
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❙♦❜r❡ ❖♣❡r❛❞♦r❡s ■♥t❡❣r♦✲❉✐❢❡r❡♥❝✐❛✐s
❡ ❆♣❧✐❝❛çõ❡s

♣♦r

❘♦♥❛❧❞♦ ❈és❛r ❉✉❛rt❡

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

❏✉❧❤♦✴✷✵✶✼



❙♦❜r❡ ❖♣❡r❛❞♦r❡s ■♥t❡❣r♦✲❉✐❢❡r❡♥❝✐❛✐s
❡ ❆♣❧✐❝❛çõ❡s

♣♦r

❘♦♥❛❧❞♦ ❈és❛r ❉✉❛rt❡ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ▼❛r❝♦ ❆✉ré❧✐♦ ❙♦❛r❡s ❙♦✉t♦

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲

❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦

tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

❏✉❧❤♦✴✷✵✶✼

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙

✐✐



❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ❆♥á❧✐s❡

❆♣r♦✈❛❞❛ ❡♠✿

Pr♦❢✳ ❉r✳ ❈❛r❧♦s ❆❧❜❡rt♦ P❡r❡✐r❛ ❞♦s ❙❛♥t♦s ✲ ❯♥❇

Pr♦❢✳ ❉r✳ ❋á❜✐♦ ❘♦❞r✐❣✉❡s P❡r❡✐r❛ ✲ ❯❋❏❋

Pr♦❢✳ ❉r✳ ❏♦ã♦ ▼❛r❝♦s ❇❡③❡rr❛ ❞♦ Ó ✲ ❯❋P❇

Pr♦❢✳ ❉r✳ P❡❞r♦ ❊❞✉❛r❞♦ ❯❜✐❧❧❛ ▲ó♣❡③ ✲ ❯❙❆❈❍

Pr♦❢✳ ❉r✳ ▼❛r❝♦ ❆✉ré❧✐♦ ❙♦❛r❡s ❙♦✉t♦ ✲ ❯❋❈●

❖r✐❡♥t❛❞♦r

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦

❡♠ ▼❛t❡♠át✐❝❛ ✲ ❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡

❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❏✉❧❤♦✴✷✵✶✼

✐✐✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦✱ ❡st✉❞❛r❡♠♦s ✉♠❛ ❝❧❛ss❡ ❞❡ ♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛✐s✳ ▼♦str❛r❡✲

♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s r❡❧❡✈❛♥t❡s ♣❛r❛ ❛ t❡♦r✐❛ ❡st✉❞❛❞❛ ❡ ❛♣❧✐❝❛r❡♠♦s ❡st❡s r❡s✉❧t❛❞♦s

♥♦ ❡st✉❞♦ ❞❡ ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❡♠ ♦ ♦♣❡r❛❞♦r ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛❧✳ ■♥✐❝✐❛❧♠❡♥t❡✱

♠♦str❛r❡♠♦s ✉♠ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ❡ ✉t✐❧✐③❛r❡♠♦s ❡st❡ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ♣❛r❛

❡st✉❞❛r ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ s✐st❡♠❛s ❞♦ t✐♣♦ ❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥✳ ❚❛♠✲

❜é♠ ♠♦str❛r❡♠♦s ✉♠❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ s♦❧✉çõ❡s ❢r❛❝❛s ❞❡ ❝❡rt❛s ❡q✉❛çõ❡s ❡ ✉t✐❧✐③❛r❡♠♦s

❡st❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ❡st✉❞❛r ✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉❛çõ❡s ❞❡ ❙❝❤rö❞✐♥❣❡r✳ ❆♣r❡s❡♥t❛r❡♠♦s

✉♠ t❡♦r❡♠❛ ❛❜str❛t♦ ❡ ✉t✐❧✐③❛r❡♠♦s ❡st❡ t❡♦r❡♠❛ ♣❛r❛ ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

♣❛r❛ ♣r♦❜❧❡♠❛s ❞♦ t✐♣♦ ❇❡r❡st②❝❦✐✲▲✐♦♥s ❡ ♣♦r ✜♠✱ ♠♦str❛r❡♠♦s ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞♦

t✐♣♦ P♦❧②❛✲❙③❡❣ö ♣❛r❛ ♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛✐s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❖♣❡r❛❞♦r❡s ■♥t❡❣r♦✲❉✐❢❡r❡♥❝✐❛✐s❀ ▼ét♦❞♦s ❱❛r✐❛❝✐♦♥❛✐s❀ ◆ú❝❧❡♦s ❞❡

❖r❞❡♠ s✳

✐✈



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦✱ ✇❡ ✇✐❧❧ st✉❞② ❛ ❝❧❛ss ♦❢ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs✳ ❲❡ ✇✐❧❧ s❤♦✇

s♦♠❡ r❡❧❡✈❛♥t r❡s✉❧ts ❢♦r t❤❡ st✉❞✐❡❞ t❤❡♦r② ❛♥❞ ✇❡ ✇✐❧❧ ❛♣♣❧②✱ t❤❡s❡ r❡s✉❧ts✱ ✐♥ t❤❡

st✉❞② ♦❢ ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ t❤❡ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r✳ ■♥✐t✐❛❧❧②✱ ✇❡ ✇✐❧❧ s❤♦✇ ❛

♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ♠❛①✐♠✉♥ ♣r✐♥❝✐♣❧❡✱ t♦ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛

♣♦s✐t✐✈❡ s♦❧✉t✐♦♥ ❢♦r ❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥ s②st❡♠s✳ ❆❧s♦✱ ✇❡ ✇✐❧❧ s❤♦✇ ❛♥ ❡st✐♠❛t❡ ❢♦r

t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ❝❡rt❛✐♥ ❡q✉❛t✐♦♥s ❛♥❞ ✇❡ ✇✐❧❧ ✉s❡ t❤✐s ❡st✐♠❛t❡ t♦ st✉❞② ❛ ❝❧❛ss ♦❢

❡q✉❛t✐♦♥s ♦❢ ❙❝❤rö❞✐♥❣❡r✳ ❲❡ ✇✐❧❧ ♣r❡s❡♥t ❛ ❛❜str❛❝t t❤❡♦r❡♠ ❛♥❞ ✇✐❧❧ ✉s❡ t❤✐s t❤❡♦r❡♠

t♦ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥ t♦ ❇❡r❡st②❝❦✐✲▲✐♦♥s ♣r♦❜❧❡♠s✳ ❋✐♥❛❧❧②✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t

❛ P♦❧②❛✲❙③❡❣ö t②♣❡ ✐♥❡q✉❛❧✐t② ❢♦r ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs✳

❑❡②✇♦r❞s✿ ■♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs❀ ❱❛r✐❛t✐♦♥❛❧ ▼❡t❤♦❞s❀ ❦❡r♥❡❧ ♦❢ ♦r❞❡r s✳

✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ♣r✐♠❡✐r❛♠❡♥t❡ ❛ ❉❡✉s ❡ ❛♦s ❜♦♥s ❡s♣ír✐t♦s ♣♦r t❡r❡♠ ♠❡ ✐♥s♣✐r❛❞♦ ♥❛s

❞❡❝✐sõ❡s t♦♠❛❞❛s✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ♣❛✐s ❡ ❛♦s ♠❡✉s ✐r♠ã♦s ♣♦r ♠❡ ❛♣♦✐❛r❡♠ ✐♥❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡✳

❆❣r❛❞❡ç♦ ❛ t♦❞❛s ♣❡ss♦❛s q✉❡ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ ❡❧❛❜♦r❛çã♦

❞❡st❡ tr❛❜❛❧❤♦✳

❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦s ♣r♦❢❡ss♦r❡s q✉❡ t✐✈❡✱ ♣❡❧♦s ❡①❝❡❧❡♥t❡s ❝✉rs♦s ♠✐♥✐str❛❞♦s

q✉❡ ❝♦♥tr✐❜✉ír❛♠ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳

❆❣r❛❞❡ç♦ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ▼❛r❝♦ ❆✉ré❧✐♦ ❙♦❛r❡s ❙♦✉t♦✱ ♣❡❧❛ ❡①❝❡❧❡♥t❡ ♦r✐❡♥✲

t❛çã♦✳

✈✐



✏❙❡ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣♦❞❡ ❝r✐❛r ♣r♦❜❧❡♠❛s✱ ♥ã♦ é ❛tr❛✈és

❞❛ ✐❣♥♦râ♥❝✐❛ q✉❡ ♣♦❞❡♠♦s s♦❧✉❝✐♦♥á✲❧♦s✳✑

■s❛❛❝ ❆s✐♠♦✈

✈✐✐



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s✳

✈✐✐✐



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

◆♦t❛çã♦ ❡ t❡r♠✐♥♦❧♦❣✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶ ❖♣❡r❛❞♦r❡s ■♥t❡❣r♦ ✲ ❉✐❢❡r❡♥❝✐❛✐s ✶✽

✶✳✶ ❖ ❊s♣❛ç♦ XK(R
N) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✷ ❖ ❈❛s♦ K(x) = |x|−N−2s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✶✳✸ ❖s ❖♣❡r❛❞♦r❡s ■♥t❡❣r♦✲❉✐❢❡r❡♥❝✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷ ❯♠ Pr✐♥❝í♣✐♦ ❞❡ ▼á①✐♠♦ ♣❛r❛ ❊q✉❛çõ❡s ❞❡ ❙❝❤rö❞✐♥❣❡r ❝♦♠ ❖♣❡r❛✲

❞♦r❡s ■♥t❡❣r♦✲❉✐❢❡r❡♥❝✐❛✐s ❡ ✉♠❛ ❆♣❧✐❝❛çã♦ ❡♠ ✉♠ ❙✐st❡♠❛ ❞♦ ❚✐♣♦

❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥ ✷✼

✷✳✶ ❯♠ Pr✐♥❝í♣✐♦ ❞❡ ▼á①✐♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✷ ❙✐st❡♠❛s ❞♦ ❚✐♣♦ ❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥ ❝♦♠ P♦t❡♥❝✐❛❧ P❡r✐ó❞✐❝♦ ❡ ❖♣❡✲

r❛❞♦r❡s ■♥t❡❣r♦✲❉✐❢❡r❡♥❝✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✷✳✶ ❙✐st❡♠❛s ❞♦ ❚✐♣♦ ❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥ ❝♦♠ ❖♣❡r❛❞♦r❡s ■♥t❡❣r♦✲

❉✐❢❡r❡♥❝✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷✳✷✳✷ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ P♦s✐t✐✈❛ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ✷✳✻ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✸ ❙♦❧✉çõ❡s ❞❡ ❊♥❡r❣✐❛ ▼í♥✐♠❛ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ✭✷✳✻✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✹ ❙♦❧✉çõ❡s ❞❡ ❊♥❡r❣✐❛ ▼í♥✐♠❛ ♣❛r❛ ♦ ❈❛s♦ ❡♠ q✉❡ ♦ P♦t❡♥❝✐❛❧ é ❆ss✐♥t♦✲

t✐❝❛♠❡♥t❡ P❡r✐ó❞✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✸ ❊st✐♠❛t✐✈❛ L∞(RN) ♣❛r❛ ❙♦❧✉çõ❡s ❋r❛❝❛s ❞❡ ❊q✉❛çõ❡s q✉❡ ❊♥✈♦❧✈❡♠

♦ ❖♣❡r❛❞♦r ■♥t❡❣r♦✲❉✐❢❡r❡♥❝✐❛❧ ❡ ✉♠❛ ❆♣❧✐❝❛çã♦✳ ✺✺

✸✳✶ ❊st✐♠❛t✐✈❛ L∞(RN) ♣❛r❛ ✉♠❛ ❊q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♥ã♦ ▲♦❝❛❧ ❡♠ R
N ✺✺

✸✳✷ ❆♣❧✐❝❛çã♦ ❡♠ ✉♠❛ ❈❧❛ss❡ ❞❡ ❊q✉❛çõ❡s ❞❡ ❙❝❤rö❞✐♥❣❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸



✸✳✷✳✶ ❯♠ Pr♦❜❧❡♠❛ ❆✉①✐❧✐❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✸✳✷✳✷ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ✭P✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✹ ❯♠ ❚❡♦r❡♠❛ ❆❜str❛t♦ ❞♦ ❚✐♣♦ ❇❡r❡st②❝❦✐✲▲✐♦♥s ❡ ❆♣❧✐❝❛çõ❡s ♣❛r❛

❉✐✈❡rs♦s ❖♣❡r❛❞♦r❡s ✼✽

✹✳✶ Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✹✳✷ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✹✳✸ ❆♣❧✐❝❛çõ❡s ✲ ❙♦♠❛ ❞❡ s✲▲❛♣❧❛❝✐❛♥♦s ❝♦♠ 0 < s < 1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✹✳✹ ❆♣❧✐❝❛çõ❡s ✲ ❙♦♠❛ ❞❡ s ▲❛♣❧❛❝✐❛♥♦ ♣❛r❛ 0 < s < 1 ❝♦♠ ♦ ▲❛♣❧❛❝✐❛♥♦ ✳ ✾✹

✹✳✺ ❆♣❧✐❝❛çõ❡s ✲ ❙♦♠❛ ❞❡ p✲▲❛♣❧❛❝✐❛♥♦s ♣❛r❛ p > 1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✹✳✻ ❆♣❧✐❝❛çõ❡s ✲ ❖ ❝❛s♦ ❆♥✐s♦tró♣✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✹✳✼ ❆♣❧✐❝❛çõ❡s ✲ ❈❛s♦ ❡♠ q✉❡ ♦ ❋✉♥❝✐♦♥❛❧ é ▲♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✹✳✽ ❆♣❧✐❝❛çõ❡s ✲ ❈❛s♦ ❡♠ q✉❡ X ♥ã♦ é ✉♠ ❊s♣❛ç♦ ❞❡ ❋✉♥çõ❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✺ ❯♠❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦❧②❛✲❙③❡❣ö ♣❛r❛ ❖♣❡r❛❞♦r❡s ■♥t❡❣r♦✲❉✐❢❡r❡♥❝✐❛✐s✶✶✶

✺✳✶ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦❧✐❛✲❙③❡❣ö ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

❆♣ê♥❞✐❝❡s

❆ ❙♦❜r❡ ♦ ❈♦♥❥✉♥t♦ ❞❡ ◆❡❤❛r✐ ✶✷✸

❇ ❘❡s✉❧t❛❞♦ ❆✉①✐❧✐❛r ✶✷✼

❘❡❢❡rê♥❝✐❛s ✶✸✷

①



■♥tr♦❞✉çã♦

▼♦t✐✈❛❞♦s ♣❡❧♦s r❡❝❡♥t❡s ❡st✉❞♦s ❢❡✐t♦s s♦❜r❡ ♦s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❢r❛❝✐♦♥ár✐♦s ❡

♣r♦❜❧❡♠❛s ✈❛r✐❛❝✐♦♥❛✐s q✉❡ ❛♣❛r❡❝❡♠ ♥♦ ❡st✉❞♦ ❞❡ ❝❡rt❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s

❢r❛❝✐♦♥ár✐❛s✱ ✐♥✈❡st✐❣❛r❡♠♦s ✉♠❛ ❝❧❛ss❡ ❞❡ ♦♣❡r❛❞♦r❡s q✉❡ ❣❡♥❡r❛❧✐③❛♠ ♦s ♦♣❡r❛❞♦r❡s

❧❛♣❧❛❝✐❛♥♦s ❢r❛❝✐♦♥ár✐♦s✱ ♦s ❝❤❛♠❛❞♦s ♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛✐s✳

❉✐✈❡rs♦s tr❛❜❛❧❤♦s ❡st✉❞❛♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❢r❛❝✐♦♥ár✐♦s✱

❡ ♣r♦❜❧❡♠❛s ✈❛r✐❛❝✐♦♥❛✐s q✉❡ ❡♥✈♦❧✈❡♠ ♦ ♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦ ❢r❛❝✐♦♥ár✐♦✱ (−∆)s✱ ❞❛❞♦

♣♦r

(−∆)su(x) = CN,s

∫

RN

u(x)− u(y)

|x− y|N+2s
dy

♦♥❞❡

CN,s =

(∫

RN

1− cos(ξi)

|ξ|N+2s
dξ

)−1

.

P♦r ❡①❡♠♣❧♦✱ ❡♠ [✶✶] ❇✐s❝✐✱ ❘❛❞✉❧❡s❝✉ ❡ ❙❡r✈❛❞❡✐ ❛♣r❡s❡♥t❛♠ ✉♠❛ sér✐❡ ❞❡ ♣r♦❜❧❡♠❛s

✈❛r✐❛❝✐♦♥❛✐s q✉❡ ❡♥✈♦❧✈❡♠ ❡st❡ ♦♣❡r❛❞♦r✳ ❊♠ ❬✷✹❪✱ ❉✐ ◆❡③③❛✱ P❛❧❛t✉❝❝✐ ❡ ❱❛❧❞✐♥♦❝✐

❛♣r❡s❡♥t❛♠ ❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s ❡ ❝♦♠♣❛❝t❛s ❞♦s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❢r❛❝✐♦♥ár✐♦s✳

◆❡st❡ ♠❡s♠♦ tr❛❜❛❧❤♦✱ ♦s ❛✉t♦r❡s ✐♥✈❡st✐❣❛♠ ♦ ♣r♦❜❧❡♠❛ ❞♦s ❞♦♠í♥✐♦s ❞❡ ❡①t❡♥sã♦

❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ r❡❣✉❧❛r✐❞❛❞❡✳ ❊♠ ❬✺✵❪ ❙❡❝❤✐ ❡st✉❞❛✱ ✈✐❛ ♠ét♦❞♦s ✈❛r✐❛❝✐♦♥❛✐s✱

✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉❛çõ❡s ❞♦ t✐♣♦ ❙❝❤rö❞✐♥❣❡r ❢r❛❝✐♦♥ár✐♦✳ ❖✉tr♦s ✐♠♣♦rt❛♥t❡s r❡s✉❧t❛✲

❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❉✉❛rt❡ ❡ ❙♦✉t♦✭❬✷✺❪✮✱ ❈❛✛❛r❡❧❧✐ ❡ ❙✐❧✈❡str❡ ✭❬✶✸❪✮ ❡ ♥♦

tr❛❜❛❧❤♦ ❞❡ ❋❡❧♠❡r✱ ◗✉❛❛s ❡ ❚❛♥ ✭❬✸✵❪✮✳ ❆ ❡s❝♦❧❤❛ ❞❛ ❝♦♥st❛♥t❡ CN,s ♥❛ ❞❡✜♥✐çã♦ ❞❡

(−∆)s ❢♦✐ ❢❡✐t❛ ♣❛r❛ q✉❡ ❛❝♦♥t❡ç❛ ❛ ✐❣✉❛❧❞❛❞❡

F−1(|ξ|sFu) = (−∆)su, ✭✶✮



♣❛r❛ t♦❞❛ ❢✉♥çã♦ s✉❛✈❡ u✱ ♦♥❞❡ F é ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ u✱ ❞❡✜♥✐❞❛ ♣♦r

F(u)(ξ) =
1

(2π)
N
2

∫

RN

e−iξxu(x)dx.

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❛ ✐❣✉❛❧❞❛❞❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷✹❪✳

❊♠ ❬✹✽❪✱ ❘♦s ❖t♦♥ ❡①♣❧♦r❛ ✉♠❛ ♥♦✈❛ ❝❧❛ss❡ ❞❡ ♦♣❡r❛❞♦r❡s✱ ♦s ♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲

❞✐❢❡r❡♥❝✐❛✐s✳ ❉❡✜♥✐♠♦s ♦ ♦♣❡r❛❞♦r ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛❧✱ −LK ✱ ❝♦♠♦

−LKu(x) =

∫

RN

(u(x)− u(y))K(x− y)dy

♣❛r❛ t♦❞❛ ❢✉♥çã♦ s✉❛✈❡ u✱ ♦♥❞❡ K é ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ q✉❡ s❛t✐s❢❛③✿

• K(x) = K(−x)✱ ♣❛r❛ q✉❛s❡ t♦❞♦ x ∈ R
N ❀

• ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡ C < K(x)|x|N+2s✱ ♣❛r❛ q✉❛s❡ t♦❞♦ x ∈ R
N ❀

•
∫

RN

min{|x|2, 1}K(x)dx <∞✳

❖❜s❡r✈❡ q✉❡✱ q✉❛♥❞♦ K(x) = CN,s|x|−N−2s✱ ❡♥tã♦ ♦ ♦♣❡r❛❞♦r −LK ❝♦✐♥❝✐❞❡ ❝♦♠ ♦

♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦ ❢r❛❝✐♦♥ár✐♦✱ (−∆)s✳

❱ár✐♦s r❡s✉❧t❛❞♦s ❥á ❡st❛❜❡❧❡❝✐❞♦s ♣❛r❛ ♦ ♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦ t❡♠ s✉❛s ✈❡rsõ❡s

q✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s ♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛✐s✳ ▼♦t✐✈❛❞♦s ♣❡❧♦ tr❛❜❛❧❤♦ ❢❡✐t♦ ♣♦r

❆❧✈❡s✱ ❙♦✉t♦ ❡ ❙♦❛r❡s✱ ❡♠ ❬✼❪✱ ♥♦ q✉❛❧ ❡❧❡s ♠♦str❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛

♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥

−∆u+ V (x)u+ φu = f(u), ❡♠ R
3,

−∆φ = u2, ❡♠ R
3,

♦♥❞❡ V : R3 → R é ✉♠ ♣♦t❡♥❝✐❛❧ ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉♦✱ ♣❡rí♦❞✐❝♦ ❡ ♣♦s✐t✐✈♦ ❡ f

é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❝♦♠ ❝r❡s❝✐♠❡♥t♦ s✉❜❝rít✐❝♦✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ♣r♦❜❧❡♠❛

−LKsu+ V (x)u+ φu = f(u), ❡♠ R
3,

−LKtφ = u2, ❡♠ R
3.

✭✷✮

P❛r❛ ♦❜t❡r s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❡♠ ❬✼❪✱ ❢♦✐ ❡ss❡♥❝✐❛❧ q✉❡ ❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛ t✐✈❡ss❡

❛❧❣✉♠❛ r❡❣✉❧❛r✐❞❛❞❡✱ ♣❛r❛ q✉❡ s❡ ♣✉❞❡ss❡ ❛♣❧✐❝❛r ♦s ♣r✐♥❝í♣✐♦s ❞❡ ♠á①✐♠♦ ❝❧áss✐❝♦s✳

◆♦ ♥♦ss♦ ❝❛s♦✱ ♥ã♦ ♣♦❞❡♠♦s ✉s❛r r❡s✉❧t❛❞♦s ❞❡ r❡❣✉❧❛r✐❞❛❞❡ ♣❛r❛ s♦❧✉çõ❡s ❢r❛❝❛s✳ P♦r

✐ss♦✱ ♣r♦✈❛r❡♠♦s ✉♠ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ q✉❡ ♥ã♦ ❡①✐❣❡ r❡❣✉❧❛r✐❞❛❞❡ ♣❛r❛ ❛ s♦❧✉çã♦

❞♦ ♣r♦❜❧❡♠❛✳

✷



❙✐st❡♠❛s ❞♦ t✐♣♦ ❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥ ❝♦♠ ♦ ♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦ ❢r❛❝✐♦♥ár✐♦ ❥á ❢♦✲

r❛♠ ❡st✉❞❛❞♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ♣♦r ●✐❛♠♠❡tt❛ ❡♠ ❬✸✹❪✳ ◆❡st❡ tr❛❜❛❧❤♦ ♦ ❛✉t♦r ❝♦♥s✐❞❡r❛

♦ s✐st❡♠❛

−∆u+ φu = a|u|p−1u, ❡♠ R,

(−∆)tφ = u2, ❡♠ R,

♣❛r❛ p ∈ (1, 5) ❡ t ∈ (0, 1)✳ ❊♠ ❬✺✻❪✱ ❩❤❛♥❣✱ ❙q✉❛ss✐♥❛ ❡ ❞♦ Ó ♣r♦✈❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ❙❝❤rö❞✐❣❡r✲P♦✐ss♦♥✱ ❝♦♠ V = 0 ❡ ❝♦♥s✐❞❡r❛♥❞♦

♦♣❡r❛❞♦r❡s ❧❛♣❧❛❝✐❛♥♦s ❢r❛❝✐♦♥ár✐♦s ♥❛s ❞✉❛s ❡q✉❛çõ❡s q✉❡ ❛♣❛r❡❝❡♠ ♥♦ s✐st❡♠❛✳ ❊♠

❬✺✺❪✱ ❩❤❛♥❣ ❡st✉❞♦✉ s✐st❡♠❛ ✭✷✮✱ ♣♦ré♠ ♥ã♦ ❝♦♥s✐❞❡r♦✉ ♦ s✐♥❛❧ ❞❛ s♦❧✉çã♦✳

❖ ❡st✉❞♦ ❞❡ ♦♣❡r❛❞♦r❡s ♥ã♦ ❧♦❝❛✐s é ✐♠♣♦rt❛♥t❡ ♣♦rq✉❡ ❡❧❡s ❛♣❛r❡❝❡♠ ❡♠ ✉♠❛

❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❡ ♠♦❞❡❧♦s✳ P♦r ❡①❡♠♣❧♦✱ ♠❡♥❝✐♦♥❛♠♦s s❡✉ ✉s♦ ❡♠

♠♦❞❡❧♦s ❞❡ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ✭✈❡❥❛ ❬✶❪✱ ❬✶✷❪✮✱ ♣r♦❜❧❡♠❛s ❞❡ r❡❝♦♥str✉çã♦ ❞❡ ✐♠❛❣❡♠

✭✈❡❥❛ ❬✸✺❪✮✱ ♣r♦❜❧❡♠❛s ❞❡ ♦❜stá❝✉❧♦ ✭✈❡❥❛ ❬✺✶❪✮ ❡ ♦t✐♠✐③❛çã♦ ✭✈❡❥❛ ❬✷✼❪✮✳ ❖♣❡r❛❞♦r❡s

✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛✐s ❛♣❛r❡❝❡♠ ♥❛t✉r❛❧♠❡♥t❡ ♥♦ ❡st✉❞♦ ❞❡ ♣r♦❝❡ss♦s ❡st♦❝ást✐❝♦s ❡ ♠❛✐s

♣r❡❝✐s❛♠❡♥t❡ ❡♠ ♣r♦❝❡ss♦s ❞❡ ▲é✈✐ ✭✈❡❥❛ ❬✹✽❪ ❡ ❬✶✸❪✮✳ ❊♠ ❬✷✹❪ ❡①✐st❡ ✉♠❛ ❧✐st❛ ❞❡ ♦✉tr❛s

❛♣❧✐❝❛çõ❡s✱ ❝♦♠ r❡❢❡rê♥❝✐❛s✳ ❊st❡ ❡st✉❞♦ ❧❡✈❛ ❛ ❞✐✜❝✉❧❞❛❞❡s ♥ã♦ ❧♦❝❛✐s ❡ ♥ã♦ ❧✐♥❡❛r❡s✳

P♦r ❡①❡♠♣❧♦✱ q✉❛♥❞♦ ❡st❛♠♦s ♥♦ ❝♦♥t❡①t♦ ❞❡ ♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛✐s✱ ♥ã♦ ♣♦❞❡✲

♠♦s ♥♦s ❜❡♥❡✜❝✐❛r ❞❛ ❡①t❡♥sã♦ s✲❤❛r♠ô♥✐❝❛ ❞❡ ❈❛✛❛r❡❧❧✐ ✭✈❡❥❛ ❬✶✸❪✮ ♦✉ ♣r♦♣r✐❡❞❛❞❡s ❞♦

❝♦♠✉t❛❞♦r ✭✈❡❥❛ ❬✺✵❪✮✱ ✐♠♣♦rt❛♥t❡s ❢❡rr❛♠❡♥t❛s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦

♦ ♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦ ❢r❛❝✐♦♥ár✐♦✳ ❆ ❡①t❡♥sã♦ s✲❤❛r♠ô♥✐❝❛ ♣♦r ❡①❡♠♣❧♦✱ tr❛♥s❢♦r♠❛

✉♠ ♣r♦❜❧❡♠❛ ♥ã♦ ❧♦❝❛❧ ❡♠ ✉♠ ♣r♦❜❧❡♠❛ ❧♦❝❛❧ ❡♥✈♦❧✈❡♥❞♦ ♦ ♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦✳ ❊♠

❬✺❪✱ ✉s❛♥❞♦ ❛ ❡①t❡♥sã♦ s✲❤❛r♠ô♥✐❝❛ ❞❡ ❬✶✸❪✱ ❆❧✈❡s ❡ ▼✐②❛❣❛❦✐ ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛

❞❡ ✉♠❛ ❡st✐♠❛t✐✈❛ L∞(Rn) ♣❛r❛ ❛s s♦❧✉çõ❡s ❢r❛❝❛s ❞❡ ❡q✉❛çõ❡s ❞♦ t✐♣♦

(−∆)su+ b(x)u = f

❝♦♥s✐❞❡r❛♥❞♦ ❤✐♣ót❡s❡s ❛♣r♦♣r✐❛❞❛s ❡♠ b ❡ f ✳ ◆❡st❛ t❡s❡✱ ♠♦str❛r❡♠♦s ✉♠❛ ❡st✐♠❛t✐✈❛

❛♥á❧♦❣❛ ♣❛r❛ ❡st❛ ❡q✉❛çã♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛✐s ❡♠ ✈❡③ ❞♦

♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦ ❢r❛❝✐♦♥ár✐♦✳ ❈♦♠ ❛ ❡st✐♠❛t✐✈❛ L∞(RN) ❝✐t❛❞❛ ❛❝✐♠❛ ❡ ♠♦t✐✈❛❞♦s

♣❡❧♦ ❡st✉❞♦ ❢❡✐t♦ ❡♠ ❬✻❪ ♣♦r ❆❧✈❡s ❡ ❙♦✉t♦ s♦❜r❡ ♦ ♣r♦❜❧❡♠❛






−∆u+ V (x)u = f(u), ❡♠ R
N ,

u ∈ D1,2(RN)

✸



♦♥❞❡ V é ✉♠ ♣♦t❡♥❝✐❛❧ ❝♦♥tí♥✉♦ ❡ ♥ã♦ ♥❡❣❛t✐✈♦✱ ♣♦❞❡♥❞♦ s❡ ❛♥✉❧❛r ♥♦ ✐♥✜♥✐t♦ ✭ lim
|x|→∞

V (x) =

0✮ ❡ f ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❝♦♠ ❝r❡s❝✐♠❡♥t♦ s✉❜❝rít✐❝♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ✉♠ ♣r♦❜❧❡♠❛

❛♥á❧♦❣♦✱ s✉❜st✐t✉✐♥❞♦ ♦ ♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦ ♣❡❧♦ ♦♣❡r❛❞♦r −LK ✱ ♦✉ s❡❥❛✱ ❡st✉❞❛r❡♠♦s

♦ ♣r♦❜❧❡♠❛

−LKu+ V (x)u = f(u), ✭✸✮

❝♦♠ ❤✐♣ót❡s❡s ❛♣r♦♣r✐❛❞❛s s♦❜r❡ V ❡ f ✱ q✉❡ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s ❛❜❛✐①♦✳ ❱ár✐♦s ❛✉t♦r❡s

t❡♠ ❡st✉❞❛❞♦ ❡st❡ ♣r♦❜❧❡♠❛ q✉❛♥❞♦ ♦ ♦♣❡r❛❞♦r −LK é ♦ ♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦ ❢r❛❝✐♦✲

♥ár✐♦✳ ❈♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❆♠❜r♦s✐♦✱ ❡♠ ❬✽❪✱ ♣r♦✈❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛

♣❛r❛ ✭✸✮ q✉❛♥❞♦ V é ✉♠❛ ❝♦♥st❛♥t❡ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛✳ ❊♠ ❬✹✵❪✱ ▲❡❤r❡r✱ ▼❛✐❛ ❡

❙q✉❛ss✐♥❛ ❡st✉❞❛r❛♠ ♦ ♣r♦❜❧❡♠❛ q✉❛♥❞♦ f é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❧✐♥❡❛r ❡ V é ❝♦♥st❛♥t❡✳

❲❛♥ ❡ ❲❛♥❣✱ ❡♠ ❬✺✷❪✱ ❡st✉❞❛r❛♠ ♦ Pr♦❜❧❡♠❛ ✭✸✮ q✉❛♥❞♦ V ∈ Cn(Rn,R)✱ V é ♣♦s✐t✐✈♦

❡

lim
n→∞

V (|x|) ∈ (0,∞].

❩❤❛♥❣ ❡ ❩❤❛♥❣✱ ❡♠ ❬✺✼❪✱ ❡st✉❞❛r❛♠ ✭✸✮ q✉❛♥❞♦ V ❡ f sã♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❡r✐ó❞✐❝♦s✳

◗✉❛♥❞♦ V = 1✱ ❋❡❧♠❡r ❡t ❛❧✳ ❡st✉❞❛r❛♠ ❛ ❡①✐stê♥❝✐❛✱ r❡❣✉❧❛r✐❞❛❞❡ ❡ ♣r♦♣r✐❡❞❛❞❡s

q✉❛❧✐t❛t✐✈❛s ❞❛s s♦❧✉çõ❡s ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞♦ Pr♦❜❧❡♠❛ ✭✸✮ ✭✈❡❥❛ ❬✸✵❪✮✳ ❳✉✱ ❲❡✐ ❡

❉♦♥❣✱ ❡♠ ❬✺✹❪✱ ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✭✸✮ q✉❛♥❞♦ V ∈ Cn(Rn,R) ❡

❡①✐st❡ r0 > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ M > 0✱

♠❡❛s({x ∈ Br0(y);V (x) ≤M}) → 0 q✉❛♥❞♦ |y| → ∞.

❊♠ ❬✺✵❪✱ ❙❡❝❝❤✐ ♦❜t❡✈❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ✭✸✮ q✉❛♥❞♦

V (x) → ∞ s❡ |x| → ∞✳ ❆❧❣✉♥s ♦✉tr♦s ❡st✉❞♦s ✐♥t❡r❡ss❛♥t❡s✱ ❝♦♠ tr❛t❛♠❡♥t♦ ✈❛r✐❛❝✐♦✲

♥❛❧ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ✭✸✮ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✾❪✱ ❬✶✶❪✱ ❬✶✻❪✱ ❬✶✼❪✱ ❬✶✾❪✱ ❬✷✶❪✱ ❬✷✾❪✱ ❡

❬✸✻❪✳ ▼✉✐t♦s ❞❡❧❡s ✉s❛♠ ❢❡rr❛♠❡♥t❛s ❢♦rt❡s q✉❡ ♥ã♦ ♣♦❞❡♠♦s ✉s❛r ❡♠ ♥♦ss♦ ❝❛s♦✱ ❝♦♠♦

❛ ❡①t❡♥sã♦ s✲❤❛r♠♦♥✐❝❛ ❡ ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❝♦♠✉t❛❞♦r✳

◆♦ ❡st✉❞♦ ❞❡ ♣r♦❜❧❡♠❛s ✈❛r✐❛❝✐♦♥❛✐s✱ sã♦ ✐♠♣♦rt❛♥t❡s ♦s t❡♦r❡♠❛s q✉❡ ♥♦s ❢♦r✲

♥❡ç❛♠ ♣♦♥t♦s ❝rít✐❝♦s ❞❡ ❢✉♥❝✐♦♥❛✐s ❞❡✜♥✐❞♦s ❡♠ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ❆♦ ❡st✉❞❛r♠♦s ♦

♣r♦❜❧❡♠❛s ✈❛r✐❛❝✐♦♥❛✐s ❞♦ t✐♣♦

(−∆)su+ (−∆)tu = g(u) ✭✹✮

♥♦s ❞❡♣❛r❛♠♦s ❝♦♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠ t❡♦r❡♠❛ q✉❡ ❢♦r♥❡ç❛ ♣♦♥t♦s ❝rít✐❝♦s ♣❛r❛

✹



❢✉♥❝✐♦♥❛✐s ❞❛ ❢♦r♠❛

I(u) = ψ1(u) + ψ2(u)−G(u).

♦♥❞❡ ψ1✱ ψ2 ❡ G t❡♠ ✉♠❛ ❝❡rt❛ ❤♦♠♦❣❡♥❡✐❞❛❞❡ ❡ s❛t✐s❢❛③❡♠ ♣r♦♣r✐❡❞❛❞❡s q✉❡ s❡rã♦

❝✐t❛❞❛s ❛♦ ❧♦♥❣♦ ❞❛ t❡s❡✳ P♦r ✐ss♦✱ ♥❡st❛ t❡s❡✱ ♠♦str❛r❡♠♦s ✉♠ t❡♦r❡♠❛ ❛❜str❛t♦ q✉❡

❢♦r♥❡❝❡ ♣♦♥t♦s ❝rít✐❝♦s ♣❛r❛ ✉♠❛ ✈❛st❛ ❝❧❛ss❡ ❞❡ ❢✉♥❝✐♦♥❛✐s✱ ✐♥❝❧✉s✐✈❡ ♣❛r❛ ❢✉♥❝✐♦♥❛✐s

❝♦♠♦ ♦s ♠❡♥❝✐♦♥❛❞♦s ❛❝✐♠❛✳ ◆♦ss❛ ♣r✐♥❝✐♣❛❧ ♠♦t✐✈❛çã♦ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡st❛ t❡♦r✐❛ ❢♦✐ ♦

tr❛❜❛❧❤♦ ❢❡✐t♦ ♣♦r ❇❡r❡st②❝❦✐ ❡ ▲✐♦♥s ❡♠ ❬✶✵❪✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ♦s ❛✉t♦r❡s ❝♦♥s✐❞❡r❛r❛♠

❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

−∆u = g(u)

❛ss✉♠✐♥❞♦ q✉❡ N ≥ 3 ❡ ❛s ❝♦♥❞✐çõ❡s ❡♠ g✱

−∞ < lim inf
s→0+

g(s)

s
≤ lim sup

s→0+

g(s)

s
≤ −m < 0,

lim sup
s→0+

g(s)

s2∗−1
≤ 0,

❡①✐st❡ ξ > 0 t❛❧ q✉❡ G(ξ) > 0,

♦♥❞❡ G(t) =
∫ t

0

g(s)ds✳ ❆ ❤♦♠♦❣❡♥❡✐❞❛❞❡ ❞♦ ♦♣❡r❛❞♦r −∆ ❡ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ P♦❤♦③❛❡✈

❛ss♦❝✐❛❞❛ ❛ ❡st❡ ♣r♦❜❧❡♠❛ ❢♦r❛♠ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♣❡❧♦s ❛✉t♦r❡s✳

◆♦ ♥♦ss♦ ❝❛s♦✱ ♣❡r❞❡♠♦s ❡st❛ ❤♦♠♦❣❡♥❡✐❞❛❞❡ ❡ ♥ã♦ t❡♠♦s ❛té ❡♥tã♦✱ ✉♠❛ ✐❞❡♥t✐❞❛❞❡

❞❡ P♦❤♦③❛❡✈ ♣❛r❛ s♦❧✉çõ❡s ❢r❛❝❛s ❞♦ Pr♦❜❧❡♠❛ ✭✹✮✱ ♣♦r ✐ss♦✱ é ♥❡❝❡ssár✐♦ q✉❡ ♠✉❞❡♠♦s

♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ❡♠ ❬✶✵❪✳ ❯♠ r❡s✉❧t❛❞♦ ❢✉♥❞❛♠❡♥t❛❧ ♥♦ ❡st✉❞♦ ❞♦ Pr♦❜❧❡♠❛ ✭✹✮✱

❢♦✐ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦❧②❛✲❙③❡❣ö ♣❛r❛ ❢✉♥çõ❡s ♥♦s ❡s♣❛ç♦s ❞❡ s♦❜♦❧❡✈ ❢r❛❝✐♦♥ár✐♦s✱ ♦✉

s❡❥❛✱ ♣❛r❛ t♦❞❛ u ∈ Hs(RN)
∫

RN

∫

RN

(u∗(x)− u∗(y))2

|x− y|n+2s
dxdy ≤

∫

RN

∫

RN

(u(x)− u(y))2

|x− y|n+2s
dxdy

♦♥❞❡ u∗ é ♦ r❡❛rr❛♥❥♦ s✐♠étr✐❝♦ ✭♦✉ s✐♠❡tr✐③❛çã♦ ❞❡ ❙❝❤✇❛r③✮ ❞❡ u ✭✈❡❥❛ ❬✹✹❪✮✳ ❆ ✈❡rsã♦

❝❧áss✐❝❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦❧②❛✲❙③❡❣ö✱ ❛♣r❡s❡♥t❛❞❛ ♣♦r P♦❧②❛ ❡ ❙③❡❣ö ❡♠ ❬✹✺❪✱ ❛✜r♠❛

q✉❡
∫

RN

|∇u∗|2dx ≤
∫

RN

|∇u|2dx

♣❛r❛ t♦❞♦ u ∈ H1(RN)✳ ◆♦ ♠❡❧❤♦r ❞♦s ♥♦ss♦s ❝♦♥❤❡❝✐♠❡♥t♦s✱ ❡st❡ r❡s✉❧t❛❞♦ ❛✐♥❞❛ ♥ã♦

t✐♥❤❛ s✐❞♦ ♣r♦✈❛❞♦ ♥♦ ❝♦♥t❡①t♦ ❞♦s ♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛✐s✳ P♦r ✐ss♦✱ ♣r♦✈❛r❡✲

♠♦s ♦✉tr❛ ✈❡rsã♦ ❞❡st❡ r❡s✉❧t❛❞♦ ♣❛r❛ ❡st❡s ♦♣❡r❛❞♦r❡s✱ q✉❡ ❣❡♥❡r❛❧✐③❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

♣r♦✈❛❞❛ ♣♦r P❛r❦ ❡♠ ❬✹✹❪✳

✺



◆♦ss♦ tr❛❜❛❧❤♦ ❡stá ❞✐✈✐❞✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

◆♦ ❈❛♣ít✉❧♦ ✶✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡s♣❛ç♦s ♦♥❞❡ sã♦

❞❡✜♥✐❞♦s ❛ ❝❧❛ss❡ ❞❡ ♦♣❡r❛❞♦r❡s q✉❡ ❡st✉❞❛r❡♠♦s ❞✉r❛♥t❡ ❛ t❡s❡✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡✲

s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s✱ ❡①✐st❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛✱ q✉❡ s❡rã♦ ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ♦s

❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ é ✉♠ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ♣❛r❛ s✉♣❡r✲

s♦❧✉çõ❡s ❢r❛❝❛s ❞♦ ♣r♦❜❧❡♠❛

−LKu+ a(x)u = 0 ❡♠ R
N ,

♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♠♦str❛r❡♠♦s ♦ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✵✳✵✳✶ ❙❡❥❛♠ u ∈ XK(R
N) ❡ a ≥ 0 ❝♦♠ a ∈ L1

loc(R
N)✳ ❙✉♣♦♥❤❛ q✉❡

∫

RN

∫

RN

(u(x)− u(y))(v(x)− v(y))K(x− y) dx dy +

∫

RN

a(x)u(x)v(x)dx ≥ 0,

♣❛r❛ t♦❞❛ v ∈ XK(R
N) ❝♦♠ v ≥ 0 q✳t✳♣✳ ❊♥tã♦ u > 0 q✳t✳♣✳ R

N ♦✉ u = 0 q✳t✳♣✳ ❡♠

R
N ✳

❆✐♥❞❛ ♥❡st❡ ❝❛♣ít✉❧♦✱ ✉s❛r❡♠♦s ❡st❡ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ♣❛r❛ ♦❜t❡r s♦❧✉çã♦ ♣♦s✐t✐✈❛

♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥

−LKsu+ V (x)u+ φu = f(u), ✐♥ R
3,

−LKtφ = u2, ✐♥ R
3.

♦♥❞❡ Ks ❡ Kt sã♦ ♥ú❝❧❡♦s ❞❡ ♦r❞❡♠ s ❡ t✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛s s❡❣✉✐♥t❡s

❤✐♣ót❡s❡s s♦❜r❡ f ∈ C(R,R) ❡ V ∈ C(R3,R)✳

✭❆✶✮ V (x) ≥ α > 0✱ ∀x ∈ R
3✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ α > 0;

✭❆✷✮ V (x) = V (x+ y)✱ ❢♦r ❛❧❧ x ∈ R
3✱ y ∈ Z

3❀

✭❆✸✮ f(u)u > 0✱ u 6= 0❀

✭❆✹✮ limu→0 f(u)/u = 0❀

✭❆✺✮ ❊①✐st❡♠ p ∈ (4, 2∗s) ❡ C > 0✱ t❛✐s q✉❡

|f(u)| ≤ C(|u|+ |u|p−1),

♣❛r❛ t♦❞♦ u ∈ R✱ ♦♥❞❡ 2∗s =
6

3−2s
❡ s ∈ (3

4
, 1)❀

✻



✭❆✻✮ limu→+∞ F (u)/u4 = +∞✱ ♦♥❞❡ F (u) =
∫ u

0
f(z)dz❀

✭❆✼✮ ❆ ❢✉♥çã♦ u 7−→ f(u)/u3 é ❝r❡s❝❡♥t❡ ❡♠ |u| 6= 0✳

❈♦♠ ❛s ♣❛❧❛✈r❛s ❞♦ r❡❢❡r❡❡ ❞♦ ❏♦r♥❛❧ q✉❡ ♥♦ss♦ tr❛❜❛❧❤♦ ❢♦✐ ♣✉❜❧✐❝❛❞♦ ✭✈❡❥❛ ❬✷✺❪✮✱ ♥❛

❧✐t❡r❛t✉r❛✱ ♣❛r❛ s❡ ♦❜t❡r ♣♦s✐t✐✈✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♣r♦❜❧❡♠❛s ❢r❛❝✐♦♥ár✐♦s✱ ❛ ♥ã♦

❧✐♥❡❛r✐❞❛❞❡ f é ✉s✉❛❧♠❡♥t❡ ❡①✐❣✐❞❛ s❡r ❍ö❧❞❡r ❝♦♥tí♥✉❛ ♦✉ t❡r ✉♠❛ ❞❡r✐✈❛❞❛ ❝♦♥tí♥✉❛

♣❛r❛ q✉❡ ❛ s♦❧✉çã♦ t❡♥❤❛ ❛❧❣✉♠❛ r❡❣✉❧❛r✐❞❛❞❡✳ ◆♦ ♥♦ss♦ ❝❛s♦✱ ♣❡❞✐♠♦s ❛♣❡♥❛s q✉❡

f s❡❥❛ ❝♦♥tí♥✉❛✳ ❙❡♠ ♣❡❞✐r q✉❛❧q✉❡r r❡❣✉❧❛r✐❞❛❞❡✱ ♠♦str❛♠♦s q✉❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛ é

♣♦s✐t✐✈❛✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♣r♦✈❛r❡♠♦s ♦ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✵✳✵✳✷ ❙✉♣♦♥❤❛ q✉❡ 1 > s > 3/4✱ t ∈ (0, 1)✱ ❡ ✭❆✶✮✕✭❆✼✮ ❡stã♦ s❛t✐s❢❡✐t❛s✳

❊♥tã♦ ✭✷✳✻✮ t❡♠ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛✳

❆✐♥❞❛ ♥❡st❡ ❝❛♣ít✉❧♦✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦

Pr♦❜❧❡♠❛ ✭✷✮✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ♠♦str❛r❡♠♦s ✉♠❛ ❡st✐♠❛t✐✈❛ L∞(Rn) ♣❛r❛ ❛s s♦❧✉çõ❡s ❢r❛❝❛s ❞❡

❝❡rt❛s ❡q✉❛çõ❡s ❞❡ ❙❝❤rö❞✐♥❣❡r ❡ ❡st❡ é ♦ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ ❝❛♣ít✉❧♦✳ ▼❛✐s

♣r❡❝✐s❛♠❡♥t❡✱ ♠♦str❛r❡♠♦s q✉❡

Pr♦♣♦s✐çã♦ ✵✳✵✳✸ ❙❡❥❛♠ h ∈ Lq(RN) ❝♦♠ q > N
2s
✱ N > 2s ❡ v ∈ E ⊂ XK(R

N) ✉♠❛

s♦❧✉çã♦ ❢r❛❝❛ ❞❡
{

−Lkv + b(x)v = g(x, v) em R
N

❡♠ E = {u ∈ XK(R
N);

∫

RN

b(x)u2dx <∞}✱ ♦♥❞❡ g é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦

|g(x, s)| ≤ h(x)|s|

♣❛r❛ s ≥ 0 ❡ b é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡♠ R
N ✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M =

M(q, ||h||Lq) t❛❧ q✉❡

||v||∞ ≤M ||v||2∗s .

❈♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦✱ ❡st✉❞❛r❡♠♦s ♦ ♣r♦❜❧❡♠❛

(P ) −LKu+ V (x)u = f(u), ✐♥ R
n .

♦♥❞❡ −LK é ✉♠ ♦♣❡r❛❞♦r ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛❧ ❝♦♠ s ∈ (0, 1)✳ ❱❛♠♦s s✉♣♦r q✉❡ ♦

♣♦t❡♥❝✐❛❧ V é ❝♦♥tí♥✉♦ ❡ s❛t✐s❢❛③

• (V1−) infx∈Rn V (x) > 0;

✼



◆♦t❡ q✉❡ (V1) ✐♠♣❧✐❝❛ q✉❡

• (V2−) V (x) ≤ V∞ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ V∞ > 0 ❡ ♣❛r❛ t♦❞♦s x ∈ B1(0)✳

• (V3−) ❊①✐st❡ R > 0 ❡ Λ > 0 t❛✐s q✉❡

V (x) ≥ Λ

♣❛r❛ t♦❞♦s |x| ≥ R✳

❆ss✉♠✐r❡♠♦s t❛♠❜é♠ q✉❡ f ∈ C(R,R) é ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦✿

• (f1−) |f(t)| ≤ c0|t|p−1✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ c0 > 0 ❡ p ∈ (2, 2∗s)❀

• (f2−) ❊①✐st❡ θ > 2 t❛❧ q✉❡

θF (t) ≤ tf(t)

♣❛r❛ t♦❞♦s t ∈ R✱ ♦♥❞❡

F (t) =

∫ t

0

f(s)ds;

• (f3−) f(t) > 0 ♣❛r❛ t♦❞♦ t > 0 ❡ f(t) = 0 ♣❛r❛ t♦❞♦ t < 0✳

▼♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ Λ∗ > 0 ❝♦♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ ❙❡ Λ > Λ∗✱ ❡♥tã♦

❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ✭✸✮✱ ♦✉ s❡❥❛✱ ♣r♦✈❛r❡♠♦s ♦ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✵✳✵✳✹ ❙✉♣♦♥❤❛ q✉❡ V s❛t✐s❢❛③ (V1)✲(V2) ❡ q✉❡ f s❛t✐s❢❛③ (f1)✲(f3)✳ ❙❡ Λ >

Λ∗ := k
p
2 c0M

p−2(2Sd)
p−2
2 ✱ ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ (P ) t❡♠ ✉♠❛ s♦❧✉çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ ♥ã♦

tr✐✈✐❛❧✳

❉❡st❛❝❛♠♦s q✉❡✱ ♣♦r s❡r ♦ ♦♣❡r❛❞♦r ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛❧ ♥ã♦ ❧♦❝❛❧✱ ❡♥tã♦ ♥ã♦ ♣♦❞❡r❡♠♦s

✉s❛r ❛s ♠❡s♠❛s té❝♥✐❝❛s ✉s❛❞❛s ❡♠ ❬✺❪ ♣❛r❛ ♣r♦✈❛r ♦ t❡♦r❡♠❛ ❛❝✐♠❛✳

◆♦ ❈❛♣ít✉❧♦ ✹✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦ ❡ ψ1, ..., ψn, φ :

X → R ❢✉♥❝✐♦♥❛✐s ❝♦♥tí♥✉♦s✱ s❛t✐s❢❛③❡♥❞♦✿

• (X1)✲ ❊①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ∗ : [0,∞)×X → X ❡ λ1, ..., λn, λφ ∈ R t❛✐s q✉❡

✭✐✮ ψi(∗(t, u)) = tλiψi(u)❀

✭✐✐✮ φi(∗(t, u)) = tλφφ(u)❀

✭✐✐✐✮ 0 < max {λ1, ..., λn} < λφ;

✽



✭✐✈✮ ∗(0, u) = 0✱ ♣❛r❛ t♦❞♦ u ∈ X❀

✭✈✮ P❛r❛ ❝❛❞❛ u ∈ X ✜①♦✱ ❛ ❛♣❧✐❝❛çã♦ t 7−→ ∗(t, u) é ❝♦♥tí♥✉❛✳

• (X2−) ❊①✐st❡♠ s✉❜❝♦♥❥✉♥t♦s ❢r❛❝❛♠❡♥t❡ ❢❡❝❤❛❞♦s X+ ❡ X̃ ❞❡ X ❡ ✉♠❛ ❢✉♥çã♦

Q : X+ → X̃ q✉❡ ❝✉♠♣r❡ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭✐✮ ψi(Q(u)) ≤ ψi(u) ♣❛r❛ t♦❞♦ u ∈ X+❀

✭✐✐✮ φ(Q(u)) ≥ φ(u) ♣❛r❛ t♦❞♦ u ∈ X+❀

✭✐✐✐✮ ❙❡ u ∈ X̃✱ ❡♥tã♦ ut ∈ X̃✱ ♣❛r❛ t♦❞♦ t ≥ 0✳

❆❝✐♠❛ ❡st❛♠♦s ✉s❛♥❞♦ ❛ ♥♦t❛çã♦ ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦ ∗(t, u) = ut. ❆❧é♠ ❞❛s ❤✐♣ót❡s❡s

❧✐st❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡✱ ✈❛♠♦s s✉♣♦r q✉❡✿

• (f1−) ❊①✐st❡ u ∈ X t❛❧ q✉❡ φ(u) > 0❀

• (f2−) φ(0) = 0❀

• (f3−) ψi(u) = 0 ♣❛r❛ t♦❞♦ i ∈ {1, 2, ..., n} s❡✱ ❡ s♦♠❡♥t❡ s❡ u = 0❀

• (f4−) ❊①✐t❡ r > 0 t❛❧ q✉❡ s❡ 0 < ||u|| < r ❡♥tã♦

n
∑

i=i

λiψi(u) > λφφ(u);

• (f5−) ❙❡ {un} é ✉♠❛ s❡q✉ê♥❝✐❛ s❛t✐s❢❛③❡♥❞♦ φ(un) ≥ 0 ❡ J(un) → 0✱ ❡♥tã♦

||un|| → 0;

• (f6−) ❙❡ {un}n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ X̃ q✉❡ ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ∈ X̃✱

❡♥tã♦

lim sup
n→∞

φ(un) ≤ φ(u);

• (f7−) ❙❡ {up}p∈N ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ❡♠ X✱ ❡♥tã♦

ψi(u) ≤ lim inf
p→∞

ψi(up)

✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ ❝❛♣ít✉❧♦ é ♦ t❡♦r❡♠❛✿

✾



❚❡♦r❡♠❛ ✵✳✵✳✺ ❙❡❥❛♠ X✱ φ✱ ψ1✱✳✳✳✱ ψn s❛t✐s❢❛③❡♥❞♦ (f1)− (f7), (X1) ❡ (X2)✳ ❙❡

inf
wP

I(w) = inf
w∈P+

I(w)

❡♥tã♦ ❡①✐st❡ u ∈ P t❛❧ q✉❡ I(u) = infw∈P I(w), ♦♥❞❡

I =
n
∑

i=1

ψi − φ

❡

P = {u ∈ X \ {0} ;λ1ψ1(u) + ...+ λnψn(u) = λφφ(u)} .

