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Silva, Jandeilson Santos da. 

       Existência de atratores global e exponencial para equação de 

campos neurais / Jandeilson Santos da Silva. – Campina Grande, 

2021. 

       151 f. : il. color. 

   

         Dissertação (Mestrado em Matemática) – Universidade 

Federal de Campina Grande, Centro de Ciências e Tecnologia, 

2021.  

          "Orientação: Prof. Dr. Severino Horácio da Silva". 

     Referências. 

   

        1. Equação de Campos Neurais. 2. Atrator Global. 3. Atrator 

Exponencial. 4. Dimensão Fractal. I. Silva, Severino Horácio da. 

II. Título. 
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✸✳✷ ❊①✐stê♥❝✐❛ ❞❡ ❆tr❛t♦r ●❧♦❜❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✸✳✸ ❊①✐stê♥❝✐❛ ❞❡ ❆tr❛t♦r ❊①♣♦♥❡♥❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

❆ ❘❡s✉❧t❛❞♦s ❈♦♠♣❧❡♠❡♥t❛r❡s ✶✷✺

❆✳✶ ❈♦♥❥✉♥t♦s ❈♦♠♣❛❝t♦s ❡♠ ❊s♣❛ç♦s ▼étr✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✺

❆✳✷ ❈♦♥❥✉♥t♦s ❈♦♥✈❡①♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✵

❆✳✸ ❘❡s✉❧t❛❞♦s s♦❜r❡ ❉✐❢❡r❡♥❝✐❛çã♦ ❡ ■♥t❡❣r❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✽

❆✳✹ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ❆✉tô♥♦♠♦ ❡♠ ❊s✲

♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✵

❆✳✺ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s ❙♦❜r❡ ❊s♣❛ç♦s Lp ❡ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹✽

❇✐❜❧✐♦❣r❛✜❛ ✶✺✵



■♥tr♦❞✉çã♦

❆ ♥❡❝❡ss✐❞❛❞❡ ❞❛ t❡♦r✐❛ ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ❡stá ❢✉♥❞❛♠❡♥t❛❞❛✱ ♣r✐♥❝✐♣❛❧✲

♠❡♥t❡✱ ❡♠ ♣r♦❜❧❡♠❛s ❞♦ ♠✉♥❞♦ r❡❛❧ ♦r✐✉♥❞♦s ❞❡ ❞✐✈❡rs❛s ár❡❛s✱ ❝♦♠♦ ❢ís✐❝❛✱ ♠❡❝â♥✐❝❛

❡ ❜✐♦❧♦❣✐❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛ ♦❢❡r❡❝❡r ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ♣❛r❛

t❛✐s ♣r♦❜❧❡♠❛s✳ ❖s ♠♦❞❡❧♦s ♦❜t✐❞♦s✱ ❡♠ ❣❡r❛❧✱ sã♦ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡♥♦♠✐♥❛❞❛s

❡q✉❛çõ❡s ❞❡ ❡✈♦❧✉çã♦✱ ❝✉❥❛ ❢✉♥çã♦ ✐♥❝ó❣♥✐t❛ ❞❡♣❡♥❞❡ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❡s♣❛❝✐❛❧ ❡ ❞❡

✉♠❛ ✈❛r✐á✈❡❧ t❡♠♣♦r❛❧✳ ❙✉❛ ❡✈♦❧✉çã♦ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦ ♣♦❞❡ s❡r ❝♦♥tí♥✉❛ ✭♦ ❡st❛❞♦

❞♦ s✐st❡♠❛ é ❛✈❛❧✐❛❞♦ ❝♦♥t✐♥✉❛♠❡♥t❡✮ ♦✉ ❞✐s❝r❡t❛ ✭♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ é ❛✈❛❧✐❛❞♦ ❡♠

❞❡t❡r♠✐♥❛❞♦s ♠♦♠❡♥t♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❝❛❞❛ ♠✐♥✉t♦ ♦✉ ❛ ❝❛❞❛ ❤♦r❛✮✳

❯♠ ❞♦s ♣r✐♥❝✐♣❛✐s ♦❜❥❡t✐✈♦s ❞❛ t❡♦r✐❛ ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s é ♦ ❡st✉❞♦ ❞♦ ❝♦♠♣♦r✲

t❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞♦s ♠♦❞❡❧♦s ❝♦♥s✐❞❡r❛❞♦s✱ q✉❡ ❜✉s❝❛ ❝♦♠♣r❡❡♥❞❡r ❡ ❞❛r ♣r❡✈✐sõ❡s✱

❝♦♠ ♦ ♠á①✐♠♦ ❞❡ ♣r❡❝✐sã♦ ♣♦ssí✈❡❧✱ ❛ r❡s♣❡✐t♦ ❞❛s s♦❧✉çõ❡s✳ ❈♦♠ ❡st❡ ♣r♦♣ós✐t♦✱ ❛

t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦s ❛♣❛r❡❝❡ ❝♦♠♦ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛✱ ❝✉❥❛ ✉t✐❧✐❞❛❞❡ ✈ê♠

s❡♥❞♦ ❡①♣❧♦r❛❞❛ ❡♠ ❡st✉❞♦s ❡ ♣❡sq✉✐s❛s✱ ❞❡s❞❡ ❞é❝❛❞❛s r❡❝❡♥t❡s ❛té ♦s ❞✐❛s ❛t✉❛✐s✳

◆❡st❡ tr❛❜❛❧❤♦✱ ♥♦s ✐♥t❡r❡ss❛♠♦s ♣♦r ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❝✉❥♦ ❝♦♠♣♦rt❛♠❡♥t♦

♣♦❞❡ s❡r ❞❡s❝r✐t♦ ♣♦r ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❧✐♥❡❛r❡s✮ S(t) :

X → X✱ t ≥ 0✱ ♦♥❞❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❆ ❢❛♠í❧✐❛ {S(t)}t≥0 é ❝❤❛♠❛❞❛ ❞❡

s❡♠✐❣r✉♣♦ ❡ s❛t✐s❢❛③ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡s♣❡❝✐❛✐s✳ ❊♠ s❡ tr❛t❛♥❞♦ ❞♦ ❝♦♠♣♦rt❛✲

♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡st❡ s✐st❡♠❛✱ ✉♠❛ q✉❡stã♦ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ é ❛ ❡①✐stê♥❝✐❛ ❞❡

✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ A ⊂ X✱ q✉❡ é ✐♥✈❛r✐❛♥t❡ ♣❡❧❛ ❛çã♦ ❞♦s ♦♣❡r❛❞♦r❡s S(t) ✭✐st♦

é✱ S(t)A = A✮ ❡ q✉❡ ❣♦③❛ ❞❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝❡rt♦ t❡♠♣♦✱ ❛

❛çã♦ ❞♦ s❡♠✐❣r✉♣♦ s♦❜r❡ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❞❡ X✱ ✜❝❛ ✏♣ró①✐♠❛✑ ✭❡♠ ✉♠ ❞❡t❡r♠✐✲

♥❛❞♦ s❡♥t✐❞♦✮ ❞❡ A✳ ❯♠ ❝♦♥❥✉♥t♦ A ♥❡st❛s ❝♦♥❞✐çõ❡s é ❞✐t♦ ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧ ♣❛r❛ ♦

s❡♠✐❣r✉♣♦✳



✼

❊♠ ❣❡r❛❧✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧ ❡stá ❛tr❡❧❛❞❛ à ❡①✐stê♥❝✐❛ ❞❡ ✉♠

❝♦♥❥✉♥t♦ B✱ ❝❤❛♠❛❞♦ ❝♦♥❥✉♥t♦ ❛❜s♦r✈❡♥t❡✱ ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡✱ S(t)B ⊂ B
♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ B ⊂ X ❧✐♠✐t❛❞♦✳ ◗✉❛♥t♦ ❛♦ ❛tr❛t♦r

❡①♣♦♥❡♥❝✐❛❧✱ ❡st❡ ❞❡✈❡ ❣♦③❛r ❞❡ ❛❧❣✉♠❛s ♦✉tr❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡ s❡rã♦ ♠❡❧❤♦r ❡s❝❧❛r❡✲

❝✐❞❛s ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✳ ❈♦♥t✉❞♦✱ s✉❛ ❡ssê♥❝✐❛✱ ❝♦♥❢♦r♠❡ ♦ ♥♦♠❡ s✉❣❡r❡✱ ❡stá ♥♦ ❢❛t♦

❞❡ q✉❡ ❛ ✐❞❡✐❛ ❞❡ ✏♣r♦①✐♠✐❞❛❞❡✑ ❛♥t❡s r❡❢❡r✐❞❛ ♦❝♦rr❡ s♦❜ ✉♠❛ ❡st✐♠❛t✐✈❛ q✉❡ ❞❡❝❛✐

❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✱ é ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❛tr❛t♦r❡s✱ ❣❧♦❜❛❧

❡ ❡①♣♦♥❡♥❝✐❛❧✱ ♣❛r❛ ♦ ✢✉①♦ ❣❡r❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ❞❡ ❝❛♠♣♦s ♥❡✉r❛✐s ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦

❡s♣❛ç♦ ❞❡ ❢❛s❡s✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡st✉❞❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡✈♦❧✉çã♦ ♥ã♦ ❧♦❝❛❧

ut(x, t) = −u(x, t) + J̃ ∗ (f ◦ u)(x, t) + h, x ∈ R ❡ t ≥ 0 ✭✶✮

s♦❜ ❛ ❝♦♥❞✐çã♦ ❞❡ ♣❡r✐♦❞✐❝✐❞❛❞❡ u(−τ, t) = u(τ, t)✳ ◆❛ ❡q✉❛çã♦ ✭✶✮ h é ✉♠❛ ❝♦♥st❛♥t❡

♣♦s✐t✐✈❛✱ J̃ ∈ C1(R) é ✉♠❛ ❢✉♥çã♦ ♣❛r ♥ã♦ ♥❡❣❛t✐✈❛ ❝♦♠ s✉♣♦rt❡ ❡♠ [−1, 1]✱ f é ✉♠❛

❢✉♥çã♦ ❞❡ R ❡♠ R ❡ ♦ sí♠❜♦❧♦ ∗ ❞❡♥♦t❛ ❛ ❝♦♥✈♦❧✉çã♦ ❞❡ ❢✉♥çõ❡s ❡♠ R✳ ❆ ❡q✉❛çã♦ ✭✶✮

❢♦✐ ✐♥tr♦❞✉③✐❞❛ ♥❛ ❧✐t❡r❛t✉r❛ ♣♦r ❲✐❧s♦♥ ❡ ❈♦✇❛♥ ✭✈❡r ❬✷✸❪✮ ♣❛r❛ ♠♦❞❡❧❛r ❛ ❛t✐✈✐❞❛❞❡

♥❡✉r♦♥❛❧ ✳ ❉❡✈✐❞♦ à ❝♦♥❞✐çã♦ ❞❡ ♣❡r✐♦❞✐❝✐❞❛❞❡ é ♣♦ssí✈❡❧ ❝♦♥s✐❞❡r❛r ✉♠ ♣r♦❜❧❡♠❛

❡q✉✐✈❛❧❡♥t❡ ❡♠ S1✱

ut(w, t) = −u(w, t) + J ∗ (f ◦ u)(w, t) + h, w ∈ S1 ❡ t ≥ 0, ✭✷✮

❡st❛❜❡❧❡❝❡♥❞♦ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛s s♦❧✉çõ❡s ❞❡ ✭✶✮ ❡ ✭✷✮✳ ❆ ♣❛rt✐r ❞❛í✱ ❡st✉❞❛♠♦s

❡①✐stê♥❝✐❛ ❞❡ ❛tr❛t♦r❡s ❣❧♦❜❛❧ ❡ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦ s❡♠✐❣r✉♣♦ ❣❡r❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✮

♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡s L2(S1)✳

❆ ❡①✐stê♥❝✐❛ ❞❡ ❛tr❛t♦r ❣❧♦❜❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✷✮ ❢♦✐ ❛❜♦r❞❛❞❛ ❡♠ ✉♠ tr❛❜❛❧❤♦

❞❡ ❉❛ ❙✐❧✈❛ ❬✷✵❪✳ ❈♦♥s✐❞❡r❛♥❞♦ f ▲✐♣s❝❤✐t③✐❛♥❛ ❡ ❛ss✉♠✐♥❞♦ ❛❧❣✉♠❛s ❤✐♣ót❡s❡s té❝♥✐❝❛s

❡♥✈♦❧✈❡♥❞♦ J ❡ ❛ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ ❞❡ f ✱ ♦ ❛✉t♦r ♣r♦✈❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❛tr❛t♦r

❣❧♦❜❛❧ ❡♠ L2(S1) ❡ ❡♠ s❡❣✉✐❞❛ ❡st✉❞❛ ❞❛ s❡♠✐❝♦♥t✐♥✉✐❞❛❞❡ s✉♣❡r✐♦r ❞❡ ✉♠❛ ❢❛♠í❧✐❛

❞❡st❡s ❛tr❛t♦r❡s✳ ❆♣♦✐❛❞♦ ♥❡st❡s r❡s✉❧t❛❞♦s✱ ❡ ❡♠ r❡s✉❧t❛❞♦s ❛❜str❛t♦s ❞❡ ❊❢❡♥❞✐❡✈

❬✺❪✱ ♦ tr❛❜❛❧❤♦ ❞❡ ❙❤♦♠❜❡r❣ ❬✷✶❪ tr❛t❛ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ❛tr❛t♦r ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ ✭✷✮ ❡ t❛♠❜é♠ ❡st✉❞❛ ❛ s❡♠✐❝♦♥t✐♥✉✐❞❛❞❡ s✉♣❡r✐♦r ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛tr❛t♦r❡s

❡①♣♦♥❡♥❝✐❛✐s✳

❊st❛ ❞✐ss❡rt❛çã♦ ❡stá ♦r❣❛♥✐③❛❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ♥♦ ❈❛♣ít✉❧♦ ✶✱ s❡❣✉✐♥❞♦

❚❡♠❛♠ ❬✷✷❪✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s s♦❜r❡ ❛ ❚❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s✳



✽

❊♠ ♣❛rt✐❝✉❧❛r✱ ❡①♣❧♦r❛♠♦s ❛ q✉❡stã♦ ❞❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ ❝♦♥❥✉♥t♦s s♦❜ ❛ ❛çã♦ ❞❡ ✉♠ s❡✲

♠✐❣r✉♣♦✳ ◆♦ ❈❛♣ít✉❧♦ ✷✱ ❜❛s❡❛❞♦s ♥♦ ♠❡s♠♦ ❛✉t♦r✱ ❡①♣❧♦r❛♠♦s ✐❞❡✐❛s s♦❜r❡ ❝♦♥❥✉♥t♦s

❛❜s♦r✈❡♥t❡s ❡ ❛tr❛t♦r❡s ❣❧♦❜❛✐s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ✈❡♠♦s q✉❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❛tr❛t♦r

❣❧♦❜❛❧ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜s♦r✈❡♥t❡ ❡ q✉❡✱ ❝♦♠ ❛ ❛❞✐çã♦ ❞❡ ❛❧❣✉♠❛s

❤✐♣ót❡s❡s ♥♦ ❡s♣❛ç♦ ❝♦♥s✐❞❡r❛❞♦ ❡ ♥♦s ♦♣❡r❛❞♦r❡s S(t)✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦

❛❜s♦r✈❡♥t❡ ❧✐♠✐t❛❞♦ ♥♦s ❞á ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧✳ ❊♠ s❡❣✉✐❞❛✱ ❛♣♦✐❛❞♦s ❡♠

▼✐❧❛♥✐ ❬✶✼❪ ❡ ❊❢❡♥❞✐❡✈ ❬✺❪✱ ✐♥tr♦❞✉③✐♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❛tr❛t♦r ❡①♣♦♥❡♥❝✐❛❧ ❡ ❛♣r❡s❡♥t❛✲

♠♦s ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❛ss❡❣✉r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ t♦❞❛s ❛s ♣r♦♣r✐❡❞❛❞❡s

❞❡ ❛tr❛t♦r ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ✉♠ s❡♠✐❣r✉♣♦ ❞✐s❝r❡t♦✱ ❛ ♠❡♥♦s ❞❡ ❝♦♠♣❛❝✐❞❛❞❡✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ❜❛s❡❛❞♦s ❡♠ ❬✷✵❪ ❡ ❬✷✶❪✱ ✉s❛♠♦s ❛ t❡♦r✐❛ ❛❜str❛t❛ ❡①♣❧♦r❛❞❛ ♥♦s

❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s ♣❛r❛ ♦❜t❡r ❛tr❛t♦r❡s✱ ❣❧♦❜❛❧ ❡ ❡①♣♦♥❡♥❝✐❛❧✱ ♣❛r❛ ♦ s❡♠✐❣r✉♣♦ ❣❡r❛❞♦

♣❡❧❛ ❡q✉❛çã♦ ✭✷✮ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡s L2(S1)✳

P♦r ✜♠✱ ♥♦ ❆♣ê♥❞✐❝❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s r❡s✉❧t❛❞♦s ❞❡ ár❡❛s ❞✐✈❡rs❛s ❞❛

♠❛t❡♠át✐❝❛ q✉❡ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✳



❈❛♣ít✉❧♦ ✶

❆❧❣✉♥s ❈♦♥❝❡✐t♦s ❡ ❘❡s✉❧t❛❞♦s

■♥tr♦❞✉tór✐♦s ❞❛ ❚❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s

◆❡st❡ ❝❛♣ít✉❧♦✱ s❡❣✉✐♥❞♦ ♦ ❧✐✈r♦ ❞♦ ❚❡♠❛♠ ❬✷✷❪ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡

r❡s✉❧t❛❞♦s r❡❧❛t✐✈♦s à t❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s✳

✶✳✶ ❙❡♠✐❣r✉♣♦s ❞❡ ❖♣❡r❛❞♦r❡s

❈♦♥s✐❞❡r❛r❡♠♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s ❝✉❥♦ ❡st❛❞♦ é ❞❡s❝r✐t♦ ♣♦r ✉♠ ❡❧❡♠❡♥t♦ u =

u(t) ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ H✳ ◆❛ ♠❛✐♦r✐❛ ❞♦s ❝❛s♦s ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ s✐st❡♠❛s

❞✐♥â♠✐❝♦s ❛ss♦❝✐❛❞♦s ❛ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ❖r❞✐♥ár✐❛s ♦✉ P❛r❝✐❛✐s✱ ♦ ♣❛râ♠❡tr♦ t

✈❛r✐❛ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ R ♦✉ ❡♠ ❛❧❣✉♠ ✐♥t❡r✈❛❧♦ ❞❡ R✳ ❈♦♥t✉❞♦✱ ❡♠ ❛❧❣✉♥s ❝❛s♦s t

♣♦❞❡ ❛ss✉♠✐r ❛♣❡♥❛s ✈❛❧♦r❡s ❞✐s❝r❡t♦s✱ t ∈ Z ♦✉ t ∈ A ❝♦♠ A ⊂ Z✳

❉❡✜♥✐çã♦ ✶✳✶ ❙❡❥❛ H ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦✳ ❯♠❛ ❢❛♠í❧✐❛ {S(t)}t≥0 ❞❡ ♦♣❡r❛❞♦r❡s ✭♥ã♦

♥❡❝❡ss❛r✐❛♠❡♥t❡ ❧✐♥❡❛r❡s✮ S(t) : H → H✱ é ✉♠ s❡♠✐❣r✉♣♦ s❡✿

(i) S(t+ s) = S(t) · S(s), ∀t, s ≥ 0

(ii) S(0) = I ✭♦♥❞❡ I é ❛ ✐❞❡♥t✐❞❛❞❡ ❡♠ H✮✳

◗✉❛♥❞♦✱ ❛❧é♠ ❞❛s ❞✉❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ t✐✈❡r♠♦s✱

(iii) H é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ S(t)x é ❝♦♥tí♥✉♦ ❡♠ t ❡ x ❡ t❡♠ ❞❡r✐✈❛❞❛ ❞❡ ❋ré❝❤❡t

❝♦♥tí♥✉❛ ❡♠ x ❛té ♦r❞❡♠ r✱ ♣❛r❛ (t, x) ∈ R+ ×H✱

❞✐r❡♠♦s q✉❡ {S(t)}t≥0 é ✉♠ Cr✲s❡♠✐❣r✉♣♦✳



✶✵

◆♦s ✐♥t❡r❡ss❛♠♦s ♣♦r s✐st❡♠❛ ❞✐♥â♠✐❝♦s ❝✉❥❛ ❡✈♦❧✉çã♦ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ♣♦r ✉♠❛

❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s S(t)✱ t ≥ 0✱ q✉❡ ♠❛♣❡✐❛♠ H s♦❜r❡ s✐ ♠❡s♠♦ ❡ ❣♦③❛♠ ❞❛ ♣r♦✲

♣r✐❡❞❛❞❡ ✉s✉❛❧ ❞❡ s❡♠✐❣r✉♣♦✱ ✐st♦ é✱ {S(t)}t≥0 é ✉♠ s❡♠✐❣r✉♣♦✳ ▼❛✐s ❝❧❛r❛♠❡♥t❡✱ ❡ss❛

❞❡s❝r✐çã♦ s❡ ❞á ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ s❡ ϕ é ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ♥♦ t❡♠♣♦ s

❡♥tã♦ S(t)ϕ é ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ♥♦ t❡♠♣♦ t+ s✳ ❆ss✐♠✱

u(t) = S(t)u(0), ✭✶✳✶✮

u(t+ s) = S(t)u(s), s, t ≥ 0. ✭✶✳✷✮

❈♦♠ ❡❢❡✐t♦✱

S(t)u(0) = u(t+ 0) = u(t)

❡

S(t)u(s) = u(t+ s).

❉❡ ✭✶✳✷✮ s❡❣✉❡ q✉❡ S(t)u(s) = S(s)u(t)✳

❊①❡♠♣❧♦ ✶✳✶ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❙❡ F : X → X é ✉♠❛ ❢✉♥çã♦ ▲✐♣s❝❤✐t✲

③✐❛♥❛✱ ❡♥tã♦ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②
{
u′(t) = F (u(t))

u(0) = u0
✭✶✳✸✮

❞❡✜♥❡ ✉♠ s❡♠✐❣r✉♣♦ S(t) : X → X✱ t ≥ 0✳

❙♦❧✉çã♦✿ ❉❛❞♦ v ∈ X✱ ❞❡♥♦t❛r❡♠♦s ♣♦r u(t, v) ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ u′(t) = F (u(t))

❝♦♠ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ u(0) = v✳ ◆♦t❡ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✳✸✮ é ❡q✉✐✈❛❧❡♥t❡ à

❡q✉❛çã♦ ✐♥t❡❣r❛❧

u(t) = u(t, u0) = u0 +

∫ t

0

F (u(s))ds ✭✶✳✹✮

❘❡❛❧♠❡♥t❡✱ s❡ ✈❛❧❡ ✭✶✳✸✮✱ ✐♥t❡❣r❛♥❞♦ u′(s) = F (u(s)) ❞❡ 0 ❛ t ♦❜t❡♠♦s ❛ ❡q✉❛çã♦ ❛❝✐♠❛✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ❞❡r✐✈❛♥❞♦ ✭✶✳✹✮ ❝♦♠ r❡❧❛çã♦ ❛ t ♦❜t❡♠♦s u′(t) = F (u(t)) ❡ ♣♦r ✉♠

❝á❧❝✉❧♦ ❞✐r❡t♦ ♦❜t❡♠♦s q✉❡ u(0) = u0✳

❆❣♦r❛ ❞❛❞♦ u0 ∈ X ❞❡✜♥❛✱ ♣❛r❛ ❝❛❞❛ t ≥ 0✱ S(t) : X → X ♣♦r

S(t)u0 = u(t, u0).

❉❛í✱ ♣❛r❛ q✉❛❧q✉❡r u0 ∈ X t❡♠✲s❡✱ ♣♦r ✭✶✳✹✮✱

S(0)u0 = u(0, u0) = u0



✶✶

❡ ♣♦rt❛♥t♦ S(0) = I✳ ❆❧é♠ ❞♦ ♠❛✐s✱ ❞❛❞♦s t, s ≥ 0

S(t+ s)u0 = u(t+ s, u0) ❡ S(t)S(s)u0 = u (t, S(s)u0) = u (t, u(s, u0)) .

❖❜s❡r✈❡ q✉❡ s❡ u é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✸✮ ❡♥tã♦✱ ♣❛r❛ t♦❞♦s t, s ≥ 0✱ u(t+ s, u0) =

u (t, u(s, u0))✳ ❉❡ ❢❛t♦✱ ✜①❡ s ≥ 0 ❡ ❝♦♥s✐❞❡r❡ ♦ Pr♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②




d

dt
u(t) = F (u(t))

u(0) = u(s, u0)
. ✭✶✳✺✮

❉❡✜♥❛ ♣❛r❛ t♦❞♦ t ≥ 0✱ y(t) = u(t + s, u0) ❡ z(t) = u(t, u(s, u0))✳ ❱❡❥❛♠♦s ❛❣♦r❛ ❝❛❞❛

❢✉♥çã♦ s❡♣❛r❛❞❛♠❡♥t❡✳ ❚❡♠♦s✱

d

dt
y(t) =

d

dt
u(t+ s, u0) = F (u(t+ s, u0)) = F (y(t))

❡✱ ❝♦♠♦ u(s) = u(s, u0) ✭♣♦✐s u é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✸✮✮✱

y(0) = u(0 + s) = u(s) = u(s, u0).

P♦rt❛♥t♦ y é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✺✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱

d

dt
z(t) =

d

dt
u(t, u(s, u0)) = F (u(t, u(s, u0))) = F (z(t))

❡

z(0) = u(0, u(s, u0)) = u(s, u0).

▲♦❣♦✱ z t❛♠❜é♠ é s♦❧✉çã♦ ❞❡ ✭✶✳✺✮ ❡✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ s❡❣✉❡ q✉❡ u(t+s, u0) =

u (t, u(s, u0))✳ ❉❡ss❡ ♠♦❞♦✱

S(t+ s)u0 = S(t)S(s)u0

❡ ♣❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ u0 ∈ X r❡s✉❧t❛ q✉❡

S(t+ s) = S(t)S(s),

❝♦♠♦ q✉❡rí❛♠♦s✳ �

❖❜s❡r✈❛çã♦ ✶✳✶ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡ F é ✉♠❛ ❢✉♥çã♦ ▲✐♣s❝❤✐t③✐❛♥❛✱ ❛ ❡①✐stê♥❝✐❛ ❡

✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❝♦♥s✐❞❡r❛❞♦s ♥♦ ❊①❡♠♣❧♦ ✶✳✶ é ❛ss❡❣✉r❛❞❛

♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❈❛✉❝❤②✲▲✐♣s❝❤✐t③✲P✐❝❛r❞ ✭✈❡r ❆♣ê♥❞✐❝❡✱ ❚❡♦r❡♠❛ ❆✳✶✵✮✳



✶✷

◆♦s ❝❛s♦s q✉❡ ♥♦s ✐♥t❡r❡ss❛♠ ♣❛rt✐❝✉❧❛r♠❡♥t❡✱ ♦ s❡♠✐❣r✉♣♦ S(t) s❡rá ❞❡t❡r♠✐♥❛❞♦

♣❡❧❛ s♦❧✉çã♦ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ ♦✉ ♦r❞✐♥ár✐❛✳ ◆♦ ❝❛s♦ ❞❡ ❡q✉❛çõ❡s

❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✱ ♦s t❡♦r❡♠❛s ❣❡r❛✐s ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦✱ ❢♦r♥❡❝❡♠

❛ ❞❡✜♥✐çã♦ ❞♦s ♦♣❡r❛❞♦r❡s S(t)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❡♠ s❡ tr❛t❛♥❞♦ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱

♥ã♦ ❡①✐st❡♠ t❡♦r❡♠❛s ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ s✉✜❝✐❡♥t❡s ❡♠ ❣❡r❛❧✳ ❙❡♥❞♦

❛ss✐♠✱ ♣❛r❛ ♦ ❡st✉❞♦ ❞♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s ❞❛❞♦s✱ ♣♦❞❡ s❡r ♥❡❝❡ssár✐♦ ❡♠ ✉♠♠♦♠❡♥t♦

♣ré✈✐♦✱ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞♦s ♦♣❡r❛❞♦r❡s S(t) s❛t✐s ❢❛③❡♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡s❡❥❛❞❛s✳

P♦r ❡♥q✉❛♥t♦✱ ❛ss✉♠✐r❡♠♦s ❛♣❡♥❛s q♦ s❡❣✉✐♥t❡✿ S(t) é ✉♠ ♦♣❡r❛❞♦r ❝♦♥tí♥✉♦

✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❧✐♥❡❛r✮ ❞❡ H ❡♠ s✐ ♠❡s♠♦✱ ♣❛r❛ t♦❞♦ t ≥ 0✳

❖s ♦♣❡r❛❞♦r❡s S(t) ♣♦❞❡♠ ♦✉ ♥ã♦ s❡r ✐♥❥❡t✐✈♦s❀ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥❥❡t✐✈✐❞❛❞❡

❞❡ S(t) é ❡q✉✐✈❛❧❡♥t❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ✏✉♥✐❝✐❞❛❞❡ r❡tró❣r❛❞❛✧ ♣❛r❛ ♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦✳

◗✉❛♥❞♦ S(t), t > 0✱ é ✐♥❥❡t✐✈♦ ❞❡♥♦t❛♠♦s ♣♦r S(−t) s✉❛ ✐♥✈❡rs❛ q✉❡ ❧❡✈❛ S(t)(H) ❡♠H✳

❖❜t❡♠♦s ❡♥tã♦ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s S(t), t ∈ R✱ q✉❡ s❛t✐s❢❛③❡♠ ❛s ♣r♦♣r✐❡❞❛❞❡s

❞❛ ❞❡✜♥✐çã♦ ❞❡ s❡♠✐❣r✉♣♦ ♣❛r❛ q✉❛✐sq✉❡r s, t ∈ R✳ ❯♠ ❢❛t♦ ❣❡r❛❧ é q✉❡✱ ❡♠ ❞✐♠❡♥sã♦

✐♥✜♥✐t❛✱ ♠❡s♠♦ s❡ ♦s ♦♣❡r❛❞♦r❡s S(t), t > 0✱ sã♦ ❞❡✜♥✐❞♦s ❡♠ t♦❞❛ ♣❛rt❡✱ ♦s ♦♣❡r❛❞♦r❡s

S(t), t < 0✱ ♥ã♦ sã♦✱ ❡♠ ❣❡r❛❧✱ ❞❡✜♥✐❞♦s ❡♠ t♦❞♦ H✳

❉❡✜♥✐çã♦ ✶✳✷ P❛r❛ u0 ∈ H✱ ❛ ór❜✐t❛ ♦✉ tr❛❥❡tór✐❛ ✐♥✐❝✐❛♥❞♦ ❡♠ u0 é ♦ ❝♦♥❥✉♥t♦
⋃

t≥0

{S(t)u0} .

❆♥❛❧♦❣❛♠❡♥t❡✱ q✉❛♥❞♦ ❡①✐st✐r✱ ✉♠❛ ór❜✐t❛ ♦✉ tr❛❥❡tór✐❛ ✜♥❛❧✐③❛♥❞♦ ❡♠ u0✱ é ✉♠

❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ⋃

t≤0

{u(t)} ,

♦♥❞❡ u é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ (−∞, 0] ❡♠ H t❛❧ q✉❡ u(0) = u0 ❡ u(t+ s) = S(t)u(s)✱ ♣❛r❛

q✉❛✐sq✉❡r s, t ❝♦♠ s ≤ 0✱ s+ t ≤ 0 ❡ t ≥ 0✳

❚❡♠♦s ❡♥tã♦ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✶✳✶ ❙✉♣♦♥❤❛ q✉❡ ♦s ♦♣❡r❛❞♦r❡s S(t), t > 0✱ sã♦ ✐♥❥❡t✐✈♦s ❡ s❡❥❛♠ t ≥
0, s ≤ 0, t+ s ≤ 0✳ ❊♥tã♦

u(0) = u0

u(t+ s) = S(t)u(s)

}
⇔ u(t) ∈ S(−t)−1({u0}), ∀t ≥ 0.

❉❡♠♦♥str❛çã♦✿ ❙❡ ✈❛❧❡ 



u(0) = u0

u(t+ s) = S(t)u(s)



✶✸

❡♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r t ≥ 0✱

S(−t)u(t) = u(−t+ t) = u(0) = u0

❞❡ ♠♦❞♦ q✉❡ u(t) ∈ S(−t)−1({u0})✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡

u(t) ∈ S(−t)−1({u0}), ∀t ≥ 0,

✐st♦ é✱

S(−t)u(t) = u0, ∀t ≥ 0.

❚♦♠❛♥❞♦ t = 0 ♦❜t❡♠♦s

S(0)u(0) = u0 ⇒ Iu(0) = u0 ⇒ u(0) = u0.

❆❧é♠ ❞✐st♦✱ ♣❛r❛ q✉❛❧q✉❡r t ≥ 0 t❡♠♦s✱

u(t) = S(t)S(−t)︸ ︷︷ ︸
=I

u(t) = S(t)u0 = S(t)u(0)

❞❡ ♦♥❞❡ ✈❡♠ q✉❡

u(t+ s) = S(t+ s)u(0) = S(t)S(s)u(0) = S(t)u(s),

✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❆s ór❜✐t❛s ✐♥✐❝✐❛♥❞♦ ❡ t❡r♠✐♥❛♥❞♦ ❡♠ u0 sã♦ t❛♠❜é♠ ❝❤❛♠❛❞❛s ❞❡ ór❜✐t❛s ♣♦s✐t✐✈❛

❡ ♥❡❣❛t✐✈❛ ❡♠ u0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❯♠❛ ór❜✐t❛ ❝♦♠♣❧❡t❛ ❝♦♥t❡♥❞♦ u0 é ❛ ✉♥✐ã♦ ❞❛s

ór❜✐t❛s ♣♦s✐t✐✈❛ ❡ ♥❡❣❛t✐✈❛ ❝♦rr❡s♣♦♥❞❡♥t❡s ❡♠ u0✳

❉❡✜♥✐çã♦ ✶✳✸ P❛r❛ u0 ∈ H ❡ ♣❛r❛ A ⊂ H✱ ❞❡✜♥✐♠♦s ♦s ❝♦♥❥✉♥t♦s ω✲❧✐♠✐t❡ ❞❡ u0 ❡

❞❡ A ❝♦♠♦ s❡♥❞♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

ω(u0) =
⋂

s≥0

⋃

t≥s

S(t)u0,

❡

ω(A) =
⋂

s≥0

⋃

t≥s

S(t)(A),

♦♥❞❡ ♦ ❢❡❝❤♦ é t♦♠❛❞♦ r❡❧❛t✐✈❛♠❡♥t❡ ❛ H✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ q✉❛♥❞♦ ♦s ♦♣❡r❛❞♦r❡s S(t)

sã♦ ✐♥❥❡t✐✈♦s (❝❛s♦ ♥♦ q✉❛❧ ♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❡stá ❞❡✜♥✐❞♦ ❡♠ (−∞, 0])✱ ♦ ❝♦♥❥✉♥t♦s

α✲❧✐♠✐t❡ ❞❡ u0 ❡ ❞❡ A sã♦ ❞❡✜♥✐❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣♦r✱

α(u0) =
⋂

s≤0

⋃

t≤s

S(−t)−1({u0}),

❡

α(A) =
⋂

s≤0

⋃

t≤s

S(−t)−1(A).



✶✹

Pr♦♣♦s✐çã♦ ✶✳✷ ❉❛❞♦ A ⊂ H t❡♠✲s❡✿

(i) ϕ ∈ ω(A) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ ♠✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❡❧❡♠❡♥t♦s ϕn ∈ A ❡ ✉♠❛

s❡q✉ê♥❝✐❛ tn → +∞ t❛✐s q✉❡

S(tn)ϕn → ϕ q✉❛♥❞♦ n→ ∞.

(ii) ϕ ∈ α(A) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡♠ ✉♠❛ s❡q✉ê♥❝✐❛ ψn ❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ ϕ ❡♠ H ❡

✉♠❛ s❡q✉ê♥❝✐❛ tn → +∞✱ t❛✐s q✉❡✱

ϕn = S(tn)ψn ∈ A, ∀n ∈ N.

❉❡♠♦♥str❛çã♦✿ (i) (⇒) ❙❡ ϕ ∈ ω(A) ❡♥tã♦

ϕ ∈
⋃

t≥s

S(t)(A), ∀s ≥ 0.

❉❛❞♦s ε > 0 ❡ s ≥ 0 t❡♠✲s❡ q✉❡
(
B(ϕ, ε) ∩

(
⋃

t≥s

S(t)(A)

))
6= ∅.

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ t♦❞♦ n ∈ N✱
(
B(ϕ, 1/n) ∩

(
⋃

t≥n

S(t)(A)

))
6= ∅.

❊s❝♦❧❤❛ ♣❛r❛ ❝❛❞❛ n ∈ N ú♥✐❝♦s tn ≥ n ❡ ϕn ∈ A t❛✐s q✉❡ S(tn)ϕn ∈ B(ϕ, 1/n)✳

❋♦r♠❛♠♦s ❛ss✐♠ s❡q✉ê♥❝✐❛s (ϕn) ⊂ A ❡ (tn) ⊂ R✱ ❝♦♠ tn → +∞✱ t❛✐s q✉❡

S(tn)ϕn ∈ B(ϕ, 1/n), ∀n ∈ N.

▲♦❣♦✱

0 ≤ ‖S(tn)ϕn − ϕ‖ ≤ 1

n
, ∀n ∈ N

✐♠♣❧✐❝❛♥❞♦ q✉❡

S(tn)ϕn → ϕ q✉❛♥❞♦ n→ +∞.

(⇐) ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛♠ s❡q✉ê♥❝✐❛s ♥❛s ❝♦♥❞✐çõ❡s ❡st❛❜❡❧❡❝✐❞❛s✳ ❉❛❞♦ s ≥ 0✱ ❝♦♠♦

tn → ∞ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

n ≥ n0 ⇒ tn ≥ s.

❙❡♥❞♦ ❛ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ n ≥ n0

S(tn)(A) ⊂
⋃

t≥s

S(t)(A)



✶✺

❉❡s❞❡ q✉❡ S(tn)ϕn ∈ S(tn)A ♣❛r❛ q✉❛❧q✉❡r n ∈ N✱ s❡❣✉❡ q✉❡

(
S(tn)ϕn

)
n≥n0

⊂
⋃

t≥s

S(t)(A).

❈♦♠♦

lim
n≥n0

S(tn)ϕn = ϕ

r❡s✉❧t❛ q✉❡

ϕ ∈
⋃

t≥s

S(t)(A).

P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞♦ s ≥ 0 ❝♦♥s✐❞❡r❛❞♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

ϕ ∈
⋂

s≥0

⋃

t≥s

S(t)(A) = ω(A).

(ii) (⇒) ❙✉♣♦♥❤❛ q✉❡ ϕ ∈ α(A)✳ ❊♥tã♦✱

ϕ ∈
⋃

r≤s

S(−r)−1(A), ∀ s ≤ 0.

❉❡ss❡ ♠♦❞♦✱ ❞❛❞♦ s ≤ 0✱ ♣❛r❛ q✉❛❧q✉❡r ε > 0 t❡♠✲s❡

B(ϕ, ε) ∩
(
⋃

r≤s

S(−r)−1(A)

)
6= ∅.

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ t♦❞♦ n ∈ N✱

B(ϕ, 1/n) ∩
(
⋃

r≤−n

S(−r)−1(A)

)
6= ∅.

❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r rn ≤ −n t❛❧ q✉❡

B(ϕ, 1/n) ∩ S(−rn)−1(A) 6= ∅.

P♦r ❝♦♥s❡❣✉✐♥t❡✱ é ♣♦ssí✈❡❧ t❛♠❜é♠ ❡s❝♦❧❤❡r ψn t❛❧ q✉❡

ψn ∈ B(ϕ, 1/n) ∩ S(−rn)−1(A).

❆❞❡♠❛✐s✱ ❞❡✜♥❛✱ ♣❛r❛ t♦❞♦ n ∈ N✱

tn = −rn ❡ ϕn = S(tn)ψn.

◆♦t❡ q✉❡✱ ♣♦r ❝♦♥str✉çã♦✱

tn ≥ n, ∀n ∈ N ⇒ tn → +∞



✶✻

❡

ϕn = S(tn)ψn = S(−rn)ψn ∈ A, ∀n ∈ N.

❆❧é♠ ❞✐st♦✱

ψn ∈ B(ϕ, 1/n) ∀n ∈ N ⇒ lim
n→∞

ψn = ϕ.

(⇐) ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛♠ s❡q✉ê♥❝✐❛s (ψn) ❡ (tn) ❝♦♠ ψn → ϕ ❡♠ H ❡ tn → +∞✱ t❛✐s

q✉❡

ϕn = S(tn)ψn ∈ A, ∀n ∈ N.

P❛r❛ n ∈ N✱ ❞❡✜♥❛ rn = −tn✳ ❈♦♠♦ tn → +∞ t❡♠♦s rn → −∞✳ ❆ss✐♠✱ ❞❛❞♦

s ≤ 0✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

n ≥ n0 ⇒ rn ≤ s.

▲♦❣♦✱ ♣❛r❛ n ≥ n0✱

S(−rn)−1(A) ⊂
⋃

t≤s

S(−t)−1(A).

❈♦♠♦✱

S(tn)ψn ∈ A ∀n ∈ N

é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡

S(−rn)ψn ∈ A ∀n ∈ N,

♦✉ s❡❥❛✱

ψn ∈ S(−rn)−1(A), ∀n ∈ N.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❛r❛ n ≥ n0✱

ψn ∈
⋃

t≤s

S(−t)−1(A),

✐st♦ é✱

(ψn)n≥n0 ⊂
⋃

t≤s

S(−t)−1(A).

❈♦♠♦✱ ♣♦r ❤✐♣ót❡s❡✱ lim
n≥n0

ψn = lim
n∈N

ψn = ϕ✱ ❝♦♥❝❧✉í♠♦s q✉❡

ϕ ∈
⋃

t≤s

S(−t)−1(A).

P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞♦ s ≤ 0 ❝♦♥s✐❞❡r❛❞♦✱ s❡❣✉❡ q✉❡ ϕ ∈ α(A)✳



✶✼

❉❡✜♥✐çã♦ ✶✳✹ ❯♠ ♣♦♥t♦ ✜①♦✱ ♦✉ ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦✱ ♦✉ ✉♠ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦✱

é ✉♠ ♣♦♥t♦ u0 ∈ H t❛❧ q✉❡

S(t)u0 = u0, ∀t ≥ 0.

❊①❡♠♣❧♦ ✶✳✷ ❆ ór❜✐t❛ ❡ ♦s ❝♦♥❥✉♥t♦s ω✲❧✐♠✐t❡ ❡ α✲❧✐♠✐t❡ ❞❡ ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦

u0 sã♦ ✐❣✉❛✐s ❛ {u0}✳

❈♦♠ ❡❢❡✐t♦✱ ❛ ór❜✐t❛ ✐♥✐❝✐❛♥❞♦ ❡♠ u0 é ♦ ❝♦♥❥✉♥t♦

⋃

t≥0

{S(t)u0}.

❈♦♠♦ u0 é ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ S(t)u0 = u0 ♣❛r❛ t♦❞♦ t ≥ 0✳ ▲♦❣♦✱

⋃

t≥0

{S(t)u0} = {u0}.

❱❛♠♦s ♠♦str❛r q✉❡ ω(u0) = {u0}✳ ❙❡ ϕ ∈ ω(u0)✱ ❡♥tã♦ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s ϕn ∈ {u0}
❡ tn → ∞ t❛✐s q✉❡

lim
n→∞

S(tn)ϕn = ϕ.

▼❛s ϕn = u0 ♣❛r❛ t♦❞♦ n ∈ N✱ ❞❡ ♠♦❞♦ q✉❡ S(tn)ϕn = S(tn)u0 = u0 ♣❛r❛ t♦❞♦ n ∈ N✳

▲♦❣♦✱ ϕ = u0 ❡✱ ♣♦rt❛♥t♦✱

ω(u0) = {u0}.

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ ϕ ∈ α(u0) ❡♥tã♦ ❡①✐st❡♠ ✉♠❛ s❡q✉ê♥❝✐❛ ψn ❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛

ϕ ❡♠ H ❡ ✉♠❛ s❡q✉ê♥❝✐❛ tn → ∞ t❛✐s q✉❡

S(tn)ψn ∈ {u0}, ∀n ∈ N,

✐st♦ é✱

S(tn)ψn = u0, ∀n ∈ N.

❊①✐st❡ N ∈ N t❛❧ q✉❡

n ≥ N ⇒ tn > 0 ⇒ S(tn)u0 = u0.

▲♦❣♦✱

n ≥ N ⇒ S(tn)ψn = S(tn)u0.

P♦r ❞❡✜♥✐çã♦✱ ♣❛r❛ q✉❡ α(u0) ❡①✐st❛ é ♥❡❝❡ssár✐♦ q✉❡ t❡♥❤❛♠♦s S(t) ✐♥❥❡t✐✈♦ ♣❛r❛

t♦❞♦ t > 0✳ ❆ss✐♠ S(tn) é ✐♥❥❡t✐✈♦ ♣❛r❛ n ≥ N ✳ ❉❛í✱

n ≥ N ⇒ ψn = u0



✶✽

❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱

ϕ = lim
n→∞

ψn = u0.

P♦rt❛♥t♦✱

α(u0) = {u0}.

�

❙❡ u0 é ✉♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ ❞♦ s❡♠✐❣r✉♣♦ {S(t)}t≥0✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦s ❝♦♥✲

❥✉♥t♦s ❱❛r✐❡❞❛❞❡ ❊stá✈❡❧ ❡ ❱❛r✐❡❞❛❞❡ ■♥stá✈❡❧ ❞❡ u0✳

❉❡✜♥✐çã♦ ✶✳✺ ❆ ❱❛r✐❡❞❛❞❡ ❊stá✈❡❧ ❞❡ u0✱ M−(u0)✱ é ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s u∗ ✭♣♦✲

❞❡♥❞♦ ❡st❡ s❡r ✈❛③✐♦✮ q✉❡ ♣❡rt❡♥❝❡♠ ❛ ✉♠❛ ór❜✐t❛ ❝♦♠♣❧❡t❛ {u(t), t ∈ R}✱ ❞✐❣❛♠♦s

u∗ = u(t0)✱ t❛✐s q✉❡

u(t) = S(t− t0)u∗ → u0 q✉❛♥❞♦ t→ ∞.

❆ ❱❛r✐❡❞❛❞❡ ■♥stá✈❡❧ ❞❡ u0✱ M+(u0)✱ é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s u∗ ∈ H ✭♣♦❞❡♥❞♦ ❡st❡

s❡r ✈❛③✐♦✮ q✉❡ ♣❡rt❡♥❝❡♠ ❛ ✉♠❛ ór❜✐t❛ ❝♦♠♣❧❡t❛ {u(t), t ∈ R} ❡ t❛✐s q✉❡

u(t) → u0 q✉❛♥❞♦ t→ −∞.

❯♠ ♣♦♥t♦ ❡st❛❝✐♦♥ár✐♦ u0 é ❡stá✈❡❧ q✉❛♥❞♦ M+(u0) = ∅✳ ❉♦ ❝♦♥trár✐♦ u0 é ✐♥stá✈❡❧✳

❖ ❝❛s♦ ❞✐s❝r❡t♦

❈♦♥s✐❞❡r❡ ✉♠❛ ❛♣❧✐❝❛çã♦ S : H → H ❡ ♣❛r❛ ❝❛❞❛ n ∈ N ❞❡✜♥❛ S(n) = Sn ♦♥❞❡✱

Sn = S ◦ S ◦ · · · ◦ S︸ ︷︷ ︸
n ✈❡③❡s

.

❈♦♥✈❡♥❝✐♦♥❛♥❞♦ q✉❡ S0 = I t❡♠♦s q✉❡ ❛ ❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s {S(n)}n∈N∪{0} ❣♦③❛

❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ s❡♠✐❣r✉♣♦✳ ❯♠ ❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ♥❡t❛s ❝♦♥❞✐çõ❡s é ❝❤❛♠❛❞❛

❞❡ s❡♠✐❣r✉♣♦ ❞✐s❝r❡t♦✳ ❙❡ S é ✐♥❥❡t✐✈♦ ♣♦❞❡♠♦s ❞❡✜♥✐r S−1 ❡✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱

S(−n) := S−n = (S−1)n✳ P♦r ✜♠✱ ♣♦❞❡♠♦s ❛✐♥❞❛ ❞✐③❡r q✉❡ {S(n)} é ♦ s❡♠✐❣r✉♣♦

❞✐s❝r❡t♦ ❣❡r❛❞♦ ♣♦r S✳

◆❡st❡ tr❛❜❛❧❤♦ ❞❛r❡♠♦s ê♥❢❛s❡ ❛♦ ❡st✉❞♦ ❞❡ s❡♠✐❣r✉♣♦s ♥♦ ❝❛s♦ ❝♦♥tí♥✉♦✳ ❯♠❛

❛❜♦r❞❛❣❡♠ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❛❝❡r❝❛ ❞❡ s❡♠✐❣r✉♣♦s ❞✐s❝r❡t♦s ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✾❪✳



✶✾

✶✳✷ ❈♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡s

◆❡st❛ s❡çã♦ ❡st✉❞❛♠♦s ❝♦♥❥✉♥t♦s q✉❡ ❛♣r❡s❡♥t❛♠ ❝❛r❛❝t❡ríst✐❝❛s ❡s♣❡❝✐❛✐s s♦❜ ❛

❛çã♦ ❞❡ ✉♠ s❡♠✐❣r✉♣♦✳

❉❡✜♥✐çã♦ ✶✳✻ ❉✐③❡♠♦s q✉❡ ✉♠ ❝♦♥❥✉♥t♦ X ⊂ H é ♣♦s✐t✐✈❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ ♦

s❡♠✐❣r✉♣♦ {S(t)}t≥0 s❡

S(t)X ⊂ X, ∀t ≥ 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ q✉❛♥❞♦

S(t)X ⊃ X, ∀t ≥ 0,

❞✐③❡♠♦s q✉❡ X é ♥❡❣❛t✐✈❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡✳

◗✉❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ X é ❛♦ ♠❡s♠♦ t❡♠♣♦ ♣♦s✐t✐✈❛♠❡♥t❡ ❡ ♥❡❣❛t✐✈❛♠❡♥t❡ ✐♥✈❛✲

r✐❛♥t❡✱ ❞✐③❡♠♦s q✉❡ X é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ♦✉ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡

❢✉♥❝✐♦♥❛❧✳

❉❡✜♥✐çã♦ ✶✳✼ ❯♠ ❝♦♥❥✉♥t♦ X ⊂ H é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ ♦ s❡♠✐❣r✉♣♦

{S(t)}t≥0 s❡

S(t)X = X, ∀t ≥ 0. ✭✶✳✻✮

◗✉❛♥❞♦ ♦s ♦♣❡r❛❞♦r❡s S(t) sã♦ ✐♥❥❡t✐✈♦s ✭♣♦ss✉❡♠ ✉♥✐❝✐❞❛❞❡ r❡tró❣r❛❞❛✮✱ ❛ r❡❧❛✲

çã♦ ✭✶✳✻✮ ✐♠♣❧✐❝❛ q✉❡ S(−t) é ❞❡✜♥✐❞♦ s♦❜r❡ X✱ ♣❛r❛ t♦❞♦ t > 0✳ ◆❡st❡ ❝❛s♦✱

S(t)X = X, ∀t ∈ R.

❉❡ ❢❛t♦✱ ❜❛st❛ ✈❡r✐✜❝❛r ❡st❛ ✐❣✉❛❧❞❛❞❡ ♣❛r❛ t < 0✳ ▼❛s s❡ t < 0 ❡♥tã♦ s = −t > 0✳

❉❛í S(s)X = X ✭♣♦rq✉❡ ❛ ✐❣✉❛❧❞❛❞❡ ❥á ✈❛❧❡ ♣❛r❛ ✈❛❧♦r❡s ♥ã♦ ♥❡❣❛t✐✈♦s ❞❡ t✮ ❡ S(−s) :
S(s)X → X é ✉♠❛ ❜✐❥❡çã♦✳ ▲♦❣♦✱

S(−s)
(
S(s)X

)
= X ⇒ S(t)X = X.

❊①❡♠♣❧♦ ✶✳✸

(a) ❙❡ u0 é ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ {S(t)}t≥0✱ ❡♥tã♦ X = {u0} é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡✳

(b) ❙❡ {uλ}λ∈Γ é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♣♦♥t♦s ❞❡ ❡q✉✐❧í❜r✐♦✱ ❡♥tã♦ X =
⋃

λ∈Γ

{uλ} é ✉♠ ❝♦♥❥✉♥t♦

✐♥✈❛r✐❛♥t❡✳



✷✵

❏✉st✐✜q✉❡♠♦s ❡st❛s ❛✜r♠❛çõ❡s✿

(a) ❙❡♥❞♦ u0 ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ t❡♠♦s S(t)u0 = u0 ♣❛r❛ t♦❞♦ t ≥ 0 ❡ ❡♥tã♦

S(t)X = X, ∀t ≥ 0

♠♦str❛♥❞♦ q✉❡ X é ✐♥✈❛r✐❛♥t❡✳

(b) ❉❛❞♦ t ≥ 0 t❡♠♦s

v ∈ X ⇔ v = uλ, ♣❛r❛ ❛❧❣✉♠ λ ∈ Γ.

❉❡s❞❡ q✉❡ uλ é ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ ♣❛r❛ t♦❞♦ r ≥ 0 t❡♠✲s❡ uλ = S(r)uλ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

uλ = S(t)uλ✳ ❙❡♥❞♦ ❛ss✐♠✱ ❞❛ s❡♥t❡♥ç❛ ❛❝✐♠❛ ♦❜t❡♠♦s

v ∈ X ⇔ v = S(t)uλ, ♣❛r❛ ❛❧❣✉♠ λ ∈ Γ ⇔ v ∈ S(t)X.

P♦rt❛♥t♦✱ S(t)X = X✳ �

❉❡✜♥✐çã♦ ✶✳✽ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❯♠❛ ❢✉♥çã♦ f : R → X é ❞✐t❛ ♣❡r✐ó❞✐❝❛ s❡

❡①✐st❡ ✉♠ ♥ú♠❡r♦ T > 0 t❛❧ q✉❡ f(t + T ) = f(t) ♣❛r❛ t♦❞♦ t ∈ R✳ ❯♠ ♥ú♠❡r♦ T > 0

♥❡st❛s ❝♦♥❞✐çõ❡s é ❝❤❛♠❛❞♦ ♣❡rí♦❞♦ ❞❡ f ✳ ◗✉❛♥❞♦ f : R → X é ♣❡r✐ó❞✐❝❛ ❡ ❡①✐st❡

Tf = min{T > 0; T é ♣❡rí♦❞♦ ❞❡ f}✱ ♦ ♥ú♠❡r♦ Tf é ❝❤❛♠❛❞♦ ♣❡rí♦❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡

f ✳

❊①❡♠♣❧♦ ✶✳✹ ❆ ❢✉♥çã♦ f : R → R ❞❡✜♥✐❞❛ ♣♦r f(t) = s❡♥(t) é ♣❡r✐ó❞✐❝❛✱ ❝♦♠ ♣❡rí♦❞♦

❢✉♥❞❛♠❡♥t❛❧ ✐❣✉❛❧ ❛ 2π✳ ❙❡ c ∈ R é ❝♦♥st❛♥t❡✱ ❡♥tã♦ f : R → R ❞❛❞❛ ♣♦r f(t) = c

♣❛r❛ t♦❞♦ c ∈ R✱ é ✉♠❛ ❢✉♥çã♦ ♣❡r✐ó❞✐❝❛ ❡ q✉❛❧q✉❡r T > 0 é ✉♠ ♣❡rí♦❞♦ ❞❡ f ✳

➱ ♣♦ssí✈❡❧ q✉❡ ✉♠❛ ❢✉♥çã♦ s❡❥❛ ♣❡r✐ó❞✐❝❛ s❡♠ q✉❡ ❛❞♠✐t❛ ✉♠ ♣❡rí♦❞♦ ❢✉♥❞❛♠❡♥✲

t❛❧✳

❊①❡♠♣❧♦ ✶✳✺ ❙❡ X é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ q✉❛❧q✉❡r ❢✉♥çã♦ ❝♦♥st❛♥t❡ ❞❡ R ❡♠ X é

♣❡r✐ó❞✐❝❛✱ ♠❛s ♥ã♦ ❛❞♠✐t❡ ♣❡rí♦❞♦ ❢✉♥❞❛♠❡♥t❛❧✳

❊①❡♠♣❧♦ ✶✳✻ ❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ ❞❡ R ❡♠ R ❞❡✜♥✐❞❛ ♣♦r

χQ(x) =

{
1, s❡ x ∈ Q

0, s❡ x /∈ Q
.

❆✜r♠❛♠♦s q✉❡ χQ é ♣❡r✐ó❞✐❝❛✱ ♠❛s ♥ã♦ ❛❞♠✐t❡ ♣❡rí♦❞♦ ❢✉♥❞❛♠❡♥t❛❧✳
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❉❡ ❢❛t♦✱ s❡❥❛ T ∈ Q✱ T > 0✳ ❙❡ x ∈ Q ❡♥tã♦ x+ T ∈ Q ❞❡ s♦rt❡ q✉❡

χQ(x+ T ) = 1 = χQ(x).

❙❡ x /∈ Q ❡♥tã♦ x+ T /∈ Q ❞❡ ♠♦❞♦ q✉❡

χQ(x+ T ) = 0 = χQ(x).

P♦rt❛♥t♦

χQ(x+ T ) = χQ(x), ∀x ∈ R.

❱❡♠♦s ❛ss✐♠ q✉❡ χQ é ♣❡r✐ó❞✐❝❛ ❡ q✉❡ q✉❛❧q✉❡r T ∈ Q ❝♦♠ T > 0 é ✉♠ ♣❡rí♦❞♦

❞❡ χQ✳ ❊♥tr❡t❛♥t♦✱ ♥ã♦ ❡①✐st❡ Tf = min{T > 0; T é ♣❡rí♦❞♦ ❞❡ χQ} ♣♦✐s✱ ❞❛❞♦ T > 0✱

♣❡❧❛ ❞❡♥s✐❞❛❞❡ ❞❡ Q ❡♠ R✱ ❡①✐st❡ T ′ ∈ (0, T ) ∩ Q✳ ❆ss✐♠✱ T ′ é ♣❡rí♦❞♦ ❞❡ χQ ❝♦♠

T ′ < T ✳ �

❉❡✜♥✐çã♦ ✶✳✾ ❉❛❞♦ u0 ∈ H✱ ✉♠❛ ór❜✐t❛ ✐♥✐❝✐❛♥❞♦ ❡♠ u0✱ O+ =
⋃

t≥0

{S(t)u0}✱ é ❞✐t❛

♣❡r✐ó❞✐❝❛ q✉❛♥❞♦ ❡①✐st✐r T > 0 t❛❧ q✉❡ S(t + T )u0 = S(t)u0✱ ♣❛r❛ t♦❞♦ t ≥ 0✳ ❯♠❛

❝♦♥st❛♥t❡ T > 0 ♥❡st❛s ❝♦♥❞✐çõ❡s é ❝❤❛♠❛❞❛ ♣❡rí♦❞♦ ❞❡ O+✳ ❙❡ ❡①✐st✐r

T0 = min{T > 0; T é ♣❡rí♦❞♦ ❞❡ O+}

❡♥tã♦ T0 é ❝❤❛♠❛❞♦ ♣❡rí♦❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ O+✳ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ♣♦❞❡♠♦s ❞❡✜✲

♥✐r ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ✜♥❛❧✐③❛♥❞♦ ❡♠ u0✱ ❜❡♠ ❝♦♠♦ ✉♠❛ ór❜✐t❛ ❝♦♠♣❧❡t❛ ♣❡r✐ó❞✐❝❛

❝♦♥t❡♥❞♦ u0✳

❊①❡♠♣❧♦ ✶✳✼ ❙✉♣♦♥❤❛ q✉❡ ♦s ♦♣❡r❛❞♦r❡s S(t), t ≥ 0 sã♦ ✐♥❥❡t✐✈♦s✳ ❙❡❥❛♠ u0 ∈ H ❡

{S(t)u0; t ≥ 0} ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✱ ❝♦♠ T > 0 s❡♥❞♦ ✉♠ ♣❡rí♦❞♦✳ ❊♥tã♦ S(t)u0 ❡stá

❞❡✜♥✐❞❛ ♣❛r❛ t♦❞♦ t ∈ R ❡ ♦ ❝♦♥❥✉♥t♦ X = {S(t)u0; t ∈ R} é ✐♥✈❛r✐❛♥t❡✳

❈♦♥s✐❞❡r❡ t < 0✳ ❊♥tã♦ r = −t > 0 ❡ ♣❡❧❛ ✐♥❥❡t✐✈✐❞❛❞❡ S(t) = S(−r) ❡stá ❞❡✜♥✐❞♦
s♦❜r❡ S(r)H✳ ❊s❝♦❧❤❛ n ∈ N ❞❡ s♦rt❡ q✉❡ nT > r✳ ❊♥tã♦✱

u0 = S(0)u0 = S(nT )u0 = S(r + nT − r)u0 = S(r)S(nT − r)u0︸ ︷︷ ︸
∈H

.

