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❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦s ♠❡✉s ❢❛♠✐❧✐❛r❡s✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ♠❡✉ ♣❛✐ ❉❛✈✐✱ ♠✐♥❤❛ ♠ã❡ ❙❛r❛ ❡ ♠✐♥❤❛ ✐r♠ã

❇❡❛tr✐③✱ ♣♦r t♦❞♦ ♦ ❛♣♦✐♦ ✐♥❝♦♥❞✐❝✐♦♥❛❧ ❡ ♣❡❧❛ t♦r❝✐❞❛ ❝♦♥st❛♥t❡ ♣❡❧♦ ♠❡✉ s✉❝❡ss♦ ♥❡ss❛

❥♦r♥❛❞❛✳ ❚❛♠❜é♠ s♦✉ ❣r❛t♦ ❞❡ ♠❛♥❡✐r❛ ❡s♣❡❝✐❛❧ à ♠✐♥❤❛ ❛✈ó ▼❛r✐❛ ❞❛ P❛③✱ ♣❡❧❛s ♦r❛çõ❡s

❡ ♣❛❧❛✈r❛s ❞❡ ✐♥❝❡♥t✐✈♦✳

❆♦s ♠❡✉s ♦r✐❡♥t❛❞♦r❡s✱ ♣r♦❢❡ss♦r❡s Pér✐❝❧❡s ❘❡③❡♥❞❡ ❇❛rr♦s ❡ ❘❛❢❛❡❧ ❇❡③❡rr❛ ❈♦rr❡✐❛

▲✐♠❛✱ ♣❡❧♦ tr❛❜❛❧❤♦ ❞❡ ♦r✐❡♥t❛çã♦ ❡ ❛❝♦♠♣❛♥❤❛♠❡♥t♦✱ ♣❡❧❛ ❝♦❜r❛♥ç❛ ❡ ♣❡❧♦ s✉♣♦rt❡✱ q✉❡

r❡s✉❧t❛r❛♠ ♥❛ ♣r♦❞✉çã♦ ❞❡st❡ tr❛❜❛❧❤♦ ❞❡ ❞✐ss❡rt❛çã♦✳

❆❣r❛❞❡ç♦ ❛♦s ❝♦♠♣♦♥❡♥t❡s ❞❛ ❜❛♥❝❛✱ ♣r♦❢❡ss♦r❡s ❏♦sé ❙ér❣✐♦ ❞❛ ❘♦❝❤❛ ◆❡t♦ ❡ ❆❧❡✲

①❛♥❞r❡ ❈✉♥❤❛ ❖❧✐✈❡✐r❛✱ ♣❡❧❛s s✉❛s ❝♦♥tr✐❜✉✐çõ❡s ♣❛r❛ ❡♥r✐q✉❡❝❡r ❡st❡ tr❛❜❛❧❤♦✳

➚ ❈❆P❊❙✱ ♣❡❧♦ s✉♣♦rt❡ ✜♥❛♥❝❡✐r♦✳

❆♦s ❢✉♥❝✐♦♥ár✐♦s ❞❛ ❈❖P❊▲❊✱ ♣❡❧♦s s❡r✈✐ç♦s ♣r❡st❛❞♦s ❡ ♣❡❧❛ ❛ss✐stê♥❝✐❛ ♣r❡st❛t✐✈❛✳

❆♦s ♠❡✉s ❝♦❧❡❣❛s ❞♦ ▲■❊❈✱ ❆♥t♦♥✐♦ ❏✉❧✐♦✱ ❈❤❛r❧❡s✱ ❆❧❡q✉✐♥❡✱ ❆♥♥❛ P❛✉❧❛✱ ❆♥tô♥✐♦

❆❣r✐♣✐♥♦✱ ▲✉❝❛s✱ ❈❧❛r✐ss❡✱ ▼♦✐sés✱ ♣r♦❢❡ss♦r ●❡♦r❣❡ ❆❝✐♦❧✐✱ ♣❡❧❛ ❝♦❧❛❜♦r❛çã♦ ❛♦ ❧♦♥❣♦ ❞♦

♣❡r❝✉rs♦ ❞♦ ♠❡str❛❞♦ ❡ ♣❡❧❛ ❛♠✐③❛❞❡ ❞❡s❡♥✈♦❧✈✐❞❛✳

❆♦s ♠❡✉s ❝♦❧❡❣❛s ❞❡ ❛♣❛rt❛♠❡♥t♦✱ ❊③❡q✉✐❡❧ ❡ ❏♦ã♦ ❍❡❧✐✱ ♣❡❧♦s ❜♦♥s ♠♦♠❡♥t♦s ❞❡

❛♠✐③❛❞❡ ❡ ❝♦♥✈✐✈ê♥❝✐❛ ❞✐ár✐❛✳

❆♦s ❛♠✐❣♦s ❡ ✐r♠ã♦s ❞❛ Pr✐♠❡✐r❛ ■❣r❡❥❛ ❇❛t✐st❛ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡✱ ♣♦r ♠❡ ♣r♦♣♦r✲

❝✐♦♥❛r❡♠ ✉♠ ❛♠❜✐❡♥t❡ ♥❡st❛ ❝✐❞❛❞❡ ♣❛r❛ ❛♣❡r❢❡✐ç♦❛r ❛ ❢é ❡ ✈✐✈❡r ❛ ❡①♣❡r✐ê♥❝✐❛ ❞❡ ❢❛③❡r

♣❛rt❡ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❡♠ ❈r✐st♦✳

❆ ❉❡✉s✱ ♣❡❧❛ ❡①♣❡r✐ê♥❝✐❛ ❞❡ ♣♦❞❡r ❢❛③❡r ❡ss❡ ♠❡str❛❞♦ ♥❛ ár❡❛ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦ q✉❡

❞❡s❡❥❛✈❛✱ ♥❡ss❛ ❝✐❞❛❞❡✱ ❝♦♠ ❡ss❛s ♣❡ss♦❛s✳ P♦r ❝❛❞❛ ♠♦♠❡♥t♦ ✈✐✈✐❞♦ ♥❡ss❡ ♣❡rí♦❞♦✱ t❛♥t♦

♥♦ ❛♠❜✐❡♥t❡ ❛❝❛❞ê♠✐❝♦ ❝♦♠♦ ❢♦r❛ ❞❡❧❡✳ P♦r ❝❛❞❛ ♥♦✈♦ ❞✐❛✱ ♣❡❧♦ ❝✉✐❞❛❞♦ ❡ ♣r♦✈✐sã♦ ❞✐ár✐❛s

q✉❡ ♠❡ tr♦✉①❡r❛♠ ❛té ❛q✉✐ ❡ q✉❡ ♠❡ ❢❛③❡♠ ♣r♦ss❡❣✉✐r✳

✐



❘❡s✉♠♦

▼♦❞❡❧♦s ❞❡ ❜❛✐①❛ ♦r❞❡♠ sã♦ ♠✉✐t♦ ✉t✐❧✐③❛❞♦s ♥❛ ár❡❛ ❞❡ ❝♦♥tr♦❧❡ ❞❡ s✐st❡♠❛s✳ ❊♥q✉❛♥t♦

❛ s✐♠♣❧✐❝✐❞❛❞❡ q✉❡ ❧❤❡s é ✐♥trí♥s❡❝❛ é ❞❡s❡❥á✈❡❧ ♣♦r ✜♥s ♣rát✐❝♦s✱ ❛✐♥❞❛ é ♥❡❝❡ssár✐♦ q✉❡

♦s ♠♦❞❡❧♦s s❡❥❛♠ r❡♣r❡s❡♥t❛çõ❡s ♣r❡❝✐s❛s ❞♦ s✐st❡♠❛ ❡st✉❞❛❞♦✱ ✐st♦ é✱ q✉❡ ❤❛❥❛ ✉♠ ♥í✈❡❧

♠í♥✐♠♦ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ ❛s ❞✐♥â♠✐❝❛s ❞♦ ♠♦❞❡❧♦ ❣❡r❛❞♦ ❡ ❞❛ ♣❧❛♥t❛ r❡❛❧✳

❘❡♣r❡s❡♥t❛çõ❡s ❝♦♠ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ♣♦❞❡ s❡r út❡✐s ♥❛ ♦❜t❡♥çã♦ ❞❡ t❛✐s

♠♦❞❡❧♦s ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❡str✉t✉r❛ ❞❡ ♠♦❞❡❧♦ ❞❡ r❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦ ✜♥✐t❛✱ ❝✉❥❛ ✉t✐❧✐✲

③❛çã♦ ♣❡r♠✐t❡ ❞❡s❢r✉t❛r ❞❡ ✈❛♥t❛❣❡♥s ♥✉♠ér✐❝❛s ♣♦r s❡r ❧✐♥❡❛r ♥♦s ♣❛râ♠❡tr♦s ❡ ❡st✐♠❛r

❛ r❡s♣♦st❛ ❞♦ s✐st❡♠❛ ❝♦♠ ❞✐♥â♠✐❝❛ ❞✐❢❡r❡♥t❡ ❞❛ ❞♦ r✉í❞♦✱ ❞✐♠✐♥✉✐♥❞♦ ♦s ❡rr♦s ❞❡ ♠♦❞❡✲

❧❛❣❡♠✱ ❛❧é♠ ❞❡ ♣♦ss✐❜✐❧✐t❛r ❞❡ ♠♦❞♦ s✐♠♣❧❡s ❛ ✐♥❝❧✉sã♦ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦ s♦❜r❡ ♦

s✐st❡♠❛✳ P♦ré♠✱ ✉♠❛ ❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛ ❞♦s ♣♦❧♦s é ❝r✉❝✐❛❧ ♥❡st❡ ♣r♦❝❡ss♦✳

◆❡st❡ tr❛❜❛❧❤♦ ❞❡ ❞✐ss❡rt❛çã♦✱ ❡st✉❞❛♠✲s❡ ❞✉❛s s✐t✉❛çõ❡s ❡♠ q✉❡✱ ❛ ♣❛rt✐r ❞❡ ❞❛❞♦s ❞❡

❡♥tr❛❞❛ ❡ s❛í❞❛ ❞❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞♦ s✐st❡♠❛✱ ♠♦❞❡❧♦s ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦♠❛✐s

❞❡ ❜❛✐①❛ ♦r❞❡♠ sã♦ ❣❡r❛❞♦s ❞❡ ♠♦❞♦ ❛ s❛t✐s❢❛③❡r ❝♦♥❞✐çõ❡s ❞❡ ♦♣t✐♠❛❧✐❞❛❞❡ ❞♦ ❡rr♦ ❞❡

❡st✐♠❛t✐✈❛ ❡♠ r❡❧❛çã♦ ❛♦s ♣♦❧♦s ❡s❝♦❧❤✐❞♦s✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ❛♣r❡s❡♥t❛✲s❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡

❣❡r❛r ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ ❛tr❛s♦ ❝✉❥♦s ♣♦❧♦s sã♦ ❝❛❧❝✉❧❛❞♦s ❞❡ ♠♦❞♦ ❛ s❛t✐s❢❛③❡r ♦s

❝r✐tér✐♦s ❞❡ ♦t✐♠❛❧✐❞❛❞❡✳

◆♦ s❡❣✉♥❞♦✱ ♣r♦♣õ❡♠✲s❡ ❞♦✐s ♠ét♦❞♦s ♣❛r❛ ❣❡r❛r ♠♦❞❡❧♦s ❞❡ ❑❛✉t③ ❞❡ s❡❣✉♥❞❛ ♦r✲

❞❡♠ ❡ ♣❛râ♠❡tr♦s r❡❛✐s✱ ✈✐s❛♥❞♦ ❛ ♠♦❞❡❧❛r s✐st❡♠❛s ❝♦♠ ♣♦❧♦s ❞✐s♣❡rs♦s q✉❡ ❛♣r❡s❡♥t❛♠

❞✐♥â♠✐❝❛s ♠❛✐s ❝♦♠♣❧❡①❛s ✐♥❞✉③✐❞❛s ♣♦r ③❡r♦s✳ ❙ã♦ ❞❡s❡♥✈♦❧✈✐❞❛s t❛♠❜é♠ ❛s s♦❧✉çõ❡s

❛♥❛❧ít✐❝❛s ❞♦s ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ q✉❡ ❣❡r❛♠ ♦s ❝r✐tér✐♦s ✉t✐❧✐③❛❞♦s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛s❀ ❢✉♥ç ♦❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s❀ ♦t✐♠✐③❛çã♦ ❞❡

♣♦❧♦s✳
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❆❜str❛❝t

▲♦✇✲♦r❞❡r ♠♦❞❡❧s ❛r❡ ❧❛r❣❡❧② ✉s❡❞ ✐♥ t❤❡ s②st❡♠ ❝♦♥tr♦❧ ❛r❡❛✳ ❲❤✐❧❡ t❤❡✐r ✐♥tr✐♥s✐❝ s✐♠♣❧✐❝✲

✐t② ✐s ❞❡s✐r❛❜❧❡ ❢♦r ♣r❛❝t✐❝❛❧ ♣✉r♣♦s❡s✱ t❤❡ ♠♦❞❡❧s st✐❧❧ ♥❡❡❞ t♦ ❜❡ ❛❝❝✉r❛t❡ r❡♣r❡s❡♥t❛t✐♦♥s

♦❢ t❤❡ st✉❞✐❡❞ s②st❡♠✱ ✐✳❡✳ ❛ ♠✐♥✐♠❛❧ ❧❡✈❡❧ ♦❢ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ❣❡♥❡r❛t❡❞ ♠♦❞❡❧

❞②♥❛♠✐❝s ❛♥❞ t❤♦s❡ ♦❢ t❤❡ r❡❛❧ ♣❧❛♥t ✐s r❡q✉✐r❡❞✳

❘❡♣r❡s❡♥t❛t✐♦♥s ✇✐t❤ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s ♠❛② ❜❡ ✉s❡❢✉❧ ✐♥ t❤❡ ♦❜t❛✐♥♠❡♥t ♦❢

s✉❝❤ ♠♦❞❡❧s ❜② ♠❡❛♥s ♦❢ ✜♥✐t❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ♠♦❞❡❧ str✉❝t✉r❡✱ ✇❤♦s❡ ✉t✐❧✐③❛t✐♦♥ ❛❧❧♦✇s

t♦ t❛❦❡ ❛❞✈❛♥t❛❣❡ ♦❢ ♥✉♠❡r✐❝❛❧ ❜❡♥❡✜ts ❞✉❡ t♦ ✐ts ❧✐♥❡❛r✲✐♥✲t❤❡✲♣❛r❛♠❡t❡rs ❝❤❛r❛❝t❡r✐st✐❝

❛♥❞ t♦ t❤❡ ❢❛❝t ✐t ♠♦❞❡❧s t❤❡ s②st❡♠ r❡s♣♦♥s❡ ✇✐t❤ ❞②♥❛♠✐❝s ❞✐✛❡r❡♥t t♦ t❤♦s❡ ♦❢ t❤❡

♥♦✐s❡✱ ✇❤✐❝❤ ❤❡❧♣s t♦ ❞✐♠✐♥✐s❤ ♠♦❞❡❧❧✐♥❣ ❡rr♦rs✳ ❋✉rt❤❡r♠♦r❡ t❤❡✐r ✉s❡ ❛❧s♦ ❛❧❧♦✇s t❤❡

✐♥❝❧✉s✐♦♥ ♦❢ ♣r✐♦r ❦♥♦✇❧❡❞❣❡ ✐♥ ❛ s✐♠♣❧❡ ♠❛♥♥❡r✳ ◆❡✈❡rt❤❡❧❡ss ❛♥ ❛❞❡q✉❛t❡ ❝❤♦✐❝❡ ♦❢ t❤❡

❢✉♥❝t✐♦♥s ♣♦❧❡s ✐s ❝r✉❝✐❛❧ ✐♥ t❤✐s ♣r♦❝❡ss✳

■♥ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✇♦r❦ t✇♦ s✐t✉❛t✐♦♥s ❛r❡ st✉❞✐❡❞✱ ✐♥ ✇❤✐❝❤ ❧♦✇✲♦r❞❡r ♦rt❤♦♥♦r♠❛❧
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s♦ ❛s t♦ s❛t✐s❢② ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❡st✐♠❛t❡ ❡rr♦r r❡❧❛t✐✈❡ t♦ t❤❡ ❝❤♦s❡♥ ♣♦❧❡s✳ ■♥

t❤❡ ✜rst ❝❛s❡✱ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❣❡♥❡r❛t✐♥❣ ▲❛❣✉❡rr❡ ♠♦❞❡❧s ♣❧✉s t✐♠❡✲❞❡❧❛② ✇❤♦s❡ ♣♦❧❡s

❛r❡ ❝♦♠♣✉t❡❞ s♦ t❤❛t t❤❡② s❛t✐s❢② t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ✐s ♣r❡s❡♥t❡❞✳
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✇✐t❤ r❡❛❧ ♣♦❧❡s✱ ❛✐♠✐♥❣ ❛t ♠♦❞❡❧❧✐♥❣ s②st❡♠s ✇✐t❤ s♣❛rs❡ ♣♦❧❡s t❤❛t ♣r❡s❡♥t ♠♦r❡ ❝♦♠♣❧❡①

③❡r♦✲✐♥❞✉❝t❡❞ ❞②♥❛♠✐❝s✳ ❚❤❡ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥s ❢♦r t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s t❤❛t r❛✐s❡
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❑❡②✇♦r❞s✿ s②st❡♠ ✐❞❡♥t✐✜❝❛t✐♦♥❀ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s❀ ♣♦❧❡ ♦♣t✐♠✐③❛t✐♦♥✳
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✺✳✷ P♦s✐çã♦ Ót✐♠❛ ❞❡ ✉♠ P❛r ❞❡ P♦❧♦s ❘❡❛✐s ❛ ✉♠❛ ❘❛③ã♦ ❋✐①❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✺✳✸ ❘❛③ã♦ Ót✐♠❛ ❊♥tr❡ ❉♦✐s P♦❧♦s ❘❡❛✐s ❡♠ ❚♦r♥♦ ❞❡ ✉♠ P♦♥t♦ ❋✐①♦ ✳ ✳ ✳ ✳ ✳ ✻✽

✺✳✹ ❊st✐♠❛çã♦ ❡♠ ❞♦✐s ♣❛ss♦s ❞❡ ♠♦❞❡❧♦s ❞❡ ❑❛✉t③ ❛ ❞♦✐s ♣❛râ♠❡tr♦s r❡❛✐s ✳ ✳ ✼✵

✺✳✺ ◗✉❡stõ❡s ❞❡ ■♠♣❧❡♠❡♥t❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✺✳✻ ❙✐♠✉❧❛çõ❡s ◆✉♠ér✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✺✳✼ ❈♦♥❝❧✉sã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✻ ❈♦♥❝❧✉sã♦ ❡ ❚r❛❜❛❧❤♦s ❋✉t✉r♦s ✽✵

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✽✸

✈



▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✷✳✶ ❆❧❣✉♥s ♠♦❞❡❧♦s ❙■❙❖ ❝❛✐①❛✲♣r❡t❛ ❝♦♠✉♥s ❝♦♠♦ ❝❛s♦s ❡s♣❡❝✐❛✐s ❞❛ ❡q✉❛çã♦

✭✷✳✹✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✸✳✶ ❈♦♥✜❣✉r❛çõ❡s ❡s❝♦❧❤✐❞❛s ♥❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦s ♣r♦❝❡ss♦s ❝♦♠ ❝❛❞❛ ✉♠ ❞♦s

♠ét♦❞♦s ✉t✐❧✐③❛❞♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸✳✷ ❆❥✉st❡ ◆❘▼❙❊ ❞♦s ♠♦❞❡❧♦s ♦❜t✐❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ❋■❘✲❋❖P❚❉✱ ●❖❇❋✲

▲♦❣ ❡ ▲❡❣❡♥❞r❡ ❝♦♠ ❛♣❧✐❝❛çã♦ ❞❡ ❞❡❣r❛✉ ✉♥✐tár✐♦ ♥❛ ❡♥tr❛❞❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸✳✸ ❆❥✉st❡ ◆❘▼❙❊ ❞♦s ♠♦❞❡❧♦s ♦❜t✐❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ▲❛❣✉❡rr❡ ✭♣♦❧♦ ót✐♠♦✮

❡ ❋❙❋ ❝♦♠ ❛♣❧✐❝❛çã♦ ❞❡ ❞❡❣r❛✉ ✉♥✐tár✐♦ ♥❛ ❡♥tr❛❞❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸✳✹ ❆❥✉st❡ ◆❘▼❙❊ ❞♦s ♠♦❞❡❧♦s ♦❜t✐❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ❋■❘✲❋❖P❚❉✱ ●❖❇❋✲

▲♦❣ ❡ ▲❡❣❡♥❞r❡ ❝♦♠ ❛♣❧✐❝❛çã♦ ❞❡ r✉í❞♦ ❜r❛♥❝♦ ♥❛ ❡♥tr❛❞❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✺ ❆❥✉st❡ ◆❘▼❙❊ ❞♦s ♠♦❞❡❧♦s ♦❜t✐❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ▲❛❣✉❡rr❡ ✭♣♦❧♦ ót✐♠♦✮

❡ ❋❙❋ ❝♦♠ ❛♣❧✐❝❛çã♦ ❞❡ r✉í❞♦ ❜r❛♥❝♦ ♥❛ ❡♥tr❛❞❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✻ ▼❡❧❤♦r❡s ♥ú♠❡r♦s ❞❡ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❞❛s ♠❛tr✐③❡s ❞❡ ❝♦rr❡❧❛çã♦ r❡s✉❧t❛♥✲

t❡s ❞❛ ✉t✐❧✐③❛çã♦ ❞♦s ♠ét♦❞♦s ❋■❘✲❋❖P❚❉✱ ●❖❇❋✲▲♦❣ ❡ ▲❡❣❡♥❞r❡ q✉❛♥❞♦

❛♣❧✐❝❛❞♦s ✉♠ ❞❡❣r❛✉ ❡ ✉♠ r✉í❞♦ ❜r❛♥❝♦ ❝♦♠♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✸✳✼ ▼❡❧❤♦r❡s ♥ú♠❡r♦s ❞❡ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❞❛s ♠❛tr✐③❡s ❞❡ ❝♦rr❡❧❛çã♦ r❡s✉❧✲

t❛♥t❡s ❞❛ ✉t✐❧✐③❛çã♦ ❞♦s ♠ét♦❞♦s ▲❛❣✉❡rr❡ ✭♣♦❧♦ ót✐♠♦✮ ❡ ❋❙❋ q✉❛♥❞♦

❛♣❧✐❝❛❞♦s ✉♠ ❞❡❣r❛✉ ❡ ✉♠ r✉í❞♦ ❜r❛♥❝♦ ❝♦♠♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✹✳✶ ▼♦❞❡❧♦s ❖▲P❚❉ ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦ ❡st✐♠❛❞♦s ♣❛r❛ ♦s ♣r♦❝❡ss♦s 1 ❛ 3✳ ✳ ✳ ✺✻

✹✳✷ ◆❘▼❙❊ ❣❡r❛❞♦s ♣❡❧❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ▼♦❞❡❧♦s ❖▲P❚❉ ❞❡ t❡♠♣♦

❝♦♥tí♥✉♦ ❡st✐♠❛❞♦s ♣❛r❛ ♦s ♣r♦❝❡ss♦s 1 ❛ 3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✸ ▼♦❞❡❧♦s ❖▲P❚❉ ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦ ❡st✐♠❛❞♦s ♣❛r❛ ♦s ♣r♦❝❡ss♦s ❆✱ ❇ ❡ ❈✳ ✻✶

✹✳✹ ◆❘▼❙❊ ❣❡r❛❞♦s ♣❡❧❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❞❡ t❡♠♣♦

❝♦♥tí♥✉♦ ❡st✐♠❛❞♦s ♣❛r❛ ♦s ♣r♦❝❡ss♦s ❆✱ ❇ ❡ ❈✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✺✳✶ ❱❛❧♦r❡s ❞❛s ✈❛r✐á✈❡✐s ❡♥✈♦❧✈✐❞❛s ♥❛ ♦❜t❡♥çã♦ ❞♦s ♠♦❞❡❧♦s ❑❛✉t③✲P❘ ♣❛r❛

♦s q✉❛tr♦ ♣r♦❝❡ss♦s ❛♥❛❧✐s❛❞♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✶



▲✐st❛ ❞❡ ❚❛❜❡❧❛s ✷

✺✳✷ ▼♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ❛ ❞♦✐s ♣❛râ♠❡tr♦s r❡❛✐s ❡st✐✲

♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ G1(s) ❡ ♦ ▼❙❊ ❣❡r❛❞♦ ♣♦r s✉❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉✳ ✼✺

✺✳✸ ▼♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ❛ ❞♦✐s ♣❛râ♠❡tr♦s r❡❛✐s ❡st✐✲

♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ G2(s) ❡ ♦ ▼❙❊ ❣❡r❛❞♦ ♣♦r s✉❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉✳ ✼✼

✺✳✹ ▼♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ❛ ❞♦✐s ♣❛râ♠❡tr♦s r❡❛✐s ❡st✐✲

♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ G3(s) ❡ ♦ ▼❙❊ ❣❡r❛❞♦ ♣♦r s✉❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉✳ ✼✾



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ❊str✉t✉r❛ ❞♦ ♠♦❞❡❧♦ ❆❘❳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷✳✷ ❊str✉t✉r❛ ❣❡r❛❧ ❞♦s ♠♦❞❡❧♦s ❞❡ ❡rr♦ ♥❛ ❡q✉❛çã♦✳ ❖ ♠♦❞❡❧♦ ❆❘▼❆❳ é

♦❜t✐❞♦ ❢❛③❡♥❞♦ D = 1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✷✳✸ ❊str✉t✉r❛ ❞♦ ♠♦❞❡❧♦ ❖❊✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✹ ❊str✉t✉r❛ ❞♦ ♠♦❞❡❧♦ ❇❏✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✸✳✶ ❘❡❞❡s ❞❡ ✜❧tr♦s ♣❛ss❛✲t✉❞♦ ❡♠ ❝❛s❝❛t❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✷ ❋✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ ✉♠ ♣♦❧♦ ❡♠ a = 0,92 ❡ ♥ú♠❡r♦ ❞❡ ❢✉♥çõ❡s ✐❣✉❛❧

❛ 5 ✭tr❛❝❡❥❛❞♦ ❡ ♣♦♥t✐❧❤❛❞♦✮✱ 20 ✭♣♦♥t✐❧❤❛❞♦✮ ❡ 60 ✭❝❤❡✐♦✮✳ ❖ ❣rá✜❝♦ ❛❝✐♠❛

♠♦str❛ ❛ r❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦ ❞❛s ❢✉♥çõ❡s ✭❝♦♠ ❡✐①♦ ❤♦r✐③♦♥t❛❧ ❞❡s❧♦❝❛❞♦

♣❛r❛ ❢❛❝✐❧✐t❛r ❛ ✈✐s✉❛❧✐③❛çã♦✮ ❡ ♦ ❣rá✜❝♦ ❛❜❛✐①♦ ♠♦str❛ ❛ ❡♥❡r❣✐❛ ❛❝✉♠✉❧❛❞❛

❞❛s ❢✉♥çõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✸ ●rá✜❝♦s ❞♦s ♠♦❞❡❧♦s ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 4✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✹ ●rá✜❝♦s ❞♦s ♠♦❞❡❧♦s ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 9✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✸✳✺ ●rá✜❝♦s ❞♦s ♠♦❞❡❧♦s ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 6✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✸✳✻ ●rá✜❝♦s ❞♦s ♠♦❞❡❧♦s ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✹✳✶ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 1✳

❈✉r✈❛s✿ ❡♥tr❛❞❛ ✭♣♦♥t✐❧❤❛❞❛ ✜♥❛✮✱ s❛í❞❛ s✐♠✉❧❛❞❛ ✭só❧✐❞❛✮✱ ♠♦❞❡❧♦s ❞❡ ✶❛

♦r❞❡♠ ✭♣♦♥t✐❧❤❛❞❛ ❣r♦ss❛✮✱ ✷❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✮ ❡ ✸❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✲

♣♦♥t✐❧❤❛❞❛✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✹✳✷ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 2✳

❈✉r✈❛s✿ ❡♥tr❛❞❛ ✭♣♦♥t✐❧❤❛❞❛ ✜♥❛✮✱ s❛í❞❛ s✐♠✉❧❛❞❛ ✭só❧✐❞❛✮✱ ♠♦❞❡❧♦s ❞❡ ✶❛

♦r❞❡♠ ✭♣♦♥t✐❧❤❛❞❛ ❣r♦ss❛✮✱ ✷❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✮ ❡ ✸❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✲

♣♦♥t✐❧❤❛❞❛✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✹✳✸ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 3✳

❈✉r✈❛s✿ ❡♥tr❛❞❛ ✭♣♦♥t✐❧❤❛❞❛ ✜♥❛✮✱ s❛í❞❛ s✐♠✉❧❛❞❛ ✭só❧✐❞❛✮✱ ♠♦❞❡❧♦s ❞❡ ✶❛

♦r❞❡♠ ✭♣♦♥t✐❧❤❛❞❛ ❣r♦ss❛✮✱ ✷❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✮ ❡ ✸❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✲

♣♦♥t✐❧❤❛❞❛✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✶



▲✐st❛ ❞❡ ❋✐❣✉r❛s ✶

✹✳✹ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❞❡ ✶❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦ ❡ s❡♠

❛tr❛s♦ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 3✳ ❈✉r✈❛s✿ ❡♥tr❛❞❛ ✭♣♦♥t✐❧❤❛❞❛ ✜♥❛✮✱

s❛í❞❛ s✐♠✉❧❛❞❛ ✭só❧✐❞❛✮✱ ♠♦❞❡❧♦s ❞❡ ✶❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦ ✭♣♦♥t✐❧❤❛❞❛ ❣r♦ss❛✮

❡ ✶❛ ♦r❞❡♠ s❡♠ ❛tr❛s♦ ✭tr❛❝❡❥❛❞❛✲♣♦♥t✐❧❤❛❞❛✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹✳✺ ❉✐❛❣r❛♠❛ ❞❛ ♣❧❛♥t❛ t❡r♠♦❡❧étr✐❝❛ ❜❛s❡❛❞❛ ♥♦ ❡❢❡✐t♦ P❡❧t✐❡r ✉s❛❞❛ ♥♦s ❡①✲

♣❡r✐♠❡♥t♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✻ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❆✳

❈✉r✈❛s✿ ❡♥tr❛❞❛ ✭♣♦♥t✐❧❤❛❞❛ ✜♥❛✮✱ s❛í❞❛ ♠❡❞✐❞❛ ✭só❧✐❞❛✮✱ ♠♦❞❡❧♦s ❞❡ ✶❛

♦r❞❡♠ ✭♣♦♥t✐❧❤❛❞❛ ❣r♦ss❛✮✱ ✷❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✮ ❡ ✸❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✲

♣♦♥t✐❧❤❛❞❛✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✹✳✼ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❇✳

❈✉r✈❛s✿ ❡♥tr❛❞❛ ✭♣♦♥t✐❧❤❛❞❛ ✜♥❛✮✱ s❛í❞❛ ♠❡❞✐❞❛ ✭só❧✐❞❛✮✱ ♠♦❞❡❧♦s ❞❡ ✶❛

♦r❞❡♠ ✭♣♦♥t✐❧❤❛❞❛ ❣r♦ss❛✮✱ ✷❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✮ ❡ ✸❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✲

♣♦♥t✐❧❤❛❞❛✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✹✳✽ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❈✳

❈✉r✈❛s✿ ❡♥tr❛❞❛ ✭♣♦♥t✐❧❤❛❞❛ ✜♥❛✮✱ s❛í❞❛ ♠❡❞✐❞❛ ✭só❧✐❞❛✮✱ ♠♦❞❡❧♦s ❞❡ ✶❛

♦r❞❡♠ ✭♣♦♥t✐❧❤❛❞❛ ❣r♦ss❛✮✱ ✷❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✮ ❡ ✸❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✲

♣♦♥t✐❧❤❛❞❛✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✺✳✶ ●rá✜❝♦ ❞❡ c1ca + c2(cb − cc + cd) ❡♠ ❢✉♥çã♦ ❞❡ p ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❞❛

♦t✐♠✐③❛çã♦ ❞❛ ♣♦s✐çã♦ ❛♦ ♣r♦❝❡ss♦ G3(s)✳ ❆ ❝r✉③ ✈❡r♠❡❧❤❛ ❞❡st❛❝❛ ♦ ♣♦♥t♦

❡s❝♦❧❤✐❞♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✺✳✷ ●rá✜❝♦ ❞❡ c1ca + c2(cb − cc + cd) ❡♠ ❢✉♥çã♦ ❞❡ r ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❞❛

♦t✐♠✐③❛çã♦ ❞❛ r❛③ã♦ ❛♦ ♣r♦❝❡ss♦ G3(s)✳ ❆ ❝r✉③ ✈❡r♠❡❧❤❛ ❞❡st❛❝❛ ♦ ♣♦♥t♦

❡s❝♦❧❤✐❞♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✺✳✸ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ♣❛r❛

♦ ♣r♦❝❡ss♦ G1(s)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✺✳✹ ❉✐❛❣r❛♠❛s ❞❡ ❇♦❞❡ ❞♦s ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ♣❛r❛

♦ ♣r♦❝❡ss♦ G1(s)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✺✳✺ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ♣❛r❛

♦ ♣r♦❝❡ss♦ G2(s)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✺✳✻ ❉✐❛❣r❛♠❛s ❞❡ ❇♦❞❡ ❞♦s ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ♣❛r❛

♦ ♣r♦❝❡ss♦ G2(s)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✺✳✼ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ♣❛r❛

♦ ♣r♦❝❡ss♦ G3(s)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✺✳✽ ❉✐❛❣r❛♠❛s ❞❡ ❇♦❞❡ ❞♦s ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ♣❛r❛

♦ ♣r♦❝❡ss♦ G3(s)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

✶✳✶ ▼♦t✐✈❛çã♦

▼✉✐t❛s ❛♣❧✐❝❛çõ❡s ✐♥❞✉str✐❛✐s ❞❡ ❝♦♥tr♦❧❡✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛q✉❡❧❛s ❡♥✈♦❧✈❡♥❞♦ s✐st❡♠❛s ❡s✲

tá✈❡✐s s✉♣❡r❛♠♦rt❡❝✐❞♦s✱ ♦✉ sã♦ ❜❛s❡❛❞♦s ❡♠ ♠♦❞❡❧♦s ❞❡ ❜❛✐①❛ ♦r❞❡♠ ♦✉ t♦r♥❛♠✲s❡ s✐❣♥✲

✜❝❛t✐✈❛♠❡♥t❡ ♠❛✐s s✐♠♣❧❡s ❡ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ♠❛✐s ❜❛r❛t♦s ❝♦♠ ♦ s❡✉ ✉s♦✱ s❡♥❞♦

❞✐✈❡rs❛s té❝♥✐❝❛s ❞❡ s✐♥t♦♥✐❛ ❞❡ ❝♦♥tr♦❧❛❞♦r❡s P■❉ ✭❙❑❖●❊❙❚❆❉✱ ✷✵✵✸✮ ✭➴❙❚❘Ö▼❀

❍➘●●▲❯◆❉✱ ✷✵✵✹✮ ❜♦♥s ❡①❡♠♣❧♦s ❞❡ss❡ ❝❛s♦ ✖ ❛ ❡①♣r❡ssã♦ ✧❜❛✐①❛ ♦r❞❡♠✧ ❢r❡q✉❡♥t❡✲

♠❡♥t❡ r❡❢❡r❡✲s❡ ❛ ♥ú♠❡r♦s ❞❡ ♦r❞❡♠ ❛té ✷✳

❋✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ✭❖❇❋s✱ ❞♦ ✐♥❣❧ês ❖rt❤♦♥♦r♠❛❧ ❇❛s✐s ❋✉♥❝t✐♦♥s✮ ❛♣❛r❡✲

❝❡♠ ❝♦♠♦ ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❣❡r❛r t❛✐s ♠♦❞❡❧♦s✱ ❥á q✉❡ ❛ ❡①♣❛♥sã♦ ❡♠ ❖❇❋s ♣❡r♠✐t❡

❛ ❞❡s❝r✐çã♦ ❞❛s r❡s♣♦st❛s ❛♦ ✐♠♣✉❧s♦ ♣♦r ♠❡✐♦ ❞❡ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❛s r❡s♣♦st❛s ❛♦

✐♠♣✉❧s♦ ❞❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡✱ ✐♥❝❧✉s✐✈❡ ❝♦♠ ✈❛♥t❛❣❡♥s ♥✉♠ér✐❝❛s✱ ❞❡✈✐❞♦ à ❝❛r❛❝t❡ríst✐❝❛

♦rt♦♥♦r♠❛❧✱ q✉❡ t♦r♥❛ ♣♦ssí✈❡❧ ♦ ❝á❧❝✉❧♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s ♣♦r ♠❡✐♦ ❞❡ ❛♥á❧✐s❡ ❞❡ ❝♦rr❡❧❛çã♦

❡ ❛ r❡❛❧✐③❛çã♦ ❞❡ ❡st✐♠❛t✐✈❛s ♣♦r ♠❡✐♦ ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s ❝♦♠ ❜❛✐①♦s ♥ú♠❡r♦s ❞❡

❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ✭❍❖❋ ❡t ❛❧✳✱ ✷✵✵✵✮✳

❆ ❡str✉t✉r❛ ❞❡ ♠♦❞❡❧♦ ❋■❘ ✭❞♦ ✐♥❣❧ês ❋✐♥✐t❡ ■♠♣✉❧s❡ ❘❡s♣♦♥s❡✮ é ♥♦r♠❛❧♠❡♥t❡ ❡①✲

♣❧♦r❛❞❛ ♣♦r ❛♣r❡s❡♥t❛r ❛ ✈❛♥t❛❣❡♠ ❞❡ ♥ã♦ ♠♦❞❡❧❛r ♦ r✉í❞♦ ❝♦♠ ❛ ♠❡s♠❛ ❞✐♥â♠✐❝❛ ❞♦

s✐st❡♠❛✱ r❡❞✉③✐♥❞♦ ❛ss✐♠ ♦s ❝❤❛♠❛❞♦s ❡rr♦s ❞❡ ♣♦❧❛r✐③❛çã♦✳ ❆ ❜❛s❡ ♠❛✐s ❝♦♠✉♠❡♥t❡

✉t✐❧✐③❛❞❛ ♣❛r❛ ❡st❛ ❡str✉t✉r❛ ❞❡ ♠♦❞❡❧♦ é ❛ ❜❛s❡❛❞❛ ❡♠ tr❡♥s ❞❡ ✐♠♣✉❧s♦ ❛tr❛s❛❞♦s ❡

r❡q✉❡r ✉♠ ♥ú♠❡r♦ ❡❧❡✈❛❞♦ ❞❡ ♣❛râ♠❡tr♦s ♣❛r❛ s❡r ❞❡s❝r✐t❛✱ ♣♦✐s ❤á ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠❛

❛♠♦str❛❣❡♠ ❛❞❡q✉❛❞❛ ❡ ❞❡ ♣♦♥t♦s s✉✜❝✐❡♥t❡s ♣❛r❛ ❛❧❝❛♥ç❛r ♦ t❡♠♣♦ ❞❡ ❡st❛❜❡❧❡❝✐♠❡♥t♦

❞♦ s✐st❡♠❛✳

❆ ❞❡s✈❛♥t❛❣❡♠ é q✉❡ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦ é ♥ã♦ ❛♣❡♥❛s ♣♦ssí✈❡❧ ❞❡ s❡r ✐♥❝❧✉í❞♦✱

♠❛s t❛♠❜é♠ ❝r✉❝✐❛❧ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ ♣❡q✉❡♥♦s ❡rr♦s ❞❡ ♠♦❞❡❧❛❣❡♠ ❞❡✈✐❞♦ à ♣♦❧❛r✐✲

③❛çã♦ ❝♦♠ ✉♠ r❡❞✉③✐❞♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s✱ ❥á q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡

♥❡❝❡ssár✐❛s ♣❛r❛ r❡❛❧✐③❛r ✉♠❛ ❜♦❛ ❡st✐♠❛t✐✈❛ ❛ss♦❝✐❛❞❛ à ♣r♦①✐♠✐❞❛❞❡ ❞♦s s❡✉s ♣♦❧♦s ❞♦s

✷
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♣♦❧♦s ✧✈❡r❞❛❞❡✐r♦s✧ ❞♦ s✐st❡♠❛✳ ❊①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ót✐♠♦ ❞❡ ♣♦❧♦s q✉❡ ❢♦r♥❡❝❡ ❛ ♠❡❧❤♦r

❛♣r♦①✐♠❛çã♦ ♣♦ssí✈❡❧ ✭❙■▲❱❆✱ ✷✵✵✵✮ ✭▼❆▲❚■❀ ❉✳❀ ❘❆●❖❚✱ ✶✾✾✾✮✱ ❝✉❥❛ ❡s❝♦❧❤❛ r❡q✉❡r

✉♠ ♣r♦❝❡ss♦ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞✐r❡t♦ ❡ s✐♠♣❧❡s✱ ❞❛❞♦ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❞♦

q✉❛❧ ❡ss❡ ❝♦♥❥✉♥t♦ é s♦❧✉çã♦ é ♥ã♦✲❧✐♥❡❛r ❡ ♣♦❞❡ ❛♣r❡s❡♥t❛r ♠✉✐t♦s ♠í♥✐♠♦s ❧♦❝❛✐s✳

❉❡♥tr❡ ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ❖❇❋s✱ ❛s ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ sã♦ ♠❛✐s ✉t✐❧✐③❛❞❛s✱ ♣♦rt❛♥t♦✱

❞❡✈✐❞♦ à s✉❛ s✐♠♣❧✐❝✐❞❛❞❡✱ ♦r✐✉♥❞❛ ❞♦ ❢❛t♦ ❞❡ ❜❛s❡❛r✲s❡ ❡♠ ❛♣❡♥❛s ✉♠ ú♥✐❝♦ ♣♦❧♦✱ ♦

q✉❡ ❣❡r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❡ q✉❡ ❞❡✈❡ s❛t✐s❢❛③❡r ❝♦♥❞✐çõ❡s ❞❡

♦t✐♠❛❧✐❞❛❞❡ ❛♥❛❧ít✐❝❛s s✐♠♣❧❡s ✭❈▲❖❲❊❙✱ ✶✾✻✺✮ ✭❑■◆●✱ ✶✾✻✾✮ ✭❲❆◆●❀ ❈▲❯❊❚❚✱ ✶✾✾✹✮✳

❆ ✐♥❝❧✉sã♦ ❞❡ ❛tr❛s♦ ❞❡ tr❛♥s♣♦rt❡ ❛♦ ♠♦❞❡❧♦ t❛♠❜é♠ é r❡❛❧✐③á✈❡❧✱ ❞❡ ♠♦❞♦ q✉❡ s❡ ♣♦❞❡

❡①♣❧♦r❛r ❡ss❡ r❡❝✉rs♦ ♣❛r❛ ❢❛❝✐❧✐t❛r ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ s✐st❡♠❛s ❝♦♠ ♦r❞❡♥s ♠❛✐s ❡❧❡✈❛❞❛s

✭❙❆◆❚❖❙✱ ✷✵✶✸✮✳

P♦ré♠✱ t❛❧ s✐♠♣❧✐❝✐❞❛❞❡ ♣♦❞❡ t❛♠❜é♠ s❡r ✉♠❛ ❧✐♠✐t❛çã♦✱ ❥á q✉❡ ❡❧❛ é r❡s♣♦♥sá✈❡❧ ♣♦r

✉♠❛ r❡❞✉çã♦ ❞♦ ♣♦t❡♥❝✐❛❧ ❞❡ ❣❡r❛çã♦ ❞❡ ❜♦❛s ❛♣r♦①✐♠❛çõ❡s ❝♦♠ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡

❝♦♠ ✉♠ ♥ú♠❡r♦ ♣❡q✉❡♥♦ ❞❡ ♣❛râ♠❡tr♦s ❝❛s♦ ♦s ♣♦❧♦s ✧✈❡r❞❛❞❡✐r♦s✧ ❞♦ s✐st❡♠❛ s❡❥❛♠

❞✐s♣❡rs♦s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ s❡ ❞✐♥â♠✐❝❛s ♠❛✐s ❝♦♠♣❧❡①❛s ✐♥❞✉③✐❞❛s ♣♦r ③❡r♦s ❡st✐✈❡r❡♠

♣r❡s❡♥t❡s✳ ❊str❛té❣✐❛s ♣❛r❛ ❧✐❞❛r ❝♦♠ t❛✐s ♣♦ss✐❜✐❧✐❞❛❞❡s tê♠ ✉t✐❧✐③❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡

♣♦❧♦s ❧♦❣❛r✐t♠✐❝❛♠❡♥t❡ ❞✐str✐❜✉í❞♦s ❛♦ ❧♦♥❣♦ ❞♦ ❡✐①♦ r❡❛❧✿ ✭❙❍❊◆ ❡t ❛❧✳✱ ✷✵✶✼✮ s✉❣❡r❡ ✉♠❛

❡st✐♠❛çã♦ ❝♦♠ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❞❡ ❢✉♥çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦✱ q✉❡ ♥ã♦ sã♦

♦rt♦♥♦r♠❛✐s✱ ❡♥q✉❛♥t♦ ✭❨❖◆❊❨❆❀ ❖◆❖✱ ✷✵✵✻✮ ♣r♦♣õ❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ ❝♦♠♣♦st❛✱

❝♦♠ ❝♦♥tr✐❜✉✐çõ❡s ❛❣r❡❣❛❞❛s ❞❡ ❡rr♦s ❝❛❧❝✉❧❛❞♦s ❝♦♠ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❜❛s❡❛❞❛s ❡♠

♣♦❧♦s ❞✐❢❡r❡♥t❡s✳ ❈♦♥t✉❞♦✱ ❡st❛s ❡str❛té❣✐❛s ❞❡♠❛♥❞❛♠ ♦ ✉s♦ ❞❡ ✉♠ ♥ú♠❡r♦ ❡❧❡✈❛❞♦ ❞❡

♣♦❧♦s ❛ ✜♠ ❞❡ ❛✉♠❡♥t❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ t❡r ♦s ♣♦❧♦s ❡s❝♦❧❤✐❞♦s ♣ró①✐♠♦s ❛♦s ♣♦❧♦s

❞♦ s✐st❡♠❛✳ ❊♥❝♦♥tr❛r ♦s ♣♦❧♦s ót✐♠♦s ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ♠❛✐s ❝♦♠♣❧❡①❛s

q✉❡ ❛s ❞❡ ▲❛❣✉❡rr❡✱ ❡✳❣✳ ❛s ❢✉♥çõ❡s ❞❡ ❑❛✉t③✱ ❛♣❡s❛r ❞❡ s❡r ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ♠❛✐s

❝✉st♦s♦✱ ♣❡r♠✐t✐r✐❛ ❛ ♦❜t❡♥çã♦ ❞❡ ♠♦❞❡❧♦s ❞❡ ♦r❞❡♠ ♠❛✐s ❜❛✐①❛✳

✶✳✷ ❖❜❥❡t✐✈♦s

❖s ♦❜❥❡t✐✈♦s ♥❡ss❡ tr❛❜❛❧❤♦ sã♦✿

• Pr♦♣♦r ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ♦❜t❡♥çã♦ ❞❡ ♠♦❞❡❧♦s ❞❡ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ót✐♠❛s ❝♦♠

❛tr❛s♦ ❡ ❛✈❛❧✐❛r ♦s ♠♦❞❡❧♦s ♦❜t✐❞♦s❀

• ❉❡s❡♥✈♦❧✈❡r ✉♠❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❡♠ ❞✉❛s ❡t❛♣❛s

❝✉❥♦ r❡s✉❧t❛❞♦ é ✉t✐❧✐③❛❞♦ ♥❛ ♦❜t❡♥çã♦ ❞❡ ♠♦❞❡❧♦s ❞❡ ❑❛✉t③ ❝♦♠ ♣♦❧♦s r❡❛✐s ❡ ❛✈❛❧✐❛r

♦s ♠♦❞❡❧♦s ♦❜t✐❞♦s✳
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✶✳✸ ❈♦♥tr✐❜✉✐çã♦

❉❡s❝r❡✈❡✲s❡ ❝♦♠♦ ❝♦♥tr✐❜✉✐çã♦ ♣r♦❞✉③✐❞❛ ❝♦♠ ❡st❡ tr❛❜❛❧❤♦✿ ❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ ✉♠❛ ♠❡✲

t♦❞♦❧♦❣✐❛ ♣rát✐❝❛ ♣❛r❛ ❛ ❣❡r❛çã♦ ❞❡ ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ ❛tr❛s♦ ❞❡ ❜❛✐①❛ ♦r❞❡♠ ❝♦♠

♣♦❧♦ ót✐♠♦ ❛ ♣❛rt✐r ❞❡ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s❀ ❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❞❛ ♣♦s✐çã♦ ❡ ❞❛ r❛③ã♦ ❡♥tr❡ ❞♦✐s ♣♦❧♦s r❡❛✐s✱ r❡s✉❧t❛♥❞♦

❡♠ ♠ét♦❞♦s ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ ♠♦❞❡❧♦s ❞❡ ❑❛✉t③ ❛ ♣❛rt✐r ❞❡ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✳

❆ ♣r♦❞✉çã♦ ❞❡st❡ tr❛❜❛❧❤♦ ❞❡ ❞✐ss❡rt❛çã♦ t❛♠❜é♠ r❡s✉❧t♦✉ ♥❛ ♣✉❜❧✐❝❛çã♦ ❞♦s ❛rt✐❣♦s✿

• ❆◆❉❘❆❉❊✱ ❘❡♥❛t♦ ❆✳ ▲✳ ❞❡❀ ❇❆❘❘❖❙✱ Pér✐❝❧❡s✳ ❘✳❀ ▲■▼❆✱ ❘❛❢❛❡❧ ❇✳ ❈✳ ■❞❡♥t✐✜✲

❝❛t✐♦♥ ♦❢ ❧♦✇ ♦r❞❡r ▲❛❣✉❡rr❡ ♣❧✉s t✐♠❡✲❞❡❧❛② ♠♦❞❡❧s ✇✐t❤ ♦♣t✐♠❛❧ ♣♦❧❡ ❡st✐♠❛t✐♦♥✳

✶✷t❤ ■❋❆❈ ❙②♠♣♦s✐✉♠ ♦♥ ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧ ♦❢ Pr♦❝❡ss ❙②st❡♠s✱ ✐♥❝❧✉❞✐♥❣ ❇✐✲

♦s②st❡♠s ✭❉❨❈❖P❙ ✷✵✶✾✮ ✷✵✶✾✱ ❋❧♦r✐❛♥ó♣♦❧✐s✱ ❇r❛s✐❧✳

• ❆◆❉❘❆❉❊✱ ❘❡♥❛t♦ ❆✳ ▲✳ ❞❡❀ ❇❆❘❘❖❙✱ Pér✐❝❧❡s✳ ❘✳❀ ▲■▼❆✱ ❘❛❢❛❡❧ ❇✳ ❈✳ ■❞❡♥t✐✲

✜❝❛t✐♦♥ ♦❢ s❡❝♦♥❞✲♦r❞❡r ❑❛✉t③ ♠♦❞❡❧s ❜② t✇♦✲st❡♣ ♣♦❧❡ ❧♦❝❛t✐♦♥ ♦♣t✐♠✐s❛t✐♦♥✳ ✶✼t❤

❊✉r♦♣❡❛♥ ❈♦♥tr♦❧ ❈♦♥❢❡r❡♥❝❡ ✭❊❈❈✶✾✮ ✷✵✶✾✱ ◆á♣♦❧❡s✱ ■tá❧✐❛✳

✶✳✹ ❘❡✈✐sã♦ ❇✐❜❧✐♦❣rá✜❝❛

❆ t❡♦r✐❛ ❞❡ ❇❛s❡s ❖rt♦♥♦r♠❛✐s é ❝❧áss✐❝❛ ❡ ❝♦♠❡ç♦✉ ❛ s❡r ❞❡s❡♥✈♦❧✈✐❞❛ ❥á ♥♦ sé❝✉❧♦

❳■❳ ✭❍❊❯❇❊❘●❊❘❀ ❍❖❋❀ ❲❆❍▲❇❊❘●✱ ✷✵✵✺✮✳ P♦ré♠✱ s❡✉ ❡st✉❞♦ ❝♦♥t✐♥✉❛ s❡♥❞♦

❛♣r♦❢✉♥❞❛❞♦ ❡ ♥♦✈❛s ❛♣❧✐❝❛çõ❡s ♣r♦♣♦st❛s ❡♠ ❞✐✈❡rs❛s ár❡❛s✱ ❡st❛♥❞♦ ❛❧❣✉♠❛s ❞❡st❛s ♠❛✐s

❛✈❛♥ç❛❞❛s ❡♠ r❡❧❛çã♦ à ♣♦♣✉❧❛r✐❞❛❞❡ ❡ ♣r♦♣♦rçã♦ ❞❡ ✉t✐❧✐③❛çã♦✳

◆❛ ár❡❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛s✱ ❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ✈ê♠ s❡♥❞♦ ✉t✐❧✐✲

③❛❞❛s ❝♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ✐♥❝❧✉✐r ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦ s♦❜r❡ ♦s ♣♦❧♦s ❞♦ s✐st❡♠❛ ❡ r❡❞✉③✐r ♦

♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s ❝❛❧❝✉❧❛❞♦s✱ t❛♥t♦ ♥♦s ❝❛s♦s ❞❡ ú♥✐❝❛ ❡♥tr❛❞❛ ❡ ú♥✐❝❛ s❛í❞❛ ✭❙■❙❖✱

❞♦ ✐♥❣❧ês ❙✐♥❣❧❡✲■♥♣✉t ❙✐♥❣❧❡✲❖✉t♣✉t✮ q✉❛♥t♦ ❞❡ ♠ú❧t✐♣❧❛s ❡♥tr❛❞❛s ❡ ♠ú❧t✐♣❧❛s s❛í❞❛s

✭▼■▼❖✱ ❞♦ ✐♥❣❧ês▼✉❧t✐✲■♥♣✉t ▼✉❧t✐✲❖✉t♣✉t✮✳ ❆ ✐❞❡♥t✐✜❝❛çã♦ ❡♠ t❡♠♣♦ ❞✐s❝r❡t♦ ♣❛r❛ ✉♠

t✐♣♦ ❣❡♥ér✐❝♦ ❞❡ ❖❇❋ ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ é tr❛t❛❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ✭❆❑❈❆❨✱ ✷✵✵✵✮

✭❏❯❘á❈❑❖❱á❀ ❑❖❩á❑✱ ✷✵✵✵✮✭▲❊▼▼❆❀ ❘❆▼❆❙❆▼❨❀ ❙❍❯❍❆■▼■✱ ✷✵✶✵✮✱ ❝♦♠ ♦ ❝❛s♦

▼■▼❖ s❡♥❞♦ ❡st✉❞❛❞♦ ❡♠ ✭◆■◆◆❊❙❙❀ ●❖▼❊❩❀ ❲❊▲▲❊❘✱ ✶✾✾✺✮✳ ❊♠ ✭❍❖❖● ❡t ❛❧✳✱

✷✵✵✷✮✱ ✉t✐❧✐③❛✲s❡ ❛ ❡str❛té❣✐❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❡♠ s✉❜s♣❛ç♦s✳ ❏á ♦ ❝❛s♦ ❞❛ ✐❞❡♥t✐✜❝❛çã♦ ♥♦

❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ é ❛♥❛❧✐s❛❞♦ ❡♠ ✭◆■◆◆❊❙❙✱ ✶✾✾✻✮ ✭❙❈❍■PP ❡t ❛❧✳✱ ✶✾✾✻✮✳ ❖✉tr♦s

tr❛❜❛❧❤♦s tr❛t❛♠ t❛♠❜é♠ ❞❡ q✉❡stõ❡s ❝♦♠♦ ❝♦♠♣❧❡t✉❞❡✱ ❡rr♦s ❞❡ ♠♦❞❡❧❛❣❡♠ ❡ ❛ ✉t✐❧✐❞❛❞❡

❞❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ❝♦♠♦ ❢❡rr❛♠❡♥t❛s ❞❡ ❛♥á❧✐s❡✱ ❝♦♥t❡①t♦ ❡♠ q✉❡ ❛ ❛♥á❧✐s❡

❞❡ tr❛♥s❢♦r♠❛çã♦ t❡♠ ❞❡st❛q✉❡ ✭❍❖❋❀ ❍❊❯❇❊❘●❊❘❀ ❇❖❑❖❘✱ ✶✾✾✺✮ ✭❲❆❍▲❇❊❘●✱

✶✾✾✾✮ ✭❍❖❋ ❡t ❛❧✳✱ ✷✵✵✵✮✳ ❊♠ ✭❈❍❊◆❀ ▲❏❯◆●✱ ✷✵✶✺✮ s❡ ❛♥❛❧✐s❛ ✉♠ ❝❛s♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦

r❡❣✉❧❛r✐③❛❞❛ ❝♦♠ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s✳



❈❛♣ít✉❧♦ ✶✳ ■♥tr♦❞✉çã♦ ✺

❆♣❡s❛r ❞❛ q✉❡stã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❛ s❡r ❝♦♥s✐❞❡r❛❞❛ ♥♦ ❝❛s♦ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ s❡ t❡r ❞❡

r❡❛❧✐③❛r ✐♥t❡❣r❛çõ❡s ♥✉♠ér✐❝❛s✱ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ✈❛♥t❛❣❡♥s ♥❛ ♣rát✐❝❛ ❞❛ ✐❞❡♥t✐✜❝❛✲

çã♦ ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ❝♦♥tí♥✉♦✱ ❝♦♠♦ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡✈✐t❛r ♦s ♣r♦❜❧❡♠❛s ♥✉♠ér✐❝♦s

❞❛ s✉♣❡r❛♠♦str❛❣❡♠ ❛♦s q✉❛✐s ❛ ✐❞❡♥t✐✜❝❛çã♦ ♥♦ t❡♠♣♦ ❞✐s❝r❡t♦ ❡stá ♣❛ssí✈❡❧ ❞❡ s♦❢r❡r✳

❈❛s♦s ❞❡ss❡ t✐♣♦ sã♦ ❛♥❛❧✐s❛❞♦s ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ❡♠ ✭●❖❖❉❲■◆❀ ◆■◆◆❊❙❙❀ P❖❖❘✱

✶✾✾✷✮ ✭❆❖❯◆ ❡t ❛❧✳✱ ✷✵✵✸✮ ✭●❆❘◆■❊❘✱ ✷✵✶✺✮✳ ❊♠ ✭❆❑❈❆❨❀ ◆■◆◆❊❙❙✱ ✶✾✾✾✮✱ ♠♦❞❡❧❛✲

s❡ ♦ s✐st❡♠❛ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ ❛ ❡♥tr❛❞❛ ✈❛r✐á✈❡❧ ❡♥tr❡ ❛s ❛♠♦str❛❣❡♥s✱ ❡♥q✉❛♥t♦ ❡♠ ✭❨❯ ❡t

❛❧✳✱ ✷✵✶✼✮ ❡st✉❞❛✲s❡ ♠❛✐s ✉♠❛ ✈❡③ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❡♠ s✉❜❡s♣❛ç♦s✳ ◆♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❝❛s♦

❞❛ ✐❞❡♥t✐✜❝❛çã♦ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ♥♦ ♣❧❛♥♦ s✱ tr❛❜❛❧❤♦s ❞❡❞✐❝❛❞♦s ❛ ❡st❛ ♣♦ss✐❜✐✲

❧✐❞❛❞❡ sã♦ ✭❱❖❖❘❍❖❊❱❊ ❡t ❛❧✳✱ ✷✵✶✹✮ ✭❆❑❈❆❨❀ ◆■◆◆❊❙❙✱ ✶✾✾✾✮ ✭●■▲▲❇❊❘●✱ ✷✵✵✻✮✳

❊♠ ✭❈❍❖❯❀ ❱❊❘❍❆❊●❊◆❀ ❏❖❍❆◆❙❙❖◆✱ ✶✾✾✾✮✱ ✉t✐❧✐③❛♠✲s❡ ❛♣r♦①✐♠❛çõ❡s ❞✐s❝r❡t❛s ❞❡

❢✉♥çõ❡s ❝♦♥tí♥✉❛s ♣❛r❛ ❝♦♥t✐♥✉❛r tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ❞❛❞♦s ❛♠♦str❛❞♦s✱ ❡♥q✉❛♥t♦ ❡♠ ✭❱❆❯❀

