
❘❡s✉♠♦

❖ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ s✐st❡♠❛s ❞✐ss✐♣❛t✐✈♦s é ✉♠ ❝❛♠♣♦ ❞❡

♣❡sq✉✐s❛ ❡♠ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐❛✐s✲❊❉P✳ ❊①✐st❡♠ ♥❛ ❧✐t❡r❛t✉r❛ ✈ár✐❛s té❝♥✐❝❛s

♣❛r❛ ❛❜♦r❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦✳ ❈♦♥t✉❞♦✱ ♦ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❛♣❧✐✲

❝❛r ❛ té❝♥✐❝❛ ❞❡✈✐❞♦ ❛♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♣♦r ●❡❛r❤❛rt ✭✈❡r ❩✳ ▲✐✉ ❡ ❙✳ ❩❤❡♥❣ ❬✷✶❪✮ q✉❡

❝♦♥s✐st❡ ❡♠ ❡①♣❧♦r❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞✐ss✐♣❛t✐✈❛s ❞♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛✳

P❛❧❛✈r❛s ❈❤❛✈❡✿ ❙✐st❡♠❛s ❞✐ss✐♣❛t✐✈♦s✱ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦✱ ❚❡♦r❡♠❛ ❞❡ ●❡✲

❛r❤❛rt✳



❆❜str❛❝t

❚❤❡ st✉❞② ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❞✐ss✐♣❛t✐✈❡ s②st❡♠s ✐s ❛♥ ✐♠♣♦rt❛♥t ♣❛rt

♦❢ t❤❡ r❡s❡❛r❝❤ ♦❢ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✲P❉❊✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❛r❡ ✈❛r✐♦✉s

♠❡t❤♦❞s t♦ ❛♥❛❧✐③❡ t❤✐s ♦♥❡✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❛♣♣❧② t❤❡ ❛ r❡s✉❧t ❞✉❡

t♦ ●❡❛r❤❛rt ✭s❡❡ ❩✳ ❛♥❞ ❙✳ ▲✐✉ ❩❤❡♥❣ ❬✷✶❪✮ ✇❤✐❝❤ ❝♦♥s✐ts ✐♥ t♦ ❡①♣❧♦r❡ t❤❡ ❞✐ss✐♣❛t✐♦♥

♣r♦♣❡rt✐❡s ♦❢ t❤❡ s❡♠✐❣r♦✉♣s ❛ss♦❝✐❛t❡❞ t♦ ❞✐ss✐♣❛t✐✈❡ s②st❡♠s✳

❑❡②✇♦r❞s✿ ❞✐ss✐♣❛t✐✈❡ s②st❡♠s❀ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r❀ ❚❤❡♦r❡♠ ●❡❛r❤❛rt✳



❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❈♦♠♣♦rt❛♠❡♥t♦ ❆ss✐♥tót✐❝♦ ❞❡
❙✐st❡♠❛s ❉✐ss✐♣❛t✐✈♦s

♣♦r

▼✐s❛❡❧❧❡ ❞♦ ◆❛s❝✐♠❡♥t♦ ❖❧✐✈❡✐r❛ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❆❧❞♦ ❚r❛❥❛♥♦ ▲♦✉rê❞♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙





❈♦♠♣♦rt❛♠❡♥t♦ ❆ss✐♥tót✐❝♦ ❞❡
❙✐st❡♠❛s ❉✐ss✐♣❛t✐✈♦s✳

♣♦r

▼✐s❛❡❧❧❡ ❞♦ ◆❛s❝✐♠❡♥t♦ ❖❧✐✈❡✐r❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ❆♥á❧✐s❡

❆♣r♦✈❛❞❛ ♣♦r✿

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❆❣♦st♦✴✷✵✶✺

✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r ♠❛✐s ❡st❛ ❝♦♥q✉✐st❛✱ ♣♦✐s s❡♠ s❡✉ ❛♠♣❛r♦✱

♥ã♦ t❡r✐❛ ❛❧❝❛♥ç❛❞♦ ❡st❡ ♦❜❥❡t✐✈♦✳

❆❣r❛❞❡ç♦✱ ❡s♣❡❝✐❛❧♠❡♥t❡✱ ❛♦ ❛♠✐❣♦ ❡ ♣r♦❢❡ss♦r ❆❧❞♦ ❚r❛❥❛♥♦ ▲♦✉rê❞♦✱ ♣❡❧❛ ❝♦♠✲

♣❡t❡♥t❡ ♦r✐❡♥t❛çã♦✱ ❝♦♥✜❛♥ç❛✱ ❞❡❞✐❝❛çã♦ ❡ ♣❡❧❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❡♠ ❛❥✉❞❛r s❡♠♣r❡ ❝♦♠

t♦❞♦ ❝❛r✐♥❤♦✳

❆♦s ♠❡✉s ♣❛✐s✱ ❱❡r❛❧ú❝✐❛ ❡ ●❡♥✐✈❛❧✱ ♣❡❧♦ ❝♦♥st❛♥t❡ ❛♣♦✐♦ ❡♠ t♦❞♦s ♦s ♠♦♠❡♥t♦s

❡♠ q✉❡ ❞❡❝✐❞✐ ♣r♦ss❡❣✉✐r ❝♦♠ ♠❡✉s ❡st✉❞♦s ❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ❛♦ ♠❡✉ ✜❧❤✐♥❤♦✱ ♣♦r s❡r

tã♦ ❝♦♠♣r❡❡♥s✐✈♦✱ ❝❛r✐♥❤♦s♦ ❡ s❡♠♣r❡ ♠❡ r❡❝❡❜❡r ❝♦♠ ❛❜r❛ç♦s ❡ s♦rr✐s♦s✱ ♥❛ ✈♦❧t❛ ♣❛r❛

❝❛s❛✳

➚ ♠✐♥❤❛ ❛✈ó ❙❡✈❡r✐♥❛ ✭❡♠ ♠❡♠ór✐❛✮ q✉❡ s❡♠♣r❡ ♠❡ ✐♥❝❡♥t✐✈♦✉✱ ❝♦♠ t❛♥t♦ ♦r❣✉✲

❧❤♦✳

❆♦s ♣r♦❢❡ss♦r❡s ●✐♦✈❛♥❛ ❙✐r❛❝✉s❛ ●♦✉✈❡✐❛✱ ▼❛♥✉❡❧ ❆♥t♦❧✐♥♦ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡

❙❡✈❡r✐♥♦ ❍♦rá❝✐♦ ❞❛ ❙✐❧✈❛ ♣♦r ❛❝❡✐t❛r❡♠ ♦ ❝♦♥✈✐t❡ ❞❡ ♣❛rt✐❝✐♣❛r❡♠ ❞❛ ❝♦♥❝❧✉sã♦ ❞❡

♠❛✐s ❡st❛ ❡t❛♣❛ ♥❛ ♠✐♥❤❛ ❥♦r♥❛❞❛ ✉♥✐✈❡rs✐tár✐❛✳

❆♦s ❝♦❧❡❣❛s ❞❛ ❯❋❈●✿ ❇r✉♥♦✱ ▲ê✈✐✱ ❏❛♠♠✐❧②✱ ❑❡②tt✱ ❊r✐✈❛❧❞♦✱ ❆❧❛♥ ❇❛✐❛✱ ❈❛r❧♦s✱

❈❧❛✉❞❡♠✐r✱ ❆❧❛♥ ❆r❛ú❥♦✱ ▼✐❝❤❡❧✱ ❆r❧❛♥❞s♦♥ ❡ ❊♠❛♥✉❡❧❛ ❘é❣✐❛ ♣❡❧❛s ❞ú✈✐❞❛s ✭♠❛t❡✲

♠át✐❝❛s✮ ❡s❝❧❛r❡❝✐❞❛s ❡ ♣❡❧❛ ❛❣r❛❞á✈❡❧ ❝♦♥✈✐✈ê♥❝✐❛✳

❆♦s ❝♦❧❡❣❛s ❡ ❛♠✐❣♦s ❞❛ ❊s♣❡❝✐❛❧✐③❛çã♦ ♥❛ ❯❊P❇✿ ❆❧❡①✱ ❉✐❡❣♦✱ ❑❧é❝✐♦ ❡ ❘♦ss❛♥❡✱

q✉❡ ❥✉♥t♦s ❝♦♠♣❛rt✐❧❤❛♠♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❡ ✉♠❛ ❜♦❛ ❛♠✐③❛❞❡✳

❆♦s ❝♦❧❡❣❛s ❡ ❛♠✐❣♦s ❞♦ ❝✉rs♦ ❞❡ ❣r❛❞✉❛çã♦✱ ♣♦r t❡r♠♦s ❝♦♠♣❛rt✐❧❤❛❞♦ t❛♥t♦s

♠♦♠❡♥t♦s ❞❡ ❞✐✜❝✉❧❞❛❞❡s ❡✱ ❡♠ ❡s♣❡❝✐❛❧✱ à ❆♥❛ ❈❧❛ú❞✐❛✱ q✉❡ ♠❡ ❞❡✉ ♠✉✐t♦ ❛♣♦✐♦ ❡♠

s✉❛ ❝❛s❛✱ ❛❧é♠ ❞❡ t❡r s❡ t♦r♥❛❞♦ ✉♠❛ ❣r❛♥❞❡ ❛♠✐❣❛✱ ♣♦ss♦ ❞✐③❡r✱ q✉❡ é ❛ ✐r♠ã q✉❡ ♥ã♦

t❡♥❤♦✳

❆♦ ♠❡✉ ♥❛♠♦r❛❞♦✱ ❏❡❛♥❞r♦✱ ♣❡❧❛ ❝♦♥✜❛♥ç❛ ♥♦ ♠❡✉ s✉❝❡ss♦ ❛té ♠❡s♠♦ q✉❛♥❞♦

❡✉ ❞✉✈✐❞❛✈❛✱ ♣♦r s❡r tã♦ ♣r❡s❡♥t❡ ♥❛ ♠✐♥❤❛ ✈✐❞❛✳

❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ♣ós✲❣r❛❞✉❛çã♦ ❞❛ ❯❋❈●✿ ❆♥tô♥✐♦ ❱❡❧ásq✉❡③✱ ❙❡✈❡r✐♥♦ ❍♦rá✲

✐✐✐



✐✈

❝✐♦✱ ❆♣❛r❡❝✐❞♦ ❏❡s✉í♥♦ ❡ ▲✐♥❞♦❜❡r❣✱ ♣❡❧♦s ❡♥s✐♥❛♠❡♥t♦s ❛❞q✉✐r✐❞♦s ❞✉r❛♥t❡ ♦ ♠❡str❛❞♦✳

❊♠ ❡s♣❡❝✐❛❧ ❛♦ Pr♦❢❡ss♦r ▼❛r❝❡❧♦✱ ♣❡❧❛ ❛♠✐③❛❞❡✱ ❛❝♦❧❤✐♠❡♥t♦ ❡ ✐♥❝❡♥t✐✈♦✳

❆ ▲✉❝✐❛♥♦ ❞♦s ❙❛♥t♦s✱ ❏♦s❡❧♠❛ ❙♦❛r❡s✱ ❆♥❛ ❆❧✐❝❡ ❙♦❜r❡✐r❛✱ ▲✉✐③ ▲✐♠❛✱ ❚❤✐❝✐❛♥②

▼❛ts✉❞♦✱ ❈❛r❧♦s ❊❞✉❛r❞♦✱ ❘♦❣❡r ❘✉❜❡♥ ❡ ❏♦sé ❏♦❡❧s♦♥✱ ▲✉✐s ❍❛✈❡❧❛♥❣❡ ❡ ❇r❛✉♥❡r ♣♦r

t♦❞❛ ❞❡❞✐❝❛çã♦✱ ❝♦♠♣❡tê♥❝✐❛✱ ♣❡❧❛s ✈❛❧♦r♦s❛s ❝♦♥tr✐❜✉✐çõ❡s ❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❡♥q✉❛♥t♦

♠❛t❡♠át✐❝♦ ❡ ♣♦r ❛♣♦st❛r❡♠ t❛♥t♦ ♥♦ ♠❡✉ s✉❝❡ss♦✳

❆ ❈❆P❊❙✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳



❉❡❞✐❝❛tór✐❛

❆ ♠✐♥❤❛ ❛✈ó ✭❡♠ ♠❡♠ór✐❛✮✱ ❛♦s

♠❡✉s ♣❛✐s✱ ✐r♠ã♦s ❡ ♠❡✉ ✜❧❤♦✳

✈



❈♦♥t❡ú❞♦

◆♦t❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶ ❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s ✽

✶✳✶ C0✲❙❡♠✐❣r✉♣♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✷ ❚❡♦r❡♠❛ ❞❡ ❍✐❧❧❡✲❨♦s✐❞❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✸ ❚❡♦r❡♠❛ ❞❡ ▲✉♠❡r✲P❤✐❧❧✐♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✹ ❙❡♠✐❣r✉♣♦ ❆♥❛❧ít✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✷ ❖ ❚❡♦r❡♠❛ ❞❡ ●❡❛r❤❛rt ✹✷

✷✳✶ ❚❡♦r❡♠❛ ❞❡ ●❡❛r❤❛rt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸ ❆♣❧✐❝❛çõ❡s ✺✵

✸✳✶ ❙✐st❡♠❛ ❊❧ást✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✸✳✶✳✶ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ❞❡ ❙♦❧✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✸✳✶✳✷ ❈❛r❛❝t❡r✐③❛çã♦ ❡①♣❧í❝✐t❛ ❞❡ ❉✭❆✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✸✳✶✳✸ ❉❡❝❛✐♠❡♥t♦ ❊①♣♦♥❡♥❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✸✳✷ ❙✐st❡♠❛ ❚❡r♠♦❡❧ást✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✸✳✷✳✶ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ❞❡ ❙♦❧✉çã♦ ✳ ✳ ✳ ✳ ✻✹

✸✳✷✳✷ ❈❛r❛❝t❡r✐③❛çã♦ ❡①♣❧í❝✐t❛ ❞❡ ❉✭❆✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✸✳✷✳✸ ❉❡❝❛✐♠❡♥t♦ ❊①♣♦♥❡♥❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✸✳✸ ❙✐st❡♠❛ ❱✐s❝♦❡❧ást✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✸✳✸✳✶ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ❞❡ ❙♦❧✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

✸✳✸✳✷ ❉❡❝❛✐♠❡♥t♦ ❊①♣♦♥❡♥❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸



✐✐

❆ ❊s♣❛ç♦s Lp(Ω) ❡ Wm,p(Ω) ✶✵✷

❆✳✶ ❉❡r✐✈❛❞❛ ❋r❛❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

❆✳✷ ❊s♣❛ç♦s Lp(Ω) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

❆✳✸ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

❇ ▼❛✐s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ✶✵✾

❇✐❜❧✐♦❣r❛✜❛ ✶✶✺



◆♦t❛çã♦

P❛r❛ ✉♠ ♦♣❡r❛❞♦r A : X −→ Y, t❡♠♦s ❛s s❡❣✉✐♥t❡s ♥♦t❛çõ❡s✿

• D(A) é ♦ ❞♦♠í♥✐♦ ❞♦ ♦♣❡r❛❞♦r A, q✉❡ é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ X;

• Im(A) é ❛ ✐♠❛❣❡♠ ❞♦ ♦♣❡r❛❞♦r A, q✉❡ é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ Y ;

• G(A) = {(w,Aw) ∈ X × Y ;w ∈ D(A)} ❣rá✜❝♦ ❞❡ A;

• X∗ é ♦ ❡s♣❛ç♦ ❞✉❛❧ ❞❡ X;

• L(X) = {L : X −→ X; L é ❧✐♥❡❛r ❡ ❧✐♠✐t❛❞♦};

• R(λ; A)✿ ♦♣❡r❛❞♦r r❡s♦❧✈❡♥t❡ ❞❡ A ❛ss♦❝✐❛❞♦ à λ❀

• D(A) = X : D(A) é ❞❡♥s♦ ❡♠ X;

• Ω : ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❡♠ R
N ;

• D(Ω) : ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s t❡st❡❀

• D
′
(Ω) = {T : D(Ω) −→ R; T é ✉♠❛ ❞✐str✐❜✉✐çã♦}

• Γ✿ ❝✉r✈❛ ❞♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦✳



■♥tr♦❞✉çã♦

❖ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ s✐st❡♠❛s ❞✐ss✐♣❛t✐✈♦s é ✉♠ r❛♠♦ ❞❡

♣❡sq✉✐s❛ ❡♠ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐❛✐s ✲ ❊❉P✳ ◆❡ss❡ s❡♥t✐❞♦✱ ❛❧❣✉♠❛s té❝♥✐❝❛s

❛♥❛❧ít✐❝❛s ♣❛r❛ ♦❜t❡r ♦ ❞❡❝❛✐♠❡♥t♦ ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ♣♦r ✈ár✐♦s ❛✉t♦r❡s✳

◆♦ss♦ tr❛❜❛❧❤♦ ❞❡t❡✈❡✲s❡ ❛♦ ♠ét♦❞♦ ✐♥tr♦❞✉③✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛ ♣♦r ●❡❛r❤❛rt ✭✈❡r

❩✳ ▲✐✉ ❡ ❙✳ ❩❤❡♥❣ ❬✷✶❪✮✱ ♦ q✉❛❧ ❝♦♥s✐st❡ ❡♠ ❡①♣❧♦r❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞✐ss✐♣❛t✐✈❛s ❞♦

s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ é ❛♣r❡s❡♥t❛r ❞❡ ❢♦r♠❛ ❞✐❞á✲

t✐❝❛ ♦s ❚❡♦r❡♠❛s ❞❡ ❍✉❛♥❣ ❡ ●❡❛r❤❛rt✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ●❡❛r❤❛rt ❛ s✐st❡♠❛s

❞✐ss✐♣❛t✐✈♦s✳

❆ ♣r❡s❡♥t❡ ❞✐ss❡rt❛çã♦ ❡stá ❞✐✈✐❞✐❞❛ ❡♠ três ❝❛♣ít✉❧♦s✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✱

❛♣r❡s❡♥t❛♠♦s ❝♦♥❝❡✐t♦s ❡ ❞❡✜♥✐çõ❡s s♦❜r❡ ❛ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦s✱ ❜❡♠ ❝♦♠♦✱ ♠♦str❛♠♦s

❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣♦r ♠❡✐♦ ❞❛ r❡❢❡r✐❞❛ t❡♦r✐❛✱ ❛ q✉❛❧ t❡✈❡ ✐♥í❝✐♦ ❡♠

♠❡❛❞♦s ❞❛ ❞é❝❛❞❛ ❞❡ 40, ❝♦♠ ♦s tr❛❜❛❧❤♦s ❞❡ ❑✳ ❨♦s✐❞❛ ❡ ❊✳ ❍✐❧❧❡✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡✱

❞✐✈❡rs♦s ♦✉tr♦s ♠❛t❡♠át✐❝♦s ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ ❝♦♥s♦❧✐❞❛çã♦ ❞❡st❛ t❡♦r✐❛✱ ❞❡♥tr❡ ❡❧❡s✱

❞❡st❛❝❛♠♦s ▲✉♠❡r ❡ P❤✐❧❧✐♣s✳

◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✱ ❡♥✉♥❝✐❛♠♦s ❡ ♠♦str❛♠♦s ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ♦s ❚❡♦r❡♠❛s

❞❡ ❍✉❛♥❣ ❡ ●❡❛r❤❛rt✱ ♦s q✉❛✐s ♥♦s ❞ã♦ ❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡ s✉✜❝✐❡♥t❡s ♣❛r❛ ✉♠C0✲

s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s s❡r ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ❞❡♠♦♥str❛♠♦s

t❛♠❜é♠ ♦ t❡♦r❡♠❛ ❞❡ ●❡❛r❤❛t✱ q✉❡ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ❡♠ ❡t❛♣❛s✳

◆♦ t❡r❝❡✐r♦ ❡ ú❧t✐♠♦ ❝❛♣ít✉❧♦✱ ✉t✐❧✐③❛♠♦s ♦ ♠ét♦❞♦ ❞❡s❝r✐t♦ ♣♦r ●❡❛r❤❛rt✱ ❛♣❧✐❝❛♥❞♦✲

♦ ❛♦ ❡st✉❞♦ ❞❡ s✐st❡♠❛s ❞✐ss✐♣❛t✐✈♦s✱ ❛ ❡①❡♠♣❧♦ ❞♦s s✐st❡♠❛s✱ ❊❧ást✐❝♦✱ ❚❡r♠♦❡❧ást✐❝♦

❡ ❱✐s❝♦❡❧ást✐❝♦✳ ◆❡st❡ ú❧t✐♠♦✱ ✉t✐❧✐③❛♠♦s ❛ ❝♦♠❜✐♥❛çã♦ ❞♦ ❛r❣✉♠❡♥t♦ ❞❡ ❝♦♥tr❛❞✐çã♦

❝♦♠ ❛ té❝♥✐❝❛ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s✱ ✭✈❡r ❑♦♠♦r♥✐❦ ❬✾❪✮✳

◆♦ ✜♥❛❧✱ ❛♣r❡s❡♥t❛♠♦s ♦s ❆♣ê♥❞✐❝❡s✱ q✉❡ tr❛③❡♠ r❡s✉❧t❛❞♦s ❝♦♠♣❧❡♠❡♥t❛r❡s✱ q✉❡



✼

r❡❢♦rç❛♠ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❛♣r❡s❡♥t❛❞❛✳



❈❛♣ít✉❧♦ ✶

❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é r❡s✉♠✐r ❛ ❚❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦ ❡ ❡♥✉♥❝✐❛r ❡✴♦✉ ❞❡♠♦♥s✲

tr❛r ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ✉t✐❧✐③❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✳

✶✳✶ C0✲❙❡♠✐❣r✉♣♦s

❉❡✜♥✐çã♦ ✶✳✶ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❯♠❛ ❢❛♠í❧✐❛ {S(t)}t≥0 ❞❡ ♦♣❡r❛❞♦r❡s

❧✐♥❡❛r❡s ❧✐♠✐t❛❞♦s ❞❡ X, ✐st♦ é✱ S(t) ∈ L(❳), ∀t ≥ 0, é ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ♦♣❡r❛❞♦r❡s

❧✐♥❡❛r❡s ❧✐♠✐t❛❞♦s ❞❡ X s❡

✭✐✮ ❙✭✵✮❂■✱ ♦♥❞❡ ■ é ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ❡♠ L(❳);

✭✐✐✮ ❙✭t✰s✮❂❙✭t✮❙✭s✮✱ ∀ t, s ≥ 0.

❉❡✜♥✐çã♦ ✶✳✷ ❉✐③❡♠♦s q✉❡ ♦ s❡♠✐❣r✉♣♦ {S(t)}t≥0 é ❞❡ ❝❧❛ss❡ C0, ♦✉ ❢♦rt❡♠❡♥t❡

❝♦♥tí♥✉♦ s❡✱

lim
t→0+

‖(S(t)− I)x‖ = 0 para cada x ∈ X.

❉❡✜♥✐çã♦ ✶✳✸ ❉✐③❡♠♦s q✉❡ ♦ s❡♠✐❣r✉♣♦ {S(t)}t≥0 é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉♦ s❡

lim
t→0+

‖S(t)− I‖ = 0.

❖❜s❡r✈❛çã♦ ✶✳✹ ❉❡♥♦t❛r❡♠♦s s✐♠♣❧❡s♠❡♥t❡ ♣♦r C0✲s❡♠✐❣r✉♣♦✱ ✉♠ s❡♠✐❣r✉♣♦✱ S(t),

t ≥ 0, ❢♦rt❡♠❡♥t❡ ❝♦♥tí♥✉♦✳

▲❡♠❛ ✶✳✶ ❙❡❥❛ {S(t)}t≥0 ✉♠ C0✲s❡♠✐❣r✉♣♦ ❡♠ X, ♦♥❞❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❊♥tã♦✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s M ≥ 1 ❡ δ > 0 t❛✐s q✉❡✱ ♣❛r❛ 0 ≤ t ≤ δ,

‖S(t)‖ ≤M.



✾

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ ♣♦r ❛❜s✉r❞♦ q✉❡✱ ❞❛❞♦ δ > 0 ❡ n ∈ N ❡①✐st❡ tδ, ❝♦♠

0 ≤ tδ ≤ δ t❛❧ q✉❡

‖S(tδ)‖ > n.

❚♦♠❡ δ =
1

n
, t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ {tn} t❛❧ q✉❡ tn → 0 q✉❛♥❞♦ n→ +∞ ❡

‖S(tn)‖ −→ +∞ q✉❛♥❞♦ n→ +∞,

✐st♦ é✱ ❛ s❡q✉ê♥❝✐❛

{‖S(tn)‖} é ✐❧✐♠✐t❛❞❛. ✭✶✳✶✮

❈♦♠♦ ‖S(tn)‖t≥0 é ✉♠ C0✲s❡♠✐❣r✉♣♦✱ s❡❣✉❡ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✷ q✉❡✱

S(tn)un→+∞
// u, ♣❛r❛ ❝❛❞❛ u ∈ X,

❧♦❣♦✱

‖S(tn)u‖n→+∞
// ‖u‖, ♣❛r❛ ❝❛❞❛ u ∈ X.

❉♦♥❞❡ s❡❣✉❡ q✉❡✱ {‖S(tn)u‖} é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ♣❛r❛ ❝❛❞❛ u ∈ X. P❡❧♦ ♦ ❚❡♦✲

r❡♠❛ (B.6) ❞❡ ❇❛♥❛❝❤✲❙t❡✐♥❤❛✉s✱ ❝♦♥❝❧✉í♠♦s q✉❡ {‖S(tn)‖} é ❧✐♠✐t❛❞❛✱ ♦ q✉❡ ❝♦♥tr❛❞✐③

✭✶✳✶✮✳ P♦rt❛♥t♦ ✈❡r✐✜❝❛✲s❡ ♦ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✺ ❙❡❥❛ {S(t)}t≥0 ✉♠ C0✲s❡♠✐❣r✉♣♦ ❡♠ X, s❡♥❞♦ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❊♥tã♦✱ ❡①✐st❡♠ M ≥ 1 ❡ ω ≥ 0 t❛✐s q✉❡

‖S(t)‖ ≤M❡ωt, ♣❛r❛ t♦❞♦ t ≥ 0.

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ▲❡♠❛ 1.1 ❡①✐st❡♠ M ≥ 1 ❡ δ > 0 t❛✐s q✉❡✱ ♣❛r❛ 0 ≤ t ≤ δ

‖S(t)‖ ≤M.

❙❡♥❞♦ ❛ ❡①♣♦♥❡♥❝✐❛❧ ❡t ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡✱ t❡♠♦s q✉❡✱ ♣❛r❛ t♦❞♦ ω ≥ 0

‖S(t)‖ ≤M❡ωt, ∀t ∈ [0, δ] . ✭✶✳✷✮

❆❣♦r❛✱ ♣❛r❛ t > δ ❝♦♥s✐❞❡r❡ ω = δ−1 logM. ◆♦t❡ q✉❡✱

ω = δ−1 logM ≥ 0, ♣♦✐sM ≥ 1.

❉❛í✱ s❡♥❞♦ t > δ ♣❡❧♦ ❆❧❣♦r✐t♠♦ ❞❡ ❊✉❝❧✐❞❡s✱ ❡①✐st❡♠ n ∈ N ❡ 0 ≤ η < δ t❛❧ q✉❡

t = nδ + η. ▲♦❣♦✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡♠✐❣r✉♣♦✱ ♦❜t❡♠♦s

S(t) = S(nδ + η) = S(nδ)S(η) = (S(δ))nS(η).



✶✵

P❡❧♦ Pr✐♥❝í♣✐♦ ❞❡ ✐♥❞✉çã♦✱ ♠♦str❛✲s❡ q✉❡✿ S(nδ) = (S(δ))n. ▲♦❣♦✱ ♣❛ss❛♥❞♦ ❛ ♥♦r♠❛

❡♠ X, t❡♠♦s

‖S(t)‖ = ‖(S(δ))nS(η)‖ ≤ ‖(S(δ))n‖‖S(η)‖ ≤ ‖S(δ)‖n‖S(η)‖ ≤MnM,

♦ q✉❡ ✐♠♣❧✐❝❛

‖S(t)‖ ≤MnM. ✭✶✳✸✮

❈♦♠♦ ❝♦♥s✐❞❡r❛♠♦s ω = δ−1 logM t❡♠♦s δω = δδ−1 logM ❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡

r❡s✉❧t❛♥t❡ ♣♦r n, t❡♠♦s

nδω = n logM = logMn,

♣♦rt❛♥t♦✱

ωt = ω(nδ + η) = nδω + ωη ≥ nδω = logMn.

❆♣❧✐❝❛♥❞♦ ❛ ❡①♣♦♥❡♥❝✐❛❧ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s

❡ωt ≥ ❡logM
n

⇒ ❡ωt ≥Mn. ✭✶✳✹✮

❉❡ ✭✶✳✸✮ ❡ ✭✶✳✹✮✱ ♦❜t❡♠♦s

‖S(t)‖ ≤M❡ωt, ∀t > δ. ✭✶✳✺✮

P♦rt❛♥t♦✱ ❞❡ ✭✶✳✷✮ ❡ ✭✶✳✺✮ t❡♠♦s

‖S(t)‖ ≤M❡ωt, ∀ t ≥ 0.

❈♦r♦❧ár✐♦ ✶✳✻ ❙❡ {S(t)}t≥0 é ✉♠ C0✲s❡♠✐❣r✉♣♦ ❡♥tã♦✱ ♣❛r❛ ❝❛❞❛ u ∈ X ❛ ❛♣❧✐❝❛çã♦

S : [0,∞) −→ L(X)

t 7−→ S(t) : X −→ X

u 7−→ S(t)u.

é ❝♦♥tí♥✉❛✳ ■st♦ é✱ ♣❛r❛ u ∈ X

S(·)u ∈ C ([0,∞);X) .

❉❡♠♦♥str❛çã♦✿ ❱❡r P❛③② ❬✶✹❪✳

❉❡✜♥✐çã♦ ✶✳✼ ❉✐③❡♠♦s q✉❡ ✉♠ C0✲s❡♠✐❣r✉♣♦ {S(t)}t≥0 é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦

q✉❛♥❞♦ ‖S(t)‖ ≤ M ❡ s❡ ‖S(t)‖ ≤ 1, ❞✐③❡♠♦s q✉❡ {S(t)}t≥0 é ✉♠ s❡♠✐❣r✉♣♦ ❞❡

❝♦♥tr❛çã♦✳



✶✶

▲❡♠❛ ✶✳✷ P❛r❛ ❝❛❞❛ u ∈ X ❡ h ≥ 0

lim
h→0+

1

h

∫ t+h

t

S(τ)u dτ = S(t)u.

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡
∥∥∥∥
1

h

∫ t+h

t

S(τ)u dτ − S(t)u

∥∥∥∥ ≤

∥∥∥∥
1

h

∫ t+h

t

(
S(τ)u− S(t)u

)
dτ

∥∥∥∥ .

❙❡♥❞♦ S(·)u ❝♦♥tí♥✉❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ (B.7), ♦❜t❡♠♦s
∥∥∥∥
1

h

∫ t+h

t

S(τ)u dτ − S(t)u

∥∥∥∥ ≤
1

h

∫ t+h

t

‖S(τ)u− S(t)u‖ dτ

❡✱ ♣❛r❛ t♦❞♦ ǫ > 0 ❡①✐st❡ δ = h > 0 t❛❧ q✉❡

∥∥S(τ)u− S(t)u
∥∥ < ǫ, s❡♠♣r❡ q✉❡ |τ − t| < h.

❆ss✐♠✱ t♦♠❛♥❞♦ h s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠♦s
∥∥∥∥
1

h

∫ t+h

t

S(τ)u dτ − S(t)u

∥∥∥∥ ≤
1

h

∫ t+h

t

‖S(τ)u− S(t)u‖ dτ

≤
1

h

∫ t+h

t

ǫ dτ =
1

h
ǫ

∫ t+h

t

dτ =

=
1

h
ǫ h = ǫ.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

1

h

∫ t+h

t

S(τ)u dτ −→ S(t)u q✉❛♥❞♦ h→ 0+.

❉❡✜♥✐çã♦ ✶✳✽ ❙❡❥❛
{
S(t)

}
t≥0

✉♠ C0✲s❡♠✐❣r✉♣♦ ❡♠ X. ❖ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦

s❡♠✐❣r✉♣♦ é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r A : D(A) −→ X, ❞❡✜♥✐❞♦ ❡♠

D(A) =

{
u ∈ X; lim

t→0+

S(t)u− u

t
existe

}

♦♥❞❡

Au = lim
t→0+

S(t)u− u

t
, u ∈ D(A).

❚❡♦r❡♠❛ ✶✳✾ ❙❡❥❛ {S(t)}t≥0 ✉♠ C0✲s❡♠✐❣r✉♣♦ ❡ A s❡✉ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧✳ ❊♥tã♦✱

✭✐✮ P❛r❛ ❝❛❞❛ u ∈ X,
∫ t
0
S(τ)u dτ ∈ D(A) ❡

A

(∫ t

0

S(τ)u dτ

)
= S(t)u− u;



✶✷

✭✐✐✮ P❛r❛ ❝❛❞❛ u ∈ D(A),

S(t)u− S(s)u =

∫ t

s

S(τ)A(u) dτ =

∫ t

s

AS(τ)(u) dτ.

❉❡♠♦♥str❛çã♦✿ ❱❡r P❛③② ❬✶✹❪✳

Pr♦♣♦s✐çã♦ ✶✳✶✵ ❯♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦ ❝♦♠ ❞♦♠í♥✐♦ ❞❡♥s♦ é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧

❞❡✱ ♥♦ ♠á①✐♠♦✱ ✉♠ C0✲s❡♠✐❣r✉♣♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ●♦♠❡s ❬✻❪✳

❚❡♦r❡♠❛ ✶✳✶✶ ❙❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦ ❡♥tã♦✱ A é ✉♠

♦♣❡r❛❞♦r ❧✐♥❡❛r ❢❡❝❤❛❞♦ ❡ D(A) = X.

❉❡♠♦♥str❛çã♦✿ ❱❡r P❛③② ❬✶✹❪✳

❚❡♦r❡♠❛ ✶✳✶✷ ❙❡❥❛♠
{
S1(t)

}
t≥0

❡
{
S2(t)

}
t≥0

❞♦✐s C0✲s❡♠✐❣r✉♣♦s ❝♦♠ ♦ ♠❡s♠♦ ❣❡✲

r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ A, ❡♥tã♦
{
S1(t)

}
❡
{
S2(t)

}
sã♦ ✐❞ê♥t✐❝♦s✳

❉❡♠♦♥str❛çã♦✿ ❱❡r P❛③② ❬✶✹❪✳

❚❡♦r❡♠❛ ✶✳✶✸ ❙❡❥❛ {S(t)}t≥0 ✉♠ C0✲s❡♠✐❣r✉♣♦✳ ❙❡ A é ♦ s❡✉ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧

❞❡ {S(t)}t≥0 ❡ u ∈ D(A). ❊♥tã♦✱

S(·)u ∈ C ([0, ∞); D(A)) ∩ C1 ([0, ∞); X)

❡
d

dt

(
S(t)u

)
= AS(t)u = S(t)Au.

❉❡♠♦♥str❛çã♦✿ ❉❛❞♦ u ∈ D(A) ❛r❜✐tr❛r✐❛♠❡♥t❡✱ s❡❣✉❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❣❡r❛❞♦r q✉❡

S(h)u− u

h
−→ Au q✉❛♥❞♦ h→ 0+.

❉❛í✱

S(h)S(t)u− S(t)u

h
=
S(t)S(h)u− S(t)u

h
= S(t)

(
S(h)u− u

h

)

h→0+
// S(t)Au.

▲♦❣♦✱

S(t)u ∈ D(A) ❝♦♠ S(t)Au = AS(t)u. ✭✶✳✻✮

▼❛s✱

AS(t)u = lim
h→0+

S(h)S(t)u− S(t)u

h
= lim

h→0+

S(t+ h)u− S(t)u

h
=
d+

dt
S(t)u. ✭✶✳✼✮



✶✸

❆❣♦r❛ t❡♠♦s q✉❡ ♠♦str❛r q✉❡ ❛ ❞❡r✐✈❛❞❛ à ❡sq✉❡r❞❛ ❞❡ S(t)u ❡①✐st❡ ❡ é ✐❣✉❛❧ ❛

AS(t)u✳ ◆♦t❡ q✉❡✱ ♣❛r❛ h ∈ [0, t]

S(t− h)

(
S(h)u− u

h

)
=

S(t− h)S(h)u− S(t− h)u

h
=

=
S(t)u− S(t− h)u

h
,

♦ q✉❡ ✐♠♣❧✐❝❛✱

S(t)u− S(t− h)u

h
− S(t)Au = S(t− h)

(
S(h)u− u

h

)
− S(t)Au.

❙♦♠❛♥❞♦ ❡ s✉❜tr❛✐♥❞♦ S(t− h)Au ♥♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s

S(t− h)

(
S(h)u− u

h
− Au

)
+
(
S(t− h)− S(t)

)
Au. ✭✶✳✽✮

❈♦♠♦✱
∥∥∥∥S(t− h)

(
S(h)u− u

h
− Au

)∥∥∥∥ ≤ ‖S(t− h)‖

∥∥∥∥
S(h)u− u

h
− Au

∥∥∥∥

❡ u ∈ D(A), s❡❣✉❡ ❞❛ ❧✐♠✐t❛çã♦ ❞❡ S(t− h), q✉❡

∥∥∥∥S(t− h)

(
S(h)u− u

h
− Au

)∥∥∥∥ h→0+
// 0 . ✭✶✳✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❢♦rt❡ ❞❡ S(·)u, t❡♠♦s ♣♦r (1.8) q✉❡

‖(S(t− h)− S(t))Au‖
h→0+

// 0 . ✭✶✳✶✵✮

P♦r✱ (1.8)✱ (1.9) ❡ (1.10) ♦❜t❡♠♦s

∥∥∥∥
S(t)u− S(t− h)u

h
− S(t)Au

∥∥∥∥ h→0+
// 0 ,

✐st♦ é✱ ❛ ❞❡r✐✈❛❞❛ à ❡sq✉❡r❞❛ ❞❡ S(t)u

d−

dt
S(t)u = S(t)Au. ✭✶✳✶✶✮

❙❡❣✉❡ ❞❡ (1.6)✱ (1.7) ❡ (1.11) q✉❡

d

dt
(S(t)u) = S(t)Au = AS(t)u.

P❡❧♦ ❈♦r♦❧ár✐♦ (1.6), t❡♠♦s

d

dt

(
S(·)u

)
= S(·)Au ∈ C ([0,∞); X) ,



✶✹

❞❛í✱

S(·)u ∈ C1 ([0,∞);X) .

❏á ✈✐♠♦s q✉❡✱ S(·)u ∈ D(A) q✉❛♥❞♦ u ∈ D(A). ❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ D(A) ❝♦♠ ❛

♥♦r♠❛ ❞♦ ❣rá✜❝♦ ❞❛❞❛ ♣♦r

∥∥u
∥∥
D(A)

=
∥∥u
∥∥
X
+
∥∥Au

∥∥
X

t❡♠♦s q✉❡

S(·)u ∈ C ([0, ∞);D(A)) , ✭✶✳✶✷✮

♣♦✐s✱ ❞❛❞♦ t ∈ [0,∞) ❡ {tn} ⊂ [0,∞) ❝♦♠

tn n→∞
// t ❡♠ [0, ∞),

♦❜t❡♠♦s✱

‖S(tn)u− S(t)u‖D(A) = ‖S(tn)u− S(t)u‖X + ‖AS(tn)u− AS(t)u‖X .

P❡❧♦ ❈♦r♦❧ár✐♦ 1.6, r❡s✉❧t❛

∥∥S(tn)u− S(t)u
∥∥
n→∞

// 0

❡✱ ♣♦rt❛♥t♦✱

∥∥AS(tn)u− AS(t)u
∥∥ =

∥∥S(tn)Au− S(t)Au
∥∥
n→∞

// 0 .

▲♦❣♦✱
∥∥S(tn)u− S(t)u

∥∥
D(A) n→∞

// 0 ,

♦ q✉❡ ♠♦str❛ (1.12). P♦rt❛♥t♦✱

S(·)u ∈ C1 ([0, ∞); X) ∩ C ([0, ∞); D(A)) .

❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛❣♦r❛✱ ♦ s❡❣✉✐♥t❡ Pr♦❜❧❡♠❛ ❞❡ ❱❛❧♦r ■♥✐❝✐❛❧ ✭P❱■✮✿




d

dt
u(t) = Au(t), t ≥ 0

u(0) = u0.
✭✶✳✶✸✮

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ 1.13 ❡ ✉s❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r✱ ♠♦str❛r❡♠♦s ❛

❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❝❧áss✐❝❛ ♣❛r❛ ♦ P❱■ (1.13)✳ ❆♥t❡s✱ ♣♦ré♠✱ t❡♠♦s ❛

s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿



✶✺

❉❡✜♥✐çã♦ ✶✳✶✹ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ u ∈ X é s♦❧✉çã♦ ❝❧áss✐❝❛ ❞❡ (1.13) q✉❛♥❞♦

u ∈ C1 ([0, ∞); X) ∩ C ([0, ∞); D(A))

❡ u ✈❡r✐✜❝❛ (1.13).

❈♦r♦❧ár✐♦ ✶✳✶✺ ❙❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ C0✲s❡♠✐❣r✉♣♦
{
S(t)

}
t≥0
, ❡♥tã♦ ♣❛r❛

t♦❞♦ u0 ∈ D(A),

u(t) = S(t)u0

é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ P❱■ (1.13).

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ u(t) = S(t)u0, ♣❛r❛ ❝❛❞❛ u0 ∈ D(A), ❞❛í✱

d

dt
u(t) =

d

dt
(S(t)u0) = AS(t)u0, ∀u0 ∈ D(A)

❧♦❣♦✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ 1.13 q✉❡ u(t) = S(t)u0 é s♦❧✉çã♦ ❞❡ (1.13).

❆ s❡❣✉✐r✱ ♠♦str❛r❡♠♦s q✉❡ t❛❧ ❢✉♥çã♦ é ❛ ú♥✐❝❛ s♦❧✉çã♦✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡

w(t) é s♦❧✉çã♦ ❞♦ P❱■ (1.13). ❉❡✜♥❛✱

v(s) = S(t− s)w(s).

