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L732e 

 
 Lima, Elisama Eraldene Marques. 

       Explorando a termodinâmica de campos escalares não-comutativos / 
Elisama Eraldene Marques Lima. – Campina Grande, 2014. 
      54 f.  

   
       Dissertação (Mestrado em Física) – Universidade Federal de Campina 

Grande, Centro de Ciências e Tecnologia, 2014.  
        "Orientação: Prof. Dr. Francisco de Assis Brito”. 
    Referências. 
   
 1. 

      1. Física de Partículas. 2. Campos Não-comutativos. 3. Propriedades 
Termodinâmicas. I. Brito, Francisco de Assis. II. Título. 
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❆♦s ♠❡✉s ♣❛✐s ▼❛r✐③❡t❡ ❡ ❊r❛❧❞♦✱ ❡ ❛♦s ♠❡✉s ✐r♠ã♦s

❊r❛❧❞♦ ❏ú♥✐♦r ❡ ❊③❡q✉✐❛s ✭■♥ ♠❡♠♦r✐❛♥✮✱ q✉❡ ❞❡ ♠✉✐✲

t❛s ❢♦r♠❛s ♠❡ ✐♥❝❡♥t✐✈❛r❛♠ ❡ ❛❥✉❞❛r❛♠ ♣❛r❛ q✉❡ ❢♦ss❡

♣♦ssí✈❡❧ ❛ ❝♦♥❝r❡t✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳
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❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r t❡r ♠❡ ❝♦♥❝❡❞✐❞♦ ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❝♦♥❝❧✉✐r

♠❛✐s ✉♠❛ ✐♠♣♦rt❛♥t❡ ❡t❛♣❛ ❡♠ ♠✐♥❤❛ ✈✐❞❛✳ ➚ ❛♠❛❞❛ ✐❣r❡❥❛ ❆ss❡♠❜❧❡✐❛ ❞❡ ❉❡✉s ❞❡

❙♦ss❡❣♦ ❛ q✉❛❧ ❡✉ ❢❛ç♦ ♣❛rt❡✱ ♣♦r ♠❡ ♣r♦♣♦r❝✐♦♥❛r ♠♦♠❡♥t♦s ❞❡ ♣❛③ ❡ ❛♣r❡♥❞✐③❛❞♦ ❞❛

P❛❧❛✈r❛ ❞❡ ❉❡✉s✳

❆♦s ♠❡✉s ❢❛♠✐❧✐❛r❡s ♣❡❧♦ ❛♣♦✐♦ ❡♠ ♠❡✉s ❡st✉❞♦s✳ ➚ ♠✐♥❤❛ ♠ã❡ ▼❛r✐③❡t❡ ♣❡❧❛s

s✉❛s ♦r❛çõ❡s ❡ s❡✉ ❛♠♦r q✉❡ ♠❡ ✜③❡r❛♠ ❝❤❡❣❛r ❛té ❛q✉✐✱ ❛♦ ♠❡✉ ♣❛✐ ❊r❛❧❞♦ ♣❡❧♦s s❡✉s

❡s❢♦rç♦s ♣❛r❛ q✉❡ ❡✉ ❝♦♥❝❧✉íss❡ ❡st❛ ❡t❛♣❛✱ ❛♦ ♠❡✉ ✐r♠ã♦ ❊r❛❧❞♦ ❏ú♥✐♦r ❡ ❛♦ ♠❡✉ ♥♦✐✈♦

❈❧❡❜s♦♥ q✉❡ ❝♦♠ ♠✉✐t♦ ❝❛r✐♥❤♦ ❡st✐✈❡r❛♠ s❡♠♣r❡ ❛♦ ♠❡✉ ❧❛❞♦✳ ❖❜r✐❣❛❞❛ ♣♦r t✉❞♦ q✉❡

✜③❡r❛♠ ♣♦r ♠✐♠✳

◆♦ â♠❜✐t♦ ❛❝❛❞ê♠✐❝♦✱ ❛❣r❛❞❡ç♦ ❛ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s q✉❡ ♠❡ ❛❝♦♠♣❛♥❤❛r❛♠ ❞✉✲

r❛♥t❡ ❛ ❣r❛❞✉❛çã♦ ❡ ♠❡str❛❞♦✱ ♣❡❧❛s s✉❛s ✐♠♣♦rt❛♥t❡s ❝♦♥tr✐❜✉✐çõ❡s ❞❛❞❛s ♣❛r❛ ♠✐♥❤❛

❢♦r♠❛çã♦ ♣❡ss♦❛❧ ❡ ♣r♦✜ss✐♦♥❛❧✱ ❡♠ ❡s♣❡❝✐❛❧ ❛❣r❛❞❡ç♦ ❛♦ Pr♦❢✳ ❉r✳ ❋r❛♥❝✐s❝♦ ❞❡ ❆ss✐s

❇r✐t♦ ♣❡❧❛ ❡①❝❡❧❡♥t❡ ♦r✐❡♥t❛çã♦ ❡ ❛♦ Pr♦❢✳ ❉r✳ ❏♦ã♦ ❇❛t✐st❛ ❞❛ ❙✐❧✈❛ ♣♦r t❡r ♠❡ ✐♥❝❡♥t✐✲

✈❛❞♦ ❛ ❝❤❡❣❛r ❛té ❛q✉✐✳ ❚❛♠❜é♠ ❞❡s❡❥♦ ❡①♣r❡ss❛r ♠❡✉s ❛❣r❛❞❡❝✐♠❡♥t♦s ❛ t♦❞♦s ♦s ♠❡✉s

♣r♦❢❡ss♦r❡s ❞♦ ❡♥s✐♥♦ ❜ás✐❝♦ ♣❡❧♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❢✉♥❞❛♠❡♥t❛✐s q✉❡ ♠❡ ♣r♦♣♦r❝✐♦♥❛r❛♠✱

q✉❡ ❉❡✉s ♦s r❡❝♦♠♣❡♥s❡ ♣❡❧♦ ❛♠♦r ❡ ❞❡❞✐❝❛çã♦ ❛♦ ❡♥s✐♥♦✳

❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦s ♠❡✉s ❣r❛♥❞❡s ❛♠✐❣♦s ❡ ❛♠✐❣❛s q✉❡ ❝♦♥q✉✐st❡✐ ❞✉r❛♥t❡ ♠✐♥❤❛

tr❛❥❡tór✐❛ ❛❝❛❞ê♠✐❝❛✱ ♣❡❧❛ ❝♦♥✈✐✈ê♥❝✐❛ ❡ ♦s ♠♦♠❡♥t♦s ❞❡ ❞✐✈❡rsã♦✱ ♥ã♦ ♣♦ss♦ ❝✐t❛r t♦❞♦s

❛q✉✐ ♣❛r❛ ♥ã♦ s❡r ✐♥❥✉st❛ ❝♦♠ ♥❡♥❤✉♠ ❞❡❧❡s✳

❋✐♥❛❧♠❡♥t❡✱ ❣♦st❛r✐❛ ❞❡ ❣r❛❞❡❝❡r à ❛❣ê♥❝✐❛ ❞❡ ❢♦♠❡♥t♦ ❈◆Pq ♣❡❧♦ s✉♣♦rt❡ ✜♥❛♥✲

❝❡✐r♦✳
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❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦✱ ❡st✉❞❛♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s ❞❛ ❝♦♥❞❡♥s❛çã♦ ❞❡

❇♦s❡✲❊✐♥st❡✐♥ ✭❈❇❊✮ ♣❛r❛ ✉♠ ❣ás ❞❡ ❜ós♦♥s r❡❧❛t✐✈íst✐❝♦s ♥♦ ❝♦♥t❡①t♦ ❞❛ t❡♦r✐❛ q✉â♥t✐❝❛

❞❡ ❝❛♠♣♦s ♥ã♦✲❝♦♠✉t❛t✐✈❛✳ ❚❛✐s t❡♦r✐❛s ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ❝♦♠♦ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛

♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ❡♠ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦✳ ◆♦ss♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ é ✐♥✈❡s✲

t✐❣❛r ❡♠ q✉❡ r❡❣✐♠❡s ❞❡ t❡♠♣❡r❛t✉r❛ ❡✴♦✉ ❡♥❡r❣✐❛ ❛ ♥ã♦✲❝♦♠✉t❛t✐✈✐❞❛❞❡ ♣♦❞❡ ❝❛r❛❝t❡r✐③❛r

❛❧❣✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐st✐♥t♦ ♥❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠ ❝♦♥❞❡♥s❛❞♦ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❞❡s✲

❝r✐t♦ ♣♦r ✉♠ ❣ás ❜♦sô♥✐❝♦ r❡❧❛t✐✈íst✐❝♦✳ ❯s❛♠♦s ✉♠❛ t❡♦r✐❛ ❜❛s❡❛❞❛ ♥♦ ❝♦♥❝❡✐t♦ ❞❡ ❝❛♠♣♦s

♥ã♦✲❝♦♠✉t❛t✐✈♦s✱ sã♦ ✐♥tr♦❞✉③✐❞♦s ♦s ♣❛râ♠❡tr♦s θ ❡ σ q✉❡ ❛t✉❛♠ ❝♦♠♦ r❡❣✉❧❛❞♦r❡s ♣❛r❛

❛ t❡♦r✐❛✱ ❛♠❜♦s ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ♠♦❞✐✜❝❛çã♦ ❞❛s r❡❧❛çõ❡s ❞❡ ❞✐s✲

♣❡rsã♦ ❞♦ ❝❛♠♣♦ ❜♦sô♥✐❝♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦ ❡♠ ❡st✉❞♦✱ ♦ q✉❡ ❧❡✈❛ ❛ ♣♦ssí✈❡✐s ❝♦♥s❡q✉ê♥❝✐❛s

❢❡♥♦♠❡♥♦❧ó❣✐❝❛s✳ ❊①♣r❡ssõ❡s ❛♥❛❧ít✐❝❛s ♣❛r❛ ❛ ❢r❛çã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❝♦♥❞❡♥s❛❞♦✱ ❡♥❡r❣✐❛

✐♥t❡r♥❛✱ ♣r❡ssã♦ ❡ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❞♦ s✐st❡♠❛ sã♦ ♦❜t✐❞❛s ❛tr❛✈és ❞❡ ❛♣r♦①✐♠❛çõ❡s ❜❛s❡❛✲

❞❛s ❡♠ ❡①♣❛♥sõ❡s ♥♦s ♣❛râ♠❡tr♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s✱ ❝✉❥♦s r❡s✉❧t❛❞♦s sã♦ ❝♦♠♣❛r❛❞♦s ❝♦♠

♦s ♦❜t✐❞♦s ❛tr❛✈és ❞❡ ❝á❧❝✉❧♦s ♥✉♠ér✐❝♦s✳ ❖s ❡❢❡✐t♦s ❞❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ♥❛s ♣r♦♣r✐✲

❡❞❛❞❡s ❞♦ s✐st❡♠❛ sã♦ ❞✐s❝✉t✐❞♦s✱ ❡♥tã♦ é ❡♥❝♦♥tr❛❞♦ q✉❡ ❛s ♠♦❞✐✜❝❛çõ❡s ✐♥tr♦❞✉③✐❞❛s

♥❡ss❛ t❡♦r✐❛ s❡ t♦r♥❛♠ ♠❛✐s r❡❧❡✈❛♥t❡s ♥♦ r❡❣✐♠❡ ❞❡ ❛❧t❛s t❡♠♣❡r❛t✉r❛s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❝❛♠♣♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s✱ ♣r♦♣r✐❡❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s✱ ♣❛râ♠❡✲

tr♦s✳

✈



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦✱ ✇❡ st✉❞② t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❇♦s❡✕❊✐♥st❡✐♥ ❝♦♥❞❡♥✲

s❛t✐♦♥ ✭❇❊❈✮ ❢♦r ❛ r❡❧❛t✐✈✐st✐❝ ❇♦s❡ ❣❛s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ q✉❛♥t✉♠

✜❡❧❞ t❤❡♦r②✳ ❙✉❝❤ t❤❡♦r✐❡s ✇❛s ✐♥tr♦❞✉❝❡❞ ❛s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ♦♥ ❛

♥♦♥❝♦♠♠✉t❛t✐✈❡ s♣❛❝❡t✐♠❡✳ ❖✉r ♠❛✐♥ ❣♦❛❧ ✐s t♦ ✐♥✈❡st✐❣❛t❡ ✐♥ ✇❤✐❝❤ t❡♠♣❡r❛t✉r❡ ❛♥❞✴♦r

❡♥❡r❣② r❡❣✐♠❡s t❤❡ ♥♦♥❝♦♠♠✉t❛t✐✈✐t② ❝❛♥ ❝❤❛r❛❝t❡r✐③❡ s♦♠❡ ✐♥✢✉❡♥❝❡ ✐♥ t❤❡ ♣r♦♣❡rt✐❡s

♦❢ ❇♦s❡✕❊✐♥st❡✐♥ ❝♦♥❞❡♥s❛t✐♦♥ ❞❡s❝r✐❜❡❞ ❜② ❛ r❡❧❛t✐✈✐st✐❝ ❜♦s♦♥✐❝ ❣❛s✳ ❲❡ ✉s❡ ❛ ♥♦♥❝♦♠✲

♠✉t❛t✐✈❡ ❜♦s♦♥✐❝ ✜❡❧❞ t❤❡♦r② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣❛r❛♠❡t❡rs θ ❛♥❞ σ✳ ❇♦t❤

♣❛r❛♠❡t❡rs ♣❧❛② ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ ♠♦❞✐✜❡❞ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s ♦❢ t❤❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡

❜♦s♦♥✐❝ ✜❡❧❞✱ ❧❡❛❞✐♥❣ t♦ ♣♦ss✐❜❧❡ str✐❦✐♥❣ ❝♦♥s❡q✉❡♥❝❡s ❢♦r ♣❤❡♥♦♠❡♥♦❧♦❣②✳ ❆♥❛❧②t✐❝❛❧

❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❝♦♥❞❡♥s❛t❡ ❢r❛❝t✐♦♥✱ ✐♥t❡r♥❛❧ ❡♥❡r❣②✱ ♣r❡ss✉r❡ ❛♥❞ s♣❡❝✐✜❝ ❤❡❛t ♦❢ t❤❡

s②st❡♠ ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❡①♣❛♥❞✐♥❣ ✐♥ ❛ ♣♦✇❡r s❡r✐❡s ♦❢ t❤❡ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ♣❛r❛♠❡t❡rs✳

❚❤❡s❡ r❡s✉❧ts ❛r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❛t ♦♥❡ ❣❡t ❜② ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s✳ ❚❤❡ ♥♦♥❝♦♠♠✉t❛✲

t✐✈❡ ❡✛❡❝ts ✐♥ t❤❡ t❤❡r♠♦❞②♥❛♠✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s②st❡♠ ❛r❡ ❞✐s❝✉ss❡❞✱ t❤❡♥ ✐s ❢♦✉♥❞

t❤❛t t❤❡ ♥♦♥❝♦♠♠✉t❛t✐✈✐t② ❡①❤✐❜✐t ❝❛r❛❝t❡r✐st✐❝s ✐♠♣♦rt❛♥t ❛t ❤✐❣❤ t❡♠♣❡r❛t✉r❡✳

❑❡②✇♦r❞s✿ ♥♦♥❝♦♠♠✉t❛t✐✈❡ ✜❡❧❞✱ t❤❡r♠♦❞②♥❛♠✐❝ ♣r♦♣❡rt✐❡s✱ ♣❛r❛♠❡t❡rs✳

✈✐



❈♦♥t❡ú❞♦

✶ ■♥tr♦❞✉çã♦ ✾

✷ ❚❡♦r✐❛ q✉â♥t✐❝❛ ❞❡ ❝❛♠♣♦s ♥ã♦✲❝♦♠✉t❛t✐✈❛ ✶✸

✷✳✶ ❊s♣❛ç♦✲t❡♠♣♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✷ ❇ós♦♥s ❧✐✈r❡s s❡♠ ♠❛ss❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷✳✷✳✶ ❈❛♠♣♦ ❡s❝❛❧❛r ❝♦♠✉t❛t✐✈♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷✳✷✳✷ ❈❛♠♣♦ ❡s❝❛❧❛r ♥ã♦✲❝♦♠✉t❛t✐✈♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✸ ❇ós♦♥s ❧✐✈r❡s ❝♦♠ ♠❛ss❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸ ❚❡r♠♦❞✐♥â♠✐❝❛ ❞♦s ❝❛♠♣♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s ✷✼

✸✳✶ ❚❡r♠♦❞✐♥â♠✐❝❛ ❞❡ ❜ós♦♥s ❧✐✈r❡s s❡♠ ♠❛ss❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✶✳✶ ❊q✉❛çõ❡s ❞❡ ❡st❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✷ ❚❡r♠♦❞✐♥â♠✐❝❛ ❞❡ ❜ós♦♥s ❧✐✈r❡s ❝♦♠ ♠❛ss❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✹ ❘❡s✉❧t❛❞♦s ❡ ❞✐s❝✉ssõ❡s ✸✾

✺ ❈♦♥❝❧✉sõ❡s ❡ ♣❡rs♣❡❝t✐✈❛s ✹✻

❆ ❘❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ✹✽

✈✐✐



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ θ(σ) ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ σ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✹✳✶ ❋r❛çã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ✳ ✳ ✹✵

✹✳✷ ✭❛✮ ❘❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ❞❡ T0 ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s N ♣❛r❛

❜ós♦♥s s❡♠ ♠❛ss❛✳ ✭❜✮ ❘❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ❞❡ T0 ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦

❞❡ ♣❛rtí❝✉❧❛s N ♣❛r❛ ❜ós♦♥s ❝♦♠ ♠❛ss❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✹✳✸ ✭❛✮ ❊♥❡r❣✐❛ ✐♥t❡r♥❛ ♣♦r ♣❛rtí❝✉❧❛ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛✳ ✭❜✮ Pr❡ssã♦

♣♦r ❞❡♥s✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✹✳✹ ✭❛✮ ❋✐①❛♥❞♦ θ = 2.2 × 10−14 ❡ ✈❛r✐❛♥❞♦ σ✳ ✭❜✮ ▼❛♥t❡♥❞♦ θ = 2.5 × 10−14

✜①♦ ❡ ✈❛r✐❛♥❞♦ σ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✹✳✺ ✭❛✮ ❋✐①❛♥❞♦ σ = 1.1 × 10−16 ❡ ✈❛r✐❛♥❞♦ θ✳ ✭❜✮ ▼❛♥t❡♥❞♦ σ = 1.4 × 10−16

✜①♦ ❡ ✈❛r✐❛♥❞♦ θ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✹✳✻ ❈❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ❜ós♦♥s ♥ã♦ ♠❛ss✐✈♦s✳ ✳ ✹✹

✹✳✼ ❘❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛

♣❛r❛ ❜ós♦♥s ❝♦♠ ♠❛ss❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✹✳✽ ❈❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ♥♦s ❧✐♠✐t❡s ♥ã♦✲r❡❧❛t✐✈íst✐❝♦

❡ ✉❧tr❛r❡❧❛t✐✈íst✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✈✐✐✐



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❚❡♦r✐❛s q✉â♥t✐❝❛ ❞❡ ❝❛♠♣♦s ✭❚◗❈✮ ❢♦r♠✉❧❛❞❛s ❡♠ ❡s♣❛ç♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s ❛♣r❡✲

s❡♥t❛♠ ✐♥t❡r❡ss❛♥t❡s ✐♠♣❧✐❝❛çõ❡s ❢❡♥♦♠❡♥♦❧ó❣✐❝❛s q✉❡ tê♠ s✐❞♦ ♦❜❥❡t♦ ❞❡ ♥✉♠❡r♦s❛s ✐♥✲

✈❡st✐❣❛çõ❡s ♥♦s ú❧t✐♠♦s ❛♥♦s✱ ❡♠ ❝♦♥❡①ã♦ ❝♦♠ ❞✐✈❡rs♦s ❢❡♥ô♠❡♥♦s ❢ís✐❝♦s r❡❧❛❝✐♦♥❛❞♦s ❛

♣♦ss✐❜✐❧✐❞❛❞❡ ❞❛ ✈✐♦❧❛çã♦ ❞❛ s✐♠❡tr✐❛ ❞❡ ▲♦r❡♥t③ ❡ ❞❛ s✐♠❡tr✐❛ ❈P❚ ❬✶✕✹❪✱ ❛♥á❧✐s❡s ❞❛

❛ss✐♠❡tr✐❛ ♠❛tér✐❛✲❛♥t✐♠❛tér✐❛ ❬✺❪✱ ✐♠♣❧✐❝❛çõ❡s ❡♠ ♠♦❞❡❧♦s ❝♦s♠♦❧ó❣✐❝♦s ❬✻✕✾❪✱ ❛❧é♠ ❞❡

♦❜s❡r✈❛çõ❡s ❡♥✈♦❧✈❡♥❞♦ r❛✐♦s ❝ós♠✐❝♦s ✉❧tr❛✲❡♥❡r❣ét✐❝♦s✱ ❢ís✐❝❛ ❞❡ ♥❡✉tr✐♥♦s✱ ❡♥tr❡ ♦✉tr❛s

❢♦♥t❡s ❞❡ ❛❧t❛s ❡♥❡r❣✐❛s ❡①✐st❡♥t❡s ♥♦ ❯♥✐✈❡rs♦ ❬✶✵✱ ✶✶❪✳

❚❛✐s t❡♦r✐❛s✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ t❡♦r✐❛s q✉â♥t✐❝❛s ❞❡ ❝❛♠♣♦s ♥ã♦✲❝♦♠✉t❛t✐✈❛s

✭❚◗❈◆❈✮✱ ❢♦r❛♠ ✐♥s♣✐r❛❞❛s ♣❡❧❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ♥ã♦✲❝♦♠✉t❛t✐✈❛ ❬✶✷✱ ✶✸❪✱ ❝✉❥❛ ♣r♦✲

