
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❊①❛t❛s ❡ ❞❛ ◆❛t✉r❡③❛

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ❯❋P❇✴❯❋❈●

❈✉rs♦ ❞❡ ❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❈❛♣✐❧❧❛r② Pr♦❜❧❡♠ ❛♥❞ ▼❡❛♥
❈✉r✈❛t✉r❡ ❋❧♦✇ ♦❢ ❑✐❧❧✐♥❣ ●r❛♣❤s

♣♦r

●❛❜r✐❡❧❛ ❆❧❜✉q✉❡rq✉❡ ❲❛♥❞❡r❧❡②

❏♦ã♦ P❡ss♦❛ ✲ P❇

▼❛✐♦✴✷✵✶✸



❈❛♣✐❧❧❛r② Pr♦❜❧❡♠ ❛♥❞ ▼❡❛♥
❈✉r✈❛t✉r❡ ❋❧♦✇ ♦❢ ❑✐❧❧✐♥❣ ●r❛♣❤s

♣♦r

●❛❜r✐❡❧❛ ❆❧❜✉q✉❡rq✉❡ ❲❛♥❞❡r❧❡②

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❏♦r❣❡ ❍❡r❜❡rt ❙♦❛r❡s ❞❡ ▲✐r❛

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲

❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦

tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❏♦ã♦ P❡ss♦❛ ✲ P❇

▼❛✐♦✴✷✵✶✸

✐✐



❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦

❡♠ ▼❛t❡♠át✐❝❛ ✲ ❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡

❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ●❡♦♠❡tr✐❛

❆♣r♦✈❛❞❛ ❡♠✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ●r❡❣ór✐♦ P❛❝❡❧❧✐ ❇❡ss❛

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❏❛✐♠❡ ❘✐♣♦❧❧

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ P❛♦❧♦ P✐❝❝✐♦♥❡

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ P❡❞r♦ ❍✐♥♦❥♦s❛

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❘❡♥❛t♦ ❚r✐❜✉③②

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❏♦r❣❡ ❍❡r❜❡rt ❙♦❛r❡s ❞❡ ▲✐r❛

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❊①❛t❛s ❡ ❞❛ ◆❛t✉r❡③❛

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❯❋P❇✴❯❋❈●

❈✉rs♦ ❞❡ ❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

▼❛✐♦✴✷✵✶✸

✐✐✐



❆❜str❛❝t

❲❡ st✉❞② t✇♦ t②♣❡s ♦❢ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ r❡❧❛t❡❞ t♦ ❈❛♣✐❧❧❛r② ♣r♦❜❧❡♠ ❛♥❞ t♦ t❤❡

❡✈♦❧✉t✐♦♥ ♦❢ ❣r❛♣❤s ✉♥❞❡r ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ✐♥ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ❡♥❞♦✇❡❞ ✇✐t❤

❛ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❑✐❧❧✐♥❣ ❣r❛♣❤s ✇✐t❤

♣r❡s❝r✐❜❡❞ ♠❡❛♥ ❝✉r✈❛t✉r❡ ❛♥❞ ♣r❡s❝r✐❜❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

❑❡②✇♦r❞s✿ ◆❡✉♠❛♥♥✱ ❈❛♣✐❧❧❛r②✱ ▼❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇✳

✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡ ❛❣r❛❞❡ç♦ à ❉❡✉s ♣❡❧❛ ✈✐❞❛ ❡ ♣♦r ✐❧✉♠✐♥❛r s❡♠♣r❡ ♦ ♠❡✉ ❝❛♠✐♥❤♦✳

➚ ♠✐♥❤❛ ❢❛♠í❧✐❛✱ ❡♠ ❡s♣❡❝✐❛❧ ❛♦s ♠❡✉s ♣❛✐s✱ ❈❛r❧♦s ❲❛♥❞❡r❧❡② ❡ ❱❡rô♥✐❝❛ ❆❧❜✉q✉❡r✲

q✉❡✱ ✐r♠ã♦s✱ ❘♦❞r✐❣♦ ❡ ❙♦❝♦rr♦ ❲❛♥❞❡r❧❡②✱ ♣❡❧♦ ♣r❡s❡♥t❡ ♠❛✐s ✐♠♣♦rt❛♥t❡ q✉❡ ❡❧❡s ♠❡

❞❡r❛♠✱ ♦ ❛♠♦r✳

❆♦s ♠❡✉s ❛♠✐❣♦s✱ ♣❡❧♦ ❝♦♠♣❛♥❤❡r✐s♠♦ ❡ ❛♠✐③❛❞❡ ✈❡r❞❛❞❡✐r❛✳ ❊♠ ❡s♣❡❝✐❛❧ à ❘❛✉❧✱

❏❛♠✐❧s♦♥ ❡ ❈r✐s✳

❆♦s ♠❡✉s ♣r♦❢❡ss♦r❡s ❡ ♠❡str❡s✱ ♣♦r t❡r ♠❡ ❡♥s✐♥❛❞♦ ♠✉✐t♦ ♠❛✐s q✉❡ ♠❛té♠❛t✐❝❛✱ ❡♠

❡s♣❡❝✐❛❧ ❛♦ Pr♦❢❡ss♦r ❉r✳ P❡❞r♦ ❍✐♥♦❥♦s❛✳

❆♦ Pr♦❢❡ss♦r ❉r✳ ❏♦r❣❡ ❍❡r❜❡rt ❙♦❛r❡s ❞❡ ▲✐r❛✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡ ❝♦♠♣r❡❡♥sã♦✳

❊ ❛ t♦❞♦s q✉❡ ❞❡ ♠♦❞♦ ❞✐r❡t♦ ♦✉ ✐♥❞✐r❡t♦✱ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ♦ ê①✐t♦ ❞❡st❡ tr❛❜❛❧❤♦✳

✈



❉❡❞✐❝❛tór✐❛

❆♦ ♠❡✉ ♣❛✐ ❈❛r❧♦s ❲❛♥❞❡r❧❡② ♣♦r

♥✉♥❝❛ t❡r ❞❡✐①❛❞♦ ❢❛❧t❛r ♥❛❞❛ ❡♠ ♠✐✲

♥❤❛ ✈✐❞❛✳

✈✐



❙✉♠ár✐♦
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✶ ❚❤❡ Pr♦❜❧❡♠s ✶✸

✶✳✶ ❈❛♣✐❧❧❛r② ♣r♦❜❧❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✷ ▼❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷ P❛r❛❜♦❧✐❝ ❚❤❡♦r② ✷✶

✷✳✶ ▼❛①✐♠✉♠ ❛♥❞ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷✳✷ ❙❤♦rt ❛♥❞ ❧♦♥❣t✐♠❡ ❡①✐st❡♥❝❡ r❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸ ❈❛♣✐❧❧❛r② Pr♦❜❧❡♠ ✸✺

✸✳✶ ❍❡✐❣❤t ❡st✐♠❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✸✳✷ ●r❛❞✐❡♥t ❡st✐♠❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✸✳✷✳✶ ■♥t❡r✐♦r ❣r❛❞✐❡♥t ❡st✐♠❛t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸✳✷✳✷ ❇♦✉♥❞❛r② ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✸ Pr♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✶✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✹ ▼❡❛♥ ❈✉r✈❛t✉r❡ ❋❧♦✇ ♦❢ ❑✐❧❧✐♥❣ ●r❛♣❤s ✺✶

✹✳✶ ❍❡✐❣❤t ❡st✐♠❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✷ ❇♦✉♥❞❛r② ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✸ ■♥t❡r✐♦r ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✹✳✹ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✼✺

✈✐✐





■♥tr♦❞✉❝t✐♦♥

❈❛♣✐❧❧❛r✐t② ♣❤❡♥♦♠❡♥❛ ❤❛♣♣❡♥s ✇❤❡♥❡✈❡r t✇♦ ♠❛t❡r✐❛❧s ❛r❡ s✐t✉❛t❡❞ ❛❞❥❛❝❡♥t t♦

❡❛❝❤ ♦t❤❡r ❛♥❞ ❞♦ ♥♦t ♠✐①✳ ❲❡ ✉s❡ t❤❡ t❡r♠ ❝❛♣✐❧❧❛r② s✉r❢❛❝❡ t♦ ❞❡s❝r✐❜❡ t❤❡ ❢r❡❡

✐♥t❡r❢❛❝❡ t❤❛t ♦❝❝✉rs ✇❤❡♥ ♦♥❡ ♦❢ t❤❡ ♠❛t❡r✐❛❧s ✐s ❛ ❧✐q✉✐❞ ❛♥❞ t❤❡ ♦t❤❡r ❛ ❧✐q✉✐❞ ♦r ❣❛s✳

❲❡ ❝❛♥ ♦❜s❡r✈❡ t❤❡ ❝❛♣✐❧❧❛r✐t② ♣❤❡♥♦♠❡♥❛ ✐♥ ✈❛r✐♦✉s ♣❧❛❝❡s✱ s♦♠❡ ❛r❡ s✐♠♣❧❡✱

♦t❤❡rs✱ s✉❝❤ ❛s t❤❡ r✐s❡ ♦❢ ❧✐q✉✐❞ ✐♥ ❛ ♥❛rr♦✇ t✉❜❡✱ ❛r❡ ♠♦r❡ ✐♠♣♦rt❛♥t ❛♥❞ ❤❛s ❜❡❡♥

st✉❞✐❡❞ s✐♥❝❡ t❤❡ ✶✼t❤ ❝❡♥t✉r② ❜② ❛♥ ■t❛❧✐❛♥ s❝✐❡♥t✐s ◆✐❝♦❧ó ❆❣❣✐✉♥t✐✳ ❍❡ ✇r♦t❡ ✐♥ ❤✐s

❜♦♦❦❧❡t ❛ ✜rst ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ t❤❛t ♣r♦❜❧❡♠ ❬✶❪✳

❚❤❡ ♠♦❞❡r♥ t❤❡♦r② ♦❢ ❝❛♣✐❧❧❛r✐t② st❛rts ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✶✾t❤ ❝❡♥t✉r② ❛♥❞

✐s ♠❛✐♥❧② ❜❛s❡❞ ♦♥ ♠❛t❤❡♠❛t✐❝❛❧ ♠❡t❤♦❞s ♦❢ ❝❛❧❝✉❧✉s ♦❢ ✈❛r✐❛t✐♦♥s✱ ❛♥❞ ♦♥ ❞✐✛❡r❡♥t✐❛❧

❣❡♦♠❡tr②✳ ❇✉t t❤❡ ✐♥✐t✐❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ✐♥s✐❣❤ts ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❚❤♦♠❛s ❨♦✉♥❣✱ ❛

♠❡❞✐❝❛❧ ♣❤②s✐❝✐❛♥ ❛♥❞ ♥❛t✉r❛❧ ♣❤✐❧♦s♦♣❤❡r ✇❤♦ ✐♥ ✶✽✵✺ ✐♥tr♦❞✉❝❡❞ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧

❝♦♥❝❡♣t ♦❢ ♠❡❛♥ ❝✉r✈❛t✉r❡ H ♦❢ ❛ s✉r❢❛❝❡ ❛♥❞ ✇❤♦ s❤♦✇❡❞ ✐ts ✐♠♣♦rt❛♥❝❡ ❢♦r ❝❛♣✐❧❧❛r✐t②

❜② r❡❧❛t✐♥❣ ✐t t♦ t❤❡ ♣r❡ss✉r❡ ❝❤❛♥❣❡ ❛❝r♦ss t❤❡ s✉r❢❛❝❡ ❬✷❪✳

■t ✇❛s ▲❛♣❧❛❝❡ ❬✸❪ t❤❛t ❞❡r✐✈❡❞ ❛ ❢♦r♠❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♠❡❛♥

❝✉r✈❛t✉r❡ H ♦❢ ❛ s✉r❢❛❝❡ u(x, t)✱

2H = divTu, where Tu =
Du√

1 + |Du|2

❚❤❡ ♥♦t✐♦♥ ♦❢ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ ❛ s✉r❢❛❝❡ ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❚✳ ❨♦✉♥❣ ✭✶✽✵✺✮

❛♥❞ P✳ ❙✳ ▲❛♣❧❛❝❡ ✭✶✽✵✻✮ ❥✉st ❢♦r ❝❤❛r❛❝t❡r✐③✐♥❣ q✉❛♥t✐t❛t✐✈❡❧② t❤❡ r✐s❡ ♦❢ ❧✐q✉✐❞ ✐♥ ❛

♥❛rr♦✇ t✉❜❡✳ ❚❤❡ ▲❛♣❧❛❝❡ ♦r ❨♦✉♥❣✲▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

P = σ(
1

R1

+
1

R2

),

✇❤❡r❡ P ✐s t❤❡ ♣r❡ss✉r❡✱ σ ✐s t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥✱ R1 ❛♥❞ R2 ❛r❡ t❤❡ t✇♦ ♣r✐♥❝✐♣❛❧



✽

r❛❞✐✐ ♦❢ ❝✉r✈❛t✉r❡✱ s♦ ❢♦r t❤❡ ❤❡✐❣❤t u ♦❢ t❤❡ s✉r❢❛❝❡ ❛❜♦✈❡ t❤❡ ❧❡✈❡❧ ❝♦rr❡s♣♦♥❞✐♥❣ t♦

❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ✇❡ ❤❛✈❡

1

2
ku = H(

1

R1

+
1

R2

),

✇❤❡r❡ k ✐s ❛ ♣❤②s✐❝❛❧ ❝♦♥st❛♥t✳

❖♥❡ ♦❢ t❤❡ r❡❛s♦♥s ❢♦r st✉❞②✐♥❣ ❝❛♣✐❧❧❛r② ♣r♦❜❧❡♠s ✐s t❤❛t t❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣

❛ ❝❛♣✐❧❧❛r② s✉r❢❛❝❡ ✐s ❛ ♣✉r❡❧② ❣❡♦♠❡tr✐❝ ♦♥❡✱ t❤❛t ✐s✱ t♦ ✜♥❞ ❛ s✉r❢❛❝❡ ✇❤♦s❡ ♠❡❛♥ ❝✉r✲

✈❛t✉r❡ ✐s ❛ ♣r❡s❝r✐❜❡❞ ❢✉♥❝t✐♦♥ ♦❢ ♣♦s✐t✐♦♥ ❛♥❞ ✇❤✐❝❤ ♠❡❡ts ♣r❡s❝r✐❜❡❞ r✐❣✐❞ ❜♦✉♥❞❛r②

✇❛❧❧s ✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❛♥❣❧❡✳ ❚❤❛t ✐s ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s✉r❢❛❝❡ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s

❛ ❣r❛♣❤ ♦❢ ❛ ❢✉♥❝t✐♦♥ u ♦✈❡r ❛ ❞♦♠❛✐♥ Ω t❤❡♥ ✇❡ ❤❛✈❡

❞✐✈
(∇u

W

)
= ku. in Ω ✭✶✮

〈N, ν〉 = φ on ∂Ω. ✭✷✮

◆♦✇ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ t❤❡ ♠♦❞❡r♥ r❡s✉❧ts ♦♥ ❝❛♣✐❧❧❛r② s✉r❢❛❝❡s ❛r❡ ❞❡✈♦t❡❞ t♦ ❡st❛✲

❜❧✐s❤✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ❢♦r t❤❡ ♣r♦❜❧❡♠ ✭✶✮✱ ✭✷✮✳ ❚❤❡ ✜rst ❣❡♥❡r❛❧ r❡s✉❧t ✇❛s

♦❜t❛✐♥❡❞ ♦♥❧② ✐♥ ✶✾✼✸ ✉s✐♥❣ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤ ❬✹❪✳

●❛✉ss ✉♥✐✜❡❞ t❤❡ ✇♦r❦ ♦❢ ❨♦✉♥❣ ❛♥❞ ▲❛♣❧❛❝❡ ✐♥ ✶✽✸✵✱ ❞❡r✐✈✐♥❣ ❜♦t❤ t❤❡ ❞✐✛❡r❡♥✲

t✐❛❧ ❡q✉❛t✐♦♥ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✉s✐♥❣ ❏♦❤❛♥♥ ❇❡r♥♦✉❧❧✐✬s ✈✐rt✉❛❧ ✇♦r❦ ♣r✐♥❝✐♣❧❡s✱

❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ t❤❡ ❡♥❡r❣② ♦❢ ❛ ♠❡❝❤❛♥✐❝❛❧ s②st❡♠ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐s ✉♥✈❛r✐❡❞ ✉♥❞❡r

❛r❜✐tr❛r② ✈✐rt✉❛❧ ❞✐s♣❧❛❝❡♠❡♥ts ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❝♦♥str❛✐♥ts ❬✺❪✳ ❲❡ ♦❜s❡r✈❡ t❤❛t✱

t❤❡ ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ ❝♦♥s✐sts ♦❢ ❛ ✬s✉r❢❛❝❡ ✐♥t❡❣r❛❧✬ ♣❧✉s ❛ ✬✈♦❧✉♠❡ ✐♥t❡❣r❛❧✬✳ ◆♦✇ t❤❡

♣r♦❜❧❡♠ ✐s t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ s✉r❢❛❝❡ ❛r❡❛ ✐s r❛t❤❡r ✐♥❛❞❡q✉❛t❡ ❢♦r tr❡❛t✐♥❣

t❤✐s t②♣❡ ♦❢ ♣r♦❜❧❡♠✳ ❆ s❛t✐s❢❛❝t♦r② t❤❡♦r② ♦❢ s✉r❢❛❝❡ ❛r❡❛ ❢♦r ❛ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ s✉r❢❛❝❡s

♦❢ ❝♦❞✐♠❡♥s✐♦♥ ♦♥❡ ✐♥ Rn✱ n ≥ 2✱ ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❜② ❊✳ ❉❡ ●✐♦r❣✐ ✐♥ t❤❡ ✜❢t✐❡s✱ ❛♥❞

t❤❡♥ ❜② ▼✳ ▼✐r❛♥❞❛✱ ▼✳ ●✐❛q✉✐♥t❛✱ ❊✳ ●✐✉st✐✱ ❛♥❞ ♦t❤❡rs ❬✻❪✲❬✾❪✳ ■♥❞❡♣❡♥❞❡♥t❧② t❤❡

✐❞❡❛s ♦❢ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r② ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ❜② ❍✳ ❋é❞ér❡r✱ ❲✳ ❍✳ ❋❧❡♠✐♥❣✱ ❋✳

❏✳ ❆❧♠❣r❡♥✱ ❲✳ ❑✳ ❆❧❧❛r❞✱ ❛♥❞ ♦t❤❡rs✱ ❛♥❞ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ❡✛❡❝t✐✈❡❧② ❜② ❏❡❛♥ ❚❛②❧♦r

t♦ ❝♦♥s✐❞❡r ❜♦✉♥❞❛r② r❡❣✉❧❛r✐t② ❢♦r ❝❛♣✐❧❧❛r✐t② ♣r♦❜❧❡♠s ❬✶✵❪✲❬✶✹❪✳

❖♥❡ ♦❢ t❤❡ ♣r♦❜❧❡♠s t❤❛t ✇❡ ✇✐❧❧ ❞✐s❝✉ss ✐♥ t❤✐s t❤❡s✐s ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥

t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝❛♣✐❧❧❛r✐t②

❞✐✈
(∇u

W

)
− 〈∇γ

2γ
,
∇u

W
〉 = Ψ. ✭✸✮



✾

◆♦t✐❝❡ t❤❛t ❡q✉❛t✐♦♥ ✭✸✳✶✮ ✐s t❤❡ ♣r❡s❝r✐❜❡❞ ♠❡❛♥ ❝✉r✈❛t✉r❡ ❡q✉❛t✐♦♥ ❢♦r ❑✐❧❧✐♥❣ ❣r❛♣❤s✳

❚❤❡ ✜rst ❣❡♥❡r❛❧ ❡①✐st❡♥❝❡ r❡s✉❧ts ❢♦r ❝♦♥st❛♥t ♠❡❛♥ ❝✉r✈❛t✉r❡ ❣r❛♣❤s ✐♥ ❘✐❡♠❛♥♥✐❛♥

❛♠❜✐❡♥ts ❛s ✇❛r♣❡❞ ♣r♦❞✉❝t s♣❛❝❡s ✇❡r❡ tr❡❛t❡❞ ✐♥ ❬✶✺❪✳ ❆ ❣❡♥❡r❛❧ ❡①✐st❡♥❝❡ r❡s✉❧t

❢♦r s♦❧✉t✐♦♥s ♦❢ t❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r t❤✐s ❡q✉❛t✐♦♥ ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✻❪✳ ❚❤❡r❡

t❤❡ ❛✉t❤♦rs ✉s❡❞ ❧♦❝❛❧ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ❑✐❧❧✐♥❣ ❝②❧✐♥❞❡rs ❛s ❜❛rr✐❡rs ❢♦r ♦❜t❛✐♥✐♥❣

❤❡✐❣❤t ❛♥❞ ❣r❛❞✐❡♥t ❡st✐♠❛t❡s✳ ❍♦✇❡✈❡r t❤✐s ❦✐♥❞ ♦❢ ❜❛rr✐❡r ✐s ♥♦t s✉✐t❛❜❧❡ t♦ ♦❜t❛✐♥ ❛

♣r✐♦r✐ ❡st✐♠❛t❡s ❢♦r s♦❧✉t✐♦♥s ♦❢ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠s✳ ❋♦r t❤❛t r❡❛s♦♥ ✇❡ ❝♦♥s✐❞❡r ♥♦✇

❧♦❝❛❧ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ ❣r❛♣❤ ✐ts❡❧❢ ❛❞❛♣t❡❞ ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ❑♦r❡✈❛❛r✬s ❛♣♣r♦❛❝❤

✐♥ ❬✶✼❪ ❛♥❞ ✐ts ❡①t❡♥s✐♦♥ ❜② ▼✳ ❈❛❧❧❡ ❡ ▲✳ ❙❤❛❤r✐②❛r✐ ❬✶✽❪✳

❙♦❧✉t✐♦♥s ♦❢ ♠❡❛♥ ❝✉r✈❛t✉r❡ ❡q✉❛t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ❝♦♥str✉❝t❡❞ ❛s st❛t✐♦♥❛r② ❧✐♠✐ts

♦❢ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ✇✐t❤ s♣❡❡❞ ❣✐✈❡♥ ❜② t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❛❝t✉❛❧ ❛♥❞ t❤❡ ❞❡s✐r❡❞

♠❡❛♥ ❝✉r✈❛t✉r❡✳

❲❡ s❛② t❤❛t ❛ ❤②♣❡rs✉r❢❛❝❡Mt ✐♥ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞M ✐s s❛✐❞ t♦ ❜❡ ❡✈♦❧✈✐♥❣

❜② ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ✐❢ ❡❛❝❤ ♣♦✐♥t ♦❢ t❤❡ s✉r❢❛❝❡ ♠♦✈❡s✱ ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✱ ✐♥ t❤❡

❞✐r❡❝t✐♦♥ ♦❢ ✐ts ✉♥✐t ♥♦r♠❛❧ N ✇✐t❤ s♣❡❡❞ ❡q✉❛❧ t♦ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ H ❛t t❤❛t ♣♦✐♥t✳

❋♦r ❡①❛♠♣❧❡✱ r♦✉♥❞ s♣❤❡r❡s ✐♥ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ❡✈♦❧✈❡ ✉♥❞❡r ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ✇❤✐❧❡

❝♦♥❝❡♥tr✐❝❛❧❧② s❤r✐♥❦✐♥❣ ✐♥✇❛r❞ ✉♥t✐❧ t❤❡② ❝♦❧❧❛♣s❡ ✐♥ ✜♥✐t❡ t✐♠❡ t♦ ❛ s✐♥❣❧❡ ♣♦✐♥t✱ t❤❡

❝♦♠♠♦♥ ❝❡♥t❡r ♦❢ t❤❡ s♣❤❡r❡s✳ ❊q✉✐✈❛❧❡♥t❧② ✐❢ ♦♥❡ ❝♦♥s✐❞❡rs t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇

♦❢ s♠♦♦t❤ ❢❛♠✐❧② ♦❢ ✐♠♠❡rs✐♦♥s Ft = F (·, t) : Mn −→ M
n+1

t❤✐s ✐s ❣✐✈❡♥ ❜②

∂

∂t
F (p, t) = nH(F (p, t))N(F (p, t)), ∀(p, t) ∈ Mn × [0, T )

❚❤❡r❡ ❛r❡ t✇♦ ❛♣♣r♦❛❝❤❡s t♦ t❤❡ st✉❞② ♦❢ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇✳ ❖♥❡ ♠❛② ✇♦r❦ ❞✐✲

r❡❝t❧② ✇✐t❤ t❤❡ ✐♠♠❡rs✐♦♥s ♦r ✐❢ t❤❡ ❤②♣❡rs✉r❢❛❝❡s ♦❜❡② ❛ ❣r❛♣❤ ❝♦♥❞✐t✐♦♥✱ ♦♥❡ ♠❛②

st✉❞② ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ✇✐t❤ ❝❧❛ss✐❝❛❧ t❡❝❤♥✐q✉❡s ❜② ❝♦♥s✐❞❡r✐♥❣ ✐t ❛s ❛ q✉❛s✐❧✐♥❡❛r

♣❛r❛❜♦❧✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳

▼❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ✐s ♣❡r❤❛♣s t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❣❡♦♠❡tr✐❝ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥

♦❢ s✉❜♠❛♥✐❢♦❧❞s ✐♥ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ❛♥❞ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❢♦r s♦♠❡ t✐♠❡✱ ❛t

❧❡❛st s✐♥❝❡ ✶✾✺✻✱ ✇❤❡♥ ▼✉❧❧✐♥s ❬✶✾❪ ❝♦♥s✐❞❡r❡❞ ❛ ✈❡rs✐♦♥ ♦❢ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ✐♥ ♦♥❡

❞✐♠❡♥s✐♦♥✱ ✇❡r❡ ❤❡ ♣r♦♣♦s❡❞ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ t♦ ♠♦❞❡❧ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❣r❛✐♥

❜♦✉♥❞❛r✐❡s ✐♥ ❛♥♥❡❛❧✐♥❣ ♠❡t❛❧s✳ ■♥ ✶✾✼✽ ❇r❛❦❦❡ ❬✷✵❪ st✉❞✐❡❞ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇

♦❢ s✉r❢❛❝❡s ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❣❡♦♠❡tr✐❝ ♠❡❛s✉r❡ t❤❡♦r②✳

❋♦r ❝❧♦s❡❞ ❝♦♥✈❡① s✉r❢❛❝❡s ✐♥ Rn+1✱ ♦♥❡ r❡s✉❧t ♦❢ ❣r❡❛t ✐♥t❡r❡st ✐s t❤❛t ♦❢ ❍✉✐s❦❡♥



✶✵

❬✷✶❪✳ ❚❤❡r❡ t❤❡ ❛✉t❤♦r ♣r♦✈❡s t❤❛t ✉♥❞❡r ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇✱ ❝♦♠♣❛❝t✱ ✐♥✐t✐❛❧❧② ❝♦♥✈❡①

s✉r❢❛❝❡s r❡t❛✐♥ t❤❡✐r ❝♦♥✈❡①✐t② ❛♥❞ ❜❡❝♦♠✐♥❣ ♠♦r❡ ❛♥❞ ♠♦r❡ s♣❤❡r✐❝❛❧ ❛t t❤❡ ❡♥❞ ♦❢

t❤❡ ❡✈♦❧✉t✐♦♥✳ ■♥ ❬✷✷❪ t❤✐s ✇❛s ❡①t❡♥❞❡❞ t♦ ❣❡♥❡r❛❧ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ✉♥❞❡r t❤❡

❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❤②♣❡rs✉r❢❛❝❡ ✐s s✉✣❝✐❡♥t❧② ❝♦♥✈❡①✿ ❊❛❝❤ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡

λi ♦❢ t❤❡ ✐♥✐t✐❛❧ s✉r❢❛❝❡ ❤❛s t♦ ❜❡ ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡

❝✉r✈❛t✉r❡ ❛♥❞ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❝✉r✈❛t✉r❡ ✐♥ t❤❡ ❛♠❜✐❡♥t ♠❛♥✐❢♦❧❞✳ ❚❤❡ ❛♥❛❧♦❣♦✉s

r❡s✉❧t ❢♦r t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ t❤❡ ❝✉r✈❡ s❤♦rt❡♥✐♥❣ ✢♦✇✱ ✇❛s ♦❜t❛✐♥❡❞ ❜② ●❛❣❡

❛♥❞ ❍❛♠✐❧t♦♥ ❬✷✸❪✱ ❬✷✹❪✱ ✇❤❡r❡ ✐t ✇❛s ♣r♦✈❡❞ t❤❛t ✐♥✐t✐❛❧❧② ❝♦♥✈❡① ♣❧❛♥❛r ❝✉r✈❡s ❝♦♥tr❛❝t

t♦ ♣♦✐♥ts✳ ❚❤✐s ✇❛s ❧❛t❡r ❣❡♥❡r❛❧✐s❡❞ ❜② ●r❛②s♦♥ ❬✷✺❪✱❬✷✻❪ ❢♦r ❛❧❧ ❝❧♦s❡❞ ❡♠❜❡❞❞❡❞ ♣❧❛♥❛r

❝✉r✈❡s✳ ❍❡ ♣r♦✈❡❞ t❤❛t ❛♥② ❡♠❜❡❞❞❡❞ ❝❧♦s❡❞ ❝✉r✈❡ ♦♥ ❛ ✷✲s✉r❢❛❝❡ ♦❢ ❜♦✉♥❞❡❞ ❣❡♦♠❡tr②

✇✐❧❧ ❡✐t❤❡r s♠♦♦t❤❧② ❝♦♥tr❛❝t t♦ ❛ ♣♦✐♥t ✐♥ ✜♥✐t❡ t✐♠❡ ♦r ❝♦♥✈❡r❣❡ t♦ ❛ ❣❡♦❞❡s✐❝ ✐♥ ✐♥

✜♥✐t❡ t✐♠❡✳

■♥ ♠❛♥② ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ t❤❡♦r② ♦❢ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ♦♥❡ ❛ss✉♠❡s t❤❛t M

✐s ❛ s♠♦♦t❤ ❝❧♦s❡❞ ♠❛♥✐❢♦❧❞✳ ❚❤❡ r❡❛s♦♥ ✐s✱ t❤❛t ♦♥❡ ❦❡② t❡❝❤♥✐q✉❡ ✐♥ ♠❡❛♥ ❝✉r✈❛t✉r❡

✢♦✇ ✭♦r ♠♦r❡ ❣❡♥❡r❛❧❧② ✐♥ t❤❡ t❤❡♦r② ♦❢ ♣❛r❛❜♦❧✐❝ ❣❡♦♠❡tr✐❝ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s✮ ✐s

t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✳ ❇✉t ❡✈❡♥ ❢♦r ❝♦♠♣❧❡t❡ ♥♦♥✲❝♦♠♣❛❝t s✉❜♠❛✲

♥✐❢♦❧❞s t❤❡r❡ ❛r❡ ♣♦✇❡r❢✉❧ t❡❝❤♥✐q✉❡s✱ s✐♠✐❧❛r t♦ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱ t❤❛t ❝❛♥ ❜❡

❛♣♣❧✐❡❞ ✐♥ s♦♠❡ s✐t✉❛t✐♦♥s✳ ■♥ t❤❡ ❝♦♠♣❧❡t❡ ❝❛s❡ ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t t♦♦❧s ✐s t❤❡

♠♦♥♦t♦♥✐❝✐t② ❢♦r♠✉❧❛ ❢♦✉♥❞ ❜② ❍✉✐s❦❡♥ ❬✷✼❪✱ ❊❝❦❡r ❛♥❞ ❍✉✐s❦❡♥ ❬✷✽❪ ❛♥❞ ❍❛♠✐❧t♦♥ ❬✷✾❪

❛♥❞ t❤❛t ❡q✉❛❧❧② ✇❡❧❧ ❛♣♣❧✐❡s t♦ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ✐♥ ❤✐❣❤❡r ❝♦❞✐♠❡♥s✐♦♥✳ ❆ ❧♦❝❛❧

