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❆♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡ ❋✉♥çõ❡s ▲✐♥❡❛r ❡ ◗✉❛❞rát✐❝❛ ♥❛
❊st❛tíst✐❝❛

❙ér❣✐♦ ▲✉✐③ ▼❛❝ê❞♦ ❞♦ ❆♠❛r❛❧

❆♣r♦✈❛❞♦ ❡♠

❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛

Pr♦❢✳ ❉r✳ ❏♦r❣❡ ❆❧✈❡s ❞❡ ❙♦✉s❛

❖r✐❡♥t❛❞♦r

Pr♦❢✳ ❉r✳ ❆❧✉✐③✐♦ ❋r❡✐r❡ ❞❛ ❙✐❧✈❛ ❏✉♥✐♦r

❊①❛♠✐♥❛❞♦r ■♥t❡r♥♦

Pr♦❢✳ ▼s✳ ▼❛r✐❛ ❞❡ ❏❡s✉s ❘✳ ❞❛ ❙✐❧✈❛

❊①❛♠✐♥❛❞♦r ■♥t❡r♥♦



P♦r ✐ss♦ ♠❡s♠♦✱ ❡♠♣❡♥❤❡♠✲s❡ ♣❛r❛ ❛❝r❡s❝❡♥t❛r à s✉❛ ❢é ❛ ✈✐rt✉❞❡❀ à ✈✐rt✉❞❡ ♦ ❝♦♥❤❡❝✐♠❡♥t♦❀

❛♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♦ ❞♦♠í♥✐♦ ♣ró♣r✐♦❀ ❛♦ ❞♦♠í♥✐♦ ♣ró♣r✐♦ ❛ ♣❡rs❡✈❡r❛♥ç❛❀ à ♣❡rs❡✈❡r❛♥ç❛ ❛

♣✐❡❞❛❞❡❀ à ♣✐❡❞❛❞❡ ❛ ❢r❛t❡r♥✐❞❛❞❡❀ ❡ à ❢r❛t❡r♥✐❞❛❞❡ ♦ ❛♠♦r✳

✭❇✐❜❧✐❛ ❙❛❣r❛❞❛✱ ✷ P❡❞r♦ ✶✿✺✲✼✳✮



❉❡❞✐❝❛tór✐❛

❆ ❉❡✉s ♣❡❧❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♣♦❞❡r r❡s♣✐r❛r ❝❛❞❛ ❞✐❛ ❛♦ ❛♠❛♥❤❡❝❡r✳ ❆ s✉❛ ♣r♦t❡çã♦ ❛♦

tr✐❧❤❛r ❝❛❞❛ ❥♦r♥❛❞❛✱ ❡ s✉❛ ❢♦rç❛ q✉❡ ♠❡ ✐♠♣✉❧s✐♦♥❛ ♥❛ ❞✐r❡çã♦ ❞❛s ♠✐♥❤❛s ❝♦♥q✉✐st❛s✳

✳



❆❣r❛❞❡❝✐♠❡♥t♦s

❉❡♣♦✐s ❞❡ tã♦ ❧♦♥❣❛ ❝❛♠✐♥❤❛❞❛✱ ❧❡♠❜r❛♥❞♦ t♦❞♦ ♦ tr❛❥❡t♦ ❞❡ss❡ ❡st✉❞♦✱ é ❝♦♠ ✐♠❡♥s❛

❣r❛t✐❞ã♦✱ ❛♠♦r✱ ❝❛r✐♥❤♦ ❡ s❛✉❞❛❞❡ ❛ t♦❞♦s q✉❡ ✜③❡r❛♠ ♣❛rt❡ ❞❡ss❡ ♣❡r❝✉rs♦ ❞❛ ♠✐♥❤❛

✈✐❞❛ q✉❡ ❝♦♥❝❧✉♦ ♠❛✐s ❡ss❛ ❡t❛♣❛✳

❙♦✉ ❣r❛t♦ ❛ ❉❡✉s ♣♦r t♦❞❛ ❧✉③ q✉❡ ♠❡ ❣✉✐♦✉ ♣♦r ❡ss❡ ❝❛♠✐♥❤♦✱ ✐❧✉♠✐♥❛♥❞♦ ♠❡✉s ♣❛ss♦s✱

q✉❡ ♠❡s♠♦ ♥♦s ♠♦♠❡♥t♦s ♠❛✐s ❞✐❢í❝❡✐s ♥✉♥❝❛ ♠❡ ❞❡✐①♦✉ ❞❡s❛♥✐♠❛r✱ ❡ q✉❡ ❞✐❛♥t❡ ❞❛ ❢é

s❡♠♣r❡ ❢♦ss❡ ❢❡✐t❛ s✉❛ ✈♦♥t❛❞❡✳ ❉❡ ❢♦r♠❛ ❡s♣❡❝✐❛❧ ❛❣r❛❞❡ç♦ ❛ ♠✐♥❤❛ ❢❛♠í❧✐❛✿ ❆ ♠✐♥❤❛

❡s♣♦s❛ ❏♦❛♥♥❛ q✉❡ ❡st❛ ❝♦♠✐❣♦ ❞❡s❞❡ ♦ ✐♥í❝✐♦ ❞❛ ♠✐♥❤❛ ✈✐❞❛ ❛❝❛❞ê♠✐❝❛ ❛♣♦✐❛♥❞♦ ♠✐♥❤❛s

❡s❝♦❧❤❛s ❡ ❛ ♠✐♥❤❛ ✜❧❤❛ ❇❡❛tr✐③✱ q✉❡ ♠❡ ❢♦✐ ✐♥s♣✐r❛çã♦ ♣❛r❛ ❝♦♥❝❧✉sã♦ ❞❡ss❡ tr❛❜❛❧❤♦✳

❆♦s ♠❡✉s ♣❛✐s ❏♦ã♦ ❡ ❈❧❡♦♥✐❝❡✱ q✉❡ ♥ã♦ ♠❡❞✐r❛♠ ❡s❢♦rç♦s ♥❛ t❡♥t❛t✐✈❛ ❞❡ ③❡❧❛r ♣❡❧❛

♠✐♥❤❛ ❡❞✉❝❛çã♦ ♥❛ ❜✉s❝❛ ❞❡ ✉♠ ❢✉t✉r♦ ♠❡❧❤♦r✳ ❆s ♠✐♥❤❛s ✐r♠ãs ❏♦❛♥✐❝❡ ❡ ❏✉ss❛r❛✱ ♣❡❧♦

✐♥❝❡♥t✐✈♦ ♥❛s ❤♦r❛s ❞❡ ❞❡sâ♥✐♠♦ ❡ ♣❡❧❛ ♣r❡s❡♥ç❛ ♥❛s ❛❧❡❣r✐❛s ❞❡ ♠✐♥❤❛s ❝♦♥q✉✐st❛s✳

➱ ❝♦♠ ✐♠❡♥s❛ ❣r❛t✐❞ã♦ ❡ ❝❛r✐♥❤♦ q✉❡ ✈❡♥❤♦ ❝✐t❛r ♠✐♥❤❛ ♣r✐♠❡✐r❛ ♣r♦❢❡ss♦r❛ ●♦r❡t❡✱

q✉❡ ❛❧é♠ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ tr❛♥s♠✐t✐✉ ❛ ❢♦r♠❛ ❝❛r✐♥❤♦s❛ ❡ r❡s♣❡✐t♦s❛ ❝♦♠ ❛ q✉❛❧ ❞❡s❞❡

❝❡❞♦ tr❛t❛✈❛ t♦❞♦s ❛q✉❡❧❡s q✉❡ t✐✈❡r❛♠ ❛ s❛t✐s❢❛çã♦ ❡ ♦ ♣r✐✈✐❧é❣✐♦ ❞♦s s❡✉s ❡♥s✐♥❛♠❡♥t♦s

❝♦♠♦ ♣r♦❢❡ss♦r❛✱ ❧✐çõ❡s ❡ss❛s q✉❡ ❢♦r❛♠ ♠✉✐t♦ ❛❧é♠ ❞❛ s❛❧❛ ❞❡ ❛✉❧❛✳

❆♦s ♠❡✉s ❛✈ós ♠❛t❡r♥♦s ▲✉❧❛ ❡ ▼❛r✐❛✱ ❡ ♣❛t❡r♥♦s✱ ❏♦s✐❛s ❡ ▼❛r✐❛✱ ❡st❡s ❡♠ ♠❡♠ór✐❛✳

❆s ♠✐♥❤❛s t✐❛s ▲✉❝✐♠❛r ❡ ❉❛❧✉③✱ ♦♥❞❡ ❡❧❛s r❡♣r❡s❡♥t❛♠ t♦❞♦s ♦s ♠❡✉s t✐♦s✱ ♦❜r✐❣❛❞♦ ♣♦r

t♦❞♦ ❛♣♦✐♦ ❡ ❝❛r✐♥❤♦✳

◆ã♦ ♣♦❞❡r✐❛ ❞❡✐①❛r ❞❡ ❛❣r❛❞❡❝❡r ❛ t♦❞♦s ♦s ❢✉♥❝✐♦♥ár✐♦s ❞❛s ❡s❝♦❧❛s ▼✉♥✐❝✐♣❛❧ ❡ ❊s✲

t❛❞✉❛❧ ❞❡ ❋r❡✐ ▼❛rt✐♥❤♦✱ ♦♥❞❡ ❝✉rs❡✐ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ ♠é❞✐♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛♦s

♣r♦❢❡ss♦r❡s ❋r❛♥❝✐♥❤❛✱ ❋❡r♥❛♥❞✐♥❤♦✱ ▼❡❧â♥✐❛ ❡ ❛ ❞✐r❡t♦r❛ ●✉✐❛ ▼❛t♦s✱ ❛ q✉❛❧ ♠❡s♠♦ ❛♣ós

❛ ❝♦♥❝❧✉sã♦ ❞♦ ❡♥s✐♥♦ ♠é❞✐♦ s❡♠♣r❡ s❡ ❞✐s♣♦s ❛ ♠❡ ❛❥✉❞❛r✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ❏♦r❣❡ ❆❧✈❡s✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ♥❛ ♦r✐❡♥t❛çã♦ ❡ ✐♥❝❡♥t✐✈♦ q✉❡ t♦r♥❛r❛♠

♣♦ssí✈❡❧ ❛ ❝♦♥❝❧✉sã♦ ❞❡st❛ ♠♦♥♦❣r❛✜❛✳ ❆❣r❛❞❡ç♦ ♣♦r tr❛♥s♠✐t✐r s❡✉s ❝♦♥❤❡❝✐♠❡♥t♦s ❡ ♣♦r

❢❛③❡r ❞❛ ♠✐♥❤❛ ♠♦♥♦❣r❛✜❛ ✉♠❛ ❡①♣❡r✐ê♥❝✐❛ ♣♦s✐t✐✈❛✳

❆♦s ♣r♦❢❡ss♦r❡s ❆❧✉✐③✐♦ ❋r❡✐r❡ ❡ ▼❛r✐❛ ❞❡ ❏❡s✉s✱ ♣♦r t❡r❡♠ ❛❝❡✐t❛❞♦ ♣❛rt✐❝✐♣❛r ❝♦♠♦

♠❡♠❜r♦s ♥❛ ❜❛♥❝❛ ❞❡ss❛ ♠♦♥♦❣r❛✜❛✳ ❚❡♥❤♦ ❝❡rt❡③❛ q✉❡ s✉❛s ❝♦♥s✐❞❡r❛çõ❡s sã♦ ❞❡ ❣r❛♥❞❡

✈❛❧♦r ♣❛r❛ ❡ss❡ tr❛❜❛❧❤♦✳

❆♦s ♠❡str❡s ❞❡st❛ ✐♥st✐t✉✐çã♦ q✉❡ tã♦ ❜❡♠ ♠❡ ✐♥str✉ír❛♠ ❝♦♠ tã♦ r✐❝♦ ❝♦♥❤❡❝✐♠❡♥t♦

✈✐



❡ ♠✉✐t♦ ♠❡ ❛❝r❡s❝❡♥t❛r❛♠ ❝♦♠ í♠♣❛r ❞❡❞✐❝❛çã♦ ❡ ❛♠✐③❛❞❡✳

➚ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡✱ ♣❡❧❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❝♦♥❝r❡t✐③❛r ❛ ▲✐❝❡♥✲
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✷✳✽ ■❧✉str❛çã♦ ❞❡ P♦♥t♦s ❞❡ ▼á①✐♠♦ ❡ ▼í♥✐♠♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷✳✾ ■❧✉str❛çã♦ ❡ r❡♣r❡s❡♥t❛çã♦ s✐♠❜ó❧✐❝❛ ❞♦ s✐♥❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✷✳✶✵ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡ y = k✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷✳✶✶ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ y = mx+ n✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷✳✶✷ ❈♦❡✜❝✐❡♥t❡ ❧✐♥❡❛r ❡ ❛♥❣✉❧❛r ❞❡ ✉♠❛ r❡t❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✶✸ ■♥t❡r♣r❡t❛çã♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✶✹ ❉❡t❡r♠✐♥❛çã♦ ❞❛ r❡t❛ ♣♦r ✉♠ ♣♦♥t♦ ❡ ♣❡❧♦ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✶✺ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✶✻ ❋✉♥çõ❡s q✉❛❞rát✐❝❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✸✳✶ ●rá✜❝♦ ❞❡ ❞✐s♣❡rsã♦ ❞❡ ✐❞❛❞❡ ❡ r❡❛çã♦ ❛♦ ❡stí♠✉❧♦✱ ❝♦♠ r❡t❛ ❛❥✉st❛❞❛✳ ✳ ✳ ✳ ✶✼

✸✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ♠♦❞❡❧♦ E(Y |x) = α + βx✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✸✳✸ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞♦s ❞✐✈❡rs♦s ❞❡s✈✐♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✸✳✹ ❘❡t❛s ❛❥✉st❛❞❛s ❛ ❞♦✐s ❝♦♥❥✉♥t♦s ❞❡ ❞❛❞♦s✳✭❛✮x ❡①♣❧✐❝❛ y❀✭❜✮x ♥ã♦ ❡①♣❧✐❝❛ y✳ ✷✺

✸✳✺ ✭❛✮♠é❞✐❛s ❛❧✐♥❤❛❞❛s✱ ❞✐str✐❜✉✐çõ❡s ❝♦♠ ❛ ♠❡s♠❛ ✈❛r✐â❝✐❛❀ ✭❜✮♠é❞✐❛s ❛❧✐✲

♥❤❛❞❛s✱ ❞✐str✐❜✉✐çõ❡s ♥♦r♠❛✐s ❝♦♠ ❛ ♠❡s♠❛ ✈❛r✐â♥❝✐❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸✳✻ ●rá✜❝♦ ❞❡ r❡sí❞✉♦s✳✭❛✮ s✐t✉❛çã♦ ✐❞❡❛❧❀✭❜✮✱✭❝✮ ♠♦❞❡❧♦ ♥ã♦✲❧✐♥❡❛r❀✭❞✮ ❡❧❡♠❡♥t♦

❛tí♣✐❝♦❀ ✭❡✮✱ ✭❢✮✱ ✭❣✮ ❤❡t❡r♦❝❡❞❛st✐❝✐❞❛❞❡❀ ✭❤✮ ♥ã♦✲♥♦r♠❛❧✐❞❛❞❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✼ ❆ r❡❧❛çã♦ ❡♥tr❡ λ ❡ ❛❧❣✉♠❛s ♠❡❞✐❞❛s ❞❡ ♥ã♦ ♥♦r♠❛❧✐❞❛❞❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✹✳✶ ❉✐❛❣r❛♠❛ ❞❡ ❉✐s♣❡rsã♦ ❞❡ ❙❛❧ár✐♦ ✈❡rs✉s ❊①♣❡r✐ê♥❝✐❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✹✳✷ ❉✐❛❣r❛♠❛ ❞❡ ❉✐s♣❡rsã♦ ❞❡ ❙❛❧ár✐♦ ✈❡rs✉s ❊①♣❡r✐ê♥❝✐❛ ❝♦♠ r❡t❛ ❛❥✉st❛❞❛✳ ✳ ✹✶

①



▲■❙❚❆ ❉❊ ❋■●❯❘❆❙

✹✳✸ ●rá✜❝♦ ♣❛r❛ ❆♥á❧✐s❡ ❞❡ ❘❡sí❞✉♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✹✳✹ ●rá✜❝♦ ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡ ◆♦r♠❛❧ ❞♦s ❘❡sí❞✉♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✹✳✺ ●rá✜❝♦s ❞❡ ❞✐s♣❡rsã♦ ❞❡ ❙❛❧ár✐♦ ✈s ❊①♣❡r✐ê♥❝✐❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✹✳✻ ●rá✜❝♦ ♣❛r❛ ❆♥á❧✐s❡ ❞♦s ❘❡sí❞✉♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✹✳✼ ▲♦❣✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❡ ■♥t❡r✈❛❧♦ ❞❡ ❈♦♥✜❛♥ç❛ ❞❡ ✾✺✪ ♣❛r❛ ✈❛❧♦r❡s ❞❡ λ ❞❛

tr❛♥❢♦r♠❛çã♦ ❞❡ ❇♦① ❈♦①✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✹✳✽ ❉✐❛❣r❛♠❛ ❞❡ ❞✐s♣❡rsã♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❙❛❧❛r✐♦ ✈❡rs✉s ❊①♣❡r✐❡♥❝✐❛✳ ✳ ✳ ✺✵

✹✳✾ ●rá✜❝♦s ♣❛r❛ ❆♥á❧✐s❡ ❞♦s ❘❡sí❞✉♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

①✐



▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✸✳✶ ❚❛❜❡❧❛ ❆◆❖❱❆ ♣❛r❛ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸✳✷ ❆❧❣✉♥s ✈❛❧♦r❡s tr❛♥s❢♦r♠❛❞♦s✱ ♣❛r❛ ❞❡t❡r♠✐♥❛❞♦s ✈❛❧♦r❡s ❞❡ λ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✹✳✶ ❙❛❧ár✐♦ ❡ t❡♠♣♦ ❞❡ ❡①♣❡r✐ê♥❝✐❛ ❞♦s ❣❡r❡♥t❡s ❞❡ ✉♠❛ ❛❣ê♥❝✐❛ ❜❛♥❝ár✐❛✳ ✳ ✳ ✳ ✸✺

①✐✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦✱ ✈✐s❧✉♠❜r❛♠♦s ❛ ❝♦♥s❝✐❡♥t✐③❛çã♦ ❞♦s ❢✉t✉r♦s ❞♦❝❡♥t❡s ❞♦s ❈✉rs♦s ❞❡

▲✐❝❡♥❝✐❛t✉r❛ ❡♠ ▼❛t❡♠át✐❝❛ ♣❛r❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❛s ❢✉♥çõ❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ ♣r✐♠❡✐r♦ ❡

s❡❣✉♥❞♦ ❣r❛✉✱ ❝♦♥str✉✐♥❞♦✲s❡ ✉♠ ❡❧♦ ❝♦♠ ❛ ❢❡rr❛♠❡♥t❛ ❡st❛tíst✐❝❛ ❛♥á❧✐s❡ ❞❡ r❡❣r❡ssã♦✱

t❡♥❞♦ ❝♦♠♦ ❡①❡♠♣❧♦s ♣r♦❜❧❡♠❛s ❞♦ ❝♦t✐❞✐❛♥♦✱ ♣♦❞❡♥❞♦ ❝♦♥tr✐❜✉✐r s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♣❛r❛

❛ ❛❜r❛♥❣ê♥❝✐❛ ❡ ♣r♦❢✉♥❞✐❞❛❞❡ ❞❡ ✉♠❛ ♣rát✐❝❛ ❞❡ ❡♥s✐♥♦ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r✳ ■♥✐❝✐❛❧♠❡♥t❡ s❡

❡①♣❧❛♥♦✉ ❛s ❢✉♥çõ❡s ❞❡ ♣r✐♠❡✐r♦ ❡ s❡❣✉♥❞♦ ❣r❛✉✱ q✉❡ sã♦ ❡❧❡♠❡♥t♦s ❝❤❛✈❡ ♣❛r❛ ❞❡s❝r❡✈❡r

♦ ♠✉♥❞♦ r❡❛❧ ❡♠ t❡r♠♦s ♠❛t❡♠át✐❝♦s✳ ❚❛✐s ❝♦♥❝❡✐t♦s ❡stã♦ ❞✐r❡t❛♠❡♥t❡ ❛ss♦❝✐❛❞♦s ❛

r❡❣r❡ssã♦✱ ♣♦r ✐♥t❡r❡ss❛r ♠✉✐t❛s ✈❡③❡s s❛❜❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s✱ ♦✉tr❛s

✈❡③❡s ❡st✉❞❛r ❝♦♠♦ ✉♠❛ ✈❛r✐á✈❡❧ ✈❛r✐❛ ❡♠ ❢✉♥çã♦ ❞❡ ♦✉tr❛✱ ♥❡st❡ ❝❡♥ár✐♦ ❛ r❡❣r❡ssã♦

▲✐♥❡❛r ❝♦♥st✐t✉✐ ✉♠❛ t❡♥t❛t✐✈❛ ❞❡ ❡st❛❜❡❧❡❝❡r ✉♠❛ ❡q✉❛çã♦ ♠❛t❡♠át✐❝❛ q✉❡ ❞❡s❝r❡✈❛ ♦

r❡❧❛❝✐♦♥❛♠❡♥t♦ ❡♥tr❡ ❡ss❛s ❞✉❛s ✈❛r✐á✈❡✐s✳ P❛r❛ ✈❛❧✐❞❛çã♦ ✐♠♣❧❡♠❡♥t♦✉✲s❡ ✉♠❛ ❛♥á❧✐s❡ ♥♦

s♦❢t✇❛r❡ ❡st❛tíst✐❝♦ ❘✱ ♦♥❞❡✱ ♦s r❡s✉❧t❛❞♦s ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s s❛t✐s❢❛tór✐♦s ♥♦ ❝♦♥t❡①t♦

❛✈❛❧✐❛❞♦✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❋✉♥çã♦✱ ❘❡❣r❡ss❛õ ▲✐♥❡❛r✱ ❙♦❢t✇❛r❡ ❘✳



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❡♥✈✐s❛❣❡ t❤❡ ❛✇❛r❡♥❡ss ♦❢ t❤❡ ❢✉t✉r❡ t❡❛❝❤❡rs ♦❢ t❤❡ ▼❛t❤❡♠❛t✐❝s

❉❡❣r❡❡ ❈♦✉rs❡s ❢♦r t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s ♦❢ ✜rst ❛♥❞ s❡❝♦♥❞ ❞❡❣r❡❡✱

❜✉✐❧❞✐♥❣ ❛ ❧✐♥❦ ✇✐t❤ t❤❡ st❛t✐st✐❝❛❧ t♦♦❧ r❡❣r❡ss✐♦♥ ❛♥❛❧②s✐s✱ ❤❛✈✐♥❣ ❛s ❡①❛♠♣❧❡s ❞❛✐❧②

♣r♦❜❧❡♠s ❛♥❞ ❝❛♥ ❝♦♥tr✐❜✉t❡ s✐❣♥✐✜❝❛♥t❧② t♦ t❤❡ ❜r❡❛❞t❤ ❛♥❞ ❞❡♣t❤ ♦❢ ❛♥ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r②

t❡❛❝❤✐♥❣ ♣r❛❝t✐❝❡✳❋✐rst ❛♥❞ s❡❝♦♥❞ ❞❡❣r❡❡ ❢✉♥❝t✐♦♥s ✇❡r❡ ❡①♣❧❛✐♥❡❞✱ ✇❤✐❝❤ ❛r❡ ❦❡② ❡❧❡♠❡♥ts

t♦ ❞❡s❝r✐❜❡ t❤❡ r❡❛❧ ✇♦r❧❞ ✐♥ ♠❛t❤❡♠❛t✐❝❛❧ t❡r♠s✳❚❤❡s❡ ❝♦♥❝❡♣ts ❛r❡ ❞✐r❡❝t❧② ❛ss♦❝✐❛t❡❞ t♦

r❡❣r❡ss✐♦♥✱ s✐♥❝❡ ✐t ✐s ♦❢t❡♥ ✐♥t❡r❡st✐♥❣ t♦ ❦♥♦✇ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t✇♦ ✈❛r✐❛❜❧❡s✱ ♦t❤❡r t✐♠❡s t♦

st✉❞② ❤♦✇ ♦♥❡ ✈❛r✐❛❜❧❡ ✈❛r✐❡s ✇✐t❤ ❛♥♦t❤❡r✱ ✐♥ t❤✐s s❝❡♥❛r✐♦ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ✐s ❛♥ ❛tt❡♠♣t

t♦ ❡st❛❜❧✐s❤ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❡q✉❛t✐♦♥ t❤❛t ❞❡s❝r✐❜❡s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦

✈❛r✐❛❜❧❡s✳❋♦r ✈❛❧✐❞❛t✐♦♥ ❛♥ ❛♥❛❧②s✐s ✇❛s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤❡ ❘ st❛t✐st✐❝❛❧ s♦❢t✇❛r❡✱ ✇❤❡r❡

t❤❡ r❡s✉❧ts ✇❡r❡ ❝♦♥s✐❞❡r❡❞ s❛t✐s❢❛❝t♦r② ✐♥ t❤❡ ❝♦♥t❡①t ❡✈❛❧✉❛t❡❞✳

❑❡②✇♦r❞s✿ ❋✉♥❝t✐♦♥✱ ▲✐♥❡❛r ❘❡❣r❡ss✐♦♥✱ ❙♦❢t✇❛r❡ ❘✳



Capı́tulo 1

■♥tr♦❞✉çã♦

▼✉✐t❛s ❧❡✐s ❢ís✐❝❛s ❡ ♠✉✐t♦s ♣r✐♥❝í♣✐♦s ❞❡ ❡♥❣❡♥❤❛r✐❛ ❞❡s❝r❡✈❡♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡✲

♣❡♥❞❡♥t❡ ❞❡ ♦✉tr❛✳ ❊♠ ✶✻✼✸✱ ❡ss❛ ✐❞é✐❛ ❢♦✐ ❢♦r♠❛❧✐③❛❞❛ ♣♦r ▲❡✐❜♥✐③✱ q✉❡ ❝✉♥❤♦✉ ♦ t❡r♠♦

❢✉♥çã♦ ♣❛r❛ ✐♥❞✐❝❛r ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❡♠ r❡❧❛çã♦ ❛ ♦✉tr❛ ❬✼❪✳

❖s ❡st✉❞♦s ❞♦s ❞✐❢❡r❡♥t❡s ❢❡♥ô♠❡♥♦s ❞❛ ♥❛t✉r❡③❛ ❡ ❛ r❡s♦❧✉çã♦ ❞♦s ❞✐✈❡rs♦s ♣r♦❜❧❡✲

♠❛s té❝♥✐❝♦s ❡✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡✱ ♠❛t❡♠át✐❝♦s✱ ❧❡✈❛♠✲♥♦s ❛ ❝♦♥s✐❞❡r❛r ❛ ✈❛r✐❛çã♦ ❞❡ ✉♠❛

❣r❛♥❞❡③❛ ❡♠ ❝♦rr❡❧❛çã♦ ❝♦♠ ❛ ✈❛r✐❛çã♦ ❞❡ ♦✉tr❛ ❣r❛♥❞❡③❛✳ ❆ss✐♠ q✉❛♥❞♦ ❡st✉❞❛♠♦s

✉♠ ♠♦✈✐♠❡♥t♦✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ❝❛♠✐♥❤♦ ♣❡r❝♦rr✐❞♦ ❝♦♠♦ ✉♠❛ ✈❛r✐á✈❡❧ q✉❡ ❞❡♣❡♥❞❡ ❞♦

t❡♠♣♦ ❬✶✵❪✳

◆❛ ♠❡t❛❞❡ ❞♦ sé❝✉❧♦ ❳❱■■■✱ ♦ ♠❛t❡♠át✐❝♦ s✉✐ç♦ ▲❡♦❤♥❛r❞ ❊✉❧❡r ✭♣r♦♥✉♥❝✐❛✲s❡ ✧♦✐✲

❧❡r✧✮ ❝♦♥❝❡❜❡✉ ❛ ✐❞é✐❛ ❞❡ ❞❡♥♦t❛r ❢✉♥çõ❡s ♣❡❧❛s ❧❡tr❛s ❞♦ ❛❧❢❛❜❡t♦✱ t♦r♥❛♥❞♦ ♣♦ssí✈❡❧✱

❞❡ss❡ ♠♦❞♦✱ tr❛❜❛❧❤❛r ❝♦♠ ❢✉♥çõ❡s s❡♠ ❛♣r❡s❡♥t❛r ❢ór♠✉❧❛s ❡s♣❡❝í✜❝❛s✱ ❣rá✜❝♦s ♦✉ t❛✲

❜❡❧❛s✳ P❛r❛ ❡♥t❡♥❞❡r ❛ ✐❞é✐❛ ❞❡ ❊✉❧❡r✱ ♣❡♥s❡ ♥✉♠❛ ❢✉♥çã♦ ❝♦♠♦ s❡♥❞♦ ✉♠ ♣r♦❣r❛♠❛ ❞❡

❝♦♠♣✉t❛❞♦r q✉❡ t♦♠❛ ✉♠❛ ❡♥tr❛❞❛ ①✱ ♦♣❡r❛ ❝♦♠ ❡❧❛ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ❡ ♣r♦❞✉③ ❡①❛t❛✲

♠❡♥t❡ ✉♠❛ s❛í❞❛ ②✳ ❖ ♣r♦❣r❛♠❛ ❞❡ ❝♦♠♣✉t❛❞♦r é ✉♠ ♦❜❥❡t♦ ♣♦r s✐ só✱ ❛ss✐♠ ♣♦❞❡♠♦s

❞❛r✲❧❤❡ ✉♠ ♥♦♠❡✱ ❞✐❣❛♠♦s f ✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ❢✉♥çã♦ f ✭♦ ♣r♦❣r❛♠❛ ❞❡ ❝♦♠♣✉t❛❞♦r✮

❛ss♦❝✐❛ ✉♠❛ ú♥✐❝❛ s❛í❞❛ y ❛ ❝❛❞❛ ❡♥tr❛❞❛ x ❬✼❪✳

P❛r❛ ♣❛r❡s ❞❡ ♦❜s❡r✈❛çõ❡s ❝♦❧❡t❛❞❛s s♦❜r❡ ✉♠❛ sér✐❡ ❞❡ ✐♥❞✐✈í❞✉♦s ♦✉ ♦❜❥❡t♦s✱ ✉♠❛

❝♦rr❡❧❛çã♦ ♣♦s✐t✐✈❛ ❡♥tr❡ ❞✉❛s ✈❛r✐á✈❡✐s ♠❡❞✐❞❛s ✐♠♣❧✐❝❛ q✉❡ ❛❧t♦s ✈❛❧♦r❡s ❡♠ ✉♠❛ ✈❛r✐á✈❡❧

t❡♥❞❡♠ ❛ ❡st❛r ❛ss♦❝✐❛❞♦s ❛ ❛❧t♦s ✈❛❧♦r❡s ❡♠ ♦✉tr❛ ✈❛r✐á✈❡❧✱ ❡ q✉❡ ❜❛✐①♦s ✈❛❧♦r❡s ❡♠ ✉♠❛

✈❛r✐á✈❡❧ t❡♥❞❡♠ ❡st❛r ❛ss♦❝✐❛❞♦s ❛ ❜❛✐①♦s ✈❛❧♦r❡s ❡♠ ♦✉tr❛ ✈❛r✐á✈❡❧✳ ❉❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡✱

s❡ ❛s ❞✉❛s ✈❛r✐á✈❡✐s ❡st✐✈❡r❡♠ ❝♦rr❡❧❛❝✐♦♥❛❞❛s ♥❡❣❛t✐✈❛♠❡♥t❡✱ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦ ✐♥✈❡rs❛

❡♥tr❡ ❡ss❛s ❞✉❛s ✈❛r✐á✈❡✐s ❬✷❪✳

P❛r❛ ❡♥t❡♥❞❡r♠♦s ❡ss❛ r❡❧❛çã♦ ❢❛r❡♠♦s ✉s♦ ❞❛ ❊stát✐st✐❝❛✱ q✉❡ é ❛ ❝✐ê♥❝✐❛ q✉❡ ❢♦r♥❡❝❡