▼♦str❛r❡♠♦s q✉❡

d

ds
v(s) =

d

ds

(
S(t− s)w(s)

)
= −AS(t− s)w(s) + AS(t− s)w(s) = 0. ✭✶✳✶✹✮

❉❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ v é ❝♦♥st❛♥t❡✳ ❆❣♦r❛✱ ♥♦t❡ q✉❡

v(t) = S(t− t)w(t) = S(0)w(t) = w(t)

❡

v(0) = S(t− 0)w(0) = S(t)w(0) = S(t)u0,

♣♦✐s✱ w é s♦❧✉çã♦ ❞♦ P❱■ (1.13). ❙❡♥❞♦ v ❝♦♥st❛♥t❡✱ ❝♦♥❝❧✉í♠♦s q✉❡

w(t) = S(t)u0 = u(t).

◆❛ s❡q✉ê♥❝✐❛✱ ❥✉st✐✜❝❛♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ❡♠ (1.14).

❖❜s❡r✈❡ q✉❡✱

d

ds
v(s) = lim

h→0

v(s+ h)− v(s)

h
= lim

h→0

S
(
t− (s+ h)

)
w(s+ h)− S(t− s)w(s)

h
.



✶✻

❆ss✐♠✱

d

ds
v(s) = lim

h→0

S(t− s− h)w(s+ h)− S(t− s)w(s+ h) + S(t− s)w(s+ h)− S(t− s)w(s)

h
,

✐st♦ é✱

d

ds
v(s) = lim

h→0

[S(t− s− h)− S(t− s)]w(s+ h) + S(t− s) [w(s+ h)− w(s)]

h
. ✭✶✳✶✺✮

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡✿

(
i
)

lim
h→0

S(t− s) [w(s+ h)− w(s)]

h
= AS(t− s)w(s).

❈♦♠ ❡❢❡✐t♦✱

lim
h→0

S(t− s)
[
w(s+ h)− w(s)

]

h
= S(t− s)

(
lim
h→0

w(s+ h)− w(s)

h

)
=

= S(t− s)
d

ds
w(s) = S(t− s)Aw(s),

♦ q✉❡ ✐♠♣❧✐❝❛

lim
h→0

S(t− s)
[
w(s+ h)− w(s)

]

h
= S(t− s)Aw(s) = AS(t− s)w(s).

(
ii
)
lim
h→0

[
S(t− s− h)− S(t− s)

]
w(s+ h)

h
= −AS(t− s)w(s).

❉❡ ❢❛t♦✱

lim
h→0

[
S(t− s− h)− S(t− s)

]
w(s+ h)

h
= lim

h→0

[
S(t− s− h)− S(t− s− h+ h)

]
w(s+ h)

h
.

P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡♠✐❣r✉♣♦✱ ♦❜t❡♠♦s

lim
h→0

[
S(t− s− h)− S(t− s)

]
w(s+ h)

h
= lim

h→0

S(t− s− h)
[
I − S(h)

]
w(s+ h)

h
.

▲♦❣♦✱

lim
h→0

[
S(t− s− h)− S(t− s)

]
w(s+ h)

h
= − lim

h→0
S(t− s− h)

(
S(h)− I

h

)
w(s+ h).

✭✶✳✶✻✮



✶✼

◆♦t❡ q✉❡✱

∥∥∥∥∥S(t− s− h)

(
S(h)− I

h

)
w(s+ h)− AS(t− s)w(s)

∥∥∥∥∥ ≤

≤

∥∥∥∥∥S(t− s− h)

(
S(h)− I

h

)
w(s+ h)− S(t− s− h)

(
S(h)− I

h

)
w(s)

∥∥∥∥∥
︸ ︷︷ ︸

N1

+

+

∥∥∥∥∥S(t− s− h)

(
S(h)− I

h

)
w(s)− S(t− s− h)Aw(s)

∥∥∥∥∥
︸ ︷︷ ︸

N2

+

+

∥∥∥∥∥S(t− s− h)Aw(s)− S(t− s)Aw(s)

∥∥∥∥∥
︸ ︷︷ ︸

N3

.

❆✜r♠❛çã♦ ✶✿ q✉❛♥❞♦ h→ 0 t❡♠♦s✿

✶✳ N1 −→ 0;

✷✳ N2 −→ 0;

✸✳ N3 −→ 0.

Pr♦✈❛ ❞❡ ✭✶✮✿ ❙❡♥❞♦ S(t− s− ·) ❧✐♠✐t❛❞♦✱ t❡♠♦s

N1 =

∥∥∥∥∥S(t− s− h)

(
S(h)− I

h

)
(w(s+ h)− w(s))

∥∥∥∥∥
X

≤

≤ c1

∥∥∥∥∥

(
S(h)− I

h

(
w(s+ h)− w(s)

))
∥∥∥∥∥
X

❧♦❣♦✱ s♦♠❛♥❞♦ ❡ s✉❜tr❛✐♥❞♦ S(h)w′(s) ❡ w′(s) ♦❜t❡♠♦s

N1 ≤ c1

[∥∥∥∥∥S(h)
(
w(s+ h)− w(s)

h

)
− S(h)w′(s)

∥∥∥∥∥+

+
∥∥∥S(h)w′(s)− w′(s)

∥∥∥+

+

∥∥∥∥w
′(s)−

w(s+ h)− w(s)

h

∥∥∥∥
]

❞❡ ♦♥❞❡ s❡❣✉❡

N1 ≤ c2

∥∥∥w′(s)−
w(s+ h)− w(s)

h

∥∥∥+

+ c1

∥∥∥S(h)w′(s)− w′(s)
∥∥∥+

+ c1

∥∥∥∥∥w
′(s)−

w(s+ h)− w(s)

h

∥∥∥∥∥.



✶✽

P❡❧❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ w ❡ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ S(·)w′(s), ✈❡r✐✜❝❛✲s❡ ✭✶✮✳

Pr♦✈❛ ❞❡ ✭✷✮✿ ❈♦♠♦ S(·) é ❧✐♠✐t❛❞♦✱ ❡①✐st❡ c1 > 0 t❛❧ q✉❡

N2 ≤ c1

∥∥∥∥∥

(
S(h)− I

h

)
w(s)− Aw(s)

∥∥∥∥∥.

▲♦❣♦✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❣❡r❛❞♦r ♦❜t❡♠♦s
(
S(h)− I

h

)
w(s) −→ Aw(s),

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡✱ w(s) ∈ D(A) ❡ N2 −→ 0.

Pr♦✈❛ ❞❡ ✭✸✮✿ ❙❡❣✉❡ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❢♦rt❡ ❞❛ ❢✉♥çã♦

S(t− s− ·)Aw(s).

P♦rt❛♥t♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❆✜r♠❛çã♦ ✶✱

∥∥∥∥∥S(t− s− h)

(
S(h)− I

h

)
w(s+ h)− AS(t− s)w(s)

∥∥∥∥∥ h→0
// 0 . ✭✶✳✶✼✮

❉❡ (1.16) ❡ (1.17) ✈❡r✐✜❝❛✲s❡ ✭✐✐✮✳

P♦r (1.15) ❡ ♣♦r ✭✐✮ ✭✐✐✮✱ (1.14) ❡stá ♣r♦✈❛❞♦✳

✶✳✷ ❚❡♦r❡♠❛ ❞❡ ❍✐❧❧❡✲❨♦s✐❞❛

❉❡✜♥✐çã♦ ✶✳✶✻ ❙❡❥❛ A ✉♠ ♦♣❡r❛❞♦r ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ X. ❉❡♥♦♠✐♥❛r❡♠♦s ♦

❝♦♥❥✉♥t♦ r❡s♦❧✈❡♥t❡ ρ(A), ❞❡ A ♣♦r

ρ(A) = {λ ∈ C; (λI − A)−1 ∈ L(X)},

♦♥❞❡

L(X) = {L : X → X; é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦}.

❉❡✜♥✐çã♦ ✶✳✶✼ ❉❡♥♦♠✐♥❛r❡♠♦s ❞❡ ❡s♣❡❝tr♦ ❞❡ A ♦ ❝♦♥❥✉♥t♦

σ(A) = C\ρ(A).

❖❜s❡r✈❛çã♦ ✶✳✶✽ ❘❡♣r❡s❡♥t❛♠♦s ❛ ❢❛♠í❧✐❛ R(λ;A) ♣♦r

R(λ;A) = {(λI − A)−1; λ ∈ ρ(A) ❡ (λI − A)−1 ❧✐♠✐t❛❞♦},

♦♥❞❡✱ R(λ;A) = (λI −A)−1 é ❞✐t♦ ♦ ♦♣❡r❛❞♦r r❡s♦❧✈❡♥t❡ ❞❡ A ❛ss♦❝✐❛❞♦ ❛ λ, s❡♥❞♦

λ r❡❛❧ ♦✉ ❝♦♠♣❧❡①♦✳



✶✾

❚❡♦r❡♠❛ ✶✳✶✾ ❙❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s {S(t)},

t ≥ 0, ❡♥tã♦ (λI − A) é ✐♥✈❡rtí✈❡❧ ♣❛r❛ t♦❞♦ λ > 0 ❡

(λI − A)−1 = R(λ;A).

❆❞❡♠❛✐s✱ ♣❛r❛ ❝❛❞❛ λ > 0

‖(λI − A)−1‖ ≤
1

λ
.

❉❡♠♦♥str❛çã♦✿ ❱❡r P❛③② ❬✶✹❪✳

❉❡✜♥✐çã♦ ✶✳✷✵ ❙❡❥❛ {S(t)}t≥0 ✉♠ C0✲s❡♠✐❣r✉♣♦ ❡ A s❡✉ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧✳ P♦♥❞♦

A0 = I, A1 = A ❡ s✉♣♦♥❞♦ q✉❡ Ak−1 ❡st❡❥❛ ❞❡✜♥✐❞♦✱ ✈❛♠♦s ❞❡✜♥✐r Ak ♣♦r

D(Ak) = {x ∈ D(Ak−1) : Ak−1x ∈ D(A)},

Akx = A(Ak−1x), ∀x ∈ D(Ak).

Pr♦♣♦s✐çã♦ ✶✳✷✶ ❙❡❥❛ {S(t)}t≥0 ✉♠ C0✲s❡♠✐❣r✉♣♦ ❡ A ♦ s❡✉ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧✳

❙❡ D(Ak) é ♦ ❞♦♠í♥✐♦ ❞♦ ♦♣❡r❛❞♦r Ak, ❡♥tã♦ ∩D(Ak), ∀k é ❞❡♥s♦ ❡♠ X.

❉❡♠♦♥str❛çã♦✿ ❱❡r P❛③② ❬✶✹❪✳

❚❡♦r❡♠❛ ✶✳✷✷ ✭❍✐❧❧❡✲❨♦s✐❞❛✮ ❯♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r A, s♦❜r❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤

X, é ✉♠ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱

✭✐✮ A é ❢❡❝❤❛❞♦ ❡ D(A) = X;

✭✐✐✮ ❖ ❝♦♥❥✉♥t♦ r❡s♦❧✈❡♥t❡ ρ(A) ❝♦♥té♠ R
+ ❡ ♣❛r❛ t♦❞♦ λ > 0, t❡♠♦s

‖(λI − A)−1‖ ≤
1

λ
.

❉❡♠♦♥str❛çã♦✿ ❱❡r P❛③② ❬✶✹❪✳

✶✳✸ ❚❡♦r❡♠❛ ❞❡ ▲✉♠❡r✲P❤✐❧❧✐♣s

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❡♥✉♥❝✐❛r ❡ ❞❡♠♦♥str❛r ♦ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ ❞❡✈✐❞♦ ❛ ▲✉♠❡r✲

P❤✐❧❧✐♣s✳

❉❡✜♥✐çã♦ ✶✳✷✸ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ X∗ ♦ ❞✉❛❧ ❞❡ X ❡ 〈·, ·〉 ❛ ❞✉❛❧✐❞❛❞❡

❡♥tr❡ X ❡ X∗✳ P❛r❛ ❝❛❞❛ x ∈ X, ❞❡✜♥✐♠♦s

J(x) = {x∗ ∈ X∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2}.

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍❛♥❤✲❇❛♥❛❝❤✱ J(x) 6= ∅, ∀x ∈ X.



✷✵

❉❡✜♥✐çã♦ ✶✳✷✹ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞✉❛❧✐❞❛❞❡ é ✉♠❛ ❛♣❧✐❝❛çã♦ j : X −→ X∗ t❛❧ q✉❡

j(x) ∈ J(x), ∀x ∈ X, ❛❧é♠ ❞✐ss♦

‖j(x)‖ = ‖x‖.

❉❡✜♥✐çã♦ ✶✳✷✺ ❉✐③❡♠♦s q✉❡ ♦ ♦♣❡r❛❞♦r A : D(A) ⊂ X −→ X é ♠❛①✐♠❛❧ s❡

Im(I+A) =X,

✐st♦ é✱ ♣❛r❛ t♦❞❛ f ∈ X, ❡①✐st❡ u ∈ D(A) t❛❧ q✉❡ (I + A)u = f.

❉❡✜♥✐çã♦ ✶✳✷✻ ❉✐③❡♠♦s q✉❡ ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r A : D(A) ⊂ X → X é ❞✐ss✐♣❛t✐✈♦

s❡✱ ♣❛r❛ ❛❧❣✉♠❛ ❛♣❧✐❝❛çã♦ ❞✉❛❧✐❞❛❞❡✱ j

Re〈Ax, j(x)〉 ≤ 0, ∀x ∈ D(A).

❙❡✱ ❛❧é♠ ❞✐ss♦✱ ❡①✐st✐r λ > 0, t❛❧ q✉❡ Im(λI−A) = X, ❡♥tã♦ ❞✐③❡♠♦s q✉❡ A é ♠❛①✐♠❛❧

❞✐ss✐♣❛t✐✈♦ ♦✉ m✲❞✐ss✐♣❛t✐✈♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✼ ❙❡ A é ❞✐ss✐♣❛t✐✈♦✱ ❡♥tã♦

‖(λI − A)x‖ ≥ λ‖x‖, ∀λ > 0 ❡ ∀ x ∈ D(A). ✭✶✳✶✽✮

❉❡♠♦♥str❛çã♦✿ ❱❡r ●♦♠❡s ❬✻❪

Pr♦♣♦s✐çã♦ ✶✳✷✽ ❙❡ A é m✲❞✐ss✐♣❛t✐✈♦ ❡ Im(λ0I − A) = X, λ0 > 0, ❡♥tã♦✿

✭✐✮ λ0 ∈ ρ(A) ❡ A é ❢❡❝❤❛❞♦❀

✭✐✐✮ (0,∞) ⊂ ρ(A);

✭✐✐✐✮ Im(λI − A) = X, ∀λ > 0.

❉❡♠♦♥str❛çã♦✿ ❱❡r ●♦♠❡s ❬✻❪✳

❖❜s❡r✈❛çã♦ ✶✳✷✾ ❙❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ A : D(A) ⊂ X →

X é ❞✐ss✐♣❛t✐✈♦ s❡

Re〈Ax, x〉 ≤ 0, ∀x ∈ D(A).

▲❡♠❛ ✶✳✸ ❙❡❥❛ B : X −→ X ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦ ❝♦♠ ✐♥✈❡rs❛ ❝♦♥tí♥✉❛✳

❙❡❥❛ S ∈ L(X) t❛❧ q✉❡

‖S‖ <
1

‖B−1‖
.

❊♥tã♦✱ B + S é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❝♦♥tí♥✉♦ ❡ ✐♥✈❡rtí✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ♠♦str❛r q✉❡ B + S é ❜✐❥❡t♦r❛✳



✷✶

(i) B + S é s♦❜r❡❥❡t♦r❛✳ ❈♦♠ ❡❢❡✐t♦✱ t♦♠❡♠♦s w ∈ X ❡ ❞❡♥♦t❡♠♦s ♣♦r P ❛ ❛♣❧✐❝❛çã♦

P (v) = B−1w − B−1Sv.

P❡❧❛s ❤✐♣ót❡s❡s✱ P é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❡ ❧✐♠✐t❛❞♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱

‖P (v)− P (u)‖ = ‖B−1w − B−1Sv − (B−1w − B−1Su)‖

= ‖ − B−1Sv +B−1Su‖

= ‖ − (B−1Sv − B−1Su)‖

= ‖B−1Sv − B−1Su‖

= ‖B−1(Sv − Su)‖

≤ ‖B−1‖‖Sv − Su‖

≤ ‖B−1‖‖S‖︸ ︷︷ ︸
:=α

‖v − u‖

≤ α‖v − u‖, ✭✶✳✶✾✮

♦♥❞❡ α < 1. P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦✶✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♣♦♥t♦ x s❛t✐s❢❛✲

③❡♥❞♦

P (x) = x.

■st♦ é✱

P (x) = B−1w − B−1Sx = x.

❉❛í✱

B(x) = B(B−1w − B−1Sx)

= w − S(x).

P♦rt❛♥t♦✱ ♣❛r❛ ❝❛❞❛ w ∈ X ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ x ❞♦ ♣r♦❜❧❡♠❛

(B + S)(x) = w.

▲♦❣♦✱ B + S é s♦❜r❡❥❡t♦r❛✳

(ii) B + S é ✐♥❥❡t♦r❛✳ ❉❡ ❢❛t♦✱ s❡ (B + S)(x) = 0 ❡♥tã♦

✶❱❡r ❆♣ê♥❞✐❝❡ ❇✳



✷✷

(B + S)(x) = B(x) + S(x) = 0 ⇒ B(x) = −S(x) ⇒ x = B−1S(x).

❚♦♠❛♥❞♦ ❛ ♥♦r♠❛ ❞❡ x✱ t❡♠♦s

‖x‖ = ‖B−1S(x)‖ ≤ ‖B−1‖‖S(x)‖

≤ ‖B−1‖‖S‖‖x‖ ≤ α‖x‖,

♦✉ s❡❥❛✱

‖x‖ ≤ α‖x‖ ✐♠♣❧✐❝❛ α ≥ 1.

❈♦♠♦ α < 1, ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ só é s❛t✐s❢❡✐t❛ s❡ x = 0. ▲♦❣♦✱ B + S é ✐♥❥❡t♦r❛

❡ ♣♦rt❛♥t♦✱ ❜✐❥❡t♦r❛✳ ❉❡s❞❡ q✉❡ B + S é ❝♦♥tí♥✉♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ●rá✜❝♦ ❋❡❝❤❛❞♦✱

✭✈❡r✱ ❚❡♦r❡♠❛ B.5✮ t❡♠♦s q✉❡ ❛ ✐♥✈❡rs❛ ❞♦ ♦♣❡r❛❞♦r B+S é t❛♠❜é♠ ❝♦♥tí♥✉♦✳

❖❜s❡r✈❛çã♦ ✶✳✸✵ ❊s❝r❡✈❡♠♦s A ∈ G(M,ω) ♣❛r❛ ✐♥❞✐❝❛r q✉❡ ♦ ♦♣❡r❛❞♦r A, é ♦ ❣❡r❛✲

❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ C0✲s❡♠✐❣r✉♣♦ {S(t)}t≥0 t❛❧ q✉❡

‖S(t)‖ ≤Meωt, M ≥ 1 ❡ ω ≥ 0.

❊♠ ♣❛rt✐❝✉❧❛r✱ t♦♠❛♥❞♦ M = 1 ❡ ω = 0, t❡♠♦s q✉❡✱ A ∈ G(1, 0) ❞❡♥♦t❛ q✉❡ A ❣❡r❛ ♦

C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s✳

❚❡♦r❡♠❛ ✶✳✸✶ ✭▲✉♠❡r✲P❤✐❧❧✐♣s✮ A ∈ G(1, 0) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ A é m✲❞✐ss✐♣❛t✐✈♦ ❡

❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡ A ∈ G(1, 0) ❡♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ 1.22 ❞❡ ❍✐❧❧❡✲❨♦s✐❞❛✱ A é ❢❡❝❤❛❞♦✱

❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦ ❡ (0,∞) ⊂ ρ(A), ❞❡ ♦♥❞❡ Im(λI − A) = X, ∀λ > 0. ❆❧é♠ ❞✐st♦✱

♣❛r❛ ❝❛❞❛ ❛♣❧✐❝❛çã♦ ❞✉❛❧✐❞❛❞❡✱ j, t❡♠✲s❡

Re〈S(t)x, j(x)〉 ≤ |〈S(t)x, j(x)〉| ≤ ‖S(t)x‖ · ‖j(x)‖︸ ︷︷ ︸
=‖x‖

≤

≤ ‖S(t)‖‖x‖ · ‖x‖ ≤ ‖x‖2

♣♦✐s✱ ♣♦r ❤✐♣ót❡s❡✱ {S(t)} é ✉♠ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çã♦✳ P♦rt❛♥t♦✱

Re〈S(t)x− x, j(x)〉 = Re〈S(t)x, j(x)〉 − ‖x‖2 ≤ 0,

❞♦♥❞❡✱ ❞✐✈✐❞✐♥❞♦ ♣♦r t ❡ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ t→ 0, ♦❜t❡♠♦s

Re〈Ax, j(x)〉 ≤ 0, ∀ x ∈ D(A).



✷✸

▲♦❣♦✱ A é ❞✐ss✐♣❛t✐✈♦✳ ❉❛í ❡✱ ♣♦r s❡r Im(λI − A) = X, ❝♦♥❝❧✉í♠♦s q✉❡✱ A é m✲

❞✐ss✐♣❛t✐✈♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ A é m✲❞✐ss✐♣❛t✐✈♦✱ ❡♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ 1.28, A é ❢❡❝❤❛❞♦✱

(0,∞) ⊂ ρ(A) ❡✱ ♣♦r (1.18)

‖x‖ = ‖(λI − A)(λI − A)−1x‖ ≥ λ‖(λ− A)−1x‖

♦✉ s❡❥❛✱

‖(λI − A)−1x‖ ≤
(1
λ

)
‖x‖, ∀ x ∈ X ❡ ∀ λ > 0.

▲♦❣♦✱
∥∥R(λ;A)

∥∥ ≤
1

λ
, ∀ λ > 0

❡✱ ♣♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ 1.22✱ A ∈ G(1, 0).

Pr♦♣♦s✐çã♦ ✶✳✸✷ ✭▲✐✉✲❩❤❡♥❣✮ ❙❡❥❛ A : D(A) ⊂ H −→ H ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❡

D(A) = H, ♦♥❞❡ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳ ❙❡ A é ❞✐ss✐♣❛t✐✈♦ ❡ 0 ∈ ρ(A) ❡♥tã♦ A é

♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çã♦ ❞❡ H.

❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ 0 ∈ ρ(A) ❡♥tã♦ (0I − A) é ✐♥✈❡rtí✈❡❧ ❡ ❧✐♠✐t❛❞♦✳ ▲♦❣♦✱

A−1 ∈ L(H).

❉❛í✱ ✈❛♠♦s ♠♦str❛r q✉❡✱ ♣❛r❛ t♦❞♦ λ ∈ R;

(a) λI − A = A(λA−1 − I) é ✐♥✈❡rtí✈❡❧,

❞❡s❞❡ q✉❡✱

(b) 0 < λ < ‖A−1‖−1
L(❍).

❉❡ ❢❛t♦✱ ❝♦♠♦ A é ✐♥✈❡rtí✈❡❧✱ ♣❡❧♦ ▲❡♠❛ 1.3✱ t♦♠❛♥❞♦ B = −I ❡ S = λA−1, ♣❛r❛

|λ| <
1

‖A−1‖
, t❡♠♦s q✉❡ (λA−1 − I) é ✐♥✈❡rtí✈❡❧✳ ❊✱ ❝♦♠♦ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ♦♣❡r❛❞♦r❡s

✐♥✈❡rtí✈❡✐s é ✐♥✈❡rtí✈❡❧✱ ❛ ♣❛rt✐r ❞❡ ✭❛✮ t❡♠✲s❡ (λI − A) ✐♥✈❡rtí✈❡❧✳ ❯s❛♥❞♦ ❛ ❙ér✐❡ ❞❡

◆❡✉♠❛♥♥ ♣❛r❛ ♦♣❡r❛❞♦r❡s
∞∑

j=0

T j =
1

I − T
, s❡ ‖T‖ < 1✱ s❡❣✉❡ q✉❡

(λI − A)−1 = [A(λA−1 − I)]−1 = (λA−1 − I)−1A−1 =

= A−1(λA−1 − I)−1 = A−1 1

(λA−1 − I)
=

= −A−1 1

(I − λA−1)
=

= −A−1

∞∑

j=0

(λA−1)j, s❡ 0 < ‖λA−1‖L(❍) < 1.

✭✶✳✷✵✮
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❉❛í✱

‖(λI − A)−1‖ = ‖ − A−1

∞∑

j=0

(λA−1)j‖

≤ ‖A−1‖‖
∞∑

j=0

(λA−1)j‖

≤ ‖A−1‖
∞∑

j=0

‖(λA−1)j‖

≤ ‖A−1‖
∞∑

j=0

‖(λA−1)‖j, s❡ 0 < ‖λA−1‖ < 1

< ∞.

P♦rt❛♥t♦✱

(λI − A)−1 ∈ L(H ) ❞❡s❞❡ q✉❡ 0 < ‖λA−1‖ < 1.

◆♦t❡ q✉❡✱

0 < ‖λA−1‖ < 1 ⇔ 0 < ‖A−1‖ <
1

|λ|
, ♣❛r❛ λ 6= 0.

❆ss✐♠✱ s❡ λ > 0 t❡♠✲s❡

0 < λ‖A−1‖ < 1 ⇔ 0 < λ < ‖A−1‖−1.

◆♦ ❝❛s♦ ❡♠ q✉❡ λ ∈ R
∗, t❡rí❛♠♦s

0 < |λ| < ‖A−1‖−1. ✭✶✳✷✶✮

❉❡st❡ ♠♦❞♦✱ ❝♦♠♦D(A) = H, A é ❞✐ss✐♣❛t✐✈♦ ❡ (λI−A) é ❜✐❥❡t✐✈♦ s♦❜ ❛ ❝♦♥❞✐çã♦ ✭✶✳✷✶✮✱

❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲✉♠❡r✲P❤✐❧❧✐♣s✱ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ C0✲s❡♠✐❣r✉♣♦ ❞❡

❝♦♥tr❛çã♦✳

❚❡♦r❡♠❛ ✶✳✸✸ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❝♦♠♣❧❡t♦ ❡ A ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦ ♥ã♦

❧✐♠✐t❛❞♦ ❡ s♦❜r❡❥❡t♦r ❞❡ X. ❙❡ ♦ ❞♦♠í♥✐♦ ❞❡ A t❡♠ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ❡♠ X, ❡♥tã♦ ❛

✐♥✈❡rs❛ ❞❡ A é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ A : D(A) ⊂ X −→ X. ❆ ✐♥✈❡rs❛ ❞❡ A ❡stá ❞❡✜♥✐❞❛ ❡♠ t♦❞♦ X,

❝♦♠ ✈❛❧♦r❡s ❡♠ D(A), ✐st♦ é✱

A−1 : X −→ D(A).

❈♦♠♦ ❛ ✐♠❡rsã♦ iA

iA : D(A) −→ X



✷✺

é ❝♦♠♣❛❝t❛✱ t❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦

A−1 = A−1 ◦ iA : X −→ X

é ❝♦♠♣❛❝t❛✱ ♦ q✉❡ ❞❡♠♦♥str❛ ♦ t❡♦r❡♠❛✳

✶✳✹ ❙❡♠✐❣r✉♣♦ ❆♥❛❧ít✐❝♦

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦ ❡ t❛♠❜é♠ ✈❡r❡♠♦s

❛s s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳

◆♦ q✉❡ s❡❣✉❡✱ ❞❡♥♦t❛r❡♠♦s ♣♦r △(α) ♦ s❡t♦r ❞♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ ❞❡✜♥✐❞♦ ♣♦r

△(α) =
{
z ∈ C : z 6= 0, |argz| < α, 0 < α ≤ π

}
.

❉❡✜♥✐çã♦ ✶✳✸✹ ❙❡❥❛ S : △(α)∪ {0} −→ L(X), ♦♥❞❡ 0 < α ≤ π/2. ❉✐③❡♠♦s q✉❡ ✉♠❛

❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❧✐♠✐t❛❞♦s {S(z)}z∈△(α)∪{0} ❡♠ L(X) é ✉♠ s❡♠✐❣r✉♣♦

❛♥❛❧ít✐❝♦ ❞❡ ❝❧❛ss❡ C0 ❡♠ △(α), s❡✿

✭✐✮ S(0) = I❀

✭✐✐✮ S(z1 + z2) = S(z1) ◦ S(z2), ∀z1, z2 ∈ △(α);

✭✐✐✐✮ lim
z→0

S(z)x = x, ∀x ∈ X, z ∈ △(α− ǫ), 0 < ǫ < α;

✭✐✈✮ S é ❛♥❛❧ít✐❝♦ ♥♦ s❡t♦r △(α). ■st♦ é✱ ♣❛r❛ ❝❛❞❛ z0 ∈ △(α) ♦ ❧✐♠✐t❡

lim
z→z0

S(z)− S(z0)

z − z0

❡①✐st❡ ❡♠ L(X).

❖❜s❡r✈❛çã♦ ✶✳✸✺ ❚♦❞♦ C0✲s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦ r❡str✐t♦ ❛♦ ❡✐①♦ r❡❛❧ ♥ã♦✲♥❡❣❛t✐✈♦ é✱

❝❧❛r❛♠❡♥t❡✱ ✉♠ C0✲s❡♠✐❣r✉♣♦ ❞✐❢❡r❡♥❝✐á✈❡❧ q✉❡ s❛t✐s❢❛③ ✉♠❛ ❝♦♥❞✐çã♦ ❛❞✐❝✐♦♥❛❧ q✉❡

s❡rá ❡st✉❞❛❞❛ ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ✶✳✸✻ ❙❡❥❛ A : D(A) ⊂ X −→ X ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦

{S(t)}t≥0. ❊st❡ s❡♠✐❣r✉♣♦ ❛❞♠✐t❡ ✉♠❛ ❡①t❡♥sã♦ ❛♥❛❧ít✐❝❛✱ ❞❡ ❝❧❛ss❡ C0, ❡♠ ✉♠ s❡t♦r

△(α), ♣❛r❛ ❛❧❣✉♠ α t❛❧ q✉❡ 0 < α ≤
π

2
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ {S(t)} é ✉♠ s❡♠✐❣r✉♣♦

❞✐❢❡r❡♥❝✐á✈❡❧ ❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦

‖tAS(t)‖ ≤ N, 0 < t ≤ 1. ✭✶✳✷✷✮

❉❡♠♦♥str❛çã♦✿ ❱❡r ●♦♠❡s ❬✻❪



✷✻

❈♦r♦❧ár✐♦ ✶✳✸✼ ❙❡ S é ✉♠ C0✲s❡♠✐❣r✉♣♦ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❡

lim sup
t→0+

t‖AS(t)‖ < e−1,

❡♥tã♦ A é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦ ❡ S ❛❞♠✐t❡ ✉♠❛ ❡①t❡♥sã♦ ❛♥❛❧ít✐❝❛ ❡♠ t♦❞♦ ♦

♣❧❛♥♦ ❝♦♠♣❧❡①♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ●♦♠❡s ❬✻❪

❖❜s❡r✈❛çã♦ ✶✳✸✽ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡st❡ ❝♦r♦❧ár✐♦✱ r❡s✉❧t❛ q✉❡✱ s❡ ♦ ❣❡r❛❞♦r ✐♥✜✲

♥✐t❡s✐♠❛❧✱ A, ❞❡ ✉♠ s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦ ❞❡ ❝❧❛ss❡ C0 é ♥ã♦ ❧✐♠✐t❛❞♦✱ ❡♥tã♦

lim sup
t→0+

t‖AS(t)‖ ≥
1

e
.

❉❡✜♥✐çã♦ ✶✳✸✾ ❙❡❥❛ A ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❞❡ X. ❉✐③❡♠♦s q✉❡ A é ❞❡ ❝❧❛ss❡ (θ,M),

♦♥❞❡
π

2
< θ ≤ π ❡ M > 0, ❡ ❡s❝r❡✈❡♠♦s A ∈ (θ,M) q✉❛♥❞♦

✭✐✮ A é ❢❡❝❤❛❞♦ ❡ ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ X;

✭✐✐✮ △(θ) ⊂ ρ(A);

✭✐✐✐✮ ‖R(λ, A)‖ ≤
M

|λ|
, ∀λ ∈ △(θ).

❙❡❥❛ A ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❡♠ (θ,M), ǫ > 0 t❛❧ q✉❡ 0 < ǫ < 2ǫ < θ −
π

2
❡ Γ

❛ ❝✉r✈❛ ❞♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ ❝♦♠♣♦st❛ ❞♦s ❛r❝♦s rei(θ−ǫ) ❡ re−i(θ−ǫ), 1 ≤ r < ∞ ❡ ❞♦s

s❡❣♠❡♥t♦s q✉❡ ❧✐❣❛♠ ♦s ♣♦♥t♦s ei(θ−ǫ) ❡ e−i(θ−ǫ) ❛♦ ♣♦♥t♦ (1, 0), ♦r✐❡♥t❛❞❛ ❞❡ −∞e−i(θ−ǫ)

♣❛r❛ +∞ei(θ−ǫ), ❝♦♠ λr =
{
rei(θ−ǫ) : r ∈ [1,∞)

}
❡ λr =

{
re−i(θ−ǫ) : r ∈ [1,∞)

}
.

P♦r (ii) ❞❛ ❉❡✜♥✐çã♦ (1.39), ❛ ❢✉♥çã♦

eλzR(λ;A) : ρ(A) −→ L(X),

❝♦♠

z ∈ △(α) = {z ∈ C; z 6= 0, |arg z| < α, α = θ −
π

2
− 2ǫ},

t♦♠❛ s❡✉s ✈❛❧♦r❡s ❡♠ L(X) ❡ é ❝♦♥tí♥✉❛ s♦❜r❡ Γ. ▲♦❣♦✱ s❡ Γr = {λ ∈ Γ; |λ| ≤ r; r ≥ 1},

❛ ✐♥t❡❣r❛❧

Sr(z) =

∫

Γr

eλzR(λ,A) dλ, z ∈ △(α),

♣❡rt❡♥❝❡ ❛ L(X). ❆❧é♠ ❞✐st♦✱ ❝♦♠♦ π
2
+ ǫ < argλz < 3π

2
− ǫ, λ ∈ Γ, |λ| ≥ 1 ❡ z ∈ △(α),

♣♦r (iii) ❞❛ ❉❡✜♥✐çã♦ (1.39) ❛ ❡st✐♠❛t✐✈❛

∥∥eλzR(λ,A)
∥∥ =

∣∣eλz
∣∣∥∥R(λ,A)

∥∥ ≤ eReλz
M

|λ|
, |λ| ≥ 1,
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♠♦str❛ q✉❡✱ ♣❛r❛ ❝❛❞❛ z ∈ △(α), ❛ ✐♥t❡❣r❛❧ ❞❡ ❉✉♥❢♦r❞✲❚❛②❧♦r

S(z) =
1

2πi

∫

Γ

eλzR(λ,A) dλ, ✭✶✳✷✸✮

❝♦♥✈❡r❣❡ ❛❜s♦❧✉t❛♠❡♥t❡ ❡✱ ❛ss✐♠✱ ❞❡✜♥❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦✱ S(z) ❡♠ X.

❱❛♠♦s ♠♦str❛r q✉❡ S é ✉♠ s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦ ❞❡ ❝❧❛ss❡ C0✳ P❛r❛ t❛♥t♦✱ ❡st✉✲

❞❛♠♦s ♦s ❧❡♠❛s ❛ s❡❣✉✐r✳

▲❡♠❛ ✶✳✹ ❙❡ z ∈ △(α) ❡♥tã♦✿

✭✐✮

∫

Γ

eλz

λ′ − λ
dz = 0, ∀λ

′
s✐t✉❛❞♦ à ❞✐r❡✐t❛ ❞❡ Γ;

✭✐✐✮

∫

Γ

eλz

λ
dλ = 2πi;

✭✐✐✐✮

∫

Γ

eλz dλ = 0;

✭✐✈✮

∫

Γ

R(λ; A)
dλ

λ
= 0;

✭✈✮

∫

|z|Γ

eλξR

(
λ

|z|
;A

)
dλ

|z|
=

∫

Γ

eλξR

(
λ

|z|
; A

)
dλ

|z|
, ♦♥❞❡ ξ =

z

|z|
.

❉❡♠♦♥str❛çã♦✿ (i) ❙❡❥❛♠ λr = rei(θ−ǫ) ❡ λr = re−i(θ−ǫ) ♣❛r❛ ❝❛❞❛ r ≥ 1. P♦rt❛♥t♦✱

λr ❡ λr sã♦ ♦s ❡①tr❡♠♦s ❞♦ ❛r❝♦ Γr = {λ ∈ Γ; |λ| ≤ r}.
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❙❡❥❛ Cr, r ≥ 1, ♦ ❛r❝♦ ❞❡ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ ❝❡♥tr♦ ♥❛ ♦r✐❣❡♠✱ r❛✐♦ r, s✐t✉❛❞♦ à

❡sq✉❡r❞❛ ❞❡ Γ ❡ ❞❡ ❡①tr❡♠♦s λr ❡ λr. ❯♠❛ ✈❡③ q✉❡✱ ❛ ❢✉♥çã♦
eλz

(λ′ − λ)
é ❛♥❛❧ít✐❝❛ s♦❜r❡

Γ ❡ ♥❛ r❡❣✐ã♦ s✐t✉❛❞❛ à ❡sq✉❡r❞❛ ❞❡ Γ, ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❈❛✉❝❤②✱ t❡♠✲s❡

∫

Γr∪Cr

eλz

(λ′ − λ)
dλ =

∫

Γr

eλz

(λ′ − λ)
dλ+

∫

Cr

eλz

(λ′ − λ)
dλ = 0. ✭✶✳✷✹✮

▼❛s✱ ❞❡ λ ∈ Cr, ❡s❝r❡✈❡♠♦s λ ♥❛ ❢♦r♠❛ ♣♦❧❛r✿ λ = reiϕ, ♦♥❞❡ θ−ǫ ≤ ϕ ≤ 2π−θ+ǫ,

❞♦♥❞❡✱ t♦♠❛♥❞♦ z = ρeiψ, |ψ| < α, t❡♠♦s

∫

Cr

eReλz|dλ| =

∫ 2π−θ+ǫ

θ−ǫ

erρ cos(ϕ+ψ)r dϕ. ✭✶✳✷✺✮

❈♦♥s✐❞❡r❛♥❞♦ π
2
+ ǫ ≤ ψ+ϕ ≤ 3π

2
− ǫ. ❖❜t❡♠♦s✱ cos(ψ+ϕ) ≤ cos(π

2
+ ǫ). ❉♦♥❞❡ s❡❣✉❡✱

∫ 2π−θ+ǫ

θ−ǫ

erρ cos(ϕ+ψ)r dϕ ≤

∫ 2π−θ+ǫ

θ−ǫ

erρ cos(
π
2
+ǫ)r dϕ

= erρ cos(
π
2
+ǫ)r

∫ 2π−θ+ǫ

θ−ǫ

dϕ

= 2rerρ cos(
π
2
+ǫ)(π − θ + ǫ). ✭✶✳✷✻✮

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❡♠ (1.26) q✉❛♥❞♦ r → ∞, ♦❜t❡♠♦s

2rerρ cos(
π
2
+ǫ)(π − θ + ǫ) −→ 0. ✭✶✳✷✼✮



✷✾

❉❛í✱ ❞❡ (1.25), (1.26) ❡ (1.27) t❡♠✲s❡

∫

Cr

eReλz|dλ| −→ 0, q✉❛♥❞♦ r → ∞. ✭✶✳✷✽✮

❈♦♠♦ mr = inf{|λ
′
− λ|; λ ∈ Cr}, t❡♠♦s q✉❡ mr → ∞, q✉❛♥❞♦ r → ∞, ♣♦r (1.28)

∣∣∣∣
∫

Cr

eλz

λ′ − λ
dλ

∣∣∣∣ ≤
∫

Cr

∣∣∣∣
eλz

λ′ − λ

∣∣∣∣ |dλ| ≤
1

mr

∫

Cr

|eλz||dλ| =

=
1

mr

∫

Cr

eReλz|dλ| → 0

q✉❛♥❞♦ r → ∞. ❉❛í ❡✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❡♠ (1.24), q✉❛♥❞♦ r → ∞, ♦❜t❡♠♦s

∫

Γ

eλz

λ′ − λ
dλ.

(ii) P❡❧❛ ❋ór♠✉❧❛ ❞❡ ❈❛✉❝❤②✱ t❡♠✲s❡

1 = e0z =
1

2πi

∫

Γr∪Cr

eλz

λ
dλ.

▼❛s✱ ❞❡ λ ∈ Cr, s❡❣✉❡ q✉❡ |λ| = r ≥ 1. ❆ss✐♠✱ ♣♦r (1.28), ♦❜t❡♠♦s
∣∣∣∣
∫

Cr

eλz

λ
dλ

∣∣∣∣ ≤
∫

Cr

∣∣∣∣
eλz

λ

∣∣∣∣ |dλ| =
1

r

∫

Cr

eReλz|dλ| ≤

∫

Cr

eReλz|dλ| → 0,

q✉❛♥❞♦ r → ∞. ❉❛í✱

1 =
1

2πi

∫

Γr∪Cr

eλz

λ
dλ =

1

2πi

(∫

Γr

eλz

λ
dλ+

∫

Cr

eλz

λ
dλ

)
,

❞❡ ♦♥❞❡✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡✱ q✉❛♥❞♦ r → ∞, ♦❜t❡♠♦s

1 = lim
r→∞

1

2πi

∫

Γr

eλz

λ
dλ =

1

2πi

∫

Γ

eλz

λ
dλ.

P♦rt❛♥t♦✱ ∫

Γ

eλz

λ
dλ = 2πi.

(iii) ❈♦♠♦ eλz é ❛♥❛❧ít✐❝❛ ❡♠ t♦❞♦ ♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ t❡♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡

❈❛✉❝❤②✿ ∫

Γr∪Cr

eλz dλ = 0.

▼❛s✱ ♣♦r (1.28), t❡♠♦s
∣∣∣∣
∫

Cr

eλz dλ

∣∣∣∣ ≤
∫

Cr

|eλz||dλ| =

∫

Cr

eReλz|dλ| → 0,



✸✵

q✉❛♥❞♦ r → ∞. ▲♦❣♦✱

0 =

∫

Γr∪Cr

eλz dλ =

∫

Γr

eλz dλ+

∫

Cr

eλz dλ.

