
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❡ ❡st❛❜✐❧✐❞❛❞❡ ♥❛
❢r♦♥t❡✐r❛ ❞❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛

s❡♠✐❧✐♥❡❛r

♣♦r

❋❛❜rí❝✐♦ ▲♦♣❡s ❞❡ ❆r❛✉❥♦ P❛③ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❆❧❞♦ ❚r❛❥❛♥♦ ▲♦✉rê❞♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙



❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❡ ❡st❛❜✐❧✐❞❛❞❡ ♥❛
❢r♦♥t❡✐r❛ ❞❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛

s❡♠✐❧✐♥❡❛r

♣♦r

❋❛❜rí❝✐♦ ▲♦♣❡s ❞❡ ❆r❛✉❥♦ P❛③

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ▼❛t❡♠át✐❝❛

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❋á❣♥❡r ❉✐❛s ❆r❛r✉♥❛✲❯❋P❇

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ▼❛♥✉❡❧ ❆♥t♦❧❧✐♥♦ ▼✐❧❧❛ ▼✐r❛♥❞❛✲❯❊P❇

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆♥❣❡❧♦ ❘♦♥❝❛❧❧✐ ❋✉rt❛❞♦ ❞❡ ❍♦❧❛♥❞❛✲❯❋❈●

❈♦✲❖r✐❡♥t❛❞♦r

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆❧❞♦ ❚r❛❥❛♥♦ ▲♦✉rê❞♦✲❯❊P❇

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❏✉♥❤♦ ✴✷✵✶✷

✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ♣r✐♠❡✐r❛♠❡♥t❡ ❛ ❉❡✉s✱ q✉❡ ♠❡ ❞❡✉ ❛ ✈✐❞❛ ❡ ♣❡❧❛ ❢♦rç❛ q✉❡ ♠❡ ❢♦✐ ❝♦♥✲

❝❡❞✐❞❛ ♣❛r❛ ❡♥❢r❡♥t❛r ♦s ♦❜stá❝✉❧♦s✳

❆♦ Pr♦❢✳ ❆❧❞♦ ❚r❛❥❛♥♦ ❡ ❆♥❣❡❧♦ ❘♦♥❝❛❧❧✐ ♣♦r ♦r✐❡♥t❛r✲♠❡✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡ ❞❡❞✐❝❛çã♦✳

❙♦✉ ❣r❛t♦ ❛♦s q✉❡ ♣❛rt✐❝✐♣❛r❛♠ ❞❛ ♠✐♥❤❛ ❜❛♥❝❛✱ ♣r♦❢❡ss♦r❡s ❋á❣♥❡r ❆r❛r✉♥❛✱ ▼❛♥✉❡❧

▼✐❧❧❛ ▼✐r❛♥❞❛ q✉❡ ❞✐s♣♦♥✐❜✐❧❛③❛r❛♠ s❡✉ t❡♠♣♦ ❡♠ ❧❡r ♠✐♥❤❛ ❞✐ss❡rt❛çã♦ ❡ ♣❡❧❛ ❝♦♥✲

tr✐❜✉✐çã♦ ❝♦♠ s✉❛s s✉❣❡stõ❡s✳

❆ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❞❛ ●r❛❞✉❛çã♦ ❡ ❞❛ Pós✲❣r❛❞✉❛çã♦ q✉❡ ❝♦♥tr✐❜✉✐r❛♠ ❞❡ ❢♦r♠❛

s✐❣✐♥✐✜❝❛t✐✈❛ ♥❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❛❝❛❞ê♠✐❝❛✳

❆♦s ♠❡✉ ❛♠✐❣♦s ❞❛ ●r❛❞✉❛çã♦ ❡ Pós✲❣r❛❞✉❛çã♦ ❡♠ ❡s♣❡❝✐❛❧ ❛ ▼❛r❝♦s✱ ❏♦sé ❇r✐t♦✱

❆rt❤✉r✱ ❆❧❡①✱ ❇r✉♥♦ ❙ér❣✐♦✱ ❇r✉♥♦ ❋♦♥t❡s✱ ▲✉❝✐❛♥♦✱ ❆✐❧t♦♥✱ ❆❧✐♥❡✱ ❊r❛❧❞♦✱ ▼✐❝❤❡❧✱ ■s✲

r❛❡❧ ❡♥tr❡ ♦✉tr♦s✳

❆❣r❛❞❡ç♦ ❛ ♠✐♥❤❛ ❢❛♠í❧✐❛ ♣♦r ♠❡ ❛♣♦✐❛r ❡ ♠❡ ♣r♦♣♦r❝✐♦♥❛r ✉♠ ❝♦♥❢♦rt♦ ♣❛r❛ ❛ ♠✐♥❤❛

❡❞✉❝❛çã♦✱ ❛❧é♠ ❞❡ ❝❛r✐♥❤♦ ❡ ✐♥❝❡♥t✐✈♦✳

❆♦s ❢✉♥❝✐♦♥❛r✐♦s ❞♦ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❞❛ ❯❋❈●✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ❆♥❞r❡③③❛

❆ ▼❛②❛r❛ ❈❛r✈❛❧❤♦ ❘♦❝❤❛ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛✱ ❝♦♠♣r❡❡♥sã♦ ❡ ❛❥✉❞❛✳

P♦r ✜♠✱ ❛❣r❛❞❡ç♦ ❛♦s ♠❡✉s ❛♠✐❣♦s ❞❡ ❢♦r♠❛ ❣❡r❛❧✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ■s❛❜❡❧❧② ▲♦✉rê❞♦

❘♦❝❤❛✳

✐✐✐



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s ❡ ✐r♠ã♦s✳

✐✈



✈

❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ s♦❧✉çã♦ ❢r❛❝❛

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ∣∣∣∣∣∣∣∣∣∣∣∣∣∣

u′′ − µ(t)∆u+ h(u) = f ❡♠ Q

u = 0 s♦❜r❡ Γ0,

µ
∂u

∂ν
+ βu′ = 0 s♦❜r❡ Γ1,

u(0) = u0, u′(0) = u1 ❡♠ Ω

✭✶✮

♦♥❞❡ Q = Ω × T é ✉♠ ❞♦♠í♥✐♦ ❝✐❧í♥❞r✐❝♦✱ T > 0 ✉♠ ♥ú♠❡r♦ r❡❛❧✱ s✉❥❡✐t❛ ❛ ❝❡rt❛s

❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ Γ = Γ0 ∪ Γ1✱ Γ0 ∩ Γ1 = ∅ ❝♦♠ med(Γ0),med(Γ1) > 0 ❡ h ✉♠❛

❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❙tr❛✉ss sh(s) ≥ 0✱ ∀s ∈ R✳

❆ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢♦rt❡ s❡rá ❢❡✐t❛ ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ❋❛❡❞♦✲●❛❧❡r❦✐♥ ❝♦♠

✉♠❛ ❜❛s❡ ❡s♣❡❝✐❛❧ ♣❛r❛ V ∩ H2(Ω) ❝♦♠♦ ❢❡✐t♦ ❡♠ ❬✶✻❪ ❡ r❡s✉❧t❛❞♦ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡ ❝❢

❡♠ ▲✐♦♥s ❬✶✶❪✳ ❆ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ✉t✐❧✐③❛ ♦ ❚❡♦r❡♠❛ ❞❡ ❙tr❛✉ss ❝❢ ❙tr❛✉ss

❬✷✹❪ ❡ r❡s✉❧t❛❞♦s ❜❡♠ ❣❡r❛✐s ❞❡ tr❛ç♦ ❞❡✈✐❞♦ ❛ ▼✳▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳❆✳▼❡❞❡✐r♦s ❬✷✵❪✳

❖ ❝♦♠♣♦rt❛♠❡♥t❡ ❛ss✐♥tót✐❝♦ é ❢❡✐t♦ ✉s❛♥❞♦ ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ▲✐❛♣✉♥♦✈✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠

té❝♥✐❝❛s ♠✉❧t✐♣❧✐❝❛t✐✈❛s ❝♦♠♦ ❢❡✐t♦ ❡♠ ❑♦r♠♦♥✐❦✲❩✉❛③✉❛ ❬✾❪✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❊st❛❜✐❧✐❞❛❞❡ ♥❛ ❢r♦♥t❡✐r❛✱ ❇❛s❡ ❡s♣❡❝✐❛❧✱ ▼ét♦❞♦ ❞❡ ❋❛❡❞♦✲●❛❧❡r❦✐♥✳



❆❜str❛❝t

❲❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠
∣∣∣∣∣∣∣∣∣∣∣∣∣

u′′ − µ(t)∆u+ h(u) = f,

u = 0 s♦❜r❡ Γ0,

µ
∂u

∂ν
+ βu′ = 0 ❡♠ Γ1,

u(0) = u0, u′(0) = u1 ❡♠ Ω

✭✷✮

✇❤❡r❡ Q ✐s ❛ ❝②❧✐♥❞r✐❝❛❧ ❞♦♠❛✐♥✱ T > 0 ❛ r❡❛❧ ♥✉♠❜❡r✱ s✉❜❥❡❝t t♦ ❝❡rt❛✐♥ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s Γ = Γ0 ∪ Γ1✱ Γ0 ∩ Γ1 = ∅ ✇✐t❤ med(Γ0),med(Γ1) > 0 ❛♥❞ h ❝♦♥t✐♥✉❡s

❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ ❙tr❛✉ss✬s ❝♦♥❞✐t✐♦♥s sh(s) ≥ 0✱ ∀s ∈ R✳

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ s♦❧✉t✐♦♥ ✐s ♠❛❞❡ ✉s✐♥❣ t❤❡ ❋❛❡❞♦✲●❛❧❡r❦✐♥✬s ♠❡t❤♦❞ ✇✐t❤ ❛

s♣❡❝✐❛❧ ❜❛s✐s t♦ V ∩ H2(Ω) ❛s ❞♦♥❡ ✐♥ ❬✶✻❪ ❛♥❞ t❤❡ r❡s✉❧t ♦❢ ❝♦♠♣❛❝t♥❡ss ❛s ❞♦♥❡ ✐♥

❬✶✷❪✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥ ✉s❡s t❤❡ t❤❡♦r❡♠ ♦❢ ❙tr❛✉ss ❛s ❞♦♥❡ ✐♥ ❬✷✹❪ ❛♥❞

r❡s✉❧ts ❛♥❞ ❣❡♥❡r❛❧ tr❛❝❡ ❛s ❞♦♥❡ ✐♥ ❬✷✵❪✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ✐s ❞♦♥❡ ✉s✐♥❣ t❤❡

▲✐❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧✱ ✇✐t❤ ♠✉❧t✐♣❧✐❝❛t✐✈❡ t❡❝❤♥✐q✉❡s ❛s ❞♦♥❡ ✐♥ ❑♦r♠♦♥✐❦✲❩✉❛③✉❛ ❬✾❪✳

❑❡② ✇♦r❞s✿ ❇♦✉♥❞❛r② ❙t❛❜✐❧✐③❛t✐♦♥✱ s♣❡❝✐❛❧ ❜❛s✐s✱ ❋❛❡❞♦✲●❛❧❡r❦✐♥✬s ♠❡t❤♦❞✳



❈♦♥t❡ú❞♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶ ❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s ❡ ❇❛s❡ ❊s♣❡❝✐❛❧ ✹

✶✳✶ ❊s♣❛ç♦s ❢✉♥❝✐♦♥❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷ ❊s♣❛ç♦s ❢✉♥❝✐♦♥❛✐s ❛ ✈❛❧♦r❡s ✈❡t♦r✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✸ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✹ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❢r❛❝✐♦♥ár✐♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✺ ❚❡♦r✐❛ ❞♦ ❚r❛ç♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✺✳✶ ❚r❛ç♦ ❡♠ L2(0, T,Hm(Ω)) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✺✳✷ ❚r❛ç♦ ❡♠ H−1(0, T,Hm(Ω)) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✺✳✸ ❚r❛ç♦ ❡♠ L1(0, T, E) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✻ Pr✐♥❝✐♣❛✐s ❘❡s✉❧t❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✼ ❈♦♥str✉çã♦ ❞❛ ❜❛s❡ ❡s♣❡❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷ ❙♦❧✉çã♦ ❢♦rt❡ ✷✽

✷✳✶ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢♦rt❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✷ ❊st✐♠❛t✐✈❛s ❛ Pr✐♦r✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✸ P❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ m→ ∞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷✳✹ P❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ k → ∞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✺ ❈♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✷✳✻ ❯♥✐❝✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸ ❙♦❧✉çã♦ ❢r❛❝❛ ✺✵

✸✳✶ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ ❋r❛❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✸✳✷ P❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾



✐✐

✹ ❈♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ✻✻

✹✳✶ ❉❡❝❛✐♠❡♥t♦ ❊①♣♦♥❡♥❝✐❛❧ ❞❛ ❊♥❡r❣✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

❆ ❉✉❛❧ ❞❡ ❡s♣❛ç♦s Lp(0, T ;X) (p > 1) ♣❛r❛ ❢✉♥çõ❡s ✈❡t♦r✐❛✐s ✽✵

❆✳✶ ■♥t❡❣r❛❧ ♣❛r❛ ❢✉♥çõ❡s ❞❡ Lp✭✵✱❚✱❳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

❆✳✷ Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

❆✳✸ ❯♠❛ ♣r✐♠❡✐r❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ (Lp(0, T,X))′ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

❆✳✹ ❖ ❡s♣❛ç♦ ❞✉❛❧ ❞❡ Lp✭✵✱❚✱❳✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

❇ ❘❡s✉❧t❛❞♦s ✉t✐❧✐③❛❞♦s ✾✺

❇✳✶ ❚❡♦r❡♠❛ ❞❡ ❈❛r❛t❤é♦❞♦r② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

❇✳✷ ❘❡s✉❧t❛❞♦s ❆✉①✐❧✐❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸

❇✳✸ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ❆♣r♦①✐♠❛❞♦ ✭✷✳✶✷✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

❇✐❜❧✐♦❣r❛✜❛ ✶✶✹



◆♦t❛çõ❡s ❡ ❙✐♠❜♦❧♦❣✐❛s

• Ω é ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞❡ ❝❧❛ss❡ C2 ❞♦ R
n

• Γ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ n− 1 q✉❡ r❡♣r❡s❡♥t❛ ❛ ❢r♦♥t❡✐r❛ ❞❡ Ω

• {Γ0,Γ1} é ✉♠❛ ♣❛rt✐çã♦ ❞❡ Γ ❝♦♠ Γ0 ∩ Γ1 = ∅

• Q = Ω× (0, T ) s✉❜❝♦♥❥✉♥t♦ ❞❡ R
n+1

• Σ0 = Γ0 × (0, T )

• Σ1 = Γ1 × (0, T )

• ∂

∂ν
❞❡s✐❣♥❛ ❛ ❞❡r✐✈❛❞❛ ♥❛ ❞✐r❡çã♦ ♥♦r♠❛❧ ❡①t❡r✐♦r

• ⇀ ❞❡s✐❣♥❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛

• ∗
⇀ ❞❡s✐❣♥❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ ❡str❡❧❛

• X ′ ❞❡s✐❣♥❛ ♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ ❳

• →֒ ❞❡s✐❣♥❛ ✐♠❡rsã♦

• cont→֒ ❞❡s✐❣♥❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

• comp→֒ ❞❡s✐❣♥❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛

✶



■♥tr♦❞✉çã♦

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ s♦❧✉çã♦

❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ∣∣∣∣∣∣∣∣∣∣∣∣∣

u′′ − µ(t)∆u+ h(u) = f,

u = 0 s♦❜r❡ Γ0,

µ
∂u

∂ν
+ βu′ = 0 ❡♠ Γ1,

u(0) = u0, u′(0) = u1 ❡♠ Ω

✭✸✮

♦♥❞❡ Q = Ω × T é ✉♠ ❞♦♠í♥✐♦ ❝✐❧í♥❞r✐❝♦✱ T > 0 ✉♠ ♥ú♠❡r♦ r❡❛❧✱ s✉❥❡✐t❛ ❛ ❝❡rt❛s

❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ Γ = Γ0 ∪ Γ1✱ Γ0 ∩ Γ1 = ∅ ❝♦♠ med(Γ0),med(Γ1) > 0 ❡ h ✉♠❛

❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❙tr❛✉ss✱ sh(s) ≥ 0✱ ∀s ∈ R✳

❊st❡ tr❛❜❛❧❤♦ ❡stá ❞✐✈✐❞✐❞♦ ❝♦♠♦ s❡❣✉❡ ❛❜❛✐①♦✿

◆♦ ❈❛♣ít✉❧♦ ✶ ❞❛r❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s s♦❜r❡ ❞✐str✐❜✉✐çõ❡s ♣❛r❛ ❢✉♥çõ❡s r❡❛✐s✱

❢✉♥çõ❡s ✈❡t♦r✐❛✐s✱ ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❡ r❡s✉❧t❛❞♦s ❣❡r❛✐s ❞❡ tr❛ç♦✳ ❆❧é♠ ❞✐ss♦✱ ❡♥✉♥❝✐✲

❛r❡♠♦s ❡ ❞❡♠♦♥str❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ❞❡❝♦rr❡r

❞❡st❡ tr❛❜❛❧❤♦ ❡ ❢❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❛ ❜❛s❡ ❡s♣❡❝✐❛❧ ♣❛r❛ V ∩H2(Ω) ❝♦♠♦ ❢❡✐t♦ ❡♠

▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳❆✳▼❡❞❡✐r♦s ❬✶✻❪✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❢♦rt❡✱ ✉t✐❧✐③❛♥❞♦ ♦ ♠é✲

t♦❞♦ ❞❡ ❋❛❡❞♦✲●❛❧❡r❦✐♥ ❝♦♠ ❛ ❜❛s❡ ❡s♣❡❝✐❛❧ ♣❛r❛ V ∩ H2(Ω) ♦❜t✐❞❛ ♥♦ ❈❛♣ít✉❧♦ ✶

❥✉♥t❛♠❡♥t❡ ❝♦♠ r❡s✉❧t❛❞♦ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡ ❝❢ ❡♠ ▲✐♦♥s ❬✶✶❪✳ ❆ ✐♠♣♦rtâ♥❝✐❛ ❞❡ss❛ ❜❛s❡

❡s♣❡❝✐❛❧ ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❡ q✉❡ ♥❡❝❡ss✐t❛r❡♠♦s ❧✐♠✐t❛r ♦ t❡r♠♦ u′′km(0) ❡♠ L2(Ω).

◆♦ ❈❛♣ít✉❧♦ ✸✱ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛✱ ❛♣r♦①✐♠❛♥❞♦ ❛ ❢✉♥çã♦ ❝♦♥✲

tí♥✉❛ h ♣❡❧❛ s❡q✉ê♥❝✐❛ ❞❡ ❙tr❛✉ss✱ ✐st♦ é✱ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❧✐♣s❝❤✐t✐③✐❛♥❛s

s❛t✐s❢❛③❡♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❙tr❛✉ss ❝❢ ❡♠ ❙tr❛✉ss ❬✷✹❪✳ ❆ s♦❧✉çã♦ ❢r❛❝❛ é ♦❜t✐❞❛ ❝♦♠♦

❧✐♠✐t❡ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❢♦rt❡s ♦❜t✐❞❛s ♥♦ ❈❛♣ít✉❧♦ ✷✳



✸

◆♦ ❝❛♣ít✉❧♦ ✹✱ ♠♦str❛r❡♠♦s ♦ ❞❡❝❛✐♠❡♥t♦ ❞❛ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦✲

❜❧❡♠❛ (1) ✉s❛♥❞♦ ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ▲✐❛♣✉♥♦✈ ❡ té❝♥✐❝❛s ♠✉❧t✐♣❧✐❝❛t✐✈❛s ❝♦♠♦ ❢❡✐t♦ ❡♠

❑♦r♠♦♥✐❦✲❩✉❛③✉❛ ❬✾❪✳ ❖❜t❡r❡♠♦s ♦ ❞❡❝❛✐♠❡♥t♦ ❞❛ ❡♥❡❣✐❛ ❛ss♦❝✐❛❞❛ ❛ s♦❧✉çã♦ ❢r❛❝❛

❝♦♠♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ❞❛ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❛ s♦❧✉çã♦ ❢♦rt❡ ❞♦ Pr♦❜❧❡♠❛ (1).

◆♦ ❛♣ê♥❞✐❝❡ ❆✱ ❞❛r❡♠♦s ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ❡s♣❛ç♦s Lp(0, T.X)✱ ♦♥❞❡ X é ✉♠

❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ p > 1. ❉❡♠♦♥str❛♠♦s q✉❡ s❡ ♦ ❞✉❛❧ X ′ ❞❡ X ❣♦③❛ ❞❛ ♣r♦♣r✐❡❞❛❞❡

❞❡ q✉❡ t♦❞❛ ❢✉♥çã♦ ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛ ♣♦ss✉✐ ❞❡r✐✈❛❞❛ q✉❛s❡ s❡♠♣r❡✱ ♣♦❞❡♠♦s ✐❞❡♥✲

t✐✜❝❛r (Lp(0, T,X))′ ❝♦♠ Lq(0, T,X ′)✳

◆♦ ❛♣ê♥❞✐❝❡ ❇✱ ❢❛r❡♠♦s ✉♠ r❡s✉♠♦ ❞♦s r❡s✉❧t❛❞♦s ✉t✐❧✐③❛❞♦s ♥❡st❛ ❞✐ss❡rt❛çã♦ ❡ ❡♥✉♥✲

❝✐❛r❡♠♦s ❡ ❞❡♠♦♥str❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❈❛r❛t❤é♦❞♦r②✱ q✉❡ s❡rá ✉s❛❞♦ ✉t✐❧✐③❛❞♦ ♥♦

❈❛♣ít✉❧♦ ✶✳ ❆❧é♠ ❞✐ss♦✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛♣r♦①✐✲

♠❛❞♦ ♦❜t✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✶✳



❈❛♣ít✉❧♦ ✶

❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s ❡ ❇❛s❡

❊s♣❡❝✐❛❧

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❡ ❝❛♣ít✉❧♦ é ♦❜t❡r ❢❡rr❛♠❡♥t❛s ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❜❛s❡

♦rt♦♥♦r♠❛❧ ♥♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ∩H2(Ω)✱ ❛♦ q✉❛❧ ❝❤❛♠❛r❡♠♦s ❞❡ ❜❛s❡ ❡s♣❡❝✐❛❧✳

◆♦ q✉❡ s❡❣✉❡✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ ❝♦♥❝❡✐t♦s ❜ás✐❝♦s r❡❧❛❝✐♦♥❛❞♦s à

t❡♦r✐❛ ❞❛s ❞✐str✐❜✉✐çõ❡s ❡ ❛♥á❧✐s❡ ❢✉♥❝✐♦♥❛❧✱ q✉❡ s❡rã♦ ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♥♦

❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✳ ❆❧é♠ ❞✐ss♦✱ s❡❣✉✐♥❞♦ ♦ ❛rt✐❣♦ ❞❡ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳❆✳▼❡❞❡✐r♦s

❬✶✻❪✱ ❝♦♥str✉ír❡♠♦s ❛ ❜❛s❡ ❡s♣❡❝✐❛❧ ❡♠ V ∩H2(Ω)✱ ♥♦ q✉❛❧ ✐r❡♠♦s ✉s❛r ❛♠♣❧❛♠❡♥t❡ ♥♦

❝❛♣ít✉❧♦ ✷✳

✶✳✶ ❊s♣❛ç♦s ❢✉♥❝✐♦♥❛✐s

❉❛❞♦s Ω ⊂ R
n ✉♠ ❛❜❡rt♦ ❡ f : Ω → R ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ❞❡✜♥✐♠♦s ♣♦r

s✉♣♦rt❡ ❞❡ f ✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r supp(f) ♦ ❢❡❝❤♦ ❡♠ Ω ❞♦ ❝♦♥❥✉♥t♦ {x ∈ Ω; f(x) 6= 0}.
❙❡ ❡st❡ ❝♦♥❥✉♥t♦ ❢♦r ✉♠ ❝♦♠♣❛❝t♦ ❞♦ Rn ❡♥tã♦ ❞✐③❡♠♦s q✉❡ f ♣♦ss✉✐ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳

❯♠❛ n✲✉♣❧❛ ❞❡ ✐♥t❡✐r♦s ♥ã♦ ♥❡❣❛t✐✈♦s α = (α1, α2, . . . , αn) é ❞❡♥♦♠✐♥❛❞❛ ♠✉❧t✐✲í♥❞✐❝❡

❡ s✉❛ ♦r❞❡♠ é ❞❡✜♥✐❞❛ ♣♦r |α| = α1 + α2 + . . .+ αn✳

❘❡♣r❡s❡♥t❛♠♦s ♣♦r Dα ♦ ♦♣❡r❛❞♦r ❞❡r✐✈❛çã♦ ❞❡ ♦r❞❡♠ |α|✱ ✐st♦ é✱

Dα =
∂|α|

∂α1
x1 ∂

α2
x2 . . . ∂

αn
xn

❖❜s❡r✈❛çã♦ ✶✳✶✳✶ ❙❡ α = (0, 0, . . . , 0) ❞❡✜♥✐♠♦s D0u = u✱ ♣❛r❛ t♦❞❛ ❢✉♥çã♦ u✳



✺

❉❡♥♦t❛r❡♠♦s ♣♦r C∞
0 (Ω) ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❝♦♠ ❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s✱ ❞❛s ❢✉♥çõ❡s ✐♥✜✲

♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳

❉❡✜♥✐çã♦ ✶✳✶✳✶ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❞♦ R
n✳ ❯♠❛ s❡q✉ê♥❝✐❛ (ϕn)n∈N ❡♠ C∞

0 (Ω) ❝♦♥✲

✈❡r❣❡ ♣❛r❛ ϕ ❡♠ C∞
0 (Ω)✱ q✉❛♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ❢♦r❡♠ s❛t✐s❢❡✐t❛s✿

✐✮ ❊①✐st❡ ✉♠ ❝♦♠♣❛❝t♦ K ❞❡ Ω t❛❧ q✉❡ supp(ϕ), supp(ϕn) ⊂ K✱ ∀n ∈ N
n✳

✐✐✮ P❛r❛ t♦❞♦ ♠✉❧t✐✲í♥❞✐❝❡ α✱ t❡♠✲s❡ Dαϕn → Dαϕ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ K

❖ ❡s♣❛ç♦ C∞
0 (Ω)✱ ♠✉♥✐❞♦ ❞❛ ♥♦çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❛❝✐♠❛ ❞❡✜♥✐❞❛ s❡rá ❞❡♥♦t❛❞♦

♣♦r D(Ω) ❡ ❞❡♥♦♠✐♥❛❞♦ ❞❡ ❊s♣❛ç♦ ❞❛s ❋✉♥çõ❡s ❚❡st❡s s♦❜r❡ Ω✳

❯♠❛ ❞✐str✐❜✉✐çã♦ s♦❜r❡ Ω é ✉♠ ❢✉♥❝✐♦♥❛❧ T : D(Ω) → R s❛t✐s❢❛③❡♥❞♦ ❛s s❡❣✉✐♥t❡s

❝♦♥❞✐çõ❡s✿

✐✮ T (aϕ+ bψ) = aT (ϕ) + bT (ψ), ∀a, b ∈ R ❡ ∀ϕ, ψ ∈ D(Ω)❀

✐✐✮ T é ❝♦♥tí♥✉❛✱ ✐st♦ é✱ s❡ ϕn ❝♦♥✈❡r❣❡ ♣❛r❛ ϕ ❡♠ D(Ω)✱ ❡♥tã♦ T (ϕn) ❝♦♥✈❡r❣❡ ♣❛r❛

T (ϕ) ❡♠ R✳

❉❡♥♦t❛r❡♠♦s ♦ ✈❛❧♦r ❞❛ ❞✐str✐❜✉✐çã♦ T ❡♠ ϕ ♣♦r 〈T, ϕ〉 ❡ ♣♦r D′(Ω) ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s

❛s ❞✐str✐❜✉✐çõ❡s s♦❜r❡ Ω✳

▲❡♠❛ ✶✳✶✳✶ ✭❉✉ ❇♦✐s ❘❛②♠♦♥❞✮ ❙❡❥❛ u ∈ L1
loc(Ω) t❛❧ q✉❡∫

Ω

u(x)ϕ(x)dx = 0, ∀ϕ ∈ D(Ω).

❊♥tã♦✱ u = 0 q✉❛s❡ s❡♠♣r❡ ❡♠ Ω✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❛ ♣r♦✈❛ ✈❡r ❇r❡③✐s ❬✸❪✳

❆ s❡❣✉✐r✱ ❞❛r❡♠♦s ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦✳

❊①❡♠♣❧♦ ✶✳✶✳✶ ❙❡❥❛ u ∈ L1
loc(Ω). ❖ ❢✉♥❝✐♦♥❛❧ Tu : D(Ω) → R✱ ❞❡✜♥✐❞♦ ♣♦r

〈Tu, ϕ〉 =
∫

Ω

u(x)ϕ(x)dx

é ✉♠❛ ❞✐str✐❜✉✐çã♦✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✷ ❙❡❣✉❡ ❞♦ ▲❡♠❛ ❞❡ ❉✉ ❇♦✐s ❘❛②♠♦♥❞ q✉❡ s❡ u, v ∈ L1
loc(Ω), ❡♥tã♦

Tu = Tv ❡♠ D′(Ω) s❡✱ ❡ s♦♠❡♥t❡✱ s❡ u = v✳ ❉❡st❛ ❢♦r♠❛✱ t❡♠♦s ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛

❜✐✉♥í✈♦❝❛ ❡♥tr❡ ❛s ❞✐str✐❜✉✐çõ❡s ❞♦ t✐♣♦ Tu ❝♦♠ ♦ ❡s♣❛ç♦ L1
loc(Ω).

❉❡✜♥✐çã♦ ✶✳✶✳✷ ❙❡❥❛ T ✉♠❛ ❞✐str✐❜✉✐çã♦ s♦❜r❡ Ω ❡ α ✉♠ ♠✉❧t✐✲í♥❞✐❝❡✳ ❆ ❞❡r✐✈❛❞❛

DαT ❞❡ ♦r❞❡♠ |α| ❞❡ T é ✉♠ ❢✉♥❝✐♦♥❛❧ DαT : D(Ω) → R ❞❡✜♥✐❞♦ ♣♦r

〈DαT, ϕ〉 = (−1)n〈T,Dαϕ〉.
❆❧é♠ ❞✐ss♦✱ DαT é ✉♠❛ ❞✐str✐❜✉✐çã♦ s♦❜r❡ Ω✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✸ ❉❡❝♦rr❡ ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ q✉❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ t❡♠ ❞❡r✐✈❛❞❛s ❞❡

t♦❞❛s ❛s ♦r❞❡♥s✳



✻

✶✳✷ ❊s♣❛ç♦s ❢✉♥❝✐♦♥❛✐s ❛ ✈❛❧♦r❡s ✈❡t♦r✐❛✐s

❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❉❡♥♦t❛r❡♠♦s ♣♦r D(0, T,X) ♦ ❡s♣❛ç♦ ❧♦❝❛❧♠❡♥t❡

❝♦♥✈❡①♦ ❞❛s ❢✉♥çõ❡s ✈❡t♦r✐❛✐s ϕ : (0, T ) → X ✐♥❞❡✜♥✐❞❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❝♦♠ s✉✲

♣♦rt❡ ❝♦♠♣❛❝t♦ ❡♠ (0, T )✳ ❉✐r❡♠♦s q✉❡ ϕn → ϕ ❡♠ D(0, T,X) s❡✿

✐✮ ❊①✐st❡ ✉♠ ❝♦♠♣❛❝t♦ K ❞❡ (0, T ) t❛❧ q✉❡ supp(ϕn), supp(ϕ) ⊂ K✱ ∀n ∈ N;

✐✐✮ P❛r❛ ❝❛❞❛ n ∈ N✱ ϕn → ϕ ❡♠ X ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ t ∈ (0, T ).

❖ ❡s♣❛ç♦ ❞❛s ❛♣❧✐❝❛çõ❡s ❧✐♥❡❛r❡s ❡ ❝♦♥tí♥✉❛s ❞❡ D(0, T ) ❡♠ X s❡rá ❞❡♥♦t❛❞♦ ♣♦r

D′(0, T,X), ✐st♦ é✱ T ∈ D′(0, T,X) s❡ T : D(0, T ) → X é ❧✐♥❡❛r ❡ s❡ θn → θ ❡♠ D(0, T )

❡♥tã♦ 〈T, θn〉 → 〈T, θ〉 ❡♠ X.

❉✐r❡♠♦s q✉❡ Tn → T ❡♠ D′(0, T,X) s❡ 〈Tn, θ〉 → 〈T, θ〉 ❡♠ X✱ ∀θ ∈ D(0, T ). ❖ ❡s✲

♣❛ç♦ D′(0, T,X) ♠✉♥✐❞♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛❝✐♠❛ é ❞❡♥♦♠✐♥❛❞♦ ❡s♣❛ç♦ ❞❛s ❞✐str✐❜✉✐çõ❡s

✈❡t♦r✐❛s ❞❡ (0, T ) ❝♦♠ ✈❛❧♦r❡s ❡♠ X

❖❜s❡r✈❛çã♦ ✶✳✷✳✶ ❚❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ {θξ, θ ∈ D(Ω), ξ ∈ X} é t♦t❛❧ ❡♠ D(0, T,X)✳

❉❡✜♥✐çã♦ ✶✳✷✳✶ ❉✐③❡♠♦s q✉❡ u é ❢♦rt❡♠❡♥t❡ ♠❡♥s✉rá✈❡❧ q✉❛♥❞♦ ❡①✐st✐r ✉♠❛ s❡q✉ê♥✲

❝✐❛ ❞❡ ❢✉♥çõ❡s s✐♠♣❧❡s (ϕn)n∈N t❛❧ q✉❡

ϕn → ϕ ❡♠ X, q✉❛s❡ s❡♠♣r❡ ❡♠ (0, T ).

❉❡♥♦t❛r❡♠♦s ♣♦r Lp(0, T,X) ✱ 1 ≤ p <∞✱ ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s

u✱ ❞❡✜♥✐❞❛s ❡♠ (0, T ) ❝♦♠ ✈❛❧♦r❡s ❡♠ X✱ q✉❡ sã♦ ❢♦rt❡♠❡♥t❡ ♠❡♥s✉rá✈❡✐s ❡ ‖u(t)‖X é

✐♥t❡❣rá✈❡❧ ❛ ▲❡❜❡s❣✉❡✱ ❝♦♠ ❛ ♥♦r♠❛

‖u‖Lp(0,T,X) =

(∫ T

0

‖u(t)‖pXdt
) 1

p

.

P♦r L∞(0, T,X) r❡♣r❡s❡♥t❛♠♦s ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s u✱ ❞❡✜♥✐❞❛s

❡♠ (0, T ) ❝♦♠ ✈❛❧♦r❡s ❡♠ X✱ q✉❡ sã♦ ❢♦rt❡♠❡♥t❡ ♠❡♥s✉rá✈❡✐s ❡ ‖u(t)‖X ♣♦ss✉✐ s✉♣r❡♠♦

❡ss❡♥❝✐❛❧ ✜♥✐t♦ ❡♠ (0, T )✱ ❝♦♠ ❛ ♥♦r♠❛

‖u‖L∞(0,T,X) = sup ess0≤t≤T‖u(t)‖X . ✭✶✳✶✮

❖❜s❡r✈❛çã♦ ✶✳✷✳✷ ◆♦ ❝❛s♦ p = 2 ❡ X ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ s❡❣✉❡ q✉❡ L2(0, T,X) é

✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❝✉❥♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ é ❞❛❞♦ ♣♦r

(u, v)L2(0,T,X) =

∫ T

0

(u(t), v(t))Xdt.



✼

❙❡ ❳ é r❡✢❡①✐✈♦✱ ❡♥tã♦ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r

[Lp(0, T ;X)]′ = Lq(0, T ;X ′),

♦♥❞❡
1

p
+

1

q
= 1✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ p = 1✱ ✐❞❡♥t✐✜❝❛♠♦s

[L1(0, T ;X)]′ = L∞(0, T ;X ′)

❊ss❛s ✐❞❡♥t✐✜❝❛çõ❡s ❡♥❝♦♥tr❛♠✲s❡ ❞❡♠♦♥str❛❞❛s ❞❡t❛❧❤❛❞❛♠❡♥t❡ ♥♦ ❆♣ê♥❞✐❝❡ ❆✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✸ ◗✉❛♥❞♦ Ω ❢♦r ✉♠ s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❞♦ R
n, T > 0 ❡ Q =

Ω× (0, T ) ❢♦r ♦ ❝✐❧í♥❞r♦ ❡♠ R
n+1 ❡♥tã♦✱ ♣❛r❛ 1 ≤ p <∞ t❡♠♦s

Lp(0, T ;Lp(Ω)) = Lp(Q).

❉❡✜♥✐çã♦ ✶✳✷✳✷ ❉❛❞❛ T ∈ D′(0, T,X)✱ ❞❡✜♥✐♠♦s ❛ ❞❡r✐✈❛❞❛ ❞❡ ♦r❞❡♠ n ❝♦♠♦ s❡♥❞♦

❛ ❞✐str✐❜✉✐çã♦ ✈❡t♦r✐❛❧ s♦❜r❡ (0, T ) ❝♦♠ ✈❛❧♦r❡s ❡♠ X ❞❛❞❛ ♣♦r✿
〈
dnT

dtn
, ϕ

〉
= (−1)n

〈
T,
dnϕ

dtn

〉
, ∀ϕ ∈ D(0, T ).

❘❡♣r❡s❡♥t❛♠♦s ♣♦r C([0, T ], X) ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❛s ❢✉♥çõ❡s u✱ ❞❡✜♥✐❞❛s ❡♠

[0, T ] ❝♦♠ ✈❛❧♦r❡s ❡♠ X✱ ❝✉❥❛ ♥♦r♠❛ é ❞❛❞❛ ♣♦r

‖u‖∞ = sup ‖u(t)‖X .

P♦r ✜♠✱ ❞❡♥♦t❛r❡♠♦s ♣♦r H1
0 (0, T,X) ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt

H1
0 (0, T,X) = {u ∈ L2(0, T,X); u′ ∈ L2(0, T,X), u(0) = u(T ) = 0},

♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

((u, v))H1
0 (0,T,X) =

∫ T

0

(u(t), v(t))Xdt+

∫ T

0

(u′(t), v′(t))Xdt.

■❞❡♥t✐✜❝❛♥❞♦ L2(0, T,X) ❝♦♠ ♦ s❡✉ ❞✉❛❧ (L2(0, T,X))′✱ ✈✐❛ ♦ ❚❡♦r❡♠❛ ❞❡ ❘✐❡s③✱

♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❝❛❞❡✐❛

D(0, T,X) →֒ H1
0 (0, T,X) →֒ L2(0, T,X) →֒ H−1(0, T,X) →֒ D′(0, T,X),

♦♥❞❡

H1
0 (0, T,X) = (H−1(0, T,X))′.



✽

Pr♦♣♦s✐çã♦ ✶✳✷✳✶ ❙❡❥❛ u ∈ L2(0, T,X)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ f ∈ H−1(0, T,X)

q✉❡ ✈❡r✐✜❝❛

〈f, θξ〉 = (〈u′, θ〉, ξ), ∀θ ∈ D(0, T ), ∀ξ ∈ X

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❬✶✽❪✳

❇❛s❡❛❞♦ ♥❛ Pr♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ✐❞❡♥t✐✜❝❛♠♦s u′ ❝♦♠ f. ❊♠ r❛③ã♦ ❞✐st♦✱ ❞✐r❡♠♦s

q✉❡ s❡ u ∈ L2(0, T,X) ❡♥tã♦ u′ ∈ H−1(0, T,X).

Pr♦♣♦s✐çã♦ ✶✳✷✳✷ ❆ ❛♣❧✐❝❛çã♦

u ∈ L2(0, T,X) 7→ u′ ∈ H−1(0, T,X)

♦♥❞❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❬✶✽❪✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✸ ❙✉♣♦♥❤❛♠♦s q✉❡ u, g ∈ L1(0, T,X)✳ ❊♥tã♦✱ ❛s ❝♦♥❞✐çõ❡s ❛❜❛✐①♦

sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✐✮ ❊①✐st❡ ξ ∈ X✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ t✱ t❛❧ q✉❡ u(t) = ξ +

∫ t

0

g(s)ds q✉❛s❡ s❡♠♣r❡ ❡♠

(0, T ), ✭✉ é q✉❛s❡ s❡♠♣r❡ ✉♠❛ ♣r✐♠✐t✐✈❛ ❞❡ ❣✮❀

✐✐✮ P❛r❛ ❝❛❞❛ ϕ ∈ D(0, T ) t❡♠✲s❡
∫ T

0

u(t)ϕ′(t)dt = −
∫ T

0

g(t)ϕ(t)dt, ✭g =
du

dt
❞❡r✐✲

✈❛❞❛ ♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s✮❀

✐✐✐✮ P❛r❛ ❝❛❞❛ y ∈ X ′✱
d

dt
〈u(t), y〉 = 〈g(t), y〉 ♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✺❪ ♦✉ ❚❡♠❛♠ ❬✷✷❪✳

❚❡♦r❡♠❛ ✶✳✷✳✶ ❙❡❥❛♠ X✱ Y ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt t❛❧ q✉❡ X
cont→֒ Y ❡ u ∈ Lp(0, T,X)✱

u′ ∈ Lp(0, T, Y )✱ 1 ≤ p ≤ ∞✱ ❡♥tã♦ u ∈ C0([0, T ];Y )✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✺❪✳

❚❡♦r❡♠❛ ✶✳✷✳✷ ❙❡❥❛
1

p
+

1

q
= 1✳ ❙❡❥❛♠ u ∈ [Lq(0, T,X)]′ ❡ v ∈ Lp(0, T,X)✱ ❡♥tã♦

〈u, v〉[Lq(0,T,X)]′×Lp(0,T,X) =

∫ T

0

〈u(t), v(t)〉X′×Xdt.

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✺❪✳



✾

✶✳✸ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈

◆♦ q✉❡ s❡❣✉❡✱ ❞❡✜♥✐r❡♠♦s ♦ ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❡ ❞❛r❡♠♦s ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r✐♥✲

❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s✳ ❈♦♥s✐❞❡r❡♠♦s Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ R
n✳ ❙❡ u ∈ Lp(Ω)✱

❝♦♠ 1 ≤ p ≤ ∞✱ s❛❜❡♠♦s q✉❡ u ♣♦ss✉✐ ❞❡r✐✈❛❞❛s ❞❡ t♦❞❛s ❛s ♦r❞❡♥s ♥♦ s❡♥t✐❞♦ ❞❛s

❞✐str✐❜✉✐çõ❡s✱ ♠❛s ♥ã♦ é ✈❡r❞❛❞❡✱ ❡♠ ❣❡r❛❧✱ q✉❡ Dαu é ❞❡✜♥✐❞❛ ♣♦r ✉♠❛ ❢✉♥çã♦ ❞❡

Lp(Ω)✳ ◗✉❛♥❞♦ Dαu é ❞❡✜♥✐❞❛ ♣♦r ✉♠❛ ❢✉♥çã♦ ❞❡ Lp(Ω)✱ ❞❡✜♥✐♠♦s ♦ ❡s♣❛ç♦ ❞❡ ❙♦✲

❜♦❧❡✈✳ ❉❛❞♦ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ m > 0✱ r❡♣r❡s❡♥t❛♠♦s Wm,p(Ω) ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡

t♦❞❛s ❛s ❢✉♥çõ❡s u ♣❡rt❡♥❝❡♥t❡s ❛ Lp(Ω)✱ t❛✐s q✉❡ ♣❛r❛ t♦❞♦ ♠✉❧t✐✲í♥❞✐❝❡ |α| ≤ m✱

t❡♠♦s Dαu ♣❡rt❡♥❝❡ ❛ Lp(Ω)✱ ✐st♦ é✱

Wm,p(Ω) = {u ∈ Lp(Ω);Dαu ∈ Lp(Ω), 0 ≤ |α| ≤ m}.

P❛r❛ ❝❛❞❛ u ∈ Wm,p(Ω)✱ ❞❡✜♥✐♠♦s ❛ ♥♦r♠❛ ❞❡ u ♣♦♥❞♦

‖u‖p
Wm,p(Ω) =

∑

|α|≤m

∫

Ω

|Dαu|p
Lp(Ω), q✉❛♥❞♦ 1 ≤ p <∞

❡

‖u‖Wm,∞(Ω) =
∑

|α|≤m

|Dαu|L∞(Ω)(Ω), q✉❛♥❞♦ p = ∞.

❖❜s❡r✈❛çã♦ ✶✳✸✳✶ P❛r❛ p = 2✱ r❡♣r❡s❡♥t❛♠♦s Wm,p(Ω) = Hm(Ω) ❞❡✈✐❞♦ ❛ ❡str✉t✉r❛

❍✐❧❜❡rt✐♥❛ ❞❡ t❛✐s ❡s♣❛ç♦s✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✶ ❖s ❡s♣❛ç♦s Hm(Ω) ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

(u, v)Hm(Ω) =
∑

|α|≤m

(Dαu,Dαv)L2(Ω)

sã♦ ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✸❪✳

P♦r ✜♠✱ ♦ ❢❡❝❤♦ ❞❡ C∞
0 (Ω) ❡♠ Hm(Ω) ❞❡♥♦t❛♠♦s ♣♦r Hm

0 (Ω) ❡ ♣♦r H−m(Ω) ♦

s❡✉ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ Hm
0 (Ω)✳

✶✳✹ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❢r❛❝✐♦♥ár✐♦s

◆❡st❛ s❡çã♦ ❞❛r❡♠♦s ✉♠❛ ♦✉tr❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ❡s♣❛ç♦s Hm(Ω)✱ ❝♦♠ m ∈ N✱

q✉❡ s❡r✈✐rá ❞❡ ♠♦t✐✈❛çã♦ ♣❛r❛ ❞❡✜♥✐r ♦s ❡s♣❛ç♦s Hs(Ω)✱ q✉❛♥❞♦ s ❢♦r ✉♠ ♥ú♠❡r♦



✶✵

r❡❛❧ ♣♦s✐t✐✈♦ ❡ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ R
n ❝♦♠ ❢r♦♥t❡✐r❛ Γ r❡❣✉❧❛r✳ ◆♦ q✉❡ s❡❣✉❡✱

❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ❞❡st❡s ❡s♣❛ç♦s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s

♥❡st❡ tr❛❜❛❧❤♦✳ ◆❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❞❡✜♥✐♠♦s ♦s ❡s♣❛ç♦s Wm,p(Ω)✱ ♦♥❞❡ Ω ⊂ R
n é ✉♠

❛❜❡rt♦ r❡❣✉❧❛r ❡ ❧✐♠✐t❛❞♦✳ ◆♦ ❝❛s♦ p = 2✱ t❡♠♦s

Hm(Ω) = {u ∈ L2(Ω);Dαu ∈ L2(Ω), 0 ≤ |α| ≤ m}. ✭✶✳✷✮

❉❡✜♥✐çã♦ ✶✳✹✳✶ ❙❡❥❛ f ∈ L1(Rn)✳ ❆ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❢♦✉r✐❡r ❞❡ f ✱ ❞❡♥♦t❛❞❛ ♣♦r f̂ ✱

é ✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ s♦❜r❡ ♦ R
n ♣❡❧❛ ❢ór♠✉❧❛

f̂(ξ) = (2π)−
n
2

∫

Rn

exp−2πi〈ξ,x〉 f(x)dx,

♦♥❞❡ 〈ξ, x〉 é ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s✉❛❧ ❡♠ R
n ❡ i =

√
−1✳

❉❡✜♥✐çã♦ ✶✳✹✳✷ ✭❊s♣❛ç♦ ❞❡ ❙❝❤✇❛rt③✮ ❖ ❡s♣❛ç♦ ❞❡ ❙❝❤✇❛rt③ ♦✉ ❡s♣❛ç♦ ❞❛s ❢✉♥✲

çõ❡s r❛♣✐❞❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ ♥♦ ✐♥✜♥✐t♦✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r F ✱ é ♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧

❢♦r♠❛❞♦ ♣❡❧❛s ❢✉♥çõ❡s ϕ ∈ C∞
0 (Rn) t❛✐s q✉❡

lim
‖x‖→∞

‖x‖kDαϕ(x) = 0,

q✉❛❧q✉❡r q✉❡ s❡❥❛♠ k ∈ N ❡ α ∈ N
n.

