Dλ

❝♦♥té♠ ✉♠ (d + 1) × k r❡tâ♥❣✉❧♦ ✭❝♦♠ d + 1 ❧✐♥❤❛s ❡ k ❝♦❧✉♥❛s✮✳ P❛r❛ t♦❞❛ t❛❜❡❧❛

Tλ✱ ♦ ♣♦❧✐♥ô♠✐♦ eTλ(x) é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s ❛❧t❡r♥❛♥t❡s ❡♠ ♣❡❧♦

♠❡♥♦s k ❝♦♥❥✉♥t♦s✱ ♦♥❞❡ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❝♦♥té♠ ❛♦ ♠❡♥♦s d + 1 ✈❛r✐á✈❡✐s✱ ❧♦❣♦✱ f é

✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s ❛❧t❡r♥❛♥t❡s ❡♠ k ❝♦♥❥✉♥t♦s q✉❡ ❝♦♥té♠ d + 1
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✈❛r✐á✈❡✐s ❝❛❞❛✱ ❡ ❛ss✐♠✱ eTλ(x) ∈ Qd+1,k✳ ❆♣❧✐❝❛♥❞♦✲s❡ ❛ ❤✐♣ót❡s❡✱ t❡♠♦s q✉❡ t♦❞♦ Sn✲

♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ KSneTλ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ λ ❡stá ❝♦♥t✐❞♦ ❡♠ Pn∩Id(A)✱ ❡ ❛ss✐♠✱ ♣❡❧♦

❚❡♦r❡♠❛ ✷✳✷✳✸✱ t❡♠♦s q✉❡mλ = 0 s❡Dλ ❝♦♥té♠ ✉♠ (d+1)×k r❡tâ♥❣✉❧♦✳ P♦rt❛♥t♦✱ ♣❛r❛
❝♦♠♣❧❡t❛r ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ❧❡♠❛✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ E =

∑

λ∈T dλ ≤ Cnrdn✱

♣❛r❛ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s C, r > 0✱ ♦♥❞❡ T é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣❛rt✐çõ❡s ❞❡

H(s, 0;n) ❝✉❥♦s ❞✐❛❣r❛♠❛s ♥ã♦ ❝♦♥tê♠ ✉♠ (d + 1) × k r❡tâ♥❣✉❧♦✳ ❊st❛ s♦♠❛ ❝♦♥s✐st❡

❞❡ ❞✉❛s ♣❛rt❡s E = E1 + E2✱ ♦♥❞❡

E1 =
∑

λ∈H(d,0;n)

dλ e E2 =
∑

λ∈T
d<h(λ)≤s

dλ ,

❝♦♠ h(λ) s❡♥❞♦ ❛ ❛❧t✉r❛ ❞❡ λ✳ ❙❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ✷✳✸✳✽ q✉❡ E1 ≤ C1n
r1dn✱ ♣❛r❛

❝♦♥✈❡♥✐❡♥t❡s ❝♦♥st❛♥t❡s C1, r1 > 0✳

P❛r❛ ♦ s❡❣✉♥❞♦ s♦♠❛♥❞♦ E2✱ t♦♠❡♠♦s λ ∈ T ✱ ❝♦♠ d < h(λ) ≤ s✳ ❙❡♥❞♦ λ =

(λ1, . . . , λd, λd+1, . . .)✱ ❝♦♥s✐❞❡r❡ ❛ ♣❛rt✐çã♦ λ∗ = (λ1, . . . , λd)✳ ❚❡♠♦s q✉❡ λ∗ ≤ λ ❡

❞❛í Dλ∗ ⊆ Dλ✳ ▲♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✻✱ s❡❣✉❡✲s❡ q✉❡ dλ ≤ nn−|λ∗|dλ∗ ✳ ❈♦♠♦

n − |λ∗| ≤ h(λ)(k − 1) ✭♣♦✐s λi < k✱ ♣❛r❛ i ≥ d + 1✮✱ s❡❣✉❡ q✉❡ dλ ≤ nh(λ)(k−1)dλ∗ ✳

❱❡❥❛♠♦s ❛❜❛✐①♦ ❛ ✜❣✉r❛ ❞❡ ✉♠ ❣❛♥❝❤♦ q✉❡ ❝♦♥tê♠ Dλ ❡ Dλ∗ ✳

✛ n ✲

✻

s

❄
✛ k − 1 ✲

✻

d

❄

❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ T ∗ = {λ∗ | λ ∈ T, d < h(λ) ≤ s}✳ ❯♠❛ ❡st✐♠❛t✐✈❛

♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s µλ ❞❡ n t❛✐s q✉❡ µλ ∈ T ✱ ❝♦♠ d < h(µλ) ≤ s✱ ❡ q✉❡

❞❡t❡r♠✐♥❛♠ ✉♠❛ ♠❡s♠❛ ♣❛rt✐çã♦ λ∗ ∈ T ∗✱ é q✉❡ ❡ss❡ ♥ú♠❡r♦ ♥ã♦ s✉♣❡r❛ ns ✭✐st♦ é✱

#{µλ ∈ T | (µλ)∗ = λ∗} ≤ ns✮✱ ✉♠❛ ✈❡③ q✉❡ λ1, . . . , λs ≤ n✳ ❉❡s❞❡ q✉❡ s ≥ h(λ)✱
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s❡❣✉❡✲s❡ q✉❡

E2 =
∑

λ∈T
d<h(λ)≤s

dλ ≤
∑

λ∈T
d<h(λ)≤s

ns(k−1)dλ∗ = ns(k−1)
∑

λ∈T
d<h(λ)≤s

dλ∗ ✭✸✳✶✮

≤ ns(k−1)
∑

λ∗∈T ∗

nsdλ∗ = nsk
∑

λ∗∈T ∗

dλ∗ .

❆❧é♠ ❞✐ss♦✱ ❞❛❞❛ ♣❛rt✐çã♦ λ∗ ∈ T ∗ ♣♦❞❡♠♦s ❛ss♦❝✐á✲❧❛ ❛ ✉♠❛ ♣❛rt✐çã♦ µλ∗ ∈
H(d, 0;n) t❛❧ q✉❡ λ∗ ≤ µλ∗ ✳ ❖❜s❡r✈❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞❡ T ∗ ♥ã♦ s✉♣❡r❛ nd✱

✉♠❛ ✈❡③ q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ T ∗ sã♦ ♣❛rt✐çõ❡s q✉❡ t❡♠ ❛❧t✉r❛ ❡①❛t❛♠❡♥t❡ d✳ ▲♦❣♦✱

❞❡s❞❡ q✉❡ ❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✻ ❣❛r❛♥t❡ q✉❡ dλ∗ ≤ dµλ∗ ✱ t❡♠♦s q✉❡

∑

λ∗∈T ∗

dλ∗ ≤ nd
∑

µ∈H(d,0;n)

dµ . ✭✸✳✷✮

▲♦❣♦✱ s❡❣✉❡ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✸✳✶✮ ❡ ✭✸✳✷✮ q✉❡

E2 ≤ nsk
∑

λ∗∈T ∗

dλ∗ ≤ nsk+d
∑

µ∈H(d,0;n)

dµ = nsk+dE1 .

P♦rt❛♥t♦✱

E = E1 + E2 ≤ E1 + nsk+dE1 = (1 + nsk+d)E1

≤ (1 + nsk+d)C1n
r1dn

≤ 2nsk+dC1n
r1dn = 2C1n

sk+d+r1dn.

❚♦♠❛♥❞♦ ❛❣♦r❛ C = 2C1 ❡ r = sk + d+ r1✱ t❡♠♦s q✉❡

E ≤ Cnrdn.

❉❡ss❛ ❢♦r♠❛✱ ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛✳ �

❆ss✉♠✐r❡♠♦s ❛❣♦r❛ q✉❡ A é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦ K
❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❡ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✳ ❙❡❥❛ J = J(A) ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥

❞❡ A✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❲❡❞❞❡r❜✉r♥✲▼❛❧❝❡✈ ✭❚❡♦r❡♠❛ ✶✳✸✳✾✮✱ ❡①✐st❡ ✉♠❛ s✉❜á❧❣❡❜r❛

s❡♠✐ss✐♠♣❧❡s B ❞❡ A t❛❧ q✉❡ A = B+J ❡ B∩J = {0}✳ ❙❡♥❞♦ B s❡♠✐ss✐♠♣❧❡s✱ ♣♦❞❡♠♦s

t♦♠❛r B1, . . . ,Bn s✉❜á❧❣❡❜r❛s s✐♠♣❧❡s ❞❡ B t❛✐s q✉❡

B = B1 ⊕ · · · ⊕ Bn .

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●
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❈♦♠♦ dimA <∞✱ s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ q✉❡ J é ♥✐❧♣♦t❡♥t❡✳

◆♦ ❝❛s♦ ❡♠ q✉❡ A = J ✱ t❡♠♦s q✉❡ A é ♥✐❧♣♦t❡♥t❡✱ ❡ ❞❛í ❡①✐st❡ k ∈ N t❛❧ q✉❡

Ak 6= {0} ❡ Ak+1 = {0}✳ ▲♦❣♦✱ cm(A) = 0 ♣❛r❛ t♦❞♦ m > k✳

❆ss✉♠✐r❡♠♦s ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛ q✉❡ A 6= J ✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r A = B+ J ✱

❝♦♠ B 6= {0} ♥❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✳

❈♦♥s✐❞❡r❡ t♦❞♦s ♦s ♣r♦❞✉t♦s ♥ã♦ ♥✉❧♦s ❞♦ t✐♣♦

C1JC2J · · · JCk−1JCk 6= {0}, ✭✸✳✸✮

♦♥❞❡ k = 1, 2, . . .✱ ❡ C1, . . . , Ck sã♦ s✉❜á❧❣❡❜r❛s ❞✉❛s ❛ ❞✉❛s ❞✐st✐♥t❛s ❞♦ ❝♦♥❥✉♥t♦

{B1, . . . ,Bn}✳ ❉❡✜♥✐♠♦s ❡♥tã♦ d = d(A) ❝♦♠♦ s❡♥❞♦ ❛ ♠❛✐♦r ❞✐♠❡♥sã♦ ❞❡ ✉♠❛ s✉❜á❧✲

❣❡❜r❛ C1 + · · ·+ Ck s❛t✐s❢❛③❡♥❞♦ ✭✸✳✸✮✳ ❊♠ ♦✉tr♦s t❡r♠♦s✱

d = max{dim(C1 + · · ·+ Ck) | C1, . . . , Ck s❛t✐s❢❛③❡♠ ✭✸✳✸✮}. ✭✸✳✹✮

❖❜s❡r✈❡ q✉❡ d ≥ max{dimK Bi | i = 1, 2, . . . , n}✳ ❉❡s❞❡ q✉❡ K é ❛❧❣❡❜r✐❝❛♠❡♥t❡

❢❡❝❤❛❞♦ ❡ dimA <∞✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✻✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ♥ú♠❡r♦s d1, . . . , dk ∈ N

t❛✐s q✉❡ Ci ∼= Mdi(K)✱ i = 1, 2, . . . k✱ ❡ ❞❛í dim Ci = d2i ❡ d = d21 + · · ·+ d2k✳

❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r ♠♦str❛ q✉❡ ♥ã♦ é ♥❡❝❡ssár✐♦ r❡q✉❡r❡r q✉❡ ❛s á❧❣❡❜r❛s Ci✬s
q✉❡ ❞❡t❡r♠✐♥❛♠ d = d(A) s❡❥❛♠ t♦♠❛❞❛s ❞✉❛s ❛ ❞✉❛s ❞✐st✐♥t❛s✳

▲❡♠❛ ✸✳✸✳✷ ❙✉♣♦♥❤❛♠♦s q✉❡ A1,A2, . . . ,Am s❡❥❛♠ s✉❜á❧❣❡❜r❛s s✐♠♣❧❡s ❞♦ ❝♦♥❥✉♥t♦

{B1,B2, . . . ,Bn}✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞✐st✐♥t❛s ❡♥tr❡ s✐✱ t❛✐s q✉❡

A1JA2J · · · JAm−1JAm 6= {0}. ✭✸✳✺✮

❊♥tã♦ dim(A1 + · · ·+Am) ≤ d.

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❛♥❞♦ q✉❡ s❡ j ∈ {1, . . . , n}✱ ❡♥tã♦ JBjJ ⊆ J ✱ ♣♦✐s J é ✉♠

✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❞❡ A✱ t❡♠♦s q✉❡ JAiJ ⊆ J ✭♣♦✐s J é ✐❞❡❛❧✮✱ ♣❛r❛ t♦❞♦ i = 1, . . . ,m✱

✉♠❛ ✈❡③ q✉❡ Ai ∈ {B1, . . . ,Bn}✳ ▲♦❣♦✱ ❝❛s♦ Ai = Aj ❡♠ ✭✸✳✺✮✱ ♣❛r❛ i < j✱ t❡♠♦s q✉❡

{0} 6= A1JA2J · · · JAiJAi+1J · · · JAj−1JAjJAj+1J · · · JAm−1JAm

⊆ A1JA2J · · · JAj−1JAj+1J · · · JAm−1JAm.

❆❧é♠ ❞✐ss♦✱ t❡♠♦s q✉❡ A1 +A2 + · · ·+Am = A1 +A2 + · · ·+Aj−1 +Aj+1 + · · ·+Am✱

✈✐st♦ q✉❡ Ai + Aj = Ai✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s t♦♠❛r s✉❜á❧❣❡❜r❛s Ai1 , . . . ,Ail ❡♠

{A1, . . . ,Am} ❞✉❛s ❛ ❞✉❛s ❞✐st✐♥t❛s t❛✐s q✉❡

{0} 6= A1JA2J · · · JAm−1JAm ⊆ Ai1JAi2J · · · JAil−1
JAil

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●
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❡ A1 + · · ·+Am = Ai1 + · · ·+Ail ✳ P♦rt❛♥t♦✱

dim(A1 + · · ·+Am) = dim(Ai1 + · · ·+Ail) ≤ d(A) = d.

