
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❈♦♥tr✐❜✉✐çõ❡s à t❡♦r✐❛ ❞♦s ♦♣❡r❛❞♦r❡s
❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s

♣♦r

❏❛♠✐❧s♦♥ ❘❛♠♦s ❈❛♠♣♦s

❏♦ã♦ P❡ss♦❛ ✲ P❇

❆❜r✐❧✴✷✵✶✸



❈♦♥tr✐❜✉✐çõ❡s à t❡♦r✐❛ ❞♦s ♦♣❡r❛❞♦r❡s
❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s

♣♦r

❏❛♠✐❧s♦♥ ❘❛♠♦s ❈❛♠♣♦s

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❉❛♥✐❡❧ ▼❛r✐♥❤♦ P❡❧❧❡❣r✐♥♦

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲

❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦

tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❏♦ã♦ P❡ss♦❛ ✲ P❇

❆❜r✐❧✴✷✵✶✸
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❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ❆♥á❧✐s❡

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦

❡♠ ▼❛t❡♠át✐❝❛ ✲ ❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡

❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❆❜r✐❧✴✷✵✶✸
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✐✈



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❡st✉❞♦ ❞♦s ♦♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s

s♦❜ ♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ t❡♦r✐❛ ❞❡ ✐❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s ❡ ♣♦❧✐♥ô♠✐♦s✳ ❆❧é♠ ❞✐ss♦✱

✐♥tr♦❞✉③✐♠♦s ❞✉❛s ♥♦✈❛s ❝❧❛ss❡s ❞❡ ♦♣❡r❛❞♦r❡sq✉❡ ❣❡♥❡r❛❧✐③❛♠ ♦ ❝♦♥❝❡✐t♦ ❞❡ ♦♣❡r❛❞♦✲

r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❞❡st❛ ♥❛t✉r❡③❛✱ ❛ s❛❜❡r✱ ♦s ♦♣❡r❛❞♦r❡s ♠ú❧t✐♣❧♦ ❈♦❤❡♥

❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ❡ ♦s ♦♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ♥✉♠ ❞❛❞♦ ♣♦♥t♦✳

▼♦str❛♠♦s q✉❡ ❛s ♥♦✈❛s ❝❧❛ss❡s ❞❡✜♥✐❞❛s✱ ❝♦♠♦ ❛s ❛♥t❡r✐♦r❡s✱ ❢♦r♠❛♠ ✐❞❡❛✐s ♥♦r♠❛❞♦s

❞❡ ♦♣❡r❛❞♦r❡s✴♣♦❧✐♥ô♠✐♦s ❡ q✉❡ ♦s ♦♣❡r❛❞♦r❡s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s

❢♦r♠❛♠ ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤✳ ❚❛♠❜é♠ ♠♦str❛♠♦s q✉❡ ❛ ❝♦♥str✉çã♦ ❞❛ ❝❧❛ss❡ ❞♦s

♦♣❡r❛❞♦r❡s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ❢♦r♥❡❝❡ ✉♠ t✐♣♦ ❞❡ ❤♦❧♦♠♦r✜❛ ❡ ✉♠❛

s❡q✉ê♥❝✐❛ ❝♦❡r❡♥t❡ ❡ ❝♦♠♣❛tí✈❡❧ ❞❡ ✐❞❡❛✐s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❖♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s❀ ■❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s ❡ ♣♦✲

❧✐♥ô♠✐♦s❀ ❙ér✐❡s ❡♠ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳

✈



❆❜str❛❝t

❚❤✐s ✇♦r❦ ♣r❡s❡♥ts ❛ st✉❞② ♦❢ ❈♦❤❡♥ str♦♥❣❧② s✉♠♠✐♥❣ ♦♣❡r❛t♦rs ✉♥❞❡r t❤❡ ✈✐❡✇♣♦✐♥t

♦❢ t❤❡ t❤❡♦r② ♦❢ ♠✉❧t✐❧✐♥❡❛r ♦♣❡r❛t♦rs ✐❞❡❛❧s ❛♥❞ ♣♦❧②♥♦♠✐❛❧ ✐❞❡❛❧s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡

✐♥tr♦❞✉❝❡ t✇♦ ♥❡✇ ❝❧❛ss❡s t❤❛t ❣❡♥❡r❛❧✐③❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ♠✉❧t✐❧✐♥❡❛r ♦♣❡r❛t♦rs ❛♥❞

♣♦❧②♥♦♠✐❛❧s ♦❢ t❤✐s ♥❛t✉r❡✱ ♥❛♠❡❧② ♠✉❧t✐♣❧❡ ❈♦❤❡♥ str♦♥❣❧② s✉♠♠✐♥❣ ♦♣❡r❛t♦rs ❛♥❞

❈♦❤❡♥ str♦♥❣❧② s✉♠♠✐♥❣ ♦♣❡r❛t♦rs ❛t ❛ ❣✐✈❡♥ ♣♦✐♥t✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ♥❡✇ ❝❧❛ss❡s

❞❡✜♥❡❞✱ ❛s ✇❡❧❧ ❛s t❤❡ ♣r❡✈✐♦✉s ❝❧❛ss❡s✱ ❢♦r♠ ♥♦r♠❡❞ ✐❞❡❛❧s ♦❢ ♦♣❡r❛t♦rs✴♣♦❧②♥♦♠✐❛❧s

❛♥❞ t❤❛t t❤❡ ❝❧❛ss ♦❢ ♠✉❧t✐♣❧❡ ❈♦❤❡♥ str♦♥❣❧② s✉♠♠✐♥❣ ♦♣❡r❛t♦rs ❢♦r♠s ❛ ❇❛♥❛❝❤ ✐❞❡❛❧✳

❲❡ ❛❧s♦ s❤♦✇ t❤❛t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❝❧❛ss ♦❢ ♠✉❧t✐♣❧❡ ❈♦❤❡♥ str♦♥❣❧② s✉♠♠✐♥❣

♦♣❡r❛t♦rs ♣r♦✈✐❞❡s ❛ ❤♦❧♦♠♦r♣❤② t②♣❡ ❛♥❞ ❛ ❝♦❤❡r❡♥t ❛♥❞ ❝♦♠♣❛t✐❜❧❡ s❡q✉❡♥❝❡ ♦❢ ✐❞❡❛❧s✳

❑❡②✇♦r❞s✿ ❈♦❤❡♥ str♦♥❣❧② s✉♠♠✐♥❣ ♦♣❡r❛t♦rs❀ ❖♣❡r❛t♦rs ❛♥❞ ♣♦❧②♥♦♠✐❛❧s ✐❞❡❛❧s❀

❙❡r✐❡s ✐♥ ❇❛♥❛❝❤ s♣❛❝❡s✳

✈✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❆ ❉❡✉s✱ ❢♦rç❛ ❝r✐❛❞♦r❛ ❞♦ ✉♥✐✈❡rs♦✳

➚ ♠✐♥❤❛ ♠ã❡✱ ❊❞♦r✐❝❡ ❘❛♠♦s ❈❛♠♣♦s✱ ♣❡❧❛ ✈✐❞❛✱ ❛♠♦r✱ ❡❞✉❝❛çã♦✱ ♣❛❝✐ê♥❝✐❛✱ ❝♦♥❢♦rt♦

❡ ♦r❛çã♦✳

➚ ♠✐♥❤❛ ❡s♣♦s❛ ❆♥❞ré❛ ❉❛♥t❛s ♣❡❧❛ ❛♠♦r✱ ♣❛❝✐ê♥❝✐❛ ❡ ❝♦♠♣r❡❡♥sã♦ ❛♦ ❧♦♥❣♦ ❞❛ ✈✐❞❛ ❛

❞♦✐s ❡ ❛♦ ❧♦♥❣♦ ❞❡st❛ ❡♠♣r❡✐t❛❞❛✳ ❆♦s ♠❡✉s ✜❧❤♦s ♣❡❧♦s ✐♥ú♠❡r♦s ♠♦♠❡♥t♦s ❞❡ ❝❛r✐♥❤♦✳

❆♦s ♠❡✉s ✐r♠ã♦s✱ t✐♦s ❡ ❞❡♠❛✐s ❢❛♠✐❧✐❛r❡s ♣❡❧♦ ❛❢❡t♦✱ ❛♠✐③❛❞❡✱ ❛♣♦✐♦✱ ♣❡❧❛s ❝♦♠❡♠♦✲

r❛çõ❡s ❡ ♠♦♠❡♥t♦s ❞❡ ❧❛③❡r q✉❡ ♥♦s ❢❛③❡♠ r❡❧❛①❛r ❡ ❡sq✉❡❝❡r ♦s ♣r♦❜❧❡♠❛s ❞❛ ✈✐❞❛✳

❆♦s ♣r♦❢❡ss♦r❡s ❞♦ ❉▼✴❯❋P❇ ❡ ❞❛ ❯❆▼❊✴❯❋❈● ♣❡❧❛ ♠✐♥❤❛ ❢♦r♠❛çã♦✳ ❆♦ ♣r♦❢❡ss♦r

❆❜❞♦r❛❧ ❞❡ ❙♦✉③❛ ✭✐♥ ♠❡♠♦r✐❛♥✮ ♣❡❧❛ ❛♠✐③❛❞❡ ❡ ❛♣♦✐♦ s❡♠♣r❡ tã♦ ✐♠♣♦rt❛♥t❡s✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❉❛♥✐❡❧ P❡❧❧❡❣r✐♥♦ ♣❡❧❛ ❛❝♦❧❤✐❞❛✱ ❝♦♥✜❛♥ç❛ ❡ ❛♠✐③❛❞❡✳ P❡❧❛ ✐♥❡st✐✲

♠á✈❡❧ ❛❥✉❞❛ ❡♠ t♦❞❛s ❛s ♠✐♥❤❛s ❞✐✜❝✉❧❞❛❞❡s✳

❆♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞♦ Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲❣r❛❞✉❛çã♦✱ q✉❡ ❝♦♥tr✐✲

❜✉ír❛♠ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ♥❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❡ ♥❡st❡ tr❛❜❛❧❤♦✳

❆♦s ♣r♦❢❡ss♦r❡s ♠❡♠❜r♦s ❞❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛✱ ♣❡❧♦ ❛♣♦✐♦ ❡ ❝♦♥tr✐❜✉✐çõ❡s ✈❛❧♦r♦s❛s

❛ ❡st❡ tr❛❜❛❧❤♦✳

❆ t♦❞♦s ♦s ♠❡✉s ❝♦❧❡❣❛s ❞❡ tr❛❜❛❧❤♦ ♣❡❧♦ ❛✉①í❧✐♦ ✐♥❡st✐♠á✈❡❧ ❛ ❡ss❡ ♠❡✉ ♣r♦♣ós✐t♦✳ ❊♠

❡s♣❡❝✐❛❧ ❛♦ ❛♠✐❣♦ ❡ ❝♦❧❡❣❛ ❋❛❜rí❝✐♦ ▲✐♠❛✳

❆♦s ❛♠✐❣♦s✱ ❝♦♠♣❛♥❤❡✐r♦s ❡ ❝♦❧❡❣❛s ❞❡ ❈❛♠♣✐♥❛ ❡ ❏♦ã♦ P❡ss♦❛ q✉❡ ❞❡r❛♠✲♠❡ ❢♦rç❛ ❡

â♥✐♠♦✳ ❊♠ ❡s♣❡❝✐❛❧ à ❏♦♥❛t❤❛s✱ ●❛❜r✐❡❧❛✱ ❙✐❜ér✐♦✱ ▲❛✉❞❡❧✐♥♦✱ ▲✐♥❞♦♠❜❡r❣✱ ❆❧❝✐ô♥✐♦✱

▼❛r❝❡❧♦✱ ❲❛❧❧❛❝❡✱ ❊st❡❜❛♥✱ ❘✐❝❛r❞♦ ❡ ◆❛❝✐❜✳

✈✐✐



✏❙❡ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣♦❞❡ ❝r✐❛r ♣r♦❜❧❡♠❛s✱ ♥ã♦ é ❛tr❛✈és

❞❛ ✐❣♥♦râ♥❝✐❛ q✉❡ ♣♦❞❡♠♦s s♦❧✉❝✐♦♥á✲❧♦s✳✑

■s❛❛❝ ❆s✐♠♦✈

✈✐✐✐



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s ❙❡❜❛st✐ã♦ ✭✐♥ ♠❡♠♦r✐❛♥✮

❡ ❊❞♦r✐❝❡✱ ❛♦s ♠❡✉s ✐r♠ã♦s✱ à ♠✐♥❤❛ ❡s✲

♣♦s❛ ❆♥❞ré❛ ❡ ❛♦s ♠❡✉s ✜❧❤♦s ❘❛q✉❡❧✱

❚❛❧❡s ❡ ❈❡❝í❧✐❛✳

✐①



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

◆♦t❛çã♦ ❡ t❡r♠✐♥♦❧♦❣✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶ ❖♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s✱ ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦✲

♠❛♥t❡s ✻

✶✳✶ ❖♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✷ ❖♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ✳ ✳ ✳ ✶✷

✶✳✸ ❯♠ r❡s✉❧t❛❞♦ ❛❜str❛t♦ s♦❜r❡ ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡

s♦♠❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷ ■❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ✷✸

✷✳✶ ■❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s✿ ❡①♣♦s✐çã♦ ❜r❡✈❡ ❞❛ t❡♦r✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✷ ■❞❡❛❧ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✸ ■❞❡❛❧ ❞❡ ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ✸✷

✸ ❖♣❡r❛❞♦r❡s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ✸✼

✸✳✶ ❖♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✷ ■❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s ❡ ❞❡ ♣♦❧✐♥ô♠✐♦s ♠ú❧t✐♣❧♦

❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✸✳✸ ❚✐♣♦s ❞❡ ❤♦❧♦♠♦r✜❛ ❡ ✐❞❡❛✐s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ✳ ✳ ✳ ✹✸

✸✳✸✳✶ ❚✐♣♦s ❞❡ ❤♦❧♦♠♦r✜❛ ❣❧♦❜❛❧ ❡ ✐❞❡❛✐s ❞❡ ♣♦❧✐♥ô♠✐♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✸✳✷ PmCoh,p é ✉♠ t✐♣♦ ❞❡ ❤♦❧♦♠♦r✜❛ ❣❧♦❜❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✹ ❈♦❡rê♥❝✐❛ ❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❡ ✐❞❡❛✐s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ✹✻

✹✳✶ ❉❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❞❡ ❝♦❡rê♥❝✐❛ ❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻



✹✳✷ ❙❡q✉ê♥❝✐❛s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✹✳✸ ❙❡q✉ê♥❝✐❛s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✺ ❖♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ❡♠ t♦❞♦ ♣♦♥t♦ ✺✽

✺✳✶ ❖♣❡r❛❞♦r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡

s♦♠❛♥t❡s ❡♠ t♦❞♦ ♣♦♥t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✺✳✷ ■❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ❡♠ t♦❞♦

♣♦♥t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

❆♣ê♥❞✐❝❡s

❆ ❆❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ✼✹

❇ ❘❡s✉❧t❛❞♦s út❡✐s r❡❧❛❝✐♦♥❛❞♦s ❛ ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s ✼✼

❘❡❢❡rê♥❝✐❛s ✽✵

①✐



■♥tr♦❞✉çã♦

▼♦t✐✈❛çõ❡s ❢♦rt❡s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ sér✐❡s ❡♠ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ s✉r❣❡♠ ❝♦♠ ♦s

tr❛❜❛❧❤♦s ❞❡ ❆✳ ❉✈♦r❡t③❦② ❡ ❈✳ ❘♦❣❡rs ❬✷✵❪✱ ❝♦♠ ❛ ♣r♦✈❛ ❞❡ q✉❡✱ ❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱

s❡♠♣r❡ ❡①✐st❡♠ sér✐❡s ✐♥❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡s q✉❡ ♥ã♦ ❝♦♥✈❡r❣❡♠ ❛❜s♦❧✉t❛✲

♠❡♥t❡✳ ❆✳ ●r♦t❤❡♥❞✐❡❝❦ ❬✷✶❪ ✐♥tr♦❞✉③✱ ❡♥tã♦✱ ❛ ❡ssê♥❝✐❛ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ♦♣❡r❛❞♦r❡s

❛❜s♦❧✉t❛♠❡♥t❡ s♦♠❛♥t❡s✱ ❝♦♠♦ s❡♥❞♦ ❛q✉❡❧❡s q✉❡ ♠❡❧❤♦r❛♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ sér✐❡s✱

♥♦ s❡♥t✐❞♦ ❞❡ tr❛♥s❢♦r♠❛r sér✐❡s ✐♥❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡s ❡♠ ❛❜s♦❧✉t❛♠❡♥t❡

❝♦♥✈❡r❣❡♥t❡s✳ ❊ss❛s ✐❞❡✐❛s ❢♦r❛♠ ♠❡❧❤♦r ❡s❝❧❛r❡❝✐❞❛s ❡ ❛♣r❡s❡♥t❛❞❛s ❛tr❛✈és ❞♦s tr❛❜❛✲

❧❤♦s ❞❡ ❆✳ P✐❡ts❝❤ ❬✸✼❪ ❡ ❏✳ ▲✐♥❞❡♥str❛✉ss ❡ ❆✳ P❡❧❝③②➠s❦✐ ❬✷✾❪✳

❆ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ❛❜s♦❧✉t❛♠❡♥t❡ p✲s♦♠❛♥t❡s✱ ✐♥tr♦❞✉③✐❞❛ ♣♦r ❆✳ P✐❡ts❝❤

❬✸✼❪ ❝♦♠♦ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s ♦♣❡r❛❞♦r❡s ❛❜s♦❧✉t❛♠❡♥t❡ s♦♠❛♥t❡s✱ t❡♠ ♠✉✐t❛s ❛♣❧✐✲

❝❛çõ❡s à t❡♦r✐❛ ❞♦s ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤❀ ♣♦r ❡①❡♠♣❧♦✱ ❡st❛ ❝❧❛ss❡ ❢♦r♠❛ ✉♠❛ ❣❡♥❡r❛❧✐✲

③❛çã♦ ♥❛t✉r❛❧ ❞❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✳ ❊♠

✶✾✼✸✱ ❏✳ ❙✳ ❈♦❤❡♥ ❬✶✼❪ ✐♥tr♦❞✉③✐✉ ❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s

♠♦t✐✈❛❞♦ ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❛❜s♦❧✉t❛♠❡♥t❡ s♦♠❛♥t❡s ♥ã♦

é ❢❡❝❤❛❞❛ s♦❜ ❝♦♥❥✉❣❛çã♦✳ P✐❡ts❝❤ ✭❬✸✼❪✱ ♣á❣✳ ✸✸✽✮ ♠♦str♦✉ q✉❡ ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡

❞❡ l1 ❡♠ l2 é ❛❜s♦❧✉t❛♠❡♥t❡ 2✲s♦♠❛♥t❡✱ ❡♥q✉❛♥t♦ q✉❡ s❡✉ ❝♦♥❥✉❣❛❞♦✱ ❞❡ l2 ❡♠ l∞✱ ♥ã♦

é ❛❜s♦❧✉t❛♠❡♥t❡ 2✲s♦♠❛♥t❡✳ ❊♠ s❡✉ tr❛❜❛❧❤♦✱ ❈♦❤❡♥ ♠♦str❛ q✉❡ ❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛✲

❞♦r❡s ❧✐♥❡❛r❡s ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s ❝❛r❛❝t❡r✐③❛ ♦ ❝♦♥❥✉❣❛❞♦ ❞❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s

❧✐♥❡❛r❡s ❛❜s♦❧✉t❛♠❡♥t❡ p∗✲s♦♠❛♥t❡s✱ ❝♦♠ 1/p+ 1/p∗ = 1✳

❆✐♥❞❛ ♥❛ ❞é❝❛❞❛ ❞❡ ✶✾✼✵✱ P✐❡ts❝❤ ❬✸✽❪ ❞❡s❡♥✈♦❧✈❡ ❛ t❡♦r✐❛ ❞❡ ✐❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s

❧✐♥❡❛r❡s ❞❡ ❢♦r♠❛ ❛❜str❛t❛ ❡ ❡♠ ❬✸✾❪ ❡s❜♦ç❛ ❛ t❡♦r✐❛ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡

♣♦❧✐♥ô♠✐♦s✳

◆♦ ❝♦♥t❡①t♦ ❞❛ t❡♦r✐❛ ❞❡ ✐❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s ✭❬✸✽✱ ✸✾❪✮✱ s✉r❣❡ ❛ q✉❡stã♦ ♥❛t✉r❛❧✿



❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ✭❧✐♥❡❛r❡s✮ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞❛

♣❛r❛ ♠✉❧t✐✲✐❞❡❛✐s ❡ ✐❞❡❛✐s ❞❡ ♣♦❧✐♥ô♠✐♦s s❡♠ ♣❡r❞❡r ❛ ❡ssê♥❝✐❛ ❞♦ ✐❞❡❛❧ ♦r✐❣✐♥❛❧❄ P❛r❛ ♦s

♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❛❜s♦❧✉t❛♠❡♥t❡ s♦♠❛♥t❡s ❡①✐st❡♠ ❞✐✈❡rs♦s t✐♣♦s ❞❡ ❣❡♥❡r❛❧✐③❛çõ❡s

✭❛❧❣✉♥s ❡①❡♠♣❧♦s ❡♠ ❬✷✹✱ ✸✷❪✮✳ P♦❞❡♠♦s ❡♥❝♦♥tr❛r ❡♠ ❬✽✱ ✶✹✱ ✶✺✱ ✶✻✱ ✸✺❪ t❡♥t❛t✐✈❛s

❞❡ ❡st❛❜❡❧❡❝❡r ❝r✐tér✐♦s ❣❡r❛✐s q✉❡ ✉♠ ♠✉❧t✐✲✐❞❡❛❧ ❞❡✈❡ s❛t✐s❢❛③❡r ♣❛r❛ ♣r❡s❡r✈❛r ❛s

♣r♦♣r✐❡❞❛❞❡s ❞♦ ✐❞❡❛❧ ❧✐♥❡❛r ♦r✐❣✐♥❛❧✳

❖ ❝♦♥❝❡✐t♦ ♠✉❧t✐❧✐♥❡❛r ❞♦s ♦♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ❢♦✐ ✐♥✈❡st✐✲

❣❛❞♦ ❡♠ ✷✵✵✼ ♣♦r ❉✳ ❆❝❤♦✉r ❡ ▲✳ ▼❡③r❛❣ ❬✶❪ ✭✈❡r t❛♠❜é♠ ❬✷✻❪✮✳ ◆❡st❡ tr❛❜❛❧❤♦✱

❆❝❤♦✉r ❡ ▼❡③r❛❣ ❝♦♠♣❛r❛r❛♠ ❛ ♥♦✈❛ ❝❧❛ss❡ ❝♦♠ ❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s

p✲❞♦♠✐♥❛❞♦s ❡ ♣r♦✈❛r❛♠ ✉♠ ❚❡♦r❡♠❛ ❞❡ ❉♦♠✐♥❛çã♦ ❞❡ P✐❡ts❝❤✳ ❘❡❝❡♥t❡♠❡♥t❡ ♥♦✈♦s

❝♦♥❝❡✐t♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ❡ss❛ ❝❧❛ss❡ ❡stã♦ s❡♥❞♦ ✐♥✈❡st✐❣❛❞♦s✱ ❝♦♠♦ ❡♠ ❬✶✷❪✳

❊♠ ♥♦ss♦ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❡st✉❞♦ ❞♦s ♦♣❡r❛❞♦r❡s ✭❧✐♥❡❛r❡s ❡ ♠✉❧t✐❧✐♥❡❛✲

r❡s✮ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s s♦❜ ♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ t❡♦r✐❛ ❞❡ ✐❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s ❡

♣♦❧✐♥ô♠✐♦s✳ ❆❧é♠ ❞✐ss♦✱ ✐♥tr♦❞✉③✐♠♦s ❞✉❛s ♥♦✈❛s ❝❧❛ss❡s q✉❡ ❣❡♥❡r❛❧✐③❛♠ ♦ ❝♦♥❝❡✐t♦ ❞❡

♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❞❡st❛ ♥❛t✉r❡③❛✿ ❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ♠ú❧t✐♣❧♦

❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ❡ ❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ♥✉♠

❞❛❞♦ ♣♦♥t♦✳ ❚❛♠❜é♠ ♠♦str❛♠♦s q✉❡ ❛s ♥♦✈❛s ❝❧❛ss❡s ❞❡✜♥✐❞❛s✱ ❝♦♠♦ ❛s ❛♥t❡r✐♦r❡s✱

❢♦r♠❛♠ ✐❞❡❛✐s ❞❡ ❇❛♥❛❝❤ ❞❡ ♦♣❡r❛❞♦r❡s ❡ ❞❡ ♣♦❧✐♥ô♠✐♦s✳ ❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞♦ ❜♦♠

❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ss❛s ❡①t❡♥sõ❡s✱ ❞❡♠♦♥str❛♠♦s q✉❡ ❛ ❝♦♥str✉çã♦ ♠✉❧t✐❧✐♥❡❛r ✐♥tr♦✲

❞✉③✐❞❛ ♣♦r ❆❝❤♦✉r ❬✶❪ ❡ ❛ ♥♦ss❛ ❝♦♥str✉çã♦ ❞❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ♠ú❧t✐♣❧♦ ❈♦❤❡♥

❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ❢♦r♥❡❝❡♠ s❡q✉ê♥❝✐❛s ❞❡ ✐❞❡❛✐s ❝♦❡r❡♥t❡s ❡ ❝♦♠♣❛tí✈❡✐s✱ s❡❣✉♥❞♦

♦s ❝r✐tér✐♦s ❞❡✜♥✐❞♦s ♣♦r P❡❧❧❡❣r✐♥♦ ❡ ❘✐❜❡✐r♦ ❬✸✺❪✳

❊①✐st❡♠ ❞✉❛s ❛❜♦r❞❛❣❡♥s ❜❡♠ ❝♦♥❤❡❝✐❞❛s ✉s❛❞❛s ♣❛r❛ ❡st✉❞❛r ❝❧❛ss❡s ❞❡ ♣♦❧✐♥ô✲

♠✐♦s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ◆❛ ♣r✐♠❡✐r❛✱ ▲✳ ◆❛❝❤❜✐♥ ❬✷✽❪ ✐♥tr♦❞✉③✐✉ ♦ ❝♦♥❝❡✐t♦

❞❡ t✐♣♦s ❞❡ ❤♦❧♦♠♦r✜❛ ❝♦♠♦ ❝❧❛ss❡s ❞❡ ♣♦❧✐♥ô♠✐♦s q✉❡ sã♦ ❡stá✈❡✐s ♣♦r ♠❡✐♦ ❞❛ ❞✐✲

❢❡r❡♥❝✐❛çã♦✳ ◆❛ s❡❣✉♥❞❛✱ ❆✳ P✐❡ts❝❤ ❬✸✽❪ ✐♥tr♦❞✉③✐✉ ❛ ♥♦çã♦ ❞❡ ✐❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s

♠✉❧t✐❧✐♥❡❛r❡s✱ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛❞❛♣tá✈❡❧ ❛ ♣♦❧✐♥ô♠✐♦s✳ ❆❧❣✉♠❛s ❝❧❛ss❡s ❞❡ ♣♦❧✐♥ô♠✐♦s

sã♦ ❛♦ ♠❡s♠♦ t❡♠♣♦ t✐♣♦s ❞❡ ❤♦❧♦♠♦r✜❛ ❡ ✐❞❡❛✐s✱ ❝♦♠♦ ♦s ♣♦❧✐♥ô♠✐♦s ♥✉❝❧❡❛r❡s ❡ ❝♦♠✲

♣❛❝t♦s✳ ▼♦str❛♠♦s q✉❡ ❡ss❡ ❢❛t♦ t❛♠❜é♠ é ✈❡r❞❛❞❡✐r♦ ♣❛r❛ ❛ ❝❧❛ss❡ ❞♦s ♣♦❧✐♥ô♠✐♦s

♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✳

✷



❖r❣❛♥✐③❛çã♦ ❞❛ t❡s❡

❖ t❡①t♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♦ ❈❛♣✐t✉❧♦ ✶ ❝♦♥té♠ ❞❡✜♥✐çõ❡s ❡

❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ❛ t❡♦r✐❛ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s✱ ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s

❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s❀ ♦ ❈❛♣ít✉❧♦ ✷ é ❞❡❞✐❝❛❞♦ ❛♦ ❡st✉❞♦ ❞❡ ✐❞❡❛✐s ❞❛s ❝❧❛ss❡s

❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s❀ ♦ ❈❛♣ít✉❧♦ ✸ ❝♦♥té♠ ❛ ❞❡✜♥✐çã♦ ❞❛ ♥♦✈❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛✲

❞♦r❡s ❡ ♣♦❧✐♥ô♠✐♦s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s✱ ✐♥❝❧✉s✐✈❡ ❝♦♠ r❡s✉❧t❛❞♦s ❞❛

t❡♦r✐❛ ❞❡ ✐❞❡❛✐s ❡ t✐♣♦s ❞❡ ❤♦❧♦♠♦r✜❛❀ ♦ ❈❛♣ít✉❧♦ ✹ tr❛t❛ ❞❛s q✉❡stõ❡s ❞❡ ❝♦❡rê♥❝✐❛ ❡

❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❛s s❡q✉ê♥❝✐❛s ❝♦♥str✉í❞❛s ❝♦♠ ❡ss❡s ✐❞❡❛✐s❀ ♥♦ ❈❛♣ít✉❧♦ ✺ ❡stá ♣r❡✲

s❡♥t❡ ❛ ❞❡✜♥✐çã♦ ❞❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡

s♦♠❛♥t❡s ♥✉♠ ❞❛❞♦ ♣♦♥t♦ ❡ r❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ❞❡ ✐❞❡❛✐s✳

❈♦♠♦ ❛♣♦✐♦ à ❧❡✐t✉r❛✱ ❛♣r❡s❡♥t❛♠♦s t❛♠❜é♠ ❞♦✐s ❛♣ê♥❞✐❝❡s✿ ♦ ❆♣ê♥❞✐❝❡ ❆✱ ❝♦♠

r❡s✉❧t❛❞♦s út❡✐s ❞❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧❀ ❡ ♦ ❆♣ê♥❞✐❝❡ ❇✱ ❝♦♠ r❡s✉❧t❛❞♦s ♥❡❝❡ssár✐♦s s♦❜r❡

❛ t❡♦r✐❛ ❞❡ ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s✳

❊♠❜♦r❛ ❛ ♠❛✐♦r✐❛ ❞♦s ❛✉t♦r❡s ❞❡✜♥❛♠ ♦s ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦r✲

t❡♠❡♥t❡ p✲s♦♠❛♥t❡s ♣♦r ♠❡✐♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s✱ ♣r❡❢❡r✐♠♦s ❞❡✜♥í✲❧♦s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱

✉s❛♥❞♦ s❡qüê♥❝✐❛s ❡ ❡♥tã♦ ♠♦str❛♥❞♦ ❛s ❝❛r❛❝t❡r✐③❛çõ❡s ❡q✉✐✈❛❧❡♥t❡s ✈✐❛ ❞❡s✐❣✉❛❧❞❛✲

❞❡s✳ ❊ss❛ ❛❜♦r❞❛❣❡♠ t❡♠ ❛❧❣✉♠❛s ✈❛♥t❛❣❡♥s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❡ ♠✉✐t♦s ❞♦s ♥♦ss♦s

r❡s✉❧t❛❞♦s✳

✸



◆♦t❛çã♦ ❡ t❡r♠✐♥♦❧♦❣✐❛

• ❆♦ ❧♦♥❣♦ ❞♦ t❡①t♦✱ K ❞❡♥♦t❛rá ♦ ❝♦r♣♦ ❞♦s r❡❛✐s R ♦✉ ♦ ❝♦r♣♦ ❞♦s ❝♦♠♣❧❡①♦s C✳

❖s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s❡rã♦ ❝♦♥s✐❞❡r❛❞♦s s♦❜r❡ K = R ♦✉ C✳

• ❙❡ A ❢♦r ✉♠ ❝♦♥❥✉♥t♦ ❡ n ∈ N✱ ❛ ♥♦t❛çã♦ An ❞❡♥♦t❛ ♦ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦ ❞❡ n

❝ó♣✐❛s ❞❡ A✳

• ■❞❡♥t✐✜❝❛r❡♠♦s ♦s ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ Nn ❝♦♠ ❡❧❡♠❡♥t♦s ❞❡ N✱ ❞❡ ♠♦❞♦ ❛

❡✈✐t❛r ♥♦t❛çõ❡s s♦❜r❡❝❛rr❡❣❛❞❛s✳ ❉❡st❡ ♠♦❞♦✱ ❡♠ ✈❡③ ❞❡ ❞❡♥♦t❛r✱ ♣♦r ❡①❡♠♣❧♦✱

aj1,...,jn ∈ l1(F ;N
n) ❡s❝r❡✈❡♠♦s ❛♣❡♥❛s aj1,...,jn ∈ l1(F )✳

• ❯s❛r❡♠♦s ♦ t❡r♠♦ ✏♦♣❡r❛❞♦r✑ ❝♦♠ ♦ ♠❡s♠♦ s❡♥t✐❞♦ ❞❡ ✏❢✉♥çã♦✑✳ ❙❡ E ❡ F sã♦

❡s♣❛ç♦s ✈❡t♦r✐❛✐s ♥♦r♠❛❞♦s s♦❜r❡ ♦ ❝♦r♣♦ K✱ ❞❡♥♦t❛r❡♠♦s ♣♦r L (E;F ) ♦ ❡s♣❛ç♦

❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s ❞❡ E ❡♠ F.

• ❉❡♥♦t❛♠♦s ♣♦r L(E1, ..., En;F ) ♦ ❡s♣❛ç♦ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s n✲❧✐♥❡❛r❡s ❝♦♥✲

tí♥✉♦s ❞❡ E1 × · · · × En ❡♠ F ❡ s❡ E1 = · · · = En ❡s❝r❡✈❡♠♦s ❛♣❡♥❛s L(nE;F )✳

• ❖ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s n✲❤♦♠♦❣ê♥❡♦s ❝♦♥tí♥✉♦s ❞❡ E ❡♠

F ✱ ❝♦♠ ❛ ♥♦r♠❛ ✉s✉❛❧ ❞♦ s✉♣✱ s❡rá ❞❡♥♦t❛❞♦ ♣♦r P(nE;F )✳ ❉❡♥♦t❛r❡♠♦s ♣♦r

Ls(
nE;F ) ♦ ❡s♣❛ç♦ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s n✲❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s s✐♠étr✐❝♦s ❞❡ En

❡♠ F ❡ ♣♦r P̆ ♦ ú♥✐❝♦ ♦♣❡r❛❞♦r ❞❡ Ls(
nE;F ) t❛❧ q✉❡ P (x) = P̆ (x, ..., x)✳

• ❙❡ E ❡ F sã♦ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ♥♦r♠❛❞♦s s♦❜r❡ ♦ ❝♦r♣♦ K✱ ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦

u ❞❡ E ❡♠ F é ♦ s✉❜❝♦♥❥✉♥t♦

Grafu = {(x, y) ∈ E × F ; y = u (x)} .



❉✐③❡♠♦s q✉❡ u t❡♠ ❣rá✜❝♦ ❢❡❝❤❛❞♦ s❡ Grafu ❢♦r ❢❡❝❤❛❞♦ ❡♠ E × F ✳

• ❙❡ u ❡ v sã♦ ♦♣❡r❛❞♦r❡s✱ ❛ ❝♦♠♣♦s✐çã♦ u ◦ v s❡rá ❞❡♥♦t❛❞❛ ♣♦r uv. ❚❛♠❜é♠

✉s❛♠♦s ❛ ♥♦t❛çã♦ M(u1, ..., un) ♣❛r❛ ♦ ♦♣❡r❛❞♦r n✲❧✐♥❡❛r ❞❡✜♥✐❞♦ ♣♦r

M(u1, ..., un)(x1, ..., xn) := M(u1(x1), ..., un(xn))✱ ♦♥❞❡ M é ♦♣❡r❛❞♦r n✲❧✐♥❡❛r ❡

❝❛❞❛ ui é ❧✐♥❡❛r✱ i = 1, ..., n✳

• ▲❡tr❛s ♠❛✐ús❝✉❧❛s ❝♦♠♦ E,F,G,Ei, Gi, H, ... ❞❡♥♦t❛rã♦ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ s❛❧✈♦

♦♥❞❡ ❡①♣r❡ss❛♠❡♥t❡ ✐♥❞✐❝❛❞♦✳ ❆ ♥♦r♠❛ ❞❡ ✉♠ ❡s♣❛ç♦ ✭❝♦♠♣❧❡t♦ ♦✉ ♥ã♦✮ E s❡rá

✉s✉❛❧♠❡♥t❡ ❞❡♥♦t❛❞❛ ♣♦r ‖·‖ ; ✉s❛r❡♠♦s ‖·‖E ❝❛s♦ ❤❛❥❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥❢✉sã♦✳

❯s❛r❡♠♦s ❛ ♥♦r♠❛ ❞♦ sup ❡♠ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s✱ ❡①❝❡t♦ ♠❡♥çã♦ ❡♠ ❝♦♥trár✐♦✳

❖ sí♠❜♦❧♦ BE ❞❡♥♦t❛rá ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❢❡❝❤❛❞❛ {x ∈ E; ‖x‖ ≤ 1} . ❊♠ ❛❧❣✉♠❛

s✐t✉❛çã♦ ♣❛rt✐❝✉❧❛r✱ s❡rá ♠❡♥❝✐♦♥❛❞♦ s❡ ❛ ❜♦❧❛ é ❢❡❝❤❛❞❛ ♦✉ ❛❜❡rt❛✳

• ❖ ❞✉❛❧ ✭t♦♣♦❧ó❣✐❝♦✮ ❞❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ E s❡rá ❞❡♥♦t❛❞♦ ♣♦r E ′.

• ❯♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r u ❞❡ E ❡♠ F é ❞✐t♦ ❞❡ ♣♦st♦ ✜♥✐t♦ s❡ ❛ ❞✐♠❡♥sã♦ ❞❡ u (E)

❢♦r ✜♥✐t❛✳

✺



❈❛♣ít✉❧♦ ✶

❖♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s✱ ♠✉❧t✐❧✐♥❡❛r❡s ❡

♣♦❧✐♥ô♠✐♦s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡

s♦♠❛♥t❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❢❛r❡♠♦s ✉♠ ❡st✉❞♦ ♠❛✐s ❝r✐t❡r✐♦s♦ ❞❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ❢♦rt❡✲

♠❡♥t❡ p✲s♦♠❛♥t❡s✱ ❞❡✜♥✐❞❛ ♣♦r ❈♦❤❡♥ ❬✶✼❪✱ ❜✉s❝❛♥❞♦ ✉♠❛ ♠❡❧❤♦r ❛♣r❡s❡♥t❛çã♦ ❞❡ss❡s

❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ♥✉♠❛ ❧✐♥❣✉❛❣❡♠ ♠❛✐s ❝❧❛r❛ ❡ ♠♦❞❡r♥❛ ❡✱ ❛❧é♠ ❞✐ss♦✱ ♣r♦♣♦♥❞♦

❛❧❣✉♠❛s ❝❛r❛❝t❡r✐③❛çõ❡s ❡ r❡s✉❧t❛❞♦s ❛✐♥❞❛ ♥ã♦ ♣r❡s❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛✳

✶✳✶ ❖♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s

❆s ❞❡✜♥✐çõ❡s✱ ❝❛r❛❝t❡r✐③❛çõ❡s ❡ r❡s✉❧t❛❞♦s ❞❛ ♣r❡s❡♥t❡ s❡çã♦ sã♦✱ ❡♠ s✉❛ ♠❛✐♦r✐❛✱

❡ss❡♥❝✐❛❧♠❡♥t❡ ❝♦♥❤❡❝✐❞♦s✳

❈♦♠♦ ♥♦t❛çã♦ ❡ t❡r♠✐♥♦❧♦❣✐❛ ❜ás✐❝❛✱ ♦s s❡❣✉✐♥t❡s ❡s♣❛ç♦s sã♦ ♠✉✐t♦ ❝♦♠✉♥s ♥❛

t❡♦r✐❛ ❞❡ sér✐❡s ❡♠ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❡ s❡rã♦ ♠✉✐t♦ ✉t✐❧✐③❛❞❛s ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✳

❙❡❥❛♠ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ 1 ≤ p ≤ ∞✳ ❯♠❛ s❡q✉ê♥❝✐❛ (xi)
∞
i=1 ❡♠ E é

❛❜s♦❧✉t❛♠❡♥t❡ p✲s♦♠á✈❡❧ s❡ (||xi||)
∞
i=1 ∈ lp✳ ❖ ❡s♣❛ç♦ ❞❛s s❡q✉ê♥❝✐❛s ❛❜s♦❧✉t❛♠❡♥t❡

p✲s♦♠á✈❡✐s s❡rá ❞❡♥♦t❛❞♦ ♣♦r lp(E) ❡ é ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛

||(xi)
∞
i=1||p =





(
∑∞

i=1 ||xi||
p)

1/p
, se 1 ≤ p <∞

sup
i
||xi||, se p = ∞ .