❙❡ I é ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤t③✐❛♥♦✳ ❊♥tã♦ u é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ I ❡♠ X✱ ♦✉ s❡❥❛✱

0 ∈ ∂I(u)

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡st❡ t❡♦r❡♠❛✱ t❡♠♦s✿

❈♦r♦❧ár✐♦ ✵✳✵✳✻ ❙❡❥❛♠ X✱ φ✱ ψ1✱✳✳✳✱ ψn s❛t✐s❢❛③❡♥❞♦ (f1)−(f7), (X1) ❡ (X2)✳ ❙✉♣♦♥❤❛

q✉❡ φ✱ ψ1✱✳✳✳✱ ψn ∈ C1(X,R)✳ ❙❡

inf
wP

I(w) = inf
w∈P+

I(w),

❡♥tã♦ ❡①✐st❡ u ∈ P q✉❡ s❛t✐s❢❛③ I(u) = infw∈P I(w), ♦♥❞❡

I =
n
∑

i=1

ψi − φ

❡

P = {u ∈ X \ {0} ;λ1ψ1(u) + ...+ λnψn(u) = λφφ(u)} .

❆❧é♠ ❞✐ss♦✱ u é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ I ❡♠ X✱ ♦✉ s❡❥❛✱

I ′(u) = 0.

❚♦♠❛♥❞♦ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ f : R → R s❛t✐s❢❛③❡♥❞♦✿

✭✐✮ lims→0
f(s)
s

= 0❀

✭✐✐✮ lim sups→+∞
|f(s)|
|s|q−1 <∞✱ ♣❛r❛ ❛❧❣✉♠ q ∈ (1, 2∗sm − 1) ♦♥❞❡

2∗sm =
2N

N − 2sm
;

✭✐✐✐✮ ❊①✐st❡ τ > 0 t❛❧ q✉❡ G(τ) > 0✱ ♦♥❞❡

G(z) =

∫ z

0

g(t)dt ❡ g(s) = f(s)− s.

✶✵



✭✐✈✮ f(s) > 0 ♣❛r❛ t♦❞♦ s > 0 ❡ f(s) = 0 ♣❛r❛ s ≤ 0✳

♣r♦✈❛r❡♠♦s✱ ❝♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ ú❧t✐♠♦ ❝♦r♦❧ár✐♦✱ ♦ t❡♦r❡♠❛ ❛❜❛✐①♦✳

❚❡♦r❡♠❛ ✵✳✵✳✼ ❙❡❥❛♠ 0 < s1 ≤ ... ≤ sm < 1 ❡ N ≥ 2sm✳ ❉❡✜♥❛ I : Hsm(RN) → R

♣♦r

I(u) = J(u)−
∫

RN

G(u)dx,

♦♥❞❡

J(u) =
m
∑

i=1

1

2

∫

RN

∫

RN

(u(x)− u(y))2

|x− y|N+2si
dxdy

❊♥tã♦✱ ❡①✐st❡ u0 ∈ P t❛❧ q✉❡

I ′(u0) = 0;

❆❧é♠ ❞✐ss♦✱

I(u0) = inf
u∈P

I(u).

♦♥❞❡

P =

{

u ∈ Hsm(RN) \ {0};
m
∑

i=1

(N − 2si)

2

∫

RN

∫

RN

(u(x)− u(y))2

|x− y|N+2si
dxdy = N

∫

RN

G(u)dx

}

.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

m
∑

i=1

(−∆)siu = g(u) ❡♠ R
N.

❚♦♠❛♥❞♦ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ f : R → R s❛t✐s❢❛③❡♥❞♦✿

✭✐✮ lims→0
f(s)
s

= 0❀

✭✐✐✮ lim sups→+∞
|f(s)|
|s|q−1 <∞✱ ♣❛r❛ ❛❧❣✉♠ q ∈ (1, 2∗ − 1) ♦♥❞❡

2∗ =
2N

N − 2
;

✭✐✐✐✮ ❊①✐st❡ τ > 0 t❛❧ q✉❡ G(τ) > 0✱ ♦♥❞❡

G(z) =

∫ z

0

g(t)dt ❡ g(s) = f(s)− s;

✭✐✈✮ f(s) > 0 ♣❛r❛ t♦❞♦ s > 0 ❡ f(s) = 0 ♣❛r❛ s ≤ 0✳

♣r♦✈❛r❡♠♦s ♦ t❡♦r❡♠❛ ❛❜❛✐①♦✳

✶✶



❚❡♦r❡♠❛ ✵✳✵✳✽ ❙❡❥❛♠ 0 < s < 1 ❡ N > 2✳ ❉❡✜♥❛ I : H1(RN) → R ♣♦r

I(u) = J(u)−
∫

RN

G(u)dx,

♦♥❞❡

J(u) =
1

2

∫

RN

|∇u|2dx+ 1

2

∫

RN

∫

RN

(u(x)− u(y))2

|x− y|N+2s
dxdy

❊♥tã♦✱ ❡①✐st❡ u0 ∈ P✱ ♥ã♦ ♥✉❧♦✱ t❛❧ q✉❡

I ′(u0) = 0;

❆❧é♠ ❞✐ss♦✱

I(u0) = inf
uP
I(u),

♦♥❞❡

P =

{

u ∈ H1(RN) \ {0}; (N − 2)

2

∫

RN

|∇u|2dx

+
N − 2s

2

∫

RN

∫

RN

(u(x)− u(y))2

|x− y|N+2s
dxdy = N

∫

RN

G(u)dx

}

.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

−∆u+ (−∆)su = g(u) ❡♠ R
N.

❚♦♠❛♥❞♦ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ f : R → R s❛t✐s❢❛③❡♥❞♦✿

✭✐✮ lims→0
f(s)
sp1

= 0❀

✭✐✐✮ lim sups→+∞
|f(s)|
|s|q−1 <∞✱ ♣❛r❛ ❛❧❣✉♠ q ∈ (pm, p

∗
1) ♦♥❞❡

p∗1 =
Np1
N − p1

;

✭✐✐✐✮ ❊①✐st❡ τ > 0 t❛❧ q✉❡ G(τ) > 0✱ ♦♥❞❡

G(z) =

∫ z

0

g(t)dt ❡ g(s) = f(s)−
m
∑

i=1

|s|pi−2s;

✭✐✈✮ f(s) > 0 ♣❛r❛ t♦❞♦ s > 0 ❡ f(s) = 0 ♣❛r❛ s ≤ 0✳

♣r♦✈❛r❡♠♦s ♦ t❡♦r❡♠❛ ❛❜❛✐①♦✳

❚❡♦r❡♠❛ ✵✳✵✳✾ ❙❡❥❛♠ 1 < p1 ≤ ... ≤ pm ❡ N > pm✳ ❉❡✜♥❛ I : W → R ♣♦r

I(u) = J(u)−
∫

RN

G(u)dx,

✶✷



♦♥❞❡

J(u) =
m
∑

i=1

1

pi

∫

RN

|∇u|pidx.

❡

W =
m
⋂

i=1

W 1,pi(RN).

❊♥tã♦✱ ❡①✐st❡ u0 ∈ P t❛❧ q✉❡

I ′(u0) = 0;

❆❧é♠ ❞✐ss♦✱

I(u0) = inf
uP
I(u),

♦♥❞❡

P =

{

u ∈ W \ {0};
m
∑

i=1

(N − pi)

pi

∫

RN

|∇u|pidx = N

∫

RN

G(u)dx

}

.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

m
∑

i=1

−∆piu = g(u) ❡♠ R
N .

❊s❝♦❧❤❡♥❞♦ f : R → R ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦✿

✭✐✮ lim
s→0

f(s)

|s|p1−1
= 0✳

✭✐✐✮ lim sup
s→+∞

|f(s)|
|s|q−1

<∞ ♣❛r❛ ❛❧❣✉♠ q ∈ (p1, p
∗) ♦♥❞❡

p∗ =
N

∑N
i=1

1
pi
− 1

;

✭✐✐✐✮ ❊①✐st❡ τ > 0 t❛❧ q✉❡ G(τ) =
∫ τ

0

g(s)ds > 0.✱ ♦♥❞❡ g(s) = f(s)− s|s|p1−2✳

✭✐✈✮ f(s) > 0 ♣❛r❛ t♦❞♦ s > 0 ❡ f(s) = 0 ♣❛r❛ s ≤ 0✳

♣❛r❛ p1, ..., pN > 1✱ ♠♦str❛r❡♠♦s ♦ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✵✳✵✳✶✵ ❙❡❥❛♠ 1 < p1 ≤ ... ≤ pN ✳ ❉❡✜♥❛ I : W 1,−→p (RN) → R ♣♦r

I(u) = J(u)−
∫

RN

G(u)dx,

♦♥❞❡

J(u) =
N
∑

i=1

1

pi

∫

RN

∣

∣

∣

∣

∂u

∂xi

∣

∣

∣

∣

pi

dx.

✶✸



❊♥tã♦✱ ❡①✐st❡ u0 ∈ P t❛❧ q✉❡

I ′(u0) = 0.

❆❧é♠ ❞✐ss♦✱

I(u0) = inf
uP
I(u),

♦♥❞❡

P =

{

u ∈ W 1,−→p (RN) \ {0};
N
∑

i=1

(N − pi)

pi

∫

RN

∣

∣

∣

∣

∂u

∂xi

∣

∣

∣

∣

pi

dx = N

∫

RN

G(u)dx

}

.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♣r♦✈❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

N
∑

i=1

∂

∂xi

(∣

∣

∣

∣

∂u

∂xi

∣

∣

∣

∣

pi ∂u

∂xi

)

= g(u) ❡♠ R
N .

❱❛♠♦s ❝♦♥s✐❞❡r❛r N ≥ 3 ❡ f ✉♠❛ ❢✉♥çã♦ ❝♦♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ♣♦♥t♦s ❞❡

❞❡s❝♦♥t✐♥✉✐❞❛❞❡ s❛t✐s❢❛③❡♥❞♦✿

• f1) lim
s→0

f(s)
s

= 0❀

• f2) |f(s)| ≤ A|s|+B|s|q, ∀s ∈ R✱ ❡ ❛❧❣✉♠ q ∈ (1, 2∗ − 1)❀

• f3) ❊①✐st❡ τ > 0 t❛❧ q✉❡ G(τ) =
∫ τ

0

g(z)dz > 0✱ ♦♥❞❡

g(s) = f(s)− s;

• f4) f(s) > 0 ♣❛r❛ s > 0 ❡ ❢✭s✮❂✵ ♣❛r❛ s ≤ 0✳

▼♦str❛r❡♠♦s ♦ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✵✳✵✳✶✶ ❙❡❥❛ ❢ ✉♠❛ ❢✉♥çã♦ ❝♦♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ♣♦♥t♦s ❞❡ ❞❡s❝♦♥✲

t✐♥✉✐❞❛❞❡ ❡ s❛t✐s❢❛③❡♥❞♦ (f1)− (f4)✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛

−∆u(x) ∈ ∂G(u(x)), q✳t✳♣✳ ❡♠ R
N ,

♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧✳

◆♦ ❈❛♣ít✉❧♦ ✺✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦❧②❛✲❙③❡❣ö✱ ♥♦ ❝♦♥t❡①t♦ ❞♦s

♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛✐s✳ ❙✉♣♦♥❞♦ q✉❡ K é ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s✱ ❝♦♥tí♥✉♦✱

♣r♦✈❛r❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✵✳✵✳✶✷ ❙❡❥❛ u ∈ XK(R
n) ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛✳ ❊♥tã♦✱

∫

RN

∫

RN

(u∗(x)− u∗(y))2K∗(x− y)dxdy ≤
∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy,

✶✹



♦♥❞❡ u∗ ❡ K∗ sã♦ ♦s r❡❛rr❛♥❥❛♠❡♥t♦s s✐♠étr✐❝♦s ❞❡ u ❡ K r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦

❝♦♥s❡q✉ê♥❝✐❛✱ t❡r❡♠♦s✿

❈♦r♦❧ár✐♦ ✵✳✵✳✶✸ ❙❡❥❛ u ∈ XK(R
N)✳ ❊♥tã♦ ❡①✐st❡ w ♥ã♦ ♥❡❣❛t✐✈❛ ❡ r❛❞✐❛❧♠❡♥t❡

s✐♠étr✐❝❛ s❛t✐s❢❛③❡♥❞♦✿

• P❛r❛ t♦❞❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡ ♠♦♥ót♦♥❛✱ φ

∫

RN

φ(|u|)dx =

∫

RN

φ(w)dx.

• ❆❧é♠ ❞✐ss♦
∫

RN

∫

RN

(w(x)− w(y))2K∗(x− y)dxdy ≤
∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy

❈♦r♦❧ár✐♦ ✵✳✵✳✶✹ ❙✉♣♦♥❤❛ q✉❡ K s❛t✐s❢❛ç❛ (K2)✱ (K3)✱ K s❡❥❛ r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛

❡ ❞❡❝r❡s❝❡♥t❡✳ ❊♥tã♦ ♣❛r❛ t♦❞❛ u ∈ XK(R
N)✱ ❡①✐st❡ w r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛✱ ♥ã♦

♥❡❣❛t✐✈❛ ❡ t❛❧ q✉❡ ♣❛r❛ t♦❞❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡ ♠♦♥ót♦♥❛ φ

∫

RN

φ(|u|)dx =

∫

RN

φ(w)dx.

❆❧é♠ ❞✐ss♦
∫

RN

∫

RN

(w(x)− w(y))2K(x− y)dxdy ≤
∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy

❡

❈♦r♦❧ár✐♦ ✵✳✵✳✶✺ ❙✉♣♦♥❤❛ q✉❡ K s❛t✐s❢❛ç❛ (K1), (K2), (K3) ❡

• (K4) ✲ ❊①✐st❡ c1 > 0 t❛❧ q✉❡ c1 ≥ K(x)|x|n+2s

❊♥tã♦ ♣❛r❛ t♦❞❛ u ∈ XK(R
N)✱ ❡①✐st❡ w r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛✱ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ t❛❧ q✉❡

♣❛r❛ t♦❞❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡ ♠♦♥ót♦♥❛ φ

∫

RN

φ(|u|)dx =

∫

RN

φ(w)dx.

❆❧é♠ ❞✐ss♦
∫

RN

∫

RN

(w(x)− w(y))2K(x− y)dxdy ≤ λ

∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy

♦♥❞❡ λ = c1
c

❡ c é ❛ ❝♦♥st❛♥t❡ q✉❡ ❛♣❛r❡❝❡ ❡♠ (K3)✳

✶✺



◆♦t❛çã♦ ❡ t❡r♠✐♥♦❧♦❣✐❛

• min{a, b} = a s❡ a < b ❡ min{a, b} = b s❡ a ≥ b✳

• max{a, b} = a s❡ a > b ❡ max{a, b} = b s❡ a ≤ b✳

• ❙❡ A,B ⊂ R
N ✱ ❡♥tã♦ A \B = {x ∈ A; x /∈ B}✳

• P❛r❛ t♦❞❛ ❢✉♥çã♦ u : R
N −→ R ❞❡✜♥✐♠♦s u−, u+ : R

N −→ R ♣♦r u−(x) =

max{0,−u(x)} ❡ u+(x) = max{0, u(x)}✳

• ❙❡❥❛ U ⊂ R
N ✱ ❝❤❛♠❛♠♦s ❞❡ δ ✈✐③✐♥❤❛♥ç❛ ❞❡ U ♦ ❝♦♥❥✉♥t♦ Uδ :=

{

x ∈ R
N ; d(x, U) < δ

}

✱

♦♥❞❡ d é ❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ✉s✉❛❧ ❞❡ R
N ✳

• (X, || · ||) r❡♣r❡s❡♥t❛rá ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✳

• Dφ ❞❡♥♦t❛rá ❛ ❞❡r✐✈❛❞❛ ❞❡ φ✳

• ❉✐r❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ f : (X, || · ||) −→ (Y, || · ||2) é ❧✐♣s❝❤t③✐❛♥❛ s❡ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡ ||f(x)− f(y)|| ≤ C||x− y||2✱ ♣❛r❛ t♦❞♦s x, y✳

• ❙❡ u ∈ Lp(RN)✱ ❡♥tã♦ ❡s❝r❡✈❡r❡♠♦s ||u||p ♣❛r❛ ❞❡♥♦t❛r ❛ ♥♦r♠❛ ❞❡ ✉s✉❛❧ ❞❡ u ❡♠

Lp(RN)✳

• ❉✐r❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ {o(n)}n∈N é ♦r❞❡♠ ♣❡q✉❡♥❛ s❡✱ lim
n→∞

o(n) = 0✳

• ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡ {un}n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ X q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛

❛❧❣✉♠ u ∈ X✳ ◆❡st❡ ❝❛s♦✱ ✉s❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦ un −→ u✳

• ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ I ∈ C1(E,R)✳ ❉✐r❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛

{xn}n∈RN é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ♥♦ ♥í✈❡❧ c✱ s❡ I(un) −→ c ❡ I ′(un) → 0✳



• ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ I ∈ C1(E,R)✳ ❉✐r❡♠♦s q✉❡ I s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦

❞❡ P❛❧❛✐s✲❙♠❛❧❡ ❡♠ c✱ s❡ t♦❞❛ s❡q✉ê♥❝✐❛ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛

❝♦♥✈❡r❣❡♥t❡ ❡♠ E✳

• P❛r❛ ❝❛❞❛ r > 0 ❡ y ∈ R
N ✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ Br(y) =

{

x ∈ R
N ; |x− y| < r

}

✳

❊♠ ✈❡③ ❞❡ Br(y)✱ ❡s❝r❡✈❡r❡♠♦s s✐♠♣❧❡s♠❡♥t❡ Br✱ q✉❛♥❞♦ ♥ã♦ ❡①✐st✐r ❞ú✈✐❞❛ s♦❜r❡

♦ y ❝♦♥s✐❞❡r❛❞♦✳

• q✳t✳♣✳ s✐❣♥✐✜❝❛rá ❡♠ q✉❛s❡ t♦❞♦ ♣♦♥t♦✳

• ❊♠ t♦❞♦ t❡①t♦✱ N r❡♣r❡s❡♥t❛rá ❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦ ❡✉❝❧✐❞❡❛♥♦✳

• ❙❡❥❛ K : RN −→ R ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s ✭✈❡❥❛ ❞❡✜♥✐çã♦ ♥♦ ❝❛♣ít✉❧♦ ✶✮✳ P❛r❛

❢✉♥çõ❡s u, v : RN −→ R ❡ ❝♦♥❥✉♥t♦s A,B ⊂ R
N ✱ ✉s❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦

[u, v]A×B =

∫

A

∫

B

(u(x)− u(y))(v(x)− v(y))K(x− y)dxdy

❚❛♠❜é♠ ❡s❝r❡✈❡r❡♠♦s

[u, v]RN×RN = [u, v].

✶✼



❈❛♣ít✉❧♦ ✶

❖♣❡r❛❞♦r❡s ■♥t❡❣r♦ ✲ ❉✐❢❡r❡♥❝✐❛✐s

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❡r❡♠♦s ❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡s♣❛ç♦s ♦♥❞❡ sã♦ ❞❡✜♥✐❞♦s

♦s ♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛✐s q✉❡ ❡st✉❞❛r❡♠♦s ❛♦ ❧♦♥❣♦ ❞❛ t❡s❡✳ ❆❧❣✉♥s r❡s✉❧t❛✲

❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡ ❝❛♣ít✉❧♦ ♥ã♦ s❡rã♦ ❞❡♠♦♥str❛❞♦s✱ ♣♦rq✉❡ ❥á ❡①✐st❡♠ ♥❛ ♥♦ss❛

❧✐t❡r❛t✉r❛✳ ❘❡❢❡r❡♥❝✐❛r❡♠♦s ❛s ❞❡♠♦♥str❛çõ❡s ❞❡ ❝❛❞❛ ✉♠ ❞♦s r❡s✉❧t❛❞♦s q✉❡ ✐r❡♠♦s

❛ss✉♠✐r ♥❡st❡ ❝❛♣ít✉❧♦✳ ❖ ❧❡✐t♦r ❢❛♠✐❧✐❛r✐③❛❞♦ ❝♦♠ ♦s ♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛✐s

♣♦❞❡ s✉♣r✐♠✐r ❡st❡ ❝❛♣ít✉❧♦ ❡♠ s✉❛ ❧❡✐t✉r❛✳ P❛r❛ ♦s ❧❡✐t♦r❡s q✉❡ q✉✐s❡r❡♠ ♠❛✐s ❞❡✲

t❛❧❤❡s✱ ❛❧é♠ ❞♦s ♠❡♥❝✐♦♥❛❞♦s ♥❡st❡ ❝❛♣ít✉❧♦✱ s♦❜r❡ ♦s ♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛✐s✱

r❡❢❡r❡♥❝✐❛♠♦s ❬✶✶❪ ❡ ❬✹✽❪✳

✶✳✶ ❖ ❊s♣❛ç♦ XK(R
N)

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s s❡♠♣r❡ ❛ss✉♠✐r q✉❡ N > 2s✳

❉❡✜♥✐çã♦ ✶✳✶✳✶ ❙❡❥❛ s ∈ (0, 1)✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ K : RN −→ R

é ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s s❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s

• (K1) K(x) = K(−x) ♣❛r❛ q✉❛s❡ t♦❞♦ x 6= 0❀

• (K2) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ CK > 0 t❛❧ q✉❡

CK ≤ K(x)|x|N+2s

♣❛r❛ q✉❛s❡ t♦❞♦ x ∈ R
N ❀

• (K3) γK ∈ L1(RN)✱ ♦♥❞❡ γ(x) = min {|x|2, 1}❀



◆♦t❡ q✉❡ ❛ ❢✉♥çã♦ C|x|−N−2s ♦♥❞❡ ❈ é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✱ é ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠

♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s✳ ❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s ♦✉tr♦s ❡①❡♠♣❧♦s✳ ❉❡✐①❛r❡♠♦s ❛ ❝❛r❣♦ ❞♦

❧❡✐t♦r ❛ ✈❡r✐✜❝❛çã♦ ❞❡ q✉❡ ❝❛❞❛ ✉♠ ❞♦s ❡①❡♠♣❧♦s ❝✐t❛❞♦s é ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s✳

❊①❡♠♣❧♦ ✶✳✶✳✷ ❈♦♥s✐❞❡r❡ a : SN−1 −→ R ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧✱ ♦♥❞❡

S
N−1 =

{

x ∈ R
N ; |x| = 1

}

.

❙✉♣♦♥❤❛ t❛♠❜é♠ q✉❡✱ ❡①✐st❛♠ ❝♦♥st❛♥t❡s c1, c2 > 0 t❛✐s q✉❡ c1 ≤ a(x) ≤ c2 ❡ q✉❡

a(x) = a(−x) ♣❛r❛ t♦❞♦ x ∈ S
N−1 ✳ ❊♥tã♦✱ ❛ ❢✉♥çã♦

K(x) =
a
(

x
|x|

)

|x|N+2s

é ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s✳

❊①❡♠♣❧♦ ✶✳✶✳✸ ❙❡❥❛♠ K : R
N −→ R ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s ❡ C ✉♠❛ ❝♦♥st❛♥t❡

♣♦s✐t✐✈❛✳ ❊♥tã♦✱ ❛ ❢✉♥çã♦

K1(x) :=











|x|−N−2s se |x| < 1
2

C se 1
2
< |x| < 1

K(x) se |x| ≥ 1

é ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s✳

❙❡❥❛ K ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s✳ ❉❡✜♥✐♠♦s ♦ ❡s♣❛ç♦ XK(R
N) ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s

❛s ❢✉♥çõ❡s u ∈ L2(RN)✱ t❛✐s q✉❡ ❛ ❢✉♥çã♦

(x, y) 7−→ (u(x)− u(y))
√

K(x− y)

❡stá ❡♠ L2
(

R
N × R

N
)

✳

◆❛ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡✱ ✈❡r❡♠♦s q✉❡ ♣♦❞❡♠♦s ❞❡✜♥✐r ❡♠ XK(R
N) ❛ ♥♦r♠❛

||u|| :=
(

[u, u] +

∫

RN

u2dx

) 1
2

,

♦♥❞❡

[u, u] =

∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy,

❡ ♠✉♥✐❞♦ ❝♦♠ ❡st❛ ♥♦r♠❛✱ ♦ ❡s♣❛ç♦ XK(R
N) é ✉♠ ❡s♣❛ç♦ ❝♦♠♣❧❡t♦✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✹ ❙❡❥❛K ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s✳ ❆ ❢✉♥çã♦ (·, ·) : XK(R
N)×XK(R

N) −→
R✱ ❞❛❞❛ ♣♦r

(u, v) =

∫

RN

∫

RN

(u(x)− u(y))(v(x)− v(y))K(x− y)dxdy +

∫

RN

uvdx,

❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ XK(R
N) ❡ XK(R

N) ♠✉♥✐❞♦ ❝♦♠ ❡st❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ é

✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳

✶✾



❉❡♠♦♥str❛çã♦✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❛ ❢✉♥çã♦ (·, ·) ❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠

XK(R
N)✳ ❙❡❥❛ {φn}n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ XK(R

N)✳ P❛r❛ t♦❞♦s m,n ∈ N

t❡♠♦s

||φn − φm||L2(RN ) ≤ ||φn − φm||.

❖✉ s❡❥❛✱ ❛ s❡q✉ê♥❝✐❛ {φn}n∈N é ❞❡ ❈❛✉❝❤② ❡♠ L2(RN)✳ ❉❡ss❛ ❢♦r♠❛✱ ❡①✐st❡ u ∈ L2(RN)

t❛❧ q✉❡

φn −→ u ❡♠ L2(RN)✳

❙❡❥❛

Gφn
(x, y) = (φn(x)− φn(y))

√

K(x− y),

❞❡✜♥✐❞❛ ❡♠ R
N × R

N ✳ ❖❜s❡r✈❡ q✉❡ Gφn
∈ L2(RN × R

N) ♣❛r❛ t♦❞♦ n ∈ N ❡ q✉❡

||Gφn
−Gφm

||2L2(RN×RN ) =

∫

RN

∫

RN

(φn(x)− φn(y)− φm(x) + φm(y))
2K(x− y)dxdy

=

∫

RN

∫

RN

[(φn − φm)(x)− (φn − φm)(y)]
2K(x− y)dxdy

≤ ||φn − φm||2.

■st♦ ✐♠♣❧✐❝❛ q✉❡ ❛ s❡q✉ê♥❝✐❛ {Gφn
}n∈N é ❞❡ ❈❛✉❝❤② ❡♠ L2(RN × R

N)✳ ❊①✐st❡ w ∈
L2(RN × R

N) t❛❧ q✉❡

Gφn
−→ w ❡♠ L2(RN × R

N).

❊♠ ♣❛rt✐❝✉❧❛r {Gφn
}n∈N ❝♦♥✈❡r❣❡ q✳t✳♣ ❡♠ R

N × R
N ♣❛r❛ w✳ P♦ré♠✱ ✈✐♠♦s ❛❝✐♠❛

q✉❡ {φn}n∈N ❝♦♥✈❡r❣❡ ♣❛r❛ u✱ q✳t✳♣✳ ❡♠ R
N ✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡ ❛ s❡q✉ê♥❝✐❛ {Gφn

}
❝♦♥✈❡r❣❡ q✳t✳♣✳ ♣❛r❛ ❛ ❢✉♥çã♦ Gu(x, y) := (u(x)− u(y))

√

K(x− y)✳ ▲♦❣♦

w(x, y) = (u(x)− u(y))
√

K(x− y).

❊♠ ♣❛rt✐❝✉❧❛r✱ u ∈ XK(R
N)✳ ❆❧é♠ ❞✐ss♦

||φn − u||2 = ||Gφn
−Gu||2L2(RN×RN ) + ||φn − u||2L2(RN ) −→ 0.

♦✉ s❡❥❛✱ ❛ s❡q✉ê♥❝✐❛ {φn}n∈N ❝♦♥✈❡r❣❡ ♣❛r❛ u ❡♠ XK(R
N)✳

✶✳✷ ❖ ❈❛s♦ K(x) = |x|−N−2s

◗✉❛♥❞♦ ♦ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s é ✐❣✉❛❧ K(x) = |x|−N−2s✱ ❡♥tã♦ ♦ ❡s♣❛ç♦ XK(R
N) é

❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ ❢r❛❝✐♦♥ár✐♦✱ é ❞❡♥♦t❛❞♦ ♣♦r Hs(RN)✳ ❊①✐st❡♠ ❞✐✈❡rs♦s

✷✵



tr❛❜❛❧❤♦s ♣✉❜❧✐❝❛❞♦s ❡♠ ♥♦ss❛ ❧✐t❡r❛t✉r❛✱ r❡❧❛❝✐♦♥❛❞♦s ❛♦s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❢r❛❝✐♦✲

♥ár✐♦s✳ P❛r❛ ♠❛✐s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❢r❛❝✐♦♥ár✐♦s✱ ✐♥❞✐❝❛♠♦s ♦s

tr❛❜❛❧❤♦s ❞❡ ❉❡♠❡♥❣❡❧ ❡ ❉❡♠❡♥❣❡❧ ❡♠ ❬✷✷❪ ❡ ❉✐ ◆❡③③❛✱ P❛❧❛t✉❝❝✐ ❡ ❱❛❧❞✐♥♦❝✐ ❡♠ ❬✷✹❪✳

❊①♣❧♦r❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s s♦❜r❡ ♦s ❡s♣❛ç♦s Hs(RN)✱ q✉❡ ♣♦❞❡♠ s❡r

❡♥❝♦♥tr❛❞♦s ♥❛s r❡❢❡r❡♥❝✐❛s ❧✐st❛❞❛s ♥❡st❡ ♠❡s♠♦ ♣❛rá❣r❛❢♦✳

❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❡ (K2) ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✶✳✷✳✶ ❙❡❥❛ s ∈ (0, 1) ❡ K ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s✳ ❖ ❡s♣❛ç♦ XK(R
N) ❡stá

✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ Hs(RN)✳

❊♠ ❬✷✹❪ ❢♦✐ ♣r♦✈❛❞♦ q✉❡

Pr♦♣♦s✐çã♦ ✶✳✷✳✷ ❖ ❡s♣❛ç♦ Hs(RN) ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ Lq(RN) ♣❛r❛ q ∈
[2, 2∗s]✱ ♦♥❞❡

2∗s =
2N

N − 2s
.

❈♦♠❜✐♥❛♥❞♦ ❛s ♣r♦♣♦s✐çõ❡s ✶✳✷✳✶ ❡ ✶✳✷✳✷✱ t❡♠♦s ♦ ❝♦r♦❧ár✐♦✿

❈♦r♦❧ár✐♦ ✶✳✷✳✸ ❖ ❡s♣❛ç♦ XK(R
N) ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ Lq(RN) ♣❛r❛ q ∈

[2, 2∗s]✱ ♦♥❞❡

2∗s =
2N

N − 2s
.

❖ ♣ró①✐♠♦ ❝♦r♦❧ár✐♦ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ Pr♦♣♦s✐çã♦ 2.2 ❞❡ ❬✷✹❪✳

❈♦r♦❧ár✐♦ ✶✳✷✳✹ ❙❡❥❛ s ∈ (0, 1)✳ ❖ ❡s♣❛ç♦ H1(RN) ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠

Hs(RN)✳

❖✉tr♦ r❡s✉❧t❛❞♦ s♦❜r❡ ✐♠❡rsõ❡s ❞♦s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❢r❛❝✐♦♥ár✐♦s q✉❡ s❡rá út✐❧

❡♠ ♥♦ss❛ t❡s❡ é ♦ ❈♦r♦❧ár✐♦ ✹✳✸✹ ❞❡ ❬✷✷❪✱ ❞❡s❝r✐t♦ ❛❜❛✐①♦✱

❈♦r♦❧ár✐♦ ✶✳✷✳✺ ❙❡ s′ < s ❡♥tã♦ ♦ ❡s♣❛ç♦ Hs(RN) ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠

Hs′(RN)✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✻ ❉❡✜♥✐♠♦s t❛♠❜é♠✱ ♦ ❡s♣❛ç♦ ẊK(R
N) ❝♦♠♦ ♦ ❝♦♠♣❧❡t❛♠❡♥t♦ ❞❡

C∞
0 (RN) ❝♦♠ ❛ ♥♦r♠❛

||u||ẊK(RN ) =

(∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy

) 1
2

.

❖ ❡s♣❛ç♦ ẊK(R
N) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❛❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ 6.5 ❞❡ ❬✷✹❪ t❡♠♦s

q✉❡ ẊK(R
N) ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ L2∗s(RN)✳

✷✶



❖❜s❡r✈❛çã♦ ✶✳✷✳✼ ❙❡ Ω ⊂ R
N ❡ K é ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s✱ ❞❡✜♥✐♠♦s

XK0(Ω) =
{

u ∈ XK(R
N); u = 0 ❡♠ R

N \ Ω
}

.

❖ ❡s♣❛ç♦ XK0(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ❛ ♥♦r♠❛

||u|| :=
(∫

Ω

u2dx+

∫

Q

(u(x)− u(y))2K(x− y)dxdy

) 1
2

,

♦♥❞❡ Q = (RN × R
N) \ (Ωc × Ωc) ❡ ❡stá ❝♦♥t✐♥✉❛♠❡♥t❡ ✐♠❡rs♦ ❡♠ Hs(RN)✳

❉✐③❡♠♦s q✉❡ Ω ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ ❞❡ ❡①t❡♥sã♦ ♣❛r❛ Hs(RN)✱ s❡ ❡①✐st❡ ✉♠❛

❛♣❧✐❝❛çã♦ E : Hs(Ω) → Hs(RN) s❛t✐s❢❛③❡♥❞♦

||E(u)||Hs(RN ) ≤ C||u||Hs(Ω)

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0 q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ u✱ ❡

E(u)(x) = u(x)

♣❛r❛ q✉❛s❡ t♦❞♦ x ❡♠ Ω✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❞♦♠í♥✐♦s ❞❡ ❡①t❡♥sã♦✱ r❡❝♦♠❡♥❞❛♠♦s

❬✷✹❪✳ ❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❈♦r♦❧ár✐♦ 7.2 ❞❡ ❬✷✹❪ t❡♠♦s ♦ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✶✳✷✳✽ ❙❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❞❡ ❡①t❡♥sã♦ ♣❛r❛ Hs(RN)✱ ❡♥tã♦ ♦ ❡s♣❛ç♦ Hs(Ω)

❡stá ✐♠❡rs♦ ❝♦♠♣❛❝t❛♠❡♥t❡ ❡♠ Lq(Ω) ♣❛r❛ q ∈ [1, 2∗s)✱ ♦♥❞❡

2∗s =
2N

N − 2s
.

❊st❡ ú❧t✐♠♦ ❝♦r♦❧ár✐♦ ♥♦s ❣❛r❛♥t❡ ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛s ❞♦s ❡s♣❛ç♦s XK(R
N) ❡

XK0(Ω) ♥♦s ❡s♣❛ç♦s Lp(Ω) q✉❛♥❞♦ p ∈ [1, 2∗s)✱ q✉❛♥❞♦ K é ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s ❡ Ω

✉♠ ❞♦♠í♥✐♦ ❞❡ ❡①t❡♥sã♦ ♣❛r❛ ♦ ❡s♣❛ç♦ Hs(RN)✳

✶✳✸ ❖s ❖♣❡r❛❞♦r❡s ■♥t❡❣r♦✲❉✐❢❡r❡♥❝✐❛✐s

❙❡❥❛ s ∈ (0, 1) ❡K ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s✳ ❉❡✜♥✐♠♦s ♦ ♦♣❡r❛❞♦r ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛❧

−LK ✱ s♦❜r❡ ❢✉♥çõ❡s u ∈ C∞
0 (RN)✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

−LKu(x) =

∫

RN

K(x− y)(u(x)− u(y))dy.

❙❡❣✉✐♥❞♦ ❛s ♠❡s♠❛s ✐❞❡✐❛s ❞❡ ❬✷✹❪✱ ♠♦str❛r❡♠♦s q✉❡ ♦ ♦♣❡r❛❞♦r−LK ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

▲❡♠❛ ✶✳✸✳✶ ❖ ♦♣❡r❛❞♦r −LK ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

✷✷



❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ u ∈ C∞
0 (RN)✳ ❙❡❥❛ y ∈ R

N ✳ ❙❡ ||y|| < 1✱ ❡♥tã♦✱ ✉s❛♥❞♦ ❛

❡①♣❛♥sã♦ ❞❡ ❚❛②❧♦r ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ t❡♠♦s

|(u(x+ y) + u(x− y)− 2u(x))K(y)| ≤ ||D2u||∞|y|2K(y) = ||D2u||∞γ(y)K(y).

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ||y|| ≥ 1

|(u(x+ y) + u(x− y)− 2u(x))K(y)| ≤ 4K(y)||u||∞ = 4||u||∞γ(y)K(y).

P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ L > 0 t❛❧ q✉❡

|(u(x+ y) + u(x− y)− 2u(x))K(y)| ≤ Lγ(y)K(y).

P♦r (K3)✱
∫

RN

(u(x+ y) + u(x− y)− 2u(x))K(y)dy <∞.

P♦r ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s ❡ (K1)✱ t❡♠♦s
∫

RN

(u(x)− u(y))K(x− y)dy = −1

2

∫

RN

(u(x+ y) + u(x− y)− 2u(x))K(y)dy <∞,

❝♦♠♣❧❡t❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛✳

❖❜s❡r✈❡ q✉❡ ❢❛③❡♥❞♦ K(x) = CN,s|x|−N−2s✱ ❡♥tã♦ ♦ ♦♣❡r❛❞♦r LK ❝♦✐♥❝✐❞❡ ❝♦♠ ♦

♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦ ❢r❛❝✐♦♥ár✐♦✱ (−∆)s✱ ♦♥❞❡

CN,s =

(∫

RN

1− cos(ξ1)

|ξ|N+2s
dξ

)−1

.

❆ ❡s❝♦❧❤❛ ❞❛ ❝♦♥st❛♥t❡ CN,s s❡ ❥✉st✐✜❝❛ ♣❡❧♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✱ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ s❡

❡♥❝♦♥tr❛ ❡♠ ❬✷✹❪✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✷ P❛r❛ t♦❞♦ u ∈ C∞
0 (RN) t❡♠♦s

(−∆)su = F−1(|ξ|2s(Fu))

♦♥❞❡ Fu é ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ u✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✿

F(u)(ξ) =
1

(2π)
N
2

∫

RN

e−iξxu(x)dx.

❖ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ ❢r❛❝✐♦♥ár✐♦ Hs(RN) ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ❝♦♠♦

Hs(RN) =

{

u ∈ L2(RN);

∫

RN

(1 + |ξ|2s)|Fu|2dξ <∞
}

.

P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❡ss❛ ❝❛r❛❝t❡r✐③❛çã♦✱ r❡❝♦♠❡♥❞❛♠♦s ❬✷✹❪ ❡ ❬✷✷❪✳

✷✸



Pr♦♣♦s✐çã♦ ✶✳✸✳✸ P❛r❛ t♦❞♦s u, v ∈ C∞
0 (RN) t❡♠♦s

∫

RN

∫

RN

(u(x)− u(y))(v(x)− v(y))K(x− y)dxdy = 2

∫

RN

−LK(u)vdx.

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦
∫

RN

∫

RN

(u(x)− u(y))(v(x)− v(y))K(x− y)dxdy

=

∫

RN

∫

RN

(u(x)− u(y))v(x)K(x− y)dxdy

−
∫

RN

∫

RN

(u(x)− u(y))v(y)K(x− y)dxdy

=

∫

RN

∫

RN

(u(x)− u(y))v(x)K(x− y)dydx

+

∫

RN

∫

RN

(u(y)− u(x))v(y)K(y − x)dxdy

=

∫

RN

−LKu(x)v(x)dx+

∫

RN

−LKu(y)v(y)dy

= 2

∫

RN

−LKu(x)v(x)dx.

❊st❛ ú❧t✐♠❛ ♣r♦♣♦s✐çã♦ ♥♦s ♠♦t✐✈❛ ♣❛r❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳ ❙❡❥❛ f : R −→ R

✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ B : RN −→ R ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ ❡ ♥ã♦ ♥❡❣❛t✐✈❛✱ ❞❡✜♥✐♠♦s

E =

{

u ∈ ẊK(R
N);

∫

RN

B(x)u2dx <∞
}

.

❝♦♠ ❛ ♥♦r♠❛

||u|| =
(∫

RN

∫

RN

(u(x)− u(y)2)K(x− y)dxdy +

∫

RN

B(x)u2dx

) 1
2

.

❉✐③❡♠♦s q✉❡ u ∈ E é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞❡

−LKu+B(x)u = f(u) em R
N

s❡
∫

RN

∫

RN

(u(x)− u(y))(v(x)− v(y))K(x− y) +

∫

RN

B(x)uvdx =

∫

RN

f(u)vdx

♣❛r❛ t♦❞♦ v ∈ E✳

❆ s❡❣✉✐r✱ ❧✐st❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ ✉t✐❧✐③❛r❡♠♦s ❞✉r❛♥t❡ ❛ t❡s❡✳ ❊♠ ❬✸✸✱

▲❡♠♠❛ ✷✳✸❪✱ ●❛❡t❛♥♦✱ ❙q✉❛ss✐♥❛ ❡ ❉✬❛✈❡♥✐❛ ♣r♦✈❛r❛♠ ❛ s❡❣✉✐♥t❡ ✈❡rsã♦ ❞♦ ❧❡♠❛ ❞❡

▲✐♦♥s✱

✷✹



▲❡♠❛ ✶✳✸✳✹ ❙❡ {un}n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ Hs(R3) t❛❧ q✉❡ ♣❛r❛ ❛❧❣✉♠❛

❝♦♥st❛♥t❡ R > 0 ❡ 2 ≤ q < 2∗s t❡♠♦s

sup
x∈R3

∫

BR(x)

|un|q → 0

♦♥❞❡ n→ ∞✱ ❡♥tã♦ un → 0 ❡♠ Lr(R3) ♣❛r❛ t♦❞♦ r ∈ (2, 2∗s)✳

❆ ❞❡♠♦♥str❛çã♦ ❞❛ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ s❡❣✉❡ ❛s ♠❡s♠❛s ✐❞❡✐❛s ❞♦ ▲❡♠❛ ✺✳✸ ❞❡

❬✷✹❪✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✺ ❙❡❥❛♠ K ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s✱ u ∈ XK(R
N) ❡ ψ ✉♠❛ ❢✉♥çã♦

❧✐♣s❝❤t③✐❛♥❛ s❛t✐s❢❛③❡♥❞♦ 0 ≤ ψ ≤ 1✳ ❊♥tã♦✱ ψu ∈ XK(R
N) ❡

||ψu|| ≤ C||u||

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ |ψ| ≤ 1 t❡♠♦s ||ψu||2 ≤ ||u||✳ ❙❡❥❛ C1 > 0 t❛❧ q✉❡ |ψ(x) −
ψ(y)| ≤ C1|x− y|✳ ❙♦♠❛♥❞♦ ❡ s✉❜tr❛✐♥❞♦ ψ(x)u(y)✱

∫

RN

∫

RN

|ψ(x)u(x)− ψ(y)u(y)|2K(x− y)dxdy

≤ 2

∫

RN

∫

RN

|ψ(x)(u(x)− u(y))|2K(x− y)dxdy

+ 2

∫

RN

∫

RN

|u(y)(ψ(x)− ψ(y))|2K(x− y)dxdy

≤ 2

∫

RN

∫

RN

|u(x)− u(y)|2K(x− y)dxdy

+ 2C2
1

∫

RN

∫

|x−y|≤1

|u(y)|2|x− y|2K(x− y)dxdy

+ 8C2
1

∫

RN

∫

|x−y|≥1

|u(y)|2K(x− y)dxdy

≤ 2||u||2 + 2C2
1

∫

RN

|u(y)|2
∫

|z|≤1

|z|2K(z)dzdy

+ 8C2
1

∫

RN

|u(y)|2
∫

|z|≥1

K(z)dzdy

≤ 2||u||2 + 8C2
1

∫

RN

|u(y)|2
(∫

|z|≥1

K(z)dz +

∫

|z|≤1

|z|2K(z)dz

)

dy

= 2||u||2 + 8C2
1

(∫

RN

|u(y)|2dy
)(∫

RN

γ(z)K(z)dz

)

♦♥❞❡ γ(z) = min {1, |z|2}✳ P♦r (K3)

∫

RN

∫

RN

|ψ(x)u(x)− ψ(y)u(y)|2K(x− y)dxdy ≤ 2||u||2 + 8C2
1 ||γK||1||u||22.

✷✺



▲♦❣♦ ψu ∈ XK(R
N) ❡

||ψu|| ≤ (3 + 8C2
1 ||γK||1)

1
2 ||u||.

✷✻



❈❛♣ít✉❧♦ ✷

❯♠ Pr✐♥❝í♣✐♦ ❞❡ ▼á①✐♠♦ ♣❛r❛

❊q✉❛çõ❡s ❞❡ ❙❝❤rö❞✐♥❣❡r ❝♦♠

❖♣❡r❛❞♦r❡s ■♥t❡❣r♦✲❉✐❢❡r❡♥❝✐❛✐s ❡ ✉♠❛

❆♣❧✐❝❛çã♦ ❡♠ ✉♠ ❙✐st❡♠❛ ❞♦ ❚✐♣♦

❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥

◆❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛r❡♠♦s ✉♠❛ ❝❧❛ss❡ ❞❡ s✐st❡♠❛s ❞♦ t✐♣♦ ❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥

❝♦♠ ♣♦t❡♥❝✐❛❧ ♣❡r✐ó❞✐❝♦ ❡ ❡♥✈♦❧✈❡♥❞♦ ♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛✐s✳ Pr♦✈❛r❡♠♦s ✉♠

♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ❡ ❝♦♠♦ ❛♣❧✐❝❛çã♦✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s

♣❛r❛ ❡st❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s✳ ❉❡st❛❝❛♠♦s q✉❡✱ ♥♦ ♠❡❧❤♦r ❞♦s ♥♦ss♦s ❝♦♥❤❡❝✐♠❡♥t♦s✱

❡st❡ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ❡stá s❡♥❞♦ ❛♣r❡s❡♥t❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥❛ ❧✐t❡r❛t✉r❛ ✭✈❡❥❛

❚❡♦r❡♠❛ ✷✳✶✳✹✮✳ ❆té ❡♥tã♦✱ ✉♠ ❡st✉❞♦ s♦❜r❡ s✐st❡♠❛s ❞♦ t✐♣♦ ❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥ ❝♦♠

♣♦t❡♥❝✐❛❧ ♣❡r✐ó❞✐❝♦ ❡ ♦♣❡r❛❞♦r ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛❧ ♥ã♦ ❡①✐st✐❛ ♥❛ ❧✐t❡r❛t✉r❛✳ ❆✐♥❞❛ ♥❡st❡

❝❛♣ít✉❧♦✱ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ❡st❡s t✐♣♦s ❞❡

s✐st❡♠❛s✱ t❛♠❜é♠ ❡st✉❞❛r❡♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ ♦ ♣♦t❡♥❝✐❛❧ é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❡r✐ó❞✐❝♦✳

❆s ✐❞❡✐❛s ❝♦♥t✐❞❛s ♥❡st❡ ❝❛♣ít✉❧♦ sã♦ ✐♥s♣✐r❛❞❛s ♣❡❧♦ tr❛❜❛❧❤♦ ❞❡ ❉✉❛rt❡ ❡ ❙♦✉t♦✱ ❡♠

❬✷✺❪✳



✷✳✶ ❯♠ Pr✐♥❝í♣✐♦ ❞❡ ▼á①✐♠♦

❆♥t❡s ❞❡ ♣r♦✈❛r♠♦s ♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧ ❞❡st❛ s❡çã♦ ✭❚❡♦r❡♠❛ ✷✳✶✳✹✮✱ é ♥❡❝❡ssár✐♦

q✉❡ ♣r♦✈❡♠♦s ✉♠❛ ♦✉tr❛ ✈❡rsã♦ ❞♦ ❧❡♠❛ ❧♦❣❛rít♠✐❝♦✳ ❊st❡ ❧❡♠❛ s❡rá ✉♠❛ ✐♠♣♦rt❛♥t❡

❢❡rr❛♠❡♥t❛ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✹✳ ❖ ❧❡♠❛ ❧♦❣❛rít♠✐❝♦ ❢♦✐ ♣r♦✈❛❞♦

♣♦r ❉✐ ❈❛str♦✱ ❑✉✉s✐ ❡ P❛❧❛t✉❝❝✐ ❡♠ ❬✷✸✱ ▲❡♠❛ ✶✳✸❪✳ ◆❡st❡ ❧❡♠❛ ♦s ❛✉t♦r❡s ❞ã♦ ✉♠❛

❡st✐♠❛t✐✈❛ ♣❛r❛ s♦❧✉çõ❡s ❢r❛❝❛s ❞♦ ♣r♦❜❧❡♠❛

(−∆p)
su = f ❡♠ Ω

u = g ❡♠ R
N \ Ω

❙❡❣✉✐♥❞♦ ❛s ♠❡s♠❛s ✐❞é✐❛s ❞❡ ❉✐ ❈❛str♦✱ ❑✉✉s✐ ❡ P❛❧❛t✉❝❝✐✱ ♠♦str❛r❡♠♦s ✉♠❛ ❡st✐♠❛✲

t✐✈❛ ❛♥á❧♦❣❛ ♣❛r❛ ✉♠❛ s✉♣❡rs♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

−LKu+ a(x)u = 0 ❡♠ R
N

♦♥❞❡ K é ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s ✭✈❡❥❛ ▲❡♠❛ ✷✳✶✳✸ ❛❜❛✐①♦✮✳ ❉✐③❡♠♦s q✉❡ u é ✉♠❛

s✉♣❡rs♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ s❡
∫

RN

∫

RN

(u(x)− u(y))(v(x)− v(y))K(x− y) dx dy +

∫

RN

a(x)u(x)v(x)dx ≥ 0,

♣❛r❛ t♦❞♦ v ∈ XK(R
N) ❝♦♠ v ≥ 0 q✳t✳♣✳ ❡♠ R

N ✳

◆♦ ❧❡♠❛ ❧♦❣❛rít♠✐❝♦✱ ♣r♦✈❛❞♦ ♣♦r ❉✐ ❈❛str♦✱ ❑✉✉s✐ ❡ P❛❧❛t✉❝❝✐✱ ❛ ❝♦♥❞✐çã♦ u ≥ 0

é ❞❛❞❛ ❝♦♠♦ ❤✐♣ót❡s❡✳ ◆♦ ♥♦ss♦ ❝❛s♦✱ ✈❡r❡♠♦s✱ ♥♦ ❧❡♠❛ s❡❣✉✐♥t❡✱ q✉❡ u ≥ 0 é ✉♠❛

❝♦♥s❡q✉ê♥❝✐❛ ❞❡ u s❡r ✉♠❛ s✉♣❡rs♦❧✉çã♦✳

▲❡♠❛ ✷✳✶✳✶ ❙❡❥❛♠ a : RN → R ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ u ∈ XK(R
N)✳ ❙✉♣♦♥❤❛

q✉❡✱ ♣❛r❛ t♦❞❛ v ∈ XK(R
N) ❝♦♠ v ≥ 0 q✳t✳♣✳ ❡♠ R

N ✱ t❡♥❤❛♠♦s q✉❡
∫

RN

∫

RN

(u(x)− u(y)) (v(x)− v(y))K(x− y)dxdy +

∫

RN

a(x)u(x)v(x)dx ≥ 0.