�

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ❛❧t❡r♥❛♥t❡ ♥✉♠ ❝♦♥❥✉♥t♦ ❞❡

✈❛r✐á✈❡✐s Y ✱ ❝♦♠ |Y | > d✱ s❡ ❛♥✉❧❛rá s❡ s✉❜st✐t✉✐r♠♦s s✉❛s ✈❛r✐á✈❡✐s ❛❧t❡r♥❛♥t❡s ♣♦r

❡❧❡♠❡♥t♦s ❞❛ s✉❜á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s B ❡ s✉❛s ♦✉tr❛s ✈❛r✐á✈❡✐s ♣♦r ❡❧❡♠❡♥t♦s q✉❛✐sq✉❡r

❞❡ A✳

▲❡♠❛ ✸✳✸✳✸ ❙❡❥❛ f = f(x1, . . . , xd+1, y1, . . . , yt) ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r q✉❡ é ❛❧t❡r✲

♥❛♥t❡ ♥❛s ✈❛r✐á✈❡✐s x1, . . . , xd+1✱ ❡ t ≥ 0✳ ❙❡ s✉❜st✐t✉✐r♠♦s x1, . . . , xd+1 ♣♦r ❡❧❡♠❡♥t♦s

❞❛ s✉❜á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s B ❡ y1, . . . , yt ♣♦r ❡❧❡♠❡♥t♦s ❛r❜✐trár✐♦s ❞❡ A✱ ❡♥tã♦ ♦ ✈❛❧♦r

❞❡ f s❡rá ③❡r♦✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ f é ♠✉❧t✐❧✐♥❡❛r✱ ❜❛st❛ ♠♦str❛r q✉❡ ♦ r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ ✉♠❛

❜❛s❡ ❞❡A✳ ❋✐①❡ ❛❧❣✉♠❛ ❜❛s❡ ❞❡A ❝♦♠♦ s❡♥❞♦ ❛ ✉♥✐ã♦ ❞❡ ❜❛s❡s ❞❡ B1, . . . ,Bn ❡ J ✳ ❈♦♠♦

Bi é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❞❡ B✱ ♣❛r❛ i = 1, 2, . . . n✱ t❡♠♦s q✉❡ BiBj = {0}✱ j = 1, 2, . . . , n

❡ i 6= j✱ ❞❡s❞❡ q✉❡ Bi∩Bj = {0}✳ ❉❡ss❛ ❢♦r♠❛✱ s❡ s✉❜st✐t✉✐r♠♦s t♦❞❛s ❛s ✈❛r✐á✈❡✐s ❞❡ f

♣♦r ❡❧❡♠❡♥t♦s ❜ás✐❝♦s ❝♦rr❡s♣♦♥❞❡♥t❡s à ♣❛rt❡ s❡♠✐ss✐♠♣❧❡s B✱ ❡♥tã♦ ♦ ✈❛❧♦r ❞❡ f s❡rá

③❡r♦✱ ❛ ♠❡♥♦s q✉❡ t❛✐s ❡❧❡♠❡♥t♦s ♣❡rt❡♥ç❛♠ à ♠❡s♠❛ ❝♦♠♣♦♥❡♥t❡ s✐♠♣❧❡s Bi ❞❡ B✱ ♣❛r❛
❛❧❣✉♠ i = 1, 2, . . . , n✳ ❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡ d+1 > max{dimK Bi | i = 1, 2, . . . n} ❡ ❛ss✐♠✱

♣♦r f s❡r ❛❧t❡r♥❛♥t❡ ♥❛s ✈❛r✐á✈❡✐s x1, . . . , xd+1✱ ❡♥tã♦ f = 0 ✭✈❡r Pr♦♣♦s✐çã♦ ✶✳✹✳✶✹✮✱

❝❛s♦ s❡❥❛♠ s✉❜st✐t✉í❞❛s ❛s ✈❛r✐á✈❡✐s ❞❡ f ♣♦r ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ ♠❡s♠❛ ❝♦♠♣♦♥❡♥t❡

s✐♠♣❧❡s ❞❡ B✳ ❆ss✐♠ s❡♥❞♦✱ só s❡rá ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠ ✈❛❧♦r ♥ã♦ ♥✉❧♦ ♣❛r❛ f s❡ ❛♦

♠❡♥♦s ✉♠❛ ❞❛s ✈❛r✐á✈❡✐s ❞❡ f ❢♦r s✉❜st✐t✉í❞❛ ♣♦r ❛❧❣✉♠ ❡❧❡♠❡♥t♦ ❞❡ J ❡ s❡ ❛s ✈❛r✐á✈❡✐s

❛❧t❡r♥❛❞❛s x1, . . . , xd+1 ❢♦r❡♠ s✉❜st✐t✉í❞❛s ♣♦r ❡❧❡♠❡♥t♦s ❜ás✐❝♦s ♥ã♦ t♦❞♦s ❞❡ ✉♠❛

♠❡s♠❛ ❝♦♠♣♦♥❡♥t❡ s✐♠♣❧❡s ❞❡ B✳
❉❡ss❛ ❢♦r♠❛✱ t♦♠❡♠♦s ♦s ❞✐st✐♥t♦s ❡❧❡♠❡♥t♦s ❜ás✐❝♦s a1 ∈ A1, . . . , ad+1 ∈ Ad+1✱

♦♥❞❡ A1, . . . ,Ad+1 sã♦ ❝♦♠♣♦♥❡♥t❡s s✐♠♣❧❡s ♣❡rt❡♥❝❡♥t❡s ❛♦ ❝♦♥❥✉♥t♦ {B1, . . . ,Bn}✱
♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞✉❛s ❛ ❞✉❛s ❞✐st✐♥t❛s✳ ❋❛③❡♥❞♦ xi = ai✱ ♣❛r❛ t♦❞♦ i = 1, . . . , d+1✱

❞❡s❞❡ q✉❡ BiBj = {0}✱ ♣❛r❛ i 6= j✱ s❡❣✉❡✲s❡ q✉❡ ♦s ♠♦♥ô♠✐♦s ❞❡ f ❛✈❛❧✐❛❞♦s ♥♦s ai✬s

❡ ❡♠ ♦✉tr♦s ❡❧❡♠❡♥t♦s ❞❡ A ✭s❡♠♣r❡ ❝♦♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ❡❧❡♠❡♥t♦ ❞❡ J✮ ❡stã♦ ❡♠

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✽✵ ✸✳ PI✲❊①♣♦❡♥t❡ ❞❡ ➪❧❣❡❜r❛s

s✉❜❡s♣❛ç♦s ❞♦s s❡❣✉✐♥t❡s t✐♣♦s✿

Ai1JAi2J · · · JAim−1
JAim , JAi1JAi2J · · · JAim−1

JAim ,

JAi1JAi2J · · · JAim−1
JAimJ , Ai1JAi2J · · · JAim−1

JAimJ , ✭✸✳✻✮

♦♥❞❡ Ai1 , . . . ,Aim sã♦ s✉❜á❧❣❡❜r❛s ❞✉❛s ❛ ❞✉❛s ❞✐st✐♥t❛s ❞♦ ❝♦♥❥✉♥t♦ {A1, . . . ,Ad+1}✳
❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡

Ai1 +Ai2 + · · ·+Aim = A1 +A2 + · · ·+Ad+1,

♣♦✐s Ai + Aj = Ai s❡ Ai = Aj✳ ▲♦❣♦✱ ❞❡s❞❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ {a1, . . . , ad+1} é ▲■✱ ♣♦r

❤✐♣ót❡s❡ ❞❡ ❝♦♥str✉çã♦✱ s❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ dim(〈ai〉) = 1✱ ♣❛r❛ t♦❞♦ i = 1, 2, . . . , d+ 1✱

♦♥❞❡ 〈ai〉 é ♦ s✉❜❡s♣❛ç♦ ❞❡ Ai ❣❡r❛❞♦ ♣♦r ai✱ q✉❡

dim(Ai1 +Ai2 + · · ·+Aim) = dim(A1 +A2 + · · ·+Ad+1)

≥ dim(〈a1〉+ · · ·+ 〈ad+1〉)

≥ dim(〈a1〉) + · · ·+ dim(〈ad+1〉) = d+ 1.

▼❛s✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸✳✷✱ ❞❡✈❡♠♦s t❡r q✉❡ ♦s ♣r♦❞✉t♦s ❡♠ ✭✸✳✻✮ sã♦ ✐❣✉❛✐s ❛ ③❡r♦✳

P♦rt❛♥t♦✱ f s❡ ❛♥✉❧❛ ❡♠ t♦❞❛s ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❡①✐st❡♥t❡s✱ ❡ ❝♦♠ ✐ss♦ t❡♠♦s ♦

r❡s✉❧t❛❞♦✳ �

❯♠❛ ✐♠♣♦rt❛♥t❡ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ▲❡♠❛ ✸✳✸✳✸ é ❛ s❡❣✉✐♥t❡✳

▲❡♠❛ ✸✳✸✳✹ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❞❡s❝r✐t❛ ❛❝✐♠❛ ❡ Jq = {0}✱ ♣❛r❛ ❛❧❣✉♠ q ≥ 0✳

❊♥tã♦✱ ♣❛r❛ t♦❞♦ f ∈ Qd+1,q✱ f ≡ 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A✳

❉❡♠♦♥str❛çã♦✿ ❚♦♠❛♥❞♦ ✉♠ ♣♦❧✐♥ô♠✐♦ f ∈ Qd+1,q✱ t❡♠♦s q✉❡ f ❝♦♥tê♠ q ❝♦♥❥✉♥t♦s

❞❡ ✈❛r✐á✈❡✐s ❛❧t❡r♥❛♥t❡s✱ ♦♥❞❡ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❝♦♥s✐st❡ ❞❡ d + 1 ✈❛r✐á✈❡✐s✳ P❡❧♦ ▲❡♠❛

✸✳✸✳✸✱ s❡ ❛✈❛❧✐❛r♠♦s f ❡♠ A ❞❡ ❢♦r♠❛ q✉❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ❞❡ss❡s ❝♦♥❥✉♥t♦s ❞❡ ✈❛r✐á✈❡✐s

❛❧t❡r♥❛♥t❡s s❡❥❛ s✉❜st✐t✉í❞♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❛ s✉❜á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s B✱ ❡♥tã♦ ♦ ✈❛❧♦r

❞❡ f s❡rá ③❡r♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❤❛ q✉❡ ❡♠ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s ❛❧t❡r♥❛♥t❡s✱ ♣❡❧♦

♠❡♥♦s ✉♠❛ ✈❛r✐á✈❡❧ s❡❥❛ s✉❜st✐t✉í❞❛ ♣♦r ❛❧❣✉♠ ❡❧❡♠❡♥t♦ ❞❡ J ✳ ❈♦♠♦ J é ✉♠ ✐❞❡❛❧

❜✐❧❛t❡r❛❧ ❞❡ A✱ ❡♥tã♦ ❡♠ ❝❛❞❛ ♠♦♥ô♠✐♦ ❞❡ f t❡r❡♠♦s ♣❡❧♦ ♠❡♥♦s q ❡❧❡♠❡♥t♦s ❞❡ J ✳

P♦rt❛♥t♦✱ ❝♦♠♦ Jq = {0}✱ ❞❡✈❡♠♦s t❡r f ≡ 0 ❡♠ A✳ �

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●
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❖ t❡♦r❡♠❛ ❞❛❞♦ ❛ s❡❣✉✐r ♥♦s ❢♦r♥❡❝❡rá ✉♠❛ ❢❡rr❛♠❡♥t❛ ❜ás✐❝❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r

✉♠❛ ♠❡❧❤♦r ❧✐♠✐t❛çã♦ ✐♥❢❡r✐♦r ♣❛r❛ ❛s ❝♦❞✐♠❡♥sõ❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ A✳ ❆♥t❡s✱ ❞❛r❡♠♦s

❛ ❞❡✜♥✐çã♦ ❞❡ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛✳

❉❡✜♥✐çã♦ ✸✳✸✳✺ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛ ❝✉❥♦ ❝❡♥tr♦ Z(A) é ♥ã♦ tr✐✈✐❛❧✱ ✐st♦ é✱ Z(A) 6=
{0}✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f = f(x1, . . . , xn) ∈ K〈X〉 é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧

♣❛r❛ A s❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✐✮ ♣❛r❛ q✉❛✐sq✉❡r a1, . . . , an ∈ A✱ f(a1, . . . , an) ∈ Z(A)❀

✐✐✮ f /∈ Id(A)❀

✐✐✐✮ f(0, . . . , 0) = 0✱ ♦✉ s❡❥❛✱ ♦ t❡r♠♦ ❝♦♥st❛♥t❡ ❞❡ f é ♥✉❧♦✳

❖❜s❡r✈❡ q✉❡ s❡ f = f(x1, . . . , xn) ∈ K〈X〉 é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ A ❡♥tã♦

♦ ♣♦❧✐♥ô♠✐♦

g = g(x1, . . . , xn, xn+1) = [f(x1, . . . , xn), xn+1]

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A✳

❚❡♦r❡♠❛ ✸✳✸✳✻ ❈♦♥s✐❞❡r❡ Mn(K) ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s n× n s♦❜r❡ ✉♠ ❝♦r♣♦ K ❞❡

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❊♥tã♦ ♦ ♣♦❧✐♥ô♠✐♦ ❞❡✜♥✐❞♦ ♣♦r

Ln(x; y) =f(x1, . . . , xn2 , y1, . . . , yn2)

=
∑

σ,τ∈S
n2

(−1)στxσ(1)yτ(1)xσ(2)xσ(3)xσ(4)yτ(2)yτ(3)yτ(4)xσ(5) · · ·

· · · xσ(9)yτ(5) · · · yτ(9) · · · xσ(n2−2n+2) · · · xσ(n2)yτ(n2−2n+2) · · · yτ(n2)

é ❝❡♥tr❛❧ ♣❛r❛ Mn(K)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬❋❪✱ ❚❡♦r❡♠❛ ✶✻✱ ♣á❣✐♥❛ ✶✵✻✳ �

❯♠❛ ♦✉tr❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡rá s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬●❩✷❪✱ ❚❡♦r❡♠❛ ✺✳✼✳✹✱ ♣á❣✐♥❛

✶✸✹✳ ◆♦t❡ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ Ln(x; y) é ♠✉❧t✐❧✐♥❡❛r ❡ ❛❧t❡r♥❛♥t❡ ❡♠ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❞❡

✈❛r✐á✈❡✐s {x1, . . . , xn2} ❡ {y1, . . . , yn2}✳
❉❛❞❛s ✉♠❛ ♣❛rt✐çã♦ µ ❞❡ ❛❧❣✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ m ❡ ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ Tµ✱

❝♦♥s✐❞❡r❡♠♦s ♦s ❡❧❡♠❡♥t♦s

CTµ =
∑

σ∈CTµ

(−1)σσ e RTµ =
∑

τ∈RTµ

τ
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✽✷ ✸✳ PI✲❊①♣♦❡♥t❡ ❞❡ ➪❧❣❡❜r❛s

❞❛ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦ KSm✳ ❚❡♠♦s q✉❡ CTµ ❡ RTµ sã♦ ♦s ❡st❛❜✐❧✐③❛❞♦r❡s ❞❡ ❝♦❧✉♥❛s ❡ ❞❡

❧✐♥❤❛s ✭❞❡✜♥✐❞♦s ♥♦ ❈❛♣ít✉❧♦ ✷✮ ❞❛ t❛❜❡❧❛ Tµ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ ♣❛rt✐çã♦ λ = (2n
2

) r❡❢❡r❡♥t❡ ❛♦ ❞✐❛❣r❛♠❛ r❡t❛♥❣✉❧❛r n2 × 2✱

r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ✜❣✉r❛

✻

n2

❄

❡ ❝♦♥s✐❞❡r❡ t❛♠❜é♠ ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ Tλ ❞❛ ❢♦r♠❛ λ✱ ♥❛ q✉❛❧ ❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛

❝♦rr❡s♣♦♥❞❡ ❛♦s xi✬s ❡ ❛ s❡❣✉♥❞❛ ❝♦rr❡s♣♦♥❞❡ ❛♦s yj✬s✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡

Ln(x; y) = CTλ(x1y1x2x3x4y2y3y4 · · · x(n−1)2+1 · · · xn2y(n−1)2+1 · · · yn2).

