
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❙♦❜r❡ ❛ ●❡♦♠❡tr✐❛ ❞❡ ■♠❡rsõ❡s
■s♦♠étr✐❝❛s ♥♦ ❊s♣❛ç♦ ❍✐♣❡r❜ó❧✐❝♦
❝♦♠ ❆♣❧✐❝❛çã♦ ❞❡ ●❛✉ss Pr❡s❝r✐t❛

♣♦r

❆♥❞ré ❋❡❧✐♣❡ ❆r❛✉❥♦ ❘❛♠❛❧❤♦

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ▼❛r❝♦ ❆♥t♦♥✐♦ ▲á③❛r♦ ❱❡❧ásq✉❡③

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳
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❙♦❜r❡ ❛ ●❡♦♠❡tr✐❛ ❞❡ ■♠❡rsõ❡s
■s♦♠étr✐❝❛s ♥♦ ❊s♣❛ç♦ ❍✐♣❡r❜ó❧✐❝♦
❝♦♠ ❆♣❧✐❝❛çã♦ ❞❡ ●❛✉ss Pr❡s❝r✐t❛

♣♦r

❆♥❞ré ❋❡❧✐♣❡ ❆r❛✉❥♦ ❘❛♠❛❧❤♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧

❆♣r♦✈❛❞❛ ♣♦r✿

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❉❡③❡♠❜r♦✴✷✵✶✻

✐✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦✱ ❡st✉❞❛♠♦s ❛ ❣❡♦♠❡tr✐❛ ❞❡ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ Mn✱ n ≥ 2✱ ✐♠❡rs❛

✐s♦♠❡tr✐❝❛♠❡♥t❡ ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ Hn+p✱ p ≥ 1✱ ❝♦♠ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s ♣r❡s❝r✐t❛s

s♦❜r❡ s✉❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss N ✳ ◆♦ ❝❛s♦ p = 1✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r

q✉❡ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❧❡t❛ Mn✱ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡✱ é t♦t❛❧♠❡♥t❡

✉♠❜í❧✐❝❛✱ ❞❡s❞❡ q✉❡ N(Mn) ❡st❡❥❛ ❝♦♥t✐❞❛ ❡♠ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ t♦t❛❧✲

♠❡♥t❡ ✉♠❜í❧✐❝❛ ❞♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r Sn+1
1 ✳ ❊♠ s❡❣✉✐❞❛✱ ♠♦str❛♠♦s ♦✉tr♦ r❡s✉❧t❛❞♦ ♣❛r❛

❛ ♠❡s♠❛ ❝♦♥❝❧✉sã♦✱ ♠❛s✱ ❞❡st❛ ✈❡③✱ s✉♣♦♠♦s q✉❡Mn t❡♥❤❛ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❧✐♠✐t❛❞❛

♣♦r ❜❛✐①♦ ❡ q✉❡ N(Mn) ❡st❡❥❛ ❝♦♥t✐❞❛ ❡♠ ✉♠❛ ❝❡rt❛ r❡❣✐ã♦ ❞❡ Sn+1
1 ❞❡t❡r♠✐♥❛❞❛ ♣♦r

❛❧❣✉♠ ✈❡t♦r a ❞♦ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲▼✐♥❦♦✇s❦✐ Ln+2✳ P♦r ✜♠✱ ♥♦ ❝❛s♦ p > 1✱ ❡st❛❜❡✲

❧❡❝❡♠♦s ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡t❛ Mn✱ ❝♦♠

✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛ ♣❛r❛❧❡❧♦✱ s❡❥❛ ♣s❡✉❞♦✲✉♠❜í❧✐❝❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♥❝❧✉í♠♦s q✉❡✱

❞✐❛♥t❡ ❞❡ t❛✐s ❝♦♥❞✐çõ❡s✱ Mn é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠í♥✐♠❛ ❞❡ ✉♠❛ ♣❡q✉❡♥❛ ❤✐♣❡r❡s❢❡r❛

❞❡ Hn+p✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❊s♣❛ç♦ ❍✐♣❡r❜ó❧✐❝♦❀ s✉❜✈❛r✐❡❞❛❞❡s ❝♦♠♣❧❡t❛s❀ ✈❡t♦r ❝✉r✈❛t✉r❛

♠é❞✐❛ ♣❛r❛❧❡❧♦❀ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss❀ ❤✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦❀ ❤✐♣❡rs✉♣❡r❢í❝✐❡s t♦✲

t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s❀ s✉❜✈❛r✐❡❞❛❞❡s ♣s❡✉❞♦✲✉♠❜í❧✐❝❛s❀ s✉❜✈❛r✐❡❞❛❞❡s ♠í♥✐♠❛s✳

✐✐✐



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ st✉❞② t❤❡ ❣❡♦♠❡tr② ♦❢ ❛ s✉❜♠❛♥✐❢♦❧❞ Mn✱ n ≥ 2✱ ✐s♦♠❡tr✐❝❛❧❧②

✐♠♠❡rs❡❞ ✐♥ t❤❡ ❤②♣❡r❜♦❧✐❝ s♣❛❝❡✱ Hn+p✱ p ≥ 1✱ ✇✐t❤ s♦♠❡ ♣r❡s❝r✐❜❡❞ ❝♦♥❞✐t✐♦♥s ♦♥

t❤❡ ❜❡❤❛✈✐♦r ♦❢ ✐ts ●❛✉ss ❛♣♣❧✐❝❛t✐♦♥✳ ■♥ t❤❡ ❝❛s❡ p = 1✱ ✐♥✐t✐❛❧❧② ♦✉r ❣♦❛❧ ✐s t♦ s❤♦✇

t❤❛t ❛ ❝♦♠♣❧❡t❡ ❤②♣❡rs✉r❢❛❝❡ Mn ✇✐t❤ ❝♦♥st❛♥t ♠❡❛♥ ❝✉r✈❛t✉r❡ ✐s t♦t❛❧❧② ✉♠❜✐❧✐❝❛❧✱

♣r♦✈✐❞❡❞ t❤❛t N(Mn) ❧✐❡s ✐♥ ❛ t♦t❛❧❧② ✉♠❜✐❧✐❝❛❧ s♣❛❝❡❧✐❦❡ ❤②♣❡rs✉r❢❛❝❡ ♦❢ t❤❡ ❞❡ ❙✐tt❡r

s♣❛❝❡ Sn+1
1 ✳ ◆❡①t✱ ✇❡ s❤♦✇ ❛♥♦t❤❡r r❡s✉❧t ❢♦r t❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥ ❜✉t t❤✐s t✐♠❡ ✇❡

❛ss✉♠❡ t❤❛tMn ❤❛s s❝❛❧❛r ❝✉r✈❛t✉r❡ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ❛♥❞ t❤❛tN(Mn) ✐s ❝♦♥t❛✐♥❡❞

✐♥ ❛ ❝❡rt❛✐♥ r❡❣✐♦♥ ♦❢ Sn+1
1 ❞❡t❡r♠✐♥❡❞ ❜② s♦♠❡ ✈❡❝t♦r a ♦❢ t❤❡ ▲♦r❡♥t③✲▼✐♥❦♦✇s❦✐

s♣❛❝❡ Ln+2✳ ❋✐♥❛❧❧②✱ ✐♥ t❤❡ ❝❛s❡ p > 1 ✇❡ ❡st❛❜❧✐s❤ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s t♦ ❣✉❛r❛♥t❡❡

❛ ❝♦♠♣❧❡t❡ s✉❜♠❛♥✐❢♦❧❞s Mn ✇✐t❤ ♣❛r❛❧❧❡❧ ♥♦♥③❡r♦ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✈❡❝t♦r ♠✉st ❜❡

♣s❡✉❞♦✲✉♠❜✐❧✐❝❛❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Mn ✐s ❛ ♠✐♥✐♠❛❧ s✉❜♠❛♥✐❢♦❧❞ ♦❢ ❛

s♠❛❧❧ ❤②♣❡rs♣❤❡r❡ ♦❢ Hn+p✳

❑❡②✇♦r❞s✿ ❍②♣❡r❜♦❧✐❝ s♣❛❝❡❀ ❝♦♠♣❧❡t❡ s✉❜♠❛♥✐❢♦❧❞s❀ ♣❛r❛❧❧❡❧ ♠❡❛♥ ❝✉r✈❛t✉r❡

✈❡❝t♦r❀ ●❛✉ss ♠❛♣♣✐♥❣❀ s♣❛❝❡❧✐❦❡ ❤②♣❡rs✉r❢❛❝❡s❀ t♦t❛❧❧② ✉♠❜✐❧✐❝❛❧ ❤②♣❡rs✉r❢❛❝❡s❀ ♣s❡✉❞♦✲

✉♠❜✐❧✐❝❛❧ s✉❜♠❛♥✐❢♦❧❞s❀ ♠✐♥✐♠❛❧ s✉❜♠❛♥✐❢♦❧❞s✳

✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❆ ❉❡✉s✿

P♦r t❛♥t♦ q✉❡ ❡✉ ♥ã♦ ♦✉s❛r✐❛ t❡♥t❛r ❝♦❧♦❝❛r ❡♠ ♣❛❧❛✈r❛s✳

➚ ♠✐♥❤❛ ♠ã❡✿

❙❡ ❛s ♦♣♦rt✉♥✐❞❛❞❡ ❢♦ss❡♠ ✢♦r❡s✱ ♠✐♥❤❛ ♠ã❡ s❡r✐❛ ✉♠❛ ❡①í♠✐❛ ❥❛r❞✐♥❡✐r❛✱ ❢❛③❡♥❞♦ ❜r♦✲

t❛r✱ ❡♠ t❡rr❛ ár✐❞❛✱ ✉♠ ❜❡❧♦ ❥❛r❞✐♠ r❡❣❛❞♦ ❛ s✉♦r✳ ◆ã♦ ♣♦ss✉♦ ♠ér✐t♦ ❛❧❣✉♠ q✉❡ ♥ã♦

t❡♥❤❛ s✐❞♦ ❢♦♠❡♥t❛❞♦ ♣♦r s❡✉s ❡s❢♦rç♦s✱ ❡♥s✐♥❛♠❡♥t♦s ❡ ❡①❡♠♣❧♦s✳

❆♦s ♠❡✉s ✐r♠ã♦s✿

▼❡✉s ♠❡❧❤♦r❡s ❡ ♠❛✐s ❛♥t✐❣♦s ❛♠✐❣♦s✳

➚ ♠✐♥❤❛ ❡s♣♦s❛✿

❈♦♠ q✉❡♠ ❡✉ t❡♥❤♦ ❞✐✈✐❞✐❞♦ ♠✉✐t♦s ❜♦♥s ♠♦♠❡♥t♦s ❡ ❝✉❥❛ ❝♦♠♣❛♥❤✐❛ t❡♠ s✐❞♦ ✐♥❡✲

①♦r❛✈❡❧♠❡♥t❡ ❝♦♥st❛♥t❡ ♥♦s ♠♦♠❡♥t♦s ♠❛✐s ❞✐❢í❝❡✐s✳

❆♦s ♣r♦❢❡ss♦r❡s✿

❊①❡♠♣❧♦s ❞❡ ❞❡❞✐❝❛çã♦ ❛♦ tr❛❜❛❧❤♦✱ ♥ã♦ r❛r❛s ✈❡③❡s✱ ✈ã♦✱ ♥♦ ❡①❡r❝í❝✐♦ ❞♦ s❡✉ ♦❢í❝✐♦✱

❛❧é♠ ❞❛ ♠❡r❛ ♦❜r✐❣❛çã♦✳ ▼✉✐t❛s ✈❡③❡s✱ ❛s ❛t✐t✉❞❡s ❞❡st❡s ♠❡ ♠♦t✐✈❛r❛♠ ❛ ❡st✉❞❛r ✉♠

♣♦✉❝♦ ♠❛✐s✳ ◆ã♦ ♣♦❞❡♥❞♦ ❝✐t❛r ❛ t♦❞♦s✱ ❣♦st❛r✐❛ ❞❡ r❡❣✐str❛r ♠❡✉s ❛❣r❛❞❡❝✐♠❡♥t♦s ❛♦

♣r♦❢❡ss♦r ▼❛r❝♦ ❆♥t♦♥✐♦ ▲á③❛r♦ ❱❡❧ásq✉❡③✱ ♣♦r t❡r s✐❞♦ s♦❜r❡♠❛♥❡✐r❛ ♣❛❝✐❡♥t❡✱ s♦❧í❝✐t♦

❡ ❛❝❡ssí✈❡❧ ❛♦ ♠❡ ♦r✐❡♥t❛r ♥❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦❀ ❛♦s ♣r♦❢❡ss♦r❡s ❆❜❞ê♥❛❣♦ ❆❧✲

✈❡s ❞❡ ❇❛rr♦s✱ ❏♦♥❛t❛♥ ❋❧♦r✐❛♥♦ ❞❛ ❙✐❧✈❛ ❡ ❍❡♥r✐q✉❡ ❋❡r♥❛♥❞❡s ❞❡ ▲✐♠❛✱ ♣♦r t❡r❡♠✲s❡

❞✐s♣♦st♦ ❛ ♣❛rt✐❝✐♣❛r ❞❛ ❛✈❛❧✐❛çã♦ ❞♦ ♠❡s♠♦✱ ♣♦r s✉❛s ❝♦rr❡çõ❡s ❡ s✉❣❡stõ❡s q✉❡✱ ❛❧é♠

❞❡ ♠❡❧❤♦r❛r ♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✱ ♠❡ s❡r✈✐r❛♠ ❞❡ ❧✐çã♦❀ ❆♦ ♣r♦❢❡ss♦r ❋á❜✐♦ ❘❡✐s ❞♦s

❙❛♥t♦s✱ ♣❡❧❛ ♣r❡st❛t✐✈✐❞❛❞❡ ❛♦ ♠❡ t✐r❛r ✈ár✐❛s ❞ú✈✐❞❛s❀ ❆♦ ♣r♦❢❡ss♦r ❆♥tô♥✐♦ P❡r❡✐r❛

❇r❛♥❞ã♦ ❏ú♥✐♦r✱ ♣❡❧❛s ❧✐çõ❡s ❞❡ á❧❣❡❜r❛❀ ❛♦ ♣r♦❢❡ss♦r ❉❛♥✐❡❧ ❈♦r❞❡✐r♦ ❞❡ ▼♦r❛✐s ❋✐❧❤♦✱

✈



♣❡❧❛s r❡✢❡①õ❡s ♣r♦♣♦st❛s ♥♦ ♣❡rí♦❞♦ ❡♠ q✉❡ ❡st✐✈❡ ✈✐♥❝✉❧❛❞♦ ❛♦ ❣r✉♣♦ P❊❚✲▼❛t❡♠át✐❝❛

❯❋❈● ❡ ❛♦s ❞❡♠❛✐s ♣r♦❢❡ss♦r❡s ❞❛ ❯♥✐❞❛❞❡ ❆❝❛❞ê♠✐❝❛ ❞❡ ▼❛t❡♠át✐❝❛✳ ▼✉✐t♦ t❡♥❤♦

❛♣r❡♥❞✐❞♦ ❝♦♠ t♦❞♦s✳

❆♦s ❝♦❧❡❣❛s✿

❇r❛✈♦s ❝♦♠♣❛♥❤❡✐r♦s s❡♠ ♦s q✉❛✐s ❛ ❥♦r♥❛❞❛ q✉❡ ❝✉♠✐♥♦✉ ♥❡st❡ tr❛❜❛❧❤♦ t♦r♥❛r✲s❡✲✐❛

♠✉✐t♦ ♠❡♥♦s ♣r❛③❡r♦s❛✳ ●♦st❛r✐❛ ❞❡ r❡❣✐str❛r ✉♠ ❛❣r❡❞❡❝✐♠❡♥t♦ ❡s♣❡❝✐❛❧ ❛ ❏♦❣❧✐ ●✐❞❡❧

❞❛ ❙✐❧✈❛✱ ♣❡❧❛s ♠✉✐t❛s ❞ú✈✐❞❛s s❛♥❛❞❛s✳

❆♦s ❢✉♥❝✐♦♥ár✐♦s ❞❛ ❯♥✐❞❛❞❡ ❆❝❛❞ê♠✐❝❛ ❞❡ ▼❛t❡♠át✐❝❛✿

P♦r ❝r✐❛r❡♠ ✉♠ ❛♠❜✐❡♥t❡ ♣r♦♣í❝✐♦✳

✈✐



❉❡❞✐❝❛tór✐❛

➚ ❏✉❛r❡③✳

✈✐✐



❈♦♥t❡ú❞♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶ Pr❡❧✐♠✐♥❛r❡s ✶✸

✶✳✶ ❊s♣❛ç♦s ♠✉♥✐❞♦s ❝♦♠ ✉♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✷ ❱❛r✐❡❞❛❞❡s s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✷✳✶ ▼étr✐❝❛s s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s ❡ ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✷✳✷ ❆❧❣✉♥s ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✷✳✸ ●❡♦❞és✐❝❛s ❡ ❛ ❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✶✳✷✳✹ ❈✉r✈❛t✉r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✶✳✸ ❖r✐❡♥t❛çã♦ t❡♠♣♦r❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷ ■♠❡rsõ❡s ✐s♦♠étr✐❝❛s ✷✻

✷✳✶ ❆ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✷ ❖s ❡s♣❛ç♦s ❤✐♣❡r❜ó❧✐❝♦ Hn+1 ❡ ❞❡ ❙✐tt❡r Sn+1
1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷✳✸ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✹ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❡♠ Sn+1
1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷✳✺ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❡♠ Hn+1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸ ❘❡s✉❧t❛❞♦s ❆✉①✐❧✐❛r❡s ✺✵

✸✳✶ ❯♠❛ ❢ór♠✉❧❛ ❞♦ t✐♣♦✲❙✐♠♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✸✳✷ ❖ ▲❛♣❧❛❝✐❛♥♦ ❞❡ ❛❧❣✉♠❛s ❢✉♥çõ❡s s✉♣♦rt❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ❡♠ Hn+1 ❝♦♠ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ♣r❡s❝r✐t❛ ✻✷

✺ ❙♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ✐♠❡rs❛s ❡♠ Hn+p ✼✶

❇✐❜❧✐♦❣r❛✜❛ ✽✺



■♥tr♦❞✉çã♦

❙❡❥❛ Qn+1 ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❝♦♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥s✲

t❛♥t❡✳ ❈♦♥s✐❞❡r❡♠♦s ✉♠❛ ✐♠❡rsã♦ x : Mn → Qn+1 ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛

Mn ❡♠ Qn+1 ❡ ❞❡♥♦t❡♠♦s ♣♦r N :Mn → Qn+1 s✉❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss✳ ◗✉❛♥❞♦ Qn+1

é ♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ Rn+1 ❡ x é ✉♠ ❣rá✜❝♦ ❝♦♠♣❧❡t♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧

f : Rn+1 → R✱ s✉❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ❡stá ❝♦♥t✐❞❛ ❡♠ ✉♠ ❤❡♠✐s❢ér✐♦ ❛❜❡rt♦ ❞❛ ❡s❢❡r❛

❊✉❝❧✐❞✐❛♥❛ Sn+1✳ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ❢♦r♥❡❝❡ ❝♦♥s❡q✉ê♥❝✐❛s ♣r♦✲

❢✉♥❞❛s ♣❛r❛ ✉♠❛ ✐♠❡rsã♦✳ P♦r ❡①❡♠♣❧♦✱ ✉♠ ❞♦s t❡♦r❡♠❛s ♠❛✐s ❝é❧❡❜r❡s ❞❛ t❡♦r✐❛ ❞❡

s✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s ❡♠ R3 é ♦ t❡♦r❡♠❛ ❞❡ ❇❡r♥st❡✐♥ ❬✻❪✱ q✉❡ ❡st❛❜❡❧❡❝❡ q✉❡ ♦s ú♥✐❝♦s

❣rá✜❝♦s ♠í♥✐♠♦s ❝♦♠♣❧❡t♦s ❡♠ R3 sã♦ ♦s ♣❧❛♥♦s✳ ❊st❡ r❡s✉❧t❛❞♦ ❢♦✐ ❡st❡♥❞✐❞♦ s♦❜ ❛

❤✐♣ót❡s❡ ♠❛✐s ❢r❛❝❛ ❞❡ q✉❡ ❛ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss N(M2) ❞❡ M2 ❡stá ❡♠ ✉♠

❤❡♠✐s❢ér✐♦ ❛❜❡rt♦ ❞❡ S2✱ ❝♦♠♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ♥❛ ♦❜r❛ ❞❡ ❇❛r❜♦s❛ ❡ ❞♦ ❈❛r♠♦ ❬✺❪✳

■♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡✱ ❞❡ ●✐♦r❣✐ ❬✶✶❪ ❡ ❙✐♠♦♥s ❬✷✷❪ ♠♦str❛r❛♠ q✉❡ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡

♠í♥✐♠❛ ❝♦♠♣❛❝t❛ Mn ❞❡ Sn+1 ❞❡✈❡ s❡r ✉♠❛ ❡s❢❡r❛ t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛ ❞❡s❞❡ q✉❡ ❛

✐♠❛❣❡♠ ❞❛ s✉❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss N(Mn) ❡st❡❥❛ ❝♦♥t✐❞❛ ❡♠ ✉♠ ❤❡♠✐s❢ér✐♦ ❛❜❡rt♦ ❞❡

Sn+1✳ ❊ss❡ r❡s✉❧t❛❞♦ ❢♦✐ ❡st❡♥❞✐❞♦ ♣♦r ◆♦♠✐③✉ ❡ ❙♠②t❤✱ ❡♠ ❬✶✽❪✱ ♣❛r❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡s

❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ❞❡ Sn+1✱ ♦♥❞❡ ♣r♦✈❛♠ q✉❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛

♦r✐❡♥tá✈❡❧ ❝♦♥❡①❛ ❡ ❝♦♠♣❛❝t❛ Mn ❞❡ ❞✐♠❡♥sã♦ n ≥ 2 ✐♠❡rs❛ ♥❛ ❡s❢❡r❛ Sn+1✱ ❝♦♠ ❝✉r✲

✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡✱ é ✉♠❛ ❤✐♣❡r❡s❢❡r❛ s❡ ❛ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss N(Mn)

❡♥❝♦♥tr❛✲s❡ ❡♠ ✉♠ ❤❡♠✐s❢ér✐♦ ❢❡❝❤❛❞♦ ❞❡ Sn+1✳

▼❛✐s r❡❝❡♥t❡♠❡♥t❡✱ ✉s❛♥❞♦ ♦ ♠♦❞❡❧♦ ❞❡ ▲♦r❡♥t③ ❞♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ Hn+1✱

❆q✉✐♥♦ ❡ ❞❡ ▲✐♠❛ ❬✸❪ ♠♦str❛r❛♠ q✉❡ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❧❡t❛ Mn ❝♦♠ ❝✉r✈❛t✉r❛

♠é❞✐❛ ❝♦♥st❛♥t❡✱ q✉❡ ❡stá ❝♦♥t✐❞❛ ❡♠ ✉♠❛ ❜♦❧❛ ❣❡♦❞és✐❝❛ ❞❡ Hn+1 ❡ t❛❧ q✉❡ ❛ ✐♠❛❣❡♠

❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss N(Mn) s❡ s✐t✉❛ ❡♠ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ t♦t❛❧♠❡♥t❡
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✉♠❜í❧✐❝❛ ❞♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r Sn+1
1 ✱ ❞❡✈❡ s❡r ✉♠❛ ❡s❢❡r❛ ❣❡♦❞és✐❝❛ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛

❞❡ Hn+1✳ ❆❧é♠ ❞✐ss♦✱ ♥♦ ❝❛s♦ ❞❡Mn ❡st❛r ❝♦♥t✐❞❛ ❡♥tr❡ ❞✉❛s ❤♦r♦❡s❢❡r❛s ✭❤✐♣❡r❡s❢❡r❛s✮

❞❡ Hn+1✱ ❞❡t❡r♠✐♥❛❞❛s ♣♦r ❛❧❣✉♠ ✈❡t♦r t✐♣♦✲❧✉③ ✭t✐♣♦✲❡s♣❛ç♦✮ a ❞♦ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲

▼✐♥❦♦✇s❦✐ Ln+2✱ ❡ ❝♦♠ ❛ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss N(Mn) ❝♦♥t✐❞❛ ❡♠ ✉♠❛

❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ❞❡ Sn+1
1 ✱ ❞❡t❡r♠✐♥❛❞❛ ♣♦r a✱ ♦s ❛✉t♦r❡s

♣r♦✈❛r❛♠ q✉❡ Mn ❞❡✈❡ s❡r ✉♠❛ ❤♦r♦❡s❢❡r❛ ✭❤✐♣❡r❡s❢❡r❛✮ ❞❡ Hn+1✳

◆❡st❛ ❞✐ss❡rt❛çã♦✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ♠♦str❛♠♦s ✉♠❛ ❡①t❡♥sã♦ ❞♦s r❡s✉❧t❛❞♦s ❞❡ ❬✸❪✱

♠❡♥❝✐♦♥❛❞♦s ❛❝✐♠❛✱ ❞❡✈✐❞❛ ❛ ❇❛rr♦s✱ ❆q✉✐♥♦ ❡ ❞❡ ▲✐♠❛ ❬✹❪✱ ♦♥❞❡ ❡❧❡s sã♦ ✉s✉ár✐♦s

❞❡ ✉♠❛ ❢ór♠✉❧❛ ❛❞❡q✉❛❞❛ t✐♣♦✲❙✐♠♦♥s✱ ❞❡✈✐❞❛ ❛ ◆♦♠✐③✉ ❡ ❙♠②t❤ ❬✶✾❪ ❥✉♥t❛♠❡♥t❡

❝♦♠ ♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❖♠♦r✐✲❨❛✉ ❬✷✵✱ ✷✸❪✳ ▼❛✐s

♣r❡❝✐s❛♠❡♥t❡✱ ♠♦str❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ✭❝❢✳ ❚❡♦r❡♠❛ ✹✳✸✮✿

❆s ú♥✐❝❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠♣❧❡t❛s ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ ✐♠❡r✲

s❛s ❡♠ Hn+1 ❝✉❥❛ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ❡stá ❝♦♥t✐❞❛ ❡♠ ✉♠❛

❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ❞❡ Sn+1 sã♦ ❛s t♦t❛❧♠❡♥t❡

✉♠❜í❧✐❝❛s✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❡♠ ❬✶✼❪✱ ▼♦♥t✐❡❧ ♣r♦✈♦✉ q✉❡ s❡ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦

❝♦♠♣❧❡t❛ Mn ♥♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r Sn+1
1 ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ H ≥ 1 é t❛❧

q✉❡ ❛ ✐♠❛❣❡♠ ❞❛ s✉❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss N(Mn) ❡stá ❝♦♥t✐❞❛ ♥♦ ❢❡❝❤♦ ❞❡ ✉♠ ❞♦♠í♥✐♦

✐♥t❡r✐♦r ❞❡❧✐♠✐t❛❞♦ ♣♦r ✉♠❛ ❤♦r♦❡s❢❡r❛ ❞❡ Hn+1✱ ❡♥tã♦ s✉❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ é✱ ❞❡ ❢❛t♦✱

✐❣✉❛❧ ❛ 1✳ ◗✉❛♥❞♦ n = 2✱ ✐ss♦ ✐♠♣❧✐❝❛ q✉❡ M2 é t❛♠❜é♠ ✉♠❛ s✉♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡

✉♠❜í❧✐❝❛ ❡✱ ♣♦rt❛♥t♦✱ ❛ ✐♠❛❣❡♠ ❞❛ s✉❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss é ❡①❛t❛♠❡♥t❡ ✉♠❛ ❤♦r♦❡s❢❡r❛

❞❡ H3✳ ◆♦ s❡❣✉♥❞♦ t❡♦r❡♠❛ ❞❡ ❬✹❪✱ ♦s ❛✉t♦r❡s ❡st❛❜❡❧❡❝❡♠ ✉♠❛ ❡s♣é❝✐❡ ❞❡ r❡s✉❧t❛❞♦

❞✉❛❧ ♣❛r❛ ♦ ❞❡ ▼♦♥t✐❡❧ ♠❡♥❝✐♦♥❛❞♦ ❛❝✐♠❛✳ P❛r❛ ✐ss♦✱ ❡❧❡s ✉t✐❧✐③❛r❛♠✱ ❝♦♠♦ ♣r✐♥❝✐♣❛❧

❢❡rr❛♠❡♥t❛ ❛♥❛❧ít✐❝❛✱ ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❝❧áss✐❝♦ t❡♦r❡♠❛ ❞❡ ❍♦♣❢ s♦❜r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡

❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ ♥ã♦✲❝♦♠♣❛❝t❛✱ ❞❡✈✐❞❛ ❛ ❨❛✉ ❬✷✹❪✳

◆♦ q✉❡ s❡ s❡❣✉❡✱ ❞❡♥♦t❛♠♦s ♣♦r v⊤ ❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧ ❞❡ ✉♠ ✈❡t♦r v ∈ Ln+2

❡♠ r❡❧❛çã♦ ❛ ✉♠❛ ✐♠❡rsã♦ x :Mn → Hn+1 ⊂ Ln+2 ❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ t❡r♠✐♥♦❧♦❣✐❛ ❡s✲

t❛❜❡❧❡❝✐❞❛ ❡♠ ❬✶✼❪✱ ❞✐③❡♠♦s q✉❡ ❛ ✐♠❛❣❡♠ ❞❡ s✉❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss N ❡stá ❝♦♥t✐❞❛ ♥♦

❢❡❝❤♦ ❞❡ ✉♠ ❞♦♠í♥✐♦ ❞❡❧✐♠✐t❛❞♦ ♣♦r ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✉♠✲

❜í❧✐❝❛ ❞❡ Sn+1
1 ✱ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❛❧❣✉♠ ✈❡t♦r v ∈ Ln+2✱ q✉❛♥❞♦ ❛ ❢✉♥çã♦ â♥❣✉❧♦ 〈N, v〉
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♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ Mn✳ ❆ss✐♠✱ ❡st❛❜❡❧❡❝❡♠♦s ❡ ♠♦str❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

✭❝❢✳ ❚❡♦r❡♠❛ ✹✳✺✮✿

❆s ú♥✐❝❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠♣❧❡t❛s✱ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡✱ ✐♠❡r✲

s❛s ❡♠ Hn+1✱ t❛✐s q✉❡ ❛ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ ❝✉❥❛

❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ❡stá ❝♦♥t✐❞❛ ♥♦ ❢❡❝❤♦ ❞❡ ✉♠ ❞♦♠í♥✐♦ ❞❡❧✐♠✐t❛❞♦ ♣♦r ✉♠❛

❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲t❡♠♣♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ❞❡ Sn+1
1 ✱ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❛❧✲

❣✉♠ ✈❡t♦r v ∈ Ln+2✱ ❝♦♠ v⊤ t❡♥❞♦ ♥♦r♠❛ ✐♥t❡❣rá✈❡❧ s❡❣✉♥❞♦ ▲❡❜❡s❣✉❡✱ sã♦

❛s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s✳

❯♠❛ ♦✉tr❛ t❡♠át✐❝❛ ❞❡st❛ ❞✐ss❡rt❛çã♦ ❞✐③ r❡s♣❡✐t♦ ❛♦ ❡st✉❞♦ r❡❛❧✐③❛❞♦ ♣♦r ❞❡

▲✐♠❛✱ ❞♦s ❙❛♥t♦s ❡ ❱❡❧ásq✉❡③✱ ❡♠ ❬✶✹❪✱ s♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ❝♦♠♣❧❡t❛s

n✲❞✐♠❡♥s✐♦♥❛✐s ✐♠❡rs❛s✱ ❝♦♠ ✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛ ♥ã♦✲♥✉❧♦ ♣❛r❛❧❡❧♦ ✭✐st♦ é✱ ♦ ✈❡t♦r

❝✉r✈❛t✉r❛ ♠é❞✐❛ é ♣❛r❛❧❡❧♦ ❝♦♠♦ ✉♠❛ s❡çã♦ ❞♦ ✜❜r❛❞♦ ♥♦r♠❛❧✮✱ ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦

(n+p✮✲❞✐♠❡♥s✐♦♥❛❧ Hn+p✳ ◆❡st❡ ❝♦♥t❡①t♦✱ ♦s ❛✉t♦r❡s ✉t✐❧✐③❛r❛♠ ✉♠❛ té❝♥✐❝❛ ❞❡s❡♥✈♦❧✲

✈✐❞❛ ♣♦r ❆❧í❛s ❡ ❘♦♠❡r♦ ❬✷❪ ❝♦♥❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ✉♠❛ ❡①t❡♥sã♦ ❛❞❡q✉❛❞❛

❞❡ ✉♠ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ ❨❛✉ ❬✷✹❪ ❞❡✈✐❞♦ ❛ ❈❛♠✐♥❤❛✱ ❡♠ ❬✾❪✱ ♣❛r❛

♣r♦✈❛r ❛ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ✭❝❢✳ ❚❡♦r❡♠❛ ✺✳✼✮✿

❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡t❛✱ ✐♠❡rs❛ ❡♠ Hn+p ⊂ Ln+p+1✱ ❝♦♠ ✈❡t♦r

❝✉r✈❛t✉r❛ ♠é❞✐❛ ♣❛r❛❧❡❧♦ ♥ã♦✲♥✉❧♦ ❡ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ♥♦r♠❛❧✐③❛❞❛ ❧✐♠✐t❛❞❛

✐♥❢❡r✐♦r♠❡♥t❡✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠ ✈❡t♦r ✜①♦ a ∈ Ln+p+1 t❛❧ q✉❡ |a⊤| ∈
L1(M)✱ aN ♥ã♦ s❡ ❛♥✉❧❛ ❡♠ Mn ❡ aN é ❝♦❧✐♥❡❛r ❝♦♠ H✳ ❊♥tã♦✱ Mn é

♣s❡✉❞♦✲✉♠❜í❧✐❝❛ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ Mn é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠í♥✐♠❛ ❞❡ ✉♠❛

♣❡q✉❡♥❛ ❤✐♣❡r❡s❢❡r❛ ❞❡ Hn+p✳

❆q✉✐✱ a⊤ ❡ aN ✐♥❞✐❝❛♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s ❝♦♠♣♦♥❡♥t❡s t❛♥❣❡♥❝✐❛❧ ❡ ♥♦r♠❛❧ ❞♦

✈❡t♦r a ❡♠ r❡❧❛çã♦ à ✐♠❡rsã♦ Mn →֒ Hn+p✱ ❡ L1(M) r❡♣r❡s❡♥t❛ ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s

✐♥t❡❣rá✈❡✐s s❡❣✉♥❞♦ ▲❡❜❡s❣✉❡ ♥❛ s✉❜✈❛r✐❡❞❛❞❡ Mn✳ ❆❧é♠ ❞✐ss♦✱ ❧❡♠❜r❛♠♦s q✉❡ ✉♠❛

s✉❜✈❛r✐❡❞❛❞❡ Mn ❞❡ Hn+p é ❝❤❛♠❛❞❛ ♣s❡✉❞♦✲✉♠❜í❧✐❝❛ q✉❛♥❞♦ s❡✉ ✈❡t♦r ❝✉r✈❛t✉r❛

♠é❞✐❛ é ✉♠❛ ❞✐r❡çã♦ ✉♠❜✐❧í❧✐❝❛✳

❖❜s❡r✈❛♠♦s q✉❡✱ q✉❛♥❞♦ p = 1✱ ❛s ♥♦çõ❡s ❞❡ ✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛ ♣❛r❛❧❡❧♦ ❡

❞❡ ♣s❡✉❞♦✲✉♠❜í❧✐❝❛ ❝♦✐♥❝✐❞❡♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛



■♥tr♦❞✉çã♦ ✶✷

❝♦♥st❛♥t❡ ❡ ❞❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❛♠♦s t❛♠❜é♠ q✉❡ ❛ ❤✐♣ót❡s❡ ❞❡

q✉❡ aN ♥ã♦ s❡ ❛♥✉❧❛ ❡♠ Mn ❡q✉✐✈❛❧❡ à ❢✉♥çã♦ â♥❣✉❧♦ 〈N, a〉 t❡r ✉♠ s✐♥❛❧ ❡str✐t♦ s♦❜r❡

Mn✱ ♦♥❞❡ N r❡♣r❡s❡♥t❛ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ❞❡ Mn →֒ Hn+1✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦

❚❡♦r❡♠❛ ✺✳✼ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✺✳

❊st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛✲s❡ ❝♦♠ ❛ s❡❣✉✐♥t❡ ♦r❣❛♥✐③❛çã♦✿ ◆♦ ❈❛♣ít✉❧♦ ✶✱ ❡st❛❜❡❧❡✲

❝❡♠♦s ❛s ♥♦t❛çõ❡s ❡ ♦s ❢❛t♦s ♣r❡❧✐♠✐♥❛r❡s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ♥♦ ❞❡❝♦rr❡r ❞♦ t❡①t♦✳ ◆♦

❈❛♣ít✉❧♦ ✷✱ ❢❛③❡♠♦s ✉♠ ❡st✉❞♦ ❞❛ t❡♦r✐❛ ❞❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❘✐❡♠❛♥♥✐❛♥❛s ✐♠❡rs❛s ❡♠

❛♠❜✐❡♥t❡s ❘✐❡♠❛♥♥✐❛♥♦s ♦✉ ▲♦r❡♥t③✐❛♥♦s✳ ❆ s❡❣✉✐r✱ ♥❛ ❙❡çã♦ ✸✳✶ ❞♦ ❈❛♣ít✉❧♦ ✸✱ ❡st❛✲

❜❡❧❡❝❡♠♦s ✉♠❛ ❢ór♠✉❧❛ ❞♦ t✐♣♦✲❙✐♠♦♥s ❞❡✈✐❞❛ ❛ ◆♦♠✐③✉ ❡ ❙♠②t❤ ❬✶✾❪ q✉❡✱ ❥✉♥t❛♠❡♥t❡

❝♦♠ ❛s ❢ór♠✉❧❛s ❞♦ ▲❛♣❧❛❝✐❛♥♦ ❞❡ ❛❧❣✉♠❛s ❢✉♥çõ❡s s✉♣♦rt❡s ♦❜t✐❞❛s ♥❛ ❙❡çã♦ ✸✳✷ ❞♦

♠❡s♠♦ ❝❛♣ít✉❧♦✱ ✈❛✐ ♣❡r♠✐t✐r✲♥♦s ♠♦str❛r✱ ♥♦ ❈❛♣ít✉❧♦ ✹✱ ♦s r❡s✉❧t❛❞♦s ❞❡s❝r✐t♦s ❛❝✐♠❛✱

❝♦♠ r❡❧❛çã♦ ❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ✐♠❡rs❛s ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ Hn+1✳ ❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❈❛✲

♣ít✉❧♦ ✺✱ ❡♥✉♥❝✐❛♠♦s ❡ ♠♦str❛♠♦s ♦ r❡s✉❧t❛❞♦ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ❡♠ Hn+p s✉♣r❛❝✐t❛❞♦✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ❡st❛❜❡❧❡❝❡r ❛s ♥♦t❛çõ❡s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s

♥♦s ❞❡♠❛✐s ❝❛♣ít✉❧♦s ❞❡st❡ tr❛❜❛❧❤♦✱ ❜❡♠ ❝♦♠♦ ♦s ❢❛t♦s ❜ás✐❝♦s ❞❛ t❡♦r✐❛ ❞❡ ✐♠❡rsõ❡s

✐s♦♠étr✐❝❛s ❞♦s q✉❛✐s ❢❛r❡♠♦s ✉s♦ ♣♦st❡r✐♦r♠❡♥t❡✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✱ ✐♥❞✐❝❛♠♦s✱

❝♦♠♦ r❡❢❡rê♥❝✐❛s✱ ❬✶✸❪ ❡ ❬✷✶❪✳

■♥✐❝✐❛♠♦s ❝♦♠ ✉♠❛ ❡①♣♦s✐çã♦ s♦❜r❡ ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s ❡ ♣r♦❞✉t♦ ❡s❝❛❧❛r

♥✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛❀ ❧♦❣♦ ❛♣ós✱ ❞❡✜♥✐♠♦s ♦ q✉❡ é ✉♠❛ ✈❛r✐❡❞❛❞❡

s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ ❡✱ ❡♥tã♦✱ ❛♣r❡s❡♥t❛♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ ❝♦♥❡①ã♦ ❡ ❝✉r✈❛t✉r❛✳

◆♦ q✉❡ s❡❣✉❡✱ V s❡♠♣r❡ ❞❡♥♦t❛rá ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❯♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ b s♦❜r❡ V é ✉♠❛ ❢✉♥çã♦ ❜✐❧✐♥❡❛r b : V × V → R t❛❧ q✉❡

b(v, w) = b(w, v) ♣❛r❛ q✉❛✐sq✉❡r v, w ∈ V

✶✳✶ ❊s♣❛ç♦s ♠✉♥✐❞♦s ❝♦♠ ✉♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r

❯♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ b s♦❜r❡ V é ❞✐t❛

(a) ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✱ s❡ b(v, v) > 0 ♣❛r❛ t♦❞♦ v ∈ V \ {0}✳

(b) ♥❡❣❛t✐✈❛ ❞❡✜♥✐❞❛✱ s❡ b(v, v) < 0 ♣❛r❛ t♦❞♦ v ∈ V \ {0}✳

(c) ♥ã♦✲❞❡❣❡♥❡r❛❞❛✱ s❡ b(v, w) = 0 ♣❛r❛ t♦❞♦ w ∈ V ✐♠♣❧✐❝❛ ❡♠ v = 0✳

❙❡ b é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ s♦❜r❡ V ❡ W é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ V ✱ ❡♥tã♦ ❛

r❡str✐çã♦ b|W×W : W ×W → R é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ s♦❜r❡ W ✳ ❉❡✜♥✐♠♦s ♦



❈❛♣ít✉❧♦ ✶✳ ❊s♣❛ç♦s ♠✉♥✐❞♦s ❝♦♠ ✉♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r ✶✹

í♥❞✐❝❡ ❞❡ b ❝♦♠♦ ❛ ♠❛✐♦r ❞✐♠❡♥sã♦ ❞❡ ✉♠ s✉❜❡s♣❛ç♦ W ❞❡ V t❛❧ q✉❡ b|W×W é ♥❡❣❛t✐✈❛

❞❡✜♥✐❞❛✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❯♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r s♦❜r❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛

V é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ b : V ×V → R q✉❡ é ♥ã♦✲❞❡❣❡♥❡r❛❞❛✳ ❉✐r❡♠♦s q✉❡ V
é ✉♠ ❡s♣❛ç♦ ❝♦♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r s❡ ❡❧❡ é ♠✉♥✐❞♦ ❝♦♠ ✉♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r✱ ❡ ❞❡✜♥✐♠♦s

♦ í♥❞✐❝❡ ❞❡ V ❝♦♠♦ s❡♥❞♦ ♦ í♥❞✐❝❡ ❞❡ s❡✉ ♣r♦❞✉t♦ ❡s❝❛❧❛r✳

❙❡ V é ✉♠ ❡s♣❛ç♦ ❝♦♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r b ❡ W é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ V ✱ ❞✐③❡♠♦s q✉❡

W é ♥ã♦✲❞❡❣❡♥❡r❛❞♦ s❡ ❛ r❡str✐çã♦ b|W×W : W×W → R ❢♦r ♥ã♦✲❞❡❣❡♥❡r❛❞❛✳ ❉❡✜♥✐♠♦s

♦ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ W⊥ ❞❡ W ❡♠ V ♣♦r

W⊥ = {v ∈ V ; b(v, w) = 0 ♣❛r❛ t♦❞♦ w ∈ W}.