❊①❡♠♣❧♦ ✶✳✹✳✶ ❙❡❥❛ ϕ ∈ C∞
0 (Rn)✳ ❊♥tã♦ ϕ ∈ F ✳

❉❡ ❢❛t♦✱ ❞❡s❞❡ q✉❡ ϕ ∈ C∞
0 (Rn)✱ ❡①✐st❡ ✉♠ ❝♦♠♣❛❝t♦ K ⊂ R

n t❛❧ q✉❡ suppϕ ⊂ K✳

❆ss✐♠✱ ❝♦♥s✐❞❡r❡♠♦s σ > 0 t❛❧ q✉❡ K ⊂ R
n✳ ▲♦❣♦✱ ❞❛❞♦s ε > 0✱ k ∈ N ❡ α ∈ N

n✱

t❡♠✲s❡ ♣❛r❛ t♦❞♦ x ∈ R
n t❛❧ q✉❡ ‖x‖ > σ

‖x‖k|Dαϕ(x)| = 0 < ε,

♠♦str❛♥❞♦ q✉❡ ϕ ∈ F ✳

❉❡✜♥✐çã♦ ✶✳✹✳✸ ✭❉✐str✐❜✉✐çã♦ ❚❡♠♣❡r❛❞❛✮ ❯♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❚ ❞❡✜♥✐❞♦ ❡ ❝♦♥✲

tí♥✉♦ s♦❜r❡ F é ❞❡♥♦♠✐♥❛❞♦ ❞✐str✐❜✉✐çã♦ t❡♠♣❡r❛❞❛✱ ❛♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r F ′ ♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞♦s ❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s s♦❜r❡ F ✳

❱❛♠♦s ❞❡✜♥✐r ♦ ❡s♣❛ç♦ Hs(Ω) ❡✱ ♣❛r❛ t❛♥t♦✱ ❝♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✶✳✹✳✶ P❛r❛ t♦❞♦ m ∈ N t❡♠♦s✿

Hm(Ω) = {u ∈ F ′; (1 + ‖x‖2)m
2 û ∈ L2(Rn)}.



✶✶

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✸❪✳

❉❡ss❛ ❢♦r♠❛✱ ♠♦t✐✈❛❞♦s ♣❡❧❛ ♣r♦♣♦s✐❝ã♦ ❛♥t❡r✐♦r✱ ❞❡✜♥✐♠♦s ♣❛r❛ s ∈ R✱ s ≥ 0✱

Hs(Rn) = {u ∈ F ′; (1 + ‖x‖2) s
2 û ∈ L2(Rn)}.

♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

(u, v)Hs(Rn) =

∫

Rn

(1 + ‖x‖2)sû(x)v̂(x)dx.

❊♠ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✸❪ ♣♦❞❡♠♦s ✈❡r q✉❡

Hs(Rn)
cont→֒ L2(Rn),

Pr♦♣♦s✐çã♦ ✶✳✹✳✷ P❛r❛ t♦❞♦ s ≥ 0✱ Hs(Rn) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✸❪✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✶ P❛r❛ t♦❞♦ s ∈ R✱ ❞❡♥♦t❛r❡♠♦s ♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ Hs(Rn) ❝♦♠♦

s❡♥❞♦

H−s(Rn) = (Hs(Rn))′

◗✉❛♥❞♦ Ω é ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❡ r❡❣✉❧❛r ❞♦ R
n✱ ❞❡✜♥❡✲s❡ ♦ ❡s♣❛ç♦ Hs(Ω) ❝♦♠♦

Hs(Ω) = {v|Ω; v ∈ Hs(Rn)}

♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

‖u‖Hs(Ω) = inf{‖w‖Hs(Rn);w|Ω = u}

Pr♦♣♦s✐çã♦ ✶✳✹✳✸ ❙❡ 0 ≤ s1 ≤ s2 ❡♥tã♦ Hs2(Ω)
cont→֒ Hs1(Ω)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✐♦♥s ▼❛❣❡♥❡s ❬✶✹❪✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✷ ❖s r❡s✉❧t❛❞♦s ❛❝✐♠❛ ✈❛❧❡♠ q✉❛♥❞♦ Ω ❢♦r ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❡

r❡❣✉❧❛r ❞♦ R
n.

❋✐♥❛❧✐③❛r❡♠♦s ❡st❛ s❡çã♦ ❝❛r❛❝t❡r✐③❛♥❞♦ ♦ ❡s♣❛ç♦ Hs(Γ)✱ ♦♥❞❡ Γ é ❛ ❢r♦♥t❡✐r❛ ❞❡

✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ r❡❣✉❧❛r Ω ❞♦ R
n✳ ❊♥✉♥❝✐❛r❡♠♦s t❛♠❜é♠ ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡

✉s❛♠♦s ❞❡ ❡s♣❛ç♦s ❞❡ s♦❜♦❧❡✈ ❡♠ ✈❛r✐❡❞❛❞❡s ❝♦♠♦ ❢❡✐t♦ ❡♠ ▲✐♦♥s✲▼❛❣❡♥❡s ❬✶✹❪✳

❙❡❥❛♠ Q = {y; y = (y′, yn); ‖y′‖ ≤ 1 ❡ − 1 < yn < 1}✱ Q+ = {y ∈ Q; yn > 0}
❡ Q− = {y ∈ Q; yn < 0}✳ ❆❧é♠ ❞✐ss♦✱ s❡❥❛

∑
= Q ∩ {yn = 0} ❡ ❝♦♥s✐❞❡r❡✲

♠♦s {(U1, ϕ1), . . . , (Uk, ϕk)} ✉♠ s✐st❡♠❛ ❞❡ ❝❛rt❛s ❧♦❝❛✐s ♣❛r❛ Γ✳ ❆ ❝♦❜❡rt✉r❛ ❛❜❡rt❛

U1, U2, . . . , Uk ❞❡ Ω ❞❡t❡r♠✐♥❛ ✉♠❛ ♣❛rt✐çã♦ C∞ ❞❛ ✉♥✐❞❛❞❡ s✉❜♦r❞✐♥❛❞❛✱ ✐st♦ é✱ ❡①✐s✲

t❡♠ θ0, θ1, . . . , θk ∈ C∞
0 (Rn) t❛✐s q✉❡✿



✶✷

✭✐✮ supp(θ0) ⊂ Ω; supp(θi) ⊂ Ui, i = 1, 2, . . . , k❀

✭✐✐✮ 0 ≤ θi ≤ 1;

✭✐✐✐✮
k∑

i=0

θi(x) = 1, ∀x ∈ Ω.

❈♦♥s✐❞❡r❡♠♦s u ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ ❞❡✜♥✐❞❛ s♦❜r❡ Γ✳ ❉❡s❞❡ q✉❡ (i) ✈❛❧❡✱ t❡♠♦s

u(x) =
k∑

i=1

(θiu)(x) ♣❛r❛ q✉❛s❡ t♦❞♦ x ∈ Γ. ✭✶✳✸✮

❉❡✜♥❛♠♦s ♣❛r❛ ❝❛❞❛ 1 ≤ i ≤ k ❛s ❢✉♥çõ❡s

ui(y) = (θiu)(ϕ
−1(y)).

❋✐❣✉r❛ ✶✳✶✿

◆♦t❡♠♦s q✉❡

S(uθi) = {x ∈ Ω; (uθi) 6= 0} ⊂ supp(θi) ∩ Γ ⊂ Ui ∩ Γ.

❉❛í✱ t❡♠♦s q✉❡ S(uθi) é ✉♠ ❝♦♠♣❛❝t♦ ❞♦ R
n✱ ♣♦✐s ❛ ✐♥t❡rs❡❝çã♦ ❞❡ ❢❡❝❤❛❞♦s é ❛✐♥❞❛

✉♠ ❢❡❝❤❛❞♦ ❡ Ui ∩ Γ é ❧✐♠✐t❛❞♦✳ ❙❡❣✉❡ ❞❛í q✉❡ ♦ ❝♦♥❥✉♥t♦

S(ui) = {x ∈ Ω; (uθi) 6= 0}

é ✉♠ ❝♦♠♣❛❝t♦ ❞❡ R
n−1 ❝♦♥t✐❞♦ ♥♦ ❛❜❡rt♦ Γ✱ ♣♦✐s ϕi(S(uθi)) = S(ui) ❡ ϕ é ❝♦♥tí♥✉❛ ❡

S(uθi)✱ ❝♦♠♦ ✈✐♠♦s✱ é ✉♠ ❝♦♠♣❛❝t♦✳ ◆♦t❡ q✉❡ supp(ui) ⊂ S(ui) ⊂ Γ✳ ❆ss✐♠✱ ♣♦❞❡♠♦s



✶✸

❡st❡♥❞❡r ui ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ũi(y) =




(uθi)(ϕ

−1(y)), s❡ y ∈ Γ

0, s❡ y ∈ R
n−1\Γ

✭✶✳✹✮

❉❛ ❝♦♥str✉çã♦ ❛❝✐♠❛✱ ♣♦❞❡♠♦s ✈❡r q✉❡ ũi t❡♠ ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ui✳ ◆❡st❡

❝❛s♦✱ ❝♦♠♦ ✉ é ✐♥t❡❣rá✈❡❧✱ ❡♥tã♦ ũi é t❛♠❜é♠ ✐♥t❡❣rá✈❡❧ ❡
∫

Rn−1

ũi(y)dy =

∫

Ui∩Γ

u(x)θi(x)Ji(x)dΓ

♦♥❞❡ Ji(x) é ✉♠❛ ❛♣❧✐❝❛çã♦ ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ s♦❜r❡ Γi = U ∩ Γ✳ P♦r ♦✉tr♦

❧❛❞♦✱ s❡ ♣❛r❛ ❝❛❞❛ 1 ≤ i ≤ k✱ ũi ❢♦r ✐♥t❡❣rá✈❡❧✱ t❡♠♦s ♣♦r (1.3) q✉❡ u t❛♠❜é♠ s❡rá ❡

∫

Γ

u(x)dΓ =
k∑

i=1

∫

Γ

(uθi)(x)dΓ =
k∑

i=1

∫

Rn−1

ũi(y)J(y)dy

♦♥❞❡ J(y) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ s♦❜r❡ Rn−1✳ ❉❡♥♦t❛♥❞♦ ♣♦r dΓ ❛ ♠❡❞✐❞❛ s♦❜r❡

Γ ✐♥❞✉③✐♥❞❛ ♣❡❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ❞❡✜♥✐r❡♠♦s ♦ ❡s♣❛ç♦ Lp(Γ) ❝♦♠♦ s❡♥❞♦ ♦ ❡s♣❛ç♦

❞❛s ❢✉♥çõ❡s Lp ❞❛s ❢✉♥çõ❡s s♦♠á✈❡✐s s♦❜r❡ Γ ♣❛r❛ ❛ ♠❡❞✐❞❛ dΓ ❝♦♠ ❛ ♥♦r♠❛

‖v‖Lp(Γ) =

(∫

Γ

|v(x)|pdΓ
) 1

p

, 1 ≤ p <∞ ✭✶✳✺✮

‖v‖L∞ = sup
x∈Γ

ess|v(x)|, p = ∞

❊q✉✐✈❛❧❡t❡♠❡♥t❡✱ ✉s❛♥❞♦ ❛ ♣❛rt✐çã♦ ❞❛ ✉♥✐❞❛❞❡ (θi)✱ 1 ≤ i ≤ k✱ ❞❡✜♥✐♠♦s

Lp(Γ) = {v : Γ → R; vθi ◦ θ̃i
−1

= ṽi ∈ Lp(Rn−1), i = 1, . . . , k},

♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

‖v‖Lp(Γ) =

( k∑

=1

‖ṽi‖pRn−1

) 1
p

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ ♥♦r♠❛ ❞❛❞❛ ❡♠ (1.5)✳ ❉❡✜♥✐r❡♠♦s ♦ ❡s♣❛ç♦ D(Γ) ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿

D(Γ) = {v : Γ → R; vθ̃i ◦ ϕ−1 ∈ Cm(Rn−1), ∀m ∈ N, i = 1, . . . , k}

♦♥❞❡

Cm(Γ) = {v : Γ → R; vθi ◦ θ̃i
−1

= ũi ∈ Cm(Rn−1), ∀m ∈ N, i = 1, . . . , k}



✶✹

❈♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦

φi : D(Γ) → D(Rn−1)

u 7→ φi(u) = ũi = ũθi ◦ ϕ−1
✭✶✳✻✮

❙❡♥❞♦ v ∈ D(Rn−1)✱ t❡♠♦s q✉❡

〈φi(u), v〉D′(Rn−1)×D(Rn−1) =

∫

Rn−1

ũiv(y)dy =

∫

Ui∩Γ

u(x)θi(x)v(ϕi(x))Ji(x)dΓ ✭✶✳✼✮

♦♥❞❡ Ji(x) é ✉♠❛ ❢✉♥çã♦ ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ s♦❜r❡ Ui ∩ Γ✳ ❉❡✜♥✐♥❞♦

ψi(v) =




θi(x)v(ϕi(x))Ji(x), x ∈ Ui ∩ Γ

0, x ∈ Γ\Ui ∩ Γ

❊♥tã♦✱ ❞❡ (1.7) ♣♦❞❡♠♦s ❡s❝r❡✈❡r

〈φi(u), v〉D′(Rn−1)×D(Rn−1) =

∫

Γ

u(x)ψi(v)(x)dx,

♦✉ ❛✐♥❞❛ ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡ ψi(v) ∈ D(Γ)✱ t❡♠♦s

〈φi(u), v〉D′(Rn−1)×D(Rn−1) = 〈u, ψi(v)〉D′(Γ)×D(Γ). ✭✶✳✽✮

❉❛ ✐❣✉❛❧❞❛❞❡ ❡♠ (1.8) ❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ D(Γ) s❡r ❞❡♥s♦ ❡♠ D′(Γ)✱ r❡s✉❧t❛ q✉❡ ❛ ❛♣❧✐❝❛çã♦

❞❡✜♥✐❞❛ ❡♠ (1.6) s❡ ♣r♦❧♦♥❣❛✱ ♣♦r ❝♦♥t✐♥✉✐❞❛❞❡ ❛ ✉♠❛ ❛♣❧✐❝❛çã♦✱ q✉❡ ❝♦♥t✐♥✉❛r❡♠♦s

❞❡♥♦t❛♥❞♦ ♣♦r φi ❞❡ D′(Γ) ❡♠ D′(Rn−1)✳

❉❡✜♥✐♠♦s ♣❛r❛ t♦❞♦ s ∈ R ♦ ❡s♣❛ç♦

Hs(Γ) = {u;φi(u) ∈ Hs(Rn−1), i = 1, . . . , k},

♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

‖u‖Hs(Γ) =

( k∑

j=1

‖φi(u)‖2Hs(Rn−1)

) 1
2

. ✭✶✳✾✮

▼♦str❛✲s❡ ❡♠ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳❆✳▼❡❞❡✐r♦s ❬✶✸❪ q✉❡ ❛ ❞❡✜♥✐çã♦ ❞♦ ❡s♣❛ç♦ Hs(Γ) ♥ã♦

❞❡♣❡♥❞❡ ❞♦ s✐st❡♠❛ ❞❡ ❝❛rt❛s ❧♦❝❛✐s ❞❡ Γ✳

❙❡❥❛ {(U1, ψ1), . . . , (Uk, ψk)} ♦✉tr♦ s✐st❡♠❛ ❞❡ ❈❛rt❛s ❧♦❝❛✐s ❞❡ Γ s❛t✐s❢❛③❡♥❞♦ ❛s ♠❡s♠❛s

♣r♦♣r✐❡❞❛❞❡s q✉❡ ♦ s✐st❡♠❛ ❞❡ ❝❛rt❛s ❧♦❝❛✐s U ❞❡ Γ✳ ❊♥tã♦✱ ❛ ♥♦r♠❛ ❣❡r❛❞❛ ♣♦r ❡ss❛

❝❛rt❛s s❡rá ❡q✉✐✈❛❧❡♥t❡ ❛ ♥♦r♠❛ ❡♠ (1.9)✳ P♦rt❛♥t♦✱ ❛ ❞❡✜♥✐çã♦ ❞♦ ❡s♣❛ç♦ Hs(Γ) ♥ã♦

❞❡♣❡♥❞❡ ❞♦ s✐st❡♠❛ ❞❡ ❝❛rt❛s ❧♦❝❛✐s✳

P❛r❛ ✉♠❛ ❡①♣♦s✐çã♦ ❝♦♠♣❧❡t❛ ❞♦s ❡s♣❛ç♦s ❞❡ s♦❜♦❧❡✈ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡✱ ♦ ❧❡✐t♦r

✐♥t❡r❡ss❛❞♦ ♣♦❞❡rá ❡♥❝♦♥tr❛r ❡♠ ❍❡r❜② ❬✼❪✳ ◆♦ ❡♥t❛♥t♦✱ ❡♥✉♥❝✐❛r❡♠♦s ♦s s❡❣✉✐♥t❡s

r❡s✉❧t❛❞♦s✳



✶✺

Pr♦♣♦s✐çã♦ ✶✳✹✳✹ ❖ ❡s♣❛ç♦ D(Γ) é ❞❡♥s♦ ❡♠ Hs(Γ)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✐♦♥s✲▼❛❣❡♥❡s ❬✶✹❪✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✺ ❖ ❡s♣❛ç♦ H
1
2 (Γ)

cont→֒ L2(Γ)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✐♦♥s✲▼❛❣❡♥❡s ❬✶✹❪✳

✶✳✺ ❚❡♦r✐❛ ❞♦ ❚r❛ç♦

❈♦♥s✐❞❡r❡♠♦s Ω ⊂ R
n ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❜❡♠ r❡❣✉❧❛r ❞♦ R

n ❝♦♠ ❢r♦♥t❡✐r❛ Γ✳

P♦r D(Ω) r❡♣r❡s❡♥t❛♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s ❢✉♥çõ❡s r❡✐❛s ❞❡✜♥✐❞❛s ❡♠ Ω, ♣♦ss✉✐♥❞♦

❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❝♦♥tí♥✉❛s ❞❡ t♦❞❛s ❛s ♦r❞❡♥s✳ ❉❛❞❛ ✉♠❛ ❢✉♥çã♦ u ❞❡✜♥✐❞❛ ❡♠ Ω✱

r❡♣r❡s❡♥t❛✲s❡ ♣♦r γ0u ❛ r❡str✐çã♦ ❞❡ u ❛ Γ✳ P♦r D(Ω) r❡♣r❡s❡♥t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s

❛s ❢✉♥çõ❡s ρ : Ω → R q✉❡ sã♦ r❡str✐çõ❡s ❞❡ ❢✉♥çõ❡s ♣❡rt❡♥❝❡♥t❡s ❛ C∞
0 (Rn) r❡str✐t❛ ❛

Ω✳ ❊♠ sí♠❜♦❧♦s

D(Ω) = {φ|Ω = ρ, φ ∈ C∞
0 (Rn)}

Pr♦♣♦s✐çã♦ ✶✳✺✳✶ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C t❛❧ q✉❡

‖γ0u‖
H

1
2 (Γ)

≤ C‖u‖H1(Ω)

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳❆✳ ▼❡❞❡✐r♦s ❬✶✸❪✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ 1.5.1 ❡ ♣❡❧♦ ❢❛t♦ q✉❡ D(Ω) é ❞❡♥s♦ ❡♠ H1(Ω)✱

♣♦❞❡♠♦s ❡st❡♥❞❡r ❛ ❛♣❧✐❝❛çã♦

γ0 : D(Ω) → H
1
2 (Γ)

❛ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✱ ❛✐♥❞❛ r❡♣r❡s❡♥t❛❞❛ ♣♦r γ0✱

γ0 : H
1(Ω) → H

1
2 (Γ)

u 7→ γ0u|Ω, ∀u ∈ D(Ω).
✭✶✳✶✵✮

❆ ❛♣❧✐❝❛çã♦ ❞❛❞❛ ❡♠ (1.10) é ❞❡♥♦♠✐♥❛❞❛ ❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ❞❡ ♦r❞❡♠ ③❡r♦✳

❚❡♦r❡♠❛ ✶✳✺✳✶ ❖ ♥ú❝❧❡♦ ❞❡ γ0 é ♦ ❡s♣❛ç♦ H1
0 (Ω)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳❆✳ ▼❡❞❡✐r♦s ❬✶✸❪✳

❊♠ ❢❛❝❡ ❞❡ D(Ω) s❡r ❞❡♥s♦ ❡♠ Hm(Ω) ♣♦❞❡♠♦s ❡st❡♥❞❡r ❛ ❛♣❧✐❝❛çã♦

γj : D(Ω) → Hm−j− 1
2 (Γ)



✶✻

❛ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛ ❡ t❛❧ q✉❡

∂uj

∂νj

∣∣∣∣
Γ

= γju, ∀u ∈ D(Ω), ∀j = 1, . . . ,m− 1.

❆ss✐♠✱ ❛ ♣❛rt✐r ❞❛s γ′js✱ ♣♦❞❡♠♦s ❡♥✉♥❝✐❛r ♦ s❡❣✉✐♥t❡ ❚❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✶✳✺✳✷ ❊①✐st❡ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛ γ

γ : Hm(Ω) →
m−1∏

j=0

Hm−j− 1
2 (Γ)

u 7→ γu = (γ0, γ1, . . . , γm−1)

❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ♥❛t✉r❛❧ ❞♦ ❡s♣❛ç♦
m−1∏

j=0

Hm−j− 1
2 (Γ) ❞❛❞❛ ♣♦r

‖w‖∏m−1
j=0 Hm−j− 1

2 (Γ)
= ‖w0‖

Hm−
1
2 (Γ)

+ ‖w‖
Hm−

3
2 (Γ)

+ . . .+ ‖w‖
H

1
2 (Γ)

,

♦♥❞❡ w = (w0, w1, . . . , wm−1) ∈
m−1∏

j=0

Hm−j− 1
2 (Γ)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✸❪✳

❖❜s❡r✈❛çã♦ ✶✳✺✳✶ ❆ ❛♣❧✐❝❛çã♦ γ ❛❝✐♠❛ é ❞❡♥♦♠✐♥❛❞❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ❞❡ ♦r❞❡♠ ♠✳

✶✳✺✳✶ ❚r❛ç♦ ❡♠ L2(0, T,Hm(Ω))

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ tr❛ç♦ ❡♠ L2(0, T,Hm(Ω)) ❞❡✈✐❞♦ ❛

▼✳▼✐❧❧❛ ▼✐r❛♥❞❛ ❬✶✽❪✳ P❡❧♦ ✈✐st♦ ❛♥t❡r✐♦r♠❡♥t❡✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ tr❛ç♦

γ : Hm(Ω) →
m−1∏

j=0

Hm−j− 1
2 (Γ) ✭✶✳✶✶✮

q✉❡ é ❧✐♥❡❛r✱ ❝♦♥tí♥✉❛ ❡ s♦❜r❡❥❡t♦r❛✳

❉❡✜♥❛♠♦s ❛ ❛♣❧✐❝❛çã♦

γ̂ : L2(0, T,Hm(Ω)) → L2

(
0, T,

m−1∏

j=0

Hm−j− 1
2 (Γ)

)
✭✶✳✶✷✮

u 7→ γ̂u, (γu)(t) = γu(t),

♦♥❞❡ γu(t) é ❛ ❛♣❧✐❝❛çã♦ (1.11) ❛♣❧✐❝❛❞♦ ❡♠ u(t) ∈ Hm(Ω)✳ ❆ ❛♣❧✐❝❛çã♦ (1.12) é ❧✐♥❡❛r✱

❝♦♥tí♥✉❛ ❡ s♦❜r❡❥❡t♦r❛✳

Pr♦♣♦s✐çã♦ ✶✳✺✳✷ ❙❡❥❛ u ∈ L2(0, T,Hm(Ω)) ❝♦♠ u′ ∈ L2(0, T,Hm(Ω)) ❡♥tã♦ γ̂u′ =

(γ̂u)′

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❬✶✽❪✳



✶✼

✶✳✺✳✷ ❚r❛ç♦ ❡♠ H−1(0, T,Hm(Ω))

◆♦ q✉❡ s❡❣✉❡✱ ❡♥✉♥❝✐❛r❡♠♦s ♣❛r❛ ❢✉♥çõ❡s ❞❡ H−1(0, T,Hm(Ω)) ✉♠ r❡s✉❧t❛❞♦ ❞❡ tr❛ç♦

❞❡✈✐❞♦ ❛ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❝❢ ❬✶✽❪✱ ♥♦ q✉❛❧ ✈❛♠♦s ✉t✐❧✐③❛r ♥♦ ❈❛♣ít✉❧♦ ✸✳ ◆♦t❡♠♦s q✉❡

♣❛r❛ f ∈ H−1(0, T,Hm(Ω)) ✐♠♣❧✐❝❛ q✉❡

f = φ0
f + ψ0

f , ❝♦♠ φ0
f , ψ

0
f ∈ L2(0, T,Hm(Ω)).

❙❡❥❛ L = L2(0, T,Hm(Ω))×L2(0, T,Hm(Ω)) ❡M ♦ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ ❞❡ L ❞♦s ✈❡t♦r❡s

{α, β} t❛✐s q✉❡

(α, v)L2(0,T,Hm(Ω)) + (β, v′)L2(0,T,Hm(Ω)) = 0,

♣❛r❛ t♦❞♦ v ∈ H1
0 (0, T,H

m(Ω)) ❡M⊥ ♦ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡M ✳ ❊♥tã♦✱ ❞❡✜♥✐♠♦s

❛ ❛♣❧✐❝❛çã♦

H−1(0, T,Hm(Ω)) →M⊥

f 7→ {φ0
f , ψ

0
f},

♦♥❞❡ {φ0
f , ψ

0
f} ∈ ξf é t❛❧ q✉❡ ‖f‖ = ‖{φ0

f , ψ
0
f}‖ ❡

ξf = {{φ0
f , ψ

0
f} ∈ L; (φf , v) + (ψf , v

′) = 〈f, v〉, ∀v ∈ H1
0 (Ω)},

✐st♦ é✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s {φf , ωf} ∈ L t❛✐s q✉❡ f = φf + ψf ✳ ❆ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐♥❞❛ ❛❝✐♠❛

é ✉♠❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✳

P❛r❛ f ∈ H−1(0, T,Hm(Ω)) ❞❡✜♥❡✲s❡ γ̃f ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

〈γ̃f, w〉 =
∫ T

0

(γφ0
f , w)Y dt−

∫ T

0

(γψ0
f , w

′)Y dt

❝♦♠ w ∈ H−1
(
0, T,

∏m−1
j=0 H

m−j− 1
2 (Γ)

)
✱ q✉❡ é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✳ ❆ss✐♠✱ t❡♠♦s ❡st❛❜❡✲

❧✐❝✐❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦

γ̃ : H−1(0, T,Hm(Ω)) → H−1

(
0, T,

m−1∏

j=0

Hm−j− 1
2 (Γ)

)

f 7→ γ̃f,

♦♥❞❡ γ̃ é ❞❡✜♥✐❞♦ ❛❝✐♠❛✱ q✉❡ é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✳ ❊st❛ ❛♣❧✐❝❛çã♦ é ❞❡♥♦♠✐♥❛❞❛ ❛♣❧✐❝❛çã♦

tr❛ç♦ ♣❛r❛ ❛s ❢✉♥çõ❡s ❞❡ H−1(0, T,Hm(Ω)).



✶✽

✶✳✺✳✸ ❚r❛ç♦ ❡♠ L1(0, T, E)

❆ s❡❣✉✐r✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤

E = {v ∈ Lp′(Ω);∆v ∈ L1(Ω)}

❝♦♠ ❛ ♥♦r♠❛

‖v‖E = ‖v‖Lp′ (Ω) + ‖∆v‖L1(Ω).

P♦❞❡♠♦s ✈❡r ❡♠ ▼✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✵❪ q✉❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦

γ : E → W
1
p
−1,p′(Γ)×W

1
p
−2,p′(Γ)

v 7→ γv = (γ0v, γ1v)

❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✳

✶✳✻ Pr✐♥❝✐♣❛✐s ❘❡s✉❧t❛❞♦s

❉❛r❡♠♦s ❛ s❡❣✉✐r r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✳

Pr♦♣♦s✐çã♦ ✶✳✻✳✶ ❈♦♥s✐❞❡r❡ ♦ ♥ú♠❡r♦s r❡❛✐s p ❡ p′ t❛❧ q✉❡
1

p
+

1

p′
= 1.

✭✐✮ p = 2 s❡ n = 1, 2, 3

✭✐✐✮ p > n
2
s❡ n ≥ 4

❊♥tã♦✱ ❛ ✐♠❡rsã♦ W 2,p(Ω) →֒ C0(Ω) é ❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✵❪✳

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❤♦✲

♠♦❣ê♥❡♦ ∣∣∣∣∣∣∣∣∣

−∆u = f ❡♠ Ω(f ∈ L1(Ω))

u = 0 s♦❜r❡ Γ0

∂u

∂ν
= 0 s♦❜r❡ Γ1

✭✶✳✶✸✮

P❛r❛ t❛♥t♦✱ ✉s❛r❡♠♦s ♦ ♠ét♦❞♦ ❞❛ tr❛♥s♣♦s✐çã♦✱ ❝♦♠♦ ❢❡✐t♦ ❡♠ ▲✐♦♥s✲▼❛❣❡♥❡s ❬✶✹❪✳

❋♦r♠❛❧♠❡♥t❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥✱ ♦❜t❡♠♦s
∫

Ω

u(−∆v)dx =

∫

Ω

fvdx+

∫

Γ0

∂u

∂ν
vdΓ0 −

∫

Γ1

u
∂v

∂ν
dΓ1. ✭✶✳✶✹✮

❙❡❥❛

P =

{
ϕ ∈ W

1,p
Γ0

(Ω) ∩W 2,p(Ω);
∂ϕ

∂ν
= 0 s♦❜r❡ Γ0

}
,



✶✾

♦♥❞❡

W
1,p
Γ0

(Ω) = {φ ∈ W 1,p(Ω);φ = 0 s♦❜r❡ Γ0}.

❊♥tã♦✱ ❞❡ (1.14) t❡♠♦s
∫

Ω

u(−∆v)dx =

∫

Ω

fvdx, ∀v ∈ P ✭✶✳✶✺✮

❆❞♦t❛r❡♠♦s (1.15) ❝♦♠ ❞❡✜♥✐çã♦ ❞❡ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ (1.13)✳ ❆ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐✲

❞❛❞❡ ❞❡ ♣r♦❜❧❡♠❛ (1.13)✱ é ❞❛❞❛ ♥♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✶✳✻✳✷ ❙❡❥❛ f ∈ L1(Ω)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ u ∈ Lp′(Ω) s❛t✐s✲

❢❛③❡♥❞♦ (1.15)✳ ❆ ❛♣❧✐❝❛çã♦ T : L1(Ω) → Lp′(Ω), T f = u é ❧✐♥❡❛r✱ ❝♦♥tí♥✉❛ ❡ −∆u =

f ✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ g ∈ Lp(Ω) ❡ v ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

∣∣∣∣∣∣∣∣∣

−∆v = g ❡♠ Ω

v = 0 s♦❜r❡ Γ0

∂v

∂ν
= 0 s♦❜r❡ Γ1

✭✶✳✶✻✮

❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ B.2.6✱ v ∈ P ✳ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦

J : Lp(Ω) → C0(Ω)

Jg 7→ v,

♦♥❞❡ v é s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ (1.16)✳ ◆♦t❡ q✉❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ 1.6.1 ❛ ❛♣❧✐❝❛çã♦ J

❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❆❧é♠ ❞✐ss♦✱ J é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✳

❉❡ ❢❛t♦✱ s❡❥❛♠ g, h, r + h ∈ Lp(Ω) t❛❧ q✉❡ J(r) = v1✱ J(h) = v2 ❡ J(r + h) = v3,

✐st♦ é✱ v1, v2 ❡ v3 sã♦ s♦❧✉çõ❡s ❞♦ Pr♦❜❧❡♠❛ 1.16✳ ❉❡s❡❥❛♠♦s ♠♦str❛r q✉❡ J(r + h) =

J(r) + J(h). ❈♦♠♦ r + h ∈ Lp(Ω)✱ t❡♠♦s q✉❡ v3 é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

∣∣∣∣∣∣∣∣∣

−∆v3 = r + h ❡♠ Ω,

v3 = 0 s♦❜r❡ Γ0,

∂v3

∂ν
= 0 s♦❜r❡ Γ1.

❚❡♠♦s t❛♠❜é♠ ♣❛r❛ r ∈ Lp(Ω) q✉❡ v1 é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛
∣∣∣∣∣∣∣∣∣

−∆v1 = r ❡♠ Ω,

v1 = 0 s♦❜r❡ Γ0,

∂v1

∂ν
= 0 s♦❜r❡ Γ1.



✷✵

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ t❡♠♦s ♣❛r❛ h ∈ Lp(Ω) q✉❡ v2 é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛
∣∣∣∣∣∣∣∣∣

−∆v2 = h ❡♠ Ω,

v2 = 0 s♦❜r❡ Γ0,

∂v2

∂ν
= 0 s♦❜r❡ Γ1.

❆ss✐♠✱ (v1 + v2) é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛
∣∣∣∣∣∣∣∣∣

−∆(v1 + v2) = r + h ❡♠ Ω,

v1 + v2 = 0 s♦❜r❡ Γ0,

∂(v1 + v2)

∂ν
= 0 s♦❜r❡ Γ1.

P♦r ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ 1.16 ♦❜t❡♠♦s q✉❡ v3 = v1 + v2✱ ♦✉ s❡❥❛✱

J(r + h) = J(r) + J(h). ❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛r❡♠♦s q✉❡ J(λv) = λv, ❝♦♠ λ ∈ R.

❆ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ J s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ 1.6.1.

❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❛♣❧✐❝❛çã♦ ❛❞❥✉♥t❛

J∗ : [C0(Ω)]′ → Lp′(Ω)

〈J∗θ, φ〉Lp′ (Ω)×Lp(Ω) = 〈θ, Jφ〉[C0(Ω)]′×C0(Ω), ∀φ ∈ Lp(Ω).

Pr♦✈❡♠♦s q✉❡ ❛ ❢✉♥çã♦ u = J∗f é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ 1.16✳ ❉❡ ❢❛t♦✱ t❡♠♦s

〈J∗f, g〉Lp′ (Ω)×Lp(Ω) = 〈f, Jg〉[C0(Ω)]′×C0(Ω)

✐st♦ é✱ ∫

Ω

J∗fgdx =

∫

Ω

fJgdx.

❆ss✐♠✱ ♦❜t❡♠♦s ∫

Ω

u(−∆v)dx =

∫

Ω

fvdx.

P❛r❛ ❛ ✉♥✐❝✐❞❛❞❡✱ s❡❥❛♠ u1, u2 ∈ Lp′(Ω) s❛t✐s❢❛③❡♥❞♦ (1.15)✳ ❊♥tã♦
∫

Ω

(u1 − u2)(−∆v)dx = 0, ∀v ∈ P .

❈♦♥s✐❞❡r❡♠♦s g ∈ Lp(Ω) ❡ v s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ (P2), ♦❜t❡♠♦s
∫

Ω

(u1 − u2)gdx = 0, ∀g ∈ Lp(Ω).

P♦rt❛♥t♦✱ u1 = u2 ❡ ❛ ✉♥✐❝✐❞❛❞❡ ❡stá ♣r♦✈❛❞❛✳ ❈♦♠♦ u = Tf ❡ u = J∗f ✱ ♣♦r ✉♥✐❝✐❞❛❞❡

❞❡ s♦❧✉çã♦✱ t❡♠✲s❡ T = J∗✱ ❡ ❛ss✐♠✱ ❚ ♣♦ss✉✐ ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s✳



✷✶

P❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❢r♦♥t❡✐r❛ ♥ã♦ ❤♦♠♦❣ê♥❡♦✱

∣∣∣∣∣∣∣∣∣

−∆u = g ❡♠ Ω

u = 0 s♦❜r❡ Γ0

∂u

∂ν
= χ s♦❜r❡ Γ1

✭✶✳✶✼✮

t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✶✳✻✳✸ ❙❡❥❛ f ∈ L1(Ω) ❡ χ ∈ H
1
2 (Γ1)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦

u ∈ Lp′(Ω) ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (1.17)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ {0, χ̃} ∈ H
3
2 (Γ)×H

1
2 (Γ) ❞❡✜♥✐❞❛ ♣♦r

χ̃ =

∣∣∣∣∣∣
χ s♦❜r❡ Γ1

0 s♦❜r❡ Γ0

P❡❧♦ ❚❡♦r❡♠❛ 1.5.2✱ ❡①✐st❡ ξ ∈ H2(Ω) t❛❧ q✉❡ γ(ξ) = (γ0ξ, γ1(ξ)) = (0, χ̃)✳ ❙❡❥❛ w ✉♠❛

s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ∣∣∣∣∣∣∣∣∣

−∆w = f +∆ξ ❡♠ Ω,

w = 0 s♦❜r❡ Γ0,

∂u

∂ν
= 0 s♦❜r❡ Γ1,

◆♦t❡ q✉❡ f+∆ξ ∈ L1(Ω), ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ 1.6.2 t❡♠♦s q✉❡ w ∈ Lp′(Ω)✳ ❚♦♠❛♥❞♦

u = w+ξ✱ t❡♠♦s u ∈ Lp′(Ω) é s♦❧✉çã♦ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ (1.17)✳ P❛r❛ ❛ ✉♥✐❝✐❞❛❞❡✱ s❡❥❛♠

u1, u2 ❞✉❛s s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ 1.17✱ ❡♥tã♦ v = u1 − u2 é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

∣∣∣∣∣∣∣∣∣

−∆v = 0 ❡♠ Ω;

v = 0 s♦❜r❡ Γ0;
∂v

∂ν
= 0 s♦❜r❡ Γ1.

P♦r ✉♥✐❝✐❞❛❞❡ ❞♦ Pr♦❜❧❡♠❛ 1.13✱ t❡♠♦s v = 0✱ ✐st♦ é u1 = u2✳

✶✳✼ ❈♦♥str✉çã♦ ❞❛ ❜❛s❡ ❡s♣❡❝✐❛❧

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ❞❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ ♥♦s ♣r♦♣♦r❝✐♦♥❛rá ❛ ❝♦♥str✉çã♦

❞❛ ❜❛s❡ ❡s♣❡❝✐❛❧ ❡♠ V ∩ H2(Ω). ❆ ❝♦♥str✉çã♦ ❞❡st❛ ❜❛s❡ ❡s♣❡❝✐❛❧ ❢♦✐ ♦❜t✐❞❛ ♣♦r ▼✳

▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✻❪✳ ❉❡✜♥❛♠♦s ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt V ♣♦r

V = {v ∈ H1(Ω); v = 0 s♦❜r❡ Γ0},



✷✷

❝♦♠♦ s❡♥❞♦ ♦ s✉❜❡s♣❛ç♦ ❞❡ H1(Ω) ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡ ❞❛ ♥♦r♠❛

((u, v))V =

∫

Ω

∇u(x)∇v(x)dx

❡

‖u‖V =

∫

Ω

|∇u(x)|2dx. ✭✶✳✶✽✮

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❞❡♥♦t❛r❡♠♦s ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ L2(Ω) ♣♦r (·, ·) ❡ ❛ ♥♦r♠❛

✐♥❞✉③✐❞❛ ♣♦r ❡st❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ♣♦r | · |✳ ❚❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠

V ♣♦r ((·, ·)) ❡ ❛ ♥♦r♠❛ ❡♠ V ♣♦r ‖ · ‖✱ ❛✜♠ ❞❡ ♥ã♦ s♦❜r❡❝❛rr❡❣❛r ❛ ♥♦t❛çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✼✳✶ ❊♠ V ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✳

P❛r❛ ❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✼✳✶ ✈❡r ❉❛✉tr❛② ❘♦❜❡rt ❡ ▲✐♦♥s ❬✻❪✳

❈♦♥s✐❞❡r❡♠♦s ♦ ♦♣❡r❛❞♦r −∆ ❞❡✜♥✐❞♦ ♣❡❧❛ t❡r♥❛
{
V, L2(Ω), ((u, v))V

}
✳ ❉❡❝♦rr❡

❞❛ t❡♦r✐❛ ❊s♣❡❝tr❛❧✱ ❝❢ ❡♠ ▲✐♦♥s ❬✶✷❪ q✉❡

D(−∆) =

{
u ∈ V ∩H2(Ω);

∂u

∂ν
= 0 s♦❜r❡ Γ1

}
.

❆ s❡❣✉✐r✱ ❞❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ q✉❡ ♥♦s ❣❛r❛♥t✐rá ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞♦

♣r♦❜❧❡♠❛ ∣∣∣∣∣∣∣∣∣

−∆u = f ❡♠ Ω, (f ∈ L2(Ω))

u = 0 s♦❜r❡ Γ0,

∂u

∂ν
= g s♦❜r❡ Γ1, (g ∈ H

1
2 (Γ1)).

✭✶✳✶✾✮

▲❡♠❛ ✶✳✼✳✶ ❉❛❞♦ f ∈ L2(Ω) ❡ g ∈ H
1
2 (Γ1) ✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ u ∈ V ∩H2(Ω) s♦❧✉çã♦

❞♦ Pr♦❜❧❡♠❛ (1.19)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ a : V × V → R ❞❡✜♥✐❞❛ ♣♦r

a(u, v) = ((u, v)), ∀u, v ∈ V

❚❡♠♦s q✉❡ a é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❝♦♥tí♥✉❛ ❡ ❝♦❡r❝✐✈❛✳ ❙❡❥❛ L : V → R ❞❛❞❛ ♣♦r

〈L, v〉 = (f, v) +

∫

Γ1

gvdΓ, ∀v ∈ V.

◆♦t❡ q✉❡ ▲ é ✉♠❛ ❢♦r♠❛ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛ s♦❜r❡ V ✳ ❉❡ ❢❛t♦

✐✮ ▲ é ❧✐♥❡❛r



✷✸

❙❡❥❛♠ v, w ∈ V ❡ α ∈ R✳ ❆ss✐♠✱

〈L, αv+w〉 = (f, αv+w)+

∫

Γ1

g(αv+w)dΓ = α(f, v)+(f, w)+α

∫

Γ1

gvdΓ+

∫

Γ1

gwdΓ =

= α(f, v) + α

∫

Γ1

gvdΓ + (f, w) +

∫

Γ1

gwdΓ = α〈L, v〉+ 〈L,w〉.

✐✐✮ ▲ é ❝♦♥tí♥✉❛

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ❡ ♣❡❧❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ V
cont→֒ L2(Ω)✱ ❝♦♠

❝♦♥st❛♥t❡ ❞❡ ✐♠❡rsã♦ C1✱ t❡♠♦s

|〈L, v〉| ≤ |f ||v|+ |g|L2(Γ1)|v|L2(Γ1) ≤ C1|f |‖v‖+ |g|L2(Γ1)|v|L2(Γ1).

❚❡♠♦s q✉❡ H
1
2 (Γ1)

cont→֒ L2(Γ1)✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ t❡♦r❡♠❛ ❞♦ tr❛ç♦

|γ0v|
H

1
2 (Γ1)

≤ C3‖v‖.

❉❛í✱

|〈L, v〉| ≤ C1|f |‖v‖+ C2|g|L2(Γ1)|v|L2(Γ1) ≤ C1|f |‖v‖+ C2|g||v|
H

1
2 (Γ1)

≤
≤ C1|f |‖v‖+ C2C3‖v‖ = C‖v‖

♦♥❞❡ C = C1|f |+ C2C3|g|L2(Γ1)✳

P❡❧♦ ❧❡♠❛ ❞❡ ▲❛①✲▼✐❧❣r❛♥✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ v ∈ V t❛❧ q✉❡

a(u, v) = 〈L, v〉,

♦✉ ❛✐♥❞❛

((u, v)) = 〈L, v〉.

❆ss✐♠✱

((u, v)) = (f, v) +

∫

Γ1

gvdΓ, ∀v ∈ V. ✭✶✳✷✵✮

❊♠ ♣❛rt✐❝✉❧❛r✱ (1.20) é ✈á❧✐❞❛ ♣❛r❛ t♦❞❛ ϕ ∈ D(Ω)✳ ❊♥tã♦✱

∫

Ω

∇u(x)∇ϕ(x)dx =

∫

Ω

f(x)ϕ(x)dx

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥✱ t❡♠♦s

∫

Ω

∆u(x)ϕ(x)dx =

∫

Ω

f(x)ϕ(x)dx ✭✶✳✷✶✮



✷✹

❉❛í✱

(−∆u, ϕ) = (f, ϕ), ∀ϕ ∈ D(Ω). ✭✶✳✷✷✮

❉❡s❞❡ q✉❡ D(Ω) é ❞❡♥s♦ ❡♠ L2(Ω)✱ s❡❣✉❡ ❞❡ (1.22) q✉❡

(−∆u, v) = (f, v), ∀v ∈ L2(Ω). ✭✶✳✷✸✮

P♦r (1.23)✱ ♦❜t❡♠♦s −∆u = f ❡♠ L2(Ω)✳ ❉❡ ✭✶✳✷✶✮ ❡ ❞♦ ▲❡♠❛ ❞❡ ❉✉ ❇♦✐s ❘❛②♠♦♥❞

♦❜t❡♠♦s q✉❡ −∆u = f q✉❛s❡ s❡♠♣r❡ ❡♠ Ω✳ ❉❛í✱ s❡❣✉❡ ♣♦r r❡❣✉❧❛r✐❞❛❞❡ ❡❧í♣t✐❝❛ q✉❡

u ∈ V ∩H2(Ω)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡s❞❡ q✉❡ u ∈ H2(Ω) ❡ ∆u ∈ L2(Ω)✱ s❡❣✉❡ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ●r❡❡♥ q✉❡

〈
∂u

∂ν
, v

〉

H−
1
2 (Γ1)×H

1
2 (Γ1)

= (∆u, v) + ((u, v)). ✭✶✳✷✹✮

P♦r (1.20)✱ t❡♠♦s s✉❜st✐t✉✐♥❞♦ ❡♠ (1.24) q✉❡

〈
∂u

∂ν
, v

〉

H−
1
2 (Γ1)×H

1
2 (Γ1)

= (∆u, v) + (f, v) +

∫

Γ1

gvdΓ

♦ q✉❡ ✐♠♣❧✐❝❛ 〈
∂u

∂ν
, v

〉

H−
1
2 (Γ1)×H

1
2 (Γ1)

=

∫

Γ1

gvdΓ

P❡❧♦ t❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③✱ ♦❜t❡♠♦s

〈
∂u

∂ν
, v

〉

H−
1
2 (Γ1)×H

1
2 (Γ1)

= 〈g, v〉
H−

1
2 (Γ1)×H

1
2 (Γ1)

❞♦♥❞❡ s❡❣✉❡ q✉❡
∂u

∂ν
= g ❡♠ H− 1

2 (Γ1)✳ ❈♦♠♦ g ∈ H
1
2 (Γ1)✱ r❡s✉❧t❛ q✉❡

∂u

∂ν
= g ❡♠ H

1
2 (Γ1)

♦ q✉❡ ♣r♦✈❛ ♦ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✶✳✼✳✷ ❙❡❥❛♠ f ∈ L2(Ω) ❡ g ∈ H
1
2 (Γ1)✳ ❊♥tã♦✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

∣∣∣∣∣∣∣∣

−∆u = f ❡♠ Ω,

u = 0 s♦❜r❡ Γ0,
∂u

∂ν
= g s♦❜r❡ Γ1,

✭✶✳✷✺✮



✷✺

♣❡rt❡♥❝❡ ❛ V ∩H2(Ω) ❡ ‖u‖H2(Ω) ≤ [|f |L2(Ω) + ‖g‖
H

1
2 (Γ1)

]✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ {0, g̃} ∈ H
3
2 (Γ)×H

1
2 (Γ) ❞❡✜♥✐❞♦ ♣♦r

ĝ =




g, s♦❜r❡ Γ1

0, s♦❜r❡ Γ0

P❡❧♦ ❚❡♦r❡♠❛ 1.5.2, ❡①✐st❡ h ∈ H2(Ω) t❛❧ q✉❡ γ(h) = (γ0(h), γ1(h)) = (0, ĝ) ❡

‖h‖H2(Ω) ≤ c
[
‖0‖+ ‖ĝ‖

H
1
2 (Γ1)

]
= c‖g‖

H
1
2 (Γ1)

✭✶✳✷✻✮

❙❡❥❛ w s♦❧✉çã♦ ❢r❛❝❛ ❞♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✭❛ q✉❛❧ ❡①✐st❡ ♣❡❧♦ ▲❡♠❛ ❛♥t❡r✐♦r✮

∣∣∣∣∣∣∣∣∣

−∆u = ∆w ❡♠ Ω,

u = 0 s♦❜r❡ Γ0

∂u

∂ν
= 0 s♦❜r❡ Γ1.