♠♦♥♦t♦♥✐❝✐t② ❢♦r ❡✈♦❧✈✐♥❣ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ❤❛s ❜❡❡♥ ❢♦✉♥❞ r❡❝❡♥t❧② ❜② ❊❝❦❡r✱

❑♥♦♣❢✱ ◆✐ ❛♥❞ ❚♦♣♣✐♥❣ ❬✸✵❪✳

❚❤❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ♦❢ ❣r❛♣❤s ✇✐t❤ ❡✐t❤❡r ❛ ♥✐♥❡t② ❞❡❣r❡❡

❝♦♥t❛❝t ❛♥❣❧❡ ♦r ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ ❝②❧✐♥❞r✐❝❛❧ ❞♦♠❛✐♥s ❤❛s ❜❡❡♥ st✉❞✐❡❞

❜② ❍✉✐s❦❡♥ ❬✸✶❪ ❛♥❞ t❤❡r❡ ♣r♦✈❡s ❛ ❧♦♥❣ t✐♠❡ ❡①✐st❡♥❝❡ ❛♥❞ ❝♦♥✈❡r❣❡♥❝❡ t♦ ♠✐♥✐♠❛❧

s✉r❢❛❝❡s t❤❡♦r❡♠✳ ❚❤✐s ✇❛s ❧❛t❡r ❣❡♥❡r❛❧✐s❡❞ ❜② ❆❧ts❝❤✉❧❡r ❛♥❞ ❲✉ ❬✸✷❪✱ ✇❤❡r❡ t❤❡②

❛❧❧♦✇ ❛r❜✐tr❛r② ❝♦♥t❛❝t ❛♥❣❧❡s ❛t t❤❡ ✜①❡❞ ❜♦✉♥❞❛r② ❢♦r t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ❣r❛♣❤s✳ ❚❤✐s

✐♥ t✉r♥ ✇❛s ❛❧s♦ ❧❛t❡r ❣❡♥❡r❛❧✐s❡❞ t♦ ❛r❜✐tr❛r② ❞✐♠❡♥s✐♦♥s ❜② ●✉❛♥ ❬✸✸❪ ✐♥ ❊✉❝❧✐❞✐❛♥

s♣❛❝❡✱ ❛♥❞ ❈❛❧❧❡ ❬✶✽❪ ✐♥ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s✳ ❋r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ✐♠♠❡rs✐♦♥s

♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ✇✐t❤ ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❞❛t❛ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❜② ❙t♦♥❡ ❬✸✹❪✱❬✸✺❪

✐♥ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ❛♥❞ Pr✐✇✐t③❡r ✐♥ ❬✸✻❪ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s✳

■♥ t❤✐s t❤❡s✐s ✇❡ st✉❞② t❤❡ ❢♦❧❧♦✇✐♥❣ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ✐♥ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞



✶✶

r❡❧❛t❡❞ t♦ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❑✐❧❧✐♥❣ ❣r❛♣❤s ✉♥❞❡r ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇✳

∂X

∂t
= (nH −H)N, ✭✹✮

X(0, ·) = ϑ(u0(·), ·), ✭✺✮

✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

〈N, ν〉|∂Σt
= φ, ✭✻✮

❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❑✐❧❧✐♥❣ ❣r❛♣❤s ✇✐t❤ ♣r❡s❝r✐❜❡❞ ♠❡❛♥ ❝✉r✲

✈❛t✉r❡ ❛♥❞ ♣r❡s❝r✐❜❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✢♦✇ ♦❢

✐♠♠❡rs✐♦♥s ✇❤✐❝❤ ❤❛✈❡ ❛❧s♦ t❤❡ ♣r♦♣❡rt② ♦❢ ❜❡✐♥❣ ❣r❛♣❤s✳ ❚❤✐s ✇✐❧❧ ❛❧❧♦✇ ✉s t♦ tr❛♥s✲

❢♦r♠ t❤❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✐♠♠❡rs✐♦♥ ✐♥t♦ t❤❛t ❢♦r ❛ s❝❛❧❛r ❢✉♥❝t✐♦♥✳

❚❤✐s ❡q✉❛t✐♦♥ ✐s ♣❛r❛❜♦❧✐❝ ❛♥❞ q✉❛s✐❧✐♥❡❛r ❛♥❞ st❛♥❞❛r❞ t❤❡♦r② ❣✉❛r❛♥t❡❡s t❤❛t

t❤❡ ♣r♦❜❧❡♠ ♦❢ s♦❧✈✐♥❣ ✭✶✳✻✮✲✭✶✳✽✮ ✐s r❡❞✉❝❡❞ t♦ ♦❜t❛✐♥❣ ❛ ♣r✐♦r✐ ❤❡✐❣❤t ❛♥❞ ❣r❛❞✐❡♥t

❡st✐♠❛t❡s ❢♦r s♦❧✉t✐♦♥s t❤❡ ♣r♦❜❧❡♠✳ ❚❤✐s t❤❡s✐s ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ❢♦✉r ❝❤❛♣t❡r ❛s ❢♦❧❧♦✇s✳

■♥ ❈❤❛♣t❡r ✶ ✇❡ ❣✐✈❡ ❛ ❜r✐❡❢ ❡①♣❧❛♥❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠s t❤❛t ✇❡ tr❡❛t ✐♥ t❤✐s

t❤❡s✐s✱ ♥❛♠❡❧②✱ ❈❛♣✐❧❧❛r② Pr♦❜❧❡♠ ❛♥❞ ▼❡❛♥ ❈✉r✈❛t✉r❡ ❋❧♦✇ ♦❢ ❑✐❧❧✐♥❣ ●r❛♣❤s✱ ❜♦t❤

✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

■♥ ❈❤❛♣t❡r ✷ ✇❡ ♣r❡s❡♥t ❛ s❡t ♦❢ t❤❡♦r❡♠s ✇❤✐❝❤ ❝♦♥❝❡r♥s t❤❡ t❤❡♦r② ♣❛r❛❜♦❧✐❝✱

✐♥❝❧✉❞✐♥❣ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❛♥❞ s❤♦rt t✐♠❡ ❡①✐st❡♥❝❡✳

■♥ ❈❤❛♣t❡r ✸ ❛♥❞ ❈❤❛♣t❡r ✹ ✇❡ ✇✐❧❧ ♣r♦♦❢ t❤❡ ❈❛♣✐❧❧❛r② Pr♦❜❧❡♠ ❛♥❞ ▼❡❛♥

❈✉r✈❛t✉r❡ ❋❧♦✇ ♦❢ ❑✐❧❧✐♥❣ ●r❛♣❤s r❡s♣❡❝t✐✈❡❧②✳



✶✷



Capı́tulo 1

❚❤❡ Pr♦❜❧❡♠s

▲❡t M ❜❡ ❛ (n + 1)✲❞✐♠❡♥s✐♦♥❛❧ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❑✐❧❧✐♥❣

✈❡❝t♦r ✜❡❧❞ Y ✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦rt❤♦❣♦♥❛❧ t♦ Y ✐s ♦❢ ❝♦♥st❛♥t r❛♥❦ ❛♥❞

✐♥t❡❣r❛❜❧❡✳ ●✐✈❡♥ ❛♥ ✐♥t❡❣r❛❧ ❧❡❛❢ P ♦❢ t❤❛t ❞✐str✐❜✉t✐♦♥✱ ❧❡t Ω ⊂ P ❜❡ ❛ ❜♦✉♥❞❡❞

❞♦♠❛✐♥ ✇✐t❤ r❡❣✉❧❛r ❜♦✉♥❞❛r② Γ = ∂Ω✳ ▲❡t ϑ : I × Ω̄ → M t❤❡ ✢♦✇ ❣❡♥❡r❛t❡❞ ❜②

Y ✇✐t❤ ✐♥✐t✐❛❧ ✈❛❧✉❡s ✐♥ M ✱ ✇❤❡r❡ I ✐s ❛ ♠❛①✐♠❛❧ ✐♥t❡r✈❛❧ ♦❢ ❞❡✜♥✐t✐♦♥✳ ■♥ ❣❡♦♠❡tr✐❝

t❡r♠s✱ t❤❡ ❛♠❜✐❡♥t ♠❛♥✐❢♦❧❞ ✐s ❛ ✇❛r♣❡❞ ♣r♦❞✉❝t M = P ×1/
√
γ I ✇❤❡r❡ γ = ǫ/〈Y, Y 〉✳

●✐✈❡♥ T ∈ [0,+∞)✱ ❧❡t u : Ω̄× [0, T ) → I ❜❡ ❛ s♠♦♦t❤ ❢✉♥❝t✐♦♥✳ ❋✐①❡❞ t❤✐s ♥♦t❛✲

t✐♦♥✱ t❤❡ ❑✐❧❧✐♥❣ ❣r❛♣❤ ♦❢ u(·, t), t ∈ [0, T )✱ ✐s t❤❡ ❤②♣❡rs✉r❢❛❝❡ Σt ⊂ M ♣❛r❛♠❡tr✐③❡❞

❜② t❤❡ ♠❛♣

X(t, x) = ϑ(u(x, t), x), x ∈ Ω̄.

◆♦t✐❝❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ❝♦✉❧❞ ❜❡ s❧✐❣❤t❧② ♠♦r❡ ❣❡♥❡r❛❧ ✐❢ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❝♦♦r✲

❞✐♥❛t❡s ♦❢ x ∈ Ω̄ ❝❤❛♥❣❡ ✇✐t❤ t❤❡ ♣❛r❛♠❡t❡r t ∈ [0, T )✳ ❚♦ ❛❜♦❧✐s❤ t❤✐s ♣♦ss✐❜✐❧✐t② ✐s

❡q✉✐✈❛❧❡♥t t♦ r✉❧❡ ♦✉t t❛♥❣❡♥t✐❛❧ ❞✐✛❡♦♠♦r♣❤✐s♠s ♦❢ Ω✳

❚❤❡ ❑✐❧❧✐♥❣ ❝②❧✐♥❞❡r K ♦✈❡r Γ ✐s ❜② ✐ts t✉r♥ ❞❡✜♥❡❞ ❜②

K = {ϑ(s, x) : s ∈ I, x ∈ Γ}. ✭✶✳✶✮

▲❡t N ❜❡ ❛ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r ✜❡❧❞ ❛❧♦♥❣ Σt✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❞❡♥♦t❡ ❜② H

t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ Σt ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦r✐❡♥t❛t✐♦♥ ❣✐✈❡♥ ❜② N ✳

❚❤❡ ❤❡✐❣❤t ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧❡❛❢ P ✐s ♠❡❛s✉r❡❞ ❜② t❤❡ ❛r❝ ❧❡♥❣❤t

♣❛r❛♠❡t❡r ς ♦❢ t❤❡ ✢♦✇ ❧✐♥❡s ♦❢ Y ✱ t❤❛t ✐s✱

ς =
1√
γ
s.



✶✹ ❚❤❡ Pr♦❜❧❡♠s

■♥ t❤✐s t❤❡s✐s ✇❡ ✇♦r❦ ✇✐t❤ t✇♦ t②♣❡s ♦❢ ♣r♦❜❧❡♠s✳ ❚❤❡ ✜rst ✐s ❛ ❝❛♣✐❧❧❛r② ♣r♦❜❧❡♠✳

❲❡ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐st s♦❧✉t✐♦♥s ❢♦r ❛ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❝❛♣✐❧❧❛r② ♣r♦❜❧❡♠ ✐♥ ❛ ✇✐❞❡

❝❧❛ss ♦❢ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞✳ ■♥ ♦t❤❡r t❡r♠s✱ ✇❡

♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❑✐❧❧✐♥❣ ❣r❛♣❤s ✇✐t❤ ♣r❡s❝r✐❜❡❞ ♠❡❛♥ ❝✉r✈❛t✉r❡ ❛♥❞ ♣r❡s❝r✐❜❡❞

❝♦♥t❛❝t ❛♥❣❧❡ ❛❧♦♥❣ ✐ts ❜♦✉♥❞❛r②✳ ❋♦r t❤❡ s❡❝♦♥❞ t②♣❡ ♦❢ ♣r♦❜❧❡♠ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠❡❛♥

❝✉r✈❛t✉r❡ ✢♦✇ ♦❢ ❦✐❧❧✐♥❣ ❣r❛♣❤s ✇✐t❤ ❛ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳

■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ♣r❡s❡♥t ❛ ❜r✐❡❢ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠s

✶✳✶ ❈❛♣✐❧❧❛r② ♣r♦❜❧❡♠

❲❡ ❢♦r♠✉❧❛t❡ ❛ ❝❛♣✐❧❧❛r② ♣r♦❜❧❡♠ ✐♥ t❤✐s ❣❡♦♠❡tr✐❝ ❝♦♥t❡①t ✇❤✐❝❤ ♠♦❞❡❧ st❛t✐♦✲

♥❛r② ❣r❛♣❤s ✉♥❞❡r ❛ ❣r❛✈✐t② ❢♦r❝❡ ✇❤♦s❡ ✐♥t❡♥s✐t② ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦✐♥t ✐♥ t❤❡ s♣❛❝❡✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ❣✐✈❡♥ ❛ ❣r❛✈✐t❛t✐♦♥❛❧ ♣♦t❡♥t✐❛❧ Ψ ∈ C1,α(Ω̄×R) ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥❛❧

A[u] =

∫

Σ

(
1 +

∫ u/
√
γ

0

Ψ(x, s(ς)) ❞ς

)
❞Σ. ✭✶✳✷✮

❚❤❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥t ❞Σ ♦❢ Σ ✐s ❣✐✈❡♥ ❜②

1√
γ

√
γ + |∇u|2 ❞σ,

✇❤❡r❡ ❞σ ✐s t❤❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥t ✐♥ P ✳

❚❤❡ ✜rst ✈❛r✐❛t✐♦♥ ❢♦r♠✉❧❛ ♦❢ t❤✐s ❢✉♥❝t✐♦♥❛❧ ♠❛② ❜❡ ❞❡❞✉❝❡❞ ❛s ❢♦❧❧♦✇s✳ ●✐✈❡♥

❛♥ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥ v ∈ C∞
c (Ω) ✇❡ ❝♦♠♣✉t❡

d

dτ

∣∣∣
τ=0

A[u+ τv] =

∫

Ω

(
1√
γ

〈∇u,∇v〉√
γ + |∇u2|

+
1√
γ
Ψ(x, u(x))v

)√
σ❞x

=

∫

Ω

(
❞✐✈

( 1√
γ

∇u

W
v
)
− ❞✐✈

( 1√
γ

∇u

W

)
v +

1√
γ
Ψ(x, u(x))v

)√
σ❞x

−
∫

Ω

(
1√
γ
❞✐✈

(∇u

W

)
− 1√

γ
〈∇γ

2γ
,
∇u

W
〉 − 1√

γ
Ψ(x, u(x))

)
v
√
σ❞x,

✇❤❡r❡
√
σ❞x ✐s t❤❡ ✈♦❧✉♠❡ ❡❧❡♠❡♥t ❞σ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s ✐♥ P ✳

❚❤❡ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ❞✐✈ ❛♥❞ ∇ ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❞✐✈❡r❣❡♥❝❡ ❛♥❞ ❣r❛❞✐❡♥t ✐♥ P

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡tr✐❝ ✐♥❞✉❝❡❞ ❢r♦♠ M ✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t st❛t✐♦♥❛r② ❢✉♥❝t✐♦♥s s❛t✐s❢② t❤❡ ❝❛♣✐❧❧❛r②✲t②♣❡ ❡q✉❛t✐♦♥

❞✐✈
(∇u

W

)
− 〈∇γ

2γ
,
∇u

W
〉 = Ψ. ✭✶✳✸✮



✶✳✶ ❈❛♣✐❧❧❛r② ♣r♦❜❧❡♠ ✶✺

◆♦t✐❝❡ t❤❛t ❛ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛r✐s❡s ♥❛t✉r❛❧❧② ❢r♦♠ t❤✐s ✈❛r✐❛t✐♦♥❛❧ s❡t✲

t✐♥❣✿ ❣✐✈❡♥ ❛ C2,α ❢✉♥❝t✐♦♥ Φ : K → (−1, 1)✱ ✇❡ ✐♠♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡s❝r✐❜❡❞ ❛♥❣❧❡

❝♦♥❞✐t✐♦♥

〈N, ν〉 = Φ ✭✶✳✹✮

❛❧♦♥❣ ∂Σ✱ ✇❤❡r❡

N =
1

W

(
γY − ϑ∗∇u

)
✭✶✳✺✮

✐s t❤❡ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r ✜❡❧❞ ❛❧♦♥❣ Σ s❛t✐s❢②✐♥❣ 〈N, Y 〉 > 0 ❛♥❞ ν ✐s t❤❡ ✉♥✐t ♥♦r♠❛❧

✈❡❝t♦r ✜❡❧❞ ❛❧♦♥❣ K ♣♦✐♥t✐♥❣ ✐♥✇❛r❞s t❤❡ ❑✐❧❧✐♥❣ ❝②❧✐♥❞❡r ♦✈❡r Ω✳

❋♦❧❧♦✇✐♥❣ ❬✶✽❪ ❛♥❞ ❬✶✼❪ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❞❛t❛ Ψ ❛♥❞ Φ s❛t✐s❢②

✐✳ |Ψ|+ |∇̄Ψ| ≤ CΨ ✐♥ Ω̄× R✱

✐✐✳ 〈∇̄Ψ, Y 〉 ≥ β > 0 ✐♥ Ω̄× R✱

✐✐✐✳ 〈∇̄Φ, Y 〉 ≤ 0✱

✐✈✳ (1− Φ2) ≥ β′✱

✈✳ |Φ|2 ≤ CΦ ✐♥ K✱

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts CΨ, CΦ, β ❛♥❞ β′✱ ✇❤❡r❡ ∇̄ ❞❡♥♦t❡s t❤❡ ❘✐❡♠❛♥♥✐❛♥ ❝♦♥♥❡❝✲

t✐♦♥ ✐♥ M ✳ ❆ss✉♠♣t✐♦♥ ✭ii) ✐s ❝❧❛ss✐❝❛❧❧② r❡❢❡rr❡❞ t♦ ❛s t❤❡ ♣♦s✐t✐✈❡ ❣r❛✈✐t② ❝♦♥❞✐t✐♦♥✳

❊✈❡♥ ✐♥ t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡✱ ✐t s❡❡♠s t♦ ❜❡ ❛♥ ❡ss❡♥t✐❛❧ ❛ss✉♠♣t✐♦♥ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥

❛ ♣r✐♦r✐ ❤❡✐❣❤t ❡st✐♠❛t❡s✳ ❆ ✈❡r② ❣❡♦♠❡tr✐❝ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t t❤✐s ✐ss✉❡ ♠❛② ❜❡ ❢♦✉♥❞

❛t ❬✸✼❪✳ ❈♦♥❞✐t✐♦♥ ✭iii✮ ✐s t❤❡ s❛♠❡ ❛s ✐♥ ❬✶✽❪ ❛♥❞ ❬✶✼❪ s✐♥❝❡ ❛t t❤♦s❡ r❡❢❡r❡♥❝❡s N ✐s

❝❤♦s❡♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t 〈N, Y 〉 > 0✳

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

❚❤❡♦r❡♠ ✶ ▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ C3,α ❞♦♠❛✐♥ ✐♥ P ✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ Ψ ∈ C1,α(Ω̄×R)

❛♥❞ Φ ∈ C2,α(K) ✇✐t❤ |Φ| ≤ 1 s❛t✐s❢② ❝♦♥❞✐t✐♦♥s ✭✐✮✲✭✈✮ ❛❜♦✈❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛

✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ C3,α(Ω̄) ♦❢ t❤❡ ❝❛♣✐❧❧❛r② ♣r♦❜❧❡♠ ✭✸✳✶✮✲✭✸✳✷✮✳

❲❡ ♦❜s❡r✈❡ t❤❛t Ψ = nH✱ ✇❤❡r❡ H ✐s t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ Σ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤

r❡s♣❡❝t t♦ N ✳ ❚❤❡r❡❢♦r❡ ❚❤❡♦r❡♠ ✶✸ ❡st❛❜❧✐s❤❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❑✐❧❧✐♥❣ ❣r❛♣❤s ✇✐t❤

♣r❡s❝r✐❜❡❞ ♠❡❛♥ ❝✉r✈❛t✉r❡ Ψ ❛♥❞ ♣r❡s❝r✐❜❡❞ ❝♦♥t❛❝t ❛♥❣❧❡ ✇✐t❤ K ❛❧♦♥❣ t❤❡ ❜♦✉♥❞❛r②✳

❙✐♥❝❡ t❤❡ ❘✐❡♠❛♥♥✐❛♥ ♣r♦❞✉❝t P × R ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡r❡ γ = 1✱



✶✻ ❚❤❡ Pr♦❜❧❡♠s

♦✉r r❡s✉❧t ❡①t❡♥❞s t❤❡ ♠❛✐♥ ❡①✐st❡♥❝❡ t❤❡♦r❡♠ ✐♥ ❬✶✽❪✳ ❙♣❛❝❡ ❢♦r♠s ❝♦♥st✐t✉t❡ ♦t❤❡r

✐♠♣♦rt❛♥t ❡①❛♠♣❧❡s ♦❢ t❤❡ ❦✐♥❞ ♦❢ ✇❛r♣❡❞ ♣r♦❞✉❝ts ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱

✇❡ ❡♥❝♦♠♣❛ss t❤❡ ❝❛s❡ ♦❢ ❑✐❧❧✐♥❣ ❣r❛♣❤s ♦✈❡r t♦t❛❧❧② ❣❡♦❞❡s✐❝ ❤②♣❡rs✉r❢❛❝❡s ✐♥ t❤❡

❤②♣❡r❜♦❧✐❝ s♣❛❝❡ H
n+1✳

✶✳✷ ▼❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇

❲❡ ✇✐❧❧ ❡st❛❜❧✐s❤ ❝♦♥❞✐t✐♦♥s ❢♦r ❧♦♥❣t✐♠❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣r❡s❝r✐❜❡❞ ♠❡❛♥ ❝✉r✈❛t✉r❡

✢♦✇ ♦❢ t❤❡ ❢♦r♠

∂X

∂t
= (nH −H)N, ✭✶✳✻✮

X(0, ·) = ϑ(u0(·), ·), ✭✶✳✼✮

❢♦r ❣✐✈❡♥ ❢✉♥❝t✐♦♥s u0 : Ω̄ → R ❛♥❞ H : Ω̄ → R✳ ■♥ ♦r❞❡r t♦ ❞❡✜♥❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♣r♦❜❧❡♠ ✭✶✳✻✮ ✇❡ ❝♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ φ ∈ C∞(Γ) s✉❝❤ t❤❛t |φ| ≤ φ0 <

1 ❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t φ0✳ ▲❡t ν ❜❡ t❤❡ ✐♥✇❛r❞ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r ✜❡❧❞ ❛❧♦♥❣ K✳

❲❡ ✐♠♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ◆❡✉♠❛♥♥ ❝♦♥❞✐t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ ✭✶✳✻✮

〈N, ν〉|∂Σt
= φ, ✭✶✳✽✮

✇❤❡r❡ 〈·, ·〉 ❞❡♥♦t❡s t❤❡ ❘✐❡♠❛♥♥✐❛♥ ♠❡tr✐❝ ✐♥ M ✳

▲❡t x1, . . . , xn ❜❡ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s ✐♥ P ✳ ❚❤✐s s②st❡♠ ✐s ❛✉❣♠❡♥t❡❞ t♦ ❜❡ ❛

❝♦♦r❞✐♥❛t❡ s②st❡♠ ✐♥ M ❜② s❡tt✐♥❣ x0 = s✱ t❤❡ ✢♦✇ ♣❛r❛♠❡t❡r ♦❢ Y ✳ ❚❤❡ t❛♥❣❡♥t s♣❛❝❡

♦❢ Σt ❛t ❛ ♣♦✐♥t X(t, x), x ∈ Ω̄✱ ✐s s♣❛♥♥❡❞ ❜② t❤❡ ❝♦♦r❞✐♥❛t❡ ✈❡❝t♦r ✜❡❧❞s

X∗
∂

∂xi
= ϑ∗

∂

∂xi
+ uiϑ∗

∂

∂x0
=

∂

∂xi

∣∣∣
X
+ ui

∂

∂x0

∣∣∣
X
. ✭✶✳✾✮

■♥ t❡r♠s ♦❢ t❤❡s❡ ❝♦♦r❞✐♥❛t❡s t❤❡ ✐♥❞✉❝❡❞ ♠❡tr✐❝ ✐♥ Σt ✐s ❡①♣r❡ss❡❞ ✐♥ ❧♦❝❛❧ ❝♦♠♣♦♥❡♥ts

❜②

gij = σij +
1

γ
uiuj, ✭✶✳✶✵✮

✇❤❡r❡ γ = 1
|Y |2 ❛♥❞ σij ❛r❡ t❤❡ ❧♦❝❛❧ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♠❡tr✐❝ ✐♥ P ✳

■♥ ♦r❞❡r t♦ ❝♦♠♣✉t❡ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ Σt✱ ✇❡ ✜① N ❛s t❤❡ ✈❡❝t♦r ✜❡❧❞

N =
1

W

(
γY − ϑ∗∇u

)
, ✭✶✳✶✶✮

✇❤❡r❡ ∇u ✐s t❤❡ ❣r❛❞✐❡♥t ♦❢ u ✐♥ P ❛♥❞

W =
√

γ + |∇u|2. ✭✶✳✶✷✮



✶✳✷ ▼❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ✶✼

❚❤❡ s❡❝♦♥❞ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r♠ ♦❢ Σt ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤✐s ❝❤♦✐❝❡ ♦❢ ♥♦r♠❛❧

✈❡❝t♦r ✜❡❧❞ ❤❛s ❧♦❝❛❧ ❝♦♠♣♦♥❡♥ts

aij = 〈∇̄X∗
∂

∂xi
X∗

∂

∂xj
, N〉, ✭✶✳✶✸✮

✇❤❡r❡ ∇̄ ❞❡♥♦t❡s t❤❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡ ✐♥ M ✳ ❲❡ t❤❡♥ ❝♦♠♣✉t❡

aij = 〈∇̄X∗
∂

∂xi
ϑ∗

∂

∂xj
, N〉+ 〈∇̄X∗

∂

∂xi
ujϑ∗

∂

∂x0
, N〉

= 〈∇̄ϑ∗
∂

∂xi
ϑ∗

∂

∂xj
, N〉+ ui〈∇̄ϑ∗

∂

∂x0
ϑ∗

∂

∂xj
, N〉+ uj〈∇̄ϑ∗

∂

∂xi
ϑ∗

∂

∂x0
, N〉

+ui,j〈ϑ∗
∂

∂x0
, N〉+ uiuj〈∇̄ϑ∗

∂

∂x0
ϑ∗

∂

∂x0
, N〉.

❍❡♥❝❡ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠❛♣s x 7→ ϑ(s, x) ❛r❡ ✐s♦♠❡tr✐❡s ❛♥❞ t❤❛t t❤❡ ❤②♣❡rs✉r✲

❢❛❝❡s ❞❡✜♥❡❞ ❜② {ϑ(s, x) : x ∈ P}, s ∈ I, ❛r❡ t♦t❛❧❧② ❣❡♦❞❡s✐❝ ♦♥❡ ❝♦♥❝❧✉❞❡s t❤❛t

aij = 〈∇̄ ∂

∂xi

∂

∂xj
,− 1

W
∇u〉+ ui〈∇̄ ∂

∂xj
Y,

1

W
γY 〉+ uj〈∇̄ ∂

∂xi
Y,

1

W
γY 〉

+ui,j〈Y,
1

W
γY 〉+ uiuj〈∇̄Y Y,−

1

W
∇u〉.

■t ❢♦❧❧♦✇s ❢r♦♠ ❑✐❧❧✐♥❣✬s ❡q✉❛t✐♦♥ t❤❛t

aij =
ui;j

W
− ui

W

γj
2γ

− uj

W

γi
2γ

− uiuj

2W
uk γk

γ2
. ✭✶✳✶✹✮

■t t✉r♥s ♦✉t t❤❛t aij ❝♦✉❧❞ ❜❡ ❛❧s♦ ❡①♣r❡ss❡❞ ❜②

aij =
ui;j

W
− ui

W
γ〈∇̄Y Y,

∂

∂xj
〉 − uj

W
γ〈∇̄Y Y,

∂

∂xi
〉 − uiuj

W
〈∇̄Y Y,∇u〉. ✭✶✳✶✺✮

❚❛❦✐♥❣ tr❛❝❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐♥❞✉❝❡❞ ♠❡tr✐❝ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥

❢♦r t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ H ♦❢ t❤❡ ❤②♣❡rs✉r❢❛❝❡ Σt

nH =
(
σij − ui

W

uj

W

)ui;j

W
− 2γ + |∇u|2

W 3
〈∇̄γ

2γ
,∇u〉. ✭✶✳✶✻✮

❆❧t❡r♥❛t✐✈❡❧② ♦♥❡ ❤❛s

nH =
(
σij − ui

W

uj

W

)ui;j

W
− 2γ + |∇u|2

W 3
γ〈∇̄Y Y,∇u〉. ✭✶✳✶✼✮

❆t t❤✐s ♣♦✐♥t ✇❡ r❡❝❛❧❧ t❤❛t

∇̄ ∂

∂xi
Y = −1

2

γi
γ
Y ✭✶✳✶✽✮

❛♥❞

∇̄Y Y =
1

2

∇γ

γ2
. ✭✶✳✶✾✮
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✇❤❛t ✐♠♣❧✐❡s t❤❛t

〈∇̄Y Y,∇u〉 = −〈∇̄∇uY, Y 〉 = 1

2γ2
〈∇γ,∇u〉. ✭✶✳✷✵✮

❯s✐♥❣ t❤✐s ♦♥❡ ❡❛s✐❧② ✈❡r✐✜❡s t❤❛t ✭✶✳✶✻✮ ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥ ❞✐✈❡r❣❡♥❝❡ ❢♦r♠ ❛s

❞✐✈
∇u

W
− 1

2γW
〈∇γ,∇u〉 = nH. ✭✶✳✷✶✮

■♥ ❢❛❝t ✇❡ ❤❛✈❡

( ui

W

)
;i
=

1

W
ui
;i −

1

W 3
uiujui;j −

1

2W 3
uiγi.

■t ✐s ✇♦rt❤ t♦ ♣♦✐♥t ♦✉t t❤❛t ✭✶✳✷✶✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

❞✐✈
∇u

W
− γ

W
〈∇̄Y Y,∇u〉 = nH. ✭✶✳✷✷✮

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ✭✶✳✻✮ ♠❛② ❜❡ ✇r✐tt❡♥ ♥♦♥♣❛r❛♠❡tr✐❝❛❧❧② ❛s

∂u

∂t
= W❞✐✈

∇u

W
−WH− γ〈∇̄Y Y,∇u〉. ✭✶✳✷✸✮

■♥❞❡❡❞ ✐t ❤♦❧❞s t❤❛t

nH −H = 〈∂X
∂t

,N〉 = 〈∂u
∂t

ϑ∗
∂

∂x0
,
γ

W
ϑ∗

∂

∂x0
〉 = 1

W

∂u

∂t
.

