
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❊st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥ ♣❛r❛ ✉♠❛
❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ♣❛r❛❜ó❧✐❝♦s

❞❡❣❡♥❡r❛❞♦s ❡ ❛♣❧✐❝❛çõ❡s à
❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♠✉❧t✐✲♦❜❥❡t✐✈♦

♣♦r

❇r✉♥♦ ❙ér❣✐♦ ❱❛s❝♦♥❝❡❧♦s ❞❡ ❆r❛ú❥♦

❏♦ã♦ P❡ss♦❛ ✲ P❇

❏✉♥❤♦✴✷✵✶✼



❊st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥ ♣❛r❛ ✉♠❛
❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ♣❛r❛❜ó❧✐❝♦s

❞❡❣❡♥❡r❛❞♦s ❡ ❛♣❧✐❝❛çõ❡s à
❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♠✉❧t✐✲♦❜❥❡t✐✈♦

♣♦r

❇r✉♥♦ ❙ér❣✐♦ ❱❛s❝♦♥❝❡❧♦s ❞❡ ❆r❛ú❥♦ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❋á❣♥❡r ❉✐❛s ❆r❛r✉♥❛

s♦❜ ❝♦✲♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❊♥r✐q✉❡ ❋❡r♥❛♥❞❡③✲❈❛r❛

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲

❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦

tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❏♦ã♦ P❡ss♦❛ ✲ P❇

❏✉♥❤♦✴✷✵✶✼

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙

✐✐



❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ❆♥á❧✐s❡

❆♣r♦✈❛❞❛ ❡♠✿

Pr♦❢✳ ❉r✳ ❋á❣♥❡r ❉✐❛s ❆r❛r✉♥❛ ✭❖r✐❡♥t❛❞♦r✮ − ❯❋P❇

Pr♦❢✳ ❉r✳ ❊♥r✐q✉❡ ❋❡r♥❛♥❞❡③✲❈❛r❛ ✭❈♦✲❖r✐❡♥t❛❞♦r✮ − ❯❙

Pr♦❢✳ ❉r✳ ❉✐❡❣♦ ❆r❛ú❥♦ ❞❡ ❙♦✉③❛ − ❯❋P❊

Pr♦❢✳ ❉r✳ ▼❛♥✉❡❧ ❆♥t♦❧✐♥♦ ▼✐❧❧❛ ▼✐r❛♥❞❛ − ❯❊P❇

Pr♦❢✳ ❈❧❛✉❞✐❛♥♦r ❖❧✐✈❡✐r❛ ❆❧✈❡s − ❯❋❈●

Pr♦❢✳ ❉r✳ P❛❜❧♦ ●✉st❛✈♦ ❆❧❜✉q✉❡rq✉❡ ❇r❛③ ❡ ❙✐❧✈❛ − ❯❋P❊

Pr♦❢✳ ▼❛r❝♦ ❆✉ré❧✐♦ ❙♦❛r❡s ❙♦✉t♦ ✭❙✉♣❧❡♥t❡✮ − ❯❋❈●

Pr♦❢✳ ▼❛✉rí❝✐♦ ❈❛r❞♦s♦ ❙❛♥t♦s ✭❙✉♣❧❡♥t❡✮ − ❯❋P❊

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦

❡♠ ▼❛t❡♠át✐❝❛ ✲ ❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡

❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❏✉♥❤♦✴✷✵✶✼
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❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠♦s ❡st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s

♣❛r❛❜ó❧✐❝♦s ❞❡❣❡♥❡r❛❞♦s s♦❜r❡ ✉♠ q✉❛❞r❛❞♦ ✭♥♦ ❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✮ ♦✉ s♦❜r❡ ✉♠ ✐♥✲

t❡r✈❛❧♦ ❧✐♠✐t❛❞♦ ✭♥♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✮✳ ❈♦♥s✐❞❡r❛♠♦s ✉♠ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ q✉❡

❞❡❣❡♥❡r❛ ❛♣❡♥❛s ❡♠ ✉♠❛ ♣❛rt❡ ❞❛ ❢r♦♥t❡✐r❛✳ Pr♦✈❛♠♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛✱ ✉♥✐✲

❝✐❞❛❞❡ ❡ ❡st✐♠❛t✐✈❛s ❞❡ ❡♥❡r❣✐❛ ✈✐❛ t❡♦r✐❛ ❞♦ s❡♠✐❣r✉♣♦✳ ❊♠ s❡❣✉✐❞❛ ✉s❛♠♦s ❢✉♥çõ❡s

♣❡s♦ ❛❞❡q✉❛❞❛s ♣❛r❛ ♦❜t❡r ❡st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥ ❡✱ ❝♦♠♦ ❛♣❧✐❝❛çõ❡s✱ r❡s✉❧t❛❞♦s ❞❡

❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♠✉❧t✐✲♦❜❥❡t✐✈♦✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❈♦♥tr♦❧❡ ♥✉❧♦ ❞❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤❀ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛r❧❡♠❛♥❀ ❖❜✲

s❡r✈❛❜✐❧✐❞❛❞❡❀ ❊q✉❛çõ❡s ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❞❡❣❡♥❡r❛❞♦s✳
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❆❜str❛❝t

❚❤✐s ✇♦r❦ ♣r❡s❡♥ts ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s t♦ ❛ ❝❧❛ss ♦❢ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s

♦✈❡r ❛ sq✉❛r❡ ✭✐♥ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✮ ♦r ❛ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧ ✭✐♥ t❤❡ ♦♥❡ ❞✐♠❡♥✲

s✐♦♥❛❧ ❝❛s❡✮✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r t❤❛t ❞❡❣❡♥❡r❛t❡ ♦♥❧② ✐♥ ❛ ♣❛rt ♦❢ t❤❡

❜♦✉♥❞❛r②✳ ❯s✐♥❣ s❡♠✐❣r♦✉♣ t❤❡♦r②✱ ✇❡ ♣r♦✈❡ ✇❡❧❧ ♣♦s❡❞♥❡ss r❡s✉❧ts✳ ❚❤❡♥✱ ✉s✐♥❣ s✉✐✲

t❛❜❧❡s ✇❡✐❣❤t ❢✉♥❝t✐♦♥s✱ ✇❡ ♣r♦✈❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❛♥❞✱ ❛s ❛♣♣❧✐❝❛t✐♦♥✱ r❡s✉❧ts ♦♥

♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ❝♦♥tr♦❧❧❛❜✐❧✐t②✳

❑❡②✇♦r❞s✿ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②❀ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s❀ ❖❜s❡r✈❛❜✐❧✐t②❀

❉❡❣❡♥❡r❛t❡ ❡q✉❛t✐♦♥s✳

✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❖ ♣r✐♠❡✐r♦ tr❛❜❛❧❤♦ ❝✐❡♥tí✜❝♦ é ✉♠ ❣r❛♥❞❡ ❞❡s❛✜♦✳ ❉❛❞♦ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ❝✐ê♥❝✐❛

♥♦s ❞✐❛s ❛t✉❛✐s✱ ♥ã♦ é ♥❛❞❛ ❢á❝✐❧ ❡①tr❛♣♦❧❛r s❡✉s ❧✐♠✐t❡s✳ ▼❛s q✉❛♥❞♦ s❡ t❡♠ ✉♠❛ ❣❛♠❛

❞❡ ❛❣❡♥t❡s ❛♣♦✐❛♥❞♦✱ ❣✉✐❛♥❞♦ ♦ ❡st✉❞❛♥t❡✱ ❛ ♠❡t❛ ❞❡✐①❛ ❞❡ ♣❛r❡❝❡r tã♦ ❞✐st❛♥t❡✳ P♦r

t❡r ♠❡ ❝♦♥❞✉③✐❞♦ ❛té ❛q✉✐✱ ♥ã♦ t❡r ♠❡ ❞❡✐①❛❞♦ ❝❛✐r ✉♠❛ q✉❡❞❛ q✉❡ ❡✉ ♥ã♦ ♣✉❞❡ss❡ ♠❡

❧❡✈❛♥t❛r✱ ♠❡ ❛❥✉❞❛❞♦ ❛ s❡♠♣r❡ s❡ ❡r❣✉❡r✱ ❛❣r❛❞❡ç♦ ❛♦ ❈r✐❛❞♦r ❞❛ ✈✐❞❛✿ ❉❡✉s✳ P♦r t♦❞❛

❛ ♣❛❝✐ê♥❝✐❛ ❡ ♣♦r t❡r❡♠ ❛❝r❡❞✐t❛❞♦ ♥♦ ♠❡✉ tr❛❜❛❧❤♦✱ ❛❣r❛❞❡ç♦ ❛♦s ♠❡✉s ♦r✐❡♥t❛❞♦r❡s✱

❋❛❣♥❡r ❡ ❊♥r✐q✉❡✳ ▼❡ s✐♥t♦ ♠✉✐t♦ ❤♦♥r❛❞♦ ♣♦r t❡r t✐❞♦ ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ tr❛❜❛❧❤❛r

❝♦♠ ❡st❡s ♣❡sq✉✐s❛❞♦r❡s tã♦ t❛❧❡♥t♦s♦s✳

❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛ t♦❞❛ ♠✐♥❤❛ ❢❛♠í❧✐❛ ♣❡❧♦ ❛♣♦✐♦ q✉❡ ♠❡ ❢♦✐ ❞❛❞♦✳ ❋✐♥❛❧✐③♦

❡st❛ ♥♦t❛ ❛❣r❛❞❡❝❡♥❞♦ ❛ ❈❛♣❡s ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

✈✐



✏❙❡ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣♦❞❡ ❝r✐❛r ♣r♦❜❧❡♠❛s✱ ♥ã♦ é ❛tr❛✈és

❞❛ ✐❣♥♦râ♥❝✐❛ q✉❡ ♣♦❞❡♠♦s s♦❧✉❝✐♦♥á✲❧♦s✳✑

■s❛❛❝ ❆s✐♠♦✈

✈✐✐



❉❡❞✐❝❛tór✐❛

P❛r❛ ❊❧♦♥ ▲❛❣❡s ▲✐♠❛✱ ♦ ❣r❛♥❞❡ ❡s❝r✐t♦r ❞❡

❧✐✈r♦s ♠❛t❡♠át✐❝♦s ❜r❛s✐❧❡✐r♦s✳

✈✐✐✐



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

✵✳✶ ❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❞❡ ❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s ❞❡❣❡♥❡r❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶
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❳❱■■✱ ❛ ❝✐ê♥❝✐❛ ♣r♦✈♦❝♦✉ ✉♠ ❣r❛♥❞❡ ✐♠♣❛❝t♦ ♥❛ s♦❝✐❡❞❛❞❡✳ ❉❡s❞❡ ❡♥tã♦✱ ✉♠ s❡♠

♥ú♠❡r♦ ❞❡ ❢❡♥ô♠❡♥♦s ❢♦r❛♠ ❛♥❛❧✐s❛❞♦s✱ ❝♦♠ r❡s✉❧t❛❞♦s q✉❡ ♣❡r♠✐t✐r❛♠ ❛✈❛♥ç♦s t❡❝♥♦✲

❧ó❣✐❝♦s s❡♠ ♣r❡❝❡❞❡♥t❡s ♥❛ ❤✐stór✐❛ ❞❛ ❤✉♠❛♥✐❞❛❞❡✳ ❉❡♥tr❡ ❛s ♣r✐♥❝✐♣❛✐s ❢❡rr❛♠❡♥t❛s

r❡s♣♦♥sá✈❡✐s ♣♦r t❛♠❛♥❤♦ ♣r♦❣r❡ss♦✱ ❞❡st❛❝❛♠✲s❡ ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✳ ❈❛♣❛③❡s ❞❡

♠♦❞❡❧❛r ❞✐✈❡rs♦s ♣r♦❜❧❡♠❛s✱ ❛ r❡s♦❧✉çã♦ ❞❡ss❛s ❡q✉❛çõ❡s ♣❡r♠✐t✐❛♠ ♣r❡✈❡r ♦ ❝♦♠♣♦r✲

t❛♠❡♥t♦ ❢✉t✉r♦ ❞❡ ✈ár✐❛s ✈❛r✐á✈❡✐s✳ ■♥❢❡❧✐③♠❡♥t❡ ✭♦✉ ❢❡❧✐③♠❡♥t❡✮ ♠✉✐t❛s ❞❡st❛s ❡q✉❛çõ❡s

sã♦ tã♦ ❞✐❢í❝❡✐s ❞❡ s❡ r❡s♦❧✈❡r✱ q✉❡ ♠❡s♠♦ ✹ sé❝✉❧♦s ❞❡♣♦✐s ❞♦ ✐♥✐❝✐♦ ❞♦ ❈á❧❝✉❧♦✱ ❛✐♥❞❛

❡①✐st❡♠ ✐♥ú♠❡r❛s ❡q✉❛çõ❡s ♣❛ssí✈❡✐s ❞❡ ❛♥á❧✐s❡s✳ ◆ã♦ ♣♦r ♠❡♥♦s✱ ♦ ❝❛♠♣♦ ❞❛ ♠❛t❡✲

♠át✐❝❛ q✉❡ s❡ ❞❡❞✐❝❛ ❛ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ❞❡st❛s ❡q✉❛çõ❡s s❡ ❞❡s❡♥✈♦❧✈❡✉

t❛♥t♦ ♥♦ ú❧t✐♠♦ sé❝✉❧♦✳

❈❡rt❛♠❡♥t❡✱ ❞❡♣♦✐s ❞❡ s❡ ♣r❡✈❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ❢❡♥ô♠❡♥♦✱

✉♠ ♣❛ss♦ s❡❣✉✐♥t❡ é ✐♥✢✉❡♥❝✐á✲❧♦✳ ➱ ♥❡ss❡ s❡♥t✐❞♦ q✉❡ ❛t✉❛ ❛ t❡♦r✐❛ ❞❡ ❝♦♥tr♦❧❡✿ ❛t✉❛r

❡ ✐♥✢✉❡♥❝✐❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝❡rt❛s ✈❛r✐á✈❡✐s ❡♠ t❛✐s ❢❡♥ô♠❡♥♦s✳

❯♠ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧❡ é ✉♠❛ ❡q✉❛çã♦ ❞❡ ❡✈♦❧✉çã♦ ✭❊❉❖ ♦✉ ❊❉P✮ q✉❡ ❞❡♣❡♥❞❡

❞❡ ✉♠ ♣❛râ♠❡tr♦ u✱ q✉❡ ❡s❝r❡✈❡r❡♠♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

y′ = f(t, y, u),

♦♥❞❡ t ∈ [0, T ] é ♦ t❡♠♣♦✱ y : [0, T ] 7→ Y é ❛ ❢✉♥çã♦ ❡st❛❞♦✱ u : [0, T ] 7→ U é ♦ ❝♦♥tr♦❧❡

❡ Y ❡ U sã♦ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s ❛❞❡q✉❛❞♦s✳ ◆❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ y′ r❡♣r❡s❡♥t❛ ❛ ❞❡r✐✈❛❞❛



❞❡ y ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ t✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r ✉♠ ❝♦♥tr♦❧❡ u t❛❧ q✉❡ ❛ ❢✉♥çã♦

❡st❛❞♦ s❡ ❝♦♠♣♦rt❛ ❞❡ ✉♠❛ ❢♦r♠❛ ❞❡s❡❥❛❞❛✳ ❊①❡♠♣❧✐✜❝❛r❡♠♦s ❛❧❣✉♥s✱ ❞❡♥tr❡ ♦s ✈ár✐♦s✱

♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♣r❡s❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛✳

❈♦♥tr♦❧❡ Ót✐♠♦✿ ❊♥❝♦♥tr❛r ✉♠ ❝♦♥tr♦❧❡ q✉❡ ♠✐♥✐♠✐③❛ ❛❧❣✉♠ ❢✉♥❝✐♦♥❛❧ ❝✉st♦✱ ♣♦r

❡①❡♠♣❧♦✱

J(u) = ‖y(T ; u)− ȳ‖2U + ‖u‖2U ,

❡♠ q✉❡ ȳ é ✉♠ ❛❧✈♦ ❞❡s❡❥❛❞♦ ❡ y(T ; u) é ♦ ❡st❛❞♦ ❛❧❝❛♥ç❛❞♦ ♣❡❧♦ s✐st❡♠❛ ♥♦ t❡♠♣♦

✜♥❛❧ T ✳

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❊①❛t❛✿ ❉❛❞♦ ❞♦✐s t❡♠♣♦s T0 < T1 ❡ y0✱ y1 ❞♦✐s ♣♦ssí✈❡✐s ❡st❛❞♦s

❞♦ s✐st❡♠❛✱ ❡♥❝♦♥tr❛r u : [T0, T1] 7→ U t❛❧ q✉❡




y′ = f(y, u) ❡♠ [T0, T1]

y(T0) = y0, y(T1) = y1.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♣❛rt✐♥❞♦ ❞❡ q✉❛❧q✉❡r ❝♦♥✜❣✉r❛çã♦ ✐♥✐❝✐❛❧ y0✱ ♣♦❞❡♠♦s ❝♦♥✲

❞✉③✐r ❛ s♦❧✉çã♦ y ♣❛r❛ ♦ ❡st❛❞♦ y1 s♦❜ ❛ ❛çã♦ ❞♦ ❝♦♥tr♦❧❡ u✳

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❆♣r♦①✐♠❛❞❛✿ ❉❛❞♦s T0 < T1✱ ❞♦✐s ♣♦ssí✈❡✐s ❡st❛❞♦s y0✱ y1 ❡ ǫ > 0✱

❡♥❝♦♥tr❛r u : [T0, T1] 7→ U t❛❧ q✉❡




y′ = f(y, u) ❡♠ [T0, T1]

y(T0) = y0, ‖y(T1)− y1‖U < ǫ.

❆ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛ é ✉♠❛ ✈❡rsã♦ ♠❛✐s ❢r❛❝❛ s❡ ❝♦♠♣❛r❛❞❛ ❛ ❝♦♥tr♦✲

❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛✳ ❉❡ ❢❛t♦✱ ❡♠ ✈❡③ ❞❡ ♣❡❞✐r♠♦s q✉❡ ❛ ❢✉♥çã♦ ❡st❛❞♦ s❡❥❛ ❡①❛t❛♠❡♥t❡ y1

❡♠ T1✱ ♣❡❞✐♠♦s ❛♣❡♥❛s q✉❡ ♦ ❡st❛❞♦ ❡st❡❥❛ ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡rt♦ ❞❡ y1✳

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ◆✉❧❛✿ ❉❛❞♦s ❞♦✐s t❡♠♣♦s T0 < T1 ❡ y0 ✉♠ ❡st❛❞♦ ❞♦ s✐st❡♠❛✱

❡♥❝♦♥tr❛r u : [T0, T1] 7→ U t❛❧ q✉❡




y′ = f(y, u) ❡♠ [T0, T1]

y(T0) = y0, y(T1) = 0.

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❊①❛t❛ ♣❛r❛ ❛s ❚r❛❥❡tór✐❛s✿ ❉❛❞♦s T0 < T1✱ y0 ∈ Y ❡ ȳ ✉♠❛

tr❛❥❡tór✐❛ ✭✉♠❛ s♦❧✉çã♦ ❝♦♠ ❝♦♥tr♦❧❡ ū : [T0, T1] 7→ U✮✱ ❡♥❝♦♥tr❛r ✉♠ ❝♦♥tr♦❧❡ u :

[T0, T1] 7→ U t❛❧ q✉❡ 



y′ = f(y, u) ❡♠ [T0, T1]

y(T0) = y0, y(T1) = ȳ(T1).

✷



❖s ❝♦♥❝❡✐t♦s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ♣❛r❛ ❛s tr❛❥❡tór✐❛s

sã♦ ❞❡ ❡s♣❡❝✐❛❧ ✐♠♣♦rtâ♥❝✐❛ ❡♠ s✐st❡♠❛s ♥ã♦ r❡✈❡rsí✈❡✐s ❡ s✐st❡♠❛s ❝♦♠ ❡❢❡✐t♦ r❡❣✉❧❛r✐✲

③❛♥t❡✳ ◆❡st❡s ❝❛s♦s✱ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ♥ã♦ é ❡s♣❡r❛❞❛✳

✵✳✷ ❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❞❡ ❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s ❞❡✲

❣❡♥❡r❛❞❛s

❖ ❡st✉❞♦ ❞❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❛tr❛✐✉ ♦ ✐♥t❡r❡ss❡

❞❡ ✈ár✐♦s ❝✐❡♥t✐st❛s ♥❛s ú❧t✐♠❛s ❞é❝❛❞❛s✳ ❉✐✈❡rs♦s r❡s✉❧t❛❞♦s ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞♦s s♦❜r❡

♣r♦❜❧❡♠❛s s❡♠✐✲❧✐♥❡❛r❡s✱ ♣r♦❜❧❡♠❛s ❡♠ ❞♦♠í♥✐♦s ✐❧✐♠✐t❛❞♦s✱ s✐st❡♠❛s ❞❡ ❞✐♥â♠✐❝❛ ❞♦s

✢✉✐❞♦s ❡♥tr❡ ♦✉tr♦s✳ ◆❡ss❛s ❞✐r❡çõ❡s✱ ❛❧❣✉♥s tr❛❜❛❧❤♦s ♥♦tá✈❡✐s sã♦ ❬✶✺✱ ✶✽✱ ✷✵✱ ✷✶✱ ✷✹❪✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s ❞❡❣❡♥❡r❛❞❛s✱ ❛✐♥❞❛ ♣♦✉❝♦

s❡ s❛❜❡✱ ✈❡❥❛ ❬✼✱ ✶✾✱ ✷✼❪✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ♠♦❞❡❧♦ ♠❛✐s ❜ás✐❝♦ ❞❡ ❡q✉❛çã♦ ♣❛r❛❜ó❧✐❝❛ ❞❡❣❡✲

♥❡r❛❞❛ ❡st✉❞❛❞♦ ♥❛ ú❧t✐♠❛ ❞é❝❛❞❛✿




ut − (xαux)x + b0(x, t)u = g1O ❡♠ (0, 1)× (0, T ),

u(1, ·) = 0 ❡





u(0, ·) = 0 s❡ α ∈ (0, 1)

(xαux)(0, ·) = 0 s❡ α ∈ [1, 2)
❡♠ (0, T ),

u(·, 0) = u0 ❡♠ (0, 1),

✭✶✮

♦♥❞❡ α ∈ (0, 2)✱ ω ⊂ (0, 1) é ✉♠ ❛❜❡rt♦ ❡ 1ω s✉❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❛ss♦❝✐❛❞❛✱ T > 0✱

b0 ∈ L∞(0, 1)✱ g ∈ L2(ω × (0, T )) ❡ u0 ∈ L2(Ω)✳

❉✐③❡♠♦s q✉❡ ✭✶✮ é ♥✉❧❛♠❡♥t❡ ❝♦♥tr♦❧á✈❡❧ q✉❛♥❞♦ ❞❛❞♦ u0 ∈ L2(0, 1)✱ ❡①✐st❡ g ∈

L2((0, 1)× (0, T )) t❛❧ q✉❡ ❛ s♦❧✉çã♦ u ❞❡ ✭✶✮ s❛t✐s❢❛③

u(·, T ) = 0. ✭✷✮

◆❛ ❞é❝❛❞❛ ❞❡ ✾✵✱ ♥♦ tr❛❜❛❧❤♦ ❬✷✵❪✱ ♦ ♠ét♦❞♦ ❍❯▼ ❝♦♠❡ç❛ ❛ s❡r ♣♦♣✉❧❛r✐③❛❞♦ ❡

s❡ ❝♦♥s❛❣r❛ ❝♦♠♦ ♦ ♣r✐♥❝✐♣❛❧ ♠ét♦❞♦ ♣❛r❛ ♣r♦✈❛r ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❞❡ ❡q✉❛çõ❡s

❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s✳ ❚❛❧ ♠ét♦❞♦ ❝♦♥s✐st❡ ❡♠ r❡❞✉③✐r ♦ ♣r♦❜❧❡♠❛ ❞❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡

♥✉❧❛ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ♦❜t❡r ✉♠❛ ❝❡rt❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣❛r❛ ♦ ❡st❛❞♦ ❛❞❥✉♥t♦ ❞♦ s✐st❡♠❛ ♦r✐✲

❣✐♥❛❧✳ ❚❛❧ ❞❡s✐❣✉❛❧❞❛❞❡✱ ❝❤❛♠❛❞❛ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡✱ ✈✐r✐❛ ❛ s❡ t♦r♥❛r

♥❛ ❞é❝❛❞❛ s❡❣✉✐♥t❡✱ ♦ ♣r✐♥❝✐♣❛❧ ♠ét♦❞♦ ♣❛r❛ ♣r♦✈❛r ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❞❡ ♣r♦❜❧❡✲

♠❛s ♣❛r❛❜ó❧✐❝♦s ❞❡❣❡♥❡r❛❞♦s✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❡♠ ❬✼❪✱ ♦s ❛✉t♦r❡s ❝♦♥s✐❞❡r❛r❛♠ ♦

✸



s✐st❡♠❛ ❛❞❥✉♥t♦ ❞❡ ✭✶✮✱ ✐st♦ é✱




vt + (xαvx)x + b0(x, t)v = h ❡♠ (0, 1)× (0, T ),

v(1, ·) = 0 ❡





v(0, ·) = 0 s❡ α ∈ (0, 1)

(xαvx)(0, ·) = 0 s❡ α ∈ [1, 2)
❡♠ (0, T ),

v(·, T ) = vT ❡♠ (0, 1).

✭✸✮

❡ ♣r♦✈❛r❛♠ ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡ ♣❛r❛ ✭✸✮✿

Pr♦♣♦s✐t✐♦♥ ✵✳✷✳✶ ❙❡❥❛♠ α ∈ (0, 2) ❡ T > 0 ❞❛❞♦s ❡ s❡❥❛ ω ✉♠ s✉❜✐♥t❡r✈❛❧♦ ❛❜❡rt♦

❡ ♥ã♦ ✈❛③✐♦ ❞❡ (0, 1)✳ ❊♥tã♦ ❡①✐st❡ C > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ vT ∈ L2(0, 1)✱ ❛ s♦❧✉çã♦ v

❞❡ ✭✸✮ s❛t✐s❢❛③
∫ 1

0

xα|vx(0, x)|
2 dx ≤ C

∫∫

ω×(0,T )

|v(x, t)|2 dx dt. ✭✹✮

❉❡s❞❡ s✉❛ ♣♦♣✉❧❛r✐③❛çã♦ ♥❛ ❞é❝❛❞❛ ❞❡ ✾✵✱ ❛ ♣r✐♥❝✐♣❛❧ ❢❡rr❛♠❡♥t❛ ✉s❛❞❛ ♣❛r❛ ♦❜t❡r

❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡ t❡♠ s✐❞♦ ❛s ❢❛♠✐❣❡r❛❞❛s ❉❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❈❛r❧❡♠❛♥✳

◆❛ ❞é❝❛❞❛ s❡❣✉✐♥t❡✱ ❝♦♠ ❛s ❊❉Ps ❞❡❣❡♥❡r❛❞❛s✱ ♥ã♦ ❢♦✐ ❞✐❢❡r❡♥t❡✱ ❛♣❡s❛r ❡①✐❣✐r❡♠

♦✉tr❛s ❢❡rr❛♠❡♥t❛s ❛❞✐❝✐♦♥❛✐s✳ ❊♠ ❬✼❪ ♦s ❛✉t♦r❡s ♣r♦✈❛r❛♠ ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡

❈❛r❧❡♠❛♥✿

Pr♦♣♦s✐t✐♦♥ ✵✳✷✳✷ ❆ss✉♠❛ α ∈ (0, 2)✳ ❊①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s s0 ❡ C t❛✐s q✉❡✱

♣❛r❛ q✉❛❧q✉❡r s ≥ s0 ❡ q✉❛❧q✉❡r s♦❧✉çã♦ v ❞❡ ✭✸✮✱ ✈❛❧❡✿
∫∫

Q

e−2sσ0
[
sθxα|vx|

2 + s3θ3x2−α|v|2
]
dx dt ≤ C

[
‖e−sσ0h‖2 + s

∫ T

0

e−2sσ0θ|vx|
2dt

∣∣∣∣
x=1

]
. ✭✺✮

❆ ✐♥❝❧✉sã♦ ❞❡ ✉♠ t❡r♠♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡s♣❛❝✐❛❧ ♥❛ ❡q✉❛çã♦ ❞❡ ✭✶✮ é ✉♠❛ q✉❡s✲

tã♦ ❞❡❧✐❝❛❞❛ q✉❡ ❛✐♥❞❛ ♥ã♦ ❢♦✐ t♦t❛❧♠❡♥t❡ s♦❧✉❝✐♦♥❛❞❛✳ ❊♠ ❬✶✾❪ ♦s ❛✉t♦r❡s ❡st❡♥❞❡r❛♠

♦s r❡s✉❧t❛❞♦s ❞❡ ❬✼❪ ♣❛r❛ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛




ut − (xαux)x + (xqb1(x, t)u)x + b0(x, t)u = g1O ❡♠ (0, 1)× (0, T ),

u(1, ·) = 0 ❛♥❞





u(0, ·) = 0 s❡ α ∈ (0, 1)

(xαux)(0, ·) = 0 s❡ α ∈ [1, 2)
❡♠ (0, T ),

u(·, 0) = u0 ❡♠ (0, 1),

✭✻✮

♦♥❞❡ q ≥ α/2 ❡ b1 ∈ L∞(0, 1)✳ ◆❡st❡ ❝❛s♦ ❛ Pr♦♣♦s✐çã♦ ✵✳✷✳✷ ❛✐♥❞❛ ✈❛❧❡ ♣❛r❛ ♦ s✐st❡♠❛

❛❞❥✉♥t♦✿




vt + (xαvx)x + xqb1vx + b0v = h ❡♠ (0, 1)× (0, T ),

v(1, ·) = 0 ❛♥❞





v(0, ·) = 0 s❡ α ∈ (0, 1)

(xαvx)(0, ·) = 0 s❡ α ∈ [1, 2)
❡♠ (0, T ),

v(·, 0) = v0 ❡♠ (0, 1).

✭✼✮

✹



❆ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❞❡ ✭✻✮ s❡♠ ♦ ♣❡s♦ xq✱ ✐st♦ é✱ ❞♦ ♣r♦❜❧❡♠❛




ut − (xαux)x + (b1(x, t)u)x + b0(x, t)u = g1O ❡♠ (0, 1)× (0, T ),

u(1, ·) = 0 ❛♥❞





u(0, ·) = 0 s❡ α ∈ (0, 1)

(xαux)(0, ·) = 0 s❡ α ∈ [1, 2)
❡♠ (0, T ),

u(·, 0) = u0 ❡♠ (0, 1),

✭✽✮

❛té ♦♥❞❡ s❛❜❡♠♦s✱ ♣❡r♠❛♥❡❝❡ ❛❜❡rt❛✳ ❊♠ ❬✷✼❪✱ ❝♦♥s✐❞❡r❛♥❞♦ α ∈ (0, 1/2)✱ ♦s ❛✉t♦r❡s

✜③❡r❛♠ ♠♦❞✐✜❝❛çõ❡s ♥❛s ❥á ❝❧áss✐❝❛s ❢✉♥çõ❡s ♣❡s♦ ✐♥tr♦❞✉③✐❞❛s ❡♠ ❬✼❪ ❡ ❝♦♥s❡❣✉✐r❛♠

♣r♦✈❛r ❡st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥ s❡♠❡❧❤❛♥t❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛❞❥✉♥t♦✿




vt + (xαvx)x + b1vx + b0v = h ❡♠ (0, 1)× (0, T ),

v(1, ·) = 0 ❛♥❞





v(0, ·) = 0 s❡ α ∈ (0, 1)

(xαvx)(0, ·) = 0 s❡ α ∈ [1, 2)
❡♠ (0, T ),

v(·, 0) = v0 ❡♠ (0, 1).

✭✾✮

❈♦♠ ✐ss♦✱ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❞❡ ✭✽✮ ❢♦✐ ❡st❛❜❡❧❡❝✐❞❛ ♣❛r❛ α ∈ (0, 1/2)✳

❖ ❝❛s♦ α = 2 é ✐♥t❡r❡ss❛♥t❡ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛s ❛♣❧✐❝❛çõ❡s✱ ♣♦✐s ❛ ❡q✉❛çã♦ ❞❡

✭✻✮✱ ❝♦♠ α = 2✱ t❡♠ ❝♦♠♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❛ ❝é❧❡❜r❡ ❡q✉❛çã♦ ❞❡ ❇❧❛❝❦ ❙❝❤♦❧❡s ❬✻❪✱ q✉❡

♠♦❞❡❧❛ ♦ ♣r❡ç♦ ❞❡ ♦♣çõ❡s ❞❡ ❝♦♠♣r❛ ❞❡ ❛t✐✈♦s ✜♥❛♥❝❡✐r♦s✳ P♦ré♠✱ ❥á s❡ s❛❜❡ ❞❡s❞❡ ❬✼❪✱

q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✶✮ ❝♦♠ α = 2✱ ✐st♦ é✱ ♦ ♣r♦❜❧❡♠❛




ut − (x2ux)x + b0(x, t)u = g1O ❡♠ (0, 1)× (0, T ),

u(1, ·) = 0 ❡ (x2ux)(0, ·) = 0 ❡♠ (0, T ),

u(·, 0) = u0 ❡♠ (0, 1),

✭✶✵✮

♥ã♦ é✱ ❡♠ ❣❡r❛❧✱ ♥✉❧❛♠❡♥t❡ ❝♦♥tr♦❧á✈❡❧✳

P❛ss❛♥❞♦ ❛ ❞✐♠❡♥sõ❡s ❡s♣❛❝✐❛✐s s✉♣❡r✐♦r❡s✱ ❛té ♦♥❞❡ s❛❜❡♠♦s✱ ♦ ú♥✐❝♦ tr❛❜❛❧❤♦

♣✉❜❧✐❝❛❞♦ é ❬✶✵❪✱ ♦♥❞❡ ♦s ❛✉t♦r❡s ♦❜t✐✈❡r❛♠ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ✭✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡

❡st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥✮ ❞♦ s❡❣✉✐♥t❡ s✐st❡♠❛✿




ut − div(A0∇u) + b0u = g01ω0
❡♠ Q0,




u = 0 ✐❢ α ∈ (0, 1)
∂u

∂ν
= 0 ✐❢ α ∈ [1, 2)

s♦❜r❡ Σ0,

u(·, 0) = u0 ❡♠ Ω0,

✭✶✶✮

♦♥❞❡ Q0 := Ω0 × (0, T )✱ T > 0✱ Ω0 ⊂ R2 é ✉♠ ❞♦♠✐♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ Γ0 ❞❡

❝❧❛ss❡ C4✱ Σ0 := Γ0× (0, T )✱ ω0 ⊂ Ω0 é ❛❜❡rt♦✱ u0 ∈ L2(Ω0)✱ g0 ∈ L2(Q0)✱ b0 ∈ L∞(Q0)✱

α ∈ (0, 2)✱ ❡ A0 : Ω0 −→M2×2(R) s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✺



✭✐✮ aij ∈ C3(Ω0;R) ∩ C
0(Ω0;R)✱ ♦♥❞❡ A0(x) = (aij(x))❀

✭✐✐✮ A0(x) é s✐♠étr✐❝❛ ∀x ∈ Ω0❀

✭✐✐✐✮ A0(x) é ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ ∀x ∈ Ω0❀

✭✐✈✮ ❙❡❥❛♠ ri(x)✱ ♦s ❛✉t♦✈❛❧♦r❡s ❡ εi(x) ♦s ❛✉t♦✈❡t♦r❡s ✉♥✐tár✐♦s ❝♦rr❡s♣♦♥❞❡♥t❡s à

A0(x)✱ i = 1, 2✳ ❉❡♥♦t❡♠♦s ♣♦r PΓ0
(x) ❛ ♣r♦❥❡çã♦ ❞❡ x ❛té ❛ ❢r♦♥t❡✐r❛ Γ0 ❡

O(Γ0; δ) := {x ∈ Ω0 : d(x,Γ0) < δ}✳ ❊①✐st❡ δ > 0 t❛❧ q✉❡

✶✳ r1(x) = d(x,Γ0)
α✱ ∀x ∈ O(Γ0; δ)✱

✷✳ r2(x) > 0 ∀x ∈ Ω0\O(Γ0; δ)❀

✸✳ ε1(x) = ν(PΓ0
(x)) ∀x ∈ O(Γ0; δ).

❱❛❧❡ s❛❧✐❡♥t❛r ❛ ❞✐s❝r❡♣â♥❝✐❛ ❡♥tr❡ ♦ s✐st❡♠❛ ✭✶✶✮✱ ❝✉❥♦ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ ❞❡✲

❣❡♥❡r❛ ❡♠ t♦❞❛ ❛ ❢r♦♥t❡✐r❛✱ ❡ ♦ s✐st❡♠❛ ✭✶✮✱ ❝✉❥♦ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ ❞❡❣❡♥❡r❛ ❡♠

❛♣❡♥❛s ✉♠❛ ♣❛rt❡ ❞❛ ❢r♦♥t❡✐r❛✳ ❚❛❧ ❞✐s❝r❡♣â♥❝✐❛ é ❢r✉t♦ ❞❛ ❞✐✜❝✉❧❞❛❞❡ ❞❡ ❝♦♥str✉✐r

♣❡s♦s ❛❞❡q✉❛❞♦s ♣❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛r❧❡♠❛♥✳

✵✳✸ ❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♠✉❧t✐✲♦❜❥❡t✐✈♦

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦s ❝♦♥❝❡✐t♦s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ✉s✉❛✐s ❥❛ ❞❡s❝r✐t♦s ❛❝✐♠❛✱ ❛

❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♠✉❧t✐✲♦❜❥❡t✐✈♦✱ ❝♦♠♦ ♦ ♣ró♣r✐♦ ♥♦♠❡ s✉❣❡r❡✱ ❝♦♥s✐st❡ ❡♠ ❜✉s❝❛r ✉♠

♦✉ ♠❛✐s ❝♦♥tr♦❧❡s q✉❡ ❢❛ç❛♠ ♦ ❡st❛❞♦ ❛t❡♥❞❡r ♠❛✐s ❞❡ ✉♠ r❡q✉✐s✐t♦✳ ◆❡st❡ tr❛❜❛❧❤♦✱

t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ♣r♦✈❛r r❡s✉❧t❛❞♦s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❤✐❡rárq✉✐❝❛✳ ◆❡st❡

t✐♣♦ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♦ ♦❜❥❡t✐✈♦ é✱ ❛❧é♠ ❞❡ ❝♦♥tr♦❧❛r ♦ ❡st❛❞♦ ♥♦ ✐♥st❛♥t❡ ✜♥❛❧ T ✱

❝♦♥tr♦❧❛r ♦ ❡st❛❞♦ t❛♠❜é♠ ❛♦ ❧♦♥❣♦ ❞♦ ♣r♦❝❡ss♦ ❡✈♦❧✉t✐✈♦✱ ♣❡❧♦ ♠❡♥♦s ❡♠ ✉♠❛ ♣❛rt❡

❞♦ ❞♦♠í♥✐♦✳

P❛r❛ s❡r♠♦s ♠❛✐s ❝❧❛r♦s ❝♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ s✐st❡♠❛




ut −△u = f1ω + v11ω1
+ v21ω2

❡♠ Q

u = 0 s♦❜r❡ Σ

u(x, 0) = u0(x) ❡♠ Ω,

✭✶✷✮

♦♥❞❡ Ω ∈ Rn é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ Γ s✉❛✈❡✱ Q = Ω × (0, T )✱ Σ =

Γ× (0, T ) ❡ ω, ωi ⊂ Ω sã♦ ❛❜❡rt♦s✳ ❋✐①❡♠♦s ❛❜❡rt♦s ωi,d ⊂ Ω ❡ ❢✉♥çõ❡s ui,d ∈ L2(Ω) ❡

✻



✐♥tr♦❞✉③✐♠♦s ♦s ❢✉♥❝✐♦♥❛✐s

Ji(f ; v1, v2) =
βi
2

∫∫

ωi,d×(0,T )

|u− ui,d|
2 dx dt+ µi

∫∫

ωi×(0,T )

|vi|
2 dx dt, ✭✶✸✮

♦♥❞❡ βi, µi > 0 sã♦ ❝♦♥st❛♥t❡s ✜①❛❞❛s ❡ u é ♦ ❡st❛❞♦ ❞❡ ✭✶✷✮ ❛ss♦❝✐❛❞♦ à t❡r♥❛ (f ; v1, v2)✳

❖ ♣r♦❜❧❡♠❛ ❞❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❤✐❡rárq✉✐❝❛ ❝♦♥s✐st❡ ❡♠ ❜✉s❝❛r ❝♦♥tr♦❧❡s f

✭♦ ❧í❞❡r✮ ❡ (v1, v2) ✭♦s s❡❣✉✐❞♦r❡s✮ q✉❡ ❧❡✈❡♠ ♦ ❡st❛❞♦ u ❞❡ ✭✶✷✮ ❛♦ ❡st❛❞♦ ♥✉❧♦ ❡♠ T

❡✱ ❛❞❡♠❛✐s✱ ♠❛♥t❡♥❤❛♠ ♦ ❡st❛❞♦ u ♦ ♠❛✐s ♣ró①✐♠♦ ♣♦ssí✈❡❧ ❞♦s ❡st❛❞♦s ui,d ❛♦ ❧♦♥❣♦

❞❡ t♦❞♦ ♦ ♣r♦❝❡ss♦ ❡✈♦❧✉t✐✈♦✱ ♣❡❧♦ ♠❡♥♦s ♥❛s r❡❣✐õ❡s ❞❡ ❝♦♥tr♦❧❡ ωi,d✳ ❊♠ t❡r♠♦s ♠❛✐s

té❝♥✐❝♦s ✐st♦ s✐❣♥✐✜❝❛ q✉❡ ♦s ❝♦♥tr♦❧❡s f ❡ (v1, v2) ❞❡✈❡♠ s❡r t❛✐s q✉❡ ❛ s♦❧✉çã♦ ❞❡ ✭✶✷✮

s❛t✐s❢❛③ u(x, T ) = 0 ❡♠ Ω ❡ ♠✐♥✐♠✐③❛♠ ✭❡♠ ✉♠ ❝❡rt♦ s❡♥t✐❞♦✮ ♦s ❢✉♥❝✐♦♥❛✐s Ji✳

❉✐❢❡r❡♥t❡s ❢♦r♠❛s ❞❡ ♠✐♥✐♠✐③❛r ♦s ❢✉♥❝✐♦♥❛✐s Ji ❝♦♥❞✉③❡♠ ❛ ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡

❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❤✐❡rárq✉✐❝❛✳

❉❡✜♥✐çã♦✿ ❉❛❞♦ f ∈ L2(Q)✱ ❞✐③❡♠♦s q✉❡ ✉♠ ♣❛r (v1, v2) ∈ L2(ω1×(0, T ), ω2×(0, T ))

é ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ❛ss♦❝✐❛❞♦ à f s❡

J1(g; f1, f2) ≤ J2(g; f̄1, f2), ∀f̄1 ∈ L2(Q),

J2(g; f1, f2) ≤ J2(g; f1, f̄2), ∀f̄2 ∈ L2(Q).
✭✶✹✮

❉❡✜♥✐çã♦✿ ❉❛❞♦ f ∈ L2(O×(0, T ))✱ ❞✐③❡♠♦s q✉❡ ✉♠ ♣❛r (v1, v2) ∈ L2(ω1×(0, T ), ω2×

(0, T )) é ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ P❛r❡t♦ ❛ss♦❝✐❛❞♦ à f s❡✱ ♣❛r❛ q✉❛❧q✉❡r (h1, h2) ∈ L2(ω1 ×

(0, T ), ω2 × (0, T )) t✐✈❡r♠♦s

1. J1(f ;h1, h2) ≤ J1(f ; v1, v2) ⇒ J2(f ; v1, v2) ≤ J2(f ;h1, h2),

2. J2(f ;h1, h2) ≤ J2(f ; v1, v2) ⇒ J1(f ; v1, v2) ≤ J1(f ;h1, h2). ✭✶✺✮

❆ ♣r✐♥❝✐♣❛❧ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ❡ P❛r❡t♦ é q✉❡ ♦

❡q✉✐❧í❜r✐♦ ❞❡ P❛r❡t♦ é ❝♦♦♣❡r❛t✐✈♦✱ ❡♥q✉❛♥t♦ ♦ ❞❡ ◆❛s❤ ♥ã♦✳

❊♠ ❬✹❪✱ ♦s ❛✉t♦r❡s ♣r♦✈❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞♦ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤✱ ❛ss✐♠

❝♦♠♦ r❡s✉❧t❛❞♦s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❤✐❡rárq✉✐❝❛✳

✵✳✹ ❈♦♥tr✐❜✉✐çõ❡s ❡ ♦r❣❛♥✐③❛çã♦ ❞♦ tr❛❜❛❧❤♦

❊st❡ tr❛❜❛❧❤♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

❈❛♣ít✉❧♦ ✶✿ ◆❡st❡ ❝❛♣ít✉❧♦ ♥♦s ❞❡❞✐❝❛♠♦s ✐♥t❡✐r❛♠❡♥t❡ à ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❤✐✲

❡rárq✉✐❝❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♣❛r❛ ♦ s✐st❡♠❛ ♣❛r❛❜ó❧✐❝♦ ❞❡❣❡♥❡r❛❞♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳

✼



❆ ♣r✐♥❝✐♣❛❧ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ♦❜t❡r r❡s✉❧t❛❞♦s ❞❡ss❛ ❝❧❛ss❡✱ ✉t✐❧✐③❛♥❞♦ ❛s té❝♥✐❝❛s ❞❡✲

s❡♥✈♦❧✈✐❞❛s ❡♠ ❬✹❪✱ sã♦ ”❜♦❛s” ❡st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥✳ ”❇♦❛s” ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡✱

❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣r❡❝✐s❛ t❡r ❞❡r✐✈❛❞❛s t❡♠♣♦r❛❧ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠

❡ ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♥♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡✳ ❆♣❡s❛r

❞❡ss❡ ♥ã♦ s❡r ♦ ❝❛s♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♥❛ Pr♦♣♦s✐çã♦ ✵✳✷✳✷✱ ♥ã♦ é ❞✐❢í❝✐❧ ✐♥❝❧✉✐r ❡st❡s

t❡r♠♦s ♥❛ ♠❡s♠❛✳ ❖ r❡❛❧ ♣r♦❜❧❡♠❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♥❛ Pr♦♣♦s✐çã♦ ✶✱ r❡s✐❞❡ ♥♦ ❢❛t♦ ❞♦

t❡r♠♦ ❞❡ ♦❜s❡r✈❛çã♦ ❛t✉❛r ♥❛ ❢r♦♥t❡✐r❛✳ P❛r❛ ♦❜t❡r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡

❝♦♠ ♦❜s❡r✈❛çã♦ ♥♦ ✐♥t❡r✐♦r ❞♦ ❞♦♠í♥✐♦✱ ❡♠ ❬✼❪✱ ♦s ❛✉t♦r❡s ❝♦♥t♦r♥❛r❛♠ ❡ss❡ ✐♥❝♦♥✈❡♥✐✲

❡♥t❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛❝❝✐♦♣♦❧❧✐✳ ■♥❢❡❧✐③♠❡♥t❡ ❡ss❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♥ã♦ ❛❥✉❞❛

♣❛r❛ ♦❜t❡r ❛ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡ ♥❡❝❡ssár✐❛ q✉❡ ❝♦♥❞✉③ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❤✐❡rárq✉✐❝❛✳

❉❡ss❛ ❢♦r♠❛✱ ❝♦♥str✉í♠♦s ♥♦✈♦s ♣❡s♦s ♣❛r❛ ♦❜t❡r ✉♠❛ ❡st✐♠❛t✐✈❛ ❞❡ ❈❛r❧❡♠❛♥ ❝♦♠ ♦❜✲

s❡r✈❛çã♦ ❛t✉❛♥❞♦ ♥♦ ✐♥t❡r✐♦r ❞♦ ❞♦♠í♥✐♦✳ ❊st❛ ♥♦✈❛ ❡st✐♠❛t✐✈❛ ❞❡ ❈❛r❧❡♠❛♥ s❡ ❡st❡♥❞❡

♥❛t✉r❛❧♠❡♥t❡ ❛♦ s✐st❡♠❛ ✭✼✮✳ ❖s ♥♦✈♦s ♣❡s♦s t❛♠❜é♠ ♣♦❞❡♠ s❡r ❛❧t❡r❛❞♦s ❝♦♠♦ ❡♠

❬✷✼❪ ♣❛r❛ ♦❜t❡r ❡st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥ ♣❛r❛ ♦ s✐st❡♠❛ ✭✾✮ ♥♦ ❝❛s♦ α ∈ (0, 1/2)✳ ❈♦♠

❡st❛s ♥♦✈❛s ❡st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥✱ s♦♠♦s ❝❛♣❛③❡s ❞❡ ❛♣❧✐❝❛r ❛s té❝♥✐❝❛s ❞❡ ❬✹❪ ❡

♣r♦✈❛r ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❤✐❡r❛rq✉✐❝❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♣❛r❛ ♦s s✐st❡♠❛s ✭✶✮✱

✭✻✮ ❡ ✭✽✮✳ ◗✉❛♥t♦ ❛♦ s✐st❡♠❛ ✭✶✵✮✱ ❛ q✉❡stã♦ é ✉♠ ♣♦✉❝♦ ♠❛✐s ❞❡❧✐❝❛❞❛✱ ♣♦✐s ❛té ❥á

s❡ s❛❜❡ q✉❡ ♦ s✐st❡♠❛ s❡q✉❡r é✱ ❡♠ ❣❡r❛❧✱ ♥✉❧❛♠❡♥t❡ ❝♦♥tr♦❧á✈❡❧✳ ◆ã♦ ♦❜st❛♥t❡✱ ❛♣r❡✲

s❡♥t❛♠♦s ❤✐♣ót❡s❡s ❣❡♦♠étr✐❝❛s s♦❜r❡ ♦ ❞♦♠í♥✐♦ ❞❡ ❝♦♥tr♦❧❡✱ s♦❜r❡ ❛s q✉❛✐s é ♣♦ssí✈❡❧

♦❜t❡r ❜♦❛s ❡st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥ ❡ r❡s✉❧t❛❞♦s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❤✐❡rárq✉✐❝❛

❞❡ ❙t❛❝❦❡❧❜❡r❣ ◆❛s❤✳

❈❛♣ít✉❧♦ ✷✿ ◆❡st❡ ❝❛♣ít✉❧♦ ❝♦♠❡ç❛♠♦s ❛ ❡st❡♥❞❡r ♦s r❡s✉❧t❛❞♦s ❞♦ ❈❛♣ít✉❧♦ ✶ ♣❛r❛

❞✉❛s ❞✐♠❡♥sõ❡s ❡s♣❛❝✐❛✐s✳ ▼♦t✐✈❛❞♦s ♣♦r ♣r♦❜❧❡♠❛s ✜♥❛♥❝❡✐r♦s✱ ❈♦♥s✐❞❡r❛♠♦s ♦ s❡✲

❣✉✐♥t❡ s✐st❡♠❛




ut − div(A∇u) + bu = g1ω ❡♠ Q,

B.C. s♦❜r❡ Σ,

u(·, 0) = u0 ❡♠ Ω,

✭✶✻✮

♦♥❞❡ Ω = (0, 1)×(0, 1)✱ Γ := ∂Ω✱ T > 0✱ Q = Ω×(0, T )✱ Σ := Γ×(0, T )✱ ω ⊂ Ω é ❛❜❡rt♦

❡ 1ω é ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛✱ b ∈ L∞(Q)✱ g ∈ L2(Q)✱ u0 ∈ L2(Ω)✱ A : Ω 7→M2×2(R) é

❞❛❞❛ ♣♦r
A(x) = diag(xα1

1 , x
α2

2 ),

✽



B.C. :=





u = 0 s♦❜r❡ Σ s❡ α1, α2 ∈ [0, 1),

u = 0 s♦❜r❡ Σ3,4 ❡ (A∇u)ν = 0 s♦❜r❡ Σ1,2 s❡ α1, α2 ∈ [1, 2],

u = 0 s♦❜r❡ Σ1,3,4 ❡ (A∇u)ν = 0 s♦❜r❡ Σ2 s❡ α1 ∈ [0, 1) ❡ α2 ∈ [1, 2],

u = 0 s♦❜r❡ Σ2,3,4 ❡ (A∇u)ν = 0 s♦❜r❡ Σ1 s❡ α1 ∈ [1, 2] ❡ α2 ∈ [0, 1),

α = (α1, α2) ∈ [0, 2]× [0, 2]✱ Σi,j,l := (Γi ∪ Γj ∪ Γl)× (0, T ), ❡

Γ1 := {0} × [0, 1], Γ2 := [0, 1]× {0}, Γ3 := {1} × [0, 1], Γ4 := [0, 1]× {1}.