✭✶✳✷✼✮

■st♦ s✐❣♥✐✜❝❛ q✉❡

∫

Ω

∇w∇vdx =

∫

Ω

fvdx−
∫

Ω

(∆h)vdx, ∀v ∈ V.

‖w‖H2(Ω) ≤ c[|f −∆h|L2(Ω)] ≤ c[|f |L2(Ω) + |∆h|L2(Ω)] ✭✶✳✷✽✮

♣❡❧♦ ❚❡♦r❡♠❛ B.2.6✳ ❊♥tã♦✱ u = w + h ∈ V ∩ H2(Ω) é s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ (1.27) ❡

♣♦r (1.26) ❡ (1.28)✱ ♦❜t❡♠♦s

‖u‖H2(Ω) = ‖w + h‖H2(Ω) ≤ ‖w‖H2(Ω) + ‖h‖H2(Ω) ≤ c[|f |L2(Ω) + |∆h|L2(Ω)] + ‖h‖H2(Ω) ≤

≤ c[|f |L2(Ω) + c1‖h‖H2(Ω)] ≤ c2[|f |L2(Ω) + ‖g‖
H

1
2 (Γ1)

],

♦♥❞❡ c1 ❡ c2 sã♦ ❛s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s✳

Pr♦♣♦s✐çã♦ ✶✳✼✳✸ ❊♠ V ∩H2(Ω)✱ ❛s ♥♦r♠❛s ❞❡ H2(Ω) ❡ ❛ ♥♦r♠❛

u 7→
{
|∆u|2 +

∥∥∥∥
∂u

∂ν

∥∥∥∥
2

H
1
2 (Γ1)

} 1
2

sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ u ∈ V ∩H2(Ω)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ t❡♠✲s❡

‖u‖2H2(Ω) ≤ C1

{
|∆u|2 +

∥∥∥∥
∂u

∂ν

∥∥∥∥
2

H
1
2 (Γ1)

}
✭✶✳✷✾✮



✷✻

P♦r ♦✉tr♦ ❧❛❞♦✱

|∆u|2L2(Ω) ≤ ‖u‖2H2(Ω). ✭✶✳✸✵✮

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ tr❛ç♦ ∥∥∥∥
∂u

∂ν

∥∥∥∥
2

H
1
2 (Γ1)

≤ C2‖u‖2H2(Ω) ✭✶✳✸✶✮

P♦r (1.30) ❡ (1.31)✱ t❡♠♦s

|∆u|2 +
∥∥∥∥
∂u

∂ν

∥∥∥∥
2

H
1
2 (Γ1)

≤ C3‖u‖2H2(Ω). ✭✶✳✸✷✮

P♦rt❛♥t♦✱ ❞❡ (1.29) ❡ (1.32)✱ s❡❣✉❡ q✉❡ ❛s ♥♦r♠❛s ❡♠ V ∩H2(Ω) sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❆ s❡❣✉✐r✱ ✈❛♠♦s ❡♥✉♥❝✐❛r ❡ ❞❡♠♦♥str❛r ✉♠ r❡s✉❧t❛❞♦ q✉❡ ♣❡r♠✐t✐rá ❝♦♥str✉✐r

✉♠❛ ❜❛s❡ ❡s♣❡❝✐❛❧ ❡♠ V ∩H2(Ω) ❡ ❡stá ❜❛s❡ s❡rá ✉t✐❧✐③❛❞❛ ♣❛r❛ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛

❞❡ s♦❧✉çã♦ ❢♦rt❡ ❞♦ Pr♦❜❧❡♠❛ (1) ♥♦ ❈❛♣ít✉❧♦ ✷✳ ❆♥t❡s✱ ✈❛♠♦s ❛ss✉♠✐r q✉❡ ✈❛❧❡

• (H1) µ ∈ W 1,∞(0, T ) ❝♦♠ µ(t) ≥ µ0 > 0

• (H2) β ∈ W 1,∞(Γ1) ❝♦♠ β(x) ≥ β0 > 0✳

Pr♦♣♦s✐çã♦ ✶✳✼✳✹ ❙✉♣♦♥❤❛♠♦s (H1)−(H2) ❡ q✉❡ u0 ∈ V ∩H2(Ω)✱ u1 ∈ V ❡ µ(0)
∂u0

∂ν
+

βu1 = 0 s♦❜r❡ Γ1✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ ε > 0✱ ❡①✐st❡♠ ✈❡t♦r❡s z, w ∈ V ∩H2(Ω) t❛✐s q✉❡

‖w − u0‖V ∩H2(Ω) < ε, ‖z − u1‖V < ε

❡

µ(0)
∂w

∂ν
+ βz = 0 s♦❜r❡ Γ1.

❉❡♠♦♥str❛çã♦✿ ❉❡s❞❡ q✉❡ u1 ∈ V ❡ V ∩ H2(Ω) é ❞❡♥s♦ ❡♠ V ✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡

z ∈ V ∩H2(Ω) t❛❧ q✉❡ ‖z − u1‖ < ε.

❈♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❜❧❡♠❛

∣∣∣∣∣∣∣∣∣∣

−∆u = f +∆u0 ❡♠ Ω,

u = 0 s♦❜r❡ Γ0,

∂u

∂ν
=
β(x)

µ(0)
z s♦❜r❡ Γ1, .

✭✶✳✸✸✮

❖❜s❡r✈❡♠♦s q✉❡ ∆u0 ∈ L2(Ω)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ z ∈ H2(Ω)✱ s❡❣✉❡ ♣❡❧♦ ❚❡♦r❡♠❛

1.5.2 q✉❡

γ0(z) = z ∈ H
1
2 (Γ1).



✷✼

P♦r ✜♠✱ ❝♦♥s✐❞❡r❡♠♦s ❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s

φ : L2(Γ1) → L2(Γ1)

u 7→ βu

❡
φ : H1(Γ1) → H1(Γ1)

u 7→ βu

❡ ♦❜s❡r✈❡♠♦s q✉❡ t❛✐s ❛♣❧✐❝❛çõ❡s ❡stã♦ ❜❡♠ ❞❡✜♥✐❞❛s✱ ♣♦✐s β ∈ W 1,∞(Γ1)✳ ❉❛ ✐♠❡rsã♦

❝♦♥tí♥✉❛ H1(Γ1) →֒ H
1
2 (Γ1) →֒ L2(Γ1)✱ t❡♠♦s ♣♦r ✐♥t❡r♣♦❧❛çã♦ ❞♦s ❡s♣❛ç♦s q✉❡ ❛

❛♣❧✐❝❛çã♦

φ : H
1
2 (Γ1) → H

1
2 (Γ1)

u 7→ βu

é ❝♦♥tí♥✉❛✳ ❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡ ♦ ♣r♦❜❧❡♠❛ (1.33) ❡stá ♥❛s ❝♦♥❞✐çõ❡s ❞❛ Pr♦♣♦s✐çã♦

1.7.2✱ ❞❡ss❛ ❢♦r♠❛ ❡①✐st❡ w ∈ V ∩H2(Ω) ❡ ❛ss✐♠ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ tr❛ç♦

‖w − u0‖2V ∩H2(Ω) ≤ |∆w −∆u0|2L2(Ω) +

∥∥∥∥
∂w

∂ν
+
∂u0

∂ν

∥∥∥∥
2

H
1
2 (Γ1)

=

=

∥∥∥∥
−β(x)z
∂µ(0)

+
β(x)

µ(0)
u1

∥∥∥∥
2

H
1
2 (Γ1)

≤ C‖z − u1‖2V < Cε2

❆❧é♠ ❞✐ss♦✱ ♣♦r (1.33)✱ ♦❜t❡♠♦s

µ(0)
∂w

∂ν
+ βz = s♦❜r❡ Γ1.

P♦rt❛♥t♦✱ ❛ ♣r♦♣♦s✐çã♦ ❡stá ♣r♦✈❛❞❛✳



❈❛♣ít✉❧♦ ✷

❙♦❧✉çã♦ ❢♦rt❡

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❢♦rt❡ ❞♦ ♣r♦❜❧❡♠❛

✭✶✮✱ ♦♥❞❡ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s sã♦ ❢✉♥çõ❡s s✉❛✈❡s✳ P❛r❛ t❛♥t♦✱ ❡♠♣r❡❣❛r❡♠♦s ♦ ♠ét♦❞♦

❞❡ ❋❛❡❞♦✲●❛❧❡r❦✐♥✱ q✉❡ ❝♦♥s✐st❡ ❡♠ ❛♣r♦①✐♠❛r ❛ s♦❧✉çã♦ q✉❡ ❞❡s❡❥❛♠♦s ❡♥❝♦♥tr❛r ♣♦r

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❞❡ ♣r♦❜❧❡♠❛s ❛♥á❧♦❣♦s✱ ♣♦ré♠ ❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

◆♦ q✉❡ s❡❣✉❡✱ ❛ss✉♠✐♠♦s q✉❡ Ω é ✉♠ ❛❜❡rt♦ ❞♦ R
n ❞❡ ❝❧❛ss❡ C2 ❝♦♠ ❢r♦♥t❡✐r❛ Γ✳

❙❡❥❛ Γ = Γ0∪Γ1✱ ❝♦♠ Γ0∩Γ1 = ∅✱ med(Γ0),med(Γ1) > 0 ❡ ❝♦♥s✐❞❡r❡♠♦s Q = Ω×(0, T )

✉♠ ❞♦♠í♥✐♦ ❝✐❧í♥❞r✐❝♦ ❞❡ R
n+1✱ ❝♦♠ ❚ ❃ ✵ ✉♠ ♥ú♠❡r♦ r❡❛❧✳

✷✳✶ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢♦rt❡

■♥✐❝✐❛r❡♠♦s ❡st❛ s❡çã♦ ❝♦♠ ♦ ❝♦♥❝❡✐t♦ ❞❡ s♦❧✉çã♦ ❢♦rt❡✳

❉❡✜♥✐çã♦ ✷✳✶✳✶ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ u : Q→ R é ✉♠❛ s♦❧✉çã♦ ❢♦rt❡ ❞♦ ♣r♦❜❧❡♠❛

(1) s❡

u ∈ L∞
loc(0,∞;V ∩H2(Ω)) ❡ u′ ∈ L∞

loc(0,∞;V )

u′′ ∈ L2
loc(0,∞;L2(Ω))

u′′ − µ△u+ h(u) = f ❡♠ L2
loc(0,∞;L2(Ω))

µ
∂u

∂ν
+ βu′ = 0 ❡♠ L∞

loc(0,∞;H
1
2 (Γ1))

u(0) = u0 ❡ u′(0) = u1 ❡♠ Ω.



✷✾

❙❡❥❛♠ Ω✱ Q✱ Γ ❝♦♠♦ ♥❛ ✐♥tr♦❞✉çã♦ ❡ f : Q → R✱ u0, u1 : Ω → R✱ β : Γ1 → R✱

h : R → R ❡ µ : (0, T ) → R s❛t✐s❢❛③❡♥❞♦

h : R → R ✉♠❛ ❢✉♥çã♦ ❧✐♣s❝❤✐t③✐❛♥❛ ❝♦♠ ❝♦♥st❛♥t❡ Ch e

sh(s) ≥ 0, ♣❛r❛ t♦❞♦ s ∈ R;
✭✷✳✶✮

(u0, u1) ∈ [V ∩H2(Ω)]× V ; ✭✷✳✷✮

β ∈ W 1,∞(Γ1) t❛❧ q✉❡ β(x) ≥ β0 > 0; ✭✷✳✸✮

µ ∈ W 1,∞(0, T ) t❛❧ q✉❡ µ(t) ≥ µ0 > 0; ✭✷✳✹✮

µ(0)
∂u0

∂ν
+ βu1 = 0 ❡♠ Γ1; ✭✷✳✺✮

f ∈ H1(0, T ;L2(Ω)). ✭✷✳✻✮

❚❡♦r❡♠❛ ✷✳✶✳✶ ❈♦♥s✐❞❡r❡ ❛s ❤✐♣ót❡s❡s (2.1)✲(2.6)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦

u : Q→ R t❛❧ q✉❡

u ∈ L∞(0, T ;V ) ∩ L2(0, T ;H2(Ω)),

u′ ∈ L∞(0, T ;V ),

u′′ ∈ L2(Q).

u′′ − µ△u+ h(u) = f ❡♠ L2(Q);

µ
∂u

∂ν
+ βu′ = 0 ❡♠ L2(0, T ;H

1
2 (Γ1));

u(0) = u0, u
′(0) = u1 ❡♠ Ω.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❛ ♣r♦✈❛✱ ❡♠♣r❡❣❛r❡♠♦s ♦ ♠ét♦❞♦ ❞❡ ❋❛❡❞♦✲●❛❧❡r❦✐♥ ❝♦♠ ❛ ❜❛s❡

❡s♣❡❝✐❛❧ ❡♠ V ∩H2(Ω)✳ ❈♦♠♦ u0 ∈ V ∩H2(Ω) ❡ u1 ∈ V s❡❣✉❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ 1.7 q✉❡

❡①✐st❡♠ ❞✉❛s s❡q✉ê♥❝✐❛s u0k✱ u1k ❞❡ ✈❡t♦r❡s ❡♠ V ∩H2(Ω) t❛✐s q✉❡

u0k → u0 ❡♠ V ∩H2(Ω). ✭✷✳✼✮

u1k → u1 ❡♠ V. ✭✷✳✽✮

µ(0)
∂u0k

∂ν
+ β(x)u1k = 0 ❡♠ Γ1, ∀k ∈ N. ✭✷✳✾✮

❋✐①❡♠♦s ❦ ∈ N ❞❡ ❢♦r♠❛ q✉❡ u0k, u1k s❡❥❛♠ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❡ t♦♠❛♠♦s

wk
1 =

u0k

‖u0k‖V ∩H2(Ω)

❡ wk
2 =

u1k

‖u1k‖V ∩H2(Ω)



✸✵

♦s ❞♦✐s ♣r✐♠❡✐r♦s ✈❡t♦r❡s ♦rt♦♥♦r♠❛✐s✳ ❆ss✐♠✱ ♣❡❧♦ ♣r♦❝❡ss♦ ❞❡ ♦rt♦♥♦r♠❛❧✐③❛çã♦ ❞❡

●r❛♠✲❙❝❤✐♠✐❞t✱ ❝♦♥str✉ír❡♠♦s ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❡♠ V ∩H2(Ω) q✉❡ r❡♣r❡s❡♥t❛r❡✲

♠♦s ♣♦r

B =
{
wk

1 , w
k
2 , . . . , w

k
j , . . .

}
, ✭✷✳✶✵✮

♣❛r❛ t♦❞♦ k ∈ N✳

❙❡ ♣❛r❛ ❝❛❞❛ k ∈ N✱ ♦s ✈❡t♦r❡s sã♦ ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡s✱ ❡s❝♦❧❤❡♠♦s

wk
1 =

u0k

‖u0k‖V ∩H2(Ω)

❡ wk
2 q✉❛❧q✉❡r ✈❡t♦r ❢♦r❛ ❞❛ r❡t❛ λu0k✳ ❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ❡st❡ ♣r♦❝❡ss♦✱ ♦❜t❡r❡♠♦s ✉♠❛

s❡q✉ê♥❝✐❛ (wk
j )j∈N ⊂ V ∩H2(Ω) ❞❡ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳

P❛r❛ ❝❛❞❛ m ∈ N✱ s❡❥❛ V k
m =

[
wk

1 , w
k
2 , . . . , w

k
m

]
♦ s✉❜❡s♣❛ç♦ ❞❡ V ∩H2(Ω) ❣❡r❛❞♦ ♣❡❧♦s

m ♣r✐♠❡✐r♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ (2.10)✳

❱❛♠♦s ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ukm ∈ V k
m ❞♦ t✐♣♦

ukm(t) =
m∑

j=1

gjkm(t)w
k
j (x), ✭✷✳✶✶✮

♦♥❞❡ gjkm sã♦ ❛s s♦❧✉çõ❡s ❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s
∣∣∣∣∣∣∣∣∣

(u′′km(t), v) + µ(t)((ukm(t), v)) + (h(ukm(t)), v) + (βu′km(t), v)L2(Γ1) = (f, v), ∀v ∈ V k
m

ukm(x, 0) = u0k

u′km(x, 0) = u1k

✭✷✳✶✷✮

❉❡ss❛ ❢♦r♠❛✱ ❡st❛♠♦s ❞✐❛♥t❡ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s

❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✳ ❆❣♦r❛✱ ♥♦t❡ q✉❡ ❛ ❡①✐stê♥❝✐❛ ❞❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛♣r♦①✐✲

♠❛❞♦ (2.12) é ❣❛r❛♥t✐❞❛ ♣♦r s❡r ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ♥❛s

❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ❞❡ ❈❛r❛t❤❡ó❞♦r②✱ ❝♦♠♦ ❢❡✐t♦ ❡♠ ❬✺❪✳✭❱❡r ❆♣ê♥❞✐❝❡ ❇✮✳

P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ♣❛r❛ t ∈ [0, tkm) ❝♦♠ t < tkm✳

✷✳✷ ❊st✐♠❛t✐✈❛s ❛ Pr✐♦r✐

◆♦ q✉❡ s❡❣✉❡✱ ♦❜t❡r❡♠♦s ❡st✐♠❛t✐✈❛s ❛ ♣r✐♦r✐ ♣❛r❛ ❛s s♦❧✉çõ❡s ukm(t) ❞♦ s✐st❡♠❛

(2.12)✱ ♣❡r♠✐t✐♥❞♦ ♣r♦❧♦♥❣❛r ❛ s♦❧✉çã♦ ❛♦ ✐♥t❡r✈❛❧♦ [0, T ]✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ t❡♦✲

r❡♠❛ ❞♦ ♣r♦❧♦♥❣❛♠❡♥t♦ ❞❡ s♦❧✉çõ❡s✱ ❝❢ ❬✺❪✳



✸✶

Pr✐♠❡✐r❛ ❊st✐♠❛t✐✈❛✿

❚♦♠❛♥❞♦ v = 2u′km(t) ∈ V k
m ❡♠ (2.12)✱ t❡♠✲s❡

(u′′km(t), 2u
′
km(t))+µ(t)((ukm(t), 2u

′
km(t)))+(h(ukm(t)), 2u

′
km(t))+

∫

Γ1

β(x)u′′km(t)2u
′
km(t))dΓ =

= (f(t), 2u′km(t))

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ❛♥❛❧✐③❛r❡♠♦s ❝❛❞❛ t❡r♠♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ s❡♣❛r❛❞❛♠❡♥t❡✳

(u′′km(t), 2u
′
km(t)) =

d

dt
|u′km(t)|2. ✭✷✳✶✸✮

µ(t)((ukm(t), 2u
′
km(t)) = µ(t)

d

dt
‖ukm(t)‖2. ✭✷✳✶✹✮

❖❜s❡r✈❡ q✉❡

d

dt

[
µ(t)‖ukm(t)‖2

]
= µ′(t)‖ukm(t)‖2 + µ(t)

d

dt
‖ukm(t)‖2

✐♠♣❧✐❝❛♥❞♦

µ(t)
d

dt
‖ukm(t)‖2 = −µ′(t)‖ukm(t)‖2 +

d

dt

[
µ(t)‖ukm(t)‖2

]
.

P♦rt❛♥t♦

µ(t)((ukm(t), 2u
′
km(t))) = −2µ′(t)‖ukm(t)‖2 +

d

dt

[
µ(t)‖ukm(t)‖2

]
. ✭✷✳✶✺✮

(h(ukm(t)), 2u
′
km(t)) = 2

∫

Ω

h(ukm(t))2u
′
km(t)dx.

❚❡♠♦s Λ(t) =
∫ t

0

h(s)ds✳ ❊♥tã♦ Λ(ukm(x, t)) =

∫ ukm(x,t)

0

h(s)ds✳ ❉❛í✱

2
d

dt
[Λ(ukm(x, t))] = 2h(ukm(x, t))u

′
km(x, t)

♦ q✉❡ ✐♠♣❧✐❝❛

2

∫

Ω

d

dt

[
Λ(ukm(x, t))]dx = 2

∫

Ω

h(ukm(x, t))u
′
km(x, t)dx.

P❡❧❛ ❞✉❛s ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❛❞❡s ❛❝✐♠❛✱ t❡♠♦s

(h(ukm(t), 2u
′
km(t)) = 2

∫

Ω

d

dt

[
Λ(ukm(x, t))]dx. ✭✷✳✶✻✮



✸✷

▲♦❣♦✱ ❞❡ ✭✷✳✶✸✮✱ ✭✷✳✶✺✮ ❡ ✭✷✳✶✻✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

(u′′km(t), 2u
′
km(t)) + µ(t)((ukm(t), 2u

′
km(t)) + (h(ukm(t)), 2u

′
km(t)) +

∫

Γ1

β(x)
[
u′km(t)

]2
dΓ =

=
d

dt
|u′km(t)|2 − 2µ′(t)‖ukm(t)‖2 +

d

dt

[
µ(t)‖ukm(t)‖2

]
+ 2

∫

Ω

d

dt

[
Λ(ukm(x, t))dx+

+

∫

Γ1

β(x)
[
u′km(t)

]2
dΓ = 2(f(t), u′km(t)).

■♥t❡❣r❛♥❞♦ ♥♦ ✐♥t❡r✈❛❧♦ [0, tkm]✱ ❝♦♠ tkm < T ✱ ♦❜t❡♠♦s

|u′km(t)|2 − |u′1k|2 −
∫ t

0

µ′(s)‖ukm(s)‖2ds+ µ(t)‖ukm(t)‖2 − µ(0)‖u0k‖2 =

= 2

∫

Ω

Λ(ukm(x, t))dx− 2

∫

Ω

Λ(ukm(x, 0))dx+ 2

∫ t

0

∫

Γ1

β(x)[ukm(x, s)]
2dΓds =

= 2

∫ t

0

(f(t), u′km(s))ds.

l

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤❛rt③ ❡ ❨♦✉♥❣✱ ♦❜t❡♠♦s

|u′km(t)|2 + µ(t)‖ukm(t)‖2 + 2
∫
Ω
Λ(ukm(x, t))dx+ 2

∫ t

0

∫

Γ1

β(x)[u′km(x, s)]
2dΓds ≤

≤ |u′1k|2 + µ(0)‖u0k‖2 +
∫ t

0

|f(s)|2ds+
∫ t

0

|ukm(s)|2ds
∫ t

0

µ′(s)‖ukm(s)‖2ds+

+

∫

Ω

Λ(u0k(x))dx.

❯s❛♥❞♦ ❛s ❤✐♣ót❡s❡s q✉❡ µ ∈ W 1,∞(0, T ) ✱ f ∈ L2(0, T ;L2(Ω)) ❡ ❛s ❝♦♥✈❡r❣ê♥❝✐❛s ❞♦s

❞❛❞♦s ✐♥✐❝✐❛✐s✱ ♦❜t❡♠♦s

|u′km(t)|2 + µ0‖ukm(t)‖2 + 2

∫

Ω

Λ(ukm(x, t))dx+ 2β0

∫ t

0

∫

Γ1

[u′km(x, s)]
2dΓds ≤

≤ |u1k|2 + µ(0)‖u0k‖2 +
∫ t

0

|f(s)|2ds+
∫ t

0

|ukm(s)|2ds+ ‖µ‖L∞(0,T )

∫ t

0

‖ukm(s)‖2ds+

+

∫

Ω

Λ(u0k(x))dx.

✭✷✳✶✼✮

❉❡s❡❥❛♠♦s ✉t✐❧✐③❛r ♦ ▲❡♠❛ ❞❡ ●r♦♥✇❛❧❧✱ ♣❛r❛ t❛♥t♦ ❞❡✈❡♠♦s ♠♦str❛r q✉❡
∫

Ω

Λ(u0k(x))dx ≤ C,

♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❡ k,m ∈ N.

❉❡ ❢❛t♦✱ ❝♦♠♦ sh(s) ≥ 0 ❡ 0 ≤ s ≤ t✱ s❡❣✉❡ q✉❡ h(s) ≥ 0✳ ❉❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ h✱



✸✸

♦❜t❡♠♦s q✉❡

Λ(t) =

∫ t

0

h(s) ≥ 0, ∀t ∈ (0, T ).

❆❧é♠ ❞✐ss♦✱ ❞❡✈❡♠♦s ♥♦t❛r q✉❡ h(0) = 0✳ ❉❛í✱ ♦❜t❡♠♦s

2

∫

Ω

Λ(u0k(x))dx ≤ 2

∣∣∣∣
∫

Ω

Λ(u0k(x))dx

∣∣∣∣ ≤ 2

∣∣∣∣∣

∫

Ω

∫ u0k(x)

0

h(s)ds

∣∣∣∣∣ ≤
∫

Ω

∫ u0k(x)

0

|h(s)−h(0)|ds.

❉❡s❞❡ q✉❡ h é ❧✐♣s❝❤✐t③✐❛♥❛✱ t❡♠♦s

∫

Ω

Λ(u0k(x))dx ≤
∫

Ω

∫ u0k(x)

0

Ch|s− 0|dsdx = Ch

∫

Ω

|u0k(x)|2dx = Ch|u0k(x)|.

P♦rt❛♥t♦✱ ∫

Ω

Λ(u0k(x)dx ≤ Ch|u0k|2 ✭✷✳✶✽✮

❉❛í✱ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ ❛ ✐♠❡rsã♦ V →֒ L2(Ω) é ❝♦♥tí♥✉❛✱ ❞❡❝♦rr❡ ❞❡ (2.7) q✉❡

∫

Ω

Λ(u0k(x)dx ≤ c0

▲♦❣♦✱ ❞❡ (2.17)

|u′km(t)|2 + ‖u′km(t)‖2 + 2

∫

Ω

Λ(ukm(x, t))dx+

∫ t

0

∫

Γ1

[u′km(x, s)]
2dsdΓ ≤

≤ P +

∫ t

0

|u′km(s)|ds+ ‖µ′‖L∞(0,T )

∫ t

0

‖ukm(s)‖2ds

♦♥❞❡ P é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ❞❡ ●r♦♥✇❛❧❧ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

|u′km(t)|2 + ‖ukm(t)‖2 +
∫ t

0

∫

Γ1

[u′km(x, s)]
2dsdΓ ≤M, ✭✷✳✶✾✮

♦♥❞❡ ▼ é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❡ k,m ∈ N✱ ∀t ∈ [0, T ]✳

❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ♣r♦❧♦♥❣❛r ❛ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛ ukm(t) ♣❛r❛ t♦❞♦ t ∈
[
0, T

]
✱

❞❡✈✐❞♦ ❛♦ t❡♦r❡♠❛ ❞♦ ♣r♦❧♦♥❣❛♠❡♥t♦ ❞❡ s♦❧✉çõ❡s✳

❙❡❣✉♥❞❛ ❊st✐♠❛t✐✈❛

◆♦ss♦ ♦❜❥❡t✐✈♦ ❛❣♦r❛ s❡rá ♦❜t❡r ✉♠❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ u′′km(t) ❡✱ ♣❛r❛ t❛♥t♦✱ ❝♦♥s✐❞❡r❡♠♦s

❛ ❞❡r✐✈❛❞❛ ❝♦♠ r❡s♣❡✐t♦ ❛ t ❞❛ ❡q✉❛çã♦ ❛♣r♦①✐♠❛❞❛ (2.12)✱ ✐st♦ é✱

(u′′′km(t), v) +
d

dt

[
µ(t)((ukm(t), v))

]
+ (h′(ukm(t)u

′
km(t), v)) +

∫

Γ1

β(x)u′′km(x, t)vdΓ =

= (f ′(t), v).



✸✹

❈♦♥s✐❞❡r❛♥❞♦ v = 2u′′km(t) ∈ V k
m✱ ♦❜t❡♠♦s

(u′′′km(t), 2u
′′
km(t)) + µ′(t)((ukm(t), 2u

′′
km(t))) + µ(t)((u′km(t), 2u

′′
km(t)))+

+((h′(ukm(t))u
′
km(t), 2u

′
km(t))) +

∫

Γ1

β(x)u′′km(x, t)2u
′′
km(x, t)dΓ =

= (f ′(t), 2u′km(t)).

❚❡♠♦s

µ(t)((u′km(t), 2u
′′
km(t))) = µ(t)

d

dt
‖u′′km(t)‖2. ✭✷✳✷✵✮

❖❜s❡r✈❡ q✉❡

d

dt
(µ(t)‖u′km(t)‖) = µ′(t)‖u′′km(t)‖2 + µ(t)

d

dt
‖u′km(t)‖2

♦ q✉❡ ✐♠♣❧✐❝❛

µ(t)
d

dt
‖u′km(t)‖2 =

d

dt
(µ(t)‖u′km(t)‖)− µ′(t)‖u′′km(t)‖2.

▲♦❣♦✱

d

dt
|u′km(t)|2 + 2µ′(t)((ukm(t), u

′′
km(t))) +

d

dt
(µ(t)‖u′km(t)‖2)− µ′(t)‖u′′km(t)‖2 +

((h′(ukm(t)), 2u
′
km(t)) + 2

∫

Γ1

β(x)u′′km(x, t)u
′′
km(x, t)dΓ = 2(f ′(t), u′km(t))

■♥t❡❣r❛♥❞♦ ❞❡ 0 ≤ t ≤ T ✱ t❡♠♦s

|u′km(t)|2 + 2

∫ t

0

µ′(s)((ukm(s), u
′′
km(s)))ds+ µ(t)‖u′km(t)‖2 + 2

∫ t

0

((h′(ukm(s)), u
′
km(s)))ds+

+2

∫ t

0

∫

Γ1

β(x)u′′km(x, s)u
′′
km(x, s)dΓ = |u′′km(0)|2 + µ(0)‖u1k‖2 + 2

∫ t

0

(f ′(s), u′km(s))ds+

+

∫ t

0

µ′(t)‖u′′km(s)‖2ds

❈♦♠♦

−
∫ t

0

(h′(ukm(s)), 2u
′
km(s))ds ≤

∫ t

0

|((h′(ukm(s)), 2u′km(s)))|ds

❡ ♣❡❧❛ ❤✐♣ót❡s❡ (2.4) ♦❜t❡♠♦s✱

|u′km(t)|2 + 2

∫ t

0

µ′(s)((ukm(s), u
′′
km(s)))ds+ µ(t)‖u′km(t)‖2+

+2

∫ t

0

∫

Γ1

β(x)u′′km(x, s)u
′′
km(x, s)dΓ ≤ |u′′km(0)|2 + µ(0)‖u1k‖2 +

∫ t

0

|(h′(ukm(s)), 2u′km(s))|ds

+2

∫ t

0

(f ′(s), u′km(s))ds+ ‖µ′‖
∫ t

0

‖u′km(s)‖ds.
✭✷✳✷✶✮



✸✺

❉❡s❡❥❛♠♦s ♥♦✈❛♠❡♥t❡ ❢❛③❡r ✉s♦ ❞♦ ▲❡♠❛ ❞❡ ●r♦♥✇❛❧❧✱ ❞❡ss❛ ❢♦r♠❛✱ ♥❡❝❡ss✐t❛♠♦s ♠♦s✲

tr❛r q✉❡

|u′′km(0)|2 é ❧✐♠✐t❛❞❛ ❡♠ L2(Ω). ✭✷✳✷✷✮

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❛♥❞♦ t = 0 ❡♠ (2.12) ❡ t♦♠❛♥❞♦ v = u′′km(0) ∈ V k
m✱ t❡♠♦s

(u′′km(0), u
′′
km(0)) + µ(0)((ukm(0), u

′′
km(0))) + (h(ukm(0)), u

′′
km(0)) +

∫

Γ1

β(x)u′km(x, 0)u
′′
km(0)dΓ

= (f(0), u′′km(0))

♦ q✉❡ ✐♠♣❧✐❝❛

|u′′km(0)|2 + µ(0)((ukm(0), u
′′
km(0))) + (h(ukm(0)), u

′′
km(0)) +

∫

Γ1

β(x)u′km(x, 0)u
′′
km(0)dΓ =

= (f(0), u′′km(0))

❉❛í✱

|u′′km(0)|2 + (∇µ(0)ukm(0),∇u′′km(0)) + (h(ukm(0)), u
′′
km(0)) +

∫

Γ1

β(x)u′km(x, 0)u
′′
km(x, 0)dΓ

= (f(0), u′′km(0)).

P❡❧❛ ❢ór♠✉❧❛ ❞❡ ●r❡❡♥✱ ♦❜t❡♠♦s

|u′′km(0)|2 −
∫

Ω

∆ [µ(0)ukm(0)u
′′
km(0)] dx+

∫

Γ1

µ(0)
∂ukm(x, 0)

∂ν
u′′km(x, 0)dΓ + (h(ukm(0)), u

′′
km(0))

+

∫

Γ1

β(x)u′km(x, 0)u
′′
km(x, 0)dΓ = (f(0), u′′km(0)).

❆ss✐♠✱

|u′′km(0)|2 − µ(0)

∫

Ω

∆ukm(0)u
′′
km(0)dx+ (h(ukm(0)), u

′′
km(0))+

+

∫

Γ1

[
µ(0)

∂u0k

∂ν
+ β(x)u1k

]
u′′km(x, 0)dΓ = (f ′(0), u′′km(0)).

❙❡❣✉❡ ♣♦r (2.9) q✉❡

|u′′km(0)|2 − µ(0)

∫

Ω

∆ukm(0)u
′′
km(0)dx+ (h(ukm(0)), u

′′
km(0)) = (f(0), u′′km(0)).

P❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③✱ t❡♠✲s❡

|u′′km(0)|2 ≤ µ(0)|∆u0k||u′′km(0)|+ |h(u0k)||u′′km(0)|+ f(0)|u′′km(0)|.

❉❛í✱ ♦❜t❡♠♦s

|u′′km(0)| ≤ µ(0)|∆u0k|+ |h(u0k)|+ |f(0)|.



✸✻

❯s❛♥❞♦ ❛ ♥♦r♠❛ ✐♥❞✉③✐❞❛ ❞❡ H2(Ω) ❡♠ V ∩H2(Ω)✱ ♣♦r (2.7) s❡❣✉❡ q✉❡

∆u0k → ∆u0 ❡♠ L2(Ω)

❡ ❞❛í

|∆u0k| é ❧✐♠✐t❛❞❛ ❡♠ L2(Ω).

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ (2.2) ❡ (2.7)✱ t❡♠♦s

|h(u0k)| ≤
∫

Ω

C2
h|u0k|2 ≤ C2

h|u0k|2.

P♦rt❛♥t♦

|u′′km(0)|2 ≤ L, ✭✷✳✷✸✮

♦♥❞❡ L é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ t, k ∈ N✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✶ ◆♦t❡ q✉❡ ❢❛③ s❡♥t✐❞♦ ❝❛❧❝✉❧❛r f(0)✱ ♣♦✐s f ∈ H1(0, T ;L2(Ω))✱ ✐st♦

é✱ f ∈ L2(0, T ;L2(Ω)) ❡ f ′ ∈ L2(0, T ;L2(Ω))✳ ▲♦❣♦✱ ♣❡❧♦ t❡♦r❡♠❛ 1.2.1 ❢❛③ s❡♥t✐❞♦

❝❛❧❝✉❧❛r f(0)✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✷ ❆ ❧✐♠✐t❛çã♦ ❞❡ (u′′km(0)) ❡♠ L2(Ω) é ✉♠ ❞♦s ♣♦♥t♦s ❝❤❛✈❡ ❞❛ ♣r♦✈❛✳

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ❛♥❛❧✐s❛r ♦ t❡r♠♦ 2

∫ t

0

µ′(s)((ukm(t), u
′′
km(t)))✳ ❈♦♠ ❡❢❡✐t♦✱

♠✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞♦ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ (2.12) ♣♦r
µ′(t)

µ(t)
❡ t♦♠❛♥❞♦

v = 2u′′km(t)✱ ♦❜t❡♠♦s

µ′(t)((ukm(t), u
′′
km(t))) =

µ′(t)

µ(t)
(f(t), u′′km(t))−

µ′(t)

µ(t)
|ukm(t)|2−

−µ
′(t)

µ(t)
(h(ukm(t), u

′′
km(t))−

µ′(t)

µ(t)

∫

Γ1

β(x)u′km(t)u
′′
km(t)dΓ1. ✭✷✳✷✹✮

▲♦❣♦✱ s✉❜st✐t✉✐♥❞♦ (2.24) ❡♠ (2.21)✱ ♦❜t❡♠♦s

|u′′km(t)|2 + µ(t)‖u′km(t)‖+ 2

∫ t

0

∫

Γ1

β(x)[u′′km(x, s)]
2dΓ + 2

∫ t

0

µ′(s)

µ(s)
(f(s), u′′km(s))ds−

−2

∫ t

0

µ′(s)

µ(s)
|u′′km(s)|2ds− 2

∫ t

0

µ′(t)

µ(t)
(h(ukm(s), u

′′
km(s))− 2

∫ t

0

µ′(t)

µ(t)

∫

Γ1

β(x)u′km(s)u
′′
km(s)ds

≤ |u′′km(0)|2 + µ(0)‖u1k‖+ 2

∫ t

0

(h′(ukm(s).u
′
km(s), u

′′
km(s))ds+ 2

∫ t

0

(f ′(s), u′′km(s))ds +

‖µ′‖L∞(0,T )

∫ t

0

‖u′km(s)‖2ds,



✸✼

♦ q✉❡ ✐♠♣❧✐❝❛

|u′′km(t)|2 + µ(t)‖u′km(t)‖2 + 2

∫ t

0

∫

Γ1

β(x)[u′′km(x, s)]
2dΓ ≤ |u′′km(0)|2 + µ(0)‖u1k‖2+

+2

∫ t

0

(h′(ukm(s).u
′
km(s), u

′′
km(s))ds+ 2

∫ t

0

(f ′(s), u′′km(s))ds + ‖µ′‖L∞(0,T )

∫ t

0

‖u′km(s)‖2ds

+2

∫ t

0

∣∣∣∣
µ′(s)

µ(s)

∣∣∣∣ |(f(s), u′′km(s))|ds + 2

∫ t

0

µ′(s)

µ(s)
|u′′km(s)|2ds + 2

∫ t

0

µ′(t)

µ(t)
(h(ukm(s), u

′′
km(s))+

2

∫ t

0

µ′(t)

µ(t)

∫

Γ1

β(x)u′km(s)u
′′
km(s)dsdΓ.

✭✷✳✷✺✮

❱❛♠♦s ❛♥❛❧✐s❛r ♦ t❡r♠♦
µ′(t)

µ(t)

∫

Γ1

β(x)u′km(s)u
′′
km(s)ds ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✳

◆♦t❡ q✉❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ❨♦✉♥❣✱ ♦❜t❡♠♦s

µ′(t)

µ(t)

∫

Γ1

β(x)u′km(s)u
′′
km(s)ds ≤ 2

∣∣∣∣
µ′(t)

µ(t)

∫

Γ1

β(x)u′km(s)u
′′
km(s)ds

∣∣∣∣ dΓ

≤ 2

[ ∫

Γ1

(
µ′(t)

µ(t)

√
β(x)u′km(s)dΓ

)2
] 1

2 {[∫

Γ1

[
√
β(x)u′′km(t)]

2dΓ

)} 1
2

∫

Γ1

β(x)

[
µ′(t)

µ(t)
u′km(t)

]2
dΓ +

∫

Γ1

β(x)[u′′km(t)]
2dΓ

✭✷✳✷✻✮

❙✉❜st✐t✉✐♥❞♦ (2.26) ❡♠ (2.25)✱ r❡s✉❧t❛ q✉❡

|u′′km(t)|2 + µ(t)‖ukm(t)‖+ 2

∫ t

0

∫

Γ1

β(x)[u′′km(x, s)]
2dΓ ≤| u′′km(0) |2 +µ(0)‖u1k‖+

+2

∫ t

0

(h′(ukm(s).u
′
km(s), u

′′
km(s))ds+ 2

∫ t

0

(f ′(s), u′′km(s))ds+ ‖µ′‖L∞(0,T )

∫ t

0

‖u′km(s)‖2ds

+2

∫ t

0

∣∣∣∣
µ′(s)

µ(s)

∣∣∣∣ |(f(s), u′′km(s))|ds+ 2

∫ t

0

µ′(s)

µ(s)
|u′′km(s)|2ds+ 2

∫ t

0

µ′(t)

µ(t)
(h(ukm(s), u

′′
km(s))ds+

+

∫ t

0

∫

Γ

β(x)

[
µ′(s)

µ(s)
u′′km(s)

]2
dΓds+

∫ t

0

∫

Γ

β(x)[u′′km(s)]
2dΓds.

❆ss✐♠✱

|u′′km(t)|2 + µ(t)‖ukm(t)‖+ 2

∫ t

0

∫

Γ1

β(x)[u′′km(x, s)]
2dΓds−

∫ t

0

∫

Γ1

β(x)[u′′km(x, s)]
2dΓds ≤

≤ |u′′km(0)|2 + µ(0)‖u1k‖+ 2

∫ t

0

(h′(ukm(s).u
′
km(s), u

′′
km(s))ds+ 2

∫ t

0

(f ′(s), u′′km(s))ds

+‖µ′‖L∞(0,T )

∫ t

0

‖u′km(s)‖2ds+ 2

∫ t

0

∣∣∣∣
µ′(s)

µ(s)

∣∣∣∣ |(f(s), u′′km(s))|ds+ 2

∫ t

0

µ′(s)

µ(s)
|u′′km(s)|2ds+

+2

∫ t

0

µ′(t)

µ(t)
(h(ukm(s), u

′′
km(s)) +

∫ t

0

∫

Γ

β(x)

[
µ′(s)

µ(s)
u′′km(s)

]2
dΓds.



✸✽

P♦rt❛♥t♦✱

|u′′km(t)|2 + µ(t)‖ukm(t)‖+
∫ t

0

∫

Γ1

β(x)[u′′km(x, s)]
2dΓds ≤ |u′′km(0)|2 + µ(0)‖u1k‖+

+2

∫ t

0

(h′(ukm(s).u
′
km(s), u

′′
km(s))ds+ 2

∫ t

0

(f ′(s), u′′km(s))ds

+‖µ′‖L∞(0,T )

∫ t

0

‖u′km(s)‖2ds+ 2

∫ t

0

∣∣∣∣
µ′(s)

µ(s)

∣∣∣∣ |(f(s), u′′km(s))|ds+ 2

∫ t

0

µ′(s)

µ(s)
|u′′km(s)|2ds+

2

∫ t

0

µ′(t)

µ(t)
(h(ukm(s), u

′′
km(s))ds+

∫ t

0

∫

Γ

β(x)

[
µ′(s)

µ(s)
u′′km(s)

]2
dΓds

✭✷✳✷✼✮

◆♦ q✉❡ s❡❣✉❡✱ ❢❛r❡♠♦s ❛ ❛♥á❧✐s❡ ❞♦s t❡r♠♦s ❞❛ ❞✐r❡✐t❛ ❞❡ (2.27)✳

• 2

∫ t

0

(h′(ukm(s).u
′
km(s), u

′′
km(s))ds

❙❡♥❞♦ h ▲✐♣s❝❤✐t✐③✐❛♥❛✱ t❡♠♦s |h′(s)| ≤ Ch q✉❛s❡ s❡♠♣r❡✳ ❚❡♠♦s t❛♠❜é♠ ♣❡❧❛ ❉❡✲

s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ❡ ❨♦✉♥❣ ❡ ♣❡❧❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ V →֒ L2(Ω) ❝♦♠

❝♦♥st❛♥t❡ ❞❡ ✐♠❡rsã♦ c0✱ ♦❜t❡♠♦s

2

∫ t

0

(h′(ukm(s).u
′
km(s), u

′′
km(s))ds ≤ 2

∫ t

0

|h′(ukm(s)u′km(s))||u′′km(s)|ds

≤ 2

∫ t

0

Ch|u′km(s)||u′′km(s)|ds ≤ C2
h

∫ t

0

|u′km(s)|2ds+
∫ t

0

|u′′km(s)|2ds ≤

≤ Chc0‖u′km(s)‖2ds+
∫ t

0

|u′′km(s)|2ds.

✭✷✳✷✽✮

• 2

∫ t

0

(f ′(s), u′′km(s))ds✳

❖❜s❡r✈❡ q✉❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ❡ ❨♦✉♥❣✱ ♦❜t❡♠♦s

2

∫ t

0

(f ′(s), u′′km(s))ds ≤ 2

∫ t

0

|(f ′(s), u′′km(s))|ds ≤ 2

∫ t

0

|f ′(s)||u′′km(s)|ds

≤
∫ t

0

|f ′(s)|2ds+
∫ t

0

|u′′km(s)|2ds.

• 2

∫ t

0

∣∣∣∣
µ′(t)

µ(t)
(f(s), u′′km(s))

∣∣∣∣ ds✳

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ❡ ❨♦✉♥❣ ❡ ♣♦r (2.4)✱ ♦❜t❡♠♦s

2

∫ t

0

∣∣∣∣
µ′(t)

µ(t)
|(f(s), u′′km(s))|

∣∣∣∣ ds ≤
‖µ‖L∞(0,T )

µ0

∫ t

0

|f(s)|2ds+ ‖µ‖L∞(0,T )

µ0

∫ t

0

|u′′km(s)|2ds

• 2

∫ t

0

µ′(s)

µ(s)
|u′′km(s)|2ds



✸✾

◆♦✈❛♠❡♥t❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ❡ ❨♦✉♥❣✱ ❡ ♣❡❧❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

V →֒ L2(Ω)✱ ♦❜t❡♠♦s

2

∫ t

0

µ′(s)

µ(s)
|u′′km(s)|2ds ≤ 2

‖µ′‖L∞(0,T )

µ0

c0

∫ t

0

‖u′′km(s)‖2ds,

• 2

∫ t

0

µ′(s)

µ(t)
(h(ukm(s)), u

′′
km(s))ds✳

❖❜s❡r✈❡ q✉❡ ♣❡❧❛ ♣r✐♠❡✐r❛ ❡st✐♠❛t✐✈❛✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ❡ ❨♦✉♥❣✱

♣♦r h s❡r ▲✐♣s❝❤✐t✐③✐❛♥❛✱ ❡ ♣❡❧❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ V →֒ L2(Ω) ✱ ♦❜t❡♠♦s

2

∫ t

0

µ′(s)

µ(t)
(h(ukm(s)), u

′′
km(s))ds ≤ 2

∫ t

0

∣∣∣∣
µ′(s)

µ(t)

∣∣∣∣ (h(ukm(s)), u
′′
km(s))ds ≤

≤ 2

∫ t

0

∣∣∣∣
µ′(s)

µ(t)

∣∣∣∣ |h(ukm(s))||u′′km(s)|ds ≤ 2
‖µ′‖
µ0

∫ t

0

Ch|ukm(s)||u′′km(s)|ds ≤
‖µ′‖
µ0

Chc0M+

+
‖µ′‖
µ0

Chc0

∫ t

0

|ukm(s)|2ds

•
∫ t

0

∫

Γ1

β(x)

[
µ′(t)

µ(t)
u′km(t)

]2
dΓds

◆♦✈❛♠❡♥t❡ ♣❡❧❛ ♣r✐♠❡✐r❛ ❡st✐♠❛t✐✈❛✱ s❡❣✉❡ q✉❡

∫ t

0

∫

Γ1

β(x)

[
µ′(t)

µ(t)
u′km(t)

]2
dΓds ≤ ‖β‖L∞(Γ1)‖µ′‖2

µ2
0

∫

Γ1

[u′km(t)]
2dΓ ≤ ‖β‖L∞(Γ1)‖µ′‖2

µ2
0

M.