❉❡♠♦str❛r❡♠♦s ❛❣♦r❛ ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡ss❡ tr❛❜❛❧❤♦ ❞❡ ❞✐ss❡rt❛çã♦✳

❚❡♦r❡♠❛ ✸✳✸✳✼ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦ K ❞❡ ❝❛r❛❝t❡✲

ríst✐❝❛ ③❡r♦✳ ❊♥tã♦✱ ♣❛r❛ ❛❧❣✉♥s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s a1, a2, r1, r2 ❡ d✱ t❡♠♦s q✉❡

a1n
r1dn ≤ cn(A) ≤ a2n

r2dn,

♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✳✼✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ K é ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛✲

♠❡♥t❡ ❢❡❝❤❛❞♦✳ ❙❡❥❛ d = d(A) ♦ ✐♥t❡✐r♦ ❞❡✜♥✐❞♦ ❡♠ ✭✸✳✹✮✳ ❖s ▲❡♠❛s ✸✳✸✳✶ ❡ ✸✳✸✳✹ ♥♦s

❣❛r❛♥t❡♠ q✉❡ ❡①✐st❡♠ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s C, r t❛✐s q✉❡ cn(A) ≤ Cnrdn✳ ❱❛♠♦s ❛ ♣❛rt✐r

❞❡ ❛❣♦r❛ tr❛❜❛❧❤❛r ♣❛r❛ ❞❡♠♦♥str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s✐♠✐❧❛r ❧✐♠✐t❛çã♦ ✐♥❢❡r✐♦r✳

❈♦♥s✐❞❡r❡♠♦s ✉♠❛ ❢❛♠í❧✐❛ ❞❡ K✲s✉❜á❧❣❡❜r❛s s✐♠♣❧❡s C1, . . . , Ck ❞❡ B s❛t✐s❢❛③❡♥❞♦

✭✸✳✸✮✱ ♦♥❞❡A = B+J(A) é ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❲❡❞❞❡r❜✉r♥✲▼❛❧❝❡✈✱

t❛✐s q✉❡ dim(C1 + · · ·+ Ck) = d✳ P❛r❛ ❝❛❞❛ i = 1, . . . , k✱ ❞❡s❞❡ q✉❡ K é ❛❧❣❡❜r✐❝❛♠❡♥t❡

❢❡❝❤❛❞♦✱ ❡ A t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✻ q✉❡ Ci é ✐s♦♠♦r❢♦ ❛ á❧❣❡❜r❛

❞❡ ♠❛tr✐③❡s MDi
(K)✱ ♣❛r❛ ❛❧❣✉♠ Di ∈ N✳ ◆♦t❡ q✉❡ dim Ci = D2

i ❡ Ci é ✉♥✐tár✐❛✱ ♣❛r❛

t♦❞♦ i = 1, . . . , k✳ ❊s❝r❡✈❛♠♦s dim Ci = di✱ i = 1, . . . , k✱ ❡ ❞❛í di = D2
i ✳

P❛r❛ ❝❛❞❛ i = 1, . . . , k✱ ❝♦♥s✐❞❡r❡ fi(x1, . . . , xdi , y1, . . . , ydi) ♦ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧

♣❛r❛ A ❞❡t❡r♠✐♥❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✸✳✸✳✻✳ ❘❡❧❡♠❜r❛♠♦s q✉❡ fi é ❛❧t❡r♥❛♥t❡ ❡♠ ❝❛❞❛ ❝♦♥✲

❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s {x1, . . . , xdi} ❡ {y1, . . . , ydi}✱ s❡♣❛r❛❞❛♠❡♥t❡✱ ❛❧é♠ ❞❡ s❡r ♠✉❧t✐❧✐♥❡❛r✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✸✳✸✳ ❊①✐stê♥❝✐❛ ❞❡ ✉♠ PI✲❊①♣♦❡♥t❡ ✽✸

❉❡s❞❡ q✉❡ fi é ❝❡♥tr❛❧ ♣❛r❛ Ci✱ t❡♠♦s q✉❡ ❡①✐st❡♠ ❡❧❡♠❡♥t♦s ai1, . . . , a
i
di
, bi1, . . . , b

i
di
∈ Ci

t❛✐s q✉❡

fi(a
i
1, . . . , a

i
di
, bi1, . . . , b

i
di
) = 1i ,

♦♥❞❡ 1i é ❛ ✉♥✐❞❛❞❡ ❞❛ á❧❣❡❜r❛ Ci✳ ❉❡ ❢❛t♦✱ t♦♠❡♠♦s Ai1, . . . , A
i
di
, Bi

1, . . . , B
i
di
∈MDi

(K)

t❛✐s q✉❡

fi(A
i
1, . . . , A

i
di
, Bi

1, . . . , B
i
di
) = λIDi

6= 0 ,

♣❛r❛ ❛❧❣✉♠ λ ∈ K−{0}✱ ♦♥❞❡ IDi
é ❛ ♠❛tr✐③ ✉♥✐tár✐❛ ❞❡ MDi

(K)✳ ▲♦❣♦✱ s❡❣✉❡ ❞♦ ❢❛t♦

❞❡ fi s❡r ♠✉❧t✐❧✐♥❡❛r q✉❡

fi(λ
−1Ai1, A

i
2, . . . , A

i
di
, Bi

1, . . . , B
i
di
) = λ−1fi(A

i
1, . . . , A

i
di
, Bi

1, . . . , B
i
di
)

= λ−1λIDi
= IDi

.

❆❣♦r❛✱ t♦♠❛♥❞♦✲s❡ ai1, a
i
2 · · · , aidi , bi1, . . . , bidi ❡♠ Ci ❝♦♠♦ s❡♥❞♦ ♦s ❡❧❡♠❡♥t♦s ✭✈✐❛ ✐s♦✲

♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✮ λ−1Ai1, A
i
2, . . . , A

i
di
, Bi

1, . . . , B
i
di
✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠♦s q✉❡

fi(a
i
1, . . . , a

i
di
, bi1, . . . , b

i
di
) = 1i.

❉❡✜♥✐♠♦s ♦ ♣♦❧✐♥ô♠✐♦

hm(x1, . . . , xm2 ; y1, . . . , ym2) = x1y1x2x3x4y2y3y4 · · · x(m−1)2+1 · · · xm2y(m−1)2+1 · · · ym2

P❛r❛ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s i, j, k, l✱ ❝♦♥s✐❞❡r❡

x11, . . . , x
1
di
, x21, . . . , x

2
di
, . . . , xj1, . . . , x

j
di

y11, . . . , y
1
di
, y21, . . . , y

2
di
, . . . , yj1, . . . , y

j
di

z1, . . . , zk e u1, . . . , ul

✈❛r✐á✈❡✐s ❞✐st✐♥t❛s✳ ❖❜s❡r✈❡ q✉❡✱ ♣❛r❛ t♦❞♦ t ≥ 1✱

fi(x
1
1, . . . ,x

1
di
, y11, . . . , y

1
di
) · · · fi(xt1, . . . , xtdi , yt1, . . . , ytdi) =

= CTµi

(
hdi(x

1
1, . . . , x

1
di
; y11, . . . , y

1
di
) · · ·hdi(xt1, . . . , xtdi ; yt1, . . . , ytdi)

)
,

♦♥❞❡ Tµi é ✉♠❛ ❝♦♥✈❡♥✐❡♥t❡ t❛❜❡❧❛ ❞❛ ❢♦r♠❛ µi = (2tdi)✱ ♦✉ s❡❥❛✱ Dµi é ✉♠ r❡tâ♥❣✉❧♦

❞❡ di ❧✐♥❤❛s ❡ 2t ❝♦❧✉♥❛s✳
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✽✹ ✸✳ PI✲❊①♣♦❡♥t❡ ❞❡ ➪❧❣❡❜r❛s

❆❣♦r❛✱ ♣❛r❛ t♦❞♦ t ≥ 1✱ ❝♦♥s✐❞❡r❡ ♦ ♣♦❧✐♥ô♠✐♦

gt =gt(x
1
1, . . . , x

1
d1
, y11, . . . , y

1
d1
, x21, . . . , x

2
d1
, y21, . . . , y

2
d1
, . . .

· · · , xtk1 , . . . , xtkdk , y
tk
1 , . . . , y

tk
dk
, z1, . . . , zk, u1, . . . , uk−1)

=fd1(x
1
1, . . . , x

1
d1
, y11, . . . , y

1
d1
) · · · fd1(xt1, . . . , xtd1 , yt1, . . . , ytd1)z1u1

fd2(x
t+1
1 , . . . , xt+1

d2
, yt+1

1 , . . . , yt+1
d2

) · · · fd2(x2t1 , . . . , x2td2 , y2t1 , . . . , y2td2)z2u2
fd3(x

2t+1
1 , . . . , x2t+1

d3
, y2t+1

1 , . . . , y2t+1
d3

) · · · fd3(x3t1 , . . . , x3td3 , y3t1 , . . . , y3td3)z3u3
✳✳✳

fdk−1
(x

(k−2)t+1
1 , . . . , y

(k−2)t+1
dk−1

) · · · fdk−1
(x

(k−1)t
1 , . . . , y

(k−1)t
dk−1

)zk−1uk−1

fdk(x
(k−1)t+1
1 , . . . , y

(k−1)t+1
dk

) · · · fdk(xkt1 , . . . , yktdk)zk .

❉❡♥♦t❡ ♣♦r gt✱ t ≥ 1✱ ❛ s♦♠❛ ❛❧t❡r♥❛❞❛

gt =

(
∑

σ1,τ1∈Sd

(−1)σ1τ1

)

· · ·
(
∑

σt,τt∈Sd

(−1)σtτt

)

gt ,

♦♥❞❡ σi ❛❣❡ ♥❛s ✈❛r✐á✈❡✐s xi1, . . . , x
i
d1
, xt+i1 , . . . , xt+id2

, . . . , x
(k−1)t+i
1 , . . . , x

(k−1)t+i
dk

❡ τi ❛❣❡

♥❛s ✈❛r✐á✈❡✐s yi1, . . . , y
i
d1
, yt+i1 , . . . , yt+id2

, . . . , y
(k−1)t+i
1 , . . . , y

(k−1)t+i
dk

✱ i = 1, . . . , t✳ ❚❡♠♦s

q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ✈❛r✐á✈❡✐s xji ❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ✈❛r✐á✈❡✐s yji ❡♠ gt ❡stã♦ ❞✐✈✐❞✐❞♦s ❡♠

2t ❝♦♥❥✉♥t♦s ❞✐st✐♥t♦s ❝♦♠ d = d1 + · · · + dk ✈❛r✐á✈❡✐s ❛❧t❡r♥❛♥t❡s ❡♠ ❝❛❞❛ ❝♦♥❥✉♥t♦✳

❉❡ss❛ ❢♦r♠❛✱ ♦❜s❡r✈❡ q✉❡ ♦ ❣r❛✉ t♦t❛❧ ❞❡ gt é ✐❣✉❛❧ ❛ 2dt+2k−1✳ ❙✐♠♣❧❡s♠❡♥t❡ ❢❛❧❛♥❞♦✱

gt ♣♦❞❡ s❡r ❝♦♥str✉í❞♦ ❞❡ ✉♠❛ t❛❜❡❧❛ ♦❜t✐❞❛ ❛tr❛✈és ❞♦ ❡♠♣✐❧❤❛♠❡♥t♦ ❞❛s t❛❜❡❧❛s ❞❡

❨♦✉♥❣ Tµ1 , . . . , Tµt ✱ ❝♦❧❛♥❞♦✲s❡ ✉♠❛ s♦❜r❡ ❛ ♦✉tr❛ ♥❡st❛ ♦r❞❡♠✳

P❡❧❛ ❞❡✜♥✐çã♦ ❞❛s s✉❜á❧❣❡❜r❛s C1, . . . , Ck✱ s❡❣✉❡✲s❡ q✉❡ ❡①✐st❡♠ r1, . . . , rk−1 ∈ J ✱

c1 ∈ C1, . . . , ck ∈ Ck t❛✐s q✉❡

c1r1c2r2 · · · rk−1ck 6= 0.

❉❡ss❛ ❢♦r♠❛✱ t♦♠❡♠♦s z1 = c1, . . . , zk = ck✱ u1 = r1, . . . , uk−1 = rk−1 ❡

x
(j−1)t+1
i = x

(j−1)t+2
i = · · · = xjti = aji ,

y
(j−1)t+1
i = y

(j−1)t+2
i = · · · = yjti = bji ,

♦♥❞❡ t ≥ 1, j = 1, . . . , k, i = 1, . . . , dj✳ ❈♦♠♦ aji , b
j
i , cj ∈ Cj ❡ Cj1Cj2 = {0}✱ ♣❛r❛ j1 6= j2✱
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t❡♠♦s ♦ s❡❣✉✐♥t❡ ✈❛❧♦r ♣❛r❛ gt✿

(f1(a
1
1, . . . , a

1
d1
, b11, . . . , b

1
d1
)) · · · (f1(a11, . . . , a1d1 , b11, . . . , b1d1))

︸ ︷︷ ︸

t−termos

c1r1

(f2(a
2
1, . . . , a

2
d2
, b21, . . . , b

2
d2
)) · · · (f2(a21, . . . , a2d2 , b21, . . . , b2d2))

︸ ︷︷ ︸

t−termos

c2r2

✳✳✳

ck−1rk−1 (fk(a
k
1, . . . , b

k
dk
)) · · · (fk(ak1, . . . , bkdk))

︸ ︷︷ ︸

t−termos

ck =

= (f1(a
1
1, . . . , b

1
d1
))tc1r1(f2(a

2
1, . . . , b

2
d2
))tc2r2 · · · ck−1rk−1(fk(a

k
1, . . . , b

k
dk
))tck =

= 1t1c1r11
t
2c2r2 · · · rk−11

t
kck = (11c1)r1(12c2)r2 · · · rk−1(1kck) =

= c1r1c2r2 · · · rk−1ck 6= 0 .