❱❛❧❡ ♥♦t❛r q✉❡✱ ❝♦♠♣❛r❛♥❞♦ ❝♦♠ ♦ s✐st❡♠❛ ✭✶✶✮✱ ♦ s✐st❡♠❛ ✭✶✻✮ é ✉♠❛ ❡①t❡♥sã♦ ♠❛✐s

✜❡❧ ♣❛r❛ ❞✉❛s ❞✐♠❡♥sõ❡s ❞♦ s✐st❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ✭✶✮✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ♣r♦✈❛♠♦s ❛

❜♦❛ ❝♦❧♦❝❛çã♦ ❞♦ s✐st❡♠❛ ✭✶✻✮ ❡✱ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s ❣❡♦♠étr✐❝❛s s♦❜r❡ ♦ ❞♦♠í♥✐♦

❞❡ ❝♦♥tr♦❧❡✱ ❡st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥ ♣❛r❛ ♦ ❝❛s♦ α1, α2 ∈ (0, 2)✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛

♦❜t❡♠♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❤✐❡rárq✉✐❝❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤✳

❈❛♣ít✉❧♦ ✸✿ ◆♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ♣r♦✈❛♠♦s ❡st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥ ♣❛r❛ ♦ s✐st❡♠❛

✭✶✻✮ ❛♣❡♥❛s ♣❛r❛ ♦ ❝❛s♦ α1, α2 ∈ (0, 2)✳ ❆ té❝♥✐❝❛ ✉s❛❞❛ ♣❛r❛ ❝♦♥str✉✐r ♦s ♣❡s♦s

♥❡❝❡ssár✐♦s ♣❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛r❧❡♠❛♥ ❡♥❢r❡♥t❛ ❞✐✜❝✉❧❞❛❞❡s té❝♥✐❝❛s ♥♦s ❞❡♠❛✐s

❝❛s♦s ❞❡ ❝♦♠❜✐♥❛çõ❡s ❞❡ ✈❛❧♦r❡s ❞❡ αi✳ ◆❡st❡ ❝❛♣ít✉❧♦ ♣r♦♣♦♠♦s ♦✉tr❛ té❝♥✐❝❛✱ ❝♦♠

♦✉tr♦s ♣❡s♦s✱ ♣❛r❛ ❝♦♥t❡♠♣❧❛r ❛s ❞❡♠❛✐s ❝♦♠❜✐♥❛çõ❡s ❞❡ ✈❛❧♦r❡s ❞❡ αi✳ ❉❡ss❛ ❢♦r♠❛✱ ♥♦

❝❛s♦ ❡♠ q✉❡ α1 = 0 ♦✉ α2 = 0✱ ♦❜t❡♠♦s r❡s✉❧t❛❞♦s ❝♦♠ ❤✐♣ót❡s❡s ❣❡♦♠étr✐❝❛s ♠❡♥♦s

r❡str✐t✐✈❛s✱ ❡♥q✉❛♥t♦ q✉❡ ♥♦s ❞❡♠❛✐s ❝❛s♦s ♣r❡❝✐s❛♠♦s ❞❡ ❤✐♣ót❡s❡s ♠❛✐s r❡str✐t✐✈❛s

às ❝♦♥s✐❞❡r❛❞❛s ♥♦ ❈❛♣ít✉❧♦ ✷✳ ❆❞❡♠❛✐s✱ ❡st❡♥❞❡♠♦s ♦s r❡s✉❧t❛❞♦s ♣❛r❛ s✐st❡♠❛s ❡♠

❞✐♠❡♥sõ❡s ❡s♣❛❝✐❛✐s s✉♣❡r✐♦r❡s✳

✾



❈❛♣ít✉❧♦ ✶

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❞❡

❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♣❛r❛ ❛❧❣✉♠❛s

❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s ❞❡❣❡♥❡r❛❞❛s

❧✐♥❡❛r❡s ❡ s❡♠✐❧✐♥❡❛r❡s

❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r s♦♠❡ ❧✐♥❡❛r

❛♥❞ s❡♠✐❧✐♥❡❛r ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s

❋✳ ❉✳ ❆❘❆❘❯◆❆✱ ❇✳ ❙✳ ❱✳ ❞❡ ❆❘❆Ú❏❖✱ ❛♥❞ ❊✳ ❋❊❘◆➪◆❉❊❩✲❈❆❘❆

❆❜str❛❝t

❚❤✐s ♣❛♣❡r ❞❡❛❧s ✇✐t❤ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣✐❡s t♦ t❤❡ ♥✉❧❧

❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✳ ❲❡ ❛ss✉♠❡ t❤❛t ✇❡ ❝❛♥ ❛❝t ♦♥ t❤❡

s②st❡♠ t❤r♦✉❣❤ ❛ ❤✐❡r❛r❝❤② ♦❢ ❝♦♥tr♦❧s✳ ❆ ✜rst ❝♦♥tr♦❧ ✭t❤❡ ❧❡❛❞❡r✮ ✐s ❛ss✉♠❡❞ t♦

❞❡t❡r♠✐♥❡ t❤❡ ♣♦❧✐❝②❀ t❤❡♥✱ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♣❛✐r ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ♥♦♥❝♦♦♣❡r❛t✐✈❡

♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ str❛t❡❣②✮ ✐s ❢♦✉♥❞❀ t❤✐s ❣♦✈❡r♥s t❤❡ ❛❝t✐♦♥ ♦❢ ♦t❤❡r ❝♦♥tr♦❧s

✭t❤❡ ❢♦❧❧♦✇❡rs✮✳ ❚❤✐s ✇❛②✱ t❤❡ st❛t❡ ♦❢ t❤❡ s②st❡♠ ✐s ❞r✐✈❡♥ t♦ ③❡r♦ ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱

✇❡ s♦❧✈❡ ❛ ❤✐❡r❛r❝❤✐❝❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠✳ ❚❤❡ ♠❛✐♥ ♥♦✈❡❧t② ✐♥ t❤✐s ♣❛♣❡r ✐s

t❤❛t t❤❡ ♣❤②s✐❝❛❧ s②st❡♠s ❛r❡ ❣♦✈❡r♥❡❞ ❜② ❧✐♥❡❛r ♦r s❡♠✐❧✐♥❡❛r ✶❉ ❤❡❛t ❡q✉❛t✐♦♥s ✇✐t❤

❞❡❣❡♥❡r❛t❡ ❝♦❡✣❝✐❡♥ts✳



❑❡②✇♦r❞s✿ ◆✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②✱ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣✐❡s✱ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝

❡q✉❛t✐♦♥s✱ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t✐❡s✳

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✿ ✸✹❑✸✺✱ ✹✾❏✷✵✱ ✸✺❑✶✵✳

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ st✉❞② ♦❢ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞ s②st❡♠s ❤❛s

❛ttr❛❝t❡❞ t❤❡ ✐♥t❡r❡st ♦❢ ♠❛♥② ❛✉t❤♦rs✳ ❚❤❡ t❤❡♦r② ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ s❡♠✐❧✐♥❡❛r

♣r♦❜❧❡♠s✱ ❡q✉❛t✐♦♥s ✐♥ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥s✱ ❛♥❞ s②st❡♠s ✐♥ ✢✉✐❞ ❞②♥❛♠✐❝s✱ ❛♠♦♥❣

♦t❤❡rs❀ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✺✱ ✶✽✱ ✷✵✱ ✷✶✱ ✷✹❪✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝

❡q✉❛t✐♦♥✱ st✐❧❧ ♥♦t ♠❛♥② t❤✐♥❣s ❛r❡ ❦♥♦✇♥✱ s❡❡ ❬✼✱ ✶✾✱ ✷✼❪✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t α ∈ [0, 2] ✐s ❛♥ ❡①♣♦♥❡♥t✳

▲❡t ✉s ✜rst ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❣❡♥❡r❛t❡ s②st❡♠s✿




ut − (xαux)x + b0(x, t)u = g1O ✐♥ Q,

u(1, ·) = 0 ❛♥❞





u(0, ·) = 0 ✐❢ α ∈ [0, 1)

(xαux)(0, ·) = 0 ✐❢ α ∈ [1, 2]
♦♥ (0, T ),

u(·, 0) = u0 ✐♥ (0, 1),

✭✶✳✶✮





ut − (xαux)x + (xqb1(x, t)u)x + b0(x, t)u = g1O ✐♥ Q,

u(1, ·) = 0 ❛♥❞





u(0, ·) = 0 ✐❢ α ∈ [0, 1)

(xαux)(0, ·) = 0 ✐❢ α ∈ [1, 2]
♦♥ (0, T ),

u(·, 0) = u0 ✐♥ (0, 1),

✭✶✳✷✮

✭✇✐t❤ q ≥ α/2✮✱ ❛♥❞



ut − (xαux)x + (b1(x, t)u)x + b0(x, t)u = g1O ✐♥ Q,

u(1, ·) = 0 ❛♥❞





u(0, ·) = 0 ✐❢ α ∈ [0, 1)

(xαux)(0, ·) = 0 ✐❢ α ∈ [1, 2]
♦♥ (0, T ),

u(·, 0) = u0 ✐♥ (0, 1),

✭✶✳✸✮

✇❤❡r❡ Q = (0, 1)×(0, T )✱ O ⊂ (0, 1) ✐s ❛ ♥♦♥✲❡♠♣t② ♦♣❡♥ s✉❜s❡t ❛♥❞ 1O ✐s ✐ts ❛ss♦❝✐❛t❡❞

❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥✱ b0 ∈ L∞(Q)✱ b1 ∈ L∞(0, T ;H1(0, 1))✱ g ∈ L2(Q)✱ ❛♥❞ u0 ∈

L2(0, 1)✳

❲❤❡♥ α ∈ [0, 1)✱ ✇❡ s❛② t❤❛t t❤❡ ♣r♦❜❧❡♠s ✭✶✳✶✮✱ ✭✶✳✷✮ ❛♥❞ ✭✶✳✸✮ ❛r❡ ✇❡❛❦❧②

❞❡❣❡♥❡r❛t❡❀ ❝♦♥tr❛r✐❧②✱ ✇❡ s❛② t❤❛t t❤❡② ❛r❡ str♦♥❣❧② ❞❡❣❡♥❡r❛t❡ ✐❢ α ∈ [1, 2)✳ ❲❤❡♥

✶✶



α = 2✱ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s s❤♦✇ t❤❛t ✭✶✳✶✮✱ ✭✶✳✷✮ ❛♥❞ ✭✶✳✸✮ ❛r❡ ❡q✉✐✈❛❧❡♥t

t♦ s♦♠❡ ♥♦♥❞❡❣❡♥❡r❛t❡ ♣r♦❜❧❡♠s ✐♥ ❛♥ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✭✶✳✷✮ ❛♥❞

✭✶✳✸✮ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ❝❡❧❡❜r❛t❡❞ ❇❧❛❝❦✲❙❝❤♦❧❡s ❡q✉❛t✐♦♥

ut −
x2

2
σuxx − rxux + ru = 0, ✭✶✳✹✮

✇❤✐❝❤ ♠♦❞❡❧s t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛♥ ♦♣t✐♦♥ u = u(x, t) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣♦rt❢♦❧✐♦

❝♦t✐③❛t✐♦♥ ❛♥❞ t✐♠❡✳ ❍❡r❡✱ σ ✐s t❤❡ ✈♦❧❛t✐❧✐t② ❛♥❞ r ✐s t❤❡ r✐s❦ ❢r❡❡ r❛t❡ ❬✻❪✳

❋r♦♠ t❤❡ ❝♦♥tr♦❧ ✈✐❡✇♣♦✐♥t✱ ❛ r❡❧❡✈❛♥t q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r ♦r ♥♦t t❤❡s❡ s②st❡♠s

❛r❡ ♥✉❧❧✲❝♦♥tr♦❧❧❛❜❧❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r ❡❛❝❤ u0 ∈ L2(0, 1)✱ ✇❡ tr② t♦ ❡❧✉❝✐❞❛t❡ ✐❢ t❤❡r❡

❡①✐st ❝♦♥tr♦❧s g ∈ L2(Q) s✉❝❤ ❛s t❤❡ ❛ss♦❝✐❛t❡❞ st❛t❡s u ✭t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥s

t♦ ✭✶✳✶✮✱ ✭✶✳✷✮ ♦r ✭✶✳✸✮✮ s❛t✐s❢②

u(x, T ) = 0 ✐♥ (0, 1). ✭✶✳✺✮

■♥ t❤❡ ♥♦♥❞❡❣❡♥❡r❛t❡ ❝❛s❡✱ t❤❛t ✐s✱ ✇❤❡♥ t❤❡ s♣❛t✐❛❧ ❞♦♠❛✐♥ ✐s r❡♣❧❛❝❡❞ ❜② ❛♥ ✐♥✲

t❡r✈❛❧ (a, b)✱ ✇✐t❤ a > 0✱ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡s❡ s②st❡♠s ✐s ❛ tr✐✈✐❛❧ ❝♦♥s❡q✉❡♥❝❡

♦❢ t❤❡ ✭❝❧❛ss✐❝❛❧✮ r❡s✉❧ts ✐♥ ❬✷✵❪ ❛♥❞ ❬✷✺❪✳

❚❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ s②st❡♠s ✭✶✳✶✮✱ ✭✶✳✷✮ ❛♥❞ ✭✶✳✸✮ ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞✱ r❡♣❡❝✲

t✐✈❡❧②✱ ✐♥ ❬✼❪ ✭❢♦r α ∈ (0, 2)✮✱ ❬✶✷❪ ✭❢♦r α ∈ (0, 2)✮✱ ❛♥❞ ❬✷✼❪ ✭❢♦r α ∈ (0, 1/2)✮✳ ❚❤❡s❡

✇♦r❦s ❛r❡ ❜❛s❡❞ ♦♥ ❝❧❛ss✐❝❛❧ ❞✉❛❧✐t② ❛r❣✉♠❡♥ts✱ ✇❤✐❝❤ r❡❞✉❝❡s ❛ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

♣r♦♣❡rt② t♦ ❛♥ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❛❞❥♦✐♥t s②st❡♠✳ ■♥ t❤❡s❡

❝❛s❡s✱ t❤❡ ❛❞❥♦✐♥t s②st❡♠ ♦❢ ✭✶✳✶✮✱ ✭✶✳✷✮ ❛♥❞ ✭✶✳✸✮ ❛r❡ ❣✐✈❡♥ r❡s♣❡❝t✐✈❡❧② ❜②




vt + (xαvx)x + b0(x, t)v = h ✐♥ Q,

v(1, ·) = 0 ❛♥❞





v(0, ·) = 0 ✐❢ α ∈ [0, 1)

(xαvx)(0, ·) = 0 ✐❢ α ∈ [1, 2)
♦♥ (0, T ),

v(·, 0) = v0 ✐♥ (0, 1),

✭✶✳✻✮





vt + (xαvx)x + xqb1vx + b0v = h ✐♥ Q,

v(1, ·) = 0 ❛♥❞





v(0, ·) = 0 ✐❢ α ∈ [0, 1)

(xαvx)(0, ·) = 0 ✐❢ α ∈ [1, 2)
♦♥ (0, T ),

v(·, 0) = v0 ✐♥ (0, 1),

✭✶✳✼✮

❛♥❞

✶✷







vt + (xαvx)x + b1vx + b0v = h ✐♥ Q,

v(1, ·) = 0 ❛♥❞





v(0, ·) = 0 ✐❢ α ∈ [0, 1)

(xαvx)(0, ·) = 0 ✐❢ α ∈ [1, 2)
♦♥ (0, T ),

v(·, 0) = v0 ✐♥ (0, 1).

✭✶✳✽✮

❚❤❡ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t✐❡s ❢♦r ✭✶✳✻✮✱ ✭✶✳✼✮✱ ❛♥❞ ✭✶✳✽✮ ✇❡r❡ ♦❜t❛✐♥❡❞ ♠❛❦✐♥❣ ✉s❡ ♦❢

s✉✐t❛❜❧❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r t❤❡♠s❡❧✈❡s✳

❚❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ ❛ ✜rst✲♦r❞❡r t❡r♠ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✐♥ ✭✶✳✶✮ ✐s ❛ ❞❡❧✐❝❛t❡ q✉❡st✐♦♥

t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ r❡♠❛✐♥s ♦♣❡♥✳ ■❢ ✐t ✐s ❛ ♠✉❧t✐♣❧❡ ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ ♣♦✇❡r ♦❢ x✱ ❧✐❦❡ ✐♥

✭✶✳✷✮✱ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t t❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ♣r♦✈❡❞ ✐♥ ❬✼❪ ❛❣❛✐♥ ❤♦❧❞ ❢♦r ✐ts

❛❞❥♦✐♥t s②st❡♠ ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❤♦❧❞s t♦♦✱ s❡❡ ❬✶✾❪✳ ❍♦✇❡✈❡r✱ t❤❡

♠♦r❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ✭✶✳✸✮ ❤❛s ❜❡❡♥ s♦❧✈❡❞ ♦♥❧② ❢♦r α ∈ [0, 1/2)✱ s❡❡ ❬✷✼❪✳

◆♦✇✱ t❛❦✐♥❣ α = 2 ✐♥ ✭✶✳✶✮✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠✿




ut − (x2ux)x + b0(x, t)u = g1O ✐♥ Q,

ux(1, ·) = ux(0, ·) = 0 ♦♥ (0, T ),

u(·, 0) = u0 ✐♥ (0, 1).

✭✶✳✾✮

■♥ t❤✐s ❝❛s❡✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❞✐✣❝✉❧t② ✐s ❢♦✉♥❞✿ t❤❡r❡ ✐s ♥♦ ❦♥♦✇♥ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ❢♦r

t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❛ss♦❝✐❛t❡❞ ❛❞❥♦✐♥t✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡

❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s

y = log(1/x), U(y, t) = x1/2u(x, t), ✭✶✳✶✵✮

✇❤✐❝❤ tr❛♥s❢♦r♠ ✭✶✳✾✮ ✐♥t♦




Ut − Uyy +B(y, t)U = G(y, t)1ϑ ✐♥ Q′,(
Uy +

1

2
U

)
(0, ·) = 0 ❛♥❞ lim

y→+∞

(
Uy +

1

2
U

)
(y, ·) = 0 ♦♥ (0, T ),

U(·, 0) = U0 ✐♥ (0,+∞),

✭✶✳✶✶✮

✇❤❡r❡

Q′ = (0,+∞)× (0, T ), B(y, t) = b0(x, t) + 1/4, G = e−y/2g,

❛♥❞

ϑ = {y ∈ (0,+∞) : e−y ∈ O}.

❙✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ❤❡r❡ ✇✐t❤ ❛ ♣r♦❜❧❡♠ ✐♥ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥✱ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

♣r♦♣❡rt✐❡s ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ϑ✳ ■♥❞❡❡❞✱ ✐♥ ❬✷✶❪ t❤❡ ❛✉t❤♦rs ♣r❡s❡♥t ❛ ❈❛r❧❡♠❛♥

✶✸



❡st✐♠❛t❡ ❢♦r s♦❧✉t✐♦♥s ♦❢ t❤❡ ❛❞❥♦✐♥t s②st❡♠ ♦❢ ❛ s✐♠✐❧❛r ♦♥❡ t♦ ✭✶✳✶✶✮✱ ❜✉t ✇✐t❤ ❉✐r✐❝❤❧❡t

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ■t ✐s ✇❡❧❧ ❦♥♦✇ t❤❛t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤❛✈❡ ❛♥ ✐♠♣♦rt❛♥t

r♦❧❡ ✐♥ t❤❡ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t②✱ ❤❡♥❝❡✱ t♦ ❞❡❛❧ ✇✐t❤ ✭✶✳✶✶✮✱ ❛ ♥❡✇ ✐♥❡q✉❛❧✐t② ♠✉st ❜❡

♣r♦✈❡❞ ❢♦r ✐ts ❛❞❥♦✐♥t s②st❡♠✿




wt + wyy +B(y, t)w = F ✐♥ Q′,(
wy +

1

2
w

)
(0, ·) = 0 ❛♥❞ lim

y→∞

(
wy +

1

2
w

)
(y, ·) = 0 ♦♥ (0, T ),

w(·, T ) = wT ✐♥ (0,+∞).

✭✶✳✶✷✮

❆s ♠❡♥t✐♦♥❡❞ ✐♥ ❬✷✶❪✱ t❤❡r❡ ❛r❡ ❢❡✇ s✐t✉❛t✐♦♥s ✇❤❡r❡ ✇❡ ❝❛♥ ❣❡t ❛ ❈❛r❧❡♠❛♥

❡st✐♠❛t❡ ❢♦r s②st❡♠s ✐♥ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥✳ ❚❤❡ ♠♦st s✐♠♣❧❡ ♦❢ t❤✐s s✐t✉❛t✐♦♥s ✐s ✇❤❡♥

t❤❡ ♥♦♥✲❝♦♥tr♦❧❧❛❜❧❡ r❡❣✐♦♥ ✐s ❛ ❜♦✉♥❞❡❞ s❡t✳ ❚♦ ❞❡❛❧ ✇✐t❤ t❤✐s ❝❛s❡✱ (0,+∞)\ϑ ♠✉st

❜❡ ❛ ❜♦✉♥❞❡❞ s❡t❀ ❛♥❞ t❤✐s ❤❛♣♣❡♥s ✐❢ ❛♥❞ ♦♥❧② ✐❢ O ∋ 0✳

❚❤✐s ♣❛♣❡r ❞❡❛❧s ✇✐t❤ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣✐❡s ❢♦r t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢

❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ s②st❡♠s s✐♠✐❧❛r t♦ t❤♦s❡ ❛❜♦✈❡✳ ❚♦ ❜❡ ♠♦r❡ s♣❡❝✐✜❝✱ ❧❡t ✉s ✜① t❤❡

♥♦♥✲❡♠♣t② ♦♣❡♥ s✉❜s❡tsOi ⊂ (0, 1) (i = 1, 2)✱ ❛♥❞ ❢♦r ❡❛❝❤ tr✐♣❧❡t (g, f1, f2) ∈ [L2(Q)]3✱

❧❡t ✉s ❝♦♥s✐❞❡r s②st❡♠s ✭✶✳✶✮✱ ✭✶✳✸✮ ❛♥❞ ✭✶✳✾✮ ✇✐t❤ g1O r❡♣❧❛❝❡❞ ❜② g1O+f11O1
+f21O2

✱

✐✳❡✳




ut − (xαux)x + b0(x, t)u = g1O + f11O1
+ f21O2

✐♥ Q,

u(1, ·) = 0 ❛♥❞





u(0, ·) = 0 ✐❢ α ∈ [0, 1)

(xαux)(0, ·) = 0 ✐❢ α ∈ [1, 2)
♦♥ (0, T ),

u(·, 0) = u0 ✐♥ (0, 1),

✭✶✳✶✸✮





ut − (xαux)x + (xqb1(x, t)u)x + b0(x, t)u = g1O + f11O1
+ f21O2

✐♥ Q,

u(1, ·) = 0 ❛♥❞





u(0, ·) = 0 ✐❢ α ∈ [0, 1)

(xαux)(0, ·) = 0 ✐❢ α ∈ [1, 2)
♦♥ (0, T ),

u(·, 0) = u0 ✐♥ (0, 1),

✭✶✳✶✹✮





ut − (xαux)x + (b1(x, t)u)x + b0(x, t)u = g1O + f11O1
+ f21O2

✐♥ Q,

u(1, ·) = 0 ❛♥❞





u(0, ·) = 0 ✐❢ α ∈ [0, 1)

(xαux)(0, ·) = 0 ✐❢ α ∈ [1, 2)
♦♥ (0, T ),

u(·, 0) = u0 ✐♥ (0, 1),

✭✶✳✶✺✮

✶✹



❛♥❞ 



ut − (x2ux)x + b0(x, t)u = g1O + f11O1
+ f21O2

✐♥ Q,

ux(1, ·) = ux(0, ·) = 0 ♦♥ (0, T ),

u(·, 0) = u0 ✐♥ (0, 1).

✭✶✳✶✻✮

❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t ♦♥❧② t❤r❡❡ ❝♦♥tr♦❧s ❛r❡ ❛♣♣❧✐❡❞ ✭♦♥❡ ❧❡❛❞❡r ❛♥❞ t✇♦

❢♦❧❧♦✇❡rs✮✱ ❜✉t ✈❡r② s✐♠✐❧❛r ❝♦♥s✐❞❡r❛t✐♦♥s ❤♦❧❞ ❢♦r s②st❡♠s ✇✐t❤ ❛ ❤✐❣❤❡r ♥✉♠❜❡r ♦❢

❝♦♥tr♦❧s✳

◆♦✇✱ ❢♦r i = 1, 2✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♥♦♥✲❡♠♣t② ♦♣❡♥ s❡ts Oi,d ⊂ (0, 1)✱ t❤❡

❢✉♥❝t✐♦♥s ui,d ∈ L2(Oi,d × (0, T ))✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji : L2(O × (0, T )) × U 7→ R

❣✐✈❡♥ ❜②

Ji(g; f1, f2) :=
βi
2

∫∫

Oi,d×(0,T )

|u− ui,d|
2 dx dt+ µi

∫∫

Oi×(0,T )

|fi|
2 dx dt, ✭✶✳✶✼✮

✇❤❡r❡ U := U1 × U2✱ ✇✐t❤ Ui := L2(O × (0, T ))✱ βi ❛♥❞ µi ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✱ ❛♥❞

u ✐s t❤❡ ❛ss♦❝✐❛t❡❞ st❛t❡ t♦ ✭✶✳✶✸✮✱ ✭✶✳✶✹✮✱ ✭✶✳✶✺✮ ♦r ✭✶✳✶✻✮✳

❋♦r ❛ ✜①❡❞ g ∈ L2(O×(0, T ))✱ ✇❡ s❛② t❤❛t ❛ ♣❛✐r (f1, f2) ∈ U ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠

❢♦r (J1, J2) ❛ss♦❝✐❛t❡❞ t♦ g ✇❤❡♥

J1(g; f1, f2) ≤ J2(g; f̄1, f2), ∀f̄1 ∈ L2(Q),

J2(g; f1, f2) ≤ J2(g; f1, f̄2), ∀f̄2 ∈ L2(Q).
✭✶✳✶✽✮

❖✉r ❣♦❛❧ ✐s t♦ ♣r♦✈❡ t❤❛t✱ ❢♦r ❛♥② u0 ∈ L2(0, 1)✱ t❤❡r❡ ❡①✐st ❛ ❝♦♥tr♦❧ g ∈ L2(O× (0, T ))

✭❝❛❧❧❡❞ ❧❡❛❞❡r✮ ❛♥❞ ❛ ❛ss♦❝✐❛t❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (f1, f2) ∈ U ✭❝❛❧❧❡❞ ❢♦❧❧♦✇❡rs✮ s✉❝❤

t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ st❛t❡ u ♦❢ ✭✶✳✶✸✮✱ ✭✶✳✶✹✮✱ ✭✶✳✶✺✮ ♦r ✭✶✳✶✻✮ s❛t✐s✜❡s ✭✶✳✺✮✳

❘❡s✉❧ts ♦❢ t❤✐s t②♣❡✱ ✐✳❡✳ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②✱ ✇❡r❡ ♣r♦✈❡❞ ❢♦r

t❤❡ ✜rst t✐♠❡ ✐♥ ❬✹❪✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♥♦♥❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✳ ❆❢t❡r t❤❛t✱

✇❡ ❝❛♥ ♠❡♥t✐♦♥ ❬✷✸❪✳ ▼♦st ♦❢ t❤❡ ✇♦r❦s ❞❡❛❧✐♥❣ ✇✐t❤ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣② ❛r❡ ✐♥

t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✐t②✳ ■♥ t❤✐s ✐ss✉❡✱ ✇❡ ❝✐t❡ ❬✷✷❪✳

❚❤❡ r❡st ♦❢ t❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ♣r❡s❡♥t t❤❡ ♥♦t❛✲

t✐♦♥s✱ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ s♦♠❡ s♣❛❝❡s ❛♥❞ s♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡ ✐♥

t❤✐s s❡❝t✐♦♥ t❤❡ ♠❛✐♥ t♦♦❧ ♦❢ t❤✐s ✇♦r❦✿ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝

❡q✉❛t✐♦♥s ✇✐t❤ ❝♦♥tr♦❧ r❡❣✐♦♥s ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ ❞♦♠❛✐♥✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❡st❛✲

❜❧✐s❤ ❛♥❞ ♣r♦✈❡ ♦✉r ♠❛✐♥ r❡s✉❧ts ♦♥ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②✳ ■♥ ❙❡❝t✐♦♥ ✹✱

✇❡ ♠❛❦❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♠❡♥ts✱ ❞✐s❝✉ss ♦♣❡♥ q✉❡st✐♦♥s ❛♥❞ ❛❞✈❛♥❝❡ s♦♠❡ ❢✉t✉r❡

✶✺



✇♦r❦✳ ❚❤❡ ♣❛♣❡r ❡♥❞s ✇✐t❤ t❤r❡❡ ❛♣♣❡♥❞✐❝❡s ❝♦♥t❛✐♥✐♥❣ t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ❈❛r❧❡♠❛♥

❡st✐♠❛t❡s✳

✶✳✷ ◆♦t❛t✐♦♥s ❛♥❞ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts

✶✳✷✳✶ ◆♦t❛t✐♦♥s ❛♥❞ s♣❛❝❡s

❚❤❡ ✉s✉❛❧ ♥♦r♠ ❛♥❞ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ L2(0, 1) ❛♥❞ ✐♥ L2(Q) ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞

r❡s♣❡❝t✈❡❧② ❜② | · | ❛♥❞ (·, ·)✱ ❛♥❞ ‖ · ‖ ❛♥❞ ((·, ·))✳ ❚❤❡ ♥♦r♠s ✐♥ L∞(0, 1) ❛♥❞ ✐♥ L∞(Q)

✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ r❡s♣❡❝t✐✈❡❧② ❜② | · |∞ ❛♥❞ ‖ · ‖∞✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s❡ts

Hα := { u ∈ L2(0, 1) : u ✐s ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✐♥ [0, 1],

xα/2ux ∈ L2(0, 1), u(0) = u(1) = 0 },

❢♦r α ∈ [0, 1) ❛♥❞

Hα := { u ∈ L2(0, 1); u ✐s ❧♦❝❛❧❧② ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✐♥ (0, 1],

xα/2ux ∈ L2(0, 1), u(1) = 0 }

❢♦r α ∈ [1, 2]✳

■♥ t❤❡ s❡q✉❡❧✱ ❢♦r ❛♥② t✇♦ ❇❛♥❛❝❤ s♣❛❝❡s X ❛♥❞ Y ✱ t❤❡ ♥♦t❛t✐♦♥ X →֒ Y ✐♥❞✐❝❛t❡s

t❤❛t X ⊂ Y ❛♥❞✱ ♠♦r❡♦✈❡r✱ t❤❡ ❡♠❜❡❞❞✐♥❣ X 7→ Y ✐s ❝♦♥t✐♥✉♦✉s✳

■t ✐s ❡❛s② s❡❡ t❤❛t L2(0, 1) →֒ H ′
α ❢♦r ❛❧❧ α ∈ [0, 2]✱ s♦ t❤❛t L2(Q) →֒ L2(0, T ;H ′

α)✳

▼♦r❡♦✈❡r✱ ✐t ✐s s❤♦✇♥ ✐♥ ❬✶❪ t❤❛t t❤❡ ❡♠❜❜❡❞✐♥❣ Hα →֒ L2(0, 1) ✐s ❝♦♠♣❛❝t✳ ❍❡♥❝❡✱

❢r♦♠ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❆✉❜✐♥✲▲✐♦♥s ❈♦♠♣❛❝t♥❡ss ❚❤❡♦r❡♠✱ ✇❡ s❡❡ t❤❛t t❤❡ ❍✐❧❜❡rt s♣❛❝❡

Wα := { y ∈ L2(0, T ;Hα) : yt ∈ L2(0, T ;H ′
α) }

✐s ❝♦♠♣❛❝t❧② ❡♠❜❡❞❞❡❞ ✐♥ L2(Q).

✶✳✷✳✷ ❊①✐st❡♥❝❡ ❛♥❞ ❡st✐♠❛t❡s

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❬✶✱ ✶✾✱ ✷✼❪✿

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶ ❋♦r ❛♥② g ∈ L2(Q) ❛♥❞ ❛♥② u0 ∈ L2(0, 1)✱ t❤❡r❡ ❡①✐sts ❡①❛❝t❧② ♦♥❡

s♦❧✉t✐♦♥ u t♦ ❡❛❝❤ ♦❢ t❤❡ s②st❡♠s ✭✶✳✶✮✱ ✭✶✳✷✮✱ ✭✶✳✸✮ ❛♥❞ ✭✶✳✾✮✱ ✇✐t❤

u ∈ L2(0, T ;Hα) ∩ C
0([0, T ];L2(0, 1)).

✶✻



❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ T ✱ α✱ b0 ❛♥❞ b1✱ s✉❝❤

t❤❛t

sup
t∈[0,T ]

|u(·, t)|2 +

∫∫

Q

xα|ux|
2 dx dt ≤ C(‖g‖2 + |u0|

2).

❍❛r❞② ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ❛ st❛♥❞❛r❞ t♦♦❧ ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ❞❡❣❡♥❡r❛t❡ ❡q✉❛t✐♦♥s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ♣r♦✈❡❞ ✐♥ ❬✶❪✿

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✷ ✭❍❛r❞②✬s ✐♥❡q✉❛❧✐t②✮ ❆ss✉♠❡ t❤❛t α < 2 ❛♥❞ α 6= 1✳ ▲❡t z :

[0, 1] 7→ R ❜❡ ❧♦❝❛❧❧② ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✐♥ (0, 1]✱ ✇✐t❤
∫ 1

0

xα|zx|
2 dx < +∞.

❚❤❡♥✱ ❢♦r ❛❧❧ δ ∈ (0, 1]✱ ♦♥❡ ❤❛s




∫ δ

0

xα−2|z|2 dx ≤
4

(1− α)2

∫ δ

0

xα|zx|
2 dx ✐❢ α < 1 ❛♥❞ lim

x→0+
z(x) = 0

∫ 1

0

xα−2|z|2 dx ≤
4

(1− α)2

∫ 1

0

xα|zx|
2 dx ✐❢ α ∈ (1, 2) ❛♥❞ lim

x→1−
z(x) = 0.

✶✳✷✳✸ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r ✭✶✳✻✮ ❛♥❞ ✭✶✳✼✮

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥s θ✱ p0 ❛♥❞ σ0 ✇✐t❤

θ(t) :=
1

(t(T − t))4
, p0(x) :=

1− x2−α

(2− α)2
❛♥❞ σ0(x, t) := θ(t)p0(x).

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ✐s ♣r♦✈❡❞ ✐♥ ❬✼❪✿

Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✸ ❚❤❡r❡ ❡①✐sts ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts s0 ❛♥❞ C s✉❝❤ t❤❛t✱ ❢♦r ❛♥② s ≥ s0

❛♥❞ ❛♥② s♦❧✉t✐♦♥ v t♦ ✭✶✳✻✮✱ ♦♥❡ ❤❛s✿
∫∫

Q

e−2sσ0
[
sθxα|vx|

2 + s3θ3x2−α|v|2
]
dx dt ≤ C

[
‖e−sσ0h‖2 + s

∫ T

0

e−2sσ0θ|vx|
2dt

∣∣∣∣
x=1

]
.✭✶✳✶✾✮

❲❡ ✇✐❧❧ ♥❡❡❞ ❜❡❧♦✇ ❛ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❜♦✉♥❞❛r② ✐♥t❡❣r❛❧

r❡♣❧❛❝❡❞ ❜② ❛♥ ✐♥t❡r✐♦r ♦❜s❡r✈❛t✐♦♥ t❡r♠ ❛♥❞ t✐♠❡ ❞❡r✐✈❛t✐✈❡s ❛♥❞ s❡❝♦♥❞✲♦r❞❡r s♣❛t✐❛❧

❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r❡s❡♥t s✉❝❤ ❛♥ ❡st✐♠❛t❡✳

❚❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ ♠♦❞✐❢② t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s ❛♥❞ t❤❡♥ ♣r♦❝❡❡❞ ❛s ✐♥ ❬✼❪❀ ❛ s✐♠✐❧❛r

r❡s✉❧t ✇❛s r❡❝❡♥t❧② ♣r♦✈❡❞ ✐♥ ❬✶✵❪✱ ❜✉t t❤❡r❡ t❤❡ ❡q✉❛t✐♦♥ ✐s s❧✐❣❤t❧② ❞✐✛❡r❡♥t ✭t❤❡

❝♦❡✣❝✐❡♥t ❞❡❣❡♥❡r❛t❡ ❛t ❜♦t❤ x = 0 ❛♥❞ x = 1✮✳

▲❡t ✉s ✜① α ∈ [0, 2) ❛♥❞ t❤❡ ♥♦♥✲❡♠♣t② ♦♣❡♥ s❡ts ω ⊂ (0, 1) ❛♥❞ ω0 = (a0, c0) ⊂⊂

ω✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿

ω0T := ω0 × (0, T ), ωT := ω × (0, T ) ❛♥❞ Q0 := (0, a0)× (0, T ).

✶✼



▲❡t η ∈ C∞(0, 1) ❜❡ ❛ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t

η(x) =
x2−α

2− α
✐♥ [0, a0] ❛♥❞ η(x) = −

x2−α

2− α
✐♥ [c0, 1].

◆♦✇✱ ❢♦r λ ≥ λ0 > 0 ❛♥❞ s ∈ R✱ ✇❡ ✐♥tr♦❞✉❝❡

p(x) := eλ(2|η|∞+η(x)), ξ(x, t) := p(x)θ(t), σ(x, t) := θ(t)e4λ|η|∞ − ξ,

γ1(λ) := |1− α|+ λ−1/4, ❛♥❞ γ2(s) := |1− α|+ s−1/2.