P❡❧❛ ❛♥á❧✐s❡ ❞♦s t❡r♠♦s ❛❝✐♠❛✱ ❞❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ V →֒ L2(Ω) ❡ ♣♦r (2.9)✱ ♣♦❞❡♠♦s

❡s❝r❡✈❡r (2.27) ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

|u′′km(t)|2 + µ0‖u′km(t)‖2 +
∫ t

0

∫

Γ1

β(x)[u′′km(x, s)]
2dΓds ≤ |u′′km(t)|2 + µ(t)‖ukm(t)‖2+

∫ t

0

∫

Γ1

β(x)[u′′km(x, s)]
2dΓds ≤ Chc0

∫ t

0

‖u′km(s)‖2ds+
∫ t

0

|u′′km(s)|2ds+
∫ t

0

|f(s)|2ds+

+

∫ t

0

|f ′(s)|2ds‖µ
′‖L∞(0,T )

µ0

∫ t

0

|u′′km(s)|2ds+ 2
‖µ′‖L∞(0,T )

µ0

c0

∫ t

0

‖u′′km(s)‖2ds+

+
‖µ′‖L∞(0,T )

µ0

Chc0M +
‖µ′‖L∞(0,T )

µ0

Chc0

∫ t

0

‖u′′km(s)‖2ds+
‖β‖L∞(Γ1)‖µ′‖2

µ2
0

M.

❉❡s❞❡ q✉❡ f ∈ H1(0, T, L2(Ω))✱ t❡♠♦s

∫ t

0

|f(s)|2ds ≤ P1 ❡
∫ t

0

|f ′(s)|2ds ≤ P2.



✹✵

▲♦❣♦✱ ❞❡♥♦t❛♥❞♦ ♣♦r S ❛ ❝♦♥st❛♥t❡ q✉❡ ❧✐♠✐t❛ ♦ t❡r♠♦ µ(0)‖u1k‖2✱ t❡♠♦s

|u′′km(t)|2 + µ0‖u′km(t)‖2 + β0

∫ t

0

∫

Γ1

[u′′km(x, s)]
2dΓds ≤ [C2

hc0] + ‖µ′‖L∞(0,T ) ]

∫ t

0

‖u′km(s)‖2ds

+

[
2 +

‖µ′‖L∞(0,T )

µ0

+ 2
‖µ′‖L∞(0,T )

µ0

c0 +
‖µ′‖L∞(0,T )

µ0

Chc0

] ∫ t

0

|u′′km(s)|2ds+

+
‖β‖L∞(Γ1)‖µ′‖2L∞(0,T )

µ2
0

M + P1 + P2 +
‖µ′‖L∞(0,T )

µ0

Chc0 + L+ S

✭✷✳✷✾✮

❉❛í✱ ❞❡♥♦t❛♥❞♦ ♣♦r D1 =
‖β‖L∞(Γ1)‖µ′‖2L∞(0,T )

µ2
0

M +P1+P2+
‖µ′‖L∞(0,T )

µ0

Chc0+L+S✱

D2 = [C2
hc0] + ‖µ′‖L∞(0,T ) ❡ D3 = [2 +

‖µ′‖L∞(0,T )

µ0

+ 2
‖µ′‖L∞(0,T )

µ0

c0 +
‖µ′‖L∞(0,T )

µ0

Chc0]✱

r❡s✉❧t❛ ❞❡ (2.29) q✉❡

|u′′km(t)|2 + µ0‖u′km(t)‖2 + β0

∫ t

0

∫

Γ1

[u′′km(x, s)]
2dΓds ≤ D1 +D2

∫ t

0

‖u′km(s)‖2ds+

+D3

∫ t

0

|u′′km(s)|2ds.

P♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ❞❡ ●r♦♥✇❛❧❧✱ ♦❜t❡♠♦s

|u′′km(t)|2 + ‖u′km(t)‖2 +
∫ t

0

∫

Γ1

[u′′km(x, s)]
2dΓds ≤ N, ∀t ∈ [0, T ] ✭✷✳✸✵✮

♦♥❞❡ N é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❡ k,m✳ ▲♦❣♦✱ ❞❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛

❡ ♣♦r (2.19)✱ ♦❜t❡♠♦s
∣∣∣∣∣∣∣∣∣∣∣∣

(ukm) é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;V )

(u′km) é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;V )

(u′′km) é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T ;L2(Γ1))

(u′′km) é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;L2(Ω)).

✭✷✳✸✶✮

❆❧é♠ ❞✐ss♦✱ h(ukm) é ❧✐♠✐t❛❞❛ ❡♠ L2(Q). ❉❡ ❢❛t♦✱ ♣♦r h s❡r ▲✐♣s❝❤✐t③✐❛♥❛ ❝♦♠ ❝♦♥st❛♥t❡

Ch ❡ ♣❡❧❛ ♣r✐♠❡✐r❛ ❡st✐♠❛t✐✈❛✱ ♦❜t❡♠♦s

‖h(ukm)‖L2(0,T ;L2(Ω)) =

∫ t

0

∫

Ω

|h(ukm(x, t)|2dxdt ≤ C2
h

∫ t

0

∫

Ω

|ukm(x, t)|2dsdx ≤ ‖ukm‖L2(0,T ;L2(Ω))

❉❛ ✐♠❡rsã♦ L2(0, T ;V ) →֒ L2(0, T ;L2(Ω))✱ s❡❣✉❡ q✉❡ h(ukm) é ❧✐♠✐t❛❞❛ ❡♠ L2(Q)✳

✷✳✸ P❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ m→ ∞

◆♦ q✉❡ s❡❣✉❡✱ ❝♦♠ ❛s ❧✐♠✐t❛çõ❡s ❡♠ (2.31)✱ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s ❝♦♥✈❡r❣ê♥❝✐❛s

q✉❛♥❞♦ m→ ∞✳

ukm
∗
⇀ uk ❡♠ L∞(0, T ;V ); ✭✷✳✸✷✮



✹✶

u′km
∗
⇀ r ❡♠ L∞(0, T ;V ); ✭✷✳✸✸✮

u′′km⇀s ❡♠ L2(Q). ✭✷✳✸✹✮

P❡❧♦ t❡♦r❡♠❛ ❞♦ tr❛ç♦ ❞❡ ♦r❞❡♠ ③❡r♦ ❡ ❞❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ V →֒ L2(Ω)✱ ♦❜t❡♠♦s

‖γ0u′km(t)‖H 1
2 (Γ1)

≤ C‖u′km(t)‖

❉❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ✭✷✳✸✷✮✱ s❡❣✉❡ q✉❡ (u′km) é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T,H
1
2 (Γ1))

❡✱ ♣♦rt❛♥t♦✱

u′km
∗
⇀ u′k ❡♠ L∞(0, T,H

1
2 (Γ1)). ✭✷✳✸✺✮

▼♦str❛r❡♠♦s q✉❡ s = u′k ❡ s❡❣✉✐♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ r = u′′k✳

❈♦♠ ❡❢❡✐t♦✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ (2.32) é ❡q✉✐✈❛❧❡♥t❡ ❛

〈ukm, ψ〉L∞(0,T ;V )×L1(0,T,V ′) → 〈uk, ψ〉L∞(0,T ;V )×L1(0,T ;V ′), ∀ψ ∈ L1(0, T ;V ′).

◆♦t❡ q✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ 1.2.2, ♦❜t❡♠♦s

〈ukm, ψ〉L∞(0,T,V )×L1(0,T ;V ′) =

∫ T

0

〈ukm(t), ψ(t)〉V×V ′dt.

❉❛í ∫ T

0

〈ukm(t), ψ(t)〉V×V ′dt→
∫ T

0

〈uk(t), ψ(t)〉V×V ′dt, ∀ψ ∈ L1(0, T ;V ′)

❊♠ ♣❛rt✐❝✉❧❛r
∫ T

0

〈ukm(t), ψ(t)〉V×V ′dt→
∫ T

0

〈uk(t), ψ(t)〉V×V ′dt, ∀ψ ∈ L2(0, T, L2(Ω)).

❚❡♠♦s ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③

〈ukm(t), ψ(t)〉V×V ′ = (ukm(t), ψ(t))L2(Ω),

❧♦❣♦

ukm ⇀ u ❡♠ L2(0, T ;L2(Ω)) ≡ L2(Q) ✭✷✳✸✻✮

❉❛í✱ ♣♦r ❞❡✜♥✐çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛✱ ♣❛r❛ t♦❞♦ g ∈
[
L2(Q)

]′
✱ t❡♠ ✲s❡

(g, ukm)L2(Q) → (g, uk)L2(Q).

P❡❧♦ t❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③
∫

Ω

∫ T

0

ukm(x, t)ψ(x, t)dxdt→
∫

Ω

∫ T

0

uk(x, t)ψ(x, t)dxdt



✹✷

✐st♦ é ∫ T

0

(ukm(t), ψ(t))dt→
∫ T

0

(uk(t), ψ(t))dt,

❙❡❥❛ θ ∈ D(0, T ) ❡ ρ ∈ L2(Ω) ❡ ❝♦♥s✐❞❡r❡ κ = θρ ∈ L2(Ω)✳ ❉❛í

∫ T

0

(ukm(t), ρ(t))θ(t)dt→
∫ T

0

(uk, ρ(t))θ(t)dt,

✐♠♣❧✐❝❛♥❞♦ q✉❡

(ukm(t), ρ) → (uk, ρ), ❡♠ D′(0, T ), ∀ρ ∈ L2(Ω) ✭✷✳✸✼✮

❉❛ ❝♦♥✈❡r❣ê♥❝✐❛ (2.33)✱ s❡❣✉❡ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣♦ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡ q✉❡

u′km ⇀ r ❡♠ L2(Q),

❡ ♣♦rt❛♥t♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

(u′km(t), ρ) → (r(t), ρ) ❡♠ D′(0, T ), ∀ρ ∈ L2(Ω) ✭✷✳✸✽✮

❯s❛♥❞♦ ❛ ❞❡r✐✈❛❞❛ ❞✐str✐❜✉✐❝✐♦♥❛❧ ❡♠ (2.37) r❡s✉❧t❛

d

dt
(ukm(t), ρ) →

d

dt
(uk(t), ρ)

✐♠♣❧✐❝❛♥❞♦

(u′km(t), ρ) →
d

dt
(uk(t), ρ) ✭✷✳✸✾✮

❞❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡
d

dt
(uk(t), ψ) = (r(t), ψ)

P❡❧❛ Pr♦♣♦s✐çã♦ 1.2.3, ♦❜t❡♠♦s

u′k(t) = r(t)

❚❡♠♦s ♣♦r (2.32) ❡ ❞❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ L∞(0, T ;V ) →֒ L2(0, T ;V ) q✉❡

ukm ⇀ uk ❡♠ L2(0, T, V ).

❈♦♠♦ L2(0, T ;V ) é r❡✢❡①✐✈♦✱ t❡♠♦s ukm ⇀ uk ❡♠ L2(0, T ;V ) ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

(ukm)m∈N é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T,H1(Ω)), ♣♦✐s V
cont→֒ H1(Ω)✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

(u′km)m∈N é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T ;L2(Ω)).



✹✸

❙❡♥❞♦ ❛ ✐♠❡rsã♦ H1(Ω) →֒ L2(Ω) ❝♦♠♣❛❝t❛✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❆✉❜✐♥✲▲✐♦♥s ❝❢ ❡♠

❬✶✶❪ ♦✉ ❬✷✷❪ q✉❡ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (ukm)✱ q✉❡ ❝♦♥t✐♥✉❛r❡♠♦s ❞❡♥♦t❛♥❞♦ ♣♦r

(ukm), t❛❧ q✉❡

ukm → uk ❡♠ L2(Q),

❞❡ ♦♥❞❡ s❡❣✉❡ ❝❢ ❡♠ ❇r❡③✐s ❬✸❪ q✉❡ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (ukm)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛

♣♦r (ukm)✱ t❛❧ q✉❡

ukm → uk q✉❛s❡ s❡♠♣r❡ ❡♠ Q.

❉❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ h✱ ♦❜t❡♠♦s

h(ukm) → h(uk) q✉❛s❡ s❡♠♣r❡ ❡♠ Q. ✭✷✳✹✵✮

❆❣♦r❛ ✉s❛♥❞♦ h(ukm) s❡r ❧✐♠✐t❛❞❛ ❡♠ L2(Q)✱ ♣♦r (2.40) ❡ ❞♦ ▲❡♠❛ ❞❡ ▲✐♦♥s ❝❢ ❡♠ ❬✶✶❪✱

♦❜t❡♠♦s

h(ukm)⇀ h(uk) ❡♠ L2(Q). ✭✷✳✹✶✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ (2.12) ♣♦r θ ∈ D(0, T )✱ ✐♥t❡❣r❛♥❞♦ ❞❡ ✵ ❛ ❚ ❡ ✉s❛♥❞♦

❛s ❝♦♥✈❡r❣ê♥❝✐❛s (2.32)✱ (2.34)✱ (2.35)✱ (2.41)✱ ♦❜t❡♠♦s ♣♦r ♣❛s❛❣❡♠ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦

m→ ∞
∫ T

0

(u′′k(t), v)θdt+

∫ T

0

µ(t)((uk(t), v))θdt+

∫ T

0

(h(uk(t), v)θdt+

∫ T

0

∫

Γ1

β(x)u′k(x, t)vθdΓ1dt

=

∫ T

0

(f(t), v)θdt, ∀v ∈ V k
m, ∀θ ∈ D(0, T ).

✭✷✳✹✷✮

❉❡s❞❡ q✉❡ V k
m é ❞❡♥s♦ ❡♠ V ∩ H2(Ω)✱ s❡❣✉❡ q✉❡ (2.42) ❡st❛ ❛ss❡❣✉r❛❞♦ ♣❛r❛ t♦❞♦ ✈

∈ V ∩H2(Ω)✳

✷✳✹ P❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ k → ∞

❆✜r♠❛♠♦s q✉❡ ❛ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ❡st✐♠❛t✐✈❛s t❛♠❜é♠ sã♦ ❣❛r❛♥t✐❞❛s ♣❛r❛ ❛

s✉❜s❡q✉ê♥❝✐❛ (uk)✳ ❉❡ ❢❛t♦✱ ❞❡ (2.32)✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ (B.2.3) q✉❡

‖uk‖L∞(0,T ;V ) ≤ lim inf ‖ukm‖ ≤ C, ∀k,m ∈ N,

♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❡ k ❡ m✳ ❆ss✐♠✱ ♣❛ss❛♥❞♦ ♦ ❧✐♠✐t❡ q✉❛♥❞♦

k → ∞ ❡♠ (uk) ♦❜t❡♠♦s ✉♠❛ ❢✉♥çã♦ u : Q→ R t❛❧ q✉❡

uk
∗
⇀ u ❡♠ L∞(0, T ;V ) ✭✷✳✹✸✮



✹✹

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♦❜t❡♠♦s

u′k
∗
⇀ u′ ❡♠ L∞(0, T ;V ) ✭✷✳✹✹✮

u′k
∗
⇀ u′ ❡♠ L∞(0, T ;H

1
2 (Γ1)) ✭✷✳✹✺✮

❚❡♠♦s t❛♠❜é♠✱ ❝♦♠♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡ q✉❡

u′′k ⇀ u′′ ❡♠ L2(Q) ✭✷✳✹✻✮

h(uk)⇀ h(u) ❡♠ L2(Q) ✭✷✳✹✼✮

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❡♠ (2.42)q✉❛♥❞♦ k → ∞❡ ✉s❛♥❞♦ ❛s ❝♦♥✈❡r❣ê♥❝✐❛s ✭✷✳✹✸✮✲✭✷✳✹✼✮ ❡

♦ ❢❛t♦ ❞❡ q✉❡ V ∩H2(Ω) é ❞❡♥s♦ ❡♠ V ✱ ♦❜t❡♠♦s
∫ T

0

(u′′(t), v)θdt+

∫ T

0

µ(t)((u(t), v))θdt+

∫ T

0

(h(u(t), v)θdt+

∫ T

0

∫

Γ1

β(x)u′(x, t)vθdΓ1dt

=

∫ T

0

(f(t), v)θdt, ∀v ∈ V, ∀θ ∈ D(0, T ).

✭✷✳✹✽✮

❚♦♠❡♠♦s θv ∈ A ✭✐st♦ é✱ θ ∈ D(0, T ) ❡ v ∈ D(Ω)✮✮✳ ❆ss✐♠✱ ♣❛r❛ θv ∈ A✱ ♦❜t❡♠♦s
∫ T

0

(u′′(t), v)θdt = 〈u′′, θv〉D′(Q)×D(Q)

∫ T

0

µ(t)((u(t), v))V θdt =
〈
µ(t)((µ(t)u(t), v))V

〉
D′(Q)×D(Q)

∫ T

0

(h(u(t), v)θdt =

∫ T

0

(h(u(t), θv)dt = 〈h, θv〉D′(Q)×D(Q)

❈♦♠♦ ✈ ∈ D(Ω) s❡❣✉❡ v = 0 s♦❜r❡ Γ1✱ ❡ ♣♦rt❛♥t♦✱
∫ T

0

∫

Γ1

β(x)u′(x, t)vθdΓ1dt = 0.

❚❡♠♦s t❛♠❜é♠
∫ T

0

(f(t), v)θdt =

∫ T

0

(f(t), θv)dt = 〈f, θv〉D′(Q)×D(Q)

❉❡st❡s ❢❛t♦s ❛❝✐♠❛✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

〈u′′, θv〉D′(Q)×D(Q) + 〈µ△u, θv〉D′(Q)×D(Q) + 〈h, θv〉D′(Q)×D(Q) = 〈f, θv〉D′(Q)×D(Q)

♦ q✉❡ ✐♠♣❧✐❝❛

〈u′′ − µ△u+ h(u), θv〉D′(Q)×D(Q) = 0, ∀θv ∈ A. ✭✷✳✹✾✮



✹✺

▲♦❣♦✱ ♣❡❧❛ ❞❡♥s✐❞❛❞❡ ❞❡ A ❡♠ D(Q)✱ r❡s✉❧t❛ ❞❡ (2.49) q✉❡✿

u′′ − µ△u+ h(u) = f ❡♠ D′(Q)

P♦rt❛♥t♦✱ ♦❜t❡♠♦s µ△u ∈ L2(Q)✱ ♣♦✐s u′′, h(u), f ∈ L2(Q) ❡ ❛ss✐♠✱

u′′ − µ△u+ h(u) = f ❡♠ L2(Q) = L2(0, T ;L2(Ω)). ✭✷✳✺✵✮

❈♦♠♦ u ∈ L2(0, T, L2(Ω)) ❡ ∆(µu) ∈ L2(0, T, L2(Ω))✱ r❡s✉❧t❛ ❝♦♠♦ ❢❡✐t♦ ❡♠ ▼✐❧❧❛

▼✐r❛♥❞❛ ❬✶✽❪ q✉❡

µ
∂u

∂ν
∈ L2(0, T,H− 1

2 (Γ1)).

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ (2.50) ♣♦r vθ✱❝♦♠ v ∈ V ❡ θ ∈ D(0, T )✱ ✐♥t❡❣r❛♥❞♦

❞❡ ✵ ❛ ❚✱ ♦❜t❡♠♦s
∫ T

0

(u′′(t), v)θdt+

∫ T

0

µ(t)(−△u, v)θdt+
∫ T

0

(h(u), v)θdt =

∫ T

0

(f(t), v)θdt.

P❡❧❛ ❢♦r♠✉❧❛ ❞❡ ●r❡❡♥✱ ♦❜t❡♠♦s
∫ T

0

(u′′(t), v)θdt+

∫ T

0

µ((u(t).v(t)))θdt−
∫ T

0

〈
µ
∂u

∂ν
, v

〉

−H
1
2 (Γ1)×H

1
2 (Γ1)

θdt+

∫ T

0

(h(u), v)θdt =

∫ T

0

(f(t), v)θdt

✭✷✳✺✶✮

❈♦♠♣❛r❛♥❞♦ (2.48) ❝♦♠ (2.51)✱ ♦❜t❡♠♦s
∫ T

0

〈
βu′ + µ

∂u

∂ν
, v

〉

H−
1
2 (Γ1)×H

1
2 (Γ1)

θdt = 0 ∀v ∈ V ❡, ∀θ ∈ D(0, T ).

P♦rt❛♥t♦✱

µ(t)
∂u(t)

∂ν
+ βu′(t) = 0 ❡♠ H− 1

2 (Γ1).

❈♦♠♦ β ∈ W 1,∞(Γ1) ❡ u′ ∈ L∞(0, T ;H
1
2 (Γ1))✱ t❡♠♦s βu′ ∈ L∞(0, T,H

1
2 (Γ1)). P♦r✲

t❛♥t♦✱

µ
∂u

∂ν
+ βu′ = 0 ❡♠ L∞(0, T,H

1
2 (Γ1))

P❛r❛ ❝♦♠♣❧❡t❛r ❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛✱ ❞❡✈❡♠♦s ♣r♦✈❛r q✉❡ u ∈ L2(0, T,H2(Ω))✳ ❈♦♥s✐✲

❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ❢r♦♥t❡✐r❛
∣∣∣∣∣∣∣∣∣∣∣

−△(µu(t)) = f(t)− u′′(t)− h(u(t)) ❡♠ Q,

µ(t)u(t) = 0 ❡♠ Γ0 × [0, T ],

∂(µ(t)u(t))

∂ν
= −βu′(t) ❡♠ Γ1 × [0, T ].

✭✷✳✺✷✮



✹✻

❙❡♥❞♦ f(t) − u′′(t) − h(u(t)) ∈ L2(Ω)✱ s❡❣✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ (B.2.6)) q✉❡ µ(t)u(t) ∈
H2(Ω). ❖❜s❡r✈❡ q✉❡ µu ∈ L∞(0, T ;H2(Ω)) ❡ ♣♦r (2.4) s❡❣✉❡ q✉❡ u ∈ L∞(0, T ;H2(Ω)).

P♦rt❛♥t♦✱ u ∈ L∞(0, T ;V ∩H2(Ω)).

✷✳✺ ❈♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

◆❡st❛ s❡çã♦✱ ♠♦str❛r❡♠♦s q✉❡ u(0) = u0 ❡ q✉❡ u′(0) = u1✳ ❖❜s❡r✈❡ q✉❡
∣∣∣∣∣∣∣

u ∈ L∞(0, T ;V ∩H2(Ω))

u′ ∈ L∞(0, T ;V )

❡ V ∩ H2(Ω)
cont→֒ V ✱ ❡ ❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ 1.2.1, r❡s✉❧t❛ q✉❡ u ∈ C0([0, T ];V )✳ ▲♦❣♦✱

❢❛③ s❡♥t✐❞♦ ❝❛❧❝✉❧❛ u(0)✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ t❡♠♦s
∣∣∣∣∣∣
u′ ∈ L∞(0, T, V )→֒L2(0, T ;V )

u′′ ∈ L2(0, T ;L2(Ω))

❡ V
cont→֒ L2(Ω)✳ ❉❡ss❛ ❢♦r♠❛✱ s❡❣✉✐♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

u ∈ C0([0, T ];L2(Ω))✳ P♦rt❛♥t♦✱ ❢❛③ s❡♥t✐❞♦ ❝❛❧❝✉❧❛r u′(0)✳

❉❛ ❝♦♥✈❡r❣ê♥❝✐❛ uk
∗
⇀ u ❡♠ L∞(0, T ;V )✱ ❝♦♥❝❧✉í✲s❡ q✉❡ ♣❛r❛ t♦❞❛ θ ∈ C1([0, T ]) ❝♦♠

θ(T ) = 0 ❡ θ(0) = 1✱ ♦❜t❡♠♦s q✉❡
∫ T

0

〈uk(t), v〉V×V ′θ′(t)dt→
∫ T

0

〈u(t), v〉V ′×V θ
′(t)dt, ∀v ∈ V. ✭✷✳✺✸✮

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ u′k
∗
⇀ u′ ❡♠ L∞(0, T, V )✱ ♣❛r❛ t♦❞❛ θ ∈ C1([0, T ]) ❝♦♠

θ(T ) = 0 ❡ θ(0) = 1✱ ♦❜t❡♠♦s
∫ T

0

〈u′k(t), v〉V×V ′θ(t)dt→
∫ T

0

〈u(t), v〉V×V ′θ(t)dt, ∀v ∈ V ✭✷✳✺✹✮

❆ss✐♠✱ ❞❡ (2.53) ❡ (2.54)✱ r❡s✉❧t❛ q✉❡✿
∫ T

0

d

dt
[〈uk(t), v〉θ(t)]dt→

∫ T

0

d

dt
[〈uk(t), v〉θ(t)]dt

✐♠♣❧✐❝❛♥❞♦ q✉❡

〈uk(T ), v〉θ(T )− 〈uk(0), v〉θ(0) → 〈u(T ), v〉θ(T )− 〈u(0), v〉θ(0).

❉❛í✱

〈uk(0), v〉 → 〈u(0), v〉, ∀v ∈ V.



✹✼

❉❛ ✐♠❡rsã♦ V →֒ L2(Ω)✱ s❡❣✉❡ q✉❡

(uk(0), v) → (u(0), v), ∀v ∈ L2(Ω). ✭✷✳✺✺✮

P❡❧❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❞❛❞♦ ✐♥✐❝✐❛❧✱ t❡♠♦s q✉❡ (u0k) ❝♦♥✈❡r❣❡ ❢♦rt❡ ♣❛r❛ u0 ❡♠ V ∩H2(Ω)✱

❡ ♣♦rt❛♥t♦ ❝♦♥✈❡r❣❡ ❢♦rt❡ ❡♠ L2(Ω) ♣♦✐s V ∩ H2(Ω) ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠

L2(Ω)✱ ❧♦❣♦ ❝♦♥✈❡r❣❡ ❢r❛❝♦ ❡♠ L2(Ω)✳ ❆ss✐♠✱

(uk(0), v) → (u0, v), ∀v ∈ L2(Ω). ✭✷✳✺✻✮

P♦rt❛♥t♦✱ ❞❡ (2.55) ❡ (2.56) ❡ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❡ ❧✐♠✐t❡ ❢r❛❝♦✱ ♦❜t❡♠♦s u(0) = u0✳ ❈♦♠

♦ ♠❡s♠♦ r❡❝✐♦❝í♥✐♦ ♦❜té♠✲s❡ q✉❡ u′(0) = u1✱ ♠♦str❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✳

✷✳✻ ❯♥✐❝✐❞❛❞❡

◆❡st❛ s❡çã♦✱ ♠♦str❛r❡♠♦s q✉❡ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ (1) ❝♦♠ h s❡♥❞♦ ✉♠❛ ❢✉♥çã♦

▲✐♣s❝❤✐t✐③✐❛♥❛ é ú♥✐❝❛ ❡✱ ♣❛r❛ t❛♥t♦✱ ✉s❛r❡♠♦s ♦ ▲❡♠❛ ❞❡ ●r♦♥✇❛❧❧✳ ❙✉♣♦♥❤❛ q✉❡

❡①✐st❛♠ ❞✉❛s s♦❧✉çõ❡s u, v ♥❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ 1.2.1✳ ❉❛í

u′′ − µ∆u+ h(u) = f ❡♠ L2(0, T, L2(Ω)) ✭✷✳✺✼✮

❡

v′′ − µ∆v + h(v) = f ❡♠ L2(0, T, L2(Ω)). ✭✷✳✺✽✮

❉❡✜♥✐♥❞♦ w = u− v ❡ ❢❛③❡♥❞♦ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ (2.57) ❡ (2.58)✱ ♦❜t❡♠♦s

w′′ − µ∆w + h(u)− h(v) = 0 ❡♠ L2(0, T ;L2(Ω)).

❈♦♠♦ w′ ∈ L2(0, T, L2(Ω))✱ t❡♠♦s

(w′′, w′)− (∆(µw), w′) = (h(u)− h(v), w′).

P❡❧♦ t❡♦r❡♠❛ ❞❡ ●r❡❡♥✱ r❡s✉❧t❛ q✉❡

(w′′(t), w′(t)) + µ(t)((w(t), w′(t))) +

∫

Γ1

∂w(t)

∂ν
w′(t)dΓ = (h(v)− h(u), w′(t)).

❉❡s❞❡ q✉❡ µ(t)
∂w(t)

∂ν
= βw′(t)✱ t❡♠♦s q✉❡

(w′′(t), w′(t)) + µ(t)((w(t), w′(t))) +

∫

Γ1

β(w′(t))2dΓ = (h(v)− h(u), w′(t)). ✭✷✳✺✾✮



✹✽

❙❡❣✉❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱

(w′′(t), w′(t)) + µ(t)((w(t), w′(t))) +

∫

Γ1

β(w′(t))dΓ = (h(v)− h(u), w′(t)) ≤

|h(v)− h(u)||w′(t)| ≤ 1

2
|h(v)− h(u)|2 + 1

2
|w′(t)|2.

✭✷✳✻✵✮

❖❜s❡r✈❡♠♦s q✉❡

|h(v)−h(u)|2 =
∫

Ω

|h(v(x, t)−h(u(x, t))|2dxdt = Ch

∫

Ω

|v(x, t)−u(x, t)|2dxdt = C2
h|w(t)|2.
✭✷✳✻✶✮

❙✉❜st✐t✉✐♥❞♦ (2.60) ❡ (2.61) ❡♠ (2.59)✱ ♦❜t❡♠♦s

1

2

d

dt
|w′(t)|2 + 1

2
µ(t)

d

dt
‖w(t)‖+

∫

Γ1

β(w′(t))2dΓ ≤ Ch

2
|w(t)|2 + 1

2
|w′(t)|2. ✭✷✳✻✷✮

❉❡s❞❡ q✉❡ V
cont→֒ L2(Ω)✱ ♦❜t❡♠♦s ❞❡ (2.62) q✉❡

1

2

d

dt
|w′(t)|2 + 1

2
µ(t)

d

dt
‖w(t)‖+

∫

Γ1

β(w′(t))2dΓ ≤ Chc0

2
‖w(t)‖2 + 1

2
|w′(t)|2.

◆♦t❡♠♦s q✉❡

1

2

d

dt

[
µ(t)‖w(t)‖2

]
=

1

2
µ′(t)‖w(t)‖2 + 1

2
µ(t)

d

dt
‖w(t)‖2

♦ q✉❡ ✐♠♣❧✐❝❛

1

2
µ(t)

d

dt
‖w(t)‖2 = 1

2

d

dt

[
µ(t)‖w(t)‖2

]
− 1

2
µ′(t)‖w(t)‖2 ✭✷✳✻✸✮

❙✉❜st✐t✉✐♥❞♦ (2.63) ❡♠ (2.62)✱ r❡s✉❧t❛ q✉❡

1

2

d

dt
|w′(t)|2 + 1

2

d

dt

[
µ(t)‖w(t)‖2

]
− 1

2
µ′(t)‖w(t)‖2 +

∫

Γ1

β(w′(t))2 ≤

≤ C2
hc0

2
‖w(t)‖2 + |w′(t)|2.

✐♠♣❧✐❝❛♥❞♦ q✉❡

1

2

d

dt
|w′(t)|2 + 1

2

d

dt

[
µ(t)‖w(t)‖2

]
+

∫

Γ1

β(w′(t))2 ≤

≤ C2
hc0

2
‖w(t)‖2 + 1

2
|w′(t)|2 + 1

2
µ′(t)‖w(t)‖2.

❈♦♠♦
∫

Γ1

β(w′(t))2 ≥ 0✱ ♦❜t❡♠♦s

1

2

d

dt
|w′(t)|2 + 1

2

d

dt

[
µ(t)‖w(t)‖2

]
≤ C2

hc0

2
‖w(t)‖2 + 1

2
|w′(t)|2 + ‖µ′‖L∞(0,T )

1

2
‖w(t)‖2.



✹✾

♦✉ ❛✐♥❞❛

1

2

d

dt

[
|w′(t)|2 + µ(t)‖w(t)‖2

]
≤ C2

hc0 + ‖µ′‖L∞(0,T )µ(t)

2µ0

‖w(t)‖2 + 1

2
|w′(t)|2. ✭✷✳✻✹✮

■♥t❡❣r❛♥❞♦ (2.64) ❞❡ 0 ≤ t ≤ T ✱ ❡ ❞❡♥♦t❛r❡♠♦s ❛ ❝♦♥st❛♥t❡ ❛❝✐♠❛ ♣♦rM1 =
C2

hc0 + ‖µ′‖L∞(0,T )

2
✳

❆ss✐♠✱ ♦❜t❡♠♦s

|w′(t)|2 + µ(t)‖w(t)‖2 ≤ {|w′(0)|2 + ‖w(0)‖2}+M1

∫ t

0

µ(t)‖w(t)‖2dt+
∫ t

0

|w′(t)|2dt.

❈♦♠♦ w′(0) = 0 ❡ w(0) = 0✱ t❡♠♦s

|w′(t)|2 + µ(t)‖w(t)‖2 ≤ 0 +M1

∫ t

0

µ(t)‖w(t)‖2dt

P❡❧♦ ▲❡♠❛ ❞❡ ●r♦♥✇❛❧❧✱ s❡❣✉❡ q✉❡

|w′(t)|2 + µ(t)‖w(t)‖2 = 0

❡ ❛ss✐♠ w = 0✱ ♣♦✐s µ(t) ≥ µ0 > 0✳ P♦rt❛♥t♦✱ u = v✳



❈❛♣ít✉❧♦ ✸

❙♦❧✉çã♦ ❢r❛❝❛

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❡ ❈❛♣ít✉❧♦ é ♦❜t❡r s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (1) ❝♦♠ ❞❛❞♦s

✐♥✐❝✐❛s ♠❡♥♦s r❡❣✉❧❛r❡s✱ ✐st♦ é✱ u0 ∈ V ❡ u1 ∈ L2(Ω). ❆ ❝♦rr❡s♣♦♥❞❡♥t❡ s♦❧✉çã♦ s❡rá

❝❤❛♠❛❞❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛✳ P❛r❛ ♦❜t❡r♠♦s ❡st❛ s♦❧✉çã♦✱ ❛♣r♦①✐♠❛r❡♠♦s u0 ❡ u1 ♣♦r

s❡q✉ê♥❝✐❛s ❞❡ ✈❡t♦r❡s ❡♠ V ∩H2(Ω) ❡ ❡♠ V r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡ ❛♣❧✐❝❛r❡♠♦s ♦ r❡s✉❧t❛❞♦

❞❡ ❚❡♦r❡♠❛ ✶ ✭s♦❧✉çã♦ ❢♦rt❡✮✳

✸✳✶ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ ❋r❛❝❛

❆ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮ é ❡♥t❡♥❞✐❞❛ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✳

❉❡✜♥✐çã♦ ✸✳✶✳✶ ❯♠❛ ❢✉♥çã♦ u : Q→ R é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮ s❡✿
∣∣∣∣∣∣∣∣∣∣∣∣

u ∈ L
infty
loc (0,∞, V ), u′ ∈ L∞

loc(0,∞;L2(Ω)),

u′′ − µ∆u+ h(u) = f ❡♠ L1
loc(0,∞;V ′ + L1(Ω)),

µ
∂u

∂ν
+ βu′ = 0 ❡♠ L1

loc(0,∞;L2(Γ1)),

u(0) = u1, u
′(0) = u1 ❡♠ Ω.

✭✸✳✶✮

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❡st❛❜❡❧❡❝❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✶✮ ♥♦

s❡♥t✐❞♦ ❛❝✐♠❛✳

❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞❡ ❝❧❛ss❡ C2 ❝♦♠ ❢r♦♥t❡✐r❛ Γ✳ ❆ss✉♠❛♠♦s ❛s s❡❣✉✐♥t❡s

❤✐♣ót❡s❡s✿

(H1) β ∈ W 1,∞(Γ1), β(x) ≥ β0 > 0;

(H2) µ ∈ W 1,∞(0, T ), µ(t) ≥ µ0 > 0;



✺✶

(H3) h : R → R ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ sh(s) ≥ 0, ∀s ∈ R;

(H4) (u0, u1, f) ∈ V × L2(Ω)× L2(Q) ❡ Λ(u0) ∈ L1(Ω).

❖❜s❡r✈❛çã♦ ✸✳✶✳✶ ❆ ❢✉♥çã♦

f : R → R

s 7→ f(s) = |s|ρs
❝♦♠ ρ > 0 ❡ ρ ∈ R s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ ❙tr❛✉ss✳

❚❡♦r❡♠❛ ✸✳✶✳✶ ❙✉♣♦♥❞♦ (H1)− (H4)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ u : Q→ R t❛❧ q✉❡

u ∈ L∞(0, T ;L2(Ω)), ✭✸✳✷✮

u′ ∈ L∞(0, T ;L2(Ω)), ✭✸✳✸✮

u′′ − µ△u+ h(u) = f ❡♠ L1(0, T ;V ′ + L1(Ω)) ✭✸✳✹✮

µ
∂u

∂ν
+ βu′ = 0 ❡♠ L2(0, T ;L2(Γ1)) ✭✸✳✺✮

u(0) = u0, u
′(0) = u1 ❡♠ Ω ✭✸✳✻✮

❉❡♠♦♥str❛çã♦✿ ❉❡s❞❡ q✉❡ ❤ é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❝♦♠ sh(s) ≥ 0✱ ♣❛r❛ t♦❞♦ s ∈ R✱

s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❙tr❛✉ss ❝❢ ❡♠ ❬✷✹❪✭✈❡r ❛♣ê♥❞✐❝❡ ❆✮ q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

❢✉♥çõ❡s ▲✐♣❝❤✐t③✐❛♥❛s (hν)ν∈N t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ ν ✜①❛❞♦✱ hν : R → R é ▲✐♣s❝❤✐t③✐❛♥❛

❝♦♠ ❝♦♥st❛♥t❡ Cν ✳ ❆❧é♠ ❞✐ss♦✱ shν(s) ≥ 0✱ ∀s ∈ R ❡

hν → h ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❞❡ R. ✭✸✳✼✮

❙❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ u0 ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❧✐♠✐t❛❞❛ ✱ ❞❡✈❡♠♦s ❛♣r♦①✐♠❛✲❧❛ ♣♦r

❢✉♥çõ❡s ❧✐♠✐t❛❞❛s ❞❡ ❱✳ P❛r❛ t❛♥t♦✱ ❝♦♠♦ ❢❡✐t♦ ❡♠ ❑✐♥❞❡r❧❡❤r❡r ❬✽❪ ❝♦♥s✐❞❡r❡♠♦s ❛s

❢✉♥çõ❡s

ξj(s) =

∣∣∣∣∣∣∣∣∣

−j, s❡ s < j

s, s❡ |s| ≤ j

j, s❡ s > j

❈♦♥s✐❞❡r❛♥❞♦ ξj(u0(x)) = u0j(x)✱ t❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ (u0j) ⊂ V é ❧✐♠✐t❛❞❛ q✳s✳ ❡♠

Ω ❡ ❛❧é♠ ❞✐ss♦✱

u0j → u0 ❢♦rt❡ ❡♠ V ✭✸✳✽✮

◆♦t❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡

ξ′j(s) =

∣∣∣∣∣∣∣∣∣

0, s❡ s < j

1, s❡ |s| ≤ j

0, s❡ s > j



✺✷

❈♦♠♦ ξj(s) é ✉♠❛ ❢✉♥çã♦ ▲✐♣s❝❤✐t✐③✐❛♥❛ ❡ ξj(0) = 0✱ r❡s✉❧t❛ ❞♦ ❚❡♦r❡♠❛ (B.2.2) q✉❡

∂

∂xi
(ξj(u0(x))) = ξ′j(u0(x))

∂u0(x)

∂xi
❡ ξ(u0) = u0j ∈ V.

❚❡♠♦s q✉❡
∂

∂xi
(ξj(u0(x))) →

∂u0(x)

∂xi
q✉❛s❡ s❡♠♣r❡ ❡♠ Ω,

♦ q✉❡ ✐♠♣❧✐❝❛
∣∣∣∣
∂

∂xi
(ξj(u0(x))

∣∣∣∣
2

→
∣∣∣∣
∂u0(x)

∂xi

∣∣∣∣
2

q✉❛s❡ s❡♠♣r❡ ❡♠ Ω.

❆✜r♠❛çã♦✿

∣∣∣∣
∂

∂xi
ξ′j(u0)(x)

∣∣∣∣
2

≤
∣∣∣∣
∂u0

∂xi

∣∣∣∣✱ ♦♥❞❡
∣∣∣∣
∂u0

∂xi

∣∣∣∣ ∈ L1(Ω)✳

❉❡ ❢❛t♦✱ ♦❜s❡r✈❡♠♦s q✉❡

∣∣∣∣
∂

∂xi
(ξj(u0)(x))

∣∣∣∣
2

= |ξ′j(u0(x))|
∣∣∣∣
∂u0(x)

∂xi

∣∣∣∣ ≤
∣∣∣∣
∂u0(x)

∂xi

∣∣∣∣. ❈♦♠♦

u0 ∈ V ✱ ❡♥tã♦ u0 ∈ H1(Ω) ❡✱ ♣♦rt❛♥t♦✱
∂u0

∂xi
∈ L2(Ω)✳ ❉❡s❞❡ q✉❡ ❛ ✐♠❡rsã♦ L2(Ω) →֒

L1(Ω) é ❝♦♥tí♥✉❛✱ ♣r♦✈❛♠♦s ❛ ❛✜r♠❛çã♦✳ P❡❧❛ ❛✜r♠❛çã♦ ❛❝✐♠❛ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛

❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛✱ s❡❣✉❡ q✉❡

∫

Ω

∣∣∣∣
∂

∂xi
ξj(u0(x))

∣∣∣∣
2

dx→
∫

Ω

∣∣∣∣
∂u0

∂xi

∣∣∣∣
2

dx.

❆❧é♠ ❞✐ss♦✱ ❞❛ ú❧t✐♠❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛❝✐♠❛✱ ♦❜t❡♠♦s

‖∇(ξju0)‖ → ‖∇u0‖

✐st♦ é

ξj(u0) → u0 ❡♠ V

◆♦✈❛♠❡♥t❡ ♣❡❧❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ V ❡♠ L2(Ω)✱ ♦❜t❡♠♦s ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ ξj(u0) =

u0j✱ q✉❡ ❛✐♥❞❛ ❞❡♥♦t❛r❡♠♦s ♣♦r u0j✱ t❛❧ q✉❡

u0j → u0 q✉❛s❡ s❡♠♣r❡ ❡♠ Ω

❡ ♣♦rt❛♥t♦✱ (u0j) é ❧✐♠✐t❛❞❛ q✉❛s❡ s❡♠♣r❡ ❡♠ Ω.

❈♦♠♦ D(−∆) é ❞❡♥s♦ ❡♠ ❱✱ ❝❢ ❡♠ ▲✐♦♥s ❬✶✷❪✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (u0jp) ⊂
D(−∆) ⊂ V ∩H2(Ω) t❛❧ q✉❡

u0jp → u0j ❢♦rt❡ ❡♠ V. ✭✸✳✾✮



✺✸

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡s❞❡ q✉❡ V é ❞❡♥s♦ ❡♠ L2(Ω), ❞❛❞♦ u1 ∈ L2(Ω)✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛

(u1p) ⊂ V t❛❧ q✉❡

u1p → u1 ❡♠ L2(Ω). ✭✸✳✶✵✮

P♦r ✜♠✱ s❛❜❡♠♦s q✉❡ H1(Q) é ❞❡♥s♦ ❡♠ L2(Q)✳ ▲♦❣♦✱ ❞❛❞♦ f ∈ L2(Q)✱ ❡①✐st❡ ✉♠❛

s❡q✉ê♥❝✐❛ (fp)p∈N ⊂ H1(Q) t❛❧ q✉❡

fp → f ❡♠ L2(Q). ✭✸✳✶✶✮

P❛r❛ ❝❛❞❛ t❡r♠♦ (u0jp, u1p, fp) ∈ [V ∩H2(Ω)]× V ×H1(0, T, L2(Ω)✮✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛

❢✉♥çã♦ ujpν : Q → R s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ 2. ❉❡ss❛ ❢♦r♠❛✱ ♣❡❧♦s

♠❡s♠♦s ❛r❣✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✷✱ ♦❜t❡♠♦s

|u′jpν(t)|2 + µ0‖ujpν(t)‖2 + 2

∫

Ω

Λν(ujpν(x, t))dx+ 2β0

∫ t

0

∫

Γ1

[u′jpν(x, s)]
2dΓds ≤

≤ |u1p|2 + µ(0)‖u0jp‖2 + 2

∫

Ω

Λν(u0jp(x))dx+

∫ t

0

|fp(s)|2ds+
∫ t

0

|u′jpν |2ds+

+‖µ‖L∞(0, T )

∫ t

0

‖ujpν(s)‖2V ds,
✭✸✳✶✷✮

♦♥❞❡ Λν =

∫ t

0

hν(s)ds✳

◗✉❡r❡♠♦s ✉t✐❧✐③❛r ♦ ▲❡♠❛ ❞❡ ●r♦♥✇❛❧❧✱ ❡♥tã♦ ♣r❡❝✐s❛♠♦s ♦❜t❡r ✉♠❛ ❡st✐♠❛t✐✈❛ ♣❛r❛

∫

Ω

Λν(u0jp(x))dx.

❙❡♥❞♦ u0j ❧✐♠✐t❛❞❛ q✳s✳ ❡♠ Ω✱ ∀j ∈ N✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❙tr❛✉ss q✉❡

lim
ν→∞

hν(u0j(x)) = h(u0j(x)) q✳s✳ ❡♠ Ω,

❆ss✐♠

|hν(s)− h(s)| ≤ ǫ

C
, ∀s ∈ [−C,C],

♦♥❞❡ C > 0 é ✉♠❛ ❝♦♥st❛♥t❡ t❛❧ q✉❡ |u0j(x)| ≤ C q✳s✳ ❡♠ Ω✳ ▼♦str❛r❡♠♦s q✉❡

lim
ν→∞

∫

Ω

Λν(u0jp(x))dx =

∫

Ω

Λν(u0(x))dx ✭✸✳✶✸✮

❡ ♣❛r❛ t❛♥t♦✱ ✉s❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✳ ❉❡ ❢❛t♦✱

t❡♠♦s

Λν(u0j(x)) =

∫ u0j(x)

0

hν(s)ds.



✺✹

❉❛í✱

∣∣Λν(u0j(x))−Λ(u0j(x))
∣∣ =

∣∣∣∣∣

∫ u0j(x)

0

hν(s)ds−
∫ u0j(x)

0

h(s)ds

∣∣∣∣∣ =
∣∣∣∣∣

∫ u0j(x)

0

[hν(s)−h(s)]ds
∣∣∣∣∣.

P♦rt❛♥t♦✱

|Λν(u0j(x))− Λ(u0j(x))| <
∫ u0j(x)

0

ε

C
ds ≤ ǫ

C
|u0j(x)| < ε,

❡ ❛ss✐♠

Λν(u0j(x)) → Λ(u0j(x)) q✉❛s❡ s❡♠♣r❡ ❡♠ Ω.

❆❧é♠ ❞✐ss♦

|Λν(u0j(x))| =
∣∣∣∣∣

∫ u0j(x)

0

hν(s)ds

∣∣∣∣∣ =
∣∣∣∣∣

∫ u0j(x)

0

{[hν(s)− h(s)] + h(s)}ds
∣∣∣∣∣ ≤

≤
∫ u0j(x)

0

{|hν(s)− h(s)|ds+
∫ u0j(x)

0

|h(s)|ds ≤ ǫ

C
|u0j(x)|+K|u0j(x)| ≤

≤ ǫ+KC.