◆♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❝♦❧❡❝✐♦♥❛♠♦s ❛❧❣✉♥s ❢❛t♦s r❡❧❡✈❛♥t❡s s♦❜r❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s

♠✉♥✐❞♦s ❝♦♠ ✉♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r ✭❝❢✳ ❬✷✶❪✱ ▲❡♠❛s ✷✳✶✾✱ ✷✳✷✷ ❡ ✷✳✷✸✮✳

▲❡♠❛ ✶✳✷✳ ❯♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ b é ♥ã♦✲❞❡❣❡♥❡r❛❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s✉❛

♠❛tr✐③ ❝♦♠ r❡s♣❡✐t♦ ❛ ✉♠❛ ✭❡ ❡♥tã♦ ❛ t♦❞❛✮ ❜❛s❡ ❞❡ V ❢♦r ✐♥✈❡rtí✈❡❧

▲❡♠❛ ✶✳✸✳ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ❝♦♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❡ W ✉♠ s✉❜❡s♣❛ç♦ ❞❡ V✳ ❚❡♠♦s✿

(a) s❡ W é ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ❡♥tã♦ dim(W)+dim(W⊥) = dim(V) ❡ (W⊥)⊥ = W❀

(b) W é ♥ã♦✲❞❡❣❡♥❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ V = W ⊕ W⊥✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ W é

♥ã♦✲❞❡❣❡♥❡r❛❞♦ s❡ ❡ só s❡ W⊥ ❢♦r ♥ã♦✲❞❡❣❡♥❡r❛❞♦✳

◆♦ q✉❡ s❡❣✉❡✱ s✉♣♦♠♦s q✉❡ V é ✉♠ ❡s♣❛ç♦ ❝♦♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r b = 〈, 〉✳ ❊♠

r❡❧❛çã♦ ❛ 〈, 〉✱ ❞✐③❡♠♦s q✉❡ v ∈ V \ {0} é✿

(i) t✐♣♦✲t❡♠♣♦✱ q✉❛♥❞♦ 〈v, v〉 < 0❀

(ii) t✐♣♦✲❧✉③✱ q✉❛♥❞♦ 〈v, v〉 = 0❀

(iii) t✐♣♦✲❡s♣❛ç♦✱ q✉❛♥❞♦ 〈v, v〉 > 0✳

❯♠ s✉❜❡s♣❛ç♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ W ❞❡ V s❡rá ❞✐t♦ t✐♣♦✲t❡♠♣♦✱ t✐♣♦✲❧✉③ ♦✉ t✐♣♦✲

❡s♣❛ç♦ s❡ t♦❞♦s ♦s s❡✉s ❡❧❡♠❡♥t♦s ❢♦r❡♠ t✐♣♦✲t❡♠♣♦✱ t✐♣♦✲❧✉③ ♦✉ t✐♣♦✲❡s♣❛ç♦✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳ ❙❡ v ∈ V \ {0} ♥ã♦ ❢♦r t✐♣♦✲❧✉③✱ ❞❡✜♥❡✲s❡ ♦ s✐♥❛❧ ǫv ∈ {−1, 1} ❞❡ v ♣♦r

ǫv =
〈v, v〉
|〈v, v〉| .
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❆ ♥♦r♠❛ ❞❡ v ∈ V é |v| =
√
ǫv〈v, v〉✱ ❡ v é ✉♥✐tár✐♦ s❡ |v| = 1✳ ➱ ❜❡♠ ❝♦♥❤❡❝✐❞♦

❡♠ ➪❧❣❡❜r❛ ▲✐♥❡❛r q✉❡ t♦❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ V ♠✉♥✐❞♦ ❝♦♠ ✉♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r

〈, 〉 ❛❞♠✐t❡ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧✳ ❆ss✐♠✱ s❡ {e1, . . . , en} é ✉♠❛ t❛❧ ❜❛s❡✱ t❡r❡♠♦s q✉❡

〈ei, ej〉 = ǫiδij✱ ♦♥❞❡ ǫi ❞❡♥♦t❛ ♦ s✐♥❛❧ ❞❡ ei ❡

δij =





1 , s❡ i = j

0 , s❡ i 6= j.

◆❡ss❡ ❝♦♥t❡①t♦✱ é ♣♦ssí✈❡❧ ❡st❛❜❡❧❡❝❡r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ✭❝❢✳ ❬✷✶❪✱ ▲❡♠❛s ✷✳✷✺ ❡

✷✳✷✻✮✳

▲❡♠❛ ✶✳✹✳ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ❝♦♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r 〈, 〉 ❡ {e1, . . . , en} ✉♠❛ ❜❛s❡ ♦rt♦✲

♥♦r♠❛❧ ❞❡ V✳ ❊♥tã♦

(a) t♦❞♦ v ∈ V ❛❞♠✐t❡ ✉♠❛ ú♥✐❝❛ r❡♣r❡s❡♥t❛çã♦ ❞❛ ❢♦r♠❛ v =
n∑

i=1

ǫi〈v, ei〉ei❀

(b) ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❝♦♠ s✐♥❛✐s ♥❡❣❛t✐✈♦s ❡♠ (ǫ1, . . . ǫn) é ✐❣✉❛❧ ❛♦ í♥❞✐❝❡ ❞❡

V✳

✶✳✷ ❱❛r✐❡❞❛❞❡s s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s

❱♦❧t❛♥❞♦ ♥♦ss❛ ❛t❡♥çã♦✱ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ às ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ ♣❛ss❛♠♦s

❛ ❡st❛❜❡❧❡❝❡r ❛ ♥♦çã♦ ❞❡ ♠étr✐❝❛✱ ❜❡♠ ❝♦♠♦ ❛❧❣✉♠❛s ❞❛s s✉❛s ♣r✐♥❝✐♣❛✐s ❝♦♥s❡q✉ê♥❝✐❛s✱

q✉❡ s❡rã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❡♥t❡♥❞❡r ♥♦ss♦ ❝❡♥ár✐♦ ❞❡ tr❛❜❛❧❤♦✳

✶✳✷✳✶ ▼étr✐❝❛s s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s ❡ ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛

❉❡✜♥✐çã♦ ✶✳✺✳ ❙❡❥❛ M
n+1

✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❯♠❛ ♠étr✐❝❛ s❡♠✐✲❘✐❡♠❛♥✲

♥✐❛♥❛ ❡♠ M
n+1

é ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ q✉❡ ❛ss♦❝✐❛✱ ❛ ❝❛❞❛ p ∈ M
n+1

✱ ✉♠ ♣r♦❞✉t♦

❡s❝❛❧❛r 〈, 〉p ♥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM ✱ ❝♦♠ í♥❞✐❝❡ ❝♦♥st❛♥t❡ ν (✐st♦ é✱ ❝❛❞❛ TpM t❡♠

í♥❞✐❝❡ ν)✱ ❡ q✉❡ é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✿ s❡ x1, . . . , xn+1 sã♦ ❛s ❢✉♥çõ❡s

❝♦♦r❞❡♥❛❞❛s ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ M
n+1

✱ ❞❡✜♥✐❞♦ ❡♠ ✉♠ ❛❜❡rt♦ U ✱ ❡♥tã♦

❛s ❢✉♥çõ❡s

p 7→
〈 ∂

∂xi

∣∣∣
p
,
∂

∂xj

∣∣∣
p

〉
p

sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ U ✱ ♣❛r❛ ❝❛❞❛ i, j ∈ {1, . . . , n+1}✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥✲

♥✐❛♥❛ é ✉♠ ♣❛r (M
n+1

, 〈, 〉 )✱ ♦♥❞❡ M
n+1

é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ 〈, 〉 é ✉♠❛

♠étr✐❝❛ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ ❡♠ M
n+1

✳



❈❛♣ít✉❧♦ ✶✳ ❱❛r✐❡❞❛❞❡s s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s ✶✻

◆♦ q✉❡ s❡❣✉❡✱ ♣♦r s✐♠♣❧✐✜❝❛çã♦ ❞❡ ♥♦t❛çã♦✱ ❡s❝r❡✈❡r❡♠♦s M
n+1

♣❛r❛ ♦ ♣❛r

(M
n+1

, 〈, 〉 )✳ ◗✉❛♥❞♦ ♦ í♥❞✐❝❡ ν ❞❡ 〈, 〉 é ③❡r♦✱ M
n+1

é s✐♠♣❧❡s♠❡♥t❡ ✉♠❛ ✈❛r✐❡✲

❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱ q✉❛♥❞♦ ν = 1✱ M
n+1

é ❞❡♥♦♠✐♥❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡

▲♦r❡♥t③✐❛♥❛✳

❊①❡♠♣❧♦ ✶✳ P❛r❛ ❝❛❞❛ ♥ú♠❡r♦ ✐♥t❡✐r♦ ν ∈ {0, . . . , n + 1}✱ s❡❥❛ Rn+1
ν ♦ ❡s♣❛ç♦ Rn+1

♠✉♥✐❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r

〈v, w〉 =
n+1−ν∑

i=1

viwi −
n+1∑

i=n−ν+2

viwi,

♦♥❞❡ v = (v1, . . . , vn+1) ❡ w = (w1, . . . , wn+1)✳ ❉♦ ✐t❡♠ ✭b✮ ❞♦ ▲❡♠❛ ✶✳✹✱ ♦❜t❡♠♦s q✉❡

〈, 〉 t❡♠ í♥❞✐❝❡ ν✳ ◆❡st❡ ❝♦♥t❡①t♦✱ Rn+1
ν é ❝❤❛♠❛❞♦ ❡s♣❛ç♦ s❡♠✐✲❊✉❝❧✐❞✐❛♥♦ ❞❡ í♥❞✐❝❡ ν

❡ ❞❡ ❞✐♠❡♥sã♦ (n+1)✳ ◗✉❛♥❞♦ ν = 0✱ Rn+1
ν t♦r♥❛✲s❡ s✐♠♣❧❡s♠❡♥t❡ ♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦

Rn+1✳ ◗✉❛♥❞♦ ν = 1✱ Rn+1
1 é ❝❤❛♠❛❞♦ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲▼✐♥❦♦✇s❦✐ ❡ é ❢r❡q✉❡♥t❡♠❡♥t❡

❞❡♥♦t❛❞♦ ♣♦r Ln+1✳

❉❡♥♦t❡♠♦s✱ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ♣♦r X(M)✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❞❡

❝❧❛ss❡ C∞ ❡♠ M
n+1

❡ ♣♦r C∞(M) ♦ ❛♥❡❧ ❞❛s ❢✉♥çõ❡s r❡❛✐s ❞❡ ❝❧❛ss❡ C∞ ❞❡✜♥✐❞❛s ❡♠

M
n+1

✳

❉❛❞♦s X, Y ∈ X(M)✱ ♥♦ss♦ ♦❜❥❡t✐✈♦✱ ❛❣♦r❛✱ é ❞❡✜♥✐r ✉♠ ♦✉tr♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s

q✉❡ s❡❥❛ ❛ ❞❡r✐✈❛❞❛ ❞❡ Y ♥❛ ❞✐r❡çã♦ ❞❡ X✳ ❍á ✉♠ ❝❛♠✐♥❤♦ ♥❛t✉r❛❧ ♣❛r❛ ❢❛③❡r ✐ss♦ ❡♠

Rn+1
ν ✳

❉❡✜♥✐çã♦ ✶✳✻✳ ❙❡❥❛♠ x1, . . . , xn+1 ❛s ❝♦♦r❞❡♥❛❞❛s ❡♠ Rn+1
ν ✳ ❙❡ X ❡ Y =

n+1∑

i=1

Yi
∂

∂xi

sã♦ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❡♠ Rn+1
ν ✱ ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s

DXY =
n+1∑

i=1

X(Yi)
∂

∂xi

é ❝❤❛♠❛❞♦ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ Y ❝♦♠ r❡❧❛çã♦ ❛ X✳

❯♠❛ ✈❡③ q✉❡ ❡st❛ ú❧t✐♠❛ ❞❡✜♥✐çã♦ ✉t✐❧✐③❛ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ Rn+1
ν ✱ ♥ã♦ é ó❜✈✐♦

❝♦♠♦ ❡st❡♥❞ê✲❧❛ ❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ ❛r❜✐trár✐❛✳ ❈♦♠❡ç❛♠♦s✱ ♣♦rt❛♥t♦✱

❛①✐♦♠❛t✐③❛♥❞♦ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳

❉❡✜♥✐çã♦ ✶✳✼✳ ❯♠❛ ❝♦♥❡①ã♦ ❛✜♠ ∇ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M
n+1

é ✉♠❛

❛♣❧✐❝❛çã♦

∇ : X(M)× X(M) → X(M)

(X, Y ) 7→ ∇XY

t❛❧ q✉❡



❈❛♣ít✉❧♦ ✶✳ ❱❛r✐❡❞❛❞❡s s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s ✶✼

(i) ∇(fX+gY )Z = f ∇XZ + g∇YZ✱

(ii) ∇X(Y + Z) = ∇XY +∇XZ✱

(iii) ∇X(fY ) = f ∇XY +X(f)Y ✱

♣❛r❛ q✉❛✐sq✉❡r X, Y, Z ∈ X(M) ❡ t♦❞♦s f, g ∈ C∞(M)✳ ❖ ❝❛♠♣♦ ∇XY é ❝❤❛♠❛❞♦

❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ Y ♥❛ ❞✐r❡çã♦ X ❝♦♠ r❡❧❛çã♦ ❛ ∇✳

❯♠❛ ❝♦♥❡①ã♦ ❛✜♠ ❡stá ❞✐r❡t❛♠❡♥t❡ ❧✐❣❛❞❛ à ♠étr✐❝❛✱ ❞❡s❞❡ q✉❡ ❛❝r❡s❝❡♥t❡♠♦s

✉♠❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❝♦♠ ❛ ♠étr✐❝❛ ❡ ♦✉tr❛ ♣r♦♣r✐❡❞❛❞❡ r❡❧❛❝✐♦♥❛❞❛ ❛♦ ❝♦❧❝❤❡t❡ ❞❡

▲✐❡✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡ t❡♠♦s ❛ s❡❣✉✐♥t❡

Pr♦♣♦s✐çã♦ ✶✳✽ ✭▲❡✈✐✲❈✐✈✐t❛✮✳ ❉❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ M
n+1

✱ ❡①✐st❡

✉♠❛ ú♥✐❝❛ ❝♦♥❡①ã♦ ❛✜♠ ∇✱ ❝❤❛♠❛❞❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛✱ ✈❡r✐✜❝❛♥❞♦

(i) [X, Y ] = ∇XY −∇YX ( ∇ é s✐♠étr✐❝❛ )✱

(ii) X〈Y, Z〉 = 〈∇XY, Z〉+ 〈Y,∇XZ〉 ( ∇ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♠étr✐❝❛ )✱

♣❛r❛ q✉❛✐sq✉❡r X, Y, Z ∈ X(M)✳ ❆ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ é ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡

❡q✉❛çã♦

2〈∇XY, Z〉 = X〈Y, Z〉+ Y 〈Z,X〉 − Z〈X, Y 〉
−〈X, [Y, Z]〉+ 〈Y, [Z,X]〉+ 〈Z, [X, Y ]〉 , ✭✶✳✶✮

❝❤❛♠❛❞❛ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧✳

❉❡♠♦♥str❛çã♦✳ ❆ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧ ♠♦str❛ q✉❡ ∇ é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛

♠étr✐❝❛ 〈, 〉✳ ❆ss✐♠✱ ❝❛s♦ ❡①✐st❛✱ ❡❧❛ s❡rá ú♥✐❝❛✳ P❛r❛ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛✱ ❞❡✜♥❛ ∇
♣♦r ✭✶✳✶✮✳ ➱ ✐♠❡❞✐❛t♦ ✈❡r✐✜❝❛r q✉❡ ∇ é ✉♠❛ ❝♦♥❡①ã♦ ❛✜♠✱ s✐♠étr✐❝❛ ❡ ❝♦♠♣❛tí✈❡❧ ❝♦♠

❛ ♠étr✐❝❛✳

✶✳✷✳✷ ❆❧❣✉♥s ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐á✈❡✐s

❆ s❡❣✉✐r✱ ❡st❡♥❞❡r❡♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ ❣r❛❞✐❡♥t❡✱ ❞✐✈❡r❣❡♥t❡✱ ❍❡ss✐❛♥♦ ❡ ▲❛♣❧❛❝✐✲

❛♥♦ ♣❛r❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ M
n+1

✳ P❛r❛ ✐ss♦✱ ♣r❡❝✐s❛♠♦s ❞❛ ♥♦çã♦ ❞❡

r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧✳

❉❡✜♥✐çã♦ ✶✳✾✳ P❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ U ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛

M
n+1

✱ ❞✐③❡♠♦s q✉❡ ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s {E1, . . . , En+1} ❡♠ U é ❝❤❛♠❛❞♦

✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ ❡♠ U q✉❛♥❞♦ 〈Ei, Ej〉 = ǫiδij ❡♠ t♦❞♦ ♣♦♥t♦ ❞❡ U ❡

t♦❞♦s i, j ∈ {1, . . . , n+ 1}✱ ♦♥❞❡ ǫi ❞❡♥♦t❛ ♦ s✐♥❛❧ ❞❡ Ei✳



❈❛♣ít✉❧♦ ✶✳ ❱❛r✐❡❞❛❞❡s s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s ✶✽

❙❡ U é ♦ ❞♦♠í♥✐♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛ ❡♠ M
n+1

✱ ❝♦♠ ❝❛♠♣♦s ❝♦♦r✲

❞❡♥❛❞♦s

{
∂

∂x1
, . . . ,

∂

∂xn+1

}
✱ ❡♥tã♦ é ✐♠❡❞✐❛t♦ ✈❡r✐✜❝❛r q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❞♦ ♣r♦❝❡ss♦ ❞❡

♦rt♦❣♦♥❛❧✐③❛çã♦ ❞❡ ●r❛♠♠✲❙❝❤♠✐❞t ❛ t❛✐s ❝❛♠♣♦s ♥♦s ❢♦r♥❡❝❡ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r✲

♠❛❧ ❧♦❝❛❧ ❡♠ U ✳

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❖ ❣r❛❞✐❡♥t❡ ❞❡ ✉♠❛ ❢✉♥çã♦ f ∈ C∞(M)✱ ♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r

∇f ✱ é ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♠❡tr✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ à ❞✐❢❡r❡♥❝✐❛❧ df ✳

❆ss✐♠✱ 〈∇f,X〉 = df(X) = X(f) ♣❛r❛ t♦❞♦ X ∈ X(M)✳ ❊♠ t❡r♠♦s ❞❡ ✉♠

r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ {E1, . . . , En+1} t❡♠♦s

∇f =
n+1∑

i=1

ǫiEi(f)Ei,

♦♥❞❡ Ei(f) = 〈∇f, Ei〉✳

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❉❛❞♦ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ∈ X(M)✱ ❞❡✜♥✐♠♦s ❛ ❞✐✈❡r❣ê♥❝✐❛ ❞❡ X

❝♦♠♦ ❛ ❢✉♥çã♦ divX :M
n+1 → R ❞❛❞❛ ♣♦r

divX = tr{Y (p) → ∇YX(p)}, p ∈M
n+1

.

❊♠ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ {E1, . . . , En+1}✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

divX =
n+1∑

i=1

ǫi〈∇Ei
X,Ei〉.

❉❡✜♥✐çã♦ ✶✳✶✷✳ ❖ ❍❡ss✐❛♥♦ ❞❡ ✉♠❛ ❢✉♥çã♦ f ∈ C∞(M)✱ ❞❡♥♦t❛❞♦ ♣♦r Hessf ✱ é

❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ❛ ❛♣❧✐❝❛çã♦ C∞(M)✲❜✐❧✐♥❡❛r Hessf : X(M) × X(M) → C∞(M)

❞❛❞❛ ♣♦r

(Hessf)(X, Y ) = 〈∇X(∇f), Y 〉.

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❢♦r♥❡❝❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❍❡ss✐❛♥♦ ❞❡ ✉♠❛ ❢✉♥✲

çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✶✸✳ P❛r❛ t♦❞❛ f ∈ C∞(M) ❡ q✉❛✐sq✉❡r X, Y ∈ X(M) t❡♠♦s

(a) (Hessf)(X, Y ) = X(Y (f))− (∇XY )f ✱

(b) (Hessf)(X, Y ) = (Hessf)(Y,X)✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♦ ✐t❡♠ (a)✱ ❝♦♠♦ 〈∇f, Y 〉 = Y (f) ❡♥tã♦

X(Y (f)) = X〈∇f, Y 〉 = 〈∇X(∇f), Y 〉+ 〈∇f,∇XY 〉
= (Hessf)(X, Y ) + (∇XY )f.



❈❛♣ít✉❧♦ ✶✳ ❱❛r✐❡❞❛❞❡s s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s ✶✾

❆❣♦r❛✱ ♣❛r❛ ♦ ✐t❡♠ (b)✱ ❧❡♠❜r❡♠♦s q✉❡ ♦ ❝♦❧❝❤❡t❡ ❞♦s ❝❛♠♣♦s X ❡ Y é ❞❡✜♥✐❞♦

♣♦r

[X, Y ](f) = X(Y (f))− Y (X(f)),

♠❛s ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛ s✐♠❡tr✐❛ ❞❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ∇✱ t❡♠♦s

[X, Y ](f) = (∇XY )f − (∇YX)f.

▲♦❣♦✱ ❞♦ ✐t❡♠ (a)✱

(Hessf)(X, Y )− (Hessf)(Y,X) = X(Y (f))− Y (X(f))

−{(∇XY )f − (∇YX)f} = 0.

❉❡✜♥✐çã♦ ✶✳✶✹✳ ❙❡❥❛ M
n+1

✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛✳ ❖ ♦♣❡r❛❞♦r ▲❛♣❧❛✲

❝✐❛♥♦ ∆ : C∞(M) → C∞(M) ❞❡ M
n+1

é ❞❡✜♥✐❞♦ ♣♦r ∆f = tr(Hessf), ♣❛r❛ t♦❞❛

f ∈ C∞(M)✳

❖❜s❡r✈❡♠♦s q✉❡ ♦ ▲❛♣❧❛❝✐❛♥♦ t❛♠❜é♠ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠ ❞✐✈❡r❣❡♥t❡✱ ❡s♣❡✲

❝✐✜❝❛♠❡♥t❡✱ ❝♦♠ ❛❥✉❞❛ ❞❡ ✉♠ r❡r❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ {E1, . . . , En+1}✱ t❡♠♦s

∆f =
n+1∑

i

ǫi(Hessf)(Ei, Ei) =
n+1∑

i

ǫi〈∇Ei
(∇f), Ei〉 = div(∇f). ✭✶✳✷✮

Pr♦♣♦s✐çã♦ ✶✳✶✺✳ ❙❡❥❛♠ X, Y ∈ X(M)✱ f, g ∈ C∞(M) ❡ φ : R → R ✉♠❛ ❢✉♥çã♦

❞✐❢❡r❡♥❝✐á✈❡❧✳ ❊♥tã♦

(i) div(X + Y ) = divX + divY ✱

(ii) div(fX) = fdivX + 〈∇f,X〉✱

(iii) ∆(fg) = g∆f + f∆g + 2〈∇f,∇g〉✱

(iv) ∆(φ ◦ f) = φ′(f)∆f + φ′′(f)|∇f |2✳

❉❡♠♦♥str❛çã♦✳

(i) ❙❡❥❛ {E1, . . . , En+1} ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ ❞❡✜♥✐❞♦ ❡♠ ❛❧❣✉♠ ❝♦♥❥✉♥t♦

❛❜❡rt♦ ❞❡ M
n+1

✳ ▲♦❣♦✱

div(X + Y ) =
n+1∑

i=i

ǫi〈∇Ei
(X + Y ), Ei〉 =

n+1∑

i=i

ǫi〈∇Ei
X +∇Ei

Y,Ei〉

=
n+1∑

i=i

ǫi〈∇Ei
X,Ei〉+

n+1∑

i=i

ǫi〈∇Ei
Y,Ei〉 = divX + divY.
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(ii) ❆❧é♠ ❞✐ss♦✱

div(fX) =
n+1∑

i=i

ǫi〈∇Ei
(fX), Ei〉 =

n+1∑

i=i

ǫi〈Ei(f)X + f∇Ei
(X), Ei〉

=

〈
X,

n+1∑

i=i

ǫiEi(f)Ei

〉
+ f

n+1∑

i=i

ǫi〈∇Ei
(X), Ei〉 = 〈X,∇f〉+ fdivX.

(iii) P♦r ♦✉tr♦ ❧❛❞♦✱ ❞♦s ✐t❡♥s ❛♥t❡r✐♦r❡s ❡ ❞❡ ✭✶✳✷✮✱

∆(fg) = div(∇(fg)) = div(g∇f + f∇g)
= div(g∇f) + div(f∇g) = g∆f + f∆g + 2〈∇f,∇g〉.

(iv) ❋✐♥❛❧♠❡♥t❡✱

∆(φ ◦ f) = div(∇(φ ◦ f)) = div(φ′(f)∇f)
= φ′(f)div(∇f) + 〈∇(φ′(f)),∇f〉
= φ′(f)∆f + (φ′′(f))〈∇f,∇f〉.

✶✳✷✳✸ ●❡♦❞és✐❝❛s ❡ ❛ ❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧

❙❡❥❛♠ M
n+1

✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ ❡ α : I → M
n+1

✉♠❛ ❝✉r✈❛

❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡✜♥✐❞❛ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ I ⊂ R✳ ❉✐③❡♠♦s q✉❡ Z é ✉♠ ❝❛♠♣♦

✈❡t♦r✐❛❧ ❛♦ ❧♦♥❣♦ ❞❡ α s❡ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ I ∋ t 7→ Z(t) ∈ Tα(t)M é ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❖

❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❛♦ ❧♦♥❣♦ ❞❡ α s❡rá ❞❡♥♦t❛❞♦ ♣♦r X(α)✳

Pr♦♣♦s✐çã♦ ✶✳✶✻✳ ❙❡ Z ∈ X(α)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ Z → Z ′ ∈ X(α)

s❛t✐s❢❛③❡♥❞♦✿

(i) (aZ1 + bZ2)
′ = aZ ′

1 + bZ ′
2✱ ♣❛r❛ t♦❞♦s a, b ∈ R❀

(ii) (hZ)′ =
dh

dt
Z + hZ ′✱ ♣❛r❛ q✉❛❧q✉❡r h ∈ C∞(I)❀

(iii) (V |α)′(t) = ∇α′(t)(V )✱ ♣❛r❛ t♦❞♦ t ∈ I ❡ q✉❛❧q✉❡r V ∈ X(M)❀

(iv)
d

dt
〈Z1, Z2〉 = 〈Z ′

1, Z2〉+ 〈Z1, Z
′
2〉✱ ♣❛r❛ q✉❛✐sq✉❡r Z1, Z2 ∈ X(α).

❆ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✻ t❡♠ ❝♦♠♦ ❝❤❛✈❡ ✉t✐❧✐③❛r ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s

x1, . . . , xn+1 ♣❛r❛ M
n+1

✳ ❆♣ós ❛❧❣✉♥s ❝á❧❝✉❧♦s✱ é ♣♦ssí✈❡❧ ♦❜t❡r ❛ ❡①♣r❡ssã♦

Z ′ =
n+1∑

i=1

dZi

dt

∂

∂xi
+
∑

i

Zi∇α′

∂

∂xi
, ✭✶✳✸✮
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❞❡ ♦♥❞❡ s❡❣✉❡ ❛ ✉♥✐❝✐❞❛❞❡✳ P❛r❛ ❛ ❡①✐stê♥❝✐❛✱ ❜❛st❛ ❞❡✜♥✐r♠♦s Z ′ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✭✶✳✸✮✳

❆tr❛✈és ❞❡ ❝á❧❝✉❧♦s ❞✐r❡t♦s✱ ♠♦str❛♠♦s q✉❡ ❛s q✉❛tr♦ ♣r♦♣r✐❡❞❛❞❡s sã♦ s❛t✐s❢❡✐t❛s ❧♦✲

❝❛❧♠❡♥t❡ ❡✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡✱ ♦❜t❡♠♦s ❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✳

❆ ♥♦çã♦ ❞❡ ♣❛r❛❧❡❧✐s♠♦ s✉r❣❡✱ ❛❣♦r❛✱ ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧✳

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❯♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Z ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❝✉r✈❛ α : I → M
n+1

é

❝❤❛♠❛❞♦ ♣❛r❛❧❡❧♦ q✉❛♥❞♦ (Z)′(t) = 0✱ ♣❛r❛ t♦❞♦ t ∈ I

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r✱ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✸❪✱ ♥♦s ❢♦r♥❡❝❡

♦ ✐♠♣♦rt❛♥t❡ ❝♦♥❝❡✐t♦ ❞❡ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦✳

Pr♦♣♦s✐çã♦ ✶✳✶✽✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ✉♠❛ ❝♦♥❡①ã♦ ❛✜♠ ∇✳

❙❡❥❛ α : I → M ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ M ❡ V0 ✉♠ ✈❡t♦r t❛♥❣❡♥t❡ ❛ M ❡♠

α(t0), t0 ∈ I ✭✐✳❡✳ V0 ∈ Tα(t0)M✮✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♣❛r❛❧❡❧♦ V ✱

❛♦ ❧♦♥❣♦ ❞❡ α✱ t❛❧ q✉❡ V (t0) = V0 ✭V (t) é ❝❤❛♠❛❞♦ ♦ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦ ❞❡ V(t0) ❛♦

❧♦♥❣♦ ❞❡ α✮✳

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❯♠❛ ❝✉r✈❛ α : I →M
n+1

é ❞✐t❛ ❣❡♦❞és✐❝❛ s❡ (α′)′ = 0✳

❉❛ ❡q✉❛çã♦ ✭✶✳✸✮ ♦❜t❡♠♦s q✉❡ (α′)′ = 0 ❡q✉✐✈❛❧❡ ❛

d2(xk ◦ α)
dt2

+
n+1∑

i,j=1

Γk
ij(α)

d(xi ◦ α)
dt

d(xj ◦ α)
dt

= 0, k ∈ {1, . . . , n+ 1}, ✭✶✳✹✮

♦♥❞❡ x1, ..., xn+1 é ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ M
n+1

❡ Γk
ij sã♦ ♦s sí♠❜♦❧♦s ❞❡ ❈❤r✐s✲

t♦✛❡❧ ❛ss♦❝✐❛❞♦s ❛ ❝♦♥❡①ã♦∇✳ ❊♠ ✭✶✳✹✮ t❡♠♦s ✉♠ s✐st❡♠❛ ❞❡ n+1 ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s

♦r❞✐♥ár✐❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ♦ q✉❡ ♥♦s ❢♦r♥❡❝❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐✲

❝✐❞❛❞❡✱ ❝♦♠♦ ♦s s❡❣✉✐♥t❡s✳

Pr♦♣♦s✐çã♦ ✶✳✷✵✳ ❙❡ α, β : I → M
n+1

sã♦ ❣❡♦❞és✐❝❛s t❛✐s q✉❡ α′(a) = β′(a)✱ ♣❛r❛

❛❧❣✉♠ ♣♦♥t♦ a ∈ I✱ ❡♥tã♦ α = β✳

Pr♦♣♦s✐çã♦ ✶✳✷✶✳ ❉❛❞♦ v ∈ TpM ✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ αv t❛❧ q✉❡

(i) α′
v(0) = v❀

(ii) αv é ♠❛①✐♠❛❧✱ ✐✳❡✳✱ t❡♠ ❞♦♠í♥✐♦ ♠❛①✐♠❛❧✳

❉❡✜♥✐çã♦ ✶✳✷✷✳ ❙❡❥❛ v ∈ U ⊂ TpM t❛❧ q✉❡ ❛ ❣❡♦❞és✐❝❛ αv é ❞❡✜♥✐❞❛ ❛♦ ♠❡♥♦s ❡♠

[0, 1]✳ ❆ ❢✉♥çã♦

expp : U → M
n+1

v 7→ expp(v) = αv(1)

é ❝❤❛♠❛❞❛ ❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧✳



❈❛♣ít✉❧♦ ✶✳ ❱❛r✐❡❞❛❞❡s s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s ✷✷

❆ ♣r♦✈❛ ❞♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐r❡t❛ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❋✉♥çã♦

■♥✈❡rs❛ ✭❝❢✳ ❬✶✸❪✱ Pr♦♣♦s✐çã♦ 2.9✮✳

Pr♦♣♦s✐çã♦ ✶✳✷✸✳ P❛r❛ ❝❛❞❛ p ∈ M
n+1

✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ Up ⊂ TpM ♥❛ q✉❛❧

expp é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ s♦❜r❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ Vp ❡♠ M
n+1

✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❣❛r❛♥t❡✱ ❧♦❝❛❧♠❡♥t❡✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ r❡❢❡r❡♥❝✐❛❧ ♦rt♦✲

♥♦r♠❛❧ ❝✉❥❛s ❞❡r✐✈❛❞❛s ❝♦✈❛r✐❡♥t❡s ♥✉♠ ♣♦♥t♦ é ③❡r♦✱ ♦ q✉❛❧ s❡rá ✉s❛❞♦ ♥♦ ♣ró①✐♠♦

❝❛♣ít✉❧♦ ♣❛r❛ ♦❜t❡r ❢ór♠✉❧❛s ♣❛r❛ ♣♦❞❡r ❡st❛❜❡❧❡❝❡r ❡ ♠♦str❛r ♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s

❞❡st❡ tr❛❜❛❧❤♦✳

▲❡♠❛ ✶✳✷✹ ✭❘❡❢❡r❡♥❝✐❛❧ ●❡♦❞és✐❝♦✮✳ ❙❡❥❛♠ M
n+1

✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛

❞❡ ❞✐♠❡♥sã♦ n+ 1 ❡ í♥❞✐❝❡ ν✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ p ∈M
n+1

✱ ❡①✐st❡ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦✲

♥♦r♠❛❧ ❧♦❝❛❧ {E1, . . . , En+1} ❛♦ r❡❞♦r ❞❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p ✈❡r✐✜❝❛♥❞♦ (∇Ei
Ej)|p = 0

♣❛r❛ t♦❞♦ i, j ∈ {1, . . . , n+ 1}✳ ❊st❡ r❡❢❡r❡♥❝✐❛❧ s❡rá ❞✐t♦ ❣❡♦❞és✐❝♦✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ p ∈Mn✱ ❝♦♥s✐❞❡r❡♠♦s {e1, . . . , en} ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ TpM

❡ Up ⊂ TpM t❛❧ q✉❡ expp : Up → Vp s❡❥❛ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳ ❈♦♥str✉✐r❡♠♦s ♦ r❡❢❡r❡♥❝✐❛❧

❣❡♦❞és✐❝♦ ❧♦❝❛❧ ❡♠ Vp ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❞❛❞♦ q ∈ Vp ✱ ♣❛r❛ ❝❛❞❛ i ∈ {1, 2, . . . , n}✱ t♦✲
♠❡♠♦s ❛ ❣❡♦❞és✐❝❛ αei t❛❧ q✉❡ α

′
ei
(0) = ei ❡ ❝♦♥s✐❞❡r❡♠♦s ♦s ❝❛♠♣♦s Ei ✱ i ∈ {1, . . . , n}✱

❝♦♠♦ s❡♥❞♦ ♦ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦ ❞❡ ei ❛♦ ❧♦♥❣♦ ❞❡ αei ✳ ■st♦ ❞❡✜♥❡ ♦ ♥♦ss♦ r❡❢❡r❡♥❝✐❛❧

♦rt♦♥♦r♠❛❧ ❧♦❝❛❧✳ ❆ ✜♠ ❞❡ ♠♦str❛r q✉❡ ❡❧❡ é ❣❡♦❞és✐❝♦✱ ✜①❛❞♦ j ∈ {1, . . . , n}✱ t♦♠❡♠♦s

❛ ❣❡♦❞és✐❝❛ αej t❛❧ q✉❡ α′
ej
(0) = ej✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❡♠ p✱ t❡♠♦s✿