♣♦st❛ é ❜❛s❡❛❞❛ ♥❛ ✐❞é✐❛ ❞❛ q✉❛♥t✐③❛çã♦ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❛tr❛✈és ❞❛ s✉❜st✐t✉✐çã♦ ❞❡ s✉❛s

❝♦♦r❞❡♥❛❞❛s ♣♦r ♦♣❡r❛❞♦r❡s q✉❡ ♦❜❡❞❡❝❡♠ ❛ r❡❧❛çã♦ ❞❡ ❝♦♠✉t❛çã♦ [x̂µ, x̂ν ] ≡ iθµν ✱ ✐st♦

❢❛③ ❝♦♠ q✉❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❡s♣❛❝✐❛✐s t♦r♥❡♠✲s❡ ❞✐s❝r❡t❛s ❡ ♥ã♦ ❡①✐st❡ ♠❛✐s ❛ ♥♦çã♦ ❞❡

♣♦♥t♦✳ ❊st❛ ♣r♦♣♦st❛ s❡❣✉❡ ❛ ♠❡s♠❛ ❧✐♥❤❛ ❞❡ r❛❝✐♦❝í♥✐♦ ❞❛ t❡♦r✐❛ q✉â♥t✐❝❛ ✉s✉❛❧ ❝❛r❛❝t❡✲

r✐③❛❞❛ ♣❡❧❛ q✉❛♥t✐③❛çã♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ q✉❡ r❡s✉❧t❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ár❡❛ ♠í♥✐♠❛

❞✐♠❡♥s✐♦♥❛❞❛ ♣❡❧❛ ❝♦♥st❛♥t❡ ❞❡ P❧❛♥❝❦✳

❆ ❚◗❈◆❈ ❢♦✐ ✐♥✐❝✐❛❧♠❡♥t❡ ♠♦t✐✈❛❞❛ ♣❡❧♦ ✐♥t❡r❡ss❡ ❡♠ ❞❡s❝❛rt❛r ❛s ❞✐✈❡r❣ê♥❝✐❛s

q✉❡ ❛♣❛r❡❝❡♠ ♥❛ t❡♦r✐❛ q✉â♥t✐❝❛ ❞❡ ❝❛♠♣♦s✱ ❥á q✉❡ ❛♦ ✐♥tr♦❞✉③✐r ❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡

é ♣♦ssí✈❡❧ q✉❡ ❡①✐st❛ ✉♠❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦ q✉❡ ❡❧✐♠✐♥❡ ♦s ✐♥✜♥✐t♦s

❬✶✹✱ ✶✺❪✳ ◆♦ ❡♥t❛♥t♦✱ ❡st❛ ♣r♦♣♦st❛ ❢♦✐ ❞❡✐①❛❞❛ ❞❡ ❧❛❞♦ ❞❡✈✐❞♦ ♦ s✉❝❡ss♦ ❞♦ ♣r♦❝❡ss♦ ❞❡

✾



r❡♥♦r♠❛❧✐③❛çã♦✳

P♦st❡r✐♦r♠❡♥t❡ ❛ t❡♦r✐❛ ❞❡ ❨❛♥❣✲▼✐❧❧s ♥ã♦✲❝♦♠✉t❛t✐✈❛ s✉r❣✐✉ ❝♦♠♦ ✉♠ ❧✐♠✐t❡ ❞❡

❜❛✐①❛s ❡♥❡r❣✐❛s ❞❛ t❡♦r✐❛ ❞❡ ❝♦r❞❛s ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞❡ ❢✉♥❞♦ ❬✶✻❪✱

♣r♦✈♦❝❛♥❞♦ ✉♠ ❣r❛♥❞❡ ✐♠♣✉❧s♦ ♥❛ r❡t♦♠❛❞❛ ❞♦ ❡st✉❞♦ ❞❡ ♠♦❞❡❧♦s ❡♥✈♦❧✈❡♥❞♦ ❝❛r❛❝t❡✲

ríst✐❝❛s ♥ã♦✲❝♦♠✉t❛t✐✈❛s ♥❛ ❚◗❈✳ ❖ r❡❛♣❛r❡❝✐♠❡♥t♦ ❞❡ss❛s t❡♦r✐❛s t❛♠❜é♠ é ♠♦t✐✈❛❞♦

♣❡❧❛ ❢♦r♠✉❧❛çã♦ ❞❛ ❣r❛✈✐❞❛❞❡ q✉â♥t✐❝❛✱ q✉❡ s✉❣❡r❡ q✉❡ ❡♠ r❡❣✐õ❡s ❞❛ ♦r❞❡♠ ❞❛ ❡s❝❛❧❛ ❞❡

P❧❛♥❝❦ ✭lp ∼ 10−33cm✮ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ♣❡r❞❡ s✉❛ ❡str✉t✉r❛ ❝♦♥tí♥✉❛ ❡ ♦s ❡❢❡✐t♦s q✉â♥t✐❝♦s

❞❛ ❣r❛✈✐t❛çã♦ t♦r♥❛♠✲s❡ ✐♠♣♦rt❛♥t❡s ❬✶✼✕✶✾❪✳

❯♠❛ ✐♠♣♦rt❛♥t❡ ❝❛r❛❝t❡ríst✐❝❛ ❛♣r❡s❡♥t❛❞❛ ♣❡❧❛ t❡♦r✐❛ q✉â♥t✐❝❛ ❞❡ ❝❛♠♣♦s ♥ã♦✲

❝♦♠✉t❛t✐✈❛ é ❛ ✈✐♦❧❛çã♦ ❞❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ ▲♦r❡♥t③✱ q✉❡ t❡♠ s✐❞♦ s✉❥❡✐t♦ ❞❡ ❣r❛♥❞❡ ❛t❡♥çã♦

♥❛ ❚◗❈✳ ❊st❛ ✈✐♦❧❛çã♦ ❞❡✈❡ ♦❝♦rr❡r s♦♠❡♥t❡ ❛ ❞✐stâ♥❝✐❛s ♠✉✐t♦ ♣❡q✉❡♥❛s✱ ❞❡st❛ ❢♦r♠❛✱

♥♦ ❧✐♠✐t❡ q✉❡ ♦ ♣❛râ♠❡tr♦ r❡❧❛❝✐♦♥❛❞♦ ❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ t❡♥❞❡ ❛ ③❡r♦ ♦s r❡s✉❧t❛❞♦s

♣r❡✈✐❛♠❡♥t❡ ❝♦♥❤❡❝✐❞♦s sã♦ r❡s❣❛t❛❞♦s✳

❚❡♦r✐❛s ❝♦♠ ♣❡r❞❛ ❞❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ ▲♦r❡♥t③ ❛♣r❡s❡♥t❛♠ ❞❡❢♦r♠❛çõ❡s ♥❛ r❡❧❛çã♦

❞❡ ❞✐s♣❡rsã♦✳ ❊st❛s ❞❡❢♦r♠❛çõ❡s ♣❡r♠✐t❡♠ ❝♦♥str✉✐r ♠♦❞❡❧♦s ❢❡♥♦♠❡♥♦❧ó❣✐❝♦s q✉❡ ♣♦❞❡♠

s❡r t❡st❛❞♦s ❢✉t✉r❛♠❡♥t❡ ♥❛ ❝♦s♠♦❧♦❣✐❛ ♦✉ ❡♠ ❡①♣❡r✐♠❡♥t♦s ♥❛ ❢ís✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s✳ ◆❡st❛

♣❡rs♣❡❝t✐✈❛✱ ❡s♣❡r❛✲s❡ q✉❡ s✐♥❛✐s ❞❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❛♣❛r❡ç❛♠ ❡♠ ❡①♣❡r✐♠❡♥t♦s ❡♥✲

✈♦❧✈❡♥❞♦ r❛❞✐❛çã♦ ❝ós♠✐❝❛ ❞❡ ❢✉♥❞♦✱ r❛✐♦s ❝ós♠✐❝♦s ✉❧tr❛✲❡♥❡r❣ét✐❝♦s✱ ♦✉ ♦✉tr❛ ❢♦♥t❡ ❞❡

❛❧t❛s ❡♥❡r❣✐❛s✳

❆ ✐♥tr♦❞✉çã♦ ❞❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ♥❛ ❚◗❈ ♣♦❞❡ s❡r ❢❡✐t❛ ♥♦ ♥í✈❡❧ ❞♦s ❝❛♠♣♦s

♣❡❧❛ ♠♦❞✐✜❝❛çã♦ ❞❡ s✉❛s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ❝❛♥ô♥✐❝❛s ❬✷✵❪✱ q✉❡ ❞✐s❝✉t✐r❡♠♦s ♠❛✐s

❛❞✐❛♥t❡ ♥♦ ❝❛♣✐t✉❧♦ ✷✳ ❊st❡s ❝❛♠♣♦s✱ ❝❤❛♠❛❞♦s ❝❛♠♣♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s✱ s✉r❣❡♠ ❝♦♠♦

✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ♥♦ ♣❧❛♥♦ ●r♦❡♥❡♥✇♦❧❞✲▼♦②❛❧ ❬✷✶❪✱ ❝♦♠ ♦ ❡s♣❛ç♦

❛❧✈♦ ✭♦✉ ❡s♣❛ç♦ ❞♦s ❝❛♠♣♦s✮ s❡♥❞♦ ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠ ♣❧❛♥♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦ ❡♠ ✉♠

❡s♣❛ç♦✲t❡♠♣♦ ❝♦♠✉t❛t✐✈♦✳

❘❡❝❡♥t❡♠❡♥t❡✱ ✈ár✐♦s ❛✉t♦r❡s tê♠ ✐♥✈❡st✐❣❛❞♦ ❛s ✐♠♣❧✐❝❛çõ❡s ❢ís✐❝❛s ❝❛✉s❛❞❛s ♣♦r

❡ss❡s ❝❛♠♣♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s✳ ◆♦ tr❛❜❛❧❤♦ ❬✹❪ ❢♦✐ ♠♦str❛❞♦ ❝♦♠♦ ❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡

♥♦ ❡s♣❛ç♦ ❞♦s ❝❛♠♣♦s ♣r♦❞✉③ ✈✐♦❧❛çã♦ ❞❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ ▲♦r❡♥t③ ♥❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦✳

❙✉❜s❡q✉❡♥t❡♠❡♥t❡✱ ❡♠ ❬✷✷❪ ❇❛❧❛❝❤❛♥❞r❛♥ ❡t ❛❧✳ ♠♦str♦✉ ❝♦♠♦ ♦ ❡s♣❡❝tr♦ ❞❡ r❛❞✐❛çã♦

❞❡ ❝♦r♣♦ ♥❡❣r♦ é ♠♦❞✐✜❝❛❞♦ ♣❡❧❛ ❞❡❢♦r♠❛çã♦ ❞❛s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ❝❛♥ô♥✐❝❛s ❞❡

❝❛♠♣♦s ❡s❝❛❧❛r❡s ♥ã♦ ♠❛ss✐✈♦s✱ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❝❛r❛❝t❡ríst✐❝❛ ❞❡st❡ ❡s♣❡❝tr♦ ♠♦❞✐✜❝❛❞♦

✶✵



é q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ♥❛ r❡❣✐ã♦ ❞❡ ❛❧t❛ ❢r❡q✉ê♥❝✐❛ é ♠❛✐♦r ❞♦ q✉❡ ♣❛r❛ ♦ ❡s♣❡❝✲

tr♦ ❞❡ r❛❞✐❛çã♦ ❞❡ ❝♦r♣♦ ♥❡❣r♦ ✉s✉❛❧✳ ❆✐♥❞❛ ♥❡ss❛ ♣❡rs♣❡❝t✐✈❛✱ ♥♦ ❛rt✐❣♦ ❬✾❪ ❇❛r♦s✐ ❡t ❛❧✳

❛♣r❡s❡♥t❛r❛♠ ✐♠♣❧✐❝❛çõ❡s ❞❡ss❛ t❡♦r✐❛ ❡♠ ♠♦❞❡❧♦s ❝♦s♠♦❧ó❣✐❝♦s ✐♥✢❛❝✐♦♥ár✐♦s ❡♠ ✉♠ ❯♥✐✲

✈❡rs♦ ♣r❡❡♥❝❤✐❞♦ ❝♦♠ ✉♠ ❣ás ❝♦♠♣♦st♦ ♣♦r ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r ❜♦sô♥✐❝♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦

♥♦ r❡❣✐♠❡ ❞❡ ❛❧t❛s t❡♠♣❡r❛t✉r❛s✳

◆♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❡st❛ ❛♣r♦①✐♠❛çã♦ ❜❛s❡❛❞❛ ❡♠ ❝❛♠♣♦s ♥ã♦✲

❝♦♠✉t❛t✐✈♦s ❝♦♠ ❛ r❡❧❛çã♦ ❞❡ ❝♦♠✉t❛çã♦ ❡♠ t❡♠♣♦s ✐❣✉❛✐s ❞❛❞❛ ♣♦r

[

ϕ̂a(~x, t), ϕ̂b(~y, t)
]

= iǫabθ(σ; ~x− ~y) ✭✶✳✶✮

♣❛r❛ ✐♥✈❡st✐❣❛r♠♦s ❛ ❝♦♥❞❡♥s❛çã♦ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❞❡ ✉♠ s✐st❡♠❛ ❞❡s❝r✐t♦ ♣♦r ❝❛♠♣♦

❡s❝❛❧❛r ♥♦ ❝♦♥t❡①t♦ ❞❛ t❡♦r✐❛ q✉â♥t✐❝❛ ❞❡ ❝❛♠♣♦s ♥ã♦✲❝♦♠✉t❛t✐✈❛✱ ♦♥❞❡ θ(σ; ~x − ~y) é

❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❣❛✉ss✐❛♥❛ ❝♦♠ ✉♠ ♣❛râ♠❡tr♦ σ r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦

❞❡s✈✐♦ ♣❛❞rã♦ ❞❛ ❞✐str✐❜✉✐çã♦✳

❆ ❝♦♥❞❡♥s❛çã♦ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❛♣r❡s❡♥t❛ ❛❧❣✉♠❛s ❝❛r❛❝t❡ríst✐❝❛s ❜❛st❛♥t❡ ♣❡❝✉✲

❧✐❛r❡s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❛❜❛✐①♦ ❞❡ ❝❡rt❛ t❡♠♣❡r❛t✉r❛ ✉♠❛ ❢r❛çã♦ ✜♥✐t❛ ❞♦ ♥ú♠❡r♦ ❞❡

♣❛rtí❝✉❧❛s s❡ ❝♦♥❞❡♥s❛♠ ♥♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧✱ ♦ q✉❡ ❢♦✐ ♣r❡❞✐t♦ ♣♦r ❊✐♥st❡✐♥ ❡♠ ✶✾✷✺

❬✷✸❪✳ ❉❡s❞❡ ❡♥tã♦✱ ❡st✉❞♦s t❡ór✐❝♦s ❡ ❡①♣❡r✐♠❡♥t❛✐s ❞✐s❝✉t✐♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s t❡r♠♦✲

❞✐♥â♠✐❝❛s ❞❡st❡ ❢❡♥ô♠❡♥♦ t❡♠ ❣❛♥❤❛♥❞♦ ❣r❛♥❞❡ ❛t❡♥çã♦ ❡♠ ❞✐❢❡r❡♥t❡s ár❡❛s ❞❛ ❢ís✐❝❛

❬✷✹✕✷✾❪✳

❘❡❝❡♥t❡♠❡♥t❡ ✈ár✐❛s ♣❡sq✉✐s❛s t❡♠ s❡ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❛ ❛♥á❧✐s❡ ❞❡ ❡❢❡✐t♦s r❡❧❛t✐✈ís✲

t✐❝♦s ❡♠ ❝♦♥❞❡♥s❛❞♦s ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❬✸✵✕✸✺❪✳ ◆♦ ❡♥t❛♥t♦✱ ❞❡✈❡✲s❡ ♥♦t❛r q✉❡ ♦s ❡❢❡✐t♦s

♥ã♦✲❝♦♠✉t❛t✐✈♦s t♦r♥❛♠✲s❡ r❡❧❡✈❛♥t❡s ♣❛r❛ t❛✐s s✐st❡♠❛s✱ ♣♦rt❛♥t♦ ❞❡✈❡♠ s❡r ❧❡✈❛❞♦s ❡♠

❝♦♥t❛✳ ❊♠ ✈✐rt✉❞❡ ❞✐st♦✱ ❡①♣❧♦r❛♠♦s ❛ t❡r♠♦❞✐♥â♠✐❝❛ ❞❡ ❝❛♠♣♦s ❡s❝❛❧❛r❡s r❡❧❛t✐✈íst✐❝♦s

❛ss✉♠✐♥❞♦ ❡ss❡s ❡❢❡✐t♦s✳

❊st❡ tr❛❜❛❧❤♦✱ ❡stá ♦r❣❛♥✐③❛❞♦ ❝♦♠♦ s❡❣✉❡✳ ◆♦ ❝❛♣ít✉❧♦ ✷ ❢❛③❡♠♦s ✉♠❛ r❡✈✐sã♦

s♦❜r❡ t❡♦r✐❛s ❞❡ ❝❛♠♣♦s ❡♠ ❡s♣❛ç♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s ❡♥✈♦❧✈❡♥❞♦ ❝❛♠♣♦s ❡s❝❛❧❛r❡s ♠❛ss✐✲

✈♦s ❡ ♥ã♦ ♠❛ss✐✈♦s✱ ♦♥❞❡ ❢♦r❛♠ ❛♥❛❧✐s❛❞♦s ❛s ♣❡❝✉❧✐❛r✐❞❛❞❡s ❞❡ t❡♦r✐❛s ❢ís✐❝❛s ♥❛s q✉❛✐s ❛

á❧❣❡❜r❛ é ♥ã♦✲❝♦♠✉t❛t✐✈❛✳ ◆♦ ❝❛♣ít✉❧♦ ✸ ❡①♣❧♦r❛♠♦s ♦s ❡❢❡✐t♦s ❝❛✉s❛❞♦s ♣❡❧❛ ♥ã♦ ❝♦♠✉t❛✲

t✐✈✐❞❛❞❡ ♥❛s ❣r❛♥❞❡③❛s t❡r♠♦❞✐♥â♠✐❝❛s ❞❡ ✉♠ ❣ás ❜♦sô♥✐❝♦ r❡❧❛t✐✈íst✐❝♦✱ ❢♦r❛♠ ♦❜t✐❞❛s ❡①✲

♣r❡ssõ❡s ♣❛r❛ ✈ár✐❛s ❢✉♥çõ❡s t❡r♠♦❞✐♥â♠✐❝❛s✱ t❛✐s ❝♦♠♦✱ ❞❡♥s✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s✱ ❡♥❡r❣✐❛

✐♥t❡r♥❛✱ ♣r❡ssã♦ ❡ ❝❛❧♦r ❡s♣❡❝í✜❝♦✳ ◆♦ ❝❛♣ít✉❧♦ ✹ ❛♣r❡s❡♥t❛♠♦s ♥♦ss♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s

✶✶



❛tr❛✈és ❞❡ ❝á❧❝✉❧♦s ♥✉♠ér✐❝♦s ❡ ❛♣r♦①✐♠❛❞♦s ♣❛r❛ ❝❛♠♣♦s ❡s❝❛❧❛r❡s ♥ã♦✲❝♦♠✉t❛t✐✈♦s s❡♠

♠❛ss❛✱ ♦s q✉❛✐s sã♦ ❝♦♠♣❛r❛❞♦s ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❡st❛❜❡❧❡❝✐❞♦s ♣❡❧❛ t❡♦r✐❛ ✉s✉❛❧✳ ❆❧é♠

❞✐ss♦✱ ♠♦str❛♠♦s ♦s ❡❢❡✐t♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s ❝❛✉s❛❞♦s ❡♠ ❜ós♦♥s ♠❛ss✐✈♦s✱ q✉❡ t❛♠❜é♠

sã♦ ❛♥❛❧✐s❛❞♦s ♥♦s ❧✐♠✐t❡s ♥ã♦✲r❡❧❛t✐✈íst✐❝♦ ❡ ✉❧tr❛r❡❧❛t✐✈íst✐❝♦✳ ❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❝❛♣ít✉❧♦ ✺

❛♣r❡s❡♥t❛♠♦s ♥♦ss❛s ❝♦♥❝❧✉sõ❡s ❡ ♣❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s ❞❡st❛ ♣❡sq✉✐s❛✳

✶✷



❈❛♣ít✉❧♦ ✷

❚❡♦r✐❛ q✉â♥t✐❝❛ ❞❡ ❝❛♠♣♦s

♥ã♦✲❝♦♠✉t❛t✐✈❛

❚❡♦r✐❛s ❞❡ ❝❛♠♣♦s ❜❛s❡❛❞❛s ♥♦ ❝♦♥❝❡✐t♦ ❞❡ ❡s♣❛ç♦ ❛❧✈♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦ ✈❡♠ ❣❛✲

♥❤❛♥❞♦ ❝❛❞❛ ✈❡③ ♠❛✐s ❛t❡♥çã♦ ❡ ✐♥t❡r❡ss❡ ❝♦♠♦ ♦❜❥❡t♦s ❞❡ ❡st✉❞♦✱ ❝✉❥❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ✐♠✲

♣❧✐❝❛çõ❡s ❝❛✉s❛❞❛s sã♦ ❡st✉❞❛❞❛s ❡ ❛♣❧✐❝❛❞❛s ❛ ❞✐❢❡r❡♥t❡s ♣r♦❜❧❡♠❛s ❢ís✐❝♦s ❬✹✱ ✾✱ ✷✵✱ ✷✷✱ ✸✻❪✳

❖ ❢♦r♠❛❧✐s♠♦ q✉❡ ❞❡s❝r❡✈❡ ❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦s ❝❛♠♣♦s é ♣r♦♣♦st♦ ❛ ♣❛rt✐r ❞❡ ✉♠❛