❊♥tã♦ u ≥ 0 q✳t✳♣✳ ❡♠ R
N ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ v = u−✳ ❚❡♠♦s q✉❡ v ∈ XK(R
N) ❡ v ≥ 0 q✳t✳♣✳ P♦r ❤✐♣ót❡s❡

∫

RN

∫

RN

(u(x)− u(y))
(

u−(x)− u−(y)
)

K(x− y)dxdy +

∫

RN

a(x)u(x)u−(x)dx ≥ 0.

▼❛s✱ ♦❜s❡r✈❡ q✉❡✿

• ❙❡ u(x) > 0 ❡ u(y) > 0✱ ❡♥tã♦ (u(x)− u(y)) (u−(x)− u−(y)) = 0✳

✷✽



• ❙❡ u(x) ≤ 0 ❡ u(y) ≤ 0✱ ❡♥tã♦ (u(x)−u(y)) (u−(x)− u−(y)) = −(u(x)−u(y))2 ≤
0✳

• ❙❡ u(x) > 0 ❡ u(y) ≤ 0✱ ❡♥tã♦ (u(x)−u(y)) (u−(x)− u−(y)) = (u(x)−u(y))u(y) ≤
0✳ P♦✐s✱ ♥❡st❡ ❝❛s♦✱ u(x)− u(y) ≥ 0✳

• ❙❡ u(x) ≤ 0 ❡ u(y) > 0✱ ❡♥tã♦ (u(x)−u(y)) (u−(x)− u−(y)) = (u(x)−u(y))(−u(x)) ≤
0✳ P♦✐s✱ ♥❡st❡ ❝❛s♦✱ u(x)− u(y) ≤ 0✳

• ❙❡ u(x) < 0✱ ❡♥tã♦ a(x)u(x)u−(x) = −a(x)u2(x) ❡ ❝❛s♦ ❝♦♥trár✐♦✱ a(x)u(x)u−(x) =
0.

❉❛s ♦❜s❡r✈❛çõ❡s ❛❝✐♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡
∫

RN

∫

RN

(u(x)− u(y))
(

u−(x)− u−(y)
)

K(x− y)dxdy = 0.

❊st❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✱ ❥✉♥t♦ ❝♦♠ ❛s ♦❜s❡r✈❛çõ❡s ❛❝✐♠❛✱ ✐♠♣❧✐❝❛♠ q✉❡

(u(x)− u(y))
(

u−(x)− u−(y)
)

K(x− y) = 0 q✳t✳♣✳ ❡♠ R
N × R

N .

■st♦ ✐♠♣❧✐❝❛ q✉❡✱ s❡ x 6= y ❡♥tã♦ u−(x) = u−(y) q✳t✳♣✳ ❡♠ R
N ✳ ❖✉ s❡❥❛✱ u− é ❝♦♥st❛♥t❡

❡♠ XK(R
N) ❡ ♣♦rt❛♥t♦ u− = 0✳

❖ ♣ró①✐♠♦ ❧❡♠❛ ❢♦r♥❡❝❡ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ s♦❜r❡ ♥ú♠❡r♦s r❡❛✐s✳ ❯s❛r❡♠♦s ❡st❛

❞❡s✐❣✉❛❧❞❛❞❡ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛ ❧♦❣❛rít♠✐❝♦✳

▲❡♠❛ ✷✳✶✳✷ ❙❡❥❛♠ ǫ ∈ (0, 1] ❡ ❛✱❜ ∈ R
N ✳ ❊♥tã♦

|a|2 ≤ |b|2 + 2ǫ|b|2 + 1 + ǫ

ǫ
|a− b|2. ✭✷✳✶✮

❉❡♠♦♥str❛çã♦✳

|a|2 ≤ (|b|+ |a− b|)2

= |b|2 + 2|b||a− b|+ |a− b|2.
✭✷✳✷✮

P❡❧❛ ✐♥❡q✉❛çã♦ ❞❡ ❈❛✉❝❤② ❝♦♠ ǫ ✭✈❡❥❛ ♣á❣✐♥❛ ✻✻✷ ❡♠ ❬✷✽❪✮

|b||a− b| ≤ ǫ|b|2 + |a− b|2
4ǫ

≤ ǫ|b|2 + |a− b|2
2ǫ

. ✭✷✳✸✮

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✸✮ ❡♠ ✭✷✳✷✮ t❡♠♦s

|a|2 ≤ |b|2 + 2ǫ|b|2 + |a− b|2
ǫ

+ |a− b|2

= |b|2 + 2ǫ|b|2 + 1 + ǫ

ǫ
|a− b|2.

✷✾



▲❡♠❛ ✷✳✶✳✸ ✭❱❡rsã♦ ❞♦ ▲❡♠❛ ❧♦❣❛rít♠✐❝♦✮✳ ❙❡❥❛♠ s ∈ (0, 1)✱ u ∈ XK(R
N) ❡ a ∈

L1
loc(R

N)✱ a ≥ 0 ❡♠ R
N ✳ ❙✉♣♦♥❤❛ q✉❡ u s❛t✐s❢❛③✿

∫

RN

∫

RN

(u(x)− u(y))(φ(x)− φ(y))K(x− y)dxdy +

∫

RN

a(x)u(x)φ(x)dx ≥ 0

♣❛r❛ t♦❞❛ φ ∈ XK(R
N) ❝♦♠ φ ≥ 0 q✳t✳♣✳ ❡♠ R

N ✳ ❊♥tã♦ ♣❛r❛ t♦❞❛ ❜♦❧❛ r > 0✱

Br = Br(x0) ⊂ R
N

∫

Br

∫

Br

∣

∣

∣

∣

log

(

d+ u(x)

d+ u(y)

)∣

∣

∣

∣

2

K(x− y)dxdy ≤ +C1r
N

∫

RN\B r
2
(0)

K(z)dz

C2r
N−2

∫

B4r(0)

|z|2K(z) dz + C3

∫

B2r

a(x)dx

✭✷✳✹✮

♣❛r❛ t♦❞❛ ❝♦♥st❛♥t❡ d > 0✱ ♦♥❞❡ C1✱ C2 ❡ C3 sã♦ ❝♦♥st❛♥t❡s q✉❡ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ d✳

❉❡♠♦♥str❛çã♦✳ ◆❡ss❛ ❞❡♠♦♥str❛çã♦✱ ❛ ♠❡♥♦s q✉❡ s❡ ❞✐❣❛ ♦ ❝♦♥trár✐♦✱ ♣❛r❛ ❝❛❞❛

t > 0 ❡s❝r❡✈❡r❡♠♦s ❛♣❡♥❛s Bt ♣❛r❛ r❡♣r❡s❡♥t❛r Bt(x0)✳ ❈♦♥s✐❞❡r❡ φ ∈ C∞
0 (B 3r

2
) ❡

K > 0 s❛t✐s❢❛③❡♥❞♦✱

0 ≤ φ ≤ 1✱ φ = 1 ❡♠ Br ❡ ‖Dφ‖∞ ≤ Kr−1.

❆ ❢✉♥çã♦

η(x) =
φ2(x)

u(x) + d

♣❡rt❡♥❝❡ ❛♦ ❡s♣❛ç♦ XK(R
N) ❡ η ≥ 0 ❡♠ R

N ✳ P♦r ❤✐♣ót❡s❡✱

0 ≤
∫

RN

∫

RN

(u(x)− u(y))(η(x)− η(y))K(x− y) dx dy +

∫

RN

a(x)u(x)η(x)dx

=

∫

B2r

∫

B2r

(u(x)− u(y))(η(x)− η(y))K(x− y) dx dy

+

∫

RN\B2r

∫

B2r

(u(x)− u(y))(η(x)− η(y))K(x− y) dx dy

+

∫

B2r

∫

RN\B2r

(u(x)− u(y))(η(x)− η(y))K(x− y) dx dy

+

∫

RN\B2r

∫

RN\B2r

(u(x)− u(y))(η(x)− η(y))K(x− y) dx dy

+

∫

RN

a(x)u(x)η(x)dx.

❆ s❡❣✉✐r✱ ♣r♦✈❛r❡♠♦s ❛❧❣✉♠❛s ❛✜r♠❛çõ❡s s♦❜r❡ ❛s ❝✐♥❝♦ ✐♥t❡❣r❛✐s q✉❡ ❛♣❛r❡❝❡♠ ♥♦ ❧❛❞♦

❞✐r❡✐t♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✳

✸✵



❆✜r♠❛çã♦ ✶✳ ❊①✐st❡♠ ❝♦♥st❛♥t❡s C2, C3 > 0✱ q✉❡ ❞❡♣❡♥❞❡♠ s♦♠❡♥t❡ ❞❡ N ❡ s✱

s❛t✐s❢❛③❡♥❞♦

∫

B2r

∫

B2r

(u(x)− u(y))(η(x)− η(y))K(x− y) dx dy

≤ −C2

∫

B2r

∫

B2r

∣

∣

∣

∣

log

(

d+ u(x)

d+ u(y)

)∣

∣

∣

∣

2

K(x− y)min{|φ(y)|2, |φ(x)|2} dx dy

+ C3

∫

B2r

∫

B2r

|φ(x)− φ(y)|2K(x− y) dx dy.

P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❛ ❛✜r♠❛çã♦✱ ✜①❛r❡♠♦s x, y ∈ B2r✳ ❙✉♣♦♥❤❛ q✉❡ u(x) >

u(y)✳ ❉❡✜♥❛

ǫ = δ
u(x)− u(y)

u(x) + d

♦♥❞❡ δ ∈ (0, 1) é ❡s❝♦❧❤✐❞♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ♣❛r❛ q✉❡ ǫ ∈ (0, 1)✳ ❚♦♠❛♥❞♦

a = φ(x) ❡ b = φ(y) ♥♦ ▲❡♠❛ ✷✳✶✳✷✱ ♦❜t❡♠♦s

|φ(x)|2 ≤ |φ(y)|2 + 2δ
u(x)− u(y)

u(x) + d
|φ(y)|2 +

(

δ−1 u(x) + d

u(x)− u(y)
+ 1

)

|φ(x)− φ(y)|2.

❊♥tã♦

(u(x)− u(y)) (η(x)− η(y))K(x− y)

= (u(x)− u(y))

(

φ2(x)

u(x) + d
− φ2(y)

u(y) + d

)

K(x− y)

≤ (u(x)− u(y))





|φ(y)|2 + 2δ u(x)−u(y)
u(x)+d

|φ(y)|2 +
(

δ−1 u(x)+d
u(x)−u(y)

+ 1
)

|φ(x)− φ(y)|2

u(x) + d

− |φ(y)|2
u(y) + d

)

K(x− y)

= (u(x)− u(y))
|φ(y)|2
u(x) + d

[

1 + 2δ
u(x)− u(y)

u(x) + d

+

(

δ−1 u(x) + d

u(x)− u(y)
+ 1

) |φ(x)− φ(y)|2
|φ(y)|2 − u(x) + d

u(y) + d

]

K(x− y)

= (u(x)− u(y))
|φ(y)|2
u(x) + d

K(x− y)

(

1 + 2δ
u(x)− u(y)

u(x) + d
− u(x) + d

u(y) + d

)

+

(

δ−1 +
(u(x)− u(y))

u(x) + d

)

|φ(x)− φ(y)|2K(x− y)

≤ (u(x)− u(y))
|φ(y)|2
u(x) + d

K(x− y)

(

1 + 2δ
u(x)− u(y)

u(x) + d
− u(x) + d

u(y) + d

)

+ 2δ−1|φ(x)− φ(y)|2K(x− y).

✸✶



❆ s❡❣✉✐r✱ r❡❡s❝r❡✈❡r❡♠♦s ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ s♦♠❛ q✉❡ ❛♣❛r❡❝❡ ♥♦ ❧❛❞♦ ❞✐r❡✐r♦ ❞❛

✐♥❡q✉❛çã♦ ❛❝✐♠❛ ❝♦♠♦

(u(x)− u(y))
|φ(y)|2
u(x) + d

K(x− y)

(

1 + 2δ
u(x)− u(y)

u(x) + d
− u(x) + d

u(y) + d

)

=

(

u(x)− u(y)

u(x) + d

)2

|φ(y)|2K(x− y)

[

u(x) + d

u(x)− u(y)
+ 2δ − u(x) + d

u(y) + d
· u(x) + d

u(x)− u(y)

]

=

(

u(x)− u(y)

u(x) + d

)2

|φ(y)|2K(x− y)

[

1− u(x)+d
u(y)+d

1− u(y)+d
u(x)+d

+ 2δ

]

.

❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ g : (0, 1) → R✱ ❞❛❞❛ ♣♦r

g(t) =
1− t−1

1− t
.

❆ ❢✉♥çã♦ g s❛t✐s❢❛③ g(t) ≤ −1
4
t−1

1−t
s❡ t ∈ (0, 1

2
] ❡ g(t) ≤ −1 ♣❛r❛ t♦❞♦ t ∈ (0, 1)✳

❚❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❝♦♥s✐❞❡r❛r✳ Pr✐♠❡✐r♦✱ s❡

u(y) + d

u(x) + d
≤ 1

2

❡♥tã♦ ❝♦♥❝❧✉í♠♦s q✉❡
(

u(x)− u(y)

u(x) + d

)2

|φ(y)|2K(x− y)

[

1− u(x)+d
u(y)+d

1− u(y)+d
u(x)+d

+ 2δ

]

≤
(

u(x)− u(y)

u(x) + d

)2

|φ(y)|2K(x− y)

[

−1

4

u(x)+d
u(y)+d

u(x)−u(y)
u(x)+d

+ 2δ

]

=
u(x)− u(y)

u(x) + d
|φ(y)|2K(x− y)

[

−1

4

u(x) + d

u(y) + d
+ 2δ

u(x)− u(y)

u(x) + d

]

=
u(x)− u(y)

u(y) + d
|φ(y)|2K(x− y)

[

−1

4
+ 2δ

(u(x)− u(y))(u(y) + d)

(u(x) + d)2

]

≤ u(x)− u(y)

u(y) + d
|φ(y)|2K(x− y)

[

−1

4
+ 2δ

]

.

◆❛ ú❧t✐♠❛ ✐♥❡q✉❛çã♦ ✉s❛♠♦s q✉❡

(u(x)− u(y))(u(y) + d)

(u(x) + d)2
≤ 1.

❊s❝♦❧❤❡♥❞♦ δ = 1/16 ✱ t❡♠♦s
(

u(x)− u(y)

u(x) + d

)2

|φ(y)|2K(x− y)

[

1− u(x)+d
u(y)+d

1− u(y)+d
u(x)+d

+ 2δ

]

≤ −1

8

u(x)− u(y)

u(y) + d
|φ(y)|2K(x− y)

≤ −1

8

[

log

(

u(x) + d

u(y) + d

)]2

|φ(y)|2K(x− y).

✸✷



❆❝✐♠❛✱ ✉s❛♠♦s q✉❡ (log(t))2 ≤ t− 1 ♣❛r❛ t♦❞♦ t ≥ 2✱ ❡ q✉❡ u(x)+d
u(y)+d

≥ 2✳

P♦ré♠✱ ❡♠ s❡❣✉♥❞♦ ❝❛s♦✱ s❡

u(y) + d

u(x) + d
> 1/2,

❡♥tã♦ ✉s❛♥❞♦ q✉❡ g(t) ≤ −1 ❡ δ = 1/16✱ ♦❜t❡♠♦s

(

u(x)− u(y)

u(x) + d

)2

|φ(y)|2K(x− y)

[

1− u(x)+d
u(y)+d

1− u(y)+d
u(x)+d

+ 2δ

]

≤
(

u(x)− u(y)

u(x) + d

)2

|φ(y)|2K(x− y)[−1 + 2δ]

≤ −7

8

(

u(x)− u(y)

u(x) + d

)2

|φ(y)|2K(x− y)

≤ − 7

32

[

log

(

u(x) + d

u(y) + d

)]2

|φ(y)|2K(x− y).

❆❝✐♠❛✱ ✉s❛♠♦s q✉❡

[

log

(

u(x) + d

u(y) + d

)]2

=

[

log

(

1 +
u(x)− u(y)

u(y) + d

)]2

≤ 4

(

u(x)− u(y)

u(x) + d

)2

.

■st♦ s❡❣✉❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ log(1 + t) ≤ t ♣❛r❛ t♦❞♦ t > 0✱ ❡

t =
u(x)− u(y)

u(y) + d
=
u(x)− u(y)

u(x) + d
· u(x) + d

u(y) + d
≤ 2

u(x)− u(y)

u(x) + d
.

P♦rt❛♥t♦✱

(u(x)− u(y))
|φ(y)|2
u(x) + d

K(x− y)

(

1 + 2δ
u(x)− u(y)

u(x) + d
− u(x) + d

u(y) + d

)

≤ −1

8

[

log

(

u(x) + d

u(y) + d

)]2

|φ(y)|2K(x− y).

❊♠ r❡s✉♠♦✱ ♣r♦✈❛♠♦s q✉❡✱ s❡ u(x) > u(y)✱ ❡♥tã♦

(u(x)− u(y))(η(x)− η(y))K(x− y)

≤ −1

8

[

log

(

u(x) + d

u(y) + d

)]2

|φ(y)|2K(x− y) + 32|φ(x)− φ(y)|2K(x− y).

✸✸



■♥t❡❣r❛♥❞♦ ❛ ✐♥❡q✉❛çã♦ ❛❝✐♠❛ s♦❜r❡ B2r × B2r✱ ♦❜t❡♠♦s
∫

B2r

∫

B2r

(u(x)− u(y))(η(x)− η(y))K(x− y) dx dy

=

∫

B2r

∫

{x∈B2r;u(x)>u(y)}

(u(x)− u(y))(η(x)− η(y))K(x− y) dx dy

+

∫

B2r

∫

{x∈B2r;u(x)<u(y)}

(u(x)− u(y))(η(x)− η(y))K(x− y) dx dy

≤ −1

8

∫

B2r

∫

{x∈B2r;u(x)>u(y)}

[

log

(

u(x) + d

u(y) + d

)]2

|φ(y)|2K(x− y) dx dy

− 1

8

∫

B2r

∫

{x∈B2r;u(x)<u(y)}

[

log

(

u(y) + d

u(x) + d

)]2

|φ(x)|2K(x− y) dx dy

+ 32

∫

B2r

∫

B2r

|φ(x)− φ(y)|2K(x− y) dx dy.

❯s❛♥❞♦ q✉❡ | log(x)| = | log( 1
x
)| ♣❛r❛ t♦❞♦ x > 0✱ ♦❜t❡♠♦s

[

log

(

u(y) + d

u(x) + d

)]2

=

[

log

(

u(x) + d

u(y) + d

)]2

.

❊♥tã♦
∫

B2r

∫

B2r

(u(x)− u(y))(η(x)− η(y))K(x− y) dx dy

≤ −1

8

∫

B2r

∫

{x∈B2r;u(x)>u(y)}

[

log

(

u(x) + d

u(y) + d

)]2

|φ(y)|2K(x− y) dx dy

− 1

8

∫

B2r

∫

{x∈B2r;u(x)<u(y)}

[

log

(

u(x) + d

u(y) + d

)]2

|φ(x)|2K(x− y) dx dy

+ 32

∫

B2r

∫

B2r

|φ(x)− φ(y)|2K(x− y) dx dy

≤ −1

8

∫

B2r

∫

{x∈B2r;u(x)>u(y)}

[

log

(

u(x) + d

u(y) + d

)]2

min{|φ(y)|2, |φ(x)|2}K(x− y) dx dy

− 1

8

∫

B2r

∫

{x∈B2r;u(x)<u(y)}

[

log

(

u(x) + d

u(y) + d

)]2

min {|φ(y)|2, |φ(x)|2}K(x− y) dx dy

+ 32

∫

B2r

∫

B2r

|φ(x)− φ(y)|2K(x− y) dx dy

= −1

8

∫

B2r

∫

B2r

[

log

(

u(x) + d

u(y) + d

)]2

min {|φ(y)|2, |φ(x)|2}K(x− y) dx dy

+ 32

∫

B2r

∫

B2r

|φ(x)− φ(y)|2K(x− y) dx dy,

■st♦ ♣r♦✈❛ ❛ ❛✜r♠❛çã♦ ✶✳

✸✹



❆✜r♠❛çã♦ ✷✳ P❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ t❡♠♦s

∫

RN\B2r

∫

B2r

(u(x)− u(y))(η(x)− η(y))K(x− y) dx dy ≤ CrN
∫

RN\B r
2
(0)

K(z) dz.

❉❡ ❢❛t♦✱ ❝♦♠♦ u ≥ 0✱ t❡♠♦s q✉❡ u(x)−u(y)
u(x)+d

≤ 1 ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

∫

RN\B2r

∫

B2r

(u(x)− u(y))(η(x)− η(y))K(x− y) dx dy

=

∫

RN\B2r

∫

RN

(u(x)− u(y))

(

φ2(x)

u(x) + d
− φ2(y)

u(y) + d

)

K(x− y) dx dy

=

∫

RN\B2r

∫

RN

|φ(x)|2u(x)− u(y)

u(x) + d
K(x− y) dx dy

≤
∫

RN\B2r

∫

RN

|φ(x)|2K(x− y) dx dy.

▲♦❣♦
∫

RN\B2r

∫

RN

|φ(x)|2K(x− y) dx dy

=

∫

RN\B2r

∫

B 3r
2

|φ(x)|2K(x− y) dx dy

=

∫

B 3r
2

∫

RN\B2r

|φ(x)|2K(x− y) dy dx

=

∫

B 3r
2

|φ(x)|2
∫

RN\B2r

K(x− y) dy dx

≤
∫

B 3r
2

|φ(x)|2
∫

RN\B r
2
(x)

K(x− y) dy dx

=

∫

B 3r
2

|φ(x)|2
∫

RN\B r
2
(0)

K(z) dz dx

=

∫

B 3r
2

|φ(x)|2 dx
∫

RN\B r
2
(0)

K(z) dz

= C3r
N

∫

RN\B r
2
(0)

K(z) dz.

❈♦♥❝❧✉✐♥❞♦ ❛ss✐♠✱ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❛✜r♠❛çã♦ ✷✳

◆♦t❡ q✉❡✱ ♣♦r (K1) ✭✈❡❥❛ ❞❡✜♥✐çã♦ ✶✳✶✳✶✮ t❡♠♦s

∫

RN\B2r

∫

B2r

(u(x)− u(y))(η(x)− η(y))K(x− y) dx dy

=

∫

B2r

∫

RN\B2r

(u(x)− u(y))(η(x)− η(y))K(x− y) dx dy

❆✜r♠❛çã♦ ✸✳
∫

RN

a(x)u(x)η(x)dx ≤
∫

B2r

a(x)dx.

✸✺



❉❡ ❢❛t♦✱
∫

RN

a(x)u(x)η(x)dx =

∫

RN

a(x)u(x)
φ2(x)

u(x) + d
dx

=

∫

B2r

a(x)u(x)
φ2(x)

u(x) + d
dx

=

∫

B2r

a(x)
u(x)

u(x) + d
φ2(x)dx

≤
∫

B2r

a(x)dx

❆❝✐♠❛✱ ✉s❛♠♦s q✉❡ supp(η) ⊂ B2r✱ q✉❡ φ(x) ∈ (0, 1) ❡ q✉❡ u(x)
u(x)+d

≤ 1✳

❆s ❛✜r♠❛çõ❡s ✶✱ ✷ ❡ ✸ ✐♠♣❧✐❝❛♠ q✉❡
∫

B2r

∫

B2r

[

log

(

u(x) + d

u(y) + d

)]2

min{φ(y)2, φ(x)2}K(x− y) dx dy

≤ C5

∫

B2r

∫

B2r

|φ(x)− φ(y)|2K(x− y) dx dy + C6r
N

∫

RN\B r
2
(0)

K(z)dz + C7

∫

B2r

a(x)dx.

♣❛r❛ ❝♦♥st❛♥t❡s C5, C6✱ q✉❡ ❞❡♣❡♥❞❡♠ s♦♠❡♥t❡ ❞❡ N ❡ s✳ ❈♦♠♦ φ = 1 ❡♠ Br✱
∫

Br

∫

Br

∣

∣

∣

∣

log

(

d+ u(x)

d+ u(y)

)∣

∣

∣

∣

2

K(x− y) dx dy

≤ C5

∫

B2r

∫

B2r

|φ(x)− φ(y)|2K(x− y) dx dy + CrN
∫

RN\B r
2
(0)

K(z)dz +

∫

B2r

a(x)dx

✭✷✳✺✮

P❛r❛ ✜♥❛❧✐③❛r ❛ ❞❡♠♦♥str❛çã♦✱ ❜❛st❛ ♠♦str❛r q✉❡
∫

B2r

∫

B2r

|φ(x)− φ(y)|2K(x− y) dx dy ≤ C7r
N−2s

∫

B4r(0)

|z|2K(z) dz .

❆ ❝♦♥❞✐çã♦ s♦❜r❡ ❛ ❞❡r✐✈❛❞❛ ❞❡ φ ✐♠♣❧✐❝❛ q✉❡
∫

B2r

∫

B2r

|φ(x)− φ(y)|2K(x− y) dx dy ≤ Kr−2

∫

B2r

∫

B2r

|x− y|2K(x− y) dx dy

≤ Kr−2

∫

B2r

∫

B4r(y)

|x− y|2K(x− y) dx dy

= Kr−2

∫

B2r

∫

B4r(0)

K(z) dz dy

= Kr−2|B2r|
∫

B4r(0)

|z|2K(z) dz

= C7r
N−2

∫

B4r(0)

|z|2K(z) dz

♦♥❞❡ C7 é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ ❙✉❜st✐t✉✐♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ❛❝✐♠❛ ❡♠ ✭✷✳✺✮✱ ♦❜t❡♠♦s

♦ ▲❡♠❛ ✷✳✶✳✸✳

❆ s❡❣✉✐r✱ ♣r♦✈❛r❡♠♦s ♦ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦✱ ❝✐t❛❞♦ ♥♦ ✐♥í❝✐♦ ❞❛ s❡çã♦✳

✸✻



❚❡♦r❡♠❛ ✷✳✶✳✹ ❙❡❥❛♠ u ∈ XK(R
N) ❡ a ≥ 0 ❝♦♠ a ∈ L1

loc(R
N)✳ ❙✉♣♦♥❤❛ q✉❡

∫

RN

∫

RN

(u(x)− u(y))(v(x)− v(y))K(x− y) dx dy +

∫

RN

a(x)u(x)v(x)dx ≥ 0,

♣❛r❛ t♦❞❛ v ∈ XK(R
N) ❝♦♠ v ≥ 0 q✳t✳♣✳ ❡♠ R

N ✳ ❊♥tã♦✱ u > 0 q✳t✳♣✳ ❡♠ R
N ♦✉ u = 0

q✳t✳♣✳ ❡♠ R
N ✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✷✳✶✳✶✱ u ≥ 0✳ ❙❡❥❛♠ x0 ∈ R
N ❡ r > 0✳ ❉❡✜♥❛

Z := {x ∈ Br(x0); u(x) = 0}.

❙✉♣♦♥❤❛ q✉❡ |Z| > 0✳ ❉❡✜♥❛ Fδ : Br(x0) → R ❝♦♠♦

Fδ(x) = log

(

1 +
u(x)

δ

)

,

♣❛r❛ t♦❞♦ δ > 0✳ ❚❡♠♦s Fδ(y) = 0 ♣❛r❛ t♦❞♦ y ∈ Z✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡ x ∈ Br(x0)

❡ y ∈ Z✱ t❡♠♦s

|Fδ(x)|2 =
|Fδ(x)− Fδ(y)|2

K(x− y)
K(x− y).

P♦r (K2) ✭✈❡❥❛ ❞❡✜♥✐çã♦ ✶✳✶✳✶✮✱ ❡①✐st❡ CK > 0 t❛❧ q✉❡

1

K(x− y)
≤ CK |x− y|N+2s ≤ CK(2r)

N+2s.

■♥t❡❣r❛♥❞♦ ❡♠ y ∈ Z ♦❜t❡♠♦s

|Z‖Fδ(x)|2 =
∫

Z

|Fδ(x)− Fδ(y)|2
K(x− y)

K(x−y)dy ≤ CK(2r)
N+2s

∫

Z

|Fδ(x)−Fδ(y)|2K(x−y)dy.

❆❣♦r❛✱ ✐♥t❡❣r❛♥❞♦ ❡♠ x ∈ Br(x0) ❡ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✶✳✸✱ ♦❜t❡♠♦s

∫

Br(x0)

|Fδ(x)|2dx ≤ CK

|Z| (2r)
N+2s

∫

Br(x0)

∫

Z

|Fδ(x)− Fδ(y)|2K(x− y) dy dx

≤ CK

|Z| (2r)
N+2s

∫

Br(x0)

∫

Br(x0)

|Fδ(x)− Fδ(y)|2K(x− y) dy dx

=
CK

|Z| (2r)
N+2s

∫

Br(x0)

∫

Br(x0)

∣

∣

∣

∣

log

(

δ + u(x)

δ + u(y)

)∣

∣

∣

∣

2

K(x− y) dx dy

≤ CK

|Z| (2r)
N+2s

(

C1r
N

∫

RN\B r
2
(0)

K(z)dz

+C2r
N−2

∫

B4r(0)

|z|2K(z) dz + C3

∫

B2r

a(x)dx

)

.

✸✼



◆♦t❡ q✉❡ ♦ ♥ú♠❡r♦ q✉❡ ❛♣❛r❡❝❡ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♥ã♦ ❞❡♣❡♥❞❡

❞❡ δ✳ ❊♠ r❡s✉♠♦✱ ♣r♦✈❛♠♦s q✉❡

∫

Br(x0)

∣

∣

∣

∣

log

(

1 +
u(x)

δ

)∣

∣

∣

∣

2

dx ≤ C

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0 q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ δ✳ ❙❡ u(x) 6= 0 ❡♥tã♦ Fδ(x) → ∞
q✉❛♥❞♦ δ → 0✳ P❡❧♦ ❧❡♠❛ ❞❡ ❋❛t♦✉✱ s❡ |Br(x0) ∩ Zc| > 0 ❡♥tã♦

+∞ ≤ lim inf
δ→0

∫

Br(x0)∩Zc

|Fδ(x)|2dx ≤ C,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ◆❡st❡ ❝❛s♦✱ Z = Br(x0) ❡ u = 0 q✳t✳♣✳ ❡♠ Br(x0)✳ ❉❡✜♥❛

A = {Br(x); r > 0, x ∈ R
N , u > 0 q✳t✳♣✳ ❡♠ Br(x)},

B = {Br(x); r > 0, x ∈ R
N , u = 0 q✳t✳♣✳ ❡♠ Br(x)},

S =
⋃

V ∈A

V, W =
⋃

V ∈B

V .

◆♦t❡ q✉❡ S ❡ W sã♦ s✉❜❝♦♥❥✉♥t♦s ❛❜❡rt♦s ❞❡ R
N ✳ ❈♦♥s✐❞❡r❡ x ∈ R

N ❡ r > 0✳ ❚❡♠♦s

❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✱ ♦✉ u 6= 0 ❡♠ Br(x) ♦✉ u = 0 ❡♠ Br(x)✳ P❡❧♦ q✉❡ ❢♦✐ ♠♦str❛❞♦✱

s❡ u 6= 0 ❡♠ ❛❧❣✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥ã♦ ♥✉❧❛ ❞❡ Br(x)✱ ❡♥tã♦ u > 0 q.t.p.

❡♠ Br(x)✳ P♦rt❛♥t♦✱ ♥❡st❡ ❝❛s♦✱ x ∈ S✳ ❙❡ u = 0 q.t.p. ❡♠ Br(x)✱ ❡♥tã♦ x ∈ W ✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡

R
N = S ∪W.

P♦r ❝♦♥❡①✐❞❛❞❡✱ ❞❡✈❡r❡♠♦s t❡r S = ∅ ♦✉ W = ∅✳ ❙❡ R
N = S ❡♥tã♦ u > 0 q✳t✳♣✳ ❡♠

R
N ✳ ❙❡ R

N = W ❡♥tã♦ u = 0 q✳t✳♣✳ ❡♠ R
N ✳

✷✳✷ ❙✐st❡♠❛s ❞♦ ❚✐♣♦ ❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥ ❝♦♠ P♦✲

t❡♥❝✐❛❧ P❡r✐ó❞✐❝♦ ❡ ❖♣❡r❛❞♦r❡s ■♥t❡❣r♦✲❉✐❢❡r❡♥❝✐❛✐s

◆❡st❛ s❡çã♦✱ ❝♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ♣r♦✈❛❞♦ ♥❛ s❡çã♦ ❛♥✲

t❡r✐♦r✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ❙❝❤ö❞✐♥❣❡r✲

P♦✐ss♦♥ ❝♦♠ ♣♦t❡♥❝✐❛❧ ♣❡r✐ó❞✐❝♦ ❡ ♦♣❡r❛❞♦r ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛❧✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦

♣r♦❜❧❡♠❛

−LKsu+ V (x)u+ φu = f(u), ❡♠ R
3,

−LKtφ = u2, ❡♠ R
3,

✭✷✳✻✮

✸✽



♦♥❞❡ Ks ❡ Kt sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♥ú❝❧❡♦s ❞❡ ♦r❞❡♠ s ❡ ♦r❞❡♠ t✱ s ∈ (3
4
, 1) ❡ t ∈ (0, 1)✳

❱❛♠♦s s✉♣♦r ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s s♦❜r❡ f ∈ C(R,R) ❡ V ∈ C(R3,R)✳

✭❆✶✮ V (x) ≥ α > 0✱ ♣❛r❛ t♦❞♦ x ∈ R
3 ❡ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ α > 0❀

✭❆✷✮ V (x) = V (x+ y)✱ ♣❛r❛ t♦❞♦ x ∈ R
3✱ y ∈ Z

3❀

✭❆✸✮ f(u)u > 0✱ u > 0❀

✭❆✹✮ limu→0 f(u)/u = 0❀

✭❆✺✮ ❊①✐st❡♠ p ∈ (4, 2∗s) ❡ C > 0✱ t❛✐s q✉❡

|f(u)| ≤ C(|u|+ |u|p−1),

♣❛r❛ t♦❞♦ u ∈ R✱ ♦♥❞❡ 2∗s =
6

3−2s
❀

✭❆✻✮ limu→+∞ F (u)/u4 = +∞✱ ♦♥❞❡ F (u) =
∫ u

0

f(z)dz❀

✭❆✼✮ ❆ ❢✉♥çã♦ u 7−→ f(u)/u3 é ❝r❡s❝❡♥t❡ ❡♠ |u| 6= 0✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✶ ❆ ❝♦♥❞✐çã♦ s > 3
4
é ♣❡❞✐❞❛ ♣❛r❛ q✉❡ 4 < 2∗s ❡♠ (A5)✳

◆♦ q✉❡ s❡❣✉❡✱ ❞❡♥♦t❛r❡♠♦s ♣♦r g(u) := f(u+) ❡ G(t) =
∫ t

0

g(s)ds✳

❉❡st❛❝❛♠♦s q✉❡ ❡st❡ ♣r♦❜❧❡♠❛ ♥ã♦ t✐♥❤❛ s✐❞♦ ❡st✉❞❛❞♦ ❛té ❡♥tã♦ ♥♦ ❝❛s♦ ❞♦

❧❛♣❧❛❝✐❛♥♦ ❢r❛❝✐♦♥ár✐♦✳ ❆❧✈❡s✱ ❙♦✉t♦ ❡ ❙♦❛r❡s ❡♠ ❬✼❪✱ ❡st✉❞❛r❛♠ ✉♠ ♣r♦❜❧❡♠❛ ❛♥á❧♦❣♦✱

❝♦♥s✐❞❡r❛♥❞♦ ♦ ♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦ ❡♠ ✈❡③ ❞♦ ❧❛♣❧❛❝✐❛♥♦ ❢r❛❝✐♦♥ár✐♦✳ ▼♦t✐✈❛❞♦s ♣♦r ❬✼❪✱

❝♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ♠♦str❛❞♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ♣r♦✈❛r❡♠♦s

q✉❡ é ♣♦ssí✈❡❧ ♦❜t❡r s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✷✳✻✳ ❉❡st❛❝❛♠♦s t❛♠❜é♠✱ q✉❡

❡st❛♠♦s ❡①✐❣✐♥❞♦ ❛♣❡♥❛s ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ f ✱ ♣♦rq✉❡ ♥♦ss♦ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦✱ ♥ã♦

♣❡❞❡ r❡❣✉❧❛r✐❞❛❞❡ ♣❛r❛ ❛ s♦❧✉çã♦✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✷ ❆ ❝♦♥❞✐çã♦ ✭❆✼✮ ✐♠♣❧✐❝❛ q✉❡ ❛ ❢✉♥çã♦ H(u) = uf(u) − 4F (u) é

♥ã♦ ♥❡❣❛t✐✈❛ ❡ ❝r❡s❝❡♥t❡✳

✷✳✷✳✶ ❙✐st❡♠❛s ❞♦ ❚✐♣♦ ❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥ ❝♦♠ ❖♣❡r❛❞♦r❡s

■♥t❡❣r♦✲❉✐❢❡r❡♥❝✐❛✐s

❙❡❥❛♠ s, t ∈ (0, 1)✳ ◆❡st❛ s❡çã♦✱ ❛ss✉♠✐♥❞♦ ❛❧❣✉♠❛s ❤✐♣ót❡s❡s s♦❜r❡ s ❡ t✱ ✈❡r❡♠♦s

q✉❡ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ♦♣❡r❛❞♦r φ : XKs(R3) −→ ẊKt(R3)✱ t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ u ∈

✸✾



XKs(R3)✱ ❛ ❢✉♥çã♦ φ(u) é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡

−LKtφ(u) = u2 ❡♠ R
3.

Pr♦✈❛r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s ❞❡st❡ ♦♣❡r❛❞♦r✳

▲❡♠❛ ✷✳✷✳✸ ❙❡❥❛♠ t, s ∈ (0, 1) ❝♦♠ 4s+ 2t ≥ 3✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ u ∈ XKs(R3) ❡①✐st❡

✉♠ ú♥✐❝♦ φu ∈ ẊKt(R3) t❛❧ q✉❡✱ φu é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛

−LKtφu = u2 ❡♠ R
3.

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ 4s+ 2t ≥ 3✱ ❡♥tã♦ 2 ≤ 2·2∗t
2∗t−1

≤ 2∗s✳ ❉❛í ❝♦♥s❡❣✉✐♠♦s C > 0 t❛❧

q✉❡
∣

∣

∣

∣

∫

R3

u2vdx

∣

∣

∣

∣

≤ ||v||2∗t
(∫

R3

|u|
2·2∗t
2∗t−1dx

)

2∗t−1

2∗t ≤ C||v||Ḣt(RN )

♣❛r❛ t♦❞❛ v ∈ ẊKt(R3) ✭✈❡❥❛ ✶✳✷✳✻✮✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③✱ ❡①✐st❡

✉♠ ú♥✐❝♦ φu ∈ ẊKt(R3) t❛❧ q✉❡
∫

R3

∫

R3

(φu(x)− φu(y))(w(x)− w(y))Kt(x− y)dxdy =

∫

R3

u2(x)w(x)dx.

♣❛r❛ t♦❞❛ w ∈ Ḣ t(RN)✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ φu ∈ Ḣ t(R3) q✉❡ é s♦❧✉çã♦ ❢r❛❝❛ ❞❡

−LKtφu = u2 ❡♠ R
3.

❱❡r❡♠♦s ❛ s❡❣✉✐r q✉❡ ❛ ❢✉♥çã♦ φ é ❝♦♥tí♥✉❛✳

❈♦r♦❧ár✐♦ ✷✳✷✳✹ ❈♦♠ ❛s ❤✐♣ót❡s❡s ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧

q✉❡

||φu||ẊKt (R3) ≤ C||u||2XKs (R3) ✭✷✳✼✮

♣❛r❛ t♦❞♦ u ∈ XKs(R3)✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱
∫

R3

∫

R3

(φu(x)− φu(y))
2Kt(x− y)dxdy ≤ C2||u||4XKs (R3) ✭✷✳✽✮

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✷✳✷✳✸

||φu||2ẊKt (R3)
=

∫

R3

u2φudx

≤ C1||φu||2∗t ||u||22·2∗t
2∗t−1

≤ C2||φu||ẊKt (R3)||u||2XKs (R3).

♣❛r❛ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s C1, C2 > 0✳ ❆❝✐♠❛✱ ✉s❛♠♦s ❛s ✐♠❡rsõ❡s ❞❡ ẊKt(R3) ❡♠

L2∗t (R3) ❡ XKs(R3) ❡♠ L
2·2∗t
2∗t−1 (R3)✳ ◆♦t❡ q✉❡ s❡ u 6= 0 ❡♥tã♦ φu 6= 0. ❉✐✈✐❞✐♥❞♦ ❛♠❜♦s

♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♣♦r ||φu||ẊKt (R3) ♦❜t❡♠♦s ✭✷✳✼✮✳

✹✵



❈♦r♦❧ár✐♦ ✷✳✷✳✺ P❛r❛ t♦❞♦ u ∈ XKs(R3)✱ t❡♠♦s φu ≥ 0 q✳t✳♣✳ ❡♠ R
3✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ u ∈ Hs(R3)✳ P❡❧♦ ▲❡♠❛ ✷✳✷✳✸✱ φu é s♦❧✉çã♦ ❢r❛❝❛ ❞❡

−LKtφu = u2 ❡♠ R
3.

▲♦❣♦✱
∫

R3

∫

R3

(φu(x)− φu(y))(φ
−
u (x)− φ−

u (y))K
t(x− y)dxdy =

∫

R3

u2φ−
u dx ≥ 0. ✭✷✳✾✮

▼❛s✱

• ❙❡ φu(x), φu(y) ≥ 0 ❡♥tã♦ (φu(x)− φu(y))(φ
−
u (x)− φ−

u (y)) = 0❀

• ❙❡ φu(x) ≥ 0 ❡ φu(y) < 0 ❡♥tã♦ (φu(x) − φu(y))(φ
−
u (x) − φ−

u (y)) = (φu(x) −
φu(y))φu(y) < 0❀

• ❙❡ φu(x) < 0 ❡ φu(y) ≥ 0 ❡♥tã♦ (φu(x) − φu(y))(φ
−
u (x) − φ−

u (y)) = −(φu(x) −
φu(y))φu(x) < 0❀

• ❙❡ φu(x) < 0 ❡ φu(y) < 0 ❡♥tã♦ (φu(x) − φu(y))(φ
−
u (x) − φ−

u (y)) = −(φu(x) −
φu(y))

2 < 0✳

P❡❧❛ ✐♥❡q✉❛çã♦ ✷✳✾ t❡♠♦s (φu(x)− φu(y))(φ
−
u (x)− φ−

u (y)) = 0 q✳t✳♣✳ ❡♠ R
3 ×R

3✳ ■st♦

✐♠♣❧✐❝❛ q✉❡ φ−
u é ❝♦♥st❛♥t❡ ❡♠ R

3 ❡ ♣♦rt❛♥t♦ φ−
u = 0✳ ❙❡❣✉❡ q✉❡ φu ≥ 0 q✳t✳♣✳ ❡♠ R

3✳

❖ ▲❡♠❛ ✷✳✷✳✻ ♠♦str❛ q✉❡ φ é ❤♦♠♦❣ê♥❡❛ ❡♠ t > 0✳

▲❡♠❛ ✷✳✷✳✻ ❙❡ t > 0 ❡ u ∈ XKs(R3)✱ ❡♥tã♦ φtu = t2φu✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ u ∈ XKs(R3)✳ P❡❧♦ ▲❡♠❛ ✷✳✷✳✸✱ ♣❛r❛ t♦❞♦ v ∈ ẊKt(R3) t❡♠♦s
∫

R3

∫

R3

(t2φu(x)− t2φu(y))(v(x)− v(y))Kt(x− y)dxdy

= t2
∫

R3

∫

R3

(φu(x)− φu(y))(v(x)− v(y))Kt(x− y)dxdy

= t2
∫

R3

u2(x)v(x)dx

=

∫

R3

(tu)2(x)v(x)dx,

♦✉ s❡❥❛✱ t2φu é s♦❧✉çã♦ ❢r❛❝❛ ❞❡ −LK(t
2φu) = (tu)2✳ ❯s❛♥❞♦ ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦✱

❞❛❞❛ ♣❡❧♦ ▲❡♠❛ ✷✳✷✳✸✱ t❡♠♦s φtu = t2φu✳

◆♦ ♣ró①✐♠♦ ❧❡♠❛✱ ✈❡r❡♠♦s ❝♦♠♦ s❡ ❝♦♠♣♦rt❛ ❛ ❛♣❧✐❝❛çã♦ φ ❡♠ ❢✉♥çõ❡s q✉❡ s❡

❞✐❢❡r❡♥❝✐❛♠ ♣♦r ✉♠❛ tr❛♥s❧❛çã♦✳

✹✶



▲❡♠❛ ✷✳✷✳✼ ❙❡❥❛♠ p ∈ R
3 ❡ u ∈ XKs(R3)✳ ❉❡✜♥✐♥❞♦ ũ(x) := u(x+p)✱ t❡♠♦s φũ(x) =

φu(x+ p) ❡
∫

R3

φuu
2dx =

∫

R3

φũũ
2dx.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ v ∈ ẊKt(R3)✳ ❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s z = x + p ❡

w = y + p✱ ♦❜t❡♠♦s
∫

R3

∫

R3

(φu(x+ p)− φu(y + p))(v(x)− v(y))Kt(x− y)dxdy

=

∫

R3

∫

R3

(φu(x+ p)− φu(y + p))(v(x)− v(y))Kt((x+ p)− (y + p))dxdy

=

∫

R3

∫

R3

(φu(z)− φu(w))(v(z − p)− v(w − p))Kt(z − w)dzdw

=

∫

R3

u2(z)v(z − p)dz

=

∫

R3

u2(x+ p)v(x)dx

=

∫

R3

ũ2(x)v(x)dx

❊st❛ ✐❣✉❛❧❞❛❞❡ ❡ ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❞❛❞❛ ♣❡❧♦ ▲❡♠❛ ✷✳✷✳✸ ✐♠♣❧✐❝❛♠ q✉❡ φũ(x) =

φu(x+ p)✳ ❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ z = x+ p ♦❜t❡♠♦s
∫

R3

φũ(x)ũ
2(x)dx =

∫

R3

φu(x+ p)u2(x+ p)dx

=

∫

R3

φu(z)u
2(z)dz.

❚❡r♠✐♥❛r❡♠♦s ❡st❛ s❡çã♦ ♠♦str❛♥❞♦ q✉❡ ❛ ❛♣❧✐❝❛çã♦ φ é ❢r❛❝❛♠❡♥t❡ ❝♦♥tí♥✉❛✳

▲❡♠❛ ✷✳✷✳✽ ❙❡ {un}n∈N ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ❡♠ XKs(R3) ❡♥tã♦ {φun
}n∈N ❝♦♥✲

✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ φu ❡♠ ẊKt(R3)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ φ ∈ C∞
0 (RN)✳ ❊♥tã♦

∣

∣

∣

∣

∫

R3

(u2nφ− u2φ)dx

∣

∣

∣

∣

≤ ||φ||∞
∣

∣

∣

∣

∫

B

(u2n − u2)dx

∣

∣

∣

∣

♦♥❞❡ s✉♣♣(φ) ⊂ B ❡ B é ✉♠❛ ❜♦❧❛✳ ❖ ❡s♣❛ç♦ XKs(R3) ❡stá ✐♠❡rs♦ ❝♦♠♣❛❝t❛♠❡♥t❡ ❡♠

L2(B)✳ ▲♦❣♦✱ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❝♦♥✈❡r❣❡ ♣❛r❛ 0 q✉❛♥❞♦ n → ∞✳

P❡❧❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ {un}n∈N ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ❡♠ XKs(R3)

❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✷✳✹✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ {φun
}n∈N é ❧✐♠✐t❛❞❛ ❡♠ ẊKt(R3)✳

P♦rt❛♥t♦✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ {φun
}n∈N ❝♦♥✈❡r❣❡ ❢r❛❝♦ ♣❛r❛

✹✷



w ∈ ẊKt(R3)✳ ▲♦❣♦
∫

R3

∫

R3

(w(x)− w(y))(φ(x)− φ(y))Kt(x− y)dxdy

= lim
n→∞

∫

R3

∫

R3

(φun
(x)− φun

(y))(φ(x)− φ(y))Kt(x− y)dxdy

= lim
n→∞

∫

R3

∫

R3

u2n(x)φ(x)dx

=

∫

R3

∫

R3

u2(x)φ(x)dx,

♣❛r❛ t♦❞❛ φ ∈ C∞
0 (R3)✳ P♦r ❞❡♥s✐❞❛❞❡✱ ❡st❛ ✐❣✉❛❧❞❛❞❡ ✈❛❧❡ ♣❛r❛ t♦❞♦ φ ∈ ẊKt(R3)✳

❙❡❣✉❡ q✉❡ w = φu✳

❊st❡ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ♠♦str❛ q✉❡ t♦❞❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ {φun
} ♣♦ss✉✐ ✉♠❛ s✉❜✲

s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ❢r❛❝♦ ♣❛r❛ φu ❡♠ ẊKt(R3)✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ❛ s❡q✉ê♥❝✐❛ {φun
}

❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ φu ❡♠ ẊKt(R3)✳

✷✳✷✳✷ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ P♦s✐t✐✈❛ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ✷✳✻

■♥✐❝✐❛❧♠❡♥t❡✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛

♣❛r❛ ✭✷✳✻✮✳ P♦r ✐ss♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ I : XKs(R3) → R

❞❛❞♦ ♣♦r

I(u) =
1

2

∫

R3

∫

R3

(u(x)− u(y))2Ks(x− y) dx dy +
1

2

∫

R3

V (x)u2dx

+
1

4

∫

R3

φuu
2dx−

∫

R3

G(u)dx,

❝✉❥❛ ❞❡r✐✈❛❞❛ é ❞❛❞❛ ♣♦r

I
′

(u)(v) =

∫

R3

∫

R3

(u(x)− u(y))(v(x)− v(y))Ks(x− y) dx dy

+

∫

R3

V (x)uvdx+

∫

R3

φuuvdx−
∫

R3

g(u)vdx,

♦♥❞❡ G(s) =
∫ s

0

g(t)dt ❡ g(u) = f(u+)✳ P♦♥t♦s ❝rít✐❝♦s ❞❡ I sã♦ s♦❧✉çõ❡s ❢r❛❝❛s ❞❡

✭✷✳✻✮✳

▲❡♠❛ ✷✳✷✳✾ ❆ ❢✉♥çã♦

u 7→ ‖u‖ :=

(∫

R3

∫

R3

(u(x)− u(y))2Ks(x− y) dx dy +

∫

R3

V (x)u2dx

)1/2

❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ XKs(R3) q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ ♥♦r♠❛ ✉s✉❛❧ ❞❡ XKs(R3)✳

✹✸



❆ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛ ❛❝✐♠❛ é tr✐✈✐❛❧ ❡ ♣♦r ✐ss♦ ♥ã♦ ❛♣r❡s❡♥t❛r❡♠♦s ♥❡st❛ t❡s❡✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ✷✳✻✳

❚❡♦r❡♠❛ ✷✳✷✳✶✵ ❙✉♣♦♥❤❛ q✉❡ 1 > s > 3/4✱ t ∈ (0, 1)✱ ❡ ✭❆✶✮✕✭❆✼✮ ❡stã♦ s❛t✐s❢❡✐t❛s✳

❊♥tã♦ ✭✷✳✻✮ t❡♠ ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧✳

❉❡♠♦♥str❛çã♦✳ P♦r ❛r❣✉♠❡♥t♦s ✉s✉❛✐s✱ ♦ ❢✉♥❝✐♦♥❛❧ I ♣♦ss✉✐ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛

♠♦♥t❛♥❤❛✱ ♦✉ s❡❥❛✱ s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦ t❡♦r❡♠❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✳ P♦r ✐ss♦✱

❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❡r❛♠✐ ♣❛r❛ I✱ ✐st♦ é✱ ❡①✐st❡ {un}n∈N ⊂ XKs(R3) t❛❧ q✉❡

I(un) → c,

(1 + ‖un‖)I
′

(un) → 0.