❯♠❛ s❡q✉ê♥❝✐❛ (xi)
∞
i=1 ❡♠ E é ❢r❛❝❛♠❡♥t❡ p✲s♦♠á✈❡❧ s❡ (ϕ(xi))

∞
i=1 ∈ lp✱ ♣❛r❛ t♦❞♦

ϕ ∈ E
′

✳ ❖ ❡s♣❛ç♦ ❞❛s s❡q✉ê♥❝✐❛s ❢r❛❝❛♠❡♥t❡ p✲s♦♠á✈❡✐s s❡rá ❞❡♥♦t❛❞♦ ♣♦r lwp (E) ❡ é

✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛

||(xi)
∞
i=1||w,p =





sup
ψ∈B

E
′

(
∑∞

i=1 |ψ(xi)|
p)

1/p
, se 1 ≤ p <∞

sup
i

{
sup

||ϕ||≤1

|ϕ(xi)|

}
, se p = ∞ .

❉❡✜♥✐çã♦ ✶✳✶✳✶ ✭❈♦❤❡♥✱ ❬✶✼❪✮ ❯♠❛ s❡q✉ê♥❝✐❛ (xi)
∞
i=1 ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ E

é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ s❡ ❛ sér✐❡
∑∞

i=1 ϕi(xi) ❝♦♥✈❡r❣✐r ♣❛r❛ t♦❞❛ (ϕi)
∞
i=1 ∈

lwp∗(E
′

)✱ ❝♦♠
1

p
+

1

p∗
= 1✳

❖ ❡s♣❛ç♦ ❞❛s s❡q✉ê♥❝✐❛s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s ❞❡ E s❡rá ❞❡♥♦t❛❞♦ ♣♦r

lp〈E〉✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ♠♦str❛ q✉❡ s❡ ♣♦❞❡ s✉❜st✐t✉✐r ❛ sér✐❡
∑∞

i=1 ϕi(xi) ♥❛ ❉❡✲

✜♥✐çã♦ ✶✳✶✳✶ ♣❡❧❛ sér✐❡
∑∞

i=1 |ϕi(xi)|✳ P♦r q✉❡stã♦ ❞❡ ♠❛♥❡❥♦✱ ✉s❛r❡♠♦s ❡st❛ ú❧t✐♠❛

r❡♣r❡s❡♥t❛çã♦ ❞❛ sér✐❡ ❡♠ ♥♦ss♦ t❡①t♦✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✷ ❙❡❥❛ (xi)
∞
i=1 ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ E✳ ❆ sér✐❡

∑∞
i=1 ϕi(xi) ❝♦♥✈❡r❣❡

♣❛r❛ t♦❞❛ (ϕi)
∞
i=1 ∈ lwp∗(E

′

) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ sér✐❡
∑∞

i=1 |ϕi(xi)| ❝♦♥✈❡r❣❡ ♣❛r❛ t♦❞❛

(ϕi)
∞
i=1 ∈ lwp∗(E

′

)✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❛ sér✐❡
∑∞

i=1 ϕi(xi) ❝♦♥✈❡r❣❡ ♣❛r❛ t♦❞❛ (ϕi)
∞
i=1 ∈

lwp∗(E
′

)✳ P❛r❛ ♦ ❝❛s♦ r❡❛❧✱ t♦♠❡

ψj =





ϕj, se ϕj(xj) ≥ 0

−ϕj, se ϕj(xj) < 0

❡✱ ♣❛r❛ ♦ ❝❛s♦ ❝♦♠♣❧❡①♦✱ t♦♠❡ ψj = ϕje
−iθj ✱ ♦♥❞❡ θj é ♦ ❛r❣✉♠❡♥t♦ ❞❡ ϕj(xj)✳

❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ s❡❣✉❡ q✉❡
∑∞

j=1 ψj(xj) ❝♦♥✈❡r❣❡✱ ♣♦r ❤✐♣ót❡s❡✱ ❡ ♣♦rt❛♥t♦

∞∑

j=1

|ϕj(xj)| =
∞∑

j=1

ψj(xj)

t❛♠❜é♠ ❝♦♥✈❡r❣❡✳

❆ r❡❝í♣r♦❝❛ é ✐♠❡❞✐❛t❛✳

✼



❈♦♠♦ ❞❡♠♦♥str❛❞♦ ❡♠ ❬✷✷❪✱ ♣á❣ ✷✷✸ ▲❡♠❛ ✶✳✶ ❡ ❚❡♦r❡♠❛ ✶✳✷ ✭❢❛③❡♥❞♦ p = 1 ❡

q
′

= p∗✮✱ lp〈E〉 é ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❡ ❝♦♠♣❧❡t♦ ❝♦♠ ❛ ♥♦r♠❛ ❞❛❞❛ ♣♦r

||(xi)
∞
i=1||C,p = sup

||(ϕi)∞i=1||w,p∗≤1

∞∑

i=1

|ϕi(xi)| .

❱❛♠♦s ✉s❛r ❛ ❞✉❛❧✐❞❛❞❡ (lp(E))
′

= lp∗(E
′

)✱ ❝♦♠ 1
p
+ 1

p∗
= 1 ✭✈❡r ❆♣ê♥❞✐❝❡ ❆✱

Pr♦♣♦s✐çã♦ ❆✳✸✮ ♣❛r❛ ♣r♦✈❛r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✶✳✶✳✸ ❙❡ 1 ≤ p ≤ ∞✱ ❡♥tã♦✿

i) lp〈E〉 ⊂ lp(E) ⊂ lwp (E)❀

ii) ❙❡ p = 1, lp〈E〉 = lp(E) ❡✱ s❡ p = ∞, lp(E) = lwp (E)✳

❉❡♠♦♥str❛çã♦✳ ❆ ✐♥❝❧✉sã♦ lp(E) ⊂ lwp (E) ❡ ❛ ❝♦✐♥❝✐❞ê♥❝✐❛ l∞(E) = lw∞(E) sã♦

❝❛♥ô♥✐❝❛s ✭✈❡❥❛ ❬✹✶❪✮✳

❈♦♠♦ (lp(E))
′

= lp∗(E
′

)✱ s❡ (xi) ∈ lp〈E〉✱ s❡❣✉❡ q✉❡

||(xi)
∞
i=1||p = sup

(ϕi)∞i=1∈Blp∗ (E
′
)

∞∑

i=1

|ϕi(xi)| ≤ sup
(ϕi)∞i=1∈Blw

p∗
(E

′
)

∞∑

i=1

|ϕi(xi)| = ||(xi)
∞
i=1||C,p ,

✭✶✳✶✮

❧♦❣♦ lp〈E〉 ⊂ lp(E)✳

◆♦t❡ q✉❡ s❡ p = 1✱ ❡♥tã♦ p∗ = ∞ ❡ ♣♦r ✭✶✳✶✮ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ l∞(E
′

) = lw∞(E
′

)✱

♦❜t❡♠♦s ||(xi)∞i=1||p = ||(xi)
∞
i=1||C,p ✱ ♦ q✉❡ ✐♠♣❧✐❝❛ lp〈E〉 = lp(E)✳

❖❜s❡r✈❛♠♦s q✉❡ s❡ T ∈ L(E;F )✱ ❡♥tã♦ ♦ ♦♣❡r❛❞♦r

T̂ s : lp (E) → lp(F ) definido por (xi)
∞
i=1 7→ (T (xi))

∞
i=1 ,

❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ é ❝♦♥tí♥✉♦✳ ❉❡ ❢❛t♦✱ é ❝❧❛r♦ q✉❡ T̂ s é ❧✐♥❡❛r ❡ s❡ (xi)
∞
i=1 ∈ lp(E)✱

❡♥tã♦ ∥∥∥T̂ s ((xi)∞i=1)
∥∥∥
p
= ‖(T (xi))

∞
i=1‖p ≤ ‖T‖ ‖(xi)

∞
i=1‖p .

❊♠ ♥♦ss♦ ❝♦♥t❡①t♦✱ ♦ ❝❛s♦ ✐♥t❡r❡ss❛♥t❡ ♦❝♦rr❡ q✉❛♥❞♦ ❡ss❡ t✐♣♦ ❞❡ ❝♦rr❡s♣♦♥❞ê♥❝✐❛

✐♥❞✉③ ✉♠ ♦♣❡r❛❞♦r ❝♦♥tí♥✉♦ ❞❡ lp(E) ❡♠ lp〈F 〉✱ ♦ q✉❡ ♠♦t✐✈❛ ❛ ♣ró①✐♠❛ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✶✳✹ ❙❡❥❛ 1 < p ≤ ∞✳ ❯♠ ♦♣❡r❛❞♦r T ∈ L(E;F ) é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡

p✲s♦♠❛♥t❡ s❡

(T (xi))
∞
i=1 ∈ lp〈F 〉 sempre que (xi)

∞
i=1 ∈ lp(E) ,

✽



✐st♦ é✱ s❡ ♦ ♦♣❡r❛❞♦r

T̂ : lp (E) → lp〈F 〉 ; (xi)
∞
i=1 7→ (T (xi))

∞
i=1 ✭✶✳✷✮

❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ é ❝♦♥tí♥✉♦✳

❉❡♥♦t❛♠♦s ♣♦r Dp(E;F ) ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧♦s ♦♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡

p✲s♦♠❛♥t❡s✳ ◆♦t❡ q✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✸✱ D1(E;F ) = L(E;F )✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ tr❛③ ❛❧❣✉♠❛s ❝❛r❛❝t❡r✐③❛çõ❡s ♣❛r❛ ♦♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡✲

♠❡♥t❡ p✲s♦♠❛♥t❡s✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✺ P❛r❛ T ∈ L(E;F ) ❡ 1
p
+ 1

p∗
= 1✱ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✲

✈❛❧❡♥t❡s✿

i) T é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡❀

ii) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

∞∑

i=1

|ϕi(T (xi))| ≤ C ||(xi)
∞
i=1||p||(ϕi)

∞
i=1||w,p∗ ,

s❡♠♣r❡ q✉❡ (xi)
∞
i=1 ∈ lp(E) ❡ (ϕi)

∞
i=1 ∈ lwp∗(F

′

) ❀

iii) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

m∑

i=1

|ϕi(T (xi))| ≤ C ||(xi)
m
i=1||p||(ϕi)

m
i=1||w,p∗ , ✭✶✳✸✮

♣❛r❛ t♦❞♦s m ∈ N, xi ∈ E, ϕi ∈ F
′

, i = 1, ...,m ✳

❉❡♠♦♥str❛çã♦✳ (i) ⇒ (ii) ❈♦♠♦ T é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✱ ♦ ♦♣❡r❛❞♦r

T̃ : lwp∗(F
′

)× lp(E) → l1

((ϕi)
∞
i=1, (xi)

∞
i=1) 7→ (ϕi(T (xi)))

∞
i=1 ,

❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ ♣♦rt❛♥t♦ é ❜✐❧✐♥❡❛r✳ ❱❛♠♦s ♠♦str❛r q✉❡ T̃ t❡♠ ❣rá✜❝♦ ❢❡❝❤❛❞♦✳

❙✉♣♦♥❞♦ q✉❡ ♦❝♦rr❡♠

(ϕk, xk) → (ϕ, x) em lwp∗(F
′

)× lp(E) ✭✶✳✹✮

e T̃ (ϕk, xk) → y em l1 , ✭✶✳✺✮

✾



❡♥tã♦ T̃ (ϕ, x) = y✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ✈❛❧❡ ✭✶✳✺✮✱ s❡❣✉❡ q✉❡

y = lim
k→∞

T̃ (ϕk, xk) = lim
k→∞

(
ϕki (T (x

k
i ))
)∞
i=1

,

❡ ♣♦rt❛♥t♦

lim
k→∞

ϕki (T (x
k
i )) = yi, para todo i ∈ N . ✭✶✳✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✶✳✹✮ s❡❣✉❡ q✉❡

lim
k→∞

ϕki (T (x
k
i )) = ϕi(T (xi)), para todo i ∈ N .

❉❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ♣♦r ✭✶✳✻✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

ϕi(T (xi)) = yi, para todo i ∈ N ,

❞♦♥❞❡ T̃ (ϕ, x) = y ❡ T ♣♦ss✉✐ ❣rá✜❝♦ ❢❡❝❤❛❞♦✳ ❉❡st❛ ❢♦r♠❛✱ T̃ é ❝♦♥tí♥✉♦ ❡

∞∑

i=1

|ϕi(T (xi))| =
∥∥∥T̃ ((ϕi)∞i=1, (xi)

∞
i=1)
∥∥∥
l1
≤
∥∥∥T̃
∥∥∥ ||(xi)

∞
i=1||p||(ϕi)

∞
i=1||w,p∗ . ✭✶✳✼✮

(iii) ⇒ (ii) ❙❡❥❛♠ (xi)
∞
i=1 ∈ lp(E) ❡ (ϕi)

∞
i=1 ∈ lwp∗(F

′

)✳ ❊♥tã♦✱

∞∑

i=1

|ϕi(T (xi))| = sup
m

(
m∑

i=1

|ϕi(T (xi))|

)

≤ sup
m

(C ||(xi)
m
i=1||p||(ϕi)

m
i=1||w,p∗)

= C ||(xi)
∞
i=1||p||(ϕi)

∞
i=1||w,p∗ .

(ii) ⇒ (i) ❡ (ii) ⇒ (iii) sã♦ ✐♠❡❞✐❛t❛s✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✻ ❖ í♥✜♠♦ ❞❛s ❝♦♥st❛♥t❡s C q✉❡ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✶✳✸✮

❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✺ ❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ Dp(E;F )✱ ❞❡♥♦t❛❞❛ dp(·)✳ ❆❧é♠ ❞✐ss♦✱∥∥∥T̃
∥∥∥ = dp(T )✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ T1, T2 ∈ Dp(E;F ) ❡ λ ∈ K✳ ❱❛♠♦s ♠♦str❛r q✉❡ T1 + λT2

s❛t✐s❢❛③ ✭✶✳✸✮ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳ P❛r❛ q✉❛✐sq✉❡r m ∈ N, xi ∈ E, ϕi ∈ F
′

, i =

1, ..., n✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✱ s❡❣✉❡ q✉❡
m∑

i=1

|ϕi((T1 + λT2)(xi))| ≤
m∑

i=1

|ϕi(T1(xi))|+
m∑

i=1

|ϕi(λT2(xi))|

=
m∑

i=1

|ϕi(T1(xi))|+ |λ|
m∑

i=1

|ϕi(T2(xi))| ✭✶✳✽✮

≤ (dp(T1) + |λ|dp(T2)) ||(xi)
m
i=1||p||(ϕi)

m
i=1||w,p∗ ,

✶✵



❡ ♣♦rt❛♥t♦ T1+λT2 ∈ Dp(E;F )✱ ❞♦♥❞❡ Dp(E;F ) é s✉❜❡s♣❛ç♦ ❞❡ L(E;F )✳ P♦r ✭✶✳✽✮ ✜❝❛

❝❧❛r♦ q✉❡ ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ♣❛r❛ dp(·) ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ dp(λT ) ≤ |λ|dp(T )✳

❙❡ dp(T ) = 0✱ t♦♠❛♥❞♦ m = 1 ❡♠ ✭✶✳✸✮ t❡♠♦s q✉❡ |ϕ(T (X))| = 0✱ ♣❛r❛ t♦❞♦s ϕ ∈ F
′

❡

x ∈ E✳ ❉❛í✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍❛❤♥✲❇❛♥❛❝❤✱ ||T (x)|| = 0✱ ♣❛r❛ t♦❞♦ x ∈ E✱ ❡ ♣♦rt❛♥t♦

T = 0✳ ❆s ❞❡♠❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠❛ ♥♦r♠❛ sã♦ ❞❡ ❢á❝✐❧ ✈❡r✐✜❝❛çã♦✳

❆❣♦r❛ ♥♦t❡ q✉❡
∥∥∥T̃
∥∥∥ = sup

||(xi)∞i=1||p , ||(ϕi)∞i=1||w,p∗≤1

||(ϕi(T (xi))
∞
i=1||l1

= sup
||(xi)∞i=1||p , ||(ϕi)∞i=1||w,p∗≤1

(
∞∑

i=1

|ϕi(T (xi))|

)

≤ sup
||(xi)∞i=1||p , ||(ϕi)∞i=1||w,p∗≤1

(dp(T ) ||(xi)
∞
i=1||p ||(ϕi)

∞
i=1||w,p∗) = dp(T ) ,

✐st♦ é✱
∥∥∥T̃
∥∥∥ ≤ dp(T )✳ ❉❡st❡ ❢❛t♦ ❡ ❞❡ ✭✶✳✼✮ s❡❣✉❡ q✉❡

∥∥∥T̃
∥∥∥ = dp(T )✳

❆ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦ s❡rá ♠✉✐t♦ út✐❧ q✉❛♥❞♦ ❡st✐✈❡r♠♦s✱ ♠❛✐s ❛❞✐❛♥t❡✱ ❧✐❞❛♥❞♦

❝♦♠ ✐❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✼ ❙❡ T ∈ Dp(E;F )✱ ❡♥tã♦
∥∥∥T̂
∥∥∥ =

∥∥∥T̃
∥∥∥ ✭♦✉ ❛✐♥❞❛✱ ♣❡❧♦ ❡①♣♦st♦

❛❝✐♠❛✱∥∥∥T̂
∥∥∥ = dp(T ) )✳ ❉❡ ❢❛t♦✱

∥∥∥T̂
∥∥∥ = sup

||(xi)∞i=1||p≤1

∥∥∥T̂ ((xi)∞i=1)
∥∥∥
C,p

= sup
||(xi)∞i=1||p≤1

||(T (xi))
∞
i=1)||C,p

= sup
||(xi)∞i=1||p≤1

(
sup

||(ϕi)∞i=1||w,p∗≤1

∞∑

i=1

|ϕi(T (xi))|

)

= sup
||(xi)∞i=1||p , ||(ϕi)∞i=1||w,p∗≤1

||(ϕi(T (xi)))
∞
i=1||l1

=
∥∥∥T̃
∥∥∥ .

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❢❛t♦ ❞❡ q✉❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲

s♦♠❛♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s❡✉ ❝♦♥❥✉❣❛❞♦ é ✉♠ ♦♣❡r❛❞♦r ❛❜s♦❧✉t❛♠❡♥t❡ p∗✲s♦♠❛♥t❡

✭❚❡♦r❡♠❛ ✷✳✷✳✷ ❡♠ ❬✶✼❪✱ ♣á❣✳ ✶✽✹✮ ❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉✈♦r❡t③❦②✲❘♦❣❡rs ♣❛r❛ ♦♣❡r❛❞♦r❡s

❧✐♥❡❛r❡s ❛❜s♦❧✉t❛♠❡♥t❡ s♦♠❛♥t❡s✱ ✉♠ t❡♦r❡♠❛ ❞♦ t✐♣♦ ❉✈♦r❡t③❦②✲❘♦❣❡rs t❛♠❜é♠ é

✈á❧✐❞♦ ♣❛r❛ ♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✿

❚❡♦r❡♠❛ ✶✳✶✳✽ ✭❞♦ t✐♣♦ ❉✈♦r❡t③❦②✲❘♦❣❡rs✮ ❙❡ E é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ❡♥tã♦

idE : E → E é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ dimE <∞✳

✶✶



❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❞❡♥♦t❛r ♣♦r T
′

: F
′

→ E
′

♦ ♦♣❡r❛❞♦r ❛❞❥✉♥t♦ ❞❡ T : E → F ✳

❙✉♣♦♥❞♦ q✉❡ idE : E → E é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✱ s❡❣✉❡ q✉❡ id
′

E : E
′

→ E
′

é

❛❜s♦❧✉t❛♠❡♥t❡ p∗✲s♦♠❛♥t❡✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❉✈♦r❡t③❦②✲❘♦❣❡rs ✭❬✸✷❪✱ ♣á❣ ✹✹✾

❚❡♦r❡♠❛ ✷✳✶✮ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❛❜s♦❧✉t❛♠❡♥t❡ s♦♠❛♥t❡s✱ s❡❣✉❡ q✉❡ ❛ ❞✐♠❡♥sã♦

❞❡ E
′

✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❞❡ E✱ é ✜♥✐t❛✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ dimE <∞ ❡♥tã♦ id
′

E : E
′

→ E
′

é ❛❜s♦❧✉t❛♠❡♥t❡ p∗✲s♦♠❛♥t❡

❡ ♣♦rt❛♥t♦ idE : E → E é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✳

❚❛♠❜é♠ ✈❛❧❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❞❡ ✐♥❝❧✉sã♦✱ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ ❡stá ♣r❡s❡♥t❡

❡♠ ❬✶✼❪ ✭❚❡♦r❡♠❛ ✷✳✹✳✶✱ ♣á❣✳ ✶✽✽✮✿ ❙❡ p1 ≤ p2✱ ❡♥tã♦ t❡♠✲s❡

Dp2(E;F ) ⊂ Dp1(E;F ).

✶✳✷ ❖♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❈♦❤❡♥ ❢♦r✲

t❡♠❡♥t❡ s♦♠❛♥t❡s

◆❡st❛ s❡çã♦ ❡st✉❞❛r❡♠♦s ❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❈♦❤❡♥ p✲s♦♠❛♥t❡s

❝♦♠♦ ❡①t❡♥sã♦ ♥❛t✉r❛❧ ❞♦ ❝❛s♦ ❧✐♥❡❛r✳ ❈♦♠♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛ ❞❡✜♥✐çã♦ ❞❡ss❛

❝❧❛ss❡ é ❝♦♥str✉í❞❛ ♣♦r s❡q✉ê♥❝✐❛s✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ♠♦❞♦ ♠❛✐s ❝♦♠✉♠✱ ❝♦♠♦ ❡♠ ❬✶❪✳

❊♠ s❡❣✉✐❞❛✱ ♦s ♦♣❡r❛❞♦r❡s sã♦ ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ❞❡s✐❣✉❛❧❞❛❞❡s ❡ ✐♥tr♦❞✉③✐♠♦s ✉♠

r❡s✉❧t❛❞♦ ❛❜str❛t♦ r❡❧❛❝✐♦♥❛❞♦ ❛ ❞✉❛s ❞✐❢❡r❡♥t❡s ❝❛r❛❝t❡r✐③❛çõ❡s ♣❛r❛ ❛ ❝❧❛ss❡✳

❉❡✜♥✐çã♦ ✶✳✷✳✶ ❙❡❥❛♠ 1 < p ≤ ∞ ❡ Ej, F ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ j = 1, ..., n✳ ❯♠

♦♣❡r❛❞♦r T ∈ L(E1, ..., En;F ) é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ s❡
(
T
(
x
(1)
i , ..., x

(n)
i

))∞
i=1

∈ lp〈F 〉 sempre que
(
x
(j)
i

)∞
i=1

∈ lnp(Ej) , j = 1, ..., n ,

✐st♦ é✱ s❡ ♦ ♦♣❡r❛❞♦r

T̂ : lnp (E1)× · · · × lnp (En) → lp〈F 〉 ✭✶✳✾✮
((
x
(1)
i

)∞
i=1

, ...,
(
x
(n)
i

)∞
i=1

)
7→
(
T
(
x
(1)
i , ..., x

(n)
i

))∞
i=1

❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ é ❝♦♥tí♥✉♦✳

❖ ❝♦♥❥✉♥t♦ ❞♦s ♦♣❡r❛❞♦r❡s n✲❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s s❡rá ❞❡♥♦t❛❞♦

♣♦r LCoh,p(E1, ..., En;F )✳ ➱ ❢á❝✐❧ ♠♦str❛r q✉❡ LCoh,p(E1, ..., En;F )✱ ♠✉♥✐❞♦ ❝♦♠ ❛s

♦♣❡r❛çõ❡s ✉s✉❛✐s✱ é s✉❜❡s♣❛ç♦ ❞❡ L(E1, ..., En;F )✳

✶✷



Pr♦♣♦s✐çã♦ ✶✳✷✳✷ P❛r❛ T ∈ L(E1, ..., En;F ) ❡ 1
p
+ 1

p∗
= 1✱ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s

sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

i) T é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡❀

ii) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

∞∑

i=1

∣∣∣ϕi
(
T
(
x
(1)
i , ..., x

(n)
i

))∣∣∣ ≤

≤ C

(
∞∑

i=1

∥∥∥x(1)i
∥∥∥
np
)1/np

...

(
∞∑

i=1

∥∥∥x(n)i

∥∥∥
np
)1/np

||(ϕi)
∞
i=1||w,p∗ ,

✭✶✳✶✵✮

s❡♠♣r❡ q✉❡
(
x
(j)
i

)∞
i=1

∈ lnp(Ej) , j = 1, ..., n ❡ (ϕi)
∞
i=1 ∈ lwp∗(F

′

)✳

iii) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

m∑

i=1

∣∣∣ϕi
(
T
(
x
(1)
i , ..., x

(n)
i

))∣∣∣ ≤

≤ C

(
m∑

i=1

∥∥∥x(1)i
∥∥∥
np
)1/np

...

(
m∑

i=1

∥∥∥x(n)i

∥∥∥
np
)1/np

||(ϕi)
m
i=1||w,p∗ ,

✭✶✳✶✶✮

♣❛r❛ t♦❞♦s m ∈ N, x
(j)
i ∈ Ej, ϕi ∈ F

′

, i = 1, ...,m , j = 1, ..., n ✳

❉❡♠♦♥str❛çã♦✳

(i) ⇒ (ii) ❈♦♠♦ T é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✱ ♦ ♦♣❡r❛❞♦r

T̃ : lwp∗(F
′

)× lnp(E1)× · · · × lnp(En) −→ l1
(
(ϕi)

∞
i=1,

(
x
(1)
i

)∞
i=1

, ...,
(
x
(n)
i

)∞
i=1

)
7−→

(
ϕi

(
T
(
x
(1)
i , ..., x

(n)
i

)))∞
i=1

❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ ♣♦rt❛♥t♦ é (n + 1)✲❧✐♥❡❛r✳ ❆❧é♠ ❞✐ss♦✱ ♣r♦❝❡❞❡♥❞♦ ❝♦♠♦ ♥❛ ❞❡✲

♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✺✱ ✈❡r✐✜❝❛♠♦s q✉❡ T̃ ♣♦ss✉✐ ❣rá✜❝♦ ❢❡❝❤❛❞♦ ❡ ♣♦rt❛♥t♦ é

❝♦♥tí♥✉♦✳ ❆ss✐♠✱

∞∑

i=1

∣∣∣ϕi
(
T
(
x
(1)
i , ..., x

(n)
i

))∣∣∣ =
∥∥∥T̃
(
(ϕi)

∞
i=1,

(
x
(1)
i

)∞
i=1

, ...,
(
x
(n)
i

)∞
i=1

)∥∥∥
l1

≤
∥∥∥T̃
∥∥∥
∥∥x(1)

∥∥
np
· · ·
∥∥x(n)

∥∥
np

||(ϕi)
∞
i=1||w,p∗ .

(ii) ⇒ (i) ❡ (ii) ⇒ (iii) sã♦ ✐♠❡❞✐❛t❛s✳

✶✸



(iii) ⇒ (ii) ❉❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡ ❛♦ ❝❛s♦ ❧✐♥❡❛r✱ é s✉✜❝✐❡♥t❡ ✉s❛r ♦ ❢❛t♦ ❞❡ q✉❡ ❛

s♦♠❛ ❞❛ sér✐❡ é ♦ s✉♣r❡♠♦ ❞❡ s✉❛s s♦♠❛s ♣❛r❝✐❛✐s✳

❆ ❞❡♠♦♥str❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡ é ❛♥á❧♦❣❛ à ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✻ ❡ ♣♦rt❛♥t♦

s❡rá ♦♠✐t✐❞❛✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✸ ❖ í♥✜♠♦ ❞❛s ❝♦♥st❛♥t❡s C q✉❡ s❛t✐s❢❛③❡♠ ✭✶✳✶✶✮✱ ❞❡♥♦t❛❞♦ ||T ||Coh,p✱

❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ LCoh,p(E1, ..., En;F )✳ ❆❧é♠ ❞✐ss♦✱
∥∥∥T̂
∥∥∥ = ||T ||Coh,p✳

❉❡✜♥✐çã♦ ✶✳✷✳✹ ❙❡❥❛♠ 1 < p ≤ ∞ ❡ E,F ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ❯♠ ♣♦❧✐♥ô♠✐♦ n✲

❤♦♠♦❣ê♥❡♦ P ∈ P(nE;F ) é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ s❡

(P (xi))
∞
i=1 ∈ lp〈F 〉 sempre que (xi)

∞
i=1 ∈ lnp(E) .

❖ ❝♦♥❥✉♥t♦ ❞♦s ♣♦❧✐♥ô♠✐♦s n✲❤♦♠♦❣ê♥❡♦s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s s❡rá ❞❡✲

♥♦t❛❞♦ ♣♦r PCoh,p(nE;F )✳ ➱ ❢á❝✐❧ ♠♦str❛r q✉❡ PCoh,p(nE;F )✱ ♠✉♥✐❞♦ ❝♦♠ ❛s ♦♣❡r❛çõ❡s

✉s✉❛✐s✱ é s✉❜❡s♣❛ç♦ ❞❡ P(nE;F )✳

▲❡♠❛ ✶✳✷✳✺ ❯♠ ♣♦❧✐♥ô♠✐♦ P ∈ P(nE;F ) é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ s❡✱ ❡ s♦✲

♠❡♥t❡ s❡✱ P̌ ∈ Ls(
nE;F ) é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡ P̌ é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✱ ♣❛r❛ t♦❞❛ (xi)
∞
i=1 ∈ lnp(E)✱

s❡❣✉❡ q✉❡

(P (xi))
∞
i=1 = (P̌ (xi, ..., xi))

∞
i=1 ∈ lp〈F 〉 .

▲♦❣♦✱ P é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ♣❡❧❛ ❋ór♠✉❧❛ ❞❡ P♦❧❛r✐③❛çã♦ ✭❆♣ê♥❞✐❝❡ ❇✱ ❚❡♦r❡♠❛ ❇✳✸✮ ❝♦♠

x0 = 0✱ s❡❣✉❡ q✉❡

n!2nP̌
(
x
(1)
i , ..., x

(n)
i

)
=
∑

εj=±1

ε1 · · · εnP
(
ε1x

(1)
i + · · ·+ εnx

(n)
i

)
,

♣❛r❛ t♦❞♦ i ∈ N✳ ❊♥tã♦✱ s❡
(
x
(j)
i

)∞
i=1

∈ lnp(E)✱ ❝♦♠ j = 1, ..., n ✱ ❝♦♠♦ P é ❈♦❤❡♥

❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✱

(
P
(
ε1x

(1)
i + · · ·+ εnx

(n)
i

))∞
i=1

∈ lp〈F 〉 ,

q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ ♦s ✈❛❧♦r❡s ❞♦s εj✳ ❆ss✐♠✱
(
P̌
(
x
(1)
i , ..., x

(n)
i

))∞
i=1

∈ lp〈F 〉 ❡✱ ♣♦r✲

t❛♥t♦✱ P̌ é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✳

✶✹



Pr♦♣♦s✐çã♦ ✶✳✷✳✻ P❛r❛ P ∈ P(nE;F ) ❡ 1
p
+ 1

p∗
= 1✱ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦

❡q✉✐✈❛❧❡♥t❡s✿

i) P é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡❀

ii) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

∞∑

i=1

|ϕi(P (xi))| ≤ C

(
∞∑

i=1

||xi||
np

)1/p

||(ϕi)
∞
i=1||w,p∗ , ✭✶✳✶✷✮

s❡♠♣r❡ q✉❡ (xi)
∞
i=1 ∈ lnp(E) ❡ (ϕi)

∞
i=1 ∈ lwp∗(F

′

)✳

iii) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

m∑

i=1

|ϕi(P (xi))| ≤ C

(
m∑

i=1

||xi||
np

)1/p

||(ϕi)
m
i=1||w,p∗ , ✭✶✳✶✸✮

♣❛r❛ t♦❞♦s m ∈ N, xi ∈ E, ϕi ∈ F
′

, i = 1, ...,m ✳

❆❧é♠ ❞✐ss♦✱ ♦ í♥✜♠♦ ❞❛s ❝♦♥st❛♥t❡s C q✉❡ s❛t✐s❢❛③❡♠ ✭✶✳✶✸✮✱ ❞❡♥♦t❛❞♦ ||P ||Coh,p ✱

❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ PCoh,p(
nE;F )✳

❉❡♠♦♥str❛çã♦✳ (i) ⇒ (ii) : ❙❡ P é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✱ ❡♥tã♦✱ ♣❡❧♦ ❧❡♠❛

❛♥t❡r✐♦r✱ P̌ t❛♠❜é♠ é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✳ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✷✱ s❡❣✉❡

q✉❡

∞∑

i=1

|ϕi(P (xi))| =
∞∑

i=1

|ϕi(P̌ (xi, ..., xi))|

≤ C

(
∞∑

i=1

||xi||
np

)1/p

||(ϕi)||w,p∗ .

(ii) ⇒ (i) ❡ (ii) ⇒ (iii) sã♦ ✐♠❡❞✐❛t♦s✳

(iii) ⇒ (ii) ❙❡ (xi)
∞
i=1 ∈ lnp(E) ❡ (ϕi)

∞
i=1 ∈ lwp∗(F

′

)✱ ❡♥tã♦

∞∑

i=1

|ϕi(P (xi))| = sup
m

(
m∑

i=1

|ϕi(P̌ (xi, ..., xi))|

)

≤ sup
m


C

(
m∑

i=1

||xi||
np

)1/p

||(ϕi)
m
i=1||w,p∗




= C

(
∞∑

i=1

||xi||
np

)1/p

||(ϕi)
∞
i=1||w,p∗ .

❆ ❞❡♠♦♥str❛çã♦ ❞❡ q✉❡ ♦ í♥✜♠♦ ❞❛s ❝♦♥st❛♥t❡s C s❛t✐s❢❛③❡♥❞♦ ✭✶✳✶✸✮ ❞❡✜♥❡ ✉♠❛

♥♦r♠❛ ❡♠ PCoh,p(
nE;F ) é s✐♠✐❧❛r à ❢❡✐t❛ ♥❛s ♣r♦♣♦s✐çõ❡s ❛♥t❡r✐♦r❡s✳

✶✺



✶✳✸ ❯♠ r❡s✉❧t❛❞♦ ❛❜str❛t♦ s♦❜r❡ ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐✲

♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s

P♦r ♠❡✐♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✷✱ ♣♦❞❡rí❛♠♦s t❡r ❞❡✜♥✐❞♦ ✉♠ ♦♣❡r❛❞♦r ♠✉❧t✐❧✐♥❡❛r

❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✶✳✶✶✮✳ ▼✉✐t♦s ❛✉t♦r❡s✱ ✐♥❝❧✉✐♥❞♦

❉✳ ❆❝❤♦✉r ❡ ❑✳ ❙❛❛❞✐ ❬✷❪✱ ❞❡✜♥❡♠ ✉♠ ♦♣❡r❛❞♦r ♠✉❧t✐❧✐♥❡❛r ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❙❡❥❛♠ 1 < p ≤ ∞✱ Ej, F ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ j = 1, ..., n✳ ❯♠ ♦♣❡r❛❞♦r n✲❧✐♥❡❛r

❝♦♥tí♥✉♦ T : E1× ...×En → F é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

C > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦s x(j)1 , ..., x
(j)
m ∈ Ej ❡ ϕ1, ..., ϕm ∈ F

′

❡ ♣❛r❛ t♦❞♦ m ∈ N✱

m∑

i=1

∣∣∣ϕi
(
T
(
x
(1)
i , ..., x

(n)
i

))∣∣∣ ≤ C

(
m∑

i=1

n∏

j=1

∥∥∥x(j)i
∥∥∥
p
)1/p

||(ϕi)
m
i=1||w,p∗ . ✭✶✳✶✹✮

❈♦♠ ❡st❛ ❞❡✜♥✐çã♦✱ ❆❝❤♦✉r✲▼❡③r❛❣ ❬✶❪ ♣r♦✈❛♠ ✉♠ ❚❡♦r❡♠❛ ❞❛ ❉♦♠✐♥❛çã♦ ❞❡

P✐❡ts❝❤ ✭✶✳✶✻✮ ♣❛r❛ ❡st❛ ❝❧❛ss❡✳ ❆ s❡❣✉✐r✱ ♠♦str❛♠♦s q✉❡ ❛s ❞❡✜♥✐çõ❡s ❞❛❞❛s ♣♦r ✭✶✳✶✹✮

❡ ✭✶✳✶✶✮ sã♦✱ ❞❡ ❢❛t♦✱ ❡q✉✐✈❛❧❡♥t❡s ♣♦r s❡r❡♠ ❝❛r❛❝t❡r✐③❛❞❛s ♣❡❧♦ ♠❡s♠♦ ❚❡♦r❡♠❛ ❞❛

❉♦♠✐♥❛çã♦ ❞❡ P✐❡ts❝❤✳

❖❜s❡r✈❛♠♦s q✉❡✱ ❝♦♠♦
(

m∑

i=1

(∥∥∥x(1)i
∥∥∥ ...

∥∥∥x(n)i

∥∥∥
)p
)1/p

≤

(
m∑

i=1

∥∥∥x(1)i
∥∥∥
np
)1/np

...

