
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❙♦❧✉çõ❡s ♥♦❞❛✐s ♣❛r❛ ♣r♦❜❧❡♠❛s
❡❧í♣t✐❝♦s s❡♠✐❧✐♥❡❛r❡s ❝♦♠ ❝r❡s❝✐♠❡♥t♦

❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧

♣♦r

❉❡♥✐❧s♦♥ ❞❛ ❙✐❧✈❛ P❡r❡✐r❛

❏♦ã♦ P❡ss♦❛ ✲ P❇

❉❡③❡♠❜r♦✴✷✵✶✹



❙♦❧✉çõ❡s ♥♦❞❛✐s ♣❛r❛ ♣r♦❜❧❡♠❛s
❡❧í♣t✐❝♦s s❡♠✐❧✐♥❡❛r❡s ❝♦♠ ❝r❡s❝✐♠❡♥t♦

❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧

♣♦r

❉❡♥✐❧s♦♥ ❞❛ ❙✐❧✈❛ P❡r❡✐r❛

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❈❧❛✉❞✐❛♥♦r ❖❧✐✈❡✐r❛ ❆❧✈❡s

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲

❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦

tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❏♦ã♦ P❡ss♦❛ ✲ P❇

❉❡③❡♠❜r♦✴✷✵✶✹

✐✐







❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦✱ ❡st✉❞❛♠♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛✱ ♥ã♦ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡

s♦❧✉çõ❡s ♥♦❞❛✐s ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♥ã♦✲❧✐♥❡❛r

(P ) −∆u+ V (x)u = f(u) ❡♠ Ω,

♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡♠ R
2 ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❧✐♠✐t❛❞♦✱ f é ✉♠❛ ❢✉♥çã♦ q✉❡

♣♦ss✉✐ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧ ❡ V é ✉♠ ♣♦t❡♥❝✐❛❧ ❝♦♥tí♥✉♦ ❡ ♥ã♦✲♥❡❣❛t✐✈♦✳

◆❛ ♣r✐♠❡✐r❛ ♣❛rt❡✱ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❡♠

❛♠❜♦s ♦s ❝❛s♦s✱ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡ ✐❧✐♠✐t❛❞♦✳ ▼♦str❛♠♦s ❛✐♥❞❛ ✉♠ r❡s✉❧t❛❞♦ ❞❡ ♥ã♦

❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦ ❝❛s♦ ❛✉tô♥♦♠♦ ❡♠ t♦❞♦ ♦ R2✳ ◆❛

s❡❣✉♥❞❛ ♣❛rt❡✱ ❡st❛❜❡❧❡❝❡♠♦s ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞♦ t✐♣♦ ♠✉❧t✐✲❜✉♠♣ ♥♦❞❛❧✳

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ V ≡ 0✱ ♠♦str❛♠♦s ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ ✐♥✜♥✐t❛s s♦❧✉çõ❡s

♥♦❞❛✐s ❡♠ ✉♠❛ ❜♦❧❛✳ ❆s ♣r✐♥❝✐♣❛✐s ❢❡rr❛♠❡♥t❛s ✉t✐❧✐③❛❞❛s sã♦ ▼ét♦❞♦s ❱❛r✐❛❝✐♦♥❛✐s✱

▲❡♠❛ ❞❡ ❉❡❢♦r♠❛çã♦✱ ▲❡♠❛ ❞❡ ▲✐♦♥s✱ ▼ét♦❞♦ ❞❡ ♣❡♥❛❧✐③❛çã♦ ❡ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❝♦♥t✐✲

♥✉❛çã♦ ❛♥t✐✲s✐♠étr✐❝❛✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❊q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✱ ❈r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧✱ ❙♦❧✉çõ❡s

♥♦❞❛✐s✱ ▼ét♦❞♦s ✈❛r✐❛❝✐♦♥❛✐s✱ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r✳

✐✈



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦✱ ✇❡ st✉❞② ❡①✐st❡♥❝❡✱ ♥♦♥✲❡①✐st❡♥❝❡ ❛♥❞ ♠✉❧t✐♣❧✐❝✐t② r❡s✉❧ts ♦❢ ♥♦❞❛❧ s♦❧✉✲

t✐♦♥s ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

(P ) −∆u+ V (x)u = f(u) ✐♥ Ω,

✇❤❡r❡ Ω ✐s ❛ s♠♦♦t❤ ❞♦♠❛✐♥ ✐♥ R
2 ✇❤✐❝❤ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❜♦✉♥❞❡❞✱ f ✐s ❛ ❝♦♥t✐♥✉♦✉s

❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❤❛s ❡①♣♦♥❡♥t✐❛❧ ❝r✐t✐❝❛❧ ❣r♦✇t❤ ❛♥❞ V ✐s ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞ ♥♦♥♥❡❣❛t✐✈❡

♣♦t❡♥t✐❛❧✳ ■♥ t❤❡ ✜rst ♣❛rt✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❧❡❛st ❡♥❡r❣② ♥♦❞❛❧ s♦❧✉t✐♦♥ ✐♥

❜♦t❤ ❝❛s❡s✱ ❜♦✉♥❞❡❞ ❛♥❞ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛❧s♦ ♣r♦✈❡ ❛ ♥♦♥❡①✐st❡♥❝❡

r❡s✉❧t ♦❢ ❧❡❛st ❡♥❡r❣② ♥♦❞❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❛✉t♦♥♦♠♦✉s ❝❛s❡ ✐♥ ✇❤♦❧❡ R
2✳ ■♥ t❤❡

s❡❝♦♥❞ ♣❛rt✱ ✇❡ ❡st❛❜❧✐s❤ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ♠✉❧t✐✲❜✉♠♣ t②♣❡ ♥♦❞❛❧ s♦❧✉t✐♦♥s✳ ❋✐♥❛❧❧②✱ ❢♦r

V ≡ 0✱ ✇❡ ♣r♦✈❡ ❛ r❡s✉❧t ♦❢ ✐♥✜♥✐t❡❧② ♠❛♥② ♥♦❞❛❧ s♦❧✉t✐♦♥s ♦♥ ❛ ❜❛❧❧✳ ❚❤❡ ♠❛✐♥ t♦♦❧s

✉s❡❞ ❛r❡ ❱❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s✱ ▲✐♦♥s✬s ▲❡♠♠❛✱ P❡♥❛❧✐③❛t✐♦♥ ♠❡t❤♦❞s ❛♥❞ ❛ ♣r♦❝❡ss ♦❢

❛♥t✐✲s②♠♠❡tr✐❝ ❝♦♥t✐♥✉❛t✐♦♥✳

❑❡②✇♦r❞s✿ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✱ ❊①♣♦♥❡♥t✐❛❧ ❝r✐t✐❝❛❧ ❣r♦✇t❤✱ ◆♦❞❛❧ s♦❧✉t✐♦♥s✱ ❱❛r✐✲

❛t✐♦♥❛❧ ▼❡t❤♦❞s✱ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✐♥❡q✉❛❧✐t②✳

✈



❆❣r❛❞❡❝✐♠❡♥t♦s

➚ ♠✐♥❤❛ ♠ã❡ ❩✉❧♠✐r❛ P❡r❡✐r❛✱ ❛ q✉❡♠ ❞❡✈♦ t♦❞❛s ❛s ♠✐♥❤❛s ✈✐tór✐❛s✳ ❆♦ ♠❡✉ ♣❛✐✱ ♣♦r

t❡r ♠❡ ❞❛❞♦ ❛ ✈✐❞❛ ❡ ♣❡❧♦s ❡♥s✐♥❛♠❡♥t♦s✳

❆♦s ♠❡✉s ✐r♠ã♦s ❉❡♥♥②s✱ ❉❛②❛♥❡ ❡ ❉❛♥✐ ♣❡❧♦ ❛♠♦r ❡ ❝❛r✐♥❤♦ q✉❡ s❡♠♣r❡ ♠❡ ❞❡r❛♠✳

➚ ♠✐♥❤❛ ❡s♣♦s❛ ❊❧❛✐♥❡✱ ♣❡❧♦ ❛♠♦r ❡ ❝♦♠♣❛♥❤❡✐r✐s♠♦✳

❆♦ ♣r♦❢✳ ❈❧❛✉❞✐❛♥♦r✱ ♣❡❧❛ ❡①❝❡❧❡♥t❡ ♦r✐❡♥t❛çã♦✱ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡✱ ♣❛❝✐ê♥❝✐❛ ❡ ❛♠✐③❛❞❡✳

❆♦ ♣r♦❢✳ ●✐♦✈❛♥②✱ ♣♦r ✐♥✐❝✐❛r ♠❡✉s ❡st✉❞♦s ❡♠ ❊❉P✬s ❊❧í♣t✐❝❛s✱ q✉❛♥❞♦ ❡✉ ❛✐♥❞❛ ❡r❛

✉♠ ❛❧✉♥♦ ❞❡ ❣r❛❞✉❛çã♦✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❆✐❧t♦♥✱ ❆♠❛♥❞❛✱ ❈❧á✉❞✐❛ ❆❧✐♥❡✱ ❑❡❧♠❡♠✱ ❏♦ã♦ ❘♦❞r✐❣✉❡s ❡ ❘❛❢❛❡❧

❆❜r❡✉✳

❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ❯❆▼❛t✲❯❋❈●✱ ❡♠ ❡s♣❡❝✐❛❧ ❛♦s ♣r♦❢s✳ ❆❧❝✐ô♥✐♦✱ ❇r❛♥❞ã♦✱ ❉❛♥✐❡❧

❈♦r❞❡✐r♦✱ ❋❡r♥❛♥❞♦✱ ❍❡♥r✐q✉❡✱ ❏♦s❡✐❧s♦♥✱ ▲✐♥❞♦♠❜❡r❣✱ ▼❛r❝❡❧♦ ❡ ▼❛r❝♦ ❆✉ré❧✐♦✱ ♣♦r

❡st❛r❡♠ s❡♠♣r❡ ❛ ❞✐s♣♦s✐çã♦ q✉❛♥❞♦ ♣r❡❝✐s❛♠♦s ❞❡ ❛❧❣✉♠❛ ❛❥✉❞❛ ❡ t❛♠❜é♠ ♣❡❧♦s

❡♥s✐♥❛♠❡♥t♦s✳

❆♦s Pr♦❢❡ss♦r❡s ❈❛r❧♦s ❆❧❜❡rt♦✱ ●r❡② ❊r❝♦❧❡✱ ▼❛♥❛ssés ❳❛✈✐❡r ❡ P❛❜❧♦ ❇r❛③ ❡ ❙✐❧✈❛ ♣♦r

❛❝❡✐t❛r❡♠ ❝♦♠♣♦r ❛ ❜❛♥❝❛ ❥✉❧❣❛❞♦r❛ ❞❡st❡ tr❛❜❛❧❤♦ ❡ ♣❡❧❛s s✉❣❡stõ❡s ❞❛❞❛s✳

➚ ❡①t✐♥t❛ ❯♥✐❞❛❞❡ ❆❝❛❞ê♠✐❝❛ ❞❡ ▼❛t❡♠át✐❝❛ ❡ ❊st❛t✐st✐❝❛ ❞❛ ❯❋❈●✱ ♣♦r t❡r ❝♦♥❝❡✲

❞✐❞♦ ♠✐♥❤❛ ❧✐❜❡r❛çã♦ ♣❛r❛ ❝❛♣❛❝✐t❛çã♦✳ ▼❡✉ ♠✉✐t♦ ♦❜r✐❣❛❞♦ ❛ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❡

❢✉♥❝✐♦♥ár✐♦s✦

✈✐



✏❙❡♠ ❞❡❞✐❝❛çã♦✱ ♥ã♦ ❤á ✈✐tór✐❛✱ s❡♠ s❛❝r✐❢í❝✐♦✱ ♥ã♦

❤á r❡❝♦♠♣❡♥s❛✳ ❆ ❉♦r é ♣❛ss❛❣❡✐r❛✱ ♠❛s ❛ ●❧ór✐❛ é

❡t❡r♥❛✦✑

●✉✐❧❤❡r♠❡ ❆♥t✉♥❡s ❞❡ ❙♦✉③❛

✈✐✐



❉❡❞✐❝❛tór✐❛

➚ ♠✐♥❤❛ ♠ã❡ ❩✉❧♠✐r❛✳

✈✐✐✐



❙✉♠ár✐♦

◆♦t❛çã♦ ❡ t❡r♠✐♥♦❧♦❣✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

✶ ❙♦❧✉çã♦ ♥♦❞❛❧ ♠✐♥✐♠❛❧ ❡♠ ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ✶✶

✶✳✶ Pr♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷ ❙♦❧✉çã♦ ♥♦❞❛❧ ♠✐♥✐♠❛❧ ❡♠ R
2 ✷✾

✷✳✶ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♥ã♦✲

❛✉tô♥♦♠♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✷✳✷ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✸ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ r❛❞✐❛❧ ♠✐♥✐♠❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉tô♥♦♠♦✳ ✺✶

✷✳✹ ◆ã♦ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

❛✉tô♥♦♠♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✸ ❙♦❧✉çõ❡s ❞♦ t✐♣♦ ♠✉❧t✐✲❜✉♠♣ ♥♦❞❛❧ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s

❡❧í♣t✐❝♦s ❡♠ R
2 ❡♥✈♦❧✈❡♥❞♦ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧ ✻✷

✸✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✸✳✷ ◆♦t❛çõ❡s ❡ r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✸✳✷✳✶ Pr♦❜❧❡♠❛s ❞❡ ❉✐r✐❝❤❧❡t ❡ ◆❡✉♠❛♥♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✸✳✸ ❯♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✸✳✹ ❯♠ ✈❛❧♦r ❝rít✐❝♦ ❡s♣❡❝✐❛❧ ❞❡ Φλ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✸✳✺ ❯♠❛ ❢❛♠í❧✐❛ ❡s♣❡❝✐❛❧ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s ♣❛r❛ (A)λ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✸✳✻ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

✹ ■♥✜♥✐t❛s s♦❧✉çõ❡s ♥♦❞❛✐s ❡♠ ❜♦❧❛s ✶✵✺



✹✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✵✳✸✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

✹✳✷ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✵✳✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵

❆ ❘❡s✉❧t❛❞♦s ❣❡r❛✐s ✶✷✺

❘❡❢❡rê♥❝✐❛s ✶✸✶

①



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✹✳✶ ❙❡t♦r ❛♥❣✉❧❛r Am✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✹✳✷ ❘❡✢❡①ã♦ ❞❡ ❆ ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ x2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✶

✹✳✸ ❙✐♥❛❧ ❞❛s s♦❧✉çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹

✹✳✹ ❈❛s♦ m = 2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✹



◆♦t❛çã♦ ❡ t❡r♠✐♥♦❧♦❣✐❛

• ❙❡ f é ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧✱ ❞❡♥♦t❛r❡♠♦s ♣♦r
∫

Ω

f ❛ s❡❣✉✐♥t❡ ✐♥t❡❣r❛❧
∫

Ω

f(x)dx✳

• ❉❡♥♦t❛r❡♠♦s ♣♦r H1(Ω) ♦ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈

H1(Ω) :=

{

u ∈ L2(Ω) :
∂u

∂xi
∈ L2(Ω); i = 1, 2

}

❡ ♣♦r

‖u‖1,Ω =

(∫

Ω

|u|2 +
∫

Ω

|∇u|2
)1/2

,

❛ ♥♦r♠❛ ✉s✉❛❧ ❡♠ H1(Ω)✳

• ❉❡♥♦t❛r❡♠♦s ♣♦r C∞
0 (Ω) ♦ ❡s♣❛ç♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s u ∈ C∞(Ω) ❝♦♠ s✉♣♦rt❡✱

supp u✱ ❝♦♠♣❛❝t❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ Ω✱ ♣♦r H1
0 (Ω) ♦ ❢❡❝❤♦ ❞❡ C∞

0 (Ω) ♥❛ ♥♦r♠❛

❞❡ H1(Ω) ❡ ♣♦r

‖u‖Ω =

(∫

Ω

|∇u|2
)1/2

,

❛ ♥♦r♠❛ ✉s✉❛❧ ❡♠ H1
0 (Ω)✳

• P❛r❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ Ω ⊂ R
2✱ ♦s sí♠❜♦❧♦s |u|q,Ω (q > 1) ❡ |u|∞,Ω ❞❡♥♦t❛♠

❛s ♥♦r♠❛s ✉s✉❛✐s ♥♦s ❡s♣❛ç♦s Lq(Ω) ❡ L∞(Ω)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

• ❖ sí♠❜♦❧♦s ‖u‖1, |u|q (q > 1) ❡ |u|∞ ❞❡♥♦t❛♠ ❛s ♥♦r♠❛s ✉s✉❛✐s ♥♦s ❡s♣❛ç♦s

H1(R2), Lq(R2) ❡ L∞(R2)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

• u+(x) = max{u(x), 0} ❡ u−(x) = min{u(x), 0}✳



• ❉❡♥♦t❛r❡♠♦s ♣♦r

sgn(s) =







1, s❡ s > 0,

0, s❡ s = 0,

−1, s❡ s < 0.

• P❛r❛ ✉♠ ✐♥t❡r✈❛❧♦ ✭❛✱❜✮ ❡ l ∈ N✱ ❞❡♥♦t❛♠♦s ♣♦r (a, b)l ♦ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦

(a, b)× (a, b)× · · · × (a, b)
︸ ︷︷ ︸

l ✈❡③❡s

• P❛r❛ ✉♠ ❝♦♥❥✉♥t♦ A ⊂ R
N ✱ ❞❡♥♦t❛♠♦s ♣♦r ∂A✱ Ā✱ |A| ❡ Ac✱ ❛ ❢r♦♥t❡✐r❛✱ ♦ ❢❡❝❤♦✱

❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❡ ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ A ❡♠ R
N ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

• ❆ ❛❜r❡✈✐❛çã♦ q✳t✳♣✳ s✐❣♥✐✜❝❛ q✉❛s❡ t♦❞♦ ♣♦♥t♦✱ ♦✉ s❡❥❛✱ ❛ ♠❡♥♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦

❝♦♠ ♠❡❞✐❞❛ ❞❡ ♥✉❧❛✳

• ❆ ♥♦t❛çã♦ (PS)c✱ s✐❣♥✐✜❝❛ s❡q✉ê♥❝✐❛ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ♥♦ ♥í✈❡❧ c✳

• on(1) ❞❡♥♦t❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s ❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ 0✱ q✉❛♥❞♦ n→ ∞✳

• ❆s s❡t❛s → ❡ ⇀✱ ❞❡♥♦t❛♠ ❝♦♥✈❡r❣ê♥❝✐❛ ❢♦rt❡ ❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ ❡♠ ❡s♣❛ç♦s ❞❡

❇❛♥❛❝❤✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳



■♥tr♦❞✉çã♦

❆ ♣r♦♣♦st❛ ❞❡st❡ tr❛❜❛❧❤♦ é ❡st✉❞❛r r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛✱ ♥ã♦ ❡①✐stê♥❝✐❛ ❡

♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s✱ ♦✉ s❡❥❛✱ s♦❧✉çõ❡s q✉❡ ♠✉❞❛♠ ❞❡ s✐♥❛❧✱ ♣❛r❛ ❛ ❡q✉❛çã♦

❞❡ ❙❝❤rö❞✐♥❣❡r ♥ã♦✲❧✐♥❡❛r

(P ) −∆u+ V (x)u = f(u) ❡♠ Ω,

♦♥❞❡ Ω ⊂ R
2 é ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❧✐♠✐t❛❞♦✱ V : Ω → R é ✉♠

♣♦t❡♥❝✐❛❧ ❝♦♥tí♥✉♦ ❡ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ f é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ t❡♥❞♦ ❝r❡s❝✐♠❡♥t♦

❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧✱ ♦ q✉❛❧ ❞❡✜♥✐♠♦s ❛ s❡❣✉✐r✿ ❉✐③❡♠♦s q✉❡ f t❡♠ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦

❡①♣♦♥❡♥❝✐❛❧ ❡♠ ±∞ q✉❛♥❞♦ ❡①✐st❡ α0 > 0 t❛❧ q✉❡

lim
s→±∞

|f(s)|
eαs2

=







0, ♣❛r❛ t♦❞♦ α > α0

+∞, ♣❛r❛ t♦❞♦ α < α0.

❯♠❛ ✈❡③ q✉❡ ✐r❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ♦ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧✱ ❛❧❣✉♠❛s ✈❡rsõ❡s

❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r sã♦ ❝r✉❝✐❛✐s ❡♠ ♥♦ss♦s ❛r❣✉♠❡♥t♦s✳ ❆ ♣r✐♠❡✐r❛

✈❡rsã♦ q✉❡ ❣♦st❛rí❛♠♦s ❞❡ r❡❧❡♠❜r❛r é ❛ ✈❡rsã♦ ❞❡✈✐❞❛ ❛ ❚r✉❞✐♥❣❡r ❡ ▼♦s❡r✱ ✈❡r ❬✺✺❪ ❡

❬✹✺❪✱ ❛ q✉❛❧ ❞✐③ q✉❡ s❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡♠ R
2 ❝♦♠ ❢r♦♥t❡✐r❛ ∂Ω s✉❛✈❡✱ ❡♥tã♦

♣❛r❛ q✉❛❧q✉❡r u ∈ H1
0 (Ω)✱ t❡♠✲s❡

∫

Ω

eα|u|
2

< +∞, ♣❛r❛ t♦❞♦ α > 0. ✭✶✮

❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C = C(α, |Ω|) > 0 t❛❧ q✉❡

sup
||u||Ω≤1

∫

Ω

eα|u|
2 ≤ C, ∀α ≤ 4π. ✭✷✮



❯♠❛ ✈❡rsã♦ ❡♠ H1(Ω) ❢♦✐ ♣r♦✈❛❞❛ ♣♦r ❆❞✐♠✉rt❤✐ ❡ ❨❛❞❛✈❛ ❬✸❪✱ ❡ ❞✐③ q✉❡ s❡ Ω é

♥♦✈❛♠❡♥t❡ ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ ❡♥tã♦ ♣❛r❛ q✉❛❧q✉❡r u ∈ H1(Ω)✱
∫

Ω

eαu
2

< +∞, ♣❛r❛ t♦❞♦ α > 0. ✭✸✮

❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C = C(α, |Ω|) t❛❧ q✉❡

sup
||u||H1(Ω)≤1

∫

Ω

eαu
2 ≤ C, ∀α ≤ 2π. ✭✹✮

❆ t❡r❝❡✐r❛ ✈❡rsã♦ q✉❡ ✉s❛r❡♠♦s é ❞❡✈✐❞❛ ❛ ❈❛♦ ❬✷✻❪✱ ❛ q✉❛❧ é ✉♠❛ ✈❡rsã♦ ❞❛

❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ❡♠ t♦❞♦ ♦ ❡s♣❛ç♦ R
2 ❡ t❡♠ ♦ s❡❣✉✐♥t❡ ❡♥✉♥❝✐❛❞♦✿

∫

R2

(eα|u|
2 − 1) < +∞, ♣❛r❛ t♦❞♦ u ∈ H1(R2) ❡ α > 0. ✭✺✮

❆❧é♠ ❞✐ss♦✱ s❡ α < 4π ❡ |u|2 ≤ M ✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C1 = C1(M,α) > 0 t❛❧

q✉❡

sup
|∇u|2≤1

∫

R2

(eα|u|
2 − 1) ≤ C1. ✭✻✮

◆♦s ú❧t✐♠♦s ❛♥♦s✱ ♦❜s❡r✈❛♠♦s ✉♠ ❝r❡s❝❡♥t❡ ✐♥t❡r❡ss❡ ♥♦ ❡st✉❞♦ ❞❛ ❡①✐stê♥❝✐❛ ❡

♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s ♣❛r❛ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s✳ ❊♠ ❬✷✾❪✱ ❈❡r❛♠✐✱ ❙♦❧✐♠✐♥✐

❡ ❙tr✉✇❡ ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♠ú❧t✐♣❧❛s s♦❧✉çõ❡s ♥♦❞❛✐s ♣❛r❛ ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡

♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s ❝♦♠ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦






−∆u− λu = |u|2∗−2u, ❡♠ Ω,

u = 0, s♦❜r❡ ∂Ω,

(P1)

♦♥❞❡ Ω = BR(0) ⊂ R
N , N ≥ 7, 2∗ = 2N

N−2
❡ λ ∈ [0, λ1]✱ ♦♥❞❡ λ1 é ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r

❞❡ (−∆, H1
0 (Ω))✳ ❊♠ ❇❛rts❝❤ ❡ ❲✐❧❧❡♠ ❬✷✶❪✱ ♦s ❛✉t♦r❡s ❡st❛❜❡❧❡❝❡r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡

✐♥✜♥✐t❛s s♦❧✉çõ❡s ♥♦❞❛✐s r❛❞✐❛✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛






−∆u+ u = f(|x|, u), ❡♠ R
N ,

u ∈ H1(RN),

(P2)

♦♥❞❡ f é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❝♦♠ ❝r❡s❝✐♠❡♥t♦ s✉❜❝rít✐❝♦ ❞♦ t✐♣♦ ❙♦❜♦❧❡✈✿ |u|p−2u

❝♦♠ 2 < p < 2∗✳ ❊♠ ❬✷✼❪✱ ❈❛♦ ❡ ◆♦✉ss❛✐r r❡❧❛❝✐♦♥❛r❛♠ ♦ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s

❡ ♥♦❞❛✐s ❞❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s






−∆u+ u = Q(x)|u|p−2u, ❡♠ R
N ,

u ∈ H1(RN),

(P3)

✸



♦♥❞❡ 2 < p < 2∗✱ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞❡ ♠á①✐♠♦ ❞❛ ❢✉♥çã♦ Q✳

❊♠ ❬✷✽❪✱ ❈❛str♦✱ ❈♦ss✐♦ ❡ ◆❡✉❜❡r❣❡r ❝♦♥s✐❞❡r❛r❛♠ ♦ ♣r♦❜❧❡♠❛






−∆u = f(u), ❡♠ Ω,

u = 0, s♦❜r❡ ∂Ω,

(P4)

♦♥❞❡ Ω ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡ f ∈ C1 t❡♠ ✉♠ ❝r❡s❝✐♠❡♥t♦ s✉♣❡r❧✐♥❡❛r ❡ s✉❜❝rít✐❝♦

❝♦♠ f ′(0) < λ1✳ ❖s ❛✉t♦r❡s ❡st❛❜❡❧❡❝❡r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ w q✉❡ ♠✉❞❛ ❞❡

s✐♥❛❧ ❛♣❡♥❛s ✉♠❛ ✈❡③✱ ✐✳❡✳✱ w−1(R \ {0}) ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s✳

❊♠ ◆♦✉ss❛✐ ❡ ❲❡✐ ❬✹✻✱ ✹✼❪✱ ❢♦✐ ♣r♦✈❛❞❛ ❛ ❡①✐stê♥❝✐❛ ❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ s♦❧✉çõ❡s

♥♦❞❛✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛






−ǫ2∆u+ u = f(u), ❡♠ Ω,

Bu = 0, s♦❜r❡ ∂Ω,

(P5)

q✉❛♥❞♦ ǫ → 0✱ ♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡ s✉❛✈❡✱ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛

Bu = u ❡♠ ❬✹✻❪ ❡ Bu = ∂u
∂η

❡♠ ❬✹✼❪✳

❊♠ ❬✷✸❪✱ ❇❛rts❝❤ ❡ ❲❛♥❣ ❝♦♥s✐❞❡r❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ s♦❧✉çõ❡s

♥♦❞❛✐s ♣❛r❛ ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s






−∆u+ (λa(x) + 1)u = f(u), ❡♠ R
N ,

u ∈ H1(RN),

(P6)

q✉❛♥❞♦ λ → +∞✱ s✉♣♦♥❞♦ q✉❡ f t❡♠ ❝r❡s❝✐♠❡♥t♦ s✉❜❝rít✐❝♦ ❡ a : RN → R é ✉♠❛

❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ ♥ã♦ ♥❡❣❛t✐✈❛ ❝♦♠ a−1({0}) s❡♥❞♦ ♥ã♦ ✈❛③✐♦ ❡ ✈❡r✐✜❝❛♥❞♦

|{x ∈ R
N ; a(x) ≤M0}| < +∞ ♣❛r❛ ❛❧❣✉♠ M0 > 0.

❊♠ ❬✶✻❪✱ ❇❛rts❝❤✱ ▲✐✉ ❡ ❲❡t❤ ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❝♦♠

❡①❛t❛♠❡♥t❡ ❞✉❛s r❡❣✐õ❡s ♥♦❞❛✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛






−∆u+ a(x)u = f(u), ❡♠ R
N ,

u ∈ H1(RN),

(P7)

♦♥❞❡ a é ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ ✈❡r✐✜❝❛♥❞♦✿

|{x ∈ Br(y) : a(x) ≤M}| → 0 q✉❛♥❞♦ |y| → +∞ ♣❛r❛ q✉❛❧q✉❡r M, r > 0.

✹



❖ ❧❡✐t♦r ♣♦❞❡ ❡♥❝♦♥t❛r ♠❛✐s r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ s♦❧✉çõ❡s ♥♦❞❛✐s ♥♦s ❛rt✐❣♦s ❞❡

❇❛rts❝❤✱ ❲❡t❤ ❛♥❞ ❲✐❧❧❡♠ ❬✶✽❪✱ ❇❛rts❝❤ ❡ ❲❡t❤ ❬✶✾❪✱ ❆❧✈❡s ❡ ❙♦❛r❡s ❬✽❪✱ ❇❛rts❝❤✱ ❈❧❛♣♣

❡ ❲❡t❤ ❬✷✹❪✱ ❩♦✉ ❬✺✼❪ ❡ ❡♠ r❡❢❡rê♥❝✐❛s ❝♦♥t✐❞❛s ❡♠ t♦❞♦s ♦s tr❛❜❛❧❤♦s ❝✐t❛❞♦s ❛❝✐♠❛✳

❉❡♣♦✐s ❞❡ ✉♠❛ r❡✈✐sã♦ ♥❛ ❧✐t❡r❛t✉r❛✱ ♦❜s❡r✈❛♠♦s q✉❡ ❡①✐st❡♠ ♣♦✉❝♦s tr❛❜❛❧❤♦s

♦♥❞❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ t❡♠ s✐❞♦ ❝♦♥s✐❞❡r❛❞❛ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛ ♥ã♦✲

❧✐♥❡❛r✐❞❛❞❡ f t❡♠ ✉♠ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧✳ ❈♦♥❤❡❝❡♠♦s ❛♣❡♥❛s ♦s tr❛❜❛❧❤♦s

❞❡ ❆❞✐♠✉rt❤✐ ❡ ❨❛❞❛✈❛ ❬✹❪✱ ❆❧✈❡s ❬✻❪ ❡ ❆❧✈❡s ❡ ❙♦❛r❡s ❬✶✵❪✳ ❊♠ ❬✹❪✱ ♦s ❛✉t♦r❡s ♣r♦✈❛r❛♠

❛ ❡①✐stê♥❝✐❛ ❞❡ ✐♥✜♥✐t❛s s♦❧✉çõ❡s r❛❞✐❛✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P4) q✉❛♥❞♦ Ω = BR(0) ⊂ R
2✳

❊♠ ❬✻❪✱ ♦ ❛✉t♦r ♠♦str♦✉ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s

❡♠ ❞♦♠í♥✐♦ ❡①t❡r✐♦r ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ◆❡✉♠❛♥♥✱ ❡ ❡♠ ❬✶✵❪✱ ❛ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çã♦ ♥♦❞❛❧ ❢♦✐ ❡st❛❜❡❧❡❝✐❞❛ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞♦ t✐♣♦






−ǫ2∆u+ V (x)u = f(u), ❡♠ R
N ,

u ∈ H1(RN),

♣❛r❛ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡ V ✈❡r✐✜❝❛♥❞♦ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s té❝♥✐❝❛s✳ ▼♦t✐✈❛❞♦s

♣♦r ❡st❡ ❢❛t♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ ♥❛ ♣r❡s❡♥t❡ t❡s❡ é✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❡s♣❡❝í✜❝♦ ❞❡

❤✐♣ót❡s❡s s♦❜r❡ V ✱ f ❡ Ω✱ ❛♥❛❧✐s❛r ❛s q✉❡stõ❡s ❞❡ ❡①✐stê♥❝✐❛✱ ♥ã♦ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐✲

❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P )✳

◆♦ ❈❛♣ít✉❧♦ ✶✱ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛

♦ ♣r♦❜❧❡♠❛ (P )✱ ♦✉ s❡❥❛✱ s♦❧✉çõ❡s q✉❡ ❛t✐♥❣❡♠ ♦ ♥í✈❡❧ ❞❡ ♠❡♥♦r ❡♥❡r❣✐❛ ❞❡♥tr❡ t♦❞❛s

s♦❧✉çõ❡s q✉❡ ♠✉❞❛♠ ❞❡ s✐♥❛❧✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✱ V : Ω → R é

✉♠ ♣♦t❡♥❝✐❛❧ ❝♦♥tí♥✉♦ ❡ ♥ã♦✲♥❡❣❛t✐✈♦ ❡ f s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s✿

(f1) ✭❈r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧✮

❊①✐st❡ C > 0 t❛❧ q✉❡

|f(s)| ≤ Ce4π|s|
2

♣❛r❛ t♦❞♦ s ∈ R;

(f2) ✭❈♦♠♣♦rt❛♠❡♥t♦ ♣ró①✐♠♦ ❞❛ ♦r✐❣❡♠✮

lim
s→0

f(s)

s
= 0;

(f3) ✭❈♦♥❞✐çã♦ ❞❡ ❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③✮

✺



❊①✐st❡ θ > 2 t❛❧ q✉❡

0 < θF (s) := θ

∫ s

0

f(t)dt ≤ sf(s), ♣❛r❛ t♦❞♦ s ∈ R \ {0}.

(f4) ❆ ❢✉♥çã♦ s→ f(s)

|s| é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❡♠ R \ {0}✳

(f5) ❊①✐st❡♠ ❝♦♥st❛♥t❡s p > 2 ❡ Cp > 0 t❛✐s q✉❡

sgn(s)f(s) ≥ Cp|s|p−1, ♣❛r❛ t♦❞♦ s ∈ R.

❈♦♠♦ s❛❜❡♠♦s✱ ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞♦ ♠ét♦❞♦ ✈❛r✐❛❝✐♦♥❛❧ ❞❡♣❡♥❞❡ ❞❛ ❣❡♦♠❡tr✐❛ ❞♦ ❢✉♥✲

❝✐♦♥❛❧ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ❡ ❞❡ ❛❧❣✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡✱ ♣♦r ❡①❡♠♣❧♦✱ ❛

❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡✳ ◆♦ ❝❛s♦ ❞❡ ♣r♦❜❧❡♠❛s ❝♦♠ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧✱

♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ♥ã♦ s❛t✐s❢❛③✱ ❡♠ ❣❡r❛❧✱ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s ❙♠❛❧❡✳ ❆ ❝♦♥st❛♥t❡

Cp ❞❛ ❤✐♣ót❡s❡ (f5) ❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❝♦♥t♦r♥❛r ❛ ❢❛❧t❛ ❞❡ ❝♦♠✲

♣❛❝✐❞❛❞❡✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ♠♦str❛♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❤✐♣ót❡s❡s ❞❛❞♦ ❛❝✐♠❛ ❡ ✉♠❛

❧✐♠✐t❛çã♦ ✐♥❢❡r✐♦r ❛❞❡q✉❛❞❛ ♣❛r❛ ❛ ❝♦♥st❛♥t❡ Cp sã♦ s✉✜❝✐❡♥t❡s ♣❛r❛ ❣❛r❛♥t✐r ❛ ❡①✐stê♥✲

❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ) ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛

Bu = 0 s♦❜r❡ ∂Ω✱ ♣❛r❛ ♦s ❞♦✐s ❝❛s♦s s❡❣✉✐♥t❡s✿

• Bu = u, u ∈ H1
0 (Ω) ✭❈♦♥❞✐çã♦ ❞❡ ❉✐r✐❝❤❧❡t✮❀

• Bu =
∂u

∂ν
, u ∈ H1(Ω) ✭❈♦♥❞✐çã♦ ❞❡ ◆❡✉♠❛♥♥✮✳

❊st❡ ❝❛♣ít✉❧♦ ❝♦♠♣❧❡♠❡♥t❛ ♦ ❡st✉❞♦ ❢❡✐t♦ ❡♠ [✷✾]✱ ♣♦✐s ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ♦

❝❛s♦ ❡♠ q✉❡ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ f t❡♠ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧✳ ❆❧é♠ ❞✐ss♦✱ ♥♦s

♥♦ss♦s ❛r❣✉♠❡♥t♦s ♥ã♦ ♥❡❝❡ss✐t❛♠♦s s✉♣♦r q✉❡ f é í♠♣❛r✱ ❢❛t♦ q✉❡ ❞❡s❡♠♣❡♥❤♦✉ ✉♠

♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♥♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ❡♠ [✷✾] ♣❛r❛ ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ (P1)✳ ❆ ❤✐♣ót❡s❡ (f5) é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ♥❛t✉r❛❧✱ ♣❛r❛ ♦

❝♦♥t❡①t♦ ❞❡ ❢✉♥çõ❡s q✉❡ ♠✉❞❛♠ ❞❡ s✐♥❛❧✱ ❞❛ ❤✐♣ót❡s❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❛❞❛ ❡♠ ❈❛♦

❬✷✻❪✱ ❛ q✉❛❧ ❢♦✐ ♣♦st❡r✐♦r♠❡♥t❡ ✉t✐❧✐③❛❞❛ ❡♠ ♦✉tr♦s tr❛❜❛❧❤♦s ❡♥✈♦❧✈❡♥❞♦ ❝r❡s❝✐♠❡♥t♦

❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧ ✭✈❡r ❬✶✶❪ ❡ ❬✻❪✮✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ♣r♦❜❧❡♠❛ (P ) ♥♦ ❝❛s♦ ❡♠ q✉❡ Ω = R
2✳ ❖❜t❡♠♦s

❞♦✐s r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉tô♥♦♠♦ ✭V ≡ ❝♦♥st❛♥t❡✮✿ ♦ ♣r✐♠❡✐r♦ é ✉♠ r❡s✉❧✲

t❛❞♦ ❞❡ ♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❡ ♦ s❡❣✉♥❞♦ é ✉♠ r❡s✉❧t❛❞♦

✻



❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ r❛❞✐❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✱ ✐✳❡✳✱ s♦❧✉çã♦ ❞❡ ♠❡♥♦r ❡♥❡r✲

❣✐❛ ❞❡♥tr❡ t♦❞❛s ❛s s♦❧✉çõ❡s ♥♦❞❛✐s r❛❞✐❛✐s✳ P♦st❡r✐♦r♠❡♥t❡✱ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛

❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ♥ã♦ ❛✉tô♥♦♠♦✳ ◆❡st❡ ❝❛s♦✱

❛ss✉♠✐♠♦s ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s s♦❜r❡ ♦ ♣♦t❡♥❝✐❛❧ V ✿

(V1) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ V0 > 0 t❛❧ q✉❡ V0 ≤ V (x)✱ ♣❛r❛ t♦❞♦ x ∈ R
2❀

(V2) ❊①✐st❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ Z
2✲♣❡r✐ó❞✐❝❛ V∞ : R2 → R s❛t✐s❢❛③❡♥❞♦

V (x) ≤ V∞(x) ∀x ∈ R
2

❡

lim
|x|→∞

|V (x)− V∞(x)| = 0.

(V3) ❊①✐st❡♠ µ < 1/2 ❡ C > 0 t❛✐s q✉❡

V (x) ≤ V∞(x)− Ce−µ|x|, ♣❛r❛ t♦❞♦ x ∈ R
2.

❆ss✉♠✐r❡♠♦s q✉❡ f é ✉♠❛ ❢✉♥çã♦ í♠♣❛r ✈❡r✐✜❝❛♥❞♦ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s (f1) − (f5)

✉t✐❧✐③❛❞❛s ♥♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✳ ❊♠ t♦❞♦s ♦s r❡s✉❧t❛❞♦s ❞❡st❡ ❝❛♣ít✉❧♦✱ ❛ss✐♠ ❝♦♠♦ ♥♦

❈❛♣ít✉❧♦ ✶✱ ✈❛♠♦s ♣r❡❝✐s❛r ❞❡ ✉♠❛ ❧✐♠✐t❛çã♦ ✐♥❢❡r✐♦r ❛❞❡q✉❛❞❛ ♣❛r❛ ❛ ❝♦♥st❛♥t❡ Cp

❞❛❞❛ ♥❛ ❤✐♣ót❡s❡ (f5)✳

❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥♦s ❈❛♣ít✉❧♦s ✶ ❡ ✷ ❢❛③❡♠ ♣❛rt❡ ❞♦ ❛rt✐❣♦ ❆❧✈❡s ❡ P❡r❡✐r❛ ❬✼❪✱

♦ q✉❛❧ ❢♦✐ ❛❝❡✐t♦ ♣❛r❛ ♣✉❜❧✐❝❛çã♦ ♥❛ r❡✈✐st❛ ❚♦♣♦❧♦❣✐❝❛❧ ▼❡t❤♦❞s ✐♥ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s

✭❚▼◆❆✮✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ❝♦♥s✐❞❡r❛♠♦s ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s






−∆u+ (λV (x) + 1)u = f(u), ❡♠ R
N ,

u ∈ H1(RN),

(P )λ

♦♥❞❡ λ ∈ (0,∞)✱ V : RN → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❝♦♠ V (x) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ R
N ✳

❊①✐st❡♠ ❞✐✈❡rs♦s ❛rt✐❣♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉✲

çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛ (P )λ ❡♠ R
N ✱ ♦♥❞❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❢✉♥çã♦ V ❞❡s❡♠♣❡♥❤❛ ✉♠

♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥♦ ❡st✉❞♦ ❞❛s s♦❧✉çõ❡s✳ P❛r❛ ♦ ❝❛s♦ N ≥ 3✱ ✈❡r ♣♦r ❡①❡♠♣❧♦✱ ♦s

❛rt✐❣♦s ❞❡ ❇❛rts❝❤ ❡ ❲❛♥❣ ❬✷✷❪✱ ❈❧❛♣♣ ❡ ❉✐♥❣ ❬✸✵❪✱ ❇❛rts❝❤✱ P❛♥❦♦✈ ❡ ❲❛♥❣ ❬✶✺❪✱ ●✉✐

❬✸✼❪✱ ❉✐♥❣ ❡ ❚❛♥❛❦❛ ❬✸✸❪ ❡ ❆❧✈❡s✱ ❞❡ ▼♦r❛✐s ❋✐❧❤♦ ❡ ❙♦✉t♦ ❬✶✹❪✳

✼



❊♠ ❬✸✸❪✱ ❉✐♥❣ ❡ ❚❛♥❛❦❛ ❝♦♥s✐❞❡r❛r❛♠ ♦ ♣r♦❜❧❡♠❛ (P )λ ❛ss✉♠✐♥❞♦ q✉❡ ♦ ❝♦♥❥✉♥t♦

Ω = int V −1({0}) t❡♠ k ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❡ f(s) = |s|q−2s ❝♦♠ 2 < q < 2∗✱ ❡❧❡s

♠♦str❛r❛♠ q✉❡ (P )λ t❡♠ ♣❡❧♦ ♠❡♥♦s 2k−1 s♦❧✉çõ❡s ♠✉❧t✐✲❜✉♠♣ ♣♦s✐t✐✈❛s ♣❛r❛ ✈❛❧♦r❡s

❣r❛♥❞❡s ❞❡ λ✱ q✉❡ sã♦ ❡ss❡♥❝✐❛♠❡♥t❡ ❢✉♥çõ❡s q✉❡ t❡♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ♠á①✐♠♦s

❧♦❝❛✐s✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞♦ ❝♦♥❥✉♥t♦ Ω✳

❆❧❣✉♥s ❛r❣✉♠❡♥t♦s ❡①♣❧♦r❛❞♦s ❡♠ [✸✸] ❢♦r❛♠ ❛❞❛♣t❛❞♦s ❞❡ ❛r❣✉♠❡♥t♦s ❡♥❝♦♥tr❛❞♦s

♥♦s tr❛❜❛❧❤♦s ❞❡ ❞❡❧ P✐♥♦ ❡ ❋❡❧♠❡r ❬✹✾❪ ❡ ❙éré ❬✺✸❪✳ ❖ ♠❡s♠♦ t✐♣♦ ❞❡ r❡s✉❧t❛❞♦ ❢♦✐

♦❜t✐❞♦ ♣♦r ❆❧✈❡s✱ ❞❡ ▼♦r❛✐s ❋✐❧❤♦ ❡ ❙♦✉t♦ ❡♠ ❬✶✹❪ ❡ ❆❧✈❡s ❡ ❙♦✉t♦ ❬✶✸❪✱ ❛ss✉♠✐♥❞♦ q✉❡

f t❡♠ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ♣❛r❛ ♦ ❝❛s♦ N ≥ 3 ❡ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦ ❝❛s♦ N = 2✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊♠ ❬✺❪✱ ❆❧✈❡s ♠♦t✐✈❛❞♦ ♣♦r ❬✸✵❪ ❡ ❬✸✸❪ ❝♦♥s✐❞❡r♦✉ ❛ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡

❞❡ s♦❧✉çõ❡s ❞♦ t✐♣♦ ♠✉❧t✐✲❜✉♠♣ ♥♦❞❛❧ ♣❛r❛ (P )λ ❡①♣❧♦r❛♥❞♦ t❛♠❜é♠ ♦ ♥ú♠❡r♦ ❞❡

❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞♦ ❝♦♥❥✉♥t♦ Ω := int V −1{0}✱ ❛ss✉♠✐♥❞♦ q✉❡ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡

f t❡♠ ❝r❡s❝✐♠❡♥t♦ s✉❜❝rít✐❝♦✳

▼♦t✐✈❛❞♦s ♣♦r ❬✶✸❪ ❡ ❬✺❪✱ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞♦

t✐♣♦ ♠✉❧t✐✲❜✉♠♣ ♥♦❞❛❧ ♣❛r❛ (P )λ q✉❛♥❞♦ f t❡♠ ❝r❡❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧ ❡♠

R
2✳ ❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❝♦♠♣❧❡t❛ ♦s ❡st✉❞♦s ❢❡✐t♦s ❡♠ ❬✶✸❪ ❡ ❬✺❪ ♥♦s

s❡❣✉✐♥t❡s ♣♦♥t♦s✿

• ❊♠ ❬✶✸❪✱ ❛♣❡s❛r ❞♦ ❝r❡s❝✐♠❡♥t♦ ❞❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ s❡r ♦ ♠❡s♠♦ ❛ss✉♠✐❞♦ ❛q✉✐✱

❛s s♦❧✉çõ❡s ❡♥❝♦♥tr❛❞❛s sã♦ ♣♦s✐t✐✈❛s❀

• ❊♠ ❬✺❪✱ ❛s s♦❧✉çõ❡s ❡♥❝♦♥tr❛❞❛s sã♦ ❞♦ t✐♣♦ ♠✉❧t✐✲❜✉♠♣ ♥♦❞❛❧✱ ♠❛s ❛ ♥ã♦ ❧✐♥❡❛✲

r✐❞❛❞❡ t❡♠ ✉♠ ❝r❡s❝✐♠❡♥t♦ s✉❜❝rít✐❝♦✳

• ❆ ❝♦♥str✉çã♦ ♠✐♥✐♠❛① é ❞✐❢❡r❡♥t❡ ❞♦ ❝❛s♦ ❞❛s s♦❧✉çõ❡s ♠✉❧t✐✲❜✉♠♣ ♣♦s✐t✐✈❛s✳

◆♦ ❈❛♣ít✉❧♦ ✹✱ ❡st✉❞❛♠♦s ♦ ♣r♦❜❧❡♠❛






−∆u = f(u), ❡♠ B,

u = 0, s♦❜r❡ ∂B,

(P )

♦♥❞❡ B é ✉♠❛ ❜♦❧❛ ❡♠ R
2 ❡ f é ✉♠❛ ❢✉♥çã♦ í♠♣❛r s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s (f1)−(f2)✱

❡ ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s ❛❞✐❝✐♦♥❛✐s✿

✽



(H1) ❊①✐st❡♠ s0 > 0 ❡ M > 0 t❛✐s q✉❡

0 < F (s) :=

∫ s

0

f(t)dt ≤M |f(s)|, ♣❛r❛ t♦❞♦ |s| ≥ s0.

(H2) 0 < F (s) ≤ 1

2
f(s)s, ♣❛r❛ t♦❞♦ s ∈ R \ {0}.