❉❛í✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡✱ q✉❛♥❞♦ r → ∞, t❡♠♦s

0 = lim
r→∞

∫

Γr

eλz dλ =

∫

Γ

eλz dλ.

♦ q✉❡ ♣r♦✈❛ (iii).

(iv) ❆ ❢✉♥çã♦ R(λ;A)
λ

é✱ ♣❡❧❛ ❝♦♥❞✐çã♦ (ii) ❞❛ ❉❡✜♥✐çã♦ (1.39), ❛♥❛❧ít✐❝❛ ♥❛ r❡❣✐ã♦

❞♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ s✐t✉❛❞❛ à ❞✐r❡✐t❛ ❡ s♦❜r❡ Γ.

▲♦❣♦✱ s❡ D, é ♦ ❛r❝♦ ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ ❝❡♥tr♦ ♥❛ ♦r✐❣❡♠✱ r❛✐♦ r ≥ 1, s✐t✉❛❞♦ à

❞✐r❡✐t❛ ❞❡ Γ ❡ ❞❡ ❡①tr❡♠♦s λr ❡ λr, ❡♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❈❛✉❝❤②✱
∫

Γr∪Dr

R(λ;A)
dλ

λ
= 0.

▼❛s✱ ♦r✐❡♥t❛♥❞♦ Dr ❞❡ λr ♣❛r❛ λr, t❡♠♦s✱ ♣♦r (iii) ❞❛ ❉❡✜♥✐çã♦ (1.39),
∥∥∥∥
∫

Dr

R(λ;A)
dλ

λ

∥∥∥∥ ≤

∫

Dr

∥∥∥∥R(λ;A)
dλ

λ

∥∥∥∥ =

∫

Dr

∥∥R(λ;A)
∥∥
∣∣∣∣
dλ

λ

∣∣∣∣ ≤

≤

∫

Dr

M

|λ|
·
1

|λ|
|dλ| =

∫

Dr

M

r
·
1

r
|dλ| =

=
M

r2

∫ θ−ǫ

−θ+ǫ

∣∣∣∣
dλ

dϕ

∣∣∣∣ dϕ =
M

r2

∫ θ−ǫ

−θ+ǫ

r dϕ =

=
M

r
(2θ − 2ǫ) =

2M(θ − ǫ)

r r→∞
// 0 .
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▲♦❣♦✱ ∫

Γr∪Dr

R(λ;A)
dλ

λ
= 0 =

∫

Γr

R(λ;A)
dλ

λ
+

∫

Dr

R(λ;A)
dλ

λ
,

❞❡ ♦♥❞❡✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡✱ ♦❜t❡♠♦s

0 = lim
r→∞

∫

Γr

R(λ;A)
dλ

λ
=

∫

Γ

R(λ;A)
dλ

λ

♦ q✉❡ ♣r♦✈❛ (iv).

(v) ❙❡ r = |z| > 1, ❛ ❝✉r✈❛ |z|Γ é ❛ ✉♥✐ã♦ ❞♦ ❛r❝♦ |z|Γ1 ❝♦♠ ❛s ❞✉❛s s❡♠✐r❡t❛s

Γ\Γ|z|.❖s ❡①tr❡♠♦s ❞♦ ❛r❝♦ |z|Γ1 sã♦ ♦s ♣♦♥t♦s λ|z| ❡ λ|z| q✉❡ sã♦ ❥✉st❛♠❡♥t❡ ♦s ❡①tr❡♠♦s

❞♦ ❛r❝♦ Γ|z|. ❉❛í✱ ♣❛r❛ |z| > 1, Γ|z| ∪ |z|Γ1 é ✉♠ ❝♦♥t♦r♥♦ s✐♠♣❧❡s ❡ ❢❡❝❤❛❞♦ ♠❛s✱ ❝♦♠♦

❛ ❢✉♥çã♦ eλξR
(
λ
|z|
;A
)
é ❛♥❛❧ít✐❝❛ ♥♦ ✐♥t❡r✐♦r ❡ s♦❜r❡ ♦ ❝♦♥t♦r♥♦✱ t❡♠♦s✱ ❞♦ ❚❡♦r❡♠❛ ❞❡

❈❛✉❝❤②✱ ∫

Γ|z|∪|z|Γ1

eλξR

(
λ

|z|
;A

)
dλ

|z|
= 0.
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❆ss✐♠✱

∫

|z|Γ

eλξR

(
λ

|z|
;A

)
dλ

|z|
=

∫

|z|Γ1

eλξR

(
λ

|z|
;A

)
dλ

|z|
+

∫

Γ\Γ|z|

eλξR

(
λ

|z|
;A

)
dλ

|z|
=

=

∫

Γ|z|

eλξR

(
λ

|z|
;A

)
dλ

|z|
+

∫

Γ\Γ|z|

eλξR

(
λ

|z|
;A

)
dλ

|z|
=

=

∫

Γ|z|∪Γ\Γ|z|

eλξR

(
λ

|z|
;A

)
dλ

|z|
=

=

∫

Γ

eλξR

(
λ

|z|
;A

)
dλ

|z|
,

♦✉ s❡❥❛✱ (v) ❡stá ♣r♦✈❛❞❛ ♣❛r❛ r = |z| > 1.

❆❣♦r❛✱ s❡ |z| < 1 ❡♥tã♦✱ |z|Γ = Γ\Γ1 ∪ |z|Γ 1

|z|
, Γ1 ∪ |z|Γ 1

|z|
é ✉♠ ❝♦♥t♦r♥♦ s✐♠♣❧❡s

❡ ❢❡❝❤❛❞♦ ❡ ❛ ❢✉♥çã♦ eλξR
(
λ
|z|
;A
)

1
|z|

é ❛♥❛❧ít✐❝❛ ♥♦ ✐♥t❡r✐♦r ❡ s♦❜r❡ ❡❧❡✳ ▲♦❣♦✱ ♣♦r ✉♠

❛r❣✉♠❡♥t♦ ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ |z| > 1, ♦ ✐t❡♠ (v) ❝♦♥t✐♥✉❛ ✈á❧✐❞❛ q✉❛♥❞♦ |z| < 1, z ∈ △(α).

P❛r❛ |z| = 1, (v) é tr✐✈✐❛❧✳

▲❡♠❛ ✶✳✺ ❙❡❥❛ Γ
′
❛ ❝✉r✈❛ ❞♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ ❞❡✜♥✐❞❛ ♣♦r

Γ
′

= {λ
′

∈ C; λ
′

= λ+ δ, λ ∈ Γ, δ > 0},

❝♦♠ ❛ ♦r✐❡♥t❛çã♦ ✐♥❞✉③✐❞❛ ♣❡❧❛ ❞❡ Γ. ❊♥tã♦✱ ∀ z ∈ △(α) :



✸✸

✭✐✮
∫

Γ

eλzR(λ;A) dλ =

∫

Γ′
eλzR(λ;A) dλ;

✭✐✐✮
∫

Γ
′

eλ
′
z

λ′ − λ
dλ

′

= 2πi eλz, ∀ λ s✐t✉❛❞♦ à ❡sq✉❡r❞❛ ❞❡ Γ
′
.

❉❡♠♦♥str❛çã♦✿ ❖s ♣♦♥t♦s λr, λr ❡ ♦ ❛r❝♦ Γr ❢♦r❛♠ ❞❡✜♥✐❞♦s ♥♦ ▲❡♠❛ ❛♥t❡r✐♦r✳ ❙❡❥❛

Γ
′

r ♦ ❛r❝♦ ❞❡ Γ
′
❞❡ ❡①tr❡♠♦s λr + δ ❡ λr + δ, Lr ♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ❞❡ ❡①tr❡♠♦s λr ❡

λr + δ, Lr ♦ s❡❣♠❡♥t♦ ❞❡ ❡①tr❡♠♦s λr ❡ λr + δ ❡ Λr ♦ ❝♦♥t♦r♥♦ Γr ∪ Lr ∪ Γ
′

r ∪ Lr. P❡❧♦

❚❡♦r❡♠❛ ❞❡ ❈❛✉❝❤②✱ t❡♠♦s✿

∫

Λr

eλzR(λ;A) dλ = 0,

♣♦✐s✱ ♣♦r (ii) ❞❛ ❉❡✜♥✐çã♦ (1.39), ❛ ❢✉♥çã♦ eλzR(λ;A) é ❛♥❛❧ít✐❝❛ à ❞✐r❡✐t❛ ❞❡ Γ ❡ s♦❜r❡

Γ. ▼❛s✱ ♣❛r❛ ✉♠ r❛✐♦ r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♠♦s q✉❡✱ Re(λr + δ) < 0 ❡✱ s❡♥❞♦

❛ss✐♠✱ |λ| ≥ |λr + δ|, ∀ λ ∈ Lr.

■❧✉str❛çã♦ ❞❛ ❝✉r✈❛ Γ
′
✐♥❞✉③✐❞❛ ♣❡❧❛ ❝✉r✈❛ Γ.

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♠✲s❡ argλz > π
2
+ ǫ

2
, ∀ λ ∈ Lr.

❆ss✐♠✱ ♣❛r❛ r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠♦s |λ| > |λr+ δ| ❡ Reλz < 0 ∀ λ ∈ Lr, ❞♦♥❞❡



✸✹

♣♦r (iii) ❞❛ ❉❡✜♥✐çã♦ (1.39),

∥∥eλzR(λ;A)
∥∥ =

∣∣eλz
∣∣‖R(λ;A)‖ = eReλz‖R(λ;A)‖ =

=
1

eReλz
‖R(λ;A)‖ ≤

M

|λ|
≤

M

|λr + δ|
, ∀ λ ∈ Lr.

❉❛í✱ ♦r✐❡♥t❛♥❞♦ Lr ❞❡ λr ♣❛r❛ λr + δ, s❡❣✉❡ q✉❡
∥∥∥∥
∫

Lr

eλzR(λ;A)dλ

∥∥∥∥ ≤

∫ λr+δ

λr

∥∥eλzR(λ;A)
∥∥dλ ≤

∫ λr+δ

λr

M

|λr + δ|
dλ =

=
M

|λr + δ|

∫ λr+δ

λr

dλ =
Mδ

|λr + δ|
. ✭✶✳✷✾✮

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❡♠ (1.29) q✉❛♥❞♦ r → ∞, ♦❜t❡♠♦s

lim
r→∞

∥∥∥∥
∫

Lr

eλzR(λ;A)dλ

∥∥∥∥ ≤ lim
r→∞

Mδ

|λr + δ|
= 0,

♣♦✐s✱ δ é ✉♠❛ ❝♦♥st❛t❡✳ ▲♦❣♦✱

lim
r→∞

∫

Lr

eλzR(λ;A)dλ = 0.

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♦r✐❡♥t❛♥❞♦ Lr ❞❡ λr ♣❛r❛ λr + δ, t❡♠♦s

lim
r→∞

∫

Lr

eλzR(λ;A)dλ = 0.
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❉❛í✱

0 = lim
r→∞

∫

Λr

eλzR(λ;A)dλ

= lim
r→∞

∫

Γr

eλzR(λ;A)dλ+ lim
r→∞

∫

Γ′
r

eλzR(λ;A)dλ

=

∫

Γ

eλzR(λ;A)dλ+

∫

Γ
′
eλzR(λ;A)dλ,

♦ q✉❡ ✐♠♣❧✐❝❛✱

∫

Γ

eλzR(λ;A)dλ = −

∫

Γ
′
eλzR(λ;A)dλ =

∫

−Γ
′
eλzR(λ;A)dλ.

❈♦♠♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❇✳✶✸

∫

−Γ
′
eλzR(λ;A)dλ =

∫

Γ
′
eλzR(λ;A)dλ.

❚❡♠♦s ♣♦rt❛♥t♦✱ ∫

Γ

eλzR(λ;A)dλ =

∫

Γ′
eλzR(λ;A)dλ.

(ii) ❙❡❥❛ r s✉❢✉❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ♣❛r❛ q✉❡ λ ❡st❡❥❛ s✐t✉❛❞♦ ♥♦ ✐♥t❡r✐♦r ❞❛ ❝✉r✈❛

❢❡❝❤❛❞❛ Γ
′

r ∪ Lr ∪ Cr ∪ Lr = Λ
′

r.
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❈♦♠♦
eλ

′
z

λ′ − λ
é ❛♥❛❧ít✐❝❛ s♦❜r❡ Γ

′
❡ ♥❛ r❡❣✐ã♦ s✐t✉❛❞❛ à ❡sq✉❡r❞❛ ❞❡ Γ

′
, s❡❣✉❡ q✉❡✱

eλ
′
z

λ′ − λ
é ❛♥❛❧ít✐❝❛ ♥♦ ✐♥t❡r✐♦r ❡ s♦❜r❡ Λ

′
. ❉❛í✱ ♣❡❧❛ ❋ór♠✉❧❛ ❞❡ ❈❛✉❝❤②✱ t❡♠♦s

∫

Λ
′
r

eλ
′
z

λ′ − λ
dλ

′

= 2πieλz, ✭✶✳✸✵✮

♠❛s✱ s❡ µr = inf{|λ
′
− λ|; λ

′
∈ Lr}, ❡♥tã♦

∣∣∣∣∣

∫

Lr

eλ
′
z

λ′ − λ
dλ

′

∣∣∣∣∣ ≤

∫

Lr

∣∣∣∣∣
eλ

′
z

λ′ − λ

∣∣∣∣∣ |dλ
′

|

≤
1

µr

∫

Lr

∣∣eλ
′
z
∣∣|dλ′

| =
1

µr

∫

Lr

eReλ
′
z|dλ

′

| → 0,

q✉❛♥❞♦ r → ∞, ♣♦✐s✱ µr → ∞, q✉❛♥❞♦ r → ∞ ❡ ♣❛r❛ r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

♦❜t❡r❡♠♦s Reλ
′
z < 0, ∀λ

′
∈ Lr. ▲♦❣♦✱

lim
r→∞

∫

Lr

eλ
′
z

λ′ − λ
dλ

′

= 0 ✭✶✳✸✶✮

❡✱ ❛♥❛❧♦❣❛♠❡♥t❡✱

lim
r→∞

∫

Lr

eλ
′
z

λ′ − λ
dλ

′

= 0. ✭✶✳✸✷✮

❆❧é♠ ❞✐st♦✱ ♣♦r (1.28) t❡♠✲s❡✱ ♣❛r❛ mr = inf{|λ
′
− λ|; λ

′
∈ Cr}

∣∣∣∣∣

∫

Cr

eλ
′
z

λ′ − λ
dλ

′

∣∣∣∣∣ ≤
1

mr

∫

Cr

eReλ
′
z|dλ

′

| → 0,

q✉❛♥❞♦ r → ∞. ❉❛í ❡ ❞❡ (1.30) à (1.32)✱ ✈❡♠

lim
r→∞

2πieλz = lim
r→∞

∫

Λ′
r

eλ
′
z

λ′ − λ
dλ

′

= lim
r→∞

∫

Γ′
r

eλ
′
z

λ′ − λ
dλ

′

.

P♦rt❛♥t♦✱ ∫

Γ′

eλ
′
z

λ′ − λ
dλ

′

= 2πieλz.

❚❡♦r❡♠❛ ✶✳✹✵ ❙❡❥❛ A ∈ (θ,M). ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ ǫ > 0 t❛❧ q✉❡ 2ǫ < θ −
π

2
, A é

♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❛ r❡str✐çã♦ ❛ R
+, ❞❡ ✉♠ s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦ ❞❡ ❝❧❛ss❡ C0 ♥♦

s❡t♦r △(θ − π
2
− 2ǫ) ❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦ ♥❡ss❡ s❡t♦r✳



✸✼

❉❡♠♦♥str❛çã♦✿ ▼♦str❛r❡♠♦s q✉❡ ❛ ❢✉♥çã♦

S : △(α) ∪ {0} −→ L(X)

❞❛❞❛ ♣♦r S(0) = I ❡

S(z) =
1

2πi

∫

Γ

eλzR(λ;A)dλ, z ∈ △(α), α = θ −
π

2
− 2ǫ, ✭✶✳✸✸✮

é ✉♠ s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦ ❞❡ ❝❧❛ss❡ C0, ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦ ♥♦ s❡t♦r △(θ− π
2
− 2ǫ)

❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❛ r❡str✐çã♦ ❞❡ S ❛ R
+.

P♦r (i) ❞♦ ▲❡♠❛ (1.5), t❡♠♦s q✉❡✱ ∀ w ∈ △(α) ❝♦♠ α = θ −
π

2
− 2ǫ

S(w) =
1

2πi

∫

Γ′
eλ

′
wR(λ

′

;A)dλ
′

. ✭✶✳✸✹✮

▲♦❣♦✱ ♣❛r❛ z, w ∈ △(α),

S(z)S(w) =
1

2πi

∫

Γ

eλzR(λ;A)dλ ·

(
1

2πi

∫

Γ
′
eλ

′
wR(λ

′

;A)dλ
′

)

=
1

(2πi)2

∫

Γ

∫

Γ
′
eλz+λ

′
wR(λ;A)R(λ

′

;A)dλ
′

dλ

=
1

(2πi)2

∫

Γ

∫

Γ
′
eλz+λ

′
w

(
R(λ;A)−R(λ

′
;A)

λ′ − λ

)
dλ

′

dλ,

♣♦✐s✱ S(w) t❡♠ ❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❡♠ (1.34) ❡R(λ,A)−R(λ
′
, A) = (λ

′
−λ)R(λ,A)R(λ

′
, A)

é ❛ ■❞❡♥t✐❞❛❞❡ ❞♦ ❘❡s♦❧✈❡♥t❡✱ ❝♦♠ λ, λ
′
∈ ρ(A). ❈♦♠♦ Γ ❡stá à ❡sq✉❡r❞❛ ❞❡ Γ

′
❡ λ

′
∈ Γ

′

s❡❣✉❡✱ ♣♦r (i) ❞♦ ▲❡♠❛ (1.4) ❡ ♣♦r (ii) ❞♦ ▲❡♠❛ (1.5),

∫

Γ

eλz

λ′ − λ
dλ = 0 ❡

∫

Γ′

eλ
′
w

λ′ − λ
dλ

′

= 2πieλw,

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ss✐♠✱

S(z)S(w) =
1

(2πi)2

∫

Γ

∫

Γ′

(
eλz+λ

′
wR(λ;A)

λ′ − λ
−
eλz+λ

′
wR(λ

′
;A)

λ′ − λ

)
dλ

′

dλ

=
1

(2πi)2

∫

Γ

(
eλzR(λ;A)

∫

Γ
′

eλ
′
w

λ′ − λ
dλ

′

−
eλz

λ′ − λ

∫

Γ
′
eλ

′
wR(λ

′

;A) dλ
′

)
dλ

=
1

(2πi)2

(∫

Γ

eλzR(λ;A)(2πieλw)dλ−

∫

Γ

eλz

λ′ − λ

∫

Γ′
eλ

′
wR(λ

′

;A)dλ
′

dλ

)
.

❉❛í✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐✱ t❡♠♦s q✉❡

1

(2πi)2

(
2πi

∫

Γ

eλz+λwR(λ;A)dλ−

∫

Γ
′
eλ

′
wR(λ

′

;A)

(∫

Γ

eλz

λ′ − λ
dλ

)

︸ ︷︷ ︸
=0

dλ
′

)
=

=
1

2πi

∫

Γ

eλ(z+w)R(λ;A) dλ = S(z + w), ∀ z, w ∈ △(α).



✸✽

P♦rt❛♥t♦✱

S(z)S(w) = S(z + w), ∀ z, w ∈ △(α).

❆❣♦r❛✱ ❢❛③❡♥❞♦ ❡♠ (1.33) ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s λ
′
= |z|λ, ❝♦♠ z ∈ △(α), ❛

❝✉r✈❛ Γ tr❛♥s❢♦r♠❛✲s❡ ♥❛ ❝✉r✈❛ |z|Γ ❡ ♣♦r (v) ❞♦ ▲❡♠❛ (1.4)

S(z) =
1

2πi

∫

|z|Γ

eλ
′
ξR

(
λ

′

|z|
, A

)
dλ

′

|z|
=

=
1

2πi

∫

Γ

eλ
′
ξR

(
λ

′

|z|
, A

)
dλ

′

|z|
, ♦♥❞❡ ξ =

z

|z|
= ei arg(z). ✭✶✳✸✺✮

❈♦♠♦ A ∈ (θ,M), ♣♦r (iii) ❞❛ ❉❡✜♥✐çã♦ (1.39), t❡♠♦s

∥∥∥∥R
(
λ

′

|z|
;A

)∥∥∥∥ ≤
M
|λ

′
|

|z|

=
M |z|

|λ′ |
. ✭✶✳✸✻✮

‖S(z)‖ =

∥∥∥∥
1

2πi

∫

Γ

eλ
′
ξR

(
λ

′

|z|
;A

)
dλ

′

|z|

∥∥∥∥ ≤
1

2π

∫

Γ

∥∥∥∥e
λ
′
ξR

(
λ

′

|z|
;A

)
dλ

′

|z|

∥∥∥∥

≤
1

2π

∫

Γ

eReλ
′
ξM |z|

|λ′ |

|dλ
′
|

|z|
=
M

2π

∫

Γ

eReλ
′
ξ |dλ

′
|

|λ′ |

=
M

2π

∫

Γ1

eReλ
′
ξ |dλ

′
|

|λ′ |
+
M

2π

∫

Γ\Γ1

eReλ
′
ξ |dλ

′
|

|λ′ |

≤
M

2π

∫

Γ1

1

eReλ
′
ξ

|dλ
′
|

|λ′ |
+
M

π

∫ ∞

1

er cos(ϕ+arg z)
dr

r

≤
M

2π

∫

Γ1

1 ·
|dλ

′
|

r0
+
M

π

∫ ∞

1

er cos(
π
2
+ǫ)dr

r

≤
Me

2πr0

∫

Γ1

|dλ
′

|+
M

π

∫ ∞

1

er cos(
π
2
+ǫ)dr

= M0(ǫ) <∞, ∀ z ∈ △(α), ✭✶✳✸✼✮

♦♥❞❡ r0 = inf{|λ|; λ ∈ Γ1}, ✐st♦ é✱ ♦ s❡♠✐❣r✉♣♦ S é ✉♥✐❢♦r♠❡♥t❡ ❧✐♠✐t❛❞♦ ❡♠ △(α).

❙❡❥❛ z ∈ △(α), |z| < 1. P❛r❛ ❝❛❞❛ x ∈ D(A) t❡♠♦s ♣♦r (1.33), ♣♦r (ii) ❞♦

▲❡♠❛ (1.4) ❡ ♣♦r R(λ;A) =
(
λI − A

)−1
q✉❡

S(x)− x =
1

2πi

∫

Γ

eλzR(λ;A)x dλ−
1

2πi

∫

Γ

eλz

λ
x dλ

=
1

2πi

∫

Γ

eλz
[
R(λ;A)− λ−1

]
x dλ

1

2πi

∫

Γ

eλz
[
λR(λ;A)− I

λ

]
x dλ

=
1

2πi

∫

Γ

eλz
R(λ;A)A

λ
x dλ =

1

2πi

∫

Γ

eλzR(λ;A)Ax
dλ

λ
.



✸✾

❈♦♠♦✱ ❛ ♥♦r♠❛ ❞♦ ✐♥t❡❣r❛♥❞♦ é ❧✐♠✐t❛❞❛ ♣♦r
M‖Ax‖

|λ|2
, ❝♦♠ Reλz < 0. ❚❡♠♦s✱ ♣❡❧♦

❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❡ ♣♦r (iv) ❞♦ ▲❡♠❛ (1.4),

lim
z→0

(
S(z)x− x

)
= lim

z→0

1

2πi

∫

Γ

eλzR(λz)R(λ;A)Ax
dλ

λ

=
1

2πi

∫

Γ

lim
z→0

eλzR(λ;A)Ax
dλ

λ
=

1

2πi

∫

Γ

R(λ;A)Ax
dλ

λ

=
1

2πi
Ax

∫

Γ

R(λ;A)
dλ

λ︸ ︷︷ ︸
=0

= 0, ♣❛r❛ ❝❛❞❛ x ∈ D(A).

▼❛s✱ ♣♦r ❤✐♣ót❡s❡✱ D(A) = X ❡✱ ♣♦r (1.37), ‖S(z)‖ ≤M0(ǫ), ∀ z ∈ △(α). ▲♦❣♦✱

lim
z→0

S(z)x = x,

♣❛r❛ ❝❛❞❛ x ∈ X ❡ z ∈ △(α), ❞❡♠♦♥str❛♥❞♦ q✉❡ S(z) é ❢♦rt❡♠❡♥t❡ ❝♦♥tí♥✉❛✳

❱❛♠♦s ♠♦tr❛r q✉❡ S é ❛♥❛❧ít✐❝❛ ❡♠ △(α). ❈♦♠ ❡❢❡✐t♦✱ ❥á ✈✐♠♦s q✉❡ ❛ ✐♥t❡❣r❛❧ ❡♠

(1.23) ❝♦♥✈❡r❣❡✳ ❆❣♦r❛✱ ♠♦str❛r❡♠♦s q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ é ✉♥✐❢♦r♠❡ ❡♠ △(α). ❋❛③❡♥❞♦

❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s µ = |z|λ, ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❝♦♥❞✐çã♦ (v) ❞♦ ▲❡♠❛ (1.4) ❡ ♣♦♥❞♦

ξ = z
|z|
, t❡♠♦s ♣❛r❛ r ≥ 1.

S(z) =
1

2πi

∫

Γ

eλzR(λ;A)dλ =
1

2πi

∫

|z|Γ

e
µ
|z|
zR

(
µ

|z|
;A

)
dµ

|z|

=
1

2πi

∫

Γ

eµξR

(
µ

|z|
;A

)
dµ

|z|
=

1

2πi

(∫

Γr

eµξR

(
µ

|z|
;A

)
dµ

|z|
+

∫

Γ\Γr

eµξR

(
µ

|z|
;A

)
dµ

|z|

)
.

▲♦❣♦✱ s❡ µ = ρeiϕ ❡♥tã♦✱
∥∥∥∥S(z)−

1

2πi

∫

Γr

eµξR

(
µ

|z|
;A

)
dµ

|z|

∥∥∥∥ =

∥∥∥∥
1

2πi

∫

Γ\Γr

eµξR

(
µ

|z|
;A

)
dµ

|z|

∥∥∥∥

≤
M

2π

∫

Γ\Γr

eReµξ
d|µ|

|µ|
≤
M

π

∫ ∞

r

eρ cos(ϕ+arg z)
dρ

ρ

≤
M

π

∫ ∞

r

eρ cos(
π
2
+ǫ) dρ =

M

π
lim
a→∞

∫ a

r

eρ cos(
π
2
+ǫ)dρ

=
M

π
lim
a→∞

(
ea cos(

π
2
+ǫ)−r cos(π

2
+ǫ)

cos(π
2
+ ǫ)

)

=
M

π
lim
a→∞

(
1

ea cos(
π
2
+ǫ)

·
1

er cos(
π
2
+ǫ)

·
1

cos(π
2
+ ǫ)

)
= 0.

❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ △(α) q✉❛♥❞♦ a→ ∞. ▲♦❣♦✱

1

2πi

∫

Γr

eλzR(λ;A)dλ −→ S(z)



✹✵

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ △(α)✱ q✉❛♥❞♦ r → ∞. ❈♦♠♦ Γ é ✉♠❛ ❝✉r✈❛ s✐♠♣❧❡s✱ △(α) é ✉♠

s❡t♦r ❞♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ ❝♦♠ eλzR(λ;A) ❝♦♥tí♥✉❛✱ ♣❛r❛ z ∈ △(α) ❡ λ ∈ Γ ❡✱ é t❛♠❜é♠

❛♥❛❧ít✐❝❛ ❡♠ △(α), ♣❛r❛ ❝❛❞❛ λ ∈ Γ. ❚❡♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ (B.15) q✉❡ (1.33) ♣♦❞❡ s❡r

❞✐❢❡r❡♥❝✐❛❞❛ s♦❜ ♦ s✐♥❛❧ ❞❡ ✐♥t❡❣r❛çã♦✱ ✐st♦ é✱

dnS

dzn
=

∫

Γ

∂n

∂zn
eλzR(λ;A)dλ

❡✱ ♣♦rt❛♥t♦✱

S(z) =
1

2πi

∫

Γ

eλzR(λ;A)dλ; z ∈ △(α), α = θ −
π

2
− 2ǫ

é ❛♥❛❧ít✐❝❛ ❡♠ △(α).

❘❡st❛ ♠♦str❛r q✉❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ s❡♠✐❣r✉♣♦ S : R+ −→ L(X).

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ x ∈ D(A). ❉❡ R(λ;A)(λI − A) = I ❡ ❞♦ ▲❡♠❛ (1.4)✲(iii), s❡❣✉❡

d

dz
S(z)x =

1

2πi

∫

Γ

eλzλR(λ;A)x dλ =
1

2πi

∫

Γ

eλz (R(λ;A)A+ I) x dλ =

=
1

2πi

(∫

Γ

eλzR(λ;A)Axdλ+

∫

Γ

eλzx dλ

︸ ︷︷ ︸
=0

)
= S(z)Ax,

✐st♦ é✱
d

dz
S(z)x = S(z)Ax, ∀ x ∈ D(A). ✭✶✳✸✽✮

❚❡♥❞♦ ❡♠ ✈✐st❛ (1.38), t❡♠✲s❡

S(h)x− x =

∫ h

0

S(t)Axdt, x ∈ D(A).

❙✉♣♦♥❞♦ q✉❡ B é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ s❡♠✐❣r✉♣♦ S : R+ −→ L(X), t❡♠♦s

Bx = lim
h→0+

S(h)x− x

h
= lim

h→0+

1

h

∫ h

0

S(t)Axdt = S(0)Ax = Ax,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡✱ x ∈ D(B) ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ D(A) ⊂ D(B) ❡ B |D(A)= A. P♦r

♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ x ∈ D(B) ❡ ❝♦♥s✐❞❡r❛♥❞♦

y = R(1)(I − B)x ∈ D(A)

❡✱

(I − A)y = (I − A)
(
R(1)(I − B)x

)
=

= (I − A)(I − A)−1(I − B)x = (I − B)x.



✹✶

❉❛í✱ ♦❜t❡♠♦s q✉❡

y − Ay = x− Bx ⇒ y − By = x− Bx ⇒

⇒ (I − B)y + (I − B)(−x) = 0

⇒ (I − B)(y − x) = 0.

❈♦♠♦ ❥á ✈✐♠♦s✱ ♣❛r❛ λ = 1 ♦ ♦♣❡r❛❞♦r (I − B) é ✐♥✈❡rtí✈❡❧✱ ❧♦❣♦✱ (I − B) é ❜✐❥❡t♦r ❡✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✐♥❥❡t✐✈♦✳ ❊♥tã♦✱ (y − x) ∈ Ker (I − B) ⇒ y = x. ❙❡♥❞♦ ❛ss✐♠✱

x ∈ D(A) ❡✱ ✐st♦ ✐♠♣❧✐❝❛✱ D(B) ⊂ D(A). P♦rt❛♥t♦✱ D(A) = D(B) ✐♠♣❧✐❝❛ A = B.

❈♦r♦❧ár✐♦ ✶✳✹✶ ❙❡❥❛ A ∈ (θ;M). ❆ ❡①t❡♥sã♦ S, ❛♥❛❧ít✐❝❛ ❡♠ △(α), α = θ −
π

2
− 2ǫ,

❞♦ s❡♠✐❣r✉♣♦ ❣❡r❛❞♦ ♣♦r A, s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s✿

✭✐✮ P❛r❛ t♦❞♦ n ≥ 1, S(z)x ♣❡rt❡♥❝❡ ❛♦ ❞♦♠í♥✐♦ ❞❡ An, ∀ x ∈ X ❡ ∀z ∈ △(α);

✭✐✐✮ P❛r❛ t♦❞♦ n ≥ 1 ❡①✐st❡ Mn(ǫ), ❝♦♥st❛♥t❡ q✉❡ só ❞❡♣❡♥❞❡ ❞❡ ǫ, t❛❧ q✉❡

∥∥AnS(z)
∥∥ ≤

Mn(ǫ)

|z|n
, ∀ z ∈ △(α);

✭✐✐✐✮ ‖A[S(t)− S(s)]‖ ≤M2(ǫ) · (t− s)/st, 0 < s ≤ t.

❉❡♠♦♥str❛çã♦✿ ❱❡r ●♦♠❡s ❬✻❪✳

❚❡♦r❡♠❛ ✶✳✹✷ ❙❡❥❛ S ✉♠ C0✲s❡♠✐❣r✉♣♦ ❛♥❛❧ít✐❝♦ ❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦ ❡♠ ✉♠

s❡t♦r △(α), 0 < α ≤ π
2

❡ A ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ s✉❛ r❡str✐çã♦ ❛ R
+. ❊♥tã♦✱

∀ǫ > 0 ❡①✐st❡♠ ❝♦♥st❛♥t❡s θǫ ❡ Mǫ ♣♦s✐t✐✈❛s t❛✐s q✉❡ A− ǫI ∈ (θǫ,Mǫ).

❉❡♠♦♥str❛çã♦✿ ❱❡r ●♦♠❡s ❬✻❪



❈❛♣ít✉❧♦ ✷

❖ ❚❡♦r❡♠❛ ❞❡ ●❡❛r❤❛rt

✷✳✶ ❚❡♦r❡♠❛ ❞❡ ●❡❛r❤❛rt

◆❡st❛ s❡çã♦✱ ❡♥✉♥❝✐❛r❡♠♦s ❡ ♠♦str❛r❡♠♦s ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❞♦✐s r❡s✉❧t❛❞♦s✱ ❞❡✲

✈✐❞♦s ❛ ❍✉❛♥❣ ❬✼❪ ❡ ❛ ●❡❛r❤❛rt ❬✷✵❪ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖s q✉❛✐s✱ r❡❢❡r❡♠✲s❡ às ❝♦♥❞✐çõ❡s

♥❡❝❡ssár✐❛s ❡ s✉✜❝✐❡♥t❡s ♣❛r❛ ✉♠ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s s❡r ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡

❡stá✈❡❧✱ ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳

❉❡✜♥✐çã♦ ✷✳✶ ❙❡❥❛ {S(t)}t≥0 ✉♠ C0✲s❡♠✐❣r✉♣♦ ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❍✳ ❉✐③❡♠♦s

q✉❡ S(t), t ≥ 0, é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧✱ s❡

‖S(t)‖ ≤Me−ωt, ∀t ≥ 0, M ≥ 1 e ω > 0.

❚❡♦r❡♠❛ ✷✳✷ ✭❍✉❛♥❣✮ ❙❡❥❛ S(t) = eAt, t ≥ 0, ✉♠ C0✲s❡♠✐❣r✉♣♦ ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡

❍✐❧❜❡rt H✳ ❊♥tã♦✱ S(t) é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡

sup{Reλ ; λ ∈ σ(A)} < 0 ✭✷✳✶✮

❡

sup
Reλ≥0

‖(λI − A)−1‖ <∞. ✭✷✳✷✮

❆❧t❡r♥❛t✐✈❛♠❡♥t❡✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❞❡✈✐❞♦ ❛ ●❡❛r❤❛rt✳

❚❡♦r❡♠❛ ✷✳✸ ✭●❡❛r❤❛rt✮ ❙❡❥❛ S(t) = eAt, t ≥ 0, ✉♠ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s

❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H. ❊♥tã♦✱ S(t) é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡

{iβ ; β ∈ R} ⊆ ρ(A) ✭✷✳✸✮



✹✸

❡

lim sup
|β|→∞

‖(iβI − A)−1‖ <∞. ✭✷✳✹✮

◆♦ q✉❡ s❡❣✉❡✱ ❢❛r❡♠♦s ❛ ♣r♦✈❛ ❞❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡st❡s ❞♦✐s r❡s✉❧t❛❞♦s s♦❜ ❛ ❝♦♥✲

❞✐çã♦ q✉❡ {S(t)}t≥0 s❡❥❛ ✉♠ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥t❛çõ❡s ❡♠ H.

❉❡♠♦♥str❛çã♦✿ (2.1) ⇒ (2.3) P♦r ❤✐♣ót❡s❡✱ t❡♠✲s❡ q✉❡ ❡①✐st❡ γ ∈ R, ❝♦♠ γ < 0, t❛❧

q✉❡

{Reλ; λ ∈ σ(A)} ≤ γ < 0

▲♦❣♦✱ s❡ λ ∈ σ(A) ❡♥tã♦ Reλ ≤ γ < 0. ❆ss✐♠✱ ♣❛r❛ z = iβ r❡s✉❧t❛ q✉❡ Rez = 0.

P♦rt❛♥t♦✱ z ∈ ρ(A).

(2.2) ⇒ (2.4) P♦r ❤✐♣ót❡s❡✱ t❡♠✲s❡ q✉❡ ❡①✐st❡ M ∈ R, M > 0, t❛❧ q✉❡

‖(λI − A)−1‖ ≤M, ∀ λ = α + iβ, ❘❡ ≥ 0.

❆ss✐♠✱

‖(iβI − A)−1‖ ≤M, ∀β ∈ R,

♦ q✉❡ ✐♠♣❧✐❝❛ (2.4).

❆❣♦r❛✱ ♠♦str❛r❡♠♦s q✉❡ ♦ ❚❡♦r❡♠❛ (2.3) ✐♠♣❧✐❝❛ ♦ ❚❡♦r❡♠❛ (2.2)✳ ❋❛r❡♠♦s ✐st♦✱

♣r♦✈❛♥❞♦ q✉❡ (2.3) ⇒ (2.2) ❡ (2.4) ⇒ (2.1).

(2.3) ⇒ (2.2) ❙✉♣♦♥❤❛ q✉❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦ ❞❡

❝♦♥tr❛çõ❡s✱ ✐st♦ é✱

‖eAt‖ ≤ 1.

❉❛í✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ 1.22, t❡♠♦s (0,∞) ⊂ ρ(A) ❡✱ s❡ Reλ > 0 ❡♥tã♦

‖λ(λI − A)−1‖ ≤ 1.

❈♦♠♦ L(X) é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♦❜t❡♠♦s

‖(λI − A)−1‖ ≤
1

|λ|
.

❆ss✐♠✱ ♣❛r❛ t♦❞♦ δ0 < 0 q✉❛♥❞♦ |λ| > |δ0| t❡♠♦s

‖(λI − A)−1‖ ≤
1

|λ|
<

1

|δ0|
✭✷✳✺✮



✹✹

❡✱ q✉❛♥❞♦ |λ| ≤ |δ0| t❡♠♦s

‖(λI − A)−1‖ ≤
1

|δ0|
≤

1

|λ|
.

▼❛s✱ ♣♦r ❤✐♣ót❡s❡✱

{iβ; β ∈ R} ⊆ ρ(A).

▲♦❣♦✱ ♣❛r❛ t♦❞♦ λ = iβ t❡♠✲s❡ Re(λ) = 0. P♦rt❛♥t♦✱

sup
Reλ≥0

‖(λI − A)−1‖ <∞.

(2.4) ⇒ (2.1) ◆♦ q✉❡ s❡❣✉❡✱ ♣r♦✈❛♠♦s q✉❡ ❡①✐st❡ σ0 < 0 ❝♦♠ |σ0| s✉✜❝✐❡♥t❡♠❡♥t❡

♣❡q✉❡♥♦ t❛❧ q✉❡

σ(A) ⊆ {λ ; Reλ ≤ σ0}. ✭✷✳✻✮

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ λ = a+ bi, ❝♦♠ a, b ∈ R ❡ ♦❜s❡r✈❡ q✉❡

λI − A = (a+ bi)I − A = aI + biI − A

= a(biI − A)−1(biI − A) + biI − A

=
(
a(biI − A)−1 + I

)
(biI − A). ✭✷✳✼✮

❙❡❣✉❡✲s❡ ❞❡ (2.4) q✉❡ biI − A é ✐♥✈❡rtí✈❡❧✳ ❆ss✐♠✱ q✉❛♥❞♦ |a| ❢♦r s✉✜❝✐❡♥t❡♠❡♥t❡

♣❡q✉❡♥♦✱ ♣❡❧♦ ▲❡♠❛ 1.3, t❡♠♦s q✉❡ ♦ ♦♣❡r❛❞♦r
(
a(biI − A)−1 + I

)
é ✐♥✈❡rtí✈❡❧✳ ❉❡

♦♥❞❡✱ ♣❛r❛ λ = a+ bi t❡♠✲s❡ λI −A ✐♥✈❡rtí✈❡❧✱ ♣♦r s❡r ✉♠❛ ❝♦♠♣♦s✐çã♦ ❞❡ ♦♣❡r❛❞♦r❡s

✐♥✈❡rtí✈❡✐s✳

❈♦♠♦✱ ♣♦r ❤✐♣ót❡s❡✱

lim sup
|β|→∞

‖(iβI − A)−1‖ <∞. ✭✷✳✽✮

❡♥tã♦✱ ❡①✐st❡ σ0 < 0 ❝♦♠ |σ0| s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❛❧ q✉❡

σ(A) ⊆ {λ ; Reλ ≤ σ0 < 0}. ✭✷✳✾✮

❉❛í✱

{Reλ ; λ ∈ σ(A)} < 0

❡✱ ♣♦rt❛♥t♦✱

sup{Reλ ; λ ∈ σ(A)} < 0.



✹✺

Pr♦✈❛♥❞♦ (2.1).

◆♦ q✉❡ s❡❣✉❡✱ ❞❛r❡♠♦s ❛ ♣r♦✈❛ ❞♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ♦ ❚❡♦r❡♠❛

❞❡ ●❡❛r❤❛rt✳

❉❡♠♦♥str❛çã♦✿ ▼♦str❛r❡♠♦s q✉❡ ❛s ❝♦♥❞✐çõ❡s (2.3) ❡ (2.4) ❞♦ ❚❡♦r❡♠❛ 2.3 sã♦ s✉✜✲

❝✐❡♥t❡s ♣❛r❛ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s✱

S(t) = eAt t❛❧ q✉❡ ‖eAt‖ ≤ 1, ∀t ≥ 0.

❉❡s❡♥✈♦❧✈❡r❡♠♦s ❛ ♣r♦✈❛ ❡♠ ✻ ❡t❛♣❛s✳

❊t❛♣❛ ✶✿ λ ∈ ρ(S(t)) ✐♠♣❧✐❝❛
∥∥S(t)

∥∥ < |λ|, ∀t ≥ 0.