(
m∑

i=1

∥∥∥x(n)i

∥∥∥
np
)1/np

,

❛ ✐♠♣❧✐❝❛çã♦ ✭✶✳✶✹✮ ⇒ ✭✶✳✶✶✮ é ó❜✈✐❛✳ ❊♥tr❡t❛♥t♦✱ ❛ ✐♠♣❧✐❝❛çã♦ ✭✶✳✶✶✮ ⇒ ✭✶✳✶✹✮ ♥ã♦ ♥♦s

♣❛r❡❝❡ ✐♠❡❞✐❛t❛✳ ❆ ♣r✐♥❝✐♣❛❧ ❢❡rr❛♠❡♥t❛ ✉s❛❞❛ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❡st❛ ❡q✉✐✈❛❧ê♥❝✐❛ é

♦ ❚❡♦r❡♠❛ ❞❛ ❉♦♠✐♥❛çã♦ ❞❡ P✐❡ts❝❤ ●❡♥❡r❛❧✐③❛❞♦ ❬✶✶✱ ✸✸❪✿

❙❡❥❛♠ X1, ..., Xn, Y ❡ E1, ..., Er ❝♦♥❥✉♥t♦s ♥ã♦✲✈❛③✐♦s ❛r❜✐trár✐♦s✱ H ✉♠❛ ❢❛♠í❧✐❛

❞❡ ❢✉♥çõ❡s ❞❡ X1 × · · · ×Xn ❡♠ Y ✳ ❙❡❥❛♠ K1, ..., Kt ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❞❡ ❍❛✉s❞♦r✛

❝♦♠♣❛❝t♦s✱ G1, ..., Gt ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❡ s✉♣♦♥❤❛ q✉❡ ❛s ❛♣❧✐❝❛çõ❡s




Rj : Kj × E1 × · · · × Er ×Gj → [0,∞) , j = 1, ..., t ,

S : H× E1 × · · · × Er ×G1 × · · · ×Gt → [0,∞)

♣♦ss✉❛♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

1. P❛r❛ ❝❛❞❛ x(l) ∈ El ❡ b ∈ Gj✱ ❝♦♠ (j, l) ∈ {1, ..., t}×{1, ..., r}✱ ❛ ❛♣❧✐❝❛çã♦

(Rj)x(1),...,x(r),b : Kj → [0,∞) ,

✶✻



❞❡✜♥✐❞❛ ♣♦r (Rj)x(1),...,x(r),b(ϕ) = Rj

(
ϕ, x(1), ..., x(r), b

)
✱ é ❝♦♥tí♥✉❛❀

2. ❆s s❡❣✉✐♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s sã♦ ✈á❧✐❞❛s✿




Rj

(
ϕ, x(1), ..., x(r), ηjb

(j)
)
≤ ηjRj

(
ϕ, x(1), ..., x(r), b(j)

)

S
(
f, x(1), ..., x(r), α1b

(1), ..., αtb
(t)
)
≥ α1...αtS

(
f, x(1), ..., x(r), b(1), ..., b(t)

)

♣❛r❛ t♦❞♦s ϕ ∈ Kj, x
(l) ∈ El ✭❝♦♠ l = 1, ..., r✮✱ 0 ≤ ηj, αj ≤ 1, b(j) ∈

Gj✱ j = 1, ..., t ❡ f ∈ H✳

❙♦❜ ❡ss❛s ❝♦♥❞✐çõ❡s✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦ ❡ t❡♦r❡♠❛✱ ♦❜t✐❞♦s ❞❡ ❬✸✹❪✿

❉❡✜♥✐çã♦ ✶✳✸✳✶ ❙❡❥❛♠ 0 < p1, ..., pt, p0 <∞✱ ❝♦♠ 1
p0

= 1
p1

+ · · ·+ 1
pt
✳ ❯♠❛ ❛♣❧✐❝❛çã♦

f : X1× · · ·×Xn → Y ❡♠ H é R1, ..., Rt✲S✲❛❜str❛t♦ (p1, ..., pt)✲s♦♠❛♥t❡ s❡ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

(
m∑

i=1

(
S
(
f, x

(1)
i , ..., x

(r)
i , b

(1)
i , ..., b

(t)
i

))p0
)1/p0

≤ C

t∏

k=1

sup
ϕ∈Kk

(
m∑

i=1

Rk

(
ϕ, x

(1)
i , ..., x

(r)
i , b

(k)
i

)pk
)1/pk

♣❛r❛ t♦❞♦s x(s)1 , ..., x
(s)
m ∈ Es, b

(s)
1 , ..., b

(s)
m ∈ Gl, m ∈ N ❡ (s, l) ∈ {1, ..., r} × {1, ..., t}✳

❚❡♦r❡♠❛ ✶✳✸✳✷ ✭❚❡♦r❡♠❛ ❞❛ ❉♦♠✐♥❛çã♦ ❞❡ P✐❡ts❝❤ ❣❡♥❡r❛❧✐③❛❞♦✮ ❯♠❛ ❛♣❧✐❝❛✲

çã♦ f ∈ H é R1, ..., Rt✲S✲❛❜str❛t♦ (p1, ..., pt)✲s♦♠❛♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡♠ ✉♠❛

❝♦♥st❛♥t❡ C > 0 ❡ ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❇♦r❡❧ µk ❡♠ Kk, k = 1, ..., t✱ t❛✐s q✉❡

S
(
f, x(1), ..., x(r), b(1), ..., b(t)

)
≤ C

t∏

k=1

(∫

Kk

Rk

(
ϕ, x(1), ..., x(r), b(k)

)pk
dµk

)1/pk

,

♣❛r❛ t♦❞♦s x(l) ∈ El, l = 1, ..., r ❡ b(k) ∈ Gk✱ ❝♦♠ k = 1, ..., t✳

❯s❛r❡♠♦s ❛ s✐❣❧❛ ❚❉P ♣❛r❛ ❞❡s✐❣♥❛r ♦ ❚❡♦r❡♠❛ ❞❛ ❉♦♠✐♥❛çã♦ ❞❡ P✐❡ts❝❤ ❛ ♣❛rt✐r

❞❡st❡ ♣♦♥t♦✳

❱❛♠♦s ❡st❛❜❡❧❡❝❡r ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❛s ❞✐❢❡r❡♥t❡s ❛❜♦r❞❛❣❡♥s s♦❜r❡ ♦♣❡r❛❞♦r❡s

♠✉❧t✐❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s✿

❚❡♦r❡♠❛ ✶✳✸✳✸ ❙❡❥❛ 1 < p ≤ ∞✱ ❝♦♠ 1/p+ 1/p∗ = 1✳ P❛r❛ T ∈ L(X1, ..., Xn;Y )✱ ❛s

s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✶✼



i) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

m∑

i=1

∣∣∣ϕi
(
T
(
x
(1)
i , ..., x

(n)
i

))∣∣∣ ≤ C

(
m∑

i=1

n∏

j=1

∥∥∥x(j)i
∥∥∥
p
)1/p

||(ϕi)
m
i=1||w,p∗ ,

♣❛r❛ t♦❞♦s m ∈ N, x
(j)
i ∈ Xj, ϕi ∈ Y

′

, i = 1, ...,m , j = 1, ..., n ❀

ii) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

m∑

i=1

∣∣∣ϕi
(
T
(
x
(1)
i , ..., x

(n)
i

))∣∣∣ ≤ C

n∏

j=1

(
m∑

i=1

∥∥∥x(j)i
∥∥∥
np
)1/np

||(ϕi)
m
i=1||w,p∗ ,

✭✶✳✶✺✮

♣❛r❛ t♦❞♦s m ∈ N, x
(j)
i ∈ Xj, ϕi ∈ Y

′

, i = 1, ...,m , j = 1, ..., n ❀

iii) ❊①✐st❡♠ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 ❡ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❇♦r❡❧

µ ❡♠ BY
′′ ✭❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ✯✮ t❛✐s q✉❡

|ϕ(T (x1, ..., xn))| ≤ C||x1|| ... ||xn||

(∫

B
Y
′′

|ψ(ϕ)|p
∗

dµ(ψ)

)1/p∗

,

✭✶✳✶✻✮

♣❛r❛ t♦❞♦s xj ∈ Xj, ϕ ∈ Y
′

, j = 1, ..., n ✳

❉❡♠♦♥str❛çã♦✳ (i) ⇒ (ii) : ❈♦♠♦ ❥á ❞✐t♦✱ ❜❛st❛ ✉s❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✳

(ii) ⇒ (iii) : ❯s❛♥❞♦ ♦ ❚❉P ❣❡♥❡r❛❧✐③❛❞♦✱ ❡s❝♦❧❤❡♥❞♦

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

t = n+ 1 ❡ r = 1

E1 = {0}

Kk = {0} , k = 1, ..., n ❡ Kn+1 = BY
′′

Gk = Xk, k = 1, ..., n, e Gn+1 = Y
′

H = L(X1, ..., Xn;Y )

p0 = 1, pk = np, k = 1, ..., n e pn+1 = p∗

S
(
T, 0, x(1), ..., x(n), ϕ

)
=
∣∣ϕ
(
T
(
x(1), ..., x(n)

))∣∣

Rk

(
γ, 0, x(k)

)
=
∥∥x(k)

∥∥ , k = 1, ..., n

Rn+1(ψ, 0, ϕ) = |ψ(ϕ)|

s❡❣✉❡ q✉❡

(
m∑

i=1

(
S
(
T, x

(1)
i , ..., x

(r)
i , b

(1)
i , ..., b

(t)
i

))p0
)1/p0

=

(
m∑

i=1

(
S
(
T, 0, x

(1)
i , ..., x

(n)
i , ϕi

))p0
)1/p0

=
m∑

i=1

∣∣∣ϕi
(
T
(
x
(1)
i , ..., x

(n)
i

))∣∣∣ ,

✶✽



❡ t❛♠❜é♠

n+1∏

k=1

sup
ϕ∈Kk

(
m∑

i=1

Rk

(
ϕ, x

(1)
i , ..., x

(r)
i , b

(k)
i

)pk
)1/pk

= sup
ψ∈Kn+1

(
m∑

i=1

Rn+1(ψ, 0, ϕi)
pn+1

)1/pn+1

·
n∏

k=1

sup
γ∈Kk

(
m∑

i=1

Rk

(
γ, 0, x

(k)
i

)pk
)1/pk

= sup
ψ∈B

Y
′′

(
m∑

i=1

|ψ (ϕi) |
p∗

)1/p∗

·
n∏

k=1

(
m∑

i=1

∥∥∥x(k)i

∥∥∥
np
)1/np

= ||(ϕi)
m
i=1||w,p∗ ·

n∏

k=1

(
m∑

i=1

∥∥∥x(k)i

∥∥∥
np
)1/np

.

❆ss✐♠✱ T s❛t✐s❢❛③ ✭✶✳✶✺✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ é R1, ..., Rt✲S✲❛❜str❛t♦ (p1, ..., pt)✲

s♦♠❛♥t❡✳ P❡❧♦ ❚❉P ❣❡♥❡r❛❧✐③❛❞♦✱ ❡①✐st❡♠ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 ❡ ♠❡❞✐❞❛s ❞❡ ♣r♦✲

❜❛❜✐❧✐❞❛❞❡ ❞❡ ❇♦r❡❧ µk ❡♠ Kk, k = 1, ..., t✱ t❛✐s q✉❡

S(T, x1, ..., xr, b1, ..., bt) ≤ C

t∏

k=1

(∫

Kk

Rk(ϕ, x1, ..., xr, bk)
pkdµk

)1/pk

,

✐st♦ é✱

|ϕ(T (x1, ..., xn))| ≤ C

[
n∏

k=1

(∫

Kk

||xk||
npdµk

)1/np
] (∫

B
Y
′′

|ψ(ϕ)|p
∗

dµ(ψ)

)1/p∗

≤ C||x1|| ... ||xn||

(∫

B
Y
′′

|ψ(ϕ)|p
∗

dµ(ψ)

)1/p∗

.

(iii) ⇒ (i) : ✭❚❡♦r❡♠❛ ✷✳✹ ❡♠ ❬✶❪✮ P❛r❛ t♦❞♦ m ∈ N✱ s❡ 1 ≤ i ≤ m s❡❣✉❡✱ ♣♦r

✭✶✳✶✻✮✱ q✉❡

∣∣∣ϕi
(
T
(
x
(1)
i , ..., x

(n)
i

))∣∣∣ ≤ C
∥∥∥x(1)i

∥∥∥ ...
∥∥∥x(n)i

∥∥∥
(∫

B
Y
′′

|ψ(ϕi)|
p∗dµ(ψ)

)1/p∗

.

✶✾



❊♥tã♦✱

m∑

i=1

∣∣∣ϕi
(
T
(
x
(1)
i , ..., x

(n)
i

))∣∣∣

≤ C

m∑

i=1



∥∥∥x(1)i

∥∥∥ ...
∥∥∥x(n)i

∥∥∥
(∫

B
Y
′′

|ψ(ϕi)|
p∗dµ(ψ)

)1/p∗



≤ C

(
m∑

i=1

(∥∥∥x(1)i
∥∥∥ ...

∥∥∥x(n)i

∥∥∥
)p
)1/p( m∑

i=1

(∫

B
Y
′′

|ψ(ϕi)|
p∗dµ(ψ)

))1/p∗

= C

(
m∑

i=1

(∥∥∥x(1)i
∥∥∥ ...

∥∥∥x(n)i

∥∥∥
)p
)1/p(∫

B
Y
′′

m∑

i=1

|ψ(ϕi)|
p∗dµ(ψ)

)1/p∗

≤ C

(
m∑

i=1

(∥∥∥x(1)i
∥∥∥ ...

∥∥∥x(n)i

∥∥∥
)p
)1/p(

sup
ψ∈B

Y
′′

m∑

i=1

|ψ(ϕi)|
p∗

)1/p∗

= C

(
m∑

i=1

(∥∥∥x(1)i
∥∥∥ ...

∥∥∥x(n)i

∥∥∥
)p
)1/p

||(ϕi)
m
i=1||w,p∗ .

❖ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ♣ró①✐♠♦ t❡♦r❡♠❛✱

♠❛✐s ❣❡r❛❧ ❡ ❛❜str❛t♦✳ ❆ ❢❡rr❛♠❡♥t❛ ✉s❛❞❛ ♥❛ ❞❡♠♦♥str❛çã♦ s❡rá ♥♦✈❛♠❡♥t❡ ♦ ❚❉P

❣❡♥❡r❛❧✐③❛❞♦ ✭✈❡❥❛ ❬✸✹❪✮✳

❚❡♦r❡♠❛ ✶✳✸✳✹ ❙❡❥❛ f : X1 × · · · ×Xn → Y ✉♠❛ ❛♣❧✐❝❛çã♦ ❡♠ H ❡ s❡❥❛♠

0 < p∗, u, s, p1, ..., pt−1, q1, ..., qt−1 <∞ ,

t❛✐s q✉❡
1

u
=

1

p1
+ · · ·+

1

pt−1

+
1

p∗
e

1

s
=

1

q1
+ · · ·+

1

qt−1

+
1

p∗
.

❙❡ Rk(x1,...,xr,b)
(·) é ❝♦♥st❛♥t❡✱ ♣❛r❛ ❝❛❞❛ x1, ..., xr, b ❡ ♣❛r❛ t♦❞♦ 1 ≤ k ≤ t− 1✱ ❡♥tã♦ ❛s

s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

i) f é R1, ..., Rt✲S✲❛❜str❛t♦ (p1, ..., pt−1, p
∗)✲s♦♠❛♥t❡❀

ii) f é R1, ..., Rt✲S✲❛❜str❛t♦ (q1, ..., qt−1, p
∗)✲s♦♠❛♥t❡❀

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❉P ❣❡♥❡r❛❧✐③❛❞♦✱ f é R1, ..., Rt✲S✲❛❜str❛t♦ (p1, ..., pt−1, p
∗)✲

s♦♠❛♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡♠ ✉♠❛ ❝♦♥st❛♥t❡ C ❡ ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡

❇♦r❡❧ µi ❡♠ Ki✱ i = 1, ..., t ✱ t❛✐s q✉❡

S(f, x1, ..., xr, b1, ..., bt) ≤ C
t∏

i=1

(∫

Ki

Ri(ϕ, x1, ..., xr, bi)
pidµi

)1/pi

.

✷✵



❊♠ ♥♦ss♦ ❝❛s♦✱ f é R1, ..., Rt✲S✲❛❜str❛t♦ (p1, ..., pt−1, p
∗)✲s♦♠❛♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

❡①✐st❡♠ ✉♠❛ ❝♦♥st❛♥t❡ C ❡ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❇♦r❡❧ µ ❡♠ Kt t❛✐s q✉❡

S(f, x1, ..., xr, b1, ..., bt) ≤ C

(
t−1∏

i=1

Ri(ϕ, x1, ..., xr, bi)

)
·

(∫

Kt

Rt(ϕ, x1, ..., xr, bt)
p∗dµ

)1/p∗

,

✭✶✳✶✼✮

❥á q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ ♣❛r❛ q✉❛❧q✉❡r ϕ ∈ Ki ✜①♦✱
(∫

Ki

Ri(ϕ, x1, ..., xr, bi)
pidµi

)1/pi

= Ri(ϕ, x1, ..., xr, bi) , i = 1, ..., t− 1.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ♠♦str❛ q✉❡ f é R1, ..., Rt✲S✲❛❜str❛t♦ (q1, ..., qt−1, p
∗)✲

s♦♠❛♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡♠ ✉♠❛ ❝♦♥st❛♥t❡ C ❡ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡

❇♦r❡❧ µ ❡♠ Kt t❛✐s q✉❡

S(f, x1, ..., xr, b1, ..., bt) ≤ C

(
t−1∏

i=1

Ri(ϕ, x1, ..., xr, bi)

)
·

(∫

Kt

Rt(ϕ, x1, ..., xr, bt)
p∗dµ

)1/p∗

,

❡①♣r❡ssã♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❡①❛t❛♠❡♥t❡ à ❞❛❞❛ ♣♦r ✭✶✳✶✼✮✳

❱❛❧❡ r❡ss❛❧t❛r ✉♠❛ ❝♦♥s❡qüê♥❝✐❛ ✉♠ t❛♥t♦ s✉r♣r❡❡♥❞❡♥t❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✹ ♣❛r❛

♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s✳ ❙❡❥❛♠ p∗ ∈ (1,∞) ✜①♦ ❡

Γ =

{
(r, q) ∈ [1,∞)× (1,∞) :

1

r
=

1

q
+

1

p∗

}
.

❙❡❥❛ Cr,q(E;F ) ❛ ❝❧❛ss❡ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s T ∈ L (E;F ) t❛✐s q✉❡ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ C > 0 s❛t✐s❢❛③❡♥❞♦
(

m∑

j=1

|ϕi (T (xi))|
r

)1/r

≤ C ‖(xi)
m
i=1‖q ‖(ϕi)

m
i=1‖w,p∗

♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ m ❡ t♦❞♦s xi ∈ E✱ ϕi ∈ F
′

✱ i = 1, ...,m✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✹✱

s❡❣✉❡ q✉❡

Cr1,q1(E;F ) = Cr2,q2(E;F )

♣❛r❛ t♦❞♦s (r1, q1) , (r2.q2) ∈ Γ. ❊♠ ♣❛rt✐❝✉❧❛r✱

Cr,q(E;F ) = C1,p(E;F ) = Dp(E;F ) ,

❝♦♠ 1 = 1/p+ 1/p∗✱ ♣❛r❛ t♦❞♦ (r, q) ∈ Γ✳

❯♠ ❢❛t♦ ✐♠♣♦rt❛♥t❡ q✉❡ s❡rá ✉s❛❞♦ ♣♦st❡r✐♦r♠❡♥t❡ é q✉❡ ❛ ❝❧❛ss❡ C1,q(E;F ) é

tr✐✈✐❛❧ s❡ p < q✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ❢❛t♦ é ❞❛❞❛ ♣❡❧♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

✷✶



❚❡♦r❡♠❛ ✶✳✸✳✺ ❙❡ 1 < p <∞✱ 1 = 1/p+ 1/p∗ ❡ p < q✱ ❡♥tã♦ C1,q(E;F ) = {0}✳

❉❡♠♦♥str❛çã♦✳ ❖ ❝❛s♦ E = {0} ♦✉ F = {0} é tr✐✈✐❛❧✳ ❙✉♣♦♥❤❛♠♦s E 6= {0}

❡ F 6= {0}✳ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ❆✳✺ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ✈❛♠♦s t♦♠❛r ❛ s❡q✉ê♥❝✐❛

(λi)
∞
i=1 = (αiβi)

∞
i=1 /∈ l1 ❝♦♠ (αi)

∞
i=1 ∈ lp∗ ❡ (βi)

∞
i=1 ∈ lq✳

❙❡ T ∈ C1,q(E;F )✱ 0 6= x ∈ E ❡ 0 6= ϕ ∈ F
′

✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ m ∈ N✱

m∑

i=1

|ϕ(T (λix))| =
m∑

i=1

|ϕ(T (αiβix))| =
m∑

i=1

|(αiϕ)(T (βix))|

≤ C||(βix)
m
i=1||q ||(αiϕ)

m
i=1||w,p∗ .

❆ss✐♠✱

|ϕ(T (x))|
m∑

i=1

|λi| ≤ C||x|| ||(βi)
m
i=1||q sup

ψ∈B
F
′′

(
m∑

i=1

|ψ(αiϕ)|
p∗

)1/p∗

= C||x|| ||(βi)
m
i=1||q sup

ψ∈B
F
′′

|ψ(ϕ)|

(
m∑

i=1

|αi|
p∗

)1/p∗

= C||x|| ||(βi)
m
i=1||q ||ϕ||

(
m∑

i=1

|αi|
p∗

)1/p∗

.

❆❣♦r❛✱ t♦♠❛♥❞♦ s❡❣✉✐❞❛♠❡♥t❡ ♦ sup||ϕ||≤1 ❡ ♦ sup||x||≤1 ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s

||T ||
m∑

i=1

|λi| ≤ C ||(βi)
m
i=1||q

(
m∑

i=1

|αi|
p∗

)1/p∗

,

❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ s❡ T 6= 0✱ s❡❣✉❡ q✉❡ (λi)
∞
i=1 ∈ l1✱ ♦ q✉❡ é ❛❜s✉r❞♦✳

✷✷



❈❛♣ít✉❧♦ ✷

■❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s ❈♦❤❡♥

❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❡st✉❞❛r ♦s ♦♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s s♦❜ ♦

♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ t❡♦r✐❛ ❞❡ ✐❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s ❡ ♣♦❧✐♥ô♠✐♦s✳ ▼♦str❛r❡♠♦s q✉❡✱ ❞❡

❢❛t♦✱ ❛s ❣❡♥❡r❛❧✐③❛çõ❡s ♠✉❧t✐❧✐♥❡❛r ❡ ♣♦❧✐♥♦♠✐❛❧ ❛♣r❡s❡♥t❛❞❛s ♥♦ ❈❛♣ít✉❧♦ ✶ ❢♦r♠❛♠

✐❞❡❛✐s ❞❡ ❇❛♥❛❝❤✳

✷✳✶ ■❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s✿ ❡①♣♦s✐çã♦ ❜r❡✈❡ ❞❛ t❡♦r✐❛

❈♦♥✈é♠ ❛♣r❡s❡♥t❛r♠♦s ✉♠❛ ❜r❡✈❡ ✐♥tr♦❞✉çã♦ à t❡♦r✐❛ ❞❡ ✐❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s✱

❝♦♠ ✈✐st❛s ❛♦ ❡st✉❞♦ ❞❡ ✐❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✳ ❖s r❡✲

s✉❧t❛❞♦s ❞❡st❛ s❡çã♦ sã♦ t♦❞♦s ❝♦♥❤❡❝✐❞♦s ❡ ♦ ❧✐✈r♦ ❬✸✽❪✱ ❞❡ P✐❡ts❝❤✱ é ✉♠❛ ❡①❝❡❧❡♥t❡

r❡❢❡rê♥❝✐❛ ♣❛r❛ ❝♦♥s✉❧t❛s✳ ❚❛♠❜é♠ s✉❣❡r✐♠♦s ❬✹✱ ✽✱ ✾❪

❉❡✜♥✐çã♦ ✷✳✶✳✶ ❯♠ ✐❞❡❛❧ ❞❡ ♦♣❡r❛❞♦r❡s ✭❧✐♥❡❛r❡s✮ I é ✉♠❛ s✉❜❝❧❛ss❡ ❞❛ ❝❧❛ss❡ L ❞❡

t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ t❛❧ q✉❡✱ ♣❛r❛ q✉❛✐sq✉❡r

❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ E ❡ F, ❛s ❝♦♠♣♦♥❡♥t❡s I (E;F ) := L (E;F ) ∩ I s❛t✐s❢❛③❡♠✿

i) I (E,F ) é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ L (E;F ) q✉❡ ❝♦♥té♠ ♦s ♦♣❡r❛❞♦r❡s

❞❡ ♣♦st♦ ✜♥✐t♦❀

ii) ❆ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✐❞❡❛❧✿ s❡ u ∈ L (E;F )✱ v ∈ I (F,G) ❡ t ∈ L (G,H) ,

❡♥tã♦ tvu ∈ I (E;H) .



❉❡✜♥✐çã♦ ✷✳✶✳✷ ❯♠ ✐❞❡❛❧ ♥♦r♠❛❞♦ ❞❡ ♦♣❡r❛❞♦r❡s (I, ‖·‖I) é ✉♠ ✐❞❡❛❧ ❞❡ ♦♣❡r❛❞♦r❡s

I ♠✉♥✐❞♦ ❞❛ ❢✉♥çã♦ ‖·‖I : I → [0,∞) t❛❧ q✉❡✿

i) ‖·‖I r❡str✐t❛ ❛ I (E;F ) é ✉♠❛ ♥♦r♠❛ ♣❛r❛ q✉❛✐sq✉❡r ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤

E ❡ F ❀

ii) ‖idK‖I = 1, ♦♥❞❡ idK : K → K é ❞❛❞❛ ♣♦r idK (x) = x;

iii) ❙❡ u ∈ L (E,F )✱ v ∈ I (F ;G) ❡ t ∈ L (G;H)✱ ❡♥tã♦

‖tvu‖I ≤ ‖t‖ ‖v‖I ‖u‖ .

◗✉❛♥❞♦ ❛s ❝♦♠♣♦♥❡♥t❡s I (E;F ) ❞♦ ✐❞❡❛❧ I sã♦ ❝♦♠♣❧❡t❛s ❝♦♠ r❡s♣❡✐t♦ ❛ ‖·‖I ,

❞✐③❡♠♦s q✉❡ I é ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ ✭♦✉ ❝♦♠♣❧❡t♦✮ ❞❡ ♦♣❡r❛❞♦r❡s✳

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❜❛✐①♦ s❡rá ♠✉✐t♦ ✉t✐❧✐③❛❞❛ ♥❡st❡ ❝❛♣ít✉❧♦✱ ❡♠ ❡s♣❡❝✐❛❧ ♥❛s ❞❡✲

♠♦♥str❛çõ❡s ❞❡ ❝♦♠♣❧❡t✉❞❡ ❞♦s ✐❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s ❈♦❤❡♥ s♦♠❛♥t❡s✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✸ ❙❡❥❛ (I, ‖·‖I) ✉♠ ✐❞❡❛❧ ♥♦r♠❛❞♦ ❞❡ ♦♣❡r❛❞♦r❡s✳ ❊♥tã♦✱ ‖t‖ ≤ ‖t‖I
♣❛r❛ q✉❛❧q✉❡r t ∈ I.

❖❜s❡r✈❛çã♦ ✷✳✶✳✹ ❙❡ ϕ ∈ E ′✱ ❡♥tã♦ ‖ϕ‖ = ‖ϕ‖I✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ϕ é ❞❡ ♣♦st♦ ✜♥✐t♦✱

❡♥tã♦ ϕ ∈ I ❡

‖ϕ‖I = ‖idKϕ‖I ≤ ‖idK‖I ‖ϕ‖ = ‖ϕ‖ . ✭✷✳✶✮

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❝♦♥trár✐❛ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✸✳

❆❣♦r❛✱ ❝♦♠♦ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ♥❛t✉r❛❧ ❞❛ t❡♦r✐❛ ❞❡ ✐❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s✱

✈❡❥❛♠♦s ❛ ♥♦çã♦ ❞❡ ✐❞❡❛✐s ❞❡ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡✜♥✐çã♦ ✷✳✶✳✺ ❙❡❥❛♠ E1, ..., En sã♦ ❡s♣❛ç♦s ♥♦r♠❛❞♦s✳ ❆ ❛♣❧✐❝❛çã♦ A ∈ L (E1, ..., En;F )

é ❞✐t❛ ❞❡ t✐♣♦ ✜♥✐t♦ s❡ ❡①✐st❡♠ m ∈ N✱ ϕ(j)
i ∈ E ′

j ❡ bi ∈ F ❝♦♠ i = 1, ...,m ❡ j = 1, ..., n,

t❛✐s q✉❡

A (x1, ..., xn) =
m∑

i=1

ϕ
(1)
i (x1) · · ·ϕ

(n)
i (xn) bi.

❖ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r ❡ss❛s ❛♣❧✐❝❛çõ❡s é ❞❡♥♦t❛❞♦ ♣♦r Lf (E1, ..., En;F )✳ ➱ ❢á❝✐❧ ✈❡r

q✉❡ Lf (E1, ..., En;F ) é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ L (E1, ..., En;F ) .

✷✹



❉❡✜♥✐çã♦ ✷✳✶✳✻ ❯♠ ✐❞❡❛❧ ❞❡ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s M é ✉♠❛ s✉❜❝❧❛ss❡ ❞❛ ❝❧❛ss❡ ❞❡

t♦❞❛s ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s ❝♦♥tí♥✉❛s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦

n ∈ N ❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ E1, ..., En ❡ F ✱ ❛s ❝♦♠♣♦♥❡♥t❡s M (E1, ..., En;F ) :=

L (E1, ..., En;F ) ∩M s❛t✐s❢❛③❡♠✿

i) M (E1, ..., En;F ) é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ L (E1, ..., En;F ) q✉❡ ❝♦♥té♠

❛s ❛♣❧✐❝❛çõ❡s n✲❧✐♥❡❛r❡s ❞❡ t✐♣♦ ✜♥✐t♦❀

ii) ❆ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✐❞❡❛❧✿ s❡ A ∈ M (E1, ..., En;F ) , uj ∈ L (Gj, Ej) ♣❛r❛

j = 1, ..., n ❡ t ∈ L (F ;H) , ❡♥tã♦ tA (u1, ..., un) ∈ M (G1, ..., Gn;H) .

❖ ✐❞❡❛❧ M t❛♠❜é♠ é ❞❡♥♦♠✐♥❛❞♦ ♠✉❧t✐✲✐❞❡❛❧ ❡✱ ♣❛r❛ ❝❛❞❛ n ✜①♦✱

Mn =
⋃

E1,...,En,F ❇❛♥❛❝❤

M (E1, ..., En;F )

é ❝❤❛♠❛❞♦ ❞❡ ✐❞❡❛❧ ❞❡ ❛♣❧✐❝❛çõ❡s n✲❧✐♥❡❛r❡s✳

❉❡✜♥✐çã♦ ✷✳✶✳✼ ❯♠ ✐❞❡❛❧ ♥♦r♠❛❞♦ ❞❡ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s (M, ‖·‖M) é ✉♠ ✐❞❡❛❧

❞❡ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s M ♠✉♥✐❞♦ ❞❛ ❢✉♥çã♦ ‖·‖M : M −→ [0,∞) , t❛❧ q✉❡✿

i) ‖·‖M r❡str✐t❛ ❛ M (E1, ..., En;F ) é ✉♠❛ ♥♦r♠❛ ♣❛r❛ q✉❛✐sq✉❡r ❡s♣❛ç♦s

❞❡ ❇❛♥❛❝❤ E1, ..., En✱ F ❡ t♦❞♦ n ∈ N❀

ii) ‖idKn‖M = 1✱ ♦♥❞❡ idKn : Kn −→ K é ❞❛❞❛ ♣♦r idKn (x1, ..., xn) =

x1 · · · xn ♣❛r❛ t♦❞♦ n ∈ N❀

iii) ❙❡ M ∈ M (E1, ..., En;F )✱ uj ∈ L (Gj, Ej) ♣❛r❛ j = 1, ..., n ❡ t ∈

L (F ;H) , ❡♥tã♦

‖tM (u1, ..., un)‖M ≤ ‖t‖ ‖M‖M ‖u1‖ · · · ‖un‖ .

❙❡ n ❢♦r ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ✜①♦✱ s♦❜ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ ❞✐③❡♠♦s q✉❡ Mn é ✉♠

✐❞❡❛❧ ♥♦r♠❛❞♦ ❞❡ ❛♣❧✐❝❛çõ❡s n✲❧✐♥❡❛r❡s✳ ◗✉❛♥❞♦ ❛s ❝♦♠♣♦♥❡♥t❡s M (E1, ..., En;F ) sã♦

❝♦♠♣❧❡t❛s ❝♦♠ r❡s♣❡✐t♦ ❛ ‖·‖M✱ ❞✐③❡♠♦s q✉❡ M é ✉♠ ♠✉❧t✐✲✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤✳ ❖ ♠❡s♠♦

s❡ ❞✐③ ❞❡ Mn.

❖❜s❡r✈❛çã♦ ✷✳✶✳✽ ❆s ❝♦♠♣♦♥❡♥t❡s ❞❡ ✉♠ ♠✉❧t✐✲✐❞❡❛❧ M ♦✉ ❞❡ ✉♠ ✐❞❡❛❧ ❞❡ ❛♣❧✐❝❛çõ❡s

n✲❧✐♥❡❛r❡s Mn ❡♥✈♦❧✈❡rã♦ s❡♠♣r❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ s♦❜r❡ ♦ ♠❡s♠♦ ❝♦r♣♦ ✭✜①♦✮ K✳

✷✺



◆♦t❡ q✉❡ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Lf (E1, ..., En;F ) s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✐❞❡❛❧✳ ❉❡

❢❛t♦✱ s❡❥❛ M ∈ Lf (E1, ..., En;F ) ❞❛ ❢♦r♠❛

M (x1, ..., xn) =
m∑

i=1

ϕ
(1)
i (x1) · · ·ϕ

(n)
i (xn) bi

❡ s❡❥❛♠ uj ∈ L (Gj;Ej) ❝♦♠ j = 1, ..., n✱ ❡ t ∈ L (F ;H) . ❊♥tã♦✱

tM (u1, ..., un) (x1, ..., xn) = tM (u1 (x1) , ..., un (xn))

= t

(
m∑

i=1

ϕ
(1)
i (u1 (x1)) · · ·ϕ

(n)
i (un (xn)) bi

)

=

(
m∑

i=1

t
(
ϕ
(1)
i (u1 (x1)) · · ·ϕ

(n)
i (un (xn)) bi

))

=

(
m∑

i=1

ϕ
(1)
i (u1 (x1)) · · ·ϕ

(n)
i (un (xn)) t (bi)

)

=

(
m∑

i=1

(
ϕ
(1)
i u1

)
(x1) · · ·

(
ϕ
(n)
i un

)
(xn) t (bi)

)
,

❝♦♠
(
ϕ
(j)
i uj

)
∈ G′

j ❡ t (bi) ∈ H✳ P♦rt❛♥t♦

tM (u1, ..., un) ∈ Lf (G1, ..., Gn;H) .

❆s ♥♦r♠❛s ❡♠ ♠✉❧t✐✲✐❞❡❛✐s tê♠ ❝♦♠♣♦rt❛♠❡♥t♦ s❡♠❡❧❤❛♥t❡ ❛♦ ❝❛s♦ ❞❡ ✐❞❡❛✐s ❞❡

♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s✱ ❝♦♠♦ ♠♦str❛ ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✷✳✶✳✾ ❙❡❥❛ (M, ‖·‖M) ✉♠ ♠✉❧t✐✲✐❞❡❛❧ ♥♦r♠❛❞♦✳ ❊♥tã♦✱ ‖M‖ ≤ ‖M‖M
♣❛r❛ q✉❛❧q✉❡r M ❡♠ M✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ M ∈ M (E1, ..., En;F ) , ϕ ∈ F ′ ❡ xj ∈ Ej ✜①♦s✱ ❝♦♠ j =

1, ..., n✳ ❉❡✜♥❛✱ ♣❛r❛ ❝❛❞❛ j = 1, ..., n, Rj : K →Ej, ♣♦r Rj (λ) = λxj✳ ❙❡❣✉❡ q✉❡

‖Rj‖ = ‖xj‖ ❡

ϕM (R1, ..., Rn) (λ1, ..., λn) = ϕM (λ1x1, ..., λnxn) = λ1 · · ·λn (ϕM) (x1, ..., xn) .

❊♥tã♦✱

ϕM (R1, ..., Rn) = (ϕM) (x1, ..., xn) idKn , ✭✷✳✷✮

✷✻



❡ ♣♦rt❛♥t♦

|(ϕM) (x1, ..., xn)| = |(ϕM) (x1, ..., xn)| ‖idKn‖M

= ‖(ϕM) (x1, ..., xn) idKn‖M

= ‖ϕM (R1, ..., Rn)‖M

≤ ‖ϕ‖ ‖M‖M ‖R1‖ · · · ‖Rn‖ .

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍❛❤♥✲❇❛♥❛❝❤✱

‖M (x1, ..., xn)‖ = sup
‖ϕ‖≤1

|(ϕM) (x1, ..., xn)|

≤ sup
‖ϕ‖≤1

‖ϕ‖ ‖M‖M ‖R1‖ · · · ‖Rn‖

= ‖M‖M ‖x1‖ · · · ‖xn‖ ,

❞♦♥❞❡ ‖M‖ ≤ ‖M‖M .

❆♣r❡s❡♥t❛r❡♠♦s ❛ ♥♦çã♦ ❞❡ ✐❞❡❛✐s ❞❡ ♣♦❧✐♥ô♠✐♦s ❝♦♠♦ ❛❞❛♣t❛çã♦ ♥❛t✉r❛❧ ❞♦ ❝♦♥✲

❝❡✐t♦ ❞❡ ✐❞❡❛✐s ❞❡ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s✳ ❊♠ ♣r✐♥❝í♣✐♦✱ ✈❡❥❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ♣♦✲

❧✐♥ô♠✐♦ ❞❡ t✐♣♦ ✜♥✐t♦✳

❖ s✉❜❡s♣❛ç♦ ❞❡ P (nE;F ) ❣❡r❛❞♦ ♣❡❧❛s ❛♣❧✐❝❛çõ❡s P (x) = ϕ (x)n b✱ ❝♦♠ ϕ ∈ E ′

❡ b ∈ F ✱ é ❞❡♥♦t❛❞♦ ♣♦r Pf (
nE;F ) ❡ s❡✉s ❡❧❡♠❡♥t♦s sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣♦❧✐♥ô♠✐♦s

n✲❤♦♠♦❣ê♥❡♦s ❞❡ t✐♣♦ ✜♥✐t♦✳ ❉❡♥♦t❛♠♦s ♣♦r PA (
nE;F ) ♦ ❢❡❝❤♦ ❞❡ Pf (

nE;F ) ❡♠

P (nE;F ) , ❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ PA (
nE;F ) sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ❛♣r♦①✐♠á✈❡✐s✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✵ ❯♠ ✐❞❡❛❧ ❞❡ ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ✉♠ ✐❞❡❛❧ ❞❡

♣♦❧✐♥ô♠✐♦s✱ é ✉♠❛ s✉❜❝❧❛ss❡ U ❞❛ ❝❧❛ss❡ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s ❝♦♥tí♥✉♦s

❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ n ∈ N ❡ q✉❛✐sq✉❡r ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ E ❡

F ✱ ❛s ❝♦♠♣♦♥❡♥t❡s U (nE;F ) := P (nE;F ) ∩ U s❛t✐s❢❛③❡♠✿

i) U (nE;F ) é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ P (nE;F ) q✉❡ ❝♦♥té♠ ♦s ♣♦❧✐♥ô✲

♠✐♦s n✲❤♦♠♦❣ê♥❡♦s ❞❡ t✐♣♦ ✜♥✐t♦❀

ii) ❆ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✐❞❡❛❧✿ s❡ u ∈ L (G;E)✱ P ∈ U (nE;F ) ❡ t ∈ L (F ;H) ,

❡♥tã♦ tPu ∈ U (nG;H) .