❛♥❛❧♦❣✐❛ ❝♦♠ ❛s ✐❞❡✐❛s ❢✉♥❞❛♠❡♥t❛✐s ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ♥ã♦✲❝♦♠✉t❛t✐✈❛✱ ♦ q✉❛❧ s✉❣❡r❡

❛ s✉❜st✐t✉✐çã♦ ❞❛s r❡❧❛çõ❡s ❞❡ ♥ã♦✲❝♦♠✉t❛çã♦ ❡♥tr❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ♣♦r

r❡❧❛çõ❡s ❞❡ ♥ã♦✲❝♦♠✉t❛çã♦ ❡♥tr❡ ♦s ❝❛♠♣♦s✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ ❝❛♣ít✉❧♦ é ❛♣r❡s❡♥t❛r ✉♠❛ r❡✈✐sã♦ s♦❜r❡ ❛ t❡♦r✐❛ q✉â♥t✐❝❛ ❞❡

❝❛♠♣♦s s♦❜r❡ ❡s♣❛ç♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s✳ ❖s ❝♦♥❝❡✐t♦s ❛q✉✐ ❢♦r♠✉❧❛❞♦s s❡r✈✐rã♦ ❞❡ ❛❧✐❝❡r❝❡

♣❛r❛ ♦ ❡st✉❞♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s ❞❡ ✉♠ ❣ás ❜♦sô♥✐❝♦ ❝♦♠ s✉❛ r❡❧❛çã♦ ❞❡

❞✐s♣❡rsã♦ ✭r❡❧❛çã♦ ❡♥tr❡ ❡♥❡r❣✐❛ ❡ ♠♦♠❡♥t♦ ❞❛ ♣❛rtí❝✉❧❛✮ ♠♦❞✐✜❝❛❞❛ ♣❡❧❛ ✐♥tr♦❞✉çã♦ ❞❡

♥♦✈♦s ♣❛râ♠❡tr♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡✳ P❛r❛ ✐ss♦✱ ❡st❡ ❝❛♣ít✉❧♦ ❢♦✐ ❞✐✈✐❞✐❞♦

❡♠ ❞✉❛s s❡çõ❡s✳ ❆ ♣r✐♠❡✐r❛ s❡çã♦ ❛♣r❡s❡♥t❛ ❛ ❞❡✜♥✐çã♦ ❞❡ ❡s♣❛ç♦✲t❡♠♣♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦✱

❡ ❛s s❡çõ❡s s❡❣✉✐♥t❡s ❛❜♦r❞❛♠ ✉♠❛ ❡①t❡♥sã♦ ❞❡ss❛ t❡♦r✐❛ ❞❡❢♦r♠❛❞❛ ♣❛r❛ ✉♠ ❝❛♠♣♦

❡s❝❛❧❛r ❜♦sô♥✐❝♦ ❝♦♠ ❡ s❡♠ ♠❛ss❛ ♦♥❞❡ ♦ ❡s♣❛ç♦ ❛❧✈♦ é ❝♦♥s✐❞❡r❛❞♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦ ❡♠

✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ✭✸✰✶✮✲❞✐♠❡♥sõ❡s✳

✶✸



✷✳✶ ❊s♣❛ç♦✲t❡♠♣♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦

❆ ♥♦çã♦ ❞❡ ✉♠ ❡s♣❛ç♦✲t❡♠♣♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦ ❥á ❤❛✈✐❛ s✐❞♦ ♣r♦♣♦st❛ ❞❡s❞❡ ♦s

♣r✐♠ór❞✐♦s ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ❬✶✹❪✳ ▼♦t✐✈❛❞❛ ♣❡❧❛ ❡①t❡♥sã♦ ❞❛s r❡❧❛çõ❡s ✉s✉❛✐s ❞❡

❝♦♠✉t❛çã♦ ❡♥tr❡ ♣♦s✐çã♦ ❡ ♠♦♠❡♥t♦✱ ❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ♥ã♦✲❝♦♠✉t❛t✐✈❛ ✐♠♣õ❡ r❡❧❛çõ❡s

❞❡ ❝♦♠✉t❛çã♦ ❡♥tr❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✳ ❆s ❝♦♦r❞❡♥❛❞❛s xµ sã♦ s✉❜st✐t✉í❞❛s

♣♦r ♦♣❡r❛❞♦r❡s ❍❡r♠✐t✐❛♥♦s x̂µ ❞❡ ✉♠❛ á❧❣❡❜r❛ ♥ã♦✲❝♦♠✉t❛t✐✈❛✶ q✉❡ ♦❜❡❞❡❝❡♠ ❛ r❡❧❛çõ❡s

❞❡ ❝♦♠✉t❛çã♦ ❞❡❢♦r♠❛❞❛s✱

[x̂µ, x̂ν ] = iǫµν θ̄ ≡ iθ̄µν , ✭✷✳✶❛✮

[p̂µ, p̂ν ] = 0, ✭✷✳✶❜✮

[x̂µ, p̂ν ] = iδµν , ✭✷✳✶❝✮

♦♥❞❡ θ̄ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣❛râ♠❡tr♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦ q✉❡ ♣♦ss✉✐ ❞✐♠❡♥sã♦ ❞❡ ár❡❛✱ ❡ ǫµν é

✉♠❛ ♠❛tr✐③ ❛♥t✐ss✐♠étr✐❝❛ r❡❛❧✳ s

❆ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❝❛✉s❛ ❡❢❡✐t♦s ❡♠ s✉❛ ❡str✉t✉r❛ ❣❡♦♠étr✐❝❛✱

❥á q✉❡ ♦ ❡s♣❛ç♦✲t❡♠♣♦ ❞❡✐①❛ ❞❡ s❡r ❝♦♥t✐♥✉♦ ❡ ♣❛ss❛ ❛ s❡r ❞✐s❝r❡t♦✱ ❞❡✐①❛♥❞♦ ❞❡ ❧❛❞♦ ❛

♥♦çã♦ ❞❡ ♣♦♥t♦ q✉❡ é s✉❜st✐t✉í❞❛ ♣♦r ✉♠❛ ár❡❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠í♥✐♠♦✱ ❝❤❛♠❛❞❛ ❝é❧✉❧❛

❞❡ P❧❛♥❝❦✱ ✐st♦ ✐♠♣❧✐❝❛ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❧❛çõ❡s ❞❡ ✐♥❝❡rt❡③❛ ❡♥tr❡ s✉❛s ❝♦♦r❞❡♥❛❞❛s✱

∆x̂µ∆x̂ν ≥ 1

2
|θ̄µν |. ✭✷✳✷✮

❖❜s❡r✈❡ q✉❡ ♥♦ ❧✐♠✐t❡ q✉❡ θ̄ → 0 ❛ t❡♦r✐❛ ❝♦♠✉t❛t✐✈❛ ✉s✉❛❧ é ♦❜t✐❞❛✳

❊♠ ❬✷✷❪✱ ❛s ❝♦♦r❞❡♥❛❞❛s ♥ã♦✲❝♦♠✉t❛t✐✈❛s sã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛s ✉s✉❛✐s ♣❡❧❛ ❞❡✲

❢♦r♠❛çã♦✱

x̂µ = xµ − 1

2
θ̄µνpν , ✭✷✳✸❛✮

p̂µ = pµ, ✭✷✳✸❜✮

❆ ❞❡❢♦r♠❛çã♦ ✐♥tr♦❞✉③✐❞❛ ❛❝✐♠❛ é ❛♣❧✐❝❛❞❛ ♥♦ ♥í✈❡❧ ❞❛s ❝♦♦r❞❡♥❛❞❛s✱ q✉❡ sã♦ ♦s

❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞♦ s✐st❡♠❛✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♥❛ ❚◗❈ ♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞❛ t❡♦r✐❛

✶❖♣❡r❛❞♦r❡s ❝♦♠ ♦ ❝❛r❛❝t❡r❡ ❝❤❛♣é✉ ✐♥❞✐❝❛ q✉❡ ❡❧❡s ♦❜❡❞❡❝❡♠ ❛ á❧❣❡❜r❛ ♥ã♦✲❝♦♠✉t❛t✐✈❛✳

✶✹



sã♦ ♦s ❝❛♠♣♦s ❞❡✜♥✐❞♦s ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞♦ ❡s♣❛ç♦✱ s❡♥❞♦ ❛ss✐♠✱ ✐r❡♠♦s ✐♥tr♦❞✉③✐r ❛ ♥ã♦✲

❝♦♠✉t❛t✐✈✐❞❛❞❡ ♥♦ ♥í✈❡❧ ❞♦s ❝❛♠♣♦s ♣❛r❛ ❝♦♥str✉✐r♠♦s ♦ ❡s♣❛ç♦ ❛❧✈♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦✳

✷✳✷ ❇ós♦♥s ❧✐✈r❡s s❡♠ ♠❛ss❛

◆❡st❛ s❡çã♦ ✈❛♠♦s r❡✈✐s❛r ❛ t❡♦r✐❛ ❞❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r ♥ã♦ ♠❛ss✐✈♦ ❝♦♠✉t❛t✐✈♦

❡ ♥ã♦ ❝♦♠✉t❛t✐✈♦✱ ♣❛r❛ ❡♥tã♦ ❛♥❛❧✐s❛r♠♦s ♦s ❡❢❡✐t♦s ❝❛✉s❛❞♦s ♥❡ss❡ s✐st❡♠❛ ♣❡❧❛ ♥ã♦

❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦s ❝❛♠♣♦s✳

✷✳✷✳✶ ❈❛♠♣♦ ❡s❝❛❧❛r ❝♦♠✉t❛t✐✈♦

❉❡✜♥✐♠♦s ❛q✉✐ ♦ ❡s♣❛ç♦ ❛❧✈♦ ❝♦♠✉t❛t✐✈♦ q✉❡ s❡rá ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❝♦♠♣❛r❛r♠♦s

♦s ❡❢❡✐t♦s q✉❡ ❛ ♥ã♦ ❝♦♠✉t❛çã♦ ❞♦s ❝❛♠♣♦s ❝❛✉s❛ ♥❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦✳ P❛r❛ ✐st♦✱

❝♦♥s✐❞❡r❡ ✉♠ ❝❛♠♣♦ ❡s❝❛❧❛r ❜♦sô♥✐❝♦ s❡♠ ♠❛ss❛ ❡ s❡♠ s♣✐♥✱ s✉❛ ❜❛s❡ ❡s♣❛❝✐❛❧ ✭✸✰✶✮✲

❞✐♠❡♥sõ❡s ❡ s❡✉ ❡s♣❛ç♦ ❛❧✈♦ é ✉♠ ♣❧❛♥♦ ❝♦♠✉t❛t✐✈♦ R
2✱ ❡♥tã♦✱

ϕ : M3 × R −→ R
2

(~x, t) 7−→ ϕ (~x, t) .

❆s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝❛♠♣♦ s❡rã♦ ❞❡♥♦t❛❞❛s ♣♦r ϕi ❝♦♠ i = 1, 2✳ ❱❛♠♦s ❛ss✉♠✐r q✉❡

❝❛❞❛ ❞✐r❡çã♦ ❡s♣❛❝✐❛❧ é ❝♦♠♣❛❝t✐✜❝❛❞❛ ❡♠ S1 ❝♦♠ r❛✐♦ ❘✱ ✐st♦ ❢❛③ ❝♦♠ q✉❡ ❛s ❝♦♠♣♦♥❡♥t❡s

❞♦ ❝❛♠♣♦ s❡❥❛♠ ♣❡r✐ó❞✐❝❛s ♥❛s ❝♦♦r❞❡♥❛❞❛s ❡s♣❛❝✐❛✐s (x, y, z)✱

ϕi (x+R, y +R, z +R, t) ≡ ϕi (x, y, z, t) ≡ ϕi (~x, t) . ✭✷✳✹✮

❆ ❝♦♠♣❛❝t✐✜❝❛çã♦ ❞♦ ❡s♣❛ç♦ ♣❡r♠✐t❡ q✉❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝❛♠♣♦ ϕi (~x, t) s❡❥❛♠

❡s❝r✐t❛s ❝♦♠♦ ✉♠❛ sér✐❡ ❞❡ ❋♦✉r✐❡r

ϕi (~x, t) =
∑

~n

e
2πi

R
~n.~xϕi

~n (t) , ✭✷✳✺✮

✶✺



♦♥❞❡ ~n = (n1, n2, n3)✱ ❝♦♠ ni ∈ Z✱ ❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❋♦✉r✐❡r sã♦

ϕi
~n (t) =

1

R3

∫

d3xe−
2πi

R
~n.~xϕi (~x, t) . ✭✷✳✻✮

❯s❛r❡♠♦s ❛ ❞❡♥s✐❞❛❞❡ ❧❛❣r❛♥❣✐❛♥❛ ♣❛r❛ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r ♥ã♦ ♠❛ss✐✈♦

L =
g

2

∑

i

∂µϕ
i∂µϕi,

=
g

2

∑

i

[

(∂tϕ
i)2 − (∇ϕi)2

]

, ✭✷✳✼✮

❝✉❥❛ ❧❛❣r❛♥❣✐❛♥❛ é L =
∫

Ld3x✱

L =
g

2

∑

i

∫

d3x
[

(∂tϕ
i)2 − (∇ϕi)2

]

. ✭✷✳✽✮

P❛r❛ ♦❜t❡r♠♦s ❛ ❧❛❣r❛♥❣✐❛♥❛ ❛❝✐♠❛ ❡s❝r✐t❛ ❡♠ t❡r♠♦s ❞♦s ♠♦❞♦s ❞❡ ❋♦✉r✐❡r ✉s❛♠♦s

❛s ❝♦♠♣♦♥❡♥t❡s ❞♦s ❝❛♠♣♦s ϕi (~x, t) ❞❛❞❛s ❡♠ ✭✷✳✺✮✱

∫

d3x(∂tϕ
i)2 =

∑

~n

R3ϕ̇i
~nϕ̇

i
−~n,

∫

d3x(∇ϕi)2 =
∑

~n

R3

(

2π|~n|
R

)2

ϕi
~nϕ

i
−~n, ✭✷✳✾✮

♦ q✉❡ r❡s✉❧t❛ ❡♠

L =
gR3

2

∑

i,~n

[

ϕ̇i
~nϕ̇

i
−~n −

(

2π |~n|
R

)2

ϕi
~nϕ

i
−~n

]

. ✭✷✳✶✵✮

❖s ♠♦♠❡♥t♦s ❝❛♥ô♥✐❝♦s ❛ss♦❝✐❛❞♦s ❛♦s ♠♦❞♦s ❞❡ ❋♦✉r✐❡r ϕ̇i
~n sã♦

πi
~n =

∂L

∂ϕ̇i
~n

=
gR3

2

∑

j,~m

∂

∂ϕ̇i
~n

(ϕ̇j
~mϕ̇

j
−~m)

=
gR3

2

∑

j,~m

[

δji δ
~m
~n ϕ̇

j
−~m + ϕ̇j

~mδ
j
i δ

−~m
~n )

]

= gR3ϕ̇i
−~n. ✭✷✳✶✶✮

✶✻



❆ss♦❝✐❛❞♦ à ❧❛❣r❛♥❣✐❛♥❛ ✭✷✳✶✵✮✱ ✈✐❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❡❣❡♥❞r❡✱ ♦❜t❡♠♦s ♦ ❤❛♠✐❧✲

t♦♥✐❛♥♦ H ❡♠ ❢✉♥çã♦ ❞♦s ♠♦❞♦s ϕi
~n ❡ ❞♦s ♠♦♠❡♥t♦s ❝❛♥ô♥✐❝♦s πi

~n

H =
∑

i,~n

πi
~nϕ̇

i
~n − L,

=
1

2gR3

∑

i,~n

[

πi
~nπ

i
−~n + (2π|~n|gR2)2ϕi

~nϕ
i
−~n

]

,

=
∑

i

(πi
0)

2

2gR3
+

1

2gR3

∑

i,~n 6=0

[

πi
~nπ

i
−~n + (2π|~n|gR2)2ϕi

~nϕ
i
−~n

]

. ✭✷✳✶✷✮

❖ t❡r♠♦

H0 =
∑

i

(πi
0)

2

2gR3

❛ss♦❝✐❛❞♦ ❝♦♠ tr❛♥s❧❛çã♦ ❣❧♦❜❛❧ ❞♦ s✐st❡♠❛✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠♦❞♦ ③❡r♦✱ ♣♦❞❡rá s❡r ✐❣♥♦✲

r❛❞♦✳ ❊♥q✉❛♥t♦✱ ♦ s❡❣✉♥❞♦ t❡r♠♦ ✭❝♦♠ ~n 6= 0✮ é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ ❞❡

♦s❝✐❧❛❞♦r❡s ❤❛r♠ô♥✐❝♦s ❞❡s❛❝♦♣❧❛❞♦s ❝♦♠ ❢r❡q✉ê♥❝✐❛s

ω~n =
2π|~n|
R

. ✭✷✳✶✸✮

❆ss✐♠ ❛ ❡q✳✭✷✳✶✷✮ ✜❝❛

H = H0 +
∑

i,~n 6=0

[

πi
~nπ

i
−~n

2gR3
+

gR3

2
ω2
~nϕ

i
~nϕ

i
−~n

]

. ✭✷✳✶✹✮

❆ ❤❡r♠✐t✐❝✐❞❛❞❡ ❞♦s ❝❛♠♣♦s ϕi ✐♠♣❧✐❝❛ q✉❡

ϕi
~n

†
(t) =

1

R3

∫

d3xe
2πi

R
~n.~xϕi (~x, t) = ϕi

−~n(t), ✭✷✳✶✺❛✮

πi
~n

†
= gR3(ϕ̇i

−~n)
† = gR3ϕ̇i

~n = πi
−~n. ✭✷✳✶✺❜✮

❊st❛ ♣r♦♣r✐❡❞❛❞❡ s❡rá ✉s❛❞❛ ♥❛ s❡çã♦ s❡❣✉✐♥t❡✱ q✉❛♥❞♦ ❡s❝r❡✈❡r❡♠♦s ♦ ❤❛♠✐❧t♦♥✐❛♥♦ ❡♠

t❡r♠♦s ❞♦s ♦♣❡r❛❞♦r❡s ❝r✐❛çã♦ ❡ ❛♥✐q✉✐❧❛çã♦✳

✶✼



✷✳✷✳✷ ❈❛♠♣♦ ❡s❝❛❧❛r ♥ã♦✲❝♦♠✉t❛t✐✈♦

◆❡st❛ s✉❜s❡çã♦✱ ♦ ♣❧❛♥♦ ❝♦♠✉t❛t✐✈♦ R
2 ❞❡✜♥✐❞♦ ❛❝✐♠❛ é s✉❜st✐t✉í❞♦ ♣♦r ✉♠ ♣❧❛♥♦

♥ã♦✲❝♦♠✉t❛t✐✈♦ R
2✳ ❆ ❢♦r♠❛ ❞❡ ✐♥tr♦❞✉③✐r ❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ♥♦ ❡s♣❛ç♦ ❞♦s ❝❛♠♣♦s é

❛♥á❧♦❣❛ ❛ ❞❡❢♦r♠❛çã♦ ❢❡✐t❛ ♥♦ ❝♦♠✉t❛❞♦r ❞❛s ❝♦♦r❞❡♥❛❞❛s✱ ❡q✳✭✷✳✶❛✮✱ ✈✐st♦ ♥❛ s❡çã♦ ✭✷✳✶✮✳

❖ ❝❛♠♣♦ ❡s❝❛❧❛r ❝♦♠ ❡s♣❛ç♦ ❛❧✈♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦ R
2✱ ❞❡♥♦t❛❞♦ ♣♦r ϕ̂a(~x, t)✱ ❢♦✐

❡s❝r✐t♦ ♣♦r ❇❛❧❛❝❤❛♥❞r❛♥ ❡t✳ ❛❧✳ ❬✷✷❪ ❡♠ t❡r♠♦s ❞♦s ❝❛♠♣♦s ❝♦♠✉t❛t✐✈♦s ❝♦♠♦

ϕ̂a(~x, t) = ϕa(~x, t)− 1

2
ǫabθπb(~x, t), ✭✷✳✶✻❛✮

π̂a(~x, t) = πa(~x, t). ✭✷✳✶✻❜✮

❉❡st❛ ❢♦r♠❛✱ ❛s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ❡♠ t❡♠♣♦s ✐❣✉❛✐s ♣❛r❛ ♦s ❝❛♠♣♦s ❡s❝❛❧❛r❡s ♥ã♦✲

❝♦♠✉t❛t✐✈♦s ✐♥tr♦❞✉③✐❞♦s ❛❝✐♠❛ t♦r♥❛♠✲s❡ ✭✈❡❥❛ ❛♣ê♥❞✐❝❡ ❆✮

[

ϕ̂a(~x, t), ϕ̂b(~y, t)
]

= iǫabθδ(~x− ~y), ✭✷✳✶✼❛✮

[π̂a(~x, t), π̂b(~y, t)] = 0, ✭✷✳✶✼❜✮

[ϕ̂a(~x, t), π̂b(~y, t)] = iδab δ(~x− ~y), ✭✷✳✶✼❝✮

♥❡st❡ ❝❡♥ár✐♦ θ é ♦ ♣❛râ♠❡tr♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦ ❝♦♠ ❞✐♠❡♥sã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦✳

❆ ❢✉♥çã♦ θδ(~x − ~y) q✉❡ ❛♣❛r❡❝❡ ♥❛ ❡q✳✭✷✳✶✼❛✮ ❢♦✐ r❡❣✉❧❛r✐③❛❞❛ ♣♦r ❬✷✷❪ ❝♦♠♦ ✉♠❛

❞✐str✐❜✉✐çã♦ t✐♣♦ ❣❛✉ss✐❛♥❛✱ ❡s❝r✐t❛ ❡♠ t❡r♠♦s ❞❡ ✉♠ ♥♦✈♦ ♣❛râ♠❡tr♦ σ ❛ss♦❝✐❛❞♦ ❛♦