❉❡ss❛ ❢♦r♠❛✱ gt ♥ã♦ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ t♦❞♦ s ≥ 1✱

s❡ w1, . . . , ws sã♦ ♥♦✈❛s ✈❛r✐á✈❡✐s✱ ❡♥tã♦ s❡❣✉❡ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ gtw1 · · ·ws ♥ã♦ é ✉♠❛

✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A✳ P❛r❛ ♣r♦✈❛r ✐st♦✱ ❜❛st❛ s✉❜st✐t✉✐r ♦s wi✬s ♣♦r 1k✱ ❡ ❛ss✐♠ gtwk · · ·ws
❛ss✉♠✐rá ♦ ✈❛❧♦r c1r1c2r2 · · · rk−1ck 1k · · · 1k

︸ ︷︷ ︸

s termos

= c1r1c2r2 · · · rk−1ck✱ ✉♠❛ ✈❡③ q✉❡ ck ∈ Ck

❡ 1k é ❛ ✉♥✐❞❛❞❡ ❞❡ Ck✳
P❛r❛ t♦❞♦ N ≥ 2d✱ ❝♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ ❣r❛✉ N ✱

q✉❡ é ❞❡♥♦t❛❞♦ ♣♦r PN = PN(x1, . . . , xN)✳ ❉✐✈✐❞✐♥❞♦ N − 2k + 1 ♣♦r 2d✱ ❞❡s❞❡ q✉❡

k ≤ d✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r N = 2td + 2k − 1 + s✱ ♣❛r❛ ❛❧❣✉♠ ✐♥t❡✐r♦ t ≥ 1 ❡ ❛❧❣✉♠

0 ≤ s ≤ 2d− 1✳

❋✐①❡♠♦s n = 2td✳ ◆♦t❡ ❡♥tã♦ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦

w = gt(x1, . . . , xn, xn+1, . . . , xn+2k−1)xn+2k · · · xN ∈ PN

♥ã♦ ♣❡rt❡♥❝❡ ❛♦ Id(A)✱ ♦ T ✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A✳

❖❜s❡r✈❛♥❞♦ q✉❡ N ≥ 2td = n✱ ❡♥tã♦ ♣♦❞❡♠♦s ♦❧❤❛r Sn ❝♦♠♦ ✉♠ s✉❜❣r✉♣♦ ❞❡ SN ✱

✈✐st♦ q✉❡ Sn ❡stá ✐♠❡rs♦ ❡♠ SN ✱ ❜❛st❛♥❞♦ ♣❡r❝❡❜❡r q✉❡ ✉♠❛ ♣❡r♠✉t❛çã♦ σ ∈ Sn ⊆ SN

é t❛❧ q✉❡ ❞❡✐①❛ ✜①♦ ♦s ❡❧❡♠❡♥t♦s n+1, . . . , N ✳ ❙❡♥❞♦ ❛ss✐♠✱ ❝♦♠♦ PN é ✉♠ SN ✲♠ó❞✉❧♦✱

♣♦❞❡♠♦s ♦❧❤❛r PN ❝♦♠♦ ✉♠ Sn✲♠ó❞✉❧♦✳

❙❡❥❛M ♦ Sn✲♠ó❞✉❧♦ ❞❡ PN(A) =
PN

PN ∩ Id(A)
❣❡r❛❞♦ ♣♦r w = w+(PN ∩Id(A))✱

♦✉ s❡❥❛✱

M = KSnw =
KSnw + (PN ∩ Id(A))

PN ∩ Id(A)
.
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✽✻ ✸✳ PI✲❊①♣♦❡♥t❡ ❞❡ ➪❧❣❡❜r❛s

◆♦t❡ q✉❡ M 6= {0}✱ ♣♦✐s w ∈ PN(A)− {0}✳
❱❛♠♦s ♠♦str❛r q✉❡ ❛ ❞✐♠❡♥sã♦ ❞❡ M é ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ Cnrdn✱ ♣❛r❛ ❛❧❣✉♠❛s

❝♦♥st❛♥t❡s C, r > 0✳

❇❛s❡❛❞♦ ♥♦ ❝♦♠❡♥tár✐♦ ❢❡✐t♦ ❧♦❣♦ ❛♣ós ❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✶✻✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

❡①✐st❡♠ ♣❛rt✐çõ❡s λ1, λ2, . . . , λm ❞❡ n ❡ t❛❜❡❧❛s ❞❡ ❨♦✉♥❣ Tλ1 , Tλ2 , . . . , Tλm t❛✐s q✉❡

M = KSnw = KSneTλ1 (w)⊕KSneTλ2 (w)⊕ · · · ⊕ KSneTλm (w), ✭✸✳✼✮

❝♦♠ eTλi (w) 6= 0 ❡♠ PN(A)✱ ♦✉ s❡❥❛✱ eTλi (w) /∈ Id(A)✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ ♣❛r❛ ❛❧❣✉♠❛ λ ∈ {λ1, λ2, . . . , λm}✱ ❛ ❛❧t✉r❛ h(Tλ) ❞❡ Tλ

é ♠❛✐♦r q✉❡ d ❡ ♦ s❡✉ ❞✐❛❣r❛♠❛ ❝♦rr❡s♣♦♥❞❡♥t❡ Dλ ❝♦♥té♠ ❛♦ ♠❡♥♦s q ❝❛✐①❛s ❛❜❛✐①♦

❞❛s d ♣r✐♠❡✐r❛s ❧✐♥❤❛s✱ ♦♥❞❡ Jq = {0}✳ ❉❡s❞❡ q✉❡ eTλ = RTλCTλ é ✉♠ ❡❧❡♠❡♥t♦

❡ss❡♥❝✐❛❧♠❡♥t❡ ✐❞❡♠♣♦t❡♥t❡ ✭✐st♦ é✱ e2Tλ = γeTλ ✱ γ ∈ K − {0}✮✱ t❡♠♦s q✉❡ CTλeTλ 6= 0✳

❉❛í✱ ❛ ✐❞❡♥t✐❞❛❞❡ eTλ(w) ≡ 0 é ❡q✉✐✈❛❧❡♥t❡ à ✐❞❡♥t✐❞❛❞❡

w′ = CTλeTλ(w) ≡ 0.

❉❡ ❢❛t♦✱ é ✐♠❡❞✐❛t♦ q✉❡ w′ ∈ 〈eTλ(w)〉T ✳ P♦r ♦✉tr♦ ❧❛❞♦✱

eTλ(w) = γ−1e2Tλ(w) = γ−1RTλ(CTλeTλ(w)) = γ−1RTλw
′ ∈ 〈w′〉T .

P♦rt❛♥t♦✱ 〈w′〉T = 〈eTλ(w)〉T ✳
◆❡❝❡ss✐t❛♠♦s ❛✈❛❧✐❛r w′ ❡♠ A✳ ❱✐st♦ q✉❡ eTλ(w) é ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ❡♠

x1, . . . , xN ✱ t❡♠♦s q✉❡ w′ é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s ❞♦ t✐♣♦ CTλ(xi1 · · · xiN )✳
❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛ ♣r♦✈❛r q✉❡ w′ ≡ 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❡♠ A✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r

q✉❡ f = CTλ(x1 · · · xN) s❡ ❛♥✉❧❛ ❡♠ A✳ ❖❜s❡r✈❛♥❞♦ q✉❡ ❛s s ♣r✐♠❡✐r❛s ❝♦❧✉♥❛s ❞❡ λ

♣♦ss✉❡♠ ♠❛✐s q✉❡ d ❝❛✐①❛s✱ ❝♦♥s✐❞❡r❡ λ′ = (d+r1, . . . , d+rs, λ
′
s+1, . . . , λ

′
m) ❝♦♠♦ s❡♥❞♦

❛ ♣❛rt✐çã♦ ❝♦♥❥✉❣❛❞❛ ❞❡ λ✳ ❆q✉✐✱ r1 + · · ·+ rs ≥ q ❡ λ′s+1, . . . , λ
′
m ≤ d✳

❉❡s❞❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ i = 1, . . . , s✱ f é ❛❧t❡r♥❛♥t❡ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ d + ri

✈❛r✐á✈❡✐s✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸✳✸✱ s❡ s✉❜st✐t✉✐r♠♦s d + 1 ❞❡ss❛s ✈❛r✐á✈❡✐s ♣♦r ❡❧❡♠❡♥t♦s ❞❛

s✉❜á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s B✱ ❡♥tã♦ t❡r❡♠♦s f = 0✳ P♦rt❛♥t♦✱ t❡♠♦s q✉❡ s✉❜st✐t✉✐r

♥❡ss❡ ❝♦♥❥✉♥t♦✱ ❛♦ ♠❡♥♦s✱ ri ❡❧❡♠❡♥t♦s ❞❡ J ✱ ♣❛r❛ i = 1, . . . , s✳ ❊♥tã♦✱ ❢❛③❡♥❞♦ ❡ss❛s

s✉❜st✐t✉✐çõ❡s✱ t❡r❡♠♦s ❡♠ ❝❛❞❛ ♠♦♥ô♠✐♦ ❞❡ f ♣❡❧♦ ♠❡♥♦s r1 + · · ·+ rs ≥ q ❡❧❡♠❡♥t♦s

❞❡ J ✳ ❉❡s❞❡ q✉❡ J é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❞❡ A ❡ Jq = {0}✱ ♦❜t❡r❡♠♦s q✉❡ f s❡ ❛♥✉❧❛ ❡♠

A✳ ❉❡ t♦❞❛ ❢♦r♠❛✱ w′ ≡ 0 ❡♠ A ❡ ❛ss✐♠ eTλ(w) ∈ Id(A)✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ss✐♠ ✭✸✳✼✮✳
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▲♦❣♦✱ ♣❛r❛ t♦❞❛ λ ∈ {λ1, λ2, . . . , λm}✱ t❡♠♦s h(Dλ) ≤ d ♦✉ h(Dλ) > d ❡ Dλ tê♠ ❛té

q − 1 ❝❛✐①❛s ❛❜❛✐①♦ ❞❛s d ♣r✐♠❡✐r❛s ❧✐♥❤❛s✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ l(Tλ) = λ1 ❞❡ Tλ é ♠❛✐♦r q✉❡ 2t✳ ❖❜✲

s❡r✈❡ q✉❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ w✱ t♦❞❛s ❛s ✈❛r✐á✈❡✐s x1, . . . , xn ❡♠ σ(w) ♣♦❞❡♠ ❛✐♥❞❛ s❡r

s❡♣❛r❛❞❛s ❡♠ 2t ❝♦♥❥✉♥t♦s ❞❡ d ✈❛r✐á✈❡✐s ❛❧t❡r♥❛♥t❡s ✭❝❛❞❛ ✉♠✮✱ ♣❛r❛ t♦❞♦ σ ∈ Sn✳

❈♦♠♦ RTλ = RTλγ✱ ♣❛r❛ q✉❛❧q✉❡r γ ∈ RTλ ✱ t❡♠♦s q✉❡ ❛ ❛çã♦ ❞❡ RTλ ❞á ✉♠❛ s✐♠❡✲

tr✐③❛çã♦ ❡♠ ♣❡❧♦ ♠❡♥♦s 2t + 1 ✈❛r✐á✈❡✐s✱ q✉❡ ❛✐♥❞❛ sã♦ ❛❧t❡r♥❛♥t❡s ❡♠ 2t ❝♦♥❥✉♥t♦s

s❡♣❛r❛❞♦s✳ ❊①✐st❡♠ ❡♥tã♦ ❞✉❛s ✈❛r✐á✈❡✐s q✉❡ ♣❡rt❡♥❝❡♠ ❛ ✉♠ ❞❡ss❡s 2t ❝♦♥❥✉♥t♦s ❞❡

✈❛r✐á✈❡✐s ❛❧t❡r♥❛♥t❡s ❡ t❛✐s q✉❡ ❛ tr❛♥s♣♦s✐çã♦ γ1 ❞❡❧❛s ♣❡rt❡♥❝❡ ❛ RTλ ✳ ▲♦❣♦✱ ❞❡✈❡♠♦s

t❡r RTλσ(w) = 0✱ ✈✐st♦ q✉❡

(RTλγ1)σ(w)) = RTλσ(w) e RTλ(γ1σ(w)) = −RTλσ(w),

❛❝❛rr❡t❛♥❞♦ q✉❡ RTλσ(w) = −RTλσ(w)✱ ❞♦♥❞❡ RTλσ(w) = 0✳ ❉❡ss❛ ❢♦r♠❛✱ ❝♦♠♦ σ é

❛r❜✐trár✐❛✱ t❡♠♦s q✉❡

eTλ(w) = RTλCTλ(w)

=
∑

σ∈CTλ

(−1)σRTλσ(w)

=
∑

σ∈CTλ

(−1)σ0 = 0.

P♦rt❛♥t♦✱ ♦❜s❡r✈❡ q✉❡ ❞❡✈❡ ❡①✐st✐r ✉♠ s✉❜♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ❞❡ M ✐s♦♠♦r❢♦ ❛ KSneTλ
❝♦♠ l(Tλ) ≤ 2t✳ ◆❡st❡ ❝❛s♦✱ ❞❡✈❡♠♦s t❡r ♥♦ ♠í♥✐♠♦ d ❧✐♥❤❛s ❡♠ Dλ✱ ❝♦♠ ❛té 2t ❝❛✐①❛s

❡♠ ❝❛❞❛✱ ✉♠❛ ✈❡③ q✉❡ n = 2td✳ ❆❧é♠ ❞✐ss♦✱ h(Dλ) ≤ d ♦✉ h(Dλ) > d ❡ Dλ t❡♠ ❛té

q − 1 ❝❛✐①❛s ❛❜❛✐①♦ ❞❛ d✲és✐♠❛ ❧✐♥❤❛✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛s♦ ❞❡✈❡♠♦s t❡r λ = ((2t)d)❀ ♥♦

s❡❣✉♥❞♦✱ s❡♥❞♦ λ = (λ1, . . . , λd, λd+1, . . .)✱ ❞❡✈❡♠♦s t❡r

2t− q + 1 ≤ λd ≤ 2t.

❆ss✐♠ ✜❝❛ ❣❛r❛♥t✐❞♦ q✉❡ Dλ ❝♦♥té♠ ♦ r❡tâ♥❣✉❧♦ Dµ = D((2t−q+1)d) ❡ ♣♦rt❛♥t♦

dλ ≥ dµ ✭✈❡r Pr♦♣♦s✐çã♦ ✷✳✸✳✻✮✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✼✱ dµ ∼=
n→∞

C(n − dq + d)rdn−qd+d✱

♣❛r❛ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s C, r > 0✱ ❞❡s❞❡ q✉❡ µ ⊢ d(2t− q + 1) = n− dq + d✳

❖❜s❡r✈❛♥❞♦ q✉❡ d − qd é ❝♦♥st❛♥t❡✱ t♦♠❡♠♦s C1 = Cdd−dq✳ ❚❡♠♦s C1 > 0 ❡

C(n−dq+d)rdn−qd+d = C1(n−qd+d)rdn✳ ❆❞❡♠❛✐s✱ lim
n→∞

(n− dq + d)r

nr
= 1 ❡ ❞❛í t❡♠♦s
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C1(n − qd + d)rdn ∼=
n→∞

C1n
rdn✳ ❆ss✐♠ dµ ∼=

n→∞
C1n

rdn✳ ▲♦❣♦✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✱
dµ

C1nrdn
≥ 1/2 ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

dimM ≥ dλ ≥ dµ ≥ C2n
rdn,

♦♥❞❡ C2 = C1/2✳

▲❡♠❜r❛♥❞♦ q✉❡ N = 2td + 2k − 1 + s✱ ♦♥❞❡ t ∈ N ❡ 0 ≤ s ≤ 2d − 1✱ ❡ n = 2td✱

t❡♠♦s q✉❡ n = N − 2k − s + 1 ❡ q✉❡ n → ∞ q✉❛♥❞♦ N → ∞✳ ❆❞❡♠❛✐s✱ ❝♦♠♦

−s ≥ 1− 2d✱ t❡♠♦s −2k − s+ 1 ≥ 2− 2d− 2k ❡ ❛ss✐♠

C2n
rdn = C2(N − 2k − s+ 1)rdN−2k−s+1 ≥ C2(N − 2k − s+ 1)rdN+2−2d−2k.

