
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❖ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ✉♠
▼♦❞❡❧♦ ❞❡ ■♥❥❡çã♦ ❞❡ P♦❧í♠❡r♦ ❡♠
▼❡✐♦ P♦r♦s♦ ❝♦♠ ❊❢❡✐t♦ ❞❡ ❆❞s♦rçã♦

♣♦r

❊r✐✈❛❧❞♦ ❉✐♥✐③ ❞❡ ▲✐♠❛ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❆♣❛r❡❝✐❞♦ ❏❡s✉í♥♦ ❞❡ ❙♦✉③❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙
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❖ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ✉♠
▼♦❞❡❧♦ ❞❡ ■♥❥❡çã♦ ❞❡ P♦❧í♠❡r♦ ❡♠ ✉♠
♠❡✐♦ P♦r♦s♦ ❝♦♠ ❡❢❡✐t♦ ❞❡ ❆❞s♦rçã♦

♣♦r

❊r✐✈❛❧❞♦ ❉✐♥✐③ ❞❡ ▲✐♠❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ▼❛t❡♠át✐❝❛ ❆♣❧✐❝❛❞❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❆❣♦st♦✴✷✵✶✺

✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡❝❡r ♥❡♠ s❡♠♣r❡ é ✉♠❛ t❛r❡❢❛ ❢á❝✐❧ ❥á q✉❡ ♠✉✐t♦s ♠❡ ❛❥✉❞❛r❛♠ ❛♦ ❧♦♥❣♦

❞♦s ❛♥♦s✳ P❛r❛ ♥ã♦ ❝♦rr❡r ❛ ✐♥❥✉st✐ç❛ ❞❡ ❞❡✐①❛r ❛❧❣✉é♠ ❞❡ ❢♦r❛✱ ❛❣r❛❞❡ç♦ ❛ t♦❞♦s q✉❡

♠❡ ❛❥✉❞❛r❛♠✱ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛✱ ❛ ❝♦♥q✉✐st❛r ♦ tã♦ s♦♥❤❛❞♦ tít✉❧♦ ❞❡ ♠❡str❡✳

❆❣r❛❞❡ç♦✱ ❡♠ ❡s♣❡❝✐❛❧✱ ❛ ❛❧❣✉♠❛s ♣❡ss♦❛s q✉❡ ♠❡ ✐♥❝❡♥t✐✈❛r❛♠ ❡ ♠❡ ❛♣♦✐❛r❛♠

♥❡st❛ ❧♦♥❣❛ ❝❛♠✐♥❤❛❞❛✿

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛ ♠✐♥❤❛ q✉❡r✐❞❛ ♠ã❡✱ ❉♦♥❛ ▼❛r✐❛✱ q✉❡ ♥♦s ♠♦♠❡♥t♦s ♠❛✐s ❞✐❢í✲

❝❡✐s ❡❧❛ ❡st❛✈❛ ❧á ♣❛r❛ ♠❡ ❛♣♦✐❛r ❡ ♠❡ ❛❥✉❞❛r✳

❆♦ ♠❡✉ ❣r❛♥❞❡ ❛♠✐❣♦✱ ♠❡♥t♦r ❡ ❝♦♥s❡❧❤❡✐r♦✱ ▲✉❝✐❛♥♦ ▼❛rt✐♥s✱ q✉❡ s❡♠♣r❡ ♠❡

❞❡✉ ❢♦rç❛s ❡ ♠❡ ✐♥❝❡♥t✐✈♦✉✱ ❞❡s❞❡ ❛ ❣r❛❞✉❛çã♦✱ ❛ s❡❣✉✐r ♦s ❡st✉❞♦s✳

❆♦s ♠❡✉s ✐r♠ã♦s✱ ❉ár✐♦ ❡ ❉❛✐❧t♦♥✱ q✉❡ ♠❡ ❛❥✉❞❛r❛♠ ❡ ♠❡ ❛♣♦✐❛r❛♠ ♥♦s ♠♦♠❡♥t♦s

❞✐❢í❝❡✐s✳

❆♦ Pr♦❢❡ss♦r ❆♣❛r❡❝✐❞♦✱ q✉❡ ♥♦ ♠♦♠❡♥t♦ ♠❛✐s ❞✐❢í❝✐❧ ❞♦ ♠❡str❛❞♦ ❡❧❡ ♠❡ ❛❥✉❞♦✉

❛ s❡❣✉✐r ❡♠ ❢r❡♥t❡✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ♣❡❧❛ ♦r✐❡♥t❛çã♦✱ ♣❛❝✐ê♥❝✐❛ ❡ ♣r♦✜ss✐♦♥❛❧✐s♠♦✳

❆♦s ♠❡✉s ❛♠✐❣♦s✱ ❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s✱ ❏♦sé ❞❡ ❇r✐t♦✱ ❆❧❡① ❘❛♠♦s✱ ▲❛r❛ ●❛❜r✐❡❧❧❡✱

❘❡♥✐❧❞❛ ❉✐❛s✱ ❆♥❛①s✉❡❧ ❡ ▲✉❝✐❛♥♦ ❇r✐t♦ ♣❡❧♦ ❝♦♥✈í✈✐♦✱ ❛♠✐③❛❞❡ ❡ ❛s ❛❧❡❣r✐❛s ❝♦♠♣❛rt✐✲

❧❤❛❞❛s ❞✉r❛♥t❡ ♦ ♣❡rí♦❞♦ ❞♦ ❝✉rs♦✳ ❊♠ ❡s♣❡❝✐❛❧ ❛♦ ❛♠✐❣♦ ❈❧❛✉❞❡♠✐r ♣❡❧♦s ❝♦♥s❡❧❤♦s ❡

✐♥❝❡♥t✐✈♦s✳

❆ ♠✐♥❤❛ “✐r♠ã” ❞❡ ♦r✐❡♥t❛çã♦✱ ❑❡②tt ❆♠❛r❛❧✱ ❝♦♠ q✉❡♠ ❝♦♠♣❛rt✐❧❤❡✐ ♦s ❡st✉❞♦s

❞❡s❞❡ ❞♦ ✐♥í❝✐♦✱ ❞❛s ❞✐s❝✐♣❧✐♥❛s à ❝♦♥❝❧✉sã♦ ❞❛ ❞✐ss❡rt❛çã♦✳ ❖❜r✐❣❛❞♦ ♣♦r t✉❞♦✳

❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ♣ós✲❣r❛❞✉❛çã♦✱ ❇r❛♥❞ã♦✱ ❏❡✛❡rs♦♥✱ ▼❛r❝♦ ❆✉ré❧✐♦✱ ❍♦rá❝✐♦✱

❏♦s❡✐❧s♦♥ ❡ ❆♣❛r❡❝✐❞♦✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡ ♣❡❧♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣r♦♣♦st♦✳

❆♦s ♣r♦❢❡ss♦r❡s ▲✉✐s ●♦♥③❛❣❛ ❡ ❆❞r✐❛♥♦ ❚❤✐❛❣♦ ♣❡❧❛ ❛♠✐③❛❞❡ ❡ ♣❡❧♦s ❝♦♥s❡❧❤♦s✳

❆♦s Pr♦❢❡ss♦r❡s✱ ❏❡s✉s ❡ ❏✉❧✐❛♥❛✱ ♣♦r t❡r❡♠ ❛❝❡✐t❛❞♦ ♦ ❝♦♥✈✐t❡ ❞❡ ♣❛rt✐❝✐♣❛r ❞❛

❜❛♥❝❛ ❡ t❡r❡♠ ❝❡❞✐❞♦ ♣❛rt❡ ❞♦ s❡✉ t❡♠♣♦ ♣❛r❛ ❛ ❛✈❛❧✐❛çã♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✳

P♦r ú❧t✐♠♦✱ ❛ ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

▼❡✉s s✐♥❝❡r♦s ❛❣r❛❞❡❝✐♠❡♥t♦s ❛ t♦❞♦s✳

✐✐✐



❉❡❞✐❝❛tór✐❛

➚ ♠✐♥❤❛ ♠ã❡✱ ❉♦♥❛ ▼❛r✐❛ ❉✐♥✐③✱

❝♦♠ ♠✉✐t❛ s❛t✐s❢❛çã♦✳

✐✈



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❝♦♥s✐❞❡r❛♠♦s ✉♠ s✐st❡♠❛ ❞❡ ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ ♣r♦✈❡♥✐❡♥t❡ ❞❛

♠♦❞❡❧❛❣❡♠ ♠❛t❡♠át✐❝❛ ❞❡ ✉♠ ❡s❝♦❛♠❡♥t♦ ❜✐❢ás✐❝♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♥✉♠ ♠❡✐♦ ♣♦r♦s♦✱

♣r❡❡♥❝❤✐❞♦ ❞❡ ó❧❡♦ ❡ á❣✉❛ ❝♦♠ ♣♦❧í♠❡r♦ ❞✐ss♦❧✈✐❞♦ ♥❡❧❛ ❡ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ❛ ❛❞s♦rçã♦

❞❡ ♣❛rt❡ ❞♦ ♣♦❧í♠❡r♦ ♣❡❧❛ r♦❝❤❛✳ ❯s❛♥❞♦ ❛ té❝♥✐❝❛ ❞❛s ❝✉r✈❛s ❞❡ ♦♥❞❛ ❛♣r❡s❡♥t❛♠♦s

❛ ❝♦♥str✉çã♦ ❞❡t❛❧❤❛❞❛ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ❞❛❞♦s ✐♥✐❝✐❛✐s ❛r❜✐✲

trár✐♦s ♥♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s✳ ❯s❛♠♦s ❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞♦ ♣❡r✜❧ ✈✐s❝♦s♦ ♣❛r❛ ❛s

♦♥❞❛s ❞❡ ❝❤♦q✉❡ ❝♦♠ s❛❧t♦ ♥❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ♣♦❧í♠❡r♦ ❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❖❧❡✐♥✐❦✲▲✐✉

♣❛r❛ ♦s ❝❤♦q✉❡s ❝♦♠ ❝♦♥❝❡♥tr❛çã♦ ❝♦♥st❛♥t❡ ❞♦ ♣♦❧í♠❡r♦ ❡ s❛❧t♦ ♥❛ s❛t✉r❛çã♦ ❞❛ á❣✉❛✳

P❛❧❛✈r❛s ❝❤❛✈❡✿ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦✳ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥✳ ■♥❥❡çã♦ ❞❡ P♦❧í♠❡r♦✳

❖♥❞❛ ❞❡ ❈❤♦q✉❡✳ ❖♥❞❛ ❞❡ ❘❛r❡❢❛çã♦✳



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ ❝♦♥s✐❞❡r ❛ s②st❡♠ ♦❢ ❝♦♥s❡r✈❛t✐♦♥ ❧❛✇s ❢r♦♠ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧

♠♦❞❡❧✐♥❣ ♦❢ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ t✇♦✲♣❤❛s❡ ✢♦✇ ✐♥ ♣♦r♦✉s ♠❡❞✐❛✱ ✜❧❧❡❞ ✇✐t❤ ♦✐❧ ❛♥❞ ✇❛✲

t❡r ✇✐t❤ ❞✐ss♦❧✈❡❞ ♣♦❧②♠❡r ✐♥ ✐t ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❛❞s♦r♣t✐♦♥ ♦❢ ♣❛rt ♦❢ t❤❡

♣♦❧②♠❡r ❜② t❤❡ r♦❝❦✳ ❯s✐♥❣ t❤❡ ✇❛✈❡ ❝✉r✈❡s t❡❝❤♥✐q✉❡✱ ✇❡ ♣r❡s❡♥t ❛ ❞❡t❛✐❧❡❞ ❝♦♥s✲

tr✉❝t✐♦♥ ♦❢ t❤❡ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠ s♦❧✉t✐♦♥ ❢♦r ❛r❜✐tr❛r② ✐♥✐t✐❛❧ ❞❛t❛ ♦♥ t❤❡ st❛t❡ s♣❛❝❡✳

❲❡ ✉s❡ t❤❡ ❡♥tr♦♣② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ✈✐s❝♦✉s ♣r♦✜❧❡ ❢♦r t❤❡ s❤♦❝❦ ✇❛✈❡s ✇✐t❤ ❥✉♠♣s

✐♥ t❤❡ ♣♦❧②♠❡r ❝♦♥❝❡♥tr❛t✐♦♥ ❛♥❞ ❖❧❡②♥✐❦✲▲✐✉ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ s❤♦❝❦s ✇✐t❤ ❝♦♥st❛♥t

❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ♣♦❧②♠❡r ❛♥❞ ❥✉♠♣s ♦♥ t❤❡ ✇❛t❡r s❛t✉r❛t✐♦♥✳

❑❡② ✇♦r❞s✿ ❈♦♥s❡r✈❛t✐♦♥ ❧❛✇s✳ ❘✐❡♠❛♥♥ ♣r♦❜❧❡♠✳ P♦❧②♠❡r ✐♥❥❡❝t✐♦♥✳ ❙❤♦❝❦ ✇❛✈❡✳

❘❛r❡❢❛❝t✐♦♥ ✇❛✈❡✳



◆♦♠❡♥❝❧❛t✉r❛

I − ✐♥t❡r✈❛❧♦ [0, 1]✳
Ω − ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s✳
ρw − ❞❡♥s✐❞❛❞❡ ❞❛ á❣✉❛✳
ρo − ❞❡♥s✐❞❛❞❡ ❞♦ ó❧❡♦✳
ρp − ❞❡♥s✐❞❛❞❡ ❞♦ ♣♦❧í♠❡r♦✳
ρ − ❞❡♥s✐❞❛❞❡ ❞❛ ❢❛s❡ ❛q✉♦s❛✳
φ − ♣♦r♦s✐❞❛❞❡ ❞❛ r♦❝❤❛✳
v − ✈❛③ã♦ ❞❛ ❢❛s❡ ❛q✉♦s❛✳
vT − ✈❛③ã♦ t♦t❛❧✳
µ − ✈✐s❝♦s✐❞❛❞❡ ❞❛ ❢❛s❡ ❛q✉♦s❛✳
µo − ✈✐s❝♦s✐❞❛❞❡ ❞♦ ó❧❡♦✳
p − ♣r❡ssã♦ ❞❛ ❢❛s❡ ❛q✉♦s❛✳
po − ♣r❡ssã♦ ❞❛ ❢❛s❡ ♦❧❡♦s❛✳
pc − ♣r❡ssã♦ ❝❛♣✐❧❛r✳
so − s❛t✉r❛çã♦ ❞♦ ó❧❡♦✳
s − s❛t✉r❛çã♦ ❞❛ ❢❛s❡ ❛q✉♦s❛✳
c − ❝♦♥❝❡♥tr❛çã♦ ❞❡ ♣♦❧í♠❡r♦ ♥❛ ❢❛s❡ ❛q✉♦s❛✳
D − ❢✉♥çã♦ ♣r♦❢✉♥❞✐❞❛❞❡✳
K − ♣❡r♠❡❛❜✐❧✐❞❛❞❡ ❛❜s♦❧✉t❛✳
k − ♣❡r♠❡❛❜✐❧✐❞❛❞❡ r❡❧❛t✐✈❛ ❞❛ ❢❛s❡ ❛q✉♦s❛✳
ko − ♣❡r♠❡❛❜✐❧✐❞❛❞❡ r❡❧❛t✐✈❛ ❞❛ ❢❛s❡ ♦❧❡♦s❛✳
g − ❛❝❡❧❡r❛çã♦ ❞❛ ❣r❛✈✐❞❛❞❡✳
f − ❢✉♥çã♦ ❞❡ ✢✉①♦✳
a − ❢✉♥çã♦ ❞❡ ❛❞s♦rçã♦✳
h − ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ ❛❞s♦rçã♦✳
r − r❛③ã♦ ❞❡ ✈✐s❝♦s✐❞❛❞❡ ❞❛ á❣✉❛ ♣❡❧♦ ó❧❡♦✳
λs − ✈❡❧♦❝✐❞❛❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ❢❛♠í❧✐❛ s✳
λc − ✈❡❧♦❝✐❞❛❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ❢❛♠í❧✐❛ c✳
es − ❝❛♠♣♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❛ ❢❛♠í❧✐❛ s✳
ec − ❝❛♠♣♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❛ ❢❛♠í❧✐❛ c✳
C − ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ ❞❛s ✈❡❧♦❝✐❞❛❞❡s ❝❛r❛❝t❡ríst✐❝❛s✳
I − ❝✉r✈❛ ❞❡ ✐♥✢❡①ã♦ ❡♠ r❡❧❛çã♦ ❛ ❢❛♠í❧✐❛ s✳
σ − ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝❤♦q✉❡✳
σs − ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝❤♦q✉❡ ❡♠ r❡❧❛çã♦ ❛ ❢❛♠í❧✐❛ s✳
σc − ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝❤♦q✉❡ ❡♠ r❡❧❛çã♦ ❛ ❢❛♠í❧✐❛ c✳
H(uL) − ❝✉r✈❛ ❞❡ ❍✉❣♦♥✐♦t ♣♦r ✉♠ ❡st❛❞♦ uL✳
Rs − ♦♥❞❛ ❞❡ r❛r❡❢❛çã♦ ❞❛ ❢❛♠í❧✐❛ s✳
Ss − ♦♥❞❛ ❞❡ ❝❤♦q✉❡ ❞❛ ❢❛♠í❧✐❛ s✳
Rc − ♦♥❞❛ ❞❡ r❛r❡❢❛çã♦ ❞❛ ❢❛♠í❧✐❛ c✳
Sc − ♦♥❞❛ ❞❡ ❝❤♦q✉❡ ❞❛ ❢❛♠í❧✐❛ c✳
(RS)s − ♦♥❞❛ ❝♦♠♣♦st❛ ❞❛ ❢❛♠í❧✐❛ s✳

✈✐✐
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■♥tr♦❞✉çã♦

❯♠ r❡s❡r✈❛tór✐♦ ♣❡tr♦❧í❢❡r♦✱ ✉t✐❧✐③❛♥❞♦ s✉❛s ❝♦♥❞✐çõ❡s ♥❛t✉r❛✐s ✭❞✐❢❡r❡♥ç❛ ❞❡ ♣r❡s✲

sã♦✮✱ t❡♠ s❡✉ ❢❛t♦r ❞❡ r❡❝✉♣❡r❛çã♦ ❡♥tr❡ 5% ❡ 15% ❞♦ ó❧❡♦ ❡①✐st❡♥t❡ ❬✶✸❪✱ ❬✶✽❪✳ ❉❡✈✐❞♦

à q✉❡❞❛ ❞❛ ♣r❡ssã♦ ♦ ♣♦ç♦ ♣❡r❞❡ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ♣r♦❞✉çã♦ ❡ ❝♦♠ ✐ss♦ é ♥❡❝❡ssár✐♦ ✉♠

♠ét♦❞♦ ❞❡♥♦♠✐♥❛❞♦ s❡❝✉♥❞ár✐♦ ♦✉ s✉♣❧❡♠❡♥t❛r ❞❡ r❡❝✉♣❡r❛çã♦ q✉❡ ❝♦♥s✐st❡ ❡♠ ✐♥❥❡✲

çã♦ ❞❡ á❣✉❛✳ ❆tr❛✈és ❞♦ ♣♦ç♦ ✐♥❥❡t♦r✱ ❛ á❣✉❛ é ✐♥s❡r✐❞❛ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ❛ ♣r❡ssã♦

❞♦ r❡s❡r✈❛tór✐♦ ❛✉♠❡♥t❡ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦ ó❧❡♦ ❝♦♥t✐❞♦ ❧á s❡❥❛ ❞❡s❧♦❝❛❞♦ ♣❛r❛ ♦

♣♦ç♦ ♣r♦❞✉t♦r✳ ◆♦ ❡♥t❛♥t♦✱ ♦ ó❧❡♦ é ❜❡♠ ♠❛✐s ✈✐s❝♦s♦ q✉❡ ❛ á❣✉❛✱ ❝♦♠ ✐ss♦ ♦ ♣❡r✲

❝❡♥t✉❛❧ ❞❡ ó❧❡♦ r❡❝✉♣❡r❛❞♦ ❛✐♥❞❛ é ♠✉✐t♦ ♣❡q✉❡♥♦✳ P❛r❛ ❛ ♦t✐♠✐③❛çã♦ ❞❛ ♣r♦❞✉çã♦ é

♥❡❝❡ssár✐♦ ♦ ✉s♦ ❞❡ té❝♥✐❝❛s ❞❡ ❡①tr❛çã♦ ♠❛✐s ❡❧❛❜♦r❛❞❛s ❝❤❛♠❛❞❛s ♠ét♦❞♦s ❛✈❛♥ç❛❞♦s

♦✉ t❡r❝✐ár✐♦s✳ ❊st❛s té❝♥✐❝❛s ❛✈❛♥ç❛❞❛s ❞❡✈❡♠ s❡r ❞❡s❡♥✈♦❧✈✐❞❛s ❞❡ ❢♦r♠❛ q✉❡ ♦ ❝✉st♦

♣❛r❛ ❛ ❡①tr❛çã♦ s❡❥❛ ♦ ♠❛✐s ❜❛✐①♦ ♣♦ssí✈❡❧ ❡ ♦s r✐s❝♦s ♣❛r❛ ♦ ♠❡✐♦ ❛♠❜✐❡♥t❡ ❡ ♣❛r❛

❛s ♣❡ss♦❛s ❡♥✈♦❧✈✐❞❛s s❡❥❛♠ t❛♠❜é♠ ❜❛✐①♦s✳ ❯♠ ❞❡st❡s ♠ét♦❞♦s ❛✈❛♥ç❛❞♦s ❝♦♥s✐st❡

❡♠ ✐♥❥❡t❛r ♣♦❧í♠❡r♦ ♥❛ á❣✉❛ ♣❛r❛ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❞❛ ✈✐s❝♦s✐❞❛❞❡ ❞❛ á❣✉❛ ❡ ❞♦ ó❧❡♦

❞✐♠✐♥✉❛✳ ❈♦♥s✐❞❡r❛r❡♠♦s ✉♠❛ s✐t✉❛çã♦ ❡♠ q✉❡ ♦ r❡s❡r✈❛tór✐♦ ❝♦♥t❡♥❤❛ á❣✉❛ ❡ ó❧❡♦

✭s✐t✉❛çã♦ ❝♦♥s❡q✉❡♥t❡ ❞♦ ♠ét♦❞♦ s❡❝✉♥❞ár✐♦✮✱ s❡❣✉✐❞❛ ❞❡ ✐♥❥❡çã♦ ❞❡ ♣♦❧í♠❡r♦ ❞✐❧✉í❞♦

♥❛ á❣✉❛ ♦ q✉❛❧ ♣❛rt❡ ❞❡❧❡ ♣♦❞❡ s❡r ❛❜s♦r✈✐❞♦ ♣❡❧❛ r♦❝❤❛ ♣♦r♦s❛ ❬✾❪✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❛❜♦r❞❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛

❞❡ ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ ♣r♦✈❡♥✐❡♥t❡ ❞❛ ♠♦❞❡❧❛❣❡♠ ❞♦ ❡s❝♦❛♠❡♥t♦ ♥✉♠ ♠❡✐♦ ♣♦r♦s♦ ❝♦♥✲

s✐st✐♥❞♦ ❞❡ ❞✉❛s ❢❛s❡s ♠ó✈❡✐s✱ ó❧❡♦ ❡ á❣✉❛ s❡♥❞♦ q✉❡ ❛ ❢❛s❡ á❣✉❛ ❝♦♥s✐st❡ ❞❡ ❝♦♠♣♦♥❡♥t❡

á❣✉❛ ❡ ❞❡ ♣♦❧í♠❡r♦ ✐♥❥❡t❛❞♦ r❡✢❡t✐♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❢ís✐❝♦ ❝✐t❛❞♦✳ ❊st❛r❡♠♦s ♦❜t❡♥❞♦ ❛

s♦❧✉çã♦ ❣❧♦❜❛❧ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ ♥ã♦✲

❡str✐t❛♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ♣r♦✈❡♥✐❡♥t❡ ❞❡ ✉♠ ❢❡♥ô♠❡♥♦ ❢ís✐❝♦ ♣rát✐❝♦✳

❆ ❞❡❞✉çã♦ ❞❡st❡ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ♣r♦✈é♠ ❞❛ ❧❡✐ ❞❡ ❈♦♥s❡r✈❛çã♦ ❞❡ ▼❛ss❛ ♣❛r❛



✼

❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❡ ❞❛ ❧❡✐ ❞❡ ❉❛r❝② ♣❛r❛ ❝❛❞❛ ❢❛s❡✱ ❬✶✹❪✳ ◆♦ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦✱ ♦s

✢✉✐❞♦s ❡ ♦ ♠❛t❡r✐❛❧ ♣♦r♦s♦ sã♦ ✐♥❝♦♠♣r❡ssí✈❡✐s ❡ ❛ ✈❛③ã♦ t♦t❛❧✱ q✉❡ é ❛ s♦♠❛ ❞❛s ✈❛③õ❡s

❞❛ ❢❛s❡ ❛q✉♦s❛ ❡ ❞❛ ❢❛s❡ ♦❧❡♦s❛✱ ♥ã♦ ♠✉❞❛ q✉❛♥❞♦ ♦ ♣♦❧í♠❡r♦ é ❞✐ss♦❧✈✐❞♦ ♥❛ á❣✉❛✱

♦✉ s❡❥❛✱ ❛ ❢✉♥çã♦ ❞❡ ♣♦r♦s✐❞❛❞❡ ❡ ❛s ❞❡♥s✐❞❛❞❡s ❞❡ ❝❛❞❛ ❢❛s❡ sã♦ ❝♦♥st❛♥t❡s✱ ❡ ❛ ✈❛③ã♦

t♦t❛❧ ♣❡r♠❛♥❡❝❡ ❝♦♥st❛♥t❡ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳ ❯♠❛ ♦✉tr❛ ❝♦♥❞✐çã♦✱ ❝♦♠♦ ✈❡r❡♠♦s ♥♦

❈❛♣ít✉❧♦ ✶✱ é q✉❡ ❛ ♣r❡ssã♦ ❝❛♣✐❧❛r ❡♥tr❡ ❛s ❢❛s❡s ❛q✉♦s❛ ❡ ♦❧❡♦s❛ é ♠✉✐t♦ ♣❡q✉❡♥❛ ❡

♣♦r ✐ss♦ s❡rá ❞❡s♣r❡③❛❞❛✳ ❆ ♣❛rt✐r ❞❛ ❧❡✐ ❞❡ ❈♦♥s❡r✈❛çã♦ ❞❡ ▼❛ss❛ ❞♦s ❝♦♠♣♦♥❡♥t❡s

❡ ❞❛ ❧❡✐ ❞❡ ❉❛r❝②✱ s❡❣✉✐❞❛ ❞❡ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ ❛❞❡q✉❛❞❛✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡

s✐st❡♠❛ ❞❡ ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ ♥❛ ❢♦r♠❛ ❛❞✐♠❡♥s✐♦♥❛❧















∂s

∂t
+

∂f (s, c)

∂x
= 0

∂ (sc+ a (c))

∂t
+

∂ (cf (s, c))

∂x
= 0,

✭✶✮

♦♥❞❡ (x, t) ∈ R×R+✱ s = s (x, t) ❡ c = c (x, t) sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ s❛t✉r❛çã♦ ❞❛ ❢❛s❡

❛q✉♦s❛ ❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ♣♦❧í♠❡r♦ ❞✐ss♦❧✈✐❞♦ ♥❛ ❢❛s❡ ❛q✉♦s❛✱ ♣♦r ✐st♦ (s, c) ∈ I × I✱

s❡♥❞♦ I = [0, 1]✳ ❊♠ t♦❞♦ ❡st❡ tr❛❜❛❧❤♦✱ I s❡♠♣r❡ ❞❡♥♦t❛rá ♦ ✐♥t❡r✈❛❧♦ [0, 1]✳ ❖ ❞♦♠í♥✐♦

I×I é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s ❡ s❡rá ❞❡♥♦t❛❞♦ s✐♠♣❧❡s♠❡♥t❡ ♣♦r Ω✳ ❉❡t❛❧❤❡s

s♦❜r❡ ❛s ❢✉♥çõ❡s f : Ω → R ❡ a : I → R s❡rã♦ ❞❡s❝r✐t♦s ♥♦ ❈❛♣ít✉❧♦ ✷✳ ❋✐♥❛❧♠❡♥t❡✱ ♦

s✐st❡♠❛ ✭✶✮ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧

(s, c) (x, 0) =







(

sL, cL
)

, s❡ x < 0
(

sR, cR
)

, s❡ x > 0,
✭✷✮

♦♥❞❡ ♦s ❡st❛❞♦s ❛r❜✐trár✐♦s
(

sL, cL
)

❡
(

sR, cR
)

t❡♠ ❝♦♠♣♦♥❡♥t❡s ❝♦♥st❛♥t❡s ❡♠ I✱ ❝♦♥s✲

t✐t✉✐ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ q✉❡ ✐r❡♠♦s ❛❜♦r❞❛r ♥❡st❛ ❞✐ss❡rt❛çã♦✳

◆♦ ❈❛♣ít✉❧♦ ✶ ✐r❡♠♦s ❞❡❞✉③✐r ♦ ❙✐st❡♠❛ ✭✶✮ ❝♦♠♦ ❞✐s❝✉t✐❞♦ ♥♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r✳

◆♦ ❈❛♣ít✉❧♦ ✷ ❢❛r❡♠♦s ✉♠❛ ❛♥á❧✐s❡ q✉❛❧✐t❛t✐✈❛ ❞♦ Pr♦❜❧❡♠❛ ✭✶✮✲✭✷✮✳ ❱❡r❡♠♦s

q✉❡ ❡st❡ é ✉♠ s✐st❡♠❛ ♥ã♦✲❡str✐t❛♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ❡ q✉❡ ♦ s✉❜❝♦♥❥✉♥t♦ ❞♦ ❡s♣❛ç♦

❞❡ ❡st❛❞♦s Ω ♦♥❞❡ s❡✉s ❛✉t♦✈❛❧♦r❡s ❝♦✐♥❝✐❞❡♠ é ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❝✉r✈❛ s✉❛✈❡✳ ❊♠

s❡❣✉✐❞❛ ♦❜t❡r❡♠♦s ❛s ❝✉r✈❛s ✐♥t❡❣r❛✐s✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❛s ♦♥❞❛s ❞❡ r❛r❡❢❛çã♦ ❛s✲

s♦❝✐❛❞♦s ❛♦ ❙✐st❡♠❛ ✭✶✮✳ P♦r ú❧t✐♠♦✱ ✈❛♠♦s ❞✐s❝✉t✐r ❛s ♦♥❞❛s ❞♦ t✐♣♦ ❝❤♦q✉❡ ♦❜t❡♥❞♦

❛s ❝❤❛♠❛❞❛s ❈✉r✈❛s ❞❡ ❍✉❣♦♥✐♦t ❡ ❛♥❛❧✐s❛♥❞♦ q✉❛✐s ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❛♦ ❧♦♥❣♦ ❞❡st❛s

❝✉r✈❛s ❞❡ ❍✉❣♦♥✐♦t r❡♣r❡s❡♥t❛♠ ❝❤♦q✉❡s ❛❞♠✐ssí✈❡✐s s❡❣✉♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛



✽

❞❡ ✈✐s❝♦s✐❞❛❞❡✳

◆♦ ❈❛♣ít✉❧♦ ✸ s❡rá ❢❡✐t♦ ❛ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭✶✮✲

✭✷✮✳ ❖ ❝❛♣ít✉❧♦ s❡rá ✐♥tr♦❞✉③✐❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❞❡

♦♥❞❛✳ ◆❛ ❙❡çã♦ ✸✳✶ s❡rã♦ ❡♥✉♥❝✐❛❞♦s ❡ ❞❡♠♦♥str❛❞♦s ♦s ❧❡♠❛s ❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡✳ ◆❛

❙❡çã♦ ✸✳✷ s❡rá ❢❡✐t❛ ❛ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣r♦♣♦st♦✳ ◆❛

s✉❜s❡çã♦ ✐♥✐❝✐❛❧ s❡rã♦ ❢❡✐t❛s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ✐♠♣♦rt❛♥t❡s✱ ✉♠❛ ❞❡❧❛s é ❛ ❞❡ ❣r✉♣♦ ❞❡

♦♥❞❛s✳ ❆ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ❝♦♥s✐st❡ ❞❡ ❞✉❛s ❡t❛♣❛s✱ ❛ ♣r✐♠❡✐r❛ é ♦❜t❡r ❛ s♦❧✉çã♦

♣❛r❛ ♦ ❝❛s♦ cL < cR✳ P❛r❛ ❛ s♦❧✉çã♦ ❞❡st❡ ❝❛s♦ ♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω s❡rá ❞✐✈✐❞✐❞♦ ❡♠

r❡❣✐õ❡s ♦♥❞❡ ♦ ❡st❛❞♦ uL s❡rá ✜①❛❞♦✳ ❋❡✐t♦ ✐st♦✱ ✜①❛❞♦ uL✱ ♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s s♦❢r❡rá

✉♠❛ ♥♦✈❛ ❞✐✈✐sã♦ ♦♥❞❡ ♦ ❡st❛❞♦ uR t❛♠❜é♠ s❡rá ✜①❛❞♦✳ ❚❡♥❞♦ ♦s ❞♦✐s ❡st❛❞♦s ✜①❛❞♦s

❝♦♠❡ç❛ ♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✳ ❆ s❡❣✉♥❞❛ ❡t❛♣❛ ❝♦♥s✐st❡ ❡♠

♦❜t❡r ❛ s♦❧✉çã♦ ♣❛r❛ ♦ ❝❛s♦ cL > cR✳ ❆ ♠❡t♦❞♦❧♦❣✐❛ ✉s❛❞❛ s❡rá ❞✐❢❡r❡♥t❡✳ ❋✐①❛r❡♠♦s

cL ❡ cR ❡✱ ❢❡✐t♦ ✐st♦✱ ♦ ✐♥t❡r✈❛❧♦ I✱ ♣❛r❛ ❛ s❛t✉r❛çã♦✱ s❡rá ❞✐✈✐❞✐❞♦ ❡♠ s✉❜✐♥t❡r✈❛❧♦s

♦♥❞❡ ♦ ✈❛❧♦r sL s❡rá ✜①❛❞♦✳ ❋✐①❛❞♦ sL ♦ ✐♥t❡r✈❛❧♦ I s♦❢r❡rá ✉♠❛ ♥♦✈❛ ❞✐✈✐sã♦ ♦♥❞❡ ♦

✈❛❧♦r sR t❛♠❜é♠ s❡rá ✜①❛❞♦✳ ❚❡♥❞♦ ♦s ❞♦✐s ✈❛❧♦r❡s sL ❡ sR ✜①❛❞♦s ❝♦♠❡ç❛ ♦ ♣r♦❝❡ss♦

❞❡ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✳

◆♦ ❈❛♣ít✉❧♦ ✹ ❢❛r❡♠♦s ❛s ❝♦♥❝❧✉sõ❡s ✜♥❛✐s ❡ ❛s ♣❡rs♣❡❝t✐✈❛s ❞❡ tr❛❜❛❧❤♦s ❢✉t✉r♦s✳

◆♦ ❆♣ê♥❞✐❝❡ ❆ s❡rá ❞❡s❝r✐t❛ t♦❞❛ ❛ t❡♦r✐❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛

s♦❧✉çã♦ ❣❧♦❜❛❧ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭✶✮✲✭✷✮✳

◆♦ ❆♣ê♥❞✐❝❡ ❇ s❡rá ❞❡s❝r✐t❛ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ❛ ❡q✉❛çã♦

❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt✳

◆♦ ❆♣ê♥❞✐❝❡ ❈ ❡♥❝♦♥tr❛♠✲s❡ t♦❞❛s ❛s ✜❣✉r❛s r❡❢❡r✐❞❛s ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦✳



❈❛♣ít✉❧♦ ✶

❖❜t❡♥çã♦ ❞♦ ▼♦❞❡❧♦

◆❛ ❞❡❞✉çã♦ ❞♦ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ q✉❡ ♠♦❧❞❛ ♦ ❡s❝♦❛♠❡♥t♦ ✈❛♠♦s ❝♦♥s✐❞❡r❛r

❛❧❣✉♠❛s ❤✐♣ót❡s❡s s✐♠♣❧✐✜❝❛❞♦r❛s✳

• ❖ ♠❡✐♦ ♣♦r♦s♦ é ❤♦♠♦❣ê♥❡♦✱ ♦s ✢✉✐❞♦s ❡ ♦ ♠❛t❡r✐❛❧ ♣♦r♦s♦ sã♦ ✐♥❝♦♠♣r❡ssí✈❡✐s✳

■st♦ s✐❣♥✐✜❝❛ q✉❡✱ ❛ ♣♦r♦s✐❞❛❞❡ φ ❡ ❛s ❞❡♥s✐❞❛❞❡s ρw✱ ρo ❡ ρp sã♦ ❝♦♥st❛♥t❡s✳

• ❆s s✉❜stâ♥❝✐❛s ❡stã♦ ❡♥tr❡ ✉♠ ♣♦ç♦ ✐♥❥❡t♦r ❡ ✉♠ ♣r♦❞✉t♦r✱ s❡♥❞♦ ❝♦♥s✐❞❡r❛❞♦ ❡♥✲

tã♦ ✉♠ ❡s❝♦❛♠❡♥t♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ✉♠ ♣❛r❛ ♦ ♦✉tr♦✱ s❡♠ ❢♦♥t❡s ♦✉ s✉♠✐❞♦✉r♦s

❡♥tr❡ ❡❧❡s✳

• ❆ ✈❛③ã♦ t♦t❛❧ vT ✱ q✉❡ é ❛ s♦♠❛ ❞❛s ✈❛③õ❡s ❞❛ ❢❛s❡ ❛q✉♦s❛ ❡ ❢❛s❡ ♦❧❡♦s❛✱ ♥ã♦ ♠✉❞❛

q✉❛♥❞♦ ♦ ♣♦❧í♠❡r♦ é ❞✐ss♦❧✈✐❞♦ ♥❛ á❣✉❛✱ ♦✉ s❡❥❛✱ ♦ ✈❛❧♦r vT ♣❡r♠❛♥❡❝❡ ❝♦♥st❛♥t❡

❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳

• ❆ ✈✐s❝♦s✐❞❛❞❡ ❞❛ á❣✉❛ é ❛❢❡t❛❞❛ ♣❡❧❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ♣♦❧í♠❡r♦✱ ♣♦r ✐st♦ ❛ ✈✐s❝♦✲

s✐❞❛❞❡ ❞❛ á❣✉❛ é ❞❛❞❛ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ c ❞♦ ♣♦❧í♠❡r♦✱ ✐st♦ é✱

µ = µ (c)✳

• ❆ ♣r❡ssã♦ ❝❛♣✐❧❛r pc ❡♥tr❡ ❛s ❢❛s❡s é ♠✉✐t♦ ♣❡q✉❡♥❛✱ ❞❡ss❛ ❢♦r♠❛ ❡❧❛ s❡rá ❞❡s♣r❡✲

③❛❞❛ ♥❛s ❡q✉❛çõ❡s✳

❙❡❥❛♠ s = s (x, t) ❛ s❛t✉r❛çã♦ ❞❛ ❢❛s❡ ❛q✉♦s❛✱ c = c (x, t) ❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦

♣♦❧í♠❡r♦ ❞✐❧✉í❞♦ ♥❛ ❢❛s❡ ❛q✉♦s❛ ❡ v ❡ vo ❛ ✈❛③ã♦ ❞❛ ❢❛s❡ ❛q✉♦s❛ ❡ ❞❛ ❢❛s❡ ♦❧❡♦s❛✳ ❈♦♠



✶✵

❛s ❤✐♣ót❡s❡s ❝✐t❛❞❛s ❛❝✐♠❛✱ ❛ ❧❡✐ ❞❡ ❝♦♥s❡r✈❛çã♦ ❞❡ ♠❛ss❛ ❞❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ t♦r♥❛✲s❡

♦ s❡❣✉✐♥t❡ s✐st❡♠❛































φ
∂s

∂t
+

∂v

∂x
= 0,

φ
∂so
∂t

+
∂vo
∂x

= 0,

φ
∂ (sc+ a (c))

∂t
+

∂ (vc)

∂x
= 0.

✭✶✳✶✮

❱❛♠♦s ❛❣♦r❛ ✉s❛r ❛ ❧❡✐ ❞❡ ❉❛r❝② ♥♦ ❙✐st❡♠❛ ✭✶✳✶✮✳ ❊st❛ ❧❡✐ ♣❛r❛ ✉♠ ✢✉①♦ ❜✐❢ás✐❝♦

✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ ❝❛❞❛ ❢❛s❡ ✭á❣✉❛ ❡ ó❧❡♦✮ é ❡①♣r❡ss❛ ♣♦r



















v = −λ

(

∂p

∂x
− ρg

∂D

∂x

)

,

vo = −λo

(

∂po
∂x

− ρog
∂D

∂x

)

,

✭✶✳✷✮

❡♠ q✉❡ λ = Kk
µ
✱ λo = Kko

µo
✱ D é ❛ ❢✉♥çã♦ ♣r♦❢✉♥❞✐❞❛❞❡✱ ρ é ❛ ❞❡♥s✐❞❛❞❡ ❞❛ ❢❛s❡

❛q✉♦s❛✱ g é ❛ ❛❝❡❧❡r❛çã♦ ❞❛ ❣r❛✈✐❞❛❞❡✱ p ❡ po sã♦ ❛s ♣r❡ssõ❡s ❞❛s ❢❛s❡s ❛q✉♦s❛ ❡ ♦❧❡♦s❛✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ K é ❛ ♣❡r♠❡❛❜✐❧✐❞❛❞❡ ❛❜s♦❧✉t❛ ❞❛ r♦❝❤❛✱ k = k (s) ❡ ko = ko (s) sã♦ ❛s

♣❡r♠❡❛❜✐❧✐❞❛❞❡s r❡❧❛t✐✈❛s ❞❛s ❢❛s❡s ❛q✉♦s❛ ❡ ♦❧❡♦s❛✱ ❡ µ = µ (c) ❡ µo sã♦ ❛s ✈✐s❝♦s✐❞❛❞❡s

❞❛ ❢❛s❡ ❛q✉♦s❛ ❡ ❞❛ ❢❛s❡ ♦❧❡♦s❛✳ ❆q✉✐ µo s❡rá ❝♦♥st❛♥t❡✳

❙♦♠❛♥❞♦ ❛s ❞✉❛s ♣r✐♠❡✐r❛s ❡q✉❛çõ❡s ❞❡ ✭✶✳✶✮ ❡ ✉s❛♥❞♦ q✉❡ s + so = 1 ♦❜t❡♠♦s

q✉❡

∂ (v + vo)

∂x
= 0.

P♦r ✐st♦ t❡♠♦s q✉❡ ❛ ✈❛③ã♦ t♦t❛❧

vT = v + vo ✭✶✳✸✮

é ❝♦♥st❛♥t❡ ❡♠ x✳ ❈♦♠♦ ❛ ✈❛③ã♦ t♦t❛❧ t❛♠❜é♠ ♥ã♦ ♠✉❞❛ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ ♣♦r

❤✐♣ót❡s❡✱ ❡♥tã♦ vT é ❝♦♥st❛♥t❡✳

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ ✭✶✳✷✮ ♣♦r λo ❡ ❛ s❡❣✉♥❞❛ ♣♦r λ t❡♠♦s✱

λov = λoλ

(

∂p

∂x
− ρg

∂D

∂x

)

, ✭✶✳✹✮

λvo = λλo

(

∂po
∂x

− ρog
∂D

∂x

)

. ✭✶✳✺✮



✶✶

❙✉❜tr❛✐♥❞♦ ✭✶✳✹✮ ❞❡ ✭✶✳✺✮ ♦❜t❡♠♦s

λov − λvo = λλo

((

∂po
∂x

− ∂p

∂x

)

− (ρo − ρ) g
∂D

∂x

)

. ✭✶✳✻✮

❯t✐❧✐③❛♥❞♦ ✭✶✳✸✮ ♥❛ ❡q✉❛çã♦ ✭✶✳✻✮ ❡ ❝♦♠♦ ❛ ♣r❡ssã♦ ❝❛♣✐❧❛r é ❞❡✜♥✐❞❛ ♣♦r pc = po − p

♦❜t❡♠♦s ❛ ❡q✉❛çã♦

(λo + λ) v − λvT = λλo

(

∂pc
∂x

− (ρo − ρ) g
∂D

∂x

)

. ✭✶✳✼✮

❉✐✈✐❞✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✶✳✼✮ ♣♦r λo + λ ❡ ❡♠ s❡❣✉✐❞❛ r❡♦r❣❛♥✐③❛♥❞♦ ♦s t❡r♠♦s✱ ♦❜t❡♠♦s

❛ ❡q✉❛çã♦

vTf =

(

− λλo

λ+ λo

)(

∂pc
∂x

− (ρo − ρ) g
∂D

∂x

)

+ v, ✭✶✳✽✮

♦♥❞❡✱

f = f (s, c) =
λ (s, c)

λ (s, c) + λo (s)
.

❉❛s ❡①♣r❡ssõ❡s ❞❡ λ ❡ λo s❡❣✉❡ q✉❡

f (s, c) =
k (s)

k (s) + r (c) ko (s)
, r (c) =

µ (c)

µo

✭✶✳✾✮

❡

λλo

λ+ λo

=
λ (s, c)λo (s)

λ (s, c) + λo (s)
= K

k (s) ko (s)

k (s)µo + µ (c) ko (s)
.

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛ ✈❛♠♦s ✉s❛r ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ❛ ♣r❡ssã♦ ❝❛♣✐❧❛r é ♠✉✐t♦ ♣❡q✉❡♥❛

❡ ♣♦r ✐st♦ ✈❛♠♦s ♦♠✐t✐✲❧❛ ❞❛ ❊q✉❛çã♦ ✭✶✳✽✮ ❡ ✈❛♠♦s t❛♠❜é♠ ❞❡s❝♦♥s✐❞❡r❛r ❛ ❣r❛✈✐❞❛❞❡✳

❈♦♠ ✐st♦ ❛ ❊q✉❛çã♦ ✭✶✳✽✮ ✜❝❛ r❡❞✉③✐❞❛ à

vTf = v. ✭✶✳✶✵✮



✶✷

❙✉❜st✐t✉✐♥❞♦ v ❞❛❞❛ ❡♠ ✭✶✳✶✵✮ ♥❛ ♣r✐♠❡✐r❛ ❡ t❡r❝❡✐r❛ ❡q✉❛çõ❡s ❞❡ ✭✶✳✶✮ ❡ ❧❡♠✲

❜r❛♥❞♦ q✉❡ vT é ❝♦♥st❛♥t❡ ♦❜t❡♠♦s















φ
∂s

∂t
+ vT

∂f

∂x
= 0,

φ
∂ (sc+ a (c))

∂t
+ vT

∂ (fc)

∂x
= 0.

✭✶✳✶✶✮

■♥❞✐❝❛❞♦ ♣♦r L ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ♠❡✐♦ ♣♦r♦s♦✱ ❡♥tã♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s

x̃ =
x

L
❡ t̃ =

vT t

φL
,

♦♥❞❡ x̃ ❡ t̃ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s ✈❛r✐á✈❡✐s ❛❞✐♠❡♥s✐♦♥❛✐s ♣❛r❛ ♦ ❡s♣❛ç♦ ❡ ♣❛r❛ ♦

t❡♠♣♦✱ tr❛♥s❢♦r♠❛ ♦ ❙✐st❡♠❛ ✭✶✳✶✶✮ ♥♦ s✐st❡♠❛ ❞❡ ❞✉❛s ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦















∂s

∂t̃
+

∂f (s, c)

∂x̃
= 0

∂ (sc+ a (c))

∂t̃
+

∂ (cf (s, c))

∂t̃
= 0.

✭✶✳✶✷✮

P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦ ✈❛♠♦s ✈♦❧t❛r ❛ ✉s❛r s✐♠♣❧❡s♠❡♥t❡ x ❡ t✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥♦

❧✉❣❛r ❞❡ x̃ ❡ t̃✳ ▲♦❣♦✱ ♦ ❙✐st❡♠❛ ✭✶✳✶✷✮ t♦r♥❛✲s❡ ♦ ❙✐st❡♠❛ ✭✶✮ ❛♣r❡s❡♥t❛❞♦ ♥❛ ✐♥tr♦❞✉çã♦✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ♠♦❞❡❧♦ ❞❡ ❈♦r❡② q✉❛❞rát✐❝♦ ♣❛r❛ ❛s ❢✉♥çõ❡s ❞❡ ♣❡r♠❡❛❜✐❧✐✲

❞❛❞❡ r❡❧❛t✐✈❛s ❞❛s ❢❛s❡s ❝♦♠♦ ❝✐t❛❞♦ ❡♠ ❬✶✼❪ ❡♠ q✉❡

k (s) = s2 ❡ ko (s) = (1− s)2 . ✭✶✳✶✸✮

❆❧é♠ ❞✐st♦ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ r❛③ã♦ ❞❛ ✈✐s❝♦s✐❞❛❞❡ ❞❛ á❣✉❛ ♣❡❧♦ ó❧❡♦ ❞❛ ❢♦r♠❛

r (c) = α1 + α2c, ✭✶✳✶✹✮

♦♥❞❡ α1 ❡ α2 sã♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s✳

❙✉❜st✐t✉✐♥❞♦ ❛s ❡①♣r❡ssõ❡s ❞❡ ✭✶✳✶✸✮ ❡♠ ✭✶✳✾✮✱ ❛ ❢✉♥çã♦ ❞❡ ✢✉①♦ f é ❡①♣r❡ss❛ ♣♦r

f (s, c) =
s2

s2 + r (c) (1− s)2
. ✭✶✳✶✺✮

◗✉❛♥t♦ ❛ ❢✉♥çã♦ a q✉❡ r❡♣r❡s❡♥t❛ ❛ ❛❞s♦rçã♦ ❞♦ ♣♦❧í♠❡r♦ ♣❡❧❛ r♦❝❤❛ ❛ ♠❡s♠❛ s❡rá

❞✐s❝✉t✐❞❛ ♥♦ ❈❛♣ít✉❧♦ ✷✳



✶✸

❖❜s❡r✈❡ q✉❡✱ s❡ c é ✉♠❛ ❝♦♥st❛♥t❡✱ ❡♥tã♦ ♦ ❙✐st❡♠❛ ✭✶✮ é r❡❞✉③✐❞♦ à ❡q✉❛çã♦ ❞❡

❇✉❝❦❧❡②✲▲❡✈❡r❡tt

∂s

∂t
+

∂f (s, c)

∂x
= 0, t > 0, x ∈ R

❝♦♠ s = s (x, t) ❡ ❛ ❢✉♥çã♦ ❞❡ ✢✉①♦ f (s, c)✳

◆♦ ❆♥❡①♦ ❇ r❡❝❛♣✐t✉❧❛♠♦s ❝♦♠♦ ♦❜t❡r ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ❛

❡q✉❛çã♦ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt q✉❡ s❡rá ✉s❛❞❛ ♣❛r❛ ❛ ❞❡s❝r✐çã♦ ❞❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛

❞❡ ❘✐❡♠❛♥♥ ✭✶✮✲✭✷✮✳



❈❛♣ít✉❧♦ ✷

❖♥❞❛s ❋✉♥❞❛♠❡♥t❛✐s ❡ ❈♦♥❞✐çõ❡s ❞❡

❊♥tr♦♣✐❛

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❛♥❛❧✐s❛r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ Pr♦❜❧❡♠❛ ✭✶✮✲✭✷✮✱ t❛✐s

❝♦♠♦✿ ❛ s✉❛ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ ❞♦s ❛✉t♦✈❛✲

❧♦r❡s✱ ❛s ♦♥❞❛s ❞❡ r❛r❡❢❛çã♦✱ ❛s s♦❧✉çõ❡s ❞❡s❝♦♥tí♥✉❛s ✭♦✉ ♦♥❞❛s ❞❡ ❝❤♦q✉❡✱ q✉❛♥❞♦

❛❞♠✐ssí✈❡✐s✮ ❡ ♣♦r ú❧t✐♠♦ ❛q✉❡❧❛s s♦❧✉çõ❡s ❞❡s❝♦♥tí♥✉❛s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❞❡

❡♥tr♦♣✐❛ ❞❡ ✈✐s❝♦s✐❞❛❞❡✳

✷✳✶ Pr♦♣r✐❡❞❛❞❡s ❞❛s ❋✉♥çõ❡s ❞❡ ❋❧✉①♦ ❡ ❞❡ ❆❞s♦rçã♦

❆ ❢✉♥çã♦ f : Ω −→ R ❞❛❞❛ ❡♠ ✭✶✳✶✺✮ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ❛s q✉❛✐s

sã♦ ✈❡r✐✜❝❛❞❛s ❞✐r❡t❛♠❡♥t❡✿

✭✐✮ f (0, c) ≡ 0✱ f (1, c) ≡ 1✱ ∀c ∈ I❀

✭✐✐✮
∂f

∂s
(s, c) > 0, ∀s ∈ (0, 1) ❡ ∀c ∈ I✱ ♣♦✐s

∂f

∂s
(s, c) =

2sr (c) (1− s)
(

s2 + r (c) (1− s)2
)2 > 0;

✭✐✐✐✮
∂f

∂c
(s, c) < 0, ∀s ∈ (0, 1) ❡ ∀c ∈ (0, 1)✱ ♣♦✐s

∂f

∂c
(s, c) = − r′ (c) s2 (1− s)2

(

s2 + r (c) (1− s)2
)2 < 0;



✶✺

✭✐✈✮ P❛r❛ ❝❛❞❛ c ∈ I✱ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ f (·, c) t❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦
(

sI , f
(

sI , c
))

❝♦♠ sI = sI (c) ∈ (0, 1) t❛❧ q✉❡
∂2f

∂s2
(s, c) > 0 ♣❛r❛ s ∈

(

0, sI
)

❡

∂2f

∂s2
(s, c) < 0✱ ♣❛r❛ s ∈

(

sI , 1
)

✳ ❉❡ ❢❛t♦✱

∂2f

∂s2
(s, c) =

2r (c) [(r (c) + 1) (2s3 − 3s2) + r (c)]
(

s2 + r (c) (1− s2)2
)3 .

