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❘❡s✉♠♦

❊st❡ tr❛❜❛❧❤♦ ❞❡s❡♥✈♦❧✈❡ ❛s t❡♦r✐❛s ❞❡ ❝♦❤♦♠♦❧♦❣✐❛ ❡ ❤♦♠♦❧♦❣✐❛ ❧♦❝❛✐s ❝♦♠ r❡s♣❡✐t♦

❛ ✉♠ ❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦ ❞❡ ✐❞❡❛✐s ❡ ❣❡♥❡r❛❧✐③❛ ✈ár✐♦s ❞♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ❞❛s

t❡♦r✐❛s ❝❧áss✐❝❛s✳ ❚❛♠❜é♠✱ ✐♥tr♦❞✉③ ❛ ❝❛t❡❣♦r✐❛ ❞♦s D✲♠ó❞✉❧♦s q✉❛s❡✲❤♦❧♦♥ô♠✐❝♦s ❡

♣r♦✈❛ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ✜♥✐t✉❞❡ ❞❡ ❝♦❤♦♠♦❧♦❣✐❛ ❧♦❝❛❧ q✉❡ ❣❡♥❡r❛❧✐③❛♠✱ ❡♠ ❛❧❣✉♠

s❡♥t✐❞♦✱ ♦s r❡s✉❧t❛❞♦s ❞❡ ●✳ ▲②✉❜❡③♥✐❦✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❈♦❤♦♠♦❧♦❣✐❛ ❧♦❝❛❧❀ ❋❛♠í❧✐❛ ❜♦❛❀ ❍♦♠♦❧♦❣✐❛ ❧♦❝❛❧❀ ❚♦♣♦❧♦❣✐❛ ❧✐♥❡❛r❀

❉✉❛❧✐❞❛❞❡ ❞❡ ▼❛t❧✐s❀ D✲♠ó❞✉❧♦s q✉❛s❡✲❤♦❧♦♥ô♠✐❝♦s✳
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❆❜str❛❝t

❚❤✐s ✇♦r❦ ❞❡✈❡❧♦♣s t❤❡ t❤❡♦r✐❡s ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❛♥❞ ❧♦❝❛❧ ❤♦♠♦❧♦❣② ✇✐t❤ r❡s♣❡❝t t♦

❛♥ ❛r❜✐tr❛r② s❡t ♦❢ ✐❞❡❛❧s ❛♥❞ ❣❡♥❡r❛❧✐s❡s ♠♦st ♦❢ t❤❡ ✐♠♣♦rt❛♥t r❡s✉❧ts ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧

t❤❡♦r✐❡s✳ ■t ❛❧s♦ ✐♥tr♦❞✉❝❡s t❤❡ ❝❛t❡❣♦r② ♦❢ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡s ❛♥❞ ♣r♦✈❡s s♦♠❡

✜♥✐t❡♥❡ss ♣r♦♣❡rt✐❡s ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s ✇❤✐❝❤ ❣❡♥❡r❛❧✐s❡ ▲②✉❜❡③♥✐❦✬s r❡s✉❧ts

✐♥ s♦♠❡ s❡♥s❡✳

❑❡②✇♦r❞s✿ ▲♦❝❛❧ ❝♦❤♦♠♦❧♦❣②❀ ●♦♦❞ ❢❛♠✐❧②❀ ▲♦❝❛❧ ❤♦♠♦❧♦❣②❀ ▲✐♥❡❛r t♦♣♦❧♦❣②❀ ▼❛t❧✐s✬

❞✉❛❧✐t②❀ ◗✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡s✳
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■♥tr♦❞✉❝t✐♦♥

❚❤❡ st✉❞② ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❤❛s ✐ts r♦♦ts ✐♥ ❆❧❣❡❜r❛✐❝ ●❡♦♠❡tr② ❛♥❞ ✐t s❡r✈❡s

t♦ ❣❡♥❡r❛❧ ♣✉r♣♦s❡s ✐♥ ❝❛❧❝✉❧❛t✐♦♥s ♦❢ ✐♥✈❛r✐❛♥ts ✐♥ ❈♦♠♠✉t❛t✐✈❡ ❆❧❣❡❜r❛✳ ■ts st❛rt✐♥❣

♣♦✐♥t ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ✐♥ t❤❡ ✇♦r❦ ♦❢ ❏✳ P✳ ❙❡rr❡ ❬❙❡r✺✺❪ ❛s ❛♥ ❛♣♣r♦❛❝❤ t♦ t❤❡ st✉❞②

♦❢ ♣r♦❥❡❝t✐✈❡ ✈❛r✐❡t✐❡s ✐♥ t❡r♠s ♦❢ ❣r❛❞❡❞ r✐♥❣s ♦r ❝♦♠♣❧❡t❡ ❧♦❝❛❧ r✐♥❣s✳ ■t ✇❛s t❤❡♥

♣r❡s❡♥t❡❞ ✐♥ ❛ s❡♠✐♥❛r ❣✐✈❡♥ ❜② ❆✳ ●r♦t❤❡♥❞✐❡❝❦ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛❜❡❧✐❛♥ s❤❡❛✈❡s

♦♥ ❛♥ ❛✣♥❡ s❝❤❡♠❡✱ s❡❡ ❬❍❛r✻✼❪✳ ▲♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ✇❛s t❤❡♥ t❤♦✉❣❤t ❛s t❤❡ r✐❣❤t

❞❡r✐✈❡❞ ❢✉♥❝t♦rs ♦❢ t❤❡ ❛ss✐❣♥❛t✐♦♥ t♦ s❡❝t✐♦♥s ♦❢ s❤❡❛✈❡s ✇✐t❤ s✉♣♣♦rt ♦♥ ❛ ❧♦❝❛❧❧②

❝❧♦s❡❞ s✉❜s♣❛❝❡ ♦❢ s❛✐❞ ❛✣♥❡ s❝❤❡♠❡✳ ■t ✐s t❤✉s ❛ s♣❡❝✐❛❧✐s❛t✐♦♥ ♦❢ s❤❡❛❢ ❝♦❤♦♠♦❧♦❣②

❞❡✜♥❡❞ ❜② ❆✳ ●r♦t❤❡♥❞✐❡❝❦ ❤✐♠s❡❧❢ ✐♥ ❬●r♦✺✼❪✳ ❚❤✐s t❤❡♦r② ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❞❡✜♥❡❞

♦♥ ❛ ❧♦❝❛❧❧② ❝❧♦s❡❞ s✉♣♣♦rt ✇♦✉❧❞ r❡❛❞✐❧② ✜♥❞ ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ t♦ ❛♥ ❛r❜✐tr❛r② ❢❛♠✐❧②

♦❢ s✉♣♣♦rts ❛s ✐t ❝❛♥ ❜❡ r❡❛❞ ✐♥ ❬❍❛r✻✻✱ ♣✳ ✷✶✽❪ ❛♥❞ ✐t ❝♦♥st✐t✉t❡s t❤❡ ♠❛✐♥ ♦❜❥❡❝t ♦❢

st✉❞② ♦❢ t❤✐s ✇♦r❦ ❜② ♠❡❛♥s ♦❢ ❈♦♠♠✉t❛t✐✈❡ ❆❧❣❡❜r❛✳

❘✳ ❍❛rts❤♦r♥❡ ❛♥❞ ❘✳ ❙♣❡✐s❡r ♣♦s❡❞ ✐♥ ❬❍❙✼✼❪ t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥✿ ❲❤❡♥ ❛r❡

t❤❡ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s H i
I(R) ❆rt✐♥✐❛♥ ♦r ③❡r♦ ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ i❄ ❘❡❣❛r❞✐♥❣

t❤❡ ❧❛tt❡r s✐t✉❛t✐♦♥✱ ❆✳ ●r♦t❤❡♥❞✐❡❝❦ ♣r♦✈❡❞ ❢♦r ❡✈❡r② d✲❞✐♠❡♥s✐♦♥❛❧ R✲♠♦❞✉❧❡ t❤❛t

H i
I(M) = 0 ✇❤❡♥ i > d ❛♥❞ t❤❛t Hd

m(M) 6= 0 ✇❤❡♥ M ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♦✈❡r

❛ ❧♦❝❛❧ r✐♥❣ ✭s❡❡ ❬❍❛r✻✻✱ Pr♦♣♦s✐t✐♦♥s ✶✳✶✷ ❛♥❞ ✻✳✹✱ ✹✮❪ ❛♥❞ ❬❇❙✾✽✱ ❚❤❡♦r❡♠ ✻✳✶✳✷❪✮✳

❚❤❡s❡ r❡s✉❧ts ❛r❡ ♥♦✇❛❞❛②s ❦♥♦✇♥ ❛s ●r♦t❤❡♥❞✐❡❝❦✬s ❱❛♥✐s❤✐♥❣ ❛♥❞ ◆♦♥✲❱❛♥✐s❤✐♥❣

t❤❡♦r❡♠s✳ ■♥ t❤✐s ❞✐r❡❝t✐♦♥✱ ❛♥♦t❤❡r ✐♠♣♦rt❛♥t r❡s✉❧t ✐s t❤❡ ▲✐❝❤t❡♥❜❛✉♠✲❍❛rts❤♦r♥❡

❱❛♥✐s❤✐♥❣ ❚❤❡♦r❡♠ ✇❤✐❝❤ ❡st❛❜❧✐s❤❡s ❛ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ❢♦r t❤❡ ✈❛♥✐s❤✐♥❣ ♦❢ Hd
I (M) ✐♥

t❡r♠s ♦❢ t❤❡ m✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥✳

❋♦r t❤❡ ❢♦r♠❡r ❝♦♥❞✐t✐♦♥✱ ❆rt✐♥✐❛♥♥❡ss ♣r♦♣❡rt② ❢♦r H i
I(M) ✇❛s ❡①t❡♥s✐✈❡❧② st✉❞✲

✐❡❞ ❜② ❆✳ ●r♦t❤❡♥❞✐❡❝❦ ✇❤❡♥ dim(R/I) = 0 ✭s❡❡ ❬●r♦✻✽❪✮✳ ❋♦r ❛♥ ❛r❜✐tr❛r② ✐❞❡❛❧ I✱



t❤✐s ♣r♦♣❡rt② ✐s ♦♥❧② ❛ss✉r❡❞ ✐♥ t❤❡ t♦♣ ❞✐♠❡♥s✐♦♥ ❜② st✉❞✐❡s ♦❢ ▲✳ ▼❡❧❦❡rss♦♥ ✭s❡❡

❬▼❡❧✾✺❪✮✳

❘❡❝❛❧❧ t❤❛t ❢♦r ❛♥ R✲♠♦❞✉❧❡ T ✱ ❛ ♣r✐♠❡ ✐❞❡❛❧ p ∈ R ✐s s❛✐❞ t♦ ❜❡ ❛♥ ❛tt❛❝❤❡❞ ♣r✐♠❡

✐❞❡❛❧ ♦❢ T ✐❢ p = AnnR(T/N) ❢♦r ❛ ♣r♦♣❡r s✉❜♠♦❞✉❧❡ N ♦❢ T ✳ ❚❤❡ t❤❡♦r② ♦❢ ❛tt❛❝❤❡❞

♣r✐♠❡s ❛♥❞ s❡❝♦♥❞❛r② r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ♠♦❞✉❧❡s ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❜② ■✳ ●✳ ▼❛❝✲

❞♦♥❛❧❞ ✐♥ ❬▼❛❝✼✸❪✱ ✇❤✐❝❤ ✐s ✐♥ ❛ ❝❡rt❛✐♥ s❡♥s❡ ❞✉❛❧ t♦ t❤❡ t❤❡♦r② ♦❢ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡

✐❞❡❛❧s ❛♥❞ ♣r✐♠❛r② ❞❡❝♦♠♣♦s✐t✐♦♥s✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❡✈❡r② ❆rt✐♥✐❛♥ ♠♦❞✉❧❡ ❤❛s ❛

s❡❝♦♥❞❛r② r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡ t❤❡♦r② ♦❢ ❛tt❛❝❤❡❞ ♣r✐♠❡s ❛♥❞ s❡❝♦♥❞❛r② r❡♣r❡s❡♥t❛t✐♦♥

✇❛s s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ t♦ t❤❡ t❤❡♦r② ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❜② ■✳ ●✳ ▼❛❝❞♦♥❛❧❞ ❛♥❞

❘✳ ❨✳ ❙❤❛r♣ ✐♥ ❬▼❙✼✷❪✳ ❚❤✉s t❤❡r❡ ❡①✐sts ❛ s❡❝♦♥❞❛r② r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❤❡ ❆rt✐♥✐❛♥

♠♦❞✉❧❡ Hd
I (M) ❛♥❞ ✐t ♠❛❦❡s s❡♥s❡ t♦ st✉❞② ✐ts ❛tt❛❝❤❡❞ ♣r✐♠❡s ❛s ❞♦♥❡ ❜② ❘✳ ❨✳ ❙❤❛r♣

✐♥ ❬❙❤❛✽✶❪✳ ▼✳ ❉✐❜❛❡✐ ❛♥❞ ❙✳ ❨❛ss❡♠✐ ❛❧s♦ st✉❞✐❡❞ t❤✐s s❡t ♦❢ ♣r✐♠❡ ✐❞❡❛❧s ✐♥ ❬❉❨✵✺❪

❛♥❞ ❞❡❞✉❝❡❞ t❤❛t t❤❡ s❡t ♦❢ ❛tt❛❝❤❡❞ ♣r✐♠❡ ✐❞❡❛❧s ♦❢ t❤❡ t♦♣ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡

Hd
I (M) ✐s ❛❝t✉❛❧❧② ❛ s✉❜s❡t ♦❢ t❤❡ ♠✐♥✐♠❛❧ ♣r✐♠❡ ✐❞❡❛❧s ♦❢ M ✳

▼❛♥② r❡s✉❧ts ♦♥ ❞❡r✐✈❡❞ ❝❛t❡❣♦r✐❡s ❤❛✈❡ ♠♦t✐✈❛t❡❞ st✉❞✐❡s ❢♦r t❤❡ ❜❡❤❛✈✐♦✉r ♦❢

t❤❡ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♦❢ ❛ ❞✉❛❧✐s✐♥❣ s❤❡❛❢ ♦❢ t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ ❛✣♥❡ s❝❤❡♠❡ X✱ t❤✐s ✐s✱

❛ s❤❡❛❢ ωX s✉❝❤ t❤❛t t❤❡ ❙❡rr❡✬s ❞✉❛❧✐t② Hn−i(X,F∨⊗ωX) ∼= H i(X,F )∗ ❤♦❧❞s ❢♦r ❡✈❡r②

❝♦❤❡r❡♥t s❤❡❛❢ F ♦♥ X✳ ▼❛t❧✐s✬ ❞✉❛❧✐t② (−)∨ = HomR(−, ER(R/m)) ❣✐✈❡s ❛ tr❛♥s❧❛t✐♦♥

♦❢ t❤✐s t♦ ❤♦♠♦♠♦r♣❤✐❝ ✐♠❛❣❡s ♦❢ ●♦r❡♥st❡✐♥ ❧♦❝❛❧ r✐♥❣s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❈♦♠♠✉t❛✲

t✐✈❡ ❆❧❣❡❜r❛✳ ◆❛♠❡❧②✱ t❤❡ ❧♦❝❛❧ ❞✉❛❧✐t② ✐s♦♠♦r♣❤✐s♠s H i
m(M) ∼= Extn−iR (M,R)∨ ❛♥❞

H i
m(M)∨ ∼= Extn−iR (M,R)∧✱ ✇❤❡r❡ (−)∧ ❞❡♥♦t❡s t❤❡ m✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥✱ ❤♦❧❞ ❢♦r ❡✈✲

❡r② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♠♦❞✉❧❡ M ♦✈❡r t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ ●♦r❡♥st❡✐♥ ❧♦❝❛❧ r✐♥❣ (R,m)✱

❣✐✈✐♥❣ t❤❡ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡ Hn
m(R) = ER(R/m) ❛s ❛ ❞✉❛❧✐s✐♥❣ ♠♦❞✉❧❡ ❢♦r R✳ ■❞❡❛s

❢♦r ❣❡♥❡r❛❧✐s✐♥❣ t❤✐s ❝♦♥❝❡♣t ♦❢ ❞✉❛❧✐s✐♥❣ ♠♦❞✉❧❡ ❢♦r ❛r❜✐tr❛r② ♠♦❞✉❧❡s ✇❡r❡ t❤♦✉❣❤t

❜② P✳ ❙❝❤❡♥③❡❧ ✐♥ ❬❙❝❤✾✸❪✳ ❲❡ ✉s❡ t❤❡s❡ ✐❞❡❛s ✐♥ ♦r❞❡r t♦ ❣❡♥❡r❛❧✐s❡ s♦♠❡ r❡s✉❧ts ❢r♦♠

❬❊❙✶✷❪ r❡❧❛t❡❞ t♦ ❡♥❞♦♠♦r♣❤✐s♠ r✐♥❣s ♦❢ t♦♣ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s ✇✐t❤ r❡s♣❡❝t

t♦ ❛♥ ❛r❜✐tr❛r② s✉♣♣♦rt✳

❊✳ ▼❛t❧✐s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬▼❛t✺✽❪ s♦♠❡ ❝❤❛r❛❝t❡r✐s❛t✐♦♥s ❢♦r ❆rt✐♥✐❛♥♥❡ss✳ ❆♠♦♥❣

t❤❡♠✱ ✐t ✐s ✐♥❝❧✉❞❡❞✱ ❜② ♦♥❡ s✐❞❡✱ t❤❡ ❛♥t✐❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❆rt✐♥✐❛♥ ♠♦❞✉❧❡s

❛♥❞ ◆♦❡t❤❡r✐❛♥ ♦♥❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ExtiR(R/m,M) ✐s ❛❧✇❛②s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

❢♦r ❡✈❡r② ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡ M ✳ ❚❤✐s s✐t✉❛t✐♦♥ ♠♦t✐✈❛t❡❞ ❘✳ ❍❛rts❤♦r♥❡ t♦ ❞❡✜♥❡ I✲

❝♦✜♥✐t❡ ❝♦♠♣❧❡①❡s ✐♥ ❬❍❛r✼✵❪✱ ✇❤❡r❡ I ✐s ❛♥ ✐❞❡❛❧ ♦❢ t❤❡ ❧♦❝❛❧ r✐♥❣ R✳ ▲❛t❡r✱ ❈✳ ❍✉♥❡❦❡

✷



❛♥❞ ❏✳ ❑♦❤ ✉s❡❞ t❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ❝♦✜♥✐t❡♥❡ss ✐♥ ❬❍❑✾✶❪ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ✜♥✐t❡♥❡ss

♦❢ ❇❛ss ♥✉♠❜❡rs ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s ♦♥ ✐❞❡❛❧s ♦❢ ❞✐♠❡♥s✐♦♥ 1✳

❊✳ ▼❛t❧✐s st✉❞✐❡❞ ✐♥ ❬▼❛t✼✹❪ t❤❡ ❧❡❢t ❞❡r✐✈❡❞ ❢✉♥❝t♦rs ♦❢ t❤❡ I✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥

❢✉♥❝t♦r ΛI(−) = lim←−
n∈N

(−)⊗RR/In✱ ✇❤❡r❡ t❤❡ ✐❞❡❛❧ I ✇❛s ❣❡♥❡r❛t❡❞ ❜② ❛ r❡❣✉❧❛r s❡q✉❡♥❝❡

✐♥ ❛ ❧♦❝❛❧ ◆♦❡t❤❡r✐❛♥ r✐♥❣ R✳ ❚❤✐s ❢✉♥❝t♦r ✐s t❤❡ ▼❛t❧✐s ❞✉❛❧ ♦❢ t❤❡ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣②

❢✉♥❝t♦r✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❢✉♥❝t♦r ΓI(−)∨ ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❢✉♥❝t♦r ΛI((−)∨)✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ t❤❡ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❢✉♥❝t♦rs ❝❛♥ ❜❡ ❞❡✜♥❡❞ ✈✐❛ Ext ❛s

H i
I(−) = lim−→

n∈N

ExtiR(R/I
n,−)✱ ◆✳ ❈✉♦♥❣ ❛♥❞ ❚✳ ◆❛♠ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❈◆✵✶❪ ❛ ❞❡✜♥✐t✐♦♥

❢♦r ❧♦❝❛❧ ❤♦♠♦❧♦❣② ✈✐❛ Tor✱ t❤✐s ✐s✱ HI
i (−) = lim←−

n∈N

TorRi (R/I
n,−)✳ ■♥ t❤❡ s❛♠❡ ✇♦r❦ ✐t

✇❛s ♣r♦✈❡❞ t❤❛t t❤❡s❡ ❧♦❝❛❧ ❤♦♠♦❧♦❣② ❢✉♥❝t♦rs ❛r❡ ✐♥❞❡❡❞ t❤❡ ❧❡❢t ❞❡r✐✈❡❞ ❢✉♥❝t♦rs ♦❢

t❤❡ I✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ❢✉♥❝t♦r ΛI(−) ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡s✳

◆♦✇ ❝♦♥s✐❞❡r ❛ r❡❣✉❧❛r k✲❛❧❣❡❜r❛ R✱ ✇❤❡r❡ k ✐s ❛ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✱ ❛♥❞

I ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ R✳ ■♥ ❤✐s s❡♠✐♥❛❧ ♣❛♣❡r ❬▲②✉✾✸❪✱ ●✳ ▲②✉❜❡③♥✐❦ ✉s❡s t❤❡ t❤❡♦r② ♦❢ D✲

♠♦❞✉❧❡s ♦✈❡r t❤❡ r✐♥❣ ♦❢ ♣♦✇❡r s❡r✐❡s ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ ❛ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦

t♦ st✉❞② s♦♠❡ ✜♥✐t❡♥❡ss ♣r♦♣❡rt✐❡s ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✱ ♠♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❤❡

♣r♦✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts✿

✭✐✮ inj. dimR(H
j
I (R)) ≤ dimR(H

j
I (R))✳

✭✐✐✮ ❚❤❡ s❡t ♦❢ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ Hj
I (R) ❝♦♥t❛✐♥❡❞ ✐♥ ❡✈❡r② ♠❛①✐♠❛❧ ✐❞❡❛❧ ✐s ✜♥✐t❡✳

✭✐✐✐✮ ❆❧❧ t❤❡ ❇❛ss ♥✉♠❜❡rs ♦❢ Hj
I (R) ❛r❡ ✜♥✐t❡✳

❘❡❝❛❧❧ t❤❛t ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s ✇✐t❤ r❡s♣❡❝t t♦ I ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❷❡❝❤

❝♦♠♣❧❡① ♦❢M ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ❜② ❧♦❝❛❧✐s✐♥❣M ❛t ❣❡♥❡r❛t♦rs ♦❢ I✳ ❆ ❦❡② ♣♦✐♥t ✐♥ t❤❡

✇♦r❦ ♦❢ ●✳ ▲②✉❜❡③♥✐❦ r❡❧❛t✐♥❣ t❤❡ t❤❡♦r② ♦❢ D✲♠♦❞✉❧❡s t♦ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s

✐s ❛ ♥♦♥✲tr✐✈✐❛❧ r❡s✉❧t ❞✉❡ t♦ ❏✳✲❊✳ ❇❥ör❦ ✇❤✐❝❤ ❡st❛❜❧✐s❤❡s t❤❛t ❤♦❧♦♥♦♠✐❝✐t② ♦❢ D✲

♠♦❞✉❧❡s ♦✈❡r t❤❡ r✐♥❣ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ♦❢ t❤❡ r✐♥❣ ♦❢ ♣♦✇❡r s❡r✐❡s ✐s ♣r❡s❡r✈❡❞

✈✐❛ ❧♦❝❛❧✐s❛t✐♦♥ ❛t ❡❧❡♠❡♥ts ♦❢ t❤✐s r✐♥❣✳ ■♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥✱ ❩✳ ▼❡❜❦❤♦✉t ❛♥❞

▲✳ ◆❛r✈á❡③✲▼❛❝❛rr♦ ♣r♦✈❡ ✐♥ ❬▼◆▼✾✶❪✱ ✉s✐♥❣ t❤❡ t❤❡♦r② ♦❢ ❇❡r♥st❡✐♥✲❙❛t♦ ♣♦❧②♥♦♠✐❛❧s✱

t❤❛t ❧♦❝❛❧✐s❛t✐♦♥ ♦❢ ❤♦❧♦♥♦♠✐❝ ♠♦❞✉❧❡s ♦✈❡r r✐♥❣s ♦❢ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ♦❢ ❝❡rt❛✐♥

♠♦r❡ ❣❡♥❡r❛❧ r✐♥❣s ❛r❡ ❛❧s♦ ❤♦❧♦♥♦♠✐❝✳ ❚❤❡ r✐♥❣s ❝♦♥s✐❞❡r❡❞ ✐♥ ❬▼◆▼✾✶❪ ❛r❡ t❤♦s❡

❝♦♠♠✉t❛t✐✈❡ ◆♦❡t❤❡r✐❛♥ r❡❣✉❧❛r ❛❧❣❡❜r❛s ♦✈❡r ❛ ✜❡❧❞ k ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦ ❤❛✈✐♥❣

t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✸



✭✐✮ R ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ♦❢ ❞✐♠❡♥s✐♦♥ n✱ t❤❛t ✐s✱ t❤❡ ❤❡✐❣❤t ♦❢ ❛♥② ♠❛①✐♠❛❧ ✐❞❡❛❧ ✐s

❡q✉❛❧ t♦ n✳

✭✐✐✮ ❊✈❡r② r❡s✐❞✉❛❧ ✜❡❧❞ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠❛①✐♠❛❧ ✐❞❡❛❧ ✐s ❛♥ ❛❧❣❡❜r❛✐❝ ❡①t❡♥s✐♦♥ ♦❢

k✳

✭✐✐✐✮ ❚❤❡r❡ ❛r❡ k✲❧✐♥❡❛r ❞❡r✐✈❛t✐♦♥s D1, . . . , Dn ∈ Derk(R) ❛♥❞ a1, . . . , an ∈ R s✉❝❤

t❤❛t Di(aj) = 1 ✐❢ i = j ❛♥❞ 0 ♦t❤❡r✇✐s❡✳

❚❤✐s ❝❧❛ss ♦❢ ❛❧❣❡❜r❛s ❧❡❞ ▲✳ ◆úñ❡③✲❇❡t❛♥❝♦✉rt ✐♥ ❬◆❇✶✸❪ t♦ ❞❡✜♥❡ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝❧❛ss

♦❢ ❛❧❣❡❜r❛s s✉❜st✐t✉t✐♥❣ ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✿

✭✐✐✐✮✬ Derk(R) ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♣r♦❥❡❝t✐✈❡ R✲♠♦❞✉❧❡ ♦❢ r❛♥❦ n ❛♥❞ t❤❡ ❝❛♥♦♥✐❝❛❧

♠❛♣ Rm ⊗R Derk(R) → Derk(Rm) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢♦r ❛♥② ♠❛①✐♠❛❧ ✐❞❡❛❧

m ⊂ R✳

❋♦r t❤✐s ❦✐♥❞ ♦❢ ❛❧❣❡❜r❛s✱ ▲✳ ◆úñ❡③✲❇❡t❛♥❝♦✉rt ♣r♦✈❡s t❤❛t ❧♦❝❛❧✐s❛t✐♦♥s ❛t ❛♥ ❡❧❡♠❡♥t ♦❢

R ♦❢ ❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡s ❛r❡ ❤♦❧♦♥♦♠✐❝✳ ❍❡r❡ D ✐s t❤❡ r✐♥❣ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs

♦❢ R✳ ▲✳ ◆úñ❡③✲❇❡t❛♥❝♦✉rt ❛❧s♦ ✉s❡s t❤✐s r❡s✉❧t t♦ ♣r♦✈❡ t❤❛t t❤❡ s❡t ♦❢ ❛ss♦❝✐❛t❡❞

♣r✐♠❡s ♦❢ ❛ ❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡ ✐s ✜♥✐t❡✳

❚❤✐s ✇♦r❦ ♣r❡s❡♥ts ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❢✉♥❝t♦rs ❢♦r ❛♥ ❛r❜✐tr❛r②

s✉♣♣♦rt ❛♥❞ ♣r♦✈❡s s♦♠❡ ♦❢ t❤❡✐r ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s✱ ✐♥❝❧✉❞✐♥❣ t❤♦s❡ ♦❢ ✈❛♥✐s❤✐♥❣

❛♥❞ ♥♦♥✲✈❛♥✐s❤✐♥❣ t❤❡♦r❡♠s ❛s ✇❡❧❧ ❛s ❧♦❝❛❧ ❞✉❛❧✐t② t❤❡♦r❡♠s✳ ■♥ ♦r❞❡r t♦ ❞❡✈❡❧♦♣

t❤✐s t❤❡♦r② ✇❡ ❞❡✜♥❡ ❣♦♦❞ ❢❛♠✐❧✐❡s ♦❢ ❛ r✐♥❣✱ t❤❛t ✐s✱ ❛ s❡t α ♦❢ ✐❞❡❛❧s ✇❤✐❝❤ ✐s st❛❜❧❡

✉♥❞❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ✉♥❞❡r ✐♥❝❧✉s✐♦♥✱ ❛♥❞ ❢♦r ❛♥② R✲♠♦❞✉❧❡ M ✱ t❤❡ α✲t♦rs✐♦♥

♠♦❞✉❧❡ Γα(M) ❛s t❤❡ s❡t {x ∈M : Supp(Rx) ⊆ α}✳ ❚❤❡ i✲t❤ r✐❣❤t ❞❡r✐✈❡❞ ❢✉♥❝t♦rs

❛r❡ ❞❡♥♦t❡❞ ❜② H i
α(−) ❛♥❞ ❝❛❧❧❡❞ t❤❡ i✲t❤ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡ ✇✐t❤ r❡s♣❡❝t t♦ α✳

❚❤❡ ✜rst ❝❤❛♣t❡r ❞❡✜♥❡s t❤❡ ❜❛s✐❝ ♥♦t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s t♦ ❡st❛❜❧✐s❤ t❤❡ ❢✉♥❝t♦rs

❛♥❞ ♣r♦✈❡s s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s✱ ✐♥❝❧✉❞✐♥❣ ❛♥ ✐♠♣r♦✈❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧

■♥❞❡♣❡♥❞❡♥❝❡ ❚❤❡♦r❡♠✳ ▲❛t❡r✱ ✐t st✉❞✐❡s t❤❡ ✈❛♥✐s❤✐♥❣ ❛♥❞ ♥♦♥✲✈❛♥✐s❤✐♥❣ ♦❢ t❤❡ ❧♦❝❛❧

❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❢❛♠✐❧② ❛♥❞ ❣✐✈❡s ✐♠♣♦rt❛♥t ❣❡♥❡r❛❧✐s❛t✐♦♥s ♦❢

●r♦t❤❡♥❞✐❡❝❦✬s ❱❛♥✐s❤✐♥❣ ❛♥❞ ◆♦♥✲❱❛♥✐s❤✐♥❣ ❛♥❞ ▲✐❝❤t❡♥❜❛✉♠✲❍❛rts❤♦r♥❡ ❱❛♥✐s❤✐♥❣

❚❤❡♦r❡♠s✳ ❈❧♦s✐♥❣ t❤✐s ❝❤❛♣t❡r✱ t❤❡ t❤✐r❞ s❡❝t✐♦♥ ❞❡s❝r✐❜❡s s♦♠❡ ❞✉❛❧✐t② ♣r♦♣❡rt✐❡s ♦❢

t❤❡ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s ✐♥ t❤❡ ❧♦❝❛❧ ❝❛s❡✳

✹



❚❤❡ s❡❝♦♥❞ ❝❤❛♣t❡r ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❆rt✐♥✐❛♥♥❡ss ♦❢ t❤❡ t♦♣

❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❢✉♥❝t♦rs ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ❛r❜✐tr❛r② s✉♣♣♦rt ❛♥❞ ❣✐✈❡s ❛ s✉✐t❛❜❧❡

❞❡✜♥✐t✐♦♥ ♦❢ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ ❛ ♠♦❞✉❧❡✳ ■t ❛❧s♦ st✉❞✐❡s t❤❡ s❡t ♦❢ ❛t✲

t❛❝❤❡❞ ♣r✐♠❡s ♦❢ t❤❡ t♦♣ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡ ❛♥❞ ❣✐✈❡s ❛♥♦t❤❡r ❣❡♥❡r❛❧✐s❛t✐♦♥

♦❢ t❤❡ ▲✐❝❤t❡♥❜❛✉♠✲❍❛rts❤♦r♥❡ ❱❛♥✐s❤✐♥❣ ❚❤❡♦r❡♠ ✇❤✐❝❤ ❝♦✈❡rs t❤❡ ♦♥❡ ♦❜s❡r✈❡❞ ❜②

❑✳ ❉✐✈❛❛♥✐✲❆❛③❛r✱ ❘✳ ◆❛❣❤✐♣♦✉r ❛♥❞ ▼✳ ❚♦✉s✐ ✐♥ ❬❉❆◆❚✵✷❪✳

❚❤❡ t❤✐r❞ ❝❤❛♣t❡r ✐♥✈❡st✐❣❛t❡s t❤❡ ✜rst ♥♦♥✲✈❛♥✐s❤✐♥❣ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s

✇✐t❤ r❡s♣❡❝t t♦ ❛ ❢❛♠✐❧② α ❛♥❞ s✉❣❣❡sts ❛ ❞❡✜♥✐t✐♦♥ ♦❢ α✲❝♦✜♥✐t❡♥❡ss✳ ❚❤✐s ♥✉♠❜❡r

✐s ❝❛❧❧❡❞ t❤❡ α✲❞❡♣t❤ ♦❢ ❛ ♠♦❞✉❧❡✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ α✲❝♦✜♥✐t❡♥❡ss ✐s ✐♥tr♦❞✉❝❡❞ ❛s ❛♥

❡①t❡♥s✐♦♥ ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ I✲❝♦✜♥✐t❡♥❡ss ♦❢ ❬❍❛r✼✵❪✱ ♣r❡❝✐s❡❧②✱ t❤❡ R✲♠♦❞✉❧❡ N ✐s s❛✐❞

t♦ ❜❡ α✲❝♦✜♥✐t❡ ✐❢ Supp(N) ⊆ α ❛♥❞ ExtiR(R/I,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② I ∈ α
❛♥❞ ❡✈❡r② i✳ ❚❤❡ ♠❛✐♥ r❡s✉❧t ❡st❛❜❧✐s❤❡s t❤❡ α✲❝♦✜♥✐t❡♥❡ss ♦❢ t❤❡ t♦♣ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣②

♠♦❞✉❧❡s✳ ❲❡ ❛❧s♦ st✉❞② t❤❡ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ Hc
α(M)✱ ✇❤❡r❡ c ✐s t❤❡ α✲❞❡♣t❤ ♦❢ M ✳

◆❡①t✱ t❤❡ ❢♦✉rt❤ ❝❤❛♣t❡r ❞❡❛❧s ✇✐t❤ t❤❡ ♠♦❞✉❧❡s ♦❢ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ ❧♦❝❛❧ ❝♦✲

❤♦♠♦❧♦❣② ♠♦❞✉❧❡s ❛♥❞ ✐♥✈❡st✐❣❛t❡s t❤❡♠ ✐♥ t✇♦ ♣❤❛s❡s✳ ❚❤❡ ✜rst ♦♥❡ st✉❞✐❡s t❤❡

❡♥❞♦♠♦r♣❤✐s♠s ✐♥ t❤❡ α✲❞❡♣t❤ ❧❡✈❡❧✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡♥ t❤❡ α✲❞❡♣t❤

❡q✉❛❧s t❤❡ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥s✐♦♥✳ ❚❤✐s ♣❛rt ❜❛s✐❝❛❧❧② ❡①t❡♥❞s s♦♠❡ ✐❞❡❛s ❢r♦♠

❬▼❛❤✶✸❪✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ t❛❦❡s ❝❛r❡ ♦❢ t❤❡ t♦♣ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✳ ■t ❡①✲