♦♥❞❡

c = inf
γ∈Γ

sup
t∈[0,1]

I(γ(t)),

Γ = {γ ∈ C([0, 1],XKs(R3)); γ(0) = 0, γ(1) = e},

e ∈ XKs(R3)✱ ❡ e s❛t✐s❢❛③ I(e) < 0✳ ❖ ♥ú♠❡r♦ c é ❝❤❛♠❛❞♦ ❞❡ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛

♠♦♥t❛♥❤❛✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✷✳✷

4I(un)− I ′(un)un = ‖un‖2 +
∫

R3

[f(un)un − 4F (un)]dx ≥ ‖un‖2.

■st♦ ✐♠♣❧✐❝❛ q✉❡ {un} é ❧✐♠✐t❛❞❛ ❡♠ XKs(R3)✳ ❊♥tã♦✱ ❡①✐st❡ u ∈ XKs(R3) t❛❧ q✉❡

{un}n∈N ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ❡♠ XKs(R3)✳ ❖ ▲❡♠❛ ✷✳✷✳✽ ❡ ❛s ❤✐♣ót❡s❡s ✭❆✹✮

❡ ✭❆✺✮ ✐♠♣❧✐❝❛♠ q✉❡ u é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ I✳ ❉❡ ❢❛t♦✱ t♦♠❛♥❞♦ ψ ∈ C∞
0 (RN)✱ ❞❛

❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ ❞❡ {un}n∈N ♣❛r❛ u t❡♠♦s

∫

R3

∫

R3

(un(x)− un(y))(ψ(x)− ψ(y))Ks(x− y)dxdy

❝♦♥✈❡r❣❡ ♣❛r❛

∫

R3

∫

R3

(u(x)− u(y))(ψ(x)− ψ(y))Ks(x− y)dxdy,

❡
∫

R3

V (x)un(x)ψ(x)dx→
∫

R3

V (x)u(x)ψ(x)dx.

✹✹



q✉❛♥❞♦ n→ ∞✳ ❙❡❥❛ B ✉♠❛ ❜♦❧❛ t❛❧ q✉❡ supp(ψ) ⊂ B✳ ❉❡✜♥✐♥❞♦

T (u, v) =

∫

B

u(x)v(x)ψ(x)dx,

t❡♠♦s q✉❡ T é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❝♦♥tí♥✉❛ ❞❡✜♥✐❞❛ ❡♠ L
22∗t
2∗−1 (B)×L2∗t (R3)✳ P❡❧♦ ❈♦✲

r♦❧ár✐♦ ✶✳✷✳✽ ❛ s❡q✉ê♥❝✐❛ {un |B }n∈N ❝♦♥✈❡r❣❡ ♣❛r❛ u |B ❡♠ L
22∗t
2∗−1 (B)✳ P❡❧♦ ▲❡♠❛ ✷✳✷✳✽ ❡

❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ ❞❡ ẊKt(R3) ❡♠ L2∗t (R3)✱ ❛ s❡q✉ê♥❝✐❛ {φun
}n∈N ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡

♣❛r❛ φu ❡♠ L2∗t (R3)✳ ❊st❛s ❞✉❛s ú❧t✐♠❛s ❝♦♥✈❡r❣ê♥❝✐❛s✱ ❥✉♥t♦ ❝♦♠ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡

T ✐♠♣❧✐❝❛♠ q✉❡

T (un |B , φun
) → T (u |B , φu),

♦✉ s❡❥❛✱
∫

R3

φun
(x)un(x)ψ(x)dx→

∫

R3

φu(x)u(x)ψ(x)dx.

❆s ❤✐♣ót❡s❡s (A4)✱ (A5)✱ ♦ t❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛ ❡ ❛s ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛s

❞❡ XKs(R3) ❡♠ Lq(B) ♣❛r❛ q ∈ [1, 2∗s) ✐♠♣❧✐❝❛♠ q✉❡

∫

R3

g(un)ψdx→
∫

R3

g(u)ψdx.

❆ss✐♠✱ ♣♦r ✉♠ ❧❛❞♦ t❡♠♦s

I ′(un)(ψ) → 0,

♣♦✐s {un}n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❡r❛♠✐✱ ❡ ♣♦r ♦✉tr♦ ❧❛❞♦

I
′

(un)(ψ) =

∫

R3

∫

R3

(un(x)− un(y))(ψ(x)− ψ(y))Ks(x− y)dxdy

+

∫

R3

V (x)unψdx+

∫

R3

φun
unψdx−

∫

R3

g(un)ψdx,

❝♦♥✈❡r❣❡ ♣❛r❛

∫

R3

∫

R3

(u(x)− u(y))(ψ(x)− ψ(y))Ks(x− y)dxdy

+

∫

R3

V (x)uψdx+

∫

R3

φuuψdx−
∫

R3

g(u)ψdx.

✹✺



❈♦♥❝❧✉í♠♦s q✉❡

0 =

∫

R3

∫

R3

(u(x)− u(y))(ψ(x)− ψ(y))Ks(x− y)dxdy

+

∫

R3

V (x)uψdx+

∫

R3

φuuψdx−
∫

R3

g(u)ψdx.

P♦r ❞❡♥s✐❞❛❞❡✱ t❡♠♦s

0 =

∫

R3

∫

R3

(u(x)− u(y))(v(x)− v(y))Ks(x− y)dxdy

+

∫

R3

V (x)uvdx+

∫

R3

φuuvdx−
∫

R3

g(u)vdx.

♣❛r❛ t♦❞❛ v ∈ XKs(R3)✳ ❊♠ r❡s✉♠♦✱ ♣r♦✈❛♠♦s q✉❡

I ′(u) = 0.

❙❡ u 6= 0 ❡♠ XKs(R3) ❡♥tã♦ u é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ♥ã♦ tr✐✈✐❛❧ ❞❡ ✭✷✳✻✮✱ ♣♦rt❛♥t♦ ♦

t❡♦r❡♠❛ s❡❣✉❡✳ ❙✉♣♦♥❤❛ q✉❡ u = 0✳ ❆✜r♠❛♠♦s q✉❡ ❡①✐st❡ r ∈ (2, 2∗s)✱ t❛❧ q✉❡ {un}
♥ã♦ ❝♦♥✈❡r❣❡ ♣❛r❛ 0 ❡♠ Lr(R3)✳ ❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ♣❡❧❛s ❤✐♣ót❡s❡s ✭❆✹✮ ❡ ✭❆✺✮ ❡

❛ ❧✐♠✐t❛çã♦ ❞❡ {un} ❡♠ L2(R3)✱ t❡♠♦s

∫

R3

g(un)undx→ 0, q✉❛♥❞♦ n→ ∞.

P❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✷✳✺

‖un‖2 ≤ ‖un‖2 +
∫

R3

φun
u2ndx =

∫

R3

g(un)undx+ I ′(un)un.

❈♦♠♦ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ✐♥❡q✉❛çã♦ ❛❝✐♠❛ ❝♦♥✈❡r❣❡ ♣❛r❛ 0 s❡❣✉❡ q✉❡ un → 0 ❡♠ XKs(R3)✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

c = lim I(un) = 0.

▼❛s✱ ❡st❛ ✐❣✉❛❧❞❛❞❡ ♥ã♦ ♣♦❞❡ ♦❝♦rr❡r✱ ❥á q✉❡ c > 0✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

❡①✐st❡♠ R > 0 ❡ δ > 0 t❛✐s q✉❡✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱

∫

BR(yn)

u2ndx ≥ δ,

✹✻



♣❛r❛ ❛❧❣✉♠❛ s❡q✉ê♥❝✐❛ {yn} ⊂ Z
3 ✭❱❡❥❛ ▲❡♠❛ ✶✳✸✳✹✮✳ P❛r❛ ❝❛❞❛ n ∈ N✱ ❞❡✜♥❛

wn(x) := un(x+ yn).

◆♦t❡ q✉❡ wn ∈ XKs(R3)✳ ▼❛✐s ❛✐♥❞❛✱ ♣♦r ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✱ t❡♠♦s

I(wn) =
1

2

∫

R3

∫

R3

(un(x+ yn)− un(y + yn))
2Ks((x+ yn)− (y + yn)) dx dy

+
1

2

∫

R3

V (x)un(x+ yn)
2dx

+
1

4

∫

R3

φwn
w2

ndx−
∫

R3

G(un(x+ yn))dx

=
1

2

∫

R3

∫

R3

(un(z)− un(w))
2Ks(z − w)dzdw +

1

2

∫

R3

V (z)un(z)
2dz

+
1

4

∫

R3

φun
u2ndx−

∫

R3

G(un(z))dz

= I(un).

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛ ❝❛❞❛ φ ∈ XKs(R3)✱

I ′(wn)φ =

∫

R3

∫

R3

(wn(x)− wn(y))(φ(x)− φ(y))Ks(x− y) dx dy +

∫

R3

V (x)wnφdx

+

∫

R3

φwn
wnφdx−

∫

R3

g(wn)φdx

=

∫

R3

∫

R3

(un(x+ yn)− un(y + yn))(φ(x)− φ(y))Ks((x+ yn)− (y + yn)) dx dy

+

∫

R3

V (x+ yn)un(x+ yn)φ(x)dx+

∫

R3

φun
(x+ yn)un(x+ yn)φdx

−
∫

R3

g(un(x+ yn))φ(x)dx

=

∫

R3

∫

R3

(un(z)− un(w)(φ(z − yn)− φ(w − yn))K
s(z − w)dzdw

+

∫

R3

V (z)un(z)φ(z − yn)dz +

∫

R3

φun
(z)un(z)φ(z − yn)dz

−
∫

R3

g(un(z))φ(z − yn)dz

= I ′(un)φ

♦♥❞❡ φ(x) = φ(x−yn)✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ {wn}n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❡r❛♠✐ ♣❛r❛ I ♥♦

♥í✈❡❧ c✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛♠♦s q✉❡ {wn}n∈N é ❧✐♠✐t❛❞❛ ❡♠ XKs(R3)✱ {wn}n∈N ❝♦♥✲

✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ w0 ❡♠ XKs(R3) ❡ q✉❡ I ′(w0) = 0✳ P❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛

✹✼



s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ {wn} ❝♦♥✈❡r❣❡ ❡♠ L2
loc(R

3) ♣❛r❛ w0✳ ❊♥tã♦
∫

BR(0)

w2
0dx = lim

n→∞

∫

BR(0)

w2
ndx

= lim
n→∞

∫

BR(0)

un(x+ yn)
2dx

= lim
n→∞

∫

BR(yn)

un(z)
2dz ≥ δ.

❆ss✐♠✱ w0 é ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ✭✷✳✻✮✳ ▲♦❣♦✱ s❡ u = 0✱ ♣r♦✈❛♠♦s q✉❡ ❡①✐st❡

✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ I✱ q✉❡ é ♥ã♦ tr✐✈✐❛❧✳ P♦rt❛♥t♦✱ ❡♠ q✉❛❧q✉❡r ❝❛s♦✱ I ♣♦ss✉✐ ✉♠

♣♦♥t♦ ❝rít✐❝♦ ♥ã♦ tr✐✈✐❛❧✳

❯s❛♥❞♦ ♥♦ss♦ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦✱ ♠♦str❛r❡♠♦s q✉❡ ❡①✐st❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛

♦ s✐st❡♠❛ ✭✷✳✻✮✱ ♥♦ ♥♦ss♦ ♣ró①✐♠♦ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✷✳✷✳✶✶ ❆ s♦❧✉çã♦ u ❡♥❝♦♥tr❛❞❛ ♥♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✵ é ♣♦s✐t✐✈❛ q✳t✳♣✳ ❡♠ R
3✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ t♦❞♦ v ∈ XKs(R3)✱ ❝♦♠ v ≥ 0 q✳t✳♣✳✱ t❡♠♦s
∫

R3

∫

R3

(u(x)− u(y))(v(x)− v(y))Ks(x− y) dx dy +

∫

R3

V (x)uvdx+

∫

R3

φuuv dx

=

∫

R3

g(u)v dx ≥ 0.

❙❡ ❞❡✜♥✐r♠♦s a(x) = V (x) + φu(x)✱ ♦❜t❡r❡♠♦s q✉❡ a ∈ L1
loc(R

3)✱ ♣♦rq✉❡ L2∗t (R3) ⊂
L1
loc(R

3) ❡ V é ❝♦♥tí♥✉♦✳ P♦r ✭❆✶✮ ❡ ♦ ▲❡♠❛ ✷✳✷✳✺ t❡♠♦s a(x) > 0 ❡♠ R
3✳ ❈♦♥s❡q✉❡♥✲

t❡♠❡♥t❡
∫

R3

∫

R3

(u(x)− u(y))(v(x)− v(y))Ks(x− y) dx dy +

∫

R3

a(x)uv dx ≥ 0.

♣❛r❛ t♦❞♦ v ∈ Hs(R3) ❝♦♠ v ≥ 0✳ ❈♦♠♦ u 6= 0✱ ♦ ❚❡♦r❡♠❛ ✷✳✶✳✹ ✐♠♣❧✐❝❛ q✉❡ u > 0

q✳t✳♣✳ ❡♠ R
3✳

✷✳✸ ❙♦❧✉çõ❡s ❞❡ ❊♥❡r❣✐❛ ▼í♥✐♠❛ ♣❛r❛ ♦ Pr♦❜❧❡♠❛

✭✷✳✻✮

P❛r❛ t♦r♥❛r ♥♦ss♦ tr❛❜❛❧❤♦ ♠❛✐s ❝♦♠♣❧❡t♦ ♣❛r❛ ♦ ❧❡✐t♦r✱ t❛♠❜é♠ ♣r♦✈❛♠♦s ❛

❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ✭❣r♦✉♥❞ st❛t❡ s♦❧✉t✐♦♥✮ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✻✮✱

♦✉ s❡❥❛✱ ♠♦str❛r❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ u t❛❧ q✉❡ ♣❛r❛ q✉❛❧q✉❡r ♦✉tr❛ s♦❧✉çã♦ v✱

t❡r❡♠♦s I(u) ≤ I(v)✳ ❆q✉✐✱ s❡❣✉✐r❡♠♦s ❛s ♠❡s♠❛s ✐❞❡✐❛s ❞❡ ❆❧✈❡s✱ ❙♦✉t♦ ❡ ❙♦❛r❡s ❡♠

✹✽



❬✼❪✳ P❛r❛ ❝♦♥s❡❣✉✐r s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♥♦ss♦ ♣r♦❜❧❡♠❛✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r

♦ s❡❣✉✐♥t❡ ❢✉♥❝✐♦♥❛❧ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ✷✳✻✳

I(u) =
1

2

∫

R3

∫

R3

(u(x)− u(y))2Ks(x− y) dx dy +
1

2

∫

R3

V (x)u2dx+
1

4

∫

R3

φuu
2dx

−
∫

R3

F (u)dx.

❖❜s❡r✈❛çã♦ ✷✳✸✳✶ ❉❡✜♥❡✲s❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ◆❡❤❛r✐ ❛ss♦❝✐❛❞♦ ❛ I ❝♦♠♦ s❡♥❞♦

N = {u ∈ Hs(R3) \ {0}; I ′(u)u = 0}.

❙❡ f s❛t✐s❢❛③ ✭❆✸✮✕✭❆✼✮✱ ❡♥tã♦

I∞ = inf
u∈N

I(u)

❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❛ss♦❝✐❛❞♦ ❛ I ✭✈❡❥❛ ❆♣ê♥❞✐❝❡ ❆✮✳

❚❡♦r❡♠❛ ✷✳✸✳✷ ❙❡ ✭❆✶✮✕✭❆✼✮ sã♦ s❛t✐s❢❡✐t❛s✱ ❡♥tã♦ ✭✷✳✻✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r✲

❣✐❛ ♠í♥✐♠❛✳

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥✐♥❞♦ ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ❊✉❧❡r ▲❛❣r❛♥❣❡ I : XKs(R3) → R ♣♦r

I(u) =
1

2

∫

R3

∫

R3

(u(x)− u(y))2Ks(x− y) dx dy +
1

2

∫

R3

V (x)u2dx+
1

4

∫

R3

φuu
2dx

−
∫

R3

F (u)dx,

❡ s❡❣✉✐♥❞♦ ❛s ♠❡s♠❛s ✐❞❡✐❛s ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✵✱ ♣r♦✈❛♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛

❞❡ ❈❡r❛♠✐ {wn} ♥♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❛ss♦❝✐❛❞♦ ❛ I ❝♦♥✈❡r❣✐♥❞♦ ❢r❛❝♦ ♣❛r❛

✉♠❛ s♦❧✉çã♦ ♥ã♦ ♥✉❧❛ u ❞♦ s✐st❡♠❛ ✭✷✳✻✮✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✷✳✷ ❡ ♦ ▲❡♠❛ ❞❡ ❢❛t♦✉

4c = lim inf
n→∞

(4I(wn)− I ′(wn)wn)

= lim inf
n→∞

(‖wn‖2 +
∫

R3

H(wn)dx)

≥ lim inf
n→∞

‖wn‖2 + lim inf
n→∞

∫

R3

H(wn)dx

≥ ‖u‖2 +
∫

R3

H(u)dx

= 4I(u)− I ′(u)u

= 4I(u).

♦♥❞❡ H(u) = uf(u) − 4F (u)✳ P♦r ❞❡✜♥✐çã♦✱ u ∈ N ✱ ❡♥tã♦ I(u) ≥ infv∈N I(v)✳ P❡❧❛

❖❜s❡r✈❛çã♦ ✷✳✸✳✶✱

I(u) = inf
v∈N

I(v).

P♦rt❛♥t♦✱ ♠♦str❛♠♦s q✉❡ u é ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✳

✹✾



✷✳✹ ❙♦❧✉çõ❡s ❞❡ ❊♥❡r❣✐❛ ▼í♥✐♠❛ ♣❛r❛ ♦ ❈❛s♦ ❡♠ q✉❡

♦ P♦t❡♥❝✐❛❧ é ❆ss✐♥t♦t✐❝❛♠❡♥t❡ P❡r✐ó❞✐❝♦

◆❡st❛ s❡çã♦✱ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦ Pr♦✲

❜❧❡♠❛ ✭✷✳✻✮✱ q✉❛♥❞♦ V s❛t✐s❢❛③ ❛ ❤✐♣ót❡s❡ (A1) ❡

✭❆✽✮ ❊①✐st❡ ✉♠❛ ❢✉♥çã♦ Vp s❛t✐s❢❛③❡♥❞♦ (A1) ❡ (A2) t❛❧ q✉❡

lim
|x|→∞

|V (x)− Vp(x)| = 0;

✭❆✾✮ V (x) ≤ Vp(x) ❡ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ Ω ⊂ R
3 ❝♦♠ |Ω| > 0 ❡ V (x) < Vp(x)

❡♠ Ω✳

❆ss✉♠✐r❡♠♦s q✉❡ Vp é ✉♠ ♣♦t❡♥❝✐❛❧ ♣❡r✐ó❞✐❝♦ ❝♦♥tí♥✉♦✳ ❊st❡ ❝❛s♦ s❡❣✉❡ ❛s ♠❡s♠❛s

✐❞❡✐❛s ❞❡ ❬✼❪✳

❚❡♦r❡♠❛ ✷✳✹✳✶ ❙✉♣♦♥❤❛ q✉❡ ✭❆✶✮✱ ✭❆✸✮✕✭❆✾✮ s❡❥❛♠ s❛t✐s❢❡✐t❛s✳ ❊♥tã♦ ✭✷✳✻✮ t❡♠ ✉♠❛

s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✳

❉❡♠♦♥str❛çã♦✳ ❊♠ XKs(R3) ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ♥♦r♠❛

‖u‖p =
(∫

R3

∫

R3

(u(x)− u(y))2Ks(x− y) dx dy +

∫

R3

Vp(x)u
2dx

)1/2

❡ ❝♦♥s✐❞❡r❛r ♦ ❢✉♥❝✐♦♥❛❧✱

Ip(u) =
1

2
‖u‖2p +

1

4

∫

R3

φuu
2dx−

∫

R3

F (u)dx.

❱✐♠♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ q✉❡ ❡①✐st❡ wp ∈ XKs(R3) t❛❧ q✉❡ I ′p(wp) = 0 ❡ Ip(wp) = cp✱

♦♥❞❡ cp é ♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❛ss♦❝✐❛❞♦ ❛ Ip✳ ❈♦♥s✐❞❡r❡ ♦✉tr❛ ♥♦r♠❛ ❡♠

XKs(R3)✿

‖u‖ =

(∫

R3

∫

R3

(u(x)− u(y))2Ks(x− y) dx dy +

∫

R3

V (x)u2dx

)1/2

.

❊♥tã♦✱ ❞❡✜♥❛

I(u) =
1

2
‖u‖2 + 1

4

∫

R3

φuu
2dx−

∫

R3

F (u)dx.

❖ ❢✉♥❝✐♦♥❛❧ I t❡♠ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✳ ❙❡ c é ♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛

♠♦♥t❛♥❤❛ ❛ss♦❝✐❛❞♦ ❛ I ❡♥tã♦ c < cp✳ ❉❡ ❢❛t♦✱ ❡①✐st❡ ✉♠ t∗ t❛❧ q✉❡ t∗wp ∈ N ✭✈❡❥❛

✺✵



Pr♦♣♦s✐çã♦ ❆✳✶✮ ❡ ❡❧❡ é ú♥✐❝♦ ❝♦♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡✳ ❙❡❣✉❡ q✉❡

c ≤ I(t∗wp)

< Ip(t
∗wp)

≤ max
t≥0

Ip(twp)

= Ip(wp) = cp.

❈♦♥s✐❞❡r❡ {un}n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❡r❛♠✐ ♥♦ ♥í✈❡❧ c ❛ss♦❝✐❛❞❛ ❝♦♠ I✳ ❆♥❛❧♦❣❛♠❡♥t❡

❛♦ ❝❛s♦ ♣❡r✐ó❞✐❝♦✱ ♣r♦✈❛♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ {un} é ❧✐♠✐t❛❞❛ ❡♠ XKs(R3) ❡ ❝♦♥s❡q✉❡♥✲

t❡♠❡♥t❡✱ ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ ❛❧❣✉♠ u ∈ XKs(R3)✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s I ′(u) = 0✳

❆ s❡❣✉✐r✱ ♣r♦✈❛r❡♠♦s q✉❡ u 6= 0✳ ❙✉♣♦♥❤❛ q✉❡ u = 0✳ ❆ r❡s♣❡✐t♦ ❞❛ s❡q✉ê♥❝✐❛ {un}✱
❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛❞❡s sã♦ ✈❡r❞❛❞❡✐r❛s

✭✐✮ lim
n→∞

∫

R3

|V (x)− Vp(x)|u2ndx = 0;

✭✐✐✮ lim
n→∞

‖|un‖ − ‖un‖p| = 0;

✭✐✐✐✮ lim
n→∞

|Ip(un)− I(un)| = 0;

✭✐✈✮ lim
n→∞

|I ′p(un)un − I ′(un)un| = 0.

Pr♦✈❛r❡♠♦s ✭✐✮✳ ❖s ❧✐♠✐t❡s ❡♠ ✭✐✐✮✱ ✭✐✐✐✮ ❡ ✭✐✈✮ sã♦ ❝♦♥s❡q✉ê♥❝✐❛s ✐♠❡❞✐❛t❛s ❞❡ ✭✐✮✳

❈♦♥s✐❞❡r❡ ǫ > 0 ❡ A > 0 t❛❧ q✉❡ ‖un‖22 < A ♣❛r❛ t♦❞♦ n ∈ N✳ P❡❧❛ ❤✐♣ót❡s❡ ✭❆✽✮✱

❡①✐st❡ R > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ |x| > R t❡♠♦s

|V (x)− Vp(x)| <
ǫ

2A
.

▼❛s {un} ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u = 0✳ ❊♥tã♦✱ un → 0 ❡♠ L2(BR(0))✳ ❊st❛

❝♦♥✈❡r❣ê♥❝✐❛ ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡
∫

BR(0)

|V (x)− Vp(x)|u2ndx <
ǫ

2
,

♣❛r❛ t♦❞♦ n ≥ n0✳ ❊♥tã♦✱ s❡ n ≥ n0

∫

R3

|V (x)− Vp(x)|u2ndx

=

∫

BR(0)

|V (x)− Vp(x)|u2ndx+
∫

(BR(0))c
|V (x)− Vp(x)|u2ndx

<
ǫ

2
+
ǫ

2
= ǫ.

✺✶



■st♦ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ✭✐✮✳

❈♦♥s✐❞❡r❡ sn > 0 t❛❧ q✉❡ snun ∈ Np ♣❛r❛ t♦❞♦ n ∈ N✱ ♦♥❞❡ Np = {u ∈ XKs(R3) \
{0}; I ′p(u)u = 0}✳ ❆✜r♠❛♠♦s q✉❡ lim supn→∞ sn ≤ 1✳ ❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❡①✐st✐r✐❛

δ > 0 t❛❧ q✉❡✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡rí❛♠♦s ❛ss✉♠✐r q✉❡

sn ≥ 1 + δ ♣❛r❛ t♦❞♦ n ∈ N✳ P♦r ✭✐✈✮ t❡rí❛♠♦s I ′p(un)un → 0✱ ✐st♦ é✱

‖un‖2p +
∫

R3

φun
u2ndx =

∫

R3

f(un)undx+ on(1)

❉❡ snun ∈ Np t❡rí❛♠♦s I ′p(snun)un = 0✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡

sn‖un‖2p + s3n

∫

R3

φun
u2ndx =

∫

R3

f(snun)undx

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱
∫

R3

[

f(snun)

(snun)3
− f(un)

(un)3

]

u4ndx =

(

1

s2n
− 1

)

‖un‖2p + on(1) ≤ on(1). ✭✷✳✶✵✮

❙❡ {un}n∈N ❝♦♥✈❡r❣❡ ♣❛r❛ 0 ❡♠ Lq(R3) ♣❛r❛ t♦❞♦ q ∈ (2, 2∗s)✱ ❡♥tã♦ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✷✳✺

‖un‖2 ≤ ‖un‖2 +
∫

R3

φun
u2ndx =

∫

R3

f(un)un + I ′(un)un

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ {un} t❡r✐❛ ❧✐♠✐t❡ 0 ❡♠ XKs(R3) ❡ ✐st♦ ❡♥tr❛r✐❛ ❡♠ ❝♦♥tr❛❞✐çã♦ ❝♦♠

♦ ❢❛t♦ ❞❡ c > 0✳ P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ {yn} ⊂ Z
n✱ R > 0 ❡ β > 0 t❛✐s q✉❡

∫

BR(yn)

u2ndx ≥ β > 0.

❚♦♠❛♥❞♦ vn(x) := un(x + yn)✱ t❡♠♦s ‖vn‖ = ‖un‖ ❡ ❛ss✐♠ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

{vn}n∈N ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ ❛❧❣✉♠ v ∈ Hs(R3)✳ ◆♦t❡ q✉❡
∫

BR(0)

v2dx ≥ β > 0 .

❆ ✐♥❡q✉❛çã♦ ✭✷✳✶✵✮✱ ♦❜s❡r✈❛çã♦ ✷✳✷✳✷ ❡ ♦ ❧❡♠❛ ❞❡ ❋❛t♦✉ ✐♠♣❧✐❝❛♠ q✉❡

0 <

∫

R3

[

f((1 + δ)v)

((1 + δ)v)3
− f(v)

(v)3

]

v4dx

≤ lim inf
n→∞

∫

R3

[

f((1 + δ)vn)

((1 + δ)vn)3
− f(vn)

(vn)3

]

v4ndx

≤ lim inf
n→∞

∫

R3

[

f(snvn)

(snvn)3
− f(vn)

(vn)3

]

v4ndx

= lim inf
n→∞

∫

R3

[

f(snun)

(snun)3
− f(un)

(un)3

]

u4ndx

≤ lim inf
n→∞

on(1) = 0,

✺✷



♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦ lim supn→∞ sn ≤ 1✳ ❆✜r♠❛♠♦s q✉❡ ♣❛r❛ n s✉✜❝✐✲

❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ sn > 1✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ ❡st❛ ❛✜r♠❛çã♦ s❡❥❛ ❢❛❧s❛✳ ◆❡st❡ ❝❛s♦✱

♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ sn ≤ 1 ♣❛r❛ t♦❞♦

n ∈ N✳ ◆♦t❡ q✉❡ ♣♦r (f5)✱ ❛ ❢✉♥çã♦ H(u) := uf(u) − 4F (u) é ❝r❡s❝❡♥t❡ ❡♠ |u| 6= 0✳

❊♥tã♦✱

4cp = 4 inf
u∈Np

Ip(u)

≤ 4Ip(snun)

= 4Ip(snun)− I ′p(snun)(snun)

= s2n‖un‖2p +
∫

R3

(f(snun)(snun)− 4F (snun)) dx

≤ ‖un‖2p +
∫

R3

(f(un)(un)− 4F (un)) dx

≤ 4I(un)− I ′(un)un +

∫

R3

|V (x)− Vp(x)|u2ndx.

■st♦ ✐♠♣❧✐❝❛ q✉❡ cp ≤ c✳ ▼❛s✱ ❡st❛ ú❧t✐♠❛ ✐♥❡q✉❛çã♦ é ❢❛❧s❛✱ ♣♦rq✉❡ ♣r♦✈❛♠♦s ❛♥t❡r✐♦r✲

♠❡♥t❡ q✉❡ c < cp✳ ▲♦❣♦✱ t❡♠♦s q✉❡ sn > 1 ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❊♠ r❡s✉♠♦✱

♣r♦✈❛♠♦s q✉❡

1 ≤ lim inf
n→∞

sn ≤ lim sup
n→∞

sn ≤ 1,

❡ ♣♦rt❛♥t♦

lim
n→∞

sn = 1. ✭✷✳✶✶✮

❖ t❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❝á❧❝✉❧♦ ✐♠♣❧✐❝❛ q✉❡

∫

R3

F (snun)dx−
∫

R3

F (un)dx =

∫ sn

1

[∫

R3

f(τun)undx

]

dτ. ✭✷✳✶✷✮

❚❛♠❜é♠✱ ♣♦r ✭❆✺✮✱ ♦❜t❡♠♦s C > 0 t❛❧ q✉❡

∫

R3

f(τun)undx ≤ C(sn‖un‖2 + sp−1
n ‖un‖p), ✭✷✳✶✸✮

♣❛r❛ t♦❞♦ τ ∈ (1, sn)✳ ❈♦♠♦ ❛ s❡q✉ê♥❝✐❛ {un} é ❧✐♠✐t❛❞❛ ❡♠ XKs(R3)✱ ❡♥tã♦✱ t❡♠♦s

♣♦r ✭✷✳✶✶✮✱ ✭✷✳✶✷✮ ❡ ✭✷✳✶✸✮✱

∫

R3

F (snun)dx−
∫

R3

F (un)dx = on(1).

✺✸



▲♦❣♦

Ip(snun)− Ip(un)

=
(s2n − 1)

2
‖un‖2 +

(s4n − 1)

4

∫

R3

φun
u2ndx−

∫

R3

F (snun)dx+

∫

R3

F (un)dx

= on(1)

♣♦✐s
∫

R3

φun
u2ndx = ‖φun

‖2
Ḣt(R3)

≤ C‖un‖4 ❡ {un} é ❧✐♠✐t❛❞❛✳ P♦r ✭✐✐✐✮ ✭✈❡❥❛ ♣á❣✐♥❛ ✺✶✮✱

cp ≤ Ip(snun) = Ip(un) + on(1) = I(un) + on(1).

P❛ss❛♥❞♦ ♦ ❧✐♠✐t❡ ❡♠ n → ∞✱ ♦❜t❡♠♦s cp ≤ c. ▼❛s✱ ❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ é ❢❛❧s❛✱

♣♦rq✉❡ ♣r♦✈❛♠♦s ❛❝✐♠❛ q✉❡ c < cp✳ ❊st❛ ❝♦♥tr❛❞✐çã♦ ❢♦✐ ❣❡r❛❞❛✱ ♣♦rq✉❡ s✉♣♦♠♦s q✉❡

u = 0✳ ❙❡❣✉❡ q✉❡ u é ♥ã♦ tr✐✈✐❛❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

I(u) ≥ inf
u∈N

I(u).

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ♣❡r✐ó❞✐❝♦✱ t❡♠♦s

I(u) ≤ c = inf
u∈N

I(u).

P♦rt❛♥t♦ u é ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✻✮✳

✺✹



❈❛♣ít✉❧♦ ✸

❊st✐♠❛t✐✈❛ L∞(RN ) ♣❛r❛ ❙♦❧✉çõ❡s

❋r❛❝❛s ❞❡ ❊q✉❛çõ❡s q✉❡ ❊♥✈♦❧✈❡♠ ♦

❖♣❡r❛❞♦r ■♥t❡❣r♦✲❉✐❢❡r❡♥❝✐❛❧ ❡ ✉♠❛

❆♣❧✐❝❛çã♦✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ♠♦str❛r❡♠♦s ✉♠❛ ❡st✐♠❛t✐✈❛ L∞(RN) ♣❛r❛ ❛s s♦❧✉çõ❡s ❢r❛❝❛s ❞♦

♣r♦❜❧❡♠❛

−LKu+ b(x)u = f(u), ❡♠ R
N ,

❝♦♠ ❤✐♣ót❡s❡s ❛♣r♦♣r✐❛❞❛s s♦❜r❡ b ❡ f ✱ ❡ ✉t✐❧✐③❛r❡♠♦s ❡st❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ♠♦str❛r ❛

❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❢r❛❝❛s ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉❛çõ❡s ❞❡ ❙❝❤rö❞✐♥❣❡r ♥ã♦ ❧♦❝❛✐s

❝♦♠ ♣♦t❡♥❝✐❛❧ ❛ss✐♥tót✐❝♦ ♥♦ ✐♥✜♥✐t♦ ❡ ❝♦♠ ♦♣❡r❛❞♦r ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛❧✳ ❊st❡ ❝❛♣ít✉❧♦

é ♦ ❝♦♥t❡ú❞♦ ❞♦ tr❛❜❛❧❤♦ ❢❡✐t♦ ♣♦r ❉✉❛rt❡ ❡ ❙♦✉t♦ ❡♠ ❬✷✻❪✳

✸✳✶ ❊st✐♠❛t✐✈❛ L∞(RN) ♣❛r❛ ✉♠❛ ❊q✉❛çã♦ ❞❡ ❙❝❤rö✲

❞✐♥❣❡r ♥ã♦ ▲♦❝❛❧ ❡♠ R
N

◆❡st❛ s❡çã♦✱ ♣r♦✈❛r❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ M > 0 t❛❧ q✉❡ t♦❞❛

s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛

−LKu+ b(x)u = g(x, u) ❡♠ R
N ,



s❛t✐s❢❛③

||u||L∞(RN ) ≤M ||u||2∗s ,

♦♥❞❡ b ≥ 0✱ |g(x, t)| ≤ h(x)|t| ❡ h ∈ Lq(RN) ❝♦♠ q > N
2s
✳ ❆❧✈❡s ❡ ▼✐②❛❣❛❦✐✱ ❡♠

❬✺❪✱ ✉s❛♥❞♦ ❛ ❡①t❡♥sã♦ s✲❤❛r♠ô♥✐❝❛ ❞❡ ❈❛✛❛r❡❧❧✐ ❬✶✸❪✱ ♠♦str❛r❛♠ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r

❞❡st❛ ❡st✐♠❛t✐✈❛ q✉❛♥❞♦ −LK é ♦ ♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦ ❢r❛❝✐♦♥ár✐♦✳ ❊♠ ♥♦ss♦ ❝❛s♦ ♥ã♦

t❡♠♦s ❛✐♥❞❛ ✉♠❛ ❡①t❡♥sã♦ ❤❛r♠ô♥✐❝❛ ♣❛r❛ ♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛s✱ ♣♦r ✐ss♦ ♥ã♦

♣♦❞❡♠♦s ✉s❛r ❡st❛ ❢❡rr❛♠❡♥t❛ ❡♠ ♥♦ss♦s ❛r❣✉♠❡♥t♦s✳

❙❡❥❛ β > 1✳ ❉❡✜♥❛

f(x) = x|x|2(β−1),

g(x) = x|x|β−1.

❆s ❢✉♥çõ❡s f ❡ g sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ t♦❞♦ x ∈ R✳ ❈♦♥s✐❞❡r❡ x, y ∈ R ❝♦♠ x 6= y✳

P❡❧♦ t❡♦r❡♠❛ ❞♦ ✈❛❧♦r ♠é❞✐♦✱ ❡①✐st❡♠ θ1(x, y)✱ θ2(x, y) ∈ R✱ ú♥✐❝♦s ♣♦r f ❡ g s❡r❡♠

❝r❡s❝❡♥t❡s✱ ❡ t❛✐s q✉❡

f ′(θ1(x, y)) =
f(x)− f(y)

x− y
✭✸✳✶✮

❡

g′(θ2(x, y)) =
g(x)− g(y)

x− y
. ✭✸✳✷✮

■st♦ é✱

(2β − 1)|θ1(x, y)|2(β−1) =
x|x|2(β−1) − y|y|2(β−1)

x− y

❡

β|θ2(x, y)|(β−1) =
x|x|(β−1) − y|y|(β−1)

x− y
.

■♠♣❧✐❝❛♥❞♦ q✉❡✱

|θ1(x, y)| =
(

1

2β − 1

x|x|2(β−1) − y|y|2(β−1)

x− y

)

1
2(β−1)

✭✸✳✸✮

❡

|θ2(x, y)| =
(

1

β

x|x|(β−1) − y|y|(β−1)

x− y

)

1
(β−1)

. ✭✸✳✹✮

❖❜s❡r✈❛çã♦ ✸✳✶✳✶ ◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r θ1(x, x) = θ2(x, x) = 0 ♣❛r❛ t♦❞♦

x ∈ R✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✷ ◆♦t❡ q✉❡✱ |θ1(x, y)| = |θ1(y, x)| ❡ |θ2(x, y)| = |θ2(y, x)| ♣❛r❛ t♦❞♦s

x, y ∈ R✳

✺✻



◆♦s ♣ró①✐♠♦s ❞♦✐s ❧❡♠❛s✱ ✈❡r❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ θ1(x, y) ❡ θ2(x, y)✳

▼♦str❛r❡♠♦s q✉❡ |θ1(x, y)| ≥ |θ2(x, y)|✳ ❊st❛ ❞❡s✐❣✉❛❧❞❛❞❡ s❡rá ✉s❛❞❛ ♣❛r❛ ♣r♦✈❛r ❛

♥♦ss❛ ❡st✐♠❛t✐✈❛ L∞(RN) ❝✐t❛❞❛ ♥♦ ✐♥í❝✐♦ ❞❛ s❡çã♦✳

▲❡♠❛ ✸✳✶✳✸ ❈♦♠ ❛ ♠❡s♠❛ ♥♦t❛çã♦ ❛❞♦t❛❞❛ ❛❝✐♠❛✱

|θ1(x, 0)| ≥ |θ2(x, 0)|.

❉❡♠♦♥str❛çã♦✳ ❙❡ x = 0 ♥ã♦ ❤á ♦ q✉❡ ♣r♦✈❛r✳ ❙✉♣♦♥❤❛ q✉❡ x 6= 0✳ P♦r ✭✸✳✸✮ ❡ ✭✸✳✹✮

t❡♠♦s

|θ1(x, 0)| =
(

1

2β − 1

x|x|2(β−1)

x

)

1
2(β−1)

=

(

1

2β − 1

) 1
2(β−1)

|x|

❡

|θ2(x, 0)| =
(

1

β

x|x|β−1

x

)
1

(β−1)

=

(

1

β

) 1
(β−1)

|x|.

❉❡st❛s ❞✉❛s ✐❞❡♥t✐❞❛❞❡s✱ s❡❣✉❡ ❢❛❝✐❧♠❡♥t❡ q✉❡

|θ1(x, 0)| ≥ |θ2(x, 0)|

❖❜s❡r✈❛çã♦ ✸✳✶✳✹ ❙❡❥❛ β > 1✳ ❉❡✜♥❛ ❛s ❢✉♥çõ❡s r❡❛✐s

m(x) := (λ− 1)(xβ + x−β)− λ(xβ−1 + x1−β) + 2

❡

p(x) := (λ− 1)(xβ + x−β) + λ(xβ−1 + x1−β)− 2.

♦♥❞❡ λ = β2

2β−1
✳ ❊♥tã♦✱ m(x) ≥ 0 ❡ p(x) ≥ 0 ♣❛r❛ t♦❞♦ x > 0✳ ❉❡ ❢❛t♦✱ ❞❡✜♥✐♥❞♦ ❛

❢✉♥çã♦ g(t) = tβ+1(β−1)m′(t)
β(λ−1)

t❡♠♦s g(1) = g′(1) = 0 ❡ g′′(t) > 0 ♣❛r❛ t♦❞♦ t > 1✳ ■st♦

✐♠♣❧✐❝❛ q✉❡ m′(t) > 0 ♣❛r❛ t > 1✳ ❉❡ m(1) = 0 ❡ m(t) = m(t−1) ♣❛r❛ t♦❞♦ t > 0✱

❝♦♥❝❧✉í♠♦s q✉❡ m(t) ≥ 0 ♣❛r❛ t♦❞♦ t ≥ 0✳ P❛r❛ ♠♦str❛r q✉❡ p(x) ≥ 0✱ ❜❛st❛ ♥♦t❛r q✉❡

p(1) = 0✱ p(t) = p(t−1) ♣❛r❛ t♦❞♦ t > 0 ❡ p′(t) > 0 ♣❛r❛ t♦❞♦ t > 1✳

▲❡♠❛ ✸✳✶✳✺ ❈♦♠ ❛ ♠❡s♠❛ ♥♦t❛çã♦✱ s❡ x, y ∈ R ❡♥tã♦

|θ1(x, y)| ≥ |θ2(x, y)|.

❉❡♠♦♥str❛çã♦✳ ❖ ❝❛s♦ ❡♠ q✉❡ x = 0 ♦✉ y = 0 s❡❣✉❡ ❢❛❝✐❧♠❡♥t❡ ❞♦ ▲❡♠❛ ✸✳✶✳✸ ❡

❖❜s❡r✈❛çã♦ 3.1.2✳ ❖ ❝❛s♦ x = y é ✐♠❡❞✐❛t♦ ✭✈❡❥❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✷✮✳ ❆ss✐♠✱ ♣♦❞❡♠♦s

s✉♣♦r q✉❡ x 6= y✱ x 6= 0 ❡ y 6= 0✳ P♦r ✭✸✳✸✮ ❡ ✭✸✳✹✮✱ t❡♠♦s q✉❡

|θ1(x, y)| ≥ |θ2(x, y)|

✺✼



s❡✱ ❡ s♦♠❡♥t❡ s❡

(

1

2β − 1

x|x|2(β−1) − y|y|2(β−1)

x− y

)

1
2(β−1)

≥
(

1

β

x|x|β−1 − y|y|β−1

x− y

)
1

(β−1)

.

❊st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

1

2β − 1

x|x|2(β−1) − y|y|2(β−1)

x− y
≥ 1

β2

(

x|x|β−1 − y|y|β−1

x− y

)2

q✉❡ ♣♦r s✉❛ ✈❡③ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

λ(x− y)(x|x|2(β−1) − y|y|2(β−1)) ≥
(

x|x|β−1 − y|y|β−1
)2
,

✐st♦ é✱

λ(|x|2β − xy|y|2(β−1) − yx|x|2(β−1) + |y|2β) ≥ |x|2β − 2xy|x|β−1|y|β−1 + |y|2β.

❆s ❤✐♣ót❡s❡s s♦❜r❡ x ❡ y ✐♠♣❧✐❝❛♠ q✉❡ ❛ ú❧t✐♠❛ ✐♥❡q✉❛çã♦ é ❡q✉✐✈❛❧❡♥t❡ ❛

λ

[

( |x|
|y|

)β

−
(

xy
|y|β−2

|x|β
)

−
(

xy|x|β−2

|y|β
)

+

( |y|
|x|

)β
]

≥
( |x|
|y|

)β

− 2
x

|x|
y

|y| +
( |y|
|x|

)β
✭✸✳✺✮

Pr♦✈❛r❡♠♦s q✉❡ ✭✸✳✺✮ é ✈❡r❞❛❞❡✐r❛✳ ❙✉♣♦♥❤❛ q✉❡ x · y > 0✳ ❊♥tã♦✱

λ

[

( |x|
|y|

)β

−
(

xy
|y|β−2

|x|β
)

−
(

xy|x|β−2

|y|β
)

+

( |y|
|x|

)β
]

−
( |x|
|y|

)β

+ 2
x

|x|
y

|y| −
( |y|
|x|

)β

= λ

[

( |x|
|y|

)β

−
( |y|
|x|

)β−1

−
( |x|
|y|

)β−1

+

( |y|
|x|

)β
]

−
( |x|
|y|

)β

+ 2−
( |y|
|x|

)β

= (λ− 1)

[

( |x|
|y|

)β

+

( |x|
|y|

)−β
]

− λ

[

( |x|
|y|

)β−1

+

( |x|
|y|

)−β+1
]

+ 2

= m

( |x|
|y|

)

.

❙❡ x · y < 0✱ ❡♥tã♦

λ

[

( |x|
|y|

)β

−
(

xy
|y|β−2

|x|β
)

−
(

xy|x|β−2

|y|β
)

+

( |y|
|x|

)β
]

−
( |x|
|y|

)β

+ 2
x

|x|
y

|y| −
( |y|
|x|

)β

= λ

[

( |x|
|y|

)β

+

( |y|
|x|

)β−1

+

( |x|
|y|

)β−1

+

( |y|
|x|

)β
]

−
( |x|
|y|

)β

− 2−
( |y|
|x|

)β

= (λ− 1)

[

( |x|
|y|

)β

+

( |x|
|y|

)−β
]

+ λ

[

( |x|
|y|

)β−1

+

( |x|
|y|

)−β+1
]

− 2

= p

( |x|
|y|

)

.

✺✽



P❡❧❛ ❖❜s❡r✈❛çã♦ ✸✳✶✳✹✱ t❡♠♦s q✉❡m
(

|x|
|y|

)

≥ 0 ❡ p
(

|x|
|y|

)

≥ 0✳ P♦rt❛♥t♦ ✭✸✳✺✮ é ✈❡r❞❛❞❡✐r❛

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦ ▲❡♠❛ ✸✳✶✳✺ t❛♠❜é♠✳

◆♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛ s❡çã♦✱ s❡rá ❞❡♠♦♥str❛❞♦ ❛ s❡❣✉✐r✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✻ ❙❡❥❛♠ h ∈ Lq(RN) ❝♦♠ q > N
2s
✱ N > 2s ❡ v ∈ E ⊂ XK(R

N) ✉♠❛

s♦❧✉çã♦ ❢r❛❝❛ ❞❡
{

−LKv + b(x)v = g(x, v) em R
N

u ∈ E

♦♥❞❡ E = {u ∈ XK(R
N);
∫

RN b(x)u
2dx <∞}✱ g é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦

|g(x, s)| ≤ h(x)|s|

♣❛r❛ s ≥ 0 ❡ b é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡♠ R
N ✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M =

M(q, ||h||Lq) t❛❧ q✉❡

||v||∞ ≤M ||v||2∗s .

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ n ∈ N✱ ❞❡✜♥❛

An =
{

x ∈ R
N ; |v(x)|β−1 ≤ n

}

❡

Bn := R
N \ An.

❈♦♥s✐❞❡r❡

fn(t) :=







t|t|2(β−1) se |t|β−1 ≤ n

n2t se |t|β−1 > n

❡

gn(t) :=







t|t|(β−1) se |t|β−1 ≤ n

nt se |t|β−1 > n.

◆♦t❡ q✉❡ fn ❡ gn sã♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡ sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡①❝❡t♦ ♥♦s ♣♦♥t♦s n
1

β−1 ❡

−n 1
β−1 ✳ ❆❧é♠ ❞✐ss♦✱ s✉❛s ❞❡r✐✈❛❞❛s sã♦ ❧✐♠✐t❛❞❛s ♣♦r ❝♦♥st❛♥t❡s✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ fn ❡

gn sã♦ ❢✉♥çõ❡s ❧✐♣s❝❤t③✐❛♥❛s✳ ❆ss✐♠✱ ❞❡✜♥✐♥❞♦

vn := fn ◦ v

❡

wn := gn ◦ v,

✺✾



t❡♠♦s q✉❡ vn, wn ∈ E✳ P♦r (K2)

[v, vn] =

∫

An

∫

An

(vn(x)− vn(y))(v(x)− v(y))K(x− y)dxdy

+

∫

Bn

∫

Bn

(vn(x)− vn(y))(v(x)− v(y))K(x− y)dxdy

+2 [v, vn]An×Bn

P♦r ✭✸✳✶✮✱ s❡ x, y ∈ An✱ ❡♥tã♦

vn(x)− vn(y) = f ′
n(θ1(x, y))(v(x)− v(y))

♦♥❞❡ θ1(x, y) = θ1(v(x), v(y))✳ P♦rt❛♥t♦✱

[v, vn] =

∫

An

∫

An

(2β − 1)|θ1(x, y)|2(β−1)(v(x)− v(y))2K(x− y)dxdy

+n2

∫

Bn

∫

Bn

(v(x)− v(y))2K(x− y)dxdy + 2 [v, vn]An×Bn

✭✸✳✻✮

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣♦r ✭✸✳✷✮

[wn, wn] =

∫

An

∫

An

β2|θ2(x, y)|2(β−1)(v(x)− v(y))2K(x− y)dxdy

+n2

∫

Bn

∫

Bn

(v(x)− v(y))2K(x− y)dxdy + 2 [wn, wn]An×Bn

✭✸✳✼✮

♦♥❞❡ θ2(x, y) = θ2(v(x), v(y))✳ P❡❧♦ ▲❡♠❛ ✸✳✶✳✺

[wn, wn] ≤
∫

An

∫

An

β2|θ1(x, y)|2(β−1)(v(x)− v(y))2K(x− y)dxdy

+n2

∫

Bn

∫

Bn

(v(x)− v(y))2K(x− y)dxdy + 2 [wn, wn]An×Bn
.

✭✸✳✽✮

■st♦ ✐♠♣❧✐❝❛ q✉❡✱

[wn, wn] +

∫

RN

b(x)w2
ndx− [v, vn]−

∫

RN

b(x)vvndx

≤ (β − 1)2
∫

An

∫

An

|θ1(x, y)|2(β−1)(v(x)− v(y))2K(x− y)dxdy

+2 [wn, wn]An×Bn
− 2 [v, vn]An×Bn

.

✭✸✳✾✮

P❡❧❛ ❡q✉❛çã♦ ✭✸✳✻✮

[v, vn] +

∫

RN

b(x)vvndx− 2 [v, vn]An×Bn

≥ (2β − 1)

∫

An

∫

An

|θ1(x, y)|2(β−1)(v(x)− v(y))2K(x− y)dxdy,
✭✸✳✶✵✮

✻✵



♣♦✐s✱ b(x)vvn = b(x)w2
n ≥ 0✳ ❙✉❜st✐t✉✐♥❞♦ ✭✸✳✶✵✮ ♥❛ ✐♥❡q✉❛çã♦ ✭✸✳✾✮✱ ♦❜t❡♠♦s

[wn, wn] +

∫

RN

b(x)w2
ndx− [v, vn]−

∫

RN

b(x)vvndx

≤ (β − 1)2

2β − 1

(

[v, vn] +

∫

RN

b(x)vvndx

)

+2 [wn, wn]An×Bn
+ (−2− 2(β − 1)2

2β − 1
) [v, vn]An×Bn

,

✭✸✳✶✶✮

✐st♦ é✱

[wn, wn] +

∫

RN

b(x)w2
ndx

≤ (
(β − 1)2

2β − 1
+ 1)

(

[v, vn] +

∫

RN

b(x)vvndx

)

+2 [wn, wn]An×Bn
+ (−2− 2(β − 1)2

2β − 1
) [v, vn]An×Bn

=
β2

2β − 1

(

[v, vn] +

∫

RN

bvvndx

)

+2 [wn, wn]An×Bn
+ (−2− 2(β − 1)2

2β − 1
) [v, vn]An×Bn

≤ β

∫

RN

g(x, v)vndx

+2 [wn, wn]An×Bn
+ (−2− 2(β − 1)2

2β − 1
) [v, vn]An×Bn

.

✭✸✳✶✷✮

❊♠ r❡s✉♠♦✱

[wn, wn] +

∫

RN

b(x)w2
ndx ≤ β

∫

RN

g(x, v)vndx

+2 [wn, wn]An×Bn
+ (−2− 2(β − 1)2

2β − 1
) [v, vn]An×Bn

.

✭✸✳✶✸✮

❉❡✜♥✐♥❞♦ ❛ ❢✉♥çã♦✱

r(s, t) = 2(ns− t|t|β−1)2 − C(s− t)(n2s− t|t|2(β−1)).

♦♥❞❡ n ∈ N ❡

C = 2 +
2(β − 1)2

2β − 1

♣♦r ✉♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s✱ ♦❜t❡♠♦s

r(s, t) ≤ 0, ✭✸✳✶✹✮

♣❛r❛ t♦❞♦ |s| > n
1

β−1 ❡ |t| ≤ n
1

β−1 ✭✈❡❥❛ ❛♣ê♥❞✐❝❡ ❇✮✳ ❚♦♠❛♥❞♦ s = v(x) ❡ t = v(y) ♣❛r❛

x ∈ Bn ❡ y ∈ An ❡ s✉❜st✐t✉✐♥❞♦ ❡♠ (3.14)✱ ♦❜t❡♠♦s

2(w(x)− w(y))2 − C(v(x)− v(y))(vn(x)− vn(y)) ≤ 0.