0 =
(
Ei|αej

)′
= ∇α′

ej
Ei = ∇Ej

Ei,

♦♥❞❡✱ ♥❛ ♣r✐♠❡✐r❛ ✐❞❡♥t✐❞❛❞❡✱ ✉t✐❧✐③❛♠♦s ♦ ❢❛t♦ ❞❡ Ei s❡r ♦ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦ ❞❡ ei ❡✱

♥❛ s❡❣✉♥❞❛ ✐❞❡♥t✐❞❛❞❡✱ ✉t✐❧✐③❛♠♦s ♦ ✐t❡♠ (iii) ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✻✳

◆♦ ❝❛s♦ ❞❡ ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♠♣❧❡t✐t✉❞❡✳

❉❡✜♥✐çã♦ ✶✳✷✺✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ M
n+1

é ✭❣❡♦❞❡s✐❝❛♠❡♥t❡✮ ❝♦♠♣❧❡t❛ s❡

♣❛r❛ t♦❞♦ p ∈ M
n+1

✱ ❛ ❛♣❧✐❝❛çã♦ ❡①♣♦♥❡♥❝✐❛❧✱ expp✱ ❡stá ❞❡✜♥✐❞❛ ♣❛r❛ t♦❞♦ v ∈ TpM ✱

✐✳❡✳✱ s❡ t♦❞❛ ❣❡♦❞és✐❝❛ ❝♦♠❡ç❛♥❞♦ ❡♠ p ❡stá ❞❡✜♥✐❞❛ ♣❛r❛ t♦❞♦s ♦s ✈❛❧♦r❡s ❞♦ ♣❛râ♠❡tr♦

t ∈ R✳

✶✳✷✳✹ ❈✉r✈❛t✉r❛

❆s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛∇ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛

M
n+1

❣❛r❛♥t❡♠ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳



❈❛♣ít✉❧♦ ✶✳ ❱❛r✐❡❞❛❞❡s s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛s ✷✸

Pr♦♣♦s✐çã♦ ✶✳✷✻ ✭❬✷✶❪✱ ▲❡♠❛ ✸✳✸✺✮✳ ❙❡ M
n+1

é ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛

❝♦♠ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ∇✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ R : X(M)×X(M)×X(M) → X(M)✱

❞❛❞❛ ♣❛r❛ X, Y, Z ∈ X(M) ♣♦r

R(X, Y )Z = ∇Y∇XZ −∇X∇YZ +∇[X,Y ]Z, ✭✶✳✺✮

é C∞(M)✲tr✐❧✐♥❡❛r✱ s❡♥❞♦ ❞❡♥♦♠✐♥❛❞❛ ♦ t❡♥s♦r ❞❡ ❝✉r✈❛t✉r❛ ❞❡ M
n+1

✳

❙❡♠♣r❡ q✉❡ p ∈ M
n+1

❡ v, w ∈ TpM ❣❡r❛r❡♠ ✉♠ s✉❜❡s♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦ 2 ♥ã♦✲

❞❡❣❡♥❡r❛❞♦ ❞❡ TpM ✱ s❡❣✉❡ ❞♦ ✐t❡♠ ✭❛✮ ❞♦ ▲❡♠❛ ✶✳✸ q✉❡ 〈v, v〉〈w,w〉− 〈v, w〉2 6= 0✳ ❋❛③

s❡♥t✐❞♦✱ ♣♦rt❛♥t♦✱ ❛ s❡❣✉✐♥t❡

❉❡✜♥✐çã♦ ✶✳✷✼✳ ❙❡❥❛♠ M
n+1

✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛✱ p ∈ M
n+1

❡ σ ⊂
TpM ✉♠ s✉❜❡s♣❛ç♦ ❞❡ 2✲❞✐♠❡♥s✐♦♥❛❧ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ❞❡ TpM ✳ ❖ ♥ú♠❡r♦

K(σ) =
〈R(v, w)v, w〉

〈v, v〉〈w,w〉 − 〈v, w〉2

✐♥❞❡♣❡♥❞❡ ❞❛ ❜❛s❡ ❡s❝♦❧❤✐❞❛ {v, w} ❞❡ σ✱ ❡ é ❞❡♥♦♠✐♥❛❞♦ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❞❡ M
n+1

❡♠ p✱ s❡❣✉♥❞♦ σ✳

❯♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ M
n+1

t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ ❡♠

✉♠ ♣♦♥t♦ p ∈ M
n+1

s❡ ♦s ♥ú♠❡r♦s K(σ) ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ✐♥❞❡♣❡♥❞❡r❡♠ ❞♦ s✉❜❡s✲

♣❛ç♦ 2✲❞✐♠❡♥s✐♦♥❛❧ ♥ã♦✲❞❡❣❡♥❡r❛❞♦ σ ⊂ TpM ❝♦♥s✐❞❡r❛❞♦✳

❆♣r♦①✐♠❛♥❞♦ s✉❜❡s♣❛ç♦s 2✲❞✐♠❡♥s✐♦♥❛✐s ❞❡❣❡♥❡r❛❞♦s ❞❡ TpM ❛tr❛✈és ❞❡ s✉❜❡s✲

♣❛ç♦s 2✲❞✐♠❡♥s✐♦♥❛✐s ♥ã♦✲❞❡❣❡♥❡r❛❞♦s✱ ♣♦❞❡✲s❡ ♠♦str❛r q✉❡ ♦ ❢❛t♦ ❞❡ M
n+1

t❡r ❝✉r✈❛✲

t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ ❞❡t❡r♠✐♥❛ s❡✉ t❡♥s♦r ❝✉r✈❛t✉r❛ R✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡ ✭❝❢✳ ❬✷✶❪✱

❈♦r♦❧ár✐♦ ✸✳✹✸✮✱ s❡ M
n+1

t✐✈❡r ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ c✱ ❡♥tã♦

R(X, Y )Z = c {〈X,Z〉Y − 〈Y, Z〉X} , ✭✶✳✻✮

♣❛r❛ t♦❞♦s X, Y, Z ∈ X(M)✳

❈♦♠♣❧❡t❛♠♦s ❡st❛ s❡çã♦ ❞❡✜♥✐♥❞♦ ❛s ❝✉r✈❛t✉r❛s ❞❡ ❘✐❝❝✐ ❡ ❡s❝❛❧❛r ❞❡ ✉♠❛ ✈❛✲

r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛✳ ❊st❛s sã♦ ♦❜t✐❞♦s ♣♦r ♠❡✐♦ ❞❡ tr❛ç♦s s♦❜r❡ ♦ t❡♥s♦r ❞❡

❝✉r✈❛t✉r❛ ❡ ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥♦ ❡st✉❞♦ ❞❛ ❣❡♦♠❡tr✐❛ ❞❡ ✉♠❛ ✈❛r✐✲

❡❞❛❞❡ s❡♠✐✲r✐❡♠❛♥♥✐❛♥❛✳

❉❡✜♥✐çã♦ ✶✳✷✽✳ ❙❡❥❛♠M
n+1

✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛✱ p ✉♠ ♣♦♥t♦ ❞❡M
n+1

✱

{E1, . . . , En+1} ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❞❡✜♥✐❞♦ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p ❡ ǫi ♦ s✐♥❛❧

❞❡ Ei✳



❈❛♣ít✉❧♦ ✶✳ ❖r✐❡♥t❛çã♦ t❡♠♣♦r❛❧ ✷✹

(a) ❆ ❛♣❧✐❝❛çã♦ C∞(M)✲❜✐❧✐♥❡❛r Ric : X(M)×X(M) → C∞(M)✱ ❞❡✜♥✐❞❛✱ ❡♠ p✱ ♣♦r

Ric(X, Y )(p) =
n+1∑

i=1

ǫi〈R(X,Ei)Y,Ei〉(p), ✭✶✳✼✮

é ❝❤❛♠❛❞❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❡ M
n+1

✳

(b) ❆ ❢✉♥çã♦ S :M
n+1 → R✱ ❞❡✜♥✐❞❛✱ ❡♠ p✱ ♣♦r

S(p) =
n+1∑

j=1

ǫjRic(Ej, Ej)(p), ✭✶✳✽✮

é ❝❤❛♠❛❞❛ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❞❡ M
n+1

✳

(c) ❆ ❢✉♥çã♦ S :M
n+1 → R✱ ❞❡✜♥✐❞❛✱ ❡♠ p✱ ♣♦r

S(p) = 1

(n+ 1)n

n+1∑

j=1

ǫjRic(Ej, Ej)(p), ✭✶✳✾✮

é ❝❤❛♠❛❞❛ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ♥♦r♠❛❧✐③❛❞❛ ❞❡ M
n+1

✳

➱ ✐♠❡❞✐t♦ ✈❡r✐✜❝❛r q✉❡ ❛ ❞❡✜♥✐çã♦ ❞❡ Ric✱ S ❡ S ♥ã♦ ❞❡♣❡♥❞❡♠ ❞♦ r❡❢❡r❡♥❝✐❛❧

♦rt♦♥♦r♠❛❧ ❡s❝♦❧❤✐❞♦✳

❉❡✜♥✐çã♦ ✶✳✷✾✳ ❉✐r❡♠♦s q✉❡ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛

M
n+1

é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ s❡ ❡①✐st❡ κ ∈ R t❛❧ q✉❡ Ric(X,X) ≥ κ〈X,X〉 ♣❛r❛ q✉❛❧✲

q✉❡r X ∈ X(M)✳

✶✳✸ ❖r✐❡♥t❛çã♦ t❡♠♣♦r❛❧

❆❣♦r❛✱ s❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ❝♦♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r 〈, 〉 ❞❡ í♥❞✐❝❡ 1 ❡

T = {u ∈ V ; 〈u, u〉 < 0}

♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ✈❡t♦r❡s t✐♣♦ t❡♠♣♦ ❞❡ V ✳ P❛r❛ ❝❛❞❛ u ∈ T ✱ ❞❡✜♥✐♠♦s ♦ ❝♦♥❡

t✐♣♦✲t❡♠♣♦ ❞❡ V ❝♦♥t❡♥❞♦ u ♣♦r C(u) = {v ∈ T ; 〈u, v〉 < 0}✳
◆♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❝♦❧❡❝✐♦♥❛♠♦s ❛❧❣✉♥s ❢❛t♦s s♦❜r❡ ❝♦♥❡s t✐♣♦✲t❡♠♣♦ ✭❝❢✳ ▲❡♠❛

✺✳✷✻ ❡ Pr♦♣♦s✐çã♦ ✺✳✸✵ ❞❡ ❬✷✶❪✮✳

▲❡♠❛ ✶✳✸✵✳ ◆❛s ♥♦t❛çõ❡s ❛❝✐♠❛✱ s❡ v, w ∈ T ✱ ❡♥tã♦

(a) ♦ s✉❜❡s♣❛ç♦ {v}⊥ é t✐♣♦✲❡s♣❛ç♦ ❡ V = span{v} ⊕ span{v}⊥✳ ❆ss✐♠✱ T é ❛ ✉♥✐ã♦

❞✐s❥✉♥t❛ ❞❡ C(v) ❡ C(−v)❀



❈❛♣ít✉❧♦ ✶✳ ❖r✐❡♥t❛çã♦ t❡♠♣♦r❛❧ ✷✺

(b) ✭❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✮ |〈v, w〉| ≥ |v||w|✱ ❝♦♠ ✐❣✉❛❧❞❛❞❡ s❡ ❡ só s❡ v

❡ w ❢♦r❡♠ ❝♦❧✐♥❡❛r❡s❀

(c) s❡ v ∈ C(u) ♣❛r❛ ❛❧❣✉♠ u ∈ T ✱ ❡♥tã♦ w ∈ C(u) ⇔ 〈v, w〉 < 0✳ P♦rt❛♥t♦✱

w ∈ C(v) ⇔ v ∈ C(w) ⇔ C(v) = C(w)✳

P❛r❛ ♦ q✉❡ s❡❣✉❡✱ ♣r❡❝✐s❛r❡♠♦s t❛♠❜é♠ ❞❛ s❡❣✉✐♥t❡

❉❡✜♥✐çã♦ ✶✳✸✶✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③ M
n+1

é t❡♠♣♦r❛❧♠❡♥t❡ ♦r✐❡♥tá✈❡❧ s❡ ❡①✐s✲

t✐r ✉♠❛ ❛♣❧✐❝❛çã♦ τ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ p ∈ M
n+1

✉♠ ❝♦♥❡ t✐♣♦✲t❡♠♣♦ τp ❡♠ TpM ✱ ❛

q✉❛❧ é s✉❛✈❡ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✿ ♣❛r❛ ❝❛❞❛ p ∈M
n+1

❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ U

❞❡ p ❡ ✉♠ ❝❛♠♣♦ V ∈ X(U) t❛✐s q✉❡ V (q) ∈ τq ♣❛r❛ t♦❞♦ q ∈ U ✳

❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r t♦r♥❛ ♦♣❡r❛❝✐♦♥❛❧ ❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✳

Pr♦♣♦s✐çã♦ ✶✳✸✷ ✭❬✷✶❪✱ ▲❡♠❛ 5.32✮✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③M
n+1

é t❡♠♣♦r❛❧♠❡♥t❡

♦r✐❡♥tá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st✐r ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s t✐♣♦✲t❡♠♣♦ V ∈ X(M)✳

❙❡♠♣r❡ q✉❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③ M
n+1

❢♦r t❡♠♣♦r❛❧♠❡♥t❡ ♦r✐❡♥tá✈❡❧✱ ❛

❡s❝♦❧❤❛ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ τ ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✶✳✸✶✱ ♦✉ ❞❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s t✐♣♦✲

t❡♠♣♦ V ∈ X(M) ❛ ❡❧❛ ❝♦rr❡s♣♦♥❞❡♥t❡✱ s❡rá ❞❡♥♦♠✐♥❛❞❛ ✉♠❛ ♦r✐❡♥t❛çã♦ t❡♠♣♦r❛❧

♣❛r❛ M
n+1

✳

❙❡❥❛ τ ✉♠❛ ♦r✐❡♥t❛çã♦ t❡♠♣♦r❛❧ ♣❛r❛ M
n+1

❡ Y ∈ X(M)✳ ❙❡ Y (q) ∈ τq ✭r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✱ −Y (q) ∈ τq✮ ♣❛r❛ t♦❞♦ q ∈ M
n+1

✱ ❞✐③❡♠♦s q✉❡ Y ❛♣♦♥t❛ ♣❛r❛ ♦ ❢✉t✉r♦

✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛♣♦♥t❛ ♣❛r❛ ♦ ♣❛ss❛❞♦✮✳ ❙❡♥❞♦ V ∈ X(M) ✉♠❛ ♦r✐❡♥t❛çã♦ t❡♠♣♦r❛❧

♣❛r❛ M
n+1

✱ s❡❣✉❡ ❞♦ ✐t❡♠ (c) ❞♦ ▲❡♠❛ ✶✳✸✵ q✉❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ t✐♣♦✲t❡♠♣♦ Y

s♦❜r❡ M
n+1

❛♣♦♥t❛ ♣❛r❛ ♦ ❢✉t✉r♦ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❛r❛ ♦ ♣❛ss❛❞♦✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

〈Y, V 〉 < 0 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ 〈Y, V 〉 > 0✮✳



❈❛♣ít✉❧♦ ✷

■♠❡rsõ❡s ✐s♦♠étr✐❝❛s

❈♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ s✐t✉❛çã♦✿ s❡❥❛ x : Mn → M
n+1

✉♠❛ ✐♠❡rsã♦ ❞❡ ✉♠❛

✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ Mn ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ M
n+1

✱ ✐st♦ é dxp :

TpM → Txp
M é ✐♥❥❡t✐✈❛ ♣❛r❛ t♦❞♦ p ∈ Mn✳ ❆ ♠étr✐❝❛ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ ❞❡ M

n+1

✐♥❞✉③✱ ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧✱ ✉♠❛ ♠étr✐❝❛ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ ❡♠ Mn✿ s❡ v1, v2 ∈ TpM ✱

❞❡✜♥✐♠♦s 〈v1, v2〉p = 〈dxp(v1), dxp(v2)〉x(p)✳ ◆❡ss❡ ❝♦♥t❡①t♦✱ x : Mn → M
n+1

♣❛ss❛ ❛

s❡r ✉♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛ ❞❡ Mn ❡♠ M
n+1

✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ é

❡st✉❞❛r t♦❞❛s ❛s r❡❧❛çõ❡s ♣♦ssí✈❡✐s ❡♥tr❡ ❛s ❣❡♦♠❡tr✐❛s ❞❡ Mn ❡ M
n+1

✳

✷✳✶ ❆ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧

❙❡❥❛ x :Mn →M
n+1

✉♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ n✲

❞✐♠❡♥s✐♦♥❛❧ ❡ ♦r✐❡♥t❛❞❛ Mn ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ (n+1)✲❞✐♠❡♥s✐♦♥❛❧

M
n+1

❞❡ í♥❞✐❝❡ ν ∈ {0, 1}✳ ◗✉❛♥❞♦ ν = 0✱ M
n+1

s❡rá s❡♠♣r❡ ❛ss✉♠✐❞❛ ♦r✐❡♥tá✈❡❧✱ ❡✱

q✉❛♥❞♦ ν = 1✱ M
n+1

s❡rá s❡♠♣r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③ t❡♠♣♦r❛❧♠❡♥t❡ ♦r✐❡♥tá✈❡❧✳

◆♦ ❝❛s♦ ν = 1✱ s❡ ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ❡♠ Mn ✈✐❛ x : Mn → M
n+1

❢♦r ❘✐❡♠❛♥♥✐❛♥❛✱

❡♥tã♦ ❞✐③❡♠♦s q✉❡ Mn é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ ❞❡ M
n+1

✳ P❛r❛ ♦ ❝❛s♦ ν = 1

♣r❡❝✐s❛r❡♠♦s ❞♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✳ ❙❡ x : Mn → M
n+1

é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ ✐♠❡rs❛ ❡♠

✉♠❛ ✈❛r✐❡❞❛❞❡ ▲♦r❡♥t③ t❡♠♣♦r❛❧♠❡♥t❡ ♦r✐❡♥tá✈❡❧ M
n+1

✱ ❡♥tã♦ Mn ❛❞♠✐t❡ ✉♠ ❝❛♠♣♦

❞❡ ✈❡t♦r❡s ♥♦r♠❛✐s ✉♥✐tár✐♦s ✭s✉❛✈❡✮ N ✱ ❛♣♦♥t❛♥❞♦ ♣❛r❛ ♦ ❢✉t✉r♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ Mn

é ♦r✐❡♥tá✈❡❧✳



❈❛♣ít✉❧♦ ✷✳ ❆ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ✷✼

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ V ∈ X(M) ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s t✐♣♦✲t❡♠♣♦ q✉❡ ❞á ❛ ♦r✐❡♥t❛çã♦

t❡♠♣♦r❛❧ ❞❡ M
n+1

✱ ❡ ♦❜s❡r✈❡♠♦s q✉❡✱ ♣❛r❛ t♦❞♦ p ∈ M
n+1

✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s

✈❡t♦r❡s t✐♣♦✲t❡♠♣♦ v ∈ TpM é ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ C(V (p)) ❡ C(−V (p)) ✭✈✐❞❡ ✐t❡♠ (a)

❞♦ ▲❡♠❛ ✶✳✸✵✮✳

❊s❝♦❧❤❛✱ ❡♠ ❝❛❞❛ p ∈ Mn✱ ✉♠ ✈❡t♦r ✉♥✐tár✐♦ N(p) ∈ (TpM)⊥✳ ❉❡s❞❡ q✉❡ N(p)

é t✐♣♦✲t❡♠♣♦✱ tr♦❝❛♥❞♦ N(p) ♣♦r −N(p)✱ s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ N(p) ∈
C(V (p))✳ ❊ss❡ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡✜♥❡ ✉♥✐❝❛♠❡♥t❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦r♠❛❧ ✉♥✐tár✐♦

N ❞❡✜♥✐❞♦ ❡♠ Mn✱ ❛♣♦♥t❛♥❞♦ ♣❛r❛ ♦ ❢✉t✉r♦✱ ❡ t✉❞♦ ♦ q✉❡ ♥♦s r❡st❛ é ♠♦str❛r q✉❡ N

é s✉❛✈❡✳

P❛r❛ ✐ss♦✱ ✜①❡♠♦s p ∈Mn ❡ ❝♦♥s✐❞❡r❡♠♦s ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ {E1, . . . , En}
❞❡✜♥✐❞♦ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❡ ❝♦♥❡①❛ U ❞❡ p ❡♠ Mn✳ ❊♥tã♦

N = V −
n∑

i=1

〈V,Ei〉Ei

é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s s✉❛✈❡ ❡ ♥♦r♠❛❧ ❛ Mn ❡♠ U ✱ ❝♦♠

〈N,N〉 =
〈
V −

n∑

i=1

〈V,Ei〉Ei, V −
n∑

i=1

〈V,Ei〉Ei

〉

= 〈V, V 〉 − 2
n∑

i=1

〈V,Ei〉〈V,Ei〉+
n∑

i=1

〈V,Ei〉2〈Ei, Ei〉

=
〈 n∑

i=1

〈V,Ei〉Ei − 〈V,N〉N,
n∑

i=1

〈V,Ei〉Ei − 〈V,N〉N
〉
−

n∑

i=1

〈V,Ei〉2

=
n∑

i=1

〈V,Ei〉2〈Ei, Ei〉+ 〈V,N〉2〈N,N〉 −
n∑

i=1

〈V,Ei〉2

=
n∑

i=1

〈V,Ei〉2 − 〈V,N〉2 −
n∑

i=1

〈V,Ei〉2 = −〈V,N〉2 < 0.

P♦rt❛♥t♦✱ N(q) ∈ C(V (p)) ♣❛r❛ ❝❛❞❛ q ∈ U ✱ ❡ N = N

|N |
✱ s✉❛✈❡ ❝♦♠♦ ❞❡s❡❧❤❛❞♦✳

❆ss✐♠✱ ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ❞❛❞❛ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ x :Mn →M
n+1

❝♦♠♦

❞❡s❝r✐t❛ ❛❝✐♠❛✱ ✐♠❡rs❛ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛M
n+1

❞❡ í♥❞✐❝❡ ν ∈ {0, 1}✱
s❡♠♣r❡ ❡①✐st❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦r♠❛✐s ✉♥✐tár✐♦s N ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ Mn✳

❙❡❥❛ ǫN = 〈N,N〉 ♦ s✐♥❛❧ ❞❡ N ✳ ❆ss✐♠✱ ǫN = 1 ♦✉ ǫN = −1✱ ❞❡♣❡♥❞❡♥❞♦ ❞❡ ν = 0 ♦✉

ν = 1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♥♦t❡♠♦s ♣♦r ∇ ❡ ∇ ❛s ❝♦♥❡①õ❡s ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ Mn ❡ M
n+1

✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✳ ❆ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ x :Mn →M
n+1

é ❞❛❞❛ ♣♦r

■■ : X(M)× X(M) → X(M)⊥

(X, Y ) 7→ ■■(X, Y ) = (∇XY )⊥,



❈❛♣ít✉❧♦ ✷✳ ❆ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ✷✽

♦♥❞❡ X(M)⊥ ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❞❡ M
n+1

q✉❡ sã♦ ♦rt♦❣♦♥❛✐s ❛♦s

❝❛♠♣♦s ✈❡t♦r✐❛s ❞❡✜♥✐❞♦s ❡♠ Mn✱ ❡ s✉❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ♣♦r

∇XY = ∇XY + ■■(X, Y ), ∀X, Y ∈ X(M), ✭✷✳✶✮

♦♥❞❡ ∇XY = (∇XY )⊤✳ ❈♦♠♦ N é ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦✱ ■■(X, Y ) = βN ✱ ♣❛r❛ ❛❧❣✉♠

β ∈ C∞(M)✳ ❱❡❥❛ q✉❡ 〈■■(X, Y ), N〉 = β 〈N,N〉 = β ǫN ✳ ❆ss✐♠✱

■■(X, Y ) =
1

ǫN
〈■■(X, Y ), N〉N, ∀X, Y ∈ X(M), ✭✷✳✷✮

❡ ✭✷✳✶✮ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

∇XY = ∇XY +
1

ǫN
〈■■(X, Y ), N〉N, ∀X, Y ∈ X(M). ✭✷✳✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ 〈N, Y 〉 = 0 ♣❛r❛ t♦❞♦ Y ∈ X(M)✱ ✐♠♣❧✐❝❛ q✉❡

0 = X (〈N, Y 〉) = 〈∇XN, Y 〉+ 〈N,∇XY 〉 = 〈∇XN, Y 〉+ 〈N,∇XY + ■■(X, Y )〉

= 〈∇XN, Y 〉+ 〈N, ■■(X, Y )〉,

♣❛r❛ t♦❞♦sX, Y ∈ X(M)✱ ♦♥❞❡ ♥❛ ♣❡♥ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❢♦✐ ✉s❛❞♦ ✭✷✳✶✮✳ ❆ss✐♠✱ ♦❜t❡♠♦s

❛ ❡q✉❛çã♦ ❞❡ ❲❡✐♥❣❛rt❡♥ ❞❡ x :Mn →M
n+1

✱ ❞❛❞❛ ♣♦r

〈∇XN, Y 〉 = −〈N, ■■(X, Y )〉, ∀X, Y ∈ X(M). ✭✷✳✹✮

❖ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ A : X(M) → X(M) ❡ ♦ ✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛ H ∈ X(M)⊥

❞❡ x :Mn →M
n+1

✱ ♥❛ ❞✐r❡çã♦ ❞♦ ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦ N ✱ sã♦ ❞❡✜♥✐❞♦s ♣♦r

〈A(X), Y 〉 = 〈■■(X, Y ), N〉, ∀X, Y ∈ X(M), ✭✷✳✺✮

H = HN,

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦♥❞❡

H =
ǫN

n
tr (A) ∈ C∞(M) ✭✷✳✻✮

é ❛ ❢✉♥çã♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❡ x :Mn →M
n+1

✳

▲♦❣♦✱ ❞❡ ✭✷✳✺✮ ❡ ✭✷✳✸✮✱ ♦❜t❡♠♦s q✉❡ ❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ❞❡ x :Mn →M
n+1

✱ ❞❛❞❛

❡♠ ✭✷✳✶✮✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

∇XY = ∇XY +
1

ǫN
〈A(X), Y 〉N, ∀X, Y ∈ X(M). ✭✷✳✼✮
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❆❣♦r❛✱ ❞❡ ✭✷✳✹✮ ❡ ✭✷✳✺✮ ♦❜t❡♠♦s

〈∇XN, Y 〉 = −〈A(X), Y 〉, ∀X, Y ∈ X(M). ✭✷✳✽✮

❉❛í✱ A(X) = −(∇XN)⊤✱ ♣❛r❛ t♦❞♦ X ∈ X(M)✳ ▼❛s✱ ♦❜s❡r✈❛♥❞♦ q✉❡

0 = X (〈N,N〉) = 2〈∇XN,N〉,

♣❛r❛ t♦❞♦X ∈ X(M)✱ ♣♦✐s 〈N,N〉 = ǫN ✱ ♦❜t❡♠♦s∇XN = (∇XN)⊤✳ ❆ss✐♠✱ ♦ ♦♣❡r❛❞♦r

❞❡ ❢♦r♠❛ ❞❡ x :Mn →M
n+1

é ❞❛❞♦ ♣♦r

A(X) = −∇XN, ∀X ∈ X(M). ✭✷✳✾✮

❉❛❞❛ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ x :Mn →M
n+1

✭❝♦♠♦ ❞❡s❝r✐t❛ ❛❝✐♠❛✮✱ ✉♠❛ ♣❡r❣✉♥t❛

q✉❡ ❛♣❛r❡❝❡ ♥❛t✉r❛❧♠❡♥t❡ é ❛ s❡❣✉✐♥t❡✿

Como se relacionam as geometrias de Mn e M
n+1

?

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ r❡s♣♦st❛ ❛ ❡ss❛ ♣❡r❣✉♥t❛✱ ❡♠ t❡r♠♦s ❞♦s t❡♥s♦r❡s

❞❡ ❝✉r✈❛t✉r❛ ❞❡ Mn ❡ M
n+1

✱ ❡ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❞❡ x :Mn →M
n+1

✳

Pr♦♣♦s✐çã♦ ✷✳✷✳ ❙❡❥❛ x : Mn → M
n+1

✉♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡

❘✐❡♠❛♥♥✐❛♥❛ Mn ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ M
n+1

❞❡ í♥❞✐❝❡ ν ∈ {0, 1}✳
❙❡❥❛ t❛♠❜é♠ N ♦ s❡✉ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦r♠❛✐s ✉♥✐tár✐♦s ❡ A : X(M) → X(M) ♦ s❡✉

❝♦rr❡s♣♦♥❞❡♥t❡ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛✳ ❙❡ R ❡ R ❞❡♥♦t❛♠ ♦s t❡♥s♦r❡s ❞❡ ❝✉r✈❛t✉r❛ ❞❡ Mn

❡ M
n+1

✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥tã♦ ♣❛r❛ q✉❛✐sq✉❡r X, Y, Z ∈ X(M) t❡♠♦s

(a) ✭❊q✉❛çã♦ ❞❡ ●❛✉ss✮

R(X, Y )Z =
(
R(X, Y )Z

)⊤

+ǫN {〈A(X), Z〉A(Y )− 〈A(Y ), Z〉A(X)}, ✭✷✳✶✵✮

(b) ✭❊q✉❛çã♦ ❞❡ ❈♦❞❛③③✐✮

(
R(X, Y )N

)⊤
= −(∇A)(Y,X) + (∇A)(X, Y ), ✭✷✳✶✶✮

♦♥❞❡

∇A : X(M)× X(M) → X(M)

(X, Y ) 7→ (∇A)(X, Y ) = ∇Y (A(X))− A(∇YX)
✭✷✳✶✷✮

é ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ A✳



❈❛♣ít✉❧♦ ✷✳ ❆ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ✸✵

❉❡♠♦♥str❛çã♦✳ ❉❡ ✭✷✳✼✮✱

∇XY = ∇XY + ǫN 〈A(X), Y 〉N, ∀X, Y ∈ X(M). ✭✷✳✶✸✮

▲♦❣♦✱ ❞❡ ✭✶✳✺✮ ❡ ✭✷✳✶✸✮ ♦❜t❡♠♦s

〈R(X, Y )Z,W 〉 = 〈∇Y∇XZ,W 〉 − 〈∇X∇YZ,W 〉+ 〈∇[X,Y ]Z,W 〉
= 〈∇Y∇XZ,W 〉+ ǫN〈∇Y 〈A(X), Z〉N,W 〉

−〈∇X∇YZ,W 〉 − ǫN〈∇X〈A(Y ), Z〉N,W 〉
〈∇[X,Y ]Z,W 〉+ ǫN〈A([X, Y ], Z)〉 〈N,W 〉︸ ︷︷ ︸

0

= 〈∇Y∇XZ,W 〉+ ǫN〈A(Y ),∇XZ〉 〈N,W 〉︸ ︷︷ ︸
0

+ǫN〈∇Y 〈A(X), Z〉N,W 〉
−〈∇X∇YZ,W 〉
+ǫN〈A(X),∇YZ〉 〈N,W 〉︸ ︷︷ ︸

0

−ǫN〈∇X〈A(Y ), Z〉N,W 〉
+〈∇[X,Y ]Z,W 〉

= 〈R(X, Y )Z,W 〉

+ǫN


Y 〈A(X), Z〉 〈N,W 〉︸ ︷︷ ︸

0

+〈A(X), Z〉〈∇YN,W 〉




−ǫN


X〈A(Y ), Z〉 〈N,W 〉︸ ︷︷ ︸

0

+〈A(Y ), Z〉〈∇XN,W 〉


 ,

♣❛r❛ t♦❞♦s X, Y, Z,W ∈ X(M)✳ ❆❣♦r❛✱ ❞❡ ✭✷✳✽✮✱

〈R(X, Y )Z,W 〉 = 〈R(X, Y )Z,W 〉
−ǫN〈A(X), Z〉A(Y ),W 〉
+ǫN〈A(Y ), Z〉〈A(X),W 〉

= 〈R(X, Y )Z − ǫN {〈A(X), Z〉A(Y )

+ 〈A(Y ), Z〉〈A(X)} ,W 〉,

❡ ❛ ❡q✉❛çã♦ ✭✷✳✶✵✮ ✜❝❛ ❡st❛❜❡❧❡❝✐❞❛✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✷✳✷✮ ❡ ✭✷✳✺✮ s❡❣✉❡ q✉❡

■■(X, Y ) = ǫN〈A(X), Y 〉N, ∀X, Y ∈ X(M). ✭✷✳✶✹✮

▲♦❣♦✱ ❞❡ ✭✶✳✺✮✱ ✭✷✳✶✮ ❡ ✭✷✳✶✹✮✱



❈❛♣ít✉❧♦ ✷✳ ❆ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ✸✶

〈R(X, Y )Z,N〉 = 〈
(
R(X, Y )Z

)⊤
+
(
R(X, Y )Z

)⊥
, N〉 = 〈

(
R(X, Y )Z

)⊥
, N〉

= 〈
(
∇Y∇XZ

)⊥ −
(
∇X∇YZ

)⊥
+
(
∇[X,Y ]Z

)⊥
, N〉

= 〈
(
∇Y∇XZ

)⊥
+
(
∇Y ■■(X,Z)

)⊥

−
(
∇X∇YZ

)⊥ −
(
∇X■■(Y, Z)

)⊥
+ ■■([X, Y ], Z), N〉

= 〈■■(Y,∇XZ) +
(
∇Y ■■(X,Z)

)⊥

−■■(X,∇YZ)−
(
∇X■■(Y, Z)

)⊥
+ ■■([X, Y ], Z), N〉

= 〈■■(Y,∇XZ), N〉+ 〈∇Y ■■(X,Z), N〉
−〈■■(X,∇YZ), N〉 − 〈∇X■■(Y, Z), N〉
+〈■■([X, Y ], Z), N〉

= ǫN〈A(Y ),∇XZ〉 〈N,N〉︸ ︷︷ ︸
ǫN

+ǫN〈∇Y 〈A(X), Z〉N,N〉

−ǫN〈A(X),∇YZ〉 〈N,N〉︸ ︷︷ ︸
ǫN

+ǫN〈∇X〈A(Y ), Z〉N,N〉

+ǫN〈A([X, Y ]), Z〉 〈N,N〉︸ ︷︷ ︸
ǫN

= 〈A(Y ),∇XZ〉 − 〈A(X),∇YZ〉+ 〈A([X, Y ]), Z〉

+ǫN


Y (〈A(X), Z〉) 〈N,N〉︸ ︷︷ ︸

ǫN

+〈A(X), Z〉 〈∇YN,N〉︸ ︷︷ ︸
0




−ǫN


X(〈A(Y ), Z〉) 〈N,N〉︸ ︷︷ ︸

ǫN

+〈A(Y ), Z〉 〈∇XN,N〉︸ ︷︷ ︸
0




= 〈A(Y ),∇XZ〉 − 〈A(X),∇YZ〉+ 〈A([X, Y ]), Z〉
+Y (〈A(X), Z〉)−X(〈A(Y ), Z〉)

= 〈A(Y ),∇XZ〉 − 〈A(X),∇YZ〉+ 〈A([X, Y ]), Z〉
+〈∇YA(X), Z〉+ 〈A(X),∇YZ〉
−〈∇XA(Y ), Z〉 − 〈A(Y ),∇XZ〉

= 〈{∇YA(X)− A(∇YX)} − {∇XA(Y )− A(∇XY )} , Z〉,

♣❛r❛ t♦❞♦s X, Y, Z ∈ X(M)✳ ❆ss✐♠✱

〈∇A(X, Y )−∇A(Y,X)), Z〉 = 〈R(X, Y )Z,N〉 = −〈R(X, Y )N,Z〉,

❡ ❛ ❡q✉❛çã♦ ✭✷✳✶✶✮ t❛♠❜é♠ ✜❝❛ ❡st❛❜❡❧❡❝✐❞❛✳

❊♠ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ ❛ ✈❛r✐❡❞❛❞❡ ❛♠❜✐❡♥t❡M
n+1

t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥s✲

t❛♥t❡✱ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷ ♣♦❞❡♠♦s ♦❜t❡r q✉❡ ❛s ❡q✉❛çõ❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛s ❣❡♦♠❡tr✐❛s

❞❡ Mn ❡ M
n+1

t♦r♥❛♠✲s❡ ♠❛✐s s✐♠♣❧❡s✱ ❝♦♠♦ ♥♦s ❡st❛❜❡❧❡❝❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳



❈❛♣ít✉❧♦ ✷✳ ❖s ❡s♣❛ç♦s ❤✐♣❡r❜ó❧✐❝♦ Hn+1 ❡ ❞❡ ❙✐tt❡r Sn+1
1 ✸✷

❈♦r♦❧ár✐♦ ✷✳✸✳ ❙❡❥❛ x : Mn → M
n+1

c ✉♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡

❘✐❡♠❛♥♥✐❛♥❛ Mn ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ M
n+1

c ✱ ❞❡ í♥❞✐❝❡ ν ∈ {0, 1}
❡ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ c✳ ❙❡❥❛ t❛♠❜é♠ N ♦ s❡✉ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦r♠❛✐s

✉♥✐tár✐♦s ❡ A : X(M) → X(M) ♦ s❡✉ ❝♦rr❡s♣♦♥❞❡♥t❡ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛✳ ❙❡ R ❞❡♥♦t❛

♦ t❡♥s♦r ❞❡ ❝✉r✈❛t✉r❛ ❞❡ Mn ❡♥tã♦ ♣❛r❛ q✉❛✐sq✉❡r X, Y, Z,W ∈ X(M) t❡♠♦s

(a) ✭❊q✉❛çã♦ ❞❡ ●❛✉ss✮

〈R(X, Y )Z,W 〉 = c{〈X,Z〉〈Y,W 〉 − 〈Y, Z〉〈X,W 〉}
+ǫN {〈A(X), Z〉〈A(Y ),W 〉
−〈A(Y ), Z〉〈A(X),W 〉} , ✭✷✳✶✺✮

(b) ✭❊q✉❛çã♦ ❞❡ ❈♦❞❛③③✐✮

∇A(Y,X) = ∇A(X, Y ), ✭✷✳✶✻✮

♦♥❞❡ ∇A é ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ A ❞❡✜♥✐❞❛ ❡♠ ✭✷✳✶✷✮✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ M
n+1

c ♣♦ss✉✐ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ c✱ ❡♥tã♦ s❡✉ t❡♥s♦r

❝✉r✈❛t✉r❛ R ✭✈✐❞❡ ❡q✉❛çã♦ ✭✶✳✻✮✮ é ❞❛❞♦ ♣♦r

R(X, Y )Z = c{〈X,Z〉Y − 〈Y, Z〉X}, ∀X, Y, Z ∈ X(M). ✭✷✳✶✼✮

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✶✼✮ ❡♠ ✭✷✳✶✵✮ ♦❜t❡♠♦s ✭✷✳✶✺✮✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✷✳✶✶✮✱

〈−(∇A)(Y,X) +∇A(X, Y ), N〉 = 〈R(X, Y )Z,N〉 = 0, ∀X, Y ∈ X(M),

♣♦✐s ❞❡ ✭✷✳✶✼✮ s❡❣✉❡ q✉❡ R(X, Y )Z ∈ X(M)✳ ❆❣♦r❛✱ ✭✷✳✶✻✮ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡✳

✷✳✷ ❖s ❡s♣❛ç♦s ❤✐♣❡r❜ó❧✐❝♦ Hn+1 ❡ ❞❡ ❙✐tt❡r Sn+1
1

❈♦♥s✐❞❡r❡♠♦s ♦ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥③t✲▼✐♥❦♦✇s❦✐ Ln+2✱ ❝♦♠ n ≥ 0 ✭✈✐❞❡ ❊①❡♠♣❧♦ ✶✮✱

❛ s❛❜❡r✱ ♦ ❡s♣❛ç♦ Rn+2 ♠✉♥✐❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r

〈v, w〉 =
n+1∑

i=1

viwi − vn+2wn+2,

♦♥❞❡ v = (v1, . . . , vn+2) ❡ w = (w1, . . . , wn+2)✳ ◆♦ q✉❡ s❡❣✉❡✱ ♣❛r❛ ❝❛❞❛ δ ∈ {−1, 1}✱
❝♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ s✉❜❝♦♥❥✉♥t♦

Mn+1
δ = { p ∈ Ln+2 ; 〈p, p〉 = δ }.