❙❡ n ∈ N ❢♦r ✜①❛❞♦✱ ❛ ❝❧❛ss❡

Un :=
⋃

E,F ❇❛♥❛❝❤

U (nE;F )

é ❝❤❛♠❛❞❛ ❞❡ ✐❞❡❛❧ ❞❡ ♣♦❧✐♥ô♠✐♦s n✲❤♦♠♦❣ê♥❡♦s✳
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❉❡✜♥✐çã♦ ✷✳✶✳✶✶ ❯♠ ✐❞❡❛❧ ♥♦r♠❛❞♦ ❞❡ ♣♦❧✐♥ô♠✐♦s (U , ‖·‖U) é ✉♠ ✐❞❡❛❧ ❞❡ ♣♦❧✐♥ô♠✐♦s

U ♠✉♥✐❞♦ ❞❛ ❢✉♥çã♦ ‖·‖U : U −→ [0,∞) , t❛❧ q✉❡✿

i) ‖·‖U r❡str✐t❛ ❛ U (nE;F ) é ✉♠❛ ♥♦r♠❛ ♣❛r❛ q✉❛✐sq✉❡r ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤

E ❡ F ❡ t♦❞♦ n ∈ N❀

ii) ‖idn
K
‖U = 1✱ ♦♥❞❡ idn

K
: K −→ K é ❞❛❞❛ ♣♦r idn

K
(x) = xn❀

iii) ❙❡ u ∈ L (G,E) , P ∈ U (nE;F )✱ ❡ t ∈ L (F ;H) , ❡♥tã♦ ‖tPu‖U ≤

‖t‖ ‖P‖U ‖u‖n .

❙❡ ❛s ❝♦♠♣♦♥❡♥t❡s U (nE;F ) sã♦ ❝♦♠♣❧❡t❛s ❝♦♠ r❡s♣❡✐t♦ ❛ ‖·‖U , ❞✐③❡♠♦s q✉❡ U

é ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ ❞❡ ♣♦❧✐♥ô♠✐♦s✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ s❡ ♣r♦❝❡❞❡ ♣❛r❛ Un.

❆s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❛ s❡❣✉✐r ♠♦str❛♠ q✉❡ s❡♠♣r❡ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠ ✐❞❡❛❧

❞❡ ♣♦❧✐♥ô♠✐♦s ❛ ♣❛rt✐r ❞❡ ✉♠ ♠✉❧t✐✲✐❞❡❛❧✳ ❉♦r❛✈❛♥t❡✱ ❞❡♥♦t❛r❡♠♦s ❛ ❝❧❛ss❡ ❞❡ t♦❞♦s ♦s

♣♦❧✐♥ô♠✐♦s n✲❤♦♠♦❣ê♥❡♦s ❡ ❝♦♥tí♥✉♦s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ♣♦r Pn✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✷ ❙❡❥❛ M ✉♠ ✐❞❡❛❧ ♥♦r♠❛❞♦ ❞❡ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s✳ ❆ ❝❧❛ss❡

PM =
{
P ∈ Pn; P̆ ∈ M, n ∈ N

}
,

❝♦♠ ‖P‖PM
:=
∥∥∥P̆
∥∥∥
M
, é ❝❤❛♠❛❞❛ ✐❞❡❛❧ ❞❡ ♣♦❧✐♥ô♠✐♦s ❣❡r❛❞♦ ♣❡❧♦ ✐❞❡❛❧ M✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✸ ❙❡❥❛ M ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ ❞❡ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s✳ ❊♥tã♦

PM é ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ ❞❡ ♣♦❧✐♥ô♠✐♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ E,F ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ P1, P2 ∈ PM (nE;F ) ❡ k ∈ K. ❊♥tã♦

P̆1, P̆2 ∈ M (nE;F )✳ ❈♦♠♦ M (nE;F ) é ✉♠ ✐❞❡❛❧✱ s❡❣✉❡ q✉❡ P̆1 + kP̆2 ∈ M (nE;F )✳

❆ss✐♠✱

(P1 + kP2)
∨ = P̆1 + kP̆2 ∈ M (nE;F ) ,

❡ ♣♦rt❛♥t♦

P1 + kP2 ∈ PM (nE;F ) .

❙❡ P é ✉♠ ♣♦❧✐♥ô♠✐♦ n✲❤♦♠♦❣ê♥❡♦ ❞❡ t✐♣♦ ✜♥✐t♦✱ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❋ór♠✉❧❛

❞❡ P♦❧❛r✐③❛çã♦ q✉❡ P̆ é ❞❡ t✐♣♦ ✜♥✐t♦ ❡ ♣♦rt❛♥t♦ P ∈ PM (nE;F ) .

❙❡❥❛♠ u ∈ L (G,E)✱ P ∈ PM (nE;F ) ❡ t ∈ L (F ;H)✳ ❈♦♠♦

tP̆ (u, ..., u) (x, ..., x) = tP̆ (u (x) , ..., u (x)) = tPu (x) = (tPu)∨ (x, ..., x) ,

✷✽



s❡❣✉❡ q✉❡

(tPu)∨ = tP̆ (u, ..., u) ∈ M (nE;F ) , ✭✷✳✸✮

❡ ♣♦rt❛♥t♦ ✈❛❧❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✐❞❡❛❧✱ ✐st♦ é✱ tPu ∈ PM (nG;H)✳

◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ ‖·‖PM
r❡str✐t❛ ❛ PM (nE;F ) é ✉♠❛ ♥♦r♠❛✳

P❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ♥♦r♠❛ ❞♦ ♦♣❡r❛❞♦r idn
K
✱ ♥♦t❡ q✉❡ (idn

K
)∨ = idKn ✳ ❆ss✐♠

‖idn
K
‖PM

= ‖idKn‖M = 1.

❙❡❥❛♠ t ∈ L (F ;H)✱ P ∈ PM (nE;F ) ❡ u ∈ L (G,E)✳ ❉❡ ✭✷✳✸✮✱ s❡❣✉❡ q✉❡

‖tPu‖PM
=
∥∥∥tP̆ (u, ..., u)

∥∥∥
M

≤ ‖t‖
∥∥∥P̆
∥∥∥
M

‖u‖n = ‖t‖ ‖P‖PM
‖u‖n .

❈♦♠♦ M é ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ ❡ ❝♦♠♦ ∨ : PM (nE;F ) −→ M (nE;F ) : P −→ P̆

é ✉♠❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r s♦❜r❡ ❛ ✐♠❛❣❡♠✱ ♣❛r❛ ♣r♦✈❛r q✉❡ PM (nE;F ) é ✉♠ ❡s♣❛ç♦ ❞❡

❇❛♥❛❝❤ ❜❛st❛ ♠♦str❛r q✉❡ ∨ (PM (nE;F )) é ❢❡❝❤❛❞♦ ❡♠ M (nE;F ) . ▼❛s ✐ss♦ ♥ã♦ é

❞✐❢í❝✐❧ ❞❡ ✈❡r✐✜❝❛r✳ ❉❡ ❢❛t♦✱ s❡

lim
k→∞

∨ (Pk) = A ∈ M (nE;F )

♥❛ ♥♦r♠❛ ❞❡ M✱ ❡♥tã♦
∥∥∥P̆k − A

∥∥∥
M

→ 0✱ ❡ ❝♦♠♦ ‖·‖ ≤ ‖·‖M✱ s❡❣✉❡ q✉❡
∥∥∥P̆k − A

∥∥∥→ 0✳

❙❛❜❡♥❞♦ q✉❡ Ls (
nE;F ) é ❢❡❝❤❛❞♦ ❡♠ L (nE;F )✱ s❡❣✉❡ q✉❡ A ∈ Ls (

nE;F ) ❡ ♣♦rt❛♥t♦

Â ∈ PM (nE;F )✱ ♣♦✐s
(
Â
)∨

= A ∈ M (nE;F ) . ❆ss✐♠✱ A = ∨
(
Â
)
∈ ∨ (PM (nE;F ))

❡ s❡❣✉❡ q✉❡ ∨ (PM (nE;F )) é ❢❡❝❤❛❞❛✳ P♦rt❛♥t♦ PM é ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ ❞❡ ♣♦❧✐♥ô✲

♠✐♦s✳

✷✳✷ ■❞❡❛❧ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦✲

♠❛♥t❡s

❱❛♠♦s ❞❡♥♦t❛r ♣♦r Dp ❛ s✉❜❝❧❛ss❡ ❞❛ ❝❧❛ss❡ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❡♥tr❡

❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ q✉❡ sã♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✳

◆❡st❛ s❡çã♦✱ ♣♦r r❛③õ❡s ❞❡ ❝♦♠♣❧❡t✉❞❡ ❞♦ tr❛❜❛❧❤♦✱ ✈❛♠♦s ♠♦str❛r q✉❡ (Dp, dp)

é ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s✳ ❊st❡ r❡s✉❧t❛❞♦ é ❝♦♥❤❡❝✐❞♦ ❡♠❜♦r❛ ♥ã♦

❡st❡❥❛ tã♦ ♣r❡s❡♥t❡ ♥❛ ❧✐t❡r❛t✉r❛✳

❆♣❡♥❛s ✉♠❛ ♣❡q✉❡♥❛ ♦❜s❡r✈❛çã♦ é ♥❡❝❡ssár✐❛ ❛♥t❡s ❞❡ ♠♦str❛r♠♦s ♦s ♣r✐♥❝✐♣❛✐s

r❡s✉❧t❛❞♦s ❞❛ s❡çã♦✳

✷✾



❖❜s❡r✈❛çã♦ ✷✳✷✳✶ ❙❡ 0 6= T ∈ L(E;F ) ❡ ϕi ∈ F
′

, i = 1, ...,m ✱ ❡♥tã♦

||(ϕiT )
m
i=1||w,p∗ = sup

y∈BE

||(ϕi(T (y)))
m
i=1||p∗

= ||T || sup
y∈BE

∥∥∥∥
(
ϕi

(
T (y)

||T ||

))m

i=1

∥∥∥∥
p∗

≤ ||T || sup
h∈BF

||(ϕi(h))
m
i=1||p∗

= ||T || ||(ϕi)
m
i=1||w,p∗ ,

♦♥❞❡✱ ♥❛ ♣r✐♠❡✐r❛ ❡ ♥❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✱ ✉s❛♠♦s ❛ Pr♦♣♦s✐çã♦ ❆✳✹ ❞♦ ❆♣ê♥❞✐❝❡ ❆✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✷ ❙❡ 1 < p ≤ ∞✱ ❡♥tã♦ (Dp, dp) é ✉♠ ✐❞❡❛❧ ♥♦r♠❛❞♦ ❞❡ ♦♣❡r❛❞♦r❡s

❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✳ ❏á s❛❜❡♠♦s q✉❡ ❛s ❝♦♠♣♦♥❡♥t❡s Dp(E;F ) sã♦ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ♥♦r✲

♠❛❞♦s ✭❝♦♠ ❛ ♥♦r♠❛ dp(·)✮ q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ ♦s ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ E ❡ F ✭Pr♦✲

♣♦s✐çã♦ ✶✳✶✳✻✮✳ ❱❛♠♦s ♠♦str❛r q✉❡ t♦❞❛ ❝♦♠♣♦♥❡♥t❡ Dp(E;F ) ❝♦♥té♠ ♦s ♦♣❡r❛❞♦r❡s

❞❡ ♣♦st♦ ✜♥✐t♦✱ ✐st♦ é✱ Lf (E;F ) ⊂ Dp(E;F )✱ ♣❛r❛ t♦❞♦s ♦s ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ E ❡ F ✳

◆❡st❛ ❞✐r❡çã♦✱ ✈❛♠♦s ✈❡r✐✜❝❛r q✉❡

T : E → F : T (x) = ψ(x)y, com ψ ∈ E
′

e y ∈ F,

♣❡rt❡♥❝❡ ❛ Dp(E;F )✳ ❉❡ ❢❛t♦✱ ♣❛r❛ t♦❞♦s m ∈ N, xi ∈ E, ϕi ∈ F
′

, i = 1, ...,m ✱ s❡❣✉❡

q✉❡

m∑

i=1

|ϕi(T (xi))| =
m∑

i=1

|ϕi(ψ(xi)y)| =
m∑

i=1

|ψ(xi)ϕi(y)|

≤ ||ψ||
m∑

i=1

||xi|||ϕi(y)|

≤ ||ψ||

(
m∑

i=1

||xi||
p

)1/p( m∑

i=1

|ϕi(y)|
p∗

)1/p∗

= ||ψ|| ||y|| ||(xi)
m
i=1||p

(
m∑

i=1

|ϕi(y)|
p∗

||y||p∗

)1/p∗

≤ ||ψ|| ||y|| ||(xi)
m
i=1||p sup

w∈BF

(
m∑

i=1

|ϕi(w)|
p∗

)1/p∗

= C ||(xi)
m
i=1||p ||(ϕi)

m
i=1||w,p∗ ,

✸✵



❡ ❡♥tã♦ T ∈ Dp(E;F )✳

Pr♦♣r✐❡❞❛❞❡ ❞❡ ✐❞❡❛❧✿ ❙❡❥❛♠ A1 ∈ L(E0;E)✱ T ∈ Dp(E;F ) ❡ A2 ∈ L(F ;F0)✳

P❛r❛ t♦❞♦s m ∈ N✱ xi ∈ E0✱ ϕi ∈ F
′

0✱ i = 1, ...,m✱ ✉s❛♥❞♦ ❛ ❖❜s❡r✈❛çã♦ ✷✳✷✳✶✱

m∑

i=1

|ϕi((A2TA1)(xi))| =
m∑

i=1

|(ϕiA2)(T (A1(xi))|

≤ dp(T )||(A1xi)
m
i=1||p ||(ϕiA2)

m
i=1||w,p∗

≤ dp(T )||A1|| ||(xi)
m
i=1||p ||A2|| ||(ϕi)

m
i=1||w,p∗

= ||A2|| dp(T ) ||A1|| ||(xi)
m
i=1||p ||(ϕi)

m
i=1||w,p∗ ✭✷✳✹✮

= C ||(xi)
m
i=1||p ||(ϕi)

m
i=1||w,p∗

❡✱ ♣♦rt❛♥t♦✱ A2TA1 ∈ Dp(E0;F0)✳ ◆♦t❡ t❛♠❜é♠ q✉❡✱ ♣♦r ✭✷✳✹✮✱

dp(A2TA1) ≤ ||A2|| dp(T ) ||A1|| .

P♦r ú❧t✐♠♦✱ ✈❛♠♦s ♠♦str❛r q✉❡ dp(idK) = 1✳ ❈♦♠♦ idK é ❞❡ ♣♦st♦ ✜♥✐t♦ ✭❧♦❣♦✱

❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✮ ❡ lwq (K) é ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐s♦♠♦r❢♦ ❛ lq(K) ✭❆♣ê♥❞✐❝❡

❆✱ Pr♦♣♦s✐çã♦ ❆✳✷✮✱ t♦♠❛♥❞♦ m = 1 ❡♠ ✭✶✳✸✮✱ s❡❣✉❡ q✉❡

|ϕ(idK(x))| = |ϕ(x)| ≤ ||x||||ϕ|| = ||(x, 0, 0, ...)||p ||(ϕ, 0, 0, ...)||w,p∗ ,

♦ q✉❡ ♥♦s ❞✐③ q✉❡ dp(idK) ≤ 1✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ t♦❞♦s x, ϕ ∈ K ✱ ❝♦♠ ||ϕ|| = 1✱

||x|| = ||(x, 0, 0, ...)||C,p = ||(idK(x), 0, 0, ...)||C,p ≤ dp(idK) ||x|| ||ϕ||,

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ 1 ≤ dp(idK)✳ ▲♦❣♦ dp(idK) = 1✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✸ ❙❡ 1 < p ≤ ∞✱ ❡♥tã♦ (Dp, dp) é ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ ❞❡ ♦♣❡r❛❞♦r❡s

❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (Tn)
∞
n=1 ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ (Dp(E;F ), dp)✳ ❈♦♠♦

|| · || ≤ dp(·) ✭Pr♦♣♦s✐çã♦ ✷✳✶✳✸✮✱ s❡❣✉❡ q✉❡ (Tn)∞n=1 é ❞❡ ❈❛✉❝❤② ❡♠ L(E;F ) ❡✱ ♣♦rt❛♥t♦✱

lim
n→∞

Tn = T ∈ L(E;F ). ✭✷✳✺✮

❉❡✈❡♠♦s ❛❣♦r❛ ♠♦str❛r q✉❡ T ∈ Dp(E;F )✳

❈♦♠♦ ❝❛❞❛ Tn é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✱ T̂n : lp(E) → lp〈F 〉 ❡stá ❜❡♠

❞❡✜♥✐❞♦ ♣❛r❛ t♦❞♦ n✳ ❆❧é♠ ❞✐ss♦✱
∥∥∥T̂n

∥∥∥ = dp(Tn) ✱ ❞♦♥❞❡ (T̂n)
∞
n=1 é ❞❡ ❈❛✉❝❤② ❡♠

L(lp(E); lp〈F 〉) ❡ ♣♦rt❛♥t♦ limn→∞ T̂n = A ∈ L(lp(E); lp〈F 〉)✳

✸✶



❉❡✜♥❛✱ ♣❛r❛ t♦❞♦ (xj)
∞
j=1 ∈ lp(E)✱

(yj)
∞
j=1 := A((xj)

∞
j=1) ∈ lp〈F 〉.

❈♦♠ ✐ss♦✱ ❞❛❞♦ ε > 0 ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

||Tn(xj)− yj|| ≤ ||(Tn(xj))
∞
j=1 − (yj)

∞
j=1||C,p

=
∥∥∥T̂n((xj)∞j=1)− A((xj)

∞
j=1)

∥∥∥
C,p

< ε||(xj)
∞
j=1||p ,

♣❛r❛ t♦❞♦ n > n0✱ ✐st♦ é✱ limn→∞ Tn(xj) = yj, ♣❛r❛ t♦❞♦ j ∈ N✳ ❉✐st♦ ❡ ❞❡ ✭✷✳✺✮✱ s❡❣✉❡

q✉❡ T (xj) = yj✱ ♣❛r❛ t♦❞♦ j ∈ N✱ ❞♦♥❞❡

(T (xn))
∞
n=1 = (yn)

∞
n=1 ∈ lp〈F 〉, para toda (xn)

∞
n=1 ∈ lp(E),

❡ ♣♦rt❛♥t♦ T̂ : lp(E) → lp〈F 〉 ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

✷✳✸ ■❞❡❛❧ ❞❡ ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s

❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s

❱❛♠♦s ❞❡♥♦t❛r ♣♦r LCoh,p ❛ s✉❜❝❧❛ss❡ ❞❛ ❝❧❛ss❡ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛✲

r❡s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ q✉❡ sã♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✳ ❙❡ n ∈ N ❢♦r ✜①❛❞♦✱

LnCoh,p ❞❡♥♦t❛rá ❛ ❝❧❛ss❡ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s n✲❧✐♥❡❛r❡s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ q✉❡

sã♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✳ ◆❡st❛ s❡çã♦ ✈❛♠♦s ♠♦str❛r q✉❡ (LCoh,p, || · ||Coh,p)

é ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ ❞❡ ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s✳ Pr✐♠❡✐r♦✱ ✈❡r✐✜q✉❡♠♦s q✉❡ t♦❞♦

♦♣❡r❛❞♦r ♠✉❧t✐❧✐♥❡❛r ❞❡ t✐♣♦ ✜♥✐t♦ é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✶ ❙❡ 1 < p ≤ ∞✱ n ∈ N ❡ T ∈ L (E1, ..., En;F ) é ❞❡ t✐♣♦ ✜♥✐t♦✱ ❡♥tã♦

T é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ t♦❞♦ n ∈ N✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡ ❛ ❛♣❧✐❝❛çã♦

An : E1 × · · · × En → F : An (x1, ..., xn) = ψ1 (x1) · · ·ψn (xn) b ,

✸✷



❝♦♠ ψk ∈ E ′
k, k = 1, ..., n ❡ b ∈ F, é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✳ ❆ss✐♠✱ ♣❛r❛ t♦❞♦s

m ∈ N✱ x(r)i ∈ Er✱ ϕi ∈ F
′

✱ i = 1, ...,m✱ r = 1, ..., n✱ s❡❣✉❡ q✉❡

m∑

i=1

∣∣∣ϕi
(
An

(
x
(1)
i , ..., x

(n)
i

))∣∣∣

=
m∑

i=1

∣∣∣ψ1

(
x
(1)
i

)
· · ·ψn

(
x
(n)
i

)
ϕi(b)

∣∣∣

≤ ||ψ1|| · · · ||ψn||
m∑

i=1

∥∥∥x(1)i
∥∥∥ · · ·

∥∥∥x(n)i

∥∥∥ |ϕi(b)|

≤ ||ψ1|| · · · ||ψn||




n∏

r=1

(
m∑

i=1

∥∥∥x(r)i
∥∥∥
np
)1/np



(

m∑

i=1

|ϕi(b)|
p∗

)1/p∗

= ||ψ1|| · · · ||ψn|| ||b||




n∏

r=1

(
m∑

i=1

∥∥∥x(r)i
∥∥∥
np
)1/np



(

m∑

i=1

|ϕi(b)|
p∗

||b||p∗

)1/p∗

≤ ||ψ1|| · · · ||ψn|| ||b||




n∏

r=1

(
m∑

i=1

∥∥∥x(r)i
∥∥∥
np
)1/np


 sup
w∈BF

(
m∑

i=1

|ϕi(w)|
p∗

)1/p∗

= C




n∏

r=1

(
m∑

i=1

∥∥∥x(r)i
∥∥∥
np
)1/np


 ||(ϕi)

m
i=1||w,p∗ .

P♦rt❛♥t♦ An é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ♣❛r❛ t♦❞♦ n✳

❖s s❡❣✉✐♥t❡ ❧❡♠❛ é ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ❢❛t♦ ❞❡ (LCoh,p, || · ||Coh,p) s❡r ✐❞❡❛❧

♠❛s✱ ♣♦r ✉♠❛ ♥❡❝❡ss✐❞❛❞❡ ✐♠❡❞✐❛t❛✱ ✈❛♠♦s ❛❞✐❛♥t❛r s✉❛ ❛♣r❡s❡♥t❛çã♦✳

▲❡♠❛ ✷✳✸✳✷ ❙❡ n ∈ N ❡ T ∈ L(E1, ..., En;F ) é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✱ ❡♥tã♦

||T || ≤ ||T ||Coh,p .

❉❡♠♦♥str❛çã♦✳ ❚♦♠❛♥❞♦ m = 1 ❡♠ ✭✶✳✶✶✮✱ s❡❣✉❡ q✉❡

|ϕ(T (x1, ..., xn))| ≤ ||T ||Coh,p ||(x1, 0, 0, ...)||np · · · ||(xn, 0, 0, ...)||np ||(ϕ, 0, 0, ...)||w,p∗ ,

❡ ♣♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍❛❤♥✲❇❛♥❛❝❤✱ ||T || ≤ ||T ||Coh,p✳

❚❡♦r❡♠❛ ✷✳✸✳✸ ❙❡ 1 < p ≤ ∞ ❡ n ∈ N✱ ❡♥tã♦
(
LnCoh,p, || · ||Coh,p

)
é ✉♠ ✐❞❡❛❧ ♥♦r♠❛❞♦

❞❡ ♦♣❡r❛❞♦r❡s n✲❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✳ ❏á s❛❜❡♠♦s q✉❡ ❛s ❝♦♠♣♦♥❡♥t❡s LCoh,p(E1, ..., En;F ) sã♦ ❡s♣❛ç♦s

✈❡t♦r✐❛✐s ♥♦r♠❛❞♦s ✭❝♦♠ ❛ ♥♦r♠❛ || · ||Coh,p✮ q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ n ∈ N✱ ♦s ❡s♣❛ç♦s ❞❡

✸✸



❇❛♥❛❝❤ Ej ❡ F ✱ j = 1, ...n✱ ✭Pr♦♣♦s✐çã♦ ✶✳✷✳✸✮✱ ❡ ❝♦♥tê♠ ♦s ♦♣❡r❛❞♦r❡s ❞❡ t✐♣♦ ✜♥✐t♦

✭Pr♦♣♦s✐çã♦ ✷✳✸✳✶✮✳

❱❡❥❛♠♦s ❛ ✈❛❧✐❞❛❞❡ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✐❞❡❛❧✳ ❙❡❥❛♠ Ar ∈ L(Hr;Er)✱ r = 1, ..., n✱

T ∈ LCoh,p(E1, ..., En;F ) ❡ A ∈ L(F ;F0)✳ P❛r❛ t♦❞♦ m ∈ N ❡ t♦❞♦s x(r)i ∈ Hr✱ ϕi ∈ F
′

0✱

r = 1, ..., n✱ i = 1, ...,m✱ ✉s❛♥❞♦ ❛ ❖❜s❡r✈❛çã♦ ✷✳✷✳✶✱ t❡♠♦s

m∑

i=1

∣∣∣ϕi((AT (A1, ..., An))
(
x
(1)
i , ..., x

(n)
i

)∣∣∣

=
m∑

i=1

∣∣∣(ϕiA)
(
T
(
A1

(
x
(1)
i

)
, ..., An

(
x
(n)
i

)))∣∣∣

≤ ||T ||Coh,p

∥∥∥(A1x
(1)
i )mi=1

∥∥∥
np
...
∥∥∥(Anx(n)i )mi=1

∥∥∥
np

||(ϕiA)
m
i=1||w,p∗

≤ ||T ||Coh,p||A1||...||An||
∥∥∥(x(1)i )mi=1

∥∥∥
np
· · ·
∥∥∥(x(n)i )mi=1

∥∥∥
np

||A|| ||(ϕi)
m
i=1||w,p∗

= ||A|| ||T ||Coh,p ||A1||...||An||
∥∥∥(x(1)i )mi=1

∥∥∥
np
· · ·
∥∥∥(x(n)i )mi=1

∥∥∥
np

||(ϕi)
m
i=1||w,p∗ ✭✷✳✻✮

= C
∥∥∥(x(1)i )mi=1

∥∥∥
np
· · ·
∥∥∥(x(n)i )mi=1

∥∥∥
np

||(ϕi)
m
i=1||w,p∗

❡✱ ♣♦rt❛♥t♦✱ AT (A1, ..., An) ∈ LCoh,p(H1, ..., Hn;F0)✳ ◆♦t❡ t❛♠❜é♠ q✉❡✱ ♣♦r ✭✷✳✻✮✱

||AT (A1, ..., An)||Coh,p ≤ ||A|| ||T ||Coh,p ||A1||...||An|| .

P♦r ú❧t✐♠♦✱ ✈❛♠♦s ♠♦str❛r q✉❡ ||idKn ||Coh,p = 1✱ ♣❛r❛ t♦❞♦ n ∈ N✳ ❈♦♠♦ idKn é

❞❡ t✐♣♦ ✜♥✐t♦ ✭❧♦❣♦✱ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✮✱ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✷✱

1 = ||idKn || ≤ ||idKn ||Coh,p .

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ||ϕ||w,p∗ = ||ϕ||p∗ ❡♠ K✱ s❡❣✉❡ q✉❡

m∑

i=1

∣∣∣ϕi
(
idKn

(
x
(1)
i , ..., x

(n)
i

))∣∣∣

=
m∑

i=1

∣∣∣ϕi
(
x
(1)
i · · · x

(n)
i

)∣∣∣

≤
m∑

i=1

||ϕi||
∥∥∥x(1)i

∥∥∥ ...
∥∥∥x(n)i

∥∥∥

≤

(
m∑

i=1

||ϕi||
p∗

)1/p∗ ( m∑

i=1

∥∥∥x(1)i
∥∥∥
np
)1/np

· · ·

(
m∑

i=1

∥∥∥x(n)i

∥∥∥
np
)1/np

=
∥∥∥(x(1)i )mi=1

∥∥∥
np
· · ·
∥∥∥(x(n)i )mi=1

∥∥∥
np

||(ϕi)
m
i=1||w,p∗ ,

✸✹



♣❛r❛ t♦❞♦ m ∈ N ❡ t♦❞♦s x(r)i , ϕi ∈ K✱ r = 1, ..., n✱ i = 1, ...,m✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

||idKn ||Coh,p ≤ 1✳ ❆ss✐♠✱ ||idKn ||Coh,p = 1✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✹ ❙❡ 1 < p ≤ ∞ ❡ n ∈ N✱ ❡♥tã♦
(
LnCoh,p, || · ||Coh,p

)
é ✉♠ ✐❞❡❛❧ ❞❡

❇❛♥❛❝❤ ❞❡ ♦♣❡r❛❞♦r❡s n✲❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (Tk)
∞
k=1 ❡♠ (LCoh,p(E1, ..., En;F ), || · ||Coh,p) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

❈❛✉❝❤②✳ ❈♦♠♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✷✱ || · || ≤ || · ||Coh,p✱ s❡❣✉❡ q✉❡ (Tk)
∞
k=1 é ❞❡ ❈❛✉❝❤② ❡♠

L(E1, ..., En;F ) ❡✱ ♣♦rt❛♥t♦✱

lim
k→∞

Tk = T ∈ L(E1, ..., En;F ). ✭✷✳✼✮

▼♦str❛r❡♠♦s q✉❡ T ∈ LCoh,p(E1, ..., En;F )✳ ❈♦♠♦ ❝❛❞❛ Tk é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡

p✲s♦♠❛♥t❡✱ T̂k ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ♣❛r❛ t♦❞♦ k✳ ❆❧é♠ ❞✐ss♦✱
∥∥∥T̂k
∥∥∥ = ||Tk||Coh,p ✱ ❧♦❣♦

(T̂k)
∞
k=1 é ❞❡ ❈❛✉❝❤② ❡♠ L(lnp(E1), ..., lnp(En); lp〈F 〉) ❡ ♣♦rt❛♥t♦ limk→∞ T̂k = A ∈

L(lnp(E1), ..., lnp(En); lp〈F 〉)✳

❉❡✜♥✐♥❞♦

(yj)
∞
j=1 :=

(
A
(
x
(1)
j , ..., x

(n)
j

))∞
j=1

∈ lp〈F 〉,

♣❛r❛

((
x
(1)
j

)∞
j=1

, ...,
(
x
(n)
j

)∞
j=1

)
∈ lnp(E1)× ...× lnp(En)✱ s❡❣✉❡ q✉❡ ❞❛❞♦ ε > 0 ❡①✐st❡

k0 ∈ N t❛❧ q✉❡

∥∥∥Tk
(
x
(1)
j , ..., x

(n)
j

)
− yj

∥∥∥

≤

∥∥∥∥
(
Tk

(
x
(1)
j , ..., x

(n)
j

))∞
j=1

− (yj)
∞
j=1

∥∥∥∥
C,p

=

∥∥∥∥T̂k
((

x
(1)
j

)∞
j=1

, ...,
(
x
(n)
j

)∞
j=1

)
− A

((
x
(1)
j

)∞
j=1

, ...,
(
x
(n)
j

)∞
j=1

)∥∥∥∥
C,p

< ε

∥∥∥∥
(
x
(1)
j

)∞
j=1

∥∥∥∥
np

· · ·

∥∥∥∥
(
x
(n)
j

)∞
j=1

∥∥∥∥
np

,

♣❛r❛ t♦❞♦ k > k0✱ ✐st♦ é✱ limk→∞ Tk

(
x
(1)
j , ..., x

(n)
j

)
= yj✱ ♣❛r❛ t♦❞♦ j ∈ N✳ ❉✐st♦ ❡ ❞❡

✭✷✳✼✮✱ ♦❜t❡♠♦s T
(
x
(1)
j , ..., x

(n)
j

)
= yj✱ ♣❛r❛ t♦❞♦ j ∈ N✱ ❞♦♥❞❡

(
T
(
x
(1)
j , ..., x

(n)
j

))∞
j=1

= (yj)
∞
j=1 ∈ lp〈F 〉 ,

♣❛r❛ t♦❞♦

((
x
(1)
j

)∞
j=1

, ...,
(
x
(1)
j

)∞
j=1

)
∈ lnp(E1) × ... × lnp(En)✳ P♦rt❛♥t♦ ♦ ♦♣❡r❛❞♦r

T̂ : lnp(E1)× ...× lnp(En) → lp〈F 〉 ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ ❛ss✐♠ T ∈ LCoh,p(E1, ..., En;F )✳

✸✺



❱❛♠♦s ❞❡♥♦t❛r ♣♦r PCoh,p ❛ s✉❜❝❧❛ss❡ ❞❛ ❝❧❛ss❡ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❡♥tr❡

❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ q✉❡ sã♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✳ ❙❡ n ∈ N ❢♦r ✜①❛❞♦✱ Pn
Coh,p

❞❡♥♦t❛rá ❛ ❝❧❛ss❡ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s n✲❤♦♠♦❣ê♥❡♦s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ q✉❡

sã♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✳

❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦ ▲❡♠❛ ✶✳✷✳✺ ❡ ❞♦s ❚❡♦r❡♠❛s ✷✳✸✳✹ ❡ ✷✳✶✳✶✸ q✉❡ PCoh,p é

✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ ❞❡ ♣♦❧✐♥ô♠✐♦s✿

Pr♦♣♦s✐çã♦ ✷✳✸✳✺ ❙❡ 1 < p ≤ ∞ ❡ n ∈ N✱ ❡♥tã♦
(
Pn
Coh,p, || · ||Coh,p

)
é ✉♠ ✐❞❡❛❧ ❞❡

❇❛♥❛❝❤ ❞❡ ♣♦❧✐♥ô♠✐♦s n✲❤♦♠♦❣ê♥❡♦s✳

✸✻



❈❛♣ít✉❧♦ ✸

❖♣❡r❛❞♦r❡s ♠ú❧t✐♣❧♦ ❈♦❤❡♥

❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s

◆❡st❡ ❝❛♣ít✉❧♦ ✉s❛♠♦s ❛ t❡♦r✐❛ ❜❡♠ s✉❝❡❞✐❞❛ ❞♦s ♦♣❡r❛❞♦r❡s ♠ú❧t✐♣❧♦ ❛❜s♦❧✉t❛✲

♠❡♥t❡ s♦♠❛♥t❡s ✭✈❡❥❛ ♣✳ ❡①✳ ❬✷✺✱ ✸✹✱ ✸✻❪✮ ❝♦♠♦ ♣r♦tót✐♣♦ ♣❛r❛ ♠♦t✐✈❛r ♥♦ss❛ ❞❡✜♥✐çã♦

❞❡ ♦♣❡r❛❞♦r ♠✉❧t✐❧✐♥❡❛r ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✳ ❈♦♠♦ ✜❝❛rá ❝❧❛r♦ ♠❛✐s

❛❞✐❛♥t❡✱ ❡st❛ ♥♦✈❛ ❛❜♦r❞❛❣❡♠ é ❛❞❡q✉❛❞❛ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ t❡♦r✐❛ ❞❡ ✐❞❡❛✐s ❞❡

♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ❞❡ ♣♦❧✐♥ô♠✐♦s ❜❡♠ ❝♦♠♦ s♦❜ ♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❡ t✐♣♦s ❞❡

❤♦❧♦♠♦r✜❛✳

❊ss❡s ♥♦ss♦s r❡s✉❧t❛❞♦s ❥á s❡ ❡♥❝♦♥tr❛♠ ♣✉❜❧✐❝❛❞♦s ♥❛ ❘❡✈✐st❛ ▲✐♥❡❛r ❛♥❞ ▼✉❧t✐✲

❧✐♥❡❛r ❆❧❣❡❜r❛ s♦❜ ♦ tít✉❧♦ ✏❈♦❤❡♥ ❛♥❞ ♠✉❧t✐♣❧❡ ❈♦❤❡♥ str♦♥❣❧② s✉♠♠✐♥❣ ♠✉❧t✐❧✐♥❡❛r

♦♣❡r❛t♦rs✑ ❬✶✸❪✳

✸✳✶ ❖♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡✲

♠❡♥t❡ s♦♠❛♥t❡s

❈♦♠♦ t❡♠♦s ♣r♦❝❡❞✐❞♦ ❛té ❛❣♦r❛ ❡♠ t♦❞♦ ♦ t❡①t♦✱ ❡①✐❜✐r❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡

♦♣❡r❛❞♦r ♠✉❧t✐❧✐♥❡❛r ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❡♠ t❡r♠♦s ❞❡ s❡q✉ê♥❝✐❛s ❡✱

❡♠ s❡❣✉✐❞❛✱ ❝❛r❛❝t❡r✐③❛çõ❡s ♣♦r ❞❡s✐❣✉❛❧❞❛❞❡s✳

❉❡✜♥✐çã♦ ✸✳✶✳✶ ❙❡❥❛♠ 1 < p ≤ ∞ ❡ Ei, F ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ i = 1, ..., n✱ ❝♦♠
1
p
+ 1

p∗
= 1✳ ❯♠ ♦♣❡r❛❞♦r T ∈ L(E1, ..., En;F ) ❡ ❞✐t♦ ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡



p✲s♦♠❛♥t❡ s❡ (
T
(
x
(1)
j1
, ..., x

(n)
jn

))
j1,...,jn∈N

∈ lp〈F 〉 ,

♣❛r❛ q✉❛✐sq✉❡r
(
x
(i)
j

)∞
j=1

∈ lp(Ei)✱ i = 1, ..., n✳

◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ ❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s ♠ú❧t✐♣❧♦

❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s ❞❡ E1×· · ·×En ❡♠ F é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ L(E1, ..., En;F )✳

❊ss❛ ❝❧❛ss❡ s❡rá ❞❡♥♦t❛❞❛ ♣♦r LmCoh,p(E1, ..., En;F )✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✷ P❛r❛ T ∈ L(E1, ..., En;F ) ❡ 1
p
+ 1

p∗
= 1✱ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s

sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

i) T é ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡❀

ii) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

∞∑

j1,...,jn=1

∣∣∣ϕj1,...,jn
(
T
(
x
(1)
j1
, ..., x

(n)
jn

))∣∣∣

≤ C

(
∞∑

j=1

∥∥∥x(1)j
∥∥∥
p
)1/p

· · ·

(
∞∑

j=1

∥∥∥x(n)j

∥∥∥
p
)1/p ∥∥∥(ϕj1,...,jn)j1,...,jn∈N

∥∥∥
w,p∗

,

♣❛r❛ q✉❛✐sq✉❡r (ϕj1,...,jn)j1,...,jn∈N ∈ lwp∗(F
′

) ❡
(
x
(i)
j

)∞
j=1

∈ lp(Ei)✱ i =

1, ..., n✳

iii) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

m∑

j1,...,jn=1

∣∣∣ϕj1,...,jn
(
T
(
x
(1)
j1
, ..., x

(n)
jn

))∣∣∣ ✭✸✳✶✮

≤ C

(
m∑

j=1

∥∥∥x(1)j
∥∥∥
p
)1/p

· · ·

(
m∑

j=1

∥∥∥x(n)j

∥∥∥
p
)1/p ∥∥∥(ϕj1,...,jn)mj1,...,jn=1

∥∥∥
w,p∗

,

♣❛r❛ t♦❞♦s m ∈ N, ϕj1,...,jn ∈ F
′

❡ x
(i)
j ∈ Ei✱ i = 1, ..., n, ji =

1, ...,m, j = 1, ...,m✳

❆❧é♠ ❞✐ss♦✱ ♦ í♥✜♠♦ ❞❛s ❝♦♥st❛♥t❡s C q✉❡ s❛t✐s❢❛③❡♠ ✭✸✳✶✮✱ ❞❡♥♦t❛❞♦ ||T ||mCoh,p ✱

❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ LmCoh,p(E1, ..., En;F )✳

❉❡♠♦♥str❛çã♦✳ (i) ⇒ (ii) ❙❡ T é ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✱ ♦ ♦♣❡r❛❞♦r

T̃ : lwp∗(F
′

)× lp(E1)× · · · × lp(En) −→ l1

✸✽



❞❛❞♦ ♣♦r
(
(ϕj1,...,jn)j1,...,jn∈N,

(
x
(1)
j1

)∞
j1=1

, ...,
(
x
(n)
jn

)∞
jn=1

)
7−→

(
ϕj1,...,jn

(
T
(
x
(1)
j1
, ..., x

(n)
jn

)))
j1,...,jn∈N

❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ é (n+ 1)✲❧✐♥❡❛r✳

❙❡❥❛ (xk)
∞
k=1 ∈ lwp∗(F

′

)× lp(E1)× · · · × lp(En) ❝♦♠





xk → x ∈ lwp∗(F
′

)× lp(E1)× · · · × lp(En)

T̃ (xk) → (zj1,...,jn)j1,...,jn∈N ∈ l1 .
. ✭✸✳✷✮

❊s❝r❡✈❡♥❞♦




xk =

(
(ϕkj1,...,jn)j1,...,jn∈N,

(
x
(1)
k,j1

)∞
j1=1

, ...,
(
x
(n)
k,jn

)∞
jn=1

)

x =

(
(ϕj1,...,jn)j1,...,jn∈N,

(
x
(1)
j1

)∞
j1=1

, ...,
(
x
(n)
jn

)∞
jn=1

) , ✭✸✳✸✮

s❡❣✉❡ q✉❡

(zj1,...,jn)j1,...,jn∈N = lim
k→∞

T̃ (xk)

= lim
k→∞

(
ϕkj1,...,jn

(
T
(
x
(1)
k,j1
, ..., x

(n)
k,jn

)))
j1,...,jn∈N

.

Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡

T̃ (x) = (zj1,...,jn)j1,...,jn∈N.

▼❛s

T̃ (x) = T̃

((
(ϕj1,...,jn)j1,...,jn∈N,

(
x
(1)
j1

)∞
j1=1

, ...,
(
x
(n)
jn

)∞
jn=1

))

=
(
ϕj1,...,jn

(
T
(
x
(1)
j1
, ..., x

(n)
jn

)))
j1,...,jn∈N

,

❞❡ ❢♦r♠❛ q✉❡ ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡

ϕj1,...,jn

(
T
(
x
(1)
j1
, ..., x

(n)
jn

))
= zj1,...,jn ✭✸✳✹✮

♣❛r❛ t♦❞♦s j1, ..., jn ∈ N✳ ❚❡♠♦s

lim
k→∞

ϕkj1,...,jn

(
T
(
x
(1)
k,j1
, ..., x

(n)
k,jn

))
= zj1,...,jn ✭✸✳✺✮

❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✸✳✷✮ ❡ ✭✸✳✸✮ s❡❣✉❡ q✉❡

x
(i)
k,j → x

(i)
j em Ei e ϕkj1,...,jn → ϕj1,...,jn em F

′

, ✭✸✳✻✮

✸✾



♣❛r❛ q✉❛✐sq✉❡r j ∈ N, i = 1, ..., n ❡ j1, ..., jn ∈ N✳ ❈♦♠♦ T é ❝♦♥tí♥✉♦✱ s❡❣✉❡ ❞❡ ✭✸✳✻✮

q✉❡

lim
k→∞

ϕkj1,...,jn

(
T
(
x
(1)
k,j1
, ..., x

(n)
k,jn

))
= ϕj1,...,jn

(
T
(
x
(1)
j1
, ..., x

(n)
jn

))
, ✭✸✳✼✮

♣❛r❛ t♦❞♦s j1, ..., jn ∈ N✳ ❆ss✐♠✱ ❞❡ ✭✸✳✼✮ ❡ ✭✸✳✺✮ ♦❜t❡♠♦s ✭✸✳✹✮✳ ▲♦❣♦✱ T ♣♦ss✉✐ ❣rá✜❝♦

❢❡❝❤❛❞♦ ❡ ♣♦rt❛♥t♦ é ❝♦♥tí♥✉♦✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱

∞∑

j1,...,jn=1

∣∣∣ϕj1,...,jn
(
T
(
x
(1)
j1
, ..., x

(n)
jn

))∣∣∣

=

∥∥∥∥ϕj1,...,jn
(
T
(
x
(1)
j1
, ..., x

(n)
jn

))
j1,...,jn∈N

∥∥∥∥
1

=

∥∥∥∥T̃
(
(ϕj1,...,jn)j1,...,jn∈N,

(
x
(1)
j1

)∞
j1=1

, ...,
(
x
(n)
jn

)∞
jn=1

)∥∥∥∥
1

≤
∥∥∥T̃
∥∥∥
∥∥∥∥
(
x
(1)
j

)∞
j=1

∥∥∥∥
p

· · ·

∥∥∥∥
(
x
(n)
j

)∞
j=1

∥∥∥∥
p

∥∥∥(ϕj1,...,jn)j1,...,jn∈N
∥∥∥
w,p∗

.

(ii) ⇒ (i) ❡ (ii) ⇒ (iii) sã♦ ✐♠❡❞✐❛t❛s✳

(iii) ⇒ (ii) ❙❡❥❛♠ (ϕj1,...,jn)j1,...,jn∈N ∈ lwp∗(F
′

) ❡
(
x
(i)
j

)∞
j=1

∈ lp(Ei)✱ i = 1, ..., n✳

❊♥tã♦✱

∞∑

j1,...,jn=1

∣∣∣ϕj1,...,jn
(
T
(
x
(1)
j1
, ..., x

(n)
jn

))∣∣∣

= sup
m

(
m∑

j1,...,jn=1

∣∣∣ϕj1,...,jn
(
T
(
x
(1)
j1
, ..., x

(n)
jn

))∣∣∣
)

≤ sup
m

(
C

∥∥∥∥
(
x
(1)
j

)m
j=1

∥∥∥∥
p

· · ·

∥∥∥∥
(
x
(n)
j

)m
j=1

∥∥∥∥
p

∥∥∥(ϕj1,...,jn)mj1,...,jn=1

∥∥∥
w,p∗

)

= C

∥∥∥∥
(
x
(1)
j

)∞
j=1

∥∥∥∥
p

· · ·

∥∥∥∥
(
x
(n)
j

)∞
j=1

∥∥∥∥
p

∥∥∥(ϕj1,...,jn)j1,...,jn∈N
∥∥∥
w,p∗

.

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ❞❡♠♦♥str❛ q✉❡ ❛ ❞❡✜♥✐çã♦ ❞❡ ♦♣❡r❛❞♦r ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦r✲

t❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❣❡♥❡r❛❧✐③❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ ♦♣❡r❛❞♦r ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✸ ❚♦❞♦ ♦♣❡r❛❞♦r ♠✉❧t✐❧✐♥❡❛r ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ é ♠ú❧t✐♣❧♦

❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❡

|| · ||mCoh,p ≤ || · ||Coh,p .

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✳✸✱ T ∈ LCoh,p(E1, ..., En;F ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐s✲

t❡♠ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C ❡ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❇♦r❡❧ µ ❡♠ BF ′′ t❛✐s

✹✵



q✉❡

|ϕ(T (x1, ..., xn))| ≤ C||x1|| ... ||xn||

(∫

B
F
′′

|ψ(ϕ)|p
∗

dµ(ψ)

)1/p∗

,

♣❛r❛ t♦❞♦s xj ∈ Ej, ϕ ∈ F
′

, j = 1, ..., n ✳ ❆ss✐♠✱ ❞❛❞♦ m ∈ N✱

∣∣∣ϕj1,...,jn
(
T
(
x
(1)
j1
, ..., x

(n)
jn

))∣∣∣ ≤ C
∥∥∥x(1)j1

∥∥∥ ...
∥∥∥x(n)jn

∥∥∥
(∫

B
F
′′

|ψ(ϕj1,...,jn)|
p∗dµ(ψ)

)1/p∗

,

♣❛r❛ t♦❞♦s ϕj1,...,jn ∈ F
′

❡ x(i)j ∈ Ei✱ i = 1, ..., n✱ 1 ≤ j1, ..., jn ≤ m✳ ❊♥tã♦✱

m∑

j1,...,jn=1

∣∣∣ϕj1,...,jn
(
T
(
x
(1)
j1
, ..., x

(n)
jn

))∣∣∣

≤ C

m∑

j1,...,jn=1



∥∥∥x(1)j1

∥∥∥ ...
∥∥∥x(n)jn

∥∥∥
(∫

B
F
′′

|ψ(ϕj1,...,jn)|
p∗dµ(ψ)

)1/p∗



≤ C

(
m∑

j1,...,jn=1

(∥∥∥x(1)j1
∥∥∥ ...

∥∥∥x(n)jn

∥∥∥
)p
)1/p( m∑

j1,...,jn=1

∫

B
F
′′

|ψ(ϕj1,...,jn)|
p∗dµ(ψ)

)1/p∗

= C

(
m∑

j=1

∥∥∥x(1)j
∥∥∥
p
)1/p

· · ·

(
m∑

j=1

∥∥∥x(n)j

∥∥∥
p
)1/p(∫

B
F
′′

m∑

j1,...,jn=1

|ψ(ϕj1,...,jn)|
p∗dµ(ψ)

)1/p∗

≤ C

∥∥∥∥
(
x
(1)
j

)m
j=1

∥∥∥∥
p

· · ·

∥∥∥∥
(
x
(n)
j

)m
j=1

∥∥∥∥
p

(
sup

ψ∈B
F
′′

m∑

j1,...,jn=1

|ψ(ϕj1,...,jn)|
p∗

)1/p∗

= C

∥∥∥∥
(
x
(1)
j

)m
j=1

∥∥∥∥
p

· · ·

∥∥∥∥
(
x
(n)
j

)m
j=1

∥∥∥∥
p

∥∥∥(ϕj1,...,jn)mj1,...,jn=1

∥∥∥
w,p∗

,

❡ ♣♦rt❛♥t♦ T ∈ LmCoh,p(E1, ..., En;F )✳

✸✳✷ ■❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s ❡ ❞❡ ♣♦❧✐♥ô♠✐♦s ♠ú❧t✐♣❧♦

❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s

❱❛♠♦s ❞❡♥♦t❛r ♣♦r LmCoh,p ❛ s✉❜❝❧❛ss❡ ❞❛ ❝❧❛ss❡ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ♠✉❧t✐✲

❧✐♥❡❛r❡s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ q✉❡ sã♦ ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✳ ❙❡

n ∈ N ❢♦r ✜①❛❞♦✱ LnmCoh,p ❞❡♥♦t❛rá ❛ ❝❧❛ss❡ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s n✲❧✐♥❡❛r❡s ❡♥tr❡

❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ q✉❡ sã♦ ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✳

❱❛♠♦s✱ ♥❡st❛ s❡çã♦✱ ♠♦str❛r q✉❡ (LmCoh,p , || · ||mCoh,p) é ✉♠ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ ❞❡

♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s✳ ◆❡st❛ ❞✐r❡çã♦✱ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✸ ♠♦str❛ q✉❡ ❛s ❝♦♠♣♦♥❡♥t❡s

LmCoh,p(E1, ..., En;F ) ❝♦♥té♠ ♦s ♦♣❡r❛❞♦r❡s ❞❡ t✐♣♦ ✜♥✐t♦ ❡✱ ❛❧é♠ ❞✐ss♦✱ ❛ Pr♦♣♦s✐çã♦

✹✶



✸✳✶✳✷ ❣❛r❛♥t❡ q✉❡ ❡ss❛s ❝♦♠♣♦♥❡♥t❡s sã♦ ❡s♣❛ç♦s ♥♦r♠❛❞♦s✳ ❆ ♦❜s❡r✈❛çã♦ s❡❣✉✐♥t❡ ♥♦s

❧❡✈❛rá ❛♦ ❢❛t♦ ❞❡ q✉❡ ||idKn ||mCoh,p = 1✳

❖❜s❡r✈❛çã♦ ✸✳✷✳✶ ❙❡ T é ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✱ ❡♥tã♦ ||T || ≤ ||T ||mCoh,p✳

❉❡ ❢❛t♦✱ t♦♠❛♥❞♦ m = 1 ❡♠ ✭✸✳✶✮✱ t❡♠♦s

|ϕ(T (x1, ..., xn))| ≤ ||T ||mCoh,p||(x1, 0, ...)||p · · · ||(xn, 0, ...)||p||(ϕ, 0, ...)||w,p∗ ,

❡ ❛ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍❛❤♥✲❇❛♥❛❝❤✱ s❡❣✉❡ q✉❡ ||T || ≤ ||T ||mCoh,p✳

❈♦♠♦ ||idKn || = 1✱ ❛ ❖❜s❡r✈❛çã♦ ✸✳✷✳✶ ♥♦s ❞á ❛ ❞❡s✐❣✉❛❧❞❛❞❡ 1 ≤ ||idKn ||mCoh,p✳

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ LCoh,p é ✉♠ ✐❞❡❛❧✱ ||idKn ||Coh,p = 1 ❡ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✸ ♥♦s ❞á ❛

❞❡s✐❣✉❛❧❞❛❞❡ ||idKn ||mCoh,p ≤ 1✳

❘❡st❛✲♥♦s ♠♦str❛r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✐❞❡❛❧ ❡ ❛ ❝♦♠♣❧❡t✉❞❡✳

❚❡♦r❡♠❛ ✸✳✷✳✷ ❙❡❥❛ n ∈ N✳ ❊♥tã♦ LnmCoh,p✱ ♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛ || · ||mCoh,p✱ é ✐❞❡❛❧

❞❡ ❇❛♥❛❝❤ ❞❡ ♦♣❡r❛❞♦r❡s n✲❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ Ai ∈ L(Hi;Ei)✱ i = 1, ..., n ✱ T ∈ LmCoh,p(E1, ..., En;F ) ❡

A ∈ L(F ;G)✳ P❛r❛ t♦❞♦ m ∈ N✱ s❡ ϕj1,...,jn ∈ G
′

❡ x(i)j ∈ Hi✱ i = 1, ..., n, ji =

1, ...,m, j = 1, ...,m✱ ❡♥tã♦✱ t❡♠♦s
m∑

j1,...,jn=1

∣∣∣ϕj1,...,jn
(
AT (A1, ..., An)

(
x
(1)
j1
, ..., x

(n)
jn

))∣∣∣

=
m∑

j1,...,jn=1

∣∣∣(ϕj1,...,jnA)
(
T
(
A1

(
x
(1)
j1

)
, ..., An

(
x
(n)
jn

)))∣∣∣

≤ ||T ||mCoh,p

(
n∏

i=1

∥∥∥∥
(
Ai

(
x
(i)
j

))m
j=1

∥∥∥∥
p

)
||(ϕj1,...,jnA)

m
j1,...,jn=1||w,p∗

≤ ||A|| ||T ||mCoh,p ||A1|| · · · ||An||

(
n∏

i=1

∥∥∥∥
(
x
(i)
j

)m
j=1

∥∥∥∥
p

)
||(ϕj1,...,jn)

m
j1,...,jn=1||w,p∗ .

P♦rt❛♥t♦✱ AT (A1, ..., An) ∈ LmCoh,p(H1, ..., Hn;G) ❡

||AT (A1, ..., An)||mCoh,p ≤ ||A|| ||T ||mCoh,p ||A1|| · · · ||An|| .

❆ ❝♦♠♣❧❡t✉❞❡ é ❞❡♠♦♥str❛❞❛ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ à ❢❡✐t❛ ♣❛r❛ ♦ ❝❛s♦ ❞♦ ✐❞❡❛❧ ❞♦s

♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s ✭❚❡♦r❡♠❛ ✷✳✸✳✹✮✳

❆ ♥♦çã♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s s❡rá ✐♥tr♦❞✉③✐❞❛

♣♦r ♠❡✐♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✶✸✳

✹✷



❉❡✜♥✐çã♦ ✸✳✷✳✸ ❆ ❝❧❛ss❡ ❞♦s ♣♦❧✐♥ô♠✐♦s n✲❤♦♠♦❣ê♥❡♦s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡

p✲s♦♠❛♥t❡s s❡rá ❞❛❞❛ ♣♦r

Pn
mCoh,p :=

{
P ∈ Pn; P̌ ∈ LnmCoh,p

}
.

❆❧é♠ ❞✐ss♦✱ ❝♦♠ ❛ ♥♦r♠❛ ❞❛❞❛ ♣♦r

||P ||PmCoh,p
= ||P̌ ||mCoh,p ,

♦❜t❡♠♦s ✉♠ ✐❞❡❛❧ ✭❞❡ ❇❛♥❛❝❤✮ ❞❡ ♣♦❧✐♥ô♠✐♦s ❣❡r❛❞♦ ♣❡❧♦ ✐❞❡❛❧ LmCoh,p✱ ❝♦♠♦ ❣❛r❛♥t❡

❛ ♣r♦♣♦s✐çã♦ ✷✳✶✳✶✸✳

✸✳✸ ❚✐♣♦s ❞❡ ❤♦❧♦♠♦r✜❛ ❡ ✐❞❡❛✐s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦r✲

t❡♠❡♥t❡ s♦♠❛♥t❡s

◆❡st❛ s❡çã♦✱ ✉s❛♠♦s ♦ ❛rt✐❣♦ ❬✽❪ ❞❡ ●✳ ❇♦t❡❧❤♦ ❡t✳ ❛❧✳✱ q✉❡ ❡st❛❜❡❧❡❝❡ ❝♦♥❞✐çõ❡s

♣❛r❛ q✉❡ ✉♠ ✐❞❡❛❧ ❞❡ ♣♦❧✐♥ô♠✐♦s ❣❡r❛❞♦s ♣♦r ✉♠ ✐❞❡❛❧ ❞❡ ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s s❡❥❛

✉♠ t✐♣♦ ❞❡ ❤♦❧♦♠♦r✜❛ ❣❧♦❜❛❧✳

✸✳✸✳✶ ❚✐♣♦s ❞❡ ❤♦❧♦♠♦r✜❛ ❣❧♦❜❛❧ ❡ ✐❞❡❛✐s ❞❡ ♣♦❧✐♥ô♠✐♦s

❉❛❞♦s P ∈ P(nE;F )✱ k ≤ n ❡ a ∈ E✱ ❞❡✜♥✐♠♦s ♦ ♣♦❧✐♥ô♠✐♦ d̂kP (a) ∈ P(kE;F )

♣♦r

d̂kP (a)(x) =
k!

(n− k)!
P̆ (a, (n−k). . . , a, x, (k)..., x) .

❉✐r❡♠♦s q✉❡ ✉♠ ♦♣❡r❛❞♦r (n+1)✲❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦ T é s✐♠étr✐❝♦ ♥❛s n ♣r✐♠❡✐r❛s

✈❛r✐á✈❡✐s s❡

T (a1, ..., an, b) = T
(
aσ(1), ..., aσ(n), b

)
,

♣❛r❛ t♦❞❛ ♣❡r♠✉t❛çã♦ σ ❞♦ ❝♦♥❥✉♥t♦ {1, ..., n} ❡ t♦❞♦s a1, ..., an ∈ E ❡ b ∈ G✳

❆ ♣r♦✈❛ ❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ s✉❜s❡çã♦ s❡rá ♦♠✐t✐❞❛✳ ❊❧❛ ♣♦❞❡ s❡r ❡♥❝♦♥✲

tr❛❞❛ ❡♠ ❬✽❪✳ ❆ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦ é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛ ♠❡s♠❛ q✉❡ ❛ ❞❛❞❛ ♣♦r ◆❛❝❤❜✐♥

❬✷✽❪✿

❉❡✜♥✐çã♦ ✸✳✸✳✶ ✭❇♦t❡❧❤♦ ❡t✳ ❛❧✳✱ ❬✽❪✮ ❯♠ t✐♣♦ ❞❡ ❤♦❧♦♠♦r✜❛ ❣❧♦❜❛❧ é ✉♠❛ ❝❧❛ss❡

PH ❞❡ ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s ❝♦♥tí♥✉♦s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦s

n ∈ N ❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ E ❡ F ✱ ❛s ❝♦♠♣♦♥❡♥t❡s PH(
nE;F ) := P(nE;F ) ∩ PH

s❛t✐s❢❛③❡♠✿

✹✸



i) PH(
nE;F ) é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ P(nE;F ) ♠✉♥✐❞♦ ❝♦♠ ✉♠❛ ♥♦r♠❛

❞❡♥♦t❛❞❛ ♣♦r P 7→ ||P ||H ❀

ii) PH(
0E;F ) = F ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦ ♣❛r❛ t♦❞♦s E ❡ F ❀

iii) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ σ ≥ 1 t❛❧ q✉❡ ♣❛r❛ t♦❞♦s n ∈ N✱ k ≤ n✱ a ∈ E ❡

q✉❛✐sq✉❡r ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ E ❡ F ✱ ❝♦♠ P ∈ PH(
nE;F )✱

d̂kP (a) ∈ PH(
kE;F ) e

∥∥∥∥
1

k!
d̂kP (a)

∥∥∥∥
H

≤ σn||P ||H ||a||
n−k .

P❛r❛ ❛ ♣ró①✐♠❛ ❞❡✜♥✐çã♦✱ ✉s❛♠♦s ❛ ♥♦t❛çã♦ (nE,G;F ) ❡♠ ✈❡③ ❞❡ (E,
(n)
· · ·, E,G;F )✳

❉❡✜♥✐çã♦ ✸✳✸✳✷ ✭❇♦t❡❧❤♦ ❡t✳ ❛❧✳✱ ❬✽❪✮ ❙❡❥❛ J ✉♠❛ ❝❧❛ss❡ ❞❡ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛✲

r❡s ❝♦♥tí♥✉❛s ❡♥tr❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ t❛❧ q✉❡ ♣❛r❛ t♦❞♦s n ∈ N ❡ ❡s♣❛ç♦s ❞❡ E1, ..., En

❡ F ✱ ❛ ❝♦♠♣♦♥❡♥t❡ J (E1, ..., En;F ) := L(E1, ..., En;F )∩J é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡

L(E1, ..., En;F ) ❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♥♦r♠❛ ❞❡♥♦t❛❞❛ ♣♦r || · ||J ✳ ❉✐③❡♠♦s q✉❡ J ♣♦ss✉✐

❛ ♣r♦♣r✐❡❞❛❞❡ ✭❇✮ s❡ ❡①✐st❡ C ≥ 1 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦s n ∈ N✱ q✉❛✐sq✉❡r ❡s♣❛ç♦s ❞❡

❇❛♥❛❝❤ E ❡ F ❡ t♦❞♦ A ∈ J (nE,K;F ) s✐♠étr✐❝♦ ♥❛s ♣r✐♠❡✐r❛s n ✈❛r✐á✈❡✐s✱ ♦❝♦rr❡

A1 ∈ J (nE;F ) e ||A1||J ≤ C||A||J ,

♦♥❞❡ A1 : En → F é ❞❡✜♥✐❞♦ ♣♦r A1(x1, ..., xn) := A(x1, ..., xn, 1)✳

❚❡♦r❡♠❛ ✸✳✸✳✸ ✭❇♦t❡❧❤♦ ❡t✳ ❛❧✳✱ ❬✽❪✮ ❙❡ ✉♠ ♠✉❧t✐✲✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ M ♣♦ss✉✐ ❛ ♣r♦✲

♣r✐❡❞❛❞❡ ✭❇✮ ❝♦♠ ❝♦♥st❛♥t❡ C✱ ❡♥tã♦ ♦ ✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ PM ❞❡ ♣♦❧✐♥ô♠✐♦s ❣❡r❛❞♦ ♣♦r

M é ✉♠ t✐♣♦ ❞❡ ❤♦❧♦♠♦r✜❛ ❣❧♦❜❛❧ ❝♦♠ ❝♦♥st❛♥t❡ σ = 2C✳

✸✳✸✳✷ PmCoh,p é ✉♠ t✐♣♦ ❞❡ ❤♦❧♦♠♦r✜❛ ❣❧♦❜❛❧✳

❱❛♠♦s ❞❡♠♦♥str❛r q✉❡ ♦ ✐❞❡❛❧ LmCoh,p ❞♦s ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡✲

♠❡♥t❡ p✲s♦♠❛♥t❡s ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ✭❇✮ ❡✱ ♣♦rt❛♥t♦✱ ❛ ❝❧❛ss❡ PmCoh,p ❞♦s ♣♦❧✐♥ô♠✐♦s

♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s é ✉♠ t✐♣♦ ❞❡ ❤♦❧♦♠♦r✜❛ ❣❧♦❜❛❧✳

❚❡♦r❡♠❛ ✸✳✸✳✹ ❖ ♠✉❧t✐✲✐❞❡❛❧ ❞❡ ❇❛♥❛❝❤ LmCoh,p ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ✭❇✮ ❝♦♠ ❝♦♥s✲

t❛♥t❡ C = 1✳ P♦rt❛♥t♦✱ ♦ ✐❞❡❛❧ PmCoh,p ❞♦s ♣♦❧✐♥ô♠✐♦s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡

p✲s♦♠❛♥t❡s é ✉♠ t✐♣♦ ❞❡ ❤♦❧♦♠♦r✜❛ ❣❧♦❜❛❧ ❝♦♠ ❝♦♥st❛♥t❡ σ = 2✳

✹✹



❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ n ∈ N✱ E ❡ F ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❡ T ∈ LmCoh,p(
nE,K;F )✳

P❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ m✱ ❞❡✜♥✐♠♦s

ϕj1,...,jn,jn+1 =





ϕj1,...,jn , se jn+1 = 1

0, se jn+1 = 2, ...,m ,
e yjn+1 =





1, se jn+1 = 1

0, se jn+1 = 2, ...,m ,
✭✸✳✽✮

❝♦♠ j1, ..., jn, jn+1 = 1, ...,m✳ ❆ss✐♠✱ ♣❛r❛ t♦❞♦s ϕj1,...,jn ∈ F
′

❡ x
(i)
j ∈ Ei✱ i =

1, ..., n, ji = 1, ...,m, j = 1, ...,m✱ t❡♠♦s

m∑

j1,...,jn=1

∣∣∣ϕj1,...,jn
(
T1
(
x
(1)
j1
, ..., x

(n)
jn

))∣∣∣

=
m∑

j1,...,jn=1

∣∣∣ϕj1,...,jn
(
T
(
x
(1)
j1
, ..., x

(n)
jn
, 1
))∣∣∣

(3.8)
=

m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
T
(
x
(1)
j1
, ..., x

(n)
jn
, yjn+1

))∣∣∣

≤ ||T ||mCoh,p

∥∥∥(yj)mj=1

∥∥∥
p

n∏

i=1

∥∥∥∥
(
x
(i)
j

)m
j=1

∥∥∥∥
p

||(ϕj1,...,jn+1)
m
j1,...,jn+1=1||w,p∗

= ||T ||mCoh,p

n∏

i=1

∥∥∥∥
(
x
(i)
j

)m
j=1

∥∥∥∥
p

||(ϕj1,...,jn+1)
m
j1,...,jn=1||w,p∗ ,

❞❡ ♠♦❞♦ q✉❡ T1 ∈ LmCoh,p(
nE;F ) ❡ ||T1||mCoh,p ≤ ||T ||mCoh,p✳ P♦rt❛♥t♦✱ LmCoh,p

♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ✭❇✮ ❝♦♠ ❝♦♥st❛♥t❡ C = 1 ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✸✳✸✱ é ✉♠ t✐♣♦ ❞❡

❤♦❧♦♠♦r✜❛ ❣❧♦❜❛❧ ❝♦♠ ❝♦♥st❛♥t❡ σ = 2✳

✹✺



❈❛♣ít✉❧♦ ✹

❈♦❡rê♥❝✐❛ ❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❡ ✐❞❡❛✐s

❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s

◆❡st❡ ❝❛♣ít✉❧♦ ♠♦str❛♠♦s q✉❡ ♦s ✐❞❡❛✐s ❞❡ ♣♦❧✐♥ô♠✐♦s ❡ ✐❞❡❛✐s ❞❡ ❛♣❧✐❝❛çõ❡s ♠✉❧✲

t✐❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s ❡ ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s sã♦

❝♦❡r❡♥t❡s ❡ ❝♦♠♣❛tí✈❡✐s ❝♦♠♦ ♣❛r❡s✱ s❡❣✉♥❞♦ ♦s ❝r✐tér✐♦s ❞❡✜♥✐❞♦s ♣♦r P❡❧❧❡❣r✐♥♦ ❡

❘✐❜❡✐r♦ ❬✸✺❪✱ ❛♦ ✐❞❡❛❧ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❞❛ ♠❡s♠❛ ❝❧❛ss❡✳ ❊ss❡s ❝♦♥❝❡✐t♦s sã♦ ✈❛✲

r✐❛çõ❡s ❞❡ ❛❜♦r❞❛❣❡♥s ❛♥t❡r✐♦r❡s ❞❡ ❬✶✵✱ ✶✹❪✳ ❊ss❡ ❢❛t♦ ❞❡✐①❛ ❝❧❛r♦ q✉❡ ❛s ❣❡♥❡r❛❧✐③❛çõ❡s

♠✉❧t✐❧✐♥❡❛r ❡ ♣♦❧✐♥♦♠✐❛❧ ❞♦ ✐❞❡❛❧ ❞❡ ♦♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s ❧✐♥❡❛r❡s✱

❛q✉✐ ❛♣r❡s❡♥t❛❞❛s✱ ♣♦ss✉❡♠ ✉♠ ❜♦♠ ❝♦♠♣♦rt❛♠❡♥t♦✱ ♣r❡s❡r✈❛♥❞♦ ✉♠❛ r❡❧❡✈❛♥t❡ ✐♥✲

t❡r❝♦♥❡①ã♦ ❝♦♠ ♦s ♥í✈❡✐s ❞❡ n✲❧✐♥❡❛r✐❞❛❞❡ ❡ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ✐❞❡❛❧ ♦r✐❣✐♥❛❧✳

✹✳✶ ❉❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❞❡ ❝♦❡rê♥❝✐❛ ❡ ❝♦♠♣❛t✐❜✐✲

❧✐❞❛❞❡

❉❛❞♦s T ∈ L(E1, ..., En;F ) ❡ ak ∈ Ek✱ ♦ ♦♣❡r❛❞♦r Tak ∈ L(E1, ..., Ek−1, Ek+1, ..., En;F )

é ❞❡✜♥✐❞♦ ✜①❛♥❞♦✲s❡ ♦ ❡❧❡♠❡♥t♦ ak ♥❛ k✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❡ ❞❛❞♦s ar ∈ Er✱ ❝♦♠

r = 1, ..., n ❡ r 6= k✱ ♦ ♦♣❡r❛❞♦r Ta1,...,ak−1,ak+1,...,an ∈ L(Ek;F ) é ❞❡✜♥✐❞♦ ♣♦r

Ta1,...,ak−1,ak+1,...,an(x) = T (a1, ..., ak−1, x, ak+1, ..., an) .

❉❛❞♦s P ∈ P(nE;F )✱ k ≤ n ❡ a ∈ E✱ ❞❡✜♥✐♠♦s ♦ ♦♣❡r❛❞♦r Pak ∈ P(n−kE;F )



♣♦r

Pak(x) := P̆ (ak, xn−k) = P̆ (a, (k)..., a, x, (n−k)... , x)

❡ ♣❛r❛ k = 1 ❞❡♥♦t❛♠♦s s✐♠♣❧❡s♠❡♥t❡ Pa✳

❙❡❥❛ (Un,Mn)
N
n=1 ✉♠❛ N ✲✉♣❧❛ ❞❡ ♣❛r❡s✱ ♦♥❞❡ ❝❛❞❛ Un é ✉♠ ✐❞❡❛❧ ♥♦r♠❛❞♦ ❞❡

♣♦❧✐♥ô♠✐♦s n✲❤♦♠♦❣ê♥❡♦s ❡ ❝❛❞❛ Mn é ✉♠ ✐❞❡❛❧ ♥♦r♠❛❞♦ ❞❡ ❛♣❧✐❝❛çõ❡s n✲❧✐♥❡❛r❡s✳ ❖

♣❛râ♠❡tr♦ N ♣♦❞❡ s❡r ❡✈❡♥t✉❛❧♠❡♥t❡ ✐♥✜♥✐t♦✳

❆s ❞❡♠♦♥str❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ❞❡st❛ s❡çã♦ ❡♥❝♦♥tr❛♠✲s❡ ❡♠ ❬✹✵❪ ❡ s❡rã♦ ♦♠✐✲

t✐❞❛s✳

❉❡✜♥✐çã♦ ✹✳✶✳✶ ❬P❛r ❞❡ ✐❞❡❛✐s ❝♦♠♣❛tí✈❡✐s❪ ❙❡❥❛♠ I ✉♠ ✐❞❡❛❧ ♥♦r♠❛❞♦ ❞❡ ♦♣❡r❛❞♦r❡s

❡ N ∈ (Nr {1})∪{∞}✳ ❯♠❛ s❡q✉ê♥❝✐❛ (Un,Mn)
N
n=1✱ ♦♥❞❡ U1 = M1 = I✱ é ❝♦♠♣❛tí✈❡❧

❝♦♠ I s❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s α1✱ α2✱ α3 ❡ α4 t❛✐s q✉❡ ♣❛r❛ q✉❛✐sq✉❡r ❡s♣❛ç♦s

❞❡ ❇❛♥❛❝❤ E,E1, . . . , En ❡ F ✱ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ ✈❡r❞❛❞❡✐r❛s ♣❛r❛ t♦❞♦ n ∈

{2, . . . , N} :

(CP1) ❙❡ k ∈ {1, . . . , n}✱ T ∈ Mn (E1, . . . , En;F ) ❡ aj ∈ Ej ♣❛r❛ t♦❞♦

j ∈ {1, . . . , n}r {k}✱ ❡♥tã♦

Ta1,...,ak−1,ak+1,...,an ∈ I (Ek;F )

❡

∥∥Ta1,...,ak−1,ak+1,...,an

∥∥
I
≤ α1 ‖T‖Mn

‖a1‖ . . . ‖ak−1‖ ‖ak+1‖ . . . ‖an‖ .

(CP2) ❙❡ P ∈ Un (
nE;F ) ❡ a ∈ E✱ ❡♥tã♦ Pan−1 ∈ I (E;F ) ❡

‖Pan−1‖I ≤ α2

∥∥P̌
∥∥
Mn

‖a‖n−1 .

(CP3) ❙❡ u ∈ I (En;F ) ❡ γj ∈ E ′
j ♣❛r❛ t♦❞♦ j = 1, . . . , n− 1✱ ❡♥tã♦

γ1 · · · γn−1u ∈ Mn (E1, . . . , En;F )

❡

‖γ1 · · · γn−1u‖Mn
≤ α3 ‖γ1‖ · · · ‖γn−1‖ ‖u‖I .

(CP4) ❙❡ u ∈ I (E;F )✱ γ ∈ E ′✱ ❡♥tã♦ γn−1u ∈ Un (
nE;F ) ❡

∥∥γn−1u
∥∥
Un

≤ α4 ‖γ‖
n−1 ‖u‖I .

(CP5) P ∈ Un (
nE;F ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ P̆ ∈ Mn (

nE;F )✳

✹✼



❉❡✜♥✐çã♦ ✹✳✶✳✷ ✭P❛r ❞❡ ✐❞❡❛✐s ❝♦❡r❡♥t❡s✮ ❙❡❥❛♠ I ✉♠ ✐❞❡❛❧ ♥♦r♠❛❞♦ ❞❡ ♦♣❡r❛✲

❞♦r❡s ❡ N ∈ N∪{∞}✳ ❯♠❛ s❡q✉ê♥❝✐❛ (Un,Mn)
N
n=1✱ ♦♥❞❡ U1 = M1 = I✱ é ❝♦❡r❡♥t❡ s❡

❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s β1✱ β2✱ β3 ❡ β4 t❛✐s q✉❡ ♣❛r❛ q✉❛✐sq✉❡r ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤

E,E1, ..., En+1 ❡ F ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ s❛t✐s❢❡✐t❛s ♣❛r❛ n = 1, . . . , N − 1✿

(CH1) ❙❡ T ∈ Mn+1 (E1, . . . , En+1;F ) ❡ aj ∈ Ej ♣❛r❛ j = 1, . . . , n + 1✱

❡♥tã♦

Taj ∈ Mn (E1, . . . , Ej−1, Ej+1, . . . , En+1;F )

❡ ∥∥Taj
∥∥
Mn

≤ β1 ‖T‖Mn+1
‖aj‖ .

(CH2) ❙❡ P ∈ Un+1 (
n+1E;F ) ❡ a ∈ E✱ ❡♥tã♦ Pa ∈ Un (

nE;F ) ❡

‖Pa‖Un
≤ β2

∥∥P̌
∥∥
Mn+1

‖a‖ .

(CH3) ❙❡ T ∈ Mn (E1, . . . , En;F ) ❡ γ ∈ E ′
n+1✱ ❡♥tã♦ γT ∈ Mn+1 (E1, . . . , En+1;F )

❡

‖γT‖Mn+1
≤ β3 ‖T‖Mn

‖γ‖ .

(CH4) ❙❡ P ∈ Un (
nE;F ) ❡ γ ∈ E ′✱ ❡♥tã♦ γP ∈ Un+1 (

n+1E;F ) ❡

‖γP‖Un+1
≤ β4 ‖P‖Un

‖γ‖ .