▲♦❣♦✱ u0 ∈ S(r)H ❡ S(t) ❡stá ❞❡✜♥✐❞♦ ❡♠ u0✳

❙❡❥❛ s ≥ 0✳ ❙❡ x ∈ X ❡♥tã♦ x = S(t)u0 ♣❛r❛ ❛❧❣✉♠ t ∈ R✳ ❉❛í

S(s)x = S(s)S(t)u0 = S(s+ t)u0.
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▲♦❣♦✱ S(s)x ∈ X ♦ q✉❡ ♠♦str❛ ❛ ✐♥❝❧✉sã♦ S(s)X ⊂ X✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ x ∈ S(s)X

❡♥tã♦✱ ♣❛r❛ ❛❧❣✉♠ t ∈ R✱

x = S(s)S(t)u0 = S(s+ t)u0 ∈ X,

♠♦str❛♥❞♦ ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛ ❡ ♣♦rt❛♥t♦ ❛ ✐❣✉❛❧❞❛❞❡ S(s)X = X✳ P♦rt❛♥t♦ X é

✐♥✈❛r✐❛♥t❡✳

Pr♦♣♦s✐çã♦ ✶✳✸ ❙❡❥❛ O+ =
⋃

t≥0{S(t)u0} ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✱ ❝♦♠ T > 0 s❡♥❞♦ ♦

♠❡♥♦r r❡❛❧ ♣♦s✐t✐✈♦ q✉❡ s❛t✐s❢❛③ S(t+ T )u0 = S(t)u0 ♣❛r❛ t♦❞♦ t ≥ 0✳ ❊♥tã♦✿

(i) ❉❡✜♥✐♥❞♦ u : (−∞, 0] → H ♣♦r u(s) = S(s + mT )u0✱ ♦♥❞❡ m ∈ N é t❛❧ q✉❡

s ∈ [−mT,−(m − 1)T ]✱ t❡♠♦s q✉❡ O− :=
⋃

s≤0{u(s)} é ✉♠❛ ór❜✐t❛ ✜♥❛❧✐③❛♥❞♦

❡♠ u0✳

(ii) ❖ ❝♦♥❥✉♥t♦ X = O+ ∪ O− é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡✳

❉❡♠♦♥str❛çã♦✿ ✭✐✮ ❱❡❥❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❛ ❜♦❛ ❞❡✜♥✐çã♦ ❞❡ u✳ ❉❛❞♦ s ≤ 0✱ ❝♦♥s✐❞❡r❡

♦ ❝♦♥❥✉♥t♦ A = {n ∈ N; s ≤ −(n− 1)T}✳ ❖❜s❡r✈❡ q✉❡ 1 ∈ A ❡ ♣♦r ✐ss♦ A 6= ∅✳ ❆❧é♠
❞♦ ♠❛✐s✱ ❝♦♠♦ −(n− 1)T → −∞ q✉❛♥❞♦ n→ ∞✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

n ≥ n0 ⇒ −(n− 1)T < s.

❆ss✐♠✱ A é ✜♥✐t♦ ♣♦r ❡stá ❝♦♥t✐❞♦ ❡♠ {1, 2, ..., n0 − 1}✳ P♦r ❝♦♥s❡❣✉✐♥t❡ A é ❧✐♠✐t❛❞♦✱

♣♦ss✉✐♥❞♦ ❛ss✐♠ ✉♠ ❡❧❡♠❡♥t♦ ♠á①✐♠♦✱ ❞✐❣❛♠♦s m✳ ❉❡ss❛ ❢♦r♠❛✱ m + 1 /∈ A ❞❡ s♦rt❡

q✉❡

s > −[(m+ 1)− 1]T ⇒ s > −mT.

❈♦♠♦ m ∈ A✱ s ≤ −(m− 1)T ❡ ♣♦rt❛♥t♦✱ s ∈ [−mT,−(m− 1)T ]✳ ❆❧é♠ ❞✐st♦

s > −mT ⇒ s+mT > 0

❞❡ ♠♦❞♦ q✉❡ ✜❝❛ ❜❡♠ ❞❡✜♥✐❞❛ ❛ ❡①♣r❡ssã♦ S(s+mT )u0✳

❱❡❥❛♠♦s ❛❣♦r❛ q✉❡ O− é ✉♠❛ ór❜✐t❛ ✜♥❛❧✐③❛♥❞♦ ❡♠ u0✳ P❛r❛ ✐st♦✱ ❞❡✈❡♠♦s

✈❡r✐✜❝❛r q✉❡ u(0) = u0 ❡ q✉❡ u(t + s) = S(t)u(s) ♣❛r❛ q✉❛✐sq✉❡r t, s ∈ R ❝♦♠ t ≥ 0✱

s ≤ 0 ❡ t+ s ≤ 0✳ ❉❡s❞❡ q✉❡ 0 ∈ [−T, 0] = [−1T,−(1− 1)T ] t❡♠♦s

u(0) = S(0 + T )u0 = S(0)u0 = u0.
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❈♦♥s✐❞❡r❡ t, s ∈ R ❝♦♠ t ≥ 0✱ s ≤ 0 ❡ t+ s ≤ 0✳ ❖❜s❡r✈❡ q✉❡

u(t+ s) = S(t+ s+mT︸ ︷︷ ︸
≥0

)u0,

♦♥❞❡ m ∈ N é t❛❧ q✉❡ t+ s ∈ [−mT,−(m− 1)T ]✳ ❙❡❥❛ k ∈ N t❛❧ q✉❡ s ∈ [−kT,−(k −
1)T ]✳ ❈♦♠♦ O+ é ♣❡r✐ó❞✐❝❛✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

u(t+ s) = S(t+ s+mT + kT )u0 = S(s+ kT + t+mT )u0.

❉❡s❞❡ q✉❡ t+mT ≥ t+ s+mT ≥ 0 ❡ s+ kT ≥ 0✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

u(t+ s) = S(s+ kT )S(t+mT )u0 = S(s+ kT )S(t)u0 = S(s+ kT + t)u0

= S(t)S(s+ kT )u0 = S(t)u(s).

✭✐✐✮ ❙❡❥❛ t ≥ 0✳ ❉❛❞♦ x ∈ X✱ s❡ x ∈ O+✱ ❡♥tã♦ x = S(r)u0✱ ♣❛r❛ ❛❧❣✉♠ r ≥ 0✳ ❉❛í✱

S(t)x = S(t)S(r)u0 = S(t+ r)u0 ∈ O+.

❙❡ x ∈ O−✱ ❡♥tã♦ x = u(s)✱ ♣❛r❛ ❛❧❣✉♠ s ≤ 0✳ ❙❡❥❛ m ∈ N t❛❧ q✉❡ s ∈ [−mT,−(m−
1)T ]✳ ❉❛í✱

S(t)x = S(t)u(s) = S(t)S(s+mT )u0 = S(t+ s+mT )u0 ∈ O+.

P♦rt❛♥t♦✱ s❡ x ∈ X ❡♥tã♦ S(t)x ∈ O+ ⊂ X ♠♦str❛♥❞♦ q✉❡

S(t)X ⊂ X.

P❛r❛ ♠♦str❛r ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✱ ✈❡❥❛♠♦s ♣r✐♠❡✐r♦ q✉❡

{S(r)u0; r ≥ 0} ⊂ S(t)X.

❉❡ ❢❛t♦✱ s❡❥❛♠ r ≥ 0 ❡ x = S(r)u0✳ ❊s❝♦❧❤❛ n ∈ N t❛❧ q✉❡ nT > t ❡ ❞❡✜♥❛ t1 :=

r + nT − t > 0✳ P❡r❝❡❜❛ q✉❡ S(t1)u0 ∈ X✱ ♣♦✐s S(t1)u0 ∈ O+✳ ❯s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡

S(·)u0 é ♣❡r✐ó❞✐❝❛ ❡ T é ✉♠ ♣❡rí♦❞♦✱

x = S(r)u0 = S(r + nT )u0 = S(t+ r + nT − t)u0 = S(t)S(t1)u0

▲♦❣♦✱ x ∈ S(t)X ♠♦str❛♥❞♦ ❛ ✐♥❝❧✉sã♦ ❞❡s❡❥❛❞❛✳

❆❣♦r❛✱ ❞❛❞♦ x ∈ X✱ s❡ x ∈ O+✱ ❡♥tã♦ x = S(r)u0✱ ♣❛r❛ ❛❧❣✉♠ r ≥ 0 ❞❡ s♦rt❡

q✉❡ x ∈ S(t)X✳ ❙❡ x ∈ O− ❡♥tã♦ x = u(s) = S(s+mT )u0✱ ♣❛r❛ ❛❧❣✉♠ s ≤ 0 ❡ ❛❧❣✉♠



✷✹

m ∈ N ❝♦♠ s +mT ≥ 0✳ ❋❛③❡♥❞♦ r′ = s +mT t❡♠♦s r′ ≥ 0 ❡ x = S(r′)u0 ❞❡ ♦♥❞❡

t❡♠♦s q✉❡ x ∈ S(t)X✳ P♦rt❛♥t♦ ✈❛❧❡ ❛ ✐♥❝❧✉sã♦

X ⊂ S(t)X

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ✐❣✉❛❧❞❛❞❡

S(t)X = X.

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ t ≥ 0 ❢♦✐ t♦♠❛❞♦ ✜①♦✱ ♣♦ré♠ ❛r❜✐trár✐♦✱ é ♣♦ssí✈❡❧ ❝♦♥❝❧✉✐r q✉❡

X é ✐♥✈❛r✐❛♥t❡✳

Pr♦♣♦s✐çã♦ ✶✳✹ ❆ss✉♠❛ q✉❡ X ⊂ H é ✐♥✈❛r✐❛♥t❡ ❡ q✉❡ ♦s ♦♣❡r❛❞♦r❡s S(t)✱ t ≥ 0✱

sã♦ ✐♥❥❡t✐✈♦s✳ ❊♥tã♦✿

(i) ❉❛❞♦ u0 ∈ X✱ S(t)u0 ❡①✐st❡ ♣❛r❛ t♦❞♦ t ∈ R ❡

Xu0 = {S(t)u0, t ∈ R}

é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡✳

(ii) ❙❡ u0, u1 ∈ X ❡♥tã♦ Xu0 ∩Xu1 = ∅ ♦✉ Xu0 = Xu1✳

(iii) ❖s ❝♦♥❥✉♥t♦s Xu0✱ u0 ∈ X✱ sã♦ ❝♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡s ♠✐♥✐♠❛✐s✱ ♥♦ s❡♥t✐❞♦ q✉❡

❡❧❡s ♥ã♦ ❝♦♥té♠ ♣r♦♣r✐❛♠❡♥t❡ ♥❡♥❤✉♠ ♦✉tr♦ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ✭♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

s❡ Y ⊂ Xu0 é ✐♥✈❛r✐❛♥t❡ ❡♥tã♦ Y = Xu0✮✳

❉❡♠♦♥str❛çã♦✿ (i) ❉❛❞♦ t ≥ 0✱ s✉♣♦♥❞♦ S(t) ✐♥❥❡t✐✈❛ t❡♠✲s❡ q✉❡ S(t) : X → S(t)X

é ✉♠❛ ❜✐❥❡çã♦✳ ◆❡st❡ ❝❛s♦ ✜❝❛ ❞❡✜♥✐❞❛ ❛ ✐♥✈❡rs❛ S(−t) : S(t)X → X✳ ❈♦♠♦ X é

✐♥✈❛r✐❛♥t❡✱ S(t)X = X ❞❡ s♦rt❡ q✉❡✱ t❡♠♦s ❞❡✜♥✐❞❛ ❛ ❛♣❧✐❝❛çã♦ S(−t) : X → X✳

P♦rt❛♥t♦✱ ❡①✐st❡ S(−t)u0✳ P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞♦ t ≥ 0 ❝♦♥s✐❞❡r❛❞♦✱ ❝♦♥❝❧✉í♠♦s q✉❡

❡①✐st❡ S(t)u0 ♣❛r❛ t♦❞♦ t ≥ 0✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ s ≥ 0✳ ❉❛❞♦ t ∈ R t❡♠♦s

S(s)S(t)u0 = S(s+ t)u0 ∈ Xu0 .

❙❡♥❞♦ ❛ss✐♠✱

S(s)Xu0 ⊂ Xu0 .

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ v ∈ Xu0 ✱ v = S(t)u0 ♣❛r❛ ❛❧❣✉♠ t ∈ R✳ ◆♦t❡ ❡♥tã♦ q✉❡

v = S(s)S(−s)︸ ︷︷ ︸
I

S(t)u0 = S(s)S(−s+ t)u0 ∈ S(s)Xu0 .

▲♦❣♦

Xu0 ⊂ S(s)Xu0



✷✺

❡✱ ♣♦rt❛♥t♦✱

S(s)Xu0 = Xu0 , ∀s ≥ 0,

✐st♦ é✱ Xu0 é ✐♥✈❛r✐❛♥t❡✳

(ii) ❙✉♣♦♥❤❛ q✉❡ Xu0 ∩Xu1 6= ∅ ❡ ❝♦♥s✐❞❡r❡ v ∈ Xu0 ∩Xu1 ✳ ❊♥tã♦✱ ❡①✐st❡♠ r0, r1 ∈ R

t❛✐s q✉❡ v = S(r0)u0 ❡ v = S(r1)u1✳ ❉❛í✱

u0 = S(s)u1,

♦♥❞❡ s = −r0 + r1✳ ❈♦♥s✐❞❡r❡ ❡♥tã♦ w ∈ Xu0 ✱ ✐st♦ é✱ w = S(t)u0 ♣❛r❛ ❛❧❣✉♠ t ∈ R✳

❆ss✐♠✱

w = S(t)S(s)u1 = S(t+ s)u1 ∈ Xu1 .

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ w ∈ Xu1 ✱ ♦✉ s❡❥❛✱ w = S(t)u1 ❝♦♠ t ∈ R✱ ❡♥tã♦

w = S(t)S(−s)u0 = S(t− s)u0 ∈ Xu0 .

P♦rt❛♥t♦✱

Xu0 = Xu1 .

(iii) P❛r❛ ❡st❡ ✐t❡♠ ❢❛③❡♠♦s ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s✿

❆✜r♠❛çã♦ ✶✳✶ ❙❡ Y ⊂ Xu0 é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ❡♥tã♦ u0 ∈ Y ✳

❏✉st✐✜❝❛t✐✈❛✿ ❉❡ ❢❛t♦✱ s❡ Y é ✐♥✈❛r✐❛♥t❡ ❡♥tã♦ S(t)Y = Y ⊂ Xu0 ✱ ♣❛r❛ t♦❞♦ t ∈ R✳

❆ss✐♠✱ ✜①❛❞♦s v ∈ Y ❡ t ∈ R q✉❛✐sq✉❡r✱ t❡♠♦s S(t)v ∈ Xu0 ✱ ✐st♦ é✱ S(t)v = S(s)u0✱

❝♦♠ s ∈ R✳ ❉❛í

u0 = S(−s+ t)v ∈ S(−s+ t)Y = Y

❡✱ ♣♦rt❛♥t♦✱ u0 ∈ Y ✳ �

❆✜r♠❛çã♦ ✶✳✷ ❙❡ Y é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ❝♦♥t❡♥❞♦ u0✱ ❡♥tã♦ Y ❝♦♥té♠ S(t)u0

♣❛r❛ t♦❞♦ t ∈ R✳

❈♦♠ ❡❢❡✐t♦✱ s❡ Y é ✐♥✈❛r✐❛♥t❡ ❡♥tã♦ S(t)Y = Y ♣❛r❛ t♦❞♦ t ∈ R✳ ❆ss✐♠

S(t)v ∈ Y, ∀t ∈ R ❡ ∀v ∈ Y.

❈♦♠♦ u0 ∈ Y t❡♠♦s✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ S(t)u0 ∈ Y ♣❛r❛ t♦❞♦ t ∈ R✳

❋✐♥❛❧♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ Y ⊂ Xu0 é ✐♥✈❛r✐❛♥t❡✳ ❊♥tã♦ ♣❡❧❛ ❆✜r♠❛çã♦ ✶✳✶ t❡♠♦s

q✉❡ u0 ∈ Y ❡ ❛ss✐♠✱ ❞❛ ❆✜r♠❛çã♦ ✶✳✷✱ r❡s✉❧t❛ q✉❡

S(t)u0 ∈ Y, ∀t ∈ R,
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♦✉ s❡❥❛✱ Xu0 ⊂ Y ✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Y = Xu0 ✳

❉❡✜♥✐çã♦ ✶✳✶✵ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❨ ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❳ é ❞✐t♦ ✉♠ ❝♦♥❥✉♥t♦ r❡❧❛✲

t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ X s❡ s❡✉ ❢❡❝❤♦ é ❝♦♠♣❛❝t♦ ❡♠ X✳

❆❧❣✉♥s ♦✉tr♦s ❝♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡s q✉❡ s❡rã♦ ❞❡ ♥♦ss♦ ✐♥t❡r❡ss❡ ♣❛rt✐❝✉❧❛r sã♦

❢♦r♥❡❝✐❞♦s ♣❡❧♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✶✳✶ ❆ss✉♠❛ q✉❡ ♣❛r❛ ❛❧❣✉♠ s✉❜❝♦♥❥✉♥t♦ A ⊂ H✱ A 6= ∅✱ ❡ ♣❛r❛ ❛❧❣✉♠ t0 > 0✱

♦ ❝♦♥❥✉♥t♦ ⋃

t≥t0

S(t)A

é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ H✳ ❊♥tã♦ ω(A) é ♥ã♦ ✈❛③✐♦✱ ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡✳

❙✐♠✐❧❛r♠❡♥t❡✱ s❡ ♦s ❝♦♥❥✉♥t♦s S(t)−1(A)✱ t ≥ 0 sã♦ ♥ã♦ ✈❛③✐♦s ❡✱ ♣❛r❛ ❛❧❣✉♠ t0 > 0✱

⋃

t≥t0

S(t)−1A

é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦✱ ❡♥tã♦ α(A) é ♥ã♦ ✈❛③✐♦✱ ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡✳

❉❡♠♦♥str❛çã♦✿ ❉❡s❞❡ q✉❡ A é ♥ã♦ ✈❛③✐♦✱ ♦s ❝♦♥❥✉♥t♦s
⋃

t≥s

S(t)A sã♦ ♥ã♦ ✈❛③✐♦s ♣❛r❛

t♦❞♦ s ≥ 0✳ ◆♦t❡ q✉❡✱ ♣❛r❛ s1, s2 ≥ 0 ❝♦♠ s2 ≥ s1 t❡♠♦s

⋃

t≥s2

S(t)A ⊂
⋃

t≥s1

S(t)A⇒
⋃

t≥s2

S(t)A ⊂
⋃

t≥s1

S(t)A.

P♦rt❛♥t♦✱ ♦s ❝♦♥❥✉♥t♦s
⋃

t≥s

S(t)A, s ≥ 0✱ sã♦ ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ♥ã♦ ✈❛③✐♦s q✉❡

❞✐♠✐♥✉❡♠ ❝♦♥❢♦r♠❡ s ❛✉♠❡♥t❛✳ ❉❛í✱

ω(A) =
⋂

s≥0

⋃

t≥s

S(t)A

é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ✭♣♦✐s é ❛ ✐♥t❡rs❡çã♦ ❞❡ ❢❡❝❤❛❞♦s✮✳ ❱❛♠♦s ♠♦str❛r q✉❡ ω(A) é

♥ã♦ ✈❛③✐♦✳ ❈♦♥s✐❞❡r❡ n1 ∈ N ❝♦♠ n1 > t0✳ ❉❡✜♥❛ ♦ ❝♦♥❥✉♥t♦ K1 :=
⋃

t≥n1

S(t)A✳ P❡❧♦

q✉❡ ❥á ✈✐♠♦s t❡♠♦s

K1 ⊂
⋃

t≥t0

S(t)A.

❆ss✐♠✱ K1 é ✉♠ ❢❡❝❤❛❞♦ ❝♦♥t✐❞♦ ❡♠ ✉♠ ❝♦♠♣❛❝t♦ ❡ ♣♦rt❛♥t♦ é ❝♦♠♣❛❝t♦✳ ❊s❝♦❧❤❛

n2 ∈ N ❝♦♠ n2 ≥ n1 ❡ ❞❡✜♥❛ K2 :=
⋃

t≥n2

S(t)A✳ ❚❡♠♦s✱ K2 ⊂ K1 ❡ ❝♦♠♦ K2 é ❢❡❝❤❛❞♦
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❡ K1 é ❝♦♠♣❛❝t♦ s❡❣✉❡ q✉❡ K2 é ❝♦♠♣❛❝t♦✳ Pr♦ss❡❣✉✐♥❞♦ ❝♦♠ ❡st❡ r❛❝✐♦❝í♥✐♦✱ ♦❜t❡♠♦s

♥ú♠❡r♦s ♥❛t✉r❛✐s n1 ≤ n2 ≤ · · · ≤ nj ≤ · · · ❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s

⋃

t≥t0

S(t)A ⊃ K1 ⊃ K2 ⊃ · · · ⊃ Kj ⊃ · · · ,

♦♥❞❡

Kj :=
⋃

t≥nj

S(t)A, ∀j ∈ N.

❋♦r♠❡♠♦s ❛ s❡q✉ê♥❝✐❛ (xn)n∈N ❡s❝♦❧❤❡♥❞♦ ♣❛r❛ ❝❛❞❛ n ∈ N✱ ✉♠ ❡❧❡♠❡♥t♦ xn ∈
Kn✳ ❖❜s❡r✈❡ ❡♥tã♦ q✉❡ (xn)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ❞❡ K1 ♦ q✉❛❧ é ❝♦♠♣❛❝t♦ ❡

♣♦r ✐ss♦✱ ❡①✐st❡♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ N′ ⊂ N✱ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (xn)n∈N′ ❡ p ∈ K1

t❛✐s q✉❡

lim
n∈N′

xn = p.

❉❛❞♦ j ∈ N✱ s❛❜❡♠♦s q✉❡

n ≥ j ⇒ Kn ⊂ Kj.

❈♦♠♦ xn ∈ Kn ♣❛r❛ t♦❞♦ n ∈ N✱ s❡❣✉❡ q✉❡

(xn)n ∈ N′

n ≥ j

⊂ Kj.

❖r❛

lim
n ∈ N′

n ≥ j

xn = lim
n∈N′

xn = p.

❉❡s❞❡ q✉❡ Kj é ❢❡❝❤❛❞♦ r❡s✉❧t❛ q✉❡ p ∈ Kj ❡✱ ♣❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞♦ j ∈ N ❝♦♥s✐❞❡r❛❞♦

t❡♠♦s

p ∈ Kj, ∀j ∈ N.

❆❣♦r❛✱ ❞❛❞♦ s ≥ 0✱ ❝♦♥s✐❞❡r❡ j ∈ N t❛❧ q✉❡ nj ≥ s✳ ❚❡♠♦s ❡♥tã♦

p ∈ Kj =
⋃

t≥nj

S(t)A ⊂
⋃

t≥s

S(t)A,

♦✉ s❡❥❛✱

p ∈
⋃

t≥s

S(t)A.

▲♦❣♦✱

p ∈
⋂

s≥0

⋃

t≥s

S(t)A = ω(A),
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♠♦str❛♥❞♦ q✉❡ ω(A) 6= ∅✳
P❡r❝❡❜❛ ❛❣♦r❛ q✉❡

ω(A) =
⋂

s≥0

⋃

t≥s

S(t)A ⊂
⋃

t≥t0

S(t)A.

❙❡♥❞♦ ω(A) ❢❡❝❤❛❞♦ ❡
⋃

t≥s

S(t)A ❝♦♠♣❛❝t♦✱ r❡s✉❧t❛ q✉❡ ω(A) é ❝♦♠♣❛❝t♦✳ ❘❡st❛ ♠♦str❛r

q✉❡ ω(A) é ✐♥✈❛r✐❛♥t❡✱ ♦✉ s❡❥❛✱

S(t)ω(A) = ω(A), ∀t ≥ 0.

❙❡❥❛ t ≥ 0✳ ❉❛❞♦ ψ ∈ S(t)ω(A) t❡♠✲s❡ ψ = S(t)ϕ✱ ♦♥❞❡ ϕ ∈ ω(A)✳ P❡❧❛ Pr♦♣♦s✐çã♦

✶✳✷✱ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s (ϕn) ⊂ A ❡ tn → ∞ t❛✐s q✉❡

lim
n→∞

S(tn)ϕn = ϕ.

❖r❛✱ ♣❛r❛ ❝❛❞❛ n ∈ N

S(t)S(tn)ϕn = S(t+ tn)ϕn.

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ♦♣❡r❛❞♦r S(t)✱

lim
n→∞

S(t+ tn)ϕn = S(t)[ lim
n→∞

S(tn)ϕn] = S(t)ϕ = ψ.

❈♦♠♦ t+ tn → ∞ s❡❣✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✱ q✉❡ ψ ∈ ω(A) ❡ ♣♦rt❛♥t♦

S(t)ω(A) ⊂ ω(A).

❙✉♣♦♥❤❛ ❛❣♦r❛ ϕ ∈ ω(A)✳ ❈♦♥s✐❞❡r❡ ❛s s❡q✉ê♥❝✐❛s (ϕn) ⊂ A ❡ tn → ∞ ❞❛❞❛s ♣❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✷✳ ❆ss✐♠✱

S(tn)ϕn → ϕ q✉❛♥❞♦ n→ ∞.

❈♦♠♦ tn → ∞ ❡ t+ t0 > 0✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

n ≥ n0 ⇒ tn > t+ t0.

❉❡st❛ ❢♦r♠❛✱

{S(tn − t)ϕn;n ≥ n0} ⊂ {S(tn − t)ϕn; tn − t > t0} ⊂
⋃

r≥t0

S(r)A ⊂
⋃

r≥t0

S(r)A.



✷✾

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

(
S(tn − t)ϕn

)
n≥n0

⊂
⋃

r≥t0

S(r)A =: K0.

❉❡s❞❡ q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ K0 é ❝♦♠♣❛❝t♦✱ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛
(
S(tnj

−
t)ϕnj

)
nj≥n0

❡ ψ ∈ K0 ⊂ H t❛✐s q✉❡

lim
j→∞

S(tnj
− t)ϕnj

= ψ.

▼❛s (ϕnj
) ⊂ A ❡ (tnj

− t) → ∞ ❞❡ s♦rt❡ q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷ t❡♠✲s❡ ψ ∈ ω(A)✳

❆❣♦r❛✱ ♣❛r❛ t♦❞♦ j ∈ N

S(tnj
)ϕnj

= S(t+ tnj
− t)ϕnj

= S(t)S(tnj
− t)ϕnj

.

❉❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ♦♣❡r❛❞♦r S(t) ✈❡♠

lim
j→∞

S(tnj
)ϕnj

= S(t)[ lim
j→∞

S(tnj
− t)ϕnj

] ⇒ ϕ = S(t)ψ,

❞❡ ♦♥❞❡ q✉❡ ϕ ∈ S(t)ω(A) ❡ ♣♦rt❛♥t♦

ω(A) ⊂ S(t)ω(A).

❉❛s ❞✉❛s ✐♥❝❧✉sõ❡s ✈❡r✐✜❝❛❞❛s ❡ ❞❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞♦ t ≥ 0 ❝♦♥s✐❞❡r❛❞♦✱ ❝♦♥❝❧✉í♠♦s

q✉❡

S(t)ω(A) = ω(A), ∀t ≥ 0,

♦✉ s❡❥❛✱ ω(A) é ✐♥✈❛r✐❛♥t❡✳

❆ ❞❡♠♦♥str❛çã♦ é t♦t❛❧♠❡♥t❡ s✐♠✐❧❛r ♣❛r❛ α(A)✳ ❱❡❥❛♠♦s✿

1) α(A) 6= ∅. ❉❛❞♦ s ≤ 0 t❡♠♦s −t ≥ 0 ♣❛r❛ t♦❞♦ t ≤ s✳ ❉❛í✱ ♣♦r ❤✐♣ót❡s❡✱

S(−t)−1A 6= ∅, ∀t ≤ s⇒
⋃

t≤s

S(−t)−1A 6= ∅ ⇒
⋃

t≤s

S(−t)−1A 6= ∅.

❆❧é♠ ❞✐st♦✱ s❡ s, r ≤ 0 ❝♦♠ s ≤ r ❡♥tã♦

x ∈
⋃

t≤s

S(−t)−1A⇒ x ∈ S(−t)−1A; t ≤ s⇒ x ∈ S(−t)−1A; t ≤ r ⇒ x ∈
⋃

t≤r

S(−t)−1A.

▲♦❣♦✱
⋃

t≤s

S(−t)−1A ⊂
⋃

t≤r

S(−t)−1A⇒
⋃

t≤s

S(−t)−1A ⊂
⋃

t≤r

S(−t)−1A.



✸✵

P♦rt❛♥t♦✱ ♦s ❝♦♥❥✉♥t♦s
⋃

t≤s

S(−t)−1A, s ≤ 0✱ sã♦ t♦❞♦s ❢❡❝❤❛❞♦s✱ ♥ã♦ ✈❛③✐♦s ❡

❞❡❝r❡s❝❡♠ ❝♦♥❢♦r♠❡ s ❞✐♠✐♥✉✐✳ ❈♦♥s✐❞❡r❡ n1 ∈ N ❝♦♠ n1 ≥ t0 ❡ ❞❡✜♥❛

K1 :=
⋃

t≤−n1

S(−t)−1A.

◆♦t❡ q✉❡ K1 é ✉♠ ❢❡❝❤❛❞♦ ❝♦♥t✐❞♦ ❡♠
⋃

t≥t0

S(t)−1A ♦ q✉❛❧ é ❝♦♠♣❛❝t♦ ❡ ✱ ♣♦r ✐ss♦✱ K1

é ❝♦♠♣❛❝t♦✳ ❊s❝♦❧❤❛ ❛❣♦r❛ n2 ∈ N ❝♦♠ n2 ≥ n1 ❡ ❞❡✜♥❛

K2 :=
⋃

t≤−n2

S(−t)−1A.

❖❜s❡r✈❡ q✉❡ K2 é ✉♠❛ ❢❡❝❤❛❞♦ ❝♦♥t✐❞♦ ♥♦ ❝♦♠♣❛❝t♦ K1 ❡✱ ❞❡st❛ ❢♦r♠❛✱ K2 é ❝♦♠♣❛❝t♦✳

Pr♦ss❡❣✉✐♥❞♦ ❝♦♠ ❡st❡ r❛❝✐♦❝í♥✐♦ ♦❜t❡♠♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s n1 ≤ n2 ≤ · · · ≤ nj ≤ · · ·
❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡❝r❡s❝❡♥t❡ ❞❡ ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s

⋃

t≥t0

S(t)−1A ⊃ K1 ⊃ K2 ⊃ · · · ⊃ Kj ⊃ · · · ,

♦♥❞❡✱ ♣❛r❛ ❝❛❞❛ j ∈ N

Kj :=
⋃

t≤−nj

S(−t)−1A

❋♦r♠❡♠♦s ❛ s❡q✉ê♥❝✐❛ (xn)n∈N ❡s❝♦❧❤❡♥❞♦ ♣❛r❛ ❝❛❞❛ n ∈ N ✉♠ ú♥✐❝♦ xn ∈ Kn✳

❖❜s❡r✈❡ ❡♥tã♦ q✉❡ (xn)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ❞❡ K1 ♦ q✉❛❧ é ❝♦♠♣❛❝t♦ ❡ ♣♦r

✐ss♦✱ ❡①✐st❡♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ N′ ⊂ N✱ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (xn)n∈N′ ❡ p ∈ K1 t❛✐s

q✉❡

lim
n∈N′

xn = p.

❉❛❞♦ j ∈ N✱ s❛❜❡♠♦s q✉❡

n ≥ j ⇒ Kn ⊂ Kj.

❈♦♠♦ xn ∈ Kn ♣❛r❛ t♦❞♦ n ∈ N✱ s❡❣✉❡ q✉❡

(xn)n ∈ N′

n ≥ j

⊂ Kj.

❖r❛

lim
n ∈ N′

n ≥ j

xn = lim
n∈N′

xn = p.

❉❡s❞❡ q✉❡ Kj é ❢❡❝❤❛❞♦ r❡s✉❧t❛ q✉❡ p ∈ Kj ❡✱ ♣❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞♦ j ∈ N ❝♦♥s✐❞❡r❛❞♦

t❡♠♦s

p ∈ Kj, ∀j ∈ N.



✸✶

❆❣♦r❛✱ ❞❛❞♦ s ≤ 0✱ ❝♦♥s✐❞❡r❡ j ∈ N t❛❧ q✉❡ −nj ≤ s✳ ❚❡♠♦s ❡♥tã♦

p ∈ Kj =
⋃

t≤−nj

S(−t)−1A ⊂
⋃

t≤s

S(−t)−1A,

♦✉ s❡❥❛✱

p ∈
⋃

t≤s

S(−t)−1A.

▲♦❣♦✱

p ∈
⋂

s≤0

⋃

t≤s

S(−t)−1A = α(A),

♠♦str❛♥❞♦ q✉❡ α(A) 6= ∅✳
2) α(A) é ❝♦♠♣❛❝t♦. ❈❧❛r❛♠❡♥t❡

α(A) =
⋂

s≤0

⋃

r≤s

S(−r)−1A ⊂
⋃

r≤s

S(−r)−1A, ∀s ≤ 0.

❊♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♠♦ −t0 < 0 t❡♠♦s

α(A) ⊂
⋃

r≤−t0

S(−r)−1A =
⋃

−r≥t0

S(−r)−1A ⊂
⋃

t≥t0

S(t)−1A.

❉❡s❞❡ q✉❡ α(A) é ❢❡❝❤❛❞♦ ✭♣♦r s❡r ❛ ✐♥t❡rs❡çã♦ ❞❡ ❢❡❝❤❛❞♦s✮ ❡
⋃

t≥t0

S(t)−1A é ❝♦♠♣❛❝t♦✱

s❡❣✉❡ q✉❡ α(A) é ❝♦♠♣❛❝t♦✳

3) α(A) é ✐♥✈❛r✐❛♥t❡. ❉❡ ❢❛t♦✱ ✜①❡♠♦s t ≥ 0 ❡ ♠♦str❡♠♦s q✉❡

S(t)α(A) = α(A).

❙❡❥❛ ψ ∈ S(t)α(A)✱ ✐st♦ é✱ ψ = S(t)ϕ ♦♥❞❡ ϕ ∈ α(A)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✱

❡①✐st❡♠ s❡q✉ê♥❝✐❛s (ϕn) ⊂ H ❡ (tn) ⊂ R+✱ ❝♦♠ ϕn → ϕ ❡ tn → +∞ t❛✐s q✉❡

S(tn)ϕn ∈ A, ∀n ∈ N.

❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ (ψn) ⊂ H ♦♥❞❡✱ ♣❛r❛ t♦❞♦ n ∈ N✱ ψn = S(t)ϕn✳ P❡❧❛

❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ♦♣❡r❛❞♦r S(t) t❡♠♦s

lim
n→∞

ψn = lim
n→∞

S(t)ϕn = S(t) lim
n→∞

ϕn = S(t)ϕ = ψ.

❆❧é♠ ❞✐st♦✱ ♣❛r❛ t♦❞♦ n ∈ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ tn − t > 0 ❡

S(tn − t)ψn = S(tn − t)S(t)ϕn = S(tn − t+ t)ϕn = S(tn)ϕn.



✸✷

❉❡ss❛ ❢♦r♠❛✱

S(tn − t)ψn ∈ A, ∀n ∈ N.

❉❡s❞❡ q✉❡ (tn − t) → +∞ r❡s✉❧t❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦✶✳✷ q✉❡ ψ ∈ α(A)✳ ▲♦❣♦✱

S(t)α(A) ⊂ α(A).

P♦r ✜♠✱ s❡❥❛ ϕ ∈ α(A)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✱ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s (ϕn) ⊂ H ❡ (tn) ⊂ R

t❛✐s q✉❡ ϕn → ϕ✱ tn → ∞ ❡

S(tn)ϕn ∈ A, ∀ n ∈ N.

❉❡✜♥❛ ♣❛r❛ t♦❞♦ n ∈ N

rn = tn + t ❡ vn = S(−t)ϕn.

❖❜s❡r✈❡ q✉❡

S(rn)vn ∈ A, ∀ n ∈ N, ✭✶✳✼✮

♣♦✐s✱

S(rn)vn = S(tn + t)S(−t)ϕn = S(tn)ϕn.

▲♦❣♦✱

vn ∈ S(rn)
−1A ⊂

⋃

r≥rn

S(r)−1A, ∀ n ∈ N.

❉❡s❞❡ q✉❡ rn → ∞✱ ❡①✐st❡ n0 ∈ N ❞❡ s♦rt❡ q✉❡ rn ≥ t0 s❡♠♣r❡ q✉❡ n ≥ n0✳ ❉❛í✱

(vn)n≥n0 ⊂
⋃

r≥t0

S(r)−1A.

P♦r ❝♦♠♣❛❝✐❞❛❞❡✱ s❡q✉❡ q✉❡ ❡①✐st❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (vnk
) ❞❡ (vn) ❡ v ∈ H t❛✐s q✉❡

vnk
→ v✳ ❈♦♠♦ rnk

→ ∞ ❡ ✭✶✳✼✮✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷ r❡s✉❧t❛ q✉❡ v ∈ α(A)✳ ❆❧é♠

❞✐ss♦✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ S(t) t❡♠♦s✱

limS(t)vnk
= S(t)v.

P♦r ♦✉tr♦ ❧❛❞♦✱

limS(t)vnk
= limS(t)S(−t)ϕnk

= limϕnk
= ϕ.

P♦rt❛♥t♦✱ ϕ = S(t)v ❞❡ ♠♦❞♦ q✉❡ α(A) ⊂ S(t)α(A)✳



✸✸

❖❜s❡r✈❛çã♦ ✶✳✷ ❊st❡ ❧❡♠❛ s❡rá ❢r❡q✉❡♥t❡♠❡♥t❡ ✉s❛❞♦✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ♣❛r❛ ❝♦♥❥✉♥t♦s

ω✲❧✐♠✐t❡✳ ❊❧❡ ❞❛rá ❡①❡♠♣❧♦s ❞❡ ❝♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡s s❡♠♣r❡ q✉❡ ♣✉❞❡r♠♦s ♠♦str❛r

q✉❡
⋃

t≥0

S(t)A é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳ ❊st❡ ❝♦♥❥✉♥t♦ ♣♦❞❡ ❝♦♥s✐st✐r ❞❡ ✉♠❛ s♦❧✉✲

çã♦ ❡st❛❝✐♦♥ár✐❛ s✐♥❣✉❧❛r u∗ s❡ t♦❞❛s ❛s tr❛❥❡tór✐❛s ✐♥✐❝✐❛♥❞♦ ❡♠ A ❝♦♥✈❡r❣❡♠ ♣❛r❛ u∗

q✉❛♥❞♦ t→ ∞❀ ♦✉ ♣♦❞❡ ❝♦♥s✐st✐r ❞❡ ✉♠❛ ór❜✐t❛ ♦✉ s♦❧✉çã♦ ♣❡r✐ó❞✐❝❛✱ ♦✉ ✉♠❛ s♦❧✉çã♦

✏q✉❛s❡ ♣❡r✐ó❞✐❝❛✧✱ ♦✉ ❛té ❝♦♥❥✉♥t♦s ♠❛✐s ❝♦♠♣❧❡①♦s✳ P❛r❛ ♣r♦✈❛r ❛ s✉♣♦s✐çã♦ ❞❡ q✉❡
⋃

t≥0

S(t)A é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦✱ ✉s✉❛❧♠❡♥t❡ ♠♦str❛♠♦s q✉❡ ❡st❡ ❝♦♥❥✉♥t♦ é ❧✐♠✐✲

t❛❞♦ s❡ H é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♦✉✱ ❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ ♠♦str❛♠♦s q✉❡ ❡❧❡ é ❧✐♠✐t❛❞♦

❡♠ ✉♠ ❡s♣❛ç♦ W ❝♦♠♣❛❝t❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ H✳



❈❛♣ít✉❧♦ ✷

❈♦♥❥✉♥t♦s ❆tr❛t♦r❡s

❊st✉❞❛♠♦s ♥❡st❡ ❝❛♣ít✉❧♦ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❝♦♥❥✉♥t♦s ❛❜s♦r✈❡♥t❡ ❡ ❝♦♥❥✉♥t♦s ❛tr❛✲

t♦r❡s s♦❜ ❛ ❛çã♦ ❞❡ ✉♠ s❡♠✐❣r✉♣♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛❜♦r❞❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡

❛tr❛t♦r❡s ❣❧♦❜❛✐s ❡ ❛tr❛t♦r❡s ❡①♣♦♥❡♥❝✐❛✐s✳ ❱❡r❡♠♦s q✉❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❛tr❛t♦r

❣❧♦❜❛❧ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜s♦r✈❡♥t❡✳ P❛r❛ ♣r♦✈❛r ✉♠❛ ❡s♣é❝✐❡ ❞❡

r❡❝í♣r♦❝❛✱ s❡rã♦ ♥❡❝❡ssár✐❛s ❤✐♣ót❡s❡s ❛❞✐❝✐♦♥❛✐s s♦❜r❡ ♦ s❡♠✐❣r✉♣♦ ❡ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦

❛❜s♦r✈❡♥t❡ ❝♦♥s✐❞❡r❛❞♦✳ ❊♠ s❡ tr❛t❛♥❞♦ ❞♦s ❛tr❛t♦r❡s ❡①♣♦♥❡♥❝✐❛s✱ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡

❛tr❛çã♦ ♦❝♦rr❡ s♦❜ ✉♠❛ ❡st✐♠❛t✐✈❛ ❡①♣♦♥❡♥❝✐❛❧✳ ❆❧é♠ ❞✐ss♦✱ ✉♠ t❛❧ ❛tr❛t♦r ♣♦ss✉✐

❞✐♠❡♥sã♦ ❢r❛❝t❛❧ ✜♥✐t❛ ❡✱ q✉❛♥❞♦ ❡①✐st✐r s✐♠✉❧t❛♥❡❛♠❡♥t❡ ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧✱ ♦❜r✐❣❛✲

t♦r✐❛♠❡♥t❡ ♦ ❛tr❛t♦r ❣❧♦❜❛❧ ❡st❛rá ❝♦♥t✐❞♦ ♥♦ ❛tr❛t♦r ❡①♣♦♥❡♥❝✐❛❧✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ♦

❛tr❛t♦r ❣❧♦❜❛❧ ❤❡r❞❛ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ ❢r❛❝t❛❧ ✜♥✐t❛✳ ❖ ❡st✉❞♦ ❞❡ ❛tr❛t♦r❡s

❣❧♦❜❛✐s t❡♠ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛ ❬✷✷❪ ❡♥q✉❛♥t♦✱ ♣❛r❛ ♦s ❛tr❛t♦r❡s ❡①♣♦♥❡♥❝✐❛✐s✱

♥♦s ❞❡❜r✉ç❛♠♦s às ✐❞❡✐❛s ❞❡ ❊❢❡♥❞✐❡✈ ❡t ❛❧✳✱ ▼✐❧❛♥✐ ❡ ❙❤♦♠❜❡r❣ ✭✈❡r ❬✺❪✱ ❬✶✼❪ ❡ ❬✷✶❪✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳

✷✳✶ ❈♦♥❥✉♥t♦s ❆❜s♦r✈❡♥t❡s ❡ ❆tr❛t♦r❡s ●❧♦❜❛✐s

❉❡✜♥✐çã♦ ✷✳✶ ❯♠ ❛tr❛t♦r é ✉♠ ❝♦♥❥✉♥t♦ A ⊂ H q✉❡ ❣♦③❛ ❞❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

(i) A é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡✱ ✐st♦ é✱ S(t)A = A ♣❛r❛ t♦❞♦ t ≥ 0✳

(ii) A ♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ U t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ u0 ∈ U ✱ S(t)u0 ❝♦♥✈❡r❣❡ ♣❛r❛

A q✉❛♥❞♦ t→ ∞ ♥♦ s❡♥t✐❞♦ q✉❡

d(S(t)u0, A) → 0 q✉❛♥❞♦ t→ ∞.



✸✺

❆ ❞✐stâ♥❝✐❛ d ♥❛ ❝♦♥❞✐çã♦ (ii) é ❡♥t❡♥❞✐❞❛ ❝♦♠♦ s❡♥❞♦ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ✉♠ ♣♦♥t♦

❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❛❞❛ ♣♦r

d(x,A) = inf
y∈A

d(x, y),

d(x, y) ❞❡♥♦t❛♥❞♦ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ x ❡ y ❡♠ H✳ ❙❡ A é ✉♠ ❛tr❛t♦r✱ ♦ ♠❛✐♦r ❝♦♥❥✉♥t♦

❛❜❡rt♦ U q✉❡ s❛t✐s❢❛③ (ii) é ❝❤❛♠❛❞♦ ❞❡ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ❞❡ A✳ ❉✐r❡♠♦s q✉❡ A ❛tr❛✐

✉♥✐❢♦r♠❡♠❡♥t❡ ✉♠ ❝♦♥❥✉♥t♦ B ⊂ U s❡

d(S(t)B, A) → 0 q✉❛♥❞♦ t→ ∞, ✭✷✳✶✮

♦♥❞❡ d(B0,B1) é ❛❣♦r❛ ❛ s❡♠✐✲❞✐stâ♥❝✐❛ ❞❡ ❞♦✐s ❝♦♥❥✉♥t♦s B0,B1 ❞❛❞❛ ♣♦r

d(B0,B1) = sup
x∈B0

inf
y∈B1

d(x, y), ✭✷✳✷✮

♦✉ ❛✐♥❞❛✱

d(B0,B1) = sup
x∈B0

d(x,B1).

❆ ✉♥✐❢♦r♠✐❞❛❞❡ r❡❢❡r✐❞❛ ❛♥t❡s é ♥❛ ✐❞❡✐❛ ❞❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ ε > 0 é ♣♦ssí✈❡❧ ❛❝❤❛r

✉♠ tε ❞❡ s♦rt❡ q✉❡

t ≥ tε ⇒ d(S(t)u0, A) < ε,

✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ q✉❛❧ s❡❥❛ u0 ∈ B✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s ♦ tε ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦ ε

✭❡♥q✉❛♥t♦ ♥❛ ❝♦♥❞✐çã♦ (ii) ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❛tr❛t♦r✱ ❞❛❞♦ ε > 0 s❡ ❡♥❝♦♥tr❛ ✉♠ tε

❞❡♣❡♥❞❡♥❞♦ ❞❡ ε ❡ ❞♦ u0✮✳

❉❛❞♦ ε > 0✱ ❝❤❛♠❛♠♦s ❞❡ ε✲✈✐③✐♥❤❛♥ç❛ ❞❡ A ❡ ❞❡♥♦t❛♠♦s ♣♦r Vε(A) ✭♦✉ q✉❛♥❞♦

♥ã♦ ❝❛✉s❛r ❝♦♥❢✉sã♦✱ s✐♠♣❧❡s♠❡♥t❡ Vε✮ ♦ ❝♦♥❥✉♥t♦

⋃

y∈A

B(y, ε).

Pr♦♣♦s✐çã♦ ✷✳✶ ❆ ❝♦♥✈❡r❣ê♥❝✐❛ ✭✷✳✶✮ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ s❡❣✉✐♥t❡✿ ♣❛r❛ ❝❛❞❛ ε > 0

❡①✐st❡ tε t❛❧ q✉❡✱ ♣❛r❛ t ≥ tε t❡♠✲s❡ S(t)B ⊂ Vε✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ ✈❛❧❡ ✭✷✳✶✮ ❡ s❡❥❛ ε > 0✳ ❆ss✐♠✱ ❡①✐st❡ tε > 0 t❛❧ q✉❡

t ≥ tε ⇒ sup
x∈S(t)B

inf
y∈A

d(x, y) < ε.



✸✻

❙❡♥❞♦ ❛ss✐♠✱ ♣❛r❛ t ≥ tε✱ ❞❛❞♦ x ∈ S(t)B t❡♠♦s inf
y∈A

d(x, y) < ε✳ ❙❡❣✉❡ ❡♥tã♦ ❞❛

❞❡✜♥✐çã♦ ❞❡ í♥✜♠♦ q✉❡✱ ❡①✐st❡ y0 ∈ A t❛❧ q✉❡ d(x, y0) < ε✱ ♦✉ s❡❥❛✱

x ∈ B(y0, ε) ⇒ x ∈ Vε.

P♦rt❛♥t♦✱

t ≥ tε ⇒ S(t)B ⊂ Vε.

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ ε > 0 ❡①✐st❡ tε t❛❧ q✉❡✱ ♣❛r❛ t ≥ tε

t❡♠✲s❡ S(t)B ⊂ Vε✳ ❙❡♥❞♦ ❛ss✐♠✱ ❞❛❞♦ ε > 0 ❡①✐st❡ tε/2 > 0 t❛❧ q✉❡

t ≥ tε/2 ⇒ S(t)B ⊂ Vε/2.

❙❡❥❛ t ≥ tε/2✳ ❉❛❞♦ x ∈ S(t)B ❡①✐st❡ y0 ∈ A t❛❧ q✉❡ x ∈ B(y0, ε/2)✱ ♦✉ s❡❥❛✱ d(x, y0) <

ε/2✳ ▲♦❣♦✱

inf
y∈A

d(x, y) ≤ d(x, y0) <
ε

2

❡ ❡♥tã♦

sup
x∈S(t)B

inf
y∈A

d(x, y) ≤ ε

2
< ε⇒ d(S(t)B, A) < ε.

P♦rt❛♥t♦✱

t ≥ tε ⇒ d(S(t)B, A) < ε

♠♦str❛♥❞♦ q✉❡ d(S(t)B, A) → 0 q✉❛♥❞♦ t→ ∞✳

◗✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ A ❛tr❛✐ B✳ P♦r
❡①❡♠♣❧♦✱ ❞✐r❡♠♦s q✉❡ A ❛tr❛✐ ♦s ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ✭♦✉ ❝♦♠♣❛❝t♦s✮ ❞❡ U s❡ A ❛tr❛✐

✉♥✐❢♦r♠❡♠❡♥t❡ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ✭♦✉ ❝❛❞❛ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✮ ❞❡ U ✳ ❯♠ ❛tr❛t♦r

A ♣♦❞❡ ♦✉ ♥ã♦ t❡r t❛❧ ♣r♦♣r✐❡❞❛❞❡✳

❊♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ ♦♥❞❡ ♣r❡❝✐s❛♠♦s tr❛❜❛❧❤❛r ❝♦♠ ❞✐❢❡r❡♥t❡s t♦♣♦❧♦❣✐❛s✱ ♣♦✲

❞❡♠♦s ❝♦♥s✐❞❡r❛r ❝♦♥❥✉♥t♦s A q✉❡ sã♦ ❛tr❛t♦r❡s ❡♠ ✉♠ ❡s♣❛ç♦ W ✱ W ⊂ H✳ ■st♦

s✐❣♥✐✜❝❛ q✉❡✿

(i)′ A ⊂ W, S(t)A = A, ∀t ≥ 0✳

(ii)′ ❆ ❝♦♥❞✐çã♦ (ii) ❞❛ ❉❡✜♥✐çã♦ ✷✳✶ é ✈á❧✐❞❛ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❞❡W ✱ ✐st♦ é✱ U é ❛❜❡rt♦

❡♠ W ❡ ❛ ❞✐stâ♥❝✐❛ ❡♠ ✭✷✳✶✮ é ❛ ❞❡ W ✭W ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦✮✳



✸✼

❯♠ ❝♦♥❝❡✐t♦ ❝❤❛✈❡ ♥❡st❡ ❡st✉❞♦ é ♦ ❞❡ ❛tr❛t♦r❡s ❣❧♦❜❛✐s ✭♦✉ ✉♥✐✈❡rs❛✐s✮ ❞❡ ✉♠

s❡♠✐❣r✉♣♦✳

❉❡✜♥✐çã♦ ✷✳✷ ❉✐③❡♠♦s q✉❡ A ⊂ H é ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧ ✭♦✉ ✉♥✐✈❡rs❛❧✮ ♣❛r❛ ♦ s❡♠✐✲

❣r✉♣♦ {S(t)}t≥0 s❡ A é ✉♠ ❛tr❛t♦r ❝♦♠♣❛❝t♦ q✉❡ ❛tr❛✐ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❞❡ H✳

❋✐❣✉r❛ ✷✳✶✿ ■❧✉str❛çã♦ ❞❡ ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧

❖❜s❡r✈❡ q✉❡ ❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ❞❡ ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧ A✱ é t♦❞♦ H✳ ❉❡ ❢❛t♦✱ ❞❛❞♦

u0 ∈ H✱ ❝♦♠♦ {u0} é ❧✐♠✐t❛❞♦

d(S(t){u0}, A) → 0 q✉❛♥❞♦ t→ ∞.

▼❛s✱ ♣❛r❛ t♦❞♦ t ≥ 0✱

d(S(t){u0}, A) = sup
x∈S(t){u0}

inf
y∈A

d(x, y) = inf
y∈A

d(S(t)u0, y) = d(S(t)u0, A).

▲♦❣♦✱

d(S(t)u0, A) → 0 q✉❛♥❞♦ t→ ∞, ∀u0 ∈ H. ✭✷✳✸✮

❆ss✐♠✱ H é ♦ ♠❛✐♦r ❛❜❡rt♦ ❡♠ H✱ ❝♦♥t❡♥❞♦ A ❡ s❛t✐s❢❛③❡♥❞♦ ✭✷✳✸✮✳

Pr♦♣♦s✐çã♦ ✷✳✷ ❯♠ ❛tr❛t♦r ❣❧♦❜❛❧ A ♣❛r❛ ♦ s❡♠✐❣r✉♣♦ {S(t)}t≥0✱ q✉❛♥❞♦ ❡①✐st✐r✱ é

ú♥✐❝♦✳ ❆❧é♠ ❞✐st♦✱ A é ♦ ♠❛✐♦r ✭♥♦ s❡♥t✐❞♦ ❞❛ ✐♥❝❧✉sã♦✮ ❞❡♥tr❡ ♦s ❛tr❛t♦r❡s ❧✐♠✐t❛❞♦s

❡ ❞❡♥tr❡ ♦s ❝♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡s ❧✐♠✐t❛❞♦s ✭r❡❧❛t✐✈♦s ❛♦ s❡♠✐❣r✉♣♦ {S(t)}t≥0✮✳

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛♠♦s ❝♦♠ ❛ s❡❣✉✐♥t❡ ❆✜r♠❛çã♦✿



✸✽

❆✜r♠❛çã♦ ✷✳✶ ❙❡ A,B ⊂ H sã♦ t❛✐s q✉❡ d(A,B) = 0✱ ❡♥tã♦ A ⊂ B✳

❉❡ ❢❛t♦✱ s❡❥❛ x0 ∈ A✳ P♦r ❤✐♣ót❡s❡

sup
x∈A

inf
y∈B

d(x, y) = d(A,B) = 0.

❉❛í✱ ♣♦r ❞❡✜♥✐çã♦ ❞❡ s✉♣r❡♠♦

α := inf
y∈B

d(x0, y) = 0.

❈♦♠♦ ♦ í♥✜♠♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ é s❡♠♣r❡ ❛❞❡r❡♥t❡ ❛♦ ♣ró♣r✐♦

❝♦♥❥✉♥t♦ ✭✈❡r ❬✶✷❪✱ ❈❛♣ít✉❧♦ ✺✱ ❙❡çã♦ ✷✮✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (yn) ⊂ B t❛✐s q✉❡

d(x0, yn) → α✱ ♦✉ s❡❥❛✱ d(x0, yn) → 0✳ ❙❡♥❞♦ ❛ss✐♠ yn → x0✱ ♠♦str❛♥❞♦ q✉❡ x0 ∈ B ❡✱

♣♦rt❛♥t♦✱ A ⊂ B✳

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ A é ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧ ♣❛r❛ ♦ s❡♠✐❣r✉♣♦ {S(t)}t≥0✳ ❊♥tã♦✿

(i) S(t)A = A✱ ♣❛r❛ t♦❞♦ t ≥ 0✳

(ii) ❊①✐st❡ U ❛❜❡rt♦ ❡♠ H ❝♦♠ A ⊂ U t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ u0 ∈ U t❡♠✲s❡

d(S(t)u0, A) → 0 q✉❛♥❞♦ t→ ∞.

(iii) A é ❝♦♠♣❛❝t♦✳

(iv) A ❛tr❛✐ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❡♠ H✱ ✐st♦ é✱ ❞❛❞♦ B ⊂ H ❧✐♠✐t❛❞♦✱

d(S(t)B, A) → 0 q✉❛♥❞♦ t→ ∞.

❱❡❥❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ A✳ ❙❡❥❛ G ⊂ H ❧✐♠✐t❛❞♦ ❡ ✐♥✈❛r✐❛♥t❡✳

P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ (iv) ❛❝✐♠❛ t❡♠✲s❡

d(S(t)G,A) → 0 q✉❛♥❞♦ t→ ∞.

❆ss✐♠✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡ t > 0 t❛❧ q✉❡ d(S(t)G,A) < ε✳ ❈♦♠♦ G é ✐♥✈❛r✐❛♥t❡ s❡❣✉❡

q✉❡ d(G,A) < ε✳ P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ ε t❡♠✲s❡

d(G,A) < ε, ∀ε > 0.

❋❛③❡♥❞♦ ε → 0 ♦❜t❡♠♦s d(G,A) = 0✳ P❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✱ r❡s✉❧t❛ q✉❡ G ⊂ A ❡ ❝♦♠♦

A é ❝♦♠♣❛❝t♦ ✭❡ ♣♦rt❛♥t♦ ❢❡❝❤❛❞♦✮ ✈❡♠ q✉❡ G ⊂ A✳ P♦rt❛♥t♦ A é ♦ ♠❛✐♦r ❝♦♥❥✉♥t♦
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✐♥✈❛r✐❛♥t❡ ❧✐♠✐t❛❞♦ ♣❛r❛ ♦ s❡♠✐❣r✉♣♦ {S(t)}t≥0✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ A é ♦ ♠❛✐♦r ❛tr❛t♦r

❧✐♠✐t❛❞♦ ♣❛r❛ ♦ r❡❢❡r✐❞♦ s❡♠✐❣r✉♣♦✳

❙❡❥❛ D ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧ ♣❛r❛ ♦ s❡♠✐❣r✉♣♦ {S(t)}t≥0✳ ❊♥tã♦ D ❣♦③❛ ❞❡ t♦❞❛s ❛s

♣r♦♣r✐❡❞❛❞❡s ❧✐st❛❞❛s ❞❡ (i) ❛ (iv) ♣❛r❛ A✳ P❛rt✐❝✉❧❛r♠❡♥t❡✱ D é ✉♠ ❛tr❛t♦r ❧✐♠✐t❛❞♦

❡ ♣♦rt❛♥t♦

D ⊂ A.

❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ♦s ❢❛t♦s ❞❡ q✉❡✱ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ B ⊂ H✱

d(S(t)B, D) → 0 q✉❛♥❞♦ t→ ∞

❡ q✉❡ A é ❧✐♠✐t❛❞♦✱ ♣♦r ✉♠ r❛❝✐♦❝í♥✐♦ ❥á ✉t✐❧✐③❛❞♦ ❛♥t❡s d(A,D) = 0✳ ❉❛í✱ ♣❡❧❛

❆✜r♠❛çã♦ ✷✳✶✱ A ⊂ D✳ ❈♦♠♦ D é ❝♦♠♣❛❝t♦ ✈❡♠ q✉❡

A ⊂ D.