❚❤❡ ♠❛✐♥ r❡s✉❧t ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✶✳✷✳✹ ❚❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C✱ s0 ❛♥❞ λ0✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ω✱ ω0✱

‖b0‖∞✱ T ❛♥❞ α s✉❝❤ t❤❛t✱ ❢♦r ❛♥② s ≥ s0✱ ❛♥② λ ≥ λ0 ❛♥❞ ❛♥② s♦❧✉t✐♦♥ v t♦ ✭✶✳✻✮✱ ♦♥❡

❤❛s✿∫∫

Q

e−2sσ
[
s−1γ1(λ)ξ

−1(|vt|
2 + |(xαvx)x|

2) + sλxαξ|vx|
2 + sλ2x2α|η′|2ξ|vx|

2
]
dx dt

+

∫∫

Q

e−2sσ|v|2
[
s2λ2γ1(λ)ξ

2γ2(sξ) + s3λ3x2−αξ3 + s3λ4x2α|η′|4ξ3
]
dx dt

≤ C

[
‖e−sσh‖2 + s3λ3

∫∫

ωT

e−2sσξ3|v|2 dx dt

]
. ✭✶✳✷✵✮

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✹ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳

■t ✐s ♣♦ss✐❜❧❡ t♦ r❡✜♥❡ t❤❡ ❡st✐♠❛t❡ ✐♥ ❚❤❡♦r❡♠ ✶✳✷✳✹ ❜② r❡♣❧❛❝✐♥❣ t❤❡ ♣♦✇❡rs ♦❢

|η′| ❜② ♣♦✇❡rs ♦❢ x ❛t t❤❡ ♣r✐❝❡ ♦❢ ✐♥❝r❡❛s✐♥❣ t❤❡ ♣♦✇❡r ♦❢ λ ✐♥ t❤❡ ❧♦❝❛❧ t❡r♠✿

❈♦r♦❧❧❛r② ✶✳✷✳✺ ❚❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C✱ s0 ❛♥❞ λ0✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ω✱

ω0✱ ‖b0‖∞✱ T ❛♥❞ α s✉❝❤ t❤❛t✱ ❢♦r ❛♥② s ≥ s0✱ ❛♥② λ ≥ λ0✱ ❛♥❞ ❛♥② s♦❧✉t✐♦♥ v t♦ ✭✶✳✻✮✱

♦♥❡ ❤❛s✿
∫∫

Q

e−2sσ
[
s−1γ1(λ)ξ

−1(|vt|
2 + |(xαvx)x|

2) + sλxαξ|vx|
2 + sλ2x2ξ|vx|

2
]
dx dt

+

∫∫

Q

e−2sσ|v|2
[
s2λ2γ1(λ)ξ

2γ2(sξ) + s3λ3x2−αξ3 + s3λ4x4−2αξ3
]
dx dt

≤ C

[
‖e−sσh‖2 + s3λ4

∫∫

ωT

e−2sσξ3|v|2 dx dt

]
. ✭✶✳✷✶✮

■❢ v ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✶✳✼✮ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ h̃ = h− xqb1vx✱ ✇❡ s❡❡ t❤❛t v s♦❧✈❡s ❛

s②st❡♠ ♦❢ t❤❡ ❦✐♥❞ ✭✶✳✻✮✳ ❚❤✉s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤♦❧❞s✳

❈♦r♦❧❧❛r② ✶✳✷✳✻ ▲❡t ✉s ❛ss✉♠❡ t❤❛t q ≥ α/2 ❛♥❞ b0, b1 ∈ L∞(Q)✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts

♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C✱ s0✱ ❛♥❞ λ0✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ω✱ ‖b0‖∞✱ ‖b1‖∞✱ T ✱ ❛♥❞ α s✉❝❤

t❤❛t✱ ❢♦r ❛♥② s ≥ s0✱ ❛♥② λ ≥ λ0✱ ❛♥❞ ❛♥② s♦❧✉t✐♦♥ v ❢♦r ✭✶✳✼✮✱ t❤❡ ❡st✐♠❛t❡s ✭✶✳✷✵✮

❛♥❞ ✭✶✳✷✶✮ st✐❧❧ ❤♦❧❞✳

✶✽



✶✳✷✳✹ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ❢♦r ✭✶✳✽✮

▲❡t ✉s ❛ss✉♠❡ t❤❛t α ∈ [0, 1/2)✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ❛r❣✉♠❡♥ts ✐♥ t❤❡

♣r♦♦❢s ♦❢ t❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ✐♥ ❙❡❝t✐♦♥ ✷✳✸ ❝❛♥♥♦t ❜❡ ❛❞❛♣t❡❞ t♦ t❤❡ s♦❧✉t✐♦♥s t♦

✭✶✳✽✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t♦ ❡st❛❜❧✐s❤ ♦t❤❡r ❡st✐♠❛t❡s ✇✐t❤ ♦t❤❡r ✇❡✐❣❤t ❢✉♥❝t✐♦♥s✳

▲❡t η̃ ∈ C∞(0, 1) ❜❡ ❛ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t

η̃(x) =
3x(4−2α)/3

4− 2α
✐♥ [0, a0] ❛♥❞ η̃(x) = −

3x(4−2α)/3

4− 2α
✐♥ [c0, 1].

❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ❦❡❡♣ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥ ❢♦r t❤❡ ❢✉♥❝t✐♦♥s σ ❛♥❞ ξ ✇✐t❤ t❤❡

❢✉♥❝t✐♦♥ η r❡♣❧❛❝❡❞ ❜② η̃✳ ❲✐t❤ t❤✐s ❢✉♥❝t✐♦♥✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✶✳✷✳✼ ❚❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C✱ s0 ❛♥❞ λ0✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ω✱ ω0✱

‖b0‖∞✱ ‖b1‖∞✱ T ❛♥❞ α s✉❝❤ t❤❛t✱ ❢♦r ❛♥② s ≥ s0✱ ❛♥② λ ≥ λ0 ❛♥❞ ❛♥② s♦❧✉t✐♦♥ v t♦

✭✶✳✽✮ ♦♥❡ ❤❛s

∫∫

Q

e−2sσ
[
s−1γ1(λ)ξ

−1(|vt|
2 + |(xαvx)x|

2) + sλx(4α−2)/3ξ|vx|
2 + sλ2x2α|η̃′|2ξ|vx|

2
]
dx dt

+

∫∫

Q

e−2sσ|v|2
[
sλ2ξx(2α−4)/3 + s3λ3ξ3 + s3λ4x2α|η̃′|4ξ3

]
dx dt

≤ C

[
‖e−sσh‖2 + s3λ3

∫∫

ωT

e−2sσξ3|v|2 dx dt

]
. ✭✶✳✷✷✮

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✼ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❇✳

❆♥ ❡st✐♠❛t❡ s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥ ❈♦r♦❧❧❛r② ✶✳✷✳✺ ❝❛♥ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞✳

✶✳✷✳✺ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ❢♦r ✭✶✳✶✷✮

■♥ ❣❡♥❡r❛❧✱ t❤❡r❡ ✐s ♥♦ ❡st✐♠❛t❡ ♦❢ t❤❡ ❈❛r❧❡♠❛♥ ❦✐♥❞ ❢♦r t❤❡ ❛❞❥♦✐♥t s②st❡♠

♦❢ ✭✶✳✾✮✳ ❚❤✐s ✐s ❡①♣❡❝t❡❞ s✐♥❝❡✱ ✐♥ ❣❡♥❡r❛❧✱ t❤✐s s②st❡♠ ✐s ♥♦t ♥✉❧❧✲❝♦♥tr♦❧❧❛❜❧❡✳

❍♦✇❡✈❡r✱ ✐❢ t❤❡ ❝♦♥tr♦❧ ❞♦♠❛✐♥ ✐s ♦❢ t❤❡ ❢♦r♠ ω = (0, c) ❢♦r s♦♠❡ c ∈ (0, 1)✱

t❤❡♥ ✐♥ t❤❡ s②st❡♠ ✭✶✳✶✶✮ ♦❜t❛✐♥❡❞ ❛❢t❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ✭✶✳✶✵✮✱ t❤❡ ♥❡✇ ❝♦♥tr♦❧

❞♦♠❛✐♥ ϑ ♣♦ss❡ss❡s ❛ ❜♦✉♥❞❡❞ ❝♦♠♣❧❡♠❡♥t❛r② s❡t ✐♥ (0,+∞)✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ r❡s✉❧ts ✐♥

❬✷✶❪✱ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❝❛♥ ❜❡ ❡①♣❡❝t❡❞ ✐♥ t❤✐s ❝❛s❡ ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ✐t ✐s r❡❛s♦♥❛❜❧❡

t♦ tr② t♦ ♣r♦✈❡ ❛ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ s♦❧✉t✐♦♥s t♦ ✭✶✳✶✷✮✳

❚❤✉s✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t ω = (0, c) ❛♥❞ ❧❡t ✉s ✐♥tr♦❞✉❝❡ ϑ0 := (a0,+∞) ⊂⊂ ϑ✱

ϑ0T := ϑ0 × (0, T ) ❛♥❞ ϑT := ϑ × (0, T )✳ ▲❡t η̂ ∈ C2([0,∞)) ❜❡ ❛ ❢✉♥❝t✐♦♥ s✉❝❤

✶✾



t❤❛t η̂(y) = −y ✐♥ [0, a0]✱ η̂✱ η̂′ ❛♥❞ η̂′′ ❛r❡ ❜♦✉♥❞❡❞ ✐♥ [0,+∞) ❛♥❞ |η̂′| ≥ C > 0 ✐♥

[0,+∞)\ϑ0✳ ❋✐♥❛❧❧②✱ ❢♦r λ ≥ λ0 > 0✱ ❧❡t ✉s s❡t

p̂(y) := eλ(2|η̂|∞+η̂(y)), p̃(y) := eλ(2|η̂|∞−η̂(y)), ξ̂(y, t) := θ(t)p̂(y), ξ̃(y, t) := θ(t)p̃(y),

σ̂(y, t) := θ(t)e4λ|η̂|∞ − ξ̂, σ̃(y, t) := θ(t)e4λ|η̂|∞ − ξ̃ ❛♥❞ ̺ := e−2sσ̂ + e−2sσ̄.

❚❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s t❤❛t ✇❡ ❝❛♥ ❣❡t ❢♦r ✭✶✳✶✷✮ ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡s✉❧t✿

❚❤❡♦r❡♠ ✶✳✷✳✽ ❚❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C✱ s0 ❛♥❞ λ0✱ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ω✱ B

❛♥❞ T s✉❝❤ t❤❛t✱ ❢♦r ❛♥② s ≥ s0✱ ❛♥② λ ≥ λ0 ❛♥❞ ❛♥② s♦❧✉t✐♦♥ w t♦ ✭✶✳✶✷✮✱ ♦♥❡ ❤❛s✿

∫∫

Q′

̺
[
s−1ξ̂−1(|wt|

2 + |wyy|
2) + sλ2ξ̂|wy|

2 + s3λ4ξ̂3|w|2
]
dy dt

≤ C

[
‖̺1/2F‖2 + s3λ4

∫∫

ϑT

̺ξ̂3|w|2 dy dt

]
. ✭✶✳✷✸✮

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✽ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❈✳

✶✳✸ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧t② ♦❢ ✭✶✳✶✸✮✱

✭✶✳✶✹✮✱ ✭✶✳✶✺✮ ❛♥❞ ✭✶✳✶✻✮✳

❋r♦♠ t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ s②st❡♠s ❛♥❞ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji✱ ✐t ✐s

❝❧❡❛r t❤❛t (f1, f2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r (J1, J2) ✐❢ ❛♥❞ ♦♥❧② ✐❢

J ′
1(g; f1, f2)(f, 0) = 0, ∀f ∈ U1 ❛♥❞ J ′

2(g; f1, f2)(0, f) = 0, ∀f ∈ U2.

❆r❣✉✐♥❣ ❛s ✐♥ ❬✹✱ ✷✷❪ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤♦❧❞s✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✶ ❚❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t µ00 > 0 s✉❝❤ t❤❛t✱ ✐❢ µi ≥ µ00 (i = 1, 2)✱ ❢♦r

❡❛❝❤ g ∈ L2(Q)) t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❛ss♦❝✐❛t❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (f1, f2) ❢♦r (J1, J2)✳

❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

‖(f1, f2)‖ ≤ C(1 + ‖g‖).

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛t❡ u s❛t✐s✜❡s

‖u‖L∞(0,T ;L2(0,1)) + ‖u‖L2(0,T ;Hα) + ‖ut‖L2(0,T ;H−1(0,1)) ≤ C(1 + ‖g‖).

✷✵



❚♦ ❡st❛❜❧✐s❤ t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②✱ ✐♥ t❤❡ s❡q✉❡❧ ✇❡ ✇✐❧❧ ✐♠♣♦s❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿




O1,d = O2,d; t❤❡ ❝♦♠♠♦♥ ♦❜s❡r✈❛❜✐❧✐t② s❡t ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ Od.

Od ∩ O 6= ∅.∫∫

Od×(0,T )

θ2|ui,d|
2 dx dt < +∞ ❢♦r i = 1, 2.

■♥ t❤❡ ❝❛s❡ ♦❢ s②st❡♠ (1.3) α ∈ [0, 1/2).

■♥ t❤❡ ❝❛s❡ ♦❢ s②st❡♠ (1.9) O = (0, c) ❢♦r s♦♠❡ c ∈ [0, 1).

✭✶✳✷✹✮

❚❤❡ ♠❛✐♥ r❡s✉❧t ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✶✳✸✳✷ ❆ss✉♠❡ t❤❛t ✭✶✳✷✹✮ ❤♦❧❞s✳ ❚❤❡r❡ ❡①✐sts µ0 ≥ µ00 s✉❝❤ t❤❛t✱ ✐❢ µ1, µ2 ≥

µ0✱ ❢♦r ❡✈❡r② u0 ∈ L2(0, 1) t❤❡r❡ ❡①✐st ❛ ❧❡❛❞❡r ❝♦♥tr♦❧ g ∈ L2(Q) ❛♥❞ ❛ ✉♥✐q✉❡ ❛ss♦❝✐❛t❡❞

◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (f1, f2) s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛t❡✱ ✐✳❡✳ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✸✮✱

✭✶✳✶✹✮✱ ✭✶✳✶✺✮ ♦r ✭✶✳✶✻✮✱ s❛t✐s✜❡s ✭✶✳✺✮✳

✶✳✸✳✶ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✸✳✷

❚❤❡ str❛t❡❣② ✇✐❧❧ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❋✐rst✱ ✇❡ ✇✐❧❧ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❛ss♦❝✐❛t❡❞ t♦ g ❛s t❤❡ s♦❧✉t✐♦♥✱

t♦❣❡t❤❡r ✇✐t❤ u✱ t♦ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝♦✉♣❧❡❞ s②st❡♠✳

• ❚❤❡♥✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t✱ ✐❢ µ1 ❛♥❞ µ2 ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤✱ ❛♥② s♦❧✉t✐♦♥ t♦ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❥♦✐♥t s②st❡♠ s❛t✐s✜❡s ❛♥ ♦❜s❡r✈❛❜✐❧✐t② ❡st✐♠❛t❡✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ ✇❡❧❧ ❦♥♦✇♥ ❞✉❛❧✐t② ❛r❣✉♠❡♥t✱ t❤✐s ✇✐❧❧ ✐♠♣❧② t❤❡ ❞❡s✐r❡❞

r❡s✉❧t✳ ❚❤✐s str❛t❡❣② ✐s ✈❡r② s✐♠✐❧❛r t♦ s②st❡♠s ✭✶✳✶✸✮✱ ✭✶✳✶✹✮✱ ✭✶✳✶✺✮ ❛♥❞ ✭✶✳✶✻✮✳ ❍❡♥❝❡

✇❡ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ✭✶✳✶✸✮✳

❆r❣✉✐♥❣ ❛s ✐♥ ❬✹✱ ✷✷❪✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝❛♥ ❜❡ ❡❛s✐❧② ♣r♦✈❡❞✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✳✸ ▲❡t g ∈ L2(O×(0, T )) ❜❡ ❣✐✈❡♥✳ ❚❤❡♥ (f1, f2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠

♦❢ ✭✶✳✶✸✮ ❛ss♦❝✐❛t❡❞ t♦ g ✐❢ ❛♥❞ ♦♥❧② ✐❢

fi = −
1

µi

φi|Oi×(0,T ),

✷✶



✇❤❡r❡ t❤❡ φi (i = 1, 2) s♦❧✈❡✱ t♦❣❡t❤❡r ✇✐t❤ u✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♣❧❡❞ s②st❡♠✿





ut − (xαux)x + b0(x, t)u = 1Of −
1

µ1

φ11O1
−

1

µ2

φ21O2
✐♥ Q,

−(φi)t − (xα(φi)x)x + b0(x, t)φi = αi(u− ui,d)1Oi,d
✐♥ Q,

u(1, t) = φi(1, t) = 0 ♦♥ (0, T ),{
u(0, t) = φi(0, t) = 0 ✐❢ α ∈ [0, 1)

(xαux)(0, t) = (xα(φi)x)(0, t) = 0 ✐❢ α ∈ [1, 2)
♦♥ (0, T ),

u(x, 0) = u0(x), φi(x, T ) = 0 ✐♥ (0, 1).

✭✶✳✷✺✮

❆s ✇❡ s❛✐❞ ♣r❡✈✐♦✉s❧②✱ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✳✸✳✷ ✐t ✐s s✉✣❝✐❡♥t t♦ ✜♥❞ ❛♥ ♦❜s❡r✈❛✲

❜✐❧✐t② ❡st✐♠❛t❡ ❢♦r t❤❡ ❛❞❥♦✐♥t s②st❡♠ ♦❢ ✭❄❄✮✱ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②




−zt − (xαzx)x + b0(x, t)z = β1ϕ11O1,d
+ β2ϕ21O2,d

✐♥ Q,

(ϕi)t − (xα(ϕi)x)x + b0(x, t)ϕi = −
1

µi

z1Oi
(i = 1, 2) ✐♥ Q,

z(1, t) = ϕi(1, t) = 0 ♦♥ (0, T ),



z(0, t) = ϕi(0, t) = 0 ✐❢ α ∈ [0, 1)

(xαzx)(0, t) = (xα(ϕi)x)(0, t) = 0 ✐❢ α ∈ [1, 2)
♦♥ (0, T ),

z(x, T ) = zT (x), ϕi(x, 0) = 0 ✐♥ (0, 1).

✭✶✳✷✻✮

❋♦r t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✶✳✸✳✹ ▲❡t ❛ss✉♠♣t✐♦♥s ✐♥ ✭✶✳✷✹✮ ❤♦❧❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts

µ0 ❛♥❞ C✱ ❛♥❞ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ρ = ρ(t) ❜❧♦✇✐♥❣ ✉♣ ❛t t = T s✉❝❤ t❤❛t✱ ✐❢ µi ≥ µ0

(i = 1, 2)✱ ❢♦r ❛♥② zT ∈ L2(0, 1) ❛♥❞ ❛♥② s♦❧✉t✐♦♥ (z, ϕi) t♦ ✭✶✳✷✻✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣

✐♥❡q✉❛❧✐t② ❤♦❧❞s✿

|z(·, 0)|2 +
2∑

i=1

∫∫

Q

ρ−2|ϕi|
2 dx dt ≤ C

∫∫

O×(0,T )

|z|2dx dt. ✭✶✳✷✼✮

Pr♦♦❢✳ ▲❡t ✉s ✜① ω′ ❛♥❞ ω1 ✇✐t❤

ω′ = (a′, c′) ⊂⊂ ω1 = (a1, c1) ⊂⊂ O ∩Od

❛♥❞ ❛ ❢✉♥❝t✐♦♥ ψ ∈ C∞(0, 1) s✉❝❤ t❤❛t

0 ≤ ψ ≤ 1, ψ = 1 ✐♥ ω′ ❛♥❞ supp(ψ) ⊂⊂ ω1.

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥s ω′
T := ω′ × (0, T )✱ ω1T := ω1 × (0, T ) ❛♥❞ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜②

E(v) t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✷✵✮✳

✷✷



▲❡t ✉s ❛ss✉♠❡ t❤❛t (z, ϕ1, ϕ2) s♦❧✈❡s ✭✶✳✷✻✮ ❛♥❞ ❧❡t ✉s ✐♥tr♦❞✉❝❡ h := β1ϕ1+β2ϕ2✳

■t ✐s ❝❧❡❛r t❤❛t ❚❤❡♦r❡♠ ✶✳✷✳✹ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ z ❛♥❞ ❛❧s♦ t♦ h✳ ❚❤✉s✱ t❤❡r❡ ❡①✐st

♣♦s✐t✐✈❡ ❝♦♥st❛♥ts λ0✱ s0✱ ❛♥❞ C s✉❝❤ t❤❛t✱ ❢♦r s ≥ s0 ❛♥❞ λ ≥ λ0✱ ♦♥❡ ❤❛s

E(z) ≤ C

[∫∫

Q

e−2sσ|h|2dx dt+ s3λ4
∫∫

ω′

T

e−2sσξ3|z|2 dx dt

]

❛♥❞

E(h) ≤ C

[∫∫

Q

e−2sσ|z|2dx dt+ s3λ4
∫∫

ω′

T

e−2sσξ3|h|2 dx dt

]
.

❚❤❡♥✱ ❢♦r s0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❣❡t

E(z) + E(h) ≤ C

[
s3λ4

∫∫

ω′

T

e−2sσξ3|z|2 dx dt+ s3λ4
∫∫

ω′

T

e−2sσξ3|h|2 dx dt

]
. ✭✶✳✷✽✮

❙✐♥❝❡ h = −zt − (xαzx)x + bz ✐♥ ω1✱ ✐t ❢♦❧❧♦✇s t❤❛t

s3λ4
∫∫

ω′

T

e−2sσξ3|h|2 dx dt ≤ s3λ4
∫∫

ω1T

e−2sσξ3ψh [−zt − (xαzx)x + bz] dx dt ✭✶✳✷✾✮

❯s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ✜♥❞

−s3λ4
∫∫

ω1T

e−2sσξ3ψhzt dx dt ≤ Cs−1E(h) + s8λ8
∫∫

ω1T

e−2sσξ7|z|2 dx dt, ✭✶✳✸✵✮

−s3λ4
∫∫

ω1T

e−2sσξ3ψh(xαzx)x dx dt ≤ Cs−1E(h) + Cs8λ8
∫∫

ω1T

e−2sσξ7|z|2 dx dt,✭✶✳✸✶✮

❛♥❞

s3λ4
∫∫

ω1T

e−2sσξ3ψhb0z dx dt ≤ Cs−1E(h) + Cs4λ4
∫∫

ω1T

e−2sσξ3|z|2 dx dt. ✭✶✳✸✷✮

❈♦♠❜✐♥✐♥❣ t❤❡ ❡st✐♠❛t❡s ✐♥ ✭✶✳✷✾✮✱ ✭✶✳✸✵✮✱ ✭✶✳✸✶✮ ❛♥❞ ✭✶✳✸✷✮ ✇❡ s❡❡ t❤❛t

s3λ4
∫∫

ω′

T

e−2sσξ3|h|2 dx dt ≤ Cs−1E(h) + Cs8λ8
∫∫

ω1T

e−2sσξ7|z|2 dx dt

❛♥❞✱ ❢r♦♠ ✭✶✳✷✽✮✱

E(z) + E(h) ≤ Cs8λ8
∫∫

ω1T

e−2sσξ7z2 dx dt, ✭✶✳✸✸✮

❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ s ❛♥❞ λ✳

❋r♦♠ ♥♦✇ ♦♥✱ t❤❡ ❝♦♥st❛♥t C ♠❛② ❞❡♣❡♥❞ ♦♥ s ❛♥❞ λ✳

✷✸



▲❡t ψ1 ∈ C1([0, T ]) ❜❡ s✉❝❤ t❤❛t

0 ≤ ψ1 ≤ 1, ψ1 = 1 ✐♥ [0, T/2] ❛♥❞ ψ1 = 0 ✐♥ [3T/4, T ]

❛♥❞ ❧❡t ✉s ♠♦❞✐❢② t❤❡ ❢✉♥❝t✐♦♥s θ✱ ξ ❛♥❞ σ ❛s ❢♦❧❧♦✇s✿

θ̄(t) :=





(4/T 2)4 ✐❢ t ∈ [0, T/2],

θ(t) ✐❢ t ∈ [T/2, T ],
ξ̄ := pθ̄, ❛♥❞ σ̄ := θ̄eλ|η|∞ − ξ̄.

❚❤❡♥ Z := ψ1z ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠




Zt − (xαZx)x + b0(x, t)Z = ψ1(t)h+ ψ′
1(t)z ✐♥ Q

Z(1, ·) = 0 ❛♥❞





Z(0, ·) = 0 ✐❢ α ∈ [0, 1)

(xαZx)(0, ·) = 0 ✐❢ α ∈ [1, 2)
♦♥ (0, T )

❛♥❞✱ ❢r♦♠ t❤❡ ❡♥❡r❣② ❡st✐♠❛t❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❤♦❧❞s✿

|z(·, 0)|2 +

∫ T
2

0

∫ 1

0

[
|z|2 + xα|zx|

2
]
dx dt ≤ C

[∫ 3T
4

0

∫ 1

0

|h|2 dx dt+

∫ 3T
4

T
2

∫ 1

0

|z|2 dx dt

]
.

❯s✐♥❣ t❤✐s ✐♥❡q✉❛❧✐t② ❛♥❞ t❤❡ ❢❛❝t t❤❛t e−2sσ̄ ❛♥❞ ξ̄ ❛r❡ ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ✐♥ [0, T/2]✱

✇❡ ♦❜t❛✐♥

|z(·, 0)|2 +

∫ T/2

0

∫ 1

0

e−2sσ̄
[
ξ3x2−α|z|2 + ξ̄xα|zx|

2
]
dx dt

≤ C

[∫ 3T/4

0

∫ 1

0

|h|2 dx dt+

∫ 3T/4

T/2

∫ 1

0

|z|2 dx dt

]
.

◆♦✇✱ t❤❡ ❢❛❝t t❤❛t e−2sσ ❛♥❞ ξ ❛r❡ ❜♦✉♥❞❡❞ ❢r♦♠ ❜❡❧♦✇ ✐♥ [T/2, 3T/4]✱ ✇❡ ❣❡t

|z(·, 0)|2 +

∫ T/2

0

∫ 1

0

e−2sσ̄
[
ξ̄3x2−α|z|2 + ξ̄xα|zx|

2
]
dx dt

≤ C

[∫ 3T/4

0

∫ 1

0

|h|2 dx dt+ E(z)

]
. ✭✶✳✸✹✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ ξ̄ = ξ ✐♥ [T/2, T ]✱ ✇❡ ❤❛✈❡

∫ T

T/2

∫ 1

0

e−2sσ̄
[
ξ̄3x2−α|z|2 + ξ̄xα|zx|

2
]
dx dt ≤ E(z). ✭✶✳✸✺✮

❋r♦♠ ✭✶✳✸✹✮ ❛♥❞ ✭✶✳✸✺✮✱ ❛ ♥❡✇ ❡st✐♠❛t❡ ✐s ❢♦✉♥❞✿

|z(·, 0)|2 +

∫∫

Q

e−2sσ̄
[
ξ̄3x2−α|z|2 + ξ̄xα|zx|

2
]
dx dt ≤ C

[∫ 3T
4

0

∫ 1

0

|h|2 dx dt+ E(z)

]
.✭✶✳✸✻✮

✷✹



❯s✐♥❣ ❛❣❛✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶ ❛♥❞ t❤❡ ✐♥❡q✉❛❧✐t✐❡s e−2sσ̄✱ ξ̄ ≥ C > 0 ✐♥ [0, 3T/4]✱ ✇❡

s❡❡ t❤❛t

∫ 3T/4

0

∫ 1

0

|h|2dx dt ≤ C

[
β1
µ1

+
β2
µ2

] [∫∫

Q

e−2sσ̄
[
ξ̄3x2−α|z|2 + ξ̄xα|zx|

2
]
dx dt

]
✭✶✳✸✼✮

❛♥❞✱ ❢r♦♠ ✭✶✳✸✻✮ ❛♥❞ ✭✶✳✸✼✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

|z(·, 0)|2 +

∫∫

Q

e−2sσ̄
[
ξ̄3x2−α|z|2 + ξ̄xα|zx|

2
]
dx dt ≤ CE(z), ✭✶✳✸✽✮

✇❤❡♥❡✈❡r µ1 ❛♥❞ µ2 ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤✳ ❇② ✭✶✳✸✸✮ ❛♥❞ ✭✶✳✸✽✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

|z(·, 0)|2 + E(z) + E(h) ≤ C

∫∫

ω′

T

e−2sσξ7|z|2 dx dt. ✭✶✳✸✾✮

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥s

σ0(t) := max
x∈[0,1]

σ̄(x, t) = Cθ̄(t) ❛♥❞ ρ(t) := esσ0(t).

◆♦t❡ t❤❛t ρ ✐s ❛ ♣♦s✐t✐✈❡ ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ✐♥ C1([0, T ]) t❤❛t ❜❧♦✇s ✉♣ ❛t t = T ✳

▼✉❧t✐♣❧②✐♥❣ t❤❡ ❡q✉❛t✐♦♥ s❛t✐s✜❡❞ ❜② ϕi ❜② ρ−2ϕi ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐♥ s♣❛❝❡✱ ✇❡ ✜♥❞ t❤❛t

1

2

d

dt
|ρ−1ϕi|

2 + ρ−2|xα/2(ϕi)x|
2 ≤ Cρ−2|z|2 + C|ρ−1ϕi|

2

❛♥❞✱ ❢r♦♠ ●r♦♥✇❛❧❧✬s ▲❡♠♠❛✱ ρ−1ϕi ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❛s ❢♦❧❧♦✇s✿

|ρ(t)−1ϕi(·, t)|
2 ≤ C

∫∫

Q

ρ−2|z|2 dx dt, ∀t ∈ [0, T ]. ✭✶✳✹✵✮

❯s✐♥❣ ✭✶✳✸✾✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ρ−2 ≤ e−2sσ̄✱ ✇❡ ❣❡t t❤❡ ❡st✐♠❛t❡s

∫∫

Q

ρ−2|z|2 dx dt ≤ CE(z) ≤ C

∫∫

ω′

T

e−2sσξ7|z|2 dx dt.

❋✐♥❛❧❧②✱ ✐♥ ✈✐❡✇ ♦❢ ✭✶✳✸✾✮ ❛♥❞ ✭✶✳✹✵✮✱ ✭✶✳✷✼✮ ❤♦❧❞s✳

❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ❡st✐♠❛t❡ ✭✶✳✷✼✮ ✐♠♣❧✐❡s t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛✲

❜✐❧✐t② ♦❢ ✭✶✳✶✸✮✳ ❲❡ st✐❧❧ ❤❛✈❡ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❝♦♥tr♦❧✿

∫∫

Q

|g|2 dx dt ≤ C

[
|u0|

2 +
2∑

i=1

∫∫

Od×(0,T )

ρ2|ui,d|
2 dx dt

]
,

✇❤❡r❡ C ✐s t❤❡ ❝♦♥st❛♥t ✐♥ ✭✶✳✷✼✮✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳

✷✺



✶✳✸✳✷ ❙✐♠✐❧❛r r❡s✉❧ts ❢♦r s❡♠✐❧✐♥❡❛r ♣r♦❜❧❡♠s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①t❡♥❞ ❚❤❡♦r❡♠ ✶✳✸✳✷ t♦ s❡♠✐❧✐♥❡❛r s②st❡♠s ♦❢ t❤❡ ❢♦r♠




ut − (xαux)x + b0(x, t)u = F0(u) + g1O + f11O1
+ f21O2

✐♥ Q,

u(1, t) = 0 ❛♥❞





u(0, t) = 0 ✐❢ α ∈ [0, 1)

(xαux)(0, t) = 0 ✐❢ α ∈ [1, 2)
♦♥ (0, T ),

u(x, 0) = u0(x) ✐♥ (0, 1),

✭✶✳✹✶✮

✇❤❡r❡ F0 : R 7→ R ✐s ❛ ❣❧♦❜❛❧❧② ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ F0(0) = 0✳

◆♦t❡ t❤❛t ❛♥ ❡①✐st❡♥❝❡✲✉♥✐q✉❡♥❡ss r❡s✉❧t ❧✐❦❡ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✶ st✐❧❧ ❤♦❧❞s ❢♦r

✭✶✳✹✶✮✳

■♥ t❤✐s s❡♠✐❧✐♥❡❛r ❢r❛♠❡✇♦r❦✱ t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji ✐♥ ✭✶✳✶✼✮ ❛r❡ ♥♦t ❝♦♥✈❡① ✐♥ ❣❡♥❡r❛❧✳

❆❝❝♦r❞✐♥❣❧②✱ ✇❡ ♠✉st ❝♦♥s✐❞❡r ❛ ✇❡❛❦❡r ❝♦♥❝❡♣t ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✿

❉❡✜♥✐t✐♦♥ ✶✳✸✳✺ ▲❡t g ∈ L2(O × (0, T )) ❜❡ ❣✐✈❡♥✳ ❚❤❡ ♣❛✐r (f1, f2) ∈ U ✐s ❝❛❧❧❡❞ ❛

◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ♦❢ ✭✶✳✹✶✮ ❛ss♦❝✐❛t❡❞ t♦ g ✐❢

J ′
1(g; f1, f2)(f, 0) = 0, ∀ f ∈ L2(ω1 × (0, T )),

J ′
2(g; f1, f2)(0, f) = 0, ∀ f ∈ L2(ω2 × (0, T )).

❚❤❡ ♠❛✐♥ r❡s✉❧t ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✶✳✸✳✻ ❆ss✉♠❡ ✭✶✳✷✹✮ ❤♦❧❞s ❛♥❞ µ1 ❛♥❞ µ2 ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤

u0 ∈ L2(0, 1)✱ t❤❡r❡ ❡①✐st ❛ ❧❡❛❞❡r ❝♦♥tr♦❧ g ∈ L2(ω × (0, 1)) ❛♥❞ ❛♥ ❛ss♦❝✐❛t❡❞ ◆❛s❤

q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ (f1, f2) s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ t♦ ✭✶✳✹✶✮ s❛t✐s✜❡s ✭✶✳✺✮✳

❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ ❛ st❛♥❞❛r❞ ❛♥❞ ✇❡❧❧ ❦♥♦✇♥ ✜①❡❞✲♣♦✐♥t ❛r❣✉♠❡♥t✳ ❋♦r ❞❡t❛✐❧s✱

t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❬✹❪✱ ✇❤❡r❡ t❤❡ s❛♠❡ r❡s✉❧t ✐s ♣r♦✈❡❞ ❢♦r ❛ ♥♦♥❞❡❣❡♥❡r❛t❡

s❡♠✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ P❉❊✳

❈♦♠♣❧❡t❡❧② s✐♠✐❧❛r r❡s✉❧ts ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢♦r s❡♠✐❧✐♥❡❛r s②st❡♠s ♦❢ t❤❡ ❦✐♥❞

✭✶✳✷✮✱ ✭✶✳✸✮ ❛♥❞ ✭✶✳✾✮✳

✶✳✹ ❆❞❞✐t✐♦♥❛❧ ❝♦♠♠❡♥ts ❛♥❞ ♦♣❡♥ q✉❡st✐♦♥s

✶✳✹✳✶ ❖♥ t❤❡ ❛ss✉♣t✐♦♥ O1,d = O2,d

❚❤❡ ❛ss✉♠♣t✐♦♥ ✭✶✳✷✹✮1 ❝❛♥ ❜❡ s✉♣♣r❡ss❡❞ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t Oi,d ∩O 6= ∅ ❢♦r

i = 1, 2 ❛♥❞ O1,d ∩ O 6= O2,d ∩ O✱ s❡❡ ❬✺❪ ❢♦r ❞❡t❛✐❧s✳ ❍♦✇❡✈❡r✱ ✇❤❡♥ O1,d 6= O2,d✱ ❜✉t

O1,d ∩ O = O2,d ∩ O✱ t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✐s ♦♣❡♥✳

✷✻



✶✳✹✳✷ ❍✐❣❤❡r ❞✐♠❡♥s✐♦♥s

▲✐tt❧❡ ✐s ❦♥♦✇♥ ♦♥ t❤❡ ❝♦♥tr♦❧ ♦❢ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ P❉❊s ✐♥ ❤✐❣❤❡r ❞✐♠❡♥✲

s✐♦♥s✳ ❘❡❝❡♥t❧②✱ s♦♠❡ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ♦♥ t❤❡ ❣❧♦❜❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

♦❢ ❛ ♠♦❞❡❧ s✐♠✐❧❛r t♦ ✭✶✳✶✮ t❤❛t ❞❡❣❡♥❡r❛t❡ ❛t t❤❡ ✇❤♦❧❡ ❜♦r❞❡r✱ s❡❡ ❬✶✵❪✳ ❚❤❡② r❡❧②

♦♥ s✉✐t❛❜❧❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s s✐♠✐❧❛r t♦ ✭✶✳✷✵✮✱ ✇❤❡♥❝❡ ✐t ✐s r❡❛s♦♥❛❜❧❡ t♦ t❤✐♥❦ t❤❛t

t❤❡ r❡s✉❧ts ✐♥ t❤✐s ✇♦r❦ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤✐s ♠♦❞❡❧✳

■♥ ❛ ❢♦rt❤❝♦♠✐♥❣ ♣❛♣❡r ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r s♦♠❡ ♠♦❞❡❧s t❤❛t

❞❡❣❡♥❡r❛t❡s ✐♥ ♦♥❧② ❛ ♣❛rt ♦❢ t❤❡ ❜♦r❞❡r✳

✶✳✹✳✸ ❲❛✈❡ ❡q✉❛t✐♦♥s

❆♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❝❛♥ ❜❡

♣r♦✈❡❞ ❢♦r ✇❛✈❡ ❡q✉❛t✐♦♥s✳ ❚❤✐s q✉❡st✐♦♥ ✐s ♦♣❡♥❀ ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ❞✐✣❝✉❧t✐❡s ✐s t❤❛t✱

t♦ ♦✉r ❜❡st ❦♥♦✇❧❡❞❣❡✱ t❤❡ ❢❡✇ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ✇✐t❤ ✐♥t❡r✐♦r ❝♦♥tr♦❧ r❡❣✐♦♥ ❛❧r❡❛❞②

✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❞♦ ♥♦t ❤❛✈❡ ❛❧❧ t❤❡ ♥❡❝❡ss❛r② t❡r♠s ✐♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡✳

✶✳✺ ❆♣♣❡♥❞✐① ❆✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶

■t ✐s s✉✜❝✐❡♥t t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✸ ❛ss✉♠✐♥❣ t❤❛t b0 = 0✳

▲❡t v ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✻✮ ✭✇❤❡r❡ vT ∈ L2(0, 1) ❛♥❞ g ∈ L2(Q)✮✳ ❋♦r ❛♥②

s ≥ s0 > 0✱ ✇❡ s❡t z = e−sσv✳ ❇② ❛ ❞❡♥s✐t② ❛r❣✉♠❡♥t ✇❡ ❝❛♥ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢

❣❡♥❡r❛❧✐t② t❤❛t v ✐s r❡❣✉❧❛r ❡♥♦✉❣❤✳ ❲❡ ❤❛✈❡✿

vt = esσ[sσtz + zt], (xαvx)x = esσ[s2σ2
xx

αz + 2sσxx
αzx + s(σxx

α)xz + (xαzx)x]

❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱

P+z + P−z = e−sσg,

✇❤❡r❡ P+z = sσtz + s2xασ2
xz + (xαzx)x ❛♥❞ P−z = zt + s(xασx)xz + 2sxασxzx. ❚❤✐s

❣✐✈❡s✿

‖e−sσg‖2 = ‖P+z‖2 + ‖P−z‖2 + 2((P+z, P−z)). ✭✶✳✹✷✮

✷✼



❲❡ ❤❛✈❡ t❤❛t ((P+z, P−z)) = I1 + ...+ I4✱ ✇❤❡r❡

I1 = ((sσtz + s2σ2
xx

αz + (xαzx)x, zt))

I2 = s2((σtz, (x
ασx)xz + 2σxx

αzx))

I3 = s3((σ2
xx

αz, (xασx)xz + 2σxx
αzx))

I4 = s(( (xαzx)x, (x
ασx)xz + 2σxx

αzx)).

❚❤❡ ♥❡①t st❡♣ ✐s t♦ ❝♦♠♣✉t❡ I1, I2, I3 ❛♥❞ I4✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❛t

z = zx = 0 ❛t t = 0 ❛♥❞ t = T ❛♥❞✱ ❛❧s♦✱

∫∫

Q

(xαzx)xzt dx dt = 0.

❆❢t❡r ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ ✇❡ ❞❡❞✉❝❡ ❡❛s✐❧② t❤❛t

I1 = −
s

2

∫∫

Q

|z|2(σtt + 2sσxσxtx
α) dx dt

I2 = −s2
∫∫

Q

xασxσxt|z|
2dx dt;

I3 = −s3
∫∫

Q

xασx(x
ασ2

x)x|z|
2 dx dt;

I4 = −s

∫∫

Q

(xασx)xxx
αzzxdx dt− 2s

∫∫

Q

(xασx)xx
α|zx|

2 dx dt

+sα

∫∫

Q

σxx
2α−1|zx|

2 dx dt+ s

∫ T

0

σxx
2α|zx|

2dt

∣∣∣∣
x=1

x=0

.

❈♦♥s❡q✉❡♥t❧②✱

((P+z, P−z)) = s

∫ T

0

σxx
2α|zx|

2 dt

∣∣∣∣
x=1

x=0

− s3
∫∫

Q

xασx(x
ασ2

x)x|z|
2 dx dt

−2s

∫∫

Q

(xασx)xx
α|zx|

2 dx dt− 2s2
∫∫

Q

σxσxtx
α|z|2 dx dt

+αs

∫∫

Q

σxx
2α−1|zx|

2 dx dt− s

∫∫

Q

(xασx)xxx
αzzx dx dt

−
s

2

∫∫

Q

σtt|z|
2 dx dt. ✭✶✳✹✸✮

✷✽



❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s σ ❛♥❞ ξ✱ ✇❡ s❡❡ t❤❛t

σxσxtx
α = λ2xα|η′|2ξξt

xασx(x
ασ2

x)x = −λ3xαη′(xα|η′|2)xξ
3 − 2λ4x2α|η′|4ξ3

(xασx)xx
α = −λxα(xαη′)xξ − λ2x2α|η′|2ξ

σxx
2α−1 = −λx2α−1η′ξ

(xασx)xxx
α = −λxα(xαη′)xxξ − 2λ2xαη′(xαη′)xξ − λ2x2αη′η′′ξ − λ3x2α(η′)3ξ

σxx
2α = −λx2αη′ξ.

❲✐t❤ t❤✐s ✐♥❢♦r♠❛t✐♦♥✱ ✇❡ ✇✐❧❧ ♥♦✇ ❡st✐♠❛t❡ ❡❛❝❤ t❡r♠ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢

✭✶✳✹✸✮✳ ❋♦r s0 ❛♥❞ λ0 ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡✿

s

∫ T

0

σxx
2α|zx|

2 dt

∣∣∣∣
x=1

x=0

≥ 0, ✭✶✳✹✹✮

−s3
∫∫

Q

xασx(x
ασ2

x)x|z|
2 dx dt ≥ C

[
s3λ4

∫∫

Q

x2α|η′|4ξ3|z|2 dx dt+ s3λ3
∫∫

Q0

x2−αξ3|z|2 dx dt

]

−Cs3λ3
∫∫

ω0T

ξ3|z|2 dx dt, ✭✶✳✹✺✮

−2s

∫∫

Q

xα(xασx)x|zx|
2 dx dt ≥ Csλ2

∫∫

Q

x2α|η′|2ξ|zx|
2 dx dt+ 2sλ

∫∫

Q0

xαξ|zx|
2 dx dt

−Csλ

∫∫

ω0T

ξ|zx|
2 dx dt, ✭✶✳✹✻✮

−2s2
∫∫

Q

xασxσxt|z|
2 dx dt ≥ −Cs2λ2

[∫∫

Q

x2α|η′|4ξ3|z|2 dx dt+

∫∫

Q0

x2−αξ3|z|2 dx dt

+

∫∫

ω0T

ξ3|z|2 dx dt

]
, ✭✶✳✹✼✮

❛♥❞

αs

∫∫

Q

x2α−1σx|zx|
2 dx dt ≥ −αsλ

∫∫

Q0

xαξ|zx|
2 dx dt− Csλ

∫∫

ω0T

ξ|zx|
2 dx dt, ✭✶✳✹✽✮

✇❤❡r❡ C ♦♥❧② ❞❡♣❡♥❞s ♦♥ a0✱ T ❛♥❞ α✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

−s

∫∫

Q

xα(xασx)xxzzxdx dt = sλ

∫∫

Q

xα(xαη′)xxξzzxdx dt+ sλ2
∫∫

Q

x2αη′η′′ξzzxdx dt

+2sλ2
∫∫

Q

xαη′(xαη′)xξzzxdx dt+ sλ3
∫∫

Q

x2α(η′)3ξzzxdx dt.✭✶✳✹✾✮

✷✾



■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤✐s ❧❛st t❡r♠✱ ✇❡ ♥♦t❡ t❤❛t

sλ

∫∫

Q

xα(xαη′)xxξzzx dx dt ≥ −Csλ

∫∫

ω0T

(
ξ3|z|2 + ξ|zx|

2
)
dx dt, ✭✶✳✺✵✮

sλ2
∫∫

Q

x2αη′η′′ξzzx dx dt ≥ −C

∫∫

Q

(
s2λ4x2α|η′|4ξ3|z|2 + x2α|η′|2ξ|zx|

2
)
dx dt

−C

∫∫

Q0

(
s2λ3x2−αξ3|z|2 + λxαξ|zx|

2
)
dx dt

−C

∫∫

ω0T

(
s2λ3ξ3|z|2 + λξ|zx|

2
)
dx dt, ✭✶✳✺✶✮

2sλ2
∫∫

Q

xαη′(xαη′)xξzzx dx dt ≥ −C

∫∫

Q

(
s2λ4x2α|η′|4ξ3|z|2 + x2α|η′|2ξ|zx|

2
)
dx dt

−C

∫∫

Q0

(
s2λ3x2−αξ3|z|2 + λxαξ|zx|

2
)
dx dt

−C

∫∫

ω0T

(
s2λ3ξ3|z|2 + λξ|zx|

2
)
dx dt, ✭✶✳✺✷✮

❛♥❞

sλ3
∫∫

Q

x2α(η′)3ξzzx dx dt ≥ −C

∫∫

Q

(
λ2x2α|η′|2ξ|zx|

2 + s2λ4x2α|η′|4ξ3|z|2
)
dx dt.✭✶✳✺✸✮

❋r♦♠ ✭✶✳✹✾✮✲✭✶✳✺✸✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

−s

∫∫

Q

xα(xασx)xxzzx dx dt ≥ −C

∫∫

Q

(
s2λ4x2α|η′|4ξ3|z|2 + λ2x2α|η′|2ξ|zx|

2
)
dx dt

−C

∫∫

Q0

(
s2λ3x2−αξ3|z|2 + λxαξ|zx|

2
)
dx dt

−C

∫∫

ω0T

(
s2λ3ξ3|z|2 + sλξ|zx|

2
)
dx dt. ✭✶✳✺✹✮

❋r♦♠ ✭✶✳✹✸✮✲✭✶✳✹✽✮ ❛♥❞ ✭✶✳✺✹✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

((P+z, P−z)) ≥ C

[∫∫

Q

(
s3λ4x2α|η′|4ξ3|z|2 + sλ2x2α|η′|2ξ|zx|

2
)
dx dt

+

∫

Q0

(
s3λ3x2−αξ3|z|2 + sλxαξ|zx|

2
)
dx dt

]

−C

[∫∫

ω0T

(
s3λ3ξ3|z|2 + sλξ|zx|

2
)
dx dt+ s

∫∫

Q

ξ3/2|z|2 dx dt

]

❛♥❞✱ ✉s✐♥❣ ✭✶✳✹✷✮✱ ✇❡ ✜♥❞ t❤❛t

‖P+z‖2 + ‖P−z‖2 +

∫∫

Q

(
s3λ4x2α|η′|4ξ3|z|2 + sλ2x2α|η′|2ξ|zx|

2
)
dx dt

+

∫∫

Q0

(
s3λ3x2−αξ3|z|2 + sλxαξ|zx|

2
)
dx dt

≤ C

[
‖e−sσg‖2 +

∫∫

ω0T

(
s3λ3ξ3|z|2 + sλξ|zx|

2
)
dx dt+ s

∫∫

Q

ξ3/2|z|2 dx dt

]
.✭✶✳✺✺✮

✸✵



❋✉rt❤❡r♠♦r❡✱ ✇❡ s❡❡ t❤❛t

s3λ3
∫∫

Q

ξ3x2−α|z|2 dx dt ≤ Cs3λ3
[∫∫

Q0

ξ3x2−α|z|2 dx dt+

∫∫

Q

ξ3x2α|η′|4|z|2 dx dt

+

∫∫

ω0T

ξ3|z|2 dx dt

]

❛♥❞

sλ

∫∫

Q

ξxα|zx|
2 dx dt ≤ Csλ

[∫∫

Q0

ξxα|zx|
2 dx dt+

∫∫

Q

ξx2α|η′|2|zx|
2 dx dt

+

∫∫

ω0T

ξ|zx|
2 dx dt.