✻✶



▲♦❣♦✱

+2 [wn, wn]An×Bn
+ (−2− 2(β − 1)2

2β − 1
) [v, vn]An×Bn

≤ 0.

P❡❧❛ ✐♥❡q✉❛çã♦ ✭✸✳✶✸✮✱

[wn, wn] +

∫

RN

b(x)w2
ndx ≤ β

∫

RN

g(x, v)vndx. ✭✸✳✶✺✮

❙❡❥❛ S > 0 ❛ ♠❡❧❤♦r ❝♦♥st❛♥t❡ q✉❡ ✈❡r✐✜❝❛✱

||u||22∗s ≤ S||u||2Hs .

♣❛r❛ t♦❞♦ u ∈ Hs(RN)✳ P❡❧❛ ✐♥❡q✉❛çã♦ ✭✸✳✶✺✮ ❡ (K2)

(∫

An

|wn|2
∗
sdx

) 2
2∗s ≤

(∫

RN

|wn|2
∗
sdx

) 2
2∗s

≤ S||wn||2

≤ Sβ

∫

RN

g(x, v(x))vn(x)dx

≤ Sβ

∫

RN

h(x)w2
ndx

≤ Sβ||h||q||wn||22q
q−1

.

▼❛s✱ t❡♠♦s |wn| ≤ |v|β ❡♠ Bn ❡ |wn| = |v|β ❡♠ An✳ ■st♦ ✐♠♣❧✐❝❛ ❡♠

(∫

An

|v|β2∗sdx
) 2

2∗s ≤ Sβ||h||q
[∫

RN

|v|
2qβ
q−1dx

]
q−1
q

.

P❡❧♦ t❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♠♦♥ót♦♥❛ ✭❚❡♦r❡♠❛ 4.1 ❡♠ ❬✸✾❪✮

||v||2∗sβ ≤ (βS||h||q)
1
2β ||v||2βq1 ✭✸✳✶✻✮

♦♥❞❡ q1 =
q

q−1
✳ ❉❡✜♥❛

η :=
2∗s
2q1

❡ ♥♦t❡ q✉❡ η > 1✳ ◗✉❛♥❞♦ β = η✱ t❡♠♦s 2βq1 = 2∗s✳ ❊♥tã♦✱ ♣♦r ✭✸✳✶✻✮✱

||v||2∗sη ≤ (ηS||h||q)
1
2η ||v||2∗s . ✭✸✳✶✼✮

❆❣♦r❛✱ t♦♠❛♥❞♦ β = η2 ❡♠ ✭✸✳✶✻✮✱ ♦❜t❡♠♦s

||v||2∗sη2 ≤ η
1
η2 (S||h||q)

1
2η2 ||v||2∗sη. ✭✸✳✶✽✮

✻✷



P♦r ✭✸✳✶✼✮✱ t❡♠♦s

||v||2∗sη2 ≤ η
1

(η2
+ 1

2η
)
(S||h||q)(

1
2η2

+ 1
2η

)||v||2∗s . ✭✸✳✶✾✮

■♥❞✉t✐✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡

||v||2∗sηm ≤ η
( 1
2η

+ 1
η2

+...+ m
2ηm

)
(S||h||q)(

1
2η

+ 1
2η2

+...+ 1
2ηm

)||v||2∗s ✭✸✳✷✵✮

♣❛r❛ t♦❞♦ m ∈ N✳ ❈♦♠♦
∞
∑

i=1

m

2ηm
=

1

2(η − 1)2

❡
∞
∑

i=1

1

2ηm
=

1

2(η − 1)

♣♦❞❡♠♦s ❡s❝r❡✈❡r✱ ♣❛r❛ t♦❞♦ m > 0✱

||v||2∗sηm ≤ η
1

2(η−1)2 (Sr||h||q)
1

2(η−1) ||v||2∗s .

❘❡❝♦r❞❛♥❞♦ q✉❡

||v||∞ = lim
p→∞

||v||p

❡ q✉❡ η > 1✱ t❡♠♦s

||v||∞ ≤M ||v||2∗s .

♣❛r❛

M = η
1

2(η−1)2 (Sr||h||q)
1

2(η−1)

❡

η =
N(q − 1)

q(N − 2s)
.

❈♦♥❝❧✉í♠♦s ❛ ♣r♦✈❛ ❞❛ ♣r♦♣♦s✐çã♦ ✸✳✶✳✻ ♥♦t❛♥❞♦ q✉❡ M ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❡ q ❡ ||h||q✳

✸✳✷ ❆♣❧✐❝❛çã♦ ❡♠ ✉♠❛ ❈❧❛ss❡ ❞❡ ❊q✉❛çõ❡s ❞❡ ❙❝❤rö✲

❞✐♥❣❡r

◆❡st❛ s❡çã♦✱ ✉s❛r❡♠♦s ❛ ❡st✐♠❛t✐✈❛ L∞(RN) ♣r♦✈❛❞❛ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ♣❛r❛

♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉❛çõ❡s ❞♦ t✐♣♦ ❙❝❤rö❞✐♥❣❡r ♥ã♦

❧♦❝❛❧ ❝♦♠ ♦♣❡r❛❞♦r ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛❧✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡st✉❞❛r❡♠♦s ♦ ♣r♦❜❧❡♠❛

(P ) −LKu+ V (x)u = f(u) ❡♠ R
n,

✻✸



♦♥❞❡ −LK é ✉♠ ♦♣❡r❛❞♦r ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛❧ ❝♦♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s ∈ (0, 1)✳ ❱❛♠♦s

s✉♣♦r q✉❡ ♦ ♣♦t❡♥❝✐❛❧ V é ❝♦♥tí♥✉♦ ❡ s❛t✐s❢❛③

• (V1) infx∈RN V (x) > 0;

❖❜s❡r✈❡ q✉❡✱ V s❡♥❞♦ ❝♦♥tí♥✉♦ ✐♠♣❧✐❝❛ q✉❡

• (V2) V (x) ≤ V∞ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ V∞ > 0 ❡ ♣❛r❛ t♦❞♦s x ∈ B1(0)✳

◆♦t❡ q✉❡ (V1) ✐♠♣❧✐❝❛ q✉❡

• (V3) ❡①✐st❡♠ R > 0 ❡ Λ > 0 t❛✐s q✉❡

V (x) ≥ Λ

♣❛r❛ t♦❞♦s |x| ≥ R✳

❆ss✉♠✐r❡♠♦s t❛♠❜é♠ q✉❡ f ∈ C(R,R) é ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦✱

• (f1) |f(t)| ≤ c0|t|p−1✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ c0 > 0 ❡ p ∈ (2, 2∗s);

• (f2) ❊①✐st❡ θ > 2 t❛❧ q✉❡

θF (t) ≤ tf(t);

♣❛r❛ t♦❞♦s t ∈ R✳

• (f3) f(t) > 0 ♣❛r❛ t♦❞♦ t > 0 ❡ f(t) = 0 ♣❛r❛ t♦❞♦ t < 0✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛ s❡çã♦ é ♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✶✳ ❊♠ ❬✻❪✱ ❆❧✈❡s ❡ ❙♦✉t♦ ❡st✉❞❛♠

✉♠ ♣r♦❜❧❡♠❛ ❛♥á❧♦❣♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦ ❡♠ ✈❡③ ❞♦ ♦♣❡r❛❞♦r ✐♥t❡❣r♦✲

❞✐❢❡r❡♥❝✐❛❧✳

◆♦ ♣r♦❜❧❡♠❛ (P ) ❝♦♥s✐❞❡r❛r❡♠♦s ♦ ❡s♣❛ç♦ E ❞❡✜♥✐❞♦ ❝♦♠♦

E =

{

u ∈ XK(R
N);

∫

RN

V (x)u2dx <∞
}

. ✭✸✳✷✶✮

❖ ❡s♣❛ç♦ E é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ❛ ♥♦r♠❛

||u|| :=
(∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy +

∫

RN

V (x)u2dx

) 1
2

.

❖ ❋✉♥❝✐♦♥❛❧ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ (P ) é ❞❛❞♦ ♣♦r

I(u) =
1

2
||u||2 −

∫

RN

F (u)dx,

✻✹



♦♥❞❡

F (t) =

∫ t

0

f(s)ds.

❖ ❋✉♥❝✐♦♥❛❧ I ♣❡rt❡♥❝❡ ❛ C1(E,R) ❡ s✉❛ ❞❡r✐✈❛❞❛ é ❞❛❞❛ ♣♦r

I ′(u)v = [u, v] +

∫

RN

V (x)uvdx−
∫

RN

f(u)vdx.

❉❡✜♥❛ I0 : XK0(B1) −→ R ♣♦r

I0(u) :=

∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy +

∫

RN

V∞u
2dx−

∫

RN

F (u)dx,

♦♥❞❡ V∞ é ❛ ❝♦♥st❛♥t❡ ❞❛❞❛ ❡♠ (V2)✳ ❖ ❢✉♥❝✐♦♥❛❧ I0 ♣♦ss✉✐ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛

♠♦♥t❛♥❤❛✳ ❉❡♥♦t❛r❡♠♦s ♣♦r d ♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❛ss♦❝✐❛❞♦ ❛ I0✱ ✐st♦ é

d = inf
γ∈Γ

max
t∈[0,1]

I0(γ(t)),

♦♥❞❡

Γ = {γ ∈ C([0, 1],XK0(B1)); γ(0) = 0 ❡ γ(1) = e} , ✭✸✳✷✷✮

❝♦♠ e ✜①❛❞♦ ❡ ✈❡r✐✜❝❛♥❞♦ I0(e) < 0✳ ◆♦t❡ q✉❡ d ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❡ V∞✱ θ ❡ f ✳

P❛r❛ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛✱ ✈❛♠♦s ❞❡✜♥✐r ✉♠

♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r✳

✸✳✷✳✶ ❯♠ Pr♦❜❧❡♠❛ ❆✉①✐❧✐❛r

❆ss✐♠ ❝♦♠♦ ❡♠ ❬✻❪✱ ♠♦❞✐✜❝❛r❡♠♦s ♦ ♣r♦❜❧❡♠❛✱ ❞❡✜♥✐♥❞♦ ✉♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r✳

❈♦♠♦ ♦ ♦♣❡r❛❞♦r −LK é ♥ã♦ ❧♦❝❛❧✱ ♥ã♦ ♣♦❞❡♠♦s ✉s❛r ❛s ♠❡s♠❛s ✐❞❡✐❛s ✉s❛❞❛s ❡♠ ❬✻❪✳

❉❡✜♥✐r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✳ P❛r❛ k = 2θ
θ−2

✱ ✈❛♠♦s ❝♦♥s✐✲

❞❡r❛r

f̃(x, t) =







f(t) se kf(t) ≤ V (x)t

V (x)
k
t se kf(t) > V (x)t,

g(x, t) =







f(t) se |x| ≤ R

f̃(x, t) se |x| > R.
✭✸✳✷✸✮

❡







−LKu+ V (x)u = g(x, u) em R
N

u ∈ E
✭✸✳✷✹✮

✻✺



❆ ❝♦♥st❛♥t❡ R ❛❝✐♠❛✱ é ❛ ❝♦♥st❛♥t❡ q✉❡ ❛♣❛r❡❝❡ ❡♠ (V3)✳ ❆s ❢✉♥çõ❡s f̃ ❡ g sã♦ ❈❛✲

r❛t❤❡♦❞♦r②✳ ❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ g,G, F ❡ f̃ q✉❡ ♣❛r❛ t♦❞♦ t ∈ R ❡ x ∈ R
N ✱

(1) f̃(x, t) ≤ f(t);

(2) g(x, t) ≤ V (x)
k
t ✱s❡ |x| ≥ R;

(3) G(x, t) = F (t) s❡ |x| ≤ R;

(4) G(x, t) ≤ V (x)
2k
t2 s❡ |x| > R,

♦♥❞❡

G(x, t) =

∫ t

0

g(x, s)ds.

❖ ❢✉♥❝✐♦♥❛❧ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r é ❞❛❞♦ ♣♦r✱

J(u) =
1

2
||u||2 −

∫

RN

G(x, u)dx.

❖ ❢✉♥❝✐♦♥❛❧ J ∈ C1(E,R) ❡

J ′(u)v =

∫

RN

∫

RN

(u(x)− u(y)) (v(x)− v(y))K(x− y)dxdy

+

∫

RN

V (x)uvdx−
∫

RN

g(x, u)vdx.

P♦r ❛r❣✉♠❡♥t♦s ✉s✉❛✐s✱ ♦ ❢✉♥❝✐♦♥❛❧ J t❡♠ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✳ P❡❧♦

❚❡♦r❡♠❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ {un}n∈N t❛❧ q✉❡

J ′(un) → 0 ❡ J(un) → c, ✭✸✳✷✺✮

♦♥❞❡ c > 0 é ♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❛ss♦❝✐❛❞♦ ❛ J ✱ ✐st♦ é

c = inf
γ∈Γ

max
t∈[0,1]

J(γ(t)), ✭✸✳✷✻✮

Γ = {γ ∈ C([0, 1], E); γ(0) = 0 ❡ γ(1) = e}

❡ e é ❛ ❢✉♥çã♦ ✜①❛❞❛ ❡♠ (3.22)✳ P♦r ❞❡✜♥✐çã♦ t❡♠♦s

c ≤ d, ✭✸✳✷✼✮

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ R > 0✳

❆ s❡❣✉✐r✱ ♣r♦✈❛r❡♠♦s q✉❡ ❛s s❡q✉ê♥❝✐❛s ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ❛ss♦❝✐❛❞❛s ❛♦ ❢✉♥❝✐♦♥❛❧

J sã♦ ❧✐♠✐t❛❞❛s✳

▲❡♠❛ ✸✳✷✳✶ ❆ s❡q✉ê♥❝✐❛ {un}n∈N é ❧✐♠✐t❛❞❛✳

✻✻



❉❡♠♦♥str❛çã♦✳ ❉❡♥♦t❛♥❞♦ ♣♦r

A =
{

x ∈ R
N ; |x| ≤ R

}

∪
{

x ∈ R
N ; |x| > R ❡ V (x)u(x) ≥ kf(u(x))

}

❡

B =
{

x ∈ R
N ; |x| > R ❡ V (x)u(x) < kf(u(x))

}

t❡♠♦s ♣♦r (f2)✱ (3) ❡ (4)

J(u)− 1

θ
J ′(u)u

=

(

θ − 2

4θ

)

||u||2 + 1

2k
||u||2 +

∫

RN

(

1

θ
g(x, u)u−G(x, u)

)

dx

=

(

θ − 2

4θ

)

||u||2 + 1

2k
||u||2 +

∫

A

(

1

θ
g(x, u)u−G(x, u)

)

dx

+

∫

B

(

1

θ
g(x, u)u−G(x, u)

)

dx

=

(

θ − 2

4θ

)

||u||2 + 1

2k
||u||2 +

∫

A

(

1

θ
f(u)u− F (u)

)

dx

+

∫

B

(

1

θ
g(x, u)u−G(x, u)

)

dx

≥
(

θ − 2

4θ

)

||u||2 + 1

2k
||u||2 +

∫

B

1

θ
g(x, u)udx− 1

2k

∫

B

V (x)u2dx

=

(

θ − 2

4θ

)

||u||2 +
∫

B

1

θ
g(x, u)udx

+

(

1

2k
||u||2 − 1

2k

∫

B

V (x)u2dx

)

≥
(

θ − 2

4θ

)

||u||2.

❆ss✐♠

|J(u)|+ |J ′(u)u| ≥
(

θ − 2

4θ

)

||u||2, ✭✸✳✷✽✮

♣❛r❛ t♦❞♦s u ∈ E✳ ❊st❛ ú❧t✐♠❛ ✐♥❡q✉❛çã♦ ❣❛r❛♥t❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ é ❧✐♠✐t❛❞❛✳

❆❣♦r❛✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ J s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲

❙♠❛❧❡✳ ❆♥t❡s ❞✐ss♦✱ ♣r♦✈❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s✳

❙❡❥❛♠ r > R ❡

A =
{

x ∈ R
N ; r < |x| < 2r

}

.

❈♦♥s✐❞❡r❡ η : RN → R ✉♠❛ ❢✉♥çã♦✱ t❛❧ q✉❡

η = 1 ❡♠ Bc
2r(0)✱ η = 0 ❡♠ Br(0)✱ 0 ≤ η ≤ 1 ❡ |∇η| < 2

r
.

✻✼



◆♦t❡ q✉❡

(Br × Br)
c = (Bc

r × R
N) ∪ (Br × Bc

r). ✭✸✳✷✾✮

❋❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡❝♦♠♣♦s✐çã♦

Bc
r × R

N = (A× R
N) ∪ (Bc

2r × Br) ∪ (Bc
2r × A) ∪ (Bc

2r × Bc
2r) ✭✸✳✸✵✮

❡

Br × Bc
r = (Br × A) ∪ (Br × Bc

2r). ✭✸✳✸✶✮

▲❡♠❛ ✸✳✷✳✷ ❚❡♠♦s q✉❡
∫

Br

∫

Bc
2r

(un(x)− un(y))(η(x)un(x)− η(y)un(y))K(x− y)dxdy

+

∫

Bc
2r

∫

Br

(un(x)− un(y))(η(x)un(x)− η(y)un(y))K(x− y)dxdy

≥ −
∫

Br

∫

Bc
2r

un(y)
2K(x− y)dxdy.

❉❡♠♦♥str❛çã♦✳
∫

Br

∫

Bc
2r

(un(x)− un(y))(η(x)un(x)− η(y)un(y))K(x− y)dxdy

+

∫

Bc
2r

∫

Br

(un(x)− un(y))(η(x)un(x)− η(y)un(y))K(x− y)dxdy

=

∫

Br

∫

Bc
2r

un(x)(un(x)− un(y))K(x− y)dxdy

−
∫

Bc
2r

∫

Br

un(y)(un(x)− un(y))K(x− y)dxdy

=

∫

Br

∫

Bc
2r

un(x)(un(x)− un(y))K(x− y)dxdy

−
∫

Br

∫

Bc
2r

un(y)(un(x)− un(y))K(x− y)dydx

=

∫

Br

∫

Bc
2r

(un(x)− un(y))
2K(x− y)dxdy

+

∫

Br

∫

Bc
2r

(un(y) + un(x))(un(x)− un(y))K(x− y)dxdy

=

∫

Br

∫

Bc
2r

(un(x)− un(y))
2K(x− y)dxdy

+

∫

Br

∫

Bc
2r

un(x)
2 − un(y)

2K(x− y)dxdy

≥ −
∫

Br

∫

Bc
2r

un(y)
2K(x− y)dxdy.

✻✽



▲❡♠❛ ✸✳✷✳✸ ❙❡❥❛ ǫ > 0✳ ❊①✐st❡ r0 > 0 t❛❧ q✉❡✱ s❡ r > r0 ❡♥tã♦

∫

Br

∫

Bc
2r

un(y)
2K(x− y)dxdy < ǫ,

♣❛r❛ t♦❞♦ n ∈ N✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ y ∈ Br(0)✱

Br(y) ⊂ B2r(0).

❊♥tã♦
∫

B2r(0)c
K(x− y)dx

≤
∫

Br(y)c
K(x− y)dx

=

∫

Br(0)c
K(z)dz.

✭✸✳✸✷✮

P❡❧♦ ▲❡♠❛ ✸✳✷✳✶✱ ❡①✐st❡ L > 0 t❛❧ q✉❡ ||un||2L2 < L ♣❛r❛ t♦❞♦ n ∈ N✳ P♦r (K3) ✭✈❡❥❛

❞❡✜♥✐çã♦ ✶✳✶✳✶✮✱ ❡①✐st❡ r0 > 0 t❛❧ q✉❡

∫

Br(0)c
K(z)dz <

ǫ

L
,

♣❛r❛ t♦❞♦ r > r0✳ ❊♥tã♦✱ ♣♦r ✭✸✳✸✷✮✱ ♣❛r❛ t♦❞♦ n ∈ N ❡ r > r0
∫

Br(0)

∫

B2r(0)c
un(y)

2K(x− y)dxdy

=

∫

Br(0)

un(y)
2

∫

B2r(0)c
K(x− y)dxdy

≤
∫

Br(0)

un(y)
2

∫

Br(0)c
K(z)dzdy

=

∫

Br(0)c
K(z)dz

∫

Br(0)

un(y)
2dy

≤ ǫ
L
L = ǫ.

▲❡♠❛ ✸✳✷✳✹ ❊①✐st❡♠ ❝♦♥st❛♥t❡s K1 > 0 ❡ K2 > 0 t❛✐s q✉❡

∫

A

∫

RN

|un(y)||(un(x)− un(y))||(η(x)− η(y))|K(x− y)dxdy

≤ 2K1

r
||un||L2(A)[un, un]

1
2 +K2||un||L2(A)[un, un]

1
2 .

✻✾



❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡✱
∫

RN

|η(x)− η(y)|2K(x− y)dx =

∫

RN

|η(z + y)− η(y)|2K(z)dz

=

∫

B1(0)

|η(z + y)− η(y)|2K(z)dz

+

∫

Bc
1(0)

|η(z + y)− η(y)|2K(z)dz

≤ 4

r2

∫

B1(0)

|z|2K(z)dz + 4

∫

B1(0)c
K(z)dz

≤ 4

r2
P1 + 4P2,

♦♥❞❡

P1 =

∫

B1

|z|2K(z)dz

❡

P2 =

∫

Bc
1

K(z)dz.

❙❡❥❛ K1 = 2
√
P1 ❡ K2 = 2

√
P2✳ ❊♥tã♦✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r

∫

A

∫

RN

|un(y)||(un(x)− un(y))||(η(x)− η(y))|K(x− y)dxdy

≤ (
2
√
P1

r
+ 2
√

P2)

∫

A

|un(y)|
(∫

RN

|(un(x)− un(y))|2K(x− y)dx

) 1
2

dy

≤ (
K1

r
+K2)||un||L2(A)[un, un]

1
2 .

▲❡♠❛ ✸✳✷✳✺ P❛r❛ ❛s ♠❡s♠❛s ❝♦♥st❛♥t❡s K1 > 0 ❡ K2 > 0 ❞♦ ▲❡♠❛ ✸✳✷✳✹
∫

Br

∫

A

|un(x)− un(y)||η(x)un(x)− η(y)un(y)|K(x− y)dxdy

≤ K1

r
||un||L2(A)[un, un]

1
2 +K2||un||L2(A)[un, un]

1
2 .

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱
∫

Br

∫

A

|un(x)− un(y)||η(x)un(x)− η(y)un(y)|K(x− y)dxdy

=

∫

Br

∫

A

|un(x)||un(x)− un(y)||η(x)|K(x− y)dxdy

=

∫

A

∫

Br

|un(x)||un(x)− un(y)||n(x)− n(y)|K(x− y)dydx

=

∫

A

∫

Br

|un(y)||un(y)− un(x)||n(y)− n(x)|K(y − x)dxdy.

❯s❛♥❞♦ (K1) ❡ ♦ ▲❡♠❛ ✸✳✷✳✹✱ ♣r♦✈❛♠♦s ❡st❡ ❧❡♠❛✳

✼✵



▲❡♠❛ ✸✳✷✳✻ ❚❡♠♦s q✉❡✱

−
∫

Bc
2r

∫

A

un(y)(un(x)− un(y))(η(x)− η(y))K(x− y)dxdy

≤ K1

r
||un||L2(A)[un, un]

1
2 +K2||un||L2(A)[un, un]

1
2 .

❉❡♠♦♥str❛çã♦✳

−
∫

Bc
2r

∫

A

un(y)(un(x)− un(y))(η(x)− η(y))K(x− y)dxdy

=

∫

Bc
2r

∫

A

(un(x)− un(y))
2(η(x)− η(y))K(x− y)dxdy

−
∫

Bc
2r

∫

A

un(x)(un(x)− un(y))(η(x)− η(y))K(x− y)dxdy

=

∫

Bc
2r

∫

A

(un(x)− un(y))
2(n(x)− 1)K(x− y)dxdy

−
∫

Bc
2r

∫

A

un(x)(un(x)− un(y))(n(x)− n(y))K(x− y)dxdy

≤ −
∫

Bc
2r

∫

A

un(x)(un(x)− un(y))(n(x)− n(y))K(x− y)dxdy

= −
∫

Bc
2r

∫

A

un(x)(un(y)− un(x))(n(y)− n(x))K(x− y)dxdy

≤
∫

Bc
2r

∫

A

|un(x)||un(y)− un(x)||n(y)− n(x)|K(x− y)dxdy

=

∫

A

∫

Bc
2r

|un(x)||un(y)− un(x)||n(y)− n(x)|K(y − x)dydx

≤ K1

r
||un||L2(A)[un, un]

1
2 +K2||un||L2(A)[un, un]

1
2 .

◆❛ ú❧t✐♠❛ ✐♥❡q✉❛çã♦✱ ✉s❛♠♦s ♦ ▲❡♠❛ ✸✳✷✳✹✳

Pr♦✈❛r❡♠♦s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ J s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡✳ ■st♦ ❣❛r❛♥t✐rá

❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦ ♥í✈❡❧ c ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✈❡❥❛ ❡q✉❛çã♦ ✭✸✳✷✻✮✮✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✼ ❙✉♣♦♥❤❛ q✉❡ f s❛t✐s❢❛③ (f1) − (f3) ❡ V s❛t✐s❢❛③ (V1)✳ ❊♥tã♦ ♦

❢✉♥❝✐♦♥❛❧ J s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✸✳✷✳✶ ❛ s❡q✉ê♥❝✐❛ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ {un}n∈N é ❧✐♠✐t❛❞❛✳

P♦❞❡♠♦s s✉♣♦r q✉❡ {un}n∈N ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ ❛❧❣✉♠ u ∈ E✳ P❡❧❛ Pr♦♣♦s✐çã♦

✶✳✸✳✺✱ ηun ∈ XK(R
N) ❡ ||ηun|| ≤ C||un||✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0✳ ❈♦♠♦ {un}n∈N

é ❧✐♠✐t❛❞❛✱ ❡♥tã♦ ❛ s❡q✉ê♥❝✐❛ {ηun}n∈N é ❧✐♠✐t❛❞❛ ❡♠ E✳ ▲♦❣♦ I ′(un)(ηun) = on(1)✱ ♦✉

s❡❥❛✱

[un, ηun] +

∫

RN

V (x)u2nηdx =

∫

RN

g(x, un)ηundx+ on(1).

✼✶



▼❛s✱ ♥♦t❡ q✉❡ [un, ηun] = [un, ηun]Bc
r×RN + [un, ηun]Br×Bc

r
✱ ♣♦rq✉❡ η = 0 ❡♠ Br ✭✈❡❥❛

❡q✉❛çã♦ ✭✸✳✷✾✮✮✳ P♦r ✭✸✳✷✾✮✱ ✭✸✳✸✵✮ ❡ ✭✸✳✸✶✮ t❡♠♦s✱

[un, ηun]A×RN + [un, ηun]Bc
2r×A + [un, ηun]Bc

2r×Bc
2r

+[un, ηun]Bc
2r×Br

+ [un, ηun]Br×Bc
2r
+ [un, ηun]Br×A

+

∫

RN

V (x)u2nηdx

=

∫

RN

g(x, un)ηundx+ on(1)

P❡❧♦ ▲❡♠❛ ✸✳✷✳✷✱

[un, ηun]A×RN + [un, ηun]Bc
2r×A +

∫

RN

V (x)u2nηdx

≤
∫

RN

g(x, un)ηundx+

∫

Br

∫

Bc
2r

un(y)
2K(x− y)dxdy − [un, ηun]Br×A + on(1)

❆❝✐♠❛✱ ✉s❛♠♦s q✉❡ [un, ηun]Bc
2r×Bc

2r
= [un, un]Bc

2r×Bc
2r

≥ 0✱ ♣♦✐s η = 1 ❡♠ Bc
2r✳ ❙❡ C ❡

D sã♦ s✉❜❝♦♥❥✉♥t♦s ❞❡ R
N ❡ u ∈ E✱ ❡♥tã♦

[u, ηu]C×D =

∫

C

∫

D

(u(x)− u(y))(ηu(x)− ηu(y))K(x− y)dxdy

=

∫

C

∫

D

η(x)(u(x)− u(y))2K(x− y)dxdy

+

∫

C

∫

D

u(y)(u(x)− u(y))(η(x)− η(y))K(x− y)dxdy.

▲♦❣♦✱
∫

A

∫

RN

η(x)(un(x)− un(y))
2K(x− y)dxdy+

+

∫

Bc
2r

∫

A

η(x)(un(x)− un(y))
2K(x− y)dxdy +

∫

RN

V (x)u2nηdx

≤
∫

RN

g(x, un)ηundx+

∫

Br

∫

Bc
2r

un(y)
2K(x− y)dxdy − [un, ηun]Br×A

−
∫

A

∫

RN

un(y)(un(x)− un(y))(η(x)− η(y))K(x− y)dxdy

−
∫

Bc
2r

∫

A

un(y)(un(x)− un(y))(η(x)− η(y))K(x− y)dxdy + on(1).

✼✷



❉♦s ▲❡♠❛s ✸✳✷✳✹✱ ✸✳✷✳✺ ❡ ✸✳✷✳✻✱ ❝♦♥s❡❣✉✐♠♦s ❝♦♥st❛♥t❡s K1, K2 > 0 t❛✐s q✉❡
∫

RN

V (x)u2nηdx

≤
∫

A

∫

RN

η(x)(un(x)− un(y))
2K(x− y)dxdy

+

∫

Bc
2r

∫

A

η(x)(un(x)− un(y))
2K(x− y)dxdy +

∫

RN

V (x)u2nηdx

≤
∫

RN

g(x, un)ηundx+

∫

Br

∫

Bc
2r

un(y)
2K(x− y)dxdy

+
K1

r
||un||L2(A)[un, un]

1
2 +K2||un||L2(A)[un, un]

1
2 + on(1).

P♦r (2)✱ (f3) ❡ r > R

∫

RN

g(x, un)ηundx ≤ 1

k

∫

RN

ηV (x)u2ndx.

■st♦ ✐♠♣❧✐❝❛ q✉❡✱
(

1− 1

k

)∫

RN

V (x)u2nηdx

≤
∫

Br

∫

Bc
2r

un(y)
2K(x− y)dxdy

+
K1

r
||un||L2(A)[un, un]

1
2 +K2||un||L2(A)[un, un]

1
2 + on(1).

P❡❧♦ ▲❡♠❛ ✸✳✷✳✶✱ ❡①✐st❡ C1 > 0 t❛❧ q✉❡ ||un|| ≤ C1✱ ♣❛r❛ t♦❞♦ n ∈ N✳ ❙❡❣✉❡ q✉❡✱ ♣❛r❛

❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0

(

1− 1

k

)∫

|x|>2r

V (x)u2ndx

≤
∫

Br

∫

Bc
2r

un(y)
2K(x, y)dxdy + C(

1

r
+ 1)||un||L2(A) + on(1).

✭✸✳✸✸✮

❈♦♥s✐❞❡r❡ ǫ > 0✳ P❡❧♦ ▲❡♠❛ ✸✳✷✳✸✱ ♣♦❞❡♠♦s t♦♠❛r r✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ s❛t✐s❢❛✲

③❡♥❞♦
∫

|x|>2r

V (x)u2ndx ≤ ǫ(k − 1)

3k
+ C(

1

r
+ 1)||un||L2(A) + on(1) ✭✸✳✸✹✮

♣❛r❛ t♦❞♦ n ∈ N✳ ❚❛♠❜é♠✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

||u||L2(A) <
ǫ(k − 1)

6C(1
r
+ 1)k

. ✭✸✳✸✺✮

P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ (2) ❞❡ g ❡ (f3)

g(x, un)un ≤ V (x)

k
u2n,

✼✸



♣❛r❛ t♦❞♦ x✱ ❝♦♠ |x| > 2r > R. P♦r ✭✸✳✸✸✮✱

∫

|x|>2r

g(x, un)undx ≤ ǫ

3
+ C

(

1

r
+ 1

)

k

k − 1
||un||L2(A) + on(1).

P♦r ✭✸✳✸✹✮✱ ✭✸✳✸✺✮ ❡ ❛s ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛s ❞♦s ❡s♣❛ç♦s XK(R
N)✱ ♣♦❞❡♠♦s t♦♠❛r n1 ∈ N

t❛❧ q✉❡✱ s❡ n > n1 ❡♥tã♦
∫

|x|>2r

g(x, un)undx ≤ 5ǫ

6
.

P♦❞❡♠♦s s✉♣♦r q✉❡ r > 0 s❛t✐s❢❛③

∫

|x|>2r

g(x, u)udx ≤ ǫ

12
.

◆♦✈❛♠❡♥t❡✱ ✉s❛♥❞♦ ❛s ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛s ❞♦s ❡s♣❛ç♦s XK(R
N) ❡♥❝♦♥tr❛♠♦s n0 ∈ N

❝♦♠ n0 > n1 ❡ t❛❧ q✉❡ s❡ n > n0 ❡♥tã♦
∣

∣

∣

∣

∫

|x|≤2r

g(x, un)undx−
∫

|x|≤2r

g(x, u)udx

∣

∣

∣

∣

<
ǫ

12
.

▲♦❣♦✱ ♣❛r❛ n > n0

∣

∣

∣

∣

∫

RN

g(x, un)undx−
∫

RN

g(x, u)udx

∣

∣

∣

∣

< ǫ,

✐st♦ é✱

lim
n→∞

∫

RN

g(x, un)undx =

∫

RN

g(x, u)udx.

❉❡ I ′(un)un = on(1) ❝♦♥❝❧✉í♠♦s q✉❡ ||un|| → ||u|| ❡ ♣♦rt❛♥t♦ {un} ❝♦♥✈❡r❣❡ ♣❛r❛ u ❡♠

E✳

◆♦ ♣ró①✐♠♦ ❝♦r♦❧ár✐♦✱ ✈❛♠♦s ✉s❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ J s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲

❙♠❛❧❡ ♣❛r❛ ♠♦str❛r q✉❡ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♥♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛

♠♦♥t❛♥❤❛ c✳

❈♦r♦❧ár✐♦ ✸✳✷✳✽ ❙✉♣♦♥❤❛ (V1)✱ (f1) − (f3)✳ ❊♥tã♦✱ ❡①✐st❡ u ∈ E t❛❧ q✉❡ J(u) = c ❡

J ′(u) = 0✳ ▼❛✐s ❛✐♥❞❛✱ u ≥ 0 q✳t✳♣✳ ❡♠ R
N ✳

❉❡♠♦♥str❛çã♦✳ P♦r ✭✸✳✷✺✮ ❡ Pr♦♣♦s✐çã♦ ✸✳✷✳✼✱ ❡①✐st❡ u ∈ E t❛❧ q✉❡ J(u) = c ❡

J ′(u) = 0✳ ❙❡❥❛ A =
{

x ∈ R
N ; |x| > R

}

∩
{

x ∈ R
N ; u(x) < 0

}

✳ ❙❡ x ∈ A✱ ❡♥tã♦✱ ♣♦r

(f3)✱ g(x, u(x)) =
V (x)
k
u(x) ❡ s❡ x ∈ Ac✱ ❡♥tã♦ g(x, u) ≥ 0✳ ❙❡❣✉❡ q✉❡

0 ≥ [u, u−] +

∫

Ac

V (x)uu− =

(

1

k
− 1

)∫

A

V (x)uu− +

∫

Ac

g(x, u)u−dx ≥ 0.

✼✹



❊♥tã♦✱

[u, u−] = 0.

■st♦ ✐♠♣❧✐❝❛ q✉❡ u− = 0✳

❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s ✐♥❡q✉❛çõ❡s ✭✸✳✷✼✮ ❡ ✭✸✳✷✽✮ t❡♠♦s ❛ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✸✳✷✳✾ ❙❡ V ❡ f s❛t✐s❢❛③❡♠ (V1), (V2) ❡ (f1)− (f3) r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥tã♦

❛ s♦❧✉çã♦ u ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r s❛t✐s❢❛③

||u||2 ≤ 2kd,

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ R > 0✳

✸✳✷✳✷ ❊①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çã♦ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ✭P✮

◆❡st❛ s❡çã♦✱ ♠♦str❛r❡♠♦s q✉❡ ♥❛s ❤✐♣ót❡s❡s ❧✐st❛❞❛s ♥♦ ✐♥í❝✐♦ ❞♦ ❝❛♣ít✉❧♦✱ ❡①✐st❡

Λ∗ t❛❧ q✉❡ s❡ Λ > Λ∗✱ ♦ ♣r♦❜❧❡♠❛ P ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡

♣r♦✈❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✶✳

P❡❧♦ ❈♦r♦❧ár✐♦ ✸✳✷✳✽✱ ❡①✐st❡ u ∈ E t❛❧ q✉❡ J(u) = c ❡ J ′(u) = 0✳ ❯s❛♥❞♦ ❛ ❡st✐♠❛✲

t✐✈❛ L∞(RN)✱ ♣r♦✈❛❞❛ ♥❡st❡ ❝❛♣ít✉❧♦ ✭Pr♦♣♦s✐çã♦ ✸✳✶✳✻✮✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛

♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r✳

▲❡♠❛ ✸✳✷✳✶✵ ❆ s♦❧✉çã♦ u ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✸✳✷✹✮ s❛t✐s❢❛③

||u||∞ ≤M(2Skd)
1
2 .

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛s ❢✉♥çõ❡s

H(x, t) =







f(t) se |x| < R ou f(t) ≤ V (x)
k
t

0 se |x| ≥ R e f(t) > V (x)
k
t

❡

b(x) =







V (x) se |x| < R ou f(u) ≤ V (x)
k
u

(

1− 1
k

)

V (x) se |x| ≥ R e f(u) > V (x)
k
u.

◆♦t❡ q✉❡ ❛ ❢✉♥çã♦ u é s♦❧✉çã♦ ❞❡






−LKu+ b(x)u = H(x, u) ❡♠ R
N

u ∈ E.

P♦r (f1)✱

|H(x, t)| ≤ c0|t|p−1

✼✺



♣❛r❛ p ∈ (2, 2∗s)✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡✱

|H(x, u)| ≤ h(x)|u|,

♦♥❞❡ h(x) = C0|u|p−2 ✳ ◆♦t❡ q✉❡ h ∈ L
2∗s
p−2 ❝♦♠

||h||Lq(RN ) ≤ C(2ksd)
p−2
2 ,

❝♦♠♦ ♦ ♥ú♠❡r♦ p s❛t✐s❢❛③

p < 2∗s = 2 +
2s

N
2∗s,

❡♥tã♦✱

q =
2∗s

p− 2
>
N

2s
.

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✻ ❡ ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s ❞♦s ❡s♣❛ç♦s XK(R
N)

||u||∞ ≤M ||u||2∗s ≤MS
1
2 ||u||,

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✾✱

||u||∞ ≤M(2kSd)
1
2 . ✭✸✳✸✻✮

◆♦ ♣ró①✐♠♦ t❡♦r❡♠❛✱ ✈❡r❡♠♦s q✉❡ s❡ Λ ❢♦r ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ✉♠❛ ❝♦♥st❛♥t❡✱ q✉❡

♥ã♦ ❞❡♣❡♥❞❡ ❞❡ R✱ ❡♥tã♦ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r é ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

♣r✐♥❝✐♣❛❧✳

❚❡♦r❡♠❛ ✸✳✷✳✶✶ ❙✉♣♦♥❤❛ q✉❡ V s❛t✐s❢❛③ (V1)✲(V3) ❡ q✉❡ f s❛t✐s❢❛③ (f1)✲(f3)✳ ❙❡ Λ >

Λ∗ := k
p
2 c0M

p−2(2Sd)
p−2
2 ✱ ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ (P ) t❡♠ ✉♠❛ s♦❧✉çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ ♥ã♦

tr✐✈✐❛❧✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ s❡❥❛ |x| ≥ R✳ ❙❡ u(x) = 0 ❡♥tã♦✱ ♣♦r ❞❡✜♥✐çã♦✱ f(u(x)) =

g(x, u(x))✳ ❙❡ u(x) > 0✱ ❡♥tã♦✱ ❝♦♠♦ p > 2✱ ✉s❛♥❞♦ ♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ♦❜t❡♠♦s

f(u(x))

u(x)
≤ c0|u|p−2

≤ c0||u||p−2
∞

=
c0||u||p−2

∞

Λ
Λ

≤ k
p
2 c0M

p−2(2Sd)
p−2
2

Λ

V (x)

k

❉❡✜♥❛

Λ∗ = k
p
2 c0M

p−2(2Sd)
p−2
2 .

✼✻



❙❡ Λ > Λ∗✱ ❡♥tã♦
f(u(x))

u(x)
≤ V (x)

k
.

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ g t❡♠♦s g(x, u(x)) = f(u(x))✳ ❊♥tã♦✱ g(x, u(x)) = f(u(x)) ♣❛r❛ t♦❞♦

x ∈ R
N ✳ P♦rt❛♥t♦✱ u é ✉♠❛ s♦❧✉çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P )✳

✼✼



❈❛♣ít✉❧♦ ✹

❯♠ ❚❡♦r❡♠❛ ❆❜str❛t♦ ❞♦ ❚✐♣♦

❇❡r❡st②❝❦✐✲▲✐♦♥s ❡ ❆♣❧✐❝❛çõ❡s ♣❛r❛

❉✐✈❡rs♦s ❖♣❡r❛❞♦r❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ♣r♦✈❛r❡♠♦s ✉♠ t❡♦r❡♠❛ q✉❡ ♥♦s ❢♦r♥❡❝❡ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ ❢✉♥❝✐✲

♦♥❛✐s ❞❡✜♥✐❞♦s ❡♠ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ❆❧é♠ ❞✐ss♦✱ ✈❡r❡♠♦s q✉❡ ❡st❡ ♣♦♥t♦ ❝rít✐❝♦ ❡stá

❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ❝♦♥❥✉♥t♦✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ P♦❤♦③❛❡✈✳ ❈♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡st❡

t❡♦r❡♠❛ ❛❜str❛t♦✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s

❞♦ t✐♣♦ ❇❡r❡st②❝❦✐✲▲✐♦♥s ❝♦♠ s♦♠❛ ❞❡ ♦♣❡r❛❞♦r❡s ❞♦ t✐♣♦ s✲❧❛♣❧❛❝✐❛♥♦ ❝♦♠ s ∈ (0, 1)✱

❛❧é♠ ❞❡ ♦✉tr❛s ✐♠♣♦rt❛♥t❡s ❛♣❧✐❝❛çõ❡s ♣❛r❛ ♦✉tr❛s ❝❧❛ss❡s ❞❡ ♦♣❡r❛❞♦r❡s✳ ❉❡st❛❝❛♠♦s

q✉❡ ♥❡st❡ ❝❛♣ít✉❧♦✱ t✐✈❡♠♦s ❛ ❝♦❧❛❜♦r❛çã♦ ❞♦ ♣r♦❢❡ss♦r ❈❧❛✉❞✐❛♥♦r ❖❧✐✈❡✐r❛ ❆❧✈❡s✳

✹✳✶ Pr❡❧✐♠✐♥❛r❡s

❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦ ❡ ψ1, ..., ψn, φ : X → R ❢✉♥❝✐♦♥❛✐s ❝♦♥tí✲

♥✉♦s✳ ❱❛♠♦s s✉♣♦r q✉❡✿

• (X1) ❊①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ∗ : [0,∞)×X → X ❡ λ1, ..., λn, λφ ∈ R t❛✐s q✉❡

✭✐✮ ψi(∗(t, u)) = tλiψi(u), ♣❛r❛ t♦❞♦ i ∈ {1, 2, ..., n}❀

✭✐✐✮ φ(∗(t, u)) = tλφφ(u);

✭✐✐✐✮ 0 < max {λ1, ..., λn} < λφ;



✭✐✈✮ ∗(0, u) = 0✱ ♣❛r❛ t♦❞♦ u ∈ X;

✭✈✮ ♣❛r❛ ❝❛❞❛ u ∈ X ✜①♦✱ ❛ ❛♣❧✐❝❛çã♦ t 7−→ ∗(t, u) é ❝♦♥tí♥✉❛✳

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ✉s❛r ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦

ut := ∗(t, u),

J :=
n
∑

i=1

ψi

❡

I = J − φ.

❚❛♠❜é♠ ✈❛♠♦s s✉♣♦r q✉❡ X ♣♦ss✉✐ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞♦ t✐♣♦ P♦❧②❛✲❙③❡❣ö✱ ♦✉

s❡❥❛✱ ✈❛♠♦s s✉♣♦r q✉❡✿

• (X2) ❊①✐st❡♠ s✉❜❝♦♥❥✉♥t♦s ❢r❛❝❛♠❡♥t❡ ❢❡❝❤❛❞♦s X+ ❡ X̃ ❞❡ X ❡ ✉♠❛ ❢✉♥çã♦

Q : X+ → X̃✱ ❝❤❛♠❛❞❛ ❞❡ s✐♠❡tr✐③❛çã♦✱ q✉❡ ❝✉♠♣r❡ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭✐✮ ψi(Q(u)) ≤ ψi(u)✱ ♣❛r❛ t♦❞♦ u ∈ X+ ❡ ♣❛r❛ t♦❞♦ i ∈ {1, 2, ..., n}❀

✭✐✐✮ φ(Q(u)) ≥ φ(u)✱ ♣❛r❛ t♦❞♦ u ∈ X+❀

✭✐✐✐✮ ❙❡ u ∈ X̃✱ ❡♥tã♦ ut ∈ X̃✱ ♣❛r❛ t♦❞♦ t ≥ 0✳

❆❧é♠ ❞♦ q✉❡ ❢♦✐ ♣♦st♦ ❛❝✐♠❛✱ ✈❛♠♦s s✉♣♦r q✉❡✿

• (f1) ❡①✐st❡ u ∈ X t❛❧ q✉❡ φ(u) > 0;

• (f2) φ(0) = 0;

• (f3) ψi(u) ≥ 0 ♣❛r❛ t♦❞♦ u ∈ X✳ ❆❧é♠ ❞✐ss♦✱ ψi(u) = 0, ∀i ∈ {1, 2, ..., n} ⇔ u =

0;

• (f4) ❡①✐st❡ r > 0 t❛❧ q✉❡ s❡ 0 < ||u|| < r✱ ❡♥tã♦

n
∑

i=i

λiψi(u) > λφφ(u);

• (f5) s❡❥❛ {un}n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ s❛t✐s❢❛③❡♥❞♦ φ(un) ≥ 0✳ ❙❡ J(un) → 0✱ ❡♥tã♦

||un|| → 0.

❙❡ {J(un)}n∈N é ❧✐♠✐t❛❞❛✱ ❡♥tã♦ {un}n∈N é ❧✐♠✐t❛❞❛✳

✼✾



• (f6) s❡ {un}n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ X̃ q✉❡ ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ∈ X̃✱

❡♥tã♦

lim sup
n→∞

φ(un) ≤ φ(u);

• (f7) s❡ {up}p∈N ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ❡♠ X✱ ❡♥tã♦

ψi(u) ≤ lim inf
p→∞

ψi(up).

♣❛r❛ t♦❞♦ i ∈ {1, 2, ..., n}✳

❉❡✜♥✐çã♦ ✹✳✶✳✶ ❋✐①❛❞♦s ψ1, ..., ψn ❡ φ ❞❡✜♥✐♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ P♦❤♦③❛❡✈ P ❞❛ s❡✲

❣✉✐♥t❡ ♠❛♥❡✐r❛✿

P = {u ∈ X \ {0} ;λ1ψ1(u) + ...+ λnψn(u) = λφφ(u)} . ✭✹✳✶✮

❉❡✜♥✐♠♦s t❛♠❜é♠ ♦ ♦♣❡r❛❞♦r ❛ss♦❝✐❛❞♦ ❛♦ ❝♦♥❥✉♥t♦ ❞❡ P♦❤♦③❛❡✈ ❝♦♠♦

K(u) = λ1ψ1(u) + ...+ λnψn(u)− λφφ(u) ✭✹✳✷✮

◆♦t❡ q✉❡ K−1(0) = P ∪ {0}✳

❚❛♠❜é♠ ❞❡✜♥✐♠♦s

P+ = P ∩X+.

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s s✉♣♦r q✉❡

• (P ) inf
u∈P

I(u) = inf
u∈P+

I(u).

Pr♦♣♦s✐çã♦ ✹✳✶✳✷ ❙❡❥❛ u ∈ X s❛t✐s❢❛③❡♥❞♦ φ(u) > 0✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ t∗ > 0

t❛❧ q✉❡ ut∗ ∈ P✳ ❆❧é♠ ❞✐ss♦✱

I(ut∗) = max
t>0

I(ut).

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ u ∈ X t❛❧ q✉❡ φ(u) > 0✳ P♦r (f2) t❡♠♦s u 6= 0✳ P❛r❛ ❝❛❞❛ t > 0✱

s❡❥❛

h(t) := I(ut).

P♦r (i) ❡ (ii) ❞❡ (X1)✱

h(t) = tλ1ψ1(u) + ...+ tλnψn(u)− tλφφ(u).

P♦r (iii) ❞❡ (X1) ❡ (f3)✱ ♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ h(t) > 0✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦

φ(u) > 0 t❡♠♦s✱

lim
t→∞

h(t) = −∞.

✽✵



■st♦ ♣r♦✈❛ q✉❡ ❛ ❢✉♥çã♦ h ♣♦ss✉✐ ✉♠ ♠á①✐♠♦ ❡♠ t > 0✳ ❙❡❥❛ t∗ > 0 s❛t✐s❢❛③❡♥❞♦

h(t∗) = I(ut∗) = max
t>0

I(ut).

❉❡ h′(t∗) = 0✱ ❝♦♥❝❧✉í♠♦s q✉❡ ut∗ ∈ P ✳

P❛r❛ ♠♦str❛r q✉❡ t∗ é ú♥✐❝♦✱ ♥♦t❡ q✉❡ ut ∈ P s❡✱ ❡ s♦♠❡♥t❡ s❡✱

λ1t
λ1ψ1(u) + ...+ λnt

λnψn(u) = λφt
λφφ(u).

❙✉♣♦♥❞♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ λ1 = max {λi}ni=1 t❡♠♦s q✉❡ ut ∈ P s❡✱ ❡

s♦♠❡♥t❡ s❡✱

λ1ψ1(u) = −
n
∑

i=2

λit
(λi−λ1)ψi(u) + λφt

(λφ−λ1
)φ(u). ✭✹✳✸✮

▼❛s✱ ♣♦r (iii) ❞❡ (X1)✱ (f3) ❡ φ(u) > 0✱ ❛ ❢✉♥çã♦ m(t) = −∑n
i=2 λit

(λi−λ1)ψi(u) +

λφt
(λφ−λ1

)φ(u) ♣♦ss✉✐ ❞❡r✐✈❛❞❛ ♣♦s✐t✐✈❛ ❡♠ (0,+∞) ❡✱ ♣♦rt❛♥t♦✱ ❞❡✈❡ ❡①✐st✐r s♦♠❡♥t❡

✉♠ t > 0 q✉❡ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ✭✹✳✸✮✳

❈♦r♦❧ár✐♦ ✹✳✶✳✸ ❖ ❝♦♥❥✉♥t♦ ❞❡ P♦❤♦③❛❡✈✱ P✱ é ♥ã♦ ✈❛③✐♦✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ❝♦♠❜✐♥❛r (f1) ❝♦♠ ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✹ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ r > 0 t❛❧ q✉❡

||u|| ≥ r,

♣❛r❛ t♦❞♦ u ∈ P✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ t♦❞♦ u ∈ P

K(u) =
n
∑

i=1

λiψi(u)− λφφ(u) = 0

P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦t❡ q✉❡✱ ♣♦r (f4) ❡①✐st❡ r > 0 t❛❧ q✉❡✱ s❡ ||u|| < r ❡ u 6= 0✱ ❡♥tã♦

K(u) =
∑n

i=1 λiψi(u)− λφφ(u) > 0.

P♦rt❛♥t♦✱ s❡ u ∈ P ✱ ❡♥tã♦

||u|| ≥ r.

❚❡♦r❡♠❛ ✹✳✶✳✺ ❖ ❢✉♥❝✐♦♥❛❧ I é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ P ❡✱ ❛❧é♠ ❞✐ss♦✱ ❡①✐st❡

u0 ∈ P t❛❧ q✉❡

I(u0) = inf
u∈P

I(u).

✽✶



❉❡♠♦♥str❛çã♦✳ ❙❡ u ∈ P ✱ ❡♥tã♦ ♣♦r (f3) ❡ (iii) ❞❡ (X1) t❡♠♦s

I(u) = J(u)− φ(u) =
n
∑

i=1

ψi(u)−
n
∑

i=1

λi
λφ
ψi(u) =

n
∑

i=1

(

1− λi
λφ

)

ψi(u) ≥ 0 ✭✹✳✹✮

❙❡❥❛

I∞ = inf
u∈P

I(u) = inf
u∈P+

I(u)

❡ {un}n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ❡♠ P+✱ ♦✉ s❡❥❛✱ {un}n∈N ⊂ P+ ❡

I(un) → I∞.