♣❧♦✐ts t❤❡ ▲✐❝❤t❡♥❜❛✉♠✲❍❛rts❤♦r♥❡ ❱❛♥✐s❤✐♥❣ ❚❤❡♦r❡♠ ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ❆rt✐♥✐❛♥

♥❛t✉r❡ ♦❢ s❛✐❞ ♠♦❞✉❧❡s t♦ ♦❜t❛✐♥ ✐♥❢♦r♠❛t✐♦♥s ♦♥ t❤❡ r✐♥❣ str✉❝t✉r❡ ♦❢ t❤❡✐r ♠♦❞✉❧❡s

♦❢ ❡♥❞♦♠♦r♣❤✐s♠s ✐♥ ❛♥ ❛♥❛❧♦❣♦✉s ✇❛② ❛s ❞♦♥❡ ✐♥ ❬❊❙✶✷❪✳

❚❤❡ ✜❢t❤ ❝❤❛♣t❡r ❡①t❡♥❞s t❤❡ ♥♦t✐♦♥ ♦❢ ❧♦❝❛❧ ❤♦♠♦❧♦❣② ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ✐❞❡❛❧

t♦ ❛ ❣♦♦❞ ❢❛♠✐❧② α ❛s Hα
i (−) = lim←−

I∈α

TorRi (R/I,−)✳ ❙✐♥❝❡ Hα
0 (−) = lim←−

I∈α

(R/I ⊗R −)✱

✐t ❛❧s♦ ❡①♣❧♦r❡s t❤❡ ❧✐♥❡❛r t♦♣♦❧♦❣② ✐♥❞✉❝❡❞ ❜② t❤❡ ❢❛♠✐❧② α ✇❤✐❝❤ ✇❡ ❝❛❧❧ t❤❡ α✲❛❞✐❝

t♦♣♦❧♦❣②✳ ❚❤❡ st✉❞② ✐♥❝❧✉❞❡s ❞✉❛❧ ✈❡rs✐♦♥s ♦❢ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ❢r♦♠ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❛s

t❤❡ ■♥❞❡♣❡♥❞❡♥❝❡ ❚❤❡♦r❡♠✱ ❱❛♥✐s❤✐♥❣ ❛♥❞ ◆♦♥✲❱❛♥✐s❤✐♥❣✱ ❛❝②❝❧✐❝✐t② ❛♥❞ ❆rt✐♥✐❛♥♥❡ss

❝r✐t❡r✐❛ ❛♥❞ ▼❛t❧✐s✬ ❞✉❛❧✐t② ✇✐t❤ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣②✳

❚❤❡ ❧❛st ❝❤❛♣t❡r ✐♥tr♦❞✉❝❡s t❤❡ ❝❧❛ss ♦❢ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡s ✇❤✐❝❤ ✐s

❛ ❢✉❧❧ s✉❜❝❛t❡❣♦r② ♦❢ D✲♠♦❞✉❧❡s st❛❜❧❡ ✉♥❞❡r s✉❜♠♦❞✉❧❡s✱ q✉♦t✐❡♥ts✱ ❡①t❡♥s✐♦♥s ❛♥❞

❞✐r❡❝t ❧✐♠✐ts✳ ❚❤✐s ❝❛t❡❣♦r② ❡①t❡♥❞s t❤❡ ❝❛t❡❣♦r② ♦❢ ❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡s✳ ■♥ ❢❛❝t✱

❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡s ❛r❡ ❡①❛❝t❧② t❤❡ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡s✳

❲❡ ❛❧s♦ ♣r♦✈❡ t❤❛t q✉❛s✐✲❤♦❧♦♥♦♠✐❝✐t② ✐s ♣r❡s❡r✈❡❞ ✈✐❛ ❧♦❝❛❧✐s❛t✐♦♥ ♦♥ ❛♥② ♠✉❧t✐♣❧✐❝❛t✐✈❡

✺



s❡t ♦❢ R✳ ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❛t ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✱ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥② ❢❛♠✐❧② ♦❢

s✉♣♣♦rts✱ ♦❢ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡s ❛r❡ q✉❛s✐✲❤♦❧♦♥♦♠✐❝✳

❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ✇♦r❦ ❡①t❡♥❞s ♠♦st ♦❢ ●✳ ▲②✉❜❡③♥✐❦✬s ✜♥✐t❡♥❡ss ♣r♦♣❡rt✐❡s

❢♦r D✲♠♦❞✉❧❡s ♦✈❡r r✐♥❣s ♦❢ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ♦❢ t❤❡ ❝❧❛ss ♦❢ r✐♥❣s ✐♥tr♦❞✉❝❡❞ ❜②

▲✳ ◆úñ❡③✲❇❡t❛♥❝♦✉rt✳ Pr❡❝✐s❡❧②✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts✿

✭❛✮ ■❢ dimR(H
j
I (M)) = 0✱ t❤❡♥ Hj

I (M) ✐s ❛♥ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱

Hj
m1···ms

(H i
I(M)) ✐s ❛♥ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡ ❢♦r ❡✈❡r② ✜♥✐t❡ ❢❛♠✐❧② {m1, . . . ,ms}

♦❢ ♠❛①✐♠❛❧ ✐❞❡❛❧s ♦❢ R ❛♥❞ ❡✈❡r② ♣❛✐r ♦❢ ✐♥t❡❣❡rs i ❛♥❞ j✳

✭❜✮ ■❢M ✐s ❛♥ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡ ❛♥❞ N ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ D✲s✉❜♠♦❞✉❧❡

♦❢ Hj
I (M)✱ t❤❡♥ t❤❡ s❡t ♦❢ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ N ✐s ✜♥✐t❡✳

✭❝✮ ■❢ M ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝✱ t❤❡♥ ❡✈❡r② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ D✲s✉❜♠♦❞✉❧❡ ♦❢ Hj
I (M)

❤❛s ✜♥✐t❡ ❇❛ss ♥✉♠❜❡rs ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧s✳

✻



❈❤❛♣t❡r ✶

❋♦✉♥❞❛t✐♦♥s ♦♥ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣②

✶✳✶ ❇❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡✜♥❡ t❤❡ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♣❛✐r

♦❢ ❢❛♠✐❧✐❡s ♦❢ ✐❞❡❛❧s ❛♥❞ ♣r♦✈❡ s♦♠❡ ♦❢ t❤❡✐r ❜❛s✐❝ ♣r♦♣❡rt✐❡s✱ ✐♥❝❧✉❞✐♥❣ ❛♥ ✐♠♣r♦✈❡❞

✈❡rs✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ■♥❞❡♣❡♥❞❡♥❝❡ ❚❤❡♦r❡♠✳ ❯♥❧❡ss st❛t❡❞ ❡①♣❧✐❝✐t❧②✱ ❛❧❧ t❤❡

r✐♥❣s t❤r♦✉❣❤ t❤✐s ✇♦r❦ ❛r❡ ❝♦♠♠✉t❛t✐✈❡ ✇✐t❤ ✐❞❡♥t✐t②✳

❉❡✜♥✐t✐♦♥ ✶✳✶✳ ❆♥② s❡t ♦❢ ✐❞❡❛❧s ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛ ❢❛♠✐❧②✳ ❆ ❢❛♠✐❧② α ♦❢ R ✇✐❧❧ ❜❡ ❝❛❧❧❡❞
❣♦♦❞ ✇❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

✭✐✮ ✭◆♦♥✲❡♠♣t✐♥❡ss✮ R ∈ α✳

✭✐✐✮ ✭❙t❛❜✐❧✐t② ✉♥❞❡r ✐♥❝❧✉s✐♦♥✮ ■❢ I ∈ α ❛♥❞ J ✐s ❛♥ ✐❞❡❛❧ ♦❢ R ❝♦♥t❛✐♥✐♥❣ I✱ t❤❡♥
J ∈ α✳

✭✐✐✐✮ ✭❙t❛❜✐❧✐t② ✉♥❞❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥✮ ■❢ {I, J} ⊆ α✱ t❤❡♥ IJ ∈ α✳

❲❡ ✇✐❧❧ s❛② t❤❛t ❛ ❢❛♠✐❧② α ♦❢ R ✐s tr✐✈✐❛❧ ✇❤❡♥ α ⊆ {R}✳

❉❡✜♥✐t✐♦♥ ✶✳✷✳ ❋♦r ❛♥② ♣❛✐r ♦❢ ❢❛♠✐❧✐❡s✱ ϕ ❛♥❞ ψ✱ ♦❢ R✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢❛♠✐❧②

W̃ (ϕ, ψ) := {I E R : I + J ∈ ϕ ❢♦r ❛❧❧ J ∈ ψ} .

❊①❛♠♣❧❡ ✶✳✸✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❡①❛♠♣❧❡s ♦❢ ❢❛♠✐❧✐❡s ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ✐♥ t❤✐s ✇♦r❦
❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❢♦r ❛♥② ✐❞❡❛❧ I ♦❢ R✱ ✇❡ s❡t

I := {J E R : J ⊇ In ❢♦r s♦♠❡ ✐♥t❡❣❡r n ≥ 1} .



■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t I ✐s ❛ ❣♦♦❞ ❢❛♠✐❧②✳ ■❢ I1, . . . , Is ❛r❡ ✐❞❡❛❧s ♦❢R✱ ✇❡ ❞❡✜♥❡ W̃ (Is, . . . , I1)

✐♥❞✉❝t✐✈❡❧② ❛s ❢♦❧❧♦✇s✿ ❢♦r s = 1✱ ✇❡ s❡t W̃ (I1) = I1❀ ❢♦r s ≥ 2✱ s❡t

W̃ (Is, . . . , I1) = W̃ (W̃ (Is), W̃ (Is−1, . . . , I1)).

■❢ s = 2✱ t❤❡ ❢❛♠✐❧② W̃ (I2, I1) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❢❛♠✐❧② ❞❡✜♥❡❞ ✐♥ ❬❚❨❨✵✾✱ ❉❡✜♥✐✲
t✐♦♥ ✸✳✶❪ ❢♦r ❛ ♣❛✐r ♦❢ ✐❞❡❛❧s✳

❘❡♠❛r❦ ✶✳✹✳ ▲❡t α ❜❡ ❛ ♥♦♥✲❡♠♣t② ❢❛♠✐❧② ♦❢ R✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢❛♠✐❧②

〈α〉 := {K E R : K ⊇ I1 · · · Im ❢♦r s♦♠❡ Ii ∈ α} .

❲❤❡♥ α = ∅✱ 〈α〉 ✐s ❞❡✜♥❡❞ ❛s t❤❡ tr✐✈✐❛❧ ❢❛♠✐❧② {R}✳ ❆♥② ❢❛♠✐❧② 〈α〉 ❞❡✜♥❡s ❛ s✉❜s♣❛❝❡
♦❢ SpecR ✇❤✐❝❤ ✐s st❛❜❧❡ ✉♥❞❡r s♣❡❝✐❛❧✐s❛t✐♦♥✱ ♠♦r❡ ❡①❛❝t❧②✱

〈α〉 ∩ SpecR =
⋃

I∈α

V (I). ✭✶✳✶✮

❈♦♥✈❡rs❡❧②✱ ✐❢ Z ✐s ❛ s✉❜s♣❛❝❡ ♦❢ SpecR ✇❤✐❝❤ ✐s st❛❜❧❡ ✉♥❞❡r s♣❡❝✐❛❧✐s❛t✐♦♥✱ t❤❡♥
Z =

⋃

p∈Z

V (p) ❛♥❞ t❤❡ ❢❛♠✐❧② Z = 〈Z〉 = {K E R : K ⊇ p1 · · · pr ❢♦r s♦♠❡ pi ∈ Z} ✐s ❛

❣♦♦❞ ❢❛♠✐❧② ♦❢ R s✉❝❤ t❤❛t Z ∩ SpecR = Z✳
■t ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ t❤❛t 〈α〉 ✐s t❤❡ s♠❛❧❧❡st ❣♦♦❞ ❢❛♠✐❧② ❝♦♥t❛✐♥✐♥❣ α✳ ■♥ ❢❛❝t✱ α

✐s ❛ ❣♦♦❞ ❢❛♠✐❧② ✐❢ ❛♥❞ ♦♥❧② ✐❢ 〈α〉 = α✳

■❢ I ✐s ❛♥ ✐❞❡❛❧ ♦❢ R ❛♥❞ ψ ✐s ❛♥② ❢❛♠✐❧② ♦❢ R✱ ✇❡ ❞❡♥♦t❡ W̃ (W̃ (I), ψ) ❜② W̃ (I, ψ)✳

■♥ t❤❡ s❛♠❡ ❢♦r♠✱ ✇❡ ❞❡♥♦t❡ W̃ (ϕ, W̃ (J)) ❜② W̃ (ϕ, J) ❢♦r ❛♥② ✐❞❡❛❧ J ♦❢ R ❛♥❞ ❛♥②

❢❛♠✐❧② ϕ✳ ◆❡①t ✇❡ st❛t❡ ✇✐t❤♦✉t ♣r♦♦❢ s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢❛♠✐❧② W̃ (ϕ, ψ)✳

▲❡♠♠❛ ✶✳✺✳ ▲❡t I ❛♥❞ J ❜❡ ✐❞❡❛❧s ♦❢ R ❛♥❞ ϕ✱ ϕ′✱ ψ ❛♥❞ ψ′ ❜❡ ❢❛♠✐❧✐❡s ♦❢ R✳

✭✐✮ W̃ (ϕ, ψ)+ψ ⊆ ϕ✱ ✇❤❡r❡ α+β := {I + J : I ∈ α, J ∈ β}✳ ❚❤✉s W̃ (ϕ, ψ)∩ψ ⊆ ϕ✳

✭✐✐✮ ■❢ ϕ ⊆ ϕ′✱ t❤❡♥ W̃ (ϕ, ψ) ⊆ W̃ (ϕ′, ψ)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ W̃ (I, ψ) ⊆ W̃ (J, ψ) ❡✈❡r②

t✐♠❡ I ⊇ J ✳

✭✐✐✐✮ ■❢ ψ ⊆ ψ′✱ t❤❡♥ W̃ (ϕ, ψ) ⊇ W̃ (ϕ, ψ′)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ W̃ (ϕ, I) ⊇ W̃ (ϕ, J) ❡✈❡r②

t✐♠❡ I ⊇ J ✳

✭✐✈✮ W̃ (ϕ, ψ) ∩ W̃ (ϕ′, ψ) = W̃ (ϕ ∩ ϕ′, ψ)✳ ■♥ ♣❛rt✐❝✉❧❛r✱

W̃ (I, ψ) ∩ W̃ (J, ψ) = W̃ (I + J, ψ).

✭✈✮ W̃ (ϕ, ψ) ∩ W̃ (ϕ, ψ′) = W̃ (ϕ, ψ ∪ ψ′)✳

✭✈✐✮ ϕ = W̃ (ϕ, {(0)})✳

✽



✭✈✐✐✮ ■❢ ϕ ✐s ❛ ❣♦♦❞ ❢❛♠✐❧②✱ t❤❡♥ W̃ (ϕ, ψ) ✐s ❛❧s♦ ❛ ❣♦♦❞ ❢❛♠✐❧② ❛♥❞ ϕ ⊆ W̃ (ϕ, ψ)✳ ■♥

♣❛rt✐❝✉❧❛r✱ W̃ (I, ψ) ✐s ❛ ❣♦♦❞ ❢❛♠✐❧② ❛♥❞ W̃ (I) ⊆ W̃ (I, ψ)✳

✭✈✐✐✐✮ ■❢ ϕ ✐s ❛ ❣♦♦❞ ❢❛♠✐❧②✱ t❤❡♥ W̃ (ϕ, ψ) = W̃ (ϕ, 〈ψ〉)✳ ■♥ ♣❛rt✐❝✉❧❛r✱

W̃ (ϕ, I) ∩ W̃ (ϕ, J) = W̃ (ϕ, IJ)

✇❤❡♥ ϕ ✐s ❛ ❣♦♦❞ ❢❛♠✐❧②✳

❲❡ ♥♦✇ ❞❡✜♥❡ t❤❡ ♠❛✐♥ ♦❜❥❡❝t ♦❢ t❤✐s ✇♦r❦✳

❉❡✜♥✐t✐♦♥ ✶✳✻✳ ▲❡t M ❜❡ ❛♥ R✲♠♦❞✉❧❡ ❛♥❞ ϕ ❛♥❞ ψ ❜❡ ❢❛♠✐❧✐❡s ♦❢ R✳ ❚❤❡ (ϕ, ψ)✲

t♦rs✐♦♥ s✉❜s❡t ♦❢ M ✐s t❤❡ s❡t Γϕ,ψ(M) =
{

x ∈M : Supp(Rx) ⊆ W̃ (〈ϕ〉, ψ)
}

✳

❲❡ ✇✐❧❧ ❛❧s♦ ✉s❡ t❤❡ ♥♦t❛t✐♦♥s ΓI,ψ(M)✱ Γϕ,J(M) ❛♥❞ ΓIs,...,I1(M) ❢♦r ΓW̃ (I),ψ(M)✱

Γϕ,W̃ (J)(M) ❛♥❞ ΓW̃ (Is),W̃ (Is−1,...,I1)
(M) r❡s♣❡❝t✐✈❡❧②✳

▲❡t ϕ ❛♥❞ ψ ❜❡ ❢❛♠✐❧✐❡s ♦❢ R✳ ❋♦r ❡✈❡r② ♠♦r♣❤✐s♠ f : M → N ❜❡t✇❡❡♥ ♦❜❥❡❝ts

✐♥ R✲♠♦❞✱ ✇❡ ❞❡✜♥❡ Γϕ,ψ(f) = f |Γϕ,ψ(M)✳

Pr♦♣♦s✐t✐♦♥ ✶✳✼✳ ❚❤❡ ❛ss✐❣♥❛t✐♦♥ Γϕ,ψ(−) : R✲♠♦❞ → R✲♠♦❞ ✐s ❛ ❧❡❢t✲❡①❛❝t R✲❧✐♥❡❛r

❢✉♥❝t♦r✳

Pr♦♦❢✳ ■❢ ϕ ❛♥❞ ψ ❛r❡ ❢❛♠✐❧✐❡s ♦❢ R ❛♥❞ M ✐s ❛♥ R✲♠♦❞✉❧❡✱ t❤❡♥ Γϕ,ψ(M) ✐s ❛♥ R✲
s✉❜♠♦❞✉❧❡ ♦❢ M ❜❡❝❛✉s❡ W̃ (〈ϕ〉, ψ) ✐s ❛ ❣♦♦❞ ❢❛♠✐❧② ❜② ▲❡♠♠❛ ✶✳✺✱ ✭✈✐✐✮✱ ❛♥❞ t❤❡
r❡❧❛t✐♦♥s Ann(x − y) ⊇ Ann(x) Ann(y) ❛♥❞ Ann(ax) ⊇ Ann(x) ❤♦❧❞ ❢♦r ❡✈❡r② a ∈ R✱
x, y ∈M ✳ ❋♦r ❡✈❡r② ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ R✲♠♦❞✉❧❡s f :M → N ✱ t❤❡ ❛♣♣❧✐❝❛t✐♦♥

Γϕ,ψ(f) : Γϕ,ψ(M)→ Γϕ,ψ(N)

✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛s Γϕ,ψ(f)(x) = f(x) ❜❡❝❛✉s❡ Ann(f(x)) ⊇ Ann(x) ❢♦r ❡✈❡r② x ∈ M ✳
▼♦r❡ t❤❛♥ t❤✐s✱ ❡✈❡r② t✐♠❡ f ✐s ✐♥❥❡❝t✐✈❡✱ ✇❡ ❤❛✈❡ t❤❛t Ann(f(x)) = Ann(x) ❢♦r ❡✈❡r②
x ❛♥❞ t❤✐s ❡q✉❛❧✐t② s✉❣❣❡sts t❤❡ ❧❡❢t✲❡①❛❝t♥❡ss ♦❢ Γϕ,ψ(−)✳

❋♦r ❛♥② ♣❛✐r ♦❢ ❢❛♠✐❧✐❡s✱ ϕ ❛♥❞ ψ✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ r✐❣❤t ❞❡r✐✈❡❞ ❢✉♥❝t♦rs ♦❢

Γϕ,ψ(−) ❛♥❞ ✇❡ s❤❛❧❧ ❞❡♥♦t❡ t❤❡♠ ❜② H i
ϕ,ψ(−) ❢♦r ❡✈❡r② i ≥ 0✳ ❋♦r ❛♥② R✲♠♦❞✉❧❡ M ✱

t❤❡ ♠♦❞✉❧❡ H i
ϕ,ψ(M) ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡ i✲t❤ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡ ♦❢ M ✇✐t❤ r❡s♣❡❝t

t♦ (ϕ, ψ)✳ ❉✉❡ t♦ t❤❡ ❧❡❢t✲❡①❛❝t♥❡ss ♦❢ Γϕ,ψ(−)✱ ✇❡ ❤❛✈❡ t❤❛tH0
ϕ,ψ(−) ∼= Γϕ,ψ(−)✳ ▼♦r❡✲

♦✈❡r✱ ❡✈❡r② s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ R✲♠♦❞✉❧❡s 0 −→ L −→ M −→ N −→ 0 ✐♥❞✉❝❡s

❛ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ R✲♠♦❞✉❧❡s 0 −→ Γϕ,ψ(L) −→ Γϕ,ψ(M) −→ Γϕ,ψ(N) −→
H1
ϕ,ψ(L) −→ H1

ϕ,ψ(M) −→ H1
ϕ,ψ(N) −→ · · · ✳

✾



❘❡♠❛r❦ ✶✳✽✳ ■t ✐s ✇♦rt❤ t♦ ♥♦t✐❝❡ t❤❛t ✇❤❡♥❡✈❡r ϕ ✐s ❛ s②st❡♠ ♦❢ ✐❞❡❛❧s ❛s ❞❡✜♥❡❞
✐♥ ❬❇❩✼✾✱ ♣✳ ✹✵✸❪ ❛♥❞ (0) ∈ 〈ψ〉✱ t❤❡♥ t❤❡ ❢✉♥❝t♦r H i

ϕ,ψ(−) ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❢✉♥❝t♦r
H i
ϕ(−) ❞❡✜♥❡❞ ✐♥ ❬❇❩✼✾✱ ♣✳ ✹✵✺❪ ❢♦r ❡✈❡r② i ✐♥ t❤❡ ◆♦❡t❤❡r✐❛♥ ❝❛s❡✳ ❙♦ ✇❡ ✇✐❧❧ ✉s❡ t❤❡

♥♦t❛t✐♦♥ H i
α(M) ✐♥st❡❛❞ ♦❢ H i

α,{(0)}(M) ❢♦r ❛♥② ❢❛♠✐❧② α ❛♥❞ ❡✈❡r② i✳

❋r♦♠ ♥♦✇✱ t❤❡ ♦r❞❡r r❡❧❛t✐♦♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ❛♥② ❢❛♠✐❧② α ♦❢ R ✇✐❧❧ ❜❡ t❤❡ r❡✈❡rs❡

✐♥❝❧✉s✐♦♥✳ ❘❡❝❛❧❧ t❤❛t W̃ (ϕ, I)∩ W̃ (ϕ, J) = W̃ (ϕ, IJ) ❢♦r ❡✈❡r② ♣❛✐r ♦❢ ✐❞❡❛❧s✱ I ❛♥❞ J ✱

♦❢ R ✇❤❡♥ ϕ ✐s ❛ ❣♦♦❞ ❢❛♠✐❧② ❜② ▲❡♠♠❛ ✶✳✺✱ ✭✈✐✐✐✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t✱ ✇❤❡♥❡✈❡r ψ ✐s

st❛❜❧❡ ✉♥❞❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ t❤❡ ♣r♦❥❡❝t✐✈❡ s②st❡♠ {Γϕ,J(M), ιJJ ′}J∈ψ ✐s st❛❜❧❡ ✉♥❞❡r

✜♥✐t❡ ✐♥t❡rs❡❝t✐♦♥s✳ ❚❤✉s ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✳

▲❡♠♠❛ ✶✳✾✳ ▲❡t ϕ ❛♥❞ ψ ❜❡ ❢❛♠✐❧✐❡s ♦❢ R ❛♥❞ M ❜❡ ❛♥ R✲♠♦❞✉❧❡✳ ❚❤❡♥

Γϕ,ψ(M) =
⋂

J∈ψ

Γϕ,J(M) ∼= lim←−
J∈〈ψ〉

Γϕ,J(M).

Pr♦♦❢✳ ■❢ x ∈ Γϕ,ψ(M)✱ t❤❡♥ J + p ∈ 〈ϕ〉 ❢♦r ❡✈❡r② J ∈ ψ ❛♥❞ ❡✈❡r② p ∈ Supp(Rx)✳ ▲❡t
I ❜❡ ❛♥ ❡❧❡♠❡♥t ♦❢ W̃ (J)✳ ❚❤❡♥ I ⊇ Jn ❛♥❞ I + p ⊇ Jn + p ⊇ (J + p)n ∈ 〈ϕ〉✳ ❍❡♥❝❡
❡✈❡r② p ∈ Supp(Rx) s❛t✐s✜❡s t❤❛t p ∈ W̃ (〈ϕ〉, J) ❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❛t x ∈ Γϕ,J(M)

❢♦r ❡✈❡r② J ∈ ψ✳ ❚❤❡ ❝♦♥✈❡rs❡ ✐s ❝❧❡❛r ❜❡❝❛✉s❡ J ∈ W̃ (J) ❢♦r ❡✈❡r② ✐❞❡❛❧ J ♦❢ R✳ ❆s
W̃ (〈ϕ〉, ψ) = W̃ (〈ϕ〉, 〈ψ〉) ❜② ▲❡♠♠❛ ✶✳✺✱ ✭✈✐✐✐✮✱ ✇❡ ❤❛✈❡ t❤❛t

Γϕ,ψ(M) = Γϕ,〈ψ〉(M) =
⋂

J∈〈ψ〉

Γϕ,J(M) ∼= lim←−
J∈〈ψ〉

Γϕ,J(M).

❚❤❡ ❧❛st ✐s♦♠♦r♣❤✐s♠ ❢♦❧❧♦✇s ❜❡❝❛✉s❡ t❤❡ ♣r♦❥❡❝t✐✈❡ s②st❡♠ {Γϕ,J(M), ιJJ ′}J∈〈ψ〉 ✐s
st❛❜❧❡ ✉♥❞❡r ✜♥✐t❡ ✐♥t❡rs❡❝t✐♦♥s✳

❲❡ ❝❛♥ ❝❤❛r❛❝t❡r✐s❡ ❣♦♦❞ ❢❛♠✐❧✐❡s ✐♥ t❤❡ ◆♦❡t❤❡r✐❛♥ ❝❛s❡ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣✲

❡rt②✳

▲❡♠♠❛ ✶✳✶✵✳ ▲❡t ϕ ❜❡ ❛ ❢❛♠✐❧② s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❢♦r ❡✈❡r② ✐❞❡❛❧ I ♦❢

R✿

I ∈ ϕ ✐❢ ❛♥❞ ♦♥❧② ✐❢ V (I) ⊆ ϕ✳

❚❤❡♥ ϕ ✐s ❛ ❣♦♦❞ ❢❛♠✐❧②✳ ❚❤❡ ❝♦♥✈❡rs❡ ❤♦❧❞s ✇❤❡♥ R ✐s ◆♦❡t❤❡r✐❛♥✳

Pr♦♦❢✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t ϕ ✐s ❛ ❢❛♠✐❧② s✉❝❤ t❤❛t I ∈ ϕ ✐❢ ❛♥❞ ♦♥❧② ✐❢ V (I) ⊆ ϕ✳
❙✐♥❝❡ V (IJ) = V (I) ∪ V (J) ❢♦r ❛♥② ✐❞❡❛❧s✱ I ❛♥❞ J ✱ ♦❢ R✱ ✐t ❢♦❧❧♦✇s t❤❛t ϕ ✐s ❝❧♦s❡❞
✉♥❞❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ V (J) ⊆ V (I) ❡✈❡r② t✐♠❡ J ⊇ I❀ t❤✉s t❤✐s ❢❛♠✐❧② ✐s
❛❧s♦ ❣♦♦❞✳

◆♦✇ ❧❡t ✉s s✉♣♣♦s❡ t❤❛t R ✐s ◆♦❡t❤❡r✐❛♥ ❛♥❞ ϕ ✐s ❛ ❣♦♦❞ ❢❛♠✐❧② ❛♥❞ ❧❡t I ❜❡ ❛♥
✐❞❡❛❧ ♦❢ R s✉❝❤ t❤❛t V (I) ⊆ ϕ✳ ◆❛♠✐♥❣ p1, . . . , ps t❤❡ ♠✐♥✐♠❛❧ ❡❧❡♠❡♥ts ♦❢ V (I)✱ ✇❡
❤❛✈❡ t❤❛t I ⊇

(√
I
)r

= (p1 ∩ · · · ∩ ps)
r ⊇ pr1 · · · prs ❢♦r s♦♠❡ ❜✐❣ ❡♥♦✉❣❤ r✳ ❚❤❡♥ I ∈ ϕ✳

❚❤❡ ❝♦♥✈❡rs❡ ✐s str❛✐❣❤t❢♦r✇❛r❞✳

✶✵



❚❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ❝♦♥❝❧✉❞❡s ❛❧s♦ t❤❛t ✐❢ α ❛♥❞ β ❛r❡ ❢❛♠✐❧✐❡s ♦❢ t❤❡ ◆♦❡t❤❡r✐❛♥

r✐♥❣ R s✉❝❤ t❤❛t 〈α〉 ∩ SpecR ⊆ 〈β〉 ∩ SpecR✱ t❤❡♥ 〈α〉 ⊆ 〈β〉✳ ❚❤✉s t❤❡r❡ ❡①✐sts ❛

❜✐❥❡❝t✐✈❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❣♦♦❞ ❢❛♠✐❧✐❡s ♦❢ ❛ ◆♦❡t❤❡r✐❛♥ r✐♥❣ ❛♥❞ st❛❜❧❡ ✉♥❞❡r

s♣❡❝✐❛❧✐s❛t✐♦♥ ✭❛❜❜r✳ s✳ ✉✳ s✳✮ s✉❜s♣❛❝❡s ♦❢ ✐ts s♣❡❝tr✉♠✱ ♥❛♠❡❧②✱

{W ⊆ SpecR : W ✐s s✳ ✉✳ s✳} ↔ {α : α ✐s ❛ ❣♦♦❞ ❢❛♠✐❧② ♦❢ R}

W 7→ 〈W 〉

α ∩ SpecR ←[ α

❲❤❡♥ α ✐s st❛❜❧❡ ✉♥❞❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥ ♦r❞❡r✐♥❣ ❞❡✜♥❡s ❛♥ ✐♥❞✉❝t✐✈❡

s②st❡♠ {H i
I(M), ιiI′I}I∈α ✇❤❡r❡ ιiI′I : H i

I(M) → H i
I′(M) ✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ✐♥❝❧✉s✐♦♥

ΓI(E
i(M)) → ΓI′(E

i(M)) ✇❤❡♥❡✈❡r I ⊇ I ′ ❢♦r ❡✈❡r② ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r i ❛♥❞ ❛♥②

✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ (Ei(M), ∂i) ♦❢ M ✳

❚❤❡♦r❡♠ ✶✳✶✶✳ ❋♦r ❛♥② ♣❛✐r ♦❢ ❢❛♠✐❧✐❡s✱ ϕ ❛♥❞ ψ✱ ♦❢ ❛ ◆♦❡t❤❡r✐❛♥ r✐♥❣ R✱ ❡✈❡r②

R✲♠♦❞✉❧❡ M ❛♥❞ ❡✈❡r② i ≥ 0✱ H i
ϕ,ψ(M) ∼= lim−→

I∈W̃ (〈ϕ〉,ψ)

H i
I(M)✳ ■♥ ♣❛rt✐❝✉❧❛r✱

H i
α(M) ∼= lim−→

I∈〈α〉

H i
I(M)

❢♦r ❡✈❡r② ❢❛♠✐❧② α✳

Pr♦♦❢✳ ❆❧❧♦✇ ✉s t♦ ❝❛❧❧ W = W̃ (〈ϕ〉, ψ)✳ ❋♦r ❛♥② r✐♥❣ R✱

lim−→
I∈W

ΓI(M) =
⋃

I∈W

ΓI(M) ⊆ Γϕ,ψ(M).