❉❡ ❢❛t♦✱ ❞❡✜♥✐♠♦s S := S(t) = eAt, ∀t ≥ 0 ❡ λ ∈ ρ(S). ❊♥tã♦✱

✭✐✮ (λI − S)−1 = λ−1 1(
I − λ−1S

) .

❊ ♣❡❧❛ sér✐❡ ❞❡ ◆❡✉♠❛♥♥ ❡♠ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱

∞∑

n=0

T n =
1(

I − T
) , s❡ ‖T‖ < 1,

♦❜t❡♠♦s ❞❡ ✭✐✮ q✉❡

(
λI − S

)−1
= λ−1

∞∑

j=0

(λ−1S)j, s❡ ‖λ−1S‖ < 1.

❉♦♥❞❡ s❡❣✉❡
1

|λ|
‖S‖ < 1 ⇒ ‖S‖ < |λ|, ∀t ≥ 0.

❊t❛♣❛ ✷✿ ‖S(t)‖ ≥ |λ| ⇒ σ(S(t)) ⊂ B‖S(t)‖(0) = {λ ∈ C; |λ| ≤ ‖S(t)‖}.

❈♦♠ ❡❢❡✐t♦✱ ♣❡❧❛ ❡t❛♣❛ ❛♥t❡r✐♦r✱ ✈✐♠♦s q✉❡ λ ∈ ρ(S(t)) ✐♠♣❧✐❝❛ ‖S(t)‖ < |λ|.

P♦rt❛♥t♦✱ s❡ ‖S(t)‖ ≥ |λ| ✐♠♣❧✐❝❛ q✉❡ λ 6∈ ρ(S(t)) ❡✱ ♣♦r ❞❡✜♥✐çã♦✱ λ ∈ σ(S(t)). ■st♦ é✱

|λ| ≤ ‖S(t)‖ ⇒ λ ∈ B‖S(t)‖(0)

❡✱ ♣♦rt❛♥t♦✱

σ(S(t)) ⊂ {λ ∈ C; |λ| ≤ ‖S(t)‖}.

❊t❛♣❛ ✸✿ s❡ 1 ∈ ρ(eA) ❡♥tã♦



✹✻

✭✐✮ {2πin; n ∈ Z} ⊂ ρ(A);

✭✐✐✮ sup
n∈Z

∥∥(2πinI − A)−1
∥∥ =:M <∞.

❉❡ ❢❛t♦✱ s❡ 1 ∈ ρ
(
eA
)
✱ ❝♦♥s✐❞❡r❡ ❛ s✉❝❡ssã♦ ❞❡ ♦♣❡r❛❞♦r❡s (Tn)n∈Z, ♦♥❞❡ ♣❛r❛ ❝❛❞❛

n ∈ Z ❞❡✜♥✐♠♦s

Tnx =
(
I − eA

)−1
∫ 1

0

eAse−2πinsx ds, ∀x ∈ H ❡ n ∈ Z.

◆♦t❡ q✉❡ Tn ❡stá ❜❡♠ ❞❡✜♥✐❞♦✱ ♣❛r❛ ❝❛❞❛ n ∈ Z, ✉♠❛ ✈❡③ q✉❡✱
(
I − eA

)−1
é ✐♥✈❡rtí✈❡❧✱

❧✐♥❡❛r✱ ❧✐♠✐t❛❞♦ ❡ ❛ ✐♥t❡❣r❛❧ é ✜♥✐t❛✳

❈♦♠♦ ♦ ♦♣❡r❛❞♦r A ❝♦♠✉t❛ ❝♦♠ eAs ❡ ❝♦♠ (λI − A)−1. ❊♥tã♦✱ ∀ x ∈ D(A),

t❡♠✲s❡

(
2πinI − A

)
Tnx = Tn

(
2πinI − A

)
x.

❉❛í✱

Tn
(
2πinI − A

)
x =

(
I − eA

)−1
∫ 1

0

e(A−2πinI)s(2πinI − A)x ds

=
(
I − eA

)−1
∫ 1

0

(2πinI − A)e(A−2πinI)sx ds

= −
(
I − eA

)−1
∫ 1

0

(A− 2πinI)e(A−2πinI)sx ds

= −
(
I − eA

)−1
∫ 1

0

d

ds
e(A−2πinI)sx ds.

P❡❧♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ❈á❧❝✉❧♦ ♣❛r❛ ♦♣❡r❛❞♦r❡s✱ ♦❜t❡♠♦s

−
(
I − eA

)−1(
eA−2πinx− Ix

)
=

(
I − eA

)−1(
Ix− eA−2πinx

)

=
(
I − eA

)−1(
I − eA

)
x = x,

♣♦✐s✱

eA−2πin = eAe−2πin = eA
(
cos(−2πn) + isen(−2πn)

)
= eA, ∀n ∈ Z.

▲♦❣♦✱

(2πinI − A)Tnx = x.



✹✼

❉♦♥❞❡✱ ❝♦♥❝❧✉✐✲s❡ q✉❡✱ (2πinI−A) é ✐♥✈❡rtí✈❡❧✱ ♣❛r❛ ❝❛❞❛ n ∈ Z ❡ (2πinI−A)−1 = Tn.

❆ss✐♠✱

∥∥(2πinI − A)−1
∥∥ = ‖Tn‖ =

∥∥∥∥
(
I − eA

)−1
∫ 1

0

e(A−2πinI)s ds

∥∥∥∥

≤
∥∥(I − eA

)−1∥∥
∥∥∥∥
∫ 1

0

e(A−2πinI)s ds

∥∥∥∥

≤
∥∥(I − eA

)−1∥∥
∫ 1

0

∥∥∥∥e
(A−2πinI)s

∥∥∥∥ds

≤
∥∥(I − eA

)−1∥∥ sup
0≤s≤1

∥∥eAs
∥∥ ≤ c · k =:M <∞,

♦ q✉❡ ✈❡r✐✜❝❛ ✭✐✐✮✳ ❙❡♥❞♦ ❛ss✐♠✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛✱ ♦❜t❡♠♦s

{
2πin; n ∈ Z

}
⊆ ρ(A),

✈❡r✐✜❝❛♥❞♦ ✭✐✮✳

❊t❛♣❛ ✹✿ ❙❡❥❛ µ > 0 ❡ Lµ = {λ ∈ C; eλ = µ}. ❙❡ z ∈
1

t
L1 ❡♥tã♦ z ∈ ρ(A).

❙❡ z ∈
1

t
L1 t❡♠♦s z =

λ

t
∈ C ❡ e

λ
t = 1, ∀ λ = a+ bi; a, b ∈ R ❡ t > 0. ❊♥tã♦✱

e
a+bi

t = e
a
t e

b
t
i = e

a
t

(
cos

b

t
+ isen

b

t

)
= 1.

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡
a

t
= 0 ❡

b

t
= 2πn, ∀n ∈ Z ❡ t > 0 t❡♠✲s❡ a = 0 ❡ b = 2πnt. ❉❛í✱

z = 2πni. ❙❡❣✉❡ ❞❡ ✭✐✮ ❞❛ ❊t❛♣❛ ✸ q✉❡✱ z = 2πni ∈ ρ(A). ▲♦❣♦✱

1

t
L1 ⊂ ρ(A). ✭✷✳✶✵✮

❉❡ (2.10) ❡ ✭✐✐✮ ❞❛ ❊t❛♣❛ ✸✱ ♦❜t❡♠♦s

sup
λ∈ 1

t
L1

‖(λI − A)−1‖ ≤ k. ✭✷✳✶✶✮

❊t❛♣❛ ✺✿ ❞❡ ✉♠ ♠♦❞♦ ❣❡r❛❧✱ s❡ eαt ∈ ρ(eAt) ❡♥tã♦
((

2πn

t
i+ α

)
I − A

)−1

∈ L(H).

❙❡ eαt ∈ ρ
(
eAt
)
❡♥tã♦

(
eαtI − eAt

)−1
∈ L(H) ⇒ e−αt

(
I − e(A−αI)t

)−1
∈ L(H) ⇒

⇒
(
I − e(A−αI)t

)−1
∈ L(H) ⇒

⇒ 1 ∈ ρ
(
e(A−αI)t

) Etapa3−(i)︷︸︸︷
⇒

⇒ 2πni ∈ ρ
(
(A− αI)t

)
.



✹✽

▼❛s✱ ✐st♦ ✐♠♣❧✐❝❛ q✉❡

(
2πniI −

(
(A− αI)t

))−1

∈ L(H) ⇒ t−1

((
2πn

t
i+ α

)
I − A

)−1

∈ L(H) ⇒

⇒

((
2πn

t
i+ α

)
I − A

)−1

∈ L(H),

❝♦♠♦ q✉❡rí❛♠♦s✳

❖❜s❡r✈❡ q✉❡✱ ❞❡♥♦t❛♥❞♦ (2πn
t
i+ α) = λ ❡ µ = eαt t❡♠✲s❡✱

µ ∈ ρ
(
eAt
)
⇐⇒

1

t
Lµ ⊂ ρ(A) ❡ sup

λ∈ 1

t
Lµ

∥∥(λI − A)−1
∥∥ ≤ k. ✭✷✳✶✷✮

❊t❛♣❛✿ ✻ P❛r❛ t♦❞♦ t > 0 t❡♠✲s❡ q✉❡ ♦ r❛✐♦ ❡s♣❡❝tr❛❧

RE(e
At) = lim

s−→∞

[∥∥eAs
∥∥ 1

s
]t
< 1.

❉❛s ❤✐♣ót❡s❡s ❞♦ t❡♦r❡♠❛ ❡ ✉s❛♥❞♦ (2.10), t❡♠♦s

sup
µ∈B

∥∥(µI − A)−1
∥∥ ≤M, ♦♥❞❡ B := {iβ; β ∈ R ❡ ‖eiβ‖ = 1}.

❙❡♥❞♦ S(t) = eAt ✉♠ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çã♦✱ ‖S(t)‖ ≤ 1, s❡❣✉❡ ❞❛ ❊t❛♣❛ ✷ q✉❡ ♦

❡s♣❡❝tr♦

σ
(
eAt
)
⊂ B1[0] := {λ ∈ C; |λ| ≤ 1}.

P♦r (2.12), t❡♠✲s❡ eµ ∈ ρ(eAt), ♦♥❞❡ µ ∈ iR. ❊♠ ♣❛rt✐❝✉❧❛r✱ eiθ ∈ ρ(eAt), ∀θ ∈ R.

▲♦❣♦✱ ❡①✐st❡ θ = 2kπ, k ∈ Z t❛❧ q✉❡ eiθ = 1, ❞♦♥❞❡ s❡❣✉❡ q✉❡✱ 1 ∈ ρ(eAt). ❖r❛✱ s❡♥❞♦

σ(eAt) ⊂ B1[0] ❡ 1 ∈ ρ(eAt)

❡♥tã♦

σ(eAt) ⊂ B1(0) = {λ ∈ C; |λ| < 1}. ✭✷✳✶✸✮

❈♦♠♦✱ ♦s ❝♦♥❥✉♥t♦s σ(eAt) ❡ ρ(eAt) sã♦ ❞✐s❥✉♥t♦s ❡ ρ(eAt) é ❛❜❡rt♦✱ ❝♦♥❝❧✉í♠♦s q✉❡

σ(eAt) é ❢❡❝❤❛❞♦ ✭✷✳✶✹✮

✐♠♣❧✐❝❛♥❞♦ ♣♦r (2.13) ❡ (2.14) q✉❡ σ(eAt) é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✳ ▲♦❣♦✱

sup σ(eAt) < 1.



✹✾

P♦r ❞❡✜♥✐çã♦✱ ♦ r❛✐♦ ❡s♣❡❝tr❛❧ é ❞❛❞♦ ♣♦r RE(e
At) = sup

λ∈σ(eAt)

|λ|. P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛

❋ór♠✉❧❛ ❞❡ ●❡❧❢❛♥❞✶✱ ♣❛r❛ t♦❞♦ t > 0 t❡♠♦s

RE(e
At) = lim

k−→∞

∥∥eAtk
∥∥ 1

k .

❋❛③❡♥❞♦ t · k = s, ♦❜t❡♠♦s k =
s

t
. ❉❛í✱

RE(e
At) = lim

s
t
→∞

∥∥eAs
∥∥ 1

s
t = lim

s→∞

[∥∥eAs
∥∥ 1

s

]t
< 1.

P♦r ✜♠✱ s❡♥❞♦ lim
s−→∞

∥∥eAs
∥∥ 1

s < 1, s❡❣✉❡ q✉❡

ln lim
s→∞

∥∥eAs
∥∥ 1

s < ln 1.

❉❡ ♦♥❞❡ t❡♠♦s✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ logartmo, q✉❡

lim
s→∞

ln
∥∥eAs

∥∥ 1

s < 0,

♦ q✉❡ ✐♠♣❧✐❝❛✱

lim
s→∞

ln
∥∥eAs

∥∥
s

< 0.

■st♦ é✱ lim
s→∞

ln
∥∥eAs

∥∥
s

= −γ, ❝♦♠ γ > 0. ▲♦❣♦✱ ♣♦r ❞❡✜♥✐çã♦✱ ❞❛❞♦ ǫ > 0, ∃ s0 > 0 t❛❧

q✉❡✱ s❡ s > s0 ❡♥tã♦ ∣∣∣∣∣
ln
∥∥eAs

∥∥
s

+ γ

∣∣∣∣∣ < ǫ.

❉❡ ♦♥❞❡ s❡❣✉❡✱

−ǫ− γ <
ln
∥∥eAs

∥∥
s

< ǫ− γ.

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ ǫ =
γ

2
> 0 t❡♠✲s❡

ln
∥∥eAs

∥∥
s

≤ −
γ

2
⇒ ln

∥∥eAs
∥∥ ≤ −

γs

2
.

P♦rt❛♥t♦✱
∥∥eAs

∥∥ ≤ e−γ
s
2 ,

❝♦♠♦ q✉❡rí❛♠♦s ♣r♦✈❛r✳

✶❱❡r ❘✐✈❡r❛ ❬✶✺❪



❈❛♣ít✉❧♦ ✸

❆♣❧✐❝❛çõ❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st✉❞❛r❡♠♦s ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❡ ❡st❛❜✐❧✐❞❛❞❡ ❡①✲

♣♦♥❡♥❝✐❛❧ ❞♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛ ♠♦❞❡❧♦s ❞✐ss✐♣❛t✐✈♦s✳ P❛r❛ t❛❧ ❡st✉❞♦✱ ✉t✐❧✐③❛r❡♠♦s

♦ ♠ét♦❞♦ ✈✐❛ s❡♠✐❣r✉♣♦✱ ❡♥❢❛t✐③❛♥❞♦ ♥❛ t❡r❝❡✐r❛ ❡ ú❧t✐♠❛ ❛♣❧✐❝❛çã♦✱ ❛ ❝♦♠❜✐♥❛çã♦ ❞♦

❛r❣✉♠❡♥t♦ ❞❡ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ té❝♥✐❝❛ ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❝♦♠♦ ❢❡✐t♦ ❡♠ ❬✾❪✳

✸✳✶ ❙✐st❡♠❛ ❊❧ást✐❝♦

❊st✉❞❛r❡♠♦s ❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t ♥✉❧❛✳ ❆

q✉❛❧ é ❝♦♥❤❡❝✐❞❛ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦ ✧❊q✉❛çã♦ ❞♦ ❚❡❧❡❣rá❢♦✧✳





∂2u

∂t2
(x, t)−∆u+ αut = 0, ❡♠ Ω× (0,∞); α > 0

u(x, t) = 0 ❡♠ Γ× (0,∞);

u(x, 0) = u0(x) ❡♠ Ω;
∂u

∂t
(x, 0) = u1(x) ❡♠ Ω.

✭✸✳✶✮

✸✳✶✳✶ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ❞❡ ❙♦❧✉çã♦

❋♦r♠✉❧❛çã♦❆❜str❛t❛❞♦Pr♦❜❧❡♠❛

◆♦ q✉❡ s❡❣✉❡✱ tr❛♥s❢♦r♠❛r❡♠♦s ♦ Pr♦❜❧❡♠❛ ✭✸✳✶✮ ❡♠ ✉♠ s✐st❡♠❛ ❛❜str❛t♦ ❞❡

♣r✐♠❡✐r❛ ♦r❞❡♠✳



✺✶

❉❡✜♥❛ v = ut. ❉❛í✱ vt = utt = ∆u− αv. ❆ss✐♠✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

 ut

vt


 =


 v

∆u− αv


 =


 0 I

∆I −αI




 u

v


 .

❈♦♥s✐❞❡r❛♥❞♦✱

U =


 u

v


 ; U0 =


 u0

u1


 ; A =


 0 I

∆I −αI




❡✱ ❛ ♣❛rt✐r ❞❛í✱ r❡❡s❝r❡✈❡♠♦s ❛ ❡q✉❛çã♦ ❡♠ ✭✸✳✶✮ ❝♦♠♦





d

dt
U = AU

U(0) = U0

✭✸✳✷✮

❊s❝♦❧❤❛ ❞♦ ❡s♣❛ç♦ ❍

❋❛③❡♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ (3.1)1 ❝♦♠ ut ∈ L2(Ω)✱ s❡♥❞♦ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦

❞♦ R
N , t❡♠♦s

(utt, ut) − (∆u, ut) + α(ut, ut) = 0 ⇒

⇒
1

2

d

dt
|ut|

2 − (∆u, ut) + α|ut|
2 = 0.

♦ q✉❡ ✐♠♣❧✐❝❛
1

2

d

dt
|ut|

2 −

∫

Ω

∆u(x, t)ut(x, t)dx + α|ut|
2 = 0.

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥ ❡ ❧❡♠❜r❛♥❞♦ q✉❡ u s❡ ❛♥✉❧❛ ♥❛ ❢r♦♥t❡✐r❛ ❞❡ Ω, ♦❜t❡♠♦s

1

2

d

dt
|ut|

2 +

∫

Ω

∇u(x, t)∇ut(x, t)dx + α|ut|
2 = 0.

❉❛í✱
1

2

d

dt
|v|22 +

1

2

d

dt
|∇u|22 = −α|ut|

2
2

❞❡ ♦♥❞❡ s❡❣✉❡✱
d

dt

(
1

2
|∇u|22 +

1

2
|v|22

)
= −α|ut|

2
2. ✭✸✳✸✮

❉❡✜♥✐♥❞♦

E(t) =
1

2
|∇u|22 +

1

2
|v|22, ✭✸✳✹✮

t❡♠✲s❡ ❞❡ (3.3) q✉❡✱
d

dt
E(t) = −α|ut|

2
2.



✺✷

❙❡❣✉❡ ❞❡ (3.4) ❡ ❞❡ (3.1)2 q✉❡ ♦ ❡s♣❛ç♦ H é ❞❛❞♦ ♣♦r

H = H1
0 (Ω)× L2(Ω)

❝♦♠ ❛ ♥♦r♠❛ ∥∥∥∥∥

(
u

v

)∥∥∥∥∥

2

H

=
∣∣∇u

∣∣2
L2(Ω)

+
∣∣v
∣∣2
L2(Ω)

. ✭✸✳✺✮

❈♦♥s✐❞❡r❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ H

〈(
u1

v1

)
,

(
u2

v2

)〉

H

=
(
∇u1,∇u2

)
L2(Ω)

+
(
v1, v2

)
L2(Ω)

✭✸✳✻✮

❡ ♦❜s❡r✈❡ q✉❡
∥∥u
∥∥2
H1

0
(Ω)

❡
∣∣∇u

∣∣2
L2(Ω)

sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ♣♦✐s✱

∥∥|u|
∥∥2
H1

0
(Ω)

=
∣∣∇u

∣∣2
L2(Ω)

≤
∣∣∇u

∣∣2
L2(Ω)

+
∣∣u
∣∣2
L2(Ω)

=
∥∥u
∥∥2
H1

0
(Ω)

❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱

∥∥u
∥∥2
H1

0
(Ω)

=
∣∣∇u

∣∣2
L2(Ω)

+
∣∣u
∣∣2
L2(Ω)

≤
∣∣∇u

∣∣2
L2(Ω)

+ C
∣∣∇u

∣∣2
L2(Ω)

=
(
1 + C

)∣∣∇u
∣∣2
L2(Ω)

=
(
1 + C

)∥∥|u|
∥∥2
H1

0
(Ω)
.

▲♦❣♦✱
∥∥|u|

∥∥2
H1

0
(Ω)

≤
∥∥u
∥∥2
H1

0
(Ω)

≤
(
1 + C

)∥∥|u|
∥∥2
H1

0
(Ω)

♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s C1 ❡ C2 t❛✐s q✉❡

C1

∣∣∇u
∣∣2
L2(Ω)

≤
∥∥u
∥∥2
H1

0
(Ω)

≤ C2

∣∣∇u
∣∣2
L2(Ω)

. ✭✸✳✼✮

❉❡ (3.7) r❡s✉❧t❛ q✉❡✱ ❛ ♥♦r♠❛ (3.5) ♣r♦✈é♠ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ (3.6), ✉♠❛ ✈❡③

q✉❡✱ s❛t✐s❢❛③ ❛ ❧❡✐ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦✳

❉❡ ❢❛t♦✱ s❡❥❛♠

(
u1

v1

)
,

(
u2

v2

)
∈ H = H1

0 (Ω)× L2(Ω). ❉❛í✱

∥∥∥∥∥

(
u1

v1

)
+

(
u2

v2

)∥∥∥∥∥

2

H

=

∥∥∥∥∥

(
u1 + u2

v1 + v2

)∥∥∥∥∥

2

H

=
∣∣∣∇(u1 + u2)

∣∣∣
2

L2(Ω)
+
∣∣∣v1 + v2

∣∣∣
2

L2(Ω)

=
∣∣∇u1 +∇u2

∣∣2
L2(Ω)

+
∣∣v1 + v2

∣∣2
L2(Ω)

=
∣∣∇u1

∣∣2
L2(Ω)

+ 2
(
∇u1,∇u2

)
+
∣∣∇u2

∣∣2
L2(Ω)

+
∣∣v1
∣∣2
L2(Ω)

+ 2
(
v1, v2

)
+
∣∣v2
∣∣2
L2(Ω)

✭✸✳✽✮



✺✸

❡
∥∥∥∥∥

(
u1

v1

)
−

(
u2

v2

)∥∥∥∥∥

2

H

=

∥∥∥∥∥

(
u1 − u2

v1 − v2

)∥∥∥∥∥

2

H

=
∣∣∣∇(u1 − u2)

∣∣∣
2

L2(Ω)
+
∣∣∣v1 − v2

∣∣∣
2

L2(Ω)

=
∣∣∇u1 −∇u2

∣∣2
L2(Ω)

+
∣∣v1 − v2

∣∣2
L2(Ω)

=
∣∣∇u1

∣∣2
L2(Ω)

− 2
(
∇u1,∇u2

)
+
∣∣∇u2

∣∣2
L2(Ω)

+

+
∣∣v1
∣∣2
L2(Ω)

− 2
(
v1, v2

)
+
∣∣v2
∣∣2
L2(Ω)

. ✭✸✳✾✮

❙♦♠❛♥❞♦ (3.8) ❡ (3.9) ♦❜t❡♠♦s

∥∥∥∥∥

(
u1

v1

)
+

(
u2

v2

)∥∥∥∥∥

2

H

+

∥∥∥∥∥

(
u1

v1

)
−

(
u2

v2

)∥∥∥∥∥

2

H

=

= 2
∣∣∇u1

∣∣2
L2(Ω)

+ 2
∣∣v1
∣∣2
L2(Ω)

+ 2
∣∣∇u2

∣∣2
L2(Ω)

+ 2
∣∣v2
∣∣2
L2(Ω)

=

= 2
(∣∣∇u1

∣∣2
L2(Ω)

+
∣∣v1
∣∣2
L2(Ω)

+
∣∣∇u2

∣∣2
L2(Ω)

+
∣∣v2
∣∣2
L2(Ω)

)
=

= 2

(∥∥∥∥∥

(
u1

v1

)∥∥∥∥∥

2

H

+

∥∥∥∥∥

(
u2

v2

)∥∥∥∥∥

2

H

)
. ✭✸✳✶✵✮

H é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ❛ ♥♦r♠❛ (3.5)

❙❡❥❛

(
un

vn

)
✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ H. ❖ q✉❡ ✐♠♣❧✐❝❛✱

(
∇un

)
❡
(
vn
)
sã♦

s❡q✉ê♥❝✐❛s ❞❡ ❈❛✉❝❤② ❡♠ L2(Ω) ❡✱ ❞❡s❞❡ q✉❡✱ L2(Ω) é ✉♠ ❡s♣❛ç♦ ❝♦♠♣❧❡t♦✱ ♦❜t❡♠♦s

∇un −→ z ∈ L2(Ω) ❡ vn = unt
−→ v ∈ L2(Ω). ✭✸✳✶✶✮

❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ♥♦r♠❛s ❡♠ (3.7), s❡❣✉❡ q✉❡ (un)n∈N é ❞❡ ❈❛✉❝❤②

❡♠ H1
0 (Ω). ▲♦❣♦✱

un −→ u ❡♠ L2(Ω)

∇un −→ z ❡♠ L2(Ω).

❉❡ un → u ❡♠ L2(Ω), r❡s✉❧t❛ q✉❡✱ un → u ❡♠ D′(Ω) ❡✱ ❞❡ ∇un −→ z ❡♠ L2(Ω),

♦❜t❡♠♦s ∇un −→ z ❡♠ D′(Ω), ♣♦rt❛♥t♦✱

∇un −→ ∇u ❡♠ D′(Ω) ✭✸✳✶✷✮

∇un −→ z ❡♠ D′(Ω). ✭✸✳✶✸✮



✺✹

P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ ❡♠ D′(Ω), t❡♠♦s q✉❡ z = ∇u. ❉❡ ♦♥❞❡ s❡❣✉❡ q✉❡✱ ∇u ∈ L2(Ω)✳

❈♦♠♦ u = 0 ❡♠ Γ✱ ♦❜t❡♠♦s u ∈ H1
0 (Ω) ❡✱ ♣♦rt❛♥t♦

(
un

vn

)
−→

(
u

v

)
❡♠ H = H1

0 (Ω)× L2(Ω),

♠♦str❛♥❞♦ q✉❡✱ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳

❊s❝♦❧❤❛ ❞♦ ❞♦♠í♥✐♦ D(A) ❞♦ ♦♣❡r❛❞♦r ❆

P❛r❛ ❛ ❡s❝♦❧❤❛ ❞❡ D(A), A ❞❡✈❡ s❡r ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦ ❡ ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳

◆♦ ❝á❧❝✉❧♦ ❞❛ ❡♥❡r❣✐❛✱ ❞❡✈❡♠♦s t❡r ❛ ❞❡r✐✈❛❞❛ ❢r❛❝❛ ❞❡ v ❜❡♠ ❞❡✜♥✐❞❛✱ ✐st♦ é✱

v ∈ H1
0 (Ω). ❈♦♥t✉❞♦✱ s❡♥❞♦ ut ∈ L2(Ω), ♦❜t❡♠♦s ∆u− αv ∈ L2(Ω).

❆ss✐♠✱

A

([
u

v

])
=

(
v

∆u− αv

)
∈ H

❡✱ ♣♦rt❛♥t♦✱ ❡s❝♦❧❤❡♠♦s

D(A) =

{(
u

v

)
∈ H ; A

([
u

v

])
∈ H

}
.

✸✳✶✳✷ ❈❛r❛❝t❡r✐③❛çã♦ ❡①♣❧í❝✐t❛ ❞❡ ❉✭❆✮

❙❡❥❛

(
u

v

)
∈ D(A). ◆♦t❡ q✉❡✱ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ❡♥❡r❣✐❛✱ ❞❡✈❡♠♦s ✐♥t❡❣r❛r ∆u · ut

❡✱ ❝♦♠♦ ut ∈ L2(Ω), é s✉✜❝✐❡♥t❡ q✉❡ ∆u ∈ L2(Ω). ❊♥tã♦✱ u ∈ H2(Ω) ❡✱ ❞❡s❞❡ q✉❡✱

u ∈ H1
0 (Ω) r❡s✉❧t❛ q✉❡

u ∈ H1
0 (Ω) ∩H

2(Ω).

❆❧é♠ ❞✐ss♦✱ v ∈ H1
0 (Ω)✳ P♦rt❛♥t♦✱

(
u

v

)
∈
(
H1

0 (Ω) ∩H
2(Ω)

)
×H1

0 (Ω).

▲♦❣♦✱

D(A) ⊂
(
H1

0 (Ω) ∩H
2(Ω)

)
×H1

0 (Ω). ✭✸✳✶✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛
(
u

v

)
∈
(
H1

0 (Ω) ∩H
2(Ω)

)
×H1

0 (Ω).



✺✺

❈♦♠♦

u ∈ H1
0 (Ω) ∩H

2(Ω) ⊂ H1
0 (Ω) ❡ H1

0 (Ω) ⊂ L2(Ω), ✭✸✳✶✺✮

t❡♠♦s✱

(
u

v

)
∈ H1

0 (Ω)× L2(Ω) ❡ A

([
u

v

])
=

(
v

∆u− αv

)
∈ H.

▲♦❣♦✱ u ∈ D(A) ♦ q✉❡ ✐♠♣❧✐❝❛

(
H1

0 (Ω) ∩H
2(Ω)

)
×H1

0 (Ω) ⊂ D(A). ✭✸✳✶✻✮

P♦rt❛♥t♦✱ ❞❡ (3.14) ❡ (3.16) ♦❜t❡♠♦s

D(A) =
(
H1

0 (Ω) ∩H
2(Ω)

)
×H1

0 (Ω). �

❆✜r♠❛çã♦ ✸✳✶ ❙❡❥❛ A : D(A) ⊂ H −→ H ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✿

✭✐✮ A é ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦❀

✭✐✐✮ A é ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦✳

❉❡♠♦♥str❛çã♦✿ (i) ❆ ♣❛rt✐r ❞❡ (3.15) s❡❣✉❡ q✉❡

H1
0 (Ω) ∩H

2(Ω)
H1

0
(Ω)

= H1
0 (Ω) e H1

0 (Ω)
L2(Ω)

= L2(Ω).

❉❛í✱

D(A)
H

= H1
0 (Ω) ∩H

2(Ω)
H1

0
(Ω)

×H1
0 (Ω)

L2(Ω)
=

=
(
H1

0 (Ω) ∩H
2(Ω)

)
×H1

0 (Ω)
H1

0
(Ω)×L2(Ω)

=

= H1
0 (Ω)× L2(Ω) = H.

(ii) ❙❡❥❛ zn =

(
un

vn

)
∈ D(A) ⊂ H t❛❧ q✉❡

A(zn) = A

([
un

vn

])
=

(
vn

∆un − αvn

)
∈ H.

❊♥tã♦✱

(
zn, A(zn)

)
−→

(
z, w

)
❡♠ H ×H, ♦♥❞❡ z =

(
u

v

)
∈ D(A).



✺✻

❱❛♠♦s ♠♦str❛r q✉❡✱ ♦ ❣rá✜❝♦ G(A) ❞❡ A é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✳ P❛r❛ ✐st♦✱ ❜❛st❛

♣r♦✈❛r q✉❡ w = A(z).

❈♦♥s✐❞❡r❡ w =

(
u1

v1

)
. ❈♦♠♦ A(zn) =

(
vn

∆un − αvn

)
−→ w =

(
u1

v1

)
❡♠ H ❡

zn =

(
un

vn

)
−→

(
u

v

)
= z ❡♠ H.

❉❡s❞❡ q✉❡✱ vn → u1 ❡♠ H1
0 (Ω), t❡♠♦s q✉❡✱ vn → u1 ❡♠ L2(Ω). ▼❛s✱ vn → v ❡♠ L2(Ω)✳

▲♦❣♦✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ ❡♠ L2(Ω), ♦❜t❡♠♦s✱ v = u1.

❆❣♦r❛✱ ❝♦♠♦ un → u ❡♠ H1
0 (Ω) ❡♥tã♦ un → u ❡♠ D′(Ω) ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

∆un → ∆u ❡♠ D′(Ω).

❯♠❛ ✈❡③ q✉❡✱ ∆un−αvn → v1 ❡♠ L2(Ω) ✐♠♣❧✐❝❛ q✉❡ ∆un−αvn → v1 ❡♠ D′(Ω).

❙❡♥❞♦ D′(Ω) ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ αvn → αv ❡♠ D′(Ω), t❡♠♦s q✉❡

∆un − αvn −→ ∆u− αv ❡♠ D′(Ω).

▲♦❣♦✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ ❡♠ D′(Ω),

v1 = ∆u− αv.

P♦rt❛♥t♦✱

w =

(
u1

v1

)
=

(
v

∆u− αv

)
= A

([
u

v

])
.

❚❡♦r❡♠❛ ✸✳✷ ❖ ♦♣❡r❛❞♦r A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛✲

çõ❡s ❡♠ H.

❉❡♠♦♥str❛çã♦✿ P❛r❛ U =

(
u

v

)
❡ A =


 0 I

∆I −αI


 t❡♠♦s✱

〈
AU, U

〉
H

=

((
v

∆u− αv

)
,

(
u

v

))
=

=
(
∇u, ∇v

)
H1

0
(Ω)

+
((
∆u− αv

)
, v
)
L2(Ω)

=

=
(
∇u, ∇v

)
+
(
∆u, v

)
− α

(
v, v

)
=

=
(
∇u, ∇v

)
+

∫

Ω

∆u(x, t)v(x, t)dx− α

∫

Ω

|v(x, t)|2dx.



✺✼

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥ ❡ ❧❡♠❜r❛♥❞♦ q✉❡ v = ut = 0 ♥❛ ❢r♦♥t❡✐r❛ ❞❡ Ω, t❡♠♦s

q✉❡ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ é ✐❣✉❛❧ ❛✿

(
∇u, ∇v

)
−

∫

Ω

∇u(x, t)∇v(x, t)dx − α

∫

Ω

|v(x, t)|2dx =

= −α

∫

Ω

|v(x, t)|2dx ≤ 0. ✭✸✳✶✼✮

▼♦str❛♥❞♦ q✉❡ A é ❞✐ss✐♣❛t✐✈♦✳

❆❣♦r❛✱ ♣r♦✈❛r❡♠♦s q✉❡ 0 ∈ ρ(A). P❛r❛ ✐st♦✱ s❡❥❛ F =

(
f

g

)
∈ H = H1

0 (Ω) ×

L2(Ω) ❡♥tã♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ U =

(
u

v

)
∈ D(A) t❛❧ q✉❡

− AU = F. ✭✸✳✶✽✮

❈♦♠ ❡❢❡✐t♦✱ −AU = F =⇒


 −v

−∆u+ αv


 =


 f

g


 .

❆ss✐♠✱ 



−v = f ⇒ v = −f ∈ H1
0 (Ω)

−∆u+ αv = g
✭✸✳✶✾✮

❙✉❜st✐t✉✐♥❞♦✱ (3.19)1 ❡♠ (3.19)2 ♦❜t❡♠♦s −∆u = αf + g, ❞❛í





−∆u = αf + g ❡♠ Q = Ω× (0, ∞)

u = 0 ❡♠ Γ× (0,∞).
✭✸✳✷✵✮

❉❡s❞❡ q✉❡✱ f ∈ H1
0 (Ω) ❡ g ∈ L2(Ω) s❡❣✉❡ q✉❡ αf + g ∈ L2(Ω). ❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦✲

r❡♠❛ (A.18) t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ Pr♦❜❧❡♠❛ (3.20) t❛❧ q✉❡

u ∈ H1
0 (Ω) ∩H

2(Ω)✳ ❉❛í ❡✱ ❞❡ (3.19)1 s❡❣✉❡ q✉❡ v ∈ H1
0 (Ω), ✉♠❛ ✈❡③ q✉❡✱ f ∈ H1

0 (Ω).

❆ss✐♠✱ (3.18) ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦✱

(u, v)T ∈
(
H1

0 (Ω) ∩H
2(Ω)

)
×H1

0 (Ω).

❖✉ s❡❥❛✱

∃! U =

(
u

v

)
∈ D(A) t❛❧ q✉❡ (0 · I − A)U = F.

❉❡ ♦♥❞❡ t❡♠♦s q✉❡ 0 ∈ ρ(A).

❈♦♠♦ D(A) = H✱ A é ❞✐ss✐♣❛t✐✈♦ ❡ 0 ∈ ρ(A), ♣❡❧❛ Pr♦♣♦s✐çã♦ 1.32, A é ♦ ❣❡r❛❞♦r

✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s✳



✺✽

❉♦ ❈♦r♦❧ár✐♦ 1.15✱ ♦❜t❡♠♦s q✉❡ U(t) = S(t)U(0) é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ ♣r♦✲

❜❧❡♠❛ (3.2) ❡✱

U ∈ C ([0, ∞); D(A)) ∩ C1 ([0, ∞); H) ,

✐st♦ ✐♠♣❧✐❝❛✱

 u

ut


 ∈ C

(
[0, ∞);

(
H1

0 (Ω) ∩H
2(Ω)

)
×H1

0 (Ω)
)
∩ C1

(
[0, ∞); H1

0 (Ω)× L2(Ω)
)
,

✐st♦ é✱

u ∈ C
(
[0, ∞); (H1

0 (Ω) ∩H
2(Ω))

)
∩ C1

(
[0, ∞); H1

0 (Ω)
)
;

ut ∈ C1
(
[0, ∞); L2(Ω)

)
⇒ u ∈ C2

(
[0, ∞); L2(Ω)

)
.

❉❛í✱ t❡♠♦s

u ∈ C
(
[0, ∞); H1

0 (Ω) ∩H
2(Ω)

)
∩ C1

(
[0, ∞); H1

0 (Ω)
)
∩ C2

(
[0, ∞); L2(Ω)

)
.

✸✳✶✳✸ ❉❡❝❛✐♠❡♥t♦ ❊①♣♦♥❡♥❝✐❛❧

❚❡♦r❡♠❛ ✸✳✸ ❖ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s {eAt}t≥0 ❣❡r❛❞♦ ♣❡❧♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r ✐❧✐✲

♠✐t❛❞♦ A✱ ❞❡✜♥✐❞♦ ♣♦r

A =

(
0 I

∆I −αI

)
✭✸✳✷✶✮

s❛t✐s❢❛③

∥∥eAt
∥∥
L(H)

≤Me−ωt, ∀ t ≥ 0 ❝♦♠ M ≥ 1 ❡ ω > 0. ✭✸✳✷✷✮

❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ H = H1
0 (Ω) × H2(Ω) ❡ D(A) =

(
H1

0 (Ω) ∩ H
2(Ω)

)
× H1

0 (Ω),

♣❡❧❛ Pr♦♣♦s✐çã♦ 1.32, ✈✐♠♦s q✉❡✱ ❆ é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦ ❞❡

❝♦♥tr❛çã♦✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣❛r❛ ❣❛r❛♥t✐r♠♦s q✉❡ (3.22) é s❛t✐s❢❡✐t❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡

●❡❛r❤❛rt✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡

{
iβ ; β ∈ R

}
⊆ ρ(A) ✭✸✳✷✸✮

❡

lim sup
|β|→∞

‖(iβ − A)−1‖L(X) <∞. ✭✸✳✷✹✮

❊✱ ✐st♦ s❡rá ❢❡✐t♦ ♣♦r ❝♦♥tr❛❞✐çã♦✱ ♥❡❣❛♥❞♦ (3.23) ❡ (3.24).



✺✾

Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡ q✉❡✱ ❞❛ Pr♦♣♦s✐çã♦ 1.32, s❡ 0 ∈ ρ(A) ❡♥tã♦

iβI − A = A(iβA−1 − I) é ✐♥✈❡rtí✈❡❧, ∀ β ∈ R,

❞❡s❞❡ q✉❡

0 < |iβ| = |β| <
∥∥A−1

∥∥−1

L(H)
. ✭✸✳✷✺✮

❆❞❡♠❛✐s✱ ❛ ❛♣❧✐❝❛çã♦

β 7−→
∥∥(iβI − A)−1

∥∥
L(H)

é ❝♦♥tí♥✉❛ ♥♦ ✐♥t❡r✈❛❧♦ J :=
(
−
∥∥A−1

∥∥−1
,
∥∥A−1

∥∥−1
)
, ❥á q✉❡

(
iβI − A

)−1
é ❧✐♥❡❛r ❡

❧✐♠✐t❛❞♦✱ ∀ β ∈ J.

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ (3.23) ♥ã♦ ♦❝♦rr❡✳ ❊♥tã♦✱ (iβI − A) ♥ã♦ é ✐♥✈❡rtí✈❡❧ ♣❛r❛

β ∈ R. ▲♦❣♦✱ (3.25) ♥ã♦ ♦❝♦rr❡✳ ❆ss✐♠✱ ❡①✐st❡ γ ∈ R ❝♦♠

∥∥A−1
∥∥−1

≤ |γ| <∞,

t❛❧ q✉❡
{
iβ ; |β| < |γ|

}
⊂ ρ(A), ✭✸✳✷✻✮

❡

sup
{∥∥(iβI − A

)−1∥∥ ; |β| < |γ|
}
= ∞. ✭✸✳✷✼✮

❉❡ (3.27) s❡♥❞♦ β ∈
(
−|γ|, |γ|

)
⊂ R, ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (βn)n∈N ⊂ R ❝♦♠

βn ∈
(
−|γ|, |γ|

)
, ∀ n ∈ N t❛❧ q✉❡ βn 7−→ γ q✉❛♥❞♦ n → ∞ ❡✱ ❡①✐st❡ t❛♠❜é♠✱ ✉♠❛

s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ✈❡t♦r✐❛✐s ❝♦♠♣❧❡①❛s (Wn)n∈N, ❝♦♠ Wn ∈ H t❛❧ q✉❡

∥∥(iβnI − A
)−1

Wn

∥∥
∥∥Wn

∥∥ ≥ n, ∀ n ∈ N.