❇❖❯❘▲è❙✱ ✷✵✶✼✮✱ ♣r♦❝✉r❛✲s❡ ❡✈✐t❛r ♣r♦❜❧❡♠❛s ♥✉♠ér✐❝♦s ❝♦♠ s✉♣❡r❛♠♦str❛❣❡♠ ♠❡s♠♦

✉s❛♥❞♦ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❞✐s❝r❡t❛✳ ❆ q✉❡stã♦ ❞♦ ♣r♦❥❡t♦ ❞♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ ót✐♠♦ ♣❛r❛

❛ ✐❞❡♥t✐✜❝❛çã♦ é ❞✐s❝✉t✐❞❛ ❡♠ ✭❆❇❘❆❙❍❖❱ ❡t ❛❧✳✱ ✷✵✶✽✮✱ ❡♥q✉❛♥t♦ ✭❖▲■❱■❊❘✱ ✶✾✾✹✮

♣r♦♣õ❡ ✉♠ ♠ét♦❞♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ♦♥❧✐♥❡ ❝♦♠ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡✳

❉❡♥tr❡ ❛s ❖❇❋s✱ ❛s ♠❛✐s s✐♠♣❧❡s sã♦ ❛s ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❡ ❑❛✉t③✱ ❛s q✉❛✐s sã♦✱ ♣♦r

❝♦♥s❡q✉ê♥❝✐❛✱ ❛s ♠❛✐s ❡①♣❧♦r❛❞❛s✱ ❝♦♠ ❞✐✈❡rs♦s tr❛❜❛❧❤♦s ✈♦❧t❛❞♦s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦

❞❡ té❝♥✐❝❛s ❡ ❛❧❣♦r✐t♠♦s ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❡s♣❡❝í✜❝♦s ♣❛r❛ ❡ss❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡✱ ♠✉✐t❛s ✈❡✲

③❡s ❝♦♠♦ ✉♠ ♣❛ss♦ ❛♥t❡r✐♦r à ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ ❢✉♥çõ❡s ♠❛✐s ❣❡r❛✐s✳ ▼❛✐s ✉♠❛ ✈❡③✱ ♣♦❞❡✲

s❡ ❡♥❝♦♥tr❛r ♣❡sq✉✐s❛s r❡❧❛❝✐♦♥❛❞❛s à ✐❞❡♥t✐✜❝❛çã♦ ♥♦ t❡♠♣♦ ❞✐s❝r❡t♦ ✭◆❯❘●❊❙✱ ✶✾✽✺✮ ❡

❝♦♥tí♥✉♦ ✭❈▲❊▼❊◆❚✱ ✶✾✽✷✮✱ ❝♦♠ s✉❜❡s♣❛ç♦s ✭❍❆❱❊❘❑❆▼P ❡t ❛❧✳✱ ✶✾✾✼✮ ❡ ♥♦ ❞♦♠í♥✐♦

❞❛ ❢r❡q✉ê♥❝✐❛ ✭❇❖❑❖❘❀ ❙❈❍■PP✱ ✶✾✾✽✮✳ ❊♠ ✭❨❖◆❊❨❆❀ ❖◆❖✱ ✷✵✵✻✮✱ ❛♣r❡s❡♥t❛✲s❡ ✉♠

✉s♦ ❞✐❢❡r❡♥t❡ ❞❛s ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡✱ ♣♦✐s ❡♠ ✈❡③ ❞❡ s❡ ✉t✐❧✐③❛r❡♠ ●❖❇❋s ❝♦♠ ♣♦❧♦s

r❡❛✐s✱ s❡ ✉t✐❧✐③❛ ✉♠❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ ❝♦♠♣♦st❛✱ ❣❡r❛❞❛ ♣❡❧❛ s♦♠❛ ❞❛s ❝♦♥tr✐❜✉✐çõ❡s ❞❡

❡rr♦s ❣❡r❛❞♦s ♣♦r ❛♣r♦①✐♠❛çõ❡s ❝♦♠ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ ♣♦❧♦s ❞✐❢❡r❡♥t❡s✱ ♥♦ ❝á❧✲

❝✉❧♦ ❞♦s ♣❛râ♠❡tr♦s ♣♦r ♠í♥✐♠♦s q✉❛❞r❛❞♦s✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ❡st✐♠❛t✐✈❛ ✜♥❛❧ s❡❥❛ ✉♠❛

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❛s ❢✉♥çõ❡s ❡♥✈♦❧✈✐❞❛s✳ ❊♠ ✭❆❖❯◆ ❡t ❛❧✳✱ ✷✵✵✼✮✱ ❞❡s❡♥✈♦❧✈❡✲s❡ ✉♠

♠ét♦❞♦ ❞❡ ❣❡r❛r ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ♦r❞❡♥s ❢r❛❝✐♦♥❛✐s✳ ▼♦❞❡❧♦s ❞❡ ♦r❞❡♥s r❡❞✉③✐❞❛

sã♦ ♦❜t✐❞♦s ♣♦r ♠❡✐♦ ❞♦s ♠ét♦❞♦s s✉❣❡r✐❞♦s ❡♠ ✭❆◆❊❙❀ ❇❖❯❩❘❆❘❆❀ ❘❆●❖❚✱ ✷✵✶✽✮

✭❲❆◆●❀ ❏■❆◆●❀ ❑❖◆●✱ ✷✵✶✻✮ ✭▼❆◆◆●➴❘❉❀ ❚❖■❱❖◆❊◆✱ ✷✵✶✽✮✳ ❊♠ ✭▼❇❆❘❊❑ ❡t

❛❧✳✱ ✷✵✶✺✮✱ ❛♣❧✐❝❛✲s❡ ✉♠ ♠♦❞❡❧♦ ▼■▼❖ ❆❘❳ ✭❛✉t♦rr❡❣r❡ss✐✈♦ ❝♦♠ ❡♥tr❛❞❛ ❡①ó❣❡♥❛✮ ❝♦♠

❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❡ ♣r♦♣õ❡✲s❡ ✉♠ ♠ét♦❞♦ ❞❡ ♦t✐♠✐③❛çã♦ ❞❡ ♣♦❧♦s ❞❡ ▲❛❣✉❡rr❡ ♣❛r❛

✉t✐❧✐③❛r✲s❡ ❝♦♥❥✉♥t❛♠❡♥t❡✳

❆ q✉❡stã♦ ❞❛ ❡s❝♦❧❤❛ ❞♦s ♣♦❧♦s é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ q✉❛♥❞♦ s❡ ✉t✐❧✐③❛♠ ❢✉♥çõ❡s ❞❡ ❜❛s❡

♦rt♦♥♦r♠❛✐s✱ ♣♦✐s ❞❡❧❛ ❞❡♣❡♥❞❡ ❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s ❡✱ ❝♦♥s❡q✉❡♥t❡✲

♠❡♥t❡✱ ♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ♦❜t❡r ✉♠❛ ❡st✐♠❛t✐✈❛ ❝♦♠ ✉♠ ❞❛❞♦ ❡rr♦
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❞❡ ❛♣r♦①✐♠❛çã♦✳ ❖s ♣r❡❝✉rs♦r❡s ❞❛ ❛♥á❧✐s❡ ❞❡ ♦t✐♠✐③❛çã♦ ❞❡ ♣♦❧♦s ❞❛s ❖❇❋s ❢♦r❛♠ ♦s

tr❛❜❛❧❤♦s ✭❈▲❖❲❊❙✱ ✶✾✻✺✮✱ q✉❡ ♠♦str♦✉ ❛ r❡❧❛çã♦ ❞❛ ♣r♦①✐♠✐❞❛❞❡ ❞♦ ♣♦❧♦ ❞❛s ❢✉♥çõ❡s

❞❡ ▲❛❣✉❡rr❡ ❝♦♠ ❛ t❛①❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ❡①♣❛♥sã♦ ♥❡ss❛ ❢✉♥çõ❡s✱ ❡

✭❑■◆●✱ ✶✾✻✾✮✳ P❛rt✐♥❞♦ ❞❡ss❡ ♣r✐♥❝í♣✐♦ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ♦t✐♠✐③❛r ♦s ♣♦❧♦s✱ ❥á ❢♦r❛♠

♣r♦♣♦st♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ♠ét♦❞♦s ❛♥❛❧ít✐❝♦s ✭❲❆❍▲❇❊❘●✱ ✶✾✾✾✮ ✭❙■▲❱❆✱ ✷✵✵✵✮✱ ♠ét♦✲

❞♦s ❜❛s❡❛❞♦s ♥❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ♦✉ ❛♦ ✐♠♣✉❧s♦ ✭❋❯❀ ❉❯▼❖◆❚✱ ✶✾✾✸✮✱ ♠ét♦❞♦s ❞❡

♦t✐♠✐③❛çã♦ ✭❙■▲❱❆✱ ✷✵✵✵✮ ✭◆❆❏❊❍ ❡t ❛❧✳✱ ✷✵✶✼✮ ✭❚❆◆●❯❨ ❡t ❛❧✳✱ ✷✵✶✺✮ ❡ ❡①♣❡r✐♠❡♥t♦

❞♦ r❡❧é ✭●❆▲❉■◆❖✱ ✷✵✶✷✮✳

❆ q✉❛♥t✐✜❝❛çã♦ ❞♦ ❛tr❛s♦ ♦✉ ❛ s✉❛ ❡st✐♠❛t✐✈❛ ❡♠ ♠♦❞❡❧♦s ❞❡ ♦r❞❡♠ r❡❞✉③✐❞❛ t❛♠❜é♠

é ✉♠ t❡♠❛ r❡❝♦rr❡♥t❡ ♥❛ ár❡❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❝♦♠ ❖❇❋s ❡ é tr❛t❛❞♦ ❡♠ ✭❍■❉❆❨❆❚❀

▼❊❉❱❊❉❊❱✱ ✷✵✶✷❛✮✱ ✭❍■❉❆❨❆❚❀ ▼❊❉❱❊❉❊❱✱ ✷✵✶✷❜✮✱ ✭❙❆◆❚❖❙✱ ✷✵✶✸✮✱ ✭❲❆◆●❀

❏■❆◆●❀ ❑❖◆●✱ ✷✵✶✻✮✳ ❊♠ ✭❇❊❆❯❉❯■◆❀ ❋❯❏■▼❖❚❖✱ ✷✵✶✼✮✱ ✉t✐❧✐③❛✲s❡ ✉♠❛ ❡str❛té❣✐❛

❝♦♠ ❢✉♥çõ❡s ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ♣❛r❛ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❡st✐♠❛r ♦s ♣♦❧♦s ót✐♠♦s

✐t❡r❛t✐✈❛♠❡♥t❡ ❡ ❝❛❧❝✉❧❛r ♦ ❛tr❛s♦ ❞♦ ♠♦❞❡❧♦✳

❯♠❛ ❛♣❧✐❝❛çã♦ ❡s♣❡❝í✜❝❛ ♥❛ q✉❛❧ ❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s tê♠✲s❡ ♠♦str❛❞♦ út❡✐s

é ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ❡str✉t✉r❛s ✢❡①í✈❡✐s ✭❩■❆❊■❀ ❲❆◆●✱ ✷✵✵✻✮ ✭◆❆▲❇❆◆❚❖✂❣▲❯❀ ❇❖✲

❑❖❘❀ ❇❆▲❆❙✱ ✶✾✾✼✮ ✭◆❆▲❇❆◆❚❖●▲❯ ❡t ❛❧✳✱ ✷✵✵✸✮ ❡ ♦✉tr♦s s✐st❡♠❛s ♠❡❝â♥✐❝♦s ✭❙■▲❱❆✱

✷✵✶✶❛✮✳ ❊♠ ✭❊❱❊❘❙❀ ❏❆●❊❘❀ ❖❖▼❊◆✱ ✷✵✶✽✮✱ ❛s ❖❇❋s sã♦ ✉t✐❧✐③❛❞❛s ❝♦♠♦ ✉♠❛ ❢❡rr❛✲

♠❡♥t❛ ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♣❛r❛ ✐♥❝❧✉✐r ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦ s♦❜r❡ ✉♠ s✐st❡♠❛ t❡r♠♦❞✐♥â♠✐❝♦✳

❆s ❛♣❧✐❝❛çõ❡s t❛♠❜é♠ s❡ ❡st❡♥❞❡♠ à ár❡❛ ❞❡ ❝♦♥tr♦❧❡✱ ❝♦♠ ♠ét♦❞♦s ❞❡s❡♥✈♦❧✈✐❞♦s ❞❡ ♣r♦✲

❥❡t♦ ❞❡ ❝♦♥tr♦❧❛❞♦r❡s P■❉ ✭❩❊❘❱❖❙❀ ❇➱▲❆◆●❊❘❀ ❉❯▼❖◆❚✱ ✶✾✽✽✮ ✭❚❆❇❆❚❆❇❆❊■✱

✷✵✶✻✮ ❡ ❝♦♥tr♦❧❡ ♣r❡❞✐t✐✈♦✱ s❡❥❛ ♥❛ ❞❡✜♥✐çã♦ ❞♦ ♠♦❞❡❧♦ q✉❡ ♣r♦✈ê ❛ ♣r❡❞✐çã♦ ❞♦s ✈❛❧♦r❡s

❞❡ s❛í❞❛ ✭❑❍❆◆❀ ❘❖❙❙■❚❊❘❀ ❱❆▲❊◆❈■❆✲P❆▲❖▼❖✱ ✷✵✶✶✮ ✭❊▲❙❍❆❋❊■❀ ❉❯▼❖◆❚❀

❊▲◆❆●●❆❘✱ ✶✾✾✹✮✱ s❡❥❛ ❝♦♠♦ ✉♠❛ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❞✐♠✐♥✉✐r ♦ ❝✉st♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞♦

❝á❧❝✉❧♦ ❞❛ ✈❛r✐á✈❡❧ ♠❛♥✐♣✉❧❛❞❛ ✭❲❆◆●✱ ✷✵✵✾✮ ✭❩❍❊◆● ❡t ❛❧✳✱ ✷✵✶✼✮✳

✶✳✺ ❖r❣❛♥✐③❛çã♦ ❞♦ ❚❡①t♦

◆❡st❡ ❝❛♣ít✉❧♦ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ✉♠❛ ❜r❡✈❡ r❡✈✐sã♦ ❜✐❜❧✐♦❣rá✜❝❛ ❛ r❡s♣❡✐t♦ ❞❛s ❛♣❧✐❝❛çõ❡s ❞❡

❜❛s❡s ♦rt♦♥♦r♠❛✐s ♥❛ ár❡❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ❡ ♦s ♦❜❥❡t✐✈♦s ❞❡s❡❥❛❞♦s

❝♦♠ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ◆♦ ❝❛♣ít✉❧♦ ✷✱ ❛♣r❡s❡♥t❛✲s❡ ✉♠❛ r❡✈✐sã♦ t❡ór✐❝❛ ❞♦s

❝♦♥❝❡✐t♦ ❜ás✐❝♦s s♦❜r❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s✳ ◆♦ ❝❛♣ít✉❧♦ ✸✱ t❛♠❜é♠ é r❡❛❧✐③❛❞❛

✉♠❛ r❡✈✐sã♦ ❞♦s ❢✉♥❞❛♠❡♥t♦s ❞❛ t❡♦r✐❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛s✱ ❛❧é♠ ❞❡ s❡ ♠♦str❛r

❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çã♦ ❞❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ♥❡ss❡ ❝♦♥t❡①t♦ ❛ ✜♠ ❞❡ ✐❧✉str❛r

♦s ♣r♦❝❡❞✐♠❡♥t♦s ♥❡❝❡ssár✐♦s ❡ ✈❡r✐✜❝❛r ❛s ✈❛♥t❛❣❡♥s ❞✐s❝✉t✐❞❛s ♣r❡✈✐❛♠❡♥t❡✳ ❚❛♠❜é♠

sã♦ ❢❡✐t❛s ❝♦♠♣❛r❛çõ❡s ❝♦♠ ♦✉tr♦s ♠ét♦❞♦s ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❜❛s❡❛❞♦s ❡♠ ❢✉♥çõ❡s ❞❡ ❜❛s❡s

❞✐✈❡rs❛s✳ ◆♦ ❝❛♣ít✉❧♦ ✹✱ é ❞✐s❝✉t✐❞❛ ❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ❡s❝♦❧❤❛ ót✐♠❛
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❞♦s ♣♦❧♦s ❞❛s ❢✉♥çõ❡s ♦rt♦♥♦r♠❛✐s✱ s❡♥❞♦ ❛♣r❡s❡♥t❛❞❛ ❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ ❞♦ ♣r♦❜❧❡♠❛

❞❡ ♦t✐♠✐③❛çã♦ q✉❡ ♣❡r♠✐t❡ ❛ ♦❜t❡♥çã♦ ❞❡ ♣♦❧♦s ót✐♠♦s ♣❛r❛ ♠♦❞❡❧♦s ❝♦♠ ❢✉♥çõ❡s ❞❡

▲❛❣✉❡rr❡ ❡ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡♠♦♥str❛♥❞♦ ❝♦♠♦ ❣❡r❛r ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ ❛tr❛s♦✱ ♦s

q✉❛✐s sã♦ ❡♥tã♦ ❛✈❛❧✐❛❞♦s q✉❛♥t♦ à s✉❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ♠♦❞❡❧❛❣❡♠✳ ◆♦ ❝❛♣ít✉❧♦ ✺ ♠♦str❛✲

s❡ ✉♠ ❝❛s♦ ❡♠ q✉❡ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ❜❛✐①❛ ♦r❞❡♠ ♣♦❞❡♠ ♥ã♦ s❡r s✉✜❝✐❡♥t❡s ♣❛r❛

✉♠❛ ♠♦❞❡❧❛❣❡♠ ❛❝✉r❛❞❛ ❡ ❛♣r❡s❡♥t❛✲s❡ ❝♦♠♦ s♦❧✉çã♦ ✉♠ ♠ét♦❞♦ ❞❡ ♦t✐♠✐③❛çã♦ ❡♠ ❞✉❛s

❡t❛♣❛s ♣❛r❛ ❛ ❣❡r❛çã♦ ❞❡ ♠♦❞❡❧♦s ❞❡ ❑❛✉t③ ❝♦♠ ♣♦❧♦s r❡❛✐s ❞✐st✐♥t♦s✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s

❞❡♠♦♥str❛çõ❡s ❞❛s s♦❧✉çõ❡s ♣❛r❛ ♦s ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ❡♥✈♦❧✈✐❞♦s ❡ ❛ ❛✈❛❧✐❛çã♦ ❞♦s

♠♦❞❡❧♦s ❡♥❝♦♥tr❛❞♦s✳ ❊♥✜♠✱ ♥♦ ❝❛♣ít✉❧♦ ✻ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ❝♦♥❝❧✉sõ❡s ♦❜t✐❞❛s ❝♦♠

❡st❡ tr❛❜❛❧❤♦ ❡ s✉❣❡stõ❡s ❞❡ tr❛❜❛❧❤♦s ❢✉t✉r♦s✳



❈❛♣ít✉❧♦ ✷

■❞❡♥t✐✜❝❛çã♦ ❞❡ ❙✐st❡♠❛s

✷✳✶ ■♥tr♦❞✉çã♦

❆ ■❞❡♥t✐✜❝❛çã♦ ❞❡ ❙✐st❡♠❛s é ❞❡✜♥✐❞❛ ♣♦r ✭▲❏❯◆●✱ ✶✾✽✼✮ ❝♦♠♦ s❡♥❞♦ ❛ ár❡❛ ❞❡ ❝♦♥❤❡✲

❝✐♠❡♥t♦ ♣♦r ♠❡✐♦ ❞❛ q✉❛❧ s❡ ✧❝♦♥str♦❡♠✧ ♦✉ s❡❧❡❝✐♦♥❛♠ ♠♦❞❡❧♦s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s

♣❛r❛ s❡r✈✐r ❛ ❝❡rt♦s ♦❜❥❡t✐✈♦s✧✳ ❊❧❡ ❞❡st❛❝❛ t❛♠❜é♠ q✉❡ ♦ ♠♦❞❡❧♦ ♥ã♦ s❡ tr❛t❛ ❞❡ ✉♠❛

t❡♥t❛t✐✈❛ ❞❡ ♦❜t❡r ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ♣❡r❢❡✐t❛ ❞♦ s✐st❡♠❛ ❡♠ q✉❡stã♦✱ ♠❛s ❞❡ ❞❡s❝r❡✈❡r

❛s ❞✐♥â♠✐❝❛s ❞❡ ✐♥t❡r❡ss❡ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ q✉❡ s❡ ❞❡s❡❥❛ r❡❛❧✐③❛r ❝♦♠ ❡❧❡✳ ❊ss❛✱ ♣♦rt❛♥t♦✱

é ✉♠❛ q✉❡stã♦ q✉❡ s❡ ❞❡✈❡ t❡r ❡♠ ♠❡♥t❡ ❞✉r❛♥t❡ ♦ ♣r♦❝❡ss♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡✲

♠❛s✿ ♦ ♠♦❞❡❧♦ ♣r❡❝✐s❛ s❡r ❛♣❡♥❛s ❝♦♠♣❧❡①♦ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❛t❡♥❞❡r às ♥❡❝❡ss✐❞❛❞❡s ❞❛

❛♣❧✐❝❛çã♦✳

❚❡♥❞♦ ❞❡✜♥✐❞♦ ❡ss❡ ❝♦♥❝❡✐t♦ ❢✉♥❞❛♠❡♥t❛❧✱ ♣♦❞❡✲s❡ ♣❛rt✐r ♣❛r❛ ❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ ❛❧❣✉♥s

♠♦❞❡❧♦s tí♣✐❝♦s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s✱ t❛♠❜é♠ ❞❡s❝r✐t♦s ❡♠ ✭▲❏❯◆●✱ ✶✾✽✼✮✳ ◆❡st❡

❝❛♣ít✉❧♦✱ ❛❧é♠ ❞❡ss❡s ♠♦❞❡❧♦s✱ s❡rá ❛♣r❡s❡♥t❛❞♦ ♦ ♠ét♦❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s ❛♣❧✐❝❛❞♦

à ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛s ❡ ❞✐s❝✉t✐❞❛s ❞❡ ❢♦r♠❛ ❝♦♥❝❡✐t✉❛❧ ❛s q✉❡stõ❡s ❞❛ ♣♦❧❛r✐③❛çã♦ ❡

❞❛ ✈❛r✐â♥❝✐❛✳

✷✳✷ ▼♦❞❡❧♦s ❞❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s

❯♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠ ♠♦❞❡❧♦ ❧✐♥❡❛r ✐♥✈❛r✐❛♥t❡ ♥♦ t❡♠♣♦✿

y(t) = G(q)u(t) +H(q)e(t), ✭✷✳✶✮

❡♠ q✉❡ G(q) ❡ H(q) r❡♣r❡s❡♥t❛♠ ❛s r❡s♣♦st❛s ❛♦ ✐♠♣✉❧s♦ ✭✐♥✜♥✐t❛s✮ ❞♦ s✐st❡♠❛ ♠♦❞❡❧❛❞♦ ❡

❞❛ ♣❡rt✉r❜❛çã♦ ❡ ♦ ❡rr♦ e(t) é ❡s♣❡❝✐✜❝❛❞♦ ♣❡❧❛ s✉❛ ❢✉♥çã♦ ❞❡ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡

✭P❉❋✮✳ ❊st❛ ❝♦rr❡s♣♦♥❞❡r✐❛ ❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ✧❝♦♠♣❧❡t❛✧ ❞♦ s✐st❡♠❛✳ ❆ss✉♠❡✲s❡

♥♦r♠❛❧♠❡♥t❡ q✉❡ ♦ ❡rr♦ s❡❥❛ ❣❛✉ss✐❛♥♦✱ ❞❡ ♠♦❞♦ q✉❡ ❡st❡ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ♣❡❧♦s s❡✉s

✽



❈❛♣ít✉❧♦ ✷✳ ■❞❡♥t✐✜❝❛çã♦ ❞❡ ❙✐st❡♠❛s ✾

♣r✐♠❡✐r♦ ❡ s❡❣✉♥❞♦ ♠♦♠❡♥t♦s ✭♠é❞✐❛ ❡ ✈❛r✐â♥❝✐❛✮✳ P♦r ♥ã♦ s❡r ♥♦r♠❛❧♠❡♥t❡ ❡①❡q✉í✈❡❧ ❛

r❡♣r❡s❡♥t❛çã♦ ❞❛ r❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦ ✐♥✜♥✐t❛✱ ✉t✐❧✐③❛♠✲s❡ r❡♣r❡s❡♥t❛çõ❡s ❝♦♠ ✉♠ ♥ú♠❡r♦

✜♥✐t♦ ❞❡ ♣❛râ♠❡tr♦s✱ ❝♦♠♦ ❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ ♦✉ ♠❛tr✐③❡s ❞❡ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s✳

P❛r❛ ♦s ❝❛s♦s ❡♠ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ♦✉ ♣rát✐❝♦ ♦❜t❡r ✉♠ ✈❛❧♦r ♣❛r❛ ❡ss❡s ♣❛râ♠❡tr♦s ❛

♣❛rt✐r ❞❛s ❝❛r❛t❡ríst✐❝❛s ❢ís✐❝❛s ❞♦ s✐st❡♠❛✱ ❢❛③✲s❡ ♥❡❝❡ssár✐♦ r❡❛❧✐③❛r ✉♠ ♣r♦❝❡ss♦ ❞❡ ✐❞❡♥✲

t✐✜❝❛çã♦ ♣❛r❛ ❞❡t❡r♠✐♥á✲❧♦s✳ ◆❡ss❛s s✐t✉❛çõ❡s✱ ♦ q✉❡ s❡ t❡♠ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠♦❞❡❧♦s

♣♦ssí✈❡✐s ♣❛r❛ r❡♣r❡s❡♥t❛r ✉♠ s✐st❡♠❛✱ ❡ ♦ ♣r♦❝❡ss♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❝♦♥st✐t✉✐✲s❡ ❞❡ ✉♠

♠❡❝❛♥✐s♠♦ ♣❛r❛ s❡❧❡❝✐♦♥❛r ✉♠ ❞❡ss❡s ♠♦❞❡❧♦s q✉❡ s❡❥❛ ❛❞❡q✉❛❞♦ ❛♦ ♣r♦♣ós✐t♦ ❞❛ ❛♣❧✐❝❛✲

çã♦✳ ❙❡♥❞♦ ♦s ♣❛râ♠❡tr♦s ❛ s❡r ❞❡t❡r♠✐♥❛❞♦s ❞❡✜♥✐❞♦s ♣❡❧♦ ✈❡t♦r θ✱ ♣♦❞❡✲s❡ r❡✲❡s❝r❡✈❡r

❛ ❡q✉❛çã♦ ✭✷✳✶✮ ❝♦♠♦✿

y(t) = G(q,θ)u(t) +H(q,θ)e(t). ✭✷✳✷✮

P❛r❛ r❡❛❧✐③❛r ♦ ♣r♦❝❡ss♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦✱ ✉♠❛ ❞❛s ❡str❛té❣✐❛s ♣♦ssí✈❡✐s é ✉t✐❧✐③❛r ♦

♠ét♦❞♦ ❞❡ ♣r❡❞✐çã♦ ❞♦ ❡rr♦✳ ◆❡ss❡ ❝❛s♦✱ ❛ ♣❛rt✐r ❞♦ ♠♦❞❡❧♦ q✉❡ s❡ ❞❡s❡❥❛ ♦❜t❡r✱ ❡♥❝♦♥tr❛✲

s❡ ✉♠❛ ❡q✉❛çã♦ ❞❡ ✉♠ ♣r❡❞✐t♦r ❞❛ s❛í❞❛ ❛ ♣❛rt✐r ❞♦s ✈❛❧♦r❡s ♦❜t✐❞♦s ♣❛r❛ ✐♥st❛♥t❡s

❛♥t❡r✐♦r❡s✱ ❡ ❝❛❧❝✉❧❛✲s❡ ♦ ❡rr♦ ❡♥tr❡ ❛ s❛í❞❛ ♠❡❞✐❞❛ ❡ ❛ s❛í❞❛ ♣r❡✈✐st❛✳ ❖ ♣❛ss♦ s❡❣✉✐♥t❡

❝♦♥st✐t✉✐✲s❡ ♥❛ ✉t✐❧✐③❛çã♦ ❞♦ ♠ét♦❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠ ♠♦❞❡❧♦

❡♠ q✉❡ ❡st❡ ❡rr♦ s❡❥❛ ♠✐♥✐♠✐③❛❞♦✳ ❆ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✷✳✷✮✱ ✉♠❛ ❢♦r♠❛ ❣❡r❛❧ ♣❛r❛ ❡st❡

♣r❡❞✐t♦r é ❞❛❞❛ ♣♦r✿

ŷ(t,θ) = H−1(q,θ)G(q,θ)u(t) + [1−H−1(q, θ)]y(t). ✭✷✳✸✮

❆❧❣✉♥s ♠♦❞❡❧♦s sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝❛✐①❛✲♣r❡t❛✱ ♣♦✐s ♥ã♦ ❧❡✈❛♠ ❡♠ ❝♦♥t❛ ❛ ❡str✉t✉r❛

❢ís✐❝❛ ❞♦ s✐st❡♠❛ ♠❛s✱ ❛ ♣❛rt✐r ❞❡ ❞❛❞♦s ❝♦❧❡t❛❞♦s ❞❛ ❡♥tr❛❞❛ ❡ ❞❛ s❛í❞❛✱ ♣r♦❝✉r❛✲s❡

❡♥❝♦♥tr❛r ✈❛❧♦r❡s ót✐♠♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦✳ ❯t✐❧✐③❛♥❞♦ ♦ ♠♦❞❡❧♦ ❞❡ ❢✉♥çõ❡s

❞❡ tr❛♥s❢❡rê♥❝✐❛✱ ❡❧❡s sã♦ ❡s♣❡❝✐✜❝❛❞♦s ♣♦r ♠❡✐♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ✖ ♦✉ ♠❛tr✐③❡s ♣♦❧✐♥♦♠✐❛✐s✱

♥♦s ❝❛s♦s ▼■▼❖ ✖ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❛tr❛s♦ ❞✐s❝r❡t♦ ♥♦ t❡♠♣♦ q−1✳ ❖ ❝❛s♦ ♠❛✐s ❣❡r❛❧

♣♦ssí✈❡❧ ❡♥✈♦❧✈❡ ❝✐♥❝♦ ♣♦❧✐♥ô♠✐♦s✿

A(q)y(t) =
B(q)

F (q)
u(t) +

C(q)

D(q)
e(t). ✭✷✳✹✮

◆♦s ❝❛s♦s ❡♠ q✉❡ ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ❝♦♥té♠ ✉♠ ❛tr❛s♦ ❞❡ r❡s♣♦st❛ d ✐♥st❛♥t❡s ❞❡

❛♠♦str❛❣❡♠✱ ♦ ♣♦❧✐♥ô♠✐♦ B(q) ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ✐❣✉❛❧ ❛ q−dB̄(q)✱ ❞❡ ♠♦❞♦ q✉❡

❛ ❡q✉❛çã♦ ❣❡r❛❧ ❞♦ ♠♦❞❡❧♦✱ ♣❛r❛ ♠♦str❛r ❡①♣❧✐❝✐t❛♠❡♥t❡ ❡ss❡ ❛tr❛s♦✱ ♣♦❞❡ s❡r r❡✲❡s❝r✐t❛

❝♦♠♦✿

A(q)y(t) = q−d B̄(q)

F (q)
u(t) +

C(q)

D(q)
e(t). ✭✷✳✺✮

❆tr✐❜✉✐♥❞♦ ♦ ✈❛❧♦r ✉♥✐tár✐♦ ❛ ❛❧❣✉♥s ❞❡ss❡s ♣♦❧✐♥ô♠✐♦s✱ ♦❜té♠✲s❡ r❡♣r❡s❡♥t❛çõ❡s ♠❛✐s

❡s♣❡❝í✜❝❛s✳ ◆❛ t❛❜❡❧❛ ✷✳✶ sã♦ ❛♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s ❞♦s ♠♦❞❡❧♦s ♠❛✐s ❝♦♠✉♥s q✉❡ s❡
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❚❛❜❡❧❛ ✷✳✶✿ ❆❧❣✉♥s ♠♦❞❡❧♦s ❙■❙❖ ❝❛✐①❛✲♣r❡t❛ ❝♦♠✉♥s ❝♦♠♦ ❝❛s♦s ❡s♣❡❝✐❛✐s ❞❛ ❡q✉❛çã♦
✭✷✳✹✮✳

P♦❧✐♥ô♠✐♦s ❞❛ ❊q✳ ✭✷✳✹✮ ❯t✐❧✐③❛❞♦s ◆♦♠❡ ❞❛ ❊str✉t✉r❛ ❞♦ ▼♦❞❡❧♦
❇ ❋■❘ ✭r❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦ ✜♥✐t❛✮
❆❇ ❆❘❳
❆❇❈ ❆❘▼❆❳
❆❈ ❆❘▼❆
❆❇❉ ❆❘❆❘❳
❆❇❈❉ ❆❘❆❘▼❆❳
❇❋ ❖❊ ✭❡rr♦ ♥❛ s❛í❞❛✮

❇❋❈❉ ❇❏ ✭❇♦①✲❏❡♥❦✐♥s✮

❋♦♥t❡✿ ✭▲❏❯◆●✱ ✶✾✽✼✮

❞❡s❝r❡✈❡♠ ❝♦♠♦ ❝❛s♦s ❡s♣❡❝í✜❝♦s ❞♦ ♠♦❞❡❧♦ ❣❡r❛❧ ❞❡s❝r✐t♦✳

❆ s❡❣✉✐r s❡rã♦ ❢♦r♥❡❝✐❞♦s ♠❛✐s ❞❡t❛❧❤❡s ❛ r❡s♣❡✐t♦ ❞❛ ❢♦r♠❛ ❞♦ ♣r❡❞✐t♦r ❞❡ ❛❧❣✉♥s ❞❡ss❡s

♠♦❞❡❧♦s✳ ❆❧❣✉♥s ❞❡❧❡s ❝♦♠♦ ♦ ❋■❘✱ ♦ ❆❘❳ ❡ ♦ ❆❘▼❆❳ ❢♦r♠❛♠ ❛ ❝❤❛♠❛❞❛ ❢❛♠í❧✐❛ ❞♦s

♠♦❞❡❧♦s ❝♦♠ ❡rr♦ ♥❛ ❡q✉❛çã♦✱ ♣♦✐s ♦ ❡rr♦ ❡♥tr❛ ❞✐r❡t❛♠❡♥t❡ ♥❛ ❡q✉❛çã♦ ❛ ❞✐❢❡r❡♥ç❛s q✉❡

r❡❧❛❝✐♦♥❛ ❛ ❡♥tr❛❞❛ ❝♦♠ ❛ s❛í❞❛✳ ❏á ❛q✉❡❧❡s q✉❡ ♥ã♦ ❛♣r❡s❡♥t❛♠ ❡ss❛ ❝❛r❛❝t❡ríst✐❝❛✱ ❝♦♠♦

♦ ❖❊ ❡ ♦ ❇❏✱ ♣❡rt❡♥❝❡♠ à ❢❛♠í❧✐❛ ❞♦s ♠♦❞❡❧♦s ❝♦♠ ❡rr♦ ♥❛ s❛í❞❛✳

✷✳✷✳✶ ❋■❘

P❛rt✐♥❞♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✹✮✱ ❛tr✐❜✉✐✲s❡ ♦ ✈❛❧♦r 1 ❛ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❡①❝❡t♦ B(q) ❡ ♦❜té♠✲

s❡ ❡♥tã♦ ♦ ♠♦❞❡❧♦ ❋■❘ ✭r❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦ ✜♥✐t❛✱ ❞♦ ✐♥❣❧ês ❋✐♥✐t❡ ■♠♣✉❧s❡ ❘❡s♣♦♥s❡✮✿

y(t) = B(q)u(t) + e(t). ✭✷✳✻✮

❈♦♠♦ G(q) = B(q) ❡ H(q) = 1✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ ♦ ♣r❡❞✐t♦r ♣❛r❛ ♦ ❝❛s♦ ❋■❘ é ❞❛❞♦ ♣♦r✿

ŷ(t,θ) = B(q)u(t). ✭✷✳✼✮

❖ ✈❡t♦r θ é ❞❛❞♦ ♣♦r✿

θ = [b1 b2 . . . bnb
]T ,

❡♠ q✉❡ nb é ♦ ❣r❛✉ ❞♦ ♣♦❧✐♥ô♠✐♦ B(q)✳ ❈♦♥str✉✐♥❞♦ ♦ ✈❡t♦r ❞❡ ❞❛❞♦s✿

ψ(t) = [u(t− 1) u(t− 2) . . . u(t− nb)],
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❋✐❣✉r❛ ✷✳✶✿ ❊str✉t✉r❛ ❞♦ ♠♦❞❡❧♦ ❆❘❳✳

❋♦♥t❡✿ ✭▲❏❯◆●✱ ✶✾✽✼✮

♣♦❞❡✲s❡ ❞❡✜♥✐r ✉♠❛ r❡❣r❡ssã♦ ❧✐♥❡❛r r❡✲❡s❝r❡✈❡♥❞♦ ❛ ❡q✉❛çã♦ ❞♦ ♣r❡❞✐t♦r ❝♦♠♦✿

ŷ(t,θ) = ψ(t)T θ. ✭✷✳✽✮

✷✳✷✳✷ ❆❘❳

❖ ♠♦❞❡❧♦ ❆❘❳ ✭❛✉t♦rr❡❣r❡ss✐✈♦ ❝♦♠ ❡♥tr❛❞❛ ❡①ó❣❡♥❛✱ ❞♦ ✐♥❣❧ês ❆✉t♦❘❡❣r❡ss✐✈❡ ✇✐t❤

❡❳♦❣❡♥♦✉s ✐♥♣✉t✮ é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ❡q✉❛çã♦✿

y(t) + a1y(t− 1) + . . .+ ana
y(t− na) = b1u(t− 1) + . . .+ bnb

u(t− nb) + e(t), ✭✷✳✾✮

❡♠ q✉❡ na ❡ nb sã♦ ♦s ❣r❛✉s ❞♦s ♣♦❧✐♥ô♠✐♦sA(q) ❡ B(q)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❘❡♣r❡s❡♥t❛♥❞♦✲♦

s❡❣✉♥❞♦ ♦ ♠♦❞❡❧♦ ❣❡r❛❧✱ t❡♠✲s❡✿

A(q)y(t) = B(q)u(t) + e(t). ✭✷✳✶✵✮

❞❡ ♠♦❞♦ q✉❡ G(q) = B(q)/A(q) ❡ H(q) = 1/A(q) ✭✜❣✉r❛ ✷✳✶✮✳ ❖❜s❡r✈❛✲s❡ q✉❡ ♥❡st❡ ❝❛s♦✱

❛ss✉♠❡✲s❡ q✉❡ ♦ r✉í❞♦ é ✜❧tr❛❞♦ ♣❡❧❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ❛♥t❡s ❞❡ s❡r ❛❞✐❝✐♦♥❛❞♦ à s❛í❞❛✳

❆♣❡s❛r ❞❡ ❡st❛ ♥ã♦ s❡r ❛ r❡♣r❡s❡♥t❛çã♦ ♠❛✐s ✜❞❡❞✐❣♥❛ ❞❛ r❡❛❧✐❞❛❞❡✱ ❡st❡ ♠♦❞❡❧♦ ❝♦st✉♠❛

s❡r ❛♣❧✐❝❛❞♦ ❝♦♠ ❢r❡q✉ê♥❝✐❛ ♣♦r ♣❡r♠✐t✐r ❛ ❛♣❧✐❝❛çã♦ ❞✐r❡t❛ ❞❡ ✉♠❛ r❡❣r❡ssã♦ ❧✐♥❡❛r✱ ♦

q✉❡ ♦✉tr❛s ❡str✉t✉r❛s✱ q✉❡ ♠♦❞❡❧❛♠ ♦ r✉í❞♦ ❝♦♠ ❞✐♥â♠✐❝❛ ❞✐❢❡r❡♥t❡ ❞❛ ❞♦ s✐st❡♠❛✱ ♥ã♦

❢♦r♥❡❝❡♠ ❞✐r❡t❛♠❡♥t❡✳



❈❛♣ít✉❧♦ ✷✳ ■❞❡♥t✐✜❝❛çã♦ ❞❡ ❙✐st❡♠❛s ✶✷

❋✐❣✉r❛ ✷✳✷✿ ❊str✉t✉r❛ ❣❡r❛❧ ❞♦s ♠♦❞❡❧♦s ❞❡ ❡rr♦ ♥❛ ❡q✉❛çã♦✳ ❖ ♠♦❞❡❧♦ ❆❘▼❆❳ é ♦❜t✐❞♦
❢❛③❡♥❞♦ D = 1✳

❋♦♥t❡✿ ✭▲❏❯◆●✱ ✶✾✽✼✮

❖ ♣r❡❞✐t♦r ❞♦ ♠♦❞❡❧♦ ❆❘❳ é ❡♥tã♦ ❞❛❞♦ ♣♦r✿

ŷ(t,θ) = B(q)u(t) + [1− A(q)]y(t). ✭✷✳✶✶✮

❆ r❡❣r❡ssã♦ ❧✐♥❡❛r é ♦❜t✐❞❛ ❞❡✜♥✐♥❞♦ ♦s ♣❛râ♠❡tr♦s✿

θ = [a1 . . . ana
b1 . . . bnb

]T ✭✷✳✶✷✮

❡ ♦ ✈❡t♦r ❞❡ ❞❛❞♦s✿

ψ(t) = [−y(t− 1) . . . − y(t− na) u(t− 1) . . . u(t− nb)]. ✭✷✳✶✸✮

✷✳✷✳✸ ❆❘▼❆❳

❖ ♠♦❞❡❧♦ ❆❘▼❆❳ ✭❛✉t♦rr❡❣r❡ss✐✈♦ ❝♦♠ ♠é❞✐❛ ♠ó✈❡❧ ❡ ❡♥tr❛❞❛ ❡①ó❣❡♥❛✱ ❞♦ ✐♥❣❧ês ❆✉✲

t♦❘❡❣r❡ss✐✈❡ ▼♦✈✐♥❣ ❆✈❡r❛❣❡ ✇✐t❤ ❡❳♦❣❡♥♦✉s ✐♥♣✉t✮ é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ❡q✉❛çã♦✿

y(t) + a1y(t− 1) + . . .+ ana
y(t− na) = b1u(t− 1) + . . .+ bnb

u(t− nb)

+ e(t) + c1e(t− 1) + . . .+ cnc
e(t− nc), ✭✷✳✶✹✮

❡♠ q✉❡ nc é ♦ ❣r❛✉ ❞♦ ♣♦❧✐♥ô♠✐♦ C(q)✳ ❘❡♣r❡s❡♥t❛♥❞♦✲♦ s❡❣✉♥❞♦ ♦ ♠♦❞❡❧♦ ❣❡r❛❧✱ t❡♠✲s❡✿

A(q)y(t) = B(q)u(t) + C(q)e(t) ✭✷✳✶✺✮

❞❡ ♠♦❞♦ q✉❡ G(q) = B(q)/A(q) ❡ H(q) = C(q)/A(q) ✭✜❣✉r❛ ✷✳✷✮✳
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❖ ♣r❡❞✐t♦r ♥❡ss❡ ❝❛s♦ é ❞❛❞♦ ♣♦r✿

ŷ(t,θ) =
B(q)

C(q)
u(t) +

[

1− A(q)

C(q)

]

y(t). ✭✷✳✶✻✮

◆ã♦ é ♣♦ssí✈❡❧ ❣❡r❛r ✉♠❛ r❡❣r❡ssã♦ ❧✐♥❡❛r ♥❡ss❛ s✐t✉❛çã♦✳ P♦ré♠✱ ♣♦❞❡✲s❡ ❣❡r❛r ✉♠❛ r❡❣r❡s✲

sã♦ ♣s❡✉❞♦❧✐♥❡❛r✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✶✻✮ ♣♦r C(q) ❡ ❛❞✐❝✐♦♥❛♥❞♦ 1− C(q)ŷ(t,θ)

❡♠ ❛♠❜♦s ♦s ❧❛❞♦s✱ t❡♠✲s❡✿

ŷ(t,θ) = B(q)u(t) + [1− A(q)]y(t) + [C(q)− 1][y(t)− ŷ(t|θ)]. ✭✷✳✶✼✮

❉❡✜♥✐♥❞♦ ♦ ❡rr♦ ❞❡ ♣r❡❞✐çã♦✿

ǫ(t,θ) = y(t)− ŷ(t,θ), ✭✷✳✶✽✮

❞❡t❡r♠✐♥❛✲s❡ ❡♥tã♦ ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ ❡ ♦ ✈❡t♦r ❞❡ ❞❛❞♦s✿

θ = [a1 . . . ana
b1 . . . bnb

c1 . . . cnc
]T ✭✷✳✶✾✮

ψ(t) = [−y(t− 1) . . . − y(t− na) u(t− 1) . . . u(t− nb) ǫ(t− 1) . . . ǫ(t− nc)] ✭✷✳✷✵✮

✷✳✷✳✹ ❖❊

❖ ♠♦❞❡❧♦ ❖❊ ✭❡rr♦ ♥❛ s❛í❞❛✱ ❞♦ ✐♥❣❧ês ❖✉t♣✉t ❊rr♦r✮ ♣r♦❝✉r❛ r❡s♦❧✈❡r ❛ q✉❡stã♦ ❞❛

✜❧tr❛❣❡♠ ❞♦ r✉í❞♦ ❝♦♠ ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛✳ ❊st❡ ♠♦❞❡❧♦ é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛s ❡q✉❛çõ❡s✿

w(t,θ) + f1w(t− 1,θ) + . . .+ fnf
w(t− nf ,θ) = b1u(t− 1) + . . .+ bnb

u(t− nb)

y(t) = w(t) + e(t), ✭✷✳✷✶✮

❡♠ q✉❡ nf é ♦ ❣r❛✉ ❞♦ ♣♦❧✐♥ô♠✐♦ F (q)✳ ❘❡♣r❡s❡♥t❛♥❞♦✲♦ s❡❣✉♥❞♦ ♦ ♠♦❞❡❧♦ ❣❡r❛❧✱ t❡♠✲s❡✿

y(t) =
B(q)

F (q)
u(t) + e(t). ✭✷✳✷✷✮

❞❡ ♠♦❞♦ q✉❡ s❡ ♦❜té♠ G(q) = B(q)/F (q) ❡ H(q) = 1 ✭✜❣✉r❛ ✷✳✸✮✳

❖ ♣r❡❞✐t♦r ♥❡ss❡ ❝❛s♦ é ❞❛❞♦ ♣♦r✿

ŷ(t,θ) =
B(q)

F (q)
u(t) = w(t,θ). ✭✷✳✷✸✮

❖s ✈❡t♦r❡s ❞❡ ♣❛râ♠❡tr♦s ❡ ❞❡ ❞❛❞♦s sã♦✿

θ = [b1 . . . bnb
f1 . . . fnf

]T ✭✷✳✷✹✮
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❋✐❣✉r❛ ✷✳✸✿ ❊str✉t✉r❛ ❞♦ ♠♦❞❡❧♦ ❖❊✳

❋♦♥t❡✿ ✭▲❏❯◆●✱ ✶✾✽✼✮

ψ(t) = [u(t− 1) . . . u(t− nb) − w(t− 1) . . . − w(t− na)]. ✭✷✳✷✺✮

◆♦t❛✲s❡ q✉❡ ♦ ✈❛❧♦r ♣r❡❞✐t♦ ŷ(t,θ) = w(t) ❞❡♣❡♥❞❡ ❞♦s ✈❛❧♦r❡s ♣❛ss❛❞♦s ❞❡ w(t)✱

r❡✈❡❧❛♥❞♦ ❛ ♥❛t✉r❡③❛ ♥ã♦✲❧✐♥❡❛r ❞❛ ❡str✉t✉r❛ ❞❡ ♠♦❞❡❧♦ ❖❊✳

✷✳✷✳✺ ❇❏

❉❡s❝r❡✈❡♥❞♦ ♦ ❡rr♦ ♥❛ s❛í❞❛ ♣♦r ♠❡✐♦ ❞❡ ✉♠ ♠♦❞❡❧♦ ❆❘▼❆ ✭❛✉t♦r❡❣r❡ss✐✈♦ ❝♦♠ ♠é❞✐❛

♠ó✈❡❧✱ ❞♦ ✐♥❣❧ês ❆✉t♦❘❡❣r❡ss✐✈❡ ▼♦✈✐♥❣ ❆✈❡r❛❣❡✮✱ ♦❜té♠✲s❡ ♦ ♠♦❞❡❧♦ ❇❏ ✭❇♦①✲❏❡♥❦✐♥s✮✳

P♦❞❡✲s❡ r❡♣r❡s❡♥tá✲❧♦✱ s❡❣✉♥❞♦ ♦ ♠♦❞❡❧♦ ❣❡r❛❧✱ ♣♦r ♠❡✐♦ ❞❛ ❡q✉❛çã♦✿

y(t) =
B(q)

F (q)
u(t) +

C(q)

D(q)
e(t). ✭✷✳✷✻✮

❆♥❛❧✐s❛♥❞♦ ❛s ❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ G(q) ❡ H(q)✱ ♦❜s❡r✈❛✲s❡ q✉❡ ♦ ♣r❡❞✐t♦r ♣❛r❛

❡st❡ ❝❛s♦ é ❞❛❞♦ ♣♦r✿

ŷ(t,θ) =
D(q)B(q)

C(q)F (q)
u(t) +

C(q)−D(q)

C(q)
y(t). ✭✷✳✷✼✮

◆ã♦ s❡rã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ❢♦r♠❛s ❞♦ ✈❡t♦r ❞❡ ❞❛❞♦s ♥❡♠ ❞♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s ♣❛r❛

❡ss❡ ❝❛s♦✱ ♠❛s ♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❞❡✜♥✐✲❧♦s é s❡♠❡❧❤❛♥t❡ ❛♦s ❞♦s ♦✉tr♦s ❝❛s♦s ❞❡s❡♥✲

✈♦❧✈✐❞♦s ♣r❡❝❡❞❡♥t❡♠❡♥t❡✳ ❙❡♥❞♦ ✉♠❛ ❡str✉t✉r❛ ❞❡ ♠♦❞❡❧♦ ♠❛✐s ❝♦♠♣❧❡①❛ q✉❡ ❛❜r❛♥❣❡ ♦

❝❛s♦ ❖❊✱ ♦❜s❡r✈❛✲s❡ t❛♠❜é♠ ♥❡st❡ ❝❛s♦ ❛ ♥❛t✉r❡③❛ ♥ã♦✲❧✐♥❡❛r ❞♦ ♣r♦❝❡ss♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦✳

✷✳✸ ▼ét♦❞♦ ❞♦s ▼í♥✐♠♦s ◗✉❛❞r❛❞♦s

◗✉❛♥❞♦ s❡ t❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛✱ ♣♦❞❡✲s❡ ✉t✐❧✐③❛r ♦ ♠ét♦❞♦ ❞♦s

♠í♥✐♠♦s q✉❛❞r❛❞♦s ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞✐s❝r❡t♦ q✉❡ ♦ ❞❡s❝r❡✈❛✳

❯t✐❧✐③❛♥❞♦ ❛ ❡str✉t✉r❛ ❞❡ ♠♦❞❡❧♦ ❆❘❳ ❝♦♠♦ ❡①❡♠♣❧♦ ✭■❙❊❘▼❆◆◆❀ ▼ü◆❈❍❍❖❋✱ ✷✵✶✶✮✱
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❋✐❣✉r❛ ✷✳✹✿ ❊str✉t✉r❛ ❞♦ ♠♦❞❡❧♦ ❇❏✳

❋♦♥t❡✿ ✭▲❏❯◆●✱ ✶✾✽✼✮

t❡♠✲s❡✿

Gp(q) =
yu(q)

u(q)
=
b0 + b1q

−1 + . . .+ qmz
−m

1 + a1q−1 + . . .+ amz−m
q−d ✭✷✳✷✽✮

❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ s✐st❡♠❛✱ ❡♠ q✉❡ u(t) é ❛ ❡♥tr❛❞❛ ❞♦ ♣r♦❝❡ss♦✱ yu(t) é ❛ s❛í❞❛ ✈❡r✲

❞❛❞❡✐r❛✱ ♦✉ s❡❥❛✱ s❡♠ ✐♥t❡r❢❡rê♥❝✐❛ ❞❡ ♣❡rt✉r❜❛çã♦✱ ❡ d é ✉♠ ✈❛❧♦r ✐♥t❡✐r♦ q✉❡ ❡s♣❡❝✐✜❝❛

♦ ❛tr❛s♦ ♥❛ r❡s♣♦st❛ ❞♦ s✐st❡♠❛✳ ❊s❝r❡✈❡♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✷✽✮ ♥❛ ❢♦r♠❛ ❞❡ ❡q✉❛çã♦ ❛

❞✐❢❡r❡♥ç❛s✱ ♦❜té♠✲s❡✿

yu(t) + a1yu(t− 1) + . . .+ amyu(t−m)

= b0u(t− d) + b1u(t− d− 1) + . . .+ bmu(t− d−m). ✭✷✳✷✾✮

❉✉r❛♥t❡ ♦ ♣r♦❝❡ss♦ ❞❡ ♠❡❞✐çã♦✱ ❝♦♥t✉❞♦✱ ♥ã♦ s❡ ❝♦♥s❡❣✉❡ ♠❡❞✐r yu(t)✱ ♠❛s ❡♠ ✈❡③

❞✐ss♦✱ ♠❡❞❡✲s❡ ✉♠ ✈❛❧♦r y(t) ❝♦rr♦♠♣✐❞♦ ♣❡❧❛ ♣❡rt✉r❜❛çã♦ n(t)✱ ✐st♦ é✿

y(t) = yu(t) + n(t), ✭✷✳✸✵✮

♦ q✉❡ ♥♦s ❧❡✈❛ ❛ ❛ss✉♠✐r y(t) ❝♦♠♦ ✉♠❛ ❡st✐♠❛t✐✈❛ ❞❡ yu(t) ❡ ♦s ♣❛râ♠❡tr♦s q✉❡ s❡rã♦

✐❞❡♥t✐✜❝❛❞♦s ❝♦♠♦ ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s r❡❛✐s✳ ❆ ❡q✉❛çã♦ ✭✷✳✷✾✮ é✱ ♣♦rt❛♥t♦✱ r❡✲

❡s❝r✐t❛ ♣❛r❛ ♦ ❝❛s♦ ❞♦s ♣❛râ♠❡tr♦s ❡st✐♠❛❞♦s ❝♦♠♦✿

y(t) + a1y(t− 1) + . . .+ amy(t−m)

− b0u(t− d)− b1u(t− d− 1)− . . .− bmu(t− d−m) = e(t) ✭✷✳✸✶✮
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❡♠ q✉❡ ❛ ❡①✐stê♥❝✐❛ ❞♦ ❡rr♦ e(t) é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ✉t✐❧✐③❛çã♦ ❞❡ ✈❛❧♦r❡s ❡st✐♠❛❞♦s

❞❛ s❛í❞❛ ❡♠ ✈❡③ ❞♦s ✈❛❧♦r❡s r❡❛✐s✳ ❖s t❡r♠♦s q✉❡ s❡ s♦♠❛♠ ❛ y(t) ♥❛ ❡q✉❛çã♦ ✭✷✳✸✶✮

❝♦♠♣õ❡♠ ♦ ❝❤❛♠❛❞♦ ♣r❡❞✐t♦r ❞❡ ✉♠ ♣❛ss♦ à ❢r❡♥t❡✳ ❈♦♠♦ ♦ ♥♦♠❡ s✉❣❡r❡✱ ❡st❡s t❡r♠♦s

❛♣r❡s❡♥t❛♠ ✉♠❛ ♣r❡✈✐sã♦ ❞♦ ✈❛❧♦r y(t) ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s ❞❡ y(t) ❡ u(t) ❞✐s♣♦♥í✈❡✐s ❛té ♦

✐♥st❛♥t❡ t − 1✱ s❡♥❞♦ e(t) ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ ✈❛❧♦r ♣r❡✈✐st♦ ❡ ♦ ❡❢❡t✐✈❛♠❡♥t❡ ♠❡❞✐❞♦✳ ❖s

❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛ ❡ ♦s ♣❛râ♠❡tr♦s sã♦ ❛❣r✉♣❛❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♠ ✉♠ ✈❡t♦r

ψ(t) ❡ ✉♠ ✈❡t♦r θ̂(t)✱ ❞❡ ❢♦r♠❛ q✉❡ ♦ ❡rr♦ ❞❡s❝r✐t♦ ♥❛ ❡q✉❛çã♦ ✷✳✸✶ ♣♦❞❡ s❡r ❡①♣r❡ss♦✱ ❞❡

❢♦r♠❛ ❝♦♥❝✐s❛✱ ❝♦♠♦✿

e(t) = y(t)− ψT (t)θ̂(t), ✭✷✳✸✷✮

♦ q✉❛❧✱ ♣❛r❛ ♦ ❝❛s♦ ✉t✐❧✐③❛❞♦✱ é ❧✐♥❡❛r ❡♠ s❡✉s ♣❛râ♠❡tr♦s ❡ ♣♦❞❡✱ ❛ss✐♠✱ s❡r ✉t✐❧✐③❛❞♦

♣❛r❛ ❡st✐♠❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ♣♦r ♠❡✐♦ ❞❡ ♠ét♦❞♦s ❞✐r❡t♦s✳ P❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ♦r❞❡♠

m✱ ♥♦t❛✲s❡ ♣♦r ♠❡✐♦ ❞❛ ❡q✉❛çã♦ ✷✳✷✽ q✉❡ ❡①✐st❡♠ 2m ♣❛râ♠❡tr♦s ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛

r❡❣r❡ssã♦ ❧✐♥❡❛r r❡q✉❡r ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❛♦ ♠❡♥♦s 2m ❡q✉❛çõ❡s✳ P♦ré♠✱ ✉♠ ♥ú♠❡r♦N ♠✉✐t♦

♠❛✐♦r ❞❡ ❡q✉❛çõ❡s é ♥♦r♠❛❧♠❡♥t❡ ✉t✐❧✐③❛❞♦ ✖ t♦r♥❛♥❞♦ ♦ s✐st❡♠❛ ❤✐♣❡r❞❡t❡r♠✐♥❛❞♦ ✖

♣❛r❛ q✉❡ ♦ ❡❢❡✐t♦ ❞❛ ♣❡rt✉r❜❛çã♦ n(t) s❡❥❛ ❛t❡♥✉❛❞♦✳

❖s ✈❛❧♦r❡s ❞❛ s❛í❞❛✱ ♦s ✈❡t♦r❡s ❞❡ ❞❛❞♦s ❡ ♦s ❡rr♦s ♣♦❞❡♠ s❡r ❛❣r✉♣❛❞♦s ❡♠ ♠❛tr✐③❡s✱

t❛❧ q✉❡✿

y =















y(m+ d)

y(m+ d+ 1)
✳✳✳

y(m+ d+N − 1)















, Ψ =















ψT (m+ d)

ψT (m+ d+ 1)
✳✳✳

ψT (m+ d+N − 1)















e =













e(m+ d)

e(m+ d+ 1)

. . .

e(m+ d+N − 1)













= y −Ψθ̂.