■❢ R ✐s ◆♦❡t❤❡r✐❛♥✱ ▲❡♠♠❛ ✶✳✶✵ s❛②s t❤❛t I ∈ W ✐❢ ❛♥❞ ♦♥❧② ✐❢ V (I) ⊆ W ✳ ❚❤✉s
Γϕ,ψ(M) ⊆

⋃

I∈W

ΓI(M)✳ ❋♦r i > 0 ❛♥❞ I ∈ W ✱ ❡❛❝❤ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ R✲

♠♦❞✉❧❡s 0 −→ L −→ M −→ N −→ 0 ❧❡❛❞s t♦ ❛ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ R✲♠♦❞✉❧❡s
0 −→ H0

I (L) −→ H0
I (M) −→ H0

I (N) −→ H1
I (L) −→ · · · ✳ ❙✐♥❝❡ W ✐s ❛ ✜❧t❡r❡❞ s♠❛❧❧

❝❛t❡❣♦r②✱ 0 −→ lim−→
I∈W

H0
I (L) −→ lim−→

I∈W

H0
I (M) −→ lim−→

I∈W

H0
I (N) −→ lim−→

I∈W

H1
I (L) −→ · · · ✐s

❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

(

lim−→
I∈W

H i
I(−)

)

✐s ❛ ❢❛♠✐❧② ♦❢ ∂✲❢✉♥❝t♦rs✳ ■❢ E

✐s ❛♥ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡✱ t❤❡♥ H i
I(E) = 0 ❢♦r ❡✈❡r② i > 0 ❛♥❞ ❡✈❡r② I ∈ W ❀ ❤❡♥❝❡

lim−→
I∈W

H i
I(E) = 0 ❢♦r i > 0✳ ❇② ❬❘♦t✵✾✱ ❚❤❡♦r❡♠ ✻✳✺✶❪ ✇❡ ❤❛✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡

✐s♦♠♦r♣❤✐s♠ ♦❢ ❢✉♥❝t♦rs τ :

(

lim−→
I∈W

H i
I(−)

)

−→ (H i
ϕ,ψ(−))✱ ✇❤❡♥❝❡

H i
ϕ,ψ(M) ∼= lim−→

I∈W

H i
I(M)

❢♦r ❡✈❡r② R✲♠♦❞✉❧❡ M ✳

✶✶



❘❡♠❛r❦ ✶✳✶✷✳ ❲❡ s❛② t❤❛t t❤❡ ❢❛♠✐❧② α ✐s ❝♦✜♥❛❧ t♦ ❛ ❢❛♠✐❧② β ✭♦r s✐♠♣❧② t❤❛t α ❛♥❞
β ❛r❡ ❝♦✜♥❛❧✮ ✇❤❡♥✱ ❢♦r ❡✈❡r② I ∈ α✱ t❤❡r❡ ❡①✐sts J ∈ β s✉❝❤ t❤❛t I ⊇ J ❛♥❞✱ ❢♦r ❡✈❡r②
J ∈ β✱ t❤❡r❡ ❡①✐sts K ∈ α s✉❝❤ t❤❛t J ⊇ K✳ ❲❤❡♥ α ⊆ β ❛♥❞ t❤❡② ❛r❡ ❝♦✜♥❛❧✱ ✇❡ ✇✐❧❧
❛❧s♦ s❛② t❤❛t α ✐s ❛ ❝♦✜♥❛❧ s✉❜❢❛♠✐❧② ♦❢ β✳ ❋♦r ❛♥② t✇♦ ❝♦✜♥❛❧ ❢❛♠✐❧✐❡s✱ α ❛♥❞ β✱ ♦❢
R✱ ✇❡ ❤❛✈❡ t❤❛t 〈α〉 = 〈β〉 ❛♥❞ t❤✉s H i

α,ψ(M) = H i
β,ψ(M) ❢♦r ❡✈❡r② i✱ ❡✈❡r② R✲♠♦❞✉❧❡

M ❛♥❞ ❡✈❡r② ❢❛♠✐❧② ψ ♦❢ R✳ ❲❡ ❛❧s♦ ♠✉st ♦❜s❡r✈❡ t❤❛t ❛♥② ❢❛♠✐❧② α ❝♦✜♥❛❧ t♦ ❛
❣♦♦❞ ❢❛♠✐❧② ϕ ✭❡✳❣✳✱ ✇❤❡♥ α ✐s st❛❜❧❡ ✉♥❞❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦r α ✐s ❛ s②st❡♠ ♦❢ ✐❞❡❛❧s ❛s
❞❡✜♥❡❞ ✐♥ ❬❇❙✾✽✱ ❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✵❪ ❛♠♦♥❣ ♦t❤❡r ❡①❛♠♣❧❡s✮ ✐s ♥❡❝❡ss❛r✐❧② ❛ s✉❜❢❛♠✐❧②
♦❢ t❤✐s ❛♥❞ t❤✉s H i

α(−) = H i
ϕ(−) = lim−→

I∈α

H i
I(−) ❢♦r ❡✈❡r② i ✇❤❡♥ R ✐s ◆♦❡t❤❡r✐❛♥✳ ■t ✐s

✇♦rt❤ t♦ ♥♦t✐❝❡ t❤❛t t❤✐s st❛t❡♠❡♥t ✐s ❛ r❡✜♥❡♠❡♥t ♦❢ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ❝♦♥s✐❞❡r❡❞ ✐♥
❚❤❡♦r❡♠ ✶✳✶✶✳

❘❡♠❛r❦ ✶✳✶✸✳ ▲❡t F : A → B ❜❡ ❛ ❧❡❢t✲❡①❛❝t ❛❞❞✐t✐✈❡ ❢✉♥❝t♦r ❢r♦♠ ❛♥ ❛❜❡❧✐❛♥ ❝❛t❡❣♦r②
A ✇✐t❤ ❡♥♦✉❣❤ ✐♥❥❡❝t✐✈❡s t♦ ❛♥♦t❤❡r ❛❜❡❧✐❛♥ ❝❛t❡❣♦r② B✳ ❘❡❝❛❧❧ t❤❛t ❛♥ ♦❜❥❡❝t E ✐♥
A ✐s ❝❛❧❧❡❞ r✐❣❤t F ✲❛❝②❝❧✐❝ ✭s❤♦rt❧②✱ F ✲❛❝②❝❧✐❝✮ ✇❤❡♥ (RiF )(E) = 0 ❢♦r ❡✈❡r② i > 0✳ ■t
✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t✱ ❢♦r ❡✈❡r② ♦❜❥❡❝t M ♦❢ A✱ t❤❡ ♦❜❥❡❝t (RiF )(M) ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞
✈✐❛ F ✲❛❝②❝❧✐❝ r❡s♦❧✉t✐♦♥s ♦❢ M ✱ s❡❡ ❬❍❛r✼✼✱ Pr♦♣♦s✐t✐♦♥ ✶✳✷❆✱ ♣✳ ✷✵✺❪✳ ■♥ t❤✐s ✇❛②✱
✐❢ R ✐s ❛ ◆♦❡t❤❡r✐❛♥ r✐♥❣✱ S ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ◆♦❡t❤❡r✐❛♥ R✲❛❧❣❡❜r❛ ❛♥❞ E ✐s ❛♥
✐♥❥❡❝t✐✈❡ S✲♠♦❞✉❧❡✱ t❤❡♥ E ✐s ❛ Γα✲❛❝②❝❧✐❝ R✲♠♦❞✉❧❡ ❢♦r ❡✈❡r② ❢❛♠✐❧② α ♦❢ R ❜② ❬❇❙✾✽✱
❚❤❡♦r❡♠ ✹✳✶✳✻❪ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✶✶✳

▲❡t f : R→ R′ ❜❡ ❛ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ ❛♥❞ ❧❡t ✉s ❞❡♥♦t❡ αR′ := {JR′ : J ∈ α}
❢♦r ❛♥② ❢❛♠✐❧② α ♦❢ R✳ ❱✐❡✇✐♥❣ t❤❡ R′✲♠♦❞✉❧❡ N ′ ❛s ❛♥ R✲♠♦❞✉❧❡ ✈✐❛ f ✱ ✇❡ ♠❛②

♦❜s❡r✈❡ t❤❛t✱ ❢♦r ❛♥② ♣❛✐r ♦❢ ❢❛♠✐❧✐❡s✱ ϕ ❛♥❞ ψ✱ ♦❢ R✱ t❤❡ R✲♠♦❞✉❧❡ Γϕ,ψ(N
′) ✐s ❛❧s♦

❛♥ R′✲♠♦❞✉❧❡✳ ❲❡ ❝❛♥ ❣❡t ♠♦r❡ ✇✐t❤ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ♦✉t❝♦♠❡ ✐s ❛

❣❡♥❡r❛❧✐s❛t✐♦♥ ❢♦r ❬❚❨❨✵✾✱ ❚❤❡♦r❡♠ ✷✳✼❪✳

❚❤❡♦r❡♠ ✶✳✶✹✳ ❈♦♥s✐❞❡r t✇♦ ◆♦❡t❤❡r✐❛♥ r✐♥❣s✱ R ❛♥❞ R′✱ t✇♦ ❢❛♠✐❧✐❡s✱ ϕ ❛♥❞ ψ✱ ♦❢

R✱ ❛ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ f : R→ R′ ❛♥❞ ❛♥ R′✲♠♦❞✉❧❡ M ′✳ ❙✉♣♣♦s❡ t❤❛t f(J) = JR′

❢♦r ❡✈❡r② J ∈ ψ✳ ❚❤❡♥ t❤❡ R′✲♠♦❞✉❧❡s H i
ϕ,ψ(M

′) ❛♥❞ H i
ϕR′,ψR′(M ′) ❛r❡ ✐s♦♠♦r♣❤✐❝ ❢♦r

❡✈❡r② i✳

Pr♦♦❢✳ ❇② ❘❡♠❛r❦ ✶✳✶✸ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t Γϕ,ψ(N
′) = ΓϕR′,ψR′(N ′) ❢♦r ❡✈❡r②

R′✲♠♦❞✉❧❡ N ′✳ ■❢ x ∈ N ′ ✐s s✉❝❤ t❤❛t V (AnnR(x)) ⊆ W̃ (〈ϕ〉, ψ)✱ ❝♦♥s✐❞❡r ❛ ♣r✐♠❡
p ∈ V (AnnR’(x))✳ ❚❤❡♥ f−1(p) ∈ V (AnnR(x))✱ ✇❤❡♥❝❡ J + f−1(p) ∈ 〈ϕ〉 ❢♦r ❡✈❡r②
J ∈ ψ✳ ■t ❢♦❧❧♦✇s t❤❛t JR′ + f−1(p)R′ ∈ 〈ϕ〉R′ ⊆ 〈ϕR′〉✱ ❝♦♥❝❧✉❞✐♥❣ ❢♦r ❡✈❡r② ✐❞❡❛❧
J ∈ ψ t❤❛t JR′ + p ∈ 〈ϕR′〉 ❛♥❞ p ∈ W̃ (〈ϕR′〉, ψR′)✳ ◆♦✇ ❝♦♥s✐❞❡r x ∈ N ′ s✉❝❤ t❤❛t
AnnR’(x) ∈ W̃ (〈ϕR′〉, ψR′)✳ ❋♦r ❡❛❝❤ J ∈ ψ✱ t❤❡r❡ ❡①✐st K1, . . . , Ks ∈ ϕ s✉❝❤ t❤❛t
JR′ + AnnR’(x) ⊇ K1R

′ · · ·KsR
′✳ ❈❤♦♦s❡ ❛♥② (k1, . . . , ks) ∈ K1 × · · · × Ks✳ ❚❤❡♥

f(k1 · · · ks) = ̂ + r′ ❢♦r s♦♠❡ ̂ ∈ JR′ ❛♥❞ r′ ∈ AnnR’(x)✳ ❙✐♥❝❡ f(J) = JR′✱ ✇❡
❤❛✈❡ t❤❛t f(k1 · · · ks − j) = r′ ❢♦r s♦♠❡ j ∈ J ✳ ❚❤✉s k1 · · · ks − j ∈ AnnR(x)✱ ❧❡❛❞✐♥❣

✶✷



t♦ K1 · · ·Ks ⊆ J + AnnR(x)✱ ✇❤❡♥❝❡ AnnR(x) ∈ W̃ (〈ϕ〉, ψ) ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
Γϕ,ψ(N

′) = ΓϕR′,ψR′(N ′)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s❡q✉❡♥❝❡ ❛♣♣❡❛rs ✐♥ ❬❉❆◆❚✵✷✱ ❘❡♠❛r❦ ✷✳✺✱ ✭✐✐✮❪ ❢♦r ❛ s♣❡❝✐❛❧

❦✐♥❞ ♦❢ ❢❛♠✐❧✐❡s✳

❈♦r♦❧❧❛r② ✶✳✶✺ ✭■♥❞❡♣❡♥❞❡♥❝❡ ❚❤❡♦r❡♠✮✳ ▲❡t R ❛♥❞ R′ ❜❡ ◆♦❡t❤❡r✐❛♥ r✐♥❣s✱ α ❜❡ ❛

❢❛♠✐❧② ♦❢ R✱ f : R→ R′ ❜❡ ❛ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ ❛♥❞ M ′ ❜❡ ❛♥ R′✲♠♦❞✉❧❡✳ ❋♦r ❡✈❡r②

i ✇❡ ❤❛✈❡ t❤❡ ✐s♦♠♦r♣❤✐s♠ ♦❢ R′✲♠♦❞✉❧❡s H i
α(M

′) ∼= H i
αR′(M ′)✳

❘❡♠❛r❦ ✶✳✶✻✳ ❋♦r ❛♥② ✐❞❡❛❧ I ♦❢ R ❛♥❞ ❛♥② r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ f : R → R′✱ ✇❡
❤❛✈❡ t❤❛t 〈W̃ (I)R′〉 = {K E R′ : K ⊇ (IR′)n ❢♦r s♦♠❡ ✐♥t❡❣❡r n ≥ 1}✳ ❚❤❡ ♣r❡✈✐♦✉s
r❡s✉❧t ❣✐✈❡s ❛❧s♦ t❤❡ ✐s♦♠♦r♣❤✐s♠ ♦❢ R′✲♠♦❞✉❧❡s H i

I,ψ(M
′) ∼= H i

IR′,ψR′(M ′) ❢♦r ❡✈❡r② i✳
❋✉rt❤❡r♠♦r❡✿

❈♦r♦❧❧❛r② ✶✳✶✼✳ ▲❡t R ❛♥❞ R′ ❜❡ ◆♦❡t❤❡r✐❛♥ r✐♥❣s✱ I1, . . . , Is ❜❡ ✐❞❡❛❧s ♦❢ R ❛♥❞ β ❜❡

❛ ❢❛♠✐❧② ♦❢ R s✉❝❤ t❤❛t 〈β〉 =
〈

s−1
⋃

j=2

W̃ (Ij, Ij−1)

〉

✳ ■❢ ❛ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ f : R→ R′

s❛t✐s✜❡s f(I1) = I1R
′ ❛♥❞ f(K) = KR′ ❢♦r ❡✈❡r② K ∈ β✱ t❤❡♥✱ ❢♦r ❡✈❡r② R′✲♠♦❞✉❧❡

M ′ ❛♥❞ ❡✈❡r② ♥♦♥✲♥❡❣❛t✐✈❡ i✱ t❤❡ R′✲♠♦❞✉❧❡s H i
Is,...,I1

(M ′) ❛♥❞ H i
IsR′,...,I1R′(M ′) ❛r❡

✐s♦♠♦r♣❤✐❝✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ s❤♦✇ ✐♥❞✉❝t✐✈❡❧② ❛t ❛ ✜rst st❛❣❡ t❤❛t t❤❡ ❢❛♠✐❧② W̃ (Is−1, . . . , I1)R
′ ✐s

❝♦✜♥❛❧ t♦ W̃ (Is−1R
′, . . . , I1R

′)✳ ❲❡ ✇✐❧❧ ❛❧s♦ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t

β =
s−1
⋃

j=2

W̃ (Ij, Ij−1)✳ ❲❤❡♥ s = 2✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❢❛♠✐❧② W̃ (I1)R
′ ✐s ❝♦✜♥❛❧ t♦

W̃ (I1R
′) ❜② ❘❡♠❛r❦ ✶✳✶✻✳ ❈♦♥s✐❞❡r ♥♦✇ s > 2 ❛♥❞ ❛♥ ✐❞❡❛❧ a ∈ W̃ (Is−1, . . . , I1)✳

❚❤❡♥✱ ❢♦r ❡✈❡r② ✐❞❡❛❧ J ∈ W̃ (Is−2, . . . , I1) t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r nJ s✉❝❤ t❤❛t
a+J ⊇ InJs−1✱ ✇❤❡♥❝❡ aR

′ ∈ W̃ (Is−1R
′, W̃ (Is−2, . . . , I1)R

′)✳ ❇② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s ✇❡
❤❛✈❡ t❤❛t W̃ (Is−2, . . . , I1)R

′ ✐s ❝♦✜♥❛❧ t♦ t❤❡ ❣♦♦❞ ❢❛♠✐❧② W̃ (Is−2R
′, . . . , I1R

′) ❜❡❝❛✉s❡
s−2
⋃

j=2

W̃ (Ij, Ij−1) ⊆ β✳ ❚❤✉s

W̃ (Is−1R
′, W̃ (Is−2, . . . , I1)R

′) = W̃ (Is−1R
′, W̃ (Is−2R

′, . . . , I1R
′))

= W̃ (Is−1R
′, . . . , I1R

′)

❛♥❞ aR′ ∈ W̃ (Is−1R
′, . . . , I1R

′)✱ ❣✐✈✐♥❣ ✉s t❤❛t

W̃ (Is−1, . . . , I1)R
′ ⊆ W̃ (Is−1R

′, . . . , I1R
′).

❈♦♥s✐❞❡r ♥♦✇ b ∈ W̃ (Is−1R
′, . . . , I1R

′)✳ ❇② s✐♠✐❧❛r ❛r❣✉♠❡♥ts ✉s❡❞ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡
❚❤❡♦r❡♠ ✶✳✶✹✱ ✇❡ ❣❡t t❤❛t a = f−1(b) ✐s ❛♥ ✐❞❡❛❧ ✐♥ W̃ (Is−1, . . . , I1) s✉❝❤ t❤❛t b ⊇ aR′✳
■t ❤❛s ❜❡❡♥ st❛t❡❞ ♥♦✇ t❤❛t 〈W̃ (Is−1, . . . , I1)R

′〉 = W̃ (Is−1R
′, . . . , I1R

′)✳

✶✸



❋✐♥❛❧❧②✱ ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ❚❤❡♦r❡♠ ✶✳✶✹ t♦ ϕ = W̃ (Is) ❛♥❞ ψ = W̃ (Is−1, . . . , I1)

❜❡❝❛✉s❡ W̃ (Is−1, . . . , I1) ⊆ W̃ (Is−1, Is−2) ⊆ β✳

■t ✐s ❛❧s♦ ♦❜t❛✐♥❡❞ ❛ ❣❡♥❡r❛❧✐s❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❋❧❛t ❇❛s❡ ❈❤❛♥❣❡ ❚❤❡♦r❡♠ ✭❝❢✳

❬▲②✉✾✸✱ ▲❡♠♠❛ ✸✳✶❪✮ ✇❤✐❝❤ ✇❡ s❤❛❧❧ ♥♦✇ st❛t❡✳

▲❡♠♠❛ ✶✳✶✽ ✭❋❧❛t ❇❛s❡ ❈❤❛♥❣❡✮✳ ▲❡t R′ ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ ◆♦❡t❤❡r✐❛♥ ❛❧❣❡❜r❛ ♦✈❡r

❛ ◆♦❡t❤❡r✐❛♥ r✐♥❣ R✱ α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R ❛♥❞ M ′ ❜❡ ❛♥ R′✲♠♦❞✉❧❡ ✇❤✐❝❤ ✐s ✢❛t ♦✈❡r R✳

❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❢✉♥❝t♦rs (H i
αR′(−⊗RM ′)) ∼= (H i

α(−)⊗RM ′)✳

Pr♦♦❢✳ ❆t ❛ ✜rst st❛❣❡✱ ❛❧❧♦✇ ✉s t♦ r❡❝❛❧❧ t❤❛t ✐❢ F ✐s ❛♥ ❡①❛❝t ❢✉♥❝t♦r ❜❡t✇❡❡♥ t✇♦
❛❜❡❧✐❛♥ ❝❛t❡❣♦r✐❡s✱ A ❛♥❞ B✱ ❛♥❞ (C∗, ∂∗) ✐s ❛ ❝♦♠♣❧❡① ✐♥ A✱ t❤❡♥ t❤❡ ✐s♦♠♦r♣❤✐s♠
Hi(F (C∗)) ∼= F (Hi(C∗)) ❤♦❧❞s ❢♦r ❡✈❡r② i✳ ■♥❞❡❡❞✱ ❢♦r ❡✈❡r② i ✇❡ ♦❜t❛✐♥ t❤❡ ✐s♦✲
♠♦r♣❤✐s♠s F (ker ∂i) ∼= kerF (∂i) ❛♥❞ F (im ∂i+1) ∼= imF (∂i+1)✳ ❚❤✉s t❤❡ ❝❧❛✐♠❡❞
✐s♦♠♦r♣❤✐s♠ ❢♦❧❧♦✇s✳

◆❡①t✱ r❡❝❛❧❧ t❤❛t Γα(N) = lim−→
I∈〈α〉

HomR (R/I,N) ❢♦r ❡✈❡r② R✲♠♦❞✉❧❡ N ❜② ❚❤❡♦✲

r❡♠ ✶✳✶✶✳ ❙✐♥❝❡ M ′ ✐s ❛ ✢❛t R✲♠♦❞✉❧❡✱ ✇❡ ❤❛✈❡ t❤❡ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

HomR(R/I,N)⊗RM ′ ∼= HomR(R/I,N ⊗RM ′)

❢♦r ❡✈❡r② I ∈ 〈α〉✱ s❡❡ ❬❆❑✶✷✱ Pr♦♣♦s✐t✐♦♥ ✾✳✶✹❪✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠
♦❢ R✲♠♦❞✉❧❡s Γα(N)⊗RM ′ ∼= Γα(N ⊗RM ′) ❢♦r ❡✈❡r② R✲♠♦❞✉❧❡ N ✳ ❖❜s❡r✈❡ ♥♦✇ t❤❛t
✐❢ E ✐s ❛♥ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡✱ t❤❡♥ E ⊗RM ′ ✐s Γα✲❛❝②❝❧✐❝✿ ✐♥ ❢❛❝t✱ ❚❤❡♦r❡♠ ✶✳✶✶ ❣✐✈❡s
t❤❛t H i

α(N) = lim−→
I∈〈α〉

ExtiR(R/I,N) ❢♦r ❡✈❡r② R✲♠♦❞✉❧❡ N ❛♥❞ ❡✈❡r② i✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ❞❡♥♦t✐♥❣ ❜② P∗(L) ❛ ♣r♦❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛♥ R✲♠♦❞✉❧❡ L✱ ✇❡ ❤❛✈❡ t❤❛t

ExtiR(R/I,E ⊗RM ′) = H i(HomR(P∗(R/I), E ⊗RM ′))

∼= H i(HomR(P∗(R/I), E)⊗RM ′)

∼= H i(HomR(P∗(R/I), E))⊗RM ′

= 0

❢♦r ❡✈❡r② I ∈ 〈α〉 ❛♥❞ ❡✈❡r② i > 0✳ ❍❡♥❝❡ H i
α(E ⊗R M ′) = 0 ❢♦r ❡✈❡r② i > 0✳ ❲❡ ❤❛✈❡

t❤✉s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s♦♠♦r♣❤✐s♠s ♦❢ R✲♠♦❞✉❧❡s ❢♦r ❡✈❡r② R✲♠♦❞✉❧❡ M ✱ ❡✈❡r② ❢❛♠✐❧② α
♦❢ R ❛♥❞ ❡✈❡r② i✿

H i
α(M)⊗RM ′ = H i(Γα(E

∗(M)))⊗RM ′

∼= H i(Γα(E
∗(M))⊗RM ′)

∼= H i(Γα(E
∗(M)⊗RM ′))

∼= H i
α(M ⊗RM ′).

❍❡r❡ E∗(N) ✐s ❛♥ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛♥ R✲♠♦❞✉❧❡ N ✳ ❋✐♥❛❧❧②✱ ❈♦r♦❧❧❛r② ✶✳✶✺ s❛②s
t❤❛t t❤❡ R′✲♠♦❞✉❧❡s H i

α(M ⊗R M ′) ❛♥❞ H i
αR′(M ⊗R M ′) ❛r❡ ✐s♦♠♦r♣❤✐❝✳ ❍❡♥❝❡ t❤❡
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✐s♦♠♦r♣❤✐s♠ ♦❢ R′✲♠♦❞✉❧❡s H i
αR′(M⊗RM ′) ∼= H i

α(M)⊗RM ′ ❤♦❧❞s ❢♦r ❡✈❡r② R✲♠♦❞✉❧❡
M ✱ ❡✈❡r② ❢❛♠✐❧② α ♦❢ R ❛♥❞ ❡✈❡r② i✳

❆s ✐♥ t❤❡ ✉s✉❛❧ t❡r♠✐♥♦❧♦❣② ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② t❤❡♦r② ❛♥❞ ✐ts ❝✉rr❡♥t ❡①t❡♥s✐♦♥s✱

❛♥ R✲♠♦❞✉❧❡ M ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ (ϕ, ψ)✲t♦rs✐♦♥ ✇❤❡♥ Γϕ,ψ(M) = M ✭❡q✉✐✈❛❧❡♥t❧②✱ ✇❤❡♥

Supp(M) ⊆ W̃ (〈ϕ〉, ψ)✮✳ ❋r♦♠ ❞❡✜♥✐t✐♦♥✱ ✇❡ ♦❜s❡r✈❡ t❤❛t Γϕ,ψ(M) ✐s (ϕ, ψ)✲t♦rs✐♦♥ ❢♦r

❡✈❡r② R✲♠♦❞✉❧❡ M ❛♥❞ ❡✈❡r② ♣❛✐r ♦❢ ❢❛♠✐❧✐❡s✱ ϕ ❛♥❞ ψ✱ ♦❢ R✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡

s❛② t❤❛t M ✐s (ϕ, ψ)✲t♦rs✐♦♥✲❢r❡❡ ✇❤❡♥ Γϕ,ψ(M) = 0✳ ■❢ I1, . . . , Is ❛r❡ ✐❞❡❛❧s ♦❢ R✱ ✇❡

s❛② t❤❛t M ✐s (I1, . . . , Is)✲t♦rs✐♦♥ ✇❤❡♥ ✐t ✐s (W̃ (I1), W̃ (I2, . . . , Is))✲t♦rs✐♦♥✳ ❙✐♠✐❧❛r❧②✱

M ✐s (I1, . . . , Is)✲t♦rs✐♦♥✲❢r❡❡ ✇❤❡♥ ✐t ✐s (W̃ (I1), W̃ (I2, . . . , Is))✲t♦rs✐♦♥✲❢r❡❡✳

❘❡♠❛r❦ ✶✳✶✾✳ ■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡ t❤❛t (0) ∈ W̃ (ϕ, ψ) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ψ ⊆ ϕ✳ ❚❤✉s
❡✈❡r② R✲♠♦❞✉❧❡ ✇✐❧❧ ❜❡ (ϕ, ψ)✲t♦rs✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ψ ⊆ 〈ϕ〉 ♣r♦✈✐❞❡❞ R ✐s ◆♦❡t❤❡r✐❛♥✳

❊①❛♠♣❧❡ ✶✳✷✵✳ ❲❡ ❧✐st ♥♦✇ t✇♦ ✐♠♣♦rt❛♥t ❡①❛♠♣❧❡s ❢♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ✇♦r❦✿

✭✐✮ ■❢ p ∈ SpecR✱ t❤❡♥ R/p ✐s (ϕ, ψ)✲t♦rs✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ p ∈ W̃ (〈ϕ〉, ψ)✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ R/p ✐s (ϕ, ψ)✲t♦rs✐♦♥✲❢r❡❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ p /∈ W̃ (〈ϕ〉, ψ)✳

✭✐✐✮ ▲❡t N ❜❡ ❛♥ ❡ss❡♥t✐❛❧ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ R✲♠♦❞✉❧❡M ✳ ❚❤❡♥ Γϕ,ψ(N) ✐s ❛♥ ❡ss❡♥t✐❛❧
❡①t❡♥s✐♦♥ ♦❢ Γϕ,ψ(M)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥ R✲♠♦❞✉❧❡ M ✐s (ϕ, ψ)✲t♦rs✐♦♥✲❢r❡❡ ✐❢ ❛♥❞
♦♥❧② ✐❢ ✐ts ✐♥❥❡❝t✐✈❡ ❤✉❧❧ E(M) ✐s (ϕ, ψ)✲t♦rs✐♦♥✲❢r❡❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✶✳ ▲❡t ϕ ❛♥❞ ψ ❜❡ ❢❛♠✐❧✐❡s ♦❢ R✳

✭✐✮ ▲❡t 0 −→ L −→M −→ N −→ 0 ❜❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ R✲♠♦❞✉❧❡s✳ ❚❤❡♥ M ✐s

(ϕ, ψ)✲t♦rs✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ L ❛♥❞ N ❛r❡ (ϕ, ψ)✲t♦rs✐♦♥✳

✭✐✐✮ ▲❡t s ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ❛♥❞ I1, . . . , Is ❜❡ ✐❞❡❛❧s ♦❢ R✳ ■❢ M ✐s ❛♥ (I1, . . . , Is)✲

t♦rs✐♦♥ R✲♠♦❞✉❧❡✱ t❤❡♥ M ✐s (I1, . . . , Ij)✲t♦rs✐♦♥ ❢♦r ❡✈❡r② ❡✈❡♥ ✐♥t❡❣❡r 2 ≤ j ≤ s✳

■❢ M ✐s ❛♥ (I1, . . . , Is)✲t♦rs✐♦♥✲❢r❡❡ R✲♠♦❞✉❧❡✱ t❤❡♥ M ✐s (I1, . . . , Ij)✲t♦rs✐♦♥✲❢r❡❡

❢♦r ❡✈❡r② ♦❞❞ ✐♥t❡❣❡r 1 ≤ j ≤ s✳

✭✐✐✐✮ ❚❤❡ R✲♠♦❞✉❧❡ H i
ϕ,ψ(M) ✐s (ϕ, ψ)✲t♦rs✐♦♥ ❢♦r ❡✈❡r② i ≥ 0✳

✭✐✈✮ Ass(Γϕ,ψ(M)) = Ass(M) ∩ W̃ (〈ϕ〉, ψ) ❢♦r ❡✈❡r② R✲♠♦❞✉❧❡ M ✳

Pr♦♦❢✳ ■t❡♠ ✭✐✮ ❢♦❧❧♦✇s ❜❡❝❛✉s❡ Supp(M) = Supp(N) ∪ Supp(L)✳
■t❡♠ ✭✐✐✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✐♥❝❧✉s✐♦♥s

W̃ (I1) ⊆ W̃ (I1, I2, I3) ⊆ · · · ⊆ W̃ (I1, I2, I3, I4) ⊆ W̃ (I1, I2).

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✐✐✐✮✱ ✇❡ ♦❜s❡r✈❡ t❤❛t H i
ϕ,ψ(M) ✐s ❛ s✉❜✲q✉♦t✐❡♥t ♦❢ ❛ (ϕ, ψ)✲

t♦rs✐♦♥ ♠♦❞✉❧❡ ❢♦r ❡✈❡r② i✱ t❤✉s ✇❡ ❤❛✈❡ ❜② ✭✐✮ t❤❛t H i
ϕ,ψ(M) ✐s (ϕ, ψ)✲t♦rs✐♦♥ ❢♦r ❡✈❡r②

i✳
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❲❡ ♥♦✇ ♣r♦✈❡ ✭✐✈✮✿ ❝♦♥s✐❞❡r p ∈ Ass(Γϕ,ψ(M))✳ ❚❤❡♥ p = Ann(x) ❢♦r s♦♠❡
x ∈ Γϕ,ψ(M) ❛♥❞ V (p) = Supp(Rx) ⊆ W̃ (〈ϕ〉, ψ)✱ ✇❤❡♥❝❡ p ∈ Ass(M) ∩ W̃ (〈ϕ〉, ψ)✳
❋♦r t❤❡ ❝♦♥✈❡rs❡✱ ❝♦♥s✐❞❡r p ∈ Ass(M) ∩ W̃ (〈ϕ〉, ψ)✳ ❚❤❡♥ p = Ann(x) ❢♦r s♦♠❡
x ∈ M ❛♥❞ p ∈ W̃ (〈ϕ〉, ψ)✳ ❍❡♥❝❡ Supp(Rx) ⊆ W̃ (〈ϕ〉, ψ) ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
x ∈ Γϕ,ψ(M)✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✷✳ ■❢ ϕ ❛♥❞ ψ ❛r❡ ❢❛♠✐❧✐❡s ♦❢ ❛ ◆♦❡t❤❡r✐❛♥ r✐♥❣ R ❛♥❞ M ✐s ❛ (ϕ, ψ)✲

t♦rs✐♦♥ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✱ t❤❡♥ M ✐s I✲t♦rs✐♦♥ ❢♦r s♦♠❡ ✐❞❡❛❧ I ∈ W̃ (〈ϕ〉, ψ)✳

Pr♦♦❢✳ ■❢ {x1, . . . , xn} ❣❡♥❡r❛t❡s M ✱ t❤❡♥ Ann(M) = Ann(x1) ∩ · · · ∩ Ann(xn)✳ ❙✐♥❝❡
M ✐s (ϕ, ψ)✲t♦rs✐♦♥✱ ✇❡ ❤❛✈❡ t❤❛t Ann(xi) = Ii ∈ W̃ (〈ϕ〉, ψ) ❢♦r ❡✈❡r② i✳ ❙❡t

I = I1 · · · In ∈ W̃ (〈ϕ〉, ψ).

❚❤❡♥ Ann(x) ⊇ Ann(M) ⊇ I ❢♦r ❡✈❡r② x ∈M ✱ ✇❤❡♥❝❡ x ∈ ΓI(M)✳

❈♦r♦❧❧❛r② ✶✳✷✸✳ ■❢ α ✐s ❛ ❢❛♠✐❧② ♦❢ t❤❡ ◆♦❡t❤❡r✐❛♥ r✐♥❣ R ❛♥❞ M ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

R✲♠♦❞✉❧❡✱ t❤❡♥ t❤❡r❡ ❡①✐sts I ∈ 〈α〉 s✉❝❤ t❤❛t Γα(M) = ΓI(M)✳ ■❢ α ✐s ❝♦✜♥❛❧ t♦ ❛

❣♦♦❞ ❢❛♠✐❧②✱ ✇❡ ❝❛♥ t❛❦❡ I ∈ α✳

Pr♦♦❢✳ ❙✐♥❝❡ Γα(M) ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ α✲t♦rs✐♦♥ R✲♠♦❞✉❧❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✷
t❤❡r❡ ❡①✐sts I ∈ W̃ (〈α〉, {(0)}) = 〈α〉 s✉❝❤ t❤❛t ΓI(Γα(M)) = Γα(M)✳ ❇② ❉❡✜♥✐t✐♦♥ ✶✳✻
❛♥❞ ❜② ▲❡♠♠❛ ✶✳✺✱ ✭✐✈✮✱ ΓI(Γα(M)) = ΓW̃ (I)∩〈α〉(M) ❛♥❞✱ s✐♥❝❡ W̃ (I) ⊆ 〈α〉✱ ✇❡
❝♦♥❝❧✉❞❡ t❤❡ st❛t❡♠❡♥t✳ ◆♦✇ ✐❢ α ✐s ❝♦✜♥❛❧ t♦ 〈α〉✱ t❤❡♥ t❤❡r❡ ❡①✐sts J ∈ α s✉❝❤ t❤❛t
J ⊆ I✳ ❍❡♥❝❡ ΓI(M) ⊆ ΓJ(M) ⊆ Γα(M) = ΓI(M)✳

■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t t♦rs✐♦♥ ❢✉♥❝t♦rs Γϕ,ψ(−) ❝♦♠♠✉t❡ ✇✐t❤ ❢♦r✲

♠❛t✐♦♥ ♦❢ ❛r❜✐tr❛r② ❞✐r❡❝t s✉♠s✳ ❍❡♥❝❡ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❢✉♥❝t♦rs ✇✐t❤ r❡s♣❡❝t t♦ ❛♥②

♣❛✐r ♦❢ ❢❛♠✐❧✐❡s ❝♦♠♠✉t❡ ✇✐t❤ ❢♦r♠❛t✐♦♥ ♦❢ ❛r❜✐tr❛r② ❞✐r❡❝t s✉♠s✳ ▼♦r❡♦✈❡r✱ ✇❡ s❤❛❧❧

♦❜s❡r✈❡ t❤❛t ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❢✉♥❝t♦rs ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♣❛✐r ♦❢ ❢❛♠✐❧✐❡s ❝♦♠♠✉t❡ ✇✐t❤

✐♥❞✉❝t✐✈❡ ❧✐♠✐ts ✐♥ t❤❡ ◆♦❡t❤❡r✐❛♥ ❝❛s❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✹✳ ■❢ R ✐s ❛ ◆♦❡t❤❡r✐❛♥ r✐♥❣ ❛♥❞ {Mλ, fµλ}λ∈Λ ✐s ❛♥ ✐♥❞✉❝t✐✈❡ s②st❡♠

♦❢ R✲♠♦❞✉❧❡s✱ t❤❡♥ H i
ϕ,ψ

(

lim−→
λ∈Λ

Mλ

)

∼= lim−→
λ∈Λ

H i
ϕ,ψ(Mλ)✳

✶✻



Pr♦♦❢✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s♦♠♦r♣❤✐s♠s✿

H i
ϕ,ψ

(

lim−→
λ∈Λ

Mλ

)

∼= lim−→
I∈W̃ (〈ϕ〉,ψ)

H i
I

(

lim−→
λ∈Λ

Mλ

)

✭❚❤❡♦r❡♠ ✶✳✶✶✮

∼= lim−→
I∈W̃ (〈ϕ〉,ψ)

(

lim−→
λ∈Λ

H i
I(Mλ)

)

✭❬❇❙✾✽✱ ❚❤❡♦r❡♠ ✸✳✹✳✶✵❪✮

∼= lim−→
λ∈Λ



 lim−→
I∈W̃ (〈ϕ〉,ψ)

H i
I(Mλ)





∼= lim−→
λ∈Λ

H i
ϕ,ψ(Mλ) ✭❚❤❡♦r❡♠ ✶✳✶✶✮.