P❛r❛ ♦❜t❡r♠♦s ♦s ♣♦♥t♦s ❞❡ ✐♥✢❡①ã♦ ❞♦ ❣rá✜❝♦ f ♣❛r❛ ❝❛❞❛ c ✜①♦✱ ❛♥❛❧✐s❛r❡♠♦s

❛ ❡q✉❛çã♦
∂2f

∂s2
(s, c) = 0✳ ❈♦♠ ✐ss♦ ♦❜t❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦ ❡♠ s

(r (c) + 1)
(

2s3 − 3s2
)

+ r (c) = 0.

❉✐✈✐❞✐♥❞♦ ❡st❛ ❡①♣r❡ssã♦ ♣♦r − (r (c) + 1) t❡♠✲s❡

−2s3 + 3s2 −
(

r (c)

r (c) + 1

)

= 0.

❉❡✜♥✐♠♦s ❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ P : R → R ♣♦r

P (s) = −2s3 + 3s2 −
(

r (c)

r (c) + 1

)

.

❙❡♥❞♦ P ✉♠❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ❞♦ t❡r❝❡✐r♦ ❣r❛✉ ❡♠ s ❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ❋✉♥❞❛✲

♠❡♥t❛❧ ❞❛ ➪❧❣❡❜r❛✱ P ♣♦ss✉✐ três r❛í③❡s ❝♦♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞❡❧❛s r❡❛❧✳ ❙❛❜❡♥❞♦

q✉❡

dP

ds
(s) = −6s2 + 6s,

❡♥tã♦ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ P sã♦ s = 0 ❡ s = 1✳ ❈♦♠♦ s❡ tr❛t❛ ❞❡ ✉♠❛ ❢✉♥çã♦

♣♦❧✐♥♦♠✐❛❧ ❞♦ t❡r❝❡✐r♦ ❣r❛✉ ❡st❡s ✈❛❧♦r❡s sã♦ ♣♦♥t♦s ❞❡ ♠á①✐♠♦ ♦✉ ♠í♥✐♠♦ ❧♦❝❛❧

❞❡ P ✳ ❈♦♠♦

P (0) = −
(

r (c)

r (c) + 1

)

< 0

❡

P (1) = 1−
(

r (c)

r (c) + 1

)

> 0

❡♥tã♦ (0, P (0)) é ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ❧♦❝❛❧ ❡ (1, P (1)) é ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❧♦❝❛❧✳



✶✻

❊♥tã♦✱ ❛s três r❛í③❡s ❞❡ P sã♦ r❡❛✐s ❡ ❞✐st✐♥t❛s ❛ss✐♠ ❞✐str✐❜✉í❞❛s✱ ✉♠❛ ♥♦ ✐♥t❡r✈❛❧♦

(−∞, 0)✱ ♦✉tr❛ ♥♦ ✐♥t❡r✈❛❧♦ (0, 1) ❡ ❛ ♦✉tr❛ ❡♠ (1,+∞)✳ P♦rt❛♥t♦✱ ♣❛r❛ ❝❛❞❛ c ∈
[0, 1] ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ f (·, c) ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦

(

sI , f
(

sI , c
))

❝♦♠ sI ♥♦ ✐♥t❡r✈❛❧♦ (0, 1)✳

❖s ♣♦r♦s ❞♦ r❡s❡r✈❛tór✐♦ ❛❞s♦r✈❡♠ ❛s ♣❛rtí❝✉❧❛s ❞♦ ♣♦❧í♠❡r♦ ❞❡s❞❡ ♦ ✐♥í❝✐♦ ❞♦

♣r♦❝❡ss♦ ❞❡ ✐♥❥❡çã♦ ❞❛ s✉❜stâ♥❝✐❛✳ ◗✉❛♥t♦ ♠❛✐♦r ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ♣♦❧í♠❡r♦ ♥♦ r❡s❡r✲

✈❛tór✐♦✱ ♠❡♥♦r ❛ ❝❛♣❛❝✐❞❛❞❡ ❞❛ r♦❝❤❛ ♣♦r♦s❛ ❛❞s♦r✈❡r ❛s ♣❛rtí❝✉❧❛s✳ P♦r ✐ss♦✱ ❢✉♥çã♦

a : I −→ R✱ q✉❡ ♠♦❞❡❧❛ ❛ ❛❞s♦rçã♦ ❞♦ ♣♦❧í♠❡r♦ ♣❡❧❛ r♦❝❤❛✱ é ❡s❝♦❧❤✐❞❛ ❞❡ t❛❧ ❢♦r♠❛ ❛

s❛t✐s❢❛③❡r ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭✐✮ a (0) = 0❀

✭✐✐✮ h (c) =
da

dc
(c) > 0, ♣❛r❛ c ∈ (0, 1)❀

✭✐✐✐✮
dh

dc
(c) =

d2a

dc2
(c) < 0✱ ♣❛r❛ c ∈ (0, 1)✳

P❛r❛ ❡❢❡✐t♦ ❞❛s ✜❣✉r❛s ❡ ♣♦ssí✈❡✐s ❝♦♥t❛s ❡①♣❧✐❝✐t❛s ✈❛♠♦s ❡s❝♦❧❤❡r ❛ ❢✉♥çã♦ a

❣❡♥❡r❛❧✐③❛❞❛✱ ♣r♦♣♦st❛ ❡♠ ❬✾❪✱ ❝♦♠♦

a (c) =
β1c

β2 + β3c
✭✷✳✶✮

♦♥❞❡ β1✱ β2 ❡ β3 sã♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ❡s❝♦❧❤✐❞❛s ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✳ ◆❡st❡ ❝❛s♦✱ ❛

❢✉♥çã♦ a (c) s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ✭✐✮✱ ✭✐✐✮ ❡ ✭✐✐✐✮✳

❊s❝♦❧❤❡♥❞♦ ♦s ✈❛❧♦r❡s α1 = 1, 75 ❡ α2 = 0, 425✱ ❛ ❋✐❣✉r❛ ❈✳✶ ♠♦str❛ ♦s ❣rá✜❝♦s

❞❛ ❢✉♥çã♦ f ♣❛r❛ ❞♦✐s ✈❛❧♦r❡s ❞❡ c✱ c = 0, 1 ❡ c = 0, 9✳ ❏á ❛ ❋✐❣✉r❛ ❈✳✷ ♠♦str❛ ♦ ❣rá✜❝♦

❞❛ ❢✉♥çã♦ a✱ ♣❛r❛ β1 = 0, 2✱ β2 = 1 ❡ β3 = 100✳

✷✳✷ ❱❡❧♦❝✐❞❛❞❡s ❡ ❈❛♠♣♦s ❈❛r❛❝t❡ríst✐❝♦s

❱❛♠♦s r❡❡s❝r❡✈❡r ♦ ❙✐st❡♠❛ ✭✶✮ ♥❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✳ ❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s ❢✉♥çõ❡s

G,F : Ω → R2 ❞❡✜♥✐❞❛s ♣♦r

G (s, c) = (s, sc+ a (c)) ❡ F (s, c) = (f (s, c) , cf (s, c)) . ✭✷✳✷✮



✶✼

❙❡♥❞♦ u = (s, c)✱ ❡♥tã♦ ♦ s✐st❡♠❛ ✭✶✮ é ❡s❝r✐t♦ ♥❛ ❢♦r♠❛

∂ [G (u)]

∂t
+

∂ [F (u)]

∂x
= 0. ✭✷✳✸✮

❈❛❧❝✉❧❛♥❞♦ ❛s ♠❛tr✐③❡s ❥❛❝♦❜✐❛♥❛s t❡♠♦s

dG (u) =





1 0

c s+ h (c)



 ❡ dF (u) =





∂f

∂s

∂f

∂c

c∂f
∂s

f + c∂f
∂c



 ,

♦♥❞❡ h (c) =
da

dc
(c)✳ ❆ss✐♠✱ dG (u) é ✐♥✈❡rsí✈❡❧ ♣♦rq✉❡ s+ h (c) > 0✳

P❛r❛ s♦❧✉çõ❡s s✉❛✈❡s ♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭✶✮✲✭✷✮ ♣♦❞❡ s❡r ❡s❝r✐t♦























∂u

∂t
+ A (u)

∂u

∂x
= 0

u (x, 0) =







uL, s❡ x < 0

uR, s❡ x > 0,

✭✷✳✹✮

♦♥❞❡ u = (s, c)✱

A (u) = [dG (u)]−1 dF (u) =





∂f

∂s

∂f

∂c

0 f

s+h(c)



 , ✭✷✳✺✮

uL =
(

sL, cL
)

❡ uR =
(

sR, cR
)

✳

❖s ❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ A (u) sã♦

λs = λs (s, c) =
∂f

∂s
(s, c) ❡ λc = λc (s, c) =

f (s, c)

s+ h (c)
.

❊st❡s ❛✉t♦✈❛❧♦r❡s sã♦ ❝❤❛♠❛❞♦s ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❝❛r❛❝t❡ríst✐❝❛s✳ ❖♠✐t✐♠♦s ❛s ✈❛r✐á✈❡✐s

✐♥❞❡♣❡♥❞❡♥t❡s (s, c) ❞❛s ✈❡❧♦❝✐❞❛❞❡s ❝❛r❛❝t❡ríst✐❝❛s ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✳

❈♦♠♦ ❛❝❛❜❛♠♦s ❞❡ ✈❡r✱ ❛ ♠❛tr✐③ A (u) ♣♦ss✉✐ ❞✉❛s ✈❡❧♦❝✐❞❛❞❡s ❝❛r❛❝t❡ríst✐❝❛s✳

❈❛❞❛ ✉♠❛ ❞❡❧❛s ❞❡t❡r♠✐♥❛ ❛ ✉♠❛ ❢❛♠í❧✐❛ ❝❛r❛❝t❡ríst✐❝❛ i ∈ {s, c}✳
❯♠❛ ✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ λs ❡ λc é q✉❡ λs (s, c) r❡♣r❡s❡♥t❛ ❛ ✐♥❝❧✐♥❛çã♦

❞❛ r❡t❛ t❛♥❣❡♥t❡ ❛♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ f (·, c)✱ ♣❛r❛ c ✜①♦✱ ♥♦ ♣♦♥t♦ (s, f (s, c))✱ ❡♥q✉❛♥t♦

λc (s, c) r❡♣r❡s❡♥t❛ ❛ ✐♥❝❧✐♥❛çã♦ ❞❛ r❡t❛ s❡❝❛♥t❡ ♣❡❧♦s ♣♦♥t♦s (s, f (s, c)) ❡ (−h (c) , 0)✳

❙❡❥❛♠ es ❡ ec ♦s ❛✉t♦✈❡t♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ λs ❡ λc✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

P❛r❛ λs t❡♠♦s q✉❡ es = (1, 0)✳



✶✽

P❛r❛ λc t❡♠♦s q✉❡ ec =
(

∂f

∂c
, λc − λs

)

✱ ♣❛r❛ s ∈ (0, 1)✳ P❛r❛ s = 1 t❡♠♦s q✉❡

ec = (0, 1)✳ P❛r❛ s = 0 ❛ ♠❛tr✐③ (A− λcId) é ❛ ♠❛tr✐③ ♥✉❧❛✱ ✭Id é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡

❞❡ ♦r❞❡♠ 2✮✳ ❉❛í✱ q✉❛❧q✉❡r ✈❡t♦r ❞❡ R2 é ❛✉t♦✈❡t♦r ❞❡ λc✱ ❡♠ ♣❛rt✐❝✉❧❛r ♦ ✈❡t♦r

ec = (0, 1)✳ ❘❡s✉♠✐♥❞♦✱ ec = (0, 1) ♣❛r❛ s = 0 ❡ s = 1 ❡ ec =
(

∂f

∂c
, λc − λs

)

♣❛r❛ t♦❞♦

s ∈ (0, 1)✳ ❊st❡s ❛✉t♦✈❡t♦r❡s sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝❛♠♣♦s ❝❛r❛❝t❡ríst✐❝♦s✳

✷✳✸ ❈✉r✈❛ ❞❡ ❈♦✐♥❝✐❞ê♥❝✐❛

❉❛ ✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛ ❞❡ λs ❡ ❞❡ λc✱ ❛♥❛❧✐s❛♥❞♦ ❛ ❋✐❣✉r❛ ❈✳✸✱ ♣♦❞❡♠♦s ❝♦♥✲

❝❧✉✐r q✉❡ ❡①✐st❡ ✉♠❛ ❝✉r✈❛ ♦♥❞❡ ♦s ❛✉t♦✈❛❧♦r❡s λs ❡ λc ❝♦✐♥❝✐❞❡♠✳ ❈♦♠ ✐ss♦ ❡♥✉♥❝✐❛♠♦s

♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✷✳✶ P❛r❛ ❝❛❞❛ c ∈ I ✜①♦✱ ❡①✐st❡✱ ♥♦ ♠á①✐♠♦✱ ✉♠ ♣♦♥t♦ sC = sC (c) ∈ I t❛❧ q✉❡

λs
(

sC , c
)

= λc
(

sC , c
)

✱ ✐st♦ é✱ t❛❧ q✉❡

∂f

∂s

(

sC , c
)

=
f
(

sC , c
)

sC + h (c)
.

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ é ♦❜t✐❞❛ ❢❛❝✐❧♠❡♥t❡ ♣♦r ✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛✳ �

❖ ▲❡♠❛ ✭✷✳✶✮ ❡①♣r✐♠❡ ✉♠❛ ❝♦♥❞✐çã♦ ♣❛r❛ q✉❡ ❛ r❡t❛ t❛♥❣❡♥t❡ ❛♦ ❣rá✜❝♦ ❞❡ f

❞❡ ✐♥❝❧✐♥❛çã♦
∂f

∂s

(

sC , c
)

✱ ♣❡❧♦ ♣♦♥t♦
(

sC , f
(

sC , c
))

✱ s❡❥❛ ❝♦✐♥❝✐❞❡♥t❡ ❝♦♠ ❛ r❡t❛ ❝✉❥❛

✐♥❝❧✐♥❛çã♦ é f
(

sC , c
)

/
(

sC + h (c)
)

✱ q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s
(

sC , c
)

❡ (−h (c) , 0)✳ ❱❡❥❛

❛ ❋✐❣✉r❛ ❈✳✸✳

❱❡❥❛ ❛ s❡❣✉✐r q✉❡ ❡①✐st❡ ❛ ❝♦✐♥❝✐❞ê♥❝✐❛ ♣❛r❛ ♦ ♥í✈❡❧ c = 0✳ ❋✐①❡ c0 = 0✳ ❈❛❧❝✉❧❛♥❞♦

❡①♣❧✐❝✐t❛♠❡♥t❡ ✈❡♠♦s q✉❡ ❡①✐st❡ sC0 = sC (0) t❛❧ q✉❡ ♦ ▲❡♠❛ ✷✳✶ é s❛t✐s❢❡✐t♦✳

❙❛❜❡♥❞♦ q✉❡

f
(

sC0 , 0
)

=

(

sC0
)2

(sC0 )
2
+ α1 (1− sC0 )

2

❡ t♦♠❛♥❞♦ ❛ ❢✉♥çã♦ ❞❡ ❛❞s♦rçã♦ ♥❛ ❢♦r♠❛ ✭✷✳✶✮✱ t❡♠♦s

∂f

∂s

(

sC0 , 0
)

=
2sC0 α1

(

1− sC0
)

[

(sC0 )
2
+ α1 (1− sC0 )

2
]2

❡

h (0) = β1,



✶✾

❝♦♠ α1 ❡ β1 ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s✳ P❛r❛ ♦ ♣♦♥t♦
(

sC0 , 0
)

❛ ❡①♣r❡ssã♦ ❞♦ ▲❡♠❛ ✭✷✳✶✮ é

❡s❝r✐t❛ ♥❛ ❢♦r♠❛

2sC0 α1

(

1− sC0
)

[

(sC0 )
2
+ α1 (1− sC0 )

2
]2 =

(

sC0
)2

(sC0 + β1)
[

(sC0 )
2
+ α1 (1− sC0 )

2
] . ✭✷✳✻✮

❙✐♠♣❧✐✜❝❛♥❞♦ ✭✷✳✻✮ ♦❜t❡♠♦s

2α1

(

1− sC0
)

(sC0 )
2
+ α1 (1− sC0 )

2 =
sC0

(sC0 + β1)
. ✭✷✳✼✮

❯t✐❧✐③❛♥❞♦ ♦ ▼❛♣❧❡ ♣❛r❛ r❡s♦❧✈❡r ✭✷✳✼✮ ♥❛ ✈❛r✐á✈❡❧ sC0 ♦❜t❡♠♦s ♦s ✈❛❧♦r❡s

sC0 =
−α1β1 +

√

α2
1β

2
1 + 2α2

1β1 + α2
1 + 2α1β1 − α1 + 2α1

3α1 + 1
,

sC0 = 0,

sC0 = −α1β1 +
√

α2
1β

2
1 + 2α2

1β1 + α2
1 + 2α1β1 − α1 − 2α1

3α1 + 1
.

❖ ✈❛❧♦r sC0 ❡①✐st❡✱ ❞❡s❞❡ q✉❡ α2
1β

2
1 + 2α2

1β1 + α2
1 + 2α1β1 − α1 > 0✳

❆ s❡❣✉✐r✱ ♠♦str❛r❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s
(

sC (c) , c
)

✱ ♣❛r❛ ❝❛❞❛ c ∈ I✱ é

✉♠❛ ❝✉r✈❛ s✉❛✈❡ ❝♦♥t✐❞❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω✳

❉❡✜♥✐♠♦s F : Ω −→ R ♣♦r

F (s, c) = λs (s, c)− λc (s, c) .

❊♥tã♦✱ F é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1 ❡

F
(

sC0 , 0
)

= 0.

❆❧é♠ ❞✐ss♦✱

∂F
∂s

=
∂λs

∂s
− ∂λc

∂s
=

∂2f

∂s2
− (s+ h) ∂f

∂s
− f

(s+ h)2
=

∂2f

∂s2
− λs − λc

(s+ h)
.

❉❡ss❛ ❢♦r♠❛✱
∂F
∂s

(

sC0 , 0
)

=
∂2f

∂s2
(

sC0 , 0
)

6= 0.

■st♦ ♦❝♦rr❡ ♣♦rq✉❡ sC0 ♥ã♦ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ sI ✱ ✈❡❥❛ ❛ ❋✐❣✉r❛ ❈✳✹✳



✷✵

❊♥tã♦✱ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❋✉♥çã♦ ■♠♣❧í❝✐t❛✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡
(

sC0 , 0
)

✱

δ > 0✱ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

Vδ = {c ∈ [0, 1) : 0 ≤ c < δ}

❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ ϕ : Vδ → R ❞❡ ❝❧❛ss❡ C1 t❛❧ q✉❡ (ϕ (c) , c) ∈ V ❡ F (ϕ (c) , c) = 0

♣❛r❛ t♦❞♦ c ∈ Vδ✳ ❆❧é♠ ❞✐ss♦✱

ϕ′ (c) = −Fc

Fs

, ∀c ∈ Vδ.

■st♦ s✐❣♥✐✜❝❛ q✉❡ ♣❛r❛ t♦❞♦ c ∈ Vδ ❡①✐st❡ sC ∈ I t❛❧ q✉❡ sC = sC (c) ❝♦♠ ✭✷✳✶✮

s❛t✐s❢❡✐t♦✳ ❈♦♠♦ Fs

(

sC (c) , c
)

6= 0, ∀
(

sC (c) , c
)

✱ s❡❣✉❡ q✉❡ Vδ ♣♦❞❡ s❡r ♣r♦❧♦♥❣❛❞❛ ❛té

δ = 1✳ ❈❤❛♠❡♠♦s ♦ ❝♦♥❥✉♥t♦ C = Graf (ϕ) ❞❡ ❈♦♥❥✉♥t♦ ❈♦✐♥❝✐❞ê♥❝✐❛✱ ✐st♦ é✱

C =
{

(s, c) ∈ Ω : c ∈ I ❡ s = sC (c)
}

= {(s, c) ∈ Ω : λs = λc} .

❆ ❝✉r✈❛ C ❞✐✈✐❞❡ ♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω ❡♠ ❞✉❛s r❡❣✐õ❡s✳ ❉❡♥♦t❛r❡♠♦s ❡st❛s

r❡❣✐õ❡s ♣♦r

Ω1 =
{

(s, c) ∈ Ω : 0 ≤ s < sC (c)
}

❡ Ω2 =
{

(s, c) ∈ Ω : sC (c) < s ≤ 1
}

♦✉

Ω1 = {(s, c) ∈ Ω : λc < λs} ❡ Ω2 = {(s, c) ∈ Ω : λc > λs} .

❱❡❥❛ ❛ ❋✐❣✉r❛ ❈✳✺✳

✷✳✹ ❙♦❧✉çõ❡s ❈♦♥tí♥✉❛s

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ❞❡t❡r♠✐♥❛r ❛s ❝✉r✈❛s ✐♥t❡❣r❛✐s ❞♦s ❝❛♠♣♦s ❝❛r❛❝t❡rís✲

t✐❝♦s es ❡ ec ❡ ❛s ♦♥❞❛s ❞❡ r❛r❡❢❛çã♦✳ ❏á q✉❡ ❛ ♠❛tr✐③ ✭✷✳✺✮ ♣♦ss✉✐ ❞✉❛s ✈❡❧♦❝✐❞❛❞❡s

❝❛r❛❝t❡ríst✐❝❛s λs ❡ λc✱ ❡♥tã♦ ❡①✐st❡♠ ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ♦♥❞❛s ❞❡ r❛r❡❢❛çã♦❀ ✉♠❛ r❡✲

❧❛❝✐♦♥❛❞❛ ❛ ❢❛♠í❧✐❛ s ❝❤❛♠❛❞❛ ❞❡ s−r❛r❡❢❛çã♦✱ ❡ ❛ ♦✉tr❛ r❡❧❛❝✐♦♥❛❞❛ ❢❛♠í❧✐❛ c ❝❤❛♠❛❞❛

c−r❛r❡❢❛çã♦✳

❆ ❞❡✜♥✐çã♦ ❞❡ ✉♠❛ ♦♥❞❛ i−r❛r❡❢❛çã♦ ❡ ❝✉r✈❛ ❞❡ i−r❛r❡❢❛çã♦ ❡♥❝♦♥tr❛♠✲s❡ ♥♦

❆♣ê♥❞✐❝❡ ❆✳



✷✶

✷✳✹✳✶ ❖♥❞❛ ❞❡ ❘❛r❡❢❛çã♦ ♥❛ ❙❛t✉r❛çã♦ ❞❛ ❋❛s❡ ❆q✉♦s❛

P❛r❛ λs (s, c) =
∂f

∂s
(s, c) ❡ es = (1, 0)✱ ❛s ❝✉r✈❛s ✐♥t❡❣r❛✐s ❛ss♦❝✐❛❞❛s sã♦ r❡t❛s ❤♦r✐③♦♥✲

t❛✐s✱ ✐st♦ é✱ c é ❝♦♥st❛♥t❡✳ ◆❡st❡ ❝❛s♦✱ ♣❛r❛ q✉❡ ❤❛❥❛ ✉♠❛ ♦♥❞❛ s−r❛r❡❢❛çã♦ ❞❡
(

sL, cL
)

♣❛r❛
(

sR, cR
)

é ♦❜r✐❣❛tór✐♦ q✉❡ cL ❡ cR ❝♦✐♥❝✐❞❛♠ ❡ q✉❡ λs
(

s, cL
)

s❡❥❛ ❝r❡s❝❡♥t❡ q✉❛♥❞♦

s ✈❛r✐❛ ❞❡ sL ♣❛r❛ sR✳ ❉❛s ♣r♦♣r✐❡❞❛❞❡s ✭✐✮✲✭✐✈✮ ❞❛ ❢✉♥çã♦ ❞❡ ✢✉①♦ f ❡ ❞♦ s❡✉ ❣rá✜❝♦✱

♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ c ✜①♦✱ t❡♠♦s q✉❡ λs
(

s, cL
)

é ❝r❡s❝❡♥t❡ ❞❡ λs
(

sL, cL
)

♣❛r❛ λs
(

sR, cR
)

s❡ 0 6 sL < sR 6 sI
(

cL
)

♦✉ s❡ sI
(

cL
)

6 sR < sL 6 1✱ ♣♦✐s ♣❛r❛ 0 ≤ s ≤ sI
(

cL
)

♦ ❣rá✜❝♦ ❞❡ f é ❝ô♥❝❛✈♦ ♣❛r❛ ❜❛✐①♦ ❡ ♣❛r❛ sC
(

cL
)

≤ s ≤ 1 ♦ ❣rá✜❝♦ é ❝ô♥❝❛✈♦ ♣❛r❛

❝✐♠❛✱ ❱❡r ❋✐❣✉r❛ ❈✳✹ s✉❜st✐t✉✐♥❞♦ (s0, c0) ♣♦r
(

sL, cL
)

✳

❆ ❝✉r✈❛ s−✐♥✢❡①ã♦ ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ ❝✉r✈❛ ❞❡ ✐♥✢❡①ã♦✮✱ ❞❡♥♦t❛❞❛ ♣♦r I✱ ✭♥♦s
❣rá✜❝♦s ❢❡✐t♦s ♥♦ ▼❛♣❧❡ ❛ ❝✉r✈❛ ❞❡ ✐♥✢❡①ã♦ é ❞❡♥♦t❛❞❛ ♣♦r I✮ é ❞❡✜♥✐❞❛ ♣♦r∇λs·es = 0✳

❆♣ós ❛❧❣✉♥s ❝á❧❝✉❧♦s✱ ♦❜t❡♠♦s q✉❡

I =
{

(s, c) ∈ Ω : −2s3 + 3s2 − r̃ (c) = 0
}

, ♦♥❞❡ r̃ (c) =
r (c)

r (c) + 1
. ✭✷✳✽✮

▲❡♠❜r❛♠♦s q✉❡ s❡
(

sL, cL
)

❡
(

sR, cR
)

❡st✐✈❡r❡♠ ❡♠ ❧❛❞♦s ♦♣♦st♦s ❞❛ ❝✉r✈❛ ❞❡

✐♥✢❡①ã♦✱ ❡♥tã♦ ♥ã♦ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ ♦♥❞❛ s−r❛r❡❢❛çã♦ ❞❡
(

sL, cL
)

♣❛r❛
(

sR, cR
)

♣♦rq✉❡ ❛ ❢❛♠í❧✐❛ ❝❛r❛❝t❡ríst✐❝❛ s ♥ã♦ é ❣❡♥✉✐♥❛♠❡♥t❡ ♥ã♦✲❧✐♥❡❛r✱ ✐st♦ é✱ ♦ ❛✉t♦✈❛❧♦r

λs
(

s, cL
)

♥ã♦ é ♠♦♥ót♦♥♦ ❡♠ s✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❈✳✻✳

✷✳✹✳✷ ❖♥❞❛ ❞❡ ❘❛r❡❢❛çã♦ ♥❛ ❈♦♥❝❡♥tr❛çã♦ ❞♦ P♦❧í♠❡r♦

❈♦♥s✐❞❡r❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❝❛r❛❝t❡ríst✐❝❛ λc (s, c) =
f (s, c)

s+ h (c)
❡ s❡✉ ❝❛♠♣♦ ❝❛r❛❝t❡ríst✐❝♦

❝♦rr❡s♣♦♥❞❡♥t❡ ec =
(

∂f

∂c
, λc − λs

)

♣❛r❛ 0 < s < 1 ❡ ec = (0, 1) ♣❛r❛ s = 0 ♦✉ s = 1✳ ❍á

três ❝❛s♦s ❛ s❡r❡♠ ❝♦♥s✐❞❡r❛❞♦s✿ q✉❛♥❞♦ 0 < s < 1✱ s = 0 ♦✉ s = 1✳ Pr✐♠❡✐r❛♠❡♥t❡✱

✈❛♠♦s ❛♥❛❧✐s❛r ♦ ❝❛s♦ 0 < s < 1✳

❆s ❝✉r✈❛s ✐♥t❡❣r❛✐s ❞♦ ❝❛♠♣♦ ❝❛r❛❝t❡ríst✐❝♦ ec s❛t✐s❢❛③❡♠ ♦ s✐st❡♠❛ ❞❡ ❊❉❖✬s✿















∂s

∂ξ
=

∂f

∂c

∂c

∂ξ
= λc − λs.



✷✷

▲♦❣♦✱ ♣❛r❛ λc 6= λs s❡❣✉❡ q✉❡

ds

∂f/∂c
=

dc

λc − λs
. ✭✷✳✾✮

❉❡ ✭✷✳✾✮ ♦❜t❡♠♦s q✉❡

∂f

∂c

dc

ds
= λc − λs, ✭✷✳✶✵✮

Pr❡❝✐s❛♠♦s ❞❡t❡r♠✐♥❛r ❝♦♠♦ ❛s ❝✉r✈❛s ✐♥t❡❣r❛✐s c = c (s) s❡ ❝♦♠♣♦rt❛♠ ♥♦ ❡s♣❛ç♦ ❞❡

❡st❛❞♦s Ω✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡ ❝♦♠♦
∂f

∂c
< 0 t❡♠♦s

dc

ds
> 0 ♥❛ r❡❣✐ã♦ Ω1✱ ❞❛

❋✐❣✉r❛ ❈✳✺✱ ♦♥❞❡ λc < λs✱ ❡ q✉❡
dc

ds
< 0 ♥❛ r❡❣✐ã♦ Ω2 ♦♥❞❡ λc > λs✳ ❆❧é♠ ❞✐st♦✱

dc

ds
= 0

♥❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡✱ ❛♦ ❧♦♥❣♦ ❞❛s ❝✉r✈❛s ✐♥t❡❣r❛✐s✱ c (s) é

❝r❡s❝❡♥t❡ ♥❛ r❡❣✐ã♦ Ω1 ❡ ❞❡❝r❡s❝❡♥t❡ ♥❛ r❡❣✐ã♦ Ω2 ❝♦♠ ✈❛❧♦r ♠á①✐♠♦ s♦❜r❡ ❛ ❝✉r✈❛ ❞❡

❝♦✐♥❝✐❞ê♥❝✐❛✳ ❉❛í✱ ❛ ❝♦♥❝❛✈✐❞❛❞❡ ❞❛ ❝✉r✈❛ c = c (s) é ✈♦❧t❛❞❛ ♣❛r❛ ❜❛✐①♦ ❛♦ ❧♦♥❣♦ ❞❛

❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C✱ ✐st♦ é✱
d2c

ds2
< 0✳ ❯♠ ♦✉tr♦ ❢❛t♦ ❛ s❡r ♦❜s❡r✈❛❞♦ é q✉❡✱ ♣❛r❛

t♦❞♦ s ∈ I✱ ❛ ❞❡r✐✈❛❞❛
dc

ds
❡①✐st❡ ♣❛r❛ t♦❞♦ s ∈ I✱ ✐st♦ é✱ ♥ã♦ ❡①✐st❡ r❡t❛ t❛♥❣❡♥t❡ ❛

❝✉r✈❛ c = c (s) ♦♥❞❡ ❡st❛ s❡❥❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❛♦ ❡✐①♦ s✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡✱ ♣❛r❛ ❝❛❞❛ s

❡①✐st❡ ✉♠❛ ú♥✐❝❛ ✐♠❛❣❡♠ c (s)✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦ ❣rá✜❝♦ ❞❛ ❝✉r✈❛ c ♥ã♦ ♠✉❞❛ ❞❡

s❡♥t✐❞♦ ❡♠ ♥❡♥❤✉♠ s ∈ I✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❈✳✼✳

❆ ❡q✉❛çã♦ ✭✷✳✶✵✮ ♣❡r♠✐t❡ ♦❜t❡r ❛ ♣♦s✐çã♦ r❡❧❛t✐✈❛ ❡♥tr❡ ❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛

C ❡ ❛ ❝✉r✈❛ c−✐♥✢❡①ã♦ ❞❡✜♥✐❞❛ ♥♦ ❆♣ê♥❞✐❝❡ ❆✳ P❛r❛ ✐st♦ ❞❡r✐✈❡♠♦s ❛ ❡q✉❛çã♦ ✭✷✳✶✵✮

♥❛ ✈❛r✐á✈❡❧ s✳ ❙❡❥❛ g (s) = λc (s, c (s))✳ ❊♥tã♦✱

∂2f

∂s∂c

dc

ds
+

∂f

∂c

d2c

ds2
=

dg

ds
− ∂2f

∂s2
, ✭✷✳✶✶✮

♦♥❞❡✱

dg

ds
=

(

∂f

∂s
+ ∂f

∂c
dc
ds

)

(s+ h)− f
(

1 + dh
dc

dc
ds

)

(s+ h)2
.

❉❛í✱ ♣❛r❛ (s, c (s)) ❛♦ ❧♦♥❣♦ ❞❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C ❡ ❝♦♠♦
dc

ds
= 0✱ t❡♠♦s q✉❡

dg

ds
(s) =

[

∂f

∂s
(s, c (s))

]

[s+ h (c (s))]− f (s, c (s))

(s+ h (c (s)))2

=
λs (s, c (s))− λc (s, c (s))

s+ h (c (s))
= 0.

✭✷✳✶✷✮



✷✸

P♦rt❛♥t♦✱ ❛ ❝✉r✈❛ c−✐♥✢❡①ã♦✱ ❞❡✜♥✐❞❛ ♥♦ ❆♣ê♥❞✐❝❡ ❆✱ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❝✉r✈❛ ❞❡ ❝♦✐♥✲

❝✐❞ê♥❝✐❛ C ❞❛s ✈❡❧♦❝✐❞❛❞❡s ❝❛r❛❝t❡ríst✐❝❛s✳ ❈♦♥s✐❞❡r❛♥❞♦ ✭✷✳✶✶✮ r❡str✐t♦ ❛ ❡st❛ t❡♠♦s

q✉❡

∂f

∂c

d2c

ds2
= −∂2f

∂s2

❡ ❝♦♠♦
d2c

ds2
< 0 ❛♦ ❧♦♥❣♦ ❞❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ ❡ ❝♦♠♦

∂f

∂c
< 0✱ s❡❣✉❡ q✉❡

∂2f

∂s2
< 0

❛♦ ❧♦♥❣♦ ❞❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C✳ ❆♥❛❧✐s❛♥❞♦ ♦ ❣rá✜❝♦ ❞❡ f (·, c)✱ ✈❡♠♦s q✉❡ t❛❧

❝✉r✈❛ ❞❡ ✐♥✢❡①ã♦ I ❡stá ❛ ❡sq✉❡r❞❛ ❞❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛

❈✳✽✳

❆ ❝♦♥❝❧✉sã♦ ❛té ❛q✉✐ é q✉❡ s❡ uL ❡ uR ❡st✐✈❡r❡♠ ❡♠ r❡❣✐õ❡s ❞✐st✐♥t❛s✱ ✉♠ ❡♠ Ω1

❡ ♦ ♦✉tr♦ ❡♠ Ω2✱ ♥ã♦ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ ♦♥❞❛ c−r❛r❡❢❛çã♦ ❞❡ uL ♣❛r❛ uR ♣♦rq✉❡ ❛

❝✉r✈❛ ✐♥t❡❣r❛❧ ✐♥t❡r❝❡♣t❛rá ❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C ❡ ❝♦♠ ✐st♦ λc ♥ã♦ s❡rá ❝r❡s❝❡♥t❡

❞❡ λc
(

uL
)

♣❛r❛ λc
(

uR
)

✳ ❈♦♠ ✐ss♦ só ✐rá ❡①✐st✐r ✉♠❛ ♦♥❞❛ c−r❛r❡❢❛çã♦ ❞❡ uL ♣❛r❛ uR

s❡ uL ❡ uR ❡st✐✈❡r❡♠ ♥❛ ♠❡s♠❛ r❡❣✐ã♦ Ω1 ♦✉ Ω2✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❈✳✼✳

❱❡❥❛♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ s = 1✳ P❛r❛ ❡st❡ ✈❛❧♦r ❞❡ s ♦ ❛✉t♦✈❡t♦r ❛ss♦❝✐❛❞♦ à λc (1, c)

é ec = (0, 1)✳ P♦rt❛♥t♦✱ s❡ sL = 1 ❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ♣♦r
(

sL, cL
)

é ❛ r❡t❛ ✈❡rt✐❝❛❧ s = 1✳

◆❡st❡ ❝❛s♦✱ ♣❛r❛ q✉❡ ❤❛❥❛ ✉♠❛ ♦♥❞❛ ❞❡ r❛r❡❢❛çã♦ ❞❡ uL ♣❛r❛ uR é ♥❡❝❡ssár✐♦ q✉❡

λc (1, c) =
1

1 + h (c)

s❡❥❛ ❝r❡s❝❡♥t❡ ❞❡ cL ♣❛r❛ cR✳ ❈♦♠♦ h (c) é ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡♥t❡ ❞❡ c✱ ❡♥tã♦ λc (1, c)

é ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡✳ ▲♦❣♦✱ ♣❛r❛ q✉❡ ❡①✐st❛ t❛❧ ♦♥❞❛ c−r❛r❡❢❛çã♦✱ é ♥❡❝❡ssár✐♦ q✉❡

cR > cL✳

P♦r ú❧t✐♠♦✱ ✈❡❥❛♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ s = 0✳ ❚❡♠♦s λc ≡ 0✳ ▲♦❣♦✱ s❡ sL = 0 ❡

sR = 0 t❡r❡♠♦s ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ ❝❛r❛❝t❡ríst✐❝❛ λc ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ♣❛r❛ t♦❞♦ c ❡♥tr❡

cL ❡ cR✳ ❖❜s❡r✈❡ q✉❡✱ ❛♦ ❧♦♥❣♦ ❞❛ r❡t❛ s = 0 ❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♥ã♦

❢❛③ ♥❡♥❤✉♠ s❡♥t✐❞♦ ❢ís✐❝♦ ❥á q✉❡ ♦ r❡s❡r✈❛tór✐♦ ♥ã♦ ♣♦ss✉✐ ❢❛s❡ ❛q✉♦s❛✱ ♣♦r ✐ss♦ ♥ã♦

♣♦❞❡ ❤❛✈❡r ❝♦♥❝❡♥tr❛çã♦ ❞♦ ♣♦❧í♠❡r♦ ❡♠ r❡❧❛çã♦ ❛ ❡st❛ ❢❛s❡ ❞❡♥tr♦ ❞♦ r❡s❡r✈❛tór✐♦✳

P♦ré♠✱ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ♠❛t❡♠át✐❝♦✱ ❡st❛ s✐t✉❛çã♦ é ❛❝❡✐tá✈❡❧✳



✷✹

✷✳✺ ❙♦❧✉çõ❡s ❉❡s❝♦♥tí♥✉❛s

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r s♦❧✉çõ❡s ❞❡s❝♦♥tí♥✉❛s ❞♦ ❙✐st❡♠❛ ✭✶✮ ❡ ❛ ❝♦♥❞✐çã♦

❞❡ ❡♥tr♦♣✐❛ ❛❞❡q✉❛❞❛ ♣❛r❛ ❛ ✉♥✐❝✐❞❛❞❡ ❞❛ s♦❧✉çã♦✳ ◗✉❛♥❞♦ ❛ s♦❧✉çã♦ ❞❡s❝♦♥tí♥✉❛

é ❛❞♠✐ssí✈❡❧✱ s❡❣✉♥❞♦ ❛❧❣✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛✱ ❡❧❛s sã♦ ❝❤❛♠❛❞❛s ❞❡ ♦♥❞❛s ❞❡

❝❤♦q✉❡✳ ◗✉❡r❡♠♦s ♦❜t❡r s♦❧✉çõ❡s ❢r❛❝❛s ❞❡s❝♦♥tí♥✉❛s ♣❛r❛ ♦s ❡st❛❞♦s uL =
(

sL, cL
)

❡

uR =
(

sR, cR
)

❞❛ ❢♦r♠❛

u (x, t) =







uL, s❡ x
t
< σ

uR, s❡ x
t
> σ,

✭✷✳✶✸✮

♦♥❞❡ u = (s, c)✱ ❡ σ é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦♣❛❣❛çã♦ ❞♦ ❝❤♦q✉❡ s♦❜ ❛ r❡❧❛çã♦ ❞❡ ❘❛♥❦✐♥❡✲

❍✉❣♦♥✐♦t

σ
[

G
(

uR
)

−G
(

uL
)]

= F
(

uR
)

− F
(

uL
)

, ✭✷✳✶✹✮

❡♠ q✉❡ G,F : Ω → R2 sã♦ ❛s ❢✉♥çõ❡s ❞❡✜♥✐❞❛s ❡♠ ✭✷✳✷✮✳ ❯♠❛ s♦❧✉çã♦ ❞♦ t✐♣♦ ❝❤♦q✉❡

é ✉♠❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢♦r♠❛ ✭✷✳✶✸✮ q✉❡ s❛t✐s❢❛③ ❛❧❣✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛✳

❉❡✜♥✐çã♦ ✷✳✶ ❋✐①❡ ✉♠ ❡st❛❞♦ u0 ∈ Ω✳ ❆ ❝✉r✈❛ ❞❡ ❍✉❣♦♥✐♦t ♣♦r u0✱ ❞❡♥♦t❛❞❛ ♣♦r

H (u0)✱ é ♦ ❝♦♥❥✉♥t♦ ❞♦s ❡st❛❞♦s u ∈ Ω t❛✐s q✉❡ ❡①✐st❛ σ ∈ R s❛t✐s❢❛③❡♥❞♦ ❛ ❡q✉❛çã♦

✭✷✳✶✹✮ ♣❛r❛ uL = u0 ❡ uR = u✳

■r❡♠♦s ❝♦♥s✐❞❡r❛r ❛♣❡♥❛s ❛s s♦❧✉çõ❡s ✜s✐❝❛♠❡♥t❡ r❡❧❡✈❛♥t❡s ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡✲

♠❛♥♥ ✭✶✮✲✭✷✮✳ P❛r❛ ✐st♦✱ ✐r❡♠♦s ❡①✐❣✐r q✉❡ ✉♠❛ s♦❧✉çã♦ ❞❡s❝♦♥tí♥✉❛ s❛t✐s❢❛ç❛ ❛❧❣✉♠❛

❈♦♥❞✐çã♦ ❞❡ ❊♥tr♦♣✐❛✳ ◆❛t✉r❛❧♠❡♥t❡✱ ♣♦r s❡r ❛ ♠❛✐s ❝♦♥❤❡❝✐❞❛✱ ❛ ♣r✐♠❡✐r❛ ❝♦♥❞✐çã♦ ❞❡

❡♥tr♦♣✐❛ ❛ s❡r t❡st❛❞❛ é ❛ ❝♦♥❞✐çã♦ ❞❡ ▲❛①✳ P♦ré♠✱ ❡st❛ ❝♦♥❞✐çã♦ ♥ã♦ s❡rá út✐❧ ♣♦rq✉❡

♦ s✐st❡♠❛ ♥ã♦ é ❡str✐t❛♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳ ❆ ♦♥❞❛ ❞❡ ❝❤♦q✉❡ ♣♦ss✉✐ ❞✉❛s ❢❛♠í❧✐❛s✱ ✉♠❛

r❡❧❛❝✐♦♥❛❞❛ ❛ ❢❛♠í❧✐❛ s ❡ ♦✉tr❛ r❡❧❛❝✐♦♥❛❞❛ ❛ ❢❛♠í❧✐❛ c✳ ❚❡♠♦s ❛ ♦♥❞❛ ❞❡ s−❝❤♦q✉❡✱

q✉❛♥❞♦ cL = cR ❡ ❛ ♦♥❞❛ c−❝❤♦q✉❡✱ q✉❛♥❞♦ cL 6= cR✳ P❛r❛ ❛ ♦♥❞❛ s−❝❤♦q✉❡✱ ❛ ❝♦♥✲

❞✐çã♦ ❞❡ q✉❡ ✐r❡♠♦s ✉t✐❧✐③❛r é ❛ ❈♦♥❞✐çã♦ ❞❡ ❖❧❡♥✐❦✲▲✐✉ ❬✶✶❪✱ ❬✶✷❪✱ ❬✶✺❪ ❡ ♣❛r❛ ❛ ♦♥❞❛

c−❝❤♦q✉❡ é ❛ ❈♦♥❞✐çã♦ ❞❡ ❱✐s❝♦s✐❞❛❞❡ ❬✶✺❪✳ ▼❛✐s ❛❞✐❛♥t❡ ✈❡r❡♠♦s ❝❛❞❛ ❝❛s♦ ❝♦♠ ♠❛✐s

❞❡t❛❧❤❡s✳

❱❛♠♦s ❛❣♦r❛ ♦❜t❡r ❞✉❛s ❡①♣r❡ssõ❡s ❡s♣❡❝í✜❝❛s ♣❛r❛ σ ❡♠ ❢✉♥çã♦ ❞♦s ❡st❛❞♦s
(

sL, cL
)

❡
(

sR, cR
)

✜①❛❞♦s✳ ❊s❝r❡✈❡♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t ✭✷✳✶✹✮ ♦❜t❡♠♦s



✷✺

♦ s✐st❡♠❛






σ
(

sR − sL
)

= f
(

sR, cR
)

− f
(

sL, cL
)

,

σ
(

sRcR + a
(

cR
)

− sLcL + a
(

cL
))

= cRf
(

sR, cR
)

− cLf
(

sL, cL
)

.
✭✷✳✶✺✮

◆♦t❡ q✉❡ s❡ cL = cR ❡♥tã♦ ❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞❡ ✭✷✳✶✺✮ é ♠ú❧t✐♣❧❛ ❞❛ ♣r✐♠❡✐r❛✱ ❝♦♠

✐ss♦ ♦ ❙✐st❡♠❛ ✭✷✳✶✺✮ t♦r♥❛✲s❡ ❛ r❡❧❛çã♦ ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t ♣❛r❛ ♦ ❝❛s♦ ❞❛ ❡q✉❛çã♦

❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝❤♦q✉❡ ❡♠ r❡❧❛çã♦ ❛ ❢❛♠í❧✐❛ s é

❞❡✜♥✐❞❛ ♣♦r

σs
(

uL, uR
)

=
f
(

sL, cL
)

− f
(

sR, cR
)

sL − sR
. ✭✷✳✶✻✮

❆♥t❡s ❞❡ ❡st✉❞❛r ❡st❛s ♦♥❞❛s ✈❛♠♦s ♦❜t❡r ❛❧❣✉♠❛s ❡q✉❛çõ❡s ❛✉①✐❧✐❛r❡s✳ ❱❛♠♦s

♥♦s r❡str✐♥❣✐r ❛♦ ❝❛s♦ c 6= cL✳ ❙✉❜st✐t✉✐♥❞♦ f
(

sR, cR
)

❞❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞♦ ❙✐st❡♠❛

✭✷✳✶✺✮ ♥❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞♦ ♠❡s♠♦ s✐st❡♠❛ ♦❜t❡♠♦s✱

cR
[

σ
(

sR − sL
)

+ f
(

sL, cL
)]

− cLf
(

sL, cL
)

= σ
(

sRcR + a
(

cR
)

− sLcL − a
(

cL
))

.

❉❛í✱ ❛♣ós ❛❧❣✉♠❛s ♠❛♥✐♣✉❧❛çõ❡s ❛❧❣é❜r✐❝❛s ♦❜t❡♠♦s q✉❡

f
(

sL, cL
)

= σsL + σ

(

a
(

cR
)

− a
(

cL
)

cR − cL

)

. ✭✷✳✶✼✮

❉❛ ❡①♣r❡ssã♦ ❡♠ ✭✷✳✶✼✮ ❞❡✜♥✐♠♦s ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦ hL : I → R ♣♦r

hL (c) =











a (c)− a
(

cL
)

c− cL
, s❡ c 6= cL

h
(

cL
)

, s❡ c = cL.

✭✷✳✶✽✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❢✉♥çã♦ hL ❡♠ ✭✷✳✶✼✮ ❛♣❧✐❝❛❞❛ ♥♦ ♣♦♥t♦ cR✱ ♦❜t❡♠♦s

σ =
f
(

sL, cL
)

sL + hL (cR)
. ✭✷✳✶✾✮

P♦❞❡♠♦s t❛♠❜é♠ ♦❜t❡r ❛ ✈❡❧♦❝✐❞❛❞❡ σ ♣♦r ✉♠❛ ♦✉tr❛ ❢ór♠✉❧❛✳ P❛r❛ ✐st♦✱ ♥♦t❡

q✉❡

σ
(

sR + hL

(

cR
))

= σ
(

sR − sL + sL + hL

(

cR
))

= σ
(

sR − sL
)

+ σ
(

sL + hL

(

cR
))

.