❙❡❥❛ {Q(un)}n∈N ⊂ X̃ s❛t✐s❢❛③❡♥❞♦ ✭✈❡❥❛ (X2)✮

J(Q(un)) ≤ J(un)

❡

φ(Q(un)) ≥ φ(un).

❈♦♠♦ ❝❛❞❛ un ∈ P ✱ ❡♥tã♦

φ(Q(un)) ≥ φ(un) > 0

P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✷✱ ❡①✐st❡ t∗n > 0 t❛❧ q✉❡ (Q(un))t∗n ∈ P ✳ ❖❜s❡r✈❡ q✉❡

I∞ ≤ I
(

(Q(un))t∗n
)

≤ I
(

(un)t∗n
)

≤ max
t>0

I ((un)t) = I(un),

♦♥❞❡ ♥❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ✉s❛♠♦s ❛ ✉♥✐❝✐❞❛❞❡ ♥♦ s❡♥t✐❞♦ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✷ ❡ ♦ ❢❛t♦

❞❡ un ∈ P ✳ P♦rt❛♥t♦✱

I
(

(Q(un))t∗n
)

→ I∞.

❡ ♣♦r (iii) ❞❡ (X2)✱ (Q(un))t∗n ∈ X̃✳ ❊♠ r❡s✉♠♦✱ ♣r♦✈❛♠♦s q✉❡ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐✲

❞❛❞❡✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r q✉❡ ❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ {un}n∈N ❡stá ❡♠ X̃ ∩ P ✳ P❡❧❛

❡q✉❛çã♦ ✭✹✳✹✮✱ {J(un)}n∈N é ❧✐♠✐t❛❞❛✳ P♦r (f5)✱ ❛ s❡q✉ê♥❝✐❛ {un} é ❧✐♠✐t❛❞❛ ❡♠ X✳

❈♦♠♦ X̃ é ❢r❛❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ {un}n∈N ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛

❛❧❣✉♠ u ∈ X̃✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✳ ❉❡ un ∈ P ✱ ♣❛r❛ ❝❛❞❛ n ∈ N t❡♠♦s

φ(un) > 0.

▲♦❣♦✱ ♣♦r (f6)

φ(u) ≥ 0.

✽✷



❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦ q✉❡ φ(u) = 0✳ ❊♥tã♦✱ t❡♠♦s

φ(un) → 0.

▼❛s✱ ❝❛❞❛ un ♣❡rt❡♥❝❡ à P ✳ ▲♦❣♦✱

J(un) → 0.

P♦r (f5)✱ t❡♠♦s

||un|| → 0,

❝♦♥tr❛❞✐③❡♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✹✳ P♦rt❛♥t♦

φ(u) > 0.

■st♦ ✐♠♣❧✐❝❛ q✉❡ u 6= 0✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✷✱ ❡①✐st❡ t∗ > 0 t❛❧ q✉❡

ut∗ ∈ P .

P♦r (i) ❡ (ii) ❞❡ (X1)✱ ♣❛r❛ t♦❞♦ p ∈ N✱

I(up) = maxt>0 I ((up)t)

≥ I ((up)t∗)

=
∑n

i=1 ψi((up)t∗)− φ((up)t∗)

=
∑n

i=1(t
∗)λiψi(up)− (t∗)λφφ(up)

❊st❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ (f6) ❡ (f7) ✐♠♣❧✐❝❛♠ q✉❡

I∞ ≥ lim infp→∞

(
∑n

i=1(t
∗)λiψi(up)− (t∗)λφφ(up)

)

≥∑n
i=1(t

∗)λiψi(u)− (t∗)λφφ(u)

= I(ut∗).

❊✱ ❝♦♠♦ ut∗ ∈ P ✱ ❡♥tã♦

I∞ = I(ut∗).

Pr♦♣♦s✐çã♦ ✹✳✶✳✻ ❚❡♠♦s q✉❡✱

inf
u∈P

I(u) > 0.
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❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❡q✉❛çã♦ ✭✹✳✹✮ t❡♠♦s infu∈P I(u) ≥ 0✳ ❙❡ infu∈P I(u) = 0✱ ❡♥tã♦✱

♥♦✈❛♠❡♥t❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✹✮✱ ♣♦❞❡rí❛♠♦s s❡❧❡❝✐♦♥❛r ✉♠❛ s❡q✉ê♥❝✐❛ {un}n∈N ❡♠ P t❛❧

q✉❡ J(un) → 0✳ ▼❛s✱ ♣❡❧❛ ❤✐♣ót❡s❡ (f5) ✐st♦ ✐♠♣❧✐❝❛r✐❛ q✉❡ ||un|| → 0✳ ❊st❛ ú❧t✐♠❛

❝♦♥✈❡r❣ê♥❝✐❛ ❝♦♥tr❛❞✐③ ❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✹✳ P♦rt❛♥t♦✱

inf
u∈P

I(u) > 0.

✹✳✷ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧

▲❡♠❛ ✹✳✷✳✶ ❙❡❥❛♠ u ∈ P ❡ t ≥ 0✳ ❉❡✜♥❛ γ(t) := ut✳ ❊♥tã♦

lim
t→∞

I(γ(t)) = −∞.

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱

I(γ(t)) =
n
∑

i=1

tλ
i

ψi(u)− tλφφ(u). ✭✹✳✺✮

❈♦♠♦ u ∈ P ✱ s❡❣✉❡ q✉❡✱

φ(u) > 0.

❊st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ❛ ❤✐♣ót❡s❡ (iii) ❞❡ (X1) ❞❡♠♦♥str❛♠ ♦ ❧❡♠❛✳

▲❡♠❛ ✹✳✷✳✷ ❙❡❥❛ γ : R → X ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ s❛t✐s❢❛③❡♥❞♦

• γ(0) = 0❀

• lim
t→+∞

I(γ(t)) = −∞✳

❊♥tã♦✱ ❡①✐st❡ t0 > 0 t❛❧ q✉❡ γ(t0) ∈ P✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ γ(t) 6= 0 ♣❛r❛ t♦❞♦ t > 0✳ ❙❡❥❛

K(u) =
n
∑

i=1

λiψi(u)− λφφ(u).

P♦r (f4)✱ ❡①✐st❡ r > 0 t❛❧ q✉❡ s❡ 0 < ||u|| < r ❡♥tã♦

K(u) > 0.

❈♦♠♦ γ(0) = 0✱ γ ❡ K sã♦ ❝♦♥tí♥✉❛s✱ ❡♥tã♦ ♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠♦s

K(γ(t)) > 0.

✽✹



◆♦t❡ q✉❡✱ ♣♦r (iii) ❞❡ (X1) ❡ (f3)

K(u) = λφI(u) +
n
∑

i=1

(λi − λφ)ψi(u) ≤ λφI(u).

❆ss✐♠✱ ♣♦r ❤✐♣ót❡s❡ ❡ ♣❡❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ t❡♠♦s✱ ♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

q✉❡ K(γ(t)) < 0✳ P❡❧♦ t❡♦r❡♠❛ ❞♦ ✈❛❧♦r ✐♥t❡r♠❡❞✐ár✐♦✱ ❡①✐st❡ t > 0 t❛❧ q✉❡

K(γ(t)) = 0.

P♦rt❛♥t♦✱ γ(t) ∈ P ✳ P❛r❛ ♦ ❝❛s♦ ❣❡r❛❧✱ ❝♦♥s✐❞❡r❡ γ s❛t✐s❢❛③❡♥❞♦ ❛s ❤✐♣ót❡s❡s ❞♦ ❧❡♠❛✳

P♦r ❤✐♣ót❡s❡✱ ❡①✐st❡ t0 > 0 t❛❧ q✉❡ I(γ(t)) < 0 ♣❛r❛ t♦❞♦ t > t0✳ ❈♦♠♦ I(0) = 0

✭❤✐♣ót❡s❡s (f2) ❡ (f3)✮✱ ❡♥tã♦ γ(t) 6= 0 ♣❛r❛ t♦❞♦ t > t0✳ ❉❡✜♥❛

t̃ = sup {t ∈ [0,+∞); γ(t) = 0} .

P♦r ❝♦♥t✐♥✉✐❞❛❞❡✱ γ(t̃) = 0✳ ❉❡✜♥❛✱

β(t) = γ(t+ t̃)

❡ ♥♦t❡ q✉❡ β(0) = 0✱ lim
t→∞

I(β(t)) = −∞ ❡ β(t) 6= 0✱ ♣❛r❛ t♦❞♦ t > 0✳ P❡❧❛ ♣r✐♠❡✐r❛

♣❛rt❡ ❞♦ q✉❡ ♣r♦✈❛♠♦s✱ ❡①✐st❡ t0 > 0 t❛❧ q✉❡

β(t0) ∈ P .

P♦rt❛♥t♦ γ(t0 + t̃) ∈ P ✳

❆ s❡❣✉✐r✱ ✉s❛r❡♠♦s ♦ ❧❡♠❛ ❞❡ ❞❡❢♦r♠❛çã♦ q✉❡ s❡ ❡♥❝♦♥tr❛ ❡♠ ❬✸✷❪ ♣❛r❛ ♠♦str❛r ♦

t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧ ❞❡st❛ s❡çã♦✳ ❊st❡ ❧❡♠❛ ❞❡ ❞❡❢♦r♠❛çã♦ é ✉♠❛ ✈❡rsã♦ ♣❛r❛ ♦♣❡r❛❞♦r❡s

❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③ ❞♦ ❧❡♠❛ ❞❡ ❞❡❢♦r♠❛çã♦ ✉s✉❛❧ ✭✈❡❥❛ ▲❡♠❛ ✶✳✶✹ ❞❡ ❬✺✸❪✮✳ ❯♠❛

❢✉♥çã♦ u ∈ X é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ ✉♠ ❢✉♥❝✐♦♥❛❧ ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③ I : X → R✱

s❡ 0 ∈ ∂I(u)✱ ♦♥❞❡ ∂I(u) ❞❡♥♦t❛ ♦ ❣r❛❞✐❡♥t❡ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ I✳ ❘❡❝♦r❞❛♠♦s q✉❡ ♦

❣r❛❞✐❡♥t❡ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ I ❡♠ u é ♦ ❝♦♥❥✉♥t♦

∂I(u) = {µ ∈ X∗ : I0(u, v) ≥ 〈µ, v〉, ∀v ∈ X}

♦♥❞❡ I0(u, v) ❞❡♥♦t❛ ❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧ ❞❡ I ❡♠ u ♥❛ ❞✐r❡çã♦ ❞❡ v ∈ X ❡ é ❞❡✜♥✐❞♦

♣♦r

I0(u, v) = lim sup
h→0,λ↓0

I(u+ h+ λv)− I(u+ h)

λ
.

P❛r❛ ♠❛✐s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❢✉♥❝✐♦♥❛✐s ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤t③ ❡ ❣r❛❞✐❡♥t❡ ❣❡♥❡r❛❧✐③❛❞♦✱

✐♥❞✐❝❛♠♦s ♦s tr❛❜❛❧❤♦s ❞❡ ❈❤❛♥❣ ❡♠ ❬✶✽❪✱ ❈❧❛r❦❡ ❡♠ ❬✷✵❪ ❡ ❙❛♥t♦s ❡♠ ❬✹✾❪✳
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❚❡♦r❡♠❛ ✹✳✷✳✸ ✭▲❡♠❛ ❞❡ ❉❡❢♦r♠❛çã♦✮ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ I ✉♠ ❢✉♥❝✐✲

♦♥❛❧ ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✳ ◗✉❛♥❞♦ a ∈ R✱ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r Ia = {u ∈ X; I(u) ≤ a}✳
❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡♠ c ∈ R, S ⊂ E ❡ α, δ, ǫ0 > 0 s❛t✐s❢❛③❡♥❞♦

β(x) := min {||z||E∗ ; z ∈ ∂I(x)} ≥ α, ♣❛r❛ t♦❞♦ x ∈ I−1([c− ǫ0, c+ ǫ0]) ∩ S2δ,

♦♥❞❡ S2δ é ✉♠❛ 2δ✲✈✐③✐♥❤❛♥ç❛ ❞❡ S✱ ❡♥tã♦ ♣❛r❛ 0 < ǫ < min{ δα
2
, ǫ0} ❡①✐st❡ η : E → E✱

✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ s❛t✐s❢❛③❡♥❞♦✿

• η(u) = u✱ s❡ u /∈ I−1([c− ǫ0, c+ ǫ0]) ∩ S2δ❀

• η(Ic+ǫ ∩ S) ⊂ Ic−ǫ❀

• I(η(u)) ≤ I(u) ♣❛r❛ t♦❞♦ u ∈ X✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✹ ❙❡❥❛ I : X → R ✉♠ ❢✉♥❝✐♦♥❛❧ ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✳ ❙❡❥❛ x0 ∈ X ❡

s✉♣♦♥❤❛ q✉❡

0 /∈ ∂I(x0).

❊♥tã♦ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡✱ s❡ |x− x0| < ǫ ❡♥tã♦

β(x) := inf {||z||E∗ ; z ∈ ∂I(x)} > ǫ.

❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ♣❛r❛ ❝❛❞❛ ǫ = 1
n
✱ ❡①✐st✐r✐❛ xn ❡♠ X s❛t✐s❢❛③❡♥❞♦

|x0 − xn| <
1

n
❡ β(xn) <

1

n
.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st✐r✐❛ zn ∈ ∂I(xn) s❛t✐s❢❛③❡♥❞♦

||zn||X∗ <
1

n
.

P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ (A4) ❞❛ ♣á❣✐♥❛ ✶✽ ❞❡ ❬✹✾❪✱ t❡♠♦s

I0(x, v) ≥ lim supn→∞ I0(xn, v)

≥ lim supn→∞ zn(v)

= 0 = 0(v).

♣❛r❛ t♦❞♦ v ∈ E✳ P♦rt❛♥t♦ 0 ∈ ∂I(x0)✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❈♦♠ ❡st❡ r❡s✉❧t❛❞♦✱ ♣r♦✈❛r❡♠♦s ♦ ♣r✐♥❝✐♣❛❧ t❡♦r❡♠❛ ❞❡st❡ ❝❛♣ít✉❧♦✳

❚❡♦r❡♠❛ ✹✳✷✳✺ ❙❡❥❛♠ X✱ φ✱ ψ1✱✳✳✳✱ ψn s❛t✐s❢❛③❡♥❞♦ (f1) − (f7), (X1)✱ (X2) ❡ (P )✳

❊♥tã♦✱ ❡①✐st❡ u ∈ P t❛❧ q✉❡ I(u) = infw∈P I(w), ♦♥❞❡

I =
n
∑

i=1

ψi − φ.

❙❡ I é ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤t③✱ ❡♥tã♦ u é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ I ❡♠ X✱ ♦✉ s❡❥❛✱

0 ∈ ∂I(u).

✽✻



❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✳✺✱ ❡①✐st❡ u ∈ P t❛❧ q✉❡

I(u) = inf
w∈P

I(w).

❙✉♣♦♥❤❛ ♣♦r ❛❜s✉r❞♦ q✉❡ u /∈ ∂I(x0)✳ ◆❡st❡ ❝❛s♦✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✷✳✹✱ ❡①✐st❡ ǫ′ > 0

t❛❧ q✉❡

• ❙❡ |x− u| < ǫ′ ❡♥tã♦ β(x) > ǫ′.

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✹✳✷✳✸ ♣❛r❛ c = infu∈P I(u)✱ δ = ǫ′

4
✱ ǫ0 = c

2
✱ α = ǫ′ ❡ S = B ǫ′

2
(u)✱

❝♦♥s❡❣✉✐♠♦s ✉♠ ✢✉①♦ η s❛t✐s❢❛③❡♥❞♦

• η(u) = u✱ s❡ u /∈ I−1([c− ǫ0, c+ ǫ0]) ∩ S2δ❀

• η(Ic+ǫ ∩ S) ⊂ Ic−ǫ❀

• I(η(u)) ≤ I(u) ♣❛r❛ t♦❞♦ u ∈ X✱

♣❛r❛ ❛❧❣✉♠ ǫ > 0✳ ❉❡✜♥❛

β(t) := η(γ(t)),

♦♥❞❡ γ(t) = ut✳ P♦r (v) ❞❡ (X1)✱ ❛ ❢✉♥çã♦ β é ❝♦♥tí♥✉❛✳ ❊✱ ❛✐♥❞❛ ♣♦r (iv) ❞❡ (X1) ❡

I(0) < c− ǫ0,

β(0) = η(γ(0)) = η(0) = 0.

P❡❧♦ ▲❡♠❛ ✹✳✷✳✶

lim
t→+∞

I(β(t)) = lim
t→+∞

I(η(γ(t))) ≤ lim
t→+∞

I(γ(t)) = −∞. ✭✹✳✻✮

❆❣♦r❛✱ ♣❡❧♦ ▲❡♠❛ ✹✳✷✳✷✱ ❡①✐st❡ t∗ > 0 t❛❧ q✉❡ β(t∗) ∈ P ✳ P♦rt❛♥t♦✱

c ≤ I(β(t∗)) ≤ max
t>0

I(β(t)). ✭✹✳✼✮

❈♦♠♦ I(u) = c < c+ ǫ✱ γ(1) = u✱ I ❡ γ sã♦ ❝♦♥tí♥✉❛s✱ ❡♥tã♦ ♣♦❞❡♠♦s t♦♠❛r τ > 0 t❛❧

q✉❡ s❡ t ∈ [1− τ, 1 + τ ] ❡♥tã♦ γ(t) ∈ Ic+ǫ ∩ S2δ✳ ❆ss✐♠✱ s❡ t ∈ [1− τ, 1 + τ ] t❡♠♦s ♣❡❧♦

❧❡♠❛ ❞❡ ❞❡❢♦r♠❛çã♦ q✉❡

I(β(t)) = I(η(γ(t))) ≤ c− ǫ.

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ t /∈ [1− τ, 1 + τ ]✳ ◆❡st❡ ❝❛s♦✱

I(β(t)) = I(η(γ(t))) ≤ I(γ(t)) < max
t>0

I(γ(t)) = I(γ(1)) = c

✽✼



✭◆❛ ♣❡♥ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✱ ✉s❛♠♦s ❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✷✮✳ ❊♠ q✉❛❧q✉❡r ❝❛s♦✱ t❡♠♦s

I(β(t)) < c.

P❡❧❛ ❡q✉❛çã♦ ✭✹✳✻✮ ❡ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ I(β(t))✱ ❡①✐st❡ t1 > 0 t❛❧ q✉❡

max
t>0

I(β(t)) = I(β(t1)) < c. ✭✹✳✽✮

❆s ❡q✉❛çõ❡s ✭✹✳✼✮ ❡ ✭✹✳✽✮ ❣❡r❛♠ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦

0 ∈ ∂I(u).

❈♦r♦❧ár✐♦ ✹✳✷✳✻ ❙❡❥❛♠ X✱ φ✱ ψ1✱✳✳✳✱ ψn s❛t✐s❢❛③❡♥❞♦ (f1) − (f7), (X1)✱ (X2) ❡ (P )✳

❙✉♣♦♥❤❛ q✉❡ φ✱ ψ1✱✳✳✳✱ ψn ∈ C1(X,R)✳ ❊①✐st❡ u ∈ P q✉❡ s❛t✐s❢❛③ I(u) = infw∈P I(w),

♦♥❞❡

I =
n
∑

i=1

ψi − φ.

❆❧é♠ ❞✐ss♦✱ u é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ I ❡♠ X✱ ♦✉ s❡❥❛✱

I ′(u) = 0.

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ♥♦t❛r q✉❡ s❡ I ∈ C1(X,R)✱ ❡♥tã♦

∂I(u) = {I ′(u)} ,

♣❛r❛ t♦❞♦ u ∈ X✳ P♦rt❛♥t♦✱ ♦ ❝♦r♦❧ár✐♦ s❡❣✉❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳

◆❛s ♣ró①✐♠❛s s❡çõ❡s✱ ♠♦str❛r❡♠♦s ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ❞♦ ❈♦r♦❧ár✐♦ ✹✳✷✳✻ ❡ ✉♠❛

❛♣❧✐❝❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✷✳✺✳

✹✳✸ ❆♣❧✐❝❛çõ❡s ✲ ❙♦♠❛ ❞❡ s✲▲❛♣❧❛❝✐❛♥♦s ❝♦♠ 0 < s < 1

❈♦♥s✐❞❡r❡ sm ∈ (0, 1) ❡ f : R → R ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦✿

✭✐✮ lims→0
f(s)
s

= 0❀

✭✐✐✮ lim sups→+∞
|f(s)|
|s|q−1 <∞✱ ♣❛r❛ ❛❧❣✉♠ q ∈ (1, 2∗sm − 1) ♦♥❞❡

2∗sm =
2N

N − 2sm
.

✽✽



✭✐✐✐✮ ❊①✐st❡ τ > 0 t❛❧ q✉❡ G(τ) =
∫ τ

0

g(s)ds > 0✱ ♦♥❞❡

g(s) = f(s)− s. ✭✹✳✾✮

❱❛♠♦s s✉♣♦r t❛♠❜é♠ q✉❡ f(s) = 0✱ ♣❛r❛ s ≤ 0 ❡ f(s) > 0 ♣❛r❛ s > 0✳ ❉❡✜♥❛

F (z) =

∫ z

0

f(t)dt

❡

G(z) =

∫ z

0

g(t)dt.

❚❡♦r❡♠❛ ✹✳✸✳✶ ❙❡❥❛♠ 0 < s1 ≤ ... ≤ sm < 1 ❡ N > 2sm✳ ❉❡✜♥❛ I : Hsm(RN) → R

♣♦r

I(u) = J(u)−
∫

RN

G(u)dx.

♦♥❞❡

J(u) =
m
∑

i=1

1

2

∫

RN

∫

RN

(u(x)− u(y))2

|x− y|N+2si
dxdy.

❊♥tã♦✱ ❡①✐st❡ u0 ∈ P t❛❧ q✉❡

I ′(u0) = 0.

❆❧é♠ ❞✐ss♦✱

I(u0) = inf
u∈P

I(u),

♦♥❞❡

P =

{

u ∈ Hsm(RN) \ {0};
m
∑

i=1

(N − 2si)

2

∫

RN

∫

RN

(u(x)− u(y))2

|x− y|N+2si
dxdy = N

∫

RN

G(u)dx

}

.

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥❛✱ ♣❛r❛ ❝❛❞❛ i ∈ {1, 2, ...,m}

φ(u) =

∫

RN

G(u)dx,

ψi(u) =
1

2

∫

RN

∫

RN

(u(x)− u(y))2

|x− y|N+2si
dxdy

❡

∗(t, u) := ut,

♦♥❞❡

ut(x) := u
(x

t

)

s❡ t 6= 0 ❡ u0(x) := 0.

➱ ❢á❝✐❧ ✈❡r q✉❡

✽✾



• ψ1, ψ2, ..., ψm, φ ∈ C1(Hsm(RN),R);

• P❛r❛ t♦❞♦ t ≥ 0✱ u ∈ Hsm(RN) ❡ i ∈ {1, 2, ...m}

φ(ut) = tNφ(u) ❡ ψi(ut) = tN−2siψi(u).

P♦rt❛♥t♦ ❛s ❤✐♣ót❡s❡s✱ (i), (ii), (iii) ❡ (iv) ❞❡ (X1) ❡stã♦ ✈❡r✐✜❝❛❞❛s✳ ❱❛♠♦s ♣r♦✈❛r ❛

s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✿

❆✜r♠❛çã♦ ✹✳✸✳✵✳✶ P❛r❛ ❝❛❞❛ u ∈ Hsm(RN), ❛ ❛♣❧✐❝❛çã♦ t 7−→ ut é ❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ u = φ ∈ C∞
0 (RN)✳ ❙❡❥❛ {tp}p∈N ✉♠❛ s❡q✉ê♥❝✐❛

❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ t✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φ✱ é ❢á❝✐❧ ✈❡r q✉❡
{

φtp

}

p∈N
❝♦♥✈❡r❣❡ q✳t✳♣✳

♣❛r❛ φt✳ ❆❧é♠ ❞✐ss♦✱

||φtp ||2 = tN−2sm
p ψm(φ) + tNp ||φ||2,

✐♠♣❧✐❝❛♥❞♦ q✉❡ ||φtp ||2 → ||φt||2✳ ◆♦t❡ q✉❡✱
{

φtp

}

p∈N
é ❧✐♠✐t❛❞❛✱ ❡♥tã♦ ❡st❛ s❡q✉ê♥❝✐❛

❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ ❛❧❣✉♠ w ∈ Hsm(RN)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱
{

φtp

}

p∈N
❝♦♥✈❡r❣❡

q✳t✳♣✳ ♣❛r❛ w✳ ▲♦❣♦✱ w = φt✳ ❊♠ r❡s✉♠♦✿

✭✐✮
{

φtp

}

p∈N
❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ φt❀

✭✐✐✮ ||φtp ||2 → ||φt||2✳

■st♦ ✐♠♣❧✐❝❛ q✉❡ φtp → φt ❡♠ Hsm(RN)✳ P♦rt❛♥t♦✱ ❛ ❛♣❧✐❝❛çã♦ t 7→ φt é ❝♦♥tí♥✉❛✳ P❛r❛

♦ ❝❛s♦ ❣❡r❛❧✱ s❡❥❛ u ∈ Hsm(RN) ❡ ❝♦♥s✐❞❡r❡ {φn}n∈N ⊂ C∞
0 (RN) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

❢✉♥çõ❡s ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ ❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ u ❡♠ Hsm(RN)✳ ❙❡❥❛ [a, b] ⊂ R
+∪{0}

✉♠ ✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦✳ P❛r❛ t♦❞♦ t ∈ [a, b] t❡♠♦s✱

||(φn)t − ut||2 = ψi((φn)t − ut) + ||(φn)t − ut||22
= ψi((φ− u)t) + ||φt − ut||22
≤ C||u− φn||2,

♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ ❆ss✐♠✱ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s t 7→ (φn)t

❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [a, b] ♣❛r❛ ❛ ❢✉♥çã♦ t 7→ ut✳ P♦rt❛♥t♦✱ t 7→ ut é ❝♦♥tí♥✉❛

❡♠ [a, b]✳ ❈♦♠♦ [a, b] ❢♦✐ q✉❛❧q✉❡r✱ ❡♥tã♦ ❡st❛ ❢✉♥çã♦ é ❝♦♥tí♥✉❛✳

❉❡✜♥✐♥❞♦✱

Q : Hsm(RN) −→ Hsm
rad(R

N)

u 7−→ (u+)∗

✾✵



♦♥❞❡ (u+)∗ é ❛ s✐♠❡tr✐③❛çã♦ ❞❡ ❙❝❤✇❛rt③ ❞❡ u+ ✭✈❡❥❛ ❬✸✶❪ ❡ ❬✹✶❪ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s

s♦❜r❡ ❛ s✐♠❡tr✐③❛çã♦ ❞❡ ❙❝❤✇❛rt③✮✱ t❡♠♦s ♣♦r ❬✹✹❪✱ q✉❡ ❛ ❝♦♥❞✐çã♦ (X2) é s❛t✐s❢❡✐t❛

♣❛r❛ X+ = Hsm(RN) ❡ X̃ = Hsm
rad(R

N)✳

❆✜r♠❛çã♦ ✹✳✸✳✵✳✷ ❊①✐st❡ u ∈ Hsm(RN) t❛❧ q✉❡ φ(u) > 0✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ n ∈ N✱ s❡❥❛ φn ∈ C∞
0 (B1+ 1

n
(0)) t❛❧ q✉❡ φn = τ ❡♠ B1(0)

❡ |φn| ≤ τ ✳ ◆♦t❡ q✉❡
∫

RN

G(φ)dx =

∫

B1(0)

G(φ)dx+

∫

B
1+ 1

n
(0)\B1

G(φ)dx

❡
∣

∣

∣

∣

∣

∫

B
1+ 1

n
(0)\B1(0)

G(φ)dx

∣

∣

∣

∣

∣

≤
(

sup
{|t|≤τ}

G(t)

)

|B1+ 1
n
\B1(0)|.

❈♦♠♦

|B1+ 1
n
\B1(0)| → 0

q✉❛♥❞♦ n→ ∞✱ ❡♥tã♦ ♣♦❞❡♠♦s t♦♠❛r n0 ∈ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❛❧ q✉❡

∫

RN

G(φ)dx =

∫

B1(0)

G(φ)dx+

∫

B
1+ 1

n
(0)\B1

G(φ)dx

≥ G(τ)|B1(0)| −
(

sup
{|t|≤τ}

G(t)

)

|B1+ 1
n
\B1(0)|

> 0,

♣♦✐s G(τ) > 0✳ ■st♦ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ❞❛ ❛✜r♠❛çã♦ ✷✳

❚❛♠❜é♠ é ❢á❝✐❧ ✈❡r q✉❡✿

• φ(0) = 0❀

• ψi(u) ≥ 0 ♣❛r❛ t♦❞♦ u ∈ X✳ ❆❧é♠ ❞✐ss♦✱ ψi(u) = 0, ∀i ∈ {1, 2, ..., n} ⇔ u = 0; ✳

❆✜r♠❛çã♦ ✹✳✸✳✵✳✸ ❊①✐t❡ r > 0 t❛❧ q✉❡ s❡ 0 < ||u|| < r ❡♥tã♦
n
∑

i=i

λiψi(u) > λφφ(u).

❉❡♠♦♥str❛çã♦✳ P❛r❛ ǫ < 1
2
✱ ❡♥❝♦♥tr❛♠♦s Cǫ > 0 t❛❧ q✉❡

λmψm(u)−Nφ(u) = λmψm(u) +
N

2

∫

RN

u2dx−N

∫

RN

F (u)dx

≥ λmψm(u) +N(
1

2
− ǫ)

∫

RN

u2dx−NCǫ

∫

RN

|u|qdx

≥ C||u||2 − C1||u||q,
♦♥❞❡ C,C1 > 0 sã♦ ❝♦♥st❛♥t❡s✳ ❈♦♠♦ q > 2✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

✾✶



❆✜r♠❛çã♦ ✹✳✸✳✵✳✹ ❙✉♣♦♥❤❛ q✉❡ {un} é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ Hsm(RN)✱ s❛t✐s❢❛③❡♥❞♦

J(un) → 0 ❡ φ(un) ≥ 0 ♣❛r❛ t♦❞♦ n ∈ N✳ ❊♥tã♦ ||un|| → 0✳ ❆❧é♠ ❞✐ss♦✱ s❡ {J(un)}n∈N
é ❧✐♠✐t❛❞❛✱ ❡♥tã♦ {un}n∈N t❛♠❜é♠ é ❧✐♠✐t❛❞❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ u✱ ❝♦♠ φ(u) ≥ 0✳ P❡❧❛s ❝♦♥❞✐çõ❡s ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡♠ f ✱ ❡♥❝♦♥✲

tr❛♠♦s C 1
4
> 0 t❛❧ q✉❡

∫

RN

F (u)dx ≤ 1

4

∫

RN

u2dx+ C 1
4

∫

RN

|u|2∗smdx.

❙❡ φ(u) ≥ 0✱ t❡♠♦s

1

2

∫

RN

u2dx ≤ φ(u) +
1

2

∫

RN

u2dx

=

∫

RN

F (u)dx

≤ 1

4

∫

RN

u2dx+ C 1
4

∫

RN

|u|2∗mdx.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❝rít✐❝❛ ❞❡ ❙♦❜♦❧❡✈ ✭✈❡❥❛ t❡♦r❡♠❛ ✻✳✺ ❡♠ ❬✷✹❪✮✱

1

2

∫

RN

u2dx ≤ C 1
4
C1[ψm(u)]

2∗sm ≤ C 1
4
C1[J(u)]

2∗sm ,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C1 > 0✳ P♦rt❛♥t♦✱

||u||2 ≤ J(u) + 2C1C[J(u)]
2∗sm .

P♦r ❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ é ❢á❝✐❧ ❝♦♥❝❧✉✐r ❛ ♣r♦✈❛ ❞❛ ❛✜r♠❛çã♦ ✹✳✸✳✵✳✹✳

❆✜r♠❛çã♦ ✹✳✸✳✵✳✺ ❙❡ {un}n∈N ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ❡♠ Hsm
rad(R

N)✱ ❡♥tã♦

lim sup
n→∞

φ(un) ≤ φ(u).

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ f ♥❛ ♦r✐❣❡♠ ❡ ♥♦ ✐♥✜♥✐t♦

❣❛r❛♥t❡♠ q✉❡ ♣❛r❛ ❝❛❞❛ ǫ > 0 ❡①✐st❡ Cǫ > 0 t❛❧ q✉❡

F (s) ≤ ǫ

6L
s2 + Cǫ|s|p.

♦♥❞❡ ||un||2 < L ♣❛r❛ t♦❞♦ n ∈ N✳ ▲♦❣♦✱ ♣❛r❛ r > 0
∫

Bc
r

|F (un)|dx ≤ ǫ

6
+ Cǫ

∫

Bc
r

|un|pdx.

❙❛❜❡♠♦s q✉❡ Hsm
rad(R

N) ❡stá ✐♠❡rs♦ ❝♦♠♣❛❝t❛♠❡♥t❡ ❡♠ La(RN) ♣❛r❛ a ∈ (2, 2∗)✳ ❆s✲

s✐♠✱ {un}n∈N ❝♦♥✈❡r❣❡ ♣❛r❛ u ❡♠ Lp(RN)✳ P♦❞❡♠♦s s❡❧❡❝✐♦♥❛r r ❡ n0 s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡s t❛✐s q✉❡
∫

Bc
r

|F (un)|dx <
ǫ

3
❡
∫

Bc
r

|F (u)|dx < ǫ

3

✾✷



♣❛r❛ n > n0✳ ❈♦♠♦ Hsm(RN) ❡stá ✐♠❡rs♦ ❝♦♠♣❛❝t❛♠❡♥t❡ ❡♠ La(Br)✱ ♣❛r❛ a ∈ [2, 2∗m)

❡ f ♣♦ss✉✐ ❝r❡s❝✐♠❡♥t♦ s✉❜❝rít✐❝♦✱ ❡♥tã♦

∫

Br

|F (un)− F (u)|dx→ 0.

▲♦❣♦✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♠♦s

∫

RN

|F (un)− F (u)|dx ≤ ǫ.

P♦rt❛♥t♦
∫

RN

F (un)dx→
∫

RN

F (u)dx.

❊st❛ ú❧t✐♠❛ ❝♦♥✈❡r❣ê♥❝✐❛✱ ✐♠♣❧✐❝❛ q✉❡

lim inf

(

1

2

∫

RN

u2ndx−
∫

RN

F (un)dx

)

≥ lim inf

(

1

2

∫

RN

u2ndx

)

−
∫

RN

F (u)dx

≥ 1

2

∫

RN

u2dx−
∫

RN

F (u)dx = −φ(u),

♦✉ s❡❥❛✱ lim inf(−φ(un)) ≥ −φ(u)✳ ■st♦ ♣r♦✈❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡s❡❥❛❞❛✳

❆✜r♠❛çã♦ ✹✳✸✳✵✳✻ ❙❡ {up}p∈N ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ❡♠ Hsm(RN)✱ ❡♥tã♦

ψi(u) ≤ lim inf
p→∞

ψi(up).

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡✱ u 7−→ ψi(u)
1
2 ❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ Hsm(RN) ❡ q✉❡

(Hsm(RN), || · ||) ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ (Hsm(RN), ψ
1
2
i )✳ ▲♦❣♦✱

{un} ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ❡♠ (Hsm(RN), ψ
1
2
i ).

❈♦♠ ✐ss♦
ψi(u) = (ψi(u)

1
2 )2

≤ (lim infn→∞(ψi(un))
1
2 )2

= lim infn→∞ ψ(un).

P♦rt❛♥t♦✱ t♦❞❛s ❛s ❤✐♣ót❡s❡s ❞♦ ❈♦r♦❧ár✐♦ ✹✳✷✳✻ ❡stã♦ s❛t✐s❢❡✐t❛s ❡ ♦ ❚❡♦r❡♠❛ ✹✳✸✳✶

s❡❣✉❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❈♦r♦❧ár✐♦ ✹✳✷✳✻✳

✾✸



✹✳✹ ❆♣❧✐❝❛çõ❡s ✲ ❙♦♠❛ ❞❡ s ▲❛♣❧❛❝✐❛♥♦ ♣❛r❛ 0 < s < 1

❝♦♠ ♦ ▲❛♣❧❛❝✐❛♥♦

◆❡st❛ ❛♣❧✐❝❛çã♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s f : R → R ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦✿

✭✐✮ lims→0
f(s)
s

= 0❀

✭✐✐✮ lim sups→+∞
|f(s)|
|s|q−1 <∞✱ ♣❛r❛ ❛❧❣✉♠ q ∈ (1, 2∗ − 1) ♦♥❞❡

2∗ =
2N

N − 2
;

✭✐✐✐✮ ❊①✐st❡ τ > 0 t❛❧ q✉❡ G(τ) =
∫ τ

0
g(s)ds > 0✱ ♦♥❞❡

g(s) = f(s)− s. ✭✹✳✶✵✮

❱❛♠♦s s✉♣♦r t❛♠❜é♠ q✉❡ f(s) = 0✱ ♣❛r❛ s < 0✳ ❉❡✜♥❛

F (z) =

∫ z

0

f(t)dt

❡

G(z) =

∫ z

0

g(t)dt.

❚❡♦r❡♠❛ ✹✳✹✳✶ ❙❡❥❛♠ 0 < s < 1 ❡ n > 2✳ ❉❡✜♥❛ I : H1(RN) → R ♣♦r

I(u) = J(u)−
∫

RN

G(u)dx,

♦♥❞❡

J(u) =
1

2

∫

RN

|∇u|2dx+ 1

2

∫

RN

∫

RN

(u(x)− u(y))2

|x− y|N+2s
dxdy.

❊♥tã♦✱ ❡①✐st❡ u0 ∈ P✱ ♥ã♦ ♥✉❧♦✱ t❛❧ q✉❡

I ′(u0) = 0.

❆❧é♠ ❞✐ss♦✱

I(u0) = inf
u∈P

I(u),

♦♥❞❡

P =

{

u ∈ H1(RN) \ {0}; (N − 2)

2

∫

RN

|∇u|2dx +
N − 2s

2

∫

RN

∫

RN

(u(x)− u(y))2

|x− y|N+2s
dxdy

= N

∫

RN

G(u)dx

}

.

✾✹



❉❡♠♦♥str❛çã♦✳ ❉❡✜♥❛✱ ♣❛r❛ ❝❛❞❛ i ∈ {1, 2, ...,m}

φ(u) =

∫

RN

G(u)dx,

ψ1(u) =
1

2

∫

RN

|∇u|2dx,

ψ2(u) =
1

2

∫

RN

∫

RN

(u(x)− u(y))2

|x− y|N+2s
dxdy

❡ ∗(t, u) := ut✱ ♦♥❞❡

ut(x) := u
(x

t

)

❡ u0(x) := 0.

➱ ❢á❝✐❧ ✈❡r q✉❡

• ψ1, ψ2, φ ∈ C1(H1(RN),R)✳

• P❛r❛ t♦❞♦ t ≥ 0✱ u ∈ H1(RN)✱

φ(ut) = tNφ(u) ✱ ψ1(ut) = tN−2ψ1(u) ❡ ψ2(ut) = tN−2sψ2(u).

P♦rt❛♥t♦ ❛s ❤✐♣ót❡s❡s✱ (i), (ii), (iii) ❡ (iv) ❞❡ (X1) ❡stã♦ ✈❡r✐✜❝❛❞❛s✳ ❚❛♠❜é♠ t❡♠♦s✿

❆✜r♠❛çã♦ ✹✳✹✳✵✳✶ P❛r❛ ❝❛❞❛ u ∈ H1(RN) ❛ ❛♣❧✐❝❛çã♦✱ t 7−→ ut é ❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❛ ❛✜r♠❛çã♦ ✹✳✹✳✵✳✶ é ❛♥á❧♦❣❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❛

❛✜r♠❛çã♦ ✹✳✸✳✵✳✶✱ ♣♦r ✐ss♦ ♦♠✐t✐r❡♠♦s✳

❉❡✜♥✐♥❞♦
Q : H1(RN) −→ H1

rad(R
N)

u 7−→ (u+)∗,

♦♥❞❡ (u+)∗ é ❛ s✐♠❡tr✐③❛çã♦ ❞❡ ❙❝❤✇❛rt③ ❞❡ u+✱ t❡♠♦s ♣❡❧♦ ❈♦r♦❧ár✐♦ ✸✳✸ ❞❡ ❬✸✼❪✱ q✉❡ ❛

❝♦♥❞✐çã♦ (X2) é s❛t✐s❢❡✐t❛ ♣❛r❛ X̃ = H1
rad(R

N) ❡X+ = H1
+(R

N) =
{

u ∈ H1(RN); u(x) ≥ 0
}

✳

❆✜r♠❛çã♦ ✹✳✹✳✵✳✷ ❊①✐st❡ u ∈ H1(RN) t❛❧ q✉❡ φ(u) > 0✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❛ ❛✜r♠❛çã♦ ✹✳✹✳✵✳✷ é ❛♥á❧♦❣❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❛

❛✜r♠❛çã♦ ✹✳✸✳✵✳✷✳

❚❛♠❜é♠ é ❢á❝✐❧ ✈❡r q✉❡✿

• φ(0) = 0❀

• ψi(u) ≥ 0 ♣❛r❛ t♦❞♦ u ∈ X✳ ❆❧é♠ ❞✐ss♦✱ ψi(u) = 0, ∀i ∈ {1, 2, ..., n} ⇔ u = 0; ✳

✾✺



❆✜r♠❛çã♦ ✹✳✹✳✵✳✸ ❊①✐t❡ r > 0 t❛❧ q✉❡ s❡ 0 < ||u|| < r ❡♥tã♦✱

n
∑

i=i

λiψi(u) > λφφ(u).

❉❡♠♦♥str❛çã♦✳ ❆♥á❧♦❣❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❛✜r♠❛çã♦ ✹✳✸✳✵✳✸✳

❆✜r♠❛çã♦ ✹✳✹✳✵✳✹ ❙✉♣♦♥❤❛ q✉❡ {un}n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ H1(RN)✱ s❛t✐s❢❛③❡♥❞♦

J(un) → 0 ❡ φ(un) ≥ 0 ♣❛r❛ t♦❞♦ n ∈ N✳ ❊♥tã♦✱ ||un|| → 0✳ ❆❧é♠ ❞✐ss♦✱ s❡ {J(un)}n∈N
❡♥tã♦ {un}n∈N é ❧✐♠✐t❛❞❛✳

❉❡♠♦♥str❛çã♦✳ ❆♥á❧♦❣❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❛✜r♠❛çã♦ ✹✳✸✳✵✳✹✳

❆✜r♠❛çã♦ ✹✳✹✳✵✳✺ ❙❡ {un}n∈N ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ❡♠ H1
rad(R

N)✱ ❡♥tã♦

lim sup
n→∞

φ(un) ≤ φ(u).

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ✉s❛r ♦ ❚❡♦r❡♠❛ II.1 ❞❡ ❬✹✷❪ ❡ ♣r♦❝❡❞❡r ❝♦♠♦ ♥❛ ❞❡♠♦♥str❛çã♦

❞❛ ❛✜r♠❛çã♦ ✹✳✸✳✵✳✺✳

❆✜r♠❛çã♦ ✹✳✹✳✵✳✻ ❙❡ {up}p∈N ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ❡♠ H1(RN)✱ ❡♥tã♦

ψi(u) ≤ lim inf
p→∞

ψi(up).

❉❡♠♦♥str❛çã♦✳ ❆♥á❧♦❣❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❛✜r♠❛çã♦ ✹✳✸✳✵✳✻✳

❆ s❡❣✉✐r✱ ♣r♦✈❛r❡♠♦s q✉❡

inf
w∈P

I2(w) = inf
w∈P+

I2(w).

❖❜s❡r✈❡ q✉❡ ♣♦r ❞❡✜♥✐çã♦ ❞❡ I✱ é ❢á❝✐❧ ✈❡r q✉❡

I(u) ≥ I(u+), ∀u ∈ H1(RN),

♦♥❞❡ u+ = max{u, 0}. P❛r❛ ❝❛❞❛ u ∈ P ✱ s❛❜❡♠♦s q✉❡ u+ 6= 0✱ ❡♥tã♦ ❡①✐st❡ t+ > 0 t❛❧

q✉❡ (u+)t+ ∈ P ✳ ▲♦❣♦✱

inf
w∈P+

I(w) ≤ I((u+)t+) ≤ I((u)t+) ≤ max
t>0

I1(ut) = I(u), ∀u ∈ P ,

♠♦str❛♥❞♦ q✉❡

inf
w∈P+

I(w) ≤ inf
w∈P

I(w)

❈♦♠♦ P+ ⊂ P ✱ t❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡✳

P♦rt❛♥t♦✱ t♦❞❛s ❛s ❤✐♣ót❡s❡s ❞♦ ❈♦r♦❧ár✐♦ ✹✳✷✳✻ ❡stã♦ s❛t✐s❢❡✐t❛s ❡ ❝♦♥s❡q✉❡♥t❡✲

♠❡♥t❡ ♦ ❚❡♦r❡♠❛ ✹✳✹✳✶ s❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ✹✳✷✳✻✳

✾✻



✹✳✺ ❆♣❧✐❝❛çõ❡s ✲ ❙♦♠❛ ❞❡ p✲▲❛♣❧❛❝✐❛♥♦s ♣❛r❛ p > 1✳

❈♦♥s✐❞❡r❡ ♥ú♠❡r♦s ♥❛t✉r❛✐s 1 < p1 ≤ p2 ≤ ... ≤ pm✳ ❖ ❡s♣❛ç♦

W =
m
⋂

i=1

W 1,pi(RN),

♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛

||u|| =
n
∑

i=1

(∫

RN

|∇u|pidx+
∫

Rn

|u|pidx
) 1

pi

,

é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦✳ ❙❡❥❛ f : R → R ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦✿

✭✐✮ lims→0
f(s)
sp1

= 0❀

✭✐✐✮ lim sups→+∞
|f(s)|
|s|q−1 <∞✱ ♣❛r❛ ❛❧❣✉♠ q ∈ (pm, p

∗
1) ♦♥❞❡

p∗1 =
Np1
N − p1

;

✭✐✐✐✮ ❊①✐st❡ τ > 0 t❛❧ q✉❡ G(τ) =
∫ τ

0
g(s)ds > 0✱ ♦♥❞❡

g(s) = f(s)−
m
∑

i=1

|s|pi−2s. ✭✹✳✶✶✮

❱❛♠♦s s✉♣♦r t❛♠❜é♠ q✉❡ f(s) = 0✱ ♣❛r❛ s < 0 ❡ f(s) > 0 ♣❛r❛ s > 0✳ ❉❡✜♥❛✱

F (z) =

∫ z

0

f(t)dt

❡

G(z) =

∫ z

0

g(t)dt.

❚❡♦r❡♠❛ ✹✳✺✳✶ ❙❡❥❛♠ 1 < p1 ≤ ... ≤ pm ❡ N > pm✳ ❉❡✜♥❛✱ I : W → R ♣♦r

I(u) = J(u)−
∫

RN

G(u)dx,

♦♥❞❡

J(u) =
m
∑

i=1

1

pi

∫

RN

|∇u|pidx.

❊♥tã♦✱ ❡①✐st❡ u0 ∈ P t❛❧ q✉❡

I ′(u0) = 0.

❆❧é♠ ❞✐ss♦✱

I(u0) = inf
uP
I(u),

♦♥❞❡ P

P =

{

u ∈ W \ {0};
m
∑

i=1

(N − pi)

pi

∫

RN

|∇u|pidx = N

∫

RN

G(u)dx

}

. ✭✹✳✶✷✮

✾✼



❉❡♠♦♥str❛çã♦✳ ❉❡✜♥❛✱ ♣❛r❛ ❝❛❞❛ i ∈ {1, 2, ...,m}

φ(u) =

∫

RN

G(u)dx,

ψi(u) =
1

pi

∫

RN

|∇u|pidx

❡

∗(t, u) := ut,

♦♥❞❡

ut(x) := u
(x

t

)

s❡ t 6= 0 ❡ u0(x) := 0.

➱ ❢á❝✐❧ ✈❡r q✉❡

• ψ1, ψ2, ..., ψm, φ ∈ C1(Hsm(RN),R);

• P❛r❛ t♦❞♦ t ≥ 0✱ u ∈ Hsm(RN) ❡ i ∈ {1, 2, ...m}

φ(ut) = tnφ(u) ❡ ψi(ut) = tn−piψi(u).

P♦rt❛♥t♦ ❛s ❤✐♣ót❡s❡s✱ (i), (ii), (iii) ❡ (iv) ❞❡ (X1) ❡stã♦ ✈❡r✐✜❝❛❞❛s✳ ❱❛♠♦s ♣r♦✈❛r ❛

s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✿

❆✜r♠❛çã♦ ✹✳✺✳✵✳✶ P❛r❛ ❝❛❞❛ u ∈ W ❛ ❛♣❧✐❝❛çã♦✱ t 7−→ ut é ❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ u = φ ∈ C∞
0 (RN)✳ ❙❡❥❛ {tp}p∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r✲

❣✐♥❞♦ ♣❛r❛ t✳ ◆♦t❡ q✉❡✱ {φtn}n∈N ❝♦♥✈❡r❣❡ ♣❛r❛ φt q✳t✳♣✳ ❡ {∇φtn}n∈N ❝♦♥✈❡r❣❡ q✳t✳♣✳

♣❛r❛∇φt✳ ❈♦♠♦ {tn}n∈N é ❧✐♠✐t❛❞❛✱ ❡♥tã♦ ♣♦❞❡♠♦s s✉♣♦r q✉❡ tn < ǫ ♣❛r❛ ❛❧❣✉♠ ǫ > 0✳

▲♦❣♦✱ s❡ s✉♣♣(φ) ⊂ Br(0)✱ ❡♥tã♦ s✉♣♣(φtn) ⊂ Brǫ(0)✳ P❡❧♦ t❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛

❞♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡
∫

RN

|φtn − φt|pdx→ 0.

◆♦t❡ q✉❡✱ ∇φtn = 1
tn
(∇φ)tn ✳ ▲♦❣♦✱ s❡ s✉♣♣(∇φ) ⊂ Bs(0) ❡♥tã♦ s✉♣♣(∇φtn) ⊂ Bsǫ(0)✳

◆♦✈❛♠❡♥t❡ ♣❡❧♦ t❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ t❡♠♦s
∫

RN

|∇φtn −∇φt|pdx→ 0.

P♦rt❛♥t♦✱ ❛ ❢✉♥çã♦ t 7−→ φt é ❝♦♥tí♥✉❛✳ ❆❣♦r❛✱ ❜❛st❛ ✉s❛r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ C∞
0 (RN) ❡♠

W ❡ ♣r♦❝❡❞❡r ❝♦♠♦ ♥❛ ❛✜r♠❛çã♦ ✹✳✸✳✵✳✶✱ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡ ❛ ❢✉♥çã♦

t 7−→ ut

✾✽



é ❝♦♥tí♥✉❛✳

❉❡✜♥✐♥❞♦
Q : W −→ Wrad

u 7−→ (u+)∗,

♦♥❞❡ (u+)∗ é ❛ s✐♠❡tr✐③❛çã♦ ❞❡ ❙❝❤✇❛rt③ ❞❡ u+ ❡Wrad = {u ∈ W ; u(x) = u(y) s❡ |x| = |y|}✳
❚❡♠♦s ♣❡❧♦ ❈♦r♦❧ár✐♦ ✸✳✸ ❞❡ ❬✸✼❪✱ q✉❡ ❛ ❝♦♥❞✐çã♦ (X2) é s❛t✐s❢❡✐t❛ ♣❛r❛ X̃ = Wrad ❡

X+ = W+ = {u ∈ W ; u ≥ 0}✳

❆✜r♠❛çã♦ ✹✳✺✳✵✳✷ ❊①✐st❡ u ∈ W t❛❧ q✉❡ φ(u) > 0✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ r❡♣❡t✐r ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❛✜r♠❛çã♦ ✹✳✸✳✵✳✷✳

❚❛♠❜é♠ é ❢á❝✐❧ ✈❡r q✉❡✿

• φ(0) = 0❀

• ψi(u) ≥ 0 ♣❛r❛ t♦❞♦ u ∈ X✳ ❆❧é♠ ❞✐ss♦✱ ψi(u) = 0, ∀i ∈ {1, 2, ..., n} ⇔ u = 0✳

❆✜r♠❛çã♦ ✹✳✺✳✵✳✸ ❊①✐t❡ r > 0 t❛❧ q✉❡ s❡ 0 < ||u|| < r ❡♥tã♦

m
∑

i=1

λiψi(u) > λφφ(u),

♦♥❞❡ λi = N − pi✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ǫ < 1
p1
✱ ❡♥❝♦♥tr❛♠♦s Cǫ > 0 t❛❧ q✉❡

m
∑

i=1

λiψi(u)−Nφ(u) =
m
∑

i=1

λiψi(u) +
m
∑

i=1

N

pi

∫

RN

|u|pidx−N

∫

RN

F (u)dx

≥
m
∑

i=1

λiψi(u) +
m
∑

i=2

N

pi

∫

RN

|u|pidx

+N(
1

p1
− ǫ)

∫

RN

|u|p1dx−NCǫ

∫

RN

|u|qdx

≥ C
m
∑

i=1

||u||pi
W 1,pi

− C1||u||qW 1,p1

≥ C||u||p1
W 1,p1

− C1||u||qW 1,p1
,

♦♥❞❡ C,C1 > 0 sã♦ ❝♦♥st❛♥t❡s✳ ❈♦♠♦ q > p1✱ ❡♥tã♦ ♣♦❞❡♠♦s s❡❧❡❝✐♦♥❛r r s✉✜❝✐❡♥t❡✲

♠❡♥t❡ ♣❡q✉❡♥♦✱ t❛❧ q✉❡ s❡ u ∈ W \ {0} ❡ ||u||W 1,p1 ≤ ||u|| < r, ❡♥tã♦

C||u||p1
W 1,p1

− C1||u||qW 1,p1
> 0.