▲♦❣♦✱ C2n
rdn ≥ C3(N−2k−s+1)rdN ✱ ♦♥❞❡ C3 = C2d

2−2d−2k✳ ❈♦♠♦ N−n = 1−2k−s
é ✉♠❛ ❝♦♥st❛♥t❡✱ s❡❣✉❡ q✉❡ C3(N − 2k − s + 1)rdN ∼=

n→∞
C3N

rdN ✱ ❡ ❛ss✐♠✱ ♣❛r❛ N

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♠♦s

C3(N − 2k − s+ 1)rdN ≥ C4N
rdN

♦♥❞❡ C4 = C3/2✱ ❡ ❛ss✐♠

CN(A) ≥ dimM ≥ C2n
rdn ≥ C4N

rdN

P♦rt❛♥t♦✱ ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛✳

�

❆❣♦r❛ ❞❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s s✐❣♥✐✜❝❛t✐✈♦s à r❡s♣❡✐t♦ ❞♦ PI✲❡①♣♦❡♥t❡ ❞❡ A✳

❈♦r♦❧ár✐♦ ✸✳✸✳✽ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦ K ❞❡ ❝❛r❛❝✲

t❡ríst✐❝❛ ③❡r♦✳ ❊♥tã♦ exp(A) ❡①✐st❡ ❡ é ✉♠ ✐♥t❡✐r♦✳ ❆❞❡♠❛✐s✱ s❡ K é ❛❧❣❡❜r✐❝❛♠❡♥t❡

❢❡❝❤❛❞♦✱ ❡♥tã♦ exp(A) = dimKG✱ ♣❛r❛ ❛❧❣✉♠❛ ❛♣r♦♣r✐❛❞❛ s✉❜á❧❣❡❜r❛ G s❡♠✐ss✐♠♣❧❡s

❞❡ A✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✸✳✼✱ ❡①✐st❡♠ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s a1, a2, r1, r2 ❡ d t❛✐s

q✉❡

a1n
r1dn ≤ cn(A) ≤ a2n

r2dn. ✭✸✳✽✮

❈❛❧❝✉❧❛♥❞♦✲s❡ ♦s ❡①♣♦❡♥t❡s ✐♥❢❡r✐♦r ❡ s✉♣❡r✐♦r ❞❡ A✱ s❡❣✉❡✲s❡ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡♠

✭✸✳✽✮ q✉❡

exp(A) = lim inf
n→∞

n
√

cn(A) ≥ lim
n→∞

n
√

a1nr1dn ≥ d lim
n→∞

n
√
a1

n
√
nr1 = d
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❡

exp(A) = lim sup
n→∞

n
√

cn(A) ≤ lim
n→∞

n
√

a2nr2dn ≤ d lim
n→∞

n
√
a2

n
√
nr2 = d

▲♦❣♦✱ exp(A) ≤ d ≤ exp(A)✱ ❡ ♣♦rt❛♥t♦ exp(A) = exp(A)✱ ❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡

exp(A) ❡①✐st❡ ❡ é ✐❣✉❛❧ ❛ d✱ ♦✉ s❡❥❛✱ exp(A) = d✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ K é ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✳ P❡❧♦ ❚❡♦r❡♠❛

❞❡ ❲❡❞❞❡r❜✉r♥✲▼❛❧❝❡✈ ✭❚❡♦r❡♠❛ ✶✳✸✳✾✮✱ t❡♠♦s q✉❡ ❡①✐st❡♠ K✲s✉❜á❧❣❡❜r❛s s✐♠♣❧❡s

B1, . . . ,Bk ❞❡ A ❞❡ ❢♦r♠❛ q✉❡

A = (B1 ⊕ · · · ⊕ Bk) + J(A).

❈♦♠♦ K é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ ❡①✐st❡♠ i1, . . . im ∈ {1, . . . , k} t❛✐s q✉❡

d = d(A) = dimK(Bi1 + · · ·+ Bim).

❈♦♥s✐❞❡r❡ G = Bi1 + · · · + Bim ✳ ❚❡♠♦s q✉❡ G é ✉♠❛ K✲s✉❜á❧❣❡❜r❛ ❞❡ A✳ ❈♦♠♦

Bi ∩ Bj = {0}✱ ♣❛r❛ t♦❞♦ i 6= j✱ ❡ Bi é s✐♠♣❧❡s✱ i = 1, . . . , k✱ t❡♠♦s q✉❡ G é ✉♠❛

s✉❜á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s ❞❡ A✳

P♦r ✜♠✱ ♥♦t❡ q✉❡ exp(A) = d = dimKG✳ �

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✹✳✷✻✱ ❞❛❞❛ ✉♠❛ PI✲á❧❣❡❜r❛ A ❛ss♦❝✐❛t✐✈❛ ❡ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛

s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ K✲á❧❣❡❜r❛ C ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ t❛❧

q✉❡ Id(A) = Id(C)✳ ■ss♦ s❡r✈❡ ❞❡ ♠♦t✐✈❛çã♦ ♣❛r❛ ♦ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r✳

❈♦r♦❧ár✐♦ ✸✳✸✳✾ ❙❡ A é ✉♠❛ PI✲á❧❣❡❜r❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ s♦❜r❡ K✱ ❝♦♠ charK = 0✱

❡♥tã♦ exp(A) ❡①✐st❡ ❡ é ✉♠ ✐♥t❡✐r♦✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ charK = 0✱ t❡♠♦s q✉❡ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ ❡ ❛ss✐♠ ❡st❛♠♦s

♥❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✶✳✹✳✷✻✱ ❞♦♥❞❡ ♣♦❞❡♠♦s t♦♠❛r ✉♠❛ K✲á❧❣❡❜r❛ C ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛ t❛❧ q✉❡ A ❡ C sã♦ PI✲❡q✉✐✈❛❧❡♥t❡s✳ ▲♦❣♦✱ cn(A) = cn(C)✱ ♣❛r❛ t♦❞♦ n > 0✳ ❙❡❣✉❡

❞♦ ❈♦r♦❧ár✐♦ ✸✳✸✳✽ q✉❡ exp(C) ❡①✐st❡ ❡ é ✉♠ ✐♥t❡✐r♦✳ ❈♦♠♦

exp(A) = lim
n→∞

n
√

cn(A) = lim
n→∞

n
√

cn(C) = exp(C),

❝♦♥❝❧✉í♠♦s q✉❡ exp(A) ❡①✐st❡ ❡ é ✉♠ ✐♥t❡✐r♦✳ �
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✸✳✹ ❈♦♠♣✉t❛♥❞♦ ♦ PI✲❊①♣♦❡♥t❡ ❞❡ ❛❧❣✉♠❛s ➪❧❣❡❜r❛s

◆❡st❛ ú❧t✐♠❛ s❡çã♦ s❡rã♦ tr❛❜❛❧❤❛❞❛s ♠❛✐s ❛❧❣✉♠❛s ❝♦♥s❡q✉ê♥❝✐❛s ❞♦ ❚❡♦r❡♠❛

✸✳✸✳✼✳ ❙❡rã♦ ❢❡✐t❛s ❝❛r❛❝t❡r✐③❛çõ❡s ❞♦s PI✲❡①♣♦❡♥t❡s ❞❡ á❧❣❡❜r❛s s✐♠♣❧❡s✱ s❡♠✐ss✐♠♣❧❡s✱

♥ã♦ s✐♠♣❧❡s ❡ ❝❡♥tr❛✐s s✐♠♣❧❡s✳

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r♠♦s ❛ ♣ró①✐♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✳✼ r❡❧❡♠❜r❛r❡♠♦s

❛ ❞❡✜♥✐çã♦ ❞❡ á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ ❘❡❝♦r❞❡♠♦s q✉❡ Z(A) r❡❢❡r❡✲s❡ ❛♦ ❝❡♥tr♦ ❞❛

á❧❣❡❜r❛ A✳ ❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ A s♦❜r❡ ✉♠ ❝♦r♣♦ K✱ ❞✐③❡♠♦s q✉❡ A é ❝❡♥tr❛❧ s✐♠♣❧❡s

s❡ é s✐♠♣❧❡s ❡ Z(A) = K✳

➱ ✉♠ ❢❛t♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ q✉❡ ❛ á❧❣❡❜r❛Mn(K) ❞❛s ♠❛tr✐③❡s n×n é ✉♠❛ á❧❣❡❜r❛

s✐♠♣❧❡s ❡ q✉❡ s❡✉ ❝❡♥tr♦ é ❝♦♠♣♦st♦ ♣❡❧❛s ♠❛tr✐③❡s ♠ú❧t✐♣❧♦✲❡s❝❛❧❛r❡s ❞❛ ♠❛tr✐③ ✐❞❡♥✲

t✐❞❛❞❡✱ ✐st♦ é✱ Z(Mn(K)) = {λIn | λ ∈ K}✱ ♦♥❞❡ In é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡ Mn(K)✳

❉❡ss❛ ❢♦r♠❛✱ Mn(K) é ✉♠❛ á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳

❖ r❡s✉❧t❛❞♦ ❛❜❛✐①♦ ❞❡t❡r♠✐♥❛ ♦ ✈❛❧♦r ❞❡ exp(A) ❡♠ t❡r♠♦s ❞❛ ❞✐♠❡♥sã♦ ❞❡ ✉♠❛

s✉❜á❧❣❡❜r❛ s✐♠♣❧❡s ❞❡ A✱ q✉❛♥❞♦ A é ✉♠❛ á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❈♦r♦❧ár✐♦ ✸✳✹✳✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦

K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❙❡❥❛ A =
n⊕

i=1

Ai ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ A ❡♠ s♦♠❛ ❞✐r❡t❛ ❞❡

s✉❜á❧❣❡❜r❛s s✐♠♣❧❡s✳ ❊♥tã♦ exp(A) = maxi{dimZ(Ai) Ai}✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ K ♦ ❢❡❝❤♦ ❛❧❣é❜r✐❝♦ ❞❡ K✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✷✽ q✉❡

A⊗K K =

(
n⊕

i=1

Ai

)

⊗K K ∼=
n⊕

i=1

(
Ai ⊗K K

)
.

❋✐①❛❞♦ i✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✶✹ q✉❡

Ai ⊗K K ∼= Bi1 ⊕ · · · ⊕ Bisi ,

♦♥❞❡ Bi1, . . . ,Bisi sã♦ K✲á❧❣❡❜r❛s s✐♠♣❧❡s✱ ❞✉❛s ❛ ❞✉❛s ✐s♦♠♦r❢❛s ✭❡ ♣♦rt❛♥t♦ ❞❡ ♠❡s♠❛

❞✐♠❡♥sã♦✮✳ ❈♦♠♦ K é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ t♦❞❛s sã♦ á❧❣❡❜r❛s ❞❡ ♠❛tr✐③❡s s♦❜r❡ K
❡ ♣♦rt❛♥t♦ sã♦ ❝❡♥tr❛✐s s✐♠♣❧❡s✳

❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ si = [Z(Ai) : K]✳ ❖❜s❡r✈❡ q✉❡ Bij é ❝❡♥tr❛❧✱ ♣❛r❛ t♦❞♦

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✸✳✹✳ ❈♦♠♣✉t❛♥❞♦ ♦ PI✲❊①♣♦❡♥t❡ ❞❡ ❛❧❣✉♠❛s ➪❧❣❡❜r❛s ✾✶

j = 1, . . . , si✳ ▲♦❣♦✱ t❡♠♦s q✉❡

dimK Z(Bi1 ⊕ · · · ⊕ Bisi) = dimK Z(Bi1) + · · ·+ dimK Z(Bisi)

= dimK K + · · ·+ dimK K
︸ ︷︷ ︸

si−termos

✭✸✳✾✮

= 1 + · · ·+ 1
︸ ︷︷ ︸

si−termos

= si.

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s

[Z(Ai) : K] = dimK Z(Ai) = dimK Z(Ai)

= dimK Z(Bi1 ⊕ · · · ⊕ Bisi).

❙❡❣✉❡✲s❡ ❞❡ ✭✸✳✾✮ ❡ ❞❡ ✭r❡❢❡q✼✳✶✮ q✉❡ [Z(Ai) : K] = si.

❈♦♠♦ J(A) = {0} ❡ BijBlk = {0}✱ i 6= l ♦✉ j 6= k✱ t❡♠♦s q✉❡

exp(A) = d(A) = max
i,j

{dimK Bij} = max
i

{dimK Bi1},

✉♠❛ ✈❡③ q✉❡ dimK Bi1 = · · · = dimK Bisi ✳
❉❡ss❛ ❢♦r♠❛✱ ❝♦♠♦

(dimZ(Ai) Ai)[Z(Ai) : K] = dimK Ai = dimK(Ai ⊗K K)

= dimK(Bi1 ⊕ · · · ⊕ Bisi) = si dimK Bi1
= [Z(Ai) : K] dimK Bi1,

❞❡✈❡♠♦s t❡r exp(A) = maxi{dimK Bi1} = maxi{dimZ(Ai) Ai}. �

◆♦ ❈♦r♦❧ár✐♦ ✸✳✹✳✷ ❛❜❛✐①♦✱ ❞❛r❡♠♦s ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ q✉❡

❞❡t❡r♠✐♥❛ s❡ ✉♠❛ á❧❣❡❜r❛ A é ♦✉ ♥ã♦ ❝❡♥tr❛❧ s✐♠♣❧❡s✳

❈♦r♦❧ár✐♦ ✸✳✹✳✷ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❝♦♠ charK = 0✳ ❊♥tã♦✿

❛✮ ❙❡ A ♥ã♦ é s✐♠♣❧❡s✱ ❡♥tã♦ exp(A) ≤ dimK A− 1❀

❜✮ ❙❡ A é s✐♠♣❧❡s✱ ❡♥tã♦ exp(A) = dimZ(A) A❀

❝✮ A é ❝❡♥tr❛❧ s✐♠♣❧❡s s♦❜r❡ K s❡✱ ❡ s♦♠❡♥t❡ s❡✱

exp(A) = dimK A.
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✾✷ ✸✳ PI✲❊①♣♦❡♥t❡ ❞❡ ➪❧❣❡❜r❛s

❉❡♠♦♥str❛çã♦✿ ❛✮ ❙❡❥❛ B = B1⊕ · · ·⊕Br ✉♠❛ s✉❜á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s ❞❡ A t❛❧ q✉❡

A = B+ J ✱ ♦♥❞❡ J é ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❞❡ A✳ ◆♦t❡ q✉❡ s❡ B = {0}✱ ✐st♦ é✱ A = J ✱

❡♥tã♦ cn(A) = 0✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ▲♦❣♦✱ exp(A) = 0 ≤ dimK A− 1✳

❙✉♣♦♥❤❛♠♦s r ≥ 1✳ ❈❛s♦ J = {0}✱ ❞❡✈❡♠♦s t❡r A = B✱ ❡ ❛ss✐♠✱ A é s❡♠✐s✲

s✐♠♣❧❡s✱ ❝♦♠ r > 1✱ ♣♦✐s A é ♥ã♦ s✐♠♣❧❡s✳ ❙❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ✸✳✹✳✶ q✉❡ exp(A) =

maxi{dimZ(Bi) Bi}✳ ❙❡❥❛ i0 ∈ {1, . . . , r} t❛❧ q✉❡ exp(A) = dimZ(Bi0
) Bi0 ✳ ❈♦♠♦ r > 1✱

❞❡✈❡♠♦s t❡r q✉❡ A 6= Bi0 ✱ ❡ ❝♦♠ ✐ss♦✱ ❞❡s❞❡ q✉❡ K ⊆ Z(Bio)✱ t❡♠♦s q✉❡

exp(A) = dimZ(Bi0
) Bi0 ≤ dimK Bi0 < dimK A.

◆❡ss❡ ❝❛s♦✱ exp(A) ≤ dimK A− 1✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ ❝❛s♦ ❡♠ q✉❡ J 6= {0}✳ ❚❡♠♦s ❡♥tã♦ q✉❡ dimK B < dimK A✱

♣♦✐s A 6= B✳ ❈♦♠♦ d = d(A) ≤ dimK B✱ t❡♠♦s q✉❡

exp(A) = d ≤ dimK B < dimK A.