▲♦❣♦✱
∥∥(iβnI − A

)−1
Wn

∥∥ ≥ n
∥∥Wn

∥∥, ∀ n ∈ N. ✭✸✳✷✽✮

❈♦♠♦ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ C0✲s❡♠✐❣r✉♣♦✱ ♣❡❧♦ ♦ ❚❡♦r❡♠❛ ❞❡ ▲✉♠❡r✲P❤✐❧❧✐♣s✱

A é m − dissipativo ❡♠ H. ❯♠❛ ✈❡③ q✉❡✱
(
Wn

)
n∈N

⊂ H, ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s❡q✉ê♥❝✐❛

(
Un
)
n∈N

⊂ D(A) t❛❧ q✉❡ Un =

(
un

vn

)
❝♦♠ ♥♦r♠❛ ✉♥✐tár✐❛ ❡♠ H, ✐st♦ é✱

∥∥Un
∥∥2
H

=
∣∣∇un

∣∣2
L2(Ω)

, + |vn|
2
L2(Ω) = 1 ✭✸✳✷✾✮



✻✵

t❛❧ q✉❡
(
iβnI − A

)
Un = Wn, ∀ n ∈ N. ✭✸✳✸✵✮

❉❛í✱ ❡ ❞❡ (3.28) t❡♠♦s Un =
(
iβnI − A

)−1
Wn ❡

∥∥(iβnI − A
)−1

Wn

∥∥
∥∥Wn

∥∥ =

∥∥Un
∥∥

∥∥(iβnI − A
)
Un
∥∥ ≥ n, ∀n ∈ N.

❖✉ s❡❥❛✱
∥∥(iβnI − A

)
Un
∥∥ ≤

1

n

∥∥Un
∥∥, ❝♦♠

∥∥Un
∥∥
H

= 1. ✭✸✳✸✶✮

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❡♠ (3.31) q✉❛♥❞♦ n→ ∞, ♦❜t❡♠♦s

∥∥(iβnI − A
)
Un
∥∥
H
−→ 0. ✭✸✳✸✷✮

▲♦❣♦✱ ∥∥∥∥∥

(
iβnun

iβnvn

)
−

(
vn

∆un − αvn

)∥∥∥∥∥
H

−→ 0.

❡✱ ♣♦rt❛♥t♦




iβnun − vn
forte
−→ 0 ❡♠ H1

0 (Ω) q✉❛♥❞♦ n→ ∞

iβnvn − ∆un + αvn
forte
−→ 0 ❡♠ L2(Ω) q✉❛♥❞♦ n→ ∞.

✭✸✳✸✸✮

❚♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❞❡ Un ❝♦♠
(
iβnI − A

)
Un ❡♠ H, t❡♠✲s❡

((
iβnI − A

)
Un, Un

)

H

=
(
iβnUn, Un

)
H

−
(
AUn, Un

)
H

=

= iβn
(
Un, Un

)
H

−

([
vn

∆un − αvn

]
,

[
un

vn

])

H

= iβn
∥∥Un

∥∥2
H

−
[(
∇un, ∇vn

)
L2

+
(
∆un − αvn, vn

)
L2

]

= iβn
∥∥Un

∥∥2
H
−

∫

Ω

∇un∇vn −

∫

Ω

(∆un − αvn)vn

= iβn
∥∥Un

∥∥2
H
−

∫

Ω

∇un∇vn −

−

∫

Ω

∆unvn +

∫

Ω

α|vn|
2
R
dx

. ✭✸✳✸✹✮

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥ ❡ ♦ ❢❛t♦ ❞❡ u = 0 ❡♠ Γ✱ ♦❜t❡♠♦s
((
iβnI − A

)
Un, Un

)

H

= iβn
∥∥Un

∥∥2
H

+ α

∫

Ω

|vn|
2
R
dx.



✻✶

❉❛í✱

Re

((
iβnI − A

)
Un, Un

)

H

= α
∣∣vn
∣∣2
L2
.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ D(A) →֒ H ❡ ‖Un‖ = 1,

♦❜t❡♠♦s

α
∣∣vn
∣∣2
L2

≤

∣∣∣∣
((
iβnI − A

)
Un, Un

)∣∣∣∣
H

≤
∥∥(iβnI − A)Un

∥∥
H

∥∥Un
∥∥
H

≤
∥∥(iβnI − A)Un

∥∥
H
k
∥∥Un

∥∥
D(A)

≤ k
∥∥(iβnI − A)Un

∥∥ −→ 0 ♣♦r (3.32)

♣♦rt❛♥t♦✱

vn −→ 0 ❢♦rt❡ ❡♠ L2(Ω). ✭✸✳✸✺✮

❉❛í ❡✱ ❞❡ (3.33)2 ♦❜té♠✲s❡ q✉❡

∆un −→ 0 ❢♦rt❡ ❡♠ L2(Ω). ✭✸✳✸✻✮

❈♦♠♦

un ∈ H1
0 (Ω) ∩H

2(Ω)

t❡♠♦s✱ ♣❡❧❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ♥♦r♠❛s✱ q✉❡

∣∣∇un
∣∣
L2(Ω)

≤
∣∣∆un

∣∣
L2(Ω)

, ∀un ∈ H1
0 (Ω) ∩H

2(Ω).

❊♥tã♦✱ ❞❡ (3.36) s❡q✉❡ q✉❡

un −→ 0 ❢♦rt❡ ❡♠ H1
0 (Ω). ✭✸✳✸✼✮

❉❡ (3.35)− (3.37) r❡s✉❧t❛ q✉❡

Un =

(
un

vn

)
−→ 0 ❢♦rt❡ ❡♠ H1

0 (Ω)× L2(Ω).

▲♦❣♦✱ ∥∥∥Un
∥∥∥
2

H
=
∣∣∇un

∣∣2
L2(Ω)

+
∣∣vn
∣∣2
L2(Ω)

−→ 0,

♦ q✉❡ ❝♦♥tr❛❞✐③ (3.29). P♦rt❛♥t♦✱ (3.23) é ✈❡r❞❛❞❡✳



✻✷

P❛r❛ ♠♦str❛r♠♦s (3.24), s✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡

lim sup
|λ|→∞

∥∥(λI − A)−1
∥∥
H
= ∞, ♦♥❞❡ λ = iβ. ✭✸✳✸✽✮

❉❛í✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❝♦♠♣❧❡①❛s (Wn)n∈N ❝♦♠ Wn ∈ H ♣❛r❛ ❝❛❞❛

n ∈ N, t❛❧ q✉❡ ∥∥(λnI − A)−1Wn

∥∥
H∥∥Wn

∥∥
H

≥ n, ∀ n ∈ N.

❉♦♥❞❡✱
∥∥(λnI − A)−1Wn

∥∥
H
≥ n

∥∥Wn

∥∥
H
, ∀ n ∈ N. ✭✸✳✸✾✮

❉❡s❞❡ q✉❡ A é m✲❞✐ss✐♣❛t✐✈♦ ❡♠ H, ♣❛r❛ t♦❞❛ s❡q✉ê♥❝✐❛ (Wn)n∈N ⊂ H ❡ (λn)n∈N,

❡①✐st❡ ✉♠❛ ú♥✐❝❛ s❡q✉ê♥❝✐❛ (Un)n∈N ⊂ D(A) ❝♦♠
∥∥Un

∥∥
H
= 1, t❛❧ q✉❡

(
λnI − A

)
Un = Wn, ∀ n ∈ N.

❉❛í✱ ❡ ❞❡ (3.39) r❡s✉❧t❛
∥∥(λnI − A)−1Wn

∥∥
H∥∥Wn

∥∥
H

=

∥∥Un
∥∥

∥∥(λnI − A)Un
∥∥ ≥ n, ∀ n ∈ N.

❖✉ s❡❥❛✱
∥∥(λnI − A)Un

∥∥ ≤
1

n

∥∥Un
∥∥. ✭✸✳✹✵✮

❉❡✜♥✐♥❞♦

Zn :=
(
λnI − A

)
Un, ✭✸✳✹✶✮

t❡♠♦s ❞❡ (3.40) ❡ ❞❡ ‖Un‖ = 1✱ q✉❡

∥∥Zn
∥∥
H
≤

1

n

∥∥Un
∥∥ =

1

n
.

▲♦❣♦✱
∥∥Zn

∥∥
H

forte
−→ 0 ❡♠ H, q✉❛♥❞♦ n→ ∞. ✭✸✳✹✷✮

❚♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❞❡ Un ❝♦♠ Zn ❡♠ H, r❡s✉❧t❛ q✉❡

(
Un, Zn

)
H

=
(
Un, (λnI − A)Un

)
H

= λn
(
Un, Un

)
H

−
(
AUn, Un

)
H

= λn
∥∥Un

∥∥2
H

+ α
∣∣vn
∣∣2
L2(Ω)

.

✭✸✳✹✸✮



✻✸

❉❛í✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❡ ❞♦ ❢❛t♦ q✉❡ D(A) →֒ H ❡ q✉❡ ‖Un‖ = 1,

♦❜t❡♠♦s

Re
(
Un, Zn

)
= α

∣∣vn
∣∣2
L2(Ω)

≤
∣∣(Zn, Un

)∣∣
C.S.

≤
∥∥Zn

∥∥
H

∥∥Un
∥∥
H

≤
∥∥Zn

∥∥
H
C
∥∥Un

∥∥
D(A)

,

= C
∥∥Zn

∥∥ −→ 0. ✭✸✳✹✹✮

vn −→ 0 ❢♦rt❡ ❡♠ L2(Ω). ✭✸✳✹✺✮

❆ ♣❛rt✐r ❞❡ (3.41) ❡ ❝♦♥s✐❞❡r❛♥❞♦ Zn =

(
z1n

z2n

)
, ♦❜t❡♠♦s

(
λnun

λnvn

)
−

(
vn

∆un − αvn

)
=

(
z1n

z2n

)
.

❖ q✉❡ ✐♠♣❧✐❝❛✱ 



λnun − vn = z1n

λnvn − ∆un + αvn = z2n.
✭✸✳✹✻✮

❉❡ (3.45) ❡ (3.46)2 t❡♠♦s

∆un −→ 0 ❢♦rt❡ ❡♠ L2(Ω). ✭✸✳✹✼✮

❉❛í✱ ♣❡❧❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ♥♦r♠❛s✱ t❡♠♦s q✉❡✱ ♣❛r❛ t♦❞♦ un ∈ H1
0 (Ω),

un −→ 0 ❢♦rt❡ ❡♠ H1
0 (Ω). ✭✸✳✹✽✮

▲♦❣♦✱ ❞❡ (3.45) ❡ (3.48), ♦❜t❡♠♦s

Un =

(
un

vn

)
−→ 0 ❢♦rt❡ ❡♠ H = H1

0 (Ω)× L2(Ω). ✭✸✳✹✾✮

▼❛s✱ ✐st♦ é ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s✱ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡
∥∥∥Un

∥∥∥
2

H
= 1. ❉❡ ♦♥❞❡ t❡♠♦s q✉❡✱

(3.24) é ✈❡r❞❛❞❡✳

P♦rt❛♥t♦✱ ✈❡r✐✜❝❛❞❛s ❛s ❝♦♥❞✐çõ❡s (3.23) ❡ (3.24)✱ ❞♦ ❚❡♦r❡♠❛ ❞❡ ●❡❛r❤❛rt✱ ♦❜t❡✲

♠♦s q✉❡ (3.22) é s❛t✐s❢❡✐t❛✳



✻✹

✸✳✷ ❙✐st❡♠❛ ❚❡r♠♦❡❧ást✐❝♦

Pr♦✈❛r❡♠♦s ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ t❡r✲

♠♦❡❧ást✐❝♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r✳ ❈♦♥s✐❞❡r❡♠♦s ✉♠❛ ❜❛rr❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ l ❝♦♠

❞❡♥s✐❞❛❞❡ ✉♥✐tár✐❛✳ ❉❡♥♦t❛r❡♠♦s ♣♦r u ♦ ❞❡s❧♦❝❛♠❡♥t♦ tr❛♥s✈❡rs❛❧ ❡ ♣♦r θ ❛ ❞✐❢❡r❡♥ç❛

❞❡ t❡♠♣❡r❛t✉r❛ ❡♥tr❡ ✉♠❛ ❜❛rr❛ ❡ ♦ ♠❡✐♦ ❛♠❜✐❡♥t❡✳ ❆s ❡q✉❛çõ❡s ❞❡s❝r✐t❛s ♥♦ s✐st❡♠❛

❛❜❛✐①♦ sã♦ ❞✐t❛s ❡q✉❛çã♦ ❞♦ ♠♦♠❡♥t♦ ❡ ❡q✉❛çã♦ ❞❛ ❡♥❡r❣✐❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳





utt(x, t)− uxx + aθx = 0 ❡♠ (0, l)× (0,∞), a > 0,

θt − θxx + auxt = 0 ❡♠ (0, l)× (0,∞),

u(0, t) = u(l, t) = 0 ♣❛r❛ t > 0,

θ(0, t) = θ(l, t) = 0 ♣❛r❛ t > 0,

u(x, 0) = u0(x) ❡♠ (0, l),

ut(x, 0) = u1(x) ❡♠ (0, l),

θ(x, 0) = θ0(x) ❡♠ (0, l).

✭✸✳✺✵✮

❆ ✜♠ ❞❡ ❡♥❝♦♥tr❛r♠♦s ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (3.50)

✈✐❛ s❡♠✐❣r✉♣♦✱ tr❛♥s❢♦r♠❛r❡♠♦s ♦ ♠♦❞❡❧♦ ❛❝✐♠❛ ❡♠ ✉♠ Pr♦❜❧❡♠❛ ❆❜str❛t♦ ❧✐♥❡❛r✳

✸✳✷✳✶ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ❞❡ ❙♦❧✉çã♦

❋♦r♠✉❧❛çã♦ ❆❜str❛t❛ ❞♦ Pr♦❜❧❡♠❛

❙❡❥❛ v = ut. ❆ss✐♠✱ vt = utt = uxx − aθx. ❉❛í✱ s❡♥❞♦ U(t) =




u

v

θ


 ❡♥tã♦

d

dt
U =




ut

vt

θt


 =




v

uxx − aθx

θxx − auxt


 =




v

uxx − aθx

−avx + θxx


 =

=




0 I 0

(·)xx 0 −a(·)x

0 −a(·)x (·)xx







u

v

θ


 .

❈♦♥s✐❞❡r❡✱



✻✺

A =




0 I 0

(·)xx 0 −a(·)x

0 −a(·)x (·)xx


 ; U =




u

v

θ


 ; U0 =




u0

u1

θ0




❆ ♣❛rt✐r ❞❛í✱ t❡♠♦s q✉❡ ♦ Pr♦❜❧❡♠❛ (3.50) é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛





d

dt
U = AU

U(0) = U0.
✭✸✳✺✶✮

❊s❝♦❧❤❛ ❞♦ ❡s♣❛ç♦ ❍

❋❛③❡♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ (3.50)1 ❝♦♠ ut ∈ L2(0, l), ❝♦♠ (0, l) ⊂ R t❡♠♦s

(utt, ut) − (uxx, ut) + (aθx, ut) = 0.

❆❞♠✐t✐♥❞♦ r❡❣✉❧❛r✐❞❛❞❡ ♣❛r❛ r❡❢❛③❡r ♦s ❝á❧❝✉❧♦s✱ ♦❜t❡♠♦s

(aθx, ut) = −(θ, auxt).

❙❡♥❞♦ ❛ss✐♠✱

1

2

d

dt

∣∣ut
∣∣2
L2(0,l)

−

∫ l

0

uxx(x, t) ut(x, t)dx − (θ, auxt) = 0.

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥ ❡ ♣♦r (3.50)3, ♦❜t❡♠♦s

1

2

d

dt

∣∣ut
∣∣2
L2(0,l)

+

∫ l

0

ux(x, t)uxt(x, t)dx− (θ, θxx − θt) = 0.

▲♦❣♦✱
1

2

d

dt

∣∣ut
∣∣2
L2(0,l)

+ (ux, uxt)L2(0,l) − (θxx, θ) + (θ, θt) = 0,

♦ q✉❡ ✐♠♣❧✐❝❛

1

2

d

dt

∣∣v
∣∣2
L2(0,l)

+
1

2

d

dt

∣∣ux
∣∣2
L2(0,l)

+
1

2

d

dt

∣∣θ
∣∣2
L2(0,l)

= (θxx, θ)

❡✱ ✐st♦ ✐♠♣❧✐❝❛

d

dt

(1
2

∣∣ux
∣∣2
L2(0,l)

+
1

2

∣∣v
∣∣2
L2(0,l)

+
1

2

∣∣θ
∣∣2
L2(0,l)

)
= −

∣∣θx
∣∣2
L2(0,l)

. ✭✸✳✺✷✮

❉❡✜♥✐♥❞♦

E(t) =
1

2

∣∣ux
∣∣2
L2(0,l)

+
1

2

∣∣v
∣∣2
L2(0,l)

+
1

2

∣∣θ
∣∣2
L2(0,l)

, ✭✸✳✺✸✮



✻✻

t❡♠✲s❡ ❞❡ (3.52) q✉❡✱
d

dt
E(t) = −

∣∣θx
∣∣2
L2(0,l)

.

❉❡ (3.53) ❡ ❞❡ (3.50)3 t❡♠✲s❡ q✉❡ ♦ ❡s♣❛ç♦ H ♦♥❞❡ ❛ ❡♥❡r❣✐❛ ❡stá ❞❡✜♥✐❞❛ é✿

H = H1
0 (0, l)× L2(0, l)× L2(0, l)

❝♦♠ ❛ ♥♦r♠❛ ∥∥∥∥∥∥∥∥∥




u

v

θ




∥∥∥∥∥∥∥∥∥

2

H

=
∣∣ux
∣∣2
L2(0,l)

+
∣∣v
∣∣2
L2(0,l)

+
∣∣θ
∣∣2
L2(0,l)

. ✭✸✳✺✹✮

❈♦♥s✐❞❡r❛♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s✉❛❧ ❡♠ H

〈
(u1, v1, θ1)

t , (u2, v2, θ2)
t
〉
H
=
(
ux1, ux2

)
L2(0,l)

+
(
v1, v2

)
L2(0,l)

+
(
θ1, θ2

)
L2(0,l)

✭✸✳✺✺✮

❡ ❝♦♠♦
∥∥u
∥∥2
H1

0
(0,l)

❡
∥∥|u|

∥∥2
H1

0
(0,l)

=
∣∣ux
∣∣2
L2(0,l)

sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ❧♦❣♦✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s

C ❡ C̃ t❛✐s q✉❡

C
∣∣ux
∣∣2
L2(0,l)

≤
∥∥u
∥∥2
H1

0
(0,l)

≤ C̃
∣∣ux
∣∣2
L2(0,l)

. ✭✸✳✺✻✮

❯s❛♥❞♦ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ (3.56) s❡❣✉❡ q✉❡✱ ❛ ♥♦r♠❛ ❡♠ (3.54) é ♣r♦✈❡♥✐❡♥t❡ ❞♦ ♣r♦❞✉t♦

✐♥t❡r♥♦ (3.55), ❥á q✉❡✱ s❛t✐s❢❛③ ❛ ❧❡✐ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠




u1

v1

θ1


 ,




u2

v2

θ2


 ∈ H = H1

0 (0, l)× L2(0, l)× L2(0, l).

▲♦❣♦✱

∥∥∥∥∥∥∥∥∥




u1

v1

θ1


+




u2

v2

θ2




∥∥∥∥∥∥∥∥∥

2

H

=

∥∥∥∥∥∥∥∥∥




u1 + u2

v1 + v2

θ1 + θ2




∥∥∥∥∥∥∥∥∥

2

H

=
∣∣(u1 + u2)x

∣∣2
L2(0,l)

+

+
∣∣v1 + v2

∣∣2
L2(0,l)

+
∣∣θ1 + θ2

∣∣2
L2(0,l)

=
∣∣u1x + u2x

∣∣2
L2(0,l)

+
∣∣v1 + v2

∣∣2
L2(0,l)

+
∣∣θ1 + θ2

∣∣2
L2(0,l)

=
∣∣u1x

∣∣2 + 2
(
u1x, u2x

)
+
∣∣u2x

∣∣2 +

+
∣∣v1
∣∣2 + 2

(
v1, v2

)
+
∣∣v2
∣∣2 +

+
∣∣θ1
∣∣2 + 2

(
θ1, θ2

)
+
∣∣θ2
∣∣2. ✭✸✳✺✼✮



✻✼

P♦r ♦✉tr♦ ❧❛❞♦✱

∥∥∥∥∥∥∥∥∥




u1

v1

θ1


−




u2

v2

θ2




∥∥∥∥∥∥∥∥∥

2

H

=

∥∥∥∥∥∥∥∥∥




u1 − u2

v1 − v2

θ1 − θ2




∥∥∥∥∥∥∥∥∥

2

H

=
∣∣(u1 − u2)x

∣∣2
L2(0,l)

+

+
∣∣v1 − v2

∣∣2
L2(0,l)

+
∣∣θ1 − θ2

∣∣2
L2(0,l)

=
∣∣u1x − u2x

∣∣2
L2(0,l)

+
∣∣v1 − v2

∣∣2
L2(0,l)

+
∣∣θ1 − θ2

∣∣2
L2(0,l)

=
∣∣u1x

∣∣2 − 2
(
u1x, u2x

)
+
∣∣u2x

∣∣2 +

+
∣∣v1
∣∣2 − 2

(
v1, v2

)
+
∣∣v2
∣∣2 +

+
∣∣θ1
∣∣2 − 2

(
θ1, θ2

)
+
∣∣θ2
∣∣2. ✭✸✳✺✽✮

❉❡ (3.57) ❡ (3.58), ♦❜t❡♠♦s

∥∥∥∥∥∥∥∥∥




u1

v1

θ1


+




u2

v2

θ2




∥∥∥∥∥∥∥∥∥

2

H

+

∥∥∥∥∥∥∥∥∥




u1

v1

θ1


−




u2

v2

θ2




∥∥∥∥∥∥∥∥∥

2

H

=

= 2
∣∣u1x

∣∣2 + 2
∣∣u2x

∣∣2 + 2
∣∣v1
∣∣2 + 2

∣∣v2
∣∣2 + 2

∣∣θ1
∣∣2 + 2

∣∣θ2
∣∣2

= 2
(∣∣u1x

∣∣2 +
∣∣v1
∣∣2 +

∣∣θ1
∣∣2 +

∣∣u2x
∣∣2 ++

∣∣v2
∣∣2 +

∣∣θ2
∣∣2
)

= 2




∥∥∥∥∥∥∥∥∥




u1

v1

θ1




∥∥∥∥∥∥∥∥∥

+

∥∥∥∥∥∥∥∥∥




u2

v2

θ2




∥∥∥∥∥∥∥∥∥


 .

❱❛♠♦s ♠♦str❛r q✉❡ H ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛ (3.54) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳

❉❡ ❢❛t♦✱ s❡❥❛




un

vn

θn


 ∈ H ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ H. ▲♦❣♦✱

(
unx
)
, (vn) ❡ (θn)

sã♦ s❡q✉ê♥❝✐❛s ❞❡ ❈❛✉❝❤② ❡♠ L2(0, l). ❈♦♠♦ L2(0, l) é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦

❝♦♠♣❧❡t♦✱ t❡♠✲s❡

unx −→ z ❡♠ L2(0, l);

vn = unt −→ v ❡♠ L2(0, l); ✭✸✳✺✾✮

θn −→ θ ❡♠ L2(0, l).

❉❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ♥♦r♠❛s ❡♠ (3.56), ♦❜t❡♠♦s q✉❡ (un)n∈N é ❞❡ ❈❛✉❝❤② ❡♠ H1
0 (0, l).



✻✽

▲♦❣♦✱

un −→ u ❡♠ L2(0, l) ⇒ un −→ u ❡♠ D′(0, l)

❡

unx −→ z ❡♠ L2(0, l),

♦ q✉❡ ✐♠♣❧✐❝❛

unx −→ ux ❡♠ D′(0, l)

unx −→ z ❡♠ D′(0, l).

P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ ❡♠ D′(0, l), t❡♠✲s❡ z = ux. ▲♦❣♦✱ u ∈ H1
0 (0, l) ❡✱ ♣♦rt❛♥t♦




un

vn

θn


 −→




u

v

θ


 ❡♠ H = H1

0 (0, l)× L2(0, l)× L2(0, l).

P♦rt❛♥t♦✱ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳

❊s❝♦❧❤❛ ❞♦ ❞♦♠í♥✐♦ ❉✭❆✮ ❞♦ ♦♣❡r❛❞♦r ❆

❉❡✈❡♠♦s ❡s❝♦❧❤❡r D(A) ❞❡ t❛❧ ♠♦❞♦ q✉❡✱ A s❡❥❛ ❢❡❝❤❛❞♦ ❡ ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳

◆♦t❡ q✉❡✱ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ❡♥❡r❣✐❛✱ v = ut ❞❡✈❡ ♣♦ss✉✐r ❛ ❞❡r✐✈❛❞❛ ❢r❛❝❛ vx ❜❡♠

❞❡✜♥✐❞❛ ❡✱ ♣♦r (3.50)3✱ v ∈ H1
0 (0, l). ❉❛í✱ vx ∈ L2(0, l) ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ avx ∈

L2(0, l), a ∈ R.

❆❧é♠ ❞✐ss♦✱ t❛♠❜é♠ ❞❡✈❡♠♦s ✐♥t❡❣r❛r uxx · ut ❡ aθx · ut✳ ❈♦♠♦ ut ∈ L2(0, l), é

s✉✜❝✐❡♥t❡ q✉❡ uxx, θx ∈ L2(0, l) ❡✱ s❡♥❞♦ L2(0, l) ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ uxx−aθx ∈ L2(0, l).

P♦r ✉♠ r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦✱ t❡♠♦s q✉❡ −avx + θxx ∈ L2(0, l) ♣♦✐s✱ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛

❡♥❡r❣✐❛ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ (θxx, θ) ∈ L2(0, l) ❞❡✈❡ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✱ ♦ q✉❛❧✱ r❡♣r❡s❡♥t❛

❛ ❞✐ss✐♣❛çã♦ ❞❡ ❡♥❡r❣✐❛ ❞❛ ♦♥❞❛✳ ❙❡♥❞♦ ❛ss✐♠✱ ♦❜t❡♠♦s

A







u

v

θ





 =




v

uxx − aθx

−avx + θxx


 ∈ H = H1

0 (0, l)× L2(0, l)× L2(0, l).



✻✾

❉❛í✱

D(A) =








u

v

θ


 ∈ H ; A







u

v

θ





 ∈ H




.

✸✳✷✳✷ ❈❛r❛❝t❡r✐③❛çã♦ ❡①♣❧í❝✐t❛ ❞❡ ❉✭❆✮

❙❡❥❛




u

v

θ


 ∈ D(A). ❈♦♠♦✱ ❞♦ ❝á❧❝✉❧♦ ❞❛ ❡♥❡r❣✐❛✱ uxx ∈ L2(0, l) ❡♥tã♦ u ∈ H2(0, l).

❉❡s❞❡ q✉❡✱ u ∈ H1
0 (0, l) ✐♠♣❧✐❝❛ q✉❡ u ∈ H1

0 (0, l) ∩H
2(0, l). ❆❧é♠ ❞✐ss♦✱ v ∈ H1

0 (0, l).

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s q✉❡ θ ✧s❡ ❛♥✉❧❛ ♥❛ ❢r♦♥t❡✐r❛✧❡ ♣♦ss✉✐ ❞❡r✐✈❛❞❛ ❢r❛❝❛ ❜❡♠ ❞❡✜♥✐❞❛✱

✐st♦ é✱ θx, θxx ∈ L2(0, l). ❉❛í✱ θ ∈ H1
0 (0, l) ∩H

2(0, l). P♦rt❛♥t♦✱



u

v

θ


 ∈

(
H1

0 (0, l) ∩H
2(0, l)

)
×H1

0 (0, l)×
(
H1

0 (0, l) ∩H
2(0, l)

)
. ✭✸✳✻✵✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦



u

v

θ


 ∈

(
H1

0 (0, l) ∩H
2(0, l)

)
×H1

0 (0, l)×
(
H1

0 (0, l) ∩H
2(0, l)

)
,

❞❡s❞❡ q✉❡✱

H1
0 (0, l) ∩H

2(0, l) ⊂ H1
0 (0, l) ❡ H1

0 (0, l) →֒ L2(0, l),

t❡♠✲s❡ 


u

v

θ


 ∈ D(A) =








u

v

θ


 ∈ H ;




v

uxx − aθx

−avx + θxx


 ∈ H




.

P♦rt❛♥t♦✱

D(A) =
(
H1

0 (0, l) ∩H
2(0, l)

)
×H1

0 (0, l)×
(
H1

0 (0, l) ∩H
2(0, l)

)
.

◆♦ q✉❡ s❡❣✉❡✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❆✜r♠❛çã♦ ✸✳✹ ❙❡❥❛ A : D(A) ⊂ H −→ H ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✳ ❊♥tã♦✿

✭✶✮ ❆ é ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ ❍❀



✼✵

✭✷✮ ❆ é ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦✳

❉❡♠♦♥str❛çã♦✿ ✭✶✮ ❆ é ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ ❍✳ ❈♦♠ ❡❢❡✐t♦✱ ❝♦♠♦

H1
0 (0, l) ∩H

2(0, l)
H1

0
(0,l)

= H1
0 (0, l); H1

0 (0, l)
L2(0,l)

= L2(0, l)

❡

H1
0 (0, l) ∩H

2(0, l)
L2(0,l)

= L2(0, l).

❚❡♠✲s❡✱

D(A)
H

= H1
0 (0, l) ∩H

2(0, l)
H1

0
(0,l)

×H1
0 (0, l)

L2(0,l)
×H1

0 (0, l) ∩H
2(0, l)

L2(0,l)

= H1
0 (0, l)× L2(0, l)× L2(0, l) = H. ✭✸✳✻✶✮

✭✷✮ A : D(A) ⊂ H −→ H é ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦✳

❱❛♠♦s ♠♦str❛r q✉❡ ♦ ❣rá✜❝♦ ❞❡ ❆✱ ❞❡✜♥✐❞♦ ♣♦r

G(A) =
{
(z, A(z)) ∈ H ×H ; z ∈ D(A)

}

é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ H ×H.

❙❡❥❛ zn =




un

vn

θn


 ∈ D(A) ⊂ H. ▲♦❣♦✱

A(zn) = A







un

vn

θn





 =




0 I o

(·)xx 0 −a(·)x

0 −a(·)x (·)xx







un

vn

θn


 =

=




vn

un,xx − aθn,x

−avn,x + θn,xx


 ∈ H.

❊♥tã♦✱

(
zn, A(zn)

)
−→

(
z, w

)
❡♠ H ×H, ❝♦♠ z =




u

v

θ


 ∈ D(A).

▼♦str❛r❡♠♦s q✉❡ A(z) = w.



✼✶

❈♦♥s✐❞❡r❡ ❡♥tã♦✱ w =




u1

v1

θ1


 ∈ H. ❈♦♠♦✱

A(zn) =




vn

un,xx − aθn,x

−avn,x + θn,xx


 −→ w =




u1

v1

θ1




❡

zn =




un

vn

θn


 −→




u

v

θ


 = z ❡♠ H

t❡♠♦s q✉❡✱

vn −→ u1 ❡♠ H1
0 (0, l) ⇒ vn −→ u1 ❡♠ L2(0, l)

vn −→ v ❡♠ L2(0, l),

❧♦❣♦✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ ❡♠ L2(0, l) t❡♠✲s❡ v = u1. ❆❧é♠ ❞✐ss♦✱

vn −→ v ❡♠ D′(0, l) ⇒ vn,x −→ vx ❡♠ D′(0, l) ⇒

⇒ avn,x −→ avx ❡♠ D′(0, l).

❆❣♦r❛✱ s❡♥❞♦

un −→ u ❡♠ H1
0 (0, l) ⇒ un −→ u ❡♠ D′(0, l) ⇒

⇒ un,xx −→ uxx ❡♠ D′(0, l).

P♦r ✜♠✱

θn −→ θ ❡♠ L2(0, l) ⇒ θn −→ θ ❡♠ D′(0, l),

❞♦♥❞❡ s❡❣✉❡✱

θn,x −→ θx ❡♠ D′(0, l)

θn,xx −→ θxx ❡♠ D′(0, l),

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ss✐♠✱ ❞❡s❞❡ q✉❡ D′(0, l) é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♦❜t❡♠♦s q✉❡

un,xx − aθn,x −→ uxx − aθx ❡♠ D′(0, l) ✭✸✳✻✷✮

θn,xx − avn,x −→ θxx − avx ❡♠ D′(0, l).



✼✷

P♦r ♦✉tr♦ ❧❛❞♦✱

un,xx − aθn,x −→ v1 ❡♠ L2(0, l)

θn,xx − avn,x −→ θ1 ❡♠ L2(0, l),

♦ q✉❡ ✐♠♣❧✐❝❛

un,xx − aθn,x −→ v1 ❡♠ D′(0, l) ✭✸✳✻✸✮

θn,xx − avn,x −→ θ1 ❡♠ D′(0, l).

P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ ❡♠ D′(0, l), s❡❣✉❡✲s❡ ❛ ♣❛rt✐r ❞❡ (3.62)1 ❡ (3.63)1✱ (3.62)2

❡ (3.63)2, q✉❡

uxx − aθx = v1 ❡ θxx − avx = θ1

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦rt❛♥t♦✱

w =




u1

v1

θ1


 =




v

uxx − aθx

−avx + θxx


 = A







u

v

θ





 = A(z).

❚❡♦r❡♠❛ ✸✳✺ ❖ ♦♣❡r❛❞♦r A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛✲

çõ❡s S(t) = eAt, t ≥ 0 ❡♠ H✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ❛✜r♠❛çã♦ (3.4) t❡♠♦s q✉❡ D(A) = H. ❉❡✈❡♠♦s ♠♦str❛r q✉❡

A é ❞✐ss✐♣❛t✐✈♦ ❡ q✉❡ 0 ∈ ρ(A). ❉❡ ❢❛t♦✱ s❡❥❛♠ A =




0 I 0

(·)xx 0 −a(·)x

0 −a(·)x (·)xx


 ❡



✼✸

U =




u

v

θ


 . ❉❛í✱

(
AU, U

)
H

=







0 I 0

(·)xx 0 −a(·)x

0 −a(·)x (·)xx







u

v

θ


 ,




u

v

θ







H

=

=







v

uxx − aθx

−avx + θxx


 ,




u

v

θ







H

=

=
(
ux, vx

)
L2(0,l)

+
((
uxx − aθx

)
, v
)
L2(0,l)

+
((
−avx + θxx

)
, θ
)
L2(0,l)

=

=

∫ l

0

uxvx +

∫ l

0

uxxv −

∫ l

0

(aθx)v −

∫ l

0

(avx)θ +

∫ l

0

θxxθ.

▲❡♠❜r❛♥❞♦ q✉❡ u = 0 ♥❛ ❢r♦♥t❡✐r❛ ❡
∫ l
0
(avx)θ = −

∫ l
0
(aθx)v, ♦❜t❡♠♦s

(
AU, U

)
H
= −

∫ l

0

(aθx)v +

∫ l

0

(aθx)v −

∫ l

0

∣∣θx
∣∣2 ≤ 0.

❖✉ s❡❥❛✱

Re
(
AU, U

)
H
= −

∫ l

0

∣∣θx
∣∣2 ≤ 0.

❉❡ ♦♥❞❡ ❝♦♥❝❧✉✐✲s❡ q✉❡ A é ❞✐ss✐♣❛t✐✈♦✳

❙❡❥❛ F = (f, g, h)t ∈ H. ❝♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦

− AU = F, ✭✸✳✻✹✮

✐st♦ é✱




−v = f ⇒ v = −f ∈ H1
0 (0, l)

−uxx + aθx = g ∈ L2(0, l)

avx − θxx = h ⇒ −θxx = h− avx ∈ L2(0, l).

✭✸✳✻✺✮

❙✉❜st✐t✉✐♥❞♦ (3.65)1 ❡♠ (3.65)3, ♦❜t❡♠♦s

−θxx = h+ afx,

❞❛í 



−θxx = ϕ ❡♠ (0, l)× (0, T ), ❝♦♠ ϕ = h+ afx ∈ L2(0, l)

θ = 0 t > 0
✭✸✳✻✻✮



✼✹

P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ (A.18), ❡①✐st❡ ✉♠❛ ú♥✐❝❛ θ ∈ H1
0 (0, l) ∩H

2(0, l) s♦❧✉çã♦

❢r❛❝❛ ❞❡ (3.66).

❉❡ (3.65)2, t❡♠✲s❡




−uxx = g − aθx = ψ ❡♠ (0, l)× (0, T ) ❝♦♠ ψ ∈ L2(0, l)

u = 0 t > 0.
✭✸✳✻✼✮

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ (A.18) ❞❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ ❡q✉❛çõ❡s ❡❧í♣t✐❝❛s✱ t❡♠♦s q✉❡✱ ❡①✐st❡

✉♠❛ ú♥✐❝❛ u ∈ H1
0 (0, l) ∩H

2(0, l) s♦❧✉çã♦ ❢r❛❝❛ ❞❡ (3.67). ❆ss✐♠✱

∃! U =




u

v

θ


 ∈ D(A) =

(
H1

0 (0, l) ∩H
2(0, l)

)
×H1

0 (0, l)×
(
H1

0 (0, l) ∩H
2(0, l)

)

s♦❧✉çã♦ ❞❡ (3.64). ❆❧é♠ ❞✐ss♦✱ D(A) →֒ H ❡♥tã♦✱ ❞❡ (3.64), ‖U‖H ≤ k‖F‖H ❝♦♠ k ≥ 0

✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ U. ❉❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ 0 ∈ ρ(A). ❉❛í ❡✱ ❞❛ ❆✜r♠❛çã♦ (3.4), ❝♦♥✲

❝❧✉í♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦ 1.32 q✉❡✱ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥✲

tr❛çã♦✳

❆❣♦r❛✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ 1.15, U(t) = eAtU0, é ❛ ú♥✐❝❛ s♦❧✉çã♦ q✉❡ s❛t✐s❢❛③ ♦ ♣r♦✲

❜❧❡♠❛ (3.51) ❡

U ∈ C ( [0, ∞); D(A)) ∩ C1 ( [0, ∞); H) .

✸✳✷✳✸ ❉❡❝❛✐♠❡♥t♦ ❊①♣♦♥❡♥❝✐❛❧

❚❡♦r❡♠❛ ✸✳✻ ❖ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥t❛çã♦ {eAt}t≥0 ❣❡r❛❞♦ ♣❡❧♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r ♥ã♦✲

❧✐♠✐t❛❞♦ A, ❞❡✜♥✐❞♦ ♣♦r

A =




0 I 0

(·)xx 0 −a(·)x

0 −a(·)x (·)xx




é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧✱ ✐st♦ é✱ ❡①✐st❡♠ ❞✉❛s ❝♦♥st❛♥t❡s M ❡ ω t❛✐s q✉❡

‖eAt‖H ≤Me−ωt, ∀t ≥ 0, M ≥ 1 ❡ ω > 0. ✭✸✳✻✽✮

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ❚❡♦r❡♠❛ 3.5 ✈✐♠♦s q✉❡ A é ♦ ❣❡r❛❞♦r ❞♦ C0✲s❡♠✐❣r✉♣♦ {eAt}t≥0

❞❡ ❝♦♥tr❛çã♦✳ ❉❡✈❡♠♦s ♠♦str❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦

❛♦ s✐st❡♠❛ ❞❡ ❡✈♦❧✉çã♦ (3.50). P❛r❛ ✐ss♦✱ ✉s❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ●❡❛r❤❛rt✳ ❆ss✐♠✱



✼✺

s❡♥❞♦ 0 ∈ ρ(A) ❡ A ✐♥✈❡rtí✈❡❧✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ 1.3 t❡♠♦s q✉❡✱ ♣❛r❛ t♦❞♦ λ ∈ C ❝♦♠

0 < |λ| < ‖A−1‖−1 ♦ ♦♣❡r❛❞♦r

λI − A = A
(
λA−1 − I

)
✭✸✳✻✾✮

é ✐♥✈❡rtí✈❡❧✱ ✉♠❛ ✈❡③ q✉❡✱ t♦♠❛♥❞♦ B = −I ❡ S = λA−1, ♦❜t❡♠♦s (λA−1−I) ✐♥✈❡rtí✈❡❧✳

❉♦♥❞❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ♦♣❡r❛❞♦r❡s ✐♥✈❡rtí✈❡✐s é ✐♥✈❡rtí✈❡❧✳

❙❡♥❞♦ ❛ss✐♠✱ s✉♣♦♥❤❛ q✉❡ ❛ ❤✐♣ót❡s❡ (2.3) ❞♦ ❚❡♦r❡♠❛ ❞❡ ●❡❛r❤❛rt ♥ã♦ ♦❝♦rr❡✳

❊♥tã♦✱ (λI−A) ♣❛r❛ λ = βi, β ∈ R, ♥ã♦ é ✐♥✈❡rtí✈❡❧✱ ❥á q✉❡✱ |λ| < ‖A−1‖−1 ♥ã♦ ♦❝♦rr❡✳

❉❛í✱ ❡①✐st❡ γ ∈ R ❝♦♠ ‖A−1‖−1 ≤ |γ| <∞ t❛❧ q✉❡

{
iβ; |β| < |γ|

}
⊂ ρ(A) ✭✸✳✼✵✮

❡

sup
{∥∥(iβI − A)−1

∥∥; |β| < |γ|
}
= ∞. ✭✸✳✼✶✮

❉❡ (3.71) t❡♠✲s❡ q✉❡✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (βn)n∈N, βn ∈ R ❝♦♠ |βn| < |γ| t❛❧

q✉❡ βn −→ γ ❡✱ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ✈❡t♦r✐❛✐s ❝♦♠♣❧❡①❛s (Wn)n∈N, Wn ∈ H t❛❧

q✉❡ ∥∥(iβI − A
)−1

Wn

∥∥
∥∥Wn

∥∥ ≥ n, ∀n ∈ N.

▲♦❣♦✱
∥∥(iβnI − A

)−1
Wn

∥∥ ≥ n
∥∥Wn

∥∥, ∀n ∈ N. ✭✸✳✼✷✮

❈♦♠♦ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡

▲✉♠❡r✲P❤✐❧❧✐♣s✱ s❡❣✉❡ q✉❡✱ A é m✲❞✐ss✐♣❛t✐✈♦ ❡♠ H. ❆ss✐♠✱ ♣❛r❛ (Wn)n∈N ⊂ H ❡①✐st❡

(Un)n∈N ⊂ D(A), Un =




un

vn

θn


 , ❝♦♠ ♥♦r♠❛ ✉♥✐tár✐❛✱ ✐st♦ é✱

∥∥Un
∥∥2
H
=
∣∣unx

∣∣2
L2(0,l)

+
∣∣vn
∣∣2
L2(0,l)

+
∣∣θn
∣∣2
L2(0,l)

= 1 ✭✸✳✼✸✮

t❛❧ q✉❡
(
iβnI − A

)
Un = Wn, ∀n ∈ N.