❯s✐♥❣ ✭✶✳✶✻✮ ♦♥❡ ✈❡r✐✜❡s t❤❛t ✭✶✳✷✸✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

∂u

∂t
=

(
σij − ui

W

uj

W

)
ui;j −

2γ + |∇u|2
W 2

〈∇̄γ

2γ
,∇u〉 −WH. ✭✶✳✷✹✮

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ✭✶✳✻✮✲✭✶✳✽✮ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥♣❛r❛♠❡tr✐❝

❢♦r♠

ut =
(
σij − ui

W

uj

W

)
ui;j −

( 1

2γ
+

1

2W 2

)
γiui −WH in Ω× [0, T ) ✭✶✳✷✺✮

u(·, 0) = u0(·) in Ω× {0} ✭✶✳✷✻✮

✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

〈N, ν〉 = φ on ∂Ω× [0, T ). ✭✶✳✷✼✮

❚❤✐s ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❞❡s❝r✐❜❡s t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❑✐❧❧✐♥❣ ❣r❛♣❤ ♦❢ t❤❡ ❢✉♥❝✲

t✐♦♥ u(·, t) ❜② ✐ts ♠❡❛♥ ❝✉r✈❛t✉r❡ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✉♥✐t ♥♦r♠❛❧ N ✇✐t❤ ♣r❡s❝r✐❜❡❞

❝♦♥t❛❝t ❛♥❣❧❡ ❛t t❤❡ ❜♦✉♥❞❛r②✳



✶✳✷ ▼❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ✶✾

❚❤❡ st❛♥❞❛r❞ t❤❡♦r② ❢♦r q✉❛s✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ❬✹✽❪ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡

♣r♦❜❧❡♠ ♦❢ s♦❧✈✐♥❣ ✭✶✳✻✮✲✭✶✳✽✮ ✐s r❡❞✉❝❡❞ t♦ ♦❜t❛♥✐♥❣ ❛ ♣r✐♦r✐ ❤❡✐❣❤t ❛♥❞ ❣r❛❞✐❡♥t

❡st✐♠❛t❡s ❢♦r s♦❧✉t✐♦♥s t♦ ✭✹✳✹✮✲✭✹✳✻✮✳

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

❚❤❡♦r❡♠ ✷ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u : Ω̄ × [0,∞) → I t♦ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✻✮✲

✭✶✳✽✮✳ ▼♦r❡♦✈❡r✱ ✐❢ φ = 0 ❛♥❞ H = 0 t❤❡ ❣r❛♣❤s Σt ❝♦♥✈❡r❣❡ t♦ ❛ ♠✐♥✐♠❛❧ ❣r❛♣❤ ✇❤✐❝❤

❝♦♥t❛❝ts t❤❡ ❝②❧✐♥❞❡r K ♦rt❤♦❣♦♥❛❧❧② ❛❧♦♥❣ ✐ts ❜♦✉♥❞❛r②✳

❚❤❡♦r❡♠ ✷ ❡①t❡♥❞s ❚❤❡♦r❡♠ ✶✳✶ ✐♥ ❬✸✶❪ ❛s ✇❡❧❧ ❛s ❚❤❡♦r❡♠ ✷✳✹ ✐♥ ❬✸✸❪ ❛♥❞ ❚❤❡♦✲

r❡♠ ✷✳✹ ✐♥ ❬✶✽❪ ✐♥ ❛ t✇♦❢♦❧❞ ✇❛②✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❤❡♦r❡♠s ✐♥ ❬✸✶❪ ❛♥❞ ❬✸✸❪ ❝♦♥❝❡r♥

❡✈♦❧✉t✐♦♥ ♦❢ ❣r❛♣❤s ✐♥ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ✇❤❡r❡❛s ❬✶✽❪ ❞❡❛❧s ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ❣r❛♣❤s ✐♥

❘✐❡♠❛♥♥✐❛♥ ♣r♦❞✉❝t s♣❛❝❡s ♦❢ t❤❡ ❢♦r♠ P × R✳ ▼♦r❡♦✈❡r t❤♦s❡ ❡❛r❧✐❡r r❡s✉❧ts ❤♦❧❞

♦♥❧② ❢♦r t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ♣r❡s❝r✐❜❡❞ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✐s H = 0✳ ❆♥ ❡①✐st❡♥❝❡ r❡s✉❧t

❢♦r ❡✈♦❧✉t✐♦♥ ♦❢ ❣r❛♣❤s ✐♥ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ❜② t❤❡ ●❛✉ss✲❑r♦♥❡❝❦❡r ❝✉r✈❛t✉r❡ ✉♥❞❡r

◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✐s ♣r♦✈❡❞ ✐♥ ❬✸✾❪✳ ❲❡ ❛❧s♦ ♠❡♥t✐♦♥ t❤❛t t❤❡ ❉✐r✐❝❤❧❡t

♣r♦❜❧❡♠ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❣r❛♣❤s ✐♥ ✇❛r♣❡❞ s♣❛❝❡s ✐s ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ ❬✸✽❪✳
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Capı́tulo 2

P❛r❛❜♦❧✐❝ ❚❤❡♦r②

✷✳✶ ▼❛①✐♠✉♠ ❛♥❞ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡s

❚❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✐s ❛♥ ✐♠♣♦rt❛♥t t♦♦❧ ✐♥ t❤❡ st✉❞② ♦❢ s❡❝♦♥❞ ♦r❞❡r ♣❛r❛✲

❜♦❧✐❝ ♣r♦❜❧❡♠s✱ ✐♥ ♣❛rt✐❝✉❧❛r ❤❡r❡ ❢♦r t❤❡ st✉❞② ♦❢ ♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇✳ ■♥ ❣❡♥❡r❛❧ t❤❡

♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ st❛t❡s t❤❛t t❤❡ ♠❛①✐♠✉♠ ♦❢ ❛ s♦❧✉t✐♦♥ ♦❢ ❛ ❤♦♠♦❣❡♥❡♦✉s ❧✐♥❡❛r ♦r

q✉❛s✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥ ✐♥ ❛ ❞♦♠❛✐♥ ♠✉st ♦❝❝✉r ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❛t ❞♦♠❛✐♥✳

■♥ ❢❛❝t✱ t❤✐s ♠❛①✐♠✉♠ ♠✉st ♦❝❝✉r ♦♥ ❛ s♣❡❝✐❛❧ s✉❜s❡t ❝❛❧❧❡❞ t❤❡ ♣❛r❛❜♦❧✐❝ ❜♦✉♥❞❛r②✳

❚❤❡ ♣❛r❛❜♦❧✐❝ ❜♦✉♥❞❛r② ✐♥❝❧✉❞❡s t❤❡ ❞♦♠❛✐♥ ❛t ✐♥✐t✐❛❧ t✐♠❡✳ ❚❤❡ str♦♥❣ ♠❛①✐♠✉♠

♣r✐♥❝✐♣❧❡ ❛ss❡rts t❤❛t t❤❡ s♦❧✉t✐♦♥ ✐s ❝♦♥st❛♥t ✐❢ t❤❡ ♠❛①✐♠✉♠ ♦❝❝✉rs ❛♥②✇❤❡r❡ ♦t❤❡r

t❤❛♥ ♦♥ t❤❡ ♣❛r❛❜♦❧✐❝ ❜♦✉♥❞❛r②✳

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ♣r❡s❡♥t ❛ s❡t ♦❢ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡s ❢♦r s❝❛❧❛r ❢✉♥❝t✐♦♥s ✇❤✐❝❤

s❛t✐s❢② ❛ ♣❛r❛❜♦❧✐❝ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ♦♥ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✐♥ ❛ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞

(P n, σ)✳ ❲❡ ❢♦❧❧♦✇ t❤❡ P❤❉ t❤❡s✐s ♦❢ ❱❛❧❡♥t✐♥❛ ▼✐r❛ ❬✹✷❪ ❛♥❞ ❇❡♥❥❛♠✐♥ ▲❛♠❜❡rt ❬✹✸❪

✇❤✐❝❤ ✇❡r❡ ❜❛s❡❞ ♦♥ ▲✐❡❜❡r♠❛♥ ❬✹✽❪ ✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥ ❛♥❞ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡s ✇✐❧❧

❜❡ ✉s❡❞ t♦ ♦❜t❛✐♥ ✐♥t❡r✐♦r ❡st✐♠❛t❡s✱ ❛♥❞ s✐♥❝❡ ✇❡ ❤❛✈❡ ❛ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠✱ t❤❡

❡st✐♠❛t❡s ✇❡ ❣✐✈❡ ❤❡r❡ ✇✐❧❧ ❞❡♣❡♥❞ ✉♣♦♥ t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡s✳

▲❡t Ω ⊂ P n ❜❡ ❛ ❞♦♠❛✐♥ ✇✐t❤ ❛ s♠♦♦t❤ ❜♦✉♥❞❛r② ∂Ω✳ ❲❡ ❞❡✜♥❡ ♦✉r ♣❛r❛❜♦❧✐❝

❞♦♠❛✐♥ t♦ ❜❡

Ω̃ = Ω× [0, T ).

❚❤❡ ♣❛r❛❜♦❧✐❝ ❜♦✉♥❞❛r② PΩ̃ ✐s t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝♦♠♣♦♥❡♥ts✿ BΩ̃ =

Ω×{0}✱ SΩ̃ = ∂Ω×(0, T ) ❛♥❞ CΩ̃ = ∂Ω×{0}✳ ❲❡ ❞❡♥♦t❡ ❛♥ ❛r❜✐tr❛r② ♣♦✐♥t (x, t) ∈ Ω̃

❜② X✳



✷✷ P❛r❛❜♦❧✐❝ ❚❤❡♦r②

❈♦♥s✐❞❡r t❤❡ q✉❛s✐❧✐♥❡❛r ♦♣❡r❛t♦r P ❞❡✜♥❡❞ ❜②

Pu = aij(x,∇u)ui;j + a(x,∇u)− ut,

❢♦r s♦♠❡ u ∈ C2,1(Ω̃) ✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❣✐✈❡♥ ❜②

aij = σij − ui

W

uj

W
✭✷✳✶✮

❛♥❞

a = −
( 1

2γ
+

1

2W 2

)
γiui −WH ✭✷✳✷✮

✐♥ t❡r♠s ♦❢ t❤❡ ♥♦t❛t✐♦♥ ✜①❡❞ ✐♥ ❈❤❛♣t❡r ■✳

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts ❞♦ ♥♦t ❞❡♣❡♥❞ ❡①♣❧✐❝✐t❧② ♦♥ t❤❡ ✈❛r✐❛❜❧❡s t ♦r u ❜✉t

♦♥❧② ✐♠♣❧✐❝✐t❧② t❤r♦✉❣❤ t❤❡ t❡r♠s ✐♥✈♦❧✈✐♥❣ ∇u✳ ❚❤✐s ♦♣❡r❛t♦r ✐s ♣❛r❛❜♦❧✐❝ ✐♥ t❤❡ s❡♥s❡

t❤❛t t❤❡ ♠❛tr✐① aij ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ■♥❞❡❡❞✱ ❢♦r ❛♥② (x, p) ∈ TΩ ❛♥❞ ζ ∈ T ∗
xP ✇❡

❤❛✈❡
γ

γ + |p|2 |ζ|
2 ≤ aij(x, p)ζiζj ≤ |ζ|2,

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t r❡str✐❝t❡❞ t♦ t❤❡ ♣♦✐♥ts ♦❢ t❤❡ ❢♦r♠ (x,∇u) t❤❡ ❡①tr❡♠❛❧ ❡✐❣❡♥✈❛❧✉❡s

❛r❡ ❣✐✈❡♥ ❜②

λ =
γ

γ + |∇u|2 ❛♥❞ Λ = 1.

❍❡♥❝❡ P ✐s ♣❛r❛❜♦❧✐❝ ✐♥ u✳ ❍♦✇❡✈❡r✱ t❤❡ r❛t✐♦ Λ
λ
= 1+ 1

γ
|∇u|2 ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐❢

❛♥❞ ♦♥❧② ✐❢ |∇u| ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ Ω̃✳ ❚❤✐s ♠❡❛♥s t❤❛t P ✐s ✉♥✐❢♦r♠❧② ♣❛r❛❜♦❧✐❝

✐♥ u ✐❢ ❛♥❞ ♦♥❧② ✐❢ ∇u ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ❛ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✇❡ ♣r♦✈❡ ✜rst ❛ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ ❛s

❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✸ ✭❈♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡✮ ▲❡t P ❜❡ t❤❡ q✉❛s✐❧✐♥❡❛r ♦♣❡r❛t♦r ❛s ❛❜♦✈❡✳ ❙✉♣✲

♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐♥❝r❡❛s✐♥❣ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t k s✉❝❤ t❤❛t a(x, p) + k(M)z ✐s ❛

❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ z ♦♥ T Ω̃ × [−M,M ] ❢♦r ❛♥② M > 0✳ ■❢ u ❛♥❞ v ❛r❡ ❢✉♥❝t✐♦♥s

✐♥ C2,1(Ω̃\P Ω̃) ∩ C(Ω̃) s✉❝❤ t❤❛t P ✐s ♣❛r❛❜♦❧✐❝ ✇✐t❤ r❡s♣❡❝t t♦ u ♦r v✱ Pu ≥ Pv ✐♥

Ω̃\P Ω̃✱ ❛♥❞ u ≤ v ✐♥ PΩ̃✱ t❤❡♥ u ≤ v ✐♥ Ω̃✳

Pr♦♦❢✳ ❲❡ ❞❡✜♥❡ w = (u − v)eλt✱ ✇❤❡r❡ λ ✐s ❛ ❝♦♥st❛♥t t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✳ ▲❡t

M = max{sup |u|, sup |v|}✳ ❲❡ ❤❛✈❡ t❤❛t u ≤ v ✐♥ PΩ̃✱ t❤❡♥✱ w ≤ 0 ✐♥ PΩ̃✳ ▲❡t



✷✳✶ ▼❛①✐♠✉♠ ❛♥❞ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡s ✷✸

X0 = (x0, t0) ❜❡ ❛ ♣♦✐♥t ✇❤❡r❡ w ❛tt❛✐♥s ✐ts ✜rst ♣♦s✐t✐✈❡ ♠❛①✐♠✉♠✳ ❆t t❤✐s ♣♦✐♥t✱ ✇❡

❤❛✈❡✱

Du−Dv = Dw = 0

(D2u−D2v)eλt = D2w ≤ 0, and ✭✷✳✸✮

(ut − vt)e
λt + λ(u− v)eλt = wt > 0.

◆♦✇ ❧❡t α = (X0, u(X0), Du(X0)) ❛♥❞ β = (X0, v(X0), Dv(X0))✱ t❤❡♥

Lu(X0)− Lv(X0) = aij(α)D2
ij(u− v) + (a(α)− a(β))− ∂

∂t
(u− v).

■t ❢♦❧❧♦✇s ❜② ✭✷✳✸✮ ❛♥❞ t❤❡ ❤②♣♦t❤❡s✐s ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❝♦♥st❛♥t k t❤❛t

Pu(X0)− Pv(X0) ≤ (k(M) + λ)(u− v).

◆♦✇ ✐❢ ✇❡ ❤❛✈❡ u > v ❝❤♦♦s✐♥❣ λ < −k(M) ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

Pu(X0)− Pv(X0) < 0,

✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❤②♣♦t❤❡s✐s t❤❛t Lu ≥ Lv✳ ❙♦ ✇❡ ❝❛♥♥♦t ❤❛✈❡ ❛♥ ✐♥t❡r✐♦r ♣♦s✐t✐✈❡

♠❛①✐♠✉♠ ♦❢ w✱ ✇❤✐❝❤ ❣✐✈❡s ✉s u ≤ v ✐♥ Ω̃✳

�

❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ ❢♦r ❛ ♣❛r❛❜♦❧✐❝ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦❧❧♦✇s

❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ ❛❜♦✈❡✳

❈♦r♦❧❧❛r② ✹ ✭❯♥✐q✉❡♥❡ss✮ ❙✉♣♣♦s❡ t❤❛t P ✐s ❛s ✐♥ ❚❤❡♦r❡♠ ✸ ❛♥❞ t❤❛t u ❛♥❞ v ❜❡❧♦♥❣

t♦ C2,1(Ω̃) ∩ C(Ω̃)✳ ■❢ Pu = Pv ✐♥ Ω̃ ❛♥❞ u = v ♦♥ PΩ̃✱ t❤❡♥ u = v ✐♥ Ω̃✳

◆♦✇✱ ✇❡ ♣r♦✈❡ ❛ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✉s✐♥❣ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡ ❛❜♦✈❡✳

❚❤❡♦r❡♠ ✺ ✭▼❛①✐♠✉♠ Pr✐♥❝✐♣❧❡✮ ▲❡t P ❜❡ ❛ ♣❛r❛❜♦❧✐❝ ♦♣❡r❛t♦r ✇❤♦s❡ ❝♦❡✣❝✐❡♥ts aij

❛♥❞ a ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ z✳ ■❢ Pu ≥ 0 ✐♥ Ω̃ t❤❡♥

sup
Ω̃

u ≤ sup
PΩ̃

u.

Pr♦♦❢✳ ▲❡t v = supPΩ̃ u✳ ❖❜s❡r✈❡ t❤❛t Pv = 0 t❤❡♥ Pu ≥ 0 = Pv✳ ❆♥❞ u ≤ supPΩ̃ u =

v ✐♥ PΩ̃✳ ■t ❢♦❧❧♦✇s ❜② ❚❤❡♦r❡♠ ✸ t❤❛t u ≤ v ✐♥ Ω̃✳ ❚❤❡♥ supΩ̃ u ≤ v✱ t❤✐s ❝♦♠♣❧❡t❡s

t❤❡ ♣r♦✈❡✳ �



✷✹ P❛r❛❜♦❧✐❝ ❚❤❡♦r②

❲❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❜♦✉♥❞❛r② ♣♦✐♥t ❧❡♠♠❛ ♦❢ ❊✳ ❍♦♣❢ ✱ ✇❤✐❝❤ ✐s ♥♦r♠❛❧❧② r❡❢❡rr❡❞

t♦ ❛s t❤❡ ❍♦♣❢ ▲❡♠♠❛✳ ❆t ❛ ♠❛①✐♠✉♠ ♣♦✐♥t ♦❢ ❛ s❝❛❧❛r ❢✉♥❝t✐♦♥ ♦♥ ❛ ❞♦♠❛✐♥ t❤❡

❞✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ t♦✇❛r❞s t❤❛t ♣♦✐♥t ✐s ♥♦♥✲♥❡❣❛t✐✈❡✳ ■❢ t❤✐s ♣♦✐♥t ✐s ❛ ❜♦✉♥❞❛r②

♣♦✐♥t ❛♥❞ t❤❡ s❝❛❧❛r ❢✉♥❝t✐♦♥ s❛t✐s✜❡s ❛ ♣❛r❛❜♦❧✐❝ ✐♥❡q✉❛❧✐t②✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

❣✐✈❡s ✉s ❛ str✐❝t s✐❣♥ ♦♥ t❤❡ ❞❡r✐✈❛t✐✈❡ ✐♥ ❛ ❞✐r❡❝t✐♦♥ ❛✇❛② ❢r♦♠ t❤❡ ❜♦✉♥❞❛r②✳ ❍❡r❡ ✇❡

♣r♦✈❡ ❛ ❍♦♣❢ ▲❡♠♠❛ ✇❤❡r❡ t❤❡ ♣❛r❛❜♦❧✐❝ ❜♦✉♥❞❛r② ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛t ❧❡❛st C1✳ ❚❤✐s

r❡s✉❧t ❝❛♥ ❜❡ ❢♦✉♥❞ t❤r♦✉❣❤♦✉t t❤❡ ❧✐t❡r❛t✉r❡✱ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬✹✹❪✳

▲❡♠♠❛ ✻ ✭❍♦♣❢ ▲❡♠♠❛✮ ▲❡t Ω̃ ❜❡ ❛ s♣❛❝❡✲t✐♠❡ ❞♦♠❛✐♥ ✇✐t❤ C1✲❜♦✉♥❞❛r② ✐♥ ✇❤✐❝❤ u

✐s ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣❛r❛❜♦❧✐❝ ✐♥❡q✉❛❧✐t②

Pu ≥ 0

✇❤❡r❡ P ✐s ❛ q✉❛s✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ♦♣❡r❛t♦r ✇✐t❤ s♠♦♦t❤ ❝♦❡✣❝✐❡♥ts✳ ❙✉♣♣♦s❡ t❤❛t

X0 = (x0, t0) ✐s ❛ ♣♦✐♥t ♦♥ t❤❡ ❜♦✉♥❞❛r② ∂Ω̃ ✇❤❡r❡ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ M ♦❢ u ♦❝❝✉rs✳

❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ s♣❤❡r❡ t❤r♦✉❣❤ X0 ✇❤♦s❡ ✐♥t❡r✐♦r ❧✐❡s ❡♥t✐r❡❧② ✐♥ Ω̃ ❛♥❞ ✐♥

✇❤✐❝❤ u < M ✳ ❆❧s♦ s✉♣♣♦s❡ t❤❛t t❤❡ r❛❞✐❛❧ ❞✐r❡❝t✐♦♥ ❢r♦♠ t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ s♣❤❡r❡ t♦

X ✐s ♥♦t ♣❛r❛❧❧❡❧ t♦ t❤❡ t✐♠❡s ❛①✐s✳ ❚❤❡♥ ✐❢ ∂
∂ν

❞❡♥♦t❡s ❛♥② ❞✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ❛✇❛②

❢r♦♠ t❤❡ ❜♦✉♥❞❛r②✱ ✇❡ ❤❛✈❡

∂u
∂ν

> 0 ❛t X0.

❘❡♠❛r❦ ✼ ■♥ t❤❡ ♣r♦♦❢ ✇❡ ✉s❡ ❛ ❧♦❝❛❧ s②st❡♠ ♦❢ ❝♦♦r❞✐♥❛t❡s ❛♥❞ t❤❡♥ ✇❡ ❛ss✐♠✐❧❛t❡

t❤❡ ❞✐st❛♥❝❡ s♣❤❡r❡ t♦ ❛♥ ❊✉❝❧✐❞❡❛♥ s♣❤❡r❡ ❢♦r s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✳

Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t ✐♥X0 ❛♥② ❞✐r❡❝t✐♦♥❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢ u ✐♥ ❛ ❞✐r❡❝t✐♦♥ ♣♦✐♥t✐♥❣ t♦✇❛r❞s

t❤❡ ♣♦✐♥t X0 ✇✐❧❧ ❜❡ ♥♦♥✲♥❡❣❛t✐✈❡✳ ❙♦ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ str✐❝t s✐❣♥ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r

❛ ♣❡rt✉r❜❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ u t♦ ✇❤✐❝❤ ✇❡ ❛♣♣❧② t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✳

▲❡t S ⊂ Ω̃ t❤❡ s♣❤❡r❡ t❤❛t ❛♣♣❡❛r ✐♥ t❤❡ ❤②♣♦t❤❡s✐s✱ ✇✐t❤ ❜♦✉♥❞❛r② ∂Ω ❛♥❞ ❝❡♥tr❡

❛t Xs = (xs, ts)✳ ❈♦♥s✐❞❡r ♥♦✇ ❛♥♦t❤❡r s♣❤❡r❡ K ❝❡♥t❡r❡❞ ❛t X0 ❛♥❞ ✇✐t❤ ❜♦✉♥❞❛r②

∂K ❛♥❞ ✇✐t❤ r❛❞✐✉s s♠❛❧❧❡r t❤❛♥ |X0 −Xs|Rn+1 =
√

|x0 − xs|2Rn + |t0 − ts|2✳
◆♦✇ ❞❡♥♦t❡ ❜② C1 ❛♥❞ C2 t❤❡ ♣♦rt✐♦♥ ♦❢ ∂K ✇❤✐❝❤ ✐s ✐♥❝❧✉❞❡❞ ✐♥ S✱ r❡s♣❡❝t✐✈❡❧②

t❤❡ ♣♦rt✐♦♥ ♦❢ ∂S ✐♥❝❧✉❞❡❞ ✐♥ K✳ ❲❡ ❛❧s♦ ❛❞❞ t❤❡ ❡♥❞ ♣♦✐♥ts ♦❢ t❤❡ ❛r❝s C1 ❛♥❞ C2 t♦

♦❜t❛✐♥ ❛ ❝❧♦s❡❞ ❧❡♥s✲s❤❛♣❡❞ ❞♦♠❛✐s ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② D✳ ❚❤❡♥ ✇❡ ❤❛✈❡

✭✐✮ u < M ♦♥ C2 ❡①❝❡♣t ❛t X0✳ ■❢ S ❞♦❡s ♥♦t s❛t✐s❢② t❤✐s t❤❡♥ ❛ s❧✐❣❤t❧② s♠❛❧❧❡r

s♣❤❡r❡ ♦s❝✉❧❛t✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❛t X0 ✇✐❧❧ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ S✱ ❛♥❞ s♦ t❤❡

❝♦♥❞✐t✐♦♥ u < M ✇✐❧❧ ❜❡ s❛t✐s✜❡❞ ❡✈❡r②✇❤❡r❡ ♦♥ t❤❡ ❛r❝ C2 ❡①❝❡♣t t❤❡ ♣♦✐♥t X0✳



✷✳✶ ▼❛①✐♠✉♠ ❛♥❞ ❝♦♠♣❛r✐s♦♥ ♣r✐♥❝✐♣❧❡s ✷✺

✭✐✐✮ u = M ❛t X0✳ ■t ✐s ❜❡❝❛✉s❡ t❤❡ ❤②♣♦t❤❡s✐s✳

✭✐✐✐✮ ❚❤❡r❡ ❡①✐sts ❛ s✉✣❝✐❡♥t❧② s♠❛❧❧ ❝♦♥st❛♥t µ > 0 s✉❝❤ t❤❛t u ≤ M − µ ♦♥ C1✳

❙✐♥❝❡ u < M ❡✈❡r②✇❤❡r❡ ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ S ❛♥❞ C1 ✐s ❛ ❝❧♦s❡❞ s✉❜s❡t ♦❢ S✳

❉❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥

v(x, t) = e−α|X−Xs|2
Rn+1 − e−α|X0−Xs|2

Rn+1 ,

❛♥❞ ❝❤♦♦s❡ α ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t

Pv(x, t) > 0 ❢♦r ❛❧❧ (x, t) ♦♥ D ∪ ∂D✳

◆♦✇✱ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

w = u+ ǫv.

❖❜s❡r✈❡ t❤❛t ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ ǫ✱ Pw = Pu+ ǫPv > 0 ❡✈❡r②✇❤❡r❡ ✐♥ D✳ ■t ❢♦❧❧♦✇s ❜②

✭✐✐✐✮ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ǫ s♦ s♠❛❧❧ t❤❛t ✇❡ ❤❛✈❡

w < M on C1. ✭✷✳✹✮

◆♦✇ v = 0 ♦♥ ∂S✱ ❛❧s♦ ♦♥ t❤❡ ❛r❝ C2✳ ❚❤✐s t♦❣❡t❤❡r ✇✐t❤ r❡❧❛t✐♦♥ ✭✐✮ ❣✐✈❡s

w < M on C2 except at X0, ✭✷✳✺✮

❛♥❞

w = M at X0. ✭✷✳✻✮

❆♣♣❧②✐♥❣ t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ w ❛♥❞ ✉s✐♥❣ ✭✷✳✹✮✱ ✭✷✳✺✮ ❛♥❞

✭✷✳✻✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ w ♦❝❝✉rs ♦♥❧② ❛t t❤❡ ❜♦✉♥❞❛r②

♣♦✐♥t X0✳ ■t ❢♦❧❧♦✇s t❤❛t

∂w

∂ν
=

∂u

∂ν
+ ǫ

∂v

∂ν
≥ 0 ✭✷✳✼✮

❢♦r ❛♥② ♦✉t✇❛r❞ ♣♦✐♥t✐♥❣ ❞✐r❡❝t✐♦♥ ν ♦❢ t❤❡ s❡t D✳ ❉❡♥♦t❡ ❜② η t❤❡ ♦✉t❡r ♣♦✐♥t✐♥❣

✉♥✐t ♥♦r♠❛❧ t♦ t❤❡ ❜♦✉♥❞❛r② ∂Ω̃ ❛t X0✳ ❲❡ ❤❛✈❡ t❤❛t 〈ν, η〉 > 0 s✐♥❝❡ ν ✐s ❛❧s♦
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♦✉t✇❛r❞ ♣♦✐♥t✐♥❣✳ ❈❤♦♦s❡ ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ s✉❝❤ t❤❛t Xs ✐s t❤❡ ♦r✐❣✐♥ ❛♥❞ ❧❡t

r(X) = |X −Xs|Rn+1 ✳ ❲❡ ♠❛② r❡✇r✐t❡ v ❛s

v(x, t) = e−αr2 − e−α|X0−Xs|2
Rn+1 ,

t❤❛♥ ✇❡ ❤❛✈❡
∂v

∂xi

= −2αxie
−αr2 .

■t ❢♦❧❧♦✇s t❤❛t
∂u

∂ν
= −2αre−αr2〈ν, η〉 < 0.

❯s✐♥❣ t❤✐s ❛♥❞ ✭✷✳✼✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

∂u

∂ν
> 0 at X0.

�

✷✳✷ ❙❤♦rt ❛♥❞ ❧♦♥❣t✐♠❡ ❡①✐st❡♥❝❡ r❡s✉❧ts

❚❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ✭✶✳✻✮✲✭✶✳✽✮ ✇❡ st❛t❡❞ ✐♥ ❈❤❛♣t❡r ■ ♠❛② ❜❡ r❡✇r✐tt❡♥ ❛s

❢♦❧❧♦✇s

Pu = 0 ✐♥ Ω̃,

Mu = −φ ✐♥ SΩ̃,

u = u0 ✐♥ BΩ̃ ∩ CΩ̃.

✭✷✳✽✮

✇❤❡r❡

Pu =
(
σij − ui

W

uj

W

)
ui;j −

( 1

2γ
+

1

2W 2

)
γiui −WH− ut ✭✷✳✾✮

❛♥❞ t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r ✐s ❣✐✈❡♥ ❜②

Mu = 〈N,−ν〉 = 〈∇u

W
, ν〉. ✭✷✳✶✵✮

❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t Mu0 = −φ ✐♥ CΩ̃ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡

❜♦✉♥❞❛r② ❛♥❞ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❝♦♥❞✐t✐♦♥s✳

❚❤❡ ✜rst st❡♣ t♦✇❛r❞s s♦❧✈✐♥❣ ✭✷✳✽✮ ✐s t♦ s❤♦✇ t❤❛t ❛ s♦❧✉t✐♦♥ ❡①✐sts ❢♦r ❛ s❤♦rt

✐♥t❡r✈❛❧ ♦❢ t✐♠❡✳ ❆❢t❡r t❤❛t ✇❡ ♣r♦♦❢ t❤❛t ❣✐✈❡♥ ✉♥✐❢♦r♠ ❜♦✉♥❞s ♦♥ |∇u| ❛♥❞ u ✇❡ ❤❛✈❡

❛ ❜♦✉♥❞ ♦♥ |u|δ ❢♦r s♦♠❡ δ ∈ (1, 2)✳ ❚❤✐s ❍ö❧❞❡r ♥♦r♠ ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ✐♥ t❤❡ s❡q✉❡❧✳



✷✳✷ ❙❤♦rt ❛♥❞ ❧♦♥❣t✐♠❡ ❡①✐st❡♥❝❡ r❡s✉❧ts ✷✼

❚❤❡♥✱ t❤❡ s❤♦rt t✐♠❡ ❡①✐st❡♥❝❡✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t |u|δ ✐s ❜♦✉♥❞❡❞ ✐♠♣❧✐❡s t❤❡

❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ❢♦r t ∈ [0,+∞)✳

❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❍ö❧❞❡r s♣❛❝❡ Hδ ❛♥❞ ♦t❤❡r ❢✉rt❤❡r s♣❛❝❡s ❛♥❞

♥♦r♠s ♥❡❡❞❡❞ ❢♦r ✇❤❛t ❢♦❧❧♦✇s✳ ❋♦r α ∈ (0, 1]✱ ✇❡ s❛② t❤❛t ❛ r❡❛❧ ❢✉♥❝t✐♦♥ f : Ω̃ → R

✐s ❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ❛t X0 ✇✐t❤ ❡①♣♦♥❡♥t α ✐❢ t❤❡ q✉❛♥t✐t②

[f ]α;X0
= sup

X∈Ω̃\{X0}

|f(X)− f(X0)|
|X −X0|α

✐s ✜♥✐t❡✳ ❍❡r❡ ❛♥❞ ❢r♦♠ ♥♦✇ ♦♥ ✇❡ ❛r❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛❜♦❧✐❝ ❞✐st❛♥❝❡

❜❡t✇❡❡♥ ♣♦✐♥ts X = (x, t) ❛♥❞ X0 = (x0, t0)✿

|X −X0| = max{❞(x, x0),
√
t− t0}. ✭✷✳✶✶✮

■❢ [f ]1:X0
✐s ✜♥✐t❡ ✱ ✇❡ s❛② t❤❛t f ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❛t X0✳ ❆❧s♦ ✐t ✐s ❡❛s② t♦

s❡❡ t❤❛t ✐❢ f ✐s ❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ❛t ❛ ♣♦✐♥t✱ t❤❡♥ ✐t ✐s ❛❧s♦ ❝♦♥t✐♥✉♦✉s t❤❡r❡✳ ■❢ t❤❡

s❡♠✐✲♥♦r♠

[f ]α;Ω̃ = sup
X0∈Ω̃

[f ]α;X0

✐s ✜♥✐t❡✱ ✇❡ s❛② t❤❛t f ✐s ✉♥✐❢♦r♠❧② ❍ö❧❞❡r ❝♦♥t✐♥✉♦✉s ✐♥ Ω̃✳ ❋✐♥❛❧❧②✱ ✐❢ f ✐s ❞✐✛❡r❡♥t✐❛❜❧❡

t❤❡♥ ✐t ✐s ▲✐♣s❝❤✐t③✳

❲❡ ❛❧s♦ ❞❡✜♥❡ ❛ ❦✐♥❞ ♦❢ t❡♠♣♦r❛❧ ❍ö❧❞❡r q✉♦t✐❡♥t

〈f〉β;X0
= sup

{
|f(x0, t)− f(x0, t0)|

|t− t0|
β
2

: (x0, t) ∈ Ω̃\{(x0, t0)}
}

✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❡♠✐✲♥♦r♠ ❞❡✜♥❡❞ ❜②

〈f〉β;Ω̃ = sup
X0∈Ω̃

〈f〉β;X0
.