❚❛♠❜é♠ ♥❡st❡ ❝❛s♦✱ t❡♠♦s q✉❡ exp(A) ≤ dimK A− 1✳

P♦rt❛♥t♦✱ ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ exp(A) ≤ dimK A− 1✱ s❡❥❛ q✉❛❧ ❢♦r ❛ K✲á❧❣❡❜r❛ A
❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♥ã♦ s✐♠♣❧❡s✱ ❝♦♠ charK = 0 ✳

❜✮ ❙✉♣♦♥❤❛ q✉❡ A s❡❥❛ ✉♠❛ á❧❣❡❜r❛ s✐♠♣❧❡s✱ ❞♦♥❞❡ é ❛✐♥❞❛ ✉♠❛ á❧❣❡❜r❛ s❡♠✐s✲

s✐♠♣❧❡s✱ ❝♦♠ ✉♠❛ ú♥✐❝❛ ❝♦♠♣♦♥❡♥t❡ Bi✳ ❙❡❣✉❡✲s❡ ❈♦r♦❧ár✐♦ ✸✳✹✳✶ q✉❡

exp(A) = dimZ(A) A.

❝✮ ❙✉♣♦♥❤❛ ♣r✐♠❡✐r♦ q✉❡ A é ✉♠❛ á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s s♦❜r❡ K✳ ▲♦❣♦✱ Z(A) =

K✱ ❡ ❞❛í✱ ♣❡❧♦ ❥á ❞❡♠♦♥str❛❞♦ ✐t❡♠ ✭❜✮ ❞❡st❡ ❝♦r♦❧ár✐♦✱ t❡♠♦s q✉❡

exp(A) = dimZ(A) A = dimK A.

P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❤❛♠♦s q✉❡ exp(A) = dimK A✳ ▲♦❣♦✱ exp(A) > dimK A− 1✱

❡ ❛ss✐♠✱ ♣❡❧♦ ✐t❡♠ ✭❛✮ ❞❡st❡ ❝♦r♦❧ár✐♦✱ ❞❡✈❡♠♦s t❡r q✉❡ A é ✉♠❛ á❧❣❡❜r❛ s✐♠♣❧❡s✱ ❡ ❝♦♠

✐ss♦ A é ✉♥✐tár✐❛ ✭✈❡r ❖❜s❡r✈❛çã♦ ✶✳✶✮✳

❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ s✐♠♣❧❡s✱ t❡♠♦s q✉❡ K ⊆ Z(A) é ✉♠❛ ❡①t❡♥sã♦ ❞❡

❝♦r♣♦s✳ P❡❧♦ ✐t❡♠ ✭❜✮ ❞❡st❡ ❝♦r♦❧ár✐♦✱ t❡♠♦s

dimZ(A) A = exp(A) = dimK A.

❉❡ss❛ ❢♦r♠❛✱ ❝♦♠♦ dimZ(A) A = dimK A ❡ K ⊆ Z(A)✱ s❡❣✉❡✲s❡ q✉❡ K = Z(A) ❡

♣♦rt❛♥t♦ A é ✉♠❛ á❧❣❡❜r❛ ❝❡♥tr❛❧ s✐♠♣❧❡s✳ �
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❈❛♣ít✉❧♦ ✹

➪❧❣❡❜r❛s ❝♦♠ ❈r❡s❝✐♠❡♥t♦ P♦❧✐♥♦♠✐❛❧

❞❛s ❈♦❞✐♠❡♥sõ❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❞❛r❡♠♦s ❞✉❛s ❝❛r❛❝t❡r✐③❛çõ❡s ❞❡ á❧❣❡❜r❛s q✉❡ ♣♦ss✉❡♠ ❝r❡s❝✐♠❡♥t♦

♣♦❧✐♥♦♠✐❛❧ ❞❛s ❝♦❞✐♠❡♥sõ❡s✳ ❊st❡ ❝❛♣ít✉❧♦ t❡♠ ❡♠❜❛s❛♠❡♥t♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬●❩✸❪✳

❆q✉✐✱ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ ▼♦str❛r❡♠♦s q✉❡ A t❡♠ ❝r❡s❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧

❞❛s ❝♦❞✐♠❡♥sõ❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞❛ á❧❣❡❜r❛ B ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ PI✲❡q✉✐✈❛❧❡♥t❡ ❛

A t❡♠ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s✉❜á❧❣❡❜r❛s q✉❡ s❛t✐s❢❛③❡♠ ❞✉❛s ❝♦♥✈❡♥✐❡♥t❡s ❝♦♥❞✐çõ❡s✳

❆✐♥❞❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦✉tr❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ❛s ❝♦❞✐♠❡♥sõ❡s

cn(A) s❡❥❛♠ ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛s✳

✹✳✶ Pr❡❧✐♠✐♥❛r❡s

◆❡st❛ s❡çã♦ r❡❧❡♠❜r❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ♥♦ ❞❡❝♦rr❡r

❞❡st❡ ❝❛♣ít✉❧♦✳ ❚❛✐s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛s ❙❡çõ❡s ✶✳✶ ❡ ✶✳✹ ❞♦ ❈❛♣ít✉❧♦

✶✱ ❡ ♥❛ ❙❡çã♦ ✸✳✶ ❞♦ ❈❛♣ít✉❧♦ ✸✳ ❚♦❞❛s ❛s á❧❣❡❜r❛s ❞❡ ●r❛ss♠❛♥♥ ❛❜❛✐①♦ tê♠ ♣♦st♦

❡♥✉♠❡rá✈❡❧✳

▲❡♠❛ ✹✳✶✳✶ ❙❡❥❛ E ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ✭❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦✲

r✐❛❧✮ s♦❜r❡ K✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ n ∈ N✱ cn(E) = 2n−1.

▲❡♠❛ ✹✳✶✳✷ ❚♦❞❛ ✈❛r✐❡❞❛❞❡ V ✭♥ã♦ tr✐✈✐❛❧✮ ❞❡ á❧❣❡❜r❛s é ❣❡r❛❞❛ ♣❡❧❛ ❡♥✈♦❧tór✐❛ ❞❡

●r❛ss♠❛♥♥ ❞❡ ❛❧❣✉♠❛ s✉♣❡rá❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❙❡ ❛ ✈❛r✐❡❞❛❞❡ V ♥ã♦ ❝♦♥té♠

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✾✹ ✹✳ ➪❧❣❡❜r❛s ❝♦♠ ❈r❡s❝✐♠❡♥t♦ P♦❧✐♥♦♠✐❛❧ ❞❛s ❈♦❞✐♠❡♥sõ❡s

♥❡♥❤✉♠❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✱ ❡♥tã♦ ❡❧❛ é ❣❡r❛❞❛ ♣♦r ❛❧❣✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛✳

▲❡♠❛ ✹✳✶✳✸ P❛r❛ t♦❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ✉♥✐tár✐❛ A sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

❛✮ A ∼= A1×A2×· · ·×An✱ ♦♥❞❡ A1, · · · ,An sã♦ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❝♦♠ ✉♥✐❞❛❞❡

♥ã♦ ♥✉❧❛s❀

❜✮ ❊①✐t❡♠ ✐❞❡❛✐s ✭❜✐❧❛t❡r❛✐s ♥ã♦ tr✐✈✐❛✐s✮ I1, I2, . . . , In ❞❡ A t❛✐s q✉❡

A = I1 ⊕ I2 ⊕ · · · ⊕ In;

❝✮ ❊①✐st❡♠ ❡❧❡♠❡♥t♦s e1, e2, . . . , en ∈ Z(A) ✭n ≥ 2✮ t❛✐s q✉❡ eiej = 0✱ ♣❛r❛ i 6= j✱

e1 + e2 + · · ·+ en = 1 ❡ e2k = ek✱ k = 1, 2, . . . , n✳

✹✳✷ ➪❧❣❡❜r❛s ❝♦♠ ❈r❡s❝✐♠❡♥t♦ P♦❧✐♥♦♠✐❛❧ ❞❛s ❈♦❞✐✲

♠❡♥sõ❡s

◆❡st❛ s❡çã♦ ❞❛r❡♠♦s ❞✉❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡ s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ❛ s❡q✉ê♥❝✐❛

❞❡ ❝♦❞✐♠❡♥sõ❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ s❡❥❛ ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛✳

❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r é ❞❡✈✐❞♦ ❛ ❑❡♠❡r✳

❚❡♦r❡♠❛ ✹✳✷✳✶ ❙❡❥❛ A ✉♠❛ PI✲á❧❣❡❜r❛✳ ❙❡ t✐✈❡r♠♦s cn(A) ≤ ant✱ ♣❛r❛ t♦❞❛ n ∈ N

❡ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s a, t > 0✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ á❧❣❡❜r❛ B ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ t❛❧ q✉❡

Id(A) = Id(B)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ E ✉♠❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❞❡ ♣♦st♦ ❡♥✉♠❡rá✈❡❧ s♦❜r❡ ✉♠

❝♦r♣♦ K✳ P❡❧♦ ▲❡♠❛ ✹✳✶✳✶✱ t❡♠♦s q✉❡ cn(E) = 2n−1✱ ♣❛r❛ t♦❞♦ n ∈ N✳ ❉❛í✱ ♣❛r❛

t♦❞♦ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ cn(A) < cn(E)✱ ✉♠❛ ✈❡③ q✉❡ lim
n→∞

2n−1

ant
= ∞✳ ▲♦❣♦✱

Id(A) * Id(E)✱ ❡ ❛ss✐♠ E /∈ var(A)✱ ♦♥❞❡ var(A) é ❛ ✈❛r✐❡❞❛❞❡ ❣❡r❛❞❛ ♣♦r A✳

❈♦♥❝❧✉í♠♦s q✉❡ var(A) ♥ã♦ ❝♦♥té♠ ♥❡♥❤✉♠❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✱ ✉♠❛ ✈❡③ q✉❡ E

❢♦✐ t♦♠❛❞❛ ❛r❜✐tr❛r✐❛♠❡♥t❡ ❞❡ ♣♦st♦ ❡♥✉♠❡rá✈❡❧✱ ❡ ♦ ✐❞❡❛❧ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❡ q✉❛❧q✉❡r

á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❝♦♥té♠ Id(E)✳ ❙❡♥❞♦ V = var(A)✱ t❡♠♦s

q✉❡ Id(A) = Id(V)✳ ❉❡ss❛ ❢♦r♠❛✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✶✳✷ q✉❡ ❡①✐st❡ ✉♠❛ á❧❣❡❜r❛ B ❞❡

❞✐♠❡♥sã♦ ✜♥✐t❛ t❛❧ q✉❡ Id(B) = Id(V) = Id(A). �

❘❡❧❡♠❜r❛♥❞♦ q✉❡ ❛ n✲és✐♠❛ ❝♦❞✐♠❡♥sã♦ ❞❡ A ♥ã♦ s❡ ❛❧t❡r❛ ❝❛s♦ ✏❡st❡♥❞❛♠♦s✑

♦ ❝♦r♣♦ ❜❛s❡ K ✭✈❡r ❚❡♦r❡♠❛ ✸✳✶✳✼✮✱ ♣♦❞❡♠♦s ❛ss✉♠✐r✱ ❛♦ ❡st✉❞❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡

cn(A)✱ q✉❡ K é ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✹✳✷✳ ➪❧❣❡❜r❛s ❝♦♠ ❈r❡s❝✐♠❡♥t♦ P♦❧✐♥♦♠✐❛❧ ❞❛s ❈♦❞✐♠❡♥sõ❡s ✾✺

❚❡♦r❡♠❛ ✹✳✷✳✷ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡

❢❡❝❤❛❞♦ K✳ ❊♥tã♦ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦❞✐♠❡♥sõ❡s (cn(A))n≥1 ❞❡ A é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡

❧✐♠✐t❛❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

❛✮ A = A0 ⊕ A1 ⊕ · · · ⊕ Am ✭❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✮✱ ♦♥❞❡✱ ♣❛r❛ i = 1, . . . ,m✱

Ai = Bi + Ji é ✉♠❛ K✲s✉❜á❧❣❡❜r❛ ❞❡ A✱ Bi ∼= K✱ Ji ✉♠ ✐❞❡❛❧ ♥✐❧♣♦t❡♥t❡ ❞❡ Ai ❡

A0, J1, . . . , Jm sã♦ ✐❞❡❛✐s ♥✐❧♣♦t❡♥t❡s à ❞✐r❡✐t❛ ❞❡ A❀

❜✮ ♣❛r❛ t♦❞♦s i, k ∈ {1, . . . ,m}✱ i 6= k✱ t❡♠♦s q✉❡ AiAk = {0} ❡ BiA0 = {0}✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s ♣r✐♠❡✐r♦ q✉❡ cn(A) é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛✳ ❙❡❥❛

A = B+J ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ A ❣❛r❛♥t✐❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❲❡❞❞❡r❜✉r♥✲▼❛❧❝❡✈✱ ♦♥❞❡

B é ✉♠❛ s✉❜á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s ❞❡ A ❡ J = J(A) é ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥✳ ❊s❝r❡✈❛

B = B1⊕· · ·⊕Bm✱ ❝♦♠ B1, . . .Bm á❧❣❡❜r❛s s✐♠♣❧❡s✳ ❉❡s❞❡ q✉❡ cn(A) é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡

❧✐♠✐t❛❞❛ ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✸✳✼✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s a1, a2, r1, r2 ❡ d

✭♦♥❞❡ d = d(A) é ♦ ✐♥t❡✐r♦ ❞❡✜♥✐❞♦ ❡♠ ✭✸✳✹✮✮✱ t❛✐s q✉❡ a1nr1dn ≤ cn(A) ≤ a2n
r2dn, ♣❛r❛

n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❞❡✈❡♠♦s t❡r d = 1✱ ✉♠❛ ✈❡③ q✉❡ a1nr1dn ≤ cn(A) ≤ cnt✱ ♣❛r❛

❛❧❣✉♥s c, t > 0✱ ❡ lim
n→∞

a1n
r1dn

cnt
= ∞✱ ❝❛s♦ d > 1✳ ▲♦❣♦✱ BiJBk = {0}✱ ♣❛r❛ q✉❛✐sq✉❡r

i 6= k✱ ❡ dimK Bj = 1 ♣❛r❛ j = 1, . . . ,m.

❙❡♥❞♦ s❡♠✐ss✐♠♣❧❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ t❡♠♦s q✉❡ B é ✉♥✐tár✐❛✱ ❡ ❞❛í s❡❣✉❡✲s❡ ❞♦

▲❡♠❛ ✹✳✶✳✸ q✉❡ ❡①✐st❡♠ e1, e2, . . . , em ∈ Z(B) t❛✐s q✉❡ eiej = 0 s❡ i 6= j✱ e1 + e2 + · · ·+
em = 1B ❡ e2k = ek✱ ♣❛r❛ k = 1, 2, . . . ,m✳

◆♦t❡ q✉❡ Bi ∼= K✱ ♣❛r❛ i = 1, . . . ,m✱ ✉♠❛ ✈❡③ q✉❡ Kei ⊆ B ❡ dimK Bi = 1✳ ❈♦♠♦

Bi é s✐♠♣❧❡s ✭❛❧é♠ ❞❡ s❡r ✉♠ ✐❞❡❛❧ ❞❡ B✮✱ t❡♠♦s q✉❡ Bi = eiB✱ ♣❛r❛ t♦❞♦ i = 1, . . . ,m✳

❆ss✐♠✱ eiB ∼= K✱ i = 1, . . . ,m.

P❛r❛ t♦❞♦ i = 1, . . . ,m✱ ❞❡✜♥❛ Ji = eiJ ❡ J0 = {x ∈ J | Bx = {0}}✳ ❖❜s❡r✈❡

q✉❡ x ∈ J0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ 1Bx = 0✳ ◆♦t❡ q✉❡ J0, J1, . . . , Jm sã♦ ✐❞❡❛✐s ♥✐❧♣♦t❡♥t❡s à

❞✐r❡✐t❛ ❞❡ A✳ ❚❡♠♦s

A = (B1 + J1)⊕ · · · ⊕ (Bm + Jm)⊕ J0.