❈❛♣ít✉❧♦ ✷✳ ❖s ❡s♣❛ç♦s ❤✐♣❡r❜ó❧✐❝♦ Hn+1 ❡ ❞❡ ❙✐tt❡r Sn+1
1 ✸✸

Pr♦♣♦s✐çã♦ ✷✳✹✳ Mn+1
δ é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ (n+1)✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ Ln+2✱ ❝✉❥♦ ❡s♣❛ç♦

t❛♥❣❡♥t❡ ❡♠ ❝❛❞❛ ♣♦♥t♦ p ∈ Mn+1
δ é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ✈❡t♦r❡s ❞❡ Ln+2 q✉❡ sã♦

♦rt♦❣♦♥❛✐s ❛ p✳ ❆❧é♠ ❞✐ss♦✱ Mn+1
−1 t❡♠ í♥❞✐❝❡ ③❡r♦ ❡ Mn+1

1 t❡♠ í♥❞✐❝❡ ✶✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ♠♦str❛r q✉❡ δ é ✉♠ ✈❛❧♦r r❡❣✉❧❛r ❞❛ ❢✉♥çã♦

G : Ln+2 → R

p 7→ G(p) = 〈p, p〉,

♣♦✐s Mn+1
δ = G−1({δ})✳ P❛r❛ ✐ss♦✱ s❡❥❛♠ p ∈ Ln+2✱ v ∈ Tp(L

n+2) ❡ ❝♦♥s✐❞❡r❡ ✉♠❛

❝✉r✈❛ α : (−ε, ε) → Ln+2 t❛❧ q✉❡ α(0) = p ❡ α′(0) = v✳ ▲♦❣♦✱

〈gradG(p), v〉 = dGp(v) =
d

dt
(G ◦ α)(t)

∣∣∣
t=0

=
d

dt
〈α(t), α(t)〉

∣∣∣
t=0

= 2〈α′(0), α(0)〉 = 〈2p, v〉.

❈♦♠♦ 〈, 〉 é ♥ã♦✲❞❡❣❡♥❡r❛❞♦ ❡ v ∈ Tp(L
n+2) é ❛r❜✐tr❛r✐♦✱

gradG(p) = 2p, ∀p ∈ Ln+2. ✭✷✳✶✽✮

❖❜s❡r✈❡♠♦s q✉❡ gradG(p) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ p = 0✳ P♦ré♠✱ ✐ss♦ ♥ã♦ ❛❝♦♥t❡❝❡

♣❛r❛ ♦s ♣♦♥t♦s q✉❡ ♣❡rt❡♥❝❡♠ ❛ Mn+1
δ ✳ ❆ss✐♠✱ δ é ✈❛❧♦r r❡❣✉❧❛r ❞❡ G ❡✱ ♣♦rt❛♥t♦✱

Mn+1
δ é s✉❜✈❛r✐❡❞❛❞❡ ❞❡ Ln+2✱ ❝✉❥❛ ❞✐♠❡♥sã♦ é

❞✐♠(Mn+1
δ ) = ❞✐♠(Ln+2)− ❞✐♠(R) = n+ 1.

❆❧é♠ ❞✐ss♦✱

Tp(M
n+1
δ ) = ker{ dGp : Tp(L

n+2) → R }, ∀p ∈ Mn+1
δ . ✭✷✳✶✾✮

❆❣♦r❛✱ ♦❜s❡r✈❛♥❞♦ ❞❡ ✭✷✳✶✽✮ q✉❡

v ∈ ker{ dGp } ⇔ 0 = dGp(v) ⇔ 0 = 〈gradG(p), v〉 = 〈2p, v〉,

❡♥tã♦ ♦❜t❡♠♦s ❞❡ ✭✷✳✶✾✮ q✉❡

Tp(M
n+1
δ ) = { v ∈ Ln+2 ; 〈p, v〉 = 0 }, ∀p ∈ Mn+1

δ , ✭✷✳✷✵✮

❝♦♠♦ ❞❡s❡❥❛❞♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ w ∈ Tp(M
n+1
δ ) ∩ Span{gradG(p)} ❡♥tã♦ ❞❡ ✭✷✳✶✽✮ ❡ ✭✷✳✷✵✮

♦❜t❡♠♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ q✉❡ 〈w, p〉 = 0 ❡ w = β gradG(p)✱ ♣❛r❛ ❛❧❣✉♠ β ∈ R✳ ❉❛í✱

0 = 〈w, p〉 = β〈gradG(p), p〉 = 2β〈p, p〉 = 2βδ.

■ss♦ ✐♠♣❧✐❝❛ q✉❡ β = 0✱ ♣♦✐s δ 6= 0✳ ▲♦❣♦✱ w = 0 ❡

Tp(M
n+1
δ ) ∩ Span{gradG(p)} = {0}.
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1 ✸✹

❆ss✐♠✱

Tp(L
n+2) = Tp(M

n+1
δ )⊕ Span{gradG(p)}, ∀p ∈ Mn+1

δ . ✭✷✳✷✶✮

❈♦♠♦ 〈p, p〉 = δ ∈ {−1, 1} ❡ gradG(p) = 2p ❡♥tã♦ Span{gradG(p)} t❡♠ í♥❞✐❝❡

ν ✐❣✉❛❧ ❛ 1 ♦✉ 0✱ ❞❡♣❡♥❞❡♥❞♦ s❡ δ = −1 ♦✉ δ = 1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

Span{gradG(p)} é ♥ã♦✲❞❡❣❡♥❡r❛❞♦✳ ❙❡❣✉❡ q✉❡✱

Span{gradG(p)}⊥ = Tp(M
n+1
δ )

t❛♠❜é♠ é ♥ã♦✲❞❡❣❡♥❡r❛❞♦✳ ▲♦❣♦✱ ❞❡ ✭✷✳✷✶✮✱ s❡❣✉❡ q✉❡

1 = ✐♥❞(Tp(L
n+2)) = ✐♥❞(Tp(M

n+1
δ )) + ✐♥❞(Span{gradG(p)})

= ✐♥❞(Tp(M
n+1
δ )) + ν, ✭✷✳✷✷✮

♣❛r❛ t♦❞♦ p ∈ Mn+1
δ ✳ P♦rt❛♥t♦✱ ❞❡ ✭✷✳✷✷✮ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ✐♥❞(Mn+1

−1 ) = 0 ❡

✐♥❞(Mn+1
1 ) = 1✳

◆♦ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲▼✐♥❦♦✇s❦✐ Ln+2 ♣♦❞❡♠♦s ♦❜t❡r ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ♦ ❡s♣❛ç♦

❤✐♣❡r❜ó❧✐❝♦ Hn+1 q✉❡ s❡rá ❜❛st❛♥t❡ ❛♣r♦♣r✐❛❞♦ ❛♦s ♥♦ss♦s ♣r♦♣ós✐t♦s✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱

Hn+1 = { p ∈ Ln+2 ; 〈p, p〉 = −1 , pn+2 ≥ 0 },

♦✉ s❡❥❛✱ Hn+1 = { p ∈ Mn+1
−1 ; pn+2 ≥ 1 }✳ ❆ss✐♠✱ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✹✱ ♦❜t❡♠♦s q✉❡ Hn+1

é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ (n + 1)✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ Ln+2✱ ❝✉❥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡

❡♠ ❝❛❞❛ ♣♦♥t♦ p ∈ Sn+1
1 é ❞❛❞♦ ♣♦r

Tp(H
n+1) = { v ∈ Ln+2 ; 〈p, v〉 = 0 }.

❋✐❣✉r❛ ✷✳✶✿ ❊s♣❛ç♦ ❍✐♣❡r❜ó❧✐❝♦

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r é ❞❡♥♦t❛❞♦ ❡ ❞❡✜♥✐❞♦ ♣♦r

Sn+1
1 = { p ∈ Ln+2 ; 〈p, p〉 = 1 },



❈❛♣ít✉❧♦ ✷✳ ❖s ❡s♣❛ç♦s ❤✐♣❡r❜ó❧✐❝♦ Hn+1 ❡ ❞❡ ❙✐tt❡r Sn+1
1 ✸✺

✐st♦ é✱ Sn+1
1 = Mn+1

1 ✳ ▲♦❣♦✱ ✉s❛♠♦s ♥♦✈❛♠❡♥t❡ ❛ Pr♦♣♦s✐çã♦ ✷✳✹ ♣❛r❛ ♦❜t❡r q✉❡ Sn+1
1

é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ ▲♦r❡♥t③ (n+ 1)✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ Ln+2✱ ❝✉❥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❡♠

❝❛❞❛ ♣♦♥t♦ p ∈ Sn+1
1 é ❞❛❞♦ ♣♦r

Tp(S
n+1
1 ) = { v ∈ Ln+2 ; 〈p, v〉 = 0 }.

❋✐❣✉r❛ ✷✳✷✿ ❊s♣❛ç♦ ❞❡ ❙✐tt❡r

❆♦ ❧♦♥❣♦ ❞❡st❛ s❡çã♦✱ ✉s❛r❡♠♦s Mn+1
δ ♣❛r❛ ❞❡♥♦t❛r ✐♥❞✐st✐♥t❛♠❡♥t❡ ♦✉ ♦ ❡s♣❛ç♦

❤✐♣❡r❜ó❧✐❝♦ Hn+1 ♦✉ ♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r Sn+1
1 ❞❡ ❛❝♦r❞♦ ❝♦♠ δ = −1 ♦✉ δ = 1✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦ ι : Mn+1
δ →֒ Ln+2✳ ❉❡ ✭✷✳✶✽✮ ❡ ✭✷✳✷✶✮

♦❜t❡♠♦s q✉❡ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛

Mn+1
δ ∋ p 7−→ Np =

gradG(p)

|gradG(p)| =
2p√

|〈2p, 2p〉|
= p ✭✷✳✷✸✮

❞❡✜♥❡ ✉♠ ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦ ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠ Mn+1
δ ✳ ❆ss✐♠✱ ❛ ❛♣❧✐❝❛çã♦

N : Mn+1
δ → Mn+1

δ ❞❡✜♥✐❞❛ ♣♦r ✭✷✳✷✸✮ é ❝❤❛♠❛❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ❞❡ ι : Mn+1
δ →֒

Ln+2✳

❙❡❥❛♠ ∇0 ❡ ∇✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s ❝♦♥❡①õ❡s ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ Ln+2 ❡ Mn+1
δ ✳ ❆

s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ι : Mn+1
δ →֒ Ln+2 é ❞❛❞❛ ♣♦r

■■ : X(Mn+1
δ )× X(Mn+1

δ ) → X(Mn+1
δ )⊥

(X, Y ) 7→ ■■(X, Y ) = (∇0
XY )⊥,

❡ s✉❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ♣♦r

∇0
XY = ∇XY + ■■(X, Y ), ∀X, Y ∈ X(Mn+1

δ ), ✭✷✳✷✹✮

♦♥❞❡ ∇XY = (∇0
XY )⊤✳
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1 ✸✻

❙❡♥❞♦ N ✉♠ ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦ ❡♠ Mn+1
δ ✱ ❡♥tã♦ ■■(X, Y ) = βN ✱ ♣❛r❛

❛❧❣✉♠❛ ❢✉♥çã♦ β ∈ C∞(Mn+1
δ )✳ ❱❡❥❛ q✉❡ 〈 ■■(X, Y ), N 〉 = β〈N,N 〉 = βδ✳ ❆ss✐♠✱

■■(X, Y ) =
1

δ
〈 ■■(X, Y ), N 〉N, ∀X, Y ∈ X(Mn+1

δ ),

❡ ✭✷✳✷✹✮ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

∇0
XY = ∇XY +

1

δ
〈 ■■(X, Y ), N 〉N, ∀X, Y ∈ X(Mn+1

δ ). ✭✷✳✷✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ 〈N, Y 〉 = 0 ♣❛r❛ t♦❞♦ Y ∈ X(Mn+1
δ )✱ ✐♠♣❧✐❝❛ q✉❡

0 = X〈N, Y 〉 = 〈∇0
XN, Y 〉+ 〈N,∇0

XY 〉

= 〈∇0
XN, Y 〉+ 〈N,∇XY + ■■(X, Y )〉

= 〈∇0
XN, Y 〉+ 〈N, ■■(X, Y )〉,

♣❛r❛ t♦❞♦ Y ∈ X(Mn+1
δ )✱ ♦♥❞❡ ♥❛ ♣❡♥ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❢♦✐ ✉s❛❞♦ ✭✷✳✷✹✮✳ ❆ss✐♠✱ ♦❜t❡✲

♠♦s ❛ ❡q✉❛çã♦ ❞❡ ❲❡✐♥❣❛rt❡♥ ❞❡ ι : Mn+1
δ →֒ Ln+2✱ ❞❛❞❛ ♣♦r

〈∇0
XN, Y 〉 = −〈N, ■■(X, Y )〉, ∀X, Y ∈ X(Mn+1

δ ). ✭✷✳✷✻✮

❖ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ A : X(Mn+1
δ ) → X(Mn+1

δ ) ❡ ♦ ✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛ H ∈
X(Mn+1

δ )⊥ ❞❡ ι : Mn+1
δ →֒ Ln+2✱ ♥❛ ❞✐r❡çã♦ ❞♦ ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦ N ✱ sã♦ ❞❡✜♥✐❞♦s

♣♦r

〈A(X), Y 〉 = 〈■■(X, Y ), N〉, ∀X, Y ∈ X(Mn+1
δ ), ✭✷✳✷✼✮

H = H N, ✭✷✳✷✽✮

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦♥❞❡

H =
δ

n+ 1
tr (A) ∈ C∞(Mn+1

δ )

é ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❡ ι : Mn+1
δ →֒ Ln+2✳

▲♦❣♦✱ ❞❡ ✭✷✳✷✼✮ ❡ ✭✷✳✷✺✮ ♦❜t❡♠♦s q✉❡ ❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ❞❡ ι : Mn+1
δ →֒ Ln+2✱

❞❛❞❛ ❡♠ ✭✷✳✷✹✮✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

∇0
XY = ∇XY +

1

δ
〈A(X), Y 〉N, ∀X, Y ∈ X(Mn+1

δ ). ✭✷✳✷✾✮

❆❣♦r❛✱ ❞❡ ✭✷✳✷✻✮ ❡ ✭✷✳✷✼✮ ♦❜t❡♠♦s

〈∇0
XN, Y 〉 = −〈A(X), Y 〉, ∀X, Y ∈ X(Mn+1

δ ).
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1 ✸✼

❉❛í✱ A(X) = −(∇0
XN )⊤✱ ♣❛r❛ t♦❞♦ X ∈ X(Mn+1

δ )✳ ▼❛s ♦❜s❡r✈❛♥❞♦ q✉❡

0 = X〈N,N〉 = 2〈∇0
XN,N〉,

♣❛r❛ t♦❞♦ X ∈ X(Mn+1
δ )✱ ♣♦✐s 〈N,N〉 = δ✱ ♦❜t❡♠♦s ∇0

XN = (∇0
XN)⊤✳ ❆ss✐♠✱ ♦

♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❞❡ ι : Mn+1
δ →֒ Ln+2 é ❞❛❞♦ ♣♦r

A(X) = −∇0
XN, ∀X ∈ X(Mn+1

δ ). ✭✷✳✸✵✮

P❛r❛ ♦❜t❡r ✉♠❛ ❡①♣r❡ssã♦ ♠❛✐s ❡①♣❧í❝✐t❛ ❞❡ A✱ s✉❜st✐t✉✐♠♦s ✭✷✳✷✸✮ ❡♠ ✭✷✳✸✵✮✱

♦❜t❡♥❞♦

A(v) = −∇0
vN = −∇0

v p = −v, ∀ v ∈ Tp(M
n+1
δ ),

♦✉ ❛✐♥❞❛✱

A(X) = −X, ∀X ∈ X(Mn+1
δ ). ✭✷✳✸✶✮

❙❡ R 0 ❡ R ❞❡♥♦t❛♠ ♦s t❡♥s♦r❡s ❞❡ ❝✉r✈❛t✉r❛ ❞❡ Ln+2 ❡ Mn+1
δ ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❡♥tã♦ ❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss ❞❡ ι : Mn+1
δ →֒ Ln+2 é ❞❛❞❛ ♣♦r

R(X, Y )Z = (R 0(X, Y )Z)⊤

+δ 〈A(X), Z〉A(Y )− δ 〈A(Y ), Z〉A(X),

♣❛r❛ t♦❞♦s X, Y, Z ∈ X(Mn+1
δ )✳ ❙❡♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♠étr✐❝❛ ❞♦ ❡s♣❛ç♦ Ln+2

❝♦♥st❛♥t❡s✱ ♦ t❡♥s♦r ❝✉r✈❛t✉r❛ R 0 é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦✳ ▲♦❣♦✱

R(X, Y )Z = δ 〈A(X), Z〉A(Y )− δ 〈A(Y ), Z〉A(X), ✭✷✳✸✷✮

♣❛r❛ t♦❞♦s X, Y, Z ∈ X(Mn+1
δ ).

❈♦♠ t♦❞❛ ❡ss❛ ❞✐s❝✉ssã♦✱ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❡st❛❜❡❧❡❝❡r ❡ ♠♦str❛r ♦ s❡✲

❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✷✳✺✳ ❈♦♠ ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ❞❡ Ln+2✱

(a) Sn+1
1 t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ 1 ❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛✱ ♥❛ ❞✐r❡çã♦

❞♦ ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦ N ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✷✸✮✱ ✐❣✉❛❧ ❛ −1✳

(b) Hn+1 t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ −1 ❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛✱ ♥❛ ❞✐r❡çã♦

❞♦ ❝❛♠♣♦ ♥♦r♠❛❧ ✉♥✐tár✐♦ N ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✷✸✮✱ ✐❣✉❛❧ ❛ 1✳



❈❛♣ít✉❧♦ ✷✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ✸✽

❉❡♠♦♥str❛çã♦✳ ❉❡ ✭✷✳✸✷✮ ❡ ✭✷✳✸✶✮ s❡❣✉❡ q✉❡

R(X, Y )Z = δ {〈X,Z〉Y − 〈Y, Z〉X},
♣❛r❛ t♦❞♦s X, Y, Z ∈ X(Mn+1

δ )✳ ❆ss✐♠✱ Mn+1
δ t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ ✐❣✉❛❧

❛ δ✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❛♥❞♦ ❞❡ ✭✷✳✸✶✮ q✉❡ A = −■❞
X(Mn+1

δ )✱ ♦❜t❡♠♦s

tr(A) = −(n+ 1).

▲♦❣♦✱ ❞❡ ✭✷✳✷✽✮✱ H = −δN ✳ ❆ss✐♠✱ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ H ❞❡ Mn+1
δ ♥❛ ❞✐r❡çã♦ ❞❡

N é ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ −δ✳

✷✳✸ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s

❉❡✜♥✐çã♦ ✷✳✻✳ ❙❡❥❛ x : Mn → M
n+1

✉♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡

❘✐❡♠❛♥♥✐❛♥❛ Mn ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ M
n+1

❞❡ í♥❞✐❝❡ ν ∈ {0, 1}✳
❙❡❥❛ t❛♠❜é♠ N ♦ s❡✉ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦r♠❛✐s ✉♥✐tár✐♦s ❡ A : X(M) → X(M) ♦

s❡✉ ❝♦rr❡s♣♦♥❞❡♥t❡ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛✳ ❯♠ ♣♦♥t♦ p ∈ Mn é ❝❤❛♠❛❞♦ ✉♠❜í❧✐❝♦ s❡

❡①✐st❡ λ(p) ∈ R t❛❧ q✉❡ Ap = λ(p) IdTpM ✳ ❉✐③❡♠♦s q✉❡ x : Mn → M
n+1

é t♦t❛❧♠❡♥t❡

✉♠❜í❧✐❝❛ s❡ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ Mn sã♦ ✉♠❜í❧✐❝♦s✱ ✐st♦ é✱ s❡ ❡①✐st❡ λ ∈ C∞(M) t❛❧ q✉❡

A = λ IdX(M)✳

❊♠ ❝❛❞❛ p ∈ Mn✱ t❡♠♦s q✉❡ Ap : TpM → TpM é ✉♠ ♦♣❡r❛❞♦r ❛✉t♦✲❛❞❥✉♥t♦✳

▲♦❣♦✱ Ap é ❞✐❛❣♦♥❛❧✐③á✈❡❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡①✐st❡ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ {e1, . . . , en} ❞❡

TpM t❛❧ q✉❡ ❛ ♠❛tr✐③ ❛ss♦❝✐❛❞❛ ❛ Ap é ❞✐❛❣♦♥❛❧✳

❉❡✜♥✐çã♦ ✷✳✼✳ ❆ ❛♣❧✐❝❛çã♦ ❛✉t♦✲❛❞❥✉♥t❛

Φp = Ap − λ(p) IdTpM : TpM → TpM,

♦♥❞❡ λ(p) é ♦ ú♥✐❝♦ ♥ú♠❡r♦ r❡❛❧ t❛❧ q✉❡ tr(Φp) = 0✱ é ❝❤❛♠❛❞♦ ♦♣❡r❛❞♦r s❡♠ tr❛ç♦ ❞❡

x :Mn →M
n+1

✳

❖❜s❡r✈❡♠♦s ❞❡ ✭✷✳✻✮ q✉❡

tr(Φp) = 0 ⇔ 0 = tr(Ap)− nλ(p) ⇔ λ(p) =
1

n
tr(Ap) =

1

ǫN
H(p).

❆ss✐♠✱ x : Mn → M
n+1

é t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ s❡ ✉♠❛ ✭❡ ♣♦rt❛♥t♦ t♦t❛s✮ ❞❛s

s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s é ✈á❧✐❞❛ ❡♠ ❝❛❞❛ ♣♦♥t♦ p ∈Mn✿

Φp = 0 ⇔ Φp(e1), ∀i ∈ {1, . . . , n}, ⇔
n∑

i=1

|Φp(ei)|2 = 0,

⇔
n∑

i=1

〈Φp(ei),Φp(ei)〉 = 0, ⇔
n∑

i=1

〈Φ2
p(ei), ei〉 = 0,

⇔ tr(Φ2
p) = 0.
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1 ✸✾

❊♠ ❣❡r❛❧✱

tr(Φ2) =
n∑

i=1

〈Φ2(ei), ei〉 =
n∑

i=1

〈Φ(ei),Φ(ei)〉 =
n∑

i=1

|Φ(ei)|2 ≥ 0,

♦♥❞❡ {e1, . . . , en} é q✉❛❧q✉❡r r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ ❞❡ x(Mn)✳ ❆ss✐♠✱ ♦❜t❡♠♦s ♦

s❡❣✉✐♥t❡

Pr♦♣♦s✐çã♦ ✷✳✽✳ tr(Φ2) ≥ 0✱ ❡ ❛ ✐❣✉❛❧❞❛❞❡ ❛❝♦♥t❡❝❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x :Mn →M
n+1

é t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✳

❖❜s❡r✈❛♥❞♦ q✉❡

tr(Φ2) = tr

((
A− H

ǫN
IdX(Mn)

)2
)

= tr(A2)− 2H

ǫN
tr(A) +H2tr

(
IdX(Mn)

)

= tr(A2)− 2nH2 + nH2

= tr(A2)− nH2, ✭✷✳✸✸✮

❛ ú❧t✐♠❛ ♣r♦♣♦s✐çã♦ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳

Pr♦♣♦s✐çã♦ ✷✳✾✳ tr(A2)−nH2 ≥ 0✱ ❡ ❛ ✐❣✉❛❧❞❛❞❡ ❛❝♦♥t❡❝❡ s❡✱ ❡ só s❡✱ x :Mn →M
n+1

é t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✳

✷✳✹ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐✲

❝❛s ❡♠ Sn+1
1

◆♦ss♦ ♦❜❥❡t✐✈♦ ❛❣♦r❛ é ❡st✉❞❛r ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦

t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ♥♦ ❡s♣❛ç♦ ❞❡✲❙✐tt❡r Sn+1
1 ✳

P❛r❛ ✐ss♦✱ ✜①❡♠♦s ✉♠ ✈❡t♦r a ∈ Ln+2 ❡ ❞❡♥♦t❡♠♦s c = 〈a, a〉 ∈ {−1, 0, 1}✳
❖❜s❡r✈❡♠♦s q✉❡✱ q✉❛♥❞♦ δ = 1 ❡♠ ✭✷✳✷✶✮✱

Ln+2
1

∼= Tp(L
n+2
1 ) = Tp(S

n+1
1 )⊕ Span{p}, ∀p ∈ Sn+1

1 .

▲♦❣♦✱ ❡①✐st❡♠ a∗(p) ∈ Tp(S
n+1
1 ) ❡ β(p) ∈ R ❞❡ ❢♦r♠❛ q✉❡ a ∈ Ln+2 ♣♦❞❡ s❡r

❡s❝r✐t♦ ❝♦♠♦ a = a∗(p) + β(p)p✳ ▼❛s ❝♦♠♦

〈a, p〉 = 〈a∗(p), p〉︸ ︷︷ ︸
0

+β(p) 〈p, p〉︸ ︷︷ ︸
1

= β(p)
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1 ✹✵

❡♥tã♦

a = a∗(p) + 〈a, p〉p.

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦

fa : Sn+1
1 → R

p 7→ fa(p) = 〈p, a〉,
✭✷✳✸✹✮

❡✱ ❞❛❞♦ τ ∈ R✱ ❝♦♥s✐❞❡r❡♠♦s

Mn
c,τ = f−1

a ({τ}) = { p ∈ Sn+1
1 ; 〈p, a〉 = τ }.

❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ t❡♥t❡♠♦s ❞❡t❡r♠✐♥❛r ♣❛r❛ q✉❡ ✈❛❧♦r❡s ❞❡ τ ♦ ❝♦♥❥✉♥t♦ Mn
c,τ

é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ ❞❡ Sn+1
1 ✳ P❛r❛ ✐ss♦✱ ✉s❛r❡♠♦s q✉❡ s❡ ∇fa(p) 6= 0 ❡

〈∇fa(p),∇fa(p)〉 < 0 ❡♠ t♦❞♦ p ∈ f−1
a ({τ})✱ ❡♥tã♦ Mn

c,τ é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲

❡s♣❛ç♦✳

❙❡❥❛♠ p ∈ Sn+1
1 ✱ v ∈ Tp(S

n+1
1 ) ❡ ❝♦♥s✐❞❡r❡ ✉♠❛ ❝✉r✈❛ α : (−ε, ε) → Sn+1

1 t❛❧ q✉❡

α(0) = p ❡ α′(0) = v✳ ▲♦❣♦✱ ❞❡ ✭✷✳✹✮✱

〈∇fa(p), v〉 = d(fa)p(v) =
d

dt
(fa(α(t))

∣∣∣
t=0

=
d

dt
〈α(t), a〉

∣∣∣
t=0

= 〈α′(0), a〉 = 〈v, a〉

= 〈v, a∗(p)〉+ 〈a, p〉 〈v, p〉︸ ︷︷ ︸
0

= 〈a∗(p), v〉.

❈♦♠♦ v ∈ Tp(S
n+1
1 ) é ❛r❜✐trár✐♦ ❡ 〈, 〉 é ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ∇fa(p) = a∗(p)✱ ♣❛r❛

t♦❞♦ p ∈ Sn+1
1 ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ p ∈ f−1

a ({τ})✱ ❡♥tã♦✱ ❞❡ ✭✷✳✹✮ ❡ ✭✷✳✸✹✮✱ ♦❜t❡♠♦s

∇fa(p) = a− τp. ✭✷✳✸✺✮

❆ss✐♠✱ Mn
c,τ s❡rá ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ ❞❡ Sn+1

1 q✉❛♥❞♦

0 > 〈∇fa(p),∇fa(p)〉 = 〈a− τp, a− τp〉

= 〈a, a〉︸ ︷︷ ︸
c

−2τ 〈a, p〉︸ ︷︷ ︸
τ

+τ 2 〈p, p〉︸ ︷︷ ︸
1

= c− τ 2, ✭✷✳✸✻✮

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ q✉❛♥❞♦ τ 2 > c✳

P❛r❛ ♦ q✉❡ s❡❣✉❡✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ τ 2 > c s❡rá ❝♦♥s✐❞❡r❛❞❛ s❡♠♣r❡ ✈á❧✐❞❛✳ ❉❡✲

♥♦t❡♠♦s ♣♦r ϕ : Mn
c,τ → Sn+1

1 ❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛ ❞❡ Mn
c,τ ❡♠ Sn+1

1 ❡✱ s❡❣✉✐♥❞♦ ❛
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1 ✹✶

♠❡s♠❛ ♥♦t❛çã♦ ❞❛ ú❧t✐♠❛ s❡çã♦✱ s❡❥❛ ι : Sn+1
1 →֒ Ln+2 ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦ ❞❡ Sn+1

1 ❡♠

Ln+2✳ ❆s ❝♦♥❡①õ❡s ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ Mn
c,τ ✱ S

n+1
1 ❡ Ln+2 s❡rã♦ ❞❡♥♦t❛❞❛s ♣♦r ∇✱ ∇ ❡

∇0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖❜s❡r✈❡♠♦s ❞❡ ✭✷✳✸✺✮ ❡ ✭✷✳✷✸✮ q✉❡ ❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♣❧✐❝❛çõ❡s

❞❡ ●❛✉ss ❞❡ ϕ : Mn
c,τ → Sn+1

1 ❡ ι : Sn+1
1 →֒ Ln+2 sã♦ ❞❛❞❛s ♣♦r

N : Mn
c,τ → Hn+1

p 7→ N(p) =
∇fa(p)
|∇fa(p)|

=
a− τp√
τ 2 − c

✭✷✳✸✼✮

❡
N : Sn+1

1 → Sn+1
1

p 7→ N(x) = p,

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡ ✭✷✳✸✻✮ ❡ ✭✷✳✸✼✮ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡

〈N,N〉 = −1

❉❡♥♦t❡♠♦s ♣♦r A : X
(
Mn

c,τ

)
→ X

(
Mn

c,τ

)
❡ A : X

(
Sn+1
1

)
→ X

(
Sn+1
1

)
♦s ♦♣❡r❛✲

❞♦r❡s ❞❡ ❢♦r♠❛ ❞❡ ϕ : Mn
c,τ → Sn+1

1 ♥❛ ❞✐r❡çã♦ ❞❡ N ❡ ι : Sn+1
1 →֒ Ln+2 ♥❛ ❞✐r❡çã♦ ❞♦

❝❛♠♣♦ N ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡ ✭✷✳✸✶✮✱

A = −Id
X(Sn+1

1 ). ✭✷✳✸✽✮

Pr♦❝✉r❡♠♦s ❛❣♦r❛ ✉♠❛ ❡①♣r❡ssã♦ ❡①♣❧í❝✐t❛ ♣❛r❛ A✳

❉❡ ✭✷✳✼✮ ♦❜t❡♠♦s q✉❡ ❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ♣❛r❛ ϕ : Mn
c,b → Sn+1

1 é ❞❛❞❛ ♣♦r

∇XY = ∇XY − 〈A(X), Y 〉N, ∀X, Y ∈ X(Mn
c,b). ✭✷✳✸✾✮

❉❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ♣❛r❛ ι : Sn+1
1 →֒ Ln+2✱ ❞❛❞❛ ❡♠ ✭✷✳✷✾✮✱ ♦❜t❡♠♦s

∇0
XY = ∇XY + 〈A(X), Y 〉ϕ

= ∇XY − 〈A(X), Y 〉N − 〈X, Y 〉ϕ, ∀X, Y ∈ X(Mn
c,τ ), ✭✷✳✹✵✮

♦♥❞❡ ♥❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❢♦✐ ✉s❛❞♦ ✭✷✳✸✾✮ ❡ ✭✷✳✸✽✮✳ ❉❡ ✭✷✳✾✮✱

A(X) = −∇XN, ∀X ∈ X(Mn
c,τ ). ✭✷✳✹✶✮

▼❛s ❝♦♠♦ N é ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ t❛♥❣❡♥t❡ ❛ Sn+1
1 ✱ ❡♥tã♦ ❞❡ ✭✷✳✹✵✮ ♦❜t❡♠♦s

∇0
XN = ∇XN − 〈A(X), N〉︸ ︷︷ ︸

0

N − 〈X,N〉︸ ︷︷ ︸
0

ϕ = ∇XN, ∀X ∈ X(Mn
c,τ ).



❈❛♣ít✉❧♦ ✷✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❡♠ Sn+1
1 ✹✷

❆ss✐♠✱ ✭✷✳✹✶✮ ✜❝❛ ❞❛ ❢♦r♠❛

A(X) = −∇0
XN, ∀X ∈ X(Mn

c,τ ). ✭✷✳✹✷✮

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✸✼✮ ❡♠ ✭✷✳✹✷✮✱

A(X) = − 1√
τ 2 − c

∇0
X(a− τp)

=
τ√
τ 2 − c

∇0
Xp =

τ√
τ 2 − c

X, ∀X ∈ X(Mn
c,τ ).

P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ❞❡ t♦❞♦ ♥♦ss♦ ❡st✉❞♦ q✉❡ ϕ : Mn
c,τ → Sn+1

1 ✱ ❝♦♠

τ 2 > c✱ é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✱ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛

H ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛

H = − 1

n
tr(A) =

−τ√
τ 2 − c

.

P❛ss❛♠♦s ❛❣♦r❛ ❛ ❢❛③❡r ✉♠ ❡st✉❞♦ ❞♦s ✈❛❧♦r❡s ❞❡ τ ❡

H2 =
τ 2

τ 2 − c

❡♠ ❢✉♥çã♦ ❞❡ c = 〈a, a〉 ∈ {−1, 0, 1}✳

(i) ❙❡ c = 0 ✭♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❝♦rt❡ ❞❡ Sn+1
1 ♣♦r ✉♠ ♣❧❛♥♦ ❞❡❣❡♥❡r❛❞♦ ❞❡

Ln+2✮ ❡♥tã♦ τ 2 > 0✳ ❙❡❣✉❡ q✉❡ τ ∈ R \ {0} ❡ H2 = 1✳ ❚♦♠❡♠♦s ♣♦r ❡①❡♠♣❧♦

a = (0, . . . , 0, 1, 1) ∈ Ln+2✳ ❊♥tã♦ ✉♠ ♣♦♥t♦ ❡♠ Mn
c,τ = { p ∈ Sn+1

1 ; 〈p, a〉 = τ }
✈❡r✐✜❝❛ 




p21 + · · ·+ p2n+1 − p2n+2 = 1,

pn+1 − pn+2 = τ.

❈♦♠♦

1 = p21 + · · ·+ p2n+1 − p2n+2 ≥ p2n+1 − p2n+2

= (pn+1 − pn+2) (pn+1 + pn+2)

= τ(pn+1 + pn+2),

❡♥tã♦

p21 + · · ·+ p2n = 1−
(
p2n+1 − p2n+2

)

= 1− τ (pn+1 + pn+2) ≥ 1− 1 = 0,

♦✉ s❡❥❛✱ p21 + · · ·+ p2n ∈ [0,+∞)✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r Mn
c,τ ❝♦♠ Rn✳



❈❛♣ít✉❧♦ ✷✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❡♠ Sn+1
1 ✹✸

(ii) ❙❡ c = 1 ✭♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❝♦rt❡ ❞❡ Sn+1
1 ♣♦r ✉♠ ♣❧❛♥♦ t✐♣♦✲t❡♠♣♦ ❞❡ Ln+2✮

❡♥tã♦ τ 2 > 1✳ ❙❡❣✉❡ q✉❡ τ ∈ (−∞,−1) ∪ (1,+∞) ❡ H2 =
τ 2

τ 2 − 1
∈ (1,+∞)✳

P♦r ❡①❡♠♣❧♦✱ s❡ ❝♦♥s✐❞❡r❛♠♦s a = (1, 0, . . . , 0) ∈ Ln+2 ❡♥tã♦ q✉❛❧q✉❡r ♣♦♥t♦ ❡♠

Mn
c,τ = { p ∈ Sn+1

1 ; 〈p, a〉 = τ } s❛t✐s❢❛③





p21 + · · ·+ p2n+1 − p2n+2 = 1,

p1 = τ.

▲♦❣♦✱

p22 + · · ·+ p2n+1 − p2n+2 = 1− τ 2 < 0.

❆ss✐♠✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r Mn
c,τ ❝♦♠ Hn(

√
τ 2 − 1) ⊂ Ln+1✱ ♦♥❞❡

Hn(
√
τ 2 − 1) = {p ∈ Ln+1; 〈p, p〉 = 1− τ 2, p2n+2 ≥ 0}.

(iii) ❙❡ c = −1 ✭♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❝♦rt❡ ❞❡ Sn+1
1 ♣♦r ✉♠ ♣❧❛♥♦ t✐♣♦✲❡s♣❛ç♦

❞❡ Ln+2✮ ❡♥tã♦ τ 2 > −1✳ ◆❡st❡ ❝❛s♦✱ τ ∈ R ❡ H2 =
τ 2

τ 2 + 1
∈ [0, 1)✳ P♦r

❡①❡♠♣❧♦✱ s❡ ❡s❝♦❧❤❡♠♦s a = (0, . . . , 0, 1) ∈ Ln+2 ❡♥tã♦ ✉♠ ♣♦♥t♦ p ∈ Mn
c,τ =

{p ∈ Sn+1
1 ; 〈p, a〉 = τ } ✈❡r✐✜❝❛





p21 + · · ·+ p2n+1 − p2n+2 = 1,

pn+2 = −τ.

▲♦❣♦✱

p21 + · · ·+ p2n+1 = 1 + τ 2.

❆ss✐♠✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r Mn
c,τ ❝♦♠ Sn(

√
1 + τ 2) ⊂ Rn+1✳

P♦❞❡ s❡r ♠♦str❛❞♦ q✉❡ t❛✐s ❤✐♣❡rs✉♣❡r❢í❝✐❡s sã♦ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛s ú♥✐❝❛s ❤✐♣❡rs✉✲

♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❞❡ Sn+1
1 ✱ ❝♦♠♦ ❛✜r♠❛ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✵ ✭❬✶❪✱ ❚❡♦r❡♠❛ 1.5.1✮✳ ❙❡❥❛ x : Mn → Sn+1
1 ✱ n ≥ 2✱ ✉♠❛ ❤✐♣❡rs✉♣❡r✲

❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ ❝♦♥❡①❛ ❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✳ ❊♥tã♦

(a) s✉❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ H é ❝♦♥st❛♥t❡✳

(b 1) ❙❡ H2 ∈ [0, 1) ❡♥tã♦ ❡①✐st❡♠ a ∈ Ln+2 ❡ τ ∈ R t❛✐s q✉❡ 〈a, a〉 = −1 ❡

x(Mn) ⊆
{
p ∈ Sn+1

1 ; 〈p, a〉 = τ
}
= Sn

(√
1 + τ 2

)
.



❈❛♣ít✉❧♦ ✷✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t✐♣♦✲❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❡♠ Sn+1
1 ✹✹

❋✐❣✉r❛ ✷✳✸✿ ■t❡♠ ✭b1✮✿ ❊s❢❡r❛s ❣❡♦❞és✐❝❛s

(b 2) ❙❡ H2 = 1 ❡♥tã♦ ❡①✐st❡♠ a ∈ Ln+2 ❡ τ ∈ R \ {0} t❛✐s q✉❡ 〈a, a〉 = 0 ❡

x(Mn) ⊆
{
p ∈ Sn+1

1 ; 〈p, a〉 = τ
}
= Rn.