✭✷✳✸✸✮

❚❡♥❞♦ ❞❡t❡r♠✐♥❛❞♦ ❛ ❡q✉❛çã♦ ❞♦ ❡rr♦✱ ❞❡t❡r♠✐♥❛✲s❡ ❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ ❝♦♠♦ s❡♥❞♦ ❛

s♦♠❛ ❞♦ q✉❛❞r❛❞♦ ❞♦s ❡rr♦s ♦❜t✐❞♦s ♥❛s N ❡q✉❛çõ❡s✱ ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❝♦♠♦ ❛ ♥♦r♠❛

❞♦ ✈❡t♦r ❞❡ ❡rr♦s e✿

V =
m+d+N−1
∑

k=m+d

e2(t) = eTe. ✭✷✳✸✹✮

❆♣❧✐❝❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ❞❡r✐✈❛❞❛ ❡♠ r❡❧❛çã♦ ❛ θ̂ ❡ ✐❣✉❛❧❛♥❞♦✲❛ ❛ ③❡r♦✱ ❡♥❝♦♥tr❛♠♦s q✉❡

♦ θ̂ q✉❡ ♠✐♥✐♠✐③❛ V é✿

θ̂ = (ΨTΨ)−1Ψy ✭✷✳✸✺✮

❡✱ ❝❛❧❝✉❧❛♥❞♦ ❛ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛✱ ❞❡s❝♦❜r✐♠♦s q✉❡ ❡st❛ é ❝♦♥st❛♥t❡ ❡ ✐❣✉❛❧ ❛ ΨTΨ✳ ❆

♣❛rt✐r ❞❡ss❛s ✐♥❢♦r♠❛çõ❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡✱ ♣❛r❛ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠ ✈❛❧♦r θ̂

q✉❡ ♠✐♥✐♠✐③❡ ❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ V ✱ é ♥❡❝❡ssár✐♦ q✉❡ ΨTΨ s❡❥❛ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛✱ ♦✉ s❡❥❛✱
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det(ΨTΨ) > 0✳ ❆s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ΨTΨ s❡❥❛ ❞❡✜♥✐❞❛ ♣♦s✐t✐✈❛ ❡stã♦ ❡str❡✐t❛♠❡♥t❡

❧✐❣❛❞❛s às ❝❛r❛❝t❡ríst✐❝❛s ❞♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ u(t) ❡ ❞♦ s✐st❡♠❛✳

❖ ♠ét♦❞♦ ❛♣r❡s❡♥t❛❞♦ ♣♦❞❡ s❡r ♠♦❞✐✜❝❛❞♦ ♣❛r❛ q✉❡ ❛ ❡st✐♠❛t✐✈❛ ❞♦s ♣❛râ♠❡tr♦s s❡❥❛

r❡❛❧✐③❛❞❛ ❞❡ ♠♦❞♦ r❡❝✉rs✐✈♦✱ ♦ q✉❡ ♣❡r♠✐t❡ ❛ ✉t✐❧✐③❛çã♦ ❞♦ ♠ét♦❞♦ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ♦♥❧✐♥❡✱

♣♦r ❡①❡♠♣❧♦✳ ❙❡ ❛ ♠❛tr✐③ (ΨTΨ)−1 ❢♦r ❝❤❛♠❛❞❛ ❞❡ P✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ❡st✐♠❛t✐✈❛ θ

❝♦♠♦ ✭■❙❊❘▼❆◆◆❀ ▼ü◆❈❍❍❖❋✱ ✷✵✶✶✮✿

θ̂(t) = P(t)Ψ(t)y(t), ✭✷✳✸✻✮

❞❡ ♦♥❞❡ s❡ ♦❜té♠ q✉❡✿

P−1(t)θ̂(t) = Ψ(t)y(t), ✭✷✳✸✼✮

P❛r❛ ❡♥❝♦♥tr❛r θ̂(t+1)✱ ♣♦❞❡✲s❡ ✉s❛r ♦ ❢❛t♦ ❞❡ Ψ(t+1) s❡r ❝♦♠♣♦st♦ ♣♦r Ψ(t) ❛❝r❡s❝✐❞♦

❞❛ ❧✐♥❤❛ ψT (t+ 1)✱ ✈❛❧❡♥❞♦ ♦ ♠❡s♠♦ ❢❛t♦✱ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ♣❛r❛ y(t+ 1)✳ ▲♦❣♦✿

θ̂(t+ 1) = P(t+ 1)

[

Ψ(t)

ψT (t+ 1)

]T [

y(t)

y(t+ 1)

]

= P(t+ 1)
(

Ψ(t)y(t) + ψT (t+ 1)y(t+ 1)
)

✭✷✳✸✽✮

❯t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✷✳✸✼ ♣❛r❛ s✉❜st✐t✉✐r ♦ t❡r♠♦ Ψ(t)y(t) ❡ s♦♠❛♥❞♦ θ̂(t) ❡ ♦ s❡✉

s✐♠étr✐❝♦✱ t❡♠✲s❡✿

θ̂(t+ 1) = θ̂(t) +
(

P(t+ 1)P−1(t)− I
)

θ̂(t)

+P(t+ 1)ψ(t+ 1)y(t+ 1).
✭✷✳✸✾✮

❉❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡✱ ♣♦❞❡✲s❡ r❡❛❧✐③❛r ❛ s✉❜st✐t✉✐çã♦ ❞❡ Ψ(t+1) ♣❛r❛ ❝❛❧❝✉❧❛r P(t+1)✿

P(t+ 1) =





[

Ψ(t)

ψ(t+ 1)

]T [

Ψ(t)

ψ(t+ 1)

]





−1

=
(

P−1(t) + ψ(t+ 1)ψT (t+ 1)
)−1

,

✭✷✳✹✵✮

❡q✉❛çã♦ q✉❡ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛ ♣❛r❛ s✉❜st✐t✉✐r ♦ ✈❛❧♦r ❞❡ P−1(t) ♥❛ ❡q✉❛çã♦ ✷✳✸✾ ❡ ♦❜t❡r✿

θ̂(t+ 1) = θ̂(t) +P(t+ 1)ψ(t+ 1)
(

y(t+ 1)− ψ(t+ 1)T θ̂(t)
)

, ✭✷✳✹✶✮

q✉❡ é ❛ ❡st✐♠❛t✐✈❛ ❞♦ θ̂(t+ 1) ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s ❢♦r♥❡❝✐❞♦s ♥♦ ✐♥st❛♥t❡ t ❡ ❞❛ ❡st✐♠❛t✐✈❛

❛♥t❡r✐♦r θ̂(t)✳ ❆✐♥❞❛ é ♥❡❝❡ssár✐♦✱ ♣♦ré♠✱ ❡♥❝♦♥tr❛r ❛ ♠❛tr✐③ P(t+1)✳ ❊♠ ✈❡③ ❞❡ r❡❛❧✐③❛r

❛s ❞✉❛s ✐♥✈❡rsõ❡s ❞❡ ♠❛tr✐③❡s ✐♥❞✐❝❛❞❛s ♥❛ ❡q✉❛çã♦ ✭✷✳✹✵✮✱ ✉t✐❧✐③❛✲s❡ ❞♦ ❝❤❛♠❛❞♦ t❡♦r❡♠❛
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❞❛ ✐♥✈❡rsã♦ ❞❡ ♠❛tr✐③❡s ❡ ❝❤❡❣❛✲s❡ à ❡q✉❛çã♦✿

P(t+ 1) =P(t)−P(t)ψ(t+ 1)
(

ψT (t+ 1)P(t) (ψ(t+ 1) + 1)
)−1

ψT (t+ 1)P(t),
✭✷✳✹✷✮

❡♠ q✉❡ ♦ t❡r♠♦ ❛ s❡r ✐♥✈❡rt✐❞♦ é ✉♠ ❡s❝❛❧❛r✱ ❡①✐❣✐♥❞♦✲s❡✱ ♣♦rt❛♥t♦✱ ✉♠ ❡s❢♦rç♦ ❝♦♠♣✉t❛✲

❝✐♦♥❛❧ ♠✉✐t♦ ♠❡♥♦r q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ à s✐t✉❛çã♦ ❛♥t❡r✐♦r ❞❡ ❞✉❛s ✐♥✈❡rsõ❡s ❞❡ ♠❛tr✐③❡s

❛ s❡r❡♠ r❡❛❧✐③❛❞❛s✳

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ú❧t✐♠❛ ❡q✉❛çã♦ ♣♦r ψT (t+ 1)✱ ❞❡✜♥❡✲s❡ ♦ ✈❡t♦r✿

γ(t) = P(t+ 1)ψT (t+ 1)

=
1

(ψT (t+ 1)P(t)ψ(t+ 1) + 1)−1P(t)ψ(t+ 1)
✭✷✳✹✸✮

❡✱ ❡♥tã♦✱ ❡❧❡ é s✉❜st✐t✉í❞♦ ♥❛s ❡q✉❛çõ❡s ❞❡ θ̂(t+ 1) ❡ P(t+ 1)✱ ♦❜t❡♥❞♦✿

θ̂(t+ 1) = θ̂(t) + γ(t)
(

y(t+ 1)− ψ(t+ 1)T θ̂(t)
)

✭✷✳✹✹✮

P(t+ 1) =
(

I− γ(t)ψT (t+ 1)
)

P(t), ✭✷✳✹✺✮

❆ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s r❡❝✉rs✐✈♦ ❝♦♥st✐t✉✐✲s❡✱ ❡♥✜♠✱ ❞❛ ✉t✐❧✐✲

③❛çã♦ s❡q✉❡♥❝✐❛❧ ❞❛s ❡q✉❛çõ❡s ✭✷✳✹✸✮✱ ✭✷✳✹✹✮ ❡ ✭✷✳✹✺✮✱ ♥❡st❛ ♦r❞❡♠✳

✷✳✹ P♦❧❛r✐③❛çã♦ ❡ ❱❛r✐â♥❝✐❛

❆ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ✉♠ s✐st❡♠❛ ✐♥❝❧✉✐ ❛ t❛r❡❢❛ ❞❡ ❡st✐♣✉❧❛r q✉❛❧ ❛ ❡str✉t✉r❛ ❞❡ ♠♦❞❡❧♦

♠❛✐s ❛♣r♦♣r✐❛❞❛ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡stã♦✳ ◆❡st❡ ♣♦♥t♦✱ é ♣r❡❝✐s♦ ❞❡❝✐❞✐r s❡ ✉♠ ♠♦❞❡❧♦

♠❛✐s s✐♠♣❧❡s é s✉✜❝✐❡♥t❡ ♦✉ ❛ ❛❞♦çã♦ ❞❡ ✉♠ ♠♦❞❡❧♦ ♠❛✐s ❝♦♠♣❧❡①♦ s❡ ❢❛③ ♥❡❝❡ssár✐❛✳

❉❡♥tr❡ ❛s ✈ár✐❛s ❝♦♥♦t❛çõ❡s q✉❡ ♦ t❡r♠♦ ✧❝♦♠♣❧❡①✐❞❛❞❡✧ ♣♦❞❡ ❛ss✉♠✐r✱ ❞❡♥tr♦ ❞♦ ❝♦♥✲

t❡①t♦ ❞❡ ♠♦❞❡❧❛❣❡♠ ❞❡ ♣r♦❝❡ss♦s ❞✐♥â♠✐❝♦s ❡❧❡ é ❡①♣r❡ss♦ ❜❛s✐❝❛♠❡♥t❡ ♣❡❧♦ ♥ú♠❡r♦ ❞❡

♣❛râ♠❡tr♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ❞❡s❝r❡✈❡r t❛❧ ♣r♦❝❡ss♦ ✭◆❊▲▲❊❙✱ ✷✵✵✶✮✳ ❊st❛ ❞❡✜♥✐çã♦ ♥ã♦ é

❝♦♠♣❧❡t❛♠❡♥t❡ rí❣✐❞❛✱ ♣♦✐s✱ ♣♦r ✈❡③❡s✱ ✉♠ ♠♦❞❡❧♦ ❝♦♠ ♠❡♥♦s ♣❛râ♠❡tr♦s ♣♦❞❡ ♣♦ss✉✐r

❝❛r❛❝t❡ríst✐❝❛s q✉❡ ♦ t♦r♥❡♠ ♠❛✐s ❝♦♠♣❧❡①♦s✳ ❚♦❞❛✈✐❛✱ ❝♦♠♦ r❡❣r❛ ❣❡r❛❧✱ ♠❛✐s ♣❛râ♠❡tr♦s

✐♥❞✐❝❛♠ ♠❛✐♦r ❝♦♠♣❧❡①✐❞❛❞❡✳ ❆ r❡❢❡rê♥❝✐❛ ✭◆❊▲▲❊❙✱ ✷✵✵✶✮ s❡rá ✉t✐❧✐③❛❞❛ ♣❛r❛ ❜❛s❡❛r ❛

❡①♣❧✐❝❛çã♦ s♦❜r❡ ❡st❡ ❛ss✉♥t♦✳

❖ ♣r♦❜❧❡♠❛ ❞❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s ❞❡ ✉♠ ♠♦❞❡❧♦ ❡♥❝♦♥tr❛✲s❡ ♥♦

❝❤❛♠❛❞♦ ❞✐❧❡♠❛ ❞❡ ♣♦❧❛r✐③❛çã♦ ❡ ✈❛r✐â♥❝✐❛✳ P❛r❛ ❡①♣❧✐❝á✲❧♦✱ ❞❡✜♥❡✲s❡ ❛s ✈❛r✐á✈❡✐s✿ yu✱

s❛í❞❛ ✈❡r❞❛❞❡✐r❛❀ y✱ s❛í❞❛ ♠❡❞✐❞❛❀ n✱ r✉í❞♦❀ ❡ ŷ✱ ❛ s❛í❞❛ ❡st✐♠❛❞❛ ♣♦❞❡ ♠❡✐♦ ❞♦ ♠♦❞❡❧♦✳

❊st❛♥❞♦ ♦ r✉í❞♦ ❞❡s❝♦rr❡❧❛❝✐♦♥❛❞♦ ❞❛s s❛í❞❛s r❡❛✐s ❡ ❡st✐♠❛❞❛s✱ ♦ ❝á❧❝✉❧♦ ❞♦ ✈❛❧♦r ❡s♣❡r❛❞♦
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❞♦ ❡rr♦ ❢♦r♥❡❝❡✿

E{e2} = E{(y − ŷ)2} = E{(yu + n− ŷ)2} = E{(yu − ŷ)2}+ E{n2}, ✭✷✳✹✻✮

❞❡ ♦♥❞❡ s❡ ❝♦♥❝❧✉✐ q✉❡ ✉♠❛ ♣❛r❝❡❧❛ ❞♦ ❡rr♦ s❡ ❞❡✈❡ à ♣ró♣r✐❛ ♣r❡s❡♥ç❛ ❞♦ r✉í❞♦ ♥❛ ♠❡❞✐çã♦✱

❞❡ ❢♦r♠❛ q✉❡ ❤❛✈❡rá ❡rr♦s ❛✐♥❞❛ q✉❡ ❛ ❡st✐♠❛t✐✈❛ s❡❥❛ ♣❡r❢❡✐t❛✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ❡rr♦ ❞❡

❡st✐♠❛t✐✈❛✱ ♣♦❞❡✲s❡ ❞❡❝♦♠♣ô✲❧♦ ❛✐♥❞❛✿

E{(yu − ŷ)2} = E{[yu − E{ŷ} − (ŷ − E{ŷ})]2}
= E{[yu − E{ŷ}]2}+ E{[(ŷ − E{ŷ}]2}
= [yu − E{ŷ}]2 + E{[(ŷ − E{ŷ}]2},

❡♠ q✉❡ s❡ ✉t✐❧✐③❛ ♦s ❢❛t♦s q✉❡ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ é ❞❡t❡r♠✐♥íst✐❝♦

❡ q✉❡ E{[(ŷ − E{ŷ}]✱ q✉❡ ❛♣❛r❡❝❡ ♥♦s t❡r♠♦s ❝r✉③❛❞♦s✱ é ✐❣✉❛❧ ❛ ③❡r♦✳ ❖s t❡r♠♦s ❞❡ss❛

❡①♣r❡ssã♦ ♣♦❞❡♠ s❡r s✉❜st✐t✉í❞♦s ♣♦r ♣❛❧❛✈r❛s ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

(❡rr♦ ❞♦ ♠♦❞❡❧♦)2 = (❡rr♦ ❞❡ ♣♦❧❛r✐③❛çã♦)2 + ❡rr♦ ❞❡ ✈❛r✐â♥❝✐❛. ✭✷✳✹✼✮

❖ ❡rr♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ❝♦♥st✐t✉✐✲s❡ ❞♦ ❡rr♦ ❡①✐st❡♥t❡ ❞❡✈✐❞♦ à ✐♥❝❛♣❛❝✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ❞❡

r❡♣r❡s❡♥t❛r ❝♦♠ ❡①❛t✐❞ã♦ ♦s ❞❛❞♦s ❝♦❧❡t❛❞♦s ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❛ ❡st✐♠❛t✐✈❛ ✖ ♦ ❝❤❛♠❛❞♦

❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❞❡ tr❡✐♥♦✳ ❊ss❛ ✐♥❝❛♣❛❝✐❞❛❞❡ ♦❝♦rr❡✱ ❡♠ s✐st❡♠❛s ❧✐♥❡❛r❡s✱ q✉❛♥❞♦

♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s ❡s❝♦❧❤✐❞♦ ♥ã♦ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♦r❞❡♠ ❞♦ s✐st❡♠❛✳ ◆❡ss❡

❝❛s♦✱ ♠❡s♠♦ ❛ ❡st✐♠❛t✐✈❛ ót✐♠❛ ♥ã♦ ❡❧✐♠✐♥❛rá ♦ ❡rr♦ ❞♦ ♠♦❞❡❧♦✳ ❊ss❡ ❝❛s♦ é ❝♦♥❤❡❝✐❞♦

❝♦♠♦ s✉❜❛❥✉st❡ ✭✉♥❞❡r✜tt✐♥❣✮✳ ❖ ❡rr♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ❞✐♠✐♥✉✐ ❛té q✉❡ ❤❛❥❛ ♣❛râ♠❡tr♦s

s✉✜❝✐❡♥t❡s ♣❛r❛ ❞❡s❝r❡✈❡r ♣❡r❢❡✐t❛♠❡♥t❡ ♦ ♣r♦❝❡ss♦✱ ♦✉ s❡❥❛✱ ❛ ❡st✐♠❛t✐✈❛ é ✐❣✉❛❧ ❛♦ ✈❛❧♦r

✈❡r❞❛❞❡✐r♦ ❞❛ s❛í❞❛ ❡ ♦ ❡rr♦ ❞❡ ♣♦❧❛r✐③❛çã♦ é ♥✉❧♦✳ ◆♦ ❝❛s♦ ❞❡ s✐st❡♠❛s ♥ã♦✲❧✐♥❡❛r❡s✱ ✉♠

♠♦❞❡❧♦ ❧✐♥❡❛r ♥ã♦ s❡rá ❝❛♣❛③ ❞❡ ❢♦r♥❡❝❡r ✉♠❛ ❡st✐♠❛t✐✈❛ ♣❡r❢❡✐t❛ ♣♦r ♠❛✐s q✉❡ s❡ ❛✉♠❡♥t❡

♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s✱ ♦ q✉❡ ❧❡✈❛ ❛ ✉♠❛ s✐t✉❛çã♦ ❞❡ s❛t✉r❛çã♦✳ ❈♦♥❤❡❝✐♠❡♥t♦s ♣ré✈✐♦s

❛ r❡s♣❡✐t♦ ❞❛s ❝❛r❛❝t❡ríst✐❝❛s ❢ís✐❝❛s ♥ã♦✲❧✐♥❡❛r❡s ❞♦ s✐st❡♠❛✱ q✉❛♥❞♦ ✐♥❝❧✉í❞♦s ♥♦ ♠♦❞❡❧♦✱

♣♦❞❡♠ ❛❥✉❞❛r ❛ r❡❞✉③✐r ♦ ❡rr♦ ❞❡ ♣♦❧❛r✐③❛çã♦ ♥❡ss❡s ❝❛s♦s✳

❊♠❜♦r❛ s❡ ♣♦ss❛ ♣❡♥s❛r q✉❡ ❛ s♦❧✉çã♦ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ ✉♠❛ ❜♦❛ ♠♦❞❡❧❛❣❡♠ s❡❥❛

❛✉♠❡♥t❛r ♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s t❛♥t♦ q✉❛♥t♦ ♦s ❧✐♠✐t❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ♣❡r♠✐t❛♠✱ é

♥❡❝❡ssár✐♦ ❝♦♥s✐❞❡r❛r ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ r✉í❞♦✳ ❊st❡ é r❡s♣♦♥sá✈❡❧ ♣♦r ✐♥tr♦❞✉③✐r ✐♥❝❡rt❡③❛s

♥❛ ❡st✐♠❛t✐✈❛✱ ❣❡r❛♥❞♦ ♦ ❡rr♦ ❞❡ ✈❛r✐â♥❝✐❛✳ ❆ ✉t✐❧✐③❛çã♦ ❞❡ ✉♠ ❡st✐♠❛❞♦r ❝♦♥s✐st❡♥t❡ ✖

✐st♦ é✱ ❝✉❥♦ ❡rr♦ ❞❡ ❡st✐♠❛t✐✈❛ ❞✐♠✐♥✉❛ à ♠❡❞✐❞❛ q✉❡ s❡ ❛✉♠❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ❛♠♦str❛s

✉t✐❧✐③❛❞❛s ♥♦ ♣r♦❝❡ss♦ ❞❡ ❡st✐♠❛çã♦ ✖ ♣❡r♠✐t✐r✐❛ ❛ ♦❜t❡♥çã♦ ❞❡ ❡rr♦ ❞❡ ✈❛r✐â♥❝✐❛ ♥✉❧♦

♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ ❞❡ ❞❛❞♦s✳ ❊♠ ❝♦♥tr❛✲♣❛rt✐❞❛✱ ✉♠ ♠♦❞❡❧♦ ❝♦♠ ✉♠ ♥ú♠❡r♦



❈❛♣ít✉❧♦ ✷✳ ■❞❡♥t✐✜❝❛çã♦ ❞❡ ❙✐st❡♠❛s ✷✵

❞❡ ♣❛râ♠❡tr♦s tã♦ ❣r❛♥❞❡ q✉❛♥t♦ ♦ ♥ú♠❡r♦ ❞❡ ❛♠♦str❛s ✐rá r❡♣r❡s❡♥t❛r ♥ã♦ s♦♠❡♥t❡ ♦

s✐st❡♠❛✱ ♠❛s t❛♠❜é♠ ❛ r❡❛❧✐③❛çã♦ ❞♦ r✉í❞♦ ✐♥s❡r✐❞❛ ♥♦s ❞❛❞♦s ❝♦❧❡t❛❞♦s✳ ❊st❛ s✐t✉❛çã♦

s❡ t♦r♥❛ ❡✈✐❞❡♥t❡ q✉❛♥❞♦ s❡ ✉t✐❧✐③❛ ♦ ❝❤❛♠❛❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❞❡ t❡st❡ ♣❛r❛ ✈❛❧✐❞❛r ♦

♠♦❞❡❧♦✳ ❯♠ ♠♦❞❡❧♦ q✉❡ ✉t✐❧✐③❡ ✉♠ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s ♣ró①✐♠♦ ❛♦ ♥ú♠❡r♦ ❞❡ ❛♠♦str❛s

s❡ ❛❥✉st❛rá ♠✉✐t♦ ❜❡♠ ❛♦s ❞❛❞♦s ❞❡ tr❡✐♥♦✱ ♠❛s ♥ã♦ ❛♦s ❞❛❞♦s ❞❡ t❡st❡✱ ♣♦✐s ♥❡st❡s

❡stá ✐♥tr♦❞✉③✐❞❛ ✉♠❛ ♦✉tr❛ r❡❛❧✐③❛çã♦ ❞♦ r✉í❞♦✳ ❊ss❡ ❝❛s♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ s♦❜r❡❛❥✉st❡

✭♦✈❡r✜tt✐♥❣✮✳

❉❡ss❛s ✐♥❢♦r♠❛çõ❡s s❡ ❝♦♥❝❧✉✐ q✉❡ é ♥❡❝❡ssár✐♦ ❜✉s❝❛r ✉♠ ❝♦♠♣r♦♠✐ss♦ ♣❛r❛ ❡✈✐t❛r

t❛♥t♦ ♦ s✉❜❛❥✉st❡ ❝♦♠♦ ♦ s♦❜r❡❛❥✉st❡✳ ❖ ♣r✐♥❝í♣✐♦ ❞❛ ♣❛r❝✐♠ô♥✐❛ ✭▲❏❯◆●✱ ✶✾✽✼✮ ❢♦r♥❡❝❡

✉♠❛ ❜♦❛ ❞✐r❡tr✐③ ♣❛r❛ ❡ss❛ ❞❡❝✐sã♦ q✉❛♥❞♦ s✉❣❡r❡ q✉❡✱ ❞❡♥tr❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠♦❞❡❧♦s q✉❡

♣♦❞❡ r❡♣r❡s❡♥t❛r ❝♦♠ ♣r❡❝✐sã♦ ✉♠ ❞❛❞♦ s✐st❡♠❛✱ ❛q✉❡❧❡ ❝♦♠ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s

é ❛ ♠❡❧❤♦r ♦♣çã♦✳

✷✳✺ ❈♦♥❝❧✉sã♦

❖ ❝♦♥❝❡✐t♦ ❡ ❛❧❣✉♥s ❛s♣❡❝t♦s r❡❧❛t✐✈♦s ❛♦ ♣r♦❝❡ss♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛s ❢♦r❛♠ ❛♣r❡✲

s❡♥t❛❞♦s ♥❡st❡ ❝❛♣ít✉❧♦✳ ❋♦r❛♠ ❛♣r❡s❡♥t❛❞❛s ❛❧❣✉♠❛s ❡str✉t✉r❛s ❞❡ ♠♦❞❡❧♦s ❞✐♥â♠✐❝♦s✱

❛s q✉❛✐s ❞✐✈❡r❣❡♠✱ ♣♦r ❡①❡♠♣❧♦✱ ❝♦♠ r❡❧❛çã♦ à ❢❛❝✐❧✐❞❛❞❡ ♣❛r❛ s✉❛ ✉t✐❧✐③❛çã♦ ❡ t❛♠❜é♠

❡♠ r❡❧❛çã♦ ❛♦ ♥í✈❡❧ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♠ ❛ r❡❛❧✐❞❛❞❡ ❞♦ s✐st❡♠❛ ❢ís✐❝♦ ❛♥❛❧✐s❛❞♦✱ ♣r✐♥✲

❝✐♣❛❧♠❡♥t❡ ♥♦ q✉❡ s❡ r❡❢❡r❡ à ♠❛♥❡✐r❛ ❞❡ ❧✐❞❛r ❝♦♠ ❛ ♣r❡s❡♥ç❛ ❞♦ r✉í❞♦ ♥❛ ❡st✐♠❛t✐✈❛✳ ❋♦✐

♠♦str❛❞♦ t❛♠❜é♠ q✉❡✱ ❞✐❛♥t❡ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛ ❡ t❡♥❞♦ s❡❧❡✲

❝✐♦♥❛❞♦ ✉♠❛ ❡str✉t✉r❛ ❞❡ ♠♦❞❡❧♦✱ é ♣♦ssí✈❡❧ ❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ♣❛r❛ ✉♠

❞❡t❡r♠✐♥❛❞♦ s✐st❡♠❛ ❝♦♠ ♦ ♠ét♦❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✱ s❡❥❛ ❞❡ ♠♦❞♦ ♥ã♦✲r❡❝✉rs✐✈♦✱

❝♦♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ s✉✜❝✐❡♥t❡ ❞❡ ❞❛❞♦s ♣❛r❛ ❛t❡♥✉❛r ♦ ❡❢❡✐t♦ ❞♦ r✉í❞♦ ♥❛ ❡st✐♠❛t✐✈❛✱ ♦✉

r❡❝✉rs✐✈♦✱ ♦ q✉❛❧ é ❡s♣❡❝✐❛❧♠❡♥t❡ ✉t✐❧✐③❛❞♦ ❡♠ ❛♣❧✐❝❛çõ❡s ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ♦♥❧✐♥❡✳

P♦r ✜♠✱ ❛♣r❡s❡♥t♦✉✲s❡ ♦ q✉❡ sã♦ ♦s ❝❤❛♠❛❞♦s ❡rr♦s ❞❡ ♣♦❧❛r✐③❛çã♦ ❡ ❞❡ ✈❛r✐â♥❝✐❛✱ ♦s

q✉❛✐s ❞❡✈❡♠ s❡r ❧❡✈❛❞♦s ❡♠ ❝♦♥s✐❞❡r❛çã♦ ♥♦ ♠♦♠❡♥t♦ ❞❡ ❞❡❝✐❞✐r ♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s

q✉❡ s❡ ❞❡s❡❥❛ ✉t✐❧✐③❛r ♣❛r❛ ♠♦❞❡❧❛r ✉♠ s✐st❡♠❛✳ ❊♥q✉❛♥t♦ ✉♠ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡✲

tr♦s ♣❡r♠✐t❡ ❝❛♣t✉r❛r ♠❛✐s ❞✐♥â♠✐❝❛s ❞♦ s✐st❡♠❛✱ ❞✐♠✐♥✉✐♥❞♦ ♦ ❡rr♦ ❞❡ ♣♦❧❛r✐③❛çã♦✱ ✉♠❛

q✉❛♥t✐❞❛❞❡ ❡①❝❡ss✐✈❛♠❡♥t❡ ❡❧❡✈❛❞❛ ❞❡ ♣❛râ♠❡tr♦s ♥ã♦ ❛t❡♥✉❛ ♦ ❡❢❡✐t♦ ❞♦ r✉í❞♦ ♥❛ ❡st✐✲

♠❛t✐✈❛✳ ➱ ♥❡❝❡ssár✐❛✱ ❡♥tã♦✱ ❛t❡♥çã♦ à r❡❧❛çã♦ ❞❡ ❝♦♠♣r♦♠✐ss♦ q✉❡ ❡ss❛ s✐t✉❛çã♦ ✐♠♣õ❡✱

❛ q✉❛❧ é r❡s✉♠✐❞❛ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ❞❛ ♣❛r❝✐♠ô♥✐❛✳



❈❛♣ít✉❧♦ ✸

❇❛s❡s ❖rt♦♥♦r♠❛✐s

✸✳✶ ■♥tr♦❞✉çã♦

❆ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛s é ✉♠❛ ár❡❛ ❡♠ q✉❡ s❡ tê♠ ❡♥❝♦♥tr❛❞♦ ✐♠♣♦rt❛♥t❡s ❛♣❧✐❝❛çõ❡s

♣❛r❛ ❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s✳ ◆❡st❡ ❝❛♣ít✉❧♦ s❡rá ❛♣r❡s❡♥t❛❞❛ ❛ ❢✉♥❞❛♠❡♥t❛çã♦

t❡ór✐❝❛ ♣❛r❛ ❥✉st✐✜❝❛r ❛s ✈❛♥t❛❣❡♥s ❞❡ s✉❛ ✉t✐❧✐③❛çã♦ ♥❡ss❡ ❝♦♥t❡①t♦✳ P♦ré♠✱ ♣♦❞❡✲s❡ ❛♥✲

t❡❝✐♣❛r s✉♣❡r✜❝✐❛❧♠❡♥t❡ ❡ss❛ ♠♦t✐✈❛çã♦ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ♦✉tr❛ ❛♥❛❧♦❣✐❛ ❝♦♠ ❛ ❣❡♦♠❡tr✐❛✳

❙✉♣♦♥❤❛✲s❡ q✉❡ s❡ ❞❡s❡❥❛ ❡♥❝♦♥tr❛r ✉♠❛ ❡q✉❛çã♦ ❞❡ ✉♠❛ ❡❧✐♣s❡✳ ◆❡ss❡ ❝❛s♦✱ ❞❡✈❡ s❡r

❡s❝♦❧❤✐❞♦ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ r❡❢❡rê♥❝✐❛✳ ❆ ✈❛♥t❛❣❡♠ ❞❛ ♦rt♦❣♦♥❛❧✐❞❛❞❡ s❡

♠♦str❛ ♥♦ ❢❛t♦ ❞❡ q✉❡✱ q✉❛♥❞♦ s❡ ❞❡s❡❥❛ ❝❛❧❝✉❧❛r ✉♠❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ❛ ♣❛rt✐r

❞❛ ♥♦r♠❛ ❞❡ ✉♠ ✈❡t♦r✱ ✉♠❛ s✐♠♣❧❡s r❡❧❛çã♦ ❞❡ P✐tá❣♦r❛s ♣❡r♠✐t❡ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛✱

❡♥q✉❛♥t♦ s❡r✐❛ ♥❡❝❡ssár✐♦ ✉t✐❧✐③❛r ❛ ❧❡✐ ❞♦s ❝♦ss❡♥♦s ♥♦ ❝❛s♦ ❞❡ ❡✐①♦s ♥ã♦ ♦rt♦❣♦♥❛✐s✳

●❛r❛♥t✐❞❛ ❛ ♦rt♦❣♦♥❛❧✐❞❛❞❡✱ ♣♦❞❡✲s❡ ❢❛❝✐❧✐t❛r ❛✐♥❞❛ ♠❛✐s ❛ ❡①♣r❡ssã♦ ❞❛ ❡q✉❛çã♦ ♣♦r ♠❡✐♦

❞❛ ❡s❝♦❧❤❛ ❞❡ ✉♠❛ ❜❛s❡ ❛❞❡q✉❛❞❛✱ ♥❡ss❡ ❝❛s♦✱ q✉❡ ❝♦✐♥❝✐❞❛ ❝♦♠ ♦s ❡✐①♦s ❞❛ ❡❧✐♣s❡✱ ❞❡ ❢♦r♠❛

❛ ❡❧✐♠✐♥❛r ♦s t❡r♠♦s ❝r✉③❛❞♦s✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s

❛♣r♦♣r✐❛❞❛s ♣❡r♠✐t❡ ✉♠❛ r❡❞✉çã♦ s✐❣♥✐✜❝❛t✐✈❛ ♥♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s ♥❡❝❡ssár✐♦s ♣❛r❛

❞❡s❝r❡✈❡r ♦ s✐st❡♠❛✱ ❛❧é♠ ❞❡ r❡q✉❡r❡r t❛♠❜é♠ ✉♠ ❡s❢♦rç♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❜❡♠ ♠❡♥♦r ♣❛r❛

❛ s✉❛ ✐❞❡♥t✐✜❝❛çã♦ ✭◆❯❘●❊❙✱ ✶✾✽✺✮ ✭❙■▲❱❆✱ ✷✵✶✶❜✮✳ ❙❡❣✉♥❞♦ ✭❲❆❍▲❇❊❘●✱ ✶✾✾✾✮✱ ✧❛

✐❞❡✐❛ ❜ás✐❝❛ é ♠❛♣❡❛r ♦ s✐st❡♠❛ ♣❛r❛ ✉♠ ♥♦✈♦ ❞♦♠í♥✐♦ ❞❡ ♠♦❞♦ q✉❡ ❛ ❡♥❡r❣✐❛ ❞❛ r❡s♣♦st❛

❛♦ ✐♠♣✉❧s♦ ❞♦ s✐st❡♠❛ tr❛♥s❢♦r♠❛❞♦ ❡st❡❥❛ ❝♦♥❝❡♥tr❛❞❛ ♥❛ s✉❛ ❢❛s❡ ✐♥✐❝✐❛❧✧✳

❆ ♥ã♦ s❡r ❡♠ ✉♠ ❝❛s♦ ♠✉✐t♦ ❡s♣❡❝í✜❝♦ ✖ ❡ ✐♠♣r♦✈á✈❡❧ ✖ ❞❛ ❡s❝♦❧❤❛ ❞♦s ♣♦❧♦s ❞❛s

❢✉♥çõ❡s ♦rt♦♥♦r♠❛✐s ❝♦♠♦ s❡♥❞♦ ✐❣✉❛✐s ❛♦s ♣♦❧♦s ❞♦ s✐st❡♠❛✱ ❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡st❛s

❢✉♥çõ❡s ♥ã♦ ❝♦♥s❡❣✉✐rá ❢♦r♥❡❝❡r ♠❛✐s ❞♦ q✉❡ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞♦ s✐st❡♠❛ r❡❛❧✳ ❘❡t♦✲

♠❛♥❞♦ ♦ ❡①❡♠♣❧♦ ❞❛ ❡❧✐♣s❡✱ é ❝♦♠♦ s❡ ❡st❛ ♥ã♦ ❡st✐✈❡ss❡ ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦ ❞❡✜♥✐❞♦✿ ♦

♠á①✐♠♦ q✉❡ s❡ ❝♦♥s❡❣✉❡ é ✉♠❛ ❡q✉❛çã♦ ❞❛ s✉❛ ♣r♦❥❡çã♦ s♦❜r❡ ♦ ♣❧❛♥♦✱ ❡♠ ✈❡③ ❞❡ ✉♠❛

❡q✉❛çã♦ q✉❡ ❛ ❞❡✜♥❛ ♣❡r❢❡✐t❛♠❡♥t❡✳ ▼❡s♠♦ ❛ss✐♠✱ ❛ r❡❞✉çã♦ ♥♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s

♣♦❞❡ s❡r tã♦ s✐❣♥✐✜❝❛t✐✈❛ q✉❡ ❤á ✉♠❛ ❝❡rt❛ ✢❡①✐❧✐❜✐❞❛❞❡ ♣❛r❛ ✐♥❝❡rt❡③❛s ♥❛ ❡s❝♦❧❤❛ ❞♦s

✷✶
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♣♦❧♦s ✭❍❖❋❀ ❍❊❯❇❊❘●❊❘❀ ❇❖❑❖❘✱ ✶✾✾✺✮ ✭❈▲❊▼❊◆❚✱ ✶✾✽✷✮✱ ❞❡ ❢♦r♠❛ q✉❡ ❝♦♥st✐t✉✐

♣❛rt❡ r❡❧❡✈❛♥t❡ ♥❡ss❡ ♣r♦❝❡ss♦ ❞❡ ❡s❝♦❧❤❛ ❛ ✐♥❝❧✉sã♦ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦s ♣ré✈✐♦s s♦❜r❡ ♦ s✐s✲

t❡♠❛✳ ❙✉❣❡r❡✲s❡ ❡♠ ✭◆❆▲❇❆◆❚❖●▲❯ ❡t ❛❧✳✱ ✷✵✵✸✮ ❡ ✭❍❖❋❀ ❍❊❯❇❊❘●❊❘❀ ❇❖❑❖❘✱

✶✾✾✺✮✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ s❡ r❡❛❧✐③❛r ✉♠ ♣❛ss♦ ♣r❡❧✐♠✐♥❛r ❞❡ ✐❞❡♥t✐✜❝❛çã♦

♣❛r❛ s❡ t❡r ✉♠❛ ❡st✐♠❛t✐✈❛ ✐♥✐❝✐❛❧ ❞♦s ♣♦❧♦s✳

❆ t❡♦r✐❛ ❞❡ ❜❛s❡s ♦rt♦♥♦r♠❛✐s ❛♣r❡s❡♥t❛❞❛ ♥❡st❡ ❝❛♣ít✉❧♦ ❜❛s❡✐❛✲s❡ ♣r✐♥❝✐♣❛❧♠❡♥t❡

❡♠ ✭❍❊❯❇❊❘●❊❘❀ ❍❖❋❀ ❲❆❍▲❇❊❘●✱ ✷✵✵✺✮✱ ✭❍❖❋ ❡t ❛❧✳✱ ✷✵✵✵✮ ❡ ✭❲❆❍▲❇❊❘●✱

✶✾✾✾✮✳ ❙❡rã♦ ❞❡✜♥✐❞❛s ❡ ❛♣r❡s❡♥t❛❞❛s ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❝❤❛♠❛❞♦s ✜❧tr♦s ♣❛ss❛✲t✉❞♦

❡ s✉❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡♥tr♦ ❞♦ ❝♦♥t❡①t♦ ❞❡ ❜❛s❡s ♦rt♦♥♦r♠❛✐s r❛❝✐♦♥❛✐s✱ s❡rã♦ ❞❡s❝r✐t♦s

❞♦✐s ♠ét♦❞♦s ❞❡ ♦❜t❡♥çã♦ ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ❡ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ♦s t✐♣♦s

♠❛✐s ❝♦♠✉♥s ❞❡ ✜❧tr♦s ❞❡ss❡ t✐♣♦✳ P♦r ✜♠✱ s❡rã♦ ❡✈✐❞❡♥❝✐❛❞❛s q✉❡stõ❡s ✐♠♣♦rt❛♥t❡s ♣❛r❛

s❡ ❝♦♥s✐❞❡r❛r q✉❛♥❞♦ s❡ s❡❧❡❝✐♦♥❛♠ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ♣❛r❛ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡

s✐st❡♠❛s ❡ ❛♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s✳

❙❡❣✉❡✲s❡ t❛♠❜é♠ ❛ ♥♦t❛çã♦ ✉t✐❧✐③❛❞❛ ❡♠ ✭❍❊❯❇❊❘●❊❘❀ ❍❖❋❀ ❲❆❍▲❇❊❘●✱ ✷✵✵✺✮

♣❛r❛ ❞✐❢❡r❡♥❝✐❛r ❡♥t✐❞❛❞❡s ♥ã♦✲♦rt♦♥♦r♠❛✐s ❞❛s ♦rt♦♥♦r♠❛✐s✿ ❛s ❡♥t✐❞❛❞❡s ♥ã♦✲♦rt♦♥♦r♠❛✐s

sã♦ ✐♥❞✐❝❛❞❛s ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❜❛rr❛ s✉♣❡r✐♦r ❛❝✐♠❛ ❞❛ ✈❛r✐á✈❡❧ q✉❡ ❛ ❞❡♥♦♠✐♥❛✱ ❡♥q✉❛♥t♦

❛s ❡♥t✐❞❛❞❡s ♦rt♦♥♦r♠❛✐s ♥ã♦ sã♦ ❞♦t❛❞❛s ❞❡ss❛ ❜❛rr❛✳

✸✳✷ ❈♦♥❝❡✐t♦s

❋✉♥çõ❡s ❞❡ ❜❛s❡ sã♦ ❝❤❛♠❛❞❛s ♦rt♦♥♦r♠❛✐s q✉❛♥❞♦ ❛t❡♥❞❡♠✱ ❝♦♠♦ ♦ ♥♦♠❡ s✉❣❡r❡✱ ❛

❞♦✐s r❡q✉✐s✐t♦s✿ q✉❡ ❡❧❛s s❡❥❛♠ ♦rt♦❣♦♥❛✐s ❡ q✉❡ s✉❛s ♥♦r♠❛s s❡❥❛♠ ✉♥✐tár✐❛s✳ ❙ã♦ ❞❛❞❛s✱

♣♦rt❛♥t♦✱ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s q✉❡ s❡ ❢❛③❡♠ ♥❡❝❡ssár✐❛s ♣❛r❛ ❡s♣❡❝✐✜❝❛r ♦ q✉❡ ✐ss♦ s✐❣♥✐✜❝❛

♥❡ss❡ ❝♦♥t❡①t♦✳

❊s❝♦❧❤❡♥❞♦✲s❡ ❞✉❛s ❢✉♥çõ❡s X(z) ❡ Y (z)✱ z ∈ C ✭♣❧❛♥♦ ❝♦♠♣❧❡①♦✮ ❡♠ H2(E) ✖ ❡s♣❛ç♦

❍❛r❞② ❞❡ ❢✉♥çõ❡s ✐♥t❡❣rá✈❡✐s ♥♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦ T ❡ ❛♥❛❧ít✐❝❛s ♥♦ s❡✉ ❡①t❡r✐♦r E ✖✱ ♦

♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♥tr❡ ❡❧❛s é ❞❡✜♥✐❞♦ ❝♦♠♦✿

〈X,Y 〉 = 1

2π

∫ π

−π

X(eiω)Y ∗(eiω)dω =
1

2πi

∮

T

X(z)Y ∗(1/z∗)
dz

z
, ✭✸✳✶✮

❡♠ q✉❡ ∗ ✐♥❞✐❝❛ ♦ ❝♦♠♣❧❡①♦ ❝♦♥❥✉❣❛❞♦✳ ◆♦s ❝❛s♦s ❡♠ q✉❡ ♦ ♣r♦❞✉t♦ s❡ ❞á ❡♥tr❡ ♠❛tr✐③❡s

❞❡ ❢✉♥çõ❡s ❳(z) ∈ Hn×p
2 (E) ❡ ❨(z) ∈ Hm×p

2 (E)✱ s❡ ✉s❛ ♦ ●r❛♠✐❛♥♦ ❝r✉③❛❞♦ ♦✉ ♣r♦❞✉t♦

❡①t❡r♥♦✿

[[❳,❨]] =
1

2πi

∮

T

❳(z)❨∗(1/z∗)
dz

z
. ✭✸✳✷✮

❖ ✉s♦ ❞❡ ∗ ♥❡ss❡ ❝❛s♦ ✐♥❞✐❝❛ ❛ tr❛♥s♣♦s✐çã♦ ❝♦♠♣❧❡①❛ ❝♦♥❥✉❣❛❞❛✱ ♦✉ tr❛♥s♣♦s✐çã♦
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❍❡r♠✐t✐❛♥❛✿

❆ =

(

a11 a12

a21 a22

)

⇒ A∗ =

(

a∗11 a∗21

a∗12 a∗22

)

.

s❡♥❞♦ ❛ tr❛♥s♣♦s✐çã♦ s✐♠♣❧❡s✱ ♥ã♦✲❝♦♥❥✉❣❛❞❛✱ r❡♣r❡s❡♥t❛❞❛ ♣♦r AT ✳ ❱❛❧❡ ♥♦t❛r q✉❡ ❛

✐♥t❡❣r❛❧ é r❡❛❧✐③❛❞❛ s♦❜r❡ ♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ |z| = 1 ❡ 1/z∗ = z❀ ❡✱ ♣❛r❛ ♦s

❝❛s♦s ❡♠ q✉❡ ✉♠❛ ❢✉♥çã♦ Y (z)✱ ♣♦r ❡①❡♠♣❧♦✱ t❡♠ ❝♦❡✜❝✐❡♥t❡s r❡❛✐s✱ Y ∗(1/z∗) = Y T (1/z)✳

❉❡✜♥✐❞♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ ♣♦❞❡✲s❡ ❡♥tã♦ ❢♦r♥❡❝❡r ❛ ❞❡✜♥✐çã♦ ❞❡ ♥♦r♠❛✳

❈♦♠♦ ❡♠ ♦✉tr♦s ❝♦♥t❡①t♦s✱ ❡①✐st❡♠ ✈ár✐♦s t✐♣♦s ❞❡ ♥♦r♠❛✱ ♠❛s q✉❛♥❞♦ ♥ã♦ s❡ ❡s♣❡❝✐✜❝❛

❛ q✉❛❧ t✐♣♦ s❡ ❢❛③ r❡❢❡rê♥❝✐❛✱ ♥♦r♠❛❧♠❡♥t❡ s❡ tr❛t❛ ❞❛ ♥♦r♠❛ ✷✳ ❆ ♥♦r♠❛ ❞❡ ✉♠❛ ❞❛❞❛

❢✉♥çã♦ X(z) ∈ H2(E) é ❞❡✜♥✐❞❛ ❝♦♠♦✿

||X||2 = ||X|| =
√

〈X,X〉. ✭✸✳✸✮

❆❣♦r❛ ♣♦❞❡✲s❡ ❢♦r♥❡❝❡r ✉♠❛ ❞❡✜♥✐çã♦ ♠❛t❡♠át✐❝❛ ❞❡ ♦rt♦♥♦r♠❛❧✐❞❛❞❡✳ ❉✉❛s ❢✉♥çõ❡s

X1(z) ❡ X2(z) sã♦ ❝♦♥s✐❞❡r❛❞❛s ♦rt♦♥♦r♠❛✐s q✉❛♥❞♦ ❡❧❛s sã♦ ♦rt♦❣♦♥❛✐s ❡ tê♠ ♥♦r♠❛

✉♥✐tár✐❛✱ ♦✉ s❡❥❛✿

〈X,Y 〉 = 0, ||X|| = ||Y || = 1. ✭✸✳✹✮

❯♠ ❡①❡♠♣❧♦ s✐♠♣❧❡s ❞❡ ❢✉♥çõ❡s ♦rt♦♥♦r♠❛✐s é ❞❛❞♦ à ♠❡❞✐❞❛ q✉❡ s❡ ❞❡✜♥❡ ❛ r❡s♣♦st❛

❛♦ ✐♠♣✉❧s♦ ❞❡ ✉♠ s✐st❡♠❛✳ ❊♠ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❞✐s❝r❡t♦ ♥♦ t❡♠♣♦ ❞❡✜♥✐❞♦ ❝♦♠♦✿

y(t) = G(q)u(t), ✭✸✳✺✮

u(t) é ♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛✱ y(t) é ♦ s✐♥❛❧ ❞❡ s❛í❞❛✱ G(q) é ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛

❡♥tr❛❞❛ ♣❛r❛ ❛ s❛í❞❛ ❡ q é ♦ ♦♣❡r❛❞♦r ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ♣❛r❛ ❢r❡♥t❡ ♥♦ t❡♠♣♦ ✖ ❝♦rr❡s✲

♣♦♥❞❡♥t❡♠❡♥t❡✱ q−1 é ♦♣❡r❛❞♦r ❞❡ ❛tr❛s♦ ♥♦ t❡♠♣♦✳ ❆ r❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦ ❞❡ s✐st❡♠❛s

❡stá✈❡✐s é ❞❛❞❛ ♣♦r✿

y(t) =
∞
∑

k=0

gku(t− k) =
∞
∑

k=0

gkq
−ku(t), G(q) =

∞
∑

k=0

gkq
−k, ✭✸✳✻✮

❡♠ q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s gk sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣❛râ♠❡tr♦s ❞❡ ▼❛r❦♦✈ ❞♦ s✐st❡♠❛✳ ❆♦ ♦♣❡r❛❞♦r

❞❡ tr❛♥s❢❡rê♥❝✐❛ s❡ ❛ss♦❝✐❛✱ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛✱ ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛✿

G(z) =
∞
∑

k=0

gkz
−k, ✭✸✳✼✮

s❡♥❞♦ ❛ r❡s♣♦st❛ ❡♠ ❢r❡q✉ê♥❝✐❛ ❞♦ s✐st❡♠❛ ❞❛❞❛ ♣♦r G(eiω), ω ∈ [−π,π]✳ P❛r❛ s✐st❡♠❛s

♠✉❧t✐✈❛r✐á✈❡✐s✱ G(z) s❡rá ✉♠❛ ♠❛tr✐③ ❞❡ ❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛✳

❆♦ ❛♥❛❧✐s❛r♠♦s ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ G(z)✱ ✈❡r✐✜❝❛♠♦s✱ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞♦ ❚❡♦r❡♠❛
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❞♦ ❘❡sí❞✉♦✱ q✉❡ ❛s ❢✉♥çõ❡s z−k, k = 1,2 . . . ,∞✱ q✉❡ ❛ ❝♦♠♣õ❡♠ sã♦ ♦rt♦♥♦r♠❛✐s✱ ✐st♦ é✿

〈z−k,z−l〉 = 1

2πi

∮

T

z−kzl
dz

z
=







1, l = k

0, l 6= k
. ✭✸✳✽✮

❆ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ G(z) t❛♠❜é♠ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❛ r❡♣r❡s❡♥t❛çã♦ ❡♠

❡s♣❛ç♦ ❞❡ ❡st❛❞♦s ❞❡ ✉♠ s✐st❡♠❛✳ ❆ ✉♠ ❞❛❞♦ s✐st❡♠❛✿

x(t+ 1) = Ax(t) + Bu(t)

y(t) = Cx(t) +Du(t),

❛ss♦❝✐❛✲s❡ ✉♠❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ ✐❣✉❛❧ ❛✿

G(z) = D + C(zI − A)−1B. ✭✸✳✾✮

P♦r ✜♠✱ ❞❡✜♥❡✲s❡ ♦ q✉❡ ✈❡♥❤❛ ❛ s❡r ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ❝♦♠♣❧❡t✉❞❡✳ ❙❡♥❞♦ ❝♦♥❤❡❝✐❞♦s ♦s

♣❛râ♠❡tr♦s ❞❡ ▼❛r❦♦✈ ❞❡ ✉♠❛ ❢✉♥çã♦✱ ❡st❛ é ❞✐t❛ ❝♦♥✈❡r❣❡♥t❡ s❡ ❢♦r ✈❡r❞❛❞❡ q✉❡✿

||G|| =

√

√

√

√

∞
∑

k=1

|gk|2 <∞, ✭✸✳✶✵✮

♦✉ s❡❥❛✱ s❡ ❛ s♦♠❛ ✐♥✜♥✐t❛ t✐✈❡r ✉♠ r❡s✉❧t❛❞♦ ✜♥✐t♦✳ ❖ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♠♣❧❡t✉❞❡ r❡❢❡r❡✲s❡

à ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ s❡ t♦r♥❛r ♦ ❡rr♦ ❡♥tr❡ ♦ ✈❛❧♦r ❡①❛t♦ ❡ ♦ ❛♣r♦①✐♠❛❞♦ ❞❛ r❡s♣♦st❛ ❡♠

❢r❡q✉ê♥❝✐❛ tã♦ ♣❡q✉❡♥♦ q✉❛♥t♦ s❡ ❞❡s❡❥❡ ♣♦r ♠❡✐♦ ❞❛ ✉t✐❧✐③❛çã♦ ❞❡ ♠❛✐s ♣❛râ♠❡tr♦s✳

✸✳✸ ▼ét♦❞♦s ❞❡ ❖❜t❡♥çã♦ ❞❡ ❇❛s❡s ❖rt♦♥♦r♠❛✐s

✸✳✸✳✶ Pr♦❝❡❞✐♠❡♥t♦ ❞❡ ●r❛♠✲❙❝❤♠✐❞t

❖ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ●r❛♠✲❙❝❤♠✐❞t é ✉♠ ♠ét♦❞♦ s✐st❡♠át✐❝♦ ❞❡ ♦❜t❡r ❢✉♥çõ❡s ❞❡ ❜❛s❡

♦rt♦♥♦r♠❛✐s ❛ ♣❛rt✐r ❞❡ ❜❛s❡s ♥ã♦✲♦rt♦♥♦r♠❛✐s✳ ❆ ✐❞❡✐❛ ❡①♣❧♦r❛❞❛ ♥❡st❡ ♣r♦❝❡❞✐♠❡♥t♦

♣♦❞❡✱ ♥♦✈❛♠❡♥t❡✱ s❡r ♠❛✐s ❢❛❝✐❧♠❡♥t❡ ❝♦♠♣r❡❡♥❞✐❞❛ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❛♥❛❧♦❣✐❛ ❝♦♠ ❛

❣❡♦♠❡tr✐❛✳ P❛r❛ ❞❡✜♥✐r ✉♠ ❡s♣❛ç♦ ♥✲❞✐♠❡♥s✐♦♥❛❧✱ sã♦ ♥❡❝❡ssár✐♦s n ✈❡t♦r❡s✱ ♦s q✉❛✐s ♥ã♦

sã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♦rt♦❣♦♥❛✐s✳ P♦❞❡✲s❡ ❞❡t❡r♠✐♥❛r ✉♠ ✈❡t♦r v1 ❛ ♣❛rt✐r ❞❛ ♥♦r♠❛❧✐③❛çã♦

❞❡ v̄1✱ ♦✉ s❡❥❛ v1 = v̄1/||v̄1||✱ ♦ q✉❛❧ t❡♠ ♥♦r♠❛ ✉♥✐tár✐❛✳ ❙❛❜❡✲s❡ q✉❡ é ♦rt♦❣♦♥❛❧ ♦ ✈❡t♦r

q✉❡ ❧❡✈❛ ❞❛ ❡①tr❡♠✐❞❛❞❡ ❞❛ ♣r♦❥❡çã♦ ❞❡ ✉♠ ✈❡t♦r v̄2 s♦❜r❡ ♦✉tr♦ ✈❡t♦r v1 ❛té ❛ ❡①tr❡♠✐❞❛❞❡

❞♦ ✈❡t♦r v̄2✳ ▲♦❣♦✱ ♣♦❞❡✲s❡ ♦❜t❡r ✉♠ ✈❡t♦r k2 ♦rt♦❣♦♥❛❧ ❛ v1 ♣♦r ♠❡✐♦ ❞❛ s✉❜tr❛çã♦ ❞❡ v̄2

♣❡❧❛ s✉❛ ♣r♦❥❡çã♦ s♦❜r❡ v1✳ ❊st❡ ú❧t✐♠♦ ✈❡t♦r k2 t❛♠❜é♠ ♣♦❞❡ s❡r ♥♦r♠❛❧✐③❛❞♦✱ ♦❜t❡♥❞♦✲

s❡ ❡♥tã♦ v2 = k2/||k2||✳ ❙❡ s❡ ❞❡s❡❥❛ ♦❜t❡r ♦✉tr♦s ✈❡t♦r❡s ✉♥✐tár✐♦s ♦rt♦❣♦♥❛✐s ❛ v1 ❡ v2
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❡♠ ♦✉tr❛s ❞✐♠❡♥sõ❡s✱ ❜❛st❛ r❡♣❡t✐r ♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❝❛❞❛ ♥♦✈♦ ✈❡t♦r ✉t✐❧✐③❛❞♦✳

❖ ♠❡s♠♦ ♣r♦❝❡ss♦ s❡ ❛♣❧✐❝❛ ♥♦ ❝❛s♦ ❡♠ q✉❡ s❡ ✉t✐❧✐③❛♠ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s✳ ◆❡ss❡

❝❛s♦✱ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ s❡ t❡♥❤❛ ❞✉❛s ❢✉♥çõ❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s F̄1(z) ❡ F̄2(z)

q✉❡ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ❡♠H2(E)✱ ❞❡t❡r♠✐♥❛✲s❡ q✉❡ ✉♠ ❞♦s ✈❡t♦r❡s ❞❛ ♥♦✈❛ ❜❛s❡ ❞❡ ❢✉♥çõ❡s

♦rt♦♥♦r♠❛✐s ♣r♦❝✉r❛❞❛ ❝♦♥s✐st✐rá ♥♦ ✈❡t♦r K1(z) = F̄1(z) ♥♦r♠❛❧✐③❛❞♦✱ ♦✉ s❡❥❛✿

F1(z) =
K1(z)

||K1(z)||
. ✭✸✳✶✶✮

❉❡✜♥✐♥❞♦ ✉♠❛ ❢✉♥çã♦ ||K2(z)|| ❝♦♠♦ s❡♥❞♦ ❛ s✉❜tr❛çã♦ ❞❡ F̄2(z) ♣❡❧❛ s✉❛ ♣r♦❥❡çã♦

s♦❜r❡ F1(z)✱ ♦❜t✐❞❛ ♣♦r ♠❡✐♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ t❡♠✲s❡✿

K2(z) = F̄2(z)− 〈F̄2(z), F1(z)〉,

❛ q✉❛❧ é ♦rt♦❣♦♥❛❧ ❛ F1(z)✳ P♦rt❛♥t♦✱ ♣❛r❛ ♦❜t❡r ✉♠❛ ❢✉♥çã♦ F2(z) ♦rt♦♥♦r♠❛❧ ❛ F1(z)✱

❜❛st❛ ❞✐✈✐❞✐r K2(z) ♣❡❧❛ s✉❛ ♥♦r♠❛✱

F2(z) =
K2(z)

||K2(z)||
. ✭✸✳✶✷✮

◆♦ ❝❛s♦ ❞❡ ❤❛✈❡r ♦✉tr❛s ❢✉♥çõ❡s F̄k(z), k = 3,4 . . . n✱ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣♦❞❡ s❡r r❡♣❡t✐❞♦

♣❛r❛ ❝❛❞❛ ✉♠❛ ❞❡❧❛s✱ ❞❡ ♠♦❞♦ ❛ s❡ ♦❜t❡r ❛s ❢✉♥çõ❡s Fk(z), k = 3,4 . . . n✳

✸✳✸✳✷ ❘❡❛❧✐③❛çã♦ ❡♠ ❊s♣❛ç♦ ❞❡ ❊st❛❞♦s ❇❛❧❛♥❝❡❛❞❛ ♥❛ ❊♥tr❛❞❛

❯t✐❧✐③❛♥❞♦ ❛ r❡♣r❡s❡♥t❛çã♦ ❡♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s✱ t❡♠✲s❡ ✉♠ ♦✉tr♦ ♠♦❞♦ ❞❡ ❞❡r✐✈❛r ✉♠❛