♦s ♣rí♥❝✐♣✐♦s ❡ ♦s ♠ét♦❞♦s ♣❛r❛ ❝♦❧❡t❛✱ ♦r❣❛♥✐③❛çã♦✱ r❡s✉♠♦✱ ❛♥á❧✐s❡ ❡ ✐♥t❡r♣r❡t❛çã♦ ❞❡

❞❛❞♦s ❬✶✽❪✳

❊♠ ❛❧❣✉♠❛ ❢❛s❡ ❞♦ s❡✉ tr❛❜❛❧❤♦✱ ♦ ♣❡sq✉✐s❛❞♦r ❞❡♣❛r❛ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛♥❛❧✐s❛r ❡

✶



❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯➬➹❖

❡♥t❡♥❞❡r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s r❡❧❡✈❛♥t❡ ❛♦ s❡✉ ♣r♦❥❡t♦ ♣❛rt✐❝✉❧❛r ♦✉ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦s✳

❊❧❡ ♥❡❝❡ss✐t❛rá tr❛❜❛❧❤❛r ♦s ❞❛❞♦s ♣❛r❛ tr❛♥s❢♦r♠❛✲❧♦s ❡♠ ✐♥❢♦r♠❛çõ❡s✱ ♣❛r❛ ❝♦♠♣❛rá✲❧♦s

❝♦♠ ♦✉tr♦s r❡s✉❧t❛❞♦s✱ ♦✉ ❛✐♥❞❛ ♣❛r❛ ❥✉❧❣❛r ❛ ❛❞❡q✉❛çã♦ ❛ ❛❧❣✉♠❛ t❡♦r✐❛ ❬✸❪✳

❖ ✉s♦ ❞❛ r❡❧❛çã♦ ❡♥tr❡ ❞✉❛s ✈❛r✐á✈❡✐s ♣❛r❛ ♣r❡✈❡r ♦ ✈❛❧♦r ❞❡ ✉♠❛ ❛ ♣❛rt✐r ❞❡ ♦✉tr❛

♣♦❞❡ s❡r ❢♦r♠❛❧✐③❛❞♦ ❞❡ ♠♦❞♦ ❛ ❢♦r♥❡❝❡r ❛s ♠❡❧❤♦r❡s ♣r❡✈✐sõ❡s ♣♦ssí✈❡✐s✳ ❆❧é♠ ❞✐ss♦✱ ❡

t❛❧✈❡③ ♥ã♦ ♠❡♥♦s ✐♠♣♦rt❛♥t❡ ❞♦ q✉❡ ✐ss♦✱ ❡ss❛ ♠❡t♦❞♦❧♦❣✐❛ ♣♦❞❡ s❡r ✉s❛❞❛ ♣❛r❛ ❡①♣❧✐❝❛r

❛ ✈❛r✐❛çã♦ ❡♠ ✉♠❛ ✈❛r✐á✈❡❧ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ s✉❛ r❡❧❛çã♦ ❝♦♠ ✉♠❛ ♦✉ ❝♦♠ ♦✉tr❛s

✈❛r✐á✈❡✐s✳ ❘❡❣r❡ssã♦ ▲✐♥❡❛r ❙✐♠♣❧❡s é ✉♠ ♠♦❞❡❧♦ ✉s❛❞♦ ♣❛r❛ ❣❡r❛r ❡ss❛s ♣r❡✈✐sõ❡s ❡

❡①♣❧✐❝❛çõ❡s ❬✷❪✳

❆ ❡st❛tíst✐❝❛ é ✉♠ ❞♦s r❛♠♦s ❞❛ ♠❛t❡♠át✐❝❛ q✉❡ ♥♦s ♣r♦♣♦r❝✐♦♥❛ s❛✐r ✉♠ ♣♦✉❝♦ ❞❛

❜✉s❝❛ ♣❡❧❛ ❡①❛t✐❞ã♦✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ ♠❡♥s✉r❛r ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞♦s ❛❝♦♥t❡❝✐♠❡♥t♦s✱ ❢❛t♦ ❡st❡

q✉❡ ♥♦s ❛tr❛✐ ♥♦ ✐♥t✉✐t♦ ❞❡ ♠❡❧❤♦r❛r ♥♦ss❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❝♦♠♣r❡❡♥sã♦ ❞❡ ♠✉♥❞♦✳

◆❛ ❜✉s❝❛ ♣♦r ✉♠❛ ❢❡rr❛♠❡♥t❛ q✉❡ ♣♦ss❛ ❛❧✐❛r ❝♦♥❤❡❝✐♠❡♥t♦s ♠❛t❡♠át✐❝♦s ❛ ✐♥t❡r♣r❡✲

t❛çã♦ ❞❡ ❢❛t♦s✱ ❡♥❝♦♥tr❛♠♦s ♥❛ r❡❣r❡ssã♦ ❧✐♥❡❛r s✐♠♣❧❡s ❥✉♥t♦ ❛s ❛♣❧✐❝❛çõ❡s ♥♦ s♦❢t✇❛r❡

❘✱ ✉♠❛ ❝♦♠❜✐♥❛çã♦ q✉❡ ✈✐❛❜✐❧✐③❛ ❛ sí♥t❡t✐s❡ ❞❡ ✐♥❢♦r♠❛çõ❡s ❝♦❧❤✐❞❛s ♥♦ ❝♦t✐❞✐❛♥♦✳

❉✐❛♥t❡ ❞♦ ❡①♣♦st♦✱ ♦ ♦❜❥❡t✐✈♦ ❣❡r❛❧ ❞❡st❡ tr❛❜❛❧❤♦ é ♠♦str❛r ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡ ❢✉♥çõ❡s

❧✐♥❡❛r ❡ q✉❛❞rát✐❝❛ ♥❛ ❡st❛tíst✐❝❛ ❛tr❛✈és ❞❡ r❡❣r❡ssã♦ ❧✐♥❡❛r s✐♠♣❧❡s ❝♦♠ ♦ ❛✉①í❧✐♦ ❞♦

s♦❢t✇❛r❡ ❡st❛tíst✐❝♦ ❘✳

❊st❡ tr❛❜❛❧❤♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

❈❛♣ít✉❧♦ ✷✿ ❘❡❛❧✐③❛♠♦s ✉♠❛ ❜r❡✈❡ ❡①♣❧❛♥❛çã♦ s♦❜r❡ ❢✉♥çõ❡s✱ q✉❡ sã♦ ❡❧❡♠❡♥t♦s✲

❝❤❛✈❡ ♣❛r❛ ❞❡s❝r❡✈❡r ♦ ♠✉♥❞♦ r❡❛❧ ❡♠ t❡r♠♦s ♠❛t❡♠át✐❝♦s✱ ✜①❛♥❞♦ ❝♦♥❝❡✐t♦s ❡ ❞❡t❛❧❤❛♥❞♦

❢✉♥çõ❡s ❧✐♥❡❛r ❡ q✉❛❞rát✐❝❛✳

❈❛♣ít✉❧♦ ✸✿ ❊st✉❞❛♠♦s ❘❡❣r❡ssã♦ ▲✐♥❡❛r ❙✐♠♣❧❡s ❡ s❡✉s ♣r✐♥❝✐♣❛✐s ♣♦♥t♦s✳

❈❛♣ít✉❧♦ ✹✿ ❋❛r❡♠♦s ❛ ❛♥á❧✐s❡ ❞❡ ❞❛❞♦s ❝♦♠ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ❡ ❞✐s❝✉r✲

sõ❡s ❝♦♠ ♦ ❛✉①í❧✐♦ ❞♦ s♦❢t✇❛r❡ ❘✳

❈❛♣ít✉❧♦ ✺✿ ❊①♣♦♠♦s ✉♠❛ sí♥t❡s❡ ❣❡r❛❧ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦ ❝♦♠ ❡①♣❧❛♥❛çõ❡s ❝♦♥t❡①✲

t✉❛❧✐③❛❞❛s ❡ ❡♠❜❛s❛❞❛s ♥❛s ✐❞❡✐❛s ❣❡r❛✐s ❝♦♥t✐❞❛s ♥❡st❡ ♠❛t❡r✐❛❧✳

✷



Capı́tulo 2

❋❯◆➬Õ❊❙

❯♠ ❞♦s ❝♦♥❝❡✐t♦s ♠❛✐s ❢✉♥❞❛♠❡♥t❛✐s ❞❛ ♠❛t❡♠át✐❝❛ é ♦ ❞❡ ❢✉♥çã♦✱ ♣♦❞❡♥❞♦ s❡r

r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠❛ ❡q✉❛çã♦✱ ✉♠❛ t❛❜❡❧❛ ♥✉♠ér✐❝❛✱ ✉♠ ❣rá✜❝♦✱ ♦✉ ❛✐♥❞❛✱ s❡r ❞❡s❝r✐t❛

✈❡r❜❛❧♠❡♥t❡✳

▼✉✐t❛s ✈❡③❡s ♦❝♦rr❡ ♥❛ ♣rát✐❝❛ q✉❡ ♦ ✈❛❧♦r ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡♣❡♥❞❡ ❞♦ ✈❛❧♦r ❞❡

♦✉tr❛✳ ❊①❡♠♣❧✐✜❝❛♥❞♦✱ ♦ s❛❧ár✐♦ ❞❡ ✉♠❛ ♣❡ss♦❛ ♣♦❞❡ ❞❡♣❡♥❞❡r ❞♦ ♥ú♠❡r♦ ❞❡ ❤♦r❛s

tr❛❜❛❧❤❛❞❛s❀ ❛ ♣r♦❞✉çã♦ t♦t❛❧ ❞❡ ✉♠❛ ❢á❜r✐❝❛ ♣♦❞❡ ❞❡♣❡♥❞❡r ❞♦ ♥ú♠❡r♦ ❞❡ ♠áq✉✐♥❛s

✉s❛❞❛s❀ ❛ ❞✐stâ♥❝✐❛ ♣❡r❝♦rr✐❞❛ ♣♦r ✉♠ ♦❜❥❡t♦ ♣♦❞❡ ❞❡♣❡♥❞❡r ❞♦ t❡♠♣♦ ❞❡❝♦rr✐❞♦ ❞❡s❞❡ q✉❡

❡❧❡ ❞❡✐①♦✉ ✉♠ ❞❛❞♦ ♣♦♥t♦❀ ♦ ✈♦❧✉♠❡ ❞♦ ❡s♣❛ç♦ ♦❝✉♣❛❞♦ ♣♦r ✉♠ ❣ás s♦❜ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛

♣r❡ssã♦ ❝♦♥st❛♥t❡ ❞❡♣❡♥❞❡ ❞❛ t❡♠♣❡r❛t✉r❛ ❞♦ ❣ás❀ ❛ r❡s✐stê♥❝✐❛ ❞❡ ✉♠ ✜♦ ❡❧étr✐❝♦ ❝♦♠

❝♦♠♣r✐♠❡♥t♦ ✜①♦ ❞❡♣❡♥❞❡ ❞❡ s❡✉ ❞✐â♠❡tr♦✱ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳ ❆ r❡❧❛çã♦ ❡♥tr❡ t❛✐s

q✉❛♥t✐❞❛❞❡s é ❞❛❞❛ ❢r❡q✉ê♥t❡♠❡♥t❡ ♣♦r ✉♠❛ ❢✉♥çã♦ ❬✽❪✳

◆❛ ▼❛t❡♠át✐❝❛✱ ❝♦♠♦ ❡♠ ♦✉tr❛s ❝✐ê♥❝✐❛s✱ ♠✉✐t❛s ✈❡③❡s q✉❡r❡♠♦s ❡st❛❜❡❧❡❝❡r ✉♠❛

r❡❧❛çã♦ ♦✉ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ❞♦✐s ❝♦♥❥✉♥t♦s✳ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❡ t❡♠♦s

❞♦✐s ❝♦♥❥✉♥t♦s✿ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♥ú♠❡r♦s✱ A =④✶✱✷✱✸✱✹⑥✱ ❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ q✉❛tr♦ ♣❡ss♦❛s✱

B =④❆r✐✱ ❘✉✐✱ ▲✐♥❛✱ ❊st❡r⑥✳ ❯♠❛ r❡❧❛çã♦ ❞❡ A ❡♠ B ♣♦❞❡ s❡r ❛q✉❡❧❛ q✉❡ ❛♦ ♥ú♠❡r♦ ✶

❛ss♦❝✐❛ ♦ ♥♦♠❡ ❞❡ ❆r✐✱ ❛♦ ✷ ❛ss♦❝✐❛ ❊st❡r✱ ❛♦ ✸ ❛ss♦❝✐❛ ▲✐♥❛ ❡ ❛♦ ✹✱ ❘✉✐✳ ❊sq✉❡♠❛t✐❝❛♠❡♥t❡✱

✉s❛♠♦s ❛ s❡❣✉✐♥t❡ r❡♣r❡s❡♥t❛çã♦ ❞❡♥♦♠✐♥❛❞❛ ❞✐❛❣r❛♠❛ ❞❡ ✢❡❝❤❛s ❋✐❣✉r❛ ✷✳✶✳

❋✐❣✉r❛ ✷✳✶✿ ❘❡❧❛çã♦ ❡♥tr❡ A ❡ B✳

❖✉ s❡❥❛✱ ♦s ♥ú♠❡r♦s ❡♠ ♦r❞❡♠ ❝r❡s❝❡♥t❡ ❛ss♦❝✐❛♠♦s ♦s ♥♦♠❡s ❡♠ ♦r❞❡♠ ❛❧❢❛❜ét✐❝❛✳

❖✉tr❛ ♠❛♥❡✐r❛ ❞❡ r❡♣r❡s❡♥t❛r s❡r✐❛ ✉t✐❧✐③❛♥❞♦ ❛ ♥♦t❛çã♦ ❞❡ ♣❛r❡s ♦r❞❡♥❛❞♦s✿

✸



❈❆P❮❚❯▲❖ ✷✳ ❋❯◆➬Õ❊❙

✭✶✱❆r✐✮✱ ✭✷✱❊st❡r✮✱ ✭✸✱▲✐♠❛✮✱ ✭✹✱❘✉✐✮✳

◆♦t❡♠♦s q✉❡ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡st❛❜❡❧❡❝✐❞❛ ❞❡t❡r♠✐♥❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣❛r❡s ♦r❞❡♥❛✲

❞♦s✱ q✉❡ ❝❤❛♠❛r❡♠♦s✿

M =④✭✶✱❆r✐✮✱✭✷✱❊st❡r✮✱✭✸✱▲✐♠❛✮✱✭✹✱❘✉✐✮⑥✳

➱ ❝❧❛r♦ q✉❡ ❡st❛ ♥ã♦ é ❛ ù♥✐❝❛ r❡❧❛çã♦ q✉❡ s❡ ♣♦❞❡ s❡r ❡st❛❜❡❧❡❝✐❞❛ ❡♥tr❡ ♦s ❝♦♥❥✉♥t♦s

A ❡ B✳

❱❡❥❛♠♦s ♦✉tr♦s ❡①❡♠♣❧♦s✳ ❋❛ç❛♠♦s ❝♦rr❡s♣♦♥❞❡r ❛♦ ♥ú♠❡r♦ ✶ ♦s ✐♥❞✐✈í❞✉♦s ❞♦ s❡①♦

♠❛s❝✉❧✐♥♦ ❡✱ ❛♦ ♥ú♠❡r♦ ✷✱ ♦s ✐♥❞✐✈í❞✉♦s ❞♦ s❡①♦ ❢❡♠✐♥✐♥♦✳ ❚❡♠♦s ♦ ❞✐❛❣r❛♠❛ ❋✐❣✉r❛ ✷✳✷✱

❝♦♥st✐t✉✐♥❞♦ ♦ ❝♦♥❥✉♥t♦✿

N =④✭✶✱❘✉✐✮✱✭✶✱❆r✐✮✱✭✷✱❊st❡r✮✱✭✹✱❘✉✐✮⑥

❋✐❣✉r❛ ✷✳✷✿ ❘❡❧❛çã♦ ❡♥tr❡ A ❡ B✳

❯♠❛ t❡r❝❡✐r❛ r❡❧❛çã♦ q✉❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r é ❛q✉❡❧❛ q✉❡ ❛ss♦❝✐❛ ❛♦s ♥ú♠❡r♦s í♠♣❛r❡s

♦ ♥♦♠❡ ❆r✐ ❡ ❛♦s ♣❛r❡s ♦ ♥♦♠❡ ▲✐♥❛✳ ❚❡r❡♠♦s ♦ ❞✐❛❣r❛♠❛ ❞❛ ❋✐❣✉r❛ ✷✳✸✱ ❝♦♥st✐t✉✐♥❞♦ ♦

❝♦♥❥✉♥t♦✿

P =④✭✶✱❆r✐✮✱✭✷✱▲✐♥❛✮✱✭✸✱❆r✐✮✱✭✹✱▲✐♥❛✮✳

❋✐❣✉r❛ ✷✳✸✿ ❘❡❧❛çã♦ ❡♥tr❡ A ❡ B✳

◆♦t❡♠♦s q✉❡ ♦s ❝♦♥❥✉♥t♦s M ✱N ❡ P sã♦ ❢♦r♠❛❞♦s ♣♦r ♣❛r❡s ♦r❞❡♥❛❞♦s ❝✉❥♦s ♣r✐♠❡✐r♦s

❡❧❡♠❡♥t♦s ♣❡rt❡♥❝❡♠ ❛ A ❡ ❝✉❥♦s s❡❣✉♥❞♦s ❡❧❡♠❡♥t♦s ♣❡rt❡♥❝❡♠ ❛ B✳ ❖✉ s❡❥❛✱ t♦❞♦s sã♦

s✉❜❝♦♥❥✉♥t♦s ❞♦ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦✱ ✐st♦ é✱ ❢❛③❡♠ ♣❛rt❡ ❞❛ t♦t❛❧✐❞❛❞❡ ❞♦s ♣❛r❡s ♦r❞❡♥❛❞♦s

❞❡ A ♣♦r B✱ ❧♦❣♦✿

✹
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M ⊂ A ① B,N ⊂ A ① B, ❡ P ⊂ A ① B✳

➱ ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r ♦✉tr❛s r❡❧❛çõ❡s ❞❡ A ❡♠ B✱ ♠❛s t♦❞❛s s❡rã♦ s✉❜❝♦♥❥✉♥t♦s ❞❡ A

① B✳❈♦♠♦ A ① B t❡♠ ✶✻ ❡❧❡♠❡♥t♦s ✱ ❡ ♦ ♥ú♠❡r♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ A ① B é 216✱ ♣♦❞❡♠♦s

❡st❛❜❡❧❡❝❡r✱ ❛♦ t♦❞♦✱ 216 r❡❧❛çõ❡s ❞❡ A ❡♠ B✳ ❆ss✐♠✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦ ❢♦r♠❛❧✿

S é ✉♠❛ r❡❧❛çã♦ ❞❡ A ❡♠ B s❡ S ❢♦r ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ A ① B✳

◗✉❛♥❞♦ ♦s ❝♦♥❥✉♥t♦s A ❡ B sã♦ ♥✉♠ér✐❝♦s✱ ❛s r❡❧❛çõ❡s sã♦ ❢♦r♠❛❞❛s ♣♦r ♣❛r❡s ♦r❞❡✲

♥❛❞♦s ❞❡ ♥ú♠❡r♦s✳ ❯♠ ♣❛r ♦r❞❡♥❛❞♦ ❞❡ ♥ú♠❡r♦s r❡❛✐s ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ❣❡♦♠❡tr✐✲

❝❛♠❡♥t❡ ♣♦r ♠❡✐♦ ❞❡ ❞♦✐s ❡✐①♦s ♣❡r♣❡♥❞✐❝✉❧❛r❡s✱ s❡♥❞♦ ♦ ❤♦r✐③♦♥t❛❧ ❝❤❛♠❛❞♦ ❞❡ ❡✐①♦ ❞❛s

❛❜s❝✐ss❛s✱ ♦✉ ❡✐①♦ ①❀ ❡ ♦ ✈❡rt✐❝❛❧✱ ❞❡ ❡✐①♦ ❞❛s ♦r❞❡♥❛❞❛s ♦✉ ❡✐①♦ ②✳

❯♠ ♣❛r ♦r❞❡♥❛❞♦ ✭❛✱❜✮ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ❝♦❧♦❝❛♥❞♦✲s❡ a ♥♦ ❡✐①♦ ①✱ ❡ b ♥♦ ❡✐①♦ ②✱

❡ tr❛ç❛♥❞♦✲s❡ ✉♠❛ ✈❡rt✐❝❛❧ ♣♦r a ❡ ✉♠❛ ❤♦r✐③♦♥t❛❧ ♣♦r b✳ ❖ ♣♦♥t♦ P ❞❡ ✐♥t❡rs❡❝çã♦ ❞❡ss❛s

❞✉❛s r❡t❛s é r❡♣r❡s❡♥t❛çã♦ ❞♦ ♣❛r ✭❛✱❜✮✱ ❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛ ✷✳✹✳

❋✐❣✉r❛ ✷✳✹✿ ❘❡♣r❡s❡♥t❛çã♦ ❣❡♦♠étr✐❝❛ ❞♦ ♣❛r ♦r❞❡♥❛❞♦ (a, b)✳

❉❡✜♥✐❞❛ ✉♠❛ r❡❧❛çã♦ S ❞❡ A ❡♠ B✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❞♦✐s ♥♦✈♦s ❝♦♥❥✉♥t♦s✿ ♦

❞♦♠í♥✐♦ ❞❛ r❡❧❛çã♦ D(S) ❡ ♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❛ r❡❧❛çã♦ Im(S)✳

❖ ❞♦♠í♥✐♦ ❞❡ S é ♦ ❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s x ∈ A ♣❛r❛ ♦s q✉❛✐s ❡①✐st❡ ✉♠ y ∈ B t❛❧

q✉❡ (x, y) ∈ S✳ ❖ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❡ S é ♦ ❝♦♥❥✉♥t♦ ❞♦s y ∈ B ♣❛r❛ ♦s q✉❛✐s ❡①✐st❡ ✉♠

x ∈ A t❛❧ q✉❡ (x, y) ∈ S✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦ ❞♦♠í♥✐♦ é ♦ ❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s ❞❡

A q✉❡ ♣♦ss✉❡♠ ✉♠ ❝♦rr❡s♣♦♥❞❡♥t❡ ❞❡ B ❞❛❞♦ ♣❡❧❛ r❡❧❛çã♦✳

➱ ❝❧❛r♦ q✉❡ D(S) é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ A ❡ Im(S) é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ B✳ ◗✉❛♥❞♦

♥ã♦ ❤♦✉✈❡r ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥❢✉sã♦✱ ♦ ❞♦♠í♥✐♦ ❡ ♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ sã♦ ✐♥❞✐❝❛❞♦s s✐♠✲

♣❧❡s♠❡♥t❡ ♣♦r D ❡ IM ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✺
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❉❡✜♥✐çã♦ ✶✳ ❙❡❥❛ D ✉♠ ❞❛❞♦ ❝♦♥❥✉♥t♦ ❞❡ ♥ú♠❡r♦s r❡❛✐s✳ ❯♠❛ ❢✉♥çã♦ f ❞❡✜♥✐❞❛ ❡♠ D

é ✉♠❛ r❡❣r❛✱ ♦✉ ❧❡✐ ❞❡ ❝♦rr❡♥♣♦♥❞ê♥❝✐❛✱ q✉❡ ❛tr✐❜✉✐ ✉♠ ú♥✐❝♦ ♥ú♠❡r♦ r❡❛❧ y ❛ ❝❛❞❛ ✈❛❧♦r

x ❞❡ D✳ ❖ ❝♦♥❥✉♥t♦ D ❞♦s ✈❛❧♦r❡s ♣❡r♠✐t✐❞♦s ♣❛r❛ x ❝❤❛♠❛✲s❡ ❞♦♠í♥✐♦ ✭♦✉ ❞♦♠í♥✐♦ ❞❡

❞❡✜♥✐çã♦✮ ❞❛ ❢✉♥çã♦✱ ❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ✈❛❧♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❞❡ y ❝❤❛♠❛✲s❡ ✐♠❛❣❡♠✳

❖ ♥ú♠❡r♦ y✱ q✉❡ é ❡s♣❡❝✐✜❝❛❞♦ ♣❛r❛ x ♣❡❧❛ ❢✉♥çã♦ f ✱ ❡s❝r❡✈❡✲s❡ ✉s✉❛❧♠❡♥t❡ f(x)✱ ❞❡

♠♦❞♦ q✉❡ y = f(x)✱ ❡ ❝❤❛♠❛✲s❡ ✈❛❧♦r ❞❡ f ❡♠ x ❬✶✷❪✳

❈♦st✉♠❛♠♦s ❝❤❛♠❛r x ❞❡ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡ ✭♦✉ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✮✱ ♣♦r q✉❡ ❡❧❛

é ❧✐✈r❡ ♣❛r❛ ❛ss✉♠✐r q✉❛❧q✉❡r ✈❛❧♦r ❞♦ ❞♦♠í♥✐♦✱ ❡ ❝❤❛♠❛r y ❞❡ ✈❛r✐á✈❡❧ ❞❡♣❡♥❞❡♥t❡✱ ♣♦r

q✉❡ s❡✉ ✈❛❧♦r ♥✉♠ér✐❝♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❡ x✳

✷✳✶ ❖ ❈♦♥❝❡✐t♦ ❞❡ ❋✉♥çã♦

❈♦♥s✐❞❡r❡♠♦s ♦s s❡❣✉✐♥t❡s ❞✐❛❣r❛♠❛s ❞❡ ✢❡❝❤❛ q✉❡ r❡♣r❡s❡♥t❛♠ r❡❧❛çõ❡s ❞❡ A ❡♠ B

❋✐❣✉r❛ ✷✳✺✿

❋✐❣✉r❛ ✷✳✺✿ ❘❡❧❛çõ❡s ❡♥tr❡ A ❡ B✳

❖❜s❡r✈❡ q✉❡✱ ❡♥tr❡ ❡ss❛s r❡❧❛çõ❡s✱ tê♠ ❡♠ ♣❛rt✐❝✉❧❛r ✐♠♣♦rtâ♥❝✐❛ ❛q✉❡❧❛s q✉❡ ♦❜❡❞❡✲

❝❡♠ à ❞❡✜♥✐çã♦ s❡❣✉✐♥t❡✿

❯♠❛ r❡❧❛çã♦ f ❞❡ A ❡♠ B é ✉♠❛ ❢✉♥çã♦ s❡ ❡ s♦♠❡♥t❡ s❡✿

❛✮ ❚♦❞♦ ❡❧❡♠❡♥t♦ x ♣❡rt❡♥❝❡♥t❡ ❛ A t❡♠ ✉♠ ❝♦rr❡s♣♦♥❞❡♥t❡ y ♣❡rt❡♥❝❡♥t❡ ❛ B ❞❡✜♥✐❞♦

♣❡❧❛ r❡❧❛çã♦✱ ❝❤❛♠❛❞♦ ✐♠❛❣❡♠ ❞❡ x✳

❜✮ ❆ ❝❛❞❛ x ♣❡rt❡♥❝❡♥t❡ ❛ A ♥ã♦ ♣♦❞❡♠ ❝♦rr❡s♣♦♥❞❡r ❞♦✐s ♦✉ ♠❛✐s ❡❧❡♠❡♥t♦s ❞❡ B

♣♦r ♠❡✐♦ ❞❡ f ✳

❝✮ ❱❡r✐✜❝❛♠♦s q✉❡ ❛s r❡❧❛çõ❡s ✭❛✮✱ ✭❜✮ ❡ ✭❡✮ ❞❛ ✜❣✉r❛ ✷✳✺ sã♦ ❢✉♥çõ❡s ❞❡ A ❡♠ B✱

❛♦ ♣❛ss♦ ❞❡ ✭❝✮ ♥ã♦ é ❢✉♥çã♦✱ ♣♦✐s ❛ ✉♠ ❞❛❞♦ x ♣❡rt❡♥❝❡♥t❡ ❛ A ❝♦rr❡s♣♦♥❞❡♠ ❞♦✐s

❡❧❡♠❡♥t♦s ❡♠ B❀ ❞✮ t❛♠❜é♠ ♥ã♦ é ❢✉♥çã♦✱ ♣♦✐s ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ A q✉❡ ♥ã♦ t❡♠

❝♦rrr❡s♣♦♥❞❡♥t❡ ❡♠ B✳

✻
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✷✳✷ ❋✉♥çõ❡s ❘❡❛✐s ❞❡ ✉♠❛ ❱❛r✐á✈❡❧ ❘❡❛❧

❙❡ f é ✉♠❛ ❢✉♥çã♦ ❝♦♠ ❞♦♠í♥✐♦ ❡♠ A ❡ ✐♠❛❣❡♠ ❡♠ B✱ ❞✐③❡♠♦s q✉❡ f é ✉♠❛ ❢✉♥çã♦

❞❡✜♥✐❞❛ ❡♠ A ❝♦♠ ✈❛❧♦r❡s ❡♠ B✳ ❙❡ t❛♥t♦ A ❝♦♠♦ B ❢♦r❡♠ s✉❜❝♦♥❥✉♥t♦s ❞♦s r❡❛✐s✱

❞✐③❡♠♦s q✉❡ f é ✉♠❛ ❢✉♥çã♦ r❡❛❧ ❞❡ ✈❛r✐á✈❡❧ r❡❛❧ ❬✾❪✳

✷✳✸ ◆♦r♠❛s ❊❧❡♠❡♥t❛r❡s ♣❛r❛ ♦ ❊st✉❞♦ ❞❡ ✉♠❛ ❋✉♥çã♦

✷✳✸✳✶ ❉♦♠í♥✐♦

◗✉❛♥❞♦ t❡♠♦s ✉♠❛ ❢✉♥çã♦ r❡❛❧ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ r❡❛❧✱ ❞❡ A ❡♠ B✱ s❛❜❡♠♦s q✉❡ A é ✉♠

s✉❜❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s✳ ◆♦s ❡①❡♠♣❧♦s ❞❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ❛ ❢✉♥çã♦ ❡r❛ ❞❡✜♥✐❞❛

♣♦r ✉♠❛ s❡♥t❡♥ç❛ y = f(x)✱ ❡ ♦s ❝♦♥❥✉♥t♦s A ❡ B ❡r❛♠ ❡s♣❡❝✐✜❝❛❞♦s✳

◆❛s s✐t✉❛çõ❡s ❡♠ q✉❡ ♥ã♦ é ♠❡♥❝✐♦♥❛❞♦ ♦ ❞♦♠í♥✐♦✱ ❝♦♥✈❡♥❝✐♦♥❛✲s❡ q✉❡ ❡❧❡ s❡❥❛ ❢♦r♠❛❞♦

♣♦r t♦❞♦s ♦s ✈❛❧♦r❡s r❡❛✐s ❞❡ x ♣❛r❛ ♦s q✉❛✐s ❡①✐st❛♠ ✐♠❛❣❡♠ ❞❡ y✳

❖❜s❡r✈❡♠♦s q✉❡ ❡♠ ❢✉♥çõ❡s ❡♥✈♦❧✈❡♥❞♦ s✐t✉❛çõ❡s ♣rát✐❝❛s✱ ♦ ❞♦♠í♥✐♦ é ❝♦♥st✐t✉í❞♦ ❞❡

t♦❞♦s ♦s ✈❛❧♦r❡s r❡❛✐s ❞❡ x ♣❛r❛ ♦s q✉❛✐s t❡♥❤❛ s✐❣♥✐✜❝❛❞♦ ♦ ❝á❧❝✉❧♦ ❞❛ ✐♠❛❣❡♠✳ ❆ss✐♠✱

♣♦r ❡①❡♠♣❧♦✱ ❝❛s♦ t❡♥❤❛♠♦s ✉♠❛ ❢✉♥çã♦ ❝✉st♦ C(x) = a+ bx✱ ♦s ✈❛❧♦r❡s ❞❡ x ♥ã♦ ♣♦❞❡♠

s❡r ♥❡❣❛t✐✈♦s ✭♥ã♦ ♣♦❞❡♠ t❡r q✉❛♥t✐❞❛❞❡s ♥❡❣❛t✐✈❛s✮✳ ❆❧é♠ ❞✐ss♦✱ ❝❛s♦ ♦ ♣r♦❞✉t♦ s❡❥❛