✷✻

❉❛í✱ ❞❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ ✭✷✳✶✺✮ t❡♠♦s q✉❡

σ
(

sR + hL

(

cR
))

= f
(

sR, cR
)

− f
(

sL, cL
)

+ σ
(

sL + hL

(

cR
))

. ✭✷✳✷✵✮

❆♣❧✐❝❛♥❞♦ ❛ ❢ór♠✉❧❛ ✭✷✳✶✾✮ ♥❛ ❡q✉❛çã♦ ✭✷✳✷✵✮ ❝❤❡❣❛♠♦s ❛ ❡q✉❛çã♦

σ
(

sR + hL

(

cR
))

= f
(

sR, cR
)

− f
(

sL, cL
)

+ f
(

sL, cL
)

= f
(

sR, cR
)

,

❞♦♥❞❡ ♦❜t❡♠♦s q✉❡

σ =
f
(

sR, cR
)

sR + hL (cR)
. ✭✷✳✷✶✮

❆s ❡①♣r❡ssõ❡s ✭✷✳✶✾✮ ❡ ✭✷✳✷✶✮ ❞❡✜♥❡♠ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝❤♦q✉❡ σc ❞❛ ❢❛♠í❧✐❛ c✱ ♦✉

s❡❥❛✱

f
(

sL, cL
)

sL + hL (cR)
= σc

(

uL, uR
)

=
f
(

sR, cR
)

sR + hL (cR)
. ✭✷✳✷✷✮

❖❜s❡r✈❡ ❞❡ ✭✷✳✷✷✮ q✉❡✱ s❡ σc
(

uL, uR
)

= 0 ❡♥tã♦ ❞❡✈✐❞♦ ❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ f

s❡❣✉❡ q✉❡ sL = sR = 0✳ P♦rt❛♥t♦✱ ❛ s♦❧✉çã♦ ♣❛r❛ ❡st❡ ❝❛s♦ ❥á ❢♦✐ ✈✐st♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r

q✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s sL = sR = 0✳ P♦r ✐st♦ ❝♦♥s✐❞❡r❡♠♦s ❡♥tã♦ ❛ ♣❛rt✐r ❞❛q✉✐ q✉❡

σc
(

uL, uR
)

> 0✳

❈♦♠♦ ♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω ❡stá ❝♦♥t✐❞♦ ♥♦ R2✱ ❛ ❝✉r✈❛ ❞❡ ❍✉❣♦♥✐♦t H
(

uL
)

é ❝♦♠♣♦st❛ ♣♦r ❞✉❛s ❝✉r✈❛s s✉❛✈❡s Hi
(

uL
)

❞❡♥♦♠✐♥❛❞❛s i−r❛♠♦s ❞❡ ❍✉❣♦♥✐♦t✱ ❝♦♠

i ∈ {s, c}✳ ❖ s−r❛♠♦ Hs
(

uL
)

é ❞❡✜♥✐❞♦ ♣❡❧❛ r❡t❛ c = cL ❡ ♦ c−r❛♠♦ Hc
(

uL
)

♦❜t✐❞♦

♣♦r ✭✷✳✷✷✮ ❝♦♠ ❛ ❡❧✐♠✐♥❛çã♦ ❞♦ σc
(

uL, uR
)

✈❛r✐❛♥❞♦ ♦ ❡st❛❞♦ uR✱ ♦✉ s❡❥❛✱

Hc
(

uL
)

=

{

(s, c) ∈ Ω :
f
(

sL, cL
)

sL + hL (c)
=

f (s, c)

s+ hL (c)

}

. ✭✷✳✷✸✮

❆❣♦r❛ t❡♠♦s ❛s ❢❡rr❛♠❡♥t❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ❝❛r❛❝t❡r✐③❛r♠♦s ❛s ♦♥❞❛s ❞❡ ❝❤♦q✉❡

❡♥tr❡ ♦s ❡st❛❞♦s uL ❡ uR✳ ❈♦♠♦ ❥á ❝♦♠❡♥t❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ❤á ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s

♣❛r❛ ♦♥❞❛s ❞❡ ❝❤♦q✉❡✱ ❛ ♦♥❞❛ s−❝❤♦q✉❡ ❝♦♠ c = cL ❡ ❛ ♦♥❞❛ c−❝❤♦q✉❡ ❝♦♠ c 6= cL✳



✷✼

✷✳✺✳✶ ❖♥❞❛ ❞❡ ❈❤♦q✉❡ ♥❛ ❙❛t✉r❛çã♦ ❞❛ ❋❛s❡ ❆q✉♦s❛

❙❡❥❛ cL = cR✳ ◆❡st❛s ❝♦♥❞✐çõ❡s ♦ ❙✐st❡♠❛ ✭✷✳✶✺✮ s❡ r❡❞✉③ ❛ ❡q✉❛çã♦

f
(

sR, cR
)

− f
(

sL, cL
)

= σ
(

sR − sL
)

. ✭✷✳✷✹✮

❖❜s❡r✈❡ q✉❡ ❡st❛ ❡①♣r❡ssã♦ ✭✷✳✷✹✮ é ❛ r❡❧❛çã♦ ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡

❇✉❝❦❧❡②✲▲❡✈❡r❡tt ❝♦♠ ❛ ❢✉♥çã♦ ❞❡ ✢✉①♦ ❡♠ s ❞❛❞❛ ♣♦r f
(

s, cL
)

✳ ❉❡st❛ ❢♦r♠❛ ❛s ♦♥❞❛s

❞❡ s−❝❤♦q✉❡ sã♦ ❛s ♠❡s♠❛s ❞❛ ❡q✉❛çã♦ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt ❛♣r❡s❡♥t❛❞❛s ♥♦ ❆♣ê♥❞✐❝❡

❇✳

✷✳✺✳✷ ❖♥❞❛ ❞❡ ❈❤♦q✉❡ ♥❛ ❈♦♥❝❡♥tr❛çã♦ ❞♦ P♦❧í♠❡r♦

❈♦♠♦ ✈✐♠♦s✱ ✜①❛❞♦s uL =
(

sL, cL
)

✱ uR =
(

sR, cR
)

❝♦♠ cL 6= cR ❛ ♦♥❞❛ ❞❡ c−❝❤♦q✉❡

❞❡
(

sL, cL
)

♣❛r❛
(

sR, cR
)

t❡♠ σ ❞❛❞♦ ♣❡❧❛ ❢ór♠✉❧❛ ✭✷✳✷✷✮✳ P♦r q✉❡stã♦ ❞❡ ♣r❛t✐❝✐❞❛❞❡✱

♣❛r❛ ✉♠❛ ♦♥❞❛ ❞❡ c−❝❤♦q✉❡✱ ✉t✐❧✐③❛r❡♠♦s ❛ ❝♦♥❞✐çã♦ ❡♥tr♦♣✐❛ ❞❡ ✈✐s❝♦s✐❞❛❞❡ ❝♦♠♦

❞✐s❝✉t✐❞♦ ❛ s❡❣✉✐r✳ P❛r❛ ✐st♦✱ ❞❛❞♦ ε > 0✱ ❝♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ♣❡rt✉r❜❛çã♦ ❞♦ ❙✐st❡♠❛

✭✶✮✿















∂s

∂t
+

∂f (s, c)

∂x
= ε

∂2s

∂x2
,

∂ (sc+ a (c))

∂t
+

∂ (cf (s, c))

∂x
= ε

∂2 (sc+ a (c))

∂x2
.

✭✷✳✷✺✮

❙✉♣♦♥❤❛ q✉❡ ♦ ❙✐st❡♠❛ ✭✷✳✷✺✮ ♣♦ss✉❛ ✉♠❛ s♦❧✉çã♦ ❞♦ t✐♣♦ ♦♥❞❛ ✈✐❛❥❛♥t❡ ❞❛ ❢♦r♠❛

uε (ξ) = (sε (ξ) , cε (ξ))✱ ❝♦♠ ξ = (x− σt) /ε✳ ❙✉❜st✐t✉✐♥❞♦ sε (ξ) ❡ cε (ξ) ♥♦ ❙✐st❡♠❛

✭✷✳✷✺✮ ♦❜t❡♠♦s



















−σ

ε

dsε

dξ
+

1

ε

df (uε (ξ))

dξ
= ε

(

1

ε2
d2sε

dξ2

)

,

−σ

ε

d (sεcε + a (cε))

dξ
+

1

ε

d (cεf (uε (ξ)))

dξ
= ε

(

1

ε2
d2 (sεcε + a (cε))

dξ2

)

.

❈♦♠♦ ε > 0✱ ❡❧✐♠✐♥❛♠♦s✲♦ ❞♦ s✐st❡♠❛ ❛❝✐♠❛ ♦❜t❡♠♦s ♦ s✐st❡♠❛ ❞❡ ❊❉❖✬s ❞❡ s❡❣✉♥❞❛

♦r❞❡♠















−σ
dsε

dξ
+

df (uε (ξ))

dξ
=

d2sε

dξ2
,

−σ
d (sεcε + a (cε))

dξ
+

d (cεf (uε (ξ)))

dξ
=

d2 (sεcε + a (cε))

dξ2
.

✭✷✳✷✻✮



✷✽

❆ ❝♦♥❞✐çã♦ ❞❡ ✈✐s❝♦s✐❞❛❞❡ ♣❛r❛ ♦ ❝❤♦q✉❡ ❡♥tr❡
(

sL, cL
)

❡
(

sR, cR
)

❝♦♠ ✈❡❧♦❝✐❞❛❞❡

σ ❡①✐❣❡ q✉❡ ♦ ❙✐st❡♠❛ ✭✷✳✷✻✮ t❡♥❤❛ ✉♠❛ s♦❧✉çã♦ (sε (ξ) , cε (ξ)) s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦

❞❡ ❝♦♥t♦r♥♦










lim
ξ→−∞

(sε (ξ) , cε (ξ)) =
(

sL, cL
)

,

lim
ξ→+∞

(sε (ξ) , cε (ξ)) =
(

sR, cR
)

.
✭✷✳✷✼✮

■♥t❡❣r❛♥❞♦ ♦ ❙✐st❡♠❛ ✭✷✳✷✻✮ ❞❡ −∞ ❛té ξ ♦❜t❡♠♦s



















∫ ξ

−∞

d2sε

dη2
dη =

∫ ξ

−∞

(

−σ
dsε

dη
+

df (uε (η))

dη

)

dη,

∫ ξ

−∞

d2 (sεcε + a (cε))

dη2
dη =

∫ ξ

−∞

(

−σ
d (sεcε + a (cε))

dη
+

d (cεf (uε (η)))

dη

)

dη.

▲❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ❛ ♣r✐♠❡✐r❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ♣❛r❛ ξ → −∞ ❡♠ ✭✷✳✷✼✮✱ ❛♣ós ❛

r❡❛❧✐③❛çã♦ ❞❛ ✐♥t❡❣r❛çã♦ ♦❜t❡♠♦s ♦ s✐st❡♠❛ ❞❡ ❊❉❖✬s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠















dsε

dξ
= f ε − σsε −

(

fL − σsL
)

,

d (sεcε + a (cε))

dξ
= cεf ε − σ (sεcε + a (cε))−

(

cLfL − σ
(

sLcL + a
(

cL
)))

,

✭✷✳✷✽✮

♦♥❞❡ fL = f
(

sL, cL
)

❡ f ε = f (sε, cε)✳

P❛r❛ ❢❛❝✐❧✐t❛r ❛ ❛♥á❧✐s❡ ✈❛♠♦s r❡❡s❝r❡✈❡r ♦ ❙✐st❡♠❛ ✭✷✳✷✽✮ ❡♠ t❡r♠♦s ❞❛ ❢✉♥çã♦

❞❡ hL (c) ❞❡✜♥✐❞❛ ❡♠ ✭✷✳✶✽✮✳ ▲♦❣♦✱ ♦ ❙✐st❡♠❛ ✭✷✳✷✽✮ é r❡❡s❝r✐t♦ ❝♦♠♦











dsε

dξ
= f (sε, cε)− σ

(

sε + hL

(

cR
))

,

(sε + h (cε))
dcε

dξ
= σ

(

cε − cL
) (

hL

(

cR
)

− hL (c
ε)
)

.
✭✷✳✷✾✮

❋❛③❡♥❞♦ ε → 0 ❡s♣❡r❛✲s❡ q✉❡ ❛ s♦❧✉çã♦ (sε, cε) ❞❡ ✭✷✳✷✾✮ s❛t✐s❢❛③❡♥❞♦ ❛ s❡❣✉♥❞❛ ❝♦♥❞✐çã♦

❞❡ ❝♦♥t♦r♥♦ ❡♠ ✭✷✳✷✼✮ ❝♦♥✈✐r❥❛ ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❞♦ ❙✐st❡♠❛ ✭✶✮

❞❛❞❛ ♣❡❧❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡ ❞❡ uL ♣❛r❛ uR ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ σ✳

❆ ♣❛rt✐r ❞❛q✉✐ ✈❛♠♦s ♦♠✐t✐r ♦s ❡①♣♦❡♥t❡s ε ❞❡ sε ❡ cε✱ r❡❡s❝r❡✈❡♥❞♦ ♦ ❙✐st❡♠❛

✭✷✳✷✾✮ ❝♦♠♦











ds

dξ
= f (s, c)− σ

(

s+ hL

(

cR
))

(s+ h (c))
dc

dξ
= σ

(

c− cL
) (

hL

(

cR
)

− hL (c)
)

.
✭✷✳✸✵✮



✷✾

❯s❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ✭✷✳✷✼✮ ✈❛♠♦s r❡s♦❧✈❡r ♦ ❙✐st❡♠❛ ✭✷✳✸✵✮ ❛ ✜♠ ❞❡

❛❝❤❛r ✉♠❛ ór❜✐t❛ s❛✐♥❞♦ ❞♦ ❡st❛❞♦
(

sL, cL
)

❡ ❝❤❡❣❛♥❞♦ ♥♦ ❡st❛❞♦
(

sR, cR
)

✳

❈❛s♦ cL < cR✳

❱❛♠♦s ❢❛③❡r ✉♠❛ ❛♥á❧✐s❡ ♣❛r❛ ♦ ❝❛s♦ cR > cL✳ P❛r❛ ✐ss♦✱ ✈❡❥❛♠♦s ♦ ❧❡♠❛ ❛ s❡❣✉✐r✿

▲❡♠❛ ✷✳✷ ❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛ ✭✷✳✸✵✮✳ ❙❡ cR > cL✱ ❡♥tã♦ ♥ã♦ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛

ór❜✐t❛ ❞♦ s✐st❡♠❛ ✭✷✳✸✵✮ ♣❛rt✐♥❞♦ ❞❡
(

sL, cL
)

❡ ❝❤❡❣❛♥❞♦ ❡♠
(

sR, cR
)

✳

❉❡♠♦♥str❛çã♦✳ ❆s ❡①♣r❡ssõ❡s (s+ h (c)) ❡ σ ♣♦ss✉❡♠ s✐♥❛✐s ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈♦s✳

❈♦♠♦ ❛ ❢✉♥çã♦ hL é ❞❡❝r❡s❝❡♥t❡✱ ❡♥tã♦✱ ♣❛r❛ c ❡str✐t❛♠❡♥t❡ ❡♥tr❡ cL ❡ cR✱ ❛s ❡①♣r❡ssõ❡s
(

c− cL
)

❡
(

hL

(

cR
)

− hL (c)
)

♣♦ss✉❡♠ s✐♥❛✐s ♦♣♦st♦s✳ ▲♦❣♦✱ ❞❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞❡

✭✷✳✸✵✮✱ t❡♠♦s q✉❡

dc

dξ
< 0, ♣❛r❛ c ❡♥tr❡ cL ❡ cR. ✭✷✳✸✶✮

❏á✱ ♣❛r❛ c ❢♦r❛ ❞♦ ✐♥t❡r✈❛❧♦
[

cL, cR
]

t❡♠♦s

dc

dξ
> 0. ✭✷✳✸✷✮

❆❧é♠ ❞✐st♦✱ ♦❜✈✐❛♠❡♥t❡ t❡♠♦s q✉❡

dc

dξ
= 0, s❡ c = cL ♦✉ c = cR.

P♦rt❛♥t♦✱ s❡ t✐✈❡r♠♦s cR > cL✱ ♥ã♦ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ ór❜✐t❛ ♣❛rt✐♥❞♦ ❞❡ uL ❡

❝❤❡❣❛♥❞♦ ❡♠ uR ♣♦✐s ♦ ✢✉①♦ ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ c é ❞❡❝r❡s❝❡♥t❡ ❡♥tr❡ ♦s ✈❛❧♦r❡s cL ❡

cR ❝♦♠♦ ❛✜r♠❛ ✭✷✳✸✶✮✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❛ ór❜✐t❛ ♣♦ss✉✐ ❞❡r✐✈❛❞❛

❡♠ r❡❧❛çã♦ ❛ c ♥❡❣❛t✐✈❛✳ �

P❡❧♦ ▲❡♠❛ ✷✳✷ ♥ã♦ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ❞❡s❝♦♥tí♥✉❛ ❛❞♠✐ssí✈❡❧ s❡❣✉♥❞♦

❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ✈✐s❝♦s✐❞❛❞❡✱ q✉❛♥❞♦ cL < cR✳

❈❛s♦ cL > cR✳

❋✐①❡ cL > cR ❡ ❝♦♥s✐❞❡r❡ ❛ s❡❝❛♥t❡ ❞❡✜♥✐❞❛ ♣♦r ✭✷✳✶✾✮✳ ❊st❛ s❡❝❛♥t❡ ✐♥t❡rs❡❝t❛ ❛ ❢✉♥çã♦

❞❡ ✢✉①♦ f
(

s, cR
)

❡♠ ❞♦✐s ♣♦♥t♦s✳ ❯♠ ❞❡st❡s ♣♦♥t♦s é ❞❡♥♦t❛❞♦ ♣♦r uR
− =

(

sR−, c
R
)

♦♥❞❡ λs
(

sR−, c
R
)

> σ ❡ ♦ ♦✉tr♦ ♣♦r uR
+ =

(

sR+, c
R
)

♦♥❞❡ λs
(

sR+, c
R
)

< σ✳



✸✵

❖s ♣♦♥t♦s uR
+ ❡ uR

− sã♦ ♣♦♥t♦s ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦ s✐st❡♠❛ ❞❡ ❊❉❖✬s ✭✷✳✸✵✮✳ ❱❡❥❛ ❛

❋✐❣✉r❛ ❈✳✶✵✳

▲❡♠❛ ✷✳✸ ❈♦♥s✐❞❡r❡ ♦ ♣♦♥t♦ uR
+✳ ❊♥tã♦✱ ❞❡ ✭✷✳✶✾✮✱ ❡①✐st❡♠ ❞♦✐s ✈❛❧♦r❡s ♣❛r❛ sL✱

❞❡♥♦t❛❞♦s ♣♦r sL− ❡ sL+✱ ❝♦♠ sL− ≤ sL+ t❛✐s q✉❡✱

λs
(

sL−, c
L
)

> σ ❡ λs
(

sL+, c
L
)

6 σ. ✭✷✳✸✸✮

❆❧é♠ ❞✐ss♦✱ s❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ✭✷✳✸✸✮ sã♦ ❡str✐t❛s é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ ór❜✐t❛ ❞♦

s✐st❡♠❛ ✭✷✳✸✵✮ ♣❛rt✐♥❞♦ ❞♦ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ uL
− =

(

sL−, c
L
)

❡ ❝❤❡❣❛♥❞♦ ❡♠ uR
+ ❡ ✉♠❛

ór❜✐t❛ ♣❛rt✐♥❞♦ ❞❡ uL
+ =

(

sL+, c
L
)

❡ ❝❤❡❣❛♥❞♦ ❡♠ uR
+✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❛❣♦r❛ ❢❛③❡r ❛ ❛♥á❧✐s❡ ❞♦ s✐♥❛❧ ❞❡
ds

dξ
❡♠ ✭✷✳✸✵✮✳ P❛r❛ q✉❛❧q✉❡r

cR 6 c < cL s❡❥❛♠ s− (c) ❡ s+ (c) ♦s ❞♦✐s ✈❛❧♦r❡s ❞❡t❡r♠✐♥❛❞♦s ♣❡❧❛ r❡❧❛çã♦

f (s− (c) , c)

s− (c) + hL (cR)
= σ =

f (s+ (c) , c)

s+ (c) + hL (cR)
, ✭✷✳✸✹✮

❝♦♠ s− (c) ≤ s+ (c)✳ ❙❡♥❞♦ u+ = (s+ (c) , c) t❡♠♦s uR
+ =

(

s+
(

cR
)

, cR
)

✳ ❱❡❥❛ ❛ ❋✐❣✉r❛

❈✳✶✷✳ ❉❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ ✭✷✳✸✵✮ ❡ ❞❡ ✭✷✳✸✹✮ ❝♦♥❝❧✉í♠♦s q✉❡

ds

dξ
(s− (c) , c) =

ds

dξ
(s+ (c) , c) = 0.

P❛r❛ ❝❛❞❛ c ✜①♦✱ ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ s✱ ♥♦s ✐♥t❡r✈❛❧♦s 0 6 s < s− (c) ❡ s+ (c) < s 6 1✱

❛s ór❜✐t❛s ♣♦ss✉❡♠ ♦ ♠❡s♠♦ s❡♥t✐❞♦ ❡ ♥♦ ✐♥t❡r✈❛❧♦ s− (c) < s < s+ (c) ❡❧❛s ♣♦ss✉❡♠

s❡♥t✐❞♦ ♦♣♦st♦ ❛♦s ♦✉tr♦s ❞♦✐s ❝❛s♦s✳

❋❛r❡♠♦s ❛❣♦r❛ ✉♠❛ ❛♥á❧✐s❡ ❞♦ s✐♥❛❧ ❞❡
ds

dξ
✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s r❡❡s❝r❡✈❡r ❛ ♣r✐♠❡✐r❛

❡q✉❛çã♦ ❞❡ ✭✷✳✸✵✮ ❝♦♠♦ ♠♦str❛ ❛ s❡❣✉✐r✿

ds

dξ
=
(

s+ hL

(

cR
))

(

f (s, c)

(s+ hL (cR))
− σ

)

. ✭✷✳✸✺✮

❖❜s❡r✈❡ q✉❡✱ ♣❛r❛ 0 6 s < s− (c) ❡ s+ (c) < s 6 1 ❛ ✐♥❝❧✐♥❛çã♦ f (s, c) /
(

s+ hL

(

cR
))

é ♠❡♥♦r ❞♦ q✉❡ ❛ ✐♥❝❧✐♥❛çã♦ σ✳ ▲♦❣♦✱

ds

dξ
< 0, ♣❛r❛ 0 6 s < s− (c) ❡ s+ (c) < s 6 1. ✭✷✳✸✻✮

❏á ♣❛r❛ s− (c) < s < s+ (c) ❛ ✐♥❝❧✐♥❛çã♦ f (s, c) /
(

s+ hL

(

cR
))

é ♠❛✐♦r ❞♦ q✉❡ ❛



✸✶

✐♥❝❧✐♥❛çã♦ σ✳ ❈♦♠ ✐ss♦✱

ds

dξ
> 0, ♣❛r❛ s− (c) < s < s+ (c) . ✭✷✳✸✼✮

◆♦t❡ q✉❡ q✉❛❧q✉❡r ór❜✐t❛ q✉❡ ♣❛ss❛ ♣♦r ✉♠ ♣♦♥t♦ (s− (c) , c)✱ ♣❛r❛ ❛❧❣✉♠ c ∈
(

cR, cL
)

✱

s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦











lim
ξ→−∞

(s (ξ) , c (ξ)) =
(

sL−
(

cL
)

, cL
)

lim
ξ→+∞

(s (ξ) , c (ξ)) =
(

sR, cR
)

.

❆❞❡♠❛✐s✱ q✉❛❧q✉❡r ór❜✐t❛ q✉❡ ♣❛ss❛ ♣♦r ✉♠ ♣♦♥t♦ (s+ (c) , c)✱ ♣❛r❛ ❛❧❣✉♠ c ∈
(

cR, cL
)

t❡♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡











lim
ξ→−∞

(s (ξ) , c (ξ)) =
(

+∞, cL
)

lim
ξ→+∞

(s (ξ) , c (ξ)) =
(

sR, cR
)

.

P♦rt❛♥t♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ór❜✐t❛ ❞♦ s✐st❡♠❛ ✭✷✳✸✵✮ ♣❛rt✐♥❞♦ ❞❡ uL
− ❡ ❝❤❡❣❛♥❞♦

❡♠ uR
− ❡ ✉♠❛ ór❜✐t❛ ♣❛rt✐♥❞♦ ❞❡ uL

− ❡ ❝❤❡❣❛♥❞♦ ❡♠ uR
+✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❈✳✶✸✳ �

▲❡♠❛ ✷✳✹ ❈♦♥s✐❞❡r❡ ♦ ♣♦♥t♦ uR
− =

(

sR−, c
R
)

✳ ❊♥tã♦✱ ❞❡ ✭✷✳✶✾✮✱ ❡①✐st❡♠ ❞♦✐s ✈❛❧♦r❡s

♣❛r❛ sL✱ ❞❡♥♦t❛❞♦s ♣♦r sL− ❡ sL+✱ ❝♦♠ sL− ≤ sL+ t❛✐s q✉❡✱ ✭✷✳✸✸✮ é s❛t✐s❢❡✐t❛✳ ❆❧é♠ ❞✐ss♦✱

s❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ✭✷✳✸✸✮ sã♦ ❡str✐t❛s é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ ór❜✐t❛ ❞♦ s✐st❡♠❛ ✭✷✳✸✵✮

♣❛rt✐♥❞♦ ❞♦ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ uL
− =

(

sL−, c
L
)

❡ ❝❤❡❣❛♥❞♦ ❡♠ uR
+✱ ♥♦ ❡♥t❛♥t♦✱ ♥ã♦ é

♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ ór❜✐t❛ ♣❛rt✐♥❞♦ ❞♦ ♣♦♥t♦ uL
+ =

(

sL+, c
L
)

❡ ❝❤❡❣❛♥❞♦ ❡♠ uR
−✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❛♥❞♦ uR
−✱ ❡♥tã♦ sR− = s−

(

cR
)

✳ ❈♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ❡①✐st❡♠

❞♦✐s ♣♦ssí✈❡✐s ✈❛❧♦r❡s ♣❛r❛ sL✱ t❛✐s q✉❡ ✭✷✳✸✸✮ é s❛t✐s❢❡✐t❛ ✭uL
+ ❡ uL

− sã♦ ♦s ♠❡s♠♦s ♣♦♥t♦s

❞♦ ▲❡♠❛ ✷✳✸✮✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❈✳✶✶✳ ❈♦♠ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞♦ ❝❛s♦ ❛♥t❡r✐♦r ♦s

s✐♥❛✐s ❞❡
ds

dξ
❡
dc

dξ
♣❡r♠❛♥❡❝❡♠ ✐♥❛❧t❡r❛❞♦s✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❈✳✶✸✳ �

P♦rt❛♥t♦✱ ❞♦s ▲❡♠❛s ✷✳✷ ❡ ✷✳✹ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ór❜✐t❛ ❞♦ s✐st❡♠❛ ✭✷✳✸✵✮

♣❛rt✐♥❞♦ ❞❡ uL
− ❡ ❝❤❡❣❛♥❞♦ ❡♠ uR

−✳ P♦ré♠✱ ♥ã♦ ❡①✐st❡ ✉♠❛ ór❜✐t❛ ♣❛rt✐♥❞♦ ❞❡ uL
+ ❡

❝❤❡❣❛♥❞♦ ❡♠ uR
−✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❈✳✶✸✳

Pr♦♣♦s✐çã♦ ✷✳✷ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭✷✳✹✮ ♦♥❞❡ uL = uL
− ❡ uR = uR

+✳

❊♥tã♦ ❛ ♦♥❞❛ ❞❡ c−❝❤♦q✉❡✱ s❡❣✉♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ✈✐s❝♦s✐❞❛❞❡✱ é ❛❞♠✐ssí✈❡❧✳



✸✷

❆❧é♠ ❞✐ss♦✱ s❡ uR = uR
−✱ ❡♥tã♦ ❛ ♦♥❞❛ ❞❡ c−❝❤♦q✉❡ t❛♠❜é♠ é ❛❞♠✐ssí✈❡❧ s❡❣✉♥❞♦ ❛

♠❡s♠❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛✳

Pr♦♣♦s✐çã♦ ✷✳✸ ❈♦♥❞✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭✷✳✹✮ ♦♥❞❡ uL = uL
+ ❡ uR = uR

+✳

❊♥tã♦ ❛ ♦♥❞❛ ❞❡ c−❝❤♦q✉❡✱ s❡❣✉♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ✈✐s❝♦s✐❞❛❞❡✱ é ❛❞♠✐ssí✈❡❧✳

P♦ré♠✱ s❡ uR = uR
− ♥ã♦ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ ór❜✐t❛ ♣❛rt✐♥❞♦ ❞❡ uL ♣❛r❛ uR✳

❆s ❞❡♠♦♥str❛çõ❡s ❞❛s Pr♦♣♦s✐çõ❡s ✷✳✷ ❡ ✷✳✸ s❡❣✉❡♠ ❞✐r❡t❛♠❡♥t❡ ❞♦s ▲❡♠❛s ✷✳✸ ❡

✷✳✹ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❯♠ ❢❛t♦ ❛ s❡r ♦❜s❡r✈❛❞♦ é ❛ ✈❡r✐✜❝❛çã♦ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ▲❛① ♣❛r❛ ♦s

❡st❛❞♦s uL ❡ uR✳ P❛r❛ ♦ s✐st❡♠❛ 2× 2✱ ❛ ♥♦♠❡❝❧❛t✉r❛ ♣❛r❛ ♣♦ssí✈❡✐s ♦♥❞❛s ❞❡ ❝❤♦q✉❡

❡♥tr❡ ♦s ❡st❛❞♦s uL ❡ uR sã♦ ❧✐st❛❞❛s ♥❛ ❚❛❜❡❧❛ ❛ s❡❣✉✐r✳

❚✐♣♦ ❞❡ ❝❤♦q✉❡ ❉❡s✐❣✉❛❧❞❛❞❡s P♦♥t♦s ❞❡ ❊q✉✐❧í❜r✐♦

❞♦ ❙✐st❡♠❛ ✭✶✮

1− ❝❤♦q✉❡ ❞❡ ▲❛① λ1
(

uR
)

< σ < λ1
(

uL
)

uL : ❘❡♣✉❧s♦r

σ < λ2
(

uR
)

uR : ❙❡❧❛

2− ❝❤♦q✉❡ ❞❡ ▲❛① λ2
(

uR
)

< σ < λ2
(

uL
)

uL : ❙❡❧❛

σ > λ1
(

uR
)

uR : ❆tr❛t♦r

❈❤♦q✉❡ tr❛♥s✐❝✐♦♥❛❧ λ1
(

uL
)

< σ < λ2
(

uL
)

uL : ❙❡❧❛

λ1
(

uR
)

< σ < λ2
(

uR
)

uR : ❙❡❧❛

❈❤♦q✉❡ ❝♦♠♣r❡ss✐✈♦ λ2
(

uR
)

< σ < λ1
(

uL
)

uL : ❘❡♣✉❧s♦r

uR : ❆tr❛t♦r

P❛r❛ ✈❡r✐✜❝❛r ❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ▲❛① ❢❛r❡♠♦s ✉♠❛ ❧✐♥❡❛r✐③❛çã♦ ❞♦ ❙✐st❡♠❛

✭✷✳✸✵✮✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡

λ1 (u) = min {λs (u) , λc (u)} ,

λ2 (u) = max {λs (u) , λc (u)} .

❙❡ u ∈ Ω1 ❡♥tã♦ λ1 ≡ λs ❡ λ2 ≡ λc✳ ❙❡ u ∈ Ω2 ❡♥tã♦ λ1 ≡ λc ❡ λ2 ≡ λs✳ ❈♦♥s✐❞❡r❡

P (s, c) = f (s, c)− σ
(

s+ hL

(

cR
))

,

Q (s, c) = σ
(

c− cL
) (

hL

(

cR
)

− hL (c)
)

(s+ h (c))−1 .



✸✸

❊♥tã♦ ♦ s✐st❡♠❛ ✭✷✳✸✵✮ ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛











ds

dξ
= P (s, c)

dc

dξ
= Q (s, c) .

✭✷✳✸✽✮

❆s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❞❛s ❢✉♥çõ❡s P ❡ Q sã♦

∂P

∂s
(s, c) =

∂f

∂s
(s, c)− σ,

∂P

∂c
(s, c) =

∂f

∂c
(s, c) ,

∂Q

∂s
(s, c) = −σ

(

c− cL
) (

hL

(

cR
)

− hL (c)
)

(s+ h (c))−2 ,

∂Q

∂c
(s, c) = σ

[

(

hL

(

cR
)

− hL (c)
)

−
(

c− cL
) dhL

dc
(c)

]

(s+ h (c))−1

− σ
(

c− cL
) (

hL

(

cR
)

− hL (c)
)

(s+ h (c))−2 dh

dc
(c) .

✭✷✳✸✾✮

❈♦♠ ✐ss♦✱ ❛ ❧✐♥❡❛r✐③❛çã♦ ❞♦ s✐st❡♠❛ ✭✷✳✸✽✮ ❡♠ t♦r♥♦ ❞❡ uL = uL
− ♦✉ uL = uL

+ é















ds

dξ
=

∂P

∂s

(

sL, cL
) (

s− sL
)

+
∂P

∂c

(

sL, cL
) (

c− cL
)

dc

dξ
= Q

(

sL, cL
)

+
∂Q

∂s

(

sL, cL
) (

s− sL
)

+
∂Q

∂c

(

sL, cL
) (

c− cL
)

.

✭✷✳✹✵✮

❆♣❧✐❝❛♥❞♦ ♦ ❡st❛❞♦ uL ♥❛s ❡①♣r❡ssõ❡s ❡♠ ✭✷✳✸✾✮ ❡ ❡♠ s❡❣✉✐❞❛ s✉❜st✐t✉✐♥❞♦ ❡♠ ✭✷✳✹✵✮

♦❜t❡♠♦s ♦ s✐st❡♠❛






















ds

dξ
=

(

∂f

∂s

(

sL, cL
)

− σ

)

(

s− sL
)

+
∂f

∂c

(

sL, cL
) (

c− cL
)

dc

dξ
= σ

(

hL

(

cR
)

− hL

(

cL
)

sL + h (cL)

)

(

c− cL
)

.

✭✷✳✹✶✮

❘❡❡s❝r❡✈❡♥❞♦ ♦ s✐st❡♠❛ ✭✷✳✹✶✮ ❡♠ ❢♦r♠❛ ♠❛tr✐❝✐❛❧ ♦❜t❡♠♦s

du

dξ
= M

(

u− uL
)

,

♦♥❞❡

M =











∂f

∂s

(

sL, cL
)

− σ
∂f

∂c

(

sL, cL
)

0 σ

(

hL

(

cR
)

− hL

(

cL
)

sL + h (cL)

)











.



✸✹

❙❡❥❛♠ η1 ❡ η2 ♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ M ✳ ❊♥tã♦✱

η1 =
∂f

∂s

(

sL, cL
)

− σ ❡ η2 = σ

(

hL

(

cR
)

− hL

(

cL
)

sL + h (cL)

)

.

❙❡♥❞♦ hL ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡♥t❡ ❡ cL > cR ❡♥tã♦ hL

(

cR
)

−hL

(

cL
)

> 0✱ ♦✉ s❡❥❛✱

η2 > 0✳

• ❙❡❥❛ uL = uL
−✳ ❈♦♠♦ λs

(

uL
−

)

=
∂f

∂s

(

sL−, c
L
−

)

> σ✱ ❡♥tã♦ η1 > 0 ❡ ❝♦♠ ✐ss♦ t❡♠♦s

q✉❡✱ uL
− é ✉♠ ♥ó ✐♠♣ró♣r✐♦ ✐♥stá✈❡❧ ✭r❡♣✉❧s♦r✮✳

• ❙❡❥❛ uL = uL
+✳ ❈♦♠♦ λs

(

uL
+

)

=
∂f

∂s

(

sL+, c
L
+

)

< σ✱ ❡♥tã♦ η1 < 0✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

uL
+ é ✉♠ ♣♦♥t♦ ❞❡ s❡❧❛✳ ❙❡❥❛♠ v1 ❡ v2 ♦s r❡s♣❡❝t✐✈♦s ❛✉t♦✈❡t♦r❡s ❞❡ η1 ❡ η2✳ ❈♦♠

✐ss♦✱ v1 = (1, 0) é ❛ ❞✐r❡çã♦ ❛ss✐♥tót✐❝❛ ❛tr❛t♦r❛ ❡ v2 =

(

∂f

∂c

(

uL
+

)

, σ − λs
(

uL
+

)

)

é ❛ ❞✐r❡çã♦ r❡♣✉❧s♦r❛✳

❋❛r❡♠♦s ❛❣♦r❛ ❛ ❡①♣❛♥sã♦ ❡♠ sér✐❡ ❞❡ ❚❛②❧♦r ❡♠ t♦r♥♦ ❞♦s ♣♦♥t♦s uR
− ❡ uR

+✳ ❙❡❥❛

uR = uR
− ♦✉ uR = uR

+✳ ❈♦♠ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞♦ ❝❛s♦ ❛♥t❡r✐♦r ♦❜t❡♠♦s ♦ s✐st❡♠❛

❞❡ ❊❉❖✬s ❧✐♥❡❛r❡s ❛ss♦❝✐❛❞♦s ♥❛ ❢♦r♠❛ ♠❛tr✐❝✐❛❧

du

dξ
= N

(

u− uR
)

,

♦♥❞❡

N =







∂f

∂s

(

sR, cR
)

− σ
∂f

∂c

(

sR, cR
)

0 −σ
(

cR − cL
) dhL

dc

(

cR
)

(s+ h (c))−1






.

❙❡❥❛♠ ❛❣♦r❛ η1 ❡ η2 ♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ N ✳ ❊♥tã♦✱

η1 =
∂f

∂s

(

sR, cR
)

− σ ❡ η2 = −σ
(

cR − cL
) dhL

dc

(

cR
)

(s+ h (c))−1 .

❙❡♥❞♦
dhL

dc

(

cR
)

< 0 ❡ cL > cR ❡♥tã♦ η2 < 0✳

• ❙❡❥❛ uR = uR
+✳ ❈♦♠♦ λs

(

uR
+

)

= λs
(

sR+, c
R
+

)

< σ ❡♥tã♦ η1 < 0✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡

uR
+ é ✉♠ ♥ó ✐♠♣ró♣r✐♦ ❡stá✈❡❧ ✭❛tr❛t♦r✮✳

• ❙❡❥❛ uR = uR
−✳ ❈♦♠♦ λs

(

uR
−

)

= λs
(

sR−, c
R
−

)

> σ✱ ❡♥tã♦ η1 > 0✱ ❧♦❣♦✱ t❡♠♦s q✉❡

uR
− é ✉♠ ♣♦♥t♦ ❞❡ s❡❧❛✳ ❙❡❥❛♠ ❛❣♦r❛ v1 ❡ v2 ♦s ❛✉t♦✈❡t♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ η1



✸✺

❡ η2 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦✱ v1 = (1, 0) é ✉♠❛ ❞✐r❡çã♦ ❛ss✐♥tót✐❝❛ r❡♣✉❧s♦r❛ ❡

v2 =

(

∂f

∂c

(

uR
−

)

, σ − λs
(

uR
−

)

)

❛tr❛t♦r❛✳

P♦rt❛♥t♦✱

• s❡ uL = uL
− ❡ uR = uR

− ❡♥tã♦✱ ❡♥tr❡ ❡st❡s ❡st❛❞♦s✱ 1−❝❤♦q✉❡ ❞❡ ▲❛① é ❛❞♠✐ssí✈❡❧❀

• s❡ uL = uL
+ ❡ uR = uR

+ ❡♥tã♦✱ ❡♥tr❡ ❡st❡s ❡st❛❞♦s✱ é 2−❝❤♦q✉❡ ❞❡ ▲❛① é ❛❞♠✐ssí✈❡❧❀

• s❡ uL = uL
− ❡ uR = uR

+ ❡♥tã♦✱ ❡♥tr❡ ❡st❡s ❡st❛❞♦s✱ é ❛❞♠✐ssí✈❡❧ ✉♠ ❝❤♦q✉❡ ❝♦♠✲

♣r❡ssí✈❡❧✳



❈❛♣ít✉❧♦ ✸

❙♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ ❝❛♣ít✉❧♦ é ❛ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥

✭✶✮✲✭✷✮✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ❞❡♥♦t❛r ❛❧❣❡❜r✐❝❛♠❡♥t❡ ♦ q✉❡ é ✉♠❛ ♦♥❞❛ q✉❡ ❝♦♠♣õ❡

❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✱ ♦ q✉❡ sã♦ ♦♥❞❛s ❝♦♠♣❛tí✈❡✐s✱ ❡♥✉♥❝✐❛r ❡ ❞❡♠♦♥str❛r ♦s ❧❡♠❛s

❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❡ ❡♠ s❡❣✉✐❞❛ ❝♦♥str✉✐r ❛ s♦❧✉çã♦ q✉❡ ❞❡♣❡♥❞❡ ❞♦s ❡st❛❞♦s uL ❡ uR

✜①❛❞♦s ❡♠ r❡❣✐õ❡s ❡s♣❡❝í✜❝❛s ❞♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω✳

●❡♥❡r✐❝❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡ ♦ ❡st❛❞♦ à ❡sq✉❡r❞❛ uA =
(

sA, cA
)

❡ ♦ ❡st❛❞♦ à ❞✐r❡✐t❛

uB =
(

sB, cB
)

✳ ❙❡❥❛ λi (u) ❝♦♠ i ∈ {s, c} ♦s ✈❛❧♦r❡s ❝❛r❛❝t❡ríst✐❝♦s ❞❛ ♠❛tr✐③ ✭✷✳✺✮✳

❙❡ u = (s, c) é ✉♠ ❡st❛❞♦ s♦❜r❡ ❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞♦ ❝❛♠♣♦ ei ✈❛r✐❛♥❞♦ ❡♥tr❡ uA ❡ uB

♦♥❞❡ λi (u) é ❝r❡s❝❡♥t❡ ❞❡ λi
(

uA
)

♣❛r❛ λi
(

uB
)

✱ ❡♥tã♦ ❤á ✉♠❛ ♦♥❞❛ ❞❡ i−r❛r❡❢❛çã♦

❝♦♥❡❝t❛♥❞♦ uA à uB✳ ❖ ❛✉t♦✈❛❧♦r λi
(

uA
)

é ❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧ ❞❛ ♦♥❞❛ i−r❛r❡❢❛çã♦ ❡

♦ ❛✉t♦✈❛❧♦r λi
(

uB
)

❛ ✈❡❧♦❝✐❞❛❞❡ ✜♥❛❧✳ ❱❡r ❋✐❣✉r❛ ❆✳✶ ♥♦ ❆♣ê♥❞✐❝❡ ❆ ♣❛r❛ ♦s ❡st❛❞♦s

uL ❡ uR✳

❙❡❥❛ σ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦♣❛❣❛çã♦ ❞❡ ✉♠❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ r❡❧❛❝✐♦♥❛❞❛ ❛♦s ❡st❛✲

❞♦s uA ❡ uB s❛t✐s❢❛③❡♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❍❛♥❦✐♥❡✲❘✉❣♦♥✐♦t✳ ❙❡ ❛ s♦❧✉çã♦ ❞❡s❝♦♥tí♥✉❛

u (x, t) =







uA, s❡ x
t
< σ

uB, s❡ x
t
> σ,

s❛t✐s❢❛③ ❛❧❣✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ ❤á ✉♠❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡ ❝♦✲

♥❡❝t❛♥❞♦ ♦s ❡st❛❞♦s uA ❡ uB✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ q✉❛♥❞♦ ♥♦s r❡❢❡r✐♠♦s ❛ ✉♠❛ c−♦♥❞❛ ❡st❛♠♦s ♥♦s r❡❢❡r✐♥❞♦



✸✼

❛ ✉♠❛ ♦♥❞❛ c−r❛r❡❢❛çã♦ ♦✉ ✉♠❛ ♦♥❞❛ c−❝❤♦q✉❡✳ ◗✉❛♥❞♦ ♥♦s r❡❢❡r✐♠♦s ❛ s−♦♥❞❛✱

❡st❛♠♦s ♥♦s r❡❢❡r✐♥❞♦ ❛ ♦♥❞❛ s−r❛r❡❢❛çã♦✱ s−❝❤♦q✉❡ ♦✉ s−❝♦♠♣♦st❛ ✭s−r❛r❡❢❛çã♦

s❡❣✉✐❞❛ ❞❡ ✉♠❛ s−❝❤♦q✉❡✮✳ ❆ ♦♥❞❛ s−❝♦♠♣♦st❛ é ❛ ♠❡s♠❛ ♦♥❞❛ ❝♦♠♣♦st❛ ❞❛ s♦❧✉çã♦

❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt ❡st✉❞❛❞❛ ♥♦ ❆♣ê♥❞✐❝❡

❇✳ ◗✉❛♥❞♦ cA = cB ❛ s−♦♥❞❛ s❡ r❡s✉♠❡ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ❛

❡q✉❛çã♦ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt✳

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ❡♠ ❬✽❪ ✉s❛♠♦s

uA i−→ uB

♣❛r❛ ❞❡♥♦t❛r q✉❡ ♦ ❡st❛❞♦ uA ♣♦❞❡ s❡r ❝♦♥❡❝t❛❞♦ ❛ uB ♣♦r ✉♠❛ i−♦♥❞❛✱ ❝♦♠ i ∈ {s, c}✳

❉❡✜♥✐çã♦ ✸✳✶ ❈♦♥s✐❞❡r❡ ✉♠❛ a−♦♥❞❛ uA a−→ uB ❡ ✉♠❛ b−♦♥❞❛ uB b−→ uD✳ ❙❡♥❞♦

vaf ❛ ✈❡❧♦❝✐❞❛❞❡ ✜♥❛❧ ❞❛ a−♦♥❞❛ ❡ vbi ❛ ✈❡❧♦❝✐❞❛❞❡ ✐♥✐❝✐❛❧ ❞❛ b−♦♥❞❛✱ ❡♥tã♦✱ ❞✐③❡♠♦s

q✉❡ ❡st❛s ♦♥❞❛s sã♦ ❝♦♠♣❛tí✈❡✐s ♥❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ ❡st❛❞♦ à

❡sq✉❡r❞❛ uA ❡ ❡st❛❞♦ à ❞✐r❡✐t❛ uD s❡

vaf 6 vbi . ✭✸✳✶✮

❖❜s❡r✈❛♠♦s q✉❡ s❡ ❛ ♦♥❞❛ a ❢♦r ✉♠ ❝❤♦q✉❡✱ ❡♥tã♦ vai = vaf = σ
(

uA, uB
)

✳

❯♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭✶✮✲✭✷✮ ❝♦♥s✐st❡ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s✲

♦♥❞❛s ❡ c✲♦♥❞❛s ❝♦♠♣❛tí✈❡✐s q✉❡ ❝♦♥❡❝t❛♠ ♦ ❡st❛❞♦ à ❡sq✉❡r❞❛ uL ❛♦ ❡st❛❞♦ à ❞✐r❡✐t❛

uR✳

✸✳✶ ❈♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❡ ❱❡❧♦❝✐❞❛❞❡s ❞❡ ❖♥❞❛s

◆❡st❛ s❡çã♦ s❡rá ❞❡♠♦♥str❛❞❛ ✉♠ ❧❡♠❛ ❛✉①✐❧✐❛r ❡ ♦s ❧❡♠❛s q✉❡ ❣❛r❛♥t❡♠ à ❝♦♠✲

♣❛t✐❜✐❧✐❞❛❞❡ ❞❛s ♦♥❞❛s ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭✶✮✲✭✷✮✳

▲❡♠❛ ✸✳✶ ❙✉♣♦♥❤❛ q✉❡ ❛s três ♦♥❞❛s ❛ s❡❣✉✐r

uL c1−→ uA s−→ uB c2−→ uR ✭✸✳✷✮

s❡❥❛♠ ❝♦♠♣❛tí✈❡✐s✳ ❊♥tã♦ ❛ c1✲♦♥❞❛ ❡ c2✲♦♥❞❛ sã♦ c✲♦♥❞❛s ❞❡ r❛r❡❢❛çã♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ❛s três ♦♥❞❛s sã♦ ❝♦♠♣❛tí✈❡✐s✱ ❡♥tã♦✱ ❞❡ ✭✸✳✶✮ t❡♠♦s

vc1f 6 vsi 6 vsf 6 vc2i . ✭✸✳✸✮



✸✽

❙❡❥❛♠ uA =
(

sA, c
)

❡ uB =
(

sB, c
)

♣❛r❛ ❛❧❣✉♠ c ∈ I ❡

σs
(

uA, uB
)

=
f
(

sA, c
)

− f
(

sB, c
)

sA − sB
.

❙❡ ♦s ❡st❛❞♦s uA ❡ uB sã♦ ❝♦♥❡❝t❛❞♦s ♣♦r ✉♠❛ ♦♥❞❛ s−r❛r❡❢❛çã♦✱ ❡♥tã♦ ♦❝♦rr❡ ✉♠❛

❞❛s ❞✉❛s s✐t✉❛çõ❡s✱

0 6 sA < sB 6 sI ♦✉ sI 6 sB < sA 6 1.

▲♦❣♦✱ ♣❛r❛ ❝❛❞❛ c ✜①♦✱

vsi < σs
(

uA, uB
)

< vsf . ✭✸✳✹✮

❙❡ ♦s ❡st❛❞♦s uA ❡ uB sã♦ ❝♦♥❡❝t❛❞♦s ♣♦r ✉♠❛ ♦♥❞❛ s−❝❤♦q✉❡✱ ❡♥tã♦✱ ♣❛r❛ ❝❛❞❛ c ✜①♦✱

vsi = σs
(

uA, uB
)

= vsf . ✭✸✳✺✮

❙❡ ♦s ❡st❛❞♦s uA ❡ uB sã♦ ❝♦♥❡❝t❛❞♦s ♣♦r ✉♠❛ ♦♥❞❛ s−❝♦♠♣♦st❛✱ ❡♥tã♦✱ ♣❛r❛ ❝❛❞❛ c

✜①♦✱

vsi < σs
(

uA, uB
)

< λs
(

ε
(

uB
))

= σs
(

ε
(

uB
)

, uB
)

= vsf , ✭✸✳✻✮

♦♥❞❡ ❛ ❢✉♥çã♦ ε ❡stá ❞❡✜♥✐❞❛ ♥♦ ❆♣ê♥❞✐❝❡ ❇✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❈✳✶✹✳ ❉❛ ❞❡s✐❣✉❛❧❞❛❞❡

✭✸✳✹✮✱ ✭✸✳✺✮ ❡ ❞❛ ✐❣✉❛❧❞❛❞❡ ✭✸✳✻✮ t❡♠♦s

vsi 6 σs
(

uA, uB
)

6 vsf . ✭✸✳✼✮

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✼✮✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✸✮ ❝♦♥❝❧✉✐✲s❡ q✉❡

vc1f 6 σs
(

uA, uB
)

6 vc2i . ✭✸✳✽✮

❈♦♠♦ c1 ❡ c2 sã♦ ❝♦♥❡①õ❡s r❡❧❛❝✐♦♥❛❞❛s ❛ ❢❛♠í❧✐❛ c ❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝❤♦q✉❡ é ❞❛❞❛

♣♦r ✭✷✳✷✶✮✱ ❡♥tã♦

vc1f =
f
(

sA, c
)

sA + h1 (c)
❡ vc2i =

f
(

sB, c
)

sB + h2 (c)
, ✭✸✳✾✮



✸✾

♦♥❞❡ h1 ❡ h2 sã♦ ✈❛r✐á✈❡✐s q✉❡ ♣♦❞❡♠ s❡r ❛ ❢✉♥çã♦ h ♦✉ ❛ ❢✉♥çã♦ hL ❞❡✜♥✐❞❛s ♥♦

❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ❆♣❧✐❝❛♥❞♦ ❛s ❡①♣r❡ssõ❡s ❞❡ ✭✸✳✾✮ ❡♠ ✭✸✳✽✮ ♦❜t❡♠♦s✱

f
(

sA, c
)

sA + h1 (c)
6 σs

(

uA, uB
)

6
f
(

sB, c
)

sB + h2 (c)
.

▲♦❣♦✱

sB + h2 (c)

f (sB, c)
6

1

σs (uA, uB)
6

sA + h1 (c)

f (sA, c)

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛ ♣♦r f
(

sA, c
)

♦❜t❡♠♦s✱

f
(

sA, c
) (

sB + h2 (c)
)

f (sB, c)
6

f
(

sA, c
)

σs (uA, uB)
6 sA + h1 (c) .

❙✉❜tr❛✐♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♣♦r s1 t❡♠♦s✱

f
(

sA, c
) (

sB + h2 (c)
)

f (sB, c)
− sA 6

f
(

sA, c
)

σs (uA, uB)
− sA 6 h1 (c) .

▲♦❣♦✱ ❝❤❡❣❛♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡

h2 (c) 6
f
(

sA, c
)

σs (uA, uB)
− sA 6 h1 (c) . ✭✸✳✶✵✮

❖❜s❡r✈❡ q✉❡✱ s❡ sA = 0✱ ❡♥tã♦✱ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✶✵✮✱ t❡♠♦s h2 6 0 6 h1✳ ■st♦ ♥ã♦ é

✈❡r❞❛❞❡✱ ♣♦✐s ❛s ❢✉♥çõ❡s h1 ❡ h2 sã♦ ♣♦s✐t✐✈❛s✳ P♦r ✐ss♦ t♦♠❛♠♦s sA > 0✳

❱❛♠♦s ❛♥❛❧✐s❛r t♦❞♦s ♦s ♣♦ssí✈❡✐s ❝❛s♦s ♣❛r❛ ❛ c1✲♦♥❞❛ ❡ ♣❛r❛ c2✲♦♥❞❛✳

✭✐✮ ❙✉♣♦♥❤❛ q✉❡ ❛ c1−♦♥❞❛ ❡ ❛ c2−♦♥❞❛ s❡❥❛♠ ❛♠❜❛s ♦♥❞❛s ❞❡ c−❝❤♦q✉❡✳ ❊♥tã♦✱

h1 (c) = h2 (c) = hL (c) .

◆♦ ❡♥t❛♥t♦✱ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ✭✸✳✶✵✮ t❡♠♦s✱

h2 (c) < h1 (c) ,

♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ h1 s❡r ✐❣✉❛❧ ❛ h2✳ ▲♦❣♦✱ ❛ c1−♦♥❞❛ ❡ ❛ c2−♦♥❞❛ ♥ã♦

♣♦❞❡♠ s❡r ❛♠❜❛s ♦♥❞❛s ❞❡ c−❝❤♦q✉❡✳



✹✵

✭✐✐✮ ❙✉♣♦♥❤❛ q✉❡ ❛ c1−♦♥❞❛ s❡❥❛ ❝❤♦q✉❡ ❡ ❛ c2−♦♥❞❛ s❡❥❛ r❛r❡❢❛çã♦✳ ❊♥tã♦✱

h1 (c) = hL (c) , c 6= cL ❡ h2 (c) = h (c) .

◆❡st❡ ❝❛s♦✱ q✉❛♥❞♦ c < cL ❡♥tã♦ hL < h✱ ✐st♦ é✱ h1 < h2✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ✭✸✳✶✵✮

✭❱❡r ❋✐❣✉r❛ ❈✳✶✺✮✳ ▲♦❣♦✱ ❛ c1−♦♥❞❛ ♥ã♦ ♣♦❞❡ s❡r ❝❤♦q✉❡ ❡ ❛ c2−♦♥❞❛ ♥ã♦ ♣♦❞❡

s❡r ♦♥❞❛ ❞❡ r❛r❡❢❛çã♦✱ s✐♠✉t❛♥❡❛♠❡♥t❡✳

✭✐✐✐✮ ❙✉♣♦♥❤❛ q✉❡ ❛ c1−♦♥❞❛ s❡❥❛ r❛r❡❢❛çã♦ ❡ ❛ c2−♦♥❞❛ s❡❥❛ ❝❤♦q✉❡✳ ❊♥tã♦✱

h1 (c) = h (c) ❡ h2 (c) = hL (c) , c 6= cL.