❉❡ ❢❛t♦✱ ❢❛ç❛♠♦s A′ = (B1 + J1) ⊕ · · · ⊕ (Bm + Jm) ⊕ J0✳ ➱ ❝❧❛r♦ q✉❡ A′ ⊆ A✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ t♦♠❡♠♦s a ∈ J q✉❛❧q✉❡r✳ ❱❛♠♦s ♠♦str❛r q✉❡ a ∈ 1BJ+J0✳ ❚♦♠❛♥❞♦

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●
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x =
∑m

i=1 eixi ∈ B q✉❛❧q✉❡r✱ t❡♠♦s q✉❡

x(a− 1Ba) =
m∑

i=1

eixi

(

a−
m∑

j=1

eja

)

=
m∑

i=1

eixia−
m∑

i=1

m∑

j=1

eiejxia

=
m∑

i=1

eixia−
m∑

j=1

e2jxja = 0.

▲♦❣♦✱ a− 1Ba ∈ J0✱ ❡ ❛ss✐♠ a ∈ 1BJ + J0✳ ❉❡ss❛ ❢♦r♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ J = 1BJ + J0✱

✉♠❛ ✈❡③ q✉❡ é ✐♠❡❞✐❛t♦ 1BJ + J0 ⊆ J ✳ ❖❜s❡r✈❛♥❞♦ q✉❡ 1B = e1 + e2 + · · · + em✱

❝♦♥❝❧✉í♠♦s q✉❡ J ⊆ J1 + · · ·+ Jm + J0 ❡ ❛ss✐♠ A = A′✳

❚♦♠❡♠♦s Ai = Bi + Ji✱ ❝♦♠ i = 1, . . . ,m✱ ❡ A0 = J0✳ ❖❜s❡r✈❡ q✉❡ Ai é ✉♠❛

s✉❜á❧❣❡❜r❛ ❞❡ A✱ i = 1, 2, . . . ,m✳ ▲♦❣♦✱ t❡♠♦s q✉❡

BiA0 = BiJ0 ⊆ BJ0 = {0}.

❖❜s❡r✈❡ q✉❡ Ji é ✉♠ ✐❞❡❛❧ ✭❜✐❧❛t❡r❛❧✮ ♥✐❧♣♦t❡♥t❡ ❞❡ Ai✱ ✈✐st♦ q✉❡ ei ∈ Z(B) ❡ J é ✉♠

✐❞❡❛❧ ♥✐❧♣♦t❡♥t❡ ❞❡ A✳ ❈♦♠♦ eiej = 0 ♣❛r❛ q✉❛✐sq✉❡r i 6= j ❡♠ {1, . . . ,m}✱ t❡♠♦s q✉❡

BiBk = {0} ❡ JiJk = {0}✱ ✉♠❛ ✈❡③ q✉❡ eiJek ⊆ BiJBk = {0}✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡

AiAk = (Bi + Ji)(Bk + Jk) = BiJk + JiBk,

❡ ♣♦r BiJk = BiekJ ⊆ BiBkJ = {0} ❡ JiBk ⊆ BiJBk = {0}✱ t❡♠♦s q✉❡ AiAk = {0}✳
P♦rt❛♥t♦✱ ❝♦♥❝❧✉í♠♦s ❛ ♣r✐♠❡✐r❛ ✐♠♣❧✐❝❛çã♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ A ✉♠❛ á❧❣❡❜r❛ s❛t✐s❢❛③❡♥❞♦ (a) ❡ (b)✳ ❚♦♠❛♥❞♦ J = A0 +

J1 + · · · + Jm✱ s❡❣✉❡ ❞❡ (a) ❡ (b) q✉❡ J é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❞❡ A✳ ❈♦♠♦ ❝❛❞❛ Ji é

♥✐❧♣♦t❡♥t❡✱ ❞❡✈❡♠♦s t❡r J1 + · · · + Jm ♥✐❧♣♦t❡♥t❡✱ ✉♠❛ ✈❡③ q✉❡ JiJk = {0}✳ ❆❞❡♠❛✐s✱

s❡♥❞♦ A0 ❡ J1 + · · · + Jm ♥✐❧♣♦t❡♥t❡s ❡ (J1 + · · · + Jm)A0 = {0} ✭♣♦✐s BiA0 = {0}✮✱
♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ J é ♥✐❧♣♦t❡♥t❡✳ ❈♦♠♦ Bi ∼= K ❡ A =

⊕m

i=0 Ai = B1⊕· · ·⊕Bm⊕J ✱
❞❡✈❡♠♦s t❡r J = J(A)✳
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✹✳✷✳ ➪❧❣❡❜r❛s ❝♦♠ ❈r❡s❝✐♠❡♥t♦ P♦❧✐♥♦♠✐❛❧ ❞❛s ❈♦❞✐♠❡♥sõ❡s ✾✼

❈♦♥s✐❞❡r❡ ❛❣♦r❛ t♦❞♦s ♦s ♣r♦❞✉t♦s ❞❛ ❢♦r♠❛ BiJBj✱ ❝♦♠ i 6= j✳ ❚❡♠♦s q✉❡

BiJBj = BiA0Bj +
m∑

l=1

BiJlBj

=
m∑

l=1

BiJlBj

=
m∑

l=1
l 6=i

(BiJl)Bj + (BiJi)Bj

= Bi(JiBj) = {0},

❞❡s❞❡ q✉❡ BiA0 = {0}✱ AiAj = {0}✱ ♣❛r❛ q✉❛✐sq✉❡r i, j ∈ {1, . . . ,m} ❞✐st✐♥t♦s✳

P♦rt❛♥t♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ d = d(A) ❞❛❞❛ ❡♠ ✭✸✳✹✮✱ ♥♦ ❈❛♣ít✉❧♦ ✸✱ s❡❣✉❡✲s❡

q✉❡ d = maxi{dimBi} = 1✱ ❡ ❛ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✸✳✼✱ ❝♦♥❝❧✉í♠♦s q✉❡ cn(A) é

♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛✳ �

❙❡❣✉❡ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ ❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✳✼ q✉❡ s❡ A é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛ t❛❧ q✉❡ exp(A) = 1✱ ❡♥tã♦ A t❡♠ ❝r❡s❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧ ❞❛s ❝♦❞✐♠❡♥sõ❡s✱ ✉♠❛

✈❡③ q✉❡ exp(A) = d = d(A)✳ ❯♠❛ ♦✉tr❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ é ❛

s❡❣✉✐♥t❡✳

❈♦r♦❧ár✐♦ ✹✳✷✳✸ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛✲

♠❡♥t❡ ❢❡❝❤❛❞♦ K s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s (a) ❡ (b) ❞♦ ❚❡♦r❡♠❛ ✹✳✷✳✷✳ ❙❡❥❛♠ J ♦

r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❞❡ A ❡✱ ♣❛r❛ t♦❞♦ i = 1, . . . ,m✱ Ci = Ai ⊕A0✳ ❊♥tã♦

Id(A) = Id(C1) ∩ · · · ∩ Id(Cm) ∩ Id(J).

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s q✉❡ ♣♦ss❛♠♦s t♦♠❛r f ∈ (
⋂m

i=1 Id(Ci))∩Id(J) ❞❡ ❢♦r♠❛

q✉❡ f /∈ Id(A)✳ ❉❡s❞❡ q✉❡ charK = 0✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ f é ♠✉❧t✐❧✐♥❡❛r✱ ❡ ❛ss✐♠

t♦♠❡♠♦s r1, . . . , rs ∈ A0 ∪ A1 ∪ · · · ∪ Am t❛✐s q✉❡ f(r1, . . . , rs) 6= 0✳

❙❡ r1, . . . , rs ∈ J ✱ ❡♥tã♦ f /∈ Id(J)✱ ♦ q✉❡ é ❝♦♥tr❛❞✐çã♦✳ ❈♦♠ ✐ss♦✱ ♣♦❞❡♠♦s t♦♠❛r

i0 ∈ {1, . . . , s} t❛❧ q✉❡ ri0 /∈ J ✳ P❡❧❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❡ f ✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ri0 ∈ Bk✱
♣❛r❛ ❛❧❣✉♠ k ∈ {1, . . . , s}✳ ❘❡❝♦r❞❡♠♦s q✉❡ BlA0 = {0}✱ Jl é ✉♠ ✐❞❡❛❧ à ❞✐r❡✐t❛ ❞❡

A ❡ AlAk = {0}✱ ♣❛r❛ q✉❛✐sq✉❡r l, k ∈ {1, . . . ,m} ❞✐st✐♥t♦s✳ ❆❞❡♠❛✐s✱ A0Ai ⊆ A0 ❡

AiA0 = JiA0 ⊆ Ji ⊆ Ai✱ ♣❛r❛ t♦❞♦ i = 1, . . . ,m✳

❈♦♠♦ f = f(x1, . . . , xs) é ♠✉❧t✐❧✐♥❡❛r✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r f =
∑

σ∈Ss

λσxσ(1) · · · xσ(s)✱

❝♦♠ λσ ∈ K✳ ❋✐①❛♥❞♦ σ ∈ Ss✱ ❛r❜✐trár✐♦✱ ❝♦♥s✐❞❡r❡ ♦ ♣r♦❞✉t♦

rσ(1) · · · rσ(j−1)ri0rσ(j+1) · · · rσ(s),
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✾✽ ✹✳ ➪❧❣❡❜r❛s ❝♦♠ ❈r❡s❝✐♠❡♥t♦ P♦❧✐♥♦♠✐❛❧ ❞❛s ❈♦❞✐♠❡♥sõ❡s

❝♦♠ i0 = σ(j)✳ ❙❡ s✉♣✉s❡r♠♦s q✉❡ ❛❧❣✉♠ ri /∈ Ak ∪ A0✱ ❝♦♠ i ∈ {1, . . . , s} ❡ i 6= i0✱

❡♥tã♦ rσ(1) · · · rσ(j−1) ♦✉ rσ(j+1) · · · rσ(s) ♣❡rt❡♥❝❡ ❛

A1 ∪ · · · ∪ Ak−1 ∪ Ak+1 ∪ · · · ∪ Am.

❈♦♠♦ ri0 ∈ Bk ⊆ Ak✱ t❡♠♦s q✉❡ rσ(1) · · · rσ(i0) · · · rσ(s) = 0✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ σ ∈ Ss✱ ❡

❛ss✐♠

f(r1, . . . , rs) = 0.

❈♦♥tr❛❞✐çã♦✦ P♦rt❛♥t♦✱ r1, . . . , ri0−1, ri0+1, . . . , rs ∈ Ak ∪A0✳ ❉❡ss❛ ❢♦r♠❛✱ f /∈ Id(Ck)✳
❈♦♥tr❛❞✐çã♦✦ P♦rt❛♥t♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ f /∈ Id(A)✱ ❡ ❣❛r❛♥t✐♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ♣r♦❝✉✲

r❛❞❛✳ �

❯♠❛ ♣❡r❣✉♥t❛ q✉❡ ✜❝❛ s♦❜r❡ ♦ t❡♦r❡♠❛ ❛❝✐♠❛ é✿ ♦ q✉❡ ♣♦❞❡♠♦s ❞✐③❡r s❡ ♦ ❝♦r♣♦

K ♥ã♦ é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦❄

P❛r❛ r❡s♣♦♥❞❡r t❛❧ ♣❡r❣✉♥t❛✱ t♦♠❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ✉♠❛ á❧❣❡❜r❛ A ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦ K✳ ❊s❝r❡✈❡♠♦s A = B+ J ✱ ❝♦♠ B = B1 ⊕ · · · ⊕ Bm ✉♠❛ á❧❣❡❜r❛

s❡♠✐ss✐♠♣❧❡s✳ ❙❡♥❞♦ K ♦ ❢❡❝❤♦ ❛❧❣é❜r✐❝♦ ❞❡ K✱ ❡s❝r❡✈❡♠♦s A = A ⊗K K✱ ❡ ❞❛í✱ ♣❡❧♦

❚❡♦r❡♠❛ ✶✳✸✳✶✵✱ t❡♠♦s q✉❡ J(A) = J(A)⊗K K✳ ❙❡❣✉❡ ❞✐ss♦ q✉❡

A ∼= B1 ⊕ · · · ⊕ Bm + J(A),

♦♥❞❡ Bi = Bi ⊗K K é ✉♠❛ á❧❣❡❜r❛ s❡♠✐ss✐♠♣❧❡s✳

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✶✹ ❡ ♣❡❧♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❈♦r♦❧ár✐♦ ✸✳✹✳✶✱

t❡♠♦s q✉❡ Bi ∼= Ci1 ⊕ · · · ⊕ Citi ✱ ♦♥❞❡ ti = dimK Z(Bi) ❡ Ci1 ∼= · · · ∼= Citi sã♦ á❧❣❡❜r❛s

❝❡♥tr❛✐s s✐♠♣❧❡s s♦❜r❡ K✳

◆♦ ❝❛s♦ ❡♠ q✉❡ cn(A) = cn(A) é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✸✳✼✱

t❡♠♦s q✉❡ Cik ∼= K✱ ♣❛r❛ q✉❛✐sq✉❡r i, k✱ ❡ CikJ(A)Crs = {0} s❡ (i, k) 6= (r, s)✳ ❖❜s❡r✲

✈❛♥❞♦ q✉❡ dimK Bi = dimK Bi =
∑ti

j=1 dimK Cij = ti✱ t❡♠♦s q✉❡ Bi = Z(Bi) é ✉♠ ❝♦r♣♦✱

s❡♥❞♦ ✉♠❛ ❡①t❡♥sã♦ ❞❡ ❣r❛✉ ti ❞❡ K✳ ❉❡s❞❡ q✉❡ charK = 0 ❡ K ⊆ Bi é ✉♠❛ ❡①t❡♥sã♦

❛❧❣é❜r✐❝❛✱ t❡♠♦s ❡♥tã♦ q✉❡ t❛❧ ❡①t❡♥sã♦ é s✐♠♣❧❡s✱ ❡ ❞❛í ♣♦❞❡♠♦s ❡s❝r❡✈❡r Bi = K(ai)✱

♣❛r❛ ❛❧❣✉♠ ai ∈ Bi✳ P♦rt❛♥t♦✱ ♥ós ♠♦str❛♠♦s q✉❡ s❡ K é ✉♠ ❝♦r♣♦ q✉❛❧q✉❡r ❡ A é

✉♠❛ K✲á❧❣❡❜r❛ ❝♦♠ ❝r❡s❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧ ❞❛s ❝♦❞✐♠❡♥sõ❡s✱ ❡♥tã♦

A ∼= K(a1)⊕ · · · ⊕ K(am) + J(A), ✭✹✳✶✮

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✹✳✷✳ ➪❧❣❡❜r❛s ❝♦♠ ❈r❡s❝✐♠❡♥t♦ P♦❧✐♥♦♠✐❛❧ ❞❛s ❈♦❞✐♠❡♥sõ❡s ✾✾

❝♦♠ K(ai)J(A)K(ak) = {0}✱ ♣❛r❛ q✉❛✐sq✉❡r i, j ∈ {1, . . . ,m} ❞✐st✐♥t♦s✳

❉❛r❡♠♦s ❛❣♦r❛ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ♣❛r❛ ♦ ❝r❡s❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧ ❞❛s ❝♦❞✐♠❡♥✲

sõ❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❡♠ ❢✉♥çã♦ ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦❝❛r❛❝t❡r❡s✳

◆♦ q✉❡ s❡❣✉❡✱ ♣❛r❛ λ ⊢ n✱ t❛♠❜é♠ ❡s❝r❡✈❡r❡♠♦s |λ| = n✳ ◆♦t❡ q✉❡ s❡ λ =

(λ1, λ2, . . .)✱ ❡♥tã♦ |λ| − λ1 ❞❡♥♦t❛ ♦ ♥ú♠❡r♦ ❞❡ ❝❛✐①❛s ❛❜❛✐①♦ ❞❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞♦

❞✐❛❣r❛♠❛ ❞❡ λ✳

❚❡♦r❡♠❛ ✹✳✷✳✹ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦ K✳ ❊♥tã♦

(cn(A))n≥1 é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

χn(A) =
∑

λ⊢n
|λ|−λ1<q

mλχλ ,

♦♥❞❡ J(A)q = {0}.