(H3) lims→∞ sf(s)e−4πs2 = +∞

❉✐✈✐❞✐♥❞♦ B ❡♠ s❡t♦r❡s ❛♥❣✉❧❛r❡s ❡ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✱

♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❡♠ ✉♠ ❞♦s s❡t♦r❡s ❞❡ B✳ ❆ ♣❛rt✐r

❞❡st❛ s♦❧✉çã♦ ❡ ❞❡ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❝♦♥t✐♥✉❛çã♦ ❛♥t✐✲s✐♠étr✐❝❛ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛

❞❡ ✐♥✜♥✐t❛s s♦❧✉çõ❡s ♥♦❞❛✐s ❡♠ B✳ ❊st❛s s♦❧✉çõ❡s ❞✐❢❡r❡♠✲s❡ ✉♠❛s ❞❛s ♦✉tr❛s ♣❡❧♦

♥ú♠❡r♦ ❞❡ r❡❣✐õ❡s ❡♠ q✉❡ ❡❧❛s ♠✉❞❛♠ ❞❡ s✐♥❛❧✳

❆ ❤✐♣ót❡s❡ (H3) ❢♦✐ ✐♥✐❝✐❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❛❞❛ ❡♠ ❆❞✐♠✉rt❤✐ ❬✷❪✱ ✈❡r t❛♠❜é♠ ❬✸✹❪✳

❊st❛ ❤✐♣ót❡s❡ s❡rá ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❣❛r❛♥t✐r♠♦s ♥ã♦ só ❛ ❡①✐stê♥❝✐❛✱ ♠❛s t❛♠❜é♠ ❛

✐♥✜♥✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s✳

❈✐t❛♠♦s ❛ s❡❣✉✐r ❞♦✐s ❛rt✐❣♦s q✉❡ ♥♦s ♠♦t✐✈❛r❛♠ ❛ ❡st✉❞❛r ♦ ♣r♦❜❧❡♠❛ (P )✳

❊♠ ❬✸✶❪✱ ❈♦♠t❡ ❡ ❑♥❛❛♣ ❞❡s❡♥✈♦❧✈❡r❛♠ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❝♦♥t✐♥✉❛çã♦ ❛♥t✐✲s✐♠étr✐❝❛

♣❛r❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✐♥✜♥✐t❛s s♦❧✉çõ❡s ♥♦❞❛✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❝♦♠ ❝r❡s❝✐♠❡♥t♦

❝rít✐❝♦ 





−∆u = λu+ |u|2∗−1u, ❡♠ B,

∂u

∂η
= 0, s♦❜r❡ ∂B,

(P∗)

♦♥❞❡ λ ∈ R ❡ B ⊂ R
N é ✉♠❛ ❜♦❧❛✱ ❝♦♠ N ≥ 3✳

❊st❡ r❡s✉❧t❛❞♦ ❢♦✐ ❡①t❡♥❞✐❞♦ ♦✉ ❝♦♠♣❧❡♠❡♥t❛❞♦ ♣♦r ❞❡ ▼♦r❛✐s ❋✐❧❤♦✱ ▼✐②❛❣❛❦✐ ❡

❋❛r✐❛ ❡♠ ❬✹✹❪✱ ♦♥❞❡ ♦s ❛✉t♦r❡s ♠♦str❛r❛♠ q✉❡ ♦ s✐st❡♠❛ ❡❧í♣t✐❝♦







−∆U = ∇
(
1

2
(AU,U)R2 + F (U)

)

, ❡♠ B,

∂U

∂η
= 0, s♦❜r❡ ∂B,

(S∗)

♦♥❞❡ B ⊂ R
N é ✉♠❛ ❜♦❧❛✱ U = (u, v) ∈ H1(Ω) × H1(Ω)✱ ∆U = (∆u,∆v)✱ ∇ é ♦

♦♣❡r❛❞♦r ❣r❛❞✐❡♥t❡✱

A =




a b

b c



 ∈M2×2(R),

✾



(·, ·)R2 é ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❝❛♥ô♥✐❝♦ ❡

F (u, v) =
2

2∗
(
|u|α|v|β + |u|2∗ + |v|2∗

)

❝♦♠ α, β > 1 t❛✐s q✉❡ α + β = 2∗✱ ♣♦ss✉✐ ✐♥✜♥✐t❛s s♦❧✉çõ❡s ♥♦❞❛✐s✱ ❞❡s❞❡ q✉❡ b ≥ 0✳

◆♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ♥❡st❡ ❝❛♣ít✉❧♦ ❝♦♠♣❧❡♠❡♥t❛ ♦s ❡st✉❞♦s ❢❡✐t♦s ❡♠ [✸✶]

❡ ❬✹✹❪✱ ♣♦✐s ❡①t❡♥❞❡♠♦s ♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥t✐♥✉❛çã♦ ❛♥t✐✲s✐♠étr✐❝❛ ❞❡ ❈♦♠t❡ ❡ ❑♥❛❛♣

♣❛r❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡s f s❡♥❞♦ ❛♣❡♥❛s ❝♦♥tí♥✉❛ ❡ í♠♣❛r✱ ❡ ♣♦r ❝♦♥s✐❞❡r❛r♠♦s ♦ ❝❛s♦ ❡♠

q✉❡ f t❡♠ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧✳ ➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ❡♠ ❛♠❜♦s ♦s

tr❛❜❛❧❤♦s ❝✐t❛❞♦s ❛❝✐♠❛✱ ❢♦✐ ❝♦♥s✐❞❡r❛❞❛ ❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ◆❡✉♠❛♥♥✱ t❡♥❞♦

❡♠ ✈✐st❛ q✉❡ ❛ ■❞❡♥t✐❞❛❞❡ ❞❡ P♦❤♦③❛❡✈ ❬✹✽❪ ❣❛r❛♥t❡ q✉❡ ♦ ♣r♦❜❧❡♠❛ (P∗)✱ ❝♦♠ ❝♦♥❞✐çã♦

❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t✱ ♥ã♦ ♣♦ss✉✐ s♦❧✉çõ❡s ♣❛r❛ λ < 0 ❡ N ≥ 3✳

✶✵



❈❛♣ít✉❧♦ ✶

❙♦❧✉çã♦ ♥♦❞❛❧ ♠✐♥✐♠❛❧ ❡♠ ✉♠

❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛

♦ ♣r♦❜❧❡♠❛ (P ) q✉❛♥❞♦ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡♠ R
2 ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❉✐r✐❝❤❧❡t ❡ ❞❡

◆❡✉♠❛♥♥ s♦❜r❡ ❛ ❢r♦♥t❡✐r❛✳ ◆♦ss❛ ♠♦t✐✈❛çã♦ ✈❡♠ ❞♦ tr❛❜❛❧❤♦ ❞❡ ❈❡r❛♠✐✱ ❙♦❧✐♠✐♥✐ ❡

❙tr✉✇❡ ❬✷✾❪✱ ♥♦ ❡♥t❛♥t♦✱ ❞❡s❡♥✈♦❧✈❡♠♦s ❛q✉✐ ✉♠ ♥♦✈♦ ♠ét♦❞♦ ♣❛r❛ ♦❜t❡r ✉♠❛ s❡q✉ê♥❝✐❛

❞❡ P❛❧❛✐s✲❙♠❛❧❡ ❞❡ ❢✉♥çõ❡s ♥♦❞❛✐s ❛ss♦❝✐❛❞❛ ❝♦♠ ♦ ♥í✈❡❧ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✳

✶✳✶ Pr♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t

◆❡st❛ s❡çã♦✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛

♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t






−∆u+ V (x)u = f(u), ❡♠ Ω,

u = 0, s♦❜r❡ ∂Ω,

(D)

♦♥❞❡ Ω ⊂ R
2 é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ V : Ω → R é ✉♠ ♣♦t❡♥❝✐❛❧

❝♦♥tí♥✉♦ ❡ ♥ã♦ ♥❡❣❛t✐✈♦ ❡ f é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ✈❡r✐✜❝❛♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

(f1) ❊①✐st❡ C > 0 t❛❧ q✉❡

|f(s)| ≤ Ce4π|s|
2

♣❛r❛ t♦❞♦ s ∈ R;

(f2) lim
s→0

f(s)

s
= 0❀



(f3) ❊①✐st❡ θ > 2 t❛❧ q✉❡

0 < θF (s) := θ

∫ s

0

f(t)dt ≤ sf(s), ♣❛r❛ t♦❞♦ s ∈ R \ {0};

(f4) ❆ ❢✉♥çã♦ s→ f(s)

|s| é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❡♠ R \ {0}❀

(f5) ❊①✐st❡♠ ❝♦♥st❛♥t❡s p > 2 ❡ Cp > 0 t❛✐s q✉❡

sgn(s)f(s) ≥ Cp|s|p−1 ♣❛r❛ t♦❞♦ s ∈ R.

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ♥❡st❛ s❡çã♦ é ♦ s❡❣✉✐♥t❡✳

❚❡♦r❡♠❛ ✶✳✶✳✶ ❙❡❥❛ V : Ω → R ✉♠ ♣♦t❡♥❝✐❛❧ ❝♦♥tí♥✉♦ ❡ ♥ã♦✲♥❡❣❛t✐✈♦ ❡ s✉♣♦♥❤❛ q✉❡

(f1) − (f5) sã♦ ✈á❧✐❞❛s✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛ (D) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛

♠í♥✐♠❛✱ ❞❡s❞❡ q✉❡ ❛ ❝♦♥st❛♥t❡ Cp ✈❡r✐✜q✉❡

Cp >

[
2θβp
θ − 2

](p−2)/2

, ♦♥❞❡ βp = inf
Mp

Ip, ✭✶✳✶✮

Ip(u) =
1

2

∫

Ω

(
|∇u|2 + V (x)u2

)
− 1

p

∫

Ω

|u|p

❡

Mp =

{

u ∈ H1
0 (Ω) : u± 6= 0 ❡

∫

Ω

|∇u±|2 + V (x)|u±|2 =
∫

Ω

|u±|p
}

.

◆♦ q✉❡ s❡❣✉❡✱ ❞❡♥♦t❛♠♦s ♣♦r E ♦ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ H1
0 (Ω) ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

‖u‖2V =

∫

Ω

(
|∇u|2 + V (x)|u|2

)
.

❚❡♠✲s❡ q✉❡ E é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡✜♥✐❞♦ ♣♦r

〈u, v〉V =

∫

Ω

(∇u∇v + V (x)uv) .

❆❧é♠ ❞✐ss♦✱ ❛ ♥♦r♠❛ ‖ · ‖V é ❡q✉✐✈❛❧❡♥t❡ ❛ ♥♦r♠❛ ✉s✉❛❧ ‖ · ‖Ω ❞❡ H1
0 (Ω) ❞❡✜♥✐❞❛ ♣♦r

‖u‖2Ω =

∫

Ω

|∇u|2,

♣♦✐s

‖u‖2Ω ≤ ‖u‖2V ≤ (1 + V1/λ1) ‖u‖2Ω, ∀u ∈ H1
0 (Ω), ✭✶✳✷✮

♦♥❞❡ λ1 é ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞❡ (−∆, H1
0 (Ω)) ❡ V1 = max

x∈Ω
V (x)✳

✶✷



❙❡❣✉❡ ❞❛s ❤✐♣ót❡s❡s (f1) ❡ (f2) q✉❡✱ ❞❛❞♦s ǫ > 0✱ q ≥ 1 ❡ α > 4π✱ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ C = C(ǫ, q, α) > 0 t❛❧ q✉❡

|f(s)| ≤ ǫ|s|+ C|s|q−1eαs
2

, ♣❛r❛ t♦❞♦ s ∈ R. ✭✶✳✸✮

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

|F (s)| ≤ ǫ
s2

2
+ C|s|qeαs2 , ♣❛r❛ t♦❞♦ s ∈ R. ✭✶✳✹✮

❆ss✐♠✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✭✷✮✱ F (u) ∈ L1(Ω) ♣❛r❛ t♦❞♦ u ∈ E✳

❯s❛♥❞♦ ❛r❣✉♠❡♥t♦s ♣❛❞rã♦✱ ♠♦str❛✲s❡ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ I : E → R ❛ss♦❝✐❛❞♦

❝♦♠ (D)✱ ❞❛❞♦ ♣♦r

I(u) =
1

2
‖u‖2V −

∫

Ω

F (u),

❡stá ❜❡♠ ❞❡✜♥✐❞♦ s❡♥❞♦ ❞❡ ❝❧❛ss❡ C1(E;R) ❝♦♠

I ′(u)v = 〈u, v〉V −
∫

Ω

f(u)v, ∀u, v ∈ E.

P♦rt❛♥t♦✱ ♣♦♥t♦s ❝rít✐❝♦s ❞❡ I sã♦ s♦❧✉çõ❡s ❢r❛❝❛s ❞♦ ♣r♦❜❧❡♠❛ (D)✳ ❙❛❜❡♠♦s q✉❡ t♦❞♦

♣♦♥t♦ ❝rít✐❝♦ ♥ã♦ tr✐✈✐❛❧ ❞❡ I ♣❡rt❡♥❝❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐

N = {u ∈ E \ {0} : I ′(u)u = 0}.

❈♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✱ ❞❡✜♥✐♠♦s ♦ ❝♦♥❥✉♥t♦

M = {u ∈ E : u± 6= 0, I ′(u±)u± = 0},

❡ ♦ ♥ú♠❡r♦ r❡❛❧

c∗ = inf
u∈M

I(u).

■♥t❡r♣r❡t❛♠♦s ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✱ ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❢✉♥çã♦

u ∈ M s❛t✐s❢❛③❡♥❞♦

I(u) = c∗ ❡ I ′(u) = 0.

◆♦ q✉❡ s❡❣✉❡✱ ❡st❛❜❡❧❡❝❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❞❡♠♦♥str❛r ♦

❚❡♦r❡♠❛ ✶✳✶✳✶✳ ❖ ♣r✐♠❡✐r♦ ❞❡❧❡s✱ ❥á é ❝❧áss✐❝♦ ♥❛ ❧✐t❡r❛t✉r❛✱ ❡ s✉❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡

s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❲✐❧❧❡♠ ❬✺✻✱ ▲❡♠❛ ✹✳✶❪✳

▲❡♠❛ ✶✳✶✳✷ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s (f1) − (f4)✱ ♣❛r❛ q✉❛❧q✉❡r u ∈ H1
0 (Ω) \ {0}✱ ❡①✐st❡ ✉♠

ú♥✐❝♦ t = t(u) > 0 t❛❧ q✉❡ t(u)u ∈ N ✳ ❆❧é♠ ❞✐ss♦✱

max
s≥0

I(su) = I(t(u)u).

✶✸



❖❜s❡r✈❛çã♦ ✶✳✶✳✸ ❖ ❧❡✐t♦r ♣♦❞❡ ♣❡r❝❡❜❡r q✉❡ ♥♦ ▲❡♠❛ ✹✳✶ ❞❡ ❬✺✻❪ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡

t❡♠ ✉♠ ❝r❡s❝✐♠❡♥t♦ s✉❜❝rít✐❝♦✱ ♥♦ ❡♥t❛♥t♦✱ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✶✳✶✳✷ ✭♦♥❞❡ ❛

♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ t❡♠ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧✮ é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛ ♠❡s♠❛✳

❈♦r♦❧ár✐♦ ✶✳✶✳✹ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s (f1) − (f4)✱ ♣❛r❛ q✉❛❧q✉❡r u ∈ H1
0 (Ω) ✈❡r✐✜❝❛♥❞♦

u± 6= 0✱ ❡①✐st❡♠ ú♥✐❝♦s s = s(u) > 0 ❡ t = t(u) > 0 t❛✐s q✉❡ s(u)u+ + t(u)u− ∈ M✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❡st❛❜❡❧❡❝❡ ✉♠❛ ❧✐♠✐t❛çã♦ s✉♣❡r✐♦r ♣❛r❛ ❛ ❝♦♥st❛♥t❡ c∗ q✉❡

s❡rá ❡①♣❧♦r❛❞❛ ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦✳

▲❡♠❛ ✶✳✶✳✺ ❙❡❥❛ θ ♦ ♥ú♠❡r♦ ❞❡✜♥✐❞♦ ♣❡❧❛ ❝♦♥❞✐çã♦ (f3)✳ ❚❡♠✲s❡

c∗ <
θ − 2

2θ
.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ũ ∈ Mp ✈❡r✐✜❝❛♥❞♦

Ip(ũ) = βp ❡ I ′p(ũ) = 0. ✭✶✳✺✮

❖ ❧❡✐t♦r ♣♦❞❡ ❡♥❝♦♥tr❛r ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ũ ❡♠ ❇❛rts❝❤ ❛♥❞ ❲❡t❤ ❬✷✵❪✳

❙❡❣✉❡ ❞❡ (1.5) q✉❡

βp =
1

2

∫

Ω

(|∇ũ|2 + V (x)|ũ|2)− 1

p

∫

Ω

|ũ|p, ✭✶✳✻✮

∫

Ω

(|∇ũ|2 + V (x)|ũ|2) =
∫

Ω

|ũ|p ✭✶✳✼✮

❡
∫

Ω

(|∇ũ±|2 + V (x)|ũ±|2) =
∫

Ω

|ũ±|p. ✭✶✳✽✮

❙✉❜st✐t✉✐♥❞♦ (1.7) ❡♠ (1.6)✱ ♦❜t❡♠♦s

βp =

(
1

2
− 1

p

)∫

Ω

|ũ|p. ✭✶✳✾✮

❙❡♥❞♦ ũ ∈ H1
0 (Ω) ❝♦♠ ũ± 6= 0✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✶✳✹✱ ❡①✐st❡♠ ú♥✐❝♦s s, t > 0 t❛✐s

q✉❡ sũ+ + tũ− ∈ M✳ ▲♦❣♦✱

c∗ ≤ I(sũ+ + tũ−) = I(sũ+) + I(tũ−),

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

c∗ ≤ s2

2

∫

Ω

(
|∇ũ+|2 + V (x)|ũ+|2

)
−
∫

Ω

F (sũ+)

✶✹



+
t2

2

∫

Ω

(
|∇ũ−|2 + V (x)|ũ−|2

)
−
∫

Ω

F (tũ−).

❯s❛♥❞♦ ❛ ❤✐♣ót❡s❡ (f5) ❡ (1.8) ✜❝❛♠♦s ❝♦♠

c∗ ≤
(
s2

2
− Cps

p

p

)∫

Ω

|ũ+|p +
(
t2

2
− Cpt

p

p

)∫

Ω

|ũ−|p,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

c∗ ≤ max
r≥0

{
r2

2
− Cpr

p

p

}∫

Ω

|ũ|p.

❯♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s ♠♦str❛ q✉❡

max
r≥0

{
r2

2
− Cpr

p

p

}

= C
2

2−p
p

(
1

2
− 1

p

)

,

❡ ♣♦rt❛♥t♦ ♣♦r (1.9)

c∗ ≤ C
2

2−p
p

(
1

2
− 1

p

)∫

Ω

|ũ|p = C
2

2−p
p βp. ✭✶✳✶✵✮

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ (1.10)✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ (1.1)✱ ✐♠♣❧✐❝❛ ❡♠

c∗ <
θ − 2

2θ
,

❝♦♠♦ q✉❡r✐❛♠♦s ❞❡♠♦♥str❛r✳ �

❖ ♣ró①✐♠♦ ❧❡♠❛ ❡st❛❜❡❧❡❝❡ ❞♦✐s ✐♠♣♦rt❛♥t❡s ❧✐♠✐t❡s ❡♥✈♦❧✈❡♥❞♦ ❛ ❢✉♥çã♦ f ✳

▲❡♠❛ ✶✳✶✳✻ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ E s❛t✐s❢❛③❡♥❞♦

✭✶✮ b := sup
n∈N

‖un‖2V < 1;

✭✷✮ un ⇀ u ❡♠ H1
0 (Ω) ❡❀

✭✸✮ un(x) → u(x) q✳t✳♣✳ ❡♠ Ω✳

❊♥tã♦✱

lim
n

∫

Ω

f(un)un =

∫

Ω

f(u)u ✭✶✳✶✶✮

❡

lim
n

∫

Ω

f(un)v =

∫

Ω

f(u)v, ✭✶✳✶✷✮

♣❛r❛ q✉❛❧q✉❡r v ∈ E✳

✶✺



❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞❛ ❤✐♣ót❡s❡ (f1) q✉❡

|f(un)un| ≤ C|un|e4π|un|2 , ∀n ∈ N.

❆✜r♠❛♠♦s q✉❡

|un|e4π|un|2Ω → |u|e4π|u|2 ❡♠ L1(Ω), q✉❛♥❞♦ n→ ∞. ✭✶✳✶✸✮

❉❡ ❢❛t♦✱ ❞❡s❞❡ q✉❡ ‖un‖2Ω ≤ ‖un‖2V ≤ b✱ ♣❛r❛ t > 1 t❡♠♦s
∫

Ω

(

e4π|un|2
)t

=

∫

Ω

e
4πt‖un‖2Ω

(

|un|
‖un‖Ω

)2

≤
∫

Ω

e
4πtb

(

|un|
‖un‖Ω

)2

.

❙❡♥❞♦ b < 1✱ ♣♦❞❡♠♦s ✜①❛r t > 1 ❝♦♠ t ≈ 1 ❞❡ t❛❧ ♠♦❞♦ q✉❡ tb < 1✳ ❙❡♥❞♦ ❛ss✐♠✱

♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✭✷✮✱

sup
n

∫

Ω

(

e4π|un|2
)t

≤ sup
‖v‖Ω≤1

∫

Ω

e4πtb|v|
2

<∞.

▲♦❣♦✱ ❛ s❡q✉ê♥❝✐❛ (e4π|un|2) é ❧✐♠✐t❛❞❛ ❡♠ Lt(Ω) ❡

e4π|un(x)|2 → e4π|u(x)|
2

q✳t✳♣✳ ❡♠ Ω.

❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ❆✳✾ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱

e4π|un|2 ⇀ e4π|u|
2

❡♠ Lt(Ω). ✭✶✳✶✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❛ ✐♠❡rsã♦ H1
0 (Ω) →֒ Lt′(Ω)✱

|un| → |u| ❡♠ Lt′(Ω), ♦♥❞❡ 1/t+ 1/t′ = 1. ✭✶✳✶✺✮

❙❡❣✉❡ ❞❡ (1.14)✱ (1.15) ❡ ❞♦ ▲❡♠❛ ❆✳✽ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ q✉❡ ♦ ❧✐♠✐t❡ ❡♠ (1.13)

♦❝♦rr❡✳ P♦rt❛♥t♦✱ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧✐♠✐t❡ ❡♠ (1.11) é ♦❜t✐❞❛ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❛

❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ●❡♥❡r❛❧✐③❛❞❛ ❞❡ ▲❡❜❡s❣✉❡ ✭❚❡♦r❡♠❛ ❆✳✶✷ ❞♦ ❆♣ê♥❞✐❝❡ ❆✮✳ ❆

❞❡♠♦♥str❛çã♦ ❞❡ (1.12) s❡❣✉❡ ✉s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦✳ �

❖ r❡s✉❧t❛❞♦ ❛❜❛✐①♦ é ❜❡♠ ❝♦♥❤❡❝✐❞♦ ♣❛r❛ ♣r♦❜❧❡♠❛s ❡♠ R
N ❝♦♠ N ≥ 3✳ ❆q✉✐✱

❞❡❝✐❞✐♠♦s ❡s❝r❡✈❡r s✉❛ ❞❡♠♦♥str❛çã♦ ♣♦rq✉❡ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ❝r❡s❝✐♠❡♥t♦

❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧✳

▲❡♠❛ ✶✳✶✳✼ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ m0 > 0 t❛❧ q✉❡

0 < m0 ≤ ‖u‖2V , ∀u ∈ N .

✶✻



❉❡♠♦♥str❛çã♦✳ ❈♦♠❡ç❛♠♦s ✜①❛♥❞♦ q > 2 ❡♠ (1.3)✳ ❙✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❛

❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♥ã♦ ♦❝♦rr❛✳ ❙❡♥❞♦ ❛ss✐♠✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (un) ⊂ N t❛❧ q✉❡

‖un‖2V → 0✱ q✉❛♥❞♦ n→ ∞✳ ❙❡♥❞♦ un ∈ N ✱ t❡♠♦s

‖un‖2V =

∫

Ω

f(un)un,

♦ q✉❡ ✐♠♣❧✐❝❛ ♣♦r (1.3) ❡♠

‖un‖2V ≤ ǫ|un|22,Ω + C

∫

Ω

|un|qeα|un|2 .

P❡❧❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈ ❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱

‖un‖2V ≤ C1ǫ‖un‖2V + C|un|q2q,Ω
(∫

Ω

e2α|un|2
)1/2

.

❯s❛♥❞♦ ❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s ❞❡ ❙♦❜♦❧❡✈✱

(1− C1ǫ)‖un‖2V ≤ C2‖un‖qV
(∫

Ω

e2α|un|2
)1/2

.

❊s❝♦❧❤❡♥❞♦ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❞❡ ♠♦❞♦ q✉❡ C3 :=
1− C1ǫ

C2

> 0✱ ❡♥❝♦♥tr❛✲

♠♦s

0 < C3 ≤ ‖un‖q−2
V

(∫

Ω

e2α|un|2
)1/2

. ✭✶✳✶✻✮

❙❡♥❞♦ ‖un‖2 → 0✱ q✉❛♥❞♦ n→ ∞✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

2α‖un‖2 ≤ 4π, ∀n ≥ n0.

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✭✷✮✱

∫

Ω

e2α|un|2 =

∫

Ω

e
2α‖un‖2Ω

(

|un|
‖un‖Ω

)2

≤
∫

Ω

e
4π

(

|un|
‖un‖Ω

)2

≤ C, ∀n ≥ n0.

▲♦❣♦✱ ♣♦r (1.16)✱

0 <

(
C3√
C

)1/(q−2)

≤ ‖un‖V , ∀n ≥ n0,

♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ q✉❡ ‖un‖V → 0✱ q✉❛♥❞♦ n→ ∞✳ �

❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ▲❡♠❛ ✶✳✶✳✼✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✳

❈♦r♦❧ár✐♦ ✶✳✶✳✽ P❛r❛ t♦❞♦ u ∈ M✱

0 < m0 ≤ ‖u±‖2V ≤ ‖u‖2V .

✶✼



❈♦r♦❧ár✐♦ ✶✳✶✳✾ ❊①✐st❡ δ2 > 0 t❛❧ q✉❡

I(u), I(u±) ≥ 2δ2 ∀u ∈ M.

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡ s❡ v ∈ N ✱ ❡♥tã♦

I(v) = I(v)− 1

θ
I ′(v)v =

(
1

2
− 1

θ

)

‖v‖2V −
∫

Ω

(

F (v)− 1

θ
f(v)v

)

.

▲♦❣♦✱ ❞❡ (f3) ❡ ❞♦ ▲❡♠❛ ✶✳✶✳✼✱

I(v) ≥
(
1

2
− 1

θ

)

‖v‖2V ≥
(
1

2
− 1

θ

)

m0 := 2δ2, ∀v ∈ N .

❖ r❡s✉❧t❛❞♦ s❡❣✉❡ ♦❜s❡r✈❛♥❞♦ q✉❡ s❡ u ∈ M✱ ❡♥tã♦ u, u± ∈ N ✳ �

◆♦ q✉❡ s❡❣✉❡✱ ♠♦str❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ♦ ❝♦♥❥✉♥t♦

S̃λ := {u ∈ M : I(u) < c∗ + λ},

♦♥❞❡ λ > 0 é ✉♠❛ ❝♦♥st❛♥t❡ ❛ s❡r ✜①❛❞❛ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✳

▲❡♠❛ ✶✳✶✳✶✵ P❛r❛ t♦❞♦ u ∈ S̃λ✱ t❡♠✲s❡

0 < m0 ≤ ‖u±‖2V ≤ ‖u‖2V ≤ mλ,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ mλ ∈ (0, 1) ❡ λ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡♥❞♦ S̃λ ⊂ M✱ ❡♠ ✈✐st❛ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✶✳✽✱ ♣r❡❝✐s❛♠♦s ❛♣❡♥❛s

♠♦str❛r q✉❡ ❡①✐st❡ mλ > 0 t❛❧ q✉❡

‖u‖2V ≤ mλ < 1, ∀u ∈ S̃λ.

P❛r❛ t❛❧ ✜♠✱ ♥♦t❡ q✉❡ s❡ u ∈ S̃λ✱

c∗ + λ ≥ I(u) = I(u)− 1

θ
I ′(u)u =

(
1

2
− 1

θ

)

‖u‖2V −
∫

Ω

(

F (u)− 1

θ
f(u)u

)

.

▲♦❣♦✱ ♣❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③ (f3)✱

c∗ + λ ≥
(
θ − 2

2θ

)

‖u‖2V .

❚❡♥❞♦ ❡♠ ✈✐st❛ ♦ ▲❡♠❛ ✶✳✶✳✺✱ ♣♦❞❡♠♦s ✜①❛r λ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❞❡ t❛❧

♠♦❞♦ q✉❡

c∗ + λ <

(
θ − 2

2θ

)

,

✶✽



❡ ♣♦rt❛♥t♦

‖u‖2V ≤ 2θ(c∗ + λ)

θ − 2
:= mλ < 1, ∀u ∈ S̃λ.

❆ss✐♠ ❝♦♠♣❧❡t❛♠♦s ❛ ♣r♦✈❛ ❞♦ ❧❡♠❛✳ �

❖ ♣ró①✐♠♦ ❧❡♠❛ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ♦ ❧✐♠✐t❡ ❢r❛❝♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛

❞❡ P❛❧❛✐s✲❙♠❛❧❡ ❡♠ S̃λ é ✉♠❛ ❢✉♥çã♦ ♥♦❞❛❧✳

▲❡♠❛ ✶✳✶✳✶✶ P❛r❛ ❝❛❞❛ q > 2✱ ❡①✐st❡ δq > 0 t❛❧ q✉❡

0 < δq ≤
∫

Ω

|u±|q ≤
∫

Ω

|u|q, ∀ u ∈ S̃λ.

❉❡♠♦♥str❛çã♦✳ ❙❡♥❞♦ u ∈ S̃λ ⊂ M✱

‖u±‖2V =

∫

Ω

f(u±)u±,

❡ ♣♦r (f1)✱

‖u±‖2V ≤ C

∫

Ω

|u±|e4π|u±|2 .

❯s❛♥❞♦ ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s ❞❡ ❙♦❜♦❧❡✈ ❡ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱

‖u±‖2V ≤ C|u±|t1,Ω
(∫

Ω

e4πt2|u
±|2
)1/t2

,

♦♥❞❡ 1/t1 + 1/t2 = 1✳ P❡❧♦ ❈♦r♦❧ár✐♦ 1.1.8✱

m0 ≤ C|u±|t1,Ω
(
∫

Ω

e
4πt2‖u±‖2Ω

(

|u±|

‖u±‖Ω

)2)1/t2

,

❡ ♣❡❧♦ ▲❡♠❛ ✶✳✶✳✶✵✱

m0 ≤ C|u±|t1,Ω
(
∫

Ω

e
4πt2mλ

(

|u±|

‖u±‖Ω

)2)1/t2

.

❙❡♥❞♦ mλ < 1✱ ♣♦❞❡♠♦s ✜①❛r 1 < t2 ♣ró①✐♠♦ ❞❡ 1 ❞❡ t❛❧ ♠♦❞♦ q✉❡ t2mλ < 1 ❡ t1 > 2✳

P❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✭✷✮✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C̃ > 0 t❛❧ q✉❡

∫

Ω

e
4πt2mλ

(

|u±|

‖u±‖Ω

)2

≤ C̃, ∀ u ∈ S̃λ.

▲♦❣♦✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C1 > 0✱

C1 ≤ |u±|t1,Ω, ∀ u ∈ S̃λ. ✭✶✳✶✼✮

✶✾



❆❣♦r❛✱ s✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❡①✐st❡ q0 > 2 ❡ ✉♠❛ s❡q✉ê♥❝✐❛ (un) ⊂ S̃λ t❛❧ q✉❡

|u±n |q0,Ω → 0, q✉❛♥❞♦ n→ ∞.

P❡❧♦ ▲❡♠❛ ✶✳✶✳✶✵ ❡ ♣♦r ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s ❞❡ ❙♦❜♦❧❡✈✱ (u±n ) é ❧✐♠✐t❛❞❛ ❡♠ Ls(Ω)✱ ♣❛r❛

❝❛❞❛ s > 2✳ ▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ❆✳✼ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱

|un|s,Ω → 0, q✉❛♥❞♦ n→ ∞,

♣❛r❛ t♦❞♦ s > 2✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ✭✶✳✶✼✮✳ P♦rt❛♥t♦✱ ♦ ▲❡♠❛ ✶✳✶✳✶✶ ♦❝♦rr❡✳ �

◆♦ q✉❡ s❡❣✉❡✱ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ Θ ⊂ E ❡ r > 0✱ ❞❡♥♦t❛♠♦s ♣♦r

Θr := {u ∈ E : dist(u,Θ) < r}.

❖ ♣ró①✐♠♦ ❧❡♠❛ s❡rá ❝r✉❝✐❛❧ ♣❛r❛ ❣❛r❛♥t✐r♠♦s q✉❡✱ ♣❛r❛ ✉♠❛ ❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛

❞❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ R > 1✱ ♦ ❝♦♥❥✉♥t♦

S :=

{

sRu+ + tRu− : u ∈ S̃λ ❡ s, t ∈
[
1

R2
, 1

]}

,

t❡♠ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c∗ ❞❡ ❢✉♥çõ❡s ♥♦❞❛✐s ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ I✳

▲❡♠❛ ✶✳✶✳✶✷ ❊①✐st❡ R > 0 t❛❧ q✉❡

I(R−1u±), I(Ru±) <
1

2
I(u±), ∀u ∈ S̃λ.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ u ∈ S̃λ ❡ R > 0✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ I ❡ ♣♦r (f3)✱

I(R−1u±) =
1

2R2
‖u±‖2V −

∫

Ω

F (R−1u±) ≤ 1

2R2
‖u±‖2V .

❯s❛♥❞♦ ♦ ▲❡♠❛ 1.1.10✱

I
(
R−1u±

)
≤ mλ

2R2
< δ2,

♣❛r❛ R > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❆ss✐♠✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ 1.1.9✱

I
(
R−1u±

)
< δ2 ≤

1

2
I(u±), ∀u ∈ S̃λ.

❙❡❣✉❡ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③ (f3)✱ q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s b1, b2 > 0

t❛✐s q✉❡

F (t) ≥ b1|t|θ − b2, ∀t ∈ R,

✷✵



❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

I(Ru±) =
R2

2
‖u±‖2V −

∫

Ω

F (Ru±) ≤ R2mλ

2
− b1R

θ

∫

Ω

|u±|θ + b2|Ω|.

P❡❧♦ ▲❡♠❛ 1.1.11✱ ❡①✐st❡ δθ > 0 t❛❧ q✉❡

∫

Ω

|u±|θ ≥ δθ.

▲♦❣♦✱

I(Ru±) =
R2

2
‖u±‖2V −

∫

Ω

F (Ru±) ≤ R2mλ

2
− b1R

θδθ + b2|Ω|.

❙❡♥❞♦ θ > 2✱ ❝♦♥❝❧✉✐♠♦s q✉❡

I(Ru±) < 0 < δ2 ≤
1

2
I(u±), ∀u ∈ S̃λ,

♣❛r❛ R > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ �

❙❡❥❛ P ♦ ❝♦♥❡ ❞❛s ❢✉♥çõ❡s ♥ã♦✲♥❡❣❛t✐✈❛s ❞❡✜♥✐❞♦ ♣♦r

P = {u ∈ E : u ≥ 0 q✳t✳♣✳ ❡♠ Ω}

❡ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

Λ = P ∪ (−P ),

❢♦r♠❛❞♦s ♣❡❧❛s ❢✉♥çõ❡s ❝♦♠ s✐♥❛❧ ❞❡✜♥✐❞♦✳

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ ❣❛r❛♥t❡ q✉❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ❝♦♥❥✉♥t♦ Λ ❡ S é ♣♦s✐t✐✈❛✳

▲❡♠❛ ✶✳✶✳✶✸

d0 := dist(S,Λ) > 0.

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ dist(S,Λ) = 0✳ ❊♥tã♦✱ ❡①✐st❡♠ s❡q✉ê♥✲

❝✐❛s (vn) ⊂ S ❡ wn ⊂ Λ t❛✐s q✉❡

‖vn − wn‖Ω → 0, q✉❛♥❞♦ n→ ∞. ✭✶✳✶✽✮

P♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡s q✉❡ wn(x) ≥ 0✱ ♣❛r❛ t♦❞♦ x ∈ Ω ❡ t♦❞♦

n ∈ N✳ ❙❡♥❞♦ vn ∈ S✱ ❡①✐st❡♠ un ∈ S̃λ ❡ sn, tn ∈
[
1

R2
, 1

]

t❛✐s q✉❡ vn = snRu
+
n +tnRu

−
n ✳

P❡❧♦ ▲❡♠❛ ✶✳✶✳✶✵✱ un é ❧✐♠✐t❛❞❛ ❡♠ E✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

vn(x) → s0Ru
+
0 (x) + t0Ru

−
0 (x) q✳t✳♣✳ ❡♠ Ω,

✷✶



♣❛r❛ ❛❧❣✉♠ u0 ∈ E ❡ s0, t0 ∈
[
1

R2
, 1

]

✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r ✭✶✳✶✽✮ ❡ ♣❡❧♦ ❢❛t♦ q✉❡ (vn)

é ❧✐♠✐t❛❞❛ ❡♠ E✱ t❡♠✲s❡ q✉❡ (wn) é t❛♠❜é♠ ❧✐♠✐t❛❞❛ ❡♠ E✳ P♦r ✉♥✐❝✐❞❛❞❡ ❞❡ ❧✐♠✐t❡✱

t❡♠♦s

wn(x) → s0Ru
+
0 (x) + t0Ru

−
0 (x) q✳t✳♣✳ ❡♠ Ω.

▼❛s ♣❡❧♦ ▲❡♠❛ ✶✳✶✳✶✶ ❡ ♣♦r ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛ ❞❡ ❙♦❜♦❧❡✈✱ u±0 6= 0✳ ❖ q✉❡ ❝♦♥tr❛❞✐③

♦ ❢❛t♦ q✉❡ wn(x) ≥ 0✱ ♣❛r❛ t♦❞♦ x ∈ Ω ❡ t♦❞♦ n ∈ N✳ �

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c∗ ❞❡ ❢✉♥çõ❡s

♥♦❞❛✐s ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ I✳ ◆♦ q✉❡ s❡❣✉❡✱ ♣❛r❛ r > 0✱ ❞❡♥♦t❛♠♦s

Sr := {u ∈ E : dist(u, S) ≤ r}

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✹ ❉❛❞♦s ǫ, δ > 0✱ ❡①✐st❡ u ∈ I−1([c∗ − 2ǫ, c∗ + 2ǫ]) ∩ S2δ ✈❡r✐✜❝❛♥❞♦

‖I ′(u)‖ < 4ǫ

δ
.

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❡①✐st❡♠ ǫo, δo > 0 t❛✐s q✉❡

‖I ′(u)‖ ≥ 4ǫo
δo
, ∀u ∈ I−1([c∗ − 2ǫo, c

∗ + 2ǫo]) ∩ S2δo .

❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱

‖I ′(u)‖ ≥ 4ǫo/n

δo/n
, ∀u ∈ I−1([c∗ − 2ǫo, c

∗ + 2ǫo]) ∩ S2δo .

❙❡♥❞♦

I−1([c∗ − 2ǫo/n, c
∗ + 2ǫo/n]) ∩ S2δo/n ⊂ I−1([c∗ − 2ǫo, c

∗ + 2ǫo]) ∩ S2δo ,

t❡♠✲s❡

‖I ′(u)‖ ≥ 4ǫo/n

δo/n
, ∀u ∈ I−1([c∗ − 2ǫo/n, c

∗ + 2ǫo/n]) ∩ S2δo/n.

▲♦❣♦✱ ♣♦❞❡♠♦s ✜①❛r n ∈ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❞❡ t❛❧ ♠♦❞♦ q✉❡

ǭ :=
ǫo
n
< min

{
2δ2
5
, λ

}

, δ̄ :=
δo
n
<
d0
2

✭✶✳✶✾✮

❡

‖I ′(u)‖ ≥ 4ǭ

δ̄
, ∀u ∈ I−1([c∗ − 2ǭ, c∗ + 2ǭ]) ∩ S2δ̄.

▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❉❡❢♦r♠❛çã♦ ✭❚❡♦r❡♠❛ ❆✳✶✻ ❞♦ ❆♣ê♥❞✐❝❡ ❆✮✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐✲

❝❛çã♦ ❝♦♥tí♥✉❛ η : E → E s❛t✐s❢❛③❡♥❞♦✿

✷✷



✭✐✮ η(u) = u, ∀u /∈ I−1([c∗ − 2ǭ, c∗ + 2ǭ]) ∩ S2δ̄❀

✭✐✐✮ ‖η(u)− u‖Ω ≤ δ ∀u ∈ E;

✭✐✐✐✮ η
(
Ic

∗+ǭ ∩ S
)
⊂ Ic

∗−ǭ ∩ Sδ̄❀

✭✐✈✮ η é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ c∗✱ ♣❛r❛ t❛❧ ǭ > 0✱ ❡①✐st❡ u∗ ∈ M ✈❡r✐✜❝❛♥❞♦

I(u∗) < c∗ +
ǭ

2
. ✭✶✳✷✵✮

❆❣♦r❛✱ ❞❡✜♥❛ Q =

(
1

R2
, 1

)2

❡ ❝♦♥s✐❞❡r❡ γ : Q→ E ❞❡✜♥✐❞❛ ♣♦r

γ(s, t) = η(sRu+∗ + tRu−∗ ).

❯♠❛ ✈❡③ q✉❡ u±∗ ∈ N ✱ t❡♠♦s

I(sRu+∗ + tRu−∗ ) = I(sRu+∗ ) + I(tRu−∗ ) ≤ I(u+∗ ) + I(u−∗ ) = I(u∗).

▲♦❣♦✱ ♣❡❧❛ ❡s❝♦❧❤❛ ❞❡ ǭ ❢❡✐t❛ ❡♠ ✭✶✳✶✾✮ ❡ ♣♦r ✭✶✳✷✵✮✱

I(sRu+∗ + tRu−∗ ) ≤ I(u∗) < c∗ +
ǭ

2
< c∗ + ǭ < c∗ + λ,

♣❛r❛ t♦❞♦ (s, t) ∈ Q✳ ❆ss✐♠✱ u∗ ∈ S̃λ✱ ❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ S✱

sRu+∗ + tRu−∗ ∈ Ic
∗+ǭ ∩ S,

❡ ♣❡❧♦ ✐t❡♠ (iii)✱

I(γ(s, t)) = I(η(sRu∗
+ + tRu∗

−)) < c∗ − ǭ, ∀(s, t) ∈ Q. ✭✶✳✷✶✮

❙❡❣✉❡ ❞♦ ✐t❡♠ (ii) q✉❡

‖γ(s, t)− (sRu+∗ + tRu−∗ )‖Ω ≤ δ̄,

❡ ♣❡❧❛ ❡s❝♦❧❤❛ ❞❡ δ̄ ❢❡✐t❛ ❡♠ (1.19)✱ ♣❛r❛ v ∈ Λ✱ t❡♠♦s

‖γ(s, t)− v‖Ω = ‖γ(s, t)− (sRu+∗ + tRu−∗ ) + (sRu+∗ + tRu−∗ )− v‖Ω

≥ ‖(sRu+∗ + tRu−∗ )− v‖Ω − ‖γ(s, t)− (sRu+∗ + tRu−∗ )‖Ω

≥ d0 − δ̄ > d0 −
d0
2

=
d0
2
> 0,

✷✸



♣❛r❛ t♦❞♦ (s, t) ∈ Q✳ P♦rt❛♥t♦✱

γ(s, t)± 6= 0, ∀(s, t) ∈ Q. ✭✶✳✷✷✮

❆✜r♠❛çã♦ ✶✳✶✳✶✺ ❊①✐st❡♠ (s0, t0) ∈ Q t❛❧ q✉❡

I ′(γ(s0, t0)
±)(γ(s0, t0)

±) = 0.

❙✉♣♦♥❤❛✱ ♣♦r ✉♠ ♠♦♠❡♥t♦✱ q✉❡ ❛ ❆✜r♠❛çã♦ 1.1.15 s❡❥❛ ✈❡r❞❛❞❡✐r❛✳ P♦r (1.22)✱

γ(s0, t0)
± 6= 0✳ ▲♦❣♦✱ γ(s0, t0) ∈ M✱ ❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

I(γ(s0, t0)) ≥ c∗,

♦ q✉❡ ❝♦♥tr❛❞✐③ (1.21)✱ ❞❡♠♦♥str❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✶✹✳

P❛r❛ ❞❡♠♦♥str❛r q✉❡ ❛ ❆✜r♠❛çã♦ 1.1.15 é ✈❡r❞❛❞❡✐r❛✱ ✉s❛r❡♠♦s ❛ ❚❡♦r✐❛ ❞♦ ●r❛✉

❞❡ ❇r♦✉✇❡r ✭✈❡r ❬✸✽✱ ❈❛♣ít✉❧♦ ✷❪✮✳ ❉❡✜♥❛ ❛s ❢✉♥çõ❡s H,G : Q→ R
2 ♣♦r

H(s, t) := (I ′(γ(s, t)+))(γ(s, t)+), I ′(γ(s, t)−))(γ(s, t)−))

❡

G(s, t) := (I ′(sRu∗
+)(sRu+∗ ), I

′(tRu−∗ )(tRu
−
∗ )).

❉❡s❞❡ q✉❡ ❛s ❛♣❧✐❝❛çõ❡s g1, g2 :

[
1

R2
, 1

]

→ R ❞❛❞❛s ♣♦r

g1(s) = I ′(sRu+∗ )(sRu
+
∗ ) ❡ g2(t) = I ′(tRu−∗ )(tRu

−
∗ )

sã♦ ❝♦♥tí♥✉❛s✱ ♣❡❧❛ ❋ór♠✉❧❛ Pr♦❞✉t♦ ♣❛r❛ ♦ ●r❛✉ ❞❡ ❇r♦✉✇❡r ❡♠ ❞✐♠❡♥sã♦ ❞♦✐s✱ t❡♠♦s

d(G,Q, (0, 0)) = d

(

g1,

(
1

R2
, 1

)

, 0

)

· d
(

g2,

(
1

R2
, 1

)

, 0

)

.

❆❣♦r❛✱ ✈❛♠♦s ❝❛❧❝✉❧❛r d

(

g1,

(
1

R2
, 1

)

, 0

)

✳ P❛r❛ ✐st♦✱ r❡❧❡♠❜r❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞♦ ●r❛✉

❚♦♣♦❧ó❣✐❝♦ ❡♠ ❞✐♠❡♥sã♦ ✉♠✿

❙❡❥❛ g : [a, b] → R ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ t❛❧ q✉❡ g(a) 6= y ❡ g(b) 6= y✳ ❉❡✜♥✐♠♦s

d(g, (a, b), y) :=
1

2
[sgn(g(b)− y)− sgn(g(a)− y)] .

❆ss✐♠✱

d(g1, (1/R
2, 1), 0) :=

1

2

[
sgn(g1(1))− sgn(g1(1/R

2))
]
.

✷✹



❙❡❣✉❡ ❞❛ ❝♦♥❞✐çã♦ (f4) q✉❡ ♦ ♠á①✐♠♦

max
s≥0

I(sRu+∗ )

é ❛t✐♥❣✐❞♦ ❡♠ s = 1/R✳ ❙❡♥❞♦ 0 < 1/R2 < 1/R < 1✱ ♣❡❧❛ ❣❡♦♠❡tr✐❛ ❞♦ ❢✉♥❝✐♦♥❛❧ I✱

t❡♠♦s

g1(1/R
2) = I ′(

1

R
u+∗ )

1

R
u+∗ > 0

❡

g1(1) = I ′(Ru+∗ )Ru
+
∗ < 0.

▲♦❣♦✱

d(g1, (1/R
2, 1), 0) =

1

2
[−1− 1] = −1

❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛✲s❡ q✉❡

d(g2, (1/R
2, 1), 0) = sgn(−g2(1/R2)) = −1.

P♦rt❛♥t♦✱

d(G,Q, (0, 0)) = (−1).(−1) = 1.

❆❣♦r❛ ✱ ♦❜s❡r✈❡ q✉❡

γ(s, t) = η(sRu+∗ + tRu−∗ ) = sRu+∗ + tRu−∗ , ∀(s, t) ∈ ∂Q. ✭✶✳✷✸✮

❉❡ ❢❛t♦✱ s❡❥❛♠ s = 1/R2 ❡ t ∈
[
1

R2
, 1

]

✳ P❡❧♦ ▲❡♠❛ 1.1.12✱

I(sRu∗+ + tRu∗−) = I(
1

R
u∗+) + I(tRu∗−)

<
I(u∗+)

2
+ I(u∗−) = I(u∗)−

I(u∗+)

2
.

P♦r (1.20)✱ ❈♦r♦❧ár✐♦ 1.1.9 ❡ ♣❡❧❛ ❡s❝♦❧❤❛ ❞❡ ǭ > 0 ❢❡✐t❛ ❡♠ (1.19)✱

I(sRu∗
+ + tRu∗

−) < c∗ +
ǭ

2
− δ2 < c∗ − 2ǭ,

♦✉ s❡❥❛✱
1

R
u∗

+ + tRu∗
− /∈ I−1([c∗ − 2ǭ, c∗ + 2ǭ]) ∩ S2δ̄,

♣❛r❛ t♦❞♦ t ∈
[
1

R2
, 1

]

✳ ▲♦❣♦✱ ♣❡❧♦ ✐t❡♠ (i)✱

γ

(
1

R2
, t

)

= η

(
1

R
u∗

+ + tRu∗
−
)

=
1

R
u∗

+ + tRu∗
−.

✷✺



❖s ♦✉tr♦s ❝❛s♦s sã♦ s✐♠✐❧❛r❡s✳ ❆ss✐♠✱

γ(s, t)+ = sRu+∗ ❡ γ(s, t)− = tRu−∗ , ∀(s, t) ∈ ∂Q,

❡ ♣♦rt❛♥t♦ H ≡ G s♦❜r❡ ∂Q✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❡❧❛ Pr♦♣r✐❡❞❛❞❡ ❞❡ ❞❡♣❡♥❞ê♥❝✐❛

♥❛ ❢r♦♥t❡✐r❛ ❞♦ ●r❛✉ ❞❡ ❇r♦✉✇❡r✱

d(H,Q, (0, 0)) = d(G,Q, (0, 0)) = 1 6= 0

❙❡♥❞♦ ❛ss✐♠✱ ❞❛ Pr♦♣r✐❡❞❛❞❡ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦✱ ❡①✐st❡ (s0, t0) ∈ Q t❛❧ q✉❡

H(s0, t0) = (0, 0)✱ ♦✉ s❡❥❛✱

I ′(γ+(s0, t0))γ
+(s0, t0) = 0 ❡ I ′(γ−(s0, t0))γ

−(s0, t0) = 0.

P♦rt❛♥t♦✱

γ(s0, t0) ∈ η(g(Q)) ∩M,

❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❆✜r♠❛çã♦ 1.1.15✳

�

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✳✶✳

P❛r❛ ❝❛❞❛ n ∈ N✱ ❝♦♥s✐❞❡r❡ ǫ =
1

4n
❡ δ =

1√
n
. P❡❧❛ Pr♦♣♦s✐çã♦ 1.1.14✱ ❡①✐st❡

un ∈ S2/
√
n ✈❡r✐✜❝❛♥❞♦

un ∈ I−1([c∗ − 1/2n, c∗ + 1/2n])

❡

‖I ′(un)‖ ≤ 1√
n
.

❙❡♥❞♦ un ∈ S2/
√
n✱ ♣♦r ❝♦♥t✐♥✉✐❞❛❞❡✱ ❡①✐st❡ (vn) ⊂ S s❛t✐s❢❛③❡♥❞♦

I(vn) → c∗ ❡ I ′(vn) → 0,

❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ (vn) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c∗ ❞❡ ❢✉♥çõ❡s ♥♦❞❛✐s ♣❛r❛ I✳

❆✜r♠❛çã♦ ✶✳✶✳✶✻ ❆ s❡q✉ê♥❝✐❛ (vn) é ❧✐♠✐t❛❞❛ ❡♠ E ❡✱ ♣❛r❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡

(vn)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (vn)✱

lim sup
n→∞

‖vn‖2V < 1.

✷✻



❉❡ ❢❛t♦✱ s❡♥❞♦ (vn) ⊂ S✱ é s✐♠♣❧❡s ✈❡r q✉❡ (vn) é ❧✐♠✐t❛❞❛ ❡♠ E✳ ▲♦❣♦✱

I ′(vn)vn = on(1)

❡

c∗ + on(1) = I(vn)−
1

θ
I ′(vn)vn =

(
1

2
− 1

θ

)

‖vn‖2V −
∫

Ω

[F (vn)−
1

θ
f(vn)vn].

❆ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ❥✉♥t♦ ❝♦♠ (f3) ❡ ♦ ▲❡♠❛ ✶✳✶✳✺✱ ✐♠♣❧✐❝❛ ❡♠

lim sup
n→∞

‖vn‖V ≤ 2θc∗

θ − 2
< 1.

❆❣♦r❛✱ s❡❥❛ v0 ∈ E ♦ ❧✐♠✐t❡ ❢r❛❝♦ ❞❡ (vn) ❡♠ E✳ ❈♦♠❜✐♥❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✶✳✶✳✶✻ ❝♦♠

♦ ▲❡♠❛ ✶✳✶✳✻✱ ❞❡❞✉③✐♠♦s q✉❡ v0 é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛ (D)✳ ❋✐♥❛❧♠❡♥t❡✱

♣❛r❛ ❝♦♥❝❧✉✐r ❛ ❞❡♠♦♥str❛çã♦✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡ v±0 6= 0✳ ❙❛❜❡♠♦s q✉❡

vn ⇀ v0 ❡♠ E;

vn(x) → v0(x) q✳t✳♣✳ ❡♠ Ω; ❡

vn → v0 ❡♠ Lq(Ω).

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ vn ∈ S✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s sn, tn ∈
[
1

R2
, 1

]

❡ un ∈ S̃λ✱ t❛✐s q✉❡

vn = snRu
+
n + tnRu

−
n ✳ ▲♦❣♦✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

vn(x) = snRu
+
n (x) + tnRu

−
n (x) → s0Ru

+
0 (x) + t0Ru

−
0 (x) q✳t✳♣✳ ❡♠ Ω,

♣❛r❛ ❛❧❣✉♠ ♣❛r s0, t0 ∈
[
1

R2
, 1

]

✱ ♦♥❞❡ u0 ∈ E é ♦ ❧✐♠✐t❡ ❢r❛❝♦ ❞❛ s❡q✉ê♥❝✐❛ (un) ⊂ S̃λ✳

P♦r ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡✱

v0(x) = s0Ru
+
0 (x) + t0Ru

−
0 (x) q✳t✳♣✳ ❡♠ Ω.