❋✐❣✉r❛ ✷✳✹✿ ■t❡♠ ✭b2✮✿ ❍✐♣❡r♣❧❛♥♦s

(b 3) ❙❡ H2 ∈ (1,+∞) ❡♥tã♦ ❡①✐st❡♠ a ∈ Ln+2 ❡ τ ∈ (−∞,−1) ∪ (1,+∞) t❛✐s q✉❡

〈a, a〉 = 1 ❡

x(Mn) ⊆
{
p ∈ Sn+1

1 ; 〈p, a〉 = τ
}
= Hn

(√
τ 2 − 1

)
.

❋✐❣✉r❛ ✷✳✺✿ ■t❡♠ ✭b3✮✿ ❍✐♣❡r❜ó❧✐❝♦s



❈❛♣ít✉❧♦ ✷✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❡♠ Hn+1 ✹✺

✷✳✺ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❡♠ Hn+1

❆q✉✐ ❢❛③❡♠♦s ✉♠ ❡st✉❞♦ ❛♥á❧♦❣♦ ❛♦ ❞❛ ú❧t✐♠❛ s✉❜s❡çã♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛❧❣✉♠❛s

❤✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ Hn+1✳

❋✐①❡♠♦s ✉♠ ✈❡t♦r a ∈ Ln+2 ❡ s❡❥❛ c = 〈a, a〉 ∈ {−1, 0, 1}✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦

ga : Hn+1 → R

p 7→ ga(p) = 〈p, a〉.

❯s❛♥❞♦ ❛ r❡❧❛çã♦

Ln+2 ∼= Tp(L
n+2) = Tp(H

n+1)⊕ Span{p}, ∀p ∈ Hn+1,

♦❜t✐❞❛ ❞❡ ✭✷✳✷✶✮ ❢❛③❡♥❞♦ δ = −1✱ ♣♦❞❡♠♦s ❡st❛❜❡❧❡❝❡r q✉❡

∇ga(p) = a+ 〈p, a〉 p, ∀p ∈ Hn+1.

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ p ∈ N n
c,̺ = g−1

a ({̺}) = {p ∈ Hn+1 ; 〈p, a〉 = ̺}✱ ♦♥❞❡ ̺ ∈ R✱

t❡♠♦s

∇ga(p) = a+ ̺ p. ✭✷✳✹✸✮

▲♦❣♦✱ N n
c,̺ s❡rá ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ♦r✐❡♥t❛❞❛ ❞❡ Hn+1 q✉❛♥❞♦

0 < 〈∇ga(p),∇ga(p)〉 = 〈a+ ̺p, a+ ̺p〉

= 〈a, a〉︸ ︷︷ ︸
c

+2̺ 〈a, p〉︸ ︷︷ ︸
̺

+̺2 〈p, p〉︸ ︷︷ ︸
−1

= c+ ̺2,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ q✉❛♥❞♦ ̺2 > −c✳
◆♦ q✉❡ s❡❣✉❡✱ ̺2 > −c s❡♠♣r❡ s❡rá ✈á❧✐❞❛✳ ❙❡❥❛ ϕ : N n

c,̺ → Hn+1 ❛ ✐♠❡rsã♦

✐s♦♠étr✐❝❛ ❞❡ N n
c,̺ ❡♠ Hn+1 ❡ ι : Hn+1 →֒ Ln+2 ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦ ❞❡ Hn+1 ❡♠

Rn+2
1 ✳ ❉❡♥♦t❡♠♦s ❛s ❝♦♥❡①õ❡s ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ N n

c,̺✱ H
n+1 ❡ Ln+2 ♣♦r ∇✱ ∇ ❡ ∇0✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖❜s❡r✈❡♠♦s ❞❡ ✭✷✳✹✸✮ ❡ ✭✷✳✷✸✮ q✉❡ ❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♣❧✐❝❛çõ❡s ❞❡

●❛✉ss ❞❡ ϕ : N n
c,̺ → Hn+1 ❡ ι : Hn+1 →֒ Ln+2 sã♦ ❞❛❞❛s ♣♦r

N : N n
c,̺ → Sn+1

1

p 7→ N(p) =
∇ga(p)
|∇ga(p)|

=
a+ ̺ p√
̺2 + c

✭✷✳✹✹✮



❈❛♣ít✉❧♦ ✷✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❡♠ Hn+1 ✹✻

❡
N : Hn+1 → Hn+1

p 7→ N(x) = p,

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡ ✭✷✳✹✹✮ ❡ ✭✷✳✹✹✮ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡

〈N,N〉 = 1

❉❡♥♦t❡♠♦s ♣♦r A : X
(
N n

c,̺

)
→ X

(
N n

c,̺

)
❡A : X (Hn+1) → X (Hn+1) ♦s ♦♣❡r❛❞♦r❡s

❞❡ ❢♦r♠❛ ❞❡ ϕ : N n
c,̺ → Hn+1 ♥❛ ❞✐r❡çã♦ ❞❡ N ❡ ι : Hn+1 →֒ Ln+2 ♥❛ ❞✐r❡çã♦ ❞♦ ❝❛♠♣♦

N ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡ ✭✷✳✸✶✮✱

A = −IdX(Hn+1). ✭✷✳✹✺✮

Pr♦❝✉r❡♠♦s ❛❣♦r❛ ✉♠❛ ❡①♣r❡ssã♦ ❡①♣❧í❝✐t❛ ♣❛r❛ A✳

❉❡ ✭✷✳✼✮ ♦❜t❡♠♦s q✉❡ ❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ♣❛r❛ ϕ : N n
c,̺ → Hn+1 é ❞❛❞❛ ♣♦r

∇XY = ∇XY − 〈A(X), Y 〉N, ∀X, Y ∈ X(N n
c,̺). ✭✷✳✹✻✮

❉❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ♣❛r❛ ι : Hn+1 →֒ Ln+2✱ ❞❛❞❛ ❡♠ ✭✷✳✷✾✮✱ ♦❜t❡♠♦s

∇0
XY = ∇XY + 〈A(X), Y 〉ϕ

= ∇XY + 〈A(X), Y 〉N + 〈X, Y 〉ϕ, ∀X, Y ∈ X(N n
c,̺), ✭✷✳✹✼✮

♦♥❞❡ ♥❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❢♦✐ ✉s❛❞♦ ✭✷✳✹✻✮ ❡ ✭✷✳✹✺✮✳ ❉❡ ✭✷✳✾✮✱

A(X) = −∇XN, ∀X ∈ X(N n
c,̺). ✭✷✳✹✽✮

▼❛s ❝♦♠♦ N é ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ t❛♥❣❡♥t❡ ❛ Hn+1✱ ❡♥tã♦✱ ❞❡ ✭✷✳✹✼✮✱ ♦❜t❡♠♦s

∇0
XN = ∇XN + 〈A(X), N〉︸ ︷︷ ︸

0

N + 〈X,N〉︸ ︷︷ ︸
0

ϕ = ∇XN, ∀X ∈ X(N n
c,̺).

❆ss✐♠✱ ✭✷✳✹✽✮ ✜❝❛ ❞❛ ❢♦r♠❛

A(X) = −∇0
XN, ∀X ∈ X(N n

c,̺). ✭✷✳✹✾✮

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✹✹✮ ❡♠ ✭✷✳✹✾✮✱

A(X) = − 1√
̺2 + c

∇0
X(a+ ̺p)

= − ̺√
̺2 + c

∇0
Xp = − ̺√

̺2 + c
X, ∀X ∈ X(N n

c,̺).



❈❛♣ít✉❧♦ ✷✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❡♠ Hn+1 ✹✼

P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ϕ : N n
c,̺ → Hn+1✱ ❝♦♠ ̺2 > −c✱ é ✉♠❛ ❤✐♣❡rs✉✲

♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✱ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ H ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛

H =
1

n
tr(A) =

−̺√
̺2 + c

.

P❛ss❛♠♦s ❛❣♦r❛ ❛ ❢❛③❡r ✉♠ ❡st✉❞♦ ❞♦s ✈❛❧♦r❡s ❞❡ ̺ ❡

H2 =
̺2

̺2 + c

❡♠ ❢✉♥çã♦ ❞❡ c = 〈a, a〉 ∈ {−1, 0, 1}✳

(i) ❙❡ c = 0 ✭♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❝♦rt❡ ❞❡ Hn+1 ♣♦r ✉♠ ♣❧❛♥♦ ❞❡❣❡♥❡r❛❞♦✮

❡♥tã♦ ̺2 > 0✳ ❙❡❣✉❡ q✉❡ ̺ ∈ R \ {0} ❡ H2 = 1✳ ❚♦♠❡♠♦s ♣♦r ❡①❡♠♣❧♦ a =

(0, . . . , 0, 1, 1) ∈ Ln+2✳ ▲♦❣♦✱ ✉♠ ♣♦♥t♦ ❡♠ N n
c,̺ = { p ∈ Hn+1 ; 〈p, a〉 = ̺ }

✈❡r✐✜❝❛ 



p21 + · · ·+ p2n+1 − p2n+2 = −1,

pn+1 − pn+2 = ̺.

❈♦♠♦

−1 = p21 + · · ·+ p2n+1 − p2n+2 ≥ p2n+1 − p2n+2

= (pn+1 − pn+2) (pn+1 + pn+2)

= ̺(pn+1 + pn+2),

❡♥tã♦

p21 + · · ·+ p2n = −1−
(
p2n+1 − p2n+2

)

= −1− ̺ (pn+1 + pn+2) ≥ −1 + 1 = 0,

♦✉ s❡❥❛✱ p21 + · · · + p2n ∈ [0,+∞)✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r N n
c,̺ ❝♦♠ Rn ❡✱

♥❡st❡ ❝❛s♦✱ ❞❡♥tr♦ ❞❛ ♥♦♠❡♥❝❧❛t✉r❛ q✉❡ ❡①✐st❡ ♥❛ ❧✐t❡r❛t✉r❛✱ N n
c,̺ ❝♦rr❡s♣♦♥❞❡♠

às ❝❤❛♠❛❞❛s ❤♦r♦❡s❢❡r❛s ❞❡ Hn+1✳

(ii) ❙❡ c = 1 ✭♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❝♦rt❡ ❞❡ Hn+1 ♣♦r ✉♠ ♣❧❛♥♦ t✐♣♦✲t❡♠♣♦ ❞❡

Ln+2✮ ❡♥tã♦ ̺2 > −1✳ ❙❡❣✉❡ q✉❡ ̺ ∈ R ❡ H2 =
̺2

̺2 + 1
∈ [0, 1)✳ P♦r ❡①❡♠♣❧♦✱

s❡ ❝♦♥s✐❞❡r❛♠♦s a = (1, 0, . . . , 0) ∈ Ln+2 ❡♥tã♦ q✉❛❧q✉❡r ♣♦♥t♦ ❡♠ N n
c,̺ = { p ∈

Hn+1 ; 〈p, a〉 = ̺ } s❛t✐s❢❛③




p21 + · · ·+ p2n+1 − p2n+2 = −1,

p1 = ̺.



❈❛♣ít✉❧♦ ✷✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❡♠ Hn+1 ✹✽

▲♦❣♦✱

p22 + · · ·+ p2n+1 − p2n+2 = −1− ̺2 < 0.

❆ss✐♠✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r N n
c,̺ ❝♦♠ Hn(

√
̺2 + 1) ⊂ Ln+1✳

(iii) ❙❡ c = −1 ✭♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❝♦rt❡ ❞❡ Hn+1 ♣♦r ✉♠ ♣❧❛♥♦ t✐♣♦✲❡s♣❛ç♦ ❞❡

Ln+1✮ ❡♥tã♦ ̺2 > 1✳ ◆❡st❡ ❝❛s♦✱ τ ∈ (−∞, 1)∪(1,+∞) ❡ H2 =
̺2

̺2 − 1
∈ (1,+∞)✳

P♦r ❡①❡♠♣❧♦✱ s❡ ❡s❝♦❧❤❡♠♦s a = (0, . . . , 0, 1) ∈ Ln+2 ❡♥tã♦ ✉♠ ♣♦♥t♦ ❡♠ N n
c,̺ =

{ p ∈ Hn+1 ; 〈p, a〉 = ̺ } ✈❡r✐✜❝❛




p21 + · · ·+ p2n+1 − p2n+2 = −1,

pn+2 = −̺.

▲♦❣♦✱

p21 + · · ·+ p2n+1 = −1 + ̺2 > 0.

❆ss✐♠✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r N n
c,̺ ❝♦♠ Sn(

√
̺2 − 1) ⊂ Rn+1✳

❉❡ ❢♦r♠❛ s✐♠✐❧❛r ❛♦ q✉❡ ❛❝♦♥t❡❝❡ ♥❛ Pr♦♣♦s✐çã♦ ✷✳✶✵✱ ♣♦❞❡ s❡r ♠♦str❛❞♦ q✉❡

t❛✐s ❤✐♣❡rs✉♣❡r❢í❝✐❡s sã♦ ❛s ú♥✐❝❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❞❡ Hn+1✱ ❝♦♠♦

❡st❛❜❡❧❡❝❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✶✳ ❙❡❥❛ x :Mn → Hn+1✱ n ≥ 2✱ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ♦r✐❡♥t❛❞❛✱ ❝♦♥❡①❛

❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✳ ❊♥tã♦

(a) s✉❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ H é ❝♦♥st❛♥t❡✳

(b 1) ❙❡ H2 ∈ (1,+∞) ❡♥tã♦ ❡①✐st❡♠ a ∈ Ln+2 ❡ ̺ ∈ R t❛✐s q✉❡ 〈a, a〉 = −1 ❡

x(Mn) ⊆
{
p ∈ Hn+1 ; 〈p, a〉 = ̺

}
= Sn

(√
̺2 − 1

)
.

❋✐❣✉r❛ ✷✳✻✿ ■t❡♠ ✭b1✮✿ ❊s❢❡r❛s ❣❡♦❞és✐❝❛s



❈❛♣ít✉❧♦ ✷✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❡♠ Hn+1 ✹✾

(b 2) ❙❡ H2 = 1 ❡♥tã♦ ❡①✐st❡♠ a ∈ Ln+2 ❡ ̺ ∈ R \ {0} t❛✐s q✉❡ 〈a, a〉 = 0 ❡

x(Mn) ⊆
{
p ∈ Hn+1 ; 〈p, a〉 = ̺

}
= Rn.

❋✐❣✉r❛ ✷✳✼✿ ■t❡♠ ✭b2✮✿ ❍♦r♦❡s❢❡r❛s

(b 3) ❙❡ H2 ∈ [0, 1) ❡♥tã♦ ❡①✐st❡♠ a ∈ Ln+2 ❡ ̺ ∈ R t❛✐s q✉❡ 〈a, a〉 = 1 ❡

x(Mn) ⊆
{
p ∈ Hn+1 ; 〈p, a〉 = ̺

}
= Hn

(√
̺2 + 1

)
.

❋✐❣✉r❛ ✷✳✽✿ ■t❡♠ ✭b3✮✿ ❍✐♣❡r❡s❢❡r❛s



❈❛♣ít✉❧♦ ✸

❘❡s✉❧t❛❞♦s ❆✉①✐❧✐❛r❡s

✸✳✶ ❯♠❛ ❢ór♠✉❧❛ ❞♦ t✐♣♦✲❙✐♠♦♥s

❙❡❥❛ x : Mn → Hn+1 ✉♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛

♦r✐❡♥tá✈❡❧Mn ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ Hn+1✱ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥t❛♥t❡ H ❡ ❝♦♥❡①ã♦

❞❡ ▲❡✈✐✲❈✐✈✐t❛∇✳ ❖ ♦❜❥❡t✐✈♦ ❞❡ ❡st❛ s❡çã♦ é ❡♥❝♦♥tr❛r ✉♠❛ ❡①♣r❡ssã♦ ♣❛r❛ ♦ ▲❛♣❧❛❝✐❛♥♦

❞❛ ❢✉♥çã♦

u : Mn → R

p 7→ u(p) =
1

2
tr
(
A 2

p

)
,

♦♥❞❡ A : X(M) → X(M) ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❞❡ x : Mn → Hn+1✱ ❡①♣r❡ssã♦

q✉❡ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❢ór♠✉❧❛ ❞♦ t✐♣♦✲❙✐♠♦♥s ❡ q✉❡ ❢♦✐ ♦❜t✐❞❛ ♣♦r ❑✳ ◆♦♠✐③✉ ❡ ❇✳

❙♠②t❤ ❡♠ ❬✶✽❪✳ P❛r❛ ❛t✐♥❣✐r ❡ss❡ ♦❜❥❡t✐✈♦✱ ♣r❡❝✐s❛♠♦s ✐♥tr♦❞✉③✐r ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡

❡st❛❜❡❧❡❝❡r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s✳

■♥✐❝✐❛❧♠❡♥t❡✱ ♦❜s❡r✈❡♠♦s q✉❡ ❛ ❢♦r♠✉❧❛ ❞❡ ❈♦❞❛③③✐ ❞❡ x : Mn → Hn+1✱ ❞❛❞❛

❡♠ ✭✷✳✶✻✮✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❞❛ ❢♦r♠❛

∇X(A(Y ))−∇Y (A(X)) = A([X, Y ]), ∀X, Y ∈ X(M). ✭✸✳✶✮

Pr♦♣♦s✐çã♦ ✸✳✶✳ ❆ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ∇A ❞❡ A✱ ❞❡✜♥✐❞❛ ❡♠ ✭✷✳✶✷✮✱ ✈❡r✐✜❝❛

(a) ∇A(X, Y ) = ∇A(Y,X),

(b) 〈∇A(X, Y ), Z〉 = 〈∇A(Y, Z), X〉

♣❛r❛ t♦❞♦s X, Y, Z ∈ X(M)✳



❈❛♣ít✉❧♦ ✸✳ ❯♠❛ ❢ór♠✉❧❛ ❞♦ t✐♣♦✲❙✐♠♦♥s ✺✶

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❡st❛❜❡❧❡❝❡r ♦ ✐t❡♠ (a)✱ ❞❡ ✭✸✳✶✮ t❡♠♦s

∇A(X, Y ) = ∇Y (A(X))− A(∇YX) = ∇X(A(Y ))− A([X, Y ])− A(∇YX)

= ∇X(A(Y ))− A(∇XY ) + A(∇YX)− A(∇YX)

= ∇X(A(Y ))− A(∇XY ) = ∇A(Y,X),

♣❛r❛ X, Y ∈ X(M)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✷✳✶✷✮ ♦❜t❡♠♦s

〈∇A(X, Y ), Z〉 = 〈∇Y (A(X))− A(∇YX), Z〉
= 〈∇Y (A(X)), Z〉 − 〈A(∇YX), Z〉
= Y (〈A(X), Z〉)− 〈A(X),∇YZ〉 − 〈∇YX,A(Z)〉
= Y (〈X,A(Z)〉)− 〈X,A(∇YZ)〉 − Y 〈X,A(Z)〉+ 〈X,∇Y (A(Z))〉}
= 〈∇A(Y, Z), X〉.

♣❛r❛ X, Y, Z ∈ X(M)✱ ♦ q✉❡ ❞❡♠♦str❛ ♦ ✐t❡♠ (b)✳

❉❡✜♥✐çã♦ ✸✳✷✳ ❙❡ A : X(M) → X(M) é ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❞❡ x :Mn → Hn+1✱ ❡♥tã♦

❛ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ A é ❛ ❛♣❧✐❝❛çã♦ ∇2A : X(M)×X(M)×X(M) → X(M)

❞❡✜♥✐❞❛ ♣♦r

∇2A(X, Y, Z) = ∇Z(∇A(X, Y ))−∇A(∇ZX, Y )−∇A(X,∇ZY ) ✭✸✳✷✮

♣❛r❛ t♦❞♦s X, Y, Z ∈ X(M)✱ ♦♥❞❡ ∇A é ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ A ❞❡✜♥✐❞❛ ❡♠ ✭✷✳✶✷✮✳

Pr♦♣♦s✐çã♦ ✸✳✸✳ ❆ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ∇2A ❞❡✜♥✐❞❛ ❡♠ ✭✸✳✷✮ ✈❡r✐✜❝❛

(a) ∇2A(X, Y, Z) = ∇2A(Y,X, Z)✱

(b) ∇2A(X, Y, Z) = ∇2A(X,Z, Y )−R(Z, Y )AX + A(R(Z, Y )X)✱

♣❛r❛ t♦❞♦s X, Y, Z ∈ X(M)✱ ♦♥❞❡ R é ♦ t❡♥s♦r ❝✉r✈❛r✉r❛ ❞❡ Mn ❞❡✜♥✐❞♦ ❡♠ ✭✶✳✺✮✳

❉❡♠♦♥str❛çã♦✳ ❖ ✐t❡♠ (a) s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ✐t❡♠ (a) ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳ P❛r❛ ♦

✐t❡♠ (b)✱ ❞❡ ✭✸✳✷✮ ❡ ✭✷✳✶✷✮ t❡♠♦s ♣❛r❛ t♦❞♦s X, Y, Z ∈ X(M) q✉❡

∇2A(X, Y, Z) = ∇Z∇Y (A(X))−∇Z(A(∇YX))−∇Y (A(∇ZX))

+A(∇Y∇ZX)−∇∇ZY (A(X)) + A(∇∇ZYX).

❚r♦❝❛♥❞♦ Y ♣♦r Z ♥❛ ú❧t✐♠❛ ❡①♣r❡ssã♦ ❛❝✐♠❛✱ ♦❜t❡♠♦s

∇2A(X,Z, Y ) = ∇Y∇Z(A(X))−∇Y (A(∇ZX))−∇Z(A(∇YX))

+A(∇Z∇YX)−∇∇Y Z(A(X)) + A(∇∇Y ZX).

P♦rt❛♥t♦✱ t❡♥❞♦ ❡♠ ❝♦♥t❛ ✭✶✳✺✮✱ ♦❜t❡♠♦s

∇2A(X, Y, Z)−∇2A(X,Z, Y ) = −R(Z, Y )AX + A(R(Z, Y )X).



❈❛♣ít✉❧♦ ✸✳ ❯♠❛ ❢ór♠✉❧❛ ❞♦ t✐♣♦✲❙✐♠♦♥s ✺✷

❉❡✜♥✐çã♦ ✸✳✹✳ ❉❛❞❛ ✉♠❛ ❛♣❧✐❝❛çã♦ C∞(M)✲❜✐❧✐♥❡❛r ❡ s✐♠étr✐❝❛ T : X(M)×X(M) →
X(M)✱ ❞❡✜♥✐♠♦s ♦ tr❛ç♦ ❞❡ T ❝♦♠♦ s❡♥❞♦ ❛ ❛♣❧✐❝❛çã♦ tr(T ) : X(M) → X(M) ❞❛❞❛

♣♦r

tr(T ) =
n∑

i=1

T (Ei, Ei), ✭✸✳✸✮

♦♥❞❡ {E1, . . . , En} é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❡♠ Mn✳

Pr♦♣♦s✐çã♦ ✸✳✺✳ ❙❡❥❛ A : X(M) → X(M) é ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❞❡ x : Mn → Hn+1✳

❊♥tã♦

tr(∇A) = ∇(tr(A)).

❉❡♠♦♥str❛çã♦✳ ❋✐①❡ p ∈Mn ❡ ❝♦♥s✐❞❡r❡ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ {E1, . . . , En}
❞❡✜♥✐❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ p t❛❧ q✉❡ Aq(Ei|q) = µi(p)Ei|q✱ i ∈ {1, . . . , n}✱ ♣❛r❛
t♦❞♦ q ∈ U ❡ ❛❧❣✉♠❛s ❢✉♥çõ❡s µ1, . . . , µn ∈ C∞(U)✳ ▲♦❣♦✱ ♣❛r❛ X ∈ X(U) t❡♠♦s

〈∇(tr(A)), X〉 = X(tr(A)) = X

(
n∑

i=1

〈A(Ei), Ei〉
)

=
n∑

i=1

〈∇X(A(Ei)), Ei〉+
n∑

i=1

〈A(Ei),∇XEi〉

=
n∑

i=1

〈∇X(A(Ei)), Ei〉+ µi

n∑

i=1

〈Ei,∇XEi〉

=
n∑

i=1

〈∇X(A(Ei)), Ei〉+
µi

2

n∑

i=1

X(〈Ei, Ei〉)︸ ︷︷ ︸
0

. ✭✸✳✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✸✳✸✮ ❡ ❞♦ ✐t❡♠ (b) ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✱

〈tr(∇A), X〉 =
n∑

i=1

〈∇A(Ei, Ei), X〉 =
n∑

i=1

〈∇A(Ei, X), Ei〉

=
n∑

i=1

〈∇X(A(Ei)), Ei〉 −
n∑

i=1

〈A(∇XEi), Ei〉

=
n∑

i=1

〈∇X(A(Ei)), Ei〉 −
n∑

i=1

〈∇XEi, A(Ei)〉

=
n∑

i=1

〈∇X(A(Ei), Ei)〉+ µi

n∑

i=1

〈∇XEi, Ei〉

=
n∑

i=1

〈∇X(A(Ei), Ei)〉+
µi

2

n∑

i=1

X(〈Ei, Ei〉)︸ ︷︷ ︸
0

✭✸✳✺✮

♣❛r❛ t♦❞♦ X ∈ X (U)✳ ❆ss✐♠✱ ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦ s❡❣✉❡ ❞❡ ✭✸✳✹✮ ❡ ✭✸✳✺✮✳

❉❡✜♥✐çã♦ ✸✳✻✳ ❙❡❥❛ A : X(M) → X(M) ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❞❡ x : Mn → Hn+1✳

❉❛❞♦ X ∈ X(M)✱ ❞❡✜♥✐♠♦s ♦ t❡♥s♦r

ΓX : X(M)× X(M) → X(M)

(Y, Z) 7→ ΓX(Y, Z) = ∇2A(Y, Z,X).



❈❛♣ít✉❧♦ ✸✳ ❯♠❛ ❢ór♠✉❧❛ ❞♦ t✐♣♦✲❙✐♠♦♥s ✺✸

Pr♦♣♦s✐çã♦ ✸✳✼✳ ❈♦♠ ❛s ♥♦t❛çõ❡s ❞❛ ❉❡✜♥✐çã♦ ✸✳✻✱

tr(ΓX) = n∇X(∇H),

♦♥❞❡ H é ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❡ x :Mn → Hn+1✳

❉❡♠♦♥str❛çã♦✳ ❋✐①❡ p ∈ Mn ❡✱ t❡♥❞♦ ❡♠ ❝♦♥t❛ ♦ ▲❡♠❛ ✶✳✷✹✱ ❝♦♥s✐❞❡r❡♠♦s ✉♠ r❡✲

❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ {E1, . . . , En} ✭❞❡✜♥✐❞♦ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p✮ q✉❡ s❡❥❛

❣❡♦❞és✐❝♦ ❡♠ p✱ ✐st♦ é✱ t❛❧ q✉❡ (∇Ej
Ei)|p = 0 ♣❛r❛ t♦❞♦ i, j ∈ {1, . . . , n}✳ ▲♦❣♦✱ s❡

X =
∑n

j=1XjEj✱ ❡♥tã♦✱ ❡♠ p✱ t❡♠♦s

∇A(Ei,∇XEi) = ∇A
(
Ei,∇∑n

j=1
XjEj

Ei

)
=

n∑

j=1

Xj∇A
(
Ei,∇Ej

Ei

)
= 0. ✭✸✳✻✮

P♦rt❛♥t♦✱ ❞❛s ❉❡✜♥✐çõ❡s ✸✳✷✱ ✸✳✹ ❡ ✸✳✻ ❡ ❞❛ ❡q✉❛çã♦ ✭✸✳✻✮✱ ♦❜t❡♠♦s

tr(ΓX) =
n∑

i=1

ΓX(Ei, Ei)

=
n∑

i=1

∇2A(Ei, Ei, X)

=
n∑

i=1

∇X(∇A(Ei, Ei))− 2
n∑

i=1

∇A(Ei,∇XEi)︸ ︷︷ ︸
0

= ∇X

(
n∑

i=1

∇A(Ei, Ei)

)

= ∇X(tr(∇A)) = ∇X(∇(trA)) = n∇X(∇H),

♦♥❞❡ ♥♦s ✉s❛♠♦s ❛ Pr♦♣♦s✐çã♦ ✸✳✺ ♥❛ ♣❡♥ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✳

❉❡✜♥✐çã♦ ✸✳✽✳ ❙❡❥❛ A : X(M) → X(M) ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❞❡ x : Mn → Hn+1✳

❉❡✜♥✐♠♦s ♦ ▲❛♣❧❛❝✐❛♥♦ ❞❡ A ❝♦♠♦ s❡♥❞♦ ❛ ❛♣❧✐❝❛çã♦

∆A : X(M) → X(M)

X 7→ ∆A(X) = tr {(Y, Z) 7→ ∇2A(X, Y, Z)} .

Pr♦♣♦s✐çã♦ ✸✳✾✳ ❙❡❥❛♠ A : X(M) → X(M) ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❡ H ❛ ❝✉r✈❛t✉r❛

♠é❞✐❛ ❞❡ x :Mn → Hn+1✳ ❊♥tã♦✱ ♣❛r❛ X ∈ X(M)✱ t❡♠♦s

∆A(X) = n∇X(∇H) + nHX − (n+ |A|2)A(X) + nHA2(X),

♦♥❞❡ |A| é ❛ ♥♦r♠❛ ❞❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❞❡ A✱ ❞❛❞❛ ❡♠ ✭✸✳✶✵✮✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ {E1, . . . , En} ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ ❞❡✜♥✐❞♦ ❡♠ ❛❧❣✉♠

❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ Mn✳ ▲♦❣♦✱ ❞❛ ❉❡✜♥✐çã♦ ✸✳✽✱ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸ ❡ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✼



❈❛♣ít✉❧♦ ✸✳ ❯♠❛ ❢ór♠✉❧❛ ❞♦ t✐♣♦✲❙✐♠♦♥s ✺✹

t❡♠♦s

∆A(X) =
n∑

i=1

∇2A(X,Ei, Ei) =
n∑

i=1

∇2A(Ei, X,Ei)

=
n∑

i=1

∇2A(Ei, Ei, X)−
n∑

i=1

R(Ei, X)A(Ei) +
n∑

i=1

A(R(Ei, X)Ei)

=
n∑

i=1

ΓX(Ei, Ei)−
n∑

i=1

R(Ei, X)A(Ei) +
n∑

i=1

A(R(Ei, X)Ei)

= tr(ΓX)−
n∑

i=1

R(Ei, X)A(Ei) +
n∑

i=1

A(R(Ei, X)Ei)

= n∇X(∇H)−
n∑

i=1

R(Ei, X)A(Ei) +
n∑

i=1

A(R(Ei, X)Ei), ✭✸✳✼✮

♣❛r❛ t♦❞♦ X ∈ X(M)✱ ♦♥❞❡ R ❞❡♥♦t❛ t❡♥s♦r ❝✉r✈❛t✉r❛ ❞❡ Mn✳

❆❣♦r❛✱ ❞❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss ❞❡ x :Mn → Hn+1✱ ❞❛❞❛ ❡♠ ✭✷✳✶✺✮✱ ♦❜t❡♠♦s

−
n∑

i=1

R(Ei, X)A(Ei) =
n∑

i=1

〈Ei, A(Ei)〉X −
n∑

i=1

〈X,A(Ei)〉Ei

−
n∑

i=1

〈A(Ei), A(Ei)〉A(X) +
n∑

i=1

〈A(X), A(Ei)〉A(Ei)

= tr(A)X −
n∑

i=1

〈A(X), Ei〉Ei −
n∑

i=1

〈Ei, A
2(Ei)〉A(X)

+A

(
n∑

i=1

〈A2(X), Ei〉Ei

)

= nHX − A(X)− tr(A2)A(X) + A(A2(X)), ✭✸✳✽✮

♣❛r❛ t♦❞♦ X ∈ X(M)✳

❉❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡✱ ♥♦✈❛♠❡♥t❡ ❞❡ ✭✷✳✶✺✮✱

n∑

i=1

A(R(Ei, X)Ei) = A

(
−

n∑

i=1

〈Ei, Ei〉X
)

+ A

(
n∑

i=1

〈X,Ei〉Ei

)

+A

(
n∑

i=1

〈A(Ei), Ei〉A(X)

)
− A

(
n∑

i=1

〈A(X), Ei〉A(Ei)

)

= −tr
(
Id|X(M)

)
A(X) + A(X) + tr(A)A2(X)

−A2

(
n∑

i=1

〈A(X), Ei〉Ei

)

= −nAX + A(X) + nHA2(X)− A2(A(X)), ✭✸✳✾✮

♣❛r❛ t♦❞♦ X ∈ X(M)✳

❋✐♥❛❧♠❡♥t❡✱ s✉❜st✐t✉✐♥❞♦ ✭✸✳✾✮ ❡ ✭✸✳✽✮ ❡♠ ✭✸✳✼✮✱ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦✳



❈❛♣ít✉❧♦ ✸✳ ❯♠❛ ❢ór♠✉❧❛ ❞♦ t✐♣♦✲❙✐♠♦♥s ✺✺

❆♥t❡s ❞❡ ♠♦str❛r♠♦s ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ♣r❡❝✐s❛r❡♠♦s ❞❛s s❡❣✉✐♥t❡s ♥♦çõ❡s✳

❉❡✜♥✐çã♦ ✸✳✶✵✳ ❙❡❥❛♠ T : X(M) → X(M) ❡ S : X(M) → X(M) ❞✉❛s ❛♣❧✐❝❛çõ❡s

C∞(M)✲❧✐♥❡❛r❡s✳ ❖ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ A ❡ B é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ❛ ❛♣❧✐❝❛çã♦

〈T, S〉 : Mn → R

p 7→ 〈T, S〉(p) = tr(Tp ◦ S∗
p),

♦♥❞❡ S∗
p ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ ❞❡ Sp✳ ❆ ♥♦r♠❛ ✐♥❞✉③✐❞❛ ♣♦r ❡ss❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ é

❞❡✜♥✐❞❛ ❝♦♠♦ s❡♥❞♦ ❛ ♥♦r♠❛ |T | ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ C∞(M)✲❧✐♥❡❛r T : X(M) → X(M)✱

❢r❡q✉❡♥t❡♠❡♥t❡ ❝❤❛♠❛❞❛ ❞❡ ♥♦r♠❛ ❞❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❞❡ T ✐st♦ é✱ |T | é ❞❛❞❛ ♣❡❧❛

❡①♣r❡ssã♦ |T |2 = 〈T, T 〉 = tr(T ◦ T ∗)✳

❊♠ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ T : X(M) → X(M) é ✉♠❛ ❛♣❧✐❝❛çã♦ C∞(M)✲❧✐♥❡❛r ❡

❛✉t♦❛❞❥✉♥t❛✱ ❛ ♥♦r♠❛ ❞❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❞❡ T é ❞❛❞❛ ♣♦r

|T |2 = tr(T 2) =
n∑

i=1

〈T 2(Ei), Ei〉 =
n∑

i=1

〈T (Ei), T (Ei)〉, ✭✸✳✶✵✮

♦♥❞❡ {E1, . . . , En} é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ ❞❡✜♥✐❞♦ ❡♠ ❛❧❣✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦

❞❡ Mn✳

❉❡✜♥✐çã♦ ✸✳✶✶✳ ❙❡❥❛♠ A : X(M) × X(M) → X(M) ❡ B : X(M) × X(M) → X(M)

❞✉❛s ❛♣❧✐❝❛çõ❡s C∞(M)✲❜✐❧✐♥❡❛r❡s✳ ❖ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ A ❡ B é ❞❡✜♥✐❞❛ ❝♦♠♦ s❡♥❞♦

❛ ❛♣❧✐❝❛çã♦

〈A,B〉 : Mn → R

p 7→ 〈A,B〉(p) =
n∑

i,j=1

〈Ap(Ei, Ej), Bp(Ei, Ej)〉p, ✭✸✳✶✶✮

♦♥❞❡ {E1, . . . , En} é ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ TpM ✳ ❆ ♥♦r♠❛ ✐♥❞✉③✐❞❛ ♣♦r ❡st❡ ♣r♦❞✉t♦

✐♥t❡r♥♦ ❞❡✜♥❡ ❛ ♥♦r♠❛ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ C∞(M)✲❜✐❧✐♥❡❛r✳

❖❜s❡r✈❡♠♦s ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡✱ ❞❛ ➪❧❣❡❜r❛ ▲✐♥❡❛r✱ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❛❝✐♠❛ ❡stá

❜❡♠ ❞❡✜♥✐❞♦✱ ✐st♦ é✱ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❡s❝♦❧❤✐❞❛✳

Pr♦♣♦s✐çã♦ ✸✳✶✷✳ ❙❡❥❛ A : X(M) → X(M) ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❞❡ x : Mn → Hn+1✳

❊♥tã♦

∆(|A|2 ) = 2〈A,∆A〉+ 2|∇A|2,

♦♥❞❡ |A| é ❛ ♥♦r♠❛ ❞❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❞❡ A ❞❛❞❛ ❡♠ ✭✸✳✶✵✮✳

❉❡♠♦♥str❛çã♦✳ ❋✐①❡ p ∈Mn ❡✱ t❡♥❞♦ ❡♠ ❝♦♥t❛ ♦ ▲❡♠❛ ✶✳✷✹✱ ❝♦♥s✐❞❡r❡ ✉♠ r❡❢❡r❡♥❝✐❛❧

♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ {E1, . . . , En} ✭❞❡✜♥✐❞♦ ❡♠ ❛❧❣✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p✮ q✉❡ s❡❥❛ ❣❡♦❞és✐❝♦



❈❛♣ít✉❧♦ ✸✳ ❯♠❛ ❢ór♠✉❧❛ ❞♦ t✐♣♦✲❙✐♠♦♥s ✺✻

❡♠ p✱ ✐st♦ é t❛❧ q✉❡ (∇Ej
Ei)|p = 0 ♣❛r❛ t♦❞♦ i, j ∈ {1, . . . , n}✳ ▲♦❣♦✱ ❡♠ p t❡♠♦s

∆(|A|2 ) =
n∑

i=1

Ei

(
Ei

(
|A|2

))

=
n∑

i=1

Ei

(
Ei

(
n∑

j=1

〈A2(Ej), Ej〉
))

=
n∑

i,j=1

Ei (Ei (〈A(Ej), A(Ej)〉))

= 2
n∑

i,j=1

Ei (〈∇Ei
(A(Ej)), A(Ej)〉)

= 2
n∑

i,j=1

〈∇Ei
∇Ei

(A(Ej)), A(Ej)〉

+2
n∑

i,j=1

〈∇Ei
(A(Ej)),∇Ei

(A(Ej))〉. ✭✸✳✶✷✮

❆❧é♠ ❞✐ss♦✱ ❡♠ p✱ t❛♠❜é♠ t❡♠♦s

2〈∆A,A〉 = 2
n∑

j=1

〈∆A(Ej), A(Ej)〉

= 2
n∑

j=1

〈 n∑

i=1

∇2A(Ej, Ei, Ei), A(Ej)
〉

= 2
n∑

i,j=1

〈
∇Ei

(∇A(Ej, Ei))−∇A(∇Ei
Ej︸ ︷︷ ︸

0

, Ei)−∇A(Ej,∇Ei
Ei︸ ︷︷ ︸

0

), A(Ej)
〉

= 2
n∑

i,j=1

〈
∇Ei

(∇Ei
(A(Ej))− A(∇Ei

Ej)) , A(Ej)
〉

= 2
n∑

i,j=1

〈
∇Ei

(
∇Ei

(A(Ej))
)
−∇Ei

(A(∇Ei
Ej)), A(Ej)

〉

= 2
( n∑

i,j=1

〈
∇Ei

(
∇Ei

(A(Ej))
)
, A(Ej)

〉
−

n∑

i,j=1

〈
∇Ei

(A(∇Ei
Ej)), A(Ej)

〉)

= 2
n∑

i,j=1

〈
∇Ei

(
∇Ei

(A(Ej))
)
, A(Ej)

〉

−2
n∑

i,j=1

〈
∇∇Ei

Ej︸ ︷︷ ︸
0

(A(Ei))− A([Ei,∇Ei
Ej︸ ︷︷ ︸

0

]), A(Ej)
〉

= 2
n∑

i,j=1

〈
∇Ei

∇Ei
(A(Ej)), A(Ej)

〉
, ✭✸✳✶✸✮

♦♥❞❡ ♥❛ ♣❡♥ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ✉s❛♠♦s ❛ ❡①♣r❡ssã♦ ❞❛❞❛ ❡♠ ✭✸✳✶✮✳



❈❛♣ít✉❧♦ ✸✳ ❖ ▲❛♣❧❛❝✐❛♥♦ ❞❡ ❛❧❣✉♠❛s ❢✉♥çõ❡s s✉♣♦rt❡s ✺✼

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛ ❉❡✜♥✐çã♦ ✸✳✶✶✱ t❡♠♦s

2|∇A|2(p) = 2〈∇A,∇A〉(p)

= 2
n∑

i,j=1

〈∇A(Ei, Ej),∇A)(Ei, Ej)〉p

= 2
n∑

i,j=1

〈∇Ej
(A(Ei))− A(∇Ej

Ei︸ ︷︷ ︸
0

),∇Ej
(A(Ei))− A(∇Ej

Ei︸ ︷︷ ︸
0

)〉p

= 2
n∑

i,j=1

〈∇Ej
(A(Ei)),∇Ej

(A(Ei))〉p. ✭✸✳✶✹✮

P♦rt❛♥t♦✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❡ s✉❜st✐t✉✐r ❛s ❡①♣r❡ssõ❡s ✭✸✳✶✸✮ ❡ ✭✸✳✶✹✮

♥❛ ❡q✉❛çã♦ ✭✸✳✶✷✮✳

❋✐♥❛❧♠❡♥t❡✱ ❞❡♣♦✐s ❞❡ t♦❞♦ ❡st✉❞♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❛❝✐♠❛✱ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡

❡♥✉♥❝✐❛r ❡ ♠♦str❛r ❛ ❢ór♠✉❧❛ ❞♦ t✐♣♦ ❙✐♠♦♥s q✉❡ ❝♦♠❡♥t❛♠♦s ♥♦ ✐♥✐❝✐♦ ❞❡st❡ ❝❛♣ít✉❧♦✳

Pr♦♣♦s✐çã♦ ✸✳✶✸✳ ❙❡❥❛ x : Mn → Hn+1 ✉♠❛ ❤✐♣❡rs✉♣❡rí❝✐❡ ❝♦♠♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛

❝♦♥st❛♥t❡ H✳ ❙❡ A : X(M) → X(M) é ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❞❡ x :Mn → Hn+1 ❡♥tã♦

1

2
∆(|A|2 ) = −n|A|2 − |A|4 + n2H2 + nH tr(A3) + |∇A|2,

♦♥❞❡ |A| é ❛ ♥♦r♠❛ ❞❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❞❡ A ❞❛❞❛ ❡♠ ✭✸✳✶✵✮✳

❉❡♠♦♥str❛çã♦✳ ❙❡♥❞♦ H ❝♦♥st❛♥t❡✱ ❡♥tã♦ ❞❛s Pr♦♣♦s✐çõ❡s ✸✳✶✸ ❡ ✸✳✾ ♦❜t❡♠♦s

1

2
∆(|A|2 ) = 〈A,∆A〉+ |∇A|2

= 〈A, nH − (n+ |A|2)A+ nHA2〉+ |∇A|2

= nH〈A, Id|X(M) 〉 − (n+ |A|2)〈A,A〉+ nH〈A,A2〉+ |∇A|2

= nH tr(A)− (n+ |A|2)|A|2 + nH tr(A3) + |∇A|2

= n2H2 − n|A|2 − |A|4 + nH tr(A3) + |∇A|2.