❚❤✐s s❡❝t✐♦♥ ❡♥❞s ✇✐t❤ ❛ ❞✐s❝✉ss✐♦♥ ❛❜♦✉t t♦rs✐♦♥ ❛♥❞ t♦rs✐♦♥✲❢r❡❡ ♠♦❞✉❧❡s ❛♥❞

❡st❛❜❧✐s❤❡s t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② t❤❡♦r② r❡❧❛t❡❞ t♦ t❤❡s❡ ❢❡❛t✉r❡s✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✺✳ ▲❡t ϕ ❛♥❞ ψ ❜❡ ❢❛♠✐❧✐❡s ♦❢ ❛ ◆♦❡t❤❡r✐❛♥ r✐♥❣ R ❛♥❞ M ❜❡ ❛♥

R✲♠♦❞✉❧❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ M ✐s ❛ (ϕ, ψ)✲t♦rs✐♦♥ R✲♠♦❞✉❧❡✳

✭✐✐✮ Ass(M) ⊆ W̃ (〈ϕ〉, ψ)✳

Pr♦♦❢✳ ❙✐♥❝❡ Ass(M) ⊆ Supp(M)✱ t❤❡ ✐♠♣❧✐❝❛t✐♦♥ ✭✐✮⇒✭✐✐✮ ✐s ❝❧❡❛r✳ ◆♦✇ R ✐s ◆♦❡t❤❡✲
r✐❛♥✱ ✇❤❡♥❝❡ Supp(M) =

⋃

p∈Ass(M)

V (p)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ W̃ (〈ϕ〉, ψ) ✐s ❛ ❣♦♦❞ ❢❛♠✐❧②✳

❍❡♥❝❡ ✭✐✐✮⇒✭✐✮✳

❆s ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡s✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts✳

❈♦r♦❧❧❛r② ✶✳✷✻✳ ▲❡t ϕ ❛♥❞ ψ ❜❡ ❢❛♠✐❧✐❡s ♦❢ ❛ ◆♦❡t❤❡r✐❛♥ r✐♥❣ R ❛♥❞ M ❜❡ ❛♥ R✲

♠♦❞✉❧❡✳

✭✐✮ M ✐s (ϕ, ψ)✲t♦rs✐♦♥✲❢r❡❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ Ass(M) ∩ W̃ (〈ϕ〉, ψ) = ∅✳

✭✐✐✮ M ✐s (ϕ, ψ)✲t♦rs✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ✐♥❥❡❝t✐✈❡ ❤✉❧❧ E(M) ✐s (ϕ, ψ)✲t♦rs✐♦♥✳

✭✐✐✐✮ ■❢ M ✐s (ϕ, ψ)✲t♦rs✐♦♥✱ t❤❡♥ ❡✈❡r② t❡r♠ ♦❢ ❛♥② ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ M

✐s (ϕ, ψ)✲t♦rs✐♦♥✳

✭✐✈✮ ❚❤❡ R✲♠♦❞✉❧❡ ER (R/p) ✐s (ϕ, ψ)✲t♦rs✐♦♥ ✇❤❡♥ p ∈ W̃ (〈ϕ〉, ψ)✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ✐t ✐s (ϕ, ψ)✲t♦rs✐♦♥✲❢r❡❡ ✇❤❡♥ p /∈ W̃ (〈ϕ〉, ψ)✳

✶✼



Pr♦♦❢✳ ◆♦t❡ t❤❛t ✭✐✮ ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳✷✶✱ ✭✐✈✮✳ ■t❡♠ ✭✐✐✮ ❢♦❧❧♦✇s ❜❡❝❛✉s❡
Ass(E(M)) = Ass(M) ❛♥❞ ✭✐✈✮ ❢♦❧❧♦✇s ❜❡❝❛✉s❡ AssR (ER (R/p)) = Ass (R/p) = {p}
❢♦r ❡✈❡r② p ∈ SpecR✳

❲❡ ♥♦✇ ♣r♦✈❡ ✭✐✐✐✮✿ ✐❢ (E∗(M), d∗) ✐s ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ M ✱ ✇❡ ❣❡t
t❤❛t E0(M) = E(M) ❛♥❞ Ei(M) = E(im di−1) ❢♦r i ≥ 1✳ ❙✐♥❝❡ ❤♦♠♦♠♦r♣❤✐❝ ✐♠❛❣❡s ♦❢
(ϕ, ψ)✲t♦rs✐♦♥ ♠♦❞✉❧❡s ❛r❡ (ϕ, ψ)✲t♦rs✐♦♥ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✶✱ ✭✐✮✱ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s
✐♥ ❛♥ ✐♥❞✉❝t✐✈❡ ✇❛②✳

❈♦r♦❧❧❛r② ✶✳✷✼✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❛ ◆♦❡t❤❡r✐❛♥ r✐♥❣ R ❛♥❞M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

R✲♠♦❞✉❧❡✳ ❚❤❡♥

✭✐✮ M ✐s α✲t♦rs✐♦♥✲❢r❡❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❡✈❡r② I ∈ α ❝♦♥t❛✐♥s ❛♥ M✲r❡❣✉❧❛r ❡❧❡♠❡♥t✳

✭✐✐✮ ❚❤❡ R✲♠♦❞✉❧❡s R/p ❛♥❞ ER (R/p) ❛r❡ α✲t♦rs✐♦♥ ✇❤❡♥ I ⊆ p ❢♦r s♦♠❡ I ∈ α✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡② ❛r❡ α✲t♦rs✐♦♥✲❢r❡❡ ✇❤❡♥ I * p ❢♦r ❡✈❡r② I ∈ α✳

❋r♦♠ ❈♦r♦❧❧❛r② ✶✳✷✻✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✶✳✷✽✳ ▲❡t ϕ ❛♥❞ ψ ❜❡ ❢❛♠✐❧✐❡s ♦❢ ❛ ◆♦❡t❤❡r✐❛♥ r✐♥❣ R ❛♥❞ M ❜❡ ❛♥

R✲♠♦❞✉❧❡✳

✭✐✮ ■❢ M ✐s ❛ (ϕ, ψ)✲t♦rs✐♦♥ ♠♦❞✉❧❡✱ t❤❡♥ H i
ϕ,ψ(M) = 0 ❢♦r ❡✈❡r② i > 0 ✭✐✳❡✳✱ ❡✈❡r②

(ϕ, ψ)✲t♦rs✐♦♥ R✲♠♦❞✉❧❡ ✐s Γϕ,ψ✲❛❝②❝❧✐❝✮✳

✭✐✐✮ ❚❤❡ R✲♠♦❞✉❧❡ M/Γϕ,ψ(M) ✐s (ϕ, ψ)✲t♦rs✐♦♥✲❢r❡❡ ❛♥❞

H i
ϕ,ψ(M) ∼= H i

ϕ,ψ (M/Γϕ,ψ(M))

❢♦r ❡✈❡r② i > 0✳

Pr♦♦❢✳ ◆♦t❡ t❤❛t ✭✐✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❈♦r♦❧❧❛r② ✶✳✷✻✱ ✭✐✐✐✮✳ ❋♦r ✭✐✐✮✱ ❝♦♥s✐❞❡r t❤❡
s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ 0 → Γϕ,ψ(M) → M → M/Γϕ,ψ(M) → 0✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❧♦♥❣
❡①❛❝t s❡q✉❡♥❝❡ 0 → Γϕ,ψ(M) → Γϕ,ψ(M) → Γϕ,ψ (M/Γϕ,ψ(M)) → H1

ϕ,ψ(Γϕ,ψ(M)) →
H1
ϕ,ψ(M) → H1

ϕ,ψ (M/Γϕ,ψ(M)) → · · · ✱ ❜❡✐♥❣ t❤❡ ✜rst ♥♦♥✲tr✐✈✐❛❧ ❛rr♦✇ ❛♥ ✐s♦♠♦r✲
♣❤✐s♠✳ ❆❧s♦✱ ❛s H i

ϕ,ψ(Γϕ,ψ(M)) = 0 ❢♦r ❡✈❡r② i > 0 ❜② t❤❡ ♣r❡✈✐♦✉s ✐t❡♠✱ t❤❡ r❡s✉❧t
❢♦❧❧♦✇s✳

❲❡ ✇✐❧❧ s❤♦✇ ❧❛t❡r t❤❛t t❤❡ ❝❧❛ss ♦❢ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ Γα✲❛❝②❝❧✐❝ ♠♦❞✉❧❡s ❛❝t✉❛❧❧②

❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝❧❛ss ♦❢ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ α✲t♦rs✐♦♥ ♠♦❞✉❧❡s✳

❈♦r♦❧❧❛r② ✶✳✷✾✳ ▲❡t ϕ ❛♥❞ ψ ❜❡ ❢❛♠✐❧✐❡s ♦❢ R ❛♥❞ M ❜❡ ❛♥ R✲♠♦❞✉❧❡✳ ■❢ M ✐s (ϕ, ψ)✲

t♦rs✐♦♥✱ t❤❡♥ M/JM ✐s ϕ✲t♦rs✐♦♥ ✭✐✳❡✳✱ M/JM ✐s (ϕ, {(0)})✲t♦rs✐♦♥✮ ❢♦r ❡✈❡r② J ∈ ψ✳
❚❤❡ ❝♦♥✈❡rs❡ ❤♦❧❞s ✇❤❡♥ R ✐s ◆♦❡t❤❡r✐❛♥ ❛♥❞ M ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ M ✐s (I1, . . . , Is)✲t♦rs✐♦♥✱ t❤❡♥ M/JM ✐s I1✲t♦rs✐♦♥ ❢♦r ❡✈❡r②

✐❞❡❛❧ J ∈ W̃ (I2, . . . , Ij)✱ ✇❤❡r❡ 2 ≤ j ≤ s ✐s ❛♥② ❡✈❡♥ ✐♥t❡❣❡r ♦r j = s✳ ❈♦♥✈❡rs❡❧②✱

✶✽



✐❢ R ✐s ◆♦❡t❤❡r✐❛♥✱ M ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛♥❞ M/JM ✐s I1✲t♦rs✐♦♥ ❢♦r ❡✈❡r② ✐❞❡❛❧

J ∈ W̃ (I2, . . . , Is)✱ t❤❡♥ M ✐s (I1, . . . , Ij)✲t♦rs✐♦♥ ❢♦r ❡✈❡r② ❡✈❡♥ ✐♥t❡❣❡r 2 ≤ j ≤ s ❛♥❞

❢♦r j = s✳

Pr♦♦❢✳ ■❢ M ✐s (ϕ, ψ)✲t♦rs✐♦♥✱ t❤❡♥ Supp(M) ⊆ W̃ (〈ϕ〉, ψ)✳ ❋♦r ❡✈❡r② J ∈ ψ ✐t ❛❧s♦
❤♦❧❞s t❤❛t V (J) ⊆ 〈ψ〉✱ t❤✉s

Supp (M/JM) ⊆ W̃ (〈ϕ〉, ψ) ∩ 〈ψ〉 = W̃ (〈ϕ〉, 〈ψ〉) ∩ 〈ψ〉 ⊆ 〈ϕ〉 = W̃ (〈ϕ〉, {(0)}).

❍❡♥❝❡ M/JM ✐s ϕ✲t♦rs✐♦♥ ❢♦r ❡✈❡r② J ∈ ψ✳
❋♦r t❤❡ ❝♦♥✈❡rs❡✱ ❧❡t ✉s s✉♣♣♦s❡ t❤❛t R ✐s ◆♦❡t❤❡r✐❛♥ ❛♥❞ M ✐s ❛ ✜♥✐t❡❧② ❣❡♥✲

❡r❛t❡❞ R✲♠♦❞✉❧❡ s✉❝❤ t❤❛t M/JM ✐s ϕ✲t♦rs✐♦♥ ❢♦r ❡✈❡r② J ∈ ψ✳ ❲❡ ❤❛✈❡ t❤❛t
V (J + Ann(M)) ⊆ 〈ϕ〉 ✇❤❡♥ J ∈ ψ ❛♥❞ J + Ann(x) ∈ 〈ϕ〉 ❢♦r ❡✈❡r② x ∈ M ✱ ✇❤❡♥❝❡
Ann(x) ∈ W̃ (〈ϕ〉, ψ) ❛♥❞ M = Γϕ,ψ(M)✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✵✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❛ ◆♦❡t❤❡r✐❛♥ r✐♥❣ R ❛♥❞ M ❜❡ ❛♥ R✲♠♦❞✉❧❡✳

❚❤❡♥ Ass(M) = Ass(Γα(M)) ∪ Ass(M/Γα(M))✱ ❜❡✐♥❣ t❤❡ r✐❣❤t t❡r♠ ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥✳

Pr♦♦❢✳ ❋r♦♠ ❈♦r♦❧❧❛r② ✶✳✷✻✱ ✭✐✮✱ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳✷✽✱ ✭✐✐✮✱ ✇❡ ❣❡t t❤❛t

Ass(Γα(M)) ∩ Ass(M/Γα(M)) = ∅.

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ 0→ Γα(E(M))→ E(M)→ E(M)/Γα(E(M))→ 0✳
❇② ❚❤❡♦r❡♠ ✶✳✶✶ ✇❡ ❤❛✈❡ t❤❛t Γα(E(M)) ✐s ❛♥ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡✱ t❤✉s t❤❡ s❡q✉❡♥❝❡
s♣❧✐ts ❛♥❞ Ass(E(M)) = Ass(Γα(E(M))) ∪ Ass(E(M)/Γα(E(M)))✳ ❲❡ ❤❛✈❡ ❛❧s♦ ❛
♥❛t✉r❛❧ ♠♦♥♦♠♦r♣❤✐s♠ M/Γα(M)→ E(M)/Γα(E(M)) ❛♥❞ t❤✐s ❧❡❛❞s t♦

Ass(M/Γα(M)) ⊆ Ass(E(M)/Γα(E(M))) ⊆ Ass(E(M)) = Ass(M)

✇❤✐❝❤ ❝♦♥❝❧✉❞❡s t❤❡ st❛t❡♠❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✶✳ ▲❡t ϕ ❛♥❞ ψ ❜❡ ❢❛♠✐❧✐❡s ♦❢ R ❛♥❞ M ❜❡ ❛♥ R✲♠♦❞✉❧❡ ✇❤✐❝❤ ✐s

J✲t♦rs✐♦♥ ❢♦r s♦♠❡ J ∈ 〈ψ〉✳ ❚❤❡♥ Γϕ(M) = Γϕ,ψ(M)✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥ R ✐s ◆♦❡t❤❡r✐❛♥✱

t❤❡♥ H i
ϕ(M) = H i

ϕ,ψ(M) ❢♦r ❡✈❡r② i✳

Pr♦♦❢✳ ◆♦t❡ t❤❛t Γϕ(M) ⊆ Γϕ,ψ(M) ❜❡❝❛✉s❡ W̃ (〈ϕ〉, {(0)}) = 〈ϕ〉 ⊆ W̃ (〈ϕ〉, ψ) ❜②
▲❡♠♠❛ ✶✳✺✱ ✭✈✐✮ ❛♥❞ ✭✈✐✐✮✳ ❙✐♥❝❡ M ✐s J✲t♦rs✐♦♥✱ ✇❡ ❤❛✈❡ ❢♦r ❡✈❡r② x ∈ M t❤❛t
V (Ann(x)) ⊆ V (J) ⊆ 〈ψ〉✳ ❈♦♥s✐❞❡r ♥♦✇ ❛♥ ❡❧❡♠❡♥t x ∈ Γϕ,ψ(M)✳ ■t ❢♦❧❧♦✇s t❤❛t
V (Ann(x)) ⊆ W̃ (〈ϕ〉, ψ) ∩ 〈ψ〉 ⊆ 〈ϕ〉 ❛♥❞ x ∈ Γϕ(M)✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t R ✐s ◆♦❡t❤❡r✐❛♥✳ ■❢M ✐s J✲t♦rs✐♦♥✱ t❤❡♥ Ei(M) ✐s ❛❧s♦ J✲t♦rs✐♦♥
❢♦r ❡✈❡r② ✐♥❥❡❝t✐✈❡ Ei(M) ✐♥ ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢M ❜② ❈♦r♦❧❧❛r② ✶✳✷✻✱ ✭✐✐✐✮✳
❲❡ ❝♦♥❝❧✉❞❡ t❤❛t Γϕ(Ei(M)) = Γϕ,ψ(E

i(M)) ❛♥❞ H i
ϕ(M) = H i

ϕ,ψ(M) ❢♦r ❡✈❡r② i✳

❈♦r♦❧❧❛r② ✶✳✸✷✳ ▲❡t s ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✱ M ❜❡ ❛♥ R✲♠♦❞✉❧❡ ❛♥❞ I1, . . . , Is ❜❡ ✐❞❡❛❧s

♦❢ R✳ ■❢ M ✐s J✲t♦rs✐♦♥ ❢♦r s♦♠❡ J ∈ W̃ (I2, . . . , Ij)✱ ✇❤❡r❡ 2 ≤ j ≤ s ✐s ❛♥ ❡✈❡♥

✐♥t❡❣❡r ♦r j = s✱ t❤❡♥ ΓI1,...,Is(M) = ΓI1(M)✳ ■❢ ✐♥ ❛❞❞✐t✐♦♥ R ✐s ◆♦❡t❤❡r✐❛♥✱ t❤❡♥

H i
I1,...,Is

(M) = H i
I1
(M) ❢♦r ❡✈❡r② i✳

✶✾



■❢ a ❛♥❞ b ❛r❡ ✐❞❡❛❧s ♦❢ t❤❡ ◆♦❡t❤❡r✐❛♥ r✐♥❣ R ❛♥❞ E ✐s ❛♥ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡✱

t❤❡♥ ❛s s❡❡♥ ✐♥ ❬❇❙✾✽✱ ♣✳ ✺✸❪✱ t❤❡ s❡q✉❡♥❝❡

0 −→ Γa+b(E) −→ Γa(E)⊕ Γb(E) −→ Γa∩b(E) −→ 0 ✭✶✳✷✮

✐s ❡①❛❝t✳ ❚❤✐s r❡s✉❧t ❝❛♥ ❜❡ ❡❛s✐❧② ❡①t❡♥❞❡❞✳

Pr♦♣♦s✐t✐♦♥ ✶✳✸✸ ✭▼❛②❡r✲❱✐❡t♦r✐s ❙❡q✉❡♥❝❡✮✳ ❋♦r ❡✈❡r② ♣❛✐r ♦❢ ❢❛♠✐❧✐❡s✱ α ❛♥❞ β✱

♦❢ ❛ ◆♦❡t❤❡r✐❛♥ r✐♥❣ R ❛♥❞ ❡✈❡r② R✲♠♦❞✉❧❡ M ✱ t❤❡r❡ ❡①✐sts ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ 0 →
Γ〈α〉∩〈β〉(M) → Γα(M) ⊕ Γβ(M) → Γα∪β(M) → H1

〈α〉∩〈β〉(M) → H1
α(M) ⊕ H1

β(M) →
H1
α∪β(M)→ H2

〈α〉∩〈β〉(M)→ · · · ✳

Pr♦♦❢✳ ■t s✉✣❝❡s t♦ s❤♦✇ t❤❛t ✐❢ E ✐s ❛♥ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡✱ t❤❡♥ t❤❡ s❡q✉❡♥❝❡ ♦❢ R✲
♠♦❞✉❧❡s 0 −→ Γ〈α〉∩〈β〉(E) −→ Γα(E)⊕ Γβ(E) −→ Γα∪β(E) −→ 0 ✐s ❡①❛❝t✳ ❊①❛❝t♥❡ss
❛t Γ〈α〉∩〈β〉(E) ❛♥❞ Γα(E) ⊕ Γβ(E) ✐s ❝❧❡❛r✳ ◆♦✇ ✐❢ x ∈ Γα∪β(E)✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❛t
Ann(x) ⊇ I1 · · · IrJ1 · · · Js ❢♦r s♦♠❡ Ii ∈ α ❛♥❞ Jj ∈ β✳ ❚❤❡♥ x ∈ ΓIJ(E) = ΓI∩J(E)✱
✇❤❡r❡ I = I1 · · · Ir ∈ 〈α〉 ❛♥❞ J = J1 · · · Js ∈ 〈β〉 ❛♥❞ ❡①✐st x1 ∈ ΓI(E) ⊆ Γα(E) ❛♥❞
x2 ∈ ΓJ(E) ⊆ Γβ(E) s✉❝❤ t❤❛t x1 − x2 = x ❜② ❊q✉❛t✐♦♥ ✭✶✳✷✮✳

✶✳✷ ❱❛♥✐s❤✐♥❣ ❛♥❞ ♥♦♥✲✈❛♥✐s❤✐♥❣

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡st❛❜❧✐s❤ ❣❡♥❡r❛❧✐s❡❞ ✈❡rs✐♦♥s ♦❢ t❤❡ ❝❧❛ss✐❝ ✈❛♥✐s❤✐♥❣ ❛♥❞ ♥♦♥✲

✈❛♥✐s❤✐♥❣ t❤❡♦r❡♠s ❢r♦♠ ✉s✉❛❧ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② t❤❡♦r②✳

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t R ✐s ◆♦❡t❤❡r✐❛♥✳ ❊✈❡r② t✐♠❡ E =
⊕

p∈Λ

E (R/p)✱

✇❤❡r❡ Λ ✐s ❛ ❢❛♠✐❧② ♦❢ ♣r✐♠❡ ✐❞❡❛❧s✱ ✇❡ ❣❡t t❤❛t Γϕ,ψ(E) =
⊕

p∈Λ∩W̃ (〈ϕ〉,ψ)

E (R/p) ❢♦r ❡✈❡r②

♣❛✐r ♦❢ ❢❛♠✐❧✐❡s✱ ϕ ❛♥❞ ψ✱ ♦❢ R ❜② ❈♦r♦❧❧❛r② ✶✳✷✻✱ ✭✐✈✮✳

❋♦r ❡✈❡r② R✲♠♦❞✉❧❡ M ✱ ❡✈❡r② ♣r✐♠❡ ✐❞❡❛❧ p ❛♥❞ ❡✈❡r② ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r i✱ ✇❡

r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ i✲t❤ ❇❛ss ♥✉♠❜❡r µi(p,M) ♦❢ M ✇✐t❤ r❡s♣❡❝t t♦ p ❛s t❤❡

❝❛r❞✐♥❛❧✐t② ♦❢ t❤❡ s❡t {λ ∈ Λ : pλ = p} ♦❢ ✐♥❞✐❝❡s ♦❢ ♣r✐♠❡ ✐❞❡❛❧s ♦❢ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥

Ei(M) =
⊕

λ∈Λ

E (R/pλ) ♦❢ t❤❡ i✲t❤ t❡r♠ ✐♥ ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ M ✳ ■t ✐s

✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ♥✉♠❜❡r µi(p,M) ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛❧s♦ ❜② t❤❡ ❢♦r♠✉❧❛

µi(p,M) = dimκ(p) Ext
i
Rp
(κ(p),Mp),

✇❤❡r❡ κ(p) = Rp/pRp ✐s t❤❡ r❡s✐❞✉❡ ✜❡❧❞ ♦❢ t❤❡ ❧♦❝❛❧ r✐♥❣ Rp✳

◆❡①t ✇❡ ✇r✐t❡ ❡①t❡♥s✐♦♥s ♦❢ s♦♠❡ r❡s✉❧ts ♦❢ ❬❚❨❨✵✾❪✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐s❡s

t❤❡ ❞❡♣t❤ ✐♥ t❡r♠s ♦❢ t❤❡ ♥♦♥✲✈❛♥✐s❤✐♥❣ ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✳

✷✵



Pr♦♣♦s✐t✐♦♥ ✶✳✸✹✳ ■❢ ϕ ❛♥❞ ψ ❛r❡ ❢❛♠✐❧✐❡s ♦❢ R ❛♥❞ M ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲

♠♦❞✉❧❡✱ t❤❡♥ inf
{

i : H i
ϕ,ψ(M) 6= 0

}

= inf
{

depthRp
(Mp) : p ∈ W̃ (〈ϕ〉, ψ) ∩ SpecR

}

✳

Pr♦♦❢✳ ❲❡ s❡t n = inf
{

depthRp
(Mp) : p ∈ W̃ (〈ϕ〉, ψ) ∩ SpecR

}

❛♥❞ ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝✲

t✐✈❡ r❡s♦❧✉t✐♦♥ (E∗(M), d∗) ♦❢ M ✳ ■❢ p ∈ W̃ (〈ϕ〉, ψ) ∩ SpecR✱ t❤❡♥

n ≤ depthRp
(Mp) = inf

{

i : µi(p,M) 6= 0
}

.

❍❡♥❝❡ ✇❡ ❤❛✈❡ t❤❛t Γϕ,ψ(E
i(M)) =

⊕

p∈W̃ (〈ϕ〉,ψ)∩SpecR

E (R/p)µ
i(p,M) = 0 ❢♦r i < n ❛♥❞

Γϕ,ψ(E
n(M)) 6= 0✳ ■t ❢♦❧❧♦✇s t❤❛t H i

ϕ,ψ(M) = 0 ❢♦r i < n ❛♥❞

Hn
ϕ,ψ(M) = ker Γϕ,ψ(d

n) = Γϕ,ψ(E
n(M)) ∩ ker dn 6= 0

❜❡❝❛✉s❡ Ei(M) ✐s ❛♥ ❡ss❡♥t✐❛❧ ❡①t❡♥s✐♦♥ ♦❢ ker di ❢♦r ❡❛❝❤ i✳

❈♦r♦❧❧❛r② ✶✳✸✺✳ ■❢ α ✐s ❛ ❢❛♠✐❧② ♦❢ R ❛♥❞ M ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✱ t❤❡♥

inf
{

i : H i
α(M) 6= 0

}

= inf
I∈α

grade(I,M)✳

❲❡ ❛❧s♦ ✇r✐t❡ ❛ ❝♦♥✈❡rs❡ ❢♦r Pr♦♣♦s✐t✐♦♥ ✶✳✷✽✱ ✭✐✮✳

❈♦r♦❧❧❛r② ✶✳✸✻✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✱ ϕ ❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧②

❛♥❞ ψ ❜❡ ❛♥② ❢❛♠✐❧② ♦❢ R✳ ❚❤❡♥✱ ❡✈❡r② t✐♠❡ H i
ϕ,ψ(M) = 0 ❢♦r ❡✈❡r② i > 0✱ ✇❡ ❤❛✈❡

t❤❛t M ✐s ❛ (ϕ, ψ)✲t♦rs✐♦♥ R✲♠♦❞✉❧❡✳

Pr♦♦❢✳ ▲❡t ✉s ❛ss✉♠❡ ✜rst t❤❛t R ✐s ❛ ❧♦❝❛❧ r✐♥❣ ✇✐t❤ ♠❛①✐♠❛❧ ✐❞❡❛❧ m✳ ❙❡tt✐♥❣
N = M/Γϕ,ψ(M)✱ ✇❡ ❤❛✈❡ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✽✱ ✭✐✐✮✱ t❤❛t N ✐s (ϕ, ψ)✲t♦rs✐♦♥✲❢r❡❡ ❛♥❞
H i
ϕ,ψ(N) ∼= H i

ϕ,ψ(M) = 0 ❢♦r i > 0✳ ❙✐♥❝❡ ϕ ✐s ♥♦♥✲tr✐✈✐❛❧✱ ✇❡ ❤❛✈❡ t❤❛t W̃ (〈ϕ〉, ψ) ✐s
❛❧s♦ ♥♦♥✲tr✐✈✐❛❧ ❜② ▲❡♠♠❛ ✶✳✺✱ ✭✈✐✐✮✱ ❛♥❞ m ∈ W̃ (〈ϕ〉, ψ)✱ ✇❤❡♥❝❡

inf
{

depthRp
(Np) : p ∈ W̃ (〈ϕ〉, ψ) ∩ SpecR

}

≤ depth(N).

■❢ N 6= 0✱ t❤❡♥ H i
ϕ,ψ(N) 6= 0 ❢♦r s♦♠❡ 0 ≤ i ≤ depth(N)✱ ✇❤✐❝❤ ✐s ❛❜s✉r❞✳ ❍❡♥❝❡

Γϕ,ψ(M) =M ✳
■❢ R ✐s ❛♥② r✐♥❣✱ t❤❡♥ H i

W̃ (〈ϕ〉,ψ)Rp

(Mp) = 0 ❢♦r ❡✈❡r② i ≥ 1 ❛♥❞ ❡✈❡r② p ∈ SpecR

❜② ▲❡♠♠❛ ✶✳✶✽✳ ❚❤✉s ΓW̃ (〈ϕ〉,ψ)Rp
(Mp) = Mp ❢♦r ❡✈❡r② p ∈ SpecR ❜② t❤❡ ♣r❡✈✐♦✉s

❛r❣✉♠❡♥ts ❛♥❞ Γϕ,ψ(M) =M ❛❣❛✐♥ ❜② ▲❡♠♠❛ ✶✳✶✽✳

❍❡♥❝❡ t❤❡ ❝❧❛ss ♦❢ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ (ϕ, ψ)✲t♦rs✐♦♥ R✲♠♦❞✉❧❡s ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡

❝❧❛ss ♦❢ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ Γϕ,ψ✲❛❝②❝❧✐❝ R✲♠♦❞✉❧❡s✳ ❋✉rt❤❡r♠♦r❡✿

❈♦r♦❧❧❛r② ✶✳✸✼✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✱ ϕ ❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧②

❛♥❞ ψ ❜❡ ❛♥② ❢❛♠✐❧② ♦❢ R✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ M ✐s Γϕ,ψ✲❛❝②❝❧✐❝✳

✷✶



✭✐✐✮ M ✐s (ϕ, ψ)✲t♦rs✐♦♥✳

✭✐✐✐✮ M ✐s I✲t♦rs✐♦♥ ❢♦r s♦♠❡ I ∈ W̃ (〈ϕ〉, ψ)✳

✭✐✈✮ M ✐s ΓI✲❛❝②❝❧✐❝ ❢♦r s♦♠❡ I ∈ W̃ (〈ϕ〉, ψ)✳

❲❡ ✐♥❤❡r✐t ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢r♦♠ t❤❡ ✉s✉❛❧ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❢♦r t❤❡ ♥♦♥✲✈❛♥✐s❤✐♥❣

♦❢ t❤❡ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✳

▲❡♠♠❛ ✶✳✸✽✳ ❈♦♥s✐❞❡r t✇♦ ❢❛♠✐❧✐❡s✱ ϕ ❛♥❞ ψ✱ ♦❢ R ❛♥❞ ❛♥ R✲♠♦❞✉❧❡ M ✳ ❚❤❡♥

H i
ϕ,ψ(M) = 0 ❢♦r ❡✈❡r② i > dimM ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ H i

α(M) = 0 ❛♥❞ H i
Is,...,I1

(M) = 0 ❢♦r

❡✈❡r② i > dimM ✱ ❡✈❡r② ❢❛♠✐❧② α ♦❢ R ❛♥❞ ✐❞❡❛❧s I1, . . . , Is✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② I ∈ W̃ (〈ϕ〉, ψ)✱ ●r♦t❤❡♥❞✐❡❝❦✬s ❱❛♥✐s❤✐♥❣ ❚❤❡♦r❡♠ ✭s❡❡ ❬❇❙✾✽✱ ❚❤❡✲
♦r❡♠ ✻✳✶✳✷❪✮ st❛t❡s t❤❛t H i

I(M) = 0 ✐❢ i > dimM ✳ ❇② ❚❤❡♦r❡♠ ✶✳✶✶✱ ✇❡ ❤❛✈❡ t❤❛t
H i
α(M) ∼= lim−→

I∈W̃ (〈ϕ〉,ψ)

H i
I(M) = 0 ✐❢ i > dimM ✳

■t ✐s r❡❛❞✐❧② ♦❜s❡r✈❡❞ t❤❛t t❤❡ ❝❧❛ss ♦❢ ③❡r♦✲❞✐♠❡♥s✐♦♥❛❧ R✲♠♦❞✉❧❡s ✐s ❝♦♥t❛✐♥❡❞

✐♥ t❤❡ ❝❧❛ss ♦❢ Γα✲❛❝②❝❧✐❝ R✲♠♦❞✉❧❡s ❢♦r ❛♥② ❢❛♠✐❧② α ♦❢ R✳

▲❡♠♠❛ ✶✳✸✾✳ ▲❡t n ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r✳ ■❢ H i
ϕ,ψ(R) = 0 ❢♦r ❡✈❡r② i > n✱ t❤❡♥

H i
ϕ,ψ(M) ∼= H i

ϕ,ψ(R)⊗RM ❢♦r ❡✈❡r② i ≥ n ❛♥❞ ❡✈❡r② R✲♠♦❞✉❧❡ M ✳

Pr♦♦❢✳ ■❢ W̃ (〈ϕ〉, ψ) ✐s tr✐✈✐❛❧✱ t❤❡ st❛t❡♠❡♥t ❤♦❧❞s ✐♥ ❛♥ ♦❜✈✐♦✉s ✇❛②✳ ❚❤❡♥ ✇❡ ♠❛②
❛ss✉♠❡ t❤❛t W̃ (〈ϕ〉, ψ) ✐s ♥♦♥✲tr✐✈✐❛❧ ❛♥❞ ❧❡t ✉s s✉♣♣♦s❡ ✐♥✐t✐❛❧❧② t❤❛t M ✐s ✜♥✐t❡❧②
❣❡♥❡r❛t❡❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ 0 −→ N −→ Rm −→ M −→ 0

✇❤❡r❡ m ✐s ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ❛♥❞ N ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✳ ❋♦r ❡❛❝❤ i✱
t❤✐s s❡q✉❡♥❝❡ ✐♥❞✉❝❡s t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ H i

ϕ,ψ(R
m) −→ H i

ϕ,ψ(M) −→ H i+1
ϕ,ψ (N)✳ ❲❡

❛❧r❡❛❞② ♦❜s❡r✈❡❞ t❤❛t H i
ϕ,ψ(M) = 0 ✇❤❡♥ i > dimM ✐♥ ▲❡♠♠❛ ✶✳✸✽✳ ❙♦✱ ✇❡ ♠❛②

❛ss✉♠❡ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✿ ✐❢ H i
ϕ,ψ(R) = 0 ❢♦r ❡✈❡r② i > n+1✱ t❤❡♥ H i

ϕ,ψ(M) = 0

❢♦r ❡✈❡r② i > n + 1✳ ❚❤✉s H i+1
ϕ,ψ (N) = 0 ❛♥❞ H i

ϕ,ψ(M) = 0 ✐❢ i > n✳ ■❢ M ✐s ❛♥② R✲
♠♦❞✉❧❡✱ t❤❡♥ ✐t ✐s t❤❡ ✐♥❞✉❝t✐✈❡ ❧✐♠✐t ♦❢ ✐ts ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ s✉❜♠♦❞✉❧❡s❀ ❤❡♥❝❡ ✇❡
❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t H i

ϕ,ψ(M) = 0 ❢♦r ❡✈❡r② i > n✳
◆♦✇ t❤❡ ❢✉♥❝t♦r Hn

ϕ,ψ(−) ✐s R✲❧✐♥❡❛r✱ r✐❣❤t✲❡①❛❝t ❛♥❞ ♣r❡s❡r✈❡s ❞✐r❡❝t s✉♠s✳ ❚❤❡♥
t❤❡ R✲♠♦❞✉❧❡s Hn

ϕ,ψ(M) ❛♥❞ Hn
ϕ,ψ(R)⊗RM ❛r❡ ✐s♦♠♦r♣❤✐❝ ❢♦r ❡✈❡r② R✲♠♦❞✉❧❡ M ❜②

❲❛tts✬ ❚❤❡♦r❡♠ ✭s❡❡ ❬❘♦t✵✾✱ ❚❤❡♦r❡♠ ✺✳✹✺❪✮✳

❚❤❡ ♥❡①t r❡s✉❧t ✐s ❛ ❣❡♥❡r❛❧✐s❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ●r♦t❤❡♥❞✐❡❝❦✬s ❱❛♥✲

✐s❤✐♥❣ ❚❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✶✳✹✵✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♠♦❞✉❧❡ ♦✈❡r ❛ ❧♦❝❛❧ r✐♥❣ (R,m)✱ ϕ ❜❡

❛♥② ❢❛♠✐❧② ❛♥❞ ψ ❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧②✳ ❚❤❡♥ H i
ϕ,ψ(M) = 0 ❢♦r ❡✈❡r② ✐♥t❡❣❡r ♥✉♠❜❡r

i > sup
J∈ψ

dim(M/JM)✳

✷✷



Pr♦♦❢✳ ❆❣❛✐♥✱ ✐❢ ϕ ✐s tr✐✈✐❛❧✱ t❤❡ r❡s✉❧t ✐s ♦❜✈✐♦✉s❧② s❛t✐s✜❡❞✳ ❚❤❡ st❛t❡♠❡♥t ✇✐❧❧ ❜❡
♣r♦✈❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ r = sup

J∈ψ
dim(M/JM)✳ ■❢ r = −1✱ t❤❡♥M = 0 ❛♥❞H i

ϕ,ψ(M) = 0

❢♦r ❛♥② i ≥ 0✳
◆♦✇ ❛ss✉♠❡ r ≥ 0✳ ▲❡t ✉s s✉♣♣♦s❡ ❛❧s♦ t❤❛t M = R ✐s ❛♥ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥ ❛♥❞

H l
ϕ,ψ(R) 6= 0 ❢♦r s♦♠❡ l > r✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts q ∈ Ass(H l

ϕ,ψ(R))✳ ■❢ q 6= (0)✱ ❝❤♦♦s❡ ❛
♥♦♥✲③❡r♦ x ∈ q✳ ❋r♦♠ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

0 R R R/Rx 0// //
µx

// //

✇❡ ❣❡t t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

H l−1
ϕ,ψ (R/Rx) H l

ϕ,ψ(R) H l
ϕ,ψ(R)// //

µx
.