❯s❛♥❞♦ ♦ ▲❡♠❛ 1.1.11✱ ♣❛r❛ q > 2 ❡s❝♦❧❤✐❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✱ ❡①✐st❡ δq > 0 t❛❧ q✉❡
∫

Ω

|u±n |q ≥ δq

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❞❡ n → ∞ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ✉s❛♥❞♦ ❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❛

✐♠❡rsã♦ H1
0 (Ω) →֒ Lq(Ω)✱ ❞❡❞✉③✐♠♦s q✉❡

∫

Ω

|u±0 |q ≥ δq > 0,

♠♦str❛♥❞♦ q✉❡ u±0 6= 0✳ P♦rt❛♥t♦✱

v+0 = s0Ru
+
0 6= 0 ❡ v−0 = t0Ru

−
0 6= 0,

❝♦♠♣❧❡t❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✳✶✳

✷✼



❖❜s❡r✈❛çã♦ ✶✳✶✳✶✼ ❯s❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❛♥❡t♦s ❞❛ ❙❡çã♦ ✶✳✶✱ tr❛❜❛❧❤❛♥❞♦ ❛❣♦r❛

❝♦♠ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ❞❛❞❛ ❡♠ ✭✸✮ ❡ ✭✹✮✱ é ♣♦ssí✈❡❧ ♠♦str❛r ❛ ❡①✐s✲

tê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❝♦♠ ❝♦♥❞✐çã♦

❞❡ ❢r♦♥t❡✐r❛ ❞❡ ◆❡✉♠❛♥♥







−∆u+ V (x)u = f(u), ❡♠ Ω,

∂u

∂ν
= 0, s♦❜r❡ ∂Ω,

(N)

♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❡♠ R
2 ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ ❡ V : Ω → R é ✉♠ ♣♦t❡♥❝✐❛❧

❝♦♥tí♥✉♦ ✈❡r✐✜❝❛♥❞♦ V (x) ≥ V0 > 0✱ ♣❛r❛ t♦❞♦ x ∈ Ω✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ t❡♠♦s ♦

s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✶✳✶✳✶✽ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s (f1)− (f5) sã♦ ✈á❧✐❞❛s✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛

(N) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✱ ❞❡s❞❡ q✉❡ ❛ ❝♦♥st❛♥t❡ Cp ✈❡r✐✜q✉❡

Cp >

[
4θβp

V ∗
0 (θ − 2)

](p−2)/2

, ♦♥❞❡ V ∗
0 = min{1, V0}.

✷✽



❈❛♣ít✉❧♦ ✷

❙♦❧✉çã♦ ♥♦❞❛❧ ♠✐♥✐♠❛❧ ❡♠ R
2

◆❡st❡ ❝❛♣ít✉❧♦✱ ♠♦str❛♠♦s q✉❡ ♦ ❝❛s♦ ❛✉tô♥♦♠♦ ✭V ≡ V0 > 0✮ ❞♦ ♣r♦❜❧❡♠❛ (P )✱

q✉❛♥❞♦ Ω = R
2✱ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✳ ▼♦str❛♠♦s ❛✐♥❞❛ q✉❡ é

♣♦ssí✈❡❧ ♦❜t❡r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♥ã♦✲

❛✉tô♥♦♠♦ (P ) ❡♠ R
2✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ V é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡

♣♦s✐t✐✈❛ ❡ q✉❡ ♥♦ ✐♥✜♥✐t♦ s❡ ❛♣r♦①✐♠❛ ❞❡ ✉♠ ♣♦t❡♥❝✐❛❧ Z2✲♣❡r✐ó❞✐❝♦✳ ❆✐♥❞❛ s♦❜r❡ ♦

♣r♦❜❧❡♠❛ ❛✉tô♥♦♠♦✱ ♠♦str❛♠♦s ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ r❛❞✐❛❧

♠✐♥✐♠❛❧✱ ✐✳❡✳✱ s♦❧✉çã♦ ♥♦❞❛❧ r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛ ❡ ❞❡ ♠❡♥♦r ❡♥❡r❣✐❛ ❞❡♥tr❡ t♦❞❛s ❛s

s♦❧✉çõ❡s r❛❞✐❛✐s✳

✷✳✶ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♥ã♦✲❛✉tô♥♦♠♦✳

◆❡st❛ s❡çã♦✱ ♠♦str❛♠♦s ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛

♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♥ã♦✲❛✉tô♥♦♠♦✿






−∆u+ V (x)u = f(u) ❡♠ R
2,

u ∈ H1(R2),

(P )

♦♥❞❡ V : R2 → R é ✉♠ ♣♦t❡♥❝✐❛❧ ❝♦♥tí♥✉♦ s❛t✐s❢❛③❡♥❞♦

(V1) ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ V0 > 0 t❛❧ q✉❡ V0 ≤ V (x)✱ ♣❛r❛ t♦❞♦ x ∈ R
2❀



(V2) ❊①✐st❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ Z
2✲♣❡r✐ó❞✐❝❛ V∞ : R2 → R s❛t✐s❢❛③❡♥❞♦

V (x) ≤ V∞(x), ∀x ∈ R
2

❡

lim
|x|→∞

|V (x)− V∞(x)| = 0.

(V3) ❊①✐st❡♠ µ < 1/2 ❡ C > 0 t❛✐s q✉❡

V (x) ≤ V∞(x)− Ce−µ|x|, ♣❛r❛ t♦❞♦ x ∈ R
2.

❱❛♠♦s s✉♣♦r q✉❡ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ f s❡❥❛ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ í♠♣❛r✱ s❛t✐s❢❛✲

③❡♥❞♦ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s (f1)− (f5)✱ ❡♥✉♥❝✐❛❞❛s ♥♦ ❈❛♣ít✉❧♦ ✶✳

❖ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♥ã♦✲❛✉tô♥♦♠♦ é ♦ s❡❣✉✐♥t❡✳

❚❡♦r❡♠❛ ✷✳✶✳✶ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s (V1) − (V3) sã♦ ✈á❧✐❞❛s ❡ q✉❡ f s❡❥❛ ✉♠❛

❢✉♥çã♦ í♠♣❛r s❛t✐s❢❛③❡♥❞♦ ❛s ❤✐♣ót❡s❡s (f1)− (f5)✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛ ❡❧í♣t✐❝♦

(P )

{

−∆u+ V (x)u = f(u), ✐♥ R
2,

u ∈ H1(R2),

♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✱ ❞❡s❞❡ q✉❡ ❛ ❝♦♥st❛♥t❡ Cp ✈❡r✐✜q✉❡

Cp >

[
2θγp

V ∗
0 (θ − 2)

](p−2)/2

, ✭✷✳✶✮

♦♥❞❡

V ∗
0 = min{1, V0}, γp = inf

MB1(0)

Jp,

Jp(u) =
1

2

∫

B1(0)

(
|∇u|2 + V1|u|2

)
− 1

p

∫

B1(0)

|u|p, V1 = max
x∈R2

V∞(x)

❡

Mp
B1(0)

= {u ∈ H1
0 (B1(0)) : u± 6= 0 ❡ J ′

p(u
±)u± = 0}.

❆ ✐❞é✐❛ ♣❛r❛ ❞❡♠♦♥str❛r ♦ ❚❡♦r❡♠❛ ✷✳✶✳✶ ❢♦✐ ✐♥s♣✐r❛❞❛ ❡♠ ❆❧✈❡s✱ ❙♦❛r❡s ❡ ❙♦✉t♦ ❬✾❪

❡ ❝♦♥s✐st❡ ♥♦ s❡❣✉✐♥t❡✿ ❯s❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ✶✳✶✳✶ ♣❛r❛ ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡

❡♥❡r❣✐❛ ♠í♥✐♠❛ un ∈ H1
0 (Bn(0))✱ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t q✉❛♥❞♦ Ω = Bn(0)✱

n ∈ N✳ ❊♠ s❡❣✉✐❞❛✱ ♠♦str❛♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ (un) é ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ❡♠

H1(R2) ❡ q✉❡ ♦ s❡✉ ❧✐♠✐t❡ ❢r❛❝♦ é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

(P ) ❡♠ R
2✳

✸✵



◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ s❡❣✉✐♥t❡ ♥♦r♠❛ ❡♠ H1(Ω)✿

‖u‖ =

(∫

R2

(
|∇u|2 + V (x)|u|2

)
)1/2

P♦r (V1) ❡ (V2)✱ t❡♠✲s❡ q✉❡ ‖ · ‖ é ❡q✉✐✈❛❧❡♥t❡ ❛ ♥♦r♠❛ ✉s✉❛❧ ❡♠ H1(R2)✿

‖u‖1 =
(∫

R2

(
|∇u|2 + |u|2

)
)1/2

,

♣♦✐s

V ∗
0 ‖u‖21 ≤ ‖u‖2 ≤ V ∗

1 ‖u‖21, ∀u ∈ H1(R2), ✭✷✳✷✮

♦♥❞❡ V ∗
1 = max{1, V1}✳

❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ❞❡♥♦t❛♠♦s ♣♦r E ♦ ❡s♣❛ç♦ H1(R2) ♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛ ‖ · ‖✳
❯s❛♥❞♦ ❛s ❤✐♣ót❡s❡s (f1) ❡ (f2)✱ ♠♦str❛✲s❡ q✉❡ ♣❛r❛ ❝❛❞❛ ǫ > 0✱ q ≥ 1 ❡ β ≥ 4✱

❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C = C(ǫ, q, β) > 0 t❛❧ q✉❡

f(s) ≤ ǫ|s|+ C|s|q−1
(

eβπs
2 − 1

)

, ♣❛r❛ t♦❞♦ s ∈ R, ✭✷✳✸✮

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

sf(s), F (s) ≤ ǫs2 + C|s|q
(

eβπs
2 − 1

)

, ♣❛r❛ t♦❞♦ s ∈ R. ✭✷✳✹✮

❆ss✐♠✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ❞❡✈✐❞❛ ❛ ❈❛♦ ✭✻✮✱ t❡♠♦s F (u) ∈ L1(R2)

♣❛r❛ t♦❞♦ u ∈ H1(R2)✳ P♦rt❛♥t♦✱ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❝♦♠ (P )✱ ❞❛❞♦ ♣♦r

I(u) =
1

2
‖u‖2 −

∫

R2

F (u), u ∈ E,

❡stá ❜❡♠ ❞❡✜♥✐❞♦✳ ❆❧é♠ ❞✐ss♦✱ ♠♦str❛✲s❡ q✉❡ I é ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ ❝❧❛ss❡ C1 s♦❜r❡ E

❝♦♠

I ′(u)v =

∫

R2

[∇u∇v + V (x)uv]−
∫

R2

f(u)v, ∀u, v ∈ E.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦♥t♦s ❝rít✐❝♦s ❞❡ I sã♦ ♣r❡❝✐s❛♠❡♥t❡ ❛s s♦❧✉çõ❡s ❢r❛❝❛s ❞❡ (P )✳

❙❛❜❡♠♦s q✉❡ t♦❞❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ❞❡ I ♣❡rt❡♥❝❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐

N := {u ∈ E \ {0} : I ′(u)u = 0}.

❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ u ∈ N é ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ (P ) q✉❛♥❞♦

I(u) = c1 ❡ I ′(u) = 0,

✸✶



♦♥❞❡

c1 = inf
u∈N

I(u).

❈♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✱ ❞❡✜♥✐♠♦s ♦ ❝♦♥❥✉♥t♦✿

M = {u ∈ E : u± 6= 0, I ′(u±)u± = 0},

❡ ♦ ♥ú♠❡r♦ r❡❛❧

c∗ = inf
u∈M

I(u).

◆♦t❡ q✉❡ t♦❞❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ (P ) ♣❡rt❡♥❝❡ ❛ M✳ ❉✐③❡♠♦s q✉❡ u ∈ M é ✉♠❛ s♦❧✉çã♦

♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ (P ) q✉❛♥❞♦

I(u) = c∗ ❡ I ′(u) = 0.

▲❡♠❛ ✷✳✶✳✷ ❖ ♥ú♠❡r♦ c∗ ✈❡r✐✜❝❛

c∗ <
V ∗
0 (θ − 2)

2θ
.

❉❡♠♦♥str❛çã♦ ❱❡r ▲❡♠❛ ✶✳✶✳✺ ❞♦ ❈❛♣ít✉❧♦ ✶✳

◆♦ q✉❡ s❡❣✉❡✱ ❡♥✉♥❝✐❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❥á ♦❜t✐❞♦s ♥❛ ❧✐t❡r❛t✉r❛✱ ♦s q✉❛✐s

s❡rã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ ❞❡♠♦♥str❛r ♦ ❚❡♦r❡♠❛ ✷✳✶✳✶✳

❖ ♣r✐♠❡✐r♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❆❧✈❡s✱ ❈❛rr✐ã♦ ❡ ▼❡❞❡✐r♦s ❬✶✷❪✳

▲❡♠❛ ✷✳✶✳✸ ❙❡❥❛ F ∈ C2(R,R+) ✉♠❛ ❢✉♥çã♦ ❝♦♥✈❡①❛ ❡ ♣❛r t❛❧ q✉❡ F (0) = 0 ❡ f(s) =

F ′(s) ≥ 0✱ ∀s ∈ [0,+∞)✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ t, s ≥ 0✱

|F (t− s)− F (t)− F (s)| ≤ 2(f(t)s+ f(s)t).

❖s ❞♦✐s r❡s✉❧t❛❞♦s s❡❣✉✐♥t❡s sã♦ ❞❡✈✐❞♦ ❛ ❆❧✈❡s✱ ❞♦ Ó ❡ ▼✐②❛❣❛❦✐ ❬✶✶❪✳ ❖ ♣r✐♠❡✐r♦

r❡s✉❧t❛❞♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛ (P ) ♣❛r❛

♣♦t❡♥❝✐❛✐s Z2✲♣❡r✐ó❞✐❝♦s✳

❚❡♦r❡♠❛ ✷✳✶✳✹ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s (V1)− (V2)✱ (f1)− (f5) ❡ (2.1) sã♦ ✈á❧✐❞❛s✳

❊♥tã♦

(P∞)







−∆u+ V∞(x)u = f(u), ❡♠ R
2,

u ∈ H1(R2),

✸✷



♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✱ ✐st♦ é✱ ❡①✐st❡ ū ∈ H1(R2) t❛❧ q✉❡ ū > 0✱

I∞(ū) = c∞ ❡ I ′∞(ū) = 0✱ ♦♥❞❡

I∞(u) =
1

2

∫

R2

(
|∇u|2 + V∞(x)u2

)
−
∫

R2

F (u), u ∈ H1(R2),

c∞ = inf
u∈N∞

I∞(u)

❡ N∞ ❞❡♥♦t❛ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐

N∞ = {u ∈ H1(R2) \ {0} : I ′∞(u)u = 0}.

❖ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ❝❛s♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❡r✐ó❞✐❝♦✳

❚❡♦r❡♠❛ ✷✳✶✳✺ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s (V1)− (V2)✱ (f1)− (f5) ❡ (2.1) sã♦ ✈á❧✐❞❛s✳

❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛ (P ) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✱ ♦✉ s❡❥❛✱ ❡①✐st❡

u1 ∈ H1(R2) t❛❧ q✉❡ u1 > 0✱ I(u1) = c1 ❡ I ′(u1) = 0✳

❆❧é♠ ❞✐ss♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❞❡✈✐❞♦ ❛ ❆❧✈❡s ❬✻❪✳

❚❡♦r❡♠❛ ✷✳✶✳✻ ❆ss✉♠❛ q✉❡ (f1) ❡ (f2) sã♦ ✈á❧✐❞❛s✳ ❊♥tã♦✱ q✉❛❧q✉❡r s♦❧✉çã♦ ♣♦s✐t✐✈❛

ū ❞♦ ♣r♦❜❧❡♠❛ (P∞) s❛t✐s❢❛③

(I) lim
|x|→∞

ū(x) = 0

❡

(II) C1e
−a|x| ≤ ū ≤ C2e

−b|x| ✐♥ R
2,

♦♥❞❡ C1 ❡ C2 sã♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ❡ 0 < b < 1 < a✳ ❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r

a = 1 + δ✱ b = 1 − δ✱ ♣❛r❛ δ > 0✳ ❖ ♠❡s♠♦ r❡s✉❧t❛❞♦ ✈❛❧❡ ♣❛r❛ ❛ ❢✉♥çã♦ u1 ❞❛❞❛ ♥♦

❚❡♦r❡♠❛ ✷✳✶✳✺✳

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ f ❞❛❞♦ ❡♠ ✭✷✳✸✮✱ t❡♠♦s

|f(ū)| ≤ ǫ|ū|+ C
(

eβπū
2 − 1

)

.

▲♦❣♦✱ ❞❡✜♥✐♥❞♦ h(x) := f(ū(x)) ❡ ✉s❛♥❞♦ ♦ ▲❡♠❛ ❆✳✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ♣❛r❛ q > 1

∫

R2

|h(x)|q ≤ (2ǫ)q
∫

R2

|ū|q + (2C)q
∫

R2

(

eβπū
2 − 1

)q

.

≤ (2ǫ)q
∫

R2

|ū|q + C

∫

R2

(

eβπqū
2 − 1

)

.

▲♦❣♦✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r (5)✱ t❡♠♦s h ∈ Lq
loc(R

2) ♣❛r❛ t♦❞♦ q ≥ 1✳

P♦r ❛r❣✉♠❡♥t♦s ❇♦♦tstr❛♣✱ ♣❛r❛ x ∈ R
2 ❡ R > 0✱ t❡♠✲s❡ ū ∈ W 2,q(BR(x)) ❝♦♠

‖ū‖W 2,q(BR(x)) ≤ C
(
|h|Lq(B2R(x)) + |ū|Lq(B2R(x))

)

✸✸



♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

‖ū‖W 2,q(BR(x)) ≤ C
(
|h|Lq(B2R(x)) + |ū|L2(B2R(x))

)
.

❯s❛♥❞♦ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ W 2,q(BR(x)) →֒ C(B̄R(x))✱ ♦❜t❡♠♦s

‖ū‖L∞(BR(x)) ≤ C
(
|h|Lq(B2R(x)) + |ū|L2(B2R(x))

)
.

❆ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✐♠♣❧✐❝❛ q✉❡ ū ∈ L∞(R2) ❡ lim
|x|→∞

ū(x) = 0✳

❆s ❞❡s✐❣✉❛❧❞❛❞❡s ❡♠ (II) ❡♥✈♦❧✈❡♥❞♦ ❛s ❢✉♥çõ❡s ❡①♣♦♥❡♥❝✐❛✐s s❡❣✉❡♠ ✉s❛♥❞♦ ♦

♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❞❡ ▲✐ ❡ ❨❛♥ ❬✸✾❪✳ �

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ é ✉♠ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ ❡♠ ♥♦ss♦ ❛r❣✉♠❡♥t♦ ♣❛r❛ ♦❜t❡r

s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✱ ✉♠❛ ✈❡③ q✉❡ ❡st❛❜❡❧❡❝❡ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❡st✐♠❛t✐✈❛

s✉♣❡r✐♦r ♣❛r❛ ♦ ♥í✈❡❧ c∗✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✼ ❙✉♣♦♥❤❛ q✉❡ f é ✉♠❛ ❢✉♥çã♦ í♠♣❛r s❛t✐s❢❛③❡♥❞♦ (f1)− (f5) ❡ q✉❡

❛s ❤✐♣ót❡s❡s (V1)− (V3) sã♦ ✈á❧✐❞❛s✳ ❊♥tã♦✱

c∗ < c1 + c∞.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ ū ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ (P∞) ❡ u1 ✉♠❛

s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ (P ) ❞❛❞❛s ♥♦ ❚❡♦r❡♠❛ ✷✳✶✳✹ ❡ ❚❡♦r❡♠❛ ✷✳✶✳✺✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❱❛♠♦s ❞❡✜♥✐r ūn(x) = ū(x− xn)✱ ♦♥❞❡ xn = (0, n) ❡ ♣❛r❛ α, β > 0

h±n (α, β) =

∫

R2

(
|∇(αu1 − βūn)

±|2 + V (x)|(αu1 − βūn)
±|2
)

−
∫

R2

f((αu1 − βūn)
±)(αu1 − βūn)

±.

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ I ′(u1)u1 = 0 ❡ ❛ ❤✐♣ót❡s❡ (f4)✱

∫

R2

(
|∇(u1/2)|2 + V (x)(u1/2)

2
)
−
∫

R2

f(u1/2)(u1/2)

=

∫

R2

(
f(u1)

u1
− f(u1/2)

(u1/2)

)(u1
2

)2

> 0. ✭✷✳✺✮

❡
∫

R2

(
|2∇(u1)|2 + V (x)|2u1|2

)
−
∫

R2

f(2u1)(2u1)

=

∫

R2

(
f(u1)

u1
− f(2u1)

2u1

)

(2u1)
2 < 0. ✭✷✳✻✮

✸✹



❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡ ♣♦r ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✱ t❡♠♦s
∫

R2

(
|∇(ūn/2)|2 + V (x)(ūn/2)

2
)
=

∫

R2

(
|∇(ū/2)|2 + V (x+ xn)(ū/2)

2
)

✭✷✳✼✮

❡
∫

R2

f(ūn/2)(ūn/2) =

∫

R2

f(ū/2)(ū/2). ✭✷✳✽✮

❙❡❣✉❡ ❞❡ (V2) q✉❡

V (x+ xn)(ū(x)/2)
2 → V∞(x)(ū(x)/2)2 q✳t✳♣✳ ❡♠ R

2

q✉❛♥❞♦ n→ ∞✱ ❡

V (x+ xn)(ū/2)
2 ≤ V∞(x)(ū/2)2 ∈ L1(R2), ∀n ∈ N.

▲♦❣♦✱ P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱
∫

R2

(
|∇(ū/2)|2 + V (x+ xn)(ū/2)

2
)
→
∫

R2

(
|∇(ū/2)|2 + V∞(x)(ū/2)2

)
. ✭✷✳✾✮

❙❡❣✉❡ ❞❡ (2.9) ❡ (2.7) q✉❡
∫

R2

(
|∇(ūn/2)|2 + V (x)(ūn/2)

2
)
→
∫

R2

(
|∇(ū/2)|2 + V∞(x)(ū/2)2

)
. ✭✷✳✶✵✮

❯s❛♥❞♦ ❛ ❤✐♣ót❡s❡ (f4)✱ ♦❜t❡♠♦s

I∞(ū/2)(ū/2) =

∫

R2

(
|∇(ū/2)|2 + V∞(x)(ū/2)2

)
−
∫

R2

f(ū/2)(ū/2) > 0.

▲♦❣♦✱ ♣♦r (2.8) ❡ (2.10)✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡
∫

R2

(
|∇(ūn/2)|2 + V (x)(ūn/2)

2
)
−
∫

R2

f(ūn/2)(ūn/2) > 0, ✭✷✳✶✶✮

♣❛r❛ t♦❞♦ n ≥ n0✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛✲s❡ q✉❡
∫

R2

(
|∇(2ūn)|2 + V (x)(2ūn)

2
)
−
∫

R2

f(2ūn)(2ūn) < 0. ✭✷✳✶✷✮

♣❛r❛ t♦❞♦ n ≥ n0✳

❆✜r♠❛çã♦ ✷✳✶✳✽ ❊①✐st❡ n0 > 0 t❛❧ q✉❡







h+n (1/2, β) > 0,

h+n (2, β) < 0
✭✷✳✶✸✮

♣❛r❛ t♦❞♦ n ≥ n0✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ β ∈ [1/2, 2]✳ ❆♥❛❧♦❣❛♠❡♥t❡✱






h−n (α, 1/2) > 0,

h−n (α, 2) < 0.
✭✷✳✶✹✮

♣❛r❛ t♦❞♦ n ≥ n0✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ α ∈ [1/2, 2]✳

✸✺



❉❡♠♦♥str❛çã♦ ❞❛ ❆✜r♠❛çã♦ ✷✳✶✳✽✳ ❱❛♠♦s ❞❡♠♦♥str❛r ❛♣❡♥❛s q✉❡ ❡①✐st❡ n0 ∈ N

t❛❧ q✉❡ h+n (1/2, β) > 0 ♣❛r❛ t♦❞♦ n ≥ n0✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ β ∈ [1/2, 2]✱ ♣♦✐s ♦s

❞❡♠❛✐s ❝❛s♦s s❡❣✉❡♠ ✉s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦✳ ◆♦t❡ q✉❡ ♣❡❧♦ ✐t❡♠ (I) ❞♦ ❚❡♦r❡♠❛

✷✳✶✳✻✱ t❡♠♦s ūn(x) := ū(x − xn) → 0 q✉❛♥❞♦ n → ∞✱ ♣♦✐s |x − xn| → ∞ q✉❛♥❞♦

n→ ∞✳ ❆ss✐♠✱ ❛ ✐❞é✐❛ é ♠♦str❛r q✉❡

h+n (1/2, β) := I ′((u1/2− βūn)
+)((u1/2− βūn)

+) → I ′(u1/2)(u1/2) > 0

q✉❛♥❞♦ n → ∞✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ β ∈ [1/2, 2]✳ P❛r❛ ✐st♦✱ ❜❛st❛ ♠♦str❛r q✉❡ ♦s

s❡❣✉✐♥t❡s ❧✐♠✐t❡s ♦❝♦rr❡♠✿

✭❛✮
∫

R2

|∇((u1/2− βūn)
+)|2 →

∫

R2

|∇(u1/2)|2❀

✭❜✮
∫

R2

V (x)((u1/2− βūn)
+)2 →

∫

R2

V (x)(u1/2)
2❀

✭❝✮
∫

R2

f((u1/2− βūn)
+)(u1/2− βūn)

+ →
∫

R2

f(u1/2)u1/2✱

q✉❛♥❞♦ n→ ∞✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ β ∈ [1/2, 2]✳

❉❡♠♦♥str❛çã♦ ❞❡ (a)✿ ❖❜s❡r✈❡ ♣r✐♠❡✐r♦ q✉❡✱ ♣❛r❛ β ∈ [1/2, 2] ❡ n ∈ N✱

∫

R2

χn|∇((u1/2− βūn)
+)|2 =

∫

R2

χn|∇(u1/2)|2 − β

∫

R2

χn∇u1∇ūn

+β2

∫

R2

χn|∇ūn|2,
✭✷✳✶✺✮

♦♥❞❡ χn(x) = χ[u1/2−βūn>0](x)✱ x ∈ R
2✳

❉❡s❞❡ q✉❡

‖χnūn‖H1(R2) ≤ ‖ūn‖H1(R2) = ‖ū‖H1(R2)

❡

χn(x)ūn(x) → 0 q✳t✳♣✳ ❡♠ R
2,

t❡♠♦s✱

χnūn ⇀ 0 ❡♠ H1(R2),

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

∫

R2

χn∇u1∇(ūn) =

∫

R2

∇u1∇(χnūn) → 0 q✉❛♥❞♦ n→ ∞. ✭✷✳✶✻✮

✸✻



❙❡♥❞♦

χn|∇(u1(x)/2)|2 → |∇u1(x)/2| q✳t✳♣✳ ❡♠ R
2

❡

χn|∇(u1/2)| ≤ |∇(u1/2)|2 ∈ L2(R2),

♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ t❡♠♦s

∫

R2

χn(x)|∇(u1/2)|2 →
∫

R2

|∇(u1/2)|2, n→ ∞. ✭✷✳✶✼✮

❆❣♦r❛✱ ❢❛③❡♥❞♦ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧✱

∫

R2

χn|∇ūn|2 =
∫

R2

|∇ū|2χ[u1(x+xn)/2−βū(x)>0].

❉❡s❞❡ q✉❡ u1(x+ xn) → 0 q✳t✳♣✳ ❡♠ R
2✱

|∇ū(x)|2χ[u1(x+xn)/2−βū(x)>0] → 0 q✳t✳♣✳ ❡♠ R
2.

❙❡♥❞♦

|∇ū|2χ[u1(x+xn)/2−βū(x)>0] ≤ |∇ū|2 ∈ L1(R2),

♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡sq✉❡✱

∫

R2

χn|∇ūn|2 → 0, q✉❛♥❞♦ n→ ∞. ✭✷✳✶✽✮

❯s❛♥❞♦ ♦s ❧✐♠✐t❡s ❡♠ ✭✷✳✶✻✮✱ ✭✷✳✶✼✮ ❡ ✭✷✳✶✽✮✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❢❛t♦ ❞❡ q✉❡ β ∈
[1/2, 2]✱ ❝♦♥❝❧✉✐♠♦s q✉❡ ♦ ❧✐♠✐t❡ ❡♠ (a) ♦❝♦rr❡✳

❉❡♠♦♥str❛çã♦ ❞❡ (b)✿ P❛r❛ β ∈ [1/2, 2] ❡ n ∈ N✱ t❡♠♦s

u1/2− 2ūn ≤ u1/2− βūn ≤ u1/2− ūn/2, ✭✷✳✶✾✮

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

[u1/2− 2ūn ≥ 0] ⊂ [u1/2− βūn ≥ 0] ⊂ [u1/2− ūn/2 ≥ 0].

▲♦❣♦
∫

[u1/2−2ūn≥0]

V (x)(u1/2− βūn)
2 ≤

∫

[u1/2−βūn≥0]

V (x)(u1/2− βūn)
2

≤
∫

[u1/2−ūn/2≥0]

V (x)(u1/2− βūn),

✸✼



❡ ♣♦r ✭✷✳✶✾✮✱
∫

[u1/2−2ūn≥0]

V (x)(u1/2− 2ūn)
2 ≤

∫

[u1/2−βūn≥0]

V (x)(u1/2− βūn)
2

≤
∫

[u1/2−ūn/2≥0]

V (x)(u1/2− ūn/2)
2

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡
∫

R2

χ′
nV (x)(u1/2− 2ūn)

2 ≤
∫

R2

V (x)((u1/2− βūn)
+)2

≤
∫

R2

χ′′
nV (x)(u1/2− ūn/2)

2.

✭✷✳✷✵✮

♦♥❞❡ χ′
n = χ[u1/2−2ūn≥0] ❡ χ′′

n = χ[u1/2−ūn/2≥0]✳

❉❡s❞❡ q✉❡ ūn(x) → 0 q✳t✳♣✳ ❡♠ R
2 ❡ u1 > 0✱ t❡♠♦s

χ′
n(x), χ′′

n(x) → 1 q✳t✳♣✳ ❡♠ R
2.

▲♦❣♦✱

χ′
nV (x)(u1/2− 2ūn)

2 ≤ V (x)(u1/2)
2 ∈ L1(R2),

χ′
n(x)V (x)(u1(x)/2− 2ūn(x))

2 → V (x)(u1(x)/2)
2 q✳t✳♣✳ ❡♠ R

2,

❡

χ′′
nV (x)(u1/2− ūn/2)

2 ≤ V (x)(u1/2)
2 ∈ L1(R2),

χ′′
n(x)V (x)(u1(x)/2− ūn(x)/2)

2 → V (x)(u1(x)/2)
2 q✳t✳♣✳ ❡♠ R

2,

♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ t❡♠♦s

∫

R2

χ′
nV (x)(u1/2− 2ūn)

2 →
∫

R2

V (x)(u1/2)
2 ✭✷✳✷✶✮

❡
∫

R2

χ′′
nV (x)(u1/2− ūn/2)

2 →
∫

R2

V (x)(u1/2)
2. ✭✷✳✷✷✮

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❞❡ n→ ∞ ❡♠ ✭✷✳✷✵✮ ❡ ✉s❛♥❞♦ ✭✷✳✷✶✮ ❡ ✭✷✳✷✷✮✱ ❝♦♥❝❧✉✐♠♦s q✉❡

∫

R2

V (x)((u1/2− βūn)
+)2 →

∫

R2

V (x)(u1/2)
2

q✉❛♥❞♦ n→ ∞✱ ♠♦str❛♥t♦ q✉❡ ♦ ❧✐♠✐t❡ ❡♠ (b) ♦❝♦rr❡✳

❉❡♠♦♥str❛çã♦ ❞❡ (c)✿ P❛r❛ β ∈ [1/2, 2] ❡ n ∈ N✱ t❡♠♦s

u1/2− 2ūn ≤ u1/2− βūn ≤ u1/2− ūn/2

✸✽



♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

[u1/2− 2ūn ≥ 0] ⊂ [u1/2− βūn ≥ 0] ⊂ [u1/2− ūn/2 ≥ 0].

▲♦❣♦
∫

[u1/2−2ūn≥0]

f(u1/2− βūn)(u1/2− βūn) ≤
∫

[u1/2−βūn≥0]

f(u1/2− βūn)(u1/2− βūn)

≤
∫

[u1/2−ūn/2≥0]

f(u1/2− βūn)(u1/2− βūn).

P♦r (f4)✱ ❛ ❢✉♥çã♦ t 7→ f(t)t é ❝r❡s❝❡♥t❡ ❡♠ t ∈ [0,+∞]✳ ▲♦❣♦✱
∫

[u1/2−2ūn≥0]

f(u1/2− 2ūn)(u1/2− 2ūn) ≤
∫

[u1/2−βūn≥0]

f(u1/2− βūn)(u1/2− βūn)

≤
∫

[u1/2−ūn/2≥0]

f(u1/2− ūn/2)(u1/2− ūn/2),

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱
∫

R2

χ′
nf(u1/2− 2ūn)(u1/2− 2ūn) ≤

∫

R2

f((u1/2− βūn)
+)(u1/2− βūn)

+

≤
∫

R2

χ′′
nf(u1/2− ūn/2)(u1/2− ūn/2),

✭✷✳✷✸✮

♦♥❞❡ χ′
n = χ[u1/2−2ūn≥0] ❡ χ′′

n = χ[u1/2−ūn/2≥0]✳

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ q✉❡ t 7→ f(t)t é ❝r❡s❝❡♥t❡ ❡♠ t ∈ [0,+∞] ❡ ♦ ❢❛t♦ q✉❡

ūn(x) → 0 q✳t✳♣✳ ❡♠ R
2,

♦❜t❡♠♦s

χ′
nf(u1/2− 2ūn)(u1/2− 2ūn) ≤ f(u1/2)(u1/2) ∈ L1(R2),

χ′
n(x)f(u1(x)/2− 2ūn(x))(u1(x)/2− 2ūn(x)) → f(u1(x)/2)(u1(x)/2) q✳t✳♣✳ ❡♠ R

2,

❡

χ′′
nf(u1/2− ūn/2)(u1/2− ūn/2) ≤ f(u1/2)(u1/2) ∈ L1(R2),

χ′′
n(x)f(u1(x)/2− ūn(x)/2)(u1(x)/2− ūn(x)/2) → f(u1(x)/2)(u1(x)/2) q✳t✳♣✳ ❡♠ R

2.

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱
∫

R2

χ′
nf(u1/2− 2ūn)(u1/2− 2ūn) →

∫

R2

f(u1/2)(u1/2) ✭✷✳✷✹✮

❡
∫

R2

χ′′
nf(u1/2− ūn/2)(u1/2− ūn/2) →

∫

R2

f(u1/2)(u1/2). ✭✷✳✷✺✮

✸✾



P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❞❡ n→ ∞ ❡♠ ✭✷✳✷✸✮ ❡ ✉s❛♥❞♦ ✭✷✳✷✹✮ ❡ ✭✷✳✷✺✮✱ ❞❡❞✉③✐♠♦s q✉❡

∫

R2

f((u1/2− βūn)
+)(u1/2− βūn)

+ →
∫

R2

f(u1/2)(u1/2)

q✉❛♥❞♦ n→ ∞✱ ♠♦str❛♥t♦ q✉❡ ♦ ❧✐♠✐t❡ ❡♠ (c) ♦❝♦rr❡✳

❙❡♥❞♦ ❛ ❆✜r♠❛çã♦ ✷✳✶✳✽ ✈❡r❞❛❞❡✐r❛✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❛ ✈❛r✐❛♥t❡ ❞♦ ❚❡♦r❡♠❛ ❞♦

✈❛❧♦r ♠é❞✐♦ ❞❡✈✐❞♦ ❛ ▼✐r❛♥❞❛ ❬✹✶❪✱ ♣❛r❛ ♦❜t❡r α∗, β∗ ∈ [1/2, 2] t❛❧ q✉❡ h±n (α
∗, β∗) = 0✱

♣❛r❛ q✉❛❧q✉❡r n ≥ n0✳ ▲♦❣♦✱

α∗u1 − β∗ūn ∈ M, ♣❛r❛ n ≥ n0.

❆ss✐♠✱ t❡♥❞♦ ❡♠ ✈✐st❛ ❛ ❞❡✜♥✐çã♦ ❞❡ c∗✱ ♣❛r❛ ❞❡♠♦♥str❛r ❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✼ é

s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡

sup
1
2
≤α,β≤2

I(αu1 − βūn) < c1 + c∞ ♣❛r❛ n ≥ n0.

P❛r❛ ✐st♦✱ ♣r✐♠❡✐r♦ ✉s❛♠♦s ♦ ▲❡♠❛ ✷✳✶✳✸ ♣❛r❛ ♦❜t❡r ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛

I(αu1 − βūn) ≤
1

2

∫

R2

(|∇(αu1))|2 + |∇(βūn))|2) +
1

2

∫

R2

V (x)(|αu1|2 + |βūn|2)

−αβ
∫

R2

(∇u1∇ūn + V (x)u1ūn)− A1,

♦♥❞❡

A1 =

∫

R2

F (αu1) +

∫

R2

F (βūn)− 2

∫

R2

[f(αu1)βūn + f(βūn)αu1] .

❙❡♥❞♦ u1 ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ (P )✱

∫

R2

(∇u1∇ūn + V (x)u1ūn) =

∫

R2

f(u1)ūn ≥ 0,

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

I(αu1 − βūn) ≤ I(αu1) + I∞(βūn) + 2α

∫

R2

f(βūn)u1 + 2β

∫

R2

f(αu1)ūn ✭✷✳✷✻✮

+
β2

2

∫

R2

(V (x)− V∞(x))ū2n.

P❡❧❛ ❤✐♣ót❡s❡ (V3)✱

∫

R2

(V (x)− V∞(x))ū2n ≤ −C
∫

R2

e−µ|x|ū2n.

✹✵



❯s❛♥❞♦ ❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ R
2 ♣♦r tr❛♥s❧❛çã♦ ❡ ❢❛③❡♥❞♦ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ ♥❛

ú❧t✐♠❛ ✐♥t❡❣r❛❧ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s
∫

R2

(V (x)− V∞(x))ū2n ≤ −C
∫

R2

e−µ|x+xn||ū|2,

❡ ❝♦♠♦ |x+ xn| ≤ |x|+ |xn| = |x|+ n✱

e−µ|x+xn| ≥ e−µ|x|−µn,

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠
∫

R2

(V (x)− V∞(x))ū2n ≤ −Ce−µn

∫

R2

e−µ|x|ū2.

❙❡♥❞♦
∫

R2

e−µ|x|ū2 ≤
∫

R2

ū2 <∞,

❞❡❞✉③✐♠♦s q✉❡
∫

R2

(V (x)− V∞(x))ū2n ≤ −Ce−µn. ✭✷✳✷✼✮

❯s❛♥❞♦ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ f ❞❛❞♦ ❡♠ ✭✷✳✸✮✱
∫

R2

f(αu1)ūn ≤ ǫα

∫

R2

u1ūn + C

∫

R2

(

e4πα
2u2

1 − 1
)

u1ūn. ✭✷✳✷✽✮

◆♦t❡ q✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✳✻✱
∫

Bn/2

u1ūn ≤ C2

∫

Bn/2(0)

u1e
−b|x−xn|.

❯♠❛ ✈❡③ q✉❡ |x− xn| ≥ |xn| − |x| = n− |x| ❡ |x| ≤ n/2✱ ❡♥❝♦♥tr❛♠♦s |x− xn| ≥ n/2✱

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡
∫

Bn/2

u1ūn ≤ C2

∫

Bn/2

u1e
−bn/2 ≤ Ce−bn/2 ✭✷✳✷✾✮

❡ ❝♦♠♦ ♦ ❚❡♦r❡♠❛ ✷✳✶✳✻ é t❛♠❜é♠ ✈á❧✐❞♦ ♣❛r❛ u1✱
∫

R2\Bn/2

u1ūn ≤ C2

∫

R2\Bn/2

e−b|x|ūn ≤ C2e
−bn/2

∫

R2

ūn ≤ C2e
−bn/2

∫

R2

ū. ✭✷✳✸✵✮

❉❡ ✭✷✳✷✾✮ ❡ ✭✷✳✸✵✮✱
∫

R2

u1ūn ≤ Ce−bn/2. ✭✷✳✸✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ u1 ∈ L∞(R2)✱
∫

R2

(

e4πα
2u2

1 − 1
)

u1ūn ≤ C

∫

R2

u1ūn ≤ Ce−bn/2. ✭✷✳✸✷✮

✹✶



❯s❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✷✳✸✶✮ ❡ ✭✷✳✸✷✮ ❡♠ ✭✷✳✷✽✮✱
∫

R2

f(αu1)ūn ≤ Ce−bn/2. ✭✷✳✸✸✮

❆♥❛❧♦❣❛♠❡♥t❡✱
∫

R2

f(βūn)u1 ≤ Ce−bn/2. ✭✷✳✸✹✮

❯s❛♥❞♦ ✭✷✳✸✸✮✱ ✭✷✳✸✹✮ ❡ ✭✷✳✷✼✮ ❡♠ ✭✷✳✷✻✮✱ ♦❜t❡♠♦s

I(αu1 − βūn) ≤ sup
α≥0

I(αu1) + sup
β≥0

I∞(βūn) + C(e−bn/2 − e−µn).

❙❡♥❞♦ µ < 1/2✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

e−bn/2 − e−µn < 0,

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

sup
1/2≤α,β≤2

I(αu1 − βūn) < c1 + c∞.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡

c∗ < c1 + c∞,

✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦✳ �

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ é ✉♠❛ ✈❡rsã♦ ❞♦ ▲❡♠❛ ❞❡ ▲✐♦♥s ✭✈❡r ❬✺✻✱ ▲❡♠❛ ✶✳✷✶❪✮ ♣❛r❛

❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧ ❡♠ R
2 ❞❡✈✐❞♦ ❛ ❆❧✈❡s✱ ❞♦ Ó ❡ ▼✐②❛❣❛❦✐ ❬✶✶❪✳

▲❡♠❛ ✷✳✶✳✾ ❙❡❥❛ (un) ⊂ H1(R2) ✉♠❛ s❡q✉ê♥❝✐❛ ✈❡r✐✜❝❛♥❞♦ un ⇀ 0 ❡♠ H1(R2)

q✉❛♥❞♦ n→ +∞ ❡ lim sup
n→∞

‖un‖21 ≤ m < 1✳ ❙❡ ❡①✐st❡ R > 0 t❛❧ q✉❡

lim inf
n→∞

sup
y∈R2

∫

BR(y)

|un|2 = 0

❡ (f1)− (f3) sã♦ ✈á❧✐❞❛s✱ ❡♥tã♦
∫

R2

F (un),

∫

R2

unf(un) → 0, q✉❛♥❞♦ n→ ∞.

❯s❛r❡♠♦s ❛ ✈❡rsã♦ ❞♦ ▲❡♠❛ ❞❡ ▲✐♦♥s ♣❛r❛ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧ ❡♠ R
2✱

♣❛r❛ ❞❡♠♦♥str❛r ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✷✳✶✳✶✵ ❆ss✉♠❛ q✉❡ (V1) − (V3) ❡ (f1) − (f5) ✈❛❧❡♠✳ ❙❡ (un) ⊂ E é t❛❧ q✉❡

I(un) → σ✱ un ⇀ u ❡♠ H1(R2)✱ I ′(un)un → 0 ❡

lim inf
n→∞

∫

R2

f(un)un > 0,

❡♥tã♦ u 6= 0✱ s❡♠♣r❡ q✉❡ 0 < σ < c∞✳

✹✷



❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ u ≡ 0✳ P♦r (V2)✱ ❞❛❞♦ ǫ > 0 ❡①✐st❡

R = R(ǫ) > 0 t❛❧ q✉❡

|V (x)− V∞(x)| < ǫ, ♣❛r❛ |x| ≥ R.

❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ u ≡ 0✱ t❡♠♦s
∫

BR

|V (x)− V∞(x)||un|2 → 0.

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❜❛✐①♦
∫

R2

|V (x)− V∞(x)||un|2 ≤
∫

BR

|V (x)− V∞(x)||un|2 + ǫ

∫

R2\BR

|un|2,

❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❧✐♠✐t❛çã♦ ❞❡ (un) ❡♠ H1(R2) ✐♠♣❧✐❝❛ ❡♠

|I(un)− I∞(un)| → 0 q✉❛♥❞♦ n→ ∞.

❯♠ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ♠♦str❛ q✉❡

|I ′(un)un − I ′∞(un)un| → 0 ❛s n→ ∞.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

I∞(un) = σ + on(1) ❡ I ′∞(un)un = on(1). ✭✷✳✸✺✮

◆♦ q✉❡ s❡❣✉❡✱ ✜①❛♠♦s sn > 0 ✈❡r✐✜❝❛♥❞♦

snun ∈ N∞.

❆✜r♠❛♠♦s q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ (sn) ❝♦♥✈❡r❣❡ ♣❛r❛ 1 q✉❛♥❞♦ n → ∞✳ ❉❡

❢❛t♦✱ ✈❛♠♦s ♣r✐♠❡✐r♦ ♠♦str❛r q✉❡

lim sup
n→∞

sn ≤ 1. ✭✷✳✸✻✮

❙✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (sn)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r

(sn)✱ t❛❧ q✉❡ sn ≥ 1 + δ ♣❛r❛ t♦❞♦ n ∈ N ❡ ❛❧❣✉♠ δ > 0✳ ❙❡❣✉❡ ❞❡ ✭✷✳✸✺✮ q✉❡
∫

R2

(
|∇un|2 + V∞(x)|un|2

)
=

∫

R2

f(un)un + on(1). ✭✷✳✸✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ snun ∈ N∞✱

sn

∫

R2

(
|∇un|2 + V∞(x)|un|2

)
=

∫

R2

f(snun)un,

✹✸



❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡
∫

R2

(
f(snun)

snun
− f(un)

un

)

|un|2 = on(1). ✭✷✳✸✽✮

❆✜r♠❛♠♦s q✉❡ ❡①✐st❡ (yn) ⊂ Z
2 ❝♦♠ |yn| → ∞✱ r > 0 ❡ β > 0 t❛✐s q✉❡

∫

Br(yn)

u2n ≥ β > 0.

❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ✉s❛♥❞♦ ❛ ✈❡rsã♦ ❞♦ ▲❡♠❛ ❞❡ ▲✐♦♥s ♣❛r❛ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡♠

R
2 ❡♥✉♥❝✐❛❞♦ ♥♦ ▲❡♠❛ ✷✳✶✳✾✱ ♦❜t❡♠♦s

lim
n→+∞

∫

R2

f(un)un = 0,

♦ q✉❡ é ❝♦♥trár✐♦ ❛ ♥♦ss❛ ❤✐♣ót❡s❡✳

❆❣♦r❛✱ s❡❥❛ vn(x) := un(x+ yn)✳ ❯♠❛ ✈❡③ q✉❡ (un) é ❧✐♠✐t❛❞❛ ❡♠ H1(R2)✱ t❡♠✲s❡

q✉❡ (vn) é t❛♠❜é♠ ❧✐♠✐t❛❞❛ ❡♠ H1(R2)✳ ❆ss✐♠✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ ♣♦❞❡♠♦s

❛ss✉♠✐r q✉❡ (vn) é ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡✱ ❡ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r ṽ s❡✉ ❧✐♠✐t❡ ❢r❛❝♦ ❡♠

H1(R2)✳ ❖❜s❡r✈❛♥❞♦ q✉❡
∫

Br(0)

|vn|2 =
∫

Br(yn)

|un|2 ≥ β > 0,

❞❡❞✉③✐♠♦s q✉❡ ṽ 6= 0 ✐♥ H1(R2)✳ ❆❣♦r❛✱ ❞❡ ✭✷✳✸✽✮✱ (f4) ❡ ❞♦ ▲❡♠❛ ❞❡ ❋❛t♦✉✱ t❡♠♦s

0 <

∫

R2

(
f((1 + δ)ṽ)

(1 + δ)ṽ
− f(ṽ)

ṽ

)

ṽ2 ≤ 0,

♦ q✉❡ é ✐♠♣♦ssí✈❡❧✳ ▲♦❣♦

lim sup
n→∞

sn ≤ 1.

❙❡ so = lim sup
n→∞

sn < 1✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ sn < 1 ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ▲❡♠❛ ❞❡ ❋❛t♦✉✱ ♦❜t❡♠♦s

0 <

∫

R2

(
f(ṽ)

ṽ
− f(soṽ)

soṽ

)

ṽ2 ≤ 0 s❡ so > 0

❡

0 <

∫

R2

f(ṽ)ṽ ≤ 0 s❡ so = 0,

♦ q✉❡ é ✐♠♣♦ssí✈❡❧✱ ♠♦str❛♥❞♦ q✉❡ lim sup
n→∞

sn = 1✳ ❆ss✐♠✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛

❞❡ (sn)✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (sn)✱ t❡♠♦s

lim
n→∞

sn = 1. ✭✷✳✸✾✮

❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ (2.39)✱ t❡♠♦s

✹✹



❆✜r♠❛çã♦ ✷✳✶✳✶✶ ∫

R2

F (snun)−
∫

R2

F (un) = on(1)

❡ ∫

R2

f(snun)snun −
∫

R2

f(un)un = on(1).

❉❡ ❢❛t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ♠é❞✐♦✱ ❡①✐st❡ θn(x) ∈ [0, 1] t❛❧ q✉❡

|F (snun(x))− F (un(x))| = f((θn(x)(sn − 1) + 1)un(x))|(sn − 1)un(x)|.

▲♦❣♦✱ ✉s❛♥❞♦ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ f ✱
∣
∣
∣
∣

∫

R2

F (snun)−
∫

R2

F (un)

∣
∣
∣
∣

≤
∫

R2

|F (snun)− F (un)|

≤
∫

R2

f((θn(x)(sn − 1) + 1)un(x))|(sn − 1)un(x)|

≤ ǫ(sn − 1)[θn(x)(sn − 1) + 1]

∫

R2

|un|2

+Cǫ(sn − 1)

∫

R2

un

(

e4π(θn(x)(sn−1)+1)2u2
n − 1

)

.

✭✷✳✹✵✮

❱❛♠♦s ❡st✐♠❛r ❛ ú❧t✐♠❛ ✐♥t❡❣r❛❧ ❛❝✐♠❛✳ ❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ♦ ▲❡♠❛

❆✳✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ♦❜t❡♠♦s

∫

R2

un

(

e4π(θn(x)(sn−1)+1)2u2
n − 1

)

≤ C|un|q′
(∫

R2

(

e4πq(θn(x)(sn−1)+1)2u2
n − 1

))1/q

,

✭✷✳✹✶✮

♦♥❞❡ 1/q + 1/q′ = 1✳ ❉❡s❞❡ q✉❡ ‖un‖2 ≤ m < 1✱ t❡♠♦s

∫

R2

(

e4πq(θn(x)(sn−1)+1)2u2
n − 1

)

≤
∫

R2

(

eαnv2n − 1
)

, ✭✷✳✹✷✮

♦♥❞❡ αn = 4πmq(θn(x)(sn − 1) + 1)2 ❡ vn = un/‖un‖2✳ ◆♦t❡ q✉❡ s❡♥❞♦ sn → 1✱

θn(x) ∈ [0, 1] ❡ m < 1✱ ♣♦❞❡♠♦s ✜①❛r q > 1 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❡ 1 ❡ n0 ∈ N✱

❞❡ t❛❧ ♠♦❞♦ q✉❡ αn < 4π✱ ♣❛r❛ t♦❞♦ n ≥ n0✳ ❆ss✐♠✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲

▼♦s❡r ❞❡✈✐❞❛ ❛ ❈❛♦ ✭✻✮✱ t❡♠♦s

∫

R2

(

eαnv2n − 1
)

≤ C, ∀n ≥ n0.

▲♦❣♦✱ ♣♦r (2.42)✱

∫

R2

(

e4πq(θn(x)(sn−1)+1)2u2
n − 1

)

≤ C, ∀n ≥ n0, ✭✷✳✹✸✮

✹✺



❝♦♠ 1 < q ≈ 1✳ ❆ss✐♠✱ ❞❡ (2.41) ❡ (2.43)✱

∫

R2

un

(

e4π(θn(x)(sn−1)+1)2u2
n − 1

)

≤ C|un|q′ . ✭✷✳✹✹✮

❯s❛♥❞♦ (2.44) ❡♠ (2.40)✱
∣
∣
∣
∣

∫

R2

F (snun)−
∫

R2

F (un)

∣
∣
∣
∣
≤ ǫ(sn − 1)[θn(x)(sn − 1) + 1]|un|22 + C(sn − 1)|un|q′ .