▲♦❣♦✱ ♣❛r❛ c > cL t❡♠♦s h < hL✱ ♦✉ s❡❥❛✱ h1 < h2✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ✭✸✳✶✵✮ ✭❱❡r

❋✐❣✉r❛ ❈✳✶✺✮✳ ❉❡ss❛ ❢♦r♠❛✱ ♥ã♦ é ♣♦ssí✈❡❧ ❛ c1−♦♥❞❛ s❡r r❛r❡❢❛çã♦ ❡ ❛ c2−♦♥❞❛

s❡r ❝❤♦q✉❡ s✐♠✉t❛♥❡❛♠❡♥t❡✳

✭✐✈✮ ❙✉♣♦♥❤❛ q✉❡ ❛ c1−♦♥❞❛ ❡ ❛ c2−♦♥❞❛ s❡❥❛♠ ❛♠❜❛s ♦♥❞❛s ❞❡ c−r❛r❡❢❛çã♦✳ ❊♥tã♦✱

h1 (c) = h2 (c) = h (c) .

❱❡❥❛ q✉❡✱ ♥❡st❡ ❝❛s♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✶✵✮ é s❛t✐s❢❡✐t❛✳

❈♦♠♦ ♦s ❞❡♠❛✐s ❝❛s♦s ❢♦r❛♠ ❞❡s❝❛rt❛❞♦s ❡♥tã♦ ❛ ú♥✐❝❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ♣❛r❛ ❛ c1−♦♥❞❛ ❡

❛ c2−♦♥❞❛ é s❡r❡♠ ❛♠❜❛s ♦♥❞❛s ❞❡ c−r❛r❡❢❛çã♦✳ ■st♦ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛✳

�

❉♦ ▲❡♠❛ ✸✳✶ ❝♦♥❝❧✉✐✲s❡ q✉❡✿ s❡ cL < cR✱ ❡♥tã♦✱ q✉❛❧q✉❡r s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛

❞❡ ❘✐❡♠❛♥♥ ✭✶✮✲✭✷✮ s❡rá ❝♦♠♣♦st❛ ♣♦r s−♦♥❞❛s ❡ ♣♦r ♦♥❞❛s c−r❛r❡❢❛çã♦ ❡ s❡ cL > cR✱

❡♥tã♦✱ ❛ s♦❧✉çã♦ s❡rá ❝♦♠♣♦st❛ ❞❡ s−♦♥❞❛s ❡ ♣♦r ✉♠❛ ú♥✐❝❛ ♦♥❞❛ c−❝❤♦q✉❡✳ ■st♦

♣♦rq✉❡ ♦ ▲❡♠❛ ✸✳✶ ❣❛r❛♥t❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❞✉❛s ♦♥❞❛s c−r❛r❡❢❛çã♦ ♥❛ s♦❧✉çã♦ ❡

❞❡s❝❛rt❛ ♦ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❞✉❛s ♦♥❞❛s c−❝❤♦q✉❡✳

❆ s❡❣✉✐r ✈❡r❡♠♦s ♦s ❧❡♠❛s ❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❡ ♦♥❞❛s ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s ❝❛s♦s

s❡♣❛r❛❞❛♠❡♥t❡✳ ❊st❡s ❧❡♠❛s sã♦ ❢✉♥❞❛♠❡♥t❛✐s ♥❛ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

❞❡ ❘✐❡♠❛♥♥✳



✹✶

❈❛s♦ cL < cR✳

❈♦♥s✐❞❡r❡ ✉♠ ❡st❛❞♦ ❛r❜✐trár✐♦ u2 = (s2, c) ∈ Ω2 ∪ C✳ ❙❡❥❛ u1 = (s1 (u1) , c) ∈ Ω1 ∪ C
❞❡✜♥✐❞♦ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡

u1 ∈ Hs
(

u2
)

❡ σs
(

u1, u2
)

= λc
(

u2
)

. ✭✸✳✶✶✮

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ u1 = (s1, c) ∈ Ω1✱ ❡♥tã♦ ❝♦♥s✐❞❡r❡ u2 = (s2 (u1) , c) ∈ Ω2 ❝♦♠ ❛

♠❡s♠❛ ♣r♦♣r✐❡❞❛❞❡ ✭✸✳✶✶✮ tr♦❝❛♥❞♦ 2 ♣♦r 1✳ ❉✐③❡♠♦s✱ ♥❡st❡ ❝❛s♦✱ q✉❡ u2 é ✉♠ ❡st❛❞♦

c−❡①t❡♥sã♦ ❞❡ u1 ❡ ✈✐❝❡✲✈❡rs❛✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❈✳✶✻✳ ◆❡st❡ ❝❛s♦✱ ♦s ❡st❛❞♦s u1 ❡ u2

♣♦ss✉❡♠ ❛ ♠❡s♠❛ ✈❡❧♦❝✐❞❛❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❡♠ r❡❧❛çã♦ ❛ ❢❛♠í❧✐❛ c✳

❖❜s❡r✈❡ q✉❡✱ ♣❛r❛ t♦❞♦ ❡st❛❞♦ u2 ∈ Ω2 ∪ C ❡①✐st❡ ✉♠ ú♥✐❝♦ ❡st❛❞♦ ❡①t❡♥sã♦ u1

❝♦rr❡s♣♦♥❞❡♥t❡✳ P♦ré♠✱ ♥❡♠ t♦❞♦ ❡st❛❞♦ u1 ∈ Ω1 ❡①✐st❡ ✉♠ ❡st❛❞♦ ❡①t❡♥sã♦ u2 q✉❡

s❛t✐s❢❛③ ✭✸✳✶✶✮✳

P❛r❛ ♦ ❝❛s♦ cL < cR✱ ❛ ♣❛rt✐r ❞♦ ▲❡♠❛ ✸✳✶ ❢♦✐ ♦❜s❡r✈❛❞♦ q✉❡ q✉❛❧q✉❡r s♦❧✉çã♦ ❞♦

♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ é ❝♦♠♣♦st❛ ❞❡ s−♦♥❞❛s ❡ ♦♥❞❛s c−r❛r❡❢❛çã♦✳

❖ ❧❡♠❛ ❛ s❡❣✉✐r ❞❡t❡r♠✐♥❛ ❡♠ q✉❡ ❝♦♥❞✐çõ❡s ♦s ♣❛r❡s ❞❡ ♦♥❞❛s sã♦ ❝♦♠♣❛tí✈❡✐s✳

▲❡♠❛ ✸✳✷ ❙✉♣♦♥❤❛ q✉❡ cL < cR✳

✭✐✮ ❆s ❞✉❛s ♦♥❞❛s

uL c−→ uM s−→ uR

sã♦ ❝♦♠♣❛tí✈❡✐s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ uM ∈ Ω1∪C ❡ 0 6 sR 6 s2
(

uM
)

✱ ♦♥❞❡ s2
(

uM
)

é ❛ c−❡①t❡♥sã♦ ❞♦ ❡st❛❞♦ uM ✳

✭✐✐✮ ❆s ❞✉❛s ♦♥❞❛s

uL s−→ uM c−→ uR

sã♦ ❝♦♠♣❛tí✈❡✐s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ uM ∈ Ω2∪C ❡ s1
(

uM
)

6 sL 6 1✱ ♦♥❞❡ s1
(

uM
)

é ❛ c−❡①t❡♥sã♦ ❞♦ ❡st❛❞♦ uM ✳

❉❡♠♦♥str❛çã♦✳✭✐✮ ❈♦♠♦ ❡st❛s ❞✉❛s ♦♥❞❛s sã♦ ❝♦♠♣❛tí✈❡✐s✱ ❡♥tã♦ vcf 6 vsi ✳ ❉❛í✱ s❡♥❞♦

λc
(

uM
)

6 vcf ❡ vsi 6 λs
(

uM
)

t❡♠♦s q✉❡✱

λc
(

uM
)

6 λs
(

uM
)

,

✐st♦ é✱ uM ∈ Ω1∪C✳ ▲♦❣♦✱ ❛s ♦♥❞❛s sã♦ ❝♦♠♣❛tí✈❡✐s s❡✱ ❡ s♦♠❡♥t❡ s❡ 0 6 sR 6 s2
(

uM
)

✳

✭✐✐✮ ❆♥á❧♦❣♦ ❛♦ ❝❛s♦ ✭✐✮✳ �
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❖ ▲❡♠❛ ✸✳✷ ✐♠♣❧✐❝❛ q✉❡✿ ❛ s❡q✉ê♥❝✐❛ ❞❡ ♦♥❞❛s ✭✸✳✷✮ é ❝♦♠♣❛tí✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

uA ∈ Ω1 ❡ uB ∈ Ω2 ❝♦♠ s2
(

uA
)

= sB ❡ s1
(

uB
)

= sA✱ ✐st♦ é✱ q✉❛♥❞♦ uA é c−❡①t❡♥sã♦

❞❡ uB ❡ uB é c−❡①t❡♥sã♦ ❞❡ uA✳

❈❛s♦ cL > cR✳

❋✐①❡ ♦s ✈❛❧♦r❡s cL ❡ cR ❝♦♠ cL > cR✳ ❉❡✜♥❛ ❛ ❢✉♥çã♦ ϕ : Ω −→ R ♣♦r

ϕ (s, c) =
f (s, c)

s+ hL (cR)
. ✭✸✳✶✷✮

◆♦t❡ q✉❡ ❛ ❡①♣r❡ssã♦ ❞❛ ❢✉♥çã♦ ϕ s❡ ❛ss❡♠❡❧❤❛ ❛ ❞♦ ✈❛❧♦r ❝❛r❛t❡ríst✐❝♦ λc✳ ❆ ❞✐❢❡r❡♥ç❛

❡♥tr❡ ❡❧❛s é q✉❡✱ ♥♦ ✈❛❧♦r ❝❛r❛❝t❡ríst✐❝♦ λc t❡♠♦s ❛ ❢✉♥çã♦ h ❡ ♥❛ ❢✉♥çã♦ ϕ t❡♠♦s ❛

❢✉♥çã♦ hL ❛♣❧✐❝❛❞❛ ♥♦ ✈❛❧♦r cR✳

■♥tr♦❞✉③✐r❡♠♦s ✉♠❛ ♦✉tr❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ ✭❞❡♣❡♥❞❡♥t❡ ❞❡ cL ❡ cR✮ ❛♥á❧♦❣❛

❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C✳ ❱❛♠♦s ❞❡✜♥✐r ❡st❛ ❝✉r✈❛ ♣♦r

S = {u ∈ Ω : ϕ (u) = λs (u)} . ✭✸✳✶✸✮

P❛r❛ cL ❡ cR ✜①♦s✱ ❛ ❋✐❣✉r❛ ❈✳✶✼ ✐❧✉str❛ ❛ ❝✉r✈❛ S ♥♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω ♣❛r❛

cL = 0, 7 ❡ cR = 0, 4✳ ❱❡❥❛ q✉❡✱ ♣♦r ❝❛✉s❛ ❞❛ s❡♠❡❧❤❛♥ç❛ ❡♥tr❡ ❛s ❡①♣r❡ssõ❡s λc ❡ ϕ ❛

❝✉r✈❛ S s❡ ❛ss❡♠❡❧❤❛ ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C✳
❆ ❞❡♠♦♥str❛çã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❛ ❝✉r✈❛ S é ❛♥á❧♦❣❛ ❛ ❞❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛✱

❜❛st❛ s✉❜st✐t✉✐r ❛ ❢✉♥çã♦ h ♣❡❧♦ ✈❛❧♦r hL

(

cR
)

♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❛ ❝✉r✈❛

C ❛❜♦r❞❛❞❛ ♥♦ ❈❛♣ít✉❧♦ ✷✳ ❆ ❝✉r✈❛ S t❛♠❜é♠ ❞✐✈✐❞❡ ♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω ❡♠ ❞✉❛s

r❡❣✐õ❡s✱

Π1 = {u ∈ Ω : ϕ (u) < λs (u)} ❡ Π2 = {u ∈ Ω : ϕ (u) > λs (u)} . ✭✸✳✶✹✮

❈♦♥s✐❞❡r❡ ✉♠ ❡st❛❞♦ ❛r❜✐trár✐♦ u2 = (s2, c) ∈ Π2 ∪ S✳ ❙❡❥❛ u1 = (s1 (u2) , c) ∈
Π1 ∪ S ❞❡✜♥✐❞♦ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡

u1 ∈ Hs
(

u2
)

❡ σs
(

u1, u2
)

= ϕ
(

u2
)

. ✭✸✳✶✺✮

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ u1 = (s1, c) ∈ Π1✱ ❡♥tã♦ ❝♦♥s✐❞❡r❡ u2 = (s2 (u1) , c) ∈ Π2 ❝♦♠ ❛

♠❡s♠❛ ♣r♦♣r✐❡❞❛❞❡ ✭✸✳✶✺✮ tr♦❝❛♥❞♦ 2 ♣♦r 1✳ ❉✐③❡♠♦s ♥❡st❡ ❝❛s♦ q✉❡ u2 é ✉♠ ❡st❛❞♦



✹✸

ϕ−❡①t❡♥sã♦ ❞❡ u1 ❡ ✈✐❝❡✲✈❡rs❛✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❈✳✶✽✳

❖❜s❡r✈❡ q✉❡✱ ♣❛r❛ t♦❞♦ ❡st❛❞♦ u2 ∈ Π2 ∪ S ❡①✐st❡ ✉♠ ú♥✐❝♦ ❡st❛❞♦ ϕ−❡①t❡♥sã♦

u1 ❝♦rr❡s♣♦♥❞❡♥t❡✳ P♦ré♠✱ ♥❡♠ t♦❞♦ ❡st❛❞♦ u1 ∈ Π1 ❡①✐st❡ ✉♠ ❡st❛❞♦ ϕ−❡①t❡♥sã♦ u2

q✉❡ s❛t✐s❢❛③ ✭✸✳✶✺✮✳

❖ ▲❡♠❛ ❛ s❡❣✉✐r ♥♦s ♠♦str❛rá ❡♠ q✉❡ ❝♦♥❞✐çõ❡s ♦s ♣❛r❡s ❞❡ ♦♥❞❛s sã♦ ❝♦♠♣❛tí✈❡✐s✳

▲❡♠❛ ✸✳✸ ❙✉♣♦♥❤❛ cL > cR✳

✭✐✮ ❆s ❞✉❛s ♦♥❞❛s

uL c−→ uM s−→ uR

sã♦ ❝♦♠♣❛tí✈❡✐s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ uM ∈ Π1∪S ❡ 0 6 sR < s2
(

uM
)

✱ ♦♥❞❡ s2
(

uM
)

é ❛ ϕ−❡①t❡♥sã♦ ❞♦ ❡st❛❞♦ uM ✳

✭✐✐✮ ❆s ❞✉❛s ♦♥❞❛s

uL s−→ uM c−→ uR

sã♦ ❝♦♠♣❛tí✈❡✐s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ uM ∈ Π2∪S ❡ s1
(

uM
)

< sL 6 1✱ ♦♥❞❡ s1
(

uM
)

é ❛ ϕ−❡①t❡♥sã♦ ❞♦ ❡st❛❞♦ uM ✳

❉❡♠♦♥str❛çã♦✳ ✭✐✮ ❈♦♠♦ ❛s ❞✉❛s ♦♥❞❛s sã♦ ❝♦♠♣❛tí✈❡✐s✱ ❡♥tã♦ vcf 6 vsi ✳ ❈♦♠♦

ϕ
(

uM
)

6 vcf ❡ vsi 6 λs
(

uM
)

✱ ❡♥tã♦

ϕ
(

uM
)

6 λs
(

uM
)

. ✭✸✳✶✻✮

▲♦❣♦✱ uM ∈ Π1 ∪ S✳ P♦rt❛♥t♦✱ ❛s ♦♥❞❛s sã♦ ❝♦♠♣❛tí✈❡✐s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ 0 6 sR <

sδ
(

uM
)

✳

✭✐✐✮ ❆♥á❧♦❣♦ ❛♦ ✐t❡♠ ✭✐✮✳ �

◆❛ ♣ró①✐♠❛ s❡çã♦ ❢❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❞❡

❢♦r♠❛ ❞❡t❛❧❤❛❞❛✱ t❛♠❜é♠ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♦s ❞♦✐s ❝❛s♦s ❛❝✐♠❛✿ cL < cR ❡

cL > cR✳

✸✳✷ ❈♦♥str✉çã♦ ❞❛ ❙♦❧✉çã♦

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❝♦♥str✉✐r ❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭✶✮✲✭✷✮ ✜①❛♥❞♦

uL ❡ uR ❡♠ r❡❣✐õ❡s ❡s♣❡❝í✜❝❛s ❞♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω✳ ❇❛s❡❛❞♦s ♥♦ ▲❡♠❛ ✸✳✷ ❡ ♥♦

▲❡♠❛ ✸✳✸ s♦❜r❡ ❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❡ ♦♥❞❛s ❡ ♥❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt



✹✹

❡st✉❞❛❞❛ ♥♦ ❆♣ê♥❞✐❝❡ ❇✳ ▲❡✈❛r❡♠♦s ❡♠ ❝♦♥t❛ ❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ✈✐s❝♦s✐❞❛❞❡

♣❛r❛ ❛s ♦♥❞❛s c−❝❤♦q✉❡ ❡st✉❞❛❞❛ ♥❛ ❙❡çã♦ ✷✳✺ ❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❖❧❡✐♥✐❦✲▲✐✉ ♣❛r❛ ♦s

s−❝❤♦q✉❡s✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❡st✉❞❛r❡♠♦s ♦ ❝❛s♦ cL < cR✳ P❛r❛ ❡st❡ ❝❛s♦✱ s❡rá ❢❡✐t❛

✉♠❛ ❞✐✈✐sã♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω ❡♠ r❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uL✳ ❈♦♠ ♦ ❡st❛❞♦ uL ✜①♦

♥✉♠❛ ❞❡st❛s r❡❣✐õ❡s✱ ❡♠ s❡❣✉✐❞❛ s❡rá ❢❡✐t❛ ✉♠❛ ♦✉tr❛ ❞✐✈✐sã♦ ❞❡ Ω ❡♠ r❡❣✐õ❡s ♣❛r❛ ♦

❡st❛❞♦ uR✳ ❯♠❛ ✈❡③ ❞❡s❝r✐t❛ t♦❞❛s ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ❝❛s♦ cL < cR

♣❛ss❛r❡♠♦s ❛♦ ❝❛s♦ s❡❣✉✐♥t❡ ❝♦♠ cL > cR✳

P❛r❛ ♦ ❝❛s♦ cR = cL ❛ s♦❧✉çã♦ ✜❝❛ r❡❞✉③✐❞❛ à s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥

♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt✳

✸✳✷✳✶ ◆♦t❛çõ❡s ❈♦♥✈❡♥✐❡♥t❡s ❡ ♠❛✐s ❆❧❣✉♠❛s ❉❡✜♥✐çõ❡s

❙❡❥❛♠ uA ❡ uB ❞♦✐s ❡st❛❞♦s q✉❛✐sq✉❡r ❡ ❝♦♥s✐❞❡r❡ ❛ ♥♦t❛çã♦ ❝♦♠♦ ♥❛ ❚❛❜❡❧❛ ✸✳✶

❋❛♠í❧✐❛ \ ❖♥❞❛ ❘❛r❡❢❛çã♦ ❈❤♦q✉❡ ❈♦♠♣♦st❛
s−❢❛♠í❧✐❛ Rs Ss (RS)s
c−❢❛♠í❧✐❛ Rc Sc (RS)c

❚❛❜❡❧❛ ✸✳✶✿ ◆♦t❛çõ❡s

◗✉❛♥❞♦ ✉♠❛ ♦♥❞❛ ❝♦♥❡❝t❛ ♦s ❡st❛❞♦s uA ❡ uB ♣♦r ✉♠❛ ♦♥❞❛ c−r❛r❡❢❛çã♦ ✉s❛r❡✲

♠♦s ❛ ♥♦t❛çã♦

uA Rc−→ uB.

◗✉❛♥❞♦ ❝♦♥❡❝t❛❞♦ ♣♦r ✉♠❛ ♦♥❞❛ s−r❛r❡❢❛çã♦✱ c−❝❤♦q✉❡ ♦✉ s−❝❤♦q✉❡ ✉s❛r❡♠♦s ❛

♥♦t❛çã♦ uA Rs−→ uB✱ uA Sc−→ uB ♦✉ uA Ss−→ uB✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❯♠ ❣r✉♣♦ ❞❡ ♦♥❞❛s ❝♦♥❡❝t❛♥❞♦ ✉♠ ❡st❛❞♦ uA ✭à ❡sq✉❡r❞❛✮ ❛ ✉♠ ❡st❛❞♦ uB ✭à

❞✐r❡✐t❛✮ é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♦♥❞❛s ❞❡ ❝❤♦q✉❡ ❡✴♦✉ ❞❡ r❛r❡❢❛çã♦ ✭❞❡ ✉♠❛ ♠❡s♠❛ ❢❛♠í❧✐❛

♦✉ ♥ã♦✮ s❡♠ ❡st❛❞♦s ✐♥t❡r♠❡❞✐ár✐♦s ❝♦♥st❛♥t❡s✳

◗✉❛♥❞♦ ❞♦✐s ❡st❛❞♦s uA ❡ uB ❢♦r❡♠ ❝♦♥❡❝t❛❞♦s ♣♦r ✉♠ ❣r✉♣♦ ❝♦♥s✐st✐♥❞♦ ❞❡ ♠❛✐s

❞❡ ✉♠❛ ♦♥❞❛✱ r❡♣r❡s❡♥t❛r❡♠♦s t❛❧ ❣r✉♣♦ ❞❡ ♦♥❞❛s ❡♥tr❡ ♣❛r❡♥t❡s❡s✳ P♦r ❡①❡♠♣❧♦✱ s❡

t✐✈❡r♠♦s ✉♠❛ ❝♦♠♣♦st❛ ❞♦ t✐♣♦ ♦♥❞❛ s−❝❤♦q✉❡ s❡❣✉✐❞❛ ❞❡ ✉♠❛ ♦♥❞❛ c−r❛r❡❢❛çã♦✱

❞❡♥♦t❛r❡♠♦s ♦ ❣r✉♣♦ ♣♦r

uA (SsRc)−→ uB.

◗✉❛♥❞♦ t✐✈❡r♠♦s ✉♠ ❣r✉♣♦ ❞❡ ♠❛✐s ❞❡ ✉♠❛ ♦♥❞❛ ❛ss♦❝✐❛❞❛s à ♠❡s♠❛ ❢❛♠í❧✐❛

❝❛r❛❝t❡ríst✐❝❛✱ “s” ♦✉ “c”✱ ✉s❛r❡♠♦s ♦ í♥❞✐❝❡ s ♦✉ c ❢♦r❛ ❞♦ ♣❛rê♥t❡s❡s✱ ✐♥❞✐❝❛♥❞♦
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❛♣❡♥❛s ❛ ❢❛♠í❧✐❛✳ P♦r ❡①❡♠♣❧♦✱ ❛ ❝♦♠♣♦st❛ r❛r❡❢❛çã♦✲❝❤♦q✉❡ ❞❛ ❢❛♠í❧✐❛ s ❞❡♥♦t❛r❡♠♦s

♣♦r

uA (RS)
s−→ uB.

P♦r ú❧t✐♠♦✱ q✉❛♥❞♦ t✐✈❡r♠♦s ✉♠ ❣r✉♣♦ ❢♦r♠❛❞♦ ❞❡ ✉♠❛ ♦♥❞❛ s❡❣✉✐❞❛ ❞❡ ❞✉❛s

♦♥❞❛s ❞❛ ♠❡s♠❛ ❢❛♠í❧✐❛ ❞✐st✐♥t❛ ❞❛ ♣r✐♠❡✐r❛ ♦♥❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ✉♠❛ ♦♥❞❛ c−r❛r❡❢❛çã♦

s❡❣✉✐❞❛ ❞❡ ✉♠❛ s−❝♦♠♣♦st❛ ✭r❛r❡❢❛çã♦✲❝❤♦q✉❡✮✱ ❞❡♥♦t❛r❡♠♦s ❡st❡ ❣r✉♣♦ ❞❡ ♦♥❞❛s ♣♦r

uA
(Rc(RS)

s)−→ uB.

P❛r❛ r❡♣r❡s❡♥t❛çõ❡s ❣❡♦♠étr✐❝❛s ❞❛ s♦❧✉çã♦✱ ✉s❛r❡♠♦s ❛s ♥♦t❛çõ❡s ❞❡ ❛❝♦r❞♦ ❝♦♠

❛ ❚❛❜❡❧❛ ✸✳✷✳

❖◆❉❆ ●❊❖▼❊❚❘■❆
s−r❛r❡❢❛çã♦ uA −→ uB

c−r❛r❡❢❛çã♦ uA ✖✖✕ uB

s−❝❤♦q✉❡ uA −−− uB

c−❝❤♦q✉❡ uA −−− uB

s−❝♦♠♣♦st❛ uA +++ uB

❚❛❜❡❧❛ ✸✳✷✿ ◆♦t❛çõ❡s ❣❡♦♠étr✐❝❛s

✸✳✷✳✷ ❙♦❧✉çã♦ ❝♦♠ ❘❛r❡❢❛çã♦ ♥❛ ❈♦♥❝❡♥tr❛çã♦ ❞♦ P♦❧í♠❡r♦

▲❡♠❜r❛♠♦s q✉❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✸✳✶ ❛♣❡♥❛s ♦♥❞❛s c−r❛r❡❢❛çã♦ ❛♣❛r❡❝❡♠ ♥❛

s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ q✉❛♥❞♦ cL < cR✳ ➱ ❡st❡ ❝❛s♦ q✉❡ ✈❛♠♦s tr❛t❛r ♥❡st❛

s✉❜s❡çã♦✳

■♥tr♦❞✉③✐r❡♠♦s ❛q✉✐ ❛s s❡❣✉✐♥t❡s ♥♦t❛çõ❡s ❝♦♥✈❡♥✐❡♥t❡s ♣❛r❛ ❛ ❞❡s❝r✐çã♦ ❞❛ s♦❧✉✲

çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ❞❛❞♦s ✐♥✐❝✐❛✐s uL ❡ uR ❛r❜✐trár✐♦s✱ ❝♦♠ cL < cR✳

P❛r❛ ❢❛③❡r ❛ ❞✐✈✐sã♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω ❡♠ r❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uL ❡ ♣❛r❛ ♦

❡st❛❞♦ uR✱ ❝♦♥s✐❞❡r❡♠♦s ❛❧❣✉♠❛s ❝✉r✈❛s q✉❡ ❞❡✜♥✐rã♦ ❢r♦♥t❡✐r❛s ♦✉ ♣❛rt❡s ❞❡ ❢r♦♥t❡✐r❛s

❞❡ss❛s r❡❣✐õ❡s✳

❈♦♥s✐❞❡r❡ ❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ Γ ❛ss♦❝✐❛❞♦ ❛♦ ❝❛♠♣♦ ec ♣♦r ✉♠ ❡st❛❞♦ u0✳ ❆ ♣❛rt❡

❞❡ Γ ♥❛ r❡❣✐ã♦ Ω1∪C✱ ❡♠ q✉❡ λc 6 λs✱ s❡rá ❞❡♥♦♠✐♥❛❞❛ ❞❡ Γ1 ❡ ❛ ♣❛rt❡ ❞❡ Γ ♥❛ r❡❣✐ã♦

Ω2 ∪ C✱ ❡♠ q✉❡ λc > λs✱ s❡rá ❞❡♥♦♠✐♥❛❞❛ ❞❡ Γ2✳

❆❧é♠ ❞❡ ♣❛rt❡s ❞❡ ❝✉r✈❛s ✐♥t❡❣r❛✐s✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ s✲❝✉r✈❛ ❞❡ ✐♥✢❡①ã♦ I✱ ❛
❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C ✭q✉❡ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❝✉r✈❛ c−✐♥✢❡①ã♦✮✱ ❛s ❝✉r✈❛s ❞❡ ❡①t❡♥sã♦
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❞❛s ❝✉r✈❛s ✐♥t❡❣r❛✐s ❞♦ ❝❛♠♣♦ ec ❡ ❛s ✐♠❛❣❡♥s ✐♥✈❡rs❛s ❞❛s ❝✉r✈❛s ❞❡ ❡①t❡♥sã♦✳ ❱❡❥❛ ❛

❞❡✜♥✐çã♦ ❞❛s ❝✉r✈❛s ❞❡ ❡①t❡♥sã♦ ❬✶❪✱ ❬✸❪✱ ❬✼❪ ❡ ❞❛s ✐♠❛❣❡♥s ✐♥✈❡rs❛s ❛ s❡❣✉✐r q✉❡ ❡stã♦

❜❛s❡❛❞❛s ♥❛ ❢✉♥çã♦ ❡①t❡♥sã♦ ε ✐♥tr♦❞✉③✐❞❛ ♥♦ ❆♣ê♥❞✐❝❡ ❇ ❡ s✉❛ ✐♥✈❡rs❛✳

❙❡❥❛ γ ✉♠❛ ❝✉r✈❛ q✉❛❧q✉❡r ♥♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω✳ ❊♥tã♦✱ ❛ ❝✉r✈❛ s−❡①t❡♥sã♦

❞❡ γ é ❞❡✜♥✐❞❛ ♣♦r

εs (γ) = {u = (s, c) ∈ Ω : ∃ũ = (s̃, c) ∈ γ ❝♦♠ s 6= s̃ ❡ u ∈ H (ũ)

t❛❧ q✉❡ σs (u, ũ) = λs (u)}
✭✸✳✶✼✮

❡ ❛ ❝✉r✈❛ c−❡①t❡♥sã♦ ❞❡ γ ♣♦r

εc (γ) = {u = (s, c) ∈ Ω : ∃ũ = (s̃, c) ∈ γ ❝♦♠ s 6= s̃ ❡ u ∈ H (ũ)

t❛❧ q✉❡ σs (u, ũ) = λc (u)}.
✭✸✳✶✽✮

❈♦♥s✐❞❡r❡ ♥♦✈❛♠❡♥t❡ ✉♠❛ ❝✉r✈❛ γ ❝♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✳ ❊♥tã♦✱ ❛ ❝✉r✈❛ s−❡①t❡♥sã♦

✐♥✈❡rs❛ ❞❛ ❝✉r✈❛ γ é ❞❡✜♥✐❞❛ ♣♦r

ε−1
s (γ) = {u = (s, c) ∈ Ω : ∃ũ = (s̃, c) ∈ γ ❝♦♠ s 6= s̃ ❡ u ∈ H (ũ)

t❛❧ q✉❡ σs (u, ũ) = λs (ũ)}
✭✸✳✶✾✮

❡ ❛ ❝✉r✈❛ c−❡①t❡♥sã♦ ✐♥✈❡rs❛ ❞❛ ❝✉r✈❛ γ é ❞❡✜♥✐❞❛ ♣♦r

ε−1
c (γ) = {u = (s, c) ∈ Ω : ∃ũ = (s̃, c) ∈ γ ❝♦♠ s 6= s̃ ❡ u ∈ H (ũ)

t❛❧ q✉❡ σs (u, ũ) = λc (ũ)}.
✭✸✳✷✵✮

❈♦♠♦ ❡①❡♠♣❧♦s✱ ❝♦♥s✐❞❡r❡ ❛s ❝✉r✈❛s ❞❡ ❡①t❡♥sã♦ ❞❛s ❢r♦♥t❡✐r❛s s = 0✱ s = 1✱

❝♦♠♦ ❛ s❡❣✉✐r✿ ε0s = εs ({s = 0}) ❡ ε1s = εs ({s = 1})✱ q✉❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❬✷❪ ❡ ❛❧❣✉♠❛s

♠❛♥✐♣✉❧❛çõ❡s ❛❧❣é❜r✐❝❛s ❢❡✐t❛ ♥❛ ♣ró♣r✐❛ ❞❡✜♥✐çã♦ ❞❛ ❝✉r✈❛ ❞❡ ❡①t❡♥sã♦✱ ♦❜t❡♠♦s ❛s

❢ór♠✉❧❛s ❡①♣❧✐❝✐t❛s

ε0s =
{

u = (s, c) ∈ Ω : s (c) = 1/
√

1 + 1/r (c)
}

✭✸✳✷✶✮

❡

ε1s =
{

u = (s, c) ∈ Ω : s (c) = 1− 1/
√

1 + r (c)
}

. ✭✸✳✷✷✮

◆❛ r❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛✱ ❛ ❝✉r✈❛ ❞❡ ❡①t❡♥sã♦ εc
(

ΓL
1

)

s❡rá r❡♣r❡s❡♥t❛❞❛ ♣♦r
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✉♠❛ ❝✉r✈❛ ♣♦♥t✐❧❤❛❞❛✳

❯s❛♥❞♦ ❛s ✈ár✐❛s ❝✉r✈❛s q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❞❡✜♥✐r✱ ♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω é ❞✐✈✐❞✐❞♦

❡♠ ✻ r❡❣✐õ❡s ♣❛r❛ ♦s ❡st❛❞♦s uL✳ P♦❞❡r✐❛♠ s❡r ♠❛✐s r❡❣✐õ❡s✱ ♠❛s ♣❛r❛ ❛ r❡❞❛çã♦ ♥ã♦

✜❝❛r ❝❛♥s❛t✐✈❛ ❞❡♠❛✐s ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛♣❡♥❛s ✻ r❡❣✐õ❡s ❡ ❢❛③❡r ❛❧❣✉♥s ❝♦♠❡♥tár✐♦s

s♦❜r❡ ♣❡rt✉r❜❛çõ❡s ❞❡ uL✳ P♦r s✉❛ ✈❡③✱ ✜①❛❞♦ uL ❡♠ ❝❛❞❛ ✉♠❛ ❞❡st❛s L−r❡❣✐õ❡s

❞❡✈❡♠♦s ❢❛③❡r ✉♠❛ ♥♦✈❛ ❞✐✈✐sã♦ ❞♦ ❡s♣❛ç♦ Ω ♣❛r❛ ♦s ❡st❛❞♦s uR ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛♦

✜♥❛❧ t❡♥❤❛♠♦s ❝♦❜❡rt♦ t♦❞❛s ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ uL ❡ uR ♥♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω✱

❝♦♠ cL < cR✳ ❆❝♦♠♣❛♥❤❡ ❛ ❞✐✈✐sã♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω ♣❛r❛ ♦ ❡st❛❞♦ uL ♥❛ ❋✐❣✉r❛

❈✳✶✾✳

❙❡❥❛♠ I (1) ❡ C (1) ❡st❛❞♦s ❞❡✜♥✐❞♦s ♣❡❧❛s ✐♥t❡rs❡❝çõ❡s ❞❛ r❡t❛ c = 1 ❝♦♠ ❛s

❝✉r✈❛s I ❡ C r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆❣♦r❛✱ s❡❥❛♠ ΓI
1 ❡ ΓC

2 ❛s ♣❛rt❡s ❞❛s ❝✉r✈❛s ✐♥t❡❣r❛✐s ❞♦

❝❛♠♣♦ ec q✉❡ ❝♦♥té♠ ♦s ❡st❛❞♦s I (1) ❡ C (1)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

P❛r❛ ❛ ❝♦♥str✉çã♦ ❞❛s L−r❡❣✐õ❡s✱ ❝♦♥s✐❞❡r❡ ❛s ❝✉r✈❛s ΓI
1 ✱ I✱ ε0s✱ C ❡ ΓC

2 ✳ ❊♥tã♦✱

♣❛r❛ ♦s ❡st❛❞♦s uL✱ ♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω é ❞✐✈✐❞✐❞♦ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ❈✳✶✾✳

• L1 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = 0✱ c = 1✱ s = 1 ❡ ♣❡❧❛ ❝✉r✈❛ ΓC
2 ❀

• L2 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ r❡t❛ c = 0 ❡ ♣❡❧❛s ❝✉r✈❛s C ❡ ΓC
2 ❀

• L3 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = 0✱ c = 1 ❡ ♣❡❧❛s ❝✉r✈❛s C ❡ ε0s❀

• L4 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = 0✱ c = 1 ❡ ♣❡❧❛s ❝✉r✈❛s ε0s ❡ I❀

• L5 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ r❡t❛ c = 0 ❡ ♣❡❧❛s ❝✉r✈❛s I ❡ ΓI
1 ❀

• L6 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = 0✱ c = 1✱ s = 0 ❡ ♣❡❧❛ ❝✉r✈❛ ΓI
1 ✳

P❛ss❡♠♦s ❡♥tã♦ ❛ ❝♦♥s✐❞❡r❛r ♦ ❡st❛❞♦ à ❡sq✉❡r❞❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❡♠

❝❛❞❛ ✉♠❛ ❞❛s r❡❣✐õ❡s L1✱ · · · ✱ L6✳

❋r✐s❛♠♦s q✉❡ q✉❛♥❞♦ uL ❡stá ♥❛ r❡❣✐ã♦ Ω2 ❡♥tã♦ ♣❛r❛ uR ♣ró①✐♠♦ ❞❡ uL ❛ ♣r✐♠❡✐r❛

♦♥❞❛ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ é ✉♠❛ s−♦♥❞❛ ✭s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡

❇✉❝❦❧❡②✲▲❡✈❡r❡tt✮✱ ♣♦✐s λs < λc ♥❛ r❡❣✐ã♦ Ω2✳

❈❛s♦ uL ∈ L1

❋✐①❡ ♦ ❡st❛❞♦ uL ∈ L1✳ ❆❝♦♠♣❛♥❤❡ ❛ ❞✐✈✐sã♦ ❞❛s R−r❡❣✐õ❡s ♥❛ ❋✐❣✉r❛ ❈✳✷✵✳ ❈♦♥s✐❞❡r❡

❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ♣♦r uL ❞❡♥♦t❛❞❛ ♣♦r ΓL
2 ✳ ❈♦♠ ✐ss♦ ✈❛♠♦s ❞✐✈✐❞✐r ♦ ❡s♣❛ç♦ ❞❡



✹✽

❡st❛❞♦s Ω ♥❛s s❡❣✉✐♥t❡s R−r❡❣✐õ❡s ♣❛r❛ ♦s ❡st❛❞♦s à ❞✐r❡✐t❛ uR✱ ❝♦♠ cL < cR✳

• R11 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL✱ c = 1✱ s = 1 ❡ ♣❡❧❛ ❝✉r✈❛ ΓL
2 ❀

• R12 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL✱ c = 1 ❡ ♣❡❧❛s ❝✉r✈❛s ΓL
2 ❡ C❀

• R13 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL✱ c = 1 ❡ ♣❡❧❛s ❝✉r✈❛s C ❡ I❀

• R14 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL✱ c = 1✱ s = 0 ❡ ♣❡❧❛ ❝✉r✈❛ I✳

❋✐①❛♥❞♦ ❛❣♦r❛ ♦ ❡st❛❞♦ uR ❡♠ ❝❛❞❛ r❡❣✐ã♦ ❞❡✜♥✐❞❛ ❛❝✐♠❛✱ ❜❛s❡❛❞♦s ♥❛s ❢❡rr❛✲

♠❡♥t❛s ❝✐t❛❞❛s ♥♦ ✐♥í❝✐♦ ❞❛ ❙❡çã♦ ✸✳✷✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ r❡s♣❡❝t✐✈❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ♦ ❡st❛❞♦ uL ✜①❛❞♦✳ ❆ ❋✐❣✉r❛ ❈✳✷✶ ✐❧✉str❛ ❛ s♦❧✉çã♦ ♣❛r❛ uR ✜①♦ ❡♠

❝❛❞❛ ✉♠❛ ❞❛s R−r❡❣✐õ❡s✳

• ❙❡❥❛ uR ∈ R11✳

❙❡❥❛ uM ♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cL ❝♦♠ ❛ ❝✉r✈❛ ΓR
2 ✳ ▲♦❣♦✱

uM =
(

sM , cL
)

✱ ❝♦♠ sL < sM 6 1✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ❇✳✹✭✐✐✐✮✱ ❛ s−♦♥❞❛

❝♦♥❡❝t❛♥❞♦ uL à uM é ✉♠❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡✳ ❈♦♠♦ σs
(

uL, uM
)

< λc
(

uM
)

✱ ❞♦

▲❡♠❛ ✸✳✷✱ ❡st❛ ♦♥❞❛ s−❝❤♦q✉❡ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♦♥❞❛ c−r❛r❡❢❛çã♦ ❞❡ uM ♣❛r❛

uR✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L1 ❡ uR ∈ R11 é ❞❛❞❛ ♣❡❧❛

s❡q✉ê♥❝✐❛

uL Ss−→ uM Rc−→ uR. ✭✸✳✷✸✮

• ❙❡❥❛ uR ∈ R12✳

❙❡❥❛♠ uM ♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cL ❝♦♠ ❛ ❝✉r✈❛ ΓR
2 ❡ C

(

cL
)

=
(

sC , cL
)

♦ ❡st❛❞♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cL ❝♦♠ ❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛

C✳ ▲♦❣♦✱ uM =
(

sM , cL
)

✱ ❝♦♠ sC < sM < sL✳ ❈♦♠♦ uM ❡stá à ❞✐r❡✐t❛ ❞❛

❝✉r✈❛ s−✐♥✢❡①ã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ❇✳✹✭✐✐✮✱ ❛ s−♦♥❞❛ q✉❡ ❝♦♥❡❝t❛ uL à uM

♣❛ss❛ ❛ s❡r ✉♠❛ ♦♥❞❛ ❞❡ r❛r❡❢❛çã♦ ♥♦ ❧✉❣❛r ❞♦ ❝❤♦q✉❡ ❞♦ ❝❛s♦ ❛♥t❡r✐♦r✳ ❈♦♠♦

λs
(

uM
)

< λc
(

uM
)

✱ ❞♦ ▲❡♠❛ ✸✳✷✱ ❡st❛ ♦♥❞❛ s−❝❤♦q✉❡ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♦♥❞❛

c−r❛r❡❢❛çã♦ ❞❡ uM ♣❛r❛ uR✳



✹✾

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L1 ❡ uR ∈ R12 é ❞❛❞❛ ♣❡❧❛

s❡q✉ê♥❝✐❛

uL Rs−→ uM Rc−→ uR. ✭✸✳✷✹✮

• ❙❡❥❛ uR ∈ R13✳

❙❡❥❛ C
(

cR
)

♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cR ❝♦♠ ❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C✳
❙❡❥❛ ΓC

2 ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞♦ ❝❛♠♣♦ ec q✉❡ ❝♦♥té♠ ♦ ♣♦♥t♦ C
(

cR
)

✳ ❉❡✜♥❛

uM ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❡st❛ ❝✉r✈❛ ΓC
2 ❝♦♠ ❛ r❡t❛ c = cL✳ ❙❡❥❛ C

(

cL
)

=
(

sC , cL
)

♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cL ❝♦♠ ❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C✳ ▲♦❣♦✱

uM =
(

sM , cL
)

❡stá ♥❛ r❡❣✐ã♦ R12 ❡ sC < sM < sL✳ ❈♦♠♦ λc ❡ λs ❝♦✐♥❝✐❞❡♠ ❡♠

C
(

cR
)

❡ uR ❡stá ❛ ❞✐r❡✐t❛ ❞❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ t❡♠♦s ✉♠ ❣r✉♣♦ ❞❡ ❞✉❛s ♦♥❞❛s ❞❡

r❛r❡❢❛çã♦ ❝♦♥❡❝t❛♥❞♦ ♦ ❡st❛❞♦ uM ❛♦ ❡st❛❞♦ uR ✭✉♠❛ ♦♥❞❛ c−r❛r❡❢❛çã♦ ❞❡ uM à

C
(

cR
)

s❡❣✉✐❞❛ ❞❡ ✉♠❛ ♦♥❞❛ s−r❛r❡❢❛çã♦ ❞❡ C
(

cR
)

à uR✮✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L1 ❡ uR ∈ R13 é ❞❛❞❛ ♣❡❧❛

s❡q✉ê♥❝✐❛

uL Rs−→ uM (RcRs)−→ uR. ✭✸✳✷✺✮

• ❙❡❥❛ uR ∈ R14✳

❈♦♥s✐❞❡r❡ ♦ ❡st❛❞♦ C
(

cR
)

✱ ❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ΓC
2 ❡ uM =

(

sM , cL
)

❝♦♠ sC <

sM < sL✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✳ ❈♦♠♦ uR ❛❣♦r❛ ❡stá ❛❧é♠ ❞❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I✱
❛ ❝♦♥❡①ã♦ ❞♦ ❡st❛❞♦ C

(

cR
)

♣❛r❛ uR ♣❛ss❛ ❛ s❡r ✉♠❛ ♦♥❞❛ s−❝♦♠♣♦st❛ r❛r❡❢❛çã♦✲

❝❤♦q✉❡✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ ❣r✉♣♦ ❞❡ ♦♥❞❛s q✉❡ ❝♦♥❡❝t❛ uM à uR ❣❛♥❤❛ ✉♠❛

♦♥❞❛ ❛ ♠❛✐s✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L1 ❡ uR ∈ R14 é ❞❛❞❛ ♣❡❧❛

s❡q✉ê♥❝✐❛

uL Rs−→ uM
(Rc(RS)

s)−→ uR. ✭✸✳✷✻✮

P❛r❛ uL ∈ L1 ❞❛ ❋✐❣✉r❛ ❈✳✶✾✱ ✈❡❥❛ ♦ r❡s✉♠♦ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥

♥❛ ❚❛❜❡❧❛ ✸✳✸✳



✺✵

❙♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uL ∈ L1

❊st❛❞♦ uR ❙♦❧✉çã♦ ❘❡❢❡rê♥❝✐❛

uR ∈ R11 uL Ss−→ uM Rc−→ uR ✭✸✳✷✸✮

uR ∈ R12 uL Rs−→ uM Rc−→ uR ✭✸✳✷✹✮

uR ∈ R13 uL Rs−→ uM (RcRs)−→ uR ✭✸✳✷✺✮

uR ∈ R14 uL Rs−→ uM
(Rc(RS)

s)−→ uR ✭✸✳✷✻✮

❚❛❜❡❧❛ ✸✳✸✿ ❙♦❧✉çã♦ ♣❛r❛ uL ∈ L1✳

❈❛s♦ uL ∈ L2

❋✐①❡ ♦ ❡st❛❞♦ uL ∈ L2✳ ❆❝♦♠♣❛♥❤❡ ❛ ❞✐✈✐sã♦ ❞❛s R−r❡❣✐õ❡s ♥❛ ❋✐❣✉r❛ ❈✳✷✷✳ ❈♦♥s✐❞❡r❡

❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ΓL
2 ✳ ❙❡❥❛ u∗ = (s∗, c∗) ♦ ❡st❛❞♦ ❞❡✜♥✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❡

ΓL
2 ❝♦♠ ❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C✳ ❈♦♠ ✐ss♦ ✈❛♠♦s ❞✐✈✐❞✐r ♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω ♥❛s

s❡❣✉✐♥t❡s R−r❡❣✐õ❡s✱ ❝♦♠ cL < cR✳

• R21 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL✱ c = 1✱ s = 1✱ ♣❡❧❛ ❝✉r✈❛ ΓL
2 ❡ ♣❡❧❛

❝✉r✈❛ C❀

• R22 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ r❡t❛ c = cL✱ ❡ ♣❡❧❛s ❝✉r✈❛s ΓL
2 ❡ C❀

• R23 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL✱ c = c∗ ❡ ♣❡❧❛s ❝✉r✈❛s C ❡ I❀

• R24 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL✱ c = c∗✱ s = 0 ❡ ♣❡❧❛ ❝✉r✈❛ I❀

• R25 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = c∗✱ c = 1✱ ❡ ♣❡❧❛s ❝✉r✈❛s C ❡ I❀

• R26 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = c∗✱ c = 1✱ s = 0 ❡ ♣❡❧❛ ❝✉r✈❛ I✳

❈♦♠♦ ❛ s♦❧✉çã♦ ♣❛r❛ uR ♥❛s r❡❣✐õ❡s R21, · · · , R24 sã♦ ❛♥á❧♦❣❛s ❛s s♦❧✉çõ❡s ♣❛r❛

uR ♥❛s r❡❣✐õ❡s R11, · · · , R14 ❞♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞❡t❛❧❤❡s ❛♣❡♥❛s ♣❛r❛ uR

♥❛s r❡❣✐õ❡s R25 ❡ R26✱ ❡♠❜♦r❛✱ ♥❛ ❋✐❣✉r❛ ❈✳✷✸ ✐❧✉str❛♠♦s ❛ s♦❧✉çã♦ ♣❛r❛ uR ✜①♦ ❡♠

❝❛❞❛ ✉♠❛ ❞❛s s❡✐s r❡❣✐õ❡s✳

• ❙❡❥❛ uR ∈ R25✳

❈♦♥s✐❞❡r❡ ♦ ❡st❛❞♦ C
(

cR
)

✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cR ❝♦♠ ❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛

C✳ ❙❡❥❛ ΓC
2 ❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞♦ ❝❛♠♣♦ ec ♥❛ r❡❣✐ã♦ Ω2 q✉❡ ❝♦♥té♠ ♦

❡st❛❞♦ C
(

cR
)

✳ ❉❡✜♥❛ uM ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ r❡t❛ c = cL ❝♦♠ ❛ ❝✉r✈❛ ΓC
2 ✳



✺✶

▲♦❣♦✱ uM =
(

sM , cL
)

❡stá ♥❛ r❡❣✐ã♦ R21 ❡ sL < sM 6 1✳ ❈♦♠♦ ♦s ♣♦♥t♦s C
(

cR
)

❡ uM s✐t✉❛♠✲s❡ à ❞✐r❡✐t❛ ❞❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I s❡❣✉❡ q✉❡✱ ❞♦ ▲❡♠❛ ❇✳✹✭✐✐✮✱ ❛

s−♦♥❞❛ q✉❡ ❝♦♥❡❝t❛ C
(

cR
)

à uR é ✉♠❛ s−r❛r❡❢❛çã♦✳ ❈♦♠♦ C
(

cR
)

❡stá ♥❛ ❝✉r✈❛

❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ t❡♠♦s ♥♦✈❛♠❡♥t❡ ✉♠ ❣r✉♣♦ ❞❡ ❞✉❛s r❛r❡❢❛çõ❡s ✭❝♦♠♦ ♥♦s ❝❛s♦s

R13 ❡ R23✮ ❝♦♥❡❝t❛♥❞♦ uM à uR✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L2 ❡ uR ∈ R25 é ❞❛❞❛ ♣❡❧❛

s❡q✉ê♥❝✐❛

uL Ss−→ uM (RcRs)−→ uR. ✭✸✳✷✼✮

• ❙❡❥❛ uR ∈ R26✳

❈♦♥s✐❞❡r❡ ♦ ❡st❛❞♦ C
(

cR
)

✳ ❙❡❥❛ ΓC
1 ♣❛rt❡ ❞❡ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞♦ ❝❛♠♣♦ ec q✉❡

❝♦♥té♠ ♦ ❡st❛❞♦ C
(

cR
)

✳ ❉❡✜♥❛ uM ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cL ❝♦♠ ❛ ❝✉r✈❛

ΓC
2 ✳ ▲♦❣♦✱ uM =

(

sM , cL
)

❝♦♠ sL < sM 6 1✳ ❆ ❞✐❢❡r❡♥ç❛ ♣❛r❛ ♦ ❝❛s♦ ❛♥t❡r✐♦r é

q✉❡ ❛❣♦r❛ ♦ ❡st❛❞♦ uR ❡stá à ❡sq✉❡r❞❛ ❞❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I ❡ ❛ss✐♠✱ ♦ ❣r✉♣♦ ❞❡

♦♥❞❛s q✉❡ ❝♦♥❡❝t❛ C
(

cR
)

à uR é ✉♠❛ ♦♥❞❛ s−❝♦♠♣♦st❛ r❛r❡❢❛çã♦✲❝❤♦q✉❡ ✭❝♦♠♦

♥♦s ❝❛s♦s R14 ❡ R24✮✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L2 ❡ uR ∈ R26 é ❞❛❞❛ ♣❡❧❛

s❡q✉ê♥❝✐❛

uL Ss−→ uM
(Rc(RS)

s)−→ uR. ✭✸✳✷✽✮

P❛r❛ uL ∈ L2✱ ✈❡❥❛ ♦ r❡s✉♠♦ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♥❛ ❚❛❜❡❧❛ ✸✳✹✳

❙♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uL ∈ L2

❊st❛❞♦ uR ❙♦❧✉çã♦ ❘❡❢❡rê♥❝✐❛

uR ∈ R21 uL Ss−→ uM Rc−→ uR ✭✸✳✷✸✮

uR ∈ R22 uL Rs−→ uM Rc−→ uR ✭✸✳✷✹✮

uR ∈ R23 uL Rs−→ uM (RcRs)−→ uR ✭✸✳✷✺✮

uR ∈ R24 uL Rs−→ uM
(Rc(RS)

s)−→ uR ✭✸✳✷✻✮

uR ∈ R25 uL Ss−→ uM (RcRs)−→ uR ✭✸✳✷✼✮

uR ∈ R26 uL Ss−→ uM
(Rc(RS)

s)−→ uR ✭✸✳✷✽✮

❚❛❜❡❧❛ ✸✳✹✿ ❙♦❧✉çã♦ ♣❛r❛ uL ∈ L2✳



✺✷

❈♦♠♦ ❞✐ss❡♠♦s ❛♥t❡s✱ ♥❡st❛s ❞✉❛s ♣r✐♠❡✐r❛s L−r❡❣✐õ❡s t❡♠♦s q✉❡ λs
(

uL
)