❆s dim(R/(J +Rx)) ≤ r − 1 < l − 1 ❢♦r ❡✈❡r② J ∈ ψ✱ ✇❡ ❤❛✈❡ t❤❛t H l−1
ϕ,ψ (R/Rx) = 0✳

❚❤✉s x ✐s H l
ϕ,ψ(R)✲r❡❣✉❧❛r✱ ✇❤✐❝❤ ✐s ❛❜s✉r❞ ❜❡❝❛✉s❡ x ∈ q ∈ Ass(H l

ϕ,ψ(R))✳ ❚❤❡♥
Ass(H l

ϕ,ψ(R)) = {(0)}✳ ❙✐♥❝❡ H l
ϕ,ψ(R) ✐s ❛ (ϕ, ψ)✲t♦rs✐♦♥ R✲♠♦❞✉❧❡✱ ✇❡ ♠❛② ❝♦♥❝❧✉❞❡

t❤❛t (0) ∈ W̃ (〈ϕ〉, ψ) ❛♥❞ ❛♥② R✲♠♦❞✉❧❡ ✐s (ϕ, ψ)✲t♦rs✐♦♥ ❜② ❘❡♠❛r❦ ✶✳✶✾✳ ❚❤✐s ✐♠♣❧✐❡s
t❤❛t H i

ϕ,ψ(R) = 0 ❢♦r ❡✈❡r② i > 0 ❛♥❞ t❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
◆♦✇ ✐❢ R =M ✐s ♥♦t ❛♥ ✐♥t❡❣r❛❧ ❞♦♠❛✐♥✱ t❤❡♥ t❤❡ ♣r♦❥❡❝t✐♦♥ π : R→ R/p ❧❡❛❞s

t♦ H i
ϕ,ψ (R/p)

∼= H i
ϕ(R/p),ψ(R/p) (R/p) ❢♦r ❡✈❡r② i ❛♥❞ ❡✈❡r② p ∈ SpecR ❜② ❚❤❡♦r❡♠ ✶✳✶✹✳

❋✐♥❛❧❧②✱ ✐❢M ✐s ❛♥② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✱ t❤❡♥ ✇❡ ❤❛✈❡ ❛ ✜❧tr❛t✐♦♥ ♦❢ R✲♠♦❞✉❧❡s
0 = M0 ( M1 ( · · · ( Ms−1 ( Ms = M s✉❝❤ t❤❛t Mj/Mj−1

∼= R/pj ❢♦r s♦♠❡
pj ∈ Supp(M) ❛♥❞ j = 1, . . . , s✳ ❋♦r ❡✈❡r② i ❛♥❞ ❡✈❡r② j✱ ✇❡ ♦❜t❛✐♥ ❡①❛❝t s❡q✉❡♥❝❡s
0 −→ Mj−1 −→ Mj −→ R/pj −→ 0 ❛♥❞ H i

ϕ,ψ(Mj−1) −→ H i
ϕ,ψ(Mj) −→ H i

ϕ,ψ (R/pj)✳
❙✐♥❝❡ dim(R/(J + pj)) ≤ dim(R/(J +Ann(M))) = dim(M/JM) ≤ r ❢♦r ❡✈❡r② J ∈ ψ✱
✇❡ ❤❛✈❡ t❤❛t H i

ϕ,ψ (R/pj) = 0 ❢♦r i > r ❛♥❞ ❡✈❡r② j✱ ♠❛❦✐♥❣ t❤❡ ✜rst ❛rr♦✇ s✉r❥❡❝t✐✈❡✳
❍❡♥❝❡ ✇❡ ✇✐❧❧ ❤❛✈❡ t❤❛t H i

ϕ,ψ(Mj) = 0 ❢♦r ❡✈❡r② j✳

❈♦r♦❧❧❛r② ✶✳✹✶✳ ▲❡t (R,m) ❜❡ ❛ ❧♦❝❛❧ r✐♥❣✱ M ❜❡ ❛♥ R✲♠♦❞✉❧❡✱ ϕ ❜❡ ❛♥② ❢❛♠✐❧② ❛♥❞

ψ ❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧②✳ ❚❤❡♥ H i
ϕ,ψ(M) = 0 ❢♦r ❡✈❡r② i > sup

J∈ψ
dim(R/J)✳

Pr♦♦❢✳ M ✐s t❤❡ ✐♥❞✉❝t✐✈❡ ❧✐♠✐t ♦❢ ❛❧❧ ✐ts ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ s✉❜♠♦❞✉❧❡s {Mλ}λ∈Λ✳ ❙✐♥❝❡
dim(Mλ/JMλ) ≤ dim(R/J) ❢♦r ❡✈❡r② λ ∈ Λ ❛♥❞ ❡✈❡r② J ∈ ψ✱ ✇❡ ❤❛✈❡ t❤❛t

H i
ϕ,ψ(M) = lim−→

λ∈Λ

H i
ϕ,ψ(Mλ) = 0

✇❤❡♥ i > sup
J∈ψ

dim(R/J)✳

❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ▲❡♠♠❛ ✶✳✸✽ ✐s s❧✐❣❤t❧② ✐♠♣r♦✈❡❞✳

Pr♦♣♦s✐t✐♦♥ ✶✳✹✷✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ ϕ ❛♥❞ ψ ❜❡ ❢❛♠✐❧✐❡s

♦❢ R✳ ❚❤❡♥ H i
ϕ,ψ(M) = 0 ❢♦r ❡✈❡r② i > 1 + sup

J∈ψ
dim(M/JM)✳

✷✸



Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t ❜② ✐♥❞✉❝t✐♦♥ ♦✈❡r r = sup
J∈ψ

dim(M/JM)✳ ▲❡t ✉s s✉♣♣♦s❡

t❤❛t r = −1✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② J ∈ ψ✱ t❤❡r❡ ❡①✐sts aJ ∈ J s✉❝❤ t❤❛t (1+aJ)M = 0✳ ❚❤✉s
Jx = Rx ❢♦r ❡✈❡r② J ∈ ψ ❛♥❞ ❡✈❡r② x ∈ M ✳ ❋r♦♠ t❤✐s✱ ✇❡ ❤❛✈❡ t❤❛t J + Ann(x) ⊇ I

❢♦r ❡✈❡r② I ∈ ϕ ✱ ❡✈❡r② J ∈ ψ ❛♥❞ ❡✈❡r② x ∈ M ✱ ✇❤❡♥❝❡ M ✐s (ϕ, ψ)✲t♦rs✐♦♥ ❛♥❞
H i
ϕ,ψ(M) = 0 ❢♦r i > 0 ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✽✱ ✭✐✮✳ ❲❤❡♥ r ≥ 0✱ t❤❡ ❛r❣✉♠❡♥ts ❛r❡ t❤❡

s❛♠❡ ❛s t❤♦s❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✹✵✳

◆❡①t ✇❡ st❛t❡ ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝ ●r♦t❤❡♥❞✐❡❝❦✬s ◆♦♥✲❱❛♥✐s❤✐♥❣ ❚❤❡✲

♦r❡♠✳ ❲❡ r❡❝❛❧❧ t❤❡ ♥♦t❛t✐♦♥ W̃ (m) ❢♦r t❤❡ ❣♦♦❞ ❢❛♠✐❧② ♦❢ ❛❧❧ t❤❡ ✐❞❡❛❧s ❝♦♥t❛✐♥✐♥❣ ❛

♣♦✇❡r ♦❢ m✳

❚❤❡♦r❡♠ ✶✳✹✸✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♠♦❞✉❧❡ ♦✈❡r (R,m) ❛♥❞ ϕ ❛♥❞ ψ ❜❡

♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧✐❡s ♦❢ R s✉❝❤ t❤❛t ϕ+ ψ ⊆ W̃ (m)✳ ❚❤❡♥

sup
{

i : H i
ϕ,ψ(M) 6= 0

}

= sup
J∈ψ

dim(M/JM).

Pr♦♦❢✳ ■t s✉✣❝❡s t♦ s❤♦✇ t❤❛t Hr
ϕ,ψ(M) 6= 0 ❢♦r r = sup

J∈ψ
dim(M/JM) ❜② ❚❤❡♦r❡♠ ✶✳✹✵✳

❙✐♥❝❡ I + J ∈ W̃ (m) ❢♦r ❡✈❡r② I ∈ ϕ ❛♥❞ ❡✈❡r② J ∈ ψ✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡ t❤❛t
W̃ (〈ϕ〉, ψ) = W̃ (m, ψ) ❛♥❞ H i

ϕ,ψ(−) = H i
m,ψ(−) ❢♦r ❡✈❡r② i✳ ❍❡♥❝❡ ✇❡ ♠❛② s✉♣♣♦s❡

ϕ = W̃ (m)✳ ❚❤❡ ❡①❛❝t s❡q✉❡♥❝❡ 0 −→ JM −→ M −→ M/JM −→ 0 ✐♥❞✉❝❡s t❤❡
❡①❛❝t s❡q✉❡♥❝❡ Hr

m,ψ(M) −→ Hr
m,ψ (M/JM) −→ Hr+1

m,ψ (JM) ❢♦r ❡❛❝❤ J ∈ ψ✳ ■❢ J ′ ∈ ψ✱
t❤❡♥ dim(JM/J ′JM) ≤ dim(M/J ′JM) = max {dim(M/JM), dim(M/J ′M)} ≤ r✳
❚❤✉s Hr+1

m,ψ (JM) = 0 ❜② ❚❤❡♦r❡♠ ✶✳✹✵✳ ❙✐♥❝❡ M/JM ✐s J✲t♦rs✐♦♥✱ ✇❡ ❤❛✈❡ ❜②
Pr♦♣♦s✐t✐♦♥ ✶✳✸✶ t❤❛t Hr

m,ψ (M/JM) = Hr
m (M/JM)✳ ◆♦✇ ✐❢ dim(M/JM) = r✱

t❤❡♥ Hr
m (M/JM) 6= 0 ❜② ●r♦t❤❡♥❞✐❡❝❦✬s ◆♦♥✲❱❛♥✐s❤✐♥❣ ❚❤❡♦r❡♠ ✭s❡❡ ❬❇❙✾✽✱ ❚❤❡✲

♦r❡♠ ✻✳✶✳✹❪✮✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t Hr
m,ψ(M) 6= 0✱ ✇❤❡♥❝❡ Hr

ϕ,ψ(M) 6= 0✳

❈♦r♦❧❧❛r② ✶✳✹✹✳ ▲❡tM ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♠♦❞✉❧❡ ♦✈❡r (R,m) ❛♥❞ I1, . . . , Is ❜❡ ✐❞❡✲

❛❧s ♦❢ R ✇✐t❤ I1 ❛♥❞ I2 ♣r♦♣❡r ❛♥❞ I1+p ✐s m✲♣r✐♠❛r② ❢♦r ❡✈❡r② ♣r✐♠❡ p ∈ W̃ (I2, . . . , Is)✳

❚❤❡♥ sup
{

i : H i
I1,...,Ij

(M) 6= 0
}

= sup
J∈W̃ (I2,...,Ij)

dim(M/JM) ❢♦r ❡✈❡r② ❡✈❡♥ 2 ≤ j ≤ s

❛♥❞ ❢♦r j = s✳

◆♦✇ ✇❡ ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❝❧❛ss✐❝ ▲✐❝❤t❡♥❜❛✉♠✲❍❛rts❤♦r♥❡ ❱❛♥✐s❤✐♥❣

❚❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✶✳✹✺✳ ▲❡t (R,m) ❜❡ ❛ ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ϕ ❛♥❞ ψ ❜❡ ♥♦♥✲tr✐✈✐❛❧

❢❛♠✐❧✐❡s ♦❢ R✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ Hd
ϕ,ψ(R) = 0✳

✭✐✐✮ ❋♦r ❡❛❝❤ ♣r✐♠❡ ✐❞❡❛❧ p ♦❢ R̂ s✉❝❤ t❤❛t dim(R̂/p) = d ❛♥❞ JR̂ ⊆ p ❢♦r s♦♠❡ J ∈ ψ✱
✇❡ ❤❛✈❡ t❤❛t dim(R̂/(IR̂ + p)) > 0 ❢♦r s♦♠❡ I ∈ ϕ✳

✷✹



Pr♦♦❢✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t Hd
ϕ,ψ(R) = 0 ❛♥❞ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣r✐♠❡ ✐❞❡❛❧ p ♦❢ R̂

s✉❝❤ t❤❛t dim(R̂/p) = d✱ JR̂ ⊆ p ❢♦r s♦♠❡ J ∈ ψ ❛♥❞ dim(R̂/(IR̂ + p)) ≤ 0 ❢♦r
❡✈❡r② I ∈ ϕ✳ ❚❤❡ ✜rst ❛ss✉♠♣t✐♦♥ ❣✐✈❡s Hd

ϕ,ψ(R̂/p) = 0 ❜❡❝❛✉s❡ H i
ϕ,ψ(R) = 0 ❢♦r

i > d − 1 ✭s❡❡ ❈♦r♦❧❧❛r② ✶✳✹✶ ❛♥❞ ▲❡♠♠❛ ✶✳✸✾✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ R✲♠♦❞✉❧❡
R̂/p ✐s J✲t♦rs✐♦♥✱ ✇❤❡♥❝❡ Hd

ϕ,ψ(R̂/p) = Hd
ϕ(R̂/p)

∼= Hd
ϕ(R̂/p)

(R̂/p) ❜② ❚❤❡♦r❡♠ ✶✳✸✶

❛♥❞ ❚❤❡♦r❡♠ ✶✳✶✹✳ ❙✐♥❝❡ (IR̂ + p)/p ✐s ❛♥ mR̂/p✲♣r✐♠❛r② ✐❞❡❛❧ ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧
❧♦❝❛❧ r✐♥❣ (R̂/p,mR̂/p) ❢♦r ❡✈❡r② ♣r♦♣❡r ✐❞❡❛❧ I ∈ ϕ✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✹✸ t❤❛t
Hd
ϕ,ψ(R̂/p)

∼= Hd
mR̂/p

(R̂/p) 6= 0 ❛♥❞ t❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳
❋♦r t❤❡ ❝♦♥✈❡rs❡✱ ❧❡t ✉s s✉♣♣♦s❡ t❤❛t Hd

ϕ,ψ(R) 6= 0 ❛♥❞ t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥✳
❋r♦♠ ▲❡♠♠❛ ✶✳✸✾ ❛♥❞ ❈♦r♦❧❧❛r② ✶✳✹✶ ✇❡ ❤❛✈❡ t❤❛t Hd

ϕ,ψ(R̂)
∼= Hd

ϕ,ψ(R) ⊗R R̂✱ ❤❡♥❝❡
Hd
ϕ,ψ(R̂) 6= 0 ❜❡❝❛✉s❡ R̂ ✐s ❛ ❢❛✐t❤❢✉❧❧② ✢❛t R✲♠♦❞✉❧❡✳ ❈♦♥s✐❞❡r ❛ ✜❧tr❛t✐♦♥

0 = K0 ( K1 ( · · · ( Ks−1 ( Ks = R̂

♦❢ ✐❞❡❛❧s ♦❢ R̂ s✉❝❤ t❤❛t Kj/Kj−1
∼= R̂/pj ❢♦r s♦♠❡ ♣r✐♠❡ ✐❞❡❛❧s pj ♦❢ R̂✳ ❚❤✉s ✇❡ ❤❛✈❡

❡①❛❝t s❡q✉❡♥❝❡s Hd
ϕ,ψ(Kj−1) −→ Hd

ϕ,ψ(Kj) −→ Hd
ϕ,ψ(R̂/pj)✳ ■❢ ❡✈❡r② pj ✐s s✉❝❤ t❤❛t

Hd
ϕ,ψ(R̂/pj) = 0✱ t❤❡♥ Hd

ϕ,ψ(R̂) = 0❀ ❤❡♥❝❡ t❤❡r❡ ♠✉st ❜❡ ❛ ♣r✐♠❡ ✐❞❡❛❧ p ♦❢ R̂ s✉❝❤ t❤❛t
Hd
ϕ,ψ(R̂/p) 6= 0✳ ◆♦✇ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿

✭✐✮ ❚❤❡r❡ ❡①✐sts J ∈ ψ s✉❝❤ t❤❛t JR̂ ⊆ p✿ ❛s R̂/p ✐s ❛ J✲t♦rs✐♦♥ R✲♠♦❞✉❧❡✱ ✇❡
❤❛✈❡ t❤❛t Hd

ϕ,ψ(R̂/p) = Hd
ϕ(R̂/p)

∼= Hd
ϕ(R̂/p)

(R̂/p) ❜② ❚❤❡♦r❡♠ ✶✳✸✶ ❛♥❞ ❚❤❡♦✲

r❡♠ ✶✳✶✹✳ ■❢ dim(R̂/p) < d✱ t❤❡♥ Hd
ϕ(R̂/p)

(R̂/p) = 0✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❙♦ dim(R̂/p) = d ❛♥❞ dim(R̂/(IR̂ + p)) > 0 ❢♦r s♦♠❡ I ∈ ϕ ❜② ♦✉r ❛ss✉♠♣t✐♦♥✳
❈♦♥s✐❞❡r t❤❡ ❢❛♠✐❧② ϕ′ = {IsJ1 · · · Js ❢♦r s♦♠❡ Ji ∈ ϕ, s ≥ 1}✳ ❖❜s❡r✈❡ t❤❛t ϕ′ ✐s
st❛❜❧❡ ✉♥❞❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ✇❤❡♥❝❡ ϕ′(R̂/p) ✐s ❛❧s♦ st❛❜❧❡ ✉♥❞❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥✳
❇② ▲✐❝❤t❡♥❜❛✉♠✲❍❛rts❤♦r♥❡ ❱❛♥✐s❤✐♥❣ ❚❤❡♦r❡♠ ✭s❡❡ ❬❇❙✾✽✱ ❚❤❡♦r❡♠ ✽✳✷✳✶❪✮✱ ✇❡
❣❡t t❤❛t Hd

a(R̂/p)
(R̂/p) = 0 ❢♦r ❡✈❡r② a ∈ ϕ′ ❜❡❝❛✉s❡ dim(R̂/(aR̂ + p)) > 0✳ ◆♦✇

〈ϕ′〉 = 〈ϕ〉✱ ✇❤❡♥❝❡ H i
ϕ,β(−) = H i

ϕ′,β(−) ❢♦r ❡✈❡r② ❢❛♠✐❧② β ❛♥❞ ❡✈❡r② i✳ ❚❤✉s ✇❡
❣❡t ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✶✹ ❛♥❞ ❘❡♠❛r❦ ✶✳✶✷ t❤❛t

Hd
ϕ(R̂/p)

(R̂/p) ∼= Hd
ϕ′(R̂/p)

(R̂/p) ∼= lim−→
a∈ϕ′

Hd
a(R̂/p)

(R̂/p) = 0

❛♥❞ t❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

✭✐✐✮ ❋♦r ❛❧❧ J ∈ ψ✱ ✇❡ ❤❛✈❡ t❤❛t JR̂ * p✿ s❡tt✐♥❣ R̄ = R/(p ∩ R)✱ ✇❡ ❤❛✈❡ t❤❛t R̂/p
✐s ❛♥ R̄✲♠♦❞✉❧❡ ❛♥❞ t❤❛t Hd

ϕ,ψ(R̂/p)
∼= Hd

ϕR̄,ψR̄
(R̂/p) ❜② ❚❤❡♦r❡♠ ✶✳✶✹✳ ■❢ J ∈ ψ✱

✇❡ ❤❛✈❡ t❤❛t J * p ∩ R ❛♥❞ t❤✉s dim(R̄/JR̄) < dim R̄ ≤ d✳ ❲❡ ❝♦♥❝❧✉❞❡ ❢r♦♠
❈♦r♦❧❧❛r② ✶✳✹✶ t❤❛t Hd

ϕR̄,ψR̄
(R̂/p) = 0 ❛♥❞ t❤✐s ✐s ❛♥♦t❤❡r ❝♦♥tr❛❞✐❝t✐♦♥✳

❈♦r♦❧❧❛r② ✶✳✹✻✳ ▲❡t α ❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧② ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❝❛❧ r✐♥❣ (R,m)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✷✺



✭✐✮ Hd
α(R) = 0✳

✭✐✐✮ ❋♦r ❡❛❝❤ ♣r✐♠❡ ✐❞❡❛❧ p ♦❢ R̂ s✉❝❤ t❤❛t dim(R̂/p) = dim R̂✱ t❤❡r❡ ❡①✐sts I ∈ α s✉❝❤

t❤❛t dim(R̂/(IR̂ + p)) > 0✳

✭✐✐✐✮ Hd
I (R) = 0 ❢♦r s♦♠❡ ♣r♦♣❡r I ∈ α✳

Pr♦♦❢✳ ❙✐♥❝❡ 〈α〉 = W̃ (〈α〉, {(0)}) ❢♦r ❛♥② ❢❛♠✐❧② α ❜② ▲❡♠♠❛ ✶✳✺✱ ✭✈✐✮✱ ✇❡ ❛♣♣❧② t❤❡
♣r❡✈✐♦✉s t❤❡♦r❡♠ t♦ t❤❡ ❢❛♠✐❧✐❡s ϕ = α ❛♥❞ ψ = {(0)} ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❡q✉✐✈✲
❛❧❡♥❝❡ ✭✐✮⇔✭✐✐✮✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ✭✐✐✮⇔✭✐✐✐✮ ✐s ❥✉st t❤❡ ❝❧❛ss✐❝ ▲✐❝❤t❡♥❜❛✉♠✲❍❛rts❤♦r♥❡
❱❛♥✐s❤✐♥❣ ❚❤❡♦r❡♠✳

❈♦r♦❧❧❛r② ✶✳✹✼✳ ▲❡t (R,m) ❜❡ ❛ ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ α ❛♥❞ β ❜❡ ♥♦♥✲tr✐✈✐❛❧

❢❛♠✐❧✐❡s ♦❢ R s✉❝❤ t❤❛t α ⊆ 〈β〉✳ ❚❤❡♥ Hd
α(R) = 0 ✐♠♣❧✐❡s Hd

β(R) = 0✳

❈♦r♦❧❧❛r② ✶✳✹✽✳ ▲❡t (R,m) ❜❡ ❛ ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ I1, . . . , Is ❜❡ ✐❞❡❛❧s ♦❢

R ✇✐t❤ I1 ❛♥❞ I2 ♣r♦♣❡r✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ Hd
I1,...,Is

(R) = 0✳

✭✐✐✮ ❋♦r ❡❛❝❤ ♣r✐♠❡ ✐❞❡❛❧ p ♦❢ R̂ s✉❝❤ t❤❛t dim(R̂/p) = dim R̂ ❛♥❞ JR̂ ⊆ p ❢♦r s♦♠❡

J ∈ W̃ (I2, . . . , Ij)✱ ❜❡✐♥❣ 2 ≤ j ≤ s ❛♥ ❡✈❡♥ ✐♥t❡❣❡r ♦r j = s✱ ✇❡ ❤❛✈❡ t❤❛t

dim(R̂/(I1R̂ + p)) > 0✳

❈♦r♦❧❧❛r② ✶✳✹✾✳ ▲❡t (R,m) ❜❡ ❛ ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ I1, . . . , Is ❜❡ ✐❞❡❛❧s ♦❢

R ✇✐t❤ I1 ❛♥❞ I2 ♣r♦♣❡r✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts✿

✭✐✮ Hd
I1,...,Ij

(R) = 0 ❢♦r s♦♠❡ ♦❞❞ ✐♥t❡❣❡r 1 ≤ j ≤ s✳

✭✐✐✮ Hd
I1,...,Is

(R) = 0✳

✭✐✐✐✮ Hd
I1,...,Ij

(R) = 0 ❢♦r ❡✈❡r② ❡✈❡♥ ✐♥t❡❣❡r 2 ≤ j ≤ s✳

❚❤❡♥ ✭✐✮⇒✭✐✐✮⇒✭✐✐✐✮✳

✶✳✸ ▲♦❝❛❧ ❞✉❛❧✐t②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ s♦♠❡ r❡s✉❧ts r❡❧❛t❡❞ t♦ ❧♦❝❛❧ ❞✉❛❧✐t② ❢♦r t❤❡ ❧♦❝❛❧ ❝♦❤♦✲

♠♦❧♦❣② ♠♦❞✉❧❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♣❛✐r ♦❢ ❢❛♠✐❧✐❡s✳

▲❡♠♠❛ ✶✳✺✵✳ ▲❡t (R,m) ❜❡ ❛ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ψ ❜❡ ❛

❢❛♠✐❧② ♦❢ R✳ ■❢ t❤❡r❡ ❡①✐sts J ∈ ψ ❝♦♥t❛✐♥❡❞ ✐♥ ❛ ♣❡r❢❡❝t ✐❞❡❛❧ I ♦❢ ❣r❛❞❡ t ✭t❤✐s ✐s✱

gr(I, R) = proj. dim(R/I) = t✮✱ t❤❡♥ ht p ≥ d− t ❢♦r ❡✈❡r② ♣r✐♠❡ ✐❞❡❛❧ p ∈ W̃ (m, ψ)✳

✷✻



Pr♦♦❢✳ ❙✐♥❝❡ W̃ (m, ψ) = W̃ (m, 〈ψ〉)✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t J ✐s ❛ ♣❡r❢❡❝t ✐❞❡❛❧ ♦❢ ❣r❛❞❡
t✳ ❖❜s❡r✈❡ ❛❧s♦ t❤❛t W̃ (m, ψ) =

⋂

K∈〈ψ〉

W̃ (m, K) ⊆ W̃ (m, J) ❜② ▲❡♠♠❛ ✶✳✾✳ ❚❤✉s

ht p ≥ d− t ❢♦r ❡✈❡r② ♣r✐♠❡ ✐❞❡❛❧ p ∈ W̃ (m, ψ) ❜② ❬❚❨❨✵✾✱ ▲❡♠♠❛ ✺✳✷❪✳

❋♦r ❛♥② ♠♦❞✉❧❡ M ♦✈❡r ❛ ❧♦❝❛❧ r✐♥❣ (R,m)✱ t❤❡ ▼❛t❧✐s ❞✉❛❧ ♦❢ M ✱ ❞❡♥♦t❡❞ ❜②

M∨✱ ✐s t❤❡ ♠♦❞✉❧❡ HomR (M,ER (R/m))✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t (−)∨ : R✲♠♦❞→ R✲♠♦❞

✐s ❛ ❝♦♥tr❛✈❛r✐❛♥t ❡①❛❝t R✲❧✐♥❡❛r ❢✉♥❝t♦r✳

❲❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝❛♥♦♥✐❝❛❧ ♠♦❞✉❧❡ ♦❢ ❛ r✐♥❣ ✇❤✐❝❤ ✐s ❛♥ ✐♠♣♦rt❛♥t ♦❜❥❡❝t

✐♥ ❝❧❛ss✐❝❛❧ ❧♦❝❛❧ ❞✉❛❧✐t② t❤❡♦r②✳

❉❡✜♥✐t✐♦♥ ✶✳✺✶✳ ▲❡t (R,m) ❜❡ ❛ ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ n✳ ❆ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞
R✲♠♦❞✉❧❡ KR ✐s s❛✐❞ t♦ ❜❡ ❛ ❝❛♥♦♥✐❝❛❧ ♠♦❞✉❧❡ ♦❢ R ✇❤❡♥ KR

∼= Hn
m(R)

∨✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❣✐✈❡s ❛ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡ ✐❞❡❛❧s ♦❢ t❤❡

t♦♣ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦❞✉❧❡✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✷✳ ▲❡t (R,m) ❜❡ ❛ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d ✇✐t❤

❝❛♥♦♥✐❝❛❧ ♠♦❞✉❧❡ KR ❛♥❞ ψ ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts J ∈ ψ
❝♦♥t❛✐♥❡❞ ✐♥ ❛ ♣❡r❢❡❝t ✐❞❡❛❧ ♦❢ ❣r❛❞❡ t✳ ❚❤❡♥

Ass(Hd−t
m,ψ (KR)) =

{

p ∈ W̃ (m, ψ) ∩ SpecR : ht p = d− t
}

.

Pr♦♦❢✳ ❆s W̃ (m, ψ) = W̃ (m, 〈ψ〉) ❜② ▲❡♠♠❛ ✶✳✺✱ ✭✈✐✐✐✮✱ ✇❡ ♠❛② s✉♣♣♦s❡ t❤❛t J ✐s
❛ ♣❡r❢❡❝t ✐❞❡❛❧ ♦❢ ❣r❛❞❡ t✳ ▲❡t (E∗(KR), ∂

∗) ❜❡ ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢
KR✳ ❚❤❡♥ ❢♦r ❡❛❝❤ i✱ Ei(KR) =

⊕

p∈SpecR
ht p=i

E (R/p) ❜② ❬❇❍✾✽✱ ❚❤❡♦r❡♠ ✸✳✸✳✶✵❪✱ ✇❤❡♥❝❡

Γm,ψ(E
i(KR)) =

⊕

p∈W̃ (m,ψ)∩SpecR
ht p=i

E (R/p)✳ ❙✐♥❝❡ ht p ≥ d − t ❢♦r ❡✈❡r② p ∈ W̃ (m, ψ) ❜②

▲❡♠♠❛ ✶✳✺✵✱ ✇❡ ❤❛✈❡ t❤❛t Hd−t
m,ψ (KR) = ker ∂d−t∩Γm,ψ(E

d−t(KR)) ❛♥❞ t❤❡r❡ ✐s ❛♥ ❡①❛❝t

s❡q✉❡♥❝❡ 0 −→ Hd−t
m,ψ (KR) −→

⊕

p∈W̃ (m,ψ)∩SpecR
ht p=d−t

E (R/p) −→
⊕

p∈W̃ (m,ψ)∩SpecR
ht p=d−t+1

E (R/p)✳ ❚❤✐s

✐♠♣❧✐❡s t❤❛t Ass(Hd−t
m,ψ (KR)) ⊆

{

p ∈ W̃ (m, ψ) ∩ SpecR : ht p = d− t
}

✳

❈♦♥✈❡rs❡❧②✱ ✐❢ p ∈ W̃ (m, ψ) ✐s ❛ ♣r✐♠❡ ✐❞❡❛❧ s✉❝❤ t❤❛t ht p = d− t✱ t❤❡♥ ✇❡ ❤❛✈❡
t❤❛t (Hd−t

m,ψ (KR))p = ERp
(κ(p)) ⊇ κ(p)✳ ❍❡♥❝❡ p ∈ Min(Hd−t

m,ψ (KR)) ⊆ Ass(Hd−t
m,ψ (KR))

❛♥❞ t❤❡ st❛t❡♠❡♥t ✐s ♣r♦✈❡❞✳

◆♦✇ ✇❡ ♣r♦✈❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳

❚❤❡♦r❡♠ ✶✳✺✸✳ ▲❡t (R,m) ❜❡ ❛ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❝♦♠♣❧❡t❡ ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d

❛♥❞ ψ ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✳ ❈♦♥s✐❞❡r t = d− sup
J∈ψ

dim(R/J) ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts

✷✼



❛ ♣❡r❢❡❝t ✐❞❡❛❧ J ∈ ψ s✉❝❤ t❤❛t dim(R/J) = d − t✳ ❚❤❡♥ ❢♦r ❛♥② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

R✲♠♦❞✉❧❡ M ✱ t❤❡r❡ ✐s ❛ ❢✉♥❝t♦r✐❛❧ ✐s♦♠♦r♣❤✐s♠ Hd−i
m,ψ(M)∨ ∼= Exti−tR (M,K) ✇❤❡r❡

K = Hd−t
m,ψ (R)

∨✳

Pr♦♦❢✳ ❙❡tt✐♥❣ T j(−) = Hd−t−j
m,ψ (−)∨✱ ✇❡ s❤❛❧❧ s❤♦✇ t❤❡ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❢✉♥❝t♦rs

T j(−) ∼= ExtjR(−, K).

❚❤❡r❡ ❡①✐sts ❛ ♣❡r❢❡❝t ✐❞❡❛❧ J ∈ ψ s✉❝❤ t❤❛t dim(R/J) = d − t✳ ❲❡ ❤❛✈❡ ❛♥ ✐s♦✲
♠♦r♣❤✐s♠ Hd−t

m,ψ (M) ∼= Hd−t
m,ψ (R) ⊗R M ❢♦r ❛♥② R✲♠♦❞✉❧❡ M ❜② ❈♦r♦❧❧❛r② ✶✳✹✶ ❛♥❞

▲❡♠♠❛ ✶✳✸✾✱ ❤❡♥❝❡ T 0(M) ∼= (M ⊗R Hd−t
m,ψ (R))

∨ ∼= Hom(M,K)✳ ❊✈❡r② t✐♠❡ ✇❡
❤❛✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ 0 −→ L −→ M −→ N −→ 0✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❧♦♥❣ ❡①❛❝t
s❡q✉❡♥❝❡s · · · −→ Hd−t−1

m,ψ (N) −→ Hd−t
m,ψ (L) −→ Hd−t

m,ψ (M) −→ Hd−t
m,ψ (N) −→ 0 ❛♥❞

0 −→ T 0(N) −→ T 0(M) −→ T 0(L) −→ T 1(N) −→ · · · ✳ ❋♦r ❛♥② ❢r❡❡ R✲♠♦❞✉❧❡ Rn

✇❡ ❤❛✈❡ t❤❛t Hd−t−j
m,ψ (Rn)∨ ∼= (Hd−t−j

m,ψ (R)∨)n ❢♦r j > 0 ❜② ❚❤❡♦r❡♠ ✶✳✷✹ ❛♥❞ ❬❘♦t✵✾✱
❚❤❡♦r❡♠ ✷✳✸✶❪✳ ❚❤✉s Hd−t−j

m,ψ (Rn)∨ = 0 ❜❡❝❛✉s❡ depthRp
(Rp) = ht p ≥ d − t ❢♦r ❡✈✲

❡r② ♣r✐♠❡ ✐❞❡❛❧ p ∈ W̃ (m, ψ)✱ s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✸✹ ❛♥❞ ▲❡♠♠❛ ✶✳✺✵✳ ❚❤❡♥ t❤❡r❡
❡①✐sts ❛ ✉♥✐q✉❡ ✐s♦♠♦r♣❤✐s♠ T j(−) ∼= ExtjR(−, K) ❢♦r ❡❛❝❤ j ❛♥❞ t❤❡ ✐s♦♠♦r♣❤✐s♠
Hd−i

m,ψ(M)∨ ∼= Exti−tR (M,Hd−t
m,ψ (R)

∨) ❤♦❧❞s ❢♦r ❡✈❡r② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡M ✳

❋♦r ❛♥② r✐♥❣ R✱ ❛♥② ✐❞❡❛❧ J ♦❢ R ❛♥❞ ❛♥② R✲♠♦❞✉❧❡M ✱ ✇❡ ❞❡♥♦t❡ t❤❡ ❝♦♠♣❧❡t✐♦♥

❢♦r M ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ J✲❛❞✐❝ t♦♣♦❧♦❣② ❛s M∧
J ✳

❚❤❡♦r❡♠ ✶✳✺✹✳ ▲❡t (R,m) ❜❡ ❛ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d ✇✐t❤ ❝❛♥♦♥✲

✐❝❛❧ ♠♦❞✉❧❡ KR ❛♥❞ ψ ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✳ ❋♦r ❡✈❡r② J ∈ ψ✱ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

Hd−t
m,ψ (R)

∧
J
∼= H t

J(KR)
∨✱ ✇❤❡r❡ t = d− sup

J∈ψ
dim(R/J)✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② J ∈ ψ ❛♥❞ ❡✈❡r② n ∈ N✱ ✇❡ ❤❛✈❡ t❤❡ ✐s♦♠♦r♣❤✐s♠s

Hd−t
m,ψ (R)/J

nHd−t
m,ψ (R)

∼= Hd−t
m,ψ (R)⊗R/Jn

∼= Hd−t
m,ψ (R/Jn) ✭❜② ▲❡♠♠❛ ✶✳✸✾✮

∼= Hd−t
m (R/Jn) ✭❜② Pr♦♣♦s✐t✐♦♥ ✶✳✸✶✮

∼= ExttR (R/Jn, KR)
∨ ✭❜② ❬❇❙✾✽✱ ❚❤❡♦r❡♠ ✶✷✳✶✳✷✵✱ ✭✐✐✮❪✮.