❜❛s❡ ♦rt♦♥♦r♠❛❧ ♣❛r❛ ✉♠ ❞❛❞♦ ❡s♣❛ç♦✱ ❛ q✉❛❧ s❡rá ❝❤❛♠❛❞❛ r❡❛❧✐③❛çã♦ ❡♠ ❡s♣❛ç♦ ❞❡

❡st❛❞♦s ❜❛❧❛♥❝❡❛❞❛ ♥❛ ❡♥tr❛❞❛✳ ❉❛❞❛ ✉♠❛ ❜❛s❡ ❢♦r♠❛❞❛ ♣❡❧❛s ❢✉♥çõ❡s {F̄1(z) . . . F̄n(z)}✱
❞❡t❡r♠✐♥❛✲s❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❡♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s t❛❧ q✉❡✿

x̄(t+ 1) = Āx̄(t) + B̄u(t) ✭✸✳✶✸✮

t❡♥❤❛ ❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ ❡♥tr❛❞❛ ♣❛r❛ ♦s ❡st❛❞♦s ❞❛❞❛s ♣♦r✿

V̄ (z) = [F̄1(z) . . . F̄n(z)]
T = (zI − Ā)−1B̄. ✭✸✳✶✹✮

❖ ♣❛ss♦ s❡❣✉✐♥t❡ ❝♦♥s✐st❡ ❡♠ ❝❛❧❝✉❧❛r ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❞♦s ❡st❛❞♦s✱ ♦✉ ●r❛♠✐✲

❛♥♦ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ P̄ ✱ ♣♦r ♠❡✐♦ ❞❛ r❡s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ▲②❛♣✉♥♦✈✿

P̄ = ĀP̄ ĀT + B̄B̄T , ✭✸✳✶✺✮



❈❛♣ít✉❧♦ ✸✳ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ✷✻

♣❛r❛ ❛ q✉❛❧ s❡ ❞❡✈❡ ❡♥❝♦♥tr❛r ✉♠❛ ✖ ♣♦✐s ❡①✐st❡♠ ✈ár✐❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ✖ ♠❛tr✐③ T q✉❡

s❡❥❛ r❛✐③ q✉❛❞r❛❞❛ ❞❡ P̄−1✱ ❞❡ ♠♦❞♦ q✉❡ T P̄T T = I✳ ❊st❛ ♠❛tr✐③ T ❞❡✈❡✱ ❡♥tã♦✱ s❡r

✉s❛❞❛ ♣❛r❛ r❡❛❧✐③❛r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❡st❛❞♦s x(t) = T x̄(t)✱ t❛❧ q✉❡ s❡ ♦❜t❡♥❤❛ ❝♦♠♦

❝♦♥s❡q✉ê♥❝✐❛ ❛ r❡♣r❡s❡♥t❛çã♦✿

x(t+ 1) = Ax(t) + Bu(t), A = TĀT−1, B = TB̄, ✭✸✳✶✻✮

❝♦♠ ❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ ❡♥tr❛❞❛ ♣❛r❛ ♦s ❡st❛❞♦s ❞❛❞❛s ♣♦r✿

V (z) = [F1(z) . . . Fn(z)]
T = (zI − A)−1B, ✭✸✳✶✼✮

❛s q✉❛✐s r❡♣r❡s❡♥t❛♠ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ♣❛r❛ ♦ ❡s♣❛ç♦ ❞❡✜♥✐❞♦ ♣♦r {F̄1(z) . . . F̄n(z)}✳
P❛r❛ ❡ss❛ ♥♦✈❛ ❜❛s❡✱ ♦ ●r❛♠✐❛♥♦ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✳

✸✳✹ ❋✐❧tr♦s P❛ss❛✲t✉❞♦

❖ ✜❧tr♦ ♣❛ss❛✲t✉❞♦ Gb(z) é ❞❛❞♦✱ ♥❛ s✉❛ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧ ❡♠ q✉❡ s❡ ❛❞♠✐t❡ ❛ ✉t✐❧✐③❛çã♦

❞❡ ♠ú❧t✐♣❧♦s ♣♦❧♦s ❡ ③❡r♦s ♣♦ss✐✈❡❧♠❡♥t❡ ❝♦♠♣❧❡①♦s✱ ❛ q✉❛❧ ♣♦❞❡ s❡r ❞❡s❡♥✈♦❧✈✐❞❛ ❛ ♣❛rt✐r

❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ●r❛♠✲❙❝❤♠✐❞t✱ ♣♦r✿

H(z) =
n
∏

i=1

[

1− ξ∗i z

z − ξi

]

, ✭✸✳✶✽✮

❝✉❥❛ r❡♣r❡s❡♥t❛çã♦ ♥❡ss❛ ❢♦r♠❛ ❞❡ ♣r♦❞✉tór✐♦ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♣r♦❞✉t♦ ❞❡ ❇❧❛s❝❤❦❡✳

❈♦♠♦ ♦ ♣ró♣r✐♦ ♥♦♠❡ s✉❣❡r❡✱ ❢✉♥çõ❡s ❞❡ss❡ t✐♣♦ ❛♣r❡s❡♥t❛♠ r❡s♣♦st❛ ❡♠ ❢r❡q✉ê♥❝✐❛

|H(eiω)| = 1 ∀ ω ∈ R✳ ❆❧é♠ ❞✐ss♦✱ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦✿

H(z)H∗(1/z∗) = 1 ✭✸✳✶✾✮

❡ ❛♣r❡s❡♥t❛♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♣r♦❥❡çã♦✳

❋✐❧tr♦s ♣❛ss❛✲t✉❞♦ sã♦ ✐❞❡♥t✐✜❝❛❞♦s ❝♦♠♦ ♦rt♦❣♦♥❛✐s s❡ ♣♦ss✉❡♠ ✉♠❛ r❡♣r❡s❡♥t❛çã♦

❡♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s ♣♦r ♠❛tr✐③❡s (A,B,C,D) q✉❡ s❡❥❛ ♦rt♦❣♦♥❛❧✱ ♦✉ s❡❥❛✱ q✉❡ s❛t✐s❢❛ç❛

❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡✿
[

A B

C D

][

A B

C D

]T

= I. ✭✸✳✷✵✮

❚❛❧ r❡♣r❡s❡♥t❛çã♦ ❛♣r❡s❡♥t❛ ●r❛♠✐❛♥♦ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ✐❣✉❛❧ à ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✳

❊st❛ ❝❛r❛❝t❡ríst✐❝❛ é ✈á❧✐❞❛ t❛♠❜é♠ ♣❛r❛ ♦s ❝❛s♦s ♠✉❧t✐✈❛r✐á✈❡✐s✳

❆ ♣r♦♣r✐❡❞❛❞❡ ♣❛ss❛✲t✉❞♦ ❡ ❛ ♦rt♦❣♦♥❛❧✐❞❛❞❡ s❡ ♠❛♥tê♠ q✉❛♥❞♦ ✜❧tr♦s ♣❛ss❛✲t✉❞♦

♦rt♦❣♦♥❛✐s sã♦ ❝♦♥❡❝t❛❞♦s✱ s❡❥❛ ❡ss❛ ❝♦♥❡①ã♦ ❡♠ ❝❛s❝❛t❛ ✭✜❣✉r❛ ✸✳✶✮ ♦✉ ❞❡ r❡❛❧✐♠❡♥t❛çã♦✳



❈❛♣ít✉❧♦ ✸✳ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ✷✼

❋✐❣✉r❛ ✸✳✶✿ ❘❡❞❡s ❞❡ ✜❧tr♦s ♣❛ss❛✲t✉❞♦ ❡♠ ❝❛s❝❛t❛✳

❋♦♥t❡✿ ✭❍❊❯❇❊❘●❊❘❀ ❍❖❋❀ ❲❆❍▲❇❊❘●✱ ✷✵✵✺✮

✸✳✺ ❘❡❞❡s ❞❡ ✜❧tr♦s ♣❛ss❛✲t✉❞♦ ♦rt♦❣♦♥❛✐s

❆❧❣✉♠❛s r❡❞❡s ❞❡ ✜❧tr♦s ♣❛ss❛✲t✉❞♦ ✖ ✐st♦ é✱ ✜❧tr♦s ♣❛ss❛✲t✉❞♦ ❝♦♥❡❝t❛❞♦s ❡♠ ❝❛s❝❛t❛ ✖

sã♦ ♠❛✐s ❝♦♠✉♠❡♥t❡ ✉t✐❧✐③❛❞❛s✳ ❙ã♦ ❡st❛s✿

• ❘❡❞❡s ❞❡ ❘❡s♣♦st❛ ❛♦ ■♠♣✉❧s♦ ❋✐♥✐t❛ ✭❋■❘✮✿ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ m ❛tr❛s♦s ❞✐s❝r❡t♦s

Hi(z) = z−1 q✉❡ ❢♦r♠❛♠ H(z) = z−m✳ ❖ ✈❡t♦r ❞❡ ❡st❛❞♦s é ❞❡✜♥✐❞♦ ♣♦r✿

x(t) = [u(t− 1)u(t− 2)...u(t− n)]T ✭✸✳✷✶✮

❡ ❛s ♠❛tr✐③❡s ❞❡ ❡st❛❞♦ ❞❛ r❡♣r❡s❡♥t❛çã♦ ♦rt♦❣♦♥❛❧ ❞❛ r❡❞❡ sã♦✿

A =



















0 0 . . . 0 0

1 0 . . . 0 0

0 1 . . . 0 0
✳✳✳

✳ ✳ ✳
✳✳✳

0 0 . . . 1 0



















, B =



















1

0

0
✳✳✳

0



















,

C = (0 0 . . . 0 1), D = 0. ✭✸✳✷✷✮

• ❘❡❞❡s ❞❡ ▲❛❣✉❡rr❡✿ ❢♦r♠❛❞❛s ♣♦r n ✜❧tr♦s ♣❛ss❛✲t✉❞♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠

Hi(z) =
1− az

z − a
, −1 < a < 1, ✭✸✳✷✸✮

♦s q✉❛✐s tê♠ r❡♣r❡s❡♥t❛çã♦ ♦rt♦❣♦♥❛❧ ❡♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s ❞❛ ❢♦r♠❛✿

[

A B

C D

]

=

[

a
√
1− a2√

1− a2 −a

]

. ✭✸✳✷✹✮
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❆s ❝♦rr❡s♣♦♥❞❡♥t❡s ❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ ❡♥tr❛❞❛ ♣❛r❛ ♦s ❡st❛❞♦s sã♦✿

Fk(z) =

√
1− a2

z − a

[

1− az

z − a

]k−1

. ✭✸✳✷✺✮

• ❘❡❞❡s ❞❡ ❑❛✉t③ ❛ ❞♦✐s ♣❛râ♠❡tr♦s✿ ❢♦r♠❛❞❛s ♣♦r ✜❧tr♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❡♠

❝❛s❝❛t❛✿

Hi(z) =
−cz2 + b(c− 1)z + 1

z2 + b(c− 1)z − c
, −1 < b < 1,−1 < c < 1, ✭✸✳✷✻✮

❝♦♠ r❡♣r❡s❡♥t❛çã♦ ♦rt♦❣♦♥❛❧ ❡♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s✿

[

A B

C D

]

=











b c
√
1− b2√

1− b2 −bc

√
1− b2

√
1− c2

−b
√
1− c2

0
√
1− c2 −c











✭✸✳✷✼✮

❆s ❝♦rr❡s♣♦♥❞❡♥t❡s ❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ ❡♥tr❛❞❛ ♣❛r❛ ♦s ❡st❛❞♦s sã♦✿

F2k−1(z) =

√
1− c2(z − b)

z2 + b(c− 1)z − c

[−cz2 + b(c− 1)z + 1

z2 + b(c− 1)z − c

]k−1

F2k(z) =

√
1− c2

√
1− b2

z2 + b(c− 1)z − c

[−cz2 + b(c− 1)z + 1

z2 + b(c− 1)z − c

]k−1

. ✭✸✳✷✽✮

• ❋✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ❣❡♥❡r❛❧✐③❛❞❛s ✭●❖❇❋✮✿ ❝♦♠♦ ♥♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱

❛ ❡str✉t✉r❛ ❝♦rr❡s♣♦♥❞❡ ❛ ✜❧tr♦s ♣❛ss❛✲t✉❞♦ ❡♠ ❝❛s❝❛t❛✱ ❝♦♠ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ q✉❡✱

♣❛r❛ ❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ❣❡♥❡r❛❧✐③❛❞❛s✱ ♦s ✜❧tr♦s ❜❛s❡ tê♠ ♦r❞❡♠ nb✳ ➱

♣♦ssí✈❡❧✱ ♣♦ré♠✱ ❢❛t♦rá✲❧♦s ❡♠ ✜❧tr♦s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ♣♦❧♦s r❡❛✐s ✭❝♦♠♦ ♥❛s

r❡❞❡s ❞❡ ▲❛❣✉❡rr❡✮ ♦✉ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❝♦♠ ♣❛r❡s r❡❛✐s ♦✉ ❝♦♠♣❧❡①♦s ❝♦♥❥✉❣❛❞♦s

✭❝♦♠♦ ♥❛s r❡❞❡s ❞❡ ❑❛✉t③✮✳

• ❋✉♥çõ❡s ❞❡ ❚❛❦❡♥❛❦❛✲▼❛❧♠q✉✐st✿ ♦ ❝❛s♦ ♠❛✐s ❣❡r❛❧ ❡♠ q✉❡ t♦❞♦s ♦s ✜❧tr♦s ♣❛ss❛✲

t✉❞♦ ♣♦❞❡♠ t❡r ♣♦❧♦s ❞✐st✐♥t♦s✱ s❡♥❞♦ ♦s ✜❧tr♦s ❞❡ ♦r❞❡♠ ✉♠ ♦✉ ❞♦✐s✳ ❆s ❢✉♥çõ❡s

❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ ❡♥tr❛❞❛ ♣❛r❛ ♦s ❡st❛❞♦s ♣❛r❛ ❡ss❡ ❝❛s♦ sã♦✿

Fk(z) =

√

1− |ξk|2
z − ξk

k−1
∏

i=1

[

1− ξ∗i z

z − ξi

]

✭✸✳✷✾✮



❈❛♣ít✉❧♦ ✸✳ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ✷✾

✸✳✻ ❋✉♥çõ❡s ❞❡ ❇❛s❡ ❖rt♦♥♦r♠❛✐s ❡♠ ❚❡♠♣♦ ❈♦♥tí♥✉♦

❖ r❛❝✐♦❝í♥✐♦ s♦❜r❡ ❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ❞❡s❡♥✈♦❧✈✐❞♦ ❛té ❡st❡ ♣♦♥t♦ ❧✐♠✐t♦✉✲s❡ à

❛❜♦r❞❛❣❡♠ ♥♦ t❡♠♣♦ ❞✐s❝r❡t♦✱ ♠❛s ♣♦❞❡ s❡r s❡❣✉✐❞♦ ❞❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡ s❡ ❛ ❛❜♦r❞❛❣❡♠

❝♦♥tí♥✉❛ é ✉t✐❧✐③❛❞❛✳ ❆ s❡❣✉✐r s❡rã♦ ❛♣r❡s❡♥t❛❞❛s✱ ❞❡ ♠♦❞♦ s✉s❝✐♥t♦✱ ❛❧❣✉♠❛s ❡q✉❛çõ❡s

r❡❧❛❝✐♦♥❛❞❛s às ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ♥♦ t❡♠♣♦ ❝♦♥tí♥✉♦ ❝♦rr❡s♣♦♥❞❡♥t❡s às ❡q✉❛✲

çõ❡s ♠♦str❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ ♦ ❝❛s♦ ❞✐s❝r❡t♦✳ ❖s ♣♦❧♦s ξ ❞❡✈❡rã♦ s❡r ❡♥t❡♥❞✐❞♦s

❝♦♠♦ ✈❛❧♦r❡s ❝♦♠♣❧❡①♦s ♥❛ ❢♦r♠❛ ξ = −α± βi, α, β > 0✱ s❡♥❞♦ ♦ ✈❛❧♦r ❛❜s♦❧✉t♦ ❞❛❞♦ ♣♦r

γ = |ξ| =
√

α2 + β2✳

❊s❝♦❧❤❡♥❞♦✲s❡ ❞✉❛s ❢✉♥çõ❡s X(s) ❡ Y (s)✱ s ∈ C ✭♣❧❛♥♦ ❝♦♠♣❧❡①♦✮ ❡♠ H2(C
+) ✖

❡s♣❛ç♦ ❍❛r❞② ❞❡ ❢✉♥çõ❡s ✐♥t❡❣rá✈❡✐s ♥♦ ❡✐①♦ ✐♠❛❣✐♥ár✐♦ ❡ ❛♥❛❧ít✐❝❛s ♥♦ s❡♠✐✲♣❧❛♥♦ ❞✐r❡✐t♦

❞♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ C
+ ✖✱ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♥tr❡ ❡❧❛s é ❞❡✜♥✐❞♦ ❝♦♠♦✿

〈X,Y 〉 = 1

2π

∫ π

−π

X(iω)Y ∗(iω)dω =
1

2πi

∮

C+

X(s)Y ∗(−s∗)ds. ✭✸✳✸✵✮

◆♦s ❝❛s♦s ❡♠ q✉❡ ♦ ♣r♦❞✉t♦ s❡ ❞á ❡♥tr❡ ♠❛tr✐③❡s ❞❡ ❢✉♥çõ❡s ❳(s) ∈ Hn×p
2 (C+) ❡ ❨(s) ∈

Hm×p
2 (C+)✱ s❡ ✉s❛ ♦ ♣r♦❞✉t♦ ❡①t❡r♥♦ é ❞❛❞♦ ♣♦r✿

[[❳,❨]] =
1

2πi

∮

C+

❳(s)❨∗(−s∗)ds. ✭✸✳✸✶✮

❆ ✐♥t❡❣r❛❧ ♥❡ss❡ ❝❛s♦ é r❡❛❧✐③❛❞❛ s♦❜r❡ ♦ ❡✐①♦ ✐♠❛❣✐♥ár✐♦✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ Re(s) = 0

❡ −s∗ = s❀ ❡✱ ♣❛r❛ ♦s ❝❛s♦s ❡♠ q✉❡ ✉♠❛ ❢✉♥çã♦ Y (s)✱ ♣♦r ❡①❡♠♣❧♦✱ t❡♠ ❝♦❡✜❝✐❡♥t❡s

r❡❛✐s✱ Y ∗(−s∗) = Y T (−s)✳ ❖s ❝♦♥❝❡✐t♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❡ ❝♦♠♣❧❡t✉❞❡✱ ❛ss✐♠ ❝♦♠♦ ♦s

♣r♦❝❡❞✐♠❡♥t♦s ♣❛r❛ ♦❜t❡♥çã♦ ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ❛ ♣❛rt✐r ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡

♥ã♦✲♦rt♦♥♦r♠❛✐s✱ s❡ ♠❛♥té♠ ✐♥❛❧t❡r❛❞♦s✳

◗✉❛♥t♦ ❛♦s ✜❧tr♦s ♣❛ss❛✲t✉❞♦✱ ❡st❡s tê♠ ❝♦♠♦ ❝❛r❛❝t❡ríst✐❝❛ ❛ ❢♦r♠❛ ❡♠ ♣r♦❞✉t♦ ❞❡

❇❧❛s❝❤❦❡✿

H(s) =
n
∏

i=1

[

s+ ξ∗i
s− ξi

]

, ✭✸✳✸✷✮

❝✉❥❛ r❡s♣♦st❛ ❡♠ ❢r❡q✉ê♥❝✐❛ é ❞❛❞❛ ♣♦r |H(iω)| = 1 ∀ ω ∈ R✱ ❡ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦✿

H(s)H∗(−s∗) = 1. ✭✸✳✸✸✮

❏á ❛s r❡❞❡s ❞❡ ✜❧tr♦s ♣❛ss❛✲t✉❞♦ sã♦ ❞❡✜♥✐❞❛s ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

• ❘❡❞❡s ❞❡ ▲❛❣✉❡rr❡✿ ❢♦r♠❛❞❛s ♣♦r n ✜❧tr♦s ♣❛ss❛✲t✉❞♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠

Hi(s) =
s− α

s+ α
, α > 0, ✭✸✳✸✹✮



❈❛♣ít✉❧♦ ✸✳ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ✸✵

♦s q✉❛✐s tê♠ r❡♣r❡s❡♥t❛çã♦ ♦rt♦❣♦♥❛❧ ❡♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s ❞❛ ❢♦r♠❛✿

[

A B

C D

]

=

[

−α
√
2α

−
√
2α 1

]

. ✭✸✳✸✺✮

❆s ❝♦rr❡s♣♦♥❞❡♥t❡s ❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ ❡♥tr❛❞❛ ♣❛r❛ ♦s ❡st❛❞♦s sã♦✿

Fk(s) =

√
2α

s+ α

(

s− α

s+ α

)k−1

. ✭✸✳✸✻✮

• ❘❡❞❡s ❞❡ ❑❛✉t③ ❛ ❞♦✐s ♣❛râ♠❡tr♦s✿ ❢♦r♠❛❞❛s ♣♦r ✜❧tr♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❡♠

❝❛s❝❛t❛✳ ❙❡♥❞♦ ♦s ♣♦❧♦s ❞❛❞♦s ♣♦r ξ = −α± βi✿

Hi(s) =
s2 − 2αs+ γ2

s2 + 2αs+ γ2
, α > 0, ✭✸✳✸✼✮

❝♦♠ r❡♣r❡s❡♥t❛çã♦ ♦rt♦❣♦♥❛❧ ❡♠ ❡s♣❛ç♦ ❞❡ ❡st❛❞♦s✿

[

A B

C D

]

=











−α γ − α

−(γ + α) −α

√
2α√
2α

−
√
2α −

√
2α 1











✭✸✳✸✽✮

❆s ❝♦rr❡s♣♦♥❞❡♥t❡s ❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ ❡♥tr❛❞❛ ♣❛r❛ ♦s ❡st❛❞♦s sã♦✿

F2k−1(z) =

√
2α(s+ γ)

s2 + 2αs+ γ2

(

s2 − 2αs+ γ2

s2 + 2αs+ γ2

)k−1

F2k(z) =

√
2α(s− γ)

s2 + 2αs+ γ2

(

s2 − 2αs+ γ2

s2 + 2αs+ γ2

)k−1

. ✭✸✳✸✾✮

• ❋✉♥çõ❡s ❞❡ ❚❛❦❡♥❛❦❛✲▼❛❧♠q✉✐st✿ ♦ ❝❛s♦ ♠❛✐s ❣❡r❛❧ ❡♠ q✉❡ t♦❞♦s ♦s ✜❧tr♦s ♣❛ss❛✲

t✉❞♦ ♣♦❞❡♠ t❡r ♣♦❧♦s ❞✐st✐♥t♦s✱ s❡♥❞♦ ♦s ✜❧tr♦s ❞❡ ♦r❞❡♠ ✉♠ ♦✉ ❞♦✐s✳ ❆s ❢✉♥çõ❡s

❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞❛ ❡♥tr❛❞❛ ♣❛r❛ ♦s ❡st❛❞♦s ♣❛r❛ ❡ss❡ ❝❛s♦ sã♦✿

Fk(s) =

√
2αk

s+ ξk

k−1
∏

i=1

[

s− ξ∗i
s+ ξi

]

. ✭✸✳✹✵✮
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✸✳✼ ❊st✐♠❛çã♦ ❞❡ P❛râ♠❡tr♦s ❝♦♠ ❋✉♥çõ❡s ❞❡ ❇❛s❡ ❖r✲

t♦♥♦r♠❛✐s

❆ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♦rt♦♥♦r♠❛❧✐❞❛❞❡ ❞❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ✭❖❇❋s✱ ❞♦ ✐♥❣❧ês

❖rt❤♦♥♦r♠❛❧ ❇❛s✐s ❋✉♥❝t✐♦♥s✮ ♦❢❡r❡❝❡ ✉♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ✐♥t❡r❡ss❛♥t❡✿ q✉❛❧q✉❡r ❢✉♥çã♦

♣♦❞❡ s❡r ❞❡❝♦♠♣♦st❛ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❖❇❋s ♣♦♥❞❡r❛❞❛s ❡ ♦s ♣❡s♦s✱ ♦✉

❝♦❡✜❝✐❡♥t❡s✱ ♣♦❞❡♠ s❡r ❞❡t❡r♠✐♥❛❞♦s ♣♦r ♠❡✐♦ ❞❡ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞❛ r❡s♣♦st❛ ❛♦ ✐♠✲

♣✉❧s♦ s♦❜r❡ ❝❛❞❛ ❖❇❋ ✐♥❞❡♣❡♥❞❡♥t❡♠♥t❡✳ ❈♦♥s✐❞❡r❛♥❞♦ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ✐♥✈❛r✐❛♥t❡ ♥♦

t❡♠♣♦ ✭▲❚■✱ ❞♦ ✐♥❣❧ês ▲✐♥❡❛r ❚✐♠❡✲■♥✈❛r✐❛♥t✮✱ r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ ♦♣❡r❛❞♦r ❞❡ tr❛♥s❢❡rê♥✲

❝✐❛ G(q)✱ ❡st❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ✉♠❛ ❡①♣❛♥sã♦ ❡♠ ❖❇❋s ✐♥✜♥✐t❛✿

G0(q) =
∞
∑

k=1

ckFk(q), ✭✸✳✹✶✮

❡♠ q✉❡ ♦s ♣❛râ♠❡tr♦s ck sã♦ ❞❛❞♦s ♣♦r✿

ck = 〈G0, Fk〉 =
∞
∑

k=1

g0(t)fk(t), ✭✸✳✹✷✮

s❡♥❞♦ g0(t) ❛ r❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦ ❞✐s❝r❡t❛ ❞❡ G0(q) ❡ fk(t) ❛ r❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦ ❞✐s❝r❡t❛

❞❡ Fk(q)✱ ❛♠❜❛s ✐❣✉❛✐s à tr❛♥s❢♦r♠❛❞❛ ❩ ✐♥✈❡rs❛ ❞♦s s❡✉s ❡q✉✐✈❛❧❡♥t❡s ♥♦ ❞♦♠í♥✐♦ ❞❛

❢r❡q✉ê♥❝✐❛✳

❊♠ ❛♣❧✐❝❛çõ❡s r❡❛✐s✱ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❢✉♥çõ❡s ❞❡✈❡ s❡r ✉s❛❞♦ ❡✱ ❡♥tã♦✱ ♦❜té♠✲s❡✿

Gn(q) =
n
∑

k=1

ckFk(q). ✭✸✳✹✸✮

❉❡♥tr♦ ❞♦ ❝♦♥t❡①t♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛s ❝♦♠ ✉♠❛ ❡str✉t✉r❛ ❞❡ ♠♦❞❡❧♦ ❖❇❋✲

❋■❘✱ ♦s ♣❛râ♠❡tr♦s sã♦ ❞❡s❝♦♥❤❡❝✐❞♦s✱ ❧❡✈❛♥❞♦ à s❡❣✉✐♥t❡ ❞❡s❝r✐çã♦✿

G(q; θ) =
n
∑

k=1

ckFk(q), ✭✸✳✹✹✮

❝♦♠ ♦ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ ❝♦♠♦ ✉♠❛ ✈❛r✐á✈❡❧ ❞♦ ♠♦❞❡❧♦ ❞❛❞❛ ♣♦r✿

θ = [c1, c2, . . . , cn]
T ∈ R

n. ✭✸✳✹✺✮

❊♠ ✈❡③ ❞❡ ✈❛❧♦r❡s ❞❡ ❡♥tr❛❞❛ ❛tr❛s❛❞♦s✱ ♦ ✈❡t♦r ❞❡ ❞❛❞♦s é ❝♦♠♣♦st♦ ♣❡❧♦ ✈❡t♦r ❞❡

❡♥tr❛❞❛ ✜❧tr❛❞♦ ♣♦r ❝❛❞❛ ✉♠❛ ❞❛s ❖❇❋s✳ ➱ ✐♠♣♦rt❛♥t❡ ❧❡♠❜r❛r q✉❡ ❛s ❖❇❋s tê♠ r❡s♣♦st❛

❛♦ ✐♠♣✉❧s♦ ✐♥✜♥✐t❛s ♣♦r ♥❛t✉r❡③❛✱ ❢❛t♦ q✉❡ r❡q✉❡r ❛t❡♥çã♦ ❛ ❛❧❣✉♥s ❞❡t❛❧❤❡s q✉❡ s❡rã♦

tr❛t❛❞♦s ❝♦♠ ♠❛✐s ❛t❡♥çã♦ ♥❛ ♣ró①✐♠❛ s❡çã♦✳ ❆ ♣❛rt✐r ❞♦s ♣♦♥t♦s ❞❡ ❞❛❞♦s ❝♦❧❡t❛❞♦s
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{u(t),y(t)}t=1,...,N ✱ ♦ ❡rr♦ ❞❡ s❛í❞❛ ♣r❡❞✐t♦ é ❡♥tã♦ ❝♦♠♣✉t❛❞♦ ♣♦r ♠❡✐♦ ❞❡✿

ε(t; θ) = y(t)− ϕT (t)θ ✭✸✳✹✻✮

ϕ(t) = Γn(q)u(t), Γn(q) = [F1(q) F2(q) . . . Fn(q)]
T .

❖ ✈❡t♦r ❞❡ ♣❛râ♠❡tr♦s θ é ❡♥tã♦ ❡st✐♠❛❞♦ ♣♦r ♠❡✐♦ ❞❛ ❡str❛té❣✐❛ ❞❡ ♠í♥✐♠♦s q✉❛✲

❞r❛❞♦s✱ ❡♠ q✉❡ ❛ s♦♠❛ ❞♦ q✉❛❞r❛❞♦ ❞♦s ❡rr♦s ♣r❡❞✐t♦s é ✉s❛❞❛ ❝♦♠♦ ❢✉♥çã♦ ❞❡ ❝✉st♦ ❞♦

s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦✿

θ̂N = arg min
θ

1

N

N
∑

t=1

ε(t,θ)2. ✭✸✳✹✼✮

P♦r ♠❡✐♦ ❞❡ ✉♠❛ r❡❣r❡ssã♦ ❧✐♥❡❛r s✐♠♣❧❡s✱ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ♥♦r♠❛✐s t❛✐s ❝♦♠♦✿

[ 1

N

N
∑

t=1

ϕ(t)ϕT (t)
]

· θ̂N =
1

N

N
∑

t=1

ϕ(t)y(t) ✭✸✳✹✽✮

θ̂N =
[ 1

N

N
∑

t=1

ϕ(t)ϕT (t)
]−1

· 1

N

N
∑

t=1

ϕ(t)y(t), ✭✸✳✹✾✮

❣❡r❛ ❛ s♦❧✉çã♦ ót✐♠❛✱ ❝♦♥t❛♥t♦ q✉❡ ❛ ✐♥✈❡rs❛ ❛♣r❡s❡♥t❛❞❛ ❡①✐st❛✳

◗✉❛♥t♦ à ❝♦♥s✐stê♥❝✐❛ ❞❛ ❡st✐♠❛t✐✈❛✱ s❡ ♦ s✐st❡♠❛ ✧✈❡r❞❛❞❡✐r♦✧ G0 ∈ G ❡ ♦ s✐♥❛❧ ❞❡

❡♥tr❛❞❛ é ♣❡rs✐st❡♥t❡♠❡♥t❡ ❡①❝✐t❛♥t❡ ✭❇❆■❀ ❙❆❙❚❘❨✱ ✶✾✽✺✮ ❞❡ ♦r❞❡♠ s✉✜❝✐❡♥t❡♠❡♥t❡

❛❧t❛✱ ❡♥tã♦ G(q,θ̂N) t❡rá ✉♠❛ ❡st✐♠❛t✐✈❛ ❝♦♥s✐st❡♥t❡ ❞❡ G0✱ ❡♠ q✉❡ G é ✉♠ ❝♦♥❥✉♥t♦ ❞❡

♠♦❞❡❧♦s ❢♦r♠❛❞♦s ♣♦r ❡①♣❛♥sõ❡s ❡♠ sér✐❡s ✜♥✐t❛s ❡♠ {Fk(q)} ✭❍❖❋ ❡t ❛❧✳✱ ✷✵✵✵✮✳

✸✳✽ ❙❡❧❡çã♦ ❞❡ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ♣❛r❛ ■❞❡♥t✐✜❝❛çã♦ ❞❡

❙✐st❡♠❛s

❉❡♥tr♦ ❞❡ ✉♠ ❝♦♥t❡①t♦ ♣rát✐❝♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛s✱ é ♥❡❝❡ssár✐♦ ❧✐❞❛r ❝♦♠ ❛

❧✐♠✐t❛çã♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ✜♥✐t♦ ❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❞❛❞♦s ❞✐s♣♦♥í✈❡❧✳ ❖ ✉s♦ ❞❡ s❡q✉ê♥❝✐❛s

r❡❧❛t✐✈❛♠❡♥t❡ ❝✉rt❛s ❧❡✈❛♥t❛ ♣r❡♦❝✉♣❛çõ❡s ❝♦♠♦ ❛s r❡❧❛❝✐♦♥❛❞❛s à ✐♥✢✉ê♥❝✐❛ ♣♦ss✐✈❡❧♠❡♥t❡

♥ã♦ ❞❡s♣r❡③í✈❡❧ ❞❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✱ ❛♦ ♠♦❞♦ ❞❡ ❧✐❞❛r ❝♦♠ ♦s ❝❛s♦s ❡♠ q✉❡ ♦ s✐st❡♠❛

❛♣r❡s❡♥t❛ ❛tr❛s♦s ❡ ❛ ❝❛♣t✉r❛ ❞♦ ❣❛♥❤♦ ❡stát✐❝♦ ✭❍❊❯❇❊❘●❊❘❀ ❍❖❋❀ ❲❆❍▲❇❊❘●✱

✷✵✵✺✮✳

❆ r❡s♣❡✐t♦ ❞❛ ❧♦❝❛❧✐③❛çã♦ ❞♦s ♣♦❧♦s ❞❛s ❢✉♥çõ❡s ♦rt♦♥♦r♠❛✐s ❡s❝♦❧❤✐❞❛s✱ s❛❜❡✲s❡ q✉❡

q✉❛♥t♦ ♠❛✐s ♣ró①✐♠♦s ❡st❡s ❡st✐✈❡r❡♠ ❞♦s ♣♦❧♦s ✧✈❡r❞❛❞❡✐r♦s✧ ❞♦ s✐st❡♠❛✱ ♠❡❧❤♦r✱ ♣♦✐s

♠❡♥♦s ❢✉♥çõ❡s s❡rã♦ ♥❡❝❡ssár✐❛s ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ ✉♠❛ ❜♦❛ ❛♣r♦①✐♠❛çã♦✳ ❙❡ ✐ss♦ ♥ã♦

♦❝♦rr❡✱ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ♠❛✐s ❢✉♥çõ❡s ♣❡r♠✐t❡✱ ❡♠ t❡♦r✐❛✱ ❛ r❡❞✉çã♦ ❞♦ ❡rr♦ ❞❡ ❛♣r♦①✐♠❛✲
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çã♦✳ ❊ss❡ ❛❝rés❝✐♠♦ ❞❡ ❢✉♥çõ❡s à ❜❛s❡ ♦rt♦♥♦r♠❛❧✱ ❝♦♥t✉❞♦✱ é ❧✐♠✐t❛❞❛✳ ❚♦♠❛♥❞♦ ❝♦♠♦

❡①❡♠♣❧♦ ❛s ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❡♠ t❡♠♣♦ ❞✐s❝r❡t♦✱ q✉❛♥❞♦ ω− > 0✱ é ✈á❧✐❞❛ ❛ s❡❣✉✐♥t❡

❛♣r♦①✐♠❛çã♦✿

Fk(e
iω) =

√
1− a2

eiω − a

[

1− aeiω

eiω − a

]k−1

≈
√
1− a2

eiω − a
e−Taiω(k−1), Ta =

1 + a

1− a
✭✸✳✺✵✮

❖✉ s❡❥❛✱ q✉❛♥❞♦ ω− > 0✱ ❛s ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ♣♦❞❡♠ s❡r ❛♣r♦①✐♠❛❞❛s ♣♦r s✐st❡♠❛s

❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦ ❛♣r♦①✐♠❛❞♦ ❞❡ (k − 1)Ta✳ ■st♦ q✉❡r ❞✐③❡r q✉❡✱ à ♠❡❞✐❞❛

q✉❡ ❛ ♦r❞❡♠ ❞❛ ❢✉♥çã♦ ❛✉♠❡♥t❛✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛ é ❞❡s❧♦❝❛❞❛ ♣❛r❛

✐♥st❛♥t❡s ♣♦st❡r✐♦r❡s✱ ❞❡✐①❛♥❞♦✱ ❛ss✐♠✱ ❞❡ ❝♦♥❝❡♥tr❛r✲s❡ ♥♦s ♣r✐♠❡✐r♦s ✐♥st❛♥t❡s✳ ❯♠❛

❝❛r❛t❡ríst✐❝❛ ❞❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s é q✉❡ ❛ s✉❛ ❡♥❡r❣✐❛ é ✐❣✉❛❧ ❛ 1✳ ◗✉❛♥❞♦ s❡

❧✐❞❛ ❝♦♠ ✉♠❛ ❥❛♥❡❧❛ ❞❡ t❡♠♣♦ ✜♥✐t❛✱ ❡ss❛ ❝❛r❛❝t❡ríst✐❝❛ s❡ ♣❡r❞❡ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝❡rt♦ ✈❛❧♦r

❞❡ k − 1 ✭✜❣✉r❛ ✸✳✷✮✱ ❝♦♥❞✉③✐♥❞♦ ❛ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ♠❛❧ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦✳ ❖ ♣r♦❜❧❡♠❛

✐♠♣♦st♦ ♣♦r ❡ss❛ s✐t✉❛çã♦ s❡ t♦r♥❛ ♠❛✐s ❡✈✐❞❡♥t❡ q✉❛♥❞♦ ♦ s✐st❡♠❛ ♣♦ss✉✐ ♣♦❧♦s ❧❡♥t♦s✱

✐♠♣❧✐❝❛♥❞♦ ❛ ❡s❝♦❧❤❛ ❞❡ ✉♠ ✈❛❧♦r ♠❛✐♦r ❞❡ a ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ♦❜t❡♥çã♦ ❞❡ ✈❛❧♦r❡s

♠❛✐s ❡❧❡✈❛❞♦s ❞❡ Ta✳

❆ ✉t✐❧✐③❛çã♦ ❞❡ ❢✉♥çõ❡s ❝♦♠ ♠❛✐s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ✭♣♦r ❡①❡♠♣❧♦✱ ❑❛✉t③✱ ●❖❇❋✱

❚❛♥❡❦❛♥❛✲▼❛❧♠q✉✐st✮ ❝♦♥❢❡r❡ ♠❛✐♦r ✢❡①✐❜✐❧✐❞❛❞❡ ♣❛r❛ q✉❡ s❡ ♣♦ss❛ ♠❡❧❤♦r❛r ❛ ❛♣r♦①✐✲

♠❛çã♦ ❞♦s ♣♦❧♦s ✈❡r❞❛❞❡✐r♦s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦s ❝❛s♦s ❡♠ q✉❡ ❡st❡s ❡stã♦ r❡❧❛t✐✈❛♠❡♥t❡

❞✐st❛♥t❡s✱ ❞✐♠✐♥✉✐♥❞♦ ❛ss✐♠✱ ♦ ❡rr♦ ❞❡ ♣♦❧❛r✐③❛çã♦✳ ❱❛❧❡ r❡ss❛❧t❛r t❛♠❜é♠ q✉❡ ❛ ❡s❝♦❧❤❛

❞♦s ♣♦❧♦s s❡ r❡✢❡t❡ t❛♠❜é♠ ♥❛ ✈❛r✐â♥❝✐❛ ❞❛ ❡st✐♠❛t✐✈❛✳ ❙❛❜❡♥❞♦ q✉❡ n é ❛ ♦r❞❡♠ ❞♦

♠♦❞❡❧♦ ❡ N ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞❡ ❞❛❞♦s ✉t✐❧✐③❛❞♦✱ t❡♠✲s❡✿

Var{G(eiω, θ̂N)} → 1

N

Φv(e
iω)

Φu(eiω)

n
∑

k=1

|Fk(e
iω)|2, ✭✸✳✺✶✮

❞❡ ♦♥❞❡ s❡ ❝♦♥❝❧✉✐ q✉❡ ❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ❝♦♥st✐t✉❡♠ ✉♠❛ ♣♦♥❞❡r❛çã♦ ♥❛

❢r❡q✉ê♥❝✐❛ ❞❛ ✈❛r✐â♥❝✐❛ ❞❛ ❡st✐♠❛t✐✈❛✳

❆ q✉❡stã♦ ❞❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s é ✐♠♣♦rt❛♥t❡ ♣♦rq✉❡✱ ♥♦ ❝❛s♦ ❞❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡

♦rt♦♥♦r♠❛✐s✱ ♦ s❡✉ ❤♦r✐③♦♥t❡ ❞❡ ❡♥❡r❣✐❛ é ✐♥✜♥✐t♦✱ ❞❡ ♠♦❞♦ q✉❡ t♦❞❛ ♠❡❞✐çã♦✿

y(t) = G(q)u(t) + e(t) =
n
∑

k=1

ckFk(q)u(t) + e(t)

t❡rá s♦❢r✐❞♦ ✐♥✢✉ê♥❝✐❛ ❞❡ t♦❞❛s ❛s ❡♥tr❛❞❛s ❞❡s❞❡ t = −∞✳ ▲♦❣♦✱ é ♥❡❝❡ssár✐♦ ❛✈❛❧✐❛r s❡

❡st❛ ✐♥✢✉ê♥❝✐❛ é ❞❡s♣r❡③í✈❡❧✳ ◆♦✈❛♠❡♥t❡✱ ❡ss❛ q✉❡stã♦ s❡ t♦r♥❛ ♠❛✐s ✐♠♣♦rt❛♥t❡ ♥❛ ♣r❡✲

s❡♥ç❛ ❞❡ ♣♦❧♦s ❧❡♥t♦s✳ ❯♠❛ ❡str❛té❣✐❛ ♣❛r❛ s❡ ✐♥❝❧✉✐r ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ♥❛ ✐❞❡♥t✐✜❝❛çã♦

s❡♠ ❝♦♠♣r♦♠❡t❡r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ❞❡ ❧✐♥❡❛r✐❞❛❞❡ ♥♦s ♣❛râ♠❡tr♦s ❝♦♥s✐st❡ ❡♠

✐♥❝❧✉í✲❧❛s ♥❛ ❧✐st❛ ❞❡ ♣❛râ♠❡tr♦s ❛ s❡r❡♠ ✐❞❡♥t✐✜❝❛❞♦s✳ ❈❧❛r❛♠❡♥t❡✱ t❛❧ ❛çã♦ r❡♣❡r❝✉t❡ ❡♠
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❋✐❣✉r❛ ✸✳✷✿ ❋✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ ✉♠ ♣♦❧♦ ❡♠ a = 0,92 ❡ ♥ú♠❡r♦ ❞❡ ❢✉♥çõ❡s ✐❣✉❛❧ ❛ 5
✭tr❛❝❡❥❛❞♦ ❡ ♣♦♥t✐❧❤❛❞♦✮✱ 20 ✭♣♦♥t✐❧❤❛❞♦✮ ❡ 60 ✭❝❤❡✐♦✮✳ ❖ ❣rá✜❝♦ ❛❝✐♠❛ ♠♦str❛ ❛ r❡s♣♦st❛
❛♦ ✐♠♣✉❧s♦ ❞❛s ❢✉♥çõ❡s ✭❝♦♠ ❡✐①♦ ❤♦r✐③♦♥t❛❧ ❞❡s❧♦❝❛❞♦ ♣❛r❛ ❢❛❝✐❧✐t❛r ❛ ✈✐s✉❛❧✐③❛çã♦✮ ❡ ♦
❣rá✜❝♦ ❛❜❛✐①♦ ♠♦str❛ ❛ ❡♥❡r❣✐❛ ❛❝✉♠✉❧❛❞❛ ❞❛s ❢✉♥çõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s✳

❋♦♥t❡✿ ✭❍❊❯❇❊❘●❊❘❀ ❍❖❋❀ ❲❆❍▲❇❊❘●✱ ✷✵✵✺✮
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✉♠ ❛✉♠❡♥t♦ ❞❛ ♦r❞❡♠ ❞♦ s✐st❡♠❛✳

P❛r❛ ♦s ❝❛s♦s ❡♠ q✉❡ ♦s ❞❛❞♦s ♥ã♦ ❝♦♥tê♠ ✐♥❢♦r♠❛çã♦ ❡♠ ❜❛✐①❛ ❢r❡q✉ê♥❝✐❛ s✉✜❝✐❡♥t❡✱

♣♦❞❡♠✲s❡ ❛❝r❡s❝❡♥t❛r ❝♦♥❤❡❝✐♠❡♥t♦s ♣ré✈✐♦s s♦❜r❡ ♦ ❣❛♥❤♦ ❡stát✐❝♦ ❞♦ s✐st❡♠❛ ♣♦r ♠❡✐♦

❞❛ ✐♥❝❧✉sã♦ ❞❡ r❡str✐çõ❡s ❛♦ ♣r♦❜❧❡♠❛ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✳ ❊ss❛ ❡str❛té❣✐❛✱ q✉❡ ♣♦❞❡

❛ss✉♠✐r ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ ♠❛✐s rí❣✐❞❛ ♦✉ ♠❛✐s ✢❡①í✈❡❧ q✉❛♥t♦ à ❝♦♥❢♦r♠✐❞❛❞❡ ❝♦♠ ♦ ✈❛❧♦r

♣ré✲❡st❛❜❡❧❡❝✐❞♦ ❞♦ ❣❛♥❤♦ ❡stát✐❝♦✱ t❛♠❜é♠ ♣❡r♠✐t❡ q✉❡ s❡ ♠❛♥t❡♥❤❛ ❛ ❡str✉t✉r❛ ❧✐♥❡❛r

♥♦s ♣❛râ♠❡tr♦s✳

❆✐♥❞❛ ❞❡ ♠❛♥❡✐r❛ s❡♠❡❧❤❛♥t❡ ✖ s❡♠ ❛❜r✐r ♠ã♦ ❞❛ ❧✐♥❡❛r✐❞❛❞❡ ♥♦s ♣❛râ♠❡tr♦s ✖✱ ♣❛r❛

♦s ❝❛s♦s ❡♠ q✉❡ ♦ s✐st❡♠❛ ♣♦ss✉✐ ❛tr❛s♦ ♠❛s ❡st❡ ♥ã♦ é ❜❡♠ ❝♦♥❤❡❝✐❞♦✱ ♣♦❞❡✲s❡ ❡st✐♠á✲

❧♦✱ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ✐❞❡♥t✐✜❝❛çã♦ ❝♦♠ ❛❜♦r❞❛❣❡♠ ❞✐s❝r❡t❛✱ ✉t✐❧✐③❛♥❞♦ ❛❧❣✉♠❛s ❢✉♥çõ❡s

Fi(z) = z−i, i = 1, . . . , k✱ ❞❡ ♠♦❞♦ q✉❡ ♦s ♣❛râ♠❡tr♦s ❛ss♦❝✐❛❞♦s c1, . . . , ck ♣♦ss❛♠ ❛ss✉♠✐r

✈❛❧♦r ③❡r♦✳

P♦r ✜♠✱ ✈❛❧❡ ❞✐③❡r q✉❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❡s❝♦❧❤❛ ❞♦s ♣♦❧♦s ♣♦❞❡ s❡r r❡❛❧✐③❛❞♦ ❞❡ ♠♦❞♦

✐t❡r❛t✐✈♦✳ P❛rt✐♥❞♦ ❞❡ ✉♠❛ s✐t✉❛çã♦ ❞❡ t♦t❛❧ ❞❡s❝♦♥❤❡❝✐♠❡♥t♦ ❛ r❡s♣❡✐t♦ ❞♦s ♣♦❧♦s ✈❡r✲

❞❛❞❡✐r♦s ❞♦ s✐st❡♠❛✱ é ♣♦ssí✈❡❧ s❡❧❡❝✐♦♥❛r ✉♠❛ ❜❛s❡ ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ a = 0✱ ♣♦r ❡①❡♠♣❧♦✱

❡ ✐❞❡♥t✐✜❝❛r ♦ s✐st❡♠❛❀ ❞❡ss❛ ✐❞❡♥t✐✜❝❛çã♦ s❡ ♦❜t❡rá ✉♠❛ ❡st✐♠❛t✐✈❛ ♠❡❧❤♦r ❞♦s ♣♦❧♦s ❞♦

s✐st❡♠❛ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ r❡❞✉çã♦ ❞❡ ♠♦❞❡❧♦s✳ ◆ã♦ ❤á ❣❛r❛♥t✐❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✱ ♣♦ré♠✱

♣❛r❛ ♠✉✐t♦s ❝❛s♦s✱ ♦ ♣♦❧♦ ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ ❡s❝♦❧❤❛ ót✐♠❛ ❝♦♠ ❛ r❡♣❡t✐❝çã♦ ❞❡st❡ ♣r♦❝❡ss♦✳

✸✳✾ ❈♦♠♣❛r❛çõ❡s ❡♥tr❡ ❉✐❢❡r❡♥t❡s ▼ét♦❞♦s

P❛rt✐❝✉❧❛r♠❡♥t❡✱ ❛❧❣✉♥s ♣r♦❝❡ss♦s ❛♣r❡s❡♥t❛♠ ❞✐✜❝✉❧❞❛❞❡s ♠❛✐♦r❡s ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡

✉♠❛ ❜♦❛ ❡st✐♠❛t✐✈❛✱ t❛✐s ❝♦♠♦ ❛tr❛s♦s✱ ♣♦❧♦s ♠ú❧t✐♣❧♦s ❡ ③❡r♦s✳ P♦❧♦s ❞✐str✐❜✉í❞♦s ❡s♣❛✲

ç❛❞❛♠❡♥t❡ ♥♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ t❛♠❜é♠ r❡♣r❡s❡♥t❛♠ ✉♠❛ ❞✐✜❝✉❧❞❛❞❡ ♠❛✐♦r ♣❡❧♦ ❢❛t♦ ❞❡

r❡q✉❡r❡r❡♠ q✉❡ ✉♠❛ ❛♠♣❧❛ ❢❛✐①❛ ❞❡ ❢r❡q✉ê♥❝✐❛s s❡❥❛ ❛♥❛❧✐s❛❞❛✱ ♦ q✉❡ ♣♦❞❡ s✐❣♥✐✜❝❛r ❛

♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠ ❛✉♠❡♥t♦ ♥♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s✳

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛✲s❡ ✉♠❛ ❛♥á❧✐s❡ ❝♦♠♣❛r❛t✐✈❛ ❡♥tr❡ ❝✐♥❝♦ ♠ét♦❞♦s ❞❡ ✐❞❡♥t✐✜❝❛✲

çã♦✿ ✉♠ ❜❛s❡❛❞♦ ❡♠ ❢✉♥çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦✱ três ❜❛s❡❛❞♦s ❡♠ ❢✉♥çõ❡s

❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ❡ ✉♠ ❜❛s❡❛❞♦ ❡♠ ✜❧tr♦s ❞❡ ❢r❡q✉ê♥❝✐❛ ❛♠♦str❛❞♦s✳ ❙✐♠✉❧❛çõ❡s s❡rã♦

✉t✐❧✐③❛❞❛s ♣❛r❛ ❡❧✉❝✐❞❛r ❝♦♠♦ ❝❡rt♦s ❢❛t♦r❡s ✖ t❛✐s ❝♦♠♦ ❛ ❡s❝♦❧❤❛ ❞♦s ♣♦❧♦s ❞❛s ❢✉♥çõ❡s

❞❡ ❜❛s❡✱ ♦ ♥ú♠❡r♦ ❞❡ ❢✉♥çõ❡s ✉t✐❧✐③❛❞❛s ❡ ♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ ✉t✐❧✐③❛❞♦ ✖ ✐♥✢✉❡♥❝✐❛♠ ♥❛

✐❞❡♥t✐✜❝❛çã♦ ❞❡ ✉♠❛ ❣❛♠❛ ❞❡ ♣r♦❝❡ss♦s ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛s ❞✐st✐♥t❛s✱ s❡♥❞♦ ♦ ❝♦♥❤❡❝✐✲

♠❡♥t♦ ♣ré✈✐♦ ❡①✐st❡♥t❡ ❛❝❡r❝❛ ❞♦s ♣r♦❝❡ss♦s ❛♣❡♥❛s ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❛♣r♦①✐♠❛❞❛ ❡

♦ t❡♠♣♦ ❞❡ ❡st❛❜❡❧❡❝✐♠❡♥t♦✳

✸✳✾✳✶ ❙✐♠✉❧❛çõ❡s ◆✉♠ér✐❝❛s

❆s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ✉t✐❧✐③❛❞❛s ♥❡st❡ ❡st✉❞♦ ❢♦r❛♠✿
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• ❋✉♥çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦✿ ♦s s✐st❡♠❛s sã♦ ♠♦❞❡❧❛❞♦s ♣♦r ✉♠ s♦♠❛tór✐♦

❞❡ ❋❖P❚❉s ❝♦♠ ♣♦❧♦s ❞✐✈❡rs♦s✱ ❞✐str✐❜✉í❞♦s ❧♦❣❛r✐t♠✐❝❛♠❡♥t❡ ❛♦ ❧♦♥❣♦ ❞♦ ❡✐①♦ r❡❛❧

✭❙❍❊◆ ❡t ❛❧✳✱ ✷✵✶✼✮✱ ♥♦ ❝❛s♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ❝♦♠ ❢❛t♦r ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❡♥tr❡ ♣♦❧♦s

❝♦♥s❡❝✉t✐✈♦s ✐❣✉❛❧ ❛ 2✳ ❖ ♠ét♦❞♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ é s❡♠❡❧❤❛♥t❡ ❛♦ ✉s❛❞♦ ♥♦ ❝❛s♦

❞❛s ❖❇❋s✱ ❝♦♠ ♦ ❞❡st❛q✉❡ ♣❛r❛ ❛ ✐♥❝❧✉sã♦ ❞♦ ❛tr❛s♦ ♥❛ ❡st✐♠❛t✐✈❛✳ ❊st❡ ♥ã♦ é

❝❛❧❝✉❧❛❞♦ ♣♦r ♠❡✐♦ ❞♦ ♠ét♦❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✱ ♠❛s é ❝❛❧❝✉❧❛❞♦ ♣♦r ♠❡✐♦

❞❡ ✉♠❛ ✈❛rr❡❞✉r❛ ❞❡♥tr♦ ❞❡ ✉♠ ✐♥t❡r✈❛❧♦ ♣ré✲❡s♣❡❝✐✜❝❛❞♦✳ ❆❧❣♦ ✐♠♣♦rt❛♥t❡ ❞❡

s❡ r❡ss❛❧t❛r s♦❜r❡ ❡ss❛ ❜❛s❡ é q✉❡ ❡❧❛ é ❢♦r♠❛❞❛ ♣♦r ❢✉♥çõ❡s ♥ã♦ ♦rt♦♥♦r♠❛✐s✱ ❞❡

♠♦❞♦ q✉❡ ❛t❡♥çã♦ ❡s♣❡❝✐❛❧ s❡rá ❞❛❞❛ ❛♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❞❛s ♠❛tr✐③❡s

❞❡ ❝♦rr❡❧❛çã♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✳

• ❋✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ❝♦♠ ♣♦❧♦s ❞✐str✐❜✉í❞♦s✿ ❛ ✐❞❡✐❛ ❞❡ s❡ ❞✐str✐❜✉✐r ♦s ♣♦✲

❧♦s ✉t✐❧✐③❛❞❛ ❡♠ ✭❙❍❊◆ ❡t ❛❧✳✱ ✷✵✶✼✮ ❥á ❤❛✈✐❛ s✐❞♦ ❡①♣❧♦r❛❞❛ ❡♠ ✭❨❖◆❊❨❆❀ ❖◆❖✱

✷✵✵✻✮✱ ❡♠ q✉❡ s❡ ❞❡✜♥❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ ❝♦♠♦ ✉♠❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❢✉♥çõ❡s ❞❡

❝✉st♦ ❝✉❥♦s ❡rr♦s sã♦ ❝❛❧❝✉❧❛❞♦s ♣❛r❛ ❛♣r♦①✐♠❛çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ ♣♦❧♦s ❞✐❢❡r❡♥t❡s✱

t❛♠❜é♠ ❞✐str✐❜✉í❞♦s ❧♦❣❛r✐t♠✐❝❛♠❡♥t❡✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❛♣r❡s❡♥t❛✲s❡ ✉♠❛ ❛❞❛♣t❛✲

çã♦ ❞❡ss❡ ♠ét♦❞♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦✱ ♣♦✐s✱ ❡♠ ✈❡③ ❞❡ss❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ ❝♦♠♣♦st❛✱

sã♦ ✉t✐❧✐③❛❞❛s ❢✉♥çõ❡s ❞❡ ❚❛❦❡♥❛❦❛✲▼❛❧♠q✉✐st ❝♦♠ ♣♦❧♦s ✐❣✉❛❧♠❡♥t❡ ❞✐str✐❜✉í❞♦s

❧♦❣❛r✐t♠✐❝❛♠❡♥t❡✱ ❝♦♠ ❢❛t♦r ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❡♥tr❡ ♣♦❧♦s ✐❣✉❛❧ ❛ 2✳ ❖ ❞❡s❡♠♣❡♥❤♦

♥✉♠ér✐❝♦ ❞❡ss❛s ❢✉♥çõ❡s s❡rá ❞✐r❡t❛♠❡♥t❡ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦ ❞❛s ❋❖P❚❉s✳

• ❋✉♥çõ❡s ❞❡ ▲❡❣❡♥❞r❡✿ t❛♠❜é♠ sã♦ ❢✉♥çõ❡s ♦rt♦♥♦r♠❛✐s ❝♦♠ ♣♦❧♦s r❡❛✐s ❞✐str✐❜✉í❞♦s✱

♣♦ré♠ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s ♣♦❧♦s s❡❣✉❡ ✉♠❛ ♦✉tr❛ ❧❡✐ ❞❡ ❢♦r♠❛çã♦ ✖ ♥♦ ❝❛s♦ ❞✐s❝r❡t♦✱

ξk = (2−λ(2k+1))/(2+λ(2k+1))✱ s❡♥❞♦ λ ✉♠ ♣❛râ♠❡tr♦ ♣ré✲❞❡t❡r♠✐♥❛❞♦ ❝❤❛♠❛❞♦

❞❡ ♣♦❧♦ ❞❡ ▲❡❣❡♥❞r❡ ✭❍❊❯❇❊❘●❊❘❀ ❍❖❋❀ ❲❆❍▲❇❊❘●✱ ✷✵✵✺✮✳

• ❋✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ ❡st✐♠❛t✐✈❛ ❞❡ ♣♦❧♦ ót✐♠♦ ❝♦♠ ❛tr❛s♦✿ ❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡

♦rt♦♥♦r♠❛✐s✱ ❛♣r❡s❡♥t❛❞❛s ♥❡st❡ ❝❛♣ít✉❧♦✱ ♣♦❞❡♠ t❡r s❡✉ ❞❡s❡♠♣❡♥❤♦ ♠❡❧❤♦r❛❞♦ s❡

♦s ♣♦❧♦s ❡s❝♦❧❤✐❞♦s ♣❛r❛ ❣❡r❛r❡♠ ❛s ❢✉♥çõ❡s ❡st✐✈❡r❡♠ ♣ró①✐♠♦s ❛♦s ♣♦❧♦s ✧✈❡r❞❛✲

❞❡✐r♦s✧ ❞♦ s✐st❡♠❛ ✐❞❡♥t✐✜❝❛❞♦✳ ❆ s❡❧❡çã♦ ❞❡ t❛✐s ♣♦❧♦s s❡rá ❛♥❛❧✐s❛❞❛ ❝♦♠ ♠❛✐s

❞❡t❛❧❤❡s ♥♦ ❝❛♣ít✉❧♦ s❡❣✉✐♥t❡✱ ♣♦ré♠✱ ♣♦❞❡✲s❡ ❛❞✐❛♥t❛r q✉❡✱ ♣❛r❛ ✉♠ ❝❡rt♦ ♥ú♠❡r♦

❞❡ ♣♦❧♦s ✉t✐❧✐③❛❞♦s✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ót✐♠♦ q✉❡ r❡❞✉③ ♦s ❡rr♦s ❞❡ ❛♣r♦①✐♠❛çã♦ ❛♦

♠í♥✐♠♦ ♣♦ssí✈❡❧✳ ◆❡st❡ ❝❛s♦✱ s❡rã♦ ✉t✐❧✐③❛❞❛s ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❝✉❥♦ ú♥✐❝♦ ♣♦❧♦✱

r❡♣❡t✐❞♦ ♥♦s ❝❛s♦s ❞❡ ♦r❞❡♠ ♠❛✐♦r q✉❡ ✶✱ é ❡s❝♦❧❤✐❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❝❡rt♦s ❝r✐tér✐♦s