❉❛í ❡✱ ❞❡ (3.72) t❡♠✲s❡ Un =
(
iβnI − A

)−1
Wn ❡✱ ♣♦rt❛♥t♦✱

∥∥(iβnI − A)−1Wn

∥∥
∥∥Wn

∥∥ =

∥∥Un
∥∥

∥∥(iβnI − A
)
Un
∥∥ ≥ n, ∀n ∈ N.



✼✻

❖✉ s❡❥❛✱
∥∥(iβnI − A

)
Un
∥∥ ≤

1

n

∥∥Un
∥∥. ✭✸✳✼✹✮

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❡♠ (3.74) q✉❛♥❞♦ n −→ ∞✱ ♦❜t❡♠♦s

∥∥(iβnI − A
)
Un
∥∥
H
−→ 0, ✭✸✳✼✺✮

❧♦❣♦✱ ∥∥∥∥∥∥∥∥∥




iβnun

iβnvn

iβnθn


−




vn

un,xx − aθn,x

θn,xx − avn,x




∥∥∥∥∥∥∥∥∥

−→ 0, q✉❛♥❞♦ n −→ ∞

❡✱ ♣♦rt❛♥t♦✱




iβnun − vn
forte
−→ 0 ❡♠ H1

0 (0, l) ❝♦♠ n→ ∞,

iβnvn − un,xx + aθn,x
forte
−→ 0 ❡♠ L2(0, l) ❝♦♠ n→ ∞,

iβnθn − θn,xx + avn,x
forte
−→ 0 ❡♠ L2(0, l) ❝♦♠ n→ ∞.

✭✸✳✼✻✮

❚♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❞❡ Un ❝♦♠
(
iβnI − A

)
Un ❡♠ H✱ ♦❜t❡♠♦s

((
iβnI − A

)
Un, Un

)
H

=
(
iβnUn, Un

)
H
−
(
AUn, Un

)
H

= iβn
∥∥Un

∥∥2
H
−







vn

un,xx − aθn,x

θn,xx − avn,x


 ,




un

vn

θn







= iβn
∥∥Un

∥∥2
H
−
[
(un,x, vn,x) +

(
(un,xx − aθn,x), vn

)]
−

−
(
(θn,xx − avn,x), θn

)

= iβn
∥∥Un

∥∥2
H
−
(
un,x, vn,x

)
−
(
un,xx, vn

)
+

+
(
aθn,x, vn

)
−
(
θn,xx, θn

)
+
(
avn,x, θn

)

= iβn
∥∥Un

∥∥2
H
−
(
un,x, vn,x

)
+
(
un,x, vn,x

)
+

+
(
aθn,x, vn

)
+
(
θn,x, θn,x

)
+
(
avn,x, θn

)

= iβn
∥∥Un

∥∥2
H
+
∣∣θn,x

∣∣2
L2(0,l)

+
(
aθn,x, vn

)
+
(
avn,x, θn

)

= iβn
∥∥Un

∥∥2
H
+
∣∣θn,x

∣∣2
l2(0,l)

+
(
aθn,x, vn

)
−
(
avn, θn,x

)

= iβn
∥∥Un

∥∥2
H
+
∣∣θn,x

∣∣2
L2(0,l)

❡ ❛ss✐♠✱ ❛ ♣❛rt❡ r❡❛❧ é ❞❛❞❛ ♣♦r Re
((
iβnI − A

)
Un, Un

)
=
∣∣θn,x

∣∣2
L2(0,l)

.



✼✼

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ ♦❜t❡♠♦s

∣∣θn,x
∣∣2
L2(0,l)

= Re
((
iβnI − A

)
Un, Un

)
≤

≤
∣∣((iβnI − A

)
Un, Un

)∣∣
H
≤

≤
∥∥(iβnI − A

)
Un
∥∥
H

∥∥Un
∥∥
H
=

=
∥∥(iβnI − A

)
Un
∥∥
H
−→ 0, ♣♦r (3.75). ✭✸✳✼✼✮

❆ss✐♠✱

θn −→ 0 ❢♦rt❡ ❡♠ H1
0 (0, l) ✭✸✳✼✽✮

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱ t❡♠✲s❡

∣∣θn
∣∣2
L2(0,l)

≤ c
∣∣θn,x

∣∣2
L2(0,l)

, ∀θn ∈ H1
0 (0, l), n ∈ N.

❉♦♥❞❡✱ ♦❜t❡♠♦s

θn −→ 0 ❢♦rt❡ ❡♠ L2(0, l). ✭✸✳✼✾✮

❆ ♣❛rt✐r ❞❡ (3.79) ❡ (3.76)3 t❡♠✲s❡

θn,xx − avn,x −→ 0 ❢♦rt❡ ❡♠ L2(0, l). ✭✸✳✽✵✮

■♥t❡❣r❛♥❞♦ (3.80) ❞❡ 0 à x, ♦❜t❡♠♦s

∫ x

0

d

dx
(θn,x − avn)dx −→ 0,

♣❡❧♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ❈á❧❝✉❧♦

θn,x(x)− θn,x(0)− a
(
vn(x)− vn(0)

)
−→ 0 ❢♦rt❡ ❡♠ L2(0, l).

❖ q✉❡ ✐♠♣❧✐❝❛ ♣♦r (3.78) q✉❡

θn,x(0) + avn(x) −→ 0 ❢♦rt❡ ❡♠ L2(0, l). ✭✸✳✽✶✮

❉❡s❞❡ q✉❡✱
∥∥Un

∥∥2
H
=
∣∣un,x

∣∣2
L2(0,l)

+
∣∣vn
∣∣2
L2(0,l)

+
∣∣θn
∣∣2
L2(0,l)

= 1,

❡♥tã♦
∣∣un,x

∣∣2
L2(0,l)

≤ 1, ♣❛r❛ t♦❞♦ n ∈ N. P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ (3.76)1 t❡♠♦s

∣∣iβnun,x − vn,x
∣∣ −→ 0 ❡♠ L2(0, l), n −→ ∞. ✭✸✳✽✷✮



✼✽

▲♦❣♦✱

∣∣vn,x
∣∣
L2(0,l)

=
∣∣vn,x − iβnun,x + iβnun,x

∣∣
L2(0,l)

≤

≤
∣∣iβnun,x − vn,x

∣∣
L2(0,l)

+
∣∣βn
∣∣∣∣un,x

∣∣
L2(0,l)

≤ k, ✭✸✳✽✸✮

∀n ∈ N, ❥á q✉❡ (βn)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✳

❆ ♣❛rt✐r ❞✐st♦ ❡ ❞❡ (3.80) t❡♠♦s

∣∣θn,xx
∣∣
L2(0,l)

=
∣∣θn,xx − avn,x + avn,x

∣∣
L2(0,l)

≤
∣∣θn,xx − avn,x

∣∣
L2(0,l)

+
∣∣avn,x

∣∣
L2(0,l)

=
∣∣θn,xx − avn,x

∣∣
L2(0,l)

+ |a||vn,x|L2(0,l)

≤
∣∣θn,xx − avn,x

∣∣
L2(0,l)

+ |a| · k ≤ k1, ✭✸✳✽✹✮

❞❡s❞❡ q✉❡
∣∣θn,xx − avn,x

∣∣
L2(0,l)

−→ 0 ♣♦r (3.80).

P♦rt❛♥t♦✱ ❞❡ (3.83) ❡ (3.84) ♦❜t❡♠♦s✱
∣∣θn,xx

∣∣ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛ ❝♦♠ r❡s✲

♣❡✐t♦ ❛ n.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●❛❣❧✐❛r❞♦✲◆✐r❡♥❜❡r❣ ❡ ♣♦r (3.84), s❡❣✉❡ q✉❡

∣∣θn,x(0)
∣∣ ≤

∥∥θn,x
∥∥
L∞ ≤ c1

∣∣θn,xx
∣∣ 12
L2(0,l)

∣∣θn,x
∣∣1− 1

2

L2(0,l)
+ c2

∣∣θn,x
∣∣
L2(0,l)

≤ c1 · k1
∣∣θn,x

∣∣ 12
L2(0,l)

+ c2
∣∣θn,x

∣∣
L2(0,l)

♣♦r ✭❜✮

= c3
∣∣θn,x

∣∣ 12
L2(0,l)

+ c2
∣∣θn,x

∣∣
L2(0,l)

−→ 0, ♣♦r (3.77). ✭✸✳✽✺✮

❆ ♣❛rt✐r ❞❡ (3.81) ❡ (3.85) s❡❣✉❡ q✉❡

vn −→ 0 ❢♦rt❡ ❡♠ l2(0, l). ✭✸✳✽✻✮

❚♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ (3.76)2 ❝♦♠ un ❡♠ L2(0, l) ❡ ❞❡♥♦t❛♥❞♦

iβnvn − un,xx + aθn,x = fn

♦❜t❡♠♦s

(
fn, un

)
L2(0,l)

=
(
iβnvn − un,xx + aθn,x, un

)
L2(0,l)

=
(
iβnvn, un

)
L2(0,l)

−
(
un,xx, un

)
L2(0,l)

+
(
aθn,x, un

)
L2(0,l)

.

❈♦♠♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥
(
un,xx, un

)
L2(0,l)

= −
(
un,x, un,x

)
L2(0,l)

✱ ♦❜t❡♠♦s

∣∣un,x
∣∣2
L2(0,l)

=
(
−iβnvn, un

)
L2(0,l)

+
(
−aθn,x, un

)
L2(0,l)

+
(
fn, un

)
L2(0,l)

≤
∣∣−iβnvn

∣∣
L2(0,l)

∣∣un
∣∣
L2(0,l)

+
∣∣−aθn,x

∣∣
L2(0,l)

∣∣un
∣∣
L2(0,l)

+
∣∣fn
∣∣
L2(0,l)

∣∣un
∣∣
L2(0,l)

=
∣∣βn
∣∣
R

∣∣vn
∣∣
L2(0,l)

∣∣un
∣∣
L2(0,l)

+ |a|
∣∣θn,x

∣∣
L2(0,l)

∣∣un
∣∣
L2(0,l)

+
∣∣fn
∣∣
L2(0,l)

∣∣un
∣∣
L2(0,l)



✼✾

❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c t❛❧ q✉❡

∣∣un,x
∣∣
L2(0,l)

≤
(∣∣βn

∣∣∣∣vn
∣∣
L2(0,l)

+ |a|
∣∣θn,x

∣∣
L2(0,l)

+
∣∣fn
∣∣
L2(0,l)

)∣∣un
∣∣
L2(0,l)

≤
(∣∣βn

∣∣∣∣vn
∣∣
L2(0,l)

+ |a|
∣∣θn,x

∣∣
L2(0,l)

+
∣∣fn
∣∣
L2(0,l)

)
c
∣∣unx

∣∣
L2(0,l)

.

❉❡ ♦♥❞❡ t❡♠♦s

∣∣un,x
∣∣
L2(0,l)

≤ c
(∣∣βn

∣∣∣∣vn
∣∣
L2(0,l)

+ |a|
∣∣θn,x

∣∣
L2(0,l)

+
∣∣fn
∣∣
L2(0,l)

)
. ✭✸✳✽✼✮

▲♦❣♦✱ ❞❡ (3.76)2, (3.78) ❡ (3.86) s❡❣✉❡ q✉❡





fn −→ 0 ✭❢♦rt❡✮ ❡♠ L2(0, l), q✉❛♥❞♦ n −→ ∞;

θn,x −→ 0 ✭❢♦rt❡✮ ❡♠ L2(0, l), q✉❛♥❞♦ n −→ ∞;

vn −→ 0 ✭❢♦rt❡✮ ❡♠ L2(0, l), q✉❛♥❞♦ n −→ ∞,

✭✸✳✽✽✮

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♠♦ βn −→ γ, ∀n ∈ N ❡✱ s✉❜st✐t✉✐♥❞♦ (3.88) ❡♠ (3.87), ♦❜t❡♠♦s q✉❡

un,x −→ 0 ❢♦rt❡ ❡♠ L2(0, l), q✉❛♥❞♦ n −→ ∞. ✭✸✳✽✾✮

❉❡ (3.79), (3.86) ❡ (3.89) s❡❣✉❡ q✉❡

∥∥Un
∥∥2
H
=
∣∣unx

∣∣2
L2(0,l)

+
∣∣vn
∣∣
L2(0,l)

+
∣∣θn
∣∣
L2(0,l)

−→ 0, q✉❛♥❞♦ n→ ∞.

P♦r ♦✉tr♦ ❧❛❞♦✱
∥∥Un

∥∥ = 1, q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱

iR ≡
{
iβ; β ∈ R

}
⊂ ρ(A).

❆❣♦r❛ s✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ (2.4) ♥ã♦ é ✈❡r❞❛❞❡✐r♦✳ ▲♦❣♦✱

lim sup
|β|→∞

‖(iβI − A)−1‖ = ∞.

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ βn, ❝♦♠ |βn| −→ +∞ ❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s

✈❡t♦r✐❛✐s ❝♦♠♣❧❡①❛s (Vn)n∈N ❡♠ H t❛❧ q✉❡
∥∥(iβnI − A)−1Vn

∥∥
∥∥Vn

∥∥ ≥ n, n ∈ N,

❞♦♥❞❡ s❡q✉❡ q✉❡
∥∥(iβnI − A)−1Vn

∥∥ ≥ n
∥∥Vn

∥∥. ✭✸✳✾✵✮



✽✵

❯♠❛ ✈❡③ q✉❡✱ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çã♦✱ ♣❡❧♦

❚❡♦r❡♠❛ ❞❡ ▲✉♠❡r✲P❤✐❧❧✐♣s✱ r❡s✉❧t❛ q✉❡ A é m✲❞✐ss✐♣❛t✐✈♦ ❡♠ H✳ ❉❛í✱ ♣❛r❛ t♦❞❛

s❡q✉ê♥❝✐❛ (Vn)n∈N ⊂ H, ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s❡q✉ê♥❝✐❛ (Un)n∈N ⊂ D(A), ❝♦♠ ‖Un‖H = 1

t❛❧ q✉❡

(iβnI − A)Un = Vn, ∀n ∈ N.

❉❛í ❡✱ ❞❡ (3.90) t❡♠✲s❡
∥∥(iβnI − A)−1Vn

∥∥
∥∥Vn

∥∥ =

∥∥Un
∥∥

∥∥(iβnI − A)Un
∥∥ ≥ n. ✭✸✳✾✶✮

■st♦ é✱
∥∥Un

∥∥ ≥ n
∥∥(iβnI − A)Un

∥∥. ❉❡♥♦t❛♥❞♦✱

Zn :=
(
iβnI − A

)
Un ✭✸✳✾✷✮

❡ s✉❜st✐t✉✐♥❞♦✲♦ ❡♠ (3.91), ♦❜t❡♠♦s

∥∥Zn
∥∥ ≤

1

n

∥∥Un
∥∥.

❯♠❛ ✈❡③ q✉❡
∥∥Un

∥∥ = 1, ♦❜t❡♠♦s✱

∥∥Zn
∥∥
H
−→ 0, q✉❛♥❞♦ n −→ ∞. ✭✸✳✾✸✮

❉❡ ♦♥❞❡ s❡❣✉❡
∥∥∥∥∥∥∥∥∥




iβnun

iβnvn

iβnθn


−




vn

un,xx − aθn,x

θn,xx − avn,x




∥∥∥∥∥∥∥∥∥

−→ 0, q✉❛♥❞♦ n −→ ∞

❡✱ ♣♦rt❛♥t♦




iβnun − vn
forte
−→ 0 ❡♠ H1

0 (0, l) ❝♦♠ n→ ∞

iβnvn − un,xx + aθn,x
forte
−→ 0 ❡♠ L2(0, l), ❝♦♠ n→ ∞

iβnθn − θn,xx + avn,x
forte
−→ 0 ❡♠ L2(0, l), ❝♦♠ n→ ∞.

✭✸✳✾✹✮



✽✶

❚♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❞❡ Un ❝♦♠ Zn ❡♠ H✱ r❡s✉❧t❛ q✉❡

(
Un, Zn

)
H

=
(
Un, iβnun

)
H
−
(
Un, AUn

)
H
=

= iβn
∥∥Un

∥∥2
H
−







un

vn

θn


 ,




vn

un,xx − aθn,x

θn,xx − avn,x







H

=

= iβn
∥∥un

∥∥2
H
−
[
(un,x, vn,x) +

(
un,xx, vn

)
−
(
aθn,x, vn

)
+
(
θn,xx, θn

)
−
(
avn,x, θn

)]
=

= iβn
∥∥Un

∥∥2
H
+
(
aθn,x, vn

)
−
(
θn,xx, θn

)
+
(
avn,x, θn

)
=

= iβn
∥∥Un

∥∥2
H
−
(
θn,xx, θn

)
=

= iβn
∥∥Un

∥∥2
H
+
∣∣θn,x

∣∣2
L2
,

❧♦❣♦✱

Re
(
Un, Zn

)
H
=
∣∣θn,x

∣∣2
L2(0,l)

.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ t❡♠♦s

∣∣θn,x
∣∣2
L2(0,l)

= Re
(
Un, Zn

)
H
≤

≤
∣∣(Un, Zn

)∣∣
H
≤
∥∥Un

∥∥∥∥Zn
∥∥
H
≤

≤ k‖Zn
∥∥
H
−→ 0, ♣♦r (3.93). ✭✸✳✾✺✮

P♦rt❛♥t♦✱

θn −→ 0 ❢♦rt❡ ❡♠ H1
0 (0, l) ✭✸✳✾✻✮

❡✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré

∣∣θn
∣∣2
L2(0,l)

≤ c
∣∣θn,x

∣∣2
L2(0,l)

, ∀θn ∈ H1
0 (0, l), n ∈ N,

♦❜t❡♠♦s

θn −→ 0 ❢♦rt❡ ❡♠ L2(0, l). ✭✸✳✾✼✮

◆♦t❡ q✉❡✱ ❛ ♣r♦✈❛ ❞❡st❛ ❡t❛♣❛ é ♠❛✐s ❞❡❧✐❝❛❞❛✱ ❡♠ r❡❧❛çã♦ ❛ ❡t❛♣❛ ❛♥t❡r✐♦r✱ ♣♦✐s✱

βn −→ ∞, n ∈ N. ❙❡♥❞♦ ❛ss✐♠✱ ❞✐✈✐❞✐♥❞♦ (3.94)3 ♣♦r βn 6= 0 ♦❜t❡♠♦s

iθn −
θn,xx
βn

+
avn,x
βn

= iθn −
θn,xx − avn,x

βn

forte
−→ 0 ❡♠ L2(0, l)

❞♦♥❞❡ ♣♦r (3.97) t❡♠♦s q✉❡

θn,xx − avn,x
βn

forte
−→ 0 ❡♠ L2(0, l). ✭✸✳✾✽✮



✽✷

❉✐✈✐❞✐♥❞♦ (3.94)1 ♣♦r βn, ♦❜t❡♠♦s

iun −
vn
βn

−→ 0
forte
−→ 0 ❡♠ H1

0 (0, l)

❡♥tã♦✱

iun,x −
vn,x
βn

forte
−→ 0 ❡♠ L2(0, l), q✉❛♥❞♦ n→ ∞, ✭✸✳✾✾✮

❞♦♥❞❡ r❡s✉❧t❛

vn,x = iβnun,x, n ∈ N. ✭✸✳✶✵✵✮

❙✉❜st✐t✉✐♥❞♦ (3.100) ❡♠ (3.98) ❞❡❝♦rr❡ q✉❡

θn,xx
βn

− iaun,x
forte
−→ 0 ❡♠ L2(0, l). ✭✸✳✶✵✶✮

❉❡s❞❡ q✉❡✱
∥∥Un

∥∥
H
=
∣∣un,x

∣∣2
L2(0,l)

+
∣∣vn
∣∣2
L2(0,l)

+
∣∣θn
∣∣2
L2(0,l)

= 1,

♣♦❞❡♠♦s ❛✜r♠❛r q✉❡
∣∣un,x

∣∣2
L2(0,l)

≤ 1. ❉❛í ❡ ♣♦r (3.101), ♦❜t❡♠♦s

∣∣∣∣
θn,xx
βn

∣∣∣∣ =

∣∣∣∣
θn,xx
βn

− iaun,x + iaun,x

∣∣∣∣
L2(0,l)

≤

≤

∣∣∣∣
θn,xx
βn

− iaun,x

∣∣∣∣
L2(0,l)

+
∣∣iaun,x

∣∣
L2(0,l)

≤ |a| · 1 ≤ C0,

♦✉ s❡❥❛✱ ∣∣∣∣
θn,xx
βn

∣∣∣∣ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛✳

❚♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ (3.101) ❝♦♠ un,x ❡♠ L2(0, l) t❡♠✲s❡
(
θn,xx
βn

− iaun,x, un,x

)

L2(0,l)

=

(
θn,xx
βn

, un,x

)
− ia

∣∣un,x
∣∣2
L2(0,l)

. ✭✸✳✶✵✷✮

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ s❡❣✉❡ q✉❡

Re

(
θn,xx
βn

− iaun,x, un,x

)
≤

∣∣∣∣
(
θn,xx
βn

− iaun,x, un,x

)∣∣∣∣ ≤

≤

∣∣∣∣
θn,xx
βn

− iaun,x

∣∣∣∣
L2(0,l)

∣∣un,x
∣∣
L2(0,l)

≤

≤

∣∣∣∣
θn,xx
βn

− iaun,x

∣∣∣∣
L2(0,l)

· 1 −→ 0 ♣♦r (3.101),

♦❜t❡♠♦s ♣♦r (3.102) q✉❡
(
θn,xx
βn

, un,x

)
− ia

∣∣un,x
∣∣2
L2(0,l)

forte
−→ 0 ❡♠ L2(0, l).



✽✸

■♥t❡❣r❛♥❞♦

(
θn,xx
βn

, un,x

)
♣♦r ♣❛rt❡s✱ t❡♠♦s

(
θn,xx
βn

, un,x

)

L2(0,l)

=
1

βn

∫ l

0

θn,xx(x, t)un,x(x, t)dx

=
1

βn
un,x(x, t)θn,x(x, t)−

−
1

βn

∫ l

0

θn,x(x, t)un,xx(x, t)dx

=
un,x(l, t)θn,x(l, t)

βn
−
un,x(0, t)θn,x(0, t)

βn
−

−

(
θn,x
βn

, un,xx

)
. ✭✸✳✶✵✸✮

❉✐✈✐❞✐♥❞♦ (3.94)2 ♣♦r βn✱ ♦❜té♠✲s❡

ivn −
un,xx
βn

+ a
θn,x
βn

forte
−→ 0 ❡♠ L2(0, l),

❞♦♥❞❡✱ ♣♦r (3.95) t❡♠✲s❡

ivn −
un,xx
βn

forte
−→ 0 ❡♠ L2(0, l) ✭✸✳✶✵✹✮

❡✱ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡
∣∣vn
∣∣2
L2(0,l)

≤ 1, ❞❡❞✉③✐♠♦s q✉❡

∣∣∣∣
un,xx
βn

∣∣∣∣ =

∣∣∣∣
un,xx
βn

− ivn + ivn

∣∣∣∣

≤

∣∣∣∣
un,xx
βn

− ivn

∣∣∣∣+
∣∣ivn

∣∣ ≤ 1,

❞❡s❞❡ q✉❡✱ ♣♦r (3.104),

∣∣∣∣
un,xx
βn

− ivn

∣∣∣∣
L2(0,l)

−→ 0. ▲♦❣♦✱

∣∣∣∣
un,xx
βn

∣∣∣∣ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛.

❆ss✐♠✱ s❡❣✉❡✲s❡ ❛ ♣❛rt✐r ❞❡ (3.95) ❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ q✉❡

(
θn,x
βn

, un,xx

)

L2(0,l)

=

(
θn,x,

un,xx
βn

)

L2(0,l)

≤

∣∣∣∣
(
θn,x,

un,xx
βn

)∣∣∣∣

≤
∣∣θn,x

∣∣
L2(0,l)

∣∣∣∣
un,xx
βn

∣∣∣∣
L2(0,l)

≤
∣∣θn,x

∣∣ · 1 −→ 0.



✽✹

■st♦ é✱ (
θn,x
βn

, un,xx

)

L2(0,l)

−→ 0. ✭✸✳✶✵✺✮

❉❛í✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●❛❣❧✐❛r❞♦✲◆✐r❡♥❜❡r❣✱ t❡♠♦s q✉❡
∥∥∥∥
θn,x√
|βn|

∥∥∥∥
L∞(0,l)

≤ C1
|θn,xx|

1

2

√
|βn|

∣∣θn,x
∣∣ 12
L2(0,l)

+ C2
|θn,x|√
|βn|

= C1

∣∣∣∣
θn,xx
βn

∣∣∣∣

1

2 ∣∣θn,x
∣∣ 12
L2(0,l)

+ C2
|θn,x|

|βn|
1

2

≤ C1 · C0

∣∣θn,x
∣∣
L2(0,l)

+ C2
|θn,x|

|βn|
1

2

−→ 0, ✭✸✳✶✵✻✮

✉♠❛ ✈❡③ q✉❡✱ |θn,x| −→ 0 ❡ βn −→ ∞ q✉❛♥❞♦ n −→ ∞.

❚❛♠❜é♠ t❡♠♦s✱
∥∥∥∥
un,x√
|βn|

∥∥∥∥
L∞(0,l)

≤ C1
|un,xx|

1

2

√
|βn|

∣∣un,x
∣∣ 12
L2(0,l)

+ C2
|un,x|√
|βn|

= C1

∣∣∣∣
un,xx
βn

∣∣∣∣

1

2 ∣∣un,x
∣∣ 12
L2(0,l)

+ C2
|un,x|

|βn|
1

2

≤ C1 · 1
∣∣un,x

∣∣ 12
L2(0,l)

+ C2
|un,x|

|βn|
1

2

≤ C, ✭✸✳✶✵✼✮

❝♦♠ C ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ n✳ ❊♥tã♦✱ ✈❡r✐✜❝❛✲s❡ ❛ ❛♣❛rt✐r ❞❡

(3.106) ❡ (3.107) q✉❡
∣∣∣∣
un,xθn,x
βn

∣∣∣∣ ≤

∥∥∥∥
un,xθn,x
βn

∥∥∥∥
L∞(0,l)

=

∥∥∥∥
un,xθn,x

β
1

2
+ 1

2
n

∥∥∥∥
L∞(0,l)

≤

∥∥un,xθn,x
∥∥
L∞(0,l)√

|βn|
√

|βn|

≤

∥∥un,x
∥∥
L∞(0,l)√
|βn|

∥∥θn,x
∥∥
L∞(0,l)√
|βn|

−→ 0.

❉❛í ❡✱ ♣♦r (3.105) ♦❜t❡♠♦s ❞❡ (3.103) q✉❡
(
θn,xx
βn

, un,x

)
forte
−→ 0 ❡♠ L2(0, l). ✭✸✳✶✵✽✮

▲♦❣♦✱ s✉❜st✐t✉✐♥❞♦ (3.108) ❡♠ (3.102) r❡s✉❧t❛ q✉❡

∣∣un,x
∣∣2
L2(0,l)

−→ 0. ✭✸✳✶✵✾✮

❆❣♦r❛✱ s✉❜st✐t✉✐♥❞♦ (3.109) ❡♠ (3.99) ❞❡❝♦rr❡ q✉❡

vn,x
βn

forte
−→ 0 ❡♠ L2(0, l), q✉❛♥❞♦ n −→ ∞. ✭✸✳✶✶✵✮



✽✺

❈♦♠♦ ♣♦r (3.95)✱
∣∣θn,x

∣∣
L2(0,l)

−→ 0 t❡♠♦s ❞❡ (3.94)2

iβnvn − un,xx
forte
−→ 0 ❡♠ L2(0, l). ✭✸✳✶✶✶✮

❋❛③❡♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ (3.111) ❝♦♠ vn ❡♠ L2(0, l), ♦❜t❡♠♦s

(
iβnvn − un,xx, vn

)
L2(0,l)

=
(
iβnvn, vn

)
−
(
un,xx, vn

)

Green︷︸︸︷
= iβn

∣∣vn
∣∣2
L2(0,l)

+
(
un,x, vn,x

)
L2(0,l)

→ 0

♣♦r (3.111)✳ ❉✐✈✐❞✐♥❞♦ ♦ r❡s✉❧t❛❞♦ ♣♦r βn, ✐♠♣❧✐❝❛ q✉❡

i
∣∣vn
∣∣2
L2(0,l)

+

(
un,x,

vn,x
βn

)

L2(0,l)

→ 0. ✭✸✳✶✶✷✮

◆♦t❡ q✉❡✱
∣∣∣∣
(
un,x,

vn,x
βn

)∣∣∣∣ ≤
∣∣un,x

∣∣
L2(0,l)

∣∣∣∣
vn,x
βn

∣∣∣∣
L2(0,l)

→ 0,

♣♦r✱ (3.109) ❡ (3.110), r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❛í ❡✱ ♣♦r (3.112)✱ ♦❜t❡♠♦s q✉❡

vn
forte
−→ 0 ❡♠ L2(0, l). ✭✸✳✶✶✸✮

▲♦❣♦✱ ❞❡ (3.113), (3.109) ❡ (3.97) t❡♠♦s

∥∥Un
∥∥
H
=
∣∣un,x

∣∣
L2(0,l)

+
∣∣vn
∣∣
L2(0,l)

+
∣∣θn
∣∣
L2(0,l)

−→ 0,

♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ q✉❡
∥∥Un

∥∥ = 1. ❙❡♥❞♦ ❛ss✐♠✱

lim sup
|β|→∞

‖(iβI − A)−1‖ <∞

❡✱ ♣♦rt❛♥t♦✱ ♦ s❡♠✐❣r✉♣♦ {eAt}t≥0 é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧✳

✸✳✸ ❙✐st❡♠❛ ❱✐s❝♦❡❧ást✐❝♦

Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ♠♦✈✐♠❡♥t♦ tr❛♥s✈❡rs❛❧ ❞❡ ✉♠❛ ❝♦r❞❛ ❡❧ást✐❝❛✱

❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ✜♥✐t♦ π, ♦ q✉❛❧ ❞❡♥♦t❛♠♦s ♣♦r u(x, t), ❝♦♠ x ∈ (0, π), ♦ ❞❡s❧♦❝❛♠❡♥t♦

❤♦r✐③♦♥t❛❧ ❞❛ ❝♦r❞❛ ❡♠ ❝❛❞❛ ✐♥st❛♥t❡ t > 0. ❆❣♦r❛✱ ✈❛♠♦s ❛ss✉♠✐r q✉❡ ❛ ❝♦r❞❛ ❡stá

♣r❡s❛ ❡♠ ❛♠❜❛s ❡①tr❡♠✐❞❛❞❡s✱ x = 0 ❡ x = π✳ ❊♥tã♦✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ❞❡

❝♦♥t♦r♥♦✿

u(0, t) = 0, u(π, t) = 0.



✽✻

❆❣♦r❛✱ ♥♦t❡ q✉❡ ♥❛ ❡q✉❛çã♦ utt − uxx + ut = 0, ❛ ❞✐ss✐♣❛çã♦ ❡stá ❞✐str✐❜✉í❞❛ ✉♥✐❢♦r♠❡✲

♠❡♥t❡ ❡♠ t♦❞❛ ❛ ❝♦r❞❛✳ ◆♦ ❡♥t❛♥t♦✱ é ❞❡s❡❥á✈❡❧✱ ♥❛ ♣rát✐❝❛✱ ❝♦♥s✐❞❡r❛r ♦ ♣r♦❜❧❡♠❛ ❝♦♠

❞✐ss✐♣❛çã♦ ❧♦❝❛❧♠❡♥t❡ ❞✐str✐❜✉í❞❛✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♥❡st❛ s❡çã♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♦

s❡❣✉✐♥t❡ ♠♦❞❡❧♦ ❝♦♠ ❞✐ss✐♣❛çã♦ ❧♦❝❛❧♠❡♥t❡ ❞✐str✐❜✉í❞❛✿





utt − uxx + a(x)ut = 0 (x, t) ∈ (0, π)× (0,∞),

u(0, t) = u(π, t) = 0 t > 0,

u(x, 0) = u0(x) x ∈ [0, π],

ut(x, 0) = u1(x) x ∈ [0, π],

✭✸✳✶✶✹✮

♦♥❞❡ a(x) é ✉♠❛ ❢✉♥çã♦ ❞❛❞❛ t❛❧ q✉❡ a ∈ W 1,∞(0, π), a(x) ≥ 0 ❡♠ [0, π] ❡

a0 =

∫ π

0

a(x)dx > 0. ✭✸✳✶✶✺✮

■st♦ s✐❣♥✐✜❝❛ q✉❡ a(x) ♣♦❞❡ s❡ ❛♥✉❧❛r ❡♠ ❛❧❣✉♥s ♣♦♥t♦s ❞♦ ✐♥t❡r✈❛❧♦ [0, π], ♠❛s ❛ ♠❡✲

❞✐❞❛ ❞♦ s❡✉ s✉♣♦rt❡ é ♣♦s✐t✐✈❛✳

✸✳✸✳✶ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ❞❡ ❙♦❧✉çã♦

❋♦r♠✉❧❛çã♦ ❆❜str❛t❛ ❞♦ Pr♦❜❧❡♠❛

❈♦♥s✐❞❡r❡ v = ut. ❉❛í✱ vt = utt = uxx − a(x)ut. ❙❡♥❞♦ ❛ss✐♠✱ ❡s❝r❡✈❡♥❞♦ U(t) =
 u(t)

v(t)


 , t❡♠♦s

U ′ =


 u′

v′


 =


 v

uxx − a(x)v


 =


 0 I

(·)xx −a(x)




 u

v


 .

❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ♥♦t❛çã♦✿

U0 =


 u0

u1


 ❡ A =


 0 I

(·)xx −a(x)


 ,

♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ ♣r♦❜❧❡♠❛ (3.114) ❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞❡ ✶❛ ♦r❞❡♠✿





d

dt
U = AU

U(0) = U0

✭✸✳✶✶✻✮



✽✼

❊s❝♦❧❤❛ ❞♦ ❊s♣❛ç♦ ❍

◆ã♦ ♦❜st❛♥t❡✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♣r♦✈❛r q✉❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡

✉♠ C0✲ s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çã♦✳ ▼❛s ♣r✐♠❡✐r❛♠❡♥t❡✱ ❢❛ç❛♠♦s ♦ s❡❣✉✐♥t❡✿ t♦♠❛♥❞♦ ♦

♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ (3.114)1 ❝♦♠ ut ∈ L2(0, π) ❡ ❢❛③❡♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ t❡♠♦s

(utt, ut) − (uxx, ut) + (a(x)ut, ut) = 0,

♦ q✉❡ ✐♠♣❧✐❝❛

1

2

d

dt

∣∣ut
∣∣2
L2(0,π)

+

∫ π

0

ux ux,tdx+

∫ π

0

a(x)|ut|
2dx = 0,

❞❡ ♦♥❞❡ s❡❣✉❡✱

1

2

d

dt

∣∣v
∣∣2
L2(0,π)

+
(
ux,t, ux

)
L2(0,π)

+

∫ π

0

a(x)|v|2dx = 0.

❉❛í✱
1

2

d

dt

∣∣v
∣∣2
L2(0,π)

+
1

2

d

dt

∣∣ux
∣∣2
L2(0,π)

= −

∫ π

0

a(x)
∣∣v
∣∣2dx

❡✱ ♣♦rt❛♥t♦✱

d

dt

(
1

2

∣∣ux
∣∣2
L2(0,π)

+
1

2

∣∣v
∣∣2
L2(0,π)

)
= −

∫ π

0

a(x)
∣∣v
∣∣2
L2(0,π)

dx. ✭✸✳✶✶✼✮

❉❡✜♥✐♥❞♦

E(t) =
1

2

∣∣ux
∣∣2
L2(0,π)

+
1

2

∣∣v
∣∣2
L2(0,π)

✭✸✳✶✶✽✮

♦❜t❡♠♦s ❞❡ (3.117) ❡ (3.118) q✉❡

d

dt
E(t) = −

∫ π

0

a(x)
∣∣v
∣∣2
L2(0,π)

.

❆ ♣❛rt✐r ❞❡ (3.118) ❡ ❞❡ (3.114)2 t❡♠♦s ♦ s❡❣✉✐♥t❡ ❡s♣❛ç♦

H = H1
0 (0, π)× L2(0, π)

❡q✉✐♣❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

(
U1, U2

)
H
=
(
u1x, u2x

)
L2(0, π)

+ (v1, v2)L2(0,π) ✭✸✳✶✶✾✮

♦♥❞❡ U1 =


 u1

v1


 , U2 =


 u2

v2


 ❡♠ H. ◆♦ q✉❡ s❡❣✉❡✱ ❛ ♥♦r♠❛ ❡♠ H é ❞❛❞❛ ♣♦r

∥∥∥∥∥∥


 u

v




∥∥∥∥∥∥

2

H

=
∣∣ux
∣∣2
L2(0,π)

+
∣∣v
∣∣2
L2(0,π)

. ✭✸✳✶✷✵✮



✽✽

❆❞❡♠❛✐s✱ ❛ ♥♦r♠❛ ✉s✉❛❧
∥∥u
∥∥2
H1

0
(0,π)

=
∣∣ux
∣∣2
L2(0,π)

+
∣∣u
∣∣2
L2(0,π)

❡ ❛ ♥♦r♠❛
∥∥|u|

∥∥2
H1

0
(0,π)

=
∣∣ux
∣∣2
L2(0,π)

sã♦ ❡q✉✐✈❛❧❡♥t❡s ❡♠ H1
0 (0, π). ❉❡ ❢❛t♦✱

∥∥|u|
∥∥2
H1

0
(0,π)

=
∣∣ux
∣∣2
L2(0,π)

≤
∣∣ux
∣∣2
L2(0,π)

+
∣∣u
∣∣2
L2(0,π)

=
∥∥u
∥∥2
H1

0
(0,π)

,

♣♦r ♦✉tr♦ ❧❛❞♦✱

∥∥u
∥∥2
H1

0
(0,π)

=
∣∣ux
∣∣2
L2(0,π)

+
∣∣u
∣∣2
L2(0,π)

≤
∣∣ux
∣∣2
L2(0,π)

+ c
∣∣ux
∣∣2
L2(0,π)

=

= (1 + c)
∣∣ux
∣∣2
L2(0,π)

.

▲♦❣♦✱
∥∥|u|

∥∥2
H1

0
(0,π)

≤
∥∥u
∥∥2
H1

0
(0,π)

≤ c̃
∥∥|u|

∥∥2
H1

0
(0,π)

.

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s c1 ❡ c2 t❛✐s q✉❡

c1
∥∥|u|

∥∥2
H1

0
(0,π)

≤
∥∥u
∥∥2
H1

0
(0,π)

≤ c2
∥∥|u|

∥∥2
H1

0
(0,π)

. ✭✸✳✶✷✶✮

❙❡❣✉❡ ❞❡ (3.121) q✉❡ ❛ ♥♦r♠❛ ❡♠ (3.120) é ♣r♦✈❡♥✐❡♥t❡ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ (3.119),

❥á q✉❡ s❛t✐s❢❛③ ❛ ❧❡✐ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦✿
∥∥∥∥∥∥


 u1

v1


+


 u2

v2




∥∥∥∥∥∥

2

H

+

∥∥∥∥∥∥


 u1

v1


−


 u2

v2




∥∥∥∥∥∥

2

H

= 2




∥∥∥∥∥∥


 u1

v1




∥∥∥∥∥∥

2

H

+

∥∥∥∥∥∥


 u2

v2




∥∥∥∥∥∥

2

H




❝♦♠✱

U1 =


 u1

v1


 ; U2 =


 u2

v2


 ∈ H.

❍ é ✉♠ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ❛ ◆♦r♠❛ (3.120)

P❛r❛ ✈❡r✐✜❝❛r♠♦s q✉❡ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♥❛ ♥♦r♠❛ ♠❡♥❝✐♦♥❛❞❛✱ ♣r♦❝❡✲

❞❡♠♦s ❝♦♠♦ ♥❛s ❛♣❧✐❝❛çõ❡s ❛♥t❡r✐♦r❡s✳ ■st♦ é✱ t♦♠❛♥❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡


 un

vn


 ∈ H

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ H, t❡♠♦s q✉❡✱ (un,x) ❡ (vn) sã♦ s❡q✉ê♥❝✐❛s ❞❡ ❈❛✉❝❤② ❡♠

L2(0, π). ❈♦♠♦ L2(0, π) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ❡①✐st❡♠ w ❡ v ❡♠ L2(0, π) t❛✐s q✉❡

un,x −→ w ❡♠ L2(0, π) ❡ vn = un,t −→ v ❡♠ L2(0, π). ✭✸✳✶✷✷✮

❯s❛♥❞♦ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ♥♦r♠❛s ❡♠ (3.121), ♦❜t❡♠♦s

∥∥u
∥∥2
H1

0
(0,π)

≤ c2
∣∣ux
∣∣
L2(0,π)



✽✾

♦❜t❡♠♦s q✉❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ H1
0 (0, π)✳ ▲♦❣♦✱ (un) é ❞❡ ❈❛✉❝❤②

❡♠ L2(0, π) ❡




un −→ u ❡♠ L2(0, π);

un,x −→ w ❡♠ L2(0, π),
✭✸✳✶✷✸✮

♦ q✉❡ ✐♠♣❧✐❝❛✱




un,x −→ ux ❡♠ D′(0, π)

un,x −→ w ❡♠ D′(0, π).
✭✸✳✶✷✹✮

P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ ❡♠ D′(0, π), w = ux. P♦rt❛♥t♦✱ u ∈ H1
0 (0, π) ❡✱ ❝♦♥s❡q✉❡♥t❡✲

♠❡♥t❡✱ 
 un

vn


 −→


 u

v


 ❡♠ H = H1

0 (0, π)× L2(0, π).