■st♦ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ❞❡st❛ ❛✜r♠❛çã♦✳

✾✾



❆✜r♠❛çã♦ ✹✳✺✳✵✳✹ ❙✉♣♦♥❤❛ q✉❡ {un} é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ W ✱ s❛t✐s❢❛③❡♥❞♦ J(un) →
0 ❡ φ(un) ≥ 0 ♣❛r❛ t♦❞♦ n ∈ N✳ ❊♥tã♦ ||un|| → 0✳ ❆❧é♠ ❞✐ss♦✱ s❡ {J(un)}n∈N é

❧✐♠✐t❛❞❛✱ ❡♥tã♦ {un}n∈N é ❧✐♠✐t❛❞❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ u✱ ❝♦♠ φ(u) ≥ 0✳ P❡❧❛s ❝♦♥❞✐çõ❡s ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡♠ f ✱ ❡♥❝♦♥✲

tr❛♠♦s C 1
2p1

> 0 t❛❧ q✉❡

∫

RN

F (u)dx ≤ 1

2p1

∫

RN

|u|p1dx+C 1
4

∫

RN

|u|p∗mdx ≤
m
∑

i=1

1

2pi

∫

RN

|u|pidx+C 1
4

∫

RN

|u|p∗mdx.

❯s❛♥❞♦ q✉❡ φ(u) ≥ 0✱ t❡♠♦s

m
∑

i=1

1

pi

∫

RN

|u|pidx ≤ φ(u) +
m
∑

i=1

1

pi

∫

RN

|u|pidx

=

∫

RN

F (u)dx

≤
m
∑

i=1

1

2pi

∫

RN

|u|pidx+ C 1
4

∫

RN

|u|p∗mdx

❙❛❜❡♠♦s q✉❡ ❡①✐st❡ C1 > 0 t❛❧ q✉❡✱ s❡ u ∈ W 1,pm(RN)✱ ❡♥tã♦

||u||Lp∗m ≤ C1

(∫

RN

|∇u|pmdx
) 1

pm

.

P♦rt❛♥t♦✱
m
∑

i=1

1

4pi

∫

RN

|u|pidx ≤ C 1
4
C1[ψm(u)]

p∗m
pm ≤ C 1

4
C1[J(u)]

p∗m
pm .

❈♦♠ ❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ❝♦♥❝❧✉í♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❛ ❛✜r♠❛çã♦✳

❆✜r♠❛çã♦ ✹✳✺✳✵✳✺ ❙❡ {un} ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ❡♠ Wrad✱ ❡♥tã♦

lim sup
n→∞

φ(un) ≤ φ(u).

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡✱ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ f ♥❛ ♦r✐❣❡♠ ❡ ♥♦ ✐♥✜♥✐t♦

❣❛r❛♥t❡ q✉❡ ♣❛r❛ ❝❛❞❛ ǫ > 0 ❡①✐st❡ Cǫ > 0 t❛❧ q✉❡

F (s) ≤ ǫ

6L
sp1 + Cǫ|s|q,

♦♥❞❡ ||un||p1W 1,p1
< L ♣❛r❛ t♦❞♦ n ∈ N✳ ▲♦❣♦✱ ♣❛r❛ r > 0

∫

Bc
r

|F (un)|dx ≤ ǫ

6
+ Cǫ

∫

Bc
r

|un|qdx.

✶✵✵



❖❜s❡r✈❡ q✉❡Wrad ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠W 1,pi(RN)✳ P❡❧♦ ❚❡♦r❡♠❛ ■■✳✶ ❞❡ ❬✹✷❪✱

♦ ❡s♣❛ç♦ Wrad ❡stá ✐♠❡rs♦ ❝♦♠♣❛❝t❛♠❡♥t❡ ❡♠ La(RN) ♣❛r❛ a ∈ (pm, p
∗
1)✳ ■st♦ ✐♠♣❧✐❝❛

q✉❡ {un} ❝♦♥✈❡r❣❡ ♣❛r❛ u ❡♠ Lq(RN)✳ P♦❞❡♠♦s s❡❧❡❝✐♦♥❛r r ❡ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s

t❛✐s q✉❡
∫

Bc
r

|F (un)|dx <
ǫ

3
❡
∫

Bc
r

|F (u)|dx < ǫ

3
,

♣❛r❛ n > n0✳ ❈♦♠♦ W ❡stá ✐♠❡rs♦ ❝♦♠♣❛❝t❛♠❡♥t❡ ❡♠ La(Br)✱ ♣❛r❛ a ∈ [p1, p
∗
m) ❡ f

♣♦ss✉✐ ❝r❡s❝✐♠❡♥t♦ s✉❜❝rít✐❝♦✱ ❡♥tã♦
∫

Br

|F (un)− F (u)|dx→ 0.

▲♦❣♦✱ ♣❛r❛ m s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♠♦s
∫

RN

|F (um)− F (u)|dx ≤ ǫ.

P♦rt❛♥t♦
∫

RN

F (un)dx→
∫

RN

F (u)dx.

❊st❛ ú❧t✐♠❛ ❝♦♥✈❡r❣ê♥❝✐❛✱ ✐♠♣❧✐❝❛ q✉❡

lim inf

(

m
∑

i=1

1

pi

∫

RN

|un|pidx−
∫

RN

F (un)dx

)

≥ lim inf

(

m
∑

i=1

1

pi

∫

RN

|un|pidx
)

−
∫

RN

F (u)dx

≥
m
∑

i=1

1

pi

∫

RN

|u|pidx−
∫

RN

F (u)dx

= −φ(u),

♦✉ s❡❥❛✱ lim inf(−φ(un)) ≥ −φ(u)✳ ■st♦ ♣r♦✈❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡s❡❥❛❞❛✳

❆✜r♠❛çã♦ ✹✳✺✳✵✳✻ ❙❡ {up}p∈N ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ❡♠ X✱ ❡♥tã♦

ψi(u) ≤ lim inf
p→∞

ψi(up).

❉❡♠♦♥str❛çã♦✳ ❆♥á❧♦❣❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❛✜r♠❛çã♦ ✹✳✸✳✵✳✻✳

❙❡❣✉✐♥❞♦ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ q✉❡ ✜③❡♠♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ t❡♠♦s

inf
uP
I(u) = inf

u∈P+
I(u).

P♦rt❛♥t♦✱ t♦❞❛s ❛s ❤✐♣ót❡s❡s ❞♦ ❈♦r♦❧ár✐♦ ✹✳✷✳✻ ❡stã♦ s❛t✐s❢❡✐t❛s ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦

❚❡♦r❡♠❛ ✹✳✺✳✶ s❡❣✉❡ ❝♦♠♦ ❞♦ ❈♦r♦❧ár✐♦ ✹✳✷✳✻✳

✶✵✶



✹✳✻ ❆♣❧✐❝❛çõ❡s ✲ ❖ ❝❛s♦ ❆♥✐s♦tró♣✐❝♦

◆❡st❛ ❛♣❧✐❝❛çã♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♥ú♠❡r♦s 1 < p1 ≤ ... ≤ pN ❝♦♠
∑N

i=1
1
pi
> 1

❡ pN < p∗ := N
∑N

i=1
1
pi

−1
✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r t❛♠❜é♠ g : R → R✱ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱

❞❛❞❛ ♣♦r

g(s) = f(s)− |s|p1−2s, ∀s ∈ R,

♦♥❞❡ f : R → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦ ✿

✭✐✮ lim
s→0

f(s)

|s|p1−1
= 0✳

✭✐✐✮ lim sup
s→+∞

|f(s)|
|s|q−1

<∞ ♣❛r❛ ❛❧❣✉♠ q ∈ (p1, p
∗) ♦♥❞❡

p∗ =
N

∑N
i=1

1
pi
− 1

.

✭✐✐✐✮ ❊①✐st❡ τ > 0 t❛❧ q✉❡ G(τ) =
∫ τ

0

g(s)ds > 0.

✭✐✈✮ f(s) > 0 ♣❛r❛ t♦❞♦ s > 0 ❡ f(s) = 0 ♣❛r❛ s ≤ 0✳

P❛r❛ −→p = (p1, ..., pN) ❞❡✜♥✐♠♦s ♦ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ ❛♥✐s♦tró♣✐❝♦✱ W 1,−→p (RN)✱

♣♦r

W 1,−→p (RN) =

{

u ∈ Lp1(RN);
∂u

∂xi
∈ Lpi(RN)

}

.

♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

||u|| :=
(∫

RN

|u|p1
) 1

p1

+
n
∑

i=0

(∫

RN

∣

∣

∣

∣

∂u

∂xi

∣

∣

∣

∣

pi)
1
pi

.

❙♦❜r❡ ♦ ❡s♣❛ç♦ (W 1,−→p (RN), || ||)✱ é ❝♦♥❤❡❝✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛ q✉❡ ❡st❡ ❡s♣❛ç♦ é

r❡✢❡①✐✈♦ ❡ q✉❡ C∞
0 (RN) é ❞❡♥s♦ ❡♠ W 1,−→p (RN)✳ ❆❧é♠ ❞✐ss♦✱ ❡st❡ ❡s♣❛ç♦ W 1,−→p (RN)

❡stá ❝♦♥t✐♥✉❛♠❡♥t❡ ✐♠❡rs♦ ❡♠ Lq(RN) ♣❛r❛ t♦❞♦s q ∈ [p1, p
∗]✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱

r❡❢❡r❡♥❝✐❛♠♦s ◆✐❦♦❧✁s❦✐✐ ❬✹✸❪ ❡ ❘❛❦♦s♥✐❦ ❬✹✻✱ ✹✼❪✳

❚❡♦r❡♠❛ ✹✳✻✳✶ ❙❡❥❛♠ 1 < p1 ≤ ... ≤ pN ✳ ❉❡✜♥❛ I : W 1,−→p (RN) → R ♣♦r

I(u) = J(u)−
∫

RN

G(u)dx.

✶✵✷



♦♥❞❡

J(u) =
N
∑

i=1

1

pi

∫

RN

∣

∣

∣

∣

∂u

∂xi

∣

∣

∣

∣

pi

dx.

❊♥tã♦✱ ❡①✐st❡ u0 ∈ P t❛❧ q✉❡

I ′(u0) = 0.

❆❧é♠ ❞✐ss♦✱

I(u0) = inf
uP
I(u),

♦♥❞❡

P =

{

u ∈ W 1,−→p (RN) \ {0};
N
∑

i=1

(N − pi)

pi

∫

RN

∣

∣

∣

∣

∂u

∂xi

∣

∣

∣

∣

pi

dx = N

∫

RN

G(u)dx

}

. ✭✹✳✶✸✮

❆ ♣r♦✈❛ ❞♦ ❧❡♠❛ s❡❣✉✐♥t❡ s❡❣✉❡ ❛s ♠❡s♠❛s ✐❞❡✐❛s ❞♦ ▲❡♠❛ ✷✳✺ ❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✶ ❞❡

❬✸✼❪✱ ♣♦r ✐ss♦ ♦♠✐t✐r❡♠♦s ❛q✉✐✳ ❚r❛t❛✲s❡ ❞❡ ✉♠❛ ✈❡rsã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦❧②❛✲❙③❡❣ö✱

♣❛r❛ ♦s ❡s♣❛ç♦s ❛♥✐s♦tró♣✐❝♦s✳

▲❡♠❛ ✹✳✻✳✷ ❙❡ u ∈ W 1,−→p (RN) é ♥ã♦ ♥❡❣❛t✐✈❛✱ ❡♥tã♦
∣

∣

∣

∣

∣

∣

∣

∣

∂u∗

∂xi

∣

∣

∣

∣

∣

∣

∣

∣

pi

pi

≤
∣

∣

∣

∣

∣

∣

∣

∣

∂u

∂xi

∣

∣

∣

∣

∣

∣

∣

∣

pi

pi

,

♣❛r❛ t♦❞♦ i ∈ {1, 2, 3, ..., N}✱ ♦♥❞❡ u∗ é ❛ s✐♠❡tr✐③❛çã♦ ❞❡ ❙❝❤✇❛rt③ ❞❡ u✳

◆♦t❡ q✉❡ I ♣❡rt❡♥❝❡ ❛ C1(W 1,−→p (RN),R)✳ ❉❡✜♥❛ ψi,Φ : W 1,−→p (RN) → R ♣♦r

ψi(u) =
1

pi

∫

RN

∣

∣

∣

∣

∂u

∂xi

∣

∣

∣

∣

pi

dx, ♣❛r❛ i ∈ {1, 2, ..., n}

Φ(u) =

∫

RN

G(u)dx =

∫

RN

F (u)dx− 1

p1

∫

RN

|u|p1dx

❡ ❝♦♥s✐❞❡r❡

X = W 1,−→p (RN), X+ = {u ∈ W 1,−→p (RN) : u(x) ≥ 0 q✳t✳♣✳ ❡♠ R
N}

X̃ = {u ∈ W 1,−→p
rad (RN) ∩X+ : 0 ≤ u(x) ≤ u(y) s❡ 0 < |y| ≤ |x|}.

Pr♦❝❡❞❡♥❞♦ ❝♦♠♦ ❡♠ ❬✶✵✱ ❘❛❞✐❛❧ ▲❡♠♠❛ ❆✳■❱ ❪ é ♣♦ssí✈❡❧ ♣r♦✈❛r q✉❡ s❡ {un}n∈N
é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ X̃ q✉❡ ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ∈ X̃ ❡♠ X✱ ❡♥tã♦ {un}n∈N
❝♦♥✈❡r❣❡ ♣❛r❛ u ❡♠ Lq(RN) ♣❛r❛ t♦❞♦ q ∈ (p1, p

∗).

❈♦♠♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❞❡✜♥✐r❡♠♦s ∗(t, u) := ut : R
N → R ♣♦r

ut(x) =







u
(

x
t

)

, ♣❛r❛ t 6= 0,

0, ♣❛r❛ t = 0.

✶✵✸



P♦r ✉♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s✱

ψi(ut) = tN−piψi(u) ❡ Φ(ut) = tNΦ(u), ∀t ≥ 0 ❡ ∀u ∈ W 1,−→p (RN).

❆ ❛♣❧✐❝❛çã♦ t 7→ ut é ❝♦♥tí♥✉❛ ❡♠ t ∈ [0,+∞) ♣❛r❛ t♦❞♦ u ∈ W 1,−→p (RN) ❡

ut ∈ X̃ ∀t ∈ R ❡ u ∈ X̃.

◆♦ q✉❡ s❡❣✉❡✱ ❞❡✜♥✐r❡♠♦s Q : W 1,−→p (RN) −→ X̃ ♣♦r

Q(u) = (u+)∗.

❯s❛♥❞♦ ♦ ▲❡♠❛ ✹✳✻✳✷ ❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ❢✉♥çõ❡s r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛s✱ t❡♠♦s

ψi(Q(u)) ≤ ψi(u) ❡ Φ(u) ≤ Φ(Q(u)), ∀u ∈ X+.

❆s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s s❡❣✉❡♠ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛s ❛✜r♠❛çõ❡s ♣r♦✈❛❞❛s ♥❛s s❡çõ❡s

❛♥t❡r✐♦r❡s✳

• ✭✶✮ ❊①✐st❡ u ∈ W 1,−→p (RN) t❛❧ q✉❡ Φ(u) > 0✳

• ✭✷✮ ψi(u) = 0, ∀i ∈ {1, 2, ..., n} ⇔ u = 0 ✳

• ✭✸✮ ❊①✐st❡ r > 0 t❛❧ q✉❡

N
∑

i=1

(N − pi)

pi

∫

RN

∣

∣

∣

∣

∂u

∂xi

∣

∣

∣

∣

pi

dx−NΦ(u) > 0 ♣❛r❛ 0 < ‖u‖ < r.

• ✭✹✮ ❯s❛♥❞♦ ♦ ▲❡♠❛ ✶ ❞❡ ❬✸✽❪ ❡♥❝♦♥tr❛♠♦s ✉♠❛ ❝♦♥st❛♥t❡ C2 > 0 t❛❧ q✉❡

∫

RN

|u|p1dx ≤ C2

(

N
∑

i=1

(ψi(u))
1
pi

)p∗

∀u ∈ W 1,−→p (RN) ❝♦♠ Φ(u) ≥ 0.

❉❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ s❡❣✉❡ (f5)✳

• ✭✺✮ ❙❡ {uk}k∈N ⊂ X̃ ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ∈ X̃ ❡♠ X✱ ♣❡❧♦ q✉❡ ❢♦✐ ❞✐s❝✉t✐❞♦

❛❝✐♠❛✱ t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ q ∈ (p0, p
∗) ❛ s❡q✉ê♥❝✐❛ {uk}k∈N ❝♦♥✈❡r❣❡ ♣❛r❛ u ❡♠

Lq(RN)✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡

lim sup
k→+∞

Φ(uk) ≤ Φ(u).
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❖❜s❡r✈❡ q✉❡ s❡ {uk}k∈N ⊂ X é ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ♣❛r❛ u ❡♠ W 1,−→p (RN)✱ ❡♥tã♦

lim inf
k→+∞

ψi(uk) ≥ ψi(u),

♣♦✐s ❝❛❞❛ ψi é ✉♠❛ ❢✉♥çã♦ ❝♦♥✈❡①❛ ❡♠ W 1,−→p (RN)✳

❙❡❣✉✐♥❞♦ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ q✉❡ ✜③❡♠♦s ♥❛ s❡çã♦ ✹✳✹✱ t❡♠♦s

inf
uP
I(u) = inf

u∈P+
I(u).

❖ ❚❡♦r❡♠❛ ✹✳✻✳✶ s❡❣✉❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❈♦r♦❧ár✐♦ ✹✳✷✳✻✳

✹✳✼ ❆♣❧✐❝❛çõ❡s ✲ ❈❛s♦ ❡♠ q✉❡ ♦ ❋✉♥❝✐♦♥❛❧ é ▲♦❝❛❧✲

♠❡♥t❡ ▲✐♣s❝❤✐t③✳

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r N ≥ 3 ❡ f ✉♠❛ ❢✉♥çã♦ ❝♦♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛

❞❡ ♣♦♥t♦s ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡✱ s❛t✐s❢❛③❡♥❞♦✿

• f1) lim
s→0

f(s)
s

= 0❀

• f2) |f(s)| ≤ A|s|+B|s|q, ∀s ∈ R✱ ❡ ❛❧❣✉♠ q ∈ (1, 2∗ − 1)✳

• f3) ❊①✐st❡ τ > 0 t❛❧ q✉❡ G(τ) =
∫ τ

0

g(z)dz > 0✱ ♦♥❞❡

g(s) = f(s)− s.

• f4) f(s) > 0 ♣❛r❛ s > 0 ❡ f(s) = 0 ♣❛r❛ s ≤ 0✳

◆♦ss♦ ♦❜❥❡t✐✈♦✱ é ♦❜t❡r s♦❧✉çã♦ ♣❛r❛ ❛ ❡q✉❛çã♦

−∆u(x) ∈ ∂G(u(x)), q✳t✳♣✳ ❡♠ R
N , ✭✹✳✶✹✮

♦♥❞❡ N ≥ 3 ❡ ∂G(s) ❣r❛❞✐❡♥t❡ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡ G ❡♠ s ∈ R✱ q✉❡ é ❞❛❞♦ ♣♦r

∂G(s) = [g(s), g(s)]

♦♥❞❡

g(s) = lim
r↓0

❡ss ✐♥❢ {g(t); |s− t| < r} ❛♥❞ g(s) = lim
r↓0

❡ss s✉♣ {g(t); |s− t| < r} .
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◗✉❛♥❞♦ g é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡♥tã♦ G ∈ C1(R,R) ❡ ♥❡st❡ ❝❛s♦

∂G(s) = {g(s)}, ∀s ∈ R.

P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ♦ ❣r❛❞✐❡♥t❡ ❣❡♥❡r❛❧✐③❛❞♦ ❡ ❢✉♥❝✐♦♥❛✐s ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✱

✐♥❞✐❝❛♠♦s ❬✹✾❪ ❡ ❬✶✽❪✳

P❛r❛ ❡st❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛✱ ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ é ✉♠❛ ❢✉♥çã♦ u ∈ W 2, q+1
q (RN) ∩

H1(RN) q✉❡ ✈❡r✐✜❝❛ ✭✹✳✶✹✮✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ s❛t✐s❢❛③ ♦ ♣r♦❜❧❡♠❛ ❛❜❛✐①♦

−∆u(x) + u(x) ∈
[

f(u(x)), f(u(x))
]

, q✳t✳♣✳ ❡♠ R
N .

◗✉❛♥❞♦ f é ❝♦♥tí♥✉❛✱ ❛ s♦❧✉çã♦ ❛❝✐♠❛ ✈❡r✐✜❝❛

−∆u(x) + u(x) = f(u(x)), q✳t✳♣✳ ❡♠ R
N .

P❛r❛ ♦❜t❡r s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✱ ❞❡✜♥✐r❡♠♦s I3 : H1(RN) → R

♣♦r

I3(u) =
1

2

∫

RN

|∇u|2dx+ 1

2

∫

RN

|u|2dx−
∫

RN

F (u)dx.

❖ ❢✉♥❝✐♦♥❛❧ I3 é ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✳ ◆♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛ s❡çã♦ é ♦ t❡♦r❡♠❛

❛❜❛✐①♦✳

❚❡♦r❡♠❛ ✹✳✼✳✶ ❆ss✉♠❛ q✉❡ (f1)−(f4) sã♦ ✈❡r❞❛❞❡✐r❛s✱ ❡♥tã♦ ✭✹✳✶✹✮ t❡♠ ✉♠❛ s♦❧✉çã♦

♥ã♦ tr✐✈✐❛❧✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛q✉✐

X = H1(RN), X+ = {u ∈ H1(RN) : u(x) ≥ 0 q✳t✳♣✳ ❡♠ R
N},

X̃ = {u ∈ H1
rad(R

N) ∩X+ : 0 ≤ u(x) ≤ u(y) s❡ 0 < |y| ≤ |x|},

J(u) = ψ(u) =
1

2

∫

RN

|∇u|2 dx

❡

Φ(u) =

∫

RN

G(u) dx.

❝♦♠ ❡st❛s ♥♦t❛çõ❡s

I3(u) = J(u)− Φ(u), ∀u ∈ X = H1(RN).

P♦r ❛r❣✉♠❡♥t♦s ✉s✉❛✐s Φ é ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✱ J ∈ C1(H1(RN),R) ❡ ♣♦rt❛♥t♦ I3 é

❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✳

✶✵✻



❉❡✜♥✐r❡♠♦s t❛♠❜é♠ ∗(t, u) := ut : R
N → R ♣♦r

ut(x) =







u
(

x
t

)

, ♣❛r❛ t 6= 0,

0, ♣❛r❛ t = 0.

P♦r ❞❡✜♥✐çã♦ ❞❡ ψ ❡ Φ✱ t❡♠♦s

Φ(ut) = tNΦ(u) ❡ ψ(ut) = tN−2ψ(u), ∀t ≥ 0 ❡ ∀u ∈ H1(RN).

▲♦❣♦ (i), (ii), (iii) ❡ (iv) ❞❡ (X1) ❡stã♦ s❛t✐s❢❡✐t❛s✳ ❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛s s❡çõ❡s ❛♥t❡✲

r✐♦r❡s✱ t❡♠♦s

❆✜r♠❛çã♦ ✹✳✼✳✵✳✶ P❛r❛ ❝❛❞❛ u ∈ H1(RN)✱ ❛ ❛♣❧✐❝❛çã♦ t 7−→ ut é ❝♦♥tí♥✉❛✳

❉❡✜♥✐♥❞♦
Q : H1(RN) −→ X̃

u 7−→ (u+)∗,

♦♥❞❡ (u+)∗ é ♦ r❡❛rr❛♥❥♦ s✐♠étr✐❝♦ ❞❡ u+ ✭s✐♠❡tr✐③❛çã♦ ❞❡ ❙❝❤✇❛rt③✬s✮✱ t❡♠♦s q✉❡ ❛

❝♦♥❞✐çã♦ (X2) t❛♠❜é♠ é ✈❡r❞❛❞❡✐r❛✳

❆✜r♠❛çã♦ ✹✳✼✳✵✳✷ ❊①✐st❡ u ∈ H1(RN) t❛❧ q✉❡ Φ(u) > 0 ❡ Φ(0) = 0✳

❉❡♠♦♥str❛çã♦✳ ❆ ❛✜r♠❛çã♦ s❡❣✉❡ ❛s ♠❡s♠❛s ✐❞❡✐❛s ❞❡ ✹✳✸✳✵✳✷✳

❆✜r♠❛çã♦ ✹✳✼✳✵✳✸ ❊①✐st❡ r > 0 t❛❧ q✉❡

(N − 2)ψ(u) > NΦ(u), ♣❛r❛ 0 < ||u|| < r.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❛ ❞❡♠♦♥str❛çã♦ ✹✳✸✳✵✳✸

❆✜r♠❛çã♦ ✹✳✼✳✵✳✹ ❙❡❥❛ {uk}k∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ H1(RN) ❝♦♠ Φ(uk) ≥ 0 ♣❛r❛

t♦❞♦ k ∈ N✳ ❙❡ {J(uk)}k∈N é ❧✐♠✐t❛❞❛✱ ❡♥tã♦ {uk}k∈N t❛♠❜é♠ é ❧✐♠✐t❛❞❛✳ ❆❧é♠ ❞✐ss♦✱

s❡ J(uk) → 0✱ ❡♥tã♦ ||uk|| → 0✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❛s ♠❡s♠❛s ✐❞❡✐❛s ❞❡ ✹✳✸✳✵✳✹✳

❆✜r♠❛çã♦ ✹✳✼✳✵✳✺ ❙❡ {uk}k∈N ❝♦♥✈❡r❣❡ ❢r❛❝♦ ♣❛r❛ u ❡♠ H1
rad(R

N)✱ ❡♥tã♦

lim sup
k→∞

Φ(uk) ≤ Φ(u).

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ♣r♦✈❛ ❞❛ ❛✜r♠❛çã♦ ✹✳✸✳✵✳✺✳

✶✵✼



❆✜r♠❛çã♦ ✹✳✼✳✵✳✻ ❙❡ (uk) é ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ♣❛r❛ u ❡♠ H1(RN)✱ ❡♥tã♦

ψ(u) ≤ lim inf
k→+∞

ψ(uk).

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❛ ❛✜r♠❛çã♦ ✹✳✸✳✵✳✻✳

❆✜r♠❛çã♦ ✹✳✼✳✵✳✼ ❖ ❢✉♥❝✐♦♥❛❧ I3 ✈❡r✐✜❝❛ ❛ ✐❣✉❛❧❞❛❞❡ ❛❜❛✐①♦

inf
w∈P

I3(w) = inf
w∈P+

I3(w).

❉❡♠♦♥str❛çã♦✳ ❋✐③❡♠♦s ✉♠❛ ❞❡♠♦♥str❛çã♦ ❛♥á❧♦❣❛ ♥❛ s❡çã♦ ✹✳✺✳

P❡❧♦ q✉❡ ✈✐♠♦s ❛❝✐♠❛ I3 s❛t✐s❢❛③ t♦❞❛s ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✹✳✷✳✺✳ ❉✐st♦✱

s❡❣✉❡ q✉❡ ❡①✐st❡ u0 ∈ H1(RN) t❛❧ q✉❡

0 ∈ ∂I3(u0) ❡ I3(u0) = inf
w∈P

I3(w) > 0.

❈♦♠♦ J é C1 ❡ Φ(u) = Φ1(u)− Φ2(u)✱ ❝♦♠

Φ2(u) =
1

2

∫

RN

|u|2dx ❡ Φ1(u) =

∫

RN

F (u)dx

t❡♠♦s

J ′(u0) + Φ′
2(u0) ∈ ∂Φ(u0).

P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷ ❞❡ ❬✹❪✱ ❡①✐st❡ ρ : RN → R ✈❡r✐✜❝❛♥❞♦

ρ(x) ∈ [f(u0(x)), f(u0(x))], ❛✳❡✳ ✐♥ R
N ✭✹✳✶✺✮

❡ u0 é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛

−∆u0 + u0 = ρ, ✐♥ R
N .

P♦r ✭✹✳✶✺✮✱ ρ ∈ L
p+1
p

loc (RN)✱ ❡♥tã♦✱ ♣♦r r❡s✉❧t❛❞♦s ❞❡ r❡❣✉❧❛r✐❞❛❞❡ t❡♠♦s u0 ∈ W
2, q+1

q

loc (RN)∩
H1(RN)✱ ♠♦str❛♥❞♦ q✉❡ u0 é ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ❞❡ ✭✹✳✶✹✮✳

✹✳✽ ❆♣❧✐❝❛çõ❡s ✲ ❈❛s♦ ❡♠ q✉❡ X ♥ã♦ é ✉♠ ❊s♣❛ç♦ ❞❡

❋✉♥çõ❡s✳

❙❡❥❛ H ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ {v1, ..., vn} ✉♠ ❝♦♥❥✉♥t♦ ♦rt♦♥♦r♠❛❧ ❡♠ H✳ ❙❡❥❛✱

❊❂s♣❛♥ {v1, ..., vn} ❡ ❞❡✜♥❛

ψ(u) = ||u||

✶✵✽



❡

φ(u) =
n
∑

i=1

〈u, vi〉2.

❉❡✜♥❛ ∗ : [0,+∞)×H → H ♣♦r✱

∗(t, u) = tu.

❖❜s❡r✈❡ q✉❡ (X1) é s❛t✐s❢❡✐t❛

✭✐✮ ψ(∗(t, u)) = tψ(u)❀

✭✐✐✮ φ(t, u) = t2ψ(u)❀

✭✐✐✐✮ ∗(0, u) = 0❀

✭✐✈✮ P❛r❛ ❝❛❞❛ u ✜①♦✱ ❛ ❛♣❧✐❝❛çã♦ t 7−→ ∗(t, u) = tu✱ é ❝♦♥tí♥✉❛✳

◗✉❛♥t♦ ❛ ❤✐♣ót❡s❡ (X2)✱ ❞❡✜♥❛ Q : H → E ♣♦r

Q(u) =
n
∑

i=1

〈u, vi〉vi.

• E é ❢r❛❝❛♠❡♥t❡ ❢❡❝❤❛❞♦❀

• ψ(Q(u)) ≤ ψ(u)❀ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇❡ss❡❧✮❀

• φ(Q(u)) = φ(u)❀

• ❙❡ u ∈ E✱ ❡♥tã♦ ut ∈ E ♣❛r❛ t♦❞♦ t > 0❀

❆❧é♠ ❞✐ss♦✱

• φ(v1) = 1 > 0❀

• φ(0) = 0❀

• ψ(u) > 0✱ s❡ u 6= 0 ❡ ψ(0) = 0❀

• ◆♦t❡ q✉❡✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇❡ss❡❧✱

ψ(u)− φ(u) ≥ ||u|| − ||u||2.

▲♦❣♦✱ ❡①✐st❡ r > 0✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❛❧ q✉❡ s❡ 0 < ||u|| < r ❡♥tã♦

ψ(u) > φ(u).

✶✵✾



• ❙❡ {un} ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u ❡♠ E✱ ❡♥tã♦ {un} ❝♦♥✈❡r❣❡ ♣❛r❛ u ♥❛ t♦✲

♣♦❧♦❣✐❛ ❢♦rt❡ ✭♣♦rq✉❡ E t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ♣♦rt❛♥t♦ ❡st❛s ❞✉❛s t♦♣♦❧♦❣✐❛s

❝♦✐♥❝✐❞❡♠✮✳ ▲♦❣♦✱

lim supφ(un) = limφ(un) = φ(u).

• ❙❡ {un} ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ u✱ ❡♥tã♦

ψ(u) = ||u|| ≤ lim inf ||un|| = lim inf ψ(un).

P❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✺✱ ❡①✐st❡ u0 6= 0 t❛❧ q✉❡

I ′(u0) = 0;

♦♥❞❡

I(u) = ||u|| −
n
∑

i=1

〈u, vi〉2.

❆❧é♠ ❞✐ss♦✱

u0 ∈ P ,

♦♥❞❡

P =

{

u ∈ H \ {0} ; ||u|| = 2
n
∑

i=1

〈u, vi〉2
}

.

✶✶✵



❈❛♣ít✉❧♦ ✺

❯♠❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦❧②❛✲❙③❡❣ö

♣❛r❛ ❖♣❡r❛❞♦r❡s ■♥t❡❣r♦✲❉✐❢❡r❡♥❝✐❛✐s

◆❡st❡ ❝❛♣ít✉❧♦✱ ♠♦str❛r❡♠♦s ✉♠❛ ✈❡rsã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦❧②❛✲❙③❡❣ö ♣❛r❛

♦♣❡r❛❞♦r❡s ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛s✳ P❛r❦ ❡♠ ❬✹✹❪ ♠♦str♦✉ q✉❡ ♣❛r❛ t♦❞❛ u ∈ Hs(RN)✱ ♥ã♦

♥❡❣❛t✐✈❛✱ t❡♠✲s❡

∫

RN

∫

RN

(u∗(x)− u∗(y))2

|x− y|N+2s
dxdy ≤

∫

RN

∫

RN

(u(x)− u(y))2

|x− y|N+2s
dxdy

♦♥❞❡ u∗ é ♦ r❡❛rr❛♥❥♦ s✐♠étr✐❝♦ ❞❡ u✳ ❊♠ ❬✹✹❪ ❢♦✐ ❢✉♥❞❛♠❡♥t❛❧ ❛ r❡❧❛çã♦ ❞❛❞❛ ♥❛

♣r♦♣♦s✐çã♦ ✶✳✸✳✷✱ ♦✉ s❡❥❛✱ ❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ❧❛♣❧❛❝✐❛♥♦ ❢r❛❝✐♦♥ár✐♦ ❡ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡

❋♦✉r✐❡r✳ P♦r ✐ss♦✱ ♥♦ ♥♦ss♦ ❝❛s♦✱ ✉s❛r❡♠♦s ♦✉tr♦ ❛r❣✉♠❡♥t♦✳

✺✳✶ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦❧✐❛✲❙③❡❣ö

❉❡✜♥✐çã♦ ✺✳✶✳✶ ❉✐r❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ φ : RN → R s❡ ❛♥✉❧❛ ♥♦ ✐♥✜♥✐t♦

s❡ ♣❛r❛ t♦❞♦ t > 0
∣

∣

{

x ∈ R
N ;φ(x) > t

}∣

∣ <∞.

❙❡❥❛ u s❡ ❛♥✉❧❛♥❞♦ ♥♦ ✐♥✜♥✐t♦✳ ❙❛❜❡♠♦s q✉❡ ❡①✐st❡ u∗✱ ♠❡♥s✉rá✈❡❧✱ s❛t✐s❢❛③❡♥❞♦ ✭✈❡❥❛

❬✸✶❪ ❡ ❬✹✶❪✮✿

✭✐✮ u∗ é ♥ã♦ ♥❡❣❛t✐✈❛❀

✭✐✐✮ u∗ é r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛❀



✭✐✐✐✮ ♣❛r❛ t♦❞❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡ ♠♦♥ót♦♥❛✱ φ✱ t❡♠♦s
∫

RN

φ(|u|)dx =

∫

RN

φ(u∗)dx;

✭✐✈✮ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞♦ r❡❛rr❛♥❥♦ ❞❡ ❘✐❡s③✮ ✭❚❡♦r❡♠❛ ✸✳✼ ❡♠ ❬✹✶❪✮ P❛r❛ t♦❞❛s v, w

❢✉♥çõ❡s ♥ã♦ ♥❡❣❛t✐✈❛s✱ s❡ ❛♥✉❧❛♥❞♦ ♥♦ ✐♥✜♥✐t♦
∫

RN

∫

RN

u(x)v(x− y)w(y)dxdy ≤
∫

RN

∫

RN

u∗(x)v∗(x− y)w∗(y)dxdy.

❙❡❥❛ u ✉♠❛ ❢✉♥çã♦ q✉❡ s❡ ❛♥✉❧❛ ♥♦ ✐♥✜♥✐t♦✱ ❛ u∗ ❝✉❥❛s ♣r♦♣r✐❡❞❛❞❡s ❢♦r❛♠ ♠❡♥✲

❝✐♦♥❛❞❛s ❛❝✐♠❛✱ é ❝❤❛♠❛❞❛ ❞❡ r❡❛rr❛♥❥♦ s✐♠étr✐❝♦ ❞❡ u ❡ é ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

s❡ A é ✉♠ s✉❜❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ ❞❡ R
N ✱ ❞❡✜♥✐♠♦s ♦ r❡❛rr❛♥❥♦ s✐♠étr✐❝♦ A∗ ❞❡ A✱

❝♦♠♦ s❡♥❞♦ ❛ ❜♦❧❛ ❢❡❝❤❛❞❛✱ ❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠ q✉❡ t❡♠ ♠❡s♠❛ ♠❡❞✐❞❛ ❞❡ A✳ ▼❛✐s

♣r❡❝✐s❛♠❡♥t❡

A∗ = B
( |A|
ωn
)

1
n
(0)

♦♥❞❡ ωn é ♦ ✈♦❧✉♠❡ ❞❛ ❜♦❧❛ ✉♥✐tár✐❛ ❞❡ RN ✳ ❉❡✜♥✐♠♦s ♦ r❡❛rr❛♥❥❛♠❡♥t♦ s✐♠étr✐❝♦ X ∗
A

❞❡ ✉♠❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ XA ❝♦♠♦ s❡♥❞♦

X ∗
A := XA∗ .

❙❡ u é ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛✱ ❡♥tã♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

u(x) =

∫ u(x)

0

1dt =

∫ ∞

0

X{x∈RN ;u(x)≥t}(x)dt.

❆ss✐♠✱ ❞❡✜♥✐♠♦s ♦ r❡❛rr❛♥❥♦ s✐♠étr✐❝♦ u∗ ❞❡ u ❝♦♠♦ s❡♥❞♦

u∗(x) =

∫ ∞

0

X ∗
{x∈RN ;u(x)≥t}(x)dt.

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r K : RN → R ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s✱ ❝♦♥tí♥✉♦

❡♠ R
N \ {0}✳
P❛r❛ ❝❛❞❛ 0 < δ < 1 ✈❛♠♦s ❞❡✜♥✐r Kδ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳

Kδ(x) :=







|x|2K(x) se |x| < δ

K(x) se |x| ≥ δ.

P♦r (K3) ✭✈❡❥❛ ❞❡✜♥✐çã♦ ✶✳✶✳✶✮✱

•
∫

Bδ(0)

Kδdx ≤
∫

RN

Kγdx <∞❀

✶✶✷



•
∫

B1(0)\Bδ(0)

Kδ(x)dx <∞✱ ♣♦✐s K é ❝♦♥tí♥✉❛ ❡♠ R
N \ {0}❀

•
∫

RN\B1(0)

Kδ(x)dx ≤
∫

RN

Kγdx <∞✱

♦♥❞❡ γ(x) = min {1, |x|2}✳ ▲♦❣♦✱

Kδ ∈ L1(RN).

Pr♦♣♦s✐çã♦ ✺✳✶✳✷ ❙❡❥❛ u ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ s❡ ❛♥✉❧❛♥❞♦ ♥♦ ✐♥✜♥✐t♦✳ ❊♥tã♦

∫

RN

∫

RN

u2(x)Kδ(x− y)dxdy =

∫

RN

∫

RN

(u∗)2(x)K∗
δ (x− y)dxdy

♣❛r❛ t♦❞♦ 0 < δ < 1✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ✉s❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐✱ t❡♠♦s
∫

RN

∫

RN

u2(x)Kδ(x− y)dxdy =

∫

RN

∫

RN

u2(x)Kδ(x− y)dydx

=

∫

RN

u2(x)

∫

RN

Kδ(z)dzdx

=

(∫

RN

Kδ(z)dz

)(∫

RN

u2(x)dx

)

.

✭✺✳✶✮

❆♥❛❧♦❣❛♠❡♥t❡✱

∫

RN

∫

RN

(u∗)2(x)K∗
δ (x− y)dxdy =

(∫

RN

K∗
δ (z)dz

)(∫

RN

(u∗)2dx

)

. ✭✺✳✷✮

▼❛s ♣♦r (iii)✱
∫

RN

(u∗)2dx =

∫

RN

u2dx ✭✺✳✸✮

❡
∫

RN

K∗
δ (z)dz =

∫

RN

Kδ(z)dz

❈♦♠❜✐♥❛♥❞♦ ❡st❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❝♦♠ ❛s ❡q✉❛çõ❡s ✭✺✳✶✮✱ ✭✺✳✷✮ ❡ ✭✺✳✸✮✱ ❝♦♥❝❧✉í♠♦s ♦

r❡s✉❧t❛❞♦✳

❈♦r♦❧ár✐♦ ✺✳✶✳✸ ❙❡❥❛ u ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ s❡ ❛♥✉❧❛♥❞♦ ♥♦ ✐♥✜♥✐t♦✳ ❊♥tã♦

∫

RN

∫

RN

u2(y)Kδ(x− y)dxdy =

∫

RN

∫

RN

(u∗)2(y)K∗
δ (x− y)dxdy,

♣❛r❛ t♦❞♦ 0 < δ < 1✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣❛ ❛♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳

✶✶✸



Pr♦♣♦s✐çã♦ ✺✳✶✳✹ ❙❡❥❛ u ∈ XK(R
N) ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛✳ ❊♥tã♦✱

∫

RN

∫

RN

(u∗(x)− u∗(y))2K∗
δ (x− y)dxdy ≤

∫

RN

∫

RN

(u(x)− u(y))2Kδ(x− y)dxdy

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡✱ ❝♦♠♦ Kδ ∈ L1(RN) ❡ u ∈ L2(RN) ❡♥tã♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✺✳✶✮

∫

RN

∫

RN

u2(x)Kδ(x− y)dxdy <∞. ✭✺✳✹✮

❆♥❛❧♦❣❛♠❡♥t❡✱
∫

RN

∫

RN

u2(y)Kδ(x− y)dxdy <∞. ✭✺✳✺✮

❆ss✐♠✱ ✭✺✳✹✮ ❡ ✭✺✳✺✮✱ Kδ ≤ K ❡ u ∈ XK(R
N) ✐♠♣❧✐❝❛♠ q✉❡

∫

RN

∫

RN

u(x)u(y)Kδ(x− y)dxdy <∞. ✭✺✳✻✮

P❡❧❛s ❡q✉❛çõ❡s ✭✺✳✹✮✱ ✭✺✳✺✮ ❡ ✭✺✳✻✮ t❡♠♦s✱
∫

RN

(u(x)− u(y))2Kδ(x− y)dxdy

=

∫

RN

∫

RN

u2(x)Kδ(x− y)dxdy

−2

∫

RN

∫

RN

u(x)u(y)Kδ(x− y)dxdy

+

∫

RN

∫

RN

u2(y)Kδ(x− y)dxdy <∞.

✭✺✳✼✮

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞♦ r❡❛rr❛♥❥♦ ❞❡ ❘✐❡s③ t❡♠♦s

∫

RN

∫

RN

u(x)u(y)Kδ(x− y)dxdy ≤
∫

RN

∫

RN

u∗(x)u∗(y)K∗
δ (x− y)dxdy. ✭✺✳✽✮

P❡❧❛ ✐♥❡q✉❛çã♦ ✭✺✳✽✮✱ ❡q✉❛çã♦ ✭✺✳✼✮✱ Pr♦♣♦s✐çã♦ ✺✳✶✳✷ ❡ ❈♦r♦❧ár✐♦ ✺✳✶✳✸ t❡♠♦s✱
∫

RN

(u(x)− u(y))2Kδ(x− y)dxdy

≥
∫

RN

∫

RN

(u∗)2(x)K∗
δ (x− y)dxdy

+

∫

RN

∫

RN

(u∗)2(y)K∗
δ (x− y)dxdy

−2

∫

RN

∫

RN

u∗(x)u∗(y)K∗
δ (x− y)dxdy.

✭✺✳✾✮

❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ Pr♦♣♦s✐çã♦ ✺✳✶✳✷✱ ❈♦r♦❧ár✐♦ ✺✳✶✳✸✱ ✐♥❡q✉❛çã♦

✶✶✹



✭✺✳✹✮ ❡ ✐♥❡q✉❛çã♦ ✭✺✳✺✮✱
∫

RN

∫

RN

u∗(x)u∗(y)K∗
δ (x− y)dxdy

=

∫

RN

∫

RN

u∗(x)K∗
δ (x− y)

1
2u∗(y)K∗

δ (x− y)
1
2dxdy

≤
(∫

RN

∫

RN

(u∗)2(x)K∗
δ (x− y)dxdy

) 1
2
(∫

RN

∫

RN

(u∗)2(y)K∗
δ (x− y)dxdy

) 1
2

=

(∫

RN

∫

RN

u2(x)K(x− y)dxdy

) 1
2
(∫

RN

∫

RN

u2(y)K(x− y)dxdy

) 1
2

<∞.

P❡❧❛ ✐♥❡q✉❛çã♦ ✭✺✳✹✮ ❡ Pr♦♣♦s✐çã♦ ✺✳✶✳✷✱ s❡❣✉❡ q✉❡
∫

RN

∫

RN

(u∗)2(x)K∗
δ (x− y)dxdy <∞,

❡ ♣♦r ✭✺✳✺✮ ❡ ❈♦r♦❧ár✐♦ ✺✳✶✳✸✱ ♦❜t❡♠♦s
∫

RN

∫

RN

(u∗)2(y)K∗
δ (x− y)dxdy <∞.

P♦rt❛♥t♦✱ ❡ss❛s três ú❧t✐♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❝♦♠❜✐♥❛❞❛s ❝♦♠ ❛ ✐♥❡q✉❛çã♦ ✭✺✳✾✮ ✐♠♣❧✐❝❛♠

q✉❡
∫

RN

∫

RN

(u∗(x)− u∗(y))2K∗
δ (x− y)dxdy ≤

∫

RN

∫

RN

(u(x)− u(y))2Kδ(x− y)dxdy

■st♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞❛ ♣r♦♣♦s✐çã♦✳

❆ s❡❣✉✐r✱ ♠♦str❛r❡♠♦s ♦✉tr❛ ✈❡rsã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦❧②❛✲❙③❡❣ö✳ Pr✐♠❡✐r♦✱

❢❛r❡♠♦s ❞✉❛s ♦❜s❡r✈❛çõ❡s✿

❖❜s❡r✈❛çã♦ ✺✳✶✳✺ ❙❡ f ≤ g sã♦ ❢✉♥çõ❡s ♥ã♦ ♥❡❣❛t✐✈❛s✱ s❡ ❛♥✉❧❛♥❞♦ ♥♦ ✐♥✜♥✐t♦✱ ❡♥tã♦

f ∗ ≤ g∗✳ ❉❡ ❢❛t♦✱ ♣❛r❛ ❝❛❞❛ x✱ t❡♠♦s ♣♦r ❞❡✜♥✐çã♦

f ∗(x) =

∫ ∞

0

χ∗
{x∈RN ;f(x)≥t}(x)dt.

◆♦t❡ q✉❡
{

x ∈ R
N ; f(x) ≥ t

}

⊂
{

x ∈ R
N ; g(x) ≥ t

}

✱ ❡ ♣♦rt❛♥t♦ ❡st❛ ✐♥❝❧✉sã♦ ✐♠♣❧✐❝❛

q✉❡
{

x ∈ R
N ; f(x) ≥ t

}∗ ⊂
{

x ∈ R
N ; g(x) ≥ t

}∗
✳ ▲♦❣♦✱ χ∗

{x∈RN ;f(x)≥t}(x) ≤ χ∗
{x∈RN ;g(x)≥t}(x)

♣❛r❛ t♦❞♦ t > 0✳ ■st♦ ♥♦s ❞á ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡s❡❥❛❞❛✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✻ ❙❡ f é r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛✱ ❞❡❝r❡s❝❡♥t❡ ❡ s❡ ❛♥✉❧❛ ♥♦ ✐♥✜♥✐t♦✱

❡♥tã♦ f ∗ = f ✳ ❇❛st❛ ♦❜s❡r✈❛r q✉❡ ♦s ❝♦♥❥✉♥t♦s ❞❛ ❢♦r♠❛ {f ≥ t} sã♦ ❜♦❧❛s ❢❡❝❤❛❞❛s ❡

❝❡♥tr❛❞❛s ♥❛ ♦r✐❣❡♠ ♦✉ sã♦ ❝♦♥❥✉♥t♦s ✈❛③✐♦s✱ ❡ ♣♦rt❛♥t♦

{f ≥ t}∗ = {f ≥ t} .

✶✶✺



❖❜s❡r✈❛çã♦ ✺✳✶✳✼ ❆ ❢✉♥çã♦

t→ B∗
t

é ✐♥❥❡t✐✈❛✱ ♦♥❞❡

Bt =
{

x ∈ R
N ;K(x) ≥ t

}

❡ B∗
t é ❛ s✐♠❡tr✐③❛çã♦ ❞❡ Bt✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ s 6= t✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱

✈❛♠♦s s✉♣♦r q✉❡ s < t✳ ❖❜s❡r✈❡ q✉❡

Bt ⊂ Bs.

❱❛♠♦s ♠♦str❛r q✉❡ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ W ⊂ Bs \ Bt✱ ❝♦♠ ♠❡❞✐❞❛ ♥ã♦ ♥✉❧❛✳ ❈♦♠♦

γK ∈ L1(RN) ❡♥tã♦ ❡①✐st❡ x0 ∈ R
N \ {0} t❛❧ q✉❡ K(x0) < s✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r (K3)✱

lim
t→0

K(tx0) = ∞✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ K ❡ t❡♦r❡♠❛ ❞♦ ✈❛❧♦r ✐♥t❡r♠❡❞✐ár✐♦✱ ❡①✐st❡

y = t0x0 t❛❧ q✉❡

s < K(y) < t

◆♦✈❛♠❡♥t❡ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ K✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ x ∈ Bδ(y) t❡♠♦s

s < K(x) < t.

❆ss✐♠✱

Bδ(y) ⊂ Bs

❡

Bδ(y) ∩ Bt = ∅,

✐♠♣❧✐❝❛♥❞♦ q✉❡

|Bt| < |Bs|.

P♦rt❛♥t♦✱ |B∗
t | < |B∗

s |✱ ♦✉ s❡❥❛ B∗
t 6= B∗

s ✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✽ ❈♦♠ ❛ ♠❡s♠❛ ♥♦t❛çã♦ ❞❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r✳ ❙❡❥❛ x ∈ R
N ❡

s✉♣♦♥❤❛ q✉❡ ❡①✐st❛♠ s, t ∈ R t❛✐s q✉❡ x ∈ ∂B∗
s ∩ ∂B∗

t ✳ ❉❛ ❞❡✜♥✐çã♦ ❞❛ s✐♠❡tr✐③❛çã♦

t❡♠♦s

B∗
s = B|x|(0) = B∗

t .

P❡❧❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r✱ s = t✳ P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ t t❛❧ q✉❡ x ∈ ∂B∗
t ✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✾ ◆❡st❛ ♦❜s❡r✈❛çã♦ ✈❛♠♦s ♠♦str❛r q✉❡ K∗
δ (x) → K∗(x)✱ q✉❛♥❞♦

δ → 0✱ ♣❛r❛ t♦❞♦ x 6= 0✳ ❋✐①❡ x0 ∈ R
N \{0}✳ P❛r❛ ❝❛❞❛ 1 > δ > 0 s❡❥❛ Lδ : (0,∞) → R

❞❛❞❛ ♣♦r

Lδ(t) = χ∗
{x∈RN ;Kδ(x)≥t}(x0) = χ{x∈RN ;Kδ(x)≥t}∗(x0).

❉❡✜♥❛ t❛♠❜é♠

L(t) = χ∗
{x∈RN ;K(x)≥t}(x0) = χ{x∈RN ;K(x)≥t}∗(x0).