✐♥❞✐✈✐sí✈❡❧ ✭♣♦r ❡①❡♠♣❧♦✱ q✉❛♥❞♦ x é ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛rr♦s✮✱ ♦ ❞♦♠í♥✐♦ é ❝♦♥st✐t✉✐❞♦

❛♣❡♥❛s ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s ♥ã♦ ♥❡❣❛t✐✈♦s✳

✷✳✸✳✷ ●rá✜❝♦ ❞❡ ❯♠❛ ❋✉♥çã♦

❉❡✜♥✐çã♦ ✷✳ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦✳ ❖ ❣rá✜❝♦ ❞❡ f é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s

(x, f(x)) ❞❡ ✉♠ ♣❧❛♥♦ ❝♦♦r❞❡♥❛❞♦✱ ♦♥❞❡ x ♣❡rt❡♥❝❡ ❛♦ ❞♦♠í♥✐♦ ❞❡ f ❬✹❪✳

✷✳✸✳✸ ■♥t❡r❝❡♣t♦s

❉❡✜♥✐çã♦ ✸✳ ❙ã♦ ♦s ♣♦♥t♦s ❞❡ ✐♥t❡rs❡❝çã♦ ❞♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❝♦♠ ♦s ❡✐①♦s✳ ❖s

♣♦♥t♦s ❞❡ ✐♥t❡rs❡❝çã♦ ❝♦♠ ♦ ❡✐①♦ x tê♠ ❝♦♦r❞❡♥❛❞❛s ❞♦ t✐♣♦ (x, 0) ❡ sã♦ ❝❤❛♠❛❞♦s x✲

✐♥t❡r❝❡♣t♦s✳ ❖s ♣♦♥t♦s ❞❡ ✐♥t❡rs❡❝çã♦ ❝♦♠ ♦ ❡✐①♦ y tê♠ ❝♦♦r❞❡♥❛❞❛s ❞♦ t✐♣♦ (0, y) ❡ sã♦

❝❤❛♠❛❞♦s ❞❡ y✲✐♥t❡r❝❡♣t♦s ❬✾❪✳

✼
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✷✳✸✳✹ ❋✉♥çõ❡s ❈r❡s❝❡♥t❡ ❡ ❉❡❝r❡s❝❡♥t❡

❉❡✜♥✐çã♦ ✹✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ é ❝r❡s❝❡♥t❡ ♥✉♠ ✐♥t❡r✈❛❧♦ ❬❛✱❜❪ s❡ à ♠❡❞✐❞❛

q✉❡ ❛✉♠❡♥t❛ ♦ ✈❛❧♦r ❞❡ x✱ ❞❡♥tr♦ ❞♦ ✐♥t❡r✈❛❧♦✱ ❛s ✐♠❛❣❡♥s ❝♦rr❡s♣♦♥❞❡♥t❡s t❛♠❜é♠

❛✉♠❡♥t❛♠✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ f é ❝r❡s❝❡♥t❡ ♥✉♠ ✐♥t❡r✈❛❧♦ ❬❛✱❜❪ s❡ ♣❛r❛ q✉❛✐sq✉❡r

✈❛❧♦r❡s x1 ❡ x2 ❞♦ ✐♥t❡r✈❛❧♦✱ ❝♦♠ x1 < x2✱ t✐✈❡r♠♦s f(x1) < f(x2) ❬✾❪✳

❉❡✜♥✐çã♦ ✺✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❞✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ f é ❞❡❝r❡s❝❡♥t❡ ♥✉♠ ✐♥t❡r✈❛❧♦ ❬❛✱❜❪

s❡ à ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❛ ♦ ✈❛❧♦r ❞❡ x✱ ❞❡♥tr♦ ❞♦ ✐♥t❡r✈❛❧♦✱ ❛s ✐♠❛❣❡♥s ❝♦rr❡s♣♦♥❞❡♥t❡s

✈ã♦ ❞✐♠✐♥✉✐❞♦✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ f é ❞❡❝r❡s❝❡♥t❡ ♥✉♠ ✐♥t❡r✈❛❧♦ ❬❛✱❜❪ s❡ ♣❛r❛ q✉❛✐sq✉❡r

✈❛❧♦r❡s x1 ❡ x2 ❞♦ ✐♥t❡r✈❛❧♦✱ ❝♦♠ x1 < x2✱ t✐✈❡r♠♦s f(x1) > f(x2) ❬✾❪✳

❆ ❋✐❣✉r❛ ✷✳✻ ❛ s❡❣✉✐r ✐❧✉str❛ ❡ss❛s ❞✉❛s s✐t✉❛çõ❡s✳

❋✐❣✉r❛ ✷✳✻✿ ❋✉♥çõ❡s ❝r❡s❝❡♥t❡ ❡ ❞❡❝r❡s❝❡♥t❡✳

❈❛s♦ ❛ ❢✉♥çã♦ t❡♥❤❛ ❛ ♠❡s♠❛ ✐♠❛❣❡♠ ❡♠ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ ✉♠ ✐♥t❡r✈❛❧♦ ❬❛✱❜❪✱

❞✐③❡♠♦s q✉❡ ❛ ❢✉♥çã♦ é ❝♦♥st❛♥t❡ ♥❛q✉❡❧❡ ✐♥t❡r✈❛❧♦✳

❯♠❛ ❢✉♥çã♦ q✉❡ s❡❥❛ ❝r❡s❝❡♥t❡ ♦✉ ❝♦♥st❛♥t❡ ♥✉♠ ✐♥t❡r✈❛❧♦ é ❝❤❛♠❛❞❛ ♥ã♦ ❞❡❝r❡s❝❡♥t❡

♥❛q✉❡❧❡ ✐♥t❡r✈❛❧♦❀ s❡ ✉♠❛ ❢✉♥çã♦ ❢♦r ❝♦♥st❛♥t❡ ♦✉ ❞❡s❝r❡s❝❡♥t❡ ♥✉♠ ✐♥t❡r✈❛❧♦ ❡❧❛ é ❝❤❛✲

♠❛❞❛ ♥ã♦ ❝r❡s❝❡♥t❡ ♥❛q✉❡❧❡ ✐♥t❡r✈❛❧♦✳ ❆ ❋✐❣✉r❛ ✷✳✼ ✐❧✉str❛ ❢✉♥çõ❡s ♥ã♦ ❞❡❝r❡s❝❡♥t❡ ❡ ♥ã♦

❝r❡s❝❡♥t❡✳

❋✐❣✉r❛ ✷✳✼✿ ❋✉♥çõ❡s ♥ã♦ ❞❡❝r❡s❝❡♥t❡ ❡ ♥ã♦ ❝r❡s❝❡♥t❡✳

✽
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✷✳✸✳✺ P♦♥t♦s ❞❡ ▼á①✐♠♦ ❡ ▼í♥✐♠♦

❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♥✉♠ ❞♦♠í♥✐♦ D✳ ❉✐③❡♠♦s q✉❡ x0 é ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦

r❡❧❛t✐✈♦ ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ ♣♦♥t♦ ❞❡ ♠á①✐♠♦✮ s❡ ❡①✐st❡ ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ A✱ ❝♦♠ ❝❡♥tr♦

x0 t❛❧ q✉❡✿

f(x) ≤ f(x0) ∀ x ∈ A ∩D✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ x0 é ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ r❡❧❛t✐✈♦ s❡ ❛s ✐♠❛❣❡♥s ❞❡ t♦❞♦s ♦s

✈❛❧♦r❡s ❞❡ x ♣❡rt❡♥❝❡♥t❡s ❛♦ ❞♦♠í♥✐♦✱ s✐t✉❛❞♦s ♥✉♠ ✐♥t❡r✈❛❧♦ ❝❡♥tr❛❞♦ ❡♠ x0✱ ❢♦r❡♠

♠❡♥♦r❡s ♦✉ ✐❣✉❛✐s à ✐♠❛❣❡♠ ❞❡ x0✳ ❆ ✐♠❛❣❡♠ f(x0) é ❝❤❛♠❛❞❛ ❞❡ ✈❛❧♦r ♠á①✐♠♦ ❞❡ f ✳

❆♥❛❧♦❣❛♠❡♥t❡ ❞✐③❡♠♦s q✉❡ x0 é ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ r❡❧❛t✐✈♦ ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ ♣♦♥t♦

❞❡ ♠í♥✐♠♦✮ s❡ ❡①✐st✐r ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ ❆✱ ❝♦♠ ❝❡♥tr♦ ❡♠ x0✱ t❛❧ q✉❡✿

f(x) ≥ f(x0) ∀ x ∈ A ∩D✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ x0 é ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ r❡❧❛t✐✈♦ s❡ ❛s ✐♠❛❣❡♥s ❞❡ t♦❞♦s ♦s ✈❛❧♦r❡s

❞❡ x ♣❡rt❡♥❝❡♥t❡s ❛♦ ❞♦♠í♥✐♦✱ s✐t✉❛❞♦s ♥✉♠ ✐♥t❡r✈❛❧♦ ❝❡♥tr❛❞♦ ❡♠ x0✱ ❢♦r❡♠ ♠❡♥♦r❡s ♦✉

✐❣✉❛✐s à ✐♠❛❣❡♠ ❞❡ x0✳ ❆ ✐♠❛❣❡♠ f(x0) é ❝❤❛♠❛❞❛ ❞❡ ✈❛❧♦r ♠í♥✐♠♦ ❞❡ f ✳

❆ss✐♠✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♥♦ ✐♥t❡r✈❛❧♦ ❬❛✱❜❪ ❡ r❡♣r❡s❡♥t❛❞❛ ♥♦ ❣rá✜❝♦ ❛

s❡❣✉✐r✱ t❡r❡♠♦s✿

P♦♥t♦s ❞❡ ♠á①✐♠♦✿a, x2, x4✳

P♦♥t♦s ❞❡ ♠í♥✐♠♦✿x1, x3, b✳

❋✐❣✉r❛ ✷✳✽✿ ■❧✉str❛çã♦ ❞❡ P♦♥t♦s ❞❡ ▼á①✐♠♦ ❡ ▼í♥✐♠♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞✐③❡♠♦s q✉❡ x0 é ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❛❜s♦❧✉t♦ s❡

f(x) ≤ f(x0) ∀ x ∈ D✱

❡ x0 é ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ❛❜s♦❧✉t♦ s❡

f(x) ≥ f(x0) ∀ x ∈ D✳

✾
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P♦rt❛♥t♦✱ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ r❡❧❛t✐✈♦ ❡ ♠á①✐♠♦ ❛❜s♦❧✉t♦ é q✉❡ ♦

♣r✐♠❡✐r♦ é ✉♠ ❝♦♥❝❡✐t♦ ✈✐♥❝✉❧❛❞♦ às ✈✐③✐♥❤❛♥ç❛s ❞♦ ♣♦♥t♦ ❝♦♥s✐❞❡r❛❞♦✱ ❛♦ ♣❛ss♦ q✉❡ ♦

s❡❣✉♥❞♦ é ❧✐❣❛❞♦ ❛ t♦❞♦ ♦ ❞♦♠í♥✐♦ ❞❛ ❢✉♥çã♦✳ ❆ ♠❡s♠❛ ❞✐❢❡r❡♥ç❛ ♦❝♦rr❡ ❡♥tr❡ ♣♦♥t♦ ❞❡

♠í♥✐♠♦ r❡❧❛t✐✈♦ ❡ ♠í♥✐♠♦ ❛❜s♦❧✉t♦✳

◆❛ ❢✉♥çã♦ r❡♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✷✳✽✱ x2 é ♦ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❛❜s♦❧✉t♦✱ ❡ x1 é ♦

♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ❛❜s♦❧✉t♦✳

✷✳✸✳✻ ❊st✉❞♦ ❞♦ ❙✐♥❛❧ ❞❡ ✉♠❛ ❋✉♥çã♦

❊st✉❞❛r ♦ s✐♥❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ s✐❣♥✐✜❝❛ ♦❜t❡r ✈❛❧♦r❡s ❞❡ x ♣❛r❛ ♦s q✉❛✐s y > 0 ♦✉

y < 0 ♦✉ y = 0✳

❉❡ss❡ ♠♦❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♥❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♥♦ ✐♥t❡r✈❛❧♦ ❬✷✱✶✵❪ ❡ r❡♣r❡s❡♥t❛❞❛ ♥❛

❋✐❣✉r❛ ✷✳✾ ❛ s❡❣✉✐r✱ t❡r❡♠♦s✿

• y > 0 ♣❛r❛ 2 ≤ x < 3 ♦✉ ♣❛r❛ 7 < x ≤ 10❀

• y < 0 ♣❛r❛ 3 < x < 7❀

• y = 0 ♣❛r❛ x = 3 ♦✉ x = 7✳

❋✐❣✉r❛ ✷✳✾✿ ■❧✉str❛çã♦ ❡ r❡♣r❡s❡♥t❛çã♦ s✐♠❜ó❧✐❝❛ ❞♦ s✐♥❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦✳

✷✳✹ ❋✉♥çã♦ ❈♦♥st❛♥t❡

➱ t♦❞❛ ❢✉♥çã♦ ❞♦ t✐♣♦ y = k✱ ❡♠ q✉❡ k é ✉♠❛ ❝♦♥st❛♥t❡ r❡❛❧✳ ❱❡r✐✜❝❛✲s❡ q✉❡ ♦ ❣rá✜❝♦

❞❡ss❛ ❢✉♥çã♦ é ✉♠❛ r❡t❛ ❤♦r✐③♦♥t❛❧✱ ♣❛ss❛♥❞♦ ♣❡❧♦ ♣♦♥t♦ ❞❡ ♦r❞❡♥❛❞❛ k✳

✶✵
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❋✐❣✉r❛ ✷✳✶✵✿ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡ y = k✳

✷✳✺ ❋✉♥çã♦ ▲✐♥❡❛r ✭♦✉ ❋✉♥çã♦ ❞♦ ✶♦ ●r❛✉✮

❊ss❡ t✐♣♦ ❞❡ ❢✉♥çã♦ ❛♣r❡s❡♥t❛ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ❛♣❧✐❝❛çõ❡s✳

❉❡✜♥✐çã♦ ✻✳ ❯♠❛ ❢✉♥çã♦ é ❝❤❛♠❛❞❛ ❞❡ ❢✉♥çã♦ ❧✐♥❡❛r✱ ✭❢✉♥çã♦ ❞♦ ✶♦ ❣r❛✉ ♦✉ ❢✉♥çã♦

❛✜♠✮ s❡ s✉❛ s❡♥t❡♥ç❛ ❢♦r ❞❛❞❛ ♣♦r y = m · x + n✱ s❡♥❞♦ m ❡ n ❝♦♥st❛♥t❡s r❡❛✐s ❝♦♠

m 6= 0✳

❱❡r✐✜❝❛✲s❡ q✉❡ ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞♦ 1♦ ❣r❛✉ é ✉♠❛ r❡t❛✳ ❆ss✐♠✱ ♦ ❣rá✜❝♦ ♣♦❞❡

s❡r ♦❜t✐❞♦ ♣♦r ♠❡✐♦ ❞❡ ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s ✭♣♦✐s ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s ❞❡t❡r♠✐♥❛♠ ✉♠❛

r❡t❛✮✳

❋✐❣✉r❛ ✷✳✶✶✿ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ y = mx+ n✳

✷✳✺✳✶ ❖❜s❡r✈❛çõ❡s

✶✮ ❆ ❝♦♥st❛♥t❡ n é ❝❤❛♠❛❞❛ ❞❡ ❝♦❡✜❝✐❡♥t❡ ❧✐♥❡❛r ❡ r❡♣r❡s❡♥t❛✱ ♥♦ ❣rá✜❝♦✱ ❛ ♦r❞❡♥❛❞❛

❞♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛ r❡t❛ ❝♦♠ ♦ ❡✐①♦ y✱ ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✷✳✶✷✳ ❆ ❥✉st✐✜❝❛t✐✈❛

♣❛r❛ ❡ss❛ ❛✜r♠❛çã♦ é ❢❡✐t❛ ❧❡♠❜r❛♥❞♦ q✉❡✱ ♥♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦

❝♦♠ ♦ ❡✐①♦ y✱ ❛ ❛❜s❝✐ss❛ x ✈❛❧❡ ③❡r♦❀ ❛ss✐♠✱ ♦ ♣♦♥t♦ ❞❡ ✐t❡rs❡çã♦ é ❞❛ ❢♦r♠❛ (0, y)✱ ❡✱

❝♦♠♦ ❡❧❡ ♣❡rt❡♥❝❡ t❛♠❜é♠ ❛♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦✱ ♣♦❞❡♠♦s s✉❜st✐t✉✐r x ♣♦r ✵ ♥❛ ❢✉♥çã♦

y = m · x+ n✳ ❚❡r❡♠♦s ❡♥tã♦✿

✶✶
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y = m · 0 + n ⇒ y = n

P♦rt❛♥t♦ ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ ❞♦ ❣rá✜❝♦ ❝♦♠ ♦ ❡✐①♦ y t❡♠ ♦r❞❡♥❛❞❛ n✳

✷✮ ❆ ❝♦♥st❛♥t❡ m é ❝❤❛♠❛❞❛ ❞❡ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r ❡ r❡♣r❡s❡♥t❛ ❛ ✈❛r✐❛çã♦ ❞❡ y

❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ✉♠ ❛✉♠❡♥t♦ ❞♦ ✈❛❧♦r ❞❡ x ✐❣✉❛❧ ❛ ✶✱ ❛✉♠❡♥t♦ ❡ss❡ ❝♦♥s✐❞❡r❛❞♦ ❛ ♣❛rt✐r ❞❡

q✉❛❧q✉❡r ♣♦♥t♦ ❞❡ r❡t❛✱ q✉❛♥❞♦m < 0✱ ♦ ❣rá✜❝♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡♥t❡✱

❝♦♠♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ♥❛ ❋✐❣✉r❛ ✷✳✶✷✳

❋✐❣✉r❛ ✷✳✶✷✿ ❈♦❡✜❝✐❡♥t❡ ❧✐♥❡❛r ❡ ❛♥❣✉❧❛r ❞❡ ✉♠❛ r❡t❛✳

❆ ❞❡♠♦s♥tr❛çã♦ ❞❡ss❛ ♣r♦♣r✐❡❞❛❞❡ é ❛ s❡❣✉✐♥t❡✳

❙❡❥❛ x1 ❛ ❛❜s❝✐ss❛ ❞❡ ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❞❛ r❡t❛ ❡ s❡❥❛ x2 = x1 + 1✳ ❙❡❥❛♠ y1 ❡ y2 ❛s

♦r❞❡♥❛❞❛s ❞♦s ♣♦♥t♦s ❞❛ r❡t❛ ❝♦rr❡s♣♦♥❞❡♥t❡s àq✉❡❧❛s ❛❜s❝✐ss❛s✳ ❚❡r❡♠♦s

y1 = m · x1 + n ✭✷✳✶✮

❡

y2 = m · x2 + n. ✭✷✳✷✮

❙✉❜tr❛✐♥❞♦ ♠❡♠❜r♦ ❛ ♠❡♠❜r♦ ❛s r❡❧❛çõ❡s ✭✷✳✷✮ ❡ ✭✷✳✶✮✱ ❡ t❡♥❞♦ ❡♠ ❝♦♥t❛ q✉❡ x2 = x1+1✱

♦❜t❡r❡♠♦s

y2 − y1 = m(x2 − x1) ⇒ y2 − y1 = m✳

❆ss✐♠✱ m ♣♦❞❡ ❝♦rr❡s♣♦♥❞❡r à ✈❛r✐❛çã♦ ❞❡ y ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ✉♠❛ ✈❛r✐❛çã♦ ❞❡ x ✐❣✉❛❧

❛ ✶✳ ◆♦t❡♠♦s ❛✐♥❞❛ q✉❡✱ s❡ m > 0✱ t❡r❡♠♦s y2 > y1 ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❛ ❢✉♥çã♦ s❡rá

❝r❡s❝❡♥t❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ m < 0 ❡♥tã♦ y2 < y1 ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❛ ❢✉♥çã♦ s❡rá

❞❡❝r❡s❝❡♥t❡✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r ♥♦ tr✐â♥❣✉❧♦ ABC ❞❛ ❋✐❣✉r❛ ✷✳✶✷ q✉❡ m = tgα✱ ❡♠ q✉❡ α é

♦ â♥❣✉❧♦ ❞❡ ✐♥❝❧✐♥❛çã♦ ❞❛ r❡t❛ ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ x✳
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✸✮ ❈♦♥❤❡❝❡♥❞♦✲s❡ ❞♦✐s ♣♦♥t♦s ❞❡ ✉♠❛ r❡t❛ A(x1, y1) ❡ B(x2, y2)✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r

m é ❞❛❞♦ ♣♦r

m =
y2 − y1
x2 − x1

=
∆y

∆x
✭✷✳✸✮

❆ ❞❡♠♦s♥tr❛çã♦ ✭✷✳✸✮ é ❢❡✐t❛ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ ♦ tr✐â♥❣✉❧♦ ABC ❞❛ ❋✐❣✉r❛ ✷✳✶✸✳

❋✐❣✉r❛ ✷✳✶✸✿ ■♥t❡r♣r❡t❛çã♦ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r✳

❚❡♠♦s✿

tgα2 =
BC

AC
= y2−y1

x2−y1
✳

❈♦♠♦ α2 = α1✱ ❡♥tã♦ tgα2 = tgα1✱ s❡❣✉❡ q✉❡ m = y2−y1
x2−x1

✳ ❆ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣❛ s❡

♥❛ ❋✐❣✉r❛ ✷✳✶✸ ❝♦♥s✐❞❡r❡♠♦s ✉♠❛ r❡t❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡♥t❡✳

✹✮ ❈♦♥❤❡❝❡♥❞♦ ✉♠ ♣♦♥t♦ P (x0, y0) ❞❡ ✉♠❛ r❡t❛ ❡ s❡✉ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r m✱ ❛ ❢✉♥çã♦

❝♦rr❡s♣♦♥❞❡♥t❡ é ❞❛❞❛ ♣♦r

y − y0 = m(x− x0). ✭✷✳✹✮

❉❡ ❢❛t♦✱ s❡❥❛ Q(x, y) ✉♠ ♣♦♥t♦ ❣❡♥ér✐❝♦ ❞❛ r❡t❛✱ ❞✐st✐♥t♦ ❞❡ P ❝♦♠♦ ♥❛ ✭❋✐❣✉r❛ ✷✳✶✹✮✳

❋✐❣✉r❛ ✷✳✶✹✿ ❉❡t❡r♠✐♥❛çã♦ ❞❛ r❡t❛ ♣♦r ✉♠ ♣♦♥t♦ ❡ ♣❡❧♦ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r✳

✶✸
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❚❡r❡♠♦s

m = y−y0
x−x0

⇒ y − y0 = m(x− x0)

❡ ♦❜t❡♠♦s ✭✷✳✹✮✳

✷✳✻ ❋✉♥çã♦ ◗✉❛❞rát✐❝❛ ✭♦✉ ❋✉♥çã♦ ❞♦ ✷♦ ●r❛✉✮

❉❡✜♥✐çã♦ ✼✳ ❋✉♥çã♦ q✉❛❞rát✐❝❛ é t♦❞❛ ❢✉♥çã♦ ❞♦ t✐♣♦ y = ax2 + bx+ c✱ ❡♠ q✉❡ a✱ b ❡

c sã♦ ❝♦♥st❛♥t❡s r❡❛✐s ❝♦♠ a 6= 0✳

❖ ❣rá✜❝♦ ❞❡ss❡ t✐♣♦ ❞❡ ❢✉♥çã♦ é ✉♠❛ ❝✉r✈❛ ❝❤❛♠❛❞❛ ♣❛rá❜♦❧❛✳ ❆ ❝♦♥❝❛✈✐❞❛❞❡ é

✈♦❧t❛❞❛ ♣❛r❛ ❝✐♠❛ s❡ a > 0✱ ❡ ✈♦❧t❛♥❞♦ ♣❛r❛ ❜❛✐①♦ s❡ a < 0 ❋✐❣✉r❛ ✷✳✶✺✳

❋✐❣✉r❛ ✷✳✶✺✿ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛✳

❖ ♣♦♥t♦ ❱ ❞❛ ♣❛rá❜♦❧❛✱ ♥❛ ❋✐❣✉r❛ ✷✳✶✺✱ é ❝❤❛♠❛❞♦ ✈ért✐❝❡✳ ❙❡ a > 0✱ ❛ ❛❜s❝✐ss❛ ❞♦ ✈ért✐❝❡

é ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦❀ s❡ a < 0✱ ❛ ❛❜s❝✐ss❛ ❞❡ ✈ért✐❝❡ é ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦✳

❖s ❡✈❡♥t✉❛✐s ♣♦♥t♦s ❞❡ ✐♥t❡rs❡❝çã♦ ❞❛ ♣❛rá❜♦❧❛ ❝♦♠ ❡✐①♦ x sã♦ ♦❜t✐❞♦s ❢❛③❡♥❞♦ y =

0✳❚❡r❡♠♦s ❛ ❡q✉❛çã♦ ax2 + bx+ c = 0✳

❙❡ ❛ ❡q✉❛çã♦ t✐✈❡r ❞✉❛s r❛í③❡s r❡❛✐s ❞✐st✐♥t❛s (∆ > 0)✱ ❛ ♣❛rá❜♦❧❛ ✐♥t❡r❝❡♣t❛rá ♦ ❡✐①♦

x ❡♠ ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s❀ s❡ ❛ ❡q✉❛çã♦ t✐✈❡r ✉♠❛ ú♥❝❛ r❛✐③ r❡❛❧ (∆ = 0)✱ ❛ ♣❛rá❜♦❧❛

✐♥t❡r❝❡♣t❛rá ♦ ❡✐①♦ x ❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦❀ ✜♥❛❧♠❡♥t❡✱ s❡ ❛ ❡q✉❛çã♦ ♥ã♦ t✐✈❡r r❛✐③❡s r❡❛✐s

(∆ < 0)✱ ❛ ♣❛rá❜♦❧❛ ♥ã♦ ✐♥t❡r❝❡♣t❛rá ♦ ❡✐①♦ x✳ ❖❜s❡r✈❡ ❛ ❋✐❣✉r❛ ✷✳✶✻✳

❆ ✐♥t❡rs❡❝çã♦ ❝♦♠ ♦ ❡✐①♦ y é ♦❜t✐❞❛ ❢❛③❡♥❞♦✲s❡ x = 0✳ P♦rt❛♥t♦✿

x = 0 ⇒ y = a · 02 + b · 0 + c ⇒ y = c✱

♦✉ s❡❥❛✱ ♦ ♣♦♥t♦ ❞❡ ✐♥t❡s❡❝çã♦ ❞❛ ♣❛rá❜♦❧❛ ❝♦♠ ♦ ❡✐①♦ y é ✭✵✱ ❝✮✳

❈♦♠ r❡❧❛çã♦ ❛♦ ✈ért✐❝❡ ❞❛ ♣❛rá❜♦❧❛✱ ✐♥❞✐❝❛♥❞♦ ♣♦r xv✱ ❡ yv ❛ ❛❜s❝✐ss❛ ❡ ❛ ♦r❞❡♥❛❞❛ ❞♦

✈ért✐❝❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡r❡♠♦s✿

✶✹
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❋✐❣✉r❛ ✷✳✶✻✿ ❋✉♥çõ❡s q✉❛❞rát✐❝❛s✳

xv =
−b
2a
✱ ❡ yv = f(xv) =

−∆
4a

✳

P❛r❛ ❞❡♠♦♥str❛r♠♦s ❡ss❛s r❡❧❛çõ❡s✱ ✈❛♠♦s ♣r♦❝❡❞❡r ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛❀ s❡❥❛

y = ax2 + bx+ c✱

❧♦❣♦

y = a
(
x2 + b

a
x
)
+ c✳

❉❡♥tr♦ ❞♦ ♣❛rê♥t❡s❡s✱ ✈❛♠♦s ❛❞✐❝✐♦♥❛r b2

4a2
❡✱ ♣❛r❛ ❝♦♠♣❡♥s❛r✱ ✈❛♠♦s s✉❜tr❛✐r ❞❡ c ♦ ✈❛❧♦r

b2

4a2
✭◆♦t❡ q✉❡ ♦ t❡r♠♦ ❛❞✐❝✐♦♥❛❞♦ ❞❡♥tr♦ ❞♦s ♣❛rê♥t❡ss❡s ❡stá ♠✉❧t✐♣❧✐❝❛❞♦ ♣♦r a✮✳ ❉❡ss❛

❢♦r♠❛ t❡r❡♠♦s✿

y = a
(
x2 + b

a
x+ b2

4a2

)
+ c− b2

4a
✳

❖✉ s❡❥❛✱ y = a
(
x+ b

2a

)2
+ c− b2

4a
✱ ♣♦✐s ♦ t❡r♠♦ ❡♥tr❡ ♣❛rê♥t❡s❡s é ✉♠ tr✐♥ô♠✐♦ q✉❛❞r❛❞♦

♣❡r❢❡✐t♦✳

❈♦♠♦ ♦ t❡r♠♦ ❡♥tr❡ ♣❛rê♥t❡s❡s é ✉♠ q✉❛❞r❛❞♦✱ s❡rá s❡♠♣r❡ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ③❡r♦✳

❆ss✐♠✿

• ❙❡ a > 0✱ ❛ ❝♦♥❝❛✈✐❞❛❞❡ s❡rá ♣❛r❛ ❝✐♠❛✱ ❡ ♦ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ s❡rá s❡♠♣r❡ ❛q✉❡❧❡

♣❛r❛ ♦ q✉❛❧ ❛ ❡①♣r❡ssã♦ ❡♥tr❡ ♣❛rê♥t❡s❡s ❞á ③❡r♦✱ ♦✉ s❡❥❛ x = −b
2a
✱ ❡ ❡st❛ é ❛ ❛❜s❝✐ss❛

❞♦ ✈ért✐❝❡✳

• ❙❡ a < 0✱ ❛ ❝♦♥❝❛✈✐❞❛❞❡ s❡rá ♣❛r❛ ❜❛✐①♦✱ ❡ ♦ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ s❡rá ❛q✉❡❧❡ ♣❛r❛ ♦

q✉❛❧ ❛ ❡①♣r❡ssã♦ ❡♥tr❡ ♣❛rê♥t❡s❡s ❞á ③❡r♦✱ ♦✉ s❡❥❛ x = −b
2a
✱ ❡ ❡st❛ é ❛ ❛❜s❝✐ss❛ ❞♦

✈ért✐❝❡✳

❆ss✐♠✱ ❡♠ q✉❛❧q✉❡r ❝❛s♦✱ ❛ ❛❜s❝✐ss❛ ❞♦ ✈ért✐❝❡ s❡rá xv = −b
2a
✳ ❆ ❥✉st✐✜❝❛t✐✈❛ ❞❡ q✉❛❧q✉❡r

yv = f(xv) é ✐♠❡❞✐❛t❛✱ ♣♦✐s ❛ ♦r❞❡♥❛❞❛ ❞♦ ✈ért✐❝❡ é ❛ ✐♠❛❣❡♠ ❞❛ ❛❜s❝✐ss❛ ❞♦ ✈ért✐❝❡✳

✶✺
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❙❡♠♣r❡ é ✐♥t❡r❡ss❛♥t❡ ❝♦♥❤❡❝❡r ♦s ❡❢❡✐t♦s q✉❡ ❛❧❣✉♠❛s ✈❛r✐á✈❡✐s ❡①❡r❝❡♠✱ ♦✉ q✉❡ ♣❛r❡✲

❝❡♠ ❡①❡r❝❡r✱ s♦❜r❡ ♦✉tr❛s✳ ▼❡s♠♦ q✉❡ ♥ã♦ ❡①✐st❛ r❡❧❛çã♦ ❝❛✉s❛❧ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ♣♦❞❡♠♦s

r❡❧❛❝✐♦♥❛✲❧❛s ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❡①♣r❡ssã♦ ♠❛t❡♠át✐❝❛✱ q✉❡ ♣♦❞❡ s❡r út✐❧ ♣❛r❛ s❡ ❡st✐♠❛r ♦