✸✳✷ ❖ ▲❛♣❧❛❝✐❛♥♦ ❞❡ ❛❧❣✉♠❛s ❢✉♥çõ❡s s✉♣♦rt❡s

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ❝❛❧❝✉❧❛r ♦s ▲❛♣❧❛❝✐❛♥♦s ❞❡ ❞✉❛s ❢✉♥çõ❡s s✉♣♦rt❡s q✉❡

❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❛ ✉♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛ x : Mn → Hn+1 ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐✲

❡♠❛♥♥✐❛♥❛ ♦r✐❡♥tá✈❡❧ Mn ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ Hn+1 ⊂ Ln+2✱ ❡①♣r❡ssõ❡s q✉❡ s❡rã♦

✉t✐❧✐③❛❞♦s ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦ ♣❛r❛ ♦❜t❡r ❛❧❣✉♥s ❞♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ❞❡st❡ tr❛❜❛✲

❧❤♦✳



❈❛♣ít✉❧♦ ✸✳ ❖ ▲❛♣❧❛❝✐❛♥♦ ❞❡ ❛❧❣✉♠❛s ❢✉♥çõ❡s s✉♣♦rt❡s ✺✽

P❛r❛ ✐ss♦✱ s❡❥❛ N ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦r♠❛✐s ✉♥✐tár✐♦s ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠

Mn✱ ❡ ❞❡♥♦t❡♠♦s ♣♦r A : X(M) → X(M) ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❞❡

x :Mn → Hn+1✳ ❖❜s❡r✈❡♠♦s q✉❡ N ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ❛ ❛♣❧✐❝❛çã♦

N :Mn → Sn+1
1 ,

♦♥❞❡ Sn+1
1 é ♦ ❡s♣❛ç♦ ❞❡ ❙✐tt❡r✳ ❆s ❝♦♥❡①õ❡s ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ Mn✱ Hn+1 ❡ Ln+2 s❡rã♦

❞❡♥♦t❛❞❛s ♣♦r ∇✱ ∇ ❡ ∇0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡ ✭✷✳✼✮✱ ✭✷✳✷✾✮ ❡ ✭✷✳✸✶✮ ♦❜t❡♠♦s q✉❡ ❛ ❢♦r♠✉❧❛ ❞❡ ●❛✉ss ♣❛r❛ Mn ❡♠ Hn+1 é

❞❛❞❛ ♣♦r

∇0
XY = ∇XY + 〈A(X), Y 〉N + 〈X, Y 〉x, ∀X, Y ∈ X(M). ✭✸✳✶✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ N ∈ X(M)⊥
⋂
X(Hn+1) ❡♥tã♦✱ ❞❡ ✭✷✳✾✮ ❡ ✭✷✳✷✾✮✱ ♦❜t❡♠♦s

A(X) = −∇XN = −∇0
XN, ∀X ∈ X(M). ✭✸✳✶✻✮

◆♦ q✉❡ s❡❣✉❡✱ ♣❛r❛ ✉♠ ✈❡t♦r ✜①♦ v ∈ Ln+2✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥❝ã♦ ❛❧t✉r❛

l v : Mn → R

p 7→ l v(p) = 〈x(p), v〉
✭✸✳✶✼✮

❡ ❛ ❢✉♥çã♦ â♥❣✉❧♦

fv : Mn → R

p 7→ fv(p) = 〈N(p), v〉,
✭✸✳✶✽✮

❢✉♥çõ❡s ♥❛t✉r❛❧♠❡♥t❡ ❛ss♦❝✐❛❞❛s à ✐♠❡rsã♦ ✐s♦♠étr✐❝❛ x :Mn → Hn+1✳

◆♦ ♥♦ss♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ❡st✉❞❛♠♦s ❡ ❝♦❧❡❝✐♦♥❛♠♦s ✈❛r✐❛s ❡①♣r❡ssõ❡s ❞❡ ❛❧✲

❣✉♥s ♦♣❡r❛❞♦r❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ✭❡st✉❞❛❞♦s ♥❛ ❙❡çã♦ ✶✳✷✳✷✮ ❛❣✐♥❞♦ ♥❛s ❢✉♥çõ❡s s✉♣♦rt❡s

❞❡✜♥✐❞❛s ❛❝✐♠❛ ❡♠ ✭✸✳✶✼✮ ❡ ✭✸✳✶✽✮✳

Pr♦♣♦s✐çã♦ ✸✳✶✹✳ ❈♦♠ ❛s ♥♦t❛çõ❡s ❡st❛❜❡❧❡❝✐❞❛s ❛❝✐♠❛✱

(a) ∇l v = v⊤ ❡ ∇fv = −A(v⊤)❀

(b) (Hess l v)(X, Y ) = fv〈A(X), Y 〉+ l v〈X, Y 〉✱ ♣❛r❛ t♦❞♦s X, Y ∈ X(M)❀

(c) ∆ l v = nHfv + nl v❀

(d) (Hessfv)(X, Y ) = −〈∇A(X, v⊤), Y 〉−fv〈A(X), A(Y )〉− l v〈X,A(Y )〉✱ ♣❛r❛ q✉❛✐s✲

q✉❡r X, Y ∈ X(M)❀

(e) ∆fv = −n〈v⊤,∇H〉 − |A|2fv − nHl v❀



❈❛♣ít✉❧♦ ✸✳ ❖ ▲❛♣❧❛❝✐❛♥♦ ❞❡ ❛❧❣✉♠❛s ❢✉♥çõ❡s s✉♣♦rt❡s ✺✾

♦♥❞❡ v⊤ é ❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞❡ v ∈ Ln+2 s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s

❞❡✜♥✐❞♦s ❡♠ Mn✱ q✉❡ é ❞❛❞♦ ♣♦r

v⊤ = v − fvN + l v x, ✭✸✳✶✾✮

A é ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❞❡ x : Mn → Hn+1 ❞❛❞❛ ❡♠ ✭✸✳✶✺✮✱ H é ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛

❞❡ x : Mn → Hn+1 ❞❡✜♥✐❞❛ ❡♠ ✭✷✳✻✮ ❡ |A| é ❛ ♥♦r♠❛ ❞❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❞❡ A ❞❛❞❛

❡♠ ✭✸✳✶✵✮✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♣♦❞❡r ♦❜t❡r ❛s ❡①♣r❡ssõ❡s ❞♦s ❣r❛❞✐❡♥t❡s ❞❛s ❢✉♥çõ❡s l v ❡ fv✱

♦❜s❡r✈❡♠♦s q✉❡

〈∇l v, X〉 = X(l v) = X (〈x, v〉) = 〈∇0
Xx, v〉 = 〈X, v〉 = 〈v⊤, X〉

❡✱ ❞❡ ✭✸✳✶✻✮✱

〈∇fv, X〉 = X(fv) = X (〈N, v〉) = 〈∇0
XN, v〉 = −〈AX, v〉 = 〈−A(v⊤), X〉

♣❛r❛ t♦❞♦ X ∈ X(M)✳ ❙❡❣✉❡ q✉❡

∇l v = v⊤ e ∇fv = −A(v⊤), ✭✸✳✷✵✮

❡ ♦ ✐t❡♠ (a) ✜❝♦✉ ❡st❛❜❡❧❡❝✐❞♦✳

❆❣♦r❛✱ ❞❛ ❉❡✜♥✐çã♦ ✶✳✶✷✱ ❞❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ ✭✸✳✷✵✮✱ ❞❡ ✭✸✳✶✺✮✱ ✭✸✳✶✾✮ ❡ ✭✸✳✶✻✮

♦❜t❡♠♦s

(Hess l v)(X, Y ) = 〈∇X∇l v, Y 〉 = 〈∇0
X∇l v, Y 〉 = 〈∇0

Xv
⊤, Y 〉

= 〈∇0
X(v − fvN + l v x), Y 〉

= −〈∇0
X(fvN), Y 〉+ 〈∇0

X(l v x), Y 〉
= −X(fv) 〈N, Y 〉︸ ︷︷ ︸

0

−fv〈∇0
X(N), Y 〉

+X(l v) 〈x, Y 〉︸ ︷︷ ︸
0

+l v〈∇0
X(x), Y 〉

= fv〈A(X), Y 〉+ l v〈X, Y 〉, ✭✸✳✷✶✮

♣❛r❛ q✉❛✐sq✉❡r X, Y ∈ X(M)✱ ♦ q✉❡ ❞❡♠♦♥str❛ ♦ ✐t❡♠ (b)✳

P❛r❛ ♦ ✐t❡♠ (c)✱ s❡ {E1, . . . , En} é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ ❞❡✜♥✐❞♦ ❡♠

✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ Mn✱ ❞❛ ❉❡✜♥✐çã♦ ✶✳✶✹ ❡ ❞❡ ✭✸✳✷✶✮ s❡❣✉❡ q✉❡

∆ l v = tr(Hess l v)

=
n∑

i=1

(Hess l v)(Ei, Ei)

= fv

n∑

i=1

〈A(Ei), Ei〉+ l v

n∑

i=1

〈Ei, Ei〉

= fv tr(A) + nl v = nHfv + nl v.



❈❛♣ít✉❧♦ ✸✳ ❖ ▲❛♣❧❛❝✐❛♥♦ ❞❡ ❛❧❣✉♠❛s ❢✉♥çõ❡s s✉♣♦rt❡s ✻✵

P❛r❛ ♦❜t❡r ♦ ✐t❡♠ (d)✱ ❞❛ ❉❡✜♥✐çã♦ ✶✳✶✷✱ ❞❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞❡ ✭✸✳✷✵✮✱ ❞❛ ❡q✉❛çã♦

❞❡ ❈♦❞❛③③✐ ❞❡ x :Mn → Hn+1✱ ❞❛❞❛ ❡♠ ✭✷✳✶✻✮✱ ❡ ❞❡ ✭✸✳✷✶✮ ♦❜t❡♠♦s

(Hessfv)(X, Y ) = 〈∇X∇fv, Y 〉 = 〈∇X(−A(v⊤)), Y 〉
= −〈∇A(v⊤, X) + A(∇X(v

⊤)), Y 〉
= −〈∇A(X, v⊤), Y 〉 − 〈A(∇X(v

⊤)), Y 〉
= −〈∇A(X, v⊤), Y 〉 − 〈∇X(v

⊤), A(Y )〉
−〈∇A(X, v⊤), Y 〉 − (Hess l v)(X,A(Y ))

= −〈∇A(X, v⊤), Y 〉 − fv〈A(X), A(Y )〉 − l v〈X,A(Y )〉, ✭✸✳✷✷✮

♣❛r❛ t♦❞♦s X, Y ∈ X(M)✳

P❛r❛ ♦ ✐t❡♠ (e) r❡st❛♥t❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ♥♦✈❛♠❡♥t❡ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧

{E1, . . . , En} ❞❡ Mn✱ ❞❛ ❉❡✜♥✐çã♦ ✶✳✶✹✱ ❞❡ ✭✸✳✷✷✮ ❡ ❞❡ ✭✷✳✶✷✮ s❡❣✉❡ q✉❡

∆fv = tr(Hessfv)

=
n∑

i=1

(Hessfv)(Ei, Ei)

= −
n∑

i=1

〈∇A(Ei, v
⊤), Ei〉 − fv

n∑

i=1

〈A(Ei), A(Ei)〉 − l v

n∑

i=1

〈Ei, A(Ei)〉

= −
n∑

i=1

〈∇A(Ei, v
⊤), Ei〉 − |A|2fv − l v tr(A)

= −
n∑

i=1

〈∇v⊤A(Ei)− A(∇v⊤Ei), Ei〉 − |A|2fv − nHl v.

= −
n∑

i=1

〈∇v⊤A(Ei), Ei〉+
n∑

i=1

〈A(∇v⊤Ei), Ei〉 − |A|2fv − nHl v. ✭✸✳✷✸✮

❆❣♦r❛✱ s❡ ❡①✐❣✐♠♦s q✉❡ ♦ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ {E1, . . . , En} ❞✐❛❣♦♥❛❧✐③❡ ♦ ♦♣❡r❛✲

❞♦r ❞❡ ❢♦r♠❛ A ✭q✉❡ s❡♠♣r❡ é ♣♦ssí✈❡❧✮✱ ❝♦♠ ❛✉t♦✈❛❧♦r❡s {µ1, . . . , µn} r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❡♥tã♦

〈A(∇v⊤Ei), Ei〉 = 〈∇v⊤Ei, A(Ei)〉 = µi 〈∇v⊤Ei, Ei〉︸ ︷︷ ︸
0

= 0, ∀i ∈ {1, . . . , n},

♦♥❞❡ ❢♦✐ ✉s❛❞♦ q✉❡

〈Ei, Ek〉 = δik ⇒ 0 = X (〈Ei, Ek〉) = 2〈∇XEi, Ek〉, ∀X ∈ X(M). ✭✸✳✷✹✮



❈❛♣ít✉❧♦ ✸✳ ❖ ▲❛♣❧❛❝✐❛♥♦ ❞❡ ❛❧❣✉♠❛s ❢✉♥çõ❡s s✉♣♦rt❡s ✻✶

❆ss✐♠✱ ❡♠ ✭✸✳✷✸✮ t❡♠♦s

∆fv = −
n∑

i=1

〈∇v⊤A(Ei), Ei〉 − |A|2fv − nHl v

= −
n∑

i=1

〈
∇





n∑

j=1

〈v⊤, Ej〉Ej







A(Ei), Ei

〉
− |A|2fv − nHl v

= −
n∑

i,j=1

〈v⊤, Ej〉〈∇Ej
A(Ei), Ei〉 − |A|2fv − nHl v. ✭✸✳✷✺✮

❋✐♥❛❧♠❡♥t❡✱ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ✭✸✳✷✹✮ ♥❛ ❛♥á❧✐s❡ ❞❛ ❡①♣r❡ssã♦

〈∇Ej
A(Ei), Ei〉 = Ej (〈A(Ei), Ei〉)− 〈A(Ei),∇Ej

Ei〉
= Ej (〈A(Ei), Ei〉)− µ 〈Ei,∇Ej

Ei〉︸ ︷︷ ︸
0

,

❡♥tã♦✱ ❞❡ ✭✸✳✷✺✮✱ ♦❜t❡♠♦s

∆fv = −
n∑

i,j=1

〈v⊤, Ej〉Ej (〈A(Ei), Ei〉)− |A|2fv − nHl v

= −
n∑

j=1

〈v⊤, Ej〉
(
Ej

(
n∑

j=1

〈A(Ei), Ei〉
))

− |A|2fv − nHl v

= −n
n∑

j=1

〈v⊤, Ej〉 (Ej (H))− |A|2fv − nHl v

= −n
〈
v⊤,

n∑

j=1

Ej (H)Ej

〉
− |A|2fv − nHl v

= −n〈v⊤,∇H〉 − |A|2fv − nHl v.



❈❛♣ít✉❧♦ ✹

❍✐♣❡rs✉♣❡r❢í❝✐❡s ❡♠ Hn+1 ❝♦♠

❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ♣r❡s❝r✐t❛

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ♠♦str❛r ♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ❝♦♠ r❡❧❛çã♦ às ❤✐♣❡rs✉✲

♣❡r❢í❝✐❡s ✐♠❡rs❛s ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ Hn+1✱ ❞❡s❝r✐t♦s ♥❛ ✐♥tr♦❞✉çã♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✳

❉❡ ❢♦r♠❛ ♠❛✐s ♣r❡❝✐s❛✱ ✈❛♠♦s ♠♦str❛r ❞♦✐s r❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③ ♣❛r❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡s

❝♦♠♣❧❡t❛s x :Mn → Hn+1 ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡✱ ❞❡s❞❡ q✉❡ s✉❛ ❛♣❧✐❝❛çã♦ ❞❡

●❛✉ss N :Mn → Sn+1
1 ✈❡r✐✜q✉❡ ❛❧❣✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❛❞❡q✉❛❞♦✳ ◆❡st❡ s❡♥t✐❞♦✱ ♥♦ss♦

♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ r❡q✉❡r ❝♦♠♦ ❤✐♣ót❡s❡ q✉❡ ❛ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦ ♥♦r♠❛❧ ❞❡ ●❛✉ss

N(M) ❡st❡❥❛ ❝♦♥t✐❞❛ ♥✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ❞♦ ❡s♣❛ç♦

❞❡ ❙✐tt❡r Sn+1 ✭✈❡❥❛ ❚❡♦r❡♠❛ ✹✳✸✮❀ ❡♥q✉❛♥t♦ q✉❡ ♥♦ s❡❣✉♥❞♦ ✈❛♠♦s s♦❧✐❝✐t❛r q✉❡ Mn

t❡♥❤❛ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ q✉❡ N(Mn) ❡st❡❥❛ ❝♦♥t✐❞❛ ♥♦ ❢❡❝❤♦

❞❡ ✉♠ ❞♦♠í♥✐♦ ❞❡❧✐♠✐t❛❞♦ ♣♦r ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ❞❡

Sn+1 ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❛❧❣✉♠ ✈❡t♦r a ♥♦ ❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲▼✐♥❦♦✇s❦✐ Ln+2✱ t❛❧ q✉❡

❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧ ❞❡ a ❝♦♠ r❡s♣❡✐t♦ ❛ Mn ♣♦ss✉❛ ♥♦r♠❛ ✐♥t❡❣rá✈❡❧ s❡❣✉♥❞♦

▲❡❜❡s❣✉❡ ✭✈✐❞❡ ❚❡♦r❡♠❛ ✹✳✺✮✳

P❛r❛ ❛❧❝❛♥ç❛r ♥♦ss♦s ♦❜❥❡t✐✈♦s✱ ♣r❡❝✐s❛♠♦s ❞❡ ❞♦✐s r❡s✉❧t❛❞♦s q✉❡ s❡❣✉✐❞❛♠❡♥t❡

♣❛ss❛♠♦s ❛ ❡♥✉♥❝✐❛r✳ ❖ ♣r✐♠❡✐r♦ ❞❡❧❡s é ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ❤✐♣❡rs✉♣❡r✜❝✐❡s t♦t❛❧✲

♠❡♥t❡ ✉♠❜í❧✐❧✐❝❛s ❡♠ ✉♠❛ ❢♦r♠❛ ❡s♣❛❝✐❛❧ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ ❞❡✈✐❞❛ ❛ ❑✐♠ ❡t ❛❧✳ ❬✶✺❪✳

▲❡♠❛ ✹✳✶✳ ❙❡❥❛ Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❧❡t❛ ❡ ❝♦♥❡①❛ ✐♠❡rs❛

♥✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ M
n+1

(c) ❝♦♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ c✳ ❙✉✲

♣♦♥❤❛♠♦s q✉❡M
n+1

(c) ♣♦ss✉✐ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❝♦♥❢♦r♠❡ ❝✉❥❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧



❈❛♣ít✉❧♦ ✹✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ❡♠ Hn+1 ❝♦♠ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ♣r❡s❝r✐t❛ ✻✸

V ⊤ ❡♠ Mn é ✉♠ ❝❛♠♣♦ ❝♦♥❢♦r♠❡✳ ❊♥tã♦ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s é ✈❡r❞❛❞❡✐r❛✿

(i) Mn é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛❀

(ii) ❆ r❡str✐çã♦ ❞❡ V ❛ Mn s❡ r❡❞✉③ ❛ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s t❛♥❣❡♥t❡s ❡♠ Mn✳

❆q✉✐✱ ❧❡♠❜r❡♠♦s q✉❡ ✉♠ ❝❛♠♣♦ s✉❛✈❡ ❞❡ ✈❡t♦r❡s V ❞❡✜♥✐❞♦ s♦❜r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡

s❡♠✐✲❘✐❡♠❛♥♥✐❛♥❛ M
n+1

é ❝❤❛♠❛❞♦ ❝♦♥❢♦r♠❡ s❡

LV 〈 , 〉 = 2ψ〈 , 〉,

♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ ψ ∈ C∞(M)✱ ♦♥❞❡ LV 〈 , 〉 ❞❡♥♦t❛ ❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❞❛ ♠étr✐❝❛ ❞❡

M
n+1

♥❛ ❞✐r❡çã♦ ❞♦ ❝❛♠♣♦ V ❞❡✜♥✐❞❛ ♣♦r

LV 〈Y, Z〉 = V (〈Y, Z〉)− 〈[V, Y ], Z〉 − 〈Y, [V, Z]〉, ✭✹✳✶✮

♣❛r❛ t♦❞♦s Y, Z ∈ X(M)✳ ◆❡ss❡ ❝♦♥t❡①t♦✱ ψ ❡ ❝❤❛♠❛❞♦ ❢❛t♦r ❝♦♥❢♦r♠❡ ❞❡ V ✳

❖ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦ q✉❡ ♣r❡❝✐s❛♠♦s é ♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ❣❡♥❡✲

r❛❧✐③❛❞♦ ❞❡ ❖♠♦r✐✲❨❛✉ ❬✷✵✱ ✷✸❪✱ ❝✉❥♦s ❞❡t❛❧❤❡s ❞❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s

❡♠ ❬✼❪✳

▲❡♠❛ ✹✳✷✳ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ♥✲❞✐♠❡♥s✐♦♥❛❧✱ ❝♦♠♣❧❡t❛ ❡ ❝♦♥❡①❛

❝✉❥❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ s❡❥❛ u :Mn → R ✉♠❛ ❢✉♥çã♦ s✉❛✈❡

❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡ ❡♠ Mn✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ {pk}k≥1 ❡♠ Mn t❛❧ q✉❡

lim
k
u(pk) = sup

M

u, lim
k

|∇u|(pk) = 0 e lim
k

sup∆u(pk) ≤ 0✳

❊st❛♠♦s ❛❣♦r❛ ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❡♥✉♥❝✐❛r ❡ ♣r♦✈❛r ♥♦ss♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❞❡

r✐❣✐❞❡③✱ ♦ q✉❛❧ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❚❡♦r❡♠❛ 1.1 ❞❡ ❬✹❪ ✳

❚❡♦r❡♠❛ ✹✳✸✳ ❆s ú♥✐❝❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠♣❧❡t❛s ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡

✐♠❡rs❛s ❡♠ Hn+1 ❝✉❥❛ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ❡stá ❝♦♥t✐❞❛ ❡♠ ✉♠❛ ❤✐♣❡rs✉♣❡r✲

❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ❞❡ Sn+1 sã♦ ❛s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ x : Mn → Hn+1 ✉♠❛ t❛❧ ❤✐♣rs✉♣❡r❢í❝✐❡ ❡ ❞❡♥♦t❡♠♦s✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✱ ♣♦r A ❡ H ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❡ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❞❡ Mn ❝♦♠ r❡s♣❡✐t♦ ❛ ✉♠

❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦r♠❛✐s ✉♥✐tár✐♦s N ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ ❡♠Mn✳ ❉❛ ❝❛r❛❝t❡r✐③❛çã♦

❞❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❞❡ Sn+1 ❡st✉❞❛❞❛ ♥❛ ❙❡çã♦ ✷✳✹ ❡ ♣❡❧❛ ♥♦ss❛

❤✐♣ót❡s❡ ❛ r❡s♣❡✐t♦ ❞❛ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss N(Mn)✱ ♦❜t❡♠♦s ❛ ❡①✐stê♥❝✐❛

❞❡ v ∈ Ln+2 \ {0} ❡ τ ∈ R t❛✐s q✉❡ ❛ ❢✉♥çã♦ â♥❣✉❧♦ fv : Mn → R ❞❡✜♥✐❞❛ ❡♠ ✭✸✳✶✽✮

s❛t✐s❢❛③ fv = 〈N, v〉 = τ ✱ ❝♦♠ τ > 〈v, v〉✳



❈❛♣ít✉❧♦ ✹✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ❡♠ Hn+1 ❝♦♠ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ♣r❡s❝r✐t❛ ✻✹

❆♥❛❧✐s❡♠♦s ♣r✐♠❡✐r♦ ♦ q✉❡ ❛❝♦♥t❡❝❡ q✉❛♥❞♦ τ = 0✳ ◆❡st❡ ❝❛s♦✱ ✐♥✐❝✐❛❧♠❡♥t❡✱

❛✜r♠❛♠♦s q✉❡ H = 0✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ f v = 0 ❡ H é ❝♦♥st❛♥t❡✱ ❡♥tã♦✱ ❛♦ ❧♦♥❣♦ ❞❡ Mn✱

❞♦ ✐t❡♠ (e) ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✹✱ ♦❜t❡♠♦s −nHl v = 0✳ ❆❣♦r❛✱ s✉♣♦♥❞♦✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱

q✉❡ H 6= 0✱ s❡❣✉❡ q✉❡ l v = 0✳ ❯♠❛ ✈❡③ q✉❡ v⊤ = v − fvN + l v x✱ ❡♥tã♦✱ ❞❛ ♣r✐♠❡✐r❛

❡q✉❛çã♦ ❞♦ ✐t❡♠ (a) ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✹✱ ❝♦♥❝❧✉í♠♦s q✉❡ v = v⊤ = ∇l v = 0✱ ♦ q✉❡ é

✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s v ∈ Ln+2 \ {0}✳
❆❣♦r❛ ❛✜r♠❛♠♦s q✉❡ v⊤ é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❝♦♥❢♦r♠❡ ❡♠ Mn✳ ❉❡ ❢❛t♦✱

❝♦♠♦ f v = 0✱ ❡♥tã♦✱ ❞♦ ít❡♠ (b) ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✹✱ ♦❜t❡♠♦s q✉❡ ♦ ❍❡ss✐❛♥♦ ❞❛ ❢✉♥çã♦

❛❧t✉r❛ l v :Mn → R✱ ❞❡✜♥✐❞❛ ❡♠ ✭✸✳✶✼✮✱ s❛t✐s❢❛③ (Hess l v)(Y, Z) = l v〈Y, Z〉✱ ♣❛r❛ t♦❞♦s

Y, Z ∈ X(M)✳ ▲♦❣♦✱ ❞❡ ✭✹✳✶✮✱ s❡❣✉❡ q✉❡

L∇l v(〈Y, Z〉) = ∇l v(〈Y, Z〉)− 〈[∇l v, Y ], Z〉 − 〈Y, [∇l v, Z]〉
= 〈∇∇l vY, Z〉+ 〈Y,∇∇l vZ〉

−〈∇∇l vY −∇Y∇l v, Z〉 − 〈Y,∇∇l vZ −∇Z∇l v〉
= 〈∇∇l vY, Z〉+ 〈Y,∇∇l vZ〉 − 〈∇∇l vY, Z〉

+〈∇Y∇l v, Z〉 − 〈Y,∇∇l vZ〉+ 〈Y,∇Z∇l v〉
= 〈∇Y∇l v, Z〉+ 〈Y,∇Z∇l v〉
= (Hess l v)(Y, Z) + (Hess l v)(Z, Y ) = 2l v〈Y, Z〉,

♣❛r❛ t♦❞♦s Y, Z ∈ X(M)✳ ❉❡ss❡ ♠♦❞♦✱ ❞❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞♦ ✐t❡♠ (a) ❞❛ Pr♦♣♦s✐✲

çã♦ ✸✳✶✹✱ ❝♦♥❝❧✉í♠♦s q✉❡ ∇l v = v⊤ é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❝♦♥❢♦r♠❡ ❡♠ Mn✳

❖❜s❡r✈❡♠♦s t❛♠❜é♠ q✉❡ ❛ s❡❣✉♥❞❛ ❝♦♥❧✉sã♦ ❞♦ ▲❡♠❛ ✹✳✶ ♥ã♦ ❛❝♦♥t❡❝❡✱ ♣♦✐s✱

❝❛s♦ ❛❝♦♥t❡ç❛ v = v⊤✱ ❡♥tã♦✱ ♥♦✈❛♠❡♥t❡✱ ❞❡ v⊤ = v − fvN + l v x✱ ♦❜t❡rí❛♠♦s l v = 0

❡♠Mn ✭❧❡♠❜r❡ q✉❡ fv = 0✮✱ ♦ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ ✐♠♣❧✐❝❛r✐❛ v = v⊤ = ∇l v = 0✱ ❝❤❡❣❛♥❞♦

❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s v ∈ Ln+2 \ {0}✳
P♦rt❛♥t♦✱ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✹✳✶✱ ❝♦♠♦ H = 0 ♥❡st❡ ❝❛s♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

Mn é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛ ❞❡ Hn+1✳

◆♦ q✉❡ s❡❣✉❡✱ ❛ss✉♠✐♠♦s q✉❡ τ 6= 0✳ ❙❡ H = 0✱ ❡♥tã♦ Mn é t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳ ❙✉♣♦♥❤❛♠♦s ❡♥tã♦ H 6= 0✳ ❈♦♠♦ fv = τ ❡ H sã♦ ❝♦♥st❛♥t❡s ❛♦

❧♦♥❣♦ ❞❡ Mn✱ ❡♥tã♦ ♦ ✐t❡♠ (e) ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✹ ♥♦s ❣❛r❛♥t❡ q✉❡

|A|2 = −nH
τ
l v. ✭✹✳✷✮

❙❡❣✉❡ q✉❡
τ

H
l v = − τ 2

nH2
|A|2.

❖❜s❡r✈❡♠♦s q✉❡✱ ❞❛s ❡q✉❛çõ❡s ✭✸✳✶✵✮ ❡ ✭✷✳✸✸✮✱ ♣♦❞❡♠♦s ♦❜t❡r |A|2 = |Φ|2 + nH2✱ ♦♥❞❡

Φ é ♦ ♦♣❡r❛❞♦r s❡♠ tr❛ç♦ ❞❡ Mn ❞❛❞♦ ♥❛ ❉❡✜♥✐çã♦ ✷✳✼✳ ❆ss✐♠✱

τ

H
l v = − τ 2

nH2
|A|2 = − τ 2

nH2
|Φ|2 − τ 2

nH2
nH2 = − τ 2

nH2
|Φ|2 − τ 2.



❈❛♣ít✉❧♦ ✹✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ❡♠ Hn+1 ❝♦♠ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ♣r❡s❝r✐t❛ ✻✺

❉✐❛♥t❡ ❞✐ss♦✱ ❛ ❢✉♥çã♦ ❛❧t✉r❛ l v s❛t✐s❢❛③ |lv| ≥ β✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ β✳

P♦❞❡♠♦s ❛ss✉♠✐r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ l v é ✉♠❛ ❢✉♥çã♦ ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛

❛♦ ❧♦♥❣♦ ❞❡ Mn✳

❆✜r♠❛♠♦s q✉❡ ❛ ❢✉♥çã♦ ❛❧t✉r❛ l v é ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ❛

❝✉r✈❛t✉r❛ ♠é❞✐❛ H é ❝♦♥st❛♥t❡ ❡ v⊤ = ∇l v ✭✈✐❞❡ ♦ ♣r✐♠❡✐r♦ ✐t❡♠ ❞❛ Pr♦♣♦✐s✐çã♦ ✸✳✶✹✮✱

♦❜t❡♠♦s✱ ❞❡ ✭✹✳✷✮✱ q✉❡

v⊤(|A|2) = −nH
τ
v⊤(l v) = −nH

τ
〈∇l v, v⊤〉 = −nH

τ
〈∇l v,∇l v〉 = −nH

τ
|∇l v|2. ✭✹✳✸✮

❆❣♦r❛✱ ❡s❝♦❧❤❡♠♦s ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❧♦❝❛❧ {E1, . . . , En} ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

U ⊂ Mn q✉❡ s❡❥❛ ❣❡♦❞és✐❝♦ ❡♠ ❛❧❣✉♠ ♣♦♥t♦ p ∈ U ✳ ❖❜s❡r✈❡♠♦s q✉❡✱ s❡♥❞♦ fv

❝♦♥st❛♥t❡ ❡♠Mn✱ ❞❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞♦ ✐t❡♠ (a) ❞❛ Pr♦♣♦✐s✐çã♦ ✸✳✶✹✱ t❡♠♦s A(v⊤) =

−∇f v = 0✳ ▲♦❣♦✱ ❛ ❡q✉❛çã♦ ❞❡ ❈♦❞❛③③✐ ✭✷✳✶✻✮ ♥♦s ❞á

v⊤
(
|A|2

)
=

n∑

i=1

v⊤(〈A(Ei), A(Ei)〉) = 2
n∑

i=1

〈∇v⊤A(Ei), A(Ei)〉

= 2
n∑

i=1

〈∇A(Ei, v
⊤) + A(∇v⊤Ei), A(Ei)〉

= 2
n∑

i=1

〈∇A(v⊤, Ei) + A(∇v⊤Ei), A(Ei)〉

= 2
n∑

i=1

〈∇Ei
A(v⊤)︸ ︷︷ ︸

0

−A(∇Ei
v⊤) + A(∇v⊤Ei)︸ ︷︷ ︸

zero em p

, A(Ei)〉

= −2
n∑

i=1

〈A(∇Ei
v⊤), A(Ei)〉 = −2

n∑

i=1

〈A2
(
∇Ei

v⊤
)
, Ei)〉, ✭✹✳✹✮

♦♥❞❡ ✉s❛♠♦s q✉❡ ∇A é ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ A ❞❡✜♥✐❞❛ ❡♠ ✭✷✳✶✷✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱

❞♦ ❡st✉❞♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✷✶✮✱ ♣♦❞❡♠♦s ♦❜t❡r q✉❡∇Ei
v⊤ = τA(Ei)+l vEi✳ ▲♦❣♦✱ ❞❡ ✭✹✳✸✮

❡ ✭✹✳✹✮✱

nH

τ
|∇l v|2 = 2

n∑

i=1

〈A2
(
∇Ei

v⊤
)
, Ei)〉 = 2

n∑

i=1

〈A2(τA(Ei) + l vEi), Ei〉

= 2

(
τ

n∑

i=1

〈A3(Ei), Ei〉+ l v

n∑

i=1

〈A2(Ei), Ei〉
)

= 2

(
τ

n∑

i=1

〈A3(Ei), Ei〉+ l v

n∑

i=1

〈A(Ei), A(Ei)〉
)

= 2
(
τ tr(A3) + l v|A|2

)
,

♦ q✉❡ ✐♠♣❧✐❝❛

tr(A3) =
nH

2τ 2
|∇l v|2 −

l v |A|2
τ

,
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♦ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ ♥♦s ❣❛r❛♥t❡ q✉❡

nHtr (A3) =
n2H2

2τ 2
|∇l v|2 −

nH

τ
l v |A|2. ✭✹✳✺✮

❆❣♦r❛✱ ❞❡ ✭✹✳✷✮ ❡ ✭✹✳✺✮✱ ♦❜t❡♠♦s

nHtr (A3) = |A|4 + n2H2

2τ 2
|∇l v|2. ✭✹✳✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ H é ❝♦♥st❛♥t❡ ❡ f v = τ ✱ s❡❣✉❡ ❞❡ ✭✹✳✷✮ ❡ ❞♦ ✐t❡♠ (c) ❞❛

Pr♦♣♦s✐çã♦ ✸✳✶✹ q✉❡

∆|A|2 = −nH
τ

∆l v = −nH
τ

(nHτ + nl v) = −n2H2 − n2H

τ
l v

= n

(
−nH2 − nH

τ
l v

)
= n

(
−nH2 + |A|2

)
= n|Φ|2. ✭✹✳✼✮

❆❧é♠ ❞✐ss♦✱ ❞❛ ❢ór♠✉❧❛ t✐♣♦✲❙✐♠♦♥s ♦❜t✐❞❛ ♥❛ Pr♦♣♦s✐çã♦ ✸✳✶✸✱ t❡♠♦s

1

2
∆|A|2 = −n|A|2 − |A|4 + n2H2 + nHtr

(
A3
)
+ |A|2. ✭✹✳✽✮

❆ss✐♠✱ ✉s❛♥❞♦ ✭✹✳✼✮ ❡ s✉❜st✐t✉✐♥❞♦ ✭✹✳✻✮ ❡♠ ✭✹✳✽✮✱ ♦❜t❡♠♦s

n

2
|Φ|2 =

1

2
∆|A|2

= −n|A|2 − |A|4 + n2H2 +

(
|A|4 + n2H2

2τ 2
|∇l v|2

)
+ |∇A|2

= −n|A|2 + n2H2 +
n2H2

2τ 2
|∇l v|2 + |∇A|2,

❞❡ ♦♥❞❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

|Φ|2 = nH2

3τ 2
|∇l v|2 +

2

3n
|∇A|2. ✭✹✳✾✮

❖❜s❡r✈❡♠♦s q✉❡ ✈❛❧❡ ❛ ✐❞❡♥t✐❞❛❞❡

|∇l v|2 + τ 2 − l 2v = 〈v, v〉, ✭✹✳✶✵✮

♣♦✐s

〈∇l v,∇l v〉 = 〈v⊤, v⊤〉 = 〈v − fvN + l v x, v − fvN + l v x〉
= 〈v, v〉 − fv 〈v,N〉︸ ︷︷ ︸

fv

+l v 〈v, x〉︸ ︷︷ ︸
l v

−fv 〈N, v〉︸ ︷︷ ︸
fv

+f 2
v 〈N,N〉︸ ︷︷ ︸

1

−fv l v 〈N, x〉︸ ︷︷ ︸
0

+l v 〈x, v〉︸ ︷︷ ︸
l v

−l vfv 〈x,N〉︸ ︷︷ ︸
0

+l 2v 〈x, x〉︸ ︷︷ ︸
−1

= 〈v, v〉 − f 2
v + l 2v − f 2

v + f 2
v + l 2v − l 2v = 〈v, v〉 − τ 2 + l 2v.
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❉❡ ✭✹✳✾✮ ❡ ✭✹✳✶✵✮✱

|A|2 − nH2 = |Φ|2 = nH2

3τ 2
(
〈v, v〉 − τ 2 + l2v

)
+

2

3n
|∇A|2,

♦ q✉❡✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✭✹✳✷✮✱ ✐♠♣❧✐❝❛

−nH
τ
l v =

nH2

3τ 2
(
〈v, v〉 − τ 2 + l 2v

)
+

2

3n
|∇A|2

︸ ︷︷ ︸
≥0

+nH2

≥ nH2

3τ 2
〈v, v〉 − nH2

3
+
nH2

3τ 2
l 2v + nH2.