P♦rt❛♥t♦✱ A = D✱ ♦ q✉❡ ❞❡♠♦♥str❛ ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ A ❡♥q✉❛♥t♦ ❛tr❛t♦r ❣❧♦❜❛❧ ♣❛r❛

s❡♠✐❣r✉♣♦ {S(t)}t≥0✳

❉❡✈✐❞♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✷ ♣♦❞❡r❡♠♦s t❛♠❜é♠ ❝❤❛♠❛r ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧ ❞❡ ❛tr❛t♦r

♠❛①✐♠❛❧✳ ❚❛♠❜é♠ ❞❡✈✐❞♦ à ♠❡s♠❛ Pr♦♣♦s✐çã♦✱ ♣♦❞❡rí❛♠♦s ❞❡✜♥✐r ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧

♣❛r❛ ✉♠ s❡♠✐❣r✉♣♦ ✭q✉❛♥❞♦ ❡①✐st✐r✮ ❝♦♠♦ s❡♥❞♦ ♦ ♠❛✐♦r ❛tr❛t♦r ❝♦♠♣❛❝t♦ ♣❛r❛ t❛❧

s❡♠✐❣r✉♣♦✱ q✉❡ ❛tr❛✐ ♦s ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❞❡ H✳

◆♦ s❡♥t✐❞♦ ❞❡ ❡st❛❜❡❧❡❝❡r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❛tr❛t♦r❡s✱ ✉♠ ❝♦♥❝❡✐t♦ ❜❛st❛♥t❡ út✐❧ é ♦

r❡❧❛❝✐♦♥❛❞♦ ❛ ❝♦♥❥✉♥t♦s ❛❜s♦r✈❡♥t❡s✳

❉❡✜♥✐çã♦ ✷✳✸ ❙❡❥❛♠ B ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ H ❡ U ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❝♦♥t❡♥❞♦ B✳
❉✐③❡♠♦s q✉❡ B é ❛❜s♦r✈❡♥t❡ ❡♠ U s❡ ❛ ór❜✐t❛ ❞❡ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❞❡ U
❡♥tr❛ ❡♠ B ❞❡♣♦✐s ❞❡ ✉♠ ❝❡rt♦ t❡♠♣♦ ✭q✉❡ ❞❡♣❡♥❞❡ ❞♦ ❝♦♥❥✉♥t♦✮✳ ❙✐♠❜♦❧✐❝❛♠❡♥t❡✱ ✐st♦

s✐❣♥✐✜❝❛ q✉❡

∀B0 ⊂ U , B0 ❧✐♠✐t❛❞♦✱ ∃ t1(B0)/ S(t)B0 ⊂ B, ∀t ≥ t1(B0). ✭✷✳✹✮

◗✉❛♥❞♦ B é ❛❜s♦r✈❡♥t❡ ❡♠ U ✱ t❛♠❜é♠ ❞✐③❡♠♦s q✉❡ B ❛❜s♦r✈❡ ♦s ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s

❞❡ U ✳

Pr♦♣♦s✐çã♦ ✷✳✸ ❆ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧ A ♣❛r❛ ♦ s❡♠✐❣r✉♣♦ {S(t)}t≥0✱ ✐♠✲

♣❧✐❝❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜s♦r✈❡♥t❡✳
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❉❡♠♦♥str❛çã♦✿ ❉❛❞♦ ε > 0 s❡❥❛ Vε ❛ ε✲✈✐③✐♥❤❛♥ç❛ ❞❡ A✳ ❙❡♥❞♦ A ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧

t❡♠✲s❡ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ B0 ⊂ H✱

t→ ∞ ⇒ d(S(t)B0, A) → 0.

❙❡♥❞♦ ❛ss✐♠✱ ❡①✐st❡ tε > 0 t❛❧ q✉❡✱ ♣❛r❛ t ≥ tε

d(S(t)B0, A) ≤
ε

2
⇒ sup

x∈S(t)B0

inf
y∈A

d(x, y) ≤ ε

2
.

❉❛❞♦ x ∈ S(t)B0 t❡♠♦s inf
y∈A

d(x, y) ≤ ε/2✳ ❈♦♠♦ A é ❝♦♠♣❛❝t♦✱ ❡①✐st❡ y0 ∈ A t❛❧ q✉❡

inf
y∈A

d(x, y) = d(x, y0)✳ ▲♦❣♦✱

d(x, y0) ≤ ε/2 < ε⇒ x ∈ B(y0, ε) ⊂ Vε.

P♦rt❛♥t♦✱

t ≥ tε ⇒ S(t)B0 ⊂ Vε.

❱❡♠♦s ❛ss✐♠ q✉❡ Vε é ❛❜s♦r✈❡♥t❡ ❡♠ H✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ✈❛♠♦s ♠♦str❛r q✉❡ ✉♠ s❡♠✐❣r✉♣♦ q✉❡ ♣♦ss✉✐ ✉♠ ❝♦♥❥✉♥t♦ ❛❜✲

s♦r✈❡♥t❡ ❡ ❣♦③❛ ❞❡ ❛❧❣✉♠❛s ♦✉tr❛s ♣r♦♣r✐❡❞❛❞❡s✱ ♣♦ss✉✐ ✉♠ ❛tr❛t♦r✳

❖❜s❡r✈❛çã♦ ✷✳✶ P♦❞❡♠♦s ❡st❡♥❞❡r ❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♥❥✉♥t♦ ❛❜s♦r✈❡♥t❡ ❡ ❝♦♥s✐❞❡r❛r

✉♠ ❝♦♥❥✉♥t♦ B q✉❡ ❛❜s♦r✈❡ ♦s ♣♦♥t♦s ❞❡ U ♦✉ ♦s ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s ❞❡ U ✭✐st♦

é✱ ✭✷✳✹✮✮ é s❛t✐s❢❡✐t♦ ❝♦♠ B0 = {u0}, u0 ∈ U ✱ ♦✉ B0 ⊂ U ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✮✳

❈♦♥t✉❞♦✱ ❡ss❛ ❡①t❡♥sã♦ ♥ã♦ s❡rá ♥❡❝❡ssár✐❛ ❡♠ ♥♦ss♦s ❡st✉❞♦s✳

❙❡ ❝♦♥s✐❞❡r❛r♠♦s ✉♠ ❡s♣❛ç♦ W ⊂ H✱ ❡♥tã♦ ♣♦❞❡♠♦s s✉❜st✐t✉✐r ✭♥❛ ❉❡✜♥✐çã♦✮ ♦s

❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❡ ❛❜❡rt♦s ❞❡ H ♣❡❧♦s ❞❡ W ✱ ♦❜t❡♥❞♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❥✉♥t♦s q✉❡

sã♦ ❛❜s♦r✈❡♥t❡s ❡♠ W ✳

▼♦str❛r❡♠♦s ❛❣♦r❛✱ ❝♦♠♦ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❛tr❛t♦r q✉❛♥❞♦ ❛ ❡①✐stê♥❝✐❛

❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜s♦r✈❡♥t❡ é ❝♦♥❤❡❝✐❞❛✳ ◆❡st❡ ♠♦♠❡♥t♦✱ s✉♣♦s✐çõ❡s ❛❞✐❝✐♦♥❛✐s s♦❜r❡

♦ s❡♠✐❣r✉♣♦ S(t)t≥0 sã♦ ♥❡❝❡ssár✐❛s✳ ❆ s❛❜❡r✱ ❞❡✈❡♠♦s ❛ss✉♠✐r ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞❛s

s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s✿

(h1) ❖s ♦♣❡r❛❞♦r❡s S(t) sã♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♠♣❛❝t♦s ♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❈♦♠ ✐st♦ q✉❡r❡♠♦s ❞✐③❡r q✉❡ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ B ⊂ H ❡①✐st❡ t0 ✭q✉❡

❛ ♣r✐♦r✐ ❞❡♣❡♥❞❡ ❞❡ B✮ t❛❧ q✉❡
⋃

t≥t0

S(t)B

é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ H✳
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(h2) H é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡✱ ♣❛r❛ t♦❞♦ t✱ S(t) = S1(t) + S2(t) ♦♥❞❡ ♦ ♦♣❡r❛❞♦r

S1(t) é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♠♣❛❝t♦ ✭✐st♦ é✱ s❛t✐s❢❛③ (h1)✮ ❡ S2(t) é ✉♠❛ ❛♣❧✐❝❛çã♦

❝♦♥tí♥✉❛ ❞❡ H ❡♠ H t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ C ⊂ H✱

rc(t) = sup
ϕ∈C

‖S2(t)ϕ‖H → 0 q✉❛♥❞♦ t→ ∞.

❊♠ ♦✉tr♦s t❡r♠♦s✱ ✭❤2✮ ❛ss✉♠❡ q✉❡ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ q✉❡ S(t) é ❛

♣❡rt✉❜❛çã♦ ❞❡ ✉♠ ♦♣❡r❛❞♦r s❛t✐s❢❛③❡♥❞♦ ✭❤1) ♣♦r ✉♠❛ ❛♣❧✐❝❛çã♦ ✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡

❧✐♥❡❛r✮ q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ 0 q✉❛♥❞♦ t→ ∞✳ ❈❧❛r❛♠❡♥t❡✱ s❡ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱

q✉❛❧q✉❡r ❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s s❛t✐s❢❛③❡♥❞♦ ✭❤1) t❛♠❜é♠ s❛t✐s❢❛③ ✭❤2) ❝♦♠ S2 ≡ 0 ♣❛r❛

t♦❞♦ t✳

▲❡♠❛ ✷✳✶ ❙❡ ♦ s❡♠✐❣r✉♣♦ {S(t)}t≥0 s❛t✐s❢❛③ (h1) ♦✉ (h2) ❡♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦

♥ã♦ ✈❛③✐♦ ❡ ❧✐♠✐t❛❞♦ B0 ❞❡ H✱ ω(B0) é ♥ã♦ ✈❛③✐♦✱ ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ ✈❛❧❡ ✭❤1✮ ❡ s❡❥❛ B0 ⊂ H ❧✐♠✐t❛❞♦✱ B0 6= ∅✳ ❊①✐st❡ t0 t❛❧

q✉❡
⋃

t≥t0

S(t)B0 é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ H✳ ❉❛í✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶ s❡❣✉❡ q✉❡ ω(B0)

é ♥ã♦ ✈❛③✐♦✱ ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ ✈❛❧❡ ✭❤2✮✳ P❛r❛ ❞❡♠♦♥str❛r ♦ ❞❡s❡❥❛❞♦✱ ✉s❛r❡♠♦s ❛ s❡✲

❣✉✐♥t❡ ❛✜r♠❛çã♦✿

❆✜r♠❛çã♦ ✷✳✷ ❙❡ ✭❤2✮ é ✈á❧✐❞❛✱ (ϕn) é ❧✐♠✐t❛❞❛ ❡ lim
n→∞

tn = ∞✱ ❡♥tã♦ S2(tn)ϕn → 0✳

❆❧é♠ ❞✐st♦✱ (S1(tn)ϕn) é ❝♦♥✈❡r❣❡♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (S(tn)ϕn) ❝♦♥✈❡r❣❡ ✭❡ ♥❡st❡ ❝❛s♦

♦s ❧✐♠✐t❡s ❝♦✐♥❝✐❞❡♠✮✳

❈♦♠ ❡❢❡✐t♦✱ ❝♦♠♦ ✈❛❧❡ ✭❤2✮✱ t❡♠♦s ♣❛r❛ t♦❞♦ n ∈ N✱

‖S2(tn)ϕn‖ ≤ sup
n∈N

‖S2(tn)ϕn‖ = rc(tn),

♦♥❞❡ C := {ϕn; n ∈ N}✳ ❋❛③❡♥❞♦ n → ∞ t❡♠♦s q✉❡ tn → ∞ ❡ ❡♥tã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠

✭❤2✮✱ rc(tn) → 0✳ P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❙❛♥❞✉í❝❤❡ r❡s✉❧t❛ q✉❡

‖S2(tn)ϕn‖H → 0 q✉❛♥❞♦ n→ ∞

❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱

S2(tn)ϕn → 0 ❡♠ H.

P♦r ✭❤2✮✱

S(tn)ϕn = S1(tn)ϕn + S2(tn)ϕn, ∀n ∈ N.



✹✷

❉✐st♦ ✜❝❛ ❡✈✐❞❡♥t❡ q✉❡ (S1(tn)ϕn) ❝♦♥✈❡r❣❡ s❡ ❡ s♦♠❡♥t❡ s❡ (S(tn)ϕn) ❝♦♥✈❡r❣❡✳ ❊♠

❝❛s♦ ❛✜r♠❛t✐✈♦✱ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ S2(tn)ϕn → 0✱ r❡s✉❧t❛ q✉❡

lim
n→∞

S(tn)ϕn = lim
n→∞

S1(tn)ϕn.

❙❡❥❛ B0 ⊂ H ♥ã♦ ✈❛③✐♦ ❡ ❧✐♠✐t❛❞♦ ❡ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

ω1(B0) =
⋂

s≥0

⋃

t≥s

S1(t)B0.

❆ ❞❡✜♥✐çã♦ ❞❡ ω1(B0) r❡❧❡♠❜r❛ ❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♥❥✉♥t♦ ω✲❧✐♠✐t❡✱ ♣♦ré♠ S1 ♥ã♦

é ✭♥❡❝❡ss❛r✐❛♠❡♥t❡✮ ✉♠ s❡♠✐❣r✉♣♦✳ ❈♦♥t✉❞♦✱ ✈❛❧❡ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ♣❛r❛ ω1(B0)✱

s❡♠❡❧❤❛♥t❡ àq✉❡❧❛ ♣❛r❛ ❝♦♥❥✉♥t♦s ω✲❧✐♠✐t❡ ❞❛❞❛ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✿

❆✜r♠❛çã♦ ✷✳✸ ϕ ∈ ω1(B0) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡♠ ✉♠❛ s❡q✉ê♥❝✐❛ (ϕn) ❡♠ B0 ❡

tn → ∞✱ t❛✐s q✉❡

S1(tn)ϕn → ϕ q✉❛♥❞♦ n→ ∞.

■❞ê♥t✐❝❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ✐t❡♠ (i) ♥❛ Pr♦♣♦s✐çã♦ ✶✳✷✳

❱❛♠♦s ♠♦str❛r q✉❡ ♦ ❝♦♥❥✉♥t♦ ω✲❧✐♠✐t❡ ❞❡ B0 r❡❧❛t✐✈♦ ❛♦ s❡♠✐❣r✉♣♦ {S(t)}t≥0 é

✐❣✉❛❧ ❛ ω1(B0)✳ ❆ss✉♠❛ q✉❡ ϕ ∈ ω(B0)✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s

(ϕn) ⊂ B0 ❡ tn → ∞ t❛✐s q✉❡

S(tn)ϕn → ϕ q✉❛♥❞♦ n→ ∞.

❈♦♠♦ ✭❤2✮ é ✈á❧✐❞❛✱ (ϕn) é ❧✐♠✐t❛❞❛ ✭♣♦✐s B0 é ❧✐♠✐t❛❞♦✮ ❡ tn → ∞✱ ♣❡❧❛ ❆✜r♠❛çã♦

✷✳✷ s❡❣✉❡ q✉❡ S2(tn)ϕn → 0✳ ▼❛✐s q✉❡ ✐ss♦✱ ❝♦♠♦ S(tn)ϕn ❝♦♥✈❡r❣❡ ♣❛r❛ ϕ ❛ ♠❡s♠❛

❆✜r♠❛çã♦ ♥♦s ❞á q✉❡

S1(tn)ϕn → ϕ q✉❛♥❞♦ n→ ∞.

P❡❧❛ ❆✜r♠❛çã♦ ✷✳✸ s❡❣✉❡ q✉❡ ϕ ∈ ω1(B0)✱ ♠♦str❛♥❞♦ q✉❡ ω(B0) ⊂ ω1(B0)✳ ❆ ✐♥❝❧✉sã♦

❝♦♥trár✐❛ é ❞❡♠♦♥str❛❞❛ ❞❡ ♠❛♥❡✐r❛ ✐❞ê♥t✐❝❛ ❡✱ ♣♦rt❛♥t♦✱

ω(B0) = ω1(B0). ✭✷✳✺✮

❈♦♠ ❛r❣✉♠❡♥t♦s ❛♥á❧♦❣♦s ❛♦s ✉t✐❧✐③❛❞♦s ♥♦ ▲❡♠❛ ✶✳✶ ♣❛r❛ ♠♦str❛r q✉❡ ω(A) é

♥ã♦ ✈❛③✐♦ ❡ ❝♦♠♣❛❝t♦✱ ♠♦str❛✲s❡ q✉❡ ω1(B0) é ♥ã♦ ✈❛③✐♦ ❡ ❝♦♠♣❛❝t♦ ❡♠ H✱ ❛t❡♥❞♦✲s❡

❛♦s ❢❛t♦s ❞❡ q✉❡ B0 6= ∅ ❡ q✉❡ ❡①✐st❡ t0 > 0 ♣❛r❛ ♦ q✉❛❧
⋃

t≥t0

S1(t)B0 é r❡❧❛t✐✈❛♠❡♥t❡



✹✸

❝♦♠♣❛❝t♦ ❡♠ H ✭❤✐♣ót❡s❡ ✭❤2✮✮✳ ❉❛í✱ ♣❡❧❛ ✐❣✉❛❧❞❛❞❡ ✭✷✳✺✮ r❡s✉❧t❛ q✉❡ ω(B0) é ♥ã♦

✈❛③✐♦ ❡ ❝♦♠♣❛❝t♦ ❡♠ H✳ ❘❡st❛ ♠♦str❛r q✉❡ ω(B0) é ✐♥✈❛r✐❛♥t❡ ♣♦r S✳

❆ ✐♥❝❧✉sã♦ S(t)ω(B0) ⊂ ω(B0) ♣❛r❛ t♦❞♦ t ≥ 0✱ é ♣r♦✈❛❞❛ ❡①❛t❛♠❡♥t❡ ❝♦♠♦ ♥♦

▲❡♠❛ ✶✳✶✳ ❙❡❥❛ t ≥ 0✳ ❉❛❞♦ ψ ∈ S(t)ω(B0) t❡♠✲s❡ ψ = S(t)ϕ✱ ♦♥❞❡ ϕ ∈ ω(B0)✳ P❡❧❛

Pr♦♣♦s✐çã♦ ✶✳✷✱ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s (ϕn) ⊂ B0 ❡ (tn) ⊂ R, tn → ∞ t❛✐s q✉❡

S(tn)ϕn → ϕ q✉❛♥❞♦ n→ ∞.

P❛r❛ ❝❛❞❛ n ∈ N✱ ✉s❛♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡♠✐❣r✉♣♦✱ t❡♠♦s

S(t)S(tn)ϕn = S(t+ tn)ϕn.

❉❛í✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ S(t) t❡♠♦s

lim
n→∞

S(t+ tn)ϕn = lim
n→∞

S(t)S(tn)ϕn = S(t)[ lim
n→∞

S(tn)ϕn] = S(t)ϕ = ψ.

❈♦♠♦ (t+ tn) → ∞✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷ s❡❣✉❡ q✉❡ ψ ∈ ω(B0) ❡ ♣♦rt❛♥t♦

S(t)ω(B0) ⊂ ω(B0).

❆ ✐♥❝❧✉sã♦ ♦♣♦st❛ ♥❡❝❡ss✐t❛ ❞❡ ✉♠ ❛r❣✉♠❡♥t♦ ❧❡✈❡♠❡♥t❡ ❞✐❢❡r❡♥t❡✳ ❙❡❥❛ t ≥ 0 ❡

❝♦♥s✐❞❡r❡ ϕ ∈ ω(B0)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✱ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s (ϕn) ⊂ B0 ❡ tn → ∞
t❛✐s q✉❡

S(tn)ϕn → ϕ q✉❛♥❞♦ n→ ∞.

P❡❧❛ ❤✐♣ót❡s❡ ✭❤2✮ ❡①✐st❡ t0 > 0 t❛❧ q✉❡ K0 :=
⋃

r≥t0

S1(r)B0 é ❝♦♠♣❛❝t♦ ❡♠ H✳ ❉❡s❞❡

q✉❡ tn → ∞✱ ❡①✐st❡ n0 ∈ N ❞❡ s♦rt❡ q✉❡

n ≥ n0 ⇒ tn > t0 + t⇒ tn − t > t0.

❙❡♥❞♦ ❛ss✐♠✱

(
S1(tn − t)ϕn

)
n≥n0

⊂
⋃

r≥t0

S1(r)B0 ⊂ K0.

P❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ K0 ♦❜t❡♠♦s ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡
(
S1(tnj

− t)ϕnj

)j∈N
nj≥n0

❞❡
(
S1(tn− t)ϕn

)
n≥n0

✱ ❞✐❣❛♠♦s ♣❛r❛ ψ ∈ K0✳ ❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❤✐♣ót❡s❡ ✭❤2✮ t❡♠♦s

♣❛r❛ t♦❞♦ j ∈ N✱

S(tnj
− t)ϕnj

= S1(tnj
− t)ϕnj

+ S2(tnj
− t)ϕnj

.



✹✹

❉❡s❞❡ q✉❡ (tnj
− t)

j→∞−→ ∞ ❡ (ϕnj
) é ❧✐♠✐t❛❞❛ ✭♣♦✐s B0 é ❧✐♠✐t❛❞♦✮✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✷

✈❡♠ q✉❡

lim
j→∞

S2(tnj
− t)ϕnj

= 0.

P♦rt❛♥t♦✱

lim
j→∞

S(tnj
− t)ϕnj

= lim
j→∞

S1(tnj
− t)ϕnj

+ lim
j→∞

S2(tnj
− t)ϕnj

= ψ + 0 = ψ.

❈♦♠♦ (tnj
− t) → ∞ ❡ (ϕnj

) ⊂ B0✱ ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♥♦s ❞á✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✱ q✉❡

ψ ∈ ω(B0)✳ ❆❧é♠ ❞✐st♦✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ S(t)✱

lim
j→∞

S(t)S(tnj
− t)ϕnj

= S(t) lim
j→∞

S(tnj
− t)ϕnj

= S(t)ψ

❡♥q✉❛♥t♦✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡♠✐❣r✉♣♦

lim
j→∞

S(t)S(tnj
− t)ϕnj

= lim
j→∞

S(tnj
)ϕnj

= ϕ.

P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❡ ❧✐♠✐t❡s ❞❡✈❡ s❡r ϕ = S(t)ψ ❡ ♣♦rt❛♥t♦ ϕ ∈ S(t)ω(B0)✳ ❈♦♥❝❧✉í♠♦s

❡♥✜♠ q✉❡

S(t)ω(B0) = ω(B0), ∀ t ≥ 0,

♦✉ s❡❥❛✱ ω(B0) é ✐♥✈❛r✐❛♥t❡✳

▲❡♠❛ ✷✳✷ ❙✉♣♦♥❤❛ q✉❡ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❙❡❥❛♠ U ✉♠ ❛❜❡rt♦ ❝♦♥✈❡①♦ ❡

K ⊂ U ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡ q✉❡ ❛tr❛✐ ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s ❡♠ U ✳ ❊♥tã♦

K é ❝♦♥❡①♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ B = ❝♦♥✈ K✳ P❡❧♦ ❚❡♦r❡♠❛ ❆✳✸ t❡♠♦s q✉❡ B é ❝♦♠♣❛❝t♦✳

❆❧é♠ ❞✐ss♦ B é ❝♦♥❡①♦ ❡ ❡stá ❝♦♥t✐❞♦ ❡♠ U ✳ ❆ss✐♠✱ K ❛tr❛✐ B✳ ❙✉♣♦♥❤❛ q✉❡ K ♥ã♦

s❡❥❛ ❝♦♥❡①♦✳ ❊♥tã♦ ❡①✐st❡♠ A1 ❡ A2 ❛❜❡rt♦s ❡♠ H t❛✐s q✉❡✱ ♣♦♥❞♦ W1 = A1 ∩ K ❡

W2 = A2 ∩K✱ t❡♠✲s❡✿

1) W1,W2 6= ∅, 2) W1 ∩W2 = ∅, 3) W1 ∪W2 = K.

❆✜r♠❛çã♦ ✷✳✹ ❊①✐st❡♠ U1 ❡ U2 ❛❜❡rt♦s ❡♠ H t❛✐s q✉❡✿

1) Ui ∩K 6= ∅, i = 1, 2, 2) U1 ∩ U2 = ∅ 3) K ⊂ U1 ∪ U2.



✹✺

❉❡♥♦t❛♥❞♦ ♣♦r d ❛ ♠étr✐❝❛ ❞❡ H✱ t❡♠♦s q✉❡ (K, d) é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦✳

❉❡s❞❡ q✉❡ W1 ❡ W2 sã♦ ❢❡❝❤❛❞♦s ❡♠ K✱ r❡s✉❧t❛ q✉❡ ♦s ♠❡s♠♦s sã♦ ❝♦♠♣❛❝t♦s ❡♠

(K, d)✳ P❡❧♦ ❈♦r♦❧ár✐♦ ❆✳✷✱ ❡①✐st❡♠ p ∈ W1 ❡ q ∈ W2 t❛✐s q✉❡

d(W1,W2) = d(p, q),

♦♥❞❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❝♦♥❥✉♥t♦s ❝♦♥s✐❞❡r❛❞❛ é ❛q✉❡❧❛ ❞❡✜♥✐❞❛ ♥❛ ❙❡çã♦ ❆✳✶✳ ❈❧❛r❛✲

♠❡♥t❡ p 6= q ♣♦✐s W1 ∩W2 = ∅✳ ❉❛í✱ d(p, q) > 0✱ ♦✉ s❡❥❛✱

ε := d(W1,W2) > 0.

❈♦♥s✐❞❡r❡ r ∈ (0, ε) ❡ ❞❡✜♥❛

U1 =
⋃

x∈W1

B(x, r/2) ❡ U2 =
⋃

y∈W2

B(y, r/2).

❱❛♠♦s ♠♦str❛r q✉❡ U1 ❡ U2 s❛t✐s❢❛③❡♠ ❛ t❡s❡ ❞❛ ❆✜r♠❛çã♦✳

1) Ui ∩K 6= ∅, i = 1, 2. P❛r❛ ✈❡r ✐st♦ ❜❛st❛ ♥♦t❛r q✉❡

∅ 6= Wi ⊂ Ui ∩K, i = 1, 2.

2) U1 ∩ U2 = ∅. ❙✉♣♦♥❤❛ q✉❡ ♦❝♦rr❛ ♦ ❝♦♥trár✐♦✳ ❊♥tã♦ ❡①✐st❡♠ z ∈ H✱ x ∈ W1 ❡

y ∈ W2 t❛✐s q✉❡

d(z, x) <
r

2
❡ d(z, y) <

r

2
.

▲♦❣♦✱

d(x, y) ≤ d(z, x) + d(z, y) < r < ε.

▼❛s ✐ss♦ é ✉♠ ❛❜s✉r❞♦ ♣♦✐s

x ∈ W1 ❡ y ∈ W2 ⇒ d(x, y) ≥ d(W1,W2) = ε.

3) K ⊂ U1 ∪ U2✳ P❛r❛ ✈❡r✐✜❝❛r ❡st❛ ✐♥❝❧✉sã♦✱ ♥♦t❡ q✉❡ W1 ⊂ U1 ❡ W2 ⊂ U2✳ ▲♦❣♦✱

W1 ∪W2 ⊂ U1 ∪ U2,

♦✉ s❡❥❛✱ K ⊂ U1 ∪ U2✳

❈♦♥s✐❞❡r❡ ♦s ❛❜❡rt♦s U1 ❡ U2 ❞❛❞♦s ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✹✳ ❈♦♠♦ K ⊂ B t❡♠♦s

S(t)K ⊂ S(t)B, ∀t ≥ 0.



✹✻

❙❡♥❞♦ K ✐♥✈❛r✐❛♥t❡✱ r❡s✉❧t❛ q✉❡

K ⊂ S(t)B, ∀t ≥ 0.

❉❛❞♦ t ≥ 0✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ B é ❝♦♥❡①♦ ❡ S(t) é ❝♦♥tí♥✉♦✱ t❡♠♦s q✉❡ S(t)B

é ❝♦♥❡①♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ U1 ∩ U2 = ∅ ✐♠♣❧✐❝❛ ❡♠

[U1 ∩ S(t)B] ∩ [U2 ∩ S(t)B] = ∅.

❆❧é♠ ❞✐ss♦✱

∅ 6= Ui ∩K ⊂ Ui ∩ S(t)B ⇒ Ui ∩ S(t)B 6= ∅, i = 1, 2.

❯♠❛ ✈❡③ q✉❡ ♦❝♦rr❡ ❛ ✐♥❝❧✉sã♦

[U1 ∩ S(t)B] ∪ [U2 ∩ S(t)B] ⊂ S(t)B,

❛ ✐♥❝❧✉sã♦ ✐♥✈❡rs❛ ♥ã♦ ♣♦❞❡ ♦❝♦rr❡r ♣♦✐s✱ ❞♦ ❝♦♥trár✐♦✱ t❡rí❛♠♦s

[U1 ∩ S(t)B] ∪ [U2 ∩ S(t)B] = S(t)B,

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❝♦♥❡①✐❞❛❞❡ ❞❡ S(t)B✳

❙❡♥❞♦ ❛ss✐♠✱ ♣❛r❛ q✉❛❧q✉❡r t ≥ 0✱ ❡①✐st❡ xt ∈ S(t)B t❛❧ q✉❡ xt /∈ [U1 ∩ S(t)B] ∪
[U2 ∩ S(t)B] ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ xt /∈ U1 ∪ U2✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ❝❛❞❛ n ∈ N

♣♦❞❡♠♦s ❡s❝♦❧❤❡r xn ∈ S(n)B ❞❡ s♦rt❡ q✉❡ xn /∈ U1 ∪ U2✳ ❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ (xn)

❛ss✐♠ ♦❜t✐❞❛✳ ❱❛♠♦s ♠♦str❛r q✉❡ (xn) ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠

♣♦♥t♦ ❞❡ K✱ ❝❤❡❣❛♥❞♦ ❛ss✐♠ ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❙❛❜❡♠♦s q✉❡ K ❛tr❛✐ B✱ ✐st♦ é✱

d(S(t)B,K) → 0 q✉❛♥❞♦ t→ ∞.

❉❡ss❛ ❢♦r♠❛✱

sup
x∈S(t)B

d(x,K) → 0 q✉❛♥❞♦ t→ ∞.

❙❡❥❛ ε > 0✳ ❊①✐st❡ tε > 0 t❛❧ q✉❡✱

t ≥ tε ⇒ d(x,K) <
ε

2
, ∀x ∈ S(t)B.

❉❡ ♠♦❞♦ ❡s♣❡❝✐❛❧✱

n ≥ tε ⇒ d(x,K) <
ε

2
, ∀x ∈ S(n)B.



✹✼

▲♦❣♦✱

n ≥ tε ⇒ d(xn, K) <
ε

2
.

❈♦♠♦ K é ❝♦♠♣❛❝t♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✸✱ ♣❛r❛ ❝❛❞❛ n ∈ N ❡①✐st❡ un ∈ K t❛❧ q✉❡

d(xn, K) = d(xn, un)✳ P❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ K✱ (un) ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unj
)

❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ u ∈ K✳ ❉❡ss❡ ♠♦❞♦✱ ❡①✐st❡ j1 ∈ N t❛❧ q✉❡

j ≥ j1 ⇒ d(unj
, u) <

ε

2
.

❆❧é♠ ❞✐st♦✱ ❡①✐st❡ j2 ∈ N t❛❧ q✉❡✱ ♣❛r❛ j ≥ j2 t❡♠✲s❡ nj ≥ tε✳ ❙❡❥❛ j0 :=

max{j1, j2}✳ ▲♦❣♦✱

j ≥ j0 ⇒ d(xnj
, u) ≤ d(xnj

, unj
) + d(unj

, u) < ε.

❱❡♠♦s ❛ss✐♠ q✉❡ xnj
→ u✳ ▼❛s u ∈ K ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ u ∈ U1 ∪ U2✳ P♦rt❛♥t♦✱

♣❛r❛ j s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠✲s❡ xnj
∈ U1∪U2✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ♣♦✐s (xnj

)

é ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (xn) ❡✱ ♣❛r❛ t♦❞♦ n ∈ N✱ xn /∈ U1 ∪ U2✳

❚❡♦r❡♠❛ ✷✳✶ ❆ss✉♠❛ q✉❡ ♦ s❡♠✐❣r✉♣♦ {S(t)}t≥0 s❛t✐s❢❛ç❛ (h1) ♦✉ (h2) ❡ q✉❡ ❡①✐st❡♠

✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ U ❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ B ❞❡ U t❛❧ q✉❡ B é ❛❜s♦r✈❡♥t❡ ❡♠

U ✳ ❊♥tã♦ ♦ ❝♦♥❥✉♥t♦ ω✲❧✐♠✐t❡ ❞❡ B✱ A := ω(B)✱ é ✉♠ ❛tr❛t♦r ❝♦♠♣❛❝t♦ q✉❡ ❛tr❛✐ ♦s

❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❞❡ U ✳ ❆❧é♠ ❞✐st♦✱ A é ❛tr❛t♦r ❧✐♠✐t❛❞♦ ♠❛①✐♠❛❧ ❡♠ U ✭❝♦♠ r❡❧❛çã♦

à ✐♥❝❧✉sã♦ ❞❡ ❝♦♥❥✉♥t♦s✮✳ ▼❛✐s ❛✐♥❞❛✱ s❡ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ U é ❝♦♥✈❡①♦

❡♥tã♦ A é ❝♦♥❡①♦✳

❉❡♠♦♥str❛çã♦✿

✶❛ ♣❛rt❡✿ A = ω(B) é ✉♠ ❛tr❛t♦r ❝♦♠♣❛❝t♦ q✉❡ ❛tr❛✐ ♦s ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❞❡ U ✳
❱❛♠♦s ❛ss✉♠✐r ♣r✐♠❡✐r♦ q✉❡ ✭❤1✮ é ✈á❧✐❞❛✳ ◆❡st❡ ❝❛s♦✱ ❡①✐st❡ t1 > 0 t❛❧ q✉❡

⋃
t≥t1

S(t)B

é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ H✳ P❡❧♦ ▲❡♠❛ ✶✳✶ s❡❣✉❡ q✉❡ A = ω(B) é ♥ã♦ ✈❛③✐♦✱

❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡✳ P❛r❛ ❝♦♥❝❧✉✐r q✉❡ A é ✉♠ ❛tr❛t♦r ❡♠ U ❞❡✈❡♠♦s ♠♦str❛r q✉❡

d(S(t)u0, A) → 0 q✉❛♥❞♦ t→ ∞, ∀u0 ∈ U . ✭✷✳✻✮

❊ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡ A ❛tr❛✐ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❡♠ U ✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡✱ ♣❛r❛ t♦❞♦

s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ D ❞❡ U ✱ t❡♠✲s❡

d(S(t)D,A) → 0 q✉❛♥❞♦ t→ ∞. ✭✷✳✼✮

❈♦♠♦ ✭✷✳✻✮ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ✭✷✳✼✮✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r ❡st❛ ú❧t✐♠❛ s❡♥t❡♥ç❛✱ ♦

q✉❡ s❡rá ❢❡✐t♦ ♣♦r ❝♦♥tr❛❞✐çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ♣❛r❛ ❛❧❣✉♠ B0 ⊂ U ❧✐♠✐t❛❞♦✱ ✭✷✳✼✮ ♥ã♦



✹✽

♦❝♦rr❛✳ ❊♥tã♦ ❡①✐st❡ δ > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ M > 0 é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r t > M ✱ ❞❡

♠♦❞♦ q✉❡ d(S(t)B0, A) ≥ δ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ t♦❞♦ n ∈ N ♣♦❞❡♠♦s ❡s❝♦❧❤❡r tn > n

s❛t✐s❢❛③❡♥❞♦ d(S(tn)B0, A) ≥ δ✳ ▲♦❣♦✱

sup
x∈S(tn)B0

d(x,A) ≥ δ >
δ

2
, ∀n ∈ N.

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ s✉♣r❡♠♦✱ ♣❛r❛ ❝❛❞❛ n ∈ N ❡①✐st❡ xn ∈ S(tn)B0 t❛❧ q✉❡ d(xn, A) >
δ

2
✳

❚❛♠❜é♠ ♣❛r❛ ❝❛❞❛ n ∈ N ❡①✐st❡ bn ∈ B0 ❞❡ ♠♦❞♦ q✉❡ xn = S(tn)bn✳ ❙❡♥❞♦ ❛ss✐♠✱

d(S(tn)bn, A) >
δ

2
, ∀n ∈ N. ✭✷✳✽✮

P♦r ✭❤1✮✱ ❡①✐st❡ t0 > 0 t❛❧ q✉❡
⋃

t≥t0
S(t)B0 é ❝♦♠♣❛❝t♦ ❡♠ H✳ ❖r❛✱

n ≥ t0 ⇒ tn ≥ t0 ⇒ S(tn)B0 ⊂
⋃

t≥t0

S(t)B0 ⇒ S(tn)bn ∈
⋃

t≥t0

S(t)B0.

❙❡♥❞♦ ❛ss✐♠✱ ❛ s❡q✉ê♥❝✐❛ (S(tn)bn)n≥t0 ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (S(tnj
)bnj

) ❝♦♥✈❡r✲

❣✐♥❞♦ ♣❛r❛ b ∈ H✳ P♦r ✭✷✳✽✮ t❡♠♦s ♣❛r❛ t♦❞♦ j ∈ N✳

d(S(tnj
)bnj

, A) >
δ

2
. ✭✷✳✾✮

❉❡s❞❡ q✉❡ A é ❝♦♠♣❛❝t♦✱ ❛ ❢✉♥çã♦

g : H → R

x 7→ g(x) = d(x,A)

é ❝♦♥tí♥✉❛✳ P♦rt❛♥t♦✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❝♦♠ j → ∞ ❡♠ ✭✷✳✾✮ t❡♠♦s

d(b, A) ≥ δ

2
> 0. ✭✷✳✶✵✮

❈♦♠♦ B é ❛❜s♦r✈❡♥t❡ ❡♠ U ✱ ❡①✐st❡ t2 > 0 t❛❧ q✉❡✱ ♣❛r❛ t ≥ t2✱

S(t)B0 ⊂ B.

❊♠ ♣❛rt✐❝✉❧❛r✱ S(t2)bnj
∈ B ♣❛r❛ t♦❞♦ j ∈ N✳ ❈♦♥s✐❞❡r❛♥❞♦ j0 ∈ N ❞❡ s♦rt❡ q✉❡

tnj
> t2 s❡♠♣r❡ q✉❡ j ≥ j0✱ t❡♠♦s (S(t2)bnj

)j≥j0 ⊂ B ❡ ♠❛✐s

lim
j≥j0

S(tnj
− t2)S(t2)bnj

= lim
j≥j0

S(tnj
)bnj

= b.

❈♦♠♦ tnj
− t2 → ∞✱ r❡s✉❧t❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷ q✉❡ b ∈ A = ω(B)✳ ◆❡st❡ ❝❛s♦

d(b, A) = 0✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ✭✷✳✶✵✮✳



✹✾

❆❣♦r❛ s✉♣♦♥❤❛♠♦s q✉❡ ✭❤2✮ é ✈á❧✐❞❛✳ P❡❧♦ ▲❡♠❛ ✷✳✶ t❡♠♦s q✉❡ A = ω(B) é ♥ã♦

✈❛③✐♦✱ ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡✳ ❘❡st❛ ♠♦str❛r q✉❡ A é ✉♠ ❛tr❛t♦r ❡♠ U ❡ q✉❡ q✉❡ A ❛tr❛✐

❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❡♠ U ✳ P❛r❛ t❛♥t♦✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡✱ ♣❛r❛ t♦❞♦ s✉❜❝♦♥❥✉♥t♦

❧✐♠✐t❛❞♦ D ❞❡ U ✱ ✈❛❧❡ ✭✷✳✼✮✳ ❆ ♣r♦✈❛ s❡rá ❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r ❛♦ ❢❡✐t♦ s♦❜ ❛ ❤✐♣ót❡s❡

✭❤1✮✱ ❝♦♠ ❛s ♠♦❞✐✜❝❛çõ❡s ❛❞❡q✉❛❞❛s✳

❙✉♣♦♥❤❛ q✉❡ ♣❛r❛ ❛❧❣✉♠ B0 ⊂ U ❧✐♠✐t❛❞♦✱ ✭✷✳✼✮ ♥ã♦ ♦❝♦rr❛✳ ◆❡st❛s ❝♦♥❞✐çõ❡s

♦❜t❡♠♦s ✉♠ ♥ú♠❡r♦ δ > 0✱ s❡q✉ê♥❝✐❛s (tn) ⊂ R+ ❡ (bn) ⊂ B0 t❛✐s q✉❡✱ tn → ∞ ❡ ✭✷✳✽✮

é s❛t✐s❢❡✐t♦✳ P♦r ✭❤2✮✱

S(tn)bn = S1(tn)bn + S2(tn)bn, ∀n ∈ N.

❈♦♠♦ {S1(t)}t≥0 s❛t✐s❢❛③ ✭❤1✮✱ ♣♦❞❡♠♦s ♦❜t❡r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (S1(tnj
)bnj

) ❞❡ (S1(tn)bn)✱

❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ b ∈ H✳ ❉❡s❞❡ q✉❡ (bnj
) é ❧✐♠✐t❛❞❛✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✷ s❡❣✉❡ q✉❡

S(tnj
)bnj

→ b q✉❛♥❞♦ j → ∞✳ ❉❛í✱ ♣♦r ✭✷✳✽✮ ♦❜t❡♠♦s

d(b, A) ≥ δ

2
> 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ B é ❛❜s♦r✈❡♥t❡ ❡♠ U ✱ ♠♦str❛✲s❡ q✉❡ b ∈ A

❡ ❡♥tã♦ d(b, A) = 0✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

✷❛ ♣❛rt❡✿ A = ω(B) é ❛tr❛t♦r ❧✐♠✐t❛❞♦ ♠❛①✐♠❛❧ ❡♠ U ✳ ❙❡❥❛ A′ ❛tr❛t♦r ❧✐♠✐t❛❞♦ ❡♠ U ✳
❈♦♠♦ B é ❛❜s♦r✈❡♥t❡ ❡♠ U ✱ ❡①✐st❡ t′ > 0 t❛❧ q✉❡ S(t′)A′ ⊂ B✳ ❙❡♥❞♦ A′ ✐♥✈❛r✐❛♥t❡✱

t❡♠♦s S(t′)A′ = A′✳ ▲♦❣♦✱ A′ ⊂ B ❞❡ s♦rt❡ q✉❡

S(t)A′ ⊂ S(t)B, ∀t ≥ 0.

❉❡ss❡ ♠♦❞♦✱ ❞❛❞♦ s ≥ 0✱ t❡♠♦s ♣❛r❛ t ≥ s

S(t)A′ ⊂ S(t)B ⊂
⋃

r≥s

S(r)B ⊂
⋃

r≥s

S(r)B.

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❢❛t♦ ❞❡ q✉❡ A′ é ✐♥✈❛r✐❛♥t❡✱ ✈❡♠ q✉❡

A′ ⊂
⋃

r≥s

S(r)B, ∀s ≥ 0,

❞❡ ♦♥❞❡ r❡s✉❧t❛ q✉❡ A′ ⊂ ω(B) = A✳

✸❛ ♣❛rt❡✿ A é ❝♦♥❡①♦ ✭s✉♣♦♥❞♦ q✉❡ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ U é ❝♦♥✈❡①♦✮✳ P❡❧❛ ♣r✐✲

♠❡✐r❛ ♣❛rt❡ t❡♠♦s q✉❡ A é ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡ ❡ q✉❡ ❛tr❛✐ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❡♠

U ✳ ❙❡♥❞♦ ❛ss✐♠✱ A ❛tr❛✐ ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s ❡♠ U ❡ ♣♦rt❛♥t♦✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✷✱

s❡❣✉❡ q✉❡ A é ❝♦♥❡①♦✳



✺✵

✷✳✷ ❆tr❛t♦r❡s ❊①♣♦♥❡♥❝✐❛✐s

❙❡❥❛ (H, ‖ · ‖H) ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❉❡♥♦t❛r❡♠♦s ♣♦r ❞✐stH ❛ s❡♠✐❞✐stâ♥❝✐❛ ❞❡

❍❛✉s❞♦r✛ ♥❛ t♦♣♦❧♦❣✐❛ ❞❡ H✱ ♦✉ s❡❥❛✱ ❞❛❞♦s A,B ⊂ H

❞✐stH(A,B) = sup
x∈A

inf
y∈B

‖x− y‖H .

❉❛❞♦ r > 0 ❡ A ⊂ H ✉♠ s✉❜❝♦♥❥✉♥t♦ r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦✱ ❞❡♥♦t❛♠♦s ♣♦r

Nr(A,H) ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ r✲❜♦❧❛s ✭❜♦❧❛s ❞❡ r❛✐♦ r ❝❡♥tr❛❞❛s ❡♠ ♣♦♥t♦s ❞❡ H✮

♥❡❝❡ssár✐♦ ♣❛r❛ ❝♦❜r✐r A✳ ◗✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦ ❝♦♠ r❡❧❛çã♦ ❛♦ ❡s♣❛ç♦ H ♥♦

q✉❛❧ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ A✱ ❡s❝r❡✈❡r❡♠♦s s✐♠♣❧❡s♠❡♥t❡ Nr(A)✳ ❈❧❛r♦ q✉❡ Nr(A,H)

❡stá ❜❡♠ ❞❡✜♥✐❞♦ ♣♦✐s✱ ♣♦r ❝♦♠♣❛❝✐❞❛❞❡✱ ❡①✐st❡♠ n ∈ N ❡ x1, x2, ..., xn ∈ A t❛✐s q✉❡

A ⊂
n⋃

i=1

B(xi, r)✳ ▲♦❣♦✱ 0 ≤ Nr(A,H) ≤ n <∞✳

❉❡✜♥✐çã♦ ✷✳✹ ❉❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ A ❞❡ X r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦✱ ❞❡✜♥✐♠♦s ❛

❞✐♠❡♥sã♦ ❢r❛❝t❛❧ ❞❡ A ❡♠ H ❝♦♠♦ s❡♥❞♦

dimF (A,H) = lim sup
r→0

lnNr(A,H)

ln 1
r

.

▼❛✐s ✉♠❛ ✈❡③✱ q✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦✱ ❡s❝r❡✈❡r❡♠♦s s✐♠♣❧❡s♠❡♥t❡ dimF (A)

♣❛r❛ ❞❡♥♦t❛r ❛ ❞✐♠❡♥sã♦ ❢r❛❝t❛❧ ❞❡ A ❡♠ H✳

▲❡♠❛ ✷✳✸ ❙❡ (εk)k∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡❝r❡s❝❡♥t❡ t❛❧ q✉❡ εk → 0 ❡✱ ♣❛r❛ ❛❧❣✉♠ α ∈
(0, 1)✱

εk+1 ≥ αεk ∀ k ∈ N,

❡♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r A ⊂ H r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦✱

dimF (A,H) = lim sup
k→∞

lnNεk(A,H)

− ln εk
.

❉❡♠♦♥str❛çã♦✿ ❉❛❞♦ r ∈ (0, 1)✱ é ♣♦ssí✈❡❧ ♦❜t❡r k ∈ N t❛❧ q✉❡

εk+1 ≤ r < εk. ✭✷✳✶✶✮

❉❡ ❢❛t♦✱ ❝♦♠♦ εj → 0✱ ♣❛r❛ j s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠♦s εj ≤ r✳ ❆ss✐♠✱ ♦ ❝♦♥❥✉♥t♦

{j ∈ N; r < εj} é ✜♥✐t♦ ❡ ♣♦rt❛♥t♦ ❧✐♠✐t❛❞♦✳ ❊s❝♦❧❤❡♥❞♦ k ❝♦♠♦ ♦ ❡❧❡♠❡♥t♦ ♠á①✐♠♦

❞❡ss❡ ❝♦♥❥✉♥t♦ ♦❜t❡♠♦s ✭✷✳✶✶✮✳ ❙❡♥❞♦ εk+1 ≤ r✱ é ♣♦ssí✈❡❧ ❝♦❜r✐rA ❝♦♠ ✉♠❛ q✉❛♥t✐❞❛❞❡

Nεk+1
(A,H) ❞❡ ❜♦❧❛s ❞❡ r❛✐♦ r✳ ▲♦❣♦✱

Nr(A,H) ≤ Nεk+1
(A,H).



✺✶

◆♦t❡ q✉❡

r < εk ⇒ ln r < ln εk ⇒
1

ln r
>

1

ln εk
⇒ 1

− ln r
<

1

− ln εk
.

❉❛í✱

Nr(A,H)

− ln r
<
Nεk+1

(A,H)

− ln εk
=

Nεk+1
(A,H)

− ln εk + ln εk+1 − ln εk+1

=
Nεk+1

(A,H)

− ln εk+1 + ln
(

εk+1

εk

) .

❆❧é♠ ❞✐st♦✱

εk+1

εk
≥ α ⇒ ln

(
εk+1

εk

)
≥ lnα ⇒ − ln εk+1 + ln

(
εk+1

εk

)
≥ − ln εk+1 + lnα.

❉❡ss❡ ♠♦❞♦✱

Nεk+1
(A,H)

− ln εk+1 + ln
(

εk+1

εk

) ≤ Nεk+1
(A,H)

− ln εk+1 + lnα

▲♦❣♦✱

Nr(A,H)

− ln r
<

Nεk+1
(A,H)

− ln εk+1 + lnα
.

❈♦♠♦ (εk) é ❞❡❝r❡s❝❡♥t❡✱ q✉❛♥❞♦ r → 0 ♣❛r❛ q✉❡ ✭✷✳✶✶✮ ♣❡r♠❛♥❡ç❛ s❡♥❞♦ s❛t✐s❢❡✐t♦

❞❡✈❡♠♦s t❡r k → ∞✳ ❙❡♥❞♦ ❛ss✐♠✱

lim sup
r→0

Nr(A,H)

− ln r
≤ lim sup

k→∞

Nεk(A,H)

− ln εk + lnα
.

❈♦♠♦ εk → 0 t❡♠♦s − ln εk → ∞ q✉❛♥❞♦ k → ∞✳ ❉❡ss❡ ♠♦❞♦✱ ❛ ♣❛r❝❡❧❛ ❝♦♥st❛♥t❡

lnα é ❞❡s♣r❡③í✈❡❧ ♥♦ ❞❡♥♦♠✐♥❛❞♦r ❛❝✐♠❛ q✉❛♥❞♦ k → ∞✱ ✐st♦ é✱

lim sup
k→∞

(− ln εk + lnα) = lim sup
k→∞

(− ln εk).

P♦rt❛♥t♦✱

lim sup
r→0

Nr(A,H)

− ln r
≤ lim sup

k→∞

Nεk(A,H)

− ln εk
.

❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ q✉❡✱

dimF (A,H) ≤ lim sup
k→∞

Nεk(A,H)

− ln εk
.

Pr♦❝❡❞❡♥❞♦ ❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r✱ ✈❛♠♦s ❛❣♦r❛ ♦❜t❡r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♦♣♦st❛✳ ❉❡s❞❡ q✉❡

r < εk✱ é ♣♦ssí✈❡❧ ❝♦❜r✐r A ❝♦♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ Nr(A,H) ❞❡ ❜♦❧❛s ❞❡ r❛✐♦ εk✳ ▲♦❣♦✱

Nεk(A,H) ≤ Nr(A,H) ♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

lnNεk(A,H) ≤ lnNr(A,H).



✺✷

❆❧é♠ ❞✐st♦✱

εk+1 ≤ r ⇒ ln εk+1 ≤ ln r ⇒ 1

ln εk+1

≥ 1

ln r
⇒ 1

− ln εk+1

≤ 1

− ln r
.

❉❛í✱

lnNεk(A,H)

− ln εk+1

≤ lnNr(A,H)

− ln r
.

❙♦♠❛♥❞♦ ❡ s✉❜tr❛✐♥❞♦ ln εk ♥♦ ❞❡♥♦♠✐♥❛❞♦r ❞❛ ❢r❛çã♦ ❛ ❡sq✉❡r❞❛✱ ✉s❛♥❞♦ ♣r♦♣r✐❡❞❛❞❡s

❞♦ ❧♦❣❛r✐t♠♦ ❡ ♦ ❢❛t♦ ❞❡ q✉❡ εk+1 ≥ αεk ♦❜t❡♠♦s

lnNεk(A,H)

− ln εk + ln 1
α

≤ lnNr(A,H)

− ln r
.

P♦rt❛♥t♦✱

lim sup
k→∞

lnNεk(A,H)

− ln εk + ln 1
α

≤ lim sup
r→0

lnNr(A,H)

− ln r

❞❡ ❢♦r♠❛ q✉❡

lim sup
k→∞

lnNεk(A,H)

− ln εk
≤ dimF (A,H).

❋✐♥❛❧♠❡♥t❡✱ ❝♦♥❝❧✉í♠♦s q✉❡

dimF (A,H) = lim sup
k→∞

lnNεk(A,H)

− ln εk
.

❆❜❛✐①♦ ❧✐st❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❞✐♠❡♥sã♦ ❢r❛❝t❛❧✱ ❡♠ ❝♦♥❢♦r♠✐❞❛❞❡ ❝♦♠

❛ Pr♦♣♦s✐çã♦ ✷✳✻✶ ❞❡ ❬✶✼❪✳

Pr♦♣♦s✐çã♦ ✷✳✹ ❙❡❥❛♠ H1 ❡ H2 ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳

(i) ❙❡ K1 ❡ K2 sã♦ ❞♦✐s s✉❜❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s ❞❡ H1 ❡♥tã♦

K1 ⊂ K2 ⇒ dimF (K1, H1) ≤ dimF (K2, H1).

(ii) ❙❡ K1 é ❝♦♠♣❛❝t♦ ❡♠ H1 ❡ K2 é ❝♦♠♣❛❝t♦ ❡♠ H2 ❡♥tã♦

dimF (K1 ×K2, H1 ×H2) ≤ dimF (K1, H1) + dimF (K2, H2).

(iii) ❙❡ f : H1 → H2 é ▲✐♣s❝❤✐t③✐❛♥❛ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ K ⊂ H1

t❡♠✲s❡

dimF

(
f(K), H2

)
≤ dimF

(
K,H1

)
.



✺✸

(iv) ❙❡ I ⊂ R é ✉♠ ✐♥t❡r✈❛❧♦ ❡♥tã♦ dimF (I,R) = 1✳

❉❡♠♦♥str❛çã♦✿ (i) ❙❡❥❛ r ∈ (0, 1)✳ ◗✉❛❧q✉❡r ❝♦❜❡rt✉r❛ ♣❛r❛ K2 é ✉♠❛ ❝♦❜❡rt✉r❛

♣❛r❛ K1 ❞❡ ♠♦❞♦ q✉❡✱ é ♣♦ssí✈❡❧ ❝♦❜r✐r K1 ♣♦r Nr(K2) ❜♦❧❛s ❞❡ r❛✐♦ r✳ ❆ss✐♠✱ ♣♦r

❞❡✜♥✐çã♦✱

Nr(K1) ≤ Nr(K2). ✭✷✳✶✷✮

❆❣♦r❛✱

r < 1 ⇒ 1

r
> 1 ⇒ ln

1

r
> 0.

▲♦❣♦✱ ♣♦❞❡♠♦s ♠✉❧t✐♣❧✐❝❛r ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❡ ✭✷✳✶✷✮ ♣♦r ln 1
r
♦❜t❡♥❞♦

Nr(K1)

ln 1
r

≤ Nr(K2)

ln 1
r

.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

lim sup
r→0

Nr(K1)

ln 1
r

≤ lim sup
r→0

Nr(K2)

ln 1
r

,

♦✉ s❡❥❛✱ dimF (K1) ≤ dimF (K2)✳

(ii) ❙❡❥❛♠ r ∈ (0, 1) ❡ δ = r/2✳ ❙❡❥❛♠

Nδ(K1)⋃

i=1

B(xi, δ) ❡
Nδ(K2)⋃

j=1

B(yj, δ)

❝♦❜❡rt✉r❛s ❞❡ K1 ❡♠ H1 ❡ ❞❡ K2 ❡♠ H2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r δ✲❜♦❧❛s✳ ❊♥tã♦



Nδ(K1)⋃

i=1

B(xi, δ)


×




Nδ(K2)⋃

j=1

B(yj, δ)


 =

Nδ(K1)⋃

i=1

Nδ(K2)⋃

j=1

[B(xi, δ)× B(yj, δ)]

é ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ K1 ×K2 ❡♠ H1 ×H2 ❝♦♠ Nδ(K1) ·Nδ(K2) ❜♦❧❛s ❝✉❥♦ r❛✐♦ é ♥♦

♠á①✐♠♦ 2δ✳ ❆✉♠❡♥t❛♥❞♦ ❡ss❡ r❛✐♦ ❛té 2δ✱ ♦❜t❡♠♦s ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ K1 ×K2 ❡♠

H1 ×H2✱ ❝♦♠ Nδ(K1) ·Nδ(K2) ❜♦❧❛s ❞❡ r❛✐♦ 2δ✳ ▲♦❣♦✱

N2δ(K1 ×K2) ≤ Nδ(K1) ·Nδ(K2)

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

lnN2δ(K1 ×K2)

ln 1
2δ

≤ lnNδ(K1) + lnNδ(K2)

ln 1
2δ

,

♦✉ ❛✐♥❞❛✱
lnN2δ(K1 ×K2)

ln 1
2δ

≤ lnNδ(K1) + lnNδ(K2)

ln 1
δ

· ln 1
δ

ln 1
2δ

.



✺✹

❉✐st♦ ✈❡♠ q✉❡

lim sup
δ→0

lnN2δ(K1 ×K2)

ln 1
2δ

≤ lim sup
δ→0

(
lnNδ(K1) + lnNδ(K2)

ln 1
δ

· ln 1
δ

ln 1
2δ

)
.

❈♦♠♦ 2δ = r ❡

δ → 0 ⇔ r → 0,

♣♦❞❡♠♦s ❡s❝r❡✈❡r

lim sup
r→0

lnNr(K1 ×K2)

ln 1
r

≤ lim sup
δ→0

(
lnNδ(K1) + lnNδ(K2)

ln 1
δ

· ln 1
δ

ln 1
2δ

)
.

❖❜s❡r✈❡ q✉❡
ln 1

δ

ln 1
2δ

=
ln 1

δ

ln 1
2
+ ln 1

δ

=
1

ln 1
2
+ln 1

δ

ln 1
δ

=
1

ln 1
2

ln 1
δ

+ 1
.

▲♦❣♦

lim
δ→0

ln 1
δ

ln 1
2δ

= 1

❞❡ ♠♦❞♦ q✉❡

lim sup
r→0

lnNr(K1 ×K2)

ln 1
r

≤ lim sup
δ→0

(
lnNδ(K1) + lnNδ(K2)

ln 1
δ

)
.

P♦rt❛♥t♦✱

lim sup
r→0

lnNr(K1 ×K2)

ln 1
r

≤ lim sup
δ→0

lnNδ(K1)

ln 1
δ

+ lim sup
δ→0

lnNδ(K2)

ln 1
δ

,

❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ✐t❡♠ (ii)✳

(iii) P♦r ❤✐♣ót❡s❡ ❡①✐st❡ L > 0 t❛❧ q✉❡

‖f(x)− f(y)‖H2 ≤ L‖x− y‖H1 .

❋✐①❡ r ∈ (0, 1) ❡ s❡❥❛ δ := r/L✳ ❙❡

Nδ(K)⋃

i=1

B(xi, δ)

é ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ K ♣♦r δ✲❜♦❧❛s ❡♥tã♦

Nδ(K)⋃

i=1

B(f(xi), Lδ)

é ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ f(K) ♣♦r Lδ✲❜♦❧❛s✳ ❉❡ ❢❛t♦✱ s❡ y ∈ f(K) ❡♥tã♦ y = f(x) ❝♦♠

x ∈ K✳ ▼❛s x ∈ B(xi, δ) ♣❛r❛ ❛❧❣✉♠ i ∈ {1, 2, ..., Nδ(K)}✳ ❉❛í✱

‖y − f(xi)‖H2 = ‖f(x)− f(xi)‖H2 ≤ L‖x− xi‖H1 ≤ Lδ.



✺✺

P♦rt❛♥t♦✱

NLδ(f(K)) ≤ Nδ(K)

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

lnNLδ(f(K)) ≤ lnNδ(K).

◆♦t❡ q✉❡

Lδ = r ⇒ Lδ < 1 ⇒ 1

Lδ
> 1 ⇒ ln

1

Lδ
> 0.

P♦❞❡♠♦s ❡♥tã♦ ❡s❝r❡✈❡r

lnNLδ(f(K))

ln 1
Lδ

≤ lnNδ(K)

ln 1
Lδ

=
lnNδ(K)

ln 1
Lδ

· ln
1
δ

ln 1
δ

.

❆ss✐♠✱
lnNr(f(K))

ln 1
r

≤ lnNδ(K)

ln 1
δ

· ln 1
δ

ln 1
Lδ

❞❡ ♦♥❞❡ t❡♠♦s q✉❡

lim sup
δ→0

lnNr(f(K))

ln 1
r

≤ lim sup
δ→0

(
lnNδ(K)

ln 1
δ

· ln 1
δ

ln 1
Lδ

)
. ✭✷✳✶✸✮

❉❡s❞❡ q✉❡

δ → 0 ⇔ r → 0

❡
ln 1

δ

ln 1
Lδ

→ 1 q✉❛♥❞♦ δ → 0,

❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✶✸✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦ s❡❣✉❡

lim sup
r→0

lnNr(f(K))

ln 1
r

≤ lim sup
δ→0

lnNδ(K)

ln 1
δ

.