❙❡♥❞♦ (un) ❧✐♠✐t❛❞❛ ❡♠ H1(R2)✱ ♣♦r ✐♠❡rsõ❡s ❝♦♥tí♥✉❛ ❞❡ ❙♦❜♦❧❡✈✱
∣
∣
∣
∣

∫

R2

F (snun)−
∫

R2

F (un)

∣
∣
∣
∣
≤ Cǫ(sn − 1)[θn(x)(sn − 1) + 1] + C(sn − 1),

s❡♥❞♦ sn → 1 q✉❛♥❞♦ n→ ∞✱
∣
∣
∣
∣

∫

R2

F (snun)−
∫

R2

F (un)

∣
∣
∣
∣
→ 0, q✉❛♥❞♦ n→ ∞,

❞❡♠♦str❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ ❞❛ ❆✜r♠❛çã♦ ✷✳✶✳✶✶✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❛ s❡❣✉♥❞❛

✐❣✉❛❧❞❛❞❡ é ♦❜t✐❞❛ ✉s❛♥❞♦ ✉♠ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r✱ ❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❆✜r✲

♠❛çã♦ ✷✳✶✳✶✶✳

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡ s❡♥❞♦ I ′∞(snun)snun = 0 ❡ I ′∞(un)un = on(1)✱ t❡♠♦s

I ′∞(snun)snun − I ′∞(un)un = on(1),

♦✉ s❡❥❛✱

(s2n − 1)

∫

R2

(|∇un|2 + V∞(x)|un|2) = on(1) +

∫

R2

f(snun)snun −
∫

R2

f(un)un,

♦ q✉❡ ✐♠♣❧✐❝❛✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✳✶✶✱ ❡♠

(s2n − 1)

∫

R2

(
|∇un|2 + V∞(x)|un|2

)
= on(1). ✭✷✳✹✺✮

❯s❛♥❞♦ (2.45) ❡ ❛ ❆✜r♠❛çã♦ ✷✳✶✳✶✶✱ ♦❜t❡♠♦s

I∞(snun) = I∞(un) + on(1).

▲♦❣♦

c∞ ≤ I∞(snun) = σ + on(1).

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❞❡ n→ +∞✱ ❡♥❝♦♥tr❛♠♦s c∞ ≤ σ✱ ♦ q✉❡ é ✐♠♣♦ssí✈❡❧✱ ♣♦✐s σ < c∞✳

❊st❛ ❝♦♥tr❛❞✐çã♦ ♦❝♦rr❡✉ ♣❡❧♦ ❢❛t♦ ❞❡ ❛ss✉♠✐r♠♦s q✉❡ u ≡ 0✳ P♦rt❛♥t♦✱ u 6= 0✳ �

❖ ♣ró①✐♠♦ ❧❡♠❛ ♠♦str❛ ✉♠❛ ✐♠♣♦rt❛♥t❡ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ❱❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐ N ✳

✹✻



▲❡♠❛ ✷✳✶✳✶✷ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ η > 0 t❛❧ q✉❡

‖u‖2 ≥ η > 0,

♣❛r❛ t♦❞♦ u ∈ N ✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (un) ⊂ E t❛❧ q✉❡

‖un‖ → 0 q✉❛♥❞♦ n→ ∞✳ ❙❡♥❞♦ un ∈ N ✱ t❡♠♦s

‖un‖2 =
∫

R2

f(un)un

♦ q✉❡ ✐♠♣❧✐❝❛✱ ♣♦r ✭✷✳✹✮✱

‖un‖2 ≤ ǫ

∫

R2

|un|2 + C

∫

R2

|un|q
(

eβπ|un|2 − 1
)

.

❯s❛♥❞♦ ❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈ ❡ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s

‖un‖2 ≤ ǫ‖un‖2 + C

(∫

R2

|un|2q
)1/2(∫

R2

(

eβπ|un|2 − 1
)2
)1/2

.

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈ ❡ ♦ ▲❡♠❛ ❆✳✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱

‖un‖2 ≤ ǫ‖un‖2 + C‖un‖q
(∫

R2

(

e2βπ|un|2 − 1
))1/2

.

❋✐①❛♥❞♦ ǫ < 1 ❡ q > 2✱ ♦❜t❡♠♦s

C ≤ ‖un‖q−2

(∫

R2

(

e2βπ|un|2 − 1
))1/2

. ✭✷✳✹✻✮

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡
∫

R2

(

e2βπ|un|2 − 1
)

=

∫

R2

(

e2βπ‖un‖2( |un|
‖un‖)

2

− 1

)

❡ ♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ❝♦♥tr❛❞✐çã♦ ❢❡✐t❛ ♥♦ ✐♥í❝✐♦ ❞❛ ❞❡♠♦♥str❛çã♦✱

2βπ‖un‖2 ≤ 4π, ∀n ≥ n0,

♣❛r❛ ❛❧❣✉♠ n0 ∈ N✳ ❆ss✐♠✱ ❞❡✜♥✐♥❞♦ vn :=
un

‖un‖
✱ t❡♠♦s |∇vn|2 ≤ ‖vn‖ = 1✳ ❆ss✐♠✱

♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ❞❡✈✐❞❛ ❛ ❈❛♦ ✭✻✮✱ t❡♠♦s
∫

R2

(

e2βπ|un|2 − 1
)

≤
∫

R2

(

e4πv
2
n − 1

)

≤ sup
|∇v|2≤1

∫

R2

(

e4πv
2 − 1

)

≤ C2 ✭✷✳✹✼✮

❯s❛♥❞♦ ✭✷✳✹✼✮ ❡♠ ✭✷✳✹✻✮✱ ❞❡❞✉③✐♠♦s

‖un‖ ≥ C > 0,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ ‖un‖ → 0 q✉❛♥❞♦ n → ∞✱

♠♦str❛♥❞♦ q✉❡ ♦ ❧❡♠❛ ♦❝♦rr❡✳ �

✹✼



✷✳✷ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✶

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✶✳✶ ❞♦ ❈❛♣ít✉❧♦ ✶ ❝♦♠ Ω = Bn(0)✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱

❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ un ∈ H1
0 (Bn(0)) ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t







−∆u+ V (x)u = f(u), ❡♠ Bn(0),

u = 0, s♦❜r❡ ∂Bn(0),

(P )n

♥♦ ♥í✈❡❧

c∗n = inf
Mn

I,

♦♥❞❡

Mn = {u ∈ H1
0 (Bn(0)) : u± 6= 0 ❡ I ′(u±)u± = 0}.

❆q✉✐✱ t❛♠❜é♠ ❞❡♥♦t❛♠♦s ♣♦r I ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❝♦♠ (P )n✱ ♣♦✐s ❛ r❡str✐çã♦

❞❡ I ❛♦ ❡s♣❛ç♦ H1
0 (Bn(0)) ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❝♦♠ (P )n✳

❆✜r♠❛çã♦ ✷✳✷✳✶ ❖ ❧✐♠✐t❡ ❛❜❛✐①♦ ♦❝♦rr❡

lim
n→∞

c∗n = c∗.

❉❡ ❢❛t♦✱ ❝❧❛r❛♠❡♥t❡ (c∗n) é ✉♠❛ s❡q✉ê♥❝✐❛ ♥ã♦ ❝r❡s❝❡♥t❡ ❡ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ♣♦r c∗✳

❙✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ lim c∗n = ĉ > c∗✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ í♥✜♠♦✱ ❡①✐st❡ φ ∈ M
t❛❧ q✉❡ I(φ) < ĉ✳ ❙❡♥❞♦ φ± 6= 0✱ ♣♦r ❞❡♥s✐❞❛❞❡✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (ωn) ⊂ C∞

0 (R2)

t❛❧ q✉❡

ω±
n 6= 0, ωn → φ ❡♠ H1(R2).

❖❜s❡r✈❡ q✉❡

I(ωn) = I(ω+
n ) + I(ω−

n ) → I(φ) ≥ c∗ > 0,

I(ω±
n ) → I(φ±),

❡

I ′(ω±
n )ω

±
n → I ′(φ±)φ± = 0.

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ t±n > 0 ♦s ú♥✐❝♦s ♥ú♠❡r♦s r❡❛✐s✱ ❞❛❞♦s ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✶✳✹ ❞♦ ❈❛♣ít✉❧♦

✶✱ ✈❡r✐✜❝❛♥❞♦ t±nω
±
n ∈ N ❡ ❞❡✜♥❛ φn := t+nω

+
n + t−nω

−
n ∈ M✳ ❯s❛♥❞♦ ❛r❣✉♠❡♥t♦s

s✐♠✐❧❛r❡s ❛♦s ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✶✳✶✵✱ ♠♦str❛r✲s❡ q✉❡

t±n → 1 ❡ I(t±nω
±
n ) → I(φ±),

✹✽



♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠✱

I(φn) → I(φ).

▲♦❣♦✱ ♣♦❞❡♠♦s ✜①❛r n0 ∈ N t❛❧ q✉❡ I(φn0) < ĉ, ∀ n ≥ n0✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✜①❛♥❞♦

n1 ∈ N ❞❡ t❛❧ ♠♦❞♦ q✉❡ φn0 ∈ Mn1 ✱ t❡♠✲s❡

cn1 ≤ I(φn0) < ĉ,

❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ĉ✱ ❞❡♠♦♥str❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✷✳✷✳✶✳ �

❆✜r♠❛♠♦s q✉❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ E✳ ❉❡ ❢❛t♦✱ ♣❡❧❛ ❝♦♥❞✐çã♦ ❞❡

❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③ (f3) ❡ ❛ ❆✜r♠❛çã♦ ✷✳✷✳✶✱ t❡♠♦s

c∗ + on(1) = I(un)−
1

θ
I ′(un)un =

(
1

2
− 1

θ

)

‖un‖2 +
∫

R2

(
1

θ
f(un)un − F (un)

)

≥
(
1

2
− 1

θ

)

‖un‖2,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ (un) é ❧✐♠✐t❛❞❛ ❡♠ E✳ ❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ❛ ❤✐♣ót❡s❡ (f5) ❥✉♥t❛♠❡♥t❡

❝♦♠ ❛ ❝♦♥❞✐çã♦ ✭✷✳✶✮ ❡ ✉♠ ❛r❣✉♠❡♥t♦ s✐♠✐❧❛r ❛♦ ✉s❛❞♦ ♥♦ ▲❡♠❛ ✶✳✶✳✺ ❞♦ ❈❛♣ít✉❧♦ 1✱

❞❡❞✉③✐♠♦s q✉❡

lim sup
n→∞

‖un‖2 ≤
2c∗θ

θ − 2
. ✭✷✳✹✽✮

◆♦ q✉❡ s❡❣✉❡✱ ❞❡♥♦t❛♠♦s t❛♠❜é♠ ♣♦r un ∈ H1(R2) ❛ ❡①t❡♥sã♦ ♥✉❧❛ ❞❡ un ∈ H1
0 (Bn)✳

◆♦t❡ q✉❡ ❞❡ ✭✷✳✹✽✮✱ ✭✷✳✷✮ ❡ ❞♦ ▲❡♠❛ ✷✳✶✳✷✱

lim sup
n→∞

‖un‖21 ≤
2c∗θ

V ∗
0 (θ − 2)

< 1. ✭✷✳✹✾✮

❙❡♥❞♦ H1(R2) ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦✱ ♣❛r❛ ❛❧❣✉♠ u ∈ H1(R2)✱

un ⇀ u ❡♠ H1(R2),

q✉❛♥❞♦ n→ ∞✳

❆✜r♠❛çã♦ ✷✳✷✳✷ ❖ ❧✐♠✐t❡ ❢r❛❝♦ u é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞❡ (P )✳

❉❡ ❢❛t♦✱ s❡❥❛ ϕ ∈ C∞
0 (R2) ❡ ❝♦♥s✐❞❡r❡ n0 ∈ N t❛❧ q✉❡

supp ϕ ⊂ Bn(0), ∀n ≥ n0.

❙❡♥❞♦ un ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞❡ (P )n ❡ ϕ ∈ H1
0 (Bn) ♣❛r❛ n ≥ n0✱

∫

Bn

∇un∇ϕ+ V (x)unϕ =

∫

Bn

f(un)ϕ, ∀n ≥ n0,

✹✾



♦✉ ❛✐♥❞❛
∫

R2

∇un∇ϕ+ V (x)unϕ =

∫

R2

f(un)ϕ, ∀n ≥ n0. ✭✷✳✺✵✮

❚❡♥❞♦ ❡♠ ✈✐st❛ ✭✷✳✹✾✮✱ ❝♦♠❜✐♥❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✭✻✮ ❝♦♠ ♦

❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ♠♦str❛✲s❡ q✉❡
∫

R2

f(un)ϕ→
∫

R2

f(u)ϕ, q✉❛♥❞♦ n→ ∞. ✭✷✳✺✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ ❞❡ un ♣❛r❛ u ❡♠ E✱
∫

R2

∇un∇ϕ+ V (x)unϕ→
∫

R2

∇u∇ϕ+ V (x)uϕ, q✉❛♥❞♦ n→ ∞. ✭✷✳✺✷✮

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❡♠ (2.50) ❡ ✉s❛♥❞♦ (2.51) ❡ (2.52)✱ ♦❜t❡♠♦s
∫

R2

∇u∇ϕ+ V (x)uϕ =

∫

R2

f(u)ϕ, ∀ϕ ∈ C∞
0 (R2),

❡ ♣♦r ❞❡♥s✐❞❛❞❡✱
∫

R2

∇u∇v + V (x)uv =

∫

R2

f(u)v, ∀v ∈ H1
0 (R

2),

♠♦str❛♥❞♦ q✉❡ u é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞❡ (P )✳

❆❣♦r❛✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡

u ∈ M ❡ I(u) = c∗.

❆ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

I(u±n ) → σ±, ♦♥❞❡ c∗ = σ+ + σ−.

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ u+n , u
−
n ∈ N ✱ ♦❜t❡♠♦s σ± ≥ c1 > 0✳ ❊st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✱

❥✉♥t♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✼✱ ✐♠♣❧✐❝❛ q✉❡ σ± < c∞✳ ❙❡♥❞♦

‖u±n ‖2 =
∫

R2

f(u±n )u
±
n ,

♣❡❧♦ ▲❡♠❛ ✷✳✶✳✶✷✱ t❡♠♦s

lim inf
n→∞

∫

R2

f(u±n )u
±
n ≥ η > 0,

♦ q✉❡ ✐♠♣❧✐❝❛✱ ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✶✵✱ ❡♠ u± 6= 0✳ ▲♦❣♦✱ u ∈ M ❡ I(u) ≥ c∗✳

P❛r❛ ❝♦♠♣❧❡t❛r ❛ ❞❡♠♦♥str❛çã♦✱ ❜❛st❛ ♥♦t❛r q✉❡ ♦ ▲❡♠❛ ❞❡ ❋❛t♦✉ ❝♦♥❞✉③ às

❞❡s✐❣✉❛❧❞❛❞❡s

2c∗ = lim inf
n→∞

[2I(un)− I ′(un)un] = lim inf
n→∞

∫

R2

(f(un)un − 2F (un))

≥
∫

R2

(f(u)u− 2F (u)) = 2I(u)− I ′(u)u = 2I(u) ≥ 2c∗.

P♦rt❛♥t♦ I(u) = c∗✱ ♠♦str❛♥❞♦ q✉❡ (P ) t❡♠ ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧✳ �

✺✵



✷✳✸ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ r❛❞✐❛❧ ♠✐♥✐♠❛❧ ♣❛r❛

♦ ♣r♦❜❧❡♠❛ ❛✉tô♥♦♠♦✳

◆❡st❛ s❡çã♦✱ ❝♦♠❜✐♥❛♠♦s ♦ ♠ét♦❞♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✶ ❝♦♠ ♦ Pr✐♥❝í♣✐♦ ❞❡

❈r✐t✐❝❛❧✐❞❛❞❡ ❞❡ P❛❧❛✐s ♣❛r❛ ❞❡♠♦♥str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ r❛❞✐❛❧ ❞❡ ❡♥❡r❣✐❛

♠í♥✐♠❛ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s ❛✉tô♥♦♠♦s ❡♥✈♦❧✈❡♥❞♦ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡

❝♦♠ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧✳

❱❛♠♦s ❝♦♠❡ç❛r ❢❛③❡♥❞♦ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ ❡♥✉♥❝✐❛♥❞♦ ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡

s❡rã♦ ✉t✐❧✐③❛❞♦s ❛♦ ❧♦♥❣♦ ❞❡st❛ s❡çã♦✳

❉❡✜♥✐♠♦s ❛ ❛çã♦ ❞❡ ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ G s♦❜r❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦

X✱ ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ G×X → X✱ (g, u) 7→ g · u t❛❧ q✉❡

✭✶✮ 1 · u = u, ∀u ∈ X❀

✭✷✮ (gh) · u = g · (h · u), ∀g, h ∈ G, u ∈ X❀

✭✸✮ u 7→ g · u é ❧✐♥❡❛r✳

❉✐③❡♠♦s q✉❡ ❛ ❛çã♦ é ✐s♦♠étr✐❝❛ q✉❛♥❞♦

‖g · u‖ = ‖u‖.

❖ ❡s♣❛ç♦ ❞❡ ♣♦♥t♦s ✐♥✈❛r✐❛♥t❡s é ♦ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ ❞❡ X ❞❡✜♥✐❞♦ ♣♦r

Fix(G) = {u ∈ X : g · u = u, ∀g ∈ G}.

• ❯♠ ❝♦♥❥✉♥t♦ A ⊂ X é ✐♥✈❛r✐❛♥t❡ s❡ g · A = A ♣❛r❛ ❝❛❞❛ g ∈ G❀

• ❯♠ ❢✉♥❝✐♦♥❛❧ J : X → R é ✐♥✈❛r✐❛♥t❡ s❡ J ◦ g = J ♣❛r❛ ❝❛❞❛ g ∈ G❀

• ❯♠❛ ❛♣❧✐❝❛çã♦ f : X → X é ❡q✉✐✈❛r✐❛♥t❡ s❡ g ◦ f = f ◦ g ♣❛r❛ ❝❛❞❛ g ∈ G✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❞á ❝♦♥❞✐çõ❡s ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ♣♦♥t♦s ❝rít✐❝♦s ❞❡ ✉♠

❢✉♥❝✐♦♥❛❧ J : X → R r❡str✐t♦ ❛♦ Fix(G)✱ sã♦ ♣♦♥t♦s ❝rít✐❝♦s ❞♦ ❢✉♥❝✐♦♥❛❧ ♥♦ ❡s♣❛ç♦ X✱

✈❡r ❲✐❧❧❡♠ ❬✺✻❪✳

❚❡♦r❡♠❛ ✷✳✸✳✶ ✭Pr✐♥❝í♣✐♦ ❞❡ ❈r✐t✐❝❛❧✐❞❛❞❡ ❞❡ P❛❧❛✐s✮ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡

❍✐❧❜❡rt ❡ G ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ q✉❡ ❛❣❡ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ❡♠ X✳ ❙❡ J ∈ C1(X,R)

é ✉♠ ❢✉♥❝✐♦♥❛❧ ✐♥✈❛r✐❛♥t❡ ❡ u é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ J r❡str✐t♦ ❛♦ Fix(G)✱ ❡♥tã♦ u é

♣♦♥t♦ ❝rít✐❝♦ ❞❡ J ❡♠ X✳

✺✶



◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r H1
r (R

2) ♦ s❡❣✉✐♥t❡ s✉❜❡s♣❛ç♦ ❞❡ H1(R2)

H1
r (R

2) = {u ∈ H1(R2) : u(x) = u(y), s❡♠♣r❡ q✉❡ |x| = |y|},

❢♦r♠❛❞♦ ♣❡❧❛s ❢✉♥çõ❡s r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛s ❞❡ H1(R2)✳ ❙❛❜❡♠♦s q✉❡

H1
r (R

2) = Fix(O(2))

s❡❣✉♥❞♦ ❛ ❛çã♦ ✐s♦♠étr✐❝❛ ∗ : O(2)×H1(R2) → H1(R2) ❞❡✜♥✐❞❛ ♣♦r

(g ∗ u)(x) = u(g · x),

♦♥❞❡ O(2) é ♦ ❣r✉♣♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ♦rt♦❣♦♥❛✐s ❡♠ R
2✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ q✉❡ ♣♦ss❛♠♦s ✉s❛r ♦ ♠ét♦❞♦ ❞❡s❡♥✈♦❧✲

✈✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✶✱ s✉❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❑❛✈✐❛♥ ❬✸✽❪✳

▲❡♠❛ ✷✳✸✳✷ ✭❙tr❛✉ss✮ ❆s s❡❣✉✐♥t❡s ✐♠❡rsõ❡s sã♦ ❝♦♠♣❛❝t❛s

H1
r (R

2) →֒ Ls(R2),

♣❛r❛ t♦❞♦ s > 2✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ♥❡st❛ s❡çã♦ é ♦ s❡❣✉✐♥t❡✳

❚❡♦r❡♠❛ ✷✳✸✳✸ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s (f1)−(f5) s❡❥❛♠ ✈á❧✐❞❛s✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛

❛✉tô♥♦♠♦ 





−∆u+ u = f(u), ✐♥ R
2,

u ∈ H1(R2),
(Q)

♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛✱ ❞❡s❞❡ q✉❡ ❛ ❝♦♥st❛♥t❡ Cp ✈❡r✐✜q✉❡

Cp >

[
2θκp
θ − 2

](p−2)/2

, ♦♥❞❡ κp = inf
Mp

1

Ip, ✭✷✳✺✸✮

Ip(u) =
1

2

∫

B1(0)

(
|∇u|2 + |u|2

)
− 1

p

∫

B1(0)

|u|p.

❡

Mp
1 = {u ∈ H1

0 (B1(0)) : u± 6= 0 ❡ I ′p(u
±)u± = 0}

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛

J(u) =
1

2

∫

R2

(|∇u|2 + |u|2)−
∫

R2

F (u)

✺✷



r❡str✐t♦ ❛♦ s✉❜❡s♣❛ç♦ H1
r (R

2) ❡ ♦ ♥í✈❡❧ c∗r ❞❡✜♥✐❞♦ ♣♦r

c∗r := inf
u∈Mr

J(u),

♦♥❞❡

Mr = {u ∈ H1
r (R

2) : u± 6= 0 ❡ J ′(u±)u± = 0}.

◆♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡ ♦ ♥í✈❡❧ c∗r é ❛t✐♥❣✐❞♦ ♣♦r ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ J ✳ P❛r❛

❝✉♠♣r✐r t❛❧ ♦❜❥❡t✐✈♦✱ ❝♦♠♦ ♥♦ ❈❛♣ít✉❧♦ ✶✱ ♣r❡❝✐s❛♠♦s ❛♥t❡s ❞❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣r❡❧✐✲

♠✐♥❛r❡s✳

▲❡♠❛ ✷✳✸✳✹ ❖ ♥ú♠❡r♦ c∗r ✈❡r✐✜❝❛

c∗r <
θ − 2

2θ
·

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ wp ∈ Mp
1 r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛ t❛❧ q✉❡ Ip(wp) = κp ❡

I ′p(wp) = 0✳ ❚❡♠✲s❡

κp =
1

2

∫

B1(0)

(
|∇wp|2 + |wp|2

)
− 1

p

∫

B1(0)

|wp|p, ✭✷✳✺✹✮

∫

B1(0)

(
|∇wp|2 + |wp|2

)
=

∫

B1(0)

|wp|p ✭✷✳✺✺✮

❡
∫

B1(0)

(
|∇w±

p |2 + |w±
p |2
)
=

∫

B1(0)

|w±
p |p. ✭✷✳✺✻✮

❙✉❜st✐t✉✐♥❞♦ (2.55) ❡♠ (2.54)✱ ♦❜t❡♠♦s

κp =

(
1

2
− 1

p

)∫

B1(0)

|wp|p. ✭✷✳✺✼✮

❙❡♥❞♦ wp ✉♠❛ ❢✉♥çã♦ ♥♦❞❛❧ ❡ r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛✱ ♣❡❧❛ ❝♦♥❞✐çã♦ (f4)✱ ❡①✐st❡♠ ú♥✐❝♦s

s, t > 0 t❛✐s q✉❡ sw+
p + tw−

p ∈ Mr✳ ▲♦❣♦✱

c∗r ≤ J(sw+
p + tw−

p ) = J(sw+
p ) + J(tw−

p ),

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

c∗r ≤
s2

2

∫

B1(0)

(
|∇w+

p |2 + |w+
p |2
)
−
∫

B1(0)

F (sw+
p )

+
t2

2

∫

B1(0)

(
|∇w−

p |2 + |w−
p |2
)
−
∫

B1(0)

F (tw−
p ).

✺✸



❯s❛♥❞♦ (2.56) ❡ ❛ ❤✐♣ót❡s❡ (f5)✱

c∗r ≤
(
s2

2
− Cps

p

p

)∫

B1(0)

|w+
p |p +

(
t2

2
− Cpt

p

p

)∫

B1(0)

|w−
p |p,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

c∗r ≤ max
r≥0

{
r2

2
− Cpr

p

p

}∫

B1(0)

|wp|p.

❯♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s ♠♦str❛ q✉❡

max
r≥0

{
r2

2
− Cpr

p

p

}

= C
2

2−p
p

(
1

2
− 1

p

)

,

❧♦❣♦✱ ♣♦r (2.57)✱

c∗r ≤ C
2

2−p
p

(
1

2
− 1

p

)∫

B1(0)

|wp|p = C
2

2−p
p κp. ✭✷✳✺✽✮

❈♦♠❜✐♥❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ (2.58) ❝♦♠ (2.53)✱ ♦❜t❡♠♦s

c∗r <
θ − 2

2θ
,

❝♦♠♦ q✉❡r✐❛♠♦s ❞❡♠♦♥str❛r✳ �

❖ ♣ró①✐♠♦ ❧❡♠❛ ♠♦str❛ ❞♦✐s ✐♠♣♦rt❛♥t❡s ❧✐♠✐t❡s ❡♥✈♦❧✈❡♥❞♦ ❛ ❢✉♥çã♦ f ✳

▲❡♠❛ ✷✳✸✳✺ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ H1
r (R

2) s❛t✐s❢❛③❡♥❞♦

✭✐✮ b := sup
n∈N

‖un‖21 < 1;

✭✐✐✮ un ⇀ u ❡♠ H1
r (R

2) ❡❀

✭✐✐✐✮ un(x) → u(x) q✳t✳♣✳ ❡♠ R
2✳

❊♥tã♦✱

lim
n

∫

R2

f(un)un =

∫

R2

f(u)u ✭✷✳✺✾✮

❡

lim
n

∫

R2

f(un)v =

∫

R2

f(u)v, ✭✷✳✻✵✮

♣❛r❛ q✉❛❧q✉❡r v ∈ H1
r (R

2)✳

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ f ❞❛❞♦ ❡♠ ✭✷✳✹✮ ❝♦♠ ǫ > 0✱ β = 4 ❡ q > 2✱

t❡♠♦s

f(s)s ≤ ǫ|s|2 + C|s|q
(

e4πs
2 − 1

)

, ∀s ∈ R.

✺✹



❙❡❥❛♠ P, Q : R → R ❞❡✜♥✐❞❛s ♣♦r

P (s) := f(s)s ❡ Q(s) := ǫ|s|2 + C|s|q
(

e4πs
2 − 1

)

.

◆♦t❡ q✉❡ ♣♦r (f1)

0 ≤
∣
∣
∣
∣

P (s)

Q(s)

∣
∣
∣
∣
≤ Ce4πs

2

|s|q−1 (e4πs2 − 1)
→ 0, q✉❛♥❞♦ |s| → +∞.

❆❧é♠ ❞✐ss♦✱ ♣♦r (f2)✱

0 ≤
∣
∣
∣
∣

P (s)

Q(s)

∣
∣
∣
∣
≤ |f(s)|

ǫ|s| → 0 q✉❛♥❞♦ s→ 0.

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡ s❡♥❞♦
∫

R2

|Q(un)| = ǫ

∫

R2

|un|2 + C

∫

R2

|un|q
(

e4π|un|2 − 1
)

,

♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s ❞❡ ❙♦❜♦❧❡✈✱

∫

R2

|Q(un)| ≤ ǫ‖un‖21 + C|un|qqt1
(∫

R2

(

e4π|un|2 − 1
)t2
)1/t2

,

♦♥❞❡ 1/t1 + 1/t2 = 1✳ P❡❧♦ ▲❡♠❛ ❆✳✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆ ❡ ❛ ❤✐♣ót❡s❡ ✭✐✮✱ t❡♠♦s
∫

R2

|Q(un)| ≤ ǫb+ CC|un|qqt1
∫

R2

(

e4πt2|un|2 − 1
)

. ✭✷✳✻✶✮

❉❡s❞❡ q✉❡
∫

R2

(

e4πt2|un|2 − 1
)

=

∫

R2

(

e
4πt2‖un‖21

(

un
‖un‖1

)2

− 1

)

≤
∫

R2

(

e
4πt2b

(

un
‖un‖1

)2

− 1

)

≤ sup
‖v‖1≤1

∫

R2

(

e4πt2bv
2 − 1

)

✭✷✳✻✷✮

❡ ❝♦♠♦ b < 1✱ ♣♦❞❡♠♦s ✜①❛r t2 > 1 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❡ 1 ❞❡ t❛❧ ♠♦❞♦ q✉❡

α := 4πt2b < 4π✳ ▲♦❣♦✱ ♣♦r ✭✷✳✻✷✮ ❡ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❡ ❞❡ ❚r✉❞✐♥❣❡r ▼♦s❡r ✭✻✮✱ ❡①✐st❡

✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ n ∈ N✱
∫

R2

(

e4πt2|un|2 − 1
)

≤ sup
‖v‖1≤1

∫

R2

(

eαv
2 − 1

)

≤ C, ✭✷✳✻✸✮

♣❛r❛ ❛❧❣✉♠ t2 > 1✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❡ 1✳ ▲♦❣♦✱ ✉s❛♥❞♦ ✭✷✳✻✸✮ ❡♠ ✭✷✳✻✶✮✱

♦❜t❡♠♦s
∫

R2

|Q(un)| ≤ ǫb+ C|un|qqt1 , ✭✷✳✻✹✮

✺✺



♣❡❧❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s ❞❡ ❙♦❜♦❧❡✈ ❡ ❛ ❤✐♣ót❡s❡ ✭✐✮✱

∫

R2

|Q(un)| ≤ ǫb+ C‖un‖q1 ≤ ǫb+ Cbq,

♠♦str❛♥❞♦ q✉❡

sup
n

∫

R2

|Q(un)| <∞.

P❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙tr❛✉ss ✭▲❡♠❛ ❆✳✻ ❞♦ ❆♣ê♥❞✐❝❡ ❆✮ ❡ ❛ ❤✐♣ót❡s❡ (i)✱ t❡♠♦s

|un(x)| ≤ (2π)−1/2|x|−1/2 · ‖un‖1

≤ (2π)−1/2|x|−1/2b1/2,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

un(x) → 0 q✉❛♥❞♦ |x| → ∞,

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ n ∈ N✳

❙❡❣✉❡ ❞❡ (iii) q✉❡

P (un(x)) → v(x) q✳t✳♣✳ ❡♠ R
2,

♦♥❞❡ v(x) := f(u(x))u(x), x ∈ R
2✳ P❡❧♦ ❚❡♦r❡♠❛ ❆✳✶✸ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ❝♦♥❝❧✉✐♠♦s q✉❡

P (un) ❝♦♥✈❡r❣❡ ♣❛r❛ v ❡♠ L1(R2)✱ ♦✉ s❡❥❛✱

∫

R2

f(un)un →
∫

R2

f(u)u, q✉❛♥❞♦ n→ +∞,

♠♦str❛♥❞♦ q✉❡ ♦ ❧✐♠✐t❡ ❡♠ (2.59) ♦❝♦rr❡✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ (2.60) é ♦❜t✐❞❛ ✉s❛♥❞♦ ♦

♠❡s♠♦ ❛r❣✉♠❡♥t♦✳ �

❆❣♦r❛✱ ❡st❛❜❡❧❡❝❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ♦ ❝♦♥❥✉♥t♦✿

S̃τ := {u ∈ Mr : J(u) < c∗r + τ},

♦♥❞❡ τ > 0 é ✉♠❛ ❝♦♥st❛♥t❡ ❛ s❡r ✜①❛❞❛ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✳

▲❡♠❛ ✷✳✸✳✻ P❛r❛ t♦❞♦ u ∈ S̃τ ✱ t❡♠✲s❡

0 < r0 ≤ ‖u±‖21 ≤ ‖u‖21 ≤ mτ < 1,

♣❛r❛ τ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳

✺✻



❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ é ✉♠❛ ❛❞❛♣t❛çã♦ ❞♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♥❛ ❞❡✲

♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✶✳✶✳✶✵✱ ✉s❛♥❞♦ ❛❣♦r❛ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ❞❡✈✐❞❛

❛ ❈❛♦ ✭✻✮✳ �

▲❡♠❛ ✷✳✸✳✼ P❛r❛ ❝❛❞❛ q > 1✱ ❡①✐st❡ δq > 0 t❛❧ q✉❡

0 < δq ≤
∫

R2

|u±|q ≤
∫

R2

|u|q, ∀u ∈ S̃τ .

❉❡♠♦♥str❛çã♦✳ ❱❡r ▲❡♠❛ ✶✳✶✳✶✶✳ �

❯s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✸✳✼✱ ♣♦❞❡♠♦s ✜①❛r R > 0 t❛❧ q✉❡

J(
1

R
u±), J(Ru±) <

1

2
J(u±), ∀u ∈ S̃τ .

❉❡✜♥✐♠♦s

S =

{

sRu+ + tRu− : u ∈ S̃τ ❡ s, t ∈
[
1

R2
, 1

]}

.

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ♠♦str❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c∗r ❞❡ ❢✉♥çõ❡s ♥♦❞❛✐s

♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ J ✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✽ ❉❛❞♦s ǫ, δ > 0✱ ❡①✐st❡ u ∈ J−1([c∗r − 2ǫ, c∗r + 2ǫ]) ∩ S2δ ✈❡r✐✜❝❛♥❞♦

‖J ′(u)‖ < 4ǫ

δ
.

❉❡ ❢❛t♦✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱ ❝♦♥s✐❞❡r❡ ǫ =
1

4n
❡ δ =

1√
n
✳ P❡❧❛ Pr♦♣♦s✐çã♦ 2.3.8✱

❡①✐st❡ un ∈ S2/
√
n ❝♦♠

un ∈ J−1([c∗r − 1/2n, c∗r + 1/2n])

❡

‖J ′(un)‖ ≤ 1√
n
.

❆ss✐♠✱ ❡①✐st❡ (vn) ⊂ S s❛t✐s❢❛③❡♥❞♦

J(vn) → c∗r ❡ J ′(vn) → 0,

❝♦♠

‖un − vn‖ ≤ 2/
√
n.

➱ ❢á❝✐❧ ✈❡r q✉❡ (vn) é ❧✐♠✐t❛❞❛ ❡♠ H1
r (R

2) ❝♦♠

lim sup
n→∞

‖vn‖21 < 1. ✭✷✳✻✺✮

✺✼



❆❣♦r❛✱ s❡❥❛ v0 ∈ H ♦ ❧✐♠✐t❡ ❢r❛❝♦ ❞❡ (vn) ❡♠ H1
r (R

2)✳ ❈♦♠❜✐♥❛♥❞♦ (2.65) ❝♦♠ ♦

▲❡♠❛ ✷✳✸✳✺✱ ❞❡❞✉③✲s❡ q✉❡ v0 é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞♦ ❢✉♥❝✐♦♥❛❧ J r❡str✐t♦ ❛♦ s✉❜❡s♣❛ç♦

H1
r (R

2)✳ ◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ♠♦str❛r q✉❡ v±0 6= 0✳ ❙❛❜❡♠♦s q✉❡

vn ⇀ v0 ❡♠ H1
r (R

2);

vn(x) → v0(x) q✳t✳♣✳ ❡♠ R
2

❡

vn → v0 ❡♠ Lq(R2), ∀q > 2.

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ vn ∈ S✱ ❡①✐st❡♠ sn, tn ∈
[
1

R2
, 1

]

❡ un ∈ Mr✱ t❛❧ q✉❡

vn = snRu
+
n + tnRu

−
n ⇀ s0Ru

+
0 + t0Ru

−
0 ❡♠ H1

r (R
2)

❡

vn(x) = snRu
+
n (x) + tnRu

−
n (x) → s0Ru

+
0 (x) + t0Ru

−
0 (x) q✳t✳♣✳ ❡♠ R

2,

♣❛r❛ ❛❧❣✉♠ s0, t0 ∈
[
1

R2
, 1

]

✱ ♦♥❞❡ u0 ∈ H1
r (R

2) é ♦ ❧✐♠✐t❡ ❢r❛❝♦ ❞❛ s❡q✉ê♥❝✐❛ (un) ⊂ Mr✳

P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡✱ t❡♠✲s❡ v0 = s0Ru
+
0 +t0Ru

−
0 ✳ P❡❧♦ ▲❡♠❛ 2.3.7✱ ♦❜t❡♠♦s u±0 6= 0✱

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ v+0 = s0Ru
+
0 6= 0 ❡ v−0 = s0Ru

−
0 6= 0✳ ❋✐♥❛❧♠❡♥t❡✱ s❡♥❞♦ ♦ ❢✉♥❝✐♦♥❛❧

J : H1(R2) → R ✐♥✈❛r✐❛♥t❡ s♦❜ ♦ ❣r✉♣♦ ❞❛s r♦t❛çõ❡s✱ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✸✳✸

s❡❣✉❡ ✉s❛♥❞♦ ♦ Pr✐♥❝í♣✐♦ ❞❡ ❈r✐t✐❝❛❧✐❞❛❞❡ ❞❡ P❛❧❛✐s✳

✷✳✹ ◆ã♦ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s ❞❡ ❡♥❡r❣✐❛ ♠í✲

♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉tô♥♦♠♦✳

◆❡st❛ s❡çã♦✱ ❞❡♠♦♥str❛♠♦s ✉♠ r❡s✉❧t❛❞♦ ❞❡ ♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡

❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉tô♥♦♠♦ (Q)✱ ✐st♦ é✱ ❞❡♠♦♥str❛♠♦s q✉❡ ♦ ♥í✈❡❧

ĉ := inf
M
J

♥ã♦ é ❛t✐♥❣✐❞♦✱ ♦♥❞❡ J é ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛♦ Pr♦❜❧❡♠❛ (Q) ❡ M é ♦

❝♦♥❥✉♥t♦ ❞❡ ◆❡❤❛r✐ ♥♦❞❛❧

M := {u ∈ H1(R2) : u± 6= 0 ❛♥❞ J ′(u±)u± = 0}.

❖ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ♥❡st❛ s❡çã♦ é ♦ s❡❣✉✐♥t❡

✺✽



❚❡♦r❡♠❛ ✷✳✹✳✶ ❙✉♣♦♥❤❛ q✉❡ f s❛t✐s❢❛③ (f1) − (f5) ❡ q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ (2.53)

♦❝♦rr❡✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛ ❛✉tô♥♦♠♦ (Q) ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✳

❆♥t❡s ❞❡ ❞❡♠♦♥str❛r ♦ ❚❡♦r❡♠❛ ✷✳✹✳✶✱ ✜①❛♠♦s ❛❧❣✉♠❛s ♥♦t❛çõ❡s ❡ ❞❡♠♦♥str❛♠♦s

✉♠❛ ♣r♦♣♦s✐çã♦✳ ◆♦ q✉❡ s❡❣✉❡✱ ❞❡♥♦t❛♠♦s ♣♦r

f+(t) =







f(t), t ≥ 0,

0, t ≤ 0

❡ ♦ ❢✉♥❝✐♦♥❛❧ J+ ❡♠ H1(R2) ♣♦r

J+(u) :=

∫

R2

(|∇u|2 + |u|2)−
∫

R2

F+(u),

♦♥❞❡ F+ é ❛ ♣r✐♠✐t✐✈❛ ❞❡ f+ ❝♦♠ F+(0) = 0✳ ❙❡❣✉❡ ❞❡ ❬✶✶✱ ❚❤❡♦r❡♠ ✶✳✶❪✱ q✉❡ ♦ ♥ú♠❡r♦

c+ = inf
N+

J+

♦♥❞❡

N+ := {u ∈ H1(R2) \ {0} : J ′
+(u)u = 0},

é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ J+✳ ❙❡❥❛ v ∈ N+ ♦ ♣♦♥t♦ ❝rít✐❝♦ ❝♦rr❡s♣♦♥❞❡♥t❡✳ ▼♦str❛✲s❡ q✉❡

v− = 0✳ ▲♦❣♦ v é ♥ã♦✲♥❡❣❛t✐✈❛ ❡✱ ♣♦r ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦✱ v > 0 s♦❜r❡ R
2✳ ❊♠

♣❛rt✐❝✉❧❛r✱ v é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣♦s✐t✐✈♦ ❞❡ J ✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡✜♥✐♥❞♦

f−(t) =







0, t ≥ 0,

f(t), t < 0,

❞❡♥♦t❛♥t♦ ♣♦r J− ♦ ❢✉♥❝✐♦♥❛❧ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡ ♣♦rN− ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐✱ ♦ ♥ú♠❡r♦

r❡❛❧

c− := inf
N−

J−

é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ J−✳

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ é ✉♠ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ ♥♦ ♥♦ss♦ ❛r❣✉♠❡♥t♦ ♣❛r❛ ♠♦str❛r

♦ r❡s✉❧t❛❞♦ ❞❡ ♥ã♦ ❡①✐stê♥❝✐❛✱ ♣♦✐s ❡❧❛ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ ❡st✐♠❛t✐✈❛ ❡①❛t❛ ♣❛r❛ ĉ✳

Pr♦♣♦s✐çã♦ ✷✳✹✳✷ ❙♦❜ ❛s ❤✐♣ót❡s❡s (f1)− (f5)✱ t❡♠✲s❡

ĉ = c+ + c−.

✺✾



❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ v, w ∈ H1(R2) ✈❡r✐✜❝❛♥❞♦

J+(v) = c+, J ′
+(v) = 0, v(x) > 0, ∀x ∈ R

2,

J−(w) = c−, J ′
−(w) = 0 w(x) < 0, ∀x ∈ R

2,

❡ ❝♦♥s✐❞❡r❡ ❛s ❢✉♥çõ❡s

vR(x) := ϕ
( x

R

)

v(x) ❡ wR,n := ϕ

(
x− xn
R

)

w(x− xn),

♦♥❞❡ ϕ ∈ C∞
0 (R2) é ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦

supp ϕ ⊂ B2(0), 0 ≤ ϕ ≤ 1, ϕ = 1 s♦❜r❡ B1(0) ❡ xn = (n, 0).

❈❧❛r❛♠❡♥t❡✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

supp vR ∩ supp wR,n = ∅.

❙❡❥❛♠ tR, sR > 0 t❛✐s q✉❡

J ′(tRvR)tRvR = 0 ❡ J ′(sRwR,n)sRwR,n = 0.

❙❡♥❞♦

t2R

∫

R2

(
|∇vR|2 + |vR|2

)
=

∫

R2

f+(tRvR)tRvR

❡ vR → v ❡♠ H1(R2)✱ ♣♦r ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛♦s ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✶✳✶✵✱

♠♦str❛✲s❡ q✉❡ tR → 1✱ q✉❛♥❞♦ R → +∞✳ ❙✐♠✐❧❛r♠❡♥t❡✱

s2R

∫

R2

(
|∇wR,n|2 + |wR,n|2

)
=

∫

R2

f+(sRwR,n)sRwR,n.

❙❡♥❞♦ wR → w ❡♠ H1(R2)✱ t❡♠♦s sR → 1✱ q✉❛♥❞♦ R → +∞✳ ❆❣♦r❛✱ ♥♦t❡ q✉❡

uR := tRvR + sRwR,n ∈ M ❝♦♠

u+R = tRvR ❡ u−R = sRwR,n

♣❛r❛ n ∈ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ▲♦❣♦✱

ĉ ≤ J(tRvR + sRwR,n) = J(tRvR) + J(sRwR,n).

❯s❛♥❞♦ ❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ R2 ♣♦r tr❛♥s❧❛çõ❡s✱ ❡ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❞❡ R → +∞✱ ♦❜t❡♠♦s

ĉ ≤ J(v) + J(w).

✻✵



❙❡♥❞♦ J(v) = J+(v) = c+ ❡ J(w) = J−(w) = c−✱

ĉ ≤ c+ + c−.

P♦r ♦✉tr♦ ❧❛❞♦✱ é ❝❧❛r♦ q✉❡ ĉ ≥ c++ c−✳ P♦rt❛♥t♦✱ ♣♦❞❡✲s❡ ❝♦♥❝❧✉✐r q✉❡ ĉ = c++ c−✳�

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✹✳✶✳ ❙✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❡①✐st❡ u ∈ M t❛❧

q✉❡ J(u) = ĉ✳ ❙❡♥❞♦ ❛ss✐♠✱

u+ ∈ N+, u
− ∈ N−

❡

c+ + c− ≤ J+(u
+) + J−(u

−) = J(u) = ĉ = c+ + c−.

▲♦❣♦✱

J+(u
+) = c+ ❡ J−(u

−) = c−.

❆ss✐♠✱ u+ ❡ u− sã♦ ♣♦♥t♦s ❝rít✐❝♦s ❞♦s ❢✉♥❝✐♦♥❛✐s J+ ❡ J−✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▲♦❣♦✱ ♣❡❧♦

♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦✱ ❞❡✈❡♠♦s t❡r

u+(x) > 0, ♣❛r❛ t♦❞♦ x ∈ R
2

❡

u−(x) < 0, ♣❛r❛ t♦❞♦ x ∈ R
2,

♦ q✉❡ é ✐♠♣♦ssí✈❡❧✳ �

●♦st❛r✐❛♠♦s ❞❡ ✜♥❛❧✐③❛r ❡st❡ ❈❛♣ít✉❧♦ ❢❛③❡♥❞♦ ❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s ✐♠♣♦rt❛♥t❡s

❛❝❡r❝❛ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳

❖❜s❡r✈❛çã♦ ✷✳✹✳✸ ❱✐♠♦s q✉❡ ♥❛ ❙❡çã♦ ✷✳✸✱ ❡①✐st❡ ✉♠ ♠✐♥✐♠✐③❛♥t❡ u ∈ Mr ♦ q✉❛❧ é

✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ J s♦❜r❡ H1(R2)✳ ❉❡s❞❡ q✉❡ ĉ ≤ c∗r✱ ♦ ❚❡♦r❡♠❛ ✷✳✹✳✶ ✐♠♣❧✐❝❛ q✉❡

ĉ < c∗r.

❯♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡str✐t❛ s✐♠✐❧❛r ❡♠ ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ t❛❧ ❝♦♠♦ ✉♠ ❛♥❡❧ ❡♠ R
N ✱

♣❛r❛ N ≥ 3✱ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❬✶✽❪ ✳

❖❜s❡r✈❛çã♦ ✷✳✹✳✹ ❖ r❡s✉❧t❛❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛

♦ ❝❛s♦ ♥ã♦✲❛✉tô♥♦♠♦✱ ♥♦s ❞✐③ q✉❡ ❛♣❡s❛r ❞♦ ♣r♦❜❧❡♠❛ ❛✉tô♥♦♠♦ ♥ã♦ ♣♦ss✉✐r s♦❧✉çã♦

♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✱ é ♣♦ss✐✈❡❧ ✐♠♣♦r ❝♦♥❞✐çõ❡s s♦❜r❡ V ❞❡ ♠♦❞♦ q✉❡ ♦ ♣r♦❜❧❡♠❛

(P )✱ ♣❛r❛ Ω = R
2✱ ♣♦ss✉❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✳

❖❜s❡r✈❛çã♦ ✷✳✹✳✺ ❯♠❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✹✳✶ ♣♦❞❡ s❡r ❢❡✐t❛ ♣❛r❛ N ≥ 3✱ s✉♣♦♥❞♦

q✉❡ f t❡♠ ❝r❡s❝✐♠❡♥t♦ s✉❜❝rít✐❝♦✱ ♦✉ ❛té ♠❡s♠♦ ❝rít✐❝♦ ❝♦♠ ❤✐♣ót❡s❡s ❛❞❡q✉❛❞❛s s♦❜ ❛

♥ã♦✲❧✐♥❡❛r✐❞❛❞❡✳

✻✶



❈❛♣ít✉❧♦ ✸

❙♦❧✉çõ❡s ❞♦ t✐♣♦ ♠✉❧t✐✲❜✉♠♣ ♥♦❞❛❧

♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s

❡♠ R
2 ❡♥✈♦❧✈❡♥❞♦ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦

❡①♣♦♥❡♥❝✐❛❧

◆❡st❡ ❝❛♣ít✉❧♦✱ ♠♦t✐✈❛❞♦s ♣♦r ❬✺❪ ❡ ❬✶✸❪✱ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞♦ t✐♣♦

♠✉❧t✐✲❜✉♠♣ ♥♦❞❛❧ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s ❡♠ R
2 ❝♦♠ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡

t❡♥❞♦ ✉♠ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❡①♣♦♥❡♥❝✐❛❧✳

✸✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞♦ t✐♣♦

♠✉❧t✐✲❜✉♠♣ ♥♦❞❛❧ ♣❛r❛ ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s







−∆u+ (λV (x) + 1)u = f(u), ❡♠ R
2,

u ∈ H1(R2),

(P )λ

♦♥❞❡ λ ∈ (0,∞)✱ ♦ ♣♦t❡♥❝✐❛❧ V : R2 → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ ♥ã♦ ♥❡❣❛t✐✈❛ t❛❧

q✉❡ ♦ ❝♦♥❥✉♥t♦ Ω := int V −1({0}) s❛t✐s❢❛③

(H1) Ω é ♥ã♦✲✈❛③✐♦✱ ❧✐♠✐t❛❞♦✱ ❝♦♠ ❢r♦♥t❡✐r❛ ∂Ω s✉❛✈❡ ❡ V −1({0}) = Ω❀



(H2) Ω t❡♠ k ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡♥♦t❛❞❛s ♣♦r Ωj✱ j ∈ {1, ..., k}✱ ❛s q✉❛✐s ✈❡r✐✜❝❛♠
dist(Ωj,Ωi) > 0✱ ♣❛r❛ i 6= j✳

P❛r❛ ❛ ❢✉♥çã♦ f ❛❞♠✐t✐♠♦s ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s✳

(f1) ❊①✐st❡ C > 0 t❛❧ q✉❡

|f(s)| ≤ Ce4π|s|
2

♣❛r❛ t♦❞♦ s ∈ R;

(f2) lim
s→0

f(s)

s
= 0❀

(f3) ❊①✐st❡ θ > 2 t❛❧ q✉❡

0 < θF (s) := θ

∫ s

0

f(t)dt ≤ sf(s), ♣❛r❛ t♦❞♦ s ∈ R \ {0}.

(f4) ❆ ❢✉♥çã♦ s→ f(s)

|s| é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❡♠ R \ {0}✳

(f5) ❊①✐st❡♠ ❝♦♥st❛♥t❡s p > 2 ❡ Cp > 0 t❛✐s q✉❡

sgn(s)f(s) ≥ Cp|s|p−1 ♣❛r❛ t♦❞♦ s ∈ R,

❝♦♠

Cp >

[
4kθ

θ − 2
· Sp

](p−2)/2

, ✭✸✳✶✮

♦♥❞❡

Sp = max
1≤j≤k

γj, γj = inf
u∈MΩj

φj(u),

MΩj
= {u ∈ H1

0 (Ωj) : u± 6= 0 ❡ φ′
j(u

±)u± = 0},

φj(u) =
1

2

∫

Ωj

(
|∇u|2 + |u|2

)
− 1

p

∫

Ωj

|u|p.

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡♠♦♥str❛❞♦ é ♦ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ✸✳✶✳✶ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s (H1) − (H2) ❡ (f1) − (f5) s❡❥❛♠ ✈á❧✐❞❛s✳

❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ Γ ❞❡ {1, ..., k}✱ ❡①✐st❡ λ∗ > 0 t❛❧ q✉❡✱ ♣❛r❛

λ ≥ λ∗✱ ♦ ♣r♦❜❧❡♠❛ (P )λ t❡♠ ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ uλ✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❢❛♠í❧✐❛ {uλ}λ≥λ∗

t❡♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ P❛r❛ q✉❛❧q✉❡r s✉❜s❡q✉ê♥❝✐❛ λn → ∞✱ ♣♦❞❡♠♦s ❡①tr❛✐r

✉♠❛ s✉❜s❡q✉ê♥❝✐❛ λni
t❛❧ q✉❡ uλni

❝♦♥✈❡r❣❡ ❢♦rt❡ ❡♠ H1(R2) ♣❛r❛ ✉♠❛ ❢✉♥çã♦ u ❛ q✉❛❧

s❛t✐s❢❛③ u(x) = 0 ♣❛r❛ x /∈ ΩΓ := ∪j∈ΓΩj✱ ❡ ❛ r❡str✐çã♦ u|Ωj
é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❝♦♠

❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡

−∆u+ u = f(u), ❡♠ Ωj, u|∂Ωj
= 0 ♣❛r❛ j ∈ Γ.