P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ ❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ✐♠❡rsã♦

❝♦♥tí♥✉❛ V →֒ L2(Ω) ❡ ♣♦r (3.9)✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ (B.2.9) q✉❡ ♣♦❞❡♠♦s ❡①tr❛✐r ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ❞❡ (u0j)j∈N ❛ q✉❛❧ ❛✐♥❞❛ ❞❡♥♦t❛r❡♠♦s ♣♦r (u0j) t❛❧ q✉❡

u0j → u0 q✉❛s❡ s❡♠♣r❡ ❡♠ Ω.

P♦rt❛♥t♦✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ Λ✱ t❡♠♦s

Λ(u0j) → Λ(u0) q✉❛s❡ s❡♠♣r❡ ❡♠ Ω.

◗✉❡r❡♠♦s ❢❛③❡r ♥♦✈❛♠❡♥t❡ ✉s♦ ❞♦ ❚❡♦r❡♠❛ B.2.10✱ ♠❛s ♣❛r❛ ✐st♦✱ r❡st❛ ♠♦str❛r q✉❡

Λ(u0j) ≤ q(x)✱ ♦♥❞❡ q(x) ∈ L1(Ω)✳

❈♦♠ ❡❢❡✐t♦✱ ❜❛st❛ ♦❜s❡r✈❛r♠♦s q✉❡ ✿

|u0j(x)| = |u0j(x)− u0(x) + u0(x)| ≤ |u0j(x)− |u0(x)|+ |u0(x)| ≤ ǫ+ |u0(x)|

❋❛③❡♥❞♦ ǫ → 0✱ ♦❜t❡♠♦s |u0j(x)| ≤ |u0(x)|, ♣❛r❛ q✉❛s❡ t♦❞♦ x ∈ Ω✳ ❉❡ss❛ ❢♦r♠❛✱

t❡r❡♠♦s

|Λ(u0j(x)| =
∣∣∣∣∣

∫ u0j(x)

0

|h(s)|ds
∣∣∣∣∣ ≤

∫ |u0(x))|

0

|h(s)|ds.

❉❛í✱ t♦♠❛♥❞♦ q(x) = Λ(|u0(x)|)✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡

▲❡❜❡s❣✉❡ q✉❡

lim
j→∞

∫

Ω

Λ(u0j(x))dx =

∫

Ω

Λ(u0(x))dx ✭✸✳✶✹✮



✺✺

❈♦♠♦ u0jp → u0j ❢♦rt❡ ❡♠ ❱✱ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ t❡♠♦s

lim
p→∞

∫

Ω

Λν(u0jp(x))dx =

∫

Ω

Λν(u0j(x))dx ✭✸✳✶✺✮

❉❡ (3.13)✱ (3.14) ❡ (3.15)✱ ♦❜t❡♠♦s

lim

∫

Ω

Λν(u0jp(x))dx =

∫

Ω

Λν(u0(x))dx, q✉❛♥❞♦ ❥✱♣, ν → ∞.

P♦rt❛♥t♦✱ ∫

Ω

Λν(u0jp(x))dx ≤ P,

♦♥❞❡ P é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❡ p ❡ ν✳ ▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ❞❡ ●r♦♥✇❛❧❧

|u′jpν(t)|2 + ‖ujpν(t)‖2 +
∫ t

0

∫

Γ1

[u′jpν(x, s)]
2dΓds ≤ R, ✭✸✳✶✻✮

♦♥❞❡ ❘ é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❡ ❥✱ ♣✱ ν ❡✱ ♣♦rt❛♥t♦✱
∣∣∣∣∣∣∣∣∣

(ujpν) é ❧✐♠✐t❛❞❛ ❡♠ Linfty(0, T ;V );

(u′jpν) é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;L2(Ω));

(ujpν) é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T ;L2(Γ1)).

❉❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ L∞(0, T ;L2(Ω)) →֒ L2(0, T ;L2(Ω))✱ s❡❣✉❡ q✉❡

(u′jpν) é ❧✐♠✐t❛❞❛ ❡♠ L2(Q) = L2(0, T ;L2(Ω)).

❚❛♠❜é♠ ♣♦r ✭✸✳✶✻✮✱ ♦❜t❡♠♦s

(ujpν) é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T, L2(Γ1)) ✭✸✳✶✼✮

❆❧é♠ ❞✐ss♦✱ t❡♠♦s
(
∂ujpv

∂ν

)
é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T ;L2(Γ1)). ✭✸✳✶✽✮

❉♦ ❚❡♦r❡♠❛ 2✱ ♦❜t❡♠♦s

µ
∂ujpv

∂ν
+ βu′jpν = 0 ❡♠ L2(0, T ;H

1
2 (Γ1)). ✭✸✳✶✾✮

❘❡❝♦r❞❡ q✉❡ µ ∈ W 1,∞(0, T )✱ µ(t) ≥ µ0 > 0 ❡ β ∈ W 1,∞(Γ1)✱ β(x) ≥ β0 > 0✳ ❊♥tã♦✱

t❡♠♦s ♣♦r (3.17) ❡ ✭✸✳✶✾✮ q✉❡

∫ T

0

∫

Γ1

[
∂ujpv(x, t)

∂ν

]2
dΓdt ≤

‖β‖2L∞(Γ1)

µ0

∫ T

0

∫

Γ1

[u′jpν(x, t)]
2dΓdt < +∞,



✺✻

▲♦❣♦✱ (
∂ujpν

∂ν

)
é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T ;L2(Γ1)). ✭✸✳✷✵✮

❉❡s❞❡ q✉❡ ❛s ❧✐♠✐t❛çõ❡s ❛❝✐♠❛ ✈❛❧❡♠ ♣❛r❛ t♦❞♦s ♦s t❡r♠♦s (j, p, ν) ∈ N
3✱ ❡♠ ♣❛rt✐❝✉❧❛r✱

✈❛❧❡ ♣❛r❛ (p, p, p) ∈ N
3✳

❈♦♠♦ (uppp)p∈N é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T, V ✮ ❡ L1(0, T, V ′) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ s❡♣❛✲

rá✈❡❧✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (uppp)p∈N✱ ❛♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ❛♣❡♥❛s ♣♦r

(up)✱ ❡ ✉♠❛ ❢✉♥çã♦ u : Q→ R t❛❧ q✉❡

up
∗
⇀ u ❡♠ L∞(0, T ;V ). ✭✸✳✷✶✮

❈♦♠♦ (u′p) é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T ;L2(Ω))✱ ❡ s❡♥❞♦ L2(0, T ;L2(Ω)) ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤

r❡✢❡①✐✈♦✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (u′p)✱ ❛♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r (up) t❛❧ q✉❡

up ⇀ u ❡♠ L2(0, T ;L2(Ω)).

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ζ : Γ1 × (0, T ) → R t❛❧ q✉❡

∂up

∂ν
⇀ ζ ❡♠ L2(0, T ;L2(Γ1)). ✭✸✳✷✷✮

❈♦♠♦ up(t) ∈ V ✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❚r❛ç♦ ❡♠ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳❆✳▼❡❞❡✐r♦s ❬✶✸❪ r❡s✉❧t❛

q✉❡ up(t) ∈ H
1
2 (Γ1) ❡

‖γ0up(t)‖
H

1
2 (γ1)

≤ C‖up(t)‖. ✭✸✳✷✸✮

❉❡s❞❡ q✉❡ up
∗
⇀ u ❡♠ L∞(0, T ;V )✱ t❡♠♦s ❞❛ Pr♦♣♦s✐çã♦ 1.2.2, ❝❢ ❡♠ ▼✳▼✐❧❧❛ ▼✐r❛♥❞❛

❬✶✽❪ q✉❡

u′p ⇀ u′ ❡♠ H−1(0, T,H
1
2 (Γ1)).

❆❧é♠ ❞✐ss♦✱ ❞❡ up
∗
⇀ u ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

∆up
∗
⇀ ∆u ❡♠ L∞(0, T ;V ′). ✭✸✳✷✹✮

❉♦ ❈❛♣ít✉❧♦ ✷✱ ❞❡❝♦rr❡ q✉❡ u′′p − µ∆up + hp(up) = fp ❡♠ L2(0, T ;L2(Ω)) ❡

µ(t)
∂up(x, t)

∂ν
+ β(x)u′p(x, t) = 0 ❡♠ Γ1 × (0, T ). ✭✸✳✷✺✮

❈♦♠♦ u′p ⇀ u′ ❡♠H−1(0, T ;H
1
2 (Γ1)) q✉❡ ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠H−1(0, T ;L2(Γ1))

❡
∂u

∂ν
⇀ ς ❡♠ L2(0, T ;L2(Γ1)) q✉❡ ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ H−1(0, T ;L2(Γ1)),

❡♥tã♦

µς + βu′ = 0 ❡♠ H−1(0, T ;L2(Γ1)).



✺✼

❉❛ ✐♠❡rsã♦ L∞(0, T ;V )
cont→֒ L2(0, T ;H1(Ω)) ❡ ❞❡ up

∗
⇀ u ❡♠ L∞(0, T ;V )✱ s❡❣✉❡ q✉❡

up
∗
⇀ u ❡♠ L2(0, T ;H1(Ω))✳ ❉❡s❞❡ q✉❡ L2(0, T ;H1(Ω)) é r❡✢❡①✐✈♦✱ ♦❜t❡♠♦s

up ⇀ u ❡♠ L2(0, T ;H1(Ω))

✐♠♣❧✐❝❛♥❞♦ q✉❡

(up) é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T ;H1(Ω)). ✭✸✳✷✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ u′p ⇀ u′ ❡♠ L2(0, T ;L2(Ω)) ❡✱ ♣♦rt❛♥t♦✱ t❡r❡♠♦s q✉❡

(u′p) é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T ;L2(Ω)). ✭✸✳✷✼✮

❆❧é♠ ❞✐ss♦

H1(Ω)
comp→֒ L2(Ω). ✭✸✳✷✽✮

P♦rt❛♥t♦✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❆✉❜✐♥✲▲✐♦♥s✱ ❞❡ (3.26)✱ (3.27) ❡ (3.28) q✉❡ ❡①✐st❡ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ❞❡ (up)p∈N✱ ❛♦ q✉❛❧ ❛✐♥❞❛ ❞❡♥♦t❛r❡♠♦s ♣♦r (up)p∈N t❛❧ q✉❡

up → u ❢♦rt❡ ❡♠ L2(0, T, L2(Ω)) = L2(Q),

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ (B.2.9) ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (up)p∈N ❛ q✉❛❧

❛✐♥❞❛ ❝♦♥t✐♥✉❛r❡♠♦s ❞❡♥♦t❛♥t♦ ♣♦r (up) t❛❧ q✉❡

up → u q✉❛s❡ s❡♠♣r❡ ❡♠ Q.

❙❛❜❡♠♦s q✉❡ h é ❝♦♥tí♥✉❛✱ ❡♥tã♦ h(up) → h(u) q✳s ❡♠ Q✱ ✐st♦ é✱ ❞❛❞♦ ε ≥ 0✱ ❡①✐st❡

p1 ∈ N t❛❧ q✉❡

|h(up(x, t))− h(u(x, t))| < ǫ

2
, ♣❛r❛ p ≥ p1.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡s❞❡ q✉❡ up → u q✉❛s❡ s❡♠♣r❡ ❡♠ Q✱ t❡♠♦s q✉❡ ♣❛r❛ (x, t) ✜①❛❞♦✱

♦ ❝♦♥❥✉♥t♦ {up(x, t) : p ∈ N} é ❧✐♠✐t❛❞❛ ❡♠ R ❡✱ ♣♦rt❛♥t♦✱ ♣❡❧♦s ❚❡♦r❡♠❛ ❞❡ ❙tr❛✉ss✱

s❡❣✉❡ q✉❡

hp(up(x, t)) → h(up(x, t))

♦✉ ❛✐♥❞❛✱ ❡①✐st❡ p2 ∈ N t❛❧ q✉❡

|hp(up(x, t))− h(up(x, t))| <
ǫ

2
, ♣❛r❛ p ≥ p2.

❚♦♠❛♥❞♦ p = max{p1, p2}✱ t❡♠♦s

|hp(up(x, t))− h(up(x, t))| = |hp(up(x, t))− h(up(x, t)) + h(up(x, t))− h(u(x, t))| ≤
≤ |hp(up(x, t))− h(up(x, t))|+ |h(up(x, t))− h(u(x, t))| ≤ ε

2
+
ε

2
= ε



✺✽

♣❛r❛ t♦❞♦ p ≥ p0✳ ❆ss✐♠✱

hp(up) → h(u) q✳s✳ ❡♠ Q. ✭✸✳✷✾✮

❱✐♠♦s q✉❡ u′′p−µ∆up+hp(up) = fp ❡♠ L2(Q)✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ♣♦r up ∈ L2(Q)

❡ ✐♥t❡❣r❛♥❞♦ ❡♠ ◗✱ ♦❜t❡♠♦s
∫ T

0

(hp(up(t)), up(t))dt =

∫ T

0

(fp(t), up(t))dt+

∫ T

0

(µ∆up(t), up(t))dt

−
∫ T

0

(u′′p(t), up(t))L2(Ω).

❱❛♠♦s ❛♥❛❧✐s❛r ❝❛❞❛ t❡r♠♦ ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ s❡♣❛r❛❞❛♠❡♥t❡✳
∫ T

0

(µ(t)∆up(t), up(t))dt =

∫ T

0

∫

Ω

µ(t)∆up(x, t)up(x, t)dxdt =

∫ T

0

∫

Ω

∆(µ(t)up(x, t))dxdt.

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥✱ t❡♠♦s
∫ T

0

(µ(t)∆up(t), up(t))dt =

∫ T

0

∫

Γ1

∂(µ(t)up(x, t))

∂ν
up(x, t)dΓdt−

−
∫ T

0

∫

Ω

∇up(x, t)∇µ(t)up(x, t)dxdt+
∫ T

0

∫

Γ1

up(x, t)µ(t)
∂up(x, t)

∂ν
dΓdt−

−
∫ T

0

∫

Ω

µ(t)(∇up(x, t)∇up(x, t)) =
∫ T

0

∫

Γ1

β(x)u′p(x, t)up(x, t)dΓdt−

−
∫ T

0

µ(t)((up(t), up(t)))dt

❖❜s❡r✈❡♠♦s q✉❡

−
∫ T

0

µ(t)((up(t), up(t)))dt ≤
∣∣∣∣
∫ T

0

µ(t)((up(t), up(t)))

∣∣∣∣dt

❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③✱ ♦❜t❡♠♦s

−
∫ T

0

µ(t)((up(t), up(t)))dt ≤ ‖µ‖L∞(0,T )

∫ T

0

‖up(t)‖2 <∞

♣♦✐s ❛ ✐♠❡rsã♦ up ∈ L∞(0, T, V ) →֒ L2(0, T, V ) é ❝♦♥tí♥✉❛ ❡ (up) é ❝♦♥✈❡r❣❡♥t❡ ❡♠

L2(0, T, V )✳ ◆♦t❡♠♦s q✉❡
∣∣∣∣
∫ T

0

∫

Γ1

β(x)u′p(x, t)up(x, t)dΓdt

∣∣∣∣ ≤
∫ T

0

∫

Γ1

|β(x)u′p(x, t)up(x, t)|dΓdt ≤

≤ ‖β‖L∞(Γ1)

∫ T

0

(u′p(t), up(t))L2(Γ1) ≤ ‖β‖L∞(Γ1)

∫ T

0

|up(t)|L2(Γ1)|u′p(t)|L2(Γ1) ≤

≤ ‖β‖L∞(Γ1)

2

∫ T

0

|up(t)|2L2(Γ1)
dt+

‖β‖L∞(Γ1)

2

∫ T

0

|u′p(t)|2L2(Γ1)
dt ≤ C



✺✾

♣♦✐s (u′p) é ❝♦♥✈❡r❣❡♥t❡ ❡ ‖up‖L2(0,T,L2(Γ1)) ≤ k‖up‖L2(0,T,L2(Ω))✱ ♦♥❞❡ k é ❛ ❝♦♥st❛♥t❡ ❞❡

✐♠❡rsã♦ V →֒ L2(Ω). ❚❡♠♦s q✉❡
∣∣∣∣
∫ T

0

(fp(t), up(t))L2(Ω)dt

∣∣∣∣ dt ≤
∫ T

0

|(fp(t), up(t))|L2(Ω)dt

◆♦✈❛♠❡♥t❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ❡ ❨♦✉♥❣✱ ♦❜t❡♠♦s
∣∣∣∣
∫ T

0

(fp(t), up(t))dt

∣∣∣∣ dt ≤
∫ T

0

|fp(t)|2L2(Ω)dt+

∫ T

0

|up(t)|2L2(Ω) <∞,

♣♦✐s fp ∈ H1(0, T, L2(Ω))✱ up ∈ L2(0, T, L2(Ω)) ❡ sã♦ ❝♦♥✈❡r❣❡♥t❡s✳ P♦r ✜♠✱ ❝♦♠♦ ❢❡✐t♦

❡♠ ❚❡♠❛♠ ❬✷✷❪✱ ♦❜t❡♠♦s

d

dt
(u′p(t), up(t)) = (u′′p(t), up(t)) + (u′p(t), u

′
p(t))

♦ q✉❡ ✐♠♣❧✐❝❛

−(u′′p(t), up(t)) = − d

dt
(u′p(t), up(t)) + (u′p(t), u

′
p(t))

■♥t❡❣r❛♥❞♦ ❞❡ ✵ ❛té ❚✱ ♦❜t❡♠♦s

−
∫ T

0

(u′′p(t), up(t))dt = −(u′p(T ), up(T )) + (u′p(0), up(0)) +

∫ T

0

|u′p(t)|2dt,

♣♦✐s u′p ❝♦♥✈❡r❣❡ ❡♠ L∞(0, T ;V )✳ ◆♦t❡♠♦s q✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✱ q✉❡ up(0), up(T ), u′p(0), up(T )

sã♦ ❧✐♠✐t❛❞❛s❡♠ L2(Ω)✳ P♦rt❛♥t♦✱ ❞❛s ❧✐♠✐t❛çõ❡s ❛❝✐♠❛✱ ♦❜t❡♠♦s

∫ T

0

(hp(t), up(t))dt ≤ C, ✭✸✳✸✵✮

♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❡ ♣✳ ◆♦t❡♠♦s t❛♠❜é♠ q✉❡
∫ T

0

|u′p(t)|dt <∞✳

❊♥tã♦✱ ♣♦r (3.29) ❡ (3.30), s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ B.1.5 q✉❡

hp(up) → h(u) ❢♦rt❡ ❡♠ L1(Q) ✭✸✳✸✶✮

✸✳✷ P❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✷✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ u′′p + µ∆up +

hp(up) = fp ♣♦r vθ ❝♦♠ v ∈ D(Ω) ❡ θ ∈ D(0, T )✱ ✐♥t❡❣r❛♥❞♦ ❞❡ ✵ ❛ ❚ ❡ ✉s❛♥❞♦ ❛s

❝♦♥✈❡r❣ê♥❝✐❛s ✱ (3.11)✱ (3.21)✱ (3.23) ❡ (3.30) ❝♦♥❝❧✉í♠♦s q✉❡

u′′ − µ∆u+ h(u) = f ❡♠ D′(Q).



✻✵

❈♦♠♦ u ∈ L∞(0, T ;V )✱ ♦❜t❡♠♦s q✉❡ −∆u ∈ L∞(0, T ;V ′)✳ ❉❡ ❢❛t♦✱ ♦ ♦♣❡r❛❞♦r ❧❛♣❧❛✲

❝✐❛♥♦ ❞❛❞♦ ♣♦r

−∆ : V → V ′

u 7→ ∆u

é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦✳ ▲♦❣♦✱ ‖∆u(t)‖V ′ ≤ C‖u(t)‖✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ −∆u ∈ L∞(0, T, V ′)✳

❱❛♠♦s ♠♦str❛r q✉❡ u s❛t✐s❢❛③ ♦ Pr♦❜❧❡♠❛ ✭✶✮✱ ✐st♦ é✱

u′′ − µ∆u+ h(u) = f ❡♠ L1(0, T ;V ′ + L1(Ω)). ✭✸✳✸✷✮

❈♦♠ ❡❢❡✐t♦✱ s❛❜❡♠♦s q✉❡ f ∈ L2(0, T ;L2(Ω)) ❡ q✉❡ ❛ ✐♠❡rsã♦ L2(0, T, L2(Ω)) →֒
L1(0, T ;V ′) é ❝♦♥tí♥✉❛✳ ❆❧é♠ ❞✐ss♦✱ µ∆u ∈ L∞(0, T ;V ′) ❡ h(u) ∈ L1(0, T ;L1(Ω))✱ ❝♦♠

L1(0, T ;L1(Ω)) →֒ L1(0, T ;V ′ + L1(Ω)) ❝♦♥tí♥✉❛✳ P♦rt❛♥t♦✱ s❡❣✉❡ ❛ ✐❣✉❛❧❞❛❞❡ (3.32).

P❛r❛ ❝♦♠♣❧❡t❛r ❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡ ζ =
∂u

∂ν
❡ ♣❛r❛ t❛♥t♦✱ ✉s❛r❡✲

♠♦s ♦s r❡s✉❧t❛❞♦s ❞♦ ❈❛♣ít✉❧♦ ✶✳

❉❡ ❢❛t♦✱ t❡♠♦s

−∆(µu) = f − u′′ − h(u), ❝♦♠ f ∈ L2(Q) ❡ h(u) ∈ L1(Q)

❉❡s❞❡ q✉❡ f(t) ∈ L2(Ω)✱ ♣❡❧♦ ❚❡♦r❡♠❛ (B.2.6) ❡①✐st❡ ✉♠ ú♥✐❝♦ y(t) ∈ V ∩ H2(Ω)

s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ −∆y(t) = f(t).

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ❡①✐st❡ ú♥✐❝♦ z(t) ∈ V ∩H2(Ω) s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ −∆z(t) = u′(t)✳

❈♦♠♦ h(u(t)) ∈ L1(Ω)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ v(t) ∈ Lp′(Ω) s♦❧✉çã♦ ❞♦ ♣r♦✲

❜❧❡♠❛ ∣∣∣∣∣∣∣∣∣∣

−∆v(t) = h(u(t)) ❡♠ Ω

v = 0 s♦❜r❡ Γ0

∂v

∂ν
= 0 ❡♠ Γ1

✭✸✳✸✸✮

❆❧é♠ ❞✐ss♦ ❛ ❛♣❧✐❝❛çã♦ T : L1(Ω) → Lp′(Ω)✱ T (h(u(t)) = v(t) é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✱

❝♦♥❢♦r♠❡ ❛ Pr♦♣♦s✐çã♦ 1.6.2✳ ❉❛í✱ v ∈ L1(0, T ;Lp′(Ω))✳ ❉❡ ❢❛t♦

∫ T

0

‖v(t)‖Lp′ (Ω)dt =

∫ T

0

‖T (h(u(t)))‖L1(Ω)dt ≤ C

∫ T

0

‖h(u(t))‖L1(Ω) <∞

♠♦str❛♥❞♦ q✉❡ v ∈ L1(0, T, Lp′(Ω))✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ B.2.6✱ ♦❜t❡♠♦s

y, z ∈ Lp(0, T, V ∩H2(Ω)).



✻✶

❈♦♥s❡q✉❡♥t❡♠❡♥t❡

−∆(µu) = −∆y + (∆z)′ +∆v ❡♠ L1(0, T, V ′ + L1(Ω)).

❉❛í✱ ♣❛r❛ w ∈ D(Ω)✱ t❡♠♦s

〈−∆(µ(t)u(t)), w〉 = 〈−∆y(t) + (∆z(t))′ +∆v(t), w〉 ∈ L1(0, T ).

❘❡❝♦r❞❡♠♦s q✉❡ L1(0, T )
cont→֒ D′(0, T )✱ ❛ss✐♠ ♣❛r❛ θ ∈ D(0, T )✱ t❡♠♦s

〈〈−∆(µ(t)u(t)), w〉 , θ(t)〉D′(0,T )×D(0,T ) = 〈〈−∆y(t) + (∆z(t))′ +∆v(t), w〉 , θ(t)〉D′(0,T )×D(0,T ) .

♦ q✉❡ ✐♠♣❧✐❝❛

∫ T

0

〈−∆(µ(t)u(t)), w〉 θ(t)dt =
∫ T

0

〈−∆y(t) + (∆z(t))′ +∆v(t), w〉 θ(t)dt.

▲♦❣♦✱
〈∫ T

0

(−∆(µ(t)u(t)) θ(t)dt, w

〉
=

〈∫ T

0

(−∆y(t) + (∆z(t))′ +∆v(t)) θ(t), w

〉
.

✐♠♣❧✐❝❛♥❞♦
∫

Ω

(∫ T

0

(−∆(µ(t)u(t)) θ(t)dt

)
wdx =

∫

Ω

(∫ T

0

(−∆y(t) + (∆z(t))′ +∆v(t)) θ(t)dt

)
wdx.

P❡❧♦ ▲❡♠❛ 1.1.1✱ ♦❜t❡♠♦s

−
∫ T

0

∆µ(t)u(t)θ(t)dt = −
∫ T

0

∆y(t)θ(t)dt+

∫ T

0

(∆z(t))′θ(t)dt+

∫ T

0

∆v(t)θ(t)dt.

❯s❛♥❞♦ ❞❡r✐✈❛❞❛ ❞✐str✐❜✉❝✐♦♥❛❧✱ ♦❜t❡♠♦s

−
∫ T

0

∆µ(t)u(t)θ(t)dt = −
∫ T

0

∆y(t)θ(t)dt−
∫ T

0

∆z(t)θ′(t)dt+

∫ T

0

∆v(t)θ(t)dt

❆ss✐♠✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ B.2.12 q✉❡

−∆

[∫ T

0

µ(t)u(t)θ(t)dt−
∫ T

0

y(t)θ(t)dt−
∫ T

0

z(t)θ′(t)dt

]
= −∆

[∫ T

0

(−v(t))θ(t)dt
]
.

❡✱ ♣♦rt❛♥t♦✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t✲◆❡✉♠❛♥♥✱ t❡♠♦s q✉❡
∫ T

0

µ(t)u(t)θ(t)dt−
∫ T

0

y(t)θ(t)dt−
∫ T

0

z(t)θ′(t)dt =

∫ T

0

(−v(t))θ(t)dt.

❉❛í✱ ∫ T

0

(
u(t)− y(t) + z′(t) + v(t)

)
θ(t)dt = 0, ∀θ ∈ D(0, T ).



✻✷

▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ❉✉ ❇♦②s ❘❡②♠♦✉♥❞✱ ♦❜t❡♠♦s

µ(t)u(t)− y(t) + z′(t) = −v(t). ✭✸✳✸✹✮

P❡❧❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ❡ ♣♦r z ∈ L2(0, T,H2(Ω))✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦

(1.5.2) q✉❡

γ1(µ(t)u(t)) = γ1y(t)− γ1z
′(t)− γ1v(t) = γ1y(t)− (γ1z(t))

′ − γ1v(t). ✭✸✳✸✺✮

P❡❧❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ (1.12)✱ t❡♠♦s γ1y ∈ L2(0, T,H
1
2 (Γ1))✳ ❙❡❣✉❡ ❞❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

L2(0, T,H
1
2 (Γ1)) →֒ H−1(0, T,H

1
2 (Γ1)) q✉❡

γ1y ∈ H−1(0, T,H
1
2 (Γ1)). ✭✸✳✸✻✮

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ t❡♠♦s q✉❡

γ1z ∈ H−1(0, T,H
1
2 (Γ1)). ✭✸✳✸✼✮

❈♦♠♦ v ∈ E ✱ ♦♥❞❡ E =
{
v ∈ Lp′(Ω);∆v ∈ L1(Ω)

}
✱ s❡❣✉❡ ❞❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ♣❛r❛ E

✈✐st♦ ♥♦ ❈❛♣ít✉❧♦ ✶ q✉❡

γ1v ∈ L1(0, T ;W
1
p
−2(Γ1)) ✭✸✳✸✽✮

P♦rt❛♥t♦ ❞❡ (3.35)✲(3.38)✱ ❝♦♥❝❧✉í♠♦s q✉❡

γ1(µu) ∈ H−1(0, T ;H
1
2 (Γ1)) + L1(0, T ;W

1
p
−2(Γ1)).

❘❡❝♦r❞❡ q✉❡

−∆(µu)p = fp − u′′p − hp(up) ❡♠ L2(Q).

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❆❣♠♦♥✲❉♦✉❣❧✐s✲◆✐r❡♠❜❡r❣✱ ❡①✐st❡♠ ú♥✐❝❛s ❢✉♥çõ❡s

yp, zp, vp ∈ L2(0, T ;V ∩H2(Ω))

t❛✐s q✉❡

−∆yp = fp, −∆zp = u′p ❡ −∆vp = hp(up).

P♦rt❛♥t♦✱ ♣❡❧♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❛♥t❡r✐♦r✱ ♦❜t❡♠♦s q✉❡

(µu)p = yp − z′p − vp. ✭✸✳✸✾✮



✻✸

▼♦tr❛r❡♠♦s q✉❡ yp ⇀ y ❡♠ L2(0, T, V ∩H2(Ω))✳ ❉❡ ❢❛t♦✱ ♦❜s❡r✈❡♠♦s q✉❡

‖yp‖2L2(0,T,V ∩H2(Ω)) =

∫ T

0

‖yp(t)‖2V ∩H2(Ω)dt ≤

≤ C

∫ T

0

|∆yp(t)|2dt = C

∫ T

0

|fp(t)|2dt =

= C‖fp‖2Lp(0,T ;L2(Ω)) <∞,

♣♦r (3.11)✳ ❆ss✐♠✱ (yp) é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T ;V ∩H2(Ω)) ❡ s❡♥❞♦ r❡✢❡①✐✈♦✱ ❡①✐st❡ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ❞❡ (yp)✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r (yp)p∈N✱ t❛❧ q✉❡

yp ⇀ χ ❡♠ L2(Q).

❉❡s❞❡ q✉❡ L2(Q)
cont→֒ D′(Q)✱ ❡♥tã♦

∆yp → ∆χ ❡♠ D′(Q) ✭✸✳✹✵✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ∆yp = fp ❡ ♣♦r (3.11) s❡❣✉❡ q✉❡

∆yp → ∆y ❡♠ D′(Q). ✭✸✳✹✶✮

❉❡ (3.40) ❡ (3.41)✱ s❡❣✉❡ q✉❡ ∆χ = ∆y✳ ❈♦♠♦ ∆y ∈ L2(Ω)✱ ♣♦r ✉♥✐❝✐❞❛❞❡ ❞♦ ♣r♦❜❧❡♠❛

❞❡ ❉✐r✐❝❤❧❡t✱ s❡❣✉❡ q✉❡ χ = y✳ P♦rt❛♥t♦✱ ♦❜t❡♠♦s q✉❡

yp ⇀ y ❡♠ L2(0, T ;V ∩H2(Ω))

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ ❚r❛ç♦✱ r❡s✉❧t❛ q✉❡

γ1yp ⇀ γ1y ❡♠ L2(0, T ;H
1
2 (Γ1)). ✭✸✳✹✷✮

❆♥❛❧♦❣❛♠❡♥t❡

zp ⇀ z ❡♠ L2(0, T ;V ∩H2(Ω)). ✭✸✳✹✸✮

P♦r (3.43) ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ 1.2.2, ♦❜t❡♠♦s

z′p ⇀ z′ ❡♠ H−1(0, T ;V ∩H2(Ω)),

✐♠♣❧✐❝❛♥❞♦ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ tr❛ç♦

γ1z
′
p ⇀ γ1z

′ ❡♠ H−1(0, T ;H
1
2 (Γ1)),

♦✉ s❡❥❛

(γ1zp)
′ ⇀ (γ1z)

′ ❡♠ H−1(0, T ;H
1
2 (Γ1)) ✭✸✳✹✹✮



✻✹

P♦r ✜♠✱ ♠♦str❛r❡♠♦s q✉❡

vp → v ❡♠ L1(0, T ;E)

❉❡ ❢❛t♦✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡

‖vp − v‖L1(0,T ;E) → 0

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✭✶✳✻✳✷✮✱ ♦❜t❡♠♦s

‖vp − v‖L1(0,T,E) =

∫ T

0

‖vp(t)− v(t)‖Lp′ (Ω)dt+

∫ T

0

‖∆vp(t)− v(t)‖L1(Ω) =

=

∫ T

0

‖T (hp(up(t)))− T (h(u(t)))‖Lp′ (Ω)dt+

∫ T

0

‖hp(up(t))− h(u(t))‖dt ≤

≤ (C + 1)

∫ T

0

‖hp(up(t))− h(u(t))‖L1(Ω)dt = (C + 1)‖hp(t)− h(u)‖L1(0,T,L1(Ω)) → 0

q✉❛♥❞♦ p→ ∞✳ P♦rt❛♥t♦✱ ♣♦r (3.11) ❡ (3.30) ❝♦♥❝❧✉í♠♦s q✉❡

‖vp − v‖L1(0,T,E) → 0.

❆ss✐♠✱ ❝♦♠♦ ❢❡✐t♦ ❡♠ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳❆✳▼❡❞❡✐r♦s✱ ✭tr❛ç♦ ♣❛r❛ ❢✉♥çõ❡s ❞❡ ❊✮

γ1vp ⇀ γ1v ❡♠ L1(0, T ;W
1
p
−2,p′(Γ1)) ✭✸✳✹✺✮

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ❡ ♣❡❧❛s ❝♦♥✈❡r❣ê♥❝✐❛s (3.42)✱ (3.44)

❡ (3.45)✱ ♦❜t❡♠♦s

γ1(µu)p ⇀ γ1(µu) ❡♠ H−1(0, T ;H
1
2 (Γ1)) + L1(0, T ;W

1
p
−2,p′(Γ1))

❖❜s❡r✈❡ q✉❡

H−1(0, T ;H
1
2 (Γ1))+L

1(0, T ;W
1
2
−2,p′(Γ1))

cont→֒ H−1(0, T ;L2(Γ1))+L
1(0, T ;W

1
2
−2,p′(Γ1)).

P♦rt❛♥t♦

γ1(µu)p ⇀ γ1(µu) ❡♠ H−1(0, T ;L2(Γ1)) + L1(0, T ;W
1
2
−2,p′(Γ1)). ✭✸✳✹✻✮

▲♦❣♦✱ ❞❡ ✭✸✳✷✷✮ ❡ ✭✸✳✹✻✮✱ ♦❜t❡♠♦s

ζ =
∂up

∂ν
❡♠ L2(0, T ;L2(Γ1))

❡ q✉❡

γ1(µu)p ⇀ γ1(µu) ❡♠ L2(0, T ;L2(Γ1)).



✻✺

❖❜s❡r✈❛çã♦ ✸✳✷✳✶ ❆s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ♠♦str❛✲s❡ ❝♦♠♦ ❢❡✐t♦ ♣❛r❛ s♦❧✉çã♦ ❢♦rt❡✳✭❱❡r

❈❛♣ít✉❧♦ ✶✮

❖❜s❡r✈❛çã♦ ✸✳✷✳✷ P❛r❛ h ♥❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛✱ ❛ ✉♥✐❝✐❞❛❞❡ é ✉♠ ♣r♦❜❧❡♠❛ ❡♠

❛❜❡rt♦✳



❈❛♣ít✉❧♦ ✹

❈♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❛

s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✮✱ ♦♥❞❡ ❡ss❛ ❡♥❡r❣✐❛ s❡rá ❞❛❞❛ ♣❡❧♦ ❢✉♥❝✐♦♥❛❧

E(t) =
1

2

[
|u′(t)|2 + µ(t)‖u(t)‖2 + 2

∫

Ω

Λ(u(x, t))dx
]
. ✭✹✳✶✮

P❛r❛ ♦❜t❡r ❡st❡ ❞❡❝❛✐♠❡♥t♦✱ ❝♦♥str✉ír❡♠♦s ♦ ♦♣❡r❛❞♦r ❞❡ ▲✐❛♣✉♥♦✈ ❡ ✉t✐❧✐③❛r❡♠♦s té❝✲

♥✐❝❛s ♠✉❧t✐♣❧✐❝❛t✐✈❛s ❝♦♠♦ ❢❡✐t♦ ❡♠ ❑♦r♠♦♥✐❦✲❩✉❛③✉❛ ❬✾❪✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❤✐♣ót❡s❡

µ′(t) ≤ 0 q✉❛s❡ s❡♠♣r❡ ❡♠ [0,∞) ✭✹✳✷✮

t❡♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✮ t❡♠ ✉♠❛ s♦❧✉çã♦ ❣❧♦❜❛❧ ❢♦rt❡ ❡ ❢r❛❝❛ ♥❛ ✈❛r✐á✈❡❧ t❡♠♣♦r❛❧ t✳

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r♠♦s ♦ t❡♦r❡♠❛✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛❧❣✉♠❛s ❤✐♣ót❡s❡s✿

❊①✐st❡ δ > 0 t❛❧ q✉❡ h(s)s ≥ (2 + δ)Λ(s), ∀s ∈ R. ✭✹✳✸✮

❙❡❥❛ ❑ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ t❛❧ q✉❡
∫

Γ1

β(x)|v| ≤ K‖v‖2 ✭✹✳✹✮

❙❡❥❛ x0 ∈ R
n ❡ m(x) = x− x0✱ ❝♦♠ x ∈ R

n t❛❧ q✉❡

Γ0 =
{
x ∈ Γ : m(x)ν(x) ≤ 0

}
❡ Γ1 =

{
x ∈ Γ : m(x)ν(x) ≥ τ ≥ 0

}

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r β(x) = m(x).ν(x)✱ ♦♥❞❡ ν(x) é ♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦

❡①t❡r✐♦r ❛ Γ ❡ ♦ ♥ú♠❡r♦ ‖m‖L∞(Ω) s❡rá r❡♣r❡s❡♥t❛❞♦ ♣♦r ❘✳ P♦r ✜♠✱ ❞❡♥♦t❛r❡♠♦s λ1

❝♦♠♦ s❡♥❞♦ ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞♦ ♣r♦❜❧❡♠❛ ❡s♣❡❝tr❛❧

((w, v)) = λ(w, v), ∀v ∈ V.



✻✼

✹✳✶ ❉❡❝❛✐♠❡♥t♦ ❊①♣♦♥❡♥❝✐❛❧ ❞❛ ❊♥❡r❣✐❛

❚❡♦r❡♠❛ ✹✳✶✳✶ ❙✉♣♦♥❤❛♠♦s q✉❡ (H1)✲(H3) ❡ q✉❡ (4.2) ❡ (4.3) ❡stã♦ ❛ss❡❣✉r❛❞❛s✳ ❊♥✲

tã♦✱ ❞❛❞♦ (u0, u1) ∈ V × L2(Ω) ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ω > 0 t❛❧ q✉❡ ❛ ❡♥❡r❣✐❛ (4.1)

s❛t✐s❢❛③

E(t) ≤ 4E(0) exp−ω
2
t, ∀t ≥ 0. ✭✹✳✺✮

❉❡♠♦♥str❛çã♦✿ Pr♦✈❛r❡♠♦s ❛ ♣r✐♥❝í♣✐♦ (4.5) ♣❛r❛ ❛ ❡♥❡r❣✐❛ Ep(t) q✉❡ é s✐♠✐❧❛r ❛ E(t)✱

♦♥❞❡ Ep(t) é ❛ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❛ s♦❧✉çã♦ ❢♦rt❡ ♦❜t✐❞❛ ♥♦ ❈❛♣ít✉❧♦ ✷ ❡ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡

✐♥❢❡r✐♦r ♥❛ ❡♥❡r❣✐❛ Ep(t)✱ ♦❜t❡r❡♠♦s (4.5)✳ P❡❧♦ ❚❡♦r❡♠❛ 3 t✐♥❤❛♠♦s ❛ ✐❣✉❛❧❞❛❞❡

u′′p − µ∆up + hp(up) = fp ❡♠ L2(0, T ;L2(Ω)).

❆❣♦r❛ ❝♦♥s✐❞❡r❛♥❞♦ fp = 0✳ ❉❛í✱ ❞❛í ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿

u′′p − µ∆up + hp(up) = 0 ❡♠ L2(0, T ;L2(Ω)).

❚♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ L2(Ω) ❝♦♠ u′p(t) ∈ L2(Ω)✱ ♦❜t❡♠♦s

(u′′p(t), u
′
p(t))− (µ(t)∆up(t), u

′
p(t)) + (hp(up)(t), u

′
p(t)) = 0. ✭✹✳✻✮

❖❜s❡r✈❡♠♦s q✉❡

(u′′p(t), u
′
p(t)) =

1

2

d

dt
|u′p(t)|

❡

(µ(t)∆up(t), u
′
p(t)) = (∆[µ(t)up(t)], u

′
p(t))✳

P❡❧♦ ❚❡♦r❡♠❛ (B.2.4)✱

(∆[µ(t)up(t)], u
′
p(t)) = −(∇µ(t)up(t),∇u′p(t))− µ(t)((up(t), u

′
p(t))) +

∫

Γ1

u′p(t)µ
∂up(t)

∂ν
dΓ =

=

∫

Γ1

u′p(t)µ(t)
∂up(t)

∂ν
dΓ.

✭✹✳✼✮

❉❡ (❄❄)✱ s❡❣✉❡ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✸

µ(t)
∂up(t)

∂ν
= −β(x).u′p(t).

❆ss✐♠✱ ❞❡ (4.7) t❡♠✲s❡

(∆[µ(t)up(t)], u
′
p(t)) = −µ(t)((up(t), u′p(t)))−

∫

Γ1

β(x)[u′p(t)]
2dΓ



✻✽

= µ(t)
d

dt
‖up(t)‖2 −

∫

Γ1

β(x)[u′p(t)]
2dΓ. ✭✹✳✽✮

◆♦t❡♠♦s q✉❡✱

1

2

d

dt

(
µ(t)‖up(t)‖2

)
=

1

2
µ′(t)‖up(t)‖2 + µ(t)

1

2

d

dt
‖up(t)‖2,

✐♠♣❧✐❝❛♥❞♦ q✉❡

−µ(t)1
2

d

dt
‖up(t)‖2 =

1

2
µ′(t)‖up(t)‖2 −

1

2

d

dt

(
µ(t)‖up(t)‖2

)
.

P♦rt❛♥t♦ ❞❡ (4.7)✱ ♦❜t❡♠♦s

(∆[µ(t)up(t)], u
′
p(t)) =

1

2
µ′(t)‖up(t)‖2 −

1

2

d

dt

(
µ(t)‖up(t)‖2

)
−

−
∫

Γ1

β(x)[u′p(t)]
2dΓ. ✭✹✳✾✮

P♦r ✜♠✱ r❡❝♦r❞❡♠♦s q✉❡

(hp(up(t), u
′
p(t)) =

d

dt

∫

Ω

Λp(up(x, t))dx.

❆ss✐♠✱ ❞❡ (4.6) ❡ ❞❛s ú❧t✐♠❛s ✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ ♦❜t❡♠♦s

1

2

d

dt
|u′p(t)|2 −

1

2
µ′(t)‖up(t)‖2 +

1

2

d

dt

(
µ(t)‖up(t)‖2

)
+

∫

Γ1

β(x)[u′p(t)]
2dΓ = 0

♦ q✉❡ ✐♠♣❧✐❝❛

1

2

[
|u′p(t)|2 + µ(t)‖up(t)‖2L2(Γ1)

+ 2

∫

Ω

Λp(up(x, t))dx
]
=

1

2
µ′(t)‖up(t)‖L2(Γ1)−

−
∫

Γ1

β(x)[u′p(t)]
2dΓ ≤ −β0‖u′p(t)‖2L2(Γ1)

.

▲♦❣♦✱

E ′
p(t) ≤ −β0‖u′p(t)‖2L2(Γ1)

. ✭✹✳✶✵✮

♦♥❞❡ Ep(t) é ❛ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❛ s♦❧✉çã♦ ❢♦rt❡ up✳ P♦rt❛♥t♦✱ ❞❡ (4.10) ♣♦❞❡♠♦s

❝♦♥❝❧✉✐r q✉❡ Ep(t) é ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡♥t❡✳ ❉❛❞♦ ǫ > 0 ❛r❜✐trár✐♦✱ ❞❡✜♥✐♠♦s ❛

❡♥❡r❣✐❛ ♣❡rt✉❜❛❞❛ ♣♦r

Epǫ(t) = Ep(t) + ǫψ(t)

❝♦♠

ψ(t) = 2(u′p(t),m∇up(t)) + θ(u′p(t), up(t)),



✻✾

♦♥❞❡ θ ∈ (0, n) t❛❧ q✉❡

∃γ > 0 t❛❧ q✉❡ θh(s)s ≥ (2n+ γ)Λ(s), ∀s ∈ R. ✭✹✳✶✶✮

❖❜s❡r✈❡♠♦s q✉❡ ❛ ❡s❝♦❧❤❛ ❞❡ss❡ θ é ♣♦ssí✈❡❧ ♣♦r (4.3)✳ ❉❡ ❢❛t♦✱ t♦♠❛♥❞♦ ❛❧❣✉♠ γ t❛❧

q✉❡ 0 < γ < δn✱ t❡♠♦s
2n+ γ

2 + δ
h(s)s ≥ (2n+ γ)Λ(s),

♦♥❞❡

0 <
2n+ γ

2 + δ
<

2n+ δn

2 + δ
=
n(2 + δ)

2 + δ
= n,

♣❛r❛ 0 < γ < δn✳ ❆❣♦r❛✱ ♥♦t❡♠♦s q✉❡

|ψ(t)| ≤ R

µ0

|u′p(t)|2 +Rµ(t)‖up(t)‖2L2(Γ1)
+
θ

2

[ |u′p(t)|2
µ0

+
µ(t)‖up(t)‖L(Γ1)

λ1

]
.

❈♦♠ ❡❢❡✐t♦✱

|ψ(t)| ≤ 2|(u′p(t),m∇up(t))|+ θ|(u′p(t), up(t))|.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ❡ ❨♦✉♥❣ ❡ ❞❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ V →֒ L2(Ω)

♦❜t❡♠♦s

|ψ(t)| ≤ 2|(u′p(t)|‖m‖L∞(Ω)|∇up(t)|+ θ|u′p(t)||up(t)| ≤

2

√
µ(t)√
µ(t)

|(u′p(t)|‖m‖L∞(Ω)|∇up(t)|+ θ

√
µ(t)√
µ(t)

|u′p(t)||up(t)| ≤

≤ 2

√
µ(t)√
µ0

|u′p(t)|‖m‖L∞(Ω)|∇up(t)|+ θ

√
µ(t)√
µ0

|u′p(t)||up(t)|

2R

[
|u′p(t)|2
2µ0

+
|∇up(t)|2

2

]
+
θ

2

[
|(u′p(t)|2
µ0

+ c0µ(t)‖up(t)‖2
]
.

♦♥❞❡ R = ‖m‖L∞(Ω) ❡ c0 ❛ ❝♦♥st❛♥t❡ ❞❡ ✐♠❡rsã♦✳ ❉♦ ♣r♦❜❧❡♠❛ s♣❡tr❛❧ ((w, v)) =

λ(w, v)✱ ∀v ∈ V ✱ t♦♠❛♥❞♦ w = v = up(t) ∈ V ✱ ♣♦✐s up ∈ L∞(0, T, V )✱ s❡❣✉❡ q✉❡

((up(t), up(t))) = λ(up(t), up(t))

✐♠♣❧✐❝❛♥❞♦

|up(t)|2 =
1

λ
‖up(t)‖2 ≤

1

λ1
‖up(t)‖2,

♦♥❞❡ λ1 é ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞♦ ♣r♦❜❧❡♠❛ ❡s♣❡❝tr❛❧ ❛❝✐♠❛✳ ❆ss✐♠✱ t❡♠♦s q✉❡

|ψ(t)| ≤ R

µ0

|u′p(t)|2 +Rµ(t)‖up(t)‖2 +
θ

2

[
|u′p(t)|2
µ0

+
µ(t)‖up(t)‖2

λ1

]
,



✼✵

♦✉

|ψ(t)| ≤
[
R

µ0

+
θ

2µ0

]
|u′p(t)|2 +

[
R +

1

2λ1

]
µ(t)‖up(t)‖2 ≤

≤ 2

[
R

µ0

+
θ

2µ0

+R +
1

2λ1

](
1

2

)[
|u′p(t)|2 + µ(t)‖up(t)‖2

][
2R

µ0

+
θ

µ0

+ 2R +
θ

λ1

]
Ep(t),

✐st♦ é✱

|ψ(t)| ≤ C1Ep(t), ✭✹✳✶✷✮

♦♥❞❡ C1 = C1(R, µ0, θ, λ1) =
2R

µ0

+
θ

µ0

+ 2R +
θ

λ1
✳ ❘❡❝♦r❞❡♠♦s q✉❡

Epǫ(t) = Ep(t) + ǫψ(t).