]

❍❡♥s❡✱ ❢r♦♠ ✭✶✳✺✺✮ ✇❡ ♦❜t❛✐♥

‖P+z‖2 + ‖P−z‖2 +

∫∫

Q

(
s3λ4x2α|η′|4ξ3|z|2 + sλ2x2α|η′|2ξ|zx|

2
)
dx dt

+

∫∫

Q

(
s3λ3x2−αξ3|z|2 + sλxαξ|zx|

2
)
dx dt

≤ C

[
‖e−sσg‖2 +

∫∫

ω0T

(
s3λ3ξ3|z|2 + sλξ|zx|

2
)
dx dt+ s

∫∫

Q

ξ3/2|z|2 dx dt

]
.✭✶✳✺✻✮

▲❡t ✉s ❞❡♥♦t❡ ❜② L(z) ❛❧❧ t❤❡ t❡r♠s ✐♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✺✻✮✳ ❋♦r ✐♥st❛♥❝❡✱

❛ss✉♠❡ t❤❛t α 6= 1✳ ❯s✐♥❣ ❨♦✉♥❣ ❛♥❞ ❍❛r❞②✬s ■♥❡q✉❛❧✐t② ✇❡ ❞❡❞✉❝❡ t❤❛t

s2λ2
∫∫

Q

ξ2|z|2 dx dt ≤ s3λ3
∫∫

Q

ξ3x2−α|z|2 dx dt+ sλ

∫∫

Q

xα−2|ξ1/2z|2 dx dt

≤ s3λ3
∫∫

Q

ξ3x2−α|z|2 dx dt+ sλ

∫∫

Q

xα|(ξ1/2z)x|
2 dx dt

≤ CL(z). ✭✶✳✺✼✮

◆♦✇ ❛ss✉♠❡ t❤❛t α = 1✳ ❯s✐♥❣ ❍ö❧❞❡r✱ ❨♦✉♥❣ ❛♥❞ ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② ✇❡ s❡❡ t❤❛t

s3/2λ7/4
∫∫

Q

ξ3/2|z|2 dx dt =

∫∫

Q0

(s3λ4x2ξ3|z|2)1/4.(sλx−2/3ξ|z|2)3/4 dx dt

+s3/2λ7/4
∫ T

0

∫ 1

a0

ξ3/2|z|2 dx dt

≤ Cs3λ4
∫∫

Q

ξ3x2α|η′|4|z|2 dx dt+ sλ

∫∫

Q

x−2+4/3(ξ1/2z)2 dx dt

≤ CL(z). ✭✶✳✺✽✮

❋r♦♠ ✭✶✳✺✻✮✱ ✭✶✳✺✼✮ ❛♥❞ ✭✶✳✺✽✮ ✇❡ ❞❡❞✉❝❡ t❤❛t

‖P+z‖2 + ‖P−z‖2 +

∫∫

Q

(
s3λ4x2α|η′|4ξ3|z|2 + sλ2x2α|η′|2ξ|zx|

2
)
dx dt

+

∫∫

Q

(
s3λ3x2−αξ3|z|2 + s2λ2γ1(λ)ξ

2γ2(sξ)|z|
2 + sλxαξ|zx|

2
)
dx dt

≤ C

[
‖e−sσg‖2 +

∫∫

ω0T

(
s3λ3ξ3|z|2 + sλξ|zx|

2
)
dx dt

]
. ✭✶✳✺✾✮

✸✶



◆♦✇✱ ✇❡ ✇✐❧❧ ✇♦r❦ t♦ ✐♥❝❧✉❞❡ t❤❡ t❡r♠s ✇✐t❤ ❛ ✜rst✲♦r❞❡r t✐♠❡ ❞❡r✐✈❛t✐✈❡ ❛♥❞

s❡❝♦♥❞ ♦r❞❡r s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡✳ ❯s✐♥❣ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✾✮ ❛♥❞

t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ P−z ❛♥❞ P+z✱ ✇❡ s❡❡ t❤❛t

s−1γ1(λ)

∫∫

Q

ξ−1|zt|
2 dx dt ≤ C

[
‖e−sσg‖2 +

∫∫

ω0T

(
s3λ3ξ3|z|2 + sλξ|zx|

2
)
dx dt

]
✭✶✳✻✵✮

❛♥❞

s−1γ1(λ)

∫∫

Q

ξ−1|(xαzx)x|
2 dx dt ≤ C

[
‖e−sσg‖2 +

∫∫

ω0T

(
s3λ3ξ3|z|2 + sλξ|zx|

2
)
dx dt

]
.✭✶✳✻✶✮

❋r♦♠ ✭✶✳✺✾✮✱ ✭✶✳✻✵✮ ❛♥❞ ✭✶✳✻✶✮✱ ✐t ✐s ♥♦✇ ❝❧❡❛r t❤❛t

∫∫

Q

(
s−1γ(λ)ξ−1

[
|zt|

2 + |(xαzx)x|
2
]
+ sλxαξ|zx|

2 + sλ2x2α|η′|2ξ|zx|
2
)
dx dt

+

∫∫

Q

(
s2λ2γ1(λ)ξ

2γ2(sξ)|z|
2 + s3λ3x2−αξ3|z|2 + s3λ4x2α|η′|4ξ3|z|2

)
dx dt

≤ C

[
‖e−sσg‖2 +

∫∫

ω0T

(
s3λ3ξ3|z|2 + sλξ|zx|

2
)
dx dt

]
.

❈♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ ✈❛r✐❛❜❧❡ v ❛♥❞ ✉s✐♥❣ t❤❡ ❡st✐♠❛t❡

∫

ω0T

e−2sσξ|vx|
2dx dt ≤ Cs2λ2

∫∫

ωT

e−2sσξ3|v|2dx dt

+Cs−2λ−2

∫∫

Q

e−2sσξ−1|(xαvx)x|
2 dx dt

✇❡ ✜♥❞ t❤❡ ❞❡s✐r❡❞ ✐♥❡q✉❛❧✐t② ✭✶✳✷✵✮✳ ✷

✶✳✻ ❆♣♣❡♥❞✐① ❇✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷

❆❣❛✐♥✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t b0 = 0✳ ▲❡t g0 = g − b1vx✳ ❆r❣✉✐♥❣ ❛s ❜❡❢♦r❡✱ ✇❡

❝❛♥ ❞❡❞✉❝❡ t❤❛t

((P+z, P−z)) = s

∫ T

0

σxx
2α|zx|

2 dt

∣∣∣∣
x=1

x=0

− s3
∫∫

Q

xασx(x
ασ2

x)x|z|
2 dx dt

−2s

∫∫

Q

(xασx)xx
α|zx|

2 dx dt− 2s2
∫∫

Q

σxσxtx
α|z|2 dx dt

+αs

∫∫

Q

σxx
2α−1|zx|

2 dx dt−
s

2

∫∫

Q

σtt|z|
2 dx dt

−s

∫∫

Q

(xασx)xxx
αzzx dx dt. ✭✶✳✻✷✮

❋✉rt❤❡r♠♦r❡✱

✸✷



s

∫ T

0

x2ασx|zx|
2 dt

∣∣∣∣
x=1

x=0

≥ 0, ✭✶✳✻✸✮

−s3
∫∫

Q

xασx(x
ασ2

x)x|z|
2 dx dt ≥ C

[
s3λ4

∫∫

Q

x2α|η′|4ξ3|z|2 dx dt+ s3λ3
∫∫

Q0

ξ3|z|2 dx dt

]

−Cs3λ3
∫∫

ω0T

ξ3|z|2 dx dt, ✭✶✳✻✹✮

−2s

∫∫

Q

xα(xασx)x|zx|
2 dx dt ≥ Csλ2

∫∫

Q

x2α|η′|2ξ|zx|
2 dx dt− Csλ

∫∫

ω0T

ξ|zx|
2 dx dt

+
2

3
(1 + α)sλ

∫∫

Q0

x(4α−2)/3ξ|zx|
2 dx dt, ✭✶✳✻✺✮

−2s2
∫∫

Q

xασxσxt|z|
2 dx dt ≥ −Cs2λ2

∫∫

Q0

ξ3|z|2 dx dt− Cs2λ2
∫∫

ω0T

ξ3|z|2 dx dt

−Cs2λ2
∫∫

Q

x2α|η′|4ξ3|z|2 dx dt, ✭✶✳✻✻✮

αs

∫∫

Q

x2α−1σx|zx|
2 dx dt ≥ −αsλ

∫∫

Q0

x(4α−2)/3ξ|zx|
2 dx dt− Csλ

∫∫

ω0T

ξ|zx|
2 dx dt,✭✶✳✻✼✮

❛♥❞

−
s

2

∫∫

Q

σtt|z|
2 dx dt ≥ −Cs

∫∫

Q0

ξ3|z|2 dx dt− Cs

∫∫

ω0T

ξ3|z|2 dx dt

−Cs

∫∫

Q

x2α|η′|4ξ3|z|2 dx dt. ✭✶✳✻✽✮

◆♦t❡ t❤❛t ✐♥ t❤✐s ❝❛s❡ ✇❡ ❝❛♥ ❝♦♥tr♦❧ t❤❡ t❡r♠ ♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✻✽✮

♠✉❝❤ ♠♦r❡ ❡❛s✐❧② t❤❛♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❍♦✇❡✈❡r✱ t♦ ❡st✐♠❛t❡ t❤❡ ❧❛st t❡r♠ ✐♥ t❤❡

r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✻✷✮ ✐s ♠♦r❡ ❞✐✣❝✉❧t✳ ■t ✐s ❥✉st ❤❡r❡ ✇❤❡r❡ t❤❡ r❡str✐❝t✐♦♥ α < 1/2

✐s r❡q✉✐r❡❞✳ ❲❡ ❤❛✈❡✿

−s

∫∫

Q

xα(xασx)xxzzx dx dt = sλ

∫∫

Q

xα(xαη′)xxξzzx dx dt

+sλ3
∫∫

Q

x2α(η′)3ξzzx dx dt+ 2sλ2
∫∫

Q

xαη′(xαη′)xξzzx dx dt

+sλ2
∫∫

Q

x2αη′η′′ξzzx dx dt. ✭✶✳✻✾✮

■♥ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡ ✇❡ ❤❛❞ (xαη′)xx = 0 ✐♥ (0, 1)\ω0✳ ❍❡r❡✱ t❤✐s ✐s ❧♦st ❛♥❞✱ t❤❡r❡❢♦r❡✱

✇❡ ❤❛✈❡ t♦ ✇♦r❦ ❞✐✛❡r❡♥t❧②✳

✸✸



❯s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❤❛✈❡ t❤❛t

sλ

∫∫

Q

xα(xαη′)xxξzzx dx dt

= −

∫∫

Q

sλ

2
ξ|z|2 [[xα(xαη′)xx]x + λxαη′(xαη′)xx] dx dt. ✭✶✳✼✵✮

■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✷✱ ✇❡ ❤❛✈❡

−
sλ

2

∫∫

Q

[xα(xαη′)xx]xξ|z|
2 dx dt

≥−
sλ

54
(1 + α)(2− α)(5− 4α)

∫∫

Q0

x
4α−2

3
−2(ξ1/2z)2 dx dt

−Csλ

∫∫

ω0T

ξ|z|2 dx dt− Csλ

∫ T

0

∫ 1

b0

ξ|z|2 dx dt

≥ −
2

3
sλ

(1 + α)(2− α)

5− 4α

∫∫

Q0

x(4α−2)/3(ξ1/2z)2x dx dt

−Csλ

∫∫

ω0T

ξ3|z|2 dx dt− Csλ

∫∫

Q

x2α|η′|4ξ3|z|2 dx dt. ✭✶✳✼✶✮

❋✉rt❤❡r♠♦r❡✱

−
2

3
sλ

(1 + α)(2− α)

5− 4α

∫∫

Q0

x(4α−2)/3(ξ1/2z)2x dx dt

= −m(α)sλ

∫∫

Q0

x(4α−2)/3

[
ξ|zx|

2 + λx(1−2α)/3ξzzx +
λ2

4
x(2−4α)/3ξ|z|2

]
dx dt, ✭✶✳✼✷✮

✇❤❡r❡ m(α) := 2
3
(1 + α)(2− α)(5− 4α)−1 ❛♥❞

−Csλ2
∫∫

Q0

x(2α−1)/3ξzzx dx dt ≥ −Cλ

∫∫

Q0

(
λx(4α−2)/3ξ|zx|

2 + s2λ3ξ3|z|2
)
dx dt. ✭✶✳✼✸✮

❚❤❡♥ ❢r♦♠ ✭✶✳✼✶✮✱ ✭✶✳✼✷✮ ❛♥❞ ✭✶✳✼✸✮✱ ✇❡ ❣❡t

−
sλ

2

∫∫

Q

[xα(xαη′)xx]xξ|z|
2 dx dt ≥ −m(α)sλ

∫∫

Q0

x(4α−2)/3ξ|zx|
2 dx dt

−Cs2λ3
∫∫

Q0

ξ3|z|2 dx dt− Csλ

∫∫

Q

x2α|η′|4ξ3|z|2 dx dt

−Cλ

∫∫

Q0

x(4α−2)/3ξ|zx|
2 dx dt− Csλ

∫∫

ω0T

ξ3|z|2 dx dt. ✭✶✳✼✹✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

−
sλ2

2

∫∫

Q

xαη′(xαη′)xxξ|z|
2 dx dt ≥

(1 + α)(2− α)

18
sλ2
∫∫

Q0

x(2α−4)/3ξ|z|2 dx dt

−Csλ2
∫∫

ω0T

ξ|z|2 dx dt− Csλ2
∫ T

0

∫ 1

b0

x(2α−4)/3ξ|z|2 dx dt ✭✶✳✼✺✮

✸✹



❛♥❞✱ ❢r♦♠ ✭✶✳✼✵✮✱ ✭✶✳✼✹✮ ❛♥❞ ✭✶✳✼✺✮✱ ✇❡ s❡❡ t❤❛t

sλ

∫∫

Q

xα(xαη′)xxξzzx dx dt ≥ Csλ2
∫∫

Q0

x(2α−4)/3ξ|z|2 dx dt− Cs2λ3
∫∫

Q0

ξ3|z|2dx dt

−m(α)sλ

∫∫

Q0

x(4α−2)/3ξ|zx|
2 dx dt− Cλ

∫∫

Q0

x(4α−2)/3ξ|zx|
2 dx dt

−Csλ2
∫∫

Q

x2α|η′|4ξ3|z|2 dx dt− Csλ2
∫∫

ω0T

ξ3|z|2 dx dt. ✭✶✳✼✻✮

◆♦t❡ t❤❛t t❤❡ ♥❡✇ str❛t❡❣② ♠❛❦❡s ❛♣♣❡❛r ❛ ♥❡✇ t❡r♠ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢

✭✶✳✼✻✮✳ ❋♦r t❤❡ ♦t❤❡r t❡r♠s ✐♥ ✭✶✳✻✾✮✱ ✇❡ ❤❛✈❡ t❤❛t

2sλ2
∫∫

Q

xαη′(xαη′)xξzzx dx dt ≥ −C

∫∫

Q

(
s2λ4x2α|η′|4ξ3|z|2 + x2α|η′|2ξ|zx|

2
)
dx dt

−C

∫∫

Q0

(
s2λ3ξ3|z|2 + λx(4α−2)/3ξ|zx|

2
)
dx dt

−C

∫∫

ω0T

(
s2λ3ξ3|z|2 + λξ|zx|

2
)
dx dt, ✭✶✳✼✼✮

sλ2
∫∫

Q

x2αη′η′′ξzzx dx dt ≥ −C

∫∫

Q

(
s2λ4x2α|η′|4ξ3|z|2 + x2α|η′|2ξ|zx|

2
)
dx dt

−C

∫∫

Q0

(
s2λ3ξ3|z|2 + λx(4α−2)/3ξ|zx|

2
)
dx dt

−C

∫∫

ω0T

(
s2λ3ξ3|z|2 + λξ|zx|

2
)
dx dt, ✭✶✳✼✽✮

❛♥❞

sλ3
∫∫

Q

x2α(η′)3ξzzx dx dt ≥ −C

∫∫

Q

(
λ2x2α|η′|2ξ|zx|

2 + s2λ4x2α|η′|4ξ3|z|2
)
dx dt.✭✶✳✼✾✮

❋r♦♠ ✭✶✳✻✾✮✱ ✭✶✳✼✻✮✱ ✭✶✳✼✼✮✱ ✭✶✳✼✽✮ ❛♥❞ ✭✶✳✼✾✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

−s

∫∫

Q

xα(xασx)xxzzx dx dt ≥ −C

∫∫

Q

(
λ2x2α|η′|2ξ|zx|

2 + s2λ4x2α|η′|4ξ3|z|2
)
dx dt

+Csλ2
∫∫

Q0

x(2α−4)/3ξ|z|2 dx dt− C

∫∫

ω0T

(
s2λ3ξ3|z|2 + sλξ|zx|

2
)
dx dt

−C

∫∫

Q0

(
s2λ3ξ3|z|2 + λx(4α−2)/3ξ|zx|

2
)
dx dt

−m(α)sλ

∫∫

Q0

x(4α−2)/3ξ|zx|
2 dx dt. ✭✶✳✽✵✮

■t ✐s ✐♠♣♦rt❛♥t t♦ t❛❦❡ ❝❛r❡ ♦❢ t❤❡ ❝♦♥st❛♥ts ❛❝❝♦♠♣❛♥②✐♥❣ t❤❡ t❡r♠

sλ

∫∫

Q0

x(4α−2)/3ξ|zx|
2dx dt

✸✺



✐♥ t❤❡ ❡st✐♠❛t❡s ✭✶✳✻✺✮✱ ✭✶✳✻✼✮ ❛♥❞ ✭✶✳✽✵✮✳ ❚❤❡ s✉♠ ♦❢ t❤❡s❡ ❝♦♥st❛♥ts ✐s

(2− α)(1− 2α)

5− 4α
,

t❤❛t ✐s ♦♥❧② ♣♦s✐t✐✈❡ ❢♦r α ∈ [0, 1/2)✳

❋r♦♠ ✭✶✳✻✷✮✱ ✭✶✳✻✸✮✱ ✭✶✳✻✹✮✱ ✭✶✳✻✺✮✱ ✭✶✳✻✻✮✱ ✭✶✳✻✼✮✱ ✭✶✳✽✵✮ ❛♥❞ ✭✶✳✻✽✮✱ ✇❡ ❞❡❞✉❝❡

t❤❛t

‖P+z‖2 + ‖P−z‖2 +

∫∫

Q

(
s3λ4x2α|η′|4ξ3|z|2 + sλ2x2α|η′|2ξ|zx|

2
)
dx dt

+

∫∫

Q0

(
s3λ3ξ3|z|2 + sλ2x(2α−4)/3ξ|z|2 + sλx(4α−2)/3ξ|zx|

2
)
dx dt

≤ C

[
‖e−sσg0‖

2 +

∫∫

ω0T

(
s3λ3ξ3|z|2 + sλξ|zx|

2
)
dx dt

]
.

❆r❣✉✐♥❣ ❛s ✐♥ ❆♣♣❡♥❞✐① ❆✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡❞ t❤❡ ✐♥t❡❣r❛❧ ✐♥ Q0 ✐♥ t❤❡ ❧❡❢t ❤❛♥❞

s✐❞❡ ❜② ✐♥t❡❣r❛❧s ✐♥ Q✳ ▼♦r❡♦✈❡r✱ t❤❛♥❦s t♦ t❤❡ ❛❞❞✐t✐♦♥❛❧ t❡r♠ ✐♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡

♦❢ t❤✐s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❝❛♥ ✐♥❝♦r♣♦r❛t❡ t❡r♠s ✇✐t❤ t✐♠❡ ❞❡r✐✈❛t✐✈❡s ❛♥❞ s❡❝♦♥❞✲♦r❞❡r

s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s ♠♦r❡ ❡❛s✐❧② ❛♥❞ ❛❧s♦ r❡t✉r♥ t♦ t❤❡ ✈❛r✐❛❜❧❡ v✿

∫∫

Q

e−2sσ
[
s−1ξ−1

[
|vt|

2 + |(xαvx)x|
2
]
+ sλx(4α−2)/3ξ|vx|

2 + sλ2x2α|η′|2ξ|vx|
2
]
dx dt

+

∫∫

Q

e−2sσ|v|2
[
sλ2x(2α−4)/3ξ + s3λ3ξ3 + s3λ4x2α|η′|4ξ3|v|2

]
dx dt

≤ C

[
‖e−sσ(g − b1vx)‖

2 +

∫∫

ω0T

e−2sσ
[
s3λ3ξ3|z|2 + sλξ|zx|

2
]
dx dt

]
. ✭✶✳✽✶✮

❙✐♥❝❡ t❤❡ ♣♦✇❡r ♦❢ x ✐♥ t❤❡ ❧♦❝❛❧ t❡r♠ ✇✐t❤ ✜rst✲♦r❞❡r s♣❛t✐❛❧ ❞❡r✐✈❛t✐✈❡s ✐s ♥❡❣❛✲

t✐✈❡✱ ❛♥❞ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ✭✶✳✽✶✮ r❡♠❛✐♥s tr✉❡ ✇✐t❤ (g−b1vx) r❡♣❧❛❝❡❞ ❜② g✳ ❋✐♥❛❧❧②✱

t♦ ❡❧✐♠✐♥❛t❡ t❤❡ t❡r♠ ✇✐t❤ ❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡✱ ✐t s✉✣❝❡s t♦ ✇♦r❦ ❛s ✐♥

t❤❡ ❝❛s❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆✳ ✷

✶✳✼ ❆♣♣❡♥❞✐① ❈✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸

❆❣❛✐♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✳✷✳✽ ✇❤❡♥ B = 0✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢

❘♦❜✐♥ ❝♦♥❞✐t✐♦♥s ✐♥ ✭✶✳✶✷✮✱ ✇❡ ✇✐❧❧ ♣❡r❢♦r♠ ❛♥♦t❤❡r ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✿

v(y, t) = e−η(y)w(y, t).

◆♦✇✱ ✭✶✳✶✷✮ ❜❡❝♦♠❡s

✸✻







vt + vyy = g0 ✐♥ Q′,
(
vx −

1
2
v
)
(0, t) = 0 ❛♥❞ lim

y→∞

(
vy −

1

2
v

)
(y, t) = 0 ♦♥ (0, T ),

v(x, T ) = vT (x) ✐♥ (0, 1),

✭✶✳✽✷✮

✇❤❡r❡ g0 := e−ηF − (η′′ + |η′|2)v − 2η′vy✳

▲❡t v ❜❡ ❛ s♦❧✉t✐♦♥ t♦ ✭✶✳✽✷✮✳ ❋♦r ❛♥② s ≥ s0 > 0✱ ✇❡ s❡t z = e−sσv ❛♥❞ z̃ = e−sσ̃v✳

❲❡ ❤❛✈❡ t❤❛t z ❛♥❞ z̃ s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✐t✐❛❧✱ ✜♥❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿

z = z̃ = zy = z̃y = 0 ❛t t = 0 ❛♥❞ t = T,(
zy +

(
sλξ −

1

2

)
z

)
(0, t) = 0 ❛♥❞ lim

y→+∞
zy(y, t) = lim

y→+∞
z(y, t) = 0 ♦♥ [0, T ],

(
z̃y +

(
−sλξ̃ −

1

2

)
z̃

)
(0, t) = 0 ❛♥❞ lim

y→+∞
z̃y(y, t) = lim

y→+∞
z̃(y, t) = 0 ♦♥ [0, T ].

❆❣❛✐♥✱ ✇❡ ❛ss✉♠❡ t❤❛t v ✐s s✉✣❝✐♥t❧② r❡❣✉❧❛r✳ ❲❡ ❤❛✈❡✿

vt = esσ[sσtz + zt], vyy = esσ[zyy + s2σ2
yz + 2sσyzy + sσyyz]

❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱

M1z +M2z = g1,

✇✐t❤ M1z := I11+ I12+ I13 := −2sλ2|η′|2ξz−2sλ|η′|ξzy+ zt✱ M2z := I21+ I22+ I23 :=

s2λ2|η′|2ξ2z + zyy + sσtz ❛♥❞ g1 := e−sσg0 + sλη′′ξz − sλ2|η′|2ξz✳ ❚❤✐s ❣✐✈❡s

‖M1z‖
2 + ‖M2z‖

2 + 2((M1z,M2z)) = ‖g1‖
2. ✭✶✳✽✸✮

▲❡t ✉s ❡st✐♠❛t❡ ((M1z,M2z))✿

((I11, I21)) = −2s3λ4
∫∫

Q′

|η′|4ξ3|z|2 dy dt,

((I12, I21)) = 3s3λ3
∫∫

Q′

|η′|2η′′ξ3|z|2 dy dt+ 3s3λ4
∫∫

Q′

|η′|4ξ3|z|2 dy dt

+ s3λ3
∫ T

0

(η′)3ξ3|z|2dt

∣∣∣∣
y=0

,

((I13, I21)) = −s2λ2
∫∫

Q′

|η′|2ξ2θ(2t− T )|z|2 dy dt,

✸✼



((I11, I22)) = 4sλ2
∫∫

Q′

η′η′′ξzzy dy dt− sλ3
∫∫

Q′

(3|η′|2η′′ + λ|η′|4)ξ|z|2 dy dt

+2sλ2
∫∫

Q′

|η′|2ξ|zy|
2 dy dt− sλ3

∫ T

0

(η′)3ξ|z|2 dt

∣∣∣∣
y=0

+ 2sλ2
∫ T

0

|η′|2ξzzy dt

∣∣∣∣
y=0

,

((I12, I22)) = sλ

∫∫

Q′

η′′ξ|zy|
2 dy dt+ sλ2

∫∫

Q′

|η′|2ξ|zy|
2 dy dt+ s λ

∫ T

0

η′ξ|zy|
2 dt

∣∣∣∣
y=0

,

((I13, I22)) =

∫ T

0

zzty dt

∣∣∣∣
y=0

,

((I11, I23)) = −2s2λ2
∫∫

Q′

|η′|2ξσt|z|
2 dy dt,

((I12, I23)) = s2λ

∫∫

Q′

η′′ξσt|z|
2 dy dt+ s2λ2

∫∫

Q′

|η′|2ξσt|z|
2 dy dt

+s2λ

∫∫

Q′

η′ξσyt|z|
2 dy dt+ s2λ

∫ T

0

η′ξσt|z|
2 dt

∣∣∣∣
y=0

,

❛♥❞

((I13, I23)) = −
s

2

∫∫

Q′

σtt|z|
2 dy dt.

❆❞❞✐♥❣ ❛❧❧ t❤❡s❡s ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ♦❜t❛✐♥ ❛❢t❡r s♦♠❡ ✇♦r❦ t❤❛t

((M1z,M2z)) ≥ C

∫∫

Q′

(
s3λ4ξ3|z|2 + sλ2ξ|zx|

2
)
dy dt

−C

∫∫

ω0T

(
s3λ4ξ3|z|2 + sλ2ξ|zy|

2
)
dy dt

+

∫ T

0

[
s3λ3(η′)3ξ3|z|2 − sλ3(η′)3ξ|z|2 + s2λη′ξσt|z|

2
]
dt

∣∣∣∣
y=0

+

∫ T

0

[
sλη′ξ|zy|

2 + 2sλ2|η′|2ξzzy + zzyt
]
dt

∣∣∣∣
y=0

. ✭✶✳✽✹✮

❲♦r❦✐♥❣ s✐♠✐❧❛r❧② ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥ z̃✱ ✇❡ ♦❜t❛✐♥

M̃1z̃ + M̃2z̃ = g̃1

✇✐t❤ M̃1z̃ := Ĩ11 + Ĩ12 + Ĩ13 := −2sλ2|η′|2ξ̃z̃+2sλη′ξ̃z̃y + z̃t✱ M̃2z̃ := Ĩ21 + Ĩ22 + Ĩ23 :=

s2λ2|η′|2ξ̃2z̃ + z̃yy + sσ̃tz̃ ❛♥❞ g̃1 := e−sσ̃g0 − sλη′′ξ̃z̃ − sλ2|η′|2ξ̃z̃✳ ❚❤✐s ❣✐✈❡s✿

‖g̃1‖
2 = ‖M̃1z̃‖

2 + ‖M̃2z̃‖
2 + 2((M̃1z̃, M̃2z̃)) ✭✶✳✽✺✮

✸✽



❛♥❞

((M̃1z̃, M̃2z̃)) ≥ C

∫∫

Q′

s3λ4ξ̃3|z̃|2 + sλ2ξ̃|z̃y|
2 dy dt

−C

∫∫

ω0T

s3λ4ξ̃3|z̃|2 + sλ2ξ̃|z̃y|
2 dy dt

+

∫ T

0

[−s3λ3(η′)3ξ̃3z̃2 + sλ3(η′)3ξ̃z̃2 − s2λη′ξ̃σ̃tz̃
2] dt

∣∣∣∣
y=0

+

∫ T

0

−sλη′ξ̃z̃2y + 2sλ2|η′|2ξ̃z̃z̃y + z̃z̃yt dt

∣∣∣∣
y=0

. ✭✶✳✽✻✮

◆♦t❡ t❤❛t z = z̃✱ ξ = ξ̃✱ σ = σ̃ ❛♥❞ σt = σ̃t ❢♦r y = 0✳ ❍❡♥❝❡✱ ❢r♦♠ ✭✶✳✽✹✮ ❛♥❞

✭✶✳✽✻✮✱ ✇❡ ✜♥❞

((M1z,M2z)) + ((M̃1z̃, M̃2z̃)) ≥ C

∫∫

Q′

[
s3λ4(ξ3|z|2 + ξ̃3|z̃|2) + sλ2(ξ|zy|

2 + ξ̃|z̃y|
2)
]
dy dt

−C

∫∫

ω0T

[
s3λ4(ξ3|z|2 + ξ̃3|z̃|2) + sλ2(ξ|zy|

2 + ξ̃|z̃y|
2)
]
dy dt

+

∫ T

0

[
2sλ2|η′|2(ξ̃z̃z̃y + ξzzy)− sλη′(ξ̃z̃2y − ξz2y) + z̃z̃ty + zzty

]
dt

∣∣∣∣
y=0

.✭✶✳✽✼✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s s❛t✐s✜❡❞ ❜② z ❛♥❞ z̃ ✇❡

s❡❡ t❤❛t

∫ T

0

[zzyt + z̃z̃yt]dt

∣∣∣∣
y=0

=

∫ T

0

[
sλξt(|z̃|

2 − |z|2) +
1

4
(|z̃|2 + |z|2)t +

1

2
sλξ(|z̃|2 − |z|2)t

]
dt

∣∣∣∣
y=0

= 0,

2sλ2
∫ T

0

|η′|2ξ[zzy + z̃z̃y] dt

∣∣∣∣
y=0

= 2sλ2
∫ T

0

|η′|2ξ|z|2 dt

∣∣∣∣
y=0

≥ 0,

❛♥❞

− sλ

∫ T

0

η′ξ[z̃2y − z2y ] dt

∣∣∣∣
y=0

= 2s2λ2
∫ T

0

ξ2|z|2 dt

∣∣∣∣
y=0

≥ 0.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❢r♦♠ ✭✶✳✽✼✮✱ ✭✶✳✽✺✮ ❛♥❞ ✭✶✳✽✸✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

2∑

i=1

(‖Miz‖
2 + ‖M̃iz̃‖

2) +

∫∫

Q′

[
sλ2(ξ|zy|

2 + ξ̃|z̃y|
2) + s2λ4(ξ3|z|2 + ξ̃3|z̃|2)

]
dy dt

≤ C

[
‖g1‖

2 + ‖g̃1‖
2 +

∫∫

ω0T

[
sλ2(ξ|zy|

2 + ξ̃|z̃y|
2) + s3λ4(ξ3|z|2 + ξ̃3|z̃|2)

]
dy dt

]
.✭✶✳✽✽✮

✸✾



❯s✐♥❣ ✭✶✳✽✽✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ g1✱ g̃1✱ Miz ❛♥❞ M̃iz̃✱ ✇❡ s❡❡ t❤❛t✱ ❢♦r s ❛♥❞ λ

❧❛r❣❡ ❡♥♦✉❣❤✱

s−1

∫∫

Q′

[
ξ−1(|zt|

2 + |zyy|
2) + ξ̃−1(|z̃t|

2 + |z̃yy|
2)
]
dx dt

+

∫∫

Q

[
sλ2(ξ|zy|

2 + ξ̃|z̃y|
2) + s2λ4(ξ3|z|2 + ξ̃3|z̃|2)

]
dy dt

≤ C

[
‖̺1/2g0‖

2 +

∫∫

ω0T

[
sλ2(ξ|zy|

2 + ξ̃|z̃y|
2) + s3λ4(ξ3|z|2 + ξ̃3|z̃|2)

]
dy dt

]
.

❋r♦♠ ❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥ts✱ ✇❡ ❝❛♥ ❡❧✐♠✐♥❛t❡ t❤❡ t❡r♠s ✇✐t❤ ❞❡r✐✈❛t✐✈❡s ✐♥ t❤❡ r✐❣❤t

❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ❛♥❞ ✜♥❞ t❤❛t

s−1

∫∫

Q′

[
ξ−1(|zt|

2 + |zyy|
2) + ξ̃−1(|z̃t|

2 + |z̃yy|
2)
]
dx dt

+

∫∫

Q

[
sλ2(ξ|zy|

2 + ξ̃|z̃y|
2) + s2λ4(ξ3|z|2 + ξ̃3|z̃|2)

]
dy dt

≤ C

[
‖̺1/2g0‖

2 + s3λ4
∫∫

ω0T

[
ξ3|z|2 + ξ̃3|z̃|2

]
dy dt

]
.

❲❡ t❤❡♥ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ❝♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ ✈❛r✐❛❜❧❡ w ❛♥❞ ✉s✐♥❣ t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ g0 ❛♥❞ t❤❡ ❢❛❝t t❤❛t ξ ≤ Cξ̃ ≤ Cξ✳ ✷

✹✵



❈❛♣ít✉❧♦ ✷

❊st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥ ♣❛r❛

❛❧❣✉♠❛s ❊❉Ps ♣❛r❛❜ó❧✐❝❛s

❞❡❣❡♥❡r❛❞❛s ❡♠ ❞✐♠❡♥sã♦ ✷ ❡

❛♣❧✐❝❛çõ❡s

❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r s♦♠❡ ✷✲❉ ❞❡❣❡♥❡r❛t❡

♣❛r❛❜♦❧✐❝ P❉❊s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s

❋✳ ❉✳ ❆❘❆❘❯◆❆✱ ❇✳ ❙✳ ❱✳ ❞❡ ❆❘❆Ú❏❖✱ ❛♥❞ ❊✳ ❋❊❘◆➪◆❉❊❩✲❈❆❘❆

❆❜str❛❝t

❚❤✐s ♣❛♣❡r ❞❡❛❧s ✇✐t❤ ❛ ❝❧❛ss ♦❢ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ✐♥ ❛

sq✉❡r❡✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ♦❜t❛✐♥ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s t♦ ♦❜t❛✐♥ ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧ts✳ ■♥

♦r❞❡r t♦ ❜❡ ♠♦r❡ ❢❛✐t❤❢✉❧❧ ✇✐t❤ t❤❡ ✶❉ ❞❡❣❡♥❡r❛t❡ ♣r♦❜❧❡♠✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡

❞❡❣❡♥❡r❛❝② ♦❝♦✉r ♦♥❧② ✐♥ ❛ ♣❛rt ♦❢ t❤❡ ❜♦✉♥❞❛r②✳ ❚❤❡♥✱ ✇❡ ♣r❡s❡♥t ✇❡❧❧ ♣♦s❡❞♥❡ss

r❡s✉❧ts ❛♥❞✱ ✉♥❞❡r s♦♠❡ ❣❡♦♠❡tr✐❝❛❧ ❛ss✉♠♣t✐♦♥s✱ ✇❡ ❜✉✐❧❞ s✉✐t❛❜❧❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s

t❤❛t ❛❧❧♦✇s t♦ ❞❡❞✉❝❡ ❛ ❣❧♦❜❛❧ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s✳ ❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥✱ ✇❡ ♣r♦✈❡ s♦♠❡

♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧ts✳

❑❡②✇♦r❞s✿ ◆✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②✱ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✱ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐✲

t✐❡s✱ ❙t❛❝❦❡❧❜❡r✲◆❛s❤ str❛t❡❣✐❡s✳

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✿ ✸✹❑✸✺✱ ✹✾❏✷✵✱ ✸✺❑✶✵✳



✷✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ st✉❞② ♦❢ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞ s②st❡♠s ❤❛s

❛ttr❛❝t❡❞ t❤❡ ✐♥t❡r❡st ♦❢ ♠❛♥② ❛✉t❤♦rs✳ ❚❤❡ t❤❡♦r② ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ s❡♠✐❧✐♥❡❛r

♣r♦❜❧❡♠s✱ ❡q✉❛t✐♦♥s ✐♥ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥s ♦❢ s♦♠❡ ❦✐♥❞s✱ ❛♥❞ s②st❡♠s ✐♥ ✢✉✐❞ ❞②♥❛✲

♠✐❝s✱ ❛♠♦♥❣ ♦t❤❡rs❀ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✺✱ ✶✽✱ ✷✵✱ ✷✶✱ ✷✹❪✳

❚❤❡ st✉❞② ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s st❛rt❡❞ ✐♥ t❤❡ ❧❛st

❞❡❝❛❞❡ ✇✐t❤ t❤❡ ✇♦r❦s ❬✶✱ ✼✱ ✽✱ ✾✱ ✶✷✱ ✶✸✱ ✶✹❪✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ❛♥❛❧②③❡ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦❜❧❡♠ ✐♥ t✇♦ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s✿



ut − div(A∇u) + bu = g1ω ✐♥ Q,

B.C. ♦♥ Σ,

u(·, 0) = u0 ✐♥ Ω,

✭✷✳✶✮

✇❤❡r❡ Ω = (0, 1) × (0, 1)✱ Γ := ∂Ω✱ T > 0✱ Q = Ω × (0, T )✱ Σ := Γ × (0, T )✱ ω ⊂ Ω ✐s

❛ ♥♦♥✲❡♠♣t② ♦♣❡♥ s❡t✱ b ∈ L∞(Q)✱ g ∈ L2(Q)✱ u0 ∈ L2(Ω)✱ A : Ω 7→ M2×2(R) ✐s ❣✐✈❡♥

❜②
A(x) = diag(xα1

1 , x
α2

2 ),

❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ❜②

B.C. :=





u = 0 ♦♥ Σ ✐❢ α1, α2 ∈ [0, 1),

u = 0 ♦♥ Σ3,4 ❛♥❞ (A∇u)ν = 0 ♦♥ Σ1,2 ✐❢ α1, α2 ∈ [1, 2],

u = 0 ♦♥ Σ1,3,4 ❛♥❞ (A∇u)ν = 0 ♦♥ Σ2 ✐❢ α1 ∈ [0, 1), α2 ∈ [1, 2],

u = 0 ♦♥ Σ2,3,4 ❛♥❞ (A∇u)ν = 0 ♦♥ Σ1 ✐❢ α1 ∈ [1, 2], α2 ∈ [0, 1),

✇✐t❤ α = (α1, α2) ∈ [0, 2]× [0, 2]✱ Σi,j,l := (Γi ∪ Γj ∪ Γl)× (0, T )✱ ❛♥❞

Γ1 := {0} × [0, 1], Γ2 := [0, 1]× {0}, Γ3 := {1} × [0, 1], Γ4 := [0, 1]× {1}.

■♥ ♣r❡✈✐♦✉s ♣❛♣❡rs✱ t❤❡ ♠❛✐♥ ♠♦❞❡❧ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿




ut − (xαux)x = g(x, t)1O ✐♥ (0, 1)× (0, T ),

u(1, ·) = 0 ❛♥❞





u(0, ·) = 0 ✐❢ α ∈ [0, 1)

(xαux)(0, ·) = 0 ✐❢ α ∈ [1, 2)
♦♥ (0, T ),

u(·, 0) = u0 ✐♥ (0, 1),

✭✷✳✷✮

✇❤❡r❡ α ∈ (0, 2)✱ T > 0✱ u0 ∈ L2(0, 1)✱ g ∈ L2((0, 1)×(0, T ))✱ O ⊂ (0, 1) ✐s ❛ ♥♦♥✲❡♠♣t②

♦♣❡♥ s❡t✱ ❛♥❞ 1O ✐s t❤❡ ❛ss♦❝✐❛t❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥✳ ❚❤❡ ❣❧♦❜❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

✹✷



♦❢ t❤✐s s②st❡♠ ✐s ♣r♦✈❡❞ ✉s✐♥❣ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ✇✐t❤ ❛♣♣r♦♣r✐❛t❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s

❬✶❪✳

❘❡❝❡♥t❧②✱ s♦♠❡ r❡s✉❧ts ♦♥ ✷❉ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ❤❛✈❡ ❛♣♣❡❛r❡❞ ✐♥

❬✶✵✱ ✶✶❪✳ ❚❤❡r❡✱ t❤❡ ❛✉t❤♦rs st✉❞② t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ❛♥❞ t❤❡ ❣❧♦❜❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠✿




ut − div(A0∇u) + b0u = g01ω0
✐♥ Q0,




u = 0 ✐❢ α ∈ (0, 1)
∂u

∂ν
= 0 ✐❢ α ∈ [1, 2)

♦♥ Σ0,

u(·, 0) = u0 ✐♥ Ω0,

✭✷✳✸✮

✇❤❡r❡ Q0 := Ω0 × (0, T )✱ T > 0✱ Ω0 ⊂ R2 ✐s ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇✐t❤ ❜♦✉♥❞❛r② Γ0 ♦❢

❝❧❛ss C4✱ Σ0 := Γ0 × (0, T )✱ ω0 ⊂ Ω0 ✐s ♦♣❡♥✱ u0 ∈ L2(Ω0)✱ g0 ∈ L2(Q0)✱ b0 ∈ L∞(Q0)✱

α ∈ (0, 2)✱ ❛♥❞ A0 : Ω0 7→M2×2(R) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✭✐✮ A0(x) = {aij(x)}✱ ✇✐t❤ t❤❡ aij ∈ C3(Ω0;R) ∩ C
0(Ω0;R)❀

✭✐✐✮ A0(x) ✐s s✐♠❡tr✐❝ ❢♦r ❛❧❧ x ∈ Ω0 ❛♥❞ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❢♦r ❛❧❧ x ∈ Ω0❀

✭✐✐✐✮ ▲❡t ri(x) ❜❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛♥❞ ❧❡t εi(x) ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ ✉♥✐t✲♥♦r♠ ❡✐❣❡♥✈❡❝t♦rs

♦❢ A0(x) ❢♦r i = 1, 2✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② PΓ0
(x) t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ x ♦♥t♦ t❤❡

❜♦✉♥❞❛r② Γ0 ❛♥❞ O(Γ0; δ) := {x ∈ Ω0 : d(x,Γ0) < δ}✳ ❚❤❡r❡ ❡①✐sts δ > 0 s✉❝❤

t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✶✳ r1(x) = d(x,Γ0)
α ∀x ∈ O(Γ0; δ)✱

✷✳ r2(x) > 0 ∀x ∈ Ω0\O(Γ0; δ)❀

✸✳ ε1(x) = ν(PΓ0
(x)) ∀x ∈ O(Γ0; δ).