✈❛❧♦r ❞❡ ✉♠❛ ❞❛s ✈❛r✐á✈❡✐s q✉❛♥❞♦ ❝♦♥❤❡❝❡♠♦s ♦s ✈❛❧♦r❡s ❞❛s ♦✉tr❛s ✭❡st❛s ❞❡ ♠❛✐s ❢á❝✐❧

♦❜t❡♥çã♦ ♦✉ ❛♥t❡❝❡ss♦r❛s ❞❛ ♣r✐♠❡✐r❛ ♥♦ t❡♠♣♦✮✱ s♦❜ ❞❡t❡r♠✐♥❛❞❛s ❝♦♥❞✐çõ❡s ❬✻❪✳

P❛r❛ t❛✐s ❡st✉❞♦s ❞✐s♣♦♠♦s ❞❛ ❛♥á❧✐s❡ ❞❡ r❡❣r❡ssã♦✱ q✉❡ é ✉♠❛ té❝♥✐❝❛ ❞❡ ♠♦❞❡❧❛❣❡♠

✉t✐❧✐③❛❞❛ ♣❛r❛ ❛♥❛❧✐s❛r ❛ r❡❧❛çã♦ ❡♥tr❡ ✉♠❛ ✈❛rá✈❡❧ ❞❡♣❡♥❞❡♥t❡ Y ✱ ❡ ✉♠❛ ♦✉ ♠❛✐s ✈❛r✐á✈❡✐s

✐♥❞❡♣❡♥❞❡♥t❡s X1, X2, X3, ..., Xn✳ ❖ ♦❜❥❡t✐✈♦ ❞❡ss❛ té❝♥✐❝❛ é ✐❞❡♥t✐✜❝❛r ✭❡st✐♠❛r✮ ✉♠❛

❢✉♥çã♦ q✉❡ ❞❡s❝r❡✈❡✱ ♦ ♠❛✐s ♣ró①✐♠♦ ♣♦ssí✈❡❧✱ ❛ r❡❧❛çã♦ ❡♥tr❡ ❡ss❛s ✈❛r✐á✈❡✐s ❡ ❛ss✐♠

♣♦❞❡r♠♦s ♣r❡❞✐③❡r ♦ ✈❛❧♦r q✉❡ ❛ ✈❛r✐á✈❡❧ ❞❡♣❡♥❞❡♥t❡ Y ✐rá ❛ss✉♠✐r ♣❛r❛ ✉♠ ❞❡t❡r♠✐♥❛❞♦

✈❛❧♦r ❞❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ X✳ ❊st❡ ♠♦❞❡❧♦✱ ❞❡s✐❣♥❛❞♦ ♣♦r ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❧✐♥❡❛r

s✐♠♣❧❡s✱ ❞❡✜♥❡ ✉♠❛ r❡❧❛çã♦ ❧✐♥❡❛r ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ❡♠ q✉❡stã♦✳

✸✳✶ ❈♦♥❝❡✐t♦

❱❛♠♦s ❝♦♥❝❡✐t✉❛r ❘❡❣r❡ssã♦ ▲✐♥❡❛r ❙✐♠♣❧❡s ❬✸❪✳ P❛r❛ ♣♦st❡r✐♦r❡s ❛♣❧✐❝❛çõ❡s ❡ ❛♥á❧✐s❡

❞❡ ❞❛❞♦s✳

❉❡✜♥✐çã♦ ✽✳ ❙❡❥❛♠ X ❡ Y ❞✉❛s ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s q✉❛♥t✐t❛t✐✈❛s✱ ♦♥❞❡ ❛ ❡s♣❡r❛♥ç❛

❝♦♥❞✐❝✐♦♥❛❧ ❞❡ Y ✱ ❞❛❞♦ q✉❡ X = x✱ ❞❡♥♦t❛❞❛ ♣♦r E(Y |x)✱ é ✉♠❛ ❢✉♥çã♦ ❞❡ x✱ ♦✉ s❡❥❛✱

E(Y |x) = µ(x). ✭✸✳✶✮

❯♠❛ ❞❡✜♥✐çã♦ s✐♠✐❧❛r ✈❛❧❡ ♣❛r❛ E(X|y)✱ q✉❡ s❡rá ✉♠❛ ❢✉♥çã♦ ❞❡ y✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r

♦ ❝❛s♦ ❡♠ q✉❡ X ❡ Y sã♦ ❞❡✜♥✐❞❛s s♦❜r❡ ✉♠❛ ♠❡s♠❛ ♣♦♣✉❧❛çã♦ P ✳

❊♥t❡♥❞❡✲s❡ ♣♦r ♣♦♣✉❧❛çã♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s q✉❡ tê♠✱ ❡♠ ❝♦♠✉♠✱ ❞❡t❡r♠✐♥❛❞❛

❝❛r❛❝t❡ríst✐❝❛ ❬✶✼❪✳

✶✻
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P♦r ❡①❡♠♣❧♦✱ X ♣♦❞❡ s❡r ✐❞❛❞❡ ❡ Y ♦ t❡♠♣♦ ❞❡ r❡❛çã♦ ❛♦ ❡stí♠✉❧♦✱ ❛ q✉❛❧ ❛ r❡❧❛çã♦

❡♥tr❡ ❛s ❞✉❛s ✈❛r✐á✈❡✐s ♠♦❞❡❧❛♠♦s ♣♦r✱

yij = µi + eij, i = 1, ..., 5, j = 1, ..., 4, ✭✸✳✷✮

♦♥❞❡ µi é ❛ ♠é❞✐❛ ❞♦ ❣r✉♣♦ ❞❡ ✐❞❛❞❡ i✳

P♦❞❡♠♦s ♣❡♥s❛r q✉❡ ♦ ❢❛t♦r ✐❞❛❞❡ ❞❡t❡r♠✐♥❛ ❝✐♥❝♦ s✉❜♣♦♣✉❧❛çõ❡s ✭♦✉ ❡str❛t♦s✮ ❡♠ P

❡ ❞❡ ❧á ❡s❝♦❧❤❡♠♦s ❝✐♥❝♦ ❛♠♦str❛s ❛❧❡❛tór✐❛s ❞❡ t❛♠❛♥❤♦s ni = 4, i = 1, ..., 5✳

❚♦❞♦ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❡ ❝♦♠ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞♦ q✉❡ ❛ ♣♦♣✉❧❛çã♦

❝♦♥st✐t✉✐ ✉♠❛ ❛♠♦str❛ ❬✶✼❪✳

❊♠ ✭✸✳✶✮✱ µ(x) ♣♦❞❡ s❡r q✉❛❧q✉❡r ❢✉♥çã♦ ❞❡ x✳ ❚❛♥t♦ X ✭✐❞❛❞❡✮ ❝♦♠♦ Y ✭t❡♠♣♦ ❞❡

r❡s♣♦st❛ ❛♦ ❡stí♠✉❧♦✮ sã♦ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❝♦♥tí♥✉❛s ✭✈❛r✐á✈❡✐s ♣❛r❛ ❛s q✉❛✐s ♣♦ssí✈❡✐s

✈❛❧♦r❡s ♣❡rt❡♥❝❡♠ ❛ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ♥ú♠❡r♦s r❡❛✐s✮✱ ❡ ♣♦❞❡♠♦s ♣❡♥s❛r ❡♠ ✐♥tr♦❞✉③✐r ✉♠

♠♦❞❡❧♦ ❛❧t❡r♥❛t✐✈♦ ♣❛r❛ yij✱ ❞❛❞❛ ❛ r❡❧❛çã♦ X ❡ Y ✳ ❖❜s❡r✈❛♥❞♦ ❛s ♠é❞✐❛s ❞❡ Y ✱ s❡❣✉♥❞♦

♦s ❣r✉♣♦ ❞❡ ✐❞❛❞❡✱ ♦✉ s❡❥❛✱ E(Y |x)✱ ♣❡r❝❡❜❡♠♦s q✉❡ ❡st❛s ❛✉♠❡♥t❛♠ ❝♦♥❢♦r♠❡ ❛s ♣❡ss♦❛s

❡♥✈❡❧❤❡❝❡♠✳ ❆ ❋✐❣✉r❛ ✸✳✶ ♠♦str❛ ♦s ❞❛❞♦s ♦❜s❡r✈❛❞♦s✱ ♦♥❞❡ ♥♦t❛♠♦s ✉♠❛ t❡♥❞ê♥❝✐❛

❝r❡s❝❡♥t❡ ❜❡♠ ❝♦♠♦ ♦s ✈❛❧♦r❡s r❡♣❡t✐❞♦s ❞❡ Y ♣❛r❛ ❝❛❞❛ ♥í✈❡❧ ❞❡ ✐❞❛❞❡ x✳

❯♠ ♠♦❞❡❧♦ r❛③♦á✈❡❧ ♣❛r❛ E(Y |x) ♣♦❞❡ s❡r

E(Y |x) = µ(x) = α + βx, ✭✸✳✸✮

♦✉ s❡❥❛✱ ♦ t❡♠♣♦ ♠é❞✐♦ ❞❡ r❡❛çã♦ é ✉♠❛ ❢✉♥çã♦ ❧✐♥❡❛r ❞❛ ✐❞❛❞❡✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❝♦♥❥✉♥t♦ ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s q✉❛♥t✐t❛t✐✈❛s ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ❛tr❛✈és

❞❡ ✉♠ ❣rá✜❝♦✱ ❞❡♥♦♠✐♥❛❞♦ ❣rá✜❝♦ ❞❡ ❞✐s♣❡rsã♦ ❬✶✼❪✳

❋✐❣✉r❛ ✸✳✶✿ ●rá✜❝♦ ❞❡ ❞✐s♣❡rsã♦ ❞❡ ✐❞❛❞❡ ❡ r❡❛çã♦ ❛♦ ❡stí♠✉❧♦✱ ❝♦♠ r❡t❛ ❛❥✉st❛❞❛✳

❆ ❢♦r♠❛ ❞❛ ❢✉♥çã♦ µ(x) ❞❡✈❡ s❡r ❞❡✜♥✐❞❛ ♣❡❧♦ ♣❡sq✉✐s❛❞♦r✱ ❡♠ ❢✉♥çã♦ ❞♦ ❣r❛✉ ❞❡

❝♦♥❤❡❝✐♠❡♥t♦ t❡ór✐❝♦ q✉❡ ❡❧❡ t❡♠ ❞♦ ❢❡♥ô♠❡♥♦ s♦❜ ❡st✉❞♦✳ ❯♠ ♠♦❞❡❧♦ ❛❧t❡r♥❛t✐✈♦ ❛ ✭✸✳✷✮

✶✼
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s❡r✐❛✱ ❡♥tã♦✱

yij = µ(xi) + eij, ✭✸✳✹✮

❝♦♠♦ E(Y |xi) = µ(xi) = α + βxi, i = 1, 2, ..., 5✳ ❊♥tr❡t❛♥t♦✱ ❛ ❢♦r♠❛ ✉s✉❛❧ ❞❡ ❡s❝r❡✈❡r ♦

♠♦❞❡❧♦ é

yi = µ(xi) + ei, ✭✸✳✺✮

♦♥❞❡ yi ✐♥❞✐❝❛ ♦ t❡♠♣♦ ❞❡ r❡❛çã♦ ❞♦ ✐✲és✐♠♦ ✐♥❞✐✈í❞✉♦ ❝♦♠ xi ❛♥♦s ❞❡ ✐❞❛❞❡✱ ei é ❛

❞✐s♣❡rsã♦ ❞♦s ❞❛❞♦s ❡♠ t♦r♥♦ ❞❛ r❡t❛ ✭❡rr♦ ❞❡ ❛♣r♦①✐♠❛çã♦✮✱ i = 1, 2, ..., n✱ ❡ n é ♦

♥ú♠❡r♦ t♦t❛❧ ❞❡ ♦❜s❡r✈❛çõ❡s✳ ❚❡r❡♠♦s ❡♥tã♦ ❝♦♠ ❡ss❛ ♥♦t❛çã♦✱ ✈❛❧♦r❡s r❡♣❡t✐❞♦s ♣❛r❛ X✱

♣♦r ❡①❡♠♣❧♦✱ x1 = ... = x4 = 20✳ ❈♦♥✈é♠ r❡❢♦rç❛r ❛ ✐❞é✐❛ q✉❡ ❡st❛♠♦s ♣r♦♣♦♥❞♦ ✉♠

♠♦❞❡❧♦ ❞❡ ❝♦♠♣♦rt❛♠❡♥t♦ ♣❛r❛ ❛s ♠é❞✐❛s ❞❛s s✉❜♣♦♣✉❧❛çõ❡s✱ ❧♦❣♦ t❡r❡♠♦s ❞❡ ❡st✐♠❛r ♦s

♣❛râ♠❡tr♦ ❡♥✈♦❧✈✐❞♦s ♥❛ ❢✉♥çã♦ µ(x)✱ ❜❛s❡❛❞♦s ♥✉♠❛ ❛♠♦str❛ ❞❡ n = 20 ♦❜s❡r✈❛çõ❡s✳

◆♦ ❝❛s♦ ❞❡ ✭✸✳✸✮ ♦ ♠♦❞❡❧♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

yi = E(Y |xi) + ei = α + βxi + ei, i = 1, 2, ..., n. ✭✸✳✻✮

❞❡✈❡♥❞♦✲s❡ ❡♥❝♦♥tr❛r ♦s ✈❛❧♦r❡s ♠❛✐s ♣r♦✈á✈❡✐s ♣❛r❛ α ❡ β✱ s❡❣✉♥❞♦ ❛❧❣✉♠ ❝r✐tér✐♦✱ ❛ ♣❛rt✐r

❞❡ n ♦❜s❡r✈❛çõ❡s ❞❡ ♣❛r❡s ❞❡ ✈❛❧♦r❡s ❞❡ (X, Y )✳

❆♥t❡s ❞❡ ♣r♦s❡❣✉✐r♠♦s✱ s❡r✐❛ ❝♦♥✈❡♥✐❡♥t❡ ✐♥t❡r♣r❡t❛r ♦s ♣❛râ♠❡tr♦s ❡♥✈♦❧✈✐❞♦s ❞♦ ♠♦✲

❞❡❧♦ ✭✸✳✸✮✳ ❙❛❜❡♥❞♦ ❞❡ α✱ ♦ ✐♥t❡r❝❡♣t♦✱ r❡♣r❡s❡♥t❛ ♦ ♣♦♥t♦ ♦♥❞❡ ❛ r❡t❛ ❝♦rt❛ ♦ ❡✐①♦ ❞❛s

♦r❞❡♥❛❞❛s✱ ❡ β✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r✱ r❡♣r❡s❡♥t❛ ♦ q✉❛♥t♦ ✈❛r✐❛ ❛ ♠é❞✐❛ ❞❡ Y ♣❛r❛ ✉♠

❛✉♠❡♥t♦ ❞❡ ✉♠❛ ✉♥✐❞❛❞❡ ❞❡ ✈❛r✐á✈❡❧ X✳ ❊ss❡s ♣❛râ♠❡tr♦s ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ❞❡ ❋✐❣✉r❛

✸✳✷✳

❋✐❣✉r❛ ✸✳✷✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ♠♦❞❡❧♦ E(Y |x) = α + βx✳

❱♦❧t❛♥❞♦ ❛♦ ❞❡s❝r✐t♦ ❛♥t❡r✐♦r❡♥t❡✱ ♦♥❞❡ X é ❛ ✐❞❛❞❡ ❡ Y ♦ t❡♠♣♦ ❞❡ r❡❛çã♦✱ β r❡✲

♣r❡s❡♥t❛ ♦ ❛❝rés❝✐♠♦ ♥♦ t❡♠♣♦ ♠é❞✐♦ ❞❡ r❡❛çã♦ ♣❛r❛ ❝❛❞❛ ❛♥♦ ❞❡ ❡♥✈❡❧❤❡❝✐♠❡♥t♦ ❞❛s

✶✽



❈❆P❮❚❯▲❖ ✸✳ ❘❊●❘❊❙❙➹❖ ▲■◆❊❆❘ ❙■▼P▲❊❙

♣❡ss♦❛s✳ ❆q✉✐ α r❡♣r❡s❡♥t❛ ♦ t❡♠♣♦ ❞❡ r❡❛çã♦ ♣❛r❛ ✐❞❛❞❡ ③❡r♦ ✭r❡❝é♠✲♥❛s❝✐❞♦✮✱ ♦ q✉❡ é

✉♠❛ ✐♥❛❞❡q✉❛çã♦ ❞♦ ♠♦❞❡❧♦✳

❖❜s❡r✈❛çã♦✳ ❈❤❛♠❛♠♦s ✭✸✳✸✮ ❞❡ ♠♦❞❡❧♦ ❧✐♥❡❛r✱ ♣♦✐s ❡st❡ r❡♣r❡s❡♥t❛ ✉♠❛ r❡t❛✳ ❚♦✲

❞❛✈✐❛✱ ❡♠ ❝❛s♦s ❣❡r❛✐s✱ ♦ t❡r♠♦ ❧✐♥❡❛r r❡❢❡r❡✲s❡ ❛♦ ♠♦❞❡❧♦ ❝♦♠♦ ♦s ♣❛râ♠❡tr♦s ❡♥tr❛♠ ♥♦

♠♦❞❡❧♦✱ ♦✉ s❡❥❛✱ ❞❡ ❢♦r♠❛ ❧✐♥❡❛r✳ P♦r ❡①❡♠♣❧♦✱ ♦ ♠♦❞❡❧♦

E(Y |x) = α + βx+ γx2

❡♠❜♦r❛ ❣r❛✜❝❛♠❡♥t❡ r❡♣r❡s❡♥t❡ ✉♠❛ ♣❛rá❜♦❧❛✱ é ✉♠ ♠♦❞❡❧♦ ❧✐♥❡❛r ❡♠ α✱ β✱ ❡ γ✳ P♦r

♦✉tr♦ ❧❛❞♦✱

E(Y |x) = αeβx ✭✸✳✼✮

♥ã♦ é ✉♠ ♠♦❞❡❧♦ ❧✐♥❡❛r ❡♠ α ❡ β✳

❱ár✐♦s ♣r♦❝❡❞✐♠❡♥t♦s ❡st❛tíst✐❝♦s sã♦ ❜❛s❡❛❞♦s ♥❛ s✉♣♦s✐çã♦ ❞❡ q✉❡ ♦s ❞❛❞♦s ♣r♦✈ê♠

❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ♦✉ ❡♥tã♦ ♠❛✐s ♦✉ ♠❡♥♦s s✐♠étr✐❝❛✳ ▼❛s✱ ♠✉✐t❛s s✐t✉❛çõ❡s ❞❡

✐♥t❡r❡ss❡ ♣rát✐❝♦✱ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s ❞❛❞♦s ❞❛ ❛♠♦str❛ é ❛ss✐♠étr✐❝❛ ❡ ♣♦❞❡ ❝♦♥t❡r ✈❛❧♦r❡s

❛tí♣✐❝♦s ❬✸❪✳

❉❡t❡r♠✐♥❛❞♦s ♠♦❞❡❧♦s ♥ã♦✲❧✐♥❡❛r❡s ♣♦❞❡♠ s❡r tr❛♥s❢♦r♠❛❞♦s ❡♠ ❧✐♥❡❛r❡s✱ ♣♦r ♠❡✐♦

❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❛s ✈❛r✐á✈❡✐s✳

❙❡ q✉✐s❡r♠♦s ✉t✐❧✐③❛r t❛✐s ♣r♦❝❡❞✐♠❡♥t♦s✱ ♦ q✉❡ s❡ ♣r♦♣õ❡ é ❡❢❡t✉❛r ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❞❛s ♦❜s❡r✈❛çõ❡s✱ ❞❡ ♠♦❞♦ ❛ s❡ ♦❜t❡r ✉♠❛ ❞✐str✐❜✉✐çã♦ ♠❛✐s s✐♠étr✐❝❛ ❡ ♣ró①✐♠❛ ❞❛ ♥♦r♠❛❧✳

❆ss✐♠✱ t♦♠❛♥❞♦✲s❡ ♦ ❧♦❣❛r✐t♠♦ ✭❞❡ ❜❛s❡ e✮ ❡♠ ✭✸✳✻✮ ♦❜t❡♠♦s

lnE(Y |x) = ln(α) + βx = α′ + βx

q✉❡ é ❧✐♥❡❛r ❡♠ α′ ❡ β✳

❆♦ ❧❛❞♦ ❞❡ ✉♠ tr❛t❛♠❡♥t♦ ❢♦r♠❛❧ ♣❛r❛ ❡st✉❞❛r ♦ ♠♦❞❡❧♦ ✭✸✳✻✮✱ ❞❡✈❡♠♦s ✉s❛r té❝♥✐❝❛s

❞❡ ❛♥á❧✐s❡ ❞❡ ❞❛❞♦s✳ ❊♠ ♣❛rt✐❝✉❧❛r ♣♦❞❡♠♦s ❢❛③❡r ❞✐✈❡rs♦s t✐♣♦s ❞❡ ❣rá✜❝♦s ❛♥t❡s q✉❡ ♦

♠♦❞❡❧♦ s❡❥❛ ❛❥✉st❛❞♦✱ ❞✉r❛♥t❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❛❥✉st❡ ❡✱ ✜♥❛❧♠❡♥t❡✱ ❞❡♣♦✐s q✉❡ ♦ ♠♦❞❡❧♦ ❢♦✐

❛❥✉st❛❞♦✳

◆❛ ❋✐❣✉❧❛ ✸✳✶ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ✉♠ ❣rá✜❝♦ q✉❡ ❞❡✈❡ s❡r ❢❡✐t♦ ❛♥t❡s ❞❡ s❡❧❡❝✐♦♥❛r ♦

♠♦❞❡❧♦✳ ❖✉ s❡❥❛✱ t❡♠♦s ✉♠ ❣rá✜❝♦ ❞❡ ❞✐s♣❡rsã♦ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s X ✭✐❞❛❞❡✮ ❡ Y ✭t❡♠♣♦

❞❡ r❡❛çã♦ ❛♦ ❡stí♠✉❧♦✮✳ ❊ss❡ t✐♣♦ ❞❡ ❞✐❛❣r❛♠❛ ♣❡r♠✐t❡ ✈❡r q✉❛❧ ♦ t✐♣♦ ❞❡ r❡❧❛çã♦ ❡①✐st❡♥t❡

❡♥tr❡ ❛s ✈❛r✐á✈❡✐s✱ s❡ ❤á ✈❛❧♦r❡s ❛tí♣✐❝♦s✱ s❡ ❤á ✈❛❧♦r❡s r❡♣✐t✐❞♦s✱ s❡ ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❡ Y

❡stá ❛✉♠❡♥t❛♥❞♦ ♦✉ ♥ã♦ ❝♦♠ X ❡t❝✳

✸✳✷ ❊st✐♠❛çã♦ ❞♦s P❛râ♠❡tr♦s

■r❡♠♦s ❡♥❝♦♥tr❛r ♦s ❡st✐♠❛❞♦r❡s ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞❡ ♠♦❞❡❧♦

❧✐♥❡❛r ✭✸✳✻✮✱ ♠❛s ♦ ♠❡s♠♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦ ❡♠ ♠♦❞❡❧♦s ♠❛✐s ❝♦♠♣❧❡①♦s✳

✶✾



❈❆P❮❚❯▲❖ ✸✳ ❘❊●❘❊❙❙➹❖ ▲■◆❊❆❘ ❙■▼P▲❊❙

■♥tr♦❞✉③✐r❡♠♦s ❛❧❣✉♠❛s s✉♣♦s✐çõ❡s ♣❛r❛ ❛s ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❡♥✈♦❧✈✐❞❛s✳ ❆ ♣r✐♠❡✐r❛

❞❡❧❛s é q✉❡ ❛ ✈❛r✐á✈❡❧ X é ♣♦r ❤✐♣ót❡s❡ ❝♦♥tr♦❧❛❞❛ ❡ ♥ã♦ ❡stá s✉❥❡✐t❛ ❛ ✈❛r✐❛çõ❡s ❛❧❡❛tór✐❛s✳

❉✐③❡♠♦s q✉❡ X é ✉♠❛ ✈❛r✐á✈❡❧ ✜①❛ ✭♦✉ s❡♠ ❡rr♦ ♦✉ ❞❡t❡r♠✐♥íst✐❝❛✮✳ ❙❡❣✉♥❞♦✱ ♣❛r❛ ❞❛❞♦

✈❛❧♦r x ❞❡ X✱ ♦s ❡rr♦s ❞✐str✐❜✉❡♠✲s❡ ❛♦ r❡❞♦r ❞❛ ♠é❞✐❛ α + βx ❝♦♠ ♠é❞✐❛ ③❡r♦✱ ✐st♦ é

E(ei|x) = 0 ✭✸✳✽✮

❊♠ t❡r❝❡✐r♦ ❧✉❣❛r✱ ❞❡✈❡♠♦s s✉♣♦r q✉❡ ♦s ❡rr♦s t❡♥❤❛♠ ❛ ♠❡s♠❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❡♠

t♦r♥♦ ❞♦s ♥í✈❡✐s ❞❡ X✱ ♦✉ s❡❥❛

V ar(ei|x) = σ2
e ✭✸✳✾✮

❊ ❡♠ q✉❛rt♦ ❧✉❣❛r✱ ✐♥tr♦❞✉③✐r❡♠♦s ❛ r❡str✐çã♦ ❞❡ q✉❡ ♦s ❡rr♦s s❡❥❛♠ ♥ã♦✲❝♦rr❡❧❛❝✐♦♥❛❞♦s✳

❈♦❧❤✐❞❛ ✉♠❛ ❛♠♦str❛ ❞❡ n ✐♥❞✐✈í❞✉♦s✱ t❡r❡♠♦s n ♣❛r❡s ❞❡ ✈❛❧♦r❡s (xi, yi)✱ i = 1, ..., n✱ q✉❡

❞❡✈❡♠ s❛t✐s❢❛③❡r ❛♦ ♠♦❞❡❧♦ ✭✸✳✻✮✱ ✐st♦ é✱

yi = α + βxi + ei, i = 1, ..., n. ✭✸✳✶✵✮

❚❡♠♦s ❡♥tã♦✱ n ❡q✉❛çõ❡s ❡ n + 2 ✐♥❝ó❣♥✐t❛s (α, β, e1, e2, ..., en)✳ Pr❡❝✐s❛♠♦s ✐♥tr♦❞✉✲

③✐r ✉♠ ❝r✐tér✐♦ q✉❡ ♣❡r♠✐t❛ ❡♥❝♦♥tr❛r α ❡ β✳ ❱❛♠♦s ❛❞♦t❛r ♦ ❝r✐tér✐♦ q✉❡ ❝♦♥s✐st❡ ❡♠

❡♥❝♦♥tr❛r ♦s ✈❛❧♦r❡s ❞❡ α ❡ β q✉❡ ♠✐♥✐♠✐③❛♠ ❛ s♦♠❛ ❞♦s ❡rr♦s✱ ❞❛❞♦s ♣♦r

ei = yi − (α + βxi), i = 1, ..., n. ✭✸✳✶✶✮

❖❜t❡♠♦s✱ ❡♥tã♦✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥❢♦r♠❛çã♦ ♣❡r❞✐❞❛ ♣❡❧♦ ♠♦❞❡❧♦ ♦✉ s♦♠❛ ❞♦s q✉❛✲

❞r❛❞♦s ❞♦s ❡rr♦s ✭♦✉ ❞❡s✈✐♦s✮

SQ(α, β) =
n∑

i=1

e2i =
n∑

i=1

{yi − (α + βxi)}2 ✭✸✳✶✷✮

P❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ α ❡ β t❡r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ♣❛r❛ ❡ss❛ s♦♠❛ ❞❡ q✉❛❞r❛❞♦s✱ ❡ ❛

s♦❧✉çã♦ ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ✭▼◗✮ é ❛q✉❡❧❛ q✉❡ t♦r♥❛ ❡ss❛ s♦♠❛ ♠í♥✐♠❛✳ ❚❡♠♦s✱

❡♥tã♦✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ♦ ♠í♥✐♠♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s✱ α ❡ β ♥♦ ❝❛s♦✳

❉❡r✐✈❛♥❞♦ ❡♠ r❡❧❛çã♦ ❛ α ❡ β ❡ ✐❣✉❛❧❛♥❞♦ ❛ ③❡r♦✱ ♦❜s❡r✈❛♠♦s q✉❡ ❛s s♦❧✉çõ❡s α̂ ❡ β̂ ❞❡✈❡♠

s❛t✐s❢❛③❡r

nα̂ + β̂
∑n

i=1 xi =
∑n

i=1 yi✱

α̂

n∑

i=1

xi + β̂

n∑

i=1

x2
i =

n∑

i=1

xiyi, ✭✸✳✶✸✮

❛s q✉❛✐s ♣r♦❞✉③❡♠ ❛s s♦❧✉çõ❡s

✷✵
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α̂ = y − β̂x✱

β̂ =

∑n

i=1 xiyi − nxy∑n

i=1 x
2
i − nx2 ✭✸✳✶✹✮

❙✉❜st✐t✉✐♥❞♦ ❡♠ ✭✸✳✸✮✱ t❡r❡♠♦s ♦ ❡st✐♠❛❞♦r ♣❛r❛ ❛ ♠é❞✐❛ µ(x)✱ ❞❛❞♦ ♣♦r

µ̂(xi) = α̂ + β̂xi, i = 1, ..., n. ✭✸✳✶✺✮

q✉❡ ✐r❡♠♦s ✐♥❞✐❝❛r ♣♦r

ŷi = α̂ + β̂xi, ✭✸✳✶✻✮

♦✉ ❛✐♥❞❛ ♣♦r

ŷi = ȳ − β̂x̄+ β̂xi = ȳ + β̂(xi − x̄), i = 1, ..., n. ✭✸✳✶✼✮

✸✳✸ ❆✈❛❧✐❛çã♦ ❞♦ ▼♦❞❡❧♦

◆❡st❛ s❡çã♦ ❡ ♥❛s s❡❣✉✐♥t❡s ❡st✉❞❛r❡♠♦s ✈ár✐❛s ❢♦r♠❛s ❞❡ ❛✈❛❧✐❛r s❡ ♦ ♠♦❞❡❧♦ ❧✐♥❡❛r

♣♦st✉❧❛❞♦ é ❛❞❡q✉❛❞♦ ♦✉ ♥ã♦✱ ❞❛❞❛s ❛s s✉♣♦s✐çõ❡s q✉❡ ✜③❡♠♦s s♦❜r❡ ❡❧❡✳

✸✳✸✳✶ ❊st✐♠❛❞♦r ❞❡ σ2

e

P❛r❛ ❥✉❧❣❛r ❛ ✈❛♥t❛❣❡♠ ❞❡ ❛❞♦çã♦ ❞❡ ✉♠ ♠♦❞❡❧♦ ♠❛✐s ❝♦♠♣❧❡①♦ ✭❧✐♥❡❛r ♦✉ ♦✉tr♦

q✉❛❧q✉❡r✮✱ ✈❛♠♦s ✉s❛r ❛ ❡str❛té❣✐❛ ❞❡ ❝♦♠♣❛rá✲❧♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ♠❛✐s s✐♠♣❧❡s✱ ♦✉ s❡❥❛✱

yi = µ+ ei, ✭✸✳✶✽✮

❆ ✈❛♥t❛❣❡♠ s❡rá s❡♠♣r❡ ♠❡❞✐❞❛ ♣♦r ♠❡✐♦ ❞❛ ❞✐♠✐♥✉✐çã♦ ❞♦s ❡rr♦s ❞❡ ♣r❡✈✐sã♦✱ ♦✉

❛✐♥❞❛✱ ❞❛ ✈❛r✐â♥❝✐❛ r❡s✐❞✉❛❧ S2
e ✳ P❛r❛ ♦ ♠♦❞❡❧♦ ❛❥✉st❛❞♦ ✭✸✳✶✻✮✱ ❝❛❞❛ r❡sí❞✉♦ é ❞❛❞♦