P♦rt❛♥t♦ dimF (f(K)) ≤ dimF (K)✳

(iv) ❙❡❥❛♠ I ⊂ R ✉♠ ✐♥t❡r✈❛❧♦ ❡ a, b ∈ R s❡✉s ❡①tr❡♠♦s✱ ❞✐❣❛♠♦s a ≤ b✳ ❋✐①❡ k ∈ N✳

❆✜r♠❛♠♦s q✉❡ é ♣♦ssí✈❡❧ ❝♦❜r✐r I ❝♦♠ k ❜♦❧❛s ❢❡❝❤❛❞❛s ❞❡ r❛✐♦ rk :=
b− a

2k
✳ P❛r❛

✐st♦✱ ❞✐✈✐❞✐♠♦s ♦ ✐♥t❡r✈❛❧♦ I ❡♠ k s✉❜✐♥t❡r✈❛❧♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦
b− a

k
❡ t♦♠❛♠♦s

❝♦♠♦ ❝❡♥tr♦s ♣❛r❛ ❛s ❜♦❧❛s ❞❡s❡❥❛❞❛s ♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ ❝❛❞❛ s✉❜✐♥t❡r✈❛❧♦✳ ❊♠ ♦✉tr♦s

t❡r♠♦s✱ ❞❡✜♥❛ x1 := a+ rk ❡✱ ♣❛r❛ ❝❛❞❛ j ∈ {2, ..., k} ❞❡✜♥❛

xj := xj−1 + 2rk.



✺✻

❊♥tã♦✱

I ⊂
k⋃

j=1

B[xj, rk].

▲♦❣♦✱

Nrk(I,R) ≤ k, ∀k ∈ N.

❱❛♠♦s ✈❡r✐✜❝❛r q✉❡ ♥❛ ✈❡r❞❛❞❡ ♦❝♦rr❡ ❛ ✐❣✉❛❧❞❛❞❡✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛♠ n ∈ N ❝♦♠

n < k ❡ C ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ I ❝♦♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ n ❞❡ ❜♦❧❛s ❞❡ r❛✐♦ rk✳ ❉❡♥♦t❡

♣♦r µ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❡♠ R ❡ ♣♦r Bj ❛s ❜♦❧❛s ❞❛ ❝♦❜❡rt✉r❛ C✳ ❈♦♠♦ I ⊂ C
t❡♠♦s

b− a = µ(I) ≤ µ(C) ≤
n∑

j=1

µ(Bj) = n · 2rk < k · 2b− a

2k
= b− a,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ♥ã♦ ❡①✐st❡ ❝♦❜❡rt✉r❛ ♣❛r❛ I ♣♦r ❜♦❧❛s ❞❡ r❛✐♦ rk ❝♦♠

✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❜♦❧❛s ♠❡♥♦r ❞♦ q✉❡ k✱ ♦✉ s❡❥❛✱

Nrk(I,R) = k.

❉❛í✱

lnNrk(I,R)

− ln rk
=

ln k

− ln
(
b−a
2k

) =
ln k

− ln
(
b−a
2

)
− ln 1

k

=
ln k

− ln
(
b−a
2

)
+ ln k

=
1

− ln( b−a
2 )+ln k

ln k

=
1

− ln( b−a
2 )

ln k
+ 1

.

❈♦♠♦ − ln
(
b−a
2

)
é ❝♦♥st❛♥t❡✱

− ln
(
b−a
2

)

ln k
→ 0 q✉❛♥❞♦ k → ∞.

▲♦❣♦✱

lim sup
k→∞

lnNrk(I,R)

− ln rk
= 1. ✭✷✳✶✹✮

P❛r❛ ✜♥❛❧✐③❛r✱ ✈❛♠♦s ♠♦str❛r q✉❡ ❛ s❡q✉ê♥❝✐❛ (rk) s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✷✳✶✶✳

➱ ❜❡♠ ♥♦tór✐♦ q✉❡ (rk) é ❞❡❝r❡s❝❡♥t❡ ❡ q✉❡ rk → 0 q✉❛♥❞♦ k → ∞✳ ❆❣♦r❛✱ ♣❛r❛ t♦❞♦

k ∈ N✱

1

k
≤ 1 ⇒ 1 +

1

k
≤ 2 ⇒ 1

1 + 1
k

≥ 1

2
⇒ 1

k+1
k

≥ 1

2
⇒ k

k + 1
≥ 1

2
⇒ 1

k + 1
≥ 1

2k
.



✺✼

❈♦♥s✐❞❡r❛♥❞♦ q✉❛❧q✉❡r α ❝♦♠ 0 < α ≤ 1
2
t❡♠♦s

1

k + 1
≥ α

1

k
⇒ b− a

2(k + 1)
≥ α

b− a

2k
,

♦✉ s❡❥❛✱

rk+1 ≥ αrk,

♣❛r❛ t♦❞♦ k ∈ N✳ P❡❧♦ ▲❡♠❛ ✷✳✸ ❡ ♣♦r ✭✷✳✶✹✮ s❡❣✉❡ q✉❡ dimF (I,R) = 1✳

❉❡✜♥✐çã♦ ✷✳✺ ❙❡❥❛ {S(t)}t≥0 ✉♠ s❡♠✐❣r✉♣♦ s♦❜r❡ H✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ M ⊂
H é ❞✐t♦ ✉♠ ❛tr❛t♦r ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ S q✉❛♥❞♦✿

(i) M é ♣♦s✐t✐✈❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ♣♦r S✱ ✐st♦ é✱ S(t)M ⊂ M ♣❛r❛ t♦❞♦ t ≥ 0✳

(ii) M ♣♦ss✉✐ ❞✐♠❡♥sã♦ ❢r❛❝t❛❧ ✜♥✐t❛✳

(iii) ❊①✐st❡ ω > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ B ❞❡ H✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

C(B) > 0✱ ❞❡♣❡♥❞❡♥❞♦ ❞❡ B✱ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ t ≥ 0✱

❞✐stH(S(t)B,M) ≤ C(B)e−ωt.

❖❜s❡r✈❛çã♦ ✷✳✷ ◗✉❛♥❞♦ ❡①✐st✐r❡♠ ❛♠❜♦s✱ ❛tr❛t♦r ❡①♣♦♥❡♥❝✐❛❧ M ❡ ❛tr❛t♦r ❣❧♦❜❛❧

A✱ ❡♥tã♦ A ⊂ M✳ ❈♦♠ ❡❢❡✐t♦✱ ❝♦♠♦ A é ❧✐♠✐t❛❞♦✱ ❡①✐st❡ C(A) > 0 t❛❧ q✉❡

❞✐stH(S(t)A,M) ≤ C(A)e−ωt, ∀t ≥ 0.

P❡❧❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ A s❡❣✉❡ q✉❡

❞✐stH(A,M) ≤ C(A)e−ωt, ∀ t ≥ 0.

❋❛③❡♥❞♦ t → ∞ ♦❜t❡♠♦s ❞✐stH(A,M) = 0 ❡✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✱ s❡❣✉❡ q✉❡

A ⊂ M✳ ❙❡♥❞♦ M ❝♦♠♣❛❝t♦ ✈❡♠ q✉❡ A ⊂ M✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❛♠❜♦s ♦s ❝♦♥❥✉♥t♦s

sã♦ ❝♦♠♣❛❝t♦s ✭r❡❧❛t✐✈❛♠❡♥t❡ ❛♦ ♠❡s♠♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡s✮✱ dimF A ≤ dimF M✳

❖❜s❡r✈❛çã♦ ✷✳✸ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ A ⊂ H✱ ❛ ♥♦t❛çã♦ #A ✐♥❞✐❝❛ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦

❝♦♥❥✉♥t♦ A✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ s♦❜r❡ ❡①✐stê♥❝✐❛ ❞❡ ❛tr❛t♦r❡s ❡①♣♦♥❡♥❝✐❛✐s é ❞❡✈✐❞♦ ❛ ❊❢❡♥✲

❞✐❡✈✱ ▼✐r❛♥✈✐❧❧❡ ❡ ❩❡❧✐❦ ✭✈❡r ❬✺❪✱ Pr♦♣♦s✐çã♦ ✶✮✳



✺✽

❚❡♦r❡♠❛ ✷✳✷ ❙❡❥❛♠ (H, ‖ · ‖H) ❡ (H1, ‖ · ‖H1) ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❝♦♠ H1 ⊂ H✱ t❛✐s

q✉❡ ❛ ✐♠❡rsã♦ H1 →֒ H é ❝♦♠♣❛❝t❛✳ ❙❡❥❛ X ⊂ H ✉♠ s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❞❡ H✳

❈♦♥s✐❞❡r❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ♥ã♦ ❧✐♥❡❛r L : X → X t❛❧ q✉❡ L ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st❛ ❡♠ ✉♠❛

s♦♠❛ ❞❡ ❞✉❛s ❛♣❧✐❝❛çõ❡s✱

L = L0 +K,

♦♥❞❡ L0 : X → H é ✉♠❛ ❝♦♥tr❛çã♦ ❝♦♠

‖L0(x1)− L0(x2)‖H ≤ α‖x1 − x2‖H , ∀ x1, x2 ∈ X, ✭✷✳✶✺✮

s❡♥❞♦ 0 < α <
1

2
❀ ❡ K : X → H é t❛❧ q✉❡ K(X) ⊂ H1 ❡

‖K(x1)−K(x2)‖H1 ≤ C‖x1 − x2‖H , ∀ x1, x2 ∈ X, ✭✷✳✶✻✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0✳ ❊♥tã♦ ❛ ❛♣❧✐❝❛çã♦ L ✭♦✉ ❛✐♥❞❛✱ ♦ s❡♠✐❣r✉♣♦ ❞✐s❝r❡t♦

❣❡r❛❞♦ ♣♦r L✮ ❛❞♠✐t❡ ✉♠ ❝♦♥❥✉♥t♦ M ⊂ X
H

❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

(i) Lk(M) ⊂ M, ∀ k ∈ N✳

(ii) dimF (M, H) <∞✳

(iii) ❊①✐st❡♠ α, ω > 0 t❛✐s q✉❡

❞✐stH(L
k(X),M) ≤ αe−ωk, ∀k ∈ N.

❆❞❡♠❛✐s✱ M é ❢❡❝❤❛❞♦ ❡♠ H✳

❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ α < 1/2 t❡♠✲s❡ 1/2− α > 0✳ ❋✐①❡ θ ∈
(
0, 1

2
− α

)
✳ ❆ss✐♠

2(α + θ) < 1.

❉❡s❞❡ q✉❡ X é ❧✐♠✐t❛❞♦ ❡♠ H✱ ❡①✐st❡♠ R > 0 ❡ x0 ∈ X t❛❧ q✉❡

X ⊂ BH(x0, R). ✭✷✳✶✼✮

❉❡✜♥❛ ♦s ❝♦♥❥✉♥t♦s E0 ❡ V0 ♣♦♥❞♦

E0 = V0 = {x0}.

❉❛❞♦ x ∈ X✱ ♣♦r ✭✷✳✶✻✮

‖K(x)−K(x0)‖H1 ≤ C‖x− x0‖H

❡ ❡♥tã♦ ❞❡ ✭✷✳✶✼✮ r❡s✉❧t❛ q✉❡

‖K(x)−K(x0)‖H1 ≤ CR.



✺✾

❆ss✐♠✱ ❛ ❜♦❧❛ BH1(K(x0), CR) ❝♦❜r❡ ❛ ✐♠❛❣❡♠ K(X) ❞❡ X ♣♦r K ❡♠ H1✳ ❖❜s❡r✈❡

q✉❡

⋃

y∈BH1
(K(x0),CR)

BH(y, θR)

é ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ BH1(K(x0), CR) ❡♠ H✳ ▼❛s ♣❡❧❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ H1 →֒ H

t❡♠♦s q✉❡ BH1(K(x0), CR) é ❝♦♠♣❛❝t♦ ❡♠ H ❡ ♣♦rt❛♥t♦✱ ❛ ❝♦❜❡rt✉r❛ ❛❝✐♠❛ ❛❞♠✐t❡

✉♠❛ s✉❜❝♦❜❡rt✉r❛ ✜♥✐t❛✱ ❛ q✉❛❧ é t❛♠❜é♠ ✉♠❛ ❝♦❜❡rt✉r❛ ✜♥✐t❛ ♣❛r❛ BH1(K(x0), CR)

❡♠ H ♣♦r θR✲❜♦❧❛s✳ ❙❡♥❞♦ ❛ss✐♠✱ NθR(BH1(K(x0), CR), H) <∞✳ ❈♦♥s✐❞❡r❡♠♦s ❡♥tã♦

✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ BH1(K(x0), CR) ❡♠ H ♣♦r NθR(BH1(K(x0), CR), H) ❜♦❧❛s ❞❡ r❛✐♦

θR✱ ❝✉❥♦s ❝❡♥tr♦s s❡rã♦ ❞❡♥♦t❛❞♦s ♣♦r yi✱ i ∈ {1, 2, ..., NθR(BH1(K(x0), CR), H)}✳
❉❡ss❡ ♠♦❞♦✱

K(X) ⊂
NθR(BH1

(K(x0),CR),H)⋃

i=1

BH(yi, θR).

❆✜r♠❛çã♦ ✷✳✺ NθR(BH1(K(x0), CR), H) = N θ
C
((BH1(0, 1), H))✳

◆♦t❡ q✉❡

NθR(BH1(K(x0), CR), H) = NθR(BH1(0, CR), H) ✭✷✳✶✽✮

❡ q✉❡

BH1(0, CR) = CRBH1(0, 1). ✭✷✳✶✾✮

❙❡❥❛
NθR(BH1

(0,CR),H)⋃

i=1

BH(zi, θR)

✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ BH(0, CR) ❡♠ H✳ ❊♥tã♦

NθR(BH1
(0,CR),H)⋃

i=1

BH

(
1

CR
zi,

θ

C

)

é ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ BH1(0, 1) ❡♠ H✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ x ∈ BH1(0, 1) ♣♦r ✭✷✳✶✾✮ t❡♠♦s

CRx ∈ BH1(0, CR)✳ ❆ss✐♠✱ ❡①✐st❡ i ∈ {1, 2, ..., NθR(BH1(0, CR), H)} t❛❧ q✉❡ CRx ∈
BH(zi, θR)✳ ❉❛í✱

‖CRx− zi‖H < θR ⇒ CR

∥∥∥∥x−
1

CR
zi

∥∥∥∥
H

< θR ⇒
∥∥∥∥x−

1

CR
zi

∥∥∥∥
H

<
θ

C



✻✵

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

x ∈ BH

(
1

CR
zi,

θ

C

)
.

P♦rt❛♥t♦✱

BH1(0, 1) ⊂
NθR(BH1

(0,CR),H)⋃

i=1

BH

(
1

CR
zi,

θ

C

)

❡ ♣♦r ❞❡✜♥✐çã♦ ❞❡ N θ
C
((BH1(0, 1), H)) r❡s✉❧t❛ q✉❡

N θ
C
((BH1(0, 1), H)) ≤ NθR(BH1(0, CR), H). ✭✷✳✷✵✮

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡
N θ

C
((BH1

(0,1),H))
⋃

i=1

BH

(
zi,

θ

C

)

é ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ BH1(0, 1) ❡♠ H✱ ❡♥tã♦

N θ
C
((BH1

(0,1),H))
⋃

i=1

B(CRzi, θR)

é ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ BH1(0, CR) ❡♠ H✳ ❈♦♠ ❡❢❡✐t♦✱ ❞❛❞♦ x ∈ BH1(0, CR) t❡♠♦s

1
CR
x ∈ BH1(0, 1)✳ ❆ss✐♠✱ ❡①✐st❡ i ∈ {1, 2, ..., N θ

C
((BH1(0, 1), H))} t❛❧ q✉❡ 1

CR
x ∈

BH

(
zi,

θ
C

)
✳ ❉❛í✱

∥∥∥∥
1

CR
x− zi

∥∥∥∥
H

<
θ

C
⇒ 1

CR
‖x− CRzi‖H <

θ

C
⇒ ‖x− CRzi‖H < θR,

♦✉ s❡❥❛✱

x ∈ BH(CRzi, θR).

▲♦❣♦✱

BH1(0, CR) ⊂
N θ

C
((BH1

(0,1),H))
⋃

i=1

B(CRzi, θR)

❞❡ ♦♥❞❡ s❡❣✉❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ NθR(BH1(0, CR), H)✱ q✉❡

NθR(BH1(0, CR), H) ≤ N θ
C
((BH1(0, 1), H)). ✭✷✳✷✶✮

❆s ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✷✵✮ ❡ ✭✷✳✷✶✮ ♥♦s ❞ã♦ ❛ ✐❣✉❛❧❞❛❞❡ ♣r♦♣♦st❛ ♣❡❧❛ ❆✜r♠❛çã♦✳

❉❡✜♥✐♥❞♦ N(θ) := N θ
C
((BH1(0, 1), H))✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✺ t❡♠♦s

NθR(BH1(K(x0), CR), H) = N(θ)



✻✶

❡✱ ♣♦rt❛♥t♦✱

K(X) ⊂
N(θ)⋃

i=1

BH(yi, θR)

é ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ K(X) ❡♠ H✳ ❊♥tã♦✱ ❞❛❞♦ x ∈ X ❡①✐st❡ i ∈ {1, 2, ..., N(θ)} t❛❧

q✉❡ K(x) ∈ BH(yi, θR)✳ ❯s❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❚r✐❛♥❣✉❧❛r ❡ ✭✷✳✶✺✮ t❡♠♦s

‖L(x)−
(
L0(x0) + yi

)
‖H = ‖L0(x) +K(x)− L0(x0)− yi‖H

≤ ‖L0(x)− L0(x0)‖+ ‖K(x)− yi‖H
< α‖x− x0‖H + θR

< αR + θR = (α + θ)R.

❱❡♠♦s ❛ss✐♠ q✉❡
N(θ)⋃

i=1

BH

(
yi + L0(x0), (α + θ)R

)

é ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ L(X) ❡♠ H✳ P♦ré♠✱ ♦s ❝❡♥tr♦s ❞❡ss❛s ❜♦❧❛s ♣♦❞❡♠ ❡st❛r ❢♦r❛ ❞❡

L(X) ❡ ❛té ♠❡s♠♦ ❞❡ X✳ P❛r❛ ❡✈✐t❛r ❡st❡ ♣r♦❜❧❡♠❛✱ ❝♦♥str✉í♠♦s ✉♠❛ ♥♦✈❛ ❝♦❜❡rt✉r❛

♣❛r❛ L(X) ❡♠ H ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ♣❛r❛ ❝❛❞❛ i ∈ {1, 2, ..., N(θ)} ❡s❝♦❧❤❡♠♦s

xi ∈ BH

(
yi + L0(x0), (α + θ)R

)
∩ L(X)

❡ ❝♦♥s✐❞❡r❛♠♦s ❛ ❜♦❧❛ BH

(
xi, 2(α + θ)R

)
✳ ❆ ✉♥✐ã♦ ❞❡ss❛s ❜♦❧❛s ❝♦♠ i ∈ 1, 2, ..., N(θ)

é ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ L(X)✳ P❛r❛ ✈❡r✐✜❝❛r ✐st♦ ❜❛st❛ ♥♦t❛r q✉❡

BH

(
yi + L0(x0), (α + θ)R

)
⊂ BH

(
xi, 2(α + θ)R

)
, ∀ i ∈ {1, 2, ..., N(θ)}.

❉❡ ❢❛t♦✱ s❡❥❛♠ i ∈ {1, 2, ..., N(θ)} ❡ x ∈ BH

(
yi + L0(x0), (α + θ)R

)
✳ ❊♥tã♦ t❡♠♦s✱

‖x− xi‖H ≤ ‖x− (yi + L0(x0))‖H + ‖yi + L0(x0)− xi‖H
< (α + θ)R + (α + θ)R = 2(α + θ)R.

❉❡✜♥❛ ♦ ❝♦♥❥✉♥t♦ V1 := {xi; i = 1, 2, ..., N(θ)}✳ ❈❧❛r❛♠❡♥t❡ V1 ⊂ L(X)✳ ❆❧é♠

❞✐ss♦✱ ❞❛❞♦ x ∈ L(X) t❡♠♦s x ∈ BH

(
xi, 2(α + θ)R

)
♣❛r❛ ❛❧❣✉♠ i ∈ {1, 2, ..., N(θ)}✳

❉❛í✱

inf
y∈V1

‖x− y‖H ≤ ‖x− xi‖H < 2(α + θ)R.

❉❡ss❡ ♠♦❞♦

sup
x∈L(X)

inf
y∈V1

‖x− y‖H ≤ 2(α + θ)R,



✻✷

♦✉ s❡❥❛✱

❞✐stH(L(X), V1) ≤ R[2(α + θ)].

◆♦t❡ ❛✐♥❞❛ q✉❡ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ V1 é ✐❣✉❛❧ ❛ N(θ)✳

❆❣♦r❛✱ ❞❛❞♦ i ∈ {1, 2, ..., N(θ)} s❡❥❛ Bi = BH

(
xi, 2(α + θ)R

)
✳ P♦r ✭✷✳✶✻✮

‖K(x)−K(xi)‖H1 ≤ C‖x− xi‖H < C · 2(α + θ)R,

♣❛r❛ t♦❞♦ x ∈ Bi ∩ L(X)✳ ❧♦❣♦✱ ❛ ❜♦❧❛ BH1(K(xi), C2(α + θ)R) ❝♦❜r❡ K(Bi ∩ L(X))

❡♠ H1✳ ❉❡✈✐❞♦ ❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ H1 →֒ H ♣♦❞❡♠♦s ❝♦❜r✐r ❡ss❛ ❜♦❧❛ ♣♦r ✉♠ ♥ú♠❡r♦

✜♥✐t♦ ❞❡ θ ·2(α+ θ)R✲❜♦❧❛s ❡♠ H✳ P❡❧❛ ❆✜r♠❛çã♦ ✷✳✺ ✭s✉❜st✐t✉✐♥❞♦ R ♣♦r 2(α+ θ)R✮✱

♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❜♦❧❛s ♣❛r❛ ✉♠❛ ❝♦❜❡rt✉r❛ ❞❡ss❛ ♥❛t✉r❡③❛ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ θ ❡ é

❞❛❞♦ ♣♦r N(θ)✳

❙❡❥❛♠ ♣♦✐s w1, w2, ..., wN(θ) ∈ H t❛✐s q✉❡

K(Bi ∩ L(X)) ⊂ BH1(K(xi), C2(α + θ)R) ⊂
N(θ)⋃

i=1

BH(wj, θ2(α + θ)R).

❉❛❞♦ x ∈ Bi ∩ L(X) t❡♠♦s✱ ♣♦r ✭✷✳✶✺✮✱ ♣❛r❛ ❛❧❣✉♠ j ∈ {1, 2, ..., N(θ)}✱

‖L(x)− (wj + L0(xi))‖H = ‖L0(x)− L0(xi) +K(x)− wj‖H
≤ ‖L0(x)− L0(xi)‖H + ‖K(x)− wj‖H
< α‖x− xi‖H + θ2(α + θ)R

< α2(α + θ)R + θ2(α + θ)R.

❈♦♠ ✐st♦ ✈❡♠♦s q✉❡✱

‖L(x)− (wj + L0(xi))‖H < (α + θ)2(α + θ)R = 2(α + θ)2R.

▲♦❣♦✱

N(θ)⋃

j=1

BH

(
wj + L0(xi), 2(α + θ)2R

)

❝♦❜r❡ L(Bi ∩ L(X)) ❡♠ H✳ ❊s❝♦❧❤❡♥❞♦ ♣❛r❛ ❝❛❞❛ j ∈ {1, 2, ..., N(θ)}✱

xij ∈ BH

(
wj + L0(xi), 2(α + θ)2R

)
∩ L
(
Bi ∩ L(X)

)

t❡♠♦s q✉❡
N(θ)⋃

i=1

BH(xij, 4(α + θ)2R)



✻✸

é ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ L(Bi ∩X)✱ ❛ q✉❛❧ ❝♦♥té♠ N(θ) ❜♦❧❛s✳ ❖❜s❡r✈❡ q✉❡

L2(X) = L(L(X)) = L
(
L(X) ∩X

)
⊂ L






N(θ)⋃

i=1

Bi


 ∩X


 .

❙❡♥❞♦ ❛ss✐♠✱

L2(X) ⊂ L




N(θ)⋃

i=1

Bi ∩X


 =

N(θ)⋃

i=1

L(Bi ∩X) ⊂
N(θ)⋃

i=1

N(θ)⋃

j=1

BH

(
xij, [2(α + θ)]2R

)
.

P♦rt❛♥t♦✱
N(θ)⋃

i=1

N(θ)⋃

j=1

BH

(
xij, [2(α + θ)]2R

)

é ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ L2(X) ❛ q✉❛❧ ❝♦♥té♠ (N(θ))2 ❜♦❧❛s✳

❉❡✜♥✐♥❞♦

V2 =
{
xij, i, j ∈ {1, 2, ..., N(θ)}

}

t❡♠♦s #V2 = (N(θ))2 ❡ V2 ⊂ L2(X)✳❙❡❥❛ x ∈ L2(X)✳ ❊①✐st❡♠ i, j ∈ {1, 2, ..., N(θ)}
t❛✐s q✉❡ x ∈ BH

(
xij, [2(α + θ)]2R

)
✳ ▲♦❣♦✱

inf
y∈V2

‖x− y‖H ≤ ‖x− xij‖H < [2(α + θ)]2R.

❉❡ss❡ ♠♦❞♦

sup
x∈L2(X)

inf
y∈V2

‖x− y‖H ≤ [2(α + θ)]2R,

♦✉ s❡❥❛✱

❞✐stH(L(X), V2) ≤ R[2(α + θ)]2.

Pr♦ss❡❣✉✐♥❞♦ ❝♦♠ ❡st❡ r❛❝✐♦❝í♥✐♦ ♦❜t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ {Vk} ❞❡ ❝♦♥❥✉♥t♦s t❛✐s q✉❡

Vk ⊂ Lk(X), ✭✷✳✷✷✮

Lk(X) ⊂
⋃

v∈Vk

BH

(
v, [2(α + θ)]kR

)
, ✭✷✳✷✸✮

❞✐stH(L
k(X), Vk) ≤ R[2(α + θ)]k ✭✷✳✷✹✮

✭✷✳✷✺✮

❡

#Vk =
(
N(θ)

)k
, ✭✷✳✷✻✮



✻✹

♣❛r❛ t♦❞♦ k ∈ N✳

P❛r❛ ❝❛❞❛ k ∈ N ❢❛ç❛♠♦s Ek := L(Ek−1) ∪ Vk✳ ❉❡✜♥✐♠♦s

E =
⋃

k∈N

Ek ❡ M = E
H
, ✭✷✳✷✼✮

♦♥❞❡ E
H
✐♥❞✐❝❛ ❡ ❢❡❝❤♦ ❞❡ E ❡♠ H✳ ❱❛♠♦s ♠♦str❛r q✉❡ M s❛t✐s❢❛③ ❛ t❡s❡ ❞♦ ❚❡♦r❡♠❛✳

❈♦♥✈é♠ ♦❜s❡r✈❛r q✉❡ ♥ã♦ é ❣❛r❛♥t✐❞❛ ❛ ✐♥❝❧✉sã♦ E
H ⊂ X✱ ♦ q✉❡ ♣♦ss✐❜✐❧✐t❛ q✉❡st✐♦✲

♥❛♠❡♥t♦s q✉❛♥t♦ ❛ ❝♦❡rê♥❝✐❛ ❞❛ ✐♠❛❣❡♠ ❞✐r❡t❛ L(M)✳ ❊♥tr❡t❛♥t♦✱ ❛s ❤✐♣ót❡s❡s ✭✷✳✶✺✮

❡ ✭✷✳✶✻✮ ❛❧✐❛❞❛s à ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ❞❡ H1 ❡♠ H✱ ♥♦s ❞ã♦ q✉❡ L é ✉♥✐❢♦r♠❡♠❡♥t❡

❝♦♥tí♥✉❛ r❡❧❛t✐✈❛♠❡♥t❡ à ♥♦r♠❛ ❞❡ H✳ ❆ss✐♠✱ L ❛❞♠✐t❡ ✉♠❛ ú♥✐❝❛ ❡①t❡♥sã♦ ✉♥✐❢♦r✲

♠❡♠❡♥t❡ ❝♦♥tí♥✉❛ L̂ ❛ X
H
✳ ❆ s❛❜❡r✱ ♣❛r❛ ❝❛❞❛ x ∈ X

H
✱ L̂(x) = limL(xn)✱ ♦♥❞❡ (xn)

é q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ ❡♠ X ❝♦♠ xn → x ❡♠ H ✭♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡r r❡❢❡rê♥❝✐❛

❬✶✸❪✮✳ ❈♦♠♦ E
H ⊂ X

H
✱ ❢❛③ s❡♥t✐❞♦ ♦ ❝♦♥❥✉♥t♦ L̂(M) ❛♦ q✉❛❧ ✐r❡♠♦s ♥♦s r❡❢❡r✐r ♣♦r

L(M)✳ ❈❛❜❡ ❛✐♥❞❛ s❛❧✐❡♥t❛r q✉❡ ❛s ❤✐♣ót❡s❡s ❛ss✉♠✐❞❛s ♣❛r❛ L ✈❛❧❡♠ t❛♠❜é♠ ♣❛r❛

L̂✱ ❝♦♠ ❛s ❝♦♥✈❡♥✐❡♥t❡s ❛❞❡q✉❛çõ❡s✳

✭✐✮ Lk(M) ⊂ M✱ ♣❛r❛ t♦❞♦ k ∈ N✳

❉❡ ❢❛t♦✱ ❞❛❞♦ x ∈ E t❡♠♦s x ∈ Ek ♣❛r❛ ❛❧❣✉♠ k ∈ N✳ ❉❛í✱ L(x) ∈ Ek+1 =

L(Ek) ∪ Vk+1✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡ L(x) ∈ E ♠♦str❛♥❞♦ q✉❡

L(E) ⊂ E.

❆❣♦r❛✱ ❞❛❞♦ x ∈ M t❡♠✲s❡ x = lim xn ❝♦♠ xn ∈ E✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ L t❡♠♦s

L(x) = L(lim xn) = limL(xn).

❉❡s❞❡ q✉❡ xn ∈ E t❡♠✲s❡ L(xn) ∈ E✱ ♣❛r❛ t♦❞♦ n ∈ N✳ ❆ss✐♠ L(x) ∈ E
H

= M ❡

♣♦rt❛♥t♦

L(M) ⊂ M.

❯s❛♥❞♦ ✐♥❞✉çã♦ ✈❡r✐✜❝❛✲s❡ q✉❡

Lk(M) ⊂ M,

♣❛r❛ t♦❞♦ k ∈ N✳

✭✐✐✮ dimF (M) <∞✳

❈♦♠❡ç❛♠♦s r❡❧❡♠❜r❛♥❞♦ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s ❞❛ ❆♥á❧✐s❡ ❘❡❛❧✱ ♦s q✉❛✐s ♣♦❞❡♠

s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✶✷❪✳ ❈♦♥s✐❞❡r❛♠♦s X ⊂ R✱ a ∈ R ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❡ X

❡ f : X → R ✉♠❛ ❢✉♥çã♦✿



✻✺

✭✐✮ ❙❡ ❡①✐st❡ lim
x→a

f(x) ❡♥tã♦ f é ❧✐♠✐t❛❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ a✱ ✐st♦ é✱ ❡①✐st❡♠

A, δ > 0 t❛✐s q✉❡ |f(x)| < A s❡♠♣r❡ q✉❡ x ∈ X ❡ 0 < |x− a| < δ✳

✭✐✐✮ ❙❡ f é ❧✐♠✐t❛❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ a✱ ❡♥tã♦ lim sup
x→a

f(x) <∞✳

❉✐r❡❝✐♦♥❛r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ✐t❡♠ ♥♦ s❡♥t✐❞♦ ❞❡ ♠♦str❛r q✉❡ ❛ ❢✉♥çã♦

r 7→ lnNr(M, H)

ln
1

r

é ❧✐♠✐t❛❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ 0✱ ♣♦❞❡♥❞♦ ❛ss✐♠ ❝♦♥❝❧✉✐r ♦ ❞❡s❡❥❛❞♦✳

❱❡r✐✜q✉❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡✱ ♣❛r❛ t♦❞♦ n ∈ N✱

⋃

k≥n

Ek ⊂ Ln(X). ✭✷✳✷✽✮

◆♦t❡ q✉❡✱ ❝♦♠♦ E0 ⊂ X ❡ V1 ⊂ L(X)✱ t❡♠♦s

E1 = L(E0) ∪ V1 ⊂ L(X).

❉❡s❞❡ q✉❡ V2(X) ⊂ L2(X)✱

E2 = L(E1) ∪ V2 ⊂ L2(X).

P♦r ✐♥❞✉çã♦✱ ♦❜t❡♠♦s

Ek ⊂ Lk(X), ∀ k ∈ N. ✭✷✳✷✾✮

❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡ L(X) ⊂ X ✐♠♣❧✐❝❛✱ t❛♠❜é♠ ♣♦r ✐♥❞✉çã♦✱

Lk+1(X) ⊂ Lk(X), ∀ k ∈ N.

❆❣♦r❛✱ ✜①❛❞♦ k ∈ N t❡♠✲s❡

Lk+p(X) ⊂ Lk(X), ∀ p ∈ N. ✭✷✳✸✵✮

❏á s❛❜❡♠♦s q✉❡ ❡st❛ ✐♥❝❧✉sã♦ é ✈á❧✐❞❛ ♣❛r❛ p = 1✳ ❙✉♣♦♥❤❛ q✉❡ ✈❛❧❡ ♣❛r❛ p✳ ❯s❛♥❞♦ ♦

❢❛t♦ ❞❡ q✉❡ L(X) ⊂ X t❡♠♦s

Lk+(p+1)(X) = Lk+p(L(X)) ⊂ Lk+p(X) ⊂ Lk(X),



✻✻

❡ ✐st♦ ❞❡♠♦♥str❛ ✭✷✳✸✵✮✳ ❋✐♥❛❧♠❡♥t❡✱ s❡❥❛♠ n ∈ N ❡ k ≥ n✳ ❊♥tã♦ k = n+p ❝♦♠ p ∈ N✳

P♦r ✭✷✳✸✵✮ Ln+p(X) ⊂ Ln(X)✱ ♦✉ s❡❥❛✱ Lk(X) ⊂ Ln(X)✳ ▼❛s ♣♦r ✭✷✳✷✾✮✱ Ek ⊂ Lk(X)✳

▲♦❣♦ Ek ⊂ Ln(X) ❡ ♣♦rt❛♥t♦ ✭✷✳✷✽✮ ❡stá ✈❡r✐✜❝❛❞♦✳ P♦r ✭✷✳✷✽✮ ❡ ✭✷✳✷✸✮ s❡❣✉❡ q✉❡

⋃

k≥n

Ek ⊂
⋃

v∈Vn

BH

(
v, [2(α + θ)]nR

)
,

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

⋃

k≥n

Ek

H

⊂
⋃

v∈Vn

BH

(
v, [2(α + θ)]nR

)H
,

♦✉ s❡❥❛✱

⋃

k≥n

Ek

H

⊂
⋃

v∈Vn

BH

(
v, [2(α + θ)]nR

)H
. ✭✷✳✸✶✮

❆❣♦r❛ ✜①❡ 0 < r ≤ 2R(α+ θ)✳ ❙❡♥❞♦ 2(α+ θ) < 1✱ t❡♠♦s lim
n→∞

R[2(α+ θ)]n = 0✳

❆ss✐♠✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

n ≥ n0 ⇒ R[2(α + θ)]n < r.

❉❡ss❡ ♠♦❞♦✱ ♦ ❝♦♥❥✉♥t♦

{n ∈ N; R[2(α + θ)]n ≥ r}

é ❧✐♠✐t❛❞♦ ❡ ♣♦r ✐ss♦ ♣♦ss✉✐ ✉♠ ❡❧❡♠❡♥t♦ ♠á①✐♠♦ m(r)✳ ❋✐①❡ n = m(r) + 1✳ ❖❜s❡r✈❡

q✉❡

M =
∞⋃

k=1

Ek

H

=

(
⋃

k<n

Ek

)
∪
(
⋃

k≥n

Ek

)H

=
⋃

k<n

Ek

H

∪
⋃

k≥n

Ek

H

.

❈♦♠♦
⋃

k<nEk é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❡ ♣♦rt❛♥t♦ ❝♦♠♣❛❝t♦ ❡♠ H✱ s❡❣✉❡ q✉❡

M =

(
⋃

k<n

Ek

)
∪
⋃

k≥n

Ek

H

.

▲♦❣♦✱

Nr(M, H) ≤ Nr

(
⋃

k<n

Ek

)
+Nr

(
⋃

k≥n

Ek

H
)
. ✭✷✳✸✷✮

❈♦♠♦ R[2(α + θ)]n < r ✭♣♦✐s n > m(r)✮✱ ♣♦r ✭✷✳✸✶✮ r❡s✉❧t❛ q✉❡

⋃

k≥n

Ek

H

⊂
⋃

v∈Vn

BH(v, r)



✻✼

❡ ❡♥tã♦

Nr

(
⋃

k≥n

Ek

H
)

≤ #Vn ≤ N(θ)n.

❉❡✜♥✐♥❞♦ N0 := max{2, N(θ)}✱ t❡♠♦s

Nr

(
⋃

k≥n

Ek

)
≤ #Vn ≤ Nn

0 < Nn+1
0 . ✭✷✳✸✸✮

P❛r❛ q✉❛❧q✉❡r A ⊂ H r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ t❡♠♦s

Nr(A,H) ≤ #A

♣♦✐s

A ⊂
⋃

v∈A

B(v, r).

▲♦❣♦✱

Nr

(
⋃

k<n

Ek

)
≤ #

(
⋃

k<n

Ek

)
≤
∑

k<n

#Ek = #E1 +#E2 + · · ·+#En−1. ✭✷✳✸✹✮

❘❡❝♦r❞❡ q✉❡✱ ♣❛r❛ t♦❞♦s a ∈ R ❡ n ∈ N✱

an+1 − 1 = (a− 1)(an + an−1 + · · ·+ a2 + a+ 1).

▲❡♠❜r❡ ❛✐♥❞❛ q✉❡ E0 = {x0} ❞❡ ♦♥❞❡ t❡♠♦s#L(E0) = 1✳ ❯♠❛ ✈❡③ q✉❡ Ek = L(Ek−1)∪
Vk✱ t❡♠♦s

#Ek ≤ #L(Ek−1) + #Vk

♣❛r❛ t♦❞♦ k ∈ N✳ ❉❛í✱ ❝♦♠♦ N0 ≥ 2✱

#E1 ≤ #L(E0) + #V1 ≤ 1 +N(θ) ≤ 1 +N0,

#E2 ≤ #L(E1) + #V2 ≤ 1 +N(θ) +N(θ)2 ≤ 1 +N0 +N2
0 .

❙❡❣✉❡ ♣♦r ✐♥❞✉çã♦ q✉❡✱ ♣❛r❛ t♦❞♦ k ∈ N✱

#Ek ≤
k∑

i=0

N i
0.

❈♦♠♦
k∑

i=0

N i
0 =

Nk+1
0 − 1

N0 − 1
< Nk+1

0 ,



✻✽

t❡♠♦s q✉❡

#Ek < Nk+1
0 .

P♦rt❛♥t♦✱ ✭✷✳✸✹✮ ♥♦s ❞✐③ q✉❡

Nr

(
⋃

k<n

Ek

)
< N2

0 +N3
0 + · · ·+Nn

0 < 1 +N0 +N2
0 +N3

0 + · · ·+Nn
0 .

❉✐st♦✱ ♣♦r ✭✷✳✸✷✮ ❡ ✭✷✳✸✸✮

Nr(M, H) ≤ 1 +N0 +N2
0 +N3

0 + · · ·+Nn
0 +Nn+1

0 =
Nn+2

0 − 1

N0 − 1
< Nn+2

0 .

P♦❞❡♠♦s ❛ss✐♠ ❝♦♥❝❧✉✐r q✉❡

lnNr(M, H) < lnNn+2
0 . ✭✷✳✸✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱

R[2(α + θ)]m(r) ≥ r ⇒ 1

R[2(α + θ)]m(r)
≤ 1

r
⇒ ln

(
1

R[2(α + θ)]m(r)

)
≤ ln

1

r
.

❉❡ss❡ ♠♦❞♦✱

1

ln
1

r

≤ 1

ln

(
1

R[2(α + θ)]m(r)

) =
1

ln
1

R
+ ln

(
1

2(α + θ)

)m(r)

❡ ♣♦r ✭✷✳✸✺✮ r❡s✉❧t❛ q✉❡

lnNr(M, H)

ln
1

r

<
lnNn+2

0

ln
1

R
+ ln

(
1

2(α + θ)

)m(r)
.

♦✉ ♠❡❧❤♦r

lnNr(M, H)

ln
1

r

<
lnN

m(r)+3
0

ln
1

R
+ ln

(
1

2(α + θ)

)m(r)
. ✭✷✳✸✻✮

◆♦t❡ q✉❡✱

lnN
m(r)+3
0

ln
1

R
+ ln

(
1

2(α + θ)

)m(r)
=

(m(r) + 3) lnN0

ln
1

R
+m(r) ln

(
1

2(α + θ)

)

=
1

ln 1
R
+m(r) ln

(
1

2(α+θ)

)

(m(r) + 3) lnN0

=
1

ln 1
R

(m(r) + 3) lnN0

+
m(r) ln

(
1

2(α+θ)

)

(m(r) + 3) lnN0

.



✻✾

❆❧é♠ ❞✐ss♦✱

R[2(α + θ)]m(r)+1 < r ⇒ [2(α + θ)]m(r)+1 <
r

R
⇒ (m(r) + 1) ln[2(α + θ)] < ln

r

R
.

❈♦♠♦ 2(α + θ) < 1✱ ln[2(α + θ)] < 0 ❡ ❡♥tã♦✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛

ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦r 1/(ln[2(α + θ)]) ♦❜tê♠✲s❡

(m(r) + 1) >
ln r

R

ln[2(α + θ)]

♦✉ ❛✐♥❞❛

m(r) >
ln r

R

ln[2(α + θ)]
− 1.

❉❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ lim
r→0

m(r) = ∞ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

lim
r→0




1

ln 1
R

(m(r) + 3) lnN0

+
m(r) ln

(
1

2(α+θ)

)

(m(r) + 3) lnN0




= lim
r→0

1

m(r) ln
(

1
2(α+θ)

)

(m(r) + 3) lnN0

= lim
r→0

(m(r) + 3) lnN0

m(r) ln
(

1
2(α+θ)

) = lim
r→0

m(r) lnN0

m(r) ln
(

1
2(α+θ)

) + lim
r→0

3 lnN0

m(r) ln
(

1
2(α+θ)

)

=
lnN0

ln
(

1
2(α+θ)

) .

P♦rt❛♥t♦✱ ❡①✐st❡

lim
r→0

lnNn+2
0

ln
1

R
+ ln

(
1

2(α + θ)

)m(r)
.

❉❡ss❡ ♠♦❞♦✱ ❛ ❢✉♥çã♦ q✉❡ ❛ ❝❛❞❛ r ∈ R ❛ss♦❝✐❛ ♦ ♥ú♠❡r♦ r❡❛❧

lnNn+2
0

ln
1

R
+ ln

(
1

2(α + θ)

)m(r)
,

é ❧✐♠✐t❛❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ 0✳ P♦r ✭✷✳✸✻✮ r❡s✉❧t❛ q✉❡

r 7→ lnNr(M, H)

ln
1

r

,



✼✵

é t❛♠❜é♠ ❧✐♠✐t❛❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ 0 ❡ ❡♥tã♦

lim sup
r→0

lnNr(M, H)

ln
1

r

<∞,

♦✉ s❡❥❛✱ dimF (M) <∞✳

✭✐✐✐✮ ❆tr❛çã♦ ❡①♣♦♥❡♥❝✐❛❧✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❡❥❛ q✉❡

❞✐stH(L
k(X),M) ≤ ❞✐stH(L

k(X), E).

❉❡ ❢❛t♦✱ s❡❥❛ x ∈ Lk(X)✳ ❈♦♠♦

{‖x− y‖H ; y ∈ E} ⊂ {‖x− y‖H ; y ∈ M}

♣♦r ♣r♦♣r✐❡❞❛❞❡s ❞♦ í♥✜♠♦ t❡♠♦s

inf{‖x− y‖H ; y ∈ M} ≤ inf{‖x− y‖H ; y ∈ E},

♦✉ s❡❥❛✱

inf
y∈M

‖x− y‖H ≤ inf
y∈E

‖x− y‖H .

▲♦❣♦

sup
x∈Lk(X)

inf
y∈M

‖x− y‖H ≤ sup
x∈Lk(X)

inf
y∈E

‖x− y‖H ,

✐st♦ é✱ ❞✐stH(Lk(X),M) ≤ ❞✐stH(Lk(X), E).

❆❣♦r❛✱ s❡❥❛♠ k ∈ N ❡ x ∈ Lk(X)✳ ❉❛❞♦ z ∈ Vk t❡♠✲s❡ z ∈ E ❡ ♣♦r ✐ss♦

inf
y∈E

‖x− y‖H ≤ ‖x− z‖.

P♦r ❞❡✜♥✐çã♦ ❞❡ í♥✜♠♦ s❡❣✉❡ q✉❡

inf
y∈E

‖x− y‖ ≤ inf
z∈Vk

‖x− z‖.

P❛ss❛♥❞♦ ❛♦ s✉♣r❡♠♦ ♦❜t❡♠♦s✱

sup
x∈Lk(X)

inf
y∈E

‖x− y‖ ≤ sup
x∈Lk(X)

inf
z∈Vk

‖x− z‖

♦✉ s❡❥❛✱

❞✐stH(L
k(X), E) ≤ ❞✐stH(L

k(X), Vk).



✼✶

P♦r ✭✷✳✷✹✮ ✈❡♠

❞✐stH(L
k(X), E) ≤ R[2(α + θ)]k, ∀ k ∈ N.

❙❡❥❛ a = 2(α + θ)✳ ❚❡♠♦s

a < 1 ⇒ ln a < 0 ⇒ − ln a > 0.

❆❧é♠ ❞✐ss♦✱

Rak = Reln ak = Rek ln a = Re−k(− ln a)

❡✱ ♣♦rt❛♥t♦✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❝♦♠ α = R ❡ ω = − ln a✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ s❡rá út✐❧ ♥♦ ❡st✉❞♦ ❞❡ ❛tr❛t♦r❡s ❡①♣♦♥❡♥❝✐❛✐s ♣❛r❛ ❡q✉❛çõ❡s

❞❡ ❝❛♠♣♦s ♥❡✉r❛✐s✱ ♦ q✉❡ s❡rá ❢❡✐t♦ ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳ ❖ ♠❡s♠♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦

❡♠ ❋❛❜r✐❡ ❬✻❪✳

❚❡♦r❡♠❛ ✷✳✸ ❙❡❥❛♠ (H, d) ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❡ {S(t)} ✉♠ s❡♠✐❣r✉♣♦ ❛❣✐♥❞♦ s♦❜r❡

H t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ t ≥ 0✱

d
(
S(t)u1, S(t)u2

)
≤ Ce−Ktd(u1, u2), ∀ u1, u2 ∈ H, ✭✷✳✸✼✮

♦♥❞❡ C ≥ 0 ❡ K > 0 sã♦ ❝♦♥st❛♥t❡s✳ ❆ss✉♠❛ q✉❡ ❡①✐st❛♠ s✉❜❝♦♥❥✉♥t♦s M1,M2,M3 ⊂
H ❡ ❝♦♥st❛♥t❡s C1, C2, α1, α2 > 0 t❛✐s q✉❡

❞✐stH
(
S(t)M1,M2

)
< C1e

−α1t, ∀ t ≥ 0 ✭✷✳✸✽✮

❡

❞✐stH
(
S(t)M2,M3

)
< C2e

−α2t, ∀ t ≥ 0. ✭✷✳✸✾✮

❊♥tã♦✱

❞✐stH(S(t)M1,M3) ≤ C ′e−α′t, ∀ t ≥ 0

♦♥❞❡

C ′ = CC1 + C2 ❡ α′ = min

{
K + α1

2
,
α2

2

}
.

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ t ≥ 0 ❡ x ∈ S(t)M1✱ ❞✐❣❛♠♦s x = S(t)u1 ♦♥❞❡ u1 ∈ M1✳

❊s❝r❡✈❡♥❞♦ t1 = t2 =
t
2
t❡♠♦s t = t1 + t2✳ P♦r ✭✷✳✸✽✮ t❡♠♦s

sup
x∈S(t1)M1

inf
y∈M2

d(x, y) < C1e
−α1t1 ,

❞❡ ♦♥❞❡ ♦❜t❡♠♦s

inf
y∈M2

d(x, y) < C1e
−α1t1 , ∀ x ∈ S(t1)M1.



✼✷

❊♠ ♣❛rt✐❝✉❧❛r✱

inf
y∈M2

d(S(t1)u1, y) < C1e
−α1t1 .

❙❡♥❞♦ ❛ss✐♠ ❡①✐st❡ u2 ∈M2 t❛❧ q✉❡

d(S(t1)u1, u2) < C1e
−α1t1 . ✭✷✳✹✵✮

❆♥❛❧♦❣❛♠❡♥t❡✱ ✉s❛♥❞♦ ✭✷✳✸✾✮ ♦❜t❡♠♦s u3 ∈M3 ❞❡ s♦rt❡ q✉❡

d(S(t2)u2, u3) < C2e
−α2t2 . ✭✷✳✹✶✮

❯s❛♥❞♦ ✭✷✳✸✼✮ t❡♠♦s

d(S(t)u1, S(t2)u2) = d(S(t2)S(t1)u1, S(t2)u2) ≤ Ce−Kt2d(S(t1)u1, u2)

❡ ♣♦r ✭✷✳✹✵✮ s❡❣✉❡ q✉❡

7d(S(t)u1, S(t2)u2) ≤ CC1e
−Kt2−α1t1 . ✭✷✳✹✷✮

❆❣♦r❛✱ ♣♦r ❞❡✜♥✐çã♦ ❞❡ í♥✜♠♦

inf
y∈M3

d(x, y) = inf
y∈M3

d(S(t)u1, y) ≤ d(S(t)u1, u3) ≤ d(S(t)u1, S(t2)u2) + d(S(t2)u2, u3).

P♦r ✭✷✳✹✶✮ ❡ ✭✷✳✹✷✮ ✈❡♠ q✉❡

inf
y∈M3

d(x, y) ≤ CC1e
−Kt2−α1t1 + C2e

−α2t2 = CC1e
−

K+α1
2

t + C2e
−

α2
2
t.

❖r❛✱

α′ ≤ K + α1

2
⇒ −K + α1

2
t ≤ −α′t⇒ e−

K+α1
2

t ≤ e−α′t

❡ ❞❛ ♠❡s♠❛ ❢♦r♠❛ ✈ê✲s❡ q✉❡

e−
α
2
t < e−α′t.

❈♦♥s✐❞❡r❛♥❞♦ ❛s ❡st✐♠❛t✐✈❛s ♦❜t✐❞❛s ❛❝✐♠❛✱ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡

inf
y∈M3

d(x, y) ≤ CC1e
−α′t + C2e

−α′t

❡ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛✱ ♣❛ss❛♥❞♦ ❛♦ s✉♣r❡♠♦ ❝♦♠ x ∈ S(t)M1

sup
x∈S(t)M1

inf
y∈M3

d(x, y) ≤ (CC1 + C2)e
−α′t.

❉❡ ✭✷✳✸✼✮ ❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ C ′ s❡❣✉❡ q✉❡✱

❞✐stH(S(t)M1,M3) ≤ C ′e−α′t

❡ ♦ t❡♦r❡♠❛ ✜❝❛ ♣r♦✈❛❞♦✳



❈❛♣ít✉❧♦ ✸

❊①✐stê♥❝✐❛ ❞❡ ❆tr❛t♦r❡s ♣❛r❛ ✉♠❛

❊q✉❛çã♦ ❞❡ ❈❛♠♣♦ ◆❡✉r❛❧

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣♦✐❛❞♦s ❡♠ ❬✷✵❪ ❡ ❬✷✶❪✱ ❛♣❧✐❝❛♠♦s ♦s r❡s✉❧t❛❞♦s ❛❜str❛t♦s ❞♦s

❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s ♣❛r❛ ♦ s❡♠✐❣r✉♣♦ ❣❡r❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ❞❡ ❝❛♠♣♦s ♥❡✉r❛✐s ♥♦ ❡s✲

♣❛ç♦ ❞❡ ❢❛s❡ L2(S1)✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ❛tr❛t♦r❡s ❣❧♦❜❛✐s ❡

❡①♣♦♥❡♥❝✐❛✐s ♣❛r❛ ♦ ✢✉①♦ ❣❡r❛❞♦ ♣♦r ❡st❛ ❡q✉❛çã♦✳

❈♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦✱

ut(x, t)− J̃ ∗ (f ◦ u)(x, t) + u(x, t) = h ✭✸✳✶✮

s♦❜ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧

u(0, x) = u0(x). ✭✸✳✷✮

♦♥❞❡ h é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✱ J̃ ∈ C1(R) é ✉♠❛ ❢✉♥çã♦ ♣❛r ♥ã♦ ♥❡❣❛t✐✈❛ ❝♦♠

s✉♣♦rt❡ ❡♠ [−1, 1]✳ ❆ ❝♦♥✈♦❧✉çã♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✮✱ ❡♥tr❡ J̃ ❡ ❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ♥ã♦

❞❡❝r❡s❝❡♥t❡ ❡ ♥ã♦ ❧✐♥❡❛r f(u) é ❞❡✜♥✐❞❛ ♣♦r

J̃ ∗ (f ◦ u)(x, t) =
∫

R

J̃(x− y)f(u(y, t)) dy.

❆ ❡q✉❛çã♦ ✭✸✳✶✮ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ♥❛ ❧✐t❡r❛t✉r❛ ♣♦r ❲✐❧s♦♥ ❡ ❈♦✇❛♥ ✭✈❡r r❡❢❡rê♥✲

❝✐❛ ❬✷✸❪✮ ♣❛r❛ ♠♦❞❡❧❛r ✉♠ ❝❛♠♣♦ ♥❡✉r❛❧ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❊♠ ✭✸✳✶✮✱ u(x, t) ❞❡♥♦t❛ ♦

♣♦t❡♥❝✐❛❧ ♠é❞✐♦ ❞♦ t❡❝✐❞♦ ♥❛ ❧♦❝❛❧✐③❛çã♦ x ❡ t❡♠♣♦ t ❡✱ ♦ t❡r♠♦ ❞❡ ❝♦♥✈♦❧✉çã♦ é ✐♥t❡r✲

♣r❡t❛❞♦ ❝♦♠♦ ✐♥t❡r❛çõ❡s ♥❡✉r❛✐s✳ ❆ ❢✉♥çã♦ f r❡♣r❡s❡♥t❛ ❛ ❛t✐✈✐❞❛❞❡ ♥❡✉r♦♥❛❧ é ❣❡r❛❞❛

❡ ❛ ❝♦♥st❛♥t❡ h ❞❡♥♦t❛ ❛❧❣✉♠❛ ❢♦rç❛ ❡①t❡r♥❛ ❛♣❧✐❝❛❞❛ ❛♦ ❝❛♠♣♦✳



✼✹

✸✳✶ ❋♦r♠✉❧❛çã♦ ❞♦ Pr♦❜❧❡♠❛ ❡♠ ❈♦♥❞✐çõ❡s P❡r✐ó❞✐✲

❝❛s

❆s s♦❧✉çõ❡s ♣r♦❝✉r❛❞❛s ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✸✳✶✮ sã♦ ❢✉♥çõ❡s 2τ ♣❡r✐ó❞✐❝❛s✳ ◆❡st❡

❝❛s♦ é ♥❛t✉r❛❧ ❞♦t❛r ❛ ❡q✉❛çã♦ ✭✸✳✶✮ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ♣❡r✐ó❞✐❝❛ s♦❜r❡ [−τ, τ ]✱

u(−τ, t) = u(τ, t).

❆ ♣❛rt✐r ❞❛í é ♣♦ssí✈❡❧ ❡st❛❜❡❧❡❝❡r ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛s s♦❧✉çõ❡s ❞❡ ✭✸✳✶✮ ❡ ❛s

s♦❧✉çõ❡s ❞❡ ✉♠ ♣r♦❜❧❡♠❛ s✐♠✐❧❛r ❝♦♥s✐❞❡r❛❞♦ s♦❜r❡ S1✱ ♦ q✉❡ s❡rá ❢❡✐t♦ ♠❛✐s ❛❞✐❛♥t❡✱

♣♦✐s ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✶✮ q✉❛♥❞♦

♣♦st❛ s♦❜r❡ ♦ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ S1✳

❆ ♥♦t❛çã♦ ‖ · ‖p✱ s❡rá ✉s❛❞❛ ♣❛r❛ ✐♥❞✐❝❛r ❛ ♥♦r♠❛ ❡♠ Lp(S1)✱ 1 ≤ p ≤ ∞✳ ❖

♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ L2(S1) s❡rá ❞❡♥♦t❛❞♦ ♣♦r 〈·, ·〉✳
▼❛✐s ❛❞✐❛♥t❡✱ ❡st✉❞❛r❡♠♦s ❛ ❜♦❛ ♣♦s✐çã♦ ❡♠ L2(S1) ❞♦ ♣r♦❜❧❡♠❛





∂u

∂t
− J̃ ∗ (f ◦ u) + u = h

u(0, x) = u0(x)
, ✭✸✳✸✮

♦✉ s❡❥❛✱ ❡st❛r❡♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❣❛r❛♥t✐r q✉❡ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

✭✸✳✸✮ ❡♠ L2(S1)✱ ❛ q✉❛❧ ❞❡♣❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞♦ ❞❛❞♦ ✐♥✐❝✐❛❧✳ ❱❛❧❡ s❛❧✐❡♥t❛r q✉❡✱ ❛

❞❡♣❡♥❞❡r ❞❛s ❤✐♣ót❡s❡s s♦❜r❡ f ✱ ❡st❡ ♣r♦❜❧❡♠❛ ♣♦❞❡ ❛❞♠✐t✐r ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡

s♦❧✉çã♦ ❡♠ ❞✐❢❡r❡♥t❡s ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ P♦r ❡①❡♠♣❧♦✱ s✉♣♦♥❤❛ q✉❡ f é ❣❧♦❜❛❧♠❡♥t❡

▲✐♣s❝❤✐t③✐❛♥❛ ❝♦♠ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ ✐❣✉❛❧ ❛ M > 0✳ ❉❡ss❡ ♠♦❞♦✱ ♣❛r❛ q✉❛❧q✉❡r

x ∈ R

|f(x)| − |f(0)| ≤ |f(x)− f(0)| ≤M |x− 0|

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

|f(x)| ≤M |x|+ k, ✭✸✳✹✮

♦♥❞❡ k = |f(0)|✳ ❙❡❥❛ Cb(R) ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❞❡ R ❡♠ R ❝♦♥tí♥✉❛s ❡ ❧✐♠✐t❛❞❛s✳ ❆

❛♣❧✐❝❛çã♦ ‖ · ‖C(R) : Cb(R) → R ❞❛❞❛ ♣♦r

‖g‖C(R) = sup
x∈R

|g(x)|,

❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ Cb(R) ❡ ♠❛✐s✱ ♦ ♣❛r (Cb(R), ‖ · ‖C(R)) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳



✼✺

❈♦♥s✐❞❡r❡ F : Cb(R) → Cb(R) ❞❛❞❛ ♣♦r

F (u) = −u+ J̃ ∗ (f ◦ u) + h.