P♦r (4.12)✱ t❡♠♦s

|Epǫ(t)− Ep(t)| = |Ep(t) + ǫψ(t)− Ep(t)| = ǫ|ψ(t)| ≤ ǫC1Ep(t),

♦✉ ❛✐♥❞❛

(1− ǫC1)Ep(t) ≤ Epǫ(t) ≤ (1 + ǫC1)Ep(t).

❚♦♠❛♥❞♦ 0 < ǫ <
1

2C1

❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s✿

Ep(t)

2
≤ Epǫ(t) ≤

3

2
Ep(t) ≤ 2Ep(t). ✭✹✳✶✸✮

❈♦♥s✐❞❡r❡♠♦s ❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ ψ(t) ❡ ✉s❛♥❞♦ q✉❡ u′′p−µ∆up+hp(up) = 0✱ ♦❜t❡♠♦s

ψ′(t) = 2(u′′p(t),m∇up(t)) + 2(u′p(t),m∇u′p(t)) + θ(u′′p(t), up(t)) + θ(u′p(t), u
′
p(t)) =

= 2(µ(t)∆up(t)− hp(up),m∇up(t)) + 2(u′p(t),m∇u′p(t)) + θ(µ(t)∆up(t)−

hp(up(t)), up(t)) + θ|u′p(t)|2 = 2µ(t)(∆up(t),m∇up(t))− 2(hp(up),m∇up(t))+

+2(u′p(t),m∇u′p(t)) + +θ(t)(∆up(t), up(t))− θ(hp(up(t)), up(t)) + θ|u′p(t)|2.

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥✱ ♦❜t❡♠♦s

ψ′(t) = 2µ(t)(∆up(t),m∇up(t))− 2(hp(up),m∇up(t)) + 2(u′p(t),m∇u′p(t))+

+θ|u′p(t)|2 − θµ(t)(∇up(t),∇up(t)) + θµ(t)

(
up(t),

∂up(t)

∂ν

)

L2(Γ1)

− θ(hp(up(t), up(t))



✼✶

✐♠♣❧✐❝❛♥❞♦ q✉❡

ψ′(t) = 2µ(t)(∆up(t),m∇up(t))− 2(hp(up),m∇up(t)) + 2(u′p(t),m∇u′p(t)) + θ|u′p(t)|2−

−θµ(t)‖up(t)‖2 − θ(up(t), u
′
p(t))L2(Γ1) − θ(hp(up(t), up(t)).

✭✹✳✶✹✮

❱❛♠♦s ❛❣♦r❛ ❛♥❛❧✐s❛r ❝❛❞❛ t❡r♠♦ ❞❡ (4.14)✱ ❡ ♣❛r❛ t❛♥t♦ ❝♦♥s✐❞❡r❛r❡♠♦s ♣♦r ❝♦♥✈✐♥✐✲

ê♥❝✐❛ ❛♣❡♥❛s ♦s t❡r♠♦s ❝♦♠ í♥❞✐❝❡ ❥✳

❆♥á❧✐s❡ ❞❡

• (∆up(t),m∇up(t))✳

P❡❧♦ t❡♦r❡♠❛ ❞❡ ●r❡❡♥✱ t❡♠♦s
∫

Ω

∂2up(t)

∂x2i

(
mj

∂up(t)

∂xj

)
dx =

∫

Ω

∂

∂xi

∂up(t)

∂ν
mj

∂up(t)

∂xj
dx = −

∫

Ω

∂up(t)

∂xi

∂

∂xi

(
mj

∂up(t)

∂xj

)
dx+

+

∫

Γ1

∂up(t)

∂xi
mj(x)

∂up(t)

∂xj
.vidΓ = −

∫

Ω

∂up(t)

∂xi

mj

∂xi

∂up(t)

∂xj
dx−

∫

Ω

∂up(t)

∂xi
.mj

∂up(t)

∂xi∂xj
dx+

+

∫

Γ1

∂up(t)

∂xi
mj(x)

∂up(t)

∂xj
.vidΓ

❙❡♥❞♦

∂

∂xj

(
∂up(t)

∂xi
mj

∂up(t)

∂xi

)
=
∂up

∂xj

∂

∂xi

(
mj

∂up

∂xi

)
+
∂up

∂xi
mj

∂2up

∂xixj
✳

❆ss✐♠
∫

Ω

∂

∂xj

(
∂up(t)

∂xi
mj

∂up(t)

∂xi

)
dx =

∫

Ω

∂up

∂xj

∂

∂xi

(
mj

∂up

∂xi

)
dx+

∫

Ω

∂up

∂xi
mj

∂2up

∂xixj
dx.

❊♥tã♦✱ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ●❛✉ss✱ t❡♠♦s q✉❡
∫

Γ

∂up

∂xi
mj

∂up

∂xi
νjdxdΓ =

∫

Ω

∂up

∂xj

∂

∂xi

(
mj

∂up

∂xi

)
dx+

∫

Ω

∂up

∂xi
mj

∂2up

∂xixj
dx.

P♦rt❛♥t♦
∫

Ω

∂2up(t)

∂xixj

(
mj

∂up(t)

∂xj

)
dx = −

∫

Ω

∂up

∂xi

∂mj

∂xi

∂up

∂xj
dx+

1

2

∫

Ω

∂up

∂xi

∂mj

∂xi

∂up

∂xj
dx−

−1

2

∫

Γ1

∂up

∂xi
mj

∂up

∂xj
vjdx+

∫

Γ1

∂up

∂xi
mj(x)

∂up

∂xj
vidx. ✭✹✳✶✺✮

❚♦♠❛♥❞♦ ♦ s♦♠❛tór✐♦ ❝♦♠ i, j = 1, . . . , n✱ ♦❜t❡♠♦s

(∆up(t),m∇up(t)) = −
∫

Ω

∂up

∂xi

∂mj

∂xi

∂up

∂xj
dx+

1

2

∫

Ω

∂up

∂xi

∂mj

∂xi

∂up

∂xj
dx−

−1

2

∫

Γ1

∂up

∂xi
mj

∂up

∂xj
vjdΓ +

∫

Γ1

∂up

∂xi
mj(x)

∂up

∂xj
vidΓ.

❆♥á❧✐s❡ ❞❡



✼✷

• (hp(up(t)),m∇up(t))✳

❖❜s❡r✈❡♠♦s q✉❡

∫

Ω

mj

∂Λ(up(t))

∂xj
dx =

∫

Ω

mj

∂

∂xj

(∫ up(t)

0

hp(s)ds

)
dx =

∫

Ω

mjh(up(t))
∂up(t)

∂xj
.

❆ss✐♠✱

(hp(up(t)),

(
mj

∂up(t)

∂xj

)
dx =

∫

Ω

mjh(up(t))
∂up(t)

∂xj
dx =

∫

Ω

mj

∂Λp(up(t))

∂xj
dx.

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥ ❡ ♣❡❧♦ ❢❛t♦ ❞❡ up(t) ∈ V ✱

(
hp(up(t),mj

∂up(t)

∂xj

)
= −

∫

Ω

∂mj

∂xj
Λp(up(t))dx+

∫

Γ1

mjΛp(up(t)).νdΓ =

= −
∫

Ω

∂mj

∂xj
Λp(up(t))dx+

∫

Γ1

m∑

j=1

mjνjΛp(up(t))dx = −
∫

Ω

∂mj

∂xj
Λp(up(t))dx+

+

∫

Γ1

(mv)Λp(up(t))dx

❚♦♠❛♥❞♦ ♦ s♦♠❛tór✐♦ q✉❛♥❞♦ j = 1, . . . , n✱ ♦❜t❡♠♦s

(hp(up(t)),m∇up(t)) = −
∫

Ω

∂mj

∂xj
Λp(up(t))dx+

∫

Γ1

mjΛp(up(t)).νdΓ =

= −
∫

Ω

∂mj

∂xj
Λp(up(t))dx+

∫

Γ1

m∑

j=1

mjνjΛp(up(t))dx = −
∫

Ω

∂mj

∂xj
Λp(up(t))dx+

+

∫

Γ1

(mv)Λp(up(t))dx

✭✹✳✶✻✮

❆♥á❧✐s❡ ❞❡

•(u′p(t),m∇u′p(t))
∫

Ω

u′p(t)

(
mj

∂u′p(t)

∂xj

)
dx =

1

2

∫

Ω

mj

∂

∂xj
|u′p(t)|2dx,

♣♦✐s✱ 2
∂

∂xj
|u′p(t)||u′p(t)| =

∂

∂xj
|u′p(t)|2dx✳

❆ss✐♠✱ ∫

Ω

u′p(t)

(
mj

∂u′p(t)

∂xj

)
dx =

1

2

∫

Ω

mj

∂

∂xj
|u′p(x, t)|2dx.

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞❡ ●r❡❡♥✱ s❡❣✉❡ q✉❡

∫

Ω

u′p(t)

(
mj

∂u′p(t)

∂xj

)
dx = −

∫

Ω

∂mj

∂xj
(u′p(t))

2dx+

∫

Γ1

mjvj(u
′
p(x, t))

2dx. ✭✹✳✶✼✮



✼✸

❙✉❜st✐t✉✐♥❞♦ (4.15)✱ (4.16)✱ (4.17) ❡♠ (4.14)✱ ♦❜t❡♠♦s

ψ′(t) = −2µ(t)

∫

Ω

∂up(t)

∂xi

∂mj

∂xj

∂up(t)

∂xj
dx+ µ(t)

∫

Ω

∂up(t)

∂xi

∂mj

∂xj

∂up(t)

∂xj
dx−

−µ(t)
∫

Γ

∂up(t)

∂i
mj

∂up(t)

∂xi
νjdΓ + 2µ(t)

∫

Γ

∂up(t)

∂xi
mj

∂up(t)

∂xj
νidΓ + 2

∫

Ω

∂mj

∂xj
Λp(up(t))dx−

−2

∫

Γ1

(mν)Λp(up(t))dΓ−
∫

Ω

∂mj

∂xj
|u′p(t)|2dx+

∫

Γ1

(mjνj)|u′p(t)|2L2(Ω)dΓ + θ|u′p(t)|2−

−θµ(t)‖up(t)‖2 − θ(hp(up(t)), up(t))−−θ(β(x)u′p(t), up(t))L2(Γ1).

❉❛í✱ ✈♦❧t❛♥❞♦ ❛♦ s♦♠❛tór✐♦
m∑

i=1

❡
m∑

j=1

✱ t❡♠♦s

ψ′(t) = µ(t)

∫

Ω

m∑

i=1

(
∂up(t)

∂xi

)2 m∑

j=1

∂mj

∂xj
dx− µ(t)

∫

Γ

m∑

i=1

(
∂up(t)

∂xi

)2 m∑

j=1

(mjνj)dΓ+

+2µ(t)

∫

Γ

∂up(t)

∂xi
mj

∂up(t)

∂xj
νidΓ + 2

∫

Ω

m∑

j=1

∂mj

∂xj
Λp(up)

∫

Γ1

(mν)|u′p(t)|2dΓ−

−2

∫

Γ1

(mν)Λp(up)
∂mj

∂xj
+ θ|u′p(t)|2 − θµ(t)‖up(t)‖2 − θ(hp(t), up(t))−

−θ(βu′p(t), up(t))L2(Γ1)

✐♠♣❧✐❝❛♥❞♦ q✉❡

ψ′(t) = −µ(t)n
∫

Ω

|∇up(t)|2dx− µ(t)

∫

Γ

(mν)
m∑

i=1

(
∂up(t)

∂xi

)2

dx+

+2µ(t)

∫

Γ

∂up(t)

∂xi
mj

∂up(t)

∂xj
νidΓ + 2n

∫

Ω

Λp(up(t))dx+

∫

Γ1

(mν)|u′p(t)|2dΓ−

−2

∫

Γ1

(mν)Λ(up)dΓ− n|u′p(t)|2 = θ|u′p(t)|2 − θµ(t)‖up(t)‖2 − θ(hp(t), up(t))−

−θ(βu′p(t), up(t))L2(Γ1).

P♦rt❛♥t♦

ψ′(t) = −µ(t)(n+ θ)‖up(t)‖2 − (n− θ)|u′p(t)|2 − µ(t)

∫

Γ

(mν)
m∑

i=1

(
∂up(t)

∂xi

)2

dΓ+

+2n

∫

Γ1

(mν)Λp(up(t))dΓ +

∫

Γ1

(mv)|u′p(t)|2dΓ + 2µ(t)

∫

Γ

up(t)

∂xi
mj

up(t)

∂xj
νidΓ−

−θ(hp(t), up(t))− θ(βu′p(t), up(t))L2(Γ1).

✭✹✳✶✽✮

◆♦ q✉❡ s❡❣✉❡✱ ❝♦♥t✐♥✉❛r❡♠♦s ❛♥❛❧✐s❛♥❞♦ ♦s t❡r♠♦s ❞❡ (4.18)✳

❆♥á❧✐s❡ ❞❡



✼✹

• µ(t)

∫

Γ

(mν)
m∑

i=1

(
∂up(t)

∂xi

)2

dΓ✳

❚❡♠♦s

µ(t)

∫

Γ

(mν)
m∑

i=1

(
∂up(t)

∂xi

)2

dΓ = µ(t)

∫

Γ0

(mν)
m∑

i=1

(
∂up(t)

∂xi

)2

dΓ+

+µ(t)

∫

Γ1

(mν)
m∑

i=1

(
∂up(t)

∂xi

)2

dΓ.

❉❡s❞❡ q✉❡ s♦❜r❡ Γ0✱ ❝♦♠♦ ❢❡✐t♦ ❡♠ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳❆✳▼❡❞❡✐r♦s ❬✷✵❪✱

(
∂u

∂ν

)2

=
m∑

i=1

(
∂u

∂xi

)2

,

s❡❣✉❡ q✉❡

µ(t)

∫

Γ

(mν)
m∑

i=1

(
∂up(t)

∂xi

)2

dΓ = µ(t)

∫

Γ0

(mν)

(
∂up(t)

∂ν

)2

dΓ+

+µ(t)

∫

Γ1

(mν)
m∑

i=1

(
∂up(t)

∂xi

)
.

✭✹✳✶✾✮

❆♥á❧✐s❡ ❞❡

• 2µ(t)

∫

Γ

∂up(x, t)

∂xi
mj

∂up(x, t)

∂xj
.

❙♦❜r❡ Γ1✱ t❡♠✲s❡
∂u

∂xj
= νj

(∂u
∂ν

)
✱ ❝♦♠♦ ❢❡✐t♦ ❡♠ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳❆✳▼❡❞❡✐r♦s ❬✷✵❪✳

❆ss✐♠✱

2µ(t)

∫

Γ

∂up(t)

∂xi
mj

∂up(t)

∂xj
νidΓ = 2µ(t)

∫

Γ

(
∂up(t)

∂ν

)
mj

∂up(t)

∂xj
dΓ =

= 2µ(t)

∫

Γ0

∂up(t)

∂ν
mj

∂up(t)

∂xj
dΓ + 2

∫

Γ1

µ(t)
∂up(t)

∂ν
mj

∂up(t)

∂xj
dΓ =

= 2µ(t)

∫

Γ0

∂up(t)

∂ν
mjνj

∂up(t)

∂ν
dΓ + 2

∫

Γ1

µ(t)
∂up(t)

∂ν
mj

∂up(t)

∂xj
dΓ =

= 2µ(t)

∫

Γ0

m∑

i=1

(mjνj)

(
∂up(t)

∂ν

)2

dΓ− 2

∫

Γ1

β(x)u′p(t)mj

∂up(t)

∂xj
dΓ,

♦ q✉❡ ✐♠♣❧✐❝❛

2µ(t)

∫

Γ

∂up(t)

∂xi
mj

∂up(x, t)

∂xj
νidΓ = 2µ(t)

∫

Γ0

(mν)

(
∂up(t)

∂ν

)2

dΓ

−2

∫

Γ1

β(x)u′p(t)mj

∂up(t)

∂xj
dΓ.



✼✺

❉❡s❞❡ q✉❡ β(x) = m(x)ν(x) ❡ |mj(x)| ≤ ‖m(x)‖ ≤ ‖m‖L∞(Ω) = R✱ t❡♠♦s

−2

∫

Γ1

β(x)u′p(t)mj

∂up(t)

∂xj
dΓ ≤ 2

∫

Γ1

√
µ(t)

√
(mν)Ru′p(t)

√
(mν)√
µ(t)

[
n∑

j=1

(
∂up(t)

∂ν

)2
] 1

2

dΓ.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ♦❜t❡♠♦s

−2

∫

Γ1

β(x)u′p(t)mj

∂up(t)

∂xj
dΓ ≤

≤ R2

µ0

(mν)|u′p(t)|2dΓ + µ(t)

∫

Γ1

(mν)
m∑

i=1

(
∂up(t)

∂xj

)2

dΓ✳

❊♥tã♦✱

2µ(t)

∫

Γ

∂up(t)

∂xi
mj

∂up(x, t)

∂xj
νidΓ ≤ 2µ(t)

∫

Γ0

(mν)

(
∂up(t)

∂ν

)2

dΓ+

+
R2

µ0

(∫

Γ1

(mν)|u′p(t)|2
)
dΓ + µ(t)

∫

Γ1

(mν)
m∑

i=1

(
∂up(t)

∂xj

)2

dΓ.

✭✹✳✷✵✮

❆♥á❧✐s❡ ❞❡

• −θ(β(x)u′p(t), up(t))L2(Γ1)✳

❚❡♠♦s

−θ(β(x)u′p(t), up(t))L2(Γ1) =

∫

Γ1

−θβ(x)u′p(t)up(t)dΓ =

=

∫

Γ1

−θ
√
K√
ξ

√
β(x)√
µ(t)

u′p(t)

√
β(x)√
K

√
µ(t)

√
ξup(t)✳

◆♦✈❛♠❡♥t❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ♦❜t❡♠♦s

−θ(β(x)u′p(t), up(t))L2(Γ1) ≤
θ2K

ξ

∫

Γ1

β(x)

µ(t)

|u′p(t)|2
2

dΓ +
ξ

K

∫

Γ1

µ(t)β(x)
|up(t)|2

2
dΓ,

♦♥❞❡ K > 0 é ✉♠❛ ❝♦♥st❛♥t❡ t❛❧ q✉❡
∫

Γ1

β(x)|up(t)|2dΓ ≤ K‖up(t)‖2 ❡ ξ > 0 ✉♠❛

❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ❛ s❡r ❡s❝♦❧❤✐❞❛✳ ❊♥tã♦✱

−θ(β(x)u′p(t), up(t))L2(Γ1) ≤
θ2K

2µ0

∫

Γ1

β(x)|u′p(t)|2dΓ + ξ
µ(t)

2
‖up(t)‖2. ✭✹✳✷✶✮



✼✻

❙✉❜st✐t✉✐♥❞♦ (4.18)✱ (4.19)✱ (4.20) ❡♠ (4.14)✱ ♦❜t❡♠♦s

ψ′(t) ≤ −(n+ θ)µ(t)‖up(t)‖2 − (n− θ)|u′p(t)|2 − µ(t)

∫

Γ0

(mν)

(
∂up(t)

∂ν

)2

dΓ−

−µ(t)
∫

Γ1

(mν)

(
∂up(t)

∂xi

)2

dΓ + 2n

∫

Ω

Λp(up(t))dx− 2

∫

Γ1

(mν)Λp(up(x, t))dΓ+

+

∫

Γ1

(mν)|u′p(t)|2dΓ + 2µ(t)

∫

Γ0

(mν)

(
∂up(t)

∂ν

)2

dΓ +
R2

µ0

∫

Γ1

(mν)|u′p(t)|2dΓ+

+µ(t)

∫

Γ1

m∑

j=1

(
∂up(t)

∂xj

)2

dΓ− θ(hp(up(t)), up(t)) +
θ2K

2µ0

∫

Γ1

β(x)|u′p(t)|2dΓ+

+
ξµ(t)

2
‖up(t)‖2

✐♠♣❧✐❝❛♥❞♦ q✉❡

ψ′(t) ≤ −(n+θ)µ(t)‖up(t)‖2−(n−θ)|u′p(t)|2−θ(hp(up(t)), up(t))+2n

∫

Ω

Λp(up(t))dx+

+

(
R2

µ0

+
θ2K

2µ0ξ
+ 1

)∫

Γ1

(mν)|u′p(t)|2dΓ + ξ
µ(t)

2
‖up(t)‖2.

P♦r (4.3)✱ t❡♠♦s −θ(h(s), s) ≤ −(2n+ δ)Λ(s)✳ ❆ss✐♠✱

−
∫

Ω

θ(hp(up(t))up(t))dx ≤ −
∫

Ω

(2n+ δ)Λ(up(t))dx = −2n

∫

Ω

Λ(up(t))dx−

−γ
∫

Ω

Λ(up(t))dx✳

❉❛í

ψ′(t) ≤ −(n+ θ)µ(t)‖up(t)‖2 − (n− θ)|u′p(t)|2 +
(
R2

µ0

+
θ2K

2µ0ξ
+1

)∫

Γ1

(mν)|u′p(t)|2dΓ+

+ξ
µ(t)

2
‖up(t)‖2 − γ

∫

Ω

Λ(up(t))dx.

❉❡s❞❡ q✉❡ ξ
1

2
(µ(t)‖up(t)‖2) ≤ ξEp(t)✱ s❡❣✉❡ q✉❡

ψ′(t) ≤ −(n+ θ)Ep(t)− (n− θ)|u′p(t)|2 +
(
R2

µ0

+
θ2K

2µ0ξ
+ 1

)∫

Γ1

(mν)|u′p(t)|2dΓ+

+ξEp(t)− γEp(t)✳



✼✼

P♦rt❛♥t♦✱

ψ′(t) ≤ max
(
− (n+ θ),−(n− θ),−γ

)
Ep(t) +

(
R2

µ0
+
θ2K

2µ0ξ
+ 1

)∫

Γ1

(mν)|u′p(t)|2dΓ + ξEp(t) =

= −min
(
n− θ, γ

)
Ep(t) +

(
R2

µ0

+
θ2K

2µ0ξ
+ 1

)∫

Γ1

(mν)|u′p(t)|2dΓ + ξEp(t).

✭✹✳✷✷✮

❈♦♥s✐❞❡r❡♠♦s ❛ ❞❡r✐✈❛❞❛ ❡♠ r❡❧❛çã♦ ❛ ✈❛r✐á✈❡❧ t ❞❛ ❡①♣r❡ssã♦

Epǫ(t) = Ep(t) + ǫψ(t)

❡ ♣♦r (4.10) ❡ (4.22) ✱ t❡♠♦s

E ′
pǫ = E ′

p(t) + ǫψ′(t) ≤ −β0‖u′p(t)‖2L2(Γ1)
− ǫmin

[
(n− θ), γ

)
− ξ

]
−

−ε
(
R2

µ0

+
θ2K

2µ0ξ
+ 1

)∫

Γ1

(mν)|u′p(t)|2dΓ ≤ −ε [min{(n− θ), γ} − ξ]Ep(t)−

−
∫

Γ1

β(x)|u′p(t)|2dΓ− ε

(
R2

µ0

+
θ2K

2µ0ξ
+ 1

)∫

Γ1

(mν)|u′p(t)|2dΓ−

−ε [min{(n− θ), γ} − ξ]Ep(t)−
∫

Γ1

(mν)|u′p(t)|2dΓǫ
(
R2

µ0

+
θ2K

2µ0ξ
+ 1

)
+

+

∫

Γ1

(mν)|u′p(t)|2dΓ = −ε[min{(n− θ), γ} − ξ]Ep(t)−

−
[
1 +

(
R2

µ0

+
θ2

2µ0ξ
+ 1

)]∫

Γ1

(mν)|u′p(t)|2dΓ.

❚♦♠❛♥❞♦ 0 < ǫ <

(
R2

µ0

+
θ2K

2µ0ξ
+ 1

) 1
2

❡ 0 < ξ < min
{
n− θ, γ

}
✱ ♦❜t❡♠♦s

ǫ

[
1−

(
R2

µ0

+
θ2

2µ0ξ
+ 1

)]∫

Γ1

(mν)|u′p(t)|2L2(Ω)dΓ ≥ 0,

♣♦✐s 1−
(
R2

µ0

+
θ2

2µ0ξ
+ 1

)
≥ 0 ❡ s♦❜r❡ Γ1 ❡ mν > 0✳ ❘❡❝♦r❞❡ q✉❡

Ep(t)

2
≤ Epǫ(t) ≤ 2Ep(t). ✭✹✳✷✸✮

❆ss✐♠✱ ♣♦r (4.13) ♦❜t❡♠♦s

E ′
pǫ(t) +

ω

2
Epǫ(t) ≤ 0,

❝♦♠ ω = min

{
1

2

(
2R

µ0

+
θ

µ0

+2R+
θ

λ1

)−1

,

(
R2

µ0

+
θ2K

2µ0ξ
+1

)−1
}
> 0✳ ❊♥tã♦✱ ❛ s♦❧✉çã♦

❞❛ ❊❉❖ ❛❝✐♠❛ s❛t✐s❢❛③

Ep(t) ≤ Epǫ(0) exp
−ω

2 t, ∀t ≥ 0. ✭✹✳✷✹✮



✼✽

❙❡❣✉❡ ❞❡ (4.23) ❡ (4.24) q✉❡

Ep(t)

2
≤ Epǫ(t) ≤ 2Ep(t),

✐♠♣❧✐❝❛♥❞♦ q✉❡

Ep(t) ≤ 4Epǫ(0) exp
−ω

2 t, ∀t ≥ 0.

❉❡s❞❡ q✉❡ (up) é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T, V ) ❡ (up) é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T, L2(Ω))✱ s❡✲

❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❆✉❜✐♥✲▲✐♦♥s q✉❡ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (up)✱ ❛♦ q✉❛❧ ❛✐♥❞❛

❞❡♥♦t❛r❡♠♦s ♣♦r (up) t❛❧ q✉❡

up → u ❡♠ L2(Q).

P❡❧❛ Pr♦♣♦s✐çã♦ (B.2.3)✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (up)✱ q✉❡ ❛✐♥❞❛ ❞❡♥♦t❛r❡♠♦s ♣♦r

(up✮ t❛❧ q✉❡

up → u q✉❛s❡ s❡♠♣r❡ ❡♠ Q.

P♦rt❛♥t♦✱

up(·, t) → up(·, t) q✉❛s❡ s❡♠♣r❡ ❡♠ Ω, ∀t ≥ 0

❙❡♥❞♦ Λp ❝♦♥tí♥✉❛✱ s❡❣✉❡ q✉❡

Λp(u(·, t)) → Λp(u(·, t)) q✳s ❡♠ Ω, ∀t ≥ 0. ✭✹✳✷✺✮

❚❡♠♦s q✉❡ hp → h ❡♠ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❞❛ R, ❡ ♣♦rt❛♥t♦

Λp(u(·, t)) → Λ(u(·, t)) q✳s ❡♠ Ω, ∀t ≥ 0. ✭✹✳✷✻✮

❊♥tã♦✱ ♣♦r (4.25) ❡ (4.26)

Λp(up(·, t)) → Λ(u(·, t)) q✳s ❡♠ Ω, ∀t ≥ 0 ✭✹✳✷✼✮

❚❡♠♦s ❛✐♥❞❛ ♣♦r (4.24) q✉❡

1

2

[
|u′p(t)|2 + µ(t)‖u′p(t)‖2 + 2

∫

Ω

Λp(t)(up(x, t))dx

]
≤ 2Ep(0) exp

−ω
2
t

❞♦♥❞❡ ∫

Ω

Λp(t)(up(x, t))dx ≤ 4Ep(0)

♣♦✐s exp−ω
2
t ≤ 1✳ ❉❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s ❡ ♣❡❧♦ ❢❛t♦ q✉❡
∫

Ω

Λp(u0p(x))dx→
∫

Ω

Λ(u0(x))dx ❡♠ R, q.s ❡♠ Ω, ∀t ≥ 0,



✼✾

♦❜t❡♠♦s✱

lim inf
p→∞

∫

Ω

Λp(up(x))dx ≤ 4E(0). ✭✹✳✷✽✮

❉❡ ❢❛t♦✱

lim inf
p→∞

Ep(0) =
1

2

[
|u1|2 + µ(t)‖u0‖2 + 2

∫

Ω

Λ(u0(x))dx

]
= 4E(0).

❆ss✐♠✱

lim inf
p→∞

∫

Ω

Λp(up(x, t))dx ≤ 4E(0).

P♦r ✭4.28) ❡ ♣❡❧♦ ▲❡♠❛ ❞❡ ❋❛t♦✉✱ ♦❜t❡♠♦s

∫

Ω

Λ(u(x, t)) ≤ lim inf
p→∞

∫

Ω

Λp(up(x, t))dx.

❊♥tã♦✱ ❞❡ (4.28)✱ t❡♠♦s ∫

Ω

Λ(u(x, t))dx ≤ 4E(0).

P❛ss❛♥❞♦ lim inf
p→∞

♥❛ ❡①♣r❡ssã♦ Ep(t) ≤ 4Epǫ(0) exp
−ω

2 t, ∀t ≥ 0 ✱ ♦❜t❡♠♦s

1

2

[
lim inf
p→∞

|u′p(t)|2+lim inf
p→∞

µ(t)‖up(t)‖2+lim inf
p→∞

2

∫

Ω

Λp(up(x, t))

]
≤ 4 exp−ω

2
t lim inf

p→∞
Ep(0),

♦ q✉❡ ✐♠♣❧✐❝❛

1

2

[
|u′(t)|2 + µ(t)‖u(t)‖2 + 2

∫

Ω

Λ(u(x, t))

]
≤ 4 exp−ω

2
tE(0).

✐st♦ é

E(t) ≤ 4E(0) exp−ω
2
t, ∀t ≥ 0.

❖❜s❡r✈❛çã♦ ✹✳✶✳✶ ❆ ❢✉♥çã♦ f : R → R ❞❡✜♥✐❞❛ ♣♦r f(s) = s3 s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦

4.3✳



❆♣ê♥❞✐❝❡ ❆

❉✉❛❧ ❞❡ ❡s♣❛ç♦s Lp(0, T ;X) (p > 1)

♣❛r❛ ❢✉♥çõ❡s ✈❡t♦r✐❛✐s

◆♦ q✉❡ s❡❣✉❡✱ ❞❛r❡♠♦s ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦ ❞✉❛❧ ❞❡ LP (0, T ;X)✱ ❝♦♠ p > 1

❡ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❉❡♠♦str❛r❡♠♦s q✉❡ s❡ ♦ ❞✉❛❧ X ′ ❣♦③❛r ❞❛ ♣r♦♣r✐❡❞❛❞❡

❞❡ q✉❡ t♦❞❛ ❢✉♥çã♦ ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛ f : [0, T ] → X ′ ♣♦ss✉✐ ✉♠❛ ❞❡r✐✈❛❞❛ q✉❛s❡

s❡♠♣r❡✱ ❡♥tã♦ ♦ ❞✉❛❧ ❞❡ (Lp(0, T ;X))′ = Lq(0;T,X ′)✱ s❡♥❞♦ 1
p
+ 1

q
= 1✳ ❊st❡ r❡s✉❧t❛❞♦

❡♥❝♦♥tr❛♠♦s ♥♦ ❛rt✐❣♦ ❞❡ ❋✳ ▼✳ ❘✳ ◆❡②❞❡ ❬✷✶❪✳

❆✳✶ ■♥t❡❣r❛❧ ♣❛r❛ ❢✉♥çõ❡s ❞❡ Lp✭✵✱❚✱❳✮

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡✜♥✐r ✉♠ ❝❡rt♦ t✐♣♦ ❞❡ ✐♥t❡❣r❛✐s ♣❛r❛ ❢✉♥çõ❡s ❞❡ Lp(0, T,X)✱

❜❛s❡❛❞♦ ♥❛ ♥♦çã♦ ❞❡ ❘✐❡♠❛♥♥✲❙t✐❡❧t❥❡s✳ ❯s❛r❡♠♦s ❡st❛ ✐♥t❡❣r❛❧ ♣❛r❛ ♠♦str❛r♠♦s ❛

s♦❜r❡❥❡t✐✈✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦

S : (Lp(0, T,X))′ → V
q
0 (0, T,X

′)

U 7→ φ

✳

❖❜s❡r✈❛çã♦ ❆✳✶✳✶ ◆❛ ♣á❣✐♥❛ 81✱ ❞❡✜♥✐♠♦s ♦s ❡s♣❛ç♦s V q(0, T,X) ❡ V q
0 (0, T,X)✳

❙❡ u ∈ C(0, T,X) ❡ φ ∈ V q(0, T,X ′)✱ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛ ✉♠❛ ♣❛rt✐çã♦ Dn : 0 = t0 <

t1 < . . . < tn = T ❡ ♣♦♥t♦s τv t❛❧ q✉❡ tv−1 ≤ τv ≤ tv✳ ❉❛í✱ ❢♦r♠❛♠♦s ❛ s♦♠❛

δ(Dn) =
n∑

v=1

[φ(tv)− φ(tv−1)]u(τv)



✽✶

q✉❡ é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ C(0, T,X)✱ ♣♦✐s u ∈ C(0, T,X)✳ ❙❡❥❛ ❡♥tã♦

|Dn| = max
1≤v≤n

|tv − tv−1|.

❆ ♣r♦✈❛ ❞❡ q✉❡✱ ♣❛r❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣❛rt✐çõ❡s (Di) ❝♦♠ |Di| → 0✱ ❛s s♦♠❛s δ(Dn)

t❡♠ ✉♠ ❧✐♠✐t❡ ❡♠ C(0, T,X) q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❛ s❡q✉ê♥❝✐❛ (Di)✱ é ❢❡✐t❛ ❞❡ ♠❛♥❡✐r❛

✉s✉❛❧✳ ❉❡ ❢❛t♦✱ t❡♠♦s q✉❡

|δ(Dn)| =
∣∣∣∣

n∑

v=1

[φ(tv)−φ(tv−1)u(τv)]

∣∣∣∣ ≤
n∑

v=1

‖φ(tv)−φ(tv−1)‖‖u(τv)‖ =
n∑

v=1

‖φ(tv)− φ(tv−1)‖
|tv − tv−1|

1
p

.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ t❡♠♦s

|δ(Dn)| ≤
( n∑

v=1

‖φ(tv)− φ(tv−1)‖q
|tv − tv−1|q−1

) 1
p
( n∑

v=1

‖u(τv‖p|tv − tv−1|
) 1

p

.

▼❛s ❝♦♠♦ φ ∈ V q(0, T,X ′) ❡ t 7→ ‖u(t)‖ é ❝♦♥tí♥✉❛✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ n→ ∞✱

t❡♠✲s❡ |Dn| → 0 ❡ ♣♦rt❛♥t♦✱

lim
|Dn|→0

n∑

v=1

‖φ(tv)− φ(tv−1)‖q
|tv − tv−1|q−1

= V q(φ)

❡

lim
|Dn|→0

n∑

v=1

‖u(τv)‖p|tv − tv−1| =
∫ T

0

‖u(t)‖Xdt.

P♦rt❛♥t♦✱

lim
n→∞

∣∣∣∣
n∑

v=1

‖φ(tv)− φ(tv−1)‖q
|tv − tv−1|q−1

∣∣∣∣ ≤ lim
n→∞

( n∑

v=1

‖φ(tv)− φ(tv−1)‖q
|tv − tv−1|q−1

) 1
q
(

lim
n→∞

n∑

v=1

‖u(τv‖p|tv−tv−1|
) 1

p

≤ {V q(φ)} 1
q

∫ T

0

‖u(t)‖Xdt✳

▲♦❣♦✱ ❛ sér✐❡
n∑

v=1

[φ(tv)−φ(tv−1)u(τv)] é ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡✱ ♣♦✐s é ✉♠❛ s❡q✉ê♥✲

❝✐❛ ♠♦♥ót♦♥❛ ❧✐♠✐t❛❞❛✳ ❉❛í✱ s❡✉ ❧✐♠✐t❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r
∫ T

0

u(t)dφ(t)✳ P❡❧❛ ❞❡s✐❣✉❛❧✲

❞❛❞❡ ❡st❛❜❡❧❡❝✐❞❛✱ t❡♠♦s
∣∣∣∣
∫ T

0

u(t)dφ(t)

∣∣∣∣ ≤ {V q(φ)} 1
q ❡

(∫ T

0

‖u(t)‖pX
) 1

p

= {V q(φ)} 1
q ‖u‖Lp(0,T,X)✳

◆♦t❡ q✉❡

U : C(0, T,X) → R

u 7→
∫ T

0

u(t)dφ(t)



✽✷

é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r s♦❜r❡ C(0, T,X) ❞❡ ♥♦r♠❛ {V q(φ)}✳ ❈♦♠♦ C(0, T,X) é ❞❡♥s♦ ❡♠

Lp(0, T,X)✱ ♣♦❞❡♠♦s ❡st❡♥❞❡r U ❛ ✉♠❛ ú♥✐❝♦ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r s♦❜r❡ Lp(0, T,X) ❝♦♠ ❛

♠❡s♠❛ ♥♦r♠❛✱ q✉❡ ❛✐♥❞❛ ❞❡♥♦t❛r❡♠♦s ♣♦r U ✳ ❉❡✜♥✐♠♦s ❡♥tã♦ ♣❛r❛ ✉ ∈ Lp(0, T,X) ✱∫ T

0

u(t)dφ(t) ♣♦r ❡st❛ ❡①t❡♥sã♦✳ ❆ss✐♠✱ ❡stá ❜❡♠ ❞❡✜♥✐❞♦

U : Lp(0, T,X) → R

u 7→
∫ T

0

u(t)dφ(t)

❡

|U(u)| =
∣∣∣∣
∫ T

0

u(t)dφ(t)

∣∣∣∣ ≤ {V q(φ)} 1
q ‖u‖Lp(0,T,X).

❆✳✷ Pr❡❧✐♠✐♥❛r❡s

◆♦ q✉❡ s❡❣✉❡✱ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ t❛❧ q✉❡ X ′ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ q✉❡

t♦❞❛ ❢✉♥çã♦ ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛ t❡♠ ✉♠❛ ❞❡r✐✈❛❞❛ q✉❛s❡ s❡♠♣r❡✳ ❊st✉❞❛r❡♠♦s ♦ ❞✉❛❧

❞♦s ❡s♣❛ç♦s Lp q✉❛♥❞♦ ♦s ❡❧❡♠❡♥t♦s sã♦ ❢✉♥çõ❡s ❞❡✜♥✐❞❛s ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❬✵✱❚❪ ❡ t♦♠❛

✈❛❧♦r❡s ❡♠ X✳ P❛r❛ u : [0, T ] → X ❡ f : X ′ → R ❞❡♥♦t❛r❡♠♦s 〈f, u(t)〉 ❡♠ ✈❡③ ❞❡

f(u(t))✳

❈♦♥s✐❞❡r❡♠♦s V p(0, T,X) ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ✉ ❝♦♠ ✈❛❧♦r❡s ❡♠ X✱ ❞❡✜♥✐❞❛s q✉❛s❡

s❡♠♣r❡ ❡♠ [0, T ] ❡ t❛✐s q✉❡ ❛s s♦♠❛s

n∑

v=1

‖u(tv)− u(tv−1)‖
|tv − tv−1|

sã♦ ❧✐♠✐t❛❞❛s ♣❛r❛ t♦❞❛s ❛s ♣❛rt✐çõ❡s {tv}✱ 0 = t0 < t1 < . . . < tn = T ✳ ◆♦t❡ q✉❡

❢❛③ s❡♥t✐❞♦ ❞❡✜♥✐r♠♦s ♦ s✉♣r❡♠♦s ❞❡st❛s s♦♠❛s✱ ❧♦❣♦ ❞❡♥♦t❛r❡♠♦s ❡st❡ s✉♣r❡♠♦ ♣♦r

V P (u) ✳ ❉❡✜♥✐♠♦s

‖u‖V p(0,T,X) = ‖u(0)‖+ {V p(u)} 1
p .

❙❡ u ∈ V p(0, T,X)✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ u é ✉♠❛ ❢✉♥çã♦ ❞❡ ✈❛r✐❛çã♦ p ❧✐♠✐t❛❞❛✳ ◆♦ ❝❛s♦

❞❡ ♣ ❂✶✱ ❞✐③❡♠♦s s✐♠♣❧❡s♠❡♥t❡ ❢✉♥çã♦ ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛✳

❉❡♥♦t❛r❡♠♦s ♣♦r V p
0 (0, T,X) ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ V p(0, T,X) ♣❛r❛ ♦s q✉❛✐s u(0) = 0✳

❈♦♥s✐❞❡r❛♥❞♦ ♦s ❡s♣❛ç♦s C(0, T,X) ❡ Lp(0, T,X)✱ ♠♦str❛✲s❡ q✉❡ C(0, T,X) é ❞❡♥s♦

❡♠ Lp(0, T,X) ♥❛ ♥♦r♠❛ ❞❡ Lp(0, T,X)✳



✽✸

❆✳✸ ❯♠❛ ♣r✐♠❡✐r❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ (Lp(0, T,X))′

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❞❛r ✉♠❛ ❝❛r❛❝t❡r✐③ãçã♦ ❞♦ ❡s♣❛ç♦ (Lp(0, T,X))′ ♥♦ s❡♥t✐❞♦

❞❡ ❞❡✜♥✐r ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r✱ s♦❜r❡❥❡t✐✈❛ ❡ q✉❡ ♣r❡s❡r✈❛ ♥♦r♠❛✳

❉❡✜♥❛♠♦s ♣❛r❛ ❝❛❞❛ x ∈ X ❡ ❝❛❞❛ ♥ú♠❡r♦ r❡❛❧ s✱ ❝♦♠ 0 ≤ s ≤ T ✱ ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦✿

❙❡ s > 0

us,x : [0, T ] → X

t 7→ us,x(t)

♦♥❞❡

us,x(t) =




x, 0 ≤ t ≤ s

0, s < t ≤ T

❡ ♣❛r❛ s ❂ ✵✱ ❞❡✜♥✐r❡♠♦s

us,x(t) = 0

❆✜r♠❛çã♦ ✶✿ P❛r❛ ❝❛❞❛ s ∈ [0, T ] ❡ ♣❛r❛ ❝❛❞❛ x ∈ X, us,x ∈ Lp(0, T,X)✳ ❉❡ ❢❛t♦✱

t❡♠♦s q✉❡ ∫ T

0

‖us,x(t)‖pXdt =
∫ s

0

‖x‖pXdt <∞,

♣♦✐s x ∈ X✳

❙❡❥❛ U ∈ (Lp(0, T,X))′✳ ❈♦♥s✐❞❡r❡♠♦s ♣❛r❛ ❝❛❞❛ s ∈ [0, T ] ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦✿

φ(s) : X → R

x 7→ U(us,x) = φ(s)[x].

❉❡s❡❥❛♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦

S : (Lp(0, T,X))′ → V
q
0 (0, T,X

′)

❡st❡❥❛ ❜❡♠ ❞❡✜♥✐❞❛✱ ❡ ♣❛r❛ t❛♥t♦✱ ♠♦str❛r❡♠♦s q✉❡ φ ∈ V
q
0 (0, T,X

′)✳

✐✮ φ(s) : X → R é ❧✐♥❡❛r✳

❈♦♠ ❡❢❡✐t♦✱ s❡ s❂✵✱ t❡♠♦s φ(s) = 0✱ ❧♦❣♦ ❧✐♥❡❛r✳ ❆❣♦r❛✱ s❡ s 6= 0✱ ∀t ∈ [0, T ] t❡♠♦s

us,ϕx1+x2 =




ϕx1 + x2, 0 ≤ t ≤ s

0, s < t ≤ T

=




ϕx1, 0 ≤ t ≤ s

0, s < t ≤ T

+




x2, 0 ≤ t ≤ s

0, s < t ≤ T

❂ ϕus,x1 +us,x2 ✱ ✐st♦ é✱ us,ϕx1+x2(t) = ϕus,x1(t)+us,x2(t)✱ ♣❛r❛ t♦❞♦ x1, x2 ∈ X ❡ ϕ ∈ R✱

♦ q✉❡ ✐♠♣❧✐❝❛



✽✹

φ(s)[ϕx1 + x2] = U(us,ϕx1+x2(t)) = U(ϕus,x1(t) + us,x2(t)) = ϕU(us,x1) + U(us,x2) ❂

= ϕφ(s)[x1] + φ(s)[x2]✳

✐✐✮ φ(s) ∈ X ′, ∀s ∈ [0, T ]

❉❡ ❢❛t♦✱ φ(0) = 0✱ ❧♦❣♦ φ(0) ∈ X ′✳ ❙✉♣♦♥❤❛ ❛❣♦r❛ s 6= 0✳ ❉❡s❞❡ q✉❡

‖us,x‖pLp(0,T,X) =

∫ T

0

‖us,x(t)‖pdt = ‖x‖ps

✐st♦ é✱

‖us,x‖Lp(0,T,X) = s
1
p‖x‖.

❆ss✐♠✱

|φ(s)[x]| = |U(us,x)| ≤ ‖U‖‖us,x‖Lp(0,T,X) = ‖U‖s 1
p‖x‖,

♠♦str❛♥❞♦ q✉❡ φ é ❝♦♥tí♥✉❛ ❡✱ ♣♦rt❛♥t♦✱ φ ∈ X ′✳

✐✐✐✮ φ ∈ V
q
0 (0, T,X

′) ❡ V q(φ) ≤ ‖U‖q(Lp(0,T,X))′ ✳

❉❡✈❡♠♦s ♠♦str❛r q✉❡
n∑

v=1

φ(tv)− φ(tv−1)

tv − tv−1

≤ ‖U‖q,

♣❛r❛ t♦❞❛ ♣❛rt✐çã♦ {tv} ❞❡ [0, T ]✳ ❙❡❥❛ ε > 0 ❡ b1, . . . , bn ♥ú♠❡r♦s r❡❛✐s ♥ã♦ ♥❡❣❛t✐✈♦s✳

❋✐①❡♠♦s v✳ ❈♦♥s✐❞❡r❛r❡♠♦s ❞♦✐s ❝❛s♦s✿

❈❛s♦ ✐✮ bv > 0✳

◆❡st❡ ❝❛s♦✱ ♥♦t❡ q✉❡
ε

nbv
> 0 ❡ ‖φ(tv) − φ(tv−1)‖ = sup

‖x‖=1

|φ(tv)xv − φ(tv−1)xv|✳ P♦r

❞❡✜♥✐çã♦ ❞❡ s✉♣r❡♠♦✱ ❡①✐st❡ ‖xv‖ = 1 t❛❧ q✉❡

|φ(tv)xv − φ(tv−1)xv| > ‖φ(tv)− φ(tv−1)‖ −
ε

nbv
= ‖φ(tv)− φ(tv−1)‖‖xv‖ −

ε

nbv
✭❆✳✶✮

▼✉❧t✐♣❧✐❝❛♥❞♦ (A.1) ♣♦r bv✱ ♦❜t❡♠♦s

|φ(tv)bvxv − φ(tv−1)bvxv| > ‖φ(tv)− φ(tv−1)‖‖bvxv‖ −
ε

n
.

❚♦♠❛♥❞♦ xv = bvxv✱ ♦❜t❡♠♦s

|φ(tv)xv − φ(tv−1)bvxv| > ‖φ(tv)− φ(tv−1)‖‖xv‖ −
ε

n
, ‖xv‖ = bv.