❚❤❡♥ ❢♦r ❛♥② a > 0 s✉❝❤ t❤❛t a = k+α✱ ✇❤❡r❡ k ✐s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ❛♥❞ α ∈ (0, 1]✱

✇❡ ❝❛♥ ❞❡✜♥❡

〈f〉a;Ω̃ =
∑

|β|+2j=k−1

〈∇β∂j
t f〉α+1,

[f ]a;Ω̃ =
∑

|β|+2j=k

[
∇β∂j

t f
]
α
,
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|f |a;Ω̃ =
∑

|β|+2j≤k

sup
∣∣∇β∂j

t f
∣∣+ [f ]a;Ω̃ + 〈f〉a;Ω̃.

❲❡ ♠❛② ✈❡r✐❢② t❤❛t |f |α ❞❡✜♥❡s ❛ ♥♦r♠ ♦♥ Ha(Ω̃) = {f : Ω̃ → R; |f |a < ∞} ✇❤✐❝❤

♠❛❦❡s Ha(Ω̃) ❛ ❇❛♥❛❝❤ s♣❛❝❡✳

❚❤❡ s♠♦♦t❤♥❡ss ♦❢ ∂Ω ⊂ P n ✐♠♣❧✐❡s t❤❛t ❣✐✈❡♥ ❛♥② s✐st❡♠ ♦❢ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s

(x1, . . . , xn−1, xn) ✇❤✐❝❤ ✢❛tt❡♥ ♦✉t ∂Ω ❧♦❝❛❧❧②✱ ✇❡ ♠❛② ❞❡s❝r✐❜❡ SΩ̃ ✐♥ t❡r♠s ♦❢ t❤❡

❛✉❣♠❡♥t❡❞ ❝♦♦r❞✐♥❛t❡ s②st❡♠ (x1, . . . , xn−1, xn, t) ❛s ❛ ❣r❛♣❤ ♦❢ t❤❡ ❢♦r♠

xn = f(x1, . . . , xn−1, t),

❢♦r s♦♠❡ ❢✉♥❝t✐♦♥ f ∈ Hδ(Q)✱ ✇❤❡r❡ Q = B(0, r) × [0, ε) ∈ R
n−1 × R✱ ❢♦r s♦♠❡

r > 0, ε > 0 ❛♥❞ ❢♦r ❛♥② δ ≥ 1✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❝♦♥❝❧✉❞❡ ❢r♦♠ t❤❡ ✈❡r② ❞❡✜♥✐t✐♦♥ t❤❛t

t❤❡ ♣❛r❛❜♦❧✐❝ ❜♦✉♥❞❛r② P Ω̃ ❤❛s Hδ r❡❣✉❧❛r✐t②✱ ❢♦r ❛♥② δ ∈ (1, 2)✳

❚❤❡ ♣r♦♦❢ ♦❢ s❤♦rt t✐♠❡ ❡①✐st❡♥❝❡ ❢♦r q✉❛s✐❧✐♥❡❛r ♣❛rt✐❛❧ ❡q✉❛t✐♦♥s ❢♦❧❧♦✇s ✐♥ t✇♦

st❡♣s✳ ❋✐rst ✇❡ ♦❜t❛✐♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ❢♦r ❛♥ ❛ss♦❝✐❛t❡❞ ❧✐♥❡❛r ♣r♦❜❧❡♠✱ ❛♥❞

t❤❡♥ ❡①t❡♥❞ t❤❡ ❡①✐st❡♥❝❡ t♦ t❤❡ q✉❛s✐❧✐♥❡❛r ❝❛s❡ t❤r♦✉❣❤ ❛ ✜①❡❞ ♣♦✐♥t ❛r❣✉♠❡♥t✳

●✐✈❡♥ ǫ ∈ (0, T )✱ ✇❡ ❞❡♥♦t❡ Ω̃ǫ = {X = (x, t) ∈ Ω̃ : t < ǫ}✳ ❚❤❡♥✱ ✜①❡❞ ❛ ❢✉♥❝t✐♦♥

u✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ♣r♦❜❧❡♠

Luv = aij(x,∇u)vi;j −
(

1

2γ2
+

1

2(γ + |∇u|2)

)
γivi − vt = H

√
γ + |∇u|2

✐♥ P Ω̃ǫ,

Muv = 〈 ∇v√
γ + |∇u|2

, ν〉 = −φ ♦♥ SΩ̃ǫ, ✭✷✳✶✷✮

v = u0 ♦♥ BΩ̃ǫ ∪ CΩ̃ε.

❋✐①❡❞ δ ∈ (1, 2) ❛♥❞ θ ∈ (1, δ)✱ ❞❡♥♦t❡ B0 = 1 + |u0|θ✳ ❚❤❡♥ ❞❡✜♥❡

S = {u ∈ Hθ(Ω̃ǫ); |u|θ ≤ B0},

✇❤❡r❡ ǫ > 0 ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✳ ❲❡ ❞❡✜♥❡ t❤❡ ♠❛♣ J : S → Hθ ❜② ❞❡❝❧❛r✐♥❣ t❤❛t

Ju = v ✐❢ v ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✷✳✶✷✮✳ ❲❡ ❝❧❛✐♠ t❤❛t J ✐s ✇❡❧❧ ❞❡✜♥❡❞✳

❋♦r t❤❛t ✇❡ ✉s❡ t❤❡ ♥❡①t r❡s✉❧t ✇❤✐❝❤ ♠❛② ❜❡ ❢♦✉♥❞ ✐♥ ❬✹✽❪ ❛♥❞ t❤❛t ②✐❡❧❞s ❛ s❤♦rt

t✐♠❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❧✐♥❡❛r ♣r♦❜❧❡♠ ✭✷✳✶✷✮ ✉♥❞❡r s♦♠❡ r❡q✉✐r❡♠❡♥ts ♦♥ t❤❡ ❜♦✉♥❞❛r②

❛♥❞ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ♣❛r❛❜♦❧✐❝ ❜♦✉♥❞❛r②✳



✷✳✷ ❙❤♦rt ❛♥❞ ❧♦♥❣t✐♠❡ ❡①✐st❡♥❝❡ r❡s✉❧ts ✷✾

❚❤❡♦r❡♠ ✽ ✭❬✹✽❪✱ ❚❤✳ ✺✳✶✽✮✳ ●✐✈❡♥ ❛ ❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ♦♣❡r❛t♦r ♦❢ t❤❡ ❢♦r♠

Lv = āij(x)vi;j + āi(x)vi − vt

❛♥❞ t❤❡ ❜♦✉♥❞❛r② ♦♣❡r❛t♦r

Nv = 〈∇v, β〉,
❢♦r ❛ ❣✐✈❡♥ ✈❡❝t♦r ✜❡❧❞ β✱ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts α0 ∈ (0, 1) s✉❝❤ t❤❛t P Ω̃ ✐s Hδ ✇❤❡r❡

δ = 2 + α0 ❛♥❞ t❤❛t

• L ✐s ✉♥✐❢♦r♠❧② ♣❛r❛❜♦❧✐❝✱ t❤❛t ✐s✱ t❤❛t t❤❡r❡ ❡①✐sts λ̄ ❛♥❞ Λ̄ s♦ t❤❛t

λ̄|ζ|2 ≤ āijζiζj ≤ Λ̄|ζ|2;

• t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts A ❡ B s✉❝❤ t❤❛t |āij|α0
≤ A✱ |āi|α0

≤ B❀

• t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts χ > 0 ❛♥❞ B1 > 0 s✉❝❤ t❤❛t 〈β, ν〉 ≥ χ ❛♥❞ |β|1+α0
≤ B1χ✳

❚❤❡♥ ❢♦r ❛❧❧ f ∈ Hα0
✱ φ ∈ H1+α0

❛♥❞ ❢♦r ❛♥② ✐♥✐t✐❛❧ ❞❛t❛ u0 ∈ H2+α0
(Ω) ∩ C(Ω̄) s✉❝❤

t❤❛t Nu0 = −φ✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ v ∈ H2+α0
♦❢ t❤❡ ♣r♦❜❧❡♠

Lv = f in P Ω̃,

Nv = −φ on SΩ̃,

v = u0 on BΩ̃ ∪ CΩ̃.

❛♥❞ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C ❞❡t❡r♠✐♥❡❞ ♦♥❧② ❜② A✱ B✱ B1✱ C1✱ n✱ α✱ γ✱ δ ❛♥❞ Ω̃ s✉❝❤ t❤❛t

|v|2+α ≤ C
(
|f |α0

+ |φ|1+α0
/χ+ |u0|2+α0

)
.

❘❡♠❛r❦ ✾ ❙✐♥❝❡

β =
ν√

γ + |∇u|2
.

✐t ❢♦❧❧♦✇s t❤❛t

〈β, ν〉 = 1√
γ + |∇u|2

= |β|.

❍❡♥❝❡ ✇❡ ✜① µ = 1 ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♥♦t❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✺✳✶✽ ✐♥ ❬❄❪✳ ◆♦✇ ✇❡ ♦❜s❡r✈❡

t❤❛t ✐❢ ∇u ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t C0 t❤❡♥ ✇❡ ♦❜t❛✐♥ ✇❡ ✜① t❤❡ ❝♦♥st❛♥t R

✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ t❤❡ ❚❤❡♦r❡♠ ✺✳✶✽ ❛s

2R

infΩ γ −R infΩ |∇γ| =
infΩ γ

2 supΩ γ2 + supΩ |∇γ|
infΩ γ

supΩ γ + C2
0

❚❤❡♥ ✇❡ ♦❜t❛✐♥

2R + 2R sup |(ā1, . . . , ān)| ≤ λ̄

s✐♥❝❡ ✐♥ ♦✉r ❝❛s❡

λ̄ =
γ

γ + |∇u|2



✸✵ P❛r❛❜♦❧✐❝ ❚❤❡♦r②

❛♥❞

āi = −
(

1

2γ2
+

1

2(γ + |∇u|2)

)
γi

❛♥❞ c = 0✳

❚♦ ♣❛ss ❢r♦♠ t❤❡ ❧✐♥❡❛r r❡s✉❧ts t♦ t❤❡ q✉❛s✐❧✐♥❡❛r ♦♥❡s ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣

❇r♦✉✇❡r ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠✳ ❚❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✹✽❪✳

❚❤❡♦r❡♠ ✶✵ ✭▲✐❡❜❡r♠❛♥ ❬✹✽❪✱ ✶✾✾✻✮✳ ▲❡t S ❜❡ ❛ ❝♦♠♣❛❝t✱ ❝♦♥✈❡① s✉❜s❡t ♦❢ ❛ ❇❛♥❛❝❤

s♣❛❝❡ B ❛♥❞ ❧❡t J ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ♠❛♣ ♦❢ S ✐♥t♦ ✐ts❡❧❢✳ ❚❤❡♥ J ❤❛s ❛ ✜①❡❞ ♣♦✐♥t✳

◆♦✇ ✇❡ ❝❛♥ st❛t❡ t❤❡ r❡s✉❧t ♦❢ s❤♦rt t✐♠❡ ❡①✐st❡♥❝❡ ❢♦r q✉❛s✐❧✐♥❡❛r ♣r♦❜❧❡♠s✳

❚❤❡♦r❡♠ ✶✶ ❯♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s ♦❢ t❤❡ ❚❤❡♦r❡♠ ✷✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t

ǫ > 0 s✉❝❤ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✷✳✽✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ H2+α ❞❡✜♥❡❞ ✐♥ Ω̃ǫ✳

Pr♦♦❢✳ ❆s ✇❡ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ P Ω̃ǫ ✐s Hδ r❡❣✉❧❛r ❢♦r ❛♥② δ ∈ (1, 2)✳ ❲❡ ♣r♦❝❡❡❞ ✇✐t❤

t❤❡ ♣r♦♦❢ ♦❜s❡r✈✐♥❣ t❤❛t t❤❡ t❤❡ ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ✇❡ ✇✐❧❧ ♦❜t❛✐♥ ✐♥ t❤❡ s✉❜s❡q✉❡♥t

❝❤❛♣t❡rs ❢♦r t❤❡ q✉❛s✐❧✐♥❡❛r ♣r♦❜❧❡♠ ❛r❡ ✉♥✐❢♦r♠ ✐♥ Ω̃ǫ ✭t❤❡② ❛r❡ ❣❧♦❜❛❧ ✐♥ s♣❛❝❡✱ ♦♥❧②

❧♦❝❛❧ ✐♥ t✐♠❡✮✳ ❯s✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ ✇♦r❦ ❜② ▲❛❞②③❤❡♥s❦❛✐❛ ❛♥❞ ❯r❛❧ts❡✈❛ ❬✹✵❪ ✇❡ ♣r♦✈❡

t❤❛t t❤❡r❡ ❡①✐sts ❛ ✭❧♦❝❛❧❧② ❞❡✜♥❡❞✮ ❍ö❧❞❡r ❡①♣♦♥❡♥t α0 s✉❝❤ t❤❛t u ✐s ❜♦✉♥❞❡❞ ✐♥ t❤❡

♣❛r❛❜♦❧✐❝ ❍ö❧❞❡r ♥♦r♠ ✇✐t❤ s✉❝❤ ❡①♣♦♥❡♥t✳ ❚❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ Ω ❛♥❞ t❤❡ ❢❛❝t t❤❛t

ǫ ♠❛② ❜❡ t❛❦❡♥ s♠❛❧❧ ❡♥♦✉❣❤ ✐♠♣❧② t❤❛t ✇❡ ♠❛② ❝❤♦♦s❡ t❤❡ s❛♠❡ α0 ❢♦r t❤❡ ✇❤♦❧❡

❞♦♠❛✐♥ Ω̃ǫ✳

❍❡♥❝❡ ❣✐✈❡♥ ❛ ♣r♦s♣❡❝t✐✈❡ s♦❧✉t✐♦♥ u ♦❢ t❤❡ q✉❛s✐❧✐♥❡❛r ♣r♦❜❧❡♠ ✭✷✳✽✮ t❤❡r❡ ❡①✐sts

C0 s✉❝❤ t❤❛t |u|1+α0
≤ C0✳ ❍❡♥❝❡ ✐❢ ✇❡ ❞❡✜♥❡

āij(x) := σij +
uiuj

γ + |∇u|2 , ✭✷✳✶✸✮

āi(x) :=

(
1

2γ2
+

1

2(γ + |∇u|2)

)
γi, ✭✷✳✶✹✮

f(x) := H
√

γ + |∇u|2, ✭✷✳✶✺✮

β(x) :=
1√

γ + |∇u|2
ν. ✭✷✳✶✻✮



✷✳✷ ❙❤♦rt ❛♥❞ ❧♦♥❣t✐♠❡ ❡①✐st❡♥❝❡ r❡s✉❧ts ✸✶

✇❡ ♦❜t❛✐♥ ❝♦♥st❛♥ts A,B,B1 ❛♥❞ χ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ H1+α0
♥♦r♠ ♦❢ u ❛♥❞ ♦♥ t❤❡

❣❡♦♠❡tr② ♦❢ Ω✳ ❍❡♥❝❡ ❚❤❡♦r❡♠ ✽ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ v ∈ H2+α0
t♦ t❤❡

♣r♦❜❧❡♠ ✭✷✳✶✷✮✳

❚❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ♠❛② ❜❡ r❡♣❧✐❝❛t❡❞ st❛rt✐♥❣ ✇✐t❤ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥s u ✐♥ t❤❡

s❡t

S = {u ∈ Hθ(Ω̃ǫ) : |u|θ ≤ B0},

✇❤❡r❡ θ ∈ (1, δ) ✇✐t❤ δ = 1 + α0 ❝❤♦s❡♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t H1+α0
⊂ Hθ ❝♦♥t✐♥✉♦✉s❧②

❢♦r ❛♥② θ ∈ (1, δ = 1 + α0)✳ ❚❤❡ t✐♠❡ ✐♥t❡r✈❛❧ [0, ǫ) ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♠❛♣ J : S → Hθ ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ■♥ ♦r❞❡r t♦ ✉s❡ t❤❡

❇r♦✉✇❡r ✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠✱ ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t J ♠❛♣ S ✐♥t♦ ✐ts❡❧❢✳ ❋♦r ♣r♦✈✐♥❣

t❤✐s✱ ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡ t❤❡ ❙❝❤❛✉❞❡r✲t②♣❡ ❡st✐♠❛t❡ ✐♥ ❚❤❡♦r❡♠ ✽ ✐♠♣❧✐❡s t❤❛t

|v|1 ≤ |v|δ=1+α0
≤ C|v|2+α0

≤ Ĉ, ✭✷✳✶✼✮

✇❤❡r❡ C ❝♦♠❡s ❢r♦♠ ❚❤❡♦r❡♠ ✽ ❛♥❞ ❞❡♣❡♥❞s ♦♥ ❛❧❧ t❤❡ ✐♥✐❝✐❛❧ ❞❛t❛ ❛♥❞ ❜♦✉♥❞❛r②

❝♦❡✣❝✐❡♥ts ❛♥❞ ❛❧s♦ ♦♥ Ĉ = Ĉ(A,B, n, α, δ, γ, Ω̃ǫ) < ∞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ v ∈ Hθ✳

◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t v ∈ S✳ ❉❡♥♦t✐♥❣ θ = 1 + α ✇❡ ❤❛✈❡

|v − u0|θ = sup |∇v −∇u0|+ [∇v −∇u0]α + sup |v − u0|+ 〈v − u0〉1+α.

❚❤❡ t❡r♠s |∇xv| ❛♥❞ |vt| ❛r❡ ❡st✐♠❛t❡❞ ❜② Ĉ s✐♥❝❡ t❤❡② ❛r❡ s✉♠♠❛♥❞s ✐♥ t❤❡ ♥♦r♠

|v|1✳ ❚❤❡♥ t❤❡ ✜rst ❛♥❞ t❤✐r❞ t❡r♠s ❛r❡ ❝♦♥tr♦❧❧❡❞✳ ◆♦✇ s✐♥❝❡ v(·, 0) = u0 ✇❡ ❤❛✈❡

|∇v(x, t)−∇u0(x)| = |∇v(x, t)−∇v(x, 0)| ≤ Ĉǫ
1+α
2 ,

✇❤❡r❡ ∇ ✐♥❞✐❝❛t❡s ❜♦t❤ s♣❛❝❡ ❛♥❞ t✐♠❡ ❞❡r✐✈❛t✐✈❡s✱ ❛♥❞

|v(x, t)− u0(x)| = |v(x, t)− v(x, 0)| ≤ Ĉǫ.

❲✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧❛st t❡r♠ ✐t ❢♦❧❧♦✇s ❢r♦♠ |v|t ≤ Ĉ t❤❛t ❞❡♥♦t✐♥❣ g = v−u0 ✇❡ ❤❛✈❡

〈g〉1+α = sup
s 6=t

g(x, s)− g(x, t)

|s− t| 1+α
2

≤ Ĉ sup
s 6=t

|s− t| 1−α
2 ≤ Cǫ

1−α
2 .

❋✐♥❛❧❧② ♦❜s❡r✈✐♥❣ t❤❛t [∇v]1+α ✐s ❡st✐♠❛t❡❞ ❜② |v|2+α ❛♥❞ t❤❡♥ ❜② Ĉ ✐t r❡s✉❧ts t❤❛t

[∇g]1+α = sup
X,Y ∈Ω̃, X 6=Y

|∇g(X)−∇g(Y )|
(max d(x, y),

√
s− t)α

≤ Ĉǫ1−
α
2 .
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❲❡ ❝♦♥❝❧✉❞❡ t❤❛t ❝❤♦♦s✐♥❣ ǫ > 1 t❤❡r❡ ❡①✐sts C = C(n) > 0 s✉❝❤ t❤❛t

|v − u0|θ ≤ CĈǫ
1−α
2 .

❚❤❡♥ ✇❡ ❝❤♦♦s❡ ǫ s♠❛❧❧ ❡♥♦✉❣❤ ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❛t

|v|θ ≤ |u0|θ + |v − u0|θ ≤ |u0|θ + CĈǫ
1−α
2 ≤ B0.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t J ♠❛♣s S ✐♥t♦ ✐ts❡❧❢ ❛♥❞ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ❚❤❡♦r❡♠ ✶✵✱ s✐♥❝❡ t❤❡

s❡t S ✐s ❛ ❜❛❧❧ ✐♥ t❤❡ ❢✉♥❝t✐♦♥ s♣❛❝❡ Hθ(Ω̃ǫ)✱ ❛♥❞ s♦ ❛ ❝♦♥✈❡① s❡t✳ ❚❤❡♥ t❤❡ ♠❛♣ J ❤❛s

❛ ✜①❡❞ ♣♦✐♥t u✱ ✇❤✐❝❤ ✐s ✐♥ H2+α(θ−1) ❛♥❞ ✇❤✐❝❤ s♦❧✈❡s ♦✉r q✉❛s✐❧✐♥❡❛r ♣r♦❜❧❡♠✳ ❚❤✐s

❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ �

❋✐♥❛❧❧② ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦♥❣t✐♠❡ ❡①✐st❡♥❝❡ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✶✷ ❙✉♣♣♦s❡ t❤❛t ✇❡ ❤❛✈❡ s❤♦rt✲t✐♠❡ ❡①✐st❡♥❝❡ t♦ ♣r♦❜❧❡♠ ✭✷✳✽✮ ❛♥❞ t❤❛t

t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts δ ∈ (1, 2) ❛♥❞ Cδ > 0 s✉❝❤ t❤❛t

|u|δ ≤ Cδ

✐♥ t❤❡ ♠❛①✐♠❛❧ ✐♥t❡r✈❛❧ ♦❢ ❞❡✜♥✐t✐♦♥✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ t♦ ✭✷✳✽✮ ❞❡✜♥❡❞ ✐♥

[0,+∞)✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ s♦❧✉t✐♦♥ u t♦ ♣r♦❜❧❡♠ ✷✳✽ ❞❡✜♥❡❞ ✐♥ s♦♠❡ ♠❛①✐♠❛❧

♦♣❡♥ t✐♠❡ ✐♥t❡r✈❛❧ [0, T ) ✇❤❡r❡ T ✐s ✜♥✐t❡✳ ❚❤❡♥ u s❛t✐s✜❡s Luu = 0 ✐♥ Ω̃✱ Muu = −φ ♦♥

SΩ̃ ❛♥❞ u = u0 ♦♥ BΩ̃✳ ❙❡tt✐♥❣ δ = 1+α✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ❡st✐♠❛t❡ |u|δ ≤ Cδ ✐♠♣❧✐❡s

t❤❛t t❤❡r❡ ❡①✐sts α ∈ [0, 1) s✉❝❤ t❤❛t |aij(X,∇u)|α ❛♥❞ |a(X,∇u)|α ❛r❡ ❜♦✉♥❞❡❞ ❜② ❛

❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ Cδ✳ ■t ❢♦❧❧♦✇s ❜② ❚❤❡♦r❡♠ ✽ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ✉♥✐❢♦r♠ ❡st✐♠❛t❡

|u|2+α ≤ C1(Cδ)|u0|2+α = C2, for t ∈ [0, T ). ✭✷✳✶✽✮

◆♦✇✱ t❛❦❡ ❛ s❡q✉❡♥❝❡ ♦❢ t✐♠❡s ti → T ✱ ❛♥❞ ❞❡✜♥❡ ũi(·) = u(·, ti)✳ ❚❤❡♥ t❤❡ ❜♦✉♥❞ |u|δ
✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❤✐❝❤ ❜② ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥ ✇❡ ❛❧s♦ ✇r✐t❡ ũi✱

s✉❝❤ t❤❛t

ũi → ũ ✉♥✐❢♦r♠❧② ❛s i → ∞. ✭✷✳✶✾✮

▼♦r❡♦✈❡r✱ ❜② ✭✷✳✶✽✮ ✇❡ ❤❛✈❡ ❡q✉✐❝♦♥t✐♥✉✐t② ♦❢ ∇jũi✱ ∇2
jkũi ❛♥❞ ũi,t ❛♥❞ t❛❦✐♥❣ s✉❜s❡✲

q✉❡♥❝❡s ✇❡ ❤❛✈❡

∇jũi → ∇jũ, ∇2
jkũi → ∇2

jkũ ❛♥❞ ũi,t → ũt, ✭✷✳✷✵✮



✷✳✷ ❙❤♦rt ❛♥❞ ❧♦♥❣t✐♠❡ ❡①✐st❡♥❝❡ r❡s✉❧ts ✸✸

✉♥✐❢♦r♠❧②✱ ✇❤❡r❡ ✇❡ ❞❡✜♥❡ ũt ❤❡r❡ t♦ ❜❡ aij(x,∇ũ)ui;j+̃a(x,∇ũ)✳

❚❤❡♥ ✇❡ ❡①t❡♥❞ u t♦ t❤❡ ✐♥t❡r✈❛❧ [0, T ] ❜② ✉s✐♥❣ ũ✳ ❚❤❡ ❜♦✉♥❞ |u|δ st✐❧❧ ❤♦❧❞s ❜②
t❤❡ C2 ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ũi t♦ ũ✱ ❛♥❞ s♦ ❜② t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ P ❛♥❞ M ✇❡ ❤❛✈❡ t❤❛t u ✐s

❛ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✽✮ ♦♥ [0, T ]✳

◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ũ ∈ C2+α✳ ▲❡t x, y ∈ Ω✱ ❢♦r s✐♠♣❧✐❝✐t② ✇❡ ❞❡♥♦t❡ ❜② ∇2u

❛♥ ❛r❜✐tr❛r② ❝♦♠♣♦♥❡♥t ∇2
jku✳ ❯s✐♥❣ t❤❡ ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s

✇❡ ❝❤♦♦s❡ t s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ T t❤❛t

|∇2ũ(·)−∇2u(·, t)| < ǫ < d(x, y).

❚❤❡♥
|∇2u(x)−∇2u(y)|

d(x, y)α
≤ |∇2u(x, t)−∇2u(y, t)|

max{d(x, y), |T − t| 12}α
≤ 2 + C2

❞✉❡ t♦ t❤❡ ❜♦✉♥❞ ♦♥ [∇2u]α ❢♦r t < T ✳ ■t ❢♦❧❧♦✇s t❤❛t |ũ|2+α✳

◆♦✇ ✇❡ ❛♣♣❧② t❤❡ s❤♦rt t✐♠❡ ❡①✐st❡♥❝❡ t❤❡♦r❡♠ t♦ ✭✷✳✽✮ ❜✉t ✇✐t❤ u0 = ũ ❛♥❞ ❣❡t

❛ s♦❧✉t✐♦♥ û ✐♥ Ωǫ✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡

w(x, t) =
{ u(x, t) ❢♦r (x, t) ∈ Ω× [0, T ]

û(x, t− T ) ❢♦r (x, t) ∈ Ω× [T, T + ǫ].