✻✸



✸✳✷ ◆♦t❛çõ❡s ❡ r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s

◆❡st❛ s❡çã♦✱ ✜①❛♠♦s ❛❧❣✉♠❛s ♥♦t❛çõ❡s ❡ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❢✉♥❝✐♦♥❛✐s q✉❡

s❡rã♦ ✉s❛❞♦s ❛♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣ít✉❧♦✳

❙❛❜❡♠♦s q✉❡ ❛s s♦❧✉çõ❡s ❞❡ (P )λ ♣♦❞❡♠ s❡r ❝❛r❛❝t❡r✐③❛❞❛s ❝♦♠♦ s❡♥❞♦ ♣♦♥t♦s

❝rít✐❝♦s ❞♦ ❢✉♥❝✐♦♥❛❧ J : Hλ → R ❞❛❞♦ ♣♦r

J(u) =
1

2

∫

R2

[
|∇u|2 + (λV (x) + 1)|u|2

]
−
∫

R2

F (u),

♦♥❞❡ Hλ é ♦ ❡s♣❛ç♦ ❞❡ ❢✉♥çõ❡s ❞❡✜♥✐❞♦ ♣♦r

Hλ =

{

u ∈ H1(R2) :

∫

R2

V (x)u2 <∞
}

♠✉♥✐❞♦ ❝♦♠ ❛ s❡❣✉✐♥t❡ ♥♦r♠❛

‖u‖λ =

{∫

R2

[
|∇u|2 + (λV (x) + 1)u2

]
}1/2

,

❛ q✉❛❧ ❡stá ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈u, v〉λ :=

∫

R2

(∇u∇v + V (x)uv) .

▼♦str❛✲s❡ q✉❡ (Hλ, 〈·, ·〉λ) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ♣❛r❛ t♦❞♦ λ ≥ 1✳

P❛r❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ Θ ⊂ R
2✱ ❞❡✜♥✐♠♦s

H(Θ) =

{

u ∈ H1(Θ) :

∫

Θ

V (x)u2 <∞
}

❡

‖u‖λ,Θ =

[∫

Θ

(
|∇u|2 + (λV (x) + 1)u2

)
]1/2

.

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s ❝♦♥s✐❞❡r❛çõ❡s ❛❝✐♠❛✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❧❡♠❛

▲❡♠❛ ✸✳✷✳✶ ❊①✐st❡♠ ν0, δ0 > 0 ❝♦♠ 1 ≈ δ0 < 1 ❡ ν0 ≈ 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ s✉❜❝♦♥❥✉♥t♦

❛❜❡rt♦ Θ ⊂ R
2

δ0‖u‖2λ,Θ ≤ ‖u‖2λ,Θ − ν0|u|22,Θ, ∀u ∈ Hλ(Θ) ❡ λ ≥ 1.

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡

|u|22,Θ ≤
∫

Θ

(λV (x) + 1) |u|2 ≤ ‖u‖2λ,Θ.

✻✹



❆ss✐♠✱ ♣❛r❛ δ0 < 1✱ t❡♠♦s

(1− δ0)|u|22,Θ ≤ (1− δ0)‖u‖2λ,Θ.

▲♦❣♦✱ ♣❛r❛ q✉❛❧q✉❡r 0 < ν0 ≤ (1− δ0)✱

ν0|u|22,Θ ≤ (1− δ0)‖u‖2λ,Θ,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡

δ0‖u‖2λ,Θ ≤ ‖u‖2λ,Θ − ν0|u|22,Θ.

�

❆♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ ❞❡♥♦t❛♠♦s ♣♦r bτ : R → R ❛ ❢✉♥çã♦ r❡❛❧ ❞❡✜♥✐❞❛ ♣♦r

bτ (s) :=
(

e4πτs
2 − 1

)

.

❙❡❣✉❡ ❞❛s ❤✐♣ót❡s❡s (f1) ❡ (f2) q✉❡ ♣❛r❛ ❝❛❞❛ ǫ > 0✱ q ≥ 1 ❡ τ > 1✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

C = C(ǫ, q, α) > 0 t❛❧ q✉❡

|sf(s)|, |F (s)| ≤ ǫs2 + C|s|qbτ (s), ♣❛r❛ t♦❞♦ s ∈ R. ✭✸✳✷✮

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉♥❞✐♥❣❡r✲▼♦s❡r

❞❡✈✐❞❛ ❛ ❈❛♦ ✭✻✮✳

❈♦r♦❧ár✐♦ ✸✳✷✳✷ ❙❡❥❛ (uλ) ✉♠❛ ❢❛♠í❧✐❛ ❡♠ H1(R2) ✈❡r✐✜❝❛♥❞♦ sup
λ≥1

‖uλ‖2 ≤ m < 1✳

❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ τ, q > 1 s❛t✐s❢❛③❡♥❞♦ τqm < 1✱ ❡①✐st❡ C = C(τ, q,m) > 0 t❛❧ q✉❡

bτ (uλ) ∈ Lq(R2) ❡

sup
λ≥1

{|bτ (uλ)|q} <∞.

❉❡♠♦♥str❛çã♦✳ ❖ ▲❡♠❛ ❆✳✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦♥st❛♥t❡

C > 0 t❛❧ q✉❡

|bτ (uλ)|qq :=
∫

R2

(

e4πτu
2
λ − 1

)q

≤ C

∫

R2

(

e4πτqu
2
λ − 1

)

.

❉❡s❞❡ q✉❡ mτq < 1✱ t❡♠♦s 4πτqm < 4π✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ✉s❛r ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡

❚r✉❞✐♥❣❡r ▼♦s❡r ❞❡✈✐❞❛ ❛ ❈❛♦ ✭✻✮ ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡
∫

R2

(

e4πτqu
2
λ − 1

)

≤ C1.

P♦rt❛♥t♦✱

|bτ (uλ)|q ≤ (CC1)
1/q,

❝♦♠♦ q✉❡r✐❛♠♦s ❞❡♠♦♥str❛r✳ �

✻✺



✸✳✷✳✶ Pr♦❜❧❡♠❛s ❞❡ ❉✐r✐❝❤❧❡t ❡ ◆❡✉♠❛♥♥

◆❡st❛ s❡çã♦✱ ❞❡♥♦t❛♠♦s ♣♦r Ij : H1
0 (Ωj) → R ❡ Φλ,j : H

1(Ω′
j) → R ♦s s❡❣✉✐♥t❡s

❢✉♥❝✐♦♥❛✐s ❡♥❡r❣✐❛

Ij(u) =
1

2

∫

Ωj

(|∇u|2 + u2)−
∫

Ωj

F (u)

❡

Φλ,j(u) =
1

2

∫

Ω′
j

(|∇u|2 + (λV (x) + 1)u2)−
∫

Ω′
j

F (u).

❙❛❜❡♠♦s q✉❡ Ij ❡ Φλ,j sã♦ ❞❡ ❝❧❛ss❡ C1 ❡ s❡✉s ♣♦♥t♦s ❝rít✐❝♦s sã♦ s♦❧✉çõ❡s ❢r❛❝❛s ❞♦s

♣r♦❜❧❡♠❛s







−∆u+ u = f(u), ❡♠ Ωj,

u = 0, s♦❜r❡ ∂Ωj

✭✸✳✸✮

❡ 





−∆u+ (λV (x) + 1)u = f(u), ❡♠ Ω′
j,

∂u

∂ν
= 0, s♦❜r❡ ∂Ω′

j,

✭✸✳✹✮

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Mj ❡ Mλ,j ♦s s❡❣✉✐♥t❡s ❝♦♥❥✉♥t♦s

Mj = {u ∈ H1
0 (Ωj) : u

± 6= 0 ❡ Ij(u
±)u± = 0},

Mλ,j = {u ∈ H1(Ω′
j) : u

± 6= 0 ❡ Φλ,j(u
±)u± = 0},

❡ ♣♦r dj ❡ dλ,j ♦s ♥ú♠❡r♦s r❡❛✐s ❞❡✜♥✐❞♦s ♣♦r

dj = inf
Mj

Ij, ❡ dλ,j = inf
Mλ,j

Φλ,j.

❘❡♣❡t✐♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞♦ ❈❛♣ít✉❧♦ ✶✱ ♠♦str❛✲s❡ q✉❡ ♣❛r❛ ❝❛❞❛ j ∈
{1, ..., k} ❡①✐st❡♠ s❡q✉ê♥❝✐❛s (ϕn,j) ⊂ H1

0 (Ωj) ❡ (ψn,j) ⊂ Hλ(Ω
′
j) ✈❡r✐✜❝❛♥❞♦

∫

Ωj

|ϕ±
n,j|q,

∫

Ω′
j

|ψ±
n,j|q ≥ δq > 0 ∀n ∈ N ❡ q > 1, ✭✸✳✺✮

Ij(ϕn,j) → dj ❡ I ′j(ϕn,j) → 0 q✉❛♥❞♦ n→ ∞

❡

Φλ,j(ψn,j) → dλ,j ❡ Φ′
λ,j(ψn,j) → 0 q✉❛♥❞♦ n→ ∞.

❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ (f1)− (f5) é ♣♦ssí✈❡❧ ♠♦str❛r q✉❡

sup
n∈N

‖ϕn,j‖2Ωj
, sup

n∈N
‖ψn,j‖2λ,Ω′

j
< 1,

✻✻



♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

ϕn,j → wj ❡♠ H1
0 (Ωj)

❡

ψn,j → wλ,j ❡♠ Hλ(Ω
′
j).

P♦rt❛♥t♦ wj ∈ H1
0 (Ωj) ❡ wλ,j ∈ Hλ(Ω

′
j) ❝♦♠

Ij(wj) = dj ❡ I ′j(wj) = 0, ✭✸✳✻✮

❡

Φλ,j(wλ,j) = dλ,j ❡ Φ′
λ,j(wλ,j) = 0. ✭✸✳✼✮

❆❧é♠ ❞✐ss♦✱ s❡❣✉❡ ❞❡ ✭✸✳✺✮ q✉❡ w±
j 6= 0 ❡ w±

λ,j 6= 0✱ ♠♦str❛♥t♦ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡

❉✐r✐❝❤❧❡t ✭✸✳✸✮ ❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ◆❡✉♠❛♥♥ ✭✸✳✹✮ ♣♦ss✉❡♠ s♦❧✉çõ❡s ♥♦❞❛✐s ❞❡ ❡♥❡r❣✐❛

♠í♥✐♠❛✳

✸✳✸ ❯♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r

◆❡st❛ s❡çã♦✱ ❝♦♠♦ ❡♠ ❆❧✈❡s ❬✺❪✱ ♠♦❞✐✜❝❛♠♦s ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ ❛ ❢✉♥çã♦ f ✳ ❙❡❥❛♠

ν0 ❛ ❝♦♥st❛♥t❡ ❞❛❞❛ ♥♦ ▲❡♠❛ ✸✳✷✳✶✱ a > 0 ✈❡r✐✜❝❛♥❞♦ max{f(a)/a, f(−a)/(−a)} < ν0

❡ f̃ , F̃ : R → R ❛s s❡❣✉✐♥t❡s ❢✉♥çõ❡s

f̃(s) =







−f(−a)
a

s s❡ s < −a,

f(s) s❡ |s| ≤ a,

f(a)

a
s s❡ s > a,

❡

F̃ (s) =

∫ s

0

f̃(τ)dτ,

❛s q✉❛✐s ✈❡r✐✜❝❛♠

f̃(s) ≤ ν0|s|, ∀s ∈ R, ✭✸✳✽✮

♦✉ ❛✐♥❞❛✱

f̃(s)s ≤ ν0|s|2, ∀s ∈ R ✭✸✳✾✮

❡

F̃ (s) ≤ ν0
2
|s|2, ∀s ∈ R. ✭✸✳✶✵✮

✻✼



◆♦ q✉❡ s❡❣✉❡✱ ♣❛r❛ ❝❛❞❛ s✉❜❝♦♥❥✉♥t♦ Γ ⊂ {1, ..., k} ✈❛♠♦s ❝♦♥s✐❞❡r❛r

Ω′
Γ :=

⋃

j∈Γ
Ω′

j, χΓ(x) =







1, ♣❛r❛ x ∈ Ω′
Γ,

0, ♣❛r❛ x /∈ Ω′
Γ

❡ ❛s ❢✉♥çõ❡s

g(x, s) = χΓ(x)f(s) + (1− χΓ(x))f̃(s)

❡

G(x, s) =

∫ s

0

g(x, t)dt = χΓ(x)F (s) + (1− χΓ(x))F̃ (s).

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s ❞❡✜♥✐çõ❡s ❛❝✐♠❛✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✸✳✸✳✶

F̃ (s)− 1

θ
f̃(s)s ≤

(
1

2
− 1

θ

)

ν0|s|2, ♣❛r❛ t♦❞♦ s ∈ R.

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❞✐✈✐❞✐r ❛ ❞❡♠♦♥str❛çã♦ ❡♠ três ❝❛s♦s✿

✶♦ ❈❛s♦✿ |s| ≤ a✳ P❛r❛ s = 0 ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ é ó❜✈✐❛✳ ❙❡ 0 < |s| ≤ a✱ ✉s❛♥❞♦ ❛

❞❡✜♥✐çã♦ ❞❡ f̃ ❡ F̃ ❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③ (f3)✱ ♦❜t❡♠♦s

F̃ (s)− 1

θ
f̃(s)s = F (s)− 1

θ
f(s)s ≤ 0 ≤

(
1

2
− 1

θ

)

ν0|s|2.

✷♦ ❈❛s♦✿ s > a✳ ◆❡st❡ ❝❛s♦✱ f̃(s) =
f(a)

a
s ❡

F̃ (s) = F (a) +

∫ s

a

f(a)

a
τdτ = F (a)− 1

2
f(a)a+

1

2

f(a)

a
s2.

P❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③ (f3)✱ t❡♠♦s

F (a)− 1

2
f(a)a ≤ 0.

▲♦❣♦✱

F̃ (s) ≤ 1

2

f(a)

a
s2,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

F̃ (s)− 1

θ
f̃(s)s ≤

(
1

2
− 1

θ

)
f(a)

a
s2.

❙❡♥❞♦
f(a)

a
< ν0✱ ♦❜t❡♠♦s

F̃ (s)− 1

θ
f̃(s)s ≤

(
1

2
− 1

θ

)

ν0s
2.

✻✽



✸♦ ❈❛s♦✿ s < −a✳ ◆❡st❡ ❝❛s♦✱ f̃(s) =
−f(−a)

a
s ❡

F̃ (s) = F (−a) +
∫ −a

s

f(−a)
a

τdτ = F (−a) + 1

2
f(−a)a− 1

2

f(−a)
a

s2.

P❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③ (f3)✱ t❡♠♦s

F (−a) + 1

2
f(−a)a ≤ 0.

▲♦❣♦✱

F̃ (s) ≤ −1

2

f(−a)
a

s2,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

F̃ (s)− 1

θ
f̃(s)s ≤

(
1

2
− 1

θ

)(
f(−a)
−a

)

s2.

❙❡♥❞♦
f(−a)
−a < ν0✱ ♦❜t❡♠♦s

F̃ (s)− 1

θ
f̃(s)s ≤

(
1

2
− 1

θ

)

ν0s
2,

❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛✳ �

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ f̃ ✱ t❡♠♦s |f̃(s)| ≤ |f(s)|✱ ♣❛r❛ t♦❞♦ s ∈ R✳

▲♦❣♦✱ |g(x, s)| ≤ |f(s)| ♣❛r❛ t♦❞♦ s ∈ R ❡ x ∈ R
2✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ g s❛t✐s❢❛③ ❛s

❤✐♣ót❡s❡s (f1)− (f2) ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ x ∈ R
2 ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (3.2) ✉♥✐❢♦r♠❡♠❡♥t❡

❡♠ x ∈ R
2✱ ♦✉ s❡❥❛✱

|g(x, s)s| ≤ ǫ|s|2 + C|s|qbτ (s), ∀s ∈ R, ∀x ∈ R
2. ✭✸✳✶✶✮

❆ss✐♠✱ ♦ ❢✉♥❝✐♦♥❛❧ Φλ : Hλ → R ❞❛❞♦ ♣♦r

Φλ(u) =
1

2

∫

R2

(|∇u|2 + (λV (x) + 1)u2)−
∫

R2

G(x, u)

♣❡rt❡♥❝❡ ❛ C1(Hλ,R) ❡ s❡✉s ♣♦♥t♦s ❝rít✐❝♦s sã♦ ❛s s♦❧✉çõ❡s ❢r❛❝❛s ❞❡

−∆u+ (λV (x) + 1)u = g(x, u) ❡♠ R
2. (A)λ

❖❜s❡r✈❛çã♦ ✸✳✸✳✷ ◆♦t❡ q✉❡ ❛s s♦❧✉çõ❡s ♥♦❞❛✐s ❞❛ ú❧t✐♠❛ ❡q✉❛çã♦ ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s

❝♦♠ ❛s s♦❧✉çõ❡s ♥♦❞❛✐s ❞❡ (P )λ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✱ s❡ uλ é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ (A)λ

✈❡r✐✜❝❛♥❞♦ |uλ(x)| ≤ a ❡♠ R
2 \ Ω′

Γ✱ ❡♥tã♦ uλ é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ (P )λ✳

✻✾



◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ❡st✉❞❛r ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛s s❡q✉ê♥❝✐❛s ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ♣❛r❛

♦ ❢✉♥❝✐♦♥❛❧ Φλ✱ ♦✉ s❡❥❛✱ ❞❡ s❡q✉ê♥❝✐❛s (un) ⊂ Hλ ✈❡r✐✜❝❛♥❞♦

Φλ(un) → c ❡ Φ′
λ(un) → 0, ✭✸✳✶✷✮

♣❛r❛ ❛❧❣✉♠ c ∈ R ✭❛❜r❡✈✐❛❞❛♠❡♥t❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c✮✳

❱❛♠♦s ❝♦♠❡ç❛r ❡st✉❞❛♥❞♦ ❛ ❧✐♠✐t❛çã♦ ❞❡st❛s s❡q✉ê♥❝✐❛s✳

▲❡♠❛ ✸✳✸✳✸ ❙❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Φλ✱ ❡♥tã♦

lim sup
n→∞

‖un‖2λ ≤ 2θc

δ0(θ − 2)
,

♦♥❞❡ δ0 é ❞❛❞♦ ♥♦ ▲❡♠❛ ✸✳✷✳✶✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ s❡q✉ê♥❝✐❛ ❞❡ P❛❧❛✐s✲❙♠❛❧❡✱

Φλ(un)−
1

θ
Φ′

λ(un)un = c+ on(1) + ǫn‖un‖λ,

♦♥❞❡ ǫn → 0 q✉❛♥❞♦ n→ ∞✳ ❯s❛♥❞♦ ❛ ❝♦♥❞✐çã♦ (f3)✱ ♦❜t❡♠♦s

(
1

2
− 1

θ

)

‖un‖2λ −
∫

R2\Ω′
Γ

(

F̃ (un)−
1

θ
f̃(un)un

)

≤ c+ on(1) + ǫn‖un‖λ. ✭✸✳✶✸✮

P♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸✳✶✱

(
1

2
− 1

θ

)

(‖un‖2λ − ν0|un|22) ≤ c+ on(1) + ǫn‖un‖λ.

❆❣♦r❛✱ ❞♦ ▲❡♠❛ ✸✳✷✳✶✱ ✜❝❛♠♦s ❝♦♠

δ0(θ − 2)

2θ
‖un‖2λ ≤ c+ on(1) + ǫn‖un‖λ.

▲♦❣♦✱ (un) é ❧✐♠✐t❛❞❛ ❡

lim sup
n→∞

‖un‖2λ ≤ 2θc

δ0(θ − 2)
,

❝♦♠♦ q✉❡r✐❛♠♦s ❞❡♠♦♥str❛r✳ �

◆♦ q✉❡ s❡❣✉❡✱ ❞❡♥♦t❛♠♦s ♣♦r D ♦ s❡❣✉✐♥t❡ ♥ú♠❡r♦ r❡❛❧

D =
k∑

j=1

dj.

▲❡♠❛ ✸✳✸✳✹ ❙❡ (f1)− (f5) sã♦ ✈á❧✐❞❛s✱ ❡♥tã♦ 0 < D <
δ0(θ − 2)

4θ
✳

✼✵



❉❡♠♦♥str❛çã♦✳ P❛r❛ ❞❡♠♦♥str❛r ❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ♣❛r❛ ❝❛❞❛ j ∈ {1, ..., k}✱ ✜①❛♠♦s

✉♠❛ ❢✉♥çã♦ ♥♦❞❛❧ vj ∈ H1
0 (Ωj) t❛❧ q✉❡ vj ∈ MΩj

❡

φj(vj) = γj ❡ φj(vj)
′ = 0. ✭✸✳✶✹✮

❖ ❧❡✐t♦r ♣♦❞❡ ❡♥❝♦♥tr❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ t❛✐s ❢✉♥çõ❡s ❡♠ ❇❛rts❝❤ ❡ ❲❡t❤ ❬✷✵❪✳ ❉❡s❞❡

q✉❡ v±j 6= 0✱ ❡①✐st❡♠ sj, tj > 0 t❛✐s q✉❡ sjv
+
j + tjv

−
j ∈ Mj✳ ❊♥tã♦✱

dj ≤ Ij(sjv
+
j + tjv

−
j ) = Ij(sjv

+
j ) + Ij(tjv

−
j ),

✐♠♣❧✐❝❛♥❞♦ ❡♠

dj ≤
s2j
2

∫

Ωj

(|∇v+j |2 + |v+j |2)−
∫

Ωj

F (sjv
+
j )

+
t2j
2

∫

Ωj

(|∇v−j |2 + |v−j |2)−
∫

Ωj

F (tjv
−
j ).

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ v±j ∈ MΩj
❡ ❛ ❤✐♣ót❡s❡ (f4)✱ ♦❜t❡♠♦s

dj ≤
{
s2j
2
−
Cps

p
j

p

}∫

Ωj

|v+j |p +
{
t2j
2
−
Cpt

p
j

p

}∫

Ωj

|v−j |p.

▲♦❣♦✱

dj ≤ max
r≥0

{
r2

2
− Cpr

p

p

}∫

Ωj

|vj|p

❡ s❡♥❞♦

max
r≥0

{
r2

2
− Cpr

p

p

}

= C
2

2−p
p

(
1

2
− 1

p

)

,

s❡❣✉❡ ❞❡ (3.14)✱

dj ≤ C
2

2−p
p

(
1

2
− 1

p

)∫

Ω

|vj|p = C
2

2−p
p γj.

▲♦❣♦✱ ❞❡ (3.1)✱

D =
k∑

j=1

dj ≤ kSp · C
2

2−p
p <

θ − 2

4θ
.

❊s❝♦❧❤❡♥❞♦ δ0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❡ 1✱ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✐♠♣❧✐❝❛ ❡♠

D <
δ0(θ − 2)

4θ
·

�

Pr♦♣♦s✐çã♦ ✸✳✸✳✺ P❛r❛ λ ≥ 1✱ ♦ ❢✉♥❝✐♦♥❛❧ Φλ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)c✱ ♣❛r❛ t♦❞♦

c ∈ (0, D]✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ (un) ⊂ Hλ✱ (PS)c ♣❛r❛ Φλ✱ t❡♠

✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❢♦rt❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ❡♠ Hλ✳

✼✶



❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (un) ⊂ Hλ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Φλ ❝♦♠ c ∈ (0, D]✳ P❡❧♦

▲❡♠❛ ✸✳✸✳✸✱

lim sup
n→∞

‖un‖2λ ≤ 2θc

δ0(θ − 2)
.

❙❡♥❞♦ c ∈ (0, D]✱ t❡♠♦s

lim sup
n→∞

‖un‖2λ ≤ 2θD

δ0(θ − 2)
,

♦ q✉❡ ✐♠♣❧✐❝❛✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸✳✹✱

lim sup
n→∞

‖un‖2λ <
1

2
,

♠♦str❛♥❞♦ q✉❡ (un) é ❧✐♠✐t❛❞❛ ❡♠ Hλ✳ ❈♦♠♦ Hλ é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦✱

❡①✐st❡ u ∈ Hλ t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ un ⇀ u ❡♠ Hλ✳ ❆❧é♠ ❞✐ss♦✱

✉t✐❧✐③❛♥❞♦ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ Hλ →֒ H1(R2) ❡ ❛s ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛s ❞❡ ❙♦❜♦❧❡✈✱

♦❜t❡♠♦s

un ⇀ u ❡♠ H1(R2) ❡ un → u ❡♠ Ls
loc(R

2), ∀s ≥ 1.

❆✜r♠❛çã♦ ✸✳✸✳✻ P❛r❛ q✉❛❧q✉❡r ǫ > 0 ❞❛❞♦✱ ❡①✐st❡ R > 0 t❛❧ q✉❡

lim sup
n→∞

∫

R2\BR(0)

(
|∇un|2 + (λV (x) + 1)|un|2

)
≤ ǫ, ♣❛r❛ n ∈ N. ✭✸✳✶✺✮

❉❡ ❢❛t♦✱ s❡❥❛ R > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❞❡ t❛❧ ♠♦❞♦ q✉❡ Ω′
Γ ⊂ BR

2
(0) ❡ ❝♦♥s✐❞❡r❡

ηR ∈ C∞(R2) s❛t✐s❢❛③❡♥❞♦

ηR(x) =







0, s❡ x ∈ BR
2
(0)

1, s❡ x ∈ R
2 \BR(0)

,

0 ≤ ηR ≤ 1 ❡ |∇ηR| ≤
C

R
✱ ♦♥❞❡ C > 0 ✐♥❞❡♣❡♥❞❡ ❞❡ R✳ ❚❡♠✲s❡

Ln :=

∫

R2

(
|∇un|2 + (λV (x) + 1)|un|2

)
ηR

= Φ′
λ(un)(unηR)−

∫

R2

un∇un∇ηR +

∫

R2\BR
2
(0)

f̃(x, un)unηR.

❉❡ (3.10) ❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙❝❤✇❛r③✱

Ln ≤ Φ′
λ(un)(unηR) +

C

R

∫

R2

|un||∇un|+ ν0

∫

R2\BR
2
(0)

|un|2ηR.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ❛ ❧✐♠✐t❛çã♦ ❞❛s s❡q✉ê♥❝✐❛s (un) ❡ (|∇un|) ❡♠ L2(R2)✱

Ln ≤ on(1) +
C

R
+ ν0Ln,

✼✷



❡ ❝♦♠♦ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ν0 < 1✱

Ln ≤ on(1) +
C

R(1− ν0)
.

❊♠ ❝♦♥s❡q✉ê♥❝✐❛

lim sup
n→∞

∫

R2\BR(0)

(
|∇un|2 + (λV (x) + 1)|un|2

)
≤ lim sup

n→∞
Ln ≤ C

R(1− ν0)
.

P♦rt❛♥t♦✱ ❞❛❞♦ ǫ > 0✱ ❡s❝♦❧❤❡♥❞♦ s❡ ♥❡❝❡ssár✐♦ ✉♠ R > 0 ❛✐♥❞❛ ♠❛✐♦r✱ ♦❜t❡♠♦s

C
R(1−ν0)

< ǫ✱ ♦ q✉❡ ❞❡♠♦♥str❛ ❛ ❛✜r♠❛çã♦✳

❆✜r♠❛çã♦ ✸✳✸✳✼ ❖s s❡❣✉✐♥t❡s ❧✐♠✐t❡s sã♦ ✈á❧✐❞♦s

✭❛✮

∫

R2

g(x, un)un →
∫

R2

g(x, u)u❀

✭❜✮

∫

R2

g(x, un)v →
∫

R2

g(x, u)v, ∀v ∈ Hλ✳

❉❡ ❢❛t♦✱ ❞❛❞♦ ǫ > 0✱ ❝♦♥s✐❞❡r❡ R > 0 ❝♦♠♦ ♥❛ ❆✜r♠❛çã♦ ✸✳✸✳✻ ❡

Ln,1 :=

∣
∣
∣
∣

∫

BR(0)

g(x, un)un −
∫

BR(0)

g(x, u)u

∣
∣
∣
∣

❡

Ln,2 :=

∫

R2\BR(0)

|g(x, un)un − g(x, u)u|.

❙❡❣✉❡ ❞❡ (3.11) q✉❡

|g(x, un)un| ≤ η|un|2 + Cη|un|bτ (un), ∀x ∈ R
2, n ∈ N.

❈♦♥s✐❞❡r❡ hn, h ∈ H1(BR(0)) ❞❡✜♥✐❞❛s ♣♦r

hn := η|un|2 + Cη|un|bτ (un) ❡ h := η|u|2 + Cη|u|bτ (u).

❆ss✐♠✱ |g(x, un)un| ≤ hn(x)✱ ❡ ❝♦♠♦ un → u ❡♠ Ls
loc(R

2)✱ ∀s ≥ 1✱ t❡♠♦s

un(x) → u(x) q✳t✳♣✳ ❡♠ BR(0).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

g(x, un(x))un(x) → g(x, u(x))u(x) q✳t✳♣✳ ❡♠ BR(0),

hn(x) → h(x) q✳t✳♣✳ ❡♠ BR(0), ❝♦♠ h ∈ L1(BR(0)).
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❆✜r♠❛♠♦s q✉❡

hn → h ❡♠ L1(BR(0)).

❈♦♠ ❡❢❡✐t♦✱ s❡♥❞♦ lim sup
n→∞

‖un‖2λ < 1/2✱ ♣❛r❛ m ∈ (1/2, 1) ❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❛✐♥❞❛

❞❡♥♦t❛❞❛ ♣♦r (un)✱ t❡♠♦s

sup
n≥1

‖un‖2 ≤ m < 1,

✜①❛♥❞♦ q, τ > 1 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦s ❞❡ 1✱ ❞❡ t❛❧ ♠♦❞♦ q✉❡ τqm < 1✱ ♣❡❧♦

❈♦r♦❧ár✐♦ ✸✳✷✳✷ ❡①✐st❡ C > 0 t❛❧ q✉❡ bτ (un) ∈ Lq(R2) ❝♦♠

|bτ (un)|q ≤ C, ∀n ∈ N.

▲♦❣♦✱ ❛ s❡q✉ê♥❝✐❛ (bτ (un))n é ❧✐♠✐t❛❞❛ ❡♠ Lq(BR(0))✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ✉s❛♥❞♦ ♦

▲❡♠❛ ❆✳✾ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱

bτ (un)⇀ bτ (u) ❡♠ Lq(BR(0)),

❡ ❝♦♠♦

|un| → |u| ❡♠ Lq′(BR(0)), ♦♥❞❡ 1/q + 1/q′ = 1,

♦ ▲❡♠❛ ❆✳✽ ❞♦ ❆♣ê♥❞✐❝❡ ❆ ✐♠♣❧✐❝❛ q✉❡

|un|bτ (un) → |u|bτ (u) ❡♠ L1(BR(0)).

P♦rt❛♥t♦ hn → h ❡♠ L1(BR(0))✳ ❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛ ❣❡♥❡✲

r❛❧✐③❛❞♦ ❞❡ ▲❡❜❡s❣✉❡ ✭❚❡♦r❡♠❛❆✳✶✷ ❞♦ ❆♣ê♥❞✐❝❡ ❆✮✱ ❝♦♥❝❧✉✐♠♦s q✉❡

lim
n→∞

Ln,1 = 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ R
2 \BR(0) ⊂ R

2 \ Ω′
Γ✱ ❞❡ ✭✸✳✶✵✮ ❞❡❞✉③✐♠♦s

|g(x, t)t| = f̃(t)t ≤ ν0|t|2, ∀x ∈ R
2 \BR(0), t ∈ R.

P♦rt❛♥t♦

Ln,2 ≤
∫

R2\BR(0)

ν0|un|2 + ν0

∫

R2\BR(0)

|u|2

≤
∫

R2\BR(0)

(
|∇un|2 + (λV (x) + 1)|un|2

)
+ ν0

∫

R2\BR(0)

|u|2.

❈♦♠♦ u ∈ L2(R2)✱ ❛✉♠❡♥t❛♥❞♦ R ❝❛s♦ s❡❥❛ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s ❛❞♠✐t✐r
∫

R2\BR(0)

|u|2 ≤ ǫ

ν0
.
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❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✸✳✸✳✻✱ ❛♣ós ♣❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡ s✉♣❡r✐♦r✱ ♦❜t❡♠♦s

lim sup
n→∞

Ln,2 ≤ 2ǫ, ∀ǫ > 0,

✐♠♣❧✐❝❛♥❞♦ q✉❡

lim
n→∞

Ln,2 = 0.

❉❡st❡ ♠♦❞♦✱ t❡♠♦s (a)✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❡ (b) s❡❣✉❡ ✉s❛♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦✳

❆❣♦r❛✱ ♥♦t❡ q✉❡

‖un − u‖2λ = ‖un‖2λn
− 2〈un, u〉λ + ‖u‖2λ

❡ ❝♦♠♦ Φ′
λ(un)un = on(1) ❡ Φ′

λ(un)u = on(1)✱ ♦✉ s❡❥❛✱

‖un‖2λ =

∫

R2

g(x, un)un + on(1) ❡ 〈un, u〉λ =

∫

R2

g(x, un)u+ on(1),

t❡♠♦s

‖un − u‖2λ =

∫

R2

g(x, un)un −
∫

R2

g(x, un)u+ on(1) + ‖u‖2λ − 〈un, u〉λ. ✭✸✳✶✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱

‖u‖2λ − 〈un, u〉λ =

∫

R2

|∇u|2 −
∫

R2

∇un∇u+
∫

R2

(λV (x) + 1) u (u− un) , ✭✸✳✶✼✮

❆❣♦r❛✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ψλ : Hλ → R ❞❡✜♥✐❞♦ ♣♦r

ψλ(w) :=

∫

R2

(λV (x) + 1)uw,

s❛t✐s❢❛③✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱

ψλ(w) ≤
[∫

R2

(λV (x) + 1)u2
]1/2

·
[∫

R2

(λV (x) + 1)w2

]1/2

.

❉❡st❛ ♠❛♥❡✐r❛✱ s❡ ‖w‖λ ≤ 1✱ ❡♥tã♦

[∫

R2

(λV (x) + 1)w2

]1/2

≤ ‖w‖λ ≤ 1,

✐♠♣❧✐❝❛♥❞♦ q✉❡

ψλ(w) ≤
[∫

R2

(λV (x) + 1)u2
]1/2

, ∀ w ∈ Hλ, ‖w‖λ ≤ 1,
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♦✉ s❡❥❛✱ ψλ é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♠✐t❛❞♦✳ ❆ss✐♠✱ ♣❡❧❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ ❞❡ un ♣❛r❛ u ❡♠

Hλ✱ ψλ(un) → ψλ(u) q✉❛♥❞♦ n→ ∞✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

∫

R2

(λV (x) + 1)u(u− un) = on(1),

♦ q✉❡ ✐♠♣❧✐❝❛✱ ♣♦r ✭✸✳✶✼✮✱

‖u‖2λ − 〈un, u〉λ = on(1). ✭✸✳✶✽✮

❯s❛♥❞♦ ✭✸✳✶✽✮ ❡♠ ✭✸✳✶✻✮✱ ❞❡❞✉③✐♠♦s q✉❡

‖un − u‖2λ =

∫

R2

g(x, un)un −
∫

R2

g(x, un)u+ on(1),

♦ q✉❡ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❆✜r♠❛çã♦ ✸✳✸✳✼✱ ✐♠♣❧✐❝❛ ❡♠

un → u ❡♠ Hλ ❡ H1(R2),

♠♦str❛♥❞♦ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ Φλ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)c✱ ♣❛r❛ c ∈ (0, D]✳ �

◆♦ss♦ ♣ró①✐♠♦ ♦❜❥❡t✐✈♦ é ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ P❛❧❛✐s✲

❙♠❛❧❡ ❣❡♥❡r❛❧✐③❛❞❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥❝✐♦♥❛✐s✳ ◆♦ q✉❡ s❡❣✉❡✱

❞✐③❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ (un) ❡♠ H1(R2) é ❞✐t❛ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∞,c ♣❛r❛ ❛

❢❛♠í❧✐❛ ❞❡ ❢✉♥❝✐♦♥❛✐s (Φλ)λ≥1 s❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ λn ⊂ [1,+∞) ❝♦♠ λn → ∞
q✉❛♥❞♦ n→ ∞✱ t❛❧ q✉❡

un ∈ Hλn , Φλn(un) → c ❡ ‖Φ′
λn
(un)‖∗λn

→ 0.

Pr♦♣♦s✐çã♦ ✸✳✸✳✽ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∞,c ❝♦♠ c ∈ (0, D]✳ ❊♥tã♦✱ ♣❛r❛

❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (un)✱ ❡①✐st❡ u ∈ H1(R2) t❛❧ q✉❡

un → u ❡♠ H1(R2).

❆❧é♠ ❞✐ss♦✱

(i) u ≡ 0 ❡♠ R
2 \ ΩΓ ❡ u|Ωj

é ✉♠❛ s♦❧✉çã♦ ❞❡







−∆u+ u = f(u), ❡♠ Ωj,

u = 0, s♦❜r❡ ∂Ωj

(P )j

♣❛r❛ ❝❛❞❛ j ∈ Γ❀

(ii) ‖un − u‖λn → 0❀
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(iii) ❆ s❡q✉ê♥❝✐❛ (un) t❛♠❜é♠ s❛t✐s❢❛③

λn

∫

R2

V (x)|un|2 → 0, ‖un‖2λn,R2\ΩΓ
→ 0

❡

‖un‖2R2\Ω′
j
→
∫

Ωj

(|∇u|2 + u2) ♣❛r❛ t♦❞♦ j ∈ Γ.

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✺✱ ♠♦str❛✲s❡ q✉❡✱ ❛ ♠❡♥♦s

❞❡ s✉❜s❡q✉ê♥❝✐❛✱

sup
n≥1

‖un‖2 < 1. ✭✸✳✶✾✮

❙❡♥❞♦ ❛ss✐♠✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡✱ ♣❛r❛ ❛❧❣✉♠ u ∈ H1(R2)✱

un ⇀ u ❡♠ H1(R2) ✭✸✳✷✵✮

❡

un(x) → u(x) q✳t✳♣✳ ❡♠ R
2.

◆♦ q✉❡ s❡❣✉❡✱ ♣❛r❛ ❝❛❞❛ m ∈ N✱ ❞❡♥♦t❛♠♦s ♣♦r Cm ♦ ❝♦♥❥✉♥t♦ ❞❛❞♦ ♣♦r

Cm =

{

x ∈ R
2 : V (x) ≥ 1

m

}

.

❆ss✐♠✱
∫

Cm

|un|2 ≤
m

λn

∫

R2

λnV (x)|un|2 ≤
m

λn
‖un‖2λn

.

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ♦ ▲❡♠❛ ❞❡ ❋❛t♦✉ ✐♠♣❧✐❝❛ ❡♠

∫

Cm

|u|2 = 0, ∀m ∈ N.

▲♦❣♦✱

u(x) = 0 s♦❜r❡
∞⋃

m=1

Cm = R
2 \ ΩΓ,

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

u|Ωj
∈ H1

0 (Ωj), ∀j ∈ {1, ..., k}.

❯♠❛ ✈❡③ q✉❡ Φ′
λn
(un)ϕ→ 0 q✉❛♥❞♦ n→ ∞ ♣❛r❛ ❝❛❞❛ ϕ ∈ C∞

0 (Ωj)✱ s❡❣✉❡ ❞❡ (3.19) ❡

(3.20) q✉❡
∫

Ωj

∇u∇ϕ+ uϕ−
∫

Ωj

g(x, u)ϕ = 0, ✭✸✳✷✶✮

✼✼



❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ u|Ωj
é ✉♠❛ s♦❧✉çã♦ ❞❡ (P )j✱ ♣❛r❛ ❝❛❞❛ j ∈ {1, ..., k}✳ ❆❧é♠ ❞✐ss♦✱

♣❛r❛ ❝❛❞❛ j ∈ {1, ..., k}✱ ✉s❛♥❞♦ ϕ = u|Ωj
❡♠ ✭✸✳✷✶✮✱ ♦❜t❡♠✲s❡

∫

Ωj

(|∇u|2 + |u|2)−
∫

Ωj

f̃(u)u = 0,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

‖u‖2λ,Ωj
=

∫

Ωj

f̃(u)u.

❙❡♥❞♦

f̃(s)s ≤ ν0|s|2, ∀s ∈ R,

♣❡❧♦ ▲❡♠❛ ✸✳✷✳✶✱

δ0‖u‖2λ,Ωj
≤ ‖u‖2λ,Ωj

− ν0|u|22,Ωj
≤ ‖u‖2λ,Ωj

−
∫

Ωj

f̃(u)u = 0.

P♦rt❛♥t♦✱ u = 0 ❡♠ Ωj✱ ♣❛r❛ j ∈ {1, ..., k} \ Γ✱ ❡ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ (i) ❡stá ❝♦♠♣❧❡t❛✳

(ii) ❘❡♣❡t✐♥❞♦ ♦ ❛r❣✉♠❡♥t♦ ✉t✐❧✐③❛❞♦ ♥❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✺✱

‖un − u‖2λn
=

∫

R2

(λnV (x) + 1)(un − u)u+ on(1)

❡ ❝♦♠♦ u = 0 ❡♠ R
2 \ ΩΓ✱

‖un − u‖2λn
→ 0, q✉❛♥❞♦ n→ ∞.

P❛r❛ ❞❡♠♦♥str❛r (iii)✱ ♦❜s❡r✈❡ q✉❡

0 ≤
∫

R2

λnV (x)|un|2 =
∫

R2

λnV (x)|un − u|2 ≤ C‖un − u‖2λn
,

♦ q✉❡ ✐♠♣❧✐❝❛✱ ♣❡❧♦ ✐t❡♠ (ii)✱ ❡♠
∫

R2

λnV (x)|un|2 → 0, n→ ∞.

❖s ♦✉tr♦s ❧✐♠✐t❡s t❛♠❜é♠ s❡❣✉❡♠ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦ ❧✐♠✐t❡ ❡♠ (ii)✳ �

◆❛ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦✱ ✉s❛♠♦s ♦ ♠ét♦❞♦ ❞❡ ■t❡r❛çã♦ ❞❡ ▼♦s❡r ❬✹✸❪ ❡ ❛❞❛♣t❛♠♦s

❛s ✐❞é✐❛s ❝♦♥t✐❞❛s ❡♠ ▲✐ ●♦♥❣❜❛♦ ❬✸✻❪✱ ✈❡r t❛♠❜é♠ ❆❧✈❡s ❡ ❙♦✉t♦ ❬✶✸❪✳ ❊st❡ r❡s✉❧t❛❞♦

s❡rá ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♠♦str❛r♠♦s q✉❡ ❛s s♦❧✉çõ❡s ♥♦❞❛✐s q✉❡ ❡♥❝♦♥tr❛♠♦s ♣❛r❛ (Aλ)

sã♦ t❛♠❜é♠ s♦❧✉çõ❡s ♥♦❞❛✐s ❞❡ (Pλ)✱ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✾ ❙❡❥❛ {uλ}λ≥1 ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s ❞❡ (A)λ ✈❡r✐✜❝❛♥❞♦

‖uλ‖2 ≤ m < 1✱ ♣❛r❛ t♦❞♦ λ ≥ 1✳ ❊♥tã♦✱ ❡①✐st❡ K > 0 t❛❧ q✉❡

|uλ|∞ ≤ K, ∀λ ≥ 1.

✼✽



❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ λ ≥ 1✱ L > 0 ❡ β > 1✱ ❞❡✜♥✐♠♦s

u+L,λ :=







u+λ , s❡ uλ ≤ L,

L, s❡ uλ ≥ L,

z+L,λ := (u+L,λ)
2(β−1)u+λ ❡ w+

L,λ := u+λ (u
+
L,λ)

β−1.

❯s❛♥❞♦ z+L,λ ❝♦♠♦ ❢✉♥çã♦ t❡st❡ ♥❛ ❞❡✜♥✐çã♦ ❞❡ s♦❧✉çã♦ ❢r❛❝❛✱
∫

R2

∇uλ∇z+L,λ +
∫

R2

(λV (x) + 1)uλz
+
L,λ =

∫

R2

g(x, uλ)z
+
L,λ ✭✸✳✷✷✮

♦ q✉❡ ✐♠♣❧✐❝❛
∫

R2

(u+L,λ)
2(β−1)|∇u+λ |2 = −2(β − 1)

∫

R2

u+λ (u
+
L,λ)

2β−3∇u+λ∇u+L,λ

+

∫

R2

g(x, u+λ )u
+
λ (u

+
L,λ)

2(β−1)

−
∫

R2

(λV (x) + 1)|u+λ |2(u+L,λ)2(β−1).

❉❡s❞❡ q✉❡
∫

R2

u+λ (u
+
L,λ)

2β−3∇u+λ∇u+L,λ =

∫

[uλ≤L]

|u+λ |2(β−1)|∇u+λ |2 ≥ 0

❡ λV (x) + 1 ≥ 1✱ ♣❛r❛ t♦❞♦ x ∈ R
2✱ t❡♠♦s

∫

R2

(u+L,λ)
2(β−1)|∇u+λ |2 ≤

∫

R2

g(x, u+λ )u
+
λ (u

+
L,λ)

2(β−1) −
∫

R2

|u+λ |2(u+L,λ)2(β−1). ✭✸✳✷✸✮

❆❣♦r❛✱ ✈❛♠♦s ♣r❡❝✐s❛r ❞❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛ ❡♥✈♦❧✈❡♥❞♦ g✿

g(x, u+λ ) ≤ ǫu+λ + Cǫbτ (u
+
λ )u

+
λ , ✭✸✳✷✹✮

♦♥❞❡ bτ (u
+
λ ) ∈ Lq(R2) ♣❛r❛ ❛❧❣✉♠ q > 1✱ q ≈ 1 ❡

|bτ (u+λ )|q ≤ C, ∀λ ≥ 1. ✭✸✳✷✺✮

❯s❛♥❞♦ (3.24) ❡♠ (3.23)✱ ✜❝❛♠♦s ❝♦♠
∫

R2

(u+L,λ)
2(β−1)|∇u+λ |2 ≤ (ǫ−1)

∫

R2

u+λ (u
+
L,λ)

2(β−1)+

∫

R2

bτ (u
+
λ )|u+λ |2(u+L,λ)2(β−1). ✭✸✳✷✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s ❞❡ ❙♦❜♦❧❡✈✱

|w+
L,λ|2γ ≤ Cγ

∫

R2

(
|∇w+

L,λ|2 + |w+
L,λ|2

)
, ✭✸✳✷✼✮

✼✾



♣❛r❛ q✉❛❧q✉❡r γ ≥ 2✳ ❉❡s❞❡ q✉❡

∇w+
L,λ = ∇

(
u+λ (u

+
L,λ)

β−1
)

= (u+L,λ)
β−1∇u+λ + (β − 1)u+λ (u

+
L,λ)

β−2∇u+L,λ,

t❡♠♦s

|∇w+
L,λ|2 = (u+L,λ)

2(β−1)|∇u+λ |2 + 2(β − 1)u+λ (u
+
L,λ)

2β−3∇u+λ∇u+L,λ

+(β − 1)2|u+λ |2(u+L,λ)2(β−2)|∇u+L,λ|2.
✭✸✳✷✽✮

❯s❛♥❞♦ (3.28) ❡♠ (3.27)✱

|w+
L,λ|2γ ≤ Cγ

∫

R2

(u+L,λ)
2(β−1)|∇u+λ |2

+2(β − 1)Cγ

∫

R2

u+λ (u
+
L,λ)

2β−3∇u+λ∇u+L,λ

+(β − 1)2Cγ

∫

R2

|u+λ |2(u+L,λ)2(β−2)|∇u+L,λ|2

+Cγ

∫

R2

|u+λ |(u+L,λ)2(β−1).

✭✸✳✷✾✮

◆♦t❡ q✉❡

∫

R2

u+λ (u
+
L,λ)

2β−3∇u+λ∇u+L,λ =

∫

[uλ≤L]

(u+L,λ)
2(β−1)|∇u+λ |2

≤
∫

R2

(u+L,λ)
2(β−1)|∇u+λ |2

✭✸✳✸✵✮

❡ ∫

R2

|u+λ |2(u+L,λ)2(β−2)|∇u+L,λ|2 =

∫

[uλ≤L]

(u+L,λ)
2(β−1)|∇u+λ |2

≤
∫

R2

(u+L,λ)
2(β−1)|∇u+λ |2.

✭✸✳✸✶✮

❯s❛♥❞♦ (3.30) ❡ (3.31) ❡♠ (3.29)✱ ♦❜t❡♠♦s

|w+
L,λ|2γ ≤ Cγβ

2

∫

R2

(u+L,λ)
2(β−1)|∇u+λ |2

+Cγ

∫

R2

|u+λ |(u+L,λ)2(β−1).

✭✸✳✸✷✮

❙✉❜st✐t✉✐♥❞♦ (3.26) ❡♠ (3.32)✱ ✜❝❛♠♦s ❝♦♠

|w+
L,λ|2γ ≤ [(ǫ− 1)β2 + 1]Cγ

∫

R2

|u+λ |(u+L,λ)2(β−1)

+Cβ2

∫

R2

bτ (u
+
λ )|u+λ |2(u+L,λ)2(β−1).

✽✵



❋✐①❛♥❞♦ 0 < ǫ < 1− 1/β2✱ t❡♠♦s (ǫ− 1)β2 + 1 < 0✳ P♦rt❛♥t♦✱

|w+
L,λ|2γ ≤ Cβ2

∫

R2

bτ (u
+
λ )|u+λ |2(u+L,λ)2(β−1),

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

|w+
L,λ|2γ ≤ Cβ2

∫

R2

bτ (u
+
λ )|w+

L,λ|2.

❉❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱

|w+
L,λ|2γ ≤ Cβ2

[∫

R2

|bτ (u+λ )|q
]1/q [∫

R2

|w+
L,λ|2q

′

]1/q′

,

♦♥❞❡ 1/q + 1/q′ = 1✳ ▲♦❣♦✱ ♣♦r (3.25)

|w+
L,λ|2γ ≤ Cβ2

[∫

R2

|w+
L,λ|2q

′

]1/q′

,

♦✉ ❛✐♥❞❛✱

|w+
L,λ|2γ ≤ Cβ2|w+

L,λ|22q′ , ∀λ ≥ 1

♣❛r❛ q✉❛❧q✉❡r L > 0✱ β > 1 ❡ γ ≥ 2✱ ♦♥❞❡ ❛ ❝♦♥st❛♥t❡ C > 0 ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❡ γ✳

❖❜s❡r✈❡ q✉❡ ♣♦r ✐♠❡rsõ❡s ❝♦♥tí♥✉❛ ❞❡ ❙♦❜♦❧❡✈ |u+λ |β ∈ L2q′(R2)✳ ▲♦❣♦✱

|w+
L,λ|2γ ≤ Cβ2

(∫

R2

|u+λ (u+L,λ)β−1|2q′
)1/q′

≤ Cβ2

(∫

R2

|u+λ |2q
′β

)1/q′

< +∞.