✶✶✻



❙❡❥❛ t ∈ (0,∞) ❡ s✉♣♦♥❤❛ q✉❡ x /∈ ∂B∗
t ✳ ❱❛♠♦s ❞❡♥♦t❛r✱

Aδ =
{

x ∈ R
N ;Kδ(x) ≥ t

}

❡

B = Bt =
{

x ∈ R
N ;K(x) ≥ t

}

.

❯♠❛ ❛♣❧✐❝❛çã♦ ❞♦ t❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ♠♦str❛ q✉❡

|Aδ| → |B|

q✉❛♥❞♦ δ → 0✳ ❙❛❜❡♠♦s q✉❡ ❛ s✐♠❡tr✐③❛çã♦ B∗ é ✉♠❛ ❜♦❧❛ ❢❡❝❤❛❞❛ ❡ ❝❡♥tr❛❞❛ ♥❛

♦r✐❣❡♠ ❡ ❝♦♠

|B∗| = |B|.

❆♥❛❧♦❣❛♠❡♥t❡✱ ❛ s✐♠❡tr✐③❛çã♦ A∗
δ é ✉♠❛ ❜♦❧❛ ❢❡❝❤❛❞❛✱ ❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠ ❡ ❝♦♠

|Aδ| = |A∗
δ|.

P♦rt❛♥t♦✱

|A∗
δ| → |B∗|. ✭✺✳✶✵✮

❆❧é♠ ❞✐ss♦✱ t❡♠♦s

A1 ⊂ A 1
2
⊂ · · · ⊂ A 1

n
· · · ⊂ B.

❉❡ ♦♥❞❡ s❡❣✉❡ q✉❡

A∗
1 ⊂ A∗

1
2
⊂ · · · ⊂ A∗

1
n

· · · ⊂ B∗. ✭✺✳✶✶✮

❙✉♣♦♥❤❛ q✉❡ x0 ❡stá ♥♦ ✐♥t❡r✐♦r ❞❡ B∗✳ ▼♦str❛r❡♠♦s q✉❡ ❡①✐st❡ n ∈ N t❛❧ q✉❡ x0 ∈ A∗
1
n

✳

❙❡ x0 /∈ A∗
1
n

♣❛r❛ t♦❞♦ n ∈ N✱ ❡♥tã♦ ♦ r❛✐♦ ❞❡ ❝❛❞❛ ❜♦❧❛ ❢❡❝❤❛❞❛ A∗
1
n

✱ s❡r✐❛ ♠❡♥♦r ♦✉

✐❣✉❛❧ ❛ |x0|✱ ♦✉ s❡❥❛✱ A∗
1
n

❡st❛r✐❛ ❝♦♥t✐❞♦ ♥❛ ❜♦❧❛ ❢❡❝❤❛❞❛ ❞❡ ❝❡♥tr♦ ❡♠ 0 ❡ r❛✐♦ |x0|✳
■st♦ ✐♠♣❧✐❝❛r✐❛ q✉❡

∣

∣

∣
A∗

1
n

∣

∣

∣
≤ |B|x0|(0)| < B∗,

❝♦♥tr❛❞✐③❡♥❞♦ ✭✺✳✶✵✮✳ ❆ss✐♠✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡ x0 ∈ A∗
1
n0

✳ P❡❧❛ ❡q✉❛çã♦ ✭✺✳✶✶✮✱

x0 ∈ A∗
1
n

♣❛r❛ t♦❞♦ n > n0✳

P♦rt❛♥t♦✱ ♣❛r❛ n > n0✱ t❡♠♦s

χA∗
1
n

(x0) = 1 = χB∗(x0).

❉❡ss❛ ❢♦r♠❛✱

lim
n→∞

L 1
n
(t) = L(t).

✶✶✼



P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ x0 /∈ B∗✱ ❡♥tã♦ x0 /∈ A∗
1
n

♣❛r❛ t♦❞♦ n ∈ N✳ ❉❛í

χA∗
1
n

(x0) = 0 = χB∗(x0),

❡ ♣♦rt❛♥t♦

lim
n→∞

L 1
n
(t) = L(t).

❉❛ ♦❜s❡r✈❛çã♦ ✺✳✶✳✼✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ t t❛❧ q✉❡ x0 ❡stá ♥❛ ❢r♦♥t❡✐r❛ ❞❡ B∗
t ✳ ❆ss✐♠✱

♣❛r❛ q✉❛s❡ t♦❞♦ t t❡♠♦s

lim
n→∞

L 1
n
(t) = L(t).

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ t♦❞♦ δ ∈ (0, 1)✱

Ks ≤ K.

■st♦ ✐♠♣❧✐❝❛ q✉❡

{

x ∈ R
N ;Kδ(x) ≥ t

}

⊂
{

x ∈ R
N ;K(x) ≥ t

}

,

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

{

x ∈ R
N ;Kδ(x) ≥ t

}∗ ⊂
{

x ∈ R
N ;K(x) ≥ t

}∗
.

❆ss✐♠✱

χ{x∈RN ;Kδ(x)≥t}∗(x0) ≤ χ{x∈RN ;K(x)≥t}∗(x0),

♦✉ s❡❥❛✱

0 ≤ Lδ(t) ≤ L(t).

P♦r ❞❡✜♥✐çã♦✱

∫ ∞

0

L(t)dt = K∗(x0) <∞✱ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛

❞❡ ▲❡❜❡s❣✉❡✱ t❡♠♦s

lim
δ→0

∫ ∞

0

Lδ(t)dt =

∫ ∞

0

L(t)dt.

P♦r ♦✉tr♦ ❧❛❞♦✱

∫ ∞

0

Lδ(t)dt = K∗
δ (x0)✳ P♦rt❛♥t♦✱ ❛❝❛❜❛♠♦s ❞❡ ♣r♦✈❛r q✉❡ ♣❛r❛ t♦❞♦

x 6= 0

lim
δ→0

K∗
δ (x) = K(x).

❚❡♦r❡♠❛ ✺✳✶✳✶✵ ❙❡❥❛ u ∈ XK(R
N) ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛✳ ❊♥tã♦✱

∫

RN

∫

RN

(u∗(x)− u∗(y))2K∗(x− y)dxdy ≤
∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ♣❛r❛ ❝❛❞❛ 0 < δ < 1 t❡♠♦s

∫

RN

∫

RN

(u∗(x)−u∗(y))2K∗
δ (x−y)dxdy ≤

∫

RN

∫

RN

(u(x)−u(y))2Kδ(x−y)dxdy ✭✺✳✶✷✮

✶✶✽



P❛r❛ ❝❛❞❛ δ ∈ (0, 1) ❞❡✜♥❛ hδ : RN × R
N → R ♣♦r

hδ(x, y) := (u∗(x)− u∗(y))2K∗
δ (x− y).

◆♦t❡ q✉❡✱ s❡ 1 > δ1 > δ2✱ ❡♥tã♦ Kδ2 ≥ Kδ1 ✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✺✳✶✳✺✱ K∗
δ2

≥ K∗
δ1

❡

♣♦rt❛♥t♦

hδ2 ≥ hδ1 ≥ 0.

❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ (δn)n∈N✱ ❝♦♠ δn > δn+1 ❡ limn→ δn = 0, ❡ ♦❜s❡r✈❡ q✉❡ ❛ s❡q✉ê♥❝✐❛

(hδn)n∈N é ♠♦♥ót♦♥❛ ♥ã♦ ❞❡❝r❡s❝❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ✜①❛❞♦ (x, y) ∈ R
N ×R

N ❝♦♠ x 6= y

t❡♠♦s✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✺✳✶✳✾✱

lim
n→∞

hδn(x, y) = (u∗(x)− u∗(y))2K∗(x− y).

P❡❧♦ t❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♠♦♥ót♦♥❛✱

lim
n→∞

∫

RN

∫

RN

(u∗(x)−u∗(y))2K∗
δn(x−y)dxdy =

∫

RN

∫

RN

(u∗(x)−u∗(y))2K∗(x−y)dxdy.

❚❛♠❜é♠ t❡♠♦s✱

lim
n→∞

∫

RN

∫

RN

(u(x)− u(y))2Kδn(x− y)dxdy =

∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy.

❊st❡s ú❧t✐♠♦s ❞♦✐s ❧✐♠✐t❡s ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✺✳✶✷✮✱ ♠♦str❛♠ q✉❡

∫

RN

∫

RN

(u∗(x)− u∗(y))2K∗(x− y)dxdy ≤
∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy.

❈♦r♦❧ár✐♦ ✺✳✶✳✶✶ ❙❡❥❛ u ∈ XK(R
N)✳ ❊♥tã♦ ❡①✐st❡ w ♥ã♦ ♥❡❣❛t✐✈❛ ❡ r❛❞✐❛❧♠❡♥t❡

s✐♠étr✐❝❛ s❛t✐s❢❛③❡♥❞♦✿

• P❛r❛ t♦❞❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡ ♠♦♥ót♦♥❛✱ φ

∫

RN

φ(|u|)dx =

∫

RN

φ(w)dx.

• ❆❧é♠ ❞✐ss♦✱

∫

RN

∫

RN

(w(x)− w(y))2K∗(x− y)dxdy ≤
∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy.

✶✶✾



❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ u ∈ XK(R
N)✳ ❙❛❜❡♠♦s q✉❡ |u| ∈ XK(R

N) ❡ ♣♦rt❛♥t♦ |u| s❡
❛♥✉❧❛ ♥♦ ✐♥✜♥✐t♦✳ ❙❡❥❛ w = |u|∗ ♦ r❡❛rr❛♥❥♦ s✐♠étr✐❝♦ ❞❡ |u|✳ P❛r❛ t♦❞❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛

❡ ♠♦♥ót♦♥❛✱ φ
∫

RN

φ(|u|)dx =

∫

RN

φ(w)dx.

P❡❧♦ ❚❡♦r❡♠❛ ✺✳✶✳✶✵✱ ❛ ❢✉♥çã♦ w t❛♠❜é♠ s❛t✐s❢❛③
∫

RN

∫

RN

(w(x)− w(y))2K∗(x− y)dxdy ≤
∫

RN

∫

RN

||u(x)| − |u(y)||2K(x− y)dxdy.

▼❛s✱ ♣❛r❛ t♦❞♦s x ❡ y

||u(x)| − |u(y)|| ≤ |u(x)− u(y)|.

P♦rt❛♥t♦
∫

RN

∫

RN

(w(x)− w(y))2K∗(x− y)dxdy ≤
∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy.

❈♦r♦❧ár✐♦ ✺✳✶✳✶✷ ❙✉♣♦♥❤❛ q✉❡ K s❛t✐s❢❛ç❛ (K2)✱ (K3)✱ K s❡❥❛ r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛

❡ ❞❡❝r❡s❝❡♥t❡✳ ❊♥tã♦✱ ♣❛r❛ t♦❞❛ u ∈ XK(R
N)✱ ❡①✐st❡ w r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛✱ ♥ã♦

♥❡❣❛t✐✈❛ ❡ t❛❧ q✉❡ ♣❛r❛ t♦❞❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡ ♠♦♥ót♦♥❛ φ
∫

RN

φ(|u|)dx =

∫

RN

φ(w)dx.

❆❧é♠ ❞✐ss♦✱
∫

RN

∫

RN

(w(x)− w(y))2K(x− y)dxdy ≤
∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy.

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ❝♦♠❜✐♥❛r ♦ ❝♦r♦❧ár✐♦ ❛♥t❡r✐♦r ❝♦♠ ❛ ❖❜s❡r✈❛çã♦ ✺✳✶✳✻✳

❈♦r♦❧ár✐♦ ✺✳✶✳✶✸ ❙✉♣♦♥❤❛ q✉❡ K s❛t✐s❢❛ç❛ (K1), (K2), (K3) ❡

• (K4) ❊①✐st❡ c1 > 0 t❛❧ q✉❡ c1 ≥ K(x)|x|N+2s.

❊♥tã♦ ♣❛r❛ t♦❞❛ u ∈ XK(R
N)✱ ❡①✐st❡ w r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛✱ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ t❛❧ q✉❡

♣❛r❛ t♦❞❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡ ♠♦♥ót♦♥❛ φ
∫

RN

φ(|u|)dx =

∫

RN

φ(w)dx.

❆❧é♠ ❞✐ss♦
∫

RN

∫

RN

(w(x)− w(y))2K(x− y)dxdy ≤ λ

∫

RN

∫

RN

(u(x)− u(y))2K(x− y)dxdy

♦♥❞❡ λ = c1
c

❡ c é ❛ ❝♦♥st❛♥t❡ q✉❡ ❛♣❛r❡❝❡ ❡♠ (K3)✳

✶✷✵



❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡

c

|x|N+2s
≤ K(x) ≤ c1

|x|N+2s
.

P❡❧❛s ❖❜s❡r✈❛çõ❡s ✺✳✶✳✺ ❡ ✺✳✶✳✻✱ t❡♠♦s

c

|x|n+2s
≤ K∗(x) ≤ c1

|x|N+2s
.

❈♦♠ ❡st❛ ú❧t✐♠❛ r❡❧❛çã♦ ❡ ♦ ❈♦r♦❧ár✐♦ ✺✳✶✳✶✶✱ ❝♦♥❝❧✉í♠♦s ❛ ♣r♦✈❛ ❞❡st❡ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✺✳✶✳✶✹ P❛r❛ t♦❞❛ u ∈ XK(R
N)✱ ❡①✐st❡ w r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛✱ ♥ã♦ ♥❡❣❛✲

t✐✈❛ ❡ t❛❧ q✉❡ ♣❛r❛ t♦❞❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡ ♠♦♥ót♦♥❛ φ

∫

RN

φ(|u|)dx =

∫

RN

φ(w)dx.

❆❧é♠ ❞✐ss♦
∫

RN

∫

RN

(w(x)− w(y))2

|x− y|n+2s
dxdy ≤

∫

RN

∫

RN

(u(x)− u(y))2

|x− y|n+2s
dxdy.

❉❡♠♦♥str❛çã♦✳ ❋❛ç❛ K(x) = |x|n+2s ♥♦ ❈♦r♦❧ár✐♦ ✺✳✶✳✶✷✳

✶✷✶



❆♣ê♥❞✐❝❡s



❆♣ê♥❞✐❝❡ ❆

❙♦❜r❡ ♦ ❈♦♥❥✉♥t♦ ❞❡ ◆❡❤❛r✐

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ♠♦str❛r❡♠♦s ❛s ❛✜r♠❛çõ❡s ❝♦♥t✐❞❛s ♥❛ ❖❜s❡r✈❛çã♦ ✷✳✸✳✶✳

❙❡❥❛ K ✉♠ ♥ú❝❧❡♦ ❞❡ ♦r❞❡♠ s✱ ❝♦♠ s > 3
4
❡ I : XK(R

3) −→ R✱ ❞❛❞❛ ♣♦r✿

I(u) =
1

2
[u, u] +

1

2

∫

R3

u2V (x)dx+
1

4

∫

R3

φuu−
∫

R3

F (u)dx

♦♥❞❡ V ✱ φu✱ F ❡ f sã♦ ❞❡✜♥✐❞❛s ❝♦♠♦ ♥♦ ❝❛♣ít✉❧♦ ✷✳

❉❡✜♥✐♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ ◆❡❤❛r✐ N ✱ ❛ss♦❝✐❛❞♦ ❛ I✱ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

N = {u ∈ XK(R
3); u 6= 0 ❡ I ′(u)(u) = 0}

Pr♦♣♦s✐çã♦ ❆✳✶ P❛r❛ ❝❛❞❛ u 6= 0 ❡♠ XK(R
3)✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ t(u) > 0 t❛❧ q✉❡

t(u)u ∈ N ✳ ❆❧é♠ ❞✐ss♦✱

I(t(u)u) = max
t>0

I(tu).

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ u ∈ Hs(Rn) ♥ã♦ ♥✉❧♦✱ ❡♥tã♦ ❞❡✜♥✐♥❞♦ g(t) = I(tu) t❡♠♦s

g′(t) = I ′(tu)(u) = t[u, u] + t

∫

R3

V (x)u2dx+ t3
∫

R3

φuu
2dx−

∫

R3

f(tu)udx.

❙❡❣✉❡ q✉❡ g′(t) = 0 s❡ ❡ s♦♠❡♥t❡ s❡✱

||u||2 = t2
(∫

R3

f(tu)u

t3
dx−

∫

R3

φuu
2dx

)

,

♦♥❞❡

||u||2 = [u, u] +

∫

R3

V (x)u2dx.

◆♦t❡ q✉❡

g(0) = 0



❙❡❥❛ C > 0 t❛❧ q✉❡ C
∫

R3

u4dx >
1

4

∫

R3

φuu
2dx✳ P♦r (A4) ❡ (A6) ✭✈❡❥❛ ❝❛♣ít✉❧♦ ✷✮✱

❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ M > 0 t❛❧ q✉❡ F (s) ≥ Cs4 −Ms2✳ ❆ss✐♠✱ ♣❛r❛ t♦❞♦

t > 0

I(tu) ≤
(

1

4

∫

R3

φuu
2 − C

∫

R3

u4dx

)

t4 +

(

M

∫

R3

u2dx+
1

2
||u||2

)

t2

P♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ g(t) < 0✱ ♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ▼♦str❛r❡♠♦s q✉❡ ♣❛r❛

t s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ g(t) > 0✳ P❛r❛ ✐st♦✱ s❡❥❛ ǫ > 0 t❛❧ q✉❡ ǫ

min( 1
2
,α)

< 1
2
✳ P❡❧♦

❈♦r♦❧ár✐♦ ✷✳✷✳✺ ❡ (A5)✱

I(u) =
1

2
||u||2 + 1

4

∫

R3

φuu
2 −

∫

R3

F (u)dx

≥ 1

2
||u||2 − ǫ||u||22 − Cǫ||u||pp

≥ 1

2
||u||2 − ǫ

min
(

1
2
, α
) ||u||2 − C||u||p

=





1

2
− ǫ

min
(

C(s)
2
, α
) − C||u||p−2



 ||u||2.

✭❆✳✶✮

❈♦♥s❡❣✉✐♠♦s r > 0 t❛❧ q✉❡ s❡ ||u|| < r ❡♥tã♦ I(u) > 0✳ ▲♦❣♦

g(t) > 0

♣❛r❛ t ♣❡q✉❡♥♦✳ P♦r ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ g✱ ❡①✐st❡ t0 ∈ R t❛❧ q✉❡ g(t0) = maxt∈R g(t)✱ ♦✉

s❡❥❛✱ I(t0u) = maxt>0 I(tu)✳ ❙❡❣✉❡ q✉❡

t0u ∈ N .

▼♦str❛r❡♠♦s ❛❣♦r❛✱ ❛ ✉♥✐❝✐❞❛❞❡✳ P❡❧♦ q✉❡ ✈✐♠♦s ❛❝✐♠❛✱ t0 s❛t✐s❢❛③

||u||2 = t20

(∫

R3

f(t0u)u

t30
dx−

∫

R3

φuu
2dx

)

.

▲♦❣♦✱ d(t0) > 0✱ ♦♥❞❡

d(t) =

∫

R3

f(tu)u

t3
dx−

∫

R3

φuu
2dx.

P♦r (A7)✱ ❛ ❢✉♥çã♦ d t❛♠❜é♠ é ❝r❡s❝❡♥t❡ ❡♠ t > 0✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ♦✉tr♦ s > 0

t❛❧ q✉❡ su ∈ N ✳ ❉❡ I ′(su)u = 0✱ t❡rí❛♠♦s q✉❡ d(s) > 0✳ ❱❡❥❛ q✉❡ ♥ã♦ ♣♦❞❡ ♦❝♦rr❡r

s < t0✳ ❉❡ ❢❛t♦✱ ♥♦ ✐♥t❡r✈❛❧♦ [s,+∞) ❛ ❢✉♥çã♦ d é ♣♦s✐t✐✈❛ ❡ ❝r❡s❝❡♥t❡✱ ❡♥tã♦ ❛ ❢✉♥çã♦

e(t) = t2d(t) é ❝r❡s❝❡♥t❡ ❡♠ [s,+∞) ✳ ❊♠ ♣❛rt✐❝✉❧❛r ||u||2 = e(t0) 6= e(s) ❡ ♣♦rt❛♥t♦

su /∈ N ✳ ❙❡ ♦❝♦rr❡ss❡ s > t0✱ ❡♥tã♦ ♣♦r ✉♠ r❛❝✐♦❝í♥✐♦ ❛♥á❧♦❣♦ t❡rí❛♠♦s q✉❡ su /∈ N ✳

P♦rt❛♥t♦ s = t0✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ t(u) > 0 t❛❧ q✉❡ t(u)u ∈ N ✳

✶✷✹



Pr♦♣♦s✐çã♦ ❆✳✷ ❙❡❥❛ CN ❞❡✜♥✐❞♦ ♣♦r

CN = inf
u∈N

I(u).

❊♥tã♦

CN = c := inf
γ∈Γ

sup
t∈[0,1]

I(γ(t))

♦♥❞❡

Γ := {γ ∈ C([0, 1], Hs(R3)); γ(0) = 0; I(γ(1)) < 0)}

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ u ∈ N ✳ P❡❧❛ Pr♦♣♦s✐çã♦ ❆✳✶✱ I(u) = maxt>0 I(tu) > 0✳ ■st♦

✐♠♣❧✐❝❛ q✉❡ ❛ ❝♦♥st❛♥t❡ CN ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❙❡❥❛ CM = infu 6=0 supt>0 I(tu)✳ ◆♦t❡

q✉❡

CN = CM ≥ c.

❆ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ é ✐♠❡❞✐❛t❛✳ Pr♦✈❛r❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡✳ P❛r❛ ✐st♦✱ ❝♦♥s✐✲

❞❡r❡ γ(t) = tu✳ ❊①✐st❡ M > 0 t❛❧ q✉❡ I(γ(M)) < 0✳ ❆❧é♠ ❞✐ss♦✱ ♦ s✉♣r❡♠♦ ❞❡ I(γ(t))

é ❛t✐♥❣✐❞♦ ❡♠ (0,M)✳ ❉❡✜♥❛ β : [0, 1] −→ XK(R
N)✱ ❞❛❞❛ ♣♦r

β(t) = γ

(

t

M

)

.

❖❜s❡r✈❡ q✉❡ β ∈ Γ✳ ▲♦❣♦✱

sup
t>0

I(γ(t)) = sup
t∈[0,M ]

I(γ(t)) = sup
t∈[0,1]

I(β(t)) ≥ c.

❚♦♠❛♥❞♦ ♦ í♥✜♠♦ ❡♠ u 6= 0✱ ♦❜t❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡s❡❥❛❞❛✳ ❆ s❡❣✉✐r✱ ♣r♦✈❛r❡♠♦s

q✉❡ CN ≤ c✳ ❙❡❥❛ γ ∈ Γ✳ ❉❡✜♥❛ ♦ ❝♦♥❥✉♥t♦

A =
{

u ∈ XK(R
3); I ′(u)u > 0

}

❙❡ u ∈ A✱ ❡♥tã♦

4I(u) ≥ 4I(u)− I
′

(u)(u) = ||u||2 +
∫

R3

H(u)dx > 0.

❈♦♠♦ I(γ(1)) < 0✱ ❡♥tã♦✱ ♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❡ 1✱ t❡♠♦s γ(t) /∈ A✳ P♦r

♦✉tr♦ ❧❛❞♦✱

I ′(u)(u) > 0

♣❛r❛ ||u|| s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛✳ ❈♦♠♦ γ(0) = 0 ❡ I ∈ C1(XK(R
3)✱ t❡♠♦s t❛♠❜é♠

♣♦♥t♦s ❞❡ γ([0, 1]) ❡♠ A✳ P❡❧♦ t❡♦r❡♠❛ ❞❛ ❛❧❢â♥❞❡❣❛✱ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠ t ∈ (0, 1)

t❛❧ q✉❡ γ(t) ∈ N ✳ ❖✉ s❡❥❛✱

max
t∈[0,1]

I(γ(t)) ≥ CN

✶✷✺



❈♦♠♦ γ ∈ Γ ❢♦✐ q✉❛❧q✉❡r✱ t❡♠♦s

c ≥ CN .

❉❡ ♦♥❞❡ s❡❣✉❡ ❛ ✐❣✉❛❧❞❛❞❡ ❡♥tr❡ ❛s ❝♦♥st❛♥t❡s✳

✶✷✻



❆♣ê♥❞✐❝❡ ❇

❘❡s✉❧t❛❞♦ ❆✉①✐❧✐❛r

❋✐①❡ t ∈ [−n 1
β−1 , n

1
β−1 ] ❡ ❞❡✜♥❛

gt(s) = 2(ns− t|t|β−1)2 − C(s− t)(n2s− t|t|2(β−1)).

♦♥❞❡ n ∈ N✱ β > 1 ❡

C = 2 +
2(β − 1)2

2β − 1

◆♦ss♦ ♦❜❥❡t✐✈♦ é ♣r♦✈❛r q✉❡ gt(s) ≤ 0 ♣❛r❛ t♦❞♦ s ❝♦♠ |s| > n
1

β−1 ✳ Pr✐♠❡✐r♦

✈❛♠♦s ♣r♦✈❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦

q : R −→ R

t 7−→ −4ntβ + Cn2t+ Ct2β−1

▲❡♠❛ ❇✳✶ P❛r❛ t♦❞♦ t ∈ [0, n
1

β−1 ] t❡♠♦s

q′(t) > 0

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r♦ ♥♦t❡ q✉❡

q′(t) = −4βntβ−1 + Cn2 + (2β − 1)Ct2(β−1)

❆ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛ ❞❡ q é ❞❛❞❛ ♣♦r

q′′(t) = −4β(β − 1)ntβ−2 + 2C(2β − 1)(β − 1)t2β−3

= tβ−2
(

−4β(β − 1)n+ 2C(2β − 1)(β − 1)tβ−1
)



❉❡✜♥❛

m =
4β

2(2β − 1)C

❡♥tã♦

❆✜r♠❛çã♦ ❇✳✵✳✵✳✶ ❆✜r♠❛♠♦s q✉❡ 0 < m < 1✳

❉❡ ❢❛t♦✱

C = 2 + 2(β−1)2

2β−1
= 4β−2

2β−1
+ 2β2−4β+2

2β−1

= 2β2

2β−1

❡ ♣♦rt❛♥t♦

m = 4β
2(2β−1)C

= 4β
4β2

= 1
β

■st♦ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ❞❛ ❛✜r♠❛çã♦✳

❆✜r♠❛çã♦ ❇✳✵✳✵✳✷ ❈♦♠ ❛ ♠❡s♠❛ ♥♦t❛çã♦ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r

• q′′((mn)
1

β−1 ) = 0❀

• q′′(t) < 0 ❡♠ [0, (mn)
1

β−1 ]

• q′′(t) > 0 ❡♠ [(mn)
1

β−1 , n
1

β−1 ]

❉❡ ❢❛t♦✱ ♥♦t❡ q✉❡ q′′(t) < 0 ❡♠ [0,mn
1

β−1 ] s❡ ❡ s♦♠❡♥t❡ s❡

−4β(β − 1)n+ 2C(2β − 1)(β − 1)tβ−1 < 0

❊q✉✐✈❛❧❡♥t❡♠❡♥t❡

+2C(2β − 1)(β − 1)tβ−1 < 4β(β − 1)n

❊q✉✐✈❛❧❡♥t❡♠❡♥t❡

tβ−1 <
4β

2(2β − 1)C
n = mn

♦✉ s❡❥❛

t < (mn)
1

β−1

❆♥❛❧♦❣❛♠❡♥t❡ q′′(t) > 0 ❡♠ [(mn)
1

β−1 , n
1

β−1 ] ❡ q′′((mn)
1

β−1 ) = 0✳ ■st♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛

❞❛ ❛✜r♠❛çã♦✳

❉❛ ❛✜r♠❛çã♦ ❇✳✵✳✵✳✷ t❡♠♦s q✉❡ (mn)
1

β−1 é ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ❞❡ q′ ❡♠ [0, n
1

β−1 ]✳

q′[(mn)
1

β−1 ] = −4βmn2 + Cn2 + (2β − 1)C(nm)2

n2(−4βm+ C + (2β − 1)C(m)2)

✶✷✽



❖❜s❡r✈❡ t❛♠❜é♠ q✉❡

C = 2 + 2(β−1)2

2β−1
= 4β−2

2β−1
+ 2β2−4β+2

2β−1

= 2β2

2β−1

❡ q✉❡

m = 4β
2(2β−1)C

= 4β
4β2

= 1
β

❧♦❣♦

−4βm+ C + (2β − 1)Cm2 = −4 + 2β2

2β−1
+ 2

= 2β2

2β−1
− 2 > 0

♣♦✐s✱ ♣♦r ❤✐♣ót❡s❡ β > 1✳ P♦rt❛♥t♦

q′[(mn)
1

β−1 ] = n2(−4βm+ C + (2β − 1)Cm2) > 0.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡ t❡♠♦s ♣❛r❛ t♦❞♦ t ∈ [0, n
1

β−1 ] q✉❡

q′(t) ≥ q′[(mn)
1

β−1 ] > 0.

■st♦ ♣r♦✈❛ ♦ ▲❡♠❛ ❇✳✶✳

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r

p : R −→ R

t 7−→ −4nt|t|β−1 + Cn2t+ Ct|t|2(β−1)

❡ ♥♦t❡ q✉❡✱ ♣❛r❛ t♦❞♦ t > 0

p(t) = q(t)

❡ q✉❡ s❡ t < 0 ❡♥tã♦

p(t) = −4nt|t|β−1 + Cn2t+ Ct|t|2(β−1)

= −4nt(−t)β−1 + Cn2t+ Ct(−t)2(β−1)

= 4n(−t)β − Cn2(−t)− C(−t)2β−1

= −q(−t)
= −p(−t)

✶✷✾



▲❡♠❛ ❇✳✷ P❛r❛ ❝❛❞❛ t ∈ [−n 1
β−1 , n

1
β−1 ] t❡♠♦s

λn2n
1

β−1 ≥ p(t) ≥ −λn2n
1

β−1

♦♥❞❡ λ = 4(β−1)2

2β−1
✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ❇✳✶✱ ♣❛r❛ ❝❛❞❛ 0 < t < n
1

β−1 t❡♠♦s

0 = p(0) ≤ p(t) ≤ p(n
1

β−1 ) = λn2n
1

β−1

❈♦♠♦ p é í♠♣❛r✱ s❡ 0 > t > n
1

β−1 t❡♠♦s

p(t) = −p(−t) ≥ −λn2n
1

β−1

❡

p(t) ≤ p(0) = 0

▲❡♠❛ ❇✳✸ ❋✐①❡ t ∈ [−n 1
β−1 , n

1
β−1 ]✳ ❊♥tã♦

• gt(−n
1

β−1 ) ≤ 0

• gt(n
1

β−1 ) ≤ 0

❉❡♠♦♥str❛çã♦✳ ◆ã♦ é ❞✐❢í❝✐❧ ♣r♦✈❛r q✉❡ ♣❛r❛ t♦❞♦s x, y ∈ R

2(x|x|β−1 − y|y|β−1)2 − C(x− y)(x|x|2(β−1) − y|y|2(β−1)) ≤ 0.

◆❛ ✈❡r❞❛❞❡✱ ❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ▲❡♠❛ ✸✳✶✳✺✳ P❛r❛ x = n
1

β−1 ❡

y = t t❡♠♦s

2(x|x|β−1 − y|y|β−1)2 − C(x− y)(x|x|2(β−1) − y|y|2(β−1))

= 2(nn
1

β−1 − t|t|β−1)2 − C(n
1

β−1 − t)(n2n
1

β−1 − t|t|2(β−1))

= gt(n
1

β−1 ).

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛ x = −n 1
β−1 ❡ y = t t❡♠♦s

2(x|x|β−1 − y|y|β−1)2 − C(x− y)(x|x|2(β−1) − y|y|2(β−1))

= 2(n(−n 1
β−1 )− t|t|β−1)2 − C(−n 1

β−1 − t)(n2(−n 1
β−1 )− t|t|2(β−1))

= gt(−n
1

β−1 ).

✶✸✵



❚❡♦r❡♠❛ ❇✳✹ ❋✐①❡ t ∈ [−n 1
β−1 , n

1
β−1 ]✳ ❊♥tã♦✱

gt(s) ≤ 0

♣❛r❛ t♦❞♦ s ❝♦♠ |s| > n
1

β−1 ✳

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡

g′t(s) = 4n(ns− t|t|β−1)− C(n2s− t|t|2(β−1))− C(s− t)n2

= (4− 2C)n2s− 4nt|t|β−1 + Ct|t|2(β−1) + Ctn2

= −λn2s− 4nt|t|β−1 + Ct|t|2(β−1) + Ctn2

.

❙❡ s < −n 1
β−1 ❡♥tã♦

g′t(s) = −λn2s+ p(t)

≥ −λnss− λn2n
1

β−1

= λn2(−s− n
1

β−1 )

> 0.

P♦rt❛♥t♦ gt(s) é ❝r❡s❝❡♥t❡ ❡♠ (−∞,−n 1
β−1 )✳ ◆❡st❡ ❝❛s♦

gt(s) ≤ gt(−n
1

β−1 ) ≤ 0

❙❡ ♣♦ré♠ s > n
1

β−1 t❡♠♦s

g′t(s) = −λn2s+ p(t)

≤ −λn2s+ λn2n
1

β−1

= λn2(−s+ n
1

β−1 ) < 0

P♦rt❛♥t♦ gt(s) é ❞❡❝r❡s❝❡♥t❡ ❡♠ (n
1

β−1 ,+∞)✳ ◆❡st❡ ❝❛s♦

gt(s) ≤ gt(n
1

β−1 ) ≤ 0.

❊♠ q✉❛❧q✉❡r ❝❛s♦✱ t❡♠♦s ♣❛r❛ t♦❞♦ |s| < n
1

β−1 q✉❡

gt(s) ≤ 0.

✶✸✶
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N ✱

❊❧❡❝tr♦♥✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✽✽ ✭✷✵✶✻✮✱ ✶✲✶✺✳

❬✷✵❪ ❋✳ ❍✳ ❈❧❛r❦❡✱ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞ ◆♦♥s♠♦♦t❤ ❆♥❛❧②s✐s✱ ❏❙♦❝✐❡t② ❢♦r ■♥❞✉str✐❛❧ ❛♥❞

❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✭✶✾✾✵✮✳

❬✷✶❪ P✳ ❞✬❆✈❡♥✐❛✱ ▼✳ ❙q✉❛ss✐♥❛✱ ▼✳ ❩❡♥❛r✐✱ ❋r❛❝t✐♦♥❛❧ ❧♦❣❛r✐t❤♠✐❝ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐✲

♦♥s✱ ▼❛t❤✳ ▼❡t❤♦❞s ❆♣♣❧✳ ❙❝✐✳✱ ✸✽ ✭✷✵✶✺✮✱ ✺✷✵✼✲✺✷✶✻✳

✶✸✸



❬✷✷❪ ❋✳ ❉❡♠❡♥❣❡❧✱ ●✳ ❉❡♠❡♥❣❡❧✱ ❘✳ ❊r♥é ❋✉♥❝t✐♦♥❛❧ ❙♣❛❝❡s ❢♦r t❤❡ ❚❤❡♦r② ♦❢ ❊❧❧✐♣t✐❝

P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ▲♦♥❞♦♥✱ ❯❑✿ ❙♣r✐♥❣❡r✱ ✭✷✵✶✷✮✳

❬✷✸❪ ❆✳ ❉✐ ❈❛str♦✱ ❚✳ ❑✉✉s✐✱ ●✳ P❛❧❛t✉❝❝✐✱ ●✳✱ ▲♦❝❛❧ ❜❡❤❛✈✐♦r ♦❢ ❢r❛❝t✐♦♥❛❧ ♣✲♠✐♥✐♠✐③❡rs✱

❆♥♥✳ ■♥st✳ ❍✳ P♦✐♥❝❛r✁❡ ❆♥❛❧✳ ◆♦♥ ▲✐♥✁❡❛✐r❡✱ ✸✸ ✭✷✵✶✺✮✱ ✶✷✼✾✲✶✷✾✾✳

❬✷✹❪ ❊✳ ❉✐ ◆❡③③❛✱ ●✳ P❛❧❛t✉❝❝✐✱ ❊✳ ❱❛❧❞✐♥♦❝✐✱ ❍✐t❝❤❤✐❦❡r✬s ❣✉✐❞❡ t♦ t❤❡ ❢r❛❝t✐♦♥❛❧ ❙♦❜♦❧❡✈

s♣❛❝❡s✱ ❇✉❧❧✳ ❙❝✐✳ ▼❛t❤✳✱ ✶✸✻ ✭✷✵✶✷✮✱ ✺✶✷✲✺✼✸✳

❬✷✺❪ ❘✳ ❈✳ ❉✉❛rt❡✱ ▼✳ ❆✳ ❙✳ ❙♦✉t♦✱ ❋r❛❝t✐♦♥❛❧ ❙❝❤r♦❞✐♥❣❡r✲P♦✐ss♦♥ ❡q✉❛t✐♦♥s ✇✐t❤ ❣❡✲

♥❡r❛❧ ♥♦♥❧✐♥❡❛r✐t✐❡s✱ ❊❧❡❝tr♦♥✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✸✶✾ ✭✷✵✶✻✮✱ ✶✲✶✾✳

❬✷✻❪ ❘✳ ❈✳ ❉✉❛rt❡✱ ▼✳ ❆✳ ❙✳ ❙♦✉t♦✱ ◆♦♥❧♦❝❛❧ ❙❝❤r♦❞✐♥❣❡r ❊q✉❛t✐♦♥s ❢♦r ■♥t❡❣r♦✲

❉✐✛❡r❡♥t✐❛❧ ❖♣❡r❛t♦rs ✇✐t❤ ▼❡❛s✉r❛❜❧❡ ❑❡r♥❡❧s ❛♥❞ ❆s②♠♣t♦t✐❝ P♦t❡♥t✐❛❧s✱ ❛r❳✐✈

♣r❡♣r✐♥t ❛r❳✐✈✿✶✻✶✷✳✵✺✻✾✻ ✭✷✵✶✻✮✳

❬✷✼❪ ●✳ ❉✉✈❛✉t✱ ❏✳ ▲✳ ▲✐♦♥s✱ ■♥❡q✉❛❧✐t✐❡s ✐♥ ▼❡❝❤❛♥✐❝s ❛♥❞ P❤②s✐❝s✱ ❙♣r✐♥❣❡r ❙❝✐❡♥❝❡

✫ ❇✉s✐♥❡ss ▼❡❞✐❛✱ ✭✷✵✶✷✮✳

❬✷✽❪ ❊✈❛♥s✱ ▲✳ ❈✳❀ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ❍❛r❞❝♦✈❡r✱ ✶✾ ✭✷✵✶✵✮✳

❬✷✾❪ ▼✳ ▼✳ ❋❛❧❧✱ ❊✳ ❱❛❧❞✐♥♦❝✐✱ ❯♥✐q✉❡♥❡ss ❛♥❞ ◆♦♥❞❡❣❡♥❡r❛❝② ♦❢ P♦s✐t✐✈❡ ❙♦❧✉t✐♦♥s ♦❢

(−∆)su + u = up ✐♥ R
N ✇❤❡♥ s ✐s ❈❧♦s❡ t♦ 1✱ ❈♦♠♠✳ ▼❛t❤✳ P❤②s✳✱ ✸✷✾ ✭✷✵✶✹✮✱

✸✽✸✲✹✵✹✳

❬✸✵❪ P✳ ❋❡❧♠❡r✱ ❆✳ ◗✉❛❛s✱ ❏✳ ❚❛♥✱ P♦s✐t✐✈❡ s♦❧✉t✐♦♥s ♦❢ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

✇✐t❤ t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥✱ Pr♦❝✳ ❘✳ ❙♦❝✳ ❊❞✐♥❜✉r❣❤ ❙❡❝t✳ ❆✳✱ ✶✹✷ ✭✷✵✶✷✮✱ ✶✷✸✼✲

✶✷✻✷✱✳

❬✸✶❪ P✳ ❋❡❧♠❡r✱ ❈✳ ❚♦rr❡s✱ ❘❛❞✐❛❧ ❙②♠♠❡tr② ♦❢ ❣r♦✉♥❞ st❛t❡s ❢♦r ❛ r❡❣✐♦♥❛❧ ❢r❛❝t✐♦♥❛❧

♥♦♥❧✐♥❡❛r ❙❝❤r♦✐♥❣❡r ❡q✉❛t✐♦♥✱ ❈♦♠♠✳ ♦♥ P✉r❡ ❆♥❞ ❆♣❧✐❡❞ ❛♥❛❧②s✐s✱ ✶✸ ✭✷✵✶✹✮✳

❬✸✷❪ ●✳ ▼✳ ❋✐❣✉❡✐r❡❞♦✱ ▼✳ ❚✳ ❖✳ P✐♠❡♥t❛✱ ❙tr❛✉ss ❛♥❞ ▲✐♦♥s ❚②♣❡ ❘❡s✉❧ts ✐♥ BV (Rn)✱

✇✐t❤ ❛♥ ❆♣♣❧✐❝❛t✐♦♥ t♦ ✶✲ ▲❛♣❧❛❝✐❛♥ ♣r♦❜❧❡♠✱ ❛r❳✐✈✱ ♣r❡♣r✐♥t ❛r❳✐✈✿✶✻✶✵✳✵✼✸✻✾

✭✷✵✶✻✮✳

❬✸✸❪ ❙✳ ●❛❡t❛♥♦✱ ▼✳ ❙q✉❛ss✐♥❛✱ P✳ ❉✬❛✈❡♥✐❛✱ ❖♥ ❢r❛❝t✐♦♥❛❧ ❝❤♦q✉❛r❞ ❡q✉❛t✐♦♥s✱ ▼❛t❤✳

▼♦❞❡❧s ▼❡t❤♦❞s ❆♣♣❧✳ ❙❝✐✳✱ ✷✺ ✭✷✵✶✺✮✱ ✶✹✹✼✲✶✹✼✻✳
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❬✸✹❪ ❆✳ ❘✳ ●✐❛♠♠❡tt❛✱ ❋r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥✲❙❧❛t❡r s②st❡♠ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥✱

❛r❳✐✈✿ ✶✹✵✺✳✷✼✾✻✈✶✳

❬✸✺❪ ●✳ ●✐❧❜♦❛✱ ❙✳ ❖s❤❡r✱ ◆♦♥❧♦❝❛❧ ♦♣❡r❛t♦rs ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ ✐♠❛❣❡ ♣r♦❝❡ss✐♥❣✱

▼✉❧t✐s❝❛❧❡ ▼♦❞❡❧✳ ❙✐♠✉❧✳✱ ✼ ✭✷✵✵✽✮✱ ✶✵✵✺✲✶✵✷✽✳

❬✸✻❪ ❚✳ ●♦✉✱ ❍✳ ❙✉♥✱ ❙♦❧✉t✐♦♥s ♦❢ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✇✐t❤ ❢r❛❝t✐♦♥❛❧

▲❛♣❧❛❝✐❛♥ ✇✐t❤♦✉t t❤❡ ❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③ ❝♦♥❞✐t✐♦♥✱ ❆♣♣❧✳ ▼❛t❤✳ ❈♦♠♣✉t✳✱

t❡①t❜❢✷✺✼ ✭✷✵✶✹✮✱ ✹✵✾✲✹✶✻✳

❬✸✼❪ ❍✳ ❍❛❥❛✐❡❥✱ ●❡♥❡r❛❧✐③❡❞ P♦❧②❛✲❙③❡❣♦ ■♥❡q✉❛❧✐t②✱ ❛r❳✐✈ ♣r❡♣r✐♥t ❛r❳✐✈✿✶✵✵✼✳✵✶✼✻

✭✷✵✶✵✮✳

❬✸✽❪ ❆✳ ▲✳ ❍❛♠✐❞✐✱ ❏✳ ▼✳ ❘❛❦♦t♦s♦♥✱ ❊①tr❡♠❛❧ ❢✉♥❝t✐♦♥s ❢♦r t❤❡ ❛♥✐s♦tr♦♣✐❝ ❙♦❜♦❧❡✈

■♥❡q✉❛❧✐t✐❡s ❆♥♥✳ ■♥st✳ ❍✳ P♦✐♥❝❛r✁❡ ❆♥❛❧✳ ◆♦♥ ▲✐♥✁❡❛✐r❡✱ ✷✹ ✭✷✵✵✼✮✱ ✼✹✶✲✼✺✻✳

❬✸✾❪ ❖✳ ❑❛✈✐❛♥✱ ■♥tr♦❞✉❝t✐♦♥ à ❧❛ ❚❤é♦r✐❡ ❞❡s P♦✐♥ts ❈r✐t✐q✉✐s ❡t ❆♣♣❧✐❝❛t✐♦♥s ❛✉①

Pr♦❜❧è♠❡s ❊❧❧✐♣t✐q✉❡s✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✭✶✾✾✸✮✳

❬✹✵❪ ❘✳ ▲❡❤r❡r✱ ▲✳ ❆✳ ▼❛✐❛✱ ▼✳ ❙q✉❛ss✐♥❛✱ ❆s②♠♣t♦t✐❝❛❧❧② ❧✐♥❡❛r ❢r❛❝t✐♦♥❛❧ ❙❝❤r♦❞✐♥❣❡r

❡q✉❛t✐♦♥s✱ ❈♦♠♣❧❡① ❱❛r✳ ❊❧❧✐♣t✐❝ ❊q✉✳✱ ✻✵✳✹ ✭✷✵✶✺✮✱ ✺✷✾✲✺✺✽✳

❬✹✶❪ ❊✳ ▲✐❡❜✱ ▼✳ ▲♦ss✱ ❆♥❛❧②s✐s✱ ●r❛❞✉❛t❡ st✉❞✐❡s ✐♥ ♠❛t❤❡♠❛t✐❝s✱ ✶✹ ✭✷✵✵✶✮✳

❬✹✷❪ P✲▲✳ ▲✐♦♥s✱ ❙②♠étr✐❡ ❡t ❝♦♠♣❛❝✐té ❞❛♥s ❧❡s ❡s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈✱ ❏♦✉r♥❛❧ ♦❢ ❋✉♥❝t✐✲

♦♥❛❧ ❆♥❛❧②s✐s✱ ✹✾ ✭✶✾✽✷✮✱ ✸✶✺✲✸✸✹✳

❬✹✸❪ ❙✳▼✳ ◆✐❦♦❧�s❦✐✐✱ ❖♥ ❡♠❜❡❞❞✐♥❣ ❝♦♥t✐♥✉❛t✐♦♥ ❛♥❞ ❛♣♣r♦①✐♠❛t✐♦♥ t❤❡♦r❡♠s ❢♦r ❞✐❢✲

❢❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥s ♦❢ s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s✱ ❘✉ss✐❛♥ ▼❛t❤✳ ❙✉r✈✳✱ ✶✻ ✭✶✾✻✶✮✱ ✺✺✲✶✵✹✳

❬✹✹❪ ❨✳ P❛r❦✱ ❋r❛❝t✐♦♥❛❧ P♦❧②❛✲❙③❡❣♦ ■♥❡q✉❛❧✐t②✱ ❏✳ ❈❤✉♥❣❝❤❡♦♥❣ ▼❛t❤✳ ❙♦❝✳✱ ✷✹✳✷

✭✷✵✶✶✮✱ ✷✻✼✲✷✼✶✳

❬✹✺❪ ●✳ P♦❧②❛✱ ●✳ ❙③❡❣ö✱ ■s♦♣❡r✐♠❡tr✐❝ ■♥❡q✉❛❧✐t✐❡s ✐♥ ▼❛t❤❡♠❛t✐❝❛❧ P❤②s✐❝s✱ ❆♥♥✳ ♦❢

▼❛t❤✳ ❙t✉❞✳✱ ✷✼ ✭✶✾✺✶✮✳

❬✹✻❪ ❏✳ ❘❛❦♦s♥✐❦✱ ❙♦♠❡ r❡♠❛r❦s t♦ ❛♥✐s♦tr♦♣✐❝ ❙♦❜♦❧❡✈ s♣❛❝❡s ■✱ ❇❡✐trä❣❡ ❆♥❛❧✳✱ ✶✸

✭✶✾✼✾✮✱ ✺✺✲✻✽✳

✶✸✺



❬✹✼❪ ❏✳ ❘❛❦♦s♥✐❦✱ ❙♦♠❡ r❡♠❛r❦s t♦ ❛♥✐s♦tr♦♣✐❝ ❙♦❜♦❧❡✈ s♣❛❝❡s ■■✱ ❇❡✐trä❣❡ ❆♥❛❧✳✱ ✶✺

✭✶✾✽✶✮✳ ✶✷✼✲✶✹✵✳

❬✹✽❪ ❳✳ ❘♦s ❖t♦♥✱ ■♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✿ ❘❡❣✉❧❛r✐t② t❤❡♦r② ❛♥❞ P♦❤♦③❛❡✈ ✐❞❡♥✲

t✐t✐❡s✱ ✭✷✵✶✹✮✳

❬✹✾❪ ❏✳ ❆✳ ❙❛♥t♦s✱ ❚❡♦r❡♠❛s ▼✐♥✐♠❛① ♣❛r❛ ❋✉♥❝✐♦♥❛✐s ▲♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❡ ❆♣❧✐❝❛✲

çõ❡s✱ ✭✷✵✵✼✮✳

❬✺✵❪ ❙✳ ❙❡❝❝❤✐✱ ●r♦✉♥❞ st❛t❡ s♦❧✉t✐♦♥s ❢♦r ♥♦♥❧✐♥❡❛r ❢r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ✐♥

R
N ✱ ❏✳ ▼❛t❤✳ P❤②s✳✱ ✺✹ ✭✷✵✶✸✮✱ ✵✸✶✺✵✶✳

❬✺✶❪ ▲✳ ❙✐❧✈❡str❡✱ ❘❡❣✉❧❛r✐t② ♦❢ t❤❡ ♦❜st❛❝❧❡ ♣r♦❜❧❡♠ ❢♦r ❛ ❢r❛❝t✐♦♥❛❧ ♣♦✇❡r ♦❢ t❤❡ ▲❛♣❧❛❝❡

♦♣❡r❛t♦r✳✱ ❈♦♠♠✳ P✉r❡ ❆♣♣❧✳ ▼❛t❤✳✱ ✻✵ ✭✶✮ ✭✷✵✵✼✮✱ ✻✼✲✶✶✷✳

❬✺✷❪ ❨✳ ❲❛♥✱ ❩✳ ❲❛♥❣✱ ❇♦✉♥❞ st❛t❡ ❢♦r ❢r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✇✐t❤ s❛t✉r❛❜❧❡

♥♦♥❧✐♥❡❛r✐t②✱ ❆♣♣❧✳ ▼❛t❤✳ ❈♦♠♣✉t✳✱ ✷✼✸ ✭✷✵✶✻✮✱ ✼✸✺✲✼✹✵✳

❬✺✸❪ ▼✳ ❲✐❧❧❡♠✱ ▼✐♥✐♠❛① ❚❤❡♦r❡♠s✱ ❇✐r❦❤❛✉s❡r✱ ✭✶✾✾✻✮✳

❬✺✹❪ ❏✳ ❳✉✱ ❩✳ ❲❡✐✱ ❲✳ ❉♦♥❣✱ ❊①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ❢♦r ❛ ❢r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r

❡q✉❛t✐♦♥ ✱ ❈♦♠♠✉♥✳ ◆♦♥❧✐♥❡❛r ❙❝✐✳ ◆✉♠❡r✳ ❙✐♠✉❧✳✱ ✷✷ ✭✷✵✶✺✮✱ ✶✷✶✺✲✶✷✷✷✳

❬✺✺❪ ❏✳ ❩❤❛♥❣✱ ❊①✐st❡♥❝❡ ❛♥❞ ▼✉❧t✐♣❧✐❝✐t② r❡s✉❧ts ❢♦r t❤❡ ❋r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥

❙②st❡♠s✱ ❛r❳✐✈✿✶✺✵✼✳✵✶✷✵✺✈✶✳

❬✺✻❪ ❏✳ ❩❤❛♥❣✱ ❏✳ ▼✳ ❉♦ Ó✱ ▼✳ ❙q✉❛ss✐♥❛✱ ❋r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r✲P♦✐ss♦♥ ❙②st❡♠s ✇✐t❤

❛ ❣❡♥❡r❛❧ s✉❜❝r✐t✐❝❛❧ ♦r ❝r✐t✐❝❛❧ ♥♦♥❧✐♥❡❛r✐t②✱ ❆❞✈✳ ◆♦♥❧✐♥❡❛r ❙t✉❞✳✱ ✶✻ ✭✷✵✶✻✮✱ ✶✺✲

✸✵✳

❬✺✼❪ ❍✳ ❩❤❛♥❣✱ ❏✳ ❳✉✱ ❋✳ ❩❤❛♥❣✱ ❊①✐st❡♥❝❡ ❛♥❞ ♠✉❧t✐♣❧✐❝✐t② ♦❢ s♦❧✉t✐♦♥s ❢♦r s✉♣❡r❧✐♥❡❛r

❢r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ✐♥ R
N ✳✱ ❏✳ ▼❛t❤✳ P❤②s✳✱ ✺✻ ✭✷✵✶✺✮✱ ✵✾✶✺✵✷✳

✶✸✻