<

λc
(

uL
)

✱ ❝♦♠ ✐ss♦✱ ♣❛r❛ uR ♣ró①✐♠♦ ❞❡ uL✱ ❛ ♣r✐♠❡✐r❛ ♦♥❞❛ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡

❘✐❡♠❛♥♥ é ❝♦♥st✐t✉í❞❛ ❞❡ ✉♠❛ s−♦♥❞❛✳

◗✉❛♥❞♦ ♦ ❡st❛❞♦ uL “❝r✉③❛” ❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ ❛♦ s❡r ❞❡s❧♦❝❛❞♦ ❞❛ r❡❣✐ã♦

L2 ♣❛r❛ ❛ r❡❣✐ã♦ L3 t❡♠♦s λc
(

uL
)

< λs
(

uL
)

✱ ✐st♦ s✐❣♥✐✜❝❛ q✉❡✱ ♣❛r❛ uR ♣ró①✐♠♦ à

uL✱ ❛ ♣r✐♠❡✐r❛ ♦♥❞❛ ♥❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❞❡✈❡ s❡r ❛ ♦♥❞❛ c−r❛r❡❢❛çã♦✱

❝♦♠♦ ❛✜r♠❛ ♦ ▲❡♠❛ ✸✳✶✳

❈❛s♦ uL ∈ L3

❈♦♥s✐❞❡r❡ ❛ ❝✉r✈❛ ΓC
1 ❡ ❛ ❝✉r✈❛ c−❡①t❡♥sã♦ εc

(

ΓC
2

)

✳ ❊st❛s ❞✉❛s ❝✉r✈❛s ❝r✉③❛♠ ❛ r❡❣✐ã♦

L3 ❝♦♠♦ ♠♦str❛ ✉♠❛ ❛♠♣❧✐❛çã♦ ❞❛ ♣❛rt❡ s✉♣❡r✐♦r ❞❛ r❡❣✐ã♦ L3 ♥❛ ❋✐❣✉r❛ ❈✳✷✹✳ ◆♦t❡

q✉❡ ❛ ❝✉r✈❛ ΓC
1 ❡stá ❛❝✐♠❛ ❞❛ ❝✉r✈❛ εc

(

ΓC
2

)

✳

❋✐①❡ uL ∈ L3 ❛❜❛✐①♦ ❞❛ ❝✉r✈❛ εc
(

ΓC
2

)

♣♦r s❡r ♠❛✐s ❣❡♥ér✐❝♦✳ ❆❝♦♠♣❛♥❤❡ ❛

❞✐✈✐sã♦ ❞❛s R−r❡❣✐õ❡s ♥❛ ❋✐❣✉r❛ ❈✳✷✺✳ ❈♦♥s✐❞❡r❡ ❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ΓL
1 ✳ ❙❡❥❛

u∗
1 = (s∗1, c

∗
1) ♦ ❡st❛❞♦ ❞❡✜♥✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ΓL

1 ❝♦♠ ❛

❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C✳ ❈♦♥s✐❞❡r❡ ❛ ❝✉r✈❛ ❞❡ ❡①t❡♥sã♦ εc
(

ΓL
1

)

✳

❙❡❥❛♠ u∗
2 =

(

s∗2, c
L
)

♦ ❡st❛❞♦ ❞❡✜♥✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❡ εc
(

ΓL
1

)

❝♦♠ ❛ r❡t❛

c = cL ❡ Γ∗
2 ❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞♦ ❝❛♠♣♦ ec q✉❡ ❝♦♥té♠ ♦ ❡st❛❞♦ u∗

2✱ ❝♦♥t✐❞❛ ♥❛

r❡❣✐ã♦ Ω2✱ ❝♦♠ c > cL✳ ❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ ❡st❛❞♦ u∗
3 = (s∗3, c

∗
3) ❞❡✜♥✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦

❡♥tr❡ Γ∗
2 ❡ ❛ ❝✉r✈❛ C ❡ ♣♦r ú❧t✐♠♦✱ ❛s r❡t❛s c = cL✱ c = c∗1 ❡ c = c∗3✳ ❈♦♠ ✐ss♦ ✈❛♠♦s

❞✐✈✐❞✐r ♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω ♥❛s s❡❣✉✐♥t❡s R−r❡❣✐õ❡s ✭❝♦♠ cL < cR✮ ❝♦♠♦ ✐❧✉str❛❞♦

♥❛ ❋✐❣✉r❛ ❈✳✷✺✳

• R31 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s ❝✉r✈❛s ΓL
1 ❡ εc

(

ΓL
1

)

✱ ❡ ♣❡❧❛ r❡t❛ c = cL❀

• R32 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s ❝✉r✈❛s ΓL
1 ❡ I✱ ❡ ♣❡❧❛s r❡t❛s c = cL ❡ c = c∗1❀

• R33 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ ❝✉r✈❛ I ❡ ♣❡❧❛s r❡t❛s c = cL✱ c = c∗1 ❡ s = 0❀

• R34 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ ❝✉r✈❛ C ❝♦♠ c∗1 < c < c∗3 ❡ ♣❡❧❛s ❝✉r✈❛s εc
(

ΓL
1

)

❡

Γ∗
2❀

• R35 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ ❝✉r✈❛ Γ∗
2✱ ♣❡❧❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C ❝♦♠

c∗3 < c < 1 ❡ ♣❡❧❛s r❡t❛s c = cL✱ c = 1 ❡ s = 1❀



✺✸

• R36 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s ❝✉r✈❛s C ❡ I✱ ❡ ♣❡❧❛s r❡t❛s c = c∗1 ❡ c = c∗3❀

• R37 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ ❝✉r✈❛ I ❡ ♣❡❧❛s r❡t❛s c = c∗3✱ c = c∗1 ❡ s = 0❀

• R38 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s ❝✉r✈❛s C ❡ I✱ ❡ ♣❡❧❛s r❡t❛s c = c∗3 ❡ c = 1❀

• R39 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ ❝✉r✈❛ I ❡ ♣❡❧❛s r❡t❛s c = c∗3✱ c = 1 ❡ s = 0✳

❋✐①❛♥❞♦ ❛❣♦r❛ ♦ ❡st❛❞♦ uR ❡♠ ❝❛❞❛ R−r❡❣✐ã♦ q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❞❡✜♥✐r✱ ❛♣r❡s❡♥✲

t❛r❡♠♦s ❛ r❡s♣❡❝t✐✈❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uL ✜①❛❞♦ ❡♠ L3✳ ❆ ❋✐❣✉r❛

❈✳✷✻ ✐❧✉str❛ ❛ s♦❧✉çã♦ ♣❛r❛ uR ✜①♦ ❡♠ ❝❛❞❛ r❡❣✐ã♦✳

• ❙❡❥❛ uR ∈ R31✳

❙❡❥❛ uN ♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cR ❝♦♠ ❛ ❝✉r✈❛ ΓL
1 ✳ ▲♦❣♦✱

uN =
(

sN , cR
)

❝♦♠ sN < sR✳ ❈♦♠♦ uN ❡ uR ❡stã♦ à ❞✐r❡✐t❛ ❞❛ ❝✉r✈❛ s−✐♥✢❡①ã♦

I ❡ sN < sR✱ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ❇✳✹✭✐✐✐✮✱ ❛ s−♦♥❞❛ ♥♦ ♥í✈❡❧ c = cR q✉❡ ❝♦♥❡❝t❛

uN à uR é ✉♠❛ ♦♥❞❛ s−❝❤♦q✉❡✳

❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L3 ❡ uR ∈ R31

é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL Rc−→ uN Ss−→ uR. ✭✸✳✷✾✮

• ❙❡❥❛ uR ∈ R32✳

❙❡❥❛ uN ♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cR ❝♦♠ ❛ ❝✉r✈❛ ΓL
1 ✳ ▲♦❣♦✱

uN =
(

sN , cR
)

❝♦♠ sN > sR✳ ❈♦♠♦ uN ❡ uR ❡stã♦ à ❞✐r❡✐t❛ ❞❛ ❝✉r✈❛ s−✐♥✢❡①ã♦

I ❡ sN > sR✱ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ❇✳✹✭✐✐✮✱ ❛ s−♦♥❞❛ ❞❡ ♥í✈❡❧ c = cR q✉❡ ❝♦♥❡❝t❛ uN

❛ uR é ✉♠❛ ♦♥❞❛ s−r❛r❡❢❛çã♦✳

❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L3 ❡ uR ∈ R32

é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL Rc−→ uN Rs−→ uR. ✭✸✳✸✵✮

• ❙❡❥❛ uR ∈ R33✳

❙❡❥❛ uN ♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cR ❝♦♠ ❛ ❝✉r✈❛ ΓL
1 ✳ ▲♦❣♦✱

uN =
(

sN , cR
)

❝♦♠ sN < sR✳ ❆ ❞✐❢❡r❡♥ç❛ ♣❛r❛ ♦ ❝❛s♦ ❛♥t❡r✐♦r é q✉❡ ❛❣♦r❛ ♦



✺✹

❡st❛❞♦ uR ❡stá ❛ ❡sq✉❡r❞❛ ❞❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I ❡ ♦ ❡st❛❞♦ uN à ❞✐r❡✐t❛✳ ▲♦❣♦✱

♣❡❧♦ ▲❡♠❛ ❇✳✹✭✐✮✱ ♦ ❣r✉♣♦ ❞❡ s−♦♥❞❛s ♥♦ ♥í✈❡❧ c = cR q✉❡ ❝♦♥❡❝t❛ uN à uR

♣❛ss❛ ❛ s❡r ✉♠❛ ♦♥❞❛ s−❝♦♠♣♦st❛ ❞♦ t✐♣♦ r❛r❡❢❛çã♦✲❝❤♦q✉❡ ❡♠ ❧✉❣❛r ❞❛ ♦♥❞❛

s−r❛r❡❢❛çã♦ ❝♦♠♦ ♥❛ s✐t✉❛çã♦ ❛♥t❡r✐♦r✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L3 ❡ uR ∈ R33 é ❞❛❞❛ ♣❡❧❛

s❡q✉ê♥❝✐❛

uL Rc−→ uN (RS)
s−→ uR. ✭✸✳✸✶✮

• ❙❡❥❛ uR ∈ R34✳

❙❡❥❛ uM =
(

sM , cM
)

♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ ❝✉r✈❛ ΓR
2 ❝♦♠ ❛ ❝✉r✈❛

εc
(

ΓL
1

)

✳ ❉❡✜♥❛ ❛❣♦r❛ ♦ ❡st❛❞♦ uN ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ ❝✉r✈❛ ΓL
1 ❝♦♠ ❛ r❡t❛

c = cM ✳ ▲♦❣♦✱ uN =
(

sN , cM
)

❝♦♠ sN < sM ❡ ♣♦r ❞❡✜♥✐çã♦ ❞❛ ❝✉r✈❛ ❞❡ ❡①t❡♥sã♦

εc
(

ΓL
1

)

t❡♠♦s q✉❡ uM ∈ Hs
(

uN
)

❡ σs
(

uN , uM
)

= λc
(

uN
)

✳ ❈♦♠ ✐st♦✱ ❛❣♦r❛

t❡♠♦s ✉♠ ❣r✉♣♦ ❞❡ ❞✉❛s ♦♥❞❛s ❝♦♥❡❝t❛♥❞♦ ♦ ❡st❛❞♦ uL ❛♦ ❡st❛❞♦ uM ✱ ❢♦r♠❛♥❞♦

✉♠❛ ♦♥❞❛ c−r❛r❡❢❛çã♦ ❞❡ uL ♣❛r❛ uN ❡ ✉♠❛ ♦♥❞❛ s−❝❤♦q✉❡ ❞❡ uN ♣❛r❛ uM ✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L3 ❡ uR ∈ R34 é ❞❛❞❛ ♣❡❧❛

s❡q✉ê♥❝✐❛

uL (RcSs)−→ uM Rc−→ uR. ✭✸✳✸✷✮

• ❙❡❥❛ uR ∈ R35✳

❙❡❥❛ uM ♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cL ❝♦♠ ❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ΓR
2 ✳

▲♦❣♦✱ uM =
(

sM , cL
)

❝♦♠ sL < sM 6 1✳ ❖ ❞❡t❛❧❤❡ ❛q✉✐ é q✉❡✱ ❝♦♠ r❡❧❛çã♦ ❛♦

❝❛s♦ ❞❡ uR ❡st❛r ♥❛ r❡❣✐ã♦ R34 é q✉❡ ❛❣♦r❛ ♦ ❡st❛❞♦ uM ❡stá à ❞✐r❡✐t❛ ❞❛ ❢r♦♥t❡✐r❛

εc
(

ΓL
1

)

❡ ❛ss✐♠ é t❛❧ q✉❡ ❛ ♦♥❞❛ s−❝❤♦q✉❡ ❝♦♥❡❝t❛♥❞♦ uL à uM t❡♠ ✈❡❧♦❝✐❞❛❞❡

✐♥❢❡r✐♦r à λc
(

uM
)

✳

❆ss✐♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ▲❡♠❛ ✸✳✷✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠

uL ∈ L3 ❡ uR ∈ R35 é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL Ss−→ uM Rc−→ uR. ✭✸✳✸✸✮



✺✺

• ❙❡❥❛ uR ∈ R36✳

❈♦♥s✐❞❡r❡ ♦ ❡st❛❞♦ C
(

cR
)

❞❡✜♥✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cR ❝♦♠ ❛ ❝✉r✈❛

❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C✳ ❙❡❥❛ ΓC
2 ❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞♦ ❝❛♠♣♦ ec ❡♠ Ω2 q✉❡

❝♦♥té♠ ♦ ❡st❛❞♦ C
(

cR
)

✳ ❙❡❥❛ uM =
(

sM , cM
)

♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛

❝✉r✈❛ ΓC
2 ❝♦♠ ❛ ❝✉r✈❛ εc

(

ΓL
1

)

✳ ❙❡❥❛ uN ♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ ❝✉r✈❛

ΓL
1 ❝♦♠ ❛ r❡t❛ c = cM ✳ ▲♦❣♦✱ uN =

(

sN , cM
)

❝♦♠ sN < sM ✱ ❝♦♠ uM ∈ H
(

uN
)

❡ ❞❛ ❞❡✜♥✐çã♦ ❞❛ ❝✉r✈❛ c−❡①t❡♥sã♦ εc
(

ΓL
1

)

s❡❣✉❡ q✉❡ σs
(

uN , uM
)

= λc
(

uN
)

✳

❈♦♠♦✱ ❡♠ r❡❧❛çã♦ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ♦ ❡st❛❞♦ uR ❝r✉③♦✉ ❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛

C ❡ ❡stá à ❞✐r❡✐t❛ ❞❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I s❡❣✉❡ q✉❡ ♦ ❡st❛❞♦ uM é ❝♦♥❡❝t❛❞♦ ❛♦

❡st❛❞♦ uR ♣♦r ✉♠❛ ♦♥❞❛ ❝♦♠♣♦st❛ ❢♦r♠❛❞❛ ♣♦r ✉♠❛ ♦♥❞❛ c−r❛r❡❢❛çã♦ ❞❡ uM

à C
(

cR
)

s❡❣✉✐❞❛ ♣♦r ✉♠❛ ♦♥❞❛ s−r❛r❡❢❛çã♦ ❞❡ C
(

cR
)

♣❛r❛ uR✳ P♦rt❛♥t♦✱ ♥❡st❡

❝❛s♦✱ t❡♠♦s ❞♦✐s ❣r✉♣♦s ❞❡ ♦♥❞❛s✱ ❝♦♠ ♠❛✐s ❞❡ ✉♠❛ ♦♥❞❛ ❝❛❞❛ ✉♠✱ ❝♦♥❡❝t❛♥❞♦

♦ ❡st❛❞♦ uL ❛♦ ❡st❛❞♦ uR✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L3 ❡ uR ∈ R36 é ❞❛❞❛ ♣❡❧❛

s❡q✉ê♥❝✐❛

uL (RcSs)−→ uM (RcRs)−→ uR. ✭✸✳✸✹✮

• ❙❡❥❛ uR ∈ R37✳

❊♠ r❡❧❛çã♦ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r t❡♠♦s ❛♣❡♥❛s q✉❡ ♦ ❡st❛❞♦ uR ❝r✉③♦✉ ♣❛r❛ ♦ ❧❛❞♦

❡sq✉❡r❞♦ ❞❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I✳ ❉❛í✱ ♦ ❡st❛❞♦ uM ♣❛ss❛ ❛ s❡r ❝♦♥❡❝t❛❞♦ ❛♦

❡st❛❞♦ uR ♣♦r ❣r✉♣♦ ❞❡ ♦♥❞❛s ❢♦r♠❛❞♦ ♣♦r três ♦♥❞❛s✿ ✉♠❛ ♦♥❞❛ c−r❛r❡❢❛çã♦

❞❡ uM à C
(

cR
)

✱ s❡❣✉✐❞❛ ♣♦r ✉♠❛ ♦♥❞❛ s−❝♦♠♣♦st❛ ❞♦ t✐♣♦ r❛r❡❢❛çã♦✲❝❤♦q✉❡ ❞❡

C
(

cR
)

♣❛r❛ uR✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L3 ❡ uR ∈ R37 é ❞❛❞❛ ♣❡❧❛

s❡q✉ê♥❝✐❛

uL (RcSs)−→ uM
(Rc(RS)

s)−→ uR. ✭✸✳✸✺✮

• ❙❡❥❛ uR ∈ R38✳

❈♦♥s✐❞❡r❡ ♦ ❡st❛❞♦ C
(

cR
)

❝♦♠♦ ♥♦s ❞♦✐s ❝❛s♦s ❛♥t❡r✐♦r❡s✳ ❙❡❥❛ ΓC
2 ❛ ♣❛rt❡ ❞❛

❝✉r✈❛ ✐♥t❡❣r❛❧ ❞♦ ❝❛♠♣♦ ec q✉❡ ❝♦♥té♠ ♦ ❡st❛❞♦ C
(

cR
)

✳ ❉❡✜♥❛ uM ♣❡❧❛ ✐♥t❡r✲



✺✻

s❡❝çã♦ ❞❛ r❡t❛ c = cL ❝♦♠ ❛ ❝✉r✈❛ ΓC
2 ✳ ▲♦❣♦✱ uM =

(

sM , cL
)

❝♦♠ sL < sM 6 1✳

❈♦♠♦ λc
(

C
(

cR
))

= λs
(

C
(

cR
))

❡ uR ❡stá ❡♥tr❡ ❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C ❡ ❛

❝✉r✈❛ s−✐♥✢❡①ã♦ I t❡♠♦s ♥♦✈❛♠❡♥t❡ ✉♠ ❣r✉♣♦ ❞❡ ❞✉❛s r❛r❡❢❛çõ❡s ❝♦♥❡❝t❛♥❞♦

uM à uR✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L3 ❡ uR ∈ R38 é ❞❛❞❛ ♣❡❧❛

s❡q✉ê♥❝✐❛

uL Ss−→ uM (RcRs)−→ uR. ✭✸✳✸✻✮

• ❙❡❥❛ uR ∈ R39✳

❈♦♠ r❡❧❛çã♦ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ♦ ❡st❛❞♦ uR ❝r✉③♦✉ ♣❛r❛ ❛ ❡sq✉❡r❞❛ ❞❛ ❝✉r✈❛

s−✐♥✢❡①ã♦ I ❡ ♣♦rt❛♥t♦ ♦ s❡❣✉♥❞♦ ❣r✉♣♦ ❞❡ ♦♥❞❛s ♥❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡

❘✐❡♠❛♥♥ ♣❛ss❛ ❛ t❡r três ♦♥❞❛s❀ ✉♠❛ ♦♥❞❛ c−r❛r❡❢❛çã♦ ❞❡ uM à C
(

cR
)

✱ s❡❣✉✐❞❛

❞❡ ✉♠❛ ♦♥❞❛ s−❝♦♠♣♦st❛ r❛r❡❢❛çã♦✲❝❤♦q✉❡ ❞❡ C
(

cR
)

♣❛r❛ uR✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L3 ❝♦♠ uL ❛❜❛✐①♦ ❞❛ ❝✉r✈❛

εc
(

ΓC
2

)

❡ uR ∈ R39 é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL Ss−→ uM
(Rc(RS)

s)−→ uR. ✭✸✳✸✼✮

❱❡❥❛ ❛ ❚❛❜❡❧❛ ✸✳✺ ♣❛r❛ ✈❡r ♦ r❡s✉♠♦ ❞❛ s♦❧✉çã♦✳

❙♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uL ∈ L3

❊st❛❞♦ uR ❙♦❧✉çã♦ ❘❡❢❡rê♥❝✐❛

uR ∈ R31 uL Rc−→ uN Ss−→ uR ✭✸✳✷✾✮

uR ∈ R32 uL Rc−→ uN Rs−→ uR ✭✸✳✸✵✮

uR ∈ R33 uL Rc−→ uN
(RS)

s−→ uR ✭✸✳✸✶✮

uR ∈ R34 uL (RcSs)−→ uM Rc−→ uR ✭✸✳✸✷✮

uR ∈ R35 uL Ss−→ uM Rc−→ uR ✭✸✳✸✸✮

uR ∈ R36 uL (RcSs)−→ uM (RcRs)−→ uR ✭✸✳✸✹✮

uR ∈ R37 uL (RcSs)−→ uM
(Rc(RS)

s)−→ uR ✭✸✳✸✺✮

uR ∈ R38 uL Ss−→ uM (RcRs)−→ uR ✭✸✳✸✻✮

uR ∈ R39 uL Ss−→ uM
(Rc(RS)

s)−→ uR ✭✸✳✸✼✮

❚❛❜❡❧❛ ✸✳✺✿ ❙♦❧✉çã♦ ♣❛r❛ uL ∈ L3✳



✺✼

❚r❛♥s❧❛❞❛♥❞♦ ♦ ❡st❛❞♦ uL ♥❛ r❡❣✐ã♦ L3 ♥♦ s❡♥t✐❞♦ ❝r❡s❝❡♥t❡ ❞♦ ❡✐①♦ c✱ ❛s r❡❣✐õ❡s

R31, · · · , R39 t❛♠❜é♠ tr❛♥s❧❛❞❛♠ ♥♦ ♠❡s♠♦ s❡♥t✐❞♦✳ ◗✉❛♥❞♦ uL ✜❝❛r ❡♥tr❡ ❛ ❝✉r✈❛

c−❡①t❡♥sã♦ εc
(

ΓC
2

)

❡ ❛ ❝✉r✈❛ ΓC
1 ♠♦str❛❞❛s ♥❛ ❋✐❣✉r❛ ❈✳✷✹ ❛s R−r❡❣✐õ❡s R38✱ R39 ❡

♣❛rt❡ ❞❛s r❡❣✐õ❡s R34✱ R35✱ R36 ❡ R37 ❞❡s❛♣❛r❡❝❡♠ ❥✉♥t♦ ❝♦♠ ♦ ❡st❛❞♦ u∗
3 ❞♦ ❡s♣❛ç♦

Ω ✭✈❡r ❋✐❣✉r❛ ❈✳✷✼✮✳ ◗✉❛♥❞♦ ♦ ❡st❛❞♦ uL ✜❝❛r ❡♥tr❡ ❛ ❝✉r✈❛ ΓC
1 ❡ ❛ r❡t❛ c = 1 ❛s

R−r❡❣✐õ❡s R35✱ R36 ❡ ♣❛rt❡ ❞❛s r❡❣✐õ❡s R31, · · · , R35 t❛♠❜é♠ ❞❡s❛♣❛r❡❝❡♠ ❞♦ ❡s♣❛ç♦

Ω ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❡st❛❞♦ u∗
1 ✭✈❡r ❋✐❣✉r❛ ❈✳✷✽✮✳

◗✉❛♥❞♦ ♠♦✈❡♠♦s ♦ ❡st❛❞♦ uL ♥♦ s❡♥t✐❞♦ ❡♠ q✉❡ ❡❧❡ ❝r✉③❛ ❛ ❝✉r✈❛ ❞❡ ❡①t❡♥sã♦

ε0s✱ ✉♠❛ ♥♦✈❛ ❝✉r✈❛ s✉r❣✐rá ♣❛r❛ ✐♥✢✉❡♥❝✐❛r ♥❛ ❞✐✈✐sã♦ ❞❛s R−r❡❣✐õ❡s✳ ❆ ❝✉r✈❛ ❞❡

❡①t❡♥sã♦ ✐♥✈❡rs❛ ε−1
s

(

ΓL
1

)

❢❛rá ❝♦♠ q✉❡ ❛ R−r❡❣✐ã♦ R33 ❞♦ ❝❛s♦ uL ∈ L3 s❡❥❛ ❞✐✈✐❞✐❞❛

❡♠ ❞✉❛s ♥♦✈❛s r❡❣✐õ❡s✱ ✉♠❛ ❞❡❧❛s ❝♦♠ ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❛♥t✐❣❛ R33 ❡ ❛ ♦✉tr❛

❝♦♠ ♥♦✈❛s ♣r♦♣r✐❡❞❛❞❡s✳ ❱❡r❡♠♦s ♦s ❞❡t❛❧❤❡s ♥♦ ❝❛s♦ ❛ s❡❣✉✐r✳

❈❛s♦ uL ∈ L4

▲❡♠❜r❛♠♦s q✉❡ ❛ r❡❣✐ã♦ L4 ❡stá ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = 0 ❡ c = 1✱ ♣❡❧❛ ❝✉r✈❛

s−✐♥✢❡①ã♦ I ❡ ♣❡❧❛ ❝✉r✈❛ s−❡①t❡♥sã♦ ❞❛ ❢r♦♥t❡✐r❛ s = 0✱ ❞❡♥♦t❛❞❛ ♣♦r ε0s✳ ❘❡✈❡❥❛ ❛

❋✐❣✉r❛ ❈✳✶✾✳

❆❝♦♠♣❛♥❤❡ ❛❣♦r❛ ♥❛ ❋✐❣✉r❛ ❈✳✷✾✳ ❈♦♥s✐❞❡r❡ ❛ ❝✉r✈❛ c−❡①t❡♥sã♦ ✐♥✈❡rs❛ ❞❛

❢r♦♥t❡✐r❛ s = 1 ❞❡♥♦t❛❞❛ ♣♦r ε−1
c ({s = 1}) ✭❡st❛ ❝✉r✈❛ ♥ã♦ ✐♥t❡rs❡❝t❛ ❛ ❝✉r✈❛ ε0s✮✳

❚♦♠❡ ♦ ❡st❛❞♦ ε−1
c (1) ♦❜t✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = 1 ❝♦♠ ❛ ❝✉r✈❛ ε−1

c ({s = 1})✳
❙❡❥❛ ΓG

1 ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞♦ ❝❛♠♣♦ ec q✉❡ ❝♦♥té♠ ♦ ❡st❛❞♦ ε−1
c (1)✱ q✉❡ ❡stá

❛❝✐♠❛ ❡ à ❡sq✉❡r❞❛ ❞❛ ❝✉r✈❛ ε−1
c ({s = 1})✳

❆✐♥❞❛ ❝♦♠ r❡❧❛çã♦ ❛ ❋✐❣✉r❛ ❈✳✷✾✱ ❝♦♥s✐❞❡r❡ ♦ ❡st❛❞♦ ε0s (1) ❡st❛❞♦ ✐♥t❡rs❡❝çã♦ ❞❛

r❡t❛ c = 1 ❝♦♠ ❛ ❝✉r✈❛ ε0s✳ ❙❡❥❛ Γε
1 ❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞♦ ❝❛♠♣♦ ec q✉❡ ❝♦♥té♠

♦ ❡st❛❞♦ ε0s (1)✱ q✉❡ ❡stá ❛❜❛✐①♦ ❞❛ ❝✉r✈❛ ε−1
c ({s = 1})✳ ❈♦♥s✐❞❡r❡ t❛♠❜é♠✱ ❝♦♠♦ ♥♦

❝❛s♦ ❛♥t❡r✐♦r✱ ❛s ❝✉r✈❛s ΓC
1 ❡ ❛ c−❡①t❡♥sã♦ εc

(

ΓC
2

)

✱ q✉❡ ❡stã♦ ❛❜❛✐①♦ ❛ ❝✉r✈❛ Γε
1✳

P♦r ✜♠✱ ♠❛✐s ✉♠❛ ✈❡③ r❡❢❡r✐♥❞♦✲s❡ ❛ ❋✐❣✉r❛ ❈✳✷✾✱ ✜①❡ ♦ ❡st❛❞♦ uL ∈ L4 ❛❜❛✐①♦

❞❛ ❝✉r✈❛ c−❡①t❡♥sã♦ εc
(

ΓC
2

)

✳ ❆❝♦♠♣❛♥❤❡ ❛ ❞✐✈✐sã♦ ❞❛s R−r❡❣✐õ❡s ♥❛ ❋✐❣✉r❛ ❈✳✸✵✳

❉❡✜♥❛ ♦s ❡st❛❞♦s u∗
1✱ u

∗
2 ❡ u∗

3 ❝♦♠♦ ♥♦ ❝❛s♦ uL ∈ L3✳ ❈♦♥s✐❞❡r❡ ❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I✱
♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ΓL

1 ✱ ❛ ❝✉r✈❛ ❞❡ ❡①t❡♥sã♦ ✐♥✈❡rs❛ ε−1
s

(

ΓL
1

)

✱ ❛ ❝✉r✈❛ ❞❡ ❡①t❡♥sã♦

εc
(

ΓL
1

)

❡ ❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ Γ∗
2 ✭❧✐❣❛♥❞♦ u∗

2 à u∗
3✮✳

◆♦t❡ q✉❡ ♥❛ ❋✐❣✉r❛ ❈✳✸✵ ❛ ❡①tr❡♠✐❞❛❞❡ s✉♣❡r✐♦r ❞❛ ❝✉r✈❛ ε−1
s

(

ΓL
1

)

❡stá ❛❜❛✐①♦



✺✽

❞❡ c∗1 ❛ q✉❛❧ ❝♦rr❡s♣♦♥❞❡ à ❡①t❡♥sã♦ ❞♦ ❡st❛❞♦ ✐♥t❡rs❡❝çã♦ ❞❡ ΓL
1 ❝♦♠ ε0s✳

❱❛♠♦s ❛❣♦r❛ ❞✐✈✐❞✐r ♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω ♥❛s s❡❣✉✐♥t❡s R−r❡❣✐õ❡s ❝♦♠♦ ♠♦s✲

tr❛❞♦ ♥❛ ❋✐❣✉r❛ ❈✳✸✵✿

• R41 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ r❡t❛ c = cL ❡ ♣❡❧❛s ❝✉r✈❛s ΓL
1 ❡ εc

(

ΓL
1

)

❀

• R42 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL✱ c = c∗1 ❡ ♣❡❧❛s ❝✉r✈❛s ΓL
1 ❡ I❀

• R43 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL✱ c = c∗1✱ s = 0 ❡ ♣❡❧❛s ❝✉r✈❛s I ❡

ε−1
s

(

ΓL
1

)

❀

• R44 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ ❝✉r✈❛ C ❝♦♠ c∗1 < c < c∗3✱ ❡ ♣❡❧❛s ❝✉r✈❛s εc
(

ΓL
1

)

❡

Γ∗
2❀

• R45 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL✱ c = 1✱ s = 1 ❡ ♣❡❧❛s ❝✉r✈❛s C✭❝♦♠
c > c∗3✮ ❡ Γ∗

2❀

• R46 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = c∗1✱ c = c∗3 ❡ ♣❡❧❛s ❝✉r✈❛s C ❡ I❀

• R47 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = c∗1✱ c = c∗3✱ s = 0 ❡ ♣❡❧❛ ❝✉r✈❛ I❀

• R48 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = c∗3✱ c = 1 ❡ ♣❡❧❛s ❝✉r✈❛s C ❡ I❀

• R49 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = c∗3✱ c = 1✱ s = 0 ❡ ♣❡❧❛ ❝✉r✈❛ I❀

• R410 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL✱ s = 0 ❡ ♣❡❧❛ ❝✉r✈❛ ε−1
s

(

ΓL
1

)

✳

❈♦♠♣❛r❛❞♦ ❝♦♠ ♦ ❝❛s♦ uL ∈ L3 ❛s r❡❣✐õ❡s R41, · · · , R49 ♣♦ss✉❡♠ ❛s ♠❡s♠❛s ♣r♦✲

♣r✐❡❞❛❞❡s ❞♦ ❝❛s♦ R31, · · · , R39✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▲♦❣♦✱ ♥❛s R−r❡❣✐õ❡s R41, · · · , R49 ❛

❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ é s✐♠✐❧❛r ❛♦s ❞❛sR−r❡❣✐õ❡sR31, · · · , R39✳

❆ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ é q✉❡ ♣❛r❛ uL ∈ L4 ❛♣❛r❡❝❡✉ ❛ r❡❣✐ã♦ R410 ❛❞❥❛❝❡♥t❡ ❛ r❡❣✐ã♦ R43

❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❡st❛❞♦ uL ❡st❛r à ❡sq✉❡r❞❛ ❞❛ ❝✉r✈❛ ε0s✱ s−❡①t❡♥sã♦ ❞❛ ❢r♦♥t❡✐r❛

s = 0✳

❆ss✐♠✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ❈✳✸✶✱ ✜①❛♥❞♦ uR ♥❛ R✲r❡❣✐ã♦ R410✱ ♣❡❧♦ ▲❡♠❛

❇✳✸✭✐✮ s❡❣✉❡ q✉❡ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uL ∈ L4✱ ❝♦♠ uL ❛❜❛✐①♦ ❞❛

❝✉r✈❛ εc
(

ΓC
2

)

❡ uR ∈ R410 é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL Rc−→ uM Ss−→ uR. ✭✸✳✸✽✮



✺✾

❙♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uL ∈ L4

❊st❛❞♦ uR ❙♦❧✉çã♦ ❘❡❢❡rê♥❝✐❛

uR ∈ R41 uL Rc−→ uN Ss−→ uR ✭✸✳✷✾✮

uR ∈ R42 uL Rc−→ uN Rs−→ uR ✭✸✳✸✵✮

uR ∈ R43 uL Rc−→ uN
(RS)

s−→ uR ✭✸✳✸✶✮

uR ∈ R44 uL (RcSs)−→ uM Rc−→ uR ✭✸✳✸✷✮

uR ∈ R45 uL Ss−→ uM Rc−→ uR ✭✸✳✸✸✮

uR ∈ R46 uL (RcSs)−→ uM (RcRs)−→ uR ✭✸✳✸✹✮

uR ∈ R47 uL (RcSs)−→ uM
(Rc(RS)

s)−→ uR ✭✸✳✸✺✮

uR ∈ R48 uL Ss−→ uM (RcRs)−→ uR ✭✸✳✸✻✮

uR ∈ R49 uL Ss−→ uM
(Rc(RS)

s)−→ uR ✭✸✳✸✼✮

uR ∈ R410 uL Rc−→ uM Ss−→ uR ✭✸✳✸✽✮

❚❛❜❡❧❛ ✸✳✻✿ ❙♦❧✉çã♦ ♣❛r❛ uL ∈ L4✳

❱❡❥❛ ❛ ❚❛❜❡❧❛ ✸✳✻ ♣❛r❛ ✈❡r ♦ r❡s✉♠♦ ❞❛ s♦❧✉çã♦✳

❆ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ uL ∈ L3✱ tr❛♥s❧❛❞❛♥❞♦ ♦ ❡st❛❞♦ uL ♥❛ r❡❣✐ã♦ L4 ♥♦ s❡♥t✐❞♦

❝r❡s❝❡♥t❡ ❞♦ ❡✐①♦ c✱ ❛s r❡❣✐õ❡s R41, · · · , R410 t❛♠❜é♠ tr❛♥s❧❛❞❛♠ ♥♦ ♠❡s♠♦ s❡♥t✐❞♦✳

◗✉❛♥❞♦ uL ✜❝❛r ❡♥tr❡ ❛ ❝✉r✈❛ ΓC
1 ❡ ❛ ❝✉r✈❛ c− ❡①t❡♥sã♦ εc

(

ΓC
2

)

❞❛ ❋✐❣✉r❛ ❈✳✷✾

❛s R−r❡❣✐õ❡s R48✱ R49 ❡ ♣❛rt❡ ❞❛s r❡❣✐õ❡s R44✱ R45✱ R46 ❡ R47 ❞❡s❛♣❛r❡❝❡♠ ❥✉♥t♦ ❝♦♠

♦ ❡st❛❞♦ u∗
3 ❞♦ ❡s♣❛ç♦ Ω ✭✈❡r ❋✐❣✉r❛ ❈✳✸✷✮✳

◗✉❛♥❞♦ ♦ ❡st❛❞♦ uL ✜❝❛r ❡♥tr❡ ❛s ❝✉r✈❛s ΓC
1 ❡ Γε

1 ✭❋✐❣✉r❛ ❈✳✷✾✮ ❛s R−r❡❣✐õ❡s R46✱

R47 ❡ ♣❛rt❡ ❞❛s r❡❣✐õ❡s R41, · · · , R45 t❛♠❜é♠ ❞❡s❛♣❛r❡❝❡♠ ❞♦ ❡s♣❛ç♦ Ω ❥✉♥t❛♠❡♥t❡ ❝♦♠

♦ ❡st❛❞♦ u∗
1 ✭✈❡r ❋✐❣✉r❛ ❈✳✸✸✮✳

◗✉❛♥❞♦ ♦ ❡st❛❞♦ uL ✜❝❛r ❡♥tr❡ ❛s ❝✉r✈❛s Γε
1 ❡ ε−1

c ({s = 1}) ✭❋✐❣✉r❛ ❈✳✷✾✮ ❛

❢r♦♥t❡✐r❛ ❞✐r❡✐t❛ ❞❛ r❡❣✐ã♦ R410 ❞❛ ❋✐❣✉r❛ ❈✳✸✸ ❞❡✐①❛ ❞❡ ✐♥t❡rs❡❝t❛r ❛ ❢r♦♥t❡✐r❛ s = 0✱

♣♦✐s ❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ΓL
1 ♥ã♦ ✐♥t❡rs❡❝t❛ ♠❛✐s ❛ ❝✉r✈❛ ε0s✳ ◆❡st❡ ❝❛s♦✱ ❡st❛

❢r♦♥t❡✐r❛ s❡ ❡st❡♥❞❡ ❞♦ ♥í✈❡❧ c = cL ❛té ♦ ♥í✈❡❧ c = 1✳

❚r❛♥s❧❛❞❡ ♦ ❡st❛❞♦ uL ♥♦✈❛♠❡♥t❡ ❡ ✜①❡✲♦ ❡①❛t❛♠❡♥t❡ s♦❜r❡ ❛ ❝✉r✈❛ ε−1
c ({s = 1})

❞❛ ❋✐❣✉r❛ ❈✳✷✾✳ ❈♦♥s✐❞❡r❡ ❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ΓL
1 ✳ ❊♥tã♦✱ ❞❛ ❞❡✜♥✐çã♦ ❞❡st❛

❝✉r✈❛ t❡♠♦s q✉❡ ♦ ❡st❛❞♦ u∗
2 ♣❡rt❡♥❝❡ ❛ ❢r♦♥t❡✐r❛ s = 1✱ ❝♦♠ ✐ss♦ ❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ Γ∗

2

é ❛ ♣ró♣r✐❛ ❢r♦♥t❡✐r❛ s = 1✳ ▲♦❣♦✱ ❛ R✲r❡❣✐ã♦ R45 ❞❡✐①❛rá ❞❡ ❡①✐st✐r✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛

✐st♦ ❛❝♦♥t❡❝❡rá q✉❛♥❞♦ uL ❢♦r tr❛♥s❧❛❞❛❞♦ ♣❛r❛ ❝✐♠❛ ❞❛ ❝✉r✈❛ ε−1
c ({s = 1})✳

P♦r ú❧t✐♠♦✱ q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ❡st✐✈❡r ❛❝✐♠❛ ❞❛ ❝✉r✈❛ ΓG
1 ❛ r❡❣✐ã♦ R44 t❛♠❜é♠



✻✵

❞❡s❛♣❛r❡❝❡✳ ■st♦ ♦❝♦rr❡ ♣♦rq✉❡ ❛ ❝✉r✈❛ c−❡①t❡♥sã♦ ❞❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ΓL
1 ✱ ❛

❝✉r✈❛ εc
(

ΓL
1

)

✱ ♥ã♦ ❡st❛rá ♠❛✐s ❝♦♥t✐❞❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω✳ ■st♦ ❝♦♥❝❧✉✐ ❛ ❝♦♥str✉çã♦

❞❛ s♦❧✉çã♦ ♣❛r❛ uL ♥❛ r❡❣✐ã♦ L4✳

◗✉❛♥❞♦ ♦ ❡st❛❞♦ uL ❝r✉③❛ ❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I✱ ❞❛ r❡❣✐ã♦ L4 ♣❛r❛ ❛ r❡❣✐ã♦

L5✱ s✉r❣❡♠ ❞✉❛s ♥♦✈❛s R−r❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uR ♣❛r❛ ✐♥✢✉❡♥❝✐❛r ♥❛ ❝♦♥str✉çã♦ ❞❛

s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥✳ ❆ ❝✉r✈❛ ❞❡ ❡①t❡♥sã♦ ✐♥✈❡rs❛ ε−1
s

(

ΓL
1

)

✐♥✢✉❡♥❝✐❛rá

♥♦✈❛♠❡♥t❡ ♥♦ s✉r❣✐♠❡♥t♦ ❞❡st❛s ♥♦✈❛s R−r❡❣✐õ❡s✳ ❱❡r❡♠♦s ♦s ❞❡t❛❧❤❡s ♥♦ ❝❛s♦ ❛

s❡❣✉✐r✳

❈❛s♦ uL ∈ L5

❈♦♥s✐❞❡r❡ ❛s ♠❡s♠❛s ❝✉r✈❛s ✐♥✐❝✐❛✐s ❞♦ ❝❛s♦ ❛♥t❡r✐♦r✳ ❆ ❝✉r✈❛ ΓG
1 ❡stá ❛❜❛✐①♦ ❡ ❛

❞✐r❡✐t❛ ❞❛ ❝✉r✈❛ ΓI
1 ✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❈✳✸✹✳

❋✐①❡ uL ∈ L5 à ❡sq✉❡r❞❛ ❞❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I ❡ ❛❜❛✐①♦ ❞❛ ❝✉r✈❛ εc
(

ΓC
2

)

❞❛

❋✐❣✉r❛ ❈✳✸✹✳ ❆❝♦♠♣❛♥❤❡ ❛ ❞✐✈✐sã♦ ❞❛s R−r❡❣✐õ❡s ♥❛ ❋✐❣✉r❛ ❈✳✸✺ ❡ ❈✳✸✻✳ ❉❡✜♥❛

♦s ❡st❛❞♦s u∗
1✱ u

∗
2 ❡ u∗

3 ❝♦♠♦ ♥♦ ❝❛s♦ uL ∈ L3✳ ❆❣♦r❛ ❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ΓL
1

✐♥t❡rs❡❝t❛ ❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ♥♦✈❛s R−r❡❣✐õ❡s ❛♣❛r❡ç❛♠✳ ❙❡❥❛

u∗
4 = (s∗4, c

∗
4) ♦ ❡st❛❞♦ ❞❡✜♥✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❡♥tr❡ ❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ΓL

1 ❝♦♠

❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I✳ ❈♦♠ ✐ss♦ ✈❛♠♦s ❞✐✈✐❞✐r ♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω ♥❛s s❡❣✉✐♥t❡s

R−r❡❣✐õ❡s✿

• R51 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ r❡t❛ c = cL ❡ ♣❡❧❛s ❝✉r✈❛s ΓL
1 ✱ εc

(

ΓL
1

)

❡ ε−1
s

(

ΓL
1

)

❀

• R52 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s ❝✉r✈❛s ΓL
1 ❡ I✱ ❡ ♣❡❧❛ r❡t❛ c = c∗1❀

• R53 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ❡ ♣❡❧❛s ❝✉r✈❛s I ❡ ε−1
s

(

ΓL
1

)

✱ ❡ ♣❡❧❛s r❡t❛s c = c∗1 ❡ s = 0❀

• R54 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s ❝✉r✈❛s εc
(

ΓL
1

)

✱ Γ∗
2 ❡ C✱ ❝♦♠ c∗1 6 c 6 c∗3❀

• R55 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL✱ c = 1✱ s = 1 ❡ ♣❡❧❛s ❝✉r✈❛s Γ∗
2 ❡ C✱

❝♦♠ c∗1 6 c 6 c∗3❀

• R56 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = c∗1✱ c = c∗3 ❡ ♣❡❧❛s ❝✉r✈❛s C ❡ I❀

• R57 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = c∗1✱ c = c∗3✱ s = 0 ❡ ♣❡❧❛ ❝✉r✈❛ I❀

• R58 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = c∗3✱ c = 1 ❡ ♣❡❧❛s ❝✉r✈❛s C ❡ I❀



✻✶

• R59 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = c∗3✱ c = 1✱ s = 0 ❡ ♣❡❧❛ ❝✉r✈❛ I❀

• R510 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL ❡ s = 0✱ ♣❡❧❛ ❝✉r✈❛ ε−1
s

(

ΓL
1

)

✱ ❝♦♠

c > c∗4 ❡ ΓL
1 ✱ ❝♦♠ cL 6 c 6 c∗4❀

• R511 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ r❡t❛ c = cL ❡ ♣❡❧❛s ❝✉r✈❛s ΓL
1 ❡ I✱ ❛♠❜❛s ❝♦♠

cL 6 c 6 c∗4 ✭✈❡r ❋✐❣✉r❛ ❈✳✸✻✮❀

• R512 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ r❡t❛ c = cL ❡ ♣❡❧❛s ❝✉r✈❛s I ❡ ε−1
s

(

ΓL
1

)

✱ ❛♠❜❛s ❝♦♠

cL 6 c 6 c∗4 ✭✈❡r ❋✐❣✉r❛ ❈✳✸✻✮✳

❆sR−r❡❣✐õ❡sR51, · · · , R510 ❤❡r❞❛♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛sR−r❡❣✐õ❡sR41, · · · , R410✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▲♦❣♦✱ ❛s s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uR ♥❛s R−r❡❣✐õ❡s

R51, · · · , R510 sã♦ ❛♥á❧♦❣❛s ❛s s♦❧✉çõ❡s ♣❛r❛ uR ♥❛s R−r❡❣✐õ❡s R41, · · · , R410✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳

❋❛r❡♠♦s ❛❣♦r❛ ❛ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uR ♥❛s

R−r❡❣✐õ❡s R511 ❡ R512✳ ❆❝♦♠♣❛♥❤❡ ❛ ❋✐❣✉r❛ ❈✳✸✻✳

• ❙❡❥❛ uR ∈ R511✳

❙❡❥❛♠ uM =
(

sM , cR
)

♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cR ❝♦♠ ❛ ♣❛rt❡

❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ΓL
1 ❡ I

(

cR
)

=
(

sIM , cR
)

♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛

c = cR ❝♦♠ ❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I✳ ❊♥tã♦✱ sM < sR 6 sIM ✳ ▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛

❇✳✷✭✐✐✮✱ ❛ s−♦♥❞❛ q✉❡ ❝♦♥❡❝t❛ uM à uR é ✉♠❛ r❛r❡❢❛çã♦ ❞❛ ❢❛♠í❧✐❛ s✳ ❙❛❜❡♥❞♦

q✉❡ λc
(

uM
)

< λs
(

uM
)

❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✱ ❛ ♦♥❞❛ c−r❛r❡❢❛çã♦ ❞❡ uL ♣❛r❛

uM é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♦♥❞❛ sr❛r❡❢❛çã♦ ❞❡ uM ♣❛r❛ uR✱ ❡ ❛ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦

♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uL ∈ L5 ❡ uR ∈ R511 é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL Rc−→ uM Rs−→ uR. ✭✸✳✸✾✮

• ❙❡❥❛ uR ∈ R512✳

❙❡❥❛♠ uM ❡ I
(

cR
)

=
(

sIM , cM
)

❝♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✳ ❙❡❥❛ εMs =
(

sεM , cR
)

♦

❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cR ❝♦♠ ❛ ❝✉r✈❛ ❞❡ ❡①t❡♥sã♦ ✐♥✈❡rs❛

ε−1
s

(

ΓL
1

)

✳ ❊♥tã♦✱ sIM < sR < sεM ✳ ▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ❇✳✷✭✐✐✐✮✱ ❛ s−♦♥❞❛ é ✉♠❛

❝♦♠♣♦st❛ ❞❛ ❢❛♠í❧✐❛ s ✭r❛r❡❢❛çã♦✲❝❤♦q✉❡✮✳ ❈♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ♣❡❧♦ ▲❡♠❛



✻✷

✸✳✷✱ t❡♠♦s ♥♦✈❛♠❡♥t❡ ❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❡♥tr❡ ❛ ♦♥❞❛ c−r❛r❡❢❛çã♦ ❞❡ uL ♣❛r❛ uM

❡ ❛ s−❝♦♠♣♦st❛ ❞❡ uM ♣❛r❛ uR✳ ❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛

uL ∈ L5 ❡ uR ∈ R512 é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL Rc−→ uM (RS)
s−→ uR. ✭✸✳✹✵✮

❱❡❥❛ ❛ ❚❛❜❡❧❛ ✸✳✼ ♣❛r❛ ✈❡r ♦ r❡s✉♠♦ ❞❛ s♦❧✉çã♦ ♣❛r❛ uL ∈ L5 ❡ uR q✉❛❧q✉❡r✳

❙♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uL ∈ L5

❊st❛❞♦ uR ❙♦❧✉çã♦ ❘❡❢❡rê♥❝✐❛

uR ∈ R51 uL Rc−→ uN Ss−→ uR ✭✸✳✷✾✮

uR ∈ R52 uL Rc−→ uN Rs−→ uR ✭✸✳✸✵✮

uR ∈ R53 uL Rc−→ uN
(RS)

s−→ uR ✭✸✳✸✶✮

uR ∈ R54 uL (RcSs)−→ uM Rc−→ uR ✭✸✳✸✷✮

uR ∈ R55 uL Ss−→ uM Rc−→ uR ✭✸✳✸✸✮

uR ∈ R56 uL (RcSs)−→ uM (RcRs)−→ uR ✭✸✳✸✹✮

uR ∈ R57 uL (RcSs)−→ uM
(Rc(RS)

s)−→ uR ✭✸✳✸✺✮

uR ∈ R58 uL Ss−→ uM (RcRs)−→ uR ✭✸✳✸✻✮

uR ∈ R59 uL Ss−→ uM
(Rc(RS)

s)−→ uR ✭✸✳✸✼✮

uR ∈ R510 uL Rc−→ uM Ss−→ uR ✭✸✳✸✽✮

uR ∈ R511 uL Rc−→ uM Rs−→ ✭✸✳✸✾✮

uR ∈ R512 uL Rc−→ uM
(RS)

s−→ uR ✭✸✳✹✵✮

❚❛❜❡❧❛ ✸✳✼✿ ❙♦❧✉çã♦ ♣❛r❛ uL ∈ L5✳

❆ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❡st❛❞♦ uL ❡st❛✈❛ ♥❛ r❡❣✐ã♦ L4✱ tr❛♥s❧❛❞❛♥❞♦✲♦ ♥❛

r❡❣✐ã♦ L5 ♥♦ s❡♥t✐❞♦ ❝r❡s❝❡♥t❡ ❞♦ ❡✐①♦ c✱ ❛s R−r❡❣✐õ❡s t❛♠❜é♠ tr❛♥s❧❛❞❛♠ ♥♦ ♠❡s♠♦

s❡♥t✐❞♦✳ ◗✉❛♥❞♦ uL ✜❝❛r ❡♥tr❡ ❛ ❝✉r✈❛ c−❡①t❡♥sã♦ εc
(

ΓC
2

)

❡ ❛ ❝✉r✈❛ ΓC
1 ❞❛ ❋✐❣✉r❛ ❈✳✸✹

❛s R−r❡❣✐õ❡s R58✱ R59 ❡ ♣❛rt❡ ❞❛s r❡❣✐õ❡s R54✱ R55✱ R56 ❡ R57 ❞❡s❛♣❛r❡❝❡♠ ❥✉♥t♦ ❝♦♠

♦ ❡st❛❞♦ u∗
3 ❞♦ ❡s♣❛ç♦ Ω ✭✈❡r ❋✐❣✉r❛ ❈✳✸✼✮✳

◗✉❛♥❞♦ ♦ ❡st❛❞♦ uL ✜❝❛r ❡♥tr❡ ❛s ❝✉r✈❛s ΓC
1 ❡ Γ

ε
1 ❞❛ ❋✐❣✉r❛ ❈✳✸✹ ❛s R−r❡❣✐õ❡s R55✱

R56 ❡ ♣❛rt❡ ❞❛s r❡❣✐õ❡s R51, · · · , R55 t❛♠❜é♠ ❞❡s❛♣❛r❡❝❡♠ ❞♦ ❡s♣❛ç♦ Ω ❥✉♥t❛♠❡♥t❡ ❝♦♠