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ❞❡ ❋❛t♦✉ ♥❛ ✈❛r✐á✈❡❧ L✱ ❞❡❞✉③✐♠♦s q✉❡

(∫

R2

|u+λ |γβ
)2q′/γ

≤ C2q′β2q′
∫

R2

|u+λ |2q
′β,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

|u+λ |βγ ≤ C1/ββ1/β|u+λ |β2q′ . ✭✸✳✸✸✮

❆❣♦r❛✱ ✜①❡ γ > 2q′ ❡ ❝♦♥s✐❞❡r❡ χ =
γ

2q′
✳ ◆♦t❡ q✉❡ γ = χ2q′ ❡ βχ2q′ = βγ✱ ♣❛r❛ t♦❞♦

β > 1✳

✶♦ P❛ss♦✿ ❈♦♥s✐❞❡r❡ β =
γ

2q′
> 1 ❡ ♦❜s❡r✈❡ q✉❡ |u+λ |β ∈ L2q′(R2)✳ P♦rt❛♥t♦✱ ♣♦r (3.33)

|u+λ |γ2/2q′ ≤ C1/ββ1/β|u+λ |γ,

♦ q✉❡ ✐♠♣❧✐❝❛

|u+λ |(χ2q′)2/2q′ ≤ C1/ββ1/β|u+λ |γ,

♦✉ ❛✐♥❞❛✱

|u+λ |χ22q′ ≤ C1/χχ1/χ|u+λ |γ ✭✸✳✸✹✮

✽✶



♠♦str❛♥❞♦ q✉❡

|u+λ |(γ/2q
′)2 ∈ L2q′(R2). ✭✸✳✸✺✮

✷♦ P❛ss♦✿ ❈♦♥s✐❞❡r❛♥❞♦ β =

(
γ

2q′

)2

> 1✱ ♣♦r (3.35)

|u+λ |β ∈ L2q′(R2).

P♦rt❛♥t♦✱ ♣♦r (3.33)

|u+λ |γ3/(2q′)2 ≤ C1/ββ1/β|u+λ |γ2/2q′ ,

♦ q✉❡ ✐♠♣❧✐❝❛

|u+λ |(χ2q′)3/(2q′)2 ≤ C1/χ2

(χ2)1/χ
2 |u+λ |χ22q′ , ∀λ ≥ 1,

♦✉ s❡❥❛✱

|u+λ |χ32q′ ≤ C1/χ2

(χ2)1/χ
2 |u+λ |χ22q′ . ✭✸✳✸✻✮

❯s❛♥❞♦ (3.34) ❡♠ (3.36)

|u+λ |χ22q′ ≤ C1/χ2

(χ2)1/χ
2

C1/χχ1/χK, ∀λ ≥ 1,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

|u+λ |χ22q′ ≤ C1/χ+1/χ2

χ1/χ+2/χ2

K, ∀λ ≥ 1,

❝♦♠

|u+λ |(γ/2q
′)3 ∈ L2q′(R2),

♣♦r (3.35) ❡ (3.36)✳

P❡❧♦ ♣r✐♥❝í♣✐♦ ❞❡ ✐♥❞✉çã♦ ✜♥✐t❛✱

|u+λ |χ(n+1)2q′ ≤ C

n∑

i=1

χ−i

χ

n∑

i=1

iχ−i

K, ∀λ ≥ 1. ✭✸✳✸✼✮

❉❡s❞❡ q✉❡ ❛s sér✐❡s q✉❡ ❛♣❛r❡❝❡♠ ❡♠ (3.37) sã♦ ❝♦♥✈❡r❣❡♥t❡s ❝♦♠

n∑

i=1

χ−i =
1

χ− 1
❡

n∑

i=1

iχ−i =
χ2

(χ− 1)2
,

♣❡❧♦ ▲❡♠❛ ❆✳✹ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱

|u+λ |∞ ≤ K̄, ∀λ ≥ 1. ✭✸✳✸✽✮

✽✷



❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ ♣❛r❛ ❝❛❞❛ λ ≥ 1✱ L > 0 ❡ β > 1✱ ❞❡✜♥✐♠♦s u−λ = max{−uλ, 0}✱

u−L,λ :=







u−λ , s❡ uλ ≥ −L,

L, s❡ uλ ≤ −L,

z−L,λ := u−λ (u
−
L,λ)

2(β−1) ❡ w−
L,λ,i := u−λ (u

−
L,λ)

β−1,

♣♦❞❡♠♦s ♠♦str❛r q✉❡

|u−λ |∞ ≤ K ♣❛r❛ t♦❞♦ λ ≥ 1. ✭✸✳✸✾✮

P♦rt❛♥t♦✱ ❞❡ (3.38) ❡ (3.39)✱

|uλ|∞ ≤ K ♣❛r❛ t♦❞♦ λ ≥ 1, ✭✸✳✹✵✮

❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥str❛♥❞♦ ❞❛ ♣r♦♣♦s✐çã♦✳ �

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ♥♦s ❣❛r❛♥t❡ q✉❡ t♦❞❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ (Aλ) é ✉♠❛ s♦❧✉çã♦

♥♦❞❛❧ ❞❡ (Pλ)✱ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✶✵ ❙❡❥❛ {uλ}λ≥1 ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s ❞♦ ♣r♦❜❧❡♠❛ (A)λ

❝♦♠ ‖uλ‖2 ≤ m < 1 ❡ uλ → 0 ❡♠ H1(R2 \ ΩΓ) q✉❛♥❞♦ λ → ∞✳ ❊♥tã♦✱ ❡①✐st❡ λ∗ ≥ 1

t❛❧ q✉❡

|uλ|∞,R2\Ω′
Γ
≤ a, ∀λ ≥ λ∗,

❡ ♣♦rt❛♥t♦✱ uλ é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ (P )λ✱ ♣❛r❛ t♦❞♦ λ ≥ λ∗✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ x1, ..., xl ∈ ∂Ω′
Γ✱ R > 0 ❡ 0 < r < R/2 t❛✐s q✉❡

∂Ω′
Γ ⊂ N (∂Ω′

Γ) :=
l⋃

i=1

BR+r(xi)

❡

BR+r(xi) ⊂ R
2 \ ΩΓ, ∀i ∈ {1, ..., l}.

❯s❛r❡♠♦s ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛♦s ✉t✐❧✐③❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦

✸✳✸✳✾ ♣❛r❛ ❞❡♠♦♥str❛r q✉❡

|uλ|∞,N (∂Ω′
Γ)
< a, ∀λ ≥ λ∗, ✭✸✳✹✶✮

♣❛r❛ ❛❧❣✉♠ λ∗ ≥ 1✳

❈♦♥s✐❞❡r❡ ηi ∈ C∞(R2)✱ 0 ≤ ηi ≤ 1 ❝♦♠

ηi(x) =







1, s❡ |x− xi| ≤ R

0, s❡ |x− xi| ≥ R + r

✽✸



❡ |∇ηi| ≤ 2/r✱ ♣❛r❛ ❝❛❞❛ i ∈ {1, ..., l}✳
❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ λ ≥ 1✱ L > 0 ❡ β > 1✱ ❞❡✜♥✐♠♦s

u+L,λ :=







u+λ , s❡ uλ ≤ L,

L, s❡ uλ ≥ L,

z+L,λ,i := η2i u
+
λ (u

+
L,λ)

2(β−1) ❡ w+
L,λ,i := ηiu

+
λ (u

+
L,λ)

β−1.

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ uλ é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ♣❛r❛ (Aλ)✱

∫

R2

∇uλ∇z+L,λ,i +
∫

R2

(λV (x) + 1)uλz
+
L,λ,i =

∫

R2

g(x, uλ)z
+
L,λ,i. ✭✸✳✹✷✮

◆♦t❡ q✉❡

∇z+L,λ,i = ∇
(
η2i u

+
λ (u

+
L,λ)

2(β−1)
)

= 2ηiu
+
λ (u

+
L,λ)

2(β−1)∇ηi + η2i (u
+
L,λ)

2(β−1)∇u+λ

+2(β − 1)η2i u
+
λ (u

+
L,λ)

2β−3∇u+L,λ,
❧♦❣♦✱

∇uλ∇z+L,λ,i = 2ηiu
+
λ (u

+
L,λ)

2(β−1)∇u+λ∇ηi + η2i (u
+
L,λ)

2(β−1)|∇u+λ |2

+2(β − 1)η2i u
+
λ (u

+
L,λ)

2β−3∇u+λ∇u+L,λ.
✭✸✳✹✸✮

❯s❛♥❞♦ (3.43) ❡♠ (3.42)✱ ♦❜t❡♠♦s
∫

R2

η2i (u
+
L,λ)

2(β−1)|∇u+λ |2 = −2(β − 1)

∫

R2

η2i u
+
λ (u

+
L,λ)

2β−3∇u+λ∇u+L,λ

+

∫

R2

g(x, u+λ )η
2
i u

+
λ (u

+
L,λ)

2(β−1)

−
∫

R2

(λV (x) + 1)η2i |u+λ |2(u+L,λ)2(β−1)

−2

∫

R2

ηiu
+
λ (u

+
L,λ)

2(β−1)∇u+λ∇ηi

−
∫

R2

η2i (u
+
L,λ)

2(β−1)|∇u+λ |2.

✭✸✳✹✹✮

❱❛♠♦s ❡st✐♠❛r ❝❛❞❛ ✉♠❛ ❞❛s ✐♥t❡❣r❛✐s ❛❝✐♠❛ s❡♣❛r❛❞❛♠❡♥t❡✳

∫

R2

η2i u
+
λ (u

+
L,λ)

2β−3∇u+λ∇u+L,λ =

∫

[u+
λ≤L]

η2i |u+λ |2(β−1)|∇u+λ |2 ≥ 0; ✭✸✳✹✺✮

−
∫

R2

(λV (x) + 1)η2i |u+λ |2(u+L,λ)2(β−1) ≤ −
∫

R2

η2i |u+λ |2(u+L,λ)2(β−1); ✭✸✳✹✻✮

✽✹



✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙❝❤✇❛r③✱

−2

∫

R2

ηiu
+
λ (u

+
L,λ)

2(β−1)∇u+λ∇ηi ≤ 2

∫

R2

ηiu
+
λ (u

+
L,λ)

2(β−1)|∇u+λ ||∇ηi|,

❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣

2

∫

R2

ηiu
+
λ (u

+
L,λ)

2(β−1)|∇u+λ ||∇ηi| ≤ δ

∫

R2

η2i (u
+
L,λ)

2(β−1)|∇u+λ |2

+Cδ

∫

R2

|u+λ |2(u+L,λ)2(β−1)|∇ηi|2,

♣❛r❛ q✉❛❧q✉❡r δ > 0✳ ▲♦❣♦

−2

∫

R2

ηiu
+
λ (u

+
L,λ)

2(β−1)∇u+λ∇ηi ≤ δ

∫

R2

η2i (u
+
L,λ)

2(β−1)|∇u+λ |2

+Cδ

∫

R2

|u+λ |2(u+L,λ)2(β−1)|∇ηi|2.
✭✸✳✹✼✮

❯s❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ❞❡ g ❞❛❞❛ ❡♠ (3.24) ❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s (3.45)✱ (3.46) ❡ (3.47) ♥❛

✐❣✉❛❧❞❛❞❡ ❡♠ (3.44)✱ ♦❜t❡♠♦s
∫

R2

η2i (u
+
L,λ)

2(β−1)|∇u+λ |2 ≤ (ǫ− 1)

∫

R2

η2i |u+λ |2(u+L,λ)2(β−1)

+Cǫ

∫

R2

bτ (u
+
λ )η

2
i |u+λ |2(u+L,λ)2(β−1)

+(δ − 1)

∫

R2

η2i (u
+
L,λ)

2(β−1)|∇u+λ |2

+Cδ

∫

R2

|u+λ |2(u+L,λ)2(β−1)|∇ηi|2.

✭✸✳✹✽✮

❋✐①❛♥❞♦ δ < 1✱ ✜❝❛♠♦s ❝♦♠
∫

R2

η2i (u
+
L,λ)

2(β−1)|∇u+λ |2 ≤ (ǫ− 1)

∫

R2

η2i |u+λ |2(u+L,λ)2(β−1)

+Cǫ

∫

R2

bτ (u
+
λ )η

2
i |u+λ |2(u+L,λ)2(β−1)

+Cδ

∫

R2

|u+λ |2(u+L,λ)2(β−1)|∇ηi|2.

✭✸✳✹✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s ❞❡ ❙♦❜♦❧❡✈✱

|w+
L,λ,i|2γ ≤ Cγ

∫

R2

(
|∇w+

L,λ,i|2 + |w+
L,λ,i|2

)
, ✭✸✳✺✵✮

♣❛r❛ q✉❛❧q✉❡r γ ≥ 2✳ ❉❡s❞❡ q✉❡

∇w+
L,λ,i = ∇

(
ηiu

+
λ (u

+
L,λ)

β−1
)

= u+λ (u
+
L,λ)

β−1∇ηi + ηi(u
+
L,λ)

β−1∇u+λ + (β − 1)ηiu
+
λ (u

+
L,λ)

β−2∇u+L,λ,

✽✺



t❡♠♦s
|∇w+

L,λ,i|2 = |u+λ |2(u+L,λ)2(β−1)|∇ηi|2 + η2i (u
+
L,λ)

2(β−1)|∇u+λ |2

+(β − 1)2η2i |u+λ |2(u+L,λ)2(β−2)|∇u+L,λ|2

+2(β − 1)ηi|u+λ |2(u+L,λ)2β−3∇u+L,λ∇ηi

+2(β − 1)η2i u
+
λ (u

+
L,λ)

2β−3∇u+λ∇u+L,λ

+2ηiu
+
λ (u

+
L,λ)

2(β−1)∇u+λ∇ηi.

✭✸✳✺✶✮

❯s❛♥❞♦ (3.51) ❡♠ (3.50)✱

|w+
L,λ,i|2γ = Cγ

∫

R2

|u+λ |2(u+L,λ)2(β−1)|∇ηi|2 + Cγ

∫

R2

η2i (u
+
L,λ)

2(β−1)|∇u+λ |2

+(β − 1)2Cγ

∫

R2

η2i |u+λ |2(u+L,λ)2(β−2)|∇u+L,λ|2

+2(β − 1)Cγ

∫

R2

ηi|u+λ |2(u+L,λ)2β−3∇u+L,λ∇ηi

+2(β − 1)Cγ

∫

R2

η2i u
+
λ (u

+
L,λ)

2β−3∇u+λ∇u+L,λ

+2Cγ

∫

R2

ηiu
+
λ (u

+
L,λ)

2(β−1)∇u+λ∇ηi

+Cγ

∫

R2

η2i |u+λ |2(u+L,λ)2(β−1).

✭✸✳✺✷✮

◆♦t❡ q✉❡

∫

R2

η2i |u+λ |2(u+L,λ)2(β−2)|∇u+L,λ|2 =

∫

[uλ≤L]

η2i (u
+
L,λ)

2(u+L,λ)
2(β−2)|∇u+λ |2

≤
∫

R2

η2i (u
+
L,λ)

2(β−1)|∇u+λ |2,
✭✸✳✺✸✮

∫

R2

η2i u
+
λ (u

+
L,λ)

2β−3∇u+λ∇u+L,λ =

∫

[uλ≤L]

η2i (u
+
L,λ)

2(β−1)|∇u+λ |2

≤
∫

R2

η2i (u
+
L,λ)

2(β−1)|∇u+λ |2,
✭✸✳✺✹✮

∫

R2

ηi|u+λ |2(u+L,λ)2β−3∇u+L,λ∇ηi =

∫

[u+
λ≤L]

ηiu
+
λ (u

+
L,λ)

2(β−1)∇u+L,λ∇ηi

≤
∫

R2

ηiu
+
λ (u

+
L,λ)

2(β−1)|∇u+L,λ||∇ηi|
✭✸✳✺✺✮

✽✻



❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ❡♠ ✭✸✳✺✺✮✱
∫

R2

ηi|u+λ |2(u+L,λ)2β−3∇u+L,λ∇ηi ≤ δ

∫

R2

η2i (u
+
L,λ)

2(β−1)|∇u+λ |2

+Cδ

∫

R2

|u+λ |2(u+L,λ)2(β−1)|∇ηi|2.
✭✸✳✺✻✮

❯s❛♥❞♦ (3.53)− (3.56) ❡♠ (3.52)✱

|w+
L,λ|2γ ≤ Cγ(1 + β2Cδ)

∫

R2

|u+λ |2(u+L,λ)2(β−1)|∇ηi|2

+Cγ(1 + δ)β2

∫

R2

η2i (u
+
L,λ)

2(β−1)|∇u+λ |2

+Cγ

∫

R2

η2i |u+λ |2(u+L,λ)2(β−1).

✭✸✳✺✼✮

❯s❛♥❞♦ (3.49) ❡♠ (3.57) ❡ ✜①❛♥❞♦ ǫ < 1− 1/β2✱

|w+
L,λ,i|2γ ≤ Cβ2

[∫

R2

|u+λ |2(u+L,λ)2(β−1)|∇ηi|2 +
∫

R2

bτ (u
+
λ )η

2
i |u+λ |2(u+L,λ)2(β−1)

]

. ✭✸✳✺✽✮

❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ 3.3.9✱ t❡♠♦s |bτ (u+λ )|∞ ≤ C✱ ♣❛r❛ t♦❞♦ λ ≥ 1 ❡ ❛❧❣✉♠❛

❝♦♥st❛♥t❡ C > 0✳ ❙❡♥❞♦ ❛ss✐♠✱ ❞❛ ❞❡♥✐çã♦ ❞❡ ηi ❡ ❞❡ (3.58)✱
(∫

BR(xi)

|u+λ |γ(uL,λ)γ(β−1)

)2/γ

≤ Cβ2

∫

BR+r(xi)

|u+λ |2β.

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❞❡ L→ ∞ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r ❡ ✉s❛♥❞♦ ♦ ▲❡♠❛ ❞❡ ❋❛t♦✉✱

(∫

BR(xi)

|u+λ |γβ
)2/γ

≤ Cβ2

∫

BR+r(xi)

|u+λ |2β. ✭✸✳✺✾✮

❆❣♦r❛✱ ♥♦t❡ q✉❡ s❡ β =
γ(t− 1)

2t
❝♦♠ t =

γ2

2(γ − 2)
✱ ❡♥tã♦ β > 1✱

2t

t− 1
< γ ❡

u+λ ∈ Lβ2t/(t−1)(BR+r(xi))✳ ❙❡❣✉❡ ❞❡ (3.60) ❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❝♦♠ ❡①♣♦❡♥t❡s

t/(t− 1) ❡ t q✉❡

(∫

BR(xi)

|u+λ |γβ
)2/γ

≤ Cβ2

[
∫

BR+r(xi)

|u+λ |2βt/(t−1)

](t−1)/t [∫

BR+r(xi)

1

]1/t

,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

|u+λ |2βLγβ(BR(xi))
≤ Cβ2|u+λ |2βL2βt/(t−1)(BR+r(xi))

, ✭✸✳✻✵✮

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

|u+λ |Lγβ(BR(xi)) ≤ C1/ββ1/β|u+λ |L2βt/(t−1)(BR+r(xi)). ✭✸✳✻✶✮

✽✼



❈♦♥s✐❞❡r❛♥❞♦ χ =
γ(t− 1)

2t
✱ s =

2t

t− 1
❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ (3.61)✱ ❛♣❧✐❝❛♥❞♦ ♦

♠ét♦❞♦ ❞❡ ■t❡r❛çã♦ ❞❡ ▼♦s❡r✱ ♦❜t❡♠♦s

|u+λ |Lχn+1s(BR(xi))
≤ C

∑n
i=1 χ

−i

χ
∑n

i=1 iχ
−i |u+λ |Lγ(BR+r(xi)), ✭✸✳✻✷✮

♦ q✉❡ ✐♠♣❧✐❝❛ |u+λ |L∞(BR(xi)) ≤ C|u+λ |Lγ(BR+r(xi))✳ ❉❡s❞❡ q✉❡ u+λ → 0 ❡♠ H1(R2 \ ΩΓ)

q✉❛♥❞♦ λ → ∞ ❡ BR+r(xi) ⊂ R
2 \ ΩΓ✱ ♣♦r ✭✸✳✻✷✮ ❡ ❛s ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ❞❡ ❙♦❜♦❧❡✈✱

♣❛r❛ ❝❛❞❛ ǫ > 0✱ ❡①✐st❡ λǫ,i ≥ 1 t❛❧ q✉❡

|u+λ |L∞(BR(xi)) ≤ ǫ, ∀λ ≥ λǫ,i,

❡♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♥s✐❞❡r❛♥❞♦ ǫ = a ❡ t♦♠❛♥❞♦ λ∗ = max
1≤i≤l

{λa,i}✱ ❞❡❞✉③✐♠♦s q✉❡

|u+λ |∞,N (∂Ω′
Γ)

≤ a ♣❛r❛ t♦❞♦ λ ≥ λ∗. ✭✸✳✻✸✮

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ ♣❛r❛ ❝❛❞❛ λ ≥ 1✱ L > 0 ❡ β > 1✱ ❞❡✜♥✐♠♦s u−λ = max{−uλ, 0}✱

u−L,λ :=







u−λ , s❡ uλ ≥ −L,

L, s❡ uλ ≤ −L,

z−L,λ,i := η2i u
−
λ (u

−
L,λ)

2(β−1) ❡ w−
L,λ,i := ηiu

−
λ (u

−
L,λ)

β−1,

♣♦❞❡♠♦s ♠♦str❛r q✉❡

|u−λ |∞,N (∂Ω′
Γ)

≤ a ♣❛r❛ t♦❞♦ λ ≥ λ∗. ✭✸✳✻✹✮

P♦rt❛♥t♦✱ ❞❡ (3.63) ❡ (3.64)✱

|uλ|∞,N (∂Ω′
Γ)

≤ a ♣❛r❛ t♦❞♦ λ ≥ λ∗, ✭✸✳✻✺✮

♠♦str❛♥❞♦ ❛ ❛✜r♠❛çã♦ ❢❡✐t❛ ❡♠ (3.41)✳

❆❣♦r❛✱ ♣❛r❛ λ ≥ λ∗✱ ❞❡✜♥✐♠♦s vλ : R2 \ Ω′
Γ → R ♣♦r

vλ(x) = (uλ(x)− a)+ .

❉❡ (3.63)✱ t❡♠✲s❡ vλ ∈ H1
0 (R

2 \ Ω′
Γ)✳ ◆♦ss♦ ♣ró①✐♠♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡ vλ = 0 ❡♠

R
2 \ Ω′

Γ✳ ■st♦ ✐♠♣❧✐❝❛ ❡♠

uλ ≤ a.

✽✽



Pr♦❧♦♥❣❛♥❞♦ ❛ ❢✉♥çã♦ vλ = 0 ❡♠ Ω′
Γ ❡ t♦♠❛♥❞♦ vλ ❝♦♠♦ ❢✉♥çã♦ t❡st❡✱ ♦❜t❡♠♦s

∫

R2\Ω′
Γ

∇uλ∇vλ +
∫

R2\Ω′
Γ

(λV (x) + 1)uλvλ =

∫

R2\Ω′
Γ

g(x, uλ)vλ.

❙❡♥❞♦
∫

R2\Ω′
Γ

∇uλ∇vλ =

∫

R2\Ω′
Γ

|∇vλ|2,
∫

R2\Ω′
Γ

(λV (x) + 1)uλvλ =

∫

(R2\Ω′
Γ)+

(λV (x) + 1) (vλ + a) vλ

❡
∫

R2\Ω′
Γ

g(x, uλ)vλ =

∫

(R2\Ω′
Γ)+

g(x, uλ)

uλ
(vλ + a)vλ,

♦♥❞❡

(R2 \ Ω′
Γ)+ = {x ∈ R

2 \ Ω′
Γ : uλ(x) > a},

t❡♠✲s❡
∫

R2\Ω′
Γ

|∇vλ|2 +
∫

(R2\Ω′
Γ)+

[

(λV (x) + 1)− g(x, uλ)

uλ

]

(vλ + a)vλ = 0.

❙❡♥❞♦

(λV (x) + 1)− g(x, uλ)

uλ
> ν0 −

f̃(uλ)

uλ
≥ 0 ❡♠ (R2 \ Ω′

Γ)+,

❞❡❞✉③✐♠♦s q✉❡ vλ = 0 ❡♠ (R2 \ Ω′
Γ)+✳ ❖❜✈✐❛♠❡♥t❡✱ vλ = 0 ♥♦s ♣♦♥t♦s ♦♥❞❡ uλ = 0✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ vλ := (uλ − a)+ = 0 ❡♠ R
2 \ Ω′

Γ✳ ❚r❛❜❛❧❤❛♥❞♦ ❝♦♠ ❛ ❢✉♥çã♦

(uλ + a)−✱ é ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r q✉❡ uλ(x) ≥ −a ♣❛r❛ x ∈ R
2 \ Ω′

Γ✳ ▲♦❣♦✱ |uλ(x)| ≤ a

♣❛r❛ x ∈ R
2 \Ω′

Γ✳ P♦rt❛♥t♦✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✸✳✸✳✷✱ ❛ ♣r♦♣♦s✐çã♦ ❡stá ❞❡♠♦♥str❛❞❛✳ �

✸✳✹ ❯♠ ✈❛❧♦r ❝rít✐❝♦ ❡s♣❡❝✐❛❧ ❞❡ Φλ✳

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ✜①❛r ǫ > 0 ❡ ζ = ζ(ǫ) > 0 t❛✐s q✉❡

Ij((1− ǫ)w±
j ), Ij((1 + ǫ)w±

j ) < Ij(w
±
j )− ζ, ∀j ∈ Γ. ✭✸✳✻✻✮

❆❧é♠ ❞✐ss♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ✈❛♠♦s ❛ss✉♠✐r q✉❡ Γ = {1, ..., l} (l ≤ k)✳

❉❡♥♦t❛r❡♠♦s ♣♦r Q = (1− ǫ, 1 + ǫ)2l ❡ ❞❡✜♥✐♠♦s γ0 : Q→ Hλ ♣♦r

γ0(
−→s ,−→t )(x) = (~s,~t) · (~w+(x), ~w−(x)) ✭✸✳✻✼✮

♦♥❞❡ (~s,~t) = (s1, ..., sl, t1, ..., tl) ❡

(~w+(x), ~w−(x)) = (w+
1 (x), ..., w

+
l (x), w

−
1 (x), ..., w

−
l (x)),

✽✾



❡ ♦ ♥ú♠❡r♦

Sλ,Γ = inf
γ∈∑λ

max
(~s,~t)∈Q

Φλ(γ(~s,~t))

♦♥❞❡

Σλ =
{

γ ∈ C(Q,Hλ) : γ
±|Ω′

j
6= 0, ∀j ∈ Γ ❡ (~s, ~t) ∈ Q, γ = γ0 s♦❜r❡ ∂Q

}

.

❈♦♠♦ γ0 ∈ Σλ✱ ❡♥tã♦ Σλ 6= ∅ ❡ Sλ,Γ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

▲❡♠❛ ✸✳✹✳✶ P❛r❛ q✉❛❧q✉❡r γ ∈ Σλ ❡①✐st❡ (−→s ∗,
−→
t ∗) ∈ Q t❛❧ q✉❡

Φ′
λ,j

(
γ±(~s∗,~t∗)

) (
γ±(~s∗,~t∗)

)
= 0

♣❛r❛ t♦❞♦ j ∈ {1, ..., l}✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ✉s❛r ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♥❛ ❞❡♠♦♥str❛çã♦

❞❛ ❆✜r♠❛çã♦ 1.1.15✱ ❢❡✐t❛ ♥♦ ❈❛♣ít✉❧♦ ✶✳ P❛r❛ ✐st♦✱ ♣❛r❛ ❝❛❞❛ γ ∈ Σλ✱ ❞❡✜♥✐♠♦s ❛❣♦r❛

❛s ❢✉♥çõ❡s H,H0 : Q ⊂ R
2 → R

2 ♣♦r

H = (Φ′
λ,1(γ

+)γ+, ...,Φ′
λ,l(γ

+)γ+,Φ′
λ,1(γ

−)γ−, ...,Φ′
λ,l(γ

−)γ−)

❡

H0 = (Φ′
λ,1(γ

+
0 )γ

+
0 , ...,Φ

′
λ,l(γ

+
0 )γ

+
0 ,Φ

′
λ,1(γ

−
0 )γ

−
0 , ...,Φ

′
λ,l(γ

−
0 )γ

−
0 ).

P♦r (f4) ❡ ♣❡❧❛ ❚❡♦r✐❛ ❞♦ ●r❛✉ ❞❡ ❇r♦✉✇❡r✱ t❡♠♦s d(H0, Q, 0) = 1✳ ❙❡♥❞♦

H = H0 s♦❜r❡ ∂Q,

✉s❛♥❞♦ ♦ ❣r❛✉ t♦♣♦❧ó❣✐❝♦✱ ♦❜t❡♠♦s d(H,Q, 0) = 1✱ ❡ ♣♦rt❛♥t♦ ♦ ▲❡♠❛ ✸✳✹✳✶ ♦❝♦rr❡✳ �

◆♦ q✉❡ s❡❣✉❡✱ ❞❡♥♦t❛♠♦s ♣♦r DΓ ♦ ♥ú♠❡r♦ DΓ =
l∑

j=1

dj✳

Pr♦♣♦s✐çã♦ ✸✳✹✳✷ ❖s ♥ú♠❡r♦s DΓ ❡ Sλ,Γ ✈❡r✐✜❝❛♠ ❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s

(a)
l∑

j=1

dλ,j ≤ Sλ,Γ ≤ DΓ ♣❛r❛ t♦❞♦ λ ≥ 1 ❡❀

(b) Sλ,Γ → DΓ q✉❛♥❞♦ λ→ ∞✳

✾✵



❉❡♠♦♥str❛çã♦✳ (a) ❙❡♥❞♦ γ0 ❞❡✜♥✐❞♦ ❡♠ (3.67) ♣❡rt❡❝❡♥t❡ ❛ Σλ✱ t❡♠♦s

Sλ,Γ ≤ max
(~s,~t)∈Q

Φλ(γ0(~s,~t))

≤ max
~s∈[1−ǫ,1+ǫ]l

l∑

j=1

Ij(sjw
+
j ) + max

~t∈[1−ǫ,1+ǫ]l

l∑

j=1

Ij(tjw
−
j ).

❉❛ ❞❡✜♥✐çã♦ ❞❡ wj✱ s❛❜❡♠♦s q✉❡

max
z∈[1−ǫ,1+ǫ]

Ij(zw
±
j ) = Ij(w

±
j ), ♣❛r❛ ❝❛❞❛ j ∈ Γ, ✭✸✳✻✽✮

❧♦❣♦✱

Sλ,Γ ≤
l∑

j=1

dj = DΓ.

❆❣♦r❛✱ ♣❛r❛ γ ∈ Σλ✱ s❡❥❛ (−→s ∗,
−→
t ∗) ∈ Q ❞❛❞♦ ♥♦ ▲❡♠❛ ✸✳✹✳✶✱ t❡♠♦s

Φλ,j(γ(~s∗,~t∗)) ≥ dλ,j, ∀j ∈ Γ.

P♦r ♦✉tr♦ ❧❛❞♦✱

Φλ,R2\Ω′
Γ
(u) =

1

2
‖u‖2λ,R2\Ω′

Γ
−
∫

λ,R2\Ω′
Γ

F̃ (u),

❡ s❡♥❞♦ F̃ (s) ≤ 1

2
ν0|s|2 ♣❛r❛ t♦❞♦ s ∈ R✱ t❡♠♦s ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✶✱

Φλ,R2\Ω′
Γ
(u) ≥ 1

2

(

‖u‖2λ,R2\Ω′
Γ
− ν0|u|2λ,R2\Ω′

Γ

)

≥ δ0
2
‖u‖2λ,R2\Ω′

Γ
,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ Φλ,R2\Ω′
Γ
(u) ≥ 0✱ ♣❛r❛ t♦❞♦ u ∈ H1(R2 \ Ω′

Γ)✳ ▲♦❣♦✱

Φλ(γ(~s∗,~t∗)) ≥
l∑

j=1

Φλ,j(γ(~s∗,~t∗))

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

max
(~s,~t)∈Q

Φλ(γ(~s,~t)) ≥ Φλ(γ(~s∗,~t∗)) ≥
l∑

j=1

dλ,j.

❉❛ ❞❡✜♥✐çã♦ ❞❡ Sλ,Γ✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

Sλ,Γ ≥
l∑

j=1

dλ,j,

✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ (a)✳

✾✶



(b) ❖❜s❡r✈❡ q✉❡ s❡✱ ♣❛r❛ ❝❛❞❛ j ∈ {1, ..., k}✱

dλ,j → dj q✉❛♥❞♦ λ→ ∞, ✭✸✳✻✾✮

❡♥tã♦
l∑

j=1

dλ,j → DΓ, q✉❛♥❞♦ λ→ ∞.

❖ ú❧t✐♠♦ ❧✐♠✐t❡ ❥✉♥t♦ ❝♦♠ (a) ✐♠♣❧✐❝❛ q✉❡ (b) ♦❝♦rr❡✳ ❙❡♥❞♦ ❛ss✐♠✱ r❡st❛ ♠♦str❛r q✉❡

♦ ❧✐♠✐t❡ ❡♠ ✭✸✳✻✾✮ é ✈á❧✐❞♦✳

❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❝❛❞❛ j ∈ {1, ..., k} ✜①❛❞♦✱ ❛ ❛♣❧✐❝❛çã♦ λ 7→ dλ,j é ❡str✐t❛♠❡♥t❡

❝r❡s❝❡♥t❡ ❡ ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡ ♣♦r dj✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ wj ∈ H1(Ω′
j)

✭❡①t❡♥sã♦ ♥✉❧❛ ❞❡ wj ∈ H1
0 (Ωj) ❞❛❞❛ ❡♠ (3.6)✮ ❡ ♦❜s❡r✈❡ q✉❡

Φ′
λ,j(w

±
j )w

±
j = I ′j(w

±
j )w

±
j = 0.

▲♦❣♦✱ wj ∈ Mλ,j ♣❛r❛ t♦❞♦ λ ≥ 1✱ ♦ q✉❡ ✐♠♣❧✐❝❛

dλ,j = inf
Mλ,j

Φλ,j ≤ Φλ,j(wj) = Ij(wj) = dj, ∀λ ≥ 1,

♠♦str❛♥❞♦ ❛ ❧✐♠✐t❛çã♦ s✉♣❡r✐♦r ❞❛ ❛♣❧✐❝❛çã♦ λ 7→ dλ,j ♣♦r dj✳ P❛r❛ ❞❡♠♦♥str❛r ❛

♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❡str✐t❛✱ ❝♦♥s✐❞❡r❡ λ1 < λ2 ❡ wλ2,j ∈ H1(Ω′
j) s❛t✐s❢❛③❡♥❞♦ (3.7) ❝♦♠

λ = λ2✳ ❙❡❥❛♠ s, t ∈ (0,+∞) t❛✐s q✉❡ sw+
λ2,j

+ tw−
λ2,j

∈ Mλ1,j✳ ❙❡♥❞♦ λ1 < λ2✱ t❡♠♦s

dλ1,j = inf
Mλ1,j

Φλ1,j ≤ Φλ1,j(sw
+
λ2,j

+ tw−
λ2,j

)

< Φλ2,j(sw
+
λ2,j

+ tw−
λ2,j

) = Φλ2,j(sw
+
λ2,j

) + Φλ2,j(tw
−
λ2,j

).

❉❡s❞❡ q✉❡ Φ′
λ2,j

(w±
λ2,j

)w±
λ2,j

= 0✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ❝❛r❛❝t❡r✐③❛çõ❡s

Φλ2,j(w
±
λ2,j

) = max
r>0

Φλ2,j(rw
±
λ2,j

).

▲♦❣♦✱

dλ1,j < Φλ2,j(w
+
λ2,j

) + Φλ2,j(w
−
λ2,j

) = Φλ2,j(wλ2,j) = dλ2,j,

♠♦str❛♥❞♦ ❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❡str✐t❛✳

❙❡❥❛ (λn) ✉♠❛ s❡q✉ê♥❝✐❛ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ t❛❧ q✉❡ λn → +∞✳ P❡❧♦ q✉❡

✈✐♠♦s ♥♦ ✐♥í❝✐♦ ❞❛ ❞❡♠♦♥str❛çã♦✱ t❡♠♦s

dλ1,j < dλ2,j < ... < dλn,j < ... ≤ dj,

✾✷



❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ d := lim
n→∞

dλn,j ≤ dj✳

P❛r❛ ❝❛❞❛ λn ≥ 1✱ ❝♦♥s✐❞❡r❡ ❛ s♦❧✉çã♦ wλn,j ∈ Hλn(Ω
′
j) ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ◆❡✉♠❛♥♥

❡♠ ✭✸✳✸✮ ❝♦♠ λ = λn✳ ❖❜s❡r✈❡ q✉❡

Φλn,j(wλn,j) = dλn,j → d ❡ ‖Φ′
λn,j(wλn,j)‖∗λn

= 0,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ (wλn,j)n é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∞,d ♣❛r❛ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥❝✐♦♥❛✐s

(Φλn,j)✱ ❝♦♠ d ∈ (0, D]✳

❆✜r♠❛çã♦ ✸✳✹✳✸ ❆ s❡q✉ê♥❝✐❛ (wλn,j)n é ❧✐♠✐t❛❞❛ ❡♠ H1(Ω′
j) ❝♦♠

‖wλn,j‖2H1(Ω′
j)
≤ 1

ξ2
< 1.

❉❡ ❢❛t♦✱ ✉s❛♥❞♦ ❛ ❈♦♥❞✐çã♦ ❞❡ ❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③ (f3)✱ ♦❜t❡♠♦s

dλn,j = Φλn,j(wλn,j)−
1

θ
Φ′

λn,j
(wλn,j)wλn,j

≥
(
1

2
− 1

θ

)

‖wλn,j‖2λn,Ω′
j
−
∫

Ω′
j

(

F (wλn,j)−
1

θ
f(wλn,j)wλn,j

)

≥
(
1

2
− 1

θ

)

‖wλn,j‖2λn,Ω′
j

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

lim sup
n→∞

‖wλn,j‖2λn,Ω′
j
≤ 2dθ

θ − 2
≤ 2djθ

θ − 2
<

1

ξ2
< 1.

❆ ❛✜r♠❛çã♦ s❡❣✉❡ ♦❜s❡r✈❛♥❞♦ q✉❡ ‖wλn,j‖2H1(Ω′
j)
≤ ‖wλn,j‖2λn,Ω′

j
✱ ♣❛r❛ t♦❞♦ n ≥ 1✳

❆ss✐♠✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ♣❛r❛ ❛❧❣✉♠ w0 ∈ H1(Ω′
j)✱

wλn,j ⇀ w0 ❡♠ H1(Ω′
j),

wλn,j → w0 ❡♠ Ls(Ω′
j), ♣❛r❛ s ≥ 1

❡

wλn,j(x) → w0(x) q✳t✳♣✳ ❡♠ Ω′
j.

❙❡❣✉✐♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✽✱

♠♦str❛✲s❡ q✉❡

wλn,j → w0 ❡♠ H1(Ω′
j),

✾✸



w0 ≡ 0 ❡♠ Ω′
j \ Ωj ❡ w0|Ωj

é ✉♠❛ s♦❧✉çã♦ ❞❡







−∆u+ u = f(u), ❡♠ Ωj

u = 0 s♦❜r❡ ∂Ωj.

P❛r❛ ♠♦str❛r q✉❡ w±
0 6= 0✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡

‖w±
λn,j

‖2H1(Ω′
j)
≤ ‖w±

λn,j
‖2λn,j =

∫

Ω′
j

f(w±
λn,j

)w±
λn,j

.

❆❣♦r❛✱ é só ✉s❛r ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛♦s ❞♦ ▲❡♠❛ ✶✳✶✳✶✶ ❞♦ ❈❛♣ít✉❧♦ ✶✱ ♣❛r❛ ♠♦str❛r

q✉❡
∫

Ω′
j

|w±
λn,j

|q ≥ δq > 0, ∀n ∈ N,

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❞❡ n→ ∞ ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ♦❜t❡♠♦s
∫

Ωj

|w±
0 |q ≥ δq > 0,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ w±
0 6= 0✳ P♦rt❛♥t♦✱ w0 ∈ Mj ❡

dj ≥ lim
n→∞

dλn,j ≥ Φλn,j(w0) = Ij(w0) ≥ dj

♠♦str❛♥❞♦ q✉❡ lim
n→∞

dλn,j = dj✳ �

✸✳✺ ❯♠❛ ❢❛♠í❧✐❛ ❡s♣❡❝✐❛❧ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s ♣❛r❛ (A)λ

◆❡st❛ s❡çã♦✱ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❡s♣❡❝✐❛❧ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s

♣❛r❛ (A)λ✱ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❊st❛s s♦❧✉çõ❡s ♥♦❞❛✐s sã♦ ❡①❛t❛♠❡♥t❡ ❛s

s♦❧✉çõ❡s ❡♥✉♥❝✐❛❞❛s ♥♦ ❚❡♦r❡♠❛ ✸✳✶✳✶✳

◆♦ q✉❡ s❡❣✉❡✱ E+
λ,j ❡ E

−
λ,j ❞❡♥♦t❛♠ ♦ ❝♦♥❡ ❞❛s ❢✉♥çõ❡s ♥ã♦ ♥❡❣❛t✐✈❛s ❡ ♥ã♦ ♣♦s✐t✐✈❛s

♣❡rt❡♥❝❡♥t❡s ❛ Hλ(Ω
′
j)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✐st♦ é✱

E+
λ,j =

{
u ∈ Hλ(Ω

′
j) : u(x) ≥ 0 q✳t✳♣✳ ❡♠ Ω′

j

}
,

E−
λ,j =

{
u ∈ Hλ(Ω

′
j) : u(x) ≤ 0 q✳t✳♣✳ ❡♠ Ω′

j

}
.

❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ γ0 ❡ ❞❛s ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛s ❞❡ ❙♦❜♦❧❡✈ q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s

♣♦s✐t✐✈❛s τ ❡ λ∗ t❛✐s q✉❡

distλ,j
(
γ0(~s,~t), E

±
λ,j

)
> τ ♣❛r❛ t♦❞♦ (~s,~t) ∈ Q, j ∈ Γ ❡ λ ≥ λ∗,

✾✹



♦♥❞❡ distλ,j (K,F ) ❞❡♥♦t❛ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❝♦♥❥✉♥t♦s ❡♠ Hλ(Ω
′
j)✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦

♥ú♠❡r♦ τ ♦❜t✐❞♦ ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ❞❡✜♥✐♠♦s

Θ =
{
u ∈ Hλ(Ω

′
j) : distλ,j

(
u,E±

λ,j

)
≥ τ ∀j ∈ Γ

}
.

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ q✉❛❧q✉❡r c, µ > 0 ❡ 0 < δ < min{ζ, τ/2}✱ ❝♦♥s✐❞❡r❛♠♦s ♦s ❝♦♥❥✉♥t♦s

Φc
λ =

{
u ∈ Hλ(Ω

′
j) : Φλ(u) ≤ c

}
❡ Bλ,µ = {u ∈ Θ2δ : |Φλ(u)− Sλ,Γ| ≤ µ} ,

♦♥❞❡ ζ é ❞❛❞♦ ❡♠ (3.66) ❡✱ ♣❛r❛ r > 0✱ Θr ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦

Θr =
{
u ∈ Hλ(Ω

′
j) : distλ,j (u,Θ) ≤ r

}
.

◆♦t❡ q✉❡ ♣❛r❛ ❝❛❞❛ µ > 0✱ ❡①✐st❡ Λ∗ = Λ∗(µ) > 0 t❛❧ q✉❡

w =
l∑

j=1

wj ∈ Bλ,µ, ♣❛r❛ t♦❞♦ λ ≥ Λ∗,

♣♦✐s w ∈ Θ, Φλ(w) = DΓ ❡ Sλ,Γ → DΓ q✉❛♥❞♦ λ → ∞✳ ▲♦❣♦✱ Bλ,µ 6= ∅ ♣❛r❛ λ

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❖❜s❡r✈❡ t❛♠❜é♠ q✉❡ ♣❛r❛ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠♦s

∥
∥γ0(~s,~t)

∥
∥
2

λ
≤ (1 + ǫ)2

∥
∥
∥
∥
∥

k∑

j=1

wj

∥
∥
∥
∥
∥

2

λ

≤M :=
2θDΓ

θ − 2
(1 + ǫ)2 < 1,

❝♦♠ ❛ ❝♦♥st❛♥t❡ M ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λ✳

◆♦ q✉❡ s❡❣✉❡✱ ♣❛r❛ r > 0✱ ❞❡♥♦t❛♠♦s ♣♦r

Br(0) := {u ∈ Hλ : ‖u‖λ ≤ r}

❡ ♣♦r µ∗ ♦ s❡❣✉✐♥t❡ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦

µ∗ = min

{
M + 1

2
,
δ

2

}

. ✭✸✳✼✵✮

Pr♦♣♦s✐çã♦ ✸✳✺✳✶ P❛r❛ ❝❛❞❛ µ > 0 ✜①♦✱ ❡①✐st❡♠ σo = σo(µ) > 0 ❡ Λ∗ = Λ∗(µ) ≥ 1

✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ λ t❛✐s q✉❡

‖Φ′
λ(u)‖∗λ ≥ σo ♣❛r❛ λ ≥ Λ∗ ❡ t♦❞♦ u ∈ (Bλ,2µ \Bλ,µ) ∩B(M+3)/4(0) ∩ ΦDΓ

λ .

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ λn → ∞ ❡

un ∈ (Bλn,2µ \Bλn,µ) ∩B(M+3)/4(0) ∩ ΦDΓ
λn

t❛❧ q✉❡

‖Φ′
λn
(un)‖∗λn

→ 0 q✉❛♥❞♦ n→ ∞.

✾✺



❙❡♥❞♦ un ∈ Bλn,2µ ❡ Sλn,Γ → DΓ q✉❛♥❞♦ n → ∞✱ s❡❣✉❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ (Φλn(un)) é

t❛♠❜é♠ ❧✐♠✐t❛❞❛✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

Φλn(un) → c ∈ (0, DΓ],

❛♣ós ❡①tr❛✐r♠♦s ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✳ ❆♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✽✱ ♣♦❞❡✲

♠♦s ❡①tr❛✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ un → u ❡♠ H1(R2)✱ ♦♥❞❡ u ∈ H1
0 (ΩΓ) é ✉♠❛ s♦❧✉çã♦ ❞❡

(Pj) ❝♦♠

‖un − u‖λn → 0, λn

∫

R2

V (x)|un|2 → 0 ❡ ‖un‖λn,R2\ΩΓ
→ 0.

❯♠❛ ✈❡③ q✉❡ un ∈ Θ2δ✱ ♣❛r❛ t♦❞♦ n ∈ N✱ t❡♠♦s

‖u±n ‖λn,Ω′
j
9 0, ♣❛r❛ t♦❞♦ j ∈ Γ.

❉❡ ❢❛t♦✱ s❡♥❞♦ u−n ∈ E−
λn,j

✱ t❡♠♦s

‖u+n ‖λn,Ω′
j
= ‖un − u−n ‖λn,Ω′

j
≥ distλn,j(un, E

−
λn,j

), ∀λn ≥ Λ∗,

❝♦♠♦ uλn ∈ Θ2δ✱ t❡♠♦s

distλn,j(un, E
−
λn,j

) ≥ τ − 2δ > 0.

▲♦❣♦

‖u+n ‖λn,Ω′
j
≥ τ − 2δ > 0, ∀λn ≥ Λ∗. ✭✸✳✼✶✮

❆♥❛❧♦❣❛♠❡♥t❡✱

‖u−n ‖λn,Ω′
j
≥ τ − 2δ > 0, ∀λn ≥ Λ∗.

❙❡♥❞♦ ❛ss✐♠✱ ‖u±‖Ωj
6= 0 ♣❛r❛ t♦❞♦ j ∈ Γ✳ ▲♦❣♦✱ ♣❛r❛ t♦❞♦ j ∈ Γ✱ u é ✉♠❛ s♦❧✉çã♦

♥♦❞❛❧ ❞❡ (Pj) ❡
l∑

j=1

dj ≤
l∑

j=1

Ij(u|Ωj
) ≤ DΓ.

❊st❡ ❢❛t♦ ✐♠♣❧✐❝❛ ❡♠ Ij(u|Ωj
) = dj ♣❛r❛ t♦❞♦ j ∈ Γ✱ ❧♦❣♦

Φλn(un) → DΓ q✉❛♥❞♦ n→ ∞.

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ Sλn,Γ → DΓ q✉❛♥❞♦ n→ ∞✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

un ∈ Bλn,µ ∩ ΦDΓ
λn
,

♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ �

✾✻



Pr♦♣♦s✐çã♦ ✸✳✺✳✷ P❛r❛ ❝❛❞❛ µ ∈ (0, µ∗)✱ ❡①✐st❡ Λ∗ = Λ∗(µ) > 1 t❛❧ q✉❡ ♣❛r❛ t♦❞♦

λ ≥ Λ∗ ♦ ❢✉♥❝✐♦♥❛❧ Φλ t❡♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❡♠ Bλ,µ ∩B(M+3)/4(0) ∩ ΦDΓ
λ ✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡ µ ∈ (0, µ∗) ❡ ✉♠❛ s❡q✉ê♥❝✐❛

λn → ∞✱ t❛❧ q✉❡ Φλn ♥ã♦ t❡♠ ♣♦♥t♦s ❝rít✐❝♦s ❡♠ Bλn,µ ∩ B(M+3)/4(0) ∩ ΦDΓ
λn

✳ P❡❧❛

Pr♦♣♦s✐çã♦ ✸✳✸✳✺ ♦ ❢✉♥❝✐♦♥❛❧ Φλn s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)c ♣❛r❛ t♦❞♦ c ∈ (−∞, D]✱

❧♦❣♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ dλn > 0 t❛❧ q✉❡

‖Φ′
λn
(u)‖∗λn

≥ dλn , ∀u ∈ Bλn,µ ∩B(M+3)/4 ∩ ΦDΓ
λn
.

❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✺✳✶✱ t❛♠❜é♠ t❡♠♦s

‖Φ′
λn
(u)‖∗λn

≥ σo, ∀u ∈ (Bλn,2µ \Bλn,µ) ∩ B(M+3)/4(0) ∩ ΦDΓ
λn
,

♦♥❞❡ σo > 0 é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λn ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ◆♦ q✉❡ s❡❣✉❡✱

Ψn : Hλn → R ❡ Hn : ΦcΓ
λn

→ Hλn

sã♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ✈❡r✐✜❝❛♥❞♦

Ψn(u) = 1, ♣❛r❛ u ∈ Bλn,3µ/2 ∩Θδ ∩B(M+1)/2(0),

Ψn(u) = 0, ♣❛r❛ u /∈ Bλn,3µ/2 ∩Θδ ∩B(M+1)/2(0),

0 ≤ Ψn(u) ≤ 1, ♣❛r❛ u ∈ Hλn ,

❡

Hn(u) =







−Ψn(u)‖Yn(u)‖−1Yn(u), ♣❛r❛ u ∈ Bλn,2µ ∩ B(M+3)/4(0),

0, ♣❛r❛ u /∈ Bλn,2µ ∩B(M+3)/4(0),

♦♥❞❡ Yn é ✉♠ ❝❛♠♣♦ ♣s❡✉❞♦✲❣r❛❞✐❡♥t❡ ♣❛r❛ Ψλn s♦❜r❡ Mn = {u ∈ Hλn : Φ′
λn
(u) 6= 0}✳

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ Hn✱ ♣❛r❛ ❝❛❞❛ n ∈ N,t❡♠♦s

‖Hn(u)‖ ≤ 1, ♣❛r❛ t♦❞♦ u ∈ ΦDΓ
λn
,

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡ ✉♠❛ ❞❡❢♦r♠❛çã♦ ηn : [0,∞)× ΦDΓ
λn

→ ΦDΓ
λn

❞❡✜♥✐❞❛ ♣♦r

dηn
dt

= Hn(ηn), ηn(0, u) = u ∈ ΦDΓ
λn
.

❊st❛ ❞❡❢♦r♠❛çã♦ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s✿

d

dt
Φλn(ηn(t, u)) ≤ −Ψn(ηn(t, u))‖Φ′

λn
(ηn(t, u))‖ ≤ 0, ✭✸✳✼✷✮

✾✼



∥
∥
∥
∥

dηn
dt

∥
∥
∥
∥
λn

= ‖Hn(ηn)‖λn ≤ 1 ✭✸✳✼✸✮

❡

ηn(t, u) = u, ∀t ≥ 0, u /∈ Bλn,2µ ∩ B(M+3)/4(0). ✭✸✳✼✹✮

• ❖s ❝❛♠✐♥❤♦s γn(~s,~t) := ηn(t, γ0(~s,~t))✱ n ∈ N✿

❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞♦ ❝❛♠✐♥❤♦ γ0 q✉❡

γ0(~s,~t) /∈ Bλn,2µ, ♣❛r❛ t♦❞♦ (~s,~t) ∈ ∂Q.