❖❜s❡r✈❡ q✉❡ J̃ t❡♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ ♣♦✐s s✉♣♣ J̃ é ✉♠ ❢❡❝❤❛❞♦ ❝♦♥t✐❞♦ ♥♦ ❝♦♠♣❛❝t♦

[−1, 1]✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ u ∈ Cb(R)✱ f ◦ u é ❝♦♥tí♥✉❛ ❡ ♣♦r ✐ss♦ ♣❡rt❡♥❝❡ ❛ L1
loc(R)✳

P❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✽ s❡❣✉❡ q✉❡ J̃ ∗ (f ◦ u) é ❝♦♥tí♥✉❛✳ ❆❣♦r❛✱ ❞❛❞♦ x ∈ R t❡♠♦s

|(J̃ ∗ (f ◦ u))(x)| =
∣∣∣∣
∫

R

J̃(x− y)f(u(y)) dy

∣∣∣∣ =
∣∣∣∣
∫

R

−J̃(z)f(u(x− z)) dz

∣∣∣∣

≤
∫ 1

−1

|J̃(z)| · |f(u(x− z))| dz ≤
∫ 1

−1

‖J̃‖L∞(R)(M |u(x− z)|+ k) dz

≤
∫ 1

−1

‖J̃‖L∞(R)(M‖u‖L∞(R) + k) dz = 2‖J̃‖L∞(R)(M‖u‖L∞(R) + k)

❡ ♣♦rt❛♥t♦ J̃ ∗ (f ◦ u) é ❧✐♠✐t❛❞❛✳ ❊st❡ r❛❝✐♦❝í♥✐♦ ❣❛r❛♥t❡ ❛ ❜♦❛ ❞❡✜♥✐çã♦ ❞❡ F ✳ ❉❛❞♦s

u, v ∈ Cb(R) t❡♠♦s q✉❡

‖F (u)− F (v)‖Cb(R) = ‖ − u+ J̃ ∗ (f ◦ u) + h+ v − J̃ ∗ (f ◦ v)− h‖Cb(R)

≤ ‖u− v‖Cb(R) + ‖J̃ ∗ (f ◦ u)− J̃ ∗ (f ◦ v)‖Cb(R).

❉❛í✱

‖F (u)− F (v)‖Cb(R) ≤ ‖u− v‖Cb(R) + ‖J̃ ∗ (f ◦ u− f ◦ v)‖Cb(R).

❉❛❞♦ x ∈ R t❡♠♦s✱

|[J̃ ∗ (f ◦ u− f ◦ v)](x)| =
∣∣∣∣
∫

R

J̃(x− y)[(f ◦ u)(y)− (f ◦ v)(y)] dy
∣∣∣∣

=

∣∣∣∣−
∫

R

J̃(z)[(f ◦ u)(x− z)− (f ◦ v)(x− z)] dz

∣∣∣∣

≤
∫

R

|J̃(z)| · |f(u(x− z))− f(v(x− z))| dz

≤M

∫ 1

−1

|J̃(z)| · |u(x− z)− v(x− z)| dz

≤ 2‖J̃‖L∞(R)M‖u− v‖Cb(R).

▲♦❣♦✱

‖F (u)− F (v)‖Cb(R) ≤ (1 + 2‖J̃‖L∞(R)M)‖u− v‖Cb(R),



✼✻

♠♦str❛♥❞♦ q✉❡ F é ▲✐♣s❝❤✐t③✐❛♥❛✳ P❡❧♦ ❚❡♦r❡♠❛ ❆✳✶✵ s❡❣✉❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ u0 ∈ Cb(R)✱

♦ ♣r♦❜❧❡♠❛ ✭✸✳✸✮ ♣♦ss✉✐ ú♥✐❝❛ s♦❧✉çã♦ ❡♠ Cb(R)✳

❙✉♣♦♥❤❛ q✉❡ X é ✉♠ ❡s♣❛ç♦ ❇❛♥❛❝❤ ❞❡ ❢✉♥çõ❡s r❡❛✐s ♦♥❞❡ ♦ ♣r♦❜❧❡♠❛ ❡stá ❜❡♠

♣♦st♦ ✭X = Cb(R)✱ ♣♦r ❡①❡♠♣❧♦✮ ❡ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

P2τ = {u ∈ X; u é 2τ ✲♣❡r✐ó❞✐❝❛}.

◆♦t❡ q✉❡ P2τ é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ X✳ ❆✜r♠❛♠♦s q✉❡ ❡st❡ ❡s♣❛ç♦ é ✐♥✈❛r✐❛♥t❡ ♣❡❧♦

Pr♦❜❧❡♠❛ ✭✸✳✶✮✱ ♦✉ s❡❥❛✱ s❡ u0 = u(·, 0) ∈ P2τ ❡♥tã♦ ❛ s♦❧✉çã♦ u(x, t) ❞❡ ✭✸✳✶✮ é 2τ ✲

♣❡r✐ó❞✐❝❛✳ ❉❡ ❢❛t♦✱ s❡❥❛ u(x, t) ❛ s♦❧✉çã♦ ❞❡ ✭✸✳✶✮ ❝♦♠ u(·, 0) = u0 ∈ P2τ ✳ ❉❡✜♥✐♥❞♦

v(x, t) = u(x+ 2τ, t) t❡♠♦s

∂v(x, t)

∂t
=
∂u(x+ 2τ, t)

∂t
= −u(x+ 2τ, t) + J̃ ∗ (f ◦ u)(x+ 2τ, t) + h

= −u(x+ 2τ, t) +

∫

R

J̃(x+ 2τ − y)f(u(y, t)) dy + h.

❋❛③❡♥❞♦ z = y − 2τ ♦❜t❡♠♦s

∂v(x, t)

∂t
= −u(x+ 2τ, t) +

∫

R

J̃(x− z)f(u(z + 2τ, t)) dz + h

= −u(x+ 2τ, t) +

∫

R

J̃(x− z)f(v(z, t)) dz + h

= −v(x, t) + J̃ ∗ (f ◦ v)(x, t) + h.

▲♦❣♦ v(x, t) é s♦❧✉çã♦ ❞❡ ✭✸✳✶✮✳ ❆❧é♠ ❞✐ss♦✱

v(x, 0) = u(x+ 2τ, 0) = u0(x+ 2τ) = u0(x).

P♦rt❛♥t♦✱ v(x, t) é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✸✮✳ P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❞❛❞❛ ♥♦

❚❡♦r❡♠❛ ❞❡ ❈❛✉❝❤② ▲✐♣s❝❤✐t③ P✐❝❛r❞ ✭❚❡♦r❡♠❛ ❆✳✶✵✮✱ s❡❣✉❡ q✉❡ v(x, t) = u(x, t)✱ ♦✉

s❡❥❛✱

u(x+ 2τ, t) = u(x, t), ∀t ≥ 0

♠♦str❛♥❞♦✲♥♦s q✉❡ u(·, t) é 2τ ✲♣❡r✐ó❞✐❝❛✳

❖ s❡❣✉✐♥t❡ ▲❡♠❛ ❧✐st❛ ❛❧❣✉♥s ❢❛t♦s s♦❜r❡ ❢✉♥çõ❡s ♣❡r✐ó❞✐❝❛s q✉❡ s❡rã♦ ❞❡ ♥♦ss♦

✐♥t❡r❡ss❡✳

▲❡♠❛ ✸✳✶ ❙❡❥❛♠ u, v : R → R ❢✉♥çõ❡s τ ✲♣❡r✐ó❞✐❝❛s✳ ❊♥tã♦✿

(i) P❛r❛ ❝❛❞❛ x ∈ R ✜①♦✱ ❛ ❢✉♥çã♦ ũ(y) := u(x− y) é ✉♠❛ ❢✉♥çã♦ τ ✲♣❡r✐ó❞✐❝❛✳



✼✼

(ii) ❖ ♣r♦❞✉t♦ uv é ✉♠❛ ❢✉♥çã♦ τ ✲♣❡r✐ó❞✐❝❛✳

(iii) P❛r❛ q✉❛❧q✉❡r ❢✉♥çã♦ f : R → R✱ ❛ ❝♦♠♣♦s✐çã♦ f ◦ u é τ ✲♣❡r✐ó❞✐❝❛✳

(iv) ❙❡ u é ✐♥t❡❣rá✈❡❧ ❡♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r a ∈ R✱

∫ a+τ

a

u(x) dx =

∫ τ

0

u(x) dx,

♦✉ s❡❥❛✱ ♦ ✈❛❧♦r ❞❛ ✐♥t❡❣r❛❧ ❞❡✜♥✐❞❛ ❡♠ q✉❛❧q✉❡r ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ τ é ♦

♠❡s♠♦✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ❡①tr❡♠♦ ✐♥✐❝✐❛❧✳

❉❡♠♦♥str❛çã♦✿ (i) ❉❛❞♦ y ∈ R✱

ũ(y + τ) = u(x− y − τ) = u(x− y − τ + τ) = u(x− y) = ũ(y).

(ii) P❛r❛ q✉❛❧q✉❡r x ∈ R✱

(uv)(x+ τ) = u(x+ τ) · v(x+ τ) = u(x)v(x) = (uv)(x).

(iii) P❛r❛ q✉❛❧q✉❡r x ∈ R✱

(f ◦ u)(x+ τ) = f(u(x+ τ)) = f(u(x)) = (f ◦ u)(x).

(iv) ❉❛❞♦ a ∈ R t❡♠♦s a = mτ + r✱ ♦♥❞❡ m ∈ Z ❡ 0 ≤ |r| < τ ✳ ❉❛í✱

∫ a+τ

a

u(x) dx =

∫ (m+1)τ+r

mτ+r

u(x) dx =

∫ (m+1)τ

mτ+r

u(x) dx+

∫ (m+1)τ+r

(m+1)τ

u(x) dx.

❋❛ç❛♠♦s ❛s s❡❣✉✐♥t❡s ♠✉❞❛♥ç❛s ❞❡ ✈❛r✐á✈❡✐s✿ ♥❛ ♣r✐♠❡✐r❛ ✐♥t❡❣r❛❧ x = y +mτ ❡

♥❛ s❡❣✉♥❞❛ x = y + (m+ 1)τ ✳ ❈♦♠ ✐st♦✱ t❡♠♦s

∫ a+τ

a

u(x) dx =

∫ τ

r

u(y +mτ) dy +

∫ r

0

(y + (m+ 1)τ) dy.

❯s❛♥❞♦ ❛ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❞❡ u ♦❜t❡♠♦s

∫ a+τ

a

u(x) dx =

∫ τ

r

u(y) dy +

∫ r

0

u(y) dy

=

∫ τ

0

u(y) dy,

❝♦♠♦ q✉❡rí❛♠♦s✳

▲❡♠❛ ✸✳✷ ❙❡❥❛ τ ∈ R+ ✉♠ ♥ú♠❡r♦ ✜①♦✳ P❛r❛ ❝❛❞❛ x ∈ R ❡①✐st❡♠ m ∈ Z ❡ r ∈ [−τ, τ ]
t❛✐s q✉❡ x = m(2τ) + r✳



✼✽

❉❡♠♦♥str❛çã♦✿ ❉✐✈✐❞✐♥❞♦ x− τ ♣♦r 2τ ♦❜t❡♠♦s✱ x− τ = q(2τ) + s ♦♥❞❡ q ∈ Z ❡

0 ≤ |s| < 2τ. ✭✸✳✺✮

▲♦❣♦✱

x = q(2τ) + s+ τ. ✭✸✳✻✮

❙❡ |s + τ | < τ ❡♥tã♦ ♦ r❡s✉❧t❛❞♦ ✜❝❛ ❞❡♠♦♥str❛❞♦ ❝♦♠ m = q ❡ r = s + τ ✳ ❙❡ s = 0

❡♥tã♦ ♦ ♠❡s♠♦ ✈❛❧❡ ❝♦♠ m = q ❡ r = τ ✳ ❖ r❡s✉❧t❛❞♦ t❛♠❜é♠ é ✈á❧✐❞♦ ♣❛r❛ s = τ ✱

❜❛st❛♥❞♦ t♦♠❛r m = q + 1 ❡ r = 0✳

❆ss✉♠❛ q✉❡ |s+τ | ≥ τ ✱ s 6= 0 ❡ s 6= τ ✳ ❉❡ss❡ ♠♦❞♦✱ s+τ ≤ −τ ♦✉ s+τ ≥ τ ✳ ▼❛s

❛ ♣r✐♠❡✐r❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ✐♠♣❧✐❝❛ ❡♠ s ≤ −2τ ✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ✭✸✳✺✮✳ ▲♦❣♦✱ ❞❡✈❡♠♦s

t❡r s + τ ≥ τ ✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ s ≥ 0 ❡✱ ❝♦♠♦ s 6= 0✱ r❡s✉❧t❛ ❡♠ s > 0✳ ❚❡♠♦s ❞✉❛s

♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❛♥❛❧✐s❛r✿ s < τ ♦✉ s > τ ✳

❙❡ s < τ ❡♥tã♦✱ ❝♦♥s✐❞❡r❛♥❞♦ t = τ − s t❡♠♦s 0 < t < τ ❡ s = τ − t✳ P♦r ✭✸✳✻✮

r❡s✉❧t❛

x = q(2τ) + τ − t+ τ = (q + 1)(2τ) + (−t)

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❝♦♠ m = q + 1 ❡ r = −t✳
❙❡ s > τ ❡♥tã♦ s = τ + r ♣❛r❛ ❛❧❣✉♠ r > 0✳ ◆❡st❡ ❝❛s♦ ❞❡✈❡♠♦s t❡r r < τ ♣♦✐s

❞♦ ❝♦♥trár✐♦ t❡rí❛♠♦s s ≥ 2τ ❝♦♥tr❛r✐❛♥❞♦ ✭✸✳✺✮✳ ❙❡♥❞♦ ❛ss✐♠ t❡♠♦s ♣♦r ✭✸✳✻✮✱

x = q(2τ) + τ + r + τ = (q + 1)(2τ) + r,

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❝♦♠ m = q + 1✳

▲❡♠❛ ✸✳✸ ❆ ❛♣❧✐❝❛çã♦ ϕ : R → S1 ❞❛❞❛ ♣♦r

ϕ(x) = e
πix
τ

❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ s❛t✐s❢❛③ ♦s s❡❣✉✐♥t❡s ✐t❡♥s✿

(i) ϕ([−τ, τ ]) = S1✳

(ii) ϕ(x) = −1 + 0i s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x = τ ♦✉ x = −τ ✳

(iii) ϕ|(−τ,τ) é ✐♥❥❡t✐✈❛✳

(iv) ϕ é 2τ ✲♣❡r✐ó❞✐❝❛✳



✼✾

❉❡♠♦♥str❛çã♦✿ ❈❧❛r❛♠❡♥t❡ ϕ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♣♦✐s

∣∣∣eπix
τ

∣∣∣ =
∣∣∣cos

(πx
τ

)
+ is❡♥

(πx
τ

)∣∣∣ = 1.

❱❛♠♦s ❞❡♠♦♥str❛r ♦s ✐t❡♥s (i) ❡ (ii)✳

(i) ❖❜s❡r✈❡ q✉❡ ϕ([−τ, τ ]) = S1✳ ❉❡ ❢❛t♦✱ ❛ ✐♥❝❧✉sã♦ ϕ([−τ, τ ]) ⊂ S1 é ❡✈✐❞❡♥t❡✳ P♦r

♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ p = (a, b) ∈ S1✱ s❡❥❛ θ ❛ ♠❡❞✐❞❛ ❞♦ â♥❣✉❧♦ q✉❡ ♦ ✈❡t♦r (a, b) ❢♦r♠❛

❝♦♠ ♦ ❡✐①♦ ❞❛s ❛❜s❝✐ss❛s✳ ❚❡♠♦s✱

a = cos θ = cos
[π
τ

(τ
π
θ
)]

❡ b = s❡♥θ = s❡♥
[π
τ

(τ
π
θ
)]
.

▲♦❣♦✱

a = cos
(πx
τ

)
❡ b = s❡♥

(πx
τ

)
,

♦♥❞❡ x =
τθ

π
✳ ❉❛í✱

p = a+ ib = cos
(πx
τ

)
+ is❡♥

(πx
τ

)
= e

πix
τ = ϕ(x).

❆❧é♠ ❞✐ss♦✱

0 ≤ θ ≤ π ⇒ 0 ≤ θ

π
≤ 1 ⇒ 0 ≤ τθ

π
≤ τ

❡ ♣♦rt❛♥t♦ p ∈ ϕ([−τ, τ ])✱ ♦ q✉❡ ♠♦str❛ ❛ ✐♥❝❧✉sã♦ S1 ⊂ ϕ([−τ, τ ]) ❡ ♥♦s ♣❡r♠✐t❡

❝♦♥❝❧✉✐r ❛ ✐❣✉❛❧❞❛❞❡ ϕ([−τ, τ ]) = S1✳

(ii) P♦r ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦ ✈❡♠♦s q✉❡

ϕ(τ) = ϕ(−τ) = −1 + 0i.

P❛r❛ ✈❡r✐✜❝❛r ❛ r❡❝í♣r♦❝❛✱ s✉♣♦♥❤❛ q✉❡ x ∈ [−τ, τ ] é t❛❧ q✉❡ ϕ(x) = −1 + 0i✳ ❊♥tã♦✱

cos
(πx
τ

)
+ is❡♥

(πx
τ

)
= −1 + i0.

P♦r ✐❣✉❛❧❞❛❞❡ ❞❡ ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s✱

cos
(πx
τ

)
= −1 = cos π ⇒ πx

τ
= ±π + 2kπ ⇒ x = ±τ + 2kτ,

♣❛r❛ ❛❧❣✉♠ k ∈ Z✳

❙❡ x = τ + 2kτ ❡♥tã♦ |x − τ | = 2|k|τ ✳ ❙✉♣♦♥❞♦ |k| > 1 t❡♠♦s 2|k|τ > 2τ ✱ ❞❡

♠♦❞♦ q✉❡ |x − τ | > 2τ ✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ q✉❡ x ∈ [−τ, τ ]✳ P♦rt❛♥t♦ |k| ≤ 1



✽✵

❡✱ ❞❡s❞❡ q✉❡ k ∈ Z✱ t❡♠♦s k = 1 ♦✉ k = −1✳ ▼❛s k = 1 ✐♠♣❧✐❝❛ x = 3τ ♦ q✉❡ é ✉♠

❛❜s✉r❞♦✱ ♣♦✐s x ∈ [−τ, τ ]✳ P♦rt❛♥t♦ k = −1 ❡ x = −τ ✳
❙❡ x = −τ + 2kτ ❡♥tã♦

|x− τ | = | − 2τ + 2kτ | = 2τ |k − 1|.

❈♦♠♦ x ∈ [−τ, τ ] s❡❣✉❡ q✉❡ |k − 1| ≤ 1✱ ♦✉ s❡❥❛✱ 0 ≤ k ≤ 2✳ ▲♦❣♦ k = 0✱ k = 1 ♦✉

k = 2✳ ▼❛s k = 2 ✐♠♣❧✐❝❛ x = 3τ ✱ ♦ q✉❡ é ❛❜s✉r❞♦ ♣♦✐s x ∈ [−τ, τ ]✳ P♦rt❛♥t♦ k = 0 ♦✉

k = 1 ♦ q✉❡ ♥♦s ❞á x = −τ ♦✉ x = τ ✳P♦r ❝á❧❝✉❧♦ ❞✐r❡t♦ ✈❡♠♦s q✉❡

ϕ(τ) = ϕ(−τ) = −1 + 0i.

❙✉♣♦♥❤❛ q✉❡ x ∈ [−τ, τ ] é t❛❧ q✉❡ ϕ(x) = −1 + 0i✳ ❊♥tã♦✱

cos
(πx
τ

)
+ is❡♥

(πx
τ

)
= −1 + i0.

P♦r ✐❣✉❛❧❞❛❞❡ ❞❡ ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s✱

cos
(πx
τ

)
= −1 = cos π ⇒ πx

τ
= ±π + 2kπ ⇒ x = ±τ + 2kτ,

♣❛r❛ ❛❧❣✉♠ k ∈ Z✳

❙❡ x = τ + 2kτ ❡♥tã♦ |x − τ | = 2|k|τ ✳ ❙✉♣♦♥❞♦ |k| > 1 t❡♠♦s 2|k|τ > 2τ ✱ ❞❡

♠♦❞♦ q✉❡ |x − τ | > 2τ ✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ q✉❡ x ∈ [−τ, τ ]✳ P♦rt❛♥t♦ |k| ≤ 1

❡✱ ❞❡s❞❡ q✉❡ k ∈ Z✱ t❡♠♦s k = 1 ♦✉ k = −1✳ ▼❛s k = 1 ✐♠♣❧✐❝❛ x = 3τ ♦ q✉❡ é ✉♠

❛❜s✉r❞♦✱ ♣♦✐s x ∈ [−τ, τ ]✳ P♦rt❛♥t♦ k = −1 ❡ x = −τ ✳
❙❡ x = −τ + 2kτ ❡♥tã♦

2|k|τ = |x+ τ | ≤ |x|+ τ ≤ 2τ.

❉✐✈✐❞✐♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ♣♦r 2τ ♦❜t❡♠♦s |k| ≤ 1✳ P♦rt❛♥t♦ k = 0 ♦✉ k = 1 ♦ q✉❡

♥♦s ❞á x = −τ ♦✉ x = τ ✳

❈♦♥❝❧✉í♠♦s q✉❡ s❡ ϕ(x) = −1 + 0i ❡♥tã♦ x = τ ♦✉ x = −τ ✳
(iii) ❉❛❞♦s x, y ∈ (−τ, τ)

ϕ(x) = ϕ(y) ⇒ e
πix
τ = e

πiy
τ ⇒ cos

(πx
τ

)
+ is❡♥

(πx
τ

)
= cos

(πy
τ

)
+ is❡♥

(πy
τ

)
.

❙❡♥❞♦ ❛ss✐♠✱

cos
(πx
τ

)
= cos

(πy
τ

)
⇒ πx

τ
= ±πy

τ
+ 2kπ ⇒ x = ±y + 2kτ,



✽✶

♣❛r❛ ❛❧❣✉♠ k ∈ Z✳ ❆ss✉♠❛ q✉❡ x = y + 2kτ ✳ ❆ss✐♠

|x− y| = |2kτ | = 2τ |k|

❞❡ ♠♦❞♦ q✉❡ ♥ã♦ ♣♦❞❡♠♦s t❡r |k| ≥ 1 ♣♦✐s✱ ❞♦ ❝♦♥trár✐♦✱ t❡rí❛♠♦s |x− y| ≥ 2τ ♦ q✉❡

é ✉♠ ❛❜s✉r❞♦✱ ✉♠❛ ✈❡③ q✉❡ x, y ∈ (−τ, τ)✳ ❉❛í✱ s❡❣✉❡ q✉❡ |k| < 1 ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

k = 0✳ ▲♦❣♦✱ x = y✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ x = −y + 2kτ ✳ ◆❡st❡ ❝❛s♦ t❡♠♦s

2|k|τ = |x+ y| ≤ |x|+ |y| < 2τ.

❉✐✈✐❞✐♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ♣♦r 2τ ♦❜t❡♠♦s |k| < 1 ❡ ♠❛✐s ✉♠❛ ✈❡③ ❝♦♥❝❧✉í♠♦s q✉❡

k = 0✱ ❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ x = y✳

(iv) ❉❛❞♦ x ∈ R t❡♠♦s

ϕ(x+ 2τ) = e
πi(x+2τ)

τ

= e
πix
τ · eπi2τ

τ

= ϕ(x) · e2πi

= ϕ(x) · (cos 2π + is❡♥2π)

= ϕ(x) · (1 + 0i)

= ϕ(x).

P♦rt❛♥t♦✱ ϕ é 2τ ✲♣❡r✐ó❞✐❝❛✳ ❉❛❞♦ v ∈ F ❞❡✜♥❛ u : R → R ♣♦r u(x) = v(ϕ(x))✳ ❉❛❞♦

x ∈ R t❡♠♦s✱ ♣❡❧♦ ✐t❡♠ (iv) ❞♦ ▲❡♠❛ ✸✳✸✱

u(x+ 2τ) = v(ϕ(x+ 2τ)) = v(ϕ(x)) = u(x).

■ss♦ ♥♦s ❞✐③ q✉❡ u ∈ P2τ ✳

Pr♦♣♦s✐çã♦ ✸✳✶ ❙❡❥❛ F := {v : S1 → R; v é ❢✉♥çã♦}✳ ❈❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ P2τ ♣♦❞❡

s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡ F ✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ T : P2τ → F ✱ q✉❡ ❛ ❝❛❞❛ u ∈ P2τ ❛ss♦❝✐❛

Tu ∈ F ❞❡✜♥✐❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ❞❛❞♦ z ∈ S1✱ ❡s❝♦❧❤❛ x ∈ [−τ, τ ] ❝♦♠ z = ϕ(x)

❡ ♣♦♥❤❛ (Tu)(z) = u(x)✳

❉❛❞♦ u ∈ P2τ ✱ ♥♦t❡ q✉❡ Tu ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❉❡ ❢❛t♦✱ ♣❛r❛ z ∈ S1 ♦ ▲❡♠❛ ✸✳✸

❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ x ∈ [−τ, τ ] ❝♦♠ z = ϕ(x)✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛♠ x, y ∈ [−τ, τ ]
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t❛✐s q✉❡ z = ϕ(x) ❡ z = ϕ(y)✳ ❙❡ z = −1 + 0i ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸✱ t❛♥t♦ x q✉❛♥t♦ y

só ♣♦❞❡♠ s❡r ♦✉ −τ ♦✉ τ ✳ ❈❛s♦ s❡❥❛♠ ❛♠❜♦s ✐❣✉❛✐s −τ ♦✉ ❛♠❜♦s ✐❣✉❛✐s ❛ τ ✱ é ❝❧❛r♦

q✉❡ u(x) = u(y)✳ ❙❡ ♣♦ré♠ x = −τ ❡ y = τ ✭❡ ♦ ❛♥á❧♦❣♦ ✈❛❧❡ s❡ y = −τ ❡ x = τ✮✱ ❝♦♠♦

u é 2τ ✲♣❡r✐ó❞✐❝❛ t❡♠♦s✱ u(x) = u(−τ) = u(τ) = u(y)✱ ♦ q✉❡ ❣❛r❛♥t❡ ❛ ❜♦❛ ❞❡✜♥✐çã♦ ❞❡

Tu ❡♠ z✳ ❆❣♦r❛✱ s✉♣♦♥❤❛ z 6= −1 + 0i✳ ❊♥tã♦ x ❡ y sã♦ ❛♠❜♦s ❞✐❢❡r❡♥t❡s ❞❡ −τ ❡ τ ✱

✐st♦ é✱ x, y ∈ (−τ, τ)✳ P❡❧♦ ▲❡♠❛ ✸✳✸ t❡♠♦s q✉❡ ❛ r❡str✐çã♦ ❞❡ ϕ ❛ (−τ, τ) é ✐♥❥❡t✐✈❛ ❡✱

♣♦rt❛♥t♦✱ ϕ(x) = ϕ(y) ✐♠♣❧✐❝❛ ❡♠ x = y ❡✱ ♣♦rt❛♥t♦✱ u(x) = u(y)✳ ▲♦❣♦✱ Tu ❡stá ❜❡♠

❞❡✜♥✐❞❛ ♣❛r❛ t♦❞♦ u ∈ P2τ ❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱ T ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳

❱❡❥❛♠♦s ❛❣♦r❛ q✉❡ T é ❧✐♥❡❛r✳ ❙❡❥❛♠ u, v ∈ P2τ ❡ λ ∈ R✳ ❉❛❞♦ z ∈ S1 ❝♦♥s✐❞❡r❡

x ∈ [−τ, τ ] ❝♦♠ z = ϕ(x)✳ ❚❡♠♦s✱

[T (u+ λv)](z) = (u+ λv)(x) = u(x) + λv(x) = (Tu)(z) + λ(Tv)(z)

= (Tu+ λTv)(z).

P♦rt❛♥t♦✱ T (u+ λv) ≡ Tu+ λTv✳

❙✉♣♦♥❤❛ q✉❡ u ∈ P2τ é t❛❧ q✉❡ Tu ≡ 0✳ ❊♥tã♦ (Tu)(z) = 0 ♣❛r❛ t♦❞♦ z ∈ S1✳

❉❛❞♦ x ∈ [−τ, τ ]✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ϕ✱ ϕ(x) ∈ S1✳ ▲♦❣♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ Tu✱

u(x) = (Tu)(ϕ(x)) = 0.

❆❣♦r❛✱ ❞❛❞♦ y ∈ R✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷ ♣♦❞❡♠♦s ❡s❝r❡✈❡r y = 2nτ + r ♦♥❞❡ n ∈ Z ❡

r ∈ [−τ, τ ]✳ ❯s❛♥❞♦ ❛ ♣❡r✐♦❞✐❝✐❞❛❞❡ ❞❡ u ❡ ♦ ❢❛t♦ ❞❡ q✉❡ u(x) = 0 ♣❛r❛ x ∈ [−τ, τ ]✱
♣♦❞❡♠♦s ♥♦t❛r q✉❡

u(y) = u(2nτ + r) = u(r) = 0.

P♦rt❛♥t♦ u ≡ 0 ❡ ❛ss✐♠ ❝♦♥❝❧✉í♠♦s q✉❡ T é ✐♥❥❡t✐✈❛✳ ❉❡ss❡ ♠♦❞♦ T : P2τ → T (P2τ )

é ✉♠ ✐s♦♠♦r✜s♠♦ ❛❧❣é❜r✐❝♦✳ P♦❞❡♠♦s ❡♥tã♦ ✐❞❡♥t✐✜❝❛r ♦ ❡❧❡♠❡♥t♦ u ∈ P2τ ❝♦♠ ♦

❡❧❡♠❡♥t♦ Tu ∈ T (P2τ ) ⊂ F ✳

❈♦♥s✐❞❡r❡♠♦s X = Cb(R)✳ ❆ss✐♠ P2τ = {u ∈ Cb(R); u é 2τ ✲♣❡r✐ó❞✐❝❛}✳ ❆ss✉♠❛

q✉❡ τ > 1✳ ❉❡♥♦t❡ ♣♦r J̃τ ❛ ❡①t❡♥sã♦ 2τ ✲♣❡r✐ó❞✐❝❛ ❞❛ r❡str✐çã♦ ❞❡ J̃ ❛♦ ✐♥t❡r✈❛❧♦ [−τ, τ ]✱
♦✉ s❡❥❛✱

J̃τ (x) =





J̃(x), s❡ x ∈ [−τ, τ ]
J̃(r), ♦♥❞❡ x = m(2τ) + r, m ∈ Z ❡ r ∈ [−τ, τ ], s❡ x /∈ [−τ, τ ].



✽✸

❋✐❣✉r❛ ✸✳✶✿ ❆ ❡sq✉❡r❞❛ ❛ ❢✉♥çã♦ J̃ ❡ ❛ ❞✐r❡✐t❛ s✉❛ r❡str✐çã♦ ❛ [−τ, τ ]

❋✐❣✉r❛ ✸✳✷✿ ❊①t❡♥sã♦ 2τ ♣❡r✐ó❞✐❝❛ ❞❛ r❡str✐çã♦ ❞❡ J̃ ❛ [−τ, τ ]

❆ ❢✉♥çã♦ J̃τ ❞❡✜♥✐❞❛ ❞❡st❛ ♠❛♥❡✐r❛ ♣❡rt❡♥❝❡ ❛ P2τ ❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✱ ♣♦❞❡

s❡r ✐❞❡♥t✐✜❝❛❞❛ ❝♦♠ ♦ ❡❧❡♠❡♥t♦ T (J̃τ ) ❞❡ F ✱ ♦♥❞❡ T é ❞❛❞❛ ♥❛ r❡❢❡r✐❞❛ Pr♦♣♦s✐çã♦✳

❉❡✜♥❛ J := T (J̃τ )✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❡st❛❜❡❧❡❝❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛s s♦❧✉çõ❡s ❞❡ ✭✸✳✶✮ ❡ ♦ ♣r♦✲

❜❧❡♠❛ s✐♠✐❧❛r✱ ❝♦♥s✐❞❡r❛❞♦ ❡♠ S1✳ ❯♠❛ ✈❛♥t❛❣❡♠ ❞♦ ❡st✉❞♦ ❡♠ S1 é ♦ ❢❛t♦ ❞❡ tr❛❜❛❧❤❛r

❡♠ ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✳ ❉❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s✱ ✐st♦ ♥♦s ❞❛rá ❛ ✈❛❧✐❞❛❞❡ ❞❛s ✐♠❡rsõ❡s

❞❡ ❙♦❜♦❧❡✈✱ q✉❡ s❡rã♦ ❞❡ ❣r❛♥❞❡ ✉t✐❧✐❞❛❞❡ ♣❛r❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❛tr❛t♦r ❣❧♦❜❛❧✳

Pr♦♣♦s✐çã♦ ✸✳✷ ❯♠❛ ❢✉♥çã♦ 2τ ✲♣❡r✐ó❞✐❝❛ u(x, t) é ✉♠❛ s♦❧✉çã♦ ❞❡ ✭✸✳✶✮ s❡✱ ❡ s♦♠❡♥t❡

s❡✱ v(w, t) = u(ϕ−1(w), t) (♦✉ s❡❥❛✱ v = Tu) é ✉♠❛ s♦❧✉çã♦ ❞❡

∂v(w, t)

∂t
= −v(w, t) + J ∗ (f ◦ v)(w, t) + h, ✭✸✳✼✮

♦♥❞❡ ❛❣♦r❛ ∗ ❞❡♥♦t❛ ❛ ❝♦♥✈♦❧✉çã♦ ❡♠ S1 ❞❛❞❛ ♣♦r

(J ∗ v)(w) =
∫

S1
J(w · z−1)v(z) dz,

♦♥❞❡ dz =
τ

π
dθ✱ ♦♥❞❡ dθ ✐♥❞✐❝❛ ❛ ✐♥t❡❣r❛çã♦ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✳

❉❡♠♦♥str❛çã♦✿ ❘❡❧❡♠❜r❡ q✉❡✱ ❞❛❞♦ w ∈ S1✱ ❝♦♠♦ ϕ([−τ, τ ]) = S1✱ ❡①✐st❡ x ∈ [−τ, τ ]
❝♦♠ w = ϕ(x)✳



✽✹

❆✜r♠❛çã♦ ✸✳✶ ❙❡❥❛♠ u ∈ P2τ ❡ v : S1 → R ❞❛❞❛ ♣♦r v = Tu✳ ❙❡ w ∈ S1 ❡ x ∈ [−τ, τ ]
sã♦ t❛✐s q✉❡ w = ϕ(x)✱ ❡♥tã♦

(J ∗ v)(w) = (J̃ ∗ u)(x).

P❛r❛ ✈❡r ✐st♦ ♥♦t❡ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♣❛r❛ t♦❞❛ u ∈ P2τ ✱

(J̃ ∗ u)(x) =
∫ τ

−τ

J̃τ (x− y)u(y) dy. ✭✸✳✽✮

❉❡ ❢❛t♦✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✸✳✶✱ t❡♠♦s

(J̃ ∗ u)(x) =
∫

R

J̃(x− y)u(y) dy =

∫ x+τ

x−τ

J̃(x− y)u(y) dy

=

∫ x+τ

x−τ

J̃τ (x− y)u(y) dy

=

∫ τ

−τ

J̃τ (x− y)u(y) dy.

❆❣♦r❛ ♦❜s❡r✈❡ q✉❡✱ ❝♦♠♦ u ∈ P2τ t❡♠♦s✱ ♣♦r ✭✸✳✽✮✱

(J̃ ∗ u)(x) =
∫ τ

−τ

J̃τ (x− y)u(y) dy.

❯s❛♥❞♦ ❛s ❞❡✜♥✐çõ❡s ❞❡ J ❡ v ♣♦❞❡♠♦s ❡s❝r❡✈❡r

(J̃ ∗ u)(x) =
∫ τ

−τ

J(ϕ(x− y))v(ϕ(y)) dy.

❖❜s❡r✈❡ q✉❡✱
τ

π
|ϕ′(y)| = τ

π

∣∣∣∣
πi

τ
e

πiy
τ

∣∣∣∣ =
∣∣∣e

πiy
τ

∣∣∣ = 1

❡

w · ϕ(y)−1 = ϕ(x) · ϕ(y)−1 = e
πix
τ · e−πiy

τ = e
πi(x−y)

τ = ϕ(x− y).

▲♦❣♦✱

(J̃ ∗ u)(x) =
∫ τ

−τ

J(w · [ϕ(y)]−1)v(ϕ(y))
τ

π
|ϕ′(y)| dy.

❈♦♠♦ ϕ é ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ S1✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ✭♠❡❞✐❞♦

❛ ♣❛rt✐r ❞❡ −τ✮ t❡♠♦s✱ ♣❛r❛ q✉❛❧q✉❡r y ∈ [−τ, τ ]✱

θ(y) =

∫ y

−τ

|ϕ′(s)| ds



✽✺

❞❡ ♦♥❞❡ s❡❣✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ❈á❧❝✉❧♦✱ q✉❡

dθ = |ϕ′(y)|dy.

❉❛í✱ ❡s❝r❡✈❡♥❞♦ z = ϕ(y) t❡♠♦s

dz =
τ

π
dθ =

τ

π
|ϕ′(y)|dy

❡ ❡♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▼✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✱

(J̃ ∗ u)(x) =
∫

S1
J(w · z−1)v(z) dz = (J ∗ v)(w).

❆ss✐♠✱ ✜❝❛ ♣r♦✈❛❞❛ ❛ ❛✜r♠❛çã♦✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ u(x, t) é ✉♠❛ s♦❧✉çã♦ 2τ ✲♣❡r✐ó❞✐❝❛ ❞❡ ✭✸✳✶✮✱ t❡♠♦s

∂v(w, t)

∂t
=
∂u(ϕ−1(w), t)

∂t
= −u(ϕ−1(w), t) + J̃ ∗ (f ◦ u)(ϕ−1(w), t) + h

= −v(w, t) + J̃ ∗ (f ◦ u)(x, t) + h.

P❡❧❛ ❆✜r♠❛çã♦ ✭✸✳✶✮ t❡♠♦s

J̃ ∗ (f ◦ u)(x, t) = J ∗ (f ◦ v)(w, t).

▲♦❣♦✱
∂v(w, t)

∂t
= −v(w, t) + J ∗ (f ◦ v)(w, t) + h,

♦✉ s❡❥❛✱ v é s♦❧✉çã♦ ❞❡ ✭✸✳✼✮✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ v(w, t) é s♦❧✉çã♦ ✭✸✳✼✮✳

❊♥tã♦✱

∂u(x, t)

∂t
=
∂u(ϕ−1(w), t)

∂t
=
∂v(w, t)

∂t

= −v(w, t) + J ∗ (f ◦ v)(w, t) + h,

= −u(ϕ−1(w), t) + J̃ ∗ (f ◦ u)(x, t) + h

= −u(x, t) + J̃ ∗ (f ◦ u)(x, t) + h

❡✱ ♣♦rt❛♥t♦✱ u é s♦❧✉çã♦ ❞❡ ✭✸✳✼✮✳

❖❜s❡r✈❛çã♦ ✸✳✶ ❖s r❡s✉❧t❛❞♦s ♣❛r❛ ❝♦♥✈♦❧✉çã♦ ❡♠ Rn sã♦ ✈á❧✐❞♦s ♣❛r❛ ❛ ❝♦♥✈♦❧✉çã♦

❡♠ S1 ❞❡✜♥✐❞❛ ♥♦ ❡♥✉♥❝✐❛❞♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳

❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré ❡♠ H1(S1)✱ ❜❛s❡❛❞♦s ❡♠ ❘♦✲

❜✐♥s♦♥ ✭✈❡r ❬✶✽❪ ✮✳



✽✻

▲❡♠❛ ✸✳✹ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✮ P❛r❛ t♦❞♦ u ∈ H1(S1) t❡♠♦s

‖u‖2 ≤
τ

π
‖u‖H1(S1). ✭✸✳✾✮

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛♠♦s ✈❡r✐✜❝❛♥❞♦ ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✿

❆✜r♠❛çã♦ ✸✳✷ ❙❡ u ∈ H1([−τ, τ ]) é ✉♠❛ ❢✉♥çã♦ 2τ ✲♣❡r✐ó❞✐❝❛ (✐st♦ é u(−τ) = u(τ))✱

❡♥tã♦

‖u‖L2[−τ,τ ] ≤
τ

π
‖ux‖L2[−τ,τ ]. ✭✸✳✶✵✮

❉❡ ❢❛t♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❘♦❜✐♥s♦♥ ❬✶✽❪✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

u =
∑

k∈Z

cke
πik
τ

x,

♦♥❞❡ c−k = ck ❡
∑

k∈Z

|k|2|ck|2 <∞✳ ❙❡♥❞♦ ❛ss✐♠✱

‖u‖2L2[−τ,τ ] =

〈
∑

k∈Z

cke
πik
τ

x,
∑

j∈Z

cje
πij
τ

x

〉

L2[−τ,τ ]

=
∑

k∈Z

∑

j∈Z

ckcj

〈
e

πik
τ

x, e
πij
τ

x
〉
L2[−τ,τ ]

.

❉❛❞♦s k, j ∈ Z t❡♠♦s

αkj :=
〈
e

πik
τ

x, e
πij
τ

x
〉
L2[−τ,τ ]

=

∫ τ

−τ

e
πik
τ

x · eπij
τ

x dx.

❙❡ j = 0 ❡♥tã♦

αkj = αk0 =

∫ τ

−τ

e
πik
τ

xdx =

∫ τ

−τ

[
cos

(
πkx

τ

)
+ is❡♥

(
πkx

τ

)]
dx.

❉❡ss❡ ♠♦❞♦✱

αk0 =

∫ τ

−τ

cos

(
πkx

τ

)
dx+ i

∫ τ

−τ

s❡♥

(
πkx

τ

)
dx

=
τ

πk
s❡♥

(
πkx

τ

)∣∣∣∣
τ

−τ

+ i

[
− τ

πk
cos

(
πkx

τ

)]∣∣∣∣
τ

−τ

=
τ

πk

(
s❡♥πk − s❡♥(−πk)

)
− i

τ

πk

(
cos πk − cos(−πk)

)

= 0.

❆♥❛❧♦❣❛♠❡♥t❡ ♠♦str❛✲s❡ q✉❡ α0j = 0✳ P♦rt❛♥t♦✱

‖u‖2L2[τ,τ ] =
∑

k∈Z∗

∑

j∈Z∗

ckcjαkj. ✭✸✳✶✶✮



✽✼

❆❣♦r❛✱ ♣❛r❛ k, j ∈ Z∗✱

αkj =

∫ τ

−τ

e
πi(k−j)x

τ dx

=

∫ τ

−τ

[
cos

(
πkx

τ
− πjx

τ

)
+ is❡♥

(
πkx

τ
− πjx

τ

)]
dx

=

∫ τ

−τ

[
cos

(
πkx

τ

)
cos

(
πjx

τ

)
+ s❡♥

(
πkx

τ

)
s❡♥

(
πjx

τ

)]
dx

+ i

∫ τ

−τ

[
s❡♥

(
πkx

τ

)
cos

(
πjx

τ

)
− s❡♥

(
πjx

τ

)
cos

(
πkx

τ

)]
dx.

▲♦❣♦✱

αkj =

∫ τ

−τ

cos

(
πkx

τ

)
cos

(
πjx

τ

)
dx+

∫ τ

−τ

s❡♥

(
πkx

τ

)
s❡♥

(
πjx

τ

)
dx

+ i

∫ τ

−τ

s❡♥

(
πkx

τ

)
cos

(
πjx

τ

)
dx− i

∫ τ

−τ

s❡♥

(
πjx

τ

)
cos

(
πkx

τ

)
dx.

❯s❛♥❞♦ r❡❧❛çõ❡s ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ✭✈❡r ❋✐❣✉❡✐r❡❞♦ ❬✼❪✮ ♦❜t❡♠♦s✱ ♣❛r❛ t♦❞♦s k, j ∈ Z∗✱

αkj =





τ, s❡ k = j

0, s❡ k 6= j
. ✭✸✳✶✷✮

P♦r ✭✸✳✶✶✮ s❡❣✉❡ q✉❡

‖u‖2L2[−τ,τ ] =
∑

k∈Z∗

ckckτ = τ
∑

k∈Z∗

|ck|2. ✭✸✳✶✸✮

❆♥❛❧♦❣❛♠❡♥t❡✱

‖ux‖2L2[−τ,τ ] =

〈
d

dx

∑

k∈Z

cke
πik
τ

x,
d

dx

∑

j∈Z

cje
πij
τ

x

〉

L2[−τ,τ ]

=

〈
∑

k∈Z

ck
πik

τ
e

πik
τ

x,
∑

j∈Z

cj
πij

τ
e

πij
τ

x

〉

L2[−τ,τ ]

=
∑

k∈Z

∑

j∈Z

ck
πik

τ
·
(
cj
πij

τ

)
αkj

=
∑

k∈Z∗

∑

j∈Z∗

ck
πik

τ
·
(
cj
πij

τ

)
αkj.

❯s❛♥❞♦ ✭✸✳✶✷✮ t❡♠♦s

‖ux‖2L2[−τ,τ ] =
∑

k∈Z∗

∣∣∣∣ck
πik

τ

∣∣∣∣
2

τ =
∑

k∈Z∗

|ck|2
π2

τ 2
|k|2τ



✽✽

❞❡ ♦♥❞❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

‖ux‖2L2[−τ,τ ] =
π2

τ

∑

k∈Z∗

|ck|2|k|2. ✭✸✳✶✹✮

❉❛❞♦ k ∈ Z∗✱

|k|2 ≥ 1 ⇒ |ck|2|k|2 ≥ |ck|2 ⇒ τ |ck|2|k|2 ≥ τ |ck|2.

❈♦♠ ✐st♦ ♦❜t❡♠♦s

τ
∑

k∈Z∗

|ck|2 ≤ τ
∑

k∈Z∗

|ck|2|k|2

❡ ♣♦r ✭✸✳✶✸✮ r❡s✉❧t❛ q✉❡

‖u‖2L2[−τ,τ ] ≤ τ
∑

k∈Z∗

|ck|2|k|2. ✭✸✳✶✺✮

◆♦t❡ q✉❡✱ ♣♦r ✭✸✳✶✹✮

τ 2

π2
‖ux‖2L2[−τ,τ ] = τ

∑

k∈Z∗

|ck|2|k|2

❡ ❡♥tã♦✱ ♣♦r ✭✸✳✶✺✮✱

‖u‖2L2[−τ,τ ] ≤
τ 2

π2
‖ux‖2L2[−τ,τ ].

P♦rt❛♥t♦✱

‖u‖L2[−τ,τ ] ≤
τ

π
‖ux‖L2[−τ,τ ]

❡ ❛ ❛✜r♠❛çã♦ ✜❝❛ ❞❡♠♦♥str❛❞❛✳

❆❣♦r❛✱ s❡❥❛ u ∈ H1(S1) ❡ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦

v : [−τ, τ ] → R

x 7→ v(x) = u(ϕ(x)),

♦♥❞❡ ϕ : R → S1 é ❞❛❞❛ ♣♦r

ϕ(x) = e
πix
τ .

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ▼✉❞❛♥ç❛ ❞❡ ❱❛r✐á✈❡✐s ♦❜t❡♠♦s
∫

S1
|u(w)|2dw =

∫ τ

−τ

|u(ϕ(y))|2|ϕ′(y)| τ
π
dy =

τ

π

∫ τ

−τ

|v(y)|2dy.



✽✾

❉❡st❛ ✐❣✉❛❧❞❛❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ v ∈ L2[−τ, τ ] ❡ ❛❧é♠ ❞✐ss♦

‖u‖2L2(S1) =
τ

π
‖v‖2L2[−τ,τ ]. ✭✸✳✶✻✮

❆♥❛❧♦❣❛♠❡♥t❡✱
∫

S1
|uw|2dw =

∫ τ

−τ

|uw(ϕ(y))|2|ϕ′(y)| τ
π
dy =

τ

π

∫ τ

−τ

|uw(ϕ(y))|2dy.

P♦♥❞♦ w = ϕ(x) t❡♠♦s✱ ❛ ♣❛rt✐r ❞❛ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧✱

uw(ϕ(x)) = uw(w) =
d

dx

(
u(ϕ(x))

)
= vx(x).

▲♦❣♦✱
∫

S1
|uw|2dw =

τ

π

∫ τ

−τ

|vx(y)|2dy.

❙❡♥❞♦ ❛ss✐♠ vx ∈ L2[−τ, τ ] ❡ ♠❛✐s✱

‖uw‖2L2(S1) =
τ

π
‖vx‖2L2[−τ,τ ]. ✭✸✳✶✼✮

❆ ♣❛rt✐r ❞❡ ✭✸✳✶✻✮ t❡♠♦s✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✸✳✷✱

‖u‖2L2(S1) =
τ

π
‖v‖2L2[−τ,τ ] ≤

τ

π

(
τ 2

π2
‖vx‖2L2[−τ,τ ]

)
=
τ 2

π2

(τ
π
‖vx‖2L2[−τ,τ ]

)

❡✱ ♣♦r ✭✸✳✶✼✮✱ s❡❣✉❡ q✉❡

‖u‖2L2(S1) ≤
τ 2

π2
‖uw‖2L2(S1).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

‖u‖L2(S1) ≤
τ

π
‖uw‖L2(S1),

❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛✳

✸✳✶✳✶ ❇♦❛ P♦s✐çã♦ ♥♦ ❊s♣❛ç♦ L2(S1)

◆♦ ✐♥í❝✐♦ ❞❛ s❡çã♦✱ ❝♦♠❡♥t❛♠♦s q✉❡ ♦ Pr♦❜❧❡♠❛ ✭✸✳✸✮ ♣♦❞❡ ❛❞♠✐t✐r ❡①✐stê♥❝✐❛

❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❡♠ ❞✐❢❡r❡♥t❡s ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛s ❤✐♣ót❡s❡s

❛ss✉♠✐❞❛s ♣❛r❛ f ✳ ❈♦♠♦ ❡①❡♠♣❧♦✱ ♠♦str❛♠♦s q✉❡ ✐st♦ ♦❝♦rr❡ ♥♦ ❡s♣❛ç♦s ❞❛s ❢✉♥çõ❡s

❝♦♥tí♥✉❛s ❞❡ R ❡♠ R✱ s✉♣♦♥❞♦ f ▲✐♣s❝❤✐t③✐❛♥❛✳

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡✱ s♦❜ ❛ ♠❡s♠❛ ❤✐♣ót❡s❡ ♣❛r❛ f ✱ ♦ ♣r♦❜❧❡♠❛ ✭✸✳✸✮ ❛❞♠✐t❡

❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♥♦ ❡s♣❛ç♦ L2(S1)✱ ❛ q✉❛❧ ❞❡♣❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞♦s

❞❛❞♦s ✐♥✐❝✐❛✐s✳



✾✵

▲❡♠❛ ✸✳✺ ❙❡ f é ▲✐♣s❝❤✐t③✐❛♥❛ ❝♦♠ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ M > 0 ❡ u ∈ L2(S1)✱ ❡♥tã♦

f ◦ u ∈ L2(S1) ❡

‖f ◦ u‖2 ≤M‖u‖2 + k
√
2τ .

❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ f ▲✐♣s❝❤✐t③✐❛♥❛ t❡♠♦s

|f(x)| ≤M |x|+ k, ∀x ∈ R,

♦♥❞❡ k = |f(0)|✳ ❉❛í✱ ♣❛r❛ t♦❞♦ z ∈ S1✱

|f(u(z))|2 ≤ (M |u(z)|+ k)2 ⇒
∫

S1
|f(u(z))|2 dz ≤

∫

S1
(M |u(z)|+ k)2 dz.

❉❡ss❛ ❢♦r♠❛✱
∫

S1
|f(u(z))|2 dz ≤ ‖Mu+ k‖22 ≤ (M‖u‖2 + ‖k‖2)2 <∞

❡✱ ♣♦rt❛♥t♦✱ f ◦ u ∈ L2(S1)✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ t❡♠♦s

‖f ◦ u‖2 ≤M‖u‖2 + ‖k‖2.

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ▼✉❞❛♥ç❛ ❞❡ ❱❛r✐á✈❡✐s✱ ♦❜t❡♠♦s

‖k‖2 =
(∫

S1
k2 dz

) 1
2

=

(
k2
∫ τ

−τ

τ

π
|ϕ′(y)| dy

) 1
2

= k

(∫ τ

−τ

1dy

) 1
2

= k
√
2τ .

P♦rt❛♥t♦✱

‖f ◦ u‖2 ≤M‖u‖2 + k
√
2τ .

Pr♦♣♦s✐çã♦ ✸✳✸ ❙✉♣♦♥❤❛ q✉❡ ❛ ❢✉♥çã♦ f é ❣❧♦❜❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✐❛♥❛✱ ♦✉ s❡❥❛✱ ❡①✐st❡

M > 0 t❛ q✉❡✱

|f(x)− f(y)| ≤M |x− y|, ∀x, y ∈ R.

❊♥tã♦ ❛ ❢✉♥çã♦ F : L2(S1) → L2(S1) ❞❛❞❛ ♣♦r

F (u) = −u+ J ∗ (f ◦ u) + h

é ❣❧♦❜❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✐❛♥❛ ❡♠ L2(S1)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r✐✜q✉❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❛ ❜♦❛ ❞❡✜♥✐çã♦ ❞❡ F ✳ ❉❛❞♦ u ∈ L2(S1)

t❡♠♦s✱ ♣❡❧♦ ▲❡♠❛ ✸✳✺✱ f ◦ u ∈ L2(S1)✳ ❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ▼✉❞❛♥ç❛ ❞❡ ❱❛r✐á✈❡✐s✱
∫

S1
J(z) dz =

∫ τ

−τ

J(ϕ(x))
τ

π
|ϕ′(x)| dx.



✾✶

❈♦♠♦ J̃ ❡ J sã♦ ♥ã♦ ♥❡❣❛t✐✈❛s✱

∫

S1
|J(z)| dz =

∫

S1
J(z) dz =

∫ τ

−τ

J(ϕ(x))
τ

π
|ϕ′(x)| dx =

∫ τ

−τ

|J̃τ (x)| dx

=

∫ τ

−τ

|J̃(x)| dx =

∫

R

|J̃(x)| dx = ‖J̃‖L1(R).

❈♦♠♦ J̃ ∈ C0(R) t❡♠♦s J̃ ∈ L1(R) ❞❡ ♠♦❞♦ q✉❡ ‖J̃‖L1(R) < ∞✳ P♦rt❛♥t♦ J ∈ L1(S1)✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❨♦✉♥❣ ✭❚❡♦r❡♠❛ ✭❆✳✶✶✮✮ s❡❣✉❡ q✉❡ J ∗ (f ◦ u) ∈ L2(S1)✳ ❉❡s❞❡ q✉❡

−u, h ∈ L2(S1)✱ ❝♦♥❝❧✉í♠♦s q✉❡

−u+ J ∗ (f ◦ u) + h ∈ L2(S1), ∀ u ∈ L2(S1),

❞❡ ♠♦❞♦ q✉❡ F ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❛♥❞♦ u, v ∈ L2(S1)✱ t❡♠✲s❡ f ◦ u− f ◦ v ∈ L2(S1) ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛

❞❡ ❨♦✉♥❣✱ J ∗ (f ◦ u− f ◦ v) ∈ L2(S1) ❝♦♠

‖J ∗ (f ◦ u− f ◦ v)‖2 ≤ ‖J‖1‖f ◦ u− f ◦ v‖2.

❙❡♥❞♦ ❛ss✐♠✱

‖F (u)− F (v)‖2 = ‖ − u+ J ∗ (f ◦ u) + v − J ∗ (f ◦ v)‖2
≤ ‖u− v‖2 + ‖J ∗ (f ◦ u− f ◦ v)‖2
≤ ‖u− v‖2 + ‖J‖1‖f ◦ u− f ◦ v‖2.

❉❛❞♦ w ∈ S1✱

|(f ◦ u− f ◦ v)(w)| = |f(u(w))− f(v(w))| ≤M |u(w)− v(w)|

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

|(f ◦ u− f ◦ v)(w)|2 ≤M2|u(w)− v(w)|2.

▲♦❣♦✱

∫

S1
|(f ◦ u− f ◦ v)(w)|2 dw ≤M2

∫

S1
|u(w)− v(w)|2 dw

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

‖f ◦ u− f ◦ v‖22 ≤M2‖u− v‖22 ⇒ ‖f ◦ u− f ◦ v‖2 ≤M‖u− v‖2.



✾✷

❆ ♣❛rt✐r ❞✐st♦ ♦❜s❡r✈❛♠♦s q✉❡✱

‖J ∗ (f ◦ u− f ◦ v)‖2 ≤ ‖J‖1M‖u− v‖2 ✭✸✳✶✽✮

❡ ❡♥tã♦✱

‖F (u)− F (v)‖2 ≤ ‖u− v‖2 + ‖J‖1M‖u− v‖2 = (1 + ‖J‖1M)‖u− v‖2.

P♦rt❛♥t♦ F é ▲✐♣s❝❤✐t③✐❛♥❛✳

❈♦r♦❧ár✐♦ ✸✳✶ ❙✉♣♦♥❤❛ f ❣❧♦❜❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✐❛♥❛✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ u0 ∈ L2(S1)✱

♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②




∂u(w, t)

∂t
= −u(w, t) + J ∗ (f ◦ u)(w, t) + h

u(x, 0) = u0(x)
✭✸✳✶✾✮

♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❡♠ L2(S1)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸ ❛❧✐❛❞❛ ❛♦ ❚❡♦r❡♠❛ ❆✳✶✵✳

Pr♦♣♦s✐çã♦ ✸✳✹ ❙✉♣♦♥❤❛ q✉❡ f é ▲✐♣s❝❤✐t③✐❛♥❛ ❡ s❡❥❛ u(w, t) ❛ s♦❧✉çã♦ ❞❡ ✭✸✳✼✮ ❝♦♠

❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ u(w, 0) = u0(w)✳ ❊♥tã♦

u(w, t) = e−tu0(w) +

∫ t

0

e−(t−s)[J ∗ (f ◦ u)(w, s) + h] ds. ✭✸✳✷✵✮

❉❡♠♦♥str❛çã♦✿ P♦r ❤✐♣ót❡s❡ t❡♠♦s

∂u(w, t)

∂t
= −u(w, t) + J ∗ (f ◦ u)(w, t) + h.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❡st❛ ✐❣✉❛❧❞❛❞❡ ♣♦r et ♦❜t❡♠♦s

et
∂u(w, t)

∂t
+ etu(w, t) = et[J ∗ (f ◦ u)(w, t) + h],

♦✉ s❡❥❛✱
∂

∂t
[etu(w, t)] = et[J ∗ (f ◦ u)(w, t) + h].

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❈❛✉❝❤②✲▲✐♣s❝❤✐t③✲P✐❝❛r❞ t❡♠♦s u ∈ C1([0,∞), L2(S1))✳ ❆ss✐♠✱

♣❛r❛ ❝❛❞❛ t ≥ 0 ❛ ❢✉♥çã♦
∂

∂t
[etu(w, t)] é ❇♦❝❤♥❡r ✐♥t❡❣rá✈❡❧ ❡♠ [0, t]✳ ▲♦❣♦✱ ♣♦❞❡✲

♠♦s ✐♥t❡❣r❛r ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❞❡ 0 ❛ t ♦❜t❡♥❞♦✱ ♣❡❧♦ ❚❡♦r❡♠❛

❋✉♥❞❛♠❡♥t❛❧ ❞♦ ❈á❧❝✉❧♦ ✭✈❡r ❚❡♦r❡♠❛ ✭❆✳✺✮✮✱

etu(w, t)− e0u(w, 0) =

∫ t

0

es[J ∗ (f ◦ u)(w, s) + h] ds,



✾✸

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

etu(w, t) = u0(w) +

∫ t

0

es[J ∗ (f ◦ u)(w, s) + h] ds.

▼✉❧t✐♣❧✐❝❛♥❞♦ ♦s ♠❡♠❜r♦s ❞❛ ✐❣✉❛❧❞❡ ❛❝✐♠❛ ♣♦r e−t r❡s✉❧t❛ q✉❡

u(w, t) = e−tu0(w) +

∫ t

0

e−(t−s)[J ∗ (f ◦ u)(w, s) + h] ds.

❈♦r♦❧ár✐♦ ✸✳✷ ❙✉♣♦♥❤❛ f ❣❧♦❜❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✐❛♥❛✳ ❊♥tã♦ ❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛

✭✸✳✶✾✮ é ❝♦♥tí♥✉❛ ❝♦♠ r❡❧❛çã♦ à ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ u0✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ u(w, t) ❡ v(w, t) s♦❧✉çõ❡s ❞❡ ✭✸✳✼✮ ❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s u0 ❡

v0 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✹ t❡♠♦s✱ ♣❛r❛ t ≥ 0 ✜①❛❞♦✱

u(·, t)− v(·, t) = e−tu0(·) +
∫ t

0

e−(t−s)[J ∗ (f ◦ u)(·, s) + h] ds

− e−tv0(·)−
∫ t

0

e−(t−s)[J ∗ (f ◦ v)(·, s) + h] ds

= e−t(u0(·)− v0(·)) +
∫ t

0

e−(t−s)[J ∗ (f ◦ u− f ◦ v)(·, s)] ds.

❉❛í✱

et[u(·, t)− v(·, t)] = [u0(·)− v0(·)] +
∫ t

0

es[J ∗ (f ◦ u− f ◦ v)(·, s)] ds

❡ ❡♥tã♦

et‖u(·, t)− v(·, t)‖2 ≤ ‖u0(·)− v0(·)‖2 +
∥∥∥∥
∫ t

0

es[J ∗ (f ◦ u− f ◦ v)(·, s)] ds
∥∥∥∥
2

.