♦ ❡st❛❞♦ u∗
1✳ ❊ q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ✜❝❛r ❡♥tr❡ ❛s ❝✉r✈❛s ε−1

c ({s = 1}) ❡ Γε
1 ❛ ❢r♦♥t❡✐r❛

❡sq✉❡r❞❛ ❞❛ r❡❣✐ã♦ R510 ❛t✐♥❣❡ ♦ ♥í✈❡❧ c = 1 ✭✈❡r ❋✐❣✉r❛ ❈✳✸✽✮✳

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ à r❡❣✐ã♦ R45✱ q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ❡st✐✈❡r ❡♥tr❡ ❛s ❝✉r✈❛s

ε−1
c ({s = 1}) ❡ ΓG

1 ❞❛ ❋✐❣✉r❛ ❈✳✸✼ ❛ r❡❣✐ã♦ R55 ❞❡s❛♣❛r❡❝❡ ❞♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω✳



✻✸

P♦r ú❧t✐♠♦✱ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ à r❡❣✐ã♦ R44 q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ❡st✐✈❡r ❡♥tr❡ ❛s

❝✉r✈❛s ΓG
1 ❡ ΓI

1 ❞❛ ❋✐❣✉r❛ ❈✳✸✼ ❛ r❡❣✐ã♦ R54 t❛♠❜é♠ ❞❡s❛♣❛r❡❝❡ ❞♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s

Ω✳

❈❛s♦ uL ∈ L6

▲❡♠❜r❡♠♦s q✉❡ ❛ ❢r♦♥t❡✐r❛ ❡♥tr❡ ❛s r❡❣✐õ❡s L5 ❡ L6 é ❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ΓI
1 ♣❡❧♦

♣♦♥t♦ I (1) ❡ ❛ ❝✉r✈❛ ε1s ✜❝❛ à ❡sq✉❡r❞❛ ❞❛ ❝✉r✈❛ ΓI
1 ✱ ❝♦♠♦ ✐❧✉str❛ ❛ ❋✐❣✉r❛ ❈✳✶✾✳

❋✐①❡ ❡♥tã♦ ✐♥✐❝✐❛❧♠❡♥t❡ uL ∈ L6 ❝♦♠ uL ❡♥tr❡ ❛s ❝✉r✈❛s ε1s ❡ Γ
I
1 ✳ ❈♦♥s✐❞❡r❡ ❛ ♣❛rt❡

❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ΓL
1 ❝♦♠ c > cI ✳ ▲♦❣♦✱ ❡st❛ ❝✉r✈❛ s❡ ❡st❡♥❞❡ ❞♦ ♥í✈❡❧ c = cL ❛♦ ♥í✈❡❧ c =

1 ✐♥t❡r✐♦r à r❡❣✐ã♦ L6✳ ❈♦♠ ✐ss♦ t❡♠♦s ❛s s❡❣✉✐♥t❡s R−r❡❣✐õ❡s✳ ❆❝♦♠♣❛♥❤❡ ❛ ❞✐✈✐sã♦

❞❛s R−r❡❣✐õ❡s ♥❛ ❋✐❣✉r❛ ❈✳✸✾✳ ❊♠❜♦r❛ ✈ár✐❛s r❡❣✐õ❡s ❞❡s❛♣❛r❡ç❛♠✱ ✈❛♠♦s ♠❛♥t❡r

❛ ♥♦t❛çã♦ ❝♦♥s✐st❡♥t❡ ❝♦♠ ♦s ❝❛s♦s ❛♥t❡r✐♦r❡s ♣❛r❛ ✜❝❛r ♠❛✐s ❢á❝✐❧ ❞❡ ❛❝♦♠♣❛♥❤❛r ❡

❝♦♠♣❛r❛r ❛ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ❡♠ ❝❛❞❛ ❝❛s♦✳

• R610 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL✱ s = 0✱ c = 1 ❡ ♣❡❧❛ ❝✉r✈❛ ΓL
1 ❀

• R611 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ r❡t❛ c = cL✱ c = 1 ❡ ♣❡❧❛s ❝✉r✈❛s ΓL
1 ❡ I❀

• R612 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ r❡t❛ c = cL✱ c = 1 ❡ ♣❡❧❛s ❝✉r✈❛s I ❡ ε−1
s

(

ΓL
1

)

❀

• R61 ✲ ❘❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛s r❡t❛s c = cL✱ c = 1✱ s = 1 ❡ ♣❡❧❛ ❝✉r✈❛ ε−1
s

(

ΓL
1

)

✳

❈♦♠ r❡❧❛çã♦ ❛♦ ❝❛s♦ uL ∈ L5✱ ❛s r❡❣✐õ❡s ❛♥á❧♦❣❛s ❛s r❡❣✐õ❡sR54 ❡R55 ❞❡s❛♣❛r❡❝❡♠

♣♦rq✉❡ t♦❞♦s ♦s ❡st❛❞♦s ❞❛ L−r❡❣✐ã♦ L6 ❡stã♦ à ❡sq✉❡r❞❛ ❞❛ ❝✉r✈❛ ΓG
1 ✭❞❡✜♥✐❞❛ ♥♦

❝❛s♦ uL ∈ L4✮✳

❋✐①❛♥❞♦ ❛❣♦r❛ ♦ ❡st❛❞♦ uR ❡♠ ❝❛❞❛ r❡❣✐ã♦ ❞❡✜♥✐❞❛ ❛❝✐♠❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛

r❡s♣❡❝t✐✈❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ♦ ❡st❛❞♦ uL ✜①❛❞♦✳ ❆ ❋✐❣✉r❛ ❈✳✸✾

✐❧✉str❛ ❛ s♦❧✉çã♦ ♣❛r❛ uR ✜①♦ ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s R−r❡❣✐õ❡s✳

• ❙❡❥❛ uR ∈ R610✳

❙❡❥❛ uM ♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cR ❝♦♠ ❛ ❝✉r✈❛ ΓL
1 ✳ ▲♦❣♦✱

uM =
(

sM , cR
)

❝♦♠ sR < sM ✳ ❈♦♠♦ uM ❡ uR ❡stã♦ à ❡sq✉❡r❞❛ ❞❛ ❝✉r✈❛

s−✐♥✢❡①ã♦ I ❡ sR < sM ✱ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ❇✳✷✭✐✮✱ ❛ s−♦♥❞❛ ♥♦ ♥í✈❡❧ c = cR

q✉❡ ❝♦♥❡❝t❛ uM à uR é ✉♠❛ ♦♥❞❛ s−❝❤♦q✉❡✳



✻✹

❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L6 ❡ uR ∈
R610 é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL Rc−→ uM Ss−→ uR. ✭✸✳✹✶✮

• ❙❡❥❛ uR ∈ R611✳

❙❡❥❛ uM ♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cR ❝♦♠ ❛ ❝✉r✈❛ ΓL
1 ✳ ▲♦❣♦✱

uM =
(

sM , cR
)

❝♦♠ sM < sR✳ ❈♦♠♦ uM ❡ uR ❡stã♦ à ❡sq✉❡r❞❛ ❞❛ ❝✉r✈❛

s−✐♥✢❡①ã♦ I✱ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ❇✳✷✭✐✐✮✱ ❛ s−♦♥❞❛ ♥♦ ♥í✈❡❧ c = cR q✉❡ ❝♦♥❡❝t❛

uM à uR é ✉♠❛ ♦♥❞❛ s−r❛r❡❢❛çã♦✳

❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L6 ❡ uR ∈
R611 é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL Rc−→ uM Rs−→ uR. ✭✸✳✹✷✮

• ❙❡❥❛ uR ∈ R612✳

❙❡❥❛ uM ♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cR ❝♦♠ ❛ ❝✉r✈❛ ΓL
1 ✳ ▲♦❣♦✱

uM =
(

sM , cR
)

❝♦♠ sM < sR✳ ❈♦♠♦ uM ❡stá à ❡sq✉❡r❞❛ ❞❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I
❡ uR ❡stá ❡♥tr❡ ❛s ❝✉r✈❛s I ❡ ε−1

s

(

ΓL
1

)

✱ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ❇✳✷✭✐✐✐✮✱ ❛ s−♦♥❞❛ ♥♦

♥í✈❡❧ c = cR q✉❡ ❝♦♥❡❝t❛ uM à uR é ✉♠❛ ♦♥❞❛ s−❝♦♠♣♦st❛✳

❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L6 ❡ uR ∈
R612 é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL Rc−→ uM (RS)
s−→ uR. ✭✸✳✹✸✮

• ❙❡❥❛ uR ∈ R61✳

❙❡❥❛ uM ♦ ❡st❛❞♦ ❞❛❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cR ❝♦♠ ❛ ❝✉r✈❛ ΓL
1 ✳ ▲♦❣♦✱

uM =
(

sM , cR
)

❝♦♠ sM < sR✳ ❈♦♠♦ uM ❡stá à ❡sq✉❡r❞❛ ❞❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I
❡ uR à ❞✐r❡✐t❛ ❞❛ ❝✉r✈❛ ε−1

s

(

ΓL
1

)

✱ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ❇✳✷✭✐✈✮✱ ❛ s−♦♥❞❛ ♥♦ ♥í✈❡❧

c = cR q✉❡ ❝♦♥❡❝t❛ uM à uR é ✉♠❛ ♦♥❞❛ s−❝❤♦q✉❡✳

❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ uL ∈ L6 ❡ uR ∈ R61



✻✺

é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL Rc−→ uM Ss−→ uR. ✭✸✳✹✹✮

❱❡❥❛ ❛ ❚❛❜❡❧❛ ✸✳✼ ♣❛r❛ ✈❡r ♦ r❡s✉♠♦ ❞❛ s♦❧✉çã♦✳

❙♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uL ∈ L6

❊st❛❞♦ uR ❙♦❧✉çã♦ ❘❡❢❡rê♥❝✐❛

uR ∈ R610 uL Rc−→ uM Ss−→ uR ✭✸✳✹✶✮

uR ∈ R611 uL Rc−→ uM Rs−→ uR ✭✸✳✹✷✮

uR ∈ R612 uL Rc−→ uM
(RS)

s−→ uR ✭✸✳✹✸✮

uR ∈ R61 uL Rc−→ uM Ss−→ uR ✭✸✳✹✹✮

❚❛❜❡❧❛ ✸✳✽✿ ❙♦❧✉çã♦ ♣❛r❛ uL ∈ L6✳

▼♦✈❡♥❞♦ ♦ ❡st❛❞♦ uL ♣❛r❛ ❛ ❡sq✉❡r❞❛ ❞❡ t❛❧ ❢♦r♠❛ ❛ ❝r✉③❛r ❛ ❝✉r✈❛ ε1s✱ ❛ R✲r❡❣✐ã♦

R61 ❞❡s❛♣❛r❡❝❡ ❞♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω✳ ❆ ❋✐❣✉r❛ ❈✳✹✵ ✐❧✉str❛ ❛s r❡❣✐õ❡s ❡ ❛ s♦❧✉çã♦

❞❡st❛ s✐t✉❛çã♦✳

❈♦♥❝❧✉í♠♦s ❛q✉✐ ❛ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ❞❛❞♦s

✐♥✐❝✐❛✐s ❝♦♠ cL < cR✳

✸✳✷✳✸ ❙♦❧✉çã♦ ❝♦♠ ❝❤♦q✉❡ ♥❛ ❈♦♥❝❡♥tr❛çã♦ ❞♦ P♦❧í♠❡r♦

❈♦♥s✐❞❡r❡♠♦s ♦ ❝❛s♦ cL > cR✳ ❆q✉✐ ✈❡r❡♠♦s ✉♠❛ ♦✉tr❛ ♠❡t♦❞♦❧♦❣✐❛✳ ❉❡✈✐❞❛ ❛ ❡①✲

♣r❡ssã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝❤♦q✉❡ σc
(

uL, uR
)

❞❛❞❛ ❡♠ ✭✷✳✶✾✮ ✭♦✉ ❡♠ ✭✷✳✷✶✮✮ ❞❡♣❡♥❞❡r

❡①♣❧✐❝✐t❛♠❡♥t❡ ❞❡ cL ❡ cR✱ ❛♦ ✐♥✈és ❞❡ ❝♦♥s✐❞❡r❛r Lk−r❡❣✐õ❡s ❡ ♣❛r❛ ❝❛❞❛ uL ∈ Lk

❞✐✈✐❞✐♥❞♦ ♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω ❡♠ R−r❡❣✐õ❡s✱ ✈❛♠♦s ✜①❛r cL ❡ cR ❛r❜✐tr❛r✐❛♠❡♥t❡

❝♦♠ cL > cR✳ ❋✐①❛❞♦ cL ❞✐✈✐❞✐r❡♠♦s ♦ ✐♥t❡r✈❛❧♦ I = [0, 1] ❡♠ L−✐♥t❡r✈❛❧♦s ♣❛r❛ ❛

❝♦♦r❞❡♥❛❞❛ sL ❞❡ uL❀ ❡♠ s❡❣✉✐❞❛✱ ✜①❛❞♦ sL ❡♠ ❝❛❞❛ ✉♠ ❞♦s L−✐♥t❡r✈❛❧♦s✱ ❞✐✈✐❞✐r❡✲

♠♦s ♥♦✈❛♠❡♥t❡ ♦ ✐♥t❡r✈❛❧♦ I ❡♠ R−✐♥t❡r✈❛❧♦s ♣❛r❛ ❛ ❝♦♦r❞❡♥❛❞❛ sR ❞♦ ❡st❛❞♦ uR✳

❉❡st❛ ❢♦r♠❛✱ ❝♦❜r✐r❡♠♦s t♦❞♦ ♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω ♣❛r❛ ♦s ❞❛❞♦s uL à ❡sq✉❡r❞❛ ❡

uR à ❞✐r❡✐t❛ ❝♦♠ cL < cR✱ ❝♦♠♣❧❡t❛♥❞♦ ❛ss✐♠ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛

q✉❛✐sq✉❡r ❞❛❞♦s ✐♥✐❝✐❛✐s ❡♠ Ω✳

❈♦♥s✐❞❡r❡ ♦ c−r❛♠♦ ❞❛ ❝✉r✈❛ ❞❡ ❍✉❣♦♥✐♦t Hc (u0) ❛ss♦❝✐❛❞♦ ❛♦ ❝❛♠♣♦ ec ♣♦r ✉♠

❡st❛❞♦ u0✳ ❆ ♣❛rt❡ ❞❛ ❝✉r✈❛ Hc (u0) ♥❛ r❡❣✐ã♦ Π1 ∪ S✱ ❡♠ q✉❡ ϕ 6 λs✱ s❡rá ❞❡♥♦t❛❞❛



✻✻

❞♦r Hc
1 (u

0) ❡ ❛ ♣❛rt❡ ❞❛ ❝✉r✈❛ Hc (u0) ♥❛ r❡❣✐ã♦ Π2 ∪S✱ ❡♠ q✉❡ ϕ > λs✱ s❡rá ❞❡♥♦t❛❞❛

♣♦r Hc
2 (u

0)✳

❉❡✜♥❛ ❛ ♦♥❞❛ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt✱ ❞❡♥♦t❛❞❛ ♣♦r (BL)✱ ❝♦♠♦ s❡♥❞♦ ❛ s−♦♥❞❛

Rs✱ Ss ♦✉ (RS)s✳ ●❡♦♠❡tr✐❝❛♠❡♥t❡✱ ❞❡♥♦t❛r❡♠♦s ❛ ♦♥❞❛ ❞❡ ❇✉❦❝❧❡②✲▲❡✈❡r❡tt ♣♦r ✉♠

s❡❣♠❡♥t♦ ❞❡ r❡t❛✳

P❛r❛ ❛ ❝♦♥str✉çã♦ ❞♦s L−✐♥t❡r✈❛❧♦s✱ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ ϕ ❞❡✜♥✐❞❛ ❡♠ ✭✸✳✶✷✮ ❡

❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ S ❞❡✜♥✐❞❛ ❡♠ ✭✸✳✶✸✮✳ ❙❡❥❛ u∗ =
(

s∗, cL
)

♦ ❡st❛❞♦ ❞❡✜♥✐❞♦

♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❡♥tr❡ ❛ r❡t❛ c = cL ❡ ❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ S✳ ❈♦♠ ✐ss♦ t❡♠♦s ❞♦✐s

✐♥t❡r✈❛❧♦s ♣❛r❛ ❛ ❝♦♦r❞❡♥❛❞❛ sL✱ [0, s∗] ❡ [s∗, 1]✳

❖ ✐♥t❡r✈❛❧♦ [0, s∗] ❡stá ❝♦♥t✐❞♦ ♥❛ r❡❣✐ã♦ Π1 ∪S ❞❡✜♥✐❞❛ ❡♠ ✭✸✳✶✹✮✱ ✐st♦ é✱ ❞❛❞♦ ♦

❡st❛❞♦ uL =
(

sL, cL
)

✱ ❝♦♠ 0 6 sL 6 s∗✱ ✈❛❧❡ ❛ r❡❧❛çã♦ ϕ
(

uL
)

6 λs
(

uL
)

✳ ■st♦ s✐❣♥✐✜❝❛

q✉❡✱ ♣❛r❛ sR ♣ró①✐♠♦ ❛ sL ❛ ♣r✐♠❡✐r❛ ♦♥❞❛ ♥❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ é ✉♠❛

♦♥❞❛ c−❝❤♦q✉❡✳ ❏á ♦ ✐♥t❡r✈❛❧♦ [s∗, 1]✱ q✉❡ ❡stá ❝♦♥t✐❞♦ ♥❛ r❡❣✐ã♦ Π2 ∪ S✱ ❛ ♣r✐♠❡✐r❛

♦♥❞❛ é ✉♠❛ s−♦♥❞❛ ❞❡s❞❡ q✉❡ sL ❡ sR ❡st❡❥❛♠ ♣ró①✐♠♦s✳

❈♦♥s✐❞❡r❡ ♦ ❡st❛❞♦ u1 =
(

1, cL
)

✳ ❙❡❥❛ u1
1 (u1) =

(

s11, c
L
)

∈ Π1 ♦ ❡st❛❞♦ ϕ−❡①t❡♥sã♦

❞❡ u1 t❛❧ q✉❡ σs (u1, u
1
1) = ϕ (u1) ❝♦♠♦ ❞❡✜♥✐❞♦ ❡♠ ✭✸✳✶✺✮✳ ❱❡❥❛ q✉❡ ♦ ❡st❛❞♦ u1 t❛♠❜é♠

é ϕ−❡①t❡♥sã♦ ❞♦ ❡st❛❞♦ u1
1 (u

1)✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡✱ s❡ s11 > sL✱ ❡♥tã♦ ❡①✐st❡ ♦ ❡st❛❞♦

ϕ−❡①t❡♥sã♦ uL
2 =

(

sL2 , c
L
)

♣❛r❛ uL ♥♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω t❛❧ q✉❡ σs
(

uL
2 , u

L
)

= ϕ
(

uL
)

✳

❙❡ sL < s11✱ ❡♥tã♦ ♥ã♦ ❡①✐st❡ ♦ ❡st❛❞♦ uL
2 ♥♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω✳ ❈♦♠ ✐ss♦✱ ♣♦❞❡♠♦s

❞✐✈✐❞✐r ♦ ✐♥t❡r✈❛❧♦ [0, s∗] ❡♠ ♠❛✐s ❞♦✐s ♠❡♥♦r❡s✱ [0, s11] ❡ [s11, s
∗]✳ ❆ ❋✐❣✉r❛ ❈✳✹✶ ✐❧✉str❛

❛s ❞✉❛s s✐t✉❛çõ❡s✳

◆❡st❡ ♣r♦❝❡ss♦ ❞❡ ❝♦♥str✉çã♦ ♦❜t❡♠♦s três L−✐♥t❡r✈❛❧♦s

IL1 =
[

0, s11
)

, IL2 =
[

s11, s
∗
]

❡ IL3 = (s∗, 1] .

P❛ss❛r❡♠♦s ❡♥tã♦ ❛ ❝♦♥s✐❞❡r❛r ♦ ❡st❛❞♦ à ❡sq✉❡r❞❛ uL ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥

❡♠ ❝❛❞❛ ✉♠ ❞♦s ✐♥t❡r✈❛❧♦s IL1 ✱ I
L
2 ❡ IL3 ✳

❈❛s♦ sL ∈ IL1 ✱ ✐st♦ é✱ 0 6 s < s11✳

❆❝♦♠♣❛♥❤❡ ❛ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ♣❛r❛ sL ∈ IL1 ♣❡❧❛ ❋✐❣✉r❛ ❈✳✹✷✳ ❋✐①❡ sL ♥♦

✐♥t❡r✈❛❧♦ IL1 ✱ ✐st♦ é✱ 0 6 sL < s11✳ ❙❡❥❛ uM =
(

sM , cR
)

♦ ❡st❛❞♦ ❞❡✜♥✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦

❞❛ r❡t❛ c = cR ❝♦♠ ❛ ♣❛rt❡ ❞♦ c−r❛♠♦ ❞❛ ❝✉r✈❛ ❞❡ ❍✉❣♦♥✐♦t Hc
1

(

uL
)

✳



✻✼

◆❡st❡ ❝❛s♦✱ ♦ R−✐♥t❡r✈❛❧♦ é ♦ ♣ró♣r✐♦ ✐♥t❡r✈❛❧♦ I✳

❉♦ ❡st❛❞♦ uL ♣❛r❛ ♦ ❡st❛❞♦ uM t❡♠♦s ✉♠❛ ♦♥❞❛ c−❝❤♦q✉❡ ❡ ❞♦ ❡st❛❞♦ uM

♣❛r❛ ♦ ❡st❛❞♦ uR t❡♠♦s ✉♠❛ ♦♥❞❛ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt✳ ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸✭✐✮✱ ❡st❛

s❡q✉ê♥❝✐❛ ❞❡ ♦♥❞❛s é ❝♦♠♣❛tí✈❡❧✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL Sc−→ uM (BL)−→ uR. ✭✸✳✹✺✮

❋✐①❛♥❞♦ ♦ ❡st❛❞♦ ❝♦♦r❞❡♥❛❞❛ sR ❝♦♠ sR < sM ❛ ♦♥❞❛ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt é ✉♠❛

♦♥❞❛ s−❝❤♦q✉❡✳ ❙❡❥❛ uI =
(

sI , cR
)

♦ ❡st❛❞♦ ❞❡✜♥✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❡♥tr❡ ❛ r❡t❛ c = cR

❝♦♠ ❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I✳ ❋✐①❛♥❞♦ sR ❝♦♠ sM < sR < sI ❛ ♦♥❞❛ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt

é ✉♠❛ ♦♥❞❛ s−r❛r❡❢❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❡①t❡♥sã♦ ✐♥✈❡rs❛ ❞❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ❡♠ ✭❇✳✾✮

❡①✐st❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s Ω✳ ❙❡ ❛ ❝♦♦r❞❡♥❛❞❛ sR s❛t✐s✜③❡r sI < sR 6 ε−1
(

sM
)

✱ ❡♥tã♦

❛ ♦♥❞❛ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt é ✉♠❛ ♦♥❞❛ s−❝♦♠♣♦st❛ ❞♦ t✐♣♦ r❛r❡❢❛çã♦✲❝❤♦q✉❡✳ ❙❡

t✐✈❡r♠♦s ε−1
(

sM
)

< sR 6 1✱ ❡♥tã♦ ❛ ♦♥❞❛ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt é ✉♠❛ ♦♥❞❛ s−❝❤♦q✉❡✳

❈❛s♦ sL ∈ IL2 ✱ ✐st♦ é✱ s11 6 s 6 s∗✳

❆❝♦♠♣❛♥❤❡ ❛ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ♣❛r❛ sL ∈ IL2 ♣❡❧❛ ❋✐❣✉r❛ ❈✳✹✸✳ ❋✐①❡ sL ♥♦

✐♥t❡r✈❛❧♦ IL2 ✱ ✐st♦ é✱ s11 6 sL 6 s∗✳ ❙❡❥❛ uL
2

(

uL
)

=
(

sL2 , c
L
)

❛ ϕ−❡①t❡♥sã♦ ❞❡ uL t❛❧ q✉❡

σs
(

uL
2 , u

L
)

= ϕ
(

uL
)

✭✈❡❥❛ ♥♦✈❛♠❡♥t❡ ❛ ❋✐❣✉r❛ ❈✳✹✶✮ ❝♦♠♦ ❞❡✜♥✐❞♦ ❡♠ ✭✸✳✶✺✮✳ ❆❣♦r❛

s❡❥❛ uR
1 =

(

sR1 , c
R
)

♦ ❡st❛❞♦ ✐♥t❡rs❡❝çã♦ ❡♥tr❡ ❛ ♣❛rt❡ ❞♦ c−r❛♠♦ Hc
1

(

uL
)

❝♦♠ ❛ r❡t❛

c = cR ❡ uR
2 =

(

sR2 , c
R
)

♦ ❡st❛❞♦ ✐♥t❡rs❡❝çã♦ ❡♥tr❡ ❛ ♣❛rt❡ ❞♦ c−r❛♠♦ Hc
1

(

uL
2

)

❝♦♠ ❛

r❡t❛ c = cR✳ ◆❡st❡ ❝❛s♦ t❡♠♦s ❞♦✐s R−✐♥t❡r✈❛❧♦s

IR21 =
[

0, sR2
)

❡ IR22 =
[

sR2 , 1
]

.

• ❙❡❥❛ sR ∈ IR21✱ ✐st♦ é✱ 0 6 sR < sR2 ✳

❙❡❥❛ uR
1 =

(

sR1 , c
R
)

✳ ❉♦ ❡st❛❞♦ uL ♣❛r❛ ♦ ❡st❛❞♦ uR
1 t❡♠♦s ✉♠❛ ♦♥❞❛ c−❝❤♦q✉❡

❡ ❞♦ ❡st❛❞♦ uR
1 ♣❛r❛ ♦ ❡st❛❞♦ uR t❡♠♦s ✉♠❛ ♦♥❞❛ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt✳ ❊♥tã♦✱

♣❡❧♦ ▲❡♠❛ ✸✳✸✭✐✮✱ ❡st❛ s❡q✉ê♥❝✐❛ ❞❡ ♦♥❞❛s é ❝♦♠♣❛tí✈❡❧✳

❆ss✐♠✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ❈✳✹✸✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛



✻✽

sL ∈ IL2 ❡ sR ∈ IR21 é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL Sc−→ uR
1

(BL)−→ uR. ✭✸✳✹✻✮

• ❙❡❥❛ sR ∈ IR22✱ ✐st♦ é✱ sR2 6 sR 6 1✳

◆❡st❡ ❝❛s♦✱ s❡❥❛ uM ♦ ❡st❛❞♦ ✐♥t❡rs❡❝çã♦ ❞❛ ♣❛rt❡ ❞♦ c−r❛♠♦ ❞❛ ❝✉r✈❛ ❞❡ ❍✉✲

❣♦♥✐♦t Hc
(

uR
)

❝♦♠ ❛ r❡t❛ c = cL✳ ❉♦ ❡st❛❞♦ uL ♣❛r❛ ♦ ❡st❛❞♦ uM t❡♠♦s ✉♠❛

♦♥❞❛ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt✱ ❡ ❞♦ ❡st❛❞♦ uM ♣❛r❛ ♦ ❡st❛❞♦ uR t❡♠♦s ✉♠❛ ♦♥❞❛

c−❝❤♦q✉❡✳ ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸✱ ❡st❛ s❡q✉ê♥❝✐❛ ❞❡ ♦♥❞❛s é ❝♦♠♣❛tí✈❡❧✳ ❆ss✐♠✱

❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ❈✳✹✸✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ sL ∈ IL2

❡ sR ∈ IR22 é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL (BL)−→ uM Sc−→ uR. ✭✸✳✹✼✮

❆♥❛❧✐s❛♥❞♦ ❡s♣❡❝✐✜❝❛♠❡♥t❡ ❛❣♦r❛ ♦ ❝❛s♦ sR = sR2 ✳ ❉❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦

ϕ ❡♠ ✭✸✳✶✷✮ ❡ ❞♦ ❡st❛❞♦ ϕ−❡①t❡♥sã♦ ❡♠ ✭✸✳✶✺✮ t❡♠♦s q✉❡ uL✱ uR
1 ❡ uR

2 s❛t✐s❢❛③❡♠ ❛

r❡❣r❛ ❞♦ ❝❤♦q✉❡ tr✐♣❧♦ ❬✶✻❪✱ ❝♦♠

σc
(

uL, uR
1

)

= σc
(

uR
1 , u

R
2

)

= σs
(

uR
1 , u

R
2

)

= σs
(

uL, uL
2

)

.

❆❧é♠ ❞✐st♦✱ t❡♠♦s q✉❡ ❡st❡s ❝❤♦q✉❡s s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ✈✐s❝♦s✐❞❛❞❡✱

s❡♥❞♦ q✉❡ ♦ ❝❤♦q✉❡ ❞❡ uL ♣❛r❛ uR
2 é s✉♣❡r❝♦♠♣r❡ss✐✈♦✳ ❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡

❘✐❡♠❛♥♥ ♣❛r❛ uL✱ ❝♦♠ sL ♥♦ ✐♥t❡r✈❛❧♦ IL2 ❡ uR =
(

sR2 , c
R
)

♣♦❞❡ s❡r ❡s❝r✐t❛ ♥♦ ❡s♣❛ç♦ ❞❡

❡st❛❞♦s ❞❡ três ♠❛♥❡✐r❛s ❞✐st✐♥t❛s✱ ♣♦ré♠ r❡♣r❡s❡♥t❛♥❞♦ ❛♣❡♥❛s ✉♠❛ s♦❧✉çã♦ ♥♦ ❡s♣❛ç♦

❢ís✐❝♦ xt✱ ♣♦✐s t♦❞❛s ❛s três ✈❡❧♦❝✐❞❛❞❡s ❞♦s ❝❤♦q✉❡s sã♦ ✐❣✉❛✐s✳ ❆s três ♣♦ss✐❜✐❧✐❞❛❞❡s

♥♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s sã♦✿

✭✐✮ ♦♥❞❛ c−❝❤♦q✉❡ ❞❡ uL ♣❛r❛ uR
1 s❡❣✉✐❞❛ ❞❡ ✉♠❛ ♦♥❞❛ s−❝❤♦q✉❡ ❞❡ uR

1 ♣❛r❛ uR
2 ❀

✭✐✐✮ ♦♥❞❛ s−❝❤♦q✉❡ ❞❡ uL ♣❛r❛ uL
2 s❡❣✉✐❞❛ ❞❡ ✉♠❛ ♦♥❞❛ c−❝❤♦q✉❡ ❞❡ uL

2 ♣❛r❛ uR
2 ❀

✭✐✐✐✮ ♦♥❞❛ c−❝❤♦q✉❡ s✉♣❡r❝♦♠♣r❡ss✐✈♦ ❞❡ uL ♣❛r❛ uR
2 ✳



✻✾

❈❛s♦ sL ∈ IL3 ✱ ✐st♦ é✱ s∗ < s 6 1✳

❆❝♦♠♣❛♥❤❡ ❛ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ♣❛r❛ sL ∈ IL3 ♣❡❧❛s ❋✐❣✉r❛s ❈✳✹✹ ❡ ❈✳✹✺✳ ❋✐①❡ sL

♥♦ ✐♥t❡r✈❛❧♦ IL3 ✱ ✐st♦ é✱ s∗ < sL 6 1✳ ❙❡❥❛♠ uM =
(

sM , cR
)

❡ uN =
(

sN , cR
)

❡st❛❞♦s

✐♥t❡rs❡❝çã♦ ❞♦ c−r❛♠♦ Hc (u∗) ❝♦♠ ❛ r❡t❛ c = cR t❛✐s q✉❡ uM ∈ Π1 ❡ uN ∈ Π2✳ ❉❛

❞❡✜♥✐çã♦ ❞❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ S ❡ ❞❛ ❡①♣r❡ssã♦ ❞❛ ❢✉♥çã♦ ϕ t❡♠♦s ❛ r❡❣r❛ ❞♦

❝❤♦q✉❡ tr✐♣❧♦ ❝♦♠

λs (u∗) = σc
(

u∗, uM
)

= σc
(

u∗, uN
)

= σs
(

uM , uN
)

✳ ❈♦♥s✐❞❡r❡ t❛♠❜é♠ ♦ ❡st❛❞♦ u∗
2 =

(

s∗2, c
R
)

❞❡✜♥✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❡♥tr❡ ❛ ❝✉r✈❛

Hc
1

(

uL
)

❝♦♠ ❛ r❡t❛ c = cR✳ ❈♦♠ ✐ss♦✱ t❡♠♦s ✸ R−✐♥t❡r✈❛❧♦s

IR31 =
[

0, sN
)

, IR32 =
(

sN , s∗2
)

❡ IR33 = (s∗2, 1] . ✭✸✳✹✽✮

• ❙❡❥❛ sR ∈ IR31✱ ✐st♦ é✱ 0 6 sR < sN ✳

❖s ❡st❛❞♦s u∗ ❡ uL ❡stã♦ à ❞✐r❡✐t❛ ❞❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ ❡ ❛❧é♠ ❞✐ss♦✱ s∗ < sL✳

▲♦❣♦✱ ❛ s−♦♥❞❛ q✉❡ ❝♦♥❡❝t❛ ♦ ❡st❛❞♦ uL ❛ u∗ é ✉♠❛ ♦♥❞❛ s−r❛r❡❢❛çã♦✳ ❚❡♠♦s

t❛♠❜é♠ ✉♠❛ ♦♥❞❛ c−❝❤♦q✉❡ ❞❡ u∗ à uM ✱ ❝♦♠ λs (u∗) = σc
(

u∗, uM
)

✳ ▲♦❣♦✱ ❞♦

✐t❡♠ ✭✐✮ ❞♦ ▲❡♠❛ ✸✳✸ t❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ uL ❛té uM é ❝♦♠♣❛tí✈❡❧✳ ◆♦

❡♥t❛♥t♦✱ ❝♦♠♦ λs (u∗) = σc
(

u∗, uM
)

❡st❛s ❞✉❛s ♦♥❞❛s ❢♦r♠❛♠ ❛♣❡♥❛s ✉♠ ❣r✉♣♦

❞❡ ♦♥❞❛s ❞♦ t✐♣♦ s−r❛r❡❢❛çã♦✴c−❝❤♦q✉❡✳ ❉♦ ✐t❡♠ ✭✐✐✮ ❞♦ ▲❡♠❛ ✸✳✸ t❡♠♦s q✉❡ ♦

c−❝❤♦q✉❡ ❞❡ u∗ ♣❛r❛ uM é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♦♥❞❛ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt ❞❡ uM

♣❛r❛ q✉❛❧q✉❡r uR ❝♦♠ 0 6 sR < sM ✳

❆ss✐♠✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ❈✳✹✹✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛

sL ∈ IL3 ❡ sR ∈ IR31 é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL (RsSc)−→ uM (BL)−→ uR. ✭✸✳✹✾✮

❆ ♦♥❞❛ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt é ❞❡t❡r♠✐♥❛❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣♦s✐çã♦ ❡♥tr❡ sM ❡

sR ❝♦♠♦ ♥♦ ❆♣ê♥❞✐❝❡ ❇✳

• ❙❡❥❛ sR ∈ IR32✱ ✐st♦ é✱ sN < sR 6 s∗2✳

❆❝♦♠♣❛♥❤❡ ❛ ❝♦♥str✉çã♦ ♥❛ ❋✐❣✉r❛ ❈✳✹✺✳ ❙❡❥❛ ❛❣♦r❛ uM =
(

sM , sL
)

❞❡✜♥✐❞♦



✼✵

♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ ❝✉r✈❛ Hc
2

(

uR
)

❝♦♠ ❛ r❡t❛ c = cL✳ ❈♦♠♦ sM ❡ sL ❡stã♦ à

❞✐r❡✐t❛ ❞❛ ❝✉r✈❛ ❞❡ ✐♥✢❡①ã♦ ❡ sM < sL✱ ❡♥tã♦✱ ❛ ♦♥❞❛ q✉❡ ❝♦♥❡❝t❛ uL à uM é

✉♠❛ ♦♥❞❛ s−r❛r❡❢❛çã♦✳ P❡❧♦ ▲❡♠❛ ✸✳✸✭✐✮ ❛ s❡q✉ê♥❝✐❛ s−r❛r❡❢❛çã♦ ❞❡ uL ♣❛r❛ uM

s❡❣✉✐❞❛ ❞❡ ✉♠ c−❝❤♦q✉❡ ❞❡ uM ♣❛r❛ uR é ❝♦♠♣❛tí✈❡❧✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ sL ∈ IL3 ❡ sR ∈ IR32 é ❞❛❞❛ ♣❡❧❛

s❡q✉ê♥❝✐❛

uL Rs−→ uM Sc−→ uR. ✭✸✳✺✵✮

• ❙❡❥❛ sR ∈ IR33✱ ✐st♦ é✱ s∗2 < sR 6 1✳

❆❝♦♠♣❛♥❤❡ ❛ ❝♦♥str✉çã♦ ♥❛ ❋✐❣✉r❛ ❈✳✹✺✳ ❙❡❥❛ uM ❝♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✳ ❈♦♠♦

sM ❡ sL ❡stã♦ à ❞✐r❡✐t❛ ❞❛ ❝✉r✈❛ ❞❡ ✐♥✢❡①ã♦ ❡ sL < sM ✱ ❡♥tã♦✱ ❛ ♦♥❞❛ q✉❡ ❝♦♥❡❝t❛

uL à uM é ✉♠❛ ♦♥❞❛ s−❝❤♦q✉❡✳ P❡❧♦ ▲❡♠❛ ✸✳✸✭✐✮ ❛ s❡q✉ê♥❝✐❛ ❞❡ ♦♥❞❛s q✉❡

❝♦♥❡❝t❛ uL à uR é ❝♦♠♣❛tí✈❡❧✳

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ sL ∈ IL3 ❡ sR ∈ IR33 é ❞❛❞❛ ♣❡❧❛

s❡q✉ê♥❝✐❛

uL Ss−→ uM Sc−→ uR. ✭✸✳✺✶✮

❖❜s❡r✈❛çã♦ ✸✳✶ ◆♦t❡ q✉❡✱ ♣❛r❛ s∗2 ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♥s✐st❡ ❞❡

❛♣❡♥❛s ❞❡ ✉♠❛ ♦♥❞❛ c−❝❤♦q✉❡✳

P♦r ú❧t✐♠♦ ✈❛♠♦s ❝♦♥s✐❞❡r❛r sR = sN ✳ ❈♦♠♦ ❞✐t♦ ❛❝✐♠❛✱ ❞❛ r❡❣r❛ ❞♦ ❝❤♦q✉❡

tr✐♣❧♦ t❡♠♦s q✉❡ σc(u∗, uM) = σc(u∗, uN) = σs(uM , uN)✳ ❆ss✐♠✱ ♥♦ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s

Ω ❤á ❞✉❛s ♠❛♥❡✐r❛s ❞❡ ❝♦♥❡❝t❛r uL à uN ❀ ❛♠❜❛s ✐♥✐❝✐❛♠✲s❡ ♣♦r ✉♠❛ ♦♥❞❛ s−r❛r❡❢❛çã♦

❝♦♥❡❝t❛♥❞♦ uL à u∗✱ s❡♥❞♦ q✉❡ ✉♠❛ s❡❣✉❡ ♣♦r ✉♠❛ ♦♥❞❛ c−❝❤♦q✉❡ ❞❡ u∗ ♣❛r❛ uM ✱

s❡❣✉✐❞♦ ❞❡ ✉♠❛ ♦♥❞❛ s−❝❤♦q✉❡ ❞❡ uM ♣❛r❛ uN ❡ ❛ ♦✉tr❛ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❡ u∗ ♣❛r❛

uN ♣❡❧❛ ♦♥❞❛ c−❝❤♦q✉❡✳ P♦ré♠✱ ❝♦♠♦ t♦❞❛s ❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡st❡s ❝❤♦q✉❡s sã♦ ✐❣✉❛✐s

❛♠❜❛s ❛s ♠❛♥❡✐r❛s ❧❡✈❛♠ ❛ ♠❡s♠❛ s♦❧✉çã♦ ♥♦ ❡s♣❛ç♦ ❢ís✐❝♦ xt q✉❡ é ❣r✉♣♦ ❞❡ ♦♥❞❛s

❢♦r♠❛❞♦ ♣♦r ✉♠❛ ♦♥❞❛ s−r❛r❡❢❛çã♦ ❞❡ uL ♣❛r❛ u∗ s❡❣✉✐❞❛ ❞❡ ✉♠ ❝❤♦q✉❡ ❞❡ u∗ ♣❛r❛ uN ✱

s❡♥❞♦ q✉❡ ♦ ❝❤♦q✉❡ ❞❡ u∗ ♣❛r❛ uN é ✉♠ ❝❤♦q✉❡ s✉♣❡r❝♦♠♣r❡ss✐✈♦ ❝❛r❛❝t❡r✐③❛❞♦ ♣❡❧❛

❝♦♥❡①ã♦ ❞❡ ✉♠ r❡♣✉❧s♦r à ✉♠ ❛tr❛t♦r ♥♦ ♣❧❛♥♦ ❞❡ ❢❛s❡s ❞♦ s✐st❡♠❛ ❞❡ ❊❉❖s ✐♠♣♦st♦

♣❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ✈✐s❝♦s✐❞❛❞❡✳
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❈♦♥❝❧✉í♠♦s ❛q✉✐ ❛ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ❞❛❞♦s

✐♥✐❝✐❛✐s ❝♦♠ cL > cR ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♣❛r❛ t♦❞♦s ♦s ❡st❛❞♦s uL ❡ uR ♥♦ ❡s♣❛ç♦ ❞❡

❡st❛❞♦s Ω✳

✸✳✸ ❊①❡♠♣❧♦s

❆tr❛✈és ❞♦s ❡①❡♠♣❧♦s ❛ s❡❣✉✐r ✈❛♠♦s ✐❧✉str❛r s♦❧✉çõ❡s ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥

✭✶✮✲✭✷✮✳ ❋❛r❡♠♦s ✉♠ ❡①❡♠♣❧♦ ✐❧✉str❛♥❞♦ ♦ ❝❛s♦ ❡♠ q✉❡ cL < cR ❡ ❡♠ s❡❣✉✐❞❛ ❞♦✐s

❡①❡♠♣❧♦s ❡♥✈♦❧✈❡♥❞♦ ♦ ❝❛s♦ cL > cR✳

❊①❡♠♣❧♦ ✶ ❈♦♥s✐❞❡r❡ ♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭✶✮✲✭✷✮ ♦♥❞❡ ❛ r❛③ã♦ ❞❛ ✈✐s❝♦s✐❞❛❞❡

❞❛ á❣✉❛ ♣❡❧♦ ó❧❡♦ é ❞❛❞❛ ♣♦r

r (c) = 0, 18 + 0, 65c.

❈♦♠ ✐ss♦ t❡♠♦s ❛ ❢✉♥çã♦ ❞❡ ✢✉①♦

f (s, c) =
s2

s2 + (0, 18 + 0, 65c) (1− s)2
. ✭✸✳✺✷✮

❈♦♥s✐❞❡r❡ t❛♠❜é♠ ❛ ❢✉♥çã♦ ❞❡ ❛❞s♦rçã♦

a (c) =
0, 2c

1 + 0, 5c
. ✭✸✳✺✸✮

P♦r ú❧t✐♠♦✱ ❝♦♥s✐❞❡r❡ ♦ ❡st❛❞♦ à ❡sq✉❡r❞❛ uL =
(

sL, cL
)

= (0, 7; 0, 3) ❡ ♦ ❡st❛❞♦ à

❞✐r❡✐t❛ uR =
(

sR, cR
)

= (0, 5; 0, 8)✳

❖❜s❡r✈❡ q✉❡ cL < cR✳ ❈♦♠ ✐ss♦✱ ❛ s♦❧✉çã♦ ❞♦ ❊①❡♠♣❧♦ ✶ é ♦❜t✐❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠

❛s L ❡ R r❡❣✐õ❡s✳

❋❛③❡♥❞♦ ❛s ❝♦♥t❛s ♥♦ ▼❛♣❧❡ ❝♦♥❝❧✉í♠♦s q✉❡✿

• ❖ ❡st❛❞♦ uL ❡♥❝♦♥tr❛✲s❡ ♥❛ r❡❣✐ã♦ L2 ❡ uR ♥❛ r❡❣✐ã♦ R25 ✭✈❡❥❛ ❛ ❋✐❣✉r❛ ❈✳✷✸✮✳

• ❖ ❡st❛❞♦ C
(

cR
)

=
(

sC , cC
)

✱ ♦❜t✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C
❝♦♠ ❛ r❡t❛ c = cR✱ é ❞❛❞♦ ♣♦r (0, 672; 0, 8)✳

• ❖ ❡st❛❞♦ ✐♥t❡r♠❡❞✐ár✐♦ uM =
(

sM , sL
)

✱ ♦❜t✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ ♣❛rt❡ ❞❛ ❝✉r✈❛

✐♥t❡❣r❛❧ ❡♠ Ω2 ♣❡❧♦ ❡st❛❞♦ C
(

cR
)

✱ é ❞❛❞♦ ♣♦r (0, 774; 0, 3)✳
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❈♦♠ ✐ss♦ t❡♠♦s q✉❡ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❞♦ ❊①❡♠♣❧♦ ✶ é ❞❛❞❛ ♣❡❧❛

s❡q✉ê♥❝✐❛

uL Ss−→ uM (RcRs)−→ uR.

❱❡❥❛ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡st❛ s♦❧✉çã♦ ♥♦ ♣❧❛♥♦ xt ♥❛ ❋✐❣✉r❛ ❈✳✹✻✳ ❱❡❥❛ t❛♠❜é♠ ♦s ♣❡r✜s

❞❛ s❛t✉r❛çã♦ ❞❛ á❣✉❛ ❡ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ♣♦❧í♠❡r♦✱ ♣❛r❛ t = 0, 3✱ ♥❛s ❋✐❣✉r❛s ❈✳✹✼ ❡

❈✳✹✽✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊①❡♠♣❧♦ ✷ ❈♦♥s✐❞❡r❡ ♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭✶✮✲✭✷✮ ❝♦♠ ❛ ♠❡s♠❛ r❛③ã♦ ❞❡ ✈✐s❝♦✲

s✐❞❛❞❡s r (c) ❞♦ ❊①❡♠♣❧♦ ✶✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❢✉♥çã♦ ❞❡ ✢✉①♦ t❛♠❜é♠ é ❞❛❞❛

♣♦r ✭✸✳✺✷✮✳ ❈♦♥s✐❞❡r❡ t❛♠❜é♠ ❛ ❢✉♥çã♦ ❞❡ ❛❞s♦rçã♦ ✭✸✳✺✸✮✱ ♦ ❡st❛❞♦ à ❡sq✉❡r❞❛

uL =
(

sL, cL
)

= (0, 6; 0, 18) ❡ ♦ ❡st❛❞♦ à ❞✐r❡✐t❛ uR =
(

sR, cR
)

= (0, 33; 0, 08)✳

◆♦t❡ q✉❡ cL > cR✳ ▲♦❣♦✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ♦ ❊①❡♠♣❧♦ ✷

♣♦ss✉✐ ✉♠ ❝❤♦q✉❡ ♥❛ ❝♦♥❝❡♥tr❛çã♦ ❡ é ♦❜t✐❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s L ❡ R ✐♥t❡r✈❛❧♦s✳

❋❛③❡♥❞♦ ❛s ❝♦♥t❛s ♥♦ ▼❛♣❧❡ ❝♦♥❝❧✉í♠♦s q✉❡✿

• ❖ ❡st❛❞♦ u∗✱ ♦❜t✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ c = cL ❝♦♠ ❛ ❝✉r✈❛ S✱ é ❞❛❞♦ ♣♦r

(0, 5445; 0, 18)✳

• P❛r❛ cL = 0, 18 ♦ ✈❛❧♦r sL ❡♥❝♦♥tr❛✲s❡ ♥♦ ✐♥t❡r✈❛❧♦ IL3 ✳

• ❖s ❡st❛❞♦s uM ❡ uN ✱ ♦❜t✐❞♦s ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞♦ c−r❛♠♦ Hc (u∗) ❝♦♠ ❛ r❡t❛

c = cR✱ sã♦ (0, 39; 0, 08) ❡ (0, 65; 0, 08)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

• P❛r❛ cR = 0, 08 ♦ ✈❛❧♦r sR ❡♥❝♦♥tr❛✲s❡ ♥♦ ✐♥t❡r✈❛❧♦ IR1 ✳

❖ ❡st❛❞♦ uR ❡♥❝♦♥tr❛✲s❡ à ❞✐r❡✐t❛ ❞❛ ❝✉r✈❛ ❞❡ ✐♥✢❡①ã♦ I✱ ❝♦♠ ✐ss♦ ❛ ♦♥❞❛ ❞❡

❇✉❝❦❧❡②✲▲❡✈❡r❡tt é ✉♠ ♦♥❞❛ s−r❛r❡❢❛çã♦✳ ▲♦❣♦✱ ❛ s♦❧✉çã♦ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡

❘✐❡♠❛♥♥ ❞♦ ❊①❡♠♣❧♦ ✷ é ❞❛❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL (RsSc)−→ uM Rs−→ uR.

❆ ❋✐❣✉r❛ ❈✳✹✾ ✐❧✉str❛ ❛ s♦❧✉çã♦ ❞♦ ❊①❡♠♣❧♦ ✷ ♥♦ ♣❧❛♥♦ xt✳ ❱❡❥❛ t❛♠❜é♠ ♦s ♣❡r✜s

❞❛ s❛t✉r❛çã♦ ❞❛ á❣✉❛ ❡ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ♣♦❧í♠❡r♦✱ ♣❛r❛ t = 0, 3✱ ♥❛s ❋✐❣✉r❛s ❈✳✺✵ ❡

❈✳✺✶✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆♦ ❊①❡♠♣❧♦ ✷✱ ❝♦♥s✐❞❡r❡ ❛❣♦r❛ uR = uN = (0, 65; 0, 08)✳ ❈♦♠ ✐ss♦ t❡♠♦s ✉♠

❝❤♦q✉❡ s✉♣❡r❝♦♠♣r❡ss✐✈♦ ❞♦ ❡♥tr❡ ♦s ❡st❛❞♦s u∗ ❡ uR✳ ◆❡st❡ ❝❛s♦✱ ❛ s♦❧✉çã♦ é ❞❛❞❛
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♣❡❧❛ s❡q✉ê♥❝✐❛

uL (RsSX)−→ uR,

♦♥❞❡ SX ❞❡♥♦t❛ ♦ ❝❤♦q✉❡ s✉♣❡r❝♦♠♣r❡ss✐✈♦ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ σX ✳ P♦❞❡♠♦s t❛♠❜é♠

r❡♣r❡s❡♥t❛r ❛ s♦❧✉çã♦ ♣❡❧❛ s❡q✉ê♥❝✐❛

uL (RsScSs)−→ uR.