P♦rt❛♥t♦✱

ηn(t, γ0(~s,~t)) = γ0(~s,~t), ♣❛r❛ t♦❞♦ (~s,~t) ∈ ∂Q.

❱❛♠♦s ♠♦str❛r q✉❡ ❛s ❛♣❧✐❝❛çõ❡s γn : Q → Hλn ♣❡rt❡♥❝❡♠ ❛ ❝❧❛ss❡ Σλn ♣❛r❛ n

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ P❛r❛ t❛❧✱ ❝♦♠❡ç❛♠♦s ♦❜s❡r✈❛♥❞♦ q✉❡ γn é ✉♠❛ ❛♣❧✐❝❛çã♦

❝♦♥tí♥✉❛ ❡♠ Q✳ ❯♠❛ ✈❡③ q✉❡ µ ∈ (0, µ∗)✱ (3.66)✱ (3.68)✱ ❡ (3.70) ✐♠♣❧✐❝❛♠ ❡♠

|Φλn(γ0(~s,~t))−DΓ| > ζ ≥ δ ≥ 2µ∗, ∀(~s,~t) ∈ ∂Q, n ∈ N.

❆ss✐♠✱ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❢❛t♦ q✉❡ Sλ,Γ → DΓ q✉❛♥❞♦ λ → ∞✱ ❡①✐st❡ no > 0

t❛❧ q✉❡

|Φλn(γ0(~s,~t))− Sλn,Γ| > 2µ, ∀(~s,~t) ∈ ∂Q, n ≥ no,

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ γ0(~s,~t) /∈ Bλn,2µ ♣❛r❛ t♦❞♦ (~s,~t) ∈ ∂Q ❡ n ≥ no✳ ▲♦❣♦✱

γn = γ0, s♦❜r❡ ∂Q, ∀n ≥ no.

❆ss✐♠✱ r❡st❛ ♠♦str❛r q✉❡

γn(~s,~t)
± ∈ H1(Ω′

j) \ {0},

♣❛r❛ t♦❞♦ j ∈ Γ ❡ t♦❞♦ (~s,~t) ∈ Q✳

❙❡♥❞♦ γn(~s,~t) = ηn(Tn, γo(~s,~t)) ∈ Θ2δ ♣❛r❛ t♦❞♦ n✱ t❡♠✲s❡

distλn,j(γn(~s,~t), E
±
λn,j

) ≥ τ − 2δ > 0.

❆ss✐♠✱ γ±n |Ωj
6= 0 ♣❛r❛ t♦❞♦ j ∈ Γ✱ ❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ γn ∈ Σλn ♣❛r❛ n

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡

✾✽



• ❖ ❝❛♠✐♥❤♦ γ0(~s,~t)✿

◆♦t❡ q✉❡ supt γ0(~s,~t) ⊂ ΩΓ ♣❛r❛ t♦❞♦ (~s,~t) ∈ Q ❡ q✉❡ Φλ(γ0(~s,~t)) ♥ã♦ ❞❡♣❡♥❞❡

❞❡ λ ≥ 1✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡

Φλ(γ0(~s,~t)) ≤ DΓ, ♣❛r❛ t♦❞♦ (~s,~t) ∈ Q

❡

Φλ(γ0(~s,~t)) = DΓ, s❡✱ ❡ s♦♠❡♥t❡ s❡ sj = tj = 1, ∀j ∈ {1, ..., l}.

P♦rt❛♥t♦✱ ♦ ♥ú♠❡r♦ r❡❛❧

mn
0 := sup{Φλn(u) : u ∈ γ0(Q) \ (Bλn,µ ∩ BM+1

2
(0))},

é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λn ❡ ✈❡r✐✜❝❛

lim sup
n→∞

mn
0 < DΓ.

❉❡ ❢❛t♦✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (nj) ⊂ N t❛❧ q✉❡ mnj

0 → DΓ✱

q✉❛♥❞♦ nj → ∞ ❝♦♠

γ0(~snj
,~tnj

) /∈ Bλnj ,µ
∩ BM+1

2
(0),

m
nj

0 − 1

nj

≤ Φλnj
(γ0(~snj

,~tnj
)) ≤ DΓ ✭✸✳✼✺✮

❡

Φλnj
(γ0(~snj

,~tnj
)) → DΓ, q✉❛♥❞♦ nj → ∞.

❉❡s❞❡ q✉❡ γ0(Q) ⊂ BM+1
2
(0)✱ ❞❡✈❡♠♦s t❡r

γ0(~snj
,~tnj

) /∈ Bλnj ,µ
,

♦✉ s❡❥❛✱

|Φλnj
(γ0(~snj

,~tnj
))− Sλnj ,Γ

| > µ > 0, ∀nj ∈ N. ✭✸✳✼✻✮

▼❛s ♣❡❧♦ ✐t❡♠ (b) ❞❛ Pr♦♣♦s✐çã♦ ✸✳✹✳✷ ❡ ♣♦r (3.75)✱

|Φλnj
(γ0(~snj

,~tnj
))− Sλnj ,Γ

| → 0, q✉❛♥❞♦ nj → ∞,

♦ q✉❡ ❝♦♥tr❛❞✐③ (3.76)✳

✾✾



❆✜r♠❛çã♦ ✸✳✺✳✸ P❛r❛ ❝❛❞❛ n ∈ N✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Kn > 0 ✈❡r✐✜❝❛♥❞♦

|Φλn(u)− Φλn(v)| ≤ Kn‖u− v‖λn ,

♣❛r❛ t♦❞♦ u, v ∈ B(M+3)/4(0)✳

❉❡ ❢❛t♦✱ P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✱ t❡♠♦s

|Φλn(u)− Φλn(v)| ≤ sup
t∈[0,1]

‖Φ′
λn
(tu+ (1− t)v)‖∗λn

‖u− v‖λn ,

♦♥❞❡

‖Φ′
λn
(tu+ (1− t)v)‖∗λn

= sup
w∈Hλn , ‖w‖λn≤1

|〈Φ′
λn
(tu+ (1− t)v), w〉|.

❆ss✐♠✱ ❜❛st❛ ♠♦str❛r q✉❡ ❡①✐st❡ Kn > 0 t❛❧ q✉❡

|〈Φ′
λn
(tu+ (1− t)v), w〉| ≤ Kn, ∀w ∈ Hλn , ‖w‖λn ≤ 1, ∀u, v ∈ B(M+3)/4(0).

❖r❛✱

|〈Φ′
λn
(tu+ (1− t)v), w〉| ≤ M + 3

2
+

∫

R2

|f(tu+ (1− t)v)w|.

❙❡♥❞♦ ❛ss✐♠✱ r❡st❛ ♠♦str❛r ❛ ❧✐♠✐t❛çã♦ ❞❛ ✐♥t❡❣r❛❧ ❛❝✐♠❛✳ ❯s❛♥❞♦ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ f ✱

t❡♠♦s
∫

R2

|f(tu+(1− t)v)w| ≤
∫

R2

|tu+(1− t)v||w|+C
∫

R2

|w|
(

e4πτ |tu+(1−t)v|2 − 1
)

. ✭✸✳✼✼✮

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ♦ ▲❡♠❛ ❆✳✶ ❞♦ ❆♣ê♥❞✐❝❡ ❆✱ ♦❜t❡♠♦s
∫

R2

|w|
(

e4πτ |tu+(1−t)v|2 − 1
)

≤ C1

∫

R2

(

e4πt2τ |tu+(1−t)v|2 − 1
)

. ✭✸✳✼✽✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ u, v ∈ B(M+3)/4(0)✱ t❡♠♦s

‖tu+ (1− t)v‖λn ≤ M + 3

4
< 1.

❙❡♥❞♦ ❛ss✐♠✱ ♣♦❞❡♠♦s ✜①❛r t2 > 1 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❡ 1 ❞❡ t❛❧ ♠♦❞♦ q✉❡

4πt2τ‖tu + (1− t)v‖2λn
< 1✳ ▲♦❣♦✱ ✉s❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ❞❡✈✐❞❛

❛ ❈❛♦ ✭✻✮✱
∫

R2

(

e4πt2τ |tu+(1−t)v|2 − 1
)

≤ C2, ∀u, v ∈ B(M+3)/4(0), ∀t ∈ [0, 1]. ✭✸✳✼✾✮

P♦rt❛♥t♦✱ ❞❡ (3.77)✱ (3.78) ❡ (3.79)✱ ♦❜t❡♠♦s
∫

R2

|f(tu+ (1− t)v)w| ≤ C, ∀u, v ∈ B(M+3)/4(0), ∀t ∈ [0, 1],

❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❆✜r♠❛çã♦ ✸✳✺✳✸✳

❯s❛♥❞♦ ❛s ✐♥❢♦r♠❛çõ❡s ❛♣r❡s❡♥t❛❞❛s ❛té ♦ ♣r❡s❡♥t❡ ♠♦♠❡♥t♦✱ ♣♦❞❡♠♦s ❛✜r♠❛r

♦ s❡❣✉✐♥t❡✳

✶✵✵



❆✜r♠❛çã♦ ✸✳✺✳✹ ❊①✐st❡ Tn = T (λn) > 0 ❡ ǫ∗ > 0 ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ n t❛❧ q✉❡

lim sup
n→∞

{

max
(~s,~t)∈Q

Φλn(ηn(Tn, γ0(~s,~t)))

}

< DΓ − ǫ∗.

❉❡ ❢❛t♦✱ ❞❡✜♥❛ u := γ0(~s,~t)✱ d̃λn = min{dλn , σo}✱ Tn = µσo/2d̃λn ❡ η̃(t) := ηn(t, u)✳

❙❡ u /∈ Bλn,µ ∩ B(M+1)/2(0) ∩Θδ✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ mn
0 t❡♠♦s

Φλn(ηn(t, u)) ≤ Φλn(u) ≤ mn
0 , ∀t ≥ 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ u /∈ Bλn,µ ∩ B(M+1)/2(0) ∩Θδ✱ ❞❡✈❡♠♦s ❛♥❛❧✐s❛r ♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

❈❛s♦ ✶✳ η̃n(t) ∈ Bλn,3µ/2 ∩ B(M+1)/2(0) ∩Θδ✱ ♣❛r❛ t♦❞♦ t ∈ [0, Tn]❀

❈❛s♦ ✷✳ η̃n(to) /∈ Bλn,3µ/2 ∩ B(M+1)/2(0) ∩Θδ✱ ♣❛r❛ ❛❧❣✉♠ to ∈ [0, Tn]✳

❆♥á❧✐s❡ ❞♦ ❝❛s♦ ✶✿

◆❡st❡ ❝❛s♦✱ t❡♠♦s Ψn(η̃n(t)) ≡ 1 ❡ ‖Φ′
λn
(η̃n(t))‖ ≥ d̃λn ♣❛r❛ t♦❞♦ t ∈ [0, Tn]✳

P♦rt❛♥t♦ ♣♦r (3.72)✱

Φλn(η̃n(Tn)) = Φλn(u) +

∫ Tn

0

d

ds
Φλn(η̃n(s))ds ≤ DΓ −

∫ Tn

0

d̃λnds,

♦✉ s❡❥❛✱

Φλn(η̃n(Tn)) ≤ DΓ − d̃λnTn = DΓ −
1

2
σoµ,

❞❡ ♦♥❞❡ s❡❣✉❡ ❛ ❛✜r♠❛çã♦✳

❆♥á❧✐s❡ ❞♦ ❝❛s♦ ✷✿

P❛r❛ ❡st❡ ❝❛s♦✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s s✐t✉❛çõ❡s

✭❛✮ ❊①✐st❡ t2 ∈ [0, Tn] t❛❧ q✉❡ η̃n(t2) /∈ Θδ❀ ♥♦t❡ q✉❡ ♣❛r❛ t1 = 0✱

‖η̃n(t2)− η̃n(t1)‖ ≥ δ > µ,

♣♦✐s η̃n(0) = u ∈ Θ✳

✭❜✮ ❊①✐st❡ t2 ∈ [0, Tn] t❛❧ q✉❡ η̃n(t2) /∈ B(M+1)/2(0)❀ ♥❡st❡ ❝❛s♦✱ ♣❛r❛ t1 = 0✱

‖η̃n(t2)− η̃n(t1)‖ ≥ M + 1

2
> µ,

♣♦✐s η̃n(0) = u ∈ B(M+1)/2(0)✳

✶✵✶



✭❝✮ η̃n(t) ∈ Θδ ∩B(M+1)/2(0) ♣❛r❛ t♦❞♦ t ∈ [0, Tn]✱ ❡ ❡①✐st❡♠ 0 ≤ t1 ≤ t2 ≤ Tn t❛❧ q✉❡

η̃n(t) ∈ Bλn,3µ/2 \Bλn,µ ♣❛r❛ t♦❞♦ t ∈ [t1, t2] ❝♦♠

|Φλn(η̃n(t1))− Sλn,Γ| = µ ❡ |Φλn(η̃n(t2))− Sλn,Γ| = 3µ/2.

❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ Kn✱ ♦❜t❡♠♦s

‖η̃n(t2)− η̃n(t1)‖ ≥ µ

2Kn

.

❆s ❡st✐♠❛t✐✈❛s ♠♦str❛❞❛s ❡♠ (a)− (c) ✐♠♣❧✐❝❛♠ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦♥st❛♥t❡

C > 0 t❛❧ q✉❡ t2 − t1 ≥ Cµ✱ ❡ ❛ss✐♠

Φλn(η̃n(Tn)) ≤ Φλn(u)−
∫ Tn

0

Ψn(η̃n(s))‖Φ′
λn
(η̃n(s))‖ds

✐♠♣❧✐❝❛♥❞♦ ♥❛s ❞❡s✐❣✉❛❧❞❛❞❡s

Φλn(η̃n(Tn)) ≤ DΓ −
∫ t2

t1

σods ≤ DΓ − σo(t2 − t1)

♦✉ s❡❥❛✱

Φλn(η̃n(Tn)) ≤ DΓ − Cσoµ,

❞❡♠♦♥str❛♥❞♦ q✉❡ ❛ ❛✜r♠❛çã♦ ♦❝♦rr❡✳

P❡❧♦ ❡st✉❞♦ ❢❡✐t♦✱ ✜❝❛ ❡st❛❜❡❧❡❝✐❞❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

lim sup
n→∞

Sλn,Γ ≤ DΓ − ǫ∗,

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ Pr♦♣♦s✐çã♦ ✸✳✹✳✷✱ ❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✺✳✷✳ �

✸✳✻ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳✶

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✺✳✷✱ ♣❛r❛ ❝❛❞❛ µ ∈ (0, µ∗) ✜①♦✱ ❡①✐st❡ Λ∗ = Λ∗(µ) > 1 t❛❧ q✉❡

♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r (A)λ t❡♠ ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ uλ ∈ Bλ,µ ∩B(M+3)/4(0) ♣❛r❛ λ ≥ Λ∗

❝♦♠

distλ,j(uλ, E
±
λ,j) ≥ τ − 2δ > 0 ∀j ∈ Γ. ✭✸✳✽✵✮

❘❡♣❡t✐♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✽✱ ♦❜t❡♠♦s

uλ → 0 ❡♠ H1(R2 \ ΩΓ) q✉❛♥❞♦ λ→ ∞.

✶✵✷



❊st❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❥✉♥t♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✾✱ ✐♠♣❧✐❝❛ q✉❡ uλ é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧

❞❡ (P )λ✱ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❋✐①❛♥❞♦ λn → ∞ ❡ µn → 0✱ ❛ s❡q✉ê♥❝✐❛ (uλn) ✈❡r✐✜❝❛

Φ′
λn
(uλn) = 0 ❡ Φλn(uλn) = Sλn,Γ + on(1).

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✹✳✷✱

Φ′
λn
(uλn) = 0 ❡ Φλn(uλn) = DΓ + on(1).

P♦rt❛♥t♦✱ (uλn) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)∞,DΓ
♣❛r❛ (Φλn)✳ ❙❡♥❞♦ DΓ ∈ (0, D]✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✸✳✸✳✽ ❡①✐st❡ u ∈ H1
0 (ΩΓ) t❛❧ q✉❡✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❛✐♥❞❛ ❞❡♥♦t❛❞❛

♣♦r (uλn)✱

uλn → u H1(R2), λn

∫

R2

V (x)|uλn |2 → 0 ❡ ‖uλn‖2λn,R2\ΩΓ
→ 0.

❉❡ ♦♥❞❡ s❡❣✉❡ q✉❡

I ′j(u) = 0 ♣❛r❛ t♦❞♦ j ∈ Γ ❡
l∑

j=1

Ij(u) = DΓ. ✭✸✳✽✶✮

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

❆✜r♠❛çã♦ ✸✳✻✳✶ ❊①✐st❡ κo > 0 t❛❧ q✉❡

∫

Ωj

|u±λn
|q′ ≥ κo ∀λn ≥ Λ∗, ∀j ∈ Γ, ✭✸✳✽✷✮

♣❛r❛ ❛❧❣✉♠ q′ > 1✳

❉❡ ❢❛t♦✱ ✜①❡ j ∈ Γ ❡ ❝♦♥s✐❞❡r❡ ηi ∈ C∞(R2,R) ✈❡r✐✜❝❛♥❞♦

ηj ≡ 1 ❡♠ Ω′
j ❡ ηj ≡ 0 ❡♠ R

2 \ (Ω′
j)δ ❡ ((Ω′

j)δ \ Ω′
j) ⊂ R

2 \ ΩΓ.

❚♦♠❛♥❞♦ vj = ηju
+
λn

❝♦♠♦ ❢✉♥çã♦ t❡st❡✱ ♦❜t❡♠♦s

∫

R2

∇uλn∇(ηju
+
λn
) + (λnV (x) + 1)uλnηju

+
λn

=

∫

R2

f(uλn)ηju
+
λn
,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

∫

R2

|∇u+λn
|2ηj + (λnV (x) + 1)|u+λn

|ηj =
∫

R2

f(uλn)ηju
+
λn

+ on(1). ✭✸✳✽✸✮

✶✵✸



❯s❛♥❞♦ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ g✱ ♦❜t❡♠♦s
∫

R2

f(uλn)ηju
+
λn

≤ ǫ

∫

R2

|u+λn
|2ηj + C

∫

R2

ηju
+
λn
bτ (uλn),

❡ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r

∫

R2

f(uλn)ηju
+
λn

≤ ǫ

∫

R2

|u+λn
|2ηj + C

(∫

R2

|ηju+λn
|q′
)1/q′

|bτ (uλn)|q

♦♥❞❡ 1/q + 1/q′ = 1✳ ❋✐①❛♥❞♦ q > 1✱ ❝♦♠ q s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❡ 1 ❡ ✉s❛♥❞♦ ♦

❈♦r♦❧ár✐♦ ✸✳✷✳✷✱ ♦❜t❡♠♦s

∫

R2

f(uλn)ηju
+
λn

≤ ǫ

∫

R2

|u+λn
|2ηj + C

(∫

R2

|ηju+λn
|q′
)1/q′

. ✭✸✳✽✹✮

❉❡ ✭✸✳✽✸✮ ❡ ✭✸✳✽✹✮✱

(1− ǫ)

∫

R2

|∇u+λn
|2ηj + (λnV (x) + 1)|u+λn

|2ηj ≤ C

(∫

R2

|ηju+λn
|q′
)1/q′

+ on(1).

▲♦❣♦✱ ✜①❛♥❞♦ ǫ < 1 ❡ ✉s❛♥❞♦ ✭✸✳✼✶✮✱ ♦❜t❡♠♦s

0 < (1− ǫ)(τ − 2δ) ≤ (1− ǫ)‖u+λn
‖2λn,Ω′

j
≤ C

(
∫

Ω′
j

|u+λn
|q′
)1/q′

+ on(1),

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡
∫

Ω′
j

|u+λn
|q′ ≥ κo > 0, ∀λn ≥ Λ∗,

♣❛r❛ ❛❧❣✉♠ κo ♣♦s✐t✐✈♦✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ t❡♠♦s
∫

Ω′
j

|u−λn
|q′ ≥ κo > 0, ∀λn ≥ Λ∗,

♠♦str❛♥❞♦ q✉❡ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❞❡ n→ ∞ ❡♠ ✭✸✳✽✷✮✱ ♦❜t❡♠♦s
∫

Ω′
j

|u±|q′ =
∫

Ωj

|u±|q′ ≥ κo, ∀j ∈ Γ.

❆ss✐♠✱ u ♠✉❞❛ ❞❡ s✐♥❛❧ ❡♠ Ωj ♣❛r❛ t♦❞♦ j ∈ Γ✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

Ij(u) ≥ dj, ∀j ∈ Γ. ✭✸✳✽✺✮

❙❡❣✉❡ ❞❡ (3.81) ❡ (3.85) q✉❡ Ij(u) = dj ♣❛r❛ t♦❞♦ j ∈ Γ✳ ■st♦ ♠♦str❛ q✉❡✱ ♣❛r❛

❝❛❞❛ j ∈ Γ✱ u|Ωj
é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (3.3)✱ ❡ ❛

❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳✶ ❡stá ❝♦♠♣❧❡t❛✳ �

✶✵✹



❈❛♣ít✉❧♦ ✹

■♥✜♥✐t❛s s♦❧✉çõ❡s ♥♦❞❛✐s ❡♠ ❜♦❧❛s

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st❛❜❡❧❡❝❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✐♥✜♥✐t❛s s♦❧✉çõ❡s ♥♦❞❛✐s ♣❛r❛ ♦

♣r♦❜❧❡♠❛






−∆u = f(u), ❡♠ B,

u = 0, s♦❜r❡ ∂B,

(P )

♦♥❞❡ B é ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❡♠ R
2 ❡ f é ✉♠❛ ❢✉♥çã♦ í♠♣❛r ❝♦♠ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦

❡①♣♦♥❡♥❝✐❛❧✳ ❉✐✈✐❞✐♥❞♦ B ❡♠ s❡t♦r❡s ❛♥❣✉❧❛r❡s ❡ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛

▼♦♥t❛♥❤❛✱ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❡♠ ✉♠ ❞♦s s❡t♦r❡s ❞❡ B✳

❆ ♣❛rt✐r ❞❡st❛ s♦❧✉çã♦ ❡ ❞❡ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❝♦♥t✐♥✉❛çã♦ ❛♥t✐✲s✐♠étr✐❝❛ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r

❈♦♠t❡✲❑♥❛❛♣ ❬✸✶❪ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✐♥✜♥✐t❛s s♦❧✉çõ❡s ♥♦❞❛✐s ❡♠ B✳ ❆q✉✐✱

✈❛♠♦s ❛ss✉♠✐r ❛s ❤✐♣ót❡s❡s✿

(f1) ❊①✐st❡ C > 0 t❛❧ q✉❡

|f(s)| ≤ Ce4π|s|
2

♣❛r❛ t♦❞♦ s ∈ R;

(f2) lim
s→0

f(s)

s
= 0❀

❡ ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s ❛❞✐❝✐♦♥❛✐s

(H1) ❊①✐st❡♠ s0 > 0 ❡ M > 0 t❛✐s q✉❡

0 < F (s) :=

∫ s

0

f(t)dt ≤M |f(s)| ♣❛r❛ t♦❞♦ |s| ≥ s0.



(H2) 0 < F (s) ≤ 1

2
f(s)s, ♣❛r❛ t♦❞♦ s ∈ R \ {0}.

(H3) lims→∞ sf(s)e−4πs2 = +∞

◆♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ é ♦ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ✹✳✵✳✷ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ í♠♣❛r s❛t✐s❢❛③❡♥❞♦ (f1) − (f2) ❡ (H1) − (H3)✳

❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛ (P ) t❡♠ ✐♥✜♥✐t❛s s♦❧✉çõ❡s ♥♦❞❛✐s✳

P❛r❛ ❝❛❞❛ m ∈ N✱ ❞❡✜♥✐♠♦s ♦ ❝♦♥❥✉♥t♦

Am =
{

x = (x1, x2) ∈ B : cos
( π

2m

)

|x1| < sen
( π

2m

)

x2

}

,

✈❡r ✜❣✉r❛ ✹✳✶✳ ❆ss✐♠✱ A1 é ✉♠ s❡♠✐✲❝ír❝✉❧♦❀ A2 é ✉♠ q✉❛rt♦ ❞♦ ❝ír❝✉❧♦ ✭s❡t♦r ❛♥❣✉❧❛r

❞❡ â♥❣✉❧♦ π/2✮❀ A3 é ✉♠ q✉❛rt♦ ❞♦ ❝ír❝✉❧♦ ✭s❡t♦r ❛♥❣✉❧❛r ❞❡ â♥❣✉❧♦ π/4✮✱ ❡ ❛ss✐♠

s✉❝❡ss✐✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✹✳✶✿ ❙❡t♦r ❛♥❣✉❧❛r Am✳

Pr✐♠❡✐r♦ ❝♦♥s✐❞❡r❛♠♦s ♦ ♣r♦❜❧❡♠❛






−∆u = f(u), ❡♠ Am,

u = 0, s♦❜r❡ ∂Am.

(P )m

❯s❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ✭❚❡♦r❡♠❛ ❆✳✶✽ ❞♦ ❆♣ê♥❞✐❝❡ ❆✮ ♣❛r❛ ♦❜t❡r

✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ (P )m ❡ ❛ ♣❛rt✐r ❞❡st❛ s♦❧✉çã♦✱ ✈❛♠♦s ❝♦♥str✉✐r ✉♠❛ s♦❧✉çã♦

♥♦❞❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P )✳

✶✵✻



❉❡ ❛❝♦r❞♦ ❝♦♠ ❋✐❣✉❡✐r❡❞♦✱ ▼✐②❛❣❛❦✐ ❡ ❘✉❢ ❬✸✹❪✱ ♣❛r❛ ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛

❞❡ (P )m ❜❛st❛ q✉❡ ♦ ❧✐♠✐t❡ ❡♠ (H3) ✈❡r✐✜q✉❡

(H3)
′ lim

s→+∞
sf(s)e−4πs2 ≥ β >

1

2πd2m
,

♦♥❞❡ dm é ♦ r❛✐♦ ❞❛ ♠❛✐♦r ❜♦❧❛ ❝♦♥t✐❞❛ ❡♠ Am✳ ❈♦♥❢♦r♠❡ ❞❡♠♦♥str❛♠♦s ❛ s❡❣✉✐r✱

s✉♣♦♥❞♦ (H3) ♥♦ ❧✉❣❛r ❞❡ (H3)
′✱ t❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ (P )m✱

♣❛r❛ ❝❛❞❛ m ∈ N✳ ❊st❡ é ♦ ❝♦♥t❡ú❞♦ ❞♦ ♥♦ss♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✹✳✵✳✸ ❙♦❜ ❛s ❤✐♣ót❡s❡s (f1) − (f2) ❡ (H1) − (H3)✱ ♦ ♣r♦❜❧❡♠❛ (P )m ♣♦ss✉✐

✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛✱ ♣❛r❛ ❝❛❞❛ m ∈ N✳

✹✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✵✳✸✳

❈♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P )m✱ ✈❛♠♦s

s✉♣♦r ❛✐♥❞❛ q✉❡

f(s) = 0, ∀s ≤ 0.

❆ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ (P )m✱ t❡♠♦s ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ I : H1
0 (Am) → R ❞❛❞♦

♣♦r

I(u) =
1

2

∫

Am

|∇u|2 −
∫

Am

F (u).

◆♦ ♥♦ss♦ ❝❛s♦✱ ∂Am ♥ã♦ é ❞❡ ❝❧❛ss❡ C1✳ ◆♦ ❡♥t❛♥t♦✱ ♦ ❢✉♥❝✐♦♥❛❧ I ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

❉❡ ❢❛t♦✱ ♣❛r❛ u ∈ H1
0 (Am)✱ ❝♦♥s✐❞❡r❡ u∗ ∈ H1

0 (B) ❛ ❡①t❡♥sã♦ ♥✉❧❛ ❞❡ u ❡♠ B✱ ❞❡✜♥✐❞❛

♣♦r

u∗(x) =







u(x), s❡ x ∈ Am

0, s❡ x ∈ B \ Am.

❈❧❛r❛♠❡♥t❡

‖u‖Am = ‖u∗‖B.

▲♦❣♦✱ ♣♦r (f1) ❡ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✭✶✮
∣
∣
∣
∣

∫

Am

F (u)

∣
∣
∣
∣
=

∣
∣
∣
∣

∫

B

F (u∗)

∣
∣
∣
∣
≤
∫

B

|F (u∗)| ≤ C

∫

B

e4π|u
∗|2 <∞.

❆❧é♠ ❞✐ss♦✱ ♠♦str❛✲s❡ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ I é ❞❡ ❝❧❛ss❡ C1 ❝♦♠

I ′(u)v =

∫

Am

∇u∇v −
∫

Am

f(u)v, ∀u, v ∈ H1
0 (Am).

❖ ♣ró①✐♠♦ ❧❡♠❛ ❣❛r❛♥t❡ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ I t❡♠ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✳

✶✵✼



▲❡♠❛ ✹✳✶✳✶ (a) ❊①✐st❡♠ r, ρ > 0 t❛✐s q✉❡

I(u) ≥ ρ > 0, ♣❛r❛ t♦❞♦ ‖u‖Am = r.

(b) ❊①✐st❡ e ∈ H1
0 (Am) t❛❧ q✉❡

‖e‖Am > r ❡ I(e) < 0.

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ I ❡ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ f ✱

I(u) ≥ 1

2

∫

Am

|∇u|2 − ǫ

2

∫

Am

|u|2 − C

∫

Am

|u|qeβ|u|2 ,

♦✉ ❛✐♥❞❛✱

I(u) ≥ 1

2

∫

B

|∇u∗|2 − ǫ

2

∫

B

|u∗|2 − C

∫

B

|u∗|qeβ|u∗|2 .

❯s❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱

I(u) ≥ 1

2

∫

B

|∇u∗|2 − ǫ

2λ1

∫

B

|∇u∗|2 − C

∫

B

|u∗|qeβ|u∗|2 ,

♦♥❞❡ λ1 é ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞❡ (−∆, H1
0 (B))✳ ❋✐①❛♥❞♦ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡✲

q✉❡♥♦✱ t❡♠♦s C1 :=
1

2
− ǫ

2λ1
> 0✱ ❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

I(u) ≥ C1

∫

B

|∇u∗|2 − C

∫

B

|u∗|qeβ|u∗|2 .

◆♦t❡ q✉❡✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✭✷✮

eβ|u
∗|2 ∈ L2(B)

❡ ♣♦r ✐♠❡rsã♦ ❝♦♥tí♥✉❛

|u∗|q ∈ L2(B).

▲♦❣♦✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱

∫

B

|u∗|qeβ|u∗|2 ≤
(∫

B

|u∗|2q
)1/2 (

e2β|u
∗|2
)1/2

≤ |u∗|q2q,B
(∫

B

e2β|u
∗|2
)1/2

≤ C‖u∗‖qB
(∫

B

e2β|u
∗|2
)1/2

,

♣♦✐s H1
0 (B) →֒ L2q(B)✱ ♣❛r❛ t♦❞♦ q ≥ 1✳

✶✵✽



❆✜r♠❛♠♦s q✉❡ ♣❛r❛ r > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠✲s❡

sup
‖u∗‖B=r

∫

B

e2β|u
∗|2 <∞.

❉❡ ❢❛t♦✱ ♥♦t❡ q✉❡
∫

B

e2β|u
∗|2 =

∫

B

e
2β‖u∗‖2B

(

|u∗|
‖u∗‖B

)2

.

❊s❝♦❧❤❡♥❞♦ 0 < r ≈ 0 ❞❡ ♠❛♥❡✐r❛ q✉❡ α := 2βr2 < 4π ❡ ✉s❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡

❚r✉❞✐♥❣❡r✲▼♦s❡r ✭✷✮✱ ♦❜t❡♠♦s

sup
‖u∗‖B=r

∫

B

e2β|u
∗|2 ≤ sup

‖v‖B≤1

∫

B

eα|v|
2

<∞.

P♦rt❛♥t♦✱

I(u) ≥ C1‖u∗‖2B − C2‖u∗‖qB.

❋✐①❛♥❞♦ q > 2✱ ♦❜t❡♠♦s

I(u) ≥ C1r
2 − C2r

q := ρ > 0,

♣❛r❛ r = ‖u‖Am = ‖u∗‖B s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ♠♦str❛♥❞♦ q✉❡ ❛ ❛✜r♠❛çã♦ ❡♠ (a)

é ✈❡r❞❛❞❡✐r❛✳

P❛r❛ ❞❡♠♦♥str❛r ❛ ❛✜r♠❛çã♦ ❡♠ (b)✱ ♦❜s❡r✈❡ ♣r✐♠❡✐r♦ q✉❡

❆✜r♠❛çã♦ ✶✳ P❛r❛ ❝❛❞❛ ǫ > 0✱ ❡①✐st❡ sǫ > 0 t❛❧ q✉❡

F (s) ≤ ǫf(s)s, ♣❛r❛ t♦❞♦ x ∈ Am, |s| ≥ sǫ.

❉❡ ❢❛t♦✱ ❜❛st❛ ✈❡r q✉❡ ♣♦r (H1)
∣
∣
∣
∣

F (s)

sf(s)

∣
∣
∣
∣
≤ M

|s| , ∀|s| ≥ s0.

P❛r❛ p > 2✱ ❛ ❆✜r♠❛çã♦ ✶ ❝♦♠ ǫ = 1/p > 0✱ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ sǫ > 0 t❛❧ q✉❡

pF (s) ≤ f(s)s, ∀s ≥ sǫ,

q✉❡ ♣♦r s✉❛ ✈❡③ ✐♠♣❧✐❝❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥st❛♥t❡s C1, C2 > 0 t❛✐s q✉❡

F (s) ≥ C1|s|p − C2, ∀s ≥ 0.

❙❡♥❞♦ ❛ss✐♠✱ ✜①❛♥❞♦ ϕ ∈ C∞
0 (Am) ❝♦♠ ϕ ≥ 0 ❡ ϕ 6= 0✳ P❛r❛ t ≥ 0✱ t❡♠♦s

∫

Am

F (tϕ) ≥
∫

Am

(C1|tϕ|p − C2)

≥ C1|t|p
∫

Am

|ϕ| − C2|Am|,

✶✵✾



❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡
∫

Am

F (tϕ) ≥ C3|t|p − C4. ✭✹✳✶✮

P♦r (4.1)✱ s❡ t ≥ 0✱

I(tϕ) ≤ t2

2
‖ϕ‖2Am

− C3|t|p + C4.

❙❡♥❞♦ p > 2✱

I(tϕ) → −∞, q✉❛♥❞♦ t→ +∞.

❋✐①❛♥❞♦ t0 ≈ +∞ ❡ ❞❡✜♥✐♥❞♦ e = t0ϕ✱ ❝♦♥❝❧✉✐♠♦s q✉❡

‖e‖Am ≥ r ❡ I(e) < 0. �

❖ ♣ró①✐♠♦ ❧❡♠❛ é ❝r✉❝✐❛❧ ♣❛r❛ ♠♦str❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡

P❛❧❛✐s✲❙♠❛❧❡ ❛❜❛✐①♦ ❞❡ ✉♠ ❝❡rt♦ ♥í✈❡❧ ❡ s✉❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠

❋✐❣✉❡✐r❡❞♦✱ ▼✐②❛❣❛❦✐ ❡ ❘✉❢ ❬✸✹❪✳

▲❡♠❛ ✹✳✶✳✷ ❙❡❥❛♠ Ω ⊂ R
N ❧✐♠✐t❛❞♦ ❡ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ L1(Ω) t❛❧ q✉❡ un

❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ u ∈ L1(Ω) ❡♠ q✉❛s❡ t♦❞♦ ♣♦♥t♦ ❞❡ Ω✳ ❙❡❥❛ f : R → R ✉♠❛

❢✉♥çã♦ ❝♦♥tí♥✉❛ t❛❧ q✉❡ f(un), f(u) ∈ L1(Ω)✱ ♣❛r❛ t♦❞♦ n ∈ N✳ ❙❡ ❡①✐st❡ C > 0 t❛❧

q✉❡ ∫

Ω

|f(un)un| ≤ C, ♣❛r❛ t♦❞♦ n ∈ N,

❡♥tã♦ f(un) ❝♦♥✈❡r❣❡ ♣❛r❛ f(u) ❡♠ L1(Ω)✳

▲❡♠❛ ✹✳✶✳✸ ❖ ❢✉♥❝✐♦♥❛❧ I ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (PS)d✱ ♣❛r❛ t♦❞♦ d ∈ (0, 1/2)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ d < 1/2 ❡ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ I✱ ✐st♦

é✱

I(un) → d ❡ I ′(un) → 0, q✉❛♥❞♦ n→ +∞.

❊s❝r❡✈❡♥❞♦✱ ♣❛r❛ ❝❛❞❛ n ∈ N✱ ǫn = sup
‖v‖≥1

{|I ′(un)v|}✱ t❡♠♦s

|I ′(un)v| ≤ ǫn‖v‖m,

♣❛r❛ t♦❞♦ v ∈ H1
0 (Am)✱ ♦♥❞❡ ǫn = on(1)✱ ♦✉ ❛✐♥❞❛✱

1

2

∫

Am

|∇un|2 −
∫

Am

F (un) = d+ on(1), ∀n ∈ N. ✭✹✳✷✮

❡
∣
∣
∣
∣

∫

Am

∇un∇v −
∫

Am

f(un)v

∣
∣
∣
∣
≤ ‖v‖mǫn, ∀n ∈ N, v ∈ H1

0 (Am). ✭✹✳✸✮

✶✶✵



P♦r (4.2) ❡ ♣❡❧♦ ✐t❡♠ (ii) ❞❛ ❆✜r♠❛çã♦ ✶✱ ♣❛r❛ ❝❛❞❛ ǫ > 0✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

1

2
‖un‖2m =

1

2

∫

Am

|∇un|2 ≤ ǫ+ d+

∫

Am

F (un) ≤ Cǫ + ǫ

∫

Am

f(un)un,

s❡♠♣r❡ q✉❡ n ≥ n0✱ ❡ ✉s❛♥❞♦ (4.3) ❝♦♠ v = un✱ ♦❜t❡♠♦s
(
1

2
− ǫ

)

‖un‖2m ≤ Cǫ + ǫ‖un‖m, ∀n ≥ n0.

P♦rt❛♥t♦✱ ❛ s❡q✉ê♥❝✐❛ (un) é ❧✐♠✐t❛❞❛✳ ❙❡♥❞♦ H1
0 (Am) ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦✱

❡①✐st❡ u ∈ H1
0 (Am) t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱

un ⇀ u ❡♠ H1
0 (Am).

❆❧é♠ ❞✐ss♦✱ ♣❡❧❛s ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛s ❞❡ ❙♦❜♦❧❡✈✱ t❡♠♦s

un → u ❡♠ Lq(Am), q ≥ 1

❡

un(x) → u(x) q✳t✳♣✳ ❡♠ Am.

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ (4.3) ❝♦♠ v = un✱ ♦❜t❡♠♦s

−ǫn‖un‖m ≤
∫

Am

|∇un|2 −
∫

Am

f(un)un

♦✉ ❛✐♥❞❛
∫

Am

f(un)un ≤ ‖un‖2m − ǫn‖un‖m ≤ C, ∀n ∈ N.

▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✳✷✱ t❡♠♦s f(un) → f(u) ❡♠ L1(Am)✳ ❆ss✐♠✱ ❡①✐st❡ h ∈ L1(Am) t❛❧

q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ t❡♠♦s

|f(un(x))| ≤ h(x), q✳t✳♣✳ ❡♠ Am,

❡ ♣♦r (H1)✱ t❡♠♦s

|F (un)| ≤Mh(x), q✳t✳♣✳ ❡♠ Am.

❆❧é♠ ❞✐ss♦✱

F (un(x)) → F (u(x)) q✳t✳♣✳ ❡♠ Am.

❙❡♥❞♦ ❛ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱
∫

Am

F (un)−
∫

Am

F (u) = on(1).

✶✶✶



▲♦❣♦✱ ♣♦r (4.2)✱
1

2
‖un‖2m −

∫

Am

F (u)− d = on(1),

♦✉ s❡❥❛✱

lim
n→∞

‖un‖2m = 2

(

d+

∫

Am

F (u)

)

. ✭✹✳✹✮

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ (4.3) ❝♦♠ v = un✱ ♦❜t❡♠♦s
∣
∣
∣
∣
‖un‖2m −

∫

Am

f(un)un

∣
∣
∣
∣
≤ on(1),

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠
∣
∣
∣
∣

∫

Am

f(un)un − 2

(

d+

∫

Am

F (u)

)∣
∣
∣
∣

≤
∣
∣
∣
∣
‖un‖2m −

∫

Am

f(un)un

∣
∣
∣
∣

+

∣
∣
∣
∣
‖un‖2m − 2

(

d+

∫

Am

F (u)

)∣
∣
∣
∣
.

▲♦❣♦✱

lim
n→∞

∫

Am

f(un)un = 2

(

d+

∫

Am

F (u)

)

.

❆❧é♠ ❞✐ss♦✱ ♣♦r (H2)

2

∫

Am

F (u) ≤ 2 lim
n→∞

∫

Am

F (un)

≤ lim
n→∞

∫

Am

f(un)un = 2d+ 2

∫

Am

F (u),

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ d ≥ 0✳

❆✜r♠❛çã♦ ✷✳ P❛r❛ q✉❛❧q✉❡r v ∈ H1
0 (Am)✱ t❡♠♦s

∫

Am

∇u∇v =

∫

Am

f(u)v.

❉❡ ❢❛t♦✱ ✜①❡ v ∈ H1
0 (Am) ❡ ♥♦t❡ q✉❡

∣
∣
∣
∣

∫

Am

∇u∇v −
∫

Am

f(u)v

∣
∣
∣
∣

≤
∣
∣
∣
∣

∫

Am

∇un∇v −
∫

Am

∇u∇v
∣
∣
∣
∣
+

∣
∣
∣
∣

∫

Am

f(un)v −
∫

Am

f(u)v

∣
∣
∣
∣

+

∣
∣
∣
∣

∫

Am

∇un∇v −
∫

Am

f(un)v

∣
∣
∣
∣
.

❯s❛♥❞♦ ♦ ▲❡♠❛ ✹✳✶✳✷✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ un ⇀ u ❡♠ H1
0 (Am) ❡ ❛ ❡st✐♠❛t✐✈❛ ❡♠ (4.3)✱

♦❜t❡♠♦s
∣
∣
∣
∣

∫

Am

∇u∇v −
∫

Am

f(u)v

∣
∣
∣
∣
≤ on(1) + ‖v‖on(1),

❝♦♥❝❧✉✐♥❞♦ ❛ss✐♠ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❆✜r♠❛çã♦ ✷✳

✶✶✷



◆♦t❡ q✉❡ ♣♦r (H2) ❡ ❛ ❆✜r♠❛çã♦ ✷✱

J(u) ≥ 1

2

∫

Am

|∇u|2 − 1

2

∫

Am

f(u)u = 0.

❱❛♠♦s ❞✐✈✐❞✐r ❛ ❞❡♠♦♥str❛çã♦ ❡♠ três ❝❛s♦s✿

❈❛s♦ ✶✳ ❖ ♥í✈❡❧ d = 0✳ P❡❧❛ s❡♠✐❝♦♥t✐♥✉✐❞❛❞❡ ✐♥❢❡r✐♦r ❞❛ ♥♦r♠❛✱ t❡♠♦s

‖u‖m ≤ lim inf
n→∞

‖un‖m,

❧♦❣♦
1

2
‖u‖2m ≤ 1

2
‖un‖2m.

❯s❛♥❞♦ (4.4)✱ ♦❜t❡♠♦s

0 ≤ I(u) ≤ 1

2
lim inf ‖un‖2 −

∫

Am

F (u),

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

0 ≤ I(u) ≤
∫

Am

F (u)−
∫

Am

F (u) = 0,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ I(u) = 0✱ ♦✉ s❡❥❛✱

‖u‖2m = 2

∫

Am

F (u).

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ (4.4)✱ ❝♦♥❝❧✉✐♠♦s q✉❡

‖un‖2m − ‖u‖2m = on(1),

s❡♥❞♦ H1
0 (Am) ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ♦❜t❡♠♦s

un → u ❡♠ H1
0 (Am).

P♦rt❛♥t♦✱ I ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ♥♦ ♥í✈❡❧ d = 0✳

❈❛s♦ ✷✳ ❖ ♥í✈❡❧ d 6= 0 ❡ ♦ ❧✐♠✐t❡ ❢r❛❝♦ u ≡ 0✳

❖ q✉❡ ❢❛r❡♠♦s é ♠♦str❛r q✉❡ ❡st❡ ❢❛t♦ ♥ã♦ ♦❝♦rr❡ ♣❛r❛ s❡q✉ê♥❝✐❛s P❛❧❛✐s✲❙♠❛❧❡

❞♦ ❢✉♥❝✐♦♥❛❧ I✳

❆✜r♠❛çã♦ ✸✳ ❊①✐st❡♠ q > 1 ❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛✐s q✉❡
∫

Am

|f(un)|q < C, ∀n ∈ N.

❉❡ ❢❛t♦✱ ♣♦r (4.4)✱ ♣❛r❛ ❝❛❞❛ ǫ > 0✱ ❡①✐st❡ n0 ∈ N✱ ❞❡ ♠♦❞♦ q✉❡

‖un‖2m ≤ 2d+ ǫ, ∀n ≥ n0.

✶✶✸



❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ (f1)✱ ♦❜t❡♠♦s

∫

Am

|f(un)|q ≤ C

∫

Am

e4πqu
2
n = C

∫

B

e
4π‖u∗

n‖2( un
‖u∗n‖

)2

❞❡ ♦♥❞❡ ❝♦♥❝❧✉✐♠♦s ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✭✷✮✱ q✉❡ ❛ ú❧t✐♠❛ ✐♥t❡❣r❛❧ ♥❛

❡①♣r❡ssã♦ ❛❝✐♠❛ é ❧✐♠✐t❛❞❛✱ s❡ 4πq‖u∗n‖2 < 4π ❡ ✐st♦ ❞❡ ❢❛t♦ ♦❝♦rr❡ q✉❛♥❞♦ t♦♠❛♠♦s q >

1 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❡ 1 ❡ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ♣♦✐s d < 1/2✳ ▼♦str❛♥❞♦

❛ ❛✜r♠❛çã♦✳

❆ss✐♠✱ ✉s❛♥❞♦ (4.3) ❝♦♠ v = un✱ ♦❜t❡♠♦s
∣
∣
∣
∣

∫

Am

|∇un|2 −
∫

Am

f(un)un

∣
∣
∣
∣
≤ ǫn‖un‖m ≤ ǫnC, ∀n ∈ N.

▲♦❣♦✱

‖un‖2m ≤ on(1) +

∫

Am

f(un)un, ∀n ∈ N. ✭✹✳✺✮

❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♣♦❞❡♠♦s ❡st✐♠❛r ❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧ ❛❝✐♠❛

❝♦♠♦ s❡❣✉❡ ❛❜❛✐①♦

∫

Am

f(un)un ≤
(∫

Am

|f(un)|q
)1/q (∫

Am

|un|q
′

)1/q′

, ∀n ∈ N,

❡ ❝♦♠♦ un → 0 ❡♠ Lq′(Am)✱ t❡♠♦s

∫

Am

f(un)un = on(1).

P♦rt❛♥t♦✱ ♣♦r (4.5)✱

‖un‖2m → 0, q✉❛♥❞♦ n→ ∞, ✭✹✳✻✮

❡♥❝♦♥tr❛♥❞♦ ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ (4.4)✱ ♣♦✐s

‖un‖2m → 2d 6= 0, q✉❛♥❞♦ n→ ∞,

♠♦str❛♥❞♦ q✉❡ d 6= 0 ❡ u = 0 ♥ã♦ ♦❝♦rr❡✳

❈❛s♦ ✸✳ ❖ ♥í✈❡❧ d 6= 0 ❡ ♦ ❧✐♠✐t❡ ❢r❛❝♦ u 6= 0✳

Pr✐♠❡✐r♦✱ ♦❜s❡r✈❡ q✉❡ I(u) ≤ d✱ ✈✐st♦ q✉❡

I(u) =
1

2
‖u‖2m −

∫

Am

F (u) ≤ lim inf
n

(
1

2
‖un‖2m −

∫

Am

F (un)

)

= d.

❆✜r♠❛çã♦ ✹✳ I(u) = d✳

✶✶✹



❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ I(u) < d✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ I✱ t❡♠♦s

‖u‖2m < 2

(

d+

∫

Am

F (u)

)

. ✭✹✳✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛s ❢✉♥çõ❡s

vn =
u∗n

‖u∗n‖
, n ∈ N

❡

v = u∗
[

2

(

d+

∫

B

F (u∗)

)]−1/2

,

t❡♠✲s❡ ‖vn‖B = 1 ❡ ‖v‖B < 1✳ ❆❧é♠ ❞✐ss♦✱

vn ⇀ v ❡♠ H1
0 (B),

♣♦✐s✱ ♣❛r❛ ❝❛❞❛ ϕ ∈ C∞
0 (B)✱

∫

B

∇vn∇ϕ = ‖un‖−1

∫

Am

∇un∇ϕ→
[

2

(

d+

∫

B

F (u∗)

)]−1/2 ∫

B

∇u∇ϕ =

∫

B

∇v∇ϕ,

♦✉ s❡❥❛✱
∫

B

∇vn∇ϕ−
∫

B

∇v∇ϕ = on(1).

❆✜r♠❛çã♦ ✹✳✶✳✹ ❊①✐st❡♠ q > 1 ❡ n0 ∈ N t❛✐s q✉❡
∫

Am

|f(un)|q < C, ∀n ≥ n0.

P❛r❛ ❞❡♠♦♥str❛r ❡st❛ ❛✜r♠❛çã♦✱ ✈❛♠♦s ♣r❡❝✐s❛r ❞♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❞❡✈✐❞♦ ❛

P✳▲✳ ▲✐♦♥s ❬✹✵❪✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✺ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ H1
0 (Ω) t❛❧ q✉❡ |∇un|2 = 1 ♣❛r❛ t♦❞♦

n ∈ N✳ ❆❧é♠ ❞✐ss♦✱ s✉♣♦♥❤❛ q✉❡ un ⇀ u ❡♠ H1
0 (Ω) ❝♦♠ |∇u|2 < 1✳ ❙❡ u 6= 0✱ ❡♥tã♦

♣❛r❛ ❝❛❞❛ 1 < p <
1

1− |∇u|22
✱ t❡♠♦s

sup
n∈N

∫

Ω

e4πpu
2
n <∞.

❉❛ ❤✐♣ót❡s❡ (f1)✱
∫

Am

|f(un)|q ≤ C

∫

Am

e4πqu
2
n = C

∫

B

e4πq‖u
∗
n‖2v2n . ✭✹✳✽✮

❆ ú❧t✐♠❛ ✐♥t❡❣r❛❧ ♥❛ ❡①♣r❡ssã♦ ❛♥t❡r✐♦r é ❧✐♠✐t❛❞❛✳ ❉❡ ❢❛t♦✱ ♣❡❧♦ Pr♦♣♦s✐çã♦ ✹✳✶✳✺✱

❜❛st❛ ♠♦str❛r q✉❡ ❡①✐st❡♠ q, p > 1 ❡ n0 ∈ N t❛✐s q✉❡

q‖u∗n‖2 ≤ p <
1

1− ‖v‖2 , ∀n ≥ n0. ✭✹✳✾✮

✶✶✺



P❛r❛ ✈❡r q✉❡ ✭✹✳✾✮ ♦❝♦rr❡✱ ♦❜s❡r✈❡ q✉❡ I(u) ≥ 0 ❡ d < 1/2✱ ✐♠♣❧✐❝❛♥❞♦ ❡♠

2 <
1

d− I(u)
,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

2

(

d+

∫

B

F (u∗)

)

<

d+

∫

B

F (u∗)

d− I(u)
=

1

1− ‖v‖2B
.