(CH5) P❛r❛ ❝❛❞❛ n = 1, . . . , N ✱ P ∈ Un (
nE;F ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ P̆ ∈

Mn (
nE;F )✳

❙❡❣✉♥❞♦ ❛s ❞❡✜♥✐çõ❡s ❛❝✐♠❛✱ ❝♦❡rê♥❝✐❛ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✐♠♣❧✐❝❛ ❡♠ ❝♦♠♣❛✲

t✐❜✐❧✐❞❛❞❡✳ ❊♥tr❡t❛♥t♦✱ s♦❜ r❡str✐çõ❡s ❞❛s ❝♦♥st❛♥t❡s βi✱ i = 1, ..., 4✱ t❡♠♦s ❡st❛ ✐♠♣❧✐✲

❝❛çã♦✳ ➱ ♦ q✉❡ ❛✜r♠❛ ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✱ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛

❡♠ ❬✹✵❪✿

Pr♦♣♦s✐çã♦ ✹✳✶✳✸ ❙❡ (Un,Mn)
N
n=1 é ❝♦❡r❡♥t❡✱ ❝♦♠ ❝♦♥st❛♥t❡s β1 = β2 = β3 = β4 = 1✱

❡♥tã♦ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦ ✐❞❡❛❧ U1 = M1 = I✳

✹✳✷ ❙❡q✉ê♥❝✐❛s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s

❱❛♠♦s ♠♦str❛r q✉❡ ❛ s❡q✉ê♥❝✐❛ (Pn
Coh,p ,L

n
Coh,p)

∞
n=1✱ ❝♦♠♣♦st❛ ♣❡❧♦s ✐❞❡❛✐s ❞❡ ♣♦✲

❧✐♥ô♠✐♦s n✲❤♦♠♦❣ê♥❡♦s ❡ ✐❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s n✲❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✱

✹✽



é ❝♦❡r❡♥t❡ ❡ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦ ✐❞❡❛❧ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲

s♦♠❛♥t❡s✳

◆❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦✱ ♣♦r ❝♦♥✈❡♥✐ê♥❝✐❛✱ ✉s❛r❡♠♦s ❛ ❡①♣r❡ssã♦ ❞♦

❚❡♦r❡♠❛ ✶✳✸✳✸✱ ít❡♠ i)✱ ❝♦♠♦ ❞❡✜♥✐çã♦ ❞❡ ♦♣❡r❛❞♦r ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✳

❚❡♦r❡♠❛ ✹✳✷✳✶ ❆ s❡q✉ê♥❝✐❛ (Pn
Coh,p,L

n
Coh,p)

∞
n=1 é ❝♦❡r❡♥t❡ ❡ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦ ✐❞❡❛❧

Dp ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✳

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✸✱ ✈❛♠♦s ♠♦str❛r q✉❡ ❛ s❡q✉ê♥❝✐❛ é ❝♦❡r❡♥t❡

❝♦♠ ❝♦♥st❛♥t❡s βi = 1✱ i = 1, ..., 4✳

(CH5) ❏á ❢♦✐ ❞❡♠♦♥str❛❞♦ ♥♦ ▲❡♠❛ ✶✳✷✳✺✳

(CH1) ❙❡❥❛ a1 ∈ E1✳ ❙❡ T ∈ LCoh,p(E1, ..., En+1;F )✱ s❡❣✉❡ q✉❡✱ ♣❛r❛ t♦❞♦ ✐♥t❡✐r♦

♣♦s✐t✐✈♦ m ❡ t♦❞♦s x(j)i ∈ Ej, ϕi ∈ F
′

, i = 1, ...,m , j = 1, ..., n✱

m∑

i=1

∣∣∣ϕi
(
Ta1

(
x
(1)
i , ..., x

(n)
i

))∣∣∣

=
m∑

i=1

∣∣∣ϕi
(
T
(
a1, x

(1)
i , ..., x

(n)
i

))∣∣∣

≤ ||T ||Coh,p

(
m∑

i=1

||a1||
p
∥∥∥x(1)i

∥∥∥
p

· · ·
∥∥∥x(n)i

∥∥∥
p
)1/p

||(ϕi)
m
i=1||w,p∗

= ||T ||Coh,p||a1||

(
m∑

i=1

∥∥∥x(1)i
∥∥∥
p

· · ·
∥∥∥x(n)i

∥∥∥
p
)1/p

||(ϕi)
m
i=1||w,p∗ ,

❞♦♥❞❡ Ta1 ∈ LCoh,p(E2, ..., En+1;F ) ❡ ||Ta1 ||Coh,p ≤ ||T ||Coh,p||a1||✳ Pr♦❝❡❞❡♥❞♦ ❞❡

♠♦❞♦ ❛♥á❧♦❣♦✱ ♦❜s❡r✈❛♠♦s q✉❡

Taj ∈ LCoh,p(E1, ..., Ej−1, Ej+1, ..., En+1;F ), j = 2, ..., n

❡ ||Taj ||Coh,p ≤ ||T ||Coh,p||aj||✳

(CH2) ❙❡❥❛ a ∈ E✳ ❙❡ P ∈ PCoh,p(
n+1E;F )✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ m ∈ N ❡ t♦❞♦s xi ∈

✹✾



E, ϕi ∈ F
′

, i = 1, ...,m✱

m∑

i=1

|ϕi(Pa(xi))| =
m∑

i=1

|ϕi(P̌ (a, xi, ..., xi))|

≤ ||P̌ ||Coh,p

(
m∑

i=1

||a||p||xi||
np

)1/p

||(ϕi)
m
i=1||w,p∗

= ||P̌ ||Coh,p||a||

(
m∑

i=1

||xi||
np

)1/p

||(ϕi)
m
i=1||w,p∗

❡✱ ♣♦rt❛♥t♦✱ Pa ∈ PCoh,p(
nE;F ) ❡ ||Pa||Coh,p ≤ ||P̌ ||Coh,p||a||✳

(CH3) ❙❡ T ∈ LCoh,p(E1, ..., En;F ) ❡ γ ∈ E
′

n+1✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ m ∈ N ❡ t♦❞♦s

x
(j)
i ∈ Ej, ϕi ∈ F

′

, i = 1, ...,m , j = 1, ..., n+ 1✱

m∑

i=1

∣∣∣ϕi
(
γT
(
x
(1)
i , ..., x

(n)
i , x

(n+1)
i

))∣∣∣

=
m∑

i=1

∣∣∣ϕi
(
T
(
x
(1)
i , ..., x

(n)
i

)
γ
(
x
(n+1)
i

))∣∣∣

=
m∑

i=1

∣∣∣ϕi
(
T
(
x
(1)
i , ..., x

(n)
i γ

(
x
(n+1)
i

)))∣∣∣

≤ ||T ||Coh,p

(
m∑

i=1

∥∥∥x(1)i
∥∥∥
p

· · ·
∥∥∥x(n−1)

i

∥∥∥
p ∥∥∥x(n)i γ

(
x
(n+1)
i

)∥∥∥
p
)1/np

||(ϕi)
m
i=1||w,p∗

≤ ||T ||Coh,p||γ||

(
m∑

i=1

n+1∏

j=1

∥∥∥x(j)i
∥∥∥
p
)1/p

||(ϕi)
m
i=1||w,p∗

❡ ♣♦rt❛♥t♦ γT ♣❡rt❡♥❝❡ ❛ LCoh,p(E1, ..., En, En+1;F ) ❡ ||γT ||Coh,p ≤ ||T ||Coh,p||γ||✳

(CH4) ❙❡❥❛♠ P ∈ PCoh,p(
nE;F ) ❡ γ ∈ E

′

✳ P❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ m ❡ t♦❞♦s

xi ∈ E, ϕi ∈ F
′

, i = 1, ...,m✱ t❡♠♦s✱ ♣❛r❛ K = C✱

m∑

i=1

|ϕi(γP (xi))| =
m∑

i=1

|ϕi(γ(xi)P (xi))|

=
m∑

i=1

|ϕi(P ((γ(xi))
1/nxi))|

≤ ||P ||Coh,p

(
m∑

i=1

||(γ(xi))
1/nxi||

np

)1/p

||(ϕi)
m
i=1||w,p∗

≤ ||P ||Coh,p||γ||

(
m∑

i=1

||xi||
(n+1)p

)1/p

||(ϕi)
m
i=1||w,p∗ ,

✺✵



♦♥❞❡ (γ(xi))1/n r❡♣r❡s❡♥t❛ ❛ r❛í③ n✲és✐♠❛ ❞❡ ♠❡♥♦r ❛r❣✉♠❡♥t♦ ♣r✐♥❝✐♣❛❧ ❞❡ γ(xi)✳

❙❡ K = R✱ ❢❛ç❛♠♦s

ai =





1, se γ(xi) ≥ 0

−1, se γ(xi) < 0 ,

❞❡ ❢♦r♠❛ q✉❡ aiγ(xi) ≥ 0✳ ❊♥tã♦✱

m∑

i=1

|ϕi(γP (xi))| =
m∑

i=1

|γ(xi)||ϕi(P (xi))|

=
m∑

i=1

aiγ(xi)|ϕi(P (xi))|

=
m∑

i=1

|ϕi(P ((aiγ(xi))
1/nxi))|

≤ ||P ||Coh,p

(
m∑

i=1

||(aiγ(xi))
1/nxi||

np

)1/p

||(ϕi)
m
i=1||w,p∗

= ||P ||Coh,p

(
m∑

i=1

|| |γ(xi))|
1/nxi||

np

)1/p

||(ϕi)
m
i=1||w,p∗

= ||P ||Coh,p||γ||

(
m∑

i=1

||xi||
(n+1)p

)1/p

||(ϕi)
m
i=1||w,p∗ .

P♦rt❛♥t♦ γP ♣❡rt❡♥❝❡ ❛ PCoh,p(
n+1E;F ) ❡ ||γP ||Coh,p ≤ ||P ||Coh,p||γ||✳

❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✸✱ (Pn
Coh,p,L

n
Coh,p)

∞
n=1 é ❝♦❡r❡♥t❡ ❡ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦

✐❞❡❛❧ Dp ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s

✹✳✸ ❙❡q✉ê♥❝✐❛s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s

◆❡st❛ s❡çã♦ ♠♦str❛♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ (Pn
mCoh,p ,L

n
mCoh,p)

∞
n=1✱ ❝♦♠♣♦st❛ ♣❡❧♦s

✐❞❡❛✐s ❞❡ ♣♦❧✐♥ô♠✐♦s n✲❤♦♠♦❣ê♥❡♦s ❡ ✐❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s n✲❧✐♥❡❛r❡s ♠ú❧t✐♣❧♦ ❈♦❤❡♥

❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✱ sã♦ ❝♦❡r❡♥t❡s ❡ ❝♦♠♣❛tí✈❡✐s ✭❝♦♠♦ ♣❛r❡s✮ ❛♦ ✐❞❡❛❧ ❞♦s ♦♣❡✲

r❛❞♦r❡s ❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✳ ❇✉s❝❛♠♦s ♠♦str❛r ❝♦♠ ✐ss♦ ♦ ❜♦♠

❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ss❛s ❝❧❛ss❡s✱ r❡❛❧ç❛♥❞♦ ❛ ♣❡rt✐♥ê♥❝✐❛ ❞❛s ❣❡♥❡r❛❧✐③❛çõ❡s ♣r♦♣♦st❛s✳

❚❡♦r❡♠❛ ✹✳✸✳✶ ❆ s❡q✉ê♥❝✐❛ (Pn
mCoh,p,L

n
mCoh,p)

∞
n=1 é ❝♦❡r❡♥t❡ ❡ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦ ✐❞❡❛❧

Dp ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✳

✺✶



❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✸✱ ✈❛♠♦s ♠♦str❛r q✉❡ ❛ s❡q✉ê♥❝✐❛ é ❝♦❡r❡♥t❡

❝♦♠ ❝♦♥st❛♥t❡s βi = 1✱ i = 1, ..., 4✳

(CH5) ❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞❛ ❉❡✜♥✐çã♦ ✸✳✷✳✸✳

(CH1) ❙❡❥❛ an+1 ∈ En+1✳ ❱❛♠♦s ♠♦str❛r q✉❡ s❡ T ∈ LmCoh,p(E1, ..., En+1;F )✱

❡♥tã♦ Tan+1 ∈ LmCoh,p(E1, ..., En;F )✳ P❛r❛ t♦❞♦ m ∈ N✱ t♦♠❛♥❞♦ ♦s ❢✉♥❝✐♦♥❛✐s

ϕj1,...,jn,jn+1 =





ϕj1,...,jn , se jn+1 = 1

0, se jn+1 = 2, ...,m ,

❝♦♠ j1, ..., jn, jn+1 = 1, ...,m✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦s ϕj1,...,jn ∈ F
′

❡ x(i)j ∈ Ei✱ i = 1, ..., n, ji =

1, ...,m, j = 1, ...,m✱ t❡♠♦s

m∑

j1,...,jn=1

∣∣∣ϕj1,...,jn
(
Tan+1

(
x
(1)
j1
, ..., x

(n)
jn

))∣∣∣

=
m∑

j1,...,jn,jn+1=1

∣∣∣ϕj1,...,jn,jn+1

(
T
(
x
(1)
j1
, ..., x

(n)
jn
, an+1

))∣∣∣

≤ ||T ||mCoh,p ||an+1||p

∥∥∥∥
(
x
(1)
j

)m
j=1

∥∥∥∥
p

· · ·

∥∥∥∥
(
x
(n)
j

)m
j=1

∥∥∥∥
p

||(ϕj1,...,jn,jn+1)
m
j1,...,jn,jn+1=1||w,p∗

= ||T ||mCoh,p ||an+1||p

∥∥∥∥
(
x
(1)
j

)m
j=1

∥∥∥∥
p

· · ·

∥∥∥∥
(
x
(n)
j

)m
j=1

∥∥∥∥
p

||(ϕj1,...,jn)
m
j1,...,jn=1||w,p∗ ,

❡ s❡❣✉❡ q✉❡

Tan+1 ∈ LmCoh,p(E1, ..., En;F ) e ||Tan+1 ||mCoh,p ≤ ||T ||mCoh,p ||an+1||.

Pr♦❝❡❞❡♥❞♦ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♦❜s❡r✈❛♠♦s q✉❡

Taj ∈ LmCoh,p(E1, ..., Ej−1, Ej+1, ..., En+1;F ), j = 1, ..., n

❡ ||Taj ||mCoh,p ≤ ||T ||mCoh,p ||aj||✳

(CH2) ❙❡❥❛♠ P ∈ PmCoh,p(
n+1E;F ) ❡ a ∈ E✳ P♦r (CH5)✱ s❡❣✉❡ q✉❡ P̆ ∈

LmCoh,p(
n+1E;F ) ❡✱ ♣♦r (CH1)✱ t❡♠♦s

P̆a ∈ LmCoh,p(
nE;F ) e ||P̆a||mCoh,p ≤ ||P̆ ||mCoh,p ||a||.

❆ss✐♠✱ ❝♦♠♦ (Pa)
∨ = P̆a s❡❣✉❡✱ ♥♦✈❛♠❡♥t❡ ♣♦r (CH5)✱ q✉❡

Pa ∈ Un(
nE;F ) e ||Pa||mCoh,p ≤ ||P ||mCoh,p ||a||.

✺✷



(CH3) ❙❡ γ ∈ E
′

n+1✱ ❡♥tã♦✱ ♣❛r❛ t♦❞♦ m ∈ N ❡ t♦❞♦s ϕj1,...,jn ∈ F
′

❡ x(i)j ∈ Ei✱

i = 1, ..., n+ 1, ji = 1, ...,m, j = 1, ...,m✱

m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
γT
(
x
(1)
j1
, ..., x

(n)
jn
, x

(n+1)
jn+1

))∣∣∣

=
m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
T
(
x
(1)
j1
, ..., x

(n)
jn
γ
(
x
(n+1)
jn+1

)))∣∣∣ . ✭✹✳✶✮

◆♦t❡ q✉❡ ❛ ❡①♣r❡ssã♦ ✭✹✳✶✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ♥❛ ❢♦r♠❛

m2∑

jn=1

m∑

j1,...,jn−1=1

∣∣∣ϕ̃j1,...,jn
(
T
(
z
(1)
j1
, ..., z

(n)
jn

))∣∣∣ ,

❝♦♠ ❛s ❡s❝♦❧❤❛s





z
(i)
ji

= x
(i)
ji
, ji = 1, ...,m , i = 1, ..., n− 1

z
(n)
jn

= x
(n)
jn
γ
(
x
(n+1)
j1

)
, jn = 1, ...,m

z
(n)
m+jn

= x
(n)
jn
γ
(
x
(n+1)
j2

)
, jn = 1, ...,m

✳✳✳

z
(n)
(m−1)m+jn

= x
(n)
jn
γ
(
x
(n+1)
jm

)
, jn = 1, ...,m

❡




ϕ̃j1,...,jn = ϕj1,...,jn,1, jn = 1, ...,m

ϕ̃j1,...,m+jn = ϕj1,...,jn,2, jn = 1, ...,m
✳✳✳

ϕ̃j1,...,(m−1)m+jn = ϕj1,...,jn,m, jn = 1, ...,m .

❉❡ ❢❛t♦✱

✺✸



m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
T
(
x
(1)
j1
, ..., x

(n)
jn
γ
(
x
(n+1)
jn+1

)))∣∣∣

=
m∑

jn+1

m∑

j1,...,jn=1

∣∣∣ϕj1,...,jn+1

(
T
(
x
(1)
j1
, ..., x

(n)
jn
γ
(
x
(n+1)
jn+1

)))∣∣∣

=
m∑

j1,...,jn=1

∣∣∣ϕj1,...,jn,1
(
T
(
x
(1)
j1
, ..., x

(n)
jn
γ
(
x
(n+1)
j1

)))∣∣∣+

+
m∑

j1,...,jn=1

∣∣∣ϕj1,...,jn,2
(
T
(
x
(1)
j1
, ..., x

(n)
jn
γ
(
x
(n+1)
j2

)))∣∣∣+ · · ·

· · ·+
m∑

j1,...,jn=1

∣∣∣ϕj1,...,jn,m
(
T
(
x
(1)
j1
, ..., x

(n)
jn
γ
(
x
(n+1)
jm

)))∣∣∣

=
m∑

j1,...,jn=1

∣∣∣ϕ̃j1,...,jn
(
T
(
z
(1)
j1
, ..., z

(n)
jn

))∣∣∣+

+
m∑

j1,...,jn=1

∣∣∣ϕ̃j1,...,m+jn

(
T
(
z
(1)
j1
, ..., z

(n)
m+jn

))∣∣∣+ · · ·

· · ·+
m∑

j1,...,jn=1

∣∣∣ϕ̃j1,...,(m−1)m+jn

(
T
(
z
(1)
j1
, ..., z

(n)
(m−1)m+jn

))∣∣∣

=
m2∑

jn=1

m∑

j1,...,jn−1=1

∣∣∣ϕ̃j1,...,jn
(
T
(
z
(1)
j1
, ..., z

(n)
jn

))∣∣∣ .

❉❡st❛ ❢♦r♠❛✱ s❡ T ∈ LmCoh,p(E1, ..., En;F )✱ ✉s❛♥❞♦ ✭✹✳✶✮✱ s❡❣✉❡ q✉❡

m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
γT
(
x
(1)
j1
, ..., x

(n)
jn
, x

(n+1)
jn+1

))∣∣∣

=
m2∑

jn=1

m∑

j1,...,jn−1=1

∣∣∣ϕ̃j1,...,jn
(
T
(
z
(1)
j1
, ..., z

(n)
jn

))∣∣∣

=

m,...,m,m2∑

j1,...,jn−1,jn=1

∣∣∣ϕ̃j1,...,jn
(
T
(
z
(1)
j1
, ..., z

(n)
jn

))∣∣∣

≤ ||T ||mCoh,p

∥∥∥∥
(
z
(n)
jn

)m2

jn=1

∥∥∥∥
p

n−1∏

i=1

∥∥∥∥
(
z
(i)
ji

)m
ji=1

∥∥∥∥
p

||(ϕ̃j1,...,jn)
m,...,m,m2

j1,...,jn−1,jn=1||w,p∗

= ||T ||mCoh,p

∥∥∥∥
(
x
(n)
jn
γ(x

(n+1)
jn+1

)
)m
jn,jn+1=1

∥∥∥∥
p

n−1∏

i=1

∥∥∥∥
(
x
(i)
j

)m
j=1

∥∥∥∥
p

||(ϕj1,...,jn+1)
m
j1,...,jn+1=1||w,p∗

(∗)

≤ ||T ||mCoh,p ||γ||
n+1∏

i=1

∥∥∥∥
(
x
(i)
j

)m
j=1

∥∥∥∥
p

||(ϕj1,...,jn+1)
m
j1,...,jn+1=1||w,p∗ ,

✺✹



♦♥❞❡ ❡♠ (∗)✱ ❡st❛♠♦s ✉s❛♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡

∥∥∥∥
(
x
(n)
jn
γ
(
x
(n+1)
jn+1

))m
jn,jn+1=1

∥∥∥∥
p

=




m∑

jn,jn+1=1

∣∣∣γ
(
x
(n+1)
jn+1

)∣∣∣
p ∥∥∥x(n)jn

∥∥∥
p




1/p

=

∥∥∥∥
(
γ
(
x
(n+1)
j

))m
j=1

∥∥∥∥
p

∥∥∥∥
(
x
(n)
j

)m
j=1

∥∥∥∥
p

❡ ❛ ❧✐♠✐t❛çã♦ ❞❡ γ✳ ❆ss✐♠✱ γT ∈ LmCoh,p (E1, . . . , En+1;F ) ❡ ‖γT‖mCoh,p ≤ ‖T‖mCoh,p ‖γ‖ .

(CH4) ❙❡❥❛ γ ∈ E
′

✳ ❆ ❛♣❧✐❝❛çã♦

(x1, ..., xn+1) ∈ En+1 7→
1

n+ 1

n+1∑

k=1

γ(xk)P̆ (x1,
[k]
· · ·, xn+1) ∈ F ,

♦♥❞❡
[k]
· · · ✐♥❞✐❝❛ ❛ ♦♠✐ssã♦ ❞❛ k✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛✱ é (n + 1)✲❧✐♥❡❛r✱ s✐♠étr✐❝❛ ❡ s✉❛

r❡str✐çã♦ à ❞✐❛❣♦♥❛❧ ❝♦✐♥❝✐❞❡ ❝♦♠ γP ✳ ❊♥tã♦ ✭✈❡r ❆♣ê♥❞✐❝❡ ❇✱ Pr♦♣♦s✐çã♦ ❇✳✹✮ ❡st❛

❛♣❧✐❝❛çã♦ ❝♦✐♥❝✐❞❡ ❝♦♠ (γP )∨✳ ❯s❛♥❞♦ ❡st❡ ❢❛t♦✱ ♣❛r❛ t♦❞♦ m ∈ N ❡ ♣❛r❛ t♦❞♦s

ϕj1,...,jn ∈ F
′

❡ x(i)j ∈ Ei✱ i = 1, ..., n+ 1, ji = 1, ...,m, j = 1, ...,m✱ s❡❣✉❡ q✉❡

m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
(γP )∨

(
x
(1)
j1
, ..., x

(n+1)
jn+1

))∣∣∣

=
1

n+ 1

m∑

j1,...,jn+1=1

∣∣∣∣∣ϕj1,...,jn+1

(
n+1∑

k=1

γ
(
x
(k)
jk

)
P̌

(
x
(1)
j1
,
[k]
· · ·, x

(n+1)
jn+1

))∣∣∣∣∣

≤
1

n+ 1




m∑

j1,...,jn+1=1

(
n+1∑

k=1

∣∣∣∣ϕj1,...,jn+1

(
γ
(
x
(k)
jk

)
P̌

(
x
(1)
j1
,
[k]
· · ·, x

(n+1)
jn+1

))∣∣∣∣

)


=
1

n+ 1

∥∥∥∥∥∥

(
n+1∑

k=1

∣∣∣∣ϕj1,...,jn+1

(
γ
(
x
(k)
jk

)
P̌

(
x
(1)
j1
,
[k]
· · ·, x

(n+1)
jn+1

))∣∣∣∣

)m

j1,...,jn+1=1

∥∥∥∥∥∥
1

≤
1

n+ 1

n+1∑

k=1

∥∥∥∥∥

(∣∣∣∣ϕj1,...,jn+1

(
γ
(
x
(k)
jk

)
P̌

(
x
(1)
j1
,
[k]
· · ·, x

(n+1)
jn+1

))∣∣∣∣
)m

j1,...,jn+1=1

∥∥∥∥∥
1

=
1

n+ 1

n+1∑

k=1




m∑

j1,...,jn+1=1

∣∣∣∣ϕj1,...,jn+1

(
γ
(
x
(k)
jk

)
P̌

(
x
(1)
j1
,
[k]
· · ·, x

(n+1)
jn+1

))∣∣∣∣




=
1

n+ 1






m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
P̌
(
γ
(
x
(1)
j1

)
x
(2)
j2
, · · · , x

(n+1)
jn+1

))∣∣∣


+ · · ·

· · ·+




m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
P̌
(
γ
(
x
(n+1)
jn+1

)
x
(1)
j1
, · · · , x

(n)
jn

))∣∣∣




 .

✺✺



❆ss✐♠✱

m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
(γP )∨

(
x
(1)
j1
, ..., x

(n+1)
jn+1

))∣∣∣ ✭✹✳✷✮

=
1

n+ 1






m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
P̌
(
γ
(
x
(1)
j1

)
x
(2)
j2
, · · · , x

(n+1)
jn+1

))∣∣∣


+ · · ·

· · ·+




m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
P̌
(
γ
(
x
(n+1)
jn+1

)
x
(1)
j1
, · · · , x

(n)
jn

))∣∣∣




 .

❊♥tã♦✱ ♣♦r ❛r❣✉♠❡♥t♦ ❛♥á❧♦❣♦ ❛♦ ✉s❛❞♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ ♣r♦♣r✐❡❞❛❞❡ (CH3)✱

❝❛❞❛ ♣❛r❝❡❧❛ ❞❡ ✭✹✳✷✮✱ ♣♦r ❡①❡♠♣❧♦ ❛ ♣r✐♠❡✐r❛✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ s♦❜ ❝♦♠♦

m2∑

j2=1

m∑

j3,...,jn+1=1

∣∣∣ϕ̃j2,...,jn+1

(
P̌
(
z
(2)
j2
, ..., z

(n+1)
jn+1

))∣∣∣

♣❛r❛ ❛s ❡s❝♦❧❤❛s ❝♦♥✈❡♥✐❡♥t❡s ❞♦s ϕ̃j2,...,jn+1 ❡ z(k)jk
✱ ❝♦♠ k = 2, ..., n+1✳ P♦rt❛♥t♦✱ ❝♦♠♦

❞❡♠♦♥str❛❞♦ ♥❛ ♣r♦♣r✐❡❞❛❞❡ (CH3)✱ s❡❣✉❡ q✉❡

m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
P̌
(
γ
(
x
(1)
j1

)
x
(2)
j2
, · · · , x

(n+1)
jn+1

))∣∣∣

≤ ||P̌ ||mCoh,p ||γ||
n+1∏

i=1

∥∥∥∥
(
x
(i)
j

)m
j=1

∥∥∥∥
p

||(ϕj1,...,jn+1)
m
j1,...,jn+1=1||w,p∗ .

❱♦❧t❛♥❞♦ ❛ ✭✹✳✷✮✱ ✜♥❛❧♠❡♥t❡ ♦❜t❡♠♦s

m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
(γP )∨

(
x
(1)
j1
, ..., x

(n+1)
jn+1

))∣∣∣

=
1

n+ 1






m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
P̌
(
γ
(
x
(1)
j1

)
x
(2)
j2
, · · · , x

(n+1)
jn+1

))∣∣∣


+ · · ·

· · ·+




m∑

j1,...,jn+1=1

∣∣∣ϕj1,...,jn+1

(
P̌
(
γ
(
x
(n+1)
jn+1

)
x
(1)
j1
, · · · , x

(n)
jn

))∣∣∣






≤
1

n+ 1

[
||P̌ ||mCoh,p ||γ||

n+1∏

i=1

∥∥∥∥
(
x
(i)
j

)m
j=1

∥∥∥∥
p

||(ϕj1,...,jn+1)
m
j1,...,jn+1=1||w,p∗ + · · ·

· · ·+ ||P̌ ||mCoh,p ||γ||
n+1∏

i=1

∥∥∥∥
(
x
(i)
j

)m
j=1

∥∥∥∥
p

||(ϕj1,...,jn+1)
m
j1,...,jn+1=1||w,p∗

]

= ||P̌ ||mCoh,p ||γ||
n+1∏

i=1

∥∥∥∥
(
x
(i)
j

)m
j=1

∥∥∥∥
p

||(ϕj1,...,jn+1)
m
j1,...,jn+1=1||w,p∗ .

✺✻



❆ss✐♠✱ γP ∈ PmCoh,p(
n+1E;F ) ❡

||γP ||mCoh,p ≤ ||P̌ ||mCoh,p ||γ|| = ||P ||mCoh,p ||γ|| .

❈♦♥❝❧✉✐✲s❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✸✱ q✉❡ (Pn
mCoh,p,L

n
mCoh,p)

∞
n=1 é ❝♦❡r❡♥t❡ ❡ ❝♦♠♣❛✲

tí✈❡❧ ❝♦♠ ♦ ✐❞❡❛❧ Dp ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✳

❖❜s❡r✈❛çã♦ ✹✳✸✳✷ ❈♦♠ r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s ❡ ♦s ❞❡ss❛ s❡çã♦✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ ❛

❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s✱ q✉❡ ❝♦♥té♠

❛ ❝❧❛ss❡ LCoh,p, ♥ã♦ é ✏tã♦ ❣r❛♥❞❡✑ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡✱ ♣♦r ❡①❡♠♣❧♦✱ ❝♦♥t❡♥❤❛ t♦❞♦

♦♣❡r❛❞♦r ♠✉❧t✐❧✐♥❡❛r ❝♦♥tí♥✉♦✳

❉❡ ❢❛t♦✱ ✐♥✈♦❝❛♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ✭❈P✶✮ ♥❛ ❉❡✜♥✐çã♦ ✹✳✶✳✶✱ ❛ q✉❛❧ é s❛t✐s❢❡✐t❛

♣❡❧❛ ❝❧❛ss❡ LmCoh,p✱ ❝♦♥❝❧✉í♠♦s q✉❡ s❡ u : E → F ♥ã♦ é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✱

❡♥tã♦ ♦ ♦♣❡r❛❞♦r ♠✉❧t✐❧✐♥❡❛r ❝♦♥tí♥✉♦

ψ : E × · · · × E → F, definido por ψ(x1, ..., xn) = ϕ(x1) . . . ϕ(xn−1)u(xn) ,

♦♥❞❡ 0 6= ϕ ∈ E
′

✱ ♥ã♦ ❡stá ❡♠ LmCoh,p✳

✺✼



❈❛♣ít✉❧♦ ✺

❖♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡

s♦♠❛♥t❡s ❡♠ t♦❞♦ ♣♦♥t♦

❆ ❞❡✜♥✐çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❛❜s♦❧✉t❛♠❡♥t❡ s♦♠❛♥t❡s ♥✉♠ ❞❛❞♦ ♣♦♥t♦ ❢♦✐ ❝♦♥❝❡❜✐❞❛

♣♦r ▼✳ ▼❛t♦s ❡ ❛♣r❡s❡♥t❛❞❛ ❡♠ ❬✷✹❪✳ ❊♠ s❡❣✉✐❞❛✱ ❛ t❡♦r✐❛ ✈❡♠ s❡♥❞♦ ❝♦♥s♦❧✐❞❛❞❛ ❡

♠✉✐t♦s r❡s✉❧t❛❞♦s ❢♦r❛♠ ❡st❛❜❡❧❡❝✐❞♦s ✭✈❡❥❛ ❬✸✱ ✽✱ ✸✵❪✮✳ ❉❡ ❢♦r♠❛ ♥❛t✉r❛❧✱ ❡st❡ t✐♣♦ ❞❡

❛❜♦r❞❛❣❡♠ ✈❡♠ s❡♥❞♦ ❛♣❧✐❝❛❞❛ ❛ ♦✉tr❛s ❝❧❛ss❡s ❞❡ ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô✲

♠✐♦s✱ ❝♦♠♦ é ♣♦ssí✈❡❧ ✈❡r ❡♠ ❬✻❪ ❡ ❡♠ ❬✸✶❪✳

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ✐♥tr♦❞✉③✐r ❛s ❝❧❛ss❡s ❞♦s ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô✲

♠✐♦s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ❡♠ ✉♠ ❞❛❞♦ ♣♦♥t♦ ❡ ❞❡♠♦♥str❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s✱

❝♦♠♦ t❡♦r❡♠❛s ❞♦ t✐♣♦ ❉✈♦r❡t③❦②✲❘♦❣❡rs✳ ❚❛♠❜é♠ ♦❜s❡r✈❛♠♦s ❛s ♥♦✈❛s ❝❧❛ss❡s s♦❜ ♦

♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ t❡♦r✐❛ ❞❡ ✐❞❡❛✐s✳

P♦r ♥ã♦ ❝♦♥s❡❣✉✐r♠♦s tr❛♥s♣♦r✱ ♥✉♠ ♣r✐♠❡✐r♦ ♠♦♠❡♥t♦✱ ❛❧❣✉♥s ❞❡t❛❧❤❡s té❝♥✐✲

❝♦s✱ ✈❛♠♦s ♠♦str❛r ❛♣❡♥❛s q✉❡ ❛s ❝❧❛ss❡s ❢♦r♠❛♠ ✐❞❡❛✐s ♥♦r♠❛❞♦s ❞❡ ♦♣❡r❛❞♦r❡s ❡ ❞❡

♣♦❧✐♥ô♠✐♦s✳ ❊♠ tr❛❜❛❧❤♦s ❢✉t✉r♦s ❜✉s❝❛r❡♠♦s ♠♦str❛r q✉❡ ❡ss❡s ✐❞❡❛✐s sã♦ ❞❡ ❇❛♥❛❝❤✳

✺✳✶ ❖♣❡r❛❞♦r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡

s♦♠❛♥t❡s ❡♠ t♦❞♦ ♣♦♥t♦

❉❡✜♥✐çã♦ ✺✳✶✳✶ ❙❡❥❛♠ 1 < p < ∞✱ n ∈ N ❡ E1, ..., En✱F ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ❯♠❛

❛♣❧✐❝❛çã♦ ♠✉❧t✐❧✐♥❡❛r ❝♦♥tí♥✉❛ T : E1 × · · · ×En −→ F é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡



♥♦ ♣♦♥t♦ a = (a1, ..., an) ∈ E1 × · · · × En q✉❛♥❞♦
(
T
(
a1 + x

(1)
i , ..., an + x

(n)
i

)
− T (a1, ..., an)

)∞
i=1

∈ lp〈F 〉

s❡♠♣r❡ q✉❡
(
x
(j)
i

)∞
i=1

∈ lp (Ej) , j = 1, ..., n.

❉❡✜♥✐çã♦ ✺✳✶✳✷ ❙❡❥❛♠ 1 < p < ∞✱ n ∈ N ❡ E✱F ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ❯♠ ♣♦❧✐♥ô♠✐♦

n✲❤♦♠♦❣ê♥❡♦ P : E −→ F é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ♥♦ ♣♦♥t♦ a ∈ E q✉❛♥❞♦

(P (a+ xi)− P (a))∞i=1 ∈ lp〈F 〉

s❡♠♣r❡ q✉❡ (xi)
∞
i=1 ∈ lp (E)✳

◆ã♦ é ❞✐❢í❝✐❧ ♣r♦✈❛r q✉❡ ❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ E1×· · ·×

En ❡♠ F, q✉❡ sã♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s ♥✉♠ ❞❛❞♦ ♣♦♥t♦ é ✉♠ s✉❜❡s♣❛ç♦ ❞❡

L (E1, ..., En;F )✳ ❉❡♥♦t❛r❡♠♦s ❡ss❡ ❡s♣❛ç♦ ♣♦r L(a)
Coh,p (E1, ..., En;F ) . ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

❢♦r♠❛❞♦ ♣❡❧❛s ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ E1×· · ·×En ❡♠ F q✉❡ sã♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡

p✲s♦♠❛♥t❡s ❡♠ t♦❞♦ ♣♦♥t♦ é ❞❡♥♦t❛❞♦ ♣♦r LevCoh,p (E1, ..., En;F ) .

❉❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡✱ ❛ ❝❧❛ss❡ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s

❞❡ E ❡♠ F ♥✉♠ ❞❛❞♦ ♣♦♥t♦ a é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ P(nE;F )✱ ❞❡♥♦t❛❞♦ ♣♦r P (a)
Coh,p(

nE;F )✳

❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❢♦r♠❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s n✲❤♦♠♦❣ê♥❡♦s P : E −→ F q✉❡ sã♦ ❈♦❤❡♥

❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s ❡♠ t♦❞♦ ♣♦♥t♦ é ❞❡♥♦t❛❞♦ ♣♦r Pev
Coh,p(

nE;F ).

❖❜s❡r✈❛çã♦ ✺✳✶✳✸ ➱ ✐♠♣♦rt❛♥t❡ ♣❡r❝❡❜❡r q✉❡ ♥❛s ❞❡✜♥✐çõ❡s ❛❝✐♠❛ ✉s❛♠♦s s❡q✉ê♥✲

❝✐❛s ❡♠ lp(Ej)✱ j = 1, ..., n✱ ❡ lp(E)✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞❛s ❞❡✜♥✐çõ❡s ❞❡ ♦♣❡r❛❞♦r❡s ♠✉❧✲

t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ✭❉❡✜♥✐çõ❡s ✶✳✷✳✶ ❡ ✶✳✷✳✹✮✳ ❉❡st❛

❢♦r♠❛✱ ♦s ❝♦♥❝❡✐t♦s ❞❡ LCoh,p (E1, ..., En;F ) ❡ L
(0)
Coh,p (E1, ..., En;F ) sã♦ ❞✐st✐♥t♦s✳ ❆♦

✜♥❛❧ ❞❡st❛ s❡çã♦ ❥✉st✐✜❝❛♠♦s ♦ ♠♦t✐✈♦ ❞❛ ❡s❝♦❧❤❛ ❞❡ss❡s ❡s♣❛ç♦s ♥❛s ❉❡✜♥✐çõ❡s ✺✳✶✳✶

❡ ✺✳✶✳✷✳

❆s ♣ró①✐♠❛s ❞✉❛s ♣r♦♣♦s✐çõ❡s sã♦ ❞❡♠♦♥str❛❞❛s ✉s❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s

❞❡ ❬✸❪ ❡ ❢❛r❡♠♦s ❡ss❛s ❞❡♠♦♥str❛çõ❡s ♣♦r r❛③ã♦ ❞❡ ❝♦♠♣❧❡t✉❞❡✳

Pr♦♣♦s✐çã♦ ✺✳✶✳✹ ❙❡ a ∈ E ❡ P ∈ P (nE;F )✱ ❡♥tã♦ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦

❡q✉✐✈❛❧❡♥t❡s✿

i) P é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❡♠ a ∈ E❀

✺✾



ii) P̌ é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❡♠ (a, ..., a) ∈ En.

❉❡♠♦♥str❛çã♦✳

ii) ⇒ i) é ✐♠❡❞✐❛t♦✳

i) ⇒ ii)✿ ❙✉♣♦♥❤❛♠♦s q✉❡ P s❡❥❛ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❡♠ a ∈ E ❡ t♦♠❡✲

♠♦s
(
x
(j)
i

)∞
i=1

∈ lp(E)✱ ❝♦♠ j = 1, ..., n✳ ❯s❛♥❞♦ ❛ ❋ór♠✉❧❛ ❞❡ P♦❧❛r✐③❛çã♦ ✭❚❡♦r❡♠❛

❇✳✸✱ ♥♦ ❆♣ê♥❞✐❝❡ ❇✮✱ ♣❛r❛ ❝❛❞❛ x0 ∈ E ❡ t♦❞♦ i ∈ N✱ s❡❣✉❡ q✉❡

n!2n
[
P̌
(
a+ x

(1)
i , ..., a+ x

(n)
i

)
− P (a, ..., a)

]
✭✺✳✶✮

=
∑

εi=±1

ε1 · · · εnP

(
x0 +

n∑

k=1

εk

(
a+ x

(k)
i

))
−
∑

εi=±1

ε1 · · · εnP (x0 + ε1a+ · · ·+ εna)

=
∑

εi=±1

[
ε1 · · · εnP

(
x0 +

(
n∑

k=1

εka

)
+

(
n∑

k=1

εkx
(k)
i

))
− P (x0 + ε1a+ · · ·+ εna)

]
,

❞❡ ♦♥❞❡ ♣❡r❝❡❜❡♠♦s✱ ❞❡ ✐♠❡❞✐❛t♦✱ q✉❡ P̌ é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ s❡ a = 0 ✭❜❛st❛

t♦♠❛r x0 = 0✮✳

❙❡ a 6= 0✱ ❡s❝♦❧❤❛ x0 = (n+ 1) a. P❛r❛ ❡ss❛ ❡s❝♦❧❤❛✱

x0 +
n∑

k=1

εka = x0 + ε1a+ · · ·+ εna = λa 6= 0 .

▼❛s s❡ λa 6= 0✱ ❛ ✐❣✉❛❧❞❛❞❡

P (λa+ xj)− P (λa) = P
(
λ
(
a+

xj
λ

))
− P (λa) = λm

[
P

(
a+

1

λ
xj

)
− P (a)

]

✐♠♣❧✐❝❛ q✉❡ P é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❡♠ λa✱ s❡ ♦ ❢♦r ❡♠ a✳ P♦rt❛♥t♦✱ P é

❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❡♠ (x0 + (ε1a+ · · ·+ εna)) ❡✱ ♣❡❧❛ ❡①♣r❡ssã♦ ❡♠ ✭✺✳✶✮✱ P̌

é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❡♠ (a, ..., a) .