❙❡♥❞♦ l v ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛✱

−H
τ

≥ H2

3τ 2
〈v, v〉
l v

− H2

3l v
+
H2

3τ 2
l v +

H2

l v

=
H2

3τ 2
〈v, v〉
l v

+
2

3l v
H2 +

H2

3τ 2
l v

=

(
H2

3τ 2
〈v, v〉+ 2

3
H2

)
1

l v
+
H2

3τ 2
l v. ✭✹✳✶✶✮

❆❣♦r❛ ❡st❛♠♦s ❡♠ ♣♦s✐çã♦ ❞❡ ♣r♦✈❛r q✉❡ ❛ ❢✉♥çã♦ ❛❧t✉r❛ la é ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r✲

♠❡♥t❡✳ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s {qk}k≥1 ❡♠

Mn t❛❧ q✉❡ l v(qk) → +∞ q✉❛♥❞♦ k → +∞✳ ▲♦❣♦✱ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✹✳✶✶✮✱ ♣♦❞❡♠♦s

♦❜t❡r

lim
k
l v(qk) ≤ −3τ

H
,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ l v é ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡ ❡✱ ❛ss✐♠✱

❝♦♥❝❧✉í♠♦s ♥♦ss❛ ❛✜r♠❛çã♦✳

❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s ✉s❛r ✭✹✳✷✮ ♣❛r❛ ❝♦❝❧✉✐r q✉❡ |A|2 é t❛♠❜é♠ ❧✐♠✐t❛❞❛✳ P♦r

♦✉tr♦ ❧❛❞♦✱ ❞❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss ❞❡ Mn✱ ❞❛❞❛ ❡♠ ✭✷✳✶✺✮✱ t❡♠♦s q✉❡ ❛ ❝✉r✈❛t✉r❛ ❞❡

❘✐❝❝✐ ❞❡ Mn✱ ❞❡♥♦t❛❞❛ ♣♦r Ric✱ ✈❡r✐✜❝❛

Ric(X, Y ) = −(n− 1)〈X, Y 〉+ nH〈AX, Y 〉 − 〈AX,AY 〉, ✭✹✳✶✷✮

♣❛r❛ t♦❞♦s X, Y ∈ X(M)✱ ♣♦✐s✱ s❡ {E1, . . . , En} é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❡♠ ✉♠❛

✈✐③✐♥❤❛♥ç❛ ❞❡ Mn✱ ❡♥tã♦✱ ❞❛ ❡①♣r❡ssã♦ ❞❛❞❛ ❡♠ ✭✶✳✼✮✱ ♦❜t❡♠♦s

Ric(X, Y ) =
n∑

i=1

〈R(X,Ei)Y,Ei〉

=
n∑

i=1

(
− 〈X, Y 〉〈Ei, Ei〉+ 〈Ei, Y 〉〈X,Ei〉

+〈AX, Y 〉〈A(Ei), Ei〉 − 〈A(Ei), Y 〉〈AX,Ei〉
)

= −n〈X, Y 〉+ 〈X, Y 〉+ 〈AX, Y 〉tr(A)−
n∑

i=1

〈Ei, AY 〉〈AX,Ei〉

= −(n− 1)〈X, Y 〉+ nH〈AX, Y 〉 − 〈AX,AY 〉,
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♣❛r❛ t♦❞♦s X, Y ∈ X(M)✳ ▲♦❣♦✱ ✉t✐❧✐③❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇✉❛r③✱

❞❡ ✭✹✳✶✷✮✱ t❡♠♦s

Ric(X,X) ≥
(
1− n− n|H||A| − |A|2

)
|X|2 ✭✹✳✶✸✮

♣❛r❛ t♦❞♦ X ∈ X(M)✳ ❈♦♠♦ |A|2 é ❧✐♠✐t❛❞❛ ❡ H é ❝♦♥st❛♥t❡✱ ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✾ ❡

❞❡ ✭✹✳✶✸✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ RicM é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❊♥tã♦ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦

▲❡♠❛ ✹✳✷ ♣❛r❛ ♦❜t❡r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s {pk}k≥1 ❡♠ Mn t❛❧ q✉❡

lim
k

|Φ|2(pk) = sup
M

|Φ|2 e lim
k

sup∆|Φ|2(pk) ≤ 0.

❈♦♠♦ ∆|Φ|2 = n|Φ|2✱ ♦❜t❡♠♦s

0 ≥ lim
k

sup∆|Φ|2(pk) = n sup
k

|Φ|2 ≥ 0.

▲♦❣♦✱ supM |Φ|2 = 0 ❡✱ ❛ss✐♠✱ |Φ|2 = 0 ❛♦ ❧♦♥❣♦ ❞❡ Mn✱ ♦ q✉❡ s✐❣♥✐✜❝❛✱ s❡❣✉♥❞♦ ❛

Pr♦♣♦s✐çã♦ ✷✳✽✱ q✉❡ Mn é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ❞❡ Hn+1✳

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r♠♦s ❛ ♣r♦✈❛ ❞♦ ♥♦ss♦ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦✱ ❝✐t❛r❡♠♦s ✉♠❛ ❡①✲

t❡♥sã♦ ❞♦ ❝❧áss✐❝♦ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ❞❡ ❍♦♣❢ ♣❛r❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛

❝♦♠♣❧❡t❛ Mn✱ ❞❡✈✐❞♦ ❛ ❨❛✉ ❬✷✹❪✳ ❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ L1(M) r❡♣r❡s❡♥t❛ ♦ ❡s♣❛ç♦ ❞❡

❢✉♥çõ❡s ❡♠ Mn q✉❡ sã♦ ✐♥t❡❣rá✈❡✐s s❡❣✉♥❞♦ ▲❡❜❡s❣✉❡✳

▲❡♠❛ ✹✳✹✳ ❙❡❥❛♠ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ n✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡t❛ ❡ u ∈
C∞(M)✳ ❙❡ ∆u ≥ 0 ✭♦✉ ∆u ≤ 0✮ ❡♠ Mn ❡ |∇u| ∈ L1(M)✱ ❡♥tã♦ u é ❤❛r♠ô♥✐❝❛ ❡♠

Mn✳

◆♦ q✉❡ s❡ s❡❣✉❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ t❡r♠✐♥♦❧♦❣✐❛ ❡st❛❜❡❧❡❝✐❞❛ ❡♠ ❬✶✼❪✱ ❞✐③❡♠♦s

q✉❡ ❛ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss N(Mn) ❞❡ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ x : Mn → Hn+1

❡stá ❝♦♥t✐❞❛ ♥♦ ❢❡❝❤♦ ❞❡ ✉♠ ❞♦♠í♥✐♦ ❞❡❧✐♠✐t❛❞♦ ♣♦r ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲❡s♣❛ç♦

t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ❞❡ Sn+1
1 ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❛❧❣✉♠ ✈❡t♦r v ∈ Ln+2 s❡ ❛ ❢✉♥çã♦ â♥❣✉❧♦

〈N, v〉 ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ Mn✳

❊st❛♠♦s ❛❣♦r❛ ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❡st❛❜❡❧❡❝❡r ♥♦ss♦ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦ ❞❡ r✐❣✐❞❡③✱ ♦

q✉❛❧ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❚❡♦r❡♠❛ 1.2 ❞❡ ❬✹❪ ✳

❚❡♦r❡♠❛ ✹✳✺✳ ❆s ú♥✐❝❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠♣❧❡t❛s ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡

✐♠❡rs❛s ❡♠ Hn+1 t❛✐s q✉❡ ❛ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ ❝✉❥❛ ❛♣❧✐❝❛çã♦

❞❡ ●❛✉ss ❡stá ❝♦♥t✐❞❛ ♥♦ ❢❡❝❤♦ ❞❡ ✉♠ ❞♦♠í♥✐♦ ❞❡❧✐♠✐t❛❞♦ ♣♦r ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t✐♣♦✲

t❡♠♣♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ❞❡ Sn+1
1 ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❛❧❣✉♠ ✈❡t♦r v ∈ Ln+2✱ ❝♦♠ v⊤

t❡♥❞♦ ♥♦r♠❛ ✐♥t❡❣rá✈❡❧ s❡❣✉♥❞♦ ▲❡❜❡s❣✉❡✱ sã♦ ❛s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s✳



❈❛♣ít✉❧♦ ✹✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ❡♠ Hn+1 ❝♦♠ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ♣r❡s❝r✐t❛ ✻✾

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ x :Mn → Hn+1 ✉♠❛ t❛❧ ❤✐♣❡rs✉♣❡r❢í❝✐❡✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ♦❜s❡r✈❛♠♦s

q✉❡ ♥♦ss❛ ❤✐♣ót❡s❡ s♦❜r❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss N : Mn → Sn+1
1 ♥♦s r❡♠❡t❡ ❛♦ ❢❛t♦ ❞❡

q✉❡✱ ♣❛r❛ ❛❧❣✉♠ ✈❡t♦r v ∈ Ln+2✱ ❛ ❢✉♥çã♦ â♥❣✉❧♦ fv = 〈N, v〉 ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠

Mn✳

❙❡❥❛ {E1, . . . , En} ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ Mn✳ ❈♦♥s✐✲

❞❡r❛♥❞♦ ❛ ❍❡ss✐❛♥❛ ❞❛ ❢✉♥çã♦ ❛❧t✉r❛ l v = 〈x, v〉 ❝♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ C∞(M)✲❧✐♥❡❛r✱

❞♦ ✐t❡♠ (b) ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✹✱ ♦❜t❡♠♦s

|Hess l v|2 =
n∑

i=1

〈(Hess l v)(Ei), (Hess l v)(Ei)〉

=
n∑

i=1

〈fvA(Ei) + l vEi, fvA(Ei) + l vEi〉

=
n∑

i=1

f 2
v 〈A(Ei), A(Ei)〉+ 2

n∑

i=1

fvl v〈A(Ei), Ei〉+
n∑

i=1

l 2v〈Ei, Ei〉

= f 2
v |A|2 + 2fvl v tr(A) + nl 2v

= f 2
v

(
|Φ|2 + nH2

)
+ 2fvl v nH + nl 2v

= |Φ|2f 2
v + nH2f 2

v + 2fvl v nH + nl 2v

= |Φ|2f 2
v +

1

n
(nHfv + nl v)

2

= |Φ|2f 2
v +

1

n
(∆l v)

2, ✭✹✳✶✹✮

♦♥❞❡ Φ é ♦ ♦♣❡r❛❞♦r s❡♠ tr❛ç♦ ❞❡ Mn ❡✱ ♥❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✱ ❢♦✐ ❛♣❧✐❝❛❞♦ ♦ ✐t❡♠ (c)

❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✹✳

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ H ❞❡ Mn é ❝♦♥st❛♥t❡✱ t❡♠♦s✱ ♣❡❧♦s ✐t❡♥s ✭❝✮

❡ ✭❡✮ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✹✱

∆(fv +Hl v) = −|Φ|2fv. ✭✹✳✶✺✮

❆ss✐♠✱ ∆(fv +Hl v) ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ Mn✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✶✳✽✮ ❡ ✭✹✳✶✷✮✱ ♦❜t❡♠♦s ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡ ❛ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r

❞❡ Mn✱ ❛ q✉❛❧ s❡rá ❞❡♥♦t❛❞❛ ♣♦r S✱ s❛t✐s❢❛③

S = n(1− n) + n2H2 − |A|2.

▲♦❣♦✱ ❝♦♠♦ S é ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ H é ❝♦♥st❛♥t❡✱ ❡♥tã♦ |A| é ❧✐♠✐t❛❞❛ ❡♠ Mn✳

❆ss✐♠✱ ❝♦♠♦ |v⊤| ∈ L1(M) ❡♥tã♦✱ ❞♦ ✐t❡♠ (a) ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✹✱ t❡♠♦s q✉❡ ❛ ♥♦r♠❛

❞❡ ∇(fv +Hl v) ∈ X(M) ✈❡r✐✜❝❛

|∇(fv +Hl v)| = | − A(v⊤) +Hv⊤| ≤ (|A|+ |H|)|v⊤| ∈ L1(M).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞♦ ▲❡♠❛ ✹✳✹✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❛ ❢✉♥çã♦ fa+Hla é ❤❛r♠ô♥✐❝❛

❡✱ ✈♦❧t❛♥❞♦ à ❡①♣r❡ssã♦ ✭✹✳✶✺✮✱ t❡♠♦s q✉❡ |Φ|2fv = 0 ❡♠ Mn✳



❈❛♣ít✉❧♦ ✹✳ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ❡♠ Hn+1 ❝♦♠ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ♣r❡s❝r✐t❛ ✼✵

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ g ❞❡♥♦t❛ ❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ✐♥❞✉③✐❞❛ ❞❡ Mn✱ ❡♥tã♦✱

❞❡ ✭✸✳✶✵✮✱ ♦❜t❡♠♦s q✉❡ ❛ ♥♦r♠❛ ❞❡ ❍✐❧❜❡rt✲❙❝❤♠✐t❤ ❞❛ ❛♣❧✐❝❛çã♦ Hess l v − 1

n
∆l v g

s❛t✐s❢❛③

∣∣∣Hess l v −
1

n
∆l v g

∣∣∣
2

=
n∑

i=1

〈
(Hess l v)(Ei)−

1

n
∆l v Ei, (Hess l v)(Ei)−

1

n
∆l v Ei

〉

=
n∑

i=1

〈
(Hess l v)(Ei), (Hess l v)(Ei)

〉

− 2

n
∆l v

n∑

i=1

〈
(Hess l v)(Ei), Ei

〉
+

(
− 1

n
∆l v

)2 n∑

i=1

〈Ei, Ei〉

= |Hess l v|2 −
2

n
∆l v tr(Hess l v) + n

(
− 1

n
∆l v

)2

= |Hess l v|2 −
2

n
(∆l v)

2 +
1

n
(∆la)

2

= |Hess l v|2 −
1

n
(∆l v)

2, ✭✹✳✶✻✮

♦♥❞❡ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ {E1, . . . , En} ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡

Mn✳

❆❣♦r❛✱ ❝♦♠♦ |Φ|2fv = 0 ❛♦ ❧♦♥❣♦ ❞❡ Mn✱ ♣♦❞❡♠♦s ❥✉♥t❛r ✭✹✳✶✹✮ ❡ ✭✹✳✶✻✮ ♣❛r❛

❝♦♥❝❧✉✐r q✉❡

Hess l v =
1

n
(∆l v) g.

▲♦❣♦✱ ❞❡ ✭✹✳✶✮✱ s❡❣✉❡ q✉❡

L∇l v(〈Y, Z〉) = ∇l v(〈Y, Z〉)− 〈[∇l v, Y ], Z〉 − 〈Y, [∇l v, Z]〉
= 〈∇∇l vY, Z〉+ 〈Y,∇∇l vZ〉 − 〈∇∇l vY, Z〉

+〈∇Y∇l v, Z〉 − 〈Y,∇∇l vZ〉+ 〈Y,∇Z∇l v〉
= 〈∇Y∇l v, Z〉+ 〈Y,∇Z∇l v〉
= (Hess l v)(Y, Z) + (Hess l v)(Z, Y ) =

2

n
(∆l v)〈Y, Z〉,

♣❛r❛ t♦❞♦s Y, Z ∈ X(M)✳ ❆ss✐♠✱ ❞❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞♦ ✐t❡♠ (a) ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✹✳

❝♦♥❝❧✉í♠♦s q✉❡ ∇l v = v⊤ é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❝♦♥❢♦r♠❡ ❡♠ Mn ❡✱ ❝♦♠♦ v ♥ã♦

♣♦❞❡ s❡r ✉♠ ✈❡t♦r t❛♥❣❡♥t❡ à ❤✐♣❡rs✉♣❡r❢í❝✐❡ Mn✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✶ q✉❡ Mn é ✉♠❛

❤✐♣❡rs✉♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ❞❡ Hn+1✳



❈❛♣ít✉❧♦ ✺

❙♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s

✐♠❡rs❛s ❡♠ Hn+p

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ ❝❛♣ít✉❧♦ é ❡st✉❞❛r ❛ ❣❡♦♠❡tr✐❛ ❞❛s s✉❜✈❛r✐❡❞❛❞❡s n✲❞✐♠❡♥s✐♦♥❛✐s

❝♦♠♣❧❡t❛s ❝♦♠ ✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛ ♣❛r❛❧❡❧♦ ♥ã♦✲♥✉❧♦ ✐♠❡rs❛s ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦

(n + p)✲❞✐♠❡♥s✐♦♥❛❧ Hn+p✱ q✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❝♦♠♦ s❡♥❞♦ ✉♠❛ q✉á❞r✐❝❛ ❞♦

❡s♣❛ç♦ ❞❡ ▲♦r❡♥t③✲▼✐♥❦♦✇s❦✐ (n+ p+ 1)✲❞✐♠❡♥s✐♦♥❛❧ Ln+p+1✳

❆♥t❡s ❞✐ss♦✱ ♣r❡❝✐s❛♠♦s ❡st❛❜❡❧❡❝❡r ❛❧❣✉♠❛s ♥♦t❛çõ❡s ❡ ❝❡rt♦s ❢❛t♦s ❜ás✐❝♦s ❛

r❡s♣❡✐t♦ ❞❛ t❡♦r✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s✱ ♦s q✉❛✐s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✶✷❪ ✭✈❡❥❛

t❛♠❜é♠ ❬✶✸❪ ❡ ❬✷✶❪✮✳

❆♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ✉♠❛ ✐♠❡rsã♦ x : Mn → Hn+p ⊂ Ln+p+1

❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ Mn ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ Hn+p✳ ❆s ❝♦♥❡①õ❡s ❞❡ ▲❡✈✐✲

❈❤✐✈✐t❛ ❞❡ Ln+p+1✱ Hn+p ❡ Mn s❡rã♦ ❞❡♥♦t❛❞❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r ∇◦✱ ∇ ❡ ∇❀

❡♥q✉❛♥t♦ q✉❡ ∇⊥ r❡♣r❡s❡♥t❛rá ❛ ❝♦♥❡①ã♦ ♥♦r♠❛❧ ❞❡ Mn ❡♠ Hn+p✱ ❛ q✉❛❧ é ❞❡✜♥✐❞❛

♣♦r

∇⊥ : X(M)× X(M)⊥ → X(M)⊥

(X, ξ) 7→ ∇⊥
Xξ =

(
∇Xξ

)⊥
,

♦♥❞❡ X(M)⊥ ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❞❡ Hn+p q✉❡ sã♦ ♦rt♦❣♦♥❛✐s ❛♦s

❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❞❡✜♥✐❞♦s ❡♠ Mn✳

❙❡❥❛♠ II : X(M) × X(M) → X(M)⊥ ❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Mn ❡♠

Hn+p ❡ Aξ : X(M) → X(M) ♦ ♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ❛ss♦❝✐❛❞♦ ❛ ✉♠ ❝❡rt♦ ξ ∈ X(M)⊥✳

❖❜s❡r✈❡♠♦s q✉❡✱ ♣❛r❛ ❝❛❞❛ ξ ∈ X(M)⊥✱ Aξ é ✉♠ ❡♥❞♦♠♦r✜s♠♦ ❛✉t♦✲❛❞❥✉♥t♦ ❡♠ ❝❛❞❛



❈❛♣ít✉❧♦ ✺✳ ❙♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ✐♠❡rs❛s ❡♠ Hn+p ✼✷

❡s♣❛ç♦ t❛♥❣❡♥t❡ TxM ✱ x ∈Mn✳ ❆❧é♠ ❞✐ss♦✱ Aξ ❡ II ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ♣♦r

〈AξX, Y 〉 = 〈II(X, Y ), ξ〉, ✭✺✳✶✮

♣❛r❛ t♦❞♦s X, Y ∈ X(M)✳

❘❡❝♦r❞❛♠♦s q✉❡ ❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ❞❡ Hn+p ❡♠ Ln+p+1 é ❞❛❞❛ ♣♦r

∇◦
XY = ∇XY + 〈X, Y 〉x, ∀X, Y ∈ X(Hn+p), ✭✺✳✷✮

♦♥❞❡ x ❞❡♥♦t❛ ♦ ✈❡t♦r ♣♦s✐çã♦ ❞❡ Ln+p+1✳ P♦r s✉❛ ✈❡③✱ ❛ ❢ó♠✉❧❛ ❞❡ ●❛✉ss ❞❛ ✐♠❡rsã♦

x :Mn → Hn+p é ❞❛❞❛ ♣♦r

∇xY = ∇XY + II(X, Y ), ∀X, Y ∈ X(M), ✭✺✳✸✮

▲♦❣♦✱ ❞❡ ✭✺✳✷✮ ❡ ✭✺✳✸✮✱ ♦❜t❡♠♦s q✉❡ ❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ❞❡ x : Mn → Hn+p ♣♦❞❡ s❡r

❡s❝r✐t❛ ❞❛ ❢♦r♠❛

∇◦
XY = ∇XY + II(X, Y ) + 〈X, Y 〉x, ∀X, Y ∈ X(M). ✭✺✳✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❢ór♠✉❧❛ ❞❡ ❲❡✐♥❣❛rt❡✐♥ ❞❡ x :Mn → Hn+p é ❞❛❞❛ ♣♦r

∇Xξ = −AξX +∇⊥
Xξ, ✭✺✳✺✮

♣❛r❛ t♦❞♦ X ∈ X(M) ❡ t♦❞♦ ξ ∈ X(M)⊥✳ ▼❛s✱ ❝♦♠♦ ξ ∈ X(M)⊥ ∩ X(Hn+p)✱ ❡♥tã♦✱

❞❡ ✭✺✳✷✮ ❡ ✭✺✳✺✮✱ ♦❜t❡♠♦s q✉❡ ❛ ❢ór♠✉❧❛ ❞❡ ❲❡✐♥❣❛rt❡✐♥ ❞❡ x : Mn → Hn+p ❛❞♠✐t❡ ❛

❡①♣r❡ssã♦

∇◦
Xξ = ∇Xξ + 〈ξ,X〉︸ ︷︷ ︸

0

x = −Aξ(X) +∇⊥
Xξ, ✭✺✳✻✮

♣❛r❛ X ∈ X(M) ❡ ξ ∈ X(M)⊥.

❙❡♥❞♦ Hn+p ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ ✐❣✉❛❧

❛ −1✱ ♦ t❡♥s♦r ❝✉r✈❛t✉r❛ R ❞❡ Mn ♣♦❞❡ s❡r ❡s❝r✐t♦✱ ❡♠ t❡r♠♦s ❞❛ s❡❣✉♥❞❛ ❢♦r♠❛

❢✉♥❞❛♠❡♥t❛❧ II ❞❡ x :Mn → Hn+p✱ ♣♦r ♠❡✐♦ ❞❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦✿

〈R(X, Y )Z,W 〉 = 〈Y, Z〉〈X,W 〉 − 〈X,Z〉〈Y,W 〉

+〈II(X,Z), II(Y,W )〉 − 〈II(X,W ), II(Y, Z)〉, ✭✺✳✼✮

♣❛r❛ t♦❞♦s X, Y, Z,W ∈ X(M)✱ ❝❤❛♠❛❞❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss ❞❡ x : Mn → Hn+p✳ ❆❧é♠

❞✐ss♦✱ ❛ ❡q✉❛çã♦ ❞❡ ❈♦❞❛③③✐ ❞❡ x :Mn → Hn+p é ❞❛❞❛ ♣♦r

(∇XAξ)(Y ) = (∇YAξ)(X),



❈❛♣ít✉❧♦ ✺✳ ❙♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ✐♠❡rs❛s ❡♠ Hn+p ✼✸

♣❛r❛ t♦❞♦s X, Y ∈ X(M) ❡ q✉❛❧q✉❡r ξ ∈ X(M)⊥✱ ♦♥❞❡

∇XAξ : X(M) → X(M)

Y 7→ (∇XAξ)(Y ) = ∇X(Aξ(Y ))− Aξ(∇YX)− A∇⊥

X
ξ(Y )

é ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ Aξ ♥❛ ❞✐r❡çã♦ ❞❡ X ∈ X(M)✳

❖ ✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❍ ❞❡ x :Mn → Hn+p é ❞❡✜♥✐❞♦ ♣♦r

❍ =
1

n
tr(II). ✭✺✳✽✮

▲❡♠❜r❡♠♦s q✉❡ Mn é ❝❤❛♠❛❞❛ ♠í♥✐♠❛ q✉❛♥❞♦ H ≡ 0✳ ❉✐③❡♠♦s q✉❡ Mn t❡♠ ✈❡t♦r

❝✉r✈❛t✉r❛ ♠é❞✐❛ ♣❛r❛❧❡❧♦ s❡

∇⊥
X❍ = 0, ∀X ∈ X(M).

❆❧é♠ ❞✐ss♦✱ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ Mn ❞❡ Hn+p ❝♦♠ ❍ 6= 0 é ❝❤❛♠❛❞❛ ♣s❡✉❞♦✲✉♠❜í❧✐❝❛ s❡

H é ✉♠❛ ❞✐r❡çã♦ ✉♠❜í❧✐❝❛ ♣❛r❛ Mn✱ ♠❛✐s ❡①♣❧✐❝✐t❛♠❡♥t❡✱ q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦

♥ã♦✲♥✉❧❛ λ :Mn → R t❛❧ q✉❡

〈A❍(X), Y 〉 = 〈II(X, Y ),❍〉 = λ〈X, Y 〉,

♣❛r❛ q✉❛✐sq✉❡r X, Y ∈ X(M)✳

Pr♦♣♦s✐çã♦ ✺✳✶✳ ❈♦♠ ❛s ♠❡s♠❛s ♥♦t❛çõ❡s ❡st❛❜❡❧❡❝✐❞❛s ❛❝✐♠❛✱

tr
(
A2
❍

)
≥ 1

n
tr (A❍)

2
,

❛❝♦♥t❡❝❡♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❍ é ✉♠❛ ❞✐r❡çã♦ ✉♠❜í❧✐❝❛ ♣❛r❛ Mn✳

❉❡♠♦♥str❛çã♦✳ ❉❡♥♦t❡♠♦s ♣♦r λ1, λ2, . . . , λn ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A❍✳ ❈♦♥s✐❞❡r❡♠♦s ♦s

s❡❣✉✐♥t❡s ✈❡t♦r❡s ❞❡ Rn2

✿

u = (λ1, . . . , λ1︸ ︷︷ ︸
n vezes

, λ2, . . . , λ2︸ ︷︷ ︸
n vezes

, λn, . . . , λn︸ ︷︷ ︸
n vezes

)

❡

v = (λ1, . . . , λn, λ1, . . . , λn, λ1, . . . , λn︸ ︷︷ ︸
n vezes

).

❚❡♠♦s

〈u, v〉 = λ1

n∑

i=1

λi + λ2

n∑

i=1

λi + · · ·+ λn

n∑

i=1

λi

= (λ1 + λ2 + · · ·+ λn)
n∑

i=1

λi

=
n∑

j=1

λj

n∑

i=1

λi = tr (AH) tr (AH) = tr
(
A2

H

)
.



❈❛♣ít✉❧♦ ✺✳ ❙♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ✐♠❡rs❛s ❡♠ Hn+p ✼✹

❆❧é♠ ❞✐ss♦✱

|u|2 = nλ21 + nλ22 + · · ·+ nλ2n = n

n∑

i=1

λ2i = ntr
(
A2

H

)

❡

|v|2 =
n∑

i=1

λ2i +
n∑

i=1

λ2i + · · ·+
n∑

i=1

λ2i

︸ ︷︷ ︸
n vezes

= ntr
(
A2

H

)
.

▲♦❣♦✱ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ ♦❜t❡♠♦s

tr (A❍)
2 = 〈u, v〉 ≤ |u||v| = |u|2 = ntr

(
A2
❍

)

♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ tr (A2
❍
) ≥ 1

n
tr (A❍)

2✳ ❆❧é♠ ❞✐ss♦✱ ❛ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ s❡✱ ❡

s♦♠❡♥t❡ s❡✱ ♦s ✈❡t♦r❡s u ❡ v sã♦ ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡s✱ ♦ q✉❡ ❡q✉✐✈❛❧❡ ❛ λ1 = λ2 =

· · · = λn✳ ◆❡st❡ ❝❛s♦✱ A❍ = λId ❡✱ ♣♦rt❛♥t♦✱ ❍ é ✉♠❛ ❞✐r❡çã♦ ✉♠❜í❧✐❝❛ ♣❛r❛ Mn✳

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r ❛ ♣r✐♥❝✐♣❛❧ ❢❡rr❛♠❡♥t❛ ❛♥❛❧ít✐❝❛ ✭♦ ▲❡♠❛ ✺✳✸✱ ❛ s❡❣✉✐r✮ ❛ s❡r

✉s❛❞❛ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ❝❡♥tr❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✱ ❡♥✉♥❝✐❛r❡♠♦s ✉♠❛ ❝♦♥✲

s❡q✉ê♥❝✐❛ ❞♦ ❝♦♥❤❡❝✐❞♦ ❚❡♦r❡♠❛ ❞❡ ❙t♦❦❡s✿ ♦ ❚❡♦r❡♠❛ ❞❛ ❉✐✈❡r❣ê♥❝✐❛ ♣❛r❛ ♦ ❝❛s♦ ❡♠

q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ Mn é ❢❡❝❤❛❞❛ ✭❚❡♦r❡♠❛ ✺✳✷✮✱ q✉❡ s❡rá út✐❧ ♥❛ ❞❡♠♦♥s✲

tr❛çã♦ ❞♦ ▲❡♠❛ ✺✳✸✳ ❆♦s ❧❡✐t♦r❡s q✉❡ ♥ã♦ ❡st✐✈❡r❡♠ ❢❛♠✐❧✐❛r✐③❛❞♦s ❝♦♠ ♦s ❝♦♥❝❡✐t♦s ❞❡

❢♦r♠❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ ❞❡ ✐♥t❡❣r❛çã♦ s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ r❡❝♦♠❡♥❞❛♠♦s ❛

❧❡✐t✉r❛ ❞❡ ❬✷✺❪✳

❚❡♦r❡♠❛ ✺✳✷✳ ❙❡❥❛♠Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ♦r✐❡♥tá✈❡❧ ❢❡❝❤❛❞❛ ❡ X ∈ X(M)

✉♠ ❝❛♠♣♦ s✉❛✈❡ ❞❡✜♥✐❞♦ ❡♠ Mn✱ ❡♥tã♦
∫

M

div(X)dM = 0,

♦♥❞❡ dM ❞❡♥♦t❛ ♦ ❡❧❡♠❡♥t♦ ✈♦❧✉♠❡ ❞❡ Mn✳

◆♦ q✉❡ s❡❣✉❡✱ ❝♦♠♦ ❢♦✐ ❡st❛❜❡❧❡❝✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ L1(M) r❡♣r❡s❡♥t❛ ♦ ❡s♣❛ç♦

❞❡ ❢✉♥çõ❡s ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ Mn q✉❡ sã♦ ✐♥t❡❣rá✈❡✐s s❡❣✉♥❞♦ ▲❡❜❡s❣✉❡✳

▲❡♠❛ ✺✳✸✳ ❙❡❥❛ X ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ s✉❛✈❡ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ n✲

❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡t❛✱ ♦r✐❡♥t❛❞❛ ❡ ♥ã♦ ❝♦♠♣❛❝t❛✱ Mn✱ t❛❧ q✉❡ div(X) ♥ã♦ ♠✉❞❛ ❞❡

s✐♥❛❧ ❡♠ Mn✳ ❙❡ |X| ∈ L1(M)✱ ❡♥tã♦ div(X) = 0✳

❖ ▲❡♠❛ ✺✳✸ ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ❝❡♥tr❛❧ ♥❛ ❞❡♠♦♥tr❛çã♦ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧

❞❡st❡ ❝❛♣ít✉❧♦✳ P♦r ❡st❡ ♠♦t✐✈♦✱ ❛♣r❡s❡♥t❛r❡♠♦s s✉❛ ❞❡♠♦♥str❛çã♦✱ ❞❡✈✐❞❛ ❛ ❈❛♠✐✲

♥❤❛ ❬✾❪✳ ❊st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠❛ ❡①t❡♥sã♦ ❞♦ s❡❣✉✐♥t❡ ♣r✐♥❝í♣✐♦

❞❡ ♠á①✐♠♦ ❞❡ ❍♦♣❢ ♣❛r❛ ✈❛r✐❡❞❛❞❡s r✐❡♠❛♥♥✐❛♥❛s ❝♦♠♣❧❡t❛s✱ ❞❡✈✐❞♦ ❛ ❨❛✉ ❬✷✹❪✳
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▲❡♠❛ ✺✳✹✳ ❙❡❥❛Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✱ ♦r✐❡♥t❛❞❛ ❝♦♠♣❧❡t❛ ❡ ♥ã♦✲❝♦♠♣❛❝t❛✳

❙❡ u ∈ C2(M) é ✉♠❛ ❢✉♥çã♦ s✉❜❤❛r♠ô♥✐❝❛ t❛❧ q✉❡ |∇u| ∈ L1(M) ❡♥tã♦ u é ❤❛r♠ô♥✐❝❛✳

◆❛ ♠❡♥❝✐♦♥❛❞❛ ❡①t❡♥sã♦✱ ∇u é s✉❜st✐t✉í❞♦ ♣♦r ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ s✉❛✈❡ X ❝♦♠

♥♦r♠❛ ✐♥t❡❣rá✈❡❧✳ ❖ ▲❡♠❛ ✺✳✹✱ ♣♦r s✉❛ ✈❡③✱ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ✉♠❛ ✈❡rsã♦ ❞♦ ❚❡♦✲

r❡♠❛ ❞❡ ❙t♦❦❡s ♣❛r❛ ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s ❝♦♠♣❧❡t❛s ❡ ♥ã♦✲❝♦♠♣❛❝t❛s✱ ❡♥✉♥❝✐❛❞♦

❛ s❡❣✉✐r✱ ❡ t❛♠❜é♠ ❞❡✈✐❞♦ ❛ ❨❛✉ ❬✷✹❪✳

▲❡♠❛ ✺✳✺✳ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ♦r✐❡♥t❛❞❛ ❝♦♠♣❧❡t❛ ❡ ♥ã♦✲❝♦♠♣❛❝t❛

❡ s❡❥❛ ω ✉♠❛ (n − 1)✲❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡✜♥✐❞❛ ❡♠ Mn t❛❧ q✉❡
∫
M
|ω| < ∞✳ ❊♥tã♦

❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❞♦♠í♥✐♦s Bi ⊂ Bi+1 t❛✐s q✉❡ Mn =
⋃

iBi ❡

lim
i→∞

∫

Bi

dω = 0.

◆❡st❡ s❡♥t✐❞♦✱ ♦ ▲❡♠❛ ✺✳✸ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❛❞❡q✉❛❞❛ ❞❡ ✉♠ r❡s✉❧t❛❞♦ ❞❡

❨❛✉ ❬✷✹❪ ❡ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠❛ ❡①t❡♥sã♦ ❞♦ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ❞❡ ❍♦♣❢

♣❛r❛ ✈❛r✐❡❞❛❞❡s r✐❡♠❛♥♥✐❛♥❛s ❝♦♠♣❧❡t❛s✳ P❛ss❡♠♦s à s✉❛ ❞❡♠♦♥str❛çã♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡ Mn é ❢❡❝❤❛❞❛✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞♦ ▲❡♠❛ ✺✳✷✳ ▼♦str❛r❡♠♦s ❡♥tã♦

♦ ❝❛s♦ ❡♠ q✉❡ Mn é ❝♦♠♣❧❡t❛✳ ❯♠❛ ✈❡③ q✉❡ divX ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧✱ s✉♣♦♥❤❛♠♦s✱

s❡♠ ♣❡r❞❛ ❞❛ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ divX ≥ 0✳ ❈♦♥s✐❞❡r❡♠♦s ω✱ ✉♠❛ (n − 1)✲❢♦r♠❛ s✉❛✈❡

❞❡✜♥✐❞❛ s♦❜r❡Mn ❞❛❞❛ ♣♦r ω = iX(dM)✱ ♦♥❞❡ iX(dM) ❞❡♥♦t❛ ❛ ❝♦♥tr❛çã♦ ❞❛ n✲❢♦r♠❛

dM ♥❛ ❞✐r❡çã♦ ❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X✳

❆✜r♠❛çã♦✿ dω = (divX)dM ✳

❉❡ ❢❛t♦✱ s❡❥❛ p ∈ Mn ✉♠ ♣♦♥t♦ ✜①♦ ❡ {e1, . . . , en} ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❡

❣❡♦❞és✐❝♦ ❡♠ p✳ ◆❡st❡ r❡❢❡r❡♥❝✐❛❧✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r X =
∑n

i=1 fiei✱ ♦♥❞❡ fi = 〈X, ei〉✳
❙❡❥❛♠ ωi✱ i = 1, . . . , n✱ ❢♦r♠❛s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ❣r❛✉ ✉♠ ❞❡✜♥✐❞❛s ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡

p ♣♦r ωi(ej) = δij✳ ❯♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s ❡ ❞✐r❡t♦ ♥♦s ♣❡r♠✐t❡ ✈❡r✐✜❝❛r q✉❡ ♦ ❡❧❡♠❡♥t♦ ❞❡

✈♦❧✉♠❡ ❞❡ Mn é ❡s❝r✐t♦ ❝♦♠♦ s❡❣✉❡

dM = ω1 ∧ · · · ∧ ωn.