♣♦r

êi = yi − ŷi = α̂− β̂xi, ✭✸✳✶✾✮

❱ár✐♦s ❣rá✜❝♦s ❡♥✈♦❧✈❡♥❞♦ ❡ss❡s r❡sí❞✉♦s ♣♦❞❡♠ s❡r ❢❡✐t♦s ♣❛r❛ ❛✈❛❧✐❛r s❡ ❡❧❡s sã♦ ❜♦♥s

r❡♣r❡s❡♥t❛♥t❡s ❞♦s ✈❡r❞❛❞❡✐r♦s ei ❞❡s❝♦♥❤❡❝✐❞♦s✱ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ❛s s✉♣♦s✐çõ❡s ❢❡✐t❛s

s♦❜r❡ ❡st❡s ❡stã♦ s❛t✐s❢❡✐t❛s✳

◗✉❛♥❞♦ ❡st❡s r❡sí❞✉♦s ❢♦r❡♠ ♣❡q✉❡♥♦s✱ t❡♠♦s ✉♠❛ ✐♥❞✐❝❛çã♦ ❞❡ q✉❡ ♦ ♠♦❞❡❧♦ ❡stá

♣r♦❞✉③✐♥❞♦ ❜♦♥s r❡s✉❧t❛❞♦s✳ P❛r❛ ❥✉❧❣❛r♠♦s s❡ ♦ r❡sí❞✉♦ é ♣❡q✉❡♥♦ ♦✉ ♥ã♦✱ ❞❡✈❡♠♦s

❝♦♠♣❛rá✲❧♦ ❝♦♠ ♦s r❡sí❞✉♦s ❞♦ ♠♦❞❡❧♦ ❛❧t❡r♥❛t✐✈♦ ❞❛❞♦s ♣♦r yi − ŷ✳ ❉❛ ❞✐✜❝✉❧❞❛❞❡ ❞❡

✷✶
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❝♦♠♣❛r❛✲❧♦s ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡✱ ♣r❡❢❡r✐♠♦s tr❛❜❛❧❤❛r ❝♦♠ ❛s r❡s♣❡❝t✐✈❛s s♦♠❛s ❞❡ r❡sí✲

❞✉♦s q✉❛❞rát✐❝♦✱ ❞❛❞❛s ♣♦r

SQTot =
n∑

i=1

(yi − ŷ)2 ✭✸✳✷✵✮

❡

SQRes =
n∑

i=1

ê2i =
n∑

i=1

(yi − ŷ)2. ✭✸✳✷✶✮

◆♦ ❡♥t❛♥t♦✱ ❛ ❝♦♠♣❛r❛çã♦ ❞✐r❡t❛ ❞❡ss❛s s♦♠❛s ❞❡ q✉❛❞r❛❞♦ ♥ã♦ ♥♦s ♣❛r❡❝❡ ❥✉st❛✱

♣♦✐s ♦ ♠♦❞❡❧♦ ✭✸✳✶✽✮ t❡♠ ♠❛✐s ♣❛râ♠❡tr♦s ❞♦ q✉❡ ♦ ♠♦❞❡❧♦ ✭✸✳✶✾✮✳ ❱❡❥❛♠♦s✱ ❡♥tã♦✱

❝♦♠♦ ❝♦♠♣❛r❛r ❛s ✈❛râ♥❝✐❛s r❡s✐❞✉❛✐s✳ P❛r❛ ♦ ♠♦❞❡❧♦ s✐♠♣❧❡s ✭✸✳✶✾✮ ♦ ❡st✐♠❛❞♦r

♥ã♦✲✈✐❡s❛❞♦ ❞❡ σ2
e é

S2 =
1

n− 1

n∑

i=1

(yi − ŷ)2 =
SQTot

n− 1
✭✸✳✷✷✮

P❛r❛ ♦ ♠♦❞❡❧♦ ✭✸✳✷✮✱ ❝♦♠ I ♥í✈❡✐s ♦✉ s✉❜♣♦♣✉❧❛çõ❡s✱ ♦ ❡st✐♠❛❞♦ ❞❛ ✈❛r✐â♥❝✐❛

r❡s✐❞✉❛❧ ❡r❛

S2
e =

SQDen

n− 1
=

SQRes

n− 1
✭✸✳✷✸✮

❡ I t❛♠❜é♠ ❞❡♥♦t❛ ♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s ❞❡s❝♦♥❤❡❝✐❞♦s ❞♦ ♠♦❞❡❧♦ ✭❛s ♠é❞✐❛s µi✮✳

P♦rt❛♥t♦✱ ❞❡ ♠♦❞♦ ❣❡r❛❧✱ ♣❡❞❡✲s❡ ✉♠ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ♣❛r❛ ❝❛❞❛ ♣❛râ♠❡tr♦ ❡♥✈♦❧✈✐❞♦

♥♦ ♠♦❞❡❧♦ ❡ é ♥❛t✉r❛❧ ❞❡✜♥✐r ♦ ❡st✐♠❛❞♦r ❞❡ σ2
e ♥✉♠ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❝♦♠♦ s❡♥❞♦

S2
e =

SQRes

n− p
, ✭✸✳✷✹✮

♦♥❞❡ p é ♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦✳ ◆♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ r❡❣r❡ssã♦ ❧✐♥❡❛r

s✐♠♣❧❡s✱ p = 2 ❡

S2
e =

SQRes

n− 2
, ✭✸✳✷✺✮

s❡rá ✉♠ ❡st✐♠❛❞♦r ♥ã♦✲✈✐❡s❛❞♦ ❞❡ σ2
e ✱ ✐st♦ é✱ E(S2

e ) = σ2
e ✳

✸✳✸✳✷ ❉❡❝♦♠♣♦s✐çã♦ ❞❛ ❙♦♠❛ ❞❡ ◗✉❛❞r❛❞♦s

❆♣❡s❛r ❞❡ ♣❛ss❛r♠♦s ❞♦ ♠♦❞❡❧♦ s✐♠♣❧❡s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❧✐♥❡❛r✱ ❛ r❡❞✉çã♦

❞❛ s♦♠❛ ❞❡ q✉❛❞r❛❞♦s é ❞❛❞❛ ♣♦r SQTot− SQRes✳ ➚ ❛❞♦çã♦ ❞♦ s❡❣✉♥❞♦ ♠♦❞❡❧♦ ❡ s❡rá

✷✷
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✐♥❞✐❝❛❞♦ ♣♦r SQReg✱ s✐❣♥✐✜❝❛♥❞♦ ❛ s♦♠❛ ❞♦s q✉❛❞r❛❞♦s ❞❡✈✐❞❛ à r❡❣r❡ssã♦✳ s❡❣✉❡✲s❡ q✉❡

SQReg = SQTot− SQRes, ✭✸✳✷✻✮

♦✉ s❡❥❛✱

SQTot = SQReg + SQRes, ✭✸✳✷✼✮

❖❜s❡r✈❛♥❞♦ ❛ ❋✐❣✉r❛ ✸✳✸✱ ♥♦t❛♠♦s q✉❡ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

yi − ȳ = (yi − ŷi) + (ŷi − ȳ) = êi + (ŷi − ȳ), ✭✸✳✷✽✮

❊♠ ♣❛❧❛✈r❛s✱ ♦ ❞❡s✈✐♦ ❞❡ ✉♠❛ ♦❜s❡r✈❛çã♦ ❡♠ r❡❧❛çã♦ à ♠❡❞✐❞❛ ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st♦

❝♦♠♦ ♦ ❞❡s✈✐♦ ❞❛ ♦❜s❡r✈❛çã♦ ❡♠ r❡❧❛çã♦ ❛♦ ✈❛❧♦r ❛❥✉st❛❞♦ ♣❡❧❛ r❡❣r❡ssã♦✱ ♠❛✐s ♦ ❞❡s✈✐♦

❞♦ ✈❛❧♦r ❛❥✉st❛❞♦ ❡♠ r❡❧❛çã♦ ❛ ♠é❞✐❛✳

❋✐❣✉r❛ ✸✳✸✿ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞♦s ❞✐✈❡rs♦s ❞❡s✈✐♦s✳

❊❧❡✈❛♥❞♦✲s❡ ❛♦ q✉❛❞r❛❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ✐❣✉❛❧❞❛❞❡ ✭✸✳✷✾✮✱ t♦♠❛♥❞♦✲s❡ ❛ s♦♠❛

❡ ♦❜s❡r✈❛♥❞♦✲s❡ q✉❡ ❛ s♦♠❛ ❞♦ ❞✉♣❧♦ ♣r♦❞✉t♦ s❡ ❛♥✉❧❛✱ ♦❜t❡♠♦s

n∑

i=1

(yi − ȳ)2 =
n∑

i=1

(ŷi − ȳ)2 +
n∑

i=1

ê2i . ✭✸✳✷✾✮

♦✉

SQTot =
n∑

i=1

(ŷi − ȳ)2 + SQRes, ✭✸✳✸✵✮

✷✸
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❞♦ q✉❡ ❞❡❞✉③✐♠♦s q✉❡

SQReg =
n∑

i=1

(ŷi − ȳ)2, ✭✸✳✸✶✮

❉❡ ✭✸✳✶✼✮ ♦❜t❡♠♦s q✉❡

ŷi − ȳ = β̂(xi − x̄)

♣♦rt❛♥t♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

SQReg = β̂2

n∑

i=1

(xi − x̄)2. ✭✸✳✸✷✮

❉❛q✉✐ s❡ ♣♦❞❡ ♦❜s❡r✈❛r q✉❡ q✉❛♥t♦ ♠❛✐♦r ♦ ✈❛❧♦r ❞❡ β̂✱ ♠❛✐♦r s❡rá ❛ r❡❞✉çã♦ ❞❛ s♦♠❛

❞♦s q✉❛❞r❛❞♦s ❞♦s r❡sí❞✉♦s✳

✸✳✸✳✸ ❚❛❜❡❧❛ ❞❡ ❆♥á❧✐s❡ ❞❡ ❱❛r✐â♥❝✐❛

P♦❞❡♠♦s r❡s✉♠✐r ❛s ✐♥❢♦r♠❛çõ❡s ❛♥t❡r✐♦r❡s ♥✉♠❛ ú♥✐❝❛ t❛❜❡❧❛ ❆◆❖❱❆✱ ✐❧✉str❛❞❛ ♥❛

❚❛❜❡❧❛ ✸✳✶✳

❚❛❜❡❧❛ ✸✳✶✿ ❚❛❜❡❧❛ ❆◆❖❱❆ ♣❛r❛ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦✳
❋✳❱✳ ❣✳❧✳ ❙◗ ◗▼ ❋
❘❡❣r❡ssã♦ ✶ ❙◗❘❡❣ ❙◗❘❡❣❂◗▼❘❡❣ ◗▼❘❡❣✴S2

e

❘❡sí❞✉♦ n− 2 ❙◗❘❡s ❙◗❘❡s✴(n− 2) = S2
e

❚♦t❛❧ n− 1 ❙◗❘❚♦t ❙◗❚♦t✴(n− 1) = S2

❚❛♠❜é♠ ♣♦❞❡♠♦s ♠❡❞✐r ♦ ❛❥✉st❡ ❞♦ ♠♦❞❡❧♦ ♣❡❧♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦rr❡❧❛çã♦✱ ❡st❛ ♠❡❞✐❞❛

✈❛r✐❛ ❡♥tr❡ −1 ❡ +1✱ ✐♥❝❧✉✐✈❡✱ ✐st♦ é✱ −1 ≤ r ≤ +1✳ ❙❡ r ❛ss✉♠❡ ♦ ✈❛❧♦r 1✱ ❞✐③✲s❡ q✉❡

❞✉❛s ✈❛r✐á✈❡✐s tê♠ ❝♦rr❡❧❛çã♦ ♣❡r❢❡✐t❛ ♣♦s✐t✐✈❛ ❡ s❡ r ❛ss✉♠❡ ♦ ✈❛❧♦r −1✱❞✐③✲s❡ q✉❡ ❛s ❞✉❛s

✈❛r✐á✈❡✐s t❡♠ ❝♦rr❡❧❛çã♦ ♣❡r❢❡✐t❛ ♥❡❣❛t✐✈❛✳ ❙❡ r ❛ss✉♠❡ ♦ ✈❛❧♦r ③❡r♦✱ ♥ã♦ ❡①✐st❡ ❝♦rr❡❧❛çã♦

❡♥tr❡ ❛s ❞✉❛s ✈❛r✐á✈❡✐s ✭❛ ❝♦rr❡❧❛çã♦ é ♥✉❧❛✮ ❬✶✼❪✳

R2 =
SQReg

SQTot
. ✭✸✳✸✸✮

R =
√
r2

❆ ❡str❛té❣✐❛ ❛❞♦t❛❞❛ ♣❛r❛ ✈❡r✐✜❝❛r s❡ ❝♦♠♣❡♥s❛ ♦✉ ♥ã♦ ✉t✐❧✐③❛r ♦ ♠♦❞❡❧♦ y = α+βx+e

é ♦❜s❡r✈❛r ❛ r❡❞✉çã♦ ♥♦ r❡sí❞✉♦ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦ ♠♦❞❡❧♦ y = µ+e✳ ❙❡ ❛ r❡❞✉çã♦

❢♦r ♠✉✐t♦ ♣❡q✉❡♥❛✱ ♦s ❞♦✐s ♠♦❞❡❧♦s s❡rã♦ ♣r❛t✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✱ ❡ ✐ss♦ ♦❝♦rr❡ q✉❛♥❞♦ ❛
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✐♥❝❧✐♥❛çã♦ β ❢♦r ③❡r♦ ♦✉ ♠✉✐t♦ ♣❡q✉❡♥❛✱ ♥ã♦ ❝♦♠♣❡♥s❛♥❞♦ ✉s❛r ✉♠ ♠♦❞❡❧♦ ♠❛✐s ❝♦♠♣❧❡①♦✳

❊st❛r❡♠♦s✱ ♣♦✐s✱ ✐♥t❡r❡ss❛❞♦s ❡♠ t❡st❛r ❛ ❤✐♣ót❡s❡

H0 : β = 0. ✭✸✳✸✹✮

♦ q✉❡ ✐rá ❡①✐❣✐r q✉❡ s❡ ❝♦❧♦q✉❡ ✉♠❛ ❡str✉t✉r❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s s♦❜r❡ ♦s ❡rr♦s✳ ❆ ❋✐❣✉r❛

✸✳✹ ✐❧✉str❛ ❛s ❞✉❛s s✐t✉❛çõ❡s q✉❡ ♣♦❞❡♠ ♦❝♦rr❡r✳ ◆❛ ❋✐❣✉r❛ ✸✳✹ ✭❛✮ t❡♠♦s ♦ ❝❛s♦ ❡♠

q✉❡ ❝❧❛r❛♠❡♥t❡ ❛ ✈❛r✐á✈❡❧ ❛✉①✐❧✐❛r ❛❥✉❞❛ ❛ ♣r❡✈❡r ❛ ✈❛r✐á✈❡❧ r❡s♣♦st❛✳ ◆❛ s✐t✉❛çã♦ ❞❛

❋✐❣✉r❛ ✸✳✹ ✭❜✮ t❡r❡♠♦s ❞ú✈✐❞❛s s❡ ✈❛❧❡ ❛ ♣❡♥❛ ♦✉ ♥ã♦ ✐♥tr♦❞✉③✐r ♦ ♠♦❞❡❧♦ ♠❛✐s ❝♦♠♣❧❡①♦✱

❣❛♥❤❛♠♦s ♠✉✐t♦ ♣♦✉❝♦ ❡♠ t❡r♠♦s ❞❡ ❡①♣❧✐❝❛çõ❡s✳

❋✐❣✉r❛ ✸✳✹✿ ❘❡t❛s ❛❥✉st❛❞❛s ❛ ❞♦✐s ❝♦♥❥✉♥t♦s ❞❡ ❞❛❞♦s✳✭❛✮x ❡①♣❧✐❝❛ y❀✭❜✮x ♥ã♦ ❡①♣❧✐❝❛ y✳

P❛r❛ ❛ ❛✈❛❧✐❛çã♦ ✜♥❛❧ ❞♦ ♠♦❞❡❧♦ ❞❡✈❡♠♦s ✐♥✈❡st✐❣❛r ❝♦♠ ♠❛✐s ❝✉✐❞❛❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞♦s r❡sí❞✉♦s✳

✸✳✹ Pr♦♣r✐❡❞❛❞❡s ❞♦s ❊st✐♠❛❞♦r❡s

■r❡♠♦s ❛❣♦r❛ ❡st✉❞❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❛♠♦str❛✐s ❞♦s ❡st✐♠❛❞♦r❡s α̂ ❡ β̂✱ ❡ ♣❛r❛ ✐ss♦

é ❝♦♥✈❡♥✐❡♥t❡ ✈♦❧t❛r ❛♦ ♠♦❞❡❧♦ ❡ ❛s s✉♣♦s✐çõ❡s ❛❞♦t❛❞❛s ♣❛r❛ ❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ Y s♦❜

✐♥✈❡st✐❣❛çã♦✳ ▲❡♠❜r❛♠♦s q✉❡ ❛ ✈❛r✐á✈❡❧ X é s✉♣♦st❛ ❝♦♥tr♦❧❛❞❛✱ ✜①❛✱ ❡ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r x

❞❡ X t❡r❡♠♦s ❛ss♦❝✐❛❞❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ♣❛r❛ Y ✱ ❝♦♠♦ ✐❧✉str❛ ❛ ❋✐❣✉r❛

✸✳✺ ✭❛✮✱ ♦♥❞❡ s✉♣♦♠♦s q✉❡ ❛ ❞✐s♣❡rsã♦ é ❛ ♠❡s♠❛ ♣❛r❛ ❝❛❞❛ ♥í✈❡❧ ❞❛ ✈❛r✐á✈❡❧ X✳ ❆ ❋✐❣✉r❛

✸✳✺ ✭❜✮ ✐❧✉str❛ ♦ ❝❛s♦ q✉❡ s❡rá ❝♦♥s✐❞❡r❛❞♦ ❛q✉✐✱ ❡♠ q✉❡ ❡st❛s ❞✐str✐❜✉✐çõ❡s ❛❞✐❝✐♦♥❛✐s sã♦

♥♦r♠❛✐s✱ ❝♦♠♦ ❛ ♠❡s♠❛ ✈❛r✐â♥❝✐❛✳ ◆♦t❡ q✉❡ E(Y |x) é ❧✐♥❡❛r✱ ❝♦♠♦ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦✳

❋♦r♠❛❧♠❡♥t❡✱ ♦ ♠♦❞❡❧♦

Y = E(Y |xi) + ei = α + βxi + ei, i = 1, ..., n

❞❡✈❡ s❛t✐s❢❛③❡r ❛s s❡❣✉✐♥t❡s s✉♣♦s✐çõ❡s✳

✭✐✮ P❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ xi✱ ♦ ❡rr♦ ei t❡♠ ♠é❞✐❛ ③❡r♦ ❡ ✈❛r✐â♥❝✐❛ ❝♦♥st❛♥t❡ σ2
e ;

✷✺
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✭✐✐✮ ❙❡ i 6= j✱ Cov(ei, ej) = 0✱ ✐st♦ é✱ ♣❛r❛ ❞✉❛s ♦❜s❡r✈❛çõ❡s ❞✐st✐♥t❛s✱ ♦s ❡rr♦s sã♦ ♥ã♦✲

❝♦rr❡❧❛❝✐♦♥❛❞♦s✳

❙❡❣✉❡ q✉❡

E(Yi|xi) = α + βxi ❡ V ar(Yi|xi) = σ2
e ✱

❡ ❛✐♥❞❛ q✉❡ Yi ❡ Yj sã♦ ♥ã♦ ❝♦rr❡❧❛❝✐♦♥❛❞♦s✱ ♣❛r❛ i 6= j✳

❋✐❣✉r❛ ✸✳✺✿ ✭❛✮♠é❞✐❛s ❛❧✐♥❤❛❞❛s✱ ❞✐str✐❜✉✐çõ❡s ❝♦♠ ❛ ♠❡s♠❛ ✈❛r✐â❝✐❛❀ ✭❜✮♠é❞✐❛s ❛❧✐♥❤❛❞❛s✱
❞✐str✐❜✉✐çõ❡s ♥♦r♠❛✐s ❝♦♠ ❛ ♠❡s♠❛ ✈❛r✐â♥❝✐❛✳

✸✳✹✳✶ ▼é❞✐❛ ❡ ❱❛r✐â♥❝✐❛ ❞♦s ❊st✐♠❛❞♦r❡s

❱❛♠♦s ♦❜t❡r ❛ ♠é❞✐❛ ❡ ❛ ✈❛r✐â♥❝✐❛ ❞♦s ❡st✐♠❛❞♦r❡s α̂ ❡ β̂✱ ❞❛❞♦s ❡♠ ✭✸✳✶✹✮✳

Pr♦♣♦s✐çã♦ ✶✳ P❛r❛ ♦ ❡st✐♠❛❞♦r β̂ t❡♠♦s

E(β̂) = β, ✭✸✳✸✺✮

V ar(β̂) =
σ2
e∑n

i=1(xi − x̄)2
, ✭✸✳✸✻✮

Pr♦✈❛✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ❡s❝r❡✈❡r β ❞❡ ✉♠ ♠♦❞♦ ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡✿

β̂ =
∑

n

i=1
(xi−x̄)(Yi−Ȳ )∑
n

i=1
(xi−x̄)2

=
∑

n

i=1
(xi−x̄)Yi−Ȳ

∑
n

i=1
(xi−x̄)∑

n

i=1
(xi−x̄)2

=
∑

n

i=1
(xi−x̄)Yi∑

n

i=1
(xi−x̄)2

=
∑n

i=1
(xi−x̄)∑

n

i=1
(xi−x̄)2

Yi =
∑n

i=1 wiYi

♦♥❞❡ ❡st❛♠♦s ✉s❛♥❞♦ ❛ ♥♦t❛çã♦ Y ✭♠❛✐ús❝✉❧❛✮ ❡ x ✭♠✐♥ús❝✉❧❛✮ ♣❛r❛ ❞✐❢❡r❡♥❝✐❛r ♦ ❢❛t♦ ❞❡

q✉❡ ❛ ♣r✐♠❡✐r❛ ❡stá s❡♥❞♦ ❝♦♥s✐❞❡r❛❞❛ ❛❧❡❛tór✐❛ ❡ ❛ s❡❣✉♥❞❛ ✱ ✜①❛❀ ❡

wi =
xi−x̄∑

n

i=1
(xi−x̄)2

,
∑n

i=1 wi = 0.

✷✻
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❖❜s❡r✈❡ q✉❡ ❡st❛♠♦s ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡
∑n

i=1(xi − x̄) = 0 ❡ q✉❡

∑n

i=1 wixi =
∑n

i=1 wixi − x̄
∑n

i=1 wi =
∑n

i=1 wi(xi − x̄)

=
∑n

i=1
(xi−x̄)∑

n

i=1
(xi−x̄)2

(xi − x̄) = 1.

❯s❛♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ❡s♣❡r❛♥ç❛ ❡ ✈❛r✐â♥❝✐❛ ❞❡ s♦♠❛s ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s✱ ♣♦✲

❞❡♠♦s ❡s❝r❡✈❡r

E(β̂) = E(
∑n

i=1 wiYi) =
∑n

i=1 wiE(Yi)

=
∑n

i=1 wi(α + βxi) = α
∑n

i=1 wi + β
∑n

i=1 wixi = β,

♦ q✉❡ ♠♦str❛ q✉❡ ♦ ❡st✐♠❛❞♦r é ♥ã♦✲✈✐❡s❛❞♦✳ P❛r❛ ❛ ✈❛râ♥❝✐❛✱

V ar(β̂) = V ar(
∑n

i=1 wiYi) =
∑n

i=1 w
2
i V ar(Yi),

♣♦✐s ❛s ♦❜s❡r✈❛çõ❡s sã♦ ♥ã♦✲❝♦rr❡❧❛❝✐♦♥❛❞❛s✱ ❡✱ ♣♦rt❛♥t♦✱

V ar(β̂) =
∑n

i=1 w
2
i σ

2
e = σ2

e

∑n

i=1(
xi−x̄∑

n

i=1
(xi−x̄)2

)2 = σ2
e

∑
n

i=1
(xi−x̄)2

[
∑

n

i=1
(xi−x̄)2]2

,

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳

Pr♦♣♦s✐çã♦ ✷✳ P❛r❛ ♦ ❡st✐♠❛❞♦ α̂ t❡♠♦s✿

E(α̂) = α, ✭✸✳✸✼✮

V ar(α̂) = σ2
e

∑n

i=1 x
2
i

n
∑n

i=1(xi − x̄)2
, ✭✸✳✸✽✮

Pr♦✈❛✳ ❈♦♥s✐❞❡r❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

Cov(ȳ, β̂) = 0, ✭✸✳✸✾✮

n∑

i=1

(xi − x̄)2 =
n∑

i=1

x2
i − nx̄2, ✭✸✳✹✵✮

❈♦♠♦

ȳ = 1
n

∑n

i=1 yi =
1
n

∑n

i=1(α + βxi + ei)

= α + βx̄+ 1
n

∑n

i=1 eI ,

t❡♠♦s q✉❡

E(ȳ) = α + βx̄+ 1
n

∑n

i=1 E(ei) = α + βx̄,

❞❛❞♦ q✉❡ x é s✉♣♦st❛♠❡♥t❡ ✜①❛ ❡ ♥ã♦ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳ ❚❛♠❜é♠✱

✷✼
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V ar(ȳ) = 1
n2

∑n

i=1 V ar(ei) =
σ2
e

n
.

❚❡♠♦s✱ ❡♥tã♦✱ q✉❡

E(α̂) = E(ȳ − β̂x̄) = α + βx̄− βx̄ = α,

❡

V ar(α̂) = V ar(ȳ − β̂x̄) = V ar(ȳ) + V ar(β̂x̄)− 2Cov(ȳ, β̂x̄)

= V ar(ȳ) + x2V ar(β̂)− 2x̄Cov(ȳ, β̂)

✸✳✹✳✷ ❉✐str✐❜✉✐çõ❡s ❆♠♦str❛✐s ❞♦s ❊st✐♠❛❞♦r❡s ❞♦s P❛râ♠❡tr♦s

P❛r❛ ❝♦♠♣❧❡t❛r ♦ ❡st✉❞♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡st✐♠❛❞♦r❡s✱ ✈❛♠♦s ✐♥tr♦❞✉③✐r ✉♠❛

t❡r❝❡✐r❛ s✉♣♦s✐çã♦✿

✭✐✐✐✮ ❖s ❡rr♦s ei sã♦ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❝♦♠ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✱ ✐st♦ é✱

ei ∼ N(0; σ2
e), ✭✸✳✹✶✮

♦ q✉❡ ✐♠♣❧✐❝❛

yi ∼ N(α + βxi; σ
2
e). ✭✸✳✹✷✮

❈♦♠♦ β̂ ❡ α̂ sã♦ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ♥♦r♠❛✐s ❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱

t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✸✳ ❖s ❡st✐♠❛❞♦r❡s α̂ ❡ β̂ tê♠ ❛♠❜♦s ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✱ ❝♦♠ ❛s ♠é❞✐❛s ❡

✈❛r✐â♥❝✐❛s ❞❛❞❛s ♣❡❧❛s Pr♦♣♦s✐çõ❡s ✸✳✶ ❡ ✸✳✷✱ ✐st♦ é✱

α̂ ∼ N

(
α;

σ2
e

∑
x2
i

n
∑

(xi − x̄)2

)
, ✭✸✳✹✸✮

β̂ ∼ N

(
β;

σ2
e∑

(xi − x̄)2

)
, ✭✸✳✹✹✮

❖s r❡s✉❧t❛❞♦s ❛❝✐♠❛ ♣❡r♠✐t❡♠ ❝♦♥❝❧✉✐r q✉❡

β̂ − β

σe

√∑
(xi − x̄)2 ∼ N(0, 1), ✭✸✳✹✺✮

α̂− α

σe

√
n
∑

(xi − x̄)2∑
x2
i

∼ N(0, 1), ✭✸✳✹✻✮

✷✽
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✸✳✹✳✸ ■♥t❡r✈❛❧♦s ❞❡ ❈♦♥✜❛♥ç❛ ♣❛r❛ α ❡ β

❙✉❜st✐t✉✐❞♦ σe ♣♦r s❡✉ ❡st✐♠❛❞♦r Se ❡♠ ✭✸✳✹✺✮ ❡ ✭✸✳✹✻✮✱ s❛❜❡♠♦s q✉❡ ❛s ❡st❛tíst✐❝❛s

r❡s✉❧t❛♥t❡s t❡rã♦ ❞✐str✐❜✉✐çã♦ t ❞❡ ❙t✉❞❡♥t✱ ❝♦♠ (n−2) ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✱ ♦ q✉❡ ♣❡r♠✐t✐rá

❝♦♥str✉✐r ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ♣❛r❛ ♦s ♣❛râ♠❡tr♦s✳

Pr♦♣♦s✐çã♦ ✹✳ ❆s ❡st❛tíst✐❝❛s

t(β̂) =
β̂ − β

Se

√∑
(xi − x̄)2 ✭✸✳✹✼✮

❡

t(α̂) =
α̂− α

Se

√
n
∑

(xi − x̄)2∑
x2
i

✭✸✳✹✽✮

tê♠ ❞✐str✐❜✉✐çã♦ t ❞❡ ❙t✉❞❡♥t ❝♦♠ (n− 2) ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✳

❊ss❡s r❡s✉❧t❛❞♦s✱ ❝♦♠❜✐♥❛❞♦s ❝♦♠ ♦s ♣r♦❝❡❞✐♠❡♥t♦s ❞❡ ❝♦♥str✉çã♦ ❞❡ ✐♥t❡r✈❛❧♦s ❞❡

❝♦♥✜❛♥ç❛✱ ♥♦s ❧❡✈❛ ❛♦s s❡❣✉✐♥t❡s ✐♥t❡r✈❛❧♦s ♣❛r❛ α ❡ β✱ ❝♦♠ γ ❞❡♥♦t❛♥❞♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡

❝♦♥✜❛♥ç❛ ❡ tγ(n− 2) ❞❡♥♦t❛♥❞♦ ♦ ✈❛❧♦r ♦❜t✐❞♦✱ ❝♦♠ (n− 2) ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✿

IC(α; γ) = α̂± tγ(n− 2)Se

√ ∑
x2
i

n
∑

(xi − x̄)2
✭✸✳✹✾✮

IC(β; γ) = β̂ ± tγ(n− 2)Se

√
1∑

(xi − x̄)2
✭✸✳✺✵✮

❊st❡s ✐♥t❡r✈❛❧♦s ❞❡ ❝♦♥✜❛♥ç❛ ♣♦❞❡♠ s❡r ✉s❛❞♦s ♣❛r❛ t❡st❛r ❤✐♣ót❡s❡s ❞♦ t✐♣♦

H0 : α = α0✱

H0 : β = β0✳

❊♠ ♣❛rt✐❝✉❧❛r✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✺✳ ❆ ❡st❛tíst✐❝❛ ♣❛r❛ t❡st❛r H0 : α = 0 é

t(α̂) =
α̂

Se

√
n
∑

(xi − x̄)2∑
x2
i

✭✸✳✺✶✮

❡ ❛ ❡st❛tíst✐❝❛ ♣❛r❛ t❡st❛r H0 : β = 0 é

t(β̂) =
β̂

Se

√∑
(xi − x̄)2 ✭✸✳✺✷✮

❝❛❞❛ ✉♠ t❡♥❞♦ ❛ ❞✐str✐❜✉✐çã♦ t ❙t✉❞❡♥t ❝♦♠ (n− 2) ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✳

✷✾
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❖❜s❡r✈❡ q✉❡

[t(β̂)]2 = β̂
∑

(xi−x̄)2

S2
e

✱

❡ ✉s❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ✭✸✳✸✷✮ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

[t(β̂)]2 =
SQReg

S2
e

, ✭✸✳✺✸✮

q✉❡ é ❛ ❡st❛tíst✐❝❛ F q✉❡ ❛♣❛r❡❝❡ ♥❛ t❛❜❡❧❛ ❆◆❖❱❆✳ ❆ss✐♠✱ ♣❛r❛ t❡st❛r ❤✐♣ót❡s❡ H0 :