❞❡s✈✐♦ ♣❛❞rã♦ ❞❛ ❞✐str✐❜✉✐çã♦✱

θ(σ) =
θ

(
√
2πσ)3

❡①♣

[

−
3
∑

i=1

(xi − yi)
2

2σ2

]

, ✭✷✳✶✽✮

♦♥❞❡ θ(σ) ≡ θ(σ; ~x − ~y) = θδ(~x − ~y) ♥♦ ❧✐♠✐t❡ q✉❡ σ → 0✱ θ(σ) t❡♠ ❞✐♠❡♥sã♦ ❞❡

(❝♦♠♣r✐♠❡♥t♦)−2✱ ❡ ❛ss✉♠✐♠♦s ❛ s✐♠♣❧✐✜❝❛çã♦ σ1 = σ2 = σ3 = σ ♣❛r❛ ♦ ❛r❣✉♠❡♥t♦ ❞❛

❡①♣♦♥❡♥❝✐❛❧✳ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ss❛ ❢✉♥çã♦ θ(σ) ♣♦❞❡ ❛✐♥❞❛ s❡r ✈✐st♦ ♥♦ ❣rá✜❝♦ ❞❛ ✜❣✉r❛

❬✷✳✶❪ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ σ✳

❆♦ ❛♥❛❧✐s❛r♠♦s ❡ss❛ r❡❣✉❧❛r✐③❛çã♦ ♣♦❞❡♠♦s ♥♦t❛r q✉❡ ♦ ♣❛râ♠❡tr♦ σ ❝♦♥tr♦❧❛ ❛

❧❛r❣✉r❛ ❞❛ ❣❛✉ss✐❛♥❛ ❞❡s❝r❡✈❡♥❞♦ ♦ ❛❧❝❛♥❝❡ ❞❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡✱ ✐st♦ é✱ ♥♦ ❧✐♠✐t❡

❡♠ q✉❡ ❡ss❡ ♣❛râ♠❡tr♦ ✈❛✐ ❛ ③❡r♦ ❛ ♦❜t❡♠♦s ❛ ❢✉♥çã♦ ❞❡❧t❛ ✉s✉❛❧ ❡ ♥♦ ❧✐♠✐t❡ ❡♠ q✉❡ ♦

✶✽



❋✐❣✉r❛ ✷✳✶✿ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ θ(σ) ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ σ✱ ❝♦♠ θ = 1.0 ✜①♦✳

♣❛râ♠❡tr♦ ❝r❡s❝❡ r❡❝✉♣❡r❛♠♦s ❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦s ❝❛♠♣♦s✳ ❊st❛ r❡❣✉❧❛r✐③❛çã♦ ♠♦str♦✉✲

s❡ út✐❧ ♥♦ ❡st✉❞♦ ❞♦ ❡s♣❡❝tr♦ ❞❡ r❛❞✐❛çã♦ ❞❡ ❝♦r♣♦ ♥❡❣r♦ ❞❡❢♦r♠❛❞♦ ❬✷✷❪✱ ♦♥❞❡ ❢♦✐ ♣r❡✈✐st♦

q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❞✐✈❡r❣❡ ❝♦♠ r❡s♣❡✐t♦ ❛ ❢r❡q✉ê♥❝✐❛ s❡ σ = 0 ❡ q✉❡ ♦ ❞❡s✈✐♦ ❞♦

♥♦✈♦ ❡s♣❡❝tr♦ ❞❡ r❛❞✐❛çã♦ ♠♦❞✐✜❝❛❞♦ ❝♦♠ r❡❧❛çã♦ ❛ r❛❞✐❛çã♦ ❞❡ ❝♦r♣♦ ♥❡❣r♦ ♣♦ss✉✐ ✉♠❛

❞❡♣❡♥❞ê♥❝✐❛ ♠❛✐s ❢♦rt❡ ❡♠ σ ❞♦ q✉❡ ❡♠ θ✳ ❆❧é♠ ❞♦ ♠❛✐s✱ θ(σ) ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ t❡r♠♦s

❞❡

θ(n) = θe−
2π

2
σ
2|~n|2

R2 . ✭✷✳✶✾✮

❆♥á❧♦❣♦ ❛ ❡q✳✭✷✳✺✮ ♦s ❝❛♠♣♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s ϕ̂a(~x, t) ♣♦❞❡♠ s❡r ❡s❝r✐t♦s ❡♠ t❡r✲

♠♦s ❞♦s ♠♦❞♦s ❞❡ ❋♦✉r✐❡r

ϕ̂a (~x, t) =
∑

~n

e
2πi

R
~n.~xϕ̂a

~n (t) . ✭✷✳✷✵✮

❊♥tã♦✱ ✉s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✶✻✮ ♣♦❞❡♠♦s ♦❜t❡r ❛s tr❛♥s❢♦r♠❛çõ❡s ✈❡st✐❞❛s✱ q✉❡ ❡stã♦

❛ss♦❝✐❛❞❛s ❛ ❣❡r❛çã♦ ❞❡ ♠ú❧t✐♣❧❛s s♦❧✉çõ❡s ✭♦✉ ❝❛♠♣♦s✮ ❛tr❛✈és ❞❡ ✉♠ ❝❛♠♣♦ ✐♥✐❝✐❛❧✱

ϕ̂a
~n = ϕa

~n −
1

2R3
ǫabθ(n)πb

−~n, ✭✷✳✷✶❛✮

π̂a
~n = πa

~n. ✭✷✳✷✶❜✮

✶✾



❱❡❥❛ q✉❡ ♥❛ ❡q✳✭✷✳✶✻✮ ♦s ❝❛♠♣♦s só ❞❡♣❡♥❞❡♠ ❞❡ ✉♠ í♥❞✐❝❡ ”a” ❡♥q✉❛♥t♦ ❛s ❡qs✳✭✷✳✷✶✮

❞❡♣❡♥❞❡♠ ❞❡ ”a” ❡ ”~n”✱ ♥❡st❡ ❝❛s♦ ”~n” r❡❢❡r❡✲s❡ à ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞♦s ❝❛♠♣♦s✳

❆s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ♣❛r❛ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❋♦✉r✐❡r t♦r♥❛♠✲s❡ ✭❛♣ê♥❞✐❝❡ ❆✮

[

ϕ̂a
~n, ϕ̂

b
~m

]

=
iǫabθ(n)

R3
δ~n+~m,0, ✭✷✳✷✷❛✮

[

π̂a
~n, π̂

b
~m

]

= 0, ✭✷✳✷✷❜✮
[

ϕ̂a
~n, π̂

b
~m

]

= iδabδ~n,~m. ✭✷✳✷✷❝✮

❆ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦s ❝❛♠♣♦s ✐♥tr♦❞✉③✐❞❛ ❡♠ ✭✷✳✶✼✮ é ❡q✉✐✈❛❧❡♥t❡ ❛ s✉❜st✐t✉✐r

♦ ♦♣❡r❛❞♦r ❤❛♠✐❧t♦♥✐❛♥♦ ✭✷✳✶✹✮ ♣♦r ✉♠ ♥♦✈♦ ❤❛♠✐❧t♦♥✐❛♥♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦

HNC = Ĥ0 +
∑

i,~n 6=0

[

π̂i
~nπ̂

i
−~n

2gR3
+

gR3

2
ω2
~nϕ̂

i
~nϕ̂

i
−~n

]

, ✭✷✳✷✸✮

♦♥❞❡

Ĥ0 =
∑

i

(π̂i
0)

2

2gR3
.

❯s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✷✶✮ ♥♦ ❤❛♠✐❧t♦♥✐❛♥♦ ✭✷✳✷✸✮ ❡♥❝♦♥tr❛♠♦s

HNC = H0 +
∑

i,~n 6=0

[

Ω2
~n

2gR3
πi
~nπ

i
−~n +

gR3

2
ω2
~nϕ

i
~nϕ

i
−~n −

g

2
ω2
~nθ(n)ǫikϕ

i
~nπ

k
~n

]

, ✭✷✳✷✹✮

❝♦♠

Ω2
~n = 1 +

(

πg|~n|θ(n)
R

)2

❡ ω~n =
2π|~n|
R

. ✭✷✳✷✺✮

❖❜s❡r✈❡ q✉❡ ❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ♣❛r❛ ❡st❡s ❜ós♦♥s ❢♦✐ ♠♦❞✐✜❝❛❞❛✱ ❡q✳✭✷✳✷✹✮✱ s❡

t♦♠❛r♠♦s ♦ ❧✐♠✐t❡ θ → 0 ✈❡♠♦s q✉❡ θ(n) → 0 ❡ Ω2
~n = 1✱ r❡❝❛✐♥❞♦ ♥❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦

✉s✉❛❧✱ ❡q✳✭✷✳✶✹✮✳

➱ ♥♦tá✈❡❧ q✉❡ ♦ ❤❛♠✐❧t♦♥✐❛♥♦ ✭✷✳✷✹✮ ♣♦ss✉✐ ✉♠ t❡r♠♦ ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ❝♦♥❥✉♥t♦

❞❡ ✐♥✜♥✐t♦s ♦s❝✐❧❛❞♦r❡s ❤❛r♠ô♥✐❝♦s ❡ ♦✉tr♦ ♣r♦♣♦r❝✐♦♥❛❧ ❛ ❝♦♠♣♦♥❡♥t❡✲z ❞♦ ♠♦♠❡♥t♦

✷✵



❛♥❣✉❧❛r Lz✱

H~n =
∑

i

[

Ω2
~n

2gR3
πi
~nπ

i
−~n +

gR3

2
ω2
~nϕ

i
~nϕ

i
−~n

]

✭♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✮ ✭✷✳✷✻❛✮

Jz
~n =

∑

i,k

ǫikϕ
i
~nπ

k
~n ✭♠♦♠❡♥t♦ ❛♥❣✉❧❛r✮✳ ✭✷✳✷✻❜✮

❉❡st❛ ❢♦r♠❛✱ ♦ ❤❛♠✐❧t♦♥✐❛♥♦ ✭✷✳✷✹✮ s❡♠ ♦ t❡r♠♦ ❞❡ ♠♦❞♦ ③❡r♦ ✜❝❛

HNC =
∑

~n 6=0

[

H~n −
g

2
ω2
~nθ(n)J

z
~n

]

. ✭✷✳✷✼✮

❆❧é♠ ❞✐ss♦✱ H~n ❞❛❞♦ ♣♦r ✭✷✳✷✻❛✮ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ♥❛ ❢♦r♠❛ ✉s✉❛❧ ❞♦ ❤❛♠✐❧t♦♥✐❛♥♦

❞❡ ✉♠ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✱

H~n =
∑

i

[

1

2M
πi
~nπ

i
−~n +

1

2
Mω̄2

~nϕ
i
~nϕ

i
−~n

]

, ✭✷✳✷✽✮

❝♦♠ ❢r❡q✉ê♥❝✐❛ ω̄~n ❡ ♠❛ss❛ M ❞❛❞❛s ♣♦r

ω̄~n = Ω~nω~n ❡ M =
gR3

Ω2
~n

. ✭✷✳✷✾✮

❊st❡ ❤❛♠✐❧t♦♥✐❛♥♦ ♣♦❞❡ s❡r ❞✐❛❣♦♥❛❧✐③❛❞♦ ♣❡❧❛ ✐♥tr♦❞✉çã♦ ❞♦s ♦♣❡r❛❞♦r❡s ❝r✐❛çã♦ ❡ ❛♥✐✲

q✉✐❧❛çã♦

ai~n =

√

∆~n

2

(

ϕi
~n + i

πi
−~n

∆~n

)

, ✭✷✳✸✵❛✮

ai~n
†

=

√

∆~n

2

(

ϕi
−~n − i

πi
~n

∆~n

)

, ✭✷✳✸✵❜✮

♦♥❞❡

∆~n = Mω̄~n =
gR3ω~n

Ω~n

=
2π|~n|gR2

Ω~n

. ✭✷✳✸✶✮

✷✶



❆s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ♣❛r❛ ai~n
† ❡ ai~n sã♦ ✭❛♣ê♥❞✐❝❡ ❆✮

[

ai~m, a
j
~n

]

= 0, ✭✷✳✸✷❛✮
[

ai~m
†
, aj~n

†
]

= 0, ✭✷✳✸✷❜✮
[

ai~m, a
j
~n

†
]

= δijδ~m,~n. ✭✷✳✸✷❝✮

❖s ❝❛♠♣♦s ❡♠ t❡r♠♦s ❞♦s ♦♣❡r❛❞♦r❡s ❝r✐❛çã♦ ❡ ❛♥✐q✉✐❧❛çã♦✱ ❡q✳✭✷✳✸✵✮✱ t♦r♥❛♠✲s❡

ϕi
~n =

1√
2∆~n

(

ai~n + ai−~n

†
)

, ✭✷✳✸✸❛✮

πi
~n = −i

√

∆~n

2

(

ai−~n − ai~n
†
)

. ✭✷✳✸✸❜✮

❙✉❜st✐t✉✐♥❞♦ ❛s ❡qs✳✭✷✳✸✸✮ ♥❛ ❡q✳✭✷✳✷✻❛✮ ♦❜t❡♠♦s H~n ❡♠ t❡r♠♦s ❞♦s ♦♣❡r❛❞♦r❡s

❝r✐❛çã♦ ❡ ❛♥✐q✉✐❧❛çã♦✱

H~n =
∑

i

Ω~nω~n

2

(

ai~na
i
~n

†
+ ai−~n

†
ai−~n

)

. ✭✷✳✸✹✮

P♦❞❡♠♦s ❡s❝r❡✈❡r ♦s ♦♣❡r❛❞♦r❡s ♥❛ ♦r❞❡♠ ♥♦r♠❛❧ ✭r❡♣r❡s❡♥t❛❞❛ ♣❡❧♦ sí♠❜♦❧♦ ✿✿✮

q✉❡ ❝♦♥st✐t✉✐ ❡♠ r❡❛rr❛♥❥❛r ♦ ♦♣❡r❛❞♦r ❝r✐❛çã♦ à ❡sq✉❡r❞❛ ❞♦ ♦♣❡r❛❞♦r ❛♥✐q✉✐❧❛çã♦✳

∑

~n 6=0

H~n =
∑

i,~n 6=0

Ω~nω~n

2
:
(

ai~na
i
~n

†
+ ai−~n

†
ai−~n

)

:

=
∑

i,~n 6=0

Ω~nω~n

2

(

ai~n
†
ai~n + ai−~n

†
ai−~n

)

=
∑

i,~n 6=0

Ω~nω~na
i
~n

†
ai~n. ✭✷✳✸✺✮

P❛r❛ ♦ t❡r♠♦ ❞♦ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r✱ ❡q✳✭✷✳✷✻❜✮✱ t❡♠♦s

∑

~n 6=0

Jz
~n =

∑

i,k,~n 6=0

ǫikϕ
i
~nπ

k
~n,

= −i
∑

i,k,~n 6=0

ǫika
i
~n

†
ak~n. ✭✷✳✸✻✮

✷✷



❙✉❜st✐t✉✐♥❞♦ ❡ss❡s r❡s✉❧t❛❞♦s ♥❛ ❡q✳✭✷✳✷✼✮ ♦ ❤❛♠✐❧t♦♥✐❛♥♦ ✜❝❛✱

HNC =
∑

i,~n 6=0

[

Ω~nω~na
i
~n

†
ai~n − i

g

2
ω2
~nθ(n)ǫika

i
~n

†
ak~n

]

, ✭✷✳✸✼✮

♦✉ ❛✐♥❞❛

HNC =
∑

~n 6=0

[

Ω~nω~n

(

a1~n
†
a1~n + a2~n

†
a2~n

)

− i
g

2
ω2
~nθ(n)

(

a1~n
†
a2~n − a2~n

†
a1~n

)]

. ✭✷✳✸✽✮

❱❛♠♦s ❞❡✜♥✐r ♥♦✈♦s ♦♣❡r❛❞♦r❡s ❝r✐❛çã♦ Ai
~n
† ❡ ❛♥✐q✉✐❧❛çã♦ Ai

~n ❝♦♠♦

A1
~n =

1√
2

(

a1~n − ia2~n
)

⇒ A1
~n
†
=

1√
2

(

a1~n
†
+ ia2~n

†
)

, ✭✷✳✸✾❛✮

A2
~n =

1√
2

(

a1~n + ia2~n
)

⇒ A2
~n
†
=

1√
2

(

a1~n
† − ia2~n

†
)

, ✭✷✳✸✾❜✮

❛ss✐♠✱

a1~n =
1√
2

(

A1
~n + A2

~n

)

⇒ a1~n
†
=

1√
2

(

A1
~n
†
+ A2

~n
†
)

, ✭✷✳✹✵❛✮

a2~n = i
1√
2

(

A1
~n − A2

~n

)

⇒ a2~n
†
= −i

1√
2

(

A1
~n
† − A2

~n
†
)

. ✭✷✳✹✵❜✮

❆s ❝♦♠♣♦♥❡♥t❡s ❞♦s ❝❛♠♣♦s ❡ ❞♦s ♠♦♠❡♥t♦s✱ ❡qs✳✭✷✳✸✸✮✱ ❡♠ t❡r♠♦s ❞❡ss❡s ♥♦✈♦s

♦♣❡r❛❞♦r❡s ✜❝❛♠

ϕ1
~n =

1

2
√
∆~n

(

A1
~n + A2

~n + A1
−~n

†
+ A2

−~n
†
)

, ✭✷✳✹✶❛✮

ϕ2
~n =

i

2
√
∆~n

(

A1
~n − A2

~n − A1
−~n

†
+ A2

−~n
†
)

, ✭✷✳✹✶❜✮

π1
~n =

i
√
∆~n

2

(

A1
~n
† − A1

−~n + A2
~n
† − A2

−~n

)

, ✭✷✳✹✶❝✮

π2
~n =

√
∆~n

2

(

A1
~n
†
+ A1

−~n − A2
−~n − A2

~n
†
)

. ✭✷✳✹✶❞✮

❖s ♦♣❡r❛❞♦r❡s Ai
~n
† ❡ Ai

~n ♦❜❡❞❡❝❡♠ ❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦✱

[

Ai
~m, A

j
~n

]

=
[

Ai
~m

†
, Aj

~n

†
]

= 0,
[

Ai
~m, A

j
~n

†
]

= δijδ~m,~n. ✭✷✳✹✷✮

✷✸



❙✉❜st✐t✉✐♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✹✵✮ ♥❛ ❡q✳✭✷✳✸✽✮ ♦❜t❡♠♦s ♦ ❤❛♠✐❧t♦♥✐❛♥♦ ❡♠ t❡r♠♦s

Ai
~n
† ❡ Ai

~n✱

HNC =
∑

~n 6=0

{

ω~nΩ~n(A
1
~n
†
A1

~n + A2
~n
†
A2

~n) +
gω2

~nθ(n)

2
(A1

~n
†
A1

~n − A2
~n
†
A2

~n)

}

,

=
∑

~n 6=0

ω~n

{(

Ω~n +
gω~nθ(n)

2

)

A1
~n
†
A1

~n +

(

Ω~n −
gω~nθ(n)

2

)

A2
~n
†
A2

~n

}

.