❚❤✉s

Hd−t
m,ψ (R)

∧
J
∼= lim←−

n∈N

ExttR (R/Jn, KR)
∨

∼=
(

lim−→
n∈N

ExttR (R/Jn, KR)

)∨

✭❜② ❬❘♦t✵✾✱ Pr♦♣♦s✐t✐♦♥ ✺✳✷✻❪✮

∼= H t
J(KR)

∨ ✭❜② ❬❇❙✾✽✱ ❚❤❡♦r❡♠ ✶✳✸✳✽❪✮.

✷✽



❋♦r ❛♥② ♣❛✐r ♦❢ R✲♠♦❞✉❧❡s✱ M ❛♥❞ N ✱ ❛♥❞ ❛♥② ❢❛♠✐❧② α ♦❢ R✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡

❣❡♥❡r❛❧✐s❡❞ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❛s

H i
α(M,N) := lim−→

I∈〈α〉

H i
I(M,N) = lim−→

n∈N

I∈〈α〉

ExtiR (M/InM,N) = lim−→
I∈〈α〉

ExtiR (M/IM,N) .

❲❡ ❣❡♥❡r❛❧✐s❡ ❛ r❡s✉❧t ♦❢ ❬❚❨❨✵✾❪✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✺✳ ▲❡t (R,m) ❜❡ ❛ ●♦r❡♥st❡✐♥ ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ψ ❜❡ ❛

❢❛♠✐❧② s✉❝❤ t❤❛t R ✐s J✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ ❢♦r s♦♠❡ J ∈ ψ✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ ✐s♦♠♦r✲

♣❤✐s♠ Γm,ψ(M) ∼= Hd
ψ(M,R)∨ ❢♦r ❡✈❡r② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ M ✳

Pr♦♦❢✳ ❚❤❡ ❢❛♠✐❧② ψ′ = {JsI1 · · · Is ❢♦r s♦♠❡ Ii ∈ ψ, s ≥ 1} ✐s ❝♦✜♥❛❧ t♦ 〈ψ〉 ❛♥❞ ❡✈❡r②
I ∈ ψ′ ✐s s✉❝❤ t❤❛t R ✐s I✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡✳ ❚❤✉s Γm,I(M) = Hd

I (M,R)∨ ❢♦r ❡✈❡r②
I ∈ ψ′ ❜② ❬❚❨❨✵✾✱ ❚❤❡♦r❡♠ ✺✳✼❪ ❛♥❞

Γm,ψ(M) ∼= lim←−
I∈〈ψ〉

Γm,I(M) ✭▲❡♠♠❛ ✶✳✾✮

∼= lim←−
I∈ψ′

Γm,I(M)

∼= lim←−
I∈ψ′

Hd
I (M,R)∨

∼=
(

lim−→
I∈ψ′

Hd
I (M,R)

)∨

✭❬❘♦t✵✾✱ Pr♦♣♦s✐t✐♦♥ ✺✳✷✻❪✮

∼=
(

lim−→
I∈〈ψ〉

Hd
I (M,R)

)∨

∼= Hd
ψ(M,R)∨.

■❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ r✐♥❣ R ❛❞♠✐ts DR ❛s ❛ ❞✉❛❧✐s✐♥❣ ❝♦♠♣❧❡①✱ ✇❡ ❞❡♥♦t❡ ❜② KM

t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦❞✉❧❡ ♦❢ t❤❡ r✲❞✐♠❡♥s✐♦♥❛❧ R✲♠♦❞✉❧❡ M ✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s

KM = Hd−r(RHomR(M,DR)).

❲❡ ❣❡♥❡r❛❧✐s❡ ❛♥♦t❤❡r r❡s✉❧t ♦❢ ❬❚❨❨✵✾❪✳

Pr♦♣♦s✐t✐♦♥ ✶✳✺✻✳ ▲❡t (R,m) ❜❡ ❛ ❝♦♠♣❧❡t❡ ❧♦❝❛❧ r✐♥❣✱ α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R ❛♥❞ M ❜❡

❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ r✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❛♥ ✐s♦♠♦r♣❤✐s♠

Hr
α(M)∨ ∼= Γm,α(KM).

✷✾



Pr♦♦❢✳

Hr
α(M)∨ ∼=

(

lim−→
I∈〈α〉

Hr
I (M)

)∨

∼= lim←−
I∈〈α〉

Hr
I (M)∨

∼= lim←−
I∈〈α〉

Γm,I(KM)

∼= Γm,α(KM).

✸✵



❈❤❛♣t❡r ✷

❚♦♣ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s

✷✳✶ ❆rt✐♥✐❛♥♥❡ss ❛♥❞ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥s✐♦♥

❆s s❡❡♥ ✐♥ ❬❇❙✾✽✱ ❈❤❛♣t❡r ✼❪✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t Hn
I (M) ✐s ❛♥ ❆rt✐♥✐❛♥ R✲

♠♦❞✉❧❡ ❢♦r ❛♥② n✲❞✐♠❡♥s✐♦♥❛❧ R✲♠♦❞✉❧❡ M ❛♥❞ ❛♥② ✐❞❡❛❧ I ♦❢ R✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢

t❤✐s s❡❝t✐♦♥ ✐s ❡①❛❝t❧② t♦ s❤♦✇ t❤❡ s❛♠❡ ♣r♦♣❡rt② ❢♦r ❛♥② ❢❛♠✐❧② ♦❢ R✳ ❯♥❧❡ss st❛t❡❞

❡①♣❧✐❝✐t❧②✱ ❛❧❧ t❤❡ r✐♥❣s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s ❛r❡ ❧♦❝❛❧ ◆♦❡t❤❡r✐❛♥✳

▲❡♠♠❛ ✷✳✶✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✱ ϕ ❛♥❞ ψ ❜❡ ❢❛♠✐❧✐❡s ♦❢ R ❛♥❞

s❡t l = sup
J∈ψ

dim(M/JM)✳ ❚❤❡♥ H i
ϕ,ψ(M) ∼= H i

ϕ,ψ (R/Ann(M))⊗RM ❢♦r ❡✈❡r② i ≥ l✳

Pr♦♦❢✳ ❙❡t R̄ = R/Ann(M)✳ ❚❤✉s H i
ϕR̄,ψR̄

(R̄) = 0 ❢♦r i > sup
J∈ψ

dim(R̄/JR̄) = l

❜② ❚❤❡♦r❡♠ ✶✳✹✵ ❛♥❞ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❝❧❛✐♠❡❞ ✐s♦♠♦r♣❤✐s♠ ❛r❡ ❡q✉❛❧ t♦ ③❡r♦✱ s♦
✐t s✉✣❝❡s t♦ ♣r♦✈❡ ✐t ❢♦r i = l✳ ❇② ▲❡♠♠❛ ✶✳✸✾ ✇❡ ❤❛✈❡ t❤❡ ✐s♦♠♦r♣❤✐s♠ ♦❢ R̄✲
♠♦❞✉❧❡s H l

ϕR̄,ψR̄
(M) ∼= H l

ϕR̄,ψR̄
(R̄) ⊗R̄ M ❛♥❞ s✐♥❝❡ M = M ⊗R R̄✱ ✇❡ ❤❛✈❡ t❤❛t

H l
ϕR̄,ψR̄

(R̄)⊗R̄ M ∼= H l
ϕR̄,ψR̄

(R̄)⊗R M ✳ ❋r♦♠ ❚❤❡♦r❡♠ ✶✳✶✹ ✇❡ ❣❡t t❤❡ ✐s♦♠♦r♣❤✐s♠s
♦❢ R̄✲♠♦❞✉❧❡s H l

ϕR̄,ψR̄
(M) ∼= H l

ϕ,ψ(M) ❛♥❞ H l
ϕR̄,ψR̄

(R̄) ∼= H l
ϕ,ψ(R̄)✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t

t❤❡ R̄✲♠♦❞✉❧❡s H l
ϕ,ψ(M) ❛♥❞ H l

ϕ,ψ(R̄) ⊗R M ❛r❡ ✐s♦♠♦r♣❤✐❝✳ ❇② r❡❞✉❝✐♥❣ s❝❛❧❛rs ✇❡
♦❜t❛✐♥ t❤❡ st❛t❡♠❡♥t✳

■❢ W̃ (〈ϕ〉, ψ) ⊆ W̃ (〈ϕ′〉, ψ′)✱ t❤❡♥ ✇❡ ❤❛✈❡ ♥❛t✉r❛❧ ♠❛♣s H i
ϕ,ψ(−)→ H i

ϕ′,ψ′(−) ❢♦r
❛❧❧ i✳ ▼♦r❡♦✈❡r✱ t❤❡ t♦♣ ❝♦❤♦♠♦❧♦❣② ❢✉♥❝t♦r Hd

ϕ,ψ(−) ❞✐s♣❧❛②s ❛ ❞✉❛❧ ❜❡❤❛✈✐♦✉r ✇✐t❤

r❡s♣❡❝t t♦ H0
ϕ,ψ(−) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✳

❚❤❡♦r❡♠ ✷✳✷✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ❧❡t α ❛♥❞ β

❜❡ ❢❛♠✐❧✐❡s ♦❢ R s✉❝❤ t❤❛t {R} ( 〈α〉 ⊆ 〈β〉✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧ ♠❛♣ Hd
α(M)→ Hd

β(M) ✐s

s✉r❥❡❝t✐✈❡✳ ■♥ ♣❛rt✐❝✉❧❛r Hd
α(M) ✐s ❆rt✐♥✐❛♥✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱ ✐t ✐s ❛ q✉♦t✐❡♥t ♦❢ Hd

m(M)✳



Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✇✐❧❧ ❜❡ ❞♦♥❡ ✐♥ s❡✈❡r❛❧ st❡♣s✳
❙t❡♣ ✶✿ ❙✉♣♣♦s❡ t❤❛t R ✐s ❝♦♠♣❧❡t❡ ●♦r❡♥st❡✐♥ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ M = R✳

❚❤❡♥ ❡✈❡r② ❡❧❡♠❡♥t ♦❢ ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ (Ei, ∂i) ♦❢ R ✐s ♦❢ t❤❡ ❢♦r♠
Ei =

⊕

ht p=i

E (R/p)✱ ✇❤❡r❡ E(R/p) ✐s t❤❡ ✐♥❥❡❝t✐✈❡ ❤✉❧❧ ♦❢ t❤❡ R✲♠♦❞✉❧❡ R/p✳ ❙✐♥❝❡

Γα(E
d) = Ed ✇❤❡♥ α ✐s ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧② ❛♥❞ Γα(E

d−1) ⊆ Γβ(E
d−1)✱ ✇❡ ❤❛✈❡ t❤❛t

imΓα(∂
d−1) ⊆ imΓβ(∂

d−1) ❛♥❞ t❤❡ ❤♦♠♦♠♦r♣❤✐s♠

Hd
α(R) = Ed/ imΓα(∂

d−1)→ Ed/ imΓβ(∂
d−1) = Hd

β(R)

✐s s✉r❥❡❝t✐✈❡✳
❙t❡♣ ✷✿ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t R ✐s ❝♦♠♣❧❡t❡ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ M = R✳ ❇② ❈♦❤❡♥

❙tr✉❝t✉r❡ ❚❤❡♦r❡♠ t❤❡r❡ ❡①✐sts ❛ ❝♦♠♣❧❡t❡ r❡❣✉❧❛r ✭❤❡♥❝❡ ●♦r❡♥st❡✐♥✮ ❧♦❝❛❧ r✐♥❣ (S, n)

♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ❛ s✉r❥❡❝t✐✈❡ r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ φ : S → R✳ ❚❤❡♥ ❚❤❡♦r❡♠ ✶✳✶✹
s❛②s t❤❛t Hd

α(R)
∼= Hd

φ−1(α)(R)✱ ✇❤❡r❡ φ
−1(γ) ✐s t❤❡ ❢❛♠✐❧② {φ−1(I) : I ∈ γ} ♦❢ ✐❞❡❛❧s

♦❢ S✳ ❖❜s❡r✈❡ t❤❛t Hd
φ−1(α)(S) → Hd

φ−1(β)(S) ✐s s✉r❥❡❝t✐✈❡ ❜② t❤❡ ♣r❡✈✐♦✉s st❡♣✳ ❚❤✉s
Hd
φ−1(α)(S) ⊗S S/K → Hd

φ−1(β)(S) ⊗S S/K ✐s ❛❧s♦ s✉r❥❡❝t✐✈❡✱ ✇❤❡r❡ K = kerφ✳ ◆♦✇
Hd
φ−1(α)(R)

∼= Hd
φ−1(α)(S)⊗SS/K ❛♥❞ Hd

φ−1(β)(R)
∼= Hd

φ−1(β)(S)⊗SS/K ❜② ▲❡♠♠❛ ✶✳✸✾✳
❍❡♥❝❡ Hd

α(R)→ Hd
β(R) ✐s s✉r❥❡❝t✐✈❡✳

❙t❡♣ ✸✿ ❙✉♣♣♦s❡ t❤❛t R ✐s ❛♥② r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ M = R✳ ▲❡♠♠❛ ✶✳✶✽
❣✐✈❡s t❤❛t Hd

αR̂
(R̂) ∼= Hd

α(R) ⊗R R̂✱ ✇❤❡r❡ R̂ ✐s t❤❡ m✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ♦❢ R✱ ❛♥❞ t❤❡
s✉r❥❡❝t✐✈✐t② ♦❢ Hd

α(R) → Hd
β(R) ❝♦♠❡s ❢r♦♠ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢

R̂✲♠♦❞✉❧❡s Hd
αR̂

(R̂)→ Hd
βR̂

(R̂) ❜② st❡♣ ✷✳
❙t❡♣ ✹✿ ❙✉♣♣♦s❡ t❤❛t dimM = dimR = d✳ ❚❤❡♥✱ ❜② st❡♣ ✸✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

Hd
α(R) → Hd

β(R) ✐s s✉r❥❡❝t✐✈❡✳ ■t ❢♦❧❧♦✇s t❤❛t Hd
α(R) ⊗ M → Hd

β(R) ⊗ M ✐s ❛❧s♦
s✉r❥❡❝t✐✈❡✳ ❚❤✉s Hd

α(M)→ Hd
β(M) ✐s s✉r❥❡❝t✐✈❡ ❜② ▲❡♠♠❛ ✶✳✶✹✳

❙t❡♣ ✺✿ ■♥ ❣❡♥❡r❛❧✱ ✇❡ ❤❛✈❡ t❤❛t Hd
α(M) ∼= Hd

αR̄
(M) ❢♦r R̄ = R/Ann(M) ❛♥❞

❡✈❡r② ❢❛♠✐❧② α ♦❢ ✐❞❡❛❧s ♦❢ R ❜② ❚❤❡♦r❡♠ ✶✳✶✹✳ ❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣
Hd
α(M)→ Hd

β(M) ✐s ❛❧s♦ s✉r❥❡❝t✐✈❡ ❜② st❡♣ ✹✳
❋✐♥❛❧❧②✱ s✐♥❝❡ α ✐s ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧②✱ ✇❡ ❤❛✈❡ t❤❛t W̃ (m) ⊆ 〈α〉✳ ❚❤❡♥ t❤❡

♥❛t✉r❛❧ ♠❛♣ Hd
m(M)→ Hd

α(M) ✐s s✉r❥❡❝t✐✈❡ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Hd
α(M) ✐s ❆rt✐♥✐❛♥

❜❡❝❛✉s❡ Hd
m(M) ✐s ❆rt✐♥✐❛♥ ❜② ❬❇❙✾✽✱ ❚❤❡♦r❡♠ ✼✳✶✳✸❪✳

❲❡ s❤❛❧❧ ♦❜s❡r✈❡ t❤❛t t❤❡ ❆rt✐♥✐❛♥♥❡ss ♦❢ t❤❡ t♦♣ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② Hd
α(M) ✇❛s

♣r♦✈❡❞ ✐♥ ❬❉❆◆❚✵✷✱ ❚❤❡♦r❡♠ ✷✳✻❪✳

❈♦r♦❧❧❛r② ✷✳✸✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ❧❡t ϕ✱ ϕ′✱

ψ ❛♥❞ ψ′ ❜❡ ❢❛♠✐❧✐❡s ♦❢ R s✉❝❤ t❤❛t {R} ( W̃ (〈ϕ〉, ψ) ⊆ W̃ (〈ϕ′〉, ψ′)✳ ❚❤❡♥ t❤❡ ♥❛t✉r❛❧

♠❛♣ Hd
ϕ,ψ(M) → Hd

ϕ′,ψ′(M) ✐s s✉r❥❡❝t✐✈❡✳ ■♥ ♣❛rt✐❝✉❧❛r Hd
ϕ,ψ(M) ✐s ❆rt✐♥✐❛♥✱ ♠♦r❡

♣r❡❝✐s❡❧②✱ ✐t ✐s ❛ q✉♦t✐❡♥t ♦❢ Hd
m(M)✳

✸✷



❚❤❡ ✐♥❝❧✉s✐♦♥ W̃ (〈ϕ〉, ψ) ⊆ W̃ (〈ϕ′〉, ψ′) ❤♦❧❞s ✇❤❡♥❡✈❡r ϕ ⊆ 〈ϕ′〉 ❛♥❞ 〈ψ〉 ⊇ ψ′✳

❚❤✉s ✇❡ ❝❛♥ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❈♦r♦❧❧❛r② ✷✳✹✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ d✱ s ≤ t ❜❡

♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ❛♥❞ {I1, . . . , Is} ❛♥❞ {J1, . . . , Jt} ❜❡ t✇♦ s❡ts ♦❢ ✐❞❡❛❧s s✉❝❤ t❤❛t I1 ❛♥❞

J1 ❛r❡ ♣r♦♣❡r✳

• ■❢ s ✐s ♦❞❞✱
√
Ii ⊇

√
Ji ❢♦r ❡✈❡r② ♦❞❞ 1 ≤ i ≤ s ❛♥❞

√

Ij ⊆
√

Jj ❢♦r ❡✈❡r② ❡✈❡♥

2 ≤ j ≤ s− 1✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ♠❛♣ Hd
I1,...,Is

(M)→ Hd
J1,...,Jt

(M) ✇❤✐❝❤

✐s s✉r❥❡❝t✐✈❡ ❛♥❞ Hd
I1,...,Is

(M) ✐s ❛ q✉♦t✐❡♥t ♦❢ Hd
m(M)✱ ❤❡♥❝❡ ❆rt✐♥✐❛♥✳

• ■❢ s ✐s ❡✈❡♥✱
√

Jj ⊆
√

Ij ❢♦r ❡✈❡r② ❡✈❡♥ 2 ≤ j ≤ s ❛♥❞
√
Ji ⊇

√
Ii ❢♦r ❡✈❡r② ♦❞❞

1 ≤ i ≤ s− 1✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ♠❛♣ Hd
J1,...,Jt

(M)→ Hd
I1,...,Is

(M) ✇❤✐❝❤

✐s s✉r❥❡❝t✐✈❡ ❛♥❞ Hd
J1,...,Jt

(M) ✐s ❛ q✉♦t✐❡♥t ♦❢ Hd
m(M)✱ ❤❡♥❝❡ ❆rt✐♥✐❛♥✳

Pr♦♦❢✳ ❚❤❡ ✜rst s✐t✉❛t✐♦♥ ❣✐✈❡s t❤❛t W̃ (m) ⊆ W̃ (I1, . . . , Is) ⊆ W̃ (J1, . . . , Jt)✱ ✇❤✐❧❡ t❤❡
s❡❝♦♥❞ ♦♥❡ ❣✐✈❡s t❤❛t W̃ (m) ⊆ W̃ (J1, . . . , Jt) ⊆ W̃ (I1, . . . , Is)✳

❋♦r ❛♥② R✲♠♦❞✉❧❡ M ✱ s❡t l = sup
J∈ψ

dim(M/JM)✳ ❚❤❡ R✲♠♦❞✉❧❡ H l
ϕ,ψ(M) ✐s ♥♦t

❛❧✇❛②s ❆rt✐♥✐❛♥ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ Pr♦♣♦s✐t✐♦♥ ✶✳✺✷✮✱ ❜✉t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❤♦❧❞s✳

❚❤❡♦r❡♠ ✷✳✺✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✱ ϕ ❛♥❞ ψ ❜❡ ❢❛♠✐❧✐❡s ♦❢ R ❛♥❞

❝♦♥s✐❞❡r l = sup
J∈ψ

dim(M/JM)✳ ❚❤❡♥ H l
ϕ,ψ(M)/JH l

ϕ,ψ(M) ✐s ❆rt✐♥✐❛♥ ❢♦r ❡✈❡r② J ∈ ψ✳

Pr♦♦❢✳ ❲❡ s❤❛❧❧ ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t ❜② ✐♥❞✉❝t✐♦♥ ♦♥ d = dimM ✳ ■❢ d = 0✱ t❤❡♥ l ≤ 0

❛♥❞ H l
ϕ,ψ(M) ✐s ❆rt✐♥✐❛♥✱ ✇❤❡♥❝❡ H l

ϕ,ψ(M)/JH l
ϕ,ψ(M) ✐s ❆rt✐♥✐❛♥ ❢♦r ❡✈❡r② J ∈ ψ✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t d > 0✳ ▲❡t ✉s s✉♣♣♦s❡ ✜rst t❤❛t M ✐s ψ✲t♦rs✐♦♥✲❢r❡❡✱ t❤✐s ✐s✱
Γψ(M) = 0✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② J ∈ ψ t❤❡r❡ ❡①✐sts ❛♥ M ✲r❡❣✉❧❛r ❡❧❡♠❡♥t x ∈ J ❜②
❈♦r♦❧❧❛r② ✶✳✷✼✱ ✭✐✮✳ ❚❤❡ ❡①❛❝t s❡q✉❡♥❝❡

0 M M M/xM 0// //
µx

// //

❧❡❛❞s t♦ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

H l
ϕ,ψ (M) H l

ϕ,ψ(M) H l
ϕ,ψ (M/xM) 0//

µx
// //

❜② ❚❤❡♦r❡♠ ✶✳✹✵✳ ❙❡t N = M/xM ❛♥❞ r = sup
K∈ψ

dim(N/KN)✳ ❚❤❡♥ r ≤ l ❛♥❞

H i
ϕ,ψ(N)/KH i

ϕ,ψ(N) ✐s ❆rt✐♥✐❛♥ ❢♦r ❡✈❡r② i ≥ r ❛♥❞ ❡✈❡r② K ∈ ψ ❜② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤✲
❡s✐s✳ ❲❡ ❛❧s♦ ♦❜t❛✐♥ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

H l
ϕ,ψ(M)

JH l
ϕ,ψ(M)

H l
ϕ,ψ(M)

JH l
ϕ,ψ(M)

H l
ϕ,ψ(N)

JH l
ϕ,ψ(N)

0//
µx

// //

❛♥❞ s✐♥❝❡ x ∈ J ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t H l
ϕ,ψ(M)/JH l

ϕ,ψ(M) ∼= H l
ϕ,ψ(N)/JH l

ϕ,ψ(N)✳

✸✸



◆♦✇ ✐❢ M ✐s ♥♦t ψ✲t♦rs✐♦♥✲❢r❡❡✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢
R✲♠♦❞✉❧❡s 0 −→ Γψ(M) −→M −→M/Γψ(M) −→ 0✳ ❈♦♥s✐❞❡r ❛❧s♦ t❤❡ ✐♥t❡❣❡r ♥✉♠✲
❜❡rs r = sup

K∈ψ
dim((M/Γψ(M))/K(M/Γψ(M))) ❛♥❞ k = sup

K∈ψ
dim(Γψ(M)/KΓψ(M))✳

❲❡ ♦❜s❡r✈❡ t❤❛t max {r, k} ≤ l✱ t❤✉s ✇❡ ♦❜t❛✐♥ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ R✲♠♦❞✉❧❡s
H l
ϕ,ψ(Γψ(M)) −→ H l

ϕ,ψ(M) −→ H l
ϕ,ψ(M/Γψ(M)) −→ 0 ✇❤✐❝❤ ✐♥❞✉❝❡s t❤❡ ❡①❛❝t s❡✲

q✉❡♥❝❡
H l
ϕ,ψ(Γψ(M))

JH l
ϕ,ψ(Γψ(M))

−→
H l
ϕ,ψ(M)

JH l
ϕ,ψ(M)

−→
H l
ϕ,ψ(M/Γψ(M))

JH l
ϕ,ψ(M/Γψ(M))

−→ 0 ✭✷✳✶✮

❢♦r ❡✈❡r② J ∈ ψ✳ ❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t dimΓψ(M) ≤ l ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✶✱ ✭✐✈✮✱
✇❤❡♥❝❡ H l

ϕ,ψ(Γψ(M)) ✐s ❆rt✐♥✐❛♥ ❜② ❚❤❡♦r❡♠ ✷✳✷✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢
❡q✉❛t✐♦♥ ✭✷✳✶✮ ✐s ❆rt✐♥✐❛♥ ❜② t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳ ❚❤❡♥ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s✳

❈♦r♦❧❧❛r② ✷✳✻✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ I1, . . . , Is ❜❡ ✐❞❡❛❧s ♦❢

R✳ ❚❤❡♥ H l
Is,...,I1

(M)/JH l
Is,...,I1

(M) ✐s ❆rt✐♥✐❛♥ ❢♦r ❡✈❡r② J ∈ W̃ (Is−1, . . . , I1)✱ ✇❤❡r❡

l = sup
{

dim(M/JM) : J ∈ W̃ (Is−1, . . . , I1)
}

✳

❲❤❡♥ s = 2✱ t❤❡ ❛❜♦✈❡ ❝♦r♦❧❧❛r② ✇❛s st❛t❡❞ ✐♥ ❬❈❲✵✾✱ ❚❤❡♦r❡♠ ✷✳✸❪✳

❚❤❡♦r❡♠ ✷✳✼✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ α ❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧②

♦❢ R✳ ❚❤❡♥

inf
{

i : H i
α(M) ✐s ♥♦t ❆rt✐♥✐❛♥

}

= inf
{

depthRp
(Mp) : p ∈ 〈α〉 ∩ SpecR− {m}

}

.

Pr♦♦❢✳ ❲❡ s❡t n = inf
{

depthRp
(Mp) : p ∈ 〈α〉 ∩ SpecR− {m}

}

❛♥❞ ❛ ♠✐♥✐♠❛❧ ✐♥✲

❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ (E∗(M), d∗) ♦❢ M ✳ ❚❤✉s Γα(E
i(M)) = E (R/m)µ

i(m,M) ❢♦r ❡✈❡r②
i < n ❜② ❈♦r♦❧❧❛r② ✶✳✷✻✱ ✭✐✈✮✳ ❙✐♥❝❡ E (R/m) ✐s ❆rt✐♥✐❛♥ ❛♥❞ µi(m,M) ✐s ✜♥✐t❡✱ ✇❡
❤❛✈❡ t❤❛t Γα(E

i(M)) ✐s ❆rt✐♥✐❛♥ t♦♦ ❢♦r i < n ❛♥❞ s♦ ✐s H i
α(M)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

inf {i : H i
α(M) ✐s ♥♦t ❆rt✐♥✐❛♥} ≥ n✳

❋♦r t❤❡ ♦t❤❡r ✐♥❡q✉❛❧✐t② ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣r✐♠❡ ✐❞❡❛❧ q 6= m ✐♥ 〈α〉
s✉❝❤ t❤❛t µn(q,M) > 0✳ ❚❤✉s q ∈ AssR(Γα(E

n(M))) ❜② ❈♦r♦❧❧❛r② ✶✳✷✻✱ ✭✐✈✮✳ ❚❤❡♥
Γα(E

n(M)) ✐s ♥♦t ❆rt✐♥✐❛♥✳ ◆♦✇ Γα(E
n(M)) ✐s ❛♥ ❡ss❡♥t✐❛❧ ❡①t❡♥s✐♦♥ ♦❢ ker Γα(dn)✱

❧❡❛❞✐♥❣ t♦ ker Γα(d
n) ♥♦t ❜❡✐♥❣ ❆rt✐♥✐❛♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ imΓα(d

n−1) ✐s ❆rt✐♥✐❛♥✳
❚❤✉s t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ 0 −→ imΓα(d

n−1) −→ ker Γα(d
n) −→ Hn

α(M) −→ 0 ✐♠♣❧✐❡s
t❤❛t Hn

α(M) ✐s ♥♦t ❆rt✐♥✐❛♥✳

❈♦r♦❧❧❛r② ✷✳✽✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ ϕ ❛♥❞ ψ ❜❡ ❢❛♠✐❧✐❡s ♦❢ R✳
❚❤❡♥

inf
{

i : H i
ϕ,ψ(M) ✐s ♥♦t ❆rt✐♥✐❛♥

}

= inf
{

depthRp
(Mp) : p ∈ W̃ (〈ϕ〉, ψ) ∩ SpecR− {m}

}

.

❈♦r♦❧❧❛r② ✷✳✾✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ α ❛♥❞ β ❜❡ ❢❛♠✐❧✐❡s ♦❢ R

s✉❝❤ t❤❛t α ⊆ 〈β〉✳ ❚❤❡♥

inf
{

i : H i
β(M) ✐s ♥♦t ❆rt✐♥✐❛♥

}

≤ inf
{

i : H i
α(M) ✐s ♥♦t ❆rt✐♥✐❛♥

}

.
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■♥ ♣❛rt✐❝✉❧❛r✱

inf
{

i : H i
I1,...,Ij

(M) ✐s ♥♦t ❆rt✐♥✐❛♥
}

≤ inf
{

i : H i
I1,...,Is

(M) ✐s ♥♦t ❆rt✐♥✐❛♥
}

❢♦r ❡✈❡r② ❡✈❡♥ ✐♥t❡❣❡r 2 ≤ j ≤ s ❛♥❞

inf
{

i : H i
I1,...,Is

(M) ✐s ♥♦t ❆rt✐♥✐❛♥
}

≤ inf
{

i : H i
I1,...,Ii

(M) ✐s ♥♦t ❆rt✐♥✐❛♥
}

❢♦r ❡✈❡r② ♦❞❞ ✐♥t❡❣❡r 1 ≤ i ≤ s✳

❈♦r♦❧❧❛r② ✷✳✶✵✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ α ❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧②

♦❢ R✳ ❚❤❡♥

inf
{

i : H i
α(M) ✐s ♥♦t ❆rt✐♥✐❛♥

}

= inf
{

i : H i
α(M) ≇ H i

m(M)
}

.

Pr♦♦❢✳ ❙❡t n = inf {i : H i
α(M) ✐s ♥♦t ❆rt✐♥✐❛♥}✳ ❚❤❡♥ Γα(E

i(M)) = Γm(E
i(M)) ❢♦r

❡✈❡r② i < n ❜② ❚❤❡♦r❡♠ ✷✳✼ ❛♥❞ ❈♦r♦❧❧❛r② ✶✳✷✻✱ ✭✐✈✮✳ ❈♦♥✈❡rs❡❧②✱ Hn
α(M) ✐s ♥♦t

❆rt✐♥✐❛♥ ✇❤✐❧❡ Hn
m(M) ✐s ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Hn

α(M) ≇ Hn
m(M)✳

❚❤❡ ♥❡①t r❡s✉❧t ❣❡♥❡r❛❧✐s❡s ❬❈❲✵✾✱ ❚❤❡♦r❡♠ ✷✳✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✺❪✳

❈♦r♦❧❧❛r② ✷✳✶✶✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ I1, . . . , Is ❜❡ ✐❞❡❛❧s ♦❢ R✳

❚❤❡♥

inf
{

i : H i
Is,...,I1

(M) ✐s ♥♦t ❆rt✐♥✐❛♥
}

= inf
{

depthRp
(Mp) : p ∈ W (Is, . . . , I1)− {m}

}

= inf
{

i : H i
Is,...,I1

(M) ≇ H i
m(M)

}

✇❤❡r❡ W (Is, . . . , I1) = W̃ (Is, . . . , I1) ∩ SpecR✳

■♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥ ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② t❤❡♦r② ❛♥❞ ✐ts ❝✉rr❡♥t ❡①t❡♥s✐♦♥s✱ ✇❡

❞❡✜♥❡✱ ❢♦r ❡❛❝❤ R✲♠♦❞✉❧❡ M ❛♥❞ ❡✈❡r② ❢❛♠✐❧② α ♦❢ R✱ t❤❡ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥s✐♦♥ ♦❢

M ✇✐t❤ r❡s♣❡❝t t♦ α ❛s cd(α,M) = sup {r : Hr
α(M) 6= 0}✳

❲❤❡♥ 〈α〉 = W̃ (〈ϕ〉, ψ) ❢♦r s♦♠❡ ❢❛♠✐❧✐❡s✱ ϕ ❛♥❞ ψ✱ ♦❢ R✱ ✇❡ ❞❡♥♦t❡ cd(α,M) ❛s

cd(ϕ, ψ,M) ❛♥❞ ✇❡ ❝❛❧❧ ✐t t❤❡ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ M ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛✐r

(ϕ, ψ)✳ ❆❧s♦✱ ✇❤❡♥ W̃ (〈ϕ〉, ψ) = W̃ (Is, . . . , I1) ❢♦r s♦♠❡ ✐❞❡❛❧s I1, . . . , Is ♦❢ R✱ ✇❡ s❤❛❧❧

✇r✐t❡ cd(ϕ, ψ,M) ❛s cd(Is, . . . , I1,M) ❛♥❞ ❝❛❧❧ ✐t t❤❡ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ M

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✲t✉♣❧❡ (Is, . . . , I1)✳

▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✳ ■❢ 〈ψ〉 ⊇ ψ′✱ ❚❤❡♦r❡♠ ✶✳✹✸ st❛t❡s t❤❛t

cd(m, ψ,M) ≥ cd(m, ψ′,M)✳ ❚❤✉s cd(m, I2, . . . , Is,M) ≤ cd(m, J2, . . . , Jt,M) ❡✈❡r②

t✐♠❡ s ✐s ❡✈❡♥✱ s ≤ t✱
√

Ij ⊇
√

Jj ❢♦r ❡✈❡r② ❡✈❡♥ ✐♥t❡❣❡r 2 ≤ j ≤ s ❛♥❞
√
Ii ⊆

√
Ji ❢♦r

❡✈❡r② ♦❞❞ ✐♥t❡❣❡r 3 ≤ i ≤ s− 1✳ ❙✐♠✐❧❛r❧②✱ cd(m, I2, . . . , Is,M) ≥ cd(m, J2, . . . , Jt,M)
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❡✈❡r② t✐♠❡ s ✐s ♦❞❞✱ s ≤ t✱
√

Jj ⊇
√

Ij ❢♦r ❡✈❡r② ❡✈❡♥ ✐♥t❡❣❡r 2 ≤ j ≤ s − 1 ❛♥❞
√
Ji ⊆

√
Ii ❢♦r ❡✈❡r② ♦❞❞ ✐♥t❡❣❡r 3 ≤ i ≤ s ✭❝♦♠♣❛r❡ ✇✐t❤ ❈♦r♦❧❧❛r② ✷✳✹✮✳

❲❡ ♥♦✇ ❡st❛❜❧✐s❤ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ✐♥✈❛r✐❛♥t ❜② s❡❡✐♥❣ ✜rst t❤❛t t❤❡ ❝♦❤♦✲

♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♠♦❞✉❧❡ ♦♥❧② ❞❡♣❡♥❞s ♦♥ ✐ts s✉♣♣♦rt✳

❚❤❡♦r❡♠ ✷✳✶✷✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✱ M ❛♥❞ N ❜❡ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡s ✇✐t❤

Supp(N) ⊆ Supp(M) ❛♥❞ r ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ♥✉♠❜❡r s✉❝❤ t❤❛t Hr
α (R/p) = 0

❢♦r ❡✈❡r② ♣r✐♠❡ ✐❞❡❛❧ p ∈ Supp(M)✳ ❚❤❡♥

✭✐✮ Hr
α(N) = 0✳

✭✐✐✮ cd (α,R/p) < r ❢♦r ❛❧❧ p ∈ Supp(M)✳

Pr♦♦❢✳ ❲❡ ♥♦✇ ♣r♦✈❡ ✭✐✮✳ ■❢ Hr
α (R/p) = 0 ❢♦r ❡✈❡r② p ∈ Supp(M)✱ t❤❡♥✱ ❢♦r ❛♥②

✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ N s✉❝❤ t❤❛t Supp(N) ⊆ Supp(M) ❛♥❞ ❛♥② ✜❧tr❛t✐♦♥
0 = N0 ( N1 ( · · · ( Nt−1 ( Nt = N ♦❢ s✉❜♠♦❞✉❧❡s ♦❢ N s✉❝❤ t❤❛t t❤❡ ✐s♦♠♦r♣❤✐s♠
Nj/Nj−1

∼= R/pj ❤♦❧❞s ❢♦r s♦♠❡ pj ∈ Supp(N) ❛♥❞ ❡✈❡r② j = 1, . . . , t✱ ✇❡ ♦❜t❛✐♥✱ ❢r♦♠
t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ Hr

α(Nj−1) −→ Hr
α(Nj) −→ Hr

α (R/pj)✱ t❤❛t H
r
α(Nj) = 0 ❢♦r ❡✈❡r②

j = 1, . . . , t✳
■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✐✐✮✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t Hr+1

α (R/p) = 0 ❢♦r ❡✈❡r② ♣r✐♠❡
✐❞❡❛❧ p ∈ Supp(M)✳ ❖t❤❡r✇✐s❡ t❤❡r❡ ✇♦✉❧❞ ❡①✐st ❛ ♣r✐♠❡ q ∈ AssR (Hr+1

α (R/p0)) ❢♦r
s♦♠❡ p0 ∈ Supp(M)✳ ■❢ q 6= p0✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ x ∈ q− p0 ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❡①❛❝t
s❡q✉❡♥❝❡

0 R/p0 R/p0 R/(p0 +Rx) 0// //
µx

// // .