P❡❧❛ r❡❣r❛ ❞♦ ❝❤♦q✉❡ tr✐♣❧♦ ♦s ❝❤♦q✉❡s σc
(

u∗, uM
)

✱ σs
(

uM , uR
)

❡ σX
(

u∗, uR
)

❝♦✐♥❝✐✲

❞❡♠✳ ▲♦❣♦✱ ❛s ❞✉❛s s❡q✉ê♥❝✐❛s r❡♣r❡s❡♥t❛♠ ❛ ♠❡s♠❛ s♦❧✉çã♦ ♥♦ ♣❧❛♥♦ xt ✐❧✉str❛❞❛

♥❛ ❋✐❣✉r❛ ❈✳✺✷✳ ❱❡❥❛ t❛♠❜é♠ ♦s ♣❡r✜s ❞❛ s❛t✉r❛çã♦ ❞❛ á❣✉❛ ❡ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦

♣♦❧í♠❡r♦✱ ♣❛r❛ t = 0, 3✱ ♥❛s ❋✐❣✉r❛s ❈✳✺✸ ❡ ❈✳✺✹✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳



❈❛♣ít✉❧♦ ✹

❈♦♥❝❧✉sõ❡s ❡ ❈♦♥t✐♥✉❛çõ❡s ❞♦

❚r❛❜❛❧❤♦✳

❱✐♠♦s q✉❡ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♥st✐t✉✐✲s❡ ❣❡♥❡r✐❝❛♠❡♥t❡ ❡♠ ❞♦✐s

t✐♣♦s✳ ❯♠ ❞❡❧❡s ❡♠ q✉❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ♣♦❧í♠❡r♦ é ❛❧t❡r❛❞❛ ♣♦r ✉♠❛ ♦♥❞❛ ❞❡

r❛r❡❢❛çã♦✱ q✉❛♥❞♦ ♦ ❡st❛❞♦ à ❡sq✉❡r❞❛ ♣♦ss✉✐ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ♣♦❧í♠❡r♦ ✐♥❢❡r✐♦r ❛♦

❡st❛❞♦ à ❞✐r❡✐t❛✳ ❖ ♦✉tr♦ t✐♣♦✱ q✉❛♥❞♦ ❛ ❝♦♥❝❡♥tr❛çã♦ à ❡sq✉❡r❞❛ é ♠❛✐♦r ❞♦ q✉❡ ❛

❝♦♥❝❡♥tr❛çã♦ à ❞✐r❡✐t❛ ❡♠ q✉❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ♣♦❧í♠❡r♦ ♠✉❞❛ ❛♣❡♥❛s ♣♦r ✉♠ s❛❧t♦✳

◆♦ ♣r✐♠❡✐r♦ ❝❛s♦ ❝♦♥str✉í♠♦s ❛ s♦❧✉çã♦ ❞❡t❛❧❤❛❞❛♠❡♥t❡ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦

✐♥❝❧✉s✐✈❡ ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❛s ♦♥❞❛s ♥❛ s❛t✉r❛çã♦ ❞❛ ❢❛s❡ ❛q✉♦s❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛

s♦❧✉çã♦ ❞❛ ❊q✉❛çã♦ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt✳

◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ ♥♦s ❞❡t❛❧❤❛♠♦s ❛♣❡♥❛s ♥❛ ❛♥á❧✐s❡ ❞❛ s❡q✉❡♥❝✐❛ ❞❡ ♦♥❞❛ ❞❡

❝❤♦q✉❡ ♥❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ♣♦❧í♠❡r♦✳ ▼❛t❡♠❛t✐❝❛♠❡♥t❡ ✈✐♠♦s ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ r❡❣r❛

❞♦ ❝❤♦q✉❡ tr✐♣❧♦ ❡ s✉❛ r❡❧❛çã♦ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ✈✐s❝♦s✐❞❛❞❡ ❡ ❝♦♠ ❛

❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡s ❞❡ ♦♥❞❛s✳

❯♠ ♣ró①✐♠♦ ♣❛ss♦ ❛ s❡r ❞❛❞♦ é ❢❛③❡r ❝♦♠♣❛r❛çõ❡s ❞❡ s♦❧✉çõ❡s ♣❛r❛ ❞❛❞♦s ✐♥✐❝✐❛✐s

❝♦♠ ♠❡s♠♦s ✈❛❧♦r❡s ❞❡ s❛t✉r❛çã♦✱ ♣♦ré♠ ❝♦♥s✐❞❡r❛♥❞♦ ✈❛❧♦r❡s ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡

♣♦❧í♠❡r♦ ❞✐❢❡r❡♥t❡s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ ❡st❛❞♦ à ❡sq✉❡r❞❛ q✉❡ r❡♣r❡s❡♥t❛ ♦ ❞❛❞♦ ❞❡

✐♥❥❡çã♦✳

❖✉tr♦ ❛s♣❡❝t♦ ✐♠♣♦rt❛♥t❡ é t❛♠❜é♠ ❝♦♠♣❛r❛r s♦❧✉çõ❡s ❝♦♠ ♠❡s♠♦s ❞❛❞♦s ✐♥✐❝✐✲

❛✐s✱ ♣♦ré♠ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ❛ ❛❞s♦rçã♦ ♦✉ ♥ã♦ ❞♦ ♣♦❧í♠❡r♦ ♣❡❧❛ r♦❝❤❛ ❡ t❛♠❜é♠ ♣❛r❛



✼✺

♦ ♠♦❞❡❧♦ ❞❡ ✐♥❥❡çã♦ ❞❡ á❣✉❛ s❡♠ ♣♦❧í♠❡r♦✳

❆✐♥❞❛ ❝♦♠♦ ❝♦♥t✐♥✉❛çã♦ ❞♦ tr❛❜❛❧❤♦✱ ♣❛r❛❧❡❧❛♠❡♥t❡ às q✉❡stõ❡s ❛❝✐♠❛✱ ♣♦❞❡✲

s❡ t❛♠❜é♠ ❝♦♥s✐❞❡r❛r ♦ ♣❛♣❡❧ ❞❛ ✐♥❥❡çã♦ ❞❡ ♣♦❧í♠❡r♦ ❡♠ ❡s❝♦❛♠❡♥t♦s tr✐❢ás✐❝♦s✱ ❛

♣r✐♥❝í♣✐♦ ❝♦♠ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s s✐♠♣❧✐✜❝❛❞♦r❛s ❞❡st❡ tr❛❜❛❧❤♦ ❡ ❞❡♣♦✐s ❛❝r❡s❝❡♥t❛r

t❛♠❜é♠ ♦s ❡❢❡✐t♦s ❞❛ ❣r❛✈✐❞❛❞❡ ❡ ❞❛s ♣r❡ssõ❡s ❝❛♣✐❧❛r❡s✳



❆♣ê♥❞✐❝❡ ❆

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❛♣ê♥❞✐❝❡ ✈❡r❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❛ s♦❧✉çã♦

❣❧♦❜❛❧ ❞♦ Pr♦❜❧❡♠❛ ✭✶✮✲✭✷✮✳ P❛r❛ ✉♠ ❡st✉❞♦ ♠❛✐s ❛♣r♦❢✉♥❞❛❞♦ ✈❡❥❛ ❬✶✺❪ ❡ ♦s ❛♥❡①♦s

❞❡ ❬✶❪✱ ❬✸❪✱ ❬✼❪ ❡ ❬✽❪ ❡♥tr❡ ♦✉tr♦s✳ ❆q✉✐✱ ❢❛r❡♠♦s ✉♠ ❡st✉❞♦ s♦❜r❡ ❛s ♦♥❞❛s ❞❡ r❛r❡❢❛çã♦

❡ ❛s ♦♥❞❛s ❝❤♦q✉❡ ❡♠ Rn✳

❆✳✶ ❙✐st❡♠❛ ❞❡ ▲❡✐s ❞❡ ❈♦♥s❡r✈❛çã♦ ♥♦ Rn

◆❡st❛ s❡çã♦ ✈❛♠♦s ❡①♣♦r ❛ t❡♦r✐❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡ ♦❜t❡♥çã♦

❞❛ s♦❧✉çã♦ ❣❧♦❜❛❧ ❞♦ Pr♦❜❧❡♠❛ ✭✶✮✲✭✷✮✳

❙❡❥❛ Ω = Ω1 × · · · × Ωn ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞♦ Rn✳ ❙❡❥❛♠ F,G : Ω → Rn ❝♦♠

(x, t) ∈ R× R+✱ u (x, t) = (u1 (x, t) , · · · , un (x, t))✱ s❡♥❞♦

F (u) = (f1 (u) , · · · , fn (u)) ❡ G (u) = (g1 (u) , · · · , gn (u)) , ✭❆✳✶✮

♦♥❞❡ ♦s fi✬s ❡ gi✬s sã♦ ❢✉♥çõ❡s ❞❡ ❝❧❛ss❡ C2 (Ωi) ♣❛r❛ i ∈ {1, · · · , n} ❝♦♠ ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛

dG ✐♥✈❡rsí✈❡❧ ♣❛r❛ t♦❞♦ u ∈ Ω✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ n ❡q✉❛çõ❡s✿



























∂

∂t
g1 (u) +

∂

∂x
f1 (u) = 0

✳✳✳

∂

∂t
gn (u) +

∂

∂x
fn (u) = 0,



✼✼

♦✉ ♥❛ ❢♦r♠❛ ✈❡t♦r✐❛❧

∂G

∂t
(u) +

∂F

∂x
(u) = 0. ✭❆✳✷✮

❙❡❥❛♠ dF (u) ❡ dG (u) ❛s r❡s♣❡❝t✐✈❛s ♠❛tr✐③❡s ❥❛❝♦❜✐❛♥❛s ❞❡ F ❡ G✳ ❉❡ss❛ ❢♦r♠❛

♣♦❞❡♠♦s ❞❡✜♥✐r ❛ s❡❣✉✐♥t❡ ♠❛tr✐③

A (u) = [dG (u)]−1 dF (u) . ✭❆✳✸✮

P❛r❛ s♦❧✉çõ❡s s✉❛✈❡s✱ ♦ ❙✐st❡♠❛ ✭❆✳✷✮ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

∂u

∂t
+ A (u)

∂u

∂x
= 0. ✭❆✳✹✮

❆ ♠❛tr✐③ A (u) ♣♦ss✉✐ n ❛✉t♦✈❡t♦r❡s ♥♦s q✉❛✐s sã♦ ❝❤❛♠❛❞♦s ❞❡ ✈❡❧♦❝✐❞❛❞❡s

❝❛r❛❝t❡ríst✐❝❛s✳ ❈❛❞❛ ✈❡❧♦❝✐❞❛❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞❡t❡r♠✐♥❛ ✉♠❛ ❢❛♠í❧✐❛ ❝❛r❛❝t❡ríst✐❝❛

i ∈ {1, · · · , n}✳

❉❡✜♥✐çã♦ ❆✳✶ ❙❡❥❛♠ λ1 (u) , · · · , λn (u) ✈❛❧♦r❡s ❝❛r❛❝t❡ríst✐❝♦s r❡❛✐s ❡ ❞✐st✐♥t♦s ❞❛

♠❛tr✐③ ✭❆✳✸✮✳ ◗✉❛♥❞♦ λ1 (u) 6 · · · 6 λn (u) ♣❛r❛ t♦❞♦ u ∈ Ω✱ ❞✐③❡♠♦s q✉❡ ♦ ❙✐s✲

t❡♠❛ ✭❆✳✷✮ é ♥ã♦ ❡str✐t❛♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳ ◗✉❛♥❞♦ ♦s ✈❛❧♦r❡s ❝❛r❛❝t❡ríst✐❝♦s sã♦ r❡❛✐s

❡ ♣♦ss✉❡♠ ❞❡s✐❣✉❛❧❞❛❞❡s ❡str✐t❛s✱ ❡♥tã♦ ♦ s✐st❡♠❛ é ❞✐t♦ ❡str✐t❛♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✳

P❛r❛ ❝❛❞❛ ✈❡❧♦❝✐❞❛❞❡ ❝❛r❛❝t❡ríst✐❝❛ t❡♠♦s ✉♠ ❛✉t♦✈❡t♦r ❞✐r❡✐t♦ ✭❝♦❧✉♥❛✮ ❝♦rr❡s✲

♣♦♥❞❡♥t❡✳ ❉❡♥♦t❛r❡♠♦s ♦s ❛✉t♦✈❡t♦r❡s à ❞✐r❡✐t❛ ♣♦r e1, · · · , en ❝♦rr❡s♣♦♥❞❡♥❞♦ r❡s♣❡❝✲

t✐✈❛♠❡♥t❡ às ✈❡❧♦❝✐❞❛❞❡s ❝❛r❛❝t❡ríst✐❝❛s λ1, · · · , λn✳ ❊st❡s ❛✉t♦✈❡t♦r❡s sã♦ ❝❤❛♠❛❞♦s

❞❡ ❝❛♠♣♦s ❝❛r❛❝t❡ríst✐❝♦s✳

❖ ❙✐st❡♠❛ ✭❆✳✷✮ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ✈❛❧♦r ✐♥✐❝✐❛❧

u (x, 0) =







uL, s❡ x < 0

uR, s❡ x > 0
✭❆✳✺✮

é ❝❤❛♠❛❞♦ ❞❡ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥✳ ❊st❛ ❝♦♥❞✐çã♦ ♣♦ss✉✐ ✉♠ s❛❧t♦ ♥❛ ♦r✐❣❡♠ ♦♥❞❡ uL

❡ uR sã♦ ❡st❛❞♦s ❞✐st✐♥t♦s ✜①❛❞♦s ❛ ❡sq✉❡r❞❛ ❡ ❛ ❞✐r❡✐t❛ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ●❡r❛❧♠❡♥t❡✱

❛s s♦❧✉çõ❡s ❞❡st❡ ♣r♦❜❧❡♠❛ sã♦ ❞❡s❝♦♥tí♥✉❛s ❡ ❝♦♠ ✐st♦ t❡r❡♠♦s s♦❧✉çõ❡s ❢r❛❝❛s u ∈
L1
Loc (R× R+) q✉❡ s❛t✐s❢❛③❡♠

∫ ∞

0

∫ ∞

−∞

G (u (x, t))
∂Φ

∂t
(x, t) + F (u)

∂Φ

∂x
(x, t) dxdt+

∫ ∞

−∞

G (u (x, 0)) Φ (x, 0) dx = 0,



✼✽

♦♥❞❡ Φ é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❞❡ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ ♥♦ s❡♠✐♣❧❛♥♦ ❢❡❝❤❛❞♦ R× R+✳

❙❡❥❛ u (x, t) ✉♠❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭❆✳✷✮✲✭❆✳✺✮✳ ❊♥tã♦✱ ♣❛r❛

a > 0✱ u (ax, at) t❛♠❜é♠ é s♦❧✉çã♦✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ ♦ Pr♦❜❧❡♠❛ ✭❆✳✷✮✲✭❆✳✺✮ ✐♥❞❡♣❡♥❞❡

❞❡ ❡s❝❛❧❛✱ ♦✉ s❡❥❛✱ ❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s (x, t) → (ax, at)✱ a > 0 ♥ã♦ ❛❧t❡r❛ ♦

s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❡ ♥❡♠ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✳ ❈♦♠ ✐ss♦✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡

❘✐❡♠❛♥♥ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛ r❛③ã♦ x/t✳

❆✳✷ ❙♦❧✉çõ❡s ❈♦♥tí♥✉❛s

❙❡❥❛ ξ = x/t ❡ s✉♣♦♥❤❛ q✉❡ u (x, t) = v (ξ) s❡❥❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❞♦ s✐st❡♠❛ ✭❆✳✷✮✳

❊♠ ❢✉♥çã♦ ❞❡ v (ξ)✱ ❡st❡ s✐st❡♠❛ é ❡s❝r✐t♦ ♥❛ ❢♦r♠❛

[dF (ξ)− ξdG (ξ)] v′ (ξ) = 0, ✭❆✳✻✮

♦♥❞❡ v′ (ξ) ❞❡♥♦t❛ ❛ ❞❡r✐✈❛❞❛ ❞❡ v (ξ)✳ ❈♦♠♦ dG (u) é ✐♥✈❡rtí✈❡❧ ♠✉❧t✐♣❧✐q✉❡ ✭❆✳✻✮ ♣♦r

[dG (u)]−1✳ ❯s❛♥❞♦ ❛ ❡①♣r❡ssã♦ ✭❆✳✸✮ t❡♠♦s

[A (v (ξ))− ξId] v
′ (ξ) = 0, ✭❆✳✼✮

♦♥❞❡ Id é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞♦ Rn✳ ❉❛ ❊q✉❛çã♦ ✭❆✳✼✮✱ s❡ v′ (ξ) 6= 0✱ ❝♦♥❝❧✉í♠♦s

q✉❡ v′ é ✉♠ ❝❛♠♣♦ ❝❛r❛❝t❡ríst✐❝♦ ✭à ❞✐r❡✐t❛✮ ❞❛ ♠❛tr✐③ A (u) ❛ss♦❝✐❛❞♦ à ✈❡❧♦❝✐❞❛❞❡

❝❛r❛❝t❡ríst✐❝❛ λ (u) = ξ✳ ▲♦❣♦✱ ❛s s♦❧✉çõ❡s s✉❛✈❡s ❞♦ ❙✐st❡♠❛ ✭❆✳✷✮ ❡stã♦ ♥❛s ❝✉r✈❛s

✐♥t❡❣r❛✐s ❞♦s ❝❛♠♣♦s ❝❛r❛❝t❡ríst✐❝♦s ❞❡ A (u) ❡ ❝♦♠ ✐ss♦ s❛t✐s❢❛③❡♠ ♦ s✐st❡♠❛ ❞❡ ❊❉❖✬s✱

v′ (ξ) = ei (v (ξ)) , ✭❆✳✽✮

❝♦♠ ❛ ❝♦♥❞✐çã♦

ξ = λi (v (ξ)) . ✭❆✳✾✮

❉❡✜♥✐çã♦ ❆✳✷ ❙❡❥❛♠ uL ❡ uR ♦s ❡st❛❞♦s ❞❡✜♥✐❞♦s ♥❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ✭❆✳✺✮✳ ❉✐③❡♠♦s

q✉❡ ♦ ❡st❛❞♦ uL é ❝♦♥❡❝t❛❞♦ ❛♦ ❡st❛❞♦ uR ♣♦r ✉♠❛ ♦♥❞❛ i−r❛r❡❢❛çã♦ s❡ uL ❡ uR ❡stã♦

❝♦♥❡❝t❛❞♦s ♣❡❧❛ ♠❡s♠❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞♦ i−és✐♠♦ ❝❛♠♣♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡✜♥✐❞♦ ♣♦r

✭❆✳✽✮ ♦♥❞❡ ✭❆✳✾✮ ❝r❡s❝❡ ❝♦♠ ♦ ♣❛râ♠❡tr♦ ξ ❛♦ ❧♦♥❣♦ ❞❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞❡ uL ♣❛r❛ uR✳



✼✾

❆ ❡①✐❣ê♥❝✐❛ ❞❡ ✭❆✳✾✮ s❡r ❝r❡s❝❡♥t❡ ❞❡ uL ♣❛r❛ uR s✐❣♥✐✜❝❛ q✉❡ ♥♦ ❡s♣❛ç♦ xt✱ ❛

✐♥❝❧✐♥❛çã♦ ξ = x/t ❞❡✈❡ s❡r ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡✱ ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ t✱ ❞❡ ξL = λi
(

uL
)

♣❛r❛ ξR = λi
(

uR
)

❞❡ ♠♦❞♦ q✉❡ ❛s r❡t❛s ❝❛r❛❝t❡ríst✐❝❛s λi (u (ξ)) ❝✉❜r❛♠ t♦❞❛ r❡❣✐ã♦

❞♦ ♣❧❛♥♦ xt✱ ❝♦♠ t > 0 ❡♥tr❡ ❛s r❡t❛s ❞❡ ✐♥❝❧✐♥❛çõ❡s λi
(

uL
)

❡ λi
(

uR
)

✳ ❱❡❥❛ ❛ ❋✐❣✉r❛

❆✳✶✳

❉❡✜♥✐çã♦ ❆✳✸ ❯♠❛ ❝✉r✈❛ ❞❡ r❛r❡❢❛çã♦ ❞❛ ❢❛♠í❧✐❛ i ✭♦✉ i−r❛r❡❢❛çã♦✮ ♣♦r ✉♠ ❡st❛❞♦

✐♥✐❝✐❛❧ uL é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❡st❛❞♦s u ∈ Ω q✉❡ ♣♦❞❡♠ s❡r ❝♦♥❡❝t❛❞♦s ❛♦ ❡st❛❞♦ uR ♣♦r

✉♠❛ ♦♥❞❛ i−r❛r❡❢❛çã♦✳

❙❡❥❛♠ λ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ♠❛tr✐③ ✭❆✳✸✮ ❡ e s❡✉ ❝❛♠♣♦ ❝❛r❛❝t❡rís✲

t✐❝♦ ❝♦rr❡s♣♦♥❞❡♥t❡✳ ❯♠❛ ♦♥❞❛ ❞❡ r❛r❡❢❛çã♦ ❞❡ uL ♣❛r❛ uR ✭♦✉ ❝♦♥❡❝t❛♥❞♦ uL à uR✮

é ✉♠❛ s♦❧✉çã♦ ❝♦♥tí♥✉❛ ❞❡ ✭❆✳✷✮ ❞❛ ❢♦r♠❛

u (x, t) =



















uL, s❡ x
t
< λi

(

uL
)

v, s❡ λi
(

uL
)

6 x
t
6 λi

(

uR
)

uR, s❡ x
t
> λi

(

uR
)

,

✭❆✳✶✵✮

♦♥❞❡ v é ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧







∂v

∂t
= ei (v)

v (0) = uL

t❛❧ q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❝❛r❛❝t❡ríst✐❝❛ λi (v) ❝r❡sç❛ ❞❡ λi
(

uL
)

♣❛r❛ λi
(

uR
)

q✉❛♥❞♦ v ✈❛r✐❛r

❞❡ uL ❛té uR✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❆✳✶✳

❉❡✜♥✐çã♦ ❆✳✹ ❆ ❢❛♠í❧✐❛ ❝❛r❛❝t❡ríst✐❝❛ é ❞✐t❛ ❣❡♥✉✐♥❛♠❡♥t❡ ♥ã♦✲❧✐♥❡❛r ♥❛ r❡❣✐ã♦ D ⊂
Ω s❡

∇λi (u) ei (u) 6= 0

❡♠ D✳ ◆❡st❡ ❝❛s♦ ♣♦❞❡♠♦s ♥♦r♠❛❧✐③❛r ei ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ∇λi (u) ei (u) = 1✳ ❊♠ ♦✉tr❛s

♣❛❧❛✈r❛s✱ ❛ i−és✐♠❛ ✈❡❧♦❝✐❞❛❞❡ ❝❛r❛❝t❡ríst✐❝❛ é ✉♠❛ ❢✉♥çã♦ ❡str✐t❛♠❡♥t❡ ♠♦♥ót♦♥❛

s♦❜r❡ ❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ r❡❧❛❝✐♦♥❛❞❛ ❛♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ei✬s ❛ss♦❝✐❛❞♦✱ ♥♦ s✉❜❝♦♥❥✉♥t♦

D✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ∇λi (u) ei (u) ≡ 0✱ ❞✐③✲s❡ q✉❡ ♦ ❝❛♠♣♦ é ❧✐♥❡❛r♠❡♥t❡ ❞❡❣❡♥❡r❛❞♦✳

❖ ❙✐st❡♠❛ ✭❆✳✷✮ é ❣❡♥✉✐♥❛♠❡♥t❡ ♥ã♦ ❧✐♥❡❛r ❡♠ D✱ s❡ t♦❞♦s ♦s s❡✉s ❝❛♠♣♦s ❝❛✲

r❛❝t❡ríst✐❝♦s sã♦ ❣❡♥✉✐♥❛♠❡♥t❡ ♥ã♦ ❧✐♥❡❛r❡s ❡♠ D✳



✽✵

❉❡✜♥✐çã♦ ❆✳✺ ❖ ❝♦♥❥✉♥t♦ ❞❡ ✐♥✢❡①ã♦ ❛ss♦❝✐❛❞♦ à i−és✐♠❛ ❢❛♠í❧✐❛ ❝❛r❛❝t❡ríst✐❝❛ é

❢♦r♠❛❞♦ ♣❡❧♦s ❡st❛❞♦s u ∈ Ω t❛✐s q✉❡

∇λi (u) ei (u) = 0.

❖✉ s❡❥❛✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✐♥✢❡①ã♦ é ❢♦r♠❛❞♦ ♣❡❧♦s ♣♦♥t♦s ❝rít✐❝♦s ❞♦s ✈❛❧♦r❡s ❝❛r❛❝t❡✲

ríst✐❝♦s✱ r❡str✐t♦s ❛s ❝✉r✈❛s ✐♥t❡❣r❛✐s ❞♦s r❡s♣❡❝t✐✈♦s ❝❛♠♣♦s ❝❛r❛❝t❡ríst✐❝♦s ❞❛❞♦s ♣❡❧❛

❡q✉❛çã♦ ✭❆✳✽✮✳

❉❛s ❞❡✜♥✐çõ❡s ✭❆✳✺✮✲✭❆✳✷✮ t❡♠♦s q✉❡ ♦s ♣♦♥t♦s ♥✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐♥✢❡①ã♦ ❡♠ ❣❡r❛❧

❡stã♦ ❛ss♦❝✐❛❞♦s ❛ ♣♦♥t♦s ✐♥✐❝✐❛✐s ♦✉ ♣♦♥t♦s ✜♥❛✐s ❞❡ ❝✉r✈❛s ❞❡ r❛r❡❢❛çã♦✳

❆✳✸ ❙♦❧✉çõ❡s ❉❡s❝♦♥tí♥✉❛s

◆❡st❛ s❡çã♦ ❞♦ ❆♣ê♥❞✐❝❡ ✈❛♠♦s ❝❛r❛❝t❡r✐③❛r ❛s s♦❧✉çõ❡s ❞❡s❝♦♥tí♥✉❛s ❞♦ Pr♦❜❧❡♠❛

❞❡ ❘✐❡♠❛♥♥ ✭❆✳✷✮✲✭❆✳✺✮✳ ❙❡❥❛ σ ∈ R t❛❧ q✉❡ ❡①✐st❛ ✉♠❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ u ❛♦ ❧♦♥❣♦

❞❛ r❡t❛ x = tσ✳

❉❡✜♥✐çã♦ ❆✳✻ ❙❡❥❛♠ uL ❡ uR ♦s ❡st❛❞♦s ❞❡✜♥✐❞♦s ❡♠ ✭❆✳✺✮✳ ❈❤❛♠❛✲s❡ r❡❧❛çã♦ ❞❡

❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t✱ ❞❡ ✈❡❧♦❝✐❞❛❞❡ σ ∈ R✱ à ❡①♣r❡ssã♦

H
(

uL, σ, uR
)

≡ F
(

uR
)

− F
(

uL
)

− σ
[

G
(

uR
)

−G
(

uL
)]

= 0. ✭❆✳✶✶✮

◗✉❛♥❞♦ ♣r❡❝✐s❛♠♦s ❝✐t❛r ♦s ❡st❛❞♦s r❡❧❛❝✐♦♥❛❞♦s✱ ❞✐❣❛♠♦s uL ❡ uR✱ ❛ ✈❡❧♦❝✐❞❛❞❡ σ ❞❡

❝❤♦q✉❡ é ❞❡♥♦t❛❞❛ ♣♦r σ
(

uL, uR
)

✳

❈♦♥s✐❞❡r❡ uL ✜①♦ ♥❛ ❡q✉❛çã♦ ✭❆✳✶✶✮ ❝♦♠ σ ❡ uR ✈❛r✐á✈❡✐s✳ ❆❣♦r❛ s✉❜st✐t✉❛ σ

♣♦r σ∗ ❡ uR ♣♦r ✉♠ ❡st❛❞♦ ❛r❜✐trár✐♦ u ∈ Ω✳ ❊♥tã♦ t❡r❡♠♦s ✉♠ s✐st❡♠❛ ❞❡ n ❡q✉❛çõ❡s

❛❧❣é❜r✐❝❛s ❡ n+ 1 ✐♥❝ó❣♥✐t❛s σ∗ ❡ u ❞❛❞♦ ♣♦r

H
(

uL, σ∗, u
)

≡ F (u)− F
(

uL
)

− σ∗
[

G (u)−G
(

uL
)]

= 0. ✭❆✳✶✷✮

❉❛ ♠❡s♠❛ ❢♦r♠❛ ♣♦❞❡♠♦s ✜①❛r uR ❡♠ ✭❆✳✶✶✮ ❡ ✈❛r✐❛r ♦s ✈❛❧♦r❡s σ∗ ❡ uL✳ ❈♦♠ ✐ss♦

♦❜t❡♠♦s ♦ s✐st❡♠❛

H
(

u, σ∗, uR
)

≡ F
(

uR
)

− F (u)− σ∗
[

G
(

uR
)

−G (u)
]

= 0. ✭❆✳✶✸✮

❉❡✜♥✐çã♦ ❆✳✼ ❋✐①❡ ✉♠ ❡st❛❞♦ u0 ∈ Ω✳ ❆ ❝✉r✈❛ ❞❡ ❍✉❣♦♥✐♦t ♣♦r u0✱ ❞❡♥♦t❛❞❛ ♣♦r

H (u0)✱ é ♦ ❝♦♥❥✉♥t♦ ❞♦s ❡st❛❞♦s u ∈ Ω t❛✐s q✉❡ ❡①✐st❛ σ ∈ R s❛t✐s❢❛③❡♥❞♦ ❛ ❡q✉❛çã♦

✭❆✳✶✷✮ ♣❛r❛ uL = u0 ♦✉ ❛ ❡q✉❛çã♦ ✭❆✳✶✸✮ ♣❛r❛ uR = u0✳
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❊♠ ❬✶✵❪✱ ▲❛① ♣r♦✈♦✉ q✉❡✱ ♣❛r❛ u ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ u0✱ ❛ ❝✉r✈❛ ❞❡ ❍✉❣♦♥✐♦t

H (u0) é ❝♦♠♣♦st❛ ♣♦r n ❝✉r✈❛s s✉❛✈❡s Hi (u0) ❞❡♥♦♠✐♥❛❞❛s i−r❛♠♦s ❞❡ ❍✉❣♦♥✐♦t✱

❝♦♠ i ∈ {1, · · · , n}✳
❆ s♦❧✉çã♦ ❞❡s❝♦♥tí♥✉❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭❆✳✷✮✲✭❆✳✺✮ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❞❡

♣r♦♣❛❣❛çã♦ σ é ❞❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ❢✉♥çã♦

u (x, t) =







uL, s❡ x
t
< σ

uR, s❡ x
t
> σ,

✭❆✳✶✹✮

♦♥❞❡ uL ❡ uR sã♦ ♦s ❡st❛❞♦s ❞❡✜♥✐❞♦s ❡♠ ✭❆✳✺✮✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❆✳✷✳

▼❛✐s ❛❞✐❛♥t❡ ✈❡r❡♠♦s ❝r✐tér✐♦s q✉❡ ❞❡t❡r♠✐♥❛♠ ❛ ✉♥✐❝✐❞❛❞❡ ✭❜❛s❡❛❞♦ ❡♠ ❢❡♥ô✲

♠❡♥♦s ❢ís✐❝♦s✮ ❞❡st❡ t✐♣♦ ❞❡ s♦❧✉çã♦✳ ❊st❡s ❝r✐tér✐♦s sã♦ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ❈♦♥❞✐çõ❡s ❞❡

❊♥tr♦♣✐❛✳ ◗✉❛♥❞♦ ❡st❛s s♦❧✉çõ❡s s❛t✐s❢❛③❡♠ ❛❧❣✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛✱ ✐st♦ é✱ ❡❧❛s

sã♦ s♦❧✉çõ❡s ❞❡s❝♦♥tí♥✉❛s ❛❞♠✐ssí✈❡✐s✱ ❡st❛s s♦❧✉çõ❡s ♣❛ss❛♠ ❛ s❡r ❞❡♥♦♠✐♥❛❞❛s ♦♥❞❛s

❞❡ ❝❤♦q✉❡✳

❉❡✜♥✐çã♦ ❆✳✽ ❯♠❛ ❝✉r✈❛ ❝❤♦q✉❡ ♣♦r ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ uL é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❡st❛❞♦s

u ∈ Ω q✉❡ ♣♦❞❡♠ s❡r ❝♦♥❡❝t❛❞♦s ❛♦ ❡st❛❞♦ uR ♣♦r ✉♠❛ ♦♥❞❛ ❝❤♦q✉❡✳

❆ ♦♥❞❛ ❞❡ ❝❤♦q✉❡ ♣♦ss✉✐ n ❢❛♠í❧✐❛s✱ ❝❛❞❛ ✉♠❛ r❡❧❛❝✐♦♥❛❞❛ ❛ ✉♠ i✲r❛♠♦ ❞❛ ❝✉r✈❛

❞❡ ❍✉❣♦♥✐♦t✳ ❈❤❛♠❡♠♦s ❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡ r❡❧❛❝✐♦♥❛❞❛ ❛ ❢❛♠í❧✐❛ i ♣♦r ♦♥❞❛ i✲❝❤♦q✉❡✳

❆✳✹ ❖♥❞❛ ❈♦♠♣♦st❛

◗✉❛♥❞♦ ♦ ❝❛♠♣♦ ❝❛r❛❝t❡ríst✐❝♦ é ❧✐♥❡❛r♠❡♥t❡ ❞❡❣❡♥❡r❛❞♦ ✉♠ ♦✉tr♦ t✐♣♦ ❞❡ ♦♥❞❛

s✉r❣❡ ❞❛ ❝♦♠❜✐♥❛çã♦ ❞❡ ✉♠❛ ♦♥❞❛ ❞❡ r❛r❡❢❛çã♦ s❡❣✉✐❞❛ ❞❡ ✉♠❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡✳ ❈❤❛✲

♠❛r❡♠♦s ❡st❛ ❝♦♠♣♦s✐çã♦ ❞❡ ♦♥❞❛ ❝♦♠♣♦st❛✳ ◆❛ r❡❛❧✐❞❛❞❡✱ só ❡①✐st❡♠ ❞♦✐s t✐♣♦s ❞❡

♦♥❞❛✱ r❛r❡❢❛çã♦ ❡ ❝❤♦q✉❡✱ ♣♦ré♠✱ ❞❡♥♦♠✐♥❛r❡♠♦s ❛ ♦♥❞❛ ❝♦♠♣♦st❛ ❝♦♠♦ ✉♠❛ t❡r❝❡✐r❛

♦♥❞❛✳

❉❡✜♥✐çã♦ ❆✳✾ ❯♠❛ ❝✉r✈❛ ❝♦♠♣♦st❛ ♣♦r ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ uL✱ ❛ss♦❝✐❛❞♦ ❛♦ i−és✐♠♦

❝❛♠♣♦ ❝❛r❛❝t❡ríst✐❝♦✱ ♦✉ i−❝♦♠♣♦st❛✱ é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❡st❛❞♦s u ❞❡ Ω t❛✐s q✉❡ ❡①✐st❛

✉♠ ❡st❛❞♦ u∗ ∈ Ω ❞❡ ♠❛♥❡✐r❛ q✉❡ u∗ s❡❥❛ ❝♦♥❡❝tá✈❡❧ ❛ uR ♣♦r ✉♠❛ ♦♥❞❛ i−r❛r❡❢❛çã♦✱

❡ q✉❡ u s❡❥❛ ❝♦♥❡❝tá✈❡❧ ❛ u∗ ♣♦r ✉♠❛ ♦♥❞❛ i−❝❤♦q✉❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ σ = λi (u∗)✳



✽✷

❆ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣♦r ✉♠❛ ♦♥❞❛ ❝♦♠♣♦st❛ r❛r❡❢❛çã♦✲❝❤♦q✉❡ é

❞❛❞❛ ♣♦r

u (x, t) =



















uL, s❡ x
t
< λi

(

uL
)

v, s❡ λi
(

uL
)

6 x
t
6 λi (u∗)

uR, s❡ x
t
> λi (u∗) ,

✭❆✳✶✺✮

♦♥❞❡ v é ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧







∂v

∂t
= ei (v)

v (0) = uL

t❛❧ q✉❡ ♦ ✈❛❧♦r ❝❛r❛❝t❡ríst✐❝♦ ✭♦✉ ❛✉t♦✈❛❧♦r✮ λi (v) ❝r❡sç❛ ❞❡ λi
(

uL
)

♣❛r❛ λi (u∗) q✉❛♥❞♦

v ✈❛r✐❛r ❞❡ uL ❛té u∗ ❡ λi (u∗) é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦♣❛❣❛çã♦ ❞♦ ❝❤♦q✉❡ q✉❡ ❝♦♥❡❝t❛ u∗

❛ uR✳ ❱❡❥❛ ❛ r❡♣r❡s❡♥t❛çã♦ xt ♥❛ ❋✐❣✉r❛ ❆✳✸✳

❆s ♦♥❞❛s ❞♦ t✐♣♦ ❝❤♦q✉❡ ❡ ❝♦♠♣♦st❛ ♥ã♦ ♣♦ss✉❡♠ ✉♥✐❝✐❞❛❞❡✳ P♦r ✐ss♦✱ ❞❡✈❡♠♦s

✐♠♣♦r ❝♦♥❞✐çõ❡s ❞❡ ✉♥✐❝✐❞❛❞❡ q✉❡ s❡rã♦ ✈✐st❛s ♥❛ ❙❡çã♦ ❛ s❡❣✉✐r✳

❆✳✺ ❈♦♥❞✐çõ❡s ❞❡ ❊♥tr♦♣✐❛

P❛r❛ q✉❡ ❛ ♦♥❞❛ ❞♦ t✐♣♦ ❝❤♦q✉❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ σ✱ ❡♥tr❡ ❞♦✐s ❡st❛❞♦s sL ❡ sR

✜①❛❞♦s✱ s❡❥❛ ❛❞♠✐ssí✈❡❧ ♥❛ s♦❧✉çã♦ ❡❧❛ ❞❡✈❡ s❛t✐s❢❛③❡r ❛❧❣✉♠❛ ❝♦♥❞✐çã♦ ❡①tr❛✱ ❝❤❛♠❛❞❛

❞❡ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛✳ ❊st❛ ❝♦♥❞✐çã♦ ❡st❛❜❡❧❡❝❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡s❝♦♥tí♥✉❛ ♥❛

q✉❛❧ ❡st❛ s♦❧✉çã♦ ♣♦ss✉❛ s✐❣♥✐✜❝❛❞♦ ❢ís✐❝♦✳ ■r❡♠♦s ❝✐t❛r ❛♣❡♥❛s ❛❧❣✉♠❛s✳

❈♦♥❞✐çã♦ ❞❡ ❊♥tr♦♣✐❛ ❞❡ ▲❛①

❆ ✜♠ ❞❡ ♦❜t❡r ❛❞♠✐ss✐❜✐❧✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞❡s❝♦♥tí♥✉❛s ♣❛r❛ s✐st❡♠❛s ❞❡ ❧❡✐s ❞❡ ❝♦♥✲

s❡r✈❛çã♦ ❡str✐t❛♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❝♦♠ ❝❛♠♣♦s ❝❛r❛❝t❡ríst✐❝♦s ❣❡♥✉✐♥❛♠❡♥t❡ ♥ã♦ ❧✐♥❡✲

❛r❡s✱ ❬✶✵❪ ▲❛① ❡st❛❜❡❧❡❝❡✉ ❝r✐tér✐♦s ✉t✐❧✐③❛♥❞♦ ❝♦♠♣❛r❛çõ❡s ✭❞❡s✐❣✉❛❧❞❛❞❡s✮ ❡♥✈♦❧✈❡♥❞♦

♦s ❝❛♠♣♦s ❝❛r❛❝t❡ríst✐❝♦s ❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦♣❛❣❛çã♦✳

❯♠❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡ ❡♥tr❡ ♦s ❡st❛❞♦s uL ❡ uR✱ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦♣❛❣❛çã♦

σ✱ é ✉♠❛ s♦❧✉çã♦ ❛❞♠✐ssí✈❡❧ s❡❣✉♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ▲❛① s❡ ❡st❡s ❡st❛❞♦s
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s❛t✐s❢❛③❡♠ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s

λi−1
(

uL
)

< σ < λi
(

uR
)

, λi
(

uR
)

< σ < λi+1
(

uR
)

. ✭❆✳✶✻✮

❆ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ▲❛① ❬✶✵❪ ♣❛r❛ ❛ ♦♥❞❛ i−❝❤♦q✉❡ ❡stá ❛ss♦❝✐❛❞❛ à i−és✐♠❛

❢❛♠í❧✐❛ ❝❛r❛❝t❡ríst✐❝❛✱ ♥♦ s❡♥t✐❞♦ q✉❡ ❛s r❡t❛s ❝❛r❛❝t❡ríst✐❝❛s ❛ss♦❝✐❛❞❛s ❛ ❡st❛ ❢❛♠í❧✐❛ s❡

❡♥❝♦♥tr❛♠ ❛♦ ❧♦♥❣♦ ❞❛ r❡t❛ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ x = σt ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❧❛❞♦s ❞✐st✐♥t♦s

❞❡st❛✳

❱❡❥❛ ❛ s❡❣✉✐r ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ 2× 2✳

✶✲❈❤♦q✉❡ ❞❡ ▲❛①

λ1
(

uR
)

< σ < λ1
(

uL
)

, σ < λ2
(

uR
)

. ✭❆✳✶✼✮

✷✲❈❤♦q✉❡ ❞❡ ▲❛①

λ1
(

uR
)

< σ < λ1
(

uL
)

, λ1
(

uR
)

< σ. ✭❆✳✶✽✮

P❛r❛ ❝❛♠♣♦s ❧✐♥❡❛r♠❡♥t❡ ❞❡❣❡♥❡r❛❞♦s✱ ❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ▲❛① ♥ã♦ é s✉✜❝✐✲

❡♥t❡ ♣❛r❛ ♦❜t❡r♠♦s ✉♠❛ s♦❧✉çã♦ ❛❞❡q✉❛❞❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥✳ ❱❡❥❛ ✉♠ ❡①❡♠♣❧♦

❡♠ ❬✻❪✳ P♦r ✐ss♦ ♣r❡❝✐s❛♠♦s ✉t✐❧✐③❛r ♦✉tr❛s ❝♦♥❞✐çõ❡s ❞❡ ❡♥tr♦♣✐❛✳ ❆ s❡❣✉✐r✱ ✈❡r❡♠♦s ❛

❝♦♥❞✐çã♦ ❞❡ ❖❧❡✐♥✐❦✲▲✐✉ ❬✶✶❪✱ ❬✶✷❪ ❡ ❬✶✺❪✳

❈♦♥❞✐çã♦ ❞❡ ❊♥tr♦♣✐❛ ❞❡ ❖❧❡✐♥✐❦✲▲✐✉

❈♦♠ ♦ ♠❡s♠♦ ♦❜❥❡t✐✈♦ ❞❡ ▲❛①✱ ❖✳ ❆✳ ❖❧❡✐♥✐❦ ❡ ❚❛✐✲P✐♥❣ ▲✐✉✱ ❞❡s❡♥✈♦❧✈❡r❛♠ ✉♠❛

♦✉tr❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ♣❛r❛ ♦❜t❡r s♦❧✉çõ❡s ❞❡s❝♦♥tí♥✉❛s ❛❞♠✐ssí✈❡✐s✳ ❆♦ ❝♦♥trár✐♦

❞❡ ▲❛①✱ ❛ ❝♦♥❞✐çã♦ ❞❡ ❊♥tr♦♣✐❛ ❞❡ ❖❧❡✐♥✐❦✲▲✐✉ ✈✐s❛ ❡♠ ♦❜t❡r ❛❞♠✐ss✐❜✐❧✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s

❞❡s❝♦♥tí♥✉❛s ♣❛r❛ s✐st❡♠❛s ❞❡ ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ ♥ã♦ ❡str✐t❛♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s ❝♦♠

❝❛♠♣♦s ❝❛r❛❝t❡ríst✐❝♦s ❧✐♥❡❛r♠❡♥t❡ ❞❡❣❡♥❡r❛❞♦s✱

❆ ❝♦♥❞✐çã♦ ❞❡ ❊♥tr♦♣✐❛ ❞❡ ❖❧❡✐♥✐❦✲▲✐✉ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣r✐♠❡✐r❛♠❡♥t❡ ♣♦r ❖❧❡✐♥✐❦

♣❛r❛ ♦ ❝❛s♦ ❞❛ r❡t❛ r❡❛❧ ❬✶✺❪ ❡ ♣♦st❡r✐♦r♠❡♥t❡✱ ♣❛r❛ ♦ R2✱ ♣♦r ❚❛✐✲P✐♥❣ ▲✐✉ ❬✶✶❪ ❡♠

✶✾✼✹✳ ◆♦ ❛♥♦ s❡❣✉✐♥t❡ ❚❛✐✲P✐♥❣ ▲✐✉ ❞❡s❡♥✈♦❧✈❡✉ ❛ ❝♦♥❞✐çã♦ ♣❛r❛ t♦❞♦ ♦ Rn ❬✶✷❪✳

❉❡✜♥❛ ❛ ❢✉♥çã♦ ✈❡❧♦❝✐❞❛❞❡ σ : Ω× Ω → R t❛❧ q✉❡

σ (u1, u2) [G (u1)−G (u2)] = F (u1)− F (u2) , ✭❆✳✶✾✮
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❡♠ q✉❡ F ❡ G sã♦ ❛s ❛♣❧✐❝❛çõ❡s ❞❡✜♥✐❞❛s ❡♠ ✭❆✳✶✮✳ ❯♠❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡ s❛t✐s❢❛③ ❛

❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ❖❧❡✐♥✐❦✲▲✐✉ s❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s

σ
(

u, uL
)

6 σ
(

uR, uL
)

6 σ
(

u, uR
)

, ✭❆✳✷✵✮

♣❛r❛ u ∈ H
(

uL
)

sã♦ s❛t✐s❢❡✐t❛s✳

◆♦ ❝❛s♦ ❞❛ r❡t❛ r❡❛❧✱ ❛♦ ❝♦♥trár✐♦ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ▲❛①✱ ❛ ❝♦♥❞✐çã♦ ❞❡

❡♥tr♦♣✐❛ ❞❡ ❖❧❡✐♥✐❦✲▲✐✉ ♥♦s ❞á ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❛♥❛❧✐s❛r ♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❢✉♥çã♦ ❞❡

✢✉①♦ ♥ã♦ s❡❥❛ ❝♦♥✈❡①❛ ✭f ′′ ♣♦❞❡ tr♦❝❛r ❞❡ s✐♥❛❧✮✳

❈♦♥❞✐çã♦ ❞❡ ❊♥tr♦♣✐❛ ❞❡ ❱✐s❝♦s✐❞❛❞❡

❉❛❞♦ ε > 0✱ ❝♦♥s✐❞❡r❡ ❛ ♣❡rt✉r❜❛çã♦ ✭❡q✉❛çã♦ ♣❛r❛❜ó❧✐❝❛✮ ❞♦ s✐st❡♠❛ ✭❆✳✷✮

∂G

∂t
(u) +

∂F

∂x
(u) = ε

∂2G

∂x2
(u) . ✭❆✳✷✶✮

❙✉♣♦♥❤❛ q✉❡ ♦ s✐st❡♠❛ ✭❆✳✷✶✮ ♣♦ss✉❛ s♦❧✉çã♦ ❞♦ t✐♣♦ ♦♥❞❛ ✈✐❛❥❛♥t❡ ❞❛ ❢♦r♠❛

v (ξ) = (u1 (ξ) , · · · , vn (ξ))✱ ❝♦♠ ξ = (x− σt) /ε✳ ❙✉❜st✐t✉✐♥❞♦ v (ξ) ♥❛ ❡q✉❛çã♦ ✭❆✳✷✶✮

♦❜t❡♠♦s

−σ

ε

dG

dξ
(v (ξ)) +

1

ε

dF

dξ
(v (ξ)) = ε

(

1

ε2
d2G

dξ2
(v (ξ))

)

. ✭❆✳✷✷✮

❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛ ✭❆✳✷✷✮ s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦

lim
ξ→−∞

v (ξ) = uL, ✭❆✳✷✸✮

❡

lim
ξ→+∞

v (ξ) = uR. ✭❆✳✷✹✮

❙✐♠♣❧✐✜❝❛♥❞♦ ♦ ❙✐st❡♠❛ ✭❆✳✷✷✮ t❡♠♦s

−σ
dG

dξ
(v (ξ)) +

dF

dξ
(v (ξ)) =

d2G

dξ2
(v (ξ)) . ✭❆✳✷✺✮

■♥t❡❣r❛♥❞♦ ♦ ❙✐st❡♠❛ ✭❆✳✷✺✮ ❡♠ ξ ❡ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦
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✭❆✳✷✸✮ ♦❜t❡♠♦s

∫ ξ

−∞

d2G

dη2
(v (η)) dη =

∫ ξ

−∞

dF

dη
(v (η)) dη − σ

∫ ξ

−∞

dG

dη
(v (η)) dη.

❘❡s♦❧✈❡♥❞♦ ❛s ✐♥t❡❣r❛✐s ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ❊❉❖✬s

dG

dξ
(v) = F (v)− F

(

uL
)

− σ
(

G (v)−G
(

uL
))

≡ H
(

uL, σ, v
)

. ✭❆✳✷✻✮

❖❜s❡r✈❡ q✉❡ ♦ ❡st❛❞♦ uL é ♣♦♥t♦ s✐♥❣✉❧❛r ❞♦ s✐st❡♠❛ ✭❆✳✷✻✮✳ ❉❛ r❡❧❛çã♦ ❞❡ ❘❛♥❦✐♥❡✲

❍✉❣♦♥✐♦t H
(

uL, σ, uR
)

= 0 t❡♠♦s q✉❡ ♦ ❡st❛❞♦ uR t❛♠❜é♠ é ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡st❡

s✐st❡♠❛✳ ❆❧é♠ ❞✐ss♦✱ t♦❞♦s ♦s ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❞♦ s✐st❡♠❛ ✭❆✳✷✻✮ ❡stã♦ s♦❜r❡ ❛ ❝✉r✈❛

❞❡ ❍✉❣♦♥✐♦t t❛♥t♦ ♣❡❧♦ ❡st❛❞♦ uL q✉❛♥t♦ ♣❡❧♦ ❡st❛❞♦ uR✳

❉❡✜♥✐çã♦ ❆✳✶✵ ❯♠❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡ ❞♦ ♣r♦❜❧❡♠❛ ✭❆✳✷✮✲✭❆✳✺✮ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦✲

♣❛❣❛çã♦ σ ❝♦♥❡❝t❛♥❞♦ ♦s ❡st❛❞♦s uL ❡ uR é ❛❞♠✐ssí✈❡❧✱ s❡❣✉♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛

❞❡ ✈✐s❝♦s✐❞❛❞❡✱ s❡ ❡①✐st✐r ✉♠❛ ór❜✐t❛ ❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s

✭❆✳✷✻✮ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛s ❝♦♥❞✐çõ❡s ✭❆✳✷✸✮ ❡ ✭❆✳✷✹✮ s❡❥❛♠ s❛t✐s❢❡✐t❛s✳

P❛r❛ ♦❜t❡r ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❛ ❈♦♥❞✐çã♦ ❞❡ ❊♥tr♦♣✐❛ ❞❡ ✈✐s❝♦s✐❞❛❞❡ ❝♦♥s✉❧t❡

❬✺❪✳

❖❜s❡r✈❡ q✉❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❡♥tr♦♣✐❛ ❞❡ ❖❧❡✐♥✐❦✲▲✐✉ ❡ ❛ ❞❡ ✈✐s❝♦s✐❞❛❞❡ ♥ã♦ ❡stã♦

r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛s ❢❛♠í❧✐❛s ❝❛r❛❝t❡ríst✐❝❛s✱ ♣♦rt❛♥t♦✱ ❡st❛s ❝♦♥❞✐çõ❡s sã♦ ❛♣r♦♣r✐❛❞❛s

♣❛r❛ s❡r❡♠ ✉t✐❧✐③❛❞❛s ❡♠ s✐st❡♠❛s ❞❡ ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦ ♥ã♦ ❡str✐t❛♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦s✳

❆✳✻ ❋✐❣✉r❛s ❞♦ ❆♣ê♥❞✐❝❡ ❆



✽✻

❋✐❣✉r❛ ❆✳✶✿ ❖♥❞❛ ❞❡ ❘❛r❡❢❛çã♦ ♥♦ ♣❧❛♥♦ xt ♣❛r❛ ♦s ❡st❛❞♦s sL ❡ sR

❋✐❣✉r❛ ❆✳✷✿ ❖♥❞❛ ❞❡ ❈❤♦q✉❡ ♥♦ ♣❧❛♥♦ xt ♣❛r❛ ♦s ❡st❛❞♦s sL ❡ sR✳ ❉❡s❝♦♥t✐♥✉✐❞❛❞❡
❡♠ x

t
= σ✳
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❋✐❣✉r❛ ❆✳✸✿ ❖♥❞❛ ❝♦♠♣♦st❛ r❛r❡❢❛çã♦✲❝❤♦q✉❡ ♣❛r❛ ♦s ❡st❛❞♦s sL ❡ sR✳ ❉❡s❝♦♥t✐♥✉✐❞❛❞❡
❡♠ σ∗✳



❆♣ê♥❞✐❝❡ ❇

❆ ❊q✉❛çã♦ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt

❇✳✶ ❙♦❧✉çã♦ ❞❛ ❊q✉❛çã♦ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ❢♦❝❛r❡♠♦s ♥❛ ❡q✉❛çã♦ ❞❡ ❇✉❦❝❧❡②✲▲❡✈❡r❡tt✳ ❯♠ ♣❛ss♦ ❢✉♥❞❛✲

♠❡♥t❛❧ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❛ s♦❧✉çã♦ ❣❧♦❜❛❧ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭✶✮✲✭✷✮ é ❝♦♥❤❡❝❡r

❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ♦ ❝❛s♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt✳ ❯t✐✲

❧✐③❛r❡♠♦s ♦♥❞❛s ❞❡ r❛r❡❢❛çã♦✱ ♦♥❞❛s ❞❡ ❝❤♦q✉❡ ♦✉ ❛ ❝♦♠♣♦st❛ ✭r❛r❡❢❛çã♦✲❝❤♦q✉❡✮ ♣❛r❛

❛ ♦❜t❡♥çã♦ ❞❡st❛ s♦❧✉çã♦✳

❈♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦

∂s

∂t
+

∂f (s)

∂x
= 0, t > 0, x ∈ R ✭❇✳✶✮

♦♥❞❡ s = s (x, t)✱ ❝♦♠ ❢✉♥çã♦ ❞❡ ✢✉①♦ f é ❞❡✜♥✐❞❛ ♣♦r

f (s) =
s2

s2 + r (1− s)2
,

♥❛ q✉❛❧ r = µ/µo ♦♥❞❡ µ ❡ µo sã♦ ❛s ✈✐s❝♦s✐❞❛❞❡s ❞❛ ❢❛s❡ ❛q✉♦s❛ ❡ ❞♦ ó❧❡♦✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♥s✐st❡ ❞❛ ❊q✉❛çã♦ ✭❇✳✶✮ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❝♦♥❞✐çã♦

✐♥✐❝✐❛❧

s (x, 0) =







sL, s❡ x < 0

sR, s❡ x > 0,
✭❇✳✷✮

❡♠ q✉❡ sL ❡ sR sã♦ ✈❛❧♦r❡s ❞✐st✐♥t♦s✳
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❆ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭❇✳✶✮✲✭❇✳✷✮ é ❝♦♠♣♦st❛ ♣♦r ❞♦✐s t✐♣♦s ❞❡

♦♥❞❛s ❡❧❡♠❡♥t❛r❡s✿ r❛r❡❢❛çã♦✱ ❝❤♦q✉❡ ❡ t❛♠❜é♠ ♣♦r ✉♠❛ ♦♥❞❛ ❝♦♠♣♦st❛ r❛r❡❢❛çã♦✲

❝❤♦q✉❡✳ ❊st❛s ♦♥❞❛s sã♦ ♦❜t✐❞❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ✈❛❧♦r❡s ❞♦s ❡st❛❞♦s sL ❡ sR ✜①❛❞♦s✳

❖♥❞❛ ❞❡ r❛r❡❢❛çã♦ ✲ ➱ ✉♠❛ s♦❧✉çã♦ ❝♦♥tí♥✉❛ ❞❡ ❝❧❛ss❡ C1 ❡♠ s❡t♦r❡s ❞♦ ♣❧❛♥♦ xt✳

P❛r❛ q✉❡ ❡①✐st❛ s♦❧✉çã♦ t✐♣♦ ♦♥❞❛ ❞❡ r❛r❡❢❛çã♦ é ♥❡❝❡ssár✐♦ q✉❡ f ′ (s) s❡❥❛ ❝r❡s❝❡♥t❡

❞❡ f ′
(

sL
)

♣❛r❛ f ′
(

sR
)

q✉❛♥❞♦ s ✈❛r✐❛ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ sL ♣❛r❛ sR✳ P♦rt❛♥t♦ ♣❛r❛

sL < sR é ♥❡❝❡ssár✐♦ q✉❡ f ′′ (s) > 0 ❡ s❡ sL > sR ♦ ❝♦♥trár✐♦✳ ❆ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

❞❡ ❘✐❡♠❛♥♥ ✭❇✳✶✮✲✭❇✳✷✮ t✐♣♦ ♦♥❞❛ ❞❡ r❛r❡❢❛çã♦ é ❞❛❞❛ ♣♦r

s (x, t) =



















sL, s❡ x
t
< f ′

(

sL
)

[f ′]−1 (x
t

)

, s❡ f ′
(

sL
)

6 x
t
6 f ′

(

sR
)

sR, s❡ x
t
> f ′

(

sR
)

.