β = 0✱ ♣♦❞❡✲s❡ ✉s❛r ❛ ❡stíst✐❝❛ ✭✸✳✺✸✮✱ q✉❡ s❡❣✉❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ F (1, n− 2)✳

❙❡ q✉✐séss❡♠♦s s❛❜❡r ❞❡♥tr♦ ❞❡ q✉❡ ✐♥t❡r✈❛❧♦ 95% ❞❛s ❢✉t✉r❛s ♦❜s❡r✈❛çõ❡s ✐r✐❛♠ ❡st❛r✱

❝♦♥str✉✐rí❛♠♦s ♦ ■♥t❡r✈❛❧♦ ❞❡ Pr❡❞✐çã♦✿

✸✳✺ ❆♥á❧✐s❡ ❞❡ ❘❡sí❞✉♦s

P❛r❛ ✈❡r✐✜❝❛r s❡ ✉♠ ♠♦❞❡❧♦ é ❛❞❡q✉❛❞♦✱ t❡♠♦s q✉❡ ✐♥✈❡st✐❣❛r s❡ ❛s s✉♣♦s✐çõ❡s ❢❡✐t❛s

♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ ❡stã♦ s❛t✐s❢❡✐t❛s✳ P❛r❛ t❛♥t♦✱ ❡st✉❞❛♠♦s ♦ ❝♦♠♣♦rt❛✲

♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ ✉s❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ♦❜s❡r✈❛❞♦s✱ ♥♦t❛❞❛♠❡♥t❡ ❛s ❞✐s❝r❡♣â♥❝✐❛s

❡♥tr❡ ✈❛❧♦r❡s ♦❜s❡r✈❛❞♦s ❡ ♦s ✈❛❧♦r❡s ❛❥✉st❛❞♦s ♣❡❧♦ ♠♦❞❡❧♦✱ ♦✉ s❡❥❛✱ ❢❛③❡♠♦s ✉♠❛ ❛♥á❧✐s❡

❞♦s r❡sí❞✉♦s✳

❖ ✐✲és✐♠♦ r❡sí❞✉♦ é ❞❛❞♦ ♣♦r

ê = yi − ŷi, i = 1, 2, ..., n. ✭✸✳✺✹✮

▲❡♠❜r❛♠♦s q✉❡ ❥á ✉t✐❧✐③❛♠♦s ❡st❡ r❡sí❞✉♦ ♣❛r❛ ♦❜t❡r ♠❡❞✐❞❛s ❞❡ q✉❛❧✐❞❛❞❡ ❡ ❞♦s

❡st✐♠❛❞♦r❡s ❞♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦✳ ❆❣♦r❛ ✐r❡♠♦s ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ✐♥❞✐✈✐❞✉❛❧

❡ ♦s ❝♦♥❥✉♥t♦s ❞❡st❡s r❡sí❞✉♦s✱ ❝♦♠♣❛r❛♥❞♦ ❝♦♠ ❛s s✉♣♦s✐çõ❡s ❢❡✐t❛s s♦❜r❡ ♦s ✈❡r❞❛❞❡✐r♦s

❡rr♦s ei✳ ❊①✐st❡♠ ✈ár✐❛s té❝♥✐❝❛s ❢♦r♠❛✐s ♣❛r❛ ❝♦♥❞✉③✐r ❡st❛ ❛♥á❧✐s❡✱ ♠❛s ❛q✉✐ ✐r❡♠♦s

r❡ss❛❧t❛r ❜❛s✐❝❛♠❡♥t❡ ♠ét♦❞♦s ❣rá✜❝♦s✳

❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❜❛st❛♥t❡ út✐❧ é ♦❜t✐❞❛ ♣❧♦t❛♥❞♦✲s❡ ♣❛r❡s (xi, ê)✱ i = 1, 2, ..., n✳

❖✉tr❛s ✈❡③❡s✱ é ❞❡ ♠❛✐♦r ✉t✐❧✐❞❛❞❡ ❢❛③❡r r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞♦s ❝❤❛♠❛❞♦s r❡sí❞✉♦s ♣❛✲

❞r♦♥✐③❛❞♦s✳

ẑi =
yi − ŷi
Se

=
êi
Se

, ✭✸✳✺✺✮

♣❧♦t❛♥❞♦✲s❡ ♦s ♣❛r❡s (xi, ẑi)✳ ❖❜s❡r✈❡ q✉❡ ❛ ❢♦r♠❛ ❞♦s ❞♦✐s ❣rá✜❝♦s s❡rá s❡♠❡❧❤❛♥t❡✱

❤❛✈❡♥❞♦ ❛♣❡♥❛s ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ❡s❝❛❧❛ ❞❛s ♦r❞❡♥❛❞❛s ♥♦s ❞♦✐s ❝❛s♦s✳ P♦r ✐ss♦✱ ✐r❡♠♦s

✉s❛r ❛ ♣r✐♠❡✐r❛ r❡♣r❡s❡♥t❛çã♦✱ ✐♥❞✐❝❛♥❞♦ ♥♦ ❣rá✜❝♦ ❛ ♣♦s✐çã♦ ❞♦ ✈❛❧♦r Se✳

❖✉tr♦ r❡sí❞✉♦ ✉s❛❞♦ é ♦ ❝❤❛♠❛❞♦ r❡sí❞✉♦ ❡st✉❞❡♥t✐③❛❞♦✱ ❞❡✜♥✐❞♦ ♣♦r

r̂i =
êi

Se

√
1− vii

, ✭✸✳✺✻✮
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♦♥❞❡ vii = 1/n + (xi − x̂)2/
∑

(xi − x̂)2✳ ❖ ❞❡♥♦♠✐♥❛❞♦r ❞❡ ✭✸✳✺✻✮ é ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❡

êi✳ ◆ã♦ ✐r❡♠♦s ❡①♣❧♦r❛r ❛q✉✐ ❛ ❛♥á❧✐s❡ ❢❡✐t❛ ❝♦♠ ❡ss❡ t✐♣♦ ❞❡ r❡sí❞✉♦✳

❖❜t✐❞♦ ♦ ❣rá✜❝♦ ❞♦s r❡sí❞✉♦s✱ ♣r❡❝✐s❛♠♦s s❛❜❡r ❝♦♠♦ ✐❞❡♥t✐✜❝❛r ♣♦ssí✈❡✐s ✐♥❛❞❡q✉❛✲

çõ❡s✳ ❆♣r❡s❡♥t❛♠♦s ♥❛ ❋✐❣✉r❛ ✸✳✻ ❛❧❣✉♥s t✐♣♦s ✉s✉❛✐s ❞❡ ❣rá✜❝♦ ❞❡ r❡sí❞✉♦s✳ ❆ ❋✐❣✉r❛

✸✳✻ ✭❛✮ é ❛ s✐t✉❛çã♦ ✐❞❡❛❧ ♣❛r❛ ♦s r❡sí❞✉♦s✱ ❞✐str✐❜✉✐❞♦s ❛❧❡❛tór✐❛♠❡♥t❡ ❡♠ t♦r♥♦ ❞♦ ③❡r♦✱

s❡♠ ♥❡♥❤✉♠❛ ♦❜s❡r✈❛çã♦ ♠✉✐t♦ ❞✐s❝r❡♣❛♥t❡✳

❋✐❣✉r❛ ✸✳✻✿ ●rá✜❝♦ ❞❡ r❡sí❞✉♦s✳✭❛✮ s✐t✉❛çã♦ ✐❞❡❛❧❀✭❜✮✱✭❝✮ ♠♦❞❡❧♦ ♥ã♦✲❧✐♥❡❛r❀✭❞✮ ❡❧❡♠❡♥t♦
❛tí♣✐❝♦❀ ✭❡✮✱ ✭❢✮✱ ✭❣✮ ❤❡t❡r♦❝❡❞❛st✐❝✐❞❛❞❡❀ ✭❤✮ ♥ã♦✲♥♦r♠❛❧✐❞❛❞❡✳

◆❛s s✐t✉❛çõ❡s ✭❜✮ ❡ ✭❝✮ t❡♠♦s ♣♦ssí✈❡✐s ✐♥❛❞❡q✉❛çõ❡s ❞♦ ♠♦❞❡❧♦ ❛❞♦t❛❞♦✱ ❡ ❛s ❝✉r✈❛s s✉❣❡✲

r❡♠ q✉❡ ❞❡✈❡♠♦s ♣r♦❝✉r❛r ♦✉tr❛s ❢✉♥çõ❡s ♠❛t❡♠át✐❝❛s q✉❡ ❡①♣❧✐q✉❡♠ ♠❡❧❤♦r ♦ ❢❡♥ô♠❡♥♦✳

❆ ❋✐❣✉r❛ ✸✳✶ ✭❞✮ ♠♦str❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ❞✐s❝r❡♣❛♥t❡✱ ❡ ❞❡✈❡ s❡r ✐♥✈❡st✐❣❛❞❛

❛ r❛③ã♦ ❞❡ss❡ ❞❡s✈✐♦ tã♦ ♠❛r❝❛♥t❡✳ P♦❞❡ s❡r ✉♠ ❡rr♦ ❞❡ ♠❡❞✐❞❛✱ ♦✉ ❛ ❞✐s❝r❡♣â♥❝✐❛ ♣♦❞❡

s❡r r❡❛❧✳ ❊♠ s✐t✉❛çõ❡s ❝♦♠♦ ❡ss❛✱ ❡♠ q✉❡ ❤á ♦❜s❡r✈❛çõ❡s ♠✉✐t♦ ❞✐❢❡r❡♥t❡s ❞❛s ❞❡♠❛✐s✱

♠ét♦❞♦s ❝❤❛♠❛❞♦s r♦❜✉st♦s tê♠ ❞❡ s❡r ✉t✐❧✐③❛❞♦s✳

❖s ❝❛s♦s ✭❡✮✱ ✭❢✮ ❡ ✭❣✮ ✐♥❞✐❝❛♠ ❝❧❛r❛♠❡♥t❡ q✉❡ ❛ s✉♣♦s✐çã♦ ❞❡ ❤♦♠♦❝❡❞❛st✐❝✐❞❛❞❡

✭♠❡s♠❛ ✈❛r✐â♥❝✐❛✮ ♥ã♦ ❡st❛ s❛t✐s❢❡✐t❛✳ ❊♠ ✭❤✮✱ ♣❛r❡❝❡ ❤❛✈❡r ♠❛✐♦r ✐♥❝✐❞ê♥❝✐❛ ❞❡ ♦❜s❡r✈❛✲

çõ❡s ♥♦s ❡①tr❡♠♦s✱ ♠♦str❛♥❞♦ q✉❡ ❛ s✉♣♦s✐çã♦ ❞❡ ♥♦r♠❛❧✐❞❛❞❡ ♥ã♦ ❡stá s❛t✐s❢❡✐t❛✳

❆♥❛❧✐s❛♥❞♦ ♦s r❡sí❞✉♦s ❡ ❞✐❛❣♥♦st✐❝❛❞❛ ✉♠❛ ♣♦ssí✈❡❧ tr❛♥s❣r❡ssã♦ ❞❛s s✉♣♦s✐çõ❡s✱ ❞❡✲

✈❡♠♦s ♣r♦♣♦r ❛❧t❡r❛çõ❡s q✉❡ t♦r♥❡ ♦ ♠♦❞❡❧♦ ♠❛✐s ❛❞❡q✉❛❞♦ ❛♦s ❞❛❞♦s ❡ ❛s s✉♣♦s✐çõ❡s

❢❡✐t❛s✳

❆ ✈❡r✐✜❝❛çã♦ ❞❛ ❤✐♣ót❡s❡ ❞❡ ♥♦r♠❛❧✐❞❛❞❡ ♣♦❞❡ s❡r r❡❛❧✐③❛❞❛ ❢❛③❡♥❞♦✲s❡ ✉♠ ❤✐st♦❣r❛♠❛

❞♦s r❡sí❞✉♦s ♦✉ ✉♠ ❣rá✜❝♦ ❞❡ q✉❛♥t✐s✳
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✸✳✺✳✶ ●rá✜❝♦ ❞❡ ◗✉❛♥t✐s

P♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞♦s q✉❛♥t✐s✱ ❝❤❛♠❛❞❛ ❣rá✜❝♦ ❞❡ q✉❛♥t✐s✱

♦ q✉❡ ♥♦s ❛❥✉❞❛ ❛ ✐♥t❡r♣r❡t❛r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s✳ ❆♦ s❡ ❝♦❧♦❝❛r ♦s ✈❛❧♦r❡s ♥♦ ❡✐①♦ ❞❛s

❛❜s❝✐ss❛s ❡ ❞❛s ♦r❞❡♥❛❞❛s ✉♥❡♠✲s❡ ♦s ♣♦♥t♦s ♣♦r s❡❣♠❡♥t♦s ❞❡ r❡t❛s✳

❖ ●rá✜❝♦ ❞❡ q✉❛♥t✐s ♣♦❞❡ s❡r út✐❧ ♣❛r❛ ✈❡r✐✜❝❛r s❡ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s ❞❛❞♦s é s✐♠étr✐❝❛

♦✉ ✭❛♣r♦①✐♠❛❞❛♠❡♥t❡ s✐♠étr✐❝❛✮✳

❙❡ ♦s ❞❛❞♦s ❢♦r❡♠ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ s✐♠étr✐❝♦s✱ ♦s ♣♦♥t♦s ♥♦ t♦♣♦ s✉♣❡r✐♦r ❞✐r❡✐t♦ ❞♦

❣rá✜❝♦ ❞❡ q✉❛♥t✐s ❝♦♠♣♦rt❛♠✲s❡ ❝♦♠♦ ♦s ♣♦♥t♦s ❞♦ ❝❛♥t♦ ✐♥❢❡r✐♦r ❡sq✉❡r❞♦✳ ❙❡ ♦s ❞❛❞♦s

❢♦r❡♠ ❛ss✐♠étr✐❝♦s à ❞✐r❡✐t❛✱ ♦s ♣♦♥t♦s ❞♦ t♦♣♦ s✉♣❡r✐♦r ❞✐r❡✐t♦ sã♦ ♠❛✐s ✐♥❝❧✐♥❛❞♦s ❞♦ q✉❡

♦s ♣♦♥t♦s ❞♦ ❝❛♥t♦ ✐♥❢❡r✐♦r ❡sq✉❡r❞♦✳

✸✳✻ ❆ ◆♦r♠❛❧✐③❛çã♦ ❞❡ ❉✐str✐❜✉✐çõ❡s ◆ã♦✲◆♦r♠❛✐s ❆tr❛✲

✈és ❞❛ ❚r❛♥s❢♦r♠❛çã♦ ❞❡ ❇♦①✲❈♦①

❯♠❛ ❞❛s s✉♣♦s✐çõ❡s ♠❛✐s ❢r❡q✉❡♥t❡s ♥❛ ár❡❛ ❞❡ ❝♦♥tr♦❧❡ ❡st❛tíst✐❝♦ ❞❡ ♣r♦❝❡ss♦ é

q✉❡ ✈❛r✐á✈❡✐s ♠❡♥s✉rá✈❡✐s s❡❣✉❡♠ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✳ ▼❛♥✉❛✐s tr❛❞✐❝✐♦♥❛✐s ✈ã♦ ❛té ♦

♣♦♥t♦ ❞❡ ❛❞♠✐t✐r q✉❡ ❡①✐st❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ t❡st❛r ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡ ♥♦r♠❛❧✐❞❛❞❡✱ ♠❛s

♥ã♦ ❡①♣❧✐❝❛♠ ♦ q✉❡ ❢❛③❡r ♥❛ ❡✈❡♥t✉❛❧✐❞❛❞❡ ❞❡ r❡❥❡✐çã♦ ❞❛ ❤✐♣ót❡s❡✳ ◆❛ ❧✐t❡r❛t✉r❛✱ ❛

s✉♣♦s✐çã♦ ❞❡ ♥♦r♠❛❧✐❞❛❞❡ t❡♠ s✐❞♦ ✐♥✈❡st✐❣❛❞❛ ❡♠ ✈ár✐♦s ❡st✉❞♦s ♥♦ t♦❝❛♥t❡ ❛ í♥❞✐❝❡s ❞❡

❝❛♣❛❝✐❞❛❞❡ ❞❡ ♣r♦❝❡ss♦✳ ❉♦✐s tr❛❜❛❧❤♦s ♠❛✐s r❡❝❡♥t❡s s✉❣❡r❡♠ ♦ ✉s♦ ❞❡ ❞✐str✐❜✉✐çõ❡s ❞❡

♣r♦❜❛❜✐❧✐❞❛❞❡ ♠❛✐s ❣❡r❛✐s ❛s q✉❛✐s ✐♥❝❧✉❡♠ ❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❝♦♠♦ ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧✳

❈❛st❛❣❧✐♦❧❛ ✭✶✾✾✻✮ s✉❣❡r❡ ♦ ✉s♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❇✉rr ❡ ❈❧❡♠❡♥ts ✭✶✾✽✾✮ ❛ ❢❛♠í❧✐❛ ❞❡

❞✐str✐❜✉✐çõ❡s P❡❛rs♦♥✳ ❖ ♣r✐♠❡✐r♦ tr❛❜❛❧❤♦ ♦❢❡r❡❝❡ ✉♠❛ ❝✉rt❛ ♠❛✐s ❛❜r❛♥❣❡♥t❡ ❜✐❜❧✐♦❣r❛✜❛

❞❛ ❧✐t❡r❛t✉r❛✳ ◆♦ss❛ ♣r♦♣♦st❛ é ❛t❛❝❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ♥ã♦✲♥♦r♠❛❧✐❞❛❞❡ ♣❡❧❛ tr❛♥s❢♦r♠❛çã♦

❞♦s ❞❛❞♦s ♦r✐❣✐♥❛✐s ❛tr❛✈és ❞❛ tr❛♥s❢♦r♠❛çã♦ ❇♦①✲❈♦① ♣❛r❛ ❝❤❡❣❛r ❛ ✈❛❧♦r❡s tr❛♥s❢♦r♠❛❞♦s

q✉❡ ❞❡♠♦♥str❡♠ ♥♦r♠❛❧✐❞❛❞❡ ♦✉ ♥♦ ♠í♥✐♠♦ ♥♦r♠❛❧✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛✳

❆ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❇❖❳✲❈❖❳ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ♥❛ ❧✐t❡r❛t✉r❛ ❡♠ ✶✾✻✹ ♣❛r❛ r❡s♦❧✈❡r ♦

♣r♦❜❧❡♠❛ ❞❡ ❡st✐♠❛çã♦ ❞❡ r❡❣r❡ssõ❡s ♥ã♦ ❧✐♥❡❛r❡s✳ ❱❡❥❛ ❑❡♥♥❡❞②✱ ✶✾✾✹✱ ♣♣✱ ✶✵✸✲✶✵✹✱ ♦♥❞❡

❡①✐st❡ ✉♠ r❡s✉♠♦ ❞❡st❛ ár❡❛ ❞❛ ❊❝♦♥♦♠❡tr✐❛✳ ❇♦① ❡ ❏❡♥❦✐♥s ✉s❛♠ ❡st❛ tr❛♥s❢♦r♠❛çã♦ ♥♦

s♦❢t✇❛r❡ ❆✉t♦❜♦① ✭✶✾✾✵✮ ♣❛r❛ ❝❛❧❝✉❧❛r ✈❛r✐â♥❝✐❛s s✐♠♣❧❡s✳

✸✳✻✳✶ ❚r❛♥s❢♦r♠❛çã♦ ❞❡ ❇♦①✲❈♦①

❆ tr❛♥s❢♦r♠❛çã♦ é r❡❧❛t✐✈❛♠❡♥t❡ s✐♠♣❧❡s✿

y(l) =
(yl − 1)

l

❖♥❞❡ l ✈❛r✐❛ ❡♥tr❡ (−1, 1)✳ ❖ ✈❛❧♦r tr❛♥s❢♦r♠❛❞♦ ❞♦s ❞❛❞♦s ♣❛ss❛ ❛tr❛✈és ❞❡ ✈ár✐♦s

✸✷



❈❆P❮❚❯▲❖ ✸✳ ❘❊●❘❊❙❙➹❖ ▲■◆❊❆❘ ❙■▼P▲❊❙

t✐♣♦s ❞❡ ❡q✉❛çõ❡s ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ l✳ ❱❡r t❛❜❡❧❛ ❛ s❡❣✉✐r✿

❚❛❜❡❧❛ ✸✳✷✿ ❆❧❣✉♥s ✈❛❧♦r❡s tr❛♥s❢♦r♠❛❞♦s✱ ♣❛r❛ ❞❡t❡r♠✐♥❛❞♦s ✈❛❧♦r❡s ❞❡ λ✳

s❡ λ ❢♦r ✐❣✉❛❧ ❛✿ ❡♥tã♦
(yl−1)

l s❡rá ✐❣✉❛❧ ❛✿

✲✶✱✵
1
y + 1

✲✵✱✺

1√
y
−1

−0,5

✵✱✵ ln y ✭❞❛ r❡❣r❛ ❞❡ ▲✬❍♦s♣✐t❛❧✮

✵✱✺

√
y−1

0,5

✶✱✵ y − l

❖ r❡s✉❧t❛❞♦ ❞♦ q✉❡ y(0) = ln y ♣♦❞❡ s❡r ❞❡♠♦♥str❛❞♦ ✉t✐❧✐③❛♥❞♦ ❛ r❡❣r❛ ❞❡ ▲✬❍♦s♣✐t❛❧✳

P♦rt❛♥t♦✱ ♠❡❞✐❞❛s ❞❡ ❛ss✐♠❡tr✐❛ ❡ ❝✉rt♦s❡ sã♦ ♠✐♥✐♠✐③❛❞❛s ❡ ❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❛♣r♦✲

①✐♠❛❞❛ q✉❛♥❞♦ ✈❛❧♦r❡s ❛♣r♦♣r✐❛❞♦s ❞❡ λ sã♦ ❡♥❝♦♥tr❛❞♦s✳ ❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛ss✐♠❡tr✐❛ é

❞❡✜♥✐❞♦ ❝♦♠♦✿

❝♦❡❢✳ ❞❡ ❛ss✐♠ =
m3

s3

❖♥❞❡ m3 é ♦ t❡r❝❡✐r♦ ♠♦♠❡♥t♦ ❞❡ ❞✐str✐❜✉✐çã♦ ❡ s3 é ♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❡❧❡✈❛❞♦ ❛♦ ❝✉❜♦✳

❊①✐st❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ λ ❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛ss✐♠❡tr✐❛ r❡♣r❡s❡♥t❛❞♦ ♥♦ ❣rá✜❝♦ ❛ s❡❣✉✐r✳

❋✐❣✉r❛ ✸✳✼✿ ❆ r❡❧❛çã♦ ❡♥tr❡ λ ❡ ❛❧❣✉♠❛s ♠❡❞✐❞❛s ❞❡ ♥ã♦ ♥♦r♠❛❧✐❞❛❞❡✳
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◆♦ ♣♦♥t♦ ❆✱ ❛ss✐♠❡tr✐❛ ❡stá ♥♦ s❡✉ ✈❛❧♦r ♠í♥✐♠♦ ❞❛❞♦ ♦ ✈❛❧♦r ❛♣r♦♣r✐❛❞♦ ❞❡ λ✳

❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝✉rt♦s❡ é ♠❡❞✐❞♦ ♣❡❧♦ q✉❛rt♦ ♠♦♠❡♥t♦ ♥♦r♠❛❧✐③❛❞♦ ♣❡❧♦ ❞❡s✈✐♦ ♣❛❞rã♦

❡❧❡✈❛❞♦ ❛ q✉❛tr♦✳

❝♦❡❢✳ ❞❡ ❝✉rt♦s❡ =
m4

s4

❉❡s❞❡ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝✉rt♦s❡ ❡♠ ❡①❝❡ss♦ ❛♣r❡s❡♥t❛❞♦ é ✐❣✉❛❧ ❛ três ♥♦ ❝❛s♦ ❞❛

❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧✱ ♥❡ss❡ tr❛❜❛❧❤♦ ✉t✐❧✐③❛r❡♠♦s ♦ ❝♦❡✜❝❡♥t❡ ❞❡ ❝✉rt♦s❡ ❡♠ ❡①❝❡ss♦✿

❝♦❡❢✳ ❞❡ ❝✉rt♦s❡ ❡♠ ❡①❝❡ss♦ =

(
m4

s4
− 3

)

❊①✐st❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ λ ❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝✉rt♦s❡ ❡♠ ❡①❝❡ss♦ r❡♣r❡s❡♥t❛❞❛ ♥♦ ❣rá✜❝♦

❞❛ ❋✐❣✉r❛ ✸✳✼✳ ◆♦ ♣♦♥t♦ ❈✱ ❝✉rt♦s❡ é ♠✐♥✐♠✐③❛❞♦✳

❆ ❡st❛tíst✐❝❛ ❞❡ ❇❡r❛✲❏❛rq✉❡ s❡❣✉❡ ❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❞❡ c2 s♦❜ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡

♥♦r♠❛❧✐❞❛❞❡ ❝♦♠ ❞♦✐s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❡ é ✉♠❛ ♠❡❞✐❞❛ ♣♦♥❞❡r❛❞❛ ❞♦s ❞♦✐s ❝♦❡✜❝✐❡♥t❡s

❛♣r❡s❡♥t❛❞♦s ❛❝✐♠❛❀

BJ = N∗

√√√√
((

m3
s3

)2

6
+

(
m4
s4

− 3
)2

24

)
≈ c2(2)

❖♥❞❡ N é ♦ t❛♠❛♥❤♦ ❞❛ ❛♠♦str❛ ❡ ♥✉♠ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝❛♥❝✐❛ ❞❡ 5% ♦ ✈❛❧♦r ❞❡

c2(2) = 5, 99✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ q✉❛♥❞♦ BJ é ♠❡♥♦r q✉❡ ✺✱✾✾✱ ❛ ❤✐♣ót❡s❡ ♥✉❧❛ ❞❡

♥♦r♠❛❧✐❞❛❞❡ é ❛❝❡✐t❛✳ ❖ ❣rá✜❝♦ ❞❛ ❋✐❣✉r❛ ✸✳✼ ❞❡♠♦♥str❛ t❛♠❜é♠ ❛ r❡❧❛çã♦ ❡♥tr❡ λ ❡ ❛

❡st❛tíst✐❝❛ ❞❡ ❇❡r❛✲❏❛rq✉❡✳ ◆♦ ♣♦♥t♦ ❇ ❛ ❡st❛tít✐❝❛ t❡♠ ♦ ✈❛❧♦r ♠í♥✐♠♦ ❡ t❛❧✈❡③ ♠❡♥♦r

q✉❡ ✺✱✾✾✳

✸✹
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❙❖❋❚❲❆❘❊ ❘

❊①✐st❡ ✉♠❛ ❣r❛♥❞❡ ✉t✐❧✐③❛çã♦ ❞❛ ❛♥á❧✐s❡ ❞❡ r❡❣r❡ssã♦ ❡♠ ❞✐✈❡rs❛s ár❡❛s ❝♦♠ ♦ ❛✉①✐❧✐♦ ❞❡

r❡❝✉rs♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ❛❧✐❛❞❛ à ❞✐ss❡♠✐♥❛çã♦ ❞♦ s♦❢t✇❛r❡ ❡st❛tíst✐❝♦ ❣r❛t✉✐t♦ ❘✱ ❢❛r❡♠♦s

✉s♦ ❞❡ss❛ tã♦ ✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛ q✉❡ ❢❛❝✐❧✐t❛ ❛ ❛♥á❧✐s❡ ❡ ✐♥t❡r♣r❡t❛çã♦ ❞❡ ❞❛❞♦s✳

P❛r❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞❡ s✉❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ✐♥✐❝✐❛r❡♠♦s ❝♦♠ ✉♠ ❡①❡♠♣❧♦✳ ❯♠

✐♥✈❡st✐❣❛❞♦r ❞❡s❡❥❛ ❡st✉❞❛r ❛ ♣♦ssí✈❡❧ r❡❧❛çã♦ ❡♥tr❡ ♦ s❛❧ár✐♦ ✭❡♠ ❛♥♦s ❝♦♠♣❧❡t♦s✮ ❡ ♦

t❡♠♣♦ ❞❡ ❡①♣❡r✐ê♥❝✐❛ ✭❡♠ ♠✐❧ r❡❛✐s✮ ♥♦ ❝❛r❣♦ ❞❡ ❣❡r❡♥t❡ ❞❡ ❛❣ê♥❝✐❛s ❜❛♥❝ár✐❛s ❞❡ ✉♠❛

❣r❛♥❞❡ ❡♠♣r❡s❛✳ ❖s ❞❛❞♦s ❝♦❧❡t❛❞♦s sã♦ ♠♦str❛❞♦s ♥❛ ❚❛❜❡❧❛ ✹✳✶✳

❚❛❜❡❧❛ ✹✳✶✿ ❙❛❧ár✐♦ ❡ t❡♠♣♦ ❞❡ ❡①♣❡r✐ê♥❝✐❛ ❞♦s ❣❡r❡♥t❡s ❞❡ ✉♠❛ ❛❣ê♥❝✐❛ ❜❛♥❝ár✐❛✳
❙❛❧ár✐♦ ❊①♣❡r✐ê♥❝✐❛ ❙❛❧ár✐♦ ❊①♣❡r✐ê♥❝✐❛
✶✳✾✵✸ ✵ ✹✳✷✷✸ ✷✸
✸✳✶✼✻ ✶✼ ✹✳✵✾✷ ✷✵
✷✳✷✼✻ ✽ ✸✳✻✵✵ ✶✽
✸✳✶✸✵ ✶✺ ✹✳✼✵✼ ✷✼
✷✳✼✼✻ ✾ ✸✳✶✹✻ ✶✶
✸✳✵✾✷ ✶✺ ✷✳✾✾✷ ✶✵
✷✳✻✺✸ ✽ ✹✳✼✹✻ ✷✾
✷✳✷✷✸ ✺ ✹✳✶✶✺ ✷✸
✷✳✽✺✸ ✶✸ ✷✳✸✻✶ ✹
✸✳✷✸✵ ✷✵ ✹✳✵✾✷ ✷✷
✷✳✽✷✸ ✶✶ ✹✳✺✵✼ ✷✺
✶✳✾✵✼ ✶ ✷✳✾✵✼ ✾
✷✳✺✸✽ ✻ ✹✳✹✽✹ ✷✺
✷✳✺✻✾ ✼

◆♦t❡ q✉❡ sã♦ ❝♦♥s✐❞❡r❛❞♦s ✷✼ ♣❛r❡s ❞❡ ♦❜s❡r✈❛çõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s à ✈❛r✐á✈❡❧ r❡s♣♦st❛

❙❛❧ár✐♦ ❡ à ✈❛r✐á✈❡❧ ❡①♣❧✐❝❛t✐✈❛ ❊①♣❡r✐ê♥❝✐❛✱ ♣❛r❛ ❝❛❞❛ ✉♠ ❞♦s ❣❡r❡♥t❡s ❞❛ ❡♠♣r❡s❛✳

✸✺
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✹✳✶ ▲❡✐t✉r❛ ❞❡ ❉❛❞♦s

■♥✐❝✐❛❧♠❡♥t❡ ♦s ❞❛❞♦s ❞❡✈❡♠ s❡r ♦r❣❛♥✐③❛❞♦s ❝♦♠♦ ♦❜❥❡t♦s ❞❡ ❞❛❞♦s ❘✱ ♥❡ss❡ ❝❛s♦

❝♦♠♦ ✉♠ ❞❛t❛ ❢r❛♠❡ ✭♣❧❛♥✐❧❤❛✮✳ P❛r❛ ✐ss♦✱ é ♥❡❝❡ss❛r✐♦ q✉❡ ❛ t❛❜❡❧❛ s❡ ❡♥❝♦♥tr❡ ♥✉♠❛

❡str✉t✉r❛ t❛❜✉❧❛r✱ ♥❛ q✉❛❧ ❛s ❝♦❧✉♥❛s r❡♣r❡s❡♥t❛♠ ❛s ✈❛r✐á✈❡✐s ❡ ❛s ❧✐♥❤❛s r❡♣r❡s❡♥t❛♠