❋✐❝❛ ❡st❛❜❡❧❡❝✐❞❛ ✉♠ t✐♣♦ ❞❡ r❡❧❛çã♦ ❡♥tr❡ L(a)
Coh,p (E1, ..., En;F ) ❡ L

(b)
Coh,p (E1, ..., En;F )✱

♣♦r ♠❡✐♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r✳ ❊❧❛ s❡rá ❜❛st❛♥t❡ út✐❧ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ✈ár✐♦s

r❡s✉❧t❛❞♦s✱ ✐♥❝❧✉s✐✈❡ ✉♠ t❡♦r❡♠❛ ❞♦ t✐♣♦ ❉✈♦r❡t③❦②✲❘♦❣❡rs ♣❛r❛ ❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s

❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s ❡♠ t♦❞♦ ♣♦♥t♦✳

Pr♦♣♦s✐çã♦ ✺✳✶✳✺ ❙❡❥❛♠ a = (a1, ..., an) ∈ E1 × · · · ×En ❡ T ∈ L
(a)
Coh,p (E1, ..., En;F )✳

❊♥tã♦

i) ❙❡ 1 ≤ r < n✱ ❡♥tã♦ Tak1 ,...,akr ∈ L
(0)
Coh,p (Ej1 , ..., Ejs ;F )✱ ❝♦♠

{1, ..., n} = {j1, ..., js} ∪ {k1, ..., kr}

✻✵



❡

{j1, ..., js} ∩ {k1, ..., kr} = ∅;

ii) T ∈ L
(b)
Coh,p (E1, ..., En;F ) ♣❛r❛ t♦❞♦

b ∈ {(λ1a1, ..., λnan) ;λi ∈ K, i = 1, ..., n} .

❊♠ ♣❛rt✐❝✉❧❛r✱ T é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ♥❛ ♦r✐❣❡♠✳

❉❡♠♦♥str❛çã♦✳

(i) P❛r❛ ♦s ♦♣❡r❛❞♦r❡s ✭❧✐♥❡❛r❡s✮ Ta1,...,aj−1,aj+1,...,an ✱ j = 1, ..., n✱ ❜❛st❛ ♥♦t❛r q✉❡

Ta1,...,aj−1,aj+1,...,an

(
x
(j)
i

)

= T
(
a1 + 0, ..., aj−1 + 0, aj + x

(j)
i , aj+1 + 0, ..., an + 0

)
− T (a1, ..., an) .

❆ss✐♠✱ s❡ T é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❡♠ a✱ ❡♥tã♦ Ta1,...,aj−1,aj+1,...,an é ❈♦❤❡♥

❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ♥❛ ♦r✐❣❡♠✳

P❛r❛ ♦ ❝❛s♦ ❜✐❧✐♥❡❛r ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❞♦ ♦♣❡r❛❞♦r Ta1,...,an−2 ✱ ❢❛③❡♠♦s

(
Ta1,...,an−2

(
x
(n−1)
i , x

(n)
i

))∞
i=1

=
(
T
(
a1 + 0, a2 + 0, ..., an−2 + 0, an−1 + x

(n−1)
i , an + x

(n)
i

)
− T (a1, ..., an)

)∞
i=1

−
(
T
(
a1, a2, ..., an−1, x

(n)
i

)
+ T

(
a1, a2, ..., an−2, x

(n−1)
i , an

))∞
i=1

=
(
T
(
a1 + 0, a2 + 0, ..., an−2 + 0, an−1 + x

(n−1)
i , an + x

(n)
i

)
− T (a1, ..., an)

)∞
i=1

−
(
Ta1,...,an−1

(
x
(n)
i

)
+ Ta1,...,an−2,an

(
x
(n−1)
i

))∞
i=1

,

❞♦♥❞❡✱ ♣❡❧❛ ❤✐♣ót❡s❡ ❡ ♣❡❧♦ ❝❛s♦ ❛♥t❡r✐♦r ✭❧✐♥❡❛r✮✱ s❡❣✉❡ q✉❡ Ta1,...,an−2 é ❈♦❤❡♥ ❢♦rt❡✲

♠❡♥t❡ p✲s♦♠❛♥t❡ ♥❛ ♦r✐❣❡♠✳ ❖s ❞❡♠❛✐s ❝❛s♦s ❜✐❧✐♥❡❛r❡s ❡ t♦❞♦s ♦s ♦✉tr♦s ❝❛s♦s sã♦

❞❡♠♦♥str❛❞♦s ❛tr❛✈és ❞♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦✳

(ii) ❙❡ b = (λ1a1, ..., λnan)✱ ❝♦♠ λj 6= 0 ♣❛r❛ t♦❞♦ j✱ ❡♥tã♦

∞∑

i=1

∣∣∣ϕi
(
T
(
λ1a1 + x

(1)
i , ..., λnan + x

(n)
i

)
− T (λ1a1, ..., λnan)

)∣∣∣

=
∞∑

i=1

∣∣∣∣ϕi
(
T

(
λ1a1 +

λ1
λ1
x
(1)
i , ..., λnan +

λn
λn
x
(n)
i

)
− T (λ1a1, ..., λnan)

)∣∣∣∣

= |λ1 · · ·λn|
∞∑

i=1

∣∣∣∣ϕi
(
T

(
a1 +

1

λ1
x
(1)
i , ..., an +

1

λn
x
(n)
i

)
− T (a1, ..., an)

)∣∣∣∣ .

✻✶



P♦rt❛♥t♦ T é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❡♠ b✳

❙❡ λj = 0 ♣❛r❛ t♦❞♦ j✱ ❞❛ ❞❡♠♦♥str❛çã♦ ❞❡ (i)✱ ❝♦♠ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦✱ s❡❣✉❡

q✉❡ T é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ♥❛ ♦r✐❣❡♠✳ ❖s ❞❡♠❛✐s ❝❛s♦s✱ q✉❛♥❞♦ λj = 0

♣❛r❛ ❛❧❣✉♠ ♦✉ ❛❧❣✉♥s ✈❛❧♦r❡s ❞❡ j✱ sã♦ ❞❡♠♦♥str❛❞♦s ✉s❛♥❞♦ (i) ❡ ♦ s❡❣✉✐♥t❡ t✐♣♦ ❞❡

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ q✉❡✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❢❛r❡♠♦s ♣❛r❛ ♦ ❝❛s♦ n = 3✱ λ1 6= 0, λ2 6= 0 ❡

λ3 = 0✿

T (λ1a1 + xi, λ2a2 + yi, zi)− T (λ1a1, λ2a2, 0)

= λ1λ2

[
T

(
a1 +

xi
λ1
, a2 +

yi
λ2
, zi

)
− T (a1, a2, 0)

]

= λ1λ2

[
T (a1, a2, zi) + T

(
xi
λ1
, a2, zi

)
+ T

(
a1,

yi
λ2
, zi

)
+ T

(
xi
λ1
,
yi
λ2
, zi

)]

= λ1λ2

[
Ta1,a2 (zi) + Ta2

(
xi
λ1
, zi

)
+ Ta1

(
yi
λ2
, zi

)
+ T

(
xi
λ1
,
yi
λ2
, zi

)]
.

❆ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s ❡♠ t♦❞♦ ♣♦♥t♦ ❝♦♥té♠ ❛

❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ♠ú❧t✐♣❧♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s✱ ❝♦♠♦ ♠♦str❛ ♦ s❡❣✉✐♥t❡

t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✺✳✶✳✻ ❙❡ T ∈ LmCoh,p(E1, ..., En;F )✱ ❡♥tã♦ T ∈ LevCoh,p(E1, ..., En;F )✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♥♦s ❛t❡r ❛♦ ❝❛s♦ n = 2✳ ❖s ♦✉tr♦s ❝❛s♦s sã♦ ❛♥á❧♦❣♦s✳

❙❡❥❛♠ T ∈ LmCoh,p(E1, E2;F )✱ (a, b) ∈ E1 ×E2 ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r✳ P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡

tr✐❛♥❣✉❧❛r ❡ ♣❡❧❛ ❜✐❧✐♥❡❛r✐❞❛❞❡ ❞♦s ♦♣❡r❛❞♦r❡s✱ s❡❣✉❡ q✉❡✱ ♣❛r❛ t♦❞♦s (xi)∞i=1 ∈ lp(E1)✱

(yi)
∞
i=1 ∈ lp(E2) ❡ (ϕi)

∞
i=1 ∈ lwp∗(F

′

)✱

∞∑

i=1

|ϕi (T (a+ xi, b+ yi)− T (a, b))|

≤
∞∑

i=1

|ϕi (T (a, yi))|+
∞∑

i=1

|ϕi (T (xi, b))|+
∞∑

i=1

|ϕi (T (xi, yi))| . ✭✺✳✷✮

▼❛s ❝❛❞❛ ♣❛r❝❡❧❛ ❞❛ ❡①♣r❡ssã♦ ✭✺✳✷✮ é ✜♥✐t❛✱ ♣❛r❛ t♦❞♦ (a, b) ∈ E1 × E2✳ ❉❡ ❢❛t♦✱

t♦♠❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ♣❛r❝❡❧❛✱ ❝♦♠ ❛s ❡s❝♦❧❤❛s ❞❡

ϕi,j =





ϕi, se j = 1

0, se j ∈ N− {1}
e (zj)

∞
j=1 = (a, 0, 0, ...) ,

✻✷



❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ T ∈ LmCoh,p(E1, E2;F )✱ s❡❣✉❡ q✉❡

∞∑

i=1

|ϕi (T (a, yi))| =
∞∑

i,j=1

|ϕi,j (T (zj, yi))| <∞ .

❆♣❧✐❝❛♥❞♦ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r s❡❣✉❡ q✉❡
∑∞

i=1 |ϕi (T (xi, b))| < ∞✳ P❛r❛ ❛ ú❧t✐♠❛ ♣❛r✲

❝❡❧❛✱ t♦♠❛♥❞♦

ϕi,j =





ϕi, se i = j

0, se i 6= j ,

❝♦♠ i, j ∈ N✱ s❡❣✉❡ q✉❡

∞∑

i=1

|ϕi (T (xi, yi))| =
∞∑

i,j=1

|ϕi,j (T (xi, yj))| <∞ .

❈♦♥❝❧✉í♠♦s q✉❡

∞∑

i=1

|ϕi (T (a+ xi, b+ yi)− T (a, b))| <∞ ,

♣❛r❛ t♦❞♦ (a, b) ∈ E1 × E2✱ ❡ ♣♦rt❛♥t♦ T ∈ LevCoh,p(E1, E2;F )✳

❖❜s❡r✈❛çã♦ ✺✳✶✳✼ ◆❡st❡ ♣♦♥t♦ ✈❛❧❡ ♦❜s❡r✈❛r q✉❡ ♦❜t✐✈❡♠♦s ❛s s❡❣✉✐♥t❡s ✐♥❝❧✉sõ❡s

LCoh,p(E1, ..., En;F ) ⊂ LmCoh,p(E1, ..., En;F ) ⊂ LevCoh,p(E1, ..., En;F ) ,

❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✸ ❡ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳

❉❡st❛ ♦❜s❡r✈❛çã♦✱ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡

Pr♦♣♦s✐çã♦ ✺✳✶✳✽ ❆s ❝❧❛ss❡s LevCoh,p(E1, ..., En;F ) ❡ Pev
Coh,p(

nE;F ) ❝♦♥tê♠ ♦s ♦♣❡r❛✲

❞♦r❡s n✲❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s n✲❤♦♠♦❣ê♥❡♦s ❞❡ t✐♣♦ ✜♥✐t♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊♥tr❡t❛♥t♦✱ ❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s

❡♠ t♦❞♦ ♣♦♥t♦ ❣♦③❛ ❞❡ ✉♠ t❡♦r❡♠❛ ❞♦ t✐♣♦ ❉✈♦r❡t③❦②✲❘♦❣❡rs✱ ❞❡ ♠♦❞♦ q✉❡ ❡st❛ ❝❧❛ss❡

♥ã♦ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❝❧❛ss❡ ❞♦s ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s✳ ❊ss❡ t❡♦r❡♠❛ ❡ s✉❛

❞❡♠♦♥str❛çã♦ s❡❣✉❡♠ ❛s ✐❞❡✐❛s ❞❡ ❬✸❪✳

❚❡♦r❡♠❛ ✺✳✶✳✾ ✭❞♦ t✐♣♦ ❉✈♦r❡t③❦②✲❘♦❣❡rs✮ ❙❡❥❛♠ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ n ≥

2 ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧✳ ❊♥tã♦ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

a) dimE = ∞❀

✻✸



b) L
(a)
Coh,p(

nE;E) 6= L(nE;E)✱ ♣❛r❛ t♦❞♦ a = (a1, ..., an) ∈ En ❝♦♠ ai 6= 0

♣❛r❛ t♦❞♦ i✱ ♦✉ ai = 0 ♣❛r❛ ✉♠ ú♥✐❝♦ i✳

❉❡♠♦♥str❛çã♦✳

a) ⇒ b) ❙✉♣♦♥❞♦ dimE = ∞✱ s❡❥❛ a = (a1, ..., an) ∈ En ❝♦♠ ai 6= 0 ♣❛r❛ t♦❞♦ i✱

♦✉ ai = 0 ♣❛r❛ ✉♠ ú♥✐❝♦ i✳ ❱❛♠♦s t♦♠❛r ✉♠ ♥❛t✉r❛❧ k ∈ {1, ..., n} t❛❧ q✉❡ ai 6= 0 ♣❛r❛

t♦❞♦ i 6= k ✭r❡♣❛r❡ q✉❡ ✐ss♦ ♥ã♦ ❡①❝❧✉✐ ♦ ❝❛s♦ ai 6= 0✱ ♣❛r❛ t♦❞♦ i✮✳ ❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛

i 6= k ❡s❝♦❧❤❛♠♦s ϕi ∈ E
′

t❛❧ q✉❡ ϕi(ai) = 1 ❡ ✈❛♠♦s ❞❡✜♥✐r T ∈ L(nE;E) ♣♦r

T (x1, ..., xn) = ϕ1(x1)
[k]
· · ·ϕn(xn)xk .

❈♦♠ ✐st♦✱ Ta1,...,ak−1,ak+1,...,an(x) = T (a1, ..., ak−1, x, ak+1, ..., an) = x✱ ♣❛r❛ t♦❞♦ x ∈

E✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✳✽✱ Ta1,...,ak−1,ak+1,...,an ♥ã♦ é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡✳

❋✐♥❛❧♠❡♥t❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✺✳✶✳✺✱ T ♥ã♦ é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❡♠ a✳

b) ⇒ a) ❱❛♠♦s s✉♣♦r q✉❡ dimE < ∞✳ ❙❡❥❛♠ {e1, ..., er} ❡ {ϕ1, ..., ϕr} ❜❛s❡s ❞❡

E ❡ ❞❡ E ′✱ ♥❡st❛ ♦r❞❡♠✱ ❝♦♠ ϕk(ei) = δk,i✳ ❆ss✐♠✱ t♦❞♦ x ∈ E ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛

❢♦r♠❛ x =
∑r

k=1 ϕk(x)ek ❡✱ s❡ T ∈ L(nE;E)✱ ❡♥tã♦

T (x1, ..., xn) = T

(
r∑

k1=1

ϕk1(x1)ek1 , ...,
r∑

kn=1

ϕkn(xn)ekn

)

=
r∑

k1,...,kn=1

ϕk1(x1) · · ·ϕkn(xn)T (e1, ..., en) ,

❞♦♥❞❡ T é ❞❡ t✐♣♦ ✜♥✐t♦✳ P♦rt❛♥t♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✺✳✶✳✽✱ T é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡

p✲s♦♠❛♥t❡ ❡♠ t♦❞♦ ♣♦♥t♦✳

❆ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡ ♥♦s ♦❢❡r❡❝❡ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ♣♦r ❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ ♦s

♦♣❡r❛❞♦r❡s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s ♥❛ ♦r✐❣❡♠ q✉❡ ♥♦s s❡rá út✐❧ ♥❛ ❞❡♠♦♥str❛çã♦

❞❡ r❡s✉❧t❛❞♦s ♣♦st❡r✐♦r❡s✳ ❆ s✉❛ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣❛ à ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✷ ❡✱

♣♦rt❛♥t♦✱ s❡rá ♦♠✐t✐❞❛✳

Pr♦♣♦s✐çã♦ ✺✳✶✳✶✵ T ∈ L
(0)
Coh,p (E1, ..., En;F ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

C > 0 t❛❧ q✉❡

∞∑

i=1

∣∣∣ϕi
(
T
(
x
(1)
i , ..., x

(n)
i

))∣∣∣ ≤ C

(
n∏

j=1

∥∥∥
(
x
(j)
i

)∞
i=1

∥∥∥
p

)
||(ϕi)

∞
i=1||w,p∗ ,

s❡♠♣r❡ q✉❡
(
x
(j)
i

)∞
i=1

∈ lp (Ej) , j = 1, ..., n✱ ❡ (ϕi)
∞
i=1 ∈ lwp∗(F

′)✳ ❖ í♥✜♠♦ ❞♦s C t❛✐s

q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ é ✈á❧✐❞❛ ❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ L
(0)
Coh,p (E1, ..., En;F )✳

✻✹



❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ♥♦s ❧❡✈❛rã♦ ❛ ♠♦str❛r q✉❡ ♦s ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡

♣♦❧✐♥ô♠✐♦s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ❡♠ t♦❞♦ ♣♦♥t♦ ❢♦r♠❛♠ ✐❞❡❛✐s ♥♦r♠❛❞♦s✳

▲❡♠❛ ✺✳✶✳✶✶ ❙❡ 1 < p <∞✱ a = (a1, ..., an) ∈ E1×· · ·×En ❡ T ∈ LevCoh,p (E1, ..., En;F )✱

❡♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C = C(a1, ..., an) t❛❧ q✉❡

∞∑

i=1

∣∣∣ϕi
(
T
(
a1 + x

(1)
i , ..., an + x

(n)
i

)
− T (a1, ..., an)

)∣∣∣ ≤ C ,

s❡♠♣r❡ q✉❡
(
x
(j)
i

)∞
i=1

∈ lp(Ej)✱ (ϕi)∞i=1 ∈ lwp∗(F
′

)✱
∥∥∥
(
x
(j)
i

)∞
i=1

∥∥∥
p
≤ 1 ❡ ||(ϕi)

∞
i=1||w,p∗ ≤ 1✱

j = 1, ..., n✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♠♦str❛r ♦ ❝❛s♦ ❜✐❧✐♥❡❛r✳ ❖ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ s❡r✈❡ ♣❛r❛ t♦❞♦s

♦s ❞❡♠❛✐s ❝❛s♦s✳ ❙❡❥❛♠ T ∈ LevCoh,p (E1, E2;F ) ❡ (a, b) ∈ E1×E2✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✺✳✶✳✺✱

♦s ♦♣❡r❛❞♦r❡s Ta✱ Tb ❡ T sã♦ ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡s ♥❛ ♦r✐❣❡♠ ❡ ♣♦r ✐♥t❡r♠é❞✐♦

❞❛ Pr♦♣♦s✐çã♦ ✺✳✶✳✶✵✱ s❡❣✉❡ q✉❡

∞∑

i=1

|ϕi (T (a+ xi, b+ yi)− T (a, b))|

≤
∞∑

i=1

|ϕi (T (a, yi))|+
∞∑

i=1

|ϕi (T (xi, b))|+
∞∑

i=1

|ϕi (T (xi, yi))|

≤ C1 ‖(yi)
∞
i=1‖p ||(ϕi)

∞
i=1||w,p∗ + C2 ‖(xi)

∞
i=1‖p ||(ϕi)

∞
i=1||w,p∗

+ C3 ‖(xi)
∞
i=1‖p ‖(yi)

∞
i=1‖p ||(ϕi)

∞
i=1||w,p∗

≤ Ca,b ,

s❡♠♣r❡ q✉❡ ‖(xi)
∞
i=1‖p ≤ 1✱ ‖(yi)

∞
i=1‖p ≤ 1 ❡ ||(ϕi)

∞
i=1||w,p∗ ≤ 1✳

❚❡♦r❡♠❛ ✺✳✶✳✶✷ P❛r❛ T ∈ L(E1, ..., En;F ) ❡ 1
p
+ 1

p∗
= 1✱ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦

❡q✉✐✈❛❧❡♥t❡s✿

i) T é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❡♠ t♦❞♦ ♣♦♥t♦❀

ii) P❛r❛ t♦❞♦ a = (a1, ..., an) ∈ E1 × · · · × En ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0

t❛❧ q✉❡✱

∞∑

i=1

∣∣∣ϕi
(
T
(
a1 + x

(1)
i , ..., an + x

(n)
i

)
− T (a1, ..., an)

)∣∣∣ ≤

≤ C

(
||a1||+

∥∥∥
(
x
(1)
i

)∞
i=1

∥∥∥
p

)
...

(
||an||+

∥∥∥
(
x
(n)
i

)∞
i=1

∥∥∥
p

)
||(ϕi)

∞
i=1||w,p∗ ,

s❡♠♣r❡ q✉❡
(
x
(j)
i

)∞
i=1

∈ lp(Ej), j = 1, ..., n✱ ❡ (ϕi)
∞
i=1 ∈ lwp∗(F

′

)✳

✻✺



iii) P❛r❛ t♦❞♦ a = (a1, ..., an) ∈ E1 × · · · × En ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0

t❛❧ q✉❡✱

m∑

i=1

∣∣∣ϕi
(
T
(
a1 + x

(1)
i , ..., an + x

(n)
i

)
− T (a1, ..., an)

)∣∣∣ ≤

≤ C

(
||a1||+

∥∥∥
(
x
(1)
i

)m
i=1

∥∥∥
p

)
...

(
||an||+

∥∥∥
(
x
(n)
i

)m
i=1

∥∥∥
p

)
||(ϕi)

m
i=1||w,p∗ ,

✭✺✳✸✮

♣❛r❛ t♦❞♦s m ∈ N, x
(j)
i ∈ Ej, ϕi ∈ F

′

, i = 1, ...,m , j = 1, ..., n ✳

❆❧é♠ ❞✐ss♦✱ ♦ í♥✜♠♦ ❞❛s ❝♦♥st❛♥t❡s C ♣❛r❛ ❛s q✉❛✐s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✺✳✸✮ é

s❛t✐s❢❡✐t❛✱ ❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ LevCoh,p (E1, ..., En;F )✱ ❛ q✉❛❧ s❡rá ❞❡♥♦t❛❞❛

♣♦r || · ||ev✳

❉❡♠♦♥str❛çã♦✳ (ii) ⇒ (i) ❡ (ii) ⇒ (iii) sã♦ ✐♠❡❞✐❛t❛s✳

(iii) ⇒ (ii) ❙❡
(
x
(j)
i

)∞
i=1

∈ lp(Ej) , j = 1, ..., n ❡ (ϕi)
∞
i=1 ∈ lwp∗(F

′

)✱ ❡♥tã♦

∞∑

i=1

∣∣∣ϕi
(
T
(
a1 + x

(1)
i , ..., an + x

(n)
i

)
− T (a1, ..., an)

)∣∣∣

= sup
m

(
m∑

i=1

∣∣∣ϕi
(
T
(
a1 + x

(1)
i , ..., an + x

(n)
i

)
− T (a1, ..., an)

)∣∣∣
)

≤ sup
m

(
C

(
||a1||+

∥∥∥
(
x
(1)
i

)m
i=1

∥∥∥
p

)
...

(
||an||+

∥∥∥
(
x
(n)
i

)m
i=1

∥∥∥
p

)
||(ϕi)

m
i=1||w,p∗

)

= C

(
||a1||+

∥∥∥
(
x
(1)
i

)∞
i=1

∥∥∥
p

)
...

(
||an||+

∥∥∥
(
x
(n)
i

)∞
i=1

∥∥∥
p

)
||(ϕi)

∞
i=1||w,p∗ .

(i) ⇒ (ii) ❆ ❞❡♠♦♥str❛çã♦ ❞❡ss❛ ✐♠♣❧✐❝❛çã♦ s❡❣✉❡ ❛ té❝♥✐❝❛ ✐♥tr♦❞✉③✐❞❛ ♣♦r ▼✳ ▼❛t♦s

❡♠ ❬✷✹❪✳ ❱❛♠♦s ❞❡✜♥✐r ❡s♣❛ç♦s Gr = Er × lp (Er)✱ r = 1, ..., n✱ ❝♦♠ ❛ ♥♦r♠❛ ❞❛ s♦♠❛✱

❡ ❝♦♥s✐❞❡r❛r ❛ ❛♣❧✐❝❛çã♦ (n+ 1)✲❧✐♥❡❛r

Φ (T ) : G1 × · · · ×Gn × lwp∗(F
′

) −→ l1 (F )

q✉❡ ❢❛③ ❝♦rr❡s♣♦♥❞❡r ❛ ❝❛❞❛ (n+1)✲✉♣❧❛
((
a1,
(
x
(1)
i

)∞
i=1

)
, ...,

(
an,
(
x
(n)
i

)∞
i=1

)
, (ϕi)

∞
i=1

)
✱

❛ s❡q✉ê♥❝✐❛
(
ϕi

(
T
(
a1 + x

(1)
i , ..., an + x

(n)
i

)
− T (a1, ..., an)

))∞
i=1

✳ ❆ ❜♦❛ ❞❡✜♥✐çã♦ ❞❛

❢✉♥çã♦ Φ s❡❣✉❡ ❞❛ ❤✐♣ót❡s❡✳ ❱❛♠♦s ♠♦str❛r q✉❡ Φ (T ) é ❝♦♥tí♥✉❛✱ ❞♦♥❞❡ s❡❣✉✐rá ♦

r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳ ❖ ❝♦♥❥✉♥t♦

F
k,
(

x
(1)
i

)∞

i=1
,...,

(

x
(m)
i

)∞

i=1
,(ϕi)∞i=1

= {(b1, ..., bn) ∈ E1 × · · · × En tais que

∥∥∥Φ (T )
((
b1,
(
x
(1)
i

)∞
i=1

)
, ...,

(
bn,
(
x
(n)
i

)∞
i=1

, (ϕi)
∞
i=1

))∥∥∥
l1
≤ k

}

✻✻



é ❢❡❝❤❛❞♦ ❡♠ E1×· · ·×En ♣❛r❛ t♦❞♦ ♥ú♠❡r♦ ♥❛t✉r❛❧ k✱
(
x
(r)
i

)∞
i=1

∈ Blp(Er), r = 1, ..., n✱

❡ (ϕi)
∞
i=1 ∈ Blw

p∗
(F ′ )✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡

F
k,
(

x
(1)
i

)∞

i=1
,...,

(

x
(n)
i

)∞

i=1
,(ϕi)∞i=1

=
⋂

m∈N

F
k,
(

x
(1)
i

)m

i=1
,...,

(

x
(n)
i

)m

i=1
,(ϕi)mi=1

=
⋂

m∈N

S−1
m ([0, k]) ,

♦♥❞❡

Sm : E1 × · · · × En → [0,∞),

é ❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞❛❞❛ ♣♦r

Sm (b1, ..., bn) =
m∑

i=1

∣∣∣ϕi
(
T
(
b1 + x

(1)
i , ..., bn + x

(n)
i

)
− T (b1, ..., bn)

)∣∣∣ .

❙❡❥❛

Fk :=
⋂

F
k,
(

x
(1)
i

)∞

i=1
,...,

(

x
(n)
i

)∞

i=1
,(ϕi)∞i=1

,

❝♦♠ ✐♥t❡rs❡çã♦ t♦♠❛❞❛ s♦❜r❡ t♦❞❛s ❛s s❡q✉ê♥❝✐❛s
(
x
(1)
i

)∞
i=1

∈ Blp(Er)✱ r = 1, ..., n✱ ❡

(ϕi)
∞
i=1 ∈ Blw

p∗
(F ′ )✳ P❡❧♦ ▲❡♠❛ ✺✳✶✳✶✶✱ E1 × · · · × En =

⋃
k∈N

Fk ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❇❛✐r❡✱

❡①✐st❡ k0 t❛❧ q✉❡ Fk0 t❡♠ ✐♥t❡r✐♦r ♥ã♦ ✈❛③✐♦✳ ❙❡♥❞♦ (b1, ..., bn) ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ Fk0 ✱

❡①✐st❡ 0 < ε < 1 t❛❧ q✉❡

∥∥∥Φ (T )
((
c1,
(
x
(1)
i

)∞
i=1

)
, ...,

(
cn,
(
x
(n)
i

)∞
i=1

)
, (ϕi)

∞
i=1

)∥∥∥
l1
≤ k0 , ✭✺✳✹✮

s❡♠♣r❡ q✉❡ ||cr − br|| < ε ❝♦♠
(
x
(r)
i

)∞
i=1

∈ Blp(Er), r = 1, ..., n ❡ (ϕi)
∞
i=1 ∈ Blw

p∗
(F

′
)✳

❆ss✐♠✱ s❡ (v1, ..., vn) é ✉♠ ♣♦♥t♦ t❛❧ q✉❡

∥∥∥
(
vr,
(
x
(r)
i

)∞
i=1

)∥∥∥ < ε,

♣❛r❛ t♦❞♦ r = 1, ..., n✱ t❡♠♦s

‖vr‖ < ε ,
∥∥∥
(
x
(r)
i

)∞
i=1

∥∥∥
p
< ε ,

❡ ❝♦♠ ♦ ✉s♦ ❞❡ ✭✺✳✹✮ ❡ s❡ ||(ϕi)
∞
i=1||w,p∗ < ε✱ s❡❣✉❡ q✉❡

‖Φ (T ) [((b1, (0)
∞
i=1) , ..., (bn, (0)

∞
i=1), (0)

∞
i=1))+

+
((
v1,
(
x
(1)
i

)∞
i=1

)
, ...,

(
vn,
(
x
(n)
i

)∞
i=1

)
, (ϕi)

∞
i=1

)]∥∥∥
l1

=
∥∥∥Φ (T )

[(
b1 + v1,

(
x
(1)
i

)∞
i=1

)
, ...,

(
bn + vn,

(
x
(n)
i

)∞
i=1

, (ϕi)
∞
i=1

)]∥∥∥
l1
≤ k0,

✻✼



♣♦✐s

‖(br + vr)− br‖ = ‖vr‖ < ε ,
∥∥∥∥
(
x
(r)
j

)∞
j=1

∥∥∥∥
p

< ε e ||(ϕi)
∞
i=1||w,p∗ < ε .

P♦rt❛♥t♦✱ Φ(T ) é ❧✐♠✐t❛❞❛ ♥❛ ❜♦❧❛ ❞❡ r❛✐♦ ε ❡ ❝❡♥tr♦ ❡♠

((b1, (0)
∞
i=1) , ..., (bn, (0)

∞
i=1 , (0)

∞
i=1)) ∈ G1 × · · · ×Gn × lwp∗(F

′

).

P❡❧♦ ❚❡♦r❡♠❛ ❇✳✶✱ Φ(T ) é ❝♦♥tí♥✉❛ ❡ s❡❣✉❡ q✉❡

∞∑

i=1

∣∣∣ϕi
(
T
(
b1 + x

(1)
i , ..., bn + x

(n)
i

)
− T (b1, ..., bn)

)∣∣∣

=
∥∥∥Φ (T )

((
b1,
(
x
(1)
i

)∞
i=1

)
, ...,

(
bn,
(
x
(n)
i

)∞
i=1

)
, (ϕi)

∞
i=1

)∥∥∥
l1

≤ ‖Φ (T )‖

(
‖b1‖+

∥∥∥
(
x
(1)
i

)∞
i=1

∥∥∥
p

)
· · ·

(
‖bn‖+

∥∥∥
(
x
(n)
i

)∞
i=1

∥∥∥
p

)
||(ϕi)

∞
i=1||w,p∗ ,

❡ q✉❡

‖T‖ = ‖Φ (T )‖ .

❯♠ ❝á❧❝✉❧♦ ❡①t❡♥s♦✱ ♣♦ré♠ ❞✐r❡t♦✱ ♠♦str❛ q✉❡ ❛ ❢✉♥çã♦ || · ||ev := ‖Φ (·)‖ é ❞❡ ❢❛t♦ ✉♠❛

♥♦r♠❛ ❡♠ LevCoh,p (E1, ..., En;F ) .

❉❡ ❢♦r♠❛ ♥❛t✉r❛❧✱ ✉s❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❛♣❧✐❝❛❞♦s ❛♦ ❝❛s♦ ♠✉❧t✐❧✐♥❡❛r✱

❝♦♠ ❛s ❞❡✈✐❞❛s ❛❞❛♣t❛çõ❡s✱ s❡❣✉❡ ✉♠ t❡♦r❡♠❛ ❛♥á❧♦❣♦ ❛♦ ❚❡♦r❡♠❛ ✺✳✶✳✶✷ ♣❛r❛ ♣♦❧✐♥ô✲

♠✐♦s ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ❡♠ t♦❞♦ ♣♦♥t♦✳ ❆s ❞❡♠♦♥str❛çõ❡s s❡rã♦ ♦♠✐t✐❞❛s✳

❚❡♦r❡♠❛ ✺✳✶✳✶✸ P❛r❛ P ∈ Pev
Coh,p(

nE;F ) ❡ 1
p
+ 1

p∗
= 1✱ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦

❡q✉✐✈❛❧❡♥t❡s✿

i) P é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❡♠ t♦❞♦ ♣♦♥t♦❀

ii) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ a ∈ E✱

∞∑

i=1

|ϕi (P (a+ xi)− P (a))| ≤ C
(
||a||+ ‖(xi)

∞
i=1‖p

)n
||(ϕi)

∞
i=1||w,p∗ ,

s❡♠♣r❡ q✉❡ (xi)
∞
i=1 ∈ lp(E) ❡ (ϕi)

∞
i=1 ∈ lwp∗(F

′

)✳

iii) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ a ∈ E✱

m∑

i=1

|ϕi (P (a+ xi)− P (a))| ≤ C
(
||a||+ ‖(xi)

m
i=1‖p

)n
||(ϕi)

m
i=1||w,p∗ ,

✭✺✳✺✮

✻✽



♣❛r❛ t♦❞♦s m ∈ N, xi ∈ E, ϕi ∈ F
′

, i = 1, ...,m✳

❆❧é♠ ❞✐ss♦✱ ♦ í♥✜♠♦ ❞❛s ❝♦♥st❛♥t❡s C ♣❛r❛ ❛s q✉❛✐s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✺✳✺✮ é

s❛t✐s❢❡✐t❛✱ ❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ Pev
Coh,p(

nE;F )✱ ❞❡♥♦t❛❞❛ ♣♦r || · ||ev✳

❱❛♠♦s ❥✉st✐✜❝❛r ❛ ❡s❝♦❧❤❛ ❛♣♦♥t❛❞❛ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✺✳✶✳✸ ❢❛③❡♥❞♦ ✉s♦ ❞♦ ❝❛s♦

❜✐❧✐♥❡❛r ✭n = 2✮✳ ❙❡❥❛♠ p∗ ∈ (1,∞) ✜①♦ ❡

Γ =

{
(r, q) ∈ [1,∞)× (1,∞) :

1

r
=

1

q
+

1

p∗

}
.