❙❡❥❛ s ≥ 0✳ ❈♦♥❢♦r♠❡ ✈✐st♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✱ J ∗(f ◦u−f ◦v)(·, s) ∈
L2(S1) ❡ ♠❛✐s✱ ♣♦r ✭✸✳✶✽✮✱

‖J ∗ (f ◦ u− f ◦ v)(·, s)‖2 ≤ ‖J‖1M‖u(·, s)− v(·, s)‖2. ✭✸✳✷✶✮

❈♦♠♦ u(·, s) − v(·, s) ∈ L1([0, t], L2(S1)) ✭♣♦✐s é ❝♦♥tí♥✉❛✮ s❡❣✉❡ q✉❡ J ∗ (f ◦ u − f ◦
v)(·, s) ∈ L1([0, t], L2(S1)) ❡ ❡♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✻✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

et‖u(·, t)− v(·, t)‖2 ≤ ‖u0(·)− v0(·)‖2 +
∫ t

0

es ‖J ∗ (f ◦ u− f ◦ v)(·, s)‖2 ds



✾✹

❞❡ ♦♥❞❡ s❡❣✉❡ ♣♦r ✭✸✳✷✶✮

et‖u(·, t)− v(·, t)‖2 ≤ ‖u0(·)− v0(·)‖2 +
∫ t

0

‖J‖1Mes‖u(·, s)− v(·, s)‖2 ds.

P❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ r❡s✉❧t❛ q✉❡

et‖u(·, t)− v(·, t)‖2 ≤ ‖u0(·)− v0(·)‖2 e
∫ t

0 ‖J‖1M ds = ‖u0(·)− v0(·)‖2 e‖J‖1Mt.

▲♦❣♦✱

‖u(·, t)− v(·, t)‖2 ≤ ‖u0(·)− v0(·)‖2 e(‖J‖1M−1)t

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳

✸✳✷ ❊①✐stê♥❝✐❛ ❞❡ ❆tr❛t♦r ●❧♦❜❛❧

◆❡st❛ s❡çã♦ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡ q✉❡

❛tr❛✐ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❡♠ L2(S1)✳ P❛r❛ ✐st♦✱ ❛❧é♠ ❞❛ ❤✐♣ót❡s❡ ❞❡ f s❡r ▲✐♣s❝❤✐t③✐❛♥❛

✭❝♦♠ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ M✮✱ ❛ss✉♠✐r❡♠♦s ❞❛q✉✐ ♣♦r ❞✐❛♥t❡ q✉❡

M‖J‖1 < 1. ✭✸✳✷✷✮

❉❛❞♦ u0 ∈ L2(S1)✱ ❞❡♥♦t❡♠♦s ♣♦r u(·, t, u0) ❛ s♦❧✉çã♦ ❞♦ P✳❱✳■✳ ✭✸✳✶✾✮✱ ❛ q✉❛❧ é

❞❛❞❛ ♣❡❧❛ ❢ór♠✉❧❛ ✭✸✳✹✮✳ P❡❧♦ ❊①❡♠♣❧♦ ✶✳✶✱ ❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦

∂u(w, t)

∂t
= −u(w, t) + J ∗ (f ◦ u)(w, t) + h ✭✸✳✷✸✮

❞❡✜♥❡♠ ✉♠ s❡♠✐❣r✉♣♦ ❡♠ L2(S1)✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❞❡✜♥✐♥❞♦ ♣❛r❛ ❝❛❞❛ t ≥ 0✱

S(t) : L2(S1) → L2(S1)

u0 7→ S(t)u0 = u(·, t, u0)
,

♦ ❊①❡♠♣❧♦ ✶✳✶ ♥♦s ❞✐③ q✉❡ ❛ ❢❛♠í❧✐❛ {S(t)}t≥0 é ✉♠ s❡♠✐❣r✉♣♦✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❚❡♦r❡♠❛

❞❡ ❈❛✉❝❤②✲▲✐♣s❝❤✐t③✲P✐❝❛r❞ ♥♦s ❞á ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ S(t)u0 ❡♠ t ❡♥q✉❛♥t♦ ♦ ❈♦r♦❧ár✐♦

✸✳✷ ❣❛r❛♥t❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❡♠ u0✳ ▲♦❣♦✱ {S(t)}t≥0 é ✉♠ C0✲s❡♠✐❣r✉♣♦✱ ♥♦ s❡♥t✐❞♦ ❞❛

❉❡✜♥✐çã♦ ✶✳✶✳

❘❡❡s❝r❡✈❡♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❈♦r♦❧ár✐♦ ✸✳✷ ❡♠ t❡r♠♦s ❞♦ s❡♠✐❣r✉♣♦ S✱ ♦❜t❡✲

♠♦s ♦ s❡❣✉✐♥t❡✿



✾✺

▲❡♠❛ ✸✳✻ P❛r❛ q✉❛✐sq✉❡r u0, v0 ∈ L2(S1) ❡ ♣❛r❛ ❝❛❞❛ t ≥ 0✱

‖S(t)u0 − S(t)v0‖2 ≤ ‖u0 − v0‖2 e(‖J‖1M−1)t.

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ tr❛t❛ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜s♦r✈❡♥t❡ ♣❛r❛ ♦ s❡♠✐✲

❣r✉♣♦ {S(t)}t≥0✳

▲❡♠❛ ✸✳✼ ❖ ❝♦♥❥✉♥t♦

B :=

{
u ∈ L2(S1); ‖u‖2 ≤

2
√
2τ(k‖J‖1 + h)

1−M‖J‖1

}

é ✉♠ ❝♦♥❥✉♥t♦ ❛❜s♦r✈❡♥t❡ ♣❛r❛ ♦ s❡♠✐❣r✉♣♦ {S(t)} ❣❡r❛❞♦ ♣♦r ✭✸✳✼✮✱ ♦♥❞❡ k = |f(0)|✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ B0 ⊂ L2(S1) ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ ❡①✐st❡

t0 > 0 t❛❧ q✉❡✱ s❡♠♣r❡ q✉❡ t ≥ t0 t❡♠✲s❡ S(t)B0 ⊂ B✳ ❉❛❞♦ u0 ∈ B0 ❡ t ≥ 0 t❡♠♦s

d

dt
‖S(t)u0‖2 =

d

dt
〈S(t)u0, S(t)u0〉 =

〈
d

dt
S(t)u0, S(t)u0

〉
+

〈
S(t)u0,

d

dt
S(t)u0

〉

= 2

〈
d

dt
S(t)u0, S(t)u0

〉
= 2 〈−S(t)u0 + J ∗ (f ◦ S(t)u0) + h, S(t)u0〉 .

❆ ♣❛rt✐r ❞✐st♦ t❡♠♦s q✉❡✱

d

dt
‖S(t)u0‖22 = 2 (−〈S(t)u0, S(t)u0〉+ 〈J ∗ (f ◦ S(t)u0), S(t)u0〉+ 〈h, S(t)u0〉) .

✭✸✳✷✹✮

P❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r t❡♠♦s

〈h, S(t)u0〉 =
∫

S1
(hS(t)u0)(w) dw ≤

∫

S1
|(hS(t)u0)(w)| dw

≤ ‖S(t)u0‖2
(∫

S1
h2 dw

) 1
2

.

❯s❛♥❞♦ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s ❡ ♦ ❢❛t♦ ❞❡ q✉❡ dw =
τ

π
|ϕ′(y)| dy t❡♠♦s

∫

S1
h2 dw = h2

∫

S1
1 dw = h2

∫ τ

−τ

1
τ

π
|ϕ′(y)| dy = h2

∫ τ

−τ

1dy = h22τ.

▲♦❣♦✱

〈h, S(t)u0〉 ≤ ‖S(t)u0‖2h
√
2τ . ✭✸✳✷✺✮



✾✻

❆❣♦r❛✱ ✉s❛♥❞♦ ❛s ❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❍ö❧❞❡r ❡ ❨♦✉♥❣ ♦❜t❡♠♦s

〈J ∗ (f ◦ S(t)u0), S(t)u0〉 =
∫

S1
[J ∗ (f ◦ S(t)u0) · S(t)u0](w) dw

≤ ‖J ∗ (f ◦ S(t)u0)‖2‖S(t)u0‖2
≤ ‖J‖1‖(f ◦ S(t)u0)‖2‖S(t)u0‖2.

P❡❧♦ ▲❡♠❛ ✸✳✺ s❡❣✉❡ q✉❡

〈J ∗ (f ◦ S(t)u0), S(t)u0〉 ≤ ‖J‖1‖S(t)u0‖2(M‖S(t)u0‖2 + k
√
2τ)

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

〈J ∗ (f ◦ S(t)u0), S(t)u0〉 ≤M‖J‖1‖S(t)u0‖22 + k
√
2τ‖J‖1‖S(t)u0‖2. ✭✸✳✷✻✮

❯s❛♥❞♦ ✭✸✳✷✺✮ ❡ ✭✸✳✷✺✮ ❡♠ ✭✸✳✷✹✮ ♦❜t❡♠♦s

d

dt
‖S(t)u0‖22 ≤ 2

(
−‖S(t)u0‖22 +M‖J‖1‖S(t)u0‖22 + k

√
2τ‖J‖1‖S(t)u0‖2 + ‖S(t)u0‖2h

√
2τ
)
.

P♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❝❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ S(t)u0 6= 0 ✶✳ ❉❡ss❡ ♠♦❞♦✱

d

dt
‖S(t)u0‖22 ≤ 2‖S(t)u0‖22

(
−1 +M‖J‖1 +

k
√
2τ‖J‖1

‖S(t)u0‖2
+

h
√
2τ

‖S(t)u0‖2

)
.

❉❡✜♥✐♥❞♦ ε = 1−M‖J‖1 > 0 t❡♠✲s❡

d

dt
‖S(t)u0‖22 ≤ 2‖S(t)u0‖22

(
−ε+

√
2τ(k‖J‖1 + h)

‖S(t)u0‖2

)
. ✭✸✳✷✼✮

❆✜r♠❛çã♦ ✸✳✸ ◗✉❛♥❞♦

‖S(t)u0‖2 ≥
2
√
2τ(k‖J‖1 + h)

ε
✭✸✳✷✽✮

t❡♠✲s❡

‖S(t)u0‖22 ≤ e−(1−M‖J‖1)t‖u0‖22. ✭✸✳✷✾✮

❉❡ ❢❛t♦✱

‖S(t)u0‖2 ≥
2
√
2τ(k‖J‖1 + h)

ε
⇒ ε

2
≥

√
2τ(k‖J‖1 + h)

‖S(t)u0‖2
.

✶P❛r❛ t♦❞♦ t t❛❧ q✉❡ S(t)u0 = 0 ❥á s❡ t❡♠ S(t)u0 ∈ B✳



✾✼

P♦r ✭✸✳✷✼✮ r❡s✉❧t❛ q✉❡

d

dt
‖S(t)u0‖22 ≤ 2‖S(t)u0‖22

(
−ε+ ε

2

)
≤ 2‖S(t)u0‖22

(
−ε
2

)
= −ε‖S(t)u0‖22,

♦✉ s❡❥❛✱

d

dt
‖S(t)u0‖22

‖S(t)u0‖22
≤ −ε.

■♥t❡❣r❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❞❡ 0 ❛ t ♦❜t❡♠♦s

ln(‖S(t)u0‖22)− ln(‖S(0)u0‖22) ≤ −εt

❡ ♣♦r ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❧♦❣❛r✐t♠♦ ✈❡♠

ln

( ‖S(t)u0‖22
‖S(0)u0‖22

)
≤ −εt⇒ ‖S(t)u0‖22

‖S(0)u0‖22
≤ e−εt ⇒ ‖S(t)u0‖22 ≤ e−εt‖S(0)u0‖22.

P♦rt❛♥t♦✱

‖S(t)u0‖22 ≤ e−(1−M‖J‖1)t‖u0‖22.

❆ss✐♠✱ ♣❛r❛ q✉❡ ♦❝♦rr❛ ✭✸✳✷✽✮ é ♥❡❝❡ssár✐♦ q✉❡ ♦❝♦rr❛ t❛♠❜é♠ ✭✸✳✷✾✮✳ ❖r❛✱ ❡①✐st❡

t0 ≥ 0 t❛❧ q✉❡

t ≥ t0 ⇒ e−(1−M‖J‖1)t‖u0‖22 <
2
√
2τ(k‖J‖1 + h)

ε
.

P♦r ✐ss♦✱ s❡ ✭✸✳✷✽✮ ♦❝♦rr❡ss❡ ♣❛r❛ t ≥ t0 t❡rí❛♠♦s✱ ❛ ♣❛rt✐r ❞❡ ✭✸✳✷✾✮✱ ✉♠ ❛❜s✉r❞♦✳ ▲♦❣♦✱

t ≥ t0 ⇒ ‖S(t)u0‖2 <
2
√
2τ(k‖J‖1 + h)

ε
,

♦✉ s❡❥❛✱

t ≥ t0 ⇒ S(t)u0 ∈ B,

❈♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

▲❡♠❛ ✸✳✽ ❙❡ g ∈ L∞(S1) ❡ u ∈ L2(S1) ❡♥tã♦✱ ♣❛r❛ t♦❞♦ w ∈ S1✱

|(g ∗ u)(w)| ≤
√
2τ‖g‖∞‖u‖2.

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ g ∈ L∞(S1) t❡♠♦s |g(w)| ≤ ‖g‖∞ q✳t✳♣✳ ❡♠ S1✳ ❉❡st❛ ❢♦r♠❛✱

♣❛r❛ t♦❞♦ w ∈ S1✱

|(g ∗ u)(w)| =
∣∣∣∣
∫

S1
g(w · z−1)u(z) dz

∣∣∣∣ ≤
∫

S1
|g(w · z−1)||u(z)| dz

≤
∫

S1
‖g‖∞|u(z)| dz = ‖g‖∞

∫

S1
|u(z)| · 1 dz.



✾✽

P❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ♦❜t❡♠♦s

|(g ∗ u)(w)| ≤ ‖g‖∞‖u‖2‖1‖2 =
√
2τ‖g‖∞‖u‖2.

❚❡♦r❡♠❛ ✸✳✶ ❊①✐st❡ ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧ A ♣❛r❛ ♦ s❡♠✐❣r✉♣♦ {S(t)} ❣❡r❛❞♦ ♣♦r ✭✸✳✼✮✱

♦ q✉❛❧ ❡stá ❝♦♥t✐❞♦ ♥♦ ❝♦♥❥✉♥t♦ B ❞❡✜♥✐❞♦ ♥♦ ▲❡♠❛ ✸✳✼✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✹ t❡♠♦s ♣❛r❛ q✉❛✐sq✉❡r u0 ∈ L2(S1) ❡ t ≥ 0

S(t)u0 = e−tu0(·) +
∫ t

0

e−(t−s)[J ∗ (f ◦ u)(·, s) + h] ds.

P❛r❛ ❝❛❞❛ t ≥ 0 ❞❡✜♥❛ S1(t), S2(t) : L
2(S1) → L2(S1) ♣♦r

S1(t)u0 =

∫ t

0

e−(t−s)[J ∗ (f ◦ u)(·, s) + h] ds ❡ S2(t)u0 = e−tu0.

❈❛❞❛ ❛♣❧✐❝❛çã♦ S2(t) é ❝♦♥tí♥✉❛ ♣♦✐s✱ ♣❛r❛ u0, u1 ∈ L2(S1)✱

‖S2(t)u0 − S2(t)u1‖2 = e−t‖u0 − u1‖2 ≤ ‖u0 − u1‖2.

❙❡❥❛♠ C ⊂ L2(S1) ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡ λC := sup
v∈C

‖v‖2✳ ❉❛❞♦ v ∈ C

‖S2(t)v‖2 = e−t‖v‖2 ≤ e−tλC , ∀t ≥ 0. ✭✸✳✸✵✮

▲♦❣♦✱

sup
v∈C

‖S2(t)v‖2 ≤ e−tλC , ∀t ≥ 0.

❉❛í✱

sup
v∈C

‖S2(t)v‖2 → 0 q✉❛♥❞♦ t→ ∞. ✭✸✳✸✶✮

❆❣♦r❛✱ s❡❥❛ u0 ∈ C✳ ❉❡✜♥❛

r :=
2
√
2τ(k‖J‖1 + h)

1−M‖J‖1
❡ R := max{λC , r}✳ P❡❧♦ ▲❡♠❛ ✸✳✼ ♦ ❝♦♥❥✉♥t♦ B := B[0, r] é ❛❜s♦r✈❡♥t❡ ✭♣❡❧♦ s❡♠✐❣r✉♣♦

{S(t)}✮✳ ❆ss✐♠✱ ❡①✐st❡ t0 ≥ 0 t❛❧ q✉❡

t ≥ t0 ⇒ S(t)C ⊂ B.



✾✾

▲♦❣♦✱

t ≥ t0 ⇒ ‖S(t)u0‖2 ≤ r.

❆ ♣❛rt✐r ❞❛ ❆✜r♠❛çã♦ ✸✳✸ s❡❣✉❡ q✉❡

‖S(t)u0‖2 ≤ R, ∀ t ≥ 0. ✭✸✳✸✷✮

P♦r ❞❡✜♥✐çã♦✱ ❞❛❞♦ w ∈ S1 t❡♠♦s J ′(w) = (Jϕ(x))′ = (J̃τ )′(x)✱ ♣❛r❛ ❛❧❣✉♠ x ∈ [−τ, τ ]✳
❈♦♠♦ (J̃τ )′ é ❝♦♥tí♥✉❛ ❡ ❧✐♠✐t❛❞❛ ❡♠ [−τ, τ ]✱ s❡❣✉❡ q✉❡ J ′ é ❝♦♥tí♥✉❛ ❡ ❧✐♠✐t❛❞❛✳ ❆ss✐♠

J ′ ∈ L∞(S1)✳ ■♥❞✐❝❛r❡♠♦s J ′ t❛♠❜é♠ ❜♣♦ Jw✳ P❡❧♦s ▲❡♠❛s ✸✳✽ ❡ ✸✳✺ t❡♠♦s✱ ♣❛r❛ t♦❞♦

w ∈ S1✱

|Jw ∗ (f ◦ u)(w)| ≤
√
2τ‖Jw‖∞‖f ◦ u‖2 ≤

√
2τ‖Jw‖∞(M‖u‖2 + k

√
2τ).

❉❛í✱ ♣❛r❛ t♦❞♦ w ∈ S1✱

|Jw ∗ (f ◦ u)(w)| ≤M
√
2τ‖Jw‖∞‖u‖2 + k2τ‖J ′‖∞. ✭✸✳✸✸✮

❆✜r♠❛çã♦ ✸✳✹ P❛r❛ ❝❛❞❛ t ≥ 0 ✜①❛❞♦✱ ❛ ❢✉♥çã♦ s 7→ e−(t−s)[J ∗ (f ◦ u)(·, s) + h] é

❝♦♥tí♥✉❛✳

❉❡ ❢❛t♦✱ ❞❛❞♦s s, s0 ≥ 0 t❡♠♦s

|J ∗ (f ◦ u)(·, s) + h− [J ∗ (f ◦ u)(·, s0) + h]| = |J ∗ [(f ◦ u)(·, s)− (f ◦ u)(·, s0)]|.

❯s❛♥❞♦ ♦ ▲❡♠❛ ✸✳✽ ❡ ♦ ❢❛t♦ ❞❡ q✉❡ f é ▲✐♣s❝❤✐t③✐❛♥❛ t❡♠♦s✱

|J ∗ (f ◦ u)(·, s) + h− [J ∗ (f ◦ u)(·, s0) + h]| ≤
√
2τ‖J‖∞‖f(u(·, s))− f(u(·, s0))‖2

≤
√
2τ‖J‖∞M‖u(·, s)− u(·, s0)‖2.

❈♦♠♦ u é ❝♦♥tí♥✉❛ ✭♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❈❛✉❝❤②✲▲✐♣s❝❤✐t③✲P✐❝❛r❞✮ s❡❣✉❡ q✉❡ s 7→ e−(t−s)[J∗
(f ◦ u)(·, s) + h] t❛♠❜é♠ ♦ é✳

❙❡❥❛ t ≥ 0✳ P❡❧❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✱ ❛ ❢✉♥çã♦ s 7→ e−(t−s)[J ∗ (f ◦ u)(·, s) + h]

♣❡rt❡♥❝❡ ❛ L1
(
[0, t], L2(S1)

)
✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ✉s❛r ♦ ❚❡♦r❡♠❛ ❆✳✼ ♣❛r❛ ❞❡r✐✈❛r s♦❜ ♦

s✐♥❛❧ ❞❡ ✐♥t❡❣r❛çã♦ ♦❜t❡♥❞♦

∂

∂w
S1(t)u0(w) =

∂

∂w

∫ t

0

e−(t−s)[J ∗ (f ◦ u)(·, s) + h] ds

=

∫ t

0

e−(t−s) ∂

∂w
[J ∗ (f ◦ u)(·, s) + h] ds



✶✵✵

P❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✽ r❡s✉❧t❛ q✉❡✱

∂

∂w
S1(t)u0(w) =

∫ t

0

e−(t−s)[Jw ∗ (f ◦ u)(·, s)] ds

❡ ♣♦r ✭✸✳✸✸✮ ✈❡♠
∣∣∣∣
∂

∂w
S1(t)u0(w)

∣∣∣∣ =
∣∣∣∣
∫ t

0

e−(t−s)[Jw ∗ (f ◦ u)(·, s)] ds
∣∣∣∣ ≤

∫ t

0

e−(t−s)|Jw ∗ (f ◦ u)(·, s)| ds

≤
∫ t

0

e−(t−s)
(
M

√
2τ‖Jw‖∞‖u(·, s)‖2 + k2τ‖Jw‖∞

)
ds.

❈♦♠♦ u(·, s) = S(s)u0 s❡❣✉❡ ♣♦r ✭✸✳✸✷✮
∣∣∣∣
∂

∂w
S1(t)u0(w)

∣∣∣∣ ≤
∫ t

0

e−(t−s)
(
M

√
2τ‖Jw‖∞‖S(s)u0‖2 + k2τ‖Jw‖∞

)
ds

≤
(
MR

√
2τ‖Jw‖∞ + k2τ‖Jw‖∞

)∫ t

0

e−(t−s) ds.

❉❡s❞❡ q✉❡

∫ t

0

e−(t−s) ds = e−t

∫ t

0

es ds = e−t(et − 1) = 1− e−t ≤ 1,

t❡♠♦s
∣∣∣∣
∂

∂w
S1(t)u0(w)

∣∣∣∣ ≤ k1,

♦♥❞❡ k1 :=MR
√
2τ‖Jw‖∞ + k2τ‖Jw‖∞✳ ▲♦❣♦✱

∫

S1

∣∣∣∣
∂

∂w
S1(t)u0(w)

∣∣∣∣
2

dw ≤ k212τ <∞, ✭✸✳✸✹✮

♦ q✉❡ ♥♦s ❞✐③ q✉❡
∂

∂w
S1(t)u0 ∈ L2(S1) ❡ ♣♦rt❛♥t♦ S1(t)u0 ∈ H1(S1)✳ ❆❧é♠ ❞✐ss♦

∥∥∥∥
∂

∂w
S1(t)u0

∥∥∥∥
2

≤ k1
√
2τ

❡ ♠❛✐s✱ ♣♦r ✭✸✳✸✵✮ ❡ ✭✸✳✸✷✮

‖S1(t)u0‖2 = ‖S(t)u0 − S2(t)u0‖2 ≤ ‖S(t)u0‖2 + ‖S2(t)u0‖2 ≤ R + λC .

❙❡♥❞♦ ❛ss✐♠✱

‖S1(t)u0‖H1(S1) = ‖S1(t)u0‖2 +
∥∥∥∥
∂

∂w
S1(t)u0

∥∥∥∥
2

≤ R + λC + k1
√
2τ ,



✶✵✶

q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ t ≥ 0 ❡ u0 ∈ C✳ P♦rt❛♥t♦✱ ♦ ❝♦♥❥✉♥t♦

⋃

t≥0

S1(t)C

é ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡♠ H1(S1) ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈ ✭❚❡♦r❡♠❛

❆✳✶✷✮✱ ♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦ é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ L2(S2)✳ ❱❡♠♦s ❛ss✐♠ q✉❡ ♦

s❡♠✐❣r✉♣♦ {S(t)} ❡ ♦ ❝♦♥❥✉♥t♦ ❛❜s♦r✈❡♥t❡ B ❡stã♦ ♥❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✶✱ ❝♦♠

{S(t)} s❛t✐s❢❛③❡♥❞♦ (h2)✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✱ ♦ ❝♦♥❥✉♥t♦ A := ω(B) é ✉♠ ❛tr❛t♦r

❣❧♦❜❛❧ ♣❛r❛ ♦ s❡♠✐❣r✉♣♦ {S(t)}✳ ❆❧é♠ ❞♦ ♠❛✐s✱ s❡♥❞♦ B ✉♠ ❝♦♥❥✉♥t♦ ❛❜s♦r✈❡♥t❡✱ ❡①✐st❡

s0 > 0 t❛❧ q✉❡

t ≥ s0 ⇒ S(t)B ⊂ B.

❉❡ss❡ ♠♦❞♦
⋃

t≥s0

S(t)B ⊂ B ⇒
⋃

t≥s0

S(t)B ⊂ B.

▼❛s ♣♦r ❞❡✜♥✐çã♦✱

A ⊂
⋃

t≥s

S(t)B, ∀s ≥ 0.

P♦rt❛♥t♦ A ⊂ B✳

✸✳✸ ❊①✐stê♥❝✐❛ ❞❡ ❆tr❛t♦r ❊①♣♦♥❡♥❝✐❛❧

◆❡st❛ s❡çã♦ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ❛tr❛t♦r ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦ s❡♠✐❣r✉♣♦

❣❡r❛❞♦ ♣❡❧❛s s♦❧✉çõ❡s ❞❡ ✭✸✳✼✮✱ ❛♣♦✐❛❞♦s ♥♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ ❙❡çã♦ ✶✳✺✳ ❊♠

sí♥t❡s❡✱ ✉s❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ✷✳✷ ♣❛r❛ ♦❜t❡r ✉♠ ❝♦♥❥✉♥t♦ ♣♦s✐t✐✈❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡✱ ❝♦♠

❞✐♠❡♥sã♦ ❢r❛❝t❛❧ ✜♥✐t❛ ❡ q✉❡ ❛tr❛✐ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜s♦r✈❡♥t❡ ❧✐♠✐t❛❞♦✱

s♦❜r❡ ❛ ❛çã♦ ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ s❡♠✐❣r✉♣♦ ❞✐s❝r❡t♦✳ ❆ ♣❛rt✐r ❞❡st❡ ❝♦♥❥✉♥t♦ ❡ ❝♦♠

♦ ✉s♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✸✱ s❡rá ♣♦ssí✈❡❧ ♦❜t❡r ✉♠ ❛tr❛t♦r ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦ s❡♠✐❣r✉♣♦

❞❡s❡❥❛❞♦✳

❆ ✜♠ ❞❡ ✉t✐❧✐③❛r ♦ ❚❡♦r❡♠❛ ✷✳✷✱ ♠♦str❛r❡♠♦s q✉❡ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦

s❛t✐s❢❡✐t❛s✿

✭❍✶✮ ❖ s❡♠✐❣r✉♣♦ {S(t)} ❛❞♠✐t❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜s♦r✈❡♥t❡ B1 ⊂ H1(S1)✱ ♦ q✉❛❧ é

❧✐♠✐t❛❞♦ ❡♠ H1(S1)✳



✶✵✷

✭❍✷✮ ❊①✐st❡ t1 > 0 t❛❧ q✉❡✱ ♥❛ t♦♣♦❧♦❣✐❛ ❞❡ L2(S1)✱ S(t)B1 ⊂ B1 ♣❛r❛ t♦❞♦ t ≥ t1✳

✭❍✸✮ ❊①✐st❡ t∗ ≥ t1 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦s u1, u2 ∈ B1✱

S(t∗)u1 − S(t∗)u2 = L(u1, u2) +K(u1, u2),

♦♥❞❡ L : B1 × B1 → L2(S1) ✉♠❛ ✏❝♦♥tr❛çã♦✧♥♦ s❡♥t✐❞♦ ❞❡ q✉❡✱

‖L(u1, u2)‖2 ≤ α‖u1 − u2‖2, ∀ u1, u2 ∈ B1, ✭✸✳✸✺✮

♣❛r❛ ❛❧❣✉♠ α ❝♦♠ 0 < α <
1

2
❀ ❡ K : B1 × B1 → H1(S1) s❛t✐s❢❛③ ♣❛r❛ t♦❞♦s

u1, u2 ∈ B1✱

‖K(u1, u2)‖H1(S1) ≤ C‖u1 − u2‖2, ✭✸✳✸✻✮

♦♥❞❡ C > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳

✭❍✹✮ ❆ ❛♣❧✐❝❛çã♦

F : [t∗, 2t∗]× B1 → B1

(t, u) 7→ F (t, u) := S(t)u

é ▲✐♣s❝❤✐t③✐❛♥❛ s♦❜r❡ B1 ♥❛ t♦♣♦❧♦❣✐❛ ❞❡ L2(S1)✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ t✱ ♦✉ s❡❥❛✱

❡①✐st❡ λ > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦s u1, u2 ∈ B1✱

‖S(t)u1 − S(t)u2‖2 ≤ λ‖u1 − u2‖2,

q✉❛❧q✉❡r q✉❡ s❡❥❛ t ∈ [t∗, 2t∗]✳

✭❍✺✮ ❆ ❛♣❧✐❝❛çã♦

F : [t∗, 2t∗]× B1 → B1

(t, u) 7→ F (t, u) := S(t)u

é ▲✐♣s❝❤✐t③✐❛♥❛ s♦❜r❡ [t∗, 2t∗]✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ B1✱ ♦✉ s❡❥❛✱ ❡①✐st❡ C∗ > 0 t❛❧

q✉❡✱ ♣❛r❛ t♦❞♦ u ∈ B1✱

‖S(t)u− S(t)u‖2 ≤ C∗|t1 − t2|,

q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ t1, t2 ∈ [t∗, 2t∗]✳

❆s ❝♦♥❞✐çõ❡s ✭❍✶✮✲✭❍✺✮ ❛❝✐♠❛ s❡rã♦ ✈❡r✐✜❝❛❞❛s ♥❛s s❡❣✉✐♥t❡s s✉❜s❡çõ❡s✳
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❊①✐stê♥❝✐❛ ❞❡ ❯♠ ❈♦♥❥✉♥t♦ ❆❜s♦r✈❡♥t❡ ▲✐♠✐t❛❞♦ ❡♠ H1(S1)

❙❡❥❛ u ∈ L2(S1) ✉♠❛ s♦❧✉çã♦ ❞❡ ✭✸✳✼✮ ❝♦♠ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ u0 ∈ H1(S1)✳ ❙❛❜❡♠♦s

q✉❡✱ ♣❛r❛ t♦❞♦ t ≥ 0✱

u(t) = S(t)u0 = S1(t)u0 + S2(t)u0,

♦♥❞❡

S1(t)u0 =

∫ t

0

e−(t−s)[J ∗ (f ◦ u)(·, s) + h] ds ❡ S2(t)u0 = e−tu0.

❈❧❛r❛♠❡♥t❡ S2(t)u0 ∈ H1(S1) ♣❛r❛ t♦❞♦ t ≥ 0✳ ❆❣♦r❛✱ ❝♦♥❢♦r♠❡ ✈✐st♦ ♥❛ ❞❡♠♦♥str❛çã♦

❞♦ ❚❡♦r❡♠❛ ✸✳✶✱ ♣❛r❛ t♦❞♦ t ≥ 0✱
∣∣∣∣
∂

∂w
S1(t)u0(w)

∣∣∣∣ ≤
∫ t

0

e−(t−s)
(
M

√
2τ‖Jw‖∞‖S(s)u0‖2 + k2τ‖Jw‖∞

)
ds.

P♦♥❞♦ R0 := max{‖u0‖, r}✱ ♦♥❞❡ r é ♦ r❛✐♦ ❞❛ ❜♦❧❛ ❛❜s♦r✈❡♥t❡ B ❞❡✜♥✐❞❛ ♥♦ ▲❡♠❛ ✸✳✼✱

s❡❣✉❡ ❞❛ ❆✜r♠❛çã♦ ✸✳✸ q✉❡

‖S(t)u0‖2 ≤ R0, ∀ t ≥ 0.

▲♦❣♦✱
∣∣∣∣
∂

∂w
S1(t)u0(w)

∣∣∣∣ ≤
(
MR0

√
2τ‖Jw‖∞ + k2τ‖Jw‖∞

)∫ t

0

e−(t−s) ds

≤MR0

√
2τ‖Jw‖∞ + k2τ‖Jw‖∞.

❉❛í
∂

∂w
S1(t)u0 ∈ L2(S1) ❡ ♣♦r ❝♦♥s❡❣✉✐♥t❡ u(·, t) = S(t)u0 ∈ H1(S1)✱ ♣❛r❛ t♦❞♦ t ≥ 0✳

❊st❡ r❛❝✐♦❝í♥✐♦ ♥♦s ❞✐③ q✉❡ H1(S1) é ♣♦s✐t✐✈❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ♣❡❧♦ s❡♠✐❣r✉♣♦ {S(t)}✳
❆ss✉♠✐r❡♠♦s ❞❛q✉✐ ♣♦r ❞✐❛♥t❡ q✉❡

M‖Jw‖1 <
π√
2τ
. ✭✸✳✸✼✮

▲❡♠❛ ✸✳✾ ✭❍✐♣ót❡s❡ ❍✶✮ ❙❡❥❛♠ r′ :=
2k

√
2τ‖Jw‖1

1−M
τ

π
‖Jw‖1

✱ r ♦ r❛✐♦ ❞❛ ❜♦❧❛ ❛❜s♦r✈❡♥t❡ B

❞❡✜♥✐❞❛ ♥♦ ▲❡♠❛ ✸✳✼ ❡ r1 = r′ + r✳ ❖ ❝♦♥❥✉♥t♦

B1 :=
{
v ∈ H1(S1); ‖v‖H1(S1) ≤ r1

}
.

é ✉♠ ❝♦♥❥✉♥t♦ ❛❜s♦r✈❡♥t❡ ❧✐♠✐t❛❞♦ ♣❛r❛ {S(t)} s❡❣✉♥❞♦ ❛ ♥♦r♠❛ ❞❡ H1(S1)✳
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❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ B0 ⊂ H1(S1) ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦✱ u0 ∈ B0 ❡ u(·, t) = S(t)u0✳

❙❡♥❞♦ u s♦❧✉çã♦ ❞❡ ✭✸✳✼✮ t❡♠♦s

∂u

∂t
= −u+ J ∗ f ◦ u+ h

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡
∂

∂w

∂u

∂t
= −uw + Jw ∗ f ◦ u.

❚♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝♦♠ uw s❡❣✉❡ q✉❡

〈
∂

∂w

∂u

∂t
, uw

〉
= −〈uw, uw〉+ 〈Jw ∗ f ◦ u, uw〉

❯s❛♥❞♦ ♣r♦♣r✐❡❞❛❞❡s ❞❛s ❞✐str✐❜✉✐çõ❡s ♦❜t❡♠♦s

〈
d

dt
uw, uw

〉
= −〈uw, uw〉+ 〈Jw ∗ f ◦ u, uw〉.

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

2

〈
d

dt
uw, uw

〉
= −2‖uw‖22 + 2〈Jw ∗ f ◦ u, uw〉.

◆♦t❛♥❞♦ q✉❡
d

dt
‖uw‖22 =

d

dt
〈uw, uw〉 = 2

〈
d

dt
uw, uw

〉

t❡♠♦s

d

dt
‖uw‖22 + 2‖uw‖22 = 2〈Jw ∗ f ◦ u, uw〉.

❖❜s❡r✈❡ q✉❡ Jw ∈ L1(S1)✳ ❉❡ ❢❛t♦✱ ❞❛ ❣❡♦♠❡tr✐❛ ❞✐❢❡r❡♥❝✐❛❧ t❡♠♦s

Jw(w) = (J(ϕ(x)))′ = (J̃τ )′(x) = J̃ ′(x),

♣❛r❛ ❛❧❣✉♠ x ∈ [−τ, τ ]✳ ❈♦♠♦ J̃ ∈ C1(R) s❡❣✉❡ q✉❡ J̃ ′ é ❧✐♠✐t❛❞❛ ❡♠ [−τ, τ ] ❡ ♣♦rt❛♥t♦
|J ′(w)| < cτ ✱ ♣❛r❛ t♦❞♦ w ∈ S1 ✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡

∫

S1
|Jw(w)| dw <∞.

❯s❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❡ ❨♦✉♥❣ ♦❜t❡♠♦s

2|〈Jw ∗ f ◦ u, uw〉| ≤ 2‖Jw ∗ f ◦ u‖2‖uw‖2 ≤ 2‖Jw‖1‖f ◦ u‖2‖uw‖2.
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P❡❧♦ ▲❡♠❛ ✸✳✺

2|〈Jw ∗ f ◦ u, uw〉| ≤ 2‖Jw‖1(M‖u‖2 + k
√
2τ)‖uw‖2

❡ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré r❡s✉❧t❛ q✉❡

2|〈Jw ∗ f ◦ u, uw〉| ≤ 2‖Jw‖1(M
τ

π
‖uw‖2 + k

√
2τ)‖uw‖2.

▲♦❣♦✱

d

dt
‖uw‖22 + 2‖uw‖22 ≤ 2‖Jw‖1M

τ

π
‖uw‖22 + 2‖Jw‖1k

√
2τ‖uw‖2

✐♠♣❧✐❝❛♥❞♦ ❡♠

d

dt
‖uw‖22 ≤ −2‖uw‖22 + 2M

τ

π
‖Jw‖1‖uw‖22 + 2k

√
2τ‖Jw‖1‖uw‖2.

❉❛í✱

d

dt
‖uw‖22 ≤ 2‖uw‖22

(
−1 +M

τ

π
‖Jw‖1 +

k
√
2τ‖Jw‖1
‖uw‖2

)
. ✭✸✳✸✽✮

❆✜r♠❛çã♦ ✸✳✺ ❙❡❥❛ a := 1−M
τ

π
‖Jw‖1✳ ❙❡ t ≥ 0 é t❛❧ q✉❡

‖uw(·, t)‖2 ≥
2k

√
2τ‖Jw‖1
a

, ✭✸✳✸✾✮

❡♥tã♦

‖uw(·, t)‖22 ≤ e−at‖(u0)w‖22. ✭✸✳✹✵✮

❆ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ❛❝✐♠❛ é ❛♥á❧♦❣❛ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥❛ ❆✜r♠❛çã♦ ✸✳✸ ❡✱ ♣♦r ✐ss♦✱

❞❛r❡♠♦s ❛♣❡♥❛s ✉♠ ❡s❜♦ç♦ ❞♦ r❛❝✐♦❝í♥✐♦✳ ❙✉♣♦♥❞♦ q✉❡

‖uw(·, t)‖2 ≥
2k

√
2τ‖Jw‖1
a

,

✉s❛♥❞♦ ✭✸✳✸✽✮ ♦❜t❡♠♦s

d

dt
‖uw(·, t)‖22

‖uw(·, t)‖22
≤ −a.

■♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ t ❡ ✉s❛♥❞♦ ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❧♦❣❛r✐t♠♦ ❡ ❞❛ ❡①♣♦♥❡♥❝✐❛❧ ♦❜t❡♠♦s

‖uw(·, t)‖22
‖uw(·, 0)‖22

≤ e−at
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♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

‖uw(·, t)‖22 ≤ e−at‖(u0)w‖22.

❖❜s❡r✈❡ q✉❡ ❡①✐st❡ t1 > 0 t❛❧ q✉❡

e−
a
2
t‖(u0)w‖2 <

2k
√
2τ‖Jw‖1
a

, ✭✸✳✹✶✮

s❡♠♣r❡ q✉❡ t ≥ t1✳ P♦r ✐ss♦ ♣❛r❛ t ≥ t1 ✭✸✳✸✾✮ ♥ã♦ ♣♦❞❡ ♦❝♦rr❡r ♣♦✐s✱ ❞♦ ❝♦♥trár✐♦✱

t❡rí❛♠♦s ♣♦r ✭✸✳✹✵✮ ❡ ✭✸✳✹✶✮ ✉♠ ❛❜s✉r❞♦✳ ▲♦❣♦✱

t ≥ t1 ⇒ ‖uw(·, t)‖2 <
2k

√
2τ‖Jw‖1

1−M
τ

π
‖Jw‖1

.

❈♦♠♦ B0 é ❧✐♠✐t❛❞♦ ❡♠ H1(S1)✱ ❞❡✈✐❞♦ ❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ H1(S1) →֒ L2(S1) t❡♠♦s

B0 t❛♠❜é♠ ❧✐♠✐t❛❞♦ ❡♠ L2(S1)✳ ❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✸✳✼✱ ❡①✐st❡ t2 > 0 t❛❧ q✉❡

t ≥ t2 ⇒ ‖S(t)v‖2 ≤ r, ∀ v ∈ B0.

P♦♥❞♦ t0 := max{t1, t2} t❡♠♦s ♣❛r❛ t ≥ t0

‖u(·, t)‖H1(S1) = ‖u(·, t)‖2 + ‖uw(·, t)‖2 < r + r′ = r1,

❝♦♥❝❧✉✐♥❞♦ ❛ss✐♠ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛✳

▲❡♠❛ ✸✳✶✵ ❖ ❝♦♥❥✉♥t♦ B1 é ♣♦s✐t✐✈❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ♣♦r {S(t)} ❡♠ L2(S1)✳

❉❡♠♦♥str❛çã♦✿

❈♦♠♦ B1 é ❝♦♥❥✉♥t♦ ❛❜s♦r✈❡♥t❡ ❡♠ H1(S1) ❡ é t❛♠❜é♠ ❧✐♠✐t❛❞♦✱ ❡①✐st❡ t1 > 0

t❛❧ q✉❡✱ ♣❛r❛ t ≥ t1 t❡♠✲s❡ S(t)B1 ⊂ B1 ❡♠ H1(S1)✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ I :

W 1,p(Ω) → Lp(Ω) t❡♠✲s❡ q✉❡✱ ♣❛r❛ t ≥ t1✱

I
(
S(t)B1

)
⊂ I(B1)

❡♠ L2(S1) ❡ ✐st♦ ❞❡♠♦♥str❛ ♦ ❞❡s❡❥❛❞♦✳

❖❜s❡r✈❛çã♦ ✸✳✷ ◆♦t❡ q✉❡ s❡ B1 é ♣♦s✐t✐✈❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ❡♥tã♦ B1
L2(S1)

t❛♠❜é♠

♦ é✳ ❉❡ ❢❛t♦✱ s❡❥❛ t ≥ 0✳ ❙❡ x ∈ B1
L2(S1)

❡♥tã♦ x = lim xn ❝♦♠ (xn) ⊂ B1✳ P❡❧❛

❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ S(t) s❡❣✉❡ q✉❡

S(t)x = S(t)[lim xn] = limS(t)xn.

▼❛s✱ ♣❡❧❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ B1✱ S(t)xn ∈ B1 ♣❛r❛ t♦❞♦ n✳ ▲♦❣♦ S(t)x ∈ B1
L2(S1)

✳
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❱❡r✐✜❝❛çã♦ ❞❛s ❍✐♣ót❡s❡s ✭❍✹✮ ❡ ✭❍✺✮

❆ ❤✐♣ót❡s❡ ✭❍✹✮ ❥á é s❛t✐s❢❡✐t❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❡♠ ❡st✉❞♦✱ s❡♥❞♦ ✉♠❛ ❝♦♥s❡q✉ê♥✲

❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ▲❡♠❛ ✸✳✻✳ ❱❛♠♦s ✈❡r✐✜❝❛r ❛ ✈❛❧✐❞❛❞❡ ❞❡ ✭❍✺✮✳

Pr♦♣♦s✐çã♦ ✸✳✺ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C∗ > 0 t❛❧ q✉❡
∥∥∥∥
d

dt
S(t)u

∥∥∥∥
2

≤ C∗ ,

♣❛r❛ t♦❞♦ u ∈ B1 ❡ t ∈ [t∗, 2t∗]✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ u ∈ B1✳ P❡❧❛ ❡q✉❛çã♦ ✭✸✳✼✮✱

d

dt
S(t)u = −S(t)u+ J ∗ f ◦ S(t)u+ h.

❚♦♠❛♥❞♦ ❛ ♥♦r♠❛ ❡ ✉s❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❚r✐❛♥❣✉❧❛r ✈❡♠ q✉❡
∥∥∥∥
d

dt
S(t)u

∥∥∥∥
2

≤ ‖S(t)u‖2 + ‖J ∗ f ◦ S(t)u‖2 + ‖h‖2.

P❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ✈❡♠ q✉❡
∥∥∥∥
d

dt
S(t)u

∥∥∥∥
2

≤ ‖S(t)u‖2 + ‖J‖1‖f ◦ S(t)u‖2 + h
√
2

❡ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✸✳✺ ♦❜t❡♠♦s
∥∥∥∥
d

dt
S(t)u

∥∥∥∥
2

≤ ‖S(t)u‖2 + ‖J‖1(M‖S(t)u‖2 + k
√
2τ) + h

√
2τ .

▲♦❣♦✱
∥∥∥∥
d

dt
S(t)u

∥∥∥∥
2

≤ ‖S(t)u‖2 +M‖J‖1‖S(t)u‖2 + k
√
2τ‖J‖1 + h

√
2τ ,

♦✉ s❡❥❛✱
∥∥∥∥
d

dt
S(t)u

∥∥∥∥
2

≤ (1 +M‖J‖1)‖S(t)u‖2 +
√
2τ(k‖J‖1 + h).

❈♦♠♦ B1 é ❧✐♠✐t❛❞♦ ❡♠ H1(S1)✱ ❞❡✈✐❞♦ ❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ H1(S1) →֒ L2(S1)

t❡♠♦s B1 t❛♠❜é♠ ❧✐♠✐t❛❞♦ ❡♠ L2(S1)✳ ❆ss✐♠✱ ❡①✐st❡ t′ > 0 t❛❧ q✉❡

t ≥ t′ ⇒ ‖S(t)u‖2 ≤ r, ∀ u ∈ B1,

♦♥❞❡ r é ♦ r❛✐♦ ❞❛ ❜♦❧❛ ❛❜s♦r✈❡♥t❡ B ❞❡✜♥✐❞❛ ♥♦ ▲❡♠❛ ✸✳✼✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ❆✜r♠❛çã♦

✸✳✸✱ s❡ ‖S(t)u‖2 > r ♣❛r❛ u ∈ B1 ❡ t ≥ 0 ❡♥tã♦

‖S(t)u‖2 ≤ e−
1
2
(1−M‖J‖1)t‖u‖2 ≤ ‖u‖2.



✶✵✽

P❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré r❡s✉❧t❛ q✉❡

‖S(t)u‖2 ≤
τ

π
r1.

❙❡♥❞♦ ❛ss✐♠✱ ❞❡✜♥✐♥❞♦ R1 : max
{

τ
π
r1, r

}
s❡❣✉❡ q✉❡

‖S(t)u‖2 ≤ R1,

♣❛r❛ t♦❞♦s u ∈ B1 ❡ t ≥ 0✳ P♦rt❛♥t♦✱
∥∥∥∥
d

dt
S(t)u

∥∥∥∥
2

≤ (1 +M‖J‖1)R1 +
√
2τ(k‖J‖1 + h)

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ t♦♠❛♥❞♦

C∗ = (1 +M‖J‖1)R1 +
√
2τ(k‖J‖1 + h).

❈♦r♦❧ár✐♦ ✸✳✸ ❆ ❛♣❧✐❝❛çã♦

F : [t∗, 2t∗]× B1 → B1

(t, u) 7→ F (t, u) := S(t)u

é ▲✐♣s❝❤✐t③✐❛♥❛ s♦❜r❡ [t∗, 2t∗]✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ B1✳

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✺✱ ❝♦♠ C∗ s❡♥❞♦ ❛ ❝♦♥st❛♥t❡

❞❡ ▲✐♣s❝❤✐t③ q✉❛❧q✉❡r q✉❡ s❡❥❛ u ∈ B1✳

❈♦r♦❧ár✐♦ ✸✳✹ ❆ ❛♣❧✐❝❛çã♦

F : [t∗, 2t∗]× B1 → B1

(t, u) 7→ F (t, u) := S(t)u

é ▲✐♣s❝❤✐t③✐❛♥❛ s♦❜r❡ [t∗, 2t∗]× B1✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ C := max{1, C∗}✳ ❉❛❞♦s (t1, u1), (t2, u2) ∈ [t∗, 2t∗]× B1 t❡♠♦s

‖S(t1)u1 − S(t2)u2‖2 ≤ ‖S(t1)u1 − S(t1)u2 + S(t1)u2 − S(t2)u2‖2
≤ ‖S(t1)u1 − S(t1)u2‖2 + ‖S(t1)u2 − S(t2)u2‖2.

❯s❛♥❞♦ ♦ ▲❡♠❛ ✸✳✻ ❡ ♦ ❈♦r♦❧ár✐♦ ✸✳✸ s❡❣✉❡ q✉❡

‖S(t1)u1 − S(t2)u2‖2 ≤ ‖u1 − u2‖2 + C∗|t1 − t2|

≤ C(|t1 − t2|+ ‖u1 − u2‖2).



✶✵✾

▲♦❣♦✱

‖S(t1)u1 − S(t2)u2‖2 ≤ C‖(t1 − t2, u2 − u2)‖[t∗,2t∗]×B1

❡ ♣♦rt❛♥t♦✱

‖F (t1, u1)− F (t2, u2)‖2 ≤ C‖(t1, u1)− (t2, u2)‖[t∗,2t∗]×B1.

❉❡❝♦♠♣♦s✐çã♦ ❞❛ ❉✐❢❡r❡♥ç❛ ❞❡ ❉✉❛s ❙♦❧✉çõ❡s

❙❡❥❛♠ u0, v0 ∈ L2(S1)✳ ❉❛❞♦ t ≥ 0✱ ❝♦♥s✐❞❡r❡

u(t) = S(t)u0 ❡ v(t) = S(t)v0.

❉❡✜♥❛

z(t) := u(t)− v(t) ❡ z0 = u0 − z0.

◆♦t❡ q✉❡ z é s♦❧✉çã♦ ❡♠ L2(S1) ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②




dy

dt
+ y = J ∗ f ◦ u− J ∗ f ◦ v

y(0) = y0

✭✸✳✹✷✮

❈♦♠ ❡❢❡✐t♦✱

z(0) = u(0)− v(0) = S(0)u0 − S(0)v0 = u0 − v0 = z0.

❆❧é♠ ❞✐ss♦✱

dz

dt
=
du

dt
− dv

dt
= −u+ J ∗ f ◦ u+ h− (−v + J ∗ f ◦ v + h)

= −u+ v + J ∗ f ◦ u− J ∗ f ◦ v

= −z + J ∗ f ◦ u− J ∗ f ◦ v

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

dz

dt
+ z = J ∗ f ◦ u− J ∗ f ◦ v.

P♦rt❛♥t♦ z✱ é ❞❡ ❢❛t♦ ✉♠❛ s♦❧✉çã♦ ❞❡ ✭✸✳✹✷✮✳ ❆❣♦r❛ ❝♦♥s✐❞❡r❡ ♦s ♣r♦❜❧❡♠❛s ❞❡ ❈❛✉❝❤②




dφ

dt
+ φ = 0

φ(0) = z0

✭✸✳✹✸✮



✶✶✵

❡




dθ

dt
+ θ = J ∗ f ◦ u− J ∗ f ◦ v

θ(0) = 0
✭✸✳✹✹✮

❆♠❜♦s ♦s ♣r♦❧❡♠❛s ♣♦❞❡♠ ❞❡r ❡s❝r✐t♦s ♥❛ ❢♦r♠❛




dϕ

dt
= F (ϕ)

ϕ(0) = ϕ0

,

❝♦♠ F : L2(S1) → L2(S1) ▲✐♣s❝❤✐t③✐❛♥❛✳ ❉❡ss❡ ♠♦❞♦✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❈❛✉❝❤②✲▲✐♣s❝❤✐t③✲

P✐❝❛r❞ ❣❛r❛♥t❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦s ❞♦✐s ♣r♦❜❧❡♠❛s✱ ❛♠❜❛s ♣❡r✲

t❡♥❝❡♥t❡s ❛ C1
(
[0,∞), L2(S1)

)
✳ ❉❡♥♦t❛r❡♠♦s ♣♦r φ(t, ·, u0, v0) ❡ θ(t, ·, u0, v0) ❛s s♦✲

❧✉çõ❡s ❞♦s ♣r♦❜❧❡♠❛s ✭✸✳✹✸✮ ❡ ✭✸✳✹✹✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♠ L2(S1)✳ ❉❡✜♥❛ ψ(t) =

φ(t, ·, u0, v0) + θ(t, ·, u0, v0)✳ ❖❜s❡r✈❡ q✉❡

ψ(0) = φ(0) + θ(0) = z0

❡

dψ

dt
+ ψ =

dφ

dt
+
dθ

dt
+ φ+ θ =

(
dφ

dt
+ φ

)
+

(
dθ

dt
+ θ

)

= J ∗ f ◦ u− J ∗ f ◦ v.

P♦rt❛♥t♦✱ ψ é s♦❧✉çã♦ ❞❡ ✭✸✳✹✷✮ ❡✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ✭❞❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡

❈❛✉❝❤②✲▲✐♣s❝❤✐t③✲P✐❝❛r❞✮ s❡❣✉❡ q✉❡ z = ψ✱ ✐st♦ é✱

z(t) = φ(t, ·, u0, v0) + θ(t, ·, u0, v0), ∀ t ≥ 0. ✭✸✳✹✺✮

▲❡♠❛ ✸✳✶✶ P❛r❛ t♦❞♦s u0, v0 ∈ B1 ❡ t♦❞♦ t > ln 3 t❡♠♦s

‖φ(t, ·, u0, v0)‖2 <
1

3
‖u0 − v0‖2. ✭✸✳✹✻✮

❉❡♠♦♥str❛çã♦✿ ❆ ✐❣✉❛❧❞❛❞❡
dφ

dt
+ φ = 0 ♥♦s ❞á

〈
dφ

dt
+ φ, 2φ

〉
= 0.

❖r❛✱
〈
dφ

dt
+ φ, 2φ

〉
= 2

〈
dφ

dt
, φ

〉
+ 2〈φ, φ〉 = d

dt
‖φ‖22 + 2‖φ‖22.



✶✶✶

▲♦❣♦✱ ♣❛r❛ t♦❞♦ t ≥ 0

d

dt
‖φ(t)‖22 + 2‖φ(t)‖22 = 0

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

d

dt
‖φ(t)‖22

‖φ(t)‖22
= −2.

❉❛❞♦ t ≥ 0✱ ♣♦❞❡♠♦s ✐♥t❡❣r❛r ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❞❡ 0 ❛ t ♦❜t❡♥❞♦

ln ‖φ(t)‖22 − ln ‖φ(0)‖22 = −2t

❞❡ ♦♥❞❡ ✈❡♠

‖φ(t)‖22
‖φ(0)‖22

= e−2t,

♦✉ s❡❥❛✱

‖φ(t)‖2 = e−t‖z0‖2.

P❛r❛ t > ln 3 t❡♠♦s

−t < − ln 3 ⇒ −t < ln 3−1 ⇒ e−t < eln 3−1 ⇒ e−t <
1

3
.

▲♦❣♦✱

t ≥ ln 3 ⇒ ‖φ(t)‖2 <
1

3
‖z0‖2 =

1

3
‖u0 − v0‖2,

❝♦♥❢♦r♠❡ q✉❡rí❛♠♦s ♠♦str❛r✳

▲❡♠❛ ✸✳✶✷ P❛r❛ t♦❞♦s u0, v0 ∈ B1 ❡ t ≥ 0✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C = C(M, τ, J, Jw) >

0 t❛❧ q✉❡

‖θ(t, ·, u0, v0)‖H1(S1) < C‖z0‖2. ✭✸✳✹✼✮

❉❡♠♦♥str❛çã♦✿ ❋✐①❡ u0, v0 ∈ B1✳ ■♥✐❝✐❛♠♦s ❛r❣✉♠❡♥t❛♥❞♦ ❛ ♣❡rt✐♥ê♥❝✐❛ ❞❡ θ(t, ·, u0, v0)
❛ H1(S1)✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ t ≥ 0✳ ❉❛❞♦ w ∈ S1✱ ♣♦r ✉♠ r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦ àq✉❡❧❡

✉t✐❧✐③❛❞♦ ♣❛r❛ ♦❜t❡r ✭✸✳✷✵✮ ✈❡♠♦s q✉❡

θ(t, w, u0, v0) =

∫ t

0

e−(t−s)J ∗ (f ◦ u− f ◦ v)(w, s) ds. ✭✸✳✹✽✮



✶✶✷

❯t✐❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❆✳✼ ❡ ❛ Pr♦♣♦s✐çã♦ ❆✳✽ ♦❜t❡♠♦s

θw(t, w, u0, v0) =

∫ t

0

e−(t−s)Jw ∗ (f ◦ u− f ◦ v)(w, s) ds.

P❡❧♦ ▲❡♠❛ ✸✳✽

|θw(t, w, u0, v0)| ≤
∫ t

0

e−(t−s)|Jw ∗ (f ◦ u− f ◦ v)(w, s)| ds

≤
∫ t

0

e−(t−s)
√
2τ‖Jw‖∞‖(f ◦ u− f ◦ v)(·, s)‖2 ds

❡ ♣❡❧♦ ❢❛t♦ ❞❡ f s❡r ▲✐♣s❝❤✐t③✐❛♥❛ s❡❣✉❡ q✉❡

|θw(t, w, u0, v0)| ≤
∫ t

0

e−(t−s)
√
2τ‖Jw‖∞M‖u(·, s)− v(·, s)‖2 ds.

P❡❧♦ ▲❡♠❛ ✸✳✻

|θw(t, w, u0, v0)| ≤M
√
2τ‖Jw‖∞

∫ t

0

e−(t−s)e−(1−M‖J‖1)s‖u0 − v0‖2 ds.

❉❛í✱

|θw(t, w, u0, v0)| ≤M
√
2τ‖Jw‖∞‖z0‖2

∫ t

0

e−(t−s) ds

❡ ❡♥tã♦

|θw(t, w, u0, v0)| ≤M
√
2τ‖Jw‖∞‖z0‖2, ✭✸✳✹✾✮

♣❛r❛ t♦❞♦ w ∈ S1✳ ❉✐st♦ s❡❣✉❡ q✉❡ θw ∈ L2(S1) ❡ ♣♦rt❛♥t♦ |θ(t, ·, u0, v0)| ∈ H1(S1)✱

♣❛r❛ t♦❞♦ t ≥ 0✳ ❆❞❡♠❛✐s✱ ♣♦r ✭✸✳✹✾✮✱

|θw(t, w, u0, v0)|2 ≤M22τ‖Jw‖2∞‖z0‖22

❞❡ ♦♥❞❡ ♦♥❞❡ ♦❜t❡♠♦s
∫

S1
|θw(t, w, u0, v0)|2dw ≤

∫

S1
M22τ‖Jw‖2∞‖z0‖22dw.

◆♦t❡ q✉❡
∫

S1
M22τ‖Jw‖2∞‖z0‖22dw =M22τ‖Jw‖2∞‖z0‖22

∫

S1
1dw = (2τM‖Jw‖∞‖z0‖2)2 .

▲♦❣♦✱
∫

S1
|θw(t, w, u0, v0)|2dw ≤ (2τM‖Jw‖∞‖z0‖2)2



✶✶✸

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

‖θw(t, ·, u0, v0)‖2 ≤ 2τM‖Jw‖∞‖z0‖2.

P♦r ✜♠✱ ✉s❛♥❞♦ ♣r♦♣r✐❡❞❛❞❡s ❞❛ ✐♥t❡❣r❛❧✱ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ♦ ❢❛t♦ ❞❡ f s❡r

▲✐♣s❝❤✐t③✐❛♥❛ ❡ ♦ ▲❡♠❛ ✸✳✻✱ t❡♠♦s

‖θ(t, ·, u0, v0)‖2 ≤
∫ t

0

e−(t−s)‖J‖1‖(f ◦ u− f ◦ v)(·, s)‖2 ds

≤
∫ t

0

e−(t−s)M‖J‖1‖‖u(·, s)− v(·, s)‖2ds

≤
∫ t

0

e−(t−s)M‖J‖1e−(1−M‖J‖1)s‖u0 − v0‖2ds.

❈♦♠♦ ‖J‖1 < 1✱ s❡❣✉❡ q✉❡

‖θ(t, ·, u0, v0)‖2 ≤M‖J‖1‖z0‖2
∫ t

0

e−(t−s)ds ≤M‖J‖1‖z0‖2.