❲❡ ❤❛✈❡ t❤❛t ut(·, s) → ût(0) ❛s s → T ✱ t❤❡♥ w ✐s t✇✐❝❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ s♣❛❝❡ ❛♥❞ ♦♥❝❡

❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ t✐♠❡ ❛♥❞ s❛t✐s✜❡s Pw = 0 ❛♥❞ Mw = −φ✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ str♦♥❣

♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✐t ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ Lw = 0 ❛♥❞ ❜② ❚❤❡♦r❡♠ ✽ ✐t ❢♦❧❧♦✇s t❤❛t

w ∈ H2+α(ΩT+ǫ)✳ ❆♥❞ t❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ T ✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

�
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Capı́tulo 3

❈❛♣✐❧❧❛r② Pr♦❜❧❡♠

❈♦♥s✐❞❡r t❤❡ ❝❛♣✐❧❧❛r② ❡q✉❛t✐♦♥

❞✐✈
(∇u

W

)
− 〈∇γ

2γ
,
∇u

W
〉 = Ψ. ✭✸✳✶✮

●✐✈❡♥ ❛ C2,α ❢✉♥❝t✐♦♥ Φ : K → (−1, 1)✱ ✇❡ ✇✐❧❧ ✐♠♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r❡s❝r✐❜❡❞ ❛♥❣❧❡

❝♦♥❞✐t✐♦♥

〈N, ν〉 = Φ ✭✸✳✷✮

❛❧♦♥❣ ∂Σ✱ ✇❤❡r❡

N =
1

W

(
γY − ϑ∗∇u

)
✭✸✳✸✮

✐s t❤❡ ✉♥✐t ♥♦r♠❛❧ ✈❡❝t♦r ✜❡❧❞ ❛❧♦♥❣ Σ s❛t✐s❢②✐♥❣ 〈N, Y 〉 > 0 ❛♥❞ ν ✐s t❤❡ ✉♥✐t ♥♦r♠❛❧

✈❡❝t♦r ✜❡❧❞ ❛❧♦♥❣ K ♣♦✐♥t✐♥❣ ✐♥✇❛r❞s t❤❡ ❑✐❧❧✐♥❣ ❝②❧✐♥❞❡r ♦✈❡r Ω✳

❊q✉❛t✐♦♥ ✭✸✳✶✮ ✐s t❤❡ ♣r❡s❝r✐❜❡❞ ♠❡❛♥ ❝✉r✈❛t✉r❡ ❡q✉❛t✐♦♥ ❢♦r ❑✐❧❧✐♥❣ ❣r❛♣❤s✳

❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ❞❛t❛ Ψ ❛♥❞ Φ s❛t✐s❢②

✐✳ |Ψ|+ |∇̄Ψ| ≤ CΨ ✐♥ Ω̄× R✱

✐✐✳ 〈∇̄Ψ, Y 〉 ≥ β > 0 ✐♥ Ω̄× R✱

✐✐✐✳ 〈∇̄Φ, Y 〉 ≤ 0✱

✐✈✳ (1− Φ2) ≥ β′✱

✈✳ |Φ|2 ≤ CΦ ✐♥ K✱

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts CΨ, CΦ, β ❛♥❞ β′✱ ✇❤❡r❡ ∇̄ ❞❡♥♦t❡s t❤❡ ❘✐❡♠❛♥♥✐❛♥ ❝♦♥✲

♥❡❝t✐♦♥ ✐♥ M ✳

❚❤❡ ♠❛✐♥ r❡s✉❧t ✐♥ t❤✐s ❝❤❛♣t❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡
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❚❤❡♦r❡♠ ✶✸ ▲❡t Ω ❜❡ ❛ ❜♦✉♥❞❡❞ C3,α ❞♦♠❛✐♥ ✐♥ P ✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ Ψ ∈ C1,α(Ω̄×R)

❛♥❞ Φ ∈ C2,α(K) ✇✐t❤ |Φ| ≤ 1 s❛t✐s❢② ❝♦♥❞✐t✐♦♥s ✭✐✮✲✭✈✮ ❛❜♦✈❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛

✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ C3,α(Ω̄) ♦❢ t❤❡ ❝❛♣✐❧❧❛r② ♣r♦❜❧❡♠ ✭✸✳✶✮✲✭✸✳✷✮✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❝❧❛ss✐❝❛❧ ❈♦♥t✐♥✉✐t② ▼❡t❤♦❞ t♦ ✭✸✳✶✮✲✭✸✳✷✮ ❢♦r ♣r♦✈✐♥❣ t❤❡ ❡①✐st❡♥❝❡

♦❢ r❡s✉❧t✳ ❙♦ ✇❡ ♥❡❡❞ ❛ ♣r✐♦r✐ ❤❡✐❣❤t ❡st✐♠❛t❡s ❛♥❞ ❛ ✐♥t❡r✐♦r ❛♥❞ ❜♦✉♥❞❛r② ❣r❛❞✐❡♥t

❡st✐♠❛t❡s✳

✸✳✶ ❍❡✐❣❤t ❡st✐♠❛t❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✉s❡ ❛ t❡❝❤♥✐q✉❡ ❞❡✈❡❧♦♣❡❞ ❜② ◆✳ ❯r❛❧ts❡✈❛ ❬✹✶❪ ✭s❡❡ ❛❧s♦ ❬✹✵❪

❛♥❞ ❬✹✺❪ ❢♦r ❝❧❛ss✐❝❛❧ r❡❢❡r❡♥❝❡s ♦♥ t❤❡ s✉❜❥❡❝t✮ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ❤❡✐❣❤t ❡st✐♠❛t❡

❢♦r s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝❛♣✐❧❧❛r② ♣r♦❜❧❡♠ ✭✸✳✶✮✲✭✸✳✷✮✳ ❚❤✐s ❡st✐♠❛t❡ r❡q✉✐r❡s t❤❡ ♣♦s✐t✐✈❡

❣r❛✈✐t② ❛ss✉♠♣t✐♦♥ ✭ii✮ st❛t❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✹ ❉❡♥♦t❡

β = inf
Ω×R

〈∇̄Ψ, Y 〉 ✭✸✳✹✮

❛♥❞

µ = sup
Ω

Ψ(x, 0). ✭✸✳✺✮

❙✉♣♣♦s❡ t❤❛t β > 0✳ ❚❤❡♥ ❛♥② s♦❧✉t✐♦♥ u ♦❢ ✭✸✳✶✮✲✭✸✳✷✮ s❛t✐s✜❡s

|u(x)| ≤ supΩ |Y |
infΩ |Y |

µ

β
✭✸✳✻✮

❢♦r ❛❧❧ x ∈ Ω̄✳

Pr♦♦❢✳ ❋✐① ❛♥ ❛r❜✐tr❛r② r❡❛❧ ♥✉♠❜❡r k ✇✐t❤

k >
supΩ |Y |
infΩ |Y |

µ

β
.

❙✉♣♣♦s❡ t❤❛t t❤❡ s✉♣❡r❧❡✈❡❧ s❡t

Ωk = {x ∈ Ω : u(x) > k}

❤❛s ❛ ♥♦♥③❡r♦ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳ ❉❡✜♥❡ uk : Ω → R ❛s

uk(x) = max{u(x)− k, 0}.



✸✳✶ ❍❡✐❣❤t ❡st✐♠❛t❡s ✸✼

❋r♦♠ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✇❡ ❤❛✈❡

0 =

∫

Ωk

(
1√
γ

〈∇u,∇uk〉√
γ + |∇u2|

+
1√
γ
Ψ(x, u(x))uk

)√
σ❞x

=

∫

Ωk

(
1√
γ

|∇u|2
W

+
1√
γ
Ψ(x, u(x))(u− k)

)√
σ❞x

=

∫

Ωk

(
1√
γ

W 2 − γ

W
+

1√
γ
Ψ(x, u(x))(u− k)

)√
σ❞x

=

∫

Ωk

(
W√
γ
−

√
γ

W
+

1√
γ
Ψ(x, u(x))(u− k)

)√
σ❞x.

❍♦✇❡✈❡r

Ψ(x, u(x)) = Ψ(x, 0) +

∫ u(x)

0

∂Ψ

∂s
❞s ≥ −µ+ βu(x).

❙✐♥❝❡
√
γ

W
≤ 1 ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

|Ωk| − |Ωk| − µ

∫

Ωk

1√
γ
(u− k) + β

∫

Ωk

1√
γ
u(u− k) ≤ 0.

❍❡♥❝❡ ✇❡ ❤❛✈❡

β

∫

Ωk

1√
γ
u(u− k) ≤ µ

∫

Ωk

1√
γ
(u− k).

■t ❢♦❧❧♦✇s t❤❛t

βk inf
Ω

|Y |
∫

Ωk

(u− k) ≤ µ sup
Ω

|Y |
∫

Ωk

(u− k)

❙✐♥❝❡ |Ωk| 6= 0 ✇❡ ❤❛✈❡

k ≤ supΩ |Y |
infΩ |Y |

µ

β
,

✇❤❛t ❝♦♥tr❛❞✐❝ts t❤❡ ❝❤♦✐❝❡ ♦❢ k✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t |Ωk| = 0 ❢♦r ❛❧❧ k ≥ supΩ |Y |
infΩ |Y |

µ
β
✳ ❚❤✐s

✐♠♣❧✐❡s t❤❛t

u(x) ≤ supΩ |Y |
infΩ |Y |

µ

β
,

❢♦r ❛❧❧ x ∈ Ω̄✳ ❆ ❧♦✇❡r ❡st✐♠❛t❡ ♠❛② ❜❡ ❞❡❞✉❝❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✳ ❚❤✐s ✜♥✐s❤❡s t❤❡

♣r♦♦❢ ♦❢ t❤❡ Pr♦♣♦s✐t✐♦♥✳ �

❘❡♠❛r❦ ✶✺ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❣❡♦♠❡tr✐❝ ❜❛rr✐❡rs s✐♠✐❧❛r t♦ t❤♦s❡ ♦♥❡s ✐♥ ❬✸✼❪ ✐s ❛❧s♦

♣♦ss✐❜❧❡ ❛t ❧❡❛st ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ P ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛ r♦t❛t✐♦♥❛❧❧② ✐♥✈❛r✐❛♥t ♠❡tr✐❝

❛♥❞ Ω ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ♥♦r♠❛❧ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛ ♣♦❧❡ ♦❢ P ✳
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✸✳✷ ●r❛❞✐❡♥t ❡st✐♠❛t❡s

▲❡t Ω′ ❜❡ ❛ s✉❜s❡t ♦❢ Ω ❛♥❞ ❞❡✜♥❡

Σ′ = {ϑ(u(x), x) : x ∈ Ω′} ⊂ Σ ✭✸✳✼✮

❜❡ t❤❡ ❣r❛♣❤ ♦❢ u|Ω′ ✳ ▲❡t O ❜❡ ❛♥ ♦♣❡♥ s✉❜s❡t ✐♥M ❝♦♥t❛✐♥✐♥❣ Σ′✳ ❲❡ ❝♦♥s✐❞❡r ❛ ✈❡❝t♦r

✜❡❧❞ Z ∈ Γ(TM) ✇✐t❤ ❜♦✉♥❞❡❞ C2 ♥♦r♠ ❛♥❞ s✉♣♣♦rt❡❞ ✐♥ O✳ ❍❡♥❝❡ t❤❡r❡ ❡①✐sts ε > 0

s✉❝❤ t❤❛t t❤❡ ❧♦❝❛❧ ✢♦✇ Ξ : (−ε, ε)×O → M ❣❡♥❡r❛t❡❞ ❜② Z ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ❲❡ ❛❧s♦

s✉♣♣♦s❡ t❤❛t

〈Z(y), ν(y)〉 = 0, ✭✸✳✽✮

❢♦r ❛♥② y ∈ K ∩ O✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ✢♦✇ ❧✐♥❡ ♦❢ Z ♣❛ss✐♥❣ t❤r♦✉❣❤ ❛ ♣♦✐♥t

y ∈ K ∩ O ✐s ❡♥t✐r❡❧② ❝♦♥t❛✐♥❡❞ ✐♥ K✳

❲❡ ❞❡✜♥❡ ❛ ✈❛r✐❛t✐♦♥ ♦❢ Σ ❜② ❛ ♦♥❡✲♣❛r❛♠❡t❡r ❢❛♠✐❧② ♦❢ ❤②♣❡rs✉r❢❛❝❡s Στ ✱ τ ∈
(−ε, ε)✱ ♣❛r❛♠❡t❡r✐③❡❞ ❜② Xτ : Ω̄ → M ✇❤❡r❡

Xτ (x) = Ξ(τ, ϑ(u(x), x)), x ∈ Ω̄. ✭✸✳✾✮

■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ■♠♣❧✐❝✐t ❋✉♥❝t✐♦♥ ❚❤❡♦r❡♠ t❤❛t t❤❡r❡ ❡①✐sts Ωτ ⊂ P ❛♥❞ uτ : Ω̄τ →
R s✉❝❤ t❤❛t Στ ✐s t❤❡ ❣r❛♣❤ ♦❢ uτ ✳ ▼♦r❡♦✈❡r✱ ✭✸✳✽✮ ✐♠♣❧✐❡s t❤❛t t❤❡ Ωτ ⊂ Ω✳

❍❡♥❝❡ ❣✐✈❡♥ ❛ ♣♦✐♥t y ∈ Σ✱ ❞❡♥♦t❡ yτ = Ξ(τ, y) ∈ Στ ✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts

xτ ∈ Ωτ s✉❝❤ t❤❛t yτ = ϑ(uτ (xτ ), xτ )✳ ❚❤❡♥ ✇❡ ❞❡♥♦t❡ ❜② ŷτ = ϑ(u(xτ ), xτ ) t❤❡ ♣♦✐♥t

✐♥ Σ ✐♥ t❤❡ ✢♦✇ ❧✐♥❡ ♦❢ Y ♣❛ss✐♥❣ t❤r♦✉❣❤ yτ ✳ ❚❤❡ ✈❡rt✐❝❛❧ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ yτ ❛♥❞

ŷτ ✐s ❜② ❞❡✜♥✐t✐♦♥ t❤❡ ❢✉♥❝t✐♦♥ s(y, τ) = uτ (xτ )− u(xτ )✳

▲❡♠♠❛ ✶✻ ❋♦r ❛♥② τ ∈ (−ε, ε)✱ ❧❡t Aτ ❛♥❞ Hτ ❜❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❲❡✐♥❣❛rt❡♥ ♠❛♣

❛♥❞ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❤②♣❡rs✉r❢❛❝❡ Στ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✉♥✐t ♥♦r♠❛❧

✈❡❝t♦r ✜❡❧❞ Nτ ❛❧♦♥❣ Στ ✇❤✐❝❤ s❛t✐s✜❡s 〈Nτ , Y 〉 > 0✳ ❉❡♥♦t❡ H = H0 ❛♥❞ A = A0✳ ■❢

ζ ∈ C∞(O) ❛♥❞ T ∈ Γ(TO) ❛r❡ ❞❡✜♥❡❞ ❜②

Z = ζNτ + T ✭✸✳✶✵✮

✇✐t❤ 〈T,Nτ 〉 = 0 t❤❡♥

✐✳ ∂s
∂τ

∣∣
τ=0

= 〈Z,N〉W.

✐✐✳ ∇̄ZN
∣∣
τ=0

= −AT −∇Σζ

✐✐✐✳ ∂H
∂τ

∣∣
τ=0

= ∆Σζ + (|A|2 + RicM(N,N))ζ + 〈∇̄Ψ, Z〉,



✸✳✷ ●r❛❞✐❡♥t ❡st✐♠❛t❡s ✸✾

✇❤❡r❡ W = 〈Y,Nτ 〉−1 = (γ + |∇uτ |2)−1/2✳ ❚❤❡ ♦♣❡r❛t♦rs ∇Σ ❛♥❞ ∆Σ ❛r❡✱ r❡s♣❡❝t✐✈❡❧②✱

t❤❡ ✐♥tr✐♥s✐❝ ❣r❛❞✐❡♥t ♦♣❡r❛t♦r ❛♥❞ t❤❡ ▲❛♣❧❛❝❡✲❇❡❧tr❛♠✐ ♦♣❡r❛t♦r ✐♥ Σ ✇✐t❤ r❡s♣❡❝t

t♦ t❤❡ ✐♥❞✉❝❡❞ ♠❡tr✐❝✳ ▼♦r❡♦✈❡r✱ ∇̄ ❛♥❞ RicM ❞❡♥♦t❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❘✐❡♠❛♥♥✐❛♥

❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡ ❛♥❞ t❤❡ ❘✐❝❝✐ t❡♥s♦r ✐♥ M ✳

Pr♦♦❢✳ ✭✐✮ ▲❡t (xi)ni=1 ❛ s❡t ♦❢ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s ✐♥ Ω ⊂ P ✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✸✳✾✮ ✇✐t❤

r❡s♣❡❝t t♦ τ ✇❡ ♦❜t❛✐♥

Xτ∗
∂

∂τ
= Z|Xτ

= ζNτ + T

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❞✐✛❡r❡♥t✐❛t✐♥❣ ❜♦t❤ s✐❞❡s ♦❢

Xτ (x) = ϑ(uτ (xτ ), xτ )

✇✐t❤ r❡s♣❡❝t t♦ τ ✇❡ ❤❛✈❡

Xτ∗
∂

∂τ
=

(∂uτ

∂τ
+

∂uτ

∂xi

∂xi
τ

∂τ

)
ϑ∗Y +

∂xi
τ

∂τ
ϑ∗

∂

∂xi

=
∂uτ

∂τ
ϑ∗Y +

∂xi
τ

∂τ

(
ϑ∗

∂

∂xi
+

∂uτ

∂xi
ϑ∗Y

)

❙✐♥❝❡ t❤❡ t❡r♠ ❜❡t✇❡❡♥ ♣❛r❡♥t❤❡s✐s ❛❢t❡r t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✐s ❛ t❛♥❣❡♥t ✈❡❝t♦r ✜❡❧❞

✐♥ Στ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

∂uτ

∂τ
〈Y,Nτ 〉 = 〈Xτ∗

∂

∂τ
,Nτ 〉 = ζ

❢r♦♠ ✇❤❛t ❢♦❧❧♦✇s t❤❛t
∂uτ

∂τ
= ζW

❛♥❞

∂s

∂τ
=

∂

∂τ
(uτ − u) =

∂uτ

∂τ
= ζW.

✭✐✐✮ ◆♦✇ ✇❡ ❤❛✈❡

〈∇̄ZNτ , X∗∂i〉 = −〈Nτ , ∇̄ZX∗∂i〉 = −〈Nτ , ∇̄X∗∂iZ〉 = −〈Nτ , ∇̄X∗∂i(ζN + T )〉

= −〈Nτ , ∇̄X∗∂iT 〉 − 〈Nτ , ∇̄X∗∂iζNτ 〉 = −〈AτT,X∗∂i〉 − 〈∇Σζ,X∗∂i〉,

❢♦r ❛♥② 1 ≤ i ≤ n✳ ■t ❢♦❧❧♦✇s t❤❛t

∇̄ZN = −AT −∇Σζ.
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✭✐✐✐✮ ❚❤✐s ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ❢♦r♠✉❧❛ ✇❤♦s❡ ♣r♦♦❢ ♠❛② ❜❡ ❢♦✉♥❞ ❛t ❛ ♥✉♠❜❡r ♦❢ r❡❢❡r❡♥❝❡s

✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❬✹✻❪✮✳ �

❋♦r ❢✉rt❤❡r r❡❢❡r❡♥❝❡✱ ✇❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ ❈♦♠♣❛r✐s♦♥ Pr✐♥❝✐♣❧❡ ❬✹✺❪ ✇❤❡♥

❛♣♣❧✐❡❞ t♦ ✭✸✳✶✮✲✭✸✳✷✮ ♠❛② ❜❡ st❛t❡❞ ✐♥ ❣❡♦♠❡tr✐❝ t❡r♠s ❛s ❢♦❧❧♦✇s✳ ❋✐①❡❞ τ ✱ ❧❡t x ∈ Ω̄′

❜❡ ❛ ♣♦✐♥t ♦❢ ♠❛①✐♠❛❧ ✈❡rt✐❝❛❧ s❡♣❛r❛t✐♦♥ s(·, τ)✳ ■❢ x ✐s ❛♥ ✐♥t❡r✐♦r ♣♦✐♥t ✇❡ ❤❛✈❡

∇uτ (x, τ)−∇u(x) = ∇s(x, τ) = 0,

✇❤❛t ✐♠♣❧✐❡s t❤❛t t❤❡ ❣r❛♣❤s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s uτ ❛♥❞ u + s(x, τ) ❛r❡ t❛♥❣❡♥t ❛t t❤❡✐r

❝♦♠♠♦♥ ♣♦✐♥t yτ = ϑ(uτ (x), x)✳ ❙✐♥❝❡ t❤❡ ❣r❛♣❤ ♦❢ u + s(x, τ) ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ Σ

♦♥❧② ❜② ❛ tr❛♥s❧❛t✐♦♥ ❛❧♦♥❣ t❤❡ ✢♦✇ ❧✐♥❡s ♦❢ Y ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢

t❤❡s❡ t✇♦ ❣r❛♣❤s ❛r❡ t❤❡ s❛♠❡ ❛t ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥ts✳ ❙✐♥❝❡ t❤❡ ❣r❛♣❤ ♦❢ u+ s(x, τ)

✐s ❧♦❝❛❧❧② ❛❜♦✈❡ t❤❡ ❣r❛♣❤ ♦❢ uτ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

H(ŷτ ) ≥ Hτ (yτ ). ✭✸✳✶✶✮

■❢ x ∈ ∂Ω ⊂ ∂Ω′ ✇❡ ❤❛✈❡

〈∇uτ , ν〉|x − 〈∇u, ν〉|x = 〈∇s, ν〉 ≤ 0

s✐♥❝❡ ν ♣♦✐♥ts t♦✇❛r❞ Ω✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

〈N, ν〉|yτ ≥ 〈N, ν〉|ŷτ ✭✸✳✶✷✮

✸✳✷✳✶ ■♥t❡r✐♦r ❣r❛❞✐❡♥t ❡st✐♠❛t❡

Pr♦♣♦s✐t✐♦♥ ✶✼ ▲❡t BR(x0) ⊂ Ω ✇❤❡r❡ R < injP ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0

❞❡♣❡♥❞✐♥❣ ♦♥ β, CΨ,Ω ❛♥❞ K s✉❝❤ t❤❛t

|∇u(x)| ≤ C
R2

R2 − d2(x)
, ✭✸✳✶✸✮

✇❤❡r❡ d = dist(x0, x) ✐♥ P ✳

Pr♦♦❢✳ ❋✐① Ω′ = BR(x0) ⊂ Ω✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦r ✜❡❧❞ Z ❣✐✈❡♥ ❜②

Z = ζN, ✭✸✳✶✹✮

✇❤❡r❡ ζ ✐s ❛ ❢✉♥❝t✐♦♥ t♦ ❜❡ ❞❡✜♥❡❞ ❧❛t❡r✳ ❋✐①❡❞ τ ∈ [0, ε)✱ ❧❡t x ∈ BR(x0) ❜❡ ❛ ♣♦✐♥t

✇❤❡r❡ t❤❡ ✈❡rt✐❝❛❧ s❡♣❛r❛t✐♦♥ s(·, τ) ❛tt❛✐♥s ❛ ♠❛①✐♠✉♠ ✈❛❧✉❡✳
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■❢ y = ϑ(u(x), x) ✐t ❢♦❧❧♦✇s t❤❛t

Hτ (yτ )−H0(y) =
∂Hτ

∂τ

∣∣∣
τ=0

τ + o(τ). ✭✸✳✶✺✮

❍♦✇❡✈❡r t❤❡ ❈♦♠♣❛r✐s♦♥ Pr✐♥❝✐♣❧❡ ✐♠♣❧✐❡s t❤❛t H0(ŷτ ) ≥ Hτ (yτ )✳ ❯s✐♥❣ ▲❡♠♠❛ ✶✻

✭iii✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

H0(ŷτ )−H0(y) ≥
∂Hτ

∂τ

∣∣∣
τ=0

τ + o(τ) = (∆Σζ + |A|2ζ + ❘✐❝M(N,N)ζ)τ + o(τ).

❙✐♥❝❡ ŷτ = ϑ(−s(y, τ), yτ ) ✇❡ ❤❛✈❡

dŷτ
dτ

∣∣∣
τ=0

= −ds

dτ
ϑ∗

∂

∂s
+

∂yiτ
∂τ

ϑ∗
∂

∂xi
= −ds

dτ
Y +

dyτ
dτ

∣∣∣
τ=0

= −ds

dτ
Y + Z(y). ✭✸✳✶✻✮

❍❡♥❝❡ ✉s✐♥❣ ▲❡♠♠❛ ✶✻ ✭i✮ ❛♥❞ ✭✸✳✶✹✮ ✇❡ ❤❛✈❡

dŷτ
dτ

∣∣∣
τ=0

= −ζWY + ζN. ✭✸✳✶✼✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❢♦r ❡❛❝❤ τ ∈ (−ε, ε) t❤❡r❡ ❡①✐sts ❛ s♠♦♦t❤ ξ : (−ε, ε) → TM s✉❝❤

t❤❛t

ŷτ = expy ξ(τ).

❍❡♥❝❡ ✇❡ ❤❛✈❡

dŷτ
dτ

∣∣∣
τ=0

= ξ′(0).

❲✐t❤ ❛ s❧✐❣❤t ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥ ✇❡ ❞❡♥♦t❡ Ψ(s, x) ❜② Ψ(y) ✇❤❡r❡ y = ϑ(s, x)✳ ■t r❡s✉❧ts

t❤❛t

H0(ŷτ )−H0(y) = Ψ(xτ , u(xτ ))−Ψ(x, u(x)) = Ψ(expy ξτ )−Ψ(y) = 〈∇̄Ψ|y, ξ′(0)〉τ+o(τ).

❍♦✇❡✈❡r

〈∇̄Ψ, ξ′(0)〉 = ζ〈∇̄Ψ, N −WY 〉 = −ζW
∂Ψ

∂s
+ ζ〈∇̄Ψ, N〉. ✭✸✳✶✽✮

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

−ζW
∂Ψ

∂s
τ + ζ〈∇̄Ψ, N〉τ + o(τ) ≥ (∆Σζ + |A|2ζ + ❘✐❝M(N,N)ζ)τ + o(τ).

❙✉♣♣♦s❡ t❤❛t

W (x) >
C + |∇̄Ψ|

β
✭✸✳✶✾✮
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❢♦r ❛ ❝♦♥st❛♥t C > 0 t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡

(∆Σζ + ❘✐❝M(N,N)ζ)τ + Cζτ ≤ o(τ).

❋♦❧❧♦✇✐♥❣ ❬✶✽❪ ❛♥❞ ❬✶✼❪ ✇❡ ❝❤♦♦s❡

ζ = 1− d2

R2
,

✇❤❡r❡ d = ❞✐st(x0, ·)✳ ■t ❢♦❧❧♦✇s t❤❛t

∇Σζ = − 2d

R2
∇Σd

❛♥❞

∆Σζ = − 2d

R2
∆Σd−

2

R2
|∇Σd|2

❍♦✇❡✈❡r ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t P ✐s t♦t❛❧❧② ❣❡♦❞❡s✐❝ ❛♥❞ t❤❛t [Y, ∇̄d] = 0 ✇❡ ❤❛✈❡

∆Σd = ∆Md− 〈∇̄N∇̄d,N〉+ nH〈∇̄d,N〉

= ∆Pd− 〈∇∇u
W
∇d,

∇u

W
〉 − γ2〈Y,N〉2〈∇̄Y ∇̄d, Y 〉+ nH〈∇̄d,N〉

▲❡t π : M → P t❤❡ ♣r♦❥❡❝t✐♦♥ ❞❡✜♥❡❞ ❜② π(ϑ(s, x)) = x✳ ❚❤❡♥

π∗N = −∇u

W
.

❲❡ ❞❡♥♦t❡

π∗N
⊥ = π∗N − 〈π∗N,∇d〉∇d.

■❢ Ad ❛♥❞ Hd ❞❡♥♦t❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❲❡✐♥❣❛rt❡♥ ♠❛♣ ❛♥❞ t❤❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ♦❢ t❤❡

❣❡♦❞❡s✐❝ ❜❛❧❧ Bd(x0) ✐♥ P ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

∆Σd = nHd − 〈Ad(π∗N
⊥), π∗N

⊥〉+ γ〈Y,N〉2κ+ nH〈∇̄d,N〉.

✇❤❡r❡

κ = −γ〈∇̄Y ∇̄d, Y 〉

✐s t❤❡ ♣r✐♥❝✐♣❛❧ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❑✐❧✐♥❣ ❝②❧✐♥❞❡r ♦✈❡r Bd(x0) r❡❧❛t✐✈❡ t♦ t❤❡ ♣r✐♥❝✐♣❛❧

❞✐r❡❝t✐♦♥ Y ✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡

|∆Σd| ≤ C1(CΨ, sup
BR(x0)

(Hd + κ), sup
BR(x0)

γ)
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✐♥ BR(x0)✳ ❍❡♥❝❡ s❡tt✐♥❣

C2 = sup
BR(x0)

❘✐❝M

✇❡ ✜①

C = max{2(C1 + C2), sup
R×Ω

|∇̄Ψ|}. ✭✸✳✷✵✮

❲✐t❤ t❤✐s ❝❤♦✐❝❡ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

Cζ ≤ o(τ)

τ
,

❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

W (x) ≤ C − |∇̄Ψ|
β

. ✭✸✳✷✶✮

❍♦✇❡✈❡r

ζ(z)W (z) + o(τ) = s(X(z), τ) ≤ s(X(x), τ) = ζ(x)W (x) + o(τ),

❢♦r ❛♥② z ∈ BR(x0)✳ ■t ❢♦❧❧♦✇s t❤❛t

W (z) ≤ R2 − d2(z)

R2 − d2(x)
W (x) + o(τ) ≤ R2

R2 − d2(x)

C − |∇̄Ψ|
β

+ o(τ) ≤ C̃
R2

R2 − d2(x)
,

❢♦r ✈❡r② s♠❛❧❧ ε > 0✳ ❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳ �

❘❡♠❛r❦ ✶✽ ■❢ Ω s❛t✐s✜❡s t❤❡ ✐♥t❡r✐♦r s♣❤❡r❡ ❝♦♥❞✐t✐♦♥ ❢♦r ❛ ✉♥✐❢♦r♠ r❛❞✐✉s R > 0 ✇❡

❝♦♥❝❧✉❞❡ t❤❛t

W (x) ≤ C

dΓ(x)
, ✭✸✳✷✷✮

❢♦r x ∈ Ω✱ ✇❤❡r❡ dΓ(x) = dist(x,Γ)✳

✸✳✷✳✷ ❇♦✉♥❞❛r② ❣r❛❞✐❡♥t ❡st✐♠❛t❡s

◆♦✇ ✇❡ ❡st❛❜❧✐s❤ ❜♦✉♥❞❛r② ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ✉s✐♥❣ ♦t❤❡r ❧♦❝❛❧ ♣❡rt✉r❜❛t✐♦♥ ♦❢

t❤❡ ❣r❛♣❤ ✇❤✐❝❤ t❤✐s t✐♠❡ ❤❛s ❛❧s♦ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts✳

Pr♦♣♦s✐t✐♦♥ ✶✾ ▲❡t x0 ∈ P ❛♥❞ R > 0 s✉❝❤ t❤❛t 3R < injP ✳ ❉❡♥♦t❡ ❜② Ω′ t❤❡ s✉❜❞♦✲

♠❛✐♥ Ω∩B2R(x0)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C = C(R, β, β′, CΨ, CΦ,Ω, K)

s✉❝❤ t❤❛t

W (x) ≤ C, ✭✸✳✷✸✮

❢♦r ❛❧❧ x ∈ Ω
′
✳
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Pr♦♦❢✳ ◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ s✉❜❞♦♠❛✐♥ Ω′ = Ω ∩BR(x0)✳ ❲❡ ❞❡✜♥❡

Z = ηN +X, ✭✸✳✷✹✮

✇❤❡r❡

η = α0v + α1dΓ

❛♥❞ α0 ❛♥❞ α1 ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts t♦ ❜❡ ❝❤♦s❡♥ ❛♥❞ dΓ ✐s ❛ s♠♦♦t❤ ❡①t❡♥s✐♦♥ ♦❢ t❤❡

❞✐st❛♥❝❡ ❢✉♥❝t✐♦♥ ❞✐st( · ,Γ) t♦ Ω′ ✇✐t❤ |∇dΓ| ≤ 1 ❛♥❞

v = 4R2 − d2,

✇❤❡r❡ d = ❞✐st(x0, ·)✳ ▼♦r❡♦✈❡r

X = α0Φ(vν − dΓ∇v).

■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡

ζ = η + 〈X,N〉 = α0v + α1dΓ + α0Φ(v〈N, ν〉 − dΓ〈N,∇v〉).

❋✐①❡❞ τ ∈ [0, ε)✱ ❧❡t x ∈ Ω̄′ ❜❡ ❛ ♣♦✐♥t ✇❤❡r❡ t❤❡ ♠❛①✐♠❛❧ ✈❡rt✐❝❛❧ s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥

Σ ❛♥❞ Στ ✐s ❛tt❛✐♥❡❞✳ ❲❡ ✜rst s✉♣♣♦s❡ t❤❛t x ∈ ✐♥t(∂Ω′ ∩ ∂Ω)✳ ■♥ t❤✐s ❝❛s❡ ❞❡♥♦t✐♥❣

yτ = ϑ(uτ (x), x) ∈ Στ ❛♥❞ ŷτ = ϑ(u(x), x) ∈ Σ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❈♦♠♣❛r✐s♦♥

Pr✐♥❝✐♣❧❡ t❤❛t

〈Nτ , ν〉|yτ ≥ 〈N, ν〉|ŷτ . ✭✸✳✷✺✮

◆♦t✐❝❡ t❤❛t ŷτ ∈ ∂Σ✳ ▼♦r❡♦✈❡r s✐♥❝❡ Z|K∩O ✐s t❛♥❣❡♥t t♦ K t❤❡r❡ ❡①✐sts y ∈ ∂Σ s✉❝❤

t❤❛t

y = Ξ(−τ, yτ ).

❲❡ ❝❧❛✐♠ t❤❛t

|〈∇̄〈Nτ , ν〉,
dyτ
dτ

∣∣
τ=0

〉| ≤ α1(1− Φ2) + C̃α0 ✭✸✳✷✻✮

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C̃ = C(CΦ, K,Ω, R)✳

❍❡♥❝❡ ✭✸✳✷✮ ✐♠♣❧✐❡s t❤❛t

〈N, ν〉|ŷτ − 〈N, ν〉|y = Φ(ŷτ )− Φ(y) = τ〈∇̄Φ,
dŷτ
dτ

∣∣
τ=0

〉+ o(τ).