❈❛s♦ ✐✐✮

❙❡ bv = 0✱ t♦♠❛r❡♠♦s xv = 0 ❡ ♣❛r❛ ♦s ♥ú♠❡r♦s r❡❛✐s ♥ã♦ ♥❡❣❛t✐✈♦s b1, . . . , bn ✱ ❡①✐st❡

xv ∈ X ❝♦♠ ‖xv‖ = bv t❛❧ q✉❡

|φ(tv)[xv]− φ(tv−1)[xv]| > ‖φ(tv)− φ(tv−1)‖bv −
ε

n
. ✭❆✳✷✮



✽✺

P♦r ♦✉tr♦ ❧❛❞♦✱

n∑

v=1

|φ(tv)[xv]− φ(tv−1)[xv]| =
n∑

v=1

|U(Utv−xv
)− U(ttv−1,xv

)| ≤

≤ ‖U‖
n∑

v=1

‖utv ,xv
− utv−1,xv

‖ = ‖U‖
n∑

v=1

(∫ T

0

‖utv ,xv
(t)− utv−1,xv

(t)‖p
) 1

p

=

= ‖U‖
n∑

v=1

(∫ T

0

‖xvχ(tv−1,tv)(t)‖p
) 1

p

= ‖U‖
( n∑

v=1

‖xv‖p(tv − tv−1

) 1
p

. ✭❆✳✸✮

P♦r (A.2) ❡ (A.3)✱ s❡❣✉❡ q✉❡

n∑

v=1

‖φ(tv)− φ(tv−1)‖bv < ε+ ‖U‖
( n∑

v=1

bpv(tv − tv−1

) 1
p

.

❆ss✐♠✱ s❡ bv =

(‖φ(tv)− φ(tv−1)‖
|tv − tv−1|

) q

p

✱ ❢❛③❡♥❞♦ av = ‖φ(tv)−φ(tv−1)‖ ❡∆v = |tv−tv−1|✱
♦❜t❡♠♦s

bv =

(
av

∆v

) q

p

.

❉❛í✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r é ❞❛❞❛ ♣♦r

n∑

v=1

avbv =
n∑

v=1

a
q+p

p
v

∆
q

p
v

≤ ‖U‖
( n∑

v=1

aqv

∆q−1
v

) 1
p

,

♦ q✉❡ ✐♠♣❧✐❝❛
n∑

v=1

aqv

∆q−1
v

≤ ‖U‖
( n∑

v=1

aqv

∆q−1
v

) 1
p

. ✭❆✳✹✮

❊❧❡✈❛♥❞♦ (A.4) à ♣♦tê♥❝✐❛ q ❡ ♦❜s❡r✈❛♥❞♦ q✉❡ q − q

p
= 1✱ ♦❜t❡♠♦s

( n∑

v=1

aqv

∆q−1
v

)q

( n∑

v=1

aqv

∆q−1
v

) q

p

≤ ‖U‖q

♦✉ s❡❥❛
n∑

v=1

‖φ(tv)− φ(tv−1)‖q
|tv − tv−1|q−1

≤ ‖U‖q

♣❛r❛ t♦❞❛ ♣❛rt✐çã♦ {tv} ❞❡ [0, T ], ♠♦str❛♥❞♦ q✉❡ φ ∈ V
q
0 (0, T,X

′) ❝♦♠ V q(φ) ≤ ‖U‖q✳
▲♦❣♦✱ ❛ ❢✉♥çã♦

S : (Lp(0, T,X))′ → V
q
0 (0, T,X

′)

U 7→ φ



✽✻

❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ❧✐♥❡❛r✱ ♣♦✐s φ é ❧✐♥❡❛r✳ ▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ S é s♦❜r❡❥❡t✐✈❛✳

❉❡✈❡♠♦s ♠♦str❛r q✉❡ ❞❛❞♦ φ ∈ V
q
0 (0, T,X

′)✱ ❡①✐st❡ U ∈ (Lp(0, T,X))′ t❛❧ q✉❡ S(U) =

φ✱ ♦✉ s❡❥❛✱ t❛❧ q✉❡✱ s❡ s ∈ [0, T ] ❡♥tã♦ ♣❛r❛ t♦❞♦ x ∈ X✱ U(us,x) = φ(x).

❉❡ ❢❛t♦✱ s❡ s = 0✱ ❡♥tã♦ u0,x ≡ 0✱ ❧♦❣♦ U(u0,x) = 0 = φ(0)x✱ ❥á q✉❡ φ(0) = 0✱ ♣♦✐s

φ ∈ V
q
0 ✳

❙✉♣♦♥❤❛ ❛❣♦r❛ s > 0 ❡ ❞❡✜♥✐r❡♠♦s ♣❛r❛ x ∈ X✱

un(t) =





x, s❡ 0 ≤ t ≤ s

−n(t− s− 1
n
)x, s❡ s ≤ t ≤ s+ 1

n

0, s❡ s− 1
n
≤ t ≤ T

❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ n ∈ N, un(t) ∈ C(0, T,X) ❡
∫ T

0

‖un(t)− us,x(t)‖pdt =
∫ s+ 1

n

s

∥∥∥∥− n

(
t− s− 1

n

)
x

∥∥∥∥
p

dt→ 0, q✉❛♥❞♦ n→ ∞.

❆ss✐♠✱ (un) ❝♦♥✈❡r❣❡ ❡♠ Lp(0, T,X) ♣❛r❛ us,x ❡ ❝♦♠♦ U ∈ (Lp(0, T,X))′✱ t❡♠♦s q✉❡

U(un) → U(us,x). ✭❆✳✺✮

◆♦t❡♠♦s q✉❡

U(un) → φ(s)x.

❈♦♠ ❡❢❡✐t♦✱

U(un) =

∫ T

0

un(t)dφ(t) =

∫ s

0

xdφ(t) +

∫ s+ 1
n

s

[
− n

(
t− s− 1

n

)
x

]
dφ(t) +

∫ T

s+ 1
n

0dφ(t).

❖❜s❡r✈❡♠♦s q✉❡
∫ s

0

xdφ(t) = lim
|D|→0

n∑

v=1

[φ(tv)−φ(tv−1)]x = lim
|D|→0

[φ(t1)x−φ(t0)x+φ(t2)x, . . . , φ(tn−1)x−φ(s)x]

= φ(s)x

❡ ❞❛í✱

|U(un)− φ(s)x| =
∣∣∣∣
∫ s+ 1

n

0

[
n

(
s+

1

n
− t

)
x

]
dφ(t)

∣∣∣∣ ≤

≤ lim
|Dk|→0

n∑

v=1

‖φ(tv)− φ(tv−1)‖
∥∥∥∥n
(
s+

1

n
− ρv

)
x

∥∥∥∥ =

= ‖x‖ lim
|Dk|→0

n∑

v=1

‖φ(tv)− φ(tv−1)‖
∥∥∥∥n
(
s+

1

n
− ρv

)
x

∥∥∥∥



✽✼

♦♥❞❡ s ≤ ρv ≤ s+
1

n
✱ ♦ q✉❡ ✐♠♣❧✐❝❛

0 ≤ n

(
s+

1

n
− ρv

)
≤ 1.

❡ ❞❛í ∣∣∣∣
∫ s+ 1

n

0

[
n

(
s+

1

n
− t

)
x

]
dφ(t)

∣∣∣∣ ≤ lim
|Dk|→0

n∑

v=1

‖φ(tv)− φ(tv−1)‖ ≤

≤ ‖x‖
{

✈❛r✐❛çã♦ ❞❡ φ s♦❜r❡

(
s+

1

n

)}
→ 0, q✉❛♥❞♦ n→ ∞.

P♦rt❛♥t♦✱

lim
n→∞

|U(un)− φ(s)x| = 0. ✭❆✳✻✮

❙❡❣✉❡ ❞❡ (A.5) ❡ (A.6) ❡ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ q✉❡ U(us,x) = φ(s)x✱ ♠♦str❛♥❞♦ ❛

s♦❜r❡❥❡t✐✈✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ S✳

P♦r ✜♠✱ ♣r♦✈❛r❡♠♦s q✉❡ ❙ ♣r❡s❡r✈❛ ♥♦r♠❛✱ ♦✉ s❡❥❛✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡

‖S(U)‖V q
0 (0,T,X) = ‖U‖Lp(0,T,X)′ .

◆♦t❡♠♦s q✉❡

‖S(U)‖V q
0 (0,T,X) = ‖φ‖V q

0 (0,T,X) = ‖φ(0)‖′X + {V q
0 (φ)} ≤ ‖U‖Lp(0,T,X)′ ✭❆✳✼✮

❊♥tã♦✱ r❡st❛✲♥♦s ♠♦str❛r q✉❡

‖U‖Lp(0,T,X)′ ≤ ‖S(U)‖V q
0 (0,T,X) ✭❆✳✽✮

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ un : [0, T ] → X ✉♠❛ ❢✉♥çã♦ s✐♠♣❧❡s q✉❡ t♦♠❛ ✈❛❧♦r xv ♣❛r❛ ♦ ✐♥t❡r✈❛❧♦

tv−1 ≤ t ≤ tv✳ ▼❛s

un(t) =
n∑

v=1

[utv ,xv
− utv−1,xv

] =
n∑

v=1

[χtv−1.tv ]xv = xj,

❝♦♠ t ∈ (tj−1, tj]✳ ❆ss✐♠✱

un(t) =
n∑

v=1

[utv ,xv
−utv−1,xv

] ⇒
∫ T

0

‖un(t)‖pdt =
n∑

v=1

∫ tv

tv−1

‖xv‖pdt =
n∑

v=1

‖xv‖p|tv−tv−1|

❡

|U(un)| =
∣∣∣∣

n∑

v=1

U(utv ,xv
)−U(utv−1,xv

)

∣∣∣∣ =
∣∣∣∣

n∑

v=1

φ(tv)[xv]−φ(tv−1)[xv]

∣∣∣∣ ≤
n∑

v=1

‖φ(tv)−φ(tv−1)‖‖xv‖.



✽✽

P❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s

|U(un)| ≤
( n∑

v=1

‖φ(tv)− φ(tv−1)‖q
|tv − tv−1|q − 1

) 1
q
( n∑

v=1

‖xv‖p|tv−tv−1|
) 1

p

≤ {V q(φ)
1
q }‖un‖Lp(0,T,X).

▲♦❣♦✱ s❡ u ∈ Lp(0, T,X) ❡ un é ❡s❝♦❧❤✐❞❛ t❛❧ q✉❡ un → u ♥❛ ♥♦r♠❛ ❞❡ Lp(0, T,X)✱

t❡r❡♠♦s q✉❡

|U(u)| ≤ {V q(φ)} 1
p‖u‖Lp(0,T,X)

❡ ❞❛í

‖U‖(Lp(0,T,X))′ ≤ {V q(φ)} 1
p = ‖S(U)‖V q

0 (0,T,X′).

❈♦♥❝❧✉í♠♦s ❡♥tã♦ q✉❡ ❛ ❛♣❧✐❝❛çã♦

S : (Lp(0, T,X))′ → V
q
0 (0, T,X)

U 7→ φ

é ❧✐♥❡❛r✱ s♦❜r❡❥❡t✐✈❛ ❡ ♣r❡s❡r✈❛ ♥♦r♠❛✱ ♦ q✉❡ ✐♠♣❧✐❝❛ (Lp(0, T,X))′ é ❡q✉✐✈❛❧❡♥t❡ ❛

V
q
0 (0, T,X) s❡♠♣r❡ q✉❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ 1

p
+ 1

q
= 1✱ 1 < p ≤ ∞✳

❆✳✹ ❖ ❡s♣❛ç♦ ❞✉❛❧ ❞❡ Lp✭✵✱❚✱❳✮

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ♠♦str❛r q✉❡ ❛ ❛♣❧✐❝❛çã♦

L : V p
0 (0, T, Y ) → Lp(0, T, Y )

u→ u′

❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣r❡s❡r✈❛ ♥♦r♠❛✱ é ❧✐♥❡❛r ❡ s♦❜r❡❥❡t✐✈❛✳ ❱❛♠♦s ❞❡♠♦str❛r ❡♠ ❛❧❣✉♥s

❝❛s♦s✳

✶✮ L ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳

❉❡ ❢❛t♦✱ s❡❥❛ u ∈ V
p
0 (0, T, Y )✳ ▼♦str❛r❡♠♦s q✉❡ t 7→ u′(t) é ❢♦rt❡♠❡♥t❡ ♠❡♥s✉rá✈❡❧ ❡

t 7→ ‖u′(t)‖Y ∈ Lp(0, T,R)✳

❈♦♥s✐❞❡r❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦♥❥✉♥t♦s ✜♥✐t♦s ❞❡ ♣♦♥t♦s ♥♦ ✐♥t❡r✈❛❧♦ [0, T ]✱ ♦ m✲

és✐♠♦ ❝♦♥❥✉♥t♦ s❡♥❞♦ tm,1, tm,2, . . . , tm,n ❡ t❛✐s q✉❡

lim
m→∞

max
v

(tm,v+1 − tm,v) = 0

❬❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ s❡ ❞✐✈✐❞✐♠♦s ❡♠ 2m ♣❛rt❡s ✐❣✉❛✐s❪✳ ❉❡✜♥✐♠♦s

um(t) =
u(tm,v+1)− u(tm,v)

tm,v+1 − tm,v

,



✽✾

❡♠ ❝❛❞❛ ✐♥t❡r✈❛❧♦ tm,v ≤ t < tm,v+1✳ ❙❡ t ♥ã♦ é ✉♠ ❞♦s ♣♦♥t♦s tm,v✱ ❝♦♠ tm,v < t <

tm,v+1✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

um(t) =
u(tm,v+1)− u(t)

tm,v+1 − t

tm,v+1 − t

tm,v+1 − tm,v

+
u(tm,v)− u(t)

tm,v − t

t− tm,v

tm,v+1 − tm,v

=

= {u′(t) + o1(t)}
u(tm,v+1)− u(t)

tm,v+1 − t
+ {u′(t) + o2(t)}

tm,v+1 − t

tm,v+1 − tm,v

= u′(t) + o3(t)

♦♥❞❡ o3(t) ≤ ‖o1(t)‖+‖o2(t)‖✱ ❡ ‖o1(t)‖, ‖o2(t)‖ t❡♥❞❡♠ ❛ ③❡r♦ q✉❛♥❞♦ tm,v+1−tm,v → 0✳

❆ss✐♠✱

lim
m→∞

‖um(t)− u′(t)‖ = 0 q✉❛s❡ s❡♠♣r❡

✐st♦ é✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s s✐♠♣❧❡s ❝♦♥✈❡r❣✐♥❞♦ ❢♦rt❡♠❡♥t❡ ♣❛r❛ u′ q✉❛s❡

s❡♠♣r❡✱ ❧♦❣♦ u′ é ❢♦rt❡♠❡♥t❡ ♠❡♥s✉rá✈❡❧✳ P❛r❛ ❝❛❞❛ m✱ um ∈ Lp(0, T,X)✱ ❧♦❣♦

t 7→ ‖um(t)‖ ∈ Lp(0, T,R)

❡
∫ T

0

‖u′m(t)‖pdt =
∑

Pm

‖u(tm,v+1 − u(tm,v))‖p
|tm,v+1 − tm,v|p−1

≤ sup
P

nP∑

v=1

‖u(tv)− u(tv−1)‖p
|tv − tv−1|p−1

= V p(u).

P❡❧♦ ▲❡♠❛ (B.2.5)✱ s❡❣✉❡ q✉❡ t 7→ ‖u′(t)‖ é ✐♥t❡❣rá✈❡❧ ❡
∫ T

0

‖u′(t)‖pdt ≤ V p(u)✱ ✐st♦ é✱

‖u′‖Lp(0,T,Y ) ≤ V p(u)✳

P♦rt❛♥t♦✱ L ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡

‖L(u)‖Lp(0,T,Y ) = ‖u′‖Lp(0,T,Y ) ≤ ‖u‖V p(0,T,Y ). ✭❆✳✾✮

✷✮ L ♣r❡s❡r✈❛ ♥♦r♠❛

❈♦♠ ❡❢❡✐t♦✱ ♣♦r (A.9)✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡

‖u‖V p(0,T,Y ) ≤ ‖u′‖Lp(0,T,Y ).

P❛r❛ ♣r♦✈❛r♠♦s✱ ✐♥✐❝✐❛r❡♠♦s ❞❡✜♥✐♥❞♦ ❛ ❢✉♥çã♦ ✈❡t♦r✐❛❧

v : [0, T ] → Y

t 7→ u(0) +

∫ t

0

u′(s)ds

❡ ♠♦str❛♥❞♦ q✉❡ v(t) = u(t)✱ ∀t ∈ [0, T ], ♣❛r❛ u′ ∈ Lp(0, T ;Y )

❙❡❥❛ f ∈ Y ′ q✉❛❧q✉❡r✳ ❊♥tã♦✿ é q✉❛s❡ s❡♠♣r❡ ❞❡r✐✈á✈❡❧✱ ✐st♦ é✱ ❡①✐st❡ d
dt

q✉❛s❡ s❡♠♣r❡✳

❉❡ ❢❛t♦✱ ♣❛r❛ ♦s t′s t❛✐s q✉❡ ❡①✐st❡ u′(t)✱ t❡♠♦s

lim
h→0

〈
f,
u(t+ h)− u(t)

h

〉
=

〈
f, lim

h→0

u(t+ h)− u(t)

h

〉
= 〈f, u′(t)〉



✾✵

✐st♦ é
d

dt
〈f, u(t)〉 = 〈f, d

dt
u(t)〉.

◆♦t❡♠♦s q✉❡ t 7→ 〈f, u(t)〉 é ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ ε > 0 ❡ s❡ In =

(αn, βn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♥t❡r✈❛❧♦s ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s✱ ❞❡✜♥✐♥❞♦ δ =
ε

‖f‖(V p(u))
1
p

✱

♦❜t❡♠♦s

∑
|〈f, u(βn)〉−〈f, u(αn)〉| ≤ ‖f‖

∑
‖u(βn)−u(αn)‖ ≤ ‖f‖

(∑ ‖u(βn)− u(αn)‖
|βn − αn|

) 1
p

< ε.

❉❛í✱

〈f, u(t)〉 = 〈f, u(0)〉+
∫ t

0

d

dt
〈f, u(s)〉ds = 〈f, u(0)〉+

∫ t

0

〈
f,
d

dt
u(s)

〉
ds = 〈f, v(t)〉.

❆ss✐♠✱ ∀f ∈ Y ′ ❡ ∀t ∈ [0, T ], t❡♠♦s 〈f, u(t)〉 = 〈f, v(t)〉 ❡✱ ♣♦rt❛♥t♦✱ u = v, ✐st♦ é

u(t) = u(0) +

∫ t

0

u′(s)ds =

∫ t

0

u′(s)ds.

❙❡❥❛ ❛❣♦r❛ P ✉♠❛ ♣❛rt✐çã♦ q✉❛❧q✉❡r ❞♦ ✐♥t❡r✈❛❧♦ [0, T ]✳ ❊♥tã♦✱

‖u(tv+1)− u(tv)‖ =

∥∥∥∥
∫ tv+1

0

u′(s)ds−
∫ tv

0

u′(s)ds

∥∥∥∥ ≤
∫ tv+1

tv

‖u′(s)‖ds.

◆♦✈❛♠❡♥t❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s

‖u(tv+1)− u(tv)‖ ≤
(∫ tv+1

tv

‖u′(s)‖pds
) 1

p
(∫ tv+1

0

1ds

)1− 1
p

▲♦❣♦✱
‖u(tv+1)− u(tv)‖
|tv+1 − tv|

p−1
p

≤
(∫ tv+1

tv

‖u′(s)‖pds
) 1

p

❉❛í✱ ♣❛r❛ t♦❞❛ ♣❛rt✐çã♦ P ❞❡ [0, T ]✱ ♦❜t❡♠♦s

nP∑

v=1

‖u(tv+1 − u(tv))‖p
|tv+1 − tv|p

≤
∫ T

0

‖u′(s)‖pds,

❞♦♥❞❡

‖u‖V q(0,T,Y ) = {V p(u)} 1
p ≤ ‖u′‖Lp(0,T,Y ) = ‖L(u)‖Lp(0,T,Y ). ✭❆✳✶✵✮

P♦rt❛♥t♦✱ ❞❡ (A.9) ❡ (A.10)✱ t❡♠♦s ‖u′‖Lp(0,T,Y ) = ‖u‖V q(0,T,Y )✳

✸✮ L é ❧✐♥❡❛r✳

❉❡ ❢❛t♦✱ s❡❥❛♠ u, v ∈ V
q
0 (0, T, Y ) ❡ α ∈ R✳ ❆ss✐♠

L(u+ v) = (u+ v)′ = u′ + v′ = L(u) + L(v) ❡ L(αu) = (αu)′ = αu′ = αL(u)



✾✶

✹✮ L é s♦❜r❡❥❡t✐✈❛✳

❙❡❥❛ u ∈ Lp(0, T, Y )✳ ❉❡✈❡♠♦s ♠♦str❛r q✉❡ ❡①✐st❡ v ∈ V p(0, T, Y ) t❛❧ q✉❡ L(v) = v′ =

u✳ ❉❡✜♥✐♠♦s

r(t) =

∫ T

0

u(s)ds, 0 ≤ t ≤ T.

❈♦♠♦ u ∈ Lp(0, T, Y ) t❡♠♦s✱ ♣♦r ❞❡✜♥✐çã♦✱ q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (ϕn) ❞❡ ❢✉♥çõ❡s

s✐♠♣❧❡s t❛❧ q✉❡ (ϕn) ❝♦♥✈❡r❣❡ ❢♦rt❡♠❡♥t❡ ♣❛r❛ u q✉❛s❡ s❡♠♣r❡ ❡ t❛❧ q✉❡

lim
n→∞

∫ T

0

‖ϕn − u(s)‖Y ds = 0.

▼❛s✱
∥∥∥∥
1

h
|r(t+ h)− r(t)| − u(t)

∥∥∥∥ =

∥∥∥∥
1

h

[ ∫ t+h

0

u(s)ds−
∫ t

0

u(s)ds

]
− u(t)

∥∥∥∥ ≤

≤
∥∥∥∥
1

h

[ ∫ t+h

0

(u(s)− ϕn(s))ds−
∫ t

0

(u(s)− ϕn(s))ds

]∥∥∥∥+

+

∥∥∥∥
1

h

∫ t+h

0

ϕn(s)ds−
∫ t

0

ϕn(s)ds

]
− ϕn(t)

∥∥∥∥ ≤

≤
∣∣∣∣
1

h

∫ t+h

t

‖u(s)− ϕn(s)‖ds
∣∣∣∣+
∣∣∣∣
1

h

∫ t+h

t

‖ϕn(s)− ϕn(t)‖ds
∣∣∣∣+ ‖ϕn(t)− u(t)‖.

❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❝❛❞❛ n ∈ N, t❡♠✲s❡ (u− ϕn) ∈ Lp(0, T, Y )✱ ❧♦❣♦✱ ❛ ❢✉♥çã♦

s 7→ ‖u(s)− ϕn(s)‖ ∈ Lp(0, T,R),

❡ ❞❛í

lim
h→0

∥∥∥∥
1

h

∫ t+h

t

‖u(s)− ϕn(s)‖
∥∥∥∥ = ‖u(t)− ϕn(t)‖

❡

lim
h→0

∥∥∥∥
1

h

∫ t+h

t

‖ϕn(s)− ϕn(t)‖
∥∥∥∥ = 0,

q✉❛s❡ s❡♠♣r❡ ❡♠ [0, S]✳ ❆❣♦r❛
∥∥∥∥
1

h

[
r(t+ h)− r(t)

]
− u(t)

∥∥∥∥ ≤ 2‖u(t)− ϕn(t)‖+ o(h)

♦♥❞❡ o(h) → 0 ❡ ❝♦♠♦ ♦ ♠❡♠❜r♦ ❡sq✉❡r❞♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ n ❡ ♣❡❧♦ ❢❛t♦ ❞❡ ϕn → u

❢♦rt❡♠❡♥t❡✱ t❡♠♦s q✉❡

∀ε > 0, ∃nε ∈ N t❛❧ q✉❡ s❡ n ≥ nε ⇒ ‖u′(t)− ϕn(t)‖ < ε



✾✷

♣❛r❛ q✉❛s❡ t♦❞♦ t✳ ❆ss✐♠✱ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ q✉❛♥❞♦ h→ 0✱ r❡s✉❧t❛ q✉❡

lim
h→0

∥∥∥∥
1

h

[
v(t+ h)− v(t)

]
− u(t)

∥∥∥∥ = 0,

♣❛r❛ q✉❛s❡ t♦❞♦ t ∈ [0, T ] ❡✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ♥♦r♠❛✱ t❡♠♦s q✉❡ ❡①✐st❡ r′(t) = u(t)

♣❛r❛ q✉❛s❡ t♦❞♦ t ∈ [0, T ]✳

❙❡❥❛ ❛❣♦r❛ P ✉♠❛ ♣❛rt✐çã♦ q✉❛❧q✉❡r ❞♦ ✐♥t❡r✈❛❧♦ [0, T ]✳ ❊♥tã♦✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡

❍ö❧❞❡r

‖r(tv+1)− u(tv)‖ =

∥∥∥∥
∫ tv+1

tv

u(s)ds

∥∥∥∥ ≤
(∫ tv+1

tv

‖u(s)‖pds
) 1

p
(∫ tv+1

tv

1ds

)1− 1
p

▲♦❣♦✱
‖r(tv+1)− r(tv)‖
|tv+1 − tv|

p−1
p

≤
(∫ tv+1

tv

‖u(s)‖pds
) 1

p

.

❆ss✐♠✱
nP∑

v=1

‖r(tv+1)− r(tv)‖p
|tv+1 − tv|p−1

≤
∫ T

0

‖u(s)‖pds,

❡ ❝♦♠♦ P é q✉❛❧q✉❡r ♣❛rt✐çã♦ ❞❡ [0, T ] t❡♠♦s✱

sup

nP∑

v=1

‖r(tv+1)− r(tv)‖p
|tv+1 − tv|p−1

≤ ‖u‖p
Lp(0,T,Y ).

P♦rt❛♥t♦✱ r ∈ V
p
0 (0, T, Y )✱ ♣♦✐s v(0) = 0 ❡ L(v) = u✳ P♦r (1), (2), (3), (4)✱ ♦❜t❡♠♦s q✉❡

V
p
0 (0, T, Y ) é ❡q✉✐✈❛❧❡♥t❡ ❛ Lp(0, T, Y )✳

❚♦♠❛♥❞♦ Y = X ′ ❡ p = q✱ t❡♠♦s V q
0 (0, T,X

′) ≈ Lq(0, T,X ′)✳ ▼❛s ❢♦✐ ♣r♦✈❛❞♦ ❛♥t❡r✐✲

♦r♠❡♥t❡ q✉❡ (Lp(0, T,X))′ ≈ V
q
0 (0, T,X

′)✱ ❡ ❞❡ss❛ ❢♦r♠❛ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

(Lp(0, T,X))′ = Lq(0, T,X ′).

❖❜s❡r✈❛çã♦ ❆✳✹✳✶ ❆ ❝♦♥❞✐çã♦ ✐♠♣♦st❛ ❛♦ ❞✉❛❧ ❞❡ q✉❡ t♦❞❛ ❢✉♥çã♦ ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐✲

t❛❞❛ ♣♦ss✉✐ ✉♠❛ ❞❡r✐✈❛❞❛ q✉❛s❡ s❡♠♣r❡ é s❛t✐s❢❡✐t❛ ♣❡❧♦s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ Hm(Ω).

❖❜s❡r✈❛çã♦ ❆✳✹✳✷ ❙❡❥❛ H ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡♥♦t❛❞♦ ♣♦r

〈·, ·〉✳ ❊♥tã♦✱ ❛ ❢✉♥çã♦

〈·, ·〉 : L2(0, T,H)× L2(0, T,H) → R

(u, v) 7→
∫ T

0

〈u(t), v(t)〉Hdt

❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ L2(0, T ;H) q✉❡ ♥♦s ❢♦r♥❡❝❡ ❛ ♥♦r♠❛

‖u‖2L2(0,T,H) =

∫ T

0

‖u(t)‖2Hdt.



✾✸

❆ss✐♠✱ L2(0, T ;H) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❧♦❣♦ r❡✢❡①✐✈♦✳ ❉❡s❞❡ q✉❡ ❍ é r❡✢❡①✐✈♦✱

❍ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ q✉❡ t♦❞❛ ❢✉♥çã♦ ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛ ♣♦ss✉✐ ❞❡r✐✈❛❞❛ q✉❛s❡

s❡♠♣r❡✳ ❉❛í✱ t❡r❡♠♦s ♣♦r ❡①❡♠♣❧♦ ♣❛r❛ ♦s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ Hm
0 (Ω), ♦♥❞❡ Ω é ✉♠

❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ R
n q✉❡

(Lp(0, T ;Hm
0 (Ω)))′ = Lq(0, T ;H−m(Ω))

❙❡❥❛ V ∞(0, T ;X) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s f : [0, T ] → X ▲✐♣s❝❤✐t✐③✐❛♥❛✱ ♦✉ s❡❥❛✱

f ∈ V ∞(0, T,X) s❡✱ ❡ s♦♠❡♥t❡ s❡✱

L(f) = sup
x1,x2

‖f(x1)− f(x2)‖
|x1 − x2|

<∞.

❖❜s❡r✈❛çã♦ ❆✳✹✳✸ ❖ ❝♦♥❥✉♥t♦ V ∞(0, T ;X) é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

‖f‖V ∞(0,T,X) = ‖f(0)‖+ L(f).

❖❜s❡r✈❛çã♦ ❆✳✹✳✹ ◆♦ ❝❛s♦ p = 1✱ ♠♦str❛✲s❡ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡

q✉❡ L1(0, T ;X) = L∞(0, T ;X)✳

❆❣♦r❛✱ ✈❛♠♦s ❡♥✉♥❝✐❛r ❡ ❞❡♠♦♥str❛r ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❢♦✐ ✉s❛❞♦ ❞❡ ❢♦r♠❛ s✐❣✐♥✐✜❝❛t✐✈❛

♥❡st❡ tr❛❜❛❧❤♦✳

Pr♦♣♦s✐çã♦ ❆✳✹✳✶ ❙❡❥❛♠ X ′ ♦ ❞✉❛❧ ❞❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦ X ❡ 1 ≤ p ≤
∞✳ ❙❡ (fk) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❞❡ Lp

loc(0,∞;X ′)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛

❞❡ (fk) q✉❡ ❝♦♥✈❡r❣❡ ❢r❛❝♦ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ ❞❡ L
p
loc(0,∞;X ′)✭❢r❛❝❛ ❡str❡❧❛ ♥♦ ❝❛s♦

p = ∞)✳

❉❡♠♦♥str❛çã♦✿ P♦r ❤✐♣ót❡s❡✱ (fk) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❞❡ Lp(0, T ;X ′) ♣❛r❛

t♦❞♦ T > 0 ❡ T ∈ R✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ (fk) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❞❡ Lp(0, 1;X ′)✳

P❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❢r❛❝❛ ❞❡ Lp(0, 1;X ′)✭❢r❛❝❛ ❡str❡❧❛ ♥♦ ❝❛s♦ p = ∞✮✱ t❡♠♦s q✉❡ ❡①✐st❡

✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (f 1
k ) t❛✐s q✉❡

✐✮ f 1
k ⇀ f 1✭❢r❛❝❛ ❡str❡❧❛ ♥♦ ❝❛s♦ p = ∞✮

❖r❛✱ (f 1
k ) é ❧✐♠✐t❛❞❛ ❡♠ Lp(0, 1, X ′)✱ ❡♥tã♦ s❡❣✉✐♥❞♦ r❛❝✐♦❝í♥✐♦ ❛♥t❡r✐♦r✱ ❡①✐st❡ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ (f 2
k ) ❞❡ (f 1

k ) ❡ ✉♠❛ ❢✉♥çã♦ f 2 t❛✐s q✉❡

✐✐✮f 2
k ⇀ f 2 ✭❢r❛❝❛ ❡str❡❧❛ ♥♦ ❝❛s♦ p = ∞✮✳

❉❡ ❢♦r♠❛ ✐♥❞✉t✐✈❛✱ ❞❡✜♥❡✲s❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (fT
k ) ❞❡ (fk) ❡ ✉♠❛ ❢✉♥çã♦ fT t❛✐s q✉❡

✐✐✐✮fT
k ⇀ fT ✭❢r❛❝❛ ❡str❡❧❛ ♥♦ ❝❛s♦ p = ∞✮

P♦r ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ ❢r❛❝♦ ✭❢r❛❝♦ ❡str❡❧❛ ♥♦ ❝❛s♦ p = ∞✮✱ t❡♠♦s

fT
k = fT−1

k , ∀t ∈ [0, T − 1] ✭❆✳✶✶✮



✾✹

❙❡❥❛ ❛ s❡q✉ê♥❝✐❛ ❞✐❛❣♦♥❛❧ (fk
k )✳ ❉❛❞♦ T ∈ R✱ ♦❜s❡r✈❛♠♦s q✉❡

(fk
k ) é ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (fT

k ). ✭❆✳✶✷✮

❆ss✐♠✱ ❞❡ (A.12) ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

fk
k ⇀ fT ( ❢r❛❝❛ ❡str❡❧❛ ♥♦ ❝❛s♦ p = ∞) ✭❆✳✶✸✮

P♦r (A.11)✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❢✉♥çã♦ f(t) = fT ✱ s❡ t ∈ [0, T ]✳ ▲♦❣♦✱ ❞❡ (A.13) ❝♦♥❝❧✉í✲

♠♦s q✉❡

fk
k ⇀ f ❡♠ L

p
loc(0,∞, X ′)( ❢r❛❝♦ ❡str❡❧❛ ♥♦ ❝❛s♦ p = ∞).



❆♣ê♥❞✐❝❡ ❇

❘❡s✉❧t❛❞♦s ✉t✐❧✐③❛❞♦s

◆♦ q✉❡ s❡❣✉❡✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s q✉❡ ✉s❛♠♦s ♥❛

❞✐ss❡rt❛çã♦✳ ❆❧❣✉♥s ❞❡st❡s r❡s✉❧t❛❞♦s s❡rã♦ ❞❡♠♦♥str❛❞♦s✳

❇✳✶ ❚❡♦r❡♠❛ ❞❡ ❈❛r❛t❤é♦❞♦r②

◆❡st❛ s❡çã♦ ❡♥✉♥❝✐❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❈❛r❛t❤é♦❞♦r② q✉❡ s❡rá ✉t✐❧✐③❛❞♦ ♥♦ ❈❛✲

♣ít✉❧♦ ✷✳ ❖ t❡♦r❡♠❛ ❢♦r♥❡❝❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ❡♠

✉♠ ✐♥t❡r✈❛❧♦ [0, tm]✱ ♣❛r❛ ❝❛❞❛ m ∈ N✳

❙❡❥❛ Ω ⊂ R
n+1 ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ ❞❡♥♦t❛❞♦s ♣♦r (t, x)✱ ♦♥❞❡

t ∈ R✱ x ∈ R
n ❡ s❡❥❛ f : Ω → R

n ✉♠❛ ❢✉♥çã♦✳

❈♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧
∣∣∣∣∣∣
x′(t) = f(t, x(t)),

x(t0) = x0

✭❇✳✶✮

❉✐③❡♠♦s q✉❡ f : Ω → R
n s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ t❡♦r❡♠❛ ❞❡ ❈❛r❛t❤❡ó❞♦r② s♦❜r❡ Ω

s❡✿

✭✐✮ ❢✭t✱①✮ é ♠❡♥s✉rá✈❡❧ ❡♠ t ♣❛r❛ ❝❛❞❛ x ✜①♦

✭✐✐✮ ❢✭t✱①✮ é ❝♦♥tí♥✉❛ ❡♠ x ♣❛r❛ ❝❛❞❛ t ✜①♦

✭✐✐✐✮ P❛r❛ ❝❛❞❛ ❝♦♠♣❛❝t♦ K ⊂ Ω✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ r❡❛❧ mK(t)✱ ✐♥t❡❣rá✈❡❧✱ t❛❧ q✉❡

‖f(t, x)‖Rn ≤ mK(t), ∀(t, x) ∈ K
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❚❡♦r❡♠❛ ❇✳✶✳✶ ✭❚❡♦r❡♠❛ ❞❡ ❈❛r❛❝t❤é♦❞♦r②✮ ❙❡❥❛ f : Ω → R
n s❛t✐s❢❛③❡♥❞♦ ❛s

❝♦♥❞✐çõ❡s ❞❡ ❈❛r❛t❤é♦❞♦r② s♦❜r❡ Ω✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ x(t) ❞❡ (B.1) s♦❜r❡

❛❧❣✉♠ ✐♥t❡r✈❛❧♦ |t− t0| ≤ β, ♦♥❞❡ β > 0 é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳

❖❜s❡r✈❛çã♦ ❇✳✶✳✶ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ t❡♦r❡♠❛ s❡rá ❢❡✐t❛ q✉❛♥❞♦ f ❡st✐✈❡r ❞❡✜♥✐❞❛

❡♠ R : |t− t0| ≤ a ❡♠ |x− ξ| ≤ b✳

❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ s❡rá ♦❜t✐❞❛ ♣♦r ❧✐♠✐t❡s ❞❡ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s✳

❱❛♠♦s ❝♦♥str✉✐r ❛ s♦❧✉çã♦ ♣❛r❛ t ≥ t0✱ ❡ ❛ ❝♦♥str✉çã♦ ♥♦ ❝❛s♦ ❞❡ t ≤ t0 é ❛♥á❧♦❣❛✳

❉❡✜♥❛ M(t) ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

M(t) =





0, s❡ t ≤ t0∫ t

t0

m(s)ds, s❡ t ∈ [t0, t0 + a].
✭❇✳✷✮

◆♦t❡ q✉❡ ▼ é ❝♦♥tí♥✉❛✱ ♥ã♦✲❞❡❝r❡s❝❡♥t❡ ❡ M(t0) = 0. P♦r ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ M ❡①✐st❡

β > 0 t❛❧ q✉❡
(
t, x0 ±M(t)

)
∈ R✱ ♣❛r❛ ❛❧❣✉♠ ✐♥t❡r✈❛❧♦ t0 ≤ t ≤ t0 + β ≤ t + a✱ ♦♥❞❡

β é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ ❊s❝♦❧❤❡♥❞♦ β ♣❛r❛ q✉❡ ✐st♦ s❡❥❛ ✈❡r❞❛❞❡✱ ❞❡✜♥✐r❡♠♦s ❛

s❡q✉ê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ❝♦♠♦✿

uj(t) =





ξ, s❡ t0 ≤ t ≤ t0 +
β

j

ξ +

∫ t−β

j

t0

f(s, uj(s))ds, s❡ t0 +
β

j
< t < t0 + β.

✭❇✳✸✮

❚❡♠♦s q✉❡ u1 ❡stá ❞❡✜♥✐❞❛ ❡♠ t0 ≤ t ≤ t0 + β✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥st❛♥t❡ ξ✳ ❋✐①❡♠♦s

j ∈ N q✉❛❧q✉❡r✳ ❉❛í✱ ❛ ♣r✐♠❡✐r❛ ❢ór♠✉❧❛ ❞❡ (B.3) ❞❡✜♥❡ uj ♥♦ ✐♥t❡r✈❛❧♦ t0 ≤ t ≤ t0+
β

j
✳

❙❡♥❞♦ (t, ξ) ∈ R ♣❛r❛ t0 ≤ t ≤ t0 +
β

j
✱ ❛ s❡❣✉♥❞❛ ❢ór♠✉❧❛ ❞❡ (B.3) ❞❡✜♥❡ uj ❝♦♠♦

✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ♥♦ ✐♥t❡r✈❛❧♦ t0 +
β

j
≤ t ≤ t0 +

2β

j
✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡s❞❡ q✉❡

|f(t, x)| ≤ mK ❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ M ✱ ♦❜t❡♠♦s

|uj(t)− ξ| ≤M

(
t− β

j

)
. ✭❇✳✹✮

❙✉♣♦♥❤❛♠♦s q✉❡ uj ❡stá ❞❡✜♥✐❞❛ ♣❛r❛ t0 ≤ t ≤ t0 +
kβ

j
♣❛r❛ 1 < k < j✳ ❊♥tã♦✱

❛ s❡❣✉♥❞❛ ❢ór♠✉❧❛ ❞❡ (B.3) ❞❡✜♥❡ uj ♣❛r❛ ♦ ✐♥t❡r✈❛❧♦ t0 +
kβ

j
< t ≤ t0 +

(k + 1)β

j
✱

s❡♥❞♦ ❛♣❡♥❛s ♥❡❝❡ssár✐♦ ♦ ✐♥t❡❣r❛♥❞♦ ♠❡♥s✉rá✈❡❧ ♥♦ ✐♥t❡r✈❛❧♦ t0 ≤ t ≤ t0+
kβ

j
✳ ❚❡♠♦s

t❛♠❜é♠ q✉❡ ❡♠ t0+
kβ

j
< t ≤ t0+

(k + 1)β

j
✱ ❛ ❢✉♥çã♦ uj s❛t✐s❢❛③ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (B.4)✱



✾✼

❞❡✈✐❞♦ ❛ |f(t, x)| ≤ mK ❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ M ✳ P♦rt❛♥t♦✱ t♦❞❛s ❛s uj sã♦ ❞❡✜♥✐❞❛s

❝♦♠♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡♠ t0 ≤ t ≤ t0 + β✱ s❛t✐s❢❛③❡♥❞♦

uj(t) = ξ ❡♠ t0 ≤ t ≤ t0 +
β

j

|uj(t)− ξ| ≤M

(
t− β

j

)
❡♠ t0 +

β

j
< t ≤ t0 + β ✭❇✳✺✮

❙❡❥❛ N =
{
uj : j ≥ j0

}
✳ ▼♦str❛r❡♠♦s q✉❡ N s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦ t❡♦r❡♠❛ ❞❡

❆s❝♦❧✐✲❆r③❡❧á✳ ❙❡♥❞♦M ❝♦♥tí♥✉❛ ♥♦ ✐♥t❡r✈❛❧♦ [t0, t0+β]✱ s❡❣✉❡ q✉❡M é ✉♥✐❢♦r♠❡♠❡♥t❡

❝♦♥tí♥✉❛✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ ǫ > 0✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡ ♣❛r❛ |t1 − t2| < δ

|uj(t1)− uj(t2)| ≤
∣∣∣∣M
(
t1 −

β

j

)
−M

(
t2 −

β

j

)∣∣∣∣ .

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r

|uj(t1)− uj(t2)| ≤M |t1 − t2|.

❚♦♠❛♥❞♦ δ =
ǫ

M
✱ ♦❜t❡♠♦s

|uj(t1)− uj(t2)| ≤ ǫ

♠♦str❛♥❞♦ q✉❡ (uj)j∈N é ✉♥✐❢♦r♠❡♠❡♥t❡ ❡q✉✐❝♦♥tí♥✉❛ ❡♠ [t0, t0 + β]✳ P♦r ♦✉tr♦ ❧❛❞♦✱

❞❛❞♦ t ∈ Ia✱ t❡♠✲s❡ q✉❡ (uj)j∈N é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛✱ ♣♦✐s ♠ é ✐♥t❡❣rá✈❡❧✳

❊♥tã♦✱ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ❆s❝♦❧✐✲❆r③❡❧á✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (uj)j∈N✱ q✉❡ ❛✐♥❞❛

❞❡♥♦t❛r❡♠♦s ♣♦r (uj)j∈N t❛❧ q✉❡

uj → u ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [t0, t0 + β]

❈♦♠♦ f é ❝♦♥tí♥✉❛ ❡♠ x✱ ✜①❛❞♦ t✱ t❡♠♦s q✉❡ f(t, uj(t)) → f(t, u(t)) q✉❛♥❞♦ j → ∞✳

❆❧é♠ ❞✐ss♦✱ |f(t, uj(t))| ≤ m✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡

▲❡❜❡s❣✉❡✱ t❡♠♦s

lim
j→∞

∫ t

t0

f(s, uj(s))ds =

∫ t

t0

f(s, u(s))ds, ∀t ∈ [t0, t0 + β].

❊♥tã♦✱ ✈❛♠♦s ❡s❝r❡✈❡r

uj(t) = u0 +

∫ t

t0

f(s, uj(s))ds−
∫ t

t−β

j

f(s, uj(s))ds.

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ j → ∞✱ ❛ ú❧t✐♠❛ ✐♥t❡❣r❛❧ s❡ ❛♥✉❧❛ ❡ ❛ss✐♠

u(t) = u0 +

∫ t

t0

f(s, u(s))ds.

♠♦str❛♥❞♦ ♦ r❡s✉❧t❛❞♦✳



✾✽

❚❡♦r❡♠❛ ❇✳✶✳✷ ✭❚❡♦r❡♠❛ ❞♦ ♣r♦❧♦♥❣❛♠❡♥t♦✮ ❙❡❥❛ Ω =
[
0, T

]
× B ❝♦♠ T > 0✱

B =
{
x ∈ R

n; ‖x‖ ≤ b
}
✱ ♦♥❞❡ b > 0 é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ❡ ‖·‖ ❛ ♥♦r♠❛ ❡✉❝❧✐❞✐❛♥❛

❞♦ R
n✳ ❙✉♣♦♥❤❛ q✉❡ f é ✉♠❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ ❛s ❞✉❛s ♣r✐♠❡✐r❛s ❝♦♥❞✐çõ❡s ❞♦

t❡♦r❡♠❛ ❞❡ ❈❛r❛t❤é♦❞♦r② ❡ q✉❡ ❡①✐st❛ ✉♠❛ ❢✉♥çã♦ m(t) ✐♥t❡❣rá✈❡❧ t❛❧ q✉❡

|f(t, x)| ≤ m(t),m(t) ∈ L(0, T ), ♣❛r❛ t♦❞♦ (x, t) ∈ Ω.