▲♦❣♦✱

‖θ(t, ·, u0, v0)‖H1(S1) ≤M(‖J‖1 + 2τ‖Jw‖∞)‖z0‖2.

❡ ♦ r❡s✉❧t❛❞♦ ✜❝❛ ❞❡♠♦♥str❛❞♦ ❝♦♠ C =M(‖J‖1 + 2τ‖Jw‖∞)✳

❋✐①❡ t∗ > ln 3 ❡ ❞❡✜♥❛ L,K : B1 × B1 → L2(S1) ♣♦r

L(u0, v0) := φ(t∗, ·, u0, v0) ✭✸✳✺✵✮

❡

K(u0, v0) = θ(t∗, ·, u0, v0). ✭✸✳✺✶✮

P❡❧♦s ▲❡♠❛s ✸✳✶✶ ❡ ✸✳✶✷ t❡♠♦s✱ ♣❛r❛ q✉❛✐sq✉❡r u0, v0 ∈ B1

‖L(u0, v0)‖2 <
1

3
‖u0 − v0‖2 ✭✸✳✺✷✮

❡

‖K(u0, v0)‖H1(S1) ≤ C‖u0 − v0‖2, ✭✸✳✺✸✮

♦♥❞❡ C =M(‖J‖1 + ‖Jw‖1)✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r ✭✸✳✹✺✮ t❡♠♦s

S(t∗)u0 − S(t∗)v0 = L(u0, v0) +K(u0, v0), ✭✸✳✺✹✮

♣❛r❛ t♦❞♦s u0, v0 ∈ B1✳



✶✶✹

Pr♦♣♦s✐çã♦ ✸✳✻ P❛r❛ t♦❞♦s t ≥ 0 ❡ u1, u2 ∈ L2(S1)✱

φ(t, ·, u1 − u2, 0) = φ(t, ·, u1, 0)− φ(t, ·, u2, 0).

❉❡♠♦♥str❛çã♦✿ ❙❛❜❡♠♦s q✉❡ x = φ(t, ·, u1, 0) é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛




φt + φ = 0

φ(0) = u1

❡ y = φ(t, ·, u2, 0) é s♦❧✉çã♦ ❞❡




φt + φ = 0

φ(0) = u2

❙❡❥❛ ψ = x− y✳ ❊♥tã♦✱

ψt + ψ = xt − yt + x− y = (xt + x)− (yt + y) = 0

❡

ψ(0) = x(0)− y(0) = u1 − u2.

P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②




φt + φ = 0

φ(0) = u1 − u2

s❡❣✉❡ q✉❡ ψ = φ(t, ·, u1 − u2, 0)✱ ❞❡♠♦♥str❛♥❞♦ ♦ ❞❡s❡❥❛❞♦✳

Pr♦♣♦s✐çã♦ ✸✳✼ P❛r❛ t♦❞♦s t ≥ 0 ❡ u1, u2 ∈ L2(S1)✱

θ(t, ·, u1, 0)− θ(t, ·, u2, 0) = θ(t, ·, u1, u2).

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ x = θ(t, ·, u1, 0) ❡ y = θ(t, ·, u2, 0) ❛s s♦❧✉çõ❡s ❞♦s ♣r♦❜❧❡♠❛s




θt + θ = J ∗ f ◦ S(t)u1 − J ∗ f ◦ S(t) · 0
θ(0) = 0

❡




θt + θ = J ∗ f ◦ S(t)u2 − J ∗ f ◦ S(t) · 0
θ(0) = 0



✶✶✺

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡✜♥❛ ψ := x− y✳ ❚❡♠♦s✱

ψt + ψ = xt + x− (yt + y)

= J ∗ f ◦ S(t)u1 − J ∗ f ◦ S(t) · 0−
(
J ∗ f ◦ S(t)u2 − J ∗ f ◦ S(t) · 0

)

= J ∗ f ◦ S(t)u1 − J ∗ f ◦ S(t)u2

❡

ψ(0) = x(0)− y(0) = 0− 0 = 0.

P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛




θt + θ = J ∗ f ◦ S(t)u1 − J ∗ f ◦ S(t)u2
θ(0) = 0

s❡❣✉❡ q✉❡ ψ = θ(t, ·, u1, u2)✱ ❝♦♠♦ q✉❡rí❛♠♦s ❞❡♠♦♥str❛r✳

❉❡✜♥❛ L0 : B1 → L2(S1) ❡ K0 : B1 → L2(S1) ♣♦r

L0(u) = L(u, 0) + S(t∗) · 0 ❡ K0(u) = K(u, 0). ✭✸✳✺✺✮

❉❛❞♦s u1, u2 ∈ B1✳ P♦r ✭✸✳✺✵✮ t❡♠♦s

L0(u1)− L0(u2) = L(u1, 0)− L(u2, 0) = φ(t∗, ·, u1, 0)− φ(t∗, ·, u2, 0)

❡ ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✻ ✈❡♠ q✉❡

L0(u1)− L0(u2) = φ(t∗, ·, u1 − u2, 0).

❯s❛♥❞♦ ✭✸✳✺✵✮ ♠❛✐s ✉♠❛ ✈❡③ ♦❜t❡♠♦s

L0(u1)− L0(u2) = L(u1 − u2, 0).

P♦r ✭✸✳✺✷✮✱

‖L0(u1)− L0(u2)‖2 <
1

3
‖u1 − u2‖2. ✭✸✳✺✻✮

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣♦r ✭✸✳✺✶✮✱

K0(u1)−K0(u2) = K(u1, 0)−K(u2, 0) = θ(t∗, ·, u1, 0)− θ(t∗, ·, u2, 0).



✶✶✻

❉❛ Pr♦♣♦s✐çã♦ ✸✳✼ ✈❡♠ q✉❡

K0(u1)−K0(u2) = θ(t∗, ·, u1, u2).

❆ss✐♠✱ ♣♦r ✭✸✳✺✶✮ ♦❜t❡♠♦s

K0(u1)−K0(u2) = K(u1, u2).

❈♦♠ ✐ss♦✱ t❡♠♦s ❛ ♣❛rt✐r ❞❡ ✭✸✳✺✸✮

‖K0(u1)−K0(u2)‖H1(S1) < C‖u1 − u2‖2. ✭✸✳✺✼✮

❆❣♦r❛✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✺✹✮✱

S(t∗)u = L(u, 0) + S(t∗) · 0 +K(u, 0), ∀ u ∈ B1,

♦✉ s❡❥❛✱

S(t∗)u = L0(u) +K0(u), ∀ u ∈ B1. ✭✸✳✺✽✮

❊①✐stê♥❝✐❛ ❞♦ ❆tr❛t♦r ❊①♣♦♥❡♥❝✐❛❧

❉❡s❞❡ q✉❡ H1(S1) ❡stá ✐♠❡rs♦ ❝♦♠♣❛❝t❛♠❡♥t❡ ❡♠ L2(S1)✱ B1 é ❧✐♠✐t❛❞♦ ❡ ✈❛❧❡♠

❛s ❡q✉❛çõ❡s ✭✸✳✺✻✮✱ ✭✸✳✺✼✮✱ ❛ ❛♣❧✐❝❛çã♦ S(t∗) ❡stá ♥❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳ ❙❡♥❞♦

❛ss✐♠✱ ♦ r❡❢❡r✐❞♦ r❡s✉❧t❛❞♦ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ M∗ ⊂ B1
L2(S1)

❝♦♠ ❛

s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

(i) Sn(t∗)(M∗) ⊂ M∗✱ ♣❛r❛ t♦❞♦ n ∈ N❀

(ii) dimF (M, L2(S1)) <∞❀

(iii) ❊①✐st❡♠ α∗, ω∗ > 0 t❛✐s q✉❡

❞✐stL2(S1)(S
n(t∗)(B1,M∗) ≤ α∗e−ω∗n, ∀ n ∈ N; ✭✸✳✺✾✮

(iv) M∗ é ❢❡❝❤❛❞♦ ❡♠ L2(S1)✳

❖❜s❡r✈❛çã♦ ✸✳✸ (i) ❆ ♥♦t❛çã♦ Sn(t∗) ✐♥❞✐❝❛ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ S(t∗) ❝♦♥s✐❣♦ ♠❡s♠❛

n ✈❡③❡s✱ ✐st♦ é✱

Sn(t∗) = S(t∗) ◦ S(t∗) ◦ · · ·S(t∗)︸ ︷︷ ︸
n ✈❡③❡s

.



✶✶✼

(ii) P♦r ♣r♦♣r✐❡❞❛❞❡s ❞❡ s❡♠✐❣r✉♣♦ ❞❡❝♦rr❡ q✉❡

Sn(t∗) = S(nt∗), ∀ n ∈ N.

(iii) ❖ ❝♦♥❥✉♥t♦ M∗ é ❝♦♠♣❛❝t♦ ❡♠ L2(S1)✳ ❈♦♠ ❡❢❡✐t♦✱ s❡♥❞♦ B1 ❧✐♠✐t❛❞♦ ❡♠ H1(S
1)✱

❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛H1(S1) →֒ L2(S1) ♥♦s ❞á q✉❡ B1
L2(S1) é ❝♦♠♣❛❝t♦ ❡♠ L2(S1)✳ ❈♦♠♦

M∗ é ❢❡❝❤❛❞♦ ❡♠ L2(S1)✱ r❡s✉❧t❛ q✉❡ ♦ ♠❡s♠♦ é t❛♠❜é♠ ❝♦♠♣❛❝t♦✳

❚❡♦r❡♠❛ ✸✳✷ ❖ s❡♠✐❣r✉♣♦ S ❛❞♠✐t❡ ✉♠ ❝♦♥❥✉♥t♦ M ❝♦♠♣❛❝t♦ ❡♠ L2(S1) ❝♦♠ ❛s

s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

(i) ❖ ❝♦♥❥✉♥t♦ M é ♣♦s✐t✐✈❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ♣❡❧♦ s❡♠✐❣r✉♣♦ S✱ ✐st♦ é✱ S(t)M ⊂ M
♣❛r❛ t♦❞♦ t ≥ 0✳

(ii) ❖ ❝♦♥❥✉♥t♦ M ♣♦ss✉✐ ❞✐♠❡♥sã♦ ❢r❛❝t❛❧ ✜♥✐t❛✱ ♦✉ s❡❥❛✱ dimF (M, L2(S1)) <∞✳

(iii) ❖ ❝♦♥❥✉♥t♦ M ❛tr❛✐ B1 ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡✱ ✐st♦ é✱ ❡①✐st❡♠ α ≥ 0 ❡ ω > 0 t❛✐s

q✉❡✱ ♣❛r❛ t♦❞♦ t ≥ 0✱

❞✐stL2(S1)

(
S(t)B1,M

)
≤ αe−ωt.

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥❛

M :=
⋃

t∈[t∗,2t∗]

S(t)M∗.

◆♦t❡ q✉❡ M = F ([t∗, 2t∗]×M∗)✱ ♦♥❞❡

F : [0,∞)× L2(S1) → L2(S1)

(t, u) 7→ F (t, u) := S(t)u

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❈❛✉❝❤②✲▲✐♣s❝❤✐t③✲P✐❝❛r❞ ❡ ❞♦ ❈♦r♦❧ár✐♦ ✸✳✷✱

t❡♠♦s q✉❡ F é ❝♦♥tí♥✉❛✳ ❉❡s❞❡ q✉❡ [t∗, 2t∗]×M∗ é ❝♦♠♣❛❝t♦ ❡♠ [0,∞)×L2(S1)✱ s❡❣✉❡

❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ F q✉❡ M é ❝♦♠♣❛❝t♦ ❡♠ L2(S1)✳ ▼♦str❛r❡♠♦s q✉❡ M s❛t✐s❢❛③ ❛s

❝♦♥❞✐çõ❡s (i)✱ (ii) ❡ (iii) ❞❛ t❡s❡ ❞♦ t❡♦r❡♠❛✳

(i) ❖ ❝♦♥❥✉♥t♦ M é ♣♦s✐t✐✈❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ♣❡❧♦ s❡♠✐❣r✉♣♦ S

■♥✐❝✐❛♠♦s ✈❡r✐✜❝❛♥❞♦ ♦ s❡❣✉✐♥t❡✿

S(t)M ⊂
⋃

t+t∗≤r≤t+2t∗

S(r)M∗, ∀ t ≥ 0. ✭✸✳✻✵✮



✶✶✽

❙❡❥❛ t ≥ 0✳ ❉❛❞♦ x ∈ M t❡♠♦s x ∈ S(s)M∗ ♣❛r❛ ❛❧❣✉♠ s ∈ [t∗, 2t∗]✳ ❊♥tã♦ S(t)x ∈
S(t + s)M∗✳ P♦♥❞♦ r = t + s s❡❣✉❡ q✉❡ r ∈ [t + t∗, t + 2t∗] ❡ x ∈ S(r)M∗ ❡ ♣♦rt❛♥t♦

✭✸✳✻✵✮ é ✈á❧✐❞♦✳

❋✐①❡ t ≥ 0 ❡ s✉♣♦♥❤❛ 0 ≤ t ≤ t∗✳ P♦r ✭✸✳✻✵✮ t❡♠♦s

S(t)M ⊂
⋃

t+t∗≤r≤t+2t∗

S(r)M∗ =

(
⋃

t+t∗≤r≤2t∗

S(r)M∗

)
∪
(

⋃

2t∗≤r≤t+2t∗

S(r)M∗

)
.

❈♦♠♦

t+ t∗ ≤ r ≤ 2t∗ ⇒ r ∈ [t∗, 2t∗]

é ✐♠❡❞✐❛t♦ q✉❡

⋃

t+t∗≤r≤2t∗

S(r)M∗ ⊂ M.

❆❣♦r❛✱ ❞❛❞♦ r ∈ [2t∗, 2t∗ + t] ♣♦❞❡♠♦s ❡s❝r❡✈❡r

r = 2t∗ + s = s+ t∗ + t∗

❝♦♠ s ∈ [0, t]✳ ▲♦❣♦✱

⋃

2t∗≤r≤t+2t∗

S(r)M∗ =
⋃

s∈[0,t]

S(s+ t∗)S(t∗)M∗.

❯s❛♥❞♦ ❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ M∗ ♣♦r S(t∗) ✈❡♠ q✉❡

⋃

2t∗≤r≤t+2t∗

S(r)M∗ ⊂
⋃

s∈[0,t]

S(s+ t∗)M∗.

❖❜s❡r✈❡ q✉❡

0 ≤ s ≤ t ❡ t ≤ t∗ ⇒ t∗ ≤ s+ t∗ ≤ t+ t∗ ⇒ t∗ ≤ s+ t∗ ≤ 2t∗.

❆ ♣❛rt✐r ❞✐st♦ é ♣♦ssí✈❡❧ ♥♦t❛r q✉❡✱

⋃

2t∗≤r≤t+2t∗

S(r)M∗ ⊂
⋃

t∗≤σ≤2t∗

S(σ)M∗,

♦✉ s❡❥❛✱

⋃

2t∗≤r≤t+2t∗

S(r)M∗ ⊂ M.



✶✶✾

P♦rt❛♥t♦✱

S(t)M ⊂ M.

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ t > t∗ ❡ ❡s❝r❡✈❛♠♦s

t = nt∗ + σ

❝♦♠ n ∈ N ❡ σ ∈ [0, t∗)✳ ❉❡ss❡ ♠♦❞♦✱

S(t)M = S(nt∗)S(σ)M.

P❡❧❛ ♣r✐♠❡✐r❛ ♣❛rt❡ S(σ)M ⊂ M✱ P♦r ✐ss♦✱

S(t)M ⊂ S(nt∗)M.

❯t✐❧✐③❛♥❞♦ ✭✸✳✻✵✮ ♦❜t❡♠♦s

S(t)M ⊂
⋃

nt∗+t∗≤r≤nt∗+2t∗

S(r)M∗ =
⋃

(n+1)t∗≤r≤(n+2)t∗

S(r)M∗.

❉❛❞♦ r ∈ [(n+ 1)t∗, (n+ 2)t∗] é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r

r = (n+ 1)t∗ + sr

♦♥❞❡ sr ∈ [0, t∗]✳ ❋❛③❡♥❞♦ s = t∗ + sr t❡♠♦s s ∈ [t∗, 2t∗] ❡ r = nt∗ + s✳ ❉❛í✱

S(r)M∗ = S(s)S(nt∗)M∗.

P❡❧❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ M∗ ♣♦r S(nt∗) r❡s✉❧t❛ q✉❡

S(r)M∗ ⊂ S(s)M∗.

P♦rt❛♥t♦✱

⋃

(n+1)t∗≤r≤(n+2)t∗

S(r)M∗ ⊂
⋃

s∈[t∗,2t∗]

S(s)M∗ = M

❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱

S(t)M ⊂ M.

■st♦ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ (i)✳

(ii) ❆ ❞✐♠❡♥sã♦ ❢r❛❝t❛❧ ❞❡ M é ✜♥✐t❛



✶✷✵

P♦r r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦ ❛♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ♣r♦✈❛r q✉❡ F é ▲✐♣s❝❤✐t③✐❛♥❛ ❡♠ [t∗, 2t∗]×
B1 ♠♦str❛✲s❡ q✉❡ F é ▲✐♣s❝❤✐t③✐❛♥❛ ❡♠ [t∗, 2t∗] × B1

L2(S1)
✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ F é

▲✐♣s❝❤✐t③✐❛♥❛ ❡♠ [t∗, 2t∗] ×M∗✳ ❉❡✜♥✐♥❞♦ F : [0,∞) × L2(S1) → L2(S1) ❞❛ s❡❣✉✐♥t❡

♠❛♥❡✐r❛✱

F =





F (t, u) , ♣❛r❛ (t, u) ∈ [t∗, 2t∗]×M∗

0 , ♣❛r❛ (t, u) ∈
(
[0,∞)× L2(S1)

)∖(
[t∗, 2t∗]×M∗

)

t❡♠♦s F ▲✐♣s❝❤✐t③✐❛♥❛ ❡♠ [0,∞) × L2(S1) ❡ M = F
(
[t∗, 2t∗] × M∗

)
✳ ❈♦♠♦ M∗ é

❝♦♠♣❛❝t♦ ❡♠ L2(S1) ❡ [t∗, 2t∗] é ❝♦♠♣❛❝t♦ ❡♠ R✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✹ t❡♠♦s

dimF (M, L2(S1)) ≤ dimF ([t
∗, 2t∗],R) + dimF (M∗, L2(S1)).

≤ 1 + dimF (M∗, L2(S1)).

❙❡♥❞♦ dimF (M∗, L2(S1)) <∞✱ r❡s✉❧t❛ q✉❡ dimF (M, L2(S1)) <∞✳

(iii) ❖ ❝♦♥❥✉♥t♦ M ❛tr❛✐ B1 ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡

❙❡❥❛ t ≥ 0✳ ❙✉♣♦♥❤❛ ♣r✐♠❡✐r♦ t ∈ [0, t∗)✳ ❙❡❥❛♠ x ∈ S(t)B1 ❡ y0 ∈ M✳ ❚❡♠♦s

x = S(t)b ❡ y0 = S(r)z∗ ❝♦♠ b ∈ B1✱ z∗ ∈ M∗ ❡ r ∈ [t∗, 2t∗]✳ ❋❛③❡♥❞♦ σ = r − t t❡♠♦s

σ ≥ 0 (r ≥ t∗ > t) ❡ r = t+ σ✳ ❉❛í✱ ♣❡❧♦ ▲❡♠❛ ✸✳✻

‖x− y0‖2 = ‖S(t)b− S(t)S(σ)z∗‖2 ≤ e−C2t‖b− S(σ)z∗‖2,

♦♥❞❡ C2 = 1 −M‖J‖1✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✸✳✸ s❡❣✉❡ q✉❡ S(σ)z∗ ∈ B1
L2(S1)

✭❧❡♠❜r❡ q✉❡

M∗ ⊂ B1
L2(S1)

✮✳ ▲♦❣♦✱

‖b− S(σ)z∗‖ ≤ ❞✐❛♠
(
B1

L2(S1)
)
.

❉❡✜♥✐♥❞♦ α1 = ❞✐❛♠
(
B1

L2(S1)
)
s❡❣✉❡ q✉❡

inf
y∈M

‖x− y‖2 ≤ ‖x− y0‖2 ≤ α1e
−C2t.

❉❛í✱

sup
x∈S(t)B1

inf
y∈M

‖x− y‖2 ≤ α1e
−C2t,

✐st♦ é✱

❞✐stL2(S1) (S(t)B1,M) ≤ α1e
−C2t.



✶✷✶

❆❣♦r❛ s✉♣♦♥❤❛ t ∈ [t∗, 2t∗]✳ ❙❡❥❛ x ∈ S(t)B1✱ ✐st♦ é✱ x = S(t)b ❝♦♠ b ∈ B1✳ ❉❛❞♦

z∗ ∈ M∗ t❡♠♦s y := S(t)z∗ ∈ M∗✳ ❆ss✐♠✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✸✳✻✱

inf
y∈M

‖x− y‖2 ≤ ‖x− y‖2 = ‖S(t)b− S(t)z∗‖2 ≤ e−C2t‖b− z∗‖2 ≤ α1e
−C2t.

❉❛í✱

sup
x∈S(t)B1

inf
y∈M

‖x− y‖2 ≤ α1e
−C2t,

♦✉ s❡❥❛✱

❞✐stL2(S1) (S(t)B1,M) ≤ α1e
−C2t.

❋✐♥❛❧♠❡♥t❡✱ s✉♣♦♥❤❛ t > 2t∗✳ ❈♦♠♦ ♥❡st❡ ❝❛s♦ t > t∗✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

t = nt∗ + σ1

❝♦♠ n ∈ N ❡ σ1 ∈ [0, t∗]✳ ▼❛s✱ s❡♥❞♦ t > 2t∗ ❞❡✈❡♠♦s t❡r n ≥ 2✳ ❉❡ss❡ ♠♦❞♦✱

❡s❝r❡✈❡♥❞♦

t = (n− 1)t∗ + t∗ + σ1

❡ ❞❡✜♥✐♥❞♦ m := n− 1 ❡ σ = t∗ + σ1✱ ✈❡♠♦s q✉❡

t = mt∗ + σ,

♦♥❞❡ m ∈ N ❡ σ ∈ [t∗, 2t∗]✳ ❙❡❥❛♠ x ∈ S(t)B1✱ ❞✐❣❛♠♦s x = S(t)b1 ❝♦♠ b ∈ B1 ❡

z∗ ∈ M∗✳ ❉❡✜♥❛ y = S(σ)z∗✳ ◆♦t❡ q✉❡ y ∈ M ❡

inf
y∈M

‖x− y‖2 ≤ ‖x− y‖2 = ‖S(σ)S(mt∗)b− S(σ)z∗‖2 ≤ e−C2σ‖S(mt∗)− z∗‖2.

P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ z∗ ∈ M∗ s❡❣✉❡ q✉❡

inf
y∈M

‖x− y‖2 ≤ e−C2σ inf
z∗∈M∗

‖S(mt∗)− z∗‖2 ≤ e−C2σ sup
z∈S(mt∗)B1

inf
z∗∈M∗

‖z − z∗‖2.

▲♦❣♦✱

inf
y∈M

‖x− y‖2 ≤ e−C2σ❞✐stL2(S1) (S(mt
∗)B1,M

∗) .

P♦r ✭✸✳✺✾✮ r❡s✉❧t❛ q✉❡

inf
y∈M

‖x− y‖2 ≤ e−C2σα∗e−ω∗m



✶✷✷

❡ ❝♦♠♦ σ > t∗ ✈❡♠ q✉❡

inf
y∈M

‖x− y‖2 ≤ α∗e−C2t∗e−ω∗m.

P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ x ∈ S(t)B1 ✈❡♠ q✉❡

❞✐stL2(S1) (S(t)B1,M) ≤ α∗e−C2t∗e−ω∗m.

❖❜s❡r✈❡ q✉❡

t = mt∗ + σ ≤ mt∗ + 2t∗ ⇒ −mt∗ ≤ −t+ 2t∗ ⇒ −m ≤ − t

t∗
+ 2

⇒ −mω∗ ≤ −ω
∗

t∗
t+ 2ω∗.

❙❡♥❞♦ ❛ss✐♠✱

❞✐stL2(S1) (S(t)B1,M) ≤ α∗e−C2t∗e−
ω∗

t∗
te2ω

∗

.

❉❡✜♥✐♥❞♦ α2 := α∗e−C2t∗e2ω
∗

❡ ω2 :=
ω∗

t∗
t❡♠♦s

❞✐stL2(S1) (S(t)B1,M) ≤ α2e
−ω2t.

P♦r ✜♠✱ ❝♦♥s✐❞❡r❛♥❞♦

α := max{α1, α2}+ 1 ❡ ω := min{ω1, ω2}

♦❜t❡♠♦s

❞✐stL2(S1) (S(t)B1,M) ≤ αe−ωt,

♣❛r❛ t♦❞♦ t ≥ 0✳

▲❡♠❛ ✸✳✶✸ P❛r❛ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ B ❞❡ L2(S1)✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C1(B) ≥
0 ❞❡♣❡♥❞❡♥❞♦ ❞❡ B✱ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ t ≥ 0✱

❞✐stL2(S1) (S(t)B,B1) ≤ C1(B)e−C2t.

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ B ✉♠ s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❞❡ L2(S1)✳ ❋✐①❡ t ≥ 0 ❡ s❡❥❛ b ∈
S(t)B✱ ❞✐❣❛♠♦s b = S(t)x ❝♦♠ x ∈ B✳ ❊♥tã♦✱

inf
y∈B1

‖b− y‖2 = inf
y∈B1

‖S(t)x− y‖2.



✶✷✸

❉❛❞♦ z ∈ B1 t❡♠♦s ♣❛r❛ t♦❞♦ y ∈ B1

‖S(t)x− y‖2 ≤ ‖S(t)x− S(t)z‖2 + ‖S(t)z − y‖2.

P❡❧♦ ▲❡♠❛ ✸✳✻✱

‖S(t)x− y‖2 ≤ e−(1−M‖J‖1)t‖x− z‖2 + ‖S(t)z − y‖2.

❙❡ C1(B) é ✉♠❛ ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ B t❡♠♦s ❛✐♥❞❛

‖x− z‖2 ≤ ‖x‖2 + ‖z‖2 ≤ C1(B) +
τ

π
r1

❉❡✜♥✐♥❞♦ C1(B) := C1(B) +
τ

π
r1 t❡♠♦s

‖S(t)x− y‖2 ≤ C1(B)e−(1−M‖J‖1)t + ‖S(t)z − y‖2,

♣❛r❛ t♦❞♦ y ∈ B1✳ ❉❛í✱

inf
y∈B1

‖S(t)x− y‖2 ≤ C1(B)e−(1−M‖J‖1)t + inf
y∈B1

‖S(t)z − y‖2.

❉❡s❞❡ q✉❡ z ∈ B1 ❡ ♣❡❧♦ ▲❡♠❛ ✸✳✶✵ B1 é ♣♦s✐t✐✈❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ♣♦r S✱ t❡♠♦s

S(t)z ∈ B1✳ ▲♦❣♦✱

inf
y∈B1

‖S(t)z − y‖2 ≤ ‖S(t)z − S(t)z‖2 = 0

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

inf
y∈B1

‖S(t)z − y‖2 = 0.

P♦rt❛♥t♦✱

inf
y∈B1

‖S(t)x− y‖2 ≤ C1(B)e−(1−M‖J‖1)t

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

sup
b∈S(t)B

inf
y∈B1

‖S(t)x− y‖2 ≤ C1(B)e−(1−M‖J‖1)t,

♦✉ s❡❥❛✱

❞✐stL2(S1) (S(t)B,B1) ≤ C1(B)e−C2t.



✶✷✹

❈♦r♦❧ár✐♦ ✸✳✺ ❖ ❝♦♥❥✉♥t♦ M ❞❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✸✳✷ é ✉♠ ❛tr❛t♦r ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦

s❡♠✐❣r✉♣♦ S ❣❡r❛❞♦ ♣❡❧❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ✭✸✳✼✮✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ▲❡♠❛ ✸✳✻

d(S(t)u1, S(t)u2) ≤ Ce−(1−M‖J‖1)td(u1, u2), ∀ u1, u2 ∈ L2(S1), ✭✸✳✻✶✮

♦♥❞❡ C = 1✳ ❉❛❞♦ B ⊂ L2(S1) ❧✐♠✐t❛❞♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶✸ ❡①✐st❡ C1(B) ≥ 0 t❛❧ q✉❡

❞✐stL2(S1) (S(t)B,B1) ≤ C1(B)e−(1−M‖J‖1)t, ∀ t ≥ 0. ✭✸✳✻✷✮

P❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✱ ❡①✐st❡♠ α ≥ 0 ❡ ω > 0 t❛✐s q✉❡✱

❞✐stL2(S1)(S(t)B1,M) ≤ αe−ωt, ∀ t ≥ 0. ✭✸✳✻✸✮

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✸ ❝♦♠ K = 1−M‖J‖1✱ α1 = 1−M‖J‖1✱ C = 1✱ C1 = C1(B)✱

C2 = α✱ α2 = ω✱ M1 = B✱ M2 = B1 ❡ M3 = M ♦❜t❡♠♦s

❞✐stL2(S1) (S(t)B,M) ≤ C ′(B)e−α′t, ∀ t ≥ 0,

♦♥❞❡

C ′(B) = C1(B) + α ❡ α′ = min
{
1−M‖J‖1,

ω

2

}
,

❡ ♣♦rt❛♥t♦✱ ♦ r❡s✉❧t❛❞♦ ✜❝❛ ❞❡♠♦♥str❛❞♦✳

❈♦r♦❧ár✐♦ ✸✳✻ ❖ ❛tr❛t♦r ❣❧♦❜❛❧ A ❞❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✸✳✶ ♣♦ss✉✐ ❞✐♠❡♥sã♦ ❢r❛❝t❛❧ ✜♥✐t❛✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ❈♦r♦❧ár✐♦ ✸✳✺ ❡ ❞❛ ❖❜s❡r✈❛çã♦ ✷✳✷✳



❆♣ê♥❞✐❝❡ ❆

❘❡s✉❧t❛❞♦s ❈♦♠♣❧❡♠❡♥t❛r❡s

❆✳✶ ❈♦♥❥✉♥t♦s ❈♦♠♣❛❝t♦s ❡♠ ❊s♣❛ç♦s ▼étr✐❝♦s

❉❡✜♥✐çã♦ ❆✳✶ ❯♠ s✉❜❝♦♥❥✉♥t♦ A ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ (X, d) é ❞✐t♦ t♦t❛❧♠❡♥t❡ ❧✐✲

♠✐t❛❞♦ q✉❛♥❞♦✱ ♣❛r❛ t♦❞♦ ε > 0 ❡①✐st❡♠ n ∈ N ❡ x1, x2, ..., xn ∈ A t❛✐s q✉❡

A ⊂ B(x1, ε) ∪ B(x2, ε) ∪ · · · ∪B(xn, ε).

Pr♦♣♦s✐çã♦ ❆✳✶ ❚♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ K ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ (X, d) é t♦t❛❧✲

♠❡♥t❡ ❧✐♠✐t❛❞♦✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ K ♥ã♦ é t♦t❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦✳ ❊♥tã♦ ❡①✐st❡ ε > 0 t❛❧

q✉❡✱ ❞❛❞♦ x1 ∈ K

K 6⊂ B(x1, ε).

❊s❝♦❧❤❡♥❞♦ x2 ∈ K\B(x1, ε)

K 6⊂ B(x1, ε) ∪ B(x2, ε).

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ❡s❝♦❧❤❡♥❞♦ x3 ∈ K\(⋃2
i=1B(xi, ε))

K 6⊂ B(x1, ε) ∪ B(x2, ε) ∪ B(x3, ε).

Pr♦ss❡❣✉✐♥❞♦ ❝♦♠ ❡st❡ r❛❝✐♦❝í♥✐♦✱ ♦❜t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ (xn) ⊂ K t❛❧ q✉❡✱

x1 ∈ K ❡

xn ∈ K
∖(n−1⋃

i=1

B(xi, ε)

)
, ∀n ≥ 2.



✶✷✻

❈♦♠♦ K é ❝♦♠♣❛❝t♦✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (xnj
) ❞❡ (xn)✱ ❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ ✉♠

♣♦♥t♦ p ∈ K✳ ❉❛í✱ ❡①✐st❡ j0 ∈ N t❛❧ q✉❡

j ≥ j0 ⇒ xnj
∈ B

(
p,
ε

2

)
.

❉❡s❞❡ q✉❡ ♦s ♣♦♥t♦s ❞❡ (xn) sã♦ t♦❞♦s ❞✐st✐♥t♦s✱ ❛ ❜♦❧❛ B
(
p,
ε

2

)
❝♦♥té♠ ✐♥✜♥✐t♦s

♣♦♥t♦s ❞❡ (xnj
)✳ ❈♦♥s✐❞❡r❡ ❡♥tã♦ xr, xs ∈ B

(
p,
ε

2

)
❝♦♠ r < s✳ ❆ss✐♠✱ 1 ≤ r ≤ s− 1 ❡

xs ∈ K
∖(s−1⋃

i=1

B(xi, ε)

)
⇒ xs /∈ B(xr, ε).

P♦r ♦✉tr♦ ❧❛❞♦✱

d(xs, xr) ≤ d(xs, p) + d(xr, p) <
ε

2
+
ε

2
= ε

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ xs ∈ B(xr, ε)✱ ✉♠ ❛❜s✉r❞♦✳

▲❡♠❛ ❆✳✶ ❙❡❥❛ (X, ‖ · ‖) ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦✳ ❙❡ K ⊂ X é ❝♦♠♣❛❝t♦ ❡ V é

✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ③❡r♦✱ ❡♥tã♦ ❡①✐st❡ Y ⊂ K ✜♥✐t♦ t❛❧ q✉❡ K ⊂ Y + V ✳

❉❡♠♦♥str❛çã♦✿ ❙❡ V é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ③❡r♦✱ ❡①✐st❡ ε > 0 t❛❧ q✉❡ B(0, ε) ⊂ V ✳

❈♦♠♦ K é ❝♦♠♣❛❝t♦✱ K é t♦t❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦✳ ❆ss✐♠✱ ❡①✐st❡♠ x1, x2, ..., xn ∈ K t❛✐s

q✉❡

K ⊂ B(x1, ε) ∪ B(x2, ε) ∪ · · · ∪B(xn, ε).

❉❡✜♥❛ Y := {x1, x2, ..., xn}✳ ❉❛❞♦ x ∈ K t❡♠✲s❡ x ∈ B(xi, ε) ♣❛r❛ ❛❧❣✉♠ i ∈
{1, 2, ..., n}✳ ❙❡❥❛ y = x− xi✳ ❚❡♠♦s

‖y‖ = ‖x− xi‖ < ε,

♦✉ s❡❥❛✱ y ∈ B(0, ε)✳ ❆ss✐♠✱

x = xi + y ⇒ x ∈ Y +B(0, ε) ⇒ x ∈ Y + V.

P♦rt❛♥t♦ K ⊂ Y + V ✳

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r♠♦s ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ❧❡♠❜r❡♠♦s ❞❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ❆✳✷ ❖s ❡s♣❛ç♦ ♠étr✐❝♦s ♥♦s q✉❛✐s t♦❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② é ❝♦♥✈❡r❣❡♥t❡

sã♦ ❞✐t♦s ❡s♣❛ç♦s ♠étr✐❝♦s ❝♦♠♣❧❡t♦s✳
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❚❡♦r❡♠❛ ❆✳✶ ✭❚❡♦r❡♠❛ ❞❛ ■♥t❡rs❡çã♦ ❞❡ ❈❛♥t♦r✮ ❙❡❥❛♠ (X, d) ✉♠ ❡s♣❛ç♦ ♠é✲

tr✐❝♦ ❝♦♠♣❧❡t♦ ❡ {Fn} ⊂ X ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡❝r❡s❝❡♥t❡ ❞❡ ❝♦♥❥✉♥t♦s ♥ã♦ ✈❛③✐♦s ❢❡❝❤❛❞♦s

❡♠ X t❛✐s q✉❡ lim
n→∞

(❞✐❛♠ Fn) = 0✳ ❊♥tã♦ ❛ ✐♥t❡rs❡çã♦ F :=
∞⋂

n=1

Fn ❝♦♥té♠ ✉♠ ú♥✐❝♦

♣♦♥t♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ F 6= ∅✳ P❛r❛ ❝❛❞❛ n ∈ N ❡s❝♦❧❤❛ xn ∈ Fn

❢♦r♠❛♥❞♦ ❛ s❡q✉ê♥❝✐❛ (xn)✳ ❙❡❥❛ ε > 0✳ ❈♦♠♦ lim
n→∞

(❞✐❛♠ Fn) = 0✱ ❡①✐st❡ n0 ∈ N t❛❧

q✉❡

n ≥ n0 ⇒ ❞✐❛♠ Fn < ε.

❙❡❥❛♠ n,m ≥ n0✱ ❞✐❣❛♠♦s m ≥ n✳ ❙❡♥❞♦ {Fn} ❞❡❝r❡s❝❡♥t❡✱ t❡♠♦s Fm ⊂ Fn ❞❡

♠♦❞♦ q✉❡ xm ∈ Fn✳ ❉❛í✱

d(xn, xm) ≤ sup
x,y∈Fn

d(x, y) = ❞✐❛♠ Fn < ε.

❆ss✐♠ d(xn, xm) → 0 q✉❛♥❞♦ n,m → 0✱ ♦✉ s❡❥❛✱ (xn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✳

❉❡s❞❡ q✉❡ X é ❝♦♠♣❧❡t♦✱ ❡①✐st❡ x ∈ X t❛❧ q✉❡ xn → x✳ ❆❣♦r❛✱ t♦♠❛❞♦ j ∈ N ∈ N✱

♣❛r❛ n ≥ j t❡♠♦s q✉❡ Fn ⊂ Fj ❡ ♣♦rt❛♥t♦ xn ∈ Fj✳ ❉❛í (xn)n≥j ⊂ Fj✳ ❯♠❛ ✈❡③ q✉❡ Fj

é ❢❡❝❤❛❞♦ ❡ (xn)n≥j ❝♦♥✈❡r❣❡ ♣❛r❛ x s❡❣✉❡ q✉❡ x ∈ Fj✳ P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ j ∈ N

r❡s✉❧t❛ q✉❡ x ∈ F ❡ ♣♦rt❛♥t♦ F 6= ∅✳
❆❣♦r❛✱ s❡ y ∈ X t❛♠❜é♠ ♣❡rt❡♥❝❡ ❛ F ❡♥tã♦ ❞❛❞♦ n ∈ N✱ x, y ∈ Fn✳ ❉❛í✱

d(x, y) ≤ sup
a,b∈Fn

d(a, b) = ❞✐❛♠ Fn

❋❛③❡♥❞♦ n→ ∞ ♦❜t❡♠♦s d(x, y) = 0 ❡ ♣♦rt❛♥t♦ x = y✳

❚❡♦r❡♠❛ ❆✳✷ ❚♦❞♦ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦ ❡ t♦t❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦ é ❝♦♠♣❛❝t♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ (X, d) ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦✱ (xn) ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ X ❡ Y =

{x1, x2, ..., xn, ...}✳ ❙❡ Y ❢♦r ✜♥✐t♦✱ ❡♥tã♦ ❛❧❣✉♠ t❡r♠♦ ❞❛ s❡q✉ê♥❝✐❛ (xn) s❡ r❡♣❡t❡ ✐♥✜✲

♥✐t❛s ✈❡③❡s ❡✱ ❞❡st❛ ❢♦r♠❛✱ ❡❧❛ ♣♦ss✉✐ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✳ ❙✉♣♦♥❤❛♠♦s

❡♥tã♦ q✉❡ Y s❡❥❛ ✐♥✜♥✐t♦✳ ❙❡♥❞♦ X t♦t❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦✱ ❡①✐st❡♠ y1, y2, ..., yk ∈ X t❛✐s

q✉❡

X ⊂ B(y1, 1/4) ∪ B(y2, 1/4) ∪ · · ·B(yk, 1/4).

❙❡♥❞♦ ❛ss✐♠✱

Y ⊂ B(y1, 1/4) ∪ B(y2, 1/4) ∪ · · ·B(yk, 1/4)
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❡ ❡♥tã♦✱ ♣❛r❛ ❛❧❣✉♠ ❞♦s ❝♦♥❥✉♥t♦s B(yi, 1/4)✱ i ∈ {1, 2, ..., k} ♣♦ss✉✐ ✐♥✜♥✐t♦s ♣♦♥t♦s

❞❡ (xn)✳ P♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❝❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ B(y1, 1/4) é ✉♠ t❛❧ ❝♦♥❥✉♥t♦✳

❉❡✜♥✐♠♦s ❡♥tã♦

F1 := B(y1, 1/4) ∩ Y .

◆♦t❡ q✉❡ F1 é ❢❡❝❤❛❞♦ ❡ q✉❡ ✭♣❛r❛ ❛ s❡♥t❡♥ç❛ ❛❜❛✐①♦ ❧❡♠❜r❡ q✉❡ ♦s ❞✐â♠❡tr♦s ❞❡ ✉♠

❝♦♥❥✉♥t♦ ❡ ❞♦ s❡✉ ❢❡❝❤♦ sã♦ ✐❣✉❛✐s✮

❞✐❛♠ F1 = ❞✐❛♠ (B(y1, 1/4) ∩ Y ) ≤ 1

2
.

❆❣♦r❛✱ ❝♦♠♦ F1 ⊂ X✱ t❡♠♦s q✉❡ F1 é t♦t❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦✳ ❊♥tã♦ ❡①✐st❡♠

a1, ..., ar ∈ F1 t❛✐s q✉❡

F1 ⊂ B(a1, 1/8) ∪ B(a2, 1/8) ∪ · · ·B(ar, 1/8).

❉❡s❞❡ q✉❡ B(y1, 1/4)∩Y é ✐♥✜♥✐t♦ ❡ ❡stá ❝♦♥t✐❞♦ ❡♠ F1✱ t❡♠✲s❡ q✉❡ F1 ❝♦♥té♠ ✐♥✜♥✐t♦s

♣♦♥t♦s ❞❡ Y ✳ ❉❛í✱ ❛❧❣✉♠ ❞♦s ❝♦♥❥✉♥t♦s B(ai, 1/8) ❝♦♥té♠ ✐♥✜♥✐t♦s ♣♦♥t♦s ❞❡ F1 ∩ Y ✱

❞✐❣❛♠♦s B(a1, 1/8)✳ ❉❡✜♥❛

F2 := B(a1, 1/8) ∩ F1 ∩ Y .

◆♦t❡ q✉❡ F2 é ❢❡❝❤❛❞♦✱ ❡stá ❝♦♥t✐❞♦ ❡♠ F1 ❡

❞✐❛♠ F2 = ❞✐❛♠ (B(a1, 1/8) ∩ F1 ∩ Y ) ≤ 1

4
.

❆♥❛❧♦❣❛♠❡♥t❡✱ F2 é t♦t❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦ ❞❡ ❢♦r♠❛ q✉❡ ❡①✐st❡♠ b1, ..., bp ∈ X t❛✐s

q✉❡ F2 ⊂ ⋃
B(bi, 1/16)✳ ❈♦♠♦ B(a1, 1/8) ∩ F1 ∩ Y é ✐♥✜♥✐t♦ ❡ ❡stá ❝♦♥t✐❞♦ ❡♠ F2✱

t❡♠✲s❡ q✉❡ F2 ❝♦♥té♠ ✐♥✜♥✐t♦s ♣♦♥t♦s ❞❡ F1∩Y ✳ ❉❛í✱ ❛❧❣✉♠ ❞♦s ❝♦♥❥✉♥t♦s B(bi, 1/16)✱

❞✐❣❛♠♦s B(b1, 1/16)✱ ❝♦♥té♠ ✐♥✜♥✐t♦s ♣♦♥t♦s ❞❡ F2 ∩ (F1 ∩ Y )✳ ❉❡✜♥❛

F3 := B(b1, 1/16) ∩ F2 ∩ F1 ∩ Y .

❈❧❛r❛♠❡♥t❡ F3 é ❢❡❝❤❛❞♦✱ ❡stá ❝♦♥t✐❞♦ ❡♠ F2 ❡

❞✐❛♠ F3 ≤
1

8
.

Pr♦ss❡❣✉✐♥❞♦ ❞❡ ❢♦r♠❛ ✐♥❞✉t✐✈❛✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ s❡q✉ê♥❝✐❛ Fk ❞❡ ❝♦♥❥✉♥t♦s ❢❡✲

❝❤❛❞♦s ❡♠ X✱ t❛✐s q✉❡ Fk+1 ⊂ Fk✱ Fk ∩ Y é ✐♥✜♥✐t♦✱ ❡ ❞✐❛♠ Fk ≤
1

2k
♣❛r❛ t♦❞♦ k ∈ N✳

❆ss✐♠ s❡♥❞♦✱

lim
k→∞

❞✐❛♠ Fk = 0.
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P❡❧♦ ❚❡♦r❡♠❛ ❆✳✶✱ ❡①✐st❡ x ∈ X t❛❧ q✉❡

∞⋂

k=1

Fk = {x}.

❆❣♦r❛✱ ❢♦r♠❡♠♦s ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (xnk
) ❞❡ (xn)✱ ❡s❝♦❧❤❡♥❞♦ ♣❛r❛ ❝❛❞❛ k ∈ N

✉♠ ú♥✐❝♦ xnk
∈ Fk ∩ Y ✳ ❈♦♠♦ x ∈ Fk ♣❛r❛ t♦❞♦ k ∈ N t❡♠♦s

d(x, xnk
) ≤ ❞✐❛♠ Fk, ∀k ∈ N.

❙❡❣✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❙❛♥❞✉í❝❤❡ q✉❡ d(x, xnk
) → 0 ❡✱ ♣♦rt❛♥t♦✱ xnk

→ x✱ ❝♦♥❝❧✉✐♥❞♦

❛ ❞❡♠♦♥str❛çã♦✳

❉❡✜♥✐çã♦ ❆✳✸ ❙❡ A ❡ B sã♦ s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ (X, d)✱ ❞❡✜♥✐♠♦s ❛

❞✐stâ♥❝✐❛ ❡♥tr❡ A ❡ B ♣♦r

d(A,B) = inf{d(a, b); a ∈ A ❡ b ∈ B}.

Pr♦♣♦s✐çã♦ ❆✳✷ ❙❡❥❛♠ A1, A2, B1 ❡ B2 s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ (X, d)

t❛✐s q✉❡ A1 ⊂ A2 ❡ B1 ⊂ B2✳ ❊♥tã♦✱ d(A1, B1) ≥ d(A2, B2)✳

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡

{d(x, y); x ∈ A1 ❡ y ∈ B1} ⊂ {d(w, z); w ∈ A2 ❡ z ∈ B2}.

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ í♥✜♠♦ s❡❣✉❡ q✉❡

inf{d(w, z); w ∈ A2 ❡ z ∈ B2} ≤ inf{d(x, y); x ∈ A1 ❡ y ∈ B1},

♦✉ s❡❥❛✱ d(A2, B2) ≤ d(A1, B1)✳

Pr♦♣♦s✐çã♦ ❆✳✸ ❙❡❥❛ K ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ (X, d)✳ ❙❡

A ⊂M ✱ ❡♥tã♦ ❡①✐st❡ p ∈ K t❛❧ q✉❡ d(p, A) = d(K,A)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❉♦♠✐♥❣✉❡s ❬✹❪✳

❈♦r♦❧ár✐♦ ❆✳✶ ❙❡❥❛ K ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ (X, d) ❡ s❡❥❛

A ⊂M ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ t❛❧ q✉❡ K ∩ A = ∅✳ ❊♥tã♦ d(K,A) > 0✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❉♦♠✐♥❣✉❡s ❬✹❪✳

❈♦r♦❧ár✐♦ ❆✳✷ ❙❡ K ❡ L sã♦ s✉❜❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ (X, d)✱

❡♥tã♦ ❡①✐st❡♠ p ∈ K ❡ q ∈ L t❛✐s q✉❡ d(K,L) = d(p, q)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❉♦♠✐♥❣✉❡s ❬✹❪✳
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❆✳✷ ❈♦♥❥✉♥t♦s ❈♦♥✈❡①♦s

❆♦ ❧♦♥❣♦ ❞❡st❛ s❡çã♦✱ ❛ ♠❡♥♦s ❞❡ ♠❡♥çã♦ ❝♦♥trár✐❛✱ X s❡rá s❡♠♣r❡ ✉♠ ❡s♣❛ç♦

✈❡t♦r✐❛❧✳ ❆q✉✐✱ ♥♦ss❛ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛ é ❆❧✐♣r❛♥t✐s ✭✈❡r ❬✷❪✮✳

❉❡✜♥✐çã♦ ❆✳✹ ❯♠ s✉❜❝♦♥❥✉♥t♦ C ❞❡ X é ❞✐t♦ ❝♦♥✈❡①♦ q✉❛♥❞♦✱ ♣❛r❛ q✉❛✐sq✉❡r x, y ∈
C ❡ t ∈ [0, 1] t❡♠✲s❡ tx+ (1− t)y ∈ C✳

❊①❡♠♣❧♦ ❆✳✶ ◗✉❛❧q✉❡r s✉❜❡s♣❛ç♦ ❞❡ X é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✳ ❙❡ X ❢♦r ✉♠ ❡s♣❛ç♦

✈❡t♦r✐❛❧ ♥♦r♠❛❞♦ ❡ a ∈ X ❡♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r r > 0 ❛ ❜♦❧❛ ❛❜❡rt❛ ❝❡♥tr❛❞❛ ❡♠ a ❝♦♠

r❛✐♦ r✱ B(0, r)✱ é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✳

▲❡♠❛ ❆✳✷ ❯♠ s✉❜❝♦♥❥✉♥t♦ C ⊂ X é ❝♦♥✈❡①♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❞❛❞♦s n ∈ N✱

{x1, x2, ..., xn} ⊂ C ❡ α1, α2, ..., αn ❡s❝❛❧❛r❡s ♥ã♦ ♥❡❣❛t✐✈♦s ❝♦♠
n∑

i=1

αi = 1✱ t❡♠✲s❡

n∑

i=1

αixi ∈ C✳

❯♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ♥❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛ é ❝❤❛♠❛❞❛ ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ ❡ ♦s

❝♦❡✜❝✐❡♥t❡s ♣♦❞❡♠ s❡r ❝❤❛♠❛❞♦s ❞❡ ♣❡s♦s✳

❉❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ❆✳✷✿ (⇐) ❙✉♣♦♥❞♦ q✉❡ C ❝♦♥té♠ t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s

❝♦♥✈❡①❛s ❞❡ s❡✉s ❡❧❡♠❡♥t♦s✱ ❡♠ ♣❛rt✐❝✉❧❛r C ❝♦♥té♠ t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s ❞❛ ❢♦r♠❛

tx+ (1− t)y✱ ♦♥❞❡ x, y ∈ C ❡ t ∈ [0, 1]✳ ▲♦❣♦ C é ❝♦♥✈❡①♦✳

(⇒) ❙✉♣♦♥❤❛♠♦s q✉❡ C é ❝♦♥✈❡①♦ ❡ ♠♦str❡♠♦s q✉❡ t♦❞❛ ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ ❞❡

❡❧❡♠❡♥t♦s ❞❡ C ♣❡rt❡♥❝❡ ❛ C✳ P❛r❛ ✐st♦✱ ✉s❛r❡♠♦s ✐♥❞✉çã♦ s♦❜r❡ ♦ ♥ú♠❡r♦ n ❞❡ t❡r♠♦s

❞❛ ❝♦♠❜✐♥❛çã♦✳ P❛r❛ n = 1 ♦ r❡s✉❧t❛❞♦ é ó❜✈✐♦ ♣♦✐s ♣❛r❛ α1 = 1 ❡ x1 ∈ C t❡♠✲s❡

s❡♠♣r❡ α1x1 ∈ C✳ ❙✉♣♦♥❤❛ q✉❡ ♦ ❢❛t♦ s❡❥❛ ✈á❧✐❞♦ ♣❛r❛ ✉♠ ❝❡rt♦ n ∈ N✳

❙❡❥❛♠ {x1, ..., xn, xn+1} ⊂ C ❡ α1, ..., αn, αn+1 ≥ 0 t❛✐s q✉❡
n+1∑

i=1

αi = 1✳ ❙❡ αn+1 =

1 ❡♥tã♦ αi = 0 ♣❛r❛ t♦❞♦ i ∈ 1, 2, ..., n ❞❡ ♠♦❞♦ q✉❡

n+1∑

i=1

αixi = xn+1 ∈ C

❡ ❡♥tã♦ ♦ r❡s✉❧t❛❞♦ ✜❝❛ ❞❡♠♦♥str❛❞♦✳ ❆ss✉♠❛ q✉❡ αn 6= 1✱ ♦✉ s❡❥❛✱ αn < 1✳ ◆❡st❡

❝❛s♦✱ 1− αn > 0 ❡ ❛ss✐♠ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

n+1∑

i=1

αixi =
n∑

i=1

αixi + αn+1xn+1 = (1− αn+1)
n∑

i=1

αi

1− αn+1

xi + αn+1xn+1

= (1− αn+1)y + αn+1xn+1,
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♦♥❞❡

y =
n∑

i=1

αi

1− αn+1

xi.

❖❜s❡r✈❡ q✉❡

n+1∑

i=1

αi = 1 ⇒
n∑

i=1

αi = 1− αn+1 ⇒
1

1− αn+1

n∑

i=1

αi = 1 ⇒
n∑

i=1

αi

1− αn+1

= 1.

P❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ r❡s✉❧t❛ q✉❡ y ∈ C ❡ ❝♦♠♦ C é ❝♦♥✈❡①♦✱

(1− αn+1)y + αn+1xn+1 ∈ C,

♦✉ s❡❥❛✱
n+1∑

i=1

αixi ∈ C ❡ ♣♦rt❛♥t♦ ♦ ❧❡♠❛ ❡stá ❞❡♠♦♥str❛❞♦✳

Pr♦♣♦s✐çã♦ ❆✳✹ ❙❡ X é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ✈❛❧❡♠✿

(i) ❆ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ s✉❜❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ❞❡ X é ✉♠ ❝♦♥❥✉♥t♦

❝♦♥✈❡①♦✳

(ii) ❯♠ ❝♦♥❥✉♥t♦ C ⊂ X é ❝♦♥✈❡①♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ αC + βC = (α + β)C ♣❛r❛

q✉❛✐sq✉❡r ❡s❝❛❧❛r❡s ♥ã♦ ♥❡❣❛t✐✈♦s α ❡ β✳

(iii) ❆ s♦♠❛ ❞❡ ❞♦✐s ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✳

(iv) ❙❡ X é ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❡ C ⊂ X é ❝♦♥✈❡①♦✱ ❡♥tã♦ C t❛♠❜é♠ é ❝♦♥✈❡①♦✳

❉❡♠♦♥str❛çã♦✿ (i) ❈♦♥s✐❞❡r❡ ✉♠❛ ❢❛♠í❧✐❛ {Cλ}λ∈L ❞❡ s✉❜❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ❞❡ X

❡ ❞❡✜♥❛ C :=
⋂

λ∈L

Cλ✳ ❋✐①❡ λ ∈ L✳ ❉❛❞♦s x, y ∈ C t❡♠♦s x, y ∈ Cλ ❡ s❡♥❞♦ Cλ ❝♦♥✈❡①♦✱

s❡❣✉❡ q✉❡ tx + (1 − t)y ∈ Cλ✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ t ∈ [0, 1]✳ P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ λ

t❡♠♦s

tx+ (1− t)y ∈ C, ∀t ∈ [0, 1].

❈♦♠♦ x ❡ y ❢♦r❛♠ t♦♠❛❞♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ ❡♠ C✱ ❝♦♥❝❧✉í♠♦s q✉❡ C é ❝♦♥✈❡①♦✳

(ii) ❙❡ α = 0 ♦✉ β = 0✱ ♦ r❡s✉❧t❛❞♦ é ✐♠❡❞✐❛t♦✳ P♦r ✐ss♦✱ ❛ss✉♠✐r❡♠♦s q✉❡ α, β 6= 0✳

❙✉♣♦♥❤❛ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ C é ❝♦♥✈❡①♦✳ ❉❛❞♦ z ∈ αC + βC✱ ❡①✐st❡♠ x, y ∈ C t❛✐s q✉❡

z = αx+ βy✳ ❙❡❥❛

w :=
α

α + β
x+

β

α + β
y.

❈♦♠♦ x, y ∈ C ❡
α

α + β
+

β

α + β
= 1

s❡❣✉❡ ♣❡❧♦ ▲❡♠❛ ❆✳✹ q✉❡ w ∈ C✳ ❆❣♦r❛✱ ♥♦t❡ q✉❡

(α + β)w = αx+ βy = z.
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P♦rt❛♥t♦ z ∈ (α + β)C ✈❡r✐✜❝❛♥❞♦ ❛ ✐♥❝❧✉sã♦

αC + βC ⊂ (α + β)C.

❆❣♦r❛✱ s❡ z ∈ (α + β)C t❡♠♦s α = αw + βw ❝♦♠ w ∈ C ❡ ✐st♦ ✈❡r✐✜❝❛ ❛ ✐♥❝❧✉sã♦

❝♦♥tr❛r✐❛✱ ♥♦s ❞❛♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡

αC + βC = (α + β)C.

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ ✈❛❧❡ ❛ ✐❣✉❛❧❞❡ αC + βC = (α + β)C ❡♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r

t ∈ [0, 1] t❡♠♦s tC + (1 − t)C = [t + (1 − t)]C = C✳ ▲♦❣♦✱ ❞❛❞♦s x, y ∈ C t❡♠✲s❡

tx+ (1− t)y ∈ C ❡ ♣♦rt❛♥t♦ C é ❝♦♥✈❡①♦✳

(iii) ❙❡❥❛♠ A,B ⊂ X ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s✳ ❈♦♥s✐❞❡r❡ x, y ∈ A+B ❡ t ∈ [0, 1]✳ ❊①✐st❡♠

xA, yA ∈ A ❡ xB, yB ∈ B t❛✐s q✉❡ x = xA + xB ❡ y = yA + yB✳ ❉❛í✱ ♣❡❧❛ ❝♦♥✈❡①✐❞❛❞❡

❞❡ A ❡ ❞❡ B✱

tx+ (1− t)y = txA + txB + (1− t)yA + (1− t)yB

= txA + (1− t)A︸ ︷︷ ︸
∈A

+ txB + (1− t)yB︸ ︷︷ ︸
∈B

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

tx+ (1− t)y ∈ A+B.

(iv) ❙❡❥❛♠ x, y ∈ C ❡ t ∈ [0, 1]✳ ❊①✐st❡♠ s❡q✉ê♥❝✐❛s (xn), (yn) ⊂ C t❛✐s q✉❡ xn → x ❡

yn → y✳ ❈♦♥s✐❞❡r❛♥❞♦ zn := txn + (1− t)yn t❡♠♦s q✉❡ zn ∈ C ♣❛r❛ t♦❞♦ n ∈ N ✭♣♦✐s

C é ❝♦♥✈❡①♦ ❡ xn, yn ∈ C✮ ❡ zn → [tx + (1− t)y]✳ ▲♦❣♦✱ tx + (1− t)y ∈ C ♠♦str❛♥❞♦

q✉❡ C é ❝♦♥✈❡①♦✳

❉❛❞♦ A ⊂ X✱ ❛ ❢❛♠í❧✐❛ ❞♦s s✉❜❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ❞❡X q✉❡ ❝♦♥té♠ A é ♥ã♦ ✈❛③✐❛✱

✉♠❛ ✈❡③ q✉❡ ♦ ♣ró♣r✐❛ X é ✉♠ ❞❡ss❡s ❝♦♥❥✉♥t♦s ✭❧❡♠❜r❡ q✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ X

✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✮✳ P❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✹✱ ❛ ✐♥t❡rs❡çã♦ ❆ ❞❡ t♦❞♦s ♦s ❝♦♥✈❡①♦s q✉❡

❝♦♥té♠ A é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✳ ❆❧é♠ ❞✐st♦✱ s❡ C é ❝♦♥✈❡①♦ ❝♦♥t❡♥❞♦ A✱ ❝❧❛r❛♠❡♥t❡

❆ ⊂ C✳ ■st♦ ♥♦s ❞✐③ q✉❡ A é ♠✐♥✐♠❛❧ ❞❡♥tr❡ ♦s ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s q✉❡ ❝♦♥té♠ A✳

❆❞❡♠❛✐s✱ é ❝❧❛r♦ q✉❡❆ é ú♥✐❝♦ ♥❡st❛s ❝♦♥❞✐çõ❡s✳ ❉✐❛♥t❡ ❞✐st♦✱ ❢❛③ s❡♥t✐❞♦ ❛ s❡❣✉✐♥t❡

❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ❆✳✺ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ A ⊂ X✱ ❞❡✜♥✐♠♦s ❛ ❝❛s❝❛ ❝♦♥✈❡①❛ ❞❡ A✱ ❞❡♥♦t❛❞❛

♣♦r ❝♦♥✈ A ✭♦✉ ❛✐♥❞❛ coA✮ ❝♦♠♦ s❡♥❞♦ ♦ ♠❡♥♦r ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❞❡ X q✉❡ ❝♦♥té♠

A✳
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Pr♦♣♦s✐çã♦ ❆✳✺ ❉❛❞♦ A ⊂ X t❡♠✲s❡

❝♦♥✈ A =

{
n∑

i=1

αixi : n ∈ N, xi ∈ A, αi ≥ 0 ∀i ∈ {1, 2, ..., n} ❡
n∑

i=1

αi = 1

}
.