❙❡❥❛ C
(a,b)
r,q (E1, E2;F )✱ ❝♦♠ (a, b) ∈ E1 × E2✱ ❛ ❝❧❛ss❡ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s T ∈

L (E1, E2;F ) t❛✐s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C ≥ 0 s❛t✐s❢❛③❡♥❞♦

(
m∑

i=1

|ϕi (T (a+ xi, b+ yi)− T (a, b))|r
)1/r

≤ C
(
||a||+ ‖(xi)

m
i=1‖q

)(
||b||+ ‖(yi)

m
i=1‖q

)
‖(ϕi)

m
i=1‖w,p∗ ,

♣❛r❛ t♦❞♦s m ∈ N✱ xi ∈ E1✱ yi ∈ E2 ❡ ϕi ∈ F
′

✱ i = 1, ...,m✳ ❙✉♣♦♥❞♦ q = np✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✺✳✶✳✺✱ s❡ T ∈ C
(a,b)
1,np (E1, E2;F ) ❡♥tã♦ Ta ∈ C

(0)
1,np(E2;F )✳ ▼❛s ❝♦♠♦ p < np

✭❡♠ ♥♦ss♦ ❝❛s♦ p < 2p✮✱ ♦ ❚❡♦r❡♠❛ ✶✳✸✳✺ ♥♦s ❞✐③ q✉❡ Ta = 0✱ ♣❛r❛ t♦❞♦ a ∈ E1✱ ♦ q✉❡

✐♠♣❧✐❝❛ ❞✐r❡t❛♠❡♥t❡ q✉❡ T = 0✳ ❆ss✐♠✱ ❥✉st✐✜❝❛✲s❡ ❛ ❡s❝♦❧❤❛ ❞❡ lp ❛♦ ✐♥✈és ❞❡ lnp✳

✺✳✷ ■❞❡❛✐s ❞❡ ♦♣❡r❛❞♦r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❈♦❤❡♥ ❢♦rt❡✲

♠❡♥t❡ s♦♠❛♥t❡s ❡♠ t♦❞♦ ♣♦♥t♦

◆❡st❛ s❡çã♦ ♠♦str❛♠♦s q✉❡ ♦s ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❈♦❤❡♥ ❢♦r✲

t❡♠❡♥t❡ s♦♠❛♥t❡s ❡♠ t♦❞♦ ♣♦♥t♦ ❢♦r♠❛♠ ✐❞❡❛✐s ♥♦r♠❛❞♦s✳ ◆❡st❡ ✐♥t✉✐t♦ ❥á ❞❡♠♦♥s✲

tr❛♠♦s q✉❡ ❡ss❛s ❝❧❛ss❡s ❝♦♥tê♠ ♦s ♦♣❡r❛❞♦r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❞❡ t✐♣♦ ✜♥✐t♦ ❡ q✉❡ sã♦

❡s♣❛ç♦s ♥♦r♠❛❞♦s ♠✉♥✐❞♦s ❝♦♠ ❛s ♥♦r♠❛s || · ||ev✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦

‖idKn‖ev ≥ ‖idKn‖ = 1 ,

t❛♥t♦ ♥♦ ❝❛s♦ ♠✉❧t✐❧✐♥❡❛r q✉❛♥t♦ ♥♦ ♣♦❧✐♥♦♠✐❛❧✱ ♣❛r❛ ♠♦str❛r q✉❡ ‖idKn‖ev = 1✱ ♣r❡❝✐✲

s❛♠♦s ❛♣❡♥❛s✱ ❡♠ ❝❛❞❛ ❝❛s♦✱ ♣r♦✈❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❝♦♥trár✐❛✳

Pr♦♣♦s✐çã♦ ✺✳✷✳✶ (LevCoh,p, ‖·‖ev) é ✉♠ ✐❞❡❛❧ ♥♦r♠❛❞♦ ❞❡ ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡♥✲

tr❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳

✻✾



❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❞✐✈✐❞✐r ❛ ❞❡♠♦♥str❛çã♦ ❡♠ ❞✉❛s ❡t❛♣❛s✿

✶✳ ‖idKn‖ev ≤ 1✿

❋❛ç❛♠♦s ♦ ❝❛s♦ n = 2✳ ❖s ❞❡♠❛✐s ♣♦❞❡♠ s❡r ❞❡♠♦♥str❛❞♦s ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦✳

❙❡❥❛♠ m ∈ N✱ a1, a2 ∈ K✱
(
x
(1)
i

)m
i=1

✱
(
x
(2)
i

)m
i=1

❡ (ϕi)
m
i=1✱ ❝♦♠ x

(1)
i , x

(2)
i , ϕi ∈ K✱

♣❛r❛ t♦❞♦ i = 1, ...,m✳ ❆ss✐♠✱ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r idK é ❈♦❤❡♥

❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ❡ dp(idK) = 1 ✭✈❡r ❙❡çã♦ ✷✳✷✮✱ s❡❣✉❡ q✉❡

m∑

i=1

∣∣∣
(
ϕi

(
idK2

(
a1 + x

(1)
i , a2 + x

(2)
i

)
− idK2 (a1, a2)

))∣∣∣

=
m∑

i=1

∣∣∣
(
ϕi

(
a1x

(2)
i + a2x

(1)
i + x

(1)
i x

(2)
i

))∣∣∣

≤ |a1|
m∑

i=1

∣∣∣
(
ϕi

(
x
(2)
i

))∣∣∣+ |a2|
m∑

i=1

∣∣∣
(
ϕi

(
x
(1)
i

))∣∣∣+
m∑

i=1

∣∣∣
(
ϕi

(
x
(1)
i x

(2)
i

))∣∣∣

≤ |a1|
m∑

i=1

∣∣∣
(
ϕi

(
x
(2)
i

))∣∣∣+ |a2|
m∑

i=1

∣∣∣
(
ϕi

(
x
(1)
i

))∣∣∣+

+

(
m∑

i=1

∣∣∣
(
ϕi

(
x
(1)
i

))∣∣∣
)(

m∑

i=1

∣∣∣
(
ϕi

(
x
(2)
i

))∣∣∣
)

= |a1|
m∑

i=1

∣∣∣
(
ϕi

(
idK

(
x
(2)
i

)))∣∣∣+ |a2|
m∑

i=1

∣∣∣
(
ϕi

(
idK

(
x
(1)
i

)))∣∣∣+

+

(
m∑

i=1

∣∣∣
(
ϕi

(
idK

(
x
(1)
i

)))∣∣∣
)(

m∑

i=1

∣∣∣
(
ϕi

(
idK

(
x
(2)
i

)))∣∣∣
)

=

(
|a1|+

m∑

i=1

∣∣∣
(
ϕi

(
idK

(
x
(2)
i

)))∣∣∣
)(

|a2|+
m∑

i=1

∣∣∣
(
ϕi

(
idK

(
x
(1)
i

)))∣∣∣
)

− |a1||a2|

≤

(
|a1|+

m∑

i=1

∣∣∣
(
ϕi

(
idK

(
x
(2)
i

)))∣∣∣
)(

|a2|+
m∑

i=1

∣∣∣
(
ϕi

(
idK

(
x
(1)
i

)))∣∣∣
)

≤

(
|a1|+

∥∥∥
(
x
(2)
i

)m
i=1

∥∥∥
p
||(ϕi)

m
i=1||w,p∗

)(
|a2|+

∥∥∥
(
x
(1)
i

)m
i=1

∥∥∥
p
||(ϕi)

m
i=1||w,p∗

)

≤

(
|a1|+

∥∥∥
(
x
(2)
i

)m
i=1

∥∥∥
p

)(
|a2|+

∥∥∥
(
x
(1)
i

)m
i=1

∥∥∥
p

)
||(ϕi)

m
i=1||w,p∗ ,

♦ q✉❡ ♥♦s ❢❛③ ❝♦♥❝❧✉✐r q✉❡ ‖idK2‖ev ≤ 1✳

✷✳ ❆ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✐❞❡❛❧ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❛s ♥♦r♠❛s✿

❙❡❥❛♠ Aj ∈ L(Hj;Ej)✱ j = 1, ..., n ✱ T ∈ LevCoh,p(E1, ..., En;F ) ❡ A ∈ L(F ;F0)✳

P❛r❛ t♦❞♦s m ∈ N✱ (a1, ..., an) ∈ H1 × · · · × Hn✱ x
(k)
i ∈ Ek ❡ ϕi ∈ F

′

0✱ k = 1, ..., n✱

✼✵



i = 1, ...,m✱ s❡❣✉❡ q✉❡

m∑

i=1

∣∣∣ϕi
(
(AT (A1, ..., An))

(
a1 + x

(1)
i , ..., an + x

(n)
i

)
− (AT (A1, ..., An))(a1, ..., an)

)∣∣∣

=
m∑

i=1

∣∣∣(ϕiA)
(
T
(
A1

(
a1 + x

(1)
i

)
, ..., An

(
an + x

(n)
i

))
− T (A1(a1), ..., An(an))

)∣∣∣

≤ ||T ||ev

n∏

r=1

(
||Ar(ar)||+

∥∥∥(Arx(r)i )mi=1

∥∥∥
p

)
||(ϕiA)

m
i=1||w,p∗

≤ ||T ||ev||A1||...||An||
n∏

r=1

(
||ar||+

∥∥∥(x(r)i )mi=1

∥∥∥
p

)
||A|| ||(ϕi)

m
i=1||w,p∗

= ||A|| ||T ||ev ||A1||...||An||
n∏

r=1

(
||ar||+

∥∥∥(x(r)i )mi=1

∥∥∥
p

)
||(ϕi)

m
i=1||w,p∗ ✭✺✳✻✮

= C

(
||a1||+

∥∥∥(x(1)i )mi=1

∥∥∥
p

)
· · ·

(
||a1||+

∥∥∥(x(n)i )mi=1

∥∥∥
p

)
||(ϕi)

m
i=1||w,p∗

❡✱ ♣♦rt❛♥t♦✱ AT (A1, ..., An) ∈ LevCoh,p(H1, ..., Hn;F0)✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r ✭✺✳✻✮✱ ❝♦♥❝❧✉í♠♦s

q✉❡

||AT (A1, ..., An)||ev ≤ ||A|| ||T ||ev ||A1||...||An|| .

Pr♦♣♦s✐çã♦ ✺✳✷✳✷ (Pev
Coh,p, ‖·‖ev) é ✉♠ ✐❞❡❛❧ ♥♦r♠❛❞♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❡♥tr❡ ❡s♣❛ç♦s ❞❡

❇❛♥❛❝❤✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ♥♦ ❝❛s♦ ♠✉❧t✐❧✐♥❡❛r✱ ✈❛♠♦s ❞✐✈✐❞✐r ❛ ❞❡♠♦♥str❛çã♦ ❡♠ ❞✉❛s

❡t❛♣❛s✿

✶✳ ‖idKn‖ev ≤ 1✿

❙❡❥❛♠ m ∈ N✱ a ∈ K✱ (xi)
m
i=1 ❡ (ϕi)

m
i=1✱ ❝♦♠ xi, ϕi ∈ K✱ ♣❛r❛ t♦❞♦ i = 1, ...,m✳

❯s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ ♦ ♦♣❡r❛❞♦r ♠✉❧t✐❧✐♥❡❛r idKn é ❈♦❤❡♥ ❢♦rt❡♠❡♥t❡ p✲s♦♠❛♥t❡ ♣❛r❛

t♦❞♦ n ∈ N ❡ ‖idKn‖Coh,p = 1 ✭✈❡r ❙❡çã♦ ✷✳✸✮✱ s❡❣✉❡ q✉❡

✼✶



m∑

i=1

|ϕi(idKn (a+ xi)− idKn (a))| =
∞∑

i=1

|ϕi (a+ xi)
n − an|

=
∞∑

i=1

∣∣∣∣ϕi
(
nan−1xi +

(
n

2

)
an−2x2i + · · ·+

(
n

2

)
a2xn−2

i + naxn−1
i + xni

)∣∣∣∣

≤ n|a|n−1

∞∑

i=1

|ϕi(xi)|+

(
n

2

)
|a|n−2

∞∑

i=1

∣∣ϕi(x2i )
∣∣+ · · ·+ n|a|

∞∑

i=1

∣∣ϕi(xn−1
i )

∣∣+
∞∑

i=1

|ϕi(x
n
i )|

= n|a|n−1

∞∑

i=1

|ϕi(idK(xi))|+

(
n

2

)
|a|n−2

∞∑

i=1

|ϕi(idK2(xi, xi)|+ · · ·+

+ n|a|
∞∑

i=1

∣∣∣∣∣∣
ϕi(idKn−1(xi, ..., xi︸ ︷︷ ︸

n−1

))

∣∣∣∣∣∣
+

∞∑

i=1

∣∣∣∣∣∣
ϕi(idKn(xi, ..., xi︸ ︷︷ ︸

n

)

∣∣∣∣∣∣

≤ n|a|n−1 ||(xi)
m
i=1||p ||(ϕi)

m
i=1||w,p∗ +

(
n

2

)
|a|n−2 ||(xi)

m
i=1||

2
p ||(ϕi)

m
i=1||w,p∗ + · · ·+

+ n|a| ||(xi)
m
i=1||

n−1
p ||(ϕi)

m
i=1||w,p∗ + ||(xi)

m
i=1||

n
p ||(ϕi)

m
i=1||w,p∗

≤ (|a|+ ||(xi)
m
i=1||p)

n ||(ϕi)
m
i=1||w,p∗ ,

❞♦♥❞❡ s❡ ❝♦♥❝❧✉✐ q✉❡ ‖idKn‖ev ≤ 1✳

✷✳ ❆ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✐❞❡❛❧ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❛s ♥♦r♠❛s✿

❙❡❥❛♠ A1 ∈ L(E0;E)✱ P ∈ Pev
Coh,p(

nE;F ) ❡ A2 ∈ L(F ;F0)✳ P❛r❛ t♦❞♦s m ∈ N✱

a, xi ∈ E0 ❡ ϕi ∈ F
′

0✱ i = 1, ...,m✱ s❡❣✉❡ q✉❡

m∑

i=1

|ϕi((A2PA1)(a+ xi)− (A2PA1)(a))|

=
m∑

i=1

|(ϕiA2)(P (A1(a+ xi))− P (A1(a)))|

≤ ||P ||ev (||A1(a)||+ ||(A1xi)
m
i=1||p)

n ||(ϕiA2)
m
i=1||w,p∗

≤ ||P ||ev||A1||
n (||a||+ ||(xi)

m
i=1||p)

n ||A2|| ||(ϕi)
m
i=1||w,p∗

= ||A2|| ||P ||ev ||A1||
n (||a||+ ||(xi)

m
i=1||p)

n ||(ϕi)
m
i=1||w,p∗ ✭✺✳✼✮

= C (||a||+ ||(xi)
m
i=1||p)

n ||(ϕi)
m
i=1||w,p∗

❡✱ ♣♦rt❛♥t♦✱ Pev
Coh,p s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✐❞❡❛❧✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r ✭✺✳✼✮✱ ❝♦♥❝❧✉✐✲s❡

q✉❡

||A2PA1||ev ≤ ||A2|| ||P ||ev ||A1||
n .

✼✷



❆♣ê♥❞✐❝❡s



❆♣ê♥❞✐❝❡ ❆

❆❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❆♥á❧✐s❡

❋✉♥❝✐♦♥❛❧

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ♠❛t❡r✐❛❧ ❝♦♠♣❧❡♠❡♥t❛r ♥❡❝❡ssár✐♦ ❛ ✉♠❛ ♠❡✲

❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞❡ ❝❛❞❛ ❝❛♣ít✉❧♦✳ ❊ss❡♥❝✐❛❧♠❡♥t❡✱ sã♦ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ♠❛s

q✉❡ ♥ã♦ ❝❛❜❡r✐❛♠ ❞✐r❡t❛♠❡♥t❡ ♥♦ t❡①t♦✱ s♦❜ ♣❡♥❛ ❞❡ ❞❡s✈✐❛r ♦ ❢♦❝♦ ❡ ❛ s❡q✉ê♥❝✐❛ ❞♦

tr❛❜❛❧❤♦✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r✱ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ s❡ ❡♥❝♦♥tr❛ ❡♠ ❬✷✶❪✱ ❡①✐❜❡ ✉♠❛ ❝❛r❛❝t❡r✐✲

③❛çã♦ ❞♦ ❡s♣❛ç♦ lwp (E) ♠✉✐t♦ út✐❧ ❡♠ ♥♦ss♦ tr❛❜❛❧❤♦✳

❚❡♦r❡♠❛ ❆✳✶ ✭●r♦t❤❡♥❞✐❡❝❦✮ ❙❡ 1 < p ≤ ∞ ❡ 1
p
+ 1

p∗
= 1✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ✐s♦✲

♠♦r✜s♠♦ ✐s♦♠étr✐❝♦ ❡♥tr❡ lwp (E) ❡ L(lp∗ ;E)✳ P❛r❛ p = 1✱ l1(E) ❡ ✐s♦♠❡tr✐❝❛♠❡♥t❡

✐s♦♠♦r❢♦ ❛ L(c0;E)✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ✐❞❡♥t✐✜❝❛✲s❡ ✉♠❛ s❡q✉ê♥❝✐❛ (xi)
∞
i=1 ∈ lwp (E)

❝♦♠ ♦ ♦♣❡r❛❞♦r T ∈ L(lp∗ ;E) ❞❡✜♥✐❞♦ ♣♦r

T ((bi)
∞
i=1) =

∞∑

i=1

bixi .

Pr♦♣♦s✐çã♦ ❆✳✷ ❖s ❡s♣❛ç♦s lwp (K) ❡ lp(K) sã♦ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐s♦♠♦r❢♦s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ K
′

é ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐s♦♠♦r❢♦ ❛ K✱ ♣❛r❛ ❝❛❞❛ ϕ ∈ K
′

❡①✐st❡



aϕ ∈ K t❛❧ q✉❡ ϕ(x) = aϕx✱ ♣❛r❛ t♦❞♦ x ∈ K✳ ❆❧é♠ ❞✐ss♦✱ ||ϕ|| = |aϕ|✳ ❉❛í✱

||(xi)
∞
i=1||w,p = sup

ϕ∈B
K
′

(
∞∑

i=1

|ϕ(x)|p

)1/p

= sup
ϕ∈B

K
′

(
∞∑

i=1

|aϕxi|
p

)1/p

=

(
∞∑

i=1

|xi|
p

)1/p

= ||(xi)
∞
i=1||p .

Pr♦♣♦s✐çã♦ ❆✳✸ ❙❡ 1 < p < ∞✱ ❡♥tã♦ ♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞♦ ❡s♣❛ç♦ lp(E) é ♦ ❡s♣❛ç♦

lp∗(E
′

)✱ ♦♥❞❡ 1
p
+ 1

p∗
= 1✳ ❊ss❛ ❞✉❛❧✐❞❛❞❡ ♣♦❞❡ s❡r ❡①♣r❡ss❛ ♣♦r

||(xi)
∞
i=1||p = sup

(ϕi)∞i=1∈Blp∗ (E
′
)

∞∑

i=1

|ϕi(xi)| .

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r J ❞❡ lp∗(E
′

) ❡♠ (lp(E))
′

❞❛❞❛ ♣♦r

J ((ϕi)
∞
i=1) ((xi)

∞
i=1) =

∞∑

i=1

ϕi(xi) ,

♣❛r❛ (ϕi)
∞
i=1 ∈ lp∗(E

′

) ❡ (xi)
∞
i=1 ∈ lp(E)✳ P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱

|J ((ϕi)
∞
i=1) ((xi)

∞
i=1) | ≤

(
∞∑

i=1

||ϕi||
p∗

)1/p∗

||(xi)
∞
i=1||p ,

♦ q✉❡ ♠♦str❛ q✉❡ J ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ é ❝❧❛r❛♠❡♥t❡ ❧✐♥❡❛r✱ ❝♦♥tí♥✉❛ ❡ ||J || ≤ 1✳

❉❡✜♥✐♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r Ik ❞❡ E ❡♠ lp(E)✱ ♣♦♥❞♦ Ik(x) = (0, ..., 0, x, 0, ...)✱

❝♦♠ x ♥❛ k✲és✐♠❛ ❡♥tr❛❞❛✱ s❡❣✉❡ q✉❡ TIk ∈ E
′

♣❛r❛ t♦❞♦ T ∈ (lp(E))
′

✳ ❱❛♠♦s ♠♦str❛r

q✉❡ (TIk)
∞
k=1 ∈ lp∗(E

′

)✳ ❉❛❞♦s ε > 0 ❡ k ∈ N✱ ❡①✐st❡ xk ∈ E✱ ||xk|| ≤ 1✱ t❛❧ q✉❡

||TIk|| < |TIk(xk)|+ ε/(2k/p
∗

)✳ P❛r❛ ❝❛❞❛ (αk)
∞
k=1 ∈ lp✱

∣∣∣∣∣

∞∑

k=1

||TIk||αk

∣∣∣∣∣ ≤
∞∑

k=1

(
|TIk(xk)|+

ε

2k/p∗

)
|αk|

≤
∞∑

k=1

|TIk(xk)||αk|+
∞∑

k=1

ε

2k/p∗
|αk|

≤

∣∣∣∣∣

∞∑

k=1

TIk(xk)αkβk

∣∣∣∣∣+ ε||(αk)
∞
k=1||p = (∗) ,

✼✺



♦♥❞❡✱ ♣❛r❛ ❝❛❞❛ k ∈ N✱ ❡s❝♦❧❤❡♠♦s βk ∈ K✱ ||βk|| = 1✱ t❛❧ q✉❡ TIk(xk)αkβk =

|TIk(xk)αk| ♥♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❡ (∗)✱ ❡ ♥♦ s❡❣✉♥❞♦ t❡r♠♦ ✉s❛♠♦s ❛ ❉❡s✐❣✉❛❧❞❛❞❡

❞❡ ❍ö❧❞❡r✳ ❈♦♠♦
∣∣∣∣∣

∞∑

k=1

TIk(xk)αkβk

∣∣∣∣∣ = |T ((αkβk xk)
∞
k=1)| ≤ ||T ||||(αk)

∞
k=1||p ,

s❡❣✉❡ q✉❡

(∗) ≤ (||T ||+ ε)||(αk)
∞
k=1||p .

❆ss✐♠✱ (||TIk||)∞k=1 ∈ lp∗ ❡✱ ❝♦♠♦ ε > 0 é ❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡ (TIk)∞k=1 ∈ lp∗(E
′

)✱

❝♦♠ ||(TIk)
∞
k=1||p∗ ≤ ||T ||✳ ❊♥tã♦✱ ✜❝❛ ❝❧❛r♦ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r I ❞❡ (lp(E))

′

❡♠

lp∗(E
′

)✱ ❞❛❞❛ ♣♦r I(T ) = (TIk)
∞
k=1✱ ♣❛r❛ ❝❛❞❛ T ∈ (lp(E))

′

✱ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ é

❝♦♥tí♥✉❛ ❡ ||I|| ≤ 1✳ ❈♦♠♦ IJ = idlp∗ (E′
) ❡ JI = id(lp(E))

′ ✱ ❝♦♥❝❧✉í♠♦s q✉❡ (lp(E))
′

❡

lp∗(E
′

) sã♦ ✐s♦♠♦r❢♦s ✐s♦♠❡tr✐❝❛♠❡♥t❡✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ Pr✐♥❝í♣✐♦ ❞❛ ❘❡✢❡①✐✈✐❞❛❞❡ ▲♦❝❛❧ ✭❬✶✽❪✱ ♣á❣✳ ✼✸✮

s❡❣✉❡ ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ❆✳✹ ❙❡❥❛♠ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ϕi ∈ E
′

✱ i = 1, ...,m✱ ❡ p ≥ 1✳

❊♥tã♦

sup
ψ∈B

E
′′

(
m∑

i=1

|ψ(ϕi)|
p

)1/p

= sup
y∈BE

(
m∑

i=1

|ϕi(y)|
p

)1/p

.

❖ r❡s✉❧t❛❞♦ ❛❜❛✐①♦ é ✉s❛❞♦ ♥♦ t❡①t♦ ♣❛r❛ ❞❡♠♦♥str❛r ❛ tr✐✈✐❛❧✐❞❛❞❡ ❞❡ ✉♠❛ ❝❧❛ss❡

❞❡ ♦♣❡r❛❞♦r❡s s♦❜ ❝❡rt❛s r❡str✐çõ❡s✳

Pr♦♣♦s✐çã♦ ❆✳✺ ❙❡❥❛♠ 1 < p <∞✱ 1 = 1/p+1/p∗ ❡ p < q✳ ❊♥tã♦ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s

(αk)
∞
k=1 ∈ lp∗ ❡ (βk)

∞
k=1 ∈ lq t❛✐s q✉❡ (λk)

∞
k=1 := (αkβk)

∞
k=1 /∈ l1

❉❡♠♦♥str❛çã♦✳ P♦r ❤✐♣ót❡s❡✱ 1 > 1/q + 1/p∗✳ ❆ss✐♠✱ t♦♠❛♥❞♦ 0 < ε <
1− 1

q
− 1

p∗

2
✱

(αk)
∞
k=1 =

(
1

k(
1
p∗

+ε)

)∞

k=1

∈ lp∗ e (βk)
∞
k=1 =

(
1

k(
1
q
+ε)

)∞

k=1

∈ lq ,

❡ s❡❣✉❡ q✉❡

(αkβk)
∞
k=1 =

(
1

k(
1
q
+ 1

p∗
+2ε)

)∞

k=1

/∈ l1 .

✼✻



❆♣ê♥❞✐❝❡ ❇

❘❡s✉❧t❛❞♦s út❡✐s r❡❧❛❝✐♦♥❛❞♦s ❛

♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s

❖ ♦❜❥❡t✐✈♦ ❞❛ ❛♣r❡s❡♥t❛çã♦ ❞❡st❡s ❝♦♥❤❡❝✐❞♦s r❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ♠✉❧t✐❧✐♥❡❛r ❡

❞❡ ♣♦❧✐♥ô♠✐♦s s❡ tr❛❞✉③ ❡♠ t❡r ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❢❡rr❛♠❡♥t❛s r❡❝♦rr❡♥t❡♠❡♥t❡ ✉s❛❞❛s ♥♦

t❡①t♦✳ ❆s ❞❡♠♦♥str❛çõ❡s ❞❡ss❛s ♣r♦♣♦s✐çõ❡s ❡ t❡♦r❡♠❛s ❢♦❣❡♠ ❞♦ ♦❜❥❡t✐✈♦ ❞♦ t❡①t♦✱

♣♦ré♠ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✹✱ ✺✱ ✷✼❪✳

■♥✐❝✐❛♠♦s ❛♣r❡s❡♥t❛♥❞♦ ✈ár✐❛s ❡q✉✐✈❛❧ê♥❝✐❛s s♦❜r❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ✉♠❛ ❛♣❧✐❝❛✲

çã♦ ♠✉❧t✐❧✐♥❡❛r ❡ t❛♠❜é♠ s♦❜r❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ✭❬✹❪✱ ♣á❣✳ ✸ ❚❡♦r❡♠❛

✶✳✷✳✷ ❡ ♣á❣✳ ✷✵ ❚❡♦r❡♠❛ ✶✳✸✳✼✮✿

❚❡♦r❡♠❛ ❇✳✶ ❙❡❥❛♠ n ∈ N✱ E1, ..., En ❡ F ❡s♣❛ç♦s ♥♦r♠❛❞♦s s♦❜r❡ K ❡ A : E1 ×

· · · × En −→ F ✉♠❛ ❛♣❧✐❝❛çã♦ ♠✉❧t✐❧✐♥❡❛r✳ ❊♥tã♦✱ sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

(i) A é ❝♦♥tí♥✉❛❀

(ii) A é ❝♦♥tí♥✉❛ ♥❛ ♦r✐❣❡♠❀

(iii) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ K t❛❧ q✉❡

‖A(x1, ..., xn)‖ ≤ K ‖x1‖ · · · ‖xn‖

♣❛r❛ q✉❛❧q✉❡r (x1, ..., xn) ∈ E1 × · · · × En❀

(iv) A é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉❛ s♦❜r❡ ♦s ❧✐♠✐t❛❞♦s❀

(v) A é ❧✐♠✐t❛❞❛ ❡♠ t♦❞❛ ❜♦❧❛ ❝♦♠ r❛✐♦ ✜♥✐t♦❀

(vi) A é ❧✐♠✐t❛❞❛ ❡♠ ❛❧❣✉♠❛ ❜♦❧❛ ❝♦♠ r❛✐♦ ✜♥✐t♦✳



❚❡♦r❡♠❛ ❇✳✷ ❙❡❥❛♠ E ❡ F ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ♥♦r♠❛❞♦s s♦❜r❡ K✱ n ∈ N✱ P ∈ P (nE;F )

❡ A ∈ Ls (
nE;F ) t❛✐s q✉❡ Â = P. ❊♥tã♦✱ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

(i) A ∈ Ls (
nE;F )❀

(ii) P ∈ P (nE;F )❀

(iii) P é ❝♦♥tí♥✉♦ ♥❛ ♦r✐❣❡♠❀

(iv) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ K > 0 t❛❧ q✉❡ ‖P (x)‖ ≤ K ‖x‖n ♣❛r❛ t♦❞♦

x ∈ E❀

(v) P é ❧✐♠✐t❛❞♦ ❡♠ t♦❞❛ ❜♦❧❛ ❝♦♠ r❛✐♦ ✜♥✐t♦❀

(vi) P é ❧✐♠✐t❛❞♦ ❡♠ ❛❧❣✉♠❛ ❜♦❧❛ ❝♦♠ r❛✐♦ ✜♥✐t♦❀

(vii) ❙❡ B ⊂ E é ❧✐♠✐t❛❞♦✱ ❡①✐st❡ KB > 0 t❛❧ q✉❡

‖Px− Py‖ ≤ KB ‖x− y‖

♣❛r❛ q✉❛✐sq✉❡r x, y ∈ B.

❯♠❛ r❡❧❛çã♦ ❡♥tr❡ ♣♦❧✐♥ô♠✐♦s ❡ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s é ❞❛❞❛ ♣❡❧♦

t❡♦r❡♠❛ ✭❬✷✼❪✱ ♣á❣✳ ✻ ❚❡♦r❡♠❛ ✶✳✶✵✮✿

❚❡♦r❡♠❛ ❇✳✸ ✭❋ór♠✉❧❛ ❞❡ P♦❧❛r✐③❛çã♦✮ ❙❡❥❛♠ E,F ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s♦❜r❡ K✳

❙❡ A ∈ Ls(
nE;F ) ❡♥tã♦

A(x1, ..., xn) =
1

n!2n

∑

εi=±1

ε1 · · · εnA(x0 + ε1x1 + · · ·+ εnxn)
n,

♣❛r❛ q✉❛✐sq✉❡r x0, x1, x2, ..., xn ∈ E.

❯♠ r❡s✉❧t❛❞♦ ❞❡ ❝♦✐♥❝✐❞ê♥❝✐❛ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s s✐♠étr✐❝❛s ♣♦❞❡ s❡r

❢❛❝✐❧♠❡♥t❡ ♦❜t✐❞♦ ♣♦r ♠❡✐♦ ❞❛ ❢ór♠✉❧❛ ❞❡ ♣♦❧❛r✐③❛çã♦✿

Pr♦♣♦s✐çã♦ ❇✳✹ ❙❡ A,B ∈ Ls(
nE;F ) ❡ Axn = Bxn ♣❛r❛ t♦❞♦ x ∈ E✱ ❡♥tã♦ ❛s

❛♣❧✐❝❛çõ❡s A ❡ B ❝♦✐♥❝✐❞❡♠ ❡♠ t♦❞♦ ♦ ❞♦♠í♥✐♦✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ t♦❞♦ (x1, ..., xn) ∈ En✱ t❡♠♦s

A(x1, ..., xn) =
1

n!2n

∑

εi=±1

ε1 · · · εnA(ε1x1 + · · ·+ εnxn)
n

=
1

n!2n

∑

εi=±1

ε1 · · · εnB(ε1x1 + · · ·+ εnxn)
n

= B(x1, ..., xn) .

✼✽



❖ t❡♦r❡♠❛ ❞♦ ❣rá✜❝♦ ❢❡❝❤❛❞♦ ✭❬✹❪✱ ♣á❣✳ ✾ ❚❡♦r❡♠❛ ✶✳✷✳✽✮ ❡ ♦ t❡♦r❡♠❛ ❞❡ ❇❛♥❛❝❤✲

❙t❡✐♥❤❛✉s ✭❬✺❪✱ ♣á❣✳ ✷✵✻ ❈♦r♦❧ár✐♦ ✶✮✱ ❡♠ s✉❛s ✈❡rsõ❡s ♠✉❧t✐❧✐♥❡❛r❡s✱ sã♦ ❢❡rr❛♠❡♥t❛s

❜❛st❛♥t❡ ✉s❛❞❛s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛ ♣r✐♠❡✐r❛✱ ♥❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ♦♣❡r❛❞♦r❡s ❈♦❤❡♥

❢♦rt❡♠❡♥t❡ s♦♠❛♥t❡s ♣♦r ❞❡s✐❣✉❛❧❞❛❞❡s✳

❚❡♦r❡♠❛ ❇✳✺ ✭❞♦ ❣rá✜❝♦ ❢❡❝❤❛❞♦ ♠✉❧t✐❧✐♥❡❛r✮ ❙❡❥❛♠ E1, ..., En ❡ F ❡s♣❛ç♦s ❞❡

❇❛♥❛❝❤ ❡ A : E1 × · · · ×En −→ F ✉♠❛ ❛♣❧✐❝❛çã♦ n✲❧✐♥❡❛r ❞❡ ❣rá✜❝♦ ❢❡❝❤❛❞♦✳ ❊♥tã♦ A

é ❝♦♥tí♥✉❛✳

❚❡♦r❡♠❛ ❇✳✻ ✭❞❡ ❇❛♥❛❝❤✲❙t❡✐♥❤❛✉s ♠✉❧t✐❧✐♥❡❛r✮ ❙❡❥❛♠ E1, ..., En ❡s♣❛ç♦s ❞❡ ❇❛✲

♥❛❝❤✱ F ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦ ❡ (Aj)
∞
j=1 ⊂ L (E1, ..., En;F ) t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛

xi ∈ Ei✱ i = 1, ..., n✱ ❛ s❡qüê♥❝✐❛ (Aj(x1, ..., xn))
∞
j=1 é ❝♦♥✈❡r❣❡♥t❡✳ ❉❡✜♥✐♥❞♦

A(x1, ..., xn) := lim
j→∞

Aj(x1, ..., xn) ,

❡♥tã♦ A ∈ L (E1, ..., En;F ) .

❊st❡ ú❧t✐♠♦ t❛♠❜é♠ ♣♦ss✉✐ ✉♠❛ ✈❡rsã♦ ♣❛r❛ ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s ✭❬✹❪✱ ♣á❣✳

✷✻ ❚❡♦r❡♠❛ ✶✳✸✳✶✸✮✿

❚❡♦r❡♠❛ ❇✳✼ ✭❞❡ ❇❛♥❛❝❤✲❙t❡✐♥❤❛✉s ♣❛r❛ ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s✮ ❙❡❥❛♠ E

✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ F ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❡ (Pj)
∞
j=1 ⊂ P (nE;F ) t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛

x ∈ E✱ ❛ s❡qüê♥❝✐❛ (Pjx)
∞
j=1 é ❝♦♥✈❡r❣❡♥t❡✳ ❉❡✜♥✐♥❞♦

P (x) := lim
j→∞

Pj(x) ,

❡♥tã♦ P ∈ P (nE;F ) .

✼✾



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❉✳ ❆❝❤♦✉r✱ ▲✳ ▼❡③r❛❣✳ ❖♥ t❤❡ ❈♦❤❡♥ str♦♥❣❧② p✲s✉♠♠✐♥❣ ♠✉❧t✐❧✐♥❡❛r ♦♣❡r❛t♦rs✱

❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✸✷✼ ✭✷✵✵✼✮✱ ✺✺✵✕✺✻✸✳

❬✷❪ ❉✳ ❆❝❤♦✉r✱ ❑✳ ❙❛❛❞✐✳ ❆ ♣♦❧②♥♦♠✐❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❍✐❧❜❡rt s♣❛❝❡s✱ ❈♦❧❧❡❝t❛♥❡❛

▼❛t❤❡♠❛t✐❝❛✱ ✻✶ ✭✷✵✶✵✮✱ ✷✾✶✕✸✵✶✳

❬✸❪ ❏✳ ❆✳ ❇❛r❜♦s❛✱ ●✳ ❇♦t❡❧❤♦✱ ❉✳ ❉✐♥✐③✱ ❉✳ P❡❧❧❡❣r✐♥♦✳ ❙♣❛❝❡s ♦❢ ❛❜s♦❧✉t❡❧② s✉♠♠✐♥❣

♣♦❧②♥♦♠✐❛❧s✱ ▼❛t❤❡♠❛t✐❝❛ ❙❝❛♥❞✐♥❛✈✐❝❛✱ ✶✵✶ ✭✷✵✵✼✮✱ ✷✶✾✕✷✸✼✳

❬✹❪ ❆✳ ❚✳ ▲✳ ❇❡r♥❛r❞✐♥♦✳ ■❞❡❛✐s ❞❡ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♣♦❧✐♥ô♠✐♦s ❡♥tr❡ ❡s♣❛ç♦s

❞❡ ❇❛♥❛❝❤✱ ❉✐ss❡rt❛çã♦ ❞❡ ♠❡str❛❞♦✱ ❯❋P❇ ✭✷✵✵✽✮✳

❬✺❪ ❆✳ ❚✳ ▲✳ ❇❡r♥❛r❞✐♥♦✳ ❆ s✐♠♣❧❡ ♥❛t✉r❛❧ ❛♣♣r♦❛❝❤ t♦ t❤❡ ✉♥✐❢♦r♠ ❜♦✉♥❞❡❞♥❡ss ♣r✐♥✲

❝✐♣❧❡ ❢♦r ♠✉❧t✐❧✐♥❡❛r ♠❛♣♣✐♥❣s✱ Pr♦②❡❝❝✐♦♥❡s ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✷✽ ✭✷✵✵✾✮✱

✷✵✸✕✷✵✼✳

❬✻❪ ❆✳ ❚✳ ▲✳ ❇❡r♥❛r❞✐♥♦✳ ❈♦♥tr✐❜✉✐çõ❡s à t❡♦r✐❛ ♠✉❧t✐❧✐♥❡❛r ❞❡ ♦♣❡r❛❞♦r❡s ❛❜s♦❧✉t❛✲

♠❡♥t❡ s♦♠❛♥t❡s✱ ❚❡s❡ ❞❡ ❉♦✉t♦r❛❞♦✱ ❯❋P❊ ✭✷✵✶✶✮✳

❬✼❪ ❖✳ ❇❧❛s❝♦✱ ●✳ ❇♦t❡❧❤♦✱ ❉✳ P❡❧❧❡❣r✐♥♦✱ P✳ ❘✉❡❞❛✳ ❈♦✐♥❝✐❞❡♥❝❡ r❡s✉❧ts ❢♦r s✉♠♠✐♥❣

♠✉❧t✐❧✐♥❡❛r ♠❛♣♣✐♥❣s✱ Pr❡♣r✐♥t✳

❬✽❪ ●✳ ❇♦t❡❧❤♦✱ ❍✳✲❆✳ ❇r❛✉♥ss✱ ❍✳ ❏✉♥❡❦✱ ❉✳ P❡❧❧❡❣r✐♥♦✳ ❍♦❧♦♠♦r♣❤② t②♣❡s ❛♥❞ ✐❞❡❛❧s

♦❢ ♠✉❧t✐❧✐♥❡❛r ♠❛♣♣✐♥❣s✱ ❙t✉❞✐❛ ▼❛t❤❡♠❛t✐❝❛✱ ✶✼✼ ✭✷✵✵✻✮✱ ✹✸✕✻✺✳

❬✾❪ ●✳ ❇♦t❡❧❤♦✳ ■❞❡❛❧s ♦❢ ♣♦❧②♥♦♠✐❛❧s ❣❡♥❡r❛t❡❞ ❜② ✇❡❛❦❧② ❝♦♠♣❛❝t ♦♣❡r❛t♦rs✱ ◆♦t❡

❞✐ ▼❛t❡♠❛t✐❝❛✱ ✷✺ ✭✷✵✵✻✮✱ ✻✾✕✶✵✷✳



❬✶✵❪ ●✳ ❇♦t❡❧❤♦✱ ❉✳ P❡❧❧❡❣r✐♥♦✳ ❚✇♦ ♥❡✇ ♣r♦♣❡rt✐❡s ♦❢ ✐❞❡❛❧s ♦❢ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ❛♣♣❧✐✲

❝❛t✐♦♥s✱ ■♥❞❛❣❛t✐♦♥❡s ▼❛t❤❡♠❛t✐❝❛❡✱ ✶✻ ✭✷✵✵✺✮✱ ✶✺✼✕✶✻✾✳

❬✶✶❪ ●✳ ❇♦t❡❧❤♦✱ ❉✳ P❡❧❧❡❣r✐♥♦✱ P✳ ❘✉❡❞❛✳ ❆ ✉♥✐✜❡❞ P✐❡ts❝❤ ❉♦♠✐♥❛t✐♦♥ ❚❤❡♦r❡♠✱

❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✸✻✺ ✭✷✵✶✵✮✱ ✷✻✾✕✷✼✻✳

❬✶✷❪ ◗✳ ❇✉✱ ❩✳ ❙❤✐✳ ❖♥ ❈♦❤❡♥ ❛❧♠♦st s✉♠♠✐♥❣ ♠✉❧t✐❧✐♥❡❛r ♦♣❡r❛t♦rs✱ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡✲

♠❛t✐❝❛❧ ❆♥❛❧②s✐s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ✹✵✶ ✭✷✵✶✸✮✱ ✶✼✹✕✶✽✶✳

❬✶✸❪ ❏✳ ❘✳ ❈❛♠♣♦s✳ ❈♦❤❡♥ ❛♥❞ ▼✉❧t✐♣❧❡ ❈♦❤❡♥ str♦♥❣❧② s✉♠♠✐♥❣ ♠✉❧t✐❧✐✲

♥❡❛r ♦♣❡r❛t♦rs✱ ▲✐♥❡❛r ❛♥❞ ▼✉❧t✐❧✐♥❡❛r ❆❧❣❡❜r❛✱ ❖♥✲❧✐♥❡ ✈❡rs✐♦♥ ✭✷✵✶✸✮✱

❞♦✐✿✶✵✳✶✵✽✵✴✵✸✵✽✶✵✽✼✳✷✵✶✸✳✼✼✾✷✼✵✳

❬✶✹❪ ❉✳ ❈❛r❛♥❞♦✱ ❱✳ ❉✐♠❛♥t✱ ❙✳ ▼✉r♦✳ ❈♦❤❡r❡♥t s❡q✉❡♥❝❡s ♦❢ ♣♦❧✐♥♦♠✐❛❧ ✐❞❡❛❧s ♦♥

❇❛♥❛❝❤ s♣❛❝❡s✱ ▼❛t❤❡♠❛t✐s❝❤❡ ◆❛❝❤r✐❝❤t❡♥✱ ✷✽✷ ✭✷✵✵✾✮✱ ✶✶✶✶✕✶✶✸✸✳

❬✶✺❪ ❉✳ ❈❛r❛♥❞♦✱ ❱✳ ❉✐♠❛♥t✱ ❙✳ ▼✉r♦✳ ❍♦❧♦♠♦r♣❤✐❝ ❢✉♥❝t✐♦♥s ❛♥❞ ♣♦❧②♥♦♠✐❛❧ ✐❞❡❛❧s

♦♥ ❇❛♥❛❝❤ s♣❛❝❡s✱ ❈♦❧❧❡❝t❛♥❡❛ ▼❛t❤❡♠❛t✐❝❛✱ ✻✸ ✭✷✵✶✷✮✱ ✼✶✕✾✶✳
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