❙❡♥❞♦ ❛ss✐♠✱ ♣❛r❛ q > 1 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❡ 1✱ t❡♠♦s

2q

(

d+

∫

B

F (u)

)

<
1

1− ‖v‖2B
,

♦ q✉❡ ✐♠♣❧✐❝❛✱ ♣♦r (4.4)✱ q✉❡ ❡①✐st❡♠ p > 1 ❡ n0 ∈ N t❛✐s q✉❡

q‖u∗n‖2 ≤ p <
1

1− ‖v‖2B
, ∀n ≥ n0,

♠♦str❛♥❞♦ q✉❡ ✭✹✳✾✮ ♦❝♦rr❡✳ P♦rt❛♥t♦ ❛ ❆✜r♠❛çã♦ ✹✳✶✳✹ é ✈❡r❞❛❞❡✐r❛✳

❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ un → u ❡♠ H1
0 (Am)✳ P❛r❛ ✐st♦✱ ♦❜s❡r✈❡ ♣r✐♠❡✐r♦ q✉❡

♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ♣♦r ✭✹✳✶✳✹✮✱

∫

Am

f(un)(un − u) ≤
∫

Am

(|f(un)|q)1/q
(∫

Am

|un − u|q′
)1/q′

≤ C|un − u|q′,Am ,

♦♥❞❡ 1/q + 1/q′ = 1✳ ❈♦♠♦ un → u ❡♠ Lq′(Am)✱ t❡♠♦s

∫

Am

f(un)(un − u) = on(1). ✭✹✳✶✵✮

❯s❛♥❞♦ (4.3) ❝♦♠ v = un − u ❡ ✭✹✳✶✵✮✱ ♦❜t❡♠♦s 〈un − u, un〉 = on(1)✱ ❡ ❝♦♠♦ un ⇀ u

❡♠ H1
0 (Am)✱ t❡♠♦s

‖un − u‖2m = 〈un − u, un〉 − 〈un − u, u〉 = on(1).

❖ q✉❡ ✐♠♣❧✐❝❛ ❡♠ ‖un‖2m → ‖u‖2m ❡ ✐st♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ (4.4) ❝♦♥tr❛❞✐③ (4.7)✳ ▼♦s✲

tr❛♥❞♦ q✉❡ I(u) = d✱ ♦✉ s❡❥❛✱

‖u‖2m = 2

(

d+

∫

Am

F (u)

)

.

❆❧é♠ ❞✐ss♦✱ ♣♦r (4.4)✱ t❡♠♦s ‖un‖m → ‖u‖m q✉❛♥❞♦ n→ ∞✳ P♦rt❛♥t♦

un → u ❡♠ H1
0 (Am). �

✶✶✻



❊♠ ✈✐st❛ ❞♦ ▲❡♠❛ ✹✳✶✳✶ ❡ ❞♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ s❡♠ ❝♦♥❞✐çõ❡s ❞❡

❝♦♠♣❛❝✐❞❛❞❡ ✭❚❡♦r❡♠❛ ❆✳✶✽ ❞♦ ❆♣ê♥❞✐❝❡ ❆✮✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (PS) ♥♦ ♥í✈❡❧ ❞♦

♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ❞❡ I✱ ♦✉ s❡❥❛✱ ❡①✐st❡ (un) ⊂ H1
0 (Am) t❛❧ q✉❡

I(un) → cm ❡ I ′(un) → 0,

♦♥❞❡

cm = inf
γ∈Γ

max
t∈[0,1]

I(γ(t))

❡

Γ = {γ ∈ C([0, 1], H1
0 (Am)) : γ(0) = 0 ❡ I(γ(1)) < 0}.

P❛r❛ ❝♦♥❝❧✉✐r ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ (P )m✱ r❡st❛ ♠♦str❛r

q✉❡ cm ∈ (−∞, 1/2)✳

P❛r❛ t❛❧✱ ❝♦♥s✐❞❡r❛♠♦s ❛s s❡❣✉✐♥t❡s ❢✉♥çõ❡s ✐♥tr♦❞✉③✐❞❛s ❡♠ ▼♦s❡r ❬✹✺❪✿

wn(x) =
1√
2π







(ln(n))1/2 , 0 ≤ |x| ≤ 1/n

ln
1

|x|
(ln(n))1/2

, 1/n ≤ |x| ≤ 1

0, |x| ≥ 1

❙❡❥❛♠ dm > 0 ❡ xm ∈ Am t❛✐s q✉❡ Bdm(xm) ⊂ Am✳ ❉❡✜♥✐♥❞♦

wn(x) = wn

(
x− xm
dm

)

,

t❡♠✲s❡ q✉❡ wn ∈ H1
0 (Am)✱ ‖wn‖Am = 1 ❡ supp wn ⊂ Bdm(xm)✳

❆✜r♠❛♠♦s q✉❡ ❡①✐st❡ n ∈ N t❛❧ q✉❡

max
t≥0

I(twn) <
1

2
.

❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❡st❡ ♠á①✐♠♦ é ♠❛✐♦r ❞♦ q✉❡ ♦✉ ✐❣✉❛❧ ❛ 1/2✱ ♣❛r❛

t♦❞♦ n ∈ N✳ ❙❡❥❛ tn > 0 t❛❧ q✉❡

max
t≥0

I(twn) = I(tnwn) ≥
1

2
. ✭✹✳✶✶✮

❙❡❣✉❡ ❞❡ (4.11) ❡ (H1) q✉❡

t2n ≥ 1. ✭✹✳✶✷✮

✶✶✼



❆❧é♠ ❞✐ss♦✱
d

dt
I(twn) |t=tn = 0✱ ♦✉ s❡❥❛✱

t2n =

∫

Am

f(tnwn)tnwn, ✭✹✳✶✸✮

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

t2n ≥
∫

Bdm/n(xm)

f(tnwn)tnwn. ✭✹✳✶✹✮

◆♦ q✉❡ s❡❣✉❡✱ ✜①❛♠♦s ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ βm ❞❡ t❛❧ ♠♦❞♦ q✉❡

βm >
1

2πd2m
. ✭✹✳✶✺✮

❙❡❣✉❡ ❞❛ ❤✐♣ót❡s❡ (H3) q✉❡ ❡①✐st❡ sm = sm(βm) > 0 ✈❡r✐✜❝❛♥❞♦

f(s)s ≥ βme
4πs2 , ∀s ≥ sm. ✭✹✳✶✻✮

❯s❛♥❞♦ (4.16) ❡♠ (4.14) ❡ ❛ ❞❡✜♥✐çã♦ ❞❡ wn ❡♠ Bdm/n(0)✱ ♦❜t❡♠✲s❡

t2n ≥ βmπ
d2m
n2
e2t

2
nln(n) ✭✹✳✶✼✮

♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

t2n ≥ βmπd
2
me

2ln(n)(t2n−1) ✭✹✳✶✽✮

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ (tn) é ❧✐♠✐t❛❞❛✳ ❆❧é♠ ❞✐ss♦✱ ❞❡ (4.18) ❡ (4.12)✱

t2n → 1, q✉❛♥❞♦ n→ ∞.

❆❣♦r❛✱ ❞❡✜♥❛

Cn = {x ∈ Bdm(xm) : tnwn(x) ≥ sm}

❡

Dn = Bdm(xm) \ Cn.

❈♦♠ ❛s ♥♦t❛çõ❡s ❛❝✐♠❛ ❡ ✉s❛♥❞♦ (4.13)✱

t2n ≥
∫

Bdm/n(xm)

f(tnwn)tnwn =

∫

Cn

f(tnwn)tnwn +

∫

Dn

f(tnwn)tnwn

❡ ♣♦r (4.16)✱

t2n ≥
∫

Dn

f(tnwn)tnwn + βm

∫

Cn

e4πt
2
nw

2
n

✶✶✽



♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

t2n ≥
∫

Dn

f(tnwn)tnwn + βm

∫

Bdm (xm)

e4πt
2
nw

2
n − βm

∫

Dn

e4πt
2
nw

2
n . ✭✹✳✶✾✮

❖❜s❡r✈❡ q✉❡

wn(x) → 0 q✳t✳♣✳ ❡♠ Bdm(xm),

χDn(x) → 1 q✳t✳♣✳ ❡♠ Bdm(xm)

❡

e4πt
2
nw

2
nχDn ≤ e4πt

2
ns

2
m ∈ L1(Bdm(xm)).

▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡

lim
n

∫

Dn

e4πt
2
nw

2
n = lim

n

∫

Bdm (xm)

e4πt
2
nw

2
nχDn =

∫

Bdm (xm)

1 = πd2m. ✭✹✳✷✵✮

❆❧é♠ ❞✐ss♦✱

f(tnwn)tnwnχDn ≤ Ctnwne
4πt2nw

2
n ≤ Csme

4πs2m ∈ L1(Bdm(xm))

❡

f(tnwn(x))tnwn(x)χDn(x) → 0 q✳t✳♣✳ ❡♠ Bdm(xm).

❆ss✐♠✱ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❚❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱

lim
n

∫

Dn

f(tnwn)tnwn = 0 ✭✹✳✷✶✮

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❞❡ n→ ∞ ❡♠ (4.19) ❡ ✉s❛♥❞♦ (4.20) ❡ (4.21)✱

1 ≥ βm lim
n

∫

Bdm (xm)

e4πt
2
nw

2
n − βmπd

2
m

❙❡♥❞♦ t2n ≥ 1✱

1 ≥ βm lim
n

[
∫

Bdm (xm)

e4πw
2
n

]

− βmπd
2
m. ✭✹✳✷✷✮

❉❡s❞❡ q✉❡

∫

Bdm (xm)

e4πw
2
n = d2m

∫

B1(0)

e4πw
2
n = d2m

{
π

n2
e4π

1
2π

ln(n) + 2π

∫ 1

1/n

e4π
1
2π

[ln(1/r)]2

ln(n) rdr

}

,

❢❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s s = ln(1/r)/ln(n)✱

∫

Bdm (xm)

e4πw
2
n = πd2m + 2πd2mln(n)

∫ 1

0

e2s
2ln(n)−2sln(n),

✶✶✾



❡ ❝♦♠♦

lim
n→∞

[

2ln(n)

∫ 1

0

e2ln(n)(s
2−s)ds

]

= 2,

t❡♠♦s

lim
n→∞

∫

Bdm (xm)

e4πw
2
n = πd2m + 2πd2m = 3πd2m.

❯s❛♥❞♦ ❡st❡ ú❧t✐♠♦ ❧✐♠✐t❡ ❡♠ (4.22)✱ ♦❜t❡♠♦s

1 ≥ 3βmπd
2
m − βπd2m = 2βπd2m,

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

βm ≤ 1

2πd2m
,

❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❡s❝♦❧❤❛ ❞❡ βm ❢❡✐t❛ ❡♠ (4.15)✳ P♦rt❛♥t♦

max
t≥0

I(twn) <
1

2
,

♠♦str❛♥❞♦ q✉❡ cm < 1/2✱ ♣❛r❛ q✉❛❧q✉❡r m ∈ N ✜①❛❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✳ �

✹✳✷ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✵✳✷✳

P❛r❛ ❞❡♠♦♥str❛r ♦ ❚❡♦r❡♠❛ ✹✳✵✳✷✱ ✈❛♠♦s ✉s❛r ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✶ ❙❡❥❛ A ✉♠ s❡t♦r ❛♥❣✉❧❛r ❝♦♥t✐❞♦ ♥♦ s❡♠✐✲♣❧❛♥♦ ♣♦s✐t✐✈♦ ❞❡ R
2 t❛❧

q✉❡ ✉♠❛ ❞❡ s✉❛s ❢r♦♥t❡✐r❛s r❡t❛s ❡stá ♥♦ ❡✐①♦ x2✱ ❡ ❞❡♥♦t❡ t❛❧ ❢r♦♥t❡✐r❛ ❞❡ A ♣♦r

B0 = {x = (x1, x2) ∈ A : x2 = 0}✳ ❈♦♥s✐❞❡r❡ A′ ❛ r❡✢❡①ã♦ ❞❡ A ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❡✐①♦

x2 ✭✈❡r ✜❣✉r❛ ✹✳✷✮✳ ❙✉♣♦♥❤❛ q✉❡ u é ✉♠❛ s♦❧✉çã♦ ❞♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿

(P )







−∆u = f(u), ❡♠ A,

u = 0, s♦❜r❡ B0,

♦♥❞❡ f é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ í♠♣❛r✳ ❊♥tã♦✱ ❛ ❢✉♥çã♦ ũ t❛❧ q✉❡ ũ = u s♦❜r❡ A ❡ ũ

é ❛♥t✐s✐♠étr✐❝❛ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❡✐①♦ x2✱

ũ(x1, x2) =







u(x1, x2), ❡♠ A

−u(x1,−x2), ❡♠ A′

0, s♦❜r❡ B0

s❛t✐s❢❛③

−∆ũ = f(ũ) ❡♠ A ∪ A′.

✶✷✵



❋✐❣✉r❛ ✹✳✷✿ ❘❡✢❡①ã♦ ❞❡ ❆ ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ x2✳

❉❡♠♦♥str❛çã♦✳ ❙❡♥❞♦ u ✉♠❛ s♦❧✉çã♦ ❞❡ (P )✱ t❡♠♦s

∫

A

∇u∇ϕ =

∫

A

f(u)ϕ, ∀ϕ ∈ C∞
c (A).

◗✉❡r❡♠♦s ❞❡♠♦♥str❛r q✉❡

∫

A∪A′

∇ũ∇φ =

∫

A∪A′

f(ũ)φ, ∀φ ∈ C∞
0 (A ∪ A′).

P❛r❛ q✉❛❧q✉❡r φ ∈ C∞
0 (A ∪ A′)✱

∫

A∪A′

f(ũ)φ =

∫

A

f(u(x1, x2))φ(x1, x2) +

∫

A′

f(−u(x1,−x2))φ(x1, x2).

❙❡♥❞♦ f í♠♣❛r✱ t❡♠♦s

∫

A∪A′

f(ũ)φ =

∫

A

f(u(x1, x2))φ(x1, x2) +

∫

A′

f(−u(x1,−x2))φ(x1, x2)

=

∫

A

f(u(x1, x2))φ(x1, x2)−
∫

A′

f(u(x1,−x2))φ(x1, x2)

=

∫

A

f(u(x1, x2))φ(x1, x2)−
∫

A

f(u(x1, x2))φ(x1,−x2).

✶✷✶



▲♦❣♦
∫

A∪A′

f(ũ)φ =

∫

A

f(u)ψ, ✭✹✳✷✸✮

♦♥❞❡ ψ(x1, x2) = φ(x1, x2)− φ(x1,−x2)✳ P♦r ♦✉tr♦ ❧❛❞♦✱
∫

A∪A′

∇ũ∇φ =

∫

A

∇u(x1, x2)∇φ(x1, x2)−
∫

A′

∇u(x1,−x2)∇φ(x1, x2)

=

∫

A

∇u(x1, x2)∇φ(x1, x2)−
∫

A

∇u(x1, x2)∇(φ(x1,−x2))

=

∫

A

∇u(x1, x2)∇(φ(x1, x2)− φ(x1,−x2)).

❆ss✐♠✱
∫

A∪A′

∇ũ∇φ =

∫

A

∇u∇ψ. ✭✹✳✷✹✮

❆ ❢✉♥çã♦ ψ ❡♠ ❣❡r❛❧ ♥ã♦ ♣❡rt❡♥❝❡ ❛♦ ❡s♣❛ç♦ C∞
0 (A)✱ ❡ ♣♦rt❛♥t♦ ♥ã♦ ♣♦❞❡ s❡r ✉s❛❞❛

❝♦♠♦ ❢✉♥çã♦ t❡st❡ ✭♥❛ ❞❡✜♥✐çã♦ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ❡♠ H1(A)✮✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♥s✐❞❡r❛♥❞♦

❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s (ηk) ❡♠ C∞(R)✱ ❞❡✜♥✐❞❛s ♣♦r

ηk(t) = η(kt), t ∈ R, k ∈ N,

♦♥❞❡ η ∈ C∞(R) é ✉♠❛ ❢✉♥çã♦ t❛❧ q✉❡

η(t) =







0, s❡ t < 1/2,

1, s❡ t > 1.

❚❡♠✲s❡

ϕk(x1, x2) := ηk(x2)ψ(x1, x2) ∈ C∞
0 (A),

❧♦❣♦
∫

A

∇u∇ϕk =

∫

A

f(u)ϕk, k ∈ N. ✭✹✳✷✺✮

❉❡ ✭✹✳✷✸✮✱ ✭✹✳✷✹✮ ❡ ✭✹✳✷✺✮✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ❛ ❞❡♠♦♥str❛çã♦✱ ✈✐st♦ q✉❡ ♦s s❡❣✉✐♥t❡s

❧✐♠✐t❡s

(I)

∫

A

∇u∇ϕk →
∫

A

∇u∇ψ

❡

(II)

∫

A

f(u)ϕk →
∫

A

f(u)ψ,

q✉❛♥❞♦ k → ∞✱ sã♦ ✈á❧✐❞♦s✳ P❛r❛ ✈❡r q✉❡ (I) ♦❝♦rr❡✱ ♥♦t❡ q✉❡
∫

A

∇u∇ϕk =

∫

A

ηk∇u∇ψ +

∫

A

∂u

∂x2
kη′(kx2)ψ.

✶✷✷



❈❧❛r❛♠❡♥t❡✱
∫

A

ηk∇u∇ψ →
∫

A

∇u∇ψ, q✉❛♥❞♦ k → ∞.

❆ss✐♠✱ r❡st❛ ♠♦str❛r q✉❡

∫

A

∂u

∂x2
kη′(kx2)ψ → 0 q✉❛♥❞♦ k → ∞. ✭✹✳✷✻✮

❈♦♠ ❡❢❡✐t♦✱
∣
∣
∣
∣

∫

A

∂u

∂x2
kη′(kx2)ψ

∣
∣
∣
∣
≤ kMC

∫

0<x2<1/k

∣
∣
∣
∣

∂u

∂x2

∣
∣
∣
∣
x2 ≤MC

∫

0<x2<1/k

∣
∣
∣
∣

∂u

∂x2

∣
∣
∣
∣
,

♦♥❞❡ C = sup
t∈[0,1]

|η′(t)| ❡ M > 0 é t❛❧ q✉❡

|ψ(x1, x2)| ≤M |x2|, ∀(x1, x2) ∈ A ∪ A′,

❡ ❝♦♠♦
∫

0<x2<1/k

∣
∣
∣
∣

∂u

∂x2

∣
∣
∣
∣
→ 0, q✉❛♥❞♦ k → ∞,

♦ ❧✐♠✐t❡ ❡♠ ✭✹✳✷✻✮ ♦❝♦rr❡✳ ❖ ✐t❡♠ (II) é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ❚❡♦r❡♠❛ ❞❛

❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✳

❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ m ∈ N✱ ❛♣❧✐❝❛♠♦s ❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✶ à s♦❧✉çã♦ u ❞♦ ♣r♦❜❧❡♠❛

(P )m✳ ❙❡❥❛ A′
m ❛ r❡✢❡①ã♦ ❞❡ Am ❡♠ r❡❧❛çã♦ ❛ ✉♠❛ ❞❡ s✉❛s ❢r♦♥t❡✐r❛s r❡t❛s✳ ❙♦❜r❡

Am ∪A′
m✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❢✉♥çã♦ ũ t❛❧ q✉❡ ũ = u s♦❜r❡ Am✱ ❡ ũ é ❛♥t✐s✐♠étr✐❝❛ ❝♦♠

r❡s♣❡✐t♦ ❛ r❡t❛ ❞❡ r❡✢❡①ã♦✳ ❆❣♦r❛✱ s❡❥❛ A′′
m ❛ r❡✢❡①ã♦ ❞❡ Am ∪ A′

m ❡♠ ✉♠❛ ❞❡ s✉❛s

❢r♦♥t❡✐r❛s r❡t❛s ❡ ˜̃u ❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ s♦❜r❡ Am∪A′
m∪A′′

m t❛❧ q✉❡ ˜̃u = ũ s♦❜r❡ Am∪A′
m ❡ ˜̃u

é ❛♥t✐s✐♠étr✐❝❛ ❝♦♠ r❡s♣❡✐t♦ ❛ r❡t❛ ❞❡ r❡✢❡①ã♦✳ ❘❡♣❡t✐♥❞♦ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦✱ ❛♣ós ✉♠

♥ú♠❡r♦ ✜♥✐t♦ ❞❡ r❡✢❡①õ❡s✱ ✜♥❛❧♠❡♥t❡ ♦❜t❡♠♦s ✉♠❛ ❢✉♥çã♦✱ ❞❡♥♦t❛❞❛ ♥♦✈❛♠❡♥t❡ ♣♦r

u✱ ❞❡✜♥✐❞❛ ❡♠ t♦❞❛ ❛ ❜♦❧❛ B✳ ❈❧❛r❛♠❡♥t❡✱ ❡❧❛ s❛✜s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ ❉✐r✐❝❤❧❡t s♦❜r❡

❛ ❢r♦♥t❡✐r❛ ∂B✳ ❚❡♠✲s❡ q✉❡ u é ♣♦s✐t✐✈❛ s♦❜r❡ m ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❡ ♥❡❣❛t✐✈❛s

s♦❜r❡ m ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✳ ❉❡s❞❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ m ∈ N✱ ♦ ♣r♦❜❧❡♠❛ (P )m ❛❞♠✐t❡

✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❡①✐st❡♠ ✐♥✜♥✐t❛s s♦❧✉çõ❡s ♥♦❞❛✐s ♣❛r❛ ♦

♣r♦❜❧❡♠❛ (P ) ❡ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✵✳✷ ❡stá ❝♦♠♣❧❡t❛✳ �

✶✷✸



❖❜s❡r✈❛çã♦ ✹✳✷✳✷ ❘❡♣r❡s❡♥t❛♠♦s ♥❛ ✜❣✉r❛ ✹✳✸ ♦ s✐♥❛❧ ❞❡ três s♦❧✉çõ❡s✱ ❝♦rr❡s♣♦♥✲

❞❡♥t❡s ❛♦s ❝❛s♦s m = 1✱ m = 2 ❡ m = 3✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ ❝♦r ❛③✉❧ r❡♣r❡s❡♥t❛ ❛

r❡❣✐ã♦ ♦♥❞❡ ❛ s♦❧✉çã♦ é ♥❡❣❛t✐✈❛ ❡ ❛ ❝♦r ✈❡r♠❡❧❤❛✱ ❛ r❡❣✐ã♦ ♦♥❞❡ ❛ s♦❧✉çã♦ é ♣♦s✐t✐✈❛✳

❋✐❣✉r❛ ✹✳✸✿ ❙✐♥❛❧ ❞❛s s♦❧✉çõ❡s

P♦r ✜♠✱ ♠♦str❛♠♦s ♥❛ ❋✐❣✉r❛ ✹✳✹ ♦ ♣❡r✜❧ ❞❛ s♦❧✉çã♦ ♣❛r❛ ♦ ❝❛s♦ m = 2✿

❋✐❣✉r❛ ✹✳✹✿ ❈❛s♦ m = 2

✶✷✹



❆♣ê♥❞✐❝❡ ❆

❘❡s✉❧t❛❞♦s ❣❡r❛✐s

✶✳ ❉❡s✐❣✉❛❧❞❛❞❡s

▲❡♠❛ ❆✳✶ ❙❡❥❛♠ α > 0 ❡ r > 1✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ β ≥ r✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

C = C(β) > 0 t❛❧ q✉❡
(

eα|s|
2 − 1

)r

≤ C
(

eβα|s|
2 − 1

)

,

♣❛r❛ t♦❞♦ s ∈ R✳

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡ ♣❛r❛ ❞❡♠♦♥str❛r ♦ ❧❡♠❛✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ ❛ ❢✉♥çã♦

h : R \ {0} → R
+✱ ❞❡✜♥✐❞❛ ♣♦r

h(s) :=

(

eα|s|
2 − 1

)r

eβα|s|2 − 1
,

é ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡✳ P❛r❛ ✐st♦✱ ♦❜s❡r✈❡ q✉❡

lim
|s|→∞

h(s) = lim
|s|→∞







erα|s|
2

(

1− 1

eα|s|2

)r

eβα|s|2
(

1− 1

eβα|s|2

)






= lim

|s|→∞

1

eα(β−r)|s|2

(

1− 1

eα|s|2

)r

(

1− 1

eβα|s|2

) <∞,

♣♦✐s β − r ≥ 0✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛ ❘❡❣r❛ ❞❡ ▲✬❍ô♣✐t❛❧✱

lim
|s|→0

h(s) = lim
|s|→0

2αsr
(

eα|s|
2 − 1

)r−1

eα|s|
2

2αsβeβα|s|2
=
r

β
lim
|s|→0

(

eα|s|
2 − 1

)r−1

eα(1−β)|s|2 = 0.

P❡❧♦ ❡st✉❞♦ ❢❡✐t♦ ❛❝✐♠❛✱ ❝♦♥❝❧✉✐♠♦s q✉❡ h é ❧✐♠✐t❛❞❛✳ �



❚❡♦r❡♠❛ ❆✳✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ✈❡r ❬✷✺❪✳✮ ❙❡❥❛♠ f ∈ Lp(Ω) ❡ g ∈ Lq(Ω)

❝♦♠ 1 ≤ p ≤ ∞ ❡ 1/p+ 1/q = 1✳ ❊♥tã♦✱ fg ∈ L1(Ω) ❝♦♠

|fg|1 ≤ |f |p|g|q.

❚❡♦r❡♠❛ ❆✳✸ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ■♥t❡r♣♦❧❛çã♦✱ ✈❡r ❬✷✺❪✳✮

❙❡ f ∈ Lp(Ω)∩Lq(Ω) ❝♦♠ 1 ≤ p ≤ q ≤ ∞✱ ❡♥tã♦ f ∈ Lr(Ω) ♣❛r❛ t♦❞♦ p ≤ r ≤ q

❝♦♠

|f |r ≤ |f |αp |f |1−α
q ,

♦♥❞❡
1

r
=
α

p
+

1− α

q
✱ ❝♦♠ 0 ≤ α ≤ 1✳

▲❡♠❛ ❆✳✹ ❙❡❥❛♠ Ω ⊂ R
N ✉♠ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧✱ po ≥ 1 ❡ u ∈ Lp(Ω)✱ ♣❛r❛ t♦❞♦

p ≥ po✳ ❙❡ ❡①✐st❡ K > 0 t❛❧ q✉❡

|u|p,Ω ≤ K, ∀p ≥ po,

❡♥tã♦ u ∈ L∞(Ω) ❝♦♠

|u|∞,Ω ≤ K.

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ✜①❡ ǫ > 0 ❞❡ ❢♦r♠❛ ❛r❜✐trár✐❛ ❡ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

E = {x ∈ Ω : |u(x)| ≥ K + ǫ}.

❉❡✈❡♠♦s ♠♦str❛r q✉❡ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❞❡ E é ♥✉❧❛✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡

❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❞❡ E é ✜♥✐t❛✳ ❉❡ ❢❛t♦✱ s❡♥❞♦ E ⊂ Ω✱

(K + ǫ)p|E| ≤
∫

E

|u|p ≤
∫

Ω

|u|p ≤ Kp < +∞,

❞❡ ♦♥❞❡ s❡❣✉❡ t❛♠❜é♠ q✉❡

(K + ǫ)|E|1/p ≤ K.

❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❛ ♠❡❞✐❞❛ ❞❡ E é ♣♦s✐t✐✈❛✳ P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❞❡

p→ ∞ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s

(K + ǫ) = lim
p→∞

(K + ǫ)|E|1/p ≤ K,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ▲♦❣♦ E t❡♠ ♠❡❞✐❞❛❞ ♥✉❧❛✱ ❡ ♣♦rt❛♥t♦

|u|∞,Ω ≤ K. �

✶✷✻



❚❡♦r❡♠❛ ❆✳✺ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱ ✈❡r ❬✷✺❪✳✮ ❙❡❥❛ Ω ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦

❡♠ r❡❧❛çã♦ ❛ ❛❧❣✉♠❛ ❞✐r❡çã♦ ❞♦ ❡s♣❛ç♦ R
N ✳ ❊♥tã♦✱ ❡①✐st❡ C > 0 t❛❧ q✉❡

∫

Ω

|u|2 ≤ C

∫

Ω

|∇u|2, ∀u ∈ H1
0 (Ω).

▲❡♠❛ ❆✳✻ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙tr❛✉ss✱ ✈❡r ❬✸✽❪✳✮ P❛r❛ ❝❛❞❛ u ∈ H1
r (R

2)✱

|u(x)| ≤ (2π)−1/2|x|−1/2 · ‖u‖1, x 6= 0.

✷✳ ❘❡s✉❧t❛❞♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

▲❡♠❛ ❆✳✼ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ❝♦♥t✐❞❛ ❡ ❧✐♠✐t❛❞❛ ❡♠

Ls(Ω)✱ ♣❛r❛ ❝❛❞❛ s > 2✳ ❙❡ ❡①✐st❡ s0 > 2 t❛❧ q✉❡

|un|s0 → 0, n→ ∞.

❊♥tã♦✱

|un|s → 0, n→ ∞,

♣❛r❛ t♦❞♦ s > 2✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ♣r✐♠❡✐r♦ ❝♦♥s✐❞❡r❡ ♦ ❝❛s♦ s > s0 > 2✳ ❋✐①❛♥❞♦ t̃ > s✱ ♣❡❧❛

❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ■♥t❡r♣♦❧❛çã♦ ❝♦♠ α ∈ (0, 1)✱

|un|s,Ω ≤ |un|αs0,Ω|un|1−α
t̃,Ω

,

♠❛s ♣♦r ❤✐♣ót❡s❡✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Ct̃ > 0 t❛❧ q✉❡

|un|t̃,Ω ≤ Ct̃, ∀n ∈ N.

▲♦❣♦✱

|un|s,Ω ≤ |un|αs0,ΩC1−α
t̃

→ 0, q✉❛♥❞♦ n→ ∞.

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ♦ ❝❛s♦ 2 < s < s0✳ ❋✐①❛♥❞♦ 2 < t̄ < s ❡ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛

❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ■♥t❡r♣♦❧❛çã♦ ❝♦♠ α ∈ (0, 1)✱

|un|s,Ω ≤ |un|αt̄,Ω|un|1−α
s0,Ω

,

♠❛s ♣♦r ❤✐♣ót❡s❡✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Ct̄ > 0 t❛❧ q✉❡

|un|t̄,Ω ≤ Ct̄, ∀n ∈ N.

✶✷✼



▲♦❣♦✱

|un|s,Ω ≤ Cα
t̄ |un|1−α

s0,Ω
→ 0, q✉❛♥❞♦ n→ ∞.

P❡❧♦ ❡st✉❞♦ ❢❡✐t♦ ❛❝✐♠❛✱ ❝♦♥❝❧✉✐♠♦s q✉❡

|un|s,Ω → 0, n→ ∞,

♣❛r❛ t♦❞♦ s > 2✱ ❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛✳ �

▲❡♠❛ ❆✳✽ ✭✈❡r ❬✸✽❪✳✮ ❙❡❥❛♠ p > 1✱ (fn) ⊂ Lp(Ω) ❡ (gn) ⊂ Lp′(Ω)✱ ♦♥❞❡ p′ > 1 é t❛❧

q✉❡ 1/p+ 1/p′ = 1✳ ❙✉♣♦♥❤❛ q✉❡

fn → f ❡♠ Lp(Ω)

❡

gn ⇀ g ❡♠ Lp′(Ω),

♣❛r❛ ❛❧❣✉♠ f ∈ Lp(Ω) ❡ g ∈ Lp′(Ω)✳ ❊♥tã♦✱

∫

Ω

fngn →
∫

Ω

fg.

▲❡♠❛ ❆✳✾ ✭✈❡r [✸✽]✳✮ ❙❡❥❛♠ p > 1✱ (fn) ⊂ Lp(Ω) ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ Lp(Ω)

❡ ❝♦♥✈❡r❣❡♥t❡ ❡♠ q✉❛s❡ t♦❞♦ ♣♦♥t♦ ❞❡ Ω ♣❛r❛ ✉♠❛ ❢✉♥çã♦ f ✳ ❊♥tã♦✱ fn ⇀ f ❡♠ Lp(Ω)✳

▲❡♠❛ ❆✳✶✵ ✭❋❛t♦✉✱ ✈❡r ❬✷✺❪✳✮ ❙❡❥❛ (fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❞❡ L1(Ω) t❛❧ q✉❡

✭✐✮ fn(x) ≥ 0 q✳t✳♣✳ ❡♠ Ω✱ ♣❛r❛ ❝❛❞❛ n ∈ N❀

✭✐✐✮ supn

∫

Ω

fn(x) <∞✳

❉❡✜♥❛ f(x) = lim infn→∞ fn(x)✱ ♣❛r❛ ❝❛❞❛ x ∈ Ω✳ ❊♥tã♦ f ∈ L1(Ω) ❡

∫

Ω

f(x) ≤ lim inf
n→∞

∫

Ω

fn(x).

❚❡♦r❡♠❛ ❆✳✶✶ ✭❚❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ✈❡r ❬✷✺❪✳✮

❙✉♣♦♥❤❛ q✉❡ (fn) ⊂ L1(Ω) s❛t✐s❢❛③

✭✐✮ fn(x) → f(x) q✳t✳♣✳ ❡♠ Ω❀

✭✐✐✮ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ g ∈ L1(Ω) t❛❧ q✉❡

|fn(x)| ≤ g(x) q✳t✳♣✳ ❡♠ Ω, ∀n ∈ N.

❊♥tã♦✱ f ∈ L1(Ω) ❡ |fn − f |1 → 0✳

✶✷✽



❚❡♦r❡♠❛ ❆✳✶✷ ✭❚❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ▲❡❜❡s✲

❣✉❡✱ ✈❡r ❬✺✷❪✳✮ ❙❡❥❛♠ (fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ❡ (gn) ⊂ L1(Ω)

s❛t✐s❢❛③❡♥❞♦

✭✐✮ fn(x) → f(x) q✳t✳♣✳ ❡♠ Ω❀

✭✐✐✮ gn(x) → g(x) q✳t✳♣✳ ❡♠ Ω✱ ❝♦♠ g ∈ L1(Ω)❀

✭✐✐✐✮ |fn(x)| ≤ gn(x) q✳t✳♣✳ ❡♠ Ω, ∀n ∈ N❀

✭✐✈✮ |gn − g|1 → 0✱ q✉❛♥❞♦ n→ 0✳

❊♥tã♦✱ f ∈ L1(Ω) ❡ |fn − f |1 → 0✳

❚❡♦r❡♠❛ ❆✳✶✸ ✭▲❡♠❛ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ ❙tr❛✉ss ❬✺✹❪✮ ❙❡❥❛♠ P, Q : R → R

❞✉❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s s❛t✐s❢❛③❡♥❞♦

P (s)

Q(s)
→ 0 q✉❛♥❞♦ |s| → +∞.

❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ❞❡ R
N ❡♠ R t❛❧ q✉❡

sup
n

∫

RN

|Q(un)| < +∞

❡

P (un(x)) → v(x) q✳t✳♣✳ ❡♠ R
N , q✉❛♥❞♦ n→ +∞.

❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❞❡ ❇♦r❡❧ ❧✐♠✐t❛❞♦ B✱ t❡♠♦s
∫

B

|P (un)− v| → 0 q✉❛♥❞♦ n→ +∞.

❙❡ ❛❧é♠ ❞✐ss♦✱ ❛ss✉♠✐r♠♦s q✉❡

P (s)

Q(s)
→ 0 q✉❛♥❞♦ |s| → 0

❡

un(x) → 0 q✉❛♥❞♦ |x| → +∞,

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ n ∈ N✱ ❡♥tã♦ P (un) ❝♦♥✈❡r❣❡ ♣❛r❛ v ❡♠ L1(RN)✱ q✉❛♥❞♦ n→ +∞✳

✸✳ ❘❡s✉❧t❛❞♦s ❞❡ ■♠❡rsã♦

▲❡♠❛ ❆✳✶✹ ✭■♠❡rsã♦ ❝♦♠♣❛❝t❛✱ ✈❡r ❬✷✺❪✮ ❙❡❥❛ Ω ⊂ R
2 ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦

❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✳ ❊♥tã♦✱ H1(Ω) ❡stá ✐♠❡rs♦ ❝♦♠♣❛❝t❛♠❡♥t❡ ❡♠ Lq(Ω)✱ ♣❛r❛ t♦❞♦

q ∈ [1,∞)✳

▲❡♠❛ ❆✳✶✺ ✭■♠❡rsã♦ ❝♦♥tí♥✉❛✱ ✈❡r ❬✷✺❪✮ ❙❡❥❛ Ω ⊂ R
2 ✉♠ ❞♦♠í♥✐♦ r❡❣✉❧❛r✳ ❊♥tã♦✱

H1(Ω) ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ Lq(Ω)✱ ♣❛r❛ t♦❞♦ q ∈ [2,∞)✳

✶✷✾



✹✳ ❚❡♦r✐❛ ❞♦s P♦♥t♦s ❈rít✐❝♦s

❚❡♦r❡♠❛ ❆✳✶✻ ✭❚❡♦r❡♠❛ ❞❡ ❉❡❢♦r♠❛çã♦✱ ✈❡r ❬✸✷❪✳✮ ❙❡❥❛ I : X → R ✉♠ ❢✉♥❝✐✲

♦♥❛❧ ❞❡ ❝❧❛ss❡ C1 ♥♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ X✳ ❙✉♣♦♥❤❛ q✉❡ S ⊂ X✱ c ∈ R ❡ ǫ, δ > 0 sã♦

t❛✐s q✉❡

‖I ′(u)‖ ≥ 4ǫ/δ

♣❛r❛ t♦❞♦ u ∈ I−1 ([c− 2ǫ, c+ 2ǫ]) ∩ S2δ✳ ❊♥tã♦✱ ❡①✐st❡ η ∈ C([0, 1] × X,X) t❛❧ q✉❡

♣❛r❛ t♦❞♦ u ∈ X ❡ t ∈ [0, 1]✱ t❡♠✲s❡✿

✭✐✮ η(0, u) = u✱

✭✐✐✮ η(t, u) = u s❡ u /∈ I−1 ([c− 2ǫ, c+ 2ǫ]) ∩ S2δ✱

✭✐✐✐✮ η(1, Ic+ǫ ∩ S) ⊂ Ic−ǫ ∩ Sδ✱

✭✐✈✮ η(t, ·) : X → X é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❉❡✜♥✐çã♦ ❆✳✶✼ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ I ∈ C1(X,R) ❡ c ∈ R✳ ❉✐③✲s❡ q✉❡

(un) ⊂ X é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ♣❛r❛ I ♥♦ ♥í✈❡❧ c✱ ❛❜r❡✈✐❛❞❛♠❡♥t❡ (PS)c✱

q✉❛♥❞♦

I(un) → 0 ❡ I ′(un) → 0.

❉✐③✲s❡ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ I s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)c q✉❛♥❞♦ t♦❞❛ s❡q✉ê♥❝✐❛ ❞❡ P❛❧❛✐s✲

❙♠❛❧❡ ♣❛r❛ I ♥♦ ♥í✈❡❧ c ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠ X✳

❚❡♦r❡♠❛ ❆✳✶✽ ✭❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ s❡♠ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲

❙♠❛❧❡✱ ✈❡r ❬✺✻❪✳✮ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ I ∈ C1(X,R) ❝♦♠ I(0) = 0✳

❙✉♣♦♥❤❛ q✉❡✿

✭✐✮ ❊①✐st❡♠ b, r > 0 t❛✐s q✉❡

I(u) ≥ b, ♣❛r❛ ‖u‖ = r;

✭✐✐✮ ❊①✐st❡ e ∈ X t❛❧ q✉❡ ‖e‖ > ρ ❡ I(e) < 0✳

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ I✱ ♦♥❞❡

c := inf
γ∈Γ

max
t∈[0,1]

I(γ(t))

❡

Γ := {γ ∈ C([0, 1], X) : γ(0) = 0 ❡ γ(1) = e}.

✶✸✵
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N ✱ Pr♦❝✳ ❊❞✐♥❜✳ ▼❛t❤✳

❙♦❝✳✱ ✺✷ ✭✷✵✵✾✮✱ ✶✲✷✶✳

❬✶✺❪ ❇❛rts❝❤✱ ❚✳❀ P❛♥❦♦✈✱ ❆✳❀ ❲❛♥❣✱ ❩✳ ◗✳ ◆♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ✇✐t❤ st❡❡♣

♣♦t❡♥t✐❛❧ ✇❡❧❧✳ ❈♦♠♠✳ ❈♦♥t❡♠♣✳ ▼❛t❤✳ ✹ ✭✷✵✵✶✮✱ ✺✹✾✲✺✻✾✳

❬✶✻❪ ❇❛rts❝❤✱ ❚✳❀ ▲✐✉✱ ❩✳❀ ❲❡t❤✱ ❚✳ ❙✐❣♥ ❝❤❛♥❣✐♥❣ s♦❧✉t✐♦♥s ♦❢ s✉♣❡r❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r

❡q✉❛t✐♦♥s✳ ❈♦♠♠✳ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✷✾ ✭✷✵✵✹✮✱ ✷✺✲✹✷✳

❬✶✼❪ ❇❛rts❝❤✱ ❚✳ ❈r✐t✐❝❛❧ ♣♦✐♥t t❤❡♦r② ♦♥ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ ❍✐❧❜❡rt s♣❛❝❡s✳ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳

✶✽✻ ✭✷✵✵✶✮✱ ✶✶✼✲✶✺✷✳

❬✶✽❪ ❇❛rts❝❤✱ ❚✳❀ ❲❡t❤✱ ❚✳❀ ❲✐❧❧❡♠✱ ▼✳ P❛rt✐❛❧ s②♠♠❡tr② ♦❢ ❧❡❛st ❡♥❡r❣② ♥♦❞❛❧ s♦❧✉t✐♦♥s

t♦ s♦♠❡ ✈❛r✐❛t✐♦♥❛❧ ♣r♦❜❧❡♠s✱ ❏✳ ❆♥❛❧✳ ▼❛t❤✳ ✾✻ ✭✷✵✵✺✮✱ ✶✲✶✽✳

❬✶✾❪ ❇❛rts❝❤✱ ❚✳❀ ❲❡t❤✱ ❚✳ ❚❤r❡❡ ♥♦❞❛❧ s♦❧✉t✐♦♥s ♦❢ s✐♥❣✉❧❛r❧② ♣❡rt✉r❜❡❞ ❡❧❧✐♣t✐❝ ❡q✉❛✲

t✐♦♥s ♦♥ ❞♦♠❛✐♥s ✇✐t❤♦✉t t♦♣♦❧♦❣②✳ ❆♥♥✳ ■♥st✳ ❍✳ P♦✐♥❝❛ré ❆♥❛❧✳ ◆♦♥ ▲✐♥é❛✐r❡✳ ✷✷

✭✷✵✵✺✮✱ ✷✺✾✲✷✽✶✳

❬✷✵❪ ❇❛rts❝❤✱ ❚✳❀ ❲❡t❤✱ ❚✳ ❆ ♥♦t❡ ♦♥ ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt✐❡s ♦❢ s✐❣♥ ❝❤❛♥❣✐♥❣ s♦❧✉t✐♦♥s

t♦ s✉♣❡r❧✐♥❡❛r ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s✱ ❚♦♣♦❧✳ ▼❡t❤♦❞s ◆♦♥❧✐♥❡❛r ❆♥❛❧✳ ✷✷ ✭✷✵✵✸✮✱ ✶✲✶✹✳

✶✸✷



❬✷✶❪ ❇❛rst❝❤✱ ❚✳❀ ❲✐❧❧❡♠✱ ▼✳ ■♥✜♥✐t❡❧② ♠❛♥② r❛❞✐❛❧ s♦❧✉t✐♦♥s ♦❢ ❛ s❡♠✐❧✐♥❡❛r ❡❧❧✐♣t✐❝

♣r♦❜❧❡♠ ♦♥ R
N ✱ ❆r❝❤✳ ❘❛t✐♦♥✳ ▼❡❝❤✳ ❆♥❛❧✳ ✶✷✹ ✭✶✾✾✸✮✱ ✷✻✶✲✷✼✻✳

❬✷✷❪ ❇❛rts❝❤✱ ❚✳❀ ❲❛♥❣✱ ❩✳ ◗✳ ❊①✐st❡♥❝❡ ❛♥❞ ♠✉❧t✐♣❧✐❝✐t② r❡s✉❧ts ❢♦r s♦♠❡ s✉♣❡r❧✐♥❡❛r

❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s ♦♥ R
N ✳ ❈♦♠♠✳ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✷✵ ✭✶✾✾✺✮✱ ✶✼✷✺✲

✶✼✹✶✳

❬✷✸❪ ❇❛rts❝❤✱ ❚✳❀ ❲❛♥❣✱ ❩✳ ◗✳ ❙✐❣♥ ❝❤❛♥❣✐♥❣ s♦❧✉t✐♦♥s ♦❢ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛✲

t✐♦♥s✱ ❚♦♣♦❧✳ ▼❡t❤♦❞s ◆♦♥❧✐♥❡❛r ❆♥❛❧✳ ✶✸ ✭✶✾✾✾✮✱ ✶✾✶✲✶✾✽✳

❬✷✹❪ ❇❛rts❝❤✱ ❚✳❀ ❈❧❛♣♣✱ ▼✳❀ ❲❡t❤✱ ❚✳ ❈♦♥✜❣✉r❛t✐♦♥ s♣❛❝❡s✱ tr❛♥s❢❡r ❛♥❞ ✷✲♥♦❞❛❧ s♦❧✉✲

t✐♦♥s ♦❢ ❛ s❡♠✐❝❧❛ss✐❝❛❧ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✱▼❛t❤✳ ❆♥♥✳ ✸✸✽✭✶✮ ✭✷✵✵✼✮✱

✶✹✼✲✶✽✺✳

❬✷✺❪ ❇r❡③✐s✱ ❍✳ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s✱ ❙♦❜♦❧❡✈ ❙♣❛❝❡s ❛♥❞ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳

❯♥✐✈❡rs✐t❡①t✳ ❙♣r✐♥❣❡r✳ ◆❡✇ ❨♦r❦✱ ❯❙❆✳ ✷✵✶✵✳

❬✷✻❪ ❈❛♦✱ ❉✳ ▼✳ ◆♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥ ♦❢ s❡♠✐❧✐♥❡❛r ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥ ✇✐t❤ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t

✐♥ R
2✱ ❈♦♠♠✳ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✶✼ ✭✶✾✾✷✮✱✹✵✼✲✹✸✺✳

❬✷✼❪ ❈❛♦✱ ❉✳ ▼✳❀ ◆♦✉ss❛✐r✱ ❊✳❙✳ ▼✉❧t✐♣❧✐❝✐t② ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥♦❞❛❧ s♦❧✉t✐♦♥s ❢♦r ❛ ♥♦♥❧✐✲

♥❡❛r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠ ✐♥ R
N ✱ ❆♥♥✳ ■♥st✳ ❍✳ P♦✐♥❝❛ré ❆♥❛❧✳ ◆♦♥ ▲✐♥é❛✐r❡✱ ✺ ✭✶✾✾✻✮✱

✺✻✼✲✺✽✽✳

❬✷✽❪ ❈❛str♦✱ ❆✳❀ ❈♦ss✐♦✱ ❏✳❀ ◆❡✉❜❡r❣❡r✱ ❏✳ ❆ s✐❣♥✲❝❤❛♥❣✐♥❣ s♦❧✉t✐♦♥ ❢♦r ❛ s✉♣❡r❧✐♥❡❛r

❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠✱ ❘♦❝❦② ▼♦✉♥t❛✐♥ ❏✳ ▼❛t❤✳ ✷✼ ✭✶✾✾✼✮✱ ✶✵✹✶✲✶✵✺✸✳

❬✷✾❪ ❈❡r❛♠✐✱ ●✳❀ ❙♦❧✐♠✐♥✐✱ ❙✳❀ ❙tr✉✇❡✱ ▼✳ ❙♦♠❡ ❡①✐st❡♥❝❡ r❡s✉❧ts ❢♦r s✉♣❡r❧✐♥❡❛r ❡❧❧✐♣t✐❝

❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥ts✱ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳ ✻✾ ✸ ✭✶✾✽✻✮✱

✷✽✾✲✸✵✻✳

❬✸✵❪ ❈❧❛♣♣✱ ▼✳❀ ❉✐♥❣✱ ❨✳ ❍✳ ▼✐♥✐♠❛❧ ♥♦❞❛❧ s♦❧✉t✐♦♥ ♦❢ ❛ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ✇✐t❤

❝r✐t✐❝❛❧ ♥♦♥❧✐♥❡❛r✐t②✱ ❉✐✛❡r❡♥t✐❛❧ ■♥t❡❣r❛❧ ❊q✉❛t✐♦♥s ✶✻ ✭✷✵✵✸✮✱ ✾✽✶✲✾✾✷✳

❬✸✶❪ ❈♦♠t❡✱ ▼✳❀ ❑♥❛❛♣✱ ▼✳ ❈✳ ❙♦❧✉t✐♦♥s ♦❢ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❝r✐t✐❝❛❧ ❙♦❜♦❧❡✈

❡①♣♦♥❡♥ts ✇✐t❤ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ▼❛♥✉s❝r✐♣t❛ ▼❛t❤✳ ✻✾ ✭✶✾✾✵✮✱ ✹✸✲

✼✵✳

✶✸✸



❬✸✷❪ ❈♦st❛✱ ❉✳ ●✳ ❆♥ ■♥✈✐t❛t✐♦♥ t♦ ❱❛r✐❛t✐♦♥❛❧ ▼❡t❤♦❞s ■♥ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳

❇✐r❦❤ä✉s❡r✱ ✷✵✵✻✳

❬✸✸❪ ❉✐♥❣✱ ❨✳ ❍✳❀ ❚❛♥❛❦❛✱ ❑✳ ▼✉❧t✐♣❧✐❝✐t② ♦❢ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥s ♦❢ ❛ ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥✲

❣❡r ❡q✉❛t✐♦♥✱ ▼❛♥✉s❝r✐♣t❛ ▼❛t❤✳ ✶✶✷ ✭✷✵✵✸✮✱ ✶✵✾✲✶✸✺✳

❬✸✹❪ ❞❡ ❋✐❣✉❡✐r❡❞♦✱ ❉✳●✳❀ ▼✐②❛❣❛❦✐✱ ❖✳❍✳❀ ❘✉❢✱ ❇✳ ❊❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s ✐♥ R
2 ✇✐t❤ ♥♦♥✲

❧✐♥❡❛r✐t② ✐♥ t❤❡ ❝r✐t✐❝❛❧ ❣r♦✇t❤ r❛♥❣❡✱ ❈❛❧❝✳ ❱❛r✳ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✸

✭✶✾✾✺✮✱ ✶✸✾✲✶✺✸✳

❬✸✺❪ ❞❡ ❋✐❣✉❡✐r❡❞♦✱ ❉✳●✳❀ ❞♦ Ó✱ ❏✳ ▼✳ ❇✳❀ ❘✉❢✱ ❇✳ ❖♥ ❛♥ ■♥❡q✉❛❧✐t② ❜② ◆✳ ❚r✉❞✐♥❣❡r

❛♥❞ ❏✳ ▼♦s❡r ❛♥❞ r❡❧❛t❡❞ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s✱ ❈♦♠♠✳ P✉r❡✳ ❆♣♣❧✳ ▼❛t❤✳ ✺✺ ✭✷✵✵✷✮✱

✶✸✺✲✶✺✷✳

❬✸✻❪ ●♦♥❣❜❛♦✱ ▲✳ ❙♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ ♥♦♥❧✐♥❡❛r s❝❛❧❛r ✜❡❧❞ ❡q✉❛t✐♦♥✱

❆♥♥✳ ❆❝❛❞✳ ❙❝✐✳ ❋❡♥♥✳ ▼❛t❤✳✱ s❡r✐❡s ❆✱ ✶✹ ✭✶✾✽✾✮✱ ✷✼✲✸✻✳

❬✸✼❪ ●✉✐✱ ❈✳ ❊①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲❜✉♠♣ s♦❧✉t✐♦♥s ❢♦r ♥♦♥❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ✈✐❛

✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞✱ ❈♦♠♠✳ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✷✶ ✭✶✾✾✻✮✱ ✼✽✼✲✽✷✵✳

❬✸✽❪ ❑❛✈✐❛♥✱ ❖✳ ■♥tr♦❞✉❝t✐♦♥ à ❧❛ ❚❤é♦r✐❡ ❞❡s P♦✐♥ts ❈r✐t✐q✉❡s ❡t ❛♣♣❧✐❝❛t✐♦♥s ❛✉①
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