❙❡❥❛ x(t) ✉♠❛ s♦❧✉çã♦ ❞❡ (B.1) ❡ s✉♣♦♥❤❛ q✉❡ x(t) ❡stá ❞❡✜♥✐❞❛ ❡♠ I✱ s❛t✐s❢❛③❡♥❞♦

|x(t)| ≤ M ✱ M ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ I ❡ M < b ♣❛r❛ t♦❞♦ t ∈ I✳ ❊♥tã♦✱ x(t) ♣♦❞❡ s❡r

♣r♦❧♦♥❣❛❞❛ à t♦❞♦ ✐♥t❡r✈❛❧♦ [0, T ]

❉❡♠♦♥str❛çã♦✿ ❱❡r ❈♦❞❞✐♥❣t♦♥✲▲❡✈✐♥s♦♥ ❬✺❪✳

❚❡♦r❡♠❛ ❇✳✶✳✸ ✭❆✉❜✐♥✲▲✐♦♥s✮ ❙❡❥❛♠ X✱ B ❡ Y ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❝♦♠ X
comp→֒

B
cont→֒ Y ✱ X ❡ Y r❡✢❡①✐✈♦s✳ ❙❡❥❛ 1 < p0, p1 <∞✱ ❡ W ♦ ❡s♣❛ç♦

W = {u ∈ LP0(0, T ;B0); u
′ ∈ L

p
1(0, T ;B1)}

♠✉♥✐❞♦ ❞❛ ♥♦r♠❛ ‖u‖W = ‖u‖Lp0 (0,T ;B0) + ‖u‖Lp1 (0,T ;B1). ❊♥tã♦✱ W é ✉♠ ❡s♣❛ç♦ ❞❡

❇❛♥❛❝❤✱ ❡ ❛ ✐♠❡rsã♦ W ❡♠ Lp0(0, T ;B) é ❝♦♠♣❛❝t❛✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♣r♦✈❛ ✈❡r ▲✐♦♥s ❬✶✷❪ ♦✉ ❚❡♠❛♠ ❬✷✷❪✳

❖❜s❡r✈❛çã♦ ❇✳✶✳✷ ❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❆✉❜✐♥✲▲✐♦♥s é q✉❡ s❡ (un)n∈N é

✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ L2(0, T ;B0) t❛❧ q✉❡ (u′n)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠

Lp(0, T ;B1) ♣❛r❛ ❛❧❣✉♠ p ≥ 1✳ ❊♥tã♦ (un)n∈N é ❧✐♠✐t❛❞❛ ❡♠ W ✱ ✐st♦ é✱ ❡①✐st❡ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ❞❡ (un)n∈N q✉❡ ❝♦♥✈❡r❣❡ ❢♦rt❡ ❡♠ L2(0, T ;B)✳

❚❡♦r❡♠❛ ❇✳✶✳✹ ✭❙tr❛✉ss✮ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❝♦♠ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ✜♥✐t❛✱ X ❡ Y

❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❢♦rt❡♠❡♥t❡ ♠❡♥s✉rá✈❡✐s ❞❡ Ω

❡♠ X✳ ❙❡❥❛ (Fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❞❡ Ω×X ❡♠ Y t❛❧ q✉❡

✭✐✮ Fn(x, un(x)) é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛ ❞❡ Y ❡♠ Ω × B✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦

B ❧✐♠✐t❛❞♦ ❞❡ X❀

✭✐✐✮ Fn(x, un(x)) é ❢♦rt❡♠❡♥t❡ ♠❡♥s✉rá✈❡❧ ❡

∫

Ω

|un(x)|X |Fn(x, un(x))|Y dx ≤ C ≤ ∞❀

✭✐✐✐✮ |Fn(x, un(x))− v(x)|Y → 0 q✉❛s❡ s❡♠♣r❡ ❡♠ Ω❀

❊♥tã♦✱ v ∈ L1(Ω;Y ) ❡
∫

Ω

|Fn(x, un(x))− v(x)|Y dx→ 0✳



✾✾

❉❡♠♦♥str❛çã♦✿ ❱❡r ❙tr❛✉ss ❬✷✹❪✳

❆ s❡❣✉✐r ❡♥✉♥❝✐❛r❡♠♦s ♦ t❡♦r❡♠❛ ❞❡ ❙tr❛✉ss ♣❛r❛ ❢✉♥çõ❡s ❞❡ ✉♠❛ ✈❛r✐á✈❡❧✱ ♣♦✐s

❡st❡ t❡♦r❡♠❛ q✉❡ ✉s❛r❡♠♦s ♥❡st❛ ❞✐ss❡rt❛çã♦✳

❚❡♦r❡♠❛ ❇✳✶✳✺ ✭❙tr❛✉ss✮ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ R
n ❡ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

❢✉♥çõ❡s r❡❛✐s ♠❡♥s✉rá✈❡✐s ❞❡✜♥✐❞❛s ❡♠ Ω. ❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛s s❡q✉ê♥❝✐❛s ❞❡ ❢✉♥çõ❡s

r❡❛✐s (Fn) ❡ (Gn) t❛❧ q✉❡ Fn◦un ❡ Gn◦un ♠❡♥s✉rá✈❡✐s s♦❜r❡ Ω ♣❛r❛ n ∈ N. ❙✉♣♦♥❤❛♠♦s

q✉❡✿

(i) Fn ◦ un ❝♦♥✈❡r❣❡ ♣❛r❛ v q✉❛s❡ s❡♠♣r❡ ❡♠ Ω;

(ii)

∫

Ω

|Fn(un(x))Gn(un(x))|dx < C, ♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ n ∈ N;

(iii) Gn → ∞ q✉❛♥❞♦ Fn → ∞.

❊♥tã♦✱

(iv) ❆ ❢✉♥çã♦ v ∈ L1(Ω);

(v) Fn ◦ un ❝♦♥✈❡r❣❡ ♣❛r❛ v ❢♦rt❡ ❡♠ L1(Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✺❪✳

❖❜s❡r✈❛çã♦ ❇✳✶✳✸ ❆ ♥♦t❛çã♦ Fn ◦ un r❡♣r❡s❡♥t❛ ❛ ❢✉♥çã♦ (Fn ◦ un)(x) = Fn(un(x)),

∀x ∈ Ω. ❆ ❤✐♣ót❡s❡ (iii) ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r q✉❡ ♣❛r❛ ❝❛❞❛ M > 0 ❡①✐st❡ N > 0 ✐♥❞❡♣❡♥✲

❞❡♥t❡ ❞❡ n ∈ N, t❛❧ q✉❡ s❡

|Fn(s)| ≥M ❡♥tã♦ |Gn(s)| ≥ N, ∀s ∈ R.

❖❜s❡r✈❛çã♦ ❇✳✶✳✹ ❙✉♣♦♥❤❛♠♦s q✉❡ Gn : R → R é ❞❡✜♥✐❞❛ ♣♦r Gn(s) = s, ∀s ∈ R ❡

∀n ∈ N. ❆s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ❇✳✶✳✺ ♠♦❞✐✜❝❛♠ ❡ sã♦✿

(i) Fn ◦ un ❝♦♥✈❡r❣❡ ♣❛r❛ v q✉❛s❡ s❡♠♣r❡ ❡♠ Ω;

(ii)

∫

Ω

|Fn(un(x))un(x)|dx < C, ∀n ∈ N;

(iii) s→ ∞ q✉❛♥❞♦ Fn(s) → ∞.

❊♥tã♦✱ s❡❣✉❡ (iv) ❡ (v) ❞♦ t❡♦r❡♠❛ ❇✳✶✳✺✳

❈♦r♦❧ár✐♦ ❇✳✶✳✻ ✭▲❡♠❛ ❞❡ ▲✐♦♥s✮ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✲

✈❡✐s✱ ❧✐♠✐t❛❞❛ ❡♠ Lq(Ω), 1 < q <∞ ❡ ❝♦♥✈❡r❣❡ ♣❛r❛ u q✉❛s❡ s❡♠♣r❡ ❡♠ Ω. ❊♥tã♦✱

(i) un → u ✭❢♦rt❡✮ ❡♠ Lp(Ω) ♣❛r❛ t♦❞♦ 1 ≤ p <∞;

(ii) un ⇀ u ✭❢r❛❝♦✮ ❡♠ Lq(Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✺❪ ♦✉ ▲✐♦♥s ❬✶✷❪✳

▲❡♠❛ ❇✳✶✳✶ ✭❙❡q✉ê♥❝✐❛ ❞❡ ❙tr❛✉ss✮ ❙❡❥❛ F : R → R ✉♠❛ ❢✉♥çã♦ r❡❛❧ ❝♦♥tí♥✉❛✱

❝♦♠ sF (s) ≥ 0✱ ∀s ∈ R✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (Fn) s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s✿
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✭✐✮ sFn(s) ≥ 0✱ ∀s ∈ R ❡ ∀n❀

✭✐✐✮ Fn é ❧✐♣s❝❤t✐③✐❛♥❛ ♣❛r❛ ❝❛❞❛ n❀

✭✐✐✐✮ Fn ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ ❧✐♠✐t❛❞♦s ❞❡ R.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❝❛❞❛ n ∈ N ❞❡✜♥❛

Fk(s) =





A1s, s❡ 0 ≤ s ≤ 1
n
;

k

(
G(s+ 1

n
)−G(s)

)
, s❡ 1

n
≤ s ≤ n;

A2, s❡ s ≥ k;

A3s, s❡ − 1
n
≤ s ≤ 0;

−n
(
G(s+ 1

n
)−G(s)

)
, s❡ − n ≤ s ≤ − 1

n
;

A4, s❡ s ≤ −n.

♦♥❞❡ G(s) =
∫ s

0

F (ξ)dξ ❡ ♣❛r❛ ❝❛❞❛ n ∈ N✱ A1✱ A2✱ A3 ❡ A4 sã♦ ❡s❝♦❧❤✐❞❛s ❞❡ ❢♦r♠❛ ❛

t♦r♥❛r Fn ❝♦♥tí♥✉❛✳ ❊♥tã♦✱ ❝♦♥s✐❞❡r❡

A1 = n2

(
G

(
2

n

)
−G

1

n

)
;

A2 = n2

(
G(n+

1

n
)−G(n)

)
;

A3 = −n2

(
G

(
− 2

n

)
−G− 1

n

)
;

A4 = −n
(
G

(
n− 1

n

)
−G(n)

)
.

❆ ❞❡♠♦str❛çã♦ s❡rá ❢❡✐t❛ ❡♠ ❡t❛♣❛s✳

❊t❛♣❛ ✶

❱❛♠♦s ♠♦str❛r q✉❡ ♣❛r❛ t♦❞♦ n ∈ N✱ t❡♠✲s❡ sFn(s) ≥ 0

✭✐✮ s❡ 0 ≤ s ≤ 1

n
, t❡♠♦s Fn(s) =

∫ 1
n

2
n

F (ξ)dξ ≥ 0

✭✐✐✮
1

n
≤ s ≤ n✱ s❡❣✉❡ ❝♦♠♦ ❡♠ ✭✐✮

✭✐✐✐✮ s❡ s ≥ n✱ s❡❣✉❡ ❛♥❛❧♦❣❛♠❡♥t❡ ❝♦♠♦ ❡♠ ✭✐✮

✭✐✈✮ s❡ − 1

n
≤ s ≤ 0✱ t❡♠♦s Fn(s) = −n2

(
−
∫ 0

− 2
n

F (ξ)dξ +

∫ 0

−1
n

F (ξ)dξ

)
=

= −n2

∫ − 1
n

− 2
n

−F (ξ)dξ ≤ 0
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❖❜s❡r✈❛çã♦ ❇✳✶✳✺ ❆ ♣r♦✈❛ ❞♦s ✐t❡♥s ✭✈✮✱ ✭✈✐✮✱ ✭✈✐✐✮ s❡❣✉❡ ❝♦♠♦ ❡♠ ✭✐✈✮✱ ♣r♦✈❛♥❞♦ ❛

❊t❛♣❛ ✶

❊t❛♣❛✷

Pr♦✈❛r❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ n✱ Fn é ✉♠❛ ❢✉♥çã♦ ▲✐♣s❝❤✐t✐③✐❛♥❛✳ ❚♦♠❛♥❞♦ a1 = −n, a2 =
− 1

n
, a3 = 0, a4 = − 1

n
❡ a5 = n ❡ ❝♦♥s✐❞❡r❡♠♦s ♦s ✐♥t❡r✈❛❧♦s I1 = (−∞, a1]✱ I2 = [a1, a2]✱

I3 = [a2, a3]✱ I4 = [a3.a4]✱ I5 = [a4, a5] ❡ I6 = [a5,∞)✳ ❖❜s❡r✈❡ q✉❡ (Fn) sã♦ ❢✉♥çõ❡s

❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ ❝❛❞❛ Ij✱ j = 1, . . . , 6 ❡ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ❱❛❧♦r ▼é❞✐♦✱

|Fn(s)− Fn(t)| = F ′
n(ξ)|t− s|, ❝♦♠ ξ ∈ [t, s].

❖❜s❡r✈❡ q✉❡

✭✐✮ s❡ s ∈ I1✱ t❡♠♦s |Fn(s)− Fm(t)| = 0✱ ∀s, t ∈ I1✳

✭✐✐✮ s❡ s ∈ I2✱ t❡♠♦s F ′
k(s) = −n

(
− F (s) + F (s− 1

n
)

)
≤ nC, ∀s, t ∈ I2✱

♦♥❞❡ C = max |F (s)| < ∞✳ ❙❡❣✉✐♥❞♦ ❡st❡ r❛❝✐♦❝í♥✐♦ ♣❛r❛ Ij, j = 3, 4, 5, 6✱ ❝♦♥❝❧✉í♠♦s

q✉❡

|Fn(s)− Fm(t)| ≤M |s− t|, ∀s, t ∈ R,

♦♥❞❡ ▼ é ❛s ✈ár✐❛s ❝♦♥st❛♥t❡s q✉❡ ❛♣❛r❡❝❡♠✳ P♦rt❛♥t♦✱ Fk é ▲✐♣s❝❤✐t✐③✐❛♥❛✳

❊t❛♣❛✸

▼♦str❛r❡♠♦s q✉❡ (Fn) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ F ❡♠ ❧✐♠✐t❛❞♦s ❞❛ r❡t❛✳ ❙❡❥❛ I

✉♠ ✐♥t❡r✈❛❧♦ ❧✐♠✐t❛❞♦ ❡ b ∈ R t❛❧ q✉❡ I ⊂ [−b, b]✳ ❆ ♣r✐♥❝í♣✐♦✱ ♣r♦✈❛r❡♠♦s q✉❡ (Fn)

❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ F ♥♦ ✐♥t❡r✈❛❧♦ [0, b]✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ♣r♦✈❛✲s❡ q✉❡

(Fn) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ F ❡♠ [−b, 0]✳

❆✜r♠❛çã♦✿ ❉❡✜♥❛ ϕn(s) = n

[
G
(
s+ 1

k

)
− G(s)

]
= n

∫ s+ 1
n

s

F (ξ)dξ. ❊♥tã♦✱ ϕn(s)

❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡✳

◆♦t❡♠♦s q✉❡ F é ❝♦♥tí♥✉❛ ♥♦ ❝♦♠♣❛❝t♦ [0, b]✱ ❧♦❣♦ F é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉❛✳ ❉❛❞♦

ε > 0✱ ❡①✐st❡ k ∈ N t❛❧ q✉❡ s❡ |t− s| < 1
k
❡♥tã♦

|F (s)− F (t)| < ε.

P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✱ ❡①✐st❡ c ∈ [t, s] t❛❧ q✉❡

∫ t+ 1
n

t

F (ξ)dξ =

(
t+

1

n
− t

)
F (c)
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✐♠♣❧✐❝❛♥❞♦ q✉❡

F (c) = n

∫ t+ 1
n

t

F (ξ)dξ.

P♦rt❛♥t♦✱

|ϕn(s)− ϕn(t)| = |F (s)− F (t)| =
∣∣∣∣∣n
∫ t+ 1

n

t

F (s)dξ − n

∫ t+ 1
n

t

F (s)dξ

∣∣∣∣∣ ≤

≤
∫ t+ 1

n

t

|F (s)− F (t)| < 1

n
ε < ε,

♠♦str❛♥❞♦ ❛ ❛✜r♠❛çã♦✳

P♦r ✜♠✱ ♣r♦✈❛r❡♠♦s q✉❡ Fk → F ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [0, b]✱ ♣❛r❛ t❛♥t♦✱ ✉s❛r❡♠♦s ❛

❛✜r♠❛çã♦ ❛❝✐♠❛✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ ε > 0✱ s❡❥❛ k1 ∈ N t❛❧ q✉❡ k1 > b✳ ❈♦♠♦ F é ❝♦♥tí♥✉❛✱

❡①✐st❡ δ > 0 t❛❧ q✉❡ |F (s)| < ε

4
, ❢♦r ❛❧❧ s ∈ [0, δ]✳ ❙❡❥❛ ❛❣♦r❛ k2 > k1 ❡ 1

k2
< δ. P❡❧❛

❛✜r♠❛çã♦✱ ❡①✐st❡ k3 ∈ N ❝♦♠ k3 > k2 t❛❧ q✉❡

|ϕk(s)− F (s)| < ε

4
, ∀s ∈ [0, b], ∀k > k3.

❖❜s❡r✈❡♠♦s q✉❡

ϕk

(
1

k

)
= Fk

(
1

k

)
❡ ϕk(s) = Fk(s), s❡

1

k
≤ s ≤ k.

❆ss✐♠✱ ♣❛r❛ k > k3✱ t❡♠♦s

✭✐✮
1

k
≤ s ≤ k ⇒ |Fk(s)− F (s)| = |ϕk(s)− F (s)| ≤ ε

4

✭✐✐✮ 0 ≤ s ≤ 1

k
< δ ⇒ |Fk(s)− F (s)| ≤ |Fk(s)|+ |F (s)| ≤ |F (1

k
)|+ ε

4
= |ϕk(

1

k
)|+ ε

4ε

4
+ |Fk(s)|+

ε

4
< ε, (Fk é ❝r❡s❝❡♥t❡ ❡♠ (0, 1

k
)),

♦ q✉❡ ♠♦str❛ q✉❡ (Fk) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ ❋ ❡♠ ❧✐♠✐t❛❞♦s ❞❛ r❡t❛✳

❉❡✜♥✐çã♦ ❇✳✶✳✶ ❙❡❥❛ ■ ✉♠ ✐♥t❡r✈❛❧♦✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ u é ❛❜s♦❧✉t❛♠❡♥t❡

❝♦♥tí♥✉❛ q✉❛♥❞♦ u ∈ W 1,1(I)✳

▲❡♠❛ ❇✳✶✳✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧✮ ❙❡❥❛ z(t) ✉♠❛ ❢✉♥çã♦ r❡❛❧✱ ❛❜s♦❧✉t❛♠❡♥t❡

❝♦♥tí♥✉❛ ❡♠ [0, a) t❛❧ q✉❡ ♣❛r❛ t♦❞♦ t ∈ [0, a[ t❡♠✲s❡

z(t) ≤ C +

∫ t

0

z(s)ds, ✭❇✳✻✮

♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ ♥ã♦ ♥❡❣❛t✐✈❛✳ ❊♥tã♦✱

z(t) ≤ Cet, ∀t ∈ [0, a[.

❈♦♥s❡q✉ê♥t❡♠❡♥t❡✱ z(t) é ❧✐♠✐t❛❞❛✳
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❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡

w(s) =

∫ t

0

z(ξ)dξ.

❉❛í✱ ♦❜t❡♠♦s q✉❡ w′(s) = z(s)✳ ❖❜s❡r✈❡ q✉❡ ♣♦r (B.6) t❡♠♦s

w′(s) ≤ C + w(s).

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♣♦r e−s✱ ♦❜t❡♠♦s

e−sw′(s) ≤ e−sC + w(s)e−s,

♦✉ ❛✐♥❞❛
d

dt

[
e−sw(s)

]
≤ Ce−s.

■♥t❡❣r❛♥❞♦ ❞❡ ✵ ❛ t✱ ♦❜té♠✲s❡

e−tw(t) ≤ Ce−s

∣∣∣∣
t

0

.

❆ss✐♠✱

w(t) ≤ Cet − C. ✭❇✳✼✮

P♦rt❛♥t♦✱ ❞❡ (B.6) ❡ (B.7)✱ r❡s✉❧t❛ q✉❡

z(t) ≤ Cet.

❇✳✷ ❘❡s✉❧t❛❞♦s ❆✉①✐❧✐❛r❡s

◆♦ q✉❡ s❡❣✉❡✱ ❡♥✉♥❝✐❛r❡♠♦s s❡♠ ❞❡♠♦♥str❛✲❧♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s q✉❡ ❢♦r❛♠

✉t✐❧✐③❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✳ ❈♦♥s✐❞❡r❛♠♦s Ω ❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❜❡♠

r❡❣✉❧❛r ❞♦ R
n✳

❚❡♦r❡♠❛ ❇✳✷✳✶ ❙✉♣♦♥❤❛ q✉❡ X s❡❥❛ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦ ❡ (xn) ✉♠❛

s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ X✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (xnk
) ❞❡ (xn) q✉❡ ❝♦♥✈❡r❣❡

♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s ❬✸❪✳

❚❡♦r❡♠❛ ❇✳✷✳✷ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ s❡♣❛rá✈❡❧ ❡ s❡❥❛ (fn) ✉♠❛ s❡q✉ê♥✲

❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ X ′✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (fnk
) ❞❡ (fn) q✉❡ ❝♦♥✈❡r❣❡ ♥❛

topologia fraca∗.



✶✵✹

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s ❬✸❪✳

▲❡♠❛ ❇✳✷✳✶ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✮ ❙❡❥❛♠ p, q > 1 t❛❧ q✉❡ 1
p
+ 1

q
= 1✳ ❊♥tã♦✱

ab ≤ 1

p
ap +

1

q
bq, ∀a ≥ 0 ❡ ∀b ≥ 0.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s ❬✸❪✳

▲❡♠❛ ❇✳✷✳✷ ✭■♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✮ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ r❡❣✉❧❛r ❞❡ R
n✱ m ∈ N ❡

1 ≤ p ≤ ∞✳ ❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r j ∈ N✱ ❛s ✐♠❡rsõ❡s ❛❜❛✐①♦ sã♦ ❝♦♥tí♥✉❛s✳

✐✮ ❙❡ m < n
p
✱ ❡♥tã♦ W j+m,p(Ω) →֒ W j,q(Ω), q ∈ [1, np

n−mp
);

✐✐✮ ❙❡ m = n
p
✱ ❡♥tã♦ W j+m,p(Ω) →֒ W j,q(Ω), q ∈ [1,∞);

✐✐✐✮ ❙❡ m > n
p
✱ ❡♥tã♦ W j+m,p(Ω) →֒ Cj(Ω),

♦♥❞❡ Cj(Ω) é ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❧✐♠✐t❛❞❛s✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✸❪✳

❚❡♦r❡♠❛ ❇✳✷✳✸ ✭❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✮ ❙✉♣♦♥❤❛ q✉❡ Ω é ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞❡

❝❧❛ss❡ C1✱ j ∈ N✳ ❊♥tã♦ t❡♠♦s q✉❡ ❛s ✐♠❡rsõ❡s sã♦ ❝♦♠♣❛❝t❛s✿

✐✮ ❙❡ m < n
p
✱ ❡♥tã♦ W j+m,p(Ω) →֒ W j,q(Ω)✱ q ∈ [1, np

n−mp
)❀

✐✐✮ ❙❡ m = n
p
✱ ❡♥tã♦ W j+m,p(Ω) →֒ W j,q(Ω)✱ q ∈ [1,∞)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✸❪✳

Pr♦♣♦s✐çã♦ ❇✳✷✳✶ ❙✉♣♦♥❤❛ q✉❡ Ω é ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞❡ ❝❧❛ss❡ C1✱ j ∈ N✳ ❊♥tã♦

t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐♠❡rsõ❡s✿

✐✮ ❙❡ Ω é ❧✐♠✐t❛❞♦ ❡ p < n✱ ❡♥tã♦ W 1,p(Ω)
cont→֒ Lq(Ω), ♣❛r❛✱ 1 ≤ np

n−mp
❀

✐✐✮ ❙❡ Ω é ❧✐♠✐t❛❞♦ ❡ p < n✱ ❡♥tã♦ W 1,p(Ω)
cont→֒ Lq(Ω), ♣❛r❛✱ 1 ≤ np

n−p
= p∗

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳❆✳ ▼❡❞❡✐r♦s ❬✶✸❪✳

❖❜s❡r✈❛çã♦ ❇✳✷✳✶ ❖ ♥ú♠❡r♦ p∗ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ ❙♦❜♦❧❡✈✳

❚❡♦r❡♠❛ ❇✳✷✳✹ ✭❋ór♠✉❧❛s ❞❡ ●r❡❡♥✮ ✐✮ ❙❡ ρ ∈ H2(Ω)✱ ❡♥tã♦
∫

Ω

∇ρ∇udx = −
∫

Ω

∆ρdx+

∫

Γ

∂ρ

∂ν
udx, ∀u ∈ H1(Ω).

✐✐✮ ❙❡ ρ ∈ H1(Ω)✱ ❡♥tã♦

(∆ρ, u)L2(Ω) + ((ρ, u))V = 〈γ1ρ, γ0u〉
H−

1
2×H−

1
2
, ∀u ∈ H1(Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✸❪✳



✶✵✺

❚❡♦r❡♠❛ ❇✳✷✳✺ ✭❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③✮ ❙❡❥❛♠ 1 < p < ∞ ❡ ϕ ∈ (Lp(Ω))′✳

❊♥tã♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ u ∈ Lp(Ω)✱ ♦♥❞❡ 1
p
+ 1

q
= 1✱ t❛❧ q✉❡

〈ϕ, f〉 =
∫

Ω

ufdx, ∀f ∈ Lp(Ω).

❆❧é♠ ❞✐ss♦✱ s❡ ✈❡r✐✜❝❛

‖u‖Lp = ‖ϕ‖Lp′ (Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s ❬✸❪✳

❚❡♦r❡♠❛ ❇✳✷✳✻ ✭❆❣♠♦♥✲❉♦✉❣❧✐s✲◆✐r❡♠❜❡r❣✮ ❙✉♣♦♥❤❛ q✉❡ Ω é ✉♠ ❛❜❡rt♦ ❞❡ ❝❧❛ss❡

C2 ❝♦♠ ❢r♦♥t❡✐r❛ Γ ❧✐♠✐t❛❞❛✳ ❙❡❥❛ 1 < p < ∞✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ f ∈ LP (Ω)✱ ❡①✐st❡

✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

−∆u+ u = f ❡♠ Ω

❆❧é♠ ❞✐ss♦✱ s❡ Ω é ❞❡ ❝❧❛ss❡ Cm+2 ❡ s❡ f ∈ Wm,p(Ω)✱ m ∈ N✱ ❡♥tã♦

u ∈ Wm+2,p(Ω) ❡ ‖u‖Wm+2,p(Ω) ≤ C‖u‖Wm,p(Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s ❬✸❪✳

❚❡♦r❡♠❛ ❇✳✷✳✼ ✭▲❛①✲▼✐❧❣r❛♥✮ ❙❡❥❛ a(u, v) ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r✱ ❝♦♥tí♥✉❛ ❡ ❝♦❡r✲

❝✐✈❛✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ f ∈ H ′✭❡s♣❛ç♦ ❞✉❛❧ ❞❡ ❍✮ ❡①✐st❡ ú♥✐❝♦ u ∈ H t❛❧ q✉❡

a(u, v) = 〈f, v〉, ∀v ∈ H.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s ❬✸❪✳

❚❡♦r❡♠❛ ❇✳✷✳✽ ✭●❛✉ss✲●r❡❡♥✮ ❙❡ u ∈ C1(Ω)✱ ❡♥tã♦

ßntΩuxi
dx =

∫
γuνidγ; (i = 1, 2, . . . ,m)

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳❆✳ ▼❡❞❡✐r♦s ❬✶✸❪✳

▲❡♠❛ ❇✳✷✳✸ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✮ ❙❡❥❛♠ f ∈ Lp(Ω) ❡ g ∈ Lq(Ω)✱ ❝♦♠
1

p
+

1

q
= 1 ❡ 1 ≤ p ≤ +∞✳ ❊♥tã♦✱ fg ∈ L1(Ω) ❡

∫

Ω

|fg|dx ≤ ‖f‖Lp(Ω)‖g‖Lq(Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s ❬✸❪✳
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▲❡♠❛ ❇✳✷✳✹ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✮ ❙✉♣♦♥❤❛♠♦s q✉❡ Ω é ✉♠ ❛❜❡rt♦ ❡ ❧✐♠✐✲

t❛❞♦ ❡♠ ❛❧❣✉♠❛ ❞✐r❡çã♦ xi✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C = c(Ω) t❛❧ q✉❡✿

‖u‖Lp(Ω) ≤ C(Ω)‖∇u‖Lp(Ω), ∀u ∈ W
1,p
0 (Ω), (1 ≤ p ≤ +∞)

❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❡①♣r❡ssã♦ ‖∇u‖Lp(Ω) é ✉♠❛ ♥♦r♠❛ ❡q✉✐✈❛❧❡♥t❡ ❡♠ W
1,p
0 (Ω)✱ ❡q✉✐✈❛✲

❧❡♥t❡ ❛ ♥♦r♠❛ ‖u‖W 1,p(Ω)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s ❬✸❪ ♦✉ ▼✳ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✶✸❪✳

Pr♦♣♦s✐çã♦ ❇✳✷✳✷ ✭❘❡❣r❛ ❞❛ ❈❛❞❡✐❛✮ ❙❡❥❛ g ∈ C1(R) t❛❧ q✉❡ g(0) = 0 ❡ |g′(s)| ≤
M ✱ ∀s ∈ R ❡ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ M ✳ ❙❡❥❛ u ∈ W 1,p(Ω) ❝♦♠ 1 ≤ p ≤ ∞✳ ❊♥tã♦✱

g ◦ u ∈ W 1,p(Ω) ❡
∂

∂xi
(g ◦ u) = (g′ ◦ u) ∂u

∂xi
, i = 1, 2, . . . , n.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s ❬✸❪✳

Pr♦♣♦s✐çã♦ ❇✳✷✳✸ ❙❡❥❛ (fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ X ′✳ ❊♥tã♦✱

✐✮ ❙❡ fn
∗
⇀ f ⇔ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ 〈fn, x〉 → 〈f, x〉, ∀x ∈ X✳

✐✐✮ ❙❡ fn
∗
⇀ f ✱ ❡♥tã♦ ‖fn‖ é ❧✐♠✐t❛❞❛ ❡ ‖f‖ ≤ lim inf ‖fn‖.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s ❬✸❪✳

❚❡♦r❡♠❛ ❇✳✷✳✾ ❙❡❥❛ (fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ Lp(Ω) ❡ f ∈ Lp(Ω) t❛❧ q✉❡ ‖fn −
f‖pL(Ω) → 0✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (fnk

) ❡ ✉♠❛ ❢✉♥çã♦ h ∈ Lp(Ω) t❛❧

q✉❡

(a) fnk
(x) → f(x)

(b) |fnk
(x)| ≤ h(x), ∀k ∈ N, q✉❛s❡ s❡♠♣r❡ ❡♠ Ω

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s ❬✸❪✳

❚❡♦r❡♠❛ ❇✳✷✳✶✵ ✭❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛✮ ❙❡❥❛ (fn) ✉♠❛ s❡q✉ê♥✲

❝✐❛ ❞❡ ❢✉♥çõ❡s ❡♠ L1(Ω) q✉❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s✿

✭✐✮ fn(x) → f(x) q✉❛s❡ s❡♠♣r❡ ❡♠ Ω;

✭✐✐✮ ❊①✐st❡ ✉♠❛ ❢✉♥çã♦ g ∈ L1(Ω) t❛❧ q✉❡ ♣❛r❛ t♦❞♦ k ∈ N✱ |fn(x)| ≤ g(x) q✉❛s❡

s❡♠♣r❡ ❡♠ Ω. ❊♥tã♦✱

f ∈ L1(Ω) ❡ ‖fn − f‖L1(Ω) → 0.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s ❬✸❪✳

▲❡♠❛ ❇✳✷✳✺ ✭▲❡♠❛ ❞❡ ❋❛t♦✉✮ ❙❡❥❛ (fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❡♠ L1(Ω) q✉❡

s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s



✶✵✼

✭✐✮ ♣❛r❛ t♦❞♦ n✱ fn(x) ≥ 0 q✉❛s❡ s❡♠♣r❡ ❡♠ Ω;

✭✐✐✮ sup
n

∫

Ω

fndx <∞.

P❛r❛ q✉❛s❡ t♦❞♦ x ∈ Ω✱ ❝♦♥s✐❞❡r❡ f(x) = lim inf
n→∞

fn(x)dx ≤ ∞. ❊♥tã♦✱

f ∈ L1(Ω) ❡
∫

Ω

fdx ≤ lim inf
n

∫

Ω

fndx.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s ❬✸❪✳

Pr♦♣♦s✐çã♦ ❇✳✷✳✹ ❖ ❡s♣❛ç♦ Lp(0, T ;X) é ❞❡♥s♦ ❡♠ D′(0, T ;X).

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s✲❈❛③❡♥❛✈❡ ❬✹❪

❖❜s❡r✈❛çã♦ ❇✳✷✳✷ ❈✭❑✮ ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s s♦❜r❡ ❡s♣❛ç♦s ♠étr✐✲

❝♦s ❝♦♠♣❛❝t♦s K ❝♦♠ ✈❛❧♦r❡s ❡♠ R ❡ L(X, Y ) ♦ ❝♦♥❥✉♥t♦ ❞❛s ❛♣❧✐❝❛çõ❡s ❧✐♥❡❛r❡s ❞❡ X

❡♠ Y ✳

❚❡♦r❡♠❛ ❇✳✷✳✶✶ ✭❆s❝♦❧✐✲❆r③❡❧á✮ ❙❡❥❛ K ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ ❡ H ✉♠ s✉❜✲

❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❞❡ C(K)✳ ❙✉♣♦♥❤❛ q✉❡ H é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉♦✱ ✐st♦ é✱

∀ε > 0, ∃δ > 0 t❛❧ q✉❡ d(x, y) < δ ⇒ |f(x)− f(y)| < ε, ∀f ∈ H

❊♥tã♦✱ ♦ ❢❡❝❤♦ ❞❡ H é ❝♦♠♣❛❝t♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s ❬✸❪

❚❡♦r❡♠❛ ❇✳✷✳✶✷ ✭❍✐❧❧❡✮ ❙❡❥❛♠ X✱Y ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ A ∈ L(X, Y ) ❡ f ∈ L1(I,X)✱

♦♥❞❡ I é ✉♠ ✐♥t❡r✈❛❧♦ ❞❛ r❡t❛✳ ❊♥tã♦✱ Af ∈ L1(I, Y ) ❡

A

(∫

I

f(s)ds

)
=

∫

I

(Af)(s)ds.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s✲❈❛③❡♥❛✈❡ ❬✹❪

❇✳✸ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ❆♣r♦①✐✲

♠❛❞♦ ✭✷✳✶✷✮

P❛r❛ ❝❛❞❛ k,m ∈ N✱ ❞❡♥♦t❛♠♦s ♣♦r

V k
m = [wk

1 , . . . , w
k
m]

♦ ❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦s ♣r✐♠❡✐r♦s m ✈❡t♦r❡s ❞❛ ❜❛s❡ ❡s♣❡❝✐❛❧ {wk
ν} ❞❡ V ∩H2(Ω) ❞❡✜♥✐❞❛

♥❛ s❡çã♦ 1.7✳



✶✵✽

❉❡✜♥❛♠♦s

ukm(t) ∈ V k
m s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ukm(t) =

m∑

j=1

gjkm(t)w
k
j .

∣∣∣∣∣∣∣∣∣

(u′′km(t), w) + µ(t)((ukm(t), w)) + (h(ukm(t)), w) + (βu′km(t), v)L2(Γ1) = (f(t), w), ∀w ∈ V k
m.

ukm(x, 0) = u0k

u′km(x, 0) = u1k

◆♦ q✉❡ s❡❣✉❡✱ ♦❜t❡r❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ ❡q✉✐✈❛❧❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛ ❛♣r♦①✐✲

♠❛❞♦ ❛❝✐♠❛ ♣❛r❛ q✉❡ ♦ ♠❡s♠♦ ❡st❡❥❛ ♥❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ❞❡ ❈❛r❛t❤é♦❞♦r②✳

❈♦♥s✐❞❡r❡♠♦s ♥♦ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ w = wj, j = 1, . . . ,m✳ ❊♥tã♦✱ ♦❜t❡♠♦s q✉❡

(u′′km(t), wj)+µ(t)((ukm(t), wj))+(h(ukm(t)), wj)+(βu′km(t), v)L2(Γ1) = (f, wj), j = 1, . . . ,m.

❙✉❜st✐t✉✐♥❞♦ ukm(t) ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ ♦❜t❡♠♦s
(∑m

j=1 g
′′
jkm(t)w

k
j , w

k
i

)
+ µ(t)

((∑m

j=1 gjkm(t)w
k
j , w

k
i

))
+
(
h(
∑m

j=1 g
′
jkm(t)w

k
j , w

k
i

)

+

∫

Γ1

β(x)
m∑

j=1

g′jkm(t)w
k
jw

k
i = (f(t), wk

i )

▲♦❣♦✱ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿




(wk
1 , w

1
k) (wk

2 , w
1
k) . . . (wk

m, w
1
k)

(wk
1 , w

2
k) (wk

2 , w
2
k) . . . (wk

m, w
2
k)

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

(wk
1 , w

m
k ) (wk

2 , w
m
k ) . . . (wk

m, w
m
k )







g′′1km(t)

g′′2km(t)
✳✳✳

g′′mkm(t)




+




−µ(t)((wk
1 , w

k
1)) −µ(t)((wk

2 , w
k
1)) . . . −µ(t)((wk

m, w
k
1))

−µ(t)((wk
1 , w

k
2)) −µ(t)((wk

2 , w
k
2)) . . . −µ(t)((wk

m, w
k
2))

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

−µ(t)((wk
1 , w

k
m)) −µ(t)((wk

2 , w
k
m)) . . . −µ(t)((wk

m, w
k
m))







g1km(t)

g2km(t)
✳✳✳

gmkm(t)







(h(
∑m

j=1 g
′
jkm(t)w

k
j , w

k
1))

(h(
∑m

j=1 g
′
jkm(t)w

k
j , w

k
2))

✳✳✳

(h(
∑m

j=1 g
′
jkm(t)w

k
j , w

k
m))




+




∫

Γ

β(x)
m∑

j=1

g′jkm(t)w
k
jw

k
1dΓ

∫

Γ

β(x)
m∑

j=1

g′jkm(t)w
k
jw

k
2dΓ

✳✳✳
∫

Γ

β(x)
m∑

j=1

g′jkm(t)w
k
jw

k
mdΓ




=




(f(t), wk
1)

(f(t), wk
2)

✳✳✳

(f(t), wk
m)






✶✵✾

❱❛♠♦s ❞❡♥♦t❛r ❝❛❞❛ ♠❛tr✐③ ❛❝✐♠❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

C =




(wk
1 , w

1
k) (wk

2 , w
1
k) . . . (wk

m, w
1
k)

(wk
1 , w

2
k) (wk

2 , w
2
k) . . . (wk

m, w
2
k)

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

(wk
1 , w

m
k ) (wk

2 , w
m
k ) . . . (wk

m, w
m
k )




A =




−µ(t)((wk
1 , w

k
1)) −µ(t)((wk

2 , w
k
1)) . . . −µ(t)((wk

m, w
k
1))

−µ(t)((wk
1 , w

k
2)) −µ(t)((wk

2 , w
k
2)) . . . −µ(t)((wk

m, w
k
2))

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

−µ(t)((wk
1 , w

k
m)) −µ(t)((wk

2 , w
k
m)) . . . −µ(t)((wk

m, w
k
m))




H =




(h(
∑m

j=1 g
′
jkm(t)w

k
j , w

k
1))

(h(
∑m

j=1 g
′
jkm(t)w

k
j , w

k
2))

✳✳✳

(h(
∑m

j=1 g
′
jkm(t)w

k
j , w

k
m))




, G =




∫

Γ

β(x)
m∑

j=1

g′jkm(t)w
k
jw

k
1dΓ

∫

Γ

β(x)
m∑

j=1

g′jkm(t)w
k
jw

k
2dΓ

✳✳✳
∫

Γ

β(x)
m∑

j=1

g′jkm(t)w
k
jw

k
mdΓ




F =




(f(t), wk
1)

(f(t), wk
2)

✳✳✳

(f(t), wk
m)




, z(t) =




g1km(t)

g2km(t)
✳✳✳

gmkm(t)




, B =
(
wk

1 wk
2 . . . wk

m

)

❙❛❜❡♠♦s q✉❡ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s sã♦ ❞❛❞❛s ♣♦r

ukm(0) =
m∑

j=1

gjkm(0)w
k
j = u0k =

m∑

j=1

αjkmw
k
j ,



✶✶✵

❞❡ ♦♥❞❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ gjkm(0) = αjkm✱ ♣❛r❛ j = 1, 2, . . . ,m✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱

❝♦♥❝❧✉í♠♦s q✉❡ g′jkm(0) = βjkm✱ ♣❛r❛ j = 1, 2, . . . ,m✳ ❆ss✐♠✱ t♦♠❛♥❞♦

z(0) =
[
αk1, . . . , αkm

]

❡

z′(0) =
[
βk1, . . . , βkm

]
,

♦❜t❡♠♦s ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ♦r❞✐♥ár✐❛s ❛❜❛✐①♦



Cz′′(t) + Az(t) +Gz′(t) +H(z(t)) = F

z(0) =
[
αk1, . . . , αkm

]
, z′(0) =

[
βk1, . . . , βkm

]
.

■♥✐❝✐❛❧♠❡♥t❡✱ ♣r♦✈❛r❡♠♦s q✉❡ ❛ ♠❛tr✐③ ❈ é ✐♥✈❡rtí✈❡❧✳

❉❡ ❢❛t♦✱ s❡♥❞♦ C ✉♠❛ ♠❛tr✐③ r❡❛❧ ❡ s✐♠étr✐❝❛ ❡♥tã♦ C é ❛✉t♦✲❛❞❥✉♥t❛ ❡✱ ♣♦rt❛♥t♦✱

❞✐❛❣♦♥❛❧✐③á✈❡❧✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠❛ ♠❛tr✐③ ▼ ✐♥✈❡rsí✈❡❧ t❛❧ q✉❡

D =M−1CM,

é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧✳

▲♦❣♦✱ ♣❛r❛ ♠♦str❛r♠♦s q✉❡ ❈ é ✐♥✈❡rtí✈❡❧ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ ❉ é ✐♥✈❡rsí✈❡❧ ♦✉✱

❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ q✉❡ ③❡r♦ ♥ã♦ é ❛✉t♦✈❛❧♦r ❞❡ ❉✳

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ ③❡r♦ é ✉♠ ❛✉t♦✈❛❧♦r ❞❡ ❉✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ✈❡t♦r

v =




v1

v2
✳✳✳

vn




♥ã♦ ♥✉❧♦ ❞♦ R
n t❛❧ q✉❡ ❉✈❂✵✳ ❙❡♥❞♦ ▼ ✐♥✈❡rsí✈❡❧ ❡✱ ♣♦rt❛♥t♦✱ M−1ψ = 0 ⇔ ψ = 0✱

r❡s✉❧t❛ q✉❡ ♦ ✈❡t♦r ❈▼✈ é ✐❣✉❛❧ ❛ ③❡r♦✳ ❉❡♥♦t❛♥❞♦

Mv = ϕ =




ϕ1

ϕ2

✳✳✳

ϕn






✶✶✶

t❡♠♦s✿

0 = Cϕ =




m∑

j=1

ϕj(w
k
j , w

k
1)

m∑

j=1

ϕj(w
k
j , w

k
2)

✳✳✳
m∑

j=1

ϕj(w
k
j , w

k
m)




=




( m∑

j=1

ϕjw
k
j .w

k
1

)

( m∑

j=1

ϕjw
k
j .w

k
2

)

✳✳✳
( m∑

j=1

ϕjw
k
j .w

k
m

)




▲♦❣♦✱

( m∑

j=1

ϕjw
k
j .w

k
i

)
❂ ✵✱ ♣❛r❛ t♦❞♦ j = 1, . . . ,m✱ ❞♦♥❞❡ r❡s✉❧t❛ q✉❡ ♦ ✈❡t♦r α =

m∑

j=1

ϕjw
k
j .w

k
i é ♦rt♦❣♦♥❛❧ à t♦❞♦ ✈❡t♦r ❞❡ V k

m✳ ❆ss✐♠✱ (α, α) = 0✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ α = 0✳

P♦rt❛♥t♦✱
m∑

j=1

ϕjw
k
j = 0. ▼❛s s❡♥❞♦ {wk

j } ✉♠❛ ❜❛s❡✱ ❡♥tã♦ ϕj = 0✱∀j = 1, . . . ,m✱ ♦✉

s❡❥❛✱ ϕ = 0✳ ❉❡s❞❡ q✉❡ ▼ é ✐♥✈❡rsí✈❡❧✱ ❛ tr❛♥❢♦r♠❛çã♦ ❧✐♥❡❛r ❞❡✜♥✐❞❛ ♣♦r ▼ é ✐♥❥❡t♦r❛✱

♦ q✉❡ r❡s✉❧t❛ v = 0✱ ❝♦♥tr❛r✐❛♥❞♦ ♦ ❢❛t♦ ❞❡ ✈ s❡r ❛✉t♦✈❛❧♦r ❞❡ D✳ ❈♦♥❝❧✉í♠♦s ❡♥tã♦

q✉❡ ❛ ♠❛tr✐③ C é ❞❡ ❢❛t♦ ✐♥✈❡rtí✈❡❧✳

❆ss✐♠✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿




z′′(t) + C−1Az(t) + C−1Gz′(t) + C−1H(z(t)) = C−1F

z(0) =
[
αk1, . . . , αkm

]
, z′(0) =

[
βk1, . . . , βkm

]

❉❡✜♥❛♠♦s

Y1(t) = z(t)✱ Y2(t) = z′(t) ❡

Y (t) =


 Y1(t)

Y2(t)




❊♥tã♦

Y ′(t) =


 Y ′

1(t)

Y ′
2(t)


 =


 z′1(t)

z′′2 (t)


 =


 Y1(t)

−C−1AY1(t)− C−1GY2(t)− C−1H(z(t)) + C−1F






✶✶✷

=


 0

C−1F − C−1G(Y2(t))


+


 0 I

−C−1A −C−1g




 Y1(t)

Y2(t)




❆ss✐♠✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧





Y ′(t) =




0

C−1F − C−1GY2(t)


+




0 I

−C−1A 0


 y(t)

Y (0) = Y0

♦♥❞❡

Y0 =


 z(0)

z′(0)




Pr♦✈❛r❡♠♦s✱ ❛ s❡❣✉✐r✱ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❧♦❝❛❧ ✉t✐❧✐③❛♥❞♦ ❚❡♦✲

r❡♠❛ ❞❡ ❈❛r❛t❤é♦❞♦r②✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦

h : [0, T ]× R
2m → R

2m

❞❡✜♥✐❞❛ ♣♦r

h(t, y) =


 0

C−1G(Y2(t))


+


 0 I

−C−1A −C−1G


 y(t),

♦♥❞❡ x = (ξ1, . . . , ξm, ξm+1, . . . , ξ2m)✳

■♥✐❝✐❛❧♠❡♥t❡✱ ✐r❡♠♦s ✈❡r✐✜❝❛r q✉❡ ❛ ❛♣❧✐❝❛çã♦ h ❡stá ♥❛s ❝♦♥❞✐çõ❡s ❞♦ t❡♦r❡♠❛ ❞❡ ❈❛✲

r❛t❤é♦❞♦r②✳ ❈♦♠ ❡❢❡✐t♦✱

✭✐✮ P❛r❛ ❝❛❞❛ y ∈ R
2m ✜①♦✱ t❡♠✲s❡ q✉❡ h(t, y) é ♠❡♥s✉rá✈❡❧✱ ♣♦✐s h ♥ã♦ ❞❡♣❡♥❞❡ ❞❡

t ❡ f ∈ L2(0, T, L2(Ω))

✭✐✐✮ P❛r❛ ❝❛❞❛ t ✜①♦✱ t❡♠✲s❡ q✉❡ h é ❝♦♥tí♥✉❛ ❝♦♠ ❢✉♥çã♦ ❞❡ y✳ ❉❡ ❢❛t♦✱ C−1F é

❝♦♥st❛♥t❡ ❡ C−1H(z(t)) é ❝♦♥tí♥✉❛✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ h✳ ◆♦t❡ q✉❡ ❛

❛♣❧✐❝❛çã♦

N : R2m → R
2m

y 7→


 0 I

−C−1A −C−1G




é ❧✐♥❡❛r ❡✱ ♣♦rt❛♥t♦✱ ❝♦♥tí♥✉❛✳



✶✶✸

✭✐✐✐✮ ❙❡❥❛ K ⊂ [0, T ]× R
2m ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✱ ❡♥tã♦

‖h(t, y)‖R2m ≤ ‖C−1H(z(t))‖R2m + ‖Ny‖R2m .

❈♦♠♦ H ❡ N sã♦ ❝♦♥tí♥✉❛s ❡♠ R
2m✱ t❡♠♦s q✉❡ sã♦ ❝♦♥tí♥✉❛s ❡♠ q✉❛❧q✉❡r ❝♦♠✲

♣❛❝t♦ K ❞❡ R
2m✳ ❆ss✐♠✱ ❡①✐st❡ ✉♠ MK > 0 t❛❧ q✉❡

‖C−1H(z(t))‖R2m , ‖Ny‖R2m ≤MK ,

♣❛r❛ t♦❞♦ (t, y) ∈ K✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

♣♦s✐t✐✈❛ MK s❛t✐s❢❛③❡♥❞♦

‖h(t, y)‖R2m ≤ 2MK .

❆ss✐♠✱ ♣♦r (i), (ii), (iii) ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ❞❡ ❈❛r❛t❤é♦❞♦r② ❡stã♦ s❛t✐s❢❡✐t❛s ❡✱

❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ Y (t) ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧




Y ′(t) = h(t, y)

Y (0) = Y0

❡♠ ❛❧❣✉♠ ✐♥t❡r✈❛❧♦ [0, tkm)✱ ❝♦♠ tkm > 0✳
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