❚❤❡r❡❢♦r❡

〈N, ν〉|yτ − 〈N, ν〉|y ≥ τ〈∇̄Φ,
dŷτ
dτ

∣∣
τ=0

〉+ o(τ).
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❤❛✈❡

〈N, ν〉|yτ − 〈N, ν〉|y = τ〈∇̄〈N, ν〉, dyτ
dτ

∣∣
τ=0

〉+ o(τ).

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

τ〈∇̄〈N, ν〉, dyτ
dτ

∣∣
τ=0

〉 ≥ τ〈∇̄Φ,
dŷτ
dτ

∣∣
τ=0

〉+ o(τ).

❍❡♥❝❡ ✇❡ ❤❛✈❡

α1(1− Φ2)τ + C̃α0τ ≥ τ〈∇̄Φ,
dŷτ
dτ

∣∣
τ=0

〉+ o(τ).

■t ❢♦❧❧♦✇s ❢r♦♠ ✭✸✳✶✻✮ t❤❛t

α1(1− Φ2) + C̃α0 ≥ −ζW 〈∇̄Φ, Y 〉+ ζ〈∇̄Φ, N〉+ o(τ)/τ.

❙✐♥❝❡

〈∇̄Φ, Y 〉 = ∂Φ

∂s
≤ 0

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

W (x) ≤ C(CΦ, β
′, K,Ω, R). ✭✸✳✷✼✮

❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ❝❧❛✐♠✳ ❋♦r t❤❛t✱ ♦❜s❡r✈❡ t❤❛t ▲❡♠♠❛ ✶✻ ✭ii✮ ✐♠♣❧✐❡s t❤❛t

〈N, ν〉|yτ − 〈N, ν〉|y = τ
∂

∂τ

∣∣∣
τ=0

〈Nτ , ν〉|yτ + o(τ)

= τ(〈N, ∇̄Zν〉|y − 〈AT +∇Σζ, ν〉|y) + o(τ).

❙✐♥❝❡ Z|y ∈ TyK ✐t ❢♦❧❧♦✇s t❤❛t

〈N, ν〉|yτ − 〈N, ν〉|y = −τ(〈AKZ,N〉|y + 〈AT +∇Σζ, ν〉|y) + o(τ),

✇❤❡r❡ AK ✐s t❤❡ ❲❡✐♥❣❛rt❡♥ ♠❛♣ ♦❢ K ✇✐t❤ r❡s♣❡❝t t♦ ν✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

−τ(〈AKZ,N〉|y + 〈AT +∇Σζ, ν〉|y) ≥ τ〈∇̄Φ,
dŷτ
dτ

∣∣
τ=0

〉+ o(τ) ✭✸✳✷✽✮

✇❤❡r❡

νT = ν − 〈N, ν〉N.

❲❡ ❤❛✈❡

〈∇Σζ + AT, νT 〉 = α0〈∇v, νT 〉+ α1〈∇ΣdΓ, ν
T 〉+ 〈∇Σ〈X,N〉, νT 〉+ 〈AT, νT 〉.
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❲❡ ❝♦♠♣✉t❡

〈∇Σ〈X,N〉, νT 〉 = α0(v〈N, ν〉 − dΓ〈N,∇v〉)〈∇̄Φ, νT 〉

+α0Φ
(
〈∇v, νT 〉〈N, ν〉+ v(〈∇̄νTN, ν〉+ 〈N, ∇̄νT ν〉)− 〈∇dΓ, ν

T 〉〈N,∇v〉

−dΓ(〈∇̄νTN,∇v〉+ 〈N, ∇̄νT∇v〉)
)
.

❍❡♥❝❡ ✇❡ ❤❛✈❡ ❛t y t❤❛t

〈∇Σ〈X,N〉, νT 〉 = α0(vΦ− dΓ〈N,∇v〉)〈∇̄Φ, νT 〉

+α0Φ
(
〈∇v, νT 〉Φ + v(−〈AνT , νT 〉+ 〈N, ∇̄νν〉 − 〈N, ν〉〈N, ∇̄Nν〉)

−〈ν, νT 〉〈N,∇v〉 − dΓ(−〈AνT ,∇v〉+ 〈N, ∇̄ν∇v〉 − 〈N, ν〉〈N, ∇̄N∇v〉)
)
.

❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡

〈∇Σ〈X,N〉, νT 〉 = α0(vΦ− dΓ〈N,∇v〉)〈∇̄Φ, νT 〉

+α0Φ
(
〈∇v, νT 〉Φ− v(〈AνT , νT 〉+ 〈N, ν〉〈N, ∇̄Nν〉)

−〈ν, νT 〉〈N,∇v〉+ dΓ(〈AνT ,∇v〉 − 〈N, ∇̄ν∇v〉+ 〈N, ν〉〈N, ∇̄N∇v〉)
)
.

■t ❢♦❧❧♦✇s t❤❛t

〈∇Σζ + AT, νT 〉 = 〈AT, νT 〉+ α0〈∇v, νT 〉+ α1〈ν, νT 〉

+α0(vΦ− dΓ〈N,∇v〉)〈∇̄Φ, νT 〉

+α0Φ
(
〈∇v, νT 〉Φ− v(〈AνT , νT 〉+ 〈N, ν〉〈N, ∇̄Nν〉)

−〈ν, νT 〉〈N,∇v〉+ dΓ(〈AνT ,∇v〉 − 〈N, ∇̄ν∇v〉+ 〈N, ν〉〈N, ∇̄N∇v〉)
)
.

❍♦✇❡✈❡r

〈AT, νT 〉 = 〈AνT , X〉 = α0Φv〈AνT , νT 〉 − α0ΦdΓ〈AνT ,∇v〉.

❍❡♥❝❡ ✇❡ ❤❛✈❡

〈∇Σζ + AT, νT 〉 = α0〈∇v, νT 〉+ α1〈ν, νT 〉+ α0(vΦ− dΓ〈N,∇v〉)〈∇̄Φ, νT 〉

+α0Φ
(
〈∇v, νT 〉Φ− vΦ〈N, ∇̄Nν〉 − 〈ν, νT 〉〈N,∇v〉

−dΓ(〈N, ∇̄ν∇v〉 − 〈N, ν〉〈N, ∇̄N∇v〉)
)
.

❙✐♥❝❡ dΓ(y) = 0 ✇❡ ❤❛✈❡

〈∇Σζ + AT, νT 〉 = α0〈∇v, νT 〉+ α1〈ν, νT 〉+ α0vΦ〈∇̄Φ, νT 〉

+α0Φ
(
〈∇v, νT 〉Φ− vΦ〈N, ∇̄Nν〉 − 〈ν, νT 〉〈N,∇v〉

)
.
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❘❡❛rr❛♥❣✐♥❣ t❡r♠s ✇❡ ♦❜t❛✐♥

〈∇Σζ + AT, νT 〉 = α1(1− 〈N, ν〉2) + α0〈∇v, νT 〉(1 + Φ2) + α0vΦ〈∇̄Φ, νT 〉

−α0Φ
(
vΦ〈N, ∇̄Nν〉+ (1− 〈N, ν〉2)〈N,∇v〉

)
.

❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C = C(Φ, K,Ω, R) s✉❝❤ t❤❛t

|〈∇Σζ + AT, νT 〉| ≤ α1(1− Φ2) + Cα0. ✭✸✳✷✾✮

❙✐♥❝❡ dΓ(y) = 0 ✐t ❤♦❧❞s t❤❛t

|〈AKZ,N〉| = |AK ||Z| ≤ |AK |(η + |X|) ≤ 4R2α0|AK |(1 + Φ).

❢r♦♠ ✇❤❛t ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

|〈∇̄〈Nτ , ν〉,
dyτ
dτ

∣∣
τ=0

〉| ≤ α1(1− Φ2) + C̃α0 ✭✸✳✸✵✮

❢♦r s♦♠❡ ❝♦♥st❛♥t C̃(CΦ, K,Ω, R) > 0✳

◆♦✇ ✇❡ s✉♣♣♦s❡ t❤❛t x ∈ ∂Ω′ ∩ Ω✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ v(x) = 0✳ ❚❤❡♥ η = α1dΓ

❛♥❞

X = −α0ΦdΓ∇v

❛t x✳ ❚❤✉s

ζ = η + 〈X,N〉 = α1dΓ + 2α0ΦddΓ〈∇d,N〉.

▼♦r❡♦✈❡r ✇❡ ❤❛✈❡

W (x) ≤ C

dΓ(x)

✭s❡❡ ❘❡♠❛r❦ ✶✽✮✳ ■t ❢♦❧❧♦✇s t❤❛t

ζW ≤ C(α1 + 2α0Φd〈∇d,N〉) ≤ C(α1 + 4Rα0Φ). ✭✸✳✸✶✮

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

W (x) ≤ C(CΦ, K,Ω, R). ✭✸✳✸✷✮

◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ x ∈ Ω ∩ Ω′✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡

∆Σζ = α0∆Σv + α1∆ΣdΓ + α0∆ΣΦ(v〈N, ν〉 − dΓ〈N,∇v〉)

+α0Φ(∆Σv〈N, ν〉+ v∆Σ〈N, ν〉+ 2〈∇Σv,∇Σ〈N, ν〉〉 −∆ΣdΓ〈N,∇v〉 − dΓ∆Σ〈N,∇v〉

−2〈∇ΣdΓ,∇Σ〈N,∇v〉)

+2α0〈∇ΣΦ,∇Σv〈N, ν〉+ v∇Σ〈N, ν〉 − ∇ΣdΓ〈N,∇v〉 − dΓ∇Σ〈N,∇v〉〉
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◆♦t✐❝❡ t❤❛t ❣✐✈❡♥ ❛♥ ❛r❜✐tr❛r② ✈❡❝t♦r ✜❡❧❞ U ❛❧♦♥❣ Σ ✇❡ ❤❛✈❡

〈∇Σ〈N,U〉, V 〉 = −〈AUT , V 〉+ 〈N, ∇̄V U〉,

❢♦r ❛♥② V ∈ Γ(TΣ)✳ ❍❡r❡✱ UT ❞❡♥♦t❡s t❤❡ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥t ♦❢ U ✳ ❍❡♥❝❡ ✉s✐♥❣

❈♦❞❛③③✐✬s ❡q✉❛t✐♦♥ ✇❡ ♦❜t❛✐♥

∆Σ〈N,U〉 ≤ 〈∇̄(nH), UT 〉+ ❘✐❝M(UT , N) + C|A|

❢♦r ❛ ❝♦♥st❛♥t C ❞❡♣❡♥❞✐♥❣ ♦♥ ∇̄U ❛♥❞ ∇̄2U ✳ ❍❡♥❝❡ ✉s✐♥❣ ✭✸✳✶✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

∆Σ〈N,U〉 ≤ 〈∇̄Ψ, UT 〉+ C̃|A| ✭✸✳✸✸✮

✇❤❡r❡ C̃ ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ ∇̄U, ∇̄2U ❛♥❞ ❘✐❝M ✳

❲❡ ❛❧s♦ ❤❛✈❡

∆ΣdΓ = ∆PdΓ + γ〈∇̄Y ∇̄d, Y 〉 − 〈∇̄N∇̄dΓ, N〉+ nH〈∇̄dΓ, N〉

≤ C0Ψ+ C1,

✇❤❡r❡ C0 ❛♥❞ C1 ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s❡❝♦♥❞ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r♠ ♦❢

t❤❡ ❑✐❧❧✐♥❣ ❝②❧✐♥❞❡rs ♦✈❡r t❤❡ ❡q✉✐❞✐st❛♥t s❡ts dΓ = δ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ δ✳ ❙✐♠✐❧❛r

❡st✐♠❛t❡s ❛❧s♦ ❤♦❧❞ ❢♦r ∆Σd ❛♥❞ t❤❡♥ ❢♦r ∆Σv✳

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

∆Σζ ≥ −C̃0 − C̃1|A|, ✭✸✳✸✹✮

✇❤❡r❡ C̃0 ❛♥❞ C̃1 ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ❞❡♣❡♥❞✐♥❣ ♦♥ Ω✱ K✱ ❘✐❝M ✱ |Φ|2✳
◆♦✇ ♣r♦❝❡❡❞✐♥❣ s✐♠✐❧❛r❧② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✼✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

▲❡♠♠❛ ✶✻ ✭iii✮ ❛♥❞ t❤❡ ❈♦♠♣❛r✐s♦♥ Pr✐♥❝✐♣❧❡ ②✐❡❧❞

H0(ŷτ )−H0(y) ≥
∂Hτ

∂τ

∣∣∣
τ=0

τ + o(τ) = (∆Σζ + |A|2ζ + ❘✐❝M(N,N)ζ)τ + τ〈∇̄Ψ, T 〉+ o(τ).

❍♦✇❡✈❡r

H0(ŷτ )−H0(y) = 〈∇̄Ψ|y, ξ′(0)〉τ + o(τ).

❯s✐♥❣ ✭✸✳✶✻✮ ✇❡ ❤❛✈❡

〈∇̄Ψ, ξ′(0)〉 = 〈∇̄Ψ, Z − ζWY 〉 = 〈∇̄Ψ, Z〉 − ζW
∂Ψ

∂s
.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

−ζW
∂Ψ

∂s
τ + ζ〈∇̄Ψ, N〉τ + o(τ) ≥ (∆Σζ + |A|2ζ + ❘✐❝M(N,N)ζ)τ + o(τ).
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❙✉♣♣♦s❡ t❤❛t

W >
C + |∇̄Ψ|

β
✭✸✳✸✺✮

❢♦r ❛ ❝♦♥st❛♥t C > 0 ❛s ✐♥ ✭✸✳✷✵✮✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡

(∆Σζ + |A|2ζ + ❘✐❝M(N,N)ζ)τ + Cζτ ≤ o(τ)

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

−C0 − C1|A|+ C2|A|2 + C ≤ o(τ)

τ
,

❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤✐s ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t

W (x) ≤ C + |∇̄Ψ|
β

. ✭✸✳✸✻✮

◆♦✇✱ ♣r♦❝❡❡❞✐♥❣ ❛s ✐♥ t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✼✱ ✇❡ ✉s❡ t❤❡ ❡st✐♠❛t❡ ❢♦r

W (x) ✐♥ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡ t❤r❡❡ ❝❛s❡s ❢♦r ♦❜t❛✐♥✐♥❣ ❛ ❡st✐♠❛t❡ ❢♦r W ✐♥ Ω′✳ ❚❤✐s ✜♥✐s❤❡s

t❤❡ ♣r♦♦❢ ♦❢ t❤❡ Pr♦♣♦s✐t✐♦♥✳ �

✸✳✸ Pr♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✶✸

❲❡ ✉s❡ t❤❡ ❝❧❛ss✐❝❛❧ ❈♦♥t✐♥✉✐t② ▼❡t❤♦❞ ❢♦r ♣r♦✈✐♥❣ ❚❤❡♦r❡♠ ✶✸✳ ❋♦r ❞❡t❛✐❧s✱ ✇❡

r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✹✼❪ ❛♥❞ ❬✹✵❪✳ ❋♦r ❛♥② τ ∈ [0, 1] ✇❡ ❝♦♥s✐❞❡r t❤❡ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r②

♣r♦❜❧❡♠ Nτ ♦❢ ✜♥❞✐♥❣ u ∈ C3,α(Ω̄) s✉❝❤ t❤❛t

F [τ, x, u,∇u,∇2u] = 0, ✭✸✳✸✼✮

〈∇u

W
, ν〉+ τΦ = 0, ✭✸✳✸✽✮

✇❤❡r❡ F ✐s t❤❡ q✉❛s✐❧✐♥❡❛r ❡❧❧✐♣t✐❝ ♦♣❡r❛t♦r ❞❡✜♥❡❞ ❜②

F [x, u,∇u,∇2u] = ❞✐✈

(∇u

W

)
− 〈∇γ

2γ
,
∇u

W
〉 − τΨ. ✭✸✳✸✾✮

❙✐♥❝❡ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r t❡r♠s ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ u ✐t ❢♦❧❧♦✇s

t❤❛t
∂F
∂u

= −τ
∂Ψ

∂u
≤ −τβ < 0. ✭✸✳✹✵✮

❲❡ ❞❡✜♥❡ I ⊂ [0, 1] ❛s t❤❡ s✉❜s❡t ♦❢ ✈❛❧✉❡s ♦❢ τ ∈ [0, 1] ❢♦r ✇❤✐❝❤ t❤❡ ◆❡✉♠❛♥♥

❜♦✉♥❞❛r② ♣r♦❜❧❡♠ Nτ ❤❛s ❛ s♦❧✉t✐♦♥✳ ❙✐♥❝❡ u = 0 ✐s ❛ s♦❧✉t✐♦♥ ❢♦r N0✱ ✐t ❢♦❧❧♦✇s t❤❛t

I 6= ∅✳ ▼♦r♦❡✈❡r✱ t❤❡ ■♠♣❧✐❝✐t ❋✉♥❝t✐♦♥ ❚❤❡♦r❡♠ ✭s❡❡ ❬✹✺❪✱ ❈❤❛♣t❡r ✶✼✮ ✐♠♣❧✐❡s t❤❛t



✺✵ ❈❛♣✐❧❧❛r② Pr♦❜❧❡♠

I ✐s ♦♣❡♥ ✐♥ ✈✐❡✇ ♦❢ ✭✸✳✹✵✮✳ ❋✐♥❛❧❧②✱ t❤❡ ❤❡✐❣❤t ❛♥❞ ❣r❛❞✐❡♥t ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ✇❡

♦❜t❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ τ ∈ [0, 1]✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✭✸✳✶✮

✐s ✉♥✐❢♦r♠❧② ❡❧❧✐♣t✐❝✳ ▼♦r❡♦✈❡r✱ ✇❡ ♠❛② ❛ss✉r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦♠❡ α0 ∈ (0, 1) ❢♦r

✇❤✐❝❤ t❤❡r❡ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ τ s✉❝❤ t❤❛t

|uτ |1,α0,Ω̄ ≤ C.

❘❡❞❡✜♥❡ α = α0✳ ❚❤✉s✱ ❝♦♠❜✐♥✐♥❣ t❤✐s ❢❛❝t✱ ❙❝❤❛✉❞❡r ❡❧❧✐♣t✐❝ ❡st✐♠❛t❡s ❛♥❞ t❤❡

❝♦♠♣❛❝t♥❡ss ♦❢ C3,α0(Ω̄) ✐♥t♦ C3(Ω̄) ✐♠♣❧② t❤❛t I ✐s ❝❧♦s❡❞✳ ■t ❢♦❧❧♦✇s t❤❛t I = [0, 1]✳

❚❤❡ ✉♥✐q✉❡♥❡ss ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❈♦♠♣❛r✐s♦♥ Pr✐♥❝✐♣❧❡ ❢♦r ❡❧❧✐♣t✐❝ P❉❊s✳ ❲❡

♣♦✐♥t ♦✉t t❤❛t ❛ ♠♦r❡ ❣❡♥❡r❛❧ ✉♥✐q✉❡♥❡ss st❛t❡♠❡♥t ✲ ❝♦♠♣❛r✐♥❣ ❛ ♥♦♥♣❛r❛♠❡tr✐❝

s♦❧✉t✐♦♥ ✇✐t❤ ❛ ❣❡♥❡r❛❧ ❤②♣❡rs✉r❢❛❝❡ ✇✐t❤ t❤❡ s❛♠❡ ♠❡❛♥ ❝✉r✈❛t✉r❡ ❛♥❞ ❝♦♥t❛❝t ❛♥❣❧❡

❛t ❝♦rr❡s♣♦♥❞✐♥❣ ♣♦✐♥ts ✲ ✐s ❛❧s♦ ✈❛❧✐❞✳ ■t ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ ✢✉① ❢♦r♠✉❧❛ ❝♦♠✐♥❣

❢r♦♠ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❑✐❧❧✐♥❣ ✈❡❝t♦r ✜❡❧❞ ✐♥ M ✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✶✻❪ ❢♦r ❢✉rt❤❡r

❞❡t❛✐❧s✳

❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✶✸✳



Capı́tulo 4

▼❡❛♥ ❈✉r✈❛t✉r❡ ❋❧♦✇ ♦❢ ❑✐❧❧✐♥❣

●r❛♣❤s

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

❚❤❡♦r❡♠ ✷✵ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u : Ω̄× [0,∞) → I t♦ t❤❡ ♣r♦❜❧❡♠

∂X

∂t
= (nH −H)N, ✭✹✳✶✮

✭✹✳✷✮

✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

〈N, ν〉|∂Σt
= φ, ✭✹✳✸✮

▼♦r❡♦✈❡r✱ ✐❢ φ = 0 ❛♥❞ H = 0 t❤❡ ❣r❛♣❤s Σt ❝♦♥✈❡r❣❡ t♦ ❛ ♠✐♥✐♠❛❧ ❣r❛♣❤ ✇❤✐❝❤

❝♦♥t❛❝ts t❤❡ ❝②❧✐♥❞❡r K ♦rt❤♦❣♦♥❛❧❧② ❛❧♦♥❣ ✐ts ❜♦✉♥❞❛r②✳

❘❡♠❡♠❜❡r t❤❛t ✭✶✳✻✮✱ ✭✶✳✼✮ ♠❛② ❜❡ ✇r✐tt❡♥ ♥♦♥♣❛r❛♠❡tr✐❝❛❧❧② ❛s

ut =
(
σij − ui

W

uj

W

)
ui;j −

( 1

2γ
+

1

2W 2

)
γiui −WH in Ω× [0, T ) ✭✹✳✹✮

u(·, 0) = u0(·) in Ω× {0} ✭✹✳✺✮

✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥

〈N, ν〉 = φ on ∂Ω× [0, T ). ✭✹✳✻✮

■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ♣r♦✈❡ ❤❡✐❣❤t ❛♥❞ ❜♦✉♥❞❛r② ❣r❛❞✐❡♥t ❛ ♣r✐♦r✐ ❡st✐♠❛t❡s ❢♦r

✭✶✳✻✮✲✭✶✳✽✮✳



✺✷ ▼❡❛♥ ❈✉r✈❛t✉r❡ ❋❧♦✇ ♦❢ ❑✐❧❧✐♥❣ ●r❛♣❤s

✹✳✶ ❍❡✐❣❤t ❡st✐♠❛t❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♦❜t❛✐♥ ❛♥ ❛ ♣r✐♦r✐ ❤❡✐❣❤t ❡st✐♠❛t❡s✳

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣❛r❛❜♦❧✐❝ ❧✐♥❡❛r ♦♣❡r❛t♦r ❣✐✈❡♥ ❜②

Lv = gijvi;j −
( 1

2γ
+

1

2W 2

)
γivi −H ui

W
vi − vt, ✭✹✳✼✮

✇❤❡r❡ v ∈ C∞(Ω× [0, T ))✳

Pr♦♣♦s✐t✐♦♥ ✷✶ ❋♦r ❛ s♦❧✉t✐♦♥ u ∈ C∞(Ω̄ × [0, T ∗])✱ T ∗ < T ✱ ♦❢ ✭✹✳✹✮✲✭✹✳✻✮✱ ✐t ❤♦❧❞s

t❤❛t

max
Ω̄×[0,T ∗]

|ut| = max
Ω̄

|ut(0, ·)|.

❚❤❡♥ ✐t ❢♦❧❧♦✇s t❤❛t

max
Ω̄×[0,T ∗]

|u| ≤ CT ∗

❢♦r ❛ ❣✐✈❡♥ ❝♦♥st❛♥t C > 0 ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ T ∗✳

Pr♦♦❢✿ ❋✐rst ♦❢ ❛❧❧ ✇❡ ✈❡r✐❢② t❤❛t ut ✐s ❛ s♦❧✉t✐♦♥ ❢♦r ❛ ❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥✳ ■♥❞❡❡❞

♦♥❡ ❤❛s

Lut = gijuti;j −
( 1

2γ
+

1

2W 2

)
〈∇γ,∇ut〉 − utt

= (gijui;j)t − gij;t ui;j −
( 1

2γ
+

1

2W 2

)
〈∇γ,∇ut〉 − utt

= −gij;t ui;j +
( 1

2γ
+

1

2W 2

)
t
〈∇γ,∇u〉+

( 1

2γ
+

1

2W 2

)
〈∇γt,∇u〉+WtH.

❍♦✇❡✈❡r s✐♥❝❡ γ = γ(x) ✐♥ ✭✶✳✷✹✮ ❛♥❞ x ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t ✐t ❢♦❧❧♦✇s t❤❛t
( 1

2γ
+

1

2W 2

)
t
=

( 1

2γ

)
t
− 1

W 3
Wt = − 1

2W 4
(γt + 2ukuk;t) = − 1

W 4
ukut;k.

■♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ❤❛✈❡

Wt =
1

2W
(γt + 2ukuk;t) =

1

W
ukut;k. ✭✹✳✽✮

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

Lut = −gij;t ui;j −
1

W 4
〈∇γ,∇u〉uk(ut)k +

1

W
Huk(ut)k.

◆♦✇ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t σij
;t = 0 ❛♥❞ γt = 0 ✇❡ ❤❛✈❡

Lut =
2

W

(ui
;tu

j

W
− ui

W

uj

W
Wt

)
ui;j −

1

W 4
〈∇γ,∇u〉uk(ut)k +

1

W
Huk(ut)k

=
2

W

(
(Wi −

γi
2W

)ui
;t − (Wi −

γi
2W

)
ui

W

uk

W
ut;k

)
− 1

W 4
〈∇γ,∇u〉uk(ut)k +

1

W
Huk(ut)k

=
2

W
(Wi −

γi
2W

)(σik − ui

W

uk

W
)ut;k −

1

W 4
〈∇γ,∇u〉uk(ut)k +

1

W
Huk(ut)k.



✹✳✷ ❇♦✉♥❞❛r② ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ✺✸

❍❡♥❝❡ ✐t ❢♦❧❧♦✇s t❤❛t

Lut −
2

W
gik(Wi −

γi
2W

)(ut)k +
1

W 4
〈∇γ,∇u〉uk(ut)k −

1

W
Huk(ut)k = 0. ✭✹✳✾✮

❚❤✉s ✜①❡❞ T ∗ ∈ [0, T ) ❧❡t (x0, t0) ❜❡ ❛ ♣♦✐♥t ✐♥ Ω̄× [0, T ∗] s✉❝❤ t❤❛t

ut(x0, t0) = max
Ω̄×[0,T ∗]

|ut|.

❍❡♥❝❡ ✇❡ ❝❤♦♦s❡ ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛❞❛♣t❡❞ t♦ t❤❡ ❜♦✉♥❞❛r② Γ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t

∂
∂xn = ν ❛t x0✳ ❚❤❡♥✱ ❛t t❤❡ ♣♦✐♥t (x0, t0) ✇❡ ❤❛✈❡

ui;t = ut;i = 0

❢♦r 1 ≤ i < n ✇❤❛t ✐♠♣❧✐❡s t❤❛t

Wt =
1

W
unun;t = −φ(x0)un;t,

✇❤❡r❡ ✇❡ ✉s❡❞ ✭✹✳✻✮ ❛♥❞ ✭✹✳✽✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✭✹✳✻✮ ✐♠♣❧✐❡s t❤❛t

ut;n = un;t = −(φW )t = −φ(x0)Wt. ✭✹✳✶✵✮

❛t (x0, t0)✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

(1− φ2(x0))un;t = 0.

❍♦✇❡✈❡r s✐♥❝❡ | φ |< 1✱ ✐t ❢♦❧❧♦✇s t❤❛t ut;n = 0 ✇❤❛t ❝♦♥tr❛❞✐❝ts t❤❡ ♣❛r❛❜♦❧✐❝ ❍♦♣❢

▲❡♠♠❛ ❬✹✽❪✳

❋r♦♠ t❤✐s ❝♦♥tr❛❞✐❝t✐♦♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t0 = 0✳ ❙✐♥❝❡ T ∗ ✐s ❛r❜✐tr❛r②✱ t❤❡

❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳ �

✹✳✷ ❇♦✉♥❞❛r② ❣r❛❞✐❡♥t ❡st✐♠❛t❡s

◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❛ ❣r❛❞✐❡♥t ❜♦✉♥❞ ❢♦r ❛ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✹✮✲✭✹✳✻✮ ❜② ❛♣♣❧②✐♥❣ ❛

♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❑♦r❡✈❛❛r✬s t❡❝❤♥✐q✉❡ ❬✶✼❪ ✇❤✐❝❤ ❛♣♣❡❛r❡❞ ❢♦r♠❡r❧② ✐♥ ❬✸✸❪✳

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ❡①t❡♥s✐♦♥ d : Ω̄ → R ♦❢ t❤❡ ❞✐st❛♥❝❡

❢✉♥❝t✐♦♥ ❞✐stP (·,Γ) s❛t✐s❢②✐♥❣ |∇d| ≤ 1 ✐♥ Ω̄✳ ■♥ t❤❡ s❛♠❡ ✇❛②✱ ✇❡ ❝♦♥s✐❞❡r ❛ C∞

❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❞❛t❛ φ t♦ t❤❡ ❞♦♠❛✐♥ Ω̄ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❛❧s♦ ❜② φ✳ ❚❤❡♥

✇❡ ❞❡✜♥❡

η = eKuh ✭✹✳✶✶✮



✺✹ ▼❡❛♥ ❈✉r✈❛t✉r❡ ❋❧♦✇ ♦❢ ❑✐❧❧✐♥❣ ●r❛♣❤s

✇❤❡r❡

h = 1 + αd− φ〈∇d,N〉, ✭✹✳✶✷✮

✇❤❡r❡ K ❛♥❞ α ❛r❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs t♦ ❜❡ ✜①❡❞ ❧❛t❡r✳

Pr♦♣♦s✐t✐♦♥ ✷✷ ❋♦r α > 0 s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ K ❛♥❞ t✱ ✐❢ ❢♦r s♦♠❡ t ≥ 0

✜①❡❞✱ ηW (·, t) ❛tt❛✐♥s ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠ ✈❛❧✉❡ ❛t ❛ ♣♦✐♥t x0 ∈ ∂Ω✱ t❤❡♥ W (x0, t) ≤ K✳

Pr♦♦❢✿ ▲❡t t ≥ 0 ❜❡ s✉❝❤ t❤❛t

max
Ω̄

ηW (t, ·) = ηW (t, x0)

❢♦r ❛ ♣♦✐♥t x0 ∈ Γ✳ ❍❡♥❝❡ ✇❡ ❝❤♦♦s❡ ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ❛❞❛♣t❡❞ t♦ Γ s✉❝❤ t❤❛t

∂
∂xn = ν ❛t x0 ❛♥❞

u1(x0) ≥ 0 ❛♥❞ ui(x0) = 0, ❢♦r 2 ≤ i ≤ n− 1. ✭✹✳✶✸✮

❲❡ ❤❛✈❡ ❛t x0

0 = (ηW )1 = η1W + ηW1 = eKu
(
WKu1(1− φ2)− 2Wφφ1 +W1(1− φ2)

)
✭✹✳✶✹✮

❢r♦♠ ✇❤❛t ❢♦❧❧♦✇s t❤❛t

W1 = −Ku1W +
2φφ1

(1− φ2)
W. ✭✹✳✶✺✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❛t x0 ✇❡ ❤❛✈❡

ηn = eKu
(
Kun(1− φ2) + α− φφn − φ(〈∇∇dN,∇d〉+ 〈N,∇∇d∇d〉)

)

= eKu
(
Kun(1− φ2) + α− φφn − φ(〈∂n

1

W
(γY −∇u), ∂n〉+ 〈 1

W
∇∂n(γY −∇u), ∂n〉)

)

= eKu
(
Kun(1− φ2) + α− φφn −

1

W 2
φunWn +

1

W
φun;n

)
.