■t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❡♥❤❛♥❝❡ t❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ s②st❡♠s ✭✷✳✸✮ ❛♥❞ ✭✷✳✶✮✳

❋✐rst✱ ❝♦♥tr❛r✐❧② t♦ ✭✷✳✶✮✱ ✭✷✳✸✮ ❞❡❣❡♥❡r❛t❡s ♦♥ t❤❡ ✇❤♦❧❡ ❜♦r❞❡r✳ ❚❤✐s ✐s ❝r✉❝✐❛❧✱ ❜❡❝❛✉s❡

❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ♥❡❡❞ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s ✇✐t❤ ❛ s♣❡❝✐✜❝ ❜❡❤❛✈✐♦r ♥❡❛r t❤❡ ♣❛rt ♦❢ t❤❡

❜♦✉♥❞❛r② ✇❤❡r❡ t❤❡ ❞❡❣❡♥❡r❛❝② ♦❝❝✉rs✳ ❚❤❡ t❡❝❤♥✐q✉❡s ✉s❡❞ ✐♥ ❬✶✵❪ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞

t♦ ♣r♦❜❧❡♠s ✇❤❡r❡ t❤❡ ❞❡❣❡♥❡r❛❝② ❛♣♣❡❛rs ♦♥ ❛ ♣❛rt ♦❢ t❤❡ ❜♦✉♥❞❛r②✱ ❜✉t t❤✐s ♣❛rt

♠✉st ❜❡ s❡♣❛r❛t❡❞ ❢r♦♠ t❤❡ r❡st✳ ❆ t②♣✐❝❛❧ ❡①❛♠♣❧❡ ✐s ✇❤❡♥ Ω0 ✐s ❛♥ ❛♥♥✉❧✉s ❛♥❞

t❤❡ ❝♦❡✣❝✐❡♥ts ❞❡❣❡♥❡r❛t❡ ❥✉st ♦♥❡ ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❜♦✉♥❞❛r②✳ ❍❡♥❝❡✱ ❛ ♥❡✇

t❤❡❝♥✐q✉❡ ✐s r❡q✉✐r❡❞ t♦ ❞❡❛❧ ✇✐t❤ ✭✷✳✶✮✳ ❍❡r❡✱ t❤❡ ♠❛✐♥ ✐❞❡❛ ✐s t♦ ✉s❡ t❤❡ ❝♦♥tr♦❧

✹✸



❞♦♠❛✐♥ t♦ ✧s❡♣❛r❛t❡✧ t❤❡ ♣❛rt ♦❢ t❤❡ ❜♦✉♥❞❛r② ✇❤❡r❡ t❤❡ ❞❡❣❡♥❡r❛❝② ❞♦❡s ♥♦t ♦❝❝✉r

❢r♦♠ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ♦r✐❣✐♥✳ ◆♦t❡ t❤❛t ♥♦t ♦♥❧② ♦♥❡ ❜✉t t❤❡ t✇♦ ❡✐❣❡♥✈❛❧✉❡s ♦❢

t❤❡ ♠❛tr✐① A ❝❛♥ ❞❡❣❡♥❡r❛t❡✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ ✭✷✳✶✮ ✉s✐♥❣ s❡♠✐❣r♦✉♣ t❤❡♦r②

✐♥ ❛❧❧ ❝❛s❡s αi ∈ [0, 2]✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦♦❢ ♦❢ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s r❡q✉✐r❡s ❞✐✛❡r❡♥t

t❡❝❤♥✐q✉❡s ❛♥❞ ✇❡✐❣❤ts ✐♥ ❡❛❝❤ ❝❛s❡❀ t❤❡r❡❢♦r❡✱ ❢♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ✇✐❧❧ str✐❝t t♦ t❤❡

❝❛s❡ α1, α2 ∈ (0, 2)✳ ❚❤❡ ♦t❤❡r ❝❛s❡s ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❛ ❢♦rt❤❝♦♠✐♥❣ ♣❛♣❡r✳

■t ✇✐❧❧ ❜❡ s❡❡♥ t❤❛t✱ ❛s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s✱ ✇❡ ❝❛♥ ♣r♦✈❡ r❡s✉❧ts

♦♥ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r ❧✐♥❡❛r ❛♥❞ s❡♠✐❧✐♥❡❛r

❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ s②st❡♠s✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t s♦♠❡ r❡s✉❧ts ♦♥

t❤❡ ❞❡❣❡♥❡r❛t❡ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦ ✭✷✳✶✮ ❛♥❞ ✇❡ ✇✐❧❧ ❞❡❞✉❝❡ t❤❡ ✇❡❧❧ ♣♦s❡❞♥❡ss✳ ■♥

❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❛❞❥♦✐♥t ♦❢ ✭✷✳✶✮

✇❤❡♥ αi ∈ (0, 2)✳ ❚❤✐s ✇✐❧❧ ❛❧❧♦✇ t♦ ♣r♦✈❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

♦❢ ❧✐♥❡❛r ❛♥❞ s❡♠✐❧✐♥❡❛r ♣r♦❜❧❡♠s ♦❢ t❤❡ ❦✐♥❞ ✭✷✳✶✮✳ ■♥ ❙❡❝t✐♦♥ ✷✳✹✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡s❡

❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s t♦ ♣r♦✈❡ t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ❝♦♥tr♦❧❧❛❜✐❧✐t②✳ ■♥ ❙❡❝t✐♦♥ ✷✳✺✱ ✇❡

✇✐❧❧ ♣r❡s❡♥t s♦♠❡ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ r❡s✉❧ts✱ ♦♣❡♥ q✉❡st✐♦♥s ❛♥❞ ❢✉t✉r❡ ✇♦r❦✳ ❋✐♥❛❧❧②✱

t❤❡ ♣❛♣❡r ❝♦♥t❛✐♥s ❛♥ ❆♣♣❡♥❞✐① ✇❤❡r❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ♣r❡s❡♥t❡❞

✐♥ t❤❡ ❙❡❝t✐♦♥ ✷✳✸ ✐s ❣✐✈❡♥✳

✷✳✷ Pr❡❧✐♠✐♥❛r r❡s✉❧ts ❛♥❞ ✇❡❧❧✲♣♦s❡❞♥❡ss

✷✳✷✳✶ ◆♦t❛t✐♦♥s✱ s♣❛❝❡s ❛♥❞ ♦♣❡r❛t♦rs

❚❤❡ ✉s✉❛❧ ♥♦r♠ ❛♥❞ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ L2(Ω) ❛♥❞ ✐♥ L2(Q) ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ r❡s✲

♣❡❝t✐✈❡❧② ❜② | · | ❛♥❞ (· , ·)✱ ❛♥❞ ‖ · ‖ ❛♥❞ ((· , ·))✳ ❚❤❡ ♥♦r♠s ✐♥ L∞(Ω) ❛♥❞ L∞(Q) ✇✐❧❧

❜❡ ❞❡♥♦t❡❞ r❡s♣❡❝t✐✈❡❧② ❜② | · |∞ ❛♥❞ ‖ · ‖∞✳

◆♦✇✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ s♦♠❡ ♠❛tr✐❝❡s✱ s♣❛❝❡s✱ ❛♥❞ ♦♣❡r❛t♦rs✳

• Ar(x) := diag(xα1r
1 , xα2r

2 )✱ ✇✐t❤ r ∈ R✱

• H1
α(Ω) := {u ∈ L2(Ω) : ∇uA∇u ∈ L1(Ω)}✱

• H2
α(Ω) := {u ∈ H1

α(Ω) : div(A∇u) ∈ L2(Ω)}✱

✹✹



• Hdiv(Ω) := {w ∈ L2(Ω)2 : div(w) ∈ L2(Ω)}✱

• L2
α−1(Ω) := {w ∈ L2(Ω)2 : wA−1w ∈ L1(Ω)}✱

• Hdiv
α (Ω) := {w ∈ L2

α−1(Ω) : div(w) ∈ L2(Ω)}✱

• ∇0u := A1/2∇u, u ∈ H1
α(Ω)✱

• ∆0u := div(A∇u), u ∈ H2
α(Ω)✳

◆♦✇✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦r♠s✿

• |u|α := (|u|2 + |∇0u|
2)1/2, u ∈ H1

α(Ω)✱

• |u|2,α := (|u|2α + |△0u|
2)1/2, u ∈ H2

α(Ω)✱

• |w|div,α :=

(∫

Ω

wA−1w dx+ |div(w)|2
)1/2

, w ∈ Hdiv
α (Ω)✳

◆♦t❡ t❤❛t✱ ❢♦r t❤❡s❡ ✭♥❛t✉r❛❧✮ ♥♦r♠s✱ H1
α(Ω)✱ H

2
α(Ω) ❛♥❞ Hdiv

α (Ω) ❛r❡ ❍✐❧❜❡rt

s♣❛❝❡s ❛♥❞ ♦♥❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥t✐♥✉♦✉s ❡♠❜❜❡❞✐♥❣s✿

H1(Ω) →֒ H1
α(Ω) →֒ L2(Ω), H2

α(Ω) →֒ H1
α(Ω), Hdiv

α (Ω) →֒ Hdiv(Ω).

❋✉rt❤❡r♠♦r❡✱ H1
α(Ω) ⊂ H1

loc(Ω) ❛♥❞ H
2
α(Ω) ⊂ H2

loc(Ω)✳

▲❡♠♠❛ ✷✳✷✳✶ C∞(Ω) ✐s ❞❡♥s❡ ✐♥ H1
α(Ω)✳

Pr♦♦❢✳ ❲❡ ❦♥♦✇ t❤❛t H1(Ω) →֒ H1
α(Ω) ❛♥❞ t❤❛t C∞(Ω) ✐s ❞❡♥s❡ ✐♥ H1(Ω)✳ ❍❡♥❝❡✱ ✐t

✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t H1(Ω) ✐s ❞❡♥s❡ ✐♥ H1
α(Ω)✳ ▲❡t ✉s ✜① u ∈ H1

α(Ω)✳ ❋♦r λ > 1

❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ fλ : Ω → Ωλ ✇❤❡r❡

fλ(x) =
x

λ
+ x0,λ ❛♥❞ x0,λ =

1

2λ
(λ− 1, λ− 1).

■t ✐s ❝❧❡❛r t❤❛t Ωλ ⊂⊂ Ω ❛♥❞ |Ωλ| → |Ω|✱ ❛s λ→ 1✳

◆♦✇ ❧❡t ✉s ✐♥tr♦❞✉❝❡

uλ(x) :=





u(x) ✐❢ x ∈ Ωλ

u(fλ(x)) ✐❢ x ∈ Ω\Ωλ.

❯s✐♥❣ t❤❛t H1
α(Ω) ⊂ H1

loc(Ω) ❛♥❞ Ωλ ⊂⊂ Ω ✇❡ ❞❡❞✉❝❡ t❤❛t uλ ∈ H1(Ω)✳ ❋✉rt❤❡r♠♦r❡✱

|uλ − u|2α =

∫

Ω\Ωλ

|u(fλ(x))− u(x)|2 + |∇0(u ◦ fλ − u)(x)|2 dx

≤

∫

fλ(Ω\Ωλ)

(λ2|u|2 + |∇0u|
2) dx+

∫

Ω\Ωλ

(|u|2 + |∇0u|
2) dx→ 0 ❛s λ→ 1.

✹✺



❚❤❡r❡❢♦r❡✱ H1(Ω) ✐s ❞❡♥s❡ ✐♥ H1
α(Ω)✳

▲❡♠♠❛ ✷✳✷✳✶ ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥

H1
α,0(Ω) := D0

H1
α(Ω)

, ✭✷✳✹✮

✇❤❡r❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ D0 ❞❡♣❡♥❞s ♦♥ α✿

D0 :=





{v ∈ C∞(Ω) : supp(v) ⊂⊂ Ω} ✐❢ α1, α2 ∈ [0, 1),

{v ∈ C∞(Ω) : ∃δ > 0; supp(v) ⊂ (0, 1− δ)× (0, 1− δ)} ✐❢ α1, α2 ∈ [1, 2],

{v ∈ C∞(Ω) : ∃δ > 0; supp(v) ⊂ (δ, 1− δ)× (0, 1− δ)} ✐❢ α1 ∈ [0, 1), α2 ∈ [1, 2],

{v ∈ C∞(Ω) : ∃δ > 0; supp(v) ⊂ (0, 1− δ)× (δ, 1− δ)} ✐❢ α1 ∈ [1, 2], α2 ∈ [0, 1).

✷✳✷✳✷ ❚r❛❝❡ ♦♣❡r❛t♦rs

❲❡ ❦♥♦✇ t❤❛t t❤❡ tr❛❝❡ ♦♣❡r❛t♦r T : H1(Ω) 7→ L2(Γ) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞

H1/2(Γ) := T (H1(Ω))

✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❢♦r t❤❡ ♥♦r♠

|v|H1/2(Γ) := inf{|u|H1(Ω) : u ∈ H1(Ω), T (u) = v}.

▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♥♦r♠❛❧ tr❛❝❡ ♦♣❡r❛t♦r Tν : Hdiv(Ω) 7→ H−1/2(Γ)✱ ✇❤✐❝❤

✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ s❛t✐s✜❡s

• Tν(w) = (w · ν)|Γ ∀w ∈ C∞(Ω)2✱

•

∫

Ω

(div(w)u+ w · ∇u) dx = 〈Tν(w), T (u)〉 ∀w ∈ Hdiv(Ω) ∀u ∈ H1(Ω)✳

●✐✈❡♥ w ∈ Hdiv(Ω)✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢♦r♠ Tw : H1(Ω) 7→ R

❜② ♣✉tt✐♥❣

Tw(u) :=

∫

Ω

(div(w)u+ w · ∇u) dx ∀u ∈ H1(Ω).

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡

Tw(u) = 〈Tν(w), T (u)〉.

◆♦✇✱ ❢♦r ❛♥② δ > 0✱ ✇❡ ✐♥tr♦❞✉❝❡

• Ωδ := {x ∈ Ω : d(x,Γ) > δ} ❛♥❞ Γδ := ∂Ωδ✱

• rδ : H
1
α(Ω) 7→ H1(Ω)✱ ✇✐t❤ rδ(u) := u|Ωδ

✱

✹✻



• Rδ : H
div
α (Ω) 7→ Hdiv(Ω)✱ ✇✐t❤ Rδ(w) = w|Ωδ

✱

• T δ := Tδ ◦ rδ✱ ✇❤❡r❡ Tδ : H1(Ωδ) 7→ H1/2(Γδ) ✐s t❤❡ tr❛❝❡ ♦♣❡r❛t♦r✱

• T δ
ν := Tν,δ ◦Rδ✱ ✇❤❡r❡ Tν,δ : Hdiv(Ωδ) 7→ H−1/2(Γδ) ✐s t❤❡ ♥♦r♠❛❧ tr❛❝❡ ♦♣❡r❛t♦r✳

▲❡♠♠❛ ✷✳✷✳✷ ■❢ w ∈ Hdiv
α (Ω)✱ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ Tw ❝❛♥ ❜❡ ❝♦♥t✐♥✉♦✉s❧② ❡①t❡♥❞❡❞ t♦

t❤❡ s♣❛❝❡ H1
α(Ω)✳ ▼♦r❡♦✈❡r✱

Tw(u) = lim
δ→0

〈T δ
ν (w), T

δ(u)〉 ∀u ∈ H1
α(Ω).

Pr♦♦❢✳ ❋♦r u ∈ H1
α(Ω) ✇❡ ❤❛✈❡

∣∣∣∣
∫

Ω

(div(w)u+ w · ∇u)dx

∣∣∣∣ =

∣∣∣∣
∫

Ω

(div(w)u+ [(A1/2)−1w][A1/2∇u])dx

∣∣∣∣
≤ |div(w)||u|+ |(A1/2)−1w||A1/2∇u|

≤ (|(A1/2)−1w|+ |div(w)|)(|u|+ |A1/2∇u|) ≤ |w|div,α|u|α.

❚❤✐s ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✳

■♥ ✈✐❡✇ t♦ ♦❜t❛✐♥ ❛♣♣r♦♣r✐❛t❡ r❡s✉❧ts ♦♥ t❤❡ ♥♦r♠❛❧ tr❛❝❡s ✐♥ Hdiv
α (Ω)✱ ✇❡ ✇✐❧❧

❝♦♥s✐❞❡r t❤❡ ❝❛s❡s αi ∈ [0, 1) ❛♥❞ αi ∈ [1, 2] s❡♣❛r❛t❡❧②✳

❚❤❡ ❝❛s❡ α1, α2 ∈ [0, 1)

❚❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ♦♥ t❤❡ ♥♦r♠❛❧ tr❛❝❡ t❤❡♦r② r❡♠❛✐♥ tr✉❡ ❢♦r t❤❡ s♣❛❝❡sHdiv
α (Ω)

❛♥❞ H1
α(Ω)✳

▲❡♠♠❛ ✷✳✷✳✸ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ tr❛❝❡ ♦♣❡r❛t♦r T α : H1
α(Ω) 7→ L2(Γ) ✇❤✐❝❤ ❡①t❡♥❞s

T : H1(Ω) 7→ L2(Γ)✳ ▼♦r❡♦✈❡r T α ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ H
1/2
α (Ω) := T α(H1

α(Ω)) ✐s ❛

❍✐❧❜❡rt s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠

|v|
H

1/2
α (Γ)

:= inf{|u|α : u ∈ H1
α(Ω) ❛♥❞ T α(u) = v}.

Pr♦♦❢✳ ❲❡ ❦♥♦✇ t❤❛t C∞(Ω) ✐s ❞❡♥s❡ ✐♥ H1
α(Ω)✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐t ✐s s✉✜❝✐❡♥t t♦ ♣r♦✈❡

t❤❛t T : (C∞(Ω), | · |α) → L2(Γ) ✐s ❝♦♥t✐♥✉♦✉s✳ ❋✐rst ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣

♦♣❡♥ ❝♦✈❡r U0, ..., U4 ♦❢ Ω✱ ✇❤❡r❡ U0 := B1/4((1/2, 1/2))✱ U1 := B1/2((0, 1/2))✱ U2 :=

B1/2((1/2, 0))✱ U3 := B1/2((1, 1/2)) ❛♥❞ U4 := B1/2((1/2, 1))✳ ▲❡t ϕ0, ..., ϕ4 ∈ C∞(Ω)

❜❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ ✉♥✐t② s✉❜♦r❞✐♥❛t❡ t♦ t❤❡ ❝♦✈❡r {U0, ..., U4}✱ ✐✳❡✳ ϕ0 + ... + ϕ4 = 1✱

✹✼



0 ≤ ϕ ≤ 1✱ supp ϕ ✐s ❛ ❝♦♠♣❛❝t s❡t ❛♥❞ supp ϕ ⊂ Ui✳ ●✐✈❡♥ u ∈ C∞(Ω)✱ ❧❡t

ui = ϕ1/2u✳ ❯s✐♥❣ t❤❛t αi ∈ [0, 1) ✇❡ ❞❡❞✉❝❡ t❤❛t

|u1(0, x2)| =

∣∣∣∣∣

∫ 3/4

0

x
α1/2
1

∂u1
∂x1

x
−α1/2
1 dx1

∣∣∣∣∣ ≤ C

(∫ 1

0

xα1

∣∣∣∣
∂u1
∂x1

∣∣∣∣
2

dx1

)1/2

.

❍❡♥❝❡ ∫

Γ1

|u1|
2 ds ≤ C

∫

Ω

xα1

1

∣∣∣∣
∂u1
∂x1

∣∣∣∣
2

dx ≤ C|u|2α.

■♥ ❛ s✐♠✐❧❛r ✇❛② ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

∫

Γi

|ui|
2 ds ≤ C|u|2α, i = 1, ..., 4.

❚❤❡r❡❢♦r❡

|T (u)|2 =

∫

Γ

|u|2 ds =
4∑

i=0

∫

Γ

ϕi|u|
2 ds =

4∑

i=0

∫

Γi

|ui|
2 ds ≤ C|u|2α.

❚❤✐s ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ❢✉♥❞❛♠❡♥t❛❧ t♦♦❧✱ ♥♦t ♦♥❧② t♦ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛

♥♦r♠❛❧ tr❛❝❡ ♦♣❡r❛t♦r✱ ❜✉t ❛❧s♦ t♦ ♣r♦✈❡ t❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ♣r❡s❡♥t ✐♥ t❤❡ ♥❡①t

s❡❝t✐♦♥✳

▲❡♠♠❛ ✷✳✷✳✹ ✭❍❛r❞② ✐♥❡q✉❛❧✐t② ■✮ ❆ss✉♠❡ t❤❛t α1, α2 ∈ [0, 1)✳ ❚❤❡r❡ ❡①✐sts ❛

♣♦s✐t✐✈❡ ❝♦♥st❛♥t C = C(α1, α2) s✉❝❤ t❤❛t

∫

Ω

xαi−2
i |u|2 dx ≤ C

∫

Ω

xαi
i

∣∣∣∣
∂u

∂xi

∣∣∣∣
2

dx ∀u ∈ ker(T α).

❇❡❢♦r❡ ♣r♦✈✐♥❣ t❤✐s ❍❛r❞② ■♥❡q✉❛❧✐t②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

▲❡♠♠❛ ✷✳✷✳✺ ❆ss✉♠❡ α1, α2 ∈ [0, 1)✳ ❚❤❡r❡ ❡①✐st C = C(α) > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥②

u ∈ C∞(Ω)✱ ♦♥❡ ❤❛s

∫

Ω

xα1−2
1 |u(x)− u(x1, 0)|

2 dx ≤ C

∫

Ω

xα1

1

∣∣∣∣
∂u

∂x1

∣∣∣∣
2

dx

❛♥❞ ∫

Ω

xα2−2
2 |u(x)− u(0, x2)|

2 dx ≤ C

∫

Ω

xα2

2

∣∣∣∣
∂u

∂x2

∣∣∣∣
2

dx.

✹✽



Pr♦♦❢✳ ▲❡t ✉s ✜① max{α1, α2} < a < b < 1✳ ❲❡ ❤❛✈❡ t❤❛t

∫

Ω

xα2−2
2 |u(x)− u(0, x2)|

2 dx =

∫ 1

0

[∫ 1

0

(∫ x2

0

tb/2
∂u

∂x2
(x1, t)t

−b/2 dt

)2

xα2−2
2 dx2

]
dx1

≤

∫ 1

0

[∫ 1

0

(∫ x2

0

tb
∣∣∣∣
∂u

∂x2
(x1, t)

∣∣∣∣
2

dt

)(∫ x2

0

t−b dt

)
xα2−2
2 dx2

]
dx1

=
1

1− b

∫ 1

0

[∫ 1

0

(∫ x2

0

tb
∣∣∣∣
∂u

∂x2
(x1, t)

∣∣∣∣
2

dt

)
xα2−1−b
2 dx2

]
dx1

≤
1

1− b

∫ 1

0

[∫ 1

0

tb
∣∣∣∣
∂u

∂x2
(x1, t)

∣∣∣∣
2(∫ 1

t

xα2−1−b
2 , dx2

)
dt

]
dx1

❛♥❞

∫ t

1

xα2−1−b
2 dx2 =

∫ 1

t

xα2−a
2 .xa−1−b

2 dx2 ≤ tα2−a

∫ 1

t

xa−1−b
2 dx2

=
tα2−a

a− b
(1− ta−b) ≤

tα2−b

b− a
.

❚❤✉s ∫
|u(x)− u(0, x2)|

2xα2−2
2 dx ≤ C

∫

Ω

xα2

2

∣∣∣∣
∂u

∂x2

∣∣∣∣
2

dx.

❚❤❡ ♦t❤❡r ✐♥❡q✉❛❧✐t② ❝❛♥ ❜❡ ♣r♦✈❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳

◆♦✇✱ ✇❡ ✇✐❧❧ r❡t✉r♥ t♦ t❤❡ ▲❡♠♠❛ ✷✳✷✳✹ t♦ ❡st❛❜❧✐s❤ ✐ts ♣r♦♦❢✳

Pr♦♦❢✳ ❬Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳✹❪

◆♦✇✱ ❧❡t ✉s ✜① u ∈ ker(T α) ❛♥❞ δ > 0✳ ❚❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ un ∈ C∞(Ω) s✉❝❤

t❤❛t un → u ✐♥ H1
α(Ω)✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t✇♦ ❛✉①✐❧✐❛r② s❡q✉❡♥❝❡s ❣✐✈❡♥ ❜② u1,n(x) =

un(x1, 0) ❛♥❞ u2,n(x) = un(0, x2)✳ ❋r♦♠ T α(un) → 0 ✐♥ L2(Γ) ✇❡ ❞❡❞✉❝❡ t❤❛t ui,n → 0

✐♥ L2(Ω)✳ ❯s✐♥❣ ▲❡♠♠❛ ✷✳✷✳✺ ✇❡ ❤❛✈❡ t❤❛t

∫

Ωδ

|un − ui,n|
2xαi−2

i dx ≤ C

∫

Ω

∣∣∣∣
∂un
∂xi

∣∣∣∣
2

xαi
i dx.

P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t n→ +∞ ✇❡ ♦❜t❛✐♥ t❤❛t

∫

Ωδ

|u|2xα−2
i dx ≤ C

∫

Ω

∣∣∣∣
∂u

∂xi

∣∣∣∣
2

xαi dx, ∀δ > 0.

❚❤✐s ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✳

❋r♦♠ ▲❡♠♠❛ ✷✳✷✳✹ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤♦❧❞s✿

▲❡♠♠❛ ✷✳✷✳✻ ❦❡r (T α) = H1
α,0(Ω) ✭r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤✐s s♣❛❝❡ ✐♥ ✭✷✳✹✮✮✳

✹✾



Pr♦♦❢✳ ■t ✐s ❝❧❡❛r t❤❛t H1
α,0(Ω) ⊂ ker(T α)✳ ▲❡t ✉s ✜① u ∈ ker(T α) ❛♥❞ ✐♥tr♦❞✉❝❡

f(x) := x1x2✱ fn(x) := min{nf(x), 1}✱ un := fnu ❛♥❞ Ωn := {x ∈ Ω : fn(x) = 1}✳ ■t ✐s

❝❧❡❛r t❤❛t fn = 0 ♦♥ Γ✱ Ωn ⊂⊂ Ωn+1 ❛♥❞ |Ωn| → |Ω|✳ ❋✉rt❤❡r♠♦r❡✱

∫

Ω

(|un|
2 + |∇un|

2) dx ≤ C(n)

(∫

Ω

|u|2 dx+

∫

Ω

|∇0u|
2 dx

)
< +∞

❛♥❞ un ∈ H1(Ω)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ T (un) = T α(un) = fn|ΓT
α(u) = 0✱ t❤❡♥ un ∈

ker(T ) = H1
0 (Ω)✳

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❛t

∫

Ω

(|u− un|
2 + |∇0(u− un)|

2) dx =

∫

Ω\Ωn

(|u− fnu|
2 + |∇0(u− fnu)|

2) dx

≤ C

∫

Ω\Ωn

(|u|2 + |∇0u|
2) dx+ n2

∫

Ω\Ωn

|∇0f |
2|u|2 dx. ✭✷✳✺✮

❚❤❡ ✜rst ✐♥t❡❣r❛❧ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✺✮ t❡♥❞s t♦ ✵ ❛s n → +∞✳ ❲✐t❤

r❡s♣❡❝t t♦ t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧✱ ✉s✐♥❣ ▲❡♠♠❛ ✷✳✷✳✹ ✇❡ ❤❛✈❡ t❤❛t

n2

∫

Ω\Ωn

|∇0f |
2|u|2 dx ≤

∫

Ω\Ωn

(x1x2)
−2(xα1

1 x
2
2 + xα2

2 x
2
1)|u|

2 dx

≤

∫

Ω

(xα1−2
1 + xα2−2

2 )|u|2 dx→ 0.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t un → u ✐♥ H1
α(Ω) ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ker(T

α) ⊂ H1
0 (Ω)

H1
α(Ω)

⊂

H1
α,0(Ω)

H1
α(Ω)

= H1
α0
(Ω)✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛s ✷✳✷✳✹ ❛♥❞ ✷✳✷✳✻✱ t❤❡ s♣❛❝❡ H1
α,0(Ω) ❝❛♥ ❜❡ ❡♥❞♦✇❡❞

✇✐t❤ t❤❡ ♥♦r♠

|u|α,0 :=

∫

Ω

|∇0u|
2 dx,

t❤❛t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥♦r♠ | · |α ♦♥ H1
α,0(Ω)✳

▲❡♠♠❛ ✷✳✷✳✼ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♥♦r♠❛❧ tr❛❝❡ ♦♣❡r❛t♦r T α
ν : Hdiv

α (Ω) 7→ H−1/2(Γ)

t❤❛t ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ s❛t✐s✜❡s

• T α
ν (w) = (w · ν)|Γ ∀w ∈ C∞(Ω)2✱

• Tw(u) = 〈T α
ν (w), T

α(u)〉 ∀w ∈ Hdiv
α (Ω) ∀u ∈ H1

α(Ω)✳

❚♦ ♣r♦✈❡ ▲❡♠♠❛ ✷✳✷✳✼✱ ❜❡❢♦r❡ ✇❡ ♥❡❡❞ t♦ st❛❜❧✐s❤ s♦♠❡ ♣r❡❧✐♠✐♥❛r✐❡s r❡s✉❧ts✳

▲❡♠♠❛ ✷✳✷✳✽ ❆ss✉♠❡ t❤❛t αi ∈ [0, 1)✳ ❚❤❡♥ H1
α(Ω) →֒ W 1,1(Ω)✳

✺✵



Pr♦♦❢✳ ❋r♦♠ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②

∫

Ω

∣∣∣∣
∂u

∂xi

∣∣∣∣ dx ≤

[∫

Ω

x−αi
i dx.

∫

Ω

xαi
i

∣∣∣∣
∂u

∂xi

∣∣∣∣
2

dx

]
<∞ ∀u ∈ H1

α(Ω).

❚❤✐s ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✳

▲❡♠♠❛ ✷✳✷✳✾ ❆ss✉♠❡ αi ∈ [0, 1)✳ ●✐✈❡♥ u ∈ H1
α(Ω)✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡

ũ(x) :=

{
u(x) ✐❢ x ∈ Ω

0 ✐❢ x ∈ R2\Ω.

■❢ ũ ∈ W 1,1(R2)✱ t❤❡♥ u ∈ H1
α,0(Ω)✳

Pr♦♦❢✳ ❋r♦♠ ▲❡♠♠❛ ✷✳✷✳✽✱ ✇❡ ❤❛✈❡ t❤❛t H1
α,0(Ω) = H1

α(Ω) ∩W 1,1
0 (Ω)✳ ❍❡♥❝❡✱ ✐t ✐s

s✉✜❝✐❡♥t t♦ s❤♦✇ t❤❛t u ∈ W 1,1
0 (Ω)✳

●✐✈❡♥ λ > 1 ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❞✐✛❡♦♠♦r♣❤✐s♠ fλ : Ω → Ωλ ✇❤❡r❡

fλ(x) = λx− x1,λ ❛♥❞ x0,λ :=
1

2λ
(λ− 1, λ− 1).

■t ✐s ❝❧❡❛r t❤❛t Ω ⊂⊂ Ωλ ❛♥❞ |Ωλ| → |Ω| ❛s λ→ 1✳

◆♦✇ ❧❡t ✉s ✐♥tr♦❞✉❝❡

uλ(x) :=





u(x) ✐❢ x ∈ f−1
λ (Ω)

ũ(fλ(x)) ✐❢ x 6∈ f−1
λ (Ω).

■t ✐s ❝❧❡❛r t❤❛t supp(uλ) ⊂⊂ Ω✱ ✇❤❡♥❝❡ ✐t r❡♠❛✐♥s t♦ ❝♦♥❝❧✉❞❡ t❤❛t uλ ∈ W 1,1(Ω) ❛♥❞

uλ → u ✐♥ W 1,1(Ω)✳ ■♥ ❢❛❝t✱ ✇❡ ❤❛✈❡ t❤❛t

|uλ|W 1,1(Ω) =

∫

f−1

λ (Ω)

(|u|+ |∇u|) dx+

∫

Ω\f−1

λ (Ω)

(|u(fλ(x))|+ |∇u(fλ(x))|) dx

≤ |u|α +

∫

fλ(Ω\f−1

λ (Ω))

(|u|λ2 + |∇u|λ3) dx < +∞.

❍❡♥❝❡✱ uλ ∈ W 1,1(Ω)✳ ▼♦r❡♦✈❡r✱ ❛r❣✉✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳✶ ✇❡ ❝♦♥❝❧✉❞❡

t❤❛t uλ → u ✐♥ W 1,1(Ω)✳

▲❡♠♠❛ ✷✳✷✳✶✵ ❆ss✉♠❡ t❤❛t t❤❡ αi ∈ [0, 1)✳ ❚❤❡♥ C∞(Ω)2 ✐s ❞❡♥s❡ ✐♥ Hdiv
α (Ω)✳

Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② (·, ·)α,div t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ♦❢ Hdiv
α (Ω)✳ ▲❡t ✉s ✜① w ∈

(C∞(Ω)2)⊥ := {w ∈ Hdiv
α (Ω) : (w, v)α,div = 0 ∀v ∈ C∞(Ω)2} ❛♥❞ u = div(w) ∈ L2(Ω)✳

❲❡ ❤❛✈❡ t❤❛t ∫

Ω

u❞✐✈(v) dx = −

∫

Ω

(A−1w)v dx ∀v ∈ C∞(Ω)2.

✺✶



❚❤✉s ∇u = A−1w ✐♥ t❤❡ s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s✳ ❈♦♥s❡q✉❡♥t❧②✱ A∇u = w ∈ L2
α1(Ω)✱

t❤❛t ✐s t♦ s❛②✱ ∇uA∇u ∈ L1(Ω)✳ ❚❤❡♥ u ∈ H1
α(Ω)✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ αi ∈ [0, 1)✱ ✇❡

❞❡❞✉❝❡ t❤❛t ∇u = A−1w ∈ L1(Ω) ❛♥❞ Ã−1w ∈ L1(R2)2✳ ❯s✐♥❣ t❤❛t ∇ũ = Ã−1w ✐♥ t❤❡

s❡♥s❡ ♦❢ ❞✐str✐❜✉t✐♦♥s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ũ ∈ W 1,1(R2)✳ ❋r♦♠ ▲❡♠♠❛ ❆✳✸✱ ✇❡ s❡❡ t❤❛t

u ∈ H1
α,0(Ω)✳ ❈♦♥s❡q✉❡♥t❧② t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ un ∈ C∞

0 (Ω) s✉❝❤ t❤❛t un → u ✐♥

H1
α(Ω)✳

❯s✐♥❣ t❤❛t Hdiv
α (Ω) ⊂ Hdiv(Ω)✱ ❢r♦♠ st❛♥❞❛r❞ ♥♦r♠❛❧ tr❛❝❡ t❤❡♦r② ✇❡ ❣❡t
∫

Ω

(v∇un + div(v)un) dx = 0 ∀v ∈ Hdiv
α (Ω).

❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛♥② ✜①❡❞ v ∈ Hdiv
α (Ω)✱ ✇❡ ❤❛✈❡ t❤❛t

|(w, v)α,div| =

∣∣∣∣
∫

Ω

(wA−1v + ❞✐✈(w)❞✐✈(v)) dx

∣∣∣∣ =
∣∣∣∣
∫

Ω

(v∇u+ u❞✐✈(v)) dx

∣∣∣∣

=

∣∣∣∣
∫

Ω

(v∇(u− un) + (u− un)❞✐✈(v)) dx

∣∣∣∣

≤

∫

Ω

(|A1/2∇(u− un)||(A
1/2)−1v|+ |u− un||div(v)|) dx

≤ |u− un|α|v|div,α → 0.

❚❤❡r❡❢♦r❡ w = 0 ❛♥❞ t❤✉s (C∞(Ω)2)⊥ = {0}✳

❋✐♥❛❧❧②✱ ✇❡ ❛r❡ r❡❛❞② t♦ ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳✼✳

Pr♦♦❢✳ ❬Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳✼❪

▲❡t Tν : Hdiv(Ω) 7→ H−1/2(Γ) ❜❡ t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ tr❛❝❡ ♦♣❡r❛t♦r✳ ❲❡ ❦♥♦✇

t❤❛t Hdiv
α (Ω) ⊂ Hdiv(Ω)✳ ❚❤❡♥✱ ❢r♦♠ ▲❡♠♠❛ ❆✳✹ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t Tν :

(C∞(Ω)2, | · |div,α) 7→ H
−1/2
α (Γ) ✐s ❝♦♥t✐♥✉♦✉s✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ❧❡t ✉s ✜① w ∈ C∞(Ω)2✳

●✐✈❡♥ u ∈ H1
α(Ω) t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ un ∈ C∞(Ω) s✉❝❤ t❤❛t un → u ✐♥

H1
α(Ω)✳ ❲❡ ❤❛✈❡ t❤❛t Tw(un) = 〈Tν(w), T

α(un)〉 ❛♥❞ ❢r♦♠ ▲❡♠♠❛ ✷✳✷✳✶ ✇❡ ❣❡t Tw(u) =

〈Tν(w), T
α(u)〉✳ ❚❤✐s ✇❛②✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t

|〈Tν(w), T
α(u)〉| ≤ |w|div,α.|u|α ∀u ∈ H1

α(Ω). ✭✷✳✻✮

●✐✈❡♥ v ∈ H
1/2
α (Γ)✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ un ∈ H1

α(Ω) s✉❝❤ t❤❛t T α(un) = v

❛♥❞ |un|α → |v|
H

1/2
α (Γ)

✳ ❋r♦♠ ✭✷✳✻✮ ✇❡ ❣❡t✿

|〈Tν(w), v〉| ≤ |w|div,α.|un|α.

❈♦♥s❡q✉❡♥t❧② |〈Tν(w), v〉| ≤ |w|div,α.|v|H1/2
α (Γ)

∀v ∈ H
1/2
α (Γ) ❛♥❞ t❤❡r❡❢♦r❡ |Tν(w)|H−1/2

α (Γ)
≤

|w|div,α✳ ❍❡♥❝❡ Tν : (C∞(Ω)2, | · |div,α) 7→ L2(Γ) ✐s ❝♦♥t✐♥✉♦✉s✳

✺✷



❚❤❡ ❝❛s❡ ✇❤❡r❡ αi ∈ [1, 2] ❢♦r s♦♠❡ i

◆♦✇✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t αi ∈ [1, 2] ❢♦r s♦♠❡ i ∈ {1, 2}✳ ■t ✐s ♥♦ ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡

t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ tr❛❝❡ ♦♣❡r❛t♦r✱ ❜✉t ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

▲❡♠♠❛ ✷✳✷✳✶✶ ❋♦r ❛♥② w ∈ Hdiv
α (Ω)✱ ♦♥❡ ❤❛s

∫

Ω

(w · ∇u+ div(w)u) dx = 0 ∀u ∈ H1
α,0(Ω).

❇❡❢♦r❡ t♦ ♣r♦✈❡ ▲❡♠♠❛ ✷✳✷✳✶✶✱ ✇❡ ✇✐❧❧ st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

▲❡♠♠❛ ✷✳✷✳✶✷ ❆ss✉♠❡ w = (w, 1, w2) ∈ Hdiv(Ω) ❛♥❞ u ∈ D0✳ ❚❤❡ ❢✉♥❝t✐♦♥s f, g :

[0, 1/2] −→ R✱ ❣✐✈❡♥ ❜②

f(δ) :=

∫

Γδ

|T δu|2 ds ❛♥❞ g(δ) := 〈T δ
ν (w), T

δ(u)〉

❛r❡ ❝♦♥t✐♥✉♦✉s ✐♥ δ = 0✳

Pr♦♦❢✳ ❚❤❡r❡ ❡①✐sts δ0 > 0 s✉❝❤ t❤❛t supp(u) ⊂ (0, 1 − δ0) × (0, 1 − δ0)✳ ❚❤✉s✱

f(δ) = f1(δ) + f2(δ) ∀δ ∈ [0, δ0/2] ✇❤❡r❡

f1(δ) :=

∫ 1−δ

δ

|u(δ, x2)|
2 dx2 and f2(δ) :=

∫ 1−δ

δ

|u(x1, δ)|
2 dx1.

●✐✈❡♥ δ1, δ2 ∈ [0, δ0/2]✱ ✇✐t❤ δ1 < δ2✱ ✇❡ ❤❛✈❡ t❤❛t

|f1(δ1)− f1(δ2)| ≤

∣∣∣∣
∫ 1−δ2

δ2

(|u(δ1, x2)|
2 − |u(δ2, x2)|

2) dx2

∣∣∣∣+
∫ δ2

δ1

|u(δ1, x2)|
2 dx2

+

∫ 1−δ1

1−δ2

|u(δ1, x2)|
2 dx2

≤ |u|L∞(Ω)|δ1 − δ2|+

∣∣∣∣
∫ 1−δ2

δ2

∫ δ2

δ1

∂

∂x1
(|u|2) dx1 dx2

∣∣∣∣
≤ (|u|L∞(Ω) + |∇u|L∞(Ω))|δ1 − δ2|.

❍❡♥❝❡✱ f1 ✐s ❝♦♥t✐♥✉♦✉s✳ ■♥ ❛ s✐♠✐❧❛r ✇❛② ✇❡ ❞❡❞✉❝❡ t❤❛t f2 ✐s ❝♦♥t✐♥✉♦✉s✳ ❚❤❡r❡❢♦r❡

f ✐s ❝♦♥t✐♥✉♦✉s ✐♥ [0, δ0/2]✳

◆♦✇ ❧❡t ✉s ✜① δ1, δ2 ∈ [0, δ0/2] ✇✐t❤ δ1 < δ2✳ ❋r♦♠ st❛♥❞❛r❞ ♥♦r♠❛❧ tr❛❝❡ t❤❡♦r②✱

|g(δ1)− g(δ2)| ≤

∫

Ωδ1
\Ωδ2

(div(w)u+ w.∇u) dx ≤ |w|Hdiv(Ωδ1
\Ωδ2

).|u|H1(Ωδ1
\Ωδ2

).

❚❤✉s✱ s✐♥❝❡ |Ωδ1\Ωδ2 | → 0 ❛s |δ1 − δ2| → 0 t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳

✺✸



◆♦✇ ✇❡ ✇✐❧❧ t♦ ❝♦♠❡ ❜❛❝❦ t♦ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳✶✶✳

♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳✶✶✳

❚♦ ✜① ✐❞❡❛s✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t t❤❡ ♣r♦♦❢ ♦♥❧② ✐♥ t❤❡ ❝❛s❡ α1, α2 ∈ [1, 2]✳ ❚❤❡ ♦t❤❡r

❝❛s❡s ❛r❡ s✐♠✐❧❛r✳

▲❡t ✉s ✜① w = (w1, w2) ∈ C∞(Ω)2✱ u ∈ D01✱ δ0 > 0 s✉❝❤ t❤❛t supp(u) ⊂

(0, 1− δ0)× (0, 1− δ0) ❛♥❞ δ1, δ2 ∈ (0, δ0/2) ✇✐t❤ δ1 < δ2✳ ❲❡ ❤❛✈❡ t❤❛t
∫ δ2

δ1

1

δ
|〈T δ

ν (w), T
δ(u)〉|2 dδ ≤

∫ δ2

δ1

1

δ

(∫ 1−δ

δ

|w1(δ, x2)|
2 dx2.

∫ 1−δ

δ

|u(δ, x2)|
2 dx2

+

∫ 1−δ

δ

|w2(x1, δ)|
2 dx1.

∫ 1−δ

δ

|u(x1, δ)|
2 dx1

)
dδ

≤ |u|2L∞(Ω)

(∫

(δ1,δ2)×(0,1)

x−1
1 |w1|

2 dx+

∫

(0,1)×(δ1,δ2)

x−1
2 |w2|

2 dx

)
.

❲❡ ❦♥♦✇ t❤❛t C∞(Ω)2 ✐s ❞❡♥s❡ ✐♥ Hdiv(Ω)✳ ❍❡♥❝❡✱ ❢♦r ❛❧❧ w ∈ Hdiv(Ω) ♦♥❡ ❤❛s
∫ δ2

δ1

1

δ
|〈T δ

ν (w), T
δ(u)〉|2 dδ ≤ |u|2L∞(Ω)

(∫

(δ1,δ2)×(0,1)

x−1
1 |w1|

2 dx+

∫

(0,1)×(δ1,δ2)

x−1
2 |w2|

2 dx

)
.

▼♦r❡♦✈❡r✱ ✐❢ w ∈ Hdiv
α (Ω) ✇❡ ❞❡❞✉❝❡ t❤❛t

∫ δ2

δ1

1

δ
|〈T δ

ν (w), T
δ(u)〉|2 dδ ≤ |u|2L∞(Ω)|w|div.α ∀ 0 < δ1 < δ2 < δ0/2.

❚❤✐s ❣✐✈❡s
∫ δ2

0

1

δ
|〈T δ

ν (w), T
δ(u)〉|2 dδ ≤ |u|2L∞(Ω)|w|div.α < +∞.

❋r♦♠ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ g ✐♥ δ = 0 ✇❡ ❞❡❞✉❝❡ t❤❛t

g(0) = lim
δ→0

g(δ) = 0.

❋r♦♠ ▲❡♠♠❛ ✷✳✷✳✶ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

Tw(u) = 0 ∀w ∈ Hdiv
α (Ω) ❛♥❞ u ∈ D01.

◆♦✇ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡♥s✐t② ♦❢ D01 ✐♥ H1
α,01(Ω)✳

❲❡ ❡♥❞ t❤✐s s❡❝t✐♦♥ ✇✐t❤ ❛ ❍❛r❞②✲❧✐❦❡ ✐♥❡q✉❛❧✐t② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤✐s ❝❛s❡✳

▲❡♠♠❛ ✷✳✷✳✶✸ ✭❍❛r❞② ✐♥❡q✉❛❧✐t② ■■✮ ❆ss✉♠❡ t❤❛t αi 6= 1 ❢♦r i = 1, 2✳ ❚❤❡r❡ ❡①✐st

C = C(α1, α2) s✉❝❤ t❤❛t

∫

Ω

xαi−2
i |u|2 dx ≤ C

∫

Ω

xαi
i

∣∣∣∣
∂u

∂xi

∣∣∣∣
2

dx ∀u ∈ H1
α,0(Ω).

✺✹



Pr♦♦❢✳ ❆❣❛✐♥✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t t❤❡ ♣r♦♦❢ ♦♥❧② ❢♦r t❤❡ ❝❛s❡ α1, α2 ∈ (1, 2]✳ ❚❤❡ ♦t❤❡r

❝❛s❡s ❝♦✉❧❞ ❜❡ ❞❡❞✉❝❡❞ ✉s✐♥❣ t❤❡s❡ ✐❞❡❛s ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ♣r❡s❡♥t ✐♥ t❤❡ ❝❛s❡ α1, α2 ∈

[0, 1)✳ ▲❡t ✉s ✜① v ∈ D0✱ x1 ∈ (0, 1) ❛♥❞ ♣✉t β = 2− α1✳ ❲❡ ❤❛✈❡ t❤❛t

|v(x1, x2)|
2 =

∣∣∣∣
∫ 1

x1

s(3−β)/4∂v

∂s
v(s, x2)s

−(3−β)/4 ds

∣∣∣∣
2

≤

∫ 1

x1

s(3−β)/2

∣∣∣∣
∂v

∂s
(s, x2)

∣∣∣∣
2

ds.

∫ 1

x1

s−(3−β)/2 ds

≤

∫ 1

x1

s(3−β)/2

∣∣∣∣
∂v

∂s
(s, x2)

∣∣∣∣
2

ds.
2

1− β
(x

(β−1)/2
1 − 1)

≤

∫ 1

x1

s(3−β)/2

∣∣∣∣
∂v

∂s
(s, x2)

∣∣∣∣
2

ds.
2

α− 1
x
(β−1)/2
1 . ✭✷✳✼✮

▼✉❧t✐♣❧②✐♥❣ ✭✷✳✼✮ ❜② x−β
1 ❛♥❞ ✐♥t❡❣r❛t✐♥❣ x1 ✐♥ (0, 1)✱ ✇❡ ❣❡t✿

∫ 1

0

x−β
1 |v(x1, x2)|

2 dx1 ≤
2

α1 − 1

∫ 1

0

(∫ 1

x1

s(3−β)/2

∣∣∣∣
∂v

∂s
(s, x2)

∣∣∣∣
2

ds

)
x
(−1−β)/2
1 dx1

=
2

α1 − 1

∫ 1

0

s(3−β)/2

∣∣∣∣
∂v

∂s
(s, x2)

∣∣∣∣
2(∫ s

0

x
(−1−β)/2
1 dx1

)
ds

=
4

(α1 − 1)2

∫ 1

0

s(3−β)/2

∣∣∣∣
∂v

∂s
(s, x2)

∣∣∣∣
2

s(1−β)/2 ds

=
4

(α1 − 1)2

∫ 1

0

xα1

1

∣∣∣∣
∂v

∂x1
(x1, x2)

∣∣∣∣
2

dx1. ✭✷✳✽✮

◆♦✇✱ ✐♥t❡❣r❛t✐♥❣ ✭✷✳✽✮ ✇✐t❤ r❡s♣❡❝t t♦ x2 ✐♥ (0, 1) ✇❡ ♦❜t❛✐♥✿

∫

Ω

xα1−2
1 |v|2 dx ≤ C

∫

Ω

xα1

1

∣∣∣∣
∂v

∂x1

∣∣∣∣
2

dx ∀v ∈ D0.