❞❡ ♦t✐♠❛❧✐❞❛❞❡ q✉❡ ♣❡r♠✐t❡♠ ❞❡✜♥✐✲❧♦ ✭❈▲❖❲❊❙✱ ✶✾✻✺✮ ✭❲❆◆●❀ ❈▲❯❊❚❚✱ ✶✾✾✹✮✳

• ❋✐❧tr♦s ❞❡ ❢r❡q✉ê♥❝✐❛s ❛♠♦str❛❞❛s ✭❋❙❋✮✿ ♥♦ ♠♦❞❡❧♦ ❋❙❋ ✭❞♦ ✐♥❣❧ês ❋r❡q✉❡♥❝② ❙❛♠✲

♣❧✐♥❣ ❋✐❧t❡rs✮✱ ♦s ♣❛râ♠❡tr♦s ❝♦rr❡s♣♦♥❞❡♠ à r❡s♣♦st❛ ❡♠ ❢r❡q✉ê♥❝✐❛ ❞✐s❝r❡t❛ ❞♦

♣r♦❝❡ss♦ ✖ ❞❡ ♠♦❞♦ q✉❡ t❛♠❜é♠ s❡ tr❛t❛ ❞❡ ✉♠ ♠♦❞❡❧♦ ♥ã♦✲♣❛r❛♠étr✐❝♦ ✖ ❡ ♦s



❈❛♣ít✉❧♦ ✸✳ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ✸✼

✈❡t♦r❡s ❞❡ r❡❣r❡ssã♦ sã♦ ♦❜t✐❞♦s ♣❛ss❛♥❞♦ ♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡

✜❧tr♦s ♣❛ss❛✲❢❛✐①❛ ❡str❡✐t♦s✳ ❖ ♠♦❞❡❧♦ ❋❙❋ ✭❲❆◆●❀ ❈▲❯❊❚❚✱ ✶✾✾✼✮ s❡ tr❛t❛ ❞❡

✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❞♦ ♠♦❞❡❧♦ ❋■❘ ❡ ❝♦♠♣❛rt✐❧❤❛ ♣♦rt❛♥t♦✱ ❞❡ ❛❧❣✉♠❛s s❡♠❡✲

❧❤❛♥ç❛s✳ ❆ ♣r✐♥❝✐♣❛❧ ❞❡❧❛s s❡r✐❛ ♦ ❢❛t♦ ❞❡ q✉❡ ❛♠❜♦s ♦s ♠♦❞❡❧♦s r❡q✉❡r❡♠ ❛♣❡♥❛s ♦

t❡♠♣♦ ❞❡ ❛❝♦♠♦❞❛çã♦ Ts ❞♦ s✐♥❛❧ ❞❡ s❛í❞❛ ❝♦♠♦ ✐♥❢♦r♠❛çã♦ ❛ ♣r✐♦r✐✳ P❛r❛ ❡✈✐t❛r

❛ ✉t✐❧✐③❛çã♦ ❞❡ ✉♠ ♥ú♠❡r♦ ❞❡s♥❡❝❡ssár✐♦ ❞❡ ♣❛râ♠❡tr♦s ❡ t❛♠❜é♠ ♣❛r❛ ❞✐♠✐♥✉✐r ❛

✐♥✢✉ê♥❝✐❛ ❞♦ r✉í❞♦ ♥❛ ❡st✐♠❛t✐✈❛✱ q✉❡ ❝♦st✉♠❛ s❡r ♠❛✐s r❡❧❡✈❛♥t❡ ❡♠ ❢r❡q✉ê♥❝✐❛s

♠❛✐s ❡❧❡✈❛❞❛s✱ ♣r♦❝✉r❛✲s❡ ❞❡t❡r♠✐♥❛r ✉♠❛ ♦r❞❡♠ ❡❢❡t✐✈❛ ❞♦ ♠♦❞❡❧♦✱ q✉❡ ❡stá ❛ss♦✲

❝✐❛❞❛ à ❢r❡q✉ê♥❝✐❛ ❛ ♣❛rt✐r ❞❛ q✉❛❧ ❛ ❝♦♥tr✐❜✉✐çã♦ à r❡s♣♦st❛ ❡♠ ❢r❡q✉ê♥❝✐❛ s❡ t♦r♥❛

♣♦✉❝♦ s✐❣♥✐✜❝❛t✐✈❛✳

❖s ❝✐♥❝♦ ♠ét♦❞♦s ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❢♦r❛♠ ❛♣❧✐❝❛❞♦s ❛ ❞❛❞♦s ❡①tr❛í❞♦s ♣♦r ♠❡✐♦ ❞❛ s✐✲

♠✉❧❛çã♦ ❞❡ ♥♦✈❡ ♣r♦❝❡ss♦s✳ ❆ s❡❣✉✐♥t❡ ♥♦♠❡♥❝❧❛t✉r❛ s❡rá ✉t✐❧✐③❛❞❛✿ ❋■❘✲❋❖P❚❉✱ ♣❛r❛

r❡❢❡r✐r✲s❡ ❛♦s ♠♦❞❡❧♦s ❜❛s❡❛❞♦s ❡♠ ❢✉♥çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦❀ ●❖❇❋✲▲♦❣✱

♣❛r❛ r❡❢❡r✐r✲s❡ ❛ ♠♦❞❡❧♦s ●❖❇❋ ❝♦♠ ♣♦❧♦s r❡❛✐s ❞✐str✐❜✉í❞♦s ❧♦❣❛r✐t♠✐❝❛♠❡♥t❡❀ ▲❡❣❡♥❞r❡✱

♣❛r❛ r❡❢❡r✐r✲s❡ ❛♦s ♠♦❞❡❧♦s q✉❡ ✉t✐❧✐③❛♠ ❢✉♥çõ❡s ❞❡ ▲❡❣❡♥❞r❡❀ ▲❛❣✉❡rr❡✱ ♣❛r❛ r❡❢❡r✐r✲s❡

❛♦s ♠♦❞❡❧♦s q✉❡ ✉t✐❧✐③❛♠ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ ♣♦❧♦ ót✐♠♦❀ ❡ ❋❙❋✱ ♣❛r❛ r❡❢❡r✐r✲s❡

❛♦s ♠♦❞❡❧♦s ❜❛s❡❛❞♦s ❡♠ ✜❧tr♦s ❞❡ ❢r❡q✉ê♥❝✐❛s ❛♠♦str❛❞❛s✳ ❆ ✐❞❡♥t✐✜❝❛çã♦ ❝♦♠ ❖❇❋s

❢♦✐ r❡❛❧✐③❛❞❛ ✉s❛♥❞♦ ❛ ❛❜♦r❞❛❣❡♠ ❞✐s❝r❡t❛ ♥♦ t❡♠♣♦✳ ❖ ú❧t✐♠♦ ♣r♦❝❡ss♦ ❛♣r❡s❡♥t❛ ✉♠

s♦❜r❡ss✐♥❛❧ ❞❡✈✐❞♦ ❛♦ ❡❢❡✐t♦ ❞♦s ③❡r♦s ♥♦ s❡♠✐♣❧❛♥♦ ❡sq✉❡r❞♦✳ ❖s q✉❛tr♦ ú❧t✐♠♦s ♣r♦❝❡s✲

s♦s ❢♦r❛♠ ❛❞❛♣t❛❞♦s ❞❡ ✭❙❍❊◆ ❡t ❛❧✳✱ ✷✵✶✼✮ ❡ ♦s ❝✐♥❝♦ ♣r✐♠❡✐r♦s✱ ♠❛✐s rá♣✐❞♦s✱ ❢♦r❛♠

❡①tr❛í❞♦s ❞❡ ✭❙❑❖●❊❙❚❆❉✱ ✷✵✵✸✮✳ ❊st❡s ♣r♦❝❡ss♦s ❢♦r❛♠ ❡s❝♦❧❤✐❞♦s ♣❛r❛ ♣r♦♣♦r❝✐♦♥❛r

❛ ✈❡r✐✜❝❛çã♦ ❞♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❝❛❞❛ ♠ét♦❞♦ ❞✐❛♥t❡ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♥â♠✐❝❛s✳ ❆s

❢✉♥çõ❡s ❞❡ tr❛♥s❢❡rê♥❝✐❛ ❞♦s ♣r♦❝❡ss♦s s✐♠✉❧❛❞♦s sã♦✿

• Pr♦❝❡ss♦ ✶✿ G(s) =
1

(s+ 1)(0,2s+ 1)

• Pr♦❝❡ss♦ ✷✿ G(s) =
1

(s+ 1)4

• Pr♦❝❡ss♦ ✸✿ G(s) =
e−2,5s

1,5s+ 1

• Pr♦❝❡ss♦ ✹✿ G(s) =
2(15s+ 1)

(20s+ 1)(s+ 1)(0,1s+ 1)2

• Pr♦❝❡ss♦ ✺✿ G(s) =
−2s+ 1

(s+ 1)3

• Pr♦❝❡ss♦ ✻✿ G(s) =
2(−16704s3 − 247s2 + 50s+ 1)

(116s+ 1)(33s+ 1)(25s+ 1)(18s+ 1)(0,1s+ 1)

• Pr♦❝❡ss♦ ✼✿ G(s) =
400s2 + 62s+ 1

((24s+ 1)(82s+ 1)(100s+ 1)



❈❛♣ít✉❧♦ ✸✳ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ✸✽

• Pr♦❝❡ss♦ ✽✿ G(s) =
(60s+ 1)(30s+ 1)

(24s+ 1)(82s+ 1)(100s+ 1)

• Pr♦❝❡ss♦ ✾✿ G(s) =
(160s+ 3)(45s+ 1)(201s+ 1)

(110s+ 1)(53s+ 1)(30s+ 1)(84s+ 1)

❆ s✐♠✉❧❛çã♦ ❞❡ ❝❛❞❛ ♣r♦❝❡ss♦ ❢♦✐ r❡❛❧✐③❛❞❛ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❞✉❛s ✐♥❢♦r♠❛çõ❡s ❛ ♣r✐♦r✐

s❡❥❛♠ ❝♦♥❤❡❝✐❞❛s s♦❜r❡ ♦ s✐st❡♠❛✿ ♦ t❡♠♣♦ ❞❡ ❡st❛❜❡❧❡❝✐♠❡♥t♦ ❡ ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦

❞♦♠✐♥❛♥t❡ T ✳ ❋♦r❛♠ r❡❛❧✐③❛❞❛s ❡♥tã♦ s✐♠✉❧❛çõ❡s ❝♦♠ ✉♠ t❡♠♣♦ ❞❡ ❛♠♦str❛❣❡♠ Ts =

0,05T ✳ ➚ s❛í❞❛ é s♦♠❛❞♦ ✉♠ r✉í❞♦ ❜r❛♥❝♦ ❝♦♠ ❞❡s✈✐♦ ♣❛❞rã♦ ❞❡ σ = 0,02✳ ◆♦ ❝❛s♦ ❞♦

♣r♦❝❡ss♦ 4✱ q✉❡ ❛♣r❡s❡♥t❛ ✉♠❛ ✈❛r✐❛çã♦ ❛❝❡♥t✉❛❞❛ ♥❛ r❡s♣♦st❛✱ ❝♦♠❡ç❛♥❞♦ ❝♦♠ ✉♠ rá♣✐❞♦

❝r❡s❝✐♠❡♥t♦ ❡ s❡❣✉✐♥❞♦ ❝♦♠ ✉♠❛ ❡✈♦❧✉çã♦ ♠❛✐s ❧❡♥t❛ ❡♠ ❞✐r❡çã♦ ❛♦ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦✱

❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❢♦✐ ❡st✐♠❛❞❛ ❛ ♣❛rt✐r ❞♦ tr❡❝❤♦ ✐♥✐❝✐❛❧ ❞♦ ❡①♣❡r✐♠❡♥t♦✳

◗✉❛♥t♦ às ❝♦♥✜❣✉r❛çõ❡s ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ❝❛❞❛ ♠ét♦❞♦✿

• ❚❛♥t♦ ❛s ❋❖P❚❉s q✉❛♥t♦ ❛s ●❖❇❋✲▲♦❣ ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ❝♦♠ ♦s ♠❡s♠♦s três ❣r✉♣♦s

❞❡ ❝✐♥❝♦ ♣♦❧♦s✱ ❝❛❞❛ ✉♠ ❝♦❜r✐♥❞♦ ✉♠ ✐♥t❡r✈❛❧♦ ❞✐st✐♥t♦ ❞♦ s❡♠✐✲❡✐①♦ ♥❡❣❛t✐✈♦ ❞♦

♣❧❛♥♦ s✳ ❖s ✈❛❧♦r❡s ❞♦s ♣♦❧♦s sã♦ ♣r♦❣r❡ssõ❡s ❣❡♦♠étr✐❝❛s ❞❡ r❛③ã♦ 2✱ ❞❡ ♠♦❞♦ q✉❡

❝❛❞❛ ✉♠❛ ❞❡❧❛s ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧♦ ♣♦❧♦ ✐♥✐❝✐❛❧ τ1✳ ❖ ✈❛❧♦r ✉s❛❞♦ ♣❛r❛ τ1 ♥♦s

três ❝♦♥❥✉♥t♦s ❢♦✐ ❞❛❞♦ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ T ❡st✐♠❛❞❛✿ τ1 = 0,05T ✱

τ1 = 0,1T ❡ τ1 = 0,5T ✳ ❖ ❛✉♠❡♥t♦ ♥♦ ✈❛❧♦r ❞❡ τ1 ✐♠♣❧✐❝❛ q✉❡ ♦s ♣♦❧♦s ❞❛s ❢✉♥çõ❡s

❞❡ ❡st✐♠❛çã♦ s❡rã♦ ♠❛✐s rá♣✐❞♦s✳ ❈♦♠♦ ❛ ✐❞❡♥t✐✜❝❛çã♦ ♦❝♦rr❡ ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦

❞✐s❝r❡t♦✱ ♦s ♣♦❧♦s τk, k = 1 : 5✱ q✉❡ sã♦ ❞❡✜♥✐❞♦s ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ❝♦♥tí♥✉♦✱ sã♦

❝♦♥✈❡rt✐❞♦s ♣♦r ♠❡✐♦ ❞❛ r❡❧❛çã♦ τk,discreto = e−τk,contnuoTs❀

• ❆ ❛♣❧✐❝❛çã♦ ❞❛s ❢✉♥çõ❡s ❞❡ ▲❡❣❡♥❞r❡ t❛♠❜é♠ ❢♦✐ ❢❡✐t❛ ❝♦♠ três ❝♦♥❥✉♥t♦s ❞❡ ❝✐♥❝♦

♣♦❧♦s✱ ❝❛r❛❝t❡r✐③❛❞♦s ♣❡❧♦ ✈❛❧♦r λ ❞♦ ♣♦❧♦ ❞❡ ▲❡❣❡♥❞r❡✿ λ = 0,01✱ λ = 0,05 ❡

λ = 0,18✳ ❖ ❛✉♠❡♥t♦ ♥♦ ✈❛❧♦r ❞❡ λ t❛♠❜é♠ ✐♠♣❧✐❝❛ q✉❡ ♦s ♣♦❧♦s ❞❛s ❢✉♥çõ❡s ❞❡

❜❛s❡ s❡rã♦ ♠❛✐s rá♣✐❞♦s❀

• ◆♦ ❝❛s♦ ❞❛ ✐❞❡♥t✐✜❝❛çã♦ ❝♦♠ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ ♣♦❧♦ ót✐♠♦✱ ❢♦r❛♠ r❡❛❧✐③❛❞❛s

❡st✐♠❛t✐✈❛s ❝♦♠ três ♥ú♠❡r♦s N ❞❡ ❢✉♥çõ❡s✿ N = 3✱ N = 8 ❡ N = 12❀

• ❆ ✐❞❡♥t✐✜❝❛çã♦ ❝♦♠ ❋❙❋s t❛♠❜é♠ ❢♦✐ r❡❛❧✐③❛❞❛ ❝♦♠ três ✈❛❧♦r❡s n ❞❡ ♦r❞❡♠ ❡❢❡t✐✈❛

❞❡ ♠♦❞❡❧♦✿ n = 15✱ n = 41 ❡ n = 131✳

❆❧❣✉♥s ❞♦s ♠ét♦❞♦s ❛♣r❡s❡♥t❛❞♦s ❞❡♣❡♥❞❡♠ ❞❛ s❛t✐s❢❛çã♦ ❞❡ ❛❧❣✉♠ ❝r✐tér✐♦ ♦t✐♠✐③❛✲

çã♦✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❝♦♠ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛

❞♦ ♣♦❧♦ ót✐♠♦✱ ❡ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❝♦♠ ❋❖P❚❉s ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞♦ ❛tr❛s♦ L q✉❡ ♠✐✲

♥✐♠✐③❛ ♦ ❡rr♦✳ ❆♣❡s❛r ❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ❝❛r♦✱ ♦ ♠ét♦❞♦ ❝❤❛♠❛❞♦ ❣r✐❞❞✐♥❣ é ♣♦r

✈❡③❡s ✉t✐❧✐③❛❞♦✱ ♣♦r q✉❡stõ❡s ❞❡ ♣r❛t✐❝✐❞❛❞❡ ❡ s✐♠♣❧✐❝✐❞❛❞❡✱ ♣❛r❛ r❡s♦❧✈❡r ❞❡t❡r♠✐♥❛❞♦s

♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ❡s❝❛♣❛♥❞♦ ❞❡ ♠í♥✐♠♦s ❧♦❝❛✐s ✭❍■❉❆❨❆❚❀ ▼❊❉❱❊❉❊❱✱ ✷✵✶✷❛✮



❈❛♣ít✉❧♦ ✸✳ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ✸✾

✭❙❍❊◆ ❡t ❛❧✳✱ ✷✵✶✼✮✳ P♦rt❛♥t♦✱ ♦s ❞♦✐s ♣r♦❜❧❡♠❛s ❞❡ ♠✐♥✐♠✐③❛çã♦ ❛♣r❡s❡♥t❛❞♦s ❢♦r❛♠

r❡s♦❧✈✐❞♦s ❝♦♠ ❜❛s❡ ♥❛ ❡s❝♦❧❤❛ ❞❡ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❜✉s❝❛ ♣ré✲✜①❛❞♦ ❡ ♥❛ ❛✈❛❧✐❛çã♦ ❞❛ ❢✉♥✲

çã♦ ❞❡ ❝✉st♦ ♣❛r❛ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ♥❡ss❡ ✐♥t❡r✈❛❧♦✳ ◆♦ ❝❛s♦ ❞❛ ❡s❝♦❧❤❛

❞♦ ❛tr❛s♦ ❞❛s ❋❖P❚❉s✱ ❛ s♦♠❛ ❞♦s ❡rr♦s q✉❛❞r❛❞♦s ❢♦✐ ❛✈❛❧✐❛❞❛ ♣❛r❛ t♦❞♦s ♦s ✈❛❧♦r❡s ❞❡

❛tr❛s♦ ♥♦ ✐♥t❡r✈❛❧♦ ❡ ❢♦✐ ❡s❝♦❧❤✐❞♦ ♦ q✉❡ ♣r♦❞✉③✐❛ ❛ ♠❡♥♦r s♦♠❛✳ ❏á ♥❛ ❡s❝♦❧❤❛ ❞♦ ♣♦❧♦

❞❡ ▲❛❣✉❡rr❡ ót✐♠♦✱ ❢♦r❛♠ ❜✉s❝❛❞♦s ♦s ♣♦♥t♦s q✉❡ s❛t✐s❢❛③✐❛♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ♦t✐♠❛❧✐❞❛❞❡

✖ q✉❡✱ ✈❛❧❡ r❡❧❡♠❜r❛r✱ s❡rá ❛♣r❡s❡♥t❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✹ ✖ ❡✱ ❞❡♥tr❡ ❡❧❡s✱ ♦ q✉❡ ❣❡r❛✈❛ ❛

♠❡♥♦r s♦♠❛ ❞♦s ❡rr♦s q✉❛❞r❛❞♦s✳

❖ ♠ét♦❞♦ ❞❡ ❡st✐♠❛çã♦ ❝♦♠ ❋❖P❚❉s ❛♣r❡s❡♥t❛ ✉♠❛ ✈❛♥t❛❣❡♠ ❡♠ r❡❧❛çã♦ ❛♦s ♠ét♦✲

❞♦s ❝♦♠ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s✿ ♣♦r r❡❛❧✐③❛r ✉♠❛ ❡st✐♠❛t✐✈❛ ❝♦♠ ❢✉♥çõ❡s ❞❡ ♣r✐♠❡✐r❛

♦r❞❡♠ ❝♦♠ ❛tr❛s♦✱ ❝❛s♦ ♦ ♣r♦❝❡ss♦ ✐❞❡♥t✐✜❝❛❞♦ ♣♦ss✉❛ ❞❡ ❢❛t♦ ✉♠ ❛tr❛s♦✱ ❛ ❡s❝♦❧❤❛ ❞♦

✈❛❧♦r ❞❡ L q✉❡ t♦r♥❛ ♦ ❡rr♦ ♠í♥✐♠♦ ❧❡✈❛rá ❡♠ ❝♦♥t❛ ❡ss❡ ❛tr❛s♦ r❡❛❧✳ ◗✉❛♥❞♦ s❡ ✉t✐❧✐③❛♠

❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s✱ é ♥❡❝❡ssár✐♦ ✐♥❝❧✉✐r ✉♠ ♥ú♠❡r♦ ♠❛✐♦r ❞❡ ❢✉♥çõ❡s ♣❛r❛ q✉❡

s❡ ♦❜t❡♥❤❛ ✉♠❛ ❡st✐♠❛t✐✈❛ ❡q✉✐✈❛❧❡♥t❡✱ ♦ q✉❡ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ r❡♠❡t❡ ❛♦ ♣r♦❜❧❡♠❛ ❞♦

❛✉♠❡♥t♦ ❞❛ ✈❛r✐â♥❝✐❛ ❞❡✈✐❞♦ ❛♦ r✉í❞♦✳ P❡❧♦ ❢❛t♦ ❞❡ ❛ ❡str❛té❣✐❛ ❞❡ ✈❡r✐✜❝❛çã♦ ❞♦ ❛tr❛s♦

♠❛✐s ❛❞❡q✉❛❞♦ t❛♠❜é♠ ♣♦❞❡r s❡r ✉t✐❧✐③❛❞❛ ♥❛ ✐❞❡♥t✐✜❝❛çã♦ ❝♦♠ ❖❇❋s✱ ❡st❛ ❢♦✐ r❡❛❧✐③❛❞❛

✐♥❝❧✉✐♥❞♦ r❡str✐çõ❡s rí❣✐❞❛s ❞❡ ❛tr❛s♦✱ ❞❡ ❢♦r♠❛ q✉❡ ❢♦ss❡ ❧❡✈❛❞♦ ❡♠ ❝♦♥t❛ ♦ ♠❡s♠♦ ❛tr❛s♦

L ❡s❝♦❧❤✐❞♦ ♣❛r❛ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❝♦♠ ❋❖P❚❉s✳

◆❛ t❛❜❡❧❛ ✸✳✶ ♣♦❞❡✲s❡ ✈❡r ✉♠ r❡s✉♠♦ ❞❛s ❝♦♥✜❣✉r❛çõ❡s ✉t✐❧✐③❛❞❛s ♣❛r❛ ❝❛❞❛ ♠ét♦❞♦✳

❚❛❜❡❧❛ ✸✳✶✿ ❈♦♥✜❣✉r❛çõ❡s ❡s❝♦❧❤✐❞❛s ♥❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦s ♣r♦❝❡ss♦s ❝♦♠ ❝❛❞❛ ✉♠ ❞♦s
♠ét♦❞♦s ✉t✐❧✐③❛❞♦s✳

❈♦♥✜❣✉r❛çã♦

▼ét♦❞♦ ✶ ✷ ✸

❋■❘✲❋❖P❚❉ τ1 = 0,01/T τ1 = 0,05/T τ1 = 0,1/T
●❖❇❋✲▲♦❣ τ1 = 0,01/T τ1 = 0,05/T τ1 = 0,1/T
▲❡❣❡♥❞r❡ λ = 0,01 λ = 0,05 λ = 0,1
▲❛❣✉❡rr❡ n = 3 n = 6 n = 10
❋❙❋ n = 9 n = 41 n = 131

✸✳✾✳✷ ❘❡s✉❧t❛❞♦s

◆❛s t❛❜❡❧❛s ✸✳✷ ❡ ✸✳✸ sã♦ ♠♦str❛❞♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❡♠ s✐♠✉❧❛çõ❡s ❞❡ r❡s♣♦st❛ ❛ ✉♠

❞❡❣r❛✉ ✉♥✐tár✐♦✳ ❖ ❛❥✉st❡ ❞❛s ❡st✐♠❛t✐✈❛s ❢♦✐ ❝❛❧❝✉❧❛❞♦ ✉t✐❧✐③❛♥❞♦ ♦ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦

♥♦r♠❛❧✐③❛❞♦ ✭❡♠ ✐♥❣❧ês✱ ◆❘▼❙❊✮✳

Pr✐♠❡✐r♦ sã♦ ❛♥❛❧✐s❛❞♦s ♦s r❡s✉❧t❛❞♦s ❞❛ t❛❜❡❧❛ ✸✳✷✱ q✉❡ s❡ r❡❢❡r❡♠ ❛♦s ♠ét♦❞♦s q✉❡

✉t✐❧✐③❛♠ ❝♦♥❥✉♥t♦s ✜①♦s ❞❡ ❝✐♥❝♦ ♣♦❧♦s✳ ❊s❝♦❧❤❡♥❞♦ ❛ t❛①❛ ❞❡ ❛♠♦str❛❣❡♠ ❡ ♦s ♣♦❧♦s✱ ❡♠

❢✉♥çã♦ ❞❡❧❛✱ s❡❣✉♥❞♦ ♦ ❝r✐tér✐♦ ❛♣r❡s❡♥t❛❞♦✱ ❛♦ ♠❡♥♦s ✉♠❛ ❞❛s três s❡q✉ê♥❝✐❛s ❞❡ ♣♦❧♦s



❈❛♣ít✉❧♦ ✸✳ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ✹✵

❚❛❜❡❧❛ ✸✳✷✿ ❆❥✉st❡ ◆❘▼❙❊ ❞♦s ♠♦❞❡❧♦s ♦❜t✐❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ❋■❘✲❋❖P❚❉✱ ●❖❇❋✲
▲♦❣ ❡ ▲❡❣❡♥❞r❡ ❝♦♠ ❛♣❧✐❝❛çã♦ ❞❡ ❞❡❣r❛✉ ✉♥✐tár✐♦ ♥❛ ❡♥tr❛❞❛✳

❋■❘✲❋❖P❚❉ ●❖❇❋✲▲♦❣ ▲❡❣❡♥❞r❡

Pr♦❝❡ss♦ ✶ ✷ ✸ ✶ ✷ ✸ ✶ ✷ ✸

✶ ✵✱✽✽✶✸✹ ✵✱✽✽✹✸✹ ✵✱✾✶✹✸✺ ✵✱✽✺✺✺✾ ✵✱✽✻✻✶✺ ✵✱✾✶✸✹✽ ✵✱✽✽✷✸✼ ✵✱✾✶✶✶✶ ✵✱✾✵✾✶✽

✷ ✵✱✾✸✼✽✾ ✵✱✾✸✺✸✽ ✵✱✾✸✼✷✽ ✵✱✾✸✼✺✹ ✵✱✾✸✹✼✾ ✵✱✾✸✼✷✽ ✵✱✾✸✼✹✹ ✵✱✾✸✼✶✺ ✵✱✼✵✽✻✺

✸ ✵✱✾✸✼✽✾ ✵✱✾✸✽✵✸ ✵✱✾✸✼✽✷ ✵✱✾✸✺✷✷ ✵✱✾✸✺✺✷ ✵✱✾✸✼✷✷ ✵✱✾✸✻✶✻ ✵✱✾✸✼✶✾ ✵✱✾✷✸✻✾

✹ ✵✱✼✺✼✶✷ ✵✱✽✵✺✺✹ ✵✱✼✻✼✶✵ ✵✱✼✻✵✷✾ ✵✱✼✽✻✶✷ ✵✱✼✻✻✽✹ ✵✱✼✽✽✸✵ ✵✱✻✸✷✺✺ ✵✱✺✷✹✹✵

✺ ✵✱✾✷✸✶✻ ✵✱✾✶✹✵✾ ✵✱✾✺✶✺✻ ✵✱✾✵✾✵✻ ✵✱✾✵✷✾✹ ✵✱✾✺✶✺✵ ✵✱✾✸✸✵✻ ✵✱✾✸✽✵✽ ✵✱✻✷✶✺✼

✻ ✵✱✽✾✷✶✸ ✵✱✾✶✵✵✾ ✵✱✾✷✺✵✼ ✵✱✽✾✵✷✺ ✵✱✾✶✵✾✷ ✵✱✾✷✸✼✹ ✵✱✾✷✵✹✽ ✵✱✾✷✹✷✶ ✵✱✽✵✶✾✼

✼ ✵✱✾✷✷✻✼ ✵✱✾✷✸✽✼ ✵✱✾✷✺✸✺ ✵✱✾✶✻✸✶ ✵✱✾✶✾✼✵ ✵✱✾✷✺✵✹ ✵✱✾✷✷✶✺ ✵✱✾✷✺✵✵ ✵✱✾✷✸✾✼

✽ ✵✱✾✷✻✵✽ ✵✱✾✷✻✵✸ ✵✱✾✷✻✷✻ ✵✱✾✶✾✹✵ ✵✱✾✷✶✷✾ ✵✱✾✷✺✾✸ ✵✱✾✷✸✸✻ ✵✱✾✷✹✺✸ ✵✱✽✽✹✷✵

✾ ✵✱✽✻✵✾✶ ✵✱✽✼✹✽✷ ✵✱✽✼✹✶✸ ✵✱✽✺✸✷✵ ✵✱✽✺✵✾✼ ✵✱✽✻✽✽✶ ✵✱✽✺✹✽✸ ✵✱✼✼✽✸✶ ✵✱✻✶✼✾✷

❚❛❜❡❧❛ ✸✳✸✿ ❆❥✉st❡ ◆❘▼❙❊ ❞♦s ♠♦❞❡❧♦s ♦❜t✐❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ▲❛❣✉❡rr❡ ✭♣♦❧♦ ót✐♠♦✮
❡ ❋❙❋ ❝♦♠ ❛♣❧✐❝❛çã♦ ❞❡ ❞❡❣r❛✉ ✉♥✐tár✐♦ ♥❛ ❡♥tr❛❞❛✳

▲❛❣✉❡rr❡ ❋❙❋

Pr♦❝❡ss♦ ✶ ✷ ✸ ✶ ✷ ✸

✶ ✵✱✽✺✾✼✽ ✵✱✾✶✹✵✷ ✵✱✾✶✹✺✹ ✵✱✽✾✺✷✵ ✵✱✾✷✸✸✸ ✵✱✾✽✼✾✽

✷ ✵✱✾✸✼✹✻ ✵✱✾✸✼✼✼ ✵✱✾✸✽✹✸ ✵✱✾✸✼✾✸ ✵✱✾✹✻✵✹ ✵✱✾✼✺✾✷

✸ ✵✱✾✸✹✽✶ ✵✱✾✸✼✹✾ ✵✱✾✸✾✷✵ ✵✱✾✷✷✽✷ ✵✱✾✹✹✻✵ ✵✱✾✼✻✽✼

✹ ✵✱✻✽✽✶✽ ✵✱✼✹✷✻✺ ✵✱✽✶✸✹✻ ✵✱✹✼✷✺✾ ✵✱✽✵✸✻✺ ✵✱✽✸✼✷✵

✺ ✵✱✾✹✺✽✾ ✵✱✾✺✸✾✹ ✵✱✾✺✹✹✼ ✵✱✾✹✷✾✻ ✵✱✾✺✾✼✶ ✵✱✾✽✷✸✻

✻ ✵✱✾✵✹✵✶ ✵✱✾✷✹✻✼ ✵✱✾✷✻✷✾ ✵✱✾✵✹✷✽ ✵✱✾✸✺✸✺ ✵✱✾✽✶✾✼

✼ ✵✱✾✷✶✺✵ ✵✱✾✷✺✼✸ ✵✱✾✷✼✶✶ ✵✱✾✷✸✸✵ ✵✱✾✺✹✼✺ ✵✱✾✾✵✻✵

✽ ✵✱✾✷✶✵✾ ✵✱✾✷✻✶✷ ✵✱✾✸✷✵✼ ✵✱✾✶✻✾✼ ✵✱✾✸✾✷✹ ✵✱✾✾✼✺✻

✾ ✵✱✼✷✽✷✺ ✵✱✻✸✵✹✽ ✵✱✽✻✻✾✹ ✵✱✻✻✸✾✽ ✵✱✽✼✾✹✻ ✵✱✾✶✺✻✸

❝♦♥❞✉③ à ♦❜t❡♥çã♦ ❞❛ ♠❡❧❤♦r ❡st✐♠❛t✐✈❛ ♣♦ssí✈❡❧✱ q✉❡ é ❜❡♠ ♣ró①✐♠❛ ❞❛q✉❡❧❛ ♦❜t✐❞❛ ❝♦♠

♦s ♦✉tr♦s ♠ét♦❞♦s✳ ◆♦s ♣r♦❝❡ss♦s✱ ♣♦ré♠✱ ❝♦♠ ❞✐♥â♠✐❝❛s ♠❡♥♦s s✉❛✈❡s✱ ❝♦♠♦ ♦ 4 ❡ 9

✭✜❣✉r❛s ✸✳✸ ❡ ✸✳✹✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✱ q✉❡ tê♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✉♠❛ ♠✉❞❛♥ç❛ ❞rást✐❝❛ ♥❛

t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞✉r❛♥t❡ ❛ s✉❜✐❞❛ ❡ ✉♠ s♦❜r❡ss✐♥❛❧✱ ❛s ❋❖P❚❉s ♣r♦❞✉③❡♠ ✉♠❛ ❡st✐♠❛t✐✈❛

♠❛✐s ❛❝✉r❛❞❛✳ ❯♠❛ ❡①♣❧✐❝❛çã♦ ♣♦ssí✈❡❧ ♣❛r❛ ❡ss❛ ❧❡✈❡ s✉♣❡r✐♦r✐❞❛❞❡ s❡r✐❛ ♦ ❢❛t♦ ❞❡ ♦ ❛tr❛s♦

✉t✐❧✐③❛❞♦ ♥❛ r❡str✐çã♦ ❞❛s ❖❇❋s s❡r ❛q✉❡❧❡ ❞❡t❡r♠✐♥❛❞♦ ❝♦♠♦ ót✐♠♦ ♣❛r❛ ❛s ❋❖P❚❉s✱ ♥ã♦

s❡♥❞♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ót✐♠♦s ♣❛r❛ ❛s ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ t❛♠❜é♠✳

❆s ❢✉♥çõ❡s ❞❡ ▲❡❣❡♥❞r❡✱ q✉❛♥❞♦ s❡ ✉t✐❧✐③❛ ♦ ♣♦❧♦ λ = 0,18✱ ♥ã♦ sã♦ ❝❛♣❛③❡s ❞❡ ❛♣r♦✲

①✐♠❛r ❜❡♠ ❛s ❝✉r✈❛s ❞❡ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉✳ ❖ q✉❡ s❡ ♥♦t❛ é q✉❡ ♦s ♣♦❧♦s ✉s❛❞♦s ♥❡ss❡

❝❛s♦ s❡ ❡st❡♥❞❡♠ ♣♦r q✉❛s❡ t♦❞♦ ♦ ✐♥t❡r✈❛❧♦ [0; 1] ❞♦ ♣❧❛♥♦ z✱ ♠❛s ❡stã♦ ♠✉✐t♦ ❞✐s♣❡rs♦s

✉♥s ❞♦s ♦✉tr♦s✱ ✐♠♣❡❞✐♥❞♦ ❛ ♦❜t❡♥çã♦ ❞❡ ✉♠❛ ❜♦❛ ❡st✐♠❛t✐✈❛✱ ♣♦✐s ♦s ♣♦❧♦s ❞❛s ❢✉♥çõ❡s

❞❡ ❜❛s❡ ♥ã♦ ✜❝❛♠ ♣ró①✐♠♦s ♦ s✉✜❝✐❡♥t❡ ❞♦s ♣♦❧♦s r❡❛✐s✳ ❱ê✲s❡✱ ❡♥tã♦✱ q✉❡✱ ❞♦ ♣♦♥t♦ ❞❡

✈✐st❛ ❞❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡st✐♠❛r ✉♠ ♣r♦❝❡ss♦ ❣❡♥ér✐❝♦ ❝♦♠ ✉♠ ❝♦♥❥✉♥t♦ ✜①♦ ❡ r❡❞✉③✐❞♦

❞❡ ♣♦❧♦s✱ é ♠❡❧❤♦r ✉t✐❧✐③❛r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦❧♦s q✉❡ s❡ ❡st❡♥❞❡♠ ♣♦r ✉♠ ✐♥t❡r✈❛❧♦ ♠❡♥♦r✱



❈❛♣ít✉❧♦ ✸✳ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ✹✶

❋✐❣✉r❛ ✸✳✸✿ ●rá✜❝♦s ❞♦s ♠♦❞❡❧♦s ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 4✳

✭❛✮ ❋■❘✲❋❖P❚❉ ✭❜✮ ●❖❇❋✲▲♦❣

✭❝✮ ▲❡❣❡♥❞r❡ ✭❞✮ ▲❛❣✉❡rr❡

✭❡✮ ❋❙❋



❈❛♣ít✉❧♦ ✸✳ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ✹✷

❋✐❣✉r❛ ✸✳✹✿ ●rá✜❝♦s ❞♦s ♠♦❞❡❧♦s ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 9✳

✭❛✮ ❋■❘✲❋❖P❚❉ ✭❜✮ ●❖❇❋✲▲♦❣

✭❝✮ ▲❡❣❡♥❞r❡ ✭❞✮ ▲❛❣✉❡rr❡

✭❡✮ ❋❙❋



❈❛♣ít✉❧♦ ✸✳ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ✹✸

❝♦♠♦ ♦s ❣❡r❛❞♦s ♣❡❧❛ ♣r♦❣r❡ssã♦ ❣❡♦♠étr✐❝❛ ❞❡ r = 2✱ ♠❡s♠♦ q✉❡ s❡❥❛ ♥❡❝❡ssár✐♦ ❡st✐♠❛r

♠❛✐s ❞❡ ✉♠❛ ✈❡③ ❝♦♠ ❝♦♥❥✉♥t♦s ❞✐st✐♥t♦s ❞❡ ♣♦❧♦s ♣❛r❛ ❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡✳

◗✉❛♥t♦ às ❡st✐♠❛t✐✈❛s ❝♦♠ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❡ ❋❙❋s✱ ❛♥❛❧✐s❛❞❛s ♣❡❧❛ t❛❜❡❧❛ ✸✳✸✱

❢❛③✲s❡ ✉♠❛ ❛✈❛❧✐❛çã♦ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❛râ♠❡tr♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❡q✉✐♣❛r❛r ♦ ❛❥✉st❡

♦❜t✐❞♦ ❝♦♠ ❛s ♠❡❧❤♦r❡s ❡st✐♠❛t✐✈❛s ❞♦s ♦✉tr♦s três ♠ét♦❞♦s✳ ❈♦♠ ❋❙❋s✱ ♦s r❡s✉❧t❛❞♦s

♦❜t✐❞♦s ❝♦♠ ♦ ✉s♦ ❞❡ ♥♦✈❡ ♣❛râ♠❡tr♦s s❡ ♠♦str❛♠ ❝♦♠♣❛rá✈❡✐s ❛♦s ❝♦♥s❡❣✉✐❞♦s ❝♦♠ ♦s

❞❡♠❛✐s ♠ét♦❞♦s ♥❛ ♠❛✐♦r ♣❛rt❡ ❞♦s ❝❛s♦s✱ à ❡①❝❡çã♦ ❞♦s ❝❛s♦s ❞♦s ♣r♦❝❡ss♦s 4 ❡ 9✱ ❝✉❥❛s

❞✐♥â♠✐❝❛s ❞✐st✐♥t❛s ❥á ❢♦r❛♠ ❡✈✐❞❡♥❝✐❛❞❛s✳ ❙❡ ❢♦r ❝♦♥s✐❞❡r❛❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ ♦s ♣❛râ♠❡tr♦s

sã♦ ❝♦♠♣❧❡①♦s ❝♦♥❥✉❣❛❞♦s✱ ♣♦❞❡✲s❡ ❛té ♠❡s♠♦ ❛ss✉♠✐r q✉❡ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣❛râ♠❡tr♦s

♥❡❝❡ssár✐♦s é ❡q✉✐✈❛❧❡♥t❡ ❛♦s ❞♦s ❞❡♠❛✐s ♣r♦❝❡ss♦s ♥♦s ♣r♦❝❡ss♦s ❞❡ ❞✐♥â♠✐❝❛s s✉❛✈❡s✳

❈♦♠ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡✱ ❛❧é♠ ❞❡ss❡s ❞♦✐s ♣r♦❝❡ss♦s✱ q✉❡ r❡q✉❡r❡♠ ❞❡③ ♣❛râ♠❡tr♦s

♣❛r❛ q✉❡ s❡ t❡♥❤❛ ✉♠❛ ❡st✐♠❛t✐✈❛ ❛❞❡q✉❛❞❛✱ ♦ ♣r♦❝❡ss♦ 6 ✭✜❣✉r❛ ✸✳✺✮ t❛♠❜é♠ ❣❡r❛ ✉♠❛

❡st✐♠❛t✐✈❛ ❡q✉✐✈❛❧❡♥t❡ ❛♣❡♥❛s q✉❛♥❞♦ s❡ ✉t✐❧✐③❛♠ s❡✐s ♣❛râ♠❡tr♦s✳ ❖s três ♣r♦❝❡ss♦s✱ ❛❧é♠

❞♦s ③❡r♦s✱ tê♠ ♣♦❧♦s ❡s♣❛❧❤❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦ ❡✐①♦ r❡❛❧✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ✉♠❛ ❞✐✜❝✉❧❞❛❞❡ ♣❛r❛

❛♣r♦①✐♠❛r ❝♦♠ ♣♦✉❝♦s ♣❛râ♠❡tr♦s ♠❡s♠♦ q✉❡ s❡ ✉t✐❧✐③❡ ♦ ♣♦❧♦ ót✐♠♦✳ P❛r❛ ♣r♦❝❡ss♦s

❝♦♠ ❞✐♥â♠✐❝❛s ♠❛✐s s✉❛✈❡s ❡ ♣♦❧♦s ♠❛✐s ❝♦♥❝❡♥tr❛❞♦s✱ ♣♦ré♠✱ ♦ ♠ét♦❞♦ ❞❛s ❢✉♥çõ❡s

❞❡ ▲❛❣✉❡rr❡ ♠♦str❛✲s❡ ❡q✉✐✈❛❧❡♥t❡ ♦✉ ❛té ♠❡s♠♦ s✉♣❡r✐♦r ❛♦s ❞❡♠❛✐s ♥♦ q✉❡ s❡ r❡❢❡r❡

❛♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s r❡q✉❡r✐❞♦s✱ ♣♦✐s é ❝❛♣❛③ ❞❡ ❣❡r❛r ✉♠❛ ❡st✐♠❛t✐✈❛ ❝♦♠ ❛❥✉st❡

s❡♠❡❧❤❛♥t❡ ❝♦♠ ❛♣❡♥❛s três ♣❛râ♠❡tr♦s✳

❱❛❧❡ ❧❡♠❜r❛r q✉❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♣r✐♥❝í♣✐♦ ❞❛ ♣❛r❝✐♠ô♥✐❛ ✭▲❏❯◆●✱ ✶✾✽✼✮✱ ♦ ❢❛t♦ ❞❡

❛s ❡st✐♠❛t✐✈❛s ❝♦♠ ❡ss❡s ♠ét♦❞♦s s❡r❡♠ ♠❡❧❤♦r❡s ❝♦♠ ✉♠ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s

é ❡s♣❡r❛❞♦ ❡ ♥ã♦ s✐❣♥✐✜❝❛ q✉❡ s❡❥❛ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♠❡❧❤♦r ✉t✐❧✐③á✲❧❛s✱ ♣♦✐s ❡❧❛s sã♦ ♠❛✐s

✐♥✢✉❡♥❝✐❛❞❛s ♣❡❧❛ r❡❛❧✐③❛çã♦ ❞♦ r✉í❞♦ ♣r❡s❡♥t❡ ♥♦ ❡①♣❡r✐♠❡♥t♦✳ ◆♦ ♣r♦❝❡ss♦ 2 ✭✜❣✉r❛

✸✳✻✮✱ ♣♦r ❡①❡♠♣❧♦✱ ♥♦t❛✲s❡ q✉❡ ♦ ❛❥✉st❡ ❞♦ ♠♦❞❡❧♦ ❝♦♠ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ três

♣❛râ♠❡tr♦s ❡ ♦ ♠♦❞❡❧♦ ❋❙❋ ❝♦♠ ♥♦✈❡ ♣❛râ♠❡tr♦s ❥á ❡q✉✐♣❛r❛♠ ♦s ❞♦s ❞❡♠❛✐s ♠♦❞❡❧♦s

❝♦♠ ♥ú♠❡r♦ ✜①♦ ❞❡ ♣❛râ♠❡tr♦s✳ ❯t✐❧✐③❛r ♠♦❞❡❧♦s ❝♦♠ ♠❛✐s ♣❛râ♠❡tr♦s✱ ♣♦rt❛♥t♦✱ ♣♦❞❡r✐❛

❧❡✈❛r à ♦❜t❡♥çã♦ ❞❡ ♠♦❞❡❧♦s ♠❡♥♦s r❡♣r❡s❡♥t❛t✐✈♦s ❞♦ ♣r♦❝❡ss♦ ❡♠ q✉❡stã♦✳

❙❛❜❡♥❞♦✲s❡ q✉❡ ♦ ❞❡❣r❛✉ ✉♠❛ ❡♥tr❛❞❛ ♥ã♦ ♣❡rs✐st❡♥t❡♠❡♥t❡ ❡①❝✐t❛♥t❡ ♣❛r❛ ❜♦❛ ♣❛rt❡

❞♦s ♣r♦❝❡ss♦s ✐❞❡♥t✐✜❝❛❞♦s✱ ❢♦r❛♠ ❢❡✐t❛s s✐♠✉❧❛çõ❡s t❡♥❞♦ ✉♠ r✉í❞♦ ❜r❛♥❝♦ ❞❡ ❞❡s✈✐♦

♣❛❞rã♦ σ = 2 ❝♦♠♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛✱ s❡♥❞♦ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♠♦str❛❞♦s ♥❛s t❛❜❡❧❛s

✸✳✹ ❡ ✸✳✺✳ ❉❡✈✐❞♦ à ❜❛✐①❛ r❡❧❛çã♦ s✐♥❛❧ r✉í❞♦✱ ♦ ♠❡❧❤♦r ❛❥✉st❡ ❞✐♠✐♥✉✐ ♣❛r❛ ❛❧❣✉♥s ♠ét♦❞♦s

❡ ❡♠ ❛❧❣✉♥s ❞♦s ♣r♦❝❡ss♦s✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞♦ ♣r♦❝❡ss♦ 2 ❡ ❞♦ ♠ét♦❞♦ ●❖❇❋✲▲♦❣ ♥♦

♣r♦❝❡ss♦ 3 ❡ ❞♦ ♠ét♦❞♦ ❋■❘✲❋❖P❚❉ ♥♦ ♣r♦❝❡ss♦ 6✳ ❖ ♠ét♦❞♦ ▲❛❣✉❡rr❡ é ♦ q✉❡ ♠❡♥♦s

s♦❢r❡ ♣❡r❞❛s ♥♦ ❛❥✉st❡ ❞❛s ❡st✐♠❛t✐✈❛s✱ ❡♥q✉❛♥t♦ ♦ ♠ét♦❞♦ ●❖❇❋✲▲♦❣ ❛♣r❡s❡♥t❛ r❡❞✉çõ❡s

♠❛✐s ❝♦♥st❛♥t❡s✳

❆♣❡s❛r ❞❛ ♣❡r❞❛ ♥♦s ✈❛❧♦r❡s ❞♦s ❛❥✉st❡s ✖ q✉❡ ♣♦❞❡ s❡r ❛♠❡♥✐③❛❞❛ ❝♦♠ ♦ ❛✉♠❡♥t♦

❞♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ ✖✱ ❤á ✉♠❛ ♠❡❧❤♦r❛ s✐❣♥✐✜❝❛t✐✈❛ ♥♦ q✉❡ s❡ r❡❢❡r❡



❈❛♣ít✉❧♦ ✸✳ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ✹✹

❋✐❣✉r❛ ✸✳✺✿ ●rá✜❝♦s ❞♦s ♠♦❞❡❧♦s ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 6✳

✭❛✮ ❋■❘✲❋❖P❚❉ ✭❜✮ ●❖❇❋✲▲♦❣

✭❝✮ ▲❡❣❡♥❞r❡ ✭❞✮ ▲❛❣✉❡rr❡

✭❡✮ ❋❙❋



❈❛♣ít✉❧♦ ✸✳ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ✹✺

❋✐❣✉r❛ ✸✳✻✿ ●rá✜❝♦s ❞♦s ♠♦❞❡❧♦s ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 2✳

✭❛✮ ❋■❘✲❋❖P❚❉ ✭❜✮ ●❖❇❋✲▲♦❣

✭❝✮ ▲❡❣❡♥❞r❡ ✭❞✮ ▲❛❣✉❡rr❡

✭❡✮ ❋❙❋



❈❛♣ít✉❧♦ ✸✳ ❇❛s❡s ❖rt♦♥♦r♠❛✐s ✹✻

❚❛❜❡❧❛ ✸✳✹✿ ❆❥✉st❡ ◆❘▼❙❊ ❞♦s ♠♦❞❡❧♦s ♦❜t✐❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ❋■❘✲❋❖P❚❉✱ ●❖❇❋✲
▲♦❣ ❡ ▲❡❣❡♥❞r❡ ❝♦♠ ❛♣❧✐❝❛çã♦ ❞❡ r✉í❞♦ ❜r❛♥❝♦ ♥❛ ❡♥tr❛❞❛✳

❋■❘✲❋❖P❚❉ ●❖❇❋✲▲♦❣ ▲❡❣❡♥❞r❡

Pr♦❝❡ss♦ ✶ ✷ ✸ ✶ ✷ ✸ ✶ ✷ ✸
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❚❛❜❡❧❛ ✸✳✺✿ ❆❥✉st❡ ◆❘▼❙❊ ❞♦s ♠♦❞❡❧♦s ♦❜t✐❞♦s ❝♦♠ ♦s ♠ét♦❞♦s ▲❛❣✉❡rr❡ ✭♣♦❧♦ ót✐♠♦✮
❡ ❋❙❋ ❝♦♠ ❛♣❧✐❝❛çã♦ ❞❡ r✉í❞♦ ❜r❛♥❝♦ ♥❛ ❡♥tr❛❞❛✳

▲❛❣✉❡rr❡ ❋❙❋

Pr♦❝❡ss♦ ✶ ✷ ✸ ✶ ✷ ✸
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❞❡ ❡♥tr❛❞❛ ❞❡ ✉♠ ❞❡❣r❛✉ ♣❛r❛ ✉♠ r✉í❞♦ ❜r❛♥❝♦✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦ s❡ ✉t✐❧✐③❛ ✉♠ s✐♥❛❧ ❞❡

❡♥tr❛❞❛ ♠❛✐s ♣❡rs✐st❡♥t❡♠❡♥t❡ ❡①❝✐t❛♥t❡✳ ◆❛s t❛❜❡❧❛s ✸✳✻ ❡ ✸✳✼ sã♦ ♠♦str❛❞♦s ♦s ♠❡❧❤♦r❡s

✈❛❧♦r❡s ❞❡ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ♦❜t✐❞♦s ❝♦♠ ❝❛❞❛ ♠ét♦❞♦✳

❉❡ ♠♦❞♦ ❣❡r❛❧✱ ❛ ✉t✐❧✐③❛çã♦ ❞♦ r✉í❞♦ ❜r❛♥❝♦ ❝♦♠♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ ♣❡r♠✐t❡ ❛ r❡❞✉çã♦

❞♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❞❡ ❛♦ ♠❡♥♦s ❞✉❛s ♦r❞❡♥s ❞❡ ❣r❛♥❞❡③❛✳ ❆❧❣♦ ✐♠♣♦rt❛♥t❡ ❞❡

s❡ ♦❜s❡r✈❛r é ♦ ❢❛t♦ ❞❡ ♦s ♠ét♦❞♦s ❜❛s❡❛❞♦s ♥♦ ✉s♦ ❞❡ ❢✉♥çõ❡s ♦rt♦♥♦r♠❛✐s ❛♣r❡s❡♥t❛r❡♠

♥ú♠❡r♦s ❞❡ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ♠✉✐t♦ ♠❛✐s ❜❛✐①♦s q✉❡ ♦s ♦❜t✐❞♦s q✉❛♥❞♦ s❡ ✉t✐❧✐③❛ ♦ ♠ét♦❞♦

❋■❘✲❋❖P❚❉✱ ❝✉❥❛s ❢✉♥çõ❡s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦ ♥ã♦ ❛♣r❡s❡♥t❛♠ ❛ q✉❛❧✐❞❛❞❡

❞❛ ♦rt♦♥♦r♠❛❧✐❞❛❞❡✳ ❈♦♥✜r♠❛✲s❡ t❛♠❜é♠ ♦s r❡s✉❧t❛❞♦s ♣r❡✈✐st♦s ❡♠ ✭❍❖❋ ❡t ❛❧✳✱ ✷✵✵✵✮

❛❝❡r❝❛ ❞♦ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ♣ró①✐♠♦ ✉♥✐tár✐♦ q✉❛♥❞♦ ♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ é ✉♠ r✉í❞♦ ❜r❛♥❝♦✳

❊♥tã♦✱ ❛♣❡s❛r ❞❡ ❞❡♠♦♥str❛r ✉♠ ❞❡s❡♠♣❡♥❤♦ ❛♣❛r❡♥t❡♠❡♥t❡ ♠❡❧❤♦r ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦

❛♦s ❛❥✉st❡s✱ ♥♦t❛✲s❡ q✉❡ ♦s ♠♦❞❡❧♦s ♦❜t✐❞♦s ♣❡❧♦ ♠ét♦❞♦ ❋■❘✲❋❖P❚❉ sã♦ ♠❛✐s s❡♥sí✈❡✐s

❛ ✈❛r✐❛çõ❡s ♣r♦✈♦❝❛❞❛s ♣❡❧❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠❛ r❡❛❧✐③❛çã♦ ❞✐❢❡r❡♥t❡ ❞♦ r✉í❞♦✳
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❚❛❜❡❧❛ ✸✳✻✿ ▼❡❧❤♦r❡s ♥ú♠❡r♦s ❞❡ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❞❛s ♠❛tr✐③❡s ❞❡ ❝♦rr❡❧❛çã♦ r❡s✉❧t❛♥t❡s
❞❛ ✉t✐❧✐③❛çã♦ ❞♦s ♠ét♦❞♦s ❋■❘✲❋❖P❚❉✱ ●❖❇❋✲▲♦❣ ❡ ▲❡❣❡♥❞r❡ q✉❛♥❞♦ ❛♣❧✐❝❛❞♦s ✉♠
❞❡❣r❛✉ ❡ ✉♠ r✉í❞♦ ❜r❛♥❝♦ ❝♦♠♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛✳
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❖ ♠ét♦❞♦ ❋❙❋ ❝♦♥st✐t✉✐✲s❡ ✉♠❛ ❡①❝❡çã♦✱ ♥ã♦ ❛♣r❡s❡♥t❛♥❞♦ ✈❛r✐❛çõ❡s ✐♠♣♦rt❛♥t❡s ♥♦s

♥ú♠❡r♦s ❞❡ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦✱ ✈✐st♦ q✉❡ ❛ ❡st✐♠❛t✐✈❛ ❝♦♠ ✉♠❛ ♦r❞❡♠ ❡❢❡t✐✈❛ ❞❡ ♠♦❞❡❧♦

❜❛✐①❛ ✖ ♦s ♠♦❞❡❧♦s ❝♦♠ ♠❡❧❤♦r ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ sã♦ ♦s ❞❡ ♥♦✈❡ ♣❛râ♠❡tr♦s

✖ ❥á ❝✉♠♣r❡ ♦ ♣❛♣❡❧ ❞❡ r❡❞✉③✐r ❛ ✐♥✢✉ê♥❝✐❛ ❞♦s t❡r♠♦s ❞❡ ❛❧t❛ ❢r❡q✉ê♥❝✐❛✱ q✉❡ sã♦ ♦s

r❡s♣♦♥sá✈❡✐s ♣❡❧♦ ♠❛❧✲❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❞❛ ♠❛tr✐③✳

✸✳✶✵ ❈♦♥❝❧✉sã♦

◆❡st❡ ❝❛♣ít✉❧♦ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❝♦♥❝❡r♥❡♥t❡s às ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦r✲

t♦♥♦r♠❛✐s ❡ ❛❧❣✉♥s ❡①❡♠♣❧♦s ✐❧✉str❛t✐✈♦s ❞❡ s✉❛ ❛♣❧✐❝❛çã♦ ♣❛r❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛s✳

P♦❞❡✲s❡ ♥♦t❛r q✉❡ ❜❛s❡s ❞❡st❡ t✐♣♦ ❞❡ ❢✉♥çã♦ sã♦ ❞❡ ❢á❝✐❧ ❝♦♥str✉çã♦ ❡ q✉❡ ❛ s✉❛ ✉t✐❧✐③❛çã♦

❜❡♥❡✜❝✐❛✲s❡ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♣r♦❥❡çã♦ ❞♦s ✜❧tr♦s ♣❛ss❛✲t✉❞♦✱ ♦s q✉❛✐s✱ q✉❛♥❞♦ tê♠ ✉♠❛
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r❡♣r❡s❡♥t❛çã♦ ♦rt♦❣♦♥❛❧✱ ♣♦❞❡♠ s❡r ❝♦♥❡❝t❛❞♦s ❡♠ r❡❞❡s s❡♠ ♣❡r❞❡r ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡

s❡r ♣❛ss❛✲t✉❞♦ ❡ ♦rt♦❣♦♥❛❧✳

❈❛t❡❣♦r✐❛s ❜❡♠ ❞❡✜♥✐❞❛s ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ❡stã♦ ❡s♣❡❝✐✜❝❛❞❛s✱ ❝♦♥❢♦r♠❡

♦ ❣r❛✉ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡✳ ❖ ❛✉♠❡♥t♦ ❞❡st❡ ú❧t✐♠♦✱ ♣♦r s✉❛ ✈❡③✱ t❛♠❜é♠ ❝♦♥❢❡r❡ ♠❛✐♦r

✢❡①✐❜✐❧✐❞❛❞❡ ❛♦ ♠♦❞❡❧♦ ♣❛r❛ ✐❞❡♥t✐✜❝❛r ♦ s✐st❡♠❛ ❝♦♠ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ♠❡♥♦s ♣❛râ♠❡tr♦s✱

♣♦✐s ♣❡r♠✐t❡ ❡s❝♦❧❤❡r ♣♦❧♦s ♠❛✐s ♣ró①✐♠♦s ❞♦s ♣♦❧♦s ✈❡r❞❛❞❡✐r♦s✳ ❈♦♠♦ ❡♠ q✉❛❧q✉❡r ♣r♦✲

❝❡ss♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦✱ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❞❛❞♦s ✐♠♣õ❡ ❝❡rt❛s r❡str✐çõ❡s

à ❛♣❧✐❝❛çã♦ ❞❡st❛s ❢✉♥çõ❡s✱ ❛s q✉❛✐s✱ ♣♦ré♠✱ ♣♦❞❡♠ s❡r ❝♦♥t♦r♥❛❞❛s ❡ ❝♦♥s✐❞❡r❛❞❛s ♥❛

s♦❧✉çã♦ ♣❡❧♦ ♠ét♦❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s s❡♠ ♣❡r❞❡r ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❧✐♥❡❛r✐❞❛❞❡