❚❤✐s ❧❡❛❞s t♦ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

Hr
α (R/(p0 +Rx)) Hr+1

α (R/p0) Hr+1
α (R/p0)// //

µx

❛♥❞✱ s✐♥❝❡ Supp (R/(p0 +Rx)) ⊆ Supp (R/p0) ⊆ Supp(M)✱ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ✭✐✮ t❤❛t
Hr
α (R/(p0 +Rx)) = 0 ❛♥❞ x ✐s Hr+1

α (R/p0)✲r❡❣✉❧❛r✱ ✇❤✐❝❤ ✐s ❛❜s✉r❞✳ ❚❤✉s q = p0✳
◆♦✇✱ AssR (Hr+1

α (R/p0)) ⊆ 〈α〉 ❛♥❞ p0 ∈ 〈α〉✳ ❚❤❡♥ R/p0✱ ❜❡✐♥❣ ❛ p0✲t♦rs✐♦♥
♠♦❞✉❧❡✱ ✐s ❛❧s♦ α✲t♦rs✐♦♥✳ ❚❤✉s H i

α (R/p0) = 0 ❢♦r ❡✈❡r② i > 0✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥
❛♥❞ Hr+1

α (R/p) = 0 ❢♦r ❡✈❡r② p ∈ Supp(M)✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✸✳ ▲❡t α ❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧② ♦❢ R ❛♥❞ M ❛♥❞ N ❜❡ ✜♥✐t❡❧② ❣❡♥✲

❡r❛t❡❞ R✲♠♦❞✉❧❡s s✉❝❤ t❤❛t Ann(M) ⊆ Ann(N)✳ ❚❤❡♥ cd(α,N) ≤ cd(α,M) ❛♥❞

cd(Is, . . . , I1, N) ≤ cd(Is, . . . , I1,M) ❢♦r ❡✈❡r② s✲t✉♣❧❡ ♦❢ ✐❞❡❛❧s (I1, . . . , Is)✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ❡✈❡r② t✐♠❡ H i
α(M) = 0 ✇❡ ❣❡t t❤❛t H i

α(N) = 0✳ ❙✐♥❝❡
dimN ≤ dimM ✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ st❛t❡♠❡♥t ♦♥❧② ❢♦r cd(α,M) < i ≤ dimM ✳ ❙✐♥❝❡
N ✐s ❛♥ (R/Ann(M))✲♠♦❞✉❧❡✱ t❤❡r❡ ❡①✐sts ❛ ✜❧tr❛t✐♦♥ ♦❢ R✲♠♦❞✉❧❡s

0 = N0 ⊆ N1 ⊆ · · · ⊆ Nt−1 ⊆ Nt = N

✸✻



s✉❝❤ t❤❛t ❡❛❝❤ Nj/Nj−1 ✐s ❛♥ ❤♦♠♦♠♦r♣❤✐❝ ✐♠❛❣❡ ♦❢ ❛ ❞✐r❡❝t s✉♠ ♦❢ ✜♥✐t❡❧② ♠❛♥②
❝♦♣✐❡s ♦❢ M ✭s❡❡ ❬❱❛s✼✹✱ ❚❤❡♦r❡♠ ✹✳✶❪✮✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t t = 1✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts
❛♥ ❡①❛❝t s❡q✉❡♥❝❡ 0 −→ L −→ Mm −→ N −→ 0 ✇❤❡r❡ L ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞
R✲♠♦❞✉❧❡✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡

· · · −→ H i
α(L) −→ H i

α(M
m) −→ H i

α(N) −→ H i+1
α (L) −→ · · · .

❙✐♥❝❡ Ann(M) ⊆ Ann(L)✱ ✇❡ ❤❛✈❡ t❤❛t H i+1
α (L) = 0 ❜② ❞❡s❝❡♥❞✐♥❣ ✐♥❞✉❝t✐♦♥✳ ■❢

H i
α(M) = 0✱ t❤❡♥ H i

α(N) = 0✳ ◆♦✇ H i
α (Nt/Nt−1) = 0 ❛♥❞ H i

α(Nt−1) = 0✱ ♣r♦✈✐❞❡❞
H i
α(M) = 0 ❛♥❞ t > 1✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t H i

α(Nt) = 0 ❛♥❞ cd(α,N) ≤ cd(α,M)✳

❈♦r♦❧❧❛r② ✷✳✶✹✳ ■❢ M ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♣r✐♠❡

✐❞❡❛❧ p ∈ Min(M) s✉❝❤ t❤❛t cd(α,M) = cd (α,R/p)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❡✈❡r② s✲

t✉♣❧❡ (I1, . . . , Is) ♦❢ ✐❞❡❛❧s ♦❢ R✱ t❤❡r❡ ❡①✐sts ❛ ♣r✐♠❡ ✐❞❡❛❧ p ∈ Min(M) s✉❝❤ t❤❛t

cd(Is, . . . , I1,M) = cd (Is, . . . , I1, R/p)✳

Pr♦♦❢✳ ❆❣❛✐♥✱ ❚❤❡♦r❡♠ ✷✳✶✷ ❣✐✈❡s ✉s t❤❡ ✐♥❡q✉❛❧✐t② cd(α,M) ≤ cd (α,R/p′) ❢♦r s♦♠❡
p′ ∈ Supp(M)✳ ❙✐♥❝❡ Ann(M) ⊆ q ❢♦r ❡✈❡r② q ∈ Supp(M)✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t
cd(α,M) ≥ cd (α,R/q) ❢♦r ❡✈❡r② q ∈ Supp(M) ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✸✳ ◆♦✇ t❤❡r❡ ❡①✐sts
p ∈ Min(M) s✉❝❤ t❤❛t p ⊆ p′✱ ✇❤❡♥❝❡

cd(α,M) ≤ cd (α,R/p′) ≤ cd (α,R/p) ≤ cd(α,M)

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ st❛t❡♠❡♥t✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❣❡♥❡r❛❧✐s❡s ❬❈❲✵✾✱ ❈♦r♦❧❧❛r② ✸✳✸❪✳

❈♦r♦❧❧❛r② ✷✳✶✺✳ ❋♦r ❛♥② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ M ❛♥❞ ❛♥② ❢❛♠✐❧② α ♦❢ R✱

cd(α,M) = inf
{

i ∈ N : H i
α (R/p) = 0 ❢♦r ❛❧❧ p ∈ Supp(M)

}

− 1.

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ I1, . . . , Is ❛r❡ ✐❞❡❛❧s ♦❢ R✱ t❤❡♥

cd(Is, . . . , I1,M) = inf
{

i ∈ N : H i
Is,...,I1

(R/p) = 0 ❢♦r ❛❧❧ p ∈ Supp(M)
}

− 1.

Pr♦♦❢✳ ❚❤❡♦r❡♠ ✷✳✶✷ ❣✐✈❡s t❤❛t

cd(α,M) ≤ inf
{

i ∈ N : H i
α(R/p) = 0 ❢♦r ❛❧❧ p ∈ Supp(M)

}

− 1.

❋♦r t❤❡ ❝♦♥✈❡rs❡✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t H i
α (R/p) = 0 ❢♦r ❡✈❡r② p ∈ Supp(M) ❛♥❞ ❡✈❡r②

✐♥t❡❣❡r i > cd(α,M)✳ ❙♦ ❝♦♥s✐❞❡r p ∈ Supp(M) ❛♥❞ i > cd(α,M)✳ ■t ❢♦❧❧♦✇s ❢r♦♠
Pr♦♣♦s✐t✐♦♥ ✷✳✶✸ t❤❛t cd(α,R/p) ≤ cd(α,M) < i✱ ✇❤❡♥❝❡ H i

α(R/p) = 0✳

❈♦r♦❧❧❛r② ✷✳✶✻✳ ❋♦r ❛♥② ❢❛♠✐❧② α ♦❢ R ❛♥❞ ❛♥② ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

R✲♠♦❞✉❧❡s 0 −→ L −→ M −→ N −→ 0✱ cd(α,M) = max {cd(α, L), cd(α,N)}✳
■♥ ♣❛rt✐❝✉❧❛r✱ cd(Is, . . . , I1,M) = max {cd(Is, . . . , I1, L), cd(Is, . . . , I1, N)} ❢♦r ❡✈❡r② s✲

t✉♣❧❡ (I1, . . . , Is) ♦❢ ✐❞❡❛❧s ♦❢ R✳
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Pr♦♦❢✳ ❙✐♥❝❡ Ann(M) ⊆ Ann(L) ∩ Ann(N)✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✸ ❣✐✈❡s t❤❛t

max {cd(α, L), cd(α,N)} ≤ cd(α,M).

❋♦r t❤❡ ❝♦♥✈❡rs❡✱ t❤❡r❡ ❡①✐sts ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ H i
α(L) −→ H i

α(M) −→ H i
α(N)✳ ❚❤❡♥

H i
α(L) = 0 ❛♥❞ H i

α(N) = 0 ✐♠♣❧② H i
α(M) = 0✳

❈♦r♦❧❧❛r② ✷✳✶✼✳ ❙✉♣♣♦s❡ t❤❛t M ❛♥❞ N ❛r❡ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡s s✉❝❤ t❤❛t

Supp(N) ⊆ Supp(M) ❛♥❞ ❝♦♥s✐❞❡r ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧② α ♦❢ R✳ ❚❤❡♥

cd(α,N) ≤ cd(α,M)

❛♥❞ cd(Is, . . . , I1, N) ≤ cd(Is, . . . , I1,M) ❢♦r ❡✈❡r② s✲t✉♣❧❡ ♦❢ ✐❞❡❛❧s (I1, . . . , Is)✳

Pr♦♦❢✳ ▲❡t 0 = N0 ( N1 ( · · · ( Nt−1 ( Nt = N ❜❡ ❛ ✜❧tr❛t✐♦♥ ♦❢ s✉❜♠♦❞✉❧❡s ♦❢ N
s✉❝❤ t❤❛t Ni/Ni−1

∼= R/pi ❢♦r s♦♠❡ pi ∈ Supp(N) ❛♥❞ ❢♦r ❡✈❡r② i = 1, . . . , t✳ ■❢ t = 1✱
t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✶✸✳ ■❢ t > 1✱ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡
0 −→ Nt−1 −→ Nt −→ Nt/Nt−1 −→ 0 ❧❡❛❞s t♦

cd(α,Nt) = max {cd(α,Nt−1), cd(α,Nt/Nt−1)} ≤ cd(α,M)

❛♥❞ t❤❡ st❛t❡♠❡♥t ✐s ♣r♦✈❡❞✳

✷✳✷ ❆tt❛❝❤❡❞ ♣r✐♠❡s ♦❢ t♦♣ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s

▲❡t M ❜❡ ❛♥ R✲♠♦❞✉❧❡✳ ❆ ♣r✐♠❡ ✐❞❡❛❧ p ✐s s❛✐❞ t♦ ❜❡ ❛♥ ❛tt❛❝❤❡❞ ♣r✐♠❡ ♦❢ M

✇❤❡♥ p = Ann(M/T ) ❢♦r s♦♠❡ s✉❜♠♦❞✉❧❡ T ♦❢ M ✳ ❚❤❡ ❝♦♥❝❡♣t ♦❢ ❛tt❛❝❤❡❞ ♣r✐♠❡

✐❞❡❛❧ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ❛ s❡❝♦♥❞❛r② r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ M ✭s❡❡ ❬▼❛❝✼✸❪✮✳

❚❤❡r❡ ✐s ❛ ✇❡❧❧✲❦♥♦✇♥ ♣r♦♣❡rt② ✐♥ ✉s✉❛❧ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ✇❤✐❝❤ s❛②s t❤❛t t❤❡

❛tt❛❝❤❡❞ ♣r✐♠❡s ♦❢ t❤❡ n✲t❤ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡ ♦❢ t❤❡ n✲❞✐♠❡♥s✐♦♥❛❧ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

R✲♠♦❞✉❧❡ M ✐s ❛ s✉❜s❡t ♦❢ t❤❡ ♠✐♥✐♠❛❧ ♣r✐♠❡s ♦❢ M ✭s❡❡ ❬❉❨✵✺✱ ❚❤❡♦r❡♠ ❆❪✮✳ ❚❤✐s

✐s ❛❧s♦ ✈❛❧✐❞ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥t❡①t ❛s ✇❡ ❝❛♥ s❡❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✳

❚❤❡♦r❡♠ ✷✳✶✽✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ α ❜❡ ❛

♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧② ♦❢ R✳ ❚❤❡♥

Att(Hd
α(M)) = {p ∈ Supp(M) : cd (α,R/p) = d} .

Pr♦♦❢✳ ■❢ d = 0✱ t❤❡♥ M ❤❛s ✜♥✐t❡ ❧❡♥❣t❤ ❛♥❞

Att(H0
α(M)) = Att(M) = {m} = Supp(M).
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▲❡t ✉s s✉♣♣♦s❡ t❤❛t d > 0✳ ❇② ❈♦r♦❧❧❛r② ✷✳✶✺✱ ✇❡ ♦❜t❛✐♥ t❤❛t Hd
α(M) = 0 ✐❢ ❛♥❞

♦♥❧② ✐❢ Hd
α (R/p) = 0 ❢♦r ❡✈❡r② p ∈ Supp(M)✳ ❚❤✉s Att(Hd

α(M)) = ∅ ✐❢ ❛♥❞ ♦♥❧② ✐❢
{p ∈ Supp(M) : cd (α,R/p) = d} = ∅✳ ❍❡♥❝❡ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t Hd

α(M) 6= 0✳
❆ss✉♠❡ ✜rst t❤❛t ❡✈❡r② ♥♦♥✲tr✐✈✐❛❧ s✉❜♠♦❞✉❧❡ ♦❢M ❤❛s ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥s✐♦♥

✇✐t❤ r❡s♣❡❝t t♦ α ❡q✉❛❧ t♦ d✳ ❲❡ ❝❧❛✐♠ t❤❛tAss(M) = {p ∈ Supp(M) : cd(α,R/p) = d}✳
■♥❞❡❡❞✱ ✐❢ p ∈ Ass(M)✱ t❤❡♥ R/p ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ♥♦♥✲tr✐✈✐❛❧ s✉❜♠♦❞✉❧❡ ♦❢ M ✱
t❤✉s cd(α,R/p) = d✳ ❋♦r t❤❡ ❝♦♥✈❡rs❡✱ ♦❜s❡r✈❡ t❤❛t ✐❢ p ∈ Supp(M) ✐s s✉❝❤ t❤❛t
cd(α,R/p) = d✱ t❤❡♥ d ≤ dim(R/p) ≤ dim(M) = d✱ ✇❤❡♥❝❡ p ∈ Ass(M) ❛♥❞ t❤❡ ❝❧❛✐♠
✐s ♣r♦✈❡❞✳ ❚❤✉s ✇❡ s❤❛❧❧ ♣r♦✈❡ t❤❛t Att(Hd

α(M)) = Ass(M)✳
▲❡t r ∈ R ❜❡ ❛♥ M ✲r❡❣✉❧❛r ❡❧❡♠❡♥t✳ ❚❤❡♥ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

0 M M M/rM 0// //
µr

// //

✐♥❞✉❝❡s t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

Hd
α(M) Hd

α(M) Hd
α (M/rM)//

µr
// .

◆♦✇ Hd
α (M/rM) = 0 ❜② ▲❡♠♠❛ ✶✳✸✽✱ t❤✉s µr : Hd

α(M) → Hd
α(M) ✐s s✉r❥❡❝t✐✈❡✱

❤❡♥❝❡ r /∈
⋃

p∈Att(Hd
α(M))

p✳ ❚❤❡r❡❢♦r❡✱
⋃

p∈Att(Hd
α(M))

p ⊆
⋃

p∈Ass(M)

p ❛♥❞✱ ❢♦r ❡✈❡r② ♣r✐♠❡

✐❞❡❛❧ p ∈ Att(Hd
α(M))✱ t❤❡r❡ ❡①✐sts q ∈ Ass(M) s✉❝❤ t❤❛t p ⊆ q✳ ❲❡ ❛❧s♦ ❤❛✈❡

t❤❛t Ann(M) ⊆ Ann(Hd
α(M)) ⊆ p ❢♦r ❡✈❡r② p ∈ Att(Hd

α(M))✳ ❚❤❡♥ ✇❡ ❣❡t t❤❡
✐♥❡q✉❛❧✐t✐❡s d = cd (α,R/q) ≤ dim(R/q) ≤ dim(R/p) ≤ d ❛♥❞ p = q✱ ✐♠♣❧②✐♥❣ t❤❡
r❡❧❛t✐♦♥ Att(Hd

α(M)) ⊆ Ass(M)✳ ❋♦r t❤❡ ❝♦♥✈❡rs❡ ❝♦♥s✐❞❡r ❛ ♣r✐♠❡ ✐❞❡❛❧ p ∈ Ass(M)✳
❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ p✲♣r✐♠❛r② s✉❜♠♦❞✉❧❡ T ♦❢ M s✉❝❤ t❤❛t Ass (M/T ) = {p}✳ ❍❡♥❝❡
❈♦r♦❧❧❛r② ✷✳✶✹ ✐♠♣❧✐❡s t❤❛t cd (α,M/T ) = cd (α,R/p) = d✳ ❙✐♥❝❡ Ass (L/T ) = {p}
❢♦r ❡✈❡r② s✉❜♠♦❞✉❧❡ L ♦❢ M s✉❝❤ t❤❛t L ) T ✱ ✇❡ ❤❛✈❡ t❤❛t cd (α, L/T ) = d✳ ❚❤✉s
❡✈❡r② ♥♦♥✲tr✐✈✐❛❧ s✉❜♠♦❞✉❧❡ ♦❢ M/T ❤❛s ❛❧s♦ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥s✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦
α ❡q✉❛❧ t♦ d✳ ❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ ❛s ❜❡❢♦r❡ t❤❛t Att

(

Hd
α (M/T )

)

⊆ Ass (M/T ) ❛♥❞ t❤✐s
✐♠♣❧✐❡s t❤❛t Att

(

Hd
α (M/T )

)

= Ass (M/T )✳ ❋✐♥❛❧❧② t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ R✲♠♦❞✉❧❡s
Hd
α(M) −→ Hd

α (M/T ) −→ 0 ❧❡❛❞s t♦ Att
(

Hd
α (M/T )

)

⊆ Att(Hd
α(M))✳ ❇② ✈❛r②✐♥❣ T

♦✈❡r ❛❧❧ t❤❡ ♣r✐♠❛r② s✉❜♠♦❞✉❧❡s ♦❢ M ✇❡ ❣❡t t❤❛t

Ass(M) =
⋃

T

Ass (M/T ) =
⋃

T

Att
(

Hd
α (M/T )

)

⊆ Att(Hd
α(M)) ⊆ Ass(M).

❙✉♣♣♦s❡ ♥♦✇ t❤❛t M ❤❛s ❛ ♥♦♥✲tr✐✈✐❛❧ s✉❜♠♦❞✉❧❡ ✇✐t❤ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥✲
s✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ α ❧♦✇❡r t❤❛♥ d✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♠❛①✐♠❛❧ s✉❜✲
♠♦❞✉❧❡ N ♦❢ M ✱ ✇✐t❤ r❡s♣❡❝t t♦ ✐♥❝❧✉s✐♦♥✱ s✉❝❤ t❤❛t cd(α,N) ≤ d − 1✳ ■♥ ❢❛❝t✱
❡①✐st❡♥❝❡ ♦❢ ♠❛①✐♠❛❧ s✉❜♠♦❞✉❧❡s ✇✐t❤ t❤✐s ♣r♦♣❡rt② ✐s ❛ss✉r❡❞ s✐♥❝❡ M ✐s ✜♥✐t❡❧② ❣❡♥✲
❡r❛t❡❞✳ ◆♦✇ ✉♥✐q✉❡♥❡ss ❢♦❧❧♦✇s ❜❡❝❛✉s❡ ✐❢ M1 ❛♥❞ M2 ❛r❡ s✉❜♠♦❞✉❧❡s ♦❢ M s✉❝❤
t❤❛t max {cd(α,M1), cd(α,M2)} ≤ d− 1✱ t❤❡♥ t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ R✲♠♦❞✉❧❡s
0 −→ M1 −→ M1 + M2 −→ (M1 + M2)/M1 −→ 0 ❛♥❞ ❈♦r♦❧❧❛r② ✷✳✶✻ ❣✐✈❡ t❤❛t

✸✾



cd(α,M1+M2) = max {cd(α,M1), cd (α,M2/(M1 ∩M2))} ≤ d− 1✳ ❍❡♥❝❡ t❤❡ ❝❧❛✐♠ ✐s
st❛t❡❞✳

❋r♦♠ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ 0 −→ N −→ M −→ M/N −→ 0 ✇❡ ❣❡t ❜② ❈♦r♦❧✲
❧❛r② ✷✳✶✻ t❤❛t cd(α,M) = cd (α,M/N)✳ ❚❤❡ ❡①❛❝t s❡q✉❡♥❝❡

Hd
α(N) −→ Hd

α(M) −→ Hd
α (M/N) −→ Hd+1

α (N)

❣✐✈❡s t❤❡ ✐s♦♠♦r♣❤✐s♠ Hd
α(M) ∼= Hd

α (M/N)✳ ❖❜s❡r✈❡ ♥♦✇ t❤❛t t❤❡ R✲♠♦❞✉❧❡ M/N

❤❛s ♥♦ ♥♦♥✲tr✐✈✐❛❧ s✉❜♠♦❞✉❧❡s ✇✐t❤ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥s✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ α ❧♦✇❡r
t❤❛♥ d✳ ❍❡♥❝❡ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳

❲❡ ❝❛♥ ❣❡t ❛ r❡✜♥❡♠❡♥t ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t ✇❤❡♥ 〈α〉 = W̃ (〈ϕ〉, ψ)✳

❚❤❡♦r❡♠ ✷✳✶✾✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ϕ ❛♥❞ ψ

❜❡ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧✐❡s ♦❢ R✳ ❚❤❡♥

Att(Hd
ϕ,ψ(M)) = {p ∈ Supp(M) ∩ 〈ψ〉 : cd (ϕ,R/p) = d} .

Pr♦♦❢✳ ❈♦♥s✐❞❡r R̄ = R/Ann(M)✳ ❇② ❚❤❡♦r❡♠ ✶✳✶✹ ✇❡ ❣❡t t❤❛tH i
ϕ,ψ(M) ∼= H i

ϕR̄,ψR̄
(M)

❛♥❞ H i
ϕ,ψ (R/p)

∼= H i
ϕR̄,ψR̄

(R/p) ❢♦r ❡✈❡r② i ❛♥❞ ❡✈❡r② p ∈ SuppR(M)✳ ❚❤✉s ✇❡ ♠❛②
❛ss✉♠❡ t❤❛t M ✐s ❢❛✐t❤❢✉❧✱ s♦ t❤❛t dimR = dimM = d✳

❘❡❝❛❧❧ t❤❛t 〈α〉 ∩ SpecR =
⋃

I∈α

V (I) ❢♦r ❛♥② ❢❛♠✐❧② α ♦❢ R ✭s❡❡ ❡q✉❛t✐♦♥ ✭✶✳✶✮✮✳

❚❤✉s t❤❡ ♣r✐♠❡ ✐❞❡❛❧ p /∈ 〈ψ〉 ✐❢ ❛♥❞ ♦♥❧② ✐❢ J * p ❢♦r ❡✈❡r② J ∈ ψ✳ ■♥ t❤✐s ❝❛s❡
dim(R/(p + J)) ≤ d − 1 ❢♦r ❡✈❡r② J ∈ ψ ❛♥❞ Hd

ϕ,ψ (R/p) = 0 ❢♦r ❡✈❡r② ♣r✐♠❡
✐❞❡❛❧ p /∈ 〈ψ〉 ❜② ▲❡♠♠❛ ✶✳✸✽✳ ■❢ p ∈ 〈ψ〉✱ ✇❡ ❝♦♥❝❧✉❞❡ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✳✸✶
t❤❛t H i

ϕ,ψ (R/p) = H i
ϕ (R/p) ❢♦r ❡✈❡r② i✳ ❲❡ ❛❧s♦ ❤❛✈❡ ❢r♦♠ ❈♦r♦❧❧❛r② ✷✳✶✺ t❤❛t

cd(ϕ, ψ,M) = inf
{

i ∈ N : H i
ϕ,ψ (R/p) = 0 ❢♦r ❛❧❧ p ∈ Supp(M)

}

− 1✳ ■♥ t❤✐s ✇❛② ✇❡
♦❜t❛✐♥ t❤❛t Hd

ϕ,ψ(M) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ {p ∈ Supp(M) ∩ 〈ψ〉 : cd (ϕ,R/p) = d} = ∅✳
▲❡t ✉s ❝♦♥s✐❞❡r p ∈ Att(Hd

ϕ,ψ(M))✳ ❚❤❡♥ Hd
ϕ,ψ (M/pM) ∼= Hd

ϕ,ψ(M)/pHd
ϕ,ψ(M) 6= 0 ❜②

▲❡♠♠❛ ✶✳✸✾✳ ❇② ❚❤❡♦r❡♠ ✶✳✹✵✱ t❤❡r❡ ❡①✐sts J ∈ ψ s✉❝❤ t❤❛t

d ≤ dim((M/pM)/J(M/pM)) = dim(R/(p+ J)) ≤ d,

✇❤❡♥❝❡ J ⊆ p ❛♥❞ dim(R/p) = d✳ ❋r♦♠ t❤✐s ✇❡ ❤❛✈❡ t❤❛t M/pM ✐s J✲t♦rs✐♦♥ ❛♥❞
Hd
ϕ,ψ (M/pM) = Hd

ϕ (M/pM) ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✸✶✳ ❙✐♥❝❡M ✐s ❢❛✐t❤❢✉❧✱ ✇❡ ❛❧s♦ ❝♦♥❝❧✉❞❡
t❤❛t

√

Ann(M/pM) = p ❛♥❞

d ≤ cd (ϕ,R/p)

≤ cd (ϕ,M/pM) (❜② Pr♦♣♦s✐t✐♦♥ ✷✳✶✸)
≤ dim(M/pM) (❜② ▲❡♠♠❛ ✶✳✸✽)
= dim(R/p)

= d.

✹✵



■♥ s✉♠✱ ✇❡ ❤❛✈❡ t❤❛t p ∈ Supp(M) ∩ 〈ψ〉 ❛♥❞ cd (ϕ,R/p) = d✳ ❈♦♥✈❡rs❡❧② ❧❡t
✉s ❝♦♥s✐❞❡r ❛ ♣r✐♠❡ ✐❞❡❛❧ p ∈ Supp(M) ∩ 〈ψ〉 s✉❝❤ t❤❛t cd (ϕ,R/p) = d✳ ❚❤❡♥
Pr♦♣♦s✐t✐♦♥ ✶✳✸✶ st❛t❡s t❤❛t H i

ϕ,ψ (M/pM) = H i
ϕ (M/pM) ❢♦r ❡✈❡r② i✳ ❖❜s❡r✈❡ t❤❛t

AttR
(

Hd
ϕ (M/pM)

)

= {q ∈ SuppR (M/pM) : cd (ϕ,R/q) = d} ❜② ❚❤❡♦r❡♠ ✷✳✶✽✳ ❚❤❡♥
p ∈ AttR

(

Hd
ϕ (M/pM)

)

= AttR
(

Hd
ϕ,ψ (M/pM)

)

✳ ❙✐♥❝❡ t❤❡ ✐s♦♠♦r♣❤✐s♠ ♦❢ R✲♠♦❞✉❧❡s
Hd
ϕ,ψ (M/pM) ∼= Hd

ϕ,ψ(M)/pHd
ϕ,ψ(M) ❤♦❧❞s ❜② ▲❡♠♠❛ ✶✳✸✾✱ ✇❡ ❣❡t t❤❛t

AttR
(

Hd
ϕ,ψ (M/pM)

)

⊆ Att(Hd
ϕ,ψ(M)).

❚❤❡r❡❢♦r❡✱ p ∈ Att(Hd
ϕ,ψ(M))✳

❈♦r♦❧❧❛r② ✷✳✷✵✳ ▲❡t M ❜❡ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ ϕ ❛♥❞ ψ

❜❡ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧✐❡s ♦❢ R s✉❝❤ t❤❛t ϕ+ ψ ⊆ W̃ (m)✳ ❚❤❡♥

Att(Hd
ϕ,ψ(M)) = {p ∈ Supp(M) ∩ 〈ψ〉 : dim(R/p) = d} .

Pr♦♦❢✳ ■t ✇❛s ♣r♦✈❡❞ ✐♥ ❚❤❡♦r❡♠ ✶✳✹✸ t❤❛t cd(ϕ, ψ,N) = sup
J∈ψ

dim(N/JN) ❢♦r ❛♥②

✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ N ✳ ◆♦✇ t❤❡ ♣r✐♠❡ ✐❞❡❛❧ p ∈ 〈ψ〉 ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts
J ∈ ψ s✉❝❤ t❤❛t J ⊆ p ❜② ❡q✉❛t✐♦♥ ✭✶✳✶✮✳ ❚❤✉s

sup
J∈ψ

dim((R/p)/J(R/p)) = sup
J∈ψ

dim(R/(J + p)) = dim(R/p).

❇② t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ✇❡ ❣❡t t❤❡ st❛t❡♠❡♥t✳

❚❤❡ ♥❡①t r❡s✉❧t ❣❡♥❡r❛❧✐s❡s ❬❈❤✉✶✶✱ ❚❤❡♦r❡♠ ✷✳✷❪✳

❈♦r♦❧❧❛r② ✷✳✷✶✳ ▲❡t M ❜❡ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ I1, . . . , Is
❜❡ ✐❞❡❛❧s ♦❢ R✳ ❙✉♣♣♦s❡ t❤❛t I1 + p ✐s m✲♣r✐♠❛r② ❢♦r ❡✈❡r② ♣r✐♠❡ p ∈ W̃ (I2, . . . , Is)✳

❚❤❡♥ Att(Hd
I1,...,Ij

(M)) =
{

p ∈ Supp(M) ∩ W̃ (I2, . . . , Ij) : dim(R/p) = d
}

❢♦r ❡✈❡r②

❡✈❡♥ ✐♥t❡❣❡r 2 ≤ j ≤ s ❛♥❞ ❢♦r j = s✳

❚❤❡♦r❡♠ ✷✳✷✷✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ϕ ❛♥❞ ψ

❜❡ ❢❛♠✐❧✐❡s ♦❢ R✳ ❙✉♣♣♦s❡ t❤❛t Hd
ϕ,ψ(M) 6= 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ q✉♦t✐❡♥t M/N s✉❝❤

t❤❛t Supp (M/N) ⊆ 〈ψ〉✱ dim(M/N) = d ❛♥❞ Hd
ϕ,ψ(M) ∼= Hd

ϕ (M/N)✳

Pr♦♦❢✳ ■❢ p ∈ Supp(M) ✐s s✉❝❤ t❤❛t cd (ϕ,R/p) = d✱ t❤❡♥ dim(R/p) = d✳ ❚❤❡♥
Att(Hd

ϕ,ψ(M)) ⊆ Min(M) ❜② ❚❤❡♦r❡♠ ✷✳✶✾✳ ❚❤❡r❡ ❡①✐sts ❛ s✉❜♠♦❞✉❧❡ N ♦❢ M s✉❝❤
t❤❛t Ass(N) = Ass(M) − Att(Hd

ϕ,ψ(M)) ❛♥❞ Ass (M/N) = Att(Hd
ϕ,ψ(M)) ❜② ❬❇♦✉✽✾✱

Pr♦♣♦s✐t✐♦♥ ✹✱ ♣✳ ✷✻✸❪✱ s❡❡ ❛❧s♦ ▲❡♠♠❛ ❆✳✸✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡
Hd
ϕ,ψ(N) −→ Hd

ϕ,ψ(M) −→ Hd
ϕ,ψ (M/N) −→ 0✳ ■❢ Hd

ϕ,ψ(N) 6= 0✱ t❤❡♥ t❤❡r❡ ❡①✐sts
p ∈ Supp(N) ∩ 〈ψ〉 s✉❝❤ t❤❛t cd (ϕ,R/p) = d✳ ❚❤❡r❡❢♦r❡ p ∈ Att(Hd

ϕ,ψ(M)) ❜②
❚❤❡♦r❡♠ ✷✳✶✾ ❛♥❞ p ∈ Ass(N) ∩ Ass (M/N) = ∅✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t Hd

ϕ,ψ(N) = 0 ❛♥❞
❤❡♥❝❡ Hd

ϕ,ψ(M) ∼= Hd
ϕ,ψ (M/N)✳ ◆♦t✐❝❡ t❤❛t Ass (M/N) ⊆ 〈ψ〉 ❜② ❚❤❡♦r❡♠ ✷✳✶✾✳ ❚❤❡♥

M/N ✐s ψ✲t♦rs✐♦♥ ❛♥❞ Supp(M/N) ⊆ 〈ψ〉✱ ✇❤❡♥❝❡ M/N ✐s J✲t♦rs✐♦♥ ❢♦r s♦♠❡ J ∈ 〈ψ〉
❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✷✳ ❚❤✉s ✇❡ ❣❡t t❤❛t Hd

ϕ,ψ (M/N) = Hd
ϕ (M/N) ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✸✶✳

❙✐♥❝❡ Hd
ϕ,ψ(M) 6= 0✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Hd

ϕ (M/N) 6= 0✱ ✇❤❡♥❝❡ dim(M/N) = d✳

✹✶



❚❤❡ ♥❡①t r❡s✉❧t ❣❡♥❡r❛❧✐s❡s ❬❈❤✉✶✶✱ ❚❤❡♦r❡♠ ✷✳✸❪✳

❈♦r♦❧❧❛r② ✷✳✷✸✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ I1, . . . , Is
❜❡ ✐❞❡❛❧s ♦❢ R✳ ❙✉♣♣♦s❡ t❤❛t Hd

Is,...,I1
(M) 6= 0✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ (Is−1, . . . , I1)✲t♦rs✐♦♥

q✉♦t✐❡♥t M/N s✉❝❤ t❤❛t dim(M/N) = d ❛♥❞ Hd
Is,...,I1

(M) ∼= Hd
Is
(M/N)✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✹✳ ▲❡t M ❜❡ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ ϕ ❛♥❞

ψ ❜❡ ❢❛♠✐❧✐❡s ♦❢ R✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts J ∈ 〈ψ〉 s✉❝❤ t❤❛t

Att(Hd
ϕ,ψ(M)) = AttR

(

Hd
ϕ (M/JM)

)

.