♦s ✐♥❞✐✈í❞✉♦s✳ ❙❡♥❞♦ ♣♦ssí✈❡❧ ❞✐❣✐t❛r ❞✐r❡t♦ ♥❛ ❧✐♥❤❛ ❞❡ ❝♦♠❛♥❞♦ ♦✉ ❢❛③❡r ❛ ✐♠♣♦rt❛çã♦

❞❡ ❞❛❞♦s✱ s❡ ❡❧❡s ❡st✐✈❡r❡♠ ❡♠ ❞♦❝✉♠❡♥t♦ ❡①❝❡❧✱ ❝♦♠♦ é ♦ ♥♦ss♦ ❝❛s♦✱ ❞❡✈❡♠♦s s❛❧✈❛r ♦

❛rq✉✐✈♦ ❡♠ ❢♦r♠❛t♦ ❝♦♥✈❡♥✐❡♥t❡ ♣❛r❛ ❡♥tr❛❞❛ ♥♦ ❘✱ ❢❛③❡♥❞♦ ✉s♦ ❞♦ r❡❛❞✳t❛❜❧❡✱q✉❡ é

✉♠❛ ❢❡rr❛♠❡♥t❛ ♠✉✐t♦ út✐❧✳ ❖ ❘ ♣♦❞❡ ❧❡r ❛rq✉✐✈♦s ❞❡ t❡①t♦ ✭❆❙❈■■✮ ❡ t❛♠❜é♠ ❡♠ ♦✉tr♦s

❢♦r♠❛t♦s ✭❊①❝❡❧✱ ❙❆❙✱ ❙P❙❙✱ ❡t❝✮✱ ❡ ❛té ♠❡s♠♦ ❛❝❡ss❛r ❜❛♥❝♦s ❞❡ ❞❛❞♦s ❙◗▲✳ ◆❡ss❡s

t❡r♠♦s✱ s❡❥❛ ♦ ❛rq✉✐✈♦ ❞❡ t❡①t♦ ❣❡r❡♥t❡s✳❝s✈✱ ✉t✐❧✐③❛✲s❡ ❛ ❢✉♥çã♦ r❡❛❞✳t❛❜❧❡ ♣❛r❛ q✉❡ ♦

♥♦♠❡ ❞♦ ❛rq✉✐✈♦ s❡❥❛ ❧✐❞♦ ♣❡❧♦ ❘✳

❣❡t✇❞✭✮

❞❛❞♦s❁✲r❡❛❞✳t❛❜❧❡✭✧❈✿✴❯s❡rs✴s❡r❣✐✴❉❡s❦t♦♣✴❚❈❈❴s❡r❣✐♦✴❚❈❈❴❘✴

❣❡r❡♥t❡s✳❝s✈✧✱❤❡❛❞❡r❂❚❘❯❊✱s❡♣❂✧❀✧✱❞❡❝❂✧✳✧✮

❛tt❛❝❤✭❞❛❞♦s✮

❞❛❞♦s

❆❧❣♦r✐t♠♦

R

❃ ❣❡t✇❞✭✮

❬✶❪ ✧❈✿✴❯s❡rs✴s❡r❣✐✴❉♦❝✉♠❡♥ts✧

❃ ❞❛❞♦s❁✲r❡❛❞✳t❛❜❧❡✭✧❈✿✴❯s❡rs✴s❡r❣✐✴❉❡s❦t♦♣✴❚❈❈❴s❡r❣✐♦✴❚❈❈❴❘✴

❣❡r❡♥t❡s✳❝s✈✧✱❤❡❛❞❡r❂❚❘❯❊✱s❡♣❂✧❀✧✱❞❡❝❂✧✳✧✮

❃ ❛tt❛❝❤✭❞❛❞♦s✮

❃ ❞❛❞♦s

❙❛❧❛r✐♦ ❊①♣❡r✐❡♥❝✐❛

✶ ✶✳✾✸✵ ✵

✷ ✸✳✶✼✻ ✶✼

✸ ✷✳✷✼✻ ✽

✹ ✸✳✶✸✵ ✶✺

✳

✳

✳

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

❖❜s❡r✈❡ q✉❡ ❛ ❢✉♥çã♦ ❛tt❛❝❤ ❛♥❡①❛ ♦ ♦❜❥❡t♦ ❞❛❞♦s ♥♦ ❝❛♠✐♥❤♦ ❞♦ s♦❢t✇❛r❡✳

✸✻
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✹✳✷ ❆♥á❧✐s❡ ❊①♣❧♦r❛tór✐❛

✹✳✷✳✶ ❊st❛tíst✐❝❛ ❉❡s❝r✐t✐✈❛

❯♠❛ ♠❛♥❡✐r❛ ❢á❝✐❧ ❞❡ ♦❜t❡r ❛❧❣✉♠❛s ❡st❛tíst✐❝❛s ❞❡s❝r✐t✐✈❛s ❞❛s ✈❛r✐á✈❡✐s ❡♠ ❡st✉❞♦

é ❛tr❛✈és ❞♦ ❝♦♠❛♥❞♦ s✉♠♠❛r②✭✮✱ q✉❡ r❡t♦r♥❛ ❛s ❡st❛tíst✐❝❛s ♠í♥✐♠♦✱ q✉❛rt✐s✱ ♠é❞✐❛ ❡

♠á①✐♠♦✳ P❛r❛ ♠❡❞✐r ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡✱ ✉t✐❧✐③❡ ❛s ❢✉♥çõ❡s ✈❛r✭✮ ❡ s❞✭✮ ♣❛r❛ ♦❜t❡r ❛ ✈❛r✐â♥❝✐❛

❡ ♦ ❞❡s✈✐♦ ♣❛❞rã♦✳

❃ s✉♠♠❛r②✭❙❛❧❛r✐♦✮

▼✐♥✳ ✶st ◗✉✳ ▼❡❞✐❛♥ ▼❡❛♥ ✸r❞ ◗✉✳ ▼❛①✳

✶✳✾✵✼ ✷✳✻✶✶ ✸✳✵✾✷ ✸✳✷✷✽ ✹✳✵✾✷ ✹✳✼✹✻

❃ ✈❛r✭❙❛❧❛r✐♦✮

❬✶❪ ✵✳✼✸✼✵✶✻✻

❃ s❞✭❙❛❧❛r✐♦✮

❬✶❪ ✵✳✽✺✽✹✾✻✼

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

✹✳✷✳✷ ❉✐❛❣r❛♠❛ ❞❡ ❉✐s♣❡rsã♦

P❛r❛ ✈❡r✜❝❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❛❧❣✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❙❛❧ár✐♦ ❡ ❊①♣❡r✐ê♥❝✐❛✱ ❞❡✈❡✲s❡ ❝♦♥s✲

tr✉✐r ✉♠ ❉✐❛❣r❛♠❛ ❞❡ ❉✐s♣❡rsã♦ ♣❛r❛ ❛s ❞✉❛s ✈❛r✐á✈❡✐s✿

❃ ♣❧♦t✭❊①♣❡r✐❡♥❝✐❛✱❙❛❧❛r✐♦✮

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

✹✳✷✳✸ ❈♦rr❡❧❛çã♦ ▲✐♥❡❛r

P❛r❛ ❝❛❧❝✉❧❛r ♦ ❈♦❡✜❝✐❡♥t❡ ❞❡ ❈♦rr❡❧❛çã♦ ▲✐♥❡❛r ❞❡ P❡❛rs♦♥ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s✱ ✉t✐❧✐③❡

❛ ❢✉♥çã♦ ❝♦r✿

❃ ❝♦r✭❊①♣❡r✐❡♥❝✐❛✱❙❛❧❛r✐♦✮

❬✶❪ ✵✳✾✻✾✷✹✶

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R
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❋✐❣✉r❛ ✹✳✶✿ ❉✐❛❣r❛♠❛ ❞❡ ❉✐s♣❡rsã♦ ❞❡ ❙❛❧ár✐♦ ✈❡rs✉s ❊①♣❡r✐ê♥❝✐❛✳

❖❜s❡r✈❡ q✉❡ ♦ ❘ r❡t♦r♥♦✉ ♦ ✈❛❧♦r ✵✳✾✻✾✷✹✶ ♦ q✉❡ ❡✈✐❞❡♥❝✐❛ ✉♠❛ ❢♦rt❡ r❡❧❛çã♦ ❧✐♥❡❛r

❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ❡♠ ❡st✉❞♦✳ P❛r❛ ❛✈❛❧✐❛r s❡ ❡ss❡ r❡s✉❧t❛❞♦ é s✐❣♥✐❝❛t✐✈♦✱ ♣♦❞❡✲s❡ r❡❛❧✐③❛r

✉♠ ❚❡st❡ ❞❡ ❍✐♣ót❡s❡s ♣❛r❛ ❛ ♦ ❈♦❡❝✐❡♥t❡ ❞❡ ❈♦rr❡❧❛çã♦ ✭s✉♣♦♥❞♦ q✉❡ ❛s s✉♣♦s✐çõ❡s ❞♦

t❡st❡ s❡❥❛♠ s❛t✐s❢❡✐t❛s✮✿

❃ ❝♦r✳t❡st✭❊①♣❡r✐❡♥❝✐❛✱❙❛❧❛r✐♦✮

P❡❛rs♦♥✬s ♣r♦❞✉❝t✲♠♦♠❡♥t ❝♦rr❡❧❛t✐♦♥

❞❛t❛✿ ❊①♣❡r✐❡♥❝✐❛ ❛♥❞ ❙❛❧❛r✐♦

t ❂ ✶✾✳✻✾✶✱ ❞❢ ❂ ✷✺✱ ♣✲✈❛❧✉❡ ❁ ✷✳✷❡✲✶✻

❛❧t❡r♥❛t✐✈❡ ❤②♣♦t❤❡s✐s✿ tr✉❡ ❝♦rr❡❧❛t✐♦♥ ✐s ♥♦t ❡q✉❛❧ t♦ ✵

✾✺ ♣❡r❝❡♥t ❝♦♥❢✐❞❡♥❝❡ ✐♥t❡r✈❛❧✿

✵✳✾✸✷✽✵✶✶ ✵✳✾✽✻✵✻✸✶

s❛♠♣❧❡ ❡st✐♠❛t❡s✿

❝♦r

✵✳✾✻✾✷✹✶

❬✶❪ ✵✳✾✻✾✷✹✶

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

❈♦♠♦ ♦ ❱❛❧♦r P ❞♦ t❡st❡ ✭♣✲✈❛❧✉❡ ❁ ✷✳✷❡✲✶✻✮ é ❜❡♠ ♣❡q✉❡♥♦✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ ♦ ✈❛❧♦r

❞♦ ❈♦❡❝✐❡♥t❡ ❞❡ ❈♦rr❡❧❛çã♦ ▲✐♥❡❛r ❞❡ P❡❛rs♦♥ t❡♠ s✐❣♥✐✜❝â♥❝✐❛ ❊st❛tíst✐❝❛✳

✸✽
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✹✳✸ ❘❡❣r❡ssã♦ ▲✐♥❡❛r ❙✐♠♣❧❡s

✹✳✸✳✶ ❆❥✉st❡ ❞♦ ▼♦❞❡❧♦ ❞❡ ❘❡❣r❡ssã♦

❙❡❥❛♠ X ❡ Y ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s ✈❛r✐á✈❡✐s ❊①♣❡r✐ê♥❝✐❛ ✭❡①♣❧✐❝❛t✐✈❛✮ ❡ ❙❛❧ár✐♦ ✭r❡s✲

♣♦st❛✮✳ Pr♦♣õ❡✲s❡ ✉♠ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❧✐♥❡❛r ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦✿

Y = β0 + β1X + ǫ✱ ♦♥❞❡ β0 ❡ β1 sã♦ ♣❛râ♠❡tr♦s ❞❡s❝♦♥❤❡❝✐❞♦s ❡ ǫ é ♦ ❡rr♦ ❛❧❡❛tór✐♦✳

P❛r❛ ❛❥✉st❛r ✉♠ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❧✐♥❡❛r ♥♦ ❘ ✉t✐❧✐③❛✲s❡ ❛ ❢✉♥çã♦ ❧♠✿

❃ ❛❥✉st❡❂❧♠✭❙❛❧❛r✐♦ ⑦ ❊①♣❡r✐❡♥❝✐❛✮

❃

❃ ❛❥✉st❡

❈❛❧❧✿

❧♠✭❢♦r♠✉❧❛ ❂ ❙❛❧❛r✐♦ ⑦ ❊①♣❡r✐❡♥❝✐❛✮

❈♦❡❢❢✐❝✐❡♥ts✿

✭■♥t❡r❝❡♣t✮ ❊①♣❡r✐❡♥❝✐❛

✶✳✼✾✷✶ ✵✳✶✵✷✸

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

◆♦t❡ q✉❡ ❢✉♥çã♦ ❧♠✭✮ é ❝❤❛♠❛❞❛ ❝♦♠ ♦ ❢♦r♠❛t♦ ❧♠✭② ⑦ ①✮✱ ♦✉ s❡❥❛✱ ❛ ✈❛r✐á✈❡❧ r❡s♣♦st❛

é y ❡ ❛ ♣r❡❞✐t♦r❛ é x✱ s❡♠♣r❡ ♥❡ss❛ ♦r❞❡♠✳

❖ R r❡t♦r♥❛ ♦ ✈❛❧♦r ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ β̂0 ❡ β̂1 ❡st✐♠❛❞♦s ✈✐❛ ▼ét♦❞♦ ❞❡ ▼í♥✐♠♦s

◗✉❛❞r❛❞♦s✳ ▲♦❣♦✱ ❛ ❡q✉❛çã♦ ❞❛ r❡t❛ ❛❥✉st❛❞❛ é ❞❛❞❛ ♣♦r Ŷ = 1, 79 + 0, 1023Xi✳

❈♦♠ ❛ ❢✉♥çã♦ s✉♠♠❛r②✱ ❞✐✈❡rs❛s ♠❡❞✐❞❛s ❞❡s❝r✐t✐✈❛s út❡✐s ♣❛r❛ ❛ ❛♥á❧✐s❡ ❞♦ ❛❥✉st❡

♣♦❞❡♠ s❡r ♦❜t✐❞❛s✿

✸✾
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❃ s✉♠♠❛r②✭❛❥✉st❡✮

❈❛❧❧✿

❧♠✭❢♦r♠✉❧❛ ❂ ❙❛❧❛r✐♦ ⑦ ❊①♣❡r✐❡♥❝✐❛✮

❘❡s✐❞✉❛❧s✿

▼✐♥ ✶◗ ▼❡❞✐❛♥ ✸◗ ▼❛①

✲✵✳✻✵✼✻✹ ✲✵✳✵✽✼✸✹ ✵✳✵✻✵✾✹ ✵✳✶✺✺✼✶ ✵✳✷✺✹✸✻

❈♦❡❢❢✐❝✐❡♥ts✿

❊st✐♠❛t❡ ❙t❞✳ ❊rr♦r t ✈❛❧✉❡ Pr✭❃⑤t⑤✮

✭■♥t❡r❝❡♣t✮ ✶✳✼✾✷✶✸✹ ✵✳✵✽✸✽✼✼ ✷✶✳✸✼ ❁✷❡✲✶✻ ✯✯✯

❊①♣❡r✐❡♥❝✐❛ ✵✳✶✵✷✷✼✺ ✵✳✵✵✺✶✾✹ ✶✾✳✻✾ ❁✷❡✲✶✻ ✯✯✯

✲✲✲

❘❡s✐❞✉❛❧ st❛♥❞❛r❞ ❡rr♦r✿ ✵✳✷✶✺✺ ♦♥ ✷✺ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠

▼✉❧t✐♣❧❡ ❘✲sq✉❛r❡❞✿ ✵✳✾✸✾✹✱ ❆❞❥✉st❡❞ ❘✲sq✉❛r❡❞✿ ✵✳✾✸✼

❋✲st❛t✐st✐❝✿ ✸✽✼✳✼ ♦♥ ✶ ❛♥❞ ✷✺ ❉❋✱ ♣✲✈❛❧✉❡✿ ❁ ✷✳✷❡✲✶✻

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

❉❛ ❡①❡❝✉çã♦ ❞❡ss❡ ❝♦♠❛♥❞♦✱ ♣♦❞❡✲s❡ ♦❜t❡r✱ ♣♦r ❡①❡♠♣❧♦✱ ♦s ❡rr♦s✲♣❛❞rã♦ ✭❙t❞✳

❊rr♦r✮ ❞❛s ❡st✐♠❛t✐✈❛s ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ r❡❣r❡ssã♦✿ ❊P(β̂0) = 0, 0839 ❡ ❊P(β̂0) = 0, 0052✳

❆❧é♠ ❞✐ss♦✱ ♦❜té♠✲s❡ ♦ ✈❛❧♦r ❞♦ ❈♦✜❝✐❡♥t❡ ❞❡ ❉❡t❡r♠✐♥❛çã♦ ✭▼✉❧t✐♣❧❡ ❘✲❙q✉❛r❡❞✮✱

R2 = 0, 9394✳

❈♦♠ ❛ ❢✉♥çã♦ ❛♥♦✈❛✱ ♣♦❞❡✲s❡ ❝♦♥str✉✐r ❛ ❚❛❜❡❧❛ ❞❛ ❆♥á❧✐s❡ ❞❡ ❱❛r✐â♥❝✐❛✿

❃ ❛♥♦✈❛✭❛❥✉st❡✮

❆♥❛❧②s✐s ♦❢ ❱❛r✐❛♥❝❡ ❚❛❜❧❡

❘❡s♣♦♥s❡✿ ❙❛❧❛r✐♦

❉❢ ❙✉♠ ❙q ▼❡❛♥ ❙q ❋ ✈❛❧✉❡ Pr✭❃❋✮

❊①♣❡r✐❡♥❝✐❛ ✶ ✶✽✳✵✵✶✼ ✶✽✳✵✵✶✼ ✸✽✼✳✼✸ ❁ ✷✳✷❡✲✶✻ ✯✯✯

❘❡s✐❞✉❛❧s ✷✺ ✶✳✶✻✵✼ ✵✳✵✹✻✹

✲✲✲

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

❉❛ t❛❜❡❧❛ ❆◆❖❱❆✱ ♦❜té♠✲s❡ ♦ ◗✉❛❞r❛❞♦ ▼é❞✐♦ ✭▼❡❛♥ ❙q✮ ❘❡s✐❞✉❛❧✱ q✉❡ é ✉♠❛

❡st✐♠❛t✐✈❛ ♣❛r❛ ❛ ✈❛r✐â♥❝✐❛ ❞♦s ❡rr♦s (σ2)✱ ♦✉ s❡❥❛✱ s2 = 0, 0464✳

P❛r❛ ❡s❜♦ç❛r ❛ r❡t❛ ❛❥✉st❛❞❛ ♥♦ ❞✐❛❣r❛♠❛ ❞❡ ❞✐s♣❡rsã♦✱ ✉t✐❧✐③❡ ❛ ❢✉♥çã♦ ❛❜❧✐♥❡✿

✹✵
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❃ ✇✐♥❞♦✇s✭✮

❃ ♣❧♦t✭❊①♣❡r✐❡♥❝✐❛✱❙❛❧❛r✐♦✮

❃ ❛❜❧✐♥❡✭❧♠✭❙❛❧❛r✐♦ ⑦ ❊①♣❡r✐❡♥❝✐❛✮✮

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

❋✐❣✉r❛ ✹✳✷✿ ❉✐❛❣r❛♠❛ ❞❡ ❉✐s♣❡rsã♦ ❞❡ ❙❛❧ár✐♦ ✈❡rs✉s ❊①♣❡r✐ê♥❝✐❛ ❝♦♠ r❡t❛ ❛❥✉st❛❞❛✳

✹✳✸✳✷ ■♥t❡r✈❛❧♦s ❞❡ ❈♦♥✜❛♥ç❛ ♣❛r❛ β0 ❡ β1

P❛r❛ ❝♦♥str✉✐r ♦s ■♥t❡r✈❛❧♦s ❞❡ ❈♦✜❛♥ç❛ (95%) ♣❛r❛ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ r❡❣r❡ssã♦✱ ✉t✐❧✐③❛✲

s❡ ♦ s❡❣✉✐♥t❡ ❝♦♠❛♥❞♦✿

❃ ❝♦♥❢✐♥t✭❛❥✉st❡✮

✷✳✺ ✪ ✾✼✳✺ ✪

✭■♥t❡r❝❡♣t✮ ✶✳✻✶✾✸✽✻✽ ✶✳✾✻✹✽✽✵✽

❊①♣❡r✐❡♥❝✐❛ ✵✳✵✾✶✺✼✽✶ ✵✳✶✶✷✾✼✷✽

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

✹✳✸✳✸ ❚❡st❡ ❞❡ ❍✐♣ót❡s❡

P❛r❛ ♣r♦❝❡❞❡r ♦ ❚❡st❡ ❋ ❞❛ ❙✐❣♥✐✜❝â❝♥✐❛ ❞❛ ❘❡❣r❡ssã♦ ❡ ♦s ❚❡st❡s t ✐♥❞✐✈✐❞✉❛✐s✱

✈❡r✐✜q✉❡ ♦ ❱❛❧♦r P ♣❛r❛ ❝❛❞❛ ❝❛s♦ ❛tr❛✈és ❞❛ s❛í❞❛ ❞❛ ❢✉♥çã♦ s✉♠♠❛r②✿

✹✶
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❈♦❡❢❢✐❝✐❡♥ts✿

❊st✐♠❛t❡ ❙t❞✳ ❊rr♦r t ✈❛❧✉❡ Pr✭❃⑤t⑤✮

✭■♥t❡r❝❡♣t✮ ✶✳✼✾✷✶✸✹ ✵✳✵✽✸✽✼✼ ✷✶✳✸✼ ❁✷❡✲✶✻ ✯✯✯

❊①♣❡r✐❡♥❝✐❛ ✵✳✶✵✷✷✼✺ ✵✳✵✵✺✶✾✹ ✶✾✳✻✾ ❁✷❡✲✶✻ ✯✯✯

✲✲✲

✭✳✳✳✮

❋✲st❛t✐st✐❝✿ ✸✽✼✳✼ ♦♥ ✶ ❛♥❞ ✷✺ ❉❋✱ ♣✲✈❛❧✉❡✿ ❁ ✷✳✷❡✲✶✻

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

✹✳✸✳✹ ❆♥á❧✐s❡ ❞♦s ❘❡sí❞✉♦s

P❛r❛ ❛✈❛❧✐❛r ❛s s✉♣♦s✐çõ❡s ❞❡ q✉❡ ♦s ❡rr♦s ♣♦ss✉❡♠ ✈❛r✐â♥❝✐❛ ❝♦♥st❛♥t❡ ❡ sã♦ ♥ã♦

❝♦rr❡❧❛❝✐♦♥❛❞♦s ❡♥tr❡ s✐✱ ❝♦♥str✉✐r❡♠♦s ♦s ❣rá✜❝♦s ❞❡ ✏❘❡sí❞✉♦s ✈❡rs✉s ❱❛❧♦r❡s ❆❥✉st❛❞♦s

❞❛ ❱❛r✐á✈❡❧ ❘❡s♣♦st❛✑ ❡ ✏❘❡sí❞✉♦s ✈❡rs✉s ❱❛❧♦r❡s ❞❛ ❱❛r✐á✈❡❧ ❊①♣❧✐❝❛t✐✈❛✧✿

❃ ✇✐♥❞♦✇s✭✮

❃ ♣❧♦t✭❢✐tt❡❞✭❛❥✉st❡✮✱r❡s✐❞✉❛❧s✭❛❥✉st❡✮✱①❧❛❜❂✧❱❛❧♦r❡s ❆❥✉st❛❞♦s✧✱

②❧❛❜❂✧❘❡sí❞✉♦s✧✮

❃ ❛❜❧✐♥❡✭❤❂✵✮

❃ ✇✐♥❞♦✇s✭✮

❃ ♣❧♦t✭❊①♣❡r✐❡♥❝✐❛✱r❡s✐❞✉❛❧s✭❛❥✉st❡✮✱①❧❛❜❂✧❊①♣❡r✐❡♥❝✐❛✧✱

②❧❛❜❂✧❘❡sí❞✉♦s✧✮

❃ ❛❜❧✐♥❡✭❤❂✵✮

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

❋✐❣✉r❛ ✹✳✸✿ ●rá✜❝♦ ♣❛r❛ ❆♥á❧✐s❡ ❞❡ ❘❡sí❞✉♦s✳

✹✷
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P❛r❛ ❡①✐❜✐r ♦s ❱❛❧♦r❡s ❆❥✉st❛❞♦s ❡ ♦s ❘❡sí❞✉♦s ❞♦ ❛❥✉st❡✱ ❞✐❣✐t❡ ♦s ❝♦♠❛♥❞♦s✿

❛❥✉st❡✩r❡s✐❞✉❛❧s

❛❥✉st❡✩❢✐tt❡❞✳✈❛❧✉❡s

❆❧❣♦r✐t♠♦

R

◆❛ ❋✐❣✉r❛ ✹✳✸✱ ♦❜s❡r✈❛✲s❡ ❛ ✈✐♦❧❛çã♦ ❞❛ s✉♣♦s✐çã♦ ❞❡ ❤♦♠♦❝❡❞❛st✐❝✐❞❛❞❡ ❞♦s ❡rr♦s✳

P❛r❛ ❝♦rr♦❜♦r❛r ❡ss❡ r❡s✉❧t❛❞♦✱ ♣♦❞❡✲s❡ ❞✐✈✐❞✐r ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❡♠ ❞✉❛s ♣❛rt❡s✱

✉t✐❧✐③❛♥❞♦ ❛ ♠❡❞✐❛♥❛ ♣♦r ❡①❡♠♣❧♦✱ ❡ r❡❛❧✐③❛r ✉♠ t❡st❡ ♣❛r❛ ❝♦♠♣❛r❛r ❛s ✈❛r✐â♥❝✐❛s ❞❡

❝❛❞❛ s✉❜❝♦♥❥✉♥t♦✿

❃ ♠❡❞✐❛♥✭❊①♣❡r✐❡♥❝✐❛✮

❬✶❪ ✶✸

❃

❃ ✈❛r✳t❡st✭r❡s✐❞✉❛❧s✭❛❥✉st❡✮❬❞❛❞♦s✩❊①♣❡r✐❡♥❝✐❛❃✶✸❪✱r❡s✐❞✉❛❧s

✭❛❥✉st❡✮❬❞❛❞♦s✩❊①♣❡r✐❡♥❝✐❛❁✶✸❪✮

❋ t❡st t♦ ❝♦♠♣❛r❡ t✇♦ ✈❛r✐❛♥❝❡s

❞❛t❛✿ r❡s✐❞✉❛❧s✭❛❥✉st❡✮❬❞❛❞♦s✩❊①♣❡r✐❡♥❝✐❛ ❃ ✶✸❪ ❛♥❞ r❡s✐❞✉❛❧s

✭❛❥✉st❡✮❬❞❛❞♦s✩❊①♣❡r✐❡♥❝✐❛ ❁ ✶✸❪

❋ ❂ ✷✳✻✻✼✷✱ ♥✉♠ ❞❢ ❂ ✶✷✱ ❞❡♥♦♠ ❞❢ ❂ ✶✷✱ ♣✲✈❛❧✉❡ ❂ ✵✳✶✵✷✹

❛❧t❡r♥❛t✐✈❡ ❤②♣♦t❤❡s✐s✿ tr✉❡ r❛t✐♦ ♦❢ ✈❛r✐❛♥❝❡s ✐s ♥♦t ❡q✉❛❧ t♦ ✶

✾✺ ♣❡r❝❡♥t ❝♦♥❢✐❞❡♥❝❡ ✐♥t❡r✈❛❧✿

✵✳✽✶✸✽✻✶✶ ✽✳✼✹✶✸✶✶✼

s❛♠♣❧❡ ❡st✐♠❛t❡s✿

r❛t✐♦ ♦❢ ✈❛r✐❛♥❝❡s

✷✳✻✻✼✷✹✽

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

❖❜s❡r✈❡ q✉❡ ♦ ❱❛❧♦r P ❞♦ t❡st❡ ✭♣✲✈❛❧✉❡ ❂ ✵✳✶✵✷✹✮ é ♠❛✐♦r q✉❡ ♦s ♥í✈❡✐s ❞❡ s✐❣✲

♥✐✜❝â♥❝✐❛ ♠❛✐s ✉s✉❛✐s ✭✵✱✵✶❀ ✵✱✵✺❀ ✵✱✶✵✮✳ P♦rt❛♥t♦✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ ❛ ✈❛r✐â♥❝✐❛ ❞♦s ❞♦✐s

s✉❜❝♦♥❥✉♥t♦s ♥ã♦ é ✐❣✉❛❧✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❛ ❤❡t❡r♦❝❡❞❛st✐❝✐❞❛❞❡ ❞♦s ❡rr♦s✳

❖✉tr❛ ♠❛♥❡✐r❛ ❞❡ ❛✈❛❧✐❛r ❛ ❤❡t❡r♦❝❡❞❛st✐❝✐❞❛❞❡ ❞♦s ❡rr♦s é r❡❛❧✐③❛r ❛❧❣✉♠ t❡st❡ ❞❡

❤♦♠♦❝❡❞❛st✐❝✐❞❛❞❡✳ ◆❛ ❜✐❜❧✐♦t❡❝❛ ❧♠t❡st ❞♦ R✱ ❛ ❢✉♥çã♦ ❜♣t❡st r❡❛❧✐③❛ ♦ t❡st❡ ❞❡ ❇r❡✉s❝❤✲

P❛❣❛♥✳ ❘❡ss❛❧t❛✲s❡✱ ❡♥tr❡t❛♥t♦✱ q✉❡ t❛❧ t❡st❡ ♥ã♦ é ♠✉✐t♦ ♣♦❞❡r♦s♦ ❡ ♣♦❞❡ ❧❡✈❛r à ♣❛r❛

❛✈❛❧✐❛r ❛ s✉♣♦s✐çã♦ ❞❡ ♥♦r♠❛❧✐❞❛❞❡ ❞♦s ❡rr♦s✱ ❞❡✈❡✲s❡ ❝♦♥str✉✐r ♦ ❣rá✜❝♦ ❞❛ ✏Pr♦❜❛❜✐❧✐❞❛❞❡

◆♦r♠❛❧ ❞♦s ❘❡sí❞✉♦s✑✿

✹✸
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❃ ✇✐♥❞♦✇s✭✮

❃ qq♥♦r♠✭r❡s✐❞✉❛❧s✭❛❥✉st❡✮✱②❧❛❜❂✧❘❡sí❞✉♦s✧✱①❧❛❜❂✧◗✉❛♥t✐s

t❡ór✐❝♦s✧✱♠❛✐♥❂✧✧✮

❃ qq❧✐♥❡✭r❡s✐❞✉❛❧s✭❛❥✉st❡✮✮

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

P❡❧❛ ❋✐❣✉r❛ ✹✳✹✱ ♦❜s❡r✈❛✲s❡ ❛ ✈✐♦❧❛çã♦ ❞❛ s✉♣♦s✐çã♦ ❞❡ q✉❡ ♦s ❡rr♦s ❛❧❡❛tór✐♦s tê♠

❞✐str✐❜✉✐çã♦ ◆♦r♠❛❧✳ ❈♦♥s✐❞❡r❡✱ t❛♠❜é♠ ♦ ❚❡st❡ ❞❡ ◆♦r♠❛❧✐❞❛❞❡ ❞❡ ❙❤❛♣✐r♦ ❲✐❧❦✿

s❤❛♣✐r♦✳t❡st✭r❡s✐❞✉❛❧s✭❛❥✉st❡✮✮

❆❧❣♦r✐t♠♦

R

❙❤❛♣✐r♦✲❲✐❧❦ ♥♦r♠❛❧✐t② t❡st

❞❛t❛✿ r❡s✐❞✉❛❧s✭❛❥✉st❡✮

❲ ❂ ✵✳✽✽✺✷✽✱ ♣✲✈❛❧✉❡ ❂ ✵✳✵✵✻✷✺✾

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

P♦rt❛♥t♦✱ ❝♦♠♦ ♦ ❱❛❧♦r P ❞♦ t❡st❡ é ♣❡q✉❡♥♦✱ r❡❥❡✐t❛✲s❡ ❛ ❤✐♣ót❡s❡ ❞❡ ♥♦r♠❛❧✐❞❛❞❡ ❞♦s

r❡sí❞✉♦s ❡✱ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ ♦s ❡rr♦s ♥ã♦ sã♦ ♥♦r♠❛❧♠❡♥t❡ ❞✐str✐❜✉í❞♦s✳