♥♦s ♣❛râ♠❡tr♦s✱ ♦ q✉❡ r❡♣r❡s❡♥t❛ ✉♠❛ ✈❛♥t❛❣❡♠ s✐❣♥✐✜❝❛t✐✈❛✳

❋♦r❛♠ r❡❛❧✐③❛❞❛s s✐♠✉❧❛çõ❡s ❞❡ ❡①♣❡r✐♠❡♥t♦s ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❡♠ ♠❛❧❤❛ ❛❜❡rt❛✱ t❡♥❞♦

❝♦♠♦ s✐♥❛✐s ❞❡ ❡♥tr❛❞❛ ♦ ❞❡❣r❛✉ ❡ ♦ r✉í❞♦ ❜r❛♥❝♦✱ ❡ ❝✐♥❝♦ ♠ét♦❞♦s ❢♦r❛♠ ❛✈❛❧✐❛❞♦s ❝♦♠

❜❛s❡ ♥♦s ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛ ❣❡r❛❞♦s✳ ◆♦✈❡ ♣r♦❝❡ss♦s ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛s ❞✐st✐♥t❛s

❢♦r❛♠ ❛✈❛❧✐❛❞♦s ❡ ❝♦♥s✐❞❡r♦✉✲s❡ ❤❛✈❡r ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦ ❞❡ ✉♠❛ ❡st✐♠❛t✐✈❛ ❞♦ t❡♠♣♦

❞❡ ❡st❛❜❡❧❡❝✐♠❡♥t♦ ❡ ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦♠✐♥❛♥t❡ ❞♦ ♣r♦❝❡ss♦✳ P❛r❛ ♣r♦❝❡ss♦s ❝♦♠

❞✐♥â♠✐❝❛s ✈❛r✐á✈❡✐s ❝❛✉s❛❞❛s ♣❡❧❛ ♣r❡s❡♥ç❛ ❞❡ ③❡r♦s ♦✉ ❛tr❛s♦s✱ ❛s ❝♦♥st❛♥t❡s ❞❡ t❡♠♣♦

❢♦r❛♠ ❡s❝♦❧❤✐❞❛s ❝♦♠ ❜❛s❡ ♥❛s ❞✐♥â♠✐❝❛s ♠❛✐s rá♣✐❞❛s ♦❜s❡r✈❛❞❛s✳

➱ ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ ♦s ♠ét♦❞♦s q✉❡ ✉t✐❧✐③❛♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦❧♦s ❞✐str✐❜✉í❞♦s ❛♦

❧♦♥❣♦ ❞♦ ❡✐①♦ r❡❛❧ ♥ã♦ ♣♦ss✐❜✐❧✐t❛♠ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ✉♠ ú♥✐❝♦ ❝♦♥❥✉♥t♦ ❞❡ ❝✐♥❝♦ ♣♦❧♦s ♣❛r❛

✐❞❡♥t✐✜❝❛r ✉♠ ♣r♦❝❡ss♦ q✉❛❧q✉❡r ❛❞❡q✉❛❞❛♠❡♥t❡✱ ♠❛s ❛ r❡❛❧✐③❛çã♦ ❞❡ ❞✐✈❡rs❛s ❡st✐♠❛t✐✈❛s

❝♦♠ ❝♦♥❥✉♥t♦s ❞❡ ♣♦❧♦s q✉❡ ❝♦❜r❡♠ ✐♥t❡r✈❛❧♦s ❞✐st✐♥t♦s ❞♦ ❡✐①♦ t♦r♥❛ ♣♦ssí✈❡❧ ❛ ♦❜t❡♥çã♦

❞❡ ✉♠ ♠♦❞❡❧♦ ❛❞❡q✉❛❞♦ ♠❡s♠♦ q✉❡ ♥ã♦ s❡ t❡♥❤❛ ♥❡♥❤✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦ ❛❝❡r❝❛ ❞♦

♣r♦❝❡ss♦ ❛❧é♠ ❞❡ ✉♠❛ ❡st✐♠❛t✐✈❛ ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦✱ ❛ q✉❛❧ é ✉t✐❧✐③❛❞❛ t❛♥t♦ ♣❛r❛

❞❡✜♥✐r ❛ t❛①❛ ❞❡ ❛♠♦str❛❣❡♠ q✉❛♥t♦ ♣❛r❛ ❞❡✜♥✐r ♦s ♣♦❧♦s ❞❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♥♦ ♣❧❛♥♦

s✳

❖s ♠♦❞❡❧♦s ❋■❘✲❋❖P❚❉✱ ❛♣❡s❛r ❞❡ ❢♦r♥❡❝❡r❡♠ ❡st✐♠❛t✐✈❛s ❝♦♠ ❛❥✉st❡s ♠❡❧❤♦r❡s q✉❡

♦s ♠ét♦❞♦s ❜❛s❡❛❞♦s ❡♠ ❖❇❋s ❡♠ ♠✉✐t♦s ❝❛s♦s✱ ♣♦r ❛♣r❡s❡♥t❛r❡♠ ✉♠ ♥ú♠❡r♦ ❞❡ ❝♦♥❞✐✲

❝✐♦♥❛♠❡♥t♦ ❞❛ ♠❛tr✐③ ❞❡ ❝♦rr❡❧❛çã♦ ♠✉✐t♦ ♠❛✐♦r✱ ❡stá ♠✉✐t♦ ♠❛✐s s✉s❝❡tí✈❡❧ ❛ ✈❛r✐❛çõ❡s

❞❡✈✐❞♦ ❛♦ r✉í❞♦ ♣r❡s❡♥t❡ ♥❛ s❛í❞❛✳ ◆♦ ❝❛s♦ ❞❛ ❡♥tr❛❞❛ s❡r ✉♠ r✉í❞♦ ❜r❛♥❝♦✱ ♦ ❝♦♥❞✐❝✐✲

♦♥❛♠❡♥t♦ ♥♦s ♠ét♦❞♦s ❝♦♠ ❢✉♥çõ❡s ❢✉♥çõ❡s ♦rt♦♥♦r♠❛✐s é q✉❛s❡ ✉♥✐tár✐♦✱ ❡♥q✉❛♥t♦ ♥♦

♠ét♦❞♦ ❞❛s ❋❖P❚❉s é ❞❡ ♦r❞❡♠ ❞❡ ❣r❛♥❞❡③❛ 104✳

◗✉❛♥❞♦ s❡ ❝♦♠♣❛r❛ ♦s ♠ét♦❞♦s ❛♥t❡r✐♦r❡s ❝♦♠ ♦s ❞❡ ▲❛❣✉❡rr❡ ❡ ❋❙❋✱ ♦❜s❡r✈❛✲s❡ q✉❡✱

♣❛r❛ ♣r♦❝❡ss♦s ❝♦♠ ❞✐♥â♠✐❝❛s ♠❛✐s s✉❛✈❡s ❡ ♣♦❧♦s r❡❧❛t✐✈❛♠❡♥t❡ ♣ró①✐♠♦s✱ é ♣♦ssí✈❡❧ ✉t✐❧✐✲

③❛r ♣♦✉❝♦s ♣❛râ♠❡tr♦s ♣❛r❛ ✐❞❡♥t✐✜❝❛r ♦s ♣r♦❝❡ss♦s ❞❡ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡✱ ♠❛s ❛ ♣r❡s❡♥ç❛

❞❡ ③❡r♦s ♥♦ ♣r♦❝❡ss♦✱ ❛ ♦❝♦rrê♥❝✐❛ ❞❡ s♦❜r❡ss✐♥❛❧ ♦✉ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❡s♣❛rs❛ ❞♦s ♣♦❧♦s

✈❡r❞❛❞❡✐r♦s r❡q✉❡r ✉♠ ♥ú♠❡r♦ ♠❛✐♦r ❞❡ ❢✉♥çõ❡s ♥♦ ♠♦❞❡❧♦✳ ❈♦♠ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡✱

♠❡❞✐❛♥t❡ ♦ ❡s❢♦rç♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ♣❛r❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ♣♦❧♦ ót✐♠♦✱ ♣♦❞❡✲s❡ ♦❜t❡r ✉♠
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♠♦❞❡❧♦ ❡q✉✐✈❛❧❡♥t❡ ❛♦s ❞♦s ♠ét♦❞♦s ❝♦♠ ♣♦❧♦s ❞✐str✐❜✉í❞♦s ❝♦♠ ✉♠ ♥ú♠❡r♦ ✐❣✉❛❧ ♦✉ ♠❡✲

♥♦r ❞❡ ♣❛râ♠❡tr♦s✳ ❖s ♠♦❞❡❧♦s ❋❙❋ ❛♣r❡s❡♥t❛♠✱ q✉❛♥❞♦ ✉t✐❧✐③❛❞♦s s❡♠ ♥❡♥❤✉♠ ❛rt✐❢í❝✐♦

♣❛r❛ ❧✐❞❛r ❝♦♠ ♦ r✉í❞♦✱ ♦s❝✐❧❛çõ❡s s✐❣♥✐✜❝❛t✐✈❛s ♥❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉✱ ♠❛s ♣♦❞❡♠ s❡r

✉t✐❧✐③❛❞♦s ❝♦♠ ✉♠❛ ♦r❞❡♠ ❡❢❡t✐✈❛ ❜❛✐①❛ ♥♦s ♣r♦❝❡ss♦s ❝♦♠ ❞✐♥â♠✐❝❛s ♠❛✐s s✉❛✈❡s✳
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■❞❡♥t✐✜❝❛çã♦ ❝♦♠ ❖▲P❚❉s

✹✳✶ ■♥tr♦❞✉çã♦

❋✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ ♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❛s ❝❤❛♠❛❞❛s ❢✉♥çõ❡s ❞❡

❜❛s❡ ♦rt♦♥♦r♠❛✐s ❣❡♥❡r❛❧✐③❛❞❛s ✭❍❖❋ ❡t ❛❧✳✱ ✷✵✵✵✮✳ ❋✉♥çõ❡s ♣❡rt❡♥❝❡♥t❡s ❛ ❡st❛ ❝❛t❡❣♦r✐❛

sã♦ ❣❡r❛❞❛s ♣♦r ♠❡✐♦ ❞❛ ✉t✐❧✐③❛çã♦ ❞❡ ✜❧tr♦s ♣❛ss❛✲t✉❞♦✱ ❝✉❥❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♣r♦❥❡çã♦ é

✉s❛❞❛ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ t♦❞❛s ❛s ❢✉♥çõ❡s s❡❥❛♠ ♦rt♦❣♦♥❛✐s ✉♠❛s ❡♠ r❡❧❛çã♦ às ♦✉tr❛s✳

❋✉♥çõ❡s ♦rt♦♥♦r♠❛✐s ♣♦❞❡♠ t❛♠❜é♠ s❡r s✐st❡♠❛t✐❝❛♠❡♥t❡ ❞❡r✐✈❛❞❛s✱ ♣♦r ❡①❡♠♣❧♦✱ ❞❡ ✉♠

❝♦♥❥✉♥t♦ ❣❡♥ér✐❝♦ ❞❡ ❢✉♥çõ❡s ♣♦r ♠❡✐♦ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ●r❛♠✲❙❝❤♠✐❞t✳ ❆ ✢❡①✐❜✐❧✐❞❛❞❡

♣❛r❛ ❡s♣❛❧❤❛r ♦s ♣♦❧♦s ♣❡r♠✐t❡ ♠❡❧❤♦r❛r ❛ q✉❛❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦✱ ♠❛s ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦

♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❞♦s ♣♦❧♦s ❞❛s ●❖❇❋s ✭▼❆▲❚■❀ ❉✳❀ ❘❆●❖❚✱ ✶✾✾✾✮ t♦r♥❛ ♦ ✉s♦ ❞❡

❢✉♥çõ❡s ♠❡♥♦s ✢❡①í✈❡✐s✱ ❝♦♠♦ ❛s ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡✱ ♠❛✐s ❛tr❛t✐✈♦s✿ ❡♠❜♦r❛ ♦ ❝á❧❝✉❧♦

❞♦ ♣♦❧♦ ót✐♠♦ ❞❡ ▲❛❣✉❡rr❡ ❛✐♥❞❛ ❞❡♠❛♥❞❡ ❛ r❡s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦

♥ã♦✲❧✐♥❡❛r✱ ❡st❡ é ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ♦ q✉❡ ♦ t♦r♥❛ ♠✉✐t♦ ♠❛✐s ✈✐á✈❡❧ ❡ ♣rát✐❝♦✳

❊♠ tr❛❜❛❧❤♦s ❛♥t❡r✐♦r❡s✱ ❢♦✐ s✉❣❡r✐❞❛ ❛ ❡st✐♠❛çã♦ ❞❡ ♠♦❞❡❧♦s ♣r❡❧✐♠✐♥❛r❡s ♣❛r❛ ♦❜t❡r

✉♠❛ ❛♣r♦①✐♠❛çã♦ r❛③♦á✈❡❧ ♣❛r❛ ♦ ♣♦❧♦ ót✐♠♦ ❞❡ ▲❛❣✉❡rr❡ ✭❙❆◆❚❖❙❀ ❇❆❘❘❖❙✱ ✷✵✶✷✮✳

◆❡st❛ s❡çã♦✱ s✉❣❡r❡✲s❡ ✉♠ ❛❧❣♦r✐t♠♦✱ ❡①❡❝✉t❛❞♦ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞❡ ❢❡rr❛♠❡♥t❛s ❥á ❡①✐st❡♥t❡s✱

♣❛r❛ ❣❡r❛r ✉♠ ♠♦❞❡❧♦ ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ ❛tr❛s♦ ❞❡ ❜❛✐①❛ ♦r❞❡♠ ót✐♠♦ ❞✐r❡t❛♠❡♥t❡ ❛ ♣❛rt✐r

❞❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞♦ s✐st❡♠❛✱ ❝♦♠ ✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦ ♠í♥✐♠♦ s♦❜r❡ ♦ s✐st❡♠❛✳

❊♠ ✈❡③ ❞❡ ❡st✐♠❛r ♦ ♣♦❧♦ ❞❡ ▲❛❣✉❡rr❡ ❛ ♣❛rt✐r ❞❡ ♠♦❞❡❧♦s ♣ré✈✐♦s✱ ❡st❡ é ❝❛❧❝✉❧❛❞♦ ❛ ♣❛rt✐r

❞♦s ♣ró♣r✐♦s ❞❛❞♦s ❛❞q✉✐r✐❞♦s ✉s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❞♦ ♣♦❧♦ ❞❡ ▲❛❣✉❡rr❡✳

❆ ✐♥❝❧✉sã♦ ❞♦ ❛tr❛s♦ ❛✉♠❡♥t❛ ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ ♦❜t❡♥çã♦ ❞❡ ❜♦♥s ♠♦❞❡❧♦s ❞❡ ❜❛✐①❛

♦r❞❡♠✳ P❡❧♦ ❢❛t♦ ❞❡✱ ❛♣❡s❛r ❞❡ r❡q✉❡r✐❞♦✱ s❡r ❞❡s❝♦♥❤❡❝✐❞♦✱ s❡✉ ✈❛❧♦r é ❞❡t❡r♠✐♥❛❞♦ ♣♦r

♠❡✐♦ ❞❡ ✉♠❛ ❜✉s❝❛✱ ❡♠ q✉❡ ♠♦❞❡❧♦s sã♦ ❡st✐♠❛❞♦s ❝♦♠ ✈❛❧♦r❡s ❞❡ ❛tr❛s♦ ❞✐❢❡r❡♥t❡s ❡ é

❡s❝♦❧❤✐❞♦ ❛q✉❡❧❡ q✉❡ ❣❡r❛ ❛ ♠❡❧❤♦r ❛♣r♦①✐♠❛çã♦✱ ❛ss✐♠ ❝♦♠♦ r❡❛❧✐③❛❞♦ ❡♠ ✭❍■❉❆❨❆❚❀

▼❊❉❱❊❉❊❱✱ ✷✵✶✷❛✮ ❡ ✭❙❍❊◆ ❡t ❛❧✳✱ ✷✵✶✼✮✳ ❆s ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦

sã♦ r❡❛❧✐③❛❞❛s ♣♦r ♠❡✐♦ ❞❛ ❛❜♦r❞❛❣❡♠ ❡♠ t❡♠♣♦ ❞✐s❝r❡t♦ ❡ ♠♦❞❡❧♦s ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦

✺✵
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sã♦ ❞❡r✐✈❛❞♦s ❡♠ s❡❣✉✐❞❛ ♣♦r ♠❡✐♦ ❞❡ ♠❛♣❡❛♠❡♥t♦ ❞❡ ♣♦❧♦s ❞❡ ③❡r♦s✳

✹✳✷ ❈♦♥❞✐çõ❡s ♣❛r❛ ❊st✐♠❛çã♦ Ót✐♠❛ ❞❡ P♦❧♦s ❞❡ ▲❛✲

❣✉❡rr❡

❯♠ ❛s♣❡❝t♦ ✐♠♣♦rt❛♥t❡ ❞❡ s❡ ❧❡✈❛r ❡♠ ❝♦♥s✐❞❡r❛çã♦ q✉❛♥❞♦ ✐❞❡♥t✐✜❝❛♥❞♦ ❝♦♠ ❖❇❋s é

♦ ❢❛t♦ ❞❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❢✉♥çõ❡s r❡q✉❡r✐❞❛s ♣❛r❛ r❡❞✉③✐r ♦ ❡rr♦ ❛té ✉♠ ❝❡rt♦ ♥í✈❡❧

❞❡♣❡♥❞❡ ❞♦s ✈❛❧♦r❡s ❡s❝♦❧❤✐❞♦s ♣❛r❛ ♦s ♣♦❧♦s✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱ q✉❛♥t♦ ♠❛✐s ♣ró①✐♠♦s ♦s

♣♦❧♦s ❡s❝♦❧❤✐❞♦s ❡stã♦ ❞♦s ♣♦❧♦s ✧✈❡r❞❛❞❡✐r♦s✧ ✱ ♠❡♥♦r ♦ ❡rr♦ ❞❡ ♠♦❞❡❧❛❣❡♠✳ ◆♦ ❝❛s♦

❞❛s ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡✱ ❤á ✉♠ ✈❛❧♦r r❡❛❧ ♣❛r❛ ♦ ♣♦❧♦ ❞❡ ▲❛❣✉❡rr❡ q✉❡ ❣❡r❛ ❛ ♠❡❧❤♦r

❛♣r♦①✐♠❛çã♦ ❝♦♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ❢✉♥çõ❡s✳ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ❡

s❛í❞❛ u(t) ❡ y(t)✱ ♦ ♣♦❧♦ ót✐♠♦ ❞❡ ▲❛❣✉❡rr❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❛♥á❧✐s❡

❞❛s ❝♦♥❞✐çõ❡s ❡♠ q✉❡ ❡❧❡ ♦❝♦rr❡ ✭❲❆◆●❀ ❈▲❯❊❚❚✱ ✷✵✵✵✮✳

❙❡❥❛ ❛ ❡①♣❛♥sã♦ ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✉♠ s✐st❡♠❛ ❞✐s❝r❡t♦✱ s✉❥❡✐t♦ ❛ ✉♠ ❡♥tr❛❞❛ ❞♦ t✐♣♦

r✉í❞♦ ❜r❛♥❝♦ ❝♦♠ ✈❛r✐â♥❝✐❛ ✉♥✐tár✐❛✳ ❚♦r♥❛♥❞♦ ❡①♣❧✐❝✐t❛ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞♦ ♣❛râ♠❡tr♦ a✱

t❡♠✲s❡✿

G0(z) =
∞
∑

k=1

ck(a)Fk(z; a), ✭✹✳✶✮

❡♠ q✉❡✿

Fk(z; a) =

√
1− a2

z − a

(

1− a

z − a

)k−1

✭✹✳✷✮

sã♦ ❛s tr❛♥s❢♦r♠❛❞❛s ❩ ❞❛s s❡q✉ê♥❝✐❛s ❞❡ ▲❛❣✉❡rr❡ fk(t,a) ❡✿

ck(a) = 〈G0,Fk(z; a)〉 = 〈g0,fk(t; a)〉. ✭✹✳✸✮

❙❡ ♦ ❡rr♦ ❞❛ r❡s♣♦st❛ ❛♦ ✐♠♣✉❧s♦ q✉❛♥❞♦ ❛ sér✐❡ é tr✉♥❝❛❞❛ ❡♠ n t❡r♠♦s é ❞❛❞♦ ♣♦r✿

ε(t;n,a) = g0(t)−
n
∑

k=1

ck(a)Fk(t; a). ✭✹✳✹✮

❉❡✈✐❞♦ à ♦rt♦♥♦r♠❛❧✐❞❛❞❡ ❞❛s ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡✱ t❡♠✲s❡✿

||ε(t;n,a)||2 = ||g0||2 −
n
∑

k=1

c2k(a). ✭✹✳✺✮

P❛r❛ ❡♥❝♦♥tr❛r ♦s ✈❛❧♦r❡s ck q✉❡ ♠✐♥✐♠✐③❛♠ ♦ ❡rr♦✱ é ♥❡❝❡ssár✐♦✱ ❡♥tã♦✱ ❞❡r✐✈❛r ❛
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❡q✉❛çã♦ ✭✹✳✺✮ ❝♦♠ r❡❧❛çã♦ ❛ a✿

∂||εg(·;n,a)||2
∂a

= −2
n
∑

k=1

ck(a)
∂ck(a)

∂a
. ✭✹✳✻✮

❖s ♣❛râ♠❡tr♦s ck sã♦ ❢✉♥çõ❡s ❧✐♥❡❛r❡s ❞❡ Fk(z; a)✳ ▲♦❣♦✱ ❞❛s ❞❡r✐✈❛❞❛s ❞❡st❛s ú❧t✐♠❛s✱

❞❛❞❛s ♣♦r✿
∂Fk(z; a)

∂a
=
kFk+1(z; a)− (k − 1)Fk−1(z; a)

1− a2
, ✭✹✳✼✮

♦❜té♠✲s❡✿
∂ck(z; a)

∂a
=
kck+1(z; a)− (k − 1)ck−1(z; a)

1− a2
✭✹✳✽✮

❡✱ ✜♥❛❧♠❡♥t❡✱ s✉❜st✐t✉✐♥❞♦ ❡st❡ ú❧t✐♠♦ r❡s✉❧t❛❞♦ ❡♠ ✭✹✳✻✮✿

∂||εg(·;n,a)||2
∂a

= − 2n

1− a2
cn(a)cn+1(a). ✭✹✳✾✮

■❣✉❛❧❛♥❞♦ ❛ ③❡r♦ ❛ ❡①♣r❡ssã♦ ❞❛ ❡q✉❛çã♦ ✭✹✳✾✮ ❝♦♥❞✉③ à ❝♦♥❞✐çã♦✿

cn(a)cn+1(a) = 0, ✭✹✳✶✵✮

q✉❡ ❡stá ❛ss♦❝✐❛❞❛ à ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♠í♥✐♠♦ ♦✉ ♠á①✐♠♦ ❧♦❝❛❧✳ ◆♦r♠❛❧♠❡♥t❡✱ ♦s ♠í♥✐♠♦s

❧♦❝❛✐s sã♦ ❡♥❝♦♥tr❛❞♦s q✉❛♥❞♦ cn+1 = 0 ❡ ♦s ♠á①✐♠♦s ❧♦❝❛✐s q✉❛♥❞♦ cn = 0 ✭✭❍❊❯❇❊❘✲

●❊❘❀ ❍❖❋❀ ❲❆❍▲❇❊❘●✱ ✷✵✵✺✮✳ ❙❡ ♦ s✐♥❛❧ ❞❡ ❡♥tr❛❞❛ ♥ã♦ ❢♦r ✉♠ r✉í❞♦ ❜r❛♥❝♦✱ ❛s

♥♦r♠❛s ✉s❛❞❛s ❢♦r❡♠ ❞❡ ✉♠ ❣r❛✉ ♠❛✐♦r q✉❡ 2✱ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♠❛t❡♠át✐❝♦ ❛♣r❡s❡♥t❛

✈❛r✐❛çõ❡s ♠❛s ❧❡✈❛ às ♠❡s♠❛s ❝♦♥❞✐çõ❡s ✭❙■▲❱❆✱ ✷✵✵✵✮✳

❊♠ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡♠ q✉❡ ♦ s✐st❡♠❛ ✧✈❡r❞❛❞❡✐r♦✧♥ã♦ s❡❥❛ ❝♦♥❤❡❝✐❞♦ ❡ ❞❡s❡❥❡✲s❡ ♦❜t❡r

✉♠ ♠♦❞❡❧♦ ❞✐r❡t❛♠❡♥t❡ ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s ❝♦❧❡t❛❞♦s✱ ✉♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛ ♣❛r❛ ♦ ❝á❧❝✉❧♦

❞♦s ❝♦❡✜❝✐❡♥t❡s ♥ã♦ ❡stá ❞✐s♣♦♥í✈❡❧ ❡ é ♥❡❝❡ssár✐♦ r❡❛❧✐③❛r ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❡st✐♠❛çã♦

♣❛r❛ ♦❜tê✲❧♦s✳ ❯♠ ♠ét♦❞♦ ❞❡ ❣r✐❞❞✐♥❣✱ ❡♠ q✉❡ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❜✉s❝❛ ✖ q✉❡ ♣♦❞❡ s❡r

r❡str✐t♦ ❛♦ ✐♥t❡r✈❛❧♦ (0,1) ♥♦ ❝❛s♦ ❞❡ t❡♠♣♦ ❞✐s❝r❡t♦ ✖ é ✉♠❛ ❛❧t❡r♥❛t✐✈❛ ♣rát✐❝❛✱ ❛♣❡s❛r

❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ❝❛r❛✱ ❞❡ ❡♥❝♦♥tr❛r ♦ ♣♦❧♦ ót✐♠♦ ❞✐♠✐♥✉✐♥❞♦ ♦ r✐s❝♦ ❞❡ ❝❛✐r ♥✉♠

♠í♥✐♠♦ ❧♦❝❛❧✳ ❆ ✜♠ ❞❡ ✉t✐❧✐③á✲❧♦✱ ❞❡✈❡✲s❡ ❞✐✈✐❞✐r ♦ ✐♥t❡r✈❛❧♦ ❡♠ s✉❜✐♥t❡r✈❛❧♦s ❞❡ ❝♦♠♣r✐✲

♠❡♥t♦ ♣ré✲❡s♣❡❝✐✜❝❛❞♦ ❡ ❡①❛♠✐♥❛r ♦♥❞❡ ♦ ♣r♦❞✉t♦ ❡♥tr❡ ♦s ❝♦❡✜❝✐❡♥t❡s cn ❡ cn+1 ♠✉❞❛

❞❡ s✐♥❛❧✳ ❏á q✉❡ ❛ ❞❡r✐✈❛❞❛ ✭✹✳✾✮✱ q✉❡ ❞á ♦r✐❣❡♠ à ❝♦♥❞✐çã♦ ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ✭✹✳✶✵✮✱ t❡♠

✉♠ s✐♥❛❧ ♥❡❣❛t✐✈♦✱ ♦ ♣♦❧♦ ót✐♠♦ ❞❡✈❡ s❡r ❡♥❝♦♥tr❛❞♦ ♥♦ ♠❡✐♦ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ✈❛❧♦r

♣♦s✐t✐✈♦ ♣❛r❛ ♥❡❣❛t✐✈♦✳
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✹✳✸ ▼♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ ❆tr❛s♦ ❞❡ ❇❛✐①❛ ❖r❞❡♠

Ót✐♠♦s

❖ ♠♦❞❡❧♦ ❞❡ t❡♠♣♦ ❞✐s❝r❡t♦ ❞❡ ♦r❞❡♠ n ❛ s❡r ✐❞❡♥t✐✜❝❛❞♦ é ❞❛❞♦ ♣♦r✿

Gn(z) =
n
∑

k=1

ckFk(z), ✭✹✳✶✶✮

❝♦♠ ❜❛s❡ ♥❛s ❢✉♥çõ❡s Fk(z) ❞❡✜♥✐❞❛s ❝♦♠♦✿

Fk(z) = z−d

√
1− a2

z − a

(

1− az

z − a

)k−1

, ✭✹✳✶✷✮

❡♠ q✉❡ d é ♦ ♥ú♠❡r♦ ❞❡ ❛♠♦str❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦ ❛tr❛s♦✳

❊♠❜♦r❛ ♦ ♦❜❥❡t✐✈♦ s❡❥❛ ♦ ❞❡ ❣❡r❛r ✉♠ ♠♦❞❡❧♦ ❜❛s❡❛❞♦ ❡♠ ♣♦✉❝❛ ✐♥❢♦r♠❛çã♦ ❛ ♣r✐♦r✐✱

❛❧❣✉♥s ✐t❡♥s ❛✐♥❞❛ sã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ♣r♦❥❡t♦ ❞♦ ❡①♣❡r✐♠❡♥t♦✱ ❡s♣❡❝✐✜❝❛♠❡♥t❡✿ ✉♠❛

❡st✐♠❛t✐✈❛ ✐♥✐❝✐❛❧ ❞♦ t❡♠♣♦ ❞❡ ❛❝♦♠♦❞❛çã♦ ❡ ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦♠✐♥❛♥t❡ ❞♦ s✐s✲

t❡♠❛✱ q✉❡ sã♦ ✐♠♣♦rt❛♥t❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✿ ♣❛r❛ ❞❡✜♥✐r ❛ ❞✉r❛çã♦ ❞♦ ❡①♣❡r✐♠❡♥t♦✱ ❞❡

♠♦❞♦ q✉❡ s❡ ♣♦ss❛ t❡r ✉♠❛ ❡st✐♠❛t✐✈❛ ❞❡ ❜♦❛ q✉❛❧✐❞❛❞❡ ❞♦ ❣❛♥❤♦ ❡stát✐❝♦❀ ❡ ♦ t❡♠♣♦ ❞❡

❛♠♦str❛❣❡♠✱ ❡s♣❡❝✐✜❝❛❞♦ ❝♦♠♦ 10% ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦♠✐♥❛♥t❡ ❞♦ s✐st❡♠❛✳ ❊st❛s

✐♥❢♦r♠❛çõ❡s sã♦ ❢❛❝✐❧♠❡♥t❡ ♦❜t✐❞❛s ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ ❞❡ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉✳ ◆♦ ❝❛s♦

❞✐s❝r❡t♦ ♥♦ t❡♠♣♦✱ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛ t❛①❛ ❞❡ ❛♠♦str❛❣❡♠ é ❞❡ ✈✐t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ q✉❡

♦ ♣♦❧♦ ót✐♠♦ ♥ã♦ ✜q✉❡ ♠✉✐t♦ ♣ró①✐♠♦ ❞♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡❥❛ ♠❛✐s

❞✐❢í❝✐❧ ❞❡ s❡ ❡st✐♠❛r ❡ ♠❛✐s s❡♥sí✈❡❧ ❛ ❡rr♦s ♥✉♠ér✐❝♦s ❡ ✐♥✢✉ê♥❝✐❛ ❞♦ r✉í❞♦ ✭❈▲❆❘❑❊❀

●❆❲❚❍❘❖P✱ ✶✾✼✾✮✳ ❖ ❛tr❛s♦ d é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ✈❛❧♦r q✉❡ ♣r♦✈ê ❛ ♠❡❧❤♦r ❛♣r♦①✐♠❛çã♦❀

❡♥tã♦✱ ♦✉tr❛ ✐♥❢♦r♠❛çã♦ r❡q✉❡r✐❞❛ ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ é ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❜✉s❝❛

♣❛r❛ ❡st❡ ❛tr❛s♦ d✳

❈♦♥s✐❞❡r❛♥❞♦ ❡ss❛s q✉❡stõ❡s✱ ♣r♦♣õ❡✲s❡ ✉♠ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❡st✐♠❛r ♠♦❞❡❧♦s ❞❡ ▲❛✲

❣✉❡rr❡ ót✐♠♦s ✭❖▲P❚❉✱ ❞♦ ✐♥❣❧ês ❖♣t✐♠❛❧ ▲❛❣✉❡rr❡ P❧✉s ❚✐♠❡✲❉❡❧❛②✮✱ ♦ q✉❛❧ é ❞❡s❝r✐t♦

❛ s❡❣✉✐r✿

✶✳ ❖❜t❡r ✉♠❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞♦ ♣r♦❝❡ss♦ ❛ s❡r ❡st✐♠❛❞♦❀

✷✳ ❊st✐♠❛r ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦♠✐♥❛♥t❡❀

✸✳ ❘❡✲❛♠♦str❛r✱ ❝❛s♦ ♥❡❝❡ssár✐♦✱ ♦s ❞❛❞♦s ❝♦❧❡t❛❞♦s ❞❡ ♠♦❞♦ q✉❡ ♦ t❡♠♣♦ ❞❡ ❛♠♦str❛✲

❣❡♠ s❡❥❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 10% ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦♠✐♥❛♥t❡ ❡st✐♠❛❞❛❀

✹✳ ❙❡❧❡❝✐♦♥❛r ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❜✉s❝❛ ♣❛r❛ ❛ ❡st✐♠❛çã♦ ❞♦ ❛tr❛s♦❀

✺✳ ❊st✐♠❛r ♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ ♠♦❞❡❧♦ ❞❡ ▲❛❣✉❡rr❡ ❝♦♠ ❛tr❛s♦ ❝♦♠ ✉♠❛ ♦r❞❡♠ ❞❡s❡❥❛❞❛

❝❛❧❝✉❧❛♥❞♦ ♦ ♣♦❧♦ ót✐♠♦ ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s ❝♦❧❡t❛❞♦s❀
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✻✳ ❙❡❧❡❝✐♦♥❛r ♦ ♠♦❞❡❧♦ ❝♦♠ ♦ ❛tr❛s♦ q✉❡ ❢♦r♥❡❝❡ ❛ ♠❡❧❤♦r ❛♣r♦①✐♠❛çã♦✳

✹✳✹ ❙✐♠✉❧❛çõ❡s ◆✉♠ér✐❝❛s

❖ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠ét♦❞♦ s✉❣❡r✐❞♦ ❢♦✐ ❛♥❛❧✐s❛❞♦ ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❝♦♠

três ♣r♦❝❡ss♦s ❝♦♠ ❞✐❢❡r❡♥t❡s ❝❛r❛❝t❡ríst✐❝❛s✳ ❖s ♣r♦❝❡ss♦s ✉s❛❞♦s ♥❛s s✐♠✉❧❛çõ❡s✱ ❛♣r❡✲

s❡♥t❛❞♦s ❡♠ t❡♠♣♦ ❝♦♥tí♥✉♦✱ ❢♦r❛♠✿

• Pr♦❝❡ss♦ 1✿ G1(s) =
400s2 + 62s+ 1

(24s+ 1)(82s+ 1)(100s+ 1)

✭s✉♣❡r❛♠♦rt❡❝✐❞♦ ❝♦♠ ♣♦❧♦s ❞✐str✐❜✉í❞♦s✮❀

• Pr♦❝❡ss♦ 2✿ G2(s) =
−2s+ 1

(s+ 1)3
✭❢❛s❡ ♥ã♦✲♠í♥✐♠❛✮❀

• Pr♦❝❡ss♦ 3✿ G3(s) =
1

(s+ 1)4
✭q✉❛rt❛ ♦r❞❡♠ ❝♦♠ ♣♦❧♦ ú♥✐❝♦✮✳

❖ ♠ét♦❞♦ ❢♦r♥❡❝❡ ♠♦❞❡❧♦s ❞✐s❝r❡t♦s ♥♦ t❡♠♣♦✳ P❛r❛ ❝♦♠♣❛r❛r ❝♦♠ ♦s ♣r♦❝❡ss♦s

❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦✱ ♦s ♠♦❞❡❧♦s ✐❞❡♥t✐✜❝❛❞♦s ❢♦r❛♠ ❝♦♥✈❡rt✐❞♦s ♣❛r❛ ♠♦❞❡❧♦s ❞❡ t❡♠♣♦

❝♦♥tí♥✉♦ ♣♦r ♠❡✐♦ ❞❡ ♠❛♣❡❛♠❡♥t♦ ❞❡ ♣♦❧♦s ❡ ③❡r♦s ❞♦ ♣❧❛♥♦ z ♣❛r❛ ♦ ♣❧❛♥♦ s✳ ❈❛❞❛

♣r♦❝❡ss♦ ❢♦✐ s✉❜♠❡t✐❞♦ ❛ ✉♠❛ ❡♥tr❛❞❛ ❞❡ ❞❡❣r❛✉ ✉♥✐tár✐♦ ❡ ❛ s❛í❞❛ ❢♦✐ ❝♦rr♦♠♣✐❞❛ ❝♦♠ ✉♠

r✉í❞♦ ❜r❛♥❝♦ ❞❡ ✈❛r✐â♥❝✐❛ 0,152✳ ❆s ❝♦♥st❛♥t❡s ❞❡ t❡♠♣♦ ❡ ♦s t❡♠♣♦s ❞❡ ❡st❛❜❡❧❡❝✐♠❡♥t♦

♣ré✲❡st✐♠❛❞♦s ✉s❛❞♦s ❢♦r❛♠✿

• Pr♦❝❡ss♦ 1✿ T = 220 s ❡ Tst = 800 s❀

• Pr♦❝❡ss♦ 2✿ T = 2 s ❡ Tst = 15 s❀

• Pr♦❝❡ss♦ 3✿ T = 2 s ❡ Tst = 15 s✳

◆❛s ❋✐❣✉r❛s ✹✳✶ ❛ ✹✳✸✱ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛s s❛í❞❛s s✐♠✉❧❛❞❛s ❡ ♦s ♠♦❞❡❧♦s ❡st✐♠❛❞♦s

♣❛r❛ ❝❛❞❛ ♣r♦❝❡ss♦✳ ◆❛ ❚❛❜❡❧❛ ✹✳✶ ❡stã♦ ❞✐s♣♦♥í✈❡✐s ♦s ♠♦❞❡❧♦s ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦ ❡♥✲

❝♦♥tr❛❞♦s✱ ❝❛❧❝✉❧❛❞♦s ❡ ♥❛ ❚❛❜❡❧❛ ✹✳✷ ♦s ❡rr♦s ♠é❞✐♦s q✉❛❞rát✐❝♦s ♥♦r♠❛❧✐③❛❞♦s ✭◆❘▼❙❊✱

❞♦ ✐♥❣❧ês ◆♦r♠❛❧✐③❡❞ ❘♦♦t ▼❡❛♥ ❙q✉❛r❡ ❊rr♦r✮✱ ❝❛❧❝✉❧❛❞♦s ❡♠ r❡❧❛çã♦ à r❡s♣♦st❛ ❛♦ ❞❡✲

❣r❛✉ ✈❡r❞❛❞❡✐r❛✳ ❆❧é♠ ❞♦s ♠♦❞❡❧♦s ❞❡ ✶❛ ❡ ✷❛ ♦r❞❡♠✱ q✉❡ s❡r✐❛♠ ❛q✉❡❧❡s ♥♦r♠❛❧♠❡♥t❡

❝♦♥s✐❞❡r❛❞♦s ❞❡ ❜❛✐①❛ ♦r❞❡♠✱ ♠♦❞❡❧♦s ❞❡ ✸❛ ♦r❞❡♠ t❛♠❜é♠ ❢♦r❛♠ ❡st✉❞❛❞♦s✳

P❛r❛ ♣r♦❝❡ss♦s ❞❡ ❢❛s❡ ♠í♥✐♠❛ s✉♣❡r❛♠♦rt❡❝✐❞♦s✱ ♦ ♠♦❞❡❧♦ ❖▲P❚❉ ❞❡ ✶❛ ♦r❞❡♠✱

q✉❡ é ❡str✉t✉r❛❧♠❡♥t❡ ✐❞ê♥t✐❝♦ ❛♦ ♠♦❞❡❧♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦ t✐♣✐❝❛♠❡♥t❡

✉t✐❧✐③❛❞♦✱ ♣♦❞❡ ❣❡r❛r ❛♣r♦①✐♠❛çõ❡s ♣r❡❝✐s❛s ❡♠ ❝❛s♦s ❝♦♠♦ ♦ ❞♦ ♣r♦❝❡ss♦ 1✳ ❖s ♠♦❞❡❧♦s

❞❡ ✷❛ ♦r❞❡♠✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ sã♦ ❝❛♣❛③❡s ❞❡ ❛♣r♦①✐♠❛r ❜❡♠✱ ❡ ❝♦♠ ✉♠ ✈❛❧♦r ❞❡ ❛tr❛s♦

❜❛✐①♦✱ ♦s ♣r♦❝❡ss♦s 2 ❡ 3✱ q✉❡ ❛♣r❡s❡♥t❛♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✉♠ ❛tr❛s♦ ❛♣❛r❡♥t❡ ❡ ✉♠❛
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❋✐❣✉r❛ ✹✳✶✿ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 1✳ ❈✉r✲
✈❛s✿ ❡♥tr❛❞❛ ✭♣♦♥t✐❧❤❛❞❛ ✜♥❛✮✱ s❛í❞❛ s✐♠✉❧❛❞❛ ✭só❧✐❞❛✮✱ ♠♦❞❡❧♦s ❞❡ ✶❛ ♦r❞❡♠ ✭♣♦♥t✐❧❤❛❞❛
❣r♦ss❛✮✱ ✷❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✮ ❡ ✸❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✲♣♦♥t✐❧❤❛❞❛✮✳

❋✐❣✉r❛ ✹✳✷✿ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 2✳ ❈✉r✲
✈❛s✿ ❡♥tr❛❞❛ ✭♣♦♥t✐❧❤❛❞❛ ✜♥❛✮✱ s❛í❞❛ s✐♠✉❧❛❞❛ ✭só❧✐❞❛✮✱ ♠♦❞❡❧♦s ❞❡ ✶❛ ♦r❞❡♠ ✭♣♦♥t✐❧❤❛❞❛
❣r♦ss❛✮✱ ✷❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✮ ❡ ✸❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✲♣♦♥t✐❧❤❛❞❛✮✳
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❋✐❣✉r❛ ✹✳✸✿ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 3✳ ❈✉r✲
✈❛s✿ ❡♥tr❛❞❛ ✭♣♦♥t✐❧❤❛❞❛ ✜♥❛✮✱ s❛í❞❛ s✐♠✉❧❛❞❛ ✭só❧✐❞❛✮✱ ♠♦❞❡❧♦s ❞❡ ✶❛ ♦r❞❡♠ ✭♣♦♥t✐❧❤❛❞❛
❣r♦ss❛✮✱ ✷❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✮ ❡ ✸❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✲♣♦♥t✐❧❤❛❞❛✮✳

❚❛❜❡❧❛ ✹✳✶✿ ▼♦❞❡❧♦s ❖▲P❚❉ ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦ ❡st✐♠❛❞♦s ♣❛r❛ ♦s ♣r♦❝❡ss♦s 1 ❛ 3✳

❚✐♣♦ Pr♦❝❡ss♦ ✶ Pr♦❝❡ss♦ ✷ Pr♦❝❡ss♦ ✸
❖▲P❚❉✲✶ 1,014

135,4s+1
e−22s 1,015

1,716s+1
e−3s 1,024

2,399s+1
e−2s

❖▲P❚❉✲✷ 258,3s+0,9891
(188,8s+1)2

e−22s −1,968s+1,025
(1,436s+1)2

e−0,4s −0,008156s+1,01
(1,565s+1)2

e−s

❖▲P❚❉✲✸ 2651s2+67,5s+0,9993
(64,24s+1)3

e−22s (0,0178s+1)(2,0004s−1)
(1,008s+1)3

0,116s2+0,0206s+1,001
(1,147s+1)3

e−0,8s

❚❛❜❡❧❛ ✹✳✷✿ ◆❘▼❙❊ ❣❡r❛❞♦s ♣❡❧❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ▼♦❞❡❧♦s ❖▲P❚❉ ❞❡ t❡♠♣♦
❝♦♥tí♥✉♦ ❡st✐♠❛❞♦s ♣❛r❛ ♦s ♣r♦❝❡ss♦s 1 ❛ 3✳

❚✐♣♦ Pr♦❝❡ss♦ ✶ Pr♦❝❡ss♦ ✷ Pr♦❝❡ss♦ ✸
❖▲P❚❉✲✶ ✵✱✾✶✾✺ ✵✱✼✻✵✹ ✵✱✽✾✹✻
❖▲P❚❉✲✷ ✵✱✾✷✵✽ ✵✱✾✷✻✶ ✵✱✾✸✸✻
❖▲P❚❉✲✸ ✵✱✾✷✺✹ ✵✱✾✺✻✶ ✵✱✾✸✽✵
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❋✐❣✉r❛ ✹✳✹✿ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❞❡ ✶❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦ ❡ s❡♠
❛tr❛s♦ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ 3✳ ❈✉r✈❛s✿ ❡♥tr❛❞❛ ✭♣♦♥t✐❧❤❛❞❛ ✜♥❛✮✱ s❛í❞❛ s✐♠✉❧❛❞❛
✭só❧✐❞❛✮✱ ♠♦❞❡❧♦s ❞❡ ✶❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦ ✭♣♦♥t✐❧❤❛❞❛ ❣r♦ss❛✮ ❡ ✶❛ ♦r❞❡♠ s❡♠ ❛tr❛s♦
✭tr❛❝❡❥❛❞❛✲♣♦♥t✐❧❤❛❞❛✮✳

r❡s♣♦st❛ r❡✈❡rs❛ ✐♥✐❝✐❛❧ ❞❡✈✐❞♦ à ♣r❡s❡♥t❡ ❞❡ ✉♠ ③❡r♦ ♥♦ s❡♠✐♣❧❛♥♦ ❞✐r❡✐t♦ ❞♦ ♣❧❛♥♦ s✳ ❊st❛

✢❡①✐❜✐❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❝♦♥s✐st❡ ❡♠ ✉♠❛ ✈❛♥t❛❣❡♠ s✐❣♥✐✜❝❛t✐✈❛ ♣❛r❛ ♦

✉s♦ ❞❡st❡ t✐♣♦ ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♥♦ ❝♦♥t❡①t♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦✳ ❊st❛ ✢❡①✐❜✐❧✐❞❛❞❡ t♦r♥❛✲s❡

❛✐♥❞❛ ♠❛✐s s✐❣♥✐✜❝❛t✐✈❛ s❡ ♠♦❞❡❧♦s ❞❡ ✸❛ ♦r❞❡♠ ❢♦r❡♠ ✉t✐❧✐③❛❞♦s✱ ♦s q✉❛✐s ♣❡r♠✐t❡♠ ❛

♦❜t❡♥çã♦ ❞❡ ❛♣r♦①✐♠❛çõ❡s ❜❡♠ ❛❝✉r❛❞❛s ❡♠ t❛✐s ❝❛s♦s ♠❡s♠♦ s❡♠ ❛tr❛s♦✱ ♦✉ s❡❥❛✱ ❝♦♠

❛♣❡♥❛s três ♣❛râ♠❡tr♦s✳

◗✉❛♥❞♦ s❡ ❛♥❛❧✐s❛♠ ♦s ♠♦❞❡❧♦s ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦ ❣❡r❛❞♦s✱ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ❛

♣r♦①✐♠✐❞❛❞❡ ❞♦s ♣♦❧♦s ót✐♠♦s ❝♦♠ ♦ ♣♦❧♦ ♠ú❧t✐♣❧♦ ❞♦ ♣r♦❝❡ss♦ s = −1 ♥♦s ❝❛s♦s 2 ❡ 3

♣❛r❛ ♦s ♣r♦❝❡ss♦s ❞❡ ✸❛ ♦r❞❡♠✳ ❯♠ ❛tr❛s♦ ❞❡ ❞♦✐s ✐♥st❛♥t❡s ❞❡ ❛♠♦str❛❣❡♠ ❢♦✐ ✐♥❝❧✉í❞♦

♥♦ ♠♦❞❡❧♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♣❛r❛ G3(s)✱ ♦ q✉❡ ❢❡③ ♦ ♣♦❧♦ s❡r ❞✐❢❡r❡♥t❡✱ ♠❛s ♦ ❡rr♦ ♥❛

✧♣❛rt✐❞❛✧ ❞❛ r❡s♣♦st❛ é ❝♦♠♣❡♥s❛❞♦ ♣❡❧❛ ♠❡❧❤♦r ❝♦♥❢♦r♠✐❞❛❞❡ ❞✉r❛♥t❡ ❛ s✉❜✐❞❛✳

❆✐♥❞❛ s♦❜r❡ ♦ ❝❛s♦ 3✱ q✉❡ ✐♥❝❧✉✐ ✉♠ ❛tr❛s♦ ❛♣❛r❡♥t❡✱ ♦❜s❡r✈❛✲s❡ q✉❡✱ ❞❡✈✐❞♦ à ✐♥❝❧✉sã♦

❞♦ ❛tr❛s♦✱ é ♣♦ssí✈❡❧ ❛♣r♦①✐♠❛r ❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ♣♦r ♠❡✐♦ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ ✶❛ ♦r❞❡♠✳

◆❛ ✜❣✉r❛ ✹✳✹ sã♦ ♠♦str❛❞❛s ❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦ ♠♦❞❡❧♦ ❖▲P❚❉ ❞❡ ✶❛ ♦r❞❡♠ ❡ ❞❡

✉♠ ♠♦❞❡❧♦ ❞❡ ▲❛❣✉❡rr❡ ót✐♠♦ ❞❡ ✶❛ ♦r❞❡♠ s❡♠ ❛tr❛s♦✳ P♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ ❛ ✐♥❝❧✉sã♦

❞♦ ❛tr❛s♦✱ ♥❡st❡ ❝❛s♦✱ é ❡ss❡♥❝✐❛❧ ♣❛r❛ q✉❡ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ ♦r❞❡♠ r❡❞✉③✐❞❛

s❡❥❛ ♣♦ssí✈❡❧✳
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❋✐❣✉r❛ ✹✳✺✿ ❉✐❛❣r❛♠❛ ❞❛ ♣❧❛♥t❛ t❡r♠♦❡❧étr✐❝❛ ❜❛s❡❛❞❛ ♥♦ ❡❢❡✐t♦ P❡❧t✐❡r ✉s❛❞❛ ♥♦s ❡①♣❡✲
r✐♠❡♥t♦s✳

✹✳✺ ❘❡s✉❧t❛❞♦s ❊①♣❡r✐♠❡♥t❛✐s

❖s ♠♦❞❡❧♦s ❖▲P❚❉ ❢♦r❛♠ ❛✈❛❧✐❛❞♦s t❛♠❜é♠ ♣♦r ♠❡✐♦ ❞❡ r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✳ ❖s

❡①♣❡r✐♠❡♥t♦s ❢♦r❛♠ ❝♦♥❞✉③✐❞♦s ❡♠ ✉♠❛ ♣❧❛♥t❛ t❡r♠♦❡❧étr✐❝❛ ❜❛s❡❛❞❛ ♥♦ ❡❢❡✐t♦ P❡❧t✐❡r

❝♦♠♣♦st❛ ♣♦r q✉❛tr♦ ❞✐s❝♦s✱ ❞✐s♣♦st♦s ❡♠ ♣❛r❛❧❡❧♦ ❡ ❝♦♥❡❝t❛❞♦s ♣♦r ✉♠ ❡✐①♦ ❛①✐❛❧✱ ❞♦✐s

❞♦s q✉❛✐s ✖ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♦s ❞❛s ❡①tr❡♠✐❞❛❞❡s ✖ ❡stã♦ ❡♠ ❝♦♥t❛t♦ ❝♦♠ ♠ó❞✉❧♦s

P❡❧t✐❡r q✉❡ ♣♦❞❡♠ s❡r s✉❥❡✐t♦s ❛ t❡♥sã♦ ❡❧étr✐❝❛ ✭✹✳✺✮✳ ❊st❛ t❡♥sã♦ ❝❛✉s❛✱ ❞❡✈✐❞♦ ❛♦ ❡❢❡✐t♦

P❡❧t✐❡r ✭▼❆❈❉❖◆❆▲❉✱ ✶✾✻✷✮✱ ✉♠❛ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ❞❡ ✉♠ ❧❛❞♦ ❞♦ ♠ó❞✉❧♦ ♣❛r❛ ♦

♦✉tr♦ ❡✱ ❡♥tã♦✱ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ s✐st❡♠❛ ♣♦❞❡ s❡r ♠❛♥✐♣✉❧❛❞❛ ♣♦r ♠❡✐♦ ❞❛ t❡♥sã♦ ❛♣❧✐❝❛❞❛

às s✉❛s ❡①tr❡♠✐❞❛❞❡s✳ ❆ ❛♣❧✐❝❛çã♦ ❞❛ t❡♥sã♦ ❞❡ ❡♥tr❛❞❛ ❡ ♠❡❞✐çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ sã♦

r❡❛❧✐③❛❞♦s ❝♦♠ ♦ ❛✉①í❧✐♦ ❞❡ ✉♠ P▲❈ ❡ sã♦ ♠❛♥✐♣✉❧❛❞❛s ♦✉ ♠♦♥✐t♦r❛❞❛s ♥♦ ❝♦♠♣✉t❛❞♦s

✈✐❛ ❝♦♠✉♥✐❝❛çã♦ ❖P❈✳ ❖ ❝♦♠♣✉t❛❞♦r ❡♥✈✐❛ ✉♠ ✈❛❧♦r ❞❡ ❡♥tr❛❞❛ ♥♦r♠❛❧✐③❛❞♦ ❞❡♥tr♦ ❞❛

❢❛✐①❛ ❞❡ 0 − 100✱ q✉❡ é ❝♦♥✈❡rt✐❞♦ ♥♦ P▲❈ ❡ ❡♥✈✐❛❞♦ ❝♦♠♦ ✉♠ s✐♥❛❧ ❞❡ 0 − 10 ❱✳ ❆

t❡♠♣❡r❛t✉r❛ é ♠❡❞✐❞❛ ♣♦r s❡♥s♦r❡s ▲▼✲✸✺ ❡ ♦ ✈❛❧♦r ❛❞q✉✐r✐❞♦ ♣❡❧❛ ❡♥tr❛❞❛ ❛♥❛❧ó❣✐❝❛ ❞♦

P▲❈ é ❝♦♥✈❡rt✐❞♦ ♣❛r❛ ♦ ✈❛❧♦r ❞❡ t❡♠♣❡r❛t✉r❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♥t❡s ❞❡ s❡r ❡♥✈✐❛❞♦ ♣❛r❛

♦ ❝♦♠♣✉t❛❞♦r✳

❖s ♣r♦❝❡ss♦s s✉❥❡✐t♦s ❛♦s ❡①♣❡r✐♠❡♥t♦s ❢♦r❛♠ ❛q✉❡❧❡s ❡♥✈♦❧✈❡♥❞♦ ❛♣❡♥❛s ✉♠❛ ❡♥tr❛❞❛✱

❛ s❛❜❡r✱ ❛ t❡♥sã♦ ❡❧étr✐❝❛ ♥♦ ♠ó❞✉❧♦ P❡❧t✐❡r ✷✱ ❡ três s❛í❞❛s✿ ❛ t❡♠♣❡r❛t✉r❛ ❚✹ ♥♦ ❞✐s❝♦

♦♥❞❡ ❛ ❡♥tr❛❞❛ é ❛♣❧✐❝❛❞❛ ✭♣r♦❝❡ss♦ ❆✮✱ ❛ t❡♠♣❡r❛t✉r❛ ❚✸ ♥♦ ❞✐s❝♦ ❛❞❥❛❝❡♥t❡ ✭♣r♦❝❡ss♦

❇✮ ❡ ❛ t❡♠♣❡r❛t✉r❛ ❚✶ ♥♦ ❞✐s❝♦ ♥❛ ❡①tr❡♠✐❞❛❞❡ ♦♣♦st❛ ✭♣r♦❝❡ss♦ ❈✮✳ ➱ ❝❛r❛❝t❡ríst✐❝♦

❞♦ s✐st❡♠❛ ❡♠ q✉❡stã♦ q✉❡ q✉❛♥t♦ ♠❛✐s ❧♦♥❣❡ ✉♠ ❞✐s❝♦ ❡stá ❞❛ ❢♦♥t❡ ❡❧étr✐❝❛✱ ♠❡♥♦r é

♦ ❣❛♥❤♦ ❡stát✐❝♦ ❡ ♠❛✐♦r é ♦ ❛tr❛s♦ ❛♣❛r❡♥t❡ ❞♦ ♣r♦❝❡ss♦ ❙■❙❖ ❝♦rr❡s♣♦♥❞❡♥t❡✱ ♦ q✉❡

s✐❣♥✐✜❝❛ q✉❡ ❞✐❢❡r❡♥ç❛s s✐❣♥✐✜❝❛t✐✈❛s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♥tr❡ ♦s três ♣r♦❝❡ss♦s ❙■❙❖

❝♦♥s✐❞❡r❛❞♦s✳

❈❛❞❛ ♣r♦❝❡ss♦✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠ ❡st❛❞♦ ❡st❛❝✐♦♥ár✐♦ ❛ ✉♠ ✈❛❧♦r ❞❡ ❡♥tr❛❞❛ ♥♦r♠❛❧✐③❛❞❛

❞❡ 50✱ ❢♦✐ s✉❥❡✐t♦ ❛ ✉♠❛ ❡♥tr❛❞❛ ❡♠ ❞❡❣r❛✉ ❞❡ ❛♠♣❧✐t✉❞❡ +25 ♥♦ ✐♥st❛♥t❡ t = 30 s✳ ❚❛♥t♦
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❋✐❣✉r❛ ✹✳✻✿ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❆✳ ❈✉r✲
✈❛s✿ ❡♥tr❛❞❛ ✭♣♦♥t✐❧❤❛❞❛ ✜♥❛✮✱ s❛í❞❛ ♠❡❞✐❞❛ ✭só❧✐❞❛✮✱ ♠♦❞❡❧♦s ❞❡ ✶❛ ♦r❞❡♠ ✭♣♦♥t✐❧❤❛❞❛
❣r♦ss❛✮✱ ✷❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✮ ❡ ✸❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✲♣♦♥t✐❧❤❛❞❛✮✳

♦s ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ q✉❛♥t♦ ♦s ❞❡ s❛í❞❛ s♦❢r❡r❛♠ tr❛t❛♠❡♥t♦ ♣ré✈✐♦ ♣❛r❛ ✐♥✐❝✐❛r ❛ ♣❛rt✐r ❞❡

③❡r♦ ❡ ❢♦r❛♠ r❡✲❛♠♦str❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ♣ré✲❡st✐♠❛❞❛ ❡s❝♦❧❤✐❞❛✳

❊♥tã♦✱ ♠♦❞❡❧♦s ❞❡ ✶❛✱ ✷❛ ❡ ✸❛ ♦r❞❡♠ ❢♦r❛♠ ❡st✐♠❛❞♦s✳ ❆s ❝♦♥st❛♥t❡s ♣ré✲❡st✐♠❛❞❛s T ❡

♦s t❡♠♣♦s ❞❡ ❡st❛❜❡❧❡❝✐♠❡♥t♦ Tst ✉s❛❞♦s ♥♦s ❝á❧❝✉❧♦s ❞♦s ♠♦❞❡❧♦s ❢♦r❛♠✿

• Pr♦❝❡ss♦ ❆✿ T = 40 s ❡ Tst = 325 s❀

• Pr♦❝❡ss♦ ❇✿ T = 200 s ❡ Tst = 650 s❀

• Pr♦❝❡ss♦ ❈✿ T = 230 s ❡ Tst = 850 s✳

❆s ❋✐❣✉r❛s ✹✳✶ ❛ ✹✳✸ ❛♣r❡s❡♥t❛♠ ❛s s❛í❞❛s ♠❡❞✐❞❛s ❡ ♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❡st✐♠❛❞♦s

♣❛r❛ ❝❛❞❛ ♣r♦❝❡ss♦✳ ◆❛ ❚❛❜❡❧❛ ✹✳✸✱ ❡stã♦ ❞✐s♣♦♥í✈❡✐s ♦s ♠♦❞❡❧♦s ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦

♦❜t✐❞♦s ❡ ♥❛ ❚❛❜❡❧❛ ✹✳✹ ♦s ❡rr♦s ♠é❞✐♦s q✉❛❞rát✐❝♦s ♥♦r♠❛❧✐③❛❞♦s ✭◆❘▼❙❊✮✱ ❝❛❧❝✉❧❛❞♦s

❡♠ r❡❧❛çã♦ à r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ♠❡❞✐❞❛✳ ❆s ❡s❝❛❧❛s ❞♦s ❣rá✜❝♦s sã♦ ❞✐❢❡r❡♥t❡s ♣♦r q✉❡stõ❡s