✭✷✳✹✸✮

❖ ❤❛♠✐❧t♦♥✐❛♥♦ ❛❝✐♠❛ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❝♦♠♦

HNC =
∑

~n 6=0

ω~n

[

Λ1
~nA

1
~n
†
A1

~n + Λ2
~nA

2
~n
†
A2

~n

]

, ✭✷✳✹✹✮

♦♥❞❡

Λ1
~n =

√

1 +

(

πg|~n|θ(n)
R

)2

+
πg|~n|θ(n)

R
✭✷✳✹✺❛✮

Λ2
~n =

√

1 +

(

πg|~n|θ(n)
R

)2

− πg|~n|θ(n)
R

. ✭✷✳✹✺❜✮

✷✳✸ ❇ós♦♥s ❧✐✈r❡s ❝♦♠ ♠❛ss❛

❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r sã♦ ❛q✉✐ ❡st❡♥❞✐❞♦s ♣❛r❛ ✉♠ ❝❡♥ár✐♦ ♠❛✐s

❣❡r❛❧ ❡♥✈♦❧✈❡♥❞♦ ❝❛♠♣♦s ❡s❝❛❧❛r❡s ♠❛ss✐✈♦s✳ ❆ ❞❡♥s✐❞❛❞❡ ❧❛❣r❛♥❣✐❛♥❛ ❞❡s❝r❡✈❡♥❞♦ ❜ós♦♥s

❞❡ s♣✐♥ ♥✉❧♦ ♠❛ss✐✈♦s é ❞❛❞❛ ♣♦r

L =
g

2

∑

i

[

∂µϕ
i∂µϕi −m2(ϕi)2

]

, ✭✷✳✹✻✮

❝✉❥❛ ❧❛❣r❛♥❣✐❛♥❛ s❡rá

L =
g

2

∑

i

∫

d3x
[

(∂tϕ
i)2 − (∇ϕi)2 −m2(ϕi)2

]

. ✭✷✳✹✼✮

✷✹



❯s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✾✮ ❡

∫

d3x(ϕi)2 =
∑

~n

R3ϕi
~nϕ

i
−~n,

✭✷✳✹✽✮

♦❜t❡♠♦s ❛ ▲❛❣r❛♥❣✐❛♥❛ ❡s❝r✐t❛ ❡♠ t❡r♠♦s ❞♦s ♠♦❞♦s ❞❡ ❋♦✉r✐❡r✱

L =
gR3

2

∑

i,~n

{

ϕ̇i
~nϕ̇

i
−~n −

[

(

2π|~n|
R

)2

+m2

]

ϕi
~nϕ

i
−~n

}

. ✭✷✳✹✾✮

❖ ❤❛♠✐❧t♦♥✐❛♥♦ H ❛ss♦❝✐❛❞♦ à ❧❛❣r❛♥❣✐❛♥❛ ❛❝✐♠❛ é

H =
∑

i,~n

{

πi
~nπ

i
−~n

2gR3
+

gR3

2

[

(

2π|~n|
R

)2

+m2

]

ϕi
~nϕ

i
−~n

}

,

=
∑

i,~n

{

πi
~nπ

i
−~n

2gR3
+

gR3

2
ω2
~nϕ

i
~nϕ

i
−~n

}

, ✭✷✳✺✵✮

♦♥❞❡

ω~n =

√

(

2π|~n|
R

)2

+m2. ✭✷✳✺✶✮

■♥tr♦❞✉③✐♥❞♦ ♦s ❝❛♠♣♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s✱ t❡♠♦s

HNC =
∑

i,~n

{

π̂i
~nπ̂

i
−~n

2gR3
+

gR3

2
ω2
~nϕ̂

i
~nϕ̂

i
−~n

}

=
∑

i,~n

{(

1 +
g2ω2

~nθ
2(n)

4

)

πi
~nπ

i
−~n

2gR3
+

gR3

2
ω2
~nϕ

i
~nϕ

i
−~n −

g

2
ω2
~nθ(n)ǫikϕ

i
~nπ

k
~n

}

=
∑

i,~n

{

Ω2
~n

2gR3
πi
~nπ

i
−~n +

gR3

2
ω2
~nϕ

i
~nϕ

i
−~n −

g

2
ω2
~nθ(n)ǫikϕ

i
~nπ

k
~n

}

✭✷✳✺✷✮

♦♥❞❡

Ω2
~n = 1 +

(

gω~nθ(n)

2

)2

❡ ω~n =

√

(

2π|~n|
R

)2

+m2. ✭✷✳✺✸✮

✷✺



❙❡❣✉✐♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ❢❡✐t♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r ❡♥❝♦♥tr❛♠♦s

HNC =
∑

~n

ω~n

[

Λ1
~nA

1
~n
†
A1

~n + Λ2
~nA

2
~n
†
A2

~n

]

, ✭✷✳✺✹✮

♦♥❞❡

Λ1
~n =

√

1 +

(

gω~nθ(n)

2

)2

+
gω~nθ(n)

2
, ✭✷✳✺✺❛✮

Λ2
~n =

√

1 +

(

gω~nθ(n)

2

)2

− gω~nθ(n)

2
. ✭✷✳✺✺❜✮

❆s ❡①♣r❡ssõ❡s ❛q✉✐ ❛♣r❡s❡♥t❛❞❛s s❡ r❡❞✉③❡♠ ❛s ❡♥❝♦♥tr❛❞❛s ♥❛ s❡çã♦ ❛♥t❡r✐♦r ♥♦

❧✐♠✐t❡ q✉❡ m → 0 ⇒ ω → k✱ ♦♥❞❡ k = 2π|~n|
R

é ♦ ♥ú♠❡r♦ ❞❡ ♦♥❞❛✳

✷✻



❈❛♣ít✉❧♦ ✸

❚❡r♠♦❞✐♥â♠✐❝❛ ❞♦s ❝❛♠♣♦s

♥ã♦✲❝♦♠✉t❛t✐✈♦s

◆♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❡①♣❧♦r❛♠♦s ♣♦ssí✈❡✐s ✐♠♣❧✐❝❛çõ❡s q✉❡ ❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦

❡s♣❛ç♦ ❛❧✈♦ ♣r♦✈♦❝❛ ♥❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦ ❞❡ ✉♠ ❣ás ❜♦sô♥✐❝♦ r❡❧❛t✐✈íst✐❝♦ s❡♠ s♣✐♥ ❝♦♠

❡ s❡♠ ♠❛ss❛✳ ◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❡st✉❞❛r ❛ t❡r♠♦❞✐♥â♠✐❝❛ ❞❡ss❡ ❣ás✱ ✈❡r✐✜❝❛♥❞♦ ❝♦♠♦ ❛

✐♥tr♦❞✉çã♦ ❞❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❝❛✉s❛ ❛❧t❡r❛çõ❡s ❡♠ ✉♠ ❝♦♥❞❡♥s❛❞♦ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥✳

❋♦r♠✉❧❛♠♦s ♦ ♣r♦❜❧❡♠❛ q✉â♥t✐❝♦ ❡st❛tíst✐❝♦ ♣❛r❛ ✉♠ ❣ás ❞❡ ❜ós♦♥s ♥ã♦✲❝♦♠✉t❛t✐✈♦

❞❡♥tr♦ ❞❡ ✉♠ ✈♦❧✉♠❡ V ∼ R3✳ P❛rt✐♥❞♦ ❞✐ss♦✱ s❡❣✉✐♠♦s ♥♦ss♦s ❡st✉❞♦s ♥❛ ♦❜t❡♥çã♦ ❞❡

❣r❛♥❞❡③❛s t❡r♠♦❞✐♥â♠✐❝❛s r❡❧❡✈❛♥t❡s✱ t❛✐s ❝♦♠♦✱ ❛s ❡q✉❛çõ❡s ❞❡ ❡st❛❞♦ ✭♣r❡ssã♦ ❡ ❡♥❡r❣✐❛✮

❡ ❝❛❧♦r ❡s♣❡❝í✜❝♦ Cv✳ ❊st❡ ❝❛♣ít✉❧♦ s❡rá ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛s s❡çõ❡s✱ ❛ ♣r✐♠❡✐r❛ tr❛t❛ s♦❜r❡

❜ós♦♥s s❡♠ ♠❛ss❛✱ ❡♥q✉❛♥t♦ ♥❛ s❡❣✉♥❞❛ sã♦ ❞❡s❡♥✈♦❧✈✐❞♦s ❝á❧❝✉❧♦s ♣❛r❛ ❜ós♦♥s ❝♦♠

♠❛ss❛ ♥♦s ❧✐♠✐t❡s ♥ã♦✲r❡❧❛t✐✈íst✐❝♦ ✭◆❘✮ ❡ ✉❧tr❛r❡❧❛t✐✈íst✐❝♦ ✭❯❘✮✳

✸✳✶ ❚❡r♠♦❞✐♥â♠✐❝❛ ❞❡ ❜ós♦♥s ❧✐✈r❡s s❡♠ ♠❛ss❛

◆❡st❛ s❡çã♦ ♦ ❝❛♠♣♦ ❡s❝❛❧❛r é ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ r❡❧❛t✐✈íst✐❝♦ ❡ s❡♠ ♠❛ss❛ ✭E ≃ p✮✳

❯s❛♥❞♦ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡✜♥✐❞♦ ♥❛ ❡q✳✭✷✳✹✹✮ ❡s❝r✐t♦ ❡♠ t❡r♠♦s ❞♦ ♥ú♠❡r♦ ❞❡ ♦♥❞❛ ω = k✱

♣♦❞❡♠♦s ❞❡s❝r❡✈❡r ❡ss❡ s✐st❡♠❛ ♥♦ ❡♥s❡♠❜❧❡ ❣r❛♥❞❡ ❝❛♥ô♥✐❝♦✳ ❆ ❣r❛♥❞❡ ❢✉♥çã♦ ❞❡ ♣❛rt✐çã♦

✷✼



♣♦❞❡ s❡r ❡①♣r❡ss❛ ❝♦♠♦

Ξ = Tr e−β(H−µ)

=
∏

~k 6=0

∞
∑

m,n=0

e−β(ω~k
Λ1

~k
−µ)ne−β(ω~k

Λ2

~k
−µ)m

=
∏

~k 6=0

(

1

1− ze−βω~k
Λ1

~k

)(

1

1− ze−βω~k
Λ2

~k

)

✭✸✳✶✮

♦♥❞❡ ❡st❛♠♦s ✉t✐❧✐③❛♥❞♦ ♦ s✐st❡♠❛ ❞❡ ✉♥✐❞❛❞❡s kB = ~ = c = 1✱ z = eβµ é ❛ ❢✉❣❛❝✐❞❛❞❡✱

µ é ♦ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ ❡ β = 1/T ✳

❆ss✐♠✱ ♦ ❧♦❣❛r✐t♠♦ ♥❛t✉r❛❧ ❞❛ ❣r❛♥❞❡ ❢✉♥çã♦ ❞❡ ♣❛rt✐çã♦ ✜❝❛✱

ln Ξ = −
∑

~k 6=0

[

ln(1− ze−βω~k
Λ1

~k) + ln(1− ze−βω~k
Λ2

~k)
]

. ✭✸✳✷✮

❊st❛♠♦s ❧✐❞❛♥❞♦ ❝♦♠ ✉♠ ❣ás ♥ã♦✲❝♦♠✉t❛t✐✈♦ ❝♦♠♣♦st♦ ❞❡ ◆ ♦s❝✐❧❛❞♦r❡s ❤❛r♠ô✲

♥✐❝♦s ❞❡♥tr♦ ❞❡ ✉♠ ✈♦❧✉♠❡ V ∼ R3✳ ◆♦ ❧✐♠✐t❡ t❡r♠♦❞✐♥â♠✐❝♦ V → ∞ (R → ∞) ❛ s♦♠❛

é s✉❜st✐t✉í❞❛ ♣♦r ✉♠❛ ✐♥t❡❣r❛❧ ♥♦s ♠♦♠❡♥t♦s✱

∑

~k 6=0

→ V

∫

d3k

(2π)3
→ V

2π2

∫

dkk2.

■st♦ ❢❛③ ❝♦♠ q✉❡ ❛ ❡q✳✭✸✳✷✮ ✜q✉❡

ln Ξ = − V

2π2

∫

dkk2
[

ln(1− z❡−βkΛ1(k)) + ln(1− z❡−βkΛ2(k))
]

, ✭✸✳✸✮

♦♥❞❡ t❡♠♦s✶✱

Λ1(k) =

√

1 +

(

kθ(k)

8π

)2

+
kθ(k)

8π
✭✸✳✹❛✮

Λ2(k) =

√

1 +

(

kθ(k)

8π

)2

− kθ(k)

8π
✭✸✳✹❜✮

❝♦♠

θ(k) = θ❡−
1

2
σ2k2 . ✭✸✳✺✮

✶❖♥❞❡ ❛❞♦t❛♠♦s ❛ ❡s❝♦❧❤❛ g = 1/4π✳

✷✽



❉❛❞❛ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ q✉â♥t✐❝♦ ❡st❛tíst✐❝♦ ❢♦r♠✉❧❛❞♦✱ ♥ã♦ é ♣♦ssí✈❡❧

❡♥❝♦♥tr❛r♠♦s s✉❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❡①❛t❛✱ ♣♦✐s ❡①✐st❡ ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ♥ã♦ tr✐✈✐❛❧ ❞❡

Λi(k) ❡♠ k ❡ ♥♦ ♣❛râ♠❡tr♦ θ q✉❡ ❛♣❛r❡❝❡ ♥❛ ❡q✳✭✸✳✸✮✳ ❯♠❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❝♦♥t♦r♥❛r

❡ss❛s ❞✐✜❝✉❧❞❛❞❡s é ♣r♦❝✉r❛r ❛♣r♦①✐♠❛çõ❡s ❛❞❡q✉❛❞❛s✱ ❝❛♣❛③❡s ❞❡ ❢♦r♥❡❝❡r s♦❧✉çõ❡s q✉❡

♣♦ss✐❜✐❧✐t❡♠ ♦ ❛✈❛♥ç♦ ❞❡ ♥♦ss❛s ✐♥✈❡st✐❣❛çõ❡s ❝♦♠ ❝á❧❝✉❧♦s ❛♥❛❧ít✐❝♦s s♦❜r❡ ❛s ♣r♦♣r✐❡❞❛❞❡s

❞♦ s✐st❡♠❛ ❡♠ ❡st✉❞♦✳ ❖✉tr❛ ❛❧t❡r♥❛t✐✈❛ é tr❛t❛r ♦ ♣r♦❜❧❡♠❛ ❡①❛t❛♠❡♥t❡✱ r❡❝♦rr❡♥❞♦ ❛

♣r♦❝❡❞✐♠❡♥t♦s ♥✉♠ér✐❝♦s✳

✸✳✶✳✶ ❊q✉❛çõ❡s ❞❡ ❡st❛❞♦

◆❡st❛ s✉❜s❡çã♦ ❞❡s❡♥✈♦❧✈❡♠♦s ♦s ❞♦✐s ♣r♦❝❡❞✐♠❡♥t♦s✱ ♥✉♠ér✐❝♦ ❡ ❛♣r♦①✐♠❛❞♦✱ ♥❛

♦❜t❡♥çã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ❡st❛❞♦ ❞♦ ❣ás ❜♦sô♥✐❝♦ ♥ã♦✲❝♦♠✉t❛t✐✈♦✱ ❞❡ ♠♦❞♦ ❛ ✈❡r✐✜❝❛r ♦

❧✐♠✐t❡ ❞❡ ✈❛❧✐❞❛❞❡ ❞❛ ❛♣r♦①✐♠❛çã♦✳ ❆s q✉❛♥t✐❞❛❞❡s r❡❧❡✈❛♥t❡s ♣❛r❛ ❛ ♣r❡s❡♥t❡ ✐♥✈❡st✐❣❛çã♦

sã♦ ♦ ♥✉♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ◆✱ ❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛ U ❡ ❛ ♣r❡ssã♦ p ❞❛❞❛s ♣❡❧❛s ❡q✉❛çõ❡s

N = z
∂

∂z
ln Ξ(β, V, z), ✭✸✳✻❛✮

U = − ∂

∂β
ln Ξ(β, V, z), ✭✸✳✻❜✮

p =
1

βV
ln Ξ(β, V, z). ✭✸✳✻❝✮

P♦❞❡♠♦s ❛✐♥❞❛ ❛♥❛❧✐s❛r ❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❛ ✈♦❧✉♠❡ ❝♦♥st❛♥t❡✱ ❞❡✜♥✐❞❛ ♣♦r

Cv =
1

N

(

∂U

∂T

)

v

, ✭✸✳✼✮

♦♥❞❡ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ∂U/∂T ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❛tr❛✈és

(

∂U

∂T

)

v

=

(

∂U

∂T

)

z

+

(

∂U

∂z

)

T

∂z

∂T

=

(

∂U

∂T

)

z

−
(

∂U

∂z

)

T

(

∂N

∂T

)

z

/(

∂N

∂z

)

T

. ✭✸✳✽✮

❖ t❡r♠♦ ❞❡✈✐❞♦ ❛ (∂z/∂T ) ❝♦♥tr✐❜✉✐ ❛♣❡♥❛s ♥❛ r❡❣✐ã♦ T > T0✱ ❞❡✈✐❞♦ ❛♦ ❢❛t♦ q✉❡ z é

❝♦♥st❛♥t❡ ♥❛ r❡❣✐ã♦ T ≤ T0✳

✷✾



❈á❧❝✉❧♦s ❡①❛t♦s

P❛r❛ ♦❜t❡r♠♦s ❛s q✉❛♥t✐❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s ❞❡ ✐♥t❡r❡ss❡ s❡♠ ❢❛③❡r♠♦s ✉s♦ ❞❡

❛♣r♦①✐♠❛çõ❡s é ♥❡❝❡ssár✐♦ r❡❝♦rr❡r♠♦s ❛ ♣r♦❝❡❞✐♠❡♥t♦s ♥✉♠ér✐❝♦s✳ ❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛✲

çã♦ ✭✸✳✸✮ ❡♠ ✭✸✳✻✮ ❡♥❝♦♥tr❛♠♦s ❛s ❡①♣r❡ssõ❡s ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s

N =
V

2π2

∫

dkk2

{

1

z−1❡βkΛ1(k) − 1
+

1

z−1❡βkΛ2(k) − 1

}

, ✭✸✳✾✮

❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✱

U =
V

2π2

∫

dkk3

{

Λ1(k)

z−1❡βkΛ1(k) − 1
+

Λ2(k)

z−1❡βkΛ2(k) − 1

}

, ✭✸✳✶✵✮

❡ ❛ ♣r❡ssã♦

p = − 1

2π2β

∫

dkk2
{

ln(1− z❡−βkΛ1(k)) + ln(1− z❡−βkΛ2(k))
}

. ✭✸✳✶✶✮

❆ ♣❛rt✐r ❞❛s ❡q✉❛çõ❡s ❞❡✜♥✐❞❛s ❛❝✐♠❛ ♣♦❞❡✲s❡ ❝❛❧❝✉❧❛r ❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ♠♦❧❛r

❞❡✜♥✐❞❛ ❡♠ ✭✸✳✼✮✱ ❝♦♠ ❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ∂U/∂T ✱ ❡q✳✭✸✳✽✮✱ ❞❛❞❛ ❛ ♣❛rt✐r ❞❡

(

∂U

∂T

)

z

=
V zβ2

2π2

∫

dkk4

{

(

Λ1(k)

❡βkΛ1(k) − z

)2

❡βkΛ
1(k) +

(

Λ2(k)

❡βkΛ2(k) − z

)2

❡βkΛ
2(k)

}

,

✭✸✳✶✷❛✮
(

∂U

∂z

)

T

=
1

zβ2

(

∂N

∂T

)

z

=
V

2π2

∫

dkk3

{

Λ1(k)❡βkΛ
1(k)

(❡βkΛ1(k) − z)2
+

Λ2(k)❡βkΛ
2(k)

(❡βkΛ2(k) − z)2

}

,

✭✸✳✶✷❜✮
(

∂N

∂z

)

T

=
V

2π2

∫

dkk2

{

❡βkΛ
1(k)

(❡βkΛ1(k) − z)2
+

❡βkΛ
2(k)

(❡βkΛ2(k) − z)2

}

.

✭✸✳✶✷❝✮

◆♦t❡ q✉❡✱ ❛s ✐♥t❡❣r❛✐s q✉❡ ❛♣❛r❡❝❡♠ ♥❛s ❡q✉❛çõ❡s ♦❜t✐❞❛s ❛❝✐♠❛ ♣r❡❝✐s❛♠ s❡r r❡s♦❧✲

✈✐❞❛s ♥✉♠❡r✐❝❛♠❡♥t❡✳ P❛r❛ ✐st♦✱ ✉t✐❧✐③❛♠♦s r❡❣r❛s ❞❡ q✉❛❞r❛t✉r❛ ❡s♣❡❝í✜❝❛s ❞❡s❡♥✈♦❧✈✐❞❛s

✸✵



❡♠ ❧✐♥❣✉❛❣❡♠ ❞❡ ♣r♦❣r❛♠❛çã♦ ❋❖❘❚❘❆◆ ✾✺✳

❈á❧❝✉❧♦s ❛♣r♦①✐♠❛❞♦s

❊s❝r❡✈❡♠♦s ♦ ❧♦❣❛r✐t♠♦ ❞❛ ❢✉♥çã♦ ❞❡ ♣❛rt✐çã♦ ✭✸✳✸✮ ❝♦♠♦ ✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s

❞❛ ❢✉❣❛❝✐❞❛❞❡ z✱

ln Ξ =
V

2π2

∫

dkk2

{

z
(

e−βkΛ1(k) + e−βkΛ2(k)
)

+
1

2
z2
(

e−2βkΛ1(k) + e−2βkΛ2(k)
)

+ ...

}

.

✭✸✳✶✸✮

▲♦❣♦ ❛♣ós✱ ❡①♣❛♥❞✐♠♦s ♦ ✐♥t❡❣r❛♥❞♦ ❞❛ ❡q✳✭✸✳✶✸✮ ❛té ❛ s❡①t❛ ♦r❞❡♠ ❡♠ θ ❡ ❛té ❛ s❡❣✉♥❞❛

♦r❞❡♠ ❡♠ σ✱ ❡♥tã♦ ♦❜t❡♠♦s

2π2

V
ln Ξ(β, V, z) =

4

β3
g4(z) +

θ2

π2

{

75

8β5
g6(z)−

2205σ2

4β7
g8(z)

}

+
θ4

π4

{

33075

1024β7
g8(z)

− 654885σ2

64β9
g10(z)

}

+
θ6

π6

{

2837835

16384β9
g10(z)−

1404728325σ2

8192β11
g12(z)

}

,

✭✸✳✶✹✮

♦♥❞❡ gσ(z) é ❛ ❢✉♥çã♦ ❞❡ ❇♦s❡ ❞❡✜♥✐❞❛ ❝♦♠♦

gσ(z) =
∞
∑

n=1

zn

nσ
.

❯♠❛ ✈❡③ q✉❡ ❛ ❢✉♥çã♦ ❞❡ ♣❛rt✐çã♦ ❢♦✐ ♦❜t✐❞❛ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ❛s q✉❛♥t✐❞❛❞❡s

t❡r♠♦❞✐♥â♠✐❝❛s s✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✹✮ ♥❛s ❡①♣r❡ssõ❡s ✭✸✳✻✮✳ ❉❡st❛ ❢♦r♠❛✱ ♦❜t❡♠♦s

♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s

✸✶



2π2

V
N =

4

β3
g3(z) +

θ2

π2

{

75

8β5
g5(z)−

2205σ2

4β7
g7(z)

}

+
θ4

π4

{

33075

1024β7
g7(z)

− 654885σ2

64β9
g9(z)

}

+
θ6

π6

{

2837835

16384β9
g9(z)−

1404728325σ2

8192β11
g11(z)

}

,

✭✸✳✶✺✮

❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛

2π2

V
U =

12

β4
g4(z) +

θ2

π2

{

375

8β6
g6(z)−

15435σ2

4β8
g8(z)

}

+
θ4

π4

{

231525

1024β8
g8(z)

− 5893965σ2

64β10
g10(z)

}

+
θ6

π6

{

25540515

16384β10
g10(z)−

15452011575σ2

8192β12
g12(z)

}

,

✭✸✳✶✻✮

❡ ❛ ♣r❡ssã♦

2π2p =
4

β4
g4(z) +

θ2

π2

{

75

8β6
g6(z)−

2205σ2

4β8
g8(z)

}

+
θ4

π4

{

33075

1024β8
g8(z)

− 654885σ2

64β10
g10(z)

}

+
θ6

π6

{

2837835

16384β10
g10(z)−

1404728325σ2

8192β12
g12(z)

}

.