P♦♥❞♦ θi = ω1 ∧ · · · ∧ ω̂i ∧ · · · ∧ ωn✱ é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r

iX(dM) =
n∑

i=1

(−1)i+1fiθi. ✭✺✳✾✮

❚♦♠❛♥❞♦ ❛ ❞❡r✐✈❛❞❛ ❡♠ ✭✺✳✾✮✱ ❞❡❝♦rr❡ q✉❡

dω = d(iX(dM)) =
n∑

i=1

(−1)i+1dfi ∧ θi +
n∑

i=1

(−1)i+1fi ∧ dθi ✭✺✳✶✵✮



❈❛♣ít✉❧♦ ✺✳ ❙♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ✐♠❡rs❛s ❡♠ Hn+p ✼✻

❙❡♥❞♦ {e1, . . . , en} ✉♠❛ ❜❛s❡ ❞❡ TpM ✱ t❡♠♦s q✉❡ {ω1, . . . , ωn} é ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ❡s♣❛ç♦

❞❛s 1✲❢♦r♠❛s✱ ❡♥tã♦

dfi =
n∑

j=1

dfi(ej)ωj.

▼❛s ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ωi ∧ ωi = 0✱ ✈❡♠

(−1)i+1dfi ∧ θi = (−1)i+1

(
n∑

j=1

dfi(ej)ωj

)
∧ ω1 ∧ · · · ∧ ω̂i ∧ · · · ∧ ωn

= (−1)i+1dfi(ei)ωi ∧ ω1 ∧ · · · ∧ ω̂i ∧ · · · ∧ ωn ✭✺✳✶✶✮

= dfi(ei)ω1 ∧ · · · ∧ ωi ∧ · · · ∧ ωn.

❉❡s❞❡ q✉❡ dfi(ei) = ei(fi)✱ ❞❡ ✭✺✳✶✶✮ ♦❜t❡♠♦s

(−1)i+1dfi ∧ θi = ei(fi)dM. ✭✺✳✶✷✮

▲♦❣♦ ❞❛s ✐❣✉❛❧❞❛❞❡s ✭✺✳✶✵✮ ❡ ✭✺✳✶✷✮✱ t❡♠♦s

dω = d(iX(dM)) =

(
n∑

i=1

ei(fi)

)
dM +

n∑

i=1

(−1)i+1fi ∧ dθi

❙❡♥❞♦ ♦ r❡❢❡r❡♥❝✐❛❧ ❣❡♦❞és✐❝♦✱ q✉❛♥❞♦ ❛✈❛❧✐❛♠♦s ❡♠ p✱ t❡♠♦s q✉❡ dθi = 0✱ ♣♦✐s

dωk(ei, ej) = eiωk(ej)− ejωk(ei)− ωk([ei, ej])

= ωk(∇eiej −∇ejei),

❡ ❛❧é♠ ❞✐ss♦✱ ei(fi) = ei〈X, ei〉 = 〈∇eiX, ei〉✳
P♦rt❛♥t♦✱

dω(p) = d(iX(dM))(p) =

(
∑

j

〈∇ejX, ej〉(p)
)
dM = divX(p)dM,

✉♠❛ ✈❡③ q✉❡ ♦ ♣♦♥t♦ p ❢♦✐ ❡s❝♦❧❤✐❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✱ t❡♠♦s ♠♦str❛❞♦ ♦ ❛✜r♠❛❞♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱

|ω|2 = |iX(dM)|2 =
∑

j

〈X, ej〉2 = |X|2.

❆ss✐♠✱ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ✉s❛r ♦ ▲❡♠❛ ✺✳✹ ♣❛r❛ ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛

s❡q✉ê♥❝✐❛ ❞❡ ❞♦♠í♥✐♦s Bi ⊂ Bi+1 t❛✐s q✉❡ Mn =
⋃

iBi ❡

lim
i→∞

∫

Bi

dω = lim
i→∞

∫

Bi

(divX)dM = 0.

❙❡♥❞♦ divX ≥ 0✱ ❞❡✈❡♠♦s t❡r divX = 0✱ q✉❡ é ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳



❈❛♣ít✉❧♦ ✺✳ ❙♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ✐♠❡rs❛s ❡♠ Hn+p ✼✼

◆♦ ♣ró①✐♠♦ ❧❡♠❛ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❇✳❨✳ ❈❤❡♥ ❬✶✵❪✱ ♦ q✉❛❧ ♥♦s

❢♦r♥❡❝❡ ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♣s❡✉❞♦✲✉♠❜í❧✐❝❛ s❡❥❛ ♠í♥✐♠❛✳ P❛r❛ ✐ss♦✱

❧❡♠❜r❡♠♦s q✉❡ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❡s❢ér✐❝❛ ❞❡ Hn+p é ❞❛❞❛ ♣❡❧❛ ✐♥t❡rs❡çã♦ ❞❡ Hn+p ❡

✉♠ s✉❜❡s♣❛ç♦ ❛✜♠ Π ⊂ Ln+p+1✳ ❚❛❧ s✉❜✈❛r✐❡❞❛❞❡ s❡rá t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛ s❡ Π ♣❛ss❛

♣❡❧❛ ♦r✐❣❡♠ ❞❡ Ln+p+1✳ ❆❧é♠ ❞✐ss♦✱ ❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❡s❢ér✐❝❛s ❞❡ Hn+p sã♦ ❝❤❛♠❛❞❛s

❞❡ ❤✐♣❡r❡s❢❡r❛s✱ ❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛s ❞❡ Hn+p sã♦ ❝❤❛♠❛❞❛s ❞❡

❣r❛♥❞❡s ❤✐♣❡r❡s❢❡r❛s ❡✱ ♣♦r s✉❛ ✈❡③✱ ❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❡s❢ér✐❝❛s ❞❡ Hn+p q✉❡ ♥ã♦ sã♦

t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛s sã♦ ❝❤❛♠❛❞❛s ❞❡ ♣❡q✉❡♥❛s ❤✐♣❡r❡s❢❡r❛s✳

▲❡♠❛ ✺✳✻✳ ❙❡❥❛ Mn ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♣s❡✉❞♦✲✉♠❜í❧✐❝❛ ✐♠❡rs❛ ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦

Hn+p✳ ❙❡ Mn ♣♦ss✉✐ ✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛ ♣❛r❛❧❡❧♦ ♥ã♦✲♥✉❧♦✱ ❡♥tã♦ Mn é ✉♠❛ s✉❜✈❛✲

r✐❡❞❛❞❡ ♠í♥✐♠❛ ❞❡ ✉♠❛ ♣❡q✉❡♥❛ ❤✐♣❡r❡s❢❡r❛ ❞❡ Hn+p✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛Mn ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♣s❡✉❞♦✲✉♠❜í❧✐❝❛ ❝♦♠ ✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛

♣❛r❛❧❡❧♦ ♥ã♦ ♥✉❧♦✳ ❊♥tã♦✱ H = |❍| é ✉♠❛ ❝♦♥st❛♥t❡ ♥ã♦ ♥✉❧❛✳ ❙❡♥❞♦ ❍ ♣❛r❛❧❡❧♦✱ ♦

❝❛♠♣♦ ✉♥✐tár✐♦ ξ ♥❛ ❞✐r❡çã♦ ❞❡ ❍ t❛♠❜é♠ ♦ é✱ ♦✉ s❡❥❛✱∇⊥
Xξ = 0✱ ♣❛r❛ t♦❞♦ X ∈ X(M)✳

❈♦♥s✐❞❡r❡♠♦s ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧

Y (p) = x(p) +
1

H
ξp,

♦♥❞❡ x é ♦ ✈❡t♦r ♣♦s✐çã♦ ❞❡ Mm ❡♠ Hn+p✳ ❙❡❥❛ X ✉♠ ✈❡t♦r t❛♥❣❡♥t❡ ❛ Mn ❡♠ Hn+p✳

❚❡♠♦s

∇XY = ∇Xx+∇X

1

H
ξ = X +X

(
1

H

)
ξ

︸ ︷︷ ︸
0

+
1

H


∇⊥

Xξ︸︷︷︸
0

−AξX


 = X − 1

H
AξX.

❈♦♠♦ M é ♣s❡✉❞♦✲✉♠❜í❧✐❝❛✱t❡♠♦s Aξ = HId✳ ❆ss✐♠✱ Y é ❝♦♥st❛♥t❡✳ ■st♦ ♠♦str❛ q✉❡

M ❡stá ❝♦♥t✐❞❛ ❡♠ ✉♠❛ ❤✐♣❡r❡s❢❡r❛ S ❞❡ Hn+p✱ ❝♦♠ ❝❡♥tr♦ Y = C ❡ r❛✐♦
1

H
✳ ❆❣♦r❛✱

❝♦♠♦ ♦ ✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❍ ❞❡ Mn ❡♠ Hn+p é ♣❛r❛❧❡❧♦ ❛ ξ✱ ❡ ξ é ♣❛r❛❧❡❧♦ ❛♦ r❛✐♦

x − C✱ s❡❣✉❡ q✉❡ ❍ é s❡♠♣r❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❛ S✳ ❆ss✐♠✱ M é ♠✐♥✐♠❛❧ ♥❛ ❤✐♣❡r❡s❢❡r❛

S✳

P♦r ✜♠✱ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❡♥✉♥❝✐❛r ❡ ❞❡♠♦str❛r ♦ ú❧t✐♠♦ ❞♦s r❡s✉❧❛❞♦s

♣r✐♥❝✐♣❛✐s ❞❡st❛ ❞✐ss❡rt❛çã♦✱ ♦ q✉❛❧ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❚❡♦r❡♠❛ ✶ ❞❡ ❬✶✹❪✳ P❛r❛ ❛t✐♥❣✐r

❡ss❡ ♦❜❥❡t✐✈♦✱ ❞❛❞♦ ✉♠ ✈❡t♦r a ∈ Ln+p+1 \ {0}✱ a⊤ ∈ X(M) ❡ aN ∈ X(M)⊥ ❞❡♥♦t❛rã♦

❛s ❝♦♠♣♦♥❡♥t❡s t❛♥❣❡♥❝✐❛❧ ❡ ♥♦r♠❛❧ ❞❡ a ❝♦♠ r❡s♣❡✐t♦ ❛ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ✐♠❡rs❛

Mn →֒ Hn+p✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❚❡♦r❡♠❛ ✺✳✼✳ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❧❡t❛ ✐♠❡rs❛ ♥♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ Hn+p ⊂
Ln+p+1 ❝♦♠ ✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛ ♣❛r❛❧❡❧♦ ♥ã♦✲♥✉❧♦ ❡ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ♥♦r♠❛❧✐③❛❞❛



❈❛♣ít✉❧♦ ✺✳ ❙♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ✐♠❡rs❛s ❡♠ Hn+p ✼✽

❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠ ✈❡t♦r ✜①♦ a ∈ Ln+p+1 \ {0} t❛❧ q✉❡

|a⊤| ∈ L1(M)✱ aN ♥ã♦ s❡ ❛♥✉❧❛ ❡♠ Mn ❡ aN é ❝♦❧✐♥❡❛r ❝♦♠ H✳ ❊♥tã♦✱ Mn é ♣s❡✉❞♦✲

✉♠❜í❧✐❝❛ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ Mn é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠í♥✐♠❛ ❞❡ ✉♠❛ ♣❡q✉❡♥❛ ❤✐♣❡r❡s❢❡r❛

❞❡ Hn+p✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❛✜r♠❛♠♦s q✉❡ ❛ ♥♦r♠❛ ❞❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧

II ❞❡ Mn ❡♠ Hn+p s❛t✐s❢❛③

|II|2 =
∑

i,j

|II(Ei, Ej)|2 = n2〈❍,❍〉 − n(n− 1)(S + 1), ✭✺✳✶✸✮

♦♥❞❡ S ❞❡♥♦t❛ ❛ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ♥♦r♠❛❧✐③❛❞❛ ❞❡ Mn✱ ❛ q✉❛❧ é ❞❛❞❛ ❡♠ ✭✶✳✾✮✳

❉❡ ❢❛t♦✱ s❡ {E1, . . . , En} é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❞❡✜♥✐❞♦ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

❞❡ Mn✱ ❡♥tã♦✱ ❞❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss ✭✺✳✼✮✱ ♦❜t❡♠♦s q✉❡ ❛ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❝❝✐ ❞❡ Mn✱

❞❡♥♦t❛❞❛ ♣♦r Ric ❡ ❡st❛❜❡❧❡❝✐❞❛ ❡♠ ✭✶✳✼✮✱ ✈❡r✐✜❝❛

Ric(X,X) =
n∑

i=1

〈R(X,Ei)X,Ei〉

=
n∑

i=1

(
〈Ei, X〉2 − 〈X,X〉〈Ei, Ei〉

+〈II(X,X), II(Ei, Ei)〉 − 〈II(X,Ei), II(X,Ei)〉)

= 〈X,X〉 − n〈X,X〉+ 〈II(X,X), tr(II)〉 −
n∑

i=1

〈II(X,Ei), II(X,Ei)〉.

▲♦❣♦✱ ❝♦♥s✐❞❡r❛♥❞♦ X = Ej✱ t❡♠♦s

n∑

i=1

〈II(Ej, Ei), II(Ej, Ei)〉 = (1− n)〈Ej, Ej〉+ n〈II(Ej, Ej)❍)− Ric(Ej, Ej).

❙♦♠❛♥❞♦ ❡♠ j ∈ {1, . . . , n} ❡ ✉s❛♥❞♦ ❛s ❡①♣r❡ssõ❡s ❞❛❞❛s ❡♠ ✭✸✳✶✶✮ ❡ ✭✺✳✽✮✱

|II|2 =
n∑

i,j=1

〈II, (Ei, Ej), II(Ei, Ej)〉 = −(n− 1)n+ n〈tr(II),❍〉)−
n∑

j

Ric(Ej, Ej).

= −n(n− 1) + n2〈❍,❍〉 − n(n− 1)S,

♦ q✉❡ ♠♦str❛ ✭✺✳✶✸✮✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ Mn ♣♦ss✉✐ ✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❍ ♣❛r❛❧❡❧♦✱ ♣❛r❛ X ∈
X(M)✱ t❡♠♦s

X(〈❍,❍〉) = 2〈∇⊥
X❍︸ ︷︷ ︸
0

,❍〉 = 0,

♦ q✉❡ ♥♦s ✐♠♣❧✐❝❛ q✉❡ 〈❍,❍〉 é ❝♦♥st❛♥t❡ ❡♠ Mn✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝♦♠♦ t❛♠❜é♠

❡st❛♠♦s s✉♣♦♥❞♦ q✉❡Mn t❡♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ♥♦r♠❛❧✐③❛❞❛ S ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡✱

❞❡ ✭✺✳✶✸✮✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ II é ❧✐♠✐t❛❞❛ ❡♠ Mn✳ ■ss♦✱ ♣♦r s✉❛ ✈❡③✱ ♥♦s ❣❛r❛♥t❡✱

♣♦r ✭✺✳✶✮✱ q✉❡ Aξ t❛♠❜é♠ é ❧✐♠✐t❛❞❛ ❡♠ Mn✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ ξ ∈ X(M)⊥✳



❈❛♣ít✉❧♦ ✺✳ ❙♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ✐♠❡rs❛s ❡♠ Hn+p ✼✾

❖❜s❡r✈❡♠♦s ❛❣♦r❛ q✉❡✱ ❛♦ ❧♦♥❣♦ ❞❡ Mn✱ ♦ ✈❡t♦r a ∈ Ln+p+1 \ {0} ❛❞♠✐t❡ ❛

❡①♣r❡ssã♦

a = a⊤ + aN − 〈a, x〉x, ✭✺✳✶✹✮

♦♥❞❡ x ❞❡♥♦t❛ ♦ ✈❡t♦r ♣♦s✐çã♦ ❞❡ Ln+p+1✳ ❚♦♠❛♥❞♦ ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❡♠ ✭✺✳✶✹✮✱

❞❛s ❢ór♠✉❧❛s ❞❡ ●❛✉ss ✭✺✳✹✮ ❡ ❞❡ ❲❡✐♥❣❛rt❡♥ ✭✺✳✻✮✱ ♦❜t❡♠♦s✱ ♣❛r❛ ❝❛❞❛ X ∈ X(M)✱

q✉❡

0 = ∇◦
Xa = ∇◦

X

(
a⊤ + aN − 〈a, x〉x

)

= ∇◦
X(a

⊤) +∇◦
X(a

N)−∇◦
X(〈a, x〉x)

= ∇Xa
⊤ + II(X, a⊤) + 〈X, a⊤〉x− AaN (X) +∇⊥

X(aaN )

−X (〈a, x〉) x− 〈a, x〉∇◦
Xx︸︷︷︸
X

= ∇Xa
⊤ + II(Z, a⊤) + 〈X, a⊤〉x− AaN (X) +∇⊥

x (a
N)

−〈∇◦
Xa︸︷︷︸
0

, x〉x− 〈a,∇◦
Xx︸︷︷︸
X

〉x− 〈a, x〉X

= ∇Xa
⊤ + II(X, a⊤)− AaN (X) +∇⊥

X(a
N)− 〈a,X〉x,

♦ q✉❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ ❢♦r♠❛

∇Xa
⊤ − AaN (X)− 〈a, x〉X = −∇⊥

X(a
N)− II(X, a⊤).

▼❛s ✐ss♦ só é ✈❡r❞❛❞❡ q✉❛♥❞♦

∇Xa
⊤ = AaN (X) + 〈a, x〉X ✭✺✳✶✺✮

❡

∇⊥
X(a

N) = −II(X, a⊤), ✭✺✳✶✻✮

♣❛r❛ ❝❛❞❛ X ∈ X(M)✳

◆♦ q✉❡ s❡❣✉❡✱ ❞❡♥♦t❡♠♦s ♣♦r div(X) ❛ ❞✐✈❡r❣ê♥❝✐❛ ❡♠ Mn ❞❡ ✉♠ ❝❛♠♣♦ ❞❡

✈❡t♦r❡s X ∈ X(M)✱ ❡st❛❜❡❧❡❝✐❞❛ ♥❛ ❉❡✜♥✐çã♦ ✶✳✶✶✳

❙❡❥❛ {E1, . . . , En, ξ1, . . . , ξp} ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❛❞❛♣t❛❞♦ ❞❡Mn ❡♠ Hn+p✱

❞❡✜♥✐❞♦ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ⊂ Mn✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡ss❡ r❡❢❡r❡♥❝✐❛❧ é t❛❧ q✉❡

Ei ∈ X(U) ♣❛r❛ i ∈ {1, . . . , n} ❡ ξj ∈ X(U)⊥ ♣❛r❛ j ∈ {1, . . . , p}✳ ▲♦❣♦✱ ❞❡ ✭✺✳✶✺✮✱ ✭✺✳✺✮



❈❛♣ít✉❧♦ ✺✳ ❙♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ✐♠❡rs❛s ❡♠ Hn+p ✽✵

❡ ✭✺✳✽✮✱ ♦❜t❡♠♦s q✉❡

div(a⊤) =
n∑

i=1

〈∇Ei
a⊤, Ei〉

=
n∑

i=1

〈AaN (Ei), Ei〉 −
n∑

i=1

〈a, x〉〈Ei, Ei〉

= tr(AaN )− n〈a, x〉 = tr
(
A∑p

j=1
〈aN ,ξj〉ξj

)
+ n〈a, x〉

=

p∑

j=1

〈aN , ξj〉 tr
(
Aξj

)
+ n〈a, x〉

=

p∑

j=1

n∑

i=1

〈aN , ξj〉〈Aξ(Ei), Ei〉+ n〈a, x〉

=

p∑

j=1

n∑

i=1

〈aN , ξj〉〈II(Ei, Ei), ξj〉+ n〈a, x〉

=

p∑

j=1

〈aN , ξj〉
〈 n∑

i=1

II(Ei, Ei), ξj

〉
+ n〈a, x〉

=
n∑

j=1

〈aN , ξj〉〈tr(II), ξj〉+ n〈a, x〉

= n

n∑

j=1

〈aN , ξj〉〈❍, ξj〉+ n〈a, x〉

= n
〈
❍,

n∑

j=1

〈aN , ξj〉ξj
︸ ︷︷ ︸

aN

〉
+ n〈a, x〉

= n〈❍, a〉+ n〈a, x〉. ✭✺✳✶✼✮

❆❧é♠ ❞✐ss♦✱ ❞❛ ❛♥á❧✐s❡ r❡❛❧✐③❛❞❛ ❛❝✐♠❛ ♣❛r❛ ♦❜t❡r ❛ ❡①♣r❡ssã♦ ✭✺✳✶✼✮✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r

q✉❡

tr(Aξ) = n〈❍, ξ〉, ∀ξ ∈ X(M)⊥. ✭✺✳✶✽✮



❈❛♣ít✉❧♦ ✺✳ ❙♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ✐♠❡rs❛s ❡♠ Hn+p ✽✶

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✺✮✱ ♣♦❞❡♠♦s ♦❜t❡r

tr (∇a⊤Aξ) =
n∑

i=1

〈
(∇a⊤Aξ)(Ei), Ei

〉

=
n∑

i=1

〈
∇a⊤(Aξ(Ei))− Aξ(∇a⊤Ei)− A∇⊥

a⊤
ξ(Ei), Ei

〉

=
n∑

i=1

〈∇a⊤(Aξ(Ei)), Ei〉

−
n∑

i=1

〈Aξ(∇a⊤Ei), Ei〉 −
n∑

i=1

〈A∇⊥

a⊤
ξ(Ei), Ei〉

=
n∑

i=1

〈∇a⊤(Aξ(Ei)), Ei〉

−
n∑

i=1

〈∇a⊤Ei, Aξ(Ei)〉+ tr(A∇⊥

a⊤
ξ)

=
n∑

i=1

〈∇a⊤(Aξ(Ei)), Ei〉

−
n∑

i=1

〈∇a⊤Ei, Aξ(Ei)〉+ n〈❍,∇⊥
a⊤ξ〉, ✭✺✳✶✾✮

♦♥❞❡✱ ♥❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✱ ✉s❛♠♦s ✭✺✳✶✽✮✳ ▲♦❣♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ✭❡♠ ❛❞✐çã♦✮ q✉❡ {E1, . . . , En}
s❡❥❛ t❛❧ q✉❡ Aξ(Ei) = λ

ξ
iEi✱ ♣❛r❛ t♦❞♦ i ∈ {1, . . . , n}✱ ❡♠ ✭✺✳✶✾✮✱ t❡♠♦s

tr (∇a⊤Aξ) =
n∑

i=1

〈∇a⊤(λ
ξ
iEi), Ei〉 −

n∑

i=1

λ
ξ
i 〈∇a⊤Ei, Ei︸ ︷︷ ︸

0

〉+ n〈❍,∇⊥
a⊤ξ〉

=
n∑

i=1

a⊤(λξi )〈Ei, Ei〉+
n∑

i=1

λ
ξ
i 〈∇a⊤Ei, Ei〉︸ ︷︷ ︸

0

−n〈∇⊥
a⊤❍, ξ〉+ a⊤(n〈❍, ξ〉︸ ︷︷ ︸

trAξ

)

=
n∑

i=1

a⊤(λξi )− n〈∇⊥
a⊤❍, ξ〉 − a⊤

(
n∑

i=1

〈Aξ(Ei), Ei〉
)

=
n∑

i=1

a⊤(λξi )− n〈∇⊥
a⊤❍, ξ〉 −

n∑

i=1

a⊤
(
λ
ξ
i 〈Ei, Ei〉

)

=
n∑

i=1

a⊤(λξi )− n〈∇⊥
a⊤❍, ξ〉 −

n∑

i=1

a⊤
(
λ
ξ
i

)

= −n〈∇⊥
a⊤❍, ξ〉, ✭✺✳✷✵✮

♦♥❞❡✱ ♠❛✐s ✉♠❛ ✈❡③✱ ✉s❛♠♦s ✭✺✳✶✽✮ ♥❛ t❡r❝❡✐r❛ ✐❣✉❛❧❞❛❞❡✳

❆❣♦r❛✱ ✉t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ❞❡ ❈♦❞❛③③✐ ✭✺✳✹✮ ❡ ❛s ❡①♣r❡ssõ❡s ❞❛❞❛s ❡♠ ✭✺✳✶✺✮



❈❛♣ít✉❧♦ ✺✳ ❙♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ✐♠❡rs❛s ❡♠ Hn+p ✽✷

❡ ✭✺✳✷✵✮✱ ♣♦❞❡♠♦s ♦❜t❡r

div
(
Aξ(a

⊤)
)
=

n∑

i=1

〈∇Ei

(
Aξ(a

⊤)
)
, Ei〉

=
n∑

i=1

〈(∇Ei
Aξ)

(
a⊤
)
+ Aξ

(
∇Ei

a⊤
)
+ A∇⊥

Ei
ξ

(
a⊤
)
, Ei〉

=
n∑

i=1

〈(∇a⊤Aξ) (Ei) , Ei〉+
n∑

i=1

〈Aξ

(
∇Ei

a⊤
)
, Ei〉

+
n∑

i=1

〈A∇⊥

Ei
ξ

(
a⊤
)
, Ei〉

= tr (∇a⊤Aξ) +
n∑

i=1

〈(Aξ ◦ AaN ) (Ei), Ei〉

+〈a, x〉
n∑

i=1

〈Aξ(Ei), Ei〉+
n∑

i=1

〈II
(
a⊤, Ei

)
,∇⊥

Ei
ξ〉

= n〈∇⊥
a⊤❍, ξ〉+ tr (Aξ ◦ AaN )

+〈a, x〉tr (Aξ) +
n∑

i=1

〈II
(
a⊤, Ei

)
,∇⊥

Ei
, ξ〉. ✭✺✳✷✶✮

❈♦♥s✐❞❡r❛♥❞♦ ξ = ❍ ❡♠ ✭✺✳✷✶✮ ❡ ✉s❛♥❞♦✱ ♥♦✈❛♠❡♥t❡✱ q✉❡ Mn ♣♦ss✉✐ ✈❡t♦r ❝✉r✈❛t✉r❛

♠é❞✐❛ ♣❛r❛❧❡❧♦✱

div
(
A❍
(
a⊤
))

= n〈∇⊥
a⊤❍︸ ︷︷ ︸
0

,❍〉+ tr (AaN ◦ A❍)

+〈a, x〉tr (A❍) +
n∑

i=1

〈II
(
a⊤, Ei

)
,∇⊥

Ei
❍︸ ︷︷ ︸

0

〉

= tr (AaN ◦ A❍)〈 a, x〉tr (A❍) . ✭✺✳✷✷✮

❉❡ ✭✺✳✶✼✮ ❡ ✭✺✳✶✽✮ ♣♦❞❡♠♦s ❞❡st❛❝❛r q✉❡

〈a, x〉 = 1

n
div
(
a⊤
)
− 〈a,❍〉 = 1

n
div
(
a⊤
)
− 1

n
tr (AaN ) . ✭✺✳✷✸✮

❆ss✐♠✱ s✉❜st✐t✉✐♥❞♦ ✭✺✳✷✸✮ ❡♠ ✭✺✳✷✷✮✱

div
(
A❍
(
a⊤
))

= tr (AaN ◦ A❍) +
1

n
div
(
a⊤
)
tr (A❍)−

1

n
tr (A❍) tr (AaN ) . ✭✺✳✷✹✮

❖❜s❡r✈❡♠♦s t❛♠❜é♠ q✉❡

div
(
tr (A❍) a

⊤
)
= tr (A❍) div

(
a⊤
)
, ✭✺✳✷✺✮



❈❛♣ít✉❧♦ ✺✳ ❙♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ✐♠❡rs❛s ❡♠ Hn+p ✽✸

♣♦✐s✱ ✉s❛♥❞♦ ♠❛✐s ✉♠❛ ✈❡③ ✭✺✳✶✽✮✱ t❡♠♦s

div
(
tr (A❍) a

⊤
)
=

n∑

i=1

〈∇Ei

(
tr (A❍) a

⊤
)
, Ei〉

=
n∑

i=1

Ei (tr (A❍)) 〈a⊤, Ei〉+ tr (A❍)
n∑

i=1

〈∇Ei
a⊤, Ei〉

=
n∑

i=1

Ei (n〈❍,❍〉) 〈a⊤, Ei〉+ tr (A❍) div
(
a⊤
)

= 2n
n∑

i=1

〈∇⊥
Ei
❍︸ ︷︷ ︸

0

,❍〉〈a⊤, Ei〉+ tr (A❍) div
(
a⊤
)
.

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s

X =

(
A❍ − 1

n
tr (A❍) Id

)(
a⊤
)
∈ X(M),

♦♥❞❡ Id ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ❡♠ X(M)✳ ▲♦❣♦✱ ❞❛s ❡q✉❛çõ❡s ✭✺✳✷✹✮ ❡ ✭✺✳✷✺✮✱

divX = div
(
A❍(a

⊤)
)
− 1

n
div
(
tr (A❍) a

⊤
)

= tr (AaN ◦ A❍) + tr (A❍)
1

n
div
(
a⊤
)

− 1

n
tr (AaN ) tr (A❍)− tr (A❍)

1

n
div
(
a⊤
)

= tr (AaN ◦ A❍)−
1

n
tr (AaN ) tr (A❍) . ✭✺✳✷✻✮

❈♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ aN ♥ã♦ é ♥✉❧❛ ❡♠ Mn ❡ aN é ❝♦❧✐♥❡❛r ❝♦♠ ❍✱ ❡♥tã♦

❡①✐st❡ β ∈ C∞(M) ❝♦♠ s✐♥❛❧ ❡str✐t♦ ❡♠ Mn t❛❧ q✉❡ aN = β❍✳ ▲♦❣♦✱ ❞❡ ✭✺✳✷✻✮✱

divX = β

{
tr
(
A2
❍

)
− 1

ntr
(A❍)

2

}
. ✭✺✳✷✼✮

❙❛❜❡♠♦s✱ ❞❛ Pr♦♣♦s✐çã♦ ✭✺✳✶✮✱ q✉❡ tr (A2
❍
) ≥ 1

n
tr (A❍)

2✱ ❝♦♠ ✐❣✉❛❧❞❛❞❡ s❡✱ ❡ s♦♠❡♥t❡

s❡✱ ❍ é ✉♠❛ ❞✐r❡çã♦ ✉♠❜í❧✐❝❛ ♣❛r❛ Mn✳ ❙❡❣✉❡ ❡♥tã♦ ❞❡ ✭✺✳✷✼✮ q✉❡ divX ♥â♦ ♠✉❞❛ ❞❡

s✐♥❛❧ ❛♦ ❧♦♥❣♦ ❞❡ Mn✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ |a⊤| ∈ L1(M)✱ |A❍| é ❧✐♠✐t❛❞❛ ✭✉♠❛ ✈❡③ q✉❡

II é ❧✐♠✐t❛❞❛✮ ❡ 〈❍,❍〉 é ❝♦♥t❛♥t❡ ❡♠ Mn✱ ❡♥tã♦✱ ❞❡ ✭✺✳✶✽✮✱ t❡♠♦s

|X| =
∣∣∣∣
(
A❍ − 1

n
tr (A❍) Id

)(
a⊤
)∣∣∣∣ =

∣∣(A❍ − 〈❍,❍〉 Id)
(
a⊤
)∣∣

≤ ( |A❍|+ |〈❍,❍〉| ) |a⊤| ∈ L1(M).

❆ss✐♠✱ ♦ ▲❡♠❛ ✺✳✸ ♥♦s ❣❛r❛♥t❡ q✉❡ divX = 0✳ ▲♦❣♦✱ ✈♦❧t❛♥❞♦ ❛ ❡①♣r❡ssã♦ ✭✺✳✷✼✮✱

♦❜t❡♠♦s q✉❡

β

{
tr
(
A2
❍

)
− 1

n
tr (A❍)

2

}
= 0



❈❛♣ít✉❧♦ ✺✳ ❙♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ✐♠❡rs❛s ❡♠ Hn+p ✽✹

❡♠ Mn✱ ♠❛s✱ ❝♦♠♦ β t❡♠ s✐♥❛❧ ❡str✐t♦ ❡♠ Mn✱ ❞❡✈❡♠♦s t❡r

tr
(
A2
❍

)
− 1

n
tr (A❍)

2 = 0.

P♦rt❛♥t♦✱ ❛ Pr♦♣♦s✐çã♦ ✺✳✶ ♥♦s ❣❛r❛♥t❡ q✉❡ ❍ é ✉♠❛ ❞✐r❡çã♦ ✉♠❜í❧✐❝❛ ♣❛r❛ Mn✳ P♦r

ú❧t✐♠♦✱ ❞♦ ▲❡♠❛ ✺✳✻✱ ❝♦♥❝❧✉í♠♦s q✉❡ Mn é t❛♠❜é♠ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ♠í♥✐♠❛ ❞❡ ✉♠❛

♣❡q✉❡♥❛ ❤✐♣❡r❡s❢❡r❛ ❞❡ Hn+p✳

❖❜s❡r✈❛çã♦ ✺✳✶✳ ◗✉❛♥❞♦ p = 1✱ ❛s ♥♦çõ❡s ❞❡ ✈❡t♦r ❝✉r✈❛t✉r❛ ♠é❞✐❛ ♣❛r❛❧❡❧♦ ❡ ❞❡

♣s❡✉❞♦✲✉♠❜í❧✐❝❛ ❝♦✐♥❝✐❞❡♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥s✲

t❛♥t❡ ❡ ❞❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❛♠♦s t❛♠❜é♠ q✉❡ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡

aN ♥ã♦ s❡ ❛♥✉❧❛ ❡♠ Mn ❡q✉✐✈❛❧❡ à ❢✉♥çã♦ â♥❣✉❧♦ 〈N, a〉 t❡r ✉♠ s✐♥❛❧ ❡str✐t♦ s♦❜r❡

Mn✱ ♦♥❞❡ N r❡♣r❡s❡♥t❛ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss ❞❡ Mn →֒ Hn+1✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦

❚❡♦r❡♠❛ ✺✳✼ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✺✳
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❬✶❪ ❏✳❆✳ ❆❧❡❞♦✱ ❍✐♣❡rs✉♣❡r✜❝✐❡s ❊s♣❛❝✐❛❧❡s ❈♦♠♣❧❡t❛s ❞❡ ❈✉r✈❛t✉r❛ ▼❡❞✐❛ ❈♦♥st❛♥t❡

❡♥ ❡❧ ❊s♣❛❝✐♦ ❞❡ ❉❡ ❙✐tt❡r✱ ❚❡s✐♥❛ ❞❡ ▲✐❝❡♥❝✐❛t✉r❛✱ ❯♥✐✈❡rs✐❞❛❞ ❉❡ ▼✉r❝✐❛

✭✶✾✾✽✮✳

❬✷❪ ▲✳❏✳ ❆❧í❛s ❛♥❞ ❆✳ ❘♦♠❡r♦✱ ■♥t❡❣r❛❧ ❢♦r♠✉❧❛s ❢♦r ❝♦♠♣❛❝t s♣❛❝❡❧✐❦❡ ♥✲s✉❜♠❛♥✐❢♦❧❞s

✐♥ ❞❡ ❙✐tt❡r s♣❛❝❡s✳ ❆♣♣❧✐❝❛t✐♦♥s t♦ t❤❡ ♣❛r❛❧❧❡❧ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✈❡❝t♦r ❝❛s❡✳

▼❛♥✉s❝r✐♣t❛ ▼❛t❤✳ ✽✼ ✭✶✾✾✺✮✱ ✹✵✺✲✹✶✻✳

❬✸❪ ❈✳P✳ ❆q✉✐♥♦ ❛♥❞ ❍✳❋✳ ❞❡ ▲✐♠❛✱ ❖♥ t❤❡ ●❛✉ss ♠❛♣ ♦❢ ❝♦♠♣❧❡t❡ ❈▼❈ ❤②♣❡rs✉r❢❛❝❡s

✐♥ t❤❡ ❤②♣❡r❜♦❧✐❝ s♣❛❝❡✱ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳ ✸✽✻ ✭✷✵✶✷✮✱ ♥♦✳ ✷✱ ✽✻✷✲✽✻✾✳

❬✹❪ ❍✳❋ ❞❡ ▲✐♠❛✱ ❈✳P✳ ❆q✉✐♥♦ ❛♥❞ ❆✳❆✳ ❇❛rr♦s✳ ❈♦♠♣❧❡t❡ ❈▼❈ ❤②♣❡rs✉r❢❛❝❡s ✐♥ t❤❡

❤②♣❡r❜♦❧✐❝ s♣❛❝❡ ✇✐t❤ ♣r❡s❝r✐❜❡❞ ●❛✉ss ♠❛♣♣✐♥❣✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❆♠❡r✐❝❛♥

▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② ✶✹✷ ✭✷✵✶✹✮✱ ✸✺✾✼✲✸✻✵✹✳

❬✺❪ ❏✳▲✳ ❇❛r❜♦s❛ ❛♥❞ ▼✳ ❞♦ ❈❛r♠♦✱ ❙t❛❜❧❡ ♠✐♥✐♠❛❧ s✉r❢❛❝❡s✱ ❇✉❧❧✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳

✽✵ ✭✶✾✼✹✮✱ ✺✽✶✲✺✽✸✳

❬✻❪ ❙✳ ❇❡r♥st❡✐♥✱ ❙✉r ❧❡s s✉r❢❛❝❡s ❞✁❡✜♥✐❡s ❛✉ ♠♦②❡♥ ❞❡ ❧❡✉r ❝♦✉r❜✉r❡ ♠♦②❡♥♥❡ ♦✉

t♦t❛❧❡ ✭❋r❡♥❝❤✮✱ ❆♥♥✳ ❙❝✐✳ ✁❊❝♦❧❡ ◆♦r♠✳ ❙✉♣✳ ✭✸✮ ✷✼ ✭✶✾✶✵✮✱ ✷✸✸✲✷✺✻✳

❬✼❪ ❑✳ ❇❡③❡rr❛✱ ❯♠ ❚❡♦r❡♠❛ ❞❡ ❘✐❣✐❞❡③ ♣❛r❛ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ❈♦♠♣❧❡t❛s ❈▼❈ ❡♠

❱❛r✐❡❞❛❞❡s ❞❡ ▲♦r❡♥t③✳ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦✱ ❯❋❈ ✭✷✵✵✾✮✳

❬✽❪ ❋✳ ❘✳ ❞♦s ❙❛♥t♦s✱ ❙♦❜r❡ ❛ ●❡♦♠❡tr✐❛ ❞❡ ■♠❡rsõ❡s ❘✐❡♠❛♥♥✐❛♥❛s✳ ❚❡s❡ ❞❡ ❉♦✉t♦✲

r❛❞♦✱ ❯❋❈● ✭✷✵✶✺✮

❬✾❪ ❆✳ ❈❛♠✐♥❤❛✱ ❚❤❡ ❣❡♦♠❡tr② ♦❢ ❝❧♦s❡❞ ❝♦♥❢♦r♠❛❧ ✈❡❝t♦r ✜❡❧❞s ♦♥ ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡s✱

❇✉❧❧✳ ❇r❛③✐❧✐❛♥ ▼❛t❤✳ ❙♦❝✳ ✹✷ ✭✷✵✶✶✮✱ ✷✼✼✲✸✵✵✳
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❬✶✵❪ ❇✳❨✳ ❈❤❡♥✱ ❚♦t❛❧ ▼❡❛♥ ❈✉r✈❛t✉r❡ ❛♥❞ ❙✉❜♠❛♥✐❢♦❧❞s ♦❢ ❋✐♥✐t❡ ❚②♣❡✱ ❲♦r❧❞ ❙❝✐❡♥✲

t✐✜❝✱ ◆❡✇ ❏❡rs❡②✱ ✶✾✽✹✳

❬✶✶❪ ❊✳ ❞❡ ●✐♦r❣✐✱ ❯♥❛ ❡st❡♥s✐♦♥❡ ❞❡❧ t❡♦r❡♠❛ ❞✐ ❇❡r♥st❡✐♥ ✭■t❛❧✐❛♥✮✱ ❆♥♥✳ ❙❝✉♦❧❛ ◆♦r♠✳

❙✉♣✳ P✐s❛ ✭✸✮ ✶✾ ✭✶✾✻✺✮✱ ✼✾✲✽✺✳
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