❞❡ ✈✐s✉❛❧✐③❛çã♦✳

❖s ♣r♦❝❡ss♦s ❇ ❡ ❈ ❛♣r❡s❡♥t❛♠ ✉♠ ❛tr❛s♦ ❛♣❛r❡♥t❡✱ q✉❡ é ❛ ❝❛✉s❛ ❞❡ ♦ ♠♦❞❡❧♦ ❞❡

♣r✐♠❡✐r❛ ♦r❞❡♠ t❡r ✉♠ ❛❥✉st❡ ♠❡♥♦r✳ ❖ ❛tr❛s♦ ❝❛❧❝✉❧❛❞♦ ♣❡r♠✐t✐✉✱ ❝♦♠ ♦ ❝✉st♦ ❞❡ ✐❣♥♦r❛r

❛ ✈❛r✐❛çã♦ ✐♥✐❝✐❛❧✱ ♠♦❞❡❧❛r ❛ ❞✐♥â♠✐❝❛ ❛s❝❡♥❞❡♥t❡ s❡♠❡❧❤❛♥t❡ ❛ ❞❡ ♣r♦❝❡ss♦s ❞❡ ♣r✐♠❡✐r❛

♦r❞❡♠ ❡ ♦ ❣❛♥❤♦ ❡stát✐❝♦✳ ❖s ♠♦❞❡❧♦s ❞❡ ✷❛ ❡ ✸❛ ♦r❞❡♠ ❢♦r♥❡❝❡♠ ❛♣r♦①✐♠❛çõ❡s ♠✉✐t♦

s✐♠✐❧❛r❡s ❞❡✈✐❞♦ às ❞✐♥â♠✐❝❛s s✐♠♣❧❡s ❞♦s ♣r♦❝❡ss♦s✳ ❆s ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡s✱ ♠❛✐s ❡✈✐❞❡♥t❡s
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❋✐❣✉r❛ ✹✳✼✿ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❇✳ ❈✉r✲
✈❛s✿ ❡♥tr❛❞❛ ✭♣♦♥t✐❧❤❛❞❛ ✜♥❛✮✱ s❛í❞❛ ♠❡❞✐❞❛ ✭só❧✐❞❛✮✱ ♠♦❞❡❧♦s ❞❡ ✶❛ ♦r❞❡♠ ✭♣♦♥t✐❧❤❛❞❛
❣r♦ss❛✮✱ ✷❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✮ ❡ ✸❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✲♣♦♥t✐❧❤❛❞❛✮✳

❋✐❣✉r❛ ✹✳✽✿ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ ❈✳ ❈✉r✲
✈❛s✿ ❡♥tr❛❞❛ ✭♣♦♥t✐❧❤❛❞❛ ✜♥❛✮✱ s❛í❞❛ ♠❡❞✐❞❛ ✭só❧✐❞❛✮✱ ♠♦❞❡❧♦s ❞❡ ✶❛ ♦r❞❡♠ ✭♣♦♥t✐❧❤❛❞❛
❣r♦ss❛✮✱ ✷❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✮ ❡ ✸❛ ♦r❞❡♠ ✭tr❛❝❡❥❛❞❛✲♣♦♥t✐❧❤❛❞❛✮✳
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❚❛❜❡❧❛ ✹✳✸✿ ▼♦❞❡❧♦s ❖▲P❚❉ ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦ ❡st✐♠❛❞♦s ♣❛r❛ ♦s ♣r♦❝❡ss♦s ❆✱ ❇ ❡ ❈✳

❚✐♣♦ Pr♦❝❡ss♦ ❆ Pr♦❝❡ss♦ ❇ Pr♦❝❡ss♦ ❈
✶✲❖▲P❚❉ 2,042

37,96s+1
0,3724

123,1s+1
e−40s 0,135

141,5s+1
e−46s

✷✲❖▲P❚❉ 56,27s+2,022
(31,29s+1)2

−0,2215s+0,3633
(72,88s+1)2

1,507s+0,1334
(92,57s+1)2

✸✲❖▲P❚❉ 6376s2+219,2s+2,03
(47,97s+1)3

−30,87s2+26,35s+0,3631
(72,88s+1)3

105,5s2+14,03s+0,133
(92,57s+1)3

❚❛❜❡❧❛ ✹✳✹✿ ◆❘▼❙❊ ❣❡r❛❞♦s ♣❡❧❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❖▲P❚❉ ❞❡ t❡♠♣♦
❝♦♥tí♥✉♦ ❡st✐♠❛❞♦s ♣❛r❛ ♦s ♣r♦❝❡ss♦s ❆✱ ❇ ❡ ❈✳

❚✐♣♦ Pr♦❝❡ss♦ ❆ Pr♦❝❡ss♦ ❇ Pr♦❝❡ss♦ ❈
❖▲P❚❉✲✶ ✵✱✾✷✸✺ ✵✱✾✺✾✹ ✵✱✾✻✵✶
❖▲P❚❉✲✷ ✵✱✾✸✾✶ ✵✱✾✽✺✺ ✵✱✾✽✺✼
❖▲P❚❉✲✸ ✵✱✾✺✾✹ ✵✱✾✼✼✹ ✵✱✾✼✼✾

❝♦♠ ❛s ✈❛r✐❛çõ❡s ❞❡ t❡♠♣❡r❛t✉r❛ ♠❛✐s ❛❧t❛s✱ ❢♦r❛♠ ❜❡♠ ♠♦❞❡❧❛❞❛s ♠❡s♠♦ s❡♠ ❛ ✐♥❝❧✉sã♦

❞♦ ❛tr❛s♦✳

✹✳✻ ❈♦♥❝❧✉sã♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ♣rát✐❝❛ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ ♠♦❞❡❧♦s ❞❡

▲❛❣✉❡rr❡ ❝♦♠ ❛tr❛s♦ ❞❡ ❜❛✐①❛ ♦r❞❡♠ ót✐♠♦s ❝♦♠ ❜❛s❡ ♥❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞❡ ✉♠ ♣r♦✲

❝❡ss♦✳ ❊st❡s ♠♦❞❡❧♦s ✉s❛♠ ✉♠❛ ❡st✐♠❛t✐✈❛ ❞♦ ♣♦❧♦ ót✐♠♦ ❝❛❧❝✉❧❛❞❛ ❞✐r❡t❛♠❡♥t❡ ❛ ♣❛rt✐r

❞♦s ❞❛❞♦s ❝♦❧❡t❛❞♦s ❡ r❡q✉❡r✱ ❝♦♠♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦✱ ❛♣❡♥❛s ❡st✐♠❛t✐✈❛s ♥ã♦ ♥❡❝❡ss❛✲

r✐❛♠❡♥t❡ ♠✉✐t♦ ❛❝✉r❛❞❛s ❞♦ t❡♠♣♦ ❞❡ ❛❝♦♠♦❞❛çã♦ ❡ ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦♠✐♥❛♥t❡ ❞♦

s✐st❡♠❛✱ ♦s q✉❛✐s ♣♦❞❡♠ s❡r ❡①tr❛í❞♦s ❞♦ ♣ró♣r✐♦ ❡①♣❡r✐♠❡♥t♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦✳P♦r ❝❛✉s❛

❞❛ ❛❜♦r❞❛❣❡♠ ❞✐s❝r❡t❛✱ ♦ ♣♦❧♦ ót✐♠♦ ♣♦❞❡ s❡r ♣r♦❝✉r❛❞♦ ❞❡♥tr♦ ❞❡ ✉♠ ✐♥t❡r✈❛❧♦ ✜①♦

❞❡♥tr♦ ❞♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦✳ ❖ ❛tr❛s♦ é ✐♥❝❧✉í❞♦ ♥❛ ❡st✐♠❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ❡ é ❡s❝♦❧❤✐❞♦

❝♦♠♦ ♦ ✈❛❧♦r q✉❡ ❢♦r♥❡❝❡ ❛ ♠❡❧❤♦r ❡st✐♠❛t✐✈❛ ❞❡♥tr♦ ❞❡ ✉♠ ❢❛✐①❛ ♣ré✲❞❡✜♥✐❞❛✳

◆❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❡ ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s✱ ♦s ♠♦❞❡❧♦s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠

❜❡♥❡✜❝✐❛r❛♠✲s❡ ❞❛s ✈❛♥t❛❣❡♥s ❞❡ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ♥✉♠ér✐❝♦ ❞❡r✐✈❛❞❛s ❞❛s ♣r♦♣r✐❡❞❛❞❡s

❞❡ ♦rt♦♥♦r♠❛❧✐❞❛❞❡ ❞❛s ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡✱ ♠❛s t❛♠❜é♠ ❢♦✐ ♣♦ssí✈❡❧ ❣❡r❛r ❝♦♠ ❡❧❡s

❛♣r♦①✐♠❛çõ❡s s✐❣♥✐✜❝❛t✐✈❛s✱ ♣❡❧❛ ✐♥❝❧✉sã♦ ❞♦ ❛tr❛s♦✱ ❞❡ ♣r♦❝❡ss♦s ❝♦♠ ❛tr❛s♦ ❛♣❛r❡♥t❡✱

❝♦♠♦ ❛ s✐♠✉❧❛çã♦ ♥✉♠ér✐❝❛ 3✳ ❖s ♠♦❞❡❧♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♠♦str❛r❛♠ s❡r s✉✜❝✐❡♥t❡✲

♠❡♥t❡ ✢❡①í✈❡✐s ♣❛r❛ ♠♦❞❡❧❛r ❛ ✐♥✢✉ê♥❝✐❛ ❞❡ ♣♦❧♦s ♠ú❧t✐♣❧♦s ❡ ③❡r♦s ♥♦ ♣r♦❝❡ss♦✳ ❊st❛

❝❛r❛❝t❡ríst✐❝❛ é út✐❧ ♣❛r❛ ♣r♦♣♦r❝✐♦♥❛r ♦ ✉s♦ ❞❡ ✉♠ ú♥✐❝♦ ♠ét♦❞♦ ♣❛r❛ ❡st✐♠❛çã♦ ❞❡ ✉♠❛

❛♠♣❧❛ ✈❛r✐❡❞❛❞❡ ❞❡ s✐st❡♠❛s ❡ é ✉♠❛ ✈❛♥t❛❣❡♠ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♠✉✐t♦s ♠ét♦❞♦s

❞❡ ❡st✐♠❛çã♦ ❞❡ ♠♦❞❡❧♦s ❞❡ ❜❛✐①❛ ♦r❞❡♠ q✉❡ r❡q✉❡r❡♠ ✉♠ ♠ét♦❞♦ ❡s♣❡❝í✜❝♦ ♣❛r❛ ❝❛❞❛

t✐♣♦ ❞❡ s✐st❡♠❛✳ ❖ ❛tr❛s♦ ✐♥❝❧✉í❞♦ ♥♦ ♠♦❞❡❧♦ ♣r♦♠♦✈❡✉ ✉♠ ♠❡❧❤♦r❛♠❡♥t♦ ❛❞✐❝✐♦♥❛❧ ♥❛
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❛♣r♦①✐♠❛çã♦ ❞❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❝♦♠ r❡❧❛çã♦ ❛ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ❝♦♥✈❡♥✲

❝✐♦♥❛✐s✳ ▼♦❞❡❧♦s ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠ ❢♦r❛♠ ❧❡✈❛❞♦s ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❡ ❛ ✐♥❝❧✉sã♦ ❞❡ ✉♠

t❡r♠♦ ❞❡ ❛tr❛s♦ ♣❛r❛ ❝♦♠♣❡♥s❛r ❞✐♥â♠✐❝❛s ❞❡ ❛❧t❛ ♦r❞❡♠ ♥ã♦ t❡♥❞❡✉ ❛ ❛✉♠❡♥t❛r s✐❣♥✐✜✲

❝❛t✐✈❛♠❡♥t❡ ❛ ❛❝✉rá❝✐❛ ❞♦s ♠♦❞❡❧♦s ♥♦s ❝❛s♦s ❡st✉❞❛❞♦s✱ ❡♠ q✉❡ ❛tr❛s♦s r❡❛✐s ♥ã♦ ❢♦r❛♠

❛♥❛❧✐s❛❞♦s✱ ♠❛s ❛♣❡♥❛s ❛tr❛s♦s ❛♣❛r❡♥t❡s✳
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✺✳✶ ■♥tr♦❞✉çã♦

❊♠ s✐t✉❛çõ❡s ❡♠ q✉❡ ❛s ❞✐♥â♠✐❝❛s ❛ s❡r ♠♦❞❡❧❛❞❛s s❡❥❛♠ ♠❛✐s ❝♦♠♣❧❡①❛s✱ ❛ s✐♠♣❧✐❝✐❞❛❞❡

❡♥❝♦♥tr❛❞❛ ♥❛s ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡ t♦r♥❛✲s❡ ✉♠❛ ❧✐♠✐t❛çã♦✱ ♣♦✐s t♦r♥❛✲s❡ ♠❛✐s ❞✐❢í❝✐❧

❞❡ s❡ ❣❡r❛r ❜♦❛s ❛♣r♦①✐♠❛çõ❡s ❝♦♠ ✉♠ ♥ú♠❡r♦ r❡❞✉③✐❞♦ ❞❡ ♣❛râ♠❡tr♦s✳ ❯♠ ❡①❡♠♣❧♦

❞❡ s✐t✉❛çã♦ ❞❡ss❡ t✐♣♦ ♦❝♦rr❡ q✉❛♥❞♦ ♦s ♣♦❧♦s ❞♦ s✐st❡♠❛ sã♦ ❞✐s♣❡rs♦s ❡ ③❡r♦s ❡stã♦

♣r❡s❡♥t❡s✳ ❉♦ ♠❡s♠♦ ♠♦❞♦ q✉❡ ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ sã♦ ❞❡❞✉③í✈❡✐s ❛♥❛❧✐t✐❝❛♠❡♥t❡

♣❛r❛ ❡st✐♠❛çõ❡s ❝♦♠ ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡✱ ❤á ❝♦♥❞✐çõ❡s q✉❡ sã♦ s❛t✐s❢❡✐t❛s q✉❛♥❞♦ ❞♦✐s

♣♦❧♦s r❡❛✐s sã♦ ✉s❛❞♦s s✐♠✉❧t❛♥❡❛♠❡♥t❡✱ ♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ♦ ✉s♦ ❞❡ ❢✉♥çõ❡s ❞❡ ❑❛✉t③ ❛

❞♦✐s ♣❛râ♠❡tr♦s r❡❛✐s✳ ❆ ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❝r❡s❝❡ r❛♣✐❞❛♠❡♥t❡ à ♠❡❞✐❞❛ q✉❡

♦ ♥ú♠❡r♦ ❞❡ ♣♦❧♦s ❛✉♠❡♥t❛✱ ❥á q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ é ❛❣♦r❛ ♠✉❧t✐❞✐♠❡♥s✐♦♥❛❧✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ♣r♦♣õ❡✲s❡ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❡♠ ❞♦✐s ♣❛ss♦s ♣❛r❛ ❡♥❝♦♥tr❛r ♣♦❧♦s ❞❡

❑❛✉t③ ❛ ❞♦✐s ♣❛râ♠❡tr♦s r❡❛✐s q✉❛s❡ ót✐♠♦s✳ ❊st❛ ❛❜♦r❞❛❣❡♠ ❝♦♥s✐st❡ ❡♠ r❡❞✉③✐r ♦ ♣r♦✲

❜❧❡♠❛ ❛ ✉♠ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ♣♦r ✈❡③✱ ♦✉ s❡❥❛✱ ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛✐s

❝♦♥s❡❝✉t✐✈♦s✿ ♦ ♣r✐♠❡✐r♦ ✈✐s❛ ❛ ❡♥❝♦♥tr❛r ✉♠❛ r❡❣✐ã♦ ♦♥❞❡ ✉♠ ♣❛r ❞❡ ♣♦❧♦s ❛ ✉♠❛ r❛③ã♦

✜①❛ é ót✐♠♦❀ ♦ s❡❣✉♥❞♦ é ✉s❛❞♦ ♣❛r❛ ❡♥❝♦♥tr❛r ❛ ❞✐stâ♥❝✐❛ ót✐♠❛ ❡♥tr❡ ♦s ♣♦❧♦s✳ ❆♣❡♥❛s

♦ ❝❛s♦ ❞❡ t❡♠♣♦ ❝♦♥tí♥✉♦ s❡rá ♣r♦✈❛❞♦ ❛q✉✐✱ ♣♦ré♠✱ ❛♥❛❧♦❣❛♠❡♥t❡ ❛♦ q✉❡ é ♦❜s❡r✈❛❞♦

❡♠ ✭❙■▲❱❆✱ ✶✾✾✹✮✱ ❛s ❝♦♥❞✐çõ❡s ♣❡r♠❛♥❡❝❡♠ ❛s ♠❡s♠❛s ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❡ s❡ ✉t✐❧✐③❛r

✉♠❛ ❛❜♦r❞❛❣❡♠ ❝♦♥tí♥✉❛ ♦✉ ❞✐s❝r❡t❛✳

✻✸
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✺✳✷ P♦s✐çã♦ Ót✐♠❛ ❞❡ ✉♠ P❛r ❞❡ P♦❧♦s ❘❡❛✐s ❛ ✉♠❛

❘❛③ã♦ ❋✐①❛

❯♠ ♣r♦❝❡❞✐♠❡♥t♦ s✐♠✐❧❛r ❛♦ s❡❣✉✐❞♦ ❡♠ ✭❈▲❖❲❊❙✱ ✶✾✻✺✮ ❡ ✭❑■◆●✱ ✶✾✻✾✮ s❡rá ✉s❛❞♦ ♣❛r❛

♦❜t❡r ❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ♣❛r❛ ♦ ❝❛s♦ ♦♥❞❡ t❡♠✲s❡ ✉♠ ♣❛r ❞❡ ♣♦❧♦s ❛ ✉♠❛ ❞❛❞❛

r❛③ã♦ ❡ ❞❡s❡❥❛✲s❡ ❡♥❝♦♥tr❛r ❛ s✉❛ ❧♦❝❛❧✐③❛çã♦ ót✐♠❛ q✉❛♥t♦ ❛♦ ❡rr♦ ❞❡ ❛♣r♦①✐♠❛çã♦ ❣❡r❛❞♦

♣❡❧♦ ♠♦❞❡❧♦ ❝♦rr❡s♣♦♥❞❡♥t❡✳ ❯t✐❧✐③❛♥❞♦ ❛ ♥♦t❛çã♦ ❞❡s❝r✐t❛ ♥♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✱ s❡❥❛♠

♦s ♣♦❧♦s ❞❛s r❡❢❡r✐❞❛s ❢✉♥çõ❡s ❞❡ ❑❛✉t③ ❛ ❞♦✐s ♣❛râ♠❡tr♦s r❡❛✐s✱ ❛q✉✐ ❞❡♥♦t❛❞❛s ♣♦r L(s)✱

❞❡✜♥✐❞♦s ❝♦♠♦ {ξ2k−1 = −α1, ξ2k = −α2 | k = 1, 2, . . . , n/2}✳ ❆s ❢✉♥çõ❡s✱ ❡♥tã♦✱ sã♦

❞❡✜♥✐❞❛s ❝♦♠♦✿

L2k−1(s) =

√
2α1

s+ α1

(

s− α1

s+ α1

s− α2

s+ α2

)k−1

✭✺✳✶✮

L2k(s) =

√
2α2

s+ α2

s− α1

s+ α1

(

s− α1

s+ α1

s− α2

s+ α2

)k−1

. ✭✺✳✷✮

❙❡❥❛♠ α1 = p ❡ α2 = rp✱ ♦♥❞❡ r é ❝♦♥st❛♥t❡ ❡ p é ❛ ✈❛r✐á✈❡❧ ❛ s❡r ♦t✐♠✐③❛❞❛✳ ❊♥tã♦✱

✉♠❛ ❡①♣❛♥sã♦ ❡♠ ❢✉♥çõ❡s ❞❡ ❑❛✉t③ ❜❛s❡❛❞❛s ♥❡ss❡s ♣♦❧♦s s❡r✐❛✿

G(s) =
∞
∑

k=1

KT
k Vk(s), ✭✺✳✸✮

❡♠ q✉❡✱

Vk(s) = [L2k−1(s), L2k(s)]
T ✭✺✳✹✮

L2k−1(s) =

√
2p

s+ p

(

s− p

s+ p

s− rp

s+ rp

)k−1

✭✺✳✺✮

L2k(s) =

√
2rp

s+ rp

(

s− p

s+ p

s− rp

s+ rp

)k−1

✭✺✳✻✮

❡

Kk = [c2k−1, c2k]
T . ✭✺✳✼✮

❯♠❛ ❡①♣❛♥sã♦ ✜♥✐t❛ ♦❜t✐❞❛ ♣♦r ♠❡✐♦ ❞❡ ✉♠ tr✉♥❝❛♠❡♥t♦ ❞❛ ❡①♣❛♥sã♦ ✭✺✳✸✮ ❡♠ n

t❡r♠♦s é ❞❡✜♥✐❞❛ ❝♦♠♦✿

Gn(s) =

n/2
∑

k=1

KT
k Vk(s). ✭✺✳✽✮

❖ ♦❜❥❡t✐✈♦ ❛q✉✐ é ❛♣r♦①✐♠❛r ♦ s✐st❡♠❛ ❝♦♠ ❞♦✐s ♣♦❧♦s✱ ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❡st❛❜❡❧❡❝❡r
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q✉❡ n = 2✳ ❊♥tã♦✱ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡s❡❥❛❞❛ é ❞❛❞❛ ♣♦r✿

G1(s) = KT
1 V1(s)

= [c1, c2][L1(s), L2(s)]
T

= c1L1(s) + c2L2(s) ✭✺✳✾✮

❖ ❡rr♦ ❞❡ ❛♣r♦①✐♠❛çã♦ E(s) ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ é ❞❛❞♦ ♣♦r✿

E(s) = G(s)−G1(s), ✭✺✳✶✵✮

❝✉❥♦ q✉❛❞r❛❞♦ ❞❛ ♥♦r♠❛ ✐♥❞✉③✐❞❛ ♣❡❧♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✭✸✳✸✵✮ é ✐❣✉❛❧ ❛✿

|E(s)|2 = |G(s)−G1(s)|2

= 〈G(s)−G1(s), G(s)−G1(s)〉. ✭✺✳✶✶✮

❉❡✈✐❞♦ à ♦rt♦♥♦r♠❛❧✐❞❛❞❡ ❞❛s ❢✉♥çõ❡s Vk(s)✿

〈G(s), G1(s)〉 = 〈G(s), KT
1 V1(s)〉

= [[G(s), V1(s)]]K1

= KT
1 K1 = ||K1||2 ✭✺✳✶✷✮

〈G1(s), G1(s)〉 = 〈KT
1 V1(s), K

T
1 V1(s)〉

= KT
1 [[V1(s), V1(s)]]K1

= KT
1 K1 = ||K1||2. ✭✺✳✶✸✮

✭✺✳✶✹✮

▲♦❣♦✱ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✭✺✳✶✶✮ ❧❡✈❛ ❛✿

|E(s)|2 = |G(s)|2 − ||K1||2 − ||K1||2 + ||K1||2

= |G(s)|2 − ||K1||2. ✭✺✳✶✺✮

❙❡❥❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛r ♦ ❡rr♦ |E(s)|2✳ ❋❛③❡♥❞♦ ❡①♣❧í❝✐t❛ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞♦

♣❛râ♠❡tr♦ p✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ♣♦r✿

min
p

|E(s,p)|2 = min
p

|G(s)|2 − ||K1(p)||2. ✭✺✳✶✻✮

❈♦♠♦ G(s) é ❝♦♥st❛♥t❡ ❡♠ r❡❧❛çã♦ ❛ p✱ ♦ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r ♣♦st♦ ❞❡ ♦✉tr❛ ♠❛♥❡✐r❛✱
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✐✳❡✳ ❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♠❛①✐♠✐③❛r ||K1(p)||2✿

min
p

|E(s,p)|2 = min
p

|G(s)|2 − ||K1(p)||2 ⇔ max
p

||K1(p)||2. ✭✺✳✶✼✮

❆ ♥♦r♠❛ q✉❛❞r❛❞❛ ❞❡ K1(p) é✱ ❡♥tã♦✱ ❞❡✜♥✐❞❛ ❝♦♠♦ ❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ V (p) ❛ s❡r

♠❛①✐♠✐③❛❞❛✳ ❙✉❜st✐t✉✐♥❞♦ K1(p) ♣❡❧♦ ✈❡t♦r q✉❡ ❡❧❡ r❡♣r❡s❡♥t❛✱ t❡♠✲s❡✿

V (p) = ||K1(p)||2 = ||[c1(p), c2(p)]||2 = c1(p)
2 + c2(p)

2. ✭✺✳✶✽✮

❉❡r✐✈❛♥❞♦ V (p) ❡ ✐❣✉❛❧❛♥❞♦✲♦ ❛ ③❡r♦ ✭❞❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ ♦ ♣❛râ♠❡tr♦ p s❡rá ❞❡✐①❛♥❞♦

✐♠♣❧í❝✐t♦ ♣♦r ❝♦♥✈❡♥✐ê♥❝✐❛✮✿

dV

dp
= 2c1

dc1
dp

+ 2c2
dc2
dp

= 0. ✭✺✳✶✾✮

❱❛❧❡♥❞♦✲s❡ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♦rt♦♥♦r♠❛❧✐❞❛❞❡ ❞❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ✉t✐❧✐③❛❞❛s✱ ❛ ❞❡✲

r✐✈❛❞❛ ❞♦s ❝♦❡✜❝✐❡♥t❡s c1 ❡ c2 ❝♦♠ r❡❧❛çã♦ ❛ p ♣❛r❛ ❡st❡ ❝❛s♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♣♦r

❝♦rr❡❧❛çã♦ ♣♦r ♠❡✐♦ ❞❡✿

dci
dp

=
1

2π

∫ ∞

−∞

G(jω)
dLi(−jω)

dp
dω, i = 1,2. ✭✺✳✷✵✮

➱ ♣♦ssí✈❡❧ ♥♦t❛r q✉❡ ❛ r❡❧❛çã♦ ❡♥tr❡ ❛s ❞❡r✐✈❛❞❛s ❞❡ ci ❡ Li(s) é ❧✐♥❡❛r✳ P♦rt❛♥t♦✱

s❡ ❛❧❣✉♠❛ r❡❧❛çã♦ ❧✐♥❡❛r ❢♦r ❡♥❝♦♥tr❛❞❛ ❡♥tr❡ ❛s ❞❡r✐✈❛❞❛s ❞❛s ❢✉♥çõ❡s ♦rt♦♥♦r♠❛✐s✱ ❡st❛

r❡❧❛çã♦ é t❛♠❜é♠ ✈á❧✐❞❛ ♣❛r❛ ❛s ❞❡r✐✈❛❞❛s ❞♦s ❝♦❡✜❝✐❡♥t❡s ❝♦rr❡s♣♦♥❞❡♥t❡s✳

▼✉❧t✐♣❧✐❝❛♥❞♦✲s❡ ❛s ❞❡r✐✈❛❞❛s ♣♦r 2p✱ t❡♠✲s❡✿

2p
dL1(s)

dp
= 2p

d

dp

( √
2p

s+ p

)

= 2p

1

2
√
2p
2(s+ p)−√

2p

(s+ p)2

= 2p
1√
2p

s+ p− 2p

(s+ p)2

=

√
2p

s+ p

s− p

s+ p
. ✭✺✳✷✶✮
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2p
dL2(s)

dp
= 2p

d

dp

( √
2pr

s+ rp

s− p

s+ p

)

= 2p

1

2
√
2p
2r(s+ rp)− r

√
2rp

(s+ rp)2
s− p

s+ p
+

√
2rp

s+ rp

−(s+ p)− (s− p)

(s+ p)2

= 2p
r√
2rp

s+ rp− 2rp

(s+ rp)2
s− p

s+ p
+

√
2rp

s+ rp

−2s

(s+ p)2

=
2rp

s+ rp

s− rp

s+ rp

s− p

s+ p
−

√
2rp

s+ rp

2s

(s+ p)2

=
2rp

s+ rp

s− rp

s+ rp

s− p

s+ p
−

√
2rp

s+ rp

[

2s

(s+ p)2
+

(s− p)2

(s+ p)2
− (s− p)2

(s+ p)2

]

=
2rp

s+ rp

s− rp

s+ rp

s− p

s+ p
−

√
2rp

s+ rp

[

(s+ p)2

(s+ p)2
− (s− p)2

(s+ p)2

]

=
2rp

s+ rp

s− rp

s+ rp

s− p

s+ p
−

√
2rp

s+ rp
+

√
2rp

s+ rp

(s− p)2

(s+ p)2
. ✭✺✳✷✷✮

❉❡✜♥❛♠✲s❡ ❛s s❡❣✉✐♥t❡s ❢✉♥çõ❡s ❛✉①✐❧✐❛r❡s✿

La(s) =

√
2p

s+ p

s− p

s+ p
✭✺✳✷✸✮

Lb(s) =

√
2rp

s+ rp

(

s− p

s+ p

s− rp

s+ rp

)

✭✺✳✷✹✮

Lc(s) =

√
2rp

s+ rp
✭✺✳✷✺✮

Ld(s) =

√
2rp

s+ rp

(

s− p

s+ p

)2

. ✭✺✳✷✻✮

❊st❛s ❢✉♥çõ❡s sã♦ ❞❡✜♥✐❞❛s ♣♦rq✉❡✱ ❡♠❜♦r❛ ❡❧❛s s❡❥❛♠ ❜❛s❡❛❞❛s ♥♦s ♠❡s♠♦s ♣♦❧♦s

✉s❛❞♦s ♥❛ ❡①♣❛♥sã♦ ♦rt♦♥♦r♠❛❧ ✭✺✳✸✮✱ ❡❧❡s ♥ã♦ ♣❡rt❡♥❝❡♠ ❛ ❡❧❛✱ ♦ q✉❡ é ❝❧❛r♦ ❛ ♣❛rt✐r

❞❡ ✉♠❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛s ❢♦r♠❛s ❣❡r❛✐s ✭✺✳✺✮ ❡ ✭✺✳✻✮✳ ❚♦❞❛✈✐❛✱ ❡st❛s ❢✉♥çõ❡s ♣♦❞❡♠

s❡r ❝♦♥s✐❞❡r❛❞❛s ♣❛rt❡ ❞❡ ♦✉tr❛s ❡①♣❛♥sõ❡s ♦rt♦♥♦r♠❛✐s ❡ ❛ r❡❛❧✐③❛çã♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

❞❡❧❛s ❝♦♠ ❛ ❢✉♥çã♦ G(s) ❢♦r♥❡❝❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❛ss♦❝✐❛❞♦s ❛♦s t❡r♠♦s ❞❡ t❛✐s ❡①♣❛♥sõ❡s✳
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❊st❡s ❝♦❡✜❝✐❡♥t❡s ❛✉①✐❧✐❛r❡s sã♦ ❞❡✜♥✐❞♦s ❝♦♠♦✿

ca = 〈G(s),La(s)〉 ✭✺✳✷✼✮

cb = 〈G(s),Lb(s)〉 ✭✺✳✷✽✮

cc = 〈G(s),Lc(s)〉 ✭✺✳✷✾✮

cd = 〈G(s),Ld(s)〉 ✭✺✳✸✵✮

❆s ❞❡r✐✈❛❞❛s ❞❛s ❢✉♥çõ❡s L1(s) ❡ L2(s) ❝♦♠ r❡❧❛çã♦ ❛ p ♣♦❞❡♠ s❡r ❡s❝r✐t❛s ❝♦♠♦✿

dL1(s)

dp
=

1

2p
La(s) ✭✺✳✸✶✮

dL2(s)

dp
=

1

2p
[Lb(s)− Lc(s) + Ld(s)] ✭✺✳✸✷✮

❆ ♣❛rt✐r ❞❛ r❡❧❛çã♦ ❞❡ ❧✐♥❡❛r✐❞❛❞❡ ❡♥tr❡ ❛s ❢✉♥çõ❡s ❡ s❡✉s ❝♦❡✜❝✐❡♥t❡s ❝♦rr❡s♣♦♥❞❡♥t❡s✱

t❡♠✲s❡✿

dc1
dp

=
1

2p
ca ✭✺✳✸✸✮

dc2
dp

=
1

2p
(cb − cc + cd). ✭✺✳✸✹✮

❙✉❜st✐t✉✐♥❞♦ ✭✺✳✸✸✮ ❡ ✭✺✳✸✹✮ ❡♠ ✭✺✳✶✾✮✿

dV

dp
= 2c1

1

2p
ca + 2c2

1

2p
(cb − cc + cd) = 0

c1ca + c2(cb − cc + cd) = 0, ✭✺✳✸✺✮

✭✺✳✸✻✮

❡♥❝♦♥tr❛✲s❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ♣❛r❛ ❛ ❛❧♦❝❛çã♦ ❞♦ ♣❛r ❞❡ ♣♦❧♦s r❡❛✐s ❛ ✉♠❛

r❛③ã♦ ✜①❛✳

✺✳✸ ❘❛③ã♦ Ót✐♠❛ ❊♥tr❡ ❉♦✐s P♦❧♦s ❘❡❛✐s ❡♠ ❚♦r♥♦ ❞❡

✉♠ P♦♥t♦ ❋✐①♦

❆❣♦r❛ ❡st✉❞❛✲s❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❝❛❧❝✉❧❛r ♦s ♣♦❧♦s ✈❛r✐❛♥❞♦ ❛ r❛③ã♦ ❡♥tr❡ ❡❧❡s✳ ❈♦♥s✐❞❡r❛✲

s❡ ✉♠ ✈❛❧♦r ✜①♦ pm❀ ♦s ♣♦❧♦s ❞❛s ❢✉♥çõ❡s ♦rt♦♥♦r♠❛✐s s❡rã♦ ❡♥tã♦ ❞❡t❡r♠✐♥❛❞♦s ❝♦♠ ❜❛s❡

❡♠ pm✱ ❛ s❛❜❡r✱ α1 = pm/
√
r ❛♥❞ α2 = pm

√
r✱ ❞❡ ♠♦❞♦ q✉❡ pm é ❛ ♠é❞✐❛ ❣❡♦♠étr✐❝❛ ❡♥tr❡
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❞♦✐s ♣♦❧♦s ❝✉❥❛ r❛③ã♦ é ✐❣✉❛❧ ❛ r✳ ❊♥tã♦✱ ❛s ❢✉♥çõ❡s L1(s) ❡ L2(s) sã♦ ❞❡✜♥✐❞❛s ❝♦♠♦✿

L1(s) =

√

2pm/
√
r

s+ pm/
√
r

✭✺✳✸✼✮

L2(s) =

√

2pm
√
r

s+ pm
√
r

s− pm/
√
r

s+ pm/
√
r
. ✭✺✳✸✽✮

❙✐♠✐❧❛r♠❡♥t❡✱ ❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ é ❛❣♦r❛✿

dV

dr
= 2c1

dc1
dr

+ 2c1
dc2
dr

✭✺✳✸✾✮

❖ ♣ró①✐♠♦ ♣❛ss♦ é✱ ❡♥tã♦✱ ❝❛❧❝✉❧❛r ❛s ❞❡r✐✈❛❞❛s ❞❡ ✭✺✳✸✼✮ ❡ ✭✺✳✸✽✮ ❡ ✉s❛r ❛ r❡❧❛çã♦

❞❡ ❧✐♥❡❛r✐❞❛❞❡ ❡♥tr❡ ❡❧❡s ❡ s❡✉s ❝♦rr❡s♣♦♥❞❡♥t❡s ❝♦❡✜❝✐❡♥t❡s ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛s ❞❡r✐✈❛❞❛s

❞♦s ú❧t✐♠♦s✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❝❛❧❝✉❧❛r ❛s ❞❡r✐✈❛❞❛s é ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r ❝♦♠

p ❝♦♠♦ ❛ ✈❛r✐á✈❡❧ ❞❡ ♦t✐♠✐③❛çã♦✱ ❞❡ ♠♦❞♦ q✉❡ ♦s r❡s✉❧t❛❞♦s ✜♥❛✐s s❡rã♦ ❛♣r❡s❡♥t❛❞♦s

❞✐r❡t❛♠❡♥t❡✳ ❆s ❞❡r✐✈❛❞❛s ❞❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ sã♦✿

dL1

dr
= − 1

4r

√

2pm/
√
r

s+ pm/
√
r

s− pm/
√
r

s+ pm/
√
r

✭✺✳✹✵✮

dL2

dr
=

1

4r

√

2pm
√
r

s+ pm
√
r

s− pm
√
r

s+ pm
√
r

s− pm/
√
r

s+ pm/
√
r

− 1

4r

√

2pm
√
r

s+ pm
√
r
+

1

4r

√

2pm
√
r

s+ pm
√
r

(

s− pm
√
r

s+ pm
√
r

)2

✭✺✳✹✶✮

▼❛✐s ✉♠❛ ✈❡③✱ ❢✉♥çõ❡s ❛✉①✐❧✐❛r❡s sã♦ ❞❡✜♥✐❞❛s✱ ❛ s❛❜❡r✿

La(s) =

√

2pm/
√
r

s+ pm/
√
r

s− pm/
√
r

s+ pm/
√
r

✭✺✳✹✷✮

Lb(s) =

√

2pm
√
r

s+ pm
√
r

(

s− pm/
√
r

s+ pm/
√
r

s− pm
√
r

s+ pm
√
r

)

✭✺✳✹✸✮

Lc(s) =

√

2pm
√
r

s+ pm
√
r

✭✺✳✹✹✮

Ld(s) =

√

2pm
√
r

s+ pm
√
r

(

s− pm/
√
r

s+ pm/
√
r

)2

, ✭✺✳✹✺✮

❞❛s q✉❛✐s s❡ ♦❜tê♠ ♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❝♦❡✜❝✐❡♥t❡s ca✱ cb✱ cc ❡ cd✳
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❙✉❜st✐t✉✐♥❞♦ ❡st❡s r❡s✉❧t❛❞♦s ♥❛ ❢✉♥çã♦ ❞❡ ❝✉st♦ ✭✺✳✸✾✮✿

dV

dr
= 2c1

1

4r
ca + 2c2

1

4r
(cb − cc + cd) = 0

c1ca + c2(cb − cc + cd) = 0. ✭✺✳✹✻✮

❋✐❝❛ ❝❧❛r♦ q✉❡ ❛ ♠❡s♠❛ ❝♦♥❞✐çã♦ ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ✉s❛❞❛ ♣❛r❛ ❛ ♦t✐♠✐③❛çã♦ ❞❛ ❧♦❝❛❧✐③❛çã♦

♥❛ s❡çã♦ ❛♥t❡r✐♦r é ✈á❧✐❞❛ ♣❛r❛ ❛ ♦t✐♠✐③❛çã♦ ❞❛ ❞✐stâ♥❝✐❛ ♥❡st❛ s❡çã♦✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡

❞❛ ❞✐❢❡r❡♥ç❛ ♥❛ ✈❛r✐á✈❡❧ ❞❡ ♦t✐♠✐③❛çã♦✳ ➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ✐❣✉❛❧❛r ♦ ♣r✐♠❡✐r♦ t❡r♠♦

❞❛ ❡q✉❛çã♦✱ c1ca✱ ❛ ③❡r♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦ ♣❛r❛ ♦❜t❡♥çã♦ ❞❡ ♣♦❧♦s ót✐♠♦s

❞❡ ▲❛❣✉❡rr❡ ❛♣r❡s❡♥t❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ s❡♥❞♦ ♦ s❡❣✉♥❞♦ t❡r♠♦ ✉♠ ❝♦♠♣❧❡♠❡♥t♦

♦r❣✐♥❛❞♦ ❞♦ ❢❛t♦ ❞❡ ❤❛✈❡r ❞♦✐s ♣♦❧♦s s❡♥❞♦ ❛❧♦❝❛❞♦s✳

✺✳✹ ❊st✐♠❛çã♦ ❡♠ ❞♦✐s ♣❛ss♦s ❞❡ ♠♦❞❡❧♦s ❞❡ ❑❛✉t③ ❛

❞♦✐s ♣❛râ♠❡tr♦s r❡❛✐s

❖ ♣r✐♠❡✐r♦ ♠ét♦❞♦ ❞❡ ❡st✐♠❛çã♦ ♣r♦♣♦st♦ ❝♦♥s✐st❡ ❡♠ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❞❛s ❞✉❛s ❡st✐✲

♠❛çõ❡s ❛♣r❡s❡♥t❛❞❛s✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❞❡✈❡✲s❡ ✜①❛r ✉♠❛ r❛③ã♦ ❡♥tr❡ ♦s ♣♦❧♦s ❡ ❛♣❧✐❝❛r ❛s

❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ✭✺✳✸✻✮ ♣❛r❛ ❡♥❝♦♥tr❛r ❛ ♣♦s✐çã♦ ót✐♠❛ ♣❛r❛ ❡st❡ ♣❛r ❞❡ ♣♦❧♦s✳

❊st❛ r❛③ã♦ ♥ã♦ ❞❡✈❡ s❡r ♠✉✐t♦ ❣r❛♥❞❡❀ s✉❣❡r❡✲s❡ ♦ ✉s♦ ❞❡ ✉♠❛ r❛③ã♦ ❞❡ ✷✳ ❊♠ s❡❣✉✐❞❛✱

❞❡✈❡✲s❡ ❝♦♠♣✉t❛r ❛ ♠é❞✐❛ ❣❡♦♠étr✐❝❛ ❡♥tr❡ ♦s ❞♦✐s ♣♦♥t♦s ❡ ✉s❛r ❡ss❡ ✈❛❧♦r ❝♦♠♦ ♦ ✈❛❧♦r

❞❡ r❡❢❡rê♥❝✐❛ ♣❛r❛ ❛♣❧✐❝❛r ❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ✭✺✳✹✻✮ ♣❛r❛ ❡♥❝♦♥tr❛r ❛ r❛③ã♦ ót✐♠❛

❡♥tr❡ ♦s ♣♦❧♦s✳ ❊ss❛ ♠❡t♦❞♦❧♦❣✐❛✱ ❞❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡ ❝❤❛♠❛❞❛ ❞❡ ❑❛✉t③✲P❘ ✭P♦s✐çã♦✲

❘❛③ã♦✮✱ ♣r♦✈❛✈❡❧♠❡♥t❡ ♥ã♦ ❢♦r♥❡❝❡rá ♦s ♣♦❧♦s ❞❡ ❑❛✉t③ ót✐♠♦s✱ ♣♦ré♠✱ ❢♦r♥❡❝❡rá ✉♠❛

❛♣r♦①✐♠❛çã♦ q✉❛s❡✲ót✐♠❛ q✉❡ s❡rá s✉✜❝✐❡♥t❡ ♣❛r❛ ♣r♦✈❡r ❜♦❛s ❛♣r♦①✐♠❛çõ❡s ❡♠ ❝❛s♦ ❞❡

♦❝♦rrê♥❝✐❛ ❞❡ ♣♦❧♦s ❡s♣❛rs♦s ❡ ③❡r♦s ♥♦ s✐st❡♠❛ ✐❞❡♥t✐✜❝❛❞♦✳

❯♠❛ ♦✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ s✉❣❡r✐❞❛ ♣❛r❛ r❡❛❧✐③❛r ❡st✐♠❛çã♦ ❡♠ ❞♦✐s ♣❛ss♦s é s✉❜st✐t✉✐r ♦

♣r✐♠❡✐r♦ ♣❛ss♦ ♣♦r ✉♠❛ ❡st✐♠❛çã♦ ❞♦ ♣♦❧♦ ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠

✖ ♦ q✉❡ é ❝♦♥❝❡✐t✉❛❧♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛ r❡❛❧✐③❛r ✉♠❛ ♦t✐♠✐③❛çã♦ ❞❛ ♣♦s✐çã♦ ❞❡ ♣♦❧♦s ❞❡

❑❛✉t③ ♣❛r❛ ✉♠❛ r❛③ã♦ ✉♥✐tár✐❛✱ ♠❛s ♦❢❡r❡❝❡ ✈❛♥t❛❣❡♥s ❞❡ ✐♠♣❧❡♠❡♥t❛çã♦ ♥♦ q✉❡ s❡ r❡❢❡r❡

à ❝♦♠♣❧❡①✐❞❛❞❡✱ ❝♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ♥❛ ✐♥tr♦❞✉çã♦ ❞❡st❡ ❝❛♣ít✉❧♦✳ ❊st❡ ♣♦❧♦ ♣♦❞❡ ❡♥tã♦

s❡r ✉s❛❞♦ ❝♦♠♦ ♦ ♣♦♥t♦ ❞❡ r❡❢❡rê♥❝✐❛ ♣❛r❛ ❡♥❝♦♥tr❛r ❛ r❛③ã♦ ót✐♠❛ ✉s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s

✭✺✳✹✻✮✳ ❊st❡ s❡❣✉♥❞♦ ♠ét♦❞♦ s❡rá r❡❢❡r✐❞♦ ❝♦♠♦ ❑❛✉t③✲▲❘ ✭▲❛❣✉❡rr❡✲❘❛③ã♦✮✳
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✺✳✺ ◗✉❡stõ❡s ❞❡ ■♠♣❧❡♠❡♥t❛çã♦

❈♦♠♦ ♣♦❞❡✲s❡ ♥♦t❛r ❞❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ✭✺✳✸✻✮ ❡ ✭✺✳✹✻✮✱ ❛ ♦t✐♠✐③❛çã♦ ❞♦s ♣♦❧♦s

❡♠ r❡❧❛çã♦ ❛ ✉♠❛ ✈❛r✐á✈❡❧ r❡q✉❡r ♦ ❝á❧❝✉❧♦ ❞❡ s❡✐s ❝♦❡✜❝✐❡♥t❡s✳ ❙❡ ❢♦r❡♠ ❝❛❧❝✉❧❛❞♦s

❛♥❛❧✐t✐❝❛♠❡♥t❡✱ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ é ❛ s♦❧✉çã♦ ♣❛r❛ ❡♥❝♦♥tr❛r s❡✉s ✈❛❧♦r❡s ♣♦r ❝♦rr❡❧❛çã♦✳

❆ss✉♠✐♥❞♦ q✉❡ ❛ ❢✉♥çã♦ ❞❡ tr❛♥s❢❡rê♥❝✐❛ G(s) ❞♦ s✐st❡♠❛ ✈❡r❞❛❞❡✐r♦ é ❞❡s❝♦♥❤❡❝✐❞❛ ❡ q✉❡

s❡ ❞❡✈❛ ❝❛❧❝✉❧❛r ♦s ❝♦❡✜❝✐❡♥t❡s ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛✱ ♦s ❝♦❡✜❝✐❡♥t❡s sã♦

♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❡ ❡st✐♠❛t✐✈❛s ❞❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s✳ ◆ã♦ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧á✲❧♦s t♦❞♦s

❝♦♠ ✉♠❛ ú♥✐❝❛ ❡st✐♠❛t✐✈❛ ♣❡❧♦ ❢❛t♦ ❞❡ ♥ã♦ ♣❡rt❡♥❝❡r❡♠ à ♠❡s♠❛ ❡①♣❛♥sã♦ ❡♠ ❖❇❋s✱

♠❛s ❡❧❡s ♣♦❞❡♠ s❡r ❛❣r✉♣❛❞♦s ❞❡ t❛❧ ♠♦❞♦ q✉❡ ♣r❡❝✐s❡✲s❡ ❝❛❧❝✉❧❛r ♦ ♠í♥✐♠♦ ♣♦ssí✈❡❧ ❞❡

♣❛râ♠❡tr♦s ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ ❛♥❛❧✐s❛❞♦✳

❙❡❥❛♠ p1 ❡ p2 ✈❛r✐á✈❡✐s ❣❡♥ér✐❝❛s ✉s❛❞❛s ♣❛r❛ ✐♥❞✐❝❛r ♦s ♣♦❧♦s ❞❛ ❡①♣❛♥sã♦ ❞❡ ❑❛✉t③ ✖

♥❛ ♦t✐♠✐③❛çã♦ ❞❛ ♣♦s✐çã♦✱ p1 = p ❡ p2 = rp✱ ❡♥q✉❛♥t♦✱ ♥❛ ♦t✐♠✐③❛çã♦ ❞❛ r❛③ã♦✱ p1 = p/
√
r

❡ p2 = p
√
r✳ ❖s ❝♦❡✜❝✐❡♥t❡s c1 ❡ c2 sã♦ r❡❛❧♠❡♥t❡ ♣❛rt❡ ❞❛ ❡①♣❛♥sã♦ ❞❡ ❑❛✉t③ ❡ sã♦

❝❛❧❝✉❧❛❞♦s ❥✉♥t❛♠❡♥t❡ ❢❛③❡♥❞♦ ✖ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♥♦t❛çã♦ ❛♣r❡s❡♥t❛❞❛ ♥❛s ❡q✉❛çõ❡s

✭✷✳✸✷✮ ❡ ✭✷✳✸✸✮ ✖ ψ(t) = L−1[L1(s), L2(s)]✳ ❆s ❢✉♥çõ❡s ❛✉①✐❧✐❛r❡s La(s) ❡ Ld(s) ♣♦❞❡♠

s❡r ❝♦♥s✐❞❡r❛❞❛s ♣❛rt❡ ❞❡ ✉♠❛ ❡①♣❛♥sã♦ ♦rt♦♥♦r♠❛❧ ❜❛s❡❛❞❛ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦❧♦s

❞❛❞♦s ♣♦r {ξ1 = ξ2 = p1, ξ3 = p2}✱ t❛❧ q✉❡ ψ(t) = L−1[
√
2p1

s+p1
, La(s), Ld(s)]✱ ❡ ♦s ❝♦❡✜❝✐❡♥t❡s

ca ❡ cd sã♦ ❞❛❞♦s ♥♦ s❡❣✉♥❞♦ ❡ ♥♦ t❡r❝❡✐r♦ ♣❛râ♠❡tr♦s ❡st✐♠❛❞♦s✳ ❆ ♠❡s♠❛ ❡str❛té❣✐❛ ♣♦❞❡

s❡r ✉s❛❞❛ ♣❛r❛ ❝❛❧❝✉❧❛r cb ❡ cc✿ ❡❧❡s ♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ♦ t❡r❝❡✐r♦ ❡ ♦ ♣r✐♠❡✐r♦

❝♦❡✜❝✐❡♥t❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡ ✉♠❛ ❡①♣❛♥sã♦ ♦rt♦♥♦r♠❛❧ ❡♥✈♦❧✈❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡

♣♦❧♦s {ξ1 = p2, ξ2 = p1, ξ3 = p2}✱ t❛❧ q✉❡ γ(t) = L−1[Lc(s),
√
2p1

s+p1

s−p2
s+p2

, Lb(s)]✳

❖✉tr❛ q✉❡stã♦ ❛ s❡r tr❛t❛❞❛ é ♦ ✐♥t❡r✈❛❧♦ ❞❡ ❜✉s❝❛✳ P❛r❛ ❛ ♦t✐♠✐③❛çã♦ ❞❛ ♣♦s✐çã♦

♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ❝♦♥tí♥✉♦✱ t❡♥❞♦ ❞❡✜♥✐❞♦ ✉♠❛ ❡st✐♠❛çã♦ ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦

♣r♦❝❡ss♦ T ✱ s✉❣❡r❡✲s❡ ♣r♦❝✉r❛r ♦ ♣♦❧♦ ót✐♠♦ p ❞❡♥tr♦ ❞♦ ✐♥t❡r✈❛❧♦ [−5/T,− 0,5/T ]✱ ♦ q✉❡

❝♦rr❡s♣♦♥❞❡ ❛ ♣r♦❝✉r❛r ♥♦ ❡♥t♦r♥♦ ❞♦ ♣♦❧♦ ❞♦♠✐♥❛♥t❡ ❡st✐♠❛❞♦✳ ◗✉❛♥t♦ à ♦t✐♠✐③❛çã♦

❞❛ r❛③ã♦✱ ♦ ✐♥t❡r✈❛❧♦ s✉❣❡r✐❞♦ é [0,12; 52]✱ ❡♠ q✉❡ ❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞♦s

♣♦❧♦s s❡r❡♠ ❞❛❞♦s ❝♦♠♦ ❢✉♥çõ❡s ❞❡
√
r✳ ◆♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ❞✐s❝r❡t♦✱ ♦ ✐♥t❡r✈❛❧♦ ❞❡

❜✉s❝❛ ♣❛r❛ ♦t✐♠✐③❛çã♦ ❞❛ r❛③ã♦ é ✐♥❞✐❢❡r❡♥t❡✱ ❡♥q✉❛♥t♦ ♣❛r❡❝❡ s✉✜❝✐❡♥t❡✱ t❡♥❞♦ ❞❡✜♥✐❞♦

♦ t❡♠♣♦ ❞❡ ❛♠♦str❛❣❡♠ Ts ❝♦♠♦ 0,1T ✱ r❡❛❧✐③❛r ❛ ♦t✐♠✐③❛çã♦ ❞❛ ♣♦s✐çã♦ ♣r♦❝✉r❛♥❞♦ p ♥♦

✐♥t❡r✈❛❧♦ [0,4; 1]✳

✺✳✻ ❙✐♠✉❧❛çõ❡s ◆✉♠ér✐❝❛s

❊①❡♠♣❧♦s sã♦ ✉s❛❞♦s ♣❛r❛ ✐❧✉str❛r ❛ ❛♣❧✐❝❛çã♦ ❞♦s ♠ét♦❞♦s ❞❡ ♦t✐♠✐③❛çã♦ ♣r♦♣♦st♦s ❡ ♣❛r❛

❝♦♠♣❛r❛r ♦s r❡s✉❧t❛❞♦s àq✉❡❧❡s ♦❜t✐❞♦s ❝♦♠ ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ót✐♠♦s ❞❡ ✷❛ ♦r❞❡♠✳

❚rês ♣r♦❝❡ss♦s ❢♦r❛♠ s✉❥❡✐t♦s ❛ ✉♠❛ ❡♥tr❛❞❛ ❡♠ ❞❡❣r❛✉ ✉♥✐tár✐♦ ❡ t✐✈❡r❛♠ s✉❛ ❝♦♥st❛♥t❡
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❞❡ t❡♠♣♦ ❞♦♠✐♥❛♥t❡ T ❡st✐♠❛❞❛ ♣♦r ♠❡✐♦ ❞❡ ♦❜s❡r✈❛çã♦ ❞❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉✳ ❆

✐❞❡♥t✐✜❝❛çã♦ ❢♦✐ r❡❛❧✐③❛❞❛ ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ❝♦♥tí♥✉♦✳

❖s ♣r♦❝❡ss♦s ❛♥❛❧✐s❛❞♦s ❡ ♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ♣❛râ♠❡tr♦s ❞❡ s✐♠✉❧❛çã♦ ❢♦r❛♠✿

• G1(s) =
s+ 1

2s2 + 3s+ 1
✱ T = 3 s❀

• G2(s) =
(10s+ 1)(100s+ 1)

(s+ 1)(30s+ 1)(1000s+ 1)
✱ T = 1200 s❀

• G3(s) =
8(0,25s+ 1)(s+ 1)(2,5s+ 1)

(s+ 1)(4s+ 1)(s2 + 6s+ 10)
✱ T = 18 s❀

• G3(s) =
0,2s2 + 0,3s+ 0,7

s3 + 3s2 + 2,7s+ 0,7
=

0,2856(s2 + 1,5s+ 3,5)

(0,646s+ 1)(s+ 1)(2,211s+ 1)
✱ T = 1,5 s❀

P❛r❛ t♦r♥❛r ♠❛✐s ❝❧❛r♦ ❝♦♠♦ ❛ ♦t✐♠✐③❛çã♦ ❡♠ ❞✉❛s ❡t❛♣❛s ♦❝♦rr❡✱ ❞á✲s❡ ♣r✐♠❡✐r♦ ✉♠❛

❞❡s❝r✐çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ✉s❛♥❞♦ ❝♦♠♦ ❡①❡♠♣❧♦ ♦ ♣r♦❝❡ss♦ G3(s)✳ ◆❛

✜❣✉r❛s ✺✳✶ ❡ ✺✳✷✱ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r ♦s ❣rá✜❝♦s ❣❡r❛❞♦s ♣❡❧❛ ❛✈❛❧✐❛çã♦ ❞❛s ❢✉♥çõ❡s ♥♦ t❡r♠♦

❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛s ❡q✉❛çõ❡s ✭✺✳✸✻✮ ❡ ✭✺✳✹✻✮ ♣❛r❛ ✻✵ ✈❛❧♦r❡s ❞❡ p ❡ r✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❞✐str✐❜✉í❞♦s ❧✐♥❡❛r♠❡♥t❡ ❛♦ ❧♦♥❣♦ ❞♦s ✐♥t❡r✈❛❧♦s s✉❣❡r✐❞♦s✱ ❛ s❛❜❡r✱ [−5/T ;−0,5/T ] =

[−3,333;−0,3333] ❡ [0,1; 6]✳ ❖s ♣♦♥t♦s ❞❡ ✐♥t❡r❡ss❡ ♥❛ ❝✉r✈❛ sã♦ ❛q✉❡❧❡s ♦♥❞❡ ❡❧❛s ❝r✉③❛♠

♦ ❡✐①♦ ❤♦r✐③♦♥t❛❧✱ ✐✳❡✳ ♦♥❞❡ ❡❧❛s s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ♦t✐♠❛❧✐❞❛❞❡✳ ❙❡ ❤á ♠❛✐s ❞❡ ✉♠

❝r✉③❛♠❡♥t♦ ❞❡ ③❡r♦✱ ❛✈❛❧✐❛✲s❡ ♦s ❡rr♦s ♥❡st❡s ♣♦♥t♦s ♣❛r❛ s❡❧❡❝✐♦♥❛r ♦ ót✐♠♦ ❣❧♦❜❛❧ ❞❡♥tr♦

❞♦ ✐♥t❡r✈❛❧♦✳

P❛r❛ ♦ ♠ét♦❞♦ ❑❛✉t③✲P❘✱ ✉♠❛ ✈❡③ q✉❡ é s❡❧❡❝✐♦♥❛❞♦ ♦ p ót✐♠♦ ♣❛r❛ ❛ ♦t✐♠✐③❛çã♦ ❞❛

♣♦s✐çã♦✱ ✉s❛✲s❡ ❡st❡ ✈❛❧♦r ❝♦♠♦ ♦ pm ♣❛r❛ ❛ ♦t✐♠✐③❛çã♦ ❞❛ r❛③ã♦✳ ❖s ♣♦❧♦s ♦❜t✐❞♦s ❛♣ós ❛

♦t✐♠✐③❛çã♦ ❞❛ r❛③ã♦ ❝♦♠ r = 2 ❢♦r❛♠ p = −2,386 ❡ rp = −4,771 ✭✜❣✉r❛ ✺✳✶✮✱ r❡s✉❧t❛♥❞♦

❡♠ ✉♠❛ ♠é❞✐❛ ❣❡♦♠étr✐❝❛ ❞❡ pm = −3,374✳ ❊♠ s❡❣✉✐❞❛✱ ❡♠ t♦r♥♦ ❞❡st❡ ú❧t✐♠♦ ✈❛❧♦r ❢♦✐

r❡❛❧✐③❛❞❛ ✉♠❛ ♦t✐♠✐③❛çã♦ ❞❛ r❛③ã♦✱ r❡s✉❧t❛♥❞♦✱ ❡♥tã♦✱ ❡♠ ✉♠❛ r❛③ã♦ r = 0,04 ✭✜❣✉r❛ ✺✳✷✮

❡ ♣♦❧♦s pm/
√
r = −16,87 ❡ pm

√
r = −0,6747✳

❆♣❧✐❝❛♥❞♦ ♦ ♠ét♦❞♦ ❑❛✉t③✲▲❘ ❛♦ ♠❡s♠♦ ♣r♦❝❡ss♦ G3(s)✱ ♦ ♣♦♥t♦ pm é ♦❜t✐❞♦ ❛

♣❛rt✐r ❞❛ ♦t✐♠✐③❛çã♦ ❞♦ ♣♦❧♦ ót✐♠♦ ❞❡ ▲❛❣✉❡rr❡ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ❞❡ ♦♥❞❡ s❡ t❡♠ q✉❡

pm = −0,8602✳ ❆ ♦t✐♠✐③❛çã♦ ❞❛ r❛③ã♦ r❡❛❧✐③❛❞❛ ❡♠ s❡❣✉✐❞❛ ❣❡r❛ ✉♠❛ r❛③ã♦ r = 10,24 ❡