✭✸✳✶✼✮

❆ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ♠♦❧❛r é ♦❜t✐❞❛ t♦♠❛♥❞♦ ❛s ❞❡r✐✈❛❞❛s ❞❛s ❡q✉❛çõ❡s ✭✸✳✶✺✮ ❡

✭✸✳✶✻✮ ❝♦♠ r❡s♣❡✐t♦ ❛ T ❡ z✱

✸✷



2π2

V

(

∂U

∂T

)

z

=
48

β3
g4(z) +

θ2

π2

{

1125

4β5
g6(z)−

30870σ2

β7
g8(z)

}

+
θ4

π4

{

231525

128β7
g8(z)

− 29469825σ2

32β9
g10(z)

}

+
θ6

π6

{

127702575

8192β9
g10(z)−

46356034725σ2

2048β11
g12(z)

}

,

✭✸✳✶✽❛✮
2π2z

V

(

∂U

∂z

)

T

=
2π2

V β2

(

∂N

∂T

)

z

=

12

β4
g3(z) +

θ2

π2

{

375

8β6
g5(z)−

15435σ2

4β8
g7(z)

}

+
θ4

π4

{

231525

1024β8
g7(z)

− 5893965σ2

64β10
g9(z)

}

+
θ6

π6

{

25540515

16384β10
g9(z)−

15452011575σ2

8192β12
g11(z)

}

,

✭✸✳✶✽❜✮
2π2z

V

(

∂N

∂z

)

T

=
4

β3
g2(z) +

θ2

π2

{

75

8β5
g4(z)−

2205σ2

4β7
g6(z)

}

+
θ4

π4

{

33075

1024β7
g6(z)

− 654885σ2

64β9
g8(z)

}

+
θ6

π6

{

2837835

16384β9
g8(z)−

1404728325σ2

8192β11
g10(z)

}

,

✭✸✳✶✽❝✮

✸✳✷ ❚❡r♠♦❞✐♥â♠✐❝❛ ❞❡ ❜ós♦♥s ❧✐✈r❡s ❝♦♠ ♠❛ss❛

◆❡st❛ s❡çã♦ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠ ❣ás ❞❡ ❜ós♦♥s r❡❧❛t✐✈íst✐❝♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦ s❡♠

s♣✐♥✱ ❝♦♠ ♠❛ss❛ m✱ ❡ ❡♥❡r❣✐❛ E2 ≃ p2+m2✳ ❯s❛♥❞♦ ❛ ❍❛♠✐❧t♦♥✐❛♥❛ ❞❡✜♥✐❞❛ ♥❛ ❡q✳✭✷✳✺✹✮

❡s❝r✐t❛ ❡♠ t❡r♠♦s ❞❡ ω2 = k2 +m2 ❡ ❛ss✉♠✐♥❞♦ ♦ ❧✐♠✐t❡ t❡r♠♦❞✐♥â♠✐❝♦✱ ❡♥❝♦♥tr❛♠♦s ♦

❧♦❣❛r✐t♠♦ ♥❛t✉r❛❧ ❞❛ ❣r❛♥❞❡ ❢✉♥çã♦ ❞❡ ♣❛rt✐çã♦✱

✸✸



ln Ξ = − V

2π2

∫

dkk2
{

ln(1− z❡−βE1(k)) + ln(1− z❡−βE2(k))
}

, ✭✸✳✶✾✮

❛❣♦r❛ t❡♠♦s

E1(k) = ω(k)







√

1 +

(

ω(k)θ(k)

8π

)2

+
ω(k)θ(k)

8π







✭✸✳✷✵❛✮

E2(k) = ω(k)







√

1 +

(

ω(k)θ(k)

8π

)2

− ω(k)θ(k)

8π







. ✭✸✳✷✵❜✮

❈á❧❝✉❧♦s ❡①❛t♦s

❆s ❡q✉❛çõ❡s ❞❡ ❡st❛❞♦ s❡rã♦ ❝❛❧❝✉❧❛❞❛s ❛tr❛✈és ❞❛s ❡q✉❛çõ❡s ✭✸✳✶✾✮ ❡ ✭✸✳✻✮✱ ❞❡

❢♦r♠❛ ❛♥á❧♦❣❛ ❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❝♦♥t✉❞♦ sã♦ ❛ss✉♠✐❞♦s ❝❛♠♣♦s ❡s❝❛❧❛r❡s ♠❛ss✐✈♦s✳ ❙❡♥❞♦

❛ss✐♠✱ ♦❜t❡♠♦s ❛s ❡①♣r❡ssõ❡s ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s

N =
V

2π2

∫

dkk2

{

1

z−1❡βE1(k) − 1
+

1

z−1❡βE2(k) − 1

}

, ✭✸✳✷✶✮

❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛

U =
V

2π2

∫

dkk2

{

E1(k)

z−1❡βE1(k) − 1
+

E2(k)

z−1❡βE2(k) − 1

}

, ✭✸✳✷✷✮

❡ ❛ ♣r❡ssã♦

p = − 1

2π2β

∫

dkk2
{

ln(1− z❡−βE1(k)) + ln(1− z❡−βE2(k))
}

. ✭✸✳✷✸✮

✸✹



❆s ❞❡r✐✈❛❞❛s ❞❡ ✭✸✳✷✶✮ ❡ ✭✸✳✷✷✮ ❝♦♠ r❡s♣❡✐t♦ ❛ T ❡ z q✉❡ r❡s✉❧t❛♠ ♥♦ ❝❛♣❛❝✐❞❛❞❡

tér♠✐❝❛ ✜❝❛♠

(

∂U

∂T

)

z

=
V zβ2

2π2

∫

dkk2

{

(

E1(k)

❡βE1(k) − z

)2

❡βE1(k) +

(

E2(k)

❡βE2(k) − z

)2

❡βE2(k)

}

✭✸✳✷✹❛✮

(

∂U

∂z

)

T

=
1

zβ2

(

∂N

∂T

)

z

=
V

2π2

∫

dkk2

{

E1(k)❡βE1(k)

(❡βE1(k) − z)2
+

E2(k)❡βE2(k)

(❡βE2(k) − z)2

}

✭✸✳✷✹❜✮

(

∂N

∂z

)

T

=
V

2π2

∫

dkk2

{

❡βE1(k)

(❡βE1(k) − z)2
+

❡βE2(k)

(❡βE2(k) − z)2

}

✭✸✳✷✹❝✮

▲✐♠✐t❡ ✉❧tr❛r❡❧❛t✐✈íst✐❝♦

❖ ❧✐♠✐t❡ ✉❧tr❛r❡❧❛t✐✈íst✐❝♦✱ k >> m✱ é ❝❛❧❝✉❧❛❞♦ ❛ ♣❛rt✐r ❞❛ ❡①♣r❡ssã♦ ✭✸✳✶✾✮ ♣♦r

❡①♣❛♥sã♦ ❞♦ ✐♥t❡❣r❛♥❞♦ ❡♠ θ✱ σ ❡ m ❛té ❛ s❡❣✉♥❞❛ ♦r❞❡♠✱ ❡♥tã♦ ♦❜t❡♠♦s

2π2

V
ln Ξ(β, V, z) =

4

β3
g4(z)−

m2

β
g2(z) +

θ2

π2

{

75

8β5
g6(z)−

9m2

64β3
g4(z)

− 2205σ2

4β7
g8(z) +

225m2σ2

16β5
g6(z)

}

. ✭✸✳✷✺✮

❆ ♣❛rt✐r ❞❛ ❢✉♥çã♦ ❞❡ ♣❛rt✐çã♦ ❡♥❝♦♥tr❛♠♦s ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s

✸✺



2π2

V
N =

4

β3
g3(z)−

m2

β
g1(z) +

θ2

π2

{

75

8β5
g5(z)−

9m2

64β3
g3(z)

− 2205σ2

4β7
g7(z) +

225m2σ2

16β5
g5(z)

}

, ✭✸✳✷✻✮

❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛

2π2

V
U =

12

β4
g4(z)−

m2

β2
g2(z) +

θ2

π2

{

375

8β6
g6(z)−

27m2

64β4
g4(z)

− 15435σ2

4β8
g8(z) +

1125m2σ2

16β6
g6(z)

}

, ✭✸✳✷✼✮

❡ ❛ ♣r❡ssã♦

2π2p =
4

β4
g4(z)−

m2

β2
g2(z) +

θ2

π2

{

75

8β6
g6(z)−

9m2

64β4
g4(z)

− 2205σ2

4β8
g8(z) +

225m2σ2

16β6
g6(z)

}

. ✭✸✳✷✽✮

❆ ❢✉♥çã♦ ❞❡ ❇♦s❡ gσ(z) ❞✐✈❡r❣❡ ♣❛r❛ z = 1 q✉❛♥❞♦ σ ≤ 1✱ ♠❛s s❡ t♦r♥❛ ❛ ❢✉♥çã♦

❩❡t❛ ❞❡ ❘✐❡♠❛♥♥ ζ(σ) q✉❛♥❞♦ σ > 1✳ ❈♦♠♦ ♥❛ ❡①♣r❡ssã♦ ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s

✭✸✳✷✻✮ ❛ ❞❡♥s✐❞❛❞❡ t♦t❛❧ ❞❡ ❜ós♦♥s ❞❡✈❡ s❡r ✜①❛✱ ❡♥tã♦ ❞❡✈❡♠♦s ❛ss✉♠✐r m2g1(1) → 0 ♥❛

r❡❣✐ã♦ T ≤ T0✳

❆ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ♠♦❧❛r é ❝❛❧❝✉❧❛❞❛ ♣♦r ✭✸✳✼✮ ❝♦♠ ❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ∂U/∂T

❞❛❞❛ ♣♦r ✭✸✳✽✮✳ ❯s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✸✳✷✻✮ ❡ ✭✸✳✷✼✮ t❡♠♦s

✸✻



2π2

V

(

∂U

∂T

)

z

=
48

β3
g4(z)−

2m2

β
g2(z) +

θ2

π2

{

1125

4β5
g6(z)−

27m2

16β3
g4(z)

− 30870σ2

β7
g8(z) +

3375m2σ2

8β5
g6(z)

}

, ✭✸✳✷✾❛✮

2π2z

V

(

∂U

∂z

)

T

=
2π2

V β2

(

∂N

∂T

)

z

=

12

β4
g3(z)−

m2

β2
g1(z) +

θ2

π2

{

375

8β6
g5(z)−

27m2

64β4
g3(z)

− 15435σ2

4β8
g7(z) +

1125m2σ2

16β6
g5(z)

}

, ✭✸✳✷✾❜✮

2π2z

V

(

∂N

∂z

)

T

=
4

β3
g2(z)−

m2

β
g0(z) +

θ2

π2

{

75

8β5
g4(z)−

9m2

64β3
g2(z)

− 2205σ2

4β7
g6(z) +

225m2σ2

16β5
g4(z)

}

. ✭✸✳✷✾❝✮

▲✐♠✐t❡ ♥ã♦ r❡❧❛t✐✈íst✐❝♦

❚♦♠❛♠♦s ♦ ❧✐♠✐t❡ ♥ã♦✲r❡❧❛t✐✈íst✐❝♦✱ m >> k✱ ♣♦r ❡①♣❛♥sã♦ ❞❛s ❡♥❡r❣✐❛s ❞❛❞❛s ❡♠

✭✸✳✷✵✮ ❝♦♠ r❡❧❛çã♦ ❛♦s ♣❛râ♠❡tr♦s θ ❡ σ✱ ❡ k ❛té ❛ s❡❣✉♥❞❛ ♦r❞❡♠

E1(k) ≈ m+
k2

2m
+

m2θ

8π
+

m3θ2

128π2
✭✸✳✸✵❛✮

E2(k) ≈ m+
k2

2m
− m2θ

8π
+

m3θ2

128π2
✭✸✳✸✵❜✮

❙✉❜st✐t✉✐♥❞♦ ❛s ❡♥❡r❣✐❛s ❛❝✐♠❛ ♥❛ ❡q✳✭✸✳✶✾✮ ❡①♣❛♥❞✐❞❛ ❡♠ t❡r♠♦s ❞❡ z✱ ❡♥❝♦♥tr❛✲

♠♦s

ln Ξ = V

(

m

2πβ

)3/2
[

g5/2(z1) + g5/2(z2)
]

, ✭✸✳✸✶✮

✸✼



♦♥❞❡

z1 = ❡①♣

[

β

(

µ1 −m− m2θ

8π
− m3θ2

128π2

)]

, ✭✸✳✸✷❛✮

z2 = ❡①♣

[

β

(

µ2 −m+
m2θ

8π
− m3θ2

128π2

)]

, ✭✸✳✸✷❜✮

♦♥❞❡ zi < 1 ♣❛r❛ T > T0✱ ❡♥q✉❛♥t♦ zi = 1 ♣❛r❛ T ≤ T0 ❡ ♦ ♣♦t❡♥❝✐❛❧ q✉í♠✐❝♦ s❡ t♦r♥❛

µ1 = m+
m2θ

8π
+

m3θ2

128π2
✭✸✳✸✸❛✮

µ2 = m− m2θ

8π
+

m3θ2

128π2
. ✭✸✳✸✸❜✮

❈♦♠♦ ♣♦❞❡♠♦s ♥♦t❛r s✉r❣❡ ✉♠❛ ♠♦❞✐✜❝❛çã♦ ♥❛ ❢✉❣❛❝✐❞❛❞❡ ❛t✉❛♥❞♦ ❝♦♠♦ ✉♠❛ ♠❛ss❛

❛❞✐❝✐♦♥❛❧✳

❉❛❞❛ ❛ ❢✉♥çã♦ ❞❡ ♣❛rt✐çã♦ ❡♥❝♦♥tr❛♠♦s ❛s ❡①♣r❡ssõ❡s ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s

❡ ❡♥❡r❣✐❛ ✐♥t❡r♥❛

N = V

(

m

2πβ

)3/2
[

g3/2(z1) + g3/2(z2)
]

, ✭✸✳✸✹✮

U =
3V

2β

(

m

2πβ

)3/2
[

g5/2(z1) + g5/2(z2)
]

. ✭✸✳✸✺✮

❙❡♥❞♦ ♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦ ❝❛❧❝✉❧❛❞♦ ❛ ♣❛rt✐r ❞❛s ❞❡r✐✈❛❞❛s ❞❛s ❡q✉❛çõ❡s ❛❝✐♠❛✱ ❝♦♠♦ ❞❡✜♥✐❞♦

❡♠ ✭✸✳✼✮ ❡ ✭✸✳✽✮✳

❈♦♠♦ ♣♦❞❡♠♦s ✈❡r✱ ♥♦ ❡st✉❞♦ ❞❛ ❝♦♥❞❡♥s❛çã♦ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❛tr❛✈és ❞❡ ❝❛♠♣♦s

♥ã♦✲❝♦♠✉t❛t✐✈♦s s✉r❣❡♠ ❝♦rr❡çõ❡s ♥❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ s✐st❡♠❛ ♥♦ ❧✐♠✐t❡ ♥ã♦✲r❡❧❛t✐✈íst✐❝♦✱

♦ q✉❡ ♣♦❞❡ ❛❜r✐r ♥♦✈♦s ❝❛♠✐♥❤♦s à ♣r♦❝✉r❛ ❞❡ ♣❡q✉❡♥♦s ❡❢❡✐t♦s ♣r♦❞✉③✐❞♦s ♣♦r t❛❧ ❞❡❢♦r✲

♠❛çã♦ ♥♦s s✐st❡♠❛s ❞❛ ♠❛tér✐❛ ❝♦♥❞❡♥s❛❞❛✳
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❈❛♣ít✉❧♦ ✹

❘❡s✉❧t❛❞♦s ❡ ❞✐s❝✉ssõ❡s

❖ ❝♦♠♣♦rt❛♠❡♥t♦ t❡r♠♦❞✐♥â♠✐❝♦ ❞❡ ❝❛♠♣♦s ❡s❝❛❧❛r❡s✱ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❝❛♣ít✉❧♦

✸✱ ❢♦✐ ❡①♣❧♦r❛❞♦ ♥♦ ❝♦♥t❡①t♦ ❞❛ t❡♦r✐❛ q✉â♥t✐❝❛ ❞❡ ❝❛♠♣♦s s♦❜r❡ ✉♠ ❡s♣❛ç♦ ❛❧✈♦ ♥ã♦✲

❝♦♠✉t❛t✐✈♦✳ ■st♦ ❧❡✈❛ ❛ ❞❡❢♦r♠❛çõ❡s ❞❛s ❣r❛♥❞❡③❛s ❢ís✐❝❛s q✉❡ s❡rã♦ ❛♥❛❧✐s❛❞❛s ❡♠ ❞❡t❛❧❤❡s

♥❡ss❡ ❝❛♣ít✉❧♦✳ ❊ss❡s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❝♦♠♣❛r❛❞♦s ❝♦♠ ♦s ❜❡♠ ❡st❛❜❡❧❡❝✐❞♦s ♥❛

❧✐t❡r❛t✉r❛ ♣❡❧❛ t❡♦r✐❛ ❝♦♠✉t❛t✐✈❛ ✉s✉❛❧✳

❋♦r❛♠ ❧❡✈❛❞♦s ❡♠ ❝♦♥t❛ ❝❛♠♣♦s ❜♦sô♥✐❝♦s ♥ã♦ ♠❛ss✐✈♦s✱ ❝✉❥❛s ♣r♦♣r✐❡❞❛❞❡s s❡rã♦

❡st✉❞❛❞❛s ❛tr❛✈és ❞❡ ❝á❧❝✉❧♦s ♥✉♠ér✐❝♦s ❡ ❛♣r♦①✐♠❛❞♦s✱ ❛❧é♠ ❞❡ ❝❛♠♣♦s ♠❛ss✐✈♦s q✉❡

s❡rã♦ ❞✐s❝✉t✐❞♦s ❡♠ ❞✉❛s r❡♣r❡s❡♥t❛çõ❡s✱ ♥♦s ❧✐♠✐t❡s ♥ã♦✲r❡❧❛t✐✈íst✐❝♦ ❡ ✉❧tr❛r❡❧❛t✐✈íst✐❝♦✳

❆s q✉❛♥t✐❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s ♠♦❞✐✜❝❛❞❛s ♣❡❧❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞♦s ❝❛♠♣♦s sã♦

❝♦♠♣❛r❛❞❛s ❛tr❛✈és ❞❡ ❣rá✜❝♦s✱ ❝♦♥str✉í❞♦s ❡♠ ✈❛r✐❛❞❛s r❡❣✐õ❡s ❞❡ t❡♠♣❡r❛t✉r❛✱ ♥♦s q✉❛✐s

sã♦ ♠❛♥✐s❢❡st❛❞♦s ❛ r❡❧❛çã♦ ❡♥tr❡ ❡ss❛s ❣r❛♥❞❡③❛s ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ ❡ ♦s ♣❛râ♠❡tr♦s ♥ã♦✲

❝♦♠✉t❛t✐✈♦s θ ❡ σ✳

❉❛♥❞♦ ✐♥í❝✐♦ ❛s ♥♦ss❛s ✐♥✈❡st✐❣❛çõ❡s✱ ♦s r❡s✉❧t❛❞♦s s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ♣r✐♠❡✐r❛✲

♠❡♥t❡ ♣❛r❛ ❜ós♦♥s s❡♠ ♠❛ss❛ ❛ss✉♠✐♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s s❡♥❞♦ ❝♦♥s❡r✈❛❞♦✱ ❡♠✲

❜♦r❛ ♥ã♦ ❡①✐st❛♠ ♣❛rtí❝✉❧❛s r❡❛✐s ❡❧❡♠❡♥t❛r❡s q✉❡ s❛t✐s❢❛ç❛♠ ❡ss❛s ❝♦♥❞✐çõ❡s ✐st♦ ❥á ❢♦✐

❝♦♥s✐❞❡r❛❞♦ ♥♦ tr❛❜❛❧❤♦ ❬✸✷❪✳ ❈♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ♦s ❢ót♦♥s ❡ ❢ô♥♦♥s sã♦ ♣❛rtí❝✉❧❛s ♥ã♦

♠❛ss✐✈❛s ♠❛s ♥ã♦ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❞❡ t❡r❡♠ ✉♠ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ❝♦♥s❡r✈❛❞♦✳

❱❛♠♦s ❛♣r❡s❡♥t❛r ❛s ❝♦♥tr✐❜✉✐çõ❡s ❞❛❞❛s ❡♠ ✉♠ s✐st❡♠❛ ❞❡ N ♣❛rtí❝✉❧❛s ♥ã♦ ♠❛s✲

s✐✈❛s ✜①❛s✳ ❆s ❡q✉❛çõ❡s ✭✸✳✶✺✮ ❡ ✭✸✳✾✮ sã♦ ✐♥t❡r♣r❡t❛❞❛s ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ❡①❝✐✲

t❛❞❛s✱ N −N0✱ q✉❡ ♣❛r❛ t❡♠♣❡r❛t✉r❛s ♠❛✐♦r❡s q✉❡ ❞❡t❡r♠✐♥❛❞❛ t❡♠♣❡r❛t✉r❛ T0 ❡q✉✐✈❛❧❡
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❛♦ ♥ú♠❡r♦ ❞❡ t♦t❛❧ ❞❡ ♣❛rtí❝✉❧❛s✱ ♦♥❞❡ T0 é ❛ t❡♠♣❡r❛t✉r❛ ♥❛ q✉❛❧ ✉♠❛ ❢r❛çã♦ r❡❧❛t✐✈❛✲

♠❡♥t❡ ❛❧t❛ ❞❡ át♦♠♦s ❝♦♠❡ç❛♠ ❛ s❡ ❝♦♥❞❡♥s❛r ♥♦ ❡st❛❞♦ ❞❡ ❡♥❡r❣✐❛ ♠❛✐s ❜❛✐①❛✳ ❆♦ s❡r

❛t✐♥❣✐❞❛ ❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ T0 ❛ ❢✉❣❛❝✐❞❛❞❡ z é ✐❣✉❛❧ ❛ ✉♥✐❞❛❞❡ ❡ ❡♥tã♦ é ♣♦ssí✈❡❧ ❞❡t❡r✲