❙✐♥❝❡ (ηW )n ≤ 0 ❛t x0 ✐t ❤♦❧❞s t❤❛t

0 ≥ WKun(1− φ2) + αW −Wφφn −
1

W
φunWn + φun;n + (1− φ2)Wn

= WKun(1− φ2) + αW +Wn + φun;n + unφn

= WKun(1− φ2) + αW +Wn + φun;n −Wφφn.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞

Wn =
γn
2W

+
1

W
(u1u1;n + unun;n) =

γn
2W

− 1

W
φu1W1 − φ1u1 − φun;n ✭✹✳✶✻✮



✹✳✸ ■♥t❡r✐♦r ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ✺✺

✇❤❛t ✐♠♣❧✐❡s t❤❛t

Wn =
γn
2W

− 1

W
φu1

(2φφ1W

1− φ2
−Ku1W

)
− φ1u1 − φun;n

=
γn
2W

− 1 + φ2

1− φ2
u1φ1 +Kφu2

1 − φun;n.

❚❤❡r❡❢♦r❡ s✐♥❝❡

u2
1 = |∇u|2 − u2

n = W 2 − γ − φ2W 2 = W 2(1− φ2)− γ

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

0 ≥ α +
γn
2W 2

− 1 + φ2

1− φ2

u1

W
φ1 +

Kφu2
1

W
− φφn +Kun(1− φ2)

= α +
γn
2W 2

+
1 + φ2

1− φ2
N1φ1 +Kφ

(
W (1− φ2)− γ

W

)
− φφn −KφW (1− φ2)

= α +
γn
2W 2

+
1 + φ2

1− φ2
N1φ1 −

Kφγ

W
− φφn

≥ α + C − Kγ

W
,

❢♦r ❛ ❣✐✈❡♥ ❝♦♥st❛♥t C ❞❡♣❡♥❞✐♥❣ s♦❧❡❧② ♦♥ γ ❛♥❞ φ✳ ■t ❢♦❧❧♦✇s t❤❛t W (x0, t) ≤ K ✐❢ α

✐s ❝❤♦s❡♥ ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ K ❛♥❞ t✳

�

✹✳✸ ■♥t❡r✐♦r ❣r❛❞✐❡♥t ❡st✐♠❛t❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡❞✉❝❡ ❛ ❣❧♦❜❛❧ ❣r❛❞✐❡♥t ❜♦✉♥❞ ✉s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡s ✐♥ ❬✶✽❪

❛♥❞ ❬✸✸❪✳ ❍♦✇❡✈❡r t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t ♦❢ ✇❛r♣❡❞ ♣r♦❞✉❝t ❣✐✈❡s r✐s❡ t♦ ❛ ❧♦♥❣ ❧✐st

♦❢ ❛❞❞✐t✐♦♥❛❧ t❡r♠s ✇❤✐❝❤ r❡q✉✐r❡ ❛ ❝❛r❡❢✉❧ tr❛❝❦✐♥❣ ❛❧♦♥❣ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s✳

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣❛r❛❜♦❧✐❝ ❧✐♥❡❛r ♦♣❡r❛t♦r ❣✐✈❡♥ ❜②

Lv = gijvi;j −
( 1

2γ
+

1

2W 2

)
γivi − vt, ✭✹✳✶✼✮

✇❤❡r❡ v ∈ C∞(Ω× [0, T ))✳

❙♦♠❡ ❧❡♠♠❛t❛ ✇✐❧❧ ❜❡ ♥❡❡❞❡❞ ✐♥ t❤❡ s❡q✉❡❧✳ ❚❤❡✐r ❝♦♥t❡♥t ❝♦✉❧❞ ❜❡ ❛❧s♦ ♦❢

✐♥❞❡♣❡♥❞❡♥t ✐♥t❡r❡st ❢♦r ♦t❤❡r ❛♣♣❧✐❝❛t✐♦♥s✳

▲❡♠♠❛ ✷✸ ❉❡♥♦t❡ θ = 〈∇d,N〉✳ ❚❤❡ ❞✐✛❡r❡♥t✐❛❧s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s θ ❛♥❞ h ❤❛✈❡

❝♦♠♣♦♥❡♥ts ❣✐✈❡♥ ❜②

θi = −ajidj + (di;j − κσij)N
j ✭✹✳✶✽✮



✺✻ ▼❡❛♥ ❈✉r✈❛t✉r❡ ❋❧♦✇ ♦❢ ❑✐❧❧✐♥❣ ●r❛♣❤s

❛♥❞

hi = (αδji + φaji )dj − (φ(di;j − κσij) + φidj)N
j ✭✹✳✶✾✮

r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ κ = 〈γ∇̄Y Y,∇d〉✳

Pr♦♦❢✿ ❲❡ ❤❛✈❡

∂θ

∂xi
= X∗

∂

∂xi
〈N, ∇̄d〉 = 〈∇̄X∗

∂

∂xi
N, ∇̄d〉+ 〈N, ∇̄X∗

∂

∂xi
∇̄d〉

= −〈AX∗
∂

∂xi
, ∇̄d〉+ 〈N, ∇̄ ∂

∂xi
+ui

∂

∂x0
∇̄d〉

= −〈AX∗
∂

∂xi
, ∇̄d〉+ γ

W
〈 ∂

∂x0
, ∇̄ ∂

∂xi
∇̄d〉 − 〈∇u

W
, ∇̄ ∂

∂xi
∇̄d〉

+ui
γ

W
〈 ∂

∂x0
, ∇̄ ∂

∂x0
∇̄d〉 − ui〈

∇u

W
, ∇̄ ∂

∂x0
∇̄d〉

❙✐♥❝❡ P ✐s t♦t❛❧❧② ❣❡♦❞❡s✐❝ ✇❡ ❤❛✈❡

〈 ∂

∂x0
, ∇̄ ∂

∂xi
∇̄d〉 = 〈 ∂

∂x0
, ∇̄ ∂

∂xi
∇d〉 = 0.

▼♦r❡♦✈❡r ✇❡ ❝♦♠♣✉t❡

〈 ∂

∂x0
, ∇̄ ∂

∂x0
∇̄d〉 = |Y |2〈 Y

|Y | , ∇̄ Y
|Y |

∇̄d〉 = |Y |2κ =
1

γ
κ

❛♥❞

〈∇u

W
, ∇̄ ∂

∂x0
∇̄d〉 = 〈∇u

W
, ∇̄∇̄d

∂

∂x0
〉+ 〈∇u

W
, [

∂

∂x0
, ∇̄d]〉 = 0,

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t [ ∂
∂x0 , ∇̄d] = 0 ❛♥❞ t❤❛t P ✐s t♦t❛❧❧② ❣❡♦❞❡s✐❝✳

❚❤✉s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

∂θ

∂xi
= −〈AX∗

∂

∂xi
, ∇̄d〉 − 〈∇u

W
,∇ ∂

∂xi
∇d〉+ κ

ui

W
.

❍♦✇❡✈❡r

〈AX∗
∂

∂xi
, ∇̄d〉 = aji 〈X∗

∂

∂xj
, ∇̄d〉 = aji 〈

∂

∂xj
+ ujY, ∇̄d〉 = ajidj = gjkaikdj

❚❤❡r❡❢♦r❡ ✇❡ ✇r✐t❡

θi = −gjkaikdj + (di;j − κσij)N
j. ✭✹✳✷✵✮

❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

❲❡ ❞❡♥♦t❡ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ t❡♥s♦r X∗II ✐♥ P ❜②

bij = X∗II(
∂

∂xi
,

∂

∂xj
) := 〈AX∗

∂

∂xi
, X∗

∂

∂xj
〉 ✭✹✳✷✶✮



✹✳✸ ■♥t❡r✐♦r ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ✺✼

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦✈❛r✐❛♥t ❞❡r✐✈❛t✐✈❡s ♦❢ X∗II ❛♥❞ II ❛r❡ r❡❧❛t❡❞ ❜②

∇kbij = 〈(∇Σ
X∗

∂

∂xk

A)X∗
∂

∂xi
, X∗

∂

∂xj
〉+ 〈AX∗

∂

∂xj
, ∇̄X∗

∂

∂xk
X∗

∂

∂xi
−X∗∇ ∂

∂xk

∂

∂xi
〉

+〈AX∗
∂

∂xi
, ∇̄X∗

∂

∂xk
X∗

∂

∂xj
−X∗∇ ∂

∂xk

∂

∂xj
〉.

❍♦✇❡✈❡r s✐♥❝❡ X∗
∂
∂xi =

∂
∂xi + uiY ✇❡ ❝♦♠♣✉t❡

∇̄X∗
∂

∂xk
X∗

∂

∂xi
−X∗∇ ∂

∂xk

∂

∂xi
= ∇̄ ∂

∂xk

∂

∂xi
+ ui,kY + ui∇̄ ∂

∂xk
Y + uk∇̄Y

∂

∂xi
+ uiuk∇̄Y Y

−∇ ∂

∂xk

∂

∂xi
− 〈∇u,∇ ∂

∂xk

∂

∂xi
〉Y.

❚❤❡r❡❢♦r❡

∇̄X∗
∂

∂xk
X∗

∂

∂xi
−X∗∇ ∂

∂xk

∂

∂xi
= ui;kY + ui∇̄ ∂

∂xk
Y + uk∇̄ ∂

∂xi
Y + uiuk∇̄Y Y.

❍❡♥❝❡ ✉s✐♥❣ ✭✶✳✶✹✮✱ ✭✶✳✶✽✮ ❛♥❞ ✭✶✳✶✾✮ ✇❡ ♦❜t❛✐♥

∇̄X∗
∂

∂xk
X∗

∂

∂xi
−X∗∇ ∂

∂xk

∂

∂xi
= (Waik + uiuku

l γl
2γ2

)Y +
1

2
uiuk

∇γ

γ2

= WaikY +
1

2γ2
uiuk(〈∇u,∇γ〉Y +∇γ) = WaikY +

1

2γ2
uiukX∗∇γ.

❍❡♥❝❡ ✐t ❢♦❧❧♦✇s t❤❛t

〈AX∗
∂

∂xj
, ∇̄X∗

∂

∂xk
X∗

∂

∂xi
−X∗∇ ∂

∂xk

∂

∂xi
〉 = 〈AX∗

∂

∂xj
,
uiuk

2γ2
X∗∇γ +WaikY 〉

=
1

γ
Waika

l
jul +

uiuk

2γ2
ajlγ

l.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

∇kbij = 〈(∇Σ
X∗

∂

∂xk

A)X∗
∂

∂xi
, X∗

∂

∂xj
〉+ 1

γ
Waika

l
jul +

uiuk

2γ2
ajlγ

l

+
1

γ
Wajka

l
iul +

ujuk

2γ2
ailγ

l,

t❤❛t ✐s✱

∇kbij = ∇Σ
k aij +

1

γ
Waika

l
jul +

1

γ
Wajka

l
iul +

uiuk

2γ2
ajlγ

l +
ujuk

2γ2
ailγ

l. ✭✹✳✷✷✮

◆♦✇ ✇❡ ✉s❡ ✭✹✳✷✷✮ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❍❡ss✐❛♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ θ✳

▲❡♠♠❛ ✷✹ ❚❤❡ tr❛❝❡ ♦❢ t❤❡ ❍❡ss✐❛♥ ♦❢ θ ✐♥ Ω ❝❛❧❝✉❧❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❡tr✐❝ ✐♥

Σ ✐s ❣✐✈❡♥ ❜②

gikθi;k = −|A|2θ − 2〈∇2d,X∗II〉Σ − n〈∇ΣH,∇Σd〉 − nHW 〈AY T ,∇Σd〉 − Ric(∇d,
∇u

W
)

−trΣ∇∇u
W
∇2d− |∇u|2

W 2
〈A∇Σd,X∗

∇γ

2γ
〉+ 1

2
〈AY T , Y T 〉〈∇d,∇γ〉 − 1

2W 2
∇2d(

∇u

W
,∇γ)

− γ

W 2
〈N,∇κ〉+ κ(nH − γ〈AY T , Y T 〉)− κ

1

2W 2
〈N,∇γ〉.
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Pr♦♦❢✿ ◆♦t✐❝❡ t❤❛t ✇❡ ♠❛② ✇r✐t❡ ✭✹✳✷✵✮ ❛s

θi = −gjlbildj + (di;j − κσij)N
j. ✭✹✳✷✸✮

❍❡♥❝❡ ✇❡ ❤❛✈❡

gikθi;k = −gik(gjlbildj);k + gik(di;jk − κkσij)N
j + gik(di;j − κσij)N

j
;k

= −gik(gjlbildj);k + gik(di;kj +Rl
jkidl − κkσij)N

j − gik(di;j − κσij)(a
j
k −Nk

γj

2γ
).

❍♦✇❡✈❡r

gik(gjlbildj);k = gjlgikbil;kdj + gikgjl;kbildj + gikgjlbildj;k

= gjlgik(∇Σ
k ail +

1

γ
Waika

m
l um +

1

γ
Walka

m
i um + uiukalm

γm

2γ2
+ ulukaim

γm

2γ2
)dj

+gikgjl;kbildj + gikgjlbildj;k

❍❡♥❝❡ ✉s✐♥❣ ❈♦❞❛③③✐✬s ❡q✉❛t✐♦♥ ✇❡ ♦❜t❛✐♥

gik(gjlbildj);k = gjl(nHl + n
1

γ
WHaml um +

1

γ
Waila

m
i um +

|∇u|2
W 2

alm
γm

2γ
+ uluka

k
m

γm

2γ2
)dj

+gjlgik〈R̄(X∗
∂

∂xi
, X∗

∂

∂xk
)N,X∗

∂

∂xl
〉dj + gikgjl;kbildj + gikgjlbildj;k

❯s✐♥❣ t❤❛t gjlul =
γ

W 2u
j ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

gik(gjlbildj);k = ngjlHldj − n
1

γ
W 2Hgjlaml Nmdj −

1

γ
W 2gjlaila

m
i Nmdj

+
|∇u|2
W 2

ajm
γm

2γ
dj +N jNka

k
m

γm

2γ
dj + gikgjl;kbildj + gikgjlbildj;k

❍♦✇❡✈❡r ✇❡ ❤❛✈❡

gjl;k = (σjl −N jN l);k = −N j
;kN

l −N jN l
;k = (ajk −Nk

γj

2γ
)N l +N j(alk −Nk

γl

2γ
).

❛♥❞

∇̄ ∂

∂xk
N = ∇̄X∗

∂

∂xk
N − ∇̄ukYN = −AX∗

∂

∂xk
− uk∇̄Y (

γ

W
Y − ∇u

W
)

= −AX∗
∂

∂xk
− uk

2W

(∇γ

γ
+ 〈∇u,

∇γ

γ
〉Y )

❢r♦♠ ✇❤❛t ❢♦❧❧♦✇s t❤❛t

gik(gjlbildj);k = ngjlHldj − n
1

γ
W 2Haml Nmg

jldj −
1

γ
W 2aila

m
i Nmg

jldj

+
|∇u|2
W 2

ajm
γm

2γ
dj +N jNka

k
m

γm

2γ
dj + akl a

j
kN

ldj

−akl NkN
l γ

j

2γ
dj + akl a

l
kN

jdj − akl Nk
γl

2γ
N jdj + gjlakl dj;k
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❚❤❡r❡❢♦r❡

gikθi;k = −ngjlHldj + n
1

γ
W 2Haml Nmg

jldj +
1

γ
W 2aila

m
i Nmg

jldj −
|∇u|2
W 2

ajm
γm

2γ
dj

−akl a
j
kN

ldj + akl NkN
l〈∇d,

∇γ

2γ
〉 − akl a

l
kθ − gjlakl dj;k

+gik(di;kj +Rl
jkidl − κkσij)N

j − gik(di;j − κσij)(a
j
k −Nk

γj

2γ
)

◆♦✇ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t gijuj =
γ

W 2u
i ❛♥❞ t❤❡r❡❢♦r❡ gijNj =

γ
W 2N

i ✇❡ ♦❜t❛✐♥

ami Nm = gkmaikNm =
γ

W 2
aikN

k =
γ

W 2
〈AX∗

∂

∂xi
, NkX∗

∂

∂xk
〉

=
γ

W 2
〈AX∗

∂

∂xi
, Nk ∂

∂xk
+ 〈Nk ∂

∂xk
,∇u〉Y 〉

=
γ

W 2
〈AX∗

∂

∂xi
, N − γ

W
Y + 〈N,∇u〉Y 〉

= − γ

W 2
〈AX∗

∂

∂xi
, Y 〉

( γ

W
+

|∇u|2
W

)
= − γ

W
〈AX∗

∂

∂xi
, Y 〉 = − γ

W
〈AY T , X∗

∂

∂xi
〉.

❚❤❡r❡❢♦r❡

aml Nmg
jldj = − γ

W
〈AY T , gjldjX∗

∂

∂xl
〉 = − γ

W
〈AY T ,∇Σd〉

▼♦r❡♦✈❡r ♥♦t✐❝❡ t❤❛t

akl N
l = gkmamlN

l = −gkmW 〈AY T , X∗
∂

∂xm
〉

❛♥❞

aikN
k = −W 〈AY T , X∗

∂

∂xi
〉.

❙✐♠✐❧❛r❧② ✇❡ ❤❛✈❡

ajkdj = gjmdj〈AX∗
∂

∂xk
, X∗

∂

∂xm
〉 = 〈AX∗

∂

∂xk
,∇Σd〉 = 〈A∇Σd,X∗

∂

∂xk
〉.

❘❡♣❧❛❝✐♥❣ t❤✐s ❛❜♦✈❡ ✇❡ ♦❜t❛✐♥

gikθi;k = −n〈∇ΣH,∇Σd〉 − nHW 〈AY T ,∇Σd〉 −W 〈AY T , A∇Σd〉 − |∇u|2
W 2

〈A∇Σd,X∗
∇γ

2γ
〉

+W 〈AY T , A∇Σd〉+ γ〈AY T , Y T 〉〈∇d,
∇γ

2γ
〉 − |A|2θ − gjlakl dj;k

+gik(di;kj +Rl
jkidl − κkσij)N

j − gik(di;j − κσij)(a
j
k −Nk

γj

2γ
)
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❚❤❡r❡❢♦r❡

gikθi;k = −n〈∇ΣH,∇Σd〉 − nHW 〈AY T ,∇Σd〉 − |∇u|2
W 2

〈A∇Σd,X∗
∇γ

2γ
〉

+γ〈AY T , Y T 〉〈∇d,
∇γ

2γ
〉 − |A|2θ − gjlakl dj;k

+gik(di;kj +Rl
jkidl − κkσij)N

j − gik(di;j − κσij)(a
j
k −Nk

γj

2γ
)

❍♦✇❡✈❡r

gikσij = gik(gij −
uiuj

γ
) = δkj −

1

W 2
ukuj = δkj −NkNj.

❍❡♥❝❡ ✇❡ ❤❛✈❡

gikθi;k = −n〈∇ΣH,∇Σd〉 − nHW 〈AY T ,∇Σd〉 − |∇u|2
W 2

〈A∇Σd,X∗
∇γ

2γ
〉

+
1

2
〈AY T , Y T 〉〈∇d,∇γ〉 − |A|2θ − 2gikgjldi;jakl +

1

2W 2
di;jN

iγj

+gikdi;kjN
j − ❘✐❝(∇d,

∇u

W
)− γ

W 2
〈N,∇κ〉+ κ(nH − γ〈AY T , Y T 〉)− κ

1

2W 2
〈N,∇γ〉

❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ▲❡♠♠❛✳

❯s✐♥❣ ▲❡♠♠❛ ✷✹ ✇❡ ✇✐❧❧ ♦❜t❛✐♥ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r Lh✳ ◆♦t✐❝❡ t❤❛t

hi;k = αdi;k − φiθk − φkθi − φi;kθ − φθi;k.

▼♦r❡♦✈❡r ✐t ❤♦❧❞s t❤❛t

2gikφiθk = 2gikφi〈A∇Σd,X∗
∂

∂xk
〉 − 2gikdk;lφiN

l + 2κgikσklφiN
l

= 2〈A∇Σd,∇Σφ〉 − 2gikdk;lφiN
l + 2κ

γ

W 2
〈∇φ,N〉.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

gikhi;k = αgikdi;k + 2〈A∇Σd,∇Σφ〉 − 2gikdk;lφiN
l + 2κ

γ

W 2
〈∇φ,N〉 − gikφi;kθ

+nφ〈∇ΣH,∇Σd〉+ nφHW 〈AY T ,∇Σd〉+ |∇u|2
W 2

φ〈A∇Σd,X∗
∇γ

2γ
〉

−1

2
φ〈AY T , Y T 〉〈∇d,∇γ〉+ |A|2φθ + 2gikgjldi;jaklφ− 1

2W 2
φdi;jN

iγj

−gikdi;kjN
jφ+ ❘✐❝(∇d,

∇u

W
)φ+

γ

W 2
〈N,∇κ〉φ− κ(nH − γ〈AY T , Y T 〉)φ

+κ
1

2W 2
〈N,∇γ〉φ.
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◆♦✇ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❞❡r✐✈❛t✐✈❡s ✇✐t❤ r❡s♣❡❝t t♦ t✳ ❲❡ ❤❛✈❡

θt = X∗
∂

∂t
〈N, ∇̄d〉 = 〈∇̄X∗

∂
∂t
N, ∇̄d〉+ 〈N, ∇̄X∗

∂
∂t
∇̄d〉

= −〈∇Σ(nH −H), ∇̄d〉+ (nH −H)〈N, ∇̄N∇̄d〉.

❍♦✇❡✈❡r

〈N, ∇̄N∇̄d〉 = − 1

2W 2
〈∇̄γ, ∇̄d〉+ 〈∇u

W
, ∇̄∇u

W
∇̄d〉.

❍❡♥❝❡ ✇❡ ❤❛✈❡

θt = −〈∇Σ(nH −H), ∇̄d〉+ (nH −H)(− 1

2W 2
〈∇γ,∇d〉+ 〈∇u

W
, ∇̄∇u

W
∇̄d〉).

▼♦r❡♦✈❡r ✇❡ ❤❛✈❡

dt = 〈X∗
∂

∂t
, ∇̄d〉 = (nH −H)〈N, ∇̄d〉 = (nH −H)θ. ✭✹✳✷✹✮

❚❤❡r❡❢♦r❡

ht = α(nH −H)θ − (nH −H)〈N, ∇̄φ〉θ + φ〈∇Σ(nH −H), ∇̄d〉

−φ(nH −H)(− 1

2W 2
〈∇γ,∇d〉+ 〈∇u

W
, ∇̄∇u

W
∇̄d〉)

❲❡ ❛❧s♦ ❝♦♠♣✉t❡

〈∇γ,∇h〉 = α〈∇d,∇γ〉+ φ〈A∇Σd,X∗∇γ〉 − 〈∇φ,∇γ〉θ − φdi;jγ
iN j + κφ〈N,∇γ〉.

◆♦✇ ✇❡ ♦❜t❛✐♥

gikdi;k = ∆d− 〈∇∇u
W
∇d,

∇u

W
〉 = −nHd − 〈∇∇u

W
∇d,

∇u

W
〉

❛♥❞

gikdk;lφiN
l = dk;lφ

kN l − dk;lN
kN lN iφi = −〈∇∇u

W
∇d,∇φ〉 − 〈∇∇u

W
∇d,

∇u

W
〉〈N,∇φ〉.

▼♦r❡♦✈❡r ✇❡ ❤❛✈❡

gijφi;j = ∆φ− 〈∇∇u
W
∇φ,

∇u

W
〉

❛♥❞

gikdi;kjN
j = (σikdi;k);jN

j − di;kjN
iNkN j = −n(Hd)jN

j +∇3d(
∇u

W
,
∇u

W
,
∇u

W
).
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❚❤❡r❡❢♦r❡ ❣r♦✉♣✐♥❣ ❛♥❞ r❡❛rr❛♥❣✐♥❣ t❤❡s❡ ❡①♣r❡ss✐♦♥s ✇❡ ♦❜t❛✐♥

Lh = |A|2φθ + nφHW 〈AY T ,∇Σd〉+
(
κγ − 1

2
〈∇d,∇γ〉

)
φ〈AY T , Y T 〉

+2〈A∇Σd,∇Σφ〉+ 2〈A,∇2d〉Σφ− 1

W 2
φ〈A∇Σd,X∗∇γ〉

(
nH −H

)(
〈N,∇φ〉θ − αθ − 1

2W 2
〈∇γ,∇d〉φ+ 〈∇∇u

W
∇d,

∇u

W
〉φ
)
− nκHφ

−nαHd +
(
2〈N,∇φ〉 − α

)
〈∇∇u

W
∇d,

∇u

W
〉+ 2〈∇∇u

W
∇d,∇φ〉

−φ〈∇∇u
W
∇d,

∇γ

2γ
〉+ φ〈∇ΣH, ∇̄d〉+ n〈∇Hd, N〉φ− φ∇3d(

∇u

W
,
∇u

W
,
∇u

W
) + ❘✐❝(∇d,

∇u

W
)φ

+
γ

W 2
〈N,∇κ〉φ−

( 1

2γ
+

1

2W 2

)
α〈∇d,∇γ〉+

( 1

2γ
+

1

2W 2

)
〈∇φ,∇γ〉θ

−κφ〈N,
∇γ

2γ
〉+ 2κ

γ

W 2
〈∇φ,N〉 −

(
∆φ− 〈∇∇u

W
∇φ,

∇u

W
〉
)
θ.

▲❡♠♠❛ ✷✺ ❲❡ ❤❛✈❡

LW − 2

W
gijWiWj = |A|2W + nHW 3〈AY T , Y T 〉 − nHW 3〈∇γ

2γ2
, N〉 − 3γ〈AY T , X∗

∇γ

2γ
〉

+gij
γi;j
2γ

W − 3

4

|∇γ|2
4γ2

W − 1

4
〈∇γ

2γ
,N〉2W + γW 〈∇̄N

∇̄γ

2γ2
, N〉 −W 〈∇ΣH, N〉

−|∇γ|2
4γ

1

W
−Wt.

Pr♦♦❢✿ ◆♦t✐❝❡ t❤❛t

Wi = −W 2
(
〈∇̄X∗

∂

∂xi
Y,N〉+ 〈Y, ∇̄X∗

∂

∂xi
N〉

)

= −W 2
(
〈∇̄ ∂

∂xi
Y,N〉+ ui〈∇̄Y Y,N〉 − 〈Y,AX∗

∂

∂xi
〉
)

= −W 2
(
− γi

2γ
〈Y,N〉+ ui〈

∇γ

2γ2
, N〉 − 〈Y,AX∗

∂

∂xi
〉
)
.

❚❤❡r❡❢♦r❡

Wi =
γi
2γ

W +NiW
3〈∇γ

2γ2
, N〉+W 2〈AY T , X∗

∂

∂xi
〉.

❍♦✇❡✈❡r

〈AY T , X∗
∂

∂xi
〉 = gkl〈Y,X∗

∂

∂xk
〉〈X∗

∂

∂xl
, AX∗

∂

∂xi
〉 = gkl〈Y, ukY 〉bil =

1

W 2
ulbil.

❍❡♥❝❡ ✐t ❢♦❧❧♦✇s t❤❛t

Wi =
γi
2γ

W +NiW
3〈∇γ

2γ2
, N〉 −WN lbil.
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❍❡♥❝❡ ✇❡ ♦❜t❛✐♥

1

W
gijWiWj =

|∇Σγ|2
4γ2

W +W 〈∇γ,N〉〈∇γ

2γ2
, N〉+ 〈AY T ,

∇Σγ

γ
〉W 2

+γ|∇u|2〈∇γ

2γ2
, N〉2W − 〈AY T , Y T 〉〈∇γ

γ
,N〉W 3 + 〈AY T , AY T 〉W 3

◆♦✇ ✇❡ ❝♦♠♣✉t❡

Wi;j =
(γi;j
2γ

− γiγj
2γ2

)
W +

γi
2γ

Wj +Ni;jW
3〈∇γ

2γ2
, N〉+ 3NiW

2Wj〈
∇γ

2γ2
, N〉

+NiW
3
(
〈∇̄X∗

∂

∂xj

∇̄γ

2γ2
, N〉 − 〈∇γ

2γ2
, AX∗

∂

∂xj
〉
)
−WjN

lbil −WN l
;jbil −WN lbil;j.

❍♦✇❡✈❡r ✇❡ ❤❛✈❡

gij
γi
2γ

Wj =
|∇Σγ|2
4γ2

W + 〈∇γ

2γ
,N〉2W +W 2〈AY T ,

∇Σγ

2γ
〉

❛♥❞

gijNi;j = gijσikN
k
;j = −(δjk −N jNk)(a

k
j −Nj

γk

2γ
)

= −nH +
γ

W 2
〈N,

∇γ

2γ
〉+ γ〈AY T , Y T 〉.

▼♦r❡♦✈❡r ✇❡ ❝♦♠♣✉t❡

gijNiWj =
γ

W
〈N,

∇γ

2γ
〉+ γ|∇u|2

W
〈∇γ

2γ2
, N〉 − γW 〈AY T , Y T 〉

❛♥❞

gijNiW
3
(
〈∇̄X∗

∂

∂xj

∇̄γ

2γ2
, N〉 − 〈∇̄γ

2γ2
, AX∗

∂

∂xj
〉
)

= γW
(
〈∇̄N−WY

∇̄γ

2γ2
, N〉 − 〈A∇Σγ

2γ2
,−WY 〉

)

= γW 〈∇̄N
∇̄γ

2γ2
, N〉+W

|∇γ|2
4γ2

+ γW 2〈A∇Σγ

2γ2
, Y T 〉.

❲❡ ❛❧s♦ ❤❛✈❡

2WgijWj〈AY T , X∗
∂

∂xi
〉 = 2W 2〈AY T ,

∇Σγ

2γ
〉 −W 3〈∇γ

γ
,N〉〈AY T , Y T 〉+ 2W 3〈AY T , AY T 〉.

◆♦✇ ✇❡ ❝♦♠♣✉t❡

gijWN lbil;j = WN lgij∇Σ
j ail +

1

γ
W 2gijaija

m
l N

lum +
1

γ
W 2gijaljN

lami um

+Wgij
uiuj

2γ2
almN

lγm +WgijN luluj

2γ2
aimγ

m.
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❍❡♥❝❡ ✇❡ ❤❛✈❡

gijWN lbil;j = WN l(n∇Σ
l H + gij〈R̄(X∗

∂

∂xi
, X∗

∂

∂xj
)N,X∗

∂

∂xl
〉)

+nHW 2〈AY T , NkX∗
∂

∂xk
〉+W 2gij〈AY T , X∗

∂

∂xj
〉
(
−W 〈AY T , X∗

∂

∂xi
〉
)

−|∇u|2〈AY T , X∗
∇γ

2γ
〉+ |∇u|2

2γW
(−W 〈AY T , X∗

∂

∂xm
〉)γm.

❚❤❡r❡❢♦r❡

gijWN lbil;j = nWN l∇Σ
l H − nHW 3〈AY T , Y T 〉 −W 3〈AY T , AY T 〉 − |∇u|2〈AY T , X∗

∇γ

γ
〉.

▼♦r❡♦✈❡r

gijWjN
lbil = −W 2〈AY T ,

∇Σγ

2γ
〉+W 3〈∇γ

2γ
,N〉〈AY T , Y T 〉 −W 3〈AY T , AY T 〉

❛♥❞

WgijN l
;jbil = −Wgij(alj −Nj

γl

2γ
)ail = −|A|2W − 1

2
〈AY T , X∗∇γ〉.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

gijWi;j = |A|2W + 2W 3〈AY T , AY T 〉+
(
nH − 3〈∇γ

2γ
,N〉

)
W 3〈AY T , Y T 〉

+3W 2〈AY T ,
∇Σγ

2γ
〉+ |∇u|2〈AY T , X∗

∇γ

γ
〉+ 1

2
〈AY T , X∗∇γ〉

+gij
γi;j
2γ

W − |∇Σγ|2
4γ2

W +
|∇γ|2
4γ2

W +
(
5W + 3

W

γ
|∇u|2

)
〈∇γ

2γ
,N〉2

−nHW 3〈∇γ

2γ2
, N〉+ γW 〈∇̄N

∇̄γ

2γ2
, N〉 − nWN l∇Σ

l H.