❉❡♠♦♥str❛çã♦✿ ▲❡♠❜r❡♠♦s q✉❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ χn(A) ❡♠ ❝♦♠♣♦♥❡♥t❡s ✐rr❡❞✉tí✲

✈❡✐s ♥ã♦ s❡ ❛❧t❡r❛ q✉❛♥❞♦ ✏❡st❡♥❞❡♠♦s✑ ♦ ❝♦r♣♦ ❜❛s❡ ✭✈❡r ❚❡♦r❡♠❛ ✸✳✶✳✼✮✳ ❆❧é♠ ❞✐ss♦✱

❝♦♠♦ J(A⊗KK)l = J(A)l⊗KK✱ ♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ l > 0✱ t❡♠♦s q✉❡ J(A⊗KK)q = {0}✱
✉♠❛ ✈❡③ q✉❡ J(A)q = {0}✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣♦❞❡♠♦s ❛ss✉♠✐r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱

q✉❡ K é ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✳

Pr✐♠❡✐r❛♠❡♥t❡✱ s✉♣♦♥❤❛♠♦s q✉❡ χn(A) =
∑

λ⊢nmλχλ✱ ❝♦♠ mλ = 0 s❡♠♣r❡

q✉❡ |λ| − λ1 ≥ q✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✸✳✾✱ ❛s ♠✉❧t✐♣❧✐❝✐❞❛❞❡s mλ✬s sã♦ ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡

❧✐♠✐t❛❞❛s✱ ♦✉ s❡❥❛✱ ♣♦❞❡♠♦s t♦♠❛r C, t > 0 ❝♦♥st❛♥t❡s t❛✐s q✉❡ mλ ≤ Cnt✱ ♣❛r❛

q✉❛❧q✉❡r λ ⊢ n✳ ❉❛í✱ s❡❣✉❡✲s❡ q✉❡

cn(A) =
∑

λ⊢n
|λ|−λ1<q

mλdλ ≤ Cnt
∑

λ⊢n
|λ|−λ1<q

dλ. ✭✹✳✷✮

P❛r❛ ❝❛❞❛ λ = (λ1, λ2, . . .) ⊢ n✱ ❝♦♠ |λ| − λ1 < q✱ ❝♦♥s✐❞❡r❡ λ∗ = (λ1) ⊢ λ1✳

❖❜s❡r✈❡ q✉❡ λ∗ ≤ λ✱ s❡❥❛ q✉❛❧ ❢♦r λ ⊢ n✳ ❈♦♠♦ n − |λ∗| = |λ| − λ1 < q✱ s❡❣✉❡ ❞♦

❚❡♦r❡♠❛ ✷✳✸✳✻ q✉❡

dλ ≤ nqdλ∗ = nq, ✭✹✳✸✮

✉♠❛ ✈❡③ q✉❡ λ∗ é ✉♠❛ ♣❛rt✐çã♦ ❞❡ ✉♠ só t❡r♠♦ ❡ ❛ss✐♠ s❡✉ ❞✐❛❣r❛♠❛ ♣♦ss✉✐ ❛♣❡♥❛s ✉♠❛

❧✐♥❤❛✱ ❛❞♠✐t✐♥❞♦ ♣♦rt❛♥t♦ ✉♠❛ ú♥✐❝❛ t❛❜❡❧❛ st❛♥❞❛r❞✱ ❡ ❞❛í dλ∗ = 1✳ ❯♠❛ ❡st✐♠❛t✐✈❛

♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞❡ λ ⊢ n t❛✐s q✉❡ |λ| − λ1 < q é q✉❡ ❡ss❡ ♥ú♠❡r♦ ♥ã♦

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✶✵✵ ✹✳ ➪❧❣❡❜r❛s ❝♦♠ ❈r❡s❝✐♠❡♥t♦ P♦❧✐♥♦♠✐❛❧ ❞❛s ❈♦❞✐♠❡♥sõ❡s

s✉♣❡r❛ nq✳ P❛r❛ ✈❡r ✐st♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ s❡ |λ| − λ1 < q✱ ❡♥tã♦ Dλ t❡♠ ♥♦ ♠á①✐♠♦

q ❧✐♥❤❛s✱ ❝♦♠ ❝❛❞❛ ✉♠❛ ❞❡❧❛s ❝♦♥t❡♥❞♦ ✉♠ ♥ú♠❡r♦ ❞❡ ❝❛✐①❛s ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ n✳

❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s ❞❡ ✭✹✳✷✮ ❡ ❞❡ ✭✹✳✸✮ q✉❡

cn(A) ≤ Cnt
∑

λ⊢n
|λ|−λ1<q

dλ

≤ Cnt
∑

λ⊢n
|λ|−λ1<q

nq = Cnt+q
∑

λ⊢n
|λ|−λ1<q

1

≤ Cnt+qnq = Cnt+2q,

♦♥❞❡ C, t+ 2q > 0 sã♦ ❝♦♥st❛♥t❡s✱ ❡ ♣♦rt❛♥t♦ ❛ s❡q✉ê♥❝✐❛ (cn(A))n≥1 ❞❛s ❝♦❞✐♠❡♥sõ❡s

❞❡ A é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❤❛♠♦s q✉❡ ❛s ❝♦❞✐♠❡♥sõ❡s ❞❡ A sã♦ ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❧✐✲

♠✐t❛❞❛s✳ ❙❡❥❛ λ ⊢ n t❛❧ q✉❡ |λ| − λ1 ≥ q ❡ s✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡

mλ 6= 0✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✳✸✱ ♣♦❞❡♠♦s t♦♠❛r ❛❧❣✉♠❛ t❛❜❡❧❛ Tλ ❡ ❛❧❣✉♠ h ∈ Pn

t❛✐s q✉❡ eTλh /∈ Id(A)✳ ❙❡❥❛ λ′ = (λ′1, . . . , λ
′
t) ❛ ♣❛rt✐çã♦ ❝♦♥❥✉❣❛❞❛ ❞❡ λ✱ ❝♦♠ t = λ1✳

❖❜s❡r✈❡ q✉❡ eTλh = RTλ(CTλh) ❡ ❛ss✐♠ CTλh /∈ Id(A)✳ ❖❜s❡r✈❡ t❛♠❜é♠ q✉❡ CTλh é

✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s f = CTλ(xi1 · · · xin)✱ s❡♥❞♦ ❝❛❞❛ ✉♠ ❛❧t❡r♥❛♥t❡

❡♠ t ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ❡♥tr❡ s✐ ❝♦♠ λ′1, . . . , λ
′
t ✈❛r✐á✈❡✐s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈❤❡❣❛r❡♠♦s

❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦ s❡ ♣r♦✈❛r♠♦s q✉❡ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ f s❡ ❛♥✉❧❛ ❡♠ A✳

❋✐①❡♠♦s ✉♠❛ ❜❛s❡ ❞❡ A q✉❡ s❡❥❛ ❛ ✉♥✐ã♦ ❞❡ ❜❛s❡s ❞❡ B1, . . . ,Bm ❡ J ✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✱ ♦♥❞❡ A = B1 ⊕ · · · ⊕ Bm + J é ❛ ❞❡❝♦♠♣♦s✐çã♦ ❣❛r❛♥t✐❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡

❲❡❞❞❡r❜✉r♥✲▼❛❧❝❡✈ ✭❚❡♦r❡♠❛ ✶✳✸✳✾✮✳ ❉❡s❞❡ q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✷✱ BiBk = {0} =

BiJBk✱ ♣❛r❛ q✉❛✐sq✉❡r i, k ∈ {1, . . . ,m} ❞✐st✐♥t♦s✱ ♣❛r❛ t❡r♠♦s ✉♠ ✈❛❧♦r ♥ã♦ ♥✉❧♦ ❞❡

f ✱ ♣r❡❝✐s❛♠♦s s✉❜st✐t✉✐r t♦❞❛s ❛s ✈❛r✐á✈❡✐s ❞❡ f ♣♦r ❡❧❡♠❡♥t♦s ❞❡ J ❡ ❞❡ ✉♠❛ ♠❡s♠❛

❝♦♠♣♦♥❡♥t❡ s✐♠♣❧❡s✱ ❞✐❣❛♠♦s Bi✳ ❚❛♠❜é♠✱ ❞❡s❞❡ q✉❡ dimBi = 1✱ ♣♦❞❡r❡♠♦s ♥♦ ♠á✲

①✐♠♦ s✉❜st✐t✉✐r ✉♠ ❡❧❡♠❡♥t♦ ❞❡ Bi ❡♠ ❝❛❞❛ ✉♠ ❞♦s ❝♦♥❥✉♥t♦s ❛❧t❡r♥❛♥t❡s✳ ❉❛í✱ ❝♦♠♦

♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❥✉♥t♦ ❛❧t❡r♥❛♥t❡s é t = λ1✱ ❡♥tã♦ ♣♦❞❡♠♦s ♥♦ ♠á①✐♠♦ s✉❜st✐t✉✐r ❛s

✈❛r✐á✈❡✐s ❞❡ f ♣♦r t ❡❧❡♠❡♥t♦s ❞❡ Bi✳ ❙❡❣✉❡✲s❡ q✉❡ ♣❛r❛ t❡r♠♦s ✉♠ ✈❛❧♦r ♥ã♦ ♥✉❧♦ ❞❡

f ✱ ❞❡✈❡♠♦s s✉❜st✐t✉✐r ❛s ✈❛r✐á✈❡✐s ❞❡ f ♣♦r ❛♦ ♠❡♥♦s |λ| − t = |λ| − λ1 ≥ q ❡❧❡♠❡♥t♦s

❞❡ J ✳ ▼❛s✱ ❞❡s❞❡ q✉❡ Jq = {0}✱ ❡st❛ s✉❜st✐t✉✐çã♦ ❛♥✉❧❛r✐❛ f ✱ ❡ ❝♦♠ ✐ss♦ t❡♠♦s ✉♠❛

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●



✹✳✷✳ ➪❧❣❡❜r❛s ❝♦♠ ❈r❡s❝✐♠❡♥t♦ P♦❧✐♥♦♠✐❛❧ ❞❛s ❈♦❞✐♠❡♥sõ❡s ✶✵✶

❝♦♥tr❛❞✐çã♦✱ ♣r♦✈❛♥❞♦ ❛ss✐♠ q✉❡ mλ = 0 s❡ |λ| − λ1 ≥ q✱ ❡ ♣♦rt❛♥t♦

χn(A) =
∑

λ⊢n
|λ|−λ1<q

mλχλ ,

❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛✳ �

❖ t❡♦r❡♠❛ ❛♥t❡r✐♦r ❞✐③ q✉❡ A t❡♠ ❝r❡s❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧ ❞❛s ❝♦❞✐♠❡♥sõ❡s s❡✱ ❡

s♦♠❡♥t❡ s❡✱ t♦❞♦s ♦s ❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s q✉❡ ❛♣❛r❡❝❡♠ ❝♦♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ♥ã♦ ♥✉❧❛

❡♠ χn(A) t❡♠ ❞✐❛❣r❛♠❛ ❛ss♦❝✐❛❞♦ ❝♦♠ ♥♦ ♠á①✐♠♦ q − 1 ❝❛✐①❛s ❛❜❛✐①♦ ❞❛ ♣r✐♠❡✐r❛

❧✐♥❤❛✱ ♦♥❞❡ Jq = {0}✳
❉❡ss❛ ❢♦r♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ s❡ A é ✉♠❛ PI✲á❧❣❡❜r❛ ❝♦♠ ❝r❡s❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧

❞❛s ❝♦❞✐♠❡♥sõ❡s✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ á❧❣❡❜r❛ B ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❝♦♠ Id(A) = Id(B)✱
t❛❧ q✉❡ B ♣♦ss✉✐ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ s❡♠❡❧❤❛♥t❡ ❛ ✭✹✳✶✮ ❡ ♦ n✲és✐♠♦ ❝♦❝❛r❛❝t❡r ❞❡ B
t❡♠ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❝♦♠♦ ❛ ❞❛❞❛ ♥♦ ❚❡♦r❡♠❛ ✹✳✷✳✹✳ ❖❜s❡r✈❡ q✉❡ ✈❛❧❡ ❛ r❡❝í♣r♦❝❛✱

✉♠❛ ✈❡③ q✉❡ t❡r❡♠♦s cn(A) = cn(B)✱ ♣❛r❛ t♦❞♦ n ≥ 1✳

❆♥t♦♥✐♦ ▼✳ ❉✳ ❋r❛♥ç❛ ❖✉t✉❜r♦ ❞❡ ✷✵✶✹ PP●▼❛t ✕ ❯❋❈●





❇✐❜❧✐♦❣r❛✜❛

❬❇❉❪ ❨✉✳ ❆✳ ❇❛❤t✉r✐♥ ❛♥❞ ❱✳ ❉r❡♥s❦②✱ ●r❛❞❡❞ P♦❧②♥♦♠✐❛❧ ■❞❡♥t✐t✐❡s ♦❢ ▼❛tr✐❝❡s✳ ▲✐✲

♥❡❛r ❆❧❣❡❜r❛ ❛♣♣❧✳✱ ✸✺✼ ✭✷✵✵✷✮✱ ♣♣✳ ✶✺✲✸✹✳

❬❇❘❪ ❆✳ ❇❡r❡❧❡ ❛♥❞ ❆✳ ❘❡❣❡✈✱ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ❍♦♦❦ ❨♦✉♥❣ ❉✐❛❣r❛♠s t♦ PI✲❆❧❣❡❜r❛s✳

❏✳ ❆❧❣❡❜r❛ ✽✷ ✭✶✾✽✸✮✱ ♣♣✳ ✺✺✾✲✺✻✼✳

❬❇❪ ❍✳ ❇♦❡r♥❡r✱ ❘❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ●r♦✉♣s✱ ✷♥❞ ❡❞✳✱ ◆♦rt❤✲❍♦❧❧❛♥❞✱ ❆♠st❡r❞❛♠✱ ✶✾✻✸✳

❬❈❘❪ ❈✳ ❲✳ ❈✉rt✐s ❛♥❞ ■✳ ❘❡✐♥❡r✱ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r② ♦❢ ❋✐♥✐t❡ ●r♦✉♣s ❛♥❞ ❆ss♦❝✐✲

❛t✐✈❡ ❆❧❣❡❜r❛s✳ ❲✐❧❡②✱ ◆❡✇ ❨♦r❦✱ ✶✾✻✷✳
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