♠✐♥❛r ❛ ❞❡♥s✐❞❛❞❡ t♦t❛❧ ❞❡ ♣❛rtí❝✉❧❛s (n = N/V )✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ T < T0 ♦ ♥ú♠❡r♦

❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧✱ N0✱ s❡ t♦r♥❛ ♠❛❝r♦s❝♦♣✐❝❛♠❡♥t❡ ♦❝✉♣❛❞♦ ❡ ❡♥tã♦

❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s ❡①❝✐t❛❞❛s ❞✐♠✐♥✉✐ ♣r♦♣♦r❝✐♦♥❛❧♠❡♥t❡✳ ❊ss❡ ❝♦♠♣♦rt❛♠❡♥t♦

♣♦❞❡ s❡r ✈✐st♦ ♥❛ ✜❣✉r❛ ❛❜❛✐①♦ ♣❛r❛ ❜ós♦♥s ❝♦♠✉t❛t✐✈♦s ❡ ♥ã♦✲❝♦♠✉t❛t✐✈♦s✳

❋✐❣✉r❛ ✹✳✶✿ ❋r❛çã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ ❡st❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❝♦♠✲
♣❛r❛♥❞♦ ❜ós♦♥s ❝♦♠✉t❛t✐✈♦s ❡ ♥ã♦✲❝♦♠✉t❛t✐✈♦s✱ ♦♥❞❡ Tc = 4.0 × 1013 é ❛ t❡♠♣❡r❛t✉r❛
❝rít✐❝❛ ♣❛r❛ ♦ ❝❛s♦ ❝♦♠✉t❛t✐✈♦✳

❆ t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T0 ♣❛r❛ ❜ós♦♥s ♥ã♦✲❝♦♠✉t❛t✐✈♦s ❢♦✐ ♦❜t✐❞❛ ♥✉♠❡r✐❝❛✲

♠❡♥t❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✾✮ ♣❛r❛ ✉♠ ❞❛❞♦ ✈❛❧♦r ❞❡ ◆✱ s❡♥❞♦ ❡s❝♦❧❤✐❞❛s t❡♠♣❡r❛t✉r❛s ❞❛ ♦r✲

❞❡♠ q✉❡ ♦s ❡❢❡✐t♦s ❝❛✉s❛❞♦s ♣❡❧❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ sã♦ ✈✐st♦s ❣r❛✜❝❛♠❡♥t❡✳ ❖s ♣❛râ♠❡✲

tr♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s ❢♦r❛♠ ✜①❛❞♦s ♥♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s θ = 2.2×10−14 ❡ σ = 1.1×10−16✱

♦s q✉❛✐s ❡stã♦ ✐♥tr✐♥s❡❝❛♠❡♥t❡ ❧✐❣❛❞♦s ❛ ❝✉rt❛s ❞✐stâ♥❝✐❛s✳ ❉❡st❛ ❢♦r♠❛✱ ❢♦✐ ♣♦ssí✈❡❧ ♦❜t❡r

❛s t❡♠♣❡r❛t✉r❛s ❝rít✐❝❛s r❡❧❛❝✐♦♥❛❞❛s ❛ ❜ós♦♥s ♥ã♦✲❝♦♠✉t❛t✐✈♦s T0 ≈ 3.75 × 1013 ❡ ❝♦✲

♠✉t❛t✐✈♦s T0 ≈ 4.0 × 1013 ♣❛r❛ ✉♠❛ ❞❡♥s✐❞❛❞❡ ✜①❛ ❞❡ ♣❛rtí❝✉❧❛s✳ ❉❡✈❡✲s❡ s❛❧✐❡♥t❛r q✉❡

❡st❛♠♦s ❛ss✉♠✐♥❞♦ ♦ ✈❛❧♦r ❞❡ss❛s ❣r❛♥❞❡③❛s ❡♠ ✉♥✐❞❛❞❡s ❛r❜✐trár✐❛s✳

P♦r ❝♦♥✈❡♥✐ê♥❝✐❛ ♦s ❣rá✜❝♦s ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❡stã♦ ♥♦r♠❛❧✐③❛❞♦s ♣❡❧❛

t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ Tc ❞♦ ❝❛s♦ ❝♦♠✉t❛t✐✈♦ ✉s✉❛❧✱ ❡st❡ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ s❡rá ❢❡✐t♦ ❡♠

❣rá✜❝♦s s❡❣✉✐♥t❡s✳ ❆♥❛❧✐s❛♥❞♦ ♦ ❣rá✜❝♦ ❞❛ ✜❣✉r❛ ✹✳✶ é ♥♦tá✈❡❧ q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

♦❜t✐❞♦ ❞❡♣♦✐s ❞❛ ✐♥tr♦❞✉çã♦ ❞❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ é s✐♠✐❧❛r✱ ❝♦♥t✉❞♦ ❛s t❡♠♣❡r❛t✉r❛s

❝rít✐❝❛s sã♦ ♠♦❞✐✜❝❛❞❛s ♣❡❧❛ ❡s❝♦❧❤❛ ❞♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s θ ❡ σ✳ ❊st❛s ♠♦❞✐✜❝❛✲
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çõ❡s ❝❛✉s❛❞❛s ♥❛s t❡♠♣❡r❛t✉r❛s ❝rít✐❝❛s t❛♠❜é♠ ♣♦❞❡♠ s❡r ✈✐st❛s ♥❛s ✜❣s✳❬✹✳✷❪✱ ♦♥❞❡ sã♦

♠♦str❛❞♦s ♦s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ❞❡ T0 ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ N ❞❡ ❜ós♦♥s ❝♦♠ ❡

s❡♠ ♠❛ss❛✳

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✹✳✷✿ ✭❛✮ ❘❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ❞❡ T0 ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s N ♣❛r❛
❜ós♦♥s s❡♠ ♠❛ss❛ ❝♦♠✉t❛t✐✈♦s ❡ ♥ã♦✲❝♦♠✉t❛t✐✈♦s✳ ✭❜✮ ❘❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ❞❡ T0 ❡♠
❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s N ♣❛r❛ ❜ós♦♥s ❝♦♠ ♠❛ss❛ ❝♦♠✉t❛t✐✈♦s ✭❈❈▼✮ ❡ ♥ã♦✲
❝♦♠✉t❛t✐✈♦s ✭◆❈❈▼✮✱ s❡♥❞♦ ❛ ❡s❝♦❧❤❛ ❞❡ m = 4.0× 108 ❛r❜✐trár✐❛✳

P❛r❛ t❡♠♣❡r❛t✉r❛s T ♠❛✐♦r❡s q✉❡ ❛ t❡♠♣❡r❛t✉r❛ T0 ♣♦❞❡♠♦s s❡♠♣r❡ ❡♥❝♦♥tr❛r

✈❛❧♦r❡s ❞❡ z t❛❧ q✉❡ ❛s ❡q✉❛çõ❡s ✭✸✳✶✺✮ ❡ ✭✸✳✾✮ s❡❥❛♠ s❛t✐s❢❡✐t❛s✳ ❉❡st❛ ❢♦r♠❛✱ ✉s❛♥❞♦ ❛s

❡q✉❛çõ❡s ✭✸✳✶✻✮✱ ✭✸✳✶✵✮✱ ✭✸✳✶✼✮ ❡ ✭✸✳✶✶✮ ♣♦❞❡♠♦s t❛♠❜é♠ ❡st✉❞❛r ♦s ❡❢❡✐t♦s ❝❛✉s❛❞♦s ♥❛

❡♥❡r❣✐❛ ✐♥t❡r♥❛ ❡ ♣r❡ssã♦✱ ❝✉❥♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ é ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✸ ❝♦♠♣❛r❛♥❞♦ ♦s

r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❜ós♦♥s ♥ã♦✲❝♦♠✉t❛t✐✈♦s ❝♦♠ ♦s ♦❜t✐❞♦s ♣❛r❛ ♦ ❝❛s♦ ❝♦♠✉t❛t✐✈♦

✉s✉❛❧✳ ❙ã♦ ✉s❛❞♦s t❛♠❜é♠ r❡s✉❧t❛❞♦s ❡①❛t♦s ❡ ❛♣r♦①✐♠❛❞♦s ♣❛r❛ t❡st❛r ❛ ❡✜❝✐ê♥❝✐❛ ❞❡ss❛

❛♣r♦①✐♠❛çã♦ ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛s q✉❛♥t✐❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s ❡♠ ✐♥t❡r❡ss❡ ❡ ❛ ✜❞❡❧✐❞❛❞❡

❞❛ ❛♣r♦①✐♠❛çã♦ ❜❛s❡❛❞❛ ♥❛ ❡①♣❛♥sã♦ ❞♦s ♣❛râ♠❡tr♦s θ ❡ σ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ❝❛❧❝✉❧❛❞♦

❡①❛t❛♠❡♥t❡✳

❉❛ ✜❣✉r❛ ✹✳✸ ✈❡♠♦s q✉❡ t♦❞❛s ❛s ❝✉r✈❛s ❛♣r❡s❡♥t❛♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥✲

tót✐❝♦✱ ♣♦ss✉✐♥❞♦ ✉♠❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❡♠ T = T0✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥❛ ✜❣✳❬✹✳✸✭❛✮❪ ❛

❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ❡♥❡r❣✐❛ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ❜ós♦♥s ❝♦♠✉t❛t✐✈♦s s❡ t♦r♥❛ ♠❛✐s s✉❛✈❡

♥❛ r❡❣✐ã♦ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ T > T0✱ ❡♥q✉❛♥t♦ q✉❡ ♣❛r❛ ❜ós♦♥s ♥ã♦✲❝♦♠✉t❛t✐✈♦s ❛s ❝✉r✈❛s

sã♦ ♠❛✐s ❛❝❡♥t✉❛❞❛s ♥❡ss❛ r❡❣✐ã♦✳ ❆❧é♠ ❞✐ss♦✱ à ♠❡❞✐❞❛ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❛✉♠❡♥t❛ ♦s

❡❢❡✐t♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s t♦r♥❛♠✲s❡ ♠❛✐s s✐❣♥✐✜❝❛t✐✈♦s✱ ✐st♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ❢❛t♦ q✉❡

❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❞❡✈❡ t❡r ❝♦♥tr✐❜✉✐çõ❡s r❡❧❡✈❛♥t❡s ♥♦ r❡❣✐♠❡ ❞❡ ❛❧t❛s ❡♥❡r❣✐❛s✳ ❉❡

✹✶



✭❛✮ ✭❜✮

❋✐❣✉r❛ ✹✳✸✿ ✭❛✮ ❊♥❡r❣✐❛ ✐♥t❡r♥❛ ♣♦r ♣❛rtí❝✉❧❛ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛✳ ✭❜✮ Pr❡ssã♦
♣♦r ❞❡♥s✐❞❛❞❡ ❞❡ ♣❛rtí❝✉❧❛s ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛✳ ❖s sí♠❜♦❧♦s ❈✱ ◆❈❊ ❡ ◆❈❆
r❡♣r❡s❡♥t❛♠ r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❜ós♦♥s ❝♦♠✉t❛t✐✈♦✱ ♥ã♦✲❝♦♠✉t❛t✐✈♦ ❡①❛t♦ ✭♥✉♠ér✐❝♦✮
❡ ♥ã♦✲❝♦♠✉t❛t✐✈♦ ❛♣r♦①✐♠❛❞♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s t❡♠♣❡r❛t✉r❛s ❝rít✐❝❛s ♣❛r❛ ✉♠ ❞❛❞♦
✈❛❧♦r ✜①♦ ❞❡ n ♣❛r❛ ❝❛❞❛ ❝❛s♦ sã♦ T0 ≈ 4.0 × 1013 ✭❈✮✱ T0 ≈ 3.75 × 1013 ✭◆❈❊✮ ❡
T0 ≈ 3, 78× 1013 ✭◆❈❆✮✳

♦✉tr♦ ♠♦❞♦✱ ♦s ❡❢❡✐t♦s ❝❛✉s❛❞♦s ♥♦ ❧✐♠✐t❡ ❞❡ ❜❛✐①❛s ❡♥❡r❣✐❛s sã♦ ♠✉✐t♦ ♣❡q✉❡♥♦s✱ ♣♦❞❡♥❞♦

s❡r t❡st❛❞♦s ❛♣❡♥❛s ❝♦♠ ✉♠❛ ♣r❡❝✐sã♦ ♠✉✐t♦ ❛❧t❛✳

❆♣r❡s❡♥t❛♠♦s t❛♠❜é♠✱ ♥❛ ✜❣✉r❛ ✹✳✹✱ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥✉♠❡r✐❝❛♠❡♥t❡ ♣❛r❛

✈❛r✐❛çõ❡s ♥♦ ✈❛❧♦r ❞♦ ♣❛râ♠❡tr♦ σ ♠❛♥t❡♥❞♦ θ ✜①♦✳ ❊ss❛s ✈❛r✐❛çõ❡s ❢❛③❡♠ ❝♦♠ q✉❡ ❛s

t❡♠♣❡r❛t✉r❛s ❝rít✐❝❛s s❡❥❛♠ ❛❢❡t❛❞❛s ♣❡❧❛ r❡❣✉❧❛r✐③❛çã♦ ❞♦s ♣❛râ♠❡tr♦s θ ❡ σ✳ ❚❛♠❜é♠

♦❜s❡r✈❛♠♦s q✉❡ ♦ ❛✉♠❡♥t♦ ❞❡ σ ❧❡✈❛ ❛ ✉♠❛ ❞✐♠✐♥✉✐çã♦ ❞❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❡♥❡r❣✐❛ ♠♦❞✐✜✲

❝❛❞❛✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♥❛ ✜❣✉r❛ ✹✳✺✱ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥✉♠❡r✐❝❛♠❡♥t❡

♠❛♥t❡♥❞♦ σ ✜①♦ ❡♥q✉❛♥t♦ ♦ ♣❛râ♠❡tr♦ θ é ✈❛r✐❛❞♦✳ ❆ ♣❛rt✐r ❞❛ ❛♥á❧✐s❡ ❞❡ss❡s ❣rá✜❝♦s✱

♣♦❞❡♠♦s ✈❡r q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ♣♦ss✉✐ ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ♠❛✐s ❢♦rt❡ ❡♠ ✈❛r✐❛çõ❡s

❡♠ θ ❞♦ q✉❡ ❡♠ σ✳

❈♦♥t✐♥✉❛♥❞♦ ♥♦ss❛ ❛♥á❧✐s❡✱ ❝♦♥str✉í♠♦s ♦ ❣rá✜❝♦ ❞❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ♠♦❧❛r Cv✱

❞❛❞❛ ♣♦r ✭✸✳✼✮ ❡ ✭✸✳✽✮✱ ♣❛r❛ ❜ós♦♥s ♥ã♦ ♠❛ss✐✈♦s ✉s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✸✳✶✽✮ r❡s♦❧✈✐❞❛s

♥✉♠❡r✐❝❛♠❡♥t❡ ❡ ❛tr❛✈és ❞❛s ❡q✉❛çõ❡s ✭✸✳✶✷✮ ❝❛❧❝✉❧❛❞❛s ❛ ♣❛rt✐r ❞❡ ❛♣r♦①✐♠❛çõ❡s✳ ❊st❡

r❡s✉❧t❛❞♦ é ♠♦str❛❞♦ ♥❛ ✜❣✳❬✹✳✻❪✱ ♦♥❞❡ é ✈✐st♦ q✉❡ ❛ ❝♦♥❞❡♥s❛çã♦ ❞❡ ❇♦s❡✲❊✐♥st❡✐♥ é

❛❝♦♠♣❛♥❤❛❞❛ ♣❡❧♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ ✉♠ ♣✐❝♦ ♣r♦♥✉♥❝✐❛❞♦ ❡ ❞✐st✐♥t♦ ♥♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦

❞♦ s✐st❡♠❛ ♥❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛

✹✷



✭❛✮ ✭❜✮

❋✐❣✉r❛ ✹✳✹✿ ✭❛✮ ❋✐①❛♥❞♦ θ = 2.2×10−14 ❡ ✈❛r✐❛♥❞♦ σ✱ ❛ ❝✉r✈❛ ✐♥❢❡r✐♦r ❝♦♠ σ = 1.4×10−16

❛♣r❡s❡♥t❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ T0 ≈ 3.76× 1013✱ ❡♥q✉❛♥t♦ ❛ s✉♣❡r✐♦r ❝♦♠ σ = 1.1×
10−16 ❛♣r❡s❡♥t❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ T0 ≈ 3.75× 1013✳ ✭❜✮ ▼❛♥t❡♥❞♦ θ = 2.5× 10−14

✜①♦ ❡ ✈❛r✐❛♥❞♦ σ✱ ❛ ❝✉r✈❛ ✐♥❢❡r✐♦r ❝♦♠ σ = 1.4×10−16 ❛♣r❡s❡♥t❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛
T0 ≈ 3.65 × 1013✱ ❡♥q✉❛♥t♦ ❛ s✉♣❡r✐♦r ❝♦♠ σ = 1.1 × 10−16 ❛♣r❡s❡♥t❛ ✉♠❛ t❡♠♣❡r❛t✉r❛
❝rít✐❝❛ T0 ≈ 3.62× 1013✳

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✹✳✺✿ ✭❛✮ ❋✐①❛♥❞♦ σ = 1.1×10−16 ❡ ✈❛r✐❛♥❞♦ θ✱ ♥❛ ❝✉r✈❛ ✐♥❢❡r✐♦r ❝♦♠ θ = 2.2×10−14

❡♥❝♦♥tr❛♠♦s T0 ≈ 3.75 × 1013✱ ❡♥q✉❛♥t♦ ♥❛ s✉♣❡r✐♦r ❝♦♠ θ = 2.5 × 10−14 ❡♥❝♦♥tr❛♠♦s
T0 ≈ 3.62× 1013 ✳✭❜✮ ▼❛♥t❡♥❞♦ σ = 1.4× 10−16 ✜①♦ ❡ ✈❛r✐❛♥❞♦ θ✱ ♥❛ ❝✉r✈❛ ✐♥❢❡r✐♦r ❝♦♠
θ = 2.2× 10−14 ❡♥❝♦♥tr❛♠♦s T0 ≈ 3.76× 1013✱ ❡♥q✉❛♥t♦ ♥❛ s✉♣❡r✐♦r ❝♦♠ θ = 2.5× 10−14

❡♥❝♦♥tr❛♠♦s T0 ≈ 3.65× 1013

♦❜t✐❞❛ ❝♦♠ ❛ ✐♥tr♦❞✉çã♦ ❞❛ ♥ã♦ ❝♦♠✉t❛t✐✈✐❞❛❞❡ é ♠❛✐♦r ❞♦ q✉❡ ❛ ✉s✉❛❧✱ ♣♦ss✉✐♥❞♦ ✉♠

❛✉♠❡♥t♦ ♥❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❡♠ T = T0✱ ♥❡st❛ t❡♠♣❡r❛t✉r❛ ♦ ✧❣❛♣✧ ❡♠ Cv ♣❛r❛ ❜ós♦♥s

♥ã♦✲❝♦♠✉t❛t✐✈♦s é ✐❣✉❛❧ 10.45 ❡♥q✉❛♥t♦ q✉❡ ♣❛r❛ ❜ós♦♥s ❝♦♠✉t❛t✐✈♦s é 6.57✳

◆❛ s❡q✉ê♥❝✐❛✱ ♦s r❡s✉❧t❛❞♦s r❡❢❡r❡♥t❡s ❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❞❡ ❜ós♦♥s q✉❡ ♣♦s✲

s✉❡♠ ♠❛ss❛ sã♦ ❡①✐❜✐❞♦s ♥❛ ✜❣✉r❛ ✹✳✼✳ ❆ss✉♠✐♠♦s ❛ r❡❧❛çã♦ ♣❛r❛ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡s❧♦❝❛❞❛

✹✸



❋✐❣✉r❛ ✹✳✻✿ ❈❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ❜ós♦♥s ♥ã♦ ♠❛ss✐✈♦s
❝♦♠♣❛r❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❜ós♦♥s ❝♦♠✉t❛t✐✈♦ ✭❈✮✱ ♥ã♦✲❝♦♠✉t❛t✐✈♦ ❡①❛t♦
✭◆❈❊✮ ❡ ♥ã♦✲❝♦♠✉t❛t✐✈♦ ❛♣r♦①✐♠❛❞♦ ✭◆❈❆✮✱ ♦♥❞❡ ♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s
sã♦ ♦s ♠❡s♠♦s ❞❡s❝r✐t♦s ♥❛ ✜❣✉r❛ ✹✳✸✳

♣❛r❛ ω =
√
k2 +m2 − m✱ ❡st❛ ♠♦❞✐✜❝❛çã♦ ♥ã♦ ❞❡✈❡ ♠✉❞❛r ❛ ❢ís✐❝❛✱ ♥♦ ❡♥t❛♥t♦ é ♠❛✐s

❝♦♥✈❡♥✐❡♥t❡ ♣❛r❛ ❞❡✜♥✐r ❛ ❢r❡q✉ê♥❝✐❛ ♥✉❧❛ q✉❛♥❞♦ k = 0✳

❋✐❣✉r❛ ✹✳✼✿ ❘❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛✲
t✉r❛ ♣❛r❛ ❜ós♦♥s ❝♦♠ ♠❛ss❛ ❝♦♠♣❛r❛♥❞♦ ♦s ❝❛s♦s ❝♦♠✉t❛t✐✈♦ ✭❈❈▼✮ ❡ ♥ã♦✲❝♦♠✉t❛t✐✈♦
✭◆❈❈▼✮✱ ♣❡❧❛ ❡s❝♦❧❤❛ ❞❡ ✉♠ ✈❛❧♦r ✜①♦ ❞❡ n ❛s r❡s♣❡❝t✐✈❛s t❡♠♣❡r❛t✉r❛s ❝rít✐❝❛s sã♦
T0 ≈ 1.8× 1013 ❡ T0 ≈ 1.78× 1013✱ ♦♥❞❡ ✜①❛♠♦s m = 4.0× 108✳