■♥ ❛ s✐♠✐❧❛r ✇❛② ✇❡ ❞❡❞✉❝❡ t❤❛t

∫

Ω

xα2−2
2 |v|2 dx ≤ C

∫

Ω

xα2

2

∣∣∣∣
∂v

∂x2

∣∣∣∣
2

dx ∀v ∈ D0.

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❜② ❞❡♥s✐t② ❛r❣✉♠❡♥t✳

✷✳✷✳✸ ❲❡❧❧ ♣♦s❡❞♥❡ss

▲❡t ✉s ✜① α = (α1, α2) ✐♥ [0, 2]× [0, 2]✳

▲❡♠♠❛ ✷✳✷✳✶✹ ❚❤❡ ♦♣❡r❛t♦r −∆0 : D(∆0) 7→ L2(Ω)✱ ✇❤❡r❡ D(∆0) := H2
α(Ω) ∩

H1
α,0(Ω)✱ ✐s m✲❞✐ss✐♣❛t✐✈❡ ❛♥❞ s❡❧❢✲❛❞❥♦✐♥t✳ ▼♦r❡♦✈❡r✱ ✐❢ α1 6= 1 6= α2✱ t❤❡♥ −∆0 ✐s

str✐❝t❧② ❞✐ss✐♣❛t✐✈❡✳

✺✺



Pr♦♦❢✳ ❬Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳✷✳✶✹❪ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ q : H1
α(Ω)

2 −→ R

❣✐✈❡♥ ❜②

q(u, v) :=

∫

Ω

∇uA∇v dx.

■t ✐s ❝❧❡❛r t❤❛t q ✐s s✐♠♠❡tr✐❝ ❛♥❞ q(u, u) ≥ 0✳ ❋✉rt❤❡r♠♦r❡

|q(u, v)| ≤ |u|α.|v|α.

❍❡♥❝❡ q ✐s ❝♦♥t✐♥✉♦✉s✳ ▼♦r❡♦✈❡r✱ ❢r♦♠ ▲❡♠♠❛s ✷✳✷✳✹ ❛♥❞ ✷✳✷✳✶✸ ✇❡ ❞❡❞✉❝❡ t❤❛t q ✐s

❝♦❡r❝✐✈❡ ♦♥ H1
α,0(Ω) ✐❢ α 6= 1✳

◆♦✇ s✉♣♦s❡ t❤❛t (u, v) ∈ H2
α(Ω) × H1

α,0(Ω)✳ ❋r♦♠ ▲❡♠♠❛s ✷✳✷✳✼ ❛♥❞ ✷✳✷✳✶✶ ✇❡

❤❛✈❡ t❤❛t

q(u, v) = −

∫

Ω

△0u.v dx.

❋r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ q✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

❆s ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✷✳✷✳✶✸✱ −∆0 ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ str♦♥❣❧②

❝♦♥t✐♥✉♦✉s s❡♠✐❣r♦✉♣s✳ ❚❤✉s✱ ✉s✐♥❣ st❛♥❞❛r❞ t❡❝❤♥✐q✉❡s✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

✇❡❧❧✲♣♦s❡❞♥❡ss r❡s✉❧t✿

❚❤❡♦r❡♠ ✷✳✷✳✶✺ ❋♦r ❛♥② g ∈ L2(Q) ❛♥❞ ❛♥② u0 ∈ L2(Ω)✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡

s♦❧✉t✐♦♥ u ∈ C0([0, T ];L2(Ω)) ∩ L2(0, T ;H1
α,0(Ω)) t♦ ✭✷✳✶✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ❡①✐sts ❛

♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

sup
t∈[0,T ]

‖u(t)‖2 +

∫ T

0

|u(t)|2α dt ≤ C
(
|u0|

2 + ‖g‖2
)
.

✷✳✸ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❛♥❞ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡✲

s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t α1, α2 ∈ (0, 2)✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❛❞❥♦✐♥t ♦❢

✭✷✳✶✮✿




−wt −∆0w + bw = f ✐♥ Q,

B.C. ♦♥ Σ,

w(·, 0) = w0 ✐♥ Ω.

✭✷✳✾✮

■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ ❛ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ s♦❧✉t✐♦♥s t♦ ✭✷✳✾✮✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥ t❤❡ ♦❜s❡r✈❛❜✐❧❧✐t② ❞♦♠❛✐♥✿

✺✻







∃ δ0 > 0, ∃ a0, b0 ∈ (2δ0, 1− 2δ0) s✉❝❤ t❤❛t

ω0 := Bδ0(P1) ∪ Bδ0(P2) ⊂ ω,

✇❤❡r❡ Bδ0(Pi) := {x ∈ Ω : |x− Pi| < δ0}, P1 = (0, b0), P2(a0, 0).

✭✷✳✶✵✮

▲❡♠♠❛ ✷✳✸✳✶ ❆ss✉♠❡ t❤❛t ✭✷✳✶✵✮ ❤♦❧❞s✳ ❚❤❡r❡ ❡①✐st C > 0✱ c1 ∈ (b0 − δ0, b0)✱ c2 ∈

(a0 − δ0, a0)✱ d1 ∈ (b0, b0 + δ0)✱ d2 ∈ (a0, a0 + δ0)✱ ❛♥❞ η ∈ C∞(Ω) ∩ C0(Ω) s✉❝❤ t❤❛t✱

❢♦r V := {x ∈ Ω : c1x1 + c2(x2 − c1) < 0} ❛♥❞ W := {x ∈ Ω : d1x1 + d2(x2 − d1) > 0}✱

♦♥❡ ❤❛s✿

✭✐✮ η(x) =
2∑

i=1

x2−αi
i

2− αi

✐♥ V ✱ η(x) = −
2∑

i=1

x2−αi
i

2− αi

✐♥ W ✱

✭✐✐✮ |∇η|✱ |∇ηA∇η|✱ |A∇η| ≥ C > 0 ✐♥ (Ω\ω0)\V ✱

✭✐✐✐✮ A∇η · ∇(∇ηA∇η), A∇(div(A∇η)),
2∑

i=1

A∇

(
xαi

∂η

∂xi

)
,

2∑

i=1

x2α−1
i

∂η

∂xi
∈ C0(Ω)✳

❋✐❣✉r❛ ✷✳✶✿ ✐❧❧✉str❛t✐♦♥ ♦❢ t❤❡ s❡ts V ❛♥❞ W ✳

Pr♦♦❢✳ ❋♦r ✐♥st❛♥❝❡✱ ❧❡t ✉s ✜① V1 = V ✇✐t❤ c1 = b0 − δ0/2 ❛♥❞ c2 = a0 − δ0/2 ❛♥❞

W1 = W ✇✐t❤ d1 = b0 + δ0/2 ❛♥❞ d2 = a0 + δ0/2✳

▲❡t ✉s ❝♦♥s✐❞❡r h ∈ C∞(Ω) s✉❝❤ t❤❛t

h(x) =
x1

2− α1

+
x2

2− α2

✐♥ V1 ❛♥❞ h(x) = −
x1

2− α1

−
x2

2− α2

✐♥ W1.

✺✼



❋r♦♠ ▼♦rs❡ t❤❡♦r②✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ hn ∈ C∞(Ω) ♦❢ ▼♦rs❡ ❢✉♥❝t✐♦♥s s✉❝❤ t❤❛t

hn → h ✐♥ C∞(Ω)✳

◆♦✇ ❧❡t ✉s ✜① V2 = V ✇✐t❤ c1 = b0−3δ0/4 ❛♥❞ c2 = a0−3δ0/4 ❛♥❞W2 = W ✇✐t❤

d1 = b0 + 3δ0/4 ❛♥❞ d2 = a0 + 3δ0/4✳ ❲❡ ❤❛✈❡ t❤❛t V2 ⊂⊂ V1 ❛♥❞ W2 ⊂⊂ W1✳ ▲❡t ❜❡

ψ ∈ C∞(Ω) s✉❝❤ t❤❛t 0 ≤ ψ ≤ 1 ✐♥ Ω✱ ψ = 1 ✐♥ V2 ∪W2 ❛♥❞ ψ = 0 ✐♥ Ω\(V1 ∪W1)✳

❯s✐♥❣ t❤❛t hn → h ✐♥ C∞(Ω) ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥

η0 = hn + ψ(h− hn)

✐s ❛ ▼♦rs❡ ❢✉♥❝t✐♦♥ ❢♦r ❛❧❧ n s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ▼♦r❡♦✈❡r✱ η0 ∈ C∞(Ω)✱

η0(x) =
x1

2− α1

+
x2

2− α2

✐♥ V2 ❛♥❞ η0(x) = −
x1

2− α1

−
x2

2− α2

✐♥ W2.

❙✐♥❝❡ η0 ✐s ❛ ▼♦rs❡ ❢✉♥❝t✐♦♥✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ s❡t D = {x ∈ Ω : |∇η0| = 0} ✐s

✜♥✐t❡✳ ❯s✐♥❣ ❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥ts ✭s❡❡ ❬✶✵❪✮ ✇❡ ❝❛♥ ♠♦✈❡ t❤❡ s❡t D t♦ ω0\(V1 ∪W1)✳

❚❤✉s✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t

|∇η0| > C > 0 ✐♥ Ω\(ω0\(V1 ∪W1)).

◆♦✇✱ ❧❡t ✉s ❝♦♥s✐❞❡r η1 ∈ C∞(Ω) ✇✐t❤ ❛❧❧ t❤❡ s♠♦t❤♥❡ss ♣r♦♣❡rt✐❡s ♣r❡s❡♥t❡❞ ✐♥

✐t❡♠ ✸ ❛♥❞ s✉❝❤ t❤❛t

η1(x) =
x2−α1

1

2− α1

+
x2−α2

2

2− α2

✐♥ V1 ❛♥❞ η1(x) = −
x2−α1

1

2− α1

−
x2−α2

2

2− α2

✐♥ W1.

❆❣❛✐♥✱ ✇❡ ✇✐❧❧ ✜① V3 = V ✇✐t❤ c1 = b0 − 5δ0/6 ❛♥❞ c2 = a0 − 5δ0/6 ❛♥❞ W3 = W

✇✐t❤ d1 = b0 + 5δ0/6 ❛♥❞ d2 = a0 + 5δ0/6✳ ❲❡ ❤❛✈❡ t❤❛t V3 ⊂⊂ V2 ❛♥❞ W3 ⊂⊂ W2✳

▲❡t ❜❡ ϕ ∈ C∞(Ω) s✉❝❤ t❤❛t 0 ≤ ϕ ≤ 1 ✐♥ Ω✱ ϕ = 1 ✐♥ V3 ∪W3✱ ϕ = 0 ✐♥ Ω\(V2 ∪W2)✱
∂ϕ
∂xi

≤ 0 ✐♥ V2\V3 ❛♥❞
∂ϕ
∂xi

≥ 0 ✐♥ W2\W3✳

❲❡ ✜♥❛❧❧② ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥

η = ϕη1 +m(1− ϕ)η0,

✇❤❡r❡ m > 0 ✐s s✉❝❤ t❤❛t x2−αi
i −mxi ≤ 0 ∀xi ∈ [0, 1]✳

❙✐♥s❡ η0, ϕ ∈ C∞(Ω)✱ η1 ∈ C∞(Ω)∩C0(Ω) ❛♥❞ η1 ❤❛s ❛❧❧ t❤❡ s♠♦t❤♥❡ss ♣r♦♣❡rt✐❡s

♦❢ ✐t❡♠ ✸ ✇❡ ❞❡❞✉❝❡ t❤❛t η ∈ C∞(Ω) ∩ C0(Ω) ❛♥❞ t❤❡ ✐t❡♠ ✸✳ ❋✉rt❤❡r♠♦r❡

η(x) =
x2−α
1

2− α1

+
x2−α
2

2− α2

✐♥ V3 ❛♥❞ η1(x) = −
x2−α
1

2− α1

−
x2−α
2

2− α2

✐♥ W3.

✺✽



❚❤✐s ♣r♦✈❡s ✐t❡♠ ✶✳

❙✐♥❝❡ η = η1 ✐♥ V3 ∪W3✱ t❤❡ ✐t❡♠ ✷ ❢♦❧❧♦✇s ✐♥ V3 ∪W3✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ η = η0

✐♥ Ω− (V2 ∪W2) ❛♥❞ t❤❡ ✐t❡♠ ✷ ❢♦❧❧♦✇s ✐♥ Ω\(V2 ∪W2) t♦♦✳ ■♥ V2 − V3 ✇❡ ❤❛✈❡ t❤❛t

∂η

∂xi
= ϕx1−αi

i +m
1− ϕ

2− αi

+
∂ϕ

∂xi

2∑

j=1

1

2− αj

(x
2−αj

j −mxj),

❛♥❞ ❡❛s✐❧② ✇❡ ❞❡❞✉❝❡ t❤❛t ✐t❡♠ ✷ ❤♦❧❞s ✐♥ V2\V3✳ ■♥ ❛ s✐♠✐❧❛r ✇❛② ✇❡ ❞❡❞✉❝❡ t❤❛t ✐t❡♠

✷ ❤♦❧❞s ✐♥ W2\W3✳ ❚❤❡ ♣r♦♦❢ ✐s ♥♦✇ ❝♦♠♣❧❡t❡✳

◆♦✇✱ ❢♦r λ > λ0 ❛♥❞ s ∈ R✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s ❛♥❞ ❝♦♥st❛♥ts

θ(t) := [t(T − t)]−4, ξ(x, t) := θ(t)e2λ(|η|∞+η(x)), σ(x, t) := θ(t)e4λ|η|∞ − ξ(x, t),

γ1(λ) := |α1 − 1|+ |α2 − 1|+ λ−1/4, γ2(s) = |α1 − 1|+ |α2 − 1|+ s−1/2.

❚❤❡ ♠❛✐♥ r❡s✉❧t ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✷✳✸✳✷ ❆ss✉♠❡ t❤❛t ✭✷✳✶✵✮ ❤♦❧❞s✳ ❚❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C, s0, λ0✱

s✉❝❤ t❤❛t✱ ❢♦r ❛♥② λ ≥ λ0✱ s ≥ s0 ❛♥❞ ❛♥② s♦❧✉t✐♦♥ w t♦ ✭✷✳✾✮✱ ♦♥❡ ❤❛s✿
∫∫

Q

e−2sσ
[
s−1γ1(λ)ξ

−1(|wt|
2 + |△0w|

2) + sλξ|∇0w|
2 + sλ2|∇wA∇η|2

]
dx dt

+

∫∫

Q

e−2sσ|w|2
[
s2λ2γ1(λ)ξ

2γ2(sξ) + s3λ3ξ3(x2−α
1 + x2−α

2 ) + s3λ4ξ3|∇0η|
4
]
dx dt

≤ C

[
‖e−sσf‖2 + s3λ3

∫∫

ω×(0,T )

e−2sσξ3|w|2 dx dt

]
.

✷✳✸✳✶ ❆♣♣❧✐❝❛t✐♦♥ t♦ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

❚❤✐s s❡❝t✐♦♥ ❞❡❛❧s ✇✐t❤ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✷✳✶✮✳ ❚❤❡ ✜rst ♠❛✐♥ r❡s✉❧t ✐s

❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✷✳✸✳✸ ▲❡t ✉s ✜① T > 0✱ α1, α2 ∈ (0, 2) ❛♥❞ ❛♥ ♦♣❡♥ s❡t ω ⊂ Ω✳ ❆ss✉♠❡ t❤❛t

✭✷✳✶✵✮ ❤♦❧❞s✳ ❚❤❡♥✱ ❢♦r ❛♥② u0 ∈ L2(Ω)✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥tr♦❧ g ∈ L2(Q) s✉❝❤ t❤❛t t❤❡

s♦❧✉t✐♦♥ u ♦❢ ✭✷✳✶✮ s❛t✐s✜❡s

u(·, T ) = 0 ✐♥ Ω. ✭✷✳✶✶✮

▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C = C(T, α, ω) > 0 s✉❝❤ t❤❛t

‖g‖ ≤ C|u0|.

❆s ✉s✉❛❧ ✐♥ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠s✱ ❚❤❡♦r❡♠ ✷✳✸✳✸ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛♥ ♦❜✲

s❡r✈❛❜✐❧❧✐t② ♣r♦♣❡rt② ❢♦r t❤❡ ❛❞❥♦✐♥t s②st❡♠ ✭✷✳✾✮✿

✺✾



Pr♦♣♦s✐t✐♦♥ ✷✳✸✳✹ ▲❡t ✉s ✜① T > 0✱ α1, α2 ∈ (0, 2) ❛♥❞ ❛♥ ♦♣❡♥ s❡t ω ⊂ Ω✳ ❆ss✉♠❡

t❤❛t ✭✷✳✶✵✮ ❤♦❧❞s✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C = C(T, α, ω) s✉❝❤ t❤❛t✱ ❢♦r

❛♥② wT ∈ L2(Ω)✱ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✾✮ s❛t✐s✜❡s

∫

Ω

|w(x, 0)|2 dx ≤ C

∫∫

ω×(0,T )

|w|2 dx dt.

❚❤❡ ✇❛② t❤❛t t❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ✐♥ ❚❤❡♦r❡♠ ✷✳✸✳✶ ❧❡❛❞s t♦ ❚❤❡♦r❡♠ ✷✳✸✳✹ ✐s

st❛♥❞❛r❞❀ ✇❡ r❡❢❡r ❢♦r ❞❡t❛✐❧s t♦ ❬✶✵❪✳

✷✳✹ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧t② ♦❢ ✭✷✳✶✮✳ ■♥

t❤❡ s❡q✉❡❧ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ s♣❛❝❡s Ui = L2(ωi × (0, T )) ❛♥❞ U = U1 × U2✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r s②st❡♠




ut −△0u+ bu = g1ω + f11ω1
+ f21ω2

✐♥ Q,

B.C. ♦♥ Σ,

u(·, 0) = u0 ✐♥ Ω,

✭✷✳✶✷✮

✇❤❡r❡ α1, α2 ∈ (0, 2)✱ t❤❡ ωi ⊂ Ω ❛r❡ ♥♦♥✲❡♠♣t② ♦♣❡♥ s❡ts✱ (f1, f2) ∈ U ❛♥❞ u0 ∈ L2(Ω)✳

▲❡t ✉s ✜① ♥❡✇ ♥♦♥✲❡♠♣t② ♦♣❡♥ s❡ts ωi,d ⊂ (0, 1)✱ ui,d ∈ L2(ωi,d × (0, T )) ❛♥❞

βi, µi > 0 ❛♥❞ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧s✿

Ji(g; f1, f2) :=
βi
2

∫∫

ωi,d×(0,T )

|u− ui,d|
2 dx dt+ µi

∫∫

ωi×(0,T )

|fi|
2 dx dt. ✭✷✳✶✸✮

❉❡✜♥✐t✐♦♥ ✷✳✹✳✶ ❚❤❡ ♣❛✐r (f1, f2) ∈ U ✐s ❝❛❧❧❡❞ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♦❢ ✭✷✳✶✷✮ ❛ss♦❝✐❛✲

t❡❞ t♦ g ✐❢

J1(g; f1, f2) = min
f∈U1

J1(g; f, f2) ❛♥❞ J2(g; f1, f2) = min
f∈U2

J1(g; f1, f).

✇❤❡r❡ t❤❡s❡ ♠✐♥✐♠❛ ❛r❡ r❡s♣❡❝t✐✈❡❧② t❛❦❡♥ ✐♥ U1 ❛♥❞ U2✳

❋r♦♠ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji✱ ✇❡ ❤❛✈❡ t❤❛t (f1, f2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐✲

❜r✐✉♠ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢

J ′
1(g; f1, f2)(f̄1, 0) = 0 ∀f̄1 ∈ U1 ❛♥❞ J ′

2(g; f1, f2)(0, f̄2) = 0 ∀f̄2 ∈ U2.

❆r❣✉✐♥❣ ❛s ✐♥ ❬✹✱ ✷✷❪ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ♦❜t❛✐♥❡❞✿

✻✵



Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✷ ❚❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts µ00 ❛♥❞ C s✉❝❤ t❤❛t✱ ✐❢ µ1, µ2 ≥ µ00✱

❢♦r ❡✈❡r② g ∈ L2(ω × (0, T )) t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❛ss♦❝✐❛t❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (f1, f2)

❢♦r ✭✷✳✶✷✮✱ ❢✉rt❤❡r♠♦r❡ s❛t✐s❢②✐♥❣

‖(f1, f2)‖ ≤ C(1 + ‖g‖).

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ st❛t❡ u s❛t✐s✜❡s

‖u‖L∞(0,T ;L2(Ω)) + ‖u‖L2(0,T ;H1
α,0(Ω)) + ‖ut‖L2(0,T ;H−1(Ω)) ≤ C(1 + ‖g‖).

■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②✱ t❤❛t ✐s✱ t❤❡ ❡①✐s✲

t❡♥❝❡ ♦❢ g s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✷✮ ✭✇❤❡r❡ ✭f1, f2✮ ✐s t❤❡ ◆❛s❤✲❡q✉✐❧✐❜r✐✉♠

❛ss♦❝✐❛t❡❞ t♦ g✮ s❛t✐s✜❡s ✭✷✳✶✶✮✱ ✇❡ ✇✐❧❧ ✐♠♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♣t✐♦♥s✿




ω1,d = ω2,d; t❤❡ ❝♦♠♠♦♥ ♦❜s❡r✈❛❜✐❧✐t② s❡t ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ωd.

ωd ∩ ω 6= ∅ ❛♥❞ s❛t✐s✜❡s (2.10).∫∫

ωd×(0,T )

θ2|ui,d|
2 dx dt < +∞ ❢♦r i = 1, 2.

✭✷✳✶✹✮

❚❤❡ ♠❛✐♥ r❡s✉❧t ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✷✳✹✳✸ ❆ss✉♠❡ t❤❛t ✭✷✳✶✵✮ ❛♥❞ ✭✷✳✶✹✮ ❤♦❧❞✳ ❚❤❡r❡ ❡①✐sts µ0 ≥ µ00 s✉❝❤ t❤❛t✱

✐❢ µ1, µ2 ≥ µ0✱ ❢♦r ❡✈❡r② u0 ∈ L2(Ω)✱ t❤❡r❡ ❡①✐st ❛ ❧❡❛❞❡r ❝♦♥tr♦❧ g ∈ L2(ω× (Ω)) ❛♥❞ ❛

✉♥✐q✉❡ ❛ss♦❝✐❛t❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (f1, f2)✱ s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ u ♦❢ ✭✷✳✶✷✮ s❛t✐s✜❡s

✭✷✳✶✶✮✳

✷✳✹✳✶ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✸

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✸ ❢♦❧❧♦✇s t❤❡ s❛♠❡ st❡♣s ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ s✐♠✐❧❛r

r❡s✉❧t ✐♥ ❬✷❪✳ ❍❡♥❝❡ ✇❡ ✇✐❧❧ ♣r❡s❡♥t ♦♥❧② ❛ s❦❡t❝❤ ❛♥❞ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❝❛s❡

α1, α2 ∈ (0, 1)✳

❲❡ ✜rst ♥♦t❡ t❤❛t✱ ❛r❣✉✐♥❣ ❛s ✐♥ ❬✹✱ ✷✷❪✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝❛♥ ❜❡ st❛❜❧✐s❤❡❞✿

Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✹ ▲❡t g ∈ L2(ω×(0, T )) ❜❡ ❣✐✈❡♥✳ ❚❤❡♥ (f1, f2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠

♦❢ ✭✷✳✶✷✮ ❛ss♦❝✐❛t❡❞ t♦ g ✐❢ ❛♥❞ ♦♥❧② ✐❢

fi = −
1

µi

φi|ωi×(0,T ),

✇❤❡r❡ t❤❡ φi✱ i = 1, 2✱ s♦❧✈❡✱ t♦❣❡t❤❡r ✇✐t❤ u✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦✉♣❧❡❞ ♦♣t✐♠❛❧✐t② s②st❡♠✿




ut −△0u+ bu = 1ωg −
1

µ1

φ11ω1
−

1

µ2

φ21ω2
✐♥ Q,

−(φi)t −△0φi + bφi = βi(u− ui,d)1ωi,d
✐♥ Q,

u = φi = 0 ♦♥ Σ,

u(·, 0) = u0, φi(·, T ) = 0 ✐♥ Ω.

✭✷✳✶✺✮

✻✶



■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✹✳✹✱ ✐❢ µ1, µ2 ≥ µ0✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦

✭✷✳✶✺✮✳ ■❢ ✇❡ ♣r♦✈❡ t❤❛t t❤✐s s②st❡♠ ✐s ♥✉❧❧✲❝♦♥tr♦❧❧❛❜❧❡✱ ✇❡ ✇✐❧❧ ❤❛✈❡ ❛❝❤✐❡✈❡❞ ✐♥ ❢❛❝t

t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✸✳ ❚❤❡r❡❢♦r❡✱ ✇❤❛t ✇❡ ♥❡❡❞ ✐s ❛♥ ♦❜s❡r✈❛❜✐❧❧✐t② ❡st✐♠❛t❡ ❢♦r

t❤❡ ❛❞❥♦✐♥t s②st❡♠




−zt −△0z + bz = β1ϕ11ω1,d
+ β2ϕ21ω2,d

✐♥ Q,

(ϕi)t −△0ϕi + bϕi = −
z

µi

1ωi
✐♥ Q,

z = ϕi = 0 ♦♥ Σ,

z(·, T ) = zT , ϕi(·, 0) = 0 ✐♥ Ω.

✭✷✳✶✻✮

❚❤✐s ✐s ❡st❛❜❧✐s❤❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✷✳✹✳✺ ❆ss✉♠❡ t❤❛t ✭✷✳✶✵✮ ❛♥❞ ✭✷✳✶✹✮ ❤♦❧❞✳ ❚❤❡r❡ ❡①✐st µ0, C > 0 ❛♥❞ ❛

✇❡✐❣❤t ❢✉♥❝t✐♦♥ ρ = ρ(t) ❜❧♦✇✐♥❣ ✉♣ ❛t t = T s✉❝❤ t❤❛t✱ ✐❢ µ1, µ2 ≥ µ0✱ ❢♦r ❛♥②

zT ∈ L2(0, 1)✱ t❤❡ ❛ss♦❝✐❛t❡❞ s♦❧✉t✐♦♥ (z, ϕ1, ϕ2) t♦ ✭✷✳✶✻✮s❛t✐s✜❡s✿

|z(·, 0)|2 +
2∑

i=1

∫∫

Q

ρ−2|ϕi|
2 dx dt ≤ C

∫∫

ω×(0,T )

e−2sσξ9|z|2 dx dt. ✭✷✳✶✼✮

❚❤❡ ♣r♦♦❢ ♦❢ ✭✷✳✶✼✮ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧t ✐♥ ❬✷❪

❛♥❞✱ ❢♦r ❜r❡✈✐t②✱ ✇❡ ✇✐❧❧ ♥♦t ❜❡ ❣✐✈❡♥✳

✷✳✺ ❋✉rt❤❡r ❡①t❡♥s✐♦♥s ❛♥❞ ♦♣❡♥ q✉❡st✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r❡s❡♥t s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♠❡♥ts ♦♥ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t②

♦❢ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✳

✷✳✺✳✶ ❖♥ s②st❡♠s ✇✐t❤ ❣r❛❞✐❡♥ts

❋✐rst✱ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠s




ut −△0u+B · (A1/2∇u) + bu = g1ω ✐♥ Q,

B.C. ♦♥ Σ,

u(·, 0) = u0 ✐♥ Ω,

✭✷✳✶✽✮

❛♥❞




ut −△0u+B · ∇u+ bu = g1ω ✐♥ Q,

B.C. ♦♥ Σ,

u(·, 0) = u0 ✐♥ Ω,

✭✷✳✶✾✮

✻✷



✇❤❡r❡ B ∈ L∞(Q)✳

■❢ u ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✽✮✱ t❤❡♥ u s♦❧✈❡s ✭✷✳✶✮ ✇✐t❤ g1ω r❡♣❧❛❝❡❞ ❜② g1ω −

B(A1/2∇u)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✸✳✷ ❤♦❧❞s ❢♦r t❤❡

s♦❧✉t✐♦♥s t♦ t❤❡ ❛❞❥♦✐♥t ♦❢ ✭✷✳✶✽✮ ❛♥❞ t❤❡ ❝♦♥tr♦❧ r❡s✉❧ts ✐♥ t❤✐s ♣❛♣❡r ❛r❡ ❛❣❛✐♥ tr✉❡

❢♦r ✭✷✳✶✽✮✳

❚❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✷✳✶✾✮ ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥✱ ❡✈❡♥ ✐♥ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥

✶✳ ❍♦✇❡✈❡r✱ ✐❢ α1, α2 ∈ (0, 1/2)✱ ✉s✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❢✉♥❝t✐♦♥ η s❛t✐s❢②✐♥❣

η(x) = 3
2∑

i=1

x
(4−2αi)/3
i

4− 2αi

✐♥ V ❛♥❞ η(x) = −3
2∑

i=1

x
(4−2αi)/3
i

4− 2αi

✐♥ W

❛s ❞❡✜♥❡❞ ✐♥ ❬✷✼❪✱ ✇❡ ❝♦♥❝❧✉❞❡ ❛❣❛✐♥ t❤❛t ❛❧❧ t❤❡ r❡s✉❧ts ✐♥ t❤✐s ♣❛♣❡r ❛r❡ s❛t✐s✜❡❞✳

✷✳✺✳✷ ❖♥ ♦t❤❡r ❞❡❣❡♥❡r❛t❡ ♦♣❡r❛t♦rs

❯s✐♥❣ t❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s st❛❜❧✐s❤❡❞ ✐♥ ❬✶✵❪✱ ✇❡ ❝❛♥ ❛r❣✉❡ ❛s ❜❡❢♦r❡ ❛♥❞ ♣r♦✈❡

t❤❛t ❚❤❡♦r❡♠ ✷✳✹✳✸ ✐s st✐❧❧ tr✉❡ ❢♦r s②st❡♠ ✭✷✳✸✮✳

❚❤❡ ❤❛❧❢✲❞❡❣❡♥❡r❛t❡ ♣r♦❜❧❡♠

❚❤❡ ❤❛❧❢✲❞❡❣❡♥❡r❛t❡ ♣r♦❜❧❡♠ ❛♣♣❡❛rs ✇❤❡♥ t❤❡ P❉❊ ❞❡❣❡♥❡r❛t❡s ♦♥❧② ✇✐t❤ r❡s✲

♣❡❝t t♦ ♦♥❡ ✈❛r✐❛❜❧❡✱ t❤❛t ✐s✱ α1 ∈ (0, 2] ❛♥❞ α2 = 0✳

❚❤✐s ❝❛s❡✱ ❛♣♣❛r❡♥t❧② ♠♦r❡ s✐♠♣❧❡✱ ✐s ✐♥ ❢❛❝t ❛ ❧✐tt❧❡ ♠♦r❡ ❞❡❧✐❝❛t❡✳ ❚❤❡ ♠❛✐♥

r❡❛s♦♥ ✐s t❤❛t t❤❡ ❝♦♥str✉t✐♦♥ ♦s ❛ ❢✉♥❝t✐♦♥ η ❛♣♣r♦♣r✐❛t❡ ❢♦r ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ✐s

♠♦r❡ ❝♦♠♣❧✐❝❛t❡✳ ■♥ ♦r❞❡r t♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ ❧❡t ✉s r❡♠❡♠❜❡r t❤❛t✱ ❢♦r ♥♦♥❞❡❣❡♥❡r❛t❡

♣r♦❜❧❡♠s✱ ❛♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② t❤❛t t❤❡ ❢✉♥❝t✐♦♥ η ♠✉st ❤❛✈❡ ✐s

∂η

∂ν
≤ 0 ♦♥ Σ.

■♥ t❤❡ ❞❡❣❡♥❡r❛t❡ ♣r♦❜❧❡♠s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤✐s r❡q✉✐r❡♠❡♥t ❝❛♥ ❜❡ ✇❡❛❦❡♥❡❞

t♦
∂η

∂ν
≤ 0 ♦♥ (Γ3 ∪ Γ4)× (0, T ).

❇✉t ✐♥ t❤✐s ❤❛❧❢✲❞❡❣❡♥❡r❛t❡ ❝❛s❡✱ ✇❡ ♠✉st ❤❛✈❡

∂η

∂ν
≤ 0 ♦♥ (Γ2 ∪ Γ3 ∪ Γ4)× (0, T )

❛♥❞ ✐t ✐s ♥♦t ❡❛s② t♦ ❝♦♠❜✐♥❡ t❤✐s ♣r♦♣❡rt② ❛♥❞ ♦t❤❡r ♣r♦♣❡rt✐❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ η

♠✉st ❤❛✈❡✳

✻✸



❚❤✐s s✉❣❣❡sts t♦ ❝♦♥s✐❞❡r ❛♥♦t❤❡r ❦✐♥❞ ♦❢ η ❛♥❞ ✇♦r❦ ❞✐✛❡r❡♥t❧②✳ ■♥ ❛ ❢♦rt❤❝♦♠✐♥❣

♣❛♣❡r ✇❡ ✇✐❧❧ ♣r❡s❡♥t s♦♠❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r t❤✐s ❝❛s❡✳

❚❤❡ ♣r♦❜❧❡♠ ✇✐t❤ α1 = 2 ♦r α2 = 2

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ ✭✷✳✷✮ ✐s ♥♦t ♥✉❧❧ ❝♦♥tr♦❧❧❛❜❧❡✱ s❡❡ ❢♦r ❡①❡♠♣❧❡

❬✾✱ ✶✻✱ ✶✼❪✳ ❍♦✇❡✈❡r✱ ❛s ✇❡ ❤❛✈❡ s❤♦✇♥ ✐♥ ❬✷❪✱ t❤❡r❡ ❡①✐st s✐t✉❛t✐♦♥s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡

♦❜s❡r✈❛t✐♦♥ ❞♦♠❛✐♥✱ ✇❤❡r❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②✳ ❆ ♥❡✇ t❡❝❤♥✐q✉❡

✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❛ ♥❡①t ✇♦r❦ t♦ ❞❡❛❧ ✇✐t❤ t❤✐s ❝❛s❡ ❛♥❞ ❞❡❞✉❝❡ ❛♣♣r♦♣r✐❛t❡ ❈❛r❧❡♠❛♥

❡st✐♠❛t❡s ✭❛❧s♦ ✈❛❧✐❞ ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✮✳

✷✳✺✳✸ ❖♥ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ✸

❆ss✉♠❡ t❤❛t Ω := (0, 1)3 ✇✐t❤ ai, bi ∈ (0, 1)✱ ai < bi ❛♥❞ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s❡ts

V :=
3∏

i=1

[0, ai], ω0 :=

(
3∏

i=1

(0, bi)

)
\V ❛♥❞ W := Ω\(V ∪ ω0).

❚❤❡♥✱ t❤❡r❡ ❡①✐st ❢✉♥❝t✐♦♥s η ∈ C∞(Ω) s✉❝❤ t❤❛t

η(x) =
1

2− α
(x2−α

1 + x2−α
2 ) ✐♥ V ❛♥❞ η(x) =

−1

2− α
(x2−α

1 + x2−α
2 ) ✐♥ W.

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ r❡s✉❧ts ✐♥ t❤✐s ♣❛♣❡r ❝❛♥ ❜❡ ❛❞❛♣t❡❞ t♦ t❤✐s s✐t✉❛t✐♦♥ ✐❢ ✇❡

❛ss✉♠❡ t❤❛t ω ❝♦♥t❛✐♥s ❛ s❡t ❧✐❦❡ ω0✳

✷✳✺✳✹ ❖♥ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ ω

❚❤❡ ♠❛✐♥ ♦♣❡♥ q✉❡st✐♦♥ ❧❡❢t ✐♥ t❤✐s ✇♦r❦ ✐s ❛❜♦✉t t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞♦♠❛✐♥ ω✳ ❚❤❡

❦❡② ♣♦✐♥t ✐s ❚❤❡♦r❡♠ ✷✳✸✳✶✳ ❲✐t❤ ❛ ❢✉♥❝t✐♦♥ η s❛t✐s❢②✐♥❣ ❛❧❧ t❤❡ ♣r♦♣❡rt✐❡s ✐♥ ❚❤❡♦r❡♠

✷✳✸✳✶✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❛ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ t❤❡ ♦t❤❡r r❡s✉❧ts ❢♦❧❧♦✇✳

■♥ ❣❡♥❡r❛❧✱ ✇✐t❤ ω ⊂⊂ Ω✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ❤♦✇ t♦ ❜✉✐❧❞ ❛ ❢✉♥❝t✐♦♥ η s❛t✐s❢②✐♥❣ ❛❧❧ t❤❡

♣r♦♣❡rt✐❡s ♥❡❡❞❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✶✳ ❚❤❡ ❜❡st ✇❡ ❝❛♥ ❞♦ ✐s t♦ ❜✉✐❧❞ ❛

❢✉♥❝t✐♦♥ η t❤❛t s❛t✐s✜❡s ♣r♦♣❡rt✐❡s ✶ ❛♥❞ ✸ ❛♥❞ ❢✉❧✜❧❧s |∇η| ≥ C > 0 ✐♥ (Ω\ω)\V ❀ ❜✉t

✇❡ ❝❛♥♥♦t ♣r♦✈❡ ❢♦r η t❤❛t |∇ηA∇η|, |A∇η| ≥ C > 0 ✐♥ (Ω\ω)\V ✳

✷✳✻ ❆♣♣❡♥❞✐① ❆✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✷

Pr♦♦❢✳ ■♥ t❤❡ s❡q✉❡❧✱ C > 0 ✐s ❛ ❣❡♥❡r✐❝ ❝♦♥st❛♥t t❤❛t ❞❡♣❡♥❞s ♦♥ T ❛♥❞ α ❛♥❞ w

✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✾✮✳ ❋r♦♠ ❛ ❞❡♥s✐t② ❛r❣✉♠❡♥t ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t w ✐s s✉✣❝✐❡♥t❧②

✻✹



r❡❣✉❧❛r✳

❋♦r s > s0 > 0 ✇❡ ✐♥tr♦❞✉❝❡

z = e−sσw.

❲❡ s❡❡ t❤❛t

✭✐✮ z =
∂z

∂xi
= 0 ❛t t = 0 ❛♥❞ t = T ✱

✭✐✐✮ B.C. ❤♦❧❞s ♦♥ Σ✱

✭✐✐✐✮ ■❢ P−(z) := zt+sdiv(zA∇σ)+s∇σA∇z ❛♥❞ P+ := div(A∇z)+s2z∇σA∇σ+sσtz

♦♥❡ ❤❛s

P−z + P+z = e−sσf,

❋r♦♠ ✐t❡♠ ✸✱ ✇❡ ❤❛✈❡ t❤❛t

‖P−z‖2 + ‖P+z‖2 + 2((P−z, P+z)) = ‖e−sσf‖2. ✭✷✳✷✵✮

▲❡t ✉s s❡t ((P−z, P+z)) = I1 + ...+ I4 ✇❤❡r❡

I1 := ((div(A∇z) + s2z∇σA∇σ + sσtz, zt)),

I2 := s2((σtz, div(zA∇σ) +∇σA∇z)),

I3 := s3((z∇σA∇σ, div(zA∇σ) +∇A∇z)),

I4 := s((div(A∇z), div(zA∇σ) +∇σA∇σ)).

❋r♦♠ B.C. ✇❡ ❤❛✈❡ t❤❛t
∫∫

Q

div(A∇z)zt dx dt = −

∫∫

Q

div(A∇zt)z dx dt =

∫∫

Q

∇zA∇zt dx dt

=
1

2

∫∫

Q

∂

∂t
(∇zA∇z) dx dt = 0.

❍❡♥❝❡✱

I1 =
−s

2

∫∫

Q

(2s∇σA∇σt|z|
2 + σtt|z|

2) dx dt. ✭✷✳✷✶✮

❆❣❛✐♥✱ ❢r♦♠ B.C. ✇❡ ❣❡t

I2 = −s2
∫∫

Q

zA∇σ∇(σtz) dx dt+ s2
∫∫

Q

zA∇σ(σt∇z) dx dt

= −s2
∫∫

Q

∇σA∇σt|z|
2 dx dt ✭✷✳✷✷✮

✻✺



❛♥❞

I3 = −s2
∫∫

Q

zA∇σ∇(z∇σA∇σ) dx dt+ s3
∫∫

Q

z(∇σA∇σ)∇zA∇σ dx dt

= −s3
∫∫

Q

A∇σ∇(∇σA∇σ)|z|2 dx dt. ✭✷✳✷✸✮

◆♦✇ ❧❡t ✉s t♦ ❝♦♠♣✉t❡ I4✳

I4 = s

∫∫

Q

div(A∇z)[zdiv(A∇σ) + 2∇zA∇σ] dx dt

= −s

∫∫

Q

A∇z[∇zdiv(A∇σ) + z∇(div(A∇σ)) + 2∇(∇zA∇σ)] dx dt

+s

∫∫

Σ

(zdiv(A∇σ) + 2∇zA∇σ)A∇z.zν ds dt. ✭✷✳✷✹✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

−2s

∫∫

Q

A∇z∇(∇zA∇σ) dx dt

= −2s
2∑

i=1

∫∫

Q

A∇z

[
xαi
i

∂σ

∂xi
∇
∂z

∂xi
+
∂z

∂xi
∇

(
xαi
i

∂σ

∂xi

)]
dx dt ✭✷✳✷✺✮

❛♥❞

−2s
2∑

i=1

∫∫

Q

A∇xαi
i

∂σ

∂xi
z∇

∂z

∂xi
dx dt = −s

2∑

i,j=1

∫∫

Q

xαi
i x

αj

j

∂σ

∂xi

∂

∂xi

(∣∣∣∣
∂z

∂xj

∣∣∣∣
2
)
dx dt

= s

2∑

i,j=1

[∫∫

Q

∣∣∣∣
∂z

∂xj

∣∣∣∣
2
∂

∂xi

(
xαi
i x

αj

j

∂σ

∂xi

)
dx dt −

∫∫

Σ

xαi
i x

αj

j

∂σ

∂xi

∣∣∣∣
∂z

∂xj

∣∣∣∣
2

νi ds dt

]

= s

2∑

i,j=1

∫∫

Q

[
x
αj

j

∣∣∣∣
∂z

∂xj

∣∣∣∣
2
∂

∂xi

(
xαi
i

∂σ

∂xi

)
+ xαi

i

∂σ

∂xi

∂

∂xi
(x

αj

j )

∣∣∣∣
∂z

∂xj

∣∣∣∣
2
]
dx dt

−s

∫∫

Σ

|∇zA∇z|A∇σν ds dt

= s

∫∫

Q

|∇zA∇z|div(A∇σ) dx dt+ s

2∑

i=1

∫∫

Q

αix
2αi−1
i

∂σ

∂xi

∣∣∣∣
∂z

∂xi

∣∣∣∣
2

dx dt

−s

∫∫

Σ

|∇zA∇z|A∇σν ds dt. ✭✷✳✷✻✮

❋r♦♠ ✭✷✳✷✹✮✲✭✷✳✷✻✮✱ ✇❡ ❣❡t✿

I4 =

∫∫

Q

(
−szA∇z∇(div(A∇σ))− 2s

2∑

i=1

∂z

∂xi
A∇z∇

(
xαi
i

∂σ

∂xi

)
+ s

2∑

i=1

αix
2αi−1
i

∂σ

∂xi

∣∣∣∣
∂z

∂xi

∣∣∣∣
2
)
dx dt

+

∫∫

Σ

(2s(∇zA∇σ)A∇zν − |∇zA∇z|A∇σν) ds dt. ✭✷✳✷✼✮

✻✻



❋r♦♠ ✭✷✳✷✶✮✲✭✷✳✷✸✮✱ ✭✷✳✷✼✮ ❛♥❞ ✭✷✳✷✾✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

((P−z, P+z)) = −s3
∫∫

Q

A∇σ∇(∇σA∇σ)|z|2 dx dt− 2s
2∑

i=1

∫∫

Q

∂z

∂xi
A∇z∇

(
xαi

∂σ

∂xi

)
dx dt

−s2
∫∫

Q

∇σA∇σt|z|
2 dx dt+ s

2∑

i=1

∫∫

Q

αix
2α−1
i

∂σ

∂xi

∣∣∣∣
∂z

∂xi

∣∣∣∣
2

dx dt

−s

∫∫

Q

zA∇z∇(div(A∇σ)) dx dt−
s

2

∫∫

Q

σtt|z|
2 dx dt

+

∫∫

Σ

(2s(∇zA∇σ)A∇zν − |∇zA∇z|A∇σν) ds dt. ✭✷✳✷✽✮

▲❡t ✉s ❞❡♥♦t❡ ❜② T1✱✳✳✳✱ T7 t❤❡ s❡✈❡♥ ✐♥t❡❣r❛❧s ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✷✽✮✳

◆♦✇✱ ✇❡ ✇✐❧❧ ❡st✐♠❛t❡ ❛❧❧ t❤❡♠✳ ❋♦r t❤❡ ✐♥t❡❣r❛❧ ♦♥ t❤❡ ❜♦✉♥❞❛r② ✇❡ ✇✐❧❧ ✉s❡ t❤❡

❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

▲❡♠♠❛ ❆✳✶✿ ■❢ v ∈ H2
α(Ω) ∩H

1
α,0(Ω)✱ ♦♥❡ ❤❛s

∂v

∂x2
= 0 ♦♥ Γ3 ❛♥❞

∂v

∂x1
= 0 ♦♥ Γ4.

❋✉t❤❡r♠♦r❡✱
∂v

∂x2
= 0 ♦♥ Γ1 ✐❢ α1 ∈ (0, 1) ❛♥❞ α2 ∈ [1, 2),

∂v

∂x1
= 0 ♦♥ Γ2 ✐❢ α2 ∈ (0, 1) ❛♥❞ α1 ∈ [1, 2).