◆♦✇

〈∇γ,∇W 〉 = |∇γ|2
2γ

W +
1

2γ2
〈∇γ,N〉2W 3 +W 2〈AY T , X∗∇γ〉.



✹✳✸ ■♥t❡r✐♦r ❣r❛❞✐❡♥t ❡st✐♠❛t❡s ✻✺

❍❡♥❝❡

LW − 2

W
gijWiWj = |A|2W +

(
nH + 〈∇γ

2γ
,N〉

)
W 3〈AY T , Y T 〉

−W 2〈AY T ,
∇Σγ

2γ
〉+ |∇u|2〈AY T , X∗

∇γ

γ
〉+ 1

2
〈AY T , X∗∇γ〉

−
( 1

2γ
+

1

2W 2

)
W 2〈AY T , X∗∇γ〉

+gij
γi;j
2γ

W − 3

4

|∇Σγ|2
4γ2

W +
|∇γ|2
4γ2

W +
(
5W + 3

W

γ
|∇u|2

)
〈∇γ

2γ
,N〉2

−nHW 3〈∇γ

2γ2
, N〉+ γW 〈∇̄N

∇̄γ

2γ2
, N〉 − nWN l∇Σ

l H

−
( 1

2γ
+

1

2W 2

)( |∇γ|2
2γ

W +
1

2γ2
〈∇γ,N〉2W 3

)

− 1

γ2
〈∇γ,N〉2W − 2γ|∇u|2〈∇γ

2γ2
, N〉2W −Wt.

❍♦✇❡✈❡r

3
W

γ
|∇u|2〈∇γ

2γ
,N〉2 − 2γ|∇u|2〈∇γ

2γ2
, N〉2W =

W

γ
|∇u|2〈∇γ

2γ
,N〉2

❛♥❞

5W 〈∇γ

2γ
,N〉2 − 1

γ2
〈∇γ,N〉2W = 〈∇γ

2γ
,N〉2W

❛♥❞

−W 2〈AY T ,
∇Σγ

2γ
〉+ |∇u|2〈AY T , X∗

∇γ

γ
〉+ 1

2
〈AY T , X∗∇γ〉 −

( 1

2γ
+

1

2W 2

)
W 2〈AY T , X∗∇γ〉

= −3γ〈AY T , X∗
∇γ

2γ
〉 −W 3〈∇γ

2γ
,N〉〈AY T , Y T 〉.

▼♦r❡♦✈❡r ✇❡ ❝♦♠♣✉t❡

( 1

2γ
+

1

2W 2

)( |∇γ|2
2γ

W +
1

2γ2
〈∇γ,N〉2W 3

)

=
|∇γ|2
4γ2

W +
1

γ
W 3〈∇γ

2γ
,N〉2 + |∇γ|2

4γ

1

W
+ 〈∇γ

2γ
,N〉2W

❛♥❞

−nWN l∇Σ
l H = −nW 〈∇ΣH,N〉 = −W 〈∇ΣH, N〉.



✻✻ ▼❡❛♥ ❈✉r✈❛t✉r❡ ❋❧♦✇ ♦❢ ❑✐❧❧✐♥❣ ●r❛♣❤s

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

LW − 2

W
gijWiWj = |A|2W + nHW 3〈AY T , Y T 〉 − 3γ〈AY T , X∗

∇γ

2γ
〉

+gij
γi;j
2γ

W − 3

4

|∇Σγ|2
4γ2

W +
|∇u|2
γ

〈∇γ

2γ
,N〉2W

−nHW 3〈∇γ

2γ2
, N〉+ γW 〈∇̄N

∇̄γ

2γ2
, N〉 −W 〈∇ΣH, N〉

−1

γ
W 3〈∇γ

2γ
,N〉2 − |∇γ|2

4γ

1

W
−Wt.

❍♦✇❡✈❡r

|∇u|2
γ

〈∇γ

2γ
,N〉2W − 1

γ
W 3〈∇γ

2γ
,N〉2 = −〈∇γ

2γ
,N〉2W

❛♥❞

−3

4

|∇Σγ|2
4γ2

W − 〈∇γ

2γ
,N〉2W = −3

4

|∇γ|2
4γ2

W +
3

4
〈∇γ

2γ
,N〉2W − 〈∇γ

2γ
,N〉2W

= −3

4

|∇γ|2
4γ2

W − 1

4
〈∇γ

2γ
,N〉2W.

❍❡♥❝❡ ✇❡ ♦❜t❛✐♥

LW − 2

W
gijWiWj = |A|2W + nHW 3〈AY T , Y T 〉 − nHW 3〈∇γ

2γ2
, N〉 − 3γ〈AY T , X∗

∇γ

2γ
〉

+gij
γi;j
2γ

W − 3

4

|∇γ|2
4γ2

W − 1

4
〈∇γ

2γ
,N〉2W + γW 〈∇̄N

∇̄γ

2γ2
, N〉 −W 〈∇ΣH, N〉

−|∇γ|2
4γ

1

W
−Wt.

❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

◆♦✇ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t

Pr♦♣♦s✐t✐♦♥ ✷✻ ❋♦r ✜①❡❞ T ∗ < T t❤❡r❡ ❡①✐sts K > 0 s✉✣❝✐❡♥t❧② ❧❛r❣❡ s♦ t❤❛t ✐❢

ηW (x0, t0) = max
Ω̄×[0,T ∗]

ηW

❢♦r s♦♠❡ (x0, t0) ∈ Ω̄× [0, T ∗]✱ t❤❡♥ W (x0, t0) ≤ C✱ ❢♦r s♦♠❡ ❝♦♥st❛♥t C✳

Pr♦♦❢✿ ❲❡ ❝❛♥ ❛ss✉♠❡ x0 ∈ Ω ❛♥❞ t0 > 0✳ ❆t ❛ ♣♦✐♥t (x0, t0) ✇❤❡r❡ ηW ❛tt❛✐♥s

♠❛①✐♠✉♠ ✈❛❧✉❡ ✇❡ ❤❛✈❡

ηiW + ηWi = 0 ✭✹✳✷✺✮
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❛♥❞

1

η
Lη +

1

W

(
LW − 2

W
gijWiWj

)
≤ 0. ✭✹✳✷✻✮

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

1

η
Lη = KLu+

1

h
Lh+K2gijuiuj + 2Kgijui

hj

h

= KHW +
1

h
Lh+K2γ|∇u|2

W 2
+ 2Kgijui

hj

h
.

◆♦✇ ✇❡ ❤❛✈❡

gijuihj =
γ

W 2
ujhj = − γ

W
(α〈N,∇d〉 − 〈N,∇φ〉θ − φ〈N,∇θ〉).

❍♦✇❡✈❡r

〈N,∇θ〉 = W 〈AY T ,∇Σd〉+ 〈∇∇u
W
∇d,

∇u

W
〉 − κ

|∇u|2
W 2

.

❚❤❡r❡❢♦r❡

gijuihj = −α
γ

W
〈N,∇d〉+ γ

W
〈N,∇φ〉θ + γφ〈AY T ,∇Σd〉+ γ

W
φ〈∇∇u

W
∇d,

∇u

W
〉 − γφκ

|∇u|2
W 3

.

❚❤✉s t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r Lh ✐♥ ❆♣♣❡♥❞✐① ❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❛t

1

η
Lη = KHW +K2γ|∇u|2

W 2

+
2K

h

(
− α

γ

W
〈N,∇d〉+ γ

W
〈N,∇φ〉θ + γφ〈AY T ,∇Σd〉+ γ

W
φ〈∇∇u

W
∇d,

∇u

W
〉 − γφκ

|∇u|2
W 3

)

+
1

h
|A|2φθ + n

1

h
φHW 〈AY T ,∇Σd〉+ 1

h

(
κγ − 1

2
〈∇d,∇γ〉

)
φ〈AY T , Y T 〉

+
2

h
〈A∇Σd,∇Σφ〉+ 2

h
〈A,∇2d〉Σφ− 1

hW 2
φ〈A∇Σd,X∗∇γ〉

+
1

h

(
nH −H

)(
〈N,∇φ〉θ − αθ − 1

2W 2
〈∇γ,∇d〉φ+ 〈∇∇u

W
∇d,

∇u

W
〉φ
)
− n

1

h
κHφ

−n
α

h
Hd +

1

h

(
2〈N,∇φ〉 − α

)
〈∇∇u

W
∇d,

∇u

W
〉+ 2

h
〈∇∇u

W
∇d,∇φ〉

−1

h
φ〈∇∇u

W
∇d,

∇γ

2γ
〉+ 1

h
φ〈∇ΣH, ∇̄d〉+ n

1

h
〈∇Hd, N〉φ− 1

h
φ∇3d(

∇u

W
,
∇u

W
,
∇u

W
)

+
1

h
❘✐❝(∇d,

∇u

W
)φ+

γ

hW 2
〈N,∇κ〉φ− 1

h

( 1

2γ
+

1

2W 2

)
α〈∇d,∇γ〉+ 1

h

( 1

2γ
+

1

2W 2

)
〈∇φ,∇γ〉θ

−κ
1

h
φ〈N,

∇γ

2γ
〉+ 2

h
κ

γ

W 2
〈∇φ,N〉 − 1

h

(
∆φ− 〈∇∇u

W
∇φ,

∇u

W
〉
)
θ.
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❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ▲❡♠♠❛ ✷✺ ②✐❡❧❞s

1

W

(
LW − 2

W
gijWiWj

)
= |A|2 + nHW 2〈AY T , Y T 〉 − nHW 2〈∇γ

2γ2
, N〉

−3
1

W
γ〈AY T , X∗

∇γ

2γ
〉+ gij

γi;j
2γ

− 3

4

|∇γ|2
4γ2

− 1

4
〈∇γ

2γ
,N〉2 + γ〈∇̄N

∇̄γ

2γ2
, N〉

−〈∇ΣH, N〉 − |∇γ|2
4γ

1

W 2
− Wt

W
.

◆♦✇ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t x0 ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t t♦ ηW ✳ ❲❡ ❤❛✈❡

eKu(Kuih+ hi)W = −eKuhWi.

✇❤❛t ✐♠♣❧✐❡s t❤❛t

−KW 2hNiN
i +WhiN

i = −hWiN
i

❛♥❞ t❤❡♥

−Kh|∇u|2 +WhiN
i = −hWiN

i.

❍♦✇❡✈❡r

WiN
i =

γi
2γ

N iW +NiN
iW 3〈∇γ

2γ2
, N〉+W 2〈AY T , N iX∗

∂

∂xi
〉

=
1

2γ
〈∇γ,N〉W + |∇u|2W 〈∇γ

2γ2
, N〉 −W 3〈AY T , Y T 〉

❛♥❞

hiN
i = αθ − 〈∇φ,N〉θ + φajiN

idj − φ(di;jN
iN j − κσij)N

iN j

= αθ − 〈∇φ,N〉θ − φW 〈AY T ,∇Σd〉 − φ〈∇∇u
W
∇d,

∇u

W
〉+ φκ

|∇u|2
W 2

.

❲❡ t❤❡♥ ❝♦♥❝❧✉❞❡ t❤❛t

−K
|∇u|2
W

+
αθ

h
− 1

h
〈∇φ,N〉θ − φ

h
W 〈AY T ,∇Σd〉 − φ

h
〈∇∇u

W
∇d,

∇u

W
〉+ φ

h
κ
|∇u|2
W 2

= − 1

2γ
〈∇γ,N〉 − |∇u|2〈∇γ

2γ2
, N〉+W 2〈AY T , Y T 〉

▼♦r❡♦✈❡r

−Wt

W
=

ηt
η

= Kut +
ht

h
= WK(nH −H) +

ht

h

= nHKW −KWH− 1

h
(nH −H)

(
〈∇φ,N〉θ − αθ − φ

2W 2
〈∇γ,∇d〉

)

+
φ

h
〈∇u

W
,∇∇u

W
∇d〉.
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❚❤❡♥ ✇❡ ❤❛✈❡

1

W

(
LW − 2

W
gijWiWj

)
= |A|2 +KnH

γ

W
+

αθ

h
nH − 1

h
nH〈∇φ,N〉θ − φ

h
nHW 〈AY T ,∇Σd〉

−1

h
(nH −H)

(
〈∇φ,N〉θ − αθ − φ

2W 2
〈∇γ,∇d〉

)
− φ

h
nH〈∇∇u

W
∇d,

∇u

W
〉+ φ

h
nHκ

|∇u|2
W 2

−3
1

W
γ〈AY T , X∗

∇γ

2γ
〉+ gij

γi;j
2γ

− 3

4

|∇γ|2
4γ2

− 1

4
〈∇γ

2γ
,N〉2 + γ〈∇̄N

∇̄γ

2γ2
, N〉 − 〈∇ΣH, N〉

−|∇γ|2
4γ

1

W 2
−KWH +

φ

h
〈∇u

W
,∇∇u

W
∇d〉.

❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

1

η
Lη +

1

W

(
LW − 2

W
gijWiWj

)
= K2γ|∇u|2

W 2
+A+ B,

✇❤❡r❡

A =
(
1 +

φθ

h

)
|A|2 + 2K

h
γφ〈AY T ,∇Σd〉+ φ

h

(
κγ − 1

2
〈∇d,∇γ〉

)
〈AY T , Y T 〉

+
2

h
〈A∇Σd,∇Σφ〉+ 2

h
〈A,∇2d〉Σφ− 1

hW 2
φ〈A∇Σd,X∗∇γ〉

+KnH
γ

W
+

αθ

h
nH − 1

h
nH〈∇φ,N〉θ − φ

h
nHκ

γ

W 2
− 3

1

W
γ〈AY T , X∗

∇γ

2γ
〉

❛♥❞

B =
2K

h

(
− α

γ

W
〈N,∇d〉+ γ

W
〈N,∇φ〉θ + γ

W
φ〈∇∇u

W
∇d,

∇u

W
〉 − γφκ

|∇u|2
W 3

)

−H〈∇∇u
W
∇d,

∇u

W
〉φ− n

α

h
Hd +

1

h

(
2〈N,∇φ〉 − α

)
〈∇∇u

W
∇d,

∇u

W
〉+ 2

h
〈∇∇u

W
∇d,∇φ〉

−1

h
φ〈∇∇u

W
∇d,

∇γ

2γ
〉+ 1

h
φ〈∇ΣH, ∇̄d〉+ n

1

h
〈∇Hd, N〉φ− 1

h
φ∇3d(

∇u

W
,
∇u

W
,
∇u

W
)

+
1

h
❘✐❝(∇d,

∇u

W
)φ+

γ

hW 2
〈N,∇κ〉φ− 1

h

( 1

2γ
+

1

2W 2

)
α〈∇d,∇γ〉

+
1

h

( 1

2γ
+

1

2W 2

)
〈∇φ,∇γ〉θ − κ

1

h
φ〈N,

∇γ

2γ
〉+ 2

h
κ

γ

W 2
〈∇φ,N〉

−1

h

(
∆φ− 〈∇∇u

W
∇φ,

∇u

W
〉
)
θ + gij

γi;j
2γ

− 3

4

|∇γ|2
4γ2

− 1

4
〈∇γ

2γ
,N〉2 + γ〈∇̄N

∇̄γ

2γ2
, N〉

−〈∇ΣH, N〉 − |∇γ|2
4γ

1

W 2
+

φ

h
〈∇u

W
,∇∇u

W
∇d〉.

❍♦✇❡✈❡r ✉s✐♥❣ s♦♠❡ st❛♥❞❛r❞ ✐♥❡q✉❛❧✐t❡s ✇❡ ♦❜t❛✐♥

A ≥
(
1 +

φθ

h

)
|A|2 −

(2Kγ

h
√
γ
+

κ

h
+

1

2hγ
|∇γ|+ 2

h
|∇φ|+ 2

h
|∇2d|Σ

+
1

hW 2
|X∗∇γ|+ Kγ

√
n

W
+

αθ
√
n

h
+

θ
√
n

h
|∇φ|+ γ

√
nκ

hW 2
+

3γ√
γW

|X∗
∇γ

2γ
|
)
|A|



✼✵ ▼❡❛♥ ❈✉r✈❛t✉r❡ ❋❧♦✇ ♦❢ ❑✐❧❧✐♥❣ ●r❛♣❤s

❯s✐♥❣ t❤❛t W 2 ≥ γ ❛♥❞ ❝❤♦♦s✐♥❣ α s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❛♥❞ ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ n, γ, φ ❛♥❞

κ ✇❡ ❤❛✈❡

A ≥ 1

2
|A|2 −

(
ǫ+ 2

√
γ
K

h
+

Kγ
√
n

W
+

3
√
γ

W
|X∗

∇γ

2γ
|
)
|A|

≥ −
(
ǫ+ 2

√
γ
K

h
+

Kγ
√
n

W
+

3
√
γ

W
|X∗

∇γ

2γ
|
)2

.

▼♦r❡♦✈❡r

B ≥ −C

(
1 +

α

h
+

α

hW 2
+

1

h
+

1

W 2
+

1

hW 2
+K

α

h
+

K

h

)
,

✇❤❡r❡ C ✐s ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ n, γ, φ, d, κ ❛♥❞ H✳

❍❡♥❝❡ ✇❡ ♦❜t❛✐♥

1

η
Lη +

1

W

(
LW − 2

W
gijWiWj

)
≥ K2γ|∇u|2

W 2
− C(ǫ)− K

W
C(ǫ, γ, n)− K2

W 2
C(γ, n)

− 1

W
C(γ, ǫ)− K

W 2
C(γ, n)− K2

h2
C(γ)− K2

hW
C(γ, n)− 1

W 2
C(γ)− K

hW
C(γ)

−K
α

h
C − K

h
C(ǫ, γ)− C − α

h
C − α

hW 2
C − 1

h
C − 1

W 2
C − 1

hW 2
C.

❚❤❡♥

−K2γ|∇u|2
W 2

≥ −C

(
K2

W 2
+

K

W 2
+

1

W
+

K

hW
+

K2

h2
+

α

hW 2
+

1

W 2
+

1

hW 2
+

K

W
+

1

W

+K
α

h
+

K

h
+

α

h
+

1

h
+ 1

)
.

■t ❢♦❧❧♦✇s t❤❛t
(
K2γ −

(K2

h2
+K

α

h
+

K

h
+

1 + α

h
+ 1

)
C

)
W 2 ≤

(
K2 +K +

1 + α

h
+ 1

)
C

+(K +
K

h
+ 1)CW.

◆♦✇ s✉♣♣♦s❡ t❤❛tW (x0, t0) ≥ 1✳ ❖t❤❡r✇✐s❡ ✇❡ ❛r❡ ❞♦♥❡✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡W ≤ W 2

❛♥❞ ❛❜s♦r❜✐♥❣ t❤❡ t❡r♠s ✇✐t❤W ✐♥t♦ t❤❛t ♦♥❡ ✇✐t❤W 2 tr❛♥s❢♦r♠s t❤❡ ✐♥❡q✉❛❧✐t② ❛❜♦✈❡

✐♥t♦

(
K2γ − K2

h2
C − K

h
C −KC − C − 1

h
(α + 1)(K + 1)C

)
W 2 ≤

(
K2 +K + 1 +

1

h
(α + 1)

)
C.

■❢ d0 = d(x0) t❤❡♥ ❝❤♦♦s✐♥❣ α ≥ 1/(C(d0)d0 − 1) ❢♦r s♦♠❡ ❝♦♥st❛♥t C(d0) > 1/d0 ✇❡

♦❜t❛✐♥ (1 + α)/h ≤ C(d0) ✇❤❛t ✐♠♣❧✐❡s t❤❛t

(
K2γ − K2

h2
C − K

h
C −KC(d0)− C(d0)

)
W 2 ≤ (K2 +K + C(d0))C.



✹✳✹ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ✼✶

❚❤❡♥ ❢♦r α > 1
d0
max{1,

√
2C/γ} ✇❡ ❤❛✈❡

(
K2γ

2
−KC(d0)− C(d0)

)
W 2 ≤ (K2 +K + C(d0))C.

■t ❢♦❧❧♦✇s t❤❛t ❢♦r K >
C(d0)+

√
C(d0)2+2γC(d0)

γ
✇❡ ❤❛✈❡ K2 γ

2
−KC(d0)− C(d0) > 0 ❛♥❞

W 2 ≤ C(K2 +K + C(d0))

K2 γ
2
−KC(d0)− C(d0)

. ✭✹✳✷✼✮

❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳

❚❤❡♦r❡♠ ✷✼ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u : Ω̄× [0,∞) → I t♦ t❤❡ ♣r♦❜❧❡♠ ✭✶✳✻✮✲

✭✶✳✽✮✳

Pr♦♦❢✿ Pr♦♣♦s✐t✐♦♥s ✷✶✱ ✷✷ ❛♥❞ ✷✻ ②✐❡❧❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❧♦❜❛❧ ❣r❛❞✐❡♥t ❜♦✉♥❞

W (x, t) ≤ W (x0, t0)
η(x, t)

η(x0, t0)
≤ C1e

C2MT ∗

, ✭✹✳✷✽✮

❢♦r (x, t) ∈ Ω̄× [0, T ∗]✱ ✇❤❡r❡ C1 ❛♥❞ C2 ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ❛♥❞

M = max
Ω̄×[0,T ∗]

|u− u0|.

■t r❡s✉❧ts t❤❛t ✭✹✳✹✮ ✐s ✉♥✐❢♦r♠❧② ♣❛r❛❜♦❧✐❝ ❛♥❞ t❤❡♥ t❤❡ st❛♥❞❛r❞ t❤❡♦r② ♦❢ q✉❛s✐❧✐♥❡❛r

♣❛r❛❜♦❧✐❝ P❉❊s ♠❛② ❜❡ ❛♣♣❧✐❡❞ ❢♦r ❛ss✉r✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ s♠♦♦t❤ s♦❧✉t✐♦♥

t♦ ✭✹✳✹✮✲✭✹✳✻✮✳

✹✳✹ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r

❙✉♣♣♦s❡ ❢r♦♠ ♥♦✇ ♦♥ t❤❛t H = 0 ❛♥❞ φ = 0✳ ■♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇❤❡♥ t❤❡

❡✈♦❧✈✐♥❣ ❢✉♥❝t✐♦♥s ❤❛✈❡ t❤❡ ❢♦r♠ u(x, t) = v(x) + Ct, (x, t) ∈ Ω̄ × [0, T ), t❤❡ ✐♥✐t✐❛❧

✈❛❧✉❡ ♣r♦❜❧❡♠ ✭✹✳✹✮✲✭✹✳✻✮ ❜❡❝♦♠❡s

❞✐✈
∇v

W
− γ〈∇̄Y Y,

∇v

W
〉 = C

W
✐♥ Ω ✭✹✳✷✾✮

〈ν,N〉 = 0 ♦♥ ∂Ω ✭✹✳✸✵✮

❈♦♥✈❡rs❡❧②✱ ♥♦t✐❝❡ t❤❛t ✐❢ v(x) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✹✳✷✾✮✲✭✹✳✸✵✮ t❤❡♥ u = v+Ct ✐s ❛ s♦❧✉t✐♦♥

♦❢ ✭✹✳✹✮ ✇❤✐❝❤ ✐s tr❛♥s❧❛t✐♥❣ ❛❧♦♥❣ t❤❡ ✢♦✇ ❧✐♥❡s ♦❢ Y ✇✐t❤ s♣❡❡❞ C✳

◆♦✇ ♦❜s❡r✈❡ t❤❛t

❞✐✈
∇v

W
− γ〈∇̄Y Y,

∇v

W
〉 = ❞✐✈

∇v

W
+ γ〈∇̄∇v

W
Y, Y 〉 = ❞✐✈

∇v

W
+ γ〈∇̄Y

∇v

W
Y, Y 〉 = ❞✐✈M

∇v

W
.



✼✷ ▼❡❛♥ ❈✉r✈❛t✉r❡ ❋❧♦✇ ♦❢ ❑✐❧❧✐♥❣ ●r❛♣❤s

❚❤❡r❡❢♦r❡ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❞✐✈❡r❣❡♥❝❡ t❤❡♦r❡♠ t❤❛t

∫

ϑ([0,s]×Ω̄)

C

W
+H = −

∫

ϑ([0,s]×Γ)

〈∇v

W
, ν〉 =

∫

ϑ([0,s]×Γ)

〈N, ν〉 =
∫

ϑ([0,s]×Γ)

φ. ✭✹✳✸✶✮

❙✐♥❝❡ t❤❡ ✐♥t❡❣r❛♥❞s ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ s ✇❡ ❤❛✈❡

∫

Ω

C
1√
γW

=

∫

Γ

1√
γ
φ. ✭✹✳✸✷✮

❢r♦♠ ✇❤❛t r❡s✉❧ts t❤❛t

C = 0. ✭✹✳✸✸✮

❲❡ t❤❡♥ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤❡✐❣❤t ❡st✐♠❛t❡

Pr♦♣♦s✐t✐♦♥ ✷✽ ●✐✈❡♥ ❛ s♦❧✉t✐♦♥ u(x, t) ♦❢ ✭✹✳✹✮ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t M s✉❝❤ t❤❛t

|u(x, t)| ≤ M ✭✹✳✸✹✮

❢♦r (x, t) ∈ Ω̄× [0,+∞)✳

Pr♦♦❢✿ ❲❡ ♦❜s❡r✈❡ t❤❛t s✐♥❝❡ C ✐s ♥❡❝❡ss❛r✐❧② ③❡r♦✱ v = ❝t❡. ✐s ❛ s♦❧✉t✐♦♥ t♦ ✭✹✳✷✾✮✳

■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝♦♥st❛♥t ❢✉♥❝t✐♦♥s v1 = inf
Ω

u0 ❛♥❞ v2 = sup
Ω

u0 ❛r❡ s♦❧✉t✐♦♥s ♦❢ ✭✹✳✷✾✮

✇✐t❤ v1 ≤ u0 ≤ v2✳ ❍❡♥❝❡ t❤❡ ♣❛r❛❜♦❧✐❝ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ✐♠♣❧✐❡s t❤❛t

v1 ≤ u(·, t) ≤ v2,

❢♦r t ∈ [0, T ) ❢r♦♠ ✇❤❛t ✇❡ ♦❜t❛✐♥ ✭✹✳✸✹✮✳

◆♦✇✱ ♣r♦❝❡❡❞✐♥❣ ❛s ✐♥ ❬✸✶❪✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t

❚❤❡♦r❡♠ ✷✾ ❙✉♣♣♦s❡ t❤❛t H = 0 ❛♥❞ φ = 0✳ ❚❤❡♥ limt→∞ ut = 0✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡

♠❡❛♥ ❝✉r✈❛t✉r❡ ✢♦✇ ❝♦♥✈❡r❣❡s t♦ ❛ s❧✐❝❡ ♦❢ t❤❡ ❢♦r♠ ϑ({s} × Ω̄) ❢♦r s♦♠❡ s ∈ I✳

Pr♦♦❢✿ ■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t v = s ✐s ❛ tr✐✈✐❛❧ s♦❧✉t✐♦♥ t♦ ✭✹✳✷✾✮ ✇✐t❤ ✭♥❡❝❡ss❛r✐❧②✮

C = 0✳ ❲❡ ❛❧s♦ ❤❛✈❡

d

dt

∫

Ω

W =

∫

Ω

uiui;t

W
= −

∫

Ω

u2
t

W
−

∫

Ω

1

2W 3
〈∇u,∇γ〉 −

∫

Ω

|∇u|2
2γW 2

〈∇u,∇γ〉.

❚❤❡r❡❢♦r❡

−
∫

Ω

u2
t

W
=

d

dt

(∫

Ω

W

)
+

∫

Ω

1

2W 3
〈∇u,∇γ〉+

∫

Ω

|∇u|2
2γW 2

〈∇u,∇γ〉. ✭✹✳✸✺✮



✹✳✹ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ✼✸

■t ❢♦❧❧♦✇s t❤❛t

∫ T

0

∫

Ω

u2
t

W
= −

∫

Ω

W (x, T ) +

∫

Ω

W (x, 0)

+

∫ T

0

∫

Ω

1

2W 3
〈∇u,∇γ〉+

∫ T

0

∫

Ω

|∇u|2
2γW 2

〈∇u,∇γ〉 ≤ C̃

❢♦r s♦♠❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C̃✳ ■t ❢♦❧❧♦✇s t❤❛t lim
t→∞

u2
t

W
= 0✳ ❙✐♥❝❡ W ✐s ❜♦✉♥❞❡❞ t❤❡♥

lim
t→∞

ut = 0✳ ❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠✳

�



✼✹ ▼❡❛♥ ❈✉r✈❛t✉r❡ ❋❧♦✇ ♦❢ ❑✐❧❧✐♥❣ ●r❛♣❤s



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ✳ ◆✳ ❆❣❣✐✉♥t✐✱ ❯♥ ❧✐❜r♦ ❞✐ ♣r♦❜❧❡♠✐ ❣❡♦♠❡tr✐❝✐ ❡ ❞✐ s♣❡❝✉❧❛③✐♦♥✐✱ ❡❞ ❡s♣❡r✐❡♥③❡

✜s✐❝❤❡✱ ♠❛♥✉s❝r✐♣t✱ ◆❛t✐♦♥❛❧ ▲✐❜r❛r② ♦❢ ❋❧♦r❡♥❝❡✱ ●❛❧✐❧❡✐❛♥ ❆r❝❤✐✈❡✱ ♣r❡❝✉rs♦rs✳

❬✷❪ ❚✳ ❨♦✉♥❣✱ ❆♥ ❡ss❛② ♦♥ t❤❡ ❝♦❤❡s✐♦♥ ♦❢ ✢✉✐❞s✱ P❤✐❧✳ ❚r❛♥s✳ ❘♦②✳ ❙♦❝✳ ▲♦♥❞♦♥ ✾✺

✭✶✽✵✺✮✱ ✻✺✲✽✼✳

❬✸❪ P✳ ❙✳ ▲❛♣❧❛❝❡✱ ❚r❛✐té ❞❡ ♠é❝❛♥✐q✉❡ ❝é❧❡st❡✳ ❙✉♣♣❧é♠❡♥t ❛✉ ▲✐✈r❡ ❳✱ r❡♣r✐♥t❡❞ ✐♥

❖❡✉✈r❡s ❝♦♠♣❧❡t❡s✱ ✈♦❧✳ ✹✱ ●❛✉t❤✐❡r✲❱✐❧❧❛rs✱ P❛r✐s✳

❬✹❪ ▼✳ ❊♠♠❡r✳ ❊s✐st❡♥③❛✱ ✉♥✐❝✐tà ❡ r❡❣♦❧❛r✐t❛ ♥❡❧❧❡ s✉♣❡r✜❝✐❡ ❞✐ ❡q✉✐❧✐❜r✐♦ ♥❡✐ ❝❛♣✐❧❧❛r✐✱

❆♥♥✳ ❯♥✐✈✳ ❋❡rr❛r❛ s❡③✳ ❱■■✶✽ ✭✶✾✼✸✮✱ ✼✾✲✾✹

❬✺❪ ❈✳ ❋✳ ●❛✉ss✱ Pr✐♥❝✐♣✐❛ ❣❡♥❡r❛❧✐❛ t❤❡♦r✐❛❡ ✜❣✉r❛❡ ✢✉✐❞♦r✉♠✱ ❈♦♠♠❡♥t✳ ❙♦❝✳ ❘❡❣✐❛❡

❙❝✐❡♥t✳ ●ött✐♥❣❡♥s✐s ❘❡❡✳ ✼ ✭✶✽✸✵✮✳
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