❉❛♥❞♦ ❝♦♥t✐♥✉✐❞❛❞❡ ❛s ♥♦ss❛s ✐♥✈❡st✐❣❛çõ❡s ❝♦♠ ❜ós♦♥s ♠❛ss✐✈♦s ♣r♦❝✉r❛♠♦s ❛♣r♦✲

①✐♠❛çõ❡s ❝❛♣❛③❡s ❞❡ ❢♦r♥❡❝❡r ❝♦rr❡çõ❡s ♣r♦❞✉③✐❞❛s ♣❡❧♦s ❡❢❡✐t♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s ♥❛ ❢í✲

s✐❝❛ ❞❡ ❛❧t❛s ❡ ❜❛✐①❛s ❡♥❡r❣✐❛s✳ P❛r❛ ✐st♦✱ t♦♠❛♠♦s ♦s ❧✐♠✐t❡s ✉❧tr❛r❡❧❛t✐✈✐st✐❝♦ ❡ ♥ã♦✲

r❡❧❛t✐✈íst✐❝♦✱ ❝✉❥♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ sã♦ ❝♦♠♣❛r❛❞♦s ♥❛ ✜❣✉r❛ ✹✳✽✳

❉❡st❡ ❣rá✜❝♦ é ✈✐st♦ q✉❡ ❛❜❛✐①♦ ❞❡ ❝❡rt❛ t❡♠♣❡r❛t✉r❛✱ Cv ♥♦ ❧✐♠✐t❡ ♥ã♦✲r❡❧❛t✐✈íst✐❝♦ é

✹✹



♠❛✐♦r ❞♦ q✉❡ ♥♦ ❧✐♠✐t❡ ✉❧tr❛r❡❧❛t✐✈íst✐❝♦✱ ❝♦♥t✉❞♦ ❛❝✐♠❛ ❞❡st❛ t❡♠♣❡r❛t✉r❛ ❡ss❡ r❡s✉❧t❛❞♦

é ✐♥✈❡rt✐❞♦✳

❋✐❣✉r❛ ✹✳✽✿ ❈❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ♥♦s ❧✐♠✐t❡s ♥ã♦✲r❡❧❛t✐✈íst✐❝♦ ❡
✉❧tr❛r❡❧❛t✐✈íst✐❝♦✳ P❛r❛ ♦ ❧✐♠✐t❡ ◆❘ ❡s❝♦❧❤❡♠♦s T0 = 1.0×103 ❡ m = 1.0×108 ✭m >> T ✮✱
❡♥q✉❛♥t♦ q✉❡ ♣❛r❛ ♦ ❧✐♠✐t❡ ❯❘ ❡s❝♦❧❤❡♠♦s T0 = 3.78 × 1013 ❡ m = 1.0 ✭m << T ✮✱ ❝♦♠
❡ss❡s ✈❛❧♦r❡s ❞❛❞♦s ❡♠ ✉♥✐❞❛❞❡s ❛r❜✐trár✐❛s✳

❚❛♠❜é♠ ❡♥❝♦♥tr❛♠♦s q✉❡ ❛s ❝✉r✈❛s ❞❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❛♣r❡s❡♥t❛♠ s✐♥❣✉❧❛r✐✲

❞❛❞❡s ♥❛s ✈✐③✐♥❤❛♥ç❛s ❞❡ T = T0✱ ✐st♦ ✐♥❞✐❝❛ ✉♠❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❡♠

❞❡r✐✈❛❞❛s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ❛ ✉♠✱ ♦ q✉❡ r❡s✉❧t❛ ❡♠ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❝♦♠✉♠❡♥t❡

❝❤❛♠❛❞❛ ❞❡ tr❛♥s✐çã♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳

✹✺



❈❛♣ít✉❧♦ ✺

❈♦♥❝❧✉sõ❡s ❡ ♣❡rs♣❡❝t✐✈❛s

◆❡st❡ tr❛❜❛❧❤♦ ✐♥✈❡st✐❣❛♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s ❞❡ ✉♠ ❣ás ❞❡ ❜ós♦♥s

r❡❧❛t✐✈íst✐❝♦s ♥♦ ❝❡♥ár✐♦ ❞❛ t❡♦r✐❛ q✉â♥t✐❝❛ ❞❡ ❝❛♠♣♦s ❜❛s❡❛❞❛ ♥♦ ❝♦♥❝❡✐t♦ ❞❡ ❝❛♠♣♦s

♥ã♦✲❝♦♠✉t❛t✐✈♦s✳ ◆❡st❡ ❡st✉❞♦ t✐✈❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ♦❜t❡r ❛s ❡q✉❛çõ❡s ❝❛r❛❝t❡ríst✐❝❛s

q✉❡ ❞❡s❝r❡✈❡♠ ✉♠ ❝♦♥❞❡♥s❛❞♦✱ t❛✐s ❝♦♠♦ t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦✱ ❢r❛çã♦ ❞❡ ♣❛rtí❝✉❧❛s

♥♦ ❝♦♥❞❡♥s❛❞♦✱ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✱ ♣r❡ssã♦ ❡ ❝❛❧♦r ❡s♣❡❝í✜❝♦✱ ❞❡ ♠♦❞♦ ❛ ✈❡r✐✜❝❛r ❛s ❝♦rr❡çõ❡s

❝❛✉s❛❞❛s ♥❡ss❡ s✐st❡♠❛ ❞❡✈✐❞♦ ❛ ✐♥tr♦❞✉çã♦ ❞❛ ♥ã♦✲❝♦♠✉t❛t✐✈✐❞❛❞❡✳

❯s❛♠♦s ❡st❛ t❡♦r✐❛ ♣❛r❛ ❞❡s❝r❡✈❡r♠♦s ❞♦✐s t✐♣♦s ❞❡ s✐st❡♠❛s ❞❡ ❜ós♦♥s✳ ◆♦ ♣r✐✲

♠❡✐r♦ ❝❛s♦ ❝♦♥s✐❞❡r❛♠♦s ❜ós♦♥s ❝♦♠ ♠❛ss❛ ③❡r♦✱ ❝✉❥❛s ♣r♦♣r✐❡❞❛❞❡s sã♦ ❞❡s❝r✐t❛s ❛tr❛✈és

❞❡ ❝á❧❝✉❧♦s ♥✉♠ér✐❝♦s ❡ ❛♣r♦①✐♠❛❞♦s✳ ◆♦ s❡❣✉♥❞♦ ❝❛s♦ sã♦ ❝♦♥s✐❞❡r❛❞♦s ❜ós♦♥s ❝♦♠

♠❛ss❛ ✜♥✐t❛ q✉❡ ❛❧é♠ ❞❡ s❡r❡♠ ❛✈❡r✐❣✉❛❞♦s ❛tr❛✈és ❞❡ r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s✱ sã♦ t❛♠✲

❜é♠ ❡st✉❞❛❞♦s ♥❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦s ❧✐♠✐t❡s ♥ã♦✲r❡❧❛t✐✈íst✐❝♦ ❡ ✉❧tr❛r❡❧❛t✐✈íst✐❝♦✳ ❊st❡s

r❡s✉❧t❛❞♦s sã♦ ❡♥tã♦ ❝♦♠♣❛r❛❞♦s ❝♦♠ ❝♦♥❤❡❝✐❞♦s ♥❛ ❧✐t❡r❛t✉r❛ ♣❡❧❛ t❡♦r✐❛ ❝♦♠✉t❛t✐✈❛✳

❆ ♣r✐♠❡✐r❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ t❛❧ ❞❡❢♦r♠❛çã♦ ❛♣❛r❡❝❡ ♥❛ r❡❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦✱ ♦ q✉❡

❧❡✈❛ ❛ ♠♦❞✐✜❝❛çõ❡s ♥❛s ❣r❛♥❞❡③❛s t❡r♠♦❞✐♥â♠✐❝❛s✳ P❛r❛ ❡♥t❡♥❞❡r♠♦s ❡ss❛s ♠♦❞✐✜❝❛çõ❡s

❡ s✉❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ♦s ♣❛râ♠❡tr♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s ✭θ ❡ σ✮ ✐♥tr♦❞✉③✐❞♦s ♥❡ss❛ t❡♦r✐❛✱

❡st✉❞❛♠♦s ❣r❛✜❝❛♠❡♥t❡ ❡ss❛s q✉❛♥t✐❞❛❞❡s t❡r♠♦❞✐♥â♠✐❝❛s ♠♦❞✐✜❝❛❞❛s✳

❆ ❛♥á❧✐s❡ ❞❡ss❡s ❣rá✜❝♦s r❡✈❡❧❛♠ q✉❡ ♦s ❡❢❡✐t♦s ♥ã♦✲❝♦♠✉t❛t✐✈♦s ❝❛✉s❛♠ ❝♦♥tr✐❜✉✐✲

çõ❡s s✐❣♥✐✜❝❛t✐✈❛s ❡♠ r❡❣✐♠❡s ❞❡ ❛❧t❛s t❡♠♣❡r❛t✉r❛s✱ ♦ q✉❡ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛♦ ❢❛t♦ ❞❛ ♥ã♦

❝♦♠✉t❛t✐✈✐❞❛❞❡ s❡r ✉♠❛ t❡♦r✐❛ ❞❡ ❛❧t❛s ❡♥❡r❣✐❛s✱ ❛♣r❡s❡♥t❛♥❞♦ ❝❛r❛❝t❡ríst✐❝❛s ♣❡r❝❡♣tí✈❡✐s

♥❛ ❡s❝❛❧❛ ❞❡ P❧❛♥❝❦✳

✹✻



◆♦ss♦ ❡st✉❞♦ t❛♠❜é♠ ❞❡♠♦♥str❛ q✉❡ ❛ ❝♦♥❞❡♥s❛çã♦ ❞♦ ❣ás ❞❡ ❜ós♦♥s ♥ã♦✲❝♦♠✉t❛t✐✈♦

é ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ♠✉❞❛♥ç❛s ❛❜r✉♣t❛s ♥❛s ❢✉♥çõ❡s t❡r♠♦❞✐♥â♠✐❝❛s ❛♦ s❡r ❛t✐♥❣✐❞❛ ❞❡✲

t❡r♠✐♥❛❞❛ t❡♠♣❡r❛t✉r❛ ❝rít✐❝❛ ❞❡ ❢♦r♠❛ s✐♠✐❧❛r ❛♦ r❡s✉❧t❛❞♦ ✉s✉❛❧✳ ■st♦ ♣♦❞❡ s❡r ✈✐st♦

♥❛s ❝✉r✈❛s ❞♦ ❝❛❧♦r ❡s♣❡❝í✜❝♦✱ ♦♥❞❡ Cv ❡①✐❜❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ❡♠ T = T0✱ ❞❡st❛ ❢♦r♠❛ ❛

tr❛♥s✐çã♦ ❞❡ ❢❛s❡ é ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥❛ r❡❣✐ã♦ T > T0 ❛ ♥ã♦ ❝♦♠✉t❛✲

t✐✈✐❞❛❞❡ ♣r♦✈♦❝❛ ❞❡❢♦r♠❛çõ❡s ❜❛st❛♥t❡ ❞✐st✐♥t❛s ❡♠ Cv q✉❛♥❞♦ ❝♦♠♣❛r❛♠♦s ❝♦♠ ♦ ❝❛s♦

❝♦♠✉t❛t✐✈♦✳

❉❡♥tr❡ ❛s ♣❡rs♣❡❝t✐✈❛s q✉❡ s❡❣✉❡♠ ❞❡st❡ tr❛❜❛❧❤♦ ❛ ♠❛✐s ✐♠❡❞✐❛t❛ é ❝♦♥s✐❞❡r❛r

♣r♦❞✉çã♦ ❞❡ ♣❛r❡s ♣❛rtí❝✉❧❛s✲❛♥t✐♣❛rtí❝✉❧❛s q✉❡ ♥ã♦ ❡stã♦ s❡♥❞♦ ❧❡✈❛❞♦s ❡♠ ❝♦♥t❛✱ ♠❛s

sã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ♣r❡s❡♥t❡ ❡st✉❞♦✳ ❯♠❛ ♠❛♥❡✐r❛ ♥❛t✉r❛❧ ❞❡ ✐♥tr♦❞✉③✐r ❛ ❛ss✐♠❡tr✐❛

♠❛tér✐❛✲❛♥t✐♠❛tér✐❛ é ❛ ♣❛rt✐r ❞❛ ✐♥t❡r♣r❡t❛çã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ❡♥❡r❣✐❛ ♠♦❞✐✜❝❛❞❛s ✭✸✳✸✵✮

❝♦♠♦ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ❞❡s❝r✐çã♦ ❞❡ ♣❛rtí❝✉❧❛s ❡ ❛♥t✐♣❛rtí❝✉❧❛s✳

❚❡♠♦s t❛♠❜é♠ ❝♦♠♦ ♣❡rs♣❡❝t✐✈❛ ❛♣❧✐❝❛r ❛ t❡♦r✐❛ ♥ã♦✲❝♦♠✉t❛t✐✈❛ ♣❛r❛ ✐♥✈❡st✐❣❛r ♦

❣ás ❞❡ ❜ós♦♥s ❡♠ ✉♠ ♣♦t❡♥❝✐❛❧ ❤❛r♠ô♥✐❝♦✳ ❖✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ é ❡①♣❧♦r❛r ❛ ❝♦♥❞❡♥s❛çã♦

❞❡ ❇♦s❡✲❊✐♥st❡✐♥ ❝♦♠ ❝❛♠♣♦s ❡s❝❛❧❛r❡s ♥ã♦✲❝♦♠✉t❛t✐✈♦s ❢❛③❡♥❞♦ ✉♠❛ ❡①t❡♥sã♦ ♣❛r❛ ❣❡♦✲

♠❡tr✐❛s ❡♠ ❡s♣❛ç♦s ❝✉r✈♦s✱ t❛✐s q✉❡ ♦ ❡s❝❛❧❛r ❞❡ ❝✉r✈❛t✉r❛ s❡❥❛ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ ✭R 6= 0✮✳

✹✼



❆♣ê♥❞✐❝❡ ❆

❘❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦

◆❡st❡ ❛♣ê♥❞✐❝❡ ✈❛♠♦s ❝❛❧❝✉❧❛r ♦s ❝♦♠✉t❛❞♦r❡s q✉❡ ❛♣❛r❡❝❡♠ ♥❛ s❡çã♦ ✭✷✳✷✳✷✮✳

❯s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✶✻✮ ❡♥❝♦♥tr❛♠♦s

[

ϕ̂a(~x, t), ϕ̂b(~y, t)
]

=

[

ϕa(~x, t)− 1

2
ǫacθπc(~x, t), ϕ

b(~y, t)− 1

2
ǫbdθπd(~y, t)

]

=
[

ϕa(~x, t), ϕb(~y, t)
]

− 1

2
ǫbdθ [ϕa(~x, t), πd(~y, t)]

−1

2
ǫacθ

[

πc(~x, t), ϕ
b(~y, t)

]

+
1

4
ǫacǫbdθ2 [πc(~x, t), πd(~y, t)]

= − i

2
ǫbdθδadδ(~x− ~y) +

i

2
ǫacθδbcδ(~x− ~y)

= iǫabθδ(~x− ~y), ✭❆✳✶✮

[ϕ̂a(~x, t), π̂b(~y, t)] =

[

ϕa(~x, t)− 1

2
ǫacθπc(~x, t), πb(~y, t)

]

= [ϕa(~x, t), πb(~y, t)]−
1

2
ǫacθ [πc(~x, t), πb(~y, t)]

= iδab δ(~x− ~y), ✭❆✳✷✮

[π̂a(~x, t), π̂b(~y, t)] = [πa(~x, t), πb(~y, t)] = 0. ✭❆✳✸✮

❆s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ♣❛r❛ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❋♦✉r✐❡r sã♦ ♦❜t✐❞❛s ✉s❛♥❞♦ ❛s

tr❛♥s❢♦r♠❛çõ❡s ✭✷✳✷✶✮

✹✽



[

ϕ̂a
~n , ϕ̂

b
~m

]

=

[

ϕa
~n −

1

2R3
ǫacθ(n)πc

−~n , ϕ
b
~m − 1

2R3
ǫbdθ(m)πd

−~m

]

=
[

ϕa
~n, ϕ

b
~m

]

− 1

2R3
ǫbdθ(m)

[

ϕa
~n, π

d
−~m

]

− 1

2R3
ǫacθ(n)

[

πc
−~n, ϕ

b
~m

]

+
1

4R6
ǫacǫbdθ(n)θ(m)

[

πc
−~n, π

d
−~m

]

= − i

2R3
ǫbdθ(m)δadδ~n,−~m +

i

2R3
ǫacθ(n)δcbδ−~n,~m

=
iǫabθ(n)

R3
δ~n+~m,0, ✭❆✳✹✮

[

ϕ̂a
~n, π̂

b
~m

]

=

[

ϕa
~n −

1

2R3
ǫacθ(n)πc

−~n , π
b
~m

]

=
[

ϕa
~n, π

b
~m

]

− 1

2R3
ǫacθ(n)

[

πc
−~n , π

b
~m

]

= iδabδ~n,~m, ✭❆✳✺✮

[

π̂a
~n, π̂

b
~m

]

=
[

πa
~n, π

b
~m

]

= 0. ✭❆✳✻✮

P❛r❛ ♦❜t❡r♠♦s ❛s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s ai~n
† ❡ ai~n ✉s❛♠♦s ❛s

❡q✉❛çõ❡s ✭✷✳✸✵❛✮ ❡ ✭✷✳✸✵❜✮

✹✾



[

ai~m, a
j
~n

]

=

[

√

∆~m

2

(

ϕi
~m + i

πi
−~m

∆~m

)

,

√

∆~n

2

(

ϕj
~n + i

πj
−~n

∆~n

)]

=

√
∆~m∆~n

2

(

[

ϕi
~m, ϕ

j
~n

]

+
i

∆~n

[

ϕi
~m, π

j
−~n

]

+
i

∆~m

[

πi
−~m, ϕ

j
~n

]

− 1

∆~m∆~n

[

πi
−~m, π

j
−~n

]

)

=

√
∆~m∆~n

2

(

− 1

∆~n

δijδ~m+~n,0 +
1

∆~m

δijδ~m+~n,0

)

= 0, ✭❆✳✼✮

[

ai~m
†
, aj~n

†
]

=

[

√

∆~m

2

(

ϕi
−~m − i

πi
~m

∆~m

)

,

√

∆~n

2

(

ϕj
−~n − i

πj
~n

∆~n

)]

=

√
∆~m∆~n

2

(

[

ϕi
−~m, ϕ

j
~−n

]

− i

∆~n

[

ϕi
−~m, π

j
~n

]

− i

∆~m

[

πi
~m, ϕ

j
−~n

]

− 1

∆~m∆~n

[

πi
~m, π

j
~n

]

)

=

√
∆~m∆~n

2

(

1

∆~n

δijδ~m+~n,0 −
1

∆~m

δijδ~m+~n,0

)

= 0, ✭❆✳✽✮

[

ai~m, a
j
~n

†
]

=

[

√

∆~m

2

(

ϕi
~m + i

πi
−~m

∆~m

)

,

√

∆~n

2

(

ϕj
−~n − i

πj
~n

∆~n

)]

=

√
∆~m∆~n

2

(

[

ϕi
~m, ϕ

j
~−n

]

− i

∆~n

[

ϕi
~m, π

j
~n

]

+
i

∆~m

[

πi
−~m, ϕ

j
−~n

]

+
1

∆~m∆~n

[

πi
−~m, π

j
~n

]

)

=

√
∆~m∆~n

2

(

1

∆~n

δijδ~m,~n +
1

∆~m

δijδ~m,~n

)

= δijδ~m,~n. ✭❆✳✾✮

◆❛ s❡q✉ê♥❝✐❛ ❝❛❧❝✉❧❛♠♦s ❛s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ ✭✷✳✹✷✮ ✉s❛♥❞♦ ❛s ❡①♣r❡ssõ❡s

✭✷✳✸✾✮ ❡ ✭✷✳✸✾✮✱ ❡♥tã♦

✺✵



[

A1
~m, A

1
~n
†
]

=
1

2

[

a1~m − ia2~m, a
1
~n
†
+ ia2~n

†
]

=
1

2

(

[a1~m, a
1
~n
†
] + i[a1~m, a

2
~n
†
]− i[a2~m, a

1
~n
†
] + [a2~m, a

2
~n
†
]
)

= δ~m,~n, ✭❆✳✶✵✮

[

A2
~m, A

2
~n
†
]

=
1

2

[

a1~m + ia2~m, a
1
~n
† − ia2~n

†
]

=
1

2

(

[a1~m, a
1
~n
†
]− i[a1~m, a

2
~n
†
] + i[a2~m, a

1
~n
†
] + [a2~m, a

2
~n
†
]
)

= δ~m,~n, ✭❆✳✶✶✮

❡

[

A1
~m, A

2
~n
†
]

=
1

2

[

a1~m − ia2~m, a
1
~n
† − ia2~n

†
]

=
1

2

(

[a1~m, a
1
~n
†
]− i[a1~m, a

2
~n
†
]− i[a2~m, a

1
~n
†
]− [a2~m, a

2
~n
†
]
)

= 0, ✭❆✳✶✷✮

[

A2
~m, A

1
~n
†
]

=
1

2

[

a1~m + ia2~m, a
1
~n
†
+ ia2~n

†
]

=
1

2

(

[a1~m, a
1
~n
†
] + i[a1~m, a

2
~n
†
] + i[a2~m, a

1
~n
†
]− [a2~m, a

2
~n
†
]
)

= 0. ✭❆✳✶✸✮

▲♦❣♦✱

[

Ai
~m, A

j
~n

†
]

= δijδ~m,~n. ✭❆✳✶✹✮

✺✶
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