❋✐❣✉r❛ ✹✳✹✿ ●rá✜❝♦ ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡ ◆♦r♠❛❧ ❞♦s ❘❡sí❞✉♦s✳

✹✹
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✹✳✹ ❚r❛♥s❢♦r♠❛çõ❡s

✹✳✹✳✶ ❚r❛♥❢♦r♠❛çã♦ ♥❛ ❱❛r✐á✈❡❧ ❘❡s♣♦st❛

❈♦♥s✐❞❡r❡♠♦s ♦s ❞❛❞♦s ❞❛ ❚❛❜❡❧❛ ✹✳✶ ♣❛r❛ ❛♥á❧✐s❡ ❡ ❛✈❛❧✐❛çã♦ ❞♦ ♠♦❞❡❧♦ ♣❛r❛ ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ❞❛ ✈❛r✐❛✈é❧ r❡s♣♦st❛✳

❣❡t✇❞✭✮

❞❛❞♦s❁✲r❡❛❞✳t❛❜❧❡✭✧❈✿✴❯s❡rs✴s❡r❣✐✴❉❡s❦t♦♣✴❚❈❈❴s❡r❣✐♦✴❚❈❈❴❘✴

❣❡r❡♥t❡s✳❝s✈✧✱❤❡❛❞❡r❂❚❘❯❊✱s❡♣❂✧❀✧✱❞❡❝❂✧✳✧✮

❛tt❛❝❤✭❞❛❞♦s✮

❞❛❞♦s

♣❧♦t✭❙❛❧❛r✐♦ ⑦ ❊①♣❡r✐❡♥❝✐❛✮

❆❧❣♦r✐t♠♦

R

❃ ❣❡t✇❞✭✮

❬✶❪ ✧❈✿✴❯s❡rs✴s❡r❣✐✴❉♦❝✉♠❡♥ts✧

❃ ❞❛❞♦s❁✲r❡❛❞✳t❛❜❧❡✭✧❈✿✴❯s❡rs✴s❡r❣✐✴❉❡s❦t♦♣✴❚❈❈❴s❡r❣✐♦✴❚❈❈❴❘✴

❣❡r❡♥t❡s✳❝s✈✧✱❤❡❛❞❡r❂❚❘❯❊✱s❡♣❂✧❀✧✱❞❡❝❂✧✳✧✮

❃ ❛tt❛❝❤✭❞❛❞♦s✮

❃ ❞❛❞♦s

❙❛❧❛r✐♦ ❊①♣❡r✐❡♥❝✐❛

✶ ✶✳✾✸✵ ✵

✷ ✸✳✶✼✻ ✶✼

✸ ✷✳✷✼✻ ✽

✹ ✸✳✶✸✵ ✶✺

✳

✳

✳

❃

❃ ♣❧♦t✭❙❛❧❛r✐♦ ⑦ ❊①♣❡r✐❡♥❝✐❛✮

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

❆♣ós ❛ ❧❡✐t✉r❛ ❞♦s ❞❛❞♦s✱ ✈❡❥❛ ❛ r❡❧❛çã♦ ❡♥tr❡ ❛s ❞✉❛s ✈❛r✐á✈❡✐s✿

✹✺
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❋✐❣✉r❛ ✹✳✺✿ ●rá✜❝♦s ❞❡ ❞✐s♣❡rsã♦ ❞❡ ❙❛❧ár✐♦ ✈s ❊①♣❡r✐ê♥❝✐❛✳

❖❜s❡r✈❡ q✉❡ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❞✐s♣❡rsã♦ ❞❛ ❋✐❣✉r❛ ✹✳✺ ♠♦str❛ ✉♠❛ ❢♦rt❡ r❡❧❛çã♦ ❝r❡s❝❡♥t❡

♥ã♦ ❧✐♥❡❛r ❡♥tr❡ ❛s ♠❡❞✐❞❛s ❞❡ ❙❛❧ár✐♦ ❡ ❊①♣❡r✐ê♥❝✐❛✳ ❆s ♠❡❞✐❞❛s ❞❡ ❙❛❧ár✐♦ ❛♣r❡s❡♥t❛♠

❛✉♠❡♥t♦ ❞❡ ✈❛r✐❛❜✐❧✐❞❛❞❡ ♣❛r❛ ✈❛❧♦r❡s ❝r❡s❝❡♥t❡s ❞❡ ❊①♣❡r✐ê♥❝✐❛✳

❉✐❛♥t❡ ❞✐ss♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♦ ❛❥✉st❡ ❞♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❧✐♥❡❛r s✐♠♣❧❡s

❝♦♠ ❛s ✈❛r✐á✈❡✐s ♥❛ s✉❛ ❢♦r♠❛ ♦r✐❣✐♥❛❧ é ✐♥❛❞❡q✉❛❞♦ ♥❡st❡ ❝❛s♦✳ ◆♦ ❡♥t❛♥t♦✱ t❛❧ ❛❥✉st❡ é

r❡❛❧✐③❛❞♦ ❛ s❡❣✉✐r✱ ❛ ✜♠ ❞❡ ❡✈✐❞❡♥❝✐❛r s✉❛ ✐♥❛❞❡q✉❛çã♦ ♥❛ ❆♥á❧✐s❡ ❞❡ ❘❡sí❞✉♦s✳❖ ♠♦❞❡❧♦

❧✐♥❡❛r ❛❥✉st❛❞♦ q✉❡ ✈❡r❡♠♦s ❛ s❡❣✉✐r✱ ❞❡ ❙❛❧ár✐♦ ❡♠ ❊①♣❡r✐ê♥❝✐❛ é Ŷ = 1, 79 + 0, 1023Xi✱

❝♦♠ R2 ❛❥✉st❛❞♦ ❂ ✵✱✾✸✼✳

❛❥✉st❡ ❂ ❧♠✭❙❛❧❛r✐♦ ⑦ ❊①♣❡r✐❡♥❝✐❛✱❞❛❞♦s✮

s✉♠♠❛r②✭❛❥✉st❡✮

s❤❛♣✐r♦✳t❡st✭r❡s✐❞✉❛❧s✭❛❥✉st❡✮✮

❆❧❣♦r✐t♠♦

R
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❈❛❧❧✿

❧♠✭❢♦r♠✉❧❛ ❂ ❙❛❧❛r✐♦ ⑦ ❊①♣❡r✐❡♥❝✐❛✱ ❞❛t❛ ❂ ❞❛❞♦s✮

❘❡s✐❞✉❛❧s✿

▼✐♥ ✶◗ ▼❡❞✐❛♥ ✸◗ ▼❛①

✲✵✳✻✵✼✻✹ ✲✵✳✵✽✼✸✹ ✵✳✵✻✵✾✹ ✵✳✶✺✺✼✶ ✵✳✷✺✹✸✻

❈♦❡❢❢✐❝✐❡♥ts✿

❊st✐♠❛t❡ ❙t❞✳ ❊rr♦r t ✈❛❧✉❡ Pr✭❃⑤t⑤✮

✭■♥t❡r❝❡♣t✮ ✶✳✼✾✷✶✸✹ ✵✳✵✽✸✽✼✼ ✷✶✳✸✼ ❁✷❡✲✶✻ ✯✯✯

❊①♣❡r✐❡♥❝✐❛ ✵✳✶✵✷✷✼✺ ✵✳✵✵✺✶✾✹ ✶✾✳✻✾ ❁✷❡✲✶✻ ✯✯✯

✲✲✲

❘❡s✐❞✉❛❧ st❛♥❞❛r❞ ❡rr♦r✿ ✵✳✷✶✺✺ ♦♥ ✷✺ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠

▼✉❧t✐♣❧❡ ❘✲sq✉❛r❡❞✿ ✵✳✾✸✾✹✱ ❆❞❥✉st❡❞ ❘✲sq✉❛r❡❞✿ ✵✳✾✸✼

❋✲st❛t✐st✐❝✿ ✸✽✼✳✼ ♦♥ ✶ ❛♥❞ ✷✺ ❉❋✱ ♣✲✈❛❧✉❡✿ ❁ ✷✳✷❡✲✶✻

❃ s❤❛♣✐r♦✳t❡st✭r❡s✐❞✉❛❧s✭❛❥✉st❡✮✮

❙❤❛♣✐r♦✲❲✐❧❦ ♥♦r♠❛❧✐t② t❡st

❞❛t❛✿ r❡s✐❞✉❛❧s✭❛❥✉st❡✮

❲ ❂ ✵✳✽✽✺✷✽✱ ♣✲✈❛❧✉❡ ❂ ✵✳✵✵✻✷✺✾

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

❖s ❣rá✜❝♦s ♣❛r❛ ❛♥á❧✐s❡ ❞♦s r❡sí❞✉♦s s❡rã♦ ❣❡r❛❞♦s ❛ ♣❛rt✐r ❞♦s ❝♦♠❛♥❞♦s ❛ s❡❣✉✐r✿

✇✐♥❞♦✇s✭✮

♣❛r✭♠❢r♦✇ ❂ ❝✭✷✱ ✷✮✮

♣❧♦t✭❢✐tt❡❞✭❛❥✉st❡✮✱ r❡s✐❞✉❛❧s✭❛❥✉st❡✮✱①❧❛❜❂✧❱❛❧♦r❡s ❆❥✉st❛❞♦s✧✱

②❧❛❜❂✧❘❡sí❞✉♦s✧✮

❛❜❧✐♥❡✭❤❂✵✮

♣❧♦t✭❊①♣❡r✐❡♥❝✐❛✱ r❡s✐❞✉❛❧s✭❛❥✉st❡✮✱①❧❛❜❂✧❊①♣❡r✐❡♥❝✐❛✧✱

②❧❛❜❂✧❘❡sí❞✉♦s✧✮

❛❜❧✐♥❡✭❤❂✵✮

❤✐st✭r❡s✐❞✉❛❧s✭❛❥✉st❡✮✱♠❛✐♥❂✧✧✱①❧❛❜❂✧❘❡sí❞✉♦s✧✱②❧❛❜❂✧❋r❡qüê♥❝✐❛✧✮

qq♥♦r♠✭r❡s✐❞✉❛❧s✭❛❥✉st❡✮✱♠❛✐♥❂✧✧✱①❧❛❜❂✧◗✉❛♥t✐s t❡ór✐❝♦s✧✱

②❧❛❜❂✧❘❡sí❞✉♦s✧✮

qq❧✐♥❡✭r❡s✐❞✉❛❧s✭❛❥✉st❡✮✮

❆❧❣♦r✐t♠♦

R
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❋✐❣✉r❛ ✹✳✻✿ ●rá✜❝♦ ♣❛r❛ ❆♥á❧✐s❡ ❞♦s ❘❡sí❞✉♦s✳

❖❜s❡r✈❡ ❞❛ ❋✐❣✉r❛ ✹✳✻✱ ❛♣❡s❛r q✉❡ ❛ ✈❛r✐â♥❝✐❛ ❞♦s ❡rr♦s ♥ã♦ é ❝♦♥st❛♥t❡ ❡ q✉❡ ❛ ♥♦r♠❛✲

❧✐❞❛❞❡ ❞♦s ❡rr♦s é ✈✐♦❧❛❞❛✱ s✉♣♦s✐çã♦ q✉❡ t❛♠❜é♠ é r❡❥❡✐t❛❞❛ ♣❡❧♦ ❚❡st❡ ❞❡ ♥♦r♠❛❧✐❞❛❞❡

❞❡ ❙❤❛♣✐r♦✲❲✐❧❦✱ ❝✉❥♦ P✲✈❛❧♦r é ✵✱✵✵✻✷✺✾✳

❆ ✜♠ ❞❡ s♦❧✉❝✐♦♥❛r ♦s ♣r♦❜❧❡♠❛s ❞❡ ✈❛r✐â♥❝✐❛ ♥ã♦✲❝♦♥st❛♥t❡ ❡ ♥ã♦✲♥♦r♠❛❧✐❞❛❞❡ ❞♦s

❡rr♦s✱ ❞❡✈❡✲s❡ t❡♥t❛r r❡❛❧✐③❛r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ♥❛ ✈❛r✐á✈❡❧ r❡s♣♦st❛✳ ❆♣❡s❛r ❞❡ s❡r

♣♦ssí✈❡❧✱ ❡♠ ♠✉✐t♦s ❝❛s♦s✱ s❡❧❡❝✐♦♥❛r ❡♠♣✐r✐❝❛♠❡♥t❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❛❞❡q✉❛❞❛✱ ❛♣r❡s❡♥✲

t❛r❡♠♦s ❛q✉✐ ❛♣❡♥❛s ❛ té❝♥✐❝❛ ♠❛✐s ❢♦r♠❛❧ ❡ ♦❜❥❡t✐✈❛✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❛❞❡q✉❛❞❛ ♣❛r❛

❛ ✈❛r✐á✈❡❧ r❡s♣♦st❛ ✈✐❛ Pr♦❝❡❞✐♠❡♥t♦ ❞❡ ❇♦① ❈♦① é ♦❜t✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿
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r❡q✉✐r❡✭▼❆❙❙✮

✇✐♥❞♦✇s✭✮

♣❛r✭♠❢r♦✇ ❂ ❝✭✶✱ ✷✮✮

❜♦①❝♦①✭❛❥✉st❡✮

❜♦①❝♦①✭❛❥✉st❡✱ ❧❛♠❜❞❛ ❂ s❡q✭✵✳✶✱ ✵✳✺✱ ❜② ❂ ✵✳✵✶✮✮

❆❧❣♦r✐t♠♦

R

❋✐❣✉r❛ ✹✳✼✿ ▲♦❣✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❡ ■♥t❡r✈❛❧♦ ❞❡ ❈♦♥✜❛♥ç❛ ❞❡ ✾✺✪ ♣❛r❛ ✈❛❧♦r❡s ❞❡ λ ❞❛
tr❛♥❢♦r♠❛çã♦ ❞❡ ❇♦① ❈♦①✳

◆♦t❡ q✉❡ ❛ ❋✐❣✉r❛ ✹✳✼ ♠♦str❛ ♦s ✈❛❧♦r❡s ❞❛ ❧♦❣✲✈❡r♦ss✐♠✐❧❤❛♥ç❛ ♣❛r❛ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡

✈❛❧♦r❡s ❞♦ ♣❛râ♠❡tr♦ ❞❡ tr❛♥s❢♦r♠❛çã♦ λ✳ ❖ ♠á①✐♠♦ ❞❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❢♦✐ ❛t✐♥❣✐❞♦ ❝♦♠

❛♣r♦①✐♠❛❞❛♠❡♥t❡ λ = 0, 28✱ ❝♦♠ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♥✜❛♥ç❛ ❞❡ 95% ✐❣✉❛❧ ❛ ❬✲✵✱✸✺❀✵✱✾✷❪✳ ❈♦♠♦

❡ss❡ ✐♥t❡✈❛❧♦ ♥ã♦ ✐♥❝❧✉✐ ♦ ✈❛❧♦r ✶✱ ❤á ❢♦rt❡ ❡✈✐❞ê♥❝✐❛ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ tr❛♥s❢♦r♠❛çã♦ ♥❛

✈❛r✐á✈❡❧ r❡s♣♦st❛ ❙❛❧ár✐♦✱ ❞❛❞♦ ♣♦r✿ Salario = (Salario0,28−1)/0, 28✳ ❙❡♥❞♦ ❛ss✐♠ ❛ ♥♦✈❛

✈❛r✐á✈❡❧ tr❛♥s❢♦r♠❛❞❛ ❙❛❧❛r✐♦tr❛♥s ❞❡✈❡ s❡r ✐♥s❡r✐❞❛ ♥♦ ❜❛♥❝♦ ❞❡ ❞❛❞♦s✱ ♣❛r❛ q✉❡ ♦ ♥♦✈♦

♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❧✐♥❡❛r s✐♠♣❧❡s s❡❥❛ ❛❥✉st❛❞♦✳
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❃ ❙❛❧❛r✐♦tr❛♥s ❂ ✭❙❛❧❛r✐♦❫✵✳✷✽✲✶✮✴✵✳✷✽

❃ ❞❛❞♦str❛♥s ❂ ❞❛t❛✳❢r❛♠❡✭❝❜✐♥❞✭❞❛❞♦s✱❙❛❧❛r✐♦tr❛♥s✮✮

❃ ❞❛❞♦str❛♥s

❙❛❧❛r✐♦ ❊①♣❡r✐❡♥❝✐❛ ❙❛❧❛r✐♦tr❛♥s

✶ ✶✳✾✸✵ ✵ ✵✳✼✷✶✾✸✽✹

✷ ✸✳✶✼✻ ✶✼ ✶✳✸✻✹✹✾✺✾

✸ ✷✳✷✼✻ ✽ ✵✳✾✷✹✽✶✽✽

✹ ✸✳✶✸✵ ✶✺ ✶✳✸✹✹✸✼✸✹

✳

✳

✳

❃ ♣❧♦t✭❊①♣❡r✐❡♥❝✐❛✱ ❙❛❧❛r✐♦tr❛♥s✱②❧❛❜❂✧❙❛❧❛r✐♦ tr❛♥s❢♦r♠❛❞♦✧✮

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

❆ ❋✐❣✉r❛ ✹✳✽ ♠♦str❛ ✉♠❛ ❢♦rt❡ r❡❧❛çã♦ ❧✐♥❡❛r ❝r❡s❝❡♥t❡ ❡♥tr❡ ❛s ♠❡❞✐❞❛s ❞❡ ❙❛❧ár✐♦

tr❛♥s❢♦r♠❛❞♦✱ ✈✐❛ ♠ét♦❞♦ ❞❡ ❇♦① ❈♦①✱ ✈❡rs✉s ❊①♣❡r✐ê♥❝✐❛✱ ❝♦♠ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❛♣r♦①✐♠❛✲

❞❛♠❡♥t❡ ❝♦♥st❛♥t❡✳

❋✐❣✉r❛ ✹✳✽✿ ❉✐❛❣r❛♠❛ ❞❡ ❞✐s♣❡rsã♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❙❛❧❛r✐♦ ✈❡rs✉s ❊①♣❡r✐❡♥❝✐❛✳

✺✵



❈❆P❮❚❯▲❖ ✹✳ ❆◆➪▲■❙❊ ❉❊ ❘❊●❘❊❙❙➹❖ ▲■◆❊❆❘ ◆❖ ❙❖❋❚❲❆❘❊ ❘

❃ ❛❥✉st❡✷ ❂ ❧♠✭❙❛❧❛r✐♦tr❛♥s ⑦ ❊①♣❡r✐❡♥❝✐❛✱ ❞❛❞♦str❛♥s✮

❃ s✉♠♠❛r②✭❛❥✉st❡✷✮

❈❛❧❧✿

❧♠✭❢♦r♠✉❧❛ ❂ ❙❛❧❛r✐♦tr❛♥s ⑦ ❊①♣❡r✐❡♥❝✐❛✱ ❞❛t❛ ❂ ❞❛❞♦str❛♥s✮

❘❡s✐❞✉❛❧s✿

▼✐♥ ✶◗ ▼❡❞✐❛♥ ✸◗ ▼❛①

✲✵✳✷✷✼✼✼ ✲✵✳✵✺✺✷✼ ✵✳✵✷✸✼✶ ✵✳✵✹✸✾✸ ✵✳✶✸✷✷✻

❈♦❡❢❢✐❝✐❡♥ts✿

❊st✐♠❛t❡ ❙t❞✳ ❊rr♦r t ✈❛❧✉❡ Pr✭❃⑤t⑤✮

✭■♥t❡r❝❡♣t✮ ✵✳✼✸✹✺✸✹ ✵✳✵✸✸✽✵✾ ✷✶✳✼✸ ❁✷❡✲✶✻ ✯✯✯

❊①♣❡r✐❡♥❝✐❛ ✵✳✵✹✹✵✺✺ ✵✳✵✵✷✵✾✹ ✷✶✳✵✹ ❁✷❡✲✶✻ ✯✯✯

✲✲✲

❘❡s✐❞✉❛❧ st❛♥❞❛r❞ ❡rr♦r✿ ✵✳✵✽✻✽✺ ♦♥ ✷✺ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠

▼✉❧t✐♣❧❡ ❘✲sq✉❛r❡❞✿ ✵✳✾✹✻✻✱ ❆❞❥✉st❡❞ ❘✲sq✉❛r❡❞✿ ✵✳✾✹✹✹

❋✲st❛t✐st✐❝✿ ✹✹✷✳✽ ♦♥ ✶ ❛♥❞ ✷✺ ❉❋✱ ♣✲✈❛❧✉❡✿ ❁ ✷✳✷❡✲✶✻

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

❆♣ós ❛❥✉st❡ ❞♦ ♠♦❞❡❧♦ ♣❛r❛ ♦❜t❡r ❛ ♥♦✈❛ r❡t❛ ❞❡ r❡❣r❡sã♦ ❡ ❣rá✜❝♦s ♣❛r❛ ❛♥á❧✐s❡✱

t❡r❡♠♦s✿

❃ ✇✐♥❞♦✇s✭✮

❃ ♣❛r✭♠❢r♦✇ ❂ ❝✭✷✱ ✷✮✮

❃ ♣❧♦t✭❢✐tt❡❞✭❛❥✉st❡✷✮✱ r❡s✐❞✉❛❧s✭❛❥✉st❡✷✮✱①❧❛❜❂✧❱❛❧♦r❡s

❆❥✉st❛❞♦s✧✱②❧❛❜❂✧❘❡sí❞✉♦s✧✮

❃ ❛❜❧✐♥❡✭❤❂✵✮

❃ ♣❧♦t✭❊①♣❡r✐❡♥❝✐❛✱ r❡s✐❞✉❛❧s✭❛❥✉st❡✷✮✱①❧❛❜❂✧❊①♣❡r✐❡♥❝✐❛✧✱

②❧❛❜❂✧❘❡sí❞✉♦s✧✮

❃ ❛❜❧✐♥❡✭❤❂✵✮

❃ ❤✐st✭r❡s✐❞✉❛❧s✭❛❥✉st❡✷✮✱♠❛✐♥❂✧✧✱①❧❛❜❂✧❘❡sí❞✉♦s✧✱

②❧❛❜❂✧❋r❡qüê♥❝✐❛✧✮

❃ qq♥♦r♠✭r❡s✐❞✉❛❧s✭❛❥✉st❡✷✮✱♠❛✐♥❂✧✧✱①❧❛❜❂✧◗✉❛♥t✐s t❡ór✐❝♦s✧✱

②❧❛❜❂✧❘❡sí❞✉♦s✧✮

❃ qq❧✐♥❡✭r❡s✐❞✉❛❧s✭❛❥✉st❡✷✮✮

❙❛í❞❛ ♥♦ ❚❡r♠✐♥❛❧

R

✺✶



❈❆P❮❚❯▲❖ ✹✳ ❆◆➪▲■❙❊ ❉❊ ❘❊●❘❊❙❙➹❖ ▲■◆❊❆❘ ◆❖ ❙❖❋❚❲❆❘❊ ❘

❋✐❣✉r❛ ✹✳✾✿ ●rá✜❝♦s ♣❛r❛ ❆♥á❧✐s❡ ❞♦s ❘❡sí❞✉♦s✳

▲♦❣♦✱ ❛ ❡q✉❛çã♦ ❞❛ r❡t❛ ❛❥✉st❛❞❛ é ❞❛❞❛ ♣♦r Ŷ = 0, 735 + 0, 044Xi✱ ❝♦♠ R2 ❛❥✉st❛❞♦

❂ ✵✱✾✹✹✹ ❡ ♣❡❧❛ ❋✐❣✉r❛ ✹✳✾ ♦❜s❡r✈❛✲s❡ q✉❡ ❛ s✉♣♦s✐çã♦ ❞❡ ♥♦r♠❛❧✐❞❛❞❡ é ❛❝❡✐tá✈❡❧✱ ❡♠❜♦r❛

❛ tr❛♥s❢♦r♠❛çã♦ ♥ã♦ t❡♥❤❛ s♦❧✉❝✐♦♥❛❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❤❡t❡r♦❝❡❞❛st✐❝✐❞❛❞❡ ✭❞✐s♣❡rsã♦ ❞♦s

❡rr♦s ❡♠ t♦r♥♦ ❞❛ r❡t❛✮✳

✺✷



Capı́tulo 5

❈♦♥❝❧✉sõ❡s

◆❡st❡ tr❛❜❛❧❤♦ ❢❛❧❛♠♦s s♦❜r❡ ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❡ ❢✉♥çõ❡s ❧✐♥❡❛r ❡ q✉❛❞rát✐❝❛ ♥❛ ❡st❛✲

tíst✐❝❛ ❢❛③❡♥❞♦ ❛♣❧✐❝❛çõ❡s ❝♦♠ r❡❣r❡ssã♦ ❧✐♥❡❛r s✐♠♣❧❡s✱ ♠♦str❛♥❞♦ q✉❡ ❡ss❡ é ✉♠ ♠♦❞❡❧♦

✉s❛❞♦ ♣❛r❛ ❣❡r❛r ♣r❡✈✐sõ❡s ❡ ❡①♣❧✐❝❛çõ❡s ❜❛s❡❛❞♦ ♥❛s r❡❧❛çõ❡s ❡♥tr❡ ✈❛r✐á✈❡✐s q✉❡ ❡st❡❥❛♠

❝♦rr❡❧❛❝✐♦♥❛❞❛s✳

❱✐s❛♠♦s ❛ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r✐❞❛❞❡ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞♦ ♣r♦❢❡ss♦r✱ ♥❡ss❡ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦

❛♣r❡♥❞✐③❛❣❡♠ ❞❡s♣❡rt❛r✱ ♦✉ ♠❡❧❤♦r✱ ✐♥❝❡♥t✐✈❛r ♦ ❞✐s❝❡♥t❡ ❛ ❢❛③❡r ✉♠❛ ❧❡✐t✉r❛ ❞❡ ♠✉♥❞♦

❝♦♠ ♦❧❤♦s ♠❛t❡♠át✐❝♦s✱ t♦r♥❛♥❞♦ ❛ss✐♠ ♠❛✐s ❢❛s❝✐♥❛♥t❡ t♦❞♦ ❡ss❡ ♣r♦❝❡ss♦✳

❆♣ós ❛ ❛♣r❡s❡♥t❛çã♦ ❞❛ ❜❛s❡ t❡ór✐❝❛ ♦♥❞❡ ♦❜s❡r✈❛♠♦s q✉❡ ❛ r❡❣r❡ssã♦ ❧✐♥❡❛r ♣❛rt❡

❞♦s ❝♦♥❝❡✐t♦s ❞❡ ❢✉♥çã♦✱ ✜①❛♠♦s ❛❧❣✉♥s ♣♦♥t♦s s♦❜r❡ r❡❣r❡sã♦ ❧✐♥❡❛r s✐♠♣❧❡s✱ ♣❛r❛ ❛ss✐♠

r❡❛❧✐③❛r ✉♠❛ ❧❡✐t✉r❛ ❞♦s ❞❛❞♦s ❛♣❧✐❝❛❞♦s ♥♦ s♦❢t✇❛r❡ ❘✳

➱ ✐♥❡❣á✈❡❧ ❝♦♠♦ ♦ r❡❝✉rs♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ t♦r♥❛ ❛tr❛t✐✈❛ ❛ ❢♦r♠❛ ❞❡ tr❛❜❛❧❤❛r ❝♦♥t❡ú✲

❞♦s✱ ❛♣ós ❛ ❡①♣❧❛♥❛çã♦ ❞♦s ❝♦♥❝❡✐t♦s✱ ♦ s♦❢t✇❛r❡ ❘ ❝♦♥tr✐❜✉✐✉ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❞❡ ❢♦r♠❛

❝❧❛r❛ ❡ s✉s❝✐♥t❛ ♣❛r❛ ❛♥á❧✐s❡ ❡ ❞✐s❝✉rsã♦ ❞♦s ❞❛❞♦s ❛♣❧✐❝❛❞♦s✳

❆s ❛♣❧✐❝❛çõ❡s sã♦ ✐♥ú♠❡r❛s q✉❡ ✈ã♦ ❞❡s❞❡ s✐t✉❛çõ❡s ♠❛✐s s✐♠♣❧❡s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱

❛♥❛❧✐s❛r ❡♠ ♥♦ss❛s ❝❛s❛s ❛ r❡❧❛çã♦ ❣❛st♦ ❡ r❡❝❡✐t❛✱ ♦❜s❡r✈❛r ❛ ♠é❞✐❛ ❞❡ t❡♠♣❡r❛t✉r❛ ♠❡♥s❛❧

❞❡ s✉❛ ❝✐❞❛❞❡ ♣❛r❛ ✈❡r ❛ ❝♦rr❡❧❛çã♦ ❝♦♠ ♦ ❝♦♥s✉♠♦ ❞❡ ❡♥❡r❣✐❛ ❞❡ s✉❛ ❝❛s❛✳ ❙✐t✉❛çõ❡s

❝♦♠❡r❝✐❛✐s ❝♦♠♦ ✐♥✈❡st✐♠❡♥t♦ ❡ ❧✉❝r♦✱ ❤♦r❛s tr❛❜❛❧❤❛❞❛s ❡ ♣r♦❞✉çã♦✱ ❜❛♥❝♦ ❞❡ ❞❛❞♦s ❝♦♠

✐❞❛❞❡ ❡ ♣❡s♦✱ ✐❞❛❞❡ ❡ t❡♠♣♦ ❞❡ r❡s♣♦st❛✳ ❙✐t✉❛çõ❡s ♠❛✐s ❝♦♠♣❧❡①❛s ♣❛r❛ ❢✉♥❞❛♠❡♥t❛r

✉♠❛ t❡♦r✐❛✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❛ r❡❧❛çã♦ ✐♥✈❡st✐♠❡♥t♦ ❡♠ ❡❞✉❝❛çã♦ ✈❡rs✉s ❛✉♠❡♥t♦ ❞❛

❝r✐♠✐♥❛❧✐❞❛❞❡✱ ❞❡s❡♠♣r❡❣♦ ✈❡rs✉s í♥❞✐❝❡s ❞❡ ❝♦♥s✉♠♦✳ ❊♠ ✜♠✱ ❡①✐st✐♥❞♦ ❛ ❝♦rr❡❧❛çã♦

❡♥tr❡ ✈❛❧♦r❡s q✉❡ ♣♦ss❛♠ s❡r ♠❡♥s✉r❛❞♦s ❡ t❛❜❡❧❛❞♦s✱ ❛ r❡❣r❡ssã♦ ❧✐♥❡❛r s✐♠♣❧❡s s❡rá ✉♠❛

✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❛ ❛♥á❧✐s❡ ❡ ❝♦♠♣r❡❡♥sã♦ ❞❡ss❡s ❞❛❞♦s✳

✺✸



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❆▼❆❘❆▲✱ ●❛❜r✐❡❧❛ ❉✳❀ ❙■▲❱❆✱ ❱❛♥❡ss❛ ▲✳❀ ❘❊■❙✱ ❆❢♦♥s♦ ❘✳❀❆♥á❧✐s❡ ❞❡ ❘❡❣r❡ssã♦

▲✐♥❡❛r ♥♦ P❛❝♦t❡ ❘✳ ❘❡❧❛tór✐♦ ❚é❝♥✐❝♦✳ ▼✐♥❛s ●❡r❛✐s✿ ❯❋▼● ❉❡♣❛rt❛♠♠❡♥t♦ ❞❡

❊st❛tíst✐❝❛✱ ✷✵✵✾✳

❬✷❪ ❇▲❆■❘✱ ❘✳ ❈❧✐✛♦r❞❀ ❚❆❨▲❖❘✱ ❘✐❝❤❛r❞ ❆✳❀ ❇✐♦❡st❛tíst✐❝❛ ♣❛r❛ ❝✐ê♥❝✐❛s ❞❛
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