❊♠ ♦✉tr♦s t❡r♠♦s✱ ❝♦♥✈ A é ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s ❝♦♥✈❡①❛s ♣♦ssí✈❡✐s

❞❡ ❡❧❡♠❡♥t♦s ❞❡ A✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛

B :=

{
n∑

i=1

αixi : n ∈ N, xi ∈ A, αi ≥ 0 ∀i ∈ {1, 2, ..., n} ❡
n∑

i=1

αi = 1

}
.

❉❛❞♦s x, y ∈ B✱ ❡①✐st❡♠ n,m ∈ N t❛✐s q✉❡

x =
n∑

i=1

αixi ❡ y =
m∑

j=1

βjyj

♦♥❞❡ xi, yj ∈ A✱ αi, βj ≥ 0✱ ♣❛r❛ t♦❞♦ i ∈ {1, 2, ..., n} ❡ t♦❞♦ j ∈ {1, 2, ...,m} ❡✱

n∑

i=1

αi =
m∑

j=1

βj = 1.

❉❛❞♦ t ∈ [0, 1] t❡♠♦s

tx+ (1− t)y =
n∑

i=1

tαixi +
m∑

j=1

(1− t)βjyj.

❉❡✜♥❛ λl ❡ zl✱ l ∈ {1, 2..., n+m} ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

• ♣❛r❛ l ∈ 1, 2..., n ♣♦♥❤❛ λl = tαl ❡ zl = xl❀

• ♣❛r❛ l = n+ j, j = 1, 2, ...,m ♣♦♥❤❛ λl = (1− t)βj ❡ zl = yj✳

❉❡st❛ ❢♦r♠❛✱ t❡♠♦s

tx+ (1− t)y =
n∑

l=1

λlzl +
n+m∑

l=n+1

λlzl =
n+m∑

l=1

λlzl.

❖❜s❡r✈❡ q✉❡ zl ∈ A ❡ λl ≥ 0 ♣❛r❛ t♦❞♦ l ∈ {1, 2, ..., n+m}✳ ❆❧é♠ ❞✐st♦✱

n+m∑

l=1

λl = t
n∑

i=1

αi + (1− t)
m∑

j=1

βj = t+ (1− t) = 1.

P♦rt❛♥t♦✱ tx+(1− t)y ∈ B ❡ ✐st♦ ♠♦str❛ q✉❡ B é ❝♦♥✈❡①♦✳ ❆❞❡♠❛✐s✱ ❞❛❞♦ x ∈ A

❝❧❛r❛♠❡♥t❡ x ∈ B✱ ♦✉ s❡❥❛✱ A ⊂ B✳ ❙❡♥❞♦ ❛ss✐♠✱ B é ✉♠ ❝♦♥✈❡①♦ ❝♦♥t❡♥❞♦ A ❡ ♣♦r

❞❡✜♥✐çã♦ ❞❡ ❝❛s❝❛ ❝♦♥✈❡①❛ r❡s✉❧t❛ q✉❡

❝♦♥✈ A ⊂ B.



✶✸✹

❆❣♦r❛✱ ❝♦♠♦ ❝♦♥✈ A é ❝♦♥✈❡①♦ ❡ ❝♦♥té♠ A✱ ❞❡✈❡ ❝♦♥t❡r t❛♠❜é♠ t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s

❝♦♥✈❡①❛s ❞❡ ❡❧❡♠❡♥t♦s ❞❡ A✳ ▲♦❣♦✱

B ⊂ ❝♦♥✈ A.

P♦rt❛♥t♦✱ ❝♦♥✈ A = B✳

▲❡♠❛ ❆✳✸ ❙❡❥❛♠ A1, A2, ..., An ⊂ X ❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ♥ã♦ ✈❛③✐♦s✳ ❆ ❝❛s❝❛ ❝♦♥✈❡①❛

❞❛ ✉♥✐ã♦
n⋃

i=1

Ai s❛t✐s❢❛③

❝♦♥✈

(
n⋃

i=1

Ai

)
=

{
n∑

i=1

λixi : λi ≥ 0, xi ∈ Ai ∀i ∈ {1, 2, ..., n} ❡
n∑

i=1

λi = 1

}
.

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ ❝❛❞❛ Ai é ❝♦♠♣❛❝t♦ ❡♥tã♦ ❝♦♥✈

(
n⋃

i=1

Ai

)
é t❛♠❜é♠ ❝♦♠♣❛❝t♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ A =
⋃n

i=1Ai ❡

C :=

{
n∑

i=1

λixi : λi ≥ 0, xi ∈ Ai ∀i ∈ {1, 2, ..., n} ❡
n∑

i=1

λi = 1

}
.

❊✈✐❞❡♥t❡♠❡♥t❡

C ⊂
{

m∑

i=1

αixi : m ∈ N, xi ∈ A, αi ≥ 0 ∀i ∈ {1, 2, ...,m} ❡
m∑

i=1

αi = 1

}

❡ ❡♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✺ s❡❣✉❡ q✉❡

C ⊂ ❝♦♥✈ A.

❆❣♦r❛✱ ❞❛❞♦s x, y ∈ C t❡♠♦s

x =
n∑

i=1

λixi ❡ y =
n∑

i=1

αiyi

♦♥❞❡✱ λi, αi ≥ 0 ❡ xi, yi ∈ Ai ♣❛r❛ t♦❞♦ i ∈ {1, 2, ..., n} ❡ ♠❛✐s✱

n∑

i=1

λi =
n∑

i=1

αi = 1.

❙❡ t ∈ [0, 1] t❡♠✲s❡

tx+ (1− t)y =
n∑

i=1

tλixi +
n∑

i=1

(1− t)αiyi =
n∑

i=1

[tλixi + (1− t)αiyi].



✶✸✺

P❛r❛ ❝❛❞❛ i ∈ {1, 2, ..., n}✱

[tλixi + (1− t)αiyi] ∈ tλiAi + (1− t)αiAi.

❈♦♠♦ Ai é ❝♦♥✈❡①♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✹ r❡s✉❧t❛ q✉❡

[tλixi + (1− t)αiyi] ∈ [tλi + (1− t)αi]Ai, ∀i ∈ {1, 2, ..., n}.

❙❡♥❞♦ ❛ss✐♠✱ ♣❛r❛ ❝❛❞❛ i{1, 2, ..., n} ❡①✐st❡ zi ∈ Ai t❛❧ q✉❡

[tλixi + (1− t)αiyi] = [tλi + (1− t)αi]zi.

▲♦❣♦✱

tx+ (1− t)y =
n∑

i=1

[tλi + (1− t)αi]zi.

P❡r❝❡❜❛ q✉❡ [tλi + (1− t)αi] ≥ 0 ♣❛r❛ t♦❞♦ i ∈ {1, 2, ..., n} ❡ ❛❧é♠ ❞✐ss♦✱

n∑

i=1

[tλi + (1− t)αi] = t

n∑

i=1

λi + (1− t)
n∑

i=1

αi = t+ (1− t) = 1.

P♦rt❛♥t♦✱ tx + (1− t)y ∈ C ♦ q✉❡ ♥♦s ❞✐③ q✉❡ C é ❝♦♥✈❡①♦✳ ❈♦♠♦ C ❝♦♥té♠ ❝❛❞❛ Ai

✈❡♠♦s q✉❡

A ⊂ C

❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❝❛s❝❛ ❝♦♥✈❡①❛ r❡s✉❧t❛ q✉❡

❝♦♥✈ A ⊂ C

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝♦♥✈ A = C✳

P♦r ✜♠ ❛ss✉♠❛ q✉❡ ❝❛❞❛ Ai é ❝♦♠♣❛❝t♦✳ ❉❡✜♥❛

f : Rn × A1 × A2 × · · · × An → X

♣♦♥❞♦

f(λ, x1, x2, ..., xn) =
n∑

i=1

λixi,

♦♥❞❡ λ = (λ1, ..., λn) ∈ Rn✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

K =

{
λ ∈ Rn;λi ≥ 0 ∀i ∈ {1, 2, ..., n} ❡

n∑

i=1

λi = 1

}
.

❈❧❛r❛♠❡♥t❡ K é ❧✐♠✐t❛❞♦✳ ❙❡❥❛ (λj)j∈N =
(
(λj1, λ

j
2, ..., λ

j
n)
)
j∈N

✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ K

❝♦♠ λj → λ = (λ1, λ2, ..., λn)✳ ❊♥tã♦ ♣❛r❛ ❝❛❞❛ i ∈ {1, 2, .., n} t❡♠✲s❡ λi ≥ 0 ♣♦✐s✱ ❞♦



✶✸✻

❝♦♥trár✐♦✱ ❡①✐st✐r✐❛ j0 ∈ N t❛❧ q✉❡ λj0i < 0✱ ❝♦♥tr❛r✐❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ λj0 ∈ K✳ ❆❧é♠

❞✐st♦✱ ♣❛r❛ ❝❛❞❛ i = 1, 2, ..., n✱

n∑

i=1

λi =
n∑

i=1

lim
j→∞

λji = lim
j→∞

n∑

i=1

λji = lim
j→∞

1 = 1.

▲♦❣♦ λ ∈ K ❡ ♣♦rt❛♥t♦ K é ❢❡❝❤❛❞♦✳ ❈♦♥❝❧✉í♠♦s ❛ss✐♠ q✉❡ K é ❝♦♠♣❛❝t♦✳ ❈♦♠♦

f é ❝♦♥tí♥✉❛ ❡ K × A1 × · · · × An é ✉♠ ❝♦♠♣❛❝t♦✱ s❡❣✉❡ q✉❡ f(K × A1 × · · · × An) é

✉♠ ❝♦♠♣❛❝t♦ ❡♠ X✳ ❉♦ q✉❡ ❥á ❢♦✐ ❞❡♠♦♥str❛❞♦ ♦❜t❡♠♦s

f(K × A1 × · · · × An) = ❝♦♥✈

(
n⋃

i=1

Ai

)

♦ q✉❡ ♥♦s ❞á ♦ ❞❡s❡❥❛❞♦✳

❈♦r♦❧ár✐♦ ❆✳✸ ❆ ❝❛s❝❛ ❝♦♥✈❡①❛ ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ X é ✉♠ ❝♦♠♣❛❝t♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ Y = {x1, ..., xn} ∈ X✳ ◆♦t❛♥❞♦ q✉❡ Y =
n⋃

i=1

{xi} ❡ q✉❡ ❝❛❞❛

{xi} é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❡ ❝♦♠♣❛❝t♦✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦ ▲❡♠❛

❆✳✸✳

▲❡♠❛ ❆✳✹ ❙✉♣♦♥❤❛ q✉❡ X é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦✳ ❙❡ V é ✉♠ ❛❜❡rt♦ ❡♠ X

❝♦♠ 0 ∈ V ✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ❛❜❡rt♦ ❝♦♥✈❡①♦ W ❝♦♠ 0 ∈ W t❛❧ q✉❡ W +W ⊂ V ✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠ ❡❢❡✐t♦✱ ❛ ❛♣❧✐❝❛çã♦ ϕ : X ×X → X ❞❛❞❛ ♣♦r ϕ(x, y) = x+ y é

❝♦♥tí♥✉❛ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♥tí♥✉❛ ❡♠ (0, 0)✳ ❆ss✐♠✱ ❡①✐st❡ U ❛❜❡rt♦ ❡♠ X ×X ❝♦♠

(0, 0) ∈ U t❛❧ q✉❡ ϕ(U) ⊂ V ✳ ❈♦♠♦ ❛ ❝♦❧❡çã♦ B = {G ×H; G ❡ H ❛❜❡rt♦s ❡♠ X} é

✉♠❛ ❜❛s❡ ♣❛r❛ ❛ t♦♣♦❧♦❣✐❛ ❞❡X×X✱ ❡①✐st❡♠ G0, H0 ⊂ X ❛❜❡rt♦s ❝♦♠ (0, 0) ∈ G0×H0✱

t❛✐s q✉❡ G0 ×H0 ⊂ U ✳ ▼❛s✱

0 ∈ G0 ⇒ ∃ε1 > 0; B(0, ε1) ⊂ G0

❡

0 ∈ H0 ⇒ ∃ε2 > 0; B(0, ε2) ⊂ H0.

❙❡❥❛♠ ε := min{ε1, ε2} ❡W := B(0, ε)✳ ❚❡♠♦s ❡♥tã♦ q✉❡W é ✉♠ ❛❜❡rt♦ ❝♦♥✈❡①♦✱

❝♦♠ 0 ∈ W ✱ W ⊂ G0 ❡ W ⊂ H0✳ ❆ss✐♠ W ×W ⊂ U ❞❡ s♦rt❡ q✉❡ ϕ(W ×W ) ⊂ V ✱

✐st♦ é✱

W +W ⊂ V.



✶✸✼

❉❡✜♥✐çã♦ ❆✳✻ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦✳ ❉❡✜♥✐♠♦s ❛ ❝❛s❝❛ ❝♦♥✈❡①❛ ❢❡✲

❝❤❛❞❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ A ⊂ X✱ ❞❡♥♦t❛❞❛ ♣♦r ❝♦♥✈ A ♦✉ ♣♦r coA✱ ❝♦♠♦ s❡♥❞♦ ♦ ♠❡♥♦r

❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❢❡❝❤❛❞♦ q✉❡ ❝♦♥té♠ A✳

❙❡❥❛ A ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦ X✳ P❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✹

t❡♠♦s q✉❡ ❝♦♥✈ A é ✉♠ ❝♦♥✈❡①♦ ❢❡❝❤❛❞♦ q✉❡ ❝♦♥té♠ A✳ ▲♦❣♦✱ ❝♦♥✈ A ⊂ ❝♦♥✈ A✳ P♦r

♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ ❝♦♥✈ A ♦ ♠❡♥♦r ❝♦♥✈❡①♦ q✉❡ ❝♦♥té♠ A✱ t❡♠♦s

❝♦♥✈ A ⊂ ❝♦♥✈ A⇒ ❝♦♥✈ A ⊂ ❝♦♥✈ A⇒ ❝♦♥✈ A ⊂ ❝♦♥✈ A.

P♦rt❛♥t♦✱

❝♦♥✈ A = ❝♦♥✈ A.

❖❜s❡r✈❛çã♦ ❆✳✶ ❙❡❥❛♠ A,B ⊂ X✳ ◆♦t❡ q✉❡ ❝♦♥✈ (A + B) ⊂ ❝♦♥✈ A + ❝♦♥✈ B✳

❉❡ ❢❛t♦✱ ❝♦♠♦ A ⊂ ❝♦♥✈ A ❡ B ⊂ ❝♦♥✈ B t❡♠♦s q✉❡ A+ B ⊂ ❝♦♥✈ A+ ❝♦♥✈ B✳ P❡❧❛

Pr♦♣♦s✐çã♦ ❆✳✹✱ ❝♦♥✈ A + ❝♦♥✈ B é ❝♦♥✈❡①♦ ❡ ❡♥tã♦✱ ♣♦r ❞❡✜♥✐çã♦ ❞❡ ❝❛s❝❛ ❝♦♥✈❡①❛✱

❞❡✈❡♠♦s t❡r ❝♦♥✈ (A+B) ⊂ ❝♦♥✈ A+ ❝♦♥✈ B✳ ❆❧é♠ ❞✐st♦✱ s❡ A ⊂ B ❡♥tã♦ ❝♦♥✈ A ⊂
❝♦♥✈ B✳ ❘❡❛❧♠❡♥t❡✱ ❝♦♥✈ B é ✉♠ ❝♦♥✈❡①♦ q✉❡ ❝♦♥té♠ B ❡ ♣♦rt❛♥t♦ ❝♦♥té♠ A✳ ❙❡♥❞♦

❝♦♥✈ A ♦ ♠❡♥♦r ❝♦♥✈❡①♦ q✉❡ ❝♦♥té♠ A✱ s❡❣✉❡ q✉❡ ❝♦♥✈ A ⊂ ❝♦♥✈ B✳ ❊st❡s ❢❛t♦s s❡rã♦

✉t✐❧✐③❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ❆✳✸ ❙❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ K ⊂ X é ❝♦♠♣❛❝t♦✱ ❡♥tã♦ ❛ ❝❛s❝❛

❝♦♥✈❡①❛ ❢❡❝❤❛❞❛ ❞❡ K✱ ❝♦♥✈ K✱ é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ❝♦♥✈ K é ✉♠ ❢❡❝❤❛❞♦ ❝♦♥t✐❞♦ ❡♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦✱

t❡♠♦s q✉❡ ❝♦♥✈ K ❝♦♠ ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ❞❡ X é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦✳ P❡❧♦

❚❡♦r❡♠❛ ❆✳✷ ❜❛st❛ ♠♦str❛r q✉❡ ❝♦♥✈ K é t♦t❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦✳ ❉❛❞♦ ε > 0 ♣❡❧♦ ▲❡♠❛

❆✳✹ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❝♦♥✈❡①❛ W ❞❡ 0 t❛❧ q✉❡ W +W ⊂ B(0, ε)✳ ❉❡s❞❡ q✉❡ K é

❝♦♠♣❛❝t♦✱ ♣❡❧♦ ▲❡♠❛ ❆✳✶ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ Y ⊂ K t❛❧ q✉❡ K ⊂ Y +W ✳ P❡❧❛

❖❜s❡r✈❛çã♦ ❆✳✶ t❡♠♦s

❝♦♥✈ K ⊂ ❝♦♥✈ (Y +W ) ⊂ ❝♦♥✈ Y + ❝♦♥✈ W.

❈♦♠♦ W é ❝♦♥✈❡①♦✱ ❝♦♥✈ W = W ❞❡ s♦rt❡ q✉❡

❝♦♥✈ K ⊂ ❝♦♥✈ Y +W.



✶✸✽

P❡❧♦ ❈♦r♦❧ár✐♦ ❆✳✸ ❝♦♥✈ Y é ❝♦♠♣❛❝t♦ ❡✱ s❡♥❞♦ W ✈✐③✐♥❤❛♥ç❛ ❞♦ 0✱ ♦ ▲❡♠❛ ❆✳✶

♥♦s ❞á ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ F ⊂ ❝♦♥✈ Y ⊂ ❝♦♥✈ K✱ t❛❧ q✉❡ ❝♦♥✈ Y ⊂
F +W ✳ ▲♦❣♦✱

❝♦♥✈ K ⊂ F +W +W ⊂ F +B(0, ε).

❊s❝r❡✈❡♥❞♦ F = {x1, x2, ..., xn} ♦❜t❡♠♦s F +B(0, ε) =
⋃n

i=1B(xi, ε)✳ ❉❛í

❝♦♥✈ K ⊂ B(x1, ε) ∪ B(x2, ε) ∪ · · · ∪B(xn, ε)

❡ ♣♦rt❛♥t♦ ❝♦♥✈ K é t♦t❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦✳

❆✜r♠❛çã♦ ❆✳✶ ❙❡ A ⊂ X é t♦t❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦ ❡♥tã♦ A t❛♠❜é♠ é t♦t❛❧♠❡♥t❡

❧✐♠✐t❛❞♦✳

❉❡ ❢❛t♦✱ s❡❥❛ ε > 0✳ ❙❡♥❞♦ A t♦t❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦✱ ❡①✐st❡♠ x1, ..., xn ∈ A t❛✐s q✉❡

A ⊂ B(x1, ε/2) ∪ B(x2, ε/2) ∪ · · · ∪B(xn, ε/2).

❉❛í✱

A ⊂ B(x1, ε/2) ∪ B(x2, ε/2) ∪ · · · ∪B(xn, ε/2).

❉❛❞♦ i ∈ {1, 2, ..., n}✱
B(xi, ε/2) = B[xi, ε/2] ⊂ B(xi, ε).

▲♦❣♦✱

A ⊂ B(x1, ε) ∪ B(x2, ε) ∪ · · · ∪B(xn, ε

❡ ♣♦rt❛♥t♦ A é t♦t❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦✳ �

❉❛ ❛✜r♠❛çã♦ ❛❝✐♠❛ s❡❣✉❡ q✉❡ ❝♦♥✈ K é t♦t❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦ ❡ ❚❡♦r❡♠❛ ✜❝❛ ❞❡✲

♠♦♥str❛❞♦✳

❯♠❛ ✈❡rsã♦ ♠❛✐s ❣❡♥❡r❛❧✐③❛❞❛ ❞♦ ❚❡♦r❡♠❛ ❆✳✸ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❆❧✐♣r❛♥t✐s

✭✈❡r ❬✷❪✮✳

❆✳✸ ❘❡s✉❧t❛❞♦s s♦❜r❡ ❉✐❢❡r❡♥❝✐❛çã♦ ❡ ■♥t❡❣r❛çã♦

❉❡✜♥✐çã♦ ❆✳✼ ❙❡❥❛♠ [a, b] ⊂ R ❡ f : [a, b] → R ✉♠❛ ❢✉♥çã♦✳ ❉✐③✲s❡ q✉❡ f é ❛❜s♦✲

❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ q✉❛♥❞♦✱ ♣❛r❛ ❝❛❞❛ ε > 0 ❡①✐st❡ δ > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛ ❢❛♠í❧✐❛

✜♥✐t❛ ❞❡ ✐♥t❡r✈❛❧♦s ❛❜❡rt♦s ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s✱ (a1, b1), (a2, b2), ..., (an, bn)✱ ❝♦♥t✐❞♦s

❡♠ [a, b]✱ s❡

n∑

i=1

(bi − ai) < δ



✶✸✾

❡♥tã♦
n∑

i=1

|f(bi)− f(ai)| < ε.

❚❡♦r❡♠❛ ❆✳✹ ✭❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ❈á❧❝✉❧♦✮ ❙❡❥❛♠ I = [a, b] ❡ f : I → R

✉♠❛ ❢✉♥çã♦✳ ❆s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

(i) ❆ ❢✉♥çã♦ f é ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛✳

(ii) ❆ ❢✉♥çã♦ f é ❞❡r✐✈á✈❡❧ q✳s✳✱ f ′ é ✐♥t❡❣rá✈❡❧ ❡

f(x)− f(a) =

∫ x

a

f ′(t)dt, ∀ x ∈ [a, b].

❆ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❘✉❞✐♥ ❬✶✾❪✳ ❈❛♣ít✉❧♦ ✼✳

❖ s❡❣✉✐♥t❡ ❚❡♦r❡♠❛ tr❛t❛✲s❡ ❞❡ ✉♠❛ ✈❡rsã♦ ♠❛✐s ❣❡r❛❧ ❞♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧

❞♦ ❈á❧❝✉❧♦✱ ❡♥✈♦❧✈❡♥❞♦ ❞❡r✐✈❛❞❛s ❞❡ ❢✉♥çõ❡s ❡♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ ❛ ✐♥t❡❣r❛❧ ❞❡

❇♦❝❤♥❡r✳ ❚❛♥t♦ ♦ ❚❡♦r❡♠❛ q✉❛♥t♦ s❡✉ ❝♦r♦❧ár✐♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ▲❛♥❣ ❡

▼❡❧♦ ✭✈❡r ❬✶✶❪ ❡ ❬✶✻❪✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳

❚❡♦r❡♠❛ ❆✳✺ ❙❡❥❛♠ f : [a, b] → X ❝♦♥tí♥✉❛ ❡ F : [a, b] → X ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠

F ′ = f ✳ ❊♥tã♦ ∫ b

a

f(t)dt = F (b)− F (a).

❈♦r♦❧ár✐♦ ❆✳✹ ❙❡ f : [a, b] → X é ❝♦♥tí♥✉❛ ❡ F (x) =

∫ x

a

f(t)dt✱ ❡♥tã♦ F ′(x) = f(x)✳

❚❡♦r❡♠❛ ❆✳✻ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ I ⊂ R ✉♠ ✐♥t❡r✈❛❧♦ ❡ f : I → X

✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧✳ ❊♥tã♦ f é ❇♦❝❤♥❡r ✐♥t❡❣rá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❛♣❧✐❝❛çã♦

t 7→ ‖f(t)‖X ♣❡rt❡♥❝❡ ❛ L1(I)✱ ✐st♦ é✱

∫

I

‖f(t)‖X dt < ∞✳ ❊♠ ❝❛s♦ ❛✜r♠❛t✐✈♦ ✈❛❧❡ ❛

❞❡s✐❣✉❛❧❞❛❞❡✱
∥∥∥∥
∫

I

f(t) dt

∥∥∥∥ ≤
∫

I

‖f(t)‖ dt.

❚❡♦r❡♠❛ ❆✳✼ ❙❡❥❛♠ I ⊂ R ✉♠ ✐♥t❡r✈❛❧♦✱ X, Y ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❡ f : I → X ✉♠❛

❢✉♥çã♦ ❇♦❝❤♥❡r✲✐♥t❡❣rá✈❡❧✳ ❙❡ T : X → Y é ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❝♦♥tí♥✉❛✱ ❡♥tã♦ Tf

é ❇♦❝❤♥❡r✲■♥t❡❣rá✈❡❧ ❡

T

∫

I

f(t) dt =

∫

I

Tf(t) dt.

❉❡♠♦♥str❛çõ❡s ❞♦ ❚❡♦r❡♠❛ ❆✳✼ ❡♠ ✈❡rsõ❡s ♠❛✐s ❣❡r❛✐s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s

❡♠ ❍✐❧❧❡ ❡ ❨♦s✐❞❛ ✭✈❡r ❬✶✵❪ ❡ ❬✷✹❪✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ tr❛t❛✲s❡ ❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧✱ ❛ q✉❛❧ é ✉t✐❧✐③❛❞♦

❝♦♠ ❢r❡q✉ê♥❝✐❛ ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ ❡st✐♠❛t✐✈❛s ✐♠♣♦rt❛♥t❡s✳
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❚❡♦r❡♠❛ ❆✳✽ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧✮ ❙❡❥❛♠ α, β ❡ δ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❞❡✲

✜♥✐❞❛s ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ [a, b]✱ t❛✐s q✉❡ β ≥ 0 ❡

δ(x) ≤ α(x) +

∫ x

x0

β(s)δ(s)ds.

❊♥tã♦

δ(x) ≤ α(x) +

∫ x

x0

β(s)α(s)e
∫ x

s
β(u)duds

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ α(x) = k✱ ♦♥❞❡ k é ✉♠❛ ❝♦♥st❛♥t❡✱ t❡♠♦s

δ(x) ≤ ke
∫ x

x0
β(s)ds

.

P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❆✳✽✱ s✉❣❡r✐♠♦s ❉❥❛✐r♦ ✭✈❡r ❬✽❪✮✳

Pr♦♣♦s✐çã♦ ❆✳✻ ❙❡❥❛♠ u : [a, b] → R ✉♠❛ ❢✉♥çã♦ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❡ α, β ∈
L1([a, b],R)✳ ❙❡ ♣❛r❛ q✉❛s❡ t♦❞♦ t ∈ [a, b]✱

u′(t) ≤ α(t) + β(t)u(t),

❡♥tã♦ ♣❛r❛ t♦❞♦ t ∈ [a, b]✱

u(t) ≤ u(a)e
∫ t

a
β(s)ds +

∫ t

a

e
∫ t

τ
β(s)dsα(τ)dτ.

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ α ❡ β sã♦ ❝♦♥st❛♥t❡s ❝♦♠ β 6= 0 ❡♥tã♦✱ ♣❛r❛ t♦❞♦ t ∈ [a, b]✱

u(t) ≤ e(t−a)βu(a) +
α

β

(
e(t−a)β − 1

)

❆ Pr♦♣♦s✐çã♦ ❛♥t❡r✐♦r ❡♥❝♦♥tr❛✲s❡ ❞❡♠♦♥str❛❞❛ ❡♠ ▼✐❧❛♥✐ ✭✈❡r ❬✶✼❪✮✳

❆✳✹ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ❞❡ ❈❛✉✲

❝❤② ❆✉tô♥♦♠♦ ❡♠ ❊s♣❛ç♦s ❞❡ ❇❛♥❛❝❤

❊♠ t♦❞❛ ❡st❛ s❡çã♦✱ X s❡rá s❡♠♣r❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ♥♦r♠❛ ❞❡♥♦t❛❞❛

♣♦r ‖ · ‖✳

Pr❡❧✐♠✐♥❛r❡s

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❞✐③ q✉❡ ♦ ❧✐♠✐t❡ ✉♥✐❢♦r♠❡ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s

❝♦♥tí♥✉❛s é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✳

Pr♦♣♦s✐çã♦ ❆✳✼ ❙❡❥❛ (fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❞❡ ✉♠ ❡s♣❛ç♦ t♦✲

♣♦❧ó❣✐❝♦ (Z, τ) ❡♠ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ (Y, d)✳ ❙❡ (fn) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛

g : Z → Y ✱ ❡♥tã♦ g é ❝♦♥tí♥✉❛✳



✶✹✶

❆ ❢❡rr❛♠❡♥t❛ ❡ss❡♥❝✐❛❧ ♣❛r❛ ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛ s❡çã♦ é ♦ ❚❡♦r❡♠❛ ❞♦

P♦♥t♦ ❋✐①♦ ❞❡ ❇❛♥❛❝❤✱ ♦ q✉❛❧ ❡♥✉♥❝✐❛r❡♠♦s ❛❜❛✐①♦✳

❚❡♦r❡♠❛ ❆✳✾ ✭❚❡♦r❡♠❛ ❞♦ P♦♥t♦ ❋✐①♦ ❞❡ ❇❛♥❛❝❤✮ ❙❡❥❛♠ (X, d) ✉♠ ❡s♣❛ç♦ ♠é✲

tr✐❝♦ ❝♦♠♣❧❡t♦ ❡ F : X → X ✉♠❛ ❝♦♥tr❛çã♦✱ ✐st♦ é✱ ❡①✐st❡ 0 ≥ k < 1

d
(
F (x), F (y)

)
≤ kd(x, y), ∀x, y ∈ X.

❊♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✜①♦ p ♣❛r❛ F ✱ ✐st♦ é✱ F (p) = p✳ ❆❧é♠ ❞✐ss♦✱ p é ✉♠ ❛tr❛t♦r

❞❡ F ✱ ✐st♦ é✱ ♣❛r❛ t♦❞♦ x ∈ X ❛ s❡q✉ê♥❝✐❛ xn = F n(x)✱ ♦♥❞❡ F n(x) = F (F n−1(x))✱

❝♦♥✈❡r❣❡ ♣❛r❛ p q✉❛♥❞♦ n→ ∞✳

Pr♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ❆✉tô♥♦♠♦

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t♦ ❞❡st❛ s❡çã♦ é ♦ ❚❡♦r❡♠❛ ❞❡ ❈❛✉❝❤②✲▲✐♣s❝❤✐t③✲P✐❝❛r❞✱ ♦ q✉❛❧

❢♦r♥❡❝❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧✱ ♦✉

Pr♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②✱ 



du

dt
(t) = F (u(t))

u(0) = u0

✭❆✳✶✮

♦♥❞❡ F é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ X ❡♠ X✳ ❙❡❣✉✐♠♦s ❛q✉✐ ♦s t❡①t♦s ❞❡ ❇r❡③✐s ❡ ▼❡❧♦ ✭✈❡r

❬✸❪ ❡ ❬✶✻❪✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✳

❉❡✜♥✐çã♦ ❆✳✽ ❯♠❛ ❢✉♥çã♦ u ∈ C1([0,∞);X) é ❞✐t❛ s❡r s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✭❆✳✶✮

q✉❛♥❞♦ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ♥❡❧❡ ✐♠♣♦st❛s✳

▲❡♠❛ ❆✳✺ ❙✉♣♦♥❞♦ F ❝♦♥tí♥✉❛✱ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭❆✳✶✮ é ❡q✉✐✲

✈❛❧❡♥t❡ à ❡♥❝♦♥tr❛r u ∈ C([0,∞), X) q✉❡ s❛t✐s❢❛ç❛ ❛ ❡q✉❛çã♦ ✐♥t❡❣r❛❧

u(t) = u0 +

∫ t

0

F (u(s))ds, ∀t ≥ 0. ✭❆✳✷✮

❉❡♠♦♥str❛çã♦✿ (⇒) ❆ss✉♠❛ q✉❡ ✈❛❧❡ ✭❆✳✶✮✳ ❉❛❞♦ t ≥ 0✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✭❆✳✺✮✱

∫ t

0

u′(s)ds = u(t)− u(0) = u(t)− u0.

❉❛í✱

u′(s) = F (u(s)) ⇒
∫ t

0

u′(s)ds =

∫ t

0

F (u(s))ds⇒ u(t)− u0 =

∫ t

0

F (u(s))ds

⇒u(t) = u0 +

∫ t

0

F (u(s))ds.



✶✹✷

(⇐) P❛r❛ ✈❡r ❛ r❡❝í♣r♦❝❛ ❞❡✜♥❛ G(t) :=

∫ t

0

F (u(s))ds✱ ♣❛r❛ t♦❞♦ t ≥ 0✳ ❉❡s❞❡ q✉❡

F ◦ u é ❝♦♥tí♥✉❛✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ❆✳✹ t❡♠♦s

G′(t) = F (u(t)), ∀t ≥ 0.

❆ss✐♠✱ ❞❡r✐✈❛♥❞♦ ✭❆✳✷✮ ❝♦♠ r❡❧❛çã♦ ❛ t ♦❜t❡♠♦s u′(t) = F (u(t)) ❡ ♣♦r ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦

✈ê✲s❡ q✉❡ u(0) = u0✳

P❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ k ≥ 0✱ q✉❡ s❡rá ✜①❛❞❛ ♣♦st❡r✐♦r♠❡♥t❡✱ ❞❡✜♥❛ ♦ ❝♦♥❥✉♥t♦

Y :=

{
u ∈ C([0,∞), X); sup

t≥0
e−kt‖u(t)‖ <∞

}
.

❈❧❛r❛♠❡♥t❡ ❛ ❢✉♥çã♦ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ♣❡rt❡♥❝❡ ❛ Y ❡ ♣♦r ✐ss♦ Y 6= ∅✳ ◆♦t❡ ❛✐♥❞❛

q✉❡✱ s❡ u ∈ Y ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ {e−kt‖u(t)‖, t ≥ 0} é ❧✐♠✐t❛❞♦❀ ♥❡st❡ ❝❛s♦ ❡①✐st❡ c > 0

t❛❧ q✉❡ ‖u(t)‖ ≤ cekt ♣❛r❛ t♦❞♦ t ≥ 0✳

▲❡♠❛ ❆✳✻ ❖ ❝♦♥❥✉♥t♦ Y é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ C([0,∞), X)✳

❉❡♠♦♥str❛çã♦✿ ❏á ❢♦✐ ❝♦♠❡♥t❛❞♦ q✉❡ 0 ∈ Y ✳ ❆❣♦r❛✱ s❡❥❛♠ u, v ∈ Y ❡ c ∈ R✳ ➱ ❝❧❛r♦

q✉❡ cu+ v ∈ C([0,∞), X)✳ ❆❧é♠ ❞♦ ♠❛✐s✱

‖cu(t) + v(t)‖ ≤ |c|‖u(t)‖+ ‖v(t)‖, ∀t ≥ 0

✐♠♣❧✐❝❛ ❡♠

sup
t≥0

e−kt‖cu(t) + v(t)‖ ≤ sup
t≥0

(
e−kt|c|‖u(t)‖+ e−kt‖v(t)‖

)

≤ sup
t≥0

e−kt|c|‖u(t)‖+ sup
t≥0

e−kt‖v(t)‖.

❉❛í✱

sup
t≥0

e−kt‖cu(t) + v(t)‖ ≤ |c| sup
t≥0

e−kt‖u(t)‖
︸ ︷︷ ︸

<∞

+sup
t≥0

e−kt‖v(t)‖
︸ ︷︷ ︸

<∞

.

P♦rt❛♥t♦✱ cu+ v ∈ Y ✳

▲❡♠❛ ❆✳✼ ❆ ❢✉♥çã♦

‖ · ‖Y : Y −→ R

u 7−→ ‖u‖Y = sup
t≥0

e−kt‖u(t)‖

é ✉♠❛ ♥♦r♠❛ ❡♠ Y ✳



✶✹✸

❉❡♠♦♥str❛çã♦✿ ❊✈✐❞❡♥t❡♠❡♥t❡ ‖0‖Y = 0✳ ❙✉♣♦♥❤❛ q✉❡ u ∈ Y é t❛❧ q✉❡ ‖u‖Y = 0✱

✐st♦ é✱

sup
t≥0

e−kt‖u(t)‖ = 0. ✭❆✳✸✮

❙❡ ❡①✐st✐r t0 ∈ [0,∞) t❛❧ q✉❡ u(t0) 6= 0✱ ❡♥tã♦

‖u(t0)‖ > 0 ⇒ e−kt0‖u(t0)‖ > 0

♦ q✉❡ ❝♦♥tr❛r✐❛ ✭❆✳✸✮✳ ▲♦❣♦✱ u ≡ 0 ❡ ♣♦rt❛♥t♦✱

‖u‖Y = 0 ⇔ u ≡ 0.

❆❣♦r❛✱ ❞❛❞♦ q✉❛❧q✉❡r c ∈ R

‖cu‖Y = sup
t≥0

e−kt‖cu(t)‖ = sup
t≥0

e−kt|c|‖u(t)‖ = |c| sup
t≥0

e−kt‖u(t)‖ = |c|‖u‖Y .

P♦r ✜♠✱ ♣❛r❛ q✉❛❧q✉❡r t ≥ 0 t❡♠✲s❡

‖u(t) + v(t)‖ ≤ ‖u(t)‖+ ‖v(t)‖.

❉❛í✱

‖u+ v‖Y = sup
t≥0

e−kt‖u(t) + v(t)‖ ≤ sup
t≥0

(
e−kt‖u(t)‖+ e−kt‖v(t)‖

)

≤ sup
t≥0

e−kt‖u(t)‖+ sup
t≥0

e−kt‖v(t)‖ = ‖u‖Y + ‖v‖Y .

P♦rt❛♥t♦✱ ‖ · ‖Y r❡❛❧♠❡♥t❡ ❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ Y ✳

❖❜s❡r✈❛çã♦ ❆✳✷ ◆♦t❡ q✉❡✱ s❡ u ∈ Y ❡♥tã♦

‖u(t)‖ ≤ ekt‖u‖Y , ∀t ≥ 0.

❉❡ ❢❛t♦✱ s❡ u ∈ Y ❡♥tã♦✱ ♣❛r❛ t♦❞♦ t ≥ 0✱

e−kt‖u(t)‖ ≤ sup
s≥0

e−ks‖u(s)‖ = ‖u‖Y

⇒‖u(t)‖ ≤ ekt‖u‖Y .

▲❡♠❛ ❆✳✽ ❖ ♣❛r (Y, ‖ · ‖Y ) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳



✶✹✹

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ (un) ⊂ Y ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ Y ✳ ❉❛❞♦ ε > 0✱ ✜①❡

t ≥ 0 ❡ ❝♦♥s✐❞❡r❡ λ := εe−kt > 0✳ ❊①✐st❡ n0 = n0(λ) ∈ N t❛❧ q✉❡

n,m ≥ n0 ⇒ ‖un − um‖Y < λ

⇒
(
sup
s≥0

‖un(s)− um(s)‖
)
< λ.

P❛rt✐❝✉❧❛r♠❡♥t❡ t❡♠♦s

n,m ≥ n0 ⇒ e−kt‖un(t)− um(t)‖ < λ⇒ ‖un(t)− um(t)‖ < λekt

⇒ ‖un(t)− um(t)‖ < ε.

P♦rt❛♥t♦
(
un(t)

)
é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ X✳ ❈♦♠♦ X é ❞❡ ❇❛♥❛❝❤✱ ❡①✐st❡

ut ∈ X t❛❧ q✉❡ un(t) → ut q✉❛♥❞♦ n→ ∞✳

❆ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞♦ t ≥ 0 ❝♦♥s✐❞❡r❛❞♦ ♥♦ r❛❝✐♦❝í♥✐♦ ❛❝✐♠❛✱ ♥♦s ♣❡r♠✐t❡ ❞❡✜♥✐r ❛

❢✉♥çã♦

u : [0,∞) −→ X

t 7−→ u(t) = ut = lim
n→∞

un(t).

❆✜r♠❛♠♦s q✉❡ u ∈ Y ✳ P❛r❛ ✈❡r✐✜❝❛r ✐st♦✱ ✈❡❥❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❧✐♠✐t❛çã♦✳

❙❡❥❛ ε > 0✳ ❈♦♠♦ (un) é ❞❡ ❈❛✉❝❤② ❡♠ Y ✱ ❡①✐st❡ n1 ∈ N t❛❧ q✉❡

n,m ≥ n1 ⇒ e−kt‖un(t)− um(t)‖ <
ε

2
, ∀t ≥ 0.

❙❡♥❞♦ ❛ss✐♠✱ ✜①❛❞♦ n ≥ n1 t❡♠♦s✱ ♣❛r❛ ❝❛❞❛ t ≥ 0✱

m ≥ n1 ⇒ e−kt‖un(t)− um(t)‖ <
ε

2

❡ ❡♥tã♦✱ ♣♦r ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❧✐♠✐t❡s✱

lim
m→∞

e−kt‖un(t)− um(t)‖ ≤ ε

2

⇒e−kt‖un(t)− u(t)‖ ≤ ε

2
.

P♦rt❛♥t♦✱

n ≥ n1 ⇒ e−kt‖un(t)− u(t)‖ ≤ ε

2
, ∀t ≥ 0. ✭❆✳✹✮

▼❛s✱ ❞❛❞♦ n ∈ N ❡ t ≥ 0 t❡♠✲s❡

e−kt (‖u(t)‖ − ‖un(t)‖) ≤ e−kt‖un(t)− u(t)‖.



✶✹✺

▲♦❣♦✱ ♣❛r❛ n = n1 t❡♠♦s✱ ♣♦r ✭❆✳✹✮✱

e−kt (‖u(t)‖ − ‖un1(t)‖) ≤
ε

2
, ∀t ≥ 0

⇒e−kt‖u(t)‖ ≤ ε

2
+ e−kt‖un1(t)‖, ∀t ≥ 0

⇒ sup
t≥0

e−kt‖u(t)‖ ≤ ε

2
+ sup

t≥0
e−kt‖un1(t)‖.

❉❡s❞❡ q✉❡ un1 ∈ Y ✱ s❡❣✉❡ q✉❡

sup
t≥0

e−kt‖u(t)‖ <∞.

P❛r❛ ❛ss❡❣✉r❛r ♦ q✉❡ ❛✜r♠❛♠♦s ❞❡✈❡♠♦s ✈❡r✐✜❝❛r ❛✐♥❞❛ q✉❡ u é ❝♦♥tí♥✉❛ ❡♠ [0,∞)✳

P❛r❛ t❛♥t♦✱ ❝♦♥s✐❞❡r❡ s ≥ 0 ❡ ✜①❡ T > s✳ ❉❛❞♦ ε > 0✱ ❝♦♠♦ εe−kT > 0 ❡ (un) é ❞❡

❈❛✉❝❤②✱ ♣♦r ✉♠ r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦ ❛♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ ✭❆✳✹✮✱ ❡①✐st❡ n2 ∈ N

t❛❧ q✉❡

n ≥ n2 ⇒ e−kt‖un(t)− u(t)‖ < εe−kT , ∀t ≥ 0.

P❛r❛ q✉❛❧q✉❡r t ∈ [0, T ]

− T ≤ −t⇒ −kT ≤ −kt⇒ e−kT ≤ e−kt

⇒e−kT‖un(t)− u(t)‖ ≤ e−kt‖un(t)− u(t)‖, ∀n ∈ N.

❉❛í✱

n ≥ n2 ⇒e−kT‖un(t)− u(t)‖ < εe−kT , ∀t ∈ [0, T ]

⇒‖un(t)− u(t)‖ < ε, ∀t ∈ [0, T ].

P♦rt❛♥t♦ (un) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ u ❡♠ [0, T ]✳ ❉❡s❞❡ q✉❡ un r❡str✐t❛ ❛ [0, T ]

é ❝♦♥tí♥✉❛✱ ♣❛r❛ t♦❞♦ n ∈ N✱ r❡s✉❧t❛ ❞❛ Pr♦♣♦s✐çã♦ ❆✳✼ q✉❡ u é ❝♦♥tí♥✉❛ ❡♠ [0, T ]✳ ❊♠

♣❛rt✐❝✉❧❛r u é ❝♦♥tí♥✉❛ ❡♠ s✱ ♠♦str❛♥❞♦ ♦ ❞❡s❡❥❛❞♦✳

P♦r ✜♠✱ ❛✜r♠❛♠♦s q✉❡ un → u ❡♠ Y ✱ q✉❛♥❞♦ n → ∞✳ ❈♦♠ ❡❢❡✐t♦✱ ❞❛❞♦ ε > 0

❥á ✈✐♠♦s q✉❡ ❡①✐st❡ n1 ∈ N s❛t✐s❢❛③❡♥❞♦ ✭❆✳✹✮✳ ❉❡ss❡ ♠♦❞♦✱

n ≥ n1 ⇒ sup
t≥0

e−kt‖un(t)− u(t)‖ ≤ ε

2

⇒‖un − u‖Y < ε.

❉❡ t✉❞♦ ✐st♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ Y é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳



✶✹✻

❚❡♦r❡♠❛ ❆✳✶✵ ✭❈❛✉❝❤②✱ ▲✐♣s❝❤✐t③✱ P✐❝❛r❞✮ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ F :

X → X ✉♠❛ ❛♣❧✐❝❛çã♦ ▲✐♣s❝❤✐t③✐❛♥❛✱ ❝♦♠ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ ✐❣✉❛❧ ❛ L ≥ 0✱ ✐st♦

é✱

‖F (u)− F (v)‖ ≤ L‖u− v‖, ∀u, v ∈ X.

❊♥tã♦✱ ♣❛r❛ t♦❞♦ u0 ∈ X ♦ ♣r♦❜❧❡♠❛ ✭❆✳✶✮ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ▲❡♠❛ ❆✳✺✱ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ❞❡ ✭❆✳✶✮ ❡q✉✐✈❛❧❡ ❛ ❡♥❝♦♥tr❛r

✉♠❛ ❢✉♥çã♦ u ∈ C([0,∞), X) t❛❧ q✉❡

u(t) = u0 +

∫ t

0

F (u(s)) ds.

❉❛❞♦ u ∈ Y ❞❡✜♥❛

Φu : [0,∞) −→ X

t 7−→ Φu(t) = u0 +

∫ t

0

F (u(s)) ds.

❱❛♠♦s ♠♦str❛r q✉❡ Φu ∈ Y ✳ ❙❡♥❞♦ F ❡ u ❝♦♥tí♥✉❛s✱ ♦ ❈♦r♦❧ár✐♦ ❆✳✹ ♥♦s ❞á q✉❡ Φu

é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ♣♦rt❛♥t♦ ❝♦♥tí♥✉❛✳ ❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ t ≥ 0✱ ✉s❛♥❞♦ ♣r♦♣r✐❡❞❛❞❡s ❞❛

✐♥t❡❣r❛❧✱ ❛s ❤✐♣ót❡s❡s s♦❜r❡ F ❡ ❛ ❖❜s❡r✈❛çã♦ ❆✳✷ t❡♠♦s✱

‖Φu(t)‖ =

∥∥∥∥u0 +
∫ t

0

F (u(s)) ds

∥∥∥∥

=

∥∥∥∥u0 +
∫ t

0

[F (u(s))− F (0(s))] ds+

∫ t

0

F (0(s)) ds

∥∥∥∥

≤ ‖u0‖+
∫ t

0

‖F (u(s))− F (0)‖ds+
∫ t

0

‖F (0)‖ds

≤ ‖u0‖+ L

∫ t

0

‖u(s)‖ds+ t‖F (0)‖

≤ ‖u0‖+ L

∫ t

0

eks‖u‖Y ds+ t‖F (0)‖.

❋❛③❡♥❞♦ L1 := L‖u‖Y ≥ 0 ✈❡♠

‖Φu(t)‖ ≤ ‖u0‖+ L1

∫ t

0

eksds+ t‖F (0)‖

≤ ‖u0‖+
L1

k

(
ekt − 1

)
+ t‖F (0)‖

≤ ‖u0‖+
L1

k
ekt + t‖F (0)‖.

▲♦❣♦✱

e−kt‖Φu(t)‖ ≤ e−kt‖u0‖+
L1

k
+ te−kt‖F (0)‖. ✭❆✳✺✮



✶✹✼

◆♦t❡ q✉❡ te−kt → 0 q✉❛♥❞♦ t → ∞ ❡ ♣♦rt❛♥t♦ te−kt‖F (0)‖ é ❧✐♠✐t❛❞♦✳ P❡r❝❡❜❛ ❛✐♥❞❛

q✉❡✱ ♣❛r❛ t ≥ 0✱

−kt ≤ 0 ⇒ e−kt ≤ 1 ⇒ ‖u0‖e−kt ≤ ‖u0‖ ⇒ sup
t≥0

‖u0‖e−kt <∞.

❆ss✐♠✱ ♣♦r ✭❆✳✺✮ s❡❣✉❡ q✉❡

sup
t≥0

e−kt‖Φu(t)‖ ≤ sup
t≥0

e−kt‖u0‖+
L1

k
+ sup

t≥0
te−kt‖F (0)‖ <∞.

P♦rt❛♥t♦✱ Φu ∈ Y q✉❛❧q✉❡r q✉❡ s❡❥❛ u ∈ Y ✳ P♦❞❡♠♦s ❡♥tã♦ ❞❡✜♥✐r ❛ ❛♣❧✐❝❛çã♦

Φ : Y −→ Y

u 7−→ Φ(u) = Φu.

❉❛❞♦s u, v ∈ Y ✱ ♣❡❧♦ ▲❡♠❛ ❆✳✻✱ u − v ∈ Y ✳ ❉❛í✱ ✉s❛♥❞♦ ♣r♦♣r✐❡❞❛❞❡s ❞❛ ✐♥t❡❣r❛❧✱ ♦

❢❛t♦ ❞❡ F s❡r ▲✐♣s❝❤✐t③✐❛♥❛ ❡ ❛ ❖❜s❡r✈❛çã♦ ❆✳✷✱ t❡♠♦s ♣❛r❛ q✉❛❧q✉❡r t ≥ 0✱

‖Φu(t)− Φv(t)‖ =

∥∥∥∥
∫ t

0

F (u(s))ds−
∫ t

0

F (v(s))ds

∥∥∥∥

=

∥∥∥∥
∫ t

0

[F (u(s))− F (v(s))]ds

∥∥∥∥

≤
∫ t

0

‖F (u(s))− F (v(s))‖ ds

≤
∫ t

0

L‖u(s)− v(s)‖ds

≤
∫ t

0

Leks‖u− v‖Y ds = L‖u− v‖Y
∫ t

0

eksds

= L‖u− v‖Y
1

k
(ekt − 1)

≤ L

k
‖u− v‖Y ekt.

❉❛í✱

e−kt‖Φu(t)− Φv(t)‖ ≤ L

k
‖u− v‖Y , ∀t ≥ 0

⇒ sup
t≥0

e−kt‖Φu(t)− Φv(t)‖ ≤ L

k
‖u− v‖Y .

▲♦❣♦✱

‖Φ(u)− Φ(v)‖Y = ‖Φu − Φv‖Y = sup
t≥0

e−kt‖Φu(t)− Φv(t)‖ ≤ L

k
‖u− v‖Y .



✶✹✽

❊s❝♦❧❤❡♥❞♦ k > L t❡♠♦s
L

k
< 1 ❡ ♣♦rt❛♥t♦ Φ é ✉♠❛ ❝♦♥tr❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ❞♦ P♦♥t♦

❋✐①♦ ❞❡ ❇❛♥❛❝❤ ✭❚❡♦r❡♠❛ ❆✳✾✮✱ ❡①✐st❡ u ∈ Y t❛❧ q✉❡ Φ(u) = u✱ ♦✉ s❡❥❛✱ Φu = u✳ ❉❛í

u ∈ C([0,∞), X) ❡✱ ♣❛r❛ t♦❞♦ t ≥ 0✱

u(t) = u0 +

∫ t

0

F (u(s)) ds

❡ ♣♦rt❛♥t♦ u é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭❆✳✶✮✳

P❛r❛ ✈❡r ❛ ✉♥✐❝✐❞❛❞❡✱ s✉♣♦♥❤❛ q✉❡ u1 ❡ u2 sã♦ s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ✭❆✳✶✮✳ ❉❛❞♦

t ≥ 0 t❡♠♦s

‖u1(t)− u2(t)‖ =

∥∥∥∥
∫ t

0

F (u1(s))ds−
∫ t

0

F (u2(s))ds

∥∥∥∥ =

∥∥∥∥
∫ t

0

[F (u1(s))− F (u2(s))]ds

∥∥∥∥

⇒‖u1(t)− u2(t)‖ ≤
∫ t

0

L‖u1(s)− u2(s)‖ds.

❋✐①❛❞♦ T > t✱ ♣♦❞❡♠♦s ✉s❛r ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ ✭❚❡♦r❡♠❛ ❆✳✽✮✱ ❝♦♠ δ(x) =

‖u1(x)− u2(x)‖✱ β(x) = L ❡ α(x) = 0✱ ♣❛r❛ t♦❞♦ x ∈ [0, T ]✱ ♦❜t❡♥❞♦

‖u1(t)− u2(t)‖ ≤ 0 · exp
(∫ t

0

L ds

)
= 0.

▲♦❣♦✱ ‖u1(t)− u2(t)‖ = 0✱ ♠♦str❛♥❞♦ q✉❡

u1(t) = u2(t), ∀t ≥ 0,

❞❡ ♠♦❞♦ q✉❡ u1 ≡ u2✳

❆✳✺ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s ❙♦❜r❡ ❊s♣❛ç♦s Lp ❡ ❊s♣❛ç♦s

❞❡ ❙♦❜♦❧❡✈

❖ s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s ❡ s✉❛s ❞❡♠♦♥str❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✶❪✱ ❬✸❪

♦✉ ❬✶✺❪✳

Pr♦♣♦s✐çã♦ ❆✳✽ ❙❡❥❛♠ k ≥ 1✱ f ∈ Ck
0 (R

n) ❡ g ∈ L1
❧♦❝
(Rn)✳ ❊♥tã♦ f ∗ g ∈ Ck(Rn) ❡

Dα(f ∗ g) = (Dαf) ∗ g,

♣❛r❛ t♦❞♦ α ❝♦♠ |α| ≤ k✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ f ∈ C∞
0 (Rn) ❡ g ∈ L1

❧♦❝
(Rn)✱ ❡♥tã♦

f ∗ g ∈ C∞(Rn)✳



✶✹✾

❚❡♦r❡♠❛ ❆✳✶✶ ✭❨♦✉♥❣✮ ❙❡❥❛♠ u ∈ L1(Rn) ❡ v ∈ Lp(Rn)✱ ❝♦♠ 1 ≤ p ≤ +∞✳ ❊♥tã♦✱

♣❛r❛ q✉❛s❡ t♦❞♦ x ∈ Rn ❛ ❢✉♥çã♦ y 7→ u(x − y)v(y) é ✐♥t❡❣rá✈❡❧ ❡♠ Rn ❡ ❛❧é♠ ❞✐ss♦✱

u ∗ v ∈ Lp(Rn) ❝♦♠

‖u ∗ v‖Lp(Rn) ≤ ‖u‖L1(Rn)‖v‖Lp(Rn).

❚❡♦r❡♠❛ ❆✳✶✷ ✭❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✮ ❙✉♣♦♥❤❛ q✉❡ Ω ⊂ Rn é ❧✐♠✐t❛❞♦ ❡ ❞❡ ❝❧❛ss❡

C1✳ ❊♥tã♦ t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛s✿

❙❡ p < n, W 1,p(Ω) →֒ Lq(Ω) ∀q ∈ [1, p∗), ♦♥❞❡
1

p∗
=

1

p
− 1

n
.

❙❡ p = n, W 1,p(Ω) →֒ Lq(Ω) ∀q ∈ [p,+∞).

❙❡ p > n, W 1,p(Ω) →֒ C(Ω).



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❆❞❛♠s✱ ❘✳❆✳ ❙♦❜♦❧❡✈ ❙♣❛❝❡s✱ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ◆❡✇ ❨♦r❦✱ ✶✾✼✺✳

❬✷❪ ❆❧✐♣r❛♥t✐s✱ ❈✳ ❉❀ ❇♦r❞❡r✱ ❑✳ ❈✳ ■♥✜♥✐t❡ ❉✐♠❡♥s✐♦♥❛❧ ❆♥❛❧②s✐s✱ ❆ ❍✐t❝❤❤✐❦❡r✬s

●✉✐❞❡✱ ✸❛ ❡❞✳✱ ❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦✱ ✷✵✵✼✳

❬✸❪ ❇r❡③✐s✱ ❍✳✱ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s✱ ❙♦❜♦❧❡✈ ❙♣❛❝❡s ❛♥❞ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱

❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦✱ ✷✵✶✵✳

❬✹❪ ❉♦♠✐♥❣✉❡s✱ ❍✳❍✳ ❊s♣❛ç♦s ▼étr✐❝♦s ❡ ■♥tr♦❞✉çã♦ à ❚♦♣♦❧♦❣✐❛✱ ❆t✉❛❧✱ ❙ã♦ P❛✉❧♦✱

✶✾✽✷✳

❬✺❪ ❊❢❡♥❞✐❡✈✱ ▼✳✱ ▼✐r❛♥✈✐❧❧❡✱ ❆✳✱ ❩❡❧✐❦✱ ❙✳✳ ❊①♣♦♥❡♥t✐❛❧ ❛ttr❛❝t♦rs ❢♦r ❛ ♥♦♥❧✐♥❡❛r

r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ s②st❡♠s ✐♥ R3✳ ❈✳ ❘✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s ❙èr✳ ■ ▼❛t❤✳ ✸✸✵✭✽✮✱

✼✶✸✲✼✶✽✱ ✷✵✵✵✳

❬✻❪ ❋❛❜r✐❡✱ P✳✱ ●❛❧✉s✐♥s❦✐✱ ❈✳✱ ▼✐r❛♥✈✐❧❧❡✱ ❆✳✱ ❩❡❧✐❦✱ ❙✳ ❯♥✐❢♦r♠ ❡①♣♦♥❡♥t✐❛❧ ❛ttr❛❝✲

t♦rs ❢♦r ❛ s✐♥❣✉❧❛r❧② ♣❡rt✉r❜❡❞ ❞❛♠♣❡❞ ✇❛✈❡ ❡q✉❛t✐♦♥✳ ❉✐s❝r❡t❡ ❛♥❞ ❈♦♥t✐♥✉♦✉s

❉②♥❛♠✐❝❛❧ ❙②st❡♠s ✶✵✭✷✮✱ ✷✶✶✲✷✸✽✱ ✷✵✵✹✳

❬✼❪ ❋✐❣✉❡✐r❡❞♦✱ ❉✳●✳❆♥á❧✐s❡ ❞❡ ❋♦✉r✐❡r ❡ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐❛✐s✱ ■▼P❆✱ ❘✐♦

❞❡ ❏❛♥❡✐r♦✱ ✶✾✼✼✳

❬✽❪ ❋✐❣✉❡✐r❡❞♦✱ ❉✳ ●✳❀ ◆❡✈❡s✱ ❆✳❋✳ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ❆♣❧✐❝❛❞❛s✱ ✸❛ ❡❞✳✱ ■▼P❆✱

❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ✷✵✶✺✳

❬✾❪ ❍❛❧❡✱ ❑✳❏✳✱ ❆s②♠♣t♦t✐❝ ❇❡❤❛✈✐♦r ♦❢ ❉✐ss✐♣❛t✐✈❡ ❙②st❡♠s✱ ◆♦✳ ✷✺✱ ❆♠❡r✐❝❛♥ ▼❛t❤❡✲

♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ❘❤♦❞❡ ■s❧❛♥❞✱ ✶✾✽✽✳

❬✶✵❪ ❍✐❧❧❡✱ ❊✳ ▼❡t❤♦❞s ✐♥ ❈❧❛ss✐❝❛❧ ❛♥❞ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s✳ ❆❞❞✐s♦♥✲❲❡s❧❡②✱ ✶✾✼✷✳
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