P♦rt❛♥t♦✱ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳

❊s❝♦❧❤❛ ❞♦ ❞♦♠í♥✐♦ ❉✭❆✮ ❞♦ ♦♣❡r❛❞♦r A✳

❉❡✈❡♠♦s ♠♦str❛r q✉❡ ♦ ♦♣❡r❛❞♦r A é ❢❡❝❤❛❞♦ ❡ ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳

◆♦ q✉❡ s❡❣✉❡✱ v = ut ∈ H1
0 (0, π), ❥á q✉❡✱ ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ❡♥❡r❣✐❛ é ♥❡❝❡ssár✐♦ q✉❡

v t❡♥❤❛ ❞❡r✐✈❛❞❛ ❢r❛❝❛ vx = ut,x ❜❡♠ ❞❡✜♥✐❞❛ ❡✱ ut = 0 ♥❛ ❢r♦♥t❡✐r❛✳ ❚❡♠♦s t❛♠❜é♠

q✉❡ ✐♥t❡❣r❛r uxxut ❡ ❝♦♠♦ ut = v ∈ L2(0, π), é s✉✜❝✐❡♥t❡ q✉❡ uxx ∈ L2(0, π). ❙❡♥❞♦

L2(0, π) ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♦❜t❡♠♦s q✉❡

uxx − a(x)v ∈ L2(0, π),

❞❡ ♦♥❞❡ s❡❣✉❡✱

D(A) =






 u

v


 ∈ H; A




 u

v




 ∈ H



 .

P❛r❛ ❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❞❡ D(A)✱ t♦♠❡ ❛r❜✐tr❛r✐❛♠❡♥t❡


 u

v


 ∈ D(A). ❈♦♠♦

uxx ❡①✐st❡ ❡ uxx ∈ L2(0, π) ❡♥tã♦ u ∈ H2(0, π) ❡✱ ❞❡s❞❡ q✉❡✱ u ∈ H1
0 (0, π) ♦❜t❡♠♦s

u ∈ H1
0 (0, π) ∩H

2(0, π). ❆❧é♠ ❞✐ss♦✱ v ∈ H1
0 (0, π), ♦ q✉❡ ✐♠♣❧✐❝❛


 u

v


 ∈

(
H1

0 (0, π) ∩H
2(0, π)

)
×H1

0 (0, π)

❡✱ ♣♦rt❛♥t♦



✾✵

✭✐✮ D(A) ⊂
(
H1

0 (0, π) ∩H
2(0, π)

)
×H1

0 (0, π).

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛

 u

v


 ∈

(
H1

0 (0, π) ∩H
2(0, π)

)
×H1

0 .

❈♦♠♦✱

H1
0 (0, π) ∩H

2(0, π) →֒ H1
0 (0, π) ❡ H1

0 →֒ L2(0, π)

♦❜t❡♠♦s✱ 
 u

v


 ∈ H1

0 (0, π)× L2(0, π) = H

❡✱ ♦❜s❡r✈❡ q✉❡

A




 u

v




 =


 v

uxx − a(x)v


 ∈ H1

0 (0, π)× L2(0, π) = H.

■st♦ é✱


 u

v


 ∈ D(A) ✐♠♣❧✐❝❛♥❞♦ ✭✐✐✮

(
H1

0 (0, π) ∩ H2(0, π)
)
× H1

0 (0, π) ⊂ D(A).

P♦rt❛♥t♦✱

D(A) =
(
H1

0 (0, π) ∩H
2(0, π)

)
×H1

0 (0, π). ✭✸✳✶✷✺✮

✹✳✶✳✮ A é ✉♠ ♦♣❡r❛❞♦r ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ H. ❉❡ ❢❛t♦✱

❝♦♠♦ H1
0 (0, π) ∩H

2(0, π)
H1

0
(0,π)

= H1
0 (0, π) ❡ H

1
0 (0, π)

L2(0,π)
= L2(0, π), t❡♠♦s✱

D(A)
H

= H1
0 (0, π) ∩H

2(0, π)
H1

0
(0,π)

×H1
0 (0, π)

L2(0,π)
=

=
(
H1

0 (0, π) ∩H
2(0, π)

)
×H1

0 (0, π)
H1

0
(0,π)×L2(0,π)

=

= H1
0 (0, π)× L2(0, π) = H.

P♦rt❛♥t♦✱ A é ❞❡♥s♦ ❡♠ H.

✹✳✷✳✮ A : D(A) ⊂ H −→ H é ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦✳

▼♦str❛r❡♠♦s q✉❡ ♦ ❣rá✜❝♦ G(A) é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ H✳

❙❡❥❛ Un =


 un

vn


 ∈ D(A) ⊂ H t❛❧ q✉❡

A(Un) = A




 un

vn




 =


 v

uxx − a(x)v


 ∈ H.



✾✶

❊♥tã♦✱
(
Un, AUn

)
−→

(
U, Z

)
❡♠ H ×H,

❝♦♠ U =


 u

v


 ∈ D(A). ❉❡✈❡♠♦s ♠♦str❛r q✉❡ A(U) = Z.

❙❡❥❛ Z =


 u1

v1


 ∈ H. ❙❛❜❡♠♦s q✉❡✱

A(Un) =


 vn

un,xx − a(x)vn


 −→


 u1

v1


 = Z ❡♠ H

❡

Un =


 un

vn


 −→


 u

v


 = U ❡♠ H.

❉❛í✱ vn −→ u1 ❡♠ H1
0 (0, π) ♦ q✉❡ ✐♠♣❧✐❝❛ vn −→ u1 ❡♠ L2(0, π). P♦r ♦✉tr♦ ❧❛❞♦✱

vn −→ v ❡♠ L2(0, π) ❞♦♥❞❡ s❡❣✉❡✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ ❡♠ L2(0, π) q✉❡ v = u1.

❆❣♦r❛✱ ❞❡s❞❡ q✉❡✱ un −→ u ❡♠ H1
0 (0, π) ✐♠♣❧✐❝❛ q✉❡ un −→ u ❡♠ D′(0, π),

♦ q✉❡ ✐♠♣❧✐❝❛✱ un,xx −→ uxx ❡♠ D′(0, π). ❈♦♠♦ vn −→ v ❡♠ L2(0, π) t❡♠♦s q✉❡

a(x)vn −→ a(x)v ❡♠ L2(0, π) ♦ q✉❡ ✐♠♣❧✐❝❛ a(x)vn −→ a(x)v ❡♠ D′(0, π). ▲♦❣♦✱

un,xx − a(x)vn −→ uxx − a(x)v ❡♠ D′(0, π). ✭✸✳✶✷✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱

un,xx − a(x)vn −→ v1 ❡♠ L2(0, π)

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

un,xx − a(x)vn −→ v1 ❡♠ D′(0, π). ✭✸✳✶✷✼✮

❉❡ (3.126) ❡ (3.127) ♦❜t❡♠♦s uxx − a(x)v = v1. P♦rt❛♥t♦✱

Z =


 u1

v1


 =


 v

uxx − a(x)v


 = A




 u

v




 = A(U).

❚❡♦r❡♠❛ ✸✳✼ ❖ ♦♣❡r❛❞♦r A ❞❡✜♥✐❞♦ ♣♦r

A =

(
0 I

(·)xx −a(x)I

)

❣❡r❛ ✉♠ C0✲s❡♠✐❣r✉♣♦ S(t) = eAt, t ≥ 0 ❞❡ ❝♦♥tr❛çõ❡s ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H✳



✾✷

❉❡♠♦♥str❛çã♦✿ ❏á ✈✐♠♦s q✉❡ D(A) é ❞❡♥s♦ ❡♠ H. P♦rt❛♥t♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ 1.32,

❞❡ ▲✐✉✲❩❤❡♥❣✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ 0 ∈ ρ(A) ❡ q✉❡ A é ❞✐ss✐♣❛t✐✈♦✳

❉❛❞♦ A =


 u

v


 ∈ D(A) ❡ AU =


 v

uxx − a(x)v


 t❡♠♦s

(
U,AU

)
H

=




 u

v


 ,


 v

uxx − a(x)v






=
(
ux, vx

)
L2(0,π)

+
(
v, uxx − a(x)v

)
L2(0,π)

=

∫ π

0

ux vxdx+

∫ π

0

uxx vdx−

∫ π

0

a(x)|v|2dx
Green︷︸︸︷
=

= −

∫ π

0

a(x)|v|2 ≤ 0. ✭✸✳✶✷✽✮

■st♦ é✱ A é ❞✐ss✐♣❛t✐✈♦✳ P♦rt❛♥t♦✱ r❡st❛ ♣r♦✈❛r q✉❡ 0 ∈ ρ(A).

P❛r❛ q✉❛❧q✉❡r F =


 f

g


 ∈ H, ❝♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦

AU = F

♦ q✉❡ ✐♠♣❧✐❝❛ 
 v

uxx − a(x)v


 =


 f

g


 ,

✐st♦ é✱

v = f ∈ H1
0 (0, π)

uxx − a(x)v = g ∈ L2(0, π). ✭✸✳✶✷✾✮

❙✉❜st✐t✉✐♥❞♦ (3.129)1 ❡♠ (3.129)2 ♦❜t❡♠♦s

uxx = af + g ∈ L2(0, π). ✭✸✳✶✸✵✮

P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ (A.18)✱ (3.130) ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❢r❛❝❛

u ∈ H1
0 (0, π) ∩H

2(0, π).

❆ss✐♠✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛

U =


 u

v


 ∈ D(A) =

(
H1

0 (0, π) ∩H
2(0, π)

)
×H1

0 (0, π)



✾✸

q✉❡ s❛t✐s❢❛③ AU = F ❡✱ ❝♦♠♦ D(A) →֒ H ❡♥tã♦ ‖U‖H ≤ k‖F‖H ❝♦♠ k > 0 ✐♥❞❡♣❡♥✲

❞❡♥t❡ ❞❡ U. ▲♦❣♦✱ 0 ∈ ρ(A). P♦rt❛♥t♦✱ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ C0✲s❡♠✐❣r✉♣♦ ❞❡

❝♦♥tr❛çõ❡s {eAt}t≥0.

❖❜t❡♠♦s ♣❡❧♦ ❈♦r♦❧ár✐♦ 1.15, q✉❡ U(t) = eAtU0 é s♦❧✉çã♦ ú♥✐❝❛ ❞♦ Pr♦❜❧❡♠❛

(3.116), ♦♥❞❡ U0 =


 u0

u1


 ❡

U ∈ C ( [0, ∞); D(A)) ∩ C1 ( [0, ∞); H) .

✸✳✸✳✷ ❉❡❝❛✐♠❡♥t♦ ❊①♣♦♥❡♥❝✐❛❧

❚❡♦r❡♠❛ ✸✳✽ ❖ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çã♦ S(t) = {eAt}t≥0 ❣❡r❛❞♦ ♣❡❧♦ ♦♣❡r❛❞♦r

❧✐♥❡❛r ♥ã♦✲❧✐♠✐t❛❞♦

A =

(
0 I

(·)xx −a(x)I

)

s❛t✐s❢❛③
∥∥eAt

∥∥ ≤Me−ωt, ∀t ≥ 0, M ≥ 1 e ω > 0. ✭✸✳✶✸✶✮

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ❚❡♦r❡♠❛ 2.3 ❞❡ ●❡❛r❤❛rt✱ é s✉✜❝✐❡♥t❡ ✈❡r✐✜❝❛r♠♦s q✉❡ ❛s ❝♦♥✲

❞✐çõ❡s (2.3) ❡ (2.4) sã♦ s❛t✐s❢❡✐t❛s✳

❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ (2.3) ♥ã♦ é ✈❡r❞❛❞❡✱ ❡♥tã♦ ❡①✐st❡ β ∈ R, β 6= 0

t❛❧ q✉❡ iβ ∈ σ(A). ❈♦♠♦ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ A é ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦✱ ♥ã♦✲

❧✐♠✐t❛❞♦ ❡ s♦❜r❡❥❡t♦r ❡♠ H ❡✱ ❞❡s❞❡ q✉❡✱ D(A) →֒ H é ✉♠❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ❡♠ H,

♣❡❧♦ ❚❡♦r❡♠❛ (1.33), A−1 é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✱ iβ é ✉♠ ❛✉t♦✈❛❧♦r ❞❡ A. ❉❛í✱ ❡①✐st❡

✉♠❛ ❢✉♥çã♦ ✈❡t♦r✐❛❧

U =


 u

v


 ∈ D(A), ❝♦♠

∥∥U
∥∥
H
= 1

t❛❧ q✉❡ AU = iβU. ❙❡♥❞♦ ❛ss✐♠✱

 iβu

iβv


−


 v

uxx − a(x)v


 =


 0

0


 ✭✸✳✶✸✷✮

✐st♦ é✱




iβu− v = 0

iβv − uxx + a(x)v = 0.
✭✸✳✶✸✸✮



✾✹

❚♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ (3.133) ❝♦♠ U =


 u

v


 ❡♠ H✱ ♦❜t❡♠♦s

((
iβU − AU

)
, U

)

H

=
(
iβU, U

)
H
−
(
AU, U

)

= iβ
∥∥U
∥∥2
H
−



(

v

uxx − a(x)v

)
,

(
u

v

)


= iβ
∥∥U
∥∥2
H
−
(
ux, vx

)
L2(0,π)

−

((
uxx − a(x)v

)
, v

)

L2(0,π)

Green︷︸︸︷
= iβ

∥∥U
∥∥2
H
+

∫ π

0

a(x)|v|2dx.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ t❡♠♦s
∫ π

0

a(x)|v|2dx = Re
(
iβU − AU, U

)
≤
∣∣(iβU − AU, U

)∣∣

C.S.︷︸︸︷
≤

∥∥iβU − AU
∥∥
H︸ ︷︷ ︸

♣♦r (3.132)

∥∥U
∥∥
H

= 0,

❞❡s❞❡ q✉❡
∥∥U
∥∥
H
= 1. ▲♦❣♦✱

Re
(
iβU − AU,U

)
H
=

∫ π

0

a(x)|v|2dx = 0. ✭✸✳✶✸✹✮

❙❡❣✉❡✲s❡ ❛ ♣❛rt✐r ❞❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛

∥∥a(x)v
∥∥2 =

∫ π

0

|a(x)v|2dx =

∫ π

0

|a(x)|2|v|2dx

≤

∫ π

0

‖a‖L∞ |a(x)||v|2dx

= ‖a‖L∞

∫ π

0

a(x)|v|2dx = 0, ✭✸✳✶✸✺✮

q✉❡

a(x)v = 0, ∀ x ∈ [0, π]. ✭✸✳✶✸✻✮

P♦r (3.133)1 t❡♠♦s v = iβu. ❙✉❜st✐t✉✐♥❞♦ ❡♠ (3.133)2 ❡ ✉s❛♥❞♦ (3.136)✱ t❡♠✲s❡

iβ(iβu)− uxx + a(x)v = 0 ⇒ −β2u− uxx = 0.

❉❡s❞❡ q✉❡✱ u s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t✱ ❡s❝r❡✈❡♠♦s




−uxx − β2u = 0

u(x, t) = 0, t > 0,
✭✸✳✶✸✼✮



✾✺

❞❡ ♦♥❞❡✱ ❞❡✈❡ ❡①✐st✐r ✉♠ ✐♥t❡✐r♦ n ∈ N t❛❧ q✉❡ β = n. ❉❛í✱ ♣♦r r❡❣✉❧❛r✐❞❛❞❡ ❡❧í♣t✐❝❛✱

✭✈❡r ❇ré③✐s ❬✸❪✮ ❡①✐st❡ ✉♠❛ ú♥✐❝❛

u = c sen nx ❡♠ H1
0 (0, π)× L2(0, π)

s♦❧✉çã♦ ❢r❛❝❛ ❞❡ (3.137), ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ c 6= 0.

P♦rt❛♥t♦✱ s❡❣✉❡✲s❡ ❞❡ (3.133)1 ❡ ❞❡ (3.136) q✉❡

0 = a(x)v = a(x)iβu = ic n a(x)sen nx, ∀x ∈ [0, π]. ✭✸✳✶✸✽✮

◆♦t❡ q✉❡✱ sen nx = 0 ❛♣❡♥❛s ♣❛r❛ x = 0 ❡ x = π. ❙❡♥❞♦ n ∈ N ❡ c 6= 0 t❡♠♦s q✉❡

(3.138) ♦❝♦rr❡ s❡✱ a(x) = 0✱ ∀x ∈ [0, π]. ▼❛s✱ ✐st♦ ❝♦♥tr❛❞✐③ ❛s ❤✐♣ót❡s❡s ❡♠ a(x), ✉♠❛

✈❡③ q✉❡✱ a(x) ≥ 0 ❡♠ [0, π] ❡ ❛ ♠❡❞✐❞❛ ❞♦ s❡✉ s✉♣♦rt❡ s❡r ♣♦s✐t✐✈❛✳ P♦rt❛♥t♦✱ (2.3) s❡

✈❡r✐✜❝❛✳

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ (2.4) ♥ã♦ ♦❝♦rr❡✳ ❚❡♠♦s q✉❡✱

lim sup
|β|→∞

‖(iβI − A
)−1

‖ = ∞.

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (βn)n∈N, ❝♦♠ βn → ∞ ❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ✈❡t♦r✐❛✐s

❝♦♠♣❧❡①❛s (Vn)n∈N ⊂ H t❛❧ q✉❡
∥∥(iβnI − A)−1Vn

∥∥
H∥∥Vn

∥∥
H

≥ n, n ∈ N, βn ∈ R.

❉❛í✱ s❡❣✉❡ q✉❡
∥∥(iβnI − A)−1Vn

∥∥ ≥ n
∥∥Vn

∥∥. ✭✸✳✶✸✾✮

❈♦♠♦ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ C0✲s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çã♦ S(t) = eAt✱ t ≥ 0.

❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲✉♠❡r✲P❤✐❧❧✐♣s✱ A é ♠❛①✐♠❛❧ ❞✐ss✐♣❛t✐✈♦✱ ❞❡ ♦♥❞❡ s❡❣✉❡ ❛

s♦❜r❡❥❡t✐✈✐❞❛❞❡ ❞♦ ♦♣❡r❛❞♦r (iβnI − A) ♣❛r❛ ❛❧❣✉♠ n ∈ N.

❙❡♥❞♦ ❛ss✐♠✱ ❞❡ iβn ∈ ρ(A), ♣❛r❛ t♦❞❛ s❡q✉ê♥❝✐❛ (Vn)n∈N ⊂ H ❡①✐st❡ ✉♠❛ ú♥✐❝❛

s❡q✉ê♥❝✐❛ (Un)n∈N ⊂ D(A), ❝♦♠
∥∥Un

∥∥ = 1 t❛❧ q✉❡

(iβnI − A)Un = Vn, ∀n ∈ N.

■st♦ é✱

Un = (iβnI − A)−1Vn.

❉❛í ❡✱ ❞❡ (3.139) t❡♠♦s
∥∥Un

∥∥ ≥ n
∥∥(iβnI − A)Un

∥∥.



✾✻

❙❡❥❛ Fn = (iβnI − A)Un✳ ❙✉❜st✐t✉✐♥❞♦✲♦ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s

∥∥Fn
∥∥ ≤

1

n

∥∥Un
∥∥, ♦♥❞❡ ‖Un‖ = 1,

❧♦❣♦✱
∥∥Fn

∥∥ −→ 0, q✉❛♥❞♦ n→ ∞. ✭✸✳✶✹✵✮

❋❛③❡♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ Un ❝♦♠ Fn, t❡♠♦s q✉❡

(
Un, Fn

)
H

=
(
Un, iβnUn − AUn

)
H

=

= iβn
∥∥Un

∥∥2
H
+

∫ π

0

a(x)|vn|
2dx.

❉♦♥❞❡✱

Re
(
Un, Fn

)
H
=

∫ π

0

a(x)|vn|
2dx.

❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛ (3.135) ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ s❡❣✉❡

‖a(x)vn‖ ≤
∥∥a
∥∥
L∞

∫ π

0

a(x)|vn|
2dx

=
∥∥a
∥∥
L∞Re

(
Un, Fn

)
H

≤
∥∥a
∥∥
L∞

∣∣(Un, Fn)H
∣∣

≤
∥∥a
∥∥
L∞

∥∥Un
∥∥
H

∥∥Fn
∥∥
H
−→ 0 ♣♦r (3.140).

▲♦❣♦✱

a(x)vn −→ 0 ❢♦rt❡ ❡♠ L2(0, π). ✭✸✳✶✹✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❡s❝r❡✈❡♥❞♦ Fn =


 fn

gn


 ❡ ❛ ♣❛rt✐r ❞❡ (3.140) t❡♠♦s

fn = iβnun − vn −→ 0 ❢♦rt❡ ❡♠ H1
0 (0, π),

gn = iβnvn − uxx + a(x)vn −→ 0 ❢♦rt❡ ❡♠ L2(0, π). ✭✸✳✶✹✷✮

❉❡ ♦♥❞❡ ♣♦❞❡♠♦s ❞❡❞✉③✐r✱ s✉❜st✐t✉✐♥❞♦ (3.142)1 ❡♠ (3.142)2 q✉❡

− β2
nun − un,xx = gn + iβnfn − a(x)vn. ✭✸✳✶✹✸✮

❙❡❥❛ q(x) ✉♠❛ ❢✉♥çã♦ r❡❛❧ ❞❡ ❝❧❛ss❡ C1. ❚♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ (3.143) ❝♦♠

q(x)un,x ❡♠ L2(0, π) ❡ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ ♦❜t❡♠♦s✿



✾✼

(i) − (β2
nun, q(x)un,x)− (un,xx, q(x)un,x) =

−β2
nq(x)|un|

2 /π0 +
∫ π
0
qxβ

2
n|un|

2dx

2
+

+
−q(x)|un,x|

2 /π0 +
∫ π
0
qx|un,x|

2dx

2
.

(ii) (gn, q(x)un,x) + (iβnfn, q(x)un,x)− (a(x)vn, q(x)un,x) = (gn, q(x)un,x)

− (iβn(fnq)x, un).

Pr♦✈❛✿ ✭✐✮

✭✐✳✶✮ ❉❛ ♣r✐♠❡✐r❛ ♣❛r❝❡❧❛ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡ ✭✐✮✱ t❡♠♦s✱

−(β2
nun, q(x)un,x) = −

d

dx
(β2

nun, q(x)un) + (β2
nun,x, q(x)un) + (β2

nun, qxun) =

= −β2
nq(x)|un|

2/π0 +

∫ π

0

β2
nq(x)un un,xdx+ (β2

nun, qxun) =

= −β2
nq(x)|un|

2/π0 + β2
nq(x)|un|

2/π0 −

∫ π

0

qxβ
2
n|un|

2dx

−

∫ π

0

β2
nq(x)un un,xdx+ (β2

nun, qxun).

✭✐✳✷✮ ❉❛ s❡❣✉♥❞❛ ♣❛r❝❡❧❛ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡ ✭✐✮✱ t❡♠♦s

−(un,xx, q(x)un,x) = −
d

dx
(un,x, q(x)un,x) + (un,x, qxun,x) + (un,x, q(x)un,xx) =

= −q(x)|un,x|
2 + (un,x, qxun,x) +

∫ π

0

q(x)un,xx un,xdx =

= −q(x)|un,x|
2 + (un,x, qxun,x) + q(x)|un,x|

−

∫ π

0

qx|un,x|
2dx−

∫ π

0

q(x)un,x un,xxdx.

❙♦♠❛♥❞♦ ✭✐✳✶✮ ❡ ✭✐✳✷✮ r❡s✉❧t❛ q✉❡

−(β2
nun, q(x)un,x)− (un,xx, q(x)un,x) = −

∫ π

0

β2
nq(x)un un,xdx

−

∫ π

0

q(x)un,x un,xxdx.

◆♦t❡ q✉❡✱

✭✐✳✸✮ ❚❡♠♦s✱

−

∫ π

0

β2
nq(x)un un,xdx = −β2

nq(x)|un|
2 /π0 +

∫ π

0

qxβ
2
n|un|

2dx+

+

∫ π

0

β2
nq(x)un un,xdx.



✾✽

❆❞✐❝✐♦♥❛♥❞♦ −
∫ π
0
β2
nq(x)un un,xdx ❛ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ✐❣✉❛❧❞❛❞❡✱ ♦❜t❡♠♦s

−2

∫ π

0

β2
nq(x)un un,xdx = −β2

nq(x)|un|
2 /π0 +

∫ π

0

qxβ
2
n|un|

2dx,

♦ q✉❡ ✐♠♣❧✐❝❛✱

−

∫ π

0

β2
nq(x)un un,xdx =

−β2
nq(x)|un|

2/π0 +
∫ π
0
qxβ

2
n|un|

2dx

2
.

✭✐✳✹✮ ❆❣♦r❛ ❝♦♠♦

−

∫ π

0

q(x)un,x un,xxdx = −q(x)|un,x|
2/π0 +

∫ π

0

qx|un,x|
2dx+

+

∫ π

0

q(x)un,x un,xxdx.

❆❞✐❝✐♦♥❛♥❞♦ −
∫ π
0
q(x)un,x un,xxdx ❛ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ✐❣✉❛❧❞❛❞❡✱ t❡♠♦s

−2

∫ π

0

q(x)un,x un,xxdx = −q(x)|un,x|
2/π0 +

∫ π

0

qx|un,x|
2dx,

s❡♥❞♦ ❛ss✐♠✱

−

∫ π

0

q(x)un,x un,xxdx =
−q(x)|un,x|

2/π0 +
∫ π
0
qx|un,x|

2dx

2

❞❡ ♦♥❞❡ ✈❡r✐✜❝❛✲s❡ ✭✐✮✳

Pr♦✈❛✿ ✭✐✐✮

✭✐✐✳✶✮ ❚r❛❜❛❧❤❛♥❞♦ ❝♦♠ ❛ s❡❣✉♥❞❛ ♣❛r❝❡❧❛ ❞❡ ✭✐✐✮✱ s❡❣✉❡ q✉❡

(iβnfn , q(x)un,x) =
d

dx
(iβnfn , q(x)un)− (iβnfn,x , q(x)un)− (iβnfn , qxun)

❡

✭✐✐✳✷✮
(
a(x)vn, q(x)un,x

)
= 0.

❙♦♠❛♥❞♦ ✭✐✐✳✶✮✱ ✭✐✐✳✷✮ ❛♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r
(
gn, q(x)un,x

)
❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ u(π, t) =

0, ∀ t > 0 ♦❜t❡♠♦s

(
gn, q(x)un,x

)
−

(
iβn(fn,xq(x) + fnqx), un

)
=

=
(
gn, q(x)un,x

)
−
(
iβn(fnq)x, un

)
,



✾✾

♦ q✉❡ ✈❡r✐✜❝❛ ✭✐✐✮✳

❙♦♠❛♥❞♦ ✭✐✮ ❡ ✭✐✐✮ r❡s✉❧t❛ q✉❡
∫ π

0

qx
(
|un,x|

2 + β2
n|un|

2
)
dx − q(π)|un,x(π)|

2 + q(0)|un,x(0)|
2 =

= 2
(
gn, q(x)un,x

)
− 2
(
iβn(fnq)x, un

)
. ✭✸✳✶✹✹✮

❉❡s❞❡ q✉❡✱
∥∥Un

∥∥
H
=
∣∣un,x

∣∣2
L2(0,π)

+
∣∣vn
∣∣2
L2(0,π)

= 1,

t❡♠♦s q✉❡
∣∣un,x

∣∣2
L2(0,π)

≤ 1, ❞♦♥❞❡ ❞❡❞✉③✐♠♦s q✉❡

∣∣2(gn , q(x)un,x)
∣∣ ≤ 2

∣∣gn
∣∣
L2(0,π)

∣∣q(x)un,x
∣∣
L2(0,π)

= ✭✸✳✶✹✺✮

= 2
∣∣gn
∣∣
L2(0,π)

∣∣q(x)
∣∣∣∣un,x

∣∣
L2(0,π)

−→ 0 ♣♦r (3.142)2.

P♦r s✉❛ ✈❡③✱ ❞❡
∣∣vn
∣∣
L2(0,π)

≤ 1, t❡♠♦s

∣∣βnun
∣∣ =

∣∣iβnun
∣∣
L2(0,π)

=
∣∣iβnun − vn + vn

∣∣
L2(0,π)

≤

≤
∣∣iβnun − vn

∣∣
L2(0,π)

+
∣∣vn
∣∣
L2(0,π)

≤ 1,

♣♦✐s✱ ♣♦r (3.142)1

fn,x = iβnun,x − vn,x
forte
−→ 0 ❡♠ L2(0, π),

❞❡ ♦♥❞❡✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c t❛❧q✉❡

∣∣fn
∣∣
L2(0,π)

≤ c
∣∣fn,x

∣∣
L2(0,π)

, ∀fn ∈ H1
0 (0, π)

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

fn = iβnun − vn
forte
−→ 0 ❡♠ L2(0, π).

▲♦❣♦✱

βnun é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛ ❡♠ L2(0, π).

❉❛í✱ ♥♦t❡ q✉❡

∣∣(iβn(fnq)x , un
)∣∣ =

∣∣(iβnfnqx , un
)
+
(
iβnfn,xq(x) , un

)∣∣

≤
∣∣(fnqx , iβnun

)∣∣+
∣∣(fn,xq(x) , iβnun

)∣∣

≤
∣∣fnqx

∣∣∣∣iβnun
∣∣+
∣∣fn,xq(x)

∣∣∣∣iβnun
∣∣

=
∣∣fn
∣∣∣∣qx
∣∣∣∣iβnun

∣∣+
∣∣fn,x

∣∣∣∣q(x)
∣∣∣∣iβnun

∣∣ −→ 0. ✭✸✳✶✹✻✮
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❊♥tã♦✱ ♣♦r (3.145) ❡ (3.146) ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ (3.144) ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦✳ ❚♦♠❛♥❞♦

q(x) = x, 1− x, r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡❞✉③✐♠♦s ❛ ♣❛rt✐r ❞❡ (3.144) q✉❡

∫ π

0

1 ·
(
|un,x|

2 + β2
n|un|

2
)
dx − π|un,x(π)|

2 + 0 · |un,x(0)|
2 =

= 2
(
gn , xun,x

)
− 2
(
iβn(fnx)x , un

)
✭✸✳✶✹✼✮

❡

−

∫ π

0

(
|un,x|

2 + β2
n|un|

2dx
)

− (1− π)|un,x(π)|
2 + 1 · |un,x(0)|

2 =

= 2
(
gn , (1− x)un,x

)
−

− 2
(
iβn(fn(1− x))x , un

)
. ✭✸✳✶✹✽✮

❆❞✐❝✐♦♥❛♥❞♦ (3.147) ❛ (3.148) ❡ ❧❡♠❜r❛♥❞♦ q✉❡ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛s r❡s♣❡❝t✐✈❛s ❡q✉❛çõ❡s

❛❝✐♠❛✱ ❝♦♥✈❡r❣❡♠ ♣❛r❛ ③❡r♦✱ t❡♠♦s

−|un,x(π)|
2 + |un,x(0)|

2 −→ 0.

❙❡♥❞♦
∥∥Un

∥∥
H
= 1. ❊♥tã♦✱

|un,x(π)|
2 −→ 1 ❡ |un,x(0)|

2 −→ 1.

❆❣♦r❛✱ t♦♠❡ q(x) =
∫ x
0
a(s)ds ❡♠ (3.144). ❉❛í✱ ♦❜t❡♠♦s

∫ π

0

a(x)
(
|un,x|

2 + β2
n|un|

2
)
dx −

∫ π

0

a(s)ds|un,x(π)|
2 −→ 0,

♦ q✉❡ ✐♠♣❧✐❝❛✱

(
aβnun, βnun

)
+
(
aun,x, un,x

)
−→

∫ π

0

a(s)ds = a0 > 0. ✭✸✳✶✹✾✮

◆♦ q✉❡ s❡❣✉❡✱ ♣r♦✈❛r❡♠♦s q✉❡ ✐ss♦ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❈♦♠ ❡❢❡✐t♦✱ ✈✐♠♦s ❛ ♣❛rt✐r

❞❛ ❡q✉❛çã♦ (3.142)1 ❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré q✉❡

fn −→ 0 ❢♦rt❡ ❡♠ L2(0, π).

❆❞❡♠❛✐s✱

afn = iaβnun − avn
forte
−→ 0 ❡♠ L2(0, π),

❧♦❣♦✱ ♣♦r (3.141), iaβnun
forte
−→ 0 ❡♠ L2(0, π). ❉❡ ♦♥❞❡ s❡❣✉❡✲s❡ q✉❡ ♦ ♣r✐♠❡✐r♦ t❡r♠♦

❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡ (3.149) ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦✳ P♦rt❛♥t♦✱ r❡st❛ ♣r♦✈❛r q✉❡ ♦ s❡❣✉♥❞♦
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t❡r♠♦ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡ (3.149) t❛♠❜é♠ ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦✳ ❚♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦

✐♥t❡r♥♦ ❞❡ (3.142)2 ❝♦♠ aun ❡✱ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ ♦❜t❡♠♦s

i
(
avn, βnun

)
+
(
aun,x , un,x

)
+
(
avn, aun

)
−→ 0. ✭✸✳✶✺✵✮

❉❛í✱ ❛ ♣❛rt✐r ❞❡ (3.142)1 ❡ ❞❡ (3.141) ♦ ♣r✐♠❡✐r♦ t❡r♠♦ à ❡sq✉❡r❞❛ ❞❡ (3.150) ❝♦♥✈❡r❣❡

♣❛r❛ ③❡r♦✳ ❉✐✈✐❞✐♥❞♦ (3.142)1 ♣♦r βn✱ t❡♠♦s q✉❡

fn
βn

= iun −
vn
βn

forte
−→ 0 ❡♠ H1

0 (0, π)

♦ q✉❡ ✐♠♣❧✐❝❛✱
fn
βn

= iun −
vn
βn

forte
−→ 0 ❡♠ L2(0, π)

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

afn
βn

= iaun −
avn
βn

forte
−→ 0 ❡♠ L2(0, π).

▲♦❣♦✱

aun
forte
−→ 0 ❡♠ L2(0, π).

❙❡♥❞♦ ❛ss✐♠✱ ♦ t❡r❝❡✐r♦ t❡r♠♦ à ❡sq✉❡r❞❛ ❞❡ (3.150) t❛♠❜é♠ ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦✱

r❡s✉❧t❛♥❞♦ ♥❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ s❡❣✉♥❞♦ t❡r♠♦ à ❡sq✉❡r❞❛ ❞❡ (3.150) ♣❛r❛ ③❡r♦✱ ♦ q✉❡

❝♦♥tr❛❞✐③ (3.149). ❊♥tã♦✱

lim sup
|β|→∞

∥∥(iβI − A)−1
∥∥ <∞.

P♦rt❛♥t♦✱ ♦ s❡♠✐❣r✉♣♦
{
eAt
}
t≥0

é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧✳



❆♣ê♥❞✐❝❡ ❆

❊s♣❛ç♦s Lp(Ω) ❡ Wm,p(Ω)

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡♥✉♥❝✐❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❝❧áss✐❝♦s ❡♥✈♦❧✈❡♥❞♦ ♦s ❡s♣❛ç♦s ❞❡

❢✉♥çõ❡s Lp(Ω) ❡ Wm,p(Ω)✳ ▼❛s✱ ❛♥t❡s✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ♥♦çõ❡s s♦❜r❡ ❉❡r✐✈❛❞❛

❋r❛❝❛✳

❆✳✶ ❉❡r✐✈❛❞❛ ❋r❛❝❛

❊♠ ✶✾✸✻✱ ❙✳ ❙♦❜♦❧❡✈ ✐♥tr♦❞✉③✐✉ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❉❡r✐✈❛❞❛ ❋r❛❝❛ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡

s❛♥❛r ❛ ♥❡❝❡ss✐❞❛❞❡ ❡①✐st❡♥t❡ ❡♠ ♠✉✐t♦s ♣r♦❜❧❡♠❛s ❞❡s❝r✐t♦s ♣❡❧❛s ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐✲

❛✐s P❛r❝✐❛✐s q✉❡ ♣♦ss✉❡♠ ❝♦♠♦ ❞❛❞♦s ✐♥✐❝✐❛✐s ❢✉♥çõ❡s q✉❡ ♥ã♦ sã♦ r❡❣✉❧❛r❡s ♦ s✉✜❝✐❡♥t❡

♣❛r❛ ♣♦ss✉ír❡♠ ❞❡r✐✈❛❞❛s ♥♦ s❡♥t✐❞♦ ❝❧áss✐❝♦✳ P❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❡st❡ ❝♦♥❝❡✐t♦✱

✈❡❥❛♠♦s ♦ s❡❣✉✐t❡✿

❯♠❛ n✲✉♣❧❛ ❞❡ ✐♥t❡✐r♦s ♥ã♦ ♥❡❣❛t✐✈♦s α = (α1, α2, . . . , αn) é ❞❡♥♦♠✐♥❛❞❛ ♠✉❧t✐✲

í♥❞✐❝❡ ❡ s✉❛ ♦r❞❡♠ é ❞❡✜♥✐❞❛ ♣♦r |α| = α1 + α2 + . . . + αn✳ ❘❡♣r❡s❡♥t❛♠♦s ♣♦r Dα ♦

♦♣❡r❛❞♦r ❞❡r✐✈❛çã♦ ❞❡ ♦r❞❡♠ |α|✱ ✐st♦ é✱

Dα =
∂|α|

∂α1
x1 ∂

α2
x2 . . . ∂αn

xn

.

❙❡ α = (0, 0, . . . , 0) ❞❡✜♥✐♠♦s D0u ❝♦♠♦ ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡✳

❉❡✜♥✐çã♦ ❆✳✶ ❙❡❥❛♠ Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞♦ R
n ❡ f : Ω → R ✉♠❛ ❢✉♥çã♦

❝♦♥tí♥✉❛✳ ❉❡✜♥✐♠♦s ♦ s✉♣♦rt❡ ❞❡ f ✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r supp(f)✱ ❝♦♠♦ s❡♥❞♦ ♦ ❢❡❝❤♦

❡♠ Ω ❞♦ ❝♦♥❥✉♥t♦ {x ∈ Ω; f(x) 6= 0}. ❙❡ ❡st❡ ❝♦♥❥✉♥t♦ ❢♦r ✉♠ ❝♦♠♣❛❝t♦ ❞♦ R
n, ❡♥tã♦

❞✐③❡♠♦s q✉❡ f ♣♦ss✉✐ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳
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❉❡♥♦t❛r❡♠♦s ♣♦r C∞
0 (Ω) ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❝♦♠ ❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s✱ ❞❛s ❢✉♥çõ❡s ✐♥✜✲

♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳

❉❡✜♥✐çã♦ ❆✳✷ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❞♦ R
n✳ ❯♠❛ s❡q✉ê♥❝✐❛ (ϕn)n∈N ❡♠ C∞

0 (Ω) ❝♦♥✈❡r❣❡

♣❛r❛ ϕ ❡♠ C∞
0 (Ω)✱ q✉❛♥❞♦ ❡①✐st❡ ✉♠ ❝♦♠♣❛❝t♦ K ⊂ Ω t❛❧ q✉❡✿

✐✮ supp(ϕ), supp(ϕn) ⊂ K, ∀n ∈ N✳

✐✐✮ P❛r❛ t♦❞♦ ♠✉❧t✐✲í♥❞✐❝❡ α ∈ N
n✱ t❡♠✲s❡ Dα(ϕn − ϕ) → 0 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ K✳

❖ ❡s♣❛ç♦ C∞
0 (Ω)✱ ♠✉♥✐❞♦ ❞❡ss❛ ♥♦çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ é ❝❤❛♠❛❞♦ ❞❡ ❊s♣❛ç♦

❞❛s ❋✉♥çõ❡s ❚❡st❡ s♦❜r❡ Ω ❡ é r❡♣r❡s❡♥t❛❞♦ ♣♦r D(Ω)✳

❉❡✜♥✐çã♦ ❆✳✸ ❯♠❛ ❞✐str✐❜✉✐çã♦ s♦❜r❡ ✉♠ ❛❜❡rt♦ Ω ⊂ R
n é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r

T : D(Ω) → R ❝♦♥tí♥✉♦ ♥♦ s❡♥t✐❞♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ D(Ω)✱ ✐st♦ é✱

✐✮ T (aϕ+ bψ) = aT (ϕ) + bT (ψ), ∀a, b ∈ R ❡ ∀ϕ, ψ ∈ D(Ω)❀

✐✐✮ ❙❡ ϕn ❝♦♥✈❡r❣❡ ♣❛r❛ ϕ ❡♠ D(Ω)✱ ❡♥tã♦ T (ϕn) ❝♦♥✈❡r❣❡ ♣❛r❛ T (ϕ) ❡♠ R✳

❖ ❡s♣❛ç♦ ❞❛s ❞✐str✐❜✉✐çõ❡s s♦❜r❡ Ω é ❞❡♥♦t❛❞♦ ♣♦r D′(Ω)✳

❙❡ T ∈ D(Ω)✱ r❡♣r❡s❡♥t❛♠♦s ♦ ✈❛❧♦r ❞❛ ❞✐str✐❜✉✐çã♦ T ❡♠ ϕ ♣♦r 〈T, ϕ〉✳ ❈♦♠

✐ss♦✱ ❞✐③❡♠♦s q✉❡

Tn → T ❡♠ D′(Ω),

q✉❛♥❞♦✱

〈Tn, ϕ〉 → 〈T, ϕ〉 ❡♠ R, ∀ϕ ∈ D(Ω).

❉❡♥♦t❛r❡♠♦s ♣♦r L1
loc(Ω) ♦ ❡s♣❛ç♦ ❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s u : Ω → R t❛✐s q✉❡

|u| é ✐♥t❡❣rá✈❡❧ ♥♦ s❡♥t✐❞♦ ❞❡ ▲❡❜❡s❣✉❡ s♦❜r❡ ❝❛❞❛ ❝♦♠♣❛❝t♦ K ⊂ Ω✳

❊①❡♠♣❧♦ ❆✳✹ ✭❉✐str✐❜✉✐çã♦✮ ❙❡❥❛ u ∈ L1
loc(Ω). ❖ ❢✉♥❝✐♦♥❛❧ Tu : D(Ω) → R✱ ❞❡✜✲

♥✐❞♦ ♣♦r

〈Tu, ϕ〉 =

∫

Ω

u(x)ϕ(x)dx

é ✉♠❛ ❞✐str✐❜✉✐çã♦✳

❙❡❥❛♠ u, v ❞❡✜♥✐❞♦s ♥✉♠ ❛❜❡rt♦ Ω ⊂ R
n✱ ❝✉❥❛ ❢r♦♥t❡✐r❛ Γ é r❡❣✉❧❛r✳ ❙✉♣♦♥❞♦ q✉❡

u ❡ v ♣♦ss✉❡♠ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❝♦♥tí♥✉❛s ❡♠ Ω = Ω∪ Γ✳ ❙❡ u ♦✉ v s❡ ❛♥✉❧❛ s♦❜r❡ Γ✱

♦❜t❡♠♦s ❞❛ ❢ór♠✉❧❛ ❞❡ ●r❡❡♥ q✉❡

∫

Ω

u(x)
∂v

∂xj
(x)dx = −

∫

Ω

v(x)
∂u

∂xj
(x)dx.
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❊ss❛ ❡①♣r❡ssã♦ ♠♦t✐✈♦✉ ❛ ❞❡✜♥✐çã♦ ❞❡ ❞❡r✐✈❛❞❛ ❢r❛❝❛ ❞❛❞❛ ♣♦r ❙♦❜♦❧❡✈✿ ❯♠❛ ❢✉♥çã♦

u ∈ L1
loc(Ω) é ❞❡r✐✈á✈❡❧ ♥♦ s❡♥t✐❞♦ ❢r❛❝♦ ❡♠ Ω✱ q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ v ∈ L1

loc(Ω)

t❛❧ q✉❡ ∫

Ω

u(x)
∂ϕ

∂xj
(x)dx = −

∫

Ω

v(x)ϕ(x)dx.