♦s ♣♦❧♦s pm/
√
r = −0,2688 ❡ pm

√
r = −2,753✳

◆❛ t❛❜❡❧❛ ✺✳✶ ❛♣r❡s❡♥t❛♠✲s❡ ♦s ✈❛❧♦r❡s ❞❛s ✈❛r✐á✈❡✐s ❡♥✈♦❧✈✐❞❛s ❞✉r❛♥t❡ ❛ ❡①❡❝✉çã♦

❞♦s ♠ét♦❞♦s q✉❡ ❣❡r❛♠ ♦s ♠♦❞❡❧♦s ❑❛✉t③✲P❘ ❡ ❑❛✉t③✲▲❘✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖s ♣♦❧♦s

❞♦s ♠♦❞❡❧♦s ♥ã♦ ❡stã♦ ✐♥❝❧✉í❞♦s ♥❡ss❛ t❛❜❡❧❛ ❡ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ♠❛✐s à ❢r❡♥t❡✱ q✉❛♥❞♦

❢♦r❡♠ ♠♦str❛❞♦s ♦s ♠♦❞❡❧♦s ♦❜t✐❞♦s✳

❆ ❛♠♣❧✐t✉❞❡ ❞♦ ❡rr♦ ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ ❡♥tr❡ ❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ✈❡r❞❛❞❡✐r❛

❡ ❛s s❛í❞❛s ❞❡ ❝❛❞❛ ♠♦❞❡❧♦ ❢♦✐ ❛✈❛❧✐❛❞♦ ♣♦r ♠❡✐♦ ❞♦ ❡rr♦ ♠é❞✐♦ q✉❛❞rát✐❝♦ ✭▼❙❊✱ ❞♦
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❋✐❣✉r❛ ✺✳✶✿ ●rá✜❝♦ ❞❡ c1ca+c2(cb−cc+cd) ❡♠ ❢✉♥çã♦ ❞❡ p ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❞❛ ♦t✐♠✐③❛çã♦
❞❛ ♣♦s✐çã♦ ❛♦ ♣r♦❝❡ss♦ G3(s)✳ ❆ ❝r✉③ ✈❡r♠❡❧❤❛ ❞❡st❛❝❛ ♦ ♣♦♥t♦ ❡s❝♦❧❤✐❞♦✳

❋✐❣✉r❛ ✺✳✷✿ ●rá✜❝♦ ❞❡ c1ca+c2(cb−cc+cd) ❡♠ ❢✉♥çã♦ ❞❡ r ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ ❞❛ ♦t✐♠✐③❛çã♦
❞❛ r❛③ã♦ ❛♦ ♣r♦❝❡ss♦ G3(s)✳ ❆ ❝r✉③ ✈❡r♠❡❧❤❛ ❞❡st❛❝❛ ♦ ♣♦♥t♦ ❡s❝♦❧❤✐❞♦✳
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❚❛❜❡❧❛ ✺✳✶✿ ❱❛❧♦r❡s ❞❛s ✈❛r✐á✈❡✐s ❡♥✈♦❧✈✐❞❛s ♥❛ ♦❜t❡♥çã♦ ❞♦s ♠♦❞❡❧♦s ❑❛✉t③✲P❘ ♣❛r❛ ♦s
q✉❛tr♦ ♣r♦❝❡ss♦s ❛♥❛❧✐s❛❞♦s✳

❑❛✉t③✲P❘ ❑❛✉t③✲▲❘

Pr♦❝❡ss♦ P♦❧♦s ■♥t❡r♠❡❞✐ár✐♦s

✭p ❡ rp✮
▼é❞✐❛

❣❡♦♠étr✐❝❛

✭pm✮

❘❛③ã♦

✭r✮
P♦❧♦ ❞❡

▲❛❣✉❡rr❡ ✷❛

♦r❞❡♠ ✭pm✮

❘❛③ã♦

✭r✮

G1(s) ✲✵✱✷✹✷✾ ✲✵✱✹✽✺✾ ✲✵✱✸✹✸✻ ✷✱✷✺ ✲✵✱✺✹✽✵ ✶

G2(s) ✲✵✱✵✵✷✵✻✾ ✲✵✱✵✵✹✶✸✽ ✲✵✱✵✵✷✾✷✻ ✶✵✱✷✹ ✲✵✱✵✵✷✵✻✾ ✵✱✹✾

G3(s) ✲✷✱✸✽✻ ✲✹✱✼✼✶ ✲✸✱✸✼✸✽ ✵✱✵✹ ✲✷✱✸✽✻ ✶✵✱✷✹

✐♥❣❧ês ▼❡❛♥ ❙q✉❛r❡ ❊rr♦r✮✱ ❞❛❞♦ ♣♦r ▼❙❊ = 1
N

∑N
i=1(yverdadeiroi − ymodeloi)✳ ❏á ❛ ♠❡❞✐❞❛

❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❡rr♦ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❢♦✐ ❝❛❧❝✉❧❛❞♦ ♣♦r ♠❡✐♦ ❞❛ ❡q✉❛çã♦ ▼❙❊

= 1
N

∑N
i=1 |G(jωi)−Gmodel(jωi)|✱ ❡♠ q✉❡ |·| s✐❣♥✐✜❝❛ ❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❛r❣✉♠❡♥t♦ ❝♦♠♣❧❡①♦✳

❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ q✉❛♥t♦ ♠❛✐♦r ❛ ❡st✐♠❛t✐✈❛✱ ♠❛✐s ♣ró①✐♠♦ ❞❡ ✵ é ♦ ▼❙❊✳

◆❛ ✜❣✉r❛ ✺✳✸✱ ♠♦str❛✲s❡ ❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞♦ ♣r♦❝❡ss♦ ✈❡r❞❛❞❡✐r♦ ❡ ❛s ❞♦s ♠♦❞❡❧♦s

❞❡ ▲❛❣✉❡rr❡ ❡ ❞❡ ❑❛✉t③ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ G1(s)✱ ❡♥q✉❛♥t♦✱ ♥❛ ✜❣✉r❛ ✺✳✹✱ ♣♦❞❡✲s❡

♦❜s❡r✈❛r ♦s ❞✐❛❣r❛♠❛s ❞❡ ❇♦❞❡ ❝♦rr❡s♣♦♥❞❡♥t❡s✳ ❖s ♠♦❞❡❧♦s ❞❡ ❑❛✉t③ ♦❜t✐❞♦s ♣♦r ♠❡✐♦

❞♦s ♠ét♦❞♦s ❑❛✉t③✲P❘ ❡ ❑❛✉t③✲▲❘ sã♦ ♠♦str❛❞♦s ♥❛ t❛❜❡❧❛ ✺✳✷✱ ❛ss✐♠ ❝♦♠♦ ♦s ♠♦❞❡❧♦s

❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ♣❛r❛ ❝♦♠♣❛r❛çã♦✳

❋✐❣✉r❛ ✺✳✸✿ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ♣❛r❛
♦ ♣r♦❝❡ss♦ G1(s)✳

❊st❡ ❡①❡♠♣❧♦ é ❛♣r❡s❡♥t❛❞♦ ❛♣❡♥❛s ❝♦♠ ❞♦✐s ♦❜❥❡t✐✈♦s✳ ❖ ♣r✐♠❡✐r♦ é ♦ ❞❡ ❡✈✐❞❡♥❝✐❛r

q✉❡ ♦ ✉s♦ ❞♦ ♠ét♦❞♦ ❛♣r❡s❡♥t❛❞♦ ♣♦❞❡ ♥ã♦ s❡r tã♦ út✐❧ ❡♠ ❝❛s♦s ❡♠ q✉❡ ♦ s✐st❡♠❛
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❋✐❣✉r❛ ✺✳✹✿ ❉✐❛❣r❛♠❛s ❞❡ ❇♦❞❡ ❞♦s ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ♣❛r❛ ♦
♣r♦❝❡ss♦ G1(s)✳

❚❛❜❡❧❛ ✺✳✷✿ ▼♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ❛ ❞♦✐s ♣❛râ♠❡tr♦s r❡❛✐s ❡st✐♠❛❞♦s
♣❛r❛ ♦ ♣r♦❝❡ss♦ G1(s) ❡ ♦ ▼❙❊ ❣❡r❛❞♦ ♣♦r s✉❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉✳

❚✐♣♦ ▼♦❞❡❧♦ ▼❙❊ ♥♦ ❉♦♠í♥✐♦

❞♦ ❚❡♠♣♦

▼❙❊ ♥♦ ❉♦♠í♥✐♦

❞❛ ❋r❡q✉ê♥❝✐❛

Pr♦❝❡ss♦ G1(s)
s+ 1

2s2 + 3s+ 1
✵ ✵

▲❛❣✉❡rr❡ ✷❛ ♦r❞❡♠
1,565s+ 1

(1,785s+ 1)2
✵✱✵✵✵✺✹✷✺ ✵✱✵✵✶✸✹✹

❑❛✉t③✲P❘
4,243s+ 1

(1,941s+ 1)(4,367s+ 1)
✵✱✵✵✶✽✸✽ ✵✱✵✵✷✾✼✾

❑❛✉t③✲▲❘
1,640s+ 1)

(1,825s+ 1)2
✵✱✵✵✵✹✺✷✾ ✵✱✵✵✶✵✼✾

❛♣r❡s❡♥t❛ ✉♠❛ ❞✐♥â♠✐❝❛ ♠✉✐t♦ s✐♠♣❧❡s✳ ◆♦ ❝❛s♦ ❞♦ ♣r♦❝❡ss♦ G1(s)✱ ♦ ❛❥✉st❡ ❡♥❝♦♥tr❛❞♦

❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ▲❛❣✉❡rr❡ ❥á é ♠✉✐t♦ ❜❛✐①♦✱ ❞❡ ♦r❞❡♠ ❞❡ ❣r❛♥❞❡③❛ 10−4✱ ❞❡ ♠♦❞♦ q✉❡ ♥❡♠

❛ ♠❡❧❤♦r❛ ♦❜t✐❞❛ ❝♦♠ ♦ ♠♦❞❡❧♦ ❑❛✉t③✲▲❘ ♥❡♠ ❛ ♣✐♦r❛ ♦❜s❡r✈❛❞❛ ❝♦♠ ♦ ♠♦❞❡❧♦ ❑❛✉t③✲

P❘ ♣♦❞❡♠ s❡r ♣❡r❝❡❜✐❞❛s ❢❛❝✐❧♠❡♥t❡ ♥❡♠ s✐❣♥✐✜❝❛♠ ✉♠❛ ❞✐❢❡r❡♥ç❛ s✐❣♥✐✜❝❛t✐✈❛ ♥♦ ♠♦❞❡❧♦

✐❞❡♥t✐✜❝❛❞♦✳ ❉❡✈✐❞♦ ❛♦s ❝✉st♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❛ss♦❝✐❛❞♦s ❛♦s ♠ét♦❞♦s ❞❡s❡♥✈♦❧✈✐❞♦s✱ ♦

♠♦❞❡❧♦ ❞❡ ▲❛❣✉❡rr❡ s❡r✐❛✱ ♥❡ss❡ ❝❛s♦✱ ♠✉✐t♦ ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ ❞❡ s❡r ✉t✐❧✐③❛❞♦✳

❖ s❡❣✉♥❞♦ ♦❜❥❡t✐✈♦ é ♦ ❞❡ ♠♦str❛r q✉❡ ♦s ♠ét♦❞♦s ❞❡ ♦t✐♠✐③❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧

✉t✐❧✐③❛❞♦s ❝♦♥❞✉③❡♠✱ ❞❡ ❢❛t♦✱ ❛ ❡st✐♠❛t✐✈❛s ❜❡♠ ♣ró①✐♠❛s ❞♦s ✈❛❧♦r❡s ót✐♠♦s ♣❛r❛ ♦s

♣♦❧♦s✱ ♥❡ss❡ ❝❛s♦✱ ♦ ♣♦❧♦ ❞❡ ▲❛❣✉❡rr❡✳ ❋♦❝❛❧✐③❛♥❞♦ ♥♦ ❝❛s♦ ❞♦ ♠ét♦❞♦ ❑❛✉t③✲P❘✱ q✉❡

✉t✐❧✐③❛ ❛s ❞✉❛s ♦t✐♠✐③❛çõ❡s ❡st✉❞❛❞❛s ♥❡st❡ ❝❛♣ít✉❧♦✱ ♦ ♠♦❞❡❧♦ ❣❡r❛❞♦ ♣♦r ❡❧❡ ❝♦♥❞✉③✐✉



❈❛♣ít✉❧♦ ✺✳ ■❞❡♥t✐✜❝❛çã♦ ❝♦♠ ❋✉♥çõ❡s ❞❡ ❑❛✉t③ ❛ ❉♦✐s P❛râ♠❡tr♦s ❘❡❛✐s ✼✻

❛ ✉♠ ♣♦❧♦ ♠✉✐t♦ ♣ró①✐♠♦ ❞♦ ♣♦❧♦ ót✐♠♦ ❞❡ ▲❛❣✉❡rr❡✳ ❖ ♠ét♦❞♦ ❑❛✉t③✲▲❘✱ ♣❛r❛ ❡ss❡s

❝❛s♦s✱ ♣❛r❡❝❡ s❡r ♠❛✐s r❡❝♦♠❡♥❞á✈❡❧ ♣♦r ✉t✐❧✐③❛r ♦ ♣♦❧♦ ót✐♠♦ ❞❡ ▲❛❣✉❡rr❡ ❝♦♠♦ ♣♦♥t♦ ❞❡

♣❛rt✐❞❛✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ ❛ ♦❜t❡♥çã♦ ❞❡ ✉♠❛ r❛③ã♦ ✐❣✉❛❧ ❛ 1 ♥❛ ❡t❛♣❛ ❡♠ q✉❡ ❡st❛ ✈❛r✐á✈❡❧ é

♦t✐♠✐③❛❞❛ ❝❛s♦ ✉♠ ♠♦❞❡❧♦ ❞❡ ✷❛ ♦r❞❡♠ ❞❡ ▲❛❣✉❡rr❡ s❡❥❛✱ ❞❡ ❢❛t♦✱ s✉✜❝✐❡♥t❡ ♣❛r❛ ♠♦❞❡❧❛r

♦ ♣r♦❝❡ss♦✳

◆❛ ✜❣✉r❛ ✺✳✺✱ ♠♦str❛✲s❡ ❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞♦ ♣r♦❝❡ss♦ ✈❡r❞❛❞❡✐r♦ ❡ ❛s ❞♦s ♠♦❞❡❧♦s

❞❡ ▲❛❣✉❡rr❡ ❡ ❞❡ ❑❛✉t③ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ G2(s)✱ ❡♥q✉❛♥t♦✱ ♥❛ ✜❣✉r❛ ✺✳✻✱ ♣♦❞❡✲s❡

♦❜s❡r✈❛r ♦s ❞✐❛❣r❛♠❛s ❞❡ ❇♦❞❡ ❝♦rr❡s♣♦♥❞❡♥t❡s✳ ❖s ♠♦❞❡❧♦s ❞❡ ❑❛✉t③ ♦❜t✐❞♦s ♣♦r ♠❡✐♦

❞♦s ♠ét♦❞♦s ❑❛✉t③✲P❘ ❡ ❑❛✉t③✲▲❘ sã♦ ♠♦str❛❞♦s ♥❛ t❛❜❡❧❛ ✺✳✸✱ ❛ss✐♠ ❝♦♠♦ ♦s ♠♦❞❡❧♦s

❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ♣❛r❛ ❝♦♠♣❛r❛çã♦✳

❋✐❣✉r❛ ✺✳✺✿ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ♣❛r❛
♦ ♣r♦❝❡ss♦ G2(s)✳

❆♣❡s❛r ❞❛ ♦r❞❡♠ ❞❡ ❣r❛♥❞❡③❛ ❞♦s ❡rr♦s ❛✐♥❞❛ s❡r ❜❛✐①❛ ♥❡ss❡ ❝❛s♦✱ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡

♦s ♠♦❞❡❧♦s ♦❜s❡r✈❛❞❛ ♥❛ t❛❜❡❧❛ é t❛♠❜é♠ ✈✐sí✈❡❧ ♥♦s ❣rá✜❝♦s✳ P❛r❛ ❡ss❡ ❝❛s♦ ❡♠ q✉❡

♦ ♣r♦❝❡ss♦ ❛♣r❡s❡♥t❛ ♣♦❧♦s ❡ ③❡r♦s ❡s♣❛❧❤❛❞♦s✱ ♥♦t❛✲s❡ q✉❡ ❛♠❜♦s ♦s ♠♦❞❡❧♦s ❞❡ ❑❛✉t③

❣❡r❛♠ ❡rr♦s ❞❡ ❛♣r♦①✐♠❛çã♦ ♠❡♥♦r❡s q✉❡ ♦ ♠♦❞❡❧♦ ❞❡ ▲❛❣✉❡rr❡✳ ➱ ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ♥♦

❣rá✜❝♦ ❞❡ ❇♦❞❡ ✭✜❣✉r❛ ✺✳✻✮ q✉❡ ❛♣❡♥❛s ❛s ❞✐♥â♠✐❝❛s ❡♠ ❜❛✐①❛ ❢r❡q✉ê♥❝✐❛ ♣✉❞❡r❛♠ s❡r

❝❛♣t✉r❛❞❛s✱ ♠❛s ♦ ♠♦❞❡❧♦ ❑❛✉t③✲P❘✱ q✉❡ ♥ã♦ ♣❛rt❡ ❞♦ ♣♦❧♦ ❞❡ ▲❛❣✉❡rr❡ ♣❛r❛ ❛ ♦t✐♠✐③❛çã♦

❞❛ r❛③ã♦✱ ❛♣r♦①✐♠❛ ❛ ❞✐♥â♠✐❝❛ ♣♦r ✉♠❛ ❢❛✐①❛ ❞❡ ❢r❡q✉ê♥❝✐❛ ❝❡r❝❛ ❞❡ ✉♠❛ ♦✐t❛✈❛ ♠❛✐♦r ❡

✐st♦ ❧❤❡ ♣❡r♠✐t❡ ❣❡r❛r ✉♠❛ ▼❙❊ ♠❡♥♦r✳

◆❛ ✜❣✉r❛ ✺✳✼✱ ♠♦str❛✲s❡ ❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞♦ ♣r♦❝❡ss♦ ✈❡r❞❛❞❡✐r♦ ❡ ❛s ❞♦s ♠♦❞❡❧♦s

❞❡ ▲❛❣✉❡rr❡ ❡ ❞❡ ❑❛✉t③ ❡st✐♠❛❞♦s ♣❛r❛ ♦ ♣r♦❝❡ss♦ G3(s)✱ ❡♥q✉❛♥t♦✱ ♥❛ ✜❣✉r❛ ✺✳✹✱ ♣♦❞❡✲s❡
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❋✐❣✉r❛ ✺✳✻✿ ❉✐❛❣r❛♠❛s ❞❡ ❇♦❞❡ ❞♦s ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ♣❛r❛ ♦
♣r♦❝❡ss♦ G2(s)✳

❚❛❜❡❧❛ ✺✳✸✿ ▼♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ❛ ❞♦✐s ♣❛râ♠❡tr♦s r❡❛✐s ❡st✐♠❛❞♦s
♣❛r❛ ♦ ♣r♦❝❡ss♦ G2(s) ❡ ♦ ▼❙❊ ❣❡r❛❞♦ ♣♦r s✉❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉✳

❚✐♣♦ ▼♦❞❡❧♦ ▼❙❊ ♥♦ ❉♦♠í♥✐♦

❞♦ ❚❡♠♣♦

▼❙❊ ♥♦ ❉♦♠í♥✐♦

❞❛ ❋r❡q✉ê♥❝✐❛

Pr♦❝❡ss♦ G2(s)
(10s+ 1)(100s+ 1)

(s+ 1)(30s+ 1)(1000s+ 1)
✵ ✵

▲❛❣✉❡rr❡ ✷❛ ♦r❞❡♠
929,4s+ 1

(919,1s+ 1)2
✵✱✵✵✼✶✽✵ ✵✱✵✷✺✷✹

❑❛✉t③✲P❘
231,4s+ 1)

(106,8s+ 1)(1093s+ 1)
✵✱✵✵✺✺✶✻ ✵✱✵✶✼✾✽

❑❛✉t③✲▲❘
1055s+ 1

665,3s+ 1)(1358s+ 1)
✵✱✵✵✹✼✵✶ ✵✱✵✷✸✷✼

♦❜s❡r✈❛r ♦s ❞✐❛❣r❛♠❛s ❞❡ ❇♦❞❡ ❝♦rr❡s♣♦♥❞❡♥t❡s✳ ❖s ♠♦❞❡❧♦s ❞❡ ❑❛✉t③ ♦❜t✐❞♦s ♣♦r ♠❡✐♦

❞♦s ♠ét♦❞♦s ❑❛✉t③✲P❘ ❡ ❑❛✉t③✲▲❘ sã♦ ♠♦str❛❞♦s ♥❛ t❛❜❡❧❛ ✺✳✹✱ ❛ss✐♠ ❝♦♠♦ ♦s ♠♦❞❡❧♦s

❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ♣❛r❛ ❝♦♠♣❛r❛çã♦✳

❆ ❞✐♥â♠✐❝❛ ❞♦ ♣r♦❝❡ss♦ G3(s) ❛♣r❡s❡♥t❛ ✉♠❛ ♠✉❞❛♥ç❛ ❛tí♣✐❝❛ ♥❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞❛

s❛í❞❛✳ ❊st❛ é ❛ s✐t✉❛çã♦ ♣❛r❛ ❛ q✉❛❧ s❡ ♣❡♥s♦✉ s❡r ♠❡❧❤♦r ✉t✐❧✐③❛r ♠♦❞❡❧♦s ❞❡ ❑❛✉t③✱ ❞❡

♠♦❞♦ q✉❡ ♦ ♣♦t❡♥❝✐❛❧ ❞♦s ♠ét♦❞♦s ❛♣r❡s❡♥t❛❞♦s s❡ ♠♦str❛ ❞❡ ❢❛t♦ ♥❡st❡ t❡r❝❡✐r♦ ❝❛s♦✳

❖ ♠♦❞❡❧♦ ❞❡ ▲❛❣✉❡rr❡ ❞á ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❝♦♠ ▼❙❊ = 0,03209 ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦✳

P♦❞❡✲s❡ ♥♦t❛r ♥❛ t❛❜❡❧❛ ✺✳✹ q✉❡ ♦ ❑❛✉t③✲P❘ ♥❡st❡ ❝❛s♦ ❝❛♣t✉r❛ ❛ ❞✐♥â♠✐❝❛ ❝♦♠ ♠❛✐♦r

♣r❡❝✐sã♦ q✉❡ ♦ ♠♦❞❡❧♦ ❞❡ ▲❛❣✉❡rr❡✱ ❝♦♠ ✉♠❛ r❡❞✉çã♦ ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✷✸✪ ♥❛ ▼❙❊✳

❈♦♠ ♦ ♠♦❞❡❧♦ ❑❛✉t③✲▲❘✱ ❛ ♠❡❧❤♦r❛ ❛❧❝❛♥ç❛❞❛ é ♥♦tá✈❡❧✿ ❛ ▼❙❊ ♦❜t✐❞❛ ❝♦rr❡s♣♦♥❞❡
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❋✐❣✉r❛ ✺✳✼✿ ❘❡s♣♦st❛s ❛♦ ❞❡❣r❛✉ ❞♦s ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ♣❛r❛
♦ ♣r♦❝❡ss♦ G3(s)✳

❋✐❣✉r❛ ✺✳✽✿ ❉✐❛❣r❛♠❛s ❞❡ ❇♦❞❡ ❞♦s ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ♣❛r❛ ♦
♣r♦❝❡ss♦ G3(s)✳

❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✼✱✺✪ ❞❛ ▼❙❊ r❡❣✐str❛❞❛ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ▲❛❣✉❡rr❡✳ ◆♦ ❞♦♠í♥✐♦

❞❛ ❢r❡q✉ê♥❝✐❛✱ ♣♦❞❡✲s❡ ♣❡r❝❡❜❡r r❡❞✉çõ❡s s❡♠❡❧❤❛♥t❡s✱ ❛s q✉❛✐s sã♦ ✈❡r✐✜❝❛❞❛s t❛♠❜é♠

♥♦s ❣rá✜❝♦s✱ ❡♠ q✉❡ ♦ ♠♦❞❡❧♦ ❑❛✉t③✲▲❘ ❝❛♣t✉r❛ t❛♥t♦ ❛s ✈❛r✐❛çõ❡s ❞❡ t♦❞♦ ♦ r❡❣✐♠❡
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❚❛❜❡❧❛ ✺✳✹✿ ▼♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠ ❡ ❞❡ ❑❛✉t③ ❛ ❞♦✐s ♣❛râ♠❡tr♦s r❡❛✐s ❡st✐♠❛❞♦s
♣❛r❛ ♦ ♣r♦❝❡ss♦ G3(s) ❡ ♦ ▼❙❊ ❣❡r❛❞♦ ♣♦r s✉❛s r❡s♣♦st❛s ❛♦ ❞❡❣r❛✉✳

❚✐♣♦ ▼♦❞❡❧♦ ▼❙❊ ♥♦ ❉♦♠í♥✐♦

❞♦ ❚❡♠♣♦

▼❙❊ ♥♦ ❉♦♠í♥✐♦

❞❛ ❋r❡q✉ê♥❝✐❛

Pr♦❝❡ss♦ G3(s)
(0,2s2 + 0,3s+ 0,7)

(s+ 1,5477)(s+ 1)(s+ 0,4523)
✵ ✵

▲❛❣✉❡rr❡ ✷❛ ♦r❞❡♠
(1,123s+ 1)

(1,123s+ 1)2
✵✱✵✸✷✵✾ ✵✱✵✺✽✽✶

❑❛✉t③✲P❘
0,3932s+ 1

(0,05928s+ 1)(1,482s+ 1)
✵✱✵✷✹✽✷ ✵✱✵✺✹✾✶

❑❛✉t③✲▲❘
2,309s+ 1

(0,3632s+ 1)(3,720s+ 1)
✵✱✵✵✷✸✼✽ ✵✱✵✵✺✾✵✶

tr❛♥s✐tór✐♦ ❞♦ ♣r♦❝❡ss♦ q✉❛♥t♦ ♦ ❣❛♥❤♦ ❡stát✐❝♦✳

✺✳✼ ❈♦♥❝❧✉sã♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞❛s ❛s ❝♦♥❞✐çõ❡s ♣❛r❛ ♦t✐♠✐③❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ✉♠

♣❛r ❞❡ ♣♦❧♦s r❡❛✐s ❡ ❡st❛s ❢♦r❛♠ ✉s❛❞❛s ♣❛r❛ ❞❡✜♥✐r ♠ét♦❞♦s ♣❛r❛ ❡st✐♠❛r ♠♦❞❡❧♦s ❞❡

❑❛✉t③ ❛ ❞♦✐s ♣❛râ♠❡tr♦s r❡❛✐s✳ ❋♦r❛♠ ❡♥❝♦♥tr❛❞❛s ❝♦♥❞✐çõ❡s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ♣❛r❛ ❛ ♣♦s✐✲

çã♦ ❞❡ ❞♦✐s ♣♦❧♦s ❛ ✉♠❛ r❛③ã♦ ✜①❛ ❡ ♣❛r❛ ❛ r❛③ã♦ ❡♥tr❡ ❞♦✐s ♣♦❧♦s ❝❡♥tr❛❞♦s✱ ♣♦r ♠é❞✐❛

❣❡♦♠étr✐❝❛✱ ❡♠ ✉♠ ❞❛❞♦ ♣♦♥t♦ ❞❡ r❡❢❡rê♥❝✐❛✳ ❖ ♣♦♥t♦ ❞❡ r❡❢❡rê♥❝✐❛ ♣❛r❛ ❛ ♦t✐♠✐③❛çã♦

❞❛ r❛③ã♦ ♣♦❞❡ s❡r ❛ ♠é❞✐❛ ❣❡♦♠étr✐❝❛ ❞♦s ❞♦✐s ♣♦❧♦s ❞❡✜♥✐❞♦s ♣❡❧❛ ♦t✐♠✐③❛çã♦ ❞❛ ♣♦s✐✲

çã♦✱ ♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ♦ ♠ét♦❞♦ ❑❛✉t③✲P❘✱ ♦✉ ❛ ♦ ♣♦❧♦ ót✐♠♦ ❞❡ ▲❛❣✉❡rr❡ ❞❡ ✷❛ ♦r❞❡♠✱

❝❛r❛❝t❡r✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❑❛✉t③✲▲❘✳

❊♥q✉❛♥t♦ ❡ss❡s ♠ét♦❞♦s ♥ã♦ ❢♦r♥❡❝❡♠ ♦s ♣♦❧♦s ❞❡ ❑❛✉t③ ❛ ❞♦✐s ♣❛râ♠❡tr♦s r❡❛✐s ❞❡

❢❛t♦ ót✐♠♦s✱ ❛♠❜♦s sã♦ ❝❛♣❛③❡s ❞❡ ❣❡r❛r ❡st✐♠❛t✐✈❛s ♠❡❧❤♦r❡s q✉❡ ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡

❞❡ ✷❛ ♦r❞❡♠✱ t❛♥t♦ ♥♦ ❞♦♠í♥✐♦ ❞♦ t❡♠♣♦ q✉❛♥t♦ ♥♦ ❞❛ ❢r❡q✉ê♥❝✐❛✱ ❞❡ ♠♦❞♦ q✉❡✱ ♣❛r❛

♣r♦❝❡ss♦s ❝♦♠ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ♥ã♦✲♦s❝✐❧❛tór✐❛✱ ♦s ♠ét♦❞♦s ❣❡r❛♠ ♠♦❞❡❧♦s ♠❡❧❤♦r❡s✱

❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❡ ❡rr♦s ❞❡ ❡st✐♠❛çã♦✱ q✉❡ ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ t❛♥t♦ q✉❛♥t♦ ♠❛✐♦r❡s

❢♦r❡♠ ❛s ♠✉❞❛♥ç❛s ♥❛s t❛①❛s ❞❡ ✈❛r✐❛çã♦ ❞❛ r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❞♦ ♣r♦❝❡ss♦✱ ❛s q✉❛✐s

♣♦❞❡♠ ❡st❛r ♣r❡s❡♥t❡s q✉❛♥❞♦ ♦ ♣r♦❝❡ss♦ ✐❞❡♥t✐✜❝❛❞♦ t❡♠ ♣♦❧♦s ❡s♣❛rs♦s ❡ ③❡r♦s✳
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❈♦♥❝❧✉sã♦ ❡ ❚r❛❜❛❧❤♦s ❋✉t✉r♦s

◆❡st❡ tr❛❜❛❧❤♦✱ ❢♦r❛♠ ❡st✉❞❛❞❛s ❛s ❝❛r❛❝t❡ríst✐❝❛s ❢✉♥❞❛♠❡♥t❛✐s ❞❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦r✲

t♦♥♦♠❛✐s ❡ s✉❛s ❛♣❧✐❝❛çõ❡s ♥❛ ár❡❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛s✳ P♦❞❡✲s❡ ❝♦♥✜r♠❛r ♣♦r

♠❡✐♦ ❞❡ ❡①❡♠♣❧♦s ❝♦♠♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♦rt♦♥♦r♠❛❧✐❞❛❞❡ ♣❡r♠✐t❡ ❞❡s❢r✉t❛r ❞❡ ✈❛♥t❛✲

❣❡♥s ♥✉♠ér✐❝❛s q✉❡ ♣♦ss✐❜✐❧✐t❛♠ ❛ ♦❜t❡♥çã♦ ❞❡ ♠♦❞❡❧♦s s✐♠♣❧❡s ❡ ❜❡♠ r❡♣r❡s❡♥t❛t✐✈♦s

❞♦s ♣r♦❝❡ss♦s ❡st✉❞❛❞♦s✳ ❊s♣❡❝✐❛❧♠❡♥t❡✱ ✐❧✉str♦✉✲s❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠❛ ❡s❝♦❧❤❛ ót✐♠❛

❞♦s ♣♦❧♦s ❞❛s ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ♣❛r❛ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦

♦❜t✐❞♦ ♣♦ss❛ s❡r r❡❞✉③✐❞♦✳

❈♦♠ ❜❛s❡ ♥♦s ❡①❡♠♣❧♦s ❝♦♠♣❛r❛t✐✈♦s ❞♦ ❝❛♣ít✉❧♦ ✸✱ ♦❜s❡r✈♦✉✲s❡ q✉❡ ❛ ✐♥❝❧✉sã♦ ❞♦

❛tr❛s♦ ♥♦ ♠♦❞❡❧♦ ❞❡ ❜❛✐①❛ ♦r❞❡♠ ❛♠♣❧✐❛✈❛ ❛ s✉❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ r❡♣r❡s❡♥t❛çã♦ ❞♦ ♣r♦❝❡ss♦

✐❞❡♥t✐✜❝❛❞♦✳ ❊♥tã♦✱ ♣r♦♣ôs✲s❡✱ ♥♦ ❝❛♣ít✉❧♦ ✹✱ ✉♠ ♠ét♦❞♦ ♣rát✐❝♦ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ t❛✐s

♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❞❡ ❜❛✐①❛ ♦r❞❡♠ ❝♦♠ ❛tr❛s♦ ót✐♠♦s✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ❛♣r❡s❡♥t❛❞♦

♣♦ss✐❜✐❧✐t❛ ❛ ❣❡r❛çã♦ ❞❡ ♠♦❞❡❧♦s ❞✐r❡t❛♠❡♥t❡ ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s ❞❡ ❡♥tr❛❞❛ ❡ s❛í❞❛ ❞❛

r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉✱ r❡q✉❡r❡♥❞♦ ❛♣❡♥❛s ✉♠❛ ❡st✐♠❛t✐✈❛ ❞❛ ❝♦♥st❛♥t❡ ❞❡ t❡♠♣♦ ❞♦ ♣r♦❝❡ss♦✱

❛ q✉❛❧ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❝♦♠ ❜❛s❡ ♥♦s ♣ró♣r✐♦s ❞❛❞♦s✳ ❆s ❜❡♠ ❝♦♥❤❡❝✐❞❛s ❝♦♥❞✐çõ❡s ❞❡

♦t✐♠❛❧✐❞❛❞❡ sã♦ ✉t✐❧✐③❛❞❛s ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ♣♦❧♦ ót✐♠♦ ❞❡ ▲❛❣✉❡rr❡✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ♥ú♠❡r♦

r❡❞✉③✐❞♦ ❞❡ ♣❛râ♠❡tr♦s s❡❥❛ út✐❧ ♣❛r❛ ♦ ♠❛✐♦r ♥ú♠❡r♦ ♣♦ssí✈❡❧ ❞❡ ❛♣❧✐❝❛çõ❡s✳ P♦r ♠❡✐♦ ❞❛s

s✐♠✉❧❛çõ❡s ❡ ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s✱ ♣♦❞❡✲s❡ ♦❜t❡r ❝♦♠ ♦s ♠♦❞❡❧♦s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠

❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❛♣r♦①✐♠❛çã♦ ❡st❡♥❞✐❞❛ ❛ ♠♦❞❡❧♦s ❝♦♠ ❛tr❛s♦s ❛♣❛r❡♥t❡s✱ ♣♦ssí✈❡❧ ♣♦r

❝❛✉s❛ ❞❛ ✐♥❝❧✉sã♦ ❞♦ ❛tr❛s♦ ♥♦ ♠♦❞❡❧♦✳ ❖s ♠♦❞❡❧♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❛♣r❡s❡♥t❛r❛♠ ✉♠

ót✐♠♦ ❞❡s❡♠♣❡♥❤♦ ♥♦s ❝❛s♦s ❡st✉❞❛❞♦s✱ ❞❡ ♠♦❞♦ q✉❡ ♣♦✉❝❛ ✈❛♥t❛❣❡♠ ❢♦✐ ♦❜s❡r✈❛❞❛ ♥❛

♣♦ss✐❜✐❧✐❞❛❞❡ ❛♥❛❧✐s❛❞❛ ❞❡ s❡ ✉t✐❧✐③❛r ♠♦❞❡❧♦s ❞❡ t❡r❝❡✐r❛ ♦r❞❡♠✳ ❱❛❧❡ ❞❡st❛❝❛r q✉❡✱ ❡♠

r❡❧❛çã♦ ❛ ♦✉tr♦s ♠ét♦❞♦s ❞❡ ✐❞❡♥t✐✜❝ã♦ ❞❡ ♠♦❞❡❧♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ♠♦❞❡❧♦s ❞❡ ❢✉♥çõ❡s

❞❡ ❜❛s❡ ♦rt♦r♥♦r♠❛✐s sã♦ ❛♣❧✐❝❛❞♦s ❛ ✉♠❛ ❣❛♠❛ ❞❡ ♣r♦❝❡ss♦s ♠❛✐s ❧❛r❣❛ s❡♠ ♥❡❝❡ss✐t❛r ❞❡

♣r♦❝❡ss♦s ❞✐st✐♥t♦s ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ♣❛r❛ ❝❛❞❛ t✐♣♦ ❞❡ ♣r♦❝❡ss♦✱ ♣♦✐s ♦s ✜❧tr♦s ♣❛ss❛✲t✉❞♦

q✉❡ ❛s ❝♦♥st✐t✉❡♠ ✐♥❝❧✉❡♠ ③❡r♦s ♥♦ ♠♦❞❡❧♦✳

◆❛s s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❡ ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s✱ ❡♥q✉❛♥t♦ ♦s ♠♦❞❡❧♦s ❞❡ ♣r✐♠❡✐r❛

✽✵



❈❛♣ít✉❧♦ ✻✳ ❈♦♥❝❧✉sã♦ ❡ ❚r❛❜❛❧❤♦s ❋✉t✉r♦s ✽✶

♦r❞❡♠ ❜❡♥❡✜❝✐❛r❛♠✲s❡ ❛♣❡♥❛s ❞❛s ✈❛♥t❛❣❡♥s ❞❡ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ♥✉♠ér✐❝♦ ❞❡r✐✈❛❞❛s ❞❛s

♣r♦♣r✐❡❞❛❞❡s ❞❡ ♦rt♦♥♦r♠❛❧✐❞❛❞❡ ❞❛s ❢✉♥çõ❡s ❞❡ ▲❛❣✉❡rr❡✳ ❖s ♠♦❞❡❧♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠

♠♦str❛r❛♠ s❡r s✉✜❝✐❡♥t❡♠❡♥t❡ ✢❡①í✈❡✐s ♣❛r❛ ♠♦❞❡❧❛r ❛ ✐♥✢✉ê♥❝✐❛ ❞❡ ♣♦❧♦s ♠ú❧t✐♣❧♦s ❡

③❡r♦s ♥♦ ♣r♦❝❡ss♦✳ ❊st❛ ❝❛r❛❝t❡ríst✐❝❛ é út✐❧ ♣❛r❛ ♣r♦♣♦r❝✐♦♥❛r ♦ ✉s♦ ❞❡ ✉♠ ú♥✐❝♦ ♠ét♦❞♦

♣❛r❛ ❡st✐♠❛çã♦ ❞❡ ✉♠❛ ❛♠♣❧❛ ✈❛r✐❡❞❛❞❡ ❞❡ s✐st❡♠❛s ❡ é ✉♠❛ ✈❛♥t❛❣❡♠ q✉❛♥❞♦ ❝♦♠✲

♣❛r❛❞♦ ❝♦♠ ♠✉✐t♦s ♠ét♦❞♦s ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ♠♦❞❡❧♦s ❞❡ ❜❛✐①❛ ♦r❞❡♠ q✉❡ r❡q✉❡r❡♠

✉♠ ♠ét♦❞♦ ❡s♣❡❝í✜❝♦ ♣❛r❛ ❝❛❞❛ t✐♣♦ ❞❡ s✐st❡♠❛✱ ❡✳❣✳ ❜❛❥❛r❛♥❣❜❛❧✐✷✵✶✹✐❞❡♥t✐✜❝❛t✐♦♥ ✳

❖ ❛tr❛s♦ ✐♥❝❧✉í❞♦ ♥♦ ♠♦❞❡❧♦ ♣r♦♠♦✈❡✉ ✉♠ ♠❡❧❤♦r❛♠❡♥t♦ ❛❞✐❝✐♦♥❛❧ ♥❛ ❛♣r♦①✐♠❛çã♦ ❞❛

r❡s♣♦st❛ ❛♦ ❞❡❣r❛✉ ❝♦♠ r❡❧❛çã♦ ❛ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s ❝♦♥✈❡♥❝✐♦♥❛✐s✳ ▼♦❞❡❧♦s ❞❡

t❡r❝❡✐r❛ ♦r❞❡♠ ❢♦r❛♠ ❧❡✈❛❞♦s ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❡ ❛ ✐♥❝❧✉sã♦ ❞❡ ✉♠ t❡r♠♦ ❞❡ ❛tr❛s♦ ♣❛r❛

❝♦♠♣❡♥s❛r ❞✐♥â♠✐❝❛s ❞❡ ❛❧t❛ ♦r❞❡♠ ♥ã♦ t❡♥❞❡✉ ❛ ❛✉♠❡♥t❛r s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❛ ❛❝✉rá❝✐❛

❞♦s ♠♦❞❡❧♦s ♥♦s ❝❛s♦s ❡st✉❞❛❞♦s✱ ❡♠ q✉❡ ❛tr❛s♦s r❡❛✐s ♥ã♦ ❢♦r❛♠ ❛♥❛❧✐s❛❞♦s✱ ♠❛s ❛♣❡♥❛s

❛tr❛s♦s ❛♣❛r❡♥t❡s✳

◆♦ ❝❛s♦ ❡s♣❡❝í✜❝♦ ❞❡ ♣r♦❝❡ss♦s ❝✉❥❛s r❡s♣♦st❛s ❛s ❞❡❣r❛✉ ❛♣r❡s❡♥t❛♠ ♠✉❞❛♥ç❛s s❡✈❡r❛s

♥❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞❡✈✐❞♦ ❛♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞♦s ♣♦❧♦s ❡ à ✐♥✢✉ê♥❝✐❛ ❞❡ ③❡r♦s✱ ❛ ✉t✐❧✐③❛çã♦

❞❡ ♠♦❞❡❧♦s ❞❡ ❑❛✉t③ ❡♠ ✈❡③ ❞❡ ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ❝♦♠♦ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡

s♦❧✉çã♦✳ ◆❡ss❡ ❝❛s♦✱ ♣❛r❛ ❝♦♥t✐♥✉❛r ❞❡s❢r✉t❛♥❞♦ ❞♦ ❜❡♥❡❢í❝✐♦ ❞❛ ♦t✐♠❛❧✐❞❛❞❡ ❞♦s ♣♦❧♦s s❡♠

r❡q✉❡r❡r ❛ ✉t✐❧✐③❛çã♦ ❞❡ ♠ét♦❞♦s ❞❡ ♦t✐♠✐③❛çã♦ ♥ã♦✲❧✐♥❡❛r ♠✉✐t♦ ❝♦♠♣❧❡①♦s✱ ❢♦✐ s✉❣❡r✐❞❛

✉♠❛ ❛❜♦r❞❛❣❡♠ ❞❡ ♦t✐♠✐③❛çã♦ ❡♠ ❞✉❛s ❡t❛♣❛s ❞❡ ♦t✐♠✐③❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❋♦r❛♠

❛♣r❡s❡♥t❛❞♦s ❞♦✐s ♠ét♦❞♦s✱ q✉❡ ❝♦♥s✐st❡♠ ♣r✐♠❡✐r❛♠❡♥t❡ ❡♠ ❡♥❝♦♥tr❛r ❛ ♣♦s✐çã♦ ót✐♠❛

❞❡ ✉♠ ♣❛r ❞❡ ♣♦❧♦s ❛ r❛③ã♦ ✜①❛ ✭❑❛✉t③✲P❘✮ ♦✉ ❞♦ ♣♦❧♦ ❞❡ ▲❛❣✉❡rr❡ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠

✭❑❛✉t③✲▲❘✮ ♣❛r❛✱ ❡♠ s❡❣✉✐❞❛✱ ❝❛❧❝✉❧❛r ❛ r❛③ã♦ ót✐♠❛ ❡♥tr❡ ♦s ♣♦❧♦s✳ ◆ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡

♦s ♠ét♦❞♦s ❢♦r♥❡❝❡♠ ♦s ♣♦❧♦s ót✐♠♦s ❞❡ ❑❛✉t③ ❡ ♥ã♦ ❢♦✐ ♣❡r❝❡❜✐❞❛ ✉♠❛ ♣r❡❞♦♠✐♥â♥❝✐❛ ❞❡

✉♠ ❞❡❧❡s ♥♦ q✉❡ s❡ r❡❢❡r❡ à ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❣❡r❛r ❡rr♦s ❞❡ ❡st✐♠❛çã♦ ♠❡♥♦r❡s✱ ♠❛s ❛♠❜♦s

❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s ❝❛♣❛③❡s ❞❡✱ ♥❛s ❝♦♥❞✐çõ❡s ❡s♣❡❝í✜❝❛s ♣❛r❛ ❛s q✉❛✐s ❢♦r❛♠ s✉❣❡r✐❞♦s✱

❣❡r❛r ♠♦❞❡❧♦s ♠❡❧❤♦r❡s q✉❡ ♠♦❞❡❧♦s ❞❡ ▲❛❣✉❡rr❡✱ ❝♦♠ r❡❞✉çõ❡s ❞❡ ❡rr♦ ♣♦t❡♥❝✐❛❧♠❡♥t❡

❡❧❡✈❛❞❛s✱ ❝♦♠♦ ♦❜s❡r✈❛❞♦ ❡♠ ✉♠ ❞♦s ❝❛s♦s ❛♥❛❧✐s❛❞♦s✱ ♦♥❞❡ ❢♦✐ ✈✐st❛ ✉♠❛ r❡❞✉çã♦ ❞❡

♠❛✐s ❞❡ ✾✵✪✳

❇❛s❡❛❞♦s ♥♦s ❛✈❛♥ç♦s r❡❛❧✐③❛❞♦s ❛té ❛q✉✐✱ ❝♦♠♦ ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ tr❛❜❛❧❤♦s ❢✉t✉r♦s✱

❡❧❡♥❝❛♠✲s❡ ♦s s❡❣✉✐♥t❡s ♣♦♥t♦s✿

• ❖s ♠ét♦❞♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♣♦❞❡r✐❛♠ s❡r ♠❡❧❤♦r❛❞♦s ❛♦ ✐♥❝♦r♣♦r❛r ❝❛r❛❝t❡ríst✐❝❛s

✈❛♥t❛❥♦s❛s ✉t✐❧✐③❛❞❛s ❡♠ ✉♠ ♠ét♦❞♦ ❡ ♥ã♦ ✉t✐❧✐③❛❞❛s ♥♦ ♦✉tr♦ ❡ t❛♠❜é♠ ❝♦♠ ❛♣❡r✲

❢❡✐ç♦❛♠❡♥t♦s ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡ ❧✐❣❛❞♦s ❛♦ ♣r♦❝❡ss♦ ❞❡ ♦t✐♠✐③❛çã♦✳ ◆♦ ❝❛s♦ ❞❛s

❖▲P❚❉s✱ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞✐r❡t❛ ❞❡ ♠♦❞❡❧♦ ❡♠ t❡♠♣♦ ❝♦♥tí♥✉♦ t❛♠❜é♠ ♣♦❞❡r✐❛ s❡r

✉t✐❧✐③❛❞❛ ♣❛r❛ ❣❡r❛r ✉♠❛ ❡st✐♠❛t✐✈❛ ♠❛✐s ✜♥❛ ❞♦ ❛tr❛s♦✱ ❥á q✉❡ ❡st❡ ♥ã♦ s❡r✐❛ ❧✐♠✐✲

t❛❞♦ à ❡s❝♦❧❤❛ ❞♦ t❡♠♣♦ ❞❡ ❛♠♦str❛❣❡♠✱ ♦ q✉❛❧ é✱ ♣♦r s✉❛ ✈❡③✱ ❧✐♠✐t❛❞♦ t❛♠❜é♠

♣❡❧❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛✳ ❖s ♠ét♦❞♦s ❞❡ ♦t✐♠✐③❛çã♦ ♣❛r❛ ❛ ❣❡r❛çã♦ ❞❡ ♠♦❞❡❧♦s



❈❛♣ít✉❧♦ ✻✳ ❈♦♥❝❧✉sã♦ ❡ ❚r❛❜❛❧❤♦s ❋✉t✉r♦s ✽✷

❞❡ ❑❛✉t③ ❥á ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s ♥♦ ❞♦♠í♥✐♦ t❡♠♣♦ ❝♦♥tí♥✉♦✱ ♣♦ré♠ ♣♦❞❡r✐❛♠

t❛♠❜é♠ ✐♥❝♦r♣♦r❛r ♦ ❛tr❛s♦ ♣❛r❛ s❡ ❜❡♥❡✜❝✐❛r ❞❛s ✈❛♥t❛❣❡♥s q✉❡ ❥✉st✐✜❝❛r❛♠ ♦ ✉s♦

❞❛s ❖▲P❚❉s✳ P❛r❛ ♦ ♣ró♣r✐♦ ❝á❧❝✉❧♦ ❞♦ ❛tr❛s♦✱ q✉❡ ❢♦✐ r❡❛❧✐③❛❞♦ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛

❜✉s❝❛✱ ♣♦❞❡♠ s❡r r❡❛❧✐③❛❞♦s ❡s❢♦rç♦s ♣❛r❛ ✐♥❝♦r♣♦rá✲❧♦ ♥❛ ❡st✐♠❛t✐✈❛ ❞♦s ♠í♥✐♠♦s

q✉❛❞r❛❞♦s✳

• ➱ ♣♦ssí✈❡❧ ♥♦t❛r q✉❡ t♦❞♦ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❢♦✐ r❡❛❧✐③❛❞♦ ♣❛r❛ ♠♦❞❡❧♦s ❙■❙❖✱ ❡♥✲

tã♦✱ ❛s ✐♠♣❧✐❝❛çõ❡s q✉❡ ❛ ❡①♣❛♥sã♦ ❞❛ ✉t✐❧✐③❛çã♦ ❞❡ss❡s ♠ét♦❞♦s ♣❛r❛ ❛ ❣❡r❛çã♦ ❞❡

♠♦❞❡❧♦s ▼■▼❖ t❡r✐❛♠ ♥❛ q✉❡stã♦ ❞❛ ❡st✐♠❛t✐✈❛ ❞♦ ❛tr❛s♦ ❡ ♥❛ ♦t✐♠✐③❛çã♦ ❞♦s ♣♦❧♦s

s❡r✐❛ ✉♠ ♣❛ss♦ ♥❛t✉r❛❧ ❛ s❡r s❡❣✉✐❞♦ ♣❛r❛ t♦r♥❛r ♦s ♠ét♦❞♦s ♠❛✐s ❣❡♥❡r❛❧✐st❛s✳

• ❖ ✉s♦ ❞♦ ♠ét♦❞♦ ❞❡ ♦t✐♠✐③❛çã♦ ❣r✐❞❞✐♥❣✱ ✉s❛❞♦ s✐♠♣❧❡s♠❡♥t❡ ♣❛r❛ ❡❧✐♠✐♥❛r ❛ ♥❡✲

❝❡ss✐❞❛❞❡ ❞❡ ✉♠❛ ❞❡✜♥✐çã♦ ♣r❡❝✐s❛ ❞❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✱ é ♣rát✐❝♦ ♣❛r❛ ❣❛r❛♥t✐r ❛

♦❜t❡♥çã♦ ❞❛ s♦❧✉çã♦ ót✐♠❛ ❣❧♦❜❛❧✳ P♦ré♠✱ ❡st❡ ♣♦❞❡r✐❛ s❡r s✉❜st✐t✉í❞♦ ♣♦r ♣r♦❝❡❞✐✲

♠❡♥t♦s ❞❡ ♦t✐♠✐③❛çã♦ ♠❛✐s ❡✜❝✐❡♥t❡s ❡✳❣✳ ✭❉❆▼ ❡t ❛❧✳✱ ✷✵✵✶✮ ✭❇❊▲❚❀ ❇❘■◆❑❊❘✱

✶✾✾✻✮✳

• ◆❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ❞❛❞♦ ✉♠ ❢♦❝♦ ❡♠ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ s✐st❡♠❛s ❝♦♠ ❜❛s❡ ♥❛ r❡s♣♦st❛

❛♦ ❞❡❣r❛✉ ♣❡❧♦ ❢❛t♦ ❞❡ s❡r ✉♠ ❞♦s s✐♥❛✐s ♠❛✐s s✐♠♣❧❡s ❡ ✉t✐❧✐③❛❞♦s ♥❛ ✐♥❞ústr✐❛✱ ♠❛s

♦✉tr♦s s✐♥❛✐s ❞❡ ❡♥tr❛❞❛ ♣♦❞❡♠ s❡r ❡①♣❧♦r❛❞♦s ❝♦♠♦ ♦ ❣❡r❛❞♦ ♣❡❧♦ ♠ét♦❞♦ ❞♦ r❡❧é

❡ ♦ ♠✉❧t✐ss❡♥♦ ❝❧✐♣❛❞♦ ❛♣r❡s❡♥t❛❞♦ ❡♠ ✭❲❆◆●❀ ❈▲❯❊❚❚✱ ✷✵✵✵✮✳

• ❊①✐st❡♠ ♠ét♦❞♦s ❛♥❛❧ít✐❝♦s ❜❡♠ ❞❡✜♥✐❞♦s ♣❛r❛ ♣r♦❥❡t♦ ❞❡ ❝♦♥tr♦❧❛❞♦r❡s P■❉ ❡ ▼P❈✱

♣♦r ❡①❡♠♣❧♦✱ ❝♦♠ ❜❛s❡ ❡♠ ❡①♣❛♥sõ❡s ❞❡ ❢✉♥çõ❡s ❞❡ ❜❛s❡ ♦rt♦♥♦r♠❛✐s✱ ✐♥❝❧✉s✐✈❡ ♣❛r❛

♦ ❝❛s♦ ▼■▼❖✱ ❡✳❣✳✳ ✭❚❆❇❆❚❆❇❆❊■✱ ✷✵✶✻✮ ✭❆❨❆❉■❀ ❇❘❆■❊❑✱ ✷✵✵✺✮ ✭▼❆❈❍❆❉❖❀

●■❱■●■✱ ✷✵✶✽✮ ✭❉❯❇❘❆❱■❶❀ ❙❊❍■❶✱ ✷✵✶✷✮✳ P❡sq✉✐s❛s ♣♦st❡r✐♦r❡s ♣♦❞❡♠ ✈❡r✐✜❝❛r

♦ ✐♠♣❛❝t♦ q✉❡ ❛ ✐♥❝❧✉sã♦ ❞♦ ❛tr❛s♦ t❡r✐❛ ❡♠ ❛♣❧✐❝❛çõ❡s ❞❡ ❝♦♥tr♦❧❡ ❜❛s❡❛❞❛s ❡♠

♠♦❞❡❧♦s ❞❡ ❜❛✐①❛ ♦r❞❡♠✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❆❇❘❆❙❍❖❱✱ ❙✳ ❡t ❛❧✳ ❖♣t✐♠❛❧ ✐♥♣✉t ❞❡s✐❣♥ ❢♦r ❝♦♥t✐♥✉♦✉s✲t✐♠❡ s②st❡♠ ✐❞❡♥t✐✜❝❛t✐♦♥✳
❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ◆♦♥❧✐♥❡❛r ❙❝✐❡♥❝❡ ❛♥❞ ◆✉♠❡r✐❝❛❧ ❙✐♠✉❧❛t✐♦♥✱ ❊❧s❡✈✐❡r✱ ✈✳ ✻✵✱ ♣✳
✾✷✕✾✾✱ ✷✵✶✽✳

❆❑❈❆❨✱ ❍✳ ❉✐s❝r❡t❡✲t✐♠❡ s②st❡♠ ♠♦❞❡❧❧✐♥❣ ✐♥ ❧♣ ✇✐t❤ ♦rt❤♦♥♦r♠❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s✳
❙②st❡♠s ❛♥❞ ❈♦♥tr♦❧ ▲❡tt❡rs✱ ✈✳ ✸✾✱ ♥✳ ✺✱ ♣✳ ✸✻✺ ✕ ✸✼✻✱ ✷✵✵✵✳

❆❑❈❆❨✱ ❍✳❀ ◆■◆◆❊❙❙✱ ❇✳ ❖rt❤♦♥♦r♠❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s ❢♦r ♠♦❞❡❧❧✐♥❣ ❝♦♥t✐♥✉♦✉s✲t✐♠❡
s②st❡♠s✳ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ✈✳ ✼✼✱ ♥✳ ✸✱ ♣✳ ✷✻✶ ✕ ✷✼✹✱ ✶✾✾✾✳

❆◆❊❙✱ ❆✳ ❊✳❀ ❇❖❯❩❘❆❘❆✱ ❑✳❀ ❘❆●❖❚✱ ❏✳ ❘❡❞✉❝❡❞ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r s②st❡♠s ✈✐❛
❧❛❣✉❡rr❡ ✜❧t❡rs✳ ❚r❛♥s❛❝t✐♦♥s ♦❢ t❤❡ ■♥st✐t✉t❡ ♦❢ ▼❡❛s✉r❡♠❡♥t ❛♥❞ ❈♦♥tr♦❧✱ ❙❆●❊
P✉❜❧✐❝❛t✐♦♥s ❙❛❣❡ ❯❑✿ ▲♦♥❞♦♥✱ ❊♥❣❧❛♥❞✱ ✈✳ ✹✵✱ ♥✳ ✺✱ ♣✳ ✶✺✶✵✕✶✺✷✵✱ ✷✵✶✽✳

❆❖❯◆✱ ▼✳ ❡t ❛❧✳ ❖rt❤♦♥♦r♠❛❧ ❜❛s✐s ❢✉♥❝t✐♦♥s ❢♦r ♠♦❞❡❧✐♥❣ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ❢r❛❝t✐♦♥❛❧
s②st❡♠s✳ ■❋❆❈ Pr♦❝❡❡❞✐♥❣s ❱♦❧✉♠❡s✱ ✈✳ ✸✻✱ ♥✳ ✶✻✱ ♣✳ ✶✸✸✸ ✕ ✶✸✸✽✱ ✷✵✵✸✳ ✶✸t❤ ■❋❆❈
❙②♠♣♦s✐✉♠ ♦♥ ❙②st❡♠ ■❞❡♥t✐✜❝❛t✐♦♥ ✭❙❨❙■❉ ✷✵✵✸✮✱ ❘♦tt❡r❞❛♠✱ ❚❤❡ ◆❡t❤❡r❧❛♥❞s✱ ✷✼✲✷✾
❆✉❣✉st✱ ✷✵✵✸✳

❆❖❯◆✱ ▼✳ ❡t ❛❧✳ ❙②♥t❤❡s✐s ♦❢ ❢r❛❝t✐♦♥❛❧ ❧❛❣✉❡rr❡ ❜❛s✐s ❢♦r s②st❡♠ ❛♣♣r♦①✐♠❛t✐♦♥✳
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➴❙❚❘Ö▼✱ ❑✳ ❏✳❀ ❍➘●●▲❯◆❉✱ ❚✳ ❘❡✈✐s✐t✐♥❣ t❤❡ ③✐❡❣❧❡r✕♥✐❝❤♦❧s st❡♣ r❡s♣♦♥s❡ ♠❡t❤♦❞
❢♦r ♣✐❞ ❝♦♥tr♦❧✳ ❏♦✉r♥❛❧ ♦❢ ♣r♦❝❡ss ❝♦♥tr♦❧✱ ❊❧s❡✈✐❡r✱ ✈✳ ✶✹✱ ♥✳ ✻✱ ♣✳ ✻✸✺✕✻✺✵✱ ✷✵✵✹✳

❆❨❆❉■✱ ❇✳❀ ❇❘❆■❊❑✱ ◆✳ ❇✳ ▼✐♠♦ ♣✐❞ ❝♦♥tr♦❧❧❡rs s②♥t❤❡s✐s ✉s✐♥❣ ♦rt❤♦❣♦♥❛❧ ❢✉♥❝t✐♦♥s✳
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