Pr♦♦❢✿ ▲❡t ✉s ✜① ϕ ∈ C∞
0 (Γ3)✳ ❚❤❡r❡ ❡①✐st ǫ > 0 s✉❝❤ t❤❛t ϕ = 0 ✐♥ Γ3\Γ

ǫ
3✱

✇❤❡r❡ Γǫ
3 := {(1, x2) ∈ Γ3 : x2 ∈ (ǫ, 1 − ǫ)}✳ ◆♦✇ ❧❡t ✉s ❡①t❡♥❞ ϕ t♦ Γ ♣✉t✐♥❣ ϕ = 0

✐♥ Γ1 ∪ Γ2 ∪ Γ4 ❛♥❞ ❧❡t ✉s ❝♦♥s✐❞❡r Φ ∈ C1(Ω) ❛♥❞ Ψ = (Ψ1,Ψ2) ∈ C1(Ω)2 s✉❝❤ t❤❛t

Ψ = ϕ ♦♥ Γ ❛♥❞ Ψ = ν = (ν1, ν2) = (1, 0) ♦♥ Γǫ
3✳ ❯s✐♥❣ t❤❛t v = 0 ✐♥ Γ3 ✇❡ ❤❛✈❡ t❤❛t

0 =
2∑

j=1

∫

Γǫ
3

∂

∂xj
(x

αj/2
j vΨjΦ).0 ds =

2∑

j=1

∫

Γ

∂

∂xj
(x

αj/2
j vΨjΦ)ν2 ds

=
2∑

j=1

∫

Ω

∂

∂x2

∂

∂xj
(x

αj/2
j vΨjΦ) dx =

2∑

j=1

∫

Γ

∂

∂x2
(x

αj/2
j vΨjΦ)νj ds

=
2∑

j=1

∫

Γ3

∂

∂x2
(x

αj/2
j v)|νj|

2ϕds =

∫

Γ3

∂

∂x2
(x

α1/2
1 v)ϕds

=

∫

Γ3

∂v

∂x2
.ϕ ds.

❍❡♥❝❡✱
∂v

∂x2
= 0 ♦♥ Γ3✳ ■♥ ❛ s✐♠✐❧❛r ✇❛② ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

∂v

∂x1
= 0 ♦♥ Γ4 ❛♥❞ t❤❡ ♦t❤❡r

✐❞❡♥t✐t✐❡s✳ ✸

✻✼



❯s✐♥❣ ▲❡♠♠❛ ❇✳✶ ✇❡ ❞❡❞✉❝❡ t❤❛t
∫∫

Σ

(2s(∇zA∇σ)A∇zν − |∇zA∇z|A∇σν) ds dt ≥ 0. ✭✷✳✷✾✮

◆♦✇✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ σ ❛♥❞ ξ ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ η ✇❡ ❞❡❞✉❝❡ t❤❛t

T1 ≥ Cs3λ4
∫∫

Q

ξ3|∇0η|
4|z|2 dx dt+ Cs3λ3

∫ T

0

∫

V

ξ3(x2−α1

1 + x2−α2

2 )|z|2 dx dt

−C

∫ T

0

∫

ω0

ξ3|z|2 dx dt, ✭✷✳✸✵✮

T2 ≥ 2sλ2
∫∫

Q

ξ|∇zA∇η|2 dx dt+ 2sλ

∫ T

0

∫

V

ξ|∇0z|
2 dx dt

−Csλ

∫ T

0

∫

Ω\V

ξ|∇0z|
2 dx dt, ✭✷✳✸✶✮

T3 ≥ −Cs2λ2
[∫∫

Q

ξ3|∇0η|
4|z|2 dx dt+

∫ T

0

∫

V

ξ3(x2−α1

1 + x2−α2

2 )|z|2 dx dt

+

∫ T

0

∫

ω0

ξ3|z|2 dx dt

]
✭✷✳✸✷✮

❛♥❞

T4 ≥ −sλ
2∑

i=1

∫ T

0

∫

V

ξ

[
α1x

α1

1

∂z

∂x1
+ α2x

α2

2

∂z

∂x2

]
dx dt

−Csλ

∫ T

0

∫

Ω\V

ξ|∇0z|
2 dx dt. ✭✷✳✸✸✮

❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ σ ❛♥❞ ξ ✇❡ ❣❡t

T5 = sλ3
∫∫

Q

ξz|∇0η|
4∇A∇η dx dt+ sλ

∫∫

Q

ξzA∇z∇(|∇0η|
2) dx dt

+sλ2
∫∫

Q

ξzdiv(A∇η)∇zA∇η dx dt+ sλ

∫∫

Q

ξzA∇z∇(div(A∇η)) dx dt.✭✷✳✸✹✮

◆♦✇✱ ✉s✐♥❣ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t② ✇❡ ❤❛✈❡ t❤❛t

sλ3
∫∫

Q

ξz|∇0η|
4∇A∇η dx dt ≥ −s2λ4

∫∫

Q

ξ3|∇0η|
4|z|2 dx dt− λ2

∫∫

Q

ξ|∇A∇η|2 dx dt,✭✷✳✸✺✮

sλ

∫∫

Q

ξzA∇z∇(|∇0η|
2) dx dt ≥ −C

[
s2λ3

∫∫

Q

ξ3|∇0η|
4|z|2 dx dt+ λ

∫ T

0

∫

Ω\V

ξ|∇0z|
2 dx dt

+

∫ T

0

∫

V

(s2λ3ξ3(x2−α1

1 + x2−α2

2 )|z|2 + λξ|∇0z|
2) dx dt+ s2λ3

∫ T

0

∫

ω0

ξ3|z|2 dx dt,

]
,✭✷✳✸✻✮

✻✽



sλ2
∫∫

Q

ξzdiv(A∇η)∇zA∇η dx dt ≥ −C

[
s2λ3

∫∫

Q

ξ3|∇0η|
4|z|2 dx dt+ λ

∫ T

0

∫

Ω\V

ξ|∇0z|
2 dx dt

+

∫ T

0

∫

V

(s2λ3ξ3(x2−α1

1 + x2−α2

2 )|z|2 + λξ|∇0z|
2) dx dt+ s2λ3

∫ T

0

∫

ω0

ξ3|z|2 dx dt,

]
✭✷✳✸✼✮

❛♥❞

sλ

∫∫

Q

ξzA∇z∇(div(A∇η)) dx dt ≥ −C

[
s2λ3

∫∫

Q

ξ3|∇0η|
4|z|2 dx dt

+s2λ3
∫ T

0

∫

ω0

ξ3|z|2 dx dt+ λ

∫ T

0

∫

Ω\V

ξ|∇0z|
2 dx dt

]
. ✭✷✳✸✽✮

❋r♦♠ ✭✷✳✸✹✮✲✭✷✳✸✽✮ ✇❡ ❣❡t✿

T5 ≥ −C

[
s2λ4

∫∫

Q

ξ3|∇0η|
4|z|2 dx dt

∫ T

0

∫

V

(s2λ3ξ3(x2−α1

1 + x2−α2

2 )|z|2 + λξ|∇0z|
2 )dx dt

s2λ3
∫ T

0

∫

ω0

ξ3|z|2 dx dt+ λ

∫ T

0

∫

Ω\V

ξ|∇0z|
2 dx dt

]
. ✭✷✳✸✾✮

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡

T6 ≥ −Cs

∫∫

Q

ξ3/2|z|2 dx dt ❛♥❞ T7 ≥ 0. ✭✷✳✹✵✮

❋r♦♠ ✭✷✳✷✽✮✲✭✷✳✸✸✮✱ ✭✷✳✸✾✮ ❛♥❞ ✭✷✳✹✵✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

((P−z, P+z)) ≥ C

[∫∫

Q

(s3λ4ξ3|∇0η|
4|z|2 + sλ2ξ|∇zA∇η|2) dx dt

+

∫ T

0

∫

V

(s3λ3ξ3(x2−α
1 + x2−α

2 )|z|2 + sλξ|∇0z|
2) dx dt

]

−C

[
s3λ3

∫ T

0

∫

ω0

ξ3|z|2 dx dtsλ

∫ T

0

∫

Ω\V

ξ|∇0z|
2 dx dt+ s

∫∫

Q

ξ3/2|z|2 dx dt

]
. ✭✷✳✹✶✮

❈♦♠❜✐♥✐♥❣ ✭✷✳✷✵✮ ❛♥❞ ✭✷✳✹✶✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

‖P−z‖2 + ‖P+z‖2 +

∫∫

Q

(s3λ4ξ3|∇0η|
4|z|2 + sλ2ξ|∇zA∇η|2) dx dt

∫ T

0

∫

V

(s3λ3ξ3(x2−α1

1 + x2−α2

2 )|z|2 + sλξ|∇0z|
2) dx dt ≤ C

[
‖e−sσf‖2 + s

∫∫

Q

ξ3/2|z|2 dx dt

+sλ

∫ T

0

∫

Ω\V

ξ|∇0z|
2 dx dt+ s3λ3

∫ T

0

∫

ω0

ξ3|z|2 dx dt

]
. ✭✷✳✹✷✮

▲❡t ✉s ❞❡♥♦t❡ ❜② L(z) t❤❡ s✉♠ ♦❢ ❛❧❧ t❤❡ t❡r♠s ✐♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✹✷✮ ❛♥❞

❜② R(z) t❤❡ s✉♠ ♦❢ ❛❧❧ t❤❡ t❡r♠s ✐♥ t❤❡ r✐❣❤t✳

✻✾



❋♦r ✐♥st❛♥❝❡ ❛ss✉♠❡ t❤❛t s♦♠❡ αi 6= 1✳ ❯s✐♥❣ ❍❛r❞② ✐♥❡q✉❛❧✐t②✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

s2λ2
∫∫

Q

ξ2|z|2 dx dt =

∫∫

Q

(s3/2λ3/2ξ3/2x
(2−αi)/2
i |z|)(s1/2λ1/2ξ1/2x

(αi−2)/2
i |z|) dx dt

≤ s3λ3
∫∫

Q

ξ3x2−αi
i |z|2 dx dt+ sλ

∫∫

Q

xαi−2
i |ξ1/2z|2 dx dt

≤ s3λ3
∫ T

0

∫

V

ξ3x2−αi
i |z|2 dx dt+ s3λ3

∫ T

0

∫

ω0

ξ3|z|2 dx dt

+Cs3λ3
∫∫

Q

ξ3|∇0η|
4|z|2 dx dt+ sλ

∫∫

Q

xαi
i

∣∣∣∣
∂

∂xi
(ξ1/2z)

∣∣∣∣
2

dx dt

≤ CR(z). ✭✷✳✹✸✮

◆♦✇✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t α1 = α2 = 1✳ ❯s✐♥❣ ❍ö❧❞❡r ❛♥❞ ❍❛r❞② ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡

s❡❡ t❤❛t

s3/2λ7/4
∫ T

0

∫

V

ξ3/2|z|2 dx dt =
1

2

2∑

i=1

∫ T

0

∫

V

(s3λ4x2i ξ
3|z|2)1/4(sλx

−2/3
i ξ|z|2)3/4 dx dt

≤ s3λ4
∫∫

Q

ξ3|∇0η|
4|z|2 dx dt+ sλ

2∑

i=1

∫∫

Q

x
−2+4/3
i (ξ1/2z)2 dx dt

≤ CR(z). ✭✷✳✹✹✮

❋r♦♠ ✭✷✳✹✸✮ ❛♥❞ ✭✷✳✹✹✮✱ ✇❡ ❣❡t✿

s2λ2γ1(λ)

∫ T

0

∫

V

ξ2γ2(sξ)|z|
2 dx dt ≤ CR(z).

❋✉rt❤❡r♠♦r❡✱

s2λ2γ1(λ)

∫∫

Q

ξ2γ2(sξ)|z|
2 dx dt ≤ s2λ2γ1(λ)

∫ T

0

∫

V

ξ2γ2(sξ)|z|
2 dx dt

+s2λ2
∫ T

0

∫

ω0

ξ3|z|2 dx dt+ s2λ2
∫∫

Q

ξ3|∇0η|
4|z|2 dx dt.

❋r♦♠ ✭✷✳✹✷✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

L(z) + s2λ2γ1(λ)

∫∫

Q

ξ2γ2(sξ)|z|
2 dx dt ≤ CR(z). ✭✷✳✹✺✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❤❛✈❡✿
∫∫

Q

(s3λ3ξ3(x2−α1

1 + x2−α2

2 )|z|2 + sλξ|∇0z|
2) dx dt

≤

∫ T

0

∫

V

(s3λ3ξ3(x2−α1

1 + x2−α2

2 )|z|2 + sλξ|∇0z|
2) dx dt+ s3λ3

∫ T

0

∫

ω0

ξ3|z|2 dx dt

+Cs3λ3
∫∫

Q

ξ3|∇0η|
4|z|2 dx dt+ sλ

∫ T

0

∫

Ω\V

ξ|∇0z|
2 dx dt.

✼✵



❚❤❡r❡❢♦r❡✱ ❢r♦♠ ✭✷✳✹✺✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

‖P−z‖2 + ‖P+z‖2 +

∫∫

Q

(sλξ|∇0z|
2 + sλ2ξ|∇zA∇η|2 + s2λ2γ1(λ)ξ

2γ2(sξ)|z|
2) dx dt

+

∫∫

Q

s3ξ3|z|2(λ3(x2−α1

1 + x2−α2

2 ) + λ4|∇0η|
4) dx dt

≤ C

[
‖e−sσf‖2 + s3λ3

∫ T

0

∫

ω0

ξ3|z|2 dx dt+ sλ

∫ T

0

∫

Ω\V

ξ|∇0z|
2 dx dt

]
. ✭✷✳✹✻✮

◆♦✇✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ P−z ❛♥❞ P+z✱ ✇❡ s❡❡ t❤❛t

s−1γ1(λ)

∫∫

Q

ξ−1|zt|
2 dx dt ≤ s−1γ(λ)‖P−z‖2 + sγ1(λ)

∫∫

Q

ξ−1|z|2|div(A∇σ)|2 dx dt

+Csγ1(λ)

∫∫

Q

ξ−1|∇zA∇σ|2 dx dt

≤ s−1γ(λ)‖P−z‖2 + Csλ4γ1(λ)

∫∫

Q

ξ3|∇0η|
4|z|2 dx dt

+Csλ2γ1(λ)

∫∫

Q

ξ|z|2 dx dt+ Csλ2γ1(λ)

∫∫

Q

ξ|∇zA∇η|2 dx dt

❛♥❞

s−1γ1(λ)

∫∫

Q

ξ−1|△0z|
2 dx dt ≤ s−1γ(λ)‖P+z‖2 + s3γ1(λ)

∫∫

Q

ξ−1|z|2|∇0σ|
2 dx dt

+Csγ1(λ)

∫∫

Q

ξ−1|σt|
2|z|2 dx dt

≤ s−1γ(λ)‖P+z‖2 + Cs3λ4γ1(λ)

∫∫

Q

ξ3|∇0η|
4|z|2 dx dt

+Csγ1(λ)

∫∫

Q

ξ3/2|z|2 dx dt.

❋r♦♠ ✭✷✳✹✻✮✱ ✇❡ ❣❡t✿

∫∫

Q

[s−1γ1(λ)ξ
−1(|zt|

2 + |△0z|
2) + sλξ|∇0z|

2 + sλ2ξ|∇zA∇η|2] dx dt

∫∫

Q

|z|2[s2λ2γ1(λ)ξ
2γ2(sξ) + s3λ3ξ3(x2−α1

1 + x2−α2

2 ) + s3λ4ξ3|∇0η|
4] dx dt

≤ C

[
‖e−sσf‖2 + s3λ3

∫ T

0

∫

ω0

ξ3|z|2 dx dt+ sλ

∫ T

0

∫

Ω\V

ξ|∇0z|
2 dx dt

]
. ✭✷✳✹✼✮

▲❡t ✉s ❝♦♥s✐❞❡r ❛ s❡t V1 ⊂⊂ V s✉❝❤ t❤❛t ✐t❡♠ ✷ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✶ ✐s st✐❧❧ tr✉❡ ✐♥

(Ω\ω0)\V1 ❛♥❞ ❧❡t ✉s t❛❦❡ ψ ∈ C∞(Ω) s✉❝❤ t❤❛t 0 ≤ ψ ≤ 1 ✐♥ Ω✱ ψ = 0 ✐♥ V1 ❛♥❞

✼✶



ψ = 1 ✐♥ Ω\V ✳ ❯s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❤❛✈❡ t❤❛t

sλ

∫ T

0

∫

Ω\V

ξ|∇0z|
2 dx dt ≤ sλ

∫∫

Q

∇z.(ξψA∇z) dx dt = −sλ

∫∫

Q

z.div(ξψA∇z) dx dt

≤ sλ

∫∫

Q

ξ∇ψA∇zz dx dt+ sλ2
∫∫

Q

ξzψ∇zA∇η dx dt

+sλ

∫∫

Q

ξzψ△0z dx dt

≤ Cs3/2λ

∫∫

Q

ξ3/2|z|2 dx dt+ Cs1/2λ

∫∫

Q

ξ|∇0z|
2 dx dt

+Cs2λ2
∫∫

Q

ξ3(x2−α1

1 + x2−α2

2 )|z|2 dx dt+ λ2
∫∫

Q

ξ|∇zA∇η|2 dx dt

+Cs3λ5/2
∫∫

Q

ξ3(x2−α1

1 + x2−α2

2 )|z|2 dx dt+ s−1λ−1/2

∫∫

Q

ξ−1|△0z|
2 dx dt.

❍❡♥s❡✱ ❢r♦♠ ✭✷✳✹✼✮✱ ❢♦r s0 ❛♥❞ λ0 ❧❛r❣❡ ❡♥♦✉❣❤ ✇❡ ❞❡❞✉❝❡ t❤❛t

∫∫

Q

[s−1γ1(λ)ξ
−1(|zt|

2 + |△0z|
2) + sλξ|∇0z|

2 + sλ2ξ|∇zA∇η|2] dx dt

∫∫

Q

|z|2[s2λ2γ1(λ)ξ
2γ2(sξ) + s3λ3ξ3(x2−α1

1 + x2−α2

2 ) + s3λ4ξ3|∇0η|
4] dx dt

≤ C

[
‖e−sσf‖2 + s3λ3

∫ T

0

∫

ω0

ξ3|z|2 dx dt

]
.

❯s✐♥❣ ❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥ts ✇❡ ❝❛♥ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ ✈❛r✐❛❜❧❡ w ❛♥❞ ❝♦♥❝❧✉❞❡

t❤❡ r❡s✉❧t✳

✼✷



❈❛♣ít✉❧♦ ✸

❊st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥ ♣❛r❛ ❛❧❣✉♥s

♦♣❡r❛❞♦r❡s ♣❛r❛❜ó❧✐❝♦s ❞❡❣❡♥❡r❛❞♦s

❡♠ ❞✐♠❡♥sõ❡s s✉♣❡r✐♦r❡s

❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r s♦♠❡ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝

♦♣❡r❛t♦rs ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s

❋✳ ❉✳ ❆❘❆❘❯◆❆✱ ❇✳ ❙✳ ❱✳ ❞❡ ❆❘❆Ú❏❖✱ ❛♥❞ ❊✳ ❋❊❘◆➪◆❉❊❩✲❈❆❘❆

❆❜str❛❝t

❚❤✐s ♣❛♣❡r ❝♦♠♣❧❡♠❡♥ts t❤❡ r❡s✉❧ts ♦♥ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r ❞❡❣❡♥❡r❛t❡ ♣❛✲

r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ♣r❡s❡♥t ✐♥ ❬✸❪✳ ❲❡ ✉s❡ ❣❡♦♠❡tr✐❝❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♦❜s❡r✈❛t✐♦♥

❞♦♠❛✐♥✱ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ t✐♣❡ ♦❢ ❞❡❣❡♥❡r❛t❡ ♦♣❡r❛t♦r✱ t♦ ❜✉✐❧❞ s✉✐t❛❜❧❡ ✇❡✐❣❤t

❢✉❝t✐♦♥s t❤❛t ❛❧❧♦✇s t♦ ❞❡❞✉❝❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s✳

❑❡②✇♦r❞s✿ ◆✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②✱ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✱ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐✲

t✐❡s✳

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥✿ ✸✹❑✸✺✱ ✹✾❏✷✵✱ ✸✺❑✶✵✳

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ st✉❞② ♦❢ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ❛♥❞ s②st❡♠s ❤❛s ❛ttr❛❝t❡❞

t❤❡ ✐♥t❡r❡st ♦❢ ❛ ❧♦t ♦❢ ❛✉t❤♦rs✳ ❚❤❡ t❤❡♦r② ❤❛s ❜❡❡♥ ❡①t❡♥❞❡❞ t♦ s❡♠✐❧✐♥❡❛r ♣r♦❜❧❡♠s✱



❡q✉❛t✐♦♥s ✐♥ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥s ❛♥❞ ❙t♦❦❡s ❛♥❞ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s❀ s❡❡ ❢♦r ✐♥s✲

t❛♥❝❡ ❬✶✺✱ ✶✽✱ ✷✵✱ ✷✶✱ ✷✹❪✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ❝❛♥ ❜❡ s❛✐❞ t❤❛t t❤❡ st✉❞② ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❞❡❣❡♥❡r❛t❡

♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s st❛rt❡❞ ✐♥ t❤❡ ❧❛st ❞❡❝❛❞❡ ✇✐t❤ t❤❡ ✇♦r❦s ❬✶✱ ✼✱ ✽✱ ✾✱ ✶✷✱ ✶✸✱ ✶✹❪✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ✇✐❧❧ ❣✐✈❡ ❝♦♥t✐♥✉✐t② t♦ t❤❡ r❡s✉❧ts ♣r❡s❡♥t ✐♥ ❬✸❪ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣

s②st❡♠ ✐♥ t✇♦ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s✿




ut − div(A∇u) + b(x, t)u = g(x, t)1ω ✐♥ Q,

B.C. ♦♥ Σ,

u(x, 0) = u0(x) ✐♥ Ω,

✭✸✳✶✮

✇❤❡r❡ Ω = (0, 1)×(0, 1)✱ Γ := ∂Ω✱ T > 0✱ Q = Ω×(0, T )✱ Σ := Γ×(0, T )✱ ω ⊂ Ω ✐s ♦♣❡♥✱

1ω ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥✱ b ∈ L∞(Q)✱ g ∈ L2(Qi)✱ u0 ∈ L2(Ω)✱ A : Ω 7→M2×2(R)

✐s ❣✐✈❡♥ ❜②

A(x) = diag(xα1

1 , x
α2

2 ),

B.C. :=





u = 0 ♦♥ Σ ✐❢ α1, α2 ∈ [0, 1),

u = 0 ♦♥ Σ3,4 ❛♥❞ (A∇u)ν = 0 ♦♥ Σ1,2 ✐❢ α1, α2 ∈ [1,+∞),

u = 0 ♦♥ Σ1,3,4 ❛♥❞ (A∇u)ν = 0 ♦♥ Σ2 ✐❢ α1 ∈ [0, 1), α2 ∈ [1,+∞),

u = 0 ♦♥ Σ2,3,4 ❛♥❞ (A∇u)ν = 0 ♦♥ Σ1 ✐❢ α1 ∈ [1,+∞), α2 ∈ [0, 1),

α = (α1, α2) ∈ [0,+∞)× [0,+∞)✱ Σi,j,l := (Γi ∪ Γj ∪ Γl)× (0, T ), ❛♥❞

Γ1 := {0} × [0, 1], Γ2 := [0, 1]× {0}, Γ3 := {1} × [0, 1] Γ4 := [0, 1]× {1}.

■♥ ❬✸❪ ✇❡ ❤❛s ❜❡❡♥ ♣r❡s❡♥t t❤❡ ✇❡❧❧ ♣♦s❡❞♥❡ss ❢♦r ✭✸✳✶✮✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ✇❡

❤❛s ❜❡❡♥ ♣r♦✈❡❞ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r t❤❡ ❛❞❥♦✐♥t s②st❡♠




wt +△0w + b(x, t)w = f ✐♥ Q

B.C. ♦♥ Σ

w(x, 0) = w0(x) ✐♥ Ω

✭✸✳✷✮

✐♥ t❤❡ ❝❛s❡ α1, α2 ∈ (0, 2)✳ ■♥❢♦rt✉♥❛t❡❧② t❤❡ t❤❡❝♥✐q✉❡ ✉s❡❞ ✐s ♥♦t ❛❞❡q✉❛t❡ t♦ ❞❡❛❧

✇✐t❤ t❤❡ ❝❛s❡ ♦❢ αi = 0 ♦r αi ≥ 2 ❢♦r s♦♠❡ i ∈ {1, 2}✳ ❚❤❡ ❣♦❛❧ ♦❢ t❤✐s ✇♦r❦ ✐s t♦

♣r❡s❡♥t ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ t❤❡❝♥✐q✉❡ t♦ ❞❡❞✉❝❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r s♦❧✉t✐♦♥ ♦❢

✭✸✳✷✮ ✐♥ t❤❡s❡ ❝❛s❡s ❛♥❞ ❡①t❡♥❞ t❤❡ r❡s✉❧ts t♦ ❤✐❣❤❡r s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s✳ ❆s ✇❡ ✇✐❧❧ s❡❡✱

❞✐✛❡r❡♥t ❝♦♠❜✐♥❛t✐♦♥s ♦❢ t❤❡ ✈❛❧✉❡s ♦❢ αi r❡q✉✐r❡s ❞✐✛❡r❡♥t ✇❡✐❣❤t ❢✉♥❝t✐♦♥s t♦ ❞❡❞✉❝❡

✼✹



❛♥ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡✳ ❆s ✉s✉❛❧✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ r❡s✉❧ts ✐♥

♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠s✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ ■♥ ❙❡❝t✐♦♥ ✸✳✷ ✇❡ ✐♥tr♦❞✉❝❡❞ ♥♦t❛t✐♦♥s ❛♥❞

s♦♠❡ ❍✐❧❜❡rt✬s s♣❛❝❡s✳ ❋✉rt❤❡r♠♦r❡ ✇❡ r❡❝❛❧❧ t❤❡ r❡s✉❧ts ♦♥ t❤❡ ✇❡❧❧ ♣♦s❡❞♥❡ss ♦❢ ✭✸✳✶✮✳

■♥ ❙❡❝t✐♦♥ ✸✳✸ ✇❡ ♣r❡s❡♥t❡❞ t❤❡ s✉✐t❛❜❧❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❈❛r❧❡♠❛♥

❡st✐♠❛t❡ ❢♦r s♦❧✉t✐♦♥s ♦❢ ✭✸✳✷✮✳ ■♥ ❙❡❝t✐♦♥ ✸✳✹ ✇❡ ♣r❡s❡♥t❡❞ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦♥ ♥✉❧❧

❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠s✳ ■♥ ❙❡❝t✐♦♥ ✸✳✺ ✇❡ ❝♦♠♠❡♥t❡❞ s♦♠❡ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ r❡s✉❧ts

t♦ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳ ■♥ ❙❡❝t✐♦♥ ✸✳✻ ✇❡ ❡①t❡♥❞ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts t♦ ❛ ♣r♦❜❧❡♠ ✇✐t❤

❛ ♠♦r❡ ❣❡♥❡r❛❧ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ♦♣❡r❛t♦r✳ ■♥ ❙❡❝t✐♦♥ ✸✳✼ ✇❡ ♠❛❦❡ ♦t❤❡r ❝♦♠♠❡♥ts

♦♥ ❡①t❡♥s✐♦♥s ❛♥❞ ♦♣❡♥ q✉❡st✐♦♥s✳ ❚❤❡ ✇♦r❦ ❡♥❞✬s ✇✐t❤ t✇♦ ❛♣♣❡♥❞✐❝❡s ❝♦♥t❛✐♥❡❞ t❤❡

♣r♦♦❢ ♦❢ t❤❡ ❈❛r❧❡♠❛♥✬s ❡st✐♠❛t❡ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ s❡❝t✐♦♥s ✸✳✸ ❛♥❞ ✸✳✻✳

✸✳✷ ◆♦t❛t✐♦♥s✱ s♣❛❝❡s ❛♥❞ ♣r❡❧✐♠✐♥❛r✐❡s r❡s✉❧ts

❚❤❡ ✉s✉❛❧ ♥♦r♠ ❛♥❞ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ L2(Ω) ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② | · | ❛♥❞ (·, ·)❀ ♦♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ ‖ · ‖ ✭r❡s♣✳ | · |∞ ❛♥❞ ‖ · ‖∞✮ ❛♥❞ ((·, ·)) ✇✐❧❧ st❛♥❞ ❢♦r t❤❡ ♥♦r♠ ❛♥❞ t❤❡

✐♥♥❡r ♣r♦❞✉❝t ✐♥ L2(Q) ✭r❡s♣✳ L∞(Ω) ❛♥❞ L∞(Q)✮✳ ❚❤❡ r❡s✉❧ts ♣r❡s❡♥t ✐♥ t❤✐s s❡❝t✐♦♥

❤❛s ❜❡❡♥ ♣r♦✈❡♥ ✐♥ ❬✸❪✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ s♦♠❡ ♠❛tr✐❝❡s✱ s♣❛❝❡s ❛♥❞ ♦♣❡r❛t♦rs✿

• Ar(x) := diag(xα1r
1 , xα2r

2 ), ✇✐t❤ x ∈ Ω✱ r ∈ R✱

• H1
α(Ω) := {u ∈ L2(Ω) : ∇uA∇u ∈ L1(Ω)}✱

• H2
α(Ω) := {u ∈ H1

α(Ω) : div(A∇u) ∈ L2(Ω)}✱

• ∇0u := A1/2∇u, u ∈ H1
α(Ω)✱

• ∆0u := div(A∇u), u ∈ H2
α(Ω)✳

◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦r♠s

• |u|α := (|u|2 + |∇0u|
2)1/2, u ∈ H1

α(Ω)✱

• |u|2,α := (|u|2α + |△0u|
2)1/2, u ∈ H2

α(Ω)✱

✼✺



◆♦t❡ t❤❛t✱ ❢♦r t❤♦s❡ ✭♥❛t✉r❛❧✮ ♥♦r♠s✱ H1
α(Ω)✱ H

2
α(Ω) ❛♥❞ Hdiv

α (Ω) ❛r❡ ❍✐❧❜❡rt

s♣❛❝❡s ❛♥❞ ♦♥❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥t✐♥✉♦✉s ❡♠❜❜❡❞✐♥❣s✿

H1(Ω) →֒ H1
α(Ω) →֒ L2(Ω), H2

α(Ω) →֒ H1
α(Ω) ❛♥❞ Hdiv

α (Ω) →֒ Hdiv(Ω).

❋✉rt❤❡r♠♦r❡✱ H1
α(Ω) ⊂ H1

loc(Ω) ❛♥❞ H
2
α(Ω) ⊂ H2

loc(Ω)✳

▲❡♠♠❛ ✸✳✷✳✶ H1
α(Ω) ❛♥❞ H

2
α(Ω) ❛r❡ ❍✐❧❜❡rt s♣❛❝❡s✳ ❋✉rt❤❡r♠♦r❡✱ C∞(Ω) ✐s ❞❡♥s❡ ✐♥

H1
α(Ω)✳

❚❤❡ ▲❡♠♠❛ ✸✳✷✳✶ ❧❡❛❞ ✉s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥

H1
α,0(Ω) := D0

H1
α(Ω)

,

✇❤❡r❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ D0 ❞❡♣❡♥❞s ♦♥ α✿

D0 :=





{v ∈ C∞(Ω) : supp(v) ⊂⊂ Ω} ✐❢ α1, α2 ∈ [0, 1)

{v ∈ C∞(Ω) : ∃δ > 0; supp(v) ⊂ (0, 1− δ)× (0, 1− δ)} ✐❢ α1, α2 ∈ [1,+∞)

{v ∈ C∞(Ω) : ∃δ > 0; supp(v) ⊂ (δ, 1− δ)× (0, 1− δ)} ✐❢ α1 ∈ [0, 1), α2 ∈ [1,+∞)

{v ∈ C∞(Ω) : ∃δ > 0; supp(v) ⊂ (0, 1− δ)× (δ, 1− δ)} ✐❢ α1 ∈ [1,+∞), α2 ∈ [0, 1).

▲❡♠♠❛ ✸✳✷✳✷ ❚❤❡ ♦♣❡r❛t♦r −∆0 : D(∆0) 7→ L2(Ω)✱ ✇❤❡r❡ D(∆0) := H2
α(Ω) ∩

H1
α,0(Ω)✱ ✐s m✲❞✐ss✐♣❛t✐✈❡ ❛♥❞ s❡❧❢✲❛❞❥♦✐♥t✳ ▼♦r❡♦✈❡r✱ ✐❢ α 6= 1✱ t❤❡♥ −∆0 ✐s str✐❝✲

t❧② ❞✐ss✐♣❛t✐✈❡✳

❆s ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✸✳✷✳✷✱ −△0 ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ str♦♥❣❧②

❝♦♥t✐♥✉♦✉s s❡♠✐❣r♦✉♣✳ ❚❤✉s✱ ✉s✐♥❣ st❛♥❞❛r❞ t❤❡❝♥✐q✉❡s✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

✇❡❧❧✲♣♦s❡❞♥❡ss r❡s✉❧t✳

❚❤❡♦r❡♠ ✸✳✷✳✸ ❋♦r ❛♥② g ∈ L2(Q) ❛♥❞ ❛♥② u0 ∈ L2(Ω)✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥

u ∈ C0([0, T ];L2(Ω)) ∩ L2(0, T ;H1
α,0(Ω))✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t C > 0

s✉❝❤ t❤❛t

sup
t∈[0,T ]

‖u(t)‖2 +

∫ T

0

|u(t)|2α dt ≤ C
(
|u0|

2 + ‖g‖2
)
.

✸✳✸ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❛♥❞ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡✲

s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r❡s❡♥t t❤❡ s✉✐t❛❜❧❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s t❤❛t ❛❧❧♦✇s t♦ ❞❡❞✉❝❡

t❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s t♦ s♦❧✉t✐♦♥s ♦❢ ✭✸✳✷✮✳ ❊❛❝❤ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡s ♦❢ αi

r❡q✉✐r❡s ❞✐✛❡r❡♥t ❣❡♦♠❡tr✐❝❛❧ ❛ss✉♠♣t✐♦♥s ❛♥❞ ❞✐✛❡r❡♥t ✇❡✐❣❤t ❢✉♥t✐♦♥s✳

✼✻



■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts a0, b0, δ0 ∈ (0, 1) s✉❝❤ t❤❛t

ω0 :=





(0, δ)× (0, δ) ⊂ ω ✐❢ α1, α2 ∈ (0,+∞)

(0, δ)× (a0, b0) ⊂ ω ✐❢ α1 ∈ (0,+∞) ❛♥❞ α2 = 0

(a0, b0)× (0, δ) ⊂ ω ✐❢ α1 = 0 ❛♥❞ α2 ∈ (0,+∞).

✭✸✳✸✮

❋♦r ❝♦♠♣❛r✐s♦♥✱ ✐♥ ❬✸❪✱ ✇❤❡r❡ ✇❡ ❤❛s ❝♦♥s✐❞❡r❡❞ t❤❡ ❝❛s❡ α1, α2 ∈ (0, 2)✱ t❤❡

❣❡♦♠❡tr✐❛❧ ❛ss✉♠♣t✐♦♥ ✐s✿ ❚❤❡r❡ ❡①✐sts ♥✉♠❜❡rs ai, bi, δ ∈ (0, 1) ✇✐t❤ ai < bi✱ s✉❝❤ t❤❛t

ω0 := (a1, b1)× (0, δ) ∪ (0, δ)× (a2, b2) ⊂ ω. ✭✸✳✹✮

❲❡ ♥♦t❡ t❤❛t ✐❢ s♦♠❡ αi = 0✱ t❤❡♥ ✭✸✳✹✮ ✐♠♣❧✐❡s ✭✸✳✸✮✱ ❜✉t ♥♦t ❝♦♥✈❡rs❧②✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ✐❢ α1, α2 ∈ (0, 2)✱ t❤❡♥ ✭✸✳✸✮ ✐♠♣❧✐❡s ✭✸✳✹✮✱ ❜✉t ♥♦t ❝♦♥✈❡rs❧②✳

◆♦✇✱ ✇❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ η ∈ C∞(Ω) ❣✐✈❡♥ ❜②

η(x) :=





−(x21 + x22)/2 ✐❢ α1, α2 ∈ (0,+∞)

η0(x2)− x21/2 ✐❢ α1 ∈ (0,+∞) ❛♥❞ α2 = 0

η0(x1)− x22/2 ✐❢ α1 = 0 ❛♥❞ α2 ∈ (0,+∞),

✭✸✳✺✮

✇❤❡r❡ η0 ∈ C∞([0, 1]) ✐s s✉❝❤ t❤❛t η0(x) = x ✐♥ [0, a0] ❛♥❞ η0(x) = −x ✐♥ [b0, 1]✳

❋✉rt❤❡r♠♦r❡✱ ❢♦r λ > λ0 ❛♥❞ s ∈ R✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡

θ(t) := [t(T − t)]−4, ξ(x, t) := θ(t)e2λ(|η|∞+η(x))

❛♥❞ σ(x, t) := θ(t)e4λ|η|∞ − ξ(x, t).

◆♦t❡ t❤❛t✱ ✐♥ ❛♥② ❝❛s❡ ✇❡ ❤❛✈❡ t❤❛t

|∇0η|
2 > C > 0 ✐♥ Ω\ω0. ✭✸✳✻✮

❚❤❡ ♣r♦♣❡rt② ✭✸✳✻✮ ✐s ❢✉♥❞❛♠❡♥t❛❧ t♦ ❞❡❞✉❝❡ ❛♥ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡✳ ❋✉rt❤❡r♠♦r❡✱

t❤❡r❡ ❛r❡ ♦t❤❡r ♣r♦♣❡rt✐❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥ η ♠✉st ❤❛✈❡ ❛♥❞ ♦♥❡ ♦❢ t❤❡♠ ✐s✿
∫∫

Σ

ξ
[
|∇0z|

2∇ηAν − 2(∇zA∇η)A∇z.ν
]
ds dt ≥ 0 ∀z ∈ L2(0, T ;H2

α(Ω) ∩H
1
α,0(Ω)).✭✸✳✼✮

❚❤❡ ♣r♦♣❡rt② ✭✸✳✼✮ ❝❛♥ ❜❡ ❡❛s✐❧② ❞❡❞✉❝❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

▲❡♠♠❛ ✸✳✸✳✶ ❆ss✉♠❡ t❤❛t v ∈ H2
α(Ω) ∩H

1
α,0(Ω)✳ ■❢ v = 0 ♦♥ Γ1 ✭r❡s♣❡❝ Γ3✮✱ t❤❡♥

∂v

∂x2
= 0 ♦♥ Γ1 ✭r❡s♣❡❝ Γ3✮.

▼♦r❡♦✈❡r✱ ■❢ v = 0 ♦♥ Γ2 ✭r❡s♣❡❝ Γ4✮✱ t❤❡♥

∂v

∂x1
= 0 ♦♥ Γ2 ✭r❡s♣❡❝ Γ4✮.

✼✼



❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✸✳✶ ✐s ❣✐✈❡♥ ✐♥ ❬✸❪✳

❚❤❡ ♠❛✐♥ r❡s✉❧t ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✸✳✸✳✷ ❆ss✉♠❡ ✭✸✳✸✮✳ ❚❤❡r❡ ❡①✐sts ❝♦♥st❛♥ts C, s0, λ0 s✉❝❤ t❤❛t ❢♦r ❛♥② λ >

λ0✱ s > s0 ❛♥❞ w s♦❧✉t✐♦♥ ♦❢ ✭✸✳✷✮ ♦♥❡ ❤❛s

∫∫

Q

e−2sσ
[
s−1ξ−1

(
|wt|

2 + |div(A∇w)|2
)
+ sλ2ξ

(
|∇0w|

2 + |∇wA∇η|2
)]
dx dt

+s3λ4
∫∫

Q

e−2sσξ3|w|2 dx dt ≤ C

(
‖e−sσf‖2 + s3λ4

∫∫

ωT

e−2sσξ3|w|2 dx dt

)
.

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✷ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❆✳

✸✳✹ ❆♣♣❧✐❝❛t✐♦♥ t♦ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❞✐s❝✉ss t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✸✳✶✮✳ ❚❤✐s ✐s st❛❜❧✐s❤❡❞

✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✸✳✹✳✶ ▲❡t ✉s ✜① T > 0✱ α1, α2 ∈ [0,+∞) ❛♥❞ ❛ ♦♣❡♥ s❡t ω ⊂ Ω✳ ❆ss✉♠❡

t❤❛t ✭✸✳✸✮ ❤♦❧❞s✳ ❚❤❡♥✱ ❢♦r ❛♥② u0 ∈ L2(Ω)✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥tr♦❧ g s✉❝❤ t❤❛t t❤❡

s♦❧✉t✐♦♥ u t♦ ✭✸✳✶✮ s❛t✐s✜❡s

u(., T ) = 0 ✐♥ Ω. ✭✸✳✽✮

▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t C = C(T, α, ω) > 0 s✉❝❤ t❤❛t

‖g‖ ≤ C|u0|.

❆s ✐s ❝❧❛ss✐❝❛❧ ✐♥ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠s✱ t❤❡ ❚❤❡♦r❡♠ ✸✳✹✳✶ ✐s ❡q✉✐✈❛❧❡♥t t♦

❛♥ ♦❜s❡r✈❛❜✐❧❧✐t② ♣r♦♣❡rt② ❢♦r t❤❡ ❛❞❥♦✐♥t s②st❡♠ ✭✸✳✷✮✳ ❚❤✐s ✐s t❤❡ ❣♦❛❧ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡s✉❧t✿

❚❤❡♦r❡♠ ✸✳✹✳✷ ▲❡t ✉s ✜① T > 0✱ α1, α2 ∈ [0,+∞) ❛♥❞ ❛ ♦♣❡♥ s❡t ω ⊂ Ω✳ ❆ss✉♠❡

t❤❛t ✭✸✳✸✮ ❤♦❧❞s✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t C = C(T, α, ω) > 0 s♦❝❤ t❤❛t✱ ❢♦r ❛♥②

wT ∈ L2(Ω)✱ t❤❡ s♦❧✉t✐♦♥ w ♦❢ ✭✸✳✷✮ s❛t✐s✜❡s

∫

Ω

|w(x, 0)|2 dx ≤ C

∫ T

0

∫

ω

|w|2 dx dt.

❚❤❡ ✇❛② t❤❛t ❧❡❛❞s t❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ♣r❡s❡♥t ✐♥ ❚❤❡♦r❡♠ ✸✳✸✳✷ t♦ ❚❤❡♦r❡♠

✸✳✹✳✷ ✐s st❛♥❞❛r❞ ❛♥❞ ✇❡ r❡❢❡r t♦ ❬✶✵❪ ❢♦r ❞❡t❛✐❧s✳

✼✽



✸✳✺ ❊①t❡♥s✐♦♥ t♦ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❞✐s❝✉ss t❤❡ ♣r♦❜❧❡♠ ✐♥ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ❤✐❣❤❡r t❤❛♥ ✷✳

■♥ ♦r❞❡r t♦ ♥♦t ❞❡❛❧ ✇✐t❤ ❛ ❧❛r❣❡ s❡t ♦❢ ♥♦t❛t✐♦♥s✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ s♣❛t✐❛❧

❞✐♠❡♥s✐♦♥ ✸✳

❍❡♥s❡✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ✭✸✳✶✮ ✇✐t❤

Ω :=
3∏

i=1

(0, 1), Γ1 := {0} × [0, 1]× [0, 1], Γ2 := [0, 1]× {0} × [0, 1],

Γ3 := [0, 1]× [0, 1]× {0}, Γ4 := {1} × [0, 1]× [0, 1], Γ5 := [0, 1]× {1} × [0, 1],

Γ6 := [0, 1]× [0, 1]× {1}, A(x) := diag(xα1

1 , x
α2

2 , x
α3

3 ),

✇❤❡r❡ αi ∈ [0,+∞) ❛♥❞ ❛♥❛❧♦❣♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❡❣❡♥❡r❛❝②✳

◆♦✇ ❧❡t ✉s ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥❞✐t✐♦♥✿ ❚❤❡r❡ ❡①✐sts ♥✉♠❜❡rs

ai, bi, δ ∈ (0, 1)✱ i = 1, 2, 3✱ s✉❝❤ t❤❛t

ω0 :=





(0, δ)× (0, δ)× (0, δ) ⊂ ω ✐❢ α1, α2, α3 ∈ (0,+∞)

(0, δ)× (0, δ)× (a3, b3) ⊂ ω ✐❢ α1, α2 ∈ (0,+∞), α3 = 0

(0, δ)× (a2, b2)× (0, δ) ⊂ ω ✐❢ α1, α3 ∈ (0,+∞), α2 = 0

(a1, b1)× (0, δ)× (0, δ) ⊂ ω ✐❢ α2, α3 ∈ (0,+∞), α1 = 0

(0, δ)× (a2, b2)× (a3, b3) ⊂ ω ✐❢ α1 ∈ (0,+∞), α2 = α3 = 0

(a1, b1)× (0, δ)× (a3, b3) ⊂ ω ✐❢ α2 ∈ (0,+∞), α1 = α3 = 0

(a1, b1)× (a2, b2)× (0, δ) ⊂ ω ✐❢ α3 ∈ (0,+∞), α1 = α2 = 0

✭✸✳✾✮

❛♥❞ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ η ∈ C∞(Ω) ❣✐✈❡♥ ❜②

η(x) :=





−(x21 + x22 + x23)/2 ✐❢ α1, α2, α3 ∈ (0,+∞)

−(x21 + x22)/2 + η3(x3) ✐❢ α1, α2 ∈ (0,+∞), α3 = 0

−(x21 + x23)/2 + η2(x2) ✐❢ α1, α3 ∈ (0,+∞), α2 = 0

−(x22 + x23)/2 + η1(x1) ✐❢ α2, α3 ∈ (0,+∞), α1 = 0

−x21/2 + η2(x2) + η3(x3) ✐❢ α1 ∈ (0,+∞), α2 = α3 = 0

−x22/2 + η1(x1) + η3(x3) ✐❢ α2 ∈ (0,+∞), α1 = α3 = 0

−x23/2 + η1(x1) + η2(x2) ✐❢ α3 ∈ (0,+∞), α1 = α2 = 0

✭✸✳✶✵✮

✇❤❡r❡ ηi ∈ C∞([0, 1]) ✐s s✉❝❤ t❤❛t ηi(x) = x ✐♥ [0, ai] ❛♥❞ ηi(x) = −x ✐♥ [bi, 1]✳

◆♦t❡ t❤❛t✱ ✐♥ ❛♥② ❝❛s❡✱ ♦♥❡ ❤❛s t❤❛t ✭✸✳✻✮ ❤♦❧❞s✳ ◆♦✇✱ t♦ ❣❡t ✭✸✳✼✮ ✇❡ ♠✉st ❡①t❡♥❞

t❤❡ ▲❡♠♠❛ ✸✳✸✳✶✿

✼✾



▲❡♠♠❛ ✸✳✺✳✶ ❆ss✉♠❡ t❤❛t v ∈ H2
α(Ω) ∩ H1

α,0(Ω)✳ ■❢ i ∈ {1, 2, 3} ❛♥❞ v = 0 ♦♥ Γi

✭r❡s♣❡❝ Γi+3✮✱ t❤❡♥

∂v

∂xj
= 0 ♦♥ Γi ✭r❡s♣❡❝ Γi+3✮, ❢♦r j ∈ {1, 2, 3} ❛♥❞ j 6= i.

❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✺✳✶ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ▲❡♠♠❛ ✸✳✸✳✶ ❛♥❞ ✇✐❧❧ ♥♦t ❜❡

❣✐✈❡♥✳

◆♦✇✱ ✇✐t❤ ♣r♦♣❡rt✐❡s ✭✸✳✻✮ ❛♥❞ ✭✸✳✼✮✱ ✇❡ ❝❛♥ r❡♣❡❛t t❤❡ s❛♠❡ ❝❛❧❝✉❧❛t✐♦♥s ♣r❡s❡♥t

✐♥ ❆♣♣❡♥❞✐① ❆ ❛♥❞ ❞❡❞✉❝❡ t❤❛t ❚❤❡♦r❡♠ ✸✳✸✳✷ st✐❧❧ tr✉❡ ❛ss✉♠✐♥❣ ✭✸✳✾✮✳

✸✳✻ ❊①t❡♥s✐♦♥ t♦ ♠♦r❡ ❣❡♥❡r❛❧ ❞❡❣❡♥❡r❛t❡ ♦♣❡r❛t♦rs

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❞❡❣❡♥❡r❛t❡

♦♣❡r❛t♦r✿




ut − div(Ã∇u) + b(x, t)u = g(x, t)1ω ✐♥ Q,

B̃.C. ♦♥ Σ,

u(x, 0) = u0(x) ✐♥ Ω,

✭✸✳✶✶✮

✇❤❡r❡ B̃.C ✐s s✐♠✐❧❛r t♦ B.C. ✇✐t❤ A r❡♣❧❛❝❡❞ ❜② Ã := A + B ❛♥❞ B : Ω 7→ M2×2(R)

✐s s✉❝❤ t❤❛t

1. bij ∈ C1(Ω), ✇❤❡r❡ B(x) = (bij(x));

2. B(x) ✐s s✐♠❡tr✐❝ ∀x ∈ Ω;

3. B(x)ζ.ζ ≥ 0 ∀x ∈ Ω ❛♥❞ ζ ∈ R2;

4. 1 + b11 + x2b12 ≥ 0 ♦♥ Γ3 ❛♥❞ 1 + b22 + x1b12 ≥ 0 ♦♥ Γ4;

5. 1 + b11 − x2b12 ≥ 0 ♦♥ Γ1 ✐❢ α1 = 0 ❛♥❞ 1 + b22 + x1b12 ≥ 0 ♦♥ Γ2 ✐❢ α2 = 0;

6. t❤❡r❡ ❡①✐sts ǫ > 0 ❛♥❞ pij ∈ C1(Ω) s✉❝❤ t❤❛t

bij(x) = x
αi/2
i x

αj/2
j pij(x) ❛♥❞ p12(x) ≥ 0 ∀x ∈ Ω\(ǫ, 1]× (ǫ, 1]. ✭✸✳✶✷✮

❋r♦♠ ✐t❡♠ ✸ ♦❢ ✭✸✳✶✷✮ ✇❡ ❤❛✈❡ t❤❛t

|∇ηÃ∇η| ≥ |∇0η| ≥ C > 0 ✐♥ Ω\ω0. ✭✸✳✶✸✮

◆♦✇ ✇❡ ♥❡❡❞ ❛♥ ❡st✐♠❛t❡ s✐♠✐❧❛r t♦ ✭✸✳✼✮✳ ❚❤✐s ✐s t❤❡ ❣♦❛❧ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

✽✵



▲❡♠♠❛ ✸✳✻✳✶ ❆ss✉♠❡ t❤❛t ✭✸✳✶✷✮ ❤♦❧❞s✳ ❋♦r ❛❧❧ z ∈ L2(0, T ;H2
α(Ω) ∩ H

1
α,0(Ω)) ♦♥❡

❤❛s ∫∫

Σ

ξ
[
|∇zÃ∇z|∇ηÃν − 2(∇zÃ∇η)Ã∇z.ν

]
ds dt ≥ 0.

Pr♦♦❢✳ ❋♦r ✐♥st❛❝❡ ❛ss✉♠❡ t❤❛t α1, α2 ∈ (0,+∞)✳ ❯s✐♥❣ ▲❡♠♠❛ ✸✳✸✳✶ ✐t ✐s ❡❛s② t♦ s❡❡

t❤❛t ∇zÃ∇z = ∇zÃν = 0 ♦♥ [Γ1 ∪ Γ2]× (0, T )✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

|∇zÃ∇z|∇ηÃν − 2(∇zÃ∇η)Ã∇z.ν =

∣∣∣∣
∂z

∂x1

∣∣∣∣
2

(1 + b11)(1 + b11 + x2b12) ♦♥ Γ3✭✸✳✶✹✮

❛♥❞

|∇zÃ∇z|∇ηÃν − 2(∇zÃ∇η)Ã∇z.ν =

∣∣∣∣
∂z

∂x2

∣∣∣∣
2

(1 + b22)(1 + b22 + x1b12) ♦♥ Γ4.✭✸✳✶✺✮

❍❡♥s❡ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ✐t❡♠ ✹ ♦❢ ✭✸✳✶✷✮✳

◆♦✇✱ ❛ss✉♠❡ t❤❛t α1 ∈ (0,+∞) ❛♥❞ α2 = 0✳ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ♣r❡✈✐♦✉s

❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❛t ✭✸✳✶✹✮ ❛♥❞ ✭✸✳✶✺✮ ❤♦❧❞s ❛♥❞ ∇zÃ∇z = ∇zÃν = 0 ♦♥ Γ1 × (0, T )✳

❋✉rt❤❡r♠♦r❡✱ ♦♥❡ ❤❛s

|∇zÃ∇z|∇ηÃν − 2(∇zÃ∇η)Ã∇z.ν =

∣∣∣∣
∂z

∂x2

∣∣∣∣
2

(1 + b22)(1 + b22 − x1b12) ♦♥ Γ2.

❍❡♥s❡✱ ❛❣❛✐♥ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ✐t❡♠ ✹ ♦❢ ✭✸✳✶✷✮✳ ■♥ ❛ s✐♠✐❧❛r ✇❛② ✇❡ ❝♦♥❝❧✉❞❡ t❤❡

r❡s✉❧t ✐❢ α1 = 0 ❛♥❞ α2 ∈ (0,+∞)✳

❚❤❡ ❛❞❥♦✐♥t s②st❡♠ ❛ss♦ss✐❛t❡❞ t♦ ✭✸✳✶✶✮ ✐s




wt + div(Ã∇w) + b(x, t)w = f ✐♥ Q

B.C. ♦♥ Σ

w(x, 0) = w0(x) ✐♥ Ω

✭✸✳✶✻✮

❚❤❡ ♠❛✐♥ r❡s✉❧t ✐♥ t❤✐s s❡❝t✐♦♥ ✐s

❚❤❡♦r❡♠ ✸✳✻✳✷ ❆ss✉♠❡ ✭✸✳✸✮ ❛♥❞ ✭✸✳✶✷✮✳ ❚❤❡r❡ ❡①✐sts ❝♦♥st❛♥ts C, s0, λ0 s✉❝❤ t❤❛t

❢♦r ❛♥② λ > λ0✱ s > s0 ❛♥❞ w s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✻✮ ♦♥❡ ❤❛s

∫∫

Q

e−2sσ
[
s−1ξ−1

(
|wt|

2 + |div(Ã∇w)|2
)
+ sλ2ξ

(
|∇wÃ∇w|2 + |∇wÃ∇η|2

)]
dx dt

+s3λ4
∫∫

Q

e−2sσξ3|w|2 dx dt ≤ C

(
‖e−sσf‖2 + s3λ4

∫∫

ωT

e−2sσξ3|w|2 dx dt

)
.

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✻✳✷ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✱ ❜✉t ❢♦r

❝♦♠♣❧❡t♥❡ss✱ ✇❡ ❣✐✈❡ ❛ s❦❡t❝❤ ✐♥ ❆♣♣❡♥❞✐① ❇✳

✽✶



✸✳✼ ❖♣❡♥ q✉❡st✐♦♥s ♦♥ ♦t❤❡rs ❡①t❡♥s✐♦♥s

❚❤❡ st✉❞② ♦❢ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ✐♥ ❤✐❣❤❡r

s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥s st❛rt❡❞ ❢❡✇ ②❡❛rs ❛❣♦ ❛♥❞ st✐❧❧ t❤❡r❡ ♠❛♥② ♦♣❡♥s q✉❡st✐♦♥s✳ ■♥ t❤✐s

s❡❝t✐♦♥ ✇❡ ❞✐s❝✉ss s♦♠❡ ♦♣❡♥s q✉❡st✐♦♥s ❛♥❞ ❝♦♠♠❡♥t ♦t❤❡r ❡①t❡♥s✐♦♥s ♦❢ t❤❡ r❡s✉❧ts

♣r♦✈❡❞✳

✸✳✼✳✶ ❖♥ s②st❡♠s ✇✐t❤ ❣r❛❞✐❡♥t

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠s




ut −∆0u+B.(A1/2∇u) + bu = g1ω ✐♥ Q

B.C. ♦♥ Σ

u(x, 0) = u0(x) ✐♥ Ω

✭✸✳✶✼✮

❛♥❞ 



ut −∆0u+B.∇u+ bu = g1ω ✐♥ Q

B.C. ♦♥ Σ

u(x, 0) = u0(x) ✐♥ Ω

✭✸✳✶✽✮

✇❤❡r❡ B ∈ L∞(Q)2✳

❆s ✇❡ ❝♦♠♠❡♥t ✐♥ ❬✷❪✱ ❛❧❧ t❤❡ r❡s✉❧ts ✐♥ t❤✐s ♣❛♣❡r st✐❧❧ tr✉❡ ❢♦r ✭✸✳✶✼✮ ❛♥❞✱ ❢♦r

✭✸✳✶✽✮ ✐❢ α1, α2 ∈ (0, 1/2)✳ ❚♦ ♦✉r ❜❡st ❦♥♦✇❧❡❞❣❡✱ ❛♥ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ❢♦r ✭✸✳✶✽✮

✇✐t❤ αi ∈ [1/2,+∞) r❡♠❛✐♥s ❛s ❛ ♦♣❡♥ q✉❡st✐♦♥✱ ❡✈❡♥ ✐♥ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ✶✳

✸✳✼✳✷ ❖♥ s❡♠✐❧✐♥❡❛r ♣r♦❜❧❡♠s

❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ✇♦r❦ ❝❛♥ ❜❡ ❡①t❡♥❞✱ ✐♥ ❛ st❛♥❞❛r❞ ✇❛②✱ t♦ s❡♠✐❧✐♥❡❛r ♣r♦❜❧❡♠s

♦❢ t❤❡ ❦✐♥❞✿ 



ut − div(A∇u) + F0(u) = g(x, t)1ω ✐♥ Q,

B.C. ♦♥ Σ,

u(x, 0) = u0(x) ✐♥ Ω,

✭✸✳✶✾✮

✇❤❡r❡ F0 : R 7→ R ✐s ❣❧♦❜❛❧❧② ❧✐♣s❝❤✐t③ ❝♦♥t✐♥♦✉s✳

◆♦✇✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♠✐❧✐♥❡❛r ♣r♦❜❧❡♠




ut − div(A∇u) + F1(∇u, u) = g(x, t)1ω ✐♥ Q,

B.C. ♦♥ Σ,

u(x, 0) = u0(x) ✐♥ Ω,

✭✸✳✷✵✮

✽✷



✇❤❡r❡ F1 : R
2 ×R 7→ R ✐s ❣❧♦❜❛❧❧② ❧✐♣s❝❤✐t③ ❝♦♥t✐♥♦✉s✳ ❚❤✐s ♣r♦❜❧❡♠ r❡♠❛✐♥s ✉♥s♦❧✈❡❞

❡✈❡♥ ✐♥ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ✶✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t t❤❡ ♠♦st ♥❛t✉r❛❧ ✇❛② t♦ s♦❧✈❡ ❤✐♠ ✐s

❜② t❤❡ ✉s❡ ♦❢ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r s♦❧✉t✐♦♥s ♦❢ t❤❡ ❛❞❥♦✐♥t ♦❢ ✭✸✳✶✽✮✳ ❍❡♥s❡✱ ❢r♦♠

t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r ♦♥❧② ❝❛♥ ❜❡ ❡①t❡♥❞❡❞

t♦ ✭✸✳✷✵✮ ✐❢ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

1. |F1(V, t)− F1(U, r)| ≤ C[|A(V − U)|+ |t− r|], ∀U, V ∈ R2 ❛♥❞ t, r ∈ R;

2. α1, α2 ∈ (0, 1/2).

✸✳✼✳✸ ❖♥ ♦t❤❡rs ❞❡❣❡♥❡r❛t❡ ♦♣❡r❛t♦rs

❲✐t❤ r❡s♣❡❝t t♦ ♦t❤❡r ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ♦♣❡r❛t♦rs✱ t❤❡r❡ ✐s ❛ ✇❤♦❧❡ r❛♥❣❡ ♦❢

✐♥❡①♣❧♦r❡❞ ♣r♦❜❧❡♠s✳ ■♥ ❬✶✵❪✱ t❤❡ ❛✉t❤♦rs ❞❡❛❧ ✇✐t❤ ❛ s♣❛t✐❛❧ ❞♦♠❛✐♥ Ω ✇✐t❤ ❜♦✉♥❞❛r②

Γ ♦❢ ❝❧❛ss C4 ❛♥❞ ❛ ♠❛tr✐① A ✇❤♦s❡ ♦♥❧② t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ❞❡❣❡♥❡r❛t❡s ❛♥❞ t❤✐s ❞❡❣❡✲

♥❡r❛t✐♦♥ ♦❝♦✉rs ♦♥ t❤❡ ✇❤♦❧❡ ❜♦r❞❡r✳ ❍❡♥s❡✱ q✉❡st✐♦♥s ❛s ♠❛tr✐① ✇✐t❤ ♠♦r❡ ❡✐❣❡♥✈❛❧✉❡s

❞❡❣❡♥❡r❛t✐♥❣ ❛r❡ ✐♥t❡r❡st✐♥❣✳ Pr♦❜❧❡♠s ✇❤❡r❡ t❤❡ ❞❡❣❡♥❡r❛t✐♦♥ ♦❝♦✉rs ♦♥❧② ✐♥ ❛ ♣❛rt

♦❢ t❤❡ ❜♦✉♥❞❛r② ✐s ✈❡r② ✐♥t❡r❡st✐♥❣ t♦♦✳ ❚❤✐s ✇♦r❦ ❞❡❛❧ ✇✐t❤ t❤✐s s✐t✉❛t✐♦♥✱ ❜✉t t❤❡

q✉❡st✐♦♥ st✐❧❧ ♦♣❡♥ ✐♥ ♦t❤❡r ❦✐♥❞ ♦❢ ❞♦♠❛✐♥s✳

✸✳✼✳✹ ❖♥ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❞♦♠❛✐♥s

■t ✐s ✇❡❧❧ ❦♥♦✇ t❤❛t ✭✸✳✶✮✱ ✐♥ s♣❛❝❡ ❞✐♠❡♥s✐♦♥ ✶✱ ✐s✱ ✐♥ ❣❡♥❡r❛❧✱ ♥♦t ♥✉❧❧ ❝♦♥tr♦❧❧❛❜❧❡

✐❢ α = 2✱ s❡❡ ❬✷✱ ✼❪✳ ❚❤✐s ✧✐♥ ❣❡♥❡r❛❧✧✱ s❤♦✉❧❞ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡

♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❞♦❡s ♥♦t ❤♦❧❞ ❢♦r ❛♥ ❛r❜✐tr❛r② ♦❜s❡r✈❛t✐♦♥ ❞♦♠❛✐♥ ω✳ ❍♦✇❡✈❡r✱

❛s ✇❡ ❤❛s ❜❡❡♥ ♣r♦✈❡❞ ✐♥ ❬✷❪✱ ✐❢ ω ❤❛s s♦♠❡ s✉✐t❛❜❧❡ ❣❡♦♠❡tr✐❝❛❧ ♣r♦♣r✐❡t✐❡s✱ t❤❡ ♥✉❧❧

❝♦♥tr♦❧❧❛❜✐❧✐t②✬s ❤♦❧❞s✳ ❲❤❡♥ α ∈ (0, 2) t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✸✳✶✮ ❤♦❧❞s ✇✐t❤♦✉t

r❡str✐❝t✐♦♥s ❢♦r ω✳ ■♥ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥ ✷✱ ✇❡ ❝❛♥✬t ❞❡❞✉❝❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r

s♦❧✉t✐♦♥s ♦❢ ✭✸✳✷✮ ✇✐t❤♦✉t ✐♠♣♦s❡ s♦♠❡ ❣❡♦♠❡tr✐❝❛❧ r❡str✐❝t✐♦♥s ♦♥ ω✱ ❡✈❡♥ ✐❢ αi ∈ (0, 2)✳

❍❡♥s❡✱ ❛♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥ ✐s st✉❞② ♦t❤❡r ❦✐♥❞ ♦❢ ❣❡♦♠❡tr✐❝❛❧ ♣r♦♣❡rt✐❡s ♦♥ ω t❤❛t

❧❡❛❞s t♦ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s t♦ s♦❧✉t✐♦♥s ♦❢ ✭✸✳✷✮✳

✸✳✽ ❆♣♣❡♥❞✐① ❆✿ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳✷

■t ✐s s✉✣❝✐❡♥t ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ b = 0✳ ■♥ t❤❡ s❡q✉❡❧ C > 0 ✐s ❛ ❝♦♥st❛♥t t❤❛t

❞❡♣❡♥❞s ♦♥ T ❛♥❞ ω ❛♥❞ w ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✷✮✳ ❋r♦♠ ❛ ❞❡♥s✐t② ❛r❣✉♠❡♥t ✇❡ ❝❛♥

✽✸



❛ss✉♠❡ t❤❛t w ✐s s✉✣❝✐❡♥t❧② r❡❣✉❧❛r✳

❋♦r s > s0 > 0 ✇❡ ✐♥tr♦❞✉❝❡

z = e−sσw.

❲❡ s❡❡ t❤❛t

z =
∂z

∂xi
= 0 ❛t t = 0 ❛♥❞ t = T, ✭✸✳✷✶✮

B.C. ❤♦❧❞s ♦♥ Σ, ✭✸✳✷✷✮

P−z + P+z = g, ✭✸✳✷✸✮

✇❤❡r❡

g := e−sσf − sλ2ξ|∇0η|
2z + sλξdiv(A∇η)z,

P−(z) := I11 + I12 + I13 := −2sλ2ξ|∇0η|
2z − 2sλξ∇zA∇η + zt

❛♥❞

P+(z) := I21 + I22 + I23 := s2λ2ξ2|∇0η|
2z + div(A∇z) + sσtz.

❋r♦♠ ✭✸✳✷✸✮ ✇❡ ❤❛✈❡ t❤❛t

‖P−z‖2 + ‖P+z‖2 + 2((P−z, P+z)) = ‖g‖2. ✭✸✳✷✹✮

◆♦✇✱ ❧❡t ✉s ❡st✐♠❛t❡ ((P−z, P+z))✳ ❯s✐♥❣ ✭✸✳✷✶✮ ❛♥❞ ✭✸✳✷✷✮ ✇❡ s❡❡ t❤❛t

((I11, I21)) = −2s3λ4
∫∫

Q

ξ3|∇0η|
4|z|2 dy dt,

((I12, I21)) = −s3λ3
∫∫

Q

ξ3|∇0η|
2∇(|z|2)A∇η dx dt = s3λ3

∫∫

Q

|z|2div(ξ3|∇0η|
2A∇η) dx dt

= 3s3λ4
∫∫

Q

ξ3|∇0η|
4|z|2 dx dt+ s3λ3

∫∫

Q

ξ3div(|∇0η|
2A∇η)|z|2 dx dt

❛♥❞

((I13, I21)) = −s2λ2
∫∫

Q

ξξt|∇0η|
2|z|2 dy dt.

✽✹



❍❡♥s❡✱ ❢r♦♠ ✭✸✳✻✮✱ ❢♦r s0 ❛♥❞ λ0 s✉✣❝✐❡♥t❧② ❧❛r❣❡ ♦♥❡ ❤❛s

((P−z, I21)) = s3λ4
∫∫

Q

ξ3|∇0η|
4|z|2 dx dt+ s3λ3

∫∫

Q

ξ3div(|∇0η|
2A∇η)|z|2 dx dt

−s2λ2
∫∫

Q

ξξt|∇0η|
2|z|2 dy dt

≥ Cs3λ4
∫∫

Q

ξ3|z|2 dx dt− Cs3λ4
∫ T

0

∫

ω0

ξ3|z|2 dx dt. ✭✸✳✷✺✮

❋✉rt❤❡r♠♦r❡✱

((I11, I23)) = −2s2λ2
∫∫

Q

ξσt|∇0η|
2|z|2 dy dt,

((I12, I23)) = s2λ

∫∫

Q

|z|2div(ξσtA∇η) dx dt

= s2λ2
∫∫

Q

ξσt|∇0η|
2|z|2 dx dt− s2λ2

∫∫

Q

ξξt|∇0η|
2|z|2 dx dt

+s2λ

∫∫

Q

ξdiv(A∇η)|z|2 dx dt

❛♥❞

((I13, I23)) = −
s

2

∫∫

Q

σtt|z|
2 dx dt.

❍❡♥s❡✱ ❢r♦♠ ✭✸✳✷✺✮ ✇❡ s❡❡ t❤❛t

((P−z, I12 + I32)) ≥ Cs3λ4
∫∫

Q

ξ3|z|2 dx dt− Cs3λ4
∫ T

0

∫

ω0

ξ3|z|2 dx dt. ✭✸✳✷✻✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

((I11, I22)) = 2sλ2
∫∫

Q

A∇z.∇(ξ|∇0η|
2z) dx dt

= 2sλ2
∫∫

Q

ξ|∇0η|
2|∇0z|

2 dx dt+ 2sλ3
∫∫

Q

ξ|∇0η|
2z∇zA∇η dx dt

+2sλ2
∫∫

Q

ξz∇zA∇(|∇0η|
2) dx dt

= −sλ3
∫∫

Q

ξ|z|2∇ηA∇(∇0η|
2) dx dt− sλ2

∫∫

Q

ξdiv(A∇(|∇0η|
2))|z|2 dx dt

+2sλ2
∫∫

Q

ξ|∇0η|
2|∇0z|

2 dx dt+ 2sλ3
∫∫

Q

ξ|∇0η|
2z∇zA∇η dx dt, ✭✸✳✷✼✮

((I13, I22)) = −

∫∫

Q

zdiv(A∇zt) dx dt =

∫∫

Q

∇ztA∇z dx dt

=
1

2

∫∫

Q

∂

∂t
(|∇0z|

2) dx dt = 0, ✭✸✳✷✽✮

✽✺



❛♥❞

((I12, I22)) = 2sλ

∫∫

Q

A∇z.∇(ξ∇zA∇η) dx dt− 2sλ

∫∫

Σ

ξ(∇zA∇η)A∇z.ν ds dt

= 2sλ2
∫∫

Q

ξ|∇zA∇η|2 dx dt+ 2sλ

∫∫

Q

ξ∇zA∇(∇zA∇η) dx dt

−2sλ

∫∫

Σ

ξ(∇zA∇η)A∇z.ν ds dt. ✭✸✳✷✾✮

◆♦✇ ✇❡ ✇✐❧❧ t♦ ❝♦♠♣✉t❡ t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✷✾✮✳

❋✐rst✱ ♥♦t❡ t❤❛t ✐♥ ❛♥② ❝❛s❡ ✇❡ ❤❛✈❡ t❤❛t

∂

∂xi

(
x
αj

j

∂η

∂xj

)
= 0 ❢♦r i 6= j.

❍❡♥s❡

2sλ

∫∫

Q

ξ∇zA∇(∇zA∇η) dx dt = −2sλ
2∑

i,j=1

∫∫

Q

ξ
∂z

∂xi
xαi
i

∂

∂xi

(
∂z

∂xj
x
αj

j

∂η

∂xj

)
dx dt

= sλ

2∑

i,j=1

∫∫

Q

ξxαi
i x

αj

j

∂η

∂xj

∂

∂xj

(∣∣∣∣
∂z

∂xi

∣∣∣∣
2
)
dx dt+ 2sλ

2∑

i=1

∫∫

Q

ξ

∣∣∣∣
∂z

∂xi

∣∣∣∣
2

xαi
i

∂

∂xi

(
xαi
i

∂η

∂xi

)
dx dt

= −sλ
2∑

i,j=1

∫∫

Q

∣∣∣∣
∂z

∂xi

∣∣∣∣
2

ξ

[
λxαi

i x
αj

j

∣∣∣∣
∂η

∂xj

∣∣∣∣
2

+
∂

∂xj
(xαi

i ) x
αj

j

∂η

∂xj
+ xαi

i

∂

∂xj

(
x
αj

j

∂η

∂xj

)]
dx dt

+2sλ
2∑

i=1

∫∫

Q

ξ

∣∣∣∣
∂z

∂xi

∣∣∣∣
2

xαi
i

∂

∂xi

(
xαi
i

∂η

∂xi

)
dx dt+ sλ

2∑

i,j=1

∫∫

Σ

ξxαi
i

∣∣∣∣
∂z

∂xi

∣∣∣∣
2
∂η

∂xj
x
αj

j νj ds dt

= −sλ2
∫∫

Q

ξ|∇0η|
2|∇0z|

2 dx dt+ sλ

2∑

i=1

∫∫

Q

ξ

∣∣∣∣
∂z

∂xi

∣∣∣∣
2

xαi
i

(
αix

αi−1
i

∂η

∂xi

)
dx dt

+2sλ
2∑

i=1

∫∫

Q

ξxαi
i

∣∣∣∣
∂z

∂xi

∣∣∣∣
2

xαi
i

∂2η

∂x2i
dx dt+ sλ

∫∫

Σ

ξ|∇0z|
2∇ηAν ds dt. ✭✸✳✸✵✮

❯s✐♥❣ ✭✸✳✼✮✱ ❢r♦♠ ✭✸✳✷✼✮✱ ✭✸✳✷✽✮✱ ✭✸✳✷✾✮ ❛♥❞ ✭✸✳✸✵✮ ✇❡ ❣❡t

((P−z, I22)) ≥ Csλ2
∫∫

Q

ξ
[
|∇0η|

2|∇0z|
2 + |∇zA∇η|2

]
dx dt

−Csλ

∫∫

Q

ξ|∇0z|
2 dx dt− Csλ3

∫∫

Q

ξ3|z|2 dx dt ✭✸✳✸✶✮

❯s✐♥❣ ✭✸✳✻✮✱ ❢r♦♠ ✭✸✳✷✻✮ ❛♥❞ ✭✸✳✸✶✮ ✇❡ s❡❡ t❤❛t

((P−z, P+z)) ≥ C

∫∫

Q

[
sλ2ξ(|∇0z|

2 + |∇zA∇η|2) + s3λ4ξ3|z|2
]
dx dt

−C

∫ T

0

∫

ω0

[
sλ2ξ|∇0z|

2 + s3λ4ξ3|z|2
]
dx dt ✭✸✳✸✷✮

✽✻



❋r♦♠ ✭✸✳✷✹✮ ✇❡ ❞❡❞✉❝❡ t❤❛t

‖P−z‖2 + ‖P+z‖+ sλ2
∫∫

Q

ξ
[
|∇0z|

2 + |∇zA∇η|2
]
dx dt+ s3λ4

∫∫

Q

ξ3|z|2 dx dt

≤ C

[
‖g‖2 +

∫∫

ω0T

[
sλ2ξ|∇0z|

2 + s3λ4ξ3|z|2
]
dx dt

]
. ✭✸✳✸✸✮

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ P−z ❛♥❞ P+z ✇❡ s❡❡ t❤❛t

s−1

∫∫

Q

ξ−1|zt|
2 dx dt ≤ Cs−1‖P−z‖2 + Csλ4

∫∫

Q

ξ3|z|2 dx dt

+Csλ2
∫∫

Q

ξ|∇zA∇η|2 dx dt,

❛♥❞

s−1

∫∫

Q

ξ−1|div(A∇z)|2 dx dt ≤ s−1‖P+z‖2 + Cs3λ4
∫∫

Q

ξ3|z|2 dx dt.

❍❡♥s❡✱ ❢r♦♠ ✭✸✳✸✸✮ ✇❡ ❞❡❞✉❝❡ t❤❛t

s−1

∫∫

Q

ξ−1
(
|zt|

2 + |div(A∇z)|2
)
dx dt+ sλ2

∫∫

Q

ξ
[
|∇0z|

2 + |∇zA∇η|2
]
dx dt

+s3λ4
∫∫

Q

ξ3|z|2 dx dt ≤ C

[
‖g‖2 +

∫∫

ω0T

[
sλ2ξ|∇0z|

2 + s3λ4ξ3|z|2
]
dx dt

]
. ✭✸✳✸✹✮

◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ♦♣❡♥ s❡t ω0 ⊂⊂ ω1 ⊂⊂ ω ❛♥❞ ❛ ❢✉♥❝t✐♦♥ ψ ∈ C∞(Ω) s✉❝❤

t❤❛t 0 ≤ ψ ≤ 1✱ ψ = 1 ✐♥ ω0 ❛♥❞ ψ = 0 ✐♥ Ω\ω1✳ ❋♦r ❛♥② ǫ > 0 ✇❡ ❤❛✈❡ t❤❛t

sλ2
∫∫

ω0T

ξ|∇0z|
2 dx dt ≤ sλ2

∫∫

ω1T

ξψ∇zA∇z dx dt

= −sλ3
∫∫

ω1T

ξψz∇zA∇η dx dt− sλ2
∫∫

ω1T

ξz∇zA∇ψ dx dt

−sλ2
∫∫

ω1T

ξψzdiv(A∇z) dx dt

≤ Cs2λ4
∫∫

Q

ξ3|z|2 dx dt+ λ2
∫∫

Q

ξ|∇zA∇η|2 dx dt

∫∫

Q

ξ|∇0z|
2 dx dt+ Cǫ−1s3λ4

∫∫

ωT

ξ3|z|2 dx dt

ǫ−1s−1

∫∫

Q

ξ−1|div(A∇z)|2 dx dt.

❍❡♥s❡✱ ❢♦r ǫ s✉✣❝✐❡♥t❧② s♠❛❧❧ ❛♥❞ ❢♦r s0 ❛♥❞ λ0 s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ❢r♦♠ ✭✸✳✸✹✮ ✇❡ ❞❡❞✉❝❡

t❤❛t

s−1

∫∫

Q

ξ−1
(
|zt|

2 + |div(A∇z)|2
)
dx dt+ sλ2

∫∫

Q

ξ
[
|∇0z|

2 + |∇zA∇η|2
]
dx dt

+s3λ4
∫∫

Q

ξ3|z|2 dx dt ≤ C

[
‖g‖2 + s3λ4

∫∫

ωT

ξ3|z|2 dx dt

]
. ✭✸✳✸✺✮

✽✼



❯s✐♥❣ ❝❧❛ss✐❝❛❧ ❛r❣✉♠❡♥ts ✇❡ ❝❛♥ ❝♦♠✐♥❣ ❜❛❝❦ t♦ t❤❡ ♦r✐❣✐♥❛❧ ✈❛r✐❛❜❧❡ w ❛♥❞

❞❡❞✉❝❡ t❤❛t ✭✸✳✸✺✮ st✐❧❧ tr✉❡ ✇✐t❤ z r❡♣❛❧❝❡❞ ❜② w ❛♥❞ g r❡♣❧❛❝❡❞ ❜② f ✳ ❚❤✐s ❝♦♥❝❧✉❞❡

t❤❡ ♣r♦♦❢✳

✸✳✾ ❆♣♣❡♥❞✐① ❇✿ ❙❝❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠

✸✳✻✳✷

❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ❢r♦♠ t❤✐s ❝❛s❡ t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢

t❤❡ t❡r♠ ✐♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✸✵✮ ❛♥❞ t❤❡ ❡st✐♠❛t❡ ✭✸✳✸✶✮✳ ❍❡♥s❡ ✇❡ ✇✐❧❧ ❞✐s❝✉ss

♦♥❧② t❤✐s ♣❛rt ♦❢ t❤❡ ♣r♦♦❢✳ ❋✐rst❧②✱ ❛ str❛✐❣❤t❢✉❧❧ ❝❛❧❝✉❧❛t✐♦♥s s❤♦✇s t❤❛t

2sλ

∫∫

Q

ξ∇zÃ∇
(
∇zÃ∇η

)
dx dt = −sλ2

∫∫

Q

ξ|∇zÃ∇z|.|∇ηÃ∇η| dx dt+
8∑

i=1

Ti

+sλ

∫∫

Σ

ξ|∇zÃ∇z|(∇ηÃν) ds dt, ✭✸✳✸✻✮

✇❤❡r❡ T1, ..., T8 ❛r❡ ❣✐✈❡♥ ❜②

T1 := 2sλ
2∑

i=1

∫∫

Q

ξ

∣∣∣∣
∂z

∂xi

∣∣∣∣
2

xαi
i

∂

∂xi

(
xαi
i

∂η

∂xi

)
dx dt,

T2 := −sλ
2∑

i,j=1

∫∫

Q

ξ

∣∣∣∣
∂z

∂xi

∣∣∣∣
2
∂

∂xj

(
xαi
i x

αj

j

∂η

∂xj

)
dx dt

T3 := 2sλ
2∑

i,j=1

∫∫

Q

ξ
∂z

∂xi

∂z

∂xj
bij

∂

∂xj

(
x
αj

j

∂η

∂xj

)
dx dt,

T4 := −sλ
2∑

i,j,k=1

∫∫

Q

ξ
∂z

∂xi

∂z

∂xj

∂

∂xk

(
bijx

αk
k

∂η

∂xk

)
dx dt

T5 := 2sλ
2∑

i,j,k=1

∫∫

Q

ξ
∂z

∂xi

∂z

∂xj
xαi
i

∂

∂xi

(
bjk

∂η

∂xk

)
dx dt,

T6 := −sλ
2∑

i,j,k=1

∫∫

Q

ξ

∣∣∣∣
∂z

∂xi

∣∣∣∣
2
∂

∂xj

(
xαi
i bjk

∂η

∂xk

)
dx dt,

T7 := 2sλ
2∑

i,j,k,l=1

∫∫

Q

ξ
∂z

∂xi

∂z

∂xk
bij

∂

∂xj

(
bkl

∂η

∂xl

)
dx dt

❛♥❞

T8 := −sλ
2∑

i,j,k,l=1

∫∫

Q

ξ
∂z

∂xi

∂z

∂xj

∂

∂xk

(
bijbkl

∂η

∂xl

)
dx dt.

✽✽



◆♦✇✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t

|T1 + T2| ≤ Csλ

∫∫

Q

ξ|∇zÃ∇z| dx dt. ✭✸✳✸✼✮

❚♦ ❡st✐♠❛t❡ t❤❡ ♦t❤❡r t❡r♠s ✇❡ ✇✐❧❧ t♦ ✉s❡ t❤❡ ✐t❡♠ ✻ ♦❢ ✭✸✳✷✶✮✳ ❲❡ ❤❛✈❡ t❤❛t

|T3| ≤ Csλ

2∑

i,j=1

∫∫

Q

ξ

∣∣∣∣
∂z

∂xi

∂z

∂xj
bij

∂

∂xj

(
x
αj

j

∂η

∂xj

)∣∣∣∣ dx dt

≤ Csλ

2∑

i,j=1

[∫ T

0

∫

Ω\(ǫ,1)×(ǫ,1)

ξ

∣∣∣∣
∂z

∂xi

∂z

∂xj
bij

∂

∂xj

(
x
αj

j

∂η

∂xj

)∣∣∣∣ dx dt

∫ T

0

∫

(ǫ,1)×(ǫ,1)

ξ

∣∣∣∣
∂z

∂xi

∂z

∂xj
bij

∂

∂xj

(
x
αj

j

∂η

∂xj

)∣∣∣∣ dx dt
]

≤ Csλ

2∑

i,j=1

[∫ T

0

∫

Ω\(ǫ,1)×(ǫ,1)

ξ

∣∣∣∣
∂z

∂xi

∣∣∣∣ x
αi/2
i

∣∣∣∣
∂z

∂xj

∣∣∣∣ x
αj/2
j dx dt

∫ T

0

∫

(ǫ,1)×(ǫ,1)

ξξ

∣∣∣∣
∂z

∂xi

∣∣∣∣ x
αi/2
i

∣∣∣∣
∂z

∂xj

∣∣∣∣ x
αj/2
j dx dt

]

≤ Csλ

∫∫

Q

ξ|∇zÃ∇z| dx dt. ✭✸✳✸✽✮

■♥ ❛ s✐♠✐❧❛r ✇❛② ✇❡ ❞❡❞✉❝❡ t❤❛t

|T4 + T5 + T7| ≤ Csλ

∫∫

Q

ξ|∇zÃ∇z| dx dt. ✭✸✳✸✾✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❤❛✈❡ t❤❛t

T6 = −sλ

∫∫

Q

ξ|∇zA∇z|

[
2∑

i,j=1

∂

∂xi

(
bij

∂η

∂xj

)]
dx dt

−sλ
2∑

i,j=1

∫∫

Q

ξ

∣∣∣∣
∂z

∂xi

∣∣∣∣
2
∂

∂xi
(xαi

i )bij
∂η

∂xj
dx dt

≥ −Csλ

∫∫

Q

ξ|∇zÃ∇z| dx dt− sλ

2∑

i,j=1

[∫ T

0

∫

(ǫ,1)×(ǫ,1)

ξ|∇zÃ∇z| dx dt

+

∫ T

0

∫

Ω\(ǫ,1)×(ǫ,1)

ξ

∣∣∣∣
∂z

∂xi

∣∣∣∣
2
∂

∂xi
(xαi

i )x
αi/2
i x

αj/2
j pij

∂η

∂xj
dx dt

]

≥ −sλ
2∑

i,j=1

[∫ T

0

∫

Ω\(ǫ,1)×(ǫ,1)

ξ

∣∣∣∣
∂z

∂xi

∣∣∣∣
2
∂

∂xi
(xαi

i )x
αi/2
i x

αj/2
j pij

∂η

∂xj
dx dt

]

−Csλ

∫∫

Q

ξ|∇zÃ∇z| dx dt ✭✸✳✹✵✮

❋r♦♠ ✐t❡♠ ✻ ♦❢ ✭✸✳✷✶✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ η ✇❡ s❡❡ t❤❛t t❤❡ ✜rst

t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✹✵✮ ✐s ♥♦♥ ♥❡❣❛t✐✈❡✳ ❍❡♥s❡

T6 ≥ −Csλ

∫∫

Q

ξ|∇zÃ∇z| dx dt. ✭✸✳✹✶✮

✽✾



■♥ ❛ s✐♠✐❧❛r ✇❛② ✇❡ ❞❡❞✉❝❡ t❤❛t

T8 ≥ −Csλ

∫∫

Q

ξ|∇zÃ∇z| dx dt. ✭✸✳✹✷✮

❆r❣✉✐♥❣ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢✱ ❢r♦♠ ✭✸✳✸✻✮✱ ✭✸✳✸✼✮✱ ✭✸✳✸✽✮✱ ✭✸✳✸✾✮✱ ✭✸✳✹✶✮ ❛♥❞

✭✸✳✹✷✮ ✇❡ ❞❡❞✉❝❡ ❛♥ ❡st✐♠❛t❡ s✐♠✐❧❛r t♦ ✭✸✳✸✶✮✳ ❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ✐s ✈❡r② s✐♠✐❧❛r t♦

t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ❛♥❞ ✐t✬s ❧❡❢t t♦ t❤❡ r❡❛❞❡r✳

✾✵



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❋✳ ❆❧❛❜❛✉✲❇♦✉ss♦✉✐r❛✱ P✳ ❈❛♥♥❛rs❛ ❛♥❞ ●✳ ❋r❛❣♥❡❧❧✐✱ ❈❛r❧❡♠❛♥ ❊st✐♠❛t❡s ❢♦r

❉❡❣❡♥❡r❛t❡ P❛r❛❜♦❧✐❝ ❖♣❡r❛t♦rs ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s t♦ ◆✉❧❧ ❈♦♥tr♦❧❧❛❜✐❧✐t②✱ ❏✳ ❊✈♦❧✳

❊q✉✳ ✻✱ ✷✵✵✻✱ ✶✻✶✲✷✵✻✳

❬✷❪ ❋✳ ❉✳ ❆r❛r✉♥❛✱ ❇✳ ❙✳ ❱✳ ❆r❛ú❥♦ ❛♥❞ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛✱ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧

❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r s♦♠❡ ❧✐♥❡❛r ❛♥❞ s❡♠✐❧✐♥❡❛r ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✱ t♦ ❜❡

❛♣♣❡❛r✳

❬✸❪ ❋✳ ❉✳ ❆r❛r✉♥❛✱ ❇✳ ❙✳ ❱✳ ❆r❛ú❥♦ ❛♥❞ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛✱ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r

s♦♠❡ ✷✲❞✐♠❡♥s✐♦♥❛❧ ❞❡❣❡♥❡r❛t❡ ♣❛r❛❜♦❧✐❝ ♦♣❡r❛t♦rs ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✱ t♦ ❜❡ ❛♣♣❡❛r✳

❬✹❪ ❋✳ ❉✳ ❆r❛r✉♥❛✱ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛ ❛♥❞ ▼✳ ❈✳ ❙❛♥t♦s✱ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ❊①❛❝t

❈♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r ▲✐♥❡❛r ❛♥❞ ❙❡♠✐❧✐♥❡❛r P❛r❛❜♦❧✐❝ ❊q✉❛t✐♦♥s✱ ❊❙❆■▼✿ ❈❖❈❱✱

✷✵✶✹✱ ✽✸✺✲✽✺✻✳

❬✺❪ ❋✳ ❉✳ ❆r❛r✉♥❛✱ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛✱ ❙✳ ●✉❡rr❡r♦ ❛♥❞ ▼✳ ❈✳ ❙❛♥t♦s✱ ❘❡♠❛r❦s ♦♥

t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ❊①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t②✱ ✐♥ ♣r❡♣❛r❛t✐♦♥✳

❬✻❪ ❋✳ ❇❧❛❝❦ ❛♥❞ ▼✳ ❙❝❤♦❧❡s✱ ❚❤❡ Pr✐❝✐♥❣ ♦❢ ❖♣t✐♦♥s ❛♥❞ ❈♦r♣♦r❛t❡ ▲✐❛❜✐❧✐t✐❡s✱ ❏♦✉r♥❛❧

♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠✐❝s ✽✶✱ ✶✾✼✸✱ ✻✸✼✲✻✺✾✳

❬✼❪ P✳ ❈❛♥♥❛rs❛✱ P✳ ▼❛rt✐♥❡③ ❛♥❞ ❏✳ ❱❛♥❝♦st❡♥♦❜❧❡✱ ❈❛r❧❡♠❛♥ ❊st✐♠❛t❡s ❢♦r ❛ ❈❧❛ss

♦❢ ❉❡❣❡♥❡r❛t❡ P❛r❛❜♦❧✐❝ ❊q✉❛t✐♦♥s✱ ❙■❆▼ ❏✳ ❈♦♥tr♦❧ ❖♣t✐♠✳ ✈♦❧ ✹✼✱ ◆♦✳✶✱ ✷✵✵✽✱

✶✲✶✾✳



❬✽❪ ❈❆◆◆❆❘❙❆✱ P✳✱ ▼❆❘❚■◆❊❩✱ P✳✱ ❱❆◆❈❖❙❚❊◆❖❇▲❊✱ ❏✳✱ P❡rs✐st❡♥t ❘❡❣✐♦♥❛❧

◆✉❧❧ ❈♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r ❛ ❈❧❛ss ♦❢ ❉❡❣❡♥❡r❛t❡ P❛r❛❜♦❧✐❝ ❊q✉❛t✐♦♥s✱ ❈♦♠♠✳ P✉r❡

❆♣♣❧✳ ❆♥❛❧✳✱ ✸✱ ✷✵✵✹✳

❬✾❪ ❈❆◆◆❆❘❙❆✱ P✳✱ ▼❆❘❚■◆❊❩✱ P✳✱ ❱❆◆❈❖❙❚❊◆❖❇▲❊✱ ❏✳✱ ◆✉❧❧ ❈♦♥tr♦❧❧❛❜✐❧✐t②

♦❢ ❉❡❣❡♥❡r❛t❡ ❍❡❛t ❊q✉❛t✐♦♥s✱ ❆❞✈❛♥❝❡s ✐♥ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✷✵✵✹✳

❬✶✵❪ P✳ ❈❛♥♥❛rs❛✱ P✳ ▼❛rt✐♥❡③ ❛♥❞ ❏✳ ❱❛♥❝♦st❡♥♦❜❧❡✱ ●❧♦❜❛❧ ❈❛r❧❡♠❛♥ ❊st✐♠❛t❡s

❢♦r ❉❡❣❡♥❡r❛t❡ P❛r❛❜♦❧✐❝ ❖♣❡r❛t♦rs ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s✱ ▼❡♠♦✐rs ♦❢ t❤❡ ❆♠❡r✐❝❛♥

▼❛t❤❡♠❛t❤✐❝❛❧ ❙♦❝✐❡t②✱ ✈♦❧✳ ✷✸✾✱ ♥♦✳ ✶✶✸✸✱ ✷✵✶✻✳

❬✶✶❪ P✳ ❈❛♥♥❛rs❛✱ ❉✳ ❘♦❝❝❤❡tt✐ ❛♥❞ ❏✳ ❱❛♥❝♦st❡♥♦❜❧❡✱ ●❡♥❡r❛t✐♦♥ ♦❢ ❆♥❛❧✐t✐❝ s❡♠✐✲

❣r♦✉♣s ✐♥ L2 ❢♦r ❛ ❝❧❛ss ♦❢ s❡❝♦♥❞ ♦r❞❡r ❞❡❣❡♥❡r❛t❡ ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦rs✱ ❈♦♥tr♦❧ ❛♥❞
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