✭❇✳✸✮

♦♥❞❡ [f ′]−1 é ❛ ❢✉♥çã♦ ✐♥✈❡rs❛ ❞❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ f ❱❡❥❛ ❛ ✐❧✉str❛çã♦ ❞❡ ✉♠❛ s♦❧✉çã♦

♣♦r r❛r❡❢❛çã♦ ♥♦ ♣❧❛♥♦ xt ♥❛ ❋✐❣✉r❛ ❇✳✶✳

❖♥❞❛ ❞❡ ❈❤♦q✉❡ ✲ ➱ ✉♠❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ✭❇✳✶✮✲✭❇✳✷✮ ❞❡s❝♦♥✲

tí♥✉❛ ❛♦ ❧♦♥❣♦ ❞❛ r❡t❛ x
t
= σ✱ ♦♥❞❡ σ é ♦❜t✐❞❛ ♣❡❧❛ r❡❧❛çã♦ ❞❡ ❘❛♥❦✐♥❡✲❍✉❣♦♥✐♦t

σ
(

sL − sR
)

= f
(

sL
)

− f
(

sR
)

.

❆ s♦❧✉çã♦ t✐♣♦ ❝❤♦q✉❡ ❞❡st❡ ♣r♦❜❧❡♠❛ é ❞❛❞❛ ♣♦r

s (x, t) =







sL, s❡ x
t
< σ

sR, s❡ x
t
> σ.

✭❇✳✹✮

❆ ❋✐❣✉r❛ ❇✳✷ ✐❧✉str❛ ✉♠❛ s♦❧✉çã♦ ❞♦ t✐♣♦ ❝❤♦q✉❡ ♥♦ ♣❧❛♥♦ xt✳

P❛r❛ q✉❡ ❛ ♦♥❞❛ ❞♦ t✐♣♦ ❝❤♦q✉❡ ❞❡ ✈❡❧♦❝✐❞❛❞❡ σ✱ ❡♥tr❡ ❞♦✐s ❡st❛❞♦s sL ❡ sR ✜①❛✲

❞♦s✱ s❡❥❛ ❛❞♠✐ssí✈❡❧ ♥❛ s♦❧✉çã♦ ❡❧❛ ❞❡✈❡ s❛t✐s❢❛③❡r ❛❧❣✉♠❛ ❝♦♥❞✐çã♦ ❡①tr❛✱ ❝❤❛♠❛❞❛ ❞❡

❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛✳ ❱❛♠♦s ❝✐t❛r ❞✉❛s ❞❡❧❛s✱ ♣♦✐s ❛s ✉s❛r❡♠♦s ❝♦♠ ♠✉✐t❛ ❢r❡q✉ê♥❝✐❛✳

❖✉tr❛s ❝♦♥❞✐çõ❡s ❞❡ ❡♥tr♦♣✐❛ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✶✺❪✳ ❯♠❛ ❞❡❧❛s é ❛ ❈♦♥❞✐çã♦

❖❧❡✐♥✐❦✲▲✐✉✳ ❊st❛ ❝♦♥❞✐çã♦ é ❞❛❞❛ ♣❡❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s

f (s)− f
(

sR
)

s− sR
6 σ 6

f (s)− f
(

sL
)

s− sL
, ∀s ❡♥tr❡ sL ❡ sR. ✭❇✳✺✮

❊st❛ ❝♦♥❞✐çã♦ ❝♦♥st✐t✉✐ ❡♠ ❝♦♠♣❛r❛r ❛ ✐♥❝❧✐♥❛çã♦ σ ❞❛ s❡❝❛♥t❡ ❛♦ ❣rá✜❝♦ ❞❡ f ♣❡❧♦s



✾✵

♣♦♥t♦s
(

sL, f
(

sL
))

❡
(

sR, f
(

sR
))

❝♦♠ ❛s ✐♥❝❧✐♥❛çõ❡s ❞❛s r❡t❛s s❡❝❛♥t❡s q✉❡ ❝♦♥té♠

♦s ♣♦♥t♦s
(

sR, f
(

sR
))

❡ (s, f (s)) ❝♦♠ ❛ ✐♥❝❧✐♥❛çã♦ ✭❞❡✈❡♠ s❡r ♠❡♥♦r❡s ♦✉ ✐❣✉❛❧ ❛

✐♥❝❧✐♥❛çã♦ σ✮ ❡ ❝♦♠ ❛s ✐♥❝❧✐♥❛çõ❡s ❞❛s s❡❝❛♥t❡s q✉❡ ❝♦♥té♠ ♦s ♣♦♥t♦s
(

sL, f
(

sL
))

❡

(s, f (s)) ✭❞❡✈❡♠ s❡r ♠❛✐♦r❡s ♦✉ ✐❣✉❛❧ ❛ ✐♥❝❧✐♥❛çã♦ σ✮✳ ❯♠❛ ♦✉tr❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛

❝❧áss✐❝❛ ♣❛r❛ ❡q✉❛çõ❡s ❡s❝❛❧❛r❡s é ❛ ❈♦♥❞✐çã♦ ❞❡ ▲❛①✱ ❞❛❞❛ ♣♦r

f ′
(

sR
)

< σ < f ′
(

sL
)

. ✭❇✳✻✮

❊st❛ ❝♦♥❞✐çã♦ ❝♦♠♣❛r❛ ❛s ✐♥❝❧✐♥❛çõ❡s ❞❛s r❡t❛s t❛♥❣❡♥t❡s ❛♦ ❣rá✜❝♦ ❞❡ f ♥♦s ♣♦♥t♦s
(

sR, f
(

sR
))

❡
(

sL, f
(

sL
))

❝♦♠ ❛ ✐♥❝❧✐♥❛çã♦ σ ❞❛ r❡t❛ s❡❝❛♥t❡ ♣♦r ❡st❡s ♠❡s♠♦s ♣♦♥t♦s✳

◆♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❣rá✜❝♦ f é ❝♦♥✈❡①♦ ✭f ′′ > 0✮ ❛s ❞✉❛s ❝♦♥❞✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ ◆♦

❡♥t❛♥t♦ s❡ ♦ ❣rá✜❝♦ ❞❡ f ♥ã♦ ❢♦r ❝♦♥✈❡①♦✱ q✉❡ é ♦ ❝❛s♦ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt✱ ✐st♦ ♥ã♦ é

✈❡r❞❛❞❡✳

P❛r❛ ❛s ♦♥❞❛s ❞❡ ❝❤♦q✉❡✱ ✈❛♠♦s ✉s❛r ❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ❖❧❡✐♥✐❦✲▲✐✉✱ s❡♥❞♦

q✉❡ ♣❛r❛ ❝❤♦q✉❡s ❡♥✈♦❧✈❡♥❞♦ ❞❛❞♦s ✐♥✐❝✐❛✐s
(

sL, cL
)

❡
(

sR, cR
)

❛♠❜♦s ❡♠ s❡t♦r❡s ♦♥❞❡

♦ ❣rá✜❝♦ ❞❡ f s❡❥❛ ❝ô♥❝❛✈♦ ♣❛r❛ ❝✐♠❛ ♦✉ ♣❛r❛ ❜❛✐①♦ ❡❧❛ s❡ r❡❞✉③ à ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛

▲❛①✳

❆ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ❖❧❡✐♥✐❦✲▲✐✉ t❛♠❜é♠ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ✈✐s❝♦✲

s✐❞❛❞❡✱ ♣♦✐s ❡❧❛✱ ❛ ❝♦♥❞✐çã♦ ❞❡ ❖❧❡✐♥✐❦✲▲✐✉✱ ❛✜r♠❛ q✉❡ ❛ r❡t❛ s❡❝❛♥t❡ ❞❡ ✐♥❝❧✐♥❛çã♦ σ✱

♥ã♦ ♣♦❞❡ ❝r✉③❛r ♦ ❣rá✜❝♦ ❞❡ f ♣❛r❛ s ❡♥tr❡ sL ❡ sR s✐❣♥✐✜❝❛♥❞♦ ❛ss✐♠ q✉❡ ♥ã♦ ❡①✐st❡

♣♦♥t♦ s✐♥❣✉❧❛r ❞❛ ❊❉❖✱ q✉❡ ❞❡✜♥❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ✈✐s❝♦s✐❞❛❞❡✱ ❡♥tr❡ sL ❡ sR✳ ❆ss✐♠✱

♦❜r✐❣❛t♦r✐❛♠❡♥t❡✱ ❞❡✈❡ ❤❛✈❡r ✉♠❛ ór❜✐t❛ ❧✐❣❛♥❞♦ sL à sR✳

❖♥❞❛ ❝♦♠♣♦st❛ ✭r❛r❡❢❛çã♦✲❝❤♦q✉❡✮ ✲ ➱ ✉♠❛ s♦❧✉çã♦ ♣♦r ✉♠❛ ♦♥❞❛ ❞❡ r❛r❡❢❛çã♦

s❡❣✉✐❞❛ ♣♦r ❝❤♦q✉❡ ❝♦❜r✐♥❞♦ t♦❞♦ ✉♠ s❡t♦r ❞♦ ♣❧❛♥♦ xt s❡♠ ❡st❛❞♦s ❝♦♥st❛♥t❡s ❡♥tr❡ ❛s

❞✉❛s ♦♥❞❛s✳ P❛r❛ ✐st♦ t❡r❡♠♦s q✉❡ t❡r ✉♠ ❡st❛❞♦ s∗ ❡♥tr❡ sL ❡ sR t❛❧ q✉❡ ♦ Pr♦❜❧❡♠❛ ❞❡

❘✐❡♠❛♥♥ ❝♦♠ ❞❛❞♦s sL ♣❛r❛ x < 0 ❡ s∗ ♣❛r❛ x > 0 t❡♥❤❛ s♦❧✉çã♦ ♣♦r ✉♠❛ r❛r❡❢❛çã♦ ❡ ♦

Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ ❞❛❞♦s s∗ ♣❛r❛ x < 0 ❡ sR ♣❛r❛ x > 0 t❡♥❤❛ ✉♠❛ s♦❧✉çã♦ ♣♦r

❝❤♦q✉❡ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ σ∗ s❡♥❞♦ q✉❡ ♦❜r✐❣❛t♦r✐❛♠❡♥t❡ σ∗ = f ′ (s∗)✳ ❖ ♣♦♥t♦ (s∗, f (s∗))

é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣♦♥t♦ ❞❡ ❲❡❧❣❡ ❬✹❪✳ ◆♦ ♣♦♥t♦ ❞❡ ❲❡❧❣❡ ❛ r❡t❛ t❛♥❣❡♥t❡ ❛♦ ❣rá✜❝♦

❞❡ f ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ r❡t❛ ♣❡❧♦s ♣♦♥t♦s (s∗, f (s∗)) ❡
(

sR, f
(

sR
))

✳

❙❡♥❞♦ ❛ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣♦r ✉♠❛ ♦♥❞❛ ❝♦♠♣♦st❛ r❛r❡❢❛çã♦✲



✾✶

❝❤♦q✉❡ é ❞❛❞❛ ♣♦r

s (x, t) =



















sL, s❡ x
t
< f ′

(

sL
)

[f ′]−1 (x
t

)

, s❡ f ′
(

sL
)

6 x
t
6 f ′ (s∗)

sR, s❡ x
t
> f ′ (s∗) .

✭❇✳✼✮

❱❡❥❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ♥♦ ♣❧❛♥♦ xt ♥❛ ❋✐❣✉r❛ ❇✳✸✳

P❛ss❡♠♦s ❛ ❞❡s❝r❡✈❡r ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥✳ ❙❡❥❛ sI ♦ ♣♦♥t♦ ❞❡

✐♥✢❡①ã♦ ❞♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ f ✳ ❈♦♠♦ ❞✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛ s♦❧✉çã♦ ❞❡♣❡♥❞❡ ❞♦s

❡st❛❞♦s sL ❡ sR ✜①❛❞♦s✳ P♦rt❛♥t♦ ✈❛♠♦s ❝♦♥s✐❞❡r❛r t♦❞♦s ♦s ❝❛s♦s ♣♦ssí✈❡✐s ♣❛r❛ sL ❡

sR✳ P❛r❛ t❛❧ ✐♥tr♦❞✉③✐r❡♠♦s ❛ ❢✉♥çã♦ ❡①t❡♥sã♦ ❛ s❡❣✉✐r✳

❙❡❥❛ Φ1 :
[

0, sI
)

×
(

sI , 1
]

→ R ❞❡✜♥✐❞❛ ♣♦r

Φ1 (s1, s2) = (s1 − s2) f
′ (s2) + f (s2)− f (s1) .

❈♦♥s✐❞❡r❡ ♦ ♣❛r ❞❡ ♣♦♥t♦s (0, s∗0) t❛❧ q✉❡ s
∗
0 = 1/

√
1 + r−1 é ♣♦♥t♦ ❞❡ ❲❡❧❣❡ r❡❧❛❝✐♦♥❛❞♦

❛ s = 0✳ P♦r ❞❡✜♥✐çã♦ ❞❡ ♣♦♥t♦ ❞❡ ❲❡❧❣❡ ❝♦♥❝❧✉í♠♦s q✉❡

Φ1 (0, s∗0) = 0.

❈♦♠♦ ❛ ❢✉♥çã♦ f é ❞❡ ❝❧❛ss❡ C2 ❡♥tã♦ Φ1 é ❞❡ ❝❧❛ss❡ C1✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ s1 < s2

t❡♠♦s
∂Φ1

∂s2
(s1, s2) = (s1 − s2) f

′′ (s2) > 0

❡
∂Φ1

∂s1
(s1, s2) = f ′ (s2)− f ′ (s1) .

❉♦ ❚❡♦r❡♠❛ ❞❛ ❋✉♥çã♦ ■♠♣❧í❝✐t❛✱ ❡①✐st❡♠ δ1, δ2 > 0✱ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

V(0,s∗0)
= Vδ1 × Vδ2 ⊂ I × I ✭❇✳✽✮

❞❡ (0, s∗0)✱ ❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ ε1 : Vδ1 → Vδ2 ♦♥❞❡

Vδ1 = {s1 : 0 6 s1 < δ1} ❡ Vδ2 = {s2 : 0 6 s2 < δ2}

t❛❧ q✉❡ (s1, ε1 (s1)) ∈ V(0,s∗0)
❡ Φ1 (s1, ε1 (s1)) = 0 ♣❛r❛ t♦❞♦ s1 ∈ Vδ1 ✳ ❆❧é♠ ❞✐ss♦✱ ε1 é



✾✷

❞❡ ❝❧❛ss❡ C1 ❡

dε1
ds1

= −Φ1
s1

Φ1
s2

.

P❛r❛ ♦ ♣♦♥t♦ (s1, ε (s1)) t❡♠♦s f ′ (s1) < f ′ (ε (s1))✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❇✳✹✳ ❈♦♠ ✐ss♦✱

dε1
ds1

(s1) = −Φ1
s1
(s1, ε(s1))

Φ1
s2
(s1, ε(s1))

< 0,

✐st♦ é✱ ❛ ❢✉♥çã♦ ε1 é ❞❡❝r❡s❝❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❞♦♠í♥✐♦ ❞❛ ❢✉♥çã♦ ε1 ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦

♣❛r❛
[

0, sI
)

❡ ❛ ✐♠❛❣❡♠ ♣❛r❛
(

sI , 1
]

✳

❙❡❥❛ Φ2 :
(

sI , 1
]

×
[

0, sI
)

→ R ❞❡✜♥✐❞❛ ♣♦r

Φ2 (s1, s2) = (s1 − s2) f
′ (s2) + f (s2)− f (s1) .

❈♦♥s✐❞❡r❡ ♦ ♣❛r ❞❡ ♣♦♥t♦s (1, s∗1) t❛❧ q✉❡ s
∗
1 = 1−1/

√
1 + r é ♣♦♥t♦ ❞❡ ❲❡❧❣❡ r❡❧❛❝✐♦♥❛❞♦

❛ s = 1✳ ❉❛ ❞❡✜♥✐çã♦ ❞❡ ♣♦♥t♦ ❞❡ ❲❡❧❣❡ ❝♦♥❝❧✉í♠♦s q✉❡

Φ2 (1, s∗1) = 0.

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛♦ ❝❛s♦ ❞❛ ❢✉♥çã♦ Φ1✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ ε2 :
(

sI , 1
]

→
[

0, sI
)

❞❡ ❝❧❛ss❡ C1 ❞❡❝r❡s❝❡♥t❡ t❛❧ q✉❡ Φ2 (s1, ε2 (s1)) = 0 ♣❛r❛ t♦❞♦ s1 ∈
(

sI , 1
]

✳

❉❡✜♥❛ ❛ ❢✉♥çã♦ ❡①t❡♥sã♦ ε : I → I ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

ε (s) =



















ε1 (s) , s❡ s < sI

sI , s❡ s = sI

ε2 (s) , s❡ s > sI .

✭❇✳✾✮

❉❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ❢✉♥çõ❡s ε1✱ ε2 ❛ ❢✉♥çã♦ ε é ❝♦♥tí♥✉❛✳ ❆❧é♠ ❞✐ss♦ ε é ✐♥❥❡t✐✈❛✱

❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ ❡ t❡♠ ✐♠❛❣❡♠ [ε (1) , ε (0)] ( I✳

❉❛ ❢♦r♠❛ q✉❡ ❛ ❢✉♥çã♦ ❡①t❡♥sã♦ ❢♦✐ ❞❡✜♥✐❞❛ ♦s ✈❛❧♦r❡s ❞♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠✱ ❛

♠❡♥♦s ❞❡ ε
(

sI
)

✱ ❞❡t❡r♠✐♥❛♠ ♣♦♥t♦s ❞❡ ❲❡❧❣❡ ♦♥❞❡ ❛ r❡t❛ t❛♥❣❡♥t❡ ❛♦ ❣rá✜❝♦ ❞❡ f ♣❡❧♦

♣♦♥t♦ (ε (s) , f (ε (s))) ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ r❡t❛ s❡❝❛♥t❡ q✉❡ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ (ε (s) , f (ε (s)))

❡ ♣❡❧♦ ♣♦♥t♦ (s, f (s))✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛ ✈❛♠♦s ♦❜t❡r ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ❛ ❡q✉❛çã♦

❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt✳ ❈♦♠♦ ❞✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛s ♦♥❞❛s ❞❡ ❝❤♦q✉❡ ❞❡✈❡♠ s❛t✐s❢❛③❡r



✾✸

❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ❖❧❡✐♥✐❦✲▲✐✉✳ ◆♦ t♦t❛❧✱ s❡rã♦ ✶✹ ❝❛s♦s ❛ s❡r❡♠ ❝♦♥s✐❞❡r❛❞♦s✳

❆ ♠❡t♦❞♦❧♦❣✐❛ é ❞✐✈✐❞✐r ♦ ✐♥t❡r✈❛❧♦ I ❡♠ s✉❜✐♥t❡r✈❛❧♦s ❞✐s❥✉♥t♦s ♣❛r❛ ♦s ❡st❛❞♦s sL ❡

♣❛r❛ ❝❛❞❛ sL ✜①❛❞♦✱ ❞✐✈✐❞✐r ✭♥♦✈❛♠❡♥t❡✮ ♦ ✐♥t❡r✈❛❧♦ I ❡♠ s✉❜✐♥t❡r✈❛❧♦s ❞✐s❥✉♥t♦s ♣❛r❛

♦s ❡st❛❞♦s sR✱ ❞❡ t❛❧ ❢♦r♠❛ ❛ ❝♦♥s✐❞❡r❛r t♦❞♦s ♦s ♣♦ssí✈❡✐s ♣❛r❡s
(

sL, sR
)

✳

P❛r❛ sL✱ ❝♦♥s✐❞❡r❡ ♦s s✉❜✐♥t❡r✈❛❧♦s [0, ε (1))✱
[

ε (1) , sI
]

✱
[

sI , ε (0)
]

❡ (ε (0) , 1]✳ ❆s

❞✐✈✐sõ❡s ❞❡ I ♣❛r❛ sR ❞❡♣❡♥❞❡♠ ❞❡ sL ✜①❛❞♦✳

❆ s❡❣✉✐r✱ ❡♥✉♥❝✐❛r❡♠♦s ❛s s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡

❇✉❝❦❧❡②✲▲❡✈❡r❡tt ❡♠ ❢♦r♠❛ ❞❡ ❧❡♠❛s✳

▲❡♠❛ ❇✳✶ ❙❡❥❛ sL ✜①♦ ❡♠ [0, ε (1))✳

✭✐✮ ❙❡ sL > 0 ❡ sR ∈
[

0, sL
)

✱ ❡♥tã♦ ❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ❛

❡q✉❛çã♦ ❞❡ ❇✉❝❦❧❡②✲▲❡✈❡r❡tt é ✉♠❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡ ✭❱❡❥❛ ❛ ❋✐❣✉r❛ ❇✳✺✮❀

✭✐✐✮ P❛r❛ sR ∈
(

sL, sI
]

❛ s♦❧✉çã♦ é ✉♠❛ ♦♥❞❛ ❞❡ r❛r❡❢❛çã♦ ✭❱❡❥❛ ❛ ❋✐❣✉r❛ ❇✳✻✮❀

✭✐✐✐✮ P❛r❛ sR ∈
(

sI , 1
]

❛ s♦❧✉çã♦ é ✉♠❛ ♦♥❞❛ ❝♦♠♣♦st❛ ❢♦r♠❛❞❛ ❞❡ ✉♠❛ r❛r❡❢❛çã♦

❧✐❣❛♥❞♦ sL à ε
(

sR
)

❡ ✉♠ ❝❤♦q✉❡ ❞❡ ε
(

sR
)

♣❛r❛ sR✳ ❱❡❥❛ ❛ ❋✐❣✉r❛ ❇✳✼✳

▲❡♠❛ ❇✳✷ ❙❡❥❛ sL ✜①♦ ♥♦ ✐♥t❡r✈❛❧♦
[

ε (1) , sI
]

✳

✭✐✮ P❛r❛ sR ∈
[

0, sL
)

❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❇✉❝❦❧❡②✲

▲❡✈❡r❡tt é ✉♠❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡ ✭❱❡❥❛ ❛ ❋✐❣✉r❛ ❇✳✽✮❀

✭✐✐✮ ❙❡ sL < sI ❡ sR ∈
(

sL, sI
]

✱ ❡♥tã♦ ❛ s♦❧✉çã♦ é ✉♠❛ ♦♥❞❛ ❞❡ r❛r❡❢❛çã♦ ✭❱❡❥❛ ❛

❋✐❣✉r❛ ❇✳✾✮❀

✭✐✐✐✮ ❙❡ sL < sI ❡ sR ∈
(

sI , ε−1
(

sL
))

✱ ❡♥tã♦ ❛ s♦❧✉çã♦ é ✉♠❛ ♦♥❞❛ ❝♦♠♣♦st❛ ❢♦r♠❛❞❛

❞❡ ✉♠❛ r❛r❡❢❛çã♦ ❧✐❣❛♥❞♦ sL à ε
(

sR
)

❡ ✉♠ ❝❤♦q✉❡ ❞❡ ε
(

sR
)

♣❛r❛ sR ✭❱❡❥❛ ❛

❋✐❣✉r❛ ❇✳✶✵✮❀

✭✐✈✮ P❛r❛ sR ∈
[

ε−1
(

sL
)

, 1
]

❛ s♦❧✉çã♦ é ✉♠❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡ ✭❱❡❥❛ ❛ ❋✐❣✉r❛ ❇✳✶✶✮✳

▲❡♠❛ ❇✳✸ ❙❡❥❛ sL ✜①♦ ♥♦ ✐♥t❡r✈❛❧♦
[

sI , ε (0)
]

✳

✭✐✮ P❛r❛ sR ∈
[

0, ε−1
(

sL
)]

❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡

❇✉❝❦❧❡②✲▲❡✈❡r❡tt é ✉♠❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡ ✭❱❡❥❛ ❛ ❋✐❣✉r❛ ❇✳✶✷✮❀

✭✐✐✮ ❙❡ sL > sI ❡ sR ∈
(

ε−1
(

sL
)

, sI
)

✱ ❡♥tã♦ ❛ s♦❧✉çã♦ é ✉♠❛ ♦♥❞❛ ❝♦♠♣♦st❛ ❢♦r♠❛❞❛

❞❡ ✉♠❛ r❛r❡❢❛çã♦ ❧✐❣❛♥❞♦ sL à ε
(

sR
)

❡ ✉♠ ❝❤♦q✉❡ ❞❡ ε
(

sR
)

♣❛r❛ sR ✭❱❡❥❛ ❛

❋✐❣✉r❛ ❇✳✶✸✮❀



✾✹

✭✐✐✐✮ ❙❡ sL > sI ❡ sR ∈
[

sI , sL
)

✱ ❡♥tã♦ ❛ s♦❧✉çã♦ é ✉♠❛ ♦♥❞❛ ❞❡ r❛r❡❢❛çã♦✳ ✭❱❡❥❛ ❛

❋✐❣✉r❛ ❇✳✶✹✮❀

✭✐✈✮ P❛r❛ sR ∈
(

sL, 1
]

❛ s♦❧✉çã♦ é ❞♦ t✐♣♦ ❝❤♦q✉❡ ✭❱❡❥❛ ❛ ❋✐❣✉r❛ ❇✳✶✺✮✳

▲❡♠❛ ❇✳✹ ❙❡❥❛ sL ✜①♦ ♥♦ ✐♥t❡r✈❛❧♦ (ε (0) , 1]✳

✭✐✮ P❛r❛ sR ∈
[

0, sI
)

❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❇✉❝❦❧❡②✲

▲❡✈❡r❡tt é ✉♠❛ ♦♥❞❛ ❝♦♠♣♦st❛ ❢♦r♠❛❞❛ ❞❡ ✉♠❛ r❛r❡❢❛çã♦ ❧✐❣❛♥❞♦ sL à ε
(

sR
)

❡

✉♠ ❝❤♦q✉❡ ❞❡ ε
(

sR
)

♣❛r❛ sR ✭❱❡❥❛ ❛ ❋✐❣✉r❛ ❇✳✶✻✮❀

✭✐✐✮ P❛r❛ sR ∈
[

sI , sL
)

❛ s♦❧✉çã♦ é ✉♠❛ ♦♥❞❛ ❞❡ r❛r❡❢❛çã♦ ✭❱❡❥❛ ❛ ❋✐❣✉r❛ ❇✳✶✼❀

✭✐✐✐✮ ❙❡ sL < 1 ❡ sR ∈
(

sL, 1
]

✱ ❡♥tã♦ ❛ s♦❧✉çã♦ é ✉♠❛ ♦♥❞❛ ❞❡ ❝❤♦q✉❡ ✭❱❡❥❛ ❛ ❋✐❣✉r❛

❇✳✶✽✮✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦s ❧❡♠❛s s❡❣✉❡♠ ❞♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥str✉çã♦ ❞❛ s♦❧✉çã♦✳

❇✳✷ ❋✐❣✉r❛s ❞♦ ❆♣ê♥❞✐❝❡ ❇

❖s ❣rá✜❝♦s ❛ s❡❣✉✐r ❢♦r❛♠ ❝♦♥str✉í❞♦s ❝♦♠ ❛❥✉❞❛ ❞♦ s♦❢t✇❛r❡ ●❡♦❣❡❜r❛✳ P❛r❛ ❛

❝♦♥str✉çã♦ ❞❛s ✜❣✉r❛s ❛ s❡❣✉✐r ✉t✐❧✐③❛♠♦s ❛ ❢✉♥çã♦ ❞❡ ✢✉①♦ f (s) = s2/
[

s2 + 0, 6 (1− s)2
]

✳

❋✐❣✉r❛ ❇✳✶✿ ❖♥❞❛ ❞❡ ❘❛r❡❢❛çã♦ ♥♦ ♣❧❛♥♦ xt ♣❛r❛ ♦s ❡st❛❞♦s sL ❡ sR



✾✺

❋✐❣✉r❛ ❇✳✷✿ ❖♥❞❛ ❞❡ ❈❤♦q✉❡ ♥♦ ♣❧❛♥♦ xt ♣❛r❛ ♦s ❡st❛❞♦s sL ❡ sR✳ ❉❡s❝♦♥t✐♥✉✐❞❛❞❡
❡♠ x

t
= σ✳

❋✐❣✉r❛ ❇✳✸✿ ❖♥❞❛ ❝♦♠♣♦st❛ r❛r❡❢❛çã♦✲❝❤♦q✉❡ ♣❛r❛ ♦s ❡st❛❞♦s sL ❡ sR✳ ❉❡s❝♦♥t✐♥✉✐❞❛❞❡
❡♠ σ∗✳



✾✻

❋✐❣✉r❛ ❇✳✹✿ f (s) < f (ε (s))✳

❋✐❣✉r❛ ❇✳✺✿ sL ∈ (0, ε (1)) ❡ sR ∈
[

0, sL
)

.



✾✼

❋✐❣✉r❛ ❇✳✻✿ sL ∈ [0, ε (1)) ❡ sR ∈
(

sL, sI
]

✳

❋✐❣✉r❛ ❇✳✼✿ sL ∈ [0, ε (1)) ❡ sR ∈
(

sI , 1
]

✳



✾✽

❋✐❣✉r❛ ❇✳✽✿ sL ∈
[

ε (1) , sI
]

❡ sR ∈
[

0, sL
)

✳

❋✐❣✉r❛ ❇✳✾✿ sL ∈
[

ε (1) , sI
)

❡ sR ∈
(

sL, sI
]

✳



✾✾

❋✐❣✉r❛ ❇✳✶✵✿ sL ∈
[

ε (1) , sI
)

❡ sR ∈
(

sI , ε−1
(

sL
)]

✳

❋✐❣✉r❛ ❇✳✶✶✿ sL ∈
[

ε (1) , sI
)

❡ sR ∈
(

ε−1
(

sL
)

, 1
]

✳



✶✵✵

❋✐❣✉r❛ ❇✳✶✷✿ sL ∈
[

sI , ε (0)
]

❡ sR ∈
[

0, ε−1
(

sL
)]

✳

❋✐❣✉r❛ ❇✳✶✸✿ sL ∈
[

sI , ε (0)
]

❡ sR ∈
[

ε−1
(

sL
)

, sI
)

✳



✶✵✶

❋✐❣✉r❛ ❇✳✶✹✿ sL ∈
[

sI , ε (0)
]

❡ sR ∈
[

sI , sL
)

✳

❋✐❣✉r❛ ❇✳✶✺✿ sL ∈
[

sI , ε (0)
]

❡ sR ∈
(

sL, 1
]

✳



✶✵✷

❋✐❣✉r❛ ❇✳✶✻✿ sL ∈ [ε (0) , 1] ❡ sR ∈
[

0, sI
)

✳

❋✐❣✉r❛ ❇✳✶✼✿ sL ∈ [ε (0) , 1] ❡ sR ∈
[

sI , sL
)

✳



✶✵✸

❋✐❣✉r❛ ❇✳✶✽✿ sL ∈ [ε (0) , 1] ❡ sR ∈
(

sL, 1
]

✳



❆♣ê♥❞✐❝❡ ❈

❋✐❣✉r❛s

❋✐❣✉r❛ ❈✳✶✿ ❊st❛ ❋✐❣✉r❛ ❢♦✐ ❞❡s❡♥❤❛❞❛ ♥♦ ●❡♦❣❡❜r❛ ♣❛r❛ ♦s ✈❛❧♦r❡s α1 = 1, 75 ❡
α2 = 0, 425 ♥❛ ❢✉♥çã♦ ❞❡ ✢✉①♦ ✭✶✳✶✺✮✳ ❆ ✜❣✉r❛ ✐❧✉str❛ q✉❡ ❛ ❢✉♥çã♦ ❞❡ ✢✉①♦ f ❝r❡s❝❡
❡♠ r❡❧❛çã♦ ❛ s ❡ ❞❡❝r❡s❝❡ ❡♠ r❡❧❛çã♦ ❛ c✳ ◆❡st❡ ❝❛s♦ c1 = 0, 1 < c2 = 0, 9✳



✶✵✺

❋✐❣✉r❛ ❈✳✷✿ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ ❛❞s♦rçã♦ ✭✷✳✶✮ ♣❛r❛ ❛s ❝♦♥st❛♥t❡s β1 = 0, 2✱ β2 = 1 ❡
β3 = 100✳ ❖s ❡✐①♦s ♥ã♦ ❡stã♦ ♥❛ ♠❡s♠❛ ❡s❝❛❧❛ ♣❛r❛ q✉❡ ♦ ❣rá✜❝♦ s❡❥❛ ❜❡♠ ✈✐s✉❛❧✐③❛❞♦✳
❈♦♠♦ ❡s♣❡r❛❞♦✱ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❞❡ ❛❞s♦rçã♦ a ♣♦ss✉✐ ❛ ❝♦♥❝❛✈✐❞❛❞❡ ✈♦❧t❛❞❛ ♣❛r❛
❜❛✐①♦✳

❋✐❣✉r❛ ❈✳✸✿ ❆ ❢✉♥çã♦ ❞❡ ✢✉①♦ ✭✶✳✶✺✮ ❢♦✐ ❡s❜♦ç❛❞❛ ♣❛r❛ c ✜①♦ ✈❛❧❡♥❞♦ 0, 9 ❡ ♣❛r❛ ❛s
❝♦♥st❛♥t❡s α1 = 1, 75 ❡ α2 = 0, 425✳ ◆❛ ♣rát✐❝❛ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣♦♥t♦s (−h (c) , 0)
❡ (0, 0) é ♠✉✐t♦ ♣❡q✉❡♥❛✱ ♣♦r ✐ss♦ ❡st❡ ✈❛❧♦r ❢♦✐ ❛✉♠❡♥t❛❞♦ ♣❛r❛ ✐❧✉str❛r ♠❡❧❤♦r ❛ ✐❞❡✐❛
❞❡s❡❥❛❞❛✳ ❱❡❥❛ q✉❡ sC (c) ❡①✐st❡✳



✶✵✻

❋✐❣✉r❛ ❈✳✹✿ ❊st❛ ✜❣✉r❛ ✐❧✉str❛ ✉♠❛ s✐t✉❛çã♦ ❡♠ q✉❡ sI 6= sC0 ✳

❋✐❣✉r❛ ❈✳✺✿ ❈✉r✈❛ ❞❡ ❈♦✐♥❝✐❞ê♥❝✐❛ C✳ ❋✐❣✉r❛ ❢❡✐t❛ ♥♦ s♦❢t✇❛r❡ ▼❛♣❧❡✳ P❛r❛ ❛ ❝♦♥s✲
tr✉çã♦ ❞❛ ❋✐❣✉r❛ ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ❛s ❝♦♥st❛♥t❡s α1 = 0, 18 ❡ α2 = 0, 65 ♥❛ ❢✉♥çã♦ ❞❡
✢✉①♦ ✭✶✳✶✺✮ ❡ β1 = 0, 2✱ β2 = 1 ❡ β3 = 0, 5 ♥❛ ❢✉♥çã♦ ❞❡ ❛❞s♦rçã♦ ✭✷✳✶✮✳



✶✵✼

❋✐❣✉r❛ ❈✳✻✿ ❈✉r✈❛s ❞❡ s−r❛r❡❢❛çã♦

❋✐❣✉r❛ ❈✳✼✿ ❈✉r✈❛ ✐♥t❡❣r❛❧ ❞♦ ❝❛♠♣♦ ❝❛r❛❝t❡ríst✐❝♦ ec ❡ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C✳ ❋✉♥çã♦
❞❡ ✢✉①♦ ✭✶✳✶✺✮ ❝♦♠ ❛s ❝♦♥st❛♥t❡s α1 = 0, 2 ❡ α2 = 5✳ ❋✉♥çã♦ ❞❡ ❛❞s♦rçã♦ ✭✷✳✶✮ ❝♦♠ ❛s
❝♦♥st❛♥t❡s β1 = 0, 2✱ β2 = 1 ❡ β3 = 5✳



✶✵✽

❋✐❣✉r❛ ❈✳✽✿ P♦s✐çã♦ r❡❛❧✐st✐❝❛ ❡♥tr❡ ❛ ❝✉r✈❛ s−✐♥✢❡①ã♦ I ❡ ❛ ❝✉r✈❛ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ C✳
❋✉♥çã♦ ❞❡ ✢✉①♦ ✭✶✳✶✺✮ ❝♦♠ ❛s ❝♦♥st❛♥t❡s α1 = 0, 18 ❡ α2 = 0, 65✳ ❋✉♥çã♦ ❞❡ ❛❞s♦rçã♦
✭✷✳✶✮ ❝♦♠ ❛s ❝♦♥st❛♥t❡s β1 = 0, 2✱ β2 = 1 ❡ β3 = 0, 5✳

❋✐❣✉r❛ ❈✳✾✿ ❈✉r✈❛s ❞❡ c−r❛r❡❢❛çã♦ ♣❛r❛ 0 < s < 1✳ ❋✉♥çã♦ ❞❡ ✢✉①♦ ✭✶✳✶✺✮ ❝♦♠ ❛s
❝♦♥st❛♥t❡s α1 = 0, 2 ❡ α2 = 5✳ ❋✉♥çã♦ ❞❡ ❛❞s♦rçã♦ ✭✷✳✶✮ ❝♦♠ ❛s ❝♦♥st❛♥t❡s β1 = 0, 2✱
β2 = 1 ❡ β3 = 5✳



✶✵✾

❋✐❣✉r❛ ❈✳✶✵✿ cL > cR✳

❋✐❣✉r❛ ❈✳✶✶✿ ❘❡t❛ ❞❡ ✐♥❝❧✐♥❛çã♦ σ = f
(

sR, cR
)

/
(

sR + hL

(

cR
))

t❛❧ q✉❡ λs
(

uR
)

< σ
♠♦str❛♥❞♦ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ sL− ❡ sL+✳ s

L
− 6 sL+ < sR✳



✶✶✵

❋✐❣✉r❛ ❈✳✶✷✿ ❘❡t❛ ❞❡ ✐♥❝❧✐♥❛çã♦ σ = f
(

sR, cR
)

/
(

sR + hL

(

cR
))

t❛❧ q✉❡ λs
(

uR
)

< σ
♠♦str❛♥❞♦ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ sL− ❡ sL+✳ s− (c) 6 s+ (c) < sR✳



✶✶✶

❋✐❣✉r❛ ❈✳✶✸✿ ❆♠♣❧✐❛çã♦ ❞♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ✐❧✉str❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ✈✐s✲
❝♦s✐❞❛❞❡ ♣❛r❛ ✉♠❛ ♦♥❞❛ ❞❡ c−❝❤♦q✉❡✳ ❈❤♦q✉❡

(

uL
−; u

R
−

)

❝♦♠ ❝♦♥❡①ã♦ r❡♣✉❧s♦r✴s❡❧❛
✭❝❤♦q✉❡ ❞❡ ▲❛①✮✳ ❈❤♦q✉❡

(

uL
−; u

R
+

)

❝♦♠ ❝♦♥❡①ã♦ r❡♣✉❧s♦r✴❛tr❛t♦r ✭❝❤♦q✉❡ s✉♣❡r✲
❝♦♠♣r❡ss✐✈♦✱ ♥ã♦ ❞❡ ▲❛①✮✳ ❈❤♦q✉❡

(

uL
+; u

R
+

)

❝♦♠ ❝♦♥❡①ã♦ s❡❧❛✴❛tr❛t♦r ✭❝❤♦q✉❡ ❞❡
▲❛①✮✳ ❱❛❧❡ ❛ r❡❣r❛ ❞♦ ❝❤♦q✉❡ tr✐♣❧♦ ❬✶✻❪ σc

(

uL
−, u

R
−

)

= σc
(

uL
−, u

R
+

)

= σs
(

uL
−, u

L
+

)

=
σs
(

uR
−, u

R
+

)

✳



✶✶✷

❋✐❣✉r❛ ❈✳✶✹✿ ❈♦♠♣❛r❛♥❞♦ α ❝♦♠ σ (ε (s2) , s2) q✉❛♥❞♦ s1 < s2✳

❋✐❣✉r❛ ❈✳✶✺✿ ❈♦♠♣❛r❛♥❞♦ ❛s ❢✉♥çõ❡s h ❡ hL q✉❛♥❞♦ cL = 0, 02✳



✶✶✸

❋✐❣✉r❛ ❈✳✶✻✿ c−❡①t❡♥sã♦ ❞♦s ❡st❛❞♦s u1 = (s1, c) ❡ u2 = (s2, c) ♣♦r λc✳

❋✐❣✉r❛ ❈✳✶✼✿ ❈✉r✈❛ S ♣❛r❛ cL = 0.7 ❡ cR = 0.4✳



✶✶✹

❋✐❣✉r❛ ❈✳✶✽✿ ϕ−❡①t❡♥sã♦ ❞♦ ❡st❛❞♦ u1 = (s1, c) ❡ u2 = (s2, c) ♣♦r σ ❝♦♠ cL ❡ cR ✜①♦s✳

❋✐❣✉r❛ ❈✳✶✾✿ ❘❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uL✱ ❝♦♠ cL < cR✳



✶✶✺

❋✐❣✉r❛ ❈✳✷✵✿ ❘❡❣✐õ❡s ❞♦ ❡st❛❞♦ uR✱ ♣❛r❛ uL ✜①❛❞♦ ♥❛ r❡❣✐ã♦ L1✳

❋✐❣✉r❛ ❈✳✷✶✿ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uL ∈ L1✳



✶✶✻

❋✐❣✉r❛ ❈✳✷✷✿ ❘❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uR q✉❛♥❞♦ uL ∈ L2✳

❋✐❣✉r❛ ❈✳✷✸✿ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uL ∈ L2✳



✶✶✼

❋✐❣✉r❛ ❈✳✷✹✿ ❆♠♣❧✐❛çã♦ ❞❛ ♣❛rt❡ s✉♣❡r✐♦r ❞❛ r❡❣✐ã♦ L3 ♠♠♦str❛♥❞♦ ❛s ♣♦s✐çõ❡s r❡❧❛✲
t✐✈❛s ❞❛s ❝✉r✈❛s ΓC

1 ❡ εc
(

ΓC
2

)

✳

❋✐❣✉r❛ ❈✳✷✺✿ ❘❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uR q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ∈ L3✳



✶✶✽

❋✐❣✉r❛ ❈✳✷✻✿ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uL ∈ L3 ❡st✐✈❡r ❛❜❛✐①♦ ❞❛ ❝✉r✈❛
εc
(

ΓC
2

)

✳

❋✐❣✉r❛ ❈✳✷✼✿ ❘❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uR q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ∈ L3 ❡st✐✈❡r ❡♥tr❡ ❛s ❝✉r✈❛s
εc
(

ΓC
2

)

❡ ΓC
1 ✳



✶✶✾

❋✐❣✉r❛ ❈✳✷✽✿ ❘❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uR q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ∈ L3 ❡st✐✈❡r ❛❝✐♠❛ ❞❛ ❝✉r✈❛
ΓC
1 ✳

❋✐❣✉r❛ ❈✳✷✾✿ ❆♠♣❧✐❛çã♦ ❞❛ ♣❛rt❡ s✉♣❡r✐♦r ❞❛ r❡❣✐ã♦ L4 ♠♦str❛♥❞♦ ❛s ♣♦s✐çõ❡s r❡❧❛t✐✈❛s
❞❛s ❝✉r✈❛s εc

(

ΓC
2

)

✱ ΓC
1 ✱ Γ

ε
1✱ ε

−1
c ({s = 1}) ❡ ΓG

1 ✳



✶✷✵

❋✐❣✉r❛ ❈✳✸✵✿ ❘❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uR q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ∈ L4 ❡st✐✈❡r ❛❜❛✐①♦ ❞❛
❝✉r✈❛ εc

(

ΓC
2

)

✳

❋✐❣✉r❛ ❈✳✸✶✿ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uR ∈ R410✳
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❋✐❣✉r❛ ❈✳✸✷✿ ❘❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uR q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ∈ L4 ❡st✐✈❡r ❡♥tr❡ ❛s ❝✉r✈❛s
εc
(

ΓC
2

)

❡ ΓC
1 ✳

❋✐❣✉r❛ ❈✳✸✸✿ ❘❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uR q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ∈ L4 ❡st✐✈❡r ❡♥tr❡ ❛s ❝✉r✈❛s
Γε
1 ❡ ΓC

1 ✳
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❋✐❣✉r❛ ❈✳✸✹✿ ❆♠♣❧✐❛çã♦ ❞❛ ♣❛rt❡ ✐♥❢❡r✐♦r ❞❛ r❡❣✐ã♦ L5 ♠♦str❛♥❞♦ ❛s ♣♦s✐çõ❡s r❡❧❛t✐✈❛s
❞❛s ❝✉r✈❛s εc

(

ΓC
2

)

✱ ΓC
1 ✱ Γ

ε
1✱ ε

−1
c ({s = 1}) ❡ ΓG

1 ✳

❋✐❣✉r❛ ❈✳✸✺✿ ❘❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uR q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ∈ L5 ❡st✐✈❡r ❛❜❛✐①♦ ❞❛
❝✉r✈❛ εc

(

ΓC
2

)

✳
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❋✐❣✉r❛ ❈✳✸✻✿ ❆♠♣❧✐❛çã♦ ❞❛ ♣❛rt❡ ✐♥❢❡r✐♦r ❞❛ ❋✐❣✉r❛ ❈✳✸✺ ❥✉♥t♦ ❝♦♠ ❛ s♦❧✉çã♦ ❞♦
♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ uL ∈ L5 ❡ uR ♥❛s r❡❣✐õ❡s R511 ❡ R512✳

❋✐❣✉r❛ ❈✳✸✼✿ ❘❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uR q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ∈ L5 ❡st✐✈❡r ❡♥tr❡ ❛s ❝✉r✈❛s
εc
(

ΓC
2

)

❡ ΓC
1 ✳
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❋✐❣✉r❛ ❈✳✸✽✿ ❘❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uR q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ∈ L5 ❡st✐✈❡r ❡♥tr❡ ❛s ❝✉r✈❛s
Γε
1 ❡ ε−1

c ({s = 1})✳

❋✐❣✉r❛ ❈✳✸✾✿ ❘❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uR q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ∈ L6 à ❞✐r❡✐t❛ ❞❛ ❝✉r✈❛ ε1s
❥✉♥t♦ ❝♦♠ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥✳
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❋✐❣✉r❛ ❈✳✹✵✿ ❘❡❣✐õ❡s ♣❛r❛ ♦ ❡st❛❞♦ uR q✉❛♥❞♦ ♦ ❡st❛❞♦ uL ∈ L6 à ❡sq✉❡r❞❛ ❞❛ ❝✉r✈❛
ε1s ❥✉♥t♦ ❝♦♠ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥✳

❋✐❣✉r❛ ❈✳✹✶✿ ❉✐✈✐sã♦ ❞♦s s✉❜✐♥t❡r✈❛❧♦s [0, s11)✱ [s11, s
∗]✱ (s∗, 1] ❡ ❛ ❡①✐stê♥❝✐❛ ❞❛ ϕ✲

❡①t❡♥sã♦ uL
2 ❞❡ uL✳
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❋✐❣✉r❛ ❈✳✹✷✿ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ sL ∈ IL1 ❡ sR ∈ I✳

❋✐❣✉r❛ ❈✳✹✸✿ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ sL ∈ IL2 ✳
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❋✐❣✉r❛ ❈✳✹✹✿ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ sL ∈ IL3 ❡ sR ∈ IR31✳

❋✐❣✉r❛ ❈✳✹✺✿ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ♣❛r❛ sL ∈ IL3 ❡ sR ∈ IR32 ♦✉ sR ∈ IR33✳
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❋✐❣✉r❛ ❈✳✹✻✿ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❞♦ ❊①❡♠♣❧♦ ✶ ♥♦ ♣❧❛♥♦ xt✳

❋✐❣✉r❛ ❈✳✹✼✿ P❡r✜❧ ❞❡ s❛t✉r❛çã♦ ❞❛ á❣✉❛ ♦ ❝❛s♦ ❞♦ ❊①❡♠♣❧♦ ✶✱ ❝♦♠ t = 0, 3✳
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❋✐❣✉r❛ ❈✳✹✽✿ P❡r✜❧ ❞❡ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ♣♦❧í♠❡r♦ ❞♦ ❊①❡♠♣❧♦ ✶✱ ❝♦♠ t = 0, 3✳

❋✐❣✉r❛ ❈✳✹✾✿ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❞♦ ❊①❡♠♣❧♦ ✷ ♥♦ ♣❧❛♥♦ xt✳
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❋✐❣✉r❛ ❈✳✺✵✿ P❡r✜❧ ❞❡ s❛t✉r❛çã♦ ❞❛ á❣✉❛ ♦ ❝❛s♦ ❞♦ ❊①❡♠♣❧♦ ✷✱ ❝♦♠ t = 0, 3✳

❋✐❣✉r❛ ❈✳✺✶✿ P❡r✜❧ ❞❡ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ♣♦❧í♠❡r♦ ❞♦ ❊①❡♠♣❧♦ ✷✱ ❝♦♠ t = 0, 3✳
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❋✐❣✉r❛ ❈✳✺✷✿ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❘✐❡♠❛♥♥ ❞♦ ❊①❡♠♣❧♦ ✷ ♥♦ ♣❧❛♥♦ xt ♣❛r❛
uL = (0, 6; 0, 18) ❡ uR = (0, 65; 0, 08) ✐❧✉str❛♥❞♦ ✉♠ ❣r✉♣♦ ❞❡ ♦♥❞❛s ❢♦r♠❛❞♦ ♣♦r
✉♠❛ s−r❛r❡❢❛çã♦ ❡ ❞❡ ✉♠ c−❝❤♦q✉❡ s✉♣❡r❝♦♠♣r❡ss✐✈♦✳

❋✐❣✉r❛ ❈✳✺✸✿ P❡r✜❧ ❞❡ s❛t✉r❛çã♦ ❞❛ á❣✉❛ ♦ ❝❛s♦ ❞♦ ❊①❡♠♣❧♦ ✷✱ ❝♦♠ t = 0, 3✱ ♣❛r❛
uL = (0, 6; 0, 18) ❡ uR = (0, 65; 0, 08)✳
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❋✐❣✉r❛ ❈✳✺✹✿ P❡r✜❧ ❞❡ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ♣♦❧í♠❡r♦ ❞♦ ❊①❡♠♣❧♦ ✷✱ ❝♦♠ t = 0, 3✱ ♣❛r❛
uL = (0, 6; 0, 18) ❡ uR = (0, 65; 0, 08)✳
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