♣❛r❛ t♦❞♦ ϕ ∈ D(Ω)✳

❆♣❡s❛r ❞❛ ✐♥tr♦❞✉çã♦ ❞❡ss❡ ❝♦♥❝❡✐t♦ t❡r s✐❞♦ ❝♦♥s✐❞❡r❛❞❛ ❞❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛

♥❛ ❡✈♦❧✉çã♦ ❞❛s ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐❛✐s✱ ♦❝♦rr✐❛ ❛✐♥❞❛ q✉❡✿ ♥❡♠ t♦❞❛ ❢✉♥çã♦ ❞❡

L1
loc(Ω) ♣♦ss✉✐ ❞❡r✐✈❛❞❛ ♥❡ss❡ s❡♥t✐❞♦✳ ❉❛í✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ s❛♥❛r ❡st❡ ♣r♦❜❧❡♠❛✱ ❡♠

✶✾✹✺✱ ▲❛✉r❡♥t ❙❝❤✇❛rt③ ✐♥tr♦❞✉③✐✉ ❛ ♥♦çã♦ ❞❡ ❞❡r✐✈❛❞❛ ♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s✳

❉❡✜♥✐çã♦ ❆✳✺ ❙❡❥❛ T ✉♠❛ ❞✐str✐❜✉✐çã♦ s♦❜r❡ Ω ❡ α ✉♠ ♠✉❧t✐✲í♥❞✐❝❡✳ ❆ ❞❡r✐✈❛❞❛

DαT ❞❡ ♦r❞❡♠ |α| ❞❡ T é ✉♠ ❢✉♥❝✐♦♥❛❧ DαT : D(Ω) → R ❞❡✜♥✐❞♦ ♣♦r

〈DαT, ϕ〉 = (−1)n〈T,Dαϕ〉.

❆❧é♠ ❞✐ss♦✱ DαT é ✉♠❛ ❞✐str✐❜✉✐çã♦ s♦❜r❡ Ω✳

❖❜s❡r✈❛çã♦ ❆✳✻ ❉❡❝♦rr❡ ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ q✉❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ t❡♠ ❞❡r✐✈❛❞❛s ❞❡

t♦❞❛s ❛s ♦r❞❡♥s✳

❆✳✷ ❊s♣❛ç♦s Lp(Ω)

❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❞❡ Rn✳ ❉❡♥♦t❛♠♦s ♣♦r Lp(Ω), 1 ≤ p <∞✱ ♦ ❡s♣❛ç♦ ❞❛s ✭❝❧❛ss❡s

❞❡✮ ❢✉♥çõ❡s r❡❛✐s f ❞❡✜♥✐❞❛s ❡♠ Ω ❝✉❥❛ p✲és✐♠❛ ♣♦tê♥❝✐❛ é ✐♥t❡❣rá✈❡❧ ♥♦ s❡♥t✐❞♦ ❞❡

▲❡❜❡s❣✉❡ ❡ ♣♦r L∞(Ω) ❞❡♥♦t❛♠♦s ♦ ❝♦♥❥✉♥t♦s ❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ❡

❡ss❡♥❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛s ❡♠ Ω✳ ❖ ❡s♣❛ç♦ Lp(Ω) ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛✱

‖f‖Lp(Ω) = ‖f‖p =

(∫

Ω

|f |pdx

) 1

p

s❡ 1 ≤ p <∞

❡

‖f‖L∞(Ω) = ‖f‖∞ = sup
x∈Ω

ess|f(x)|R

é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

◆♦ ❝❛s♦ p = 2✱ ♦ ❡s♣❛ç♦ L2(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

❞❛❞♦ ♣♦r

(f, g) =

∫

Ω

f(x)g(x)dx.
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P♦r Lploc(Ω)✱ 1 ≤ p < ∞✱ ❞❡♥♦t❛♠♦s ♦ ❡s♣❛ç♦ ❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s r❡❛✐s ❞❡✜✲

♥✐❞❛s ❡♠ Ω✱ ❝✉❥❛ p✲és✐♠❛ ♣♦tê♥❝✐❛ é ✐♥t❡❣rá✈❡❧ à ▲❡❜❡s❣✉❡ s♦❜r❡ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦

❝♦♠♣❛❝t♦ ❞♦ R
n ❝♦♥t✐❞♦ ❡♠ Ω ❡ ♣♦r L∞

loc(Ω) ♦ ❡s♣❛ç♦ ❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s ♠❡♥✲

s✉rá✈❡✐s ❡ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛s ❡♠ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❞♦ R
n ❝♦♥t✐❞♦

❡♠ Ω✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s ❛♦s ❊s♣❛ç♦s Lp(Ω)✳

Pr♦♣♦s✐çã♦ ❆✳✼ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✮ ❙❡❥❛♠ 1 < p, q <∞ t❛❧ q✉❡ 1
p
+ 1

q
= 1

❡ a, b > 0✳ ❊♥tã♦

ab ≤
ap

p
+
bq

q
.

❉❡♠♦♥str❛çã♦✿ ❱❡r ♣r♦✈❛ ❡♠ ❬✶✶❪✳

Pr♦♣♦s✐çã♦ ❆✳✽ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▼✐♥❦♦✇s❦✐✮ ❙❡❥❛♠ 1 ≤ p ≤ ∞ ❡ f, g ∈ Lp(Ω)✱

❡♥tã♦

‖f + g‖p ≤ ‖f‖p + ‖g‖p.

❉❡♠♦♥str❛çã♦✿ ❱❡r ♣r♦✈❛ ❡♠ ❬✶✶❪✳

Pr♦♣♦s✐çã♦ ❆✳✾ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✮ ❙❡❥❛♠ u ∈ Lp(Ω) ❡ v ∈ Lq(Ω)✱ ❝♦♠

1 ≤ p, q ≤ ∞ ❡ 1
p
+ 1

q
= 1✳ ❊♥tã♦ uv ∈ L1(Ω) ❡

‖uv‖1 ≤ ‖u‖p‖v‖q.

❉❡♠♦♥str❛çã♦✿ ❱❡r ♣r♦✈❛ ❡♠ ❬✶✶❪✳

❈♦r♦❧ár✐♦ ❆✳✶✵ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ●❡♥❡r❛❧✐③❛❞❛✮ ❙❡❥❛♠ u1, u2, . . . , uk

❢✉♥çõ❡s r❡❛✐s✱ t❛✐s q✉❡ ui ∈ Lpi(Ω)✱ 1 ≤ pi ♣❛r❛ i = 1, . . . , k✱ ❡ ❛✐♥❞❛✱
∑k

i=1
1
pi
= 1

p
≤ 1✳

❊♥tã♦✱ u = u1u2 . . . uk ∈ Lp(Ω) ❡

‖u‖p ≤ ‖u1‖p1‖u2‖p2 . . . ‖uk‖pk .

❉❡✜♥✐çã♦ ❆✳✶✶ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ ❝♦♠ X ⊂ Y ✳ ❙❡❥❛ i : X → Y

❛ ✐♥❥❡çã♦ ❝❛♥ô♥✐❝❛ ❞❡ X ❡♠ Y ✱ q✉❡ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ x ∈ X ❢❛③❡♠♦s ❝♦rr❡s♣♦♥❞❡r

i(x) = x ❝♦♠♦ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ Y ✳ ❉✐③❡♠♦s q✉❡ ❛ ✐♠❡rsã♦ é ❝♦♥tí♥✉❛ q✉❛♥❞♦ ❡①✐st❡

✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❛❧ q✉❡

‖x‖X ≤ C‖x‖Y , ∀x ∈ X.

♦♥❞❡ ‖.‖X ❡ ‖.‖Y ❞❡♥♦t❛♠ ❛s ♥♦r♠❛s ❞❡ X ❡ Y ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
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❉✐③❡♠♦s q✉❡ ❛ ✐♠❡rsã♦ é ❝♦♠♣❛❝t❛ q✉❛♥❞♦ ❛ ✐♠❛❣❡♠ ❞❡ s✉❜❡s♣❛ç♦s ❧✐♠✐t❛❞♦s ❞❡ X

♣♦r i sã♦ r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦s ❡♠ Y ✳

❉❡♥♦t❛♠♦s ❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛ ❡ ❝♦♠♣❛❝t❛ ❞❡ X ❡♠ Y ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r

X →֒ Y ❡ X
c
→֒ Y.

❙❛❜❡♥❞♦ ❞✐ss♦✱ ✈❛❧❡✿

• ❙❡ Ω é ❧✐♠✐t❛❞♦ ❡ 1 ≤ p ≤ q ≤ ∞ ❡♥tã♦

Lq(Ω) →֒ Lp(Ω).

❆✳✸ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈

❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ R
n✳ P❛r❛ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ m > 0✱ 1 ≤ p ≤

∞✱ r❡♣r❡s❡♥t❛♠♦s ♣♦r Wm,p(Ω) ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s u ♣❡rt❡♥❝❡♥t❡s

❛ Lp(Ω)✱ t❛✐s q✉❡ ♣❛r❛ t♦❞♦ |α| ≤ m✱ t❡♠♦s q✉❡ ❛ ❞❡r✐✈❛❞❛ ❞❡ u ♥♦ s❡♥t✐❞♦ ❞❛s

❞✐str✐❜✉✐çõ❡s Dαu✱ ♣❡rt❡♥❝❡ ❛ Lp(Ω) ✭✈❡r ❬✷✶❪✮✳ ❊♥tã♦✱ t❡♠♦s q✉❡✱ Wm,p(Ω) é ✉♠

❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛ ♥♦r♠❛

‖u‖p
Wm,p(Ω) =



∑

|α|≤m

∫

Ω

‖Dαu‖p
Lp(Ω)




1

p

, q✉❛♥❞♦ 1 ≤ p <∞

❡

‖u‖Wm,∞(Ω) =
∑

|α|≤m

‖Dαu‖L∞(Ω), q✉❛♥❞♦ p = ∞.

❖❜s❡r✈❛çã♦ ❆✳✶✷ P❛r❛ p = 2✱ r❡♣r❡s❡♥t❛♠♦s Wm,2(Ω) ♣♦r Hm(Ω)✱ ♣♦r ❛♣r❡s❡♥t❛r

❡str✉t✉r❛ ❍✐❧❜❡rt✐❛♥❛✳

Pr♦♣♦s✐çã♦ ❆✳✶✸ ❖ ❡s♣❛ç♦ Hm(Ω) ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

((u, v))Hm(Ω) =
∑

|α|≤m

(Dαu,Dαv)L2(Ω)

é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ♣r♦✈❛ ❡♠ ❬✶✷❪✳

❖ ❢❡❝❤♦ ❞❡ C∞
0 (Ω) ❡♠ Hm(Ω) é ❞❡♥♦t❛❞♦ ♣♦r Hm

0 (Ω) ❡ ♣♦r H−m(Ω) ♦ ❞✉❛❧

t♦♣♦❧ó❣✐❝♦ ❞❡ Hm
0 (Ω)✳

◆♦ q✉❡ s❡❣✉❡ ❧✐st❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s ❞♦s ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✳
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❚❡♦r❡♠❛ ❆✳✶✹ ❙❡❥❛♠ j ❡ m ✐♥t❡✐r♦s q✉❛✐sq✉❡r s❛t✐s❢❛③❡♥❞♦ 0 ≤ j < m, ❡ s❡❥❛ 1 ≤

q, p ≤ ∞, ❡ r ∈ R, j

m
≤ a ≤ 1 t❛❧ q✉❡

1

r
−
j

n
= a

(
1

p
−
m

n

)
+ (1− a)

1

q
.

❊♥tã♦✱

✭✐✮ P❛r❛ q✉❛❧q✉❡r u ∈ Wm,p(Rn) ∩ Lq(Rn), ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C ❞❡♣❡♥✲

❞❡♥❞♦ ❛♣❡♥❛s ❞❡ n, m, j, q, p, ❡ a t❛❧ q✉❡ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡✿

|Dju|r ≤ C|Dmu|ap|u|
1−a
q ✭❆✳✶✮

❝♦♠ ❛ s❡❣✉✐♥t❡ ❡①❝❡çã♦✿ s❡ 1 < p < ∞ ❡ m − j − n
p
é ✉♠ ✐♥t❡✐r♦ ♥ã♦✲♥❡❣❛t✐✈♦✱

❡♥tã♦ (A.1) é s❛t✐s❢❡✐t❛ s♦♠❡♥t❡ ♣❛r❛ j

m
≤ a < 1.

✭✐✐✮ P❛r❛ q✉❛❧q✉❡r u ∈ Wm,p(Ω) ∩ Lq(Ω) ♦♥❞❡ Ω é ✉♠ ❛❜❡t♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛

s✉❛✈❡✱ ❡①✐st❡♠ ❞✉❛s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C1, C2 t❛❧ q✉❡ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐✲

❣✉❛❧❞❛❞❡✿

|Dju|p,Ω ≤ C1|D
mu|ar,Ω|u|

1−a
q,Ω + C2|u|q,Ω ✭❆✳✷✮

❝♦♠ ❛ ♠❡s♠❛ ❡①❝❡çã♦ ❞❛ ❝♦♥❞✐çã♦ ❛♥t❡r✐♦r✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ q✉❛❧q✉❡r u ∈ Wm,p(Ω)∩Lq(Ω), ❛ ❝♦♥st❛♥t❡ C2 ❡♠ (A.2) ♣♦❞❡

s❡r ♥✉❧❛✳

❚❡♦r❡♠❛ ❆✳✶✺ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✮ ❙❡❥❛ Ω ⊂ R
n ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❡

u ∈ H1
0 (Ω). ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C ❞❡♣❡♥❞❡♥❞♦ ❛♣❡♥❛s ❞❡ Ω ❡ n t❛❧

q✉❡

‖u‖L2(Ω) ≤ C‖∇u‖(L2(Ω))n , ∀u ∈ H1
0 (Ω).

❈♦r♦❧ár✐♦ ❆✳✶✻ ❊♠ Hm
0 (Ω)✱ ❝♦♠ Ω ♥❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✭❆✳✶✺✮✱ ❛s ♥♦r♠❛s

‖u‖Hm(Ω) ❡

‖u‖Hm
0
(Ω) = ‖∇u‖(L2(Ω))n =

(
∑

|α|≤m

∫

Ω

|Dαu|2

) 1

2

✭❆✳✸✮

sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❆ ♣r♦✈❛ ❞❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ✈✐st❛ ♣❡❧♦ ❧❡✐t♦r ❡♠ ❬✶✷❪✳

Pr♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t ❍♦♠♦❣ê♥❡♦





−∆u+ u = f, ❡♠ Ω

u = 0, ❡♠ Γ = ∂Ω.
✭❆✳✹✮



✶✵✽

❉❡✜♥✐çã♦ ❆✳✶✼ ❯♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❞❡ (A.4) é ✉♠❛ ❢✉♥çã♦ u ∈ C2(Ω) q✉❡ ✈❡r✐✜❝❛

(A.4). ❯♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞❡ (A.4) é ✉♠❛ ❢✉♥çã♦ u ∈ H1
0 (Ω) q✉❡ ✈❡r✐✜❝❛

∫

Ω

∇u∇v +

∫

Ω

uv =

∫

Ω

f v, ∀ v ∈ H1
0 (Ω).

❚❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❞❡ r❡❣✉❧❛r✐❞❛❞❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❉❡r✐❝❤❧❡t✳

❚❡♦r❡♠❛ ❆✳✶✽ ✭❚❡♦r❡♠❛ ❞❡ ❘❡❣✉❧❛r✐❞❛❞❡✮ ❙❡❥❛ Ω ⊂ R
N ✉♠ ❛❜❡rt♦ ❞❡ ❝❧❛ss❡ C2

❝♦♠ ❢r♦♥t❡✐r❛ ❧✐♠✐t❛❞❛✳ ❙❡❥❛ f ∈ L2(Ω) ❡ s❡❥❛ u ∈ H1
0 (Ω) q✉❡ ✈❡r✐✜❝❛

∫

Ω

∇u∇v +

∫

Ω

uv =

∫

Ω

f v ∀ v ∈ H1
0 (Ω).

❊♥tã♦✱ u ∈ H2(Ω) ❡

‖u‖H2(Ω) ≤ c‖f‖2,

♦♥❞❡ c é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ só ❞❡♣❡♥❞❡ ❞❡ Ω. ❆❧é♠ ❞✐ss♦✱ s❡ Ω é ❞❡ ❝❧❛ss❡ Cm+2 ❡

f ∈ Hm(Ω) ❡♥tã♦

u ∈ Hm+2(Ω) ❝♦♠ ‖u‖Hm+2(Ω) ≤ c‖f‖Hm(Ω),

❡♠ ♣❛rt✐❝✉❧❛r✱ s❡ m > N
2

❡♥tã♦ u ∈ C2(Ω). P♦r ú❧t✐♠♦✱ s❡ Ω é ❞❡ ❝❧❛ss❡ C∞ ❡ s❡

f ∈ C∞(Ω), ❡♥tã♦ u ∈ C∞(Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇ré③✐s ❬✸❪✳



❆♣ê♥❞✐❝❡ ❇

▼❛✐s ❛❧❣✉♥s r❡s✉❧t❛❞♦s

◆❡st❛ s❡çã♦✱ ✈❡r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ✉t✐❧✐③❛❞♦s ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✳

❙❡❥❛♠ X ❡ Y sã♦ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ s♦❜r❡ ♦s r❡❛✐s ✭♦✉ ❝♦♠♣❧❡①♦s✮✳ ❉❡♥♦t❛♠♦s

♣♦r L(X, Y ) ❛ ❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❧✐♠✐t❛❞♦s✱ ✐st♦ é✱ ❛ ❢❛♠í❧✐❛ ❞♦s ♦♣❡r❛❞♦r❡s

❧✐♥❡❛r❡s A : X → Y t❛✐s q✉❡

‖A‖ = sup
‖u‖≤1

‖Au‖ < +∞.

❉❡✜♥✐çã♦ ❇✳✶ ❯♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r A : D(A) ⊂ X → Y é ❞✐t♦ ❧✐♠✐t❛❞♦ s❡ ❡①✐st❡

❡♠❛ ❝♦♥st❛♥t❡ c > 0, t❛❧ q✉❡

‖Au‖Y ≤ c‖u‖X , ∀ u ∈ D(A).

❈❛s♦ ♥ã♦ ❡①✐st❛ t❛❧ ❝♦♥st❛♥t❡✱ A é ❞✐t♦ ✉♠ ♦♣❡r❛❞♦r ✐❧✐♠✐t❛❞♦✱ ✐st♦ é✱ s❡ ❡①✐st❡ ✉♠❛

s❡q✉ê♥❝✐❛ (un) ⊂ D(A) t❛❧ q✉❡

‖Aun‖Y
‖un‖X

→ +∞ q✉❛♥❞♦ n→ +∞.

◆♦ ❝❛s♦ ❡♠ q✉❡ Y = X ❡s❝r❡✈❡♠♦s s✐♠♣❧❡s♠❡♥t❡✱ L(X) ❡♠ ✈❡③ ❞❡ L(X,X).

❚❡♠♦s q✉❡✱ ♣❛r❛ ❛ ♥♦r♠❛ ❡♠ L(X) sã♦ ✈á❧✐❞❛s ❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛❞❡s✿

‖A‖ = sup
‖u‖≤1

‖Au‖ = sup
‖u‖=1

‖Au‖ = inf{c > 0; ‖Au‖ ≤ c‖u‖, ∀u ∈ X}.

❉❡✜♥✐çã♦ ❇✳✷ ✭❆♣❧✐❝❛çã♦ ❛❜❡rt❛✮ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ♠étr✐❝♦s ❡

A : D(A) ⊂ X → Y



✶✶✵

✉♠❛ ❛♣❧✐❝❛çã♦ ❞❛❞❛✳ ❊♥tã♦✱ A ❞✐③✲s❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❛❜❡rt❛ s❡ ♣❛r❛ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❛❜❡rt♦

❡♠ D(A) ❛ ✐♠❛❣❡♠ é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡♠ Y.

❖❜s❡r✈❛çã♦ ❇✳✸ ◗✉❛♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ A : D(A) ⊂ X → Y ♥ã♦ é s♦❜r❡❥❡t✐✈❛ é

♣r❡❝✐s♦ ❞✐st✐♥❣✉✐r ❡♥tr❡ ❛ ❛♣❧✐❝❛çã♦ s❡r ❛❜❡rt❛ ❞♦ s❡✉ ❞♦♠í♥✐♦

✭❛✮ ❡♠ Y ❀

✭❜✮ s♦❜r❡ ❛ s✉❛ ✐♠❛❣❡♠ Im(A) = A(D(A)).

(b) é ♠❛✐s ❢r❛❝♦ q✉❡ (a), ♣♦✐s✱ s❡ X ⊂ Y ❛ ❛♣❧✐❝❛çã♦

A : X → X ⊂ Y, ; u 7→ Au := u

é ❛❜❡rt❛ s❡✱ ❡ só s❡✱ X é ✉♠ ❛❜❡rt♦ ❞❡ Y. ❊♥q✉❛♥t♦ q✉❡ ❛ ❛♣❧✐❝❛çã♦

A : X → Im(A) = X, u 7→ Au := u

é ❛❜❡rt❛ ❡♠ q✉❛❧q✉❡r ❝❛s♦✳

❘❡❝♦r❞❛♠♦s q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦ A : X → Y ❞✐③✲s❡ ❝♦♥tí♥✉❛ s❡ ❛ ♣ré✲✐♠❛❣❡♠ ❞❡

q✉❛❧q✉❡r ❛❜❡rt♦ ❡♠ Y é ✉♠ ❛❜❡rt♦ ❡♠ X. ■st♦ ♥ã♦ ✐♠♣❧✐❝❛ q✉❡ A s❡❥❛ ✉♠❛ ❛♣❧✐❝❛çã♦

❛❜❡rt❛✳ P♦r ❡①❡♠♣❧♦✱ ❛ ❛♣❧✐❝❛çã♦

sen(·) : R → R, t 7→ sent

é ❝♦♥tí♥✉❛ ♠❛s ♥ã♦ é ❛❜❡rt❛✱ ♣♦✐s✱ ❛ ✐♠❛❣❡♠ ❞❡ (0, 2π) é [−1, 1].

❚❡♦r❡♠❛ ❇✳✹ ✭❆♣❧✐❝❛çã♦ ❛❜❡rt❛✮ ❙❡❥❛♠ X, Y ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❡ A ∈ L(X, Y )

✉♠ ♦♣❡r❛❞♦r ❞❛❞♦✳ ❊♥tã♦✱ A é ✉♠❛ ❛♣❧✐❝❛çã♦ ❛❜❡rt❛✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❑r❡②s③✐❣ ❬✶✵❪✳

❖ ♦♣❡r❛❞♦r ❧✐♥❡❛r A é ❞✐t♦ ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦ s❡ D(A) = X. ❖ ♦♣❡r❛❞♦r

❧✐♥❡❛r A é ❞✐t♦ ❢❡❝❤❛❞♦ s❡ ♦ ❣rá✜❝♦ ❞❡ A, ❞❛❞♦ ♣♦r

G(A) = {(u,Au) ∈ X × Y ; u ∈ D(A)}

é ✉♠ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ ❞❡ X × Y.

❙❡ A é ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r D(A) ❝♦♠ ❛ ♥♦r♠❛ ❞♦ ❣rá✜❝♦

‖ · ‖D(A) ❞❛❞❛ ♣♦r

‖u‖D(A) = ‖u‖X + ‖Au‖Y .



✶✶✶

❚❡♦r❡♠❛ ❇✳✺ ✭❚❡♦r❡♠❛ ❞♦ ●rá✜❝♦ ❋❡❝❤❛❞♦✮ ❙❡❥❛♠ (X, ‖ · ‖X) ❡ (Y, ‖ · ‖Y ) ❞♦✐s

❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ❙❡❥❛ A : X −→ Y ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✳ ❙✉♣♦♥❤❛ q✉❡ ♦ ❣rá✜❝♦ ❞❡

A, G(A), é ❢❡❝❤❛❞♦ ❡♠ X × Y. ❊♥tã♦✱ A é ❝♦♥tí♥✉♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❑r❡②s③✐❣ ❬✶✵❪✳

❚❡♦r❡♠❛ ❇✳✻ ✭❇❛♥❛❝❤✲❙t❡✐♥❤❛✉s✮ ❙❡❥❛♠ E ❡ F ❞♦✐s ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ❙❡❥❛

{Tλ}λ∈Γ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❧✐♠✐t❛❞♦s ❞❡ E ❡♠ F. ❙✉♣♦♥❤❛ q✉❡

sup
λ∈Γ

‖Tλx‖ < +∞, ∀x ∈ E.

❊♥tã♦✱

sup
λ∈Γ

‖Tλ‖ < +∞.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇ré③✐s ❬✸❪✳

❆ s❡❣✉✐r ❡♥✉♥❝✐❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ■♥t❡❣r❛çã♦ ❞❡ ❋✉♥çõ❡s ❱❡t♦r✐❛✐s✳

❚❡♦r❡♠❛ ❇✳✼ ❙❡❥❛ f : [a, b] −→ X ❝♦♥tí♥✉❛✳ ❊♥tã♦✿

✭✐✮ ❙❡ k é ✉♠❛ ❝♦♥st❛♥t❡✱

∫ b

a

kf(t) dt = k

∫ b

a

f(t) dt;

✭✐✐✮

∫ b

a

(f + g)(t) dt =

∫ b

a

f(t)dt+

∫ b

a

g(t) dt;

✭✐✐✐✮ ❙❡ a ≤ c ≤ b ❡♥tã♦✱

∫ b

a

f(t)dt =

∫ c

a

f(t)dt+

∫ b

c

f(t)dt;

✭✐✈✮

∥∥∥∥
∫ b

a

f(t)dt

∥∥∥∥ ≤

∫ b

a

‖f(t)‖dt;

✭✈✮

∥∥∥∥
∫ b

a

f(t)dt

∥∥∥∥ ≤ sup
a≤t≤b

‖f(t)‖(b− a).

❉❡♠♦♥str❛çã♦✿ ❱❡r ●♦♠❡s ❬✻❪

❚❡♦r❡♠❛ ❇✳✽ ✭❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ❈á❧❝✉❧♦✮ ❙❡ F é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ [a, b]

❡ F ′(t) = f(t), t ∈ [a, b], ❡♥tã♦

∫ b

a

f(τ) dτ = F (b)− F (a).



✶✶✷

❉❡✜♥✐çã♦ ❇✳✾ ❙❡❥❛ f : (a, b) −→ X ✉♠❛ ❢✉♥çã♦ ❡ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ❝♦♠ X

r❡❛❧ ♦✉ ❝♦♠♣❧❡①♦✳ ❉✐③✲s❡ q✉❡ f é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ t0 ∈ (a, b) q✉❛♥❞♦✱ ♦ ❧✐♠✐t❡

f ′(t0) = lim
t→t0

f(t)− f(t0)

t− t0
,

❡①✐st❡ ❡♠ X. ❖ q✉❛❧✱ é ❞✐t♦ ❞❡r✐✈❛❞❛ ❞❡ f ♥♦ ♣♦♥t♦ t0.

❆❞❡♠❛✐s✱ ❞✐③✲s❡ q✉❡ f é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ Ω ⊂ (a, b) s❡ f ❢♦r ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ t♦❞♦

♣♦♥t♦ ❞❡ Ω.

❉❡✜♥✐çã♦ ❇✳✶✵ ❉✐③✲s❡ q✉❡ ✉♠ s❡♠✐❣r✉♣♦ {S(t)}, ❞❡ ❝❧❛ss❡ C0, ❝♦♠ ❣❡r❛❞♦r ✐♥✜♥✐t❡✲

s✐♠❛❧ A, é ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ t > t0 ≥ 0 s❡ S(t)X ⊂ D(A), ∀t > t0. ❉✐③✲s❡ q✉❡ S(t)

é ❞✐❢❡r❡♥❝✐á✈❡❧ s❡ S(t) é ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ t > 0.

❚❡♦r❡♠❛ ❇✳✶✶ ❙❡❥❛ S(t) ✉♠ s❡♠✐❣r✉♣♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ t > t0 ❡ S(n)(t) ♦ ♦♣❡r❛❞♦r

❧✐♥❡❛r ❞❡✜♥✐❞♦ ♣♦r S(n)(t) = A(n)S(t), A0 = I, n = 0, 1, . . . ✳ ❊♥tã♦✿

✭✐✮ ❖ ♦♣❡r❛❞♦r S(n)(t) t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

❛✮ ∀t > (n+ 1)t0 ❡ t♦❞♦ s t❛❧ q✉❡ t− t0 > s > nt0, t❡♠✲s❡

S(n)(t)x = S(t− s)S(n)(s)x, ∀x ∈ X, n = 0, 1, . . . ;

❜✮ S(n)(t) é ❧✐♠✐t❛❞♦ ♣❛r❛ t♦❞♦ t > nt0, n = 0, 1, . . . ;

❝✮ S(n)(t) =
[
AS
(
t
n

)]n
=
[
S(1)

(
t
n

)]n
, ∀t > nt0, n = 1, . . . ;

✭✐✐✮ ∀x ∈ X ❛ ❛♣❧✐❝❛çã♦ S(t)x é n ✈❡③❡s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ t♦❞♦ t > nt0

❡
dn

dtn
S(t)x = S(n)(t)x, n = 1, . . . ;

✭✐✐✐✮ S(n) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ♥❛ t♦♣♦❧♦❣✐❛ ✉♥✐❢♦r♠❡ ❞❡ L(X) ❡♠ t♦❞♦ t > (n+

1)t0, n = 0, 1, . . . ;

✭✐✈✮ ❆ ❛♣❧✐❝❛çã♦ S é n ✈❡③❡s ❞✐❢❡r❡♥❝✐á✈❡❧ ♥❛ t♦♣♦❧♦❣✐❛ ✉♥✐❢♦r♠❡ ❞❡ L(X) ❡♠ t♦❞♦

t > (n+ 1)t0 ❡
dn

dtn
S(t) = S(n)(t), n = 1, . . . .

❉❡♠♦♥str❛çã♦✿ ❱❡r ●♦♠❡s ❬✻❪✳

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ t❡♦r❡♠❛ ❞❡ ❈❛✉❝❤②✱ q✉❡ ❛♣r❡s❡♥t❛♠♦s s♦❜ ❛s

s❡❣✉✐♥t❡s ❢♦r♠✉❧❛çõ❡s ❡q✉✐✈❛❧❡♥t❡s✿



✶✶✸

❚❡♦r❡♠❛ ❇✳✶✷ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛ ♥✉♠❛ r❡❣✐ã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ R.

❊♥tã♦✱ ∮

C

f(z) dz = 0

♣❛r❛ t♦❞♦ ❝♦♥t♦r♥♦ ❢❡❝❤❛❞♦ C ❝♦♥t✐❞♦ ❡♠ R.

❚❡♦r❡♠❛ ❇✳✶✸ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛ ♥✉♠❛ r❡❣✐ã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ R.

❊♥tã♦✱ ❛ ✐♥t❡❣r❛❧ ❞❡ f ❛♦ ❧♦♥❣♦ ❞❡ ✉♠ ❝♦♥t♦r♥♦ ❧✐❣❛♥❞♦ z0 ❛ z só ❞❡♣❡♥❞❡ ❞❡st❡s

♣♦♥t♦s✱ ❡ ♥ã♦ ❞♦ ❝♦♥t♦r♥♦ ❞❡ ✐♥t❡❣r❛çã♦✳

❉❡♠♦♥str❛çã♦✿ ❛ ♣r♦✈❛ ❞❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞♦s ❚❡♦r❡♠❛s (B.12) ❡ (B.13) ♣♦❞❡ s❡r ✈✐st❛

❡♠ ❘✉❞✐♥ [✶✼].

❚❡♦r❡♠❛ ❇✳✶✹ ✭❋ór♠✉❧❛ ■♥t❡❣r❛❧ ❞❡ ❈❛✉❝❤②✮ ❙❡ f é ✉♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛ ♥♦

✐♥t❡r✐♦r ❡ s♦❜r❡ ✉♠ ❝♦♥t♦r♥♦ s✐♠♣❧❡s ❡ ❢❡❝❤❛❞♦✱ C, ❡ ξ é ✉♠ ♣♦♥t♦ ❞♦ ✐♥t❡r✐♦r ❞❡ C,

❡♥tã♦

f(ξ) =
1

2πi

∫

C

f(w)

w − ξ
dw

❡

f (n)(ξ) =
n!

2πi

∫

C

f(w)

(w − ξ)n+1
dw, n = 1, ...

❚❡♦r❡♠❛ ❇✳✶✺ ❙❡❥❛ C ✉♠ ❝♦♥t♦r♥♦ s✐♠♣❧❡s z(t) = x(t) + iy(t), a ≤ t ≤ h, ♦♥❞❡ x(t)

❡ y(t) tê♠ ❞❡r✐✈❛❞❛ ❝♦♥tí♥✉❛ ❡♠ (a, h) ❡ G ✉♠❛ r❡❣✐ã♦ ❞♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦✳ ❙❡❥❛ f(z, w)

✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ♣❛r❛ z ∈ G ❡ w ∈ C ❡ ❛♥❛❧ít✐❝❛ ❡♠ G ♣❛r❛ ❝❛❞❛ w ∈ C. ❊♥tã♦✱

❛ ❢✉♥çã♦

F (z) =

∫

C

f(z, w)dw

é ❛♥❛❧ít✐❝❛ ❡♠ G ❡
dnF

dzn
=

∫

C

∂nf

∂zn
dw.

❆ ♣r♦✈❛ ❞❡st❡s ❞♦✐s r❡s✉❧t❛❞♦s✁♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❘✉❞✐♥ [✶✼]

❚❡♦r❡♠❛ ❇✳✶✻ ✭■❞❡♥t✐❞❛❞❡ ❞♦ ❘❡s♦❧✈❡♥t❡✮ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ A ✉♠

♦♣❡r❛❞♦r ❢❡❝❤❛❞♦ ❡♠ X. ❊♥tã♦✱ ♣❛r❛ µ, λ ∈ ρ(A) t❡♠✲s❡ q✉❡

R(λ;A)−R(µ;A) = (µ− λ)R(λ;A)R(µ;A),

❡ R(µ;A) ❝♦♠✉t❛ ❝♦♠ R(λ;A).

❉❡♠♦♥str❛çã♦✿ ❱❡r ●♦♠❡s ❬✻❪✳



✶✶✹

❚❡♦r❡♠❛ ❇✳✶✼ ✭❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✮ ❙❡❥❛ (fn)

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ❝♦♠

|fn(x)| ≤ g(x) q✳t✳♣✳ ❡♠ R

♦♥❞❡ g é ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ ❡

lim
n→+∞

fn(x) = f(x) q✳t✳♣✳ ❡♠ R.

❊♥tã♦✱

lim
n→+∞

∫
fn(x) dx =

∫
f(x) dx.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇❛rt❧❡ ❬✷❪✳

❚❡♦r❡♠❛ ❇✳✶✽ ✭❚❡♦r❡♠❛ ❞♦ P♦♥t♦ ❋✐①♦ ❞❡ ❇❛♥❛❝❤✮ ❙❡❥❛♠ (X, d) ✉♠ ❡s♣❛ç♦

♠étr✐❝♦ ❝♦♠♣❧❡t♦ ❡ F : X −→ X ✉♠❛ ❝♦♥tr❛çã♦✱ ✐st♦ é✱

d(F (x), F (y)) ≤ kd(x, y) 0 ≤ k < 1.

❊♥tã♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✜①♦ p, ♣♦r F, ✐st♦ é✱ F (p) = p.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❙♦t♦♠❛②♦r ❬✶✾❪✳

❚❡♦r❡♠❛ ❇✳✶✾ ✭❋ór♠✉❧❛ ❞❡ ●r❡❡♥✮ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ r❡❣✉❧❛r ❞♦ RN ✳ ❙❡

u, v ∈ H1(Ω), ♣❛r❛ 1 ≤ j ≤ n t❡♠♦s q✉❡

∫

Ω

u
∂v

∂xj
dx = −

∫

Ω

∂u

∂xj
vdx+

∫

Γ

uvνjdσ

♦♥❞❡ ν = (ν1, ν2, . . . , νn) ❞❡♥♦t❛ ♦ ✈❡t♦r ✉♥✐tár✐♦ ♥♦r♠❛❧ ❛ Γ.

❊✱ s❡ u ∈ H2(Ω) ❡ v ∈ H1(Ω), ❡♥tã♦

∫

Ω

∇u∇vdx = −

∫

Ω

∆udx+

∫

Γ

∂u

∂ν
vdx.

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❛ ♣r♦✈❛ ❡♠ ❬✹❪



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❆✳ ❍❆❘❆❯❳ ✫ ❊✳ ❩❯❆❩❯❆❀ ❉❡❝❛② ❡st✐♠❛t❡s ❢♦r s♦♠❡ s❡♠✐❧✐♥❡❛r ❞❛♠♣❡❞ ❤②♣❡r✲

❜♦❧✐❝ ♣r♦❜❧❡♠s✳ ❆r❝❤✳ ❘❛t✳ ▼❡❝❤✳ ❆♥❛❧✳ ❱♦❧✳ ✶✵✵✭✷✮✱ ♣❛❣❡s ✶✾✶✲✷✵✻✱✭✶✾✽✽✮✳

❬✷❪ ❇❆❘❚▲❊✱ ❘♦❜❡rt ●✳✱ ❚❤❡ ❊❧❡♠❡♥ts ♦❢ ■♥t❡❣r❛t✐♦♥ ❛♥❞ ▲❡❜❡s❣✉❡ ▼❡❛s✉r❡✳✱ ❲✐❧❡②✱

◆❡✇ ❨♦r❦✱ ✶✾✾✺✳

❬✸❪ ❇❘➱❩■❙✱ ❍✳✱ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s✱ ❙♦❜♦❧❡✈ ❙♣❛❝❡s ❛♥❞ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛✲

t✐♦♥✱ ❙♣r✐♥❣❡r✱ ✷✵✶✵✳

❬✹❪ ❈❆❱❆▲❈❆◆❚■✱ ▼✳▼✳❀ ❉❖▼■◆●❖❙ ❈❆❱❆▲❈❆◆❚■✱ ❱✳◆✳✱ ■♥✐❝✐❛çã♦ à ❚❡♦r✐❛ ❞❛s

❞✐str✐❜✉✐çõ❡s ❡ ❛♦s ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✳ ❱♦❧✉♠❡ ■■✱ ❉▼❆✴❯❊▼✱ ▼❛r✐♥❣á✱ ✷✵✵✵✳

❬✺❪ ❈❯◆❍❆✱ ❈❛r❧♦s ❆✳ ❘✳ ❞❛❀ ❙❡♠✐❣r✉♣♦s ❆♣❧✐❝❛❞♦s ❛ ❙✐st❡♠❛s ❉✐ss✐♣❛t✐✈♦s ❡♠ ❊❉P

✲ ❋❧♦r✐❛♥ó♣♦❧✐s✱ ❙❈✿ ❙❇▼❆❈✱ ✷✵✵✼✱ ✼✾ ♣✳ ❀ ✷✵✳✺❝♠✳ ✲ ✭◆♦t❛s ❡♠ ▼❛t❡♠át✐❝❛

❆♣❧✐❝❛❞❛❀ ✈✳ ✸✷✮

❬✻❪ ●❖▼❊❙✱ ❆✳ ▼✳✱ ❙❡♠✐❣r✉♣♦s ❞❡ ❖♣❡r❛❞♦r❡s ▲✐♥❡❛r❡s ❡ ❆♣❧✐❝❛çõ❡s às ❊q✉❛çõ❡s ❞❡

❊✈♦❧✉çã♦✱ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛✲❯❋❘❏✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ✭✶✾✽✺✮✳

❬✼❪ ❍❯❆◆●✱ ❋✳ ▲✳ ❈❤❛r❛❝t❡r✐st✐❝ ❝♦♥❞✐t✐♦♥ ❢♦r ❡①♣♦♥❡♥t✐❛❧ st❛❜✐❧✐t② ♦❢ ❧✐♥❡❛r ❞②♥❛♠✐✲

❝❛❧ s②st❡♠s ✐♥ ❍✐❧❜❡rt s♣❛❝❡s✱ ❆♥♥✳ ♦❢ ❉✐✛✳ ❊qs✱ ✶✭✶✮ ✭✶✾✽✺✮✱ ✹✸✲✺✻✳

❬✽❪ ❑❊❙❆❱❆◆✱ ❙✳✱ ❚♦♣✐❝s ✐♥ ❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✱ ❏♦❤✇ ❲✐❧❡② ❡ ❙♦♥s✳

✶✾✽✾✳

❬✾❪ ❑❖▼❖❘◆■❑✱ ❯❀ ❊✳ ❩❯❆❩❯❆❀ ❆ ❞✐r❡❝t ♠❡t❤♦❞ ❢♦r ❜♦✉♥❞❛r② st❛❜✐❧✐③❛t✐♦♥ ♦❢ ✇❛✈❡

❡q✉❛t✐♦♥s✱ ❏✳ ▼❛t❤✳ P✉r♦ ❆♣♣❧✳ ✻✾✭✶✾✾✵✮ ✸✸✲✺✹✳

❬✶✵❪ ❑❘❊❨❙❩■●✱ ❊r✇✐♥✳ ■♥tr♦❞✉❝t♦r② ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s✱ ❏♦❤♥ ❲✐✲

❧❡② ❈❧❛ss✐❝ ▲✐❜r❛r②✱ ✶✾✽✾✳
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