Pr♦♦❢✳ ❲❡ ❤❛✈❡ t❤❛t Att(Hd
ϕ,ψ(M)) = {p ∈ Supp(M) ∩ 〈ψ〉 : cd (ϕ,R/p) = d} ❜② ❚❤❡✲

♦r❡♠ ✷✳✶✾ ❛♥❞ AttR
(

Hd
ϕ (M/KM)

)

= {p ∈ Supp(M) ∩ V (K) : cd (ϕ,R/p) = d} ❢♦r
❡✈❡r② ✐❞❡❛❧ K s✉❝❤ t❤❛t dim(M/KM) = d ❜② ❚❤❡♦r❡♠ ✷✳✶✽✳ ■❢ dim(M/KM) < d✱
t❤❡♥ AttR

(

Hd
ϕ (M/KM)

)

= ∅✳ ❋r♦♠ ❡q✉❛t✐♦♥ ✭✶✳✶✮✱ ✇❡ ❣❡t t❤❛t

Att(Hd
ϕ,ψ(M)) =

⋃

K∈ψ

AttR
(

Hd
ϕ (M/KM)

)

✭✷✳✷✮

❛♥❞ t❤✐s ✉♥✐♦♥ ❛❝t✉❛❧❧② r✉♥s ♦♥ t❤❡ ✐❞❡❛❧s K ∈ ψ s✉❝❤ t❤❛t dim(M/KM) = d✳
❙✐♥❝❡ Att(Hd

ϕ,ψ(M)) ✐s ❛ ✜♥✐t❡ s✉❜s❡t {p1, . . . , ps} ♦❢ 〈ψ〉✱ t❤❡r❡ ❡①✐sts ❛ s✉❜❢❛♠✐❧②
{J1, . . . , Js} ♦❢ ψ s✉❝❤ t❤❛t pi ∈ V (Ji) ❢♦r ❡❛❝❤ i ❜② ❡q✉❛t✐♦♥ ✭✶✳✶✮✳ ❈♦♥s✐❞❡r ♥♦✇
t❤❡ ✐❞❡❛❧ J = J1 · · · Js ∈ 〈ψ〉✳ ❚❤❡♥ dim(M/JM) = d ❜② ❡q✉❛t✐♦♥ ✭✷✳✷✮✳ ❇②

❚❤❡♦r❡♠ ✷✳✶✽✱ ✇❡ ❤❛✈❡ t❤❛t AttR
(

Hd
ϕ (M/JM)

)

=
s
⋃

i=1

AttR
(

Hd
ϕ (M/JiM)

)

✳ ❍❡♥❝❡

AttR
(

Hd
ϕ (M/JM)

)

⊆ Att(Hd
ϕ,ψ(M)) ❜② ❡q✉❛t✐♦♥ ✭✷✳✷✮✳ ❈♦♥✈❡rs❡❧②✱ ❢♦r ❡✈❡r② i ✇❡

❤❛✈❡ t❤❛t pi ∈ AttR
(

Hd
ϕ (M/JiM)

)

✳ ❚❤❡♥

Att(Hd
ϕ,ψ(M)) = {p1, . . . , ps} ⊆ AttR

(

Hd
ϕ (M/JM)

)

❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

❲❡ st❛t❡ ♥♦✇ ❛♥♦t❤❡r ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ▲✐❝❤t❡♥❜❛✉♠✲❍❛rts❤♦r♥❡ ❱❛♥✐s❤✐♥❣ ❚❤❡✲

♦r❡♠✳ ❋♦r t❤✐s ❣♦❛❧✱ ✇❡ s❤❛❧❧ ✜rst tr❛♥s❧❛t❡ ❛ r❡s✉❧t ♦❢ ❬❉❆◆❚✵✷❪ t♦ t❤❡ ♣r❡s❡♥t t❡r♠s✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✺✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ❧❡t α

❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧② ♦❢ R✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ Hd
α(M) = 0✳

✭✐✐✮ ❋♦r ❡❛❝❤ ♣r✐♠❡ ✐❞❡❛❧ p ∈ R̂ s✉❝❤ t❤❛t dim(R̂/p) = d ❛♥❞ p ∈ SuppR̂(M̂)✱ t❤❡r❡

❡①✐sts I ∈ α s✉❝❤ t❤❛t dim(R̂/(IR̂ + p)) > 0✳

✹✷



Pr♦♦❢✳ ■❢ ✭✐✐✮ ✐s s❛t✐s✜❡❞✱ t❤❡♥ ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ ♦❢ ❬❉❆◆❚✵✷✱ ❚❤❡♦r❡♠ ✷✳✽❪ ✐s s❛t✐s✜❡❞ ❢♦r
Φ = 〈α〉✳ ❍❡♥❝❡ Hd

α(M) = Hd
〈α〉(M) = 0✳

◆♦✇✱ ✐❢ Hd
α(M) = 0✱ t❤❡♥✱ ❢♦r ❡❛❝❤ ♣r✐♠❡ ✐❞❡❛❧ p ∈ R̂ s✉❝❤ t❤❛t dim(R̂/p) = d

❛♥❞ p ∈ SuppR̂(M̂)✱ t❤❡r❡ ❡①✐sts I ∈ 〈α〉 s✉❝❤ t❤❛t dim(R̂/(IR̂ + p)) > 0 ❛❣❛✐♥ ❜②
❬❉❆◆❚✵✷✱ ❚❤❡♦r❡♠ ✷✳✽❪✳ ❚❤✉s t❤❡r❡ ❡①✐st I1, . . . , Is ∈ α s✉❝❤ t❤❛t I ⊇ I1 · · · Is✳ ■t
❢♦❧❧♦✇s t❤❛t 0 < dim(R̂/(IR̂ + p)) ≤ max

{

dim(R̂/(I1R̂ + p)), . . . , dim(R̂/(IsR̂ + p))
}

❛♥❞ ❝♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ t❤✐s st❛t❡♠❡♥t ✐s tr✉❡✳

❚❤❡♦r❡♠ ✷✳✷✻✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ❧❡t ϕ ❛♥❞

ψ ❜❡ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧✐❡s ♦❢ R✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ Hd
ϕ,ψ(M) = 0✳

✭✐✐✮ ❋♦r ❡❛❝❤ ♣r✐♠❡ ✐❞❡❛❧ p ∈ R̂ s✉❝❤ t❤❛t dim(R̂/p) = d ❛♥❞ p ∈ SuppR̂(M̂/JM̂) ❢♦r

s♦♠❡ J ∈ ψ✱ ✇❡ ❤❛✈❡ t❤❛t dim(R̂/(IR̂ + p)) > 0 ❢♦r s♦♠❡ I ∈ ϕ✳

Pr♦♦❢✳ ■❢ Hd
ϕ,ψ(M) = 0✱ t❤❡♥ Hd

ϕ (M/JM) = 0 ❢♦r ❡✈❡r② J ∈ ψ ❜② ❡q✉❛t✐♦♥ ✭✷✳✷✮✳ ■❢
p ∈ Spec R̂ ✐s s✉❝❤ t❤❛t dim(R̂/p) = d ❛♥❞ p ∈ SuppR̂(M̂/JM̂) ❢♦r s♦♠❡ J ∈ ψ✱ t❤❡♥
dim(R̂/(IR̂ + p)) > 0 ❢♦r s♦♠❡ I ∈ ϕ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷✺✳

❋♦r t❤❡ ❝♦♥✈❡rs❡✱ ❜② ❚❤❡♦r❡♠ ✷✳✶✷✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t Hd
ϕ,ψ (R/q) = 0 ❢♦r

❡✈❡r② q ∈ Supp(M)✳ ■❢ q /∈ 〈ψ〉✱ t❤❡♥ Hd
ϕ,ψ (R/q) = 0 ❜❡❝❛✉s❡ dim(R/(q+ J)) ≤ d− 1

❢♦r ❡✈❡r② J ∈ ψ✳ ❙♦ ❧❡t ✉s ❛ss✉♠❡ t❤❛t q ∈ Supp(M) ∩ 〈ψ〉✳ ■❢ Hd
ϕ,ψ (R/q) 6= 0✱

t❤❡♥ q ∈ Att(Hd
ϕ,ψ(M)) ❜② ❚❤❡♦r❡♠ ✷✳✶✾✱ ✇❤❡♥❝❡ q ∈ Att

(

Hd
ϕ (M/JM)

)

❢♦r s♦♠❡
J ∈ ψ ❜② ❡q✉❛t✐♦♥ ✭✷✳✷✮✳ ❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t dim(R/q) = d✱ ✇❤❡♥❝❡ dim(R̂/qR̂) = d✳
❈♦♥s✐❞❡r p ∈ SuppR̂(R̂/qR̂) s✉❝❤ t❤❛t dim(R̂/p) = d✳ ❙✐♥❝❡ J ⊆ q ∈ Supp(M)✱
✇❡ ❤❛✈❡ t❤❛t p ∈ SuppR̂(M̂/JM̂)✳ ❇② ❛ss✉♠♣t✐♦♥✱ t❤❡r❡ ❡①✐sts I ∈ ϕ s✉❝❤ t❤❛t
dim(R̂/(IR̂ + p)) > 0✳ ❇② Pr♦♣♦s✐t✐♦♥ ✶✳✸✶ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳✷✺ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
Hd
ϕ,ψ (R/q) = Hd

ϕ (R/q) = 0✳

❈♦r♦❧❧❛r② ✷✳✷✼✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ α ❜❡ ❛

♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧② ♦❢ R✳ ❚❤❡♥ Hd
α(M) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ Hd

I (M) = 0 ❢♦r s♦♠❡ ♣r♦♣❡r

I ∈ α✳

✹✸



❈❤❛♣t❡r ✸

❚❤❡ α✲❞❡♣t❤

✸✳✶ ❈♦✜♥✐t❡♥❡ss ❛♥❞ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s

❍❡r❡ ✇❡ ♣r❡s❡♥t ❛ ♣r♦♣♦s❛❧ t♦ ❞❡✜♥❡ α✲❝♦✜♥✐t❡♥❡ss✳ ❲❡ r❡❝❛❧❧ t❤❡ ❛ss✉♠♣t✐♦♥

t❤❛t R ✐s ❛ ◆♦❡t❤❡r✐❛♥ r✐♥❣✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✳ ❚❤❡ R✲♠♦❞✉❧❡ N ✐s s❛✐❞ t♦ ❜❡ α✲❝♦✜♥✐t❡ ✐❢
Supp(N) ⊆ 〈α〉 ❛♥❞ ExtiR(R/I,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② I ∈ α ❛♥❞ ❡✈❡r② i✳

❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ❤❡r❡ ✇❡ s❤♦✇ s♦♠❡ st❛t❡♠❡♥ts ❢r♦♠ ❬❉▼✾✼❪✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ▲❡tM ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✱ N ❜❡ ❛♥ ❛r❜✐tr❛r② R✲♠♦❞✉❧❡

❛♥❞ p ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r✳ ❙✉♣♣♦s❡ t❤❛t ExtiR(M,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r

❡✈❡r② i ≤ p✳ ❚❤❡♥✱ ❢♦r ❛♥② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ L ✇✐t❤ Ann(M) ⊆ Ann(L)✱

ExtiR(L,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i ≤ p✳

Pr♦♦❢✳ ❯s✐♥❣ ✐♥❞✉❝t✐♦♥ ♦♥ p✱ ✇❡ ♠❛② s✉♣♣♦s❡ t❤❛t ExtiR(L,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r
❡✈❡r② i < p ❛♥❞ ❡✈❡r② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ L s✉❝❤ t❤❛t Ann(M) ⊆ Ann(L)✳
❙✐♥❝❡ L ✐s ❛♥ (R/Ann(M))✲♠♦❞✉❧❡✱ ✇❡ ❤❛✈❡ ❜② ●r✉s♦♥✬s ❚❤❡♦r❡♠ t❤❛t t❤❡r❡ ❡①✐sts
❛ ✜♥✐t❡ ✜❧tr❛t✐♦♥ 0 = L0 ⊆ L1 ⊆ · · · ⊆ Ln−1 ⊆ Ln = L ♦❢ s✉❜♠♦❞✉❧❡s ♦❢ L s✉❝❤
t❤❛t Lj/Lj−1 ✐s ❛♥ ❤♦♠♦♠♦r♣❤✐❝ ✐♠❛❣❡ ♦❢ ❛ ❞✐r❡❝t s✉♠ ♦❢ ✜♥✐t❡❧② ♠❛♥② ❝♦♣✐❡s ♦❢
M ❢♦r ❡✈❡r② j✳ ▲❡t ✉s ❛ss✉♠❡ ✜rst t❤❛t n = 1✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡
0 → K → Mk → L → 0 ❢♦r s♦♠❡ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r k ❛♥❞ s♦♠❡ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞
♠♦❞✉❧❡ K✳ ❚❤✉s ✇❡ ❤❛✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

· · · → Extp−1
R (K,N)→ ExtpR(L,N)→ ExtpR(M

k, N)→ · · · .

◆♦✇ ExtpR(M
k, N) ∼= ExtpR(M,N)k ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛♥❞ Ann(M) ⊆ Ann(K)✱

✇❤❡♥❝❡ Extp−1
R (K,N) ✐s ❛❧s♦ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳ ❍❡♥❝❡ ExtpR(L,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r✲

❛t❡❞✳



❋✐♥❛❧❧②✱ ❢♦r n > 1✱ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ 0 → Ln−1 → Ln → Ln/Ln−1 → 0 ✐♥❞✉❝❡s
t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ · · · → ExtpR(Ln/Ln−1, N)→ ExtpR(Ln, N)→ ExtpR(Ln−1, N)→ · · · ✳
❍❡♥❝❡✱ t❤❡ ✜♥✐t❡♥❡ss ♦❢ Extp(Ln−1, N) ❛♥❞ ExtpR(Ln/Ln−1, N) ✐♠♣❧✐❡s t❤❡ ✜♥✐t❡♥❡ss ♦❢
ExtpR(Ln, N)✳

❈♦r♦❧❧❛r② ✸✳✸✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✱ N ❜❡ ❛♥ ❛r❜✐tr❛r② R✲♠♦❞✉❧❡

❛♥❞ p ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r✳ ❙✉♣♣♦s❡ t❤❛t ExtiR(M,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r②

i ≤ p✳ ❚❤❡♥✱ ❢♦r ❛♥② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ L s✉❝❤ t❤❛t Supp(L) ⊆ Supp(M)✱

ExtiR(L,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i ≤ p✳

Pr♦♦❢✳ ❆s ✐♥ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s st❛t❡♠❡♥t✱ ❝♦♥s✐❞❡r ❛ ✜♥✐t❡
✜❧tr❛t✐♦♥ 0 = L0 ⊆ L1 ⊆ · · · ⊆ Ln−1 ⊆ Ln = L ♦❢ s✉❜♠♦❞✉❧❡s ♦❢ L s✉❝❤ t❤❛t
Lj/Lj−1 ✐s ✐s♦♠♦r♣❤✐❝ t♦ R/pj ❢♦r s♦♠❡ pj ∈ Supp(L) ⊆ Supp(M) ❛♥❞ ❡✈❡r② j✳ ◆♦✇
Ann(Lj/Lj−1) ⊇ Ann(M)✱ ✇❤❡♥❝❡ ExtiR(Lj/Lj−1, N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r②
i ≤ p ❛♥❞ ❡✈❡r② j✳ ❚❤✉s ExtiR(L,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i ≤ p✳

❈♦r♦❧❧❛r② ✸✳✹✳ ▲❡t I ❜❡ ❛♥ ✐❞❡❛❧ ♦❢ R ❛♥❞ N ❜❡ ❛♥ R✲♠♦❞✉❧❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s

❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ ExtiR(R/I,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i ≤ p✳

✭✐✐✮ ExtiR(R/J,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i ≤ p ❛♥❞ ❡✈❡r② ✐❞❡❛❧ J ⊇ I✳

✭✐✐✐✮ ExtiR(R/p, N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i ≤ p ❛♥❞ ❡✈❡r② ♣r✐♠❡ p ∈ Min(R/I)✳

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t st❛t❡♠❡♥t ✭✐✐✐✮ ✐♠♣❧✐❡s st❛t❡♠❡♥t ✭✐✮✳ ❈♦♥s✐❞❡r t❤❡ s❡t
{p1, . . . , pn} ♦❢ ♠✐♥✐♠❛❧ ♣r✐♠❡s ♦❢ R/I✳ ❍❡♥❝❡✱ Supp(R/I) = Supp(R/p1⊕ · · · ⊕R/pn)
❛♥❞ ExtiR(R/I,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i ≤ p ❜② ❈♦r♦❧❧❛r② ✸✳✸✳

❲❡ ♦❜t❛✐♥ ✐♥ t❤❡s❡ ❧✐♥❡s t❤❛t t❤❡ ❝♦♥❝❡♣t ♦❢ α✲❝♦✜♥✐t❡♥❡ss ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡

❣♦♦❞ ❢❛♠✐❧② 〈α〉 ❛♥❞ ♥♦t ♦♥ ❛ ♣❛rt✐❝✉❧❛r s❡t ♦❢ ❣❡♥❡r❛t♦rs✳

▲❡♠♠❛ ✸✳✺✳ ▲❡t N ❜❡ ❛♥ R✲♠♦❞✉❧❡ ❛♥❞ p ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r✳ ❚❤❡♥ t❤❡ ❝♦❧❧❡❝✲

t✐♦♥ ♦❢ ❛❧❧ t❤❡ ✐❞❡❛❧s ♦❢ R s✉❝❤ t❤❛t ExtiR(R/I,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i ≤ p ✐s

❛ ❣♦♦❞ ❢❛♠✐❧②✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ t❤❡ ✐❞❡❛❧s ♦❢ R s✉❝❤ t❤❛t ExtiR(R/I,N)

✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i ✐s ❛ ❣♦♦❞ ❢❛♠✐❧②✳

Pr♦♦❢✳ ❇② ❈♦r♦❧❧❛r② ✸✳✹✱ t❤✐s ❝♦❧❧❡❝t✐♦♥ ✐s ❝❧♦s❡❞ ✉♥❞❡r ✐♥❝❧✉s✐♦♥✳ ■❢ I ❛♥❞ J ❛r❡ ✐❞❡❛❧s
♦❢ R s✉❝❤ t❤❛t ExtiR(R/I,N) ❛♥❞ ExtiR(R/J,N) ❛r❡ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i ≤ p✱
t❤❡♥ ExtiR(R/I ⊕ R/J,N) ∼= ExtiR(R/I,N) ⊕ ExtiR(R/J,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r
❡✈❡r② i ≤ p✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

Supp(R/IJ) = Supp(R/I) ∪ Supp(R/J) = Supp(R/I ⊕R/J),

✹✺



❤❡♥❝❡ ExtiR(R/IJ,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i ≤ p ❛♥❞ t❤❡ ❢❛♠✐❧② ✐s ❛❧s♦ ❝❧♦s❡❞
✉♥❞❡r ♠✉❧t✐♣❧✐❝❛t✐♦♥✳

❈❛❧❧✐♥❣ ψ(p) =
{

I E R : ExtiR(R/I,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i ≤ p
}

❛♥❞
ψ =

{

I E R : ExtiR(R/I,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i
}

✱ ✇❡ ❣❡t t❤❛t ψ =
⋂

p∈N

ψ(p)✳

❚❤✉s t❤❡ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❛❧❧ t❤❡ ✐❞❡❛❧s ♦❢ R s✉❝❤ t❤❛t ExtiR(R/I,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞
❢♦r ❡✈❡r② i ✐s ❛ ❣♦♦❞ ❢❛♠✐❧②✳

❘❡♠❛r❦ ✸✳✻✳ ■❢ M ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ α✲t♦rs✐♦♥ R✲♠♦❞✉❧❡ ❛♥❞ N ✐s ❛♥② α✲t♦rs✐♦♥✲
❢r❡❡ R✲♠♦❞✉❧❡✱ t❤❡♥ Ass(HomR(M,N)) = Supp(M) ∩ Ass(N) = ∅✳ ■♥ ❣❡♥❡r❛❧✱ ❢♦r
❡✈❡r② α✲t♦rs✐♦♥ R✲♠♦❞✉❧❡ M ✇❡ ❤❛✈❡ t❤❛t M = lim−→Mλ ✇❤❡r❡ ❡❛❝❤ Mλ ✐s ❛ ✜♥✐t❡❧②
❣❡♥❡r❛t❡❞ s✉❜♠♦❞✉❧❡ ♦❢ M ✳ ❙✐♥❝❡ Mλ ✐s α✲t♦rs✐♦♥✱ ✇❡ ❣❡t t❤❛t HomR(Mλ, N) = 0 ❢♦r
❡✈❡r② λ✳ ❍❡♥❝❡ HomR(M,N) = lim←−HomR(Mλ, N) = 0✳ ❋♦r ❡✈❡r② R✲♠♦❞✉❧❡ N t❤❡
❡①❛❝t s❡q✉❡♥❝❡ 0→ Γα(N)→ N → N/Γα(N)→ 0 ✐♠♣❧✐❡s t❤❛t

HomR(M,N) ∼= HomR(M,Γα(N)) ✭✸✳✶✮

❢♦r ❡✈❡r② α✲t♦rs✐♦♥ R✲♠♦❞✉❧❡ M ✳
❈♦♥s✐❞❡r ♥♦✇ ❛♥ R✲♠♦❞✉❧❡ M ❛♥❞ ❛ ❢❛♠✐❧② α ♦❢ R✳ ❙❡tt✐♥❣ t❤❡ R✲♠♦❞✉❧❡s

E = E(M/Γα(M)) ❛♥❞ L = E/(M/Γα(M))✱ ✇❡ ❤❛✈❡ t❤❛t E ✐s α✲t♦rs✐♦♥✲❢r❡❡ ❛♥❞
HomR(R/I,E) = 0 ❢♦r ❡✈❡r② I ∈ α✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ R✲♠♦❞✉❧❡s
0 −→ M/Γα(M) −→ E −→ L −→ 0 ❧❡❛❞s t♦ t❤❡ ✐s♦♠♦r♣❤✐s♠s ♦❢ R✲♠♦❞✉❧❡s
ExtiR(R/I, L)

∼= Exti+1
R (R/I,M/Γα(M)) ❛♥❞ H i

α(L)
∼= H i+1

α (M) ❢♦r ❡✈❡r② i ❜❡❝❛✉s❡ E
✐s ✐♥❥❡❝t✐✈❡✳

❚❤❡ ♥✉♠❜❡r t = inf {i : H i
α(M) 6= 0} ✐s ❝❛❧❧❡❞ t❤❡ α✲❞❡♣t❤ ♦❢ t❤❡ R✲♠♦❞✉❧❡ M ❛♥❞

✐t ✐s ❞❡♥♦t❡❞ ❛s depth(α,M)✳ ❲❤❡♥ H i
α(M) = 0 ❢♦r ❡✈❡r② i✱ ❞❡✜♥❡ depth(α,M) =∞✳

❖❜s❡r✈❡ t❤❛t depth(α,M) = inf
I∈α

grade(I,M) ✇❤❡♥ M ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛s s❡❡♥ ✐♥

❈♦r♦❧❧❛r② ✶✳✸✺✳

Pr♦♣♦s✐t✐♦♥ ✸✳✼✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✱ M ❜❡ ❛♥ R✲♠♦❞✉❧❡ ❛♥❞ s❡t t = depth(α,M)✳

❚❤❡♥ HomR(R/I,H
t
α(M)) ∼= ExttR(R/I,M) ❢♦r ❡✈❡r② I ∈ α✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② ✐❞❡❛❧ I ∈ α ❛♥❞ ❡✈❡r② R✲♠♦❞✉❧❡ N t❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ R✲
♠♦❞✉❧❡s HomR(R/I,N) ∼= HomR(R/I,Γα(N))✳ ❙✐♥❝❡ Γα(E) ✐s ✐♥❥❡❝t✐✈❡ ❢♦r ❡✈❡r②
✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡ E✱ ✐t ✐s tr✉❡ ❜② ❬❘♦t✵✾✱ ❚❤❡♦r❡♠ ✶✵✳✹✼❪ t❤❛t

ExtpR(R/I,H
q
α(N))⇒ Extp+qR (R/I,N). ✭✸✳✷✮

◆♦✇ Hj
α(M) = 0 ❢♦r ❡✈❡r② j < t✳ ❍❡♥❝❡ HomR(R/I,H

t
α(M)) ∼= ExttR(R/I,M) ❢♦r

❡✈❡r② I ∈ α✳

❘❡❝❛❧❧ t❤❛t ❛ ❝❛♥♦♥✐❝❛❧ ♠♦❞✉❧❡ ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❧♦❝❛❧ r✐♥❣ (R,m) ✐s ❛ ✜♥✐t❡❧②

❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ KR s✉❝❤ t❤❛t K∨
R = HomR(KR, ER(R/m)) = Hd

m(R)✳

✹✻



❈♦r♦❧❧❛r② ✸✳✽✳ ▲❡t R ❜❡ ❛ ●♦r❡♥st❡✐♥ ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ α ❜❡ ❛ ❢❛♠✐❧② ♦❢

R✳ ❈♦♥s✐❞❡r t = depth(α,R) ❛♥❞ I ∈ α s✉❝❤ t❤❛t ht I = t✳ ❚❤❡♥ HomR(R/I,H
t
α(R))

✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦❞✉❧❡ KR/I ♦❢ R/I✳

Pr♦♦❢✳ ❙✐♥❝❡ R̄ = R/I ✐s t❤❡ ✐♠❛❣❡ ♦❢ ❛ ●♦r❡♥st❡✐♥ ❧♦❝❛❧ r✐♥❣ ❛♥❞ dim R̄ = d − t✱ ✇❡
❣❡t t❤❡ ✐s♦♠♦r♣❤✐s♠s

KR/I = HomR̄(H
d−t
mR̄

(R/I), ER̄(R̄/mR̄))

∼= HomR(H
d−t
m (R/I), ER(R/m))

∼= ExttR(R/I,R)

❛♥❞ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✾✳ ▲❡t R ❜❡ ❛ ●♦r❡♥st❡✐♥ ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ α ❜❡ ❛ ❢❛♠✐❧②

♦❢ R✳ ❈♦♥s✐❞❡r ❛♥ ✐❞❡❛❧ I ∈ α s✉❝❤ t❤❛t ht I = t = depth(α,R) ❛♥❞ R/I ✐s ❈♦❤❡♥✲

▼❛❝❛✉❧❛②✳ ■❢ Hj
α(R) = 0 ❢♦r ❡✈❡r② j /∈ {t, t+ 1}✱ t❤❡♥ Ext1R(R/I,H

t
α(R)) = 0 ❛♥❞

ExtiR(R/I,H
t+1
α (R)) ∼= Exti+2

R (R/I,H t
α(R)) ❢♦r ❡✈❡r② i✳

Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t ExtiR(R/I,R) = 0 ❢♦r ❡✈❡r② ✐♥t❡❣❡r i 6= t✿ s✐♥❝❡ grade(I, R) = t✱
✇❡ ❤❛✈❡ t❤❛t ExtiR(R/I,R) = 0 ❢♦r ❡✈❡r② i < t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ R/I

✐s ❛ ❈♦❤❡♥✲▼❛❝❛✉❧❛② r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d − t✱ Hd−t−i
m/I (R/I) = 0 ❢♦r i > 0✳ ❚❤✉s

Extt+iR (R/I,R) = 0 ❢♦r ❡✈❡r② i > 0 ❜② ▼❛t❧✐s✬ ❞✉❛❧✐t②✳ ◆♦✇ Hj
α(R) = 0 ❢♦r ❡✈❡r②

✐♥t❡❣❡r j /∈ {t, t+ 1} ❛♥❞ ✇❡ ❣❡t ❢r♦♠ ❬❘♦t✵✾✱ Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✽❪ t❤❡ ❧♦♥❣ ❡①❛❝t s❡✲
q✉❡♥❝❡ · · · → Extj−tR (R/I,H t

α(R)) → ExtjR(R/I,R) → Extj−t−1
R (R/I,H t+1

α (R)) →
Extj−t+1

R (R/I,H t
α(R))→ · · · ✳ ❚❤❡♥ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✸✳✶✵✳ ❈♦♥s✐❞❡r ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r t✱ ❛ ❢❛♠✐❧② α ♦❢ R ❛♥❞ ❛♥ ✐❞❡❛❧ I ∈ α✳
▲❡t M ❜❡ ❛♥ R✲♠♦❞✉❧❡ s✉❝❤ t❤❛t ExttR(R/I,M) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛♥❞ H i

α(M) ✐s α✲

❝♦✜♥✐t❡ ❢♦r ❡✈❡r② i < t✳ ■❢ N ⊆ H t
α(M) ✐s s✉❝❤ t❤❛t Ext1R(R/I,N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✱

t❤❡♥ HomR(R/I,H
t
α(M)/N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳

Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ 0 −→ N −→ H t
α(M) −→ H t

α(M)/N −→ 0

❧❡❛❞s t♦ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

HomR(R/I,H
t
α(M)) −→ HomR(R/I,H

t
α(M)/N) −→ Ext1R(R/I,N). ✭✸✳✸✮

❙♦ ✐❢ ✇❡ ♣r♦✈❡❞ t❤❡ st❛t❡♠❡♥t ❢♦r N = 0✱ ✐t ❛❧s♦ ❤♦❧❞s ❢♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✳ ❆ss✉♠❡
t❤❡♥ t❤❛t N = 0✳

❈♦♥s✐❞❡r ✜rst t = 0✳ ❚❤❡♥ HomR(R/I,Γα(M)) = HomR(R/I,M) ❜② ❡q✉❛✲
t✐♦♥ ✭✸✳✶✮✱ t❤✉s t❤❡ ❧❡❢t ♠❡♠❜❡r ♦❢ s❡q✉❡♥❝❡ ✭✸✳✸✮ ✇✐❧❧ ❜❡ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t > 0✳ ❚❤❡♥ Γα(M) = H0
α(M) ✐s α✲❝♦✜♥✐t❡✱ ✇❤❡♥❝❡ t❤❡ R✲

♠♦❞✉❧❡ ExtiR(R/I,Γα(M)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i✳ ❚❤❡ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ R✲
♠♦❞✉❧❡s 0 −→ Γα(M) −→ M −→ M/Γα(M) −→ 0 ❣✐✈❡s t❤❛t ExttR(R/I,M/Γα(M))

✹✼



✐s ❛❧s♦ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳ ❙❡tt✐♥❣ E = E(M/Γα(M)) ❛♥❞ L = E/(M/Γα(M)) ❛s
✐♥ ❘❡♠❛r❦ ✸✳✻✱ ✇❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t ExtiR(R/I, L)

∼= Exti+1
R (R/I,M/Γα(M)) ❛♥❞

H i
α(L)

∼= H i+1
α (M) ❢♦r ❡✈❡r② i✳ ❚❤✉s Extt−1

R (R/I, L) ✐s ❛❧s♦ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛♥❞
H i
α(L) ✐s α✲❝♦✜♥✐t❡ ❢♦r ❡✈❡r② i < t− 1✳ ❚❤✉s HomR(R/I,H

t−1
α (L)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t HomR(R/I,H
t
α(M)) ✐s ❛❧s♦ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳

❚❤❡♦r❡♠ ✸✳✶✶✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✱ t ❜❡ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ❛♥❞ M ❜❡ ❛♥

R✲♠♦❞✉❧❡ s✉❝❤ t❤❛t H i
α(M) ✐s α✲❝♦✜♥✐t❡ ❢♦r ❡✈❡r② i < t✳ ❚❤❡♥

✭✐✮ ✐❢ Extt+1
R (R/I,M) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r s♦♠❡ I ∈ α✱ t❤❡♥ Ext1R(R/I,H

t
α(M))

✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳

✭✐✐✮ ✐❢ ExtiR(R/I,M) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r s♦♠❡ I ∈ α ❛♥❞ ❡✈❡r② i✱ t❤❡♥ t❤❡ R✲

♠♦❞✉❧❡ HomR(R/I,H
t+1
α (M)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ R✲♠♦❞✉❧❡

Ext2R(R/I,H
t
α(M)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ ✭✶✮ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t✳ ❲❤❡♥ t = 0✱ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ R✲♠♦❞✉❧❡s
0 −→ Γα(M) −→ M −→ M/Γα(M) −→ 0 ❣✐✈❡s t❤❛t Ext1R(R/I,Γα(M)) ✐s ✜♥✐t❡❧②
❣❡♥❡r❛t❡❞✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t > 0✳ ❙✐♥❝❡ Γα(M) = H0
α(M) ✐s α✲❝♦✜♥✐t❡✱ ✇❡ ❤❛✈❡ t❤❛t

ExtiR(R/I,Γα(M)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② I ∈ α ❛♥❞ ❡✈❡r② i✳ ❚❤✉s t❤❡ ❢♦r♠❡r ❡①✲
❛❝t s❡q✉❡♥❝❡ ✐♠♣❧✐❡s t❤❛t Extt+1

R (R/I,M/Γα(M)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳ ❚❛❦✐♥❣ E ❛♥❞ L
❛s ✐♥ ❘❡♠❛r❦ ✸✳✻ ✇❡ ♦❜t❛✐♥ t❤❛tH i

α(L) ✐s α✲❝♦✜♥✐t❡ ❢♦r ❡✈❡r② i < t−1 ❛♥❞ ExttR(R/I, L)

✐s ❛❧s♦ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ✇❤❡♥ Extt+1
R (R/I,M) ✐s✳ ❍❡♥❝❡ Ext1R(R/I,H

t−1
α (L)) ✐s ✜♥✐t❡❧②

❣❡♥❡r❛t❡❞ ❛♥❞ t❤✐s ✐♠♣❧✐❡s t❤❛t Ext1R(R/I,H
t
α(M)) ✐s ❛❧s♦ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✷✮✱ ❝♦♥s✐❞❡r ❛♥ ✐❞❡❛❧ I ∈ α s✉❝❤ t❤❛t ExtiR(R/I,M) ✐s ✜♥✐t❡❧②
❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i ❛♥❞ HomR(R/I,H

t+1
α (M)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳ ❆ss✉♠❡ ✜rst t❤❛t

t = 0✳ ❲❡ ❤❛✈❡ t❤✉s ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

Ext1R(R/I,M/Γα(M)) −→ Ext2R(R/I,Γα(M)) −→ Ext2R(R/I,M).

❚❛❦✐♥❣ L = E(M/Γα(M))/(M/Γα(M)) ❛s ✐♥ ❘❡♠❛r❦ ✸✳✻ ✇❡ ❣❡t t❤❡ ✐s♦♠♦r♣❤✐s♠s

Ext1R(R/I,M/Γα(M)) ∼= HomR(R/I, L)

∼= HomR(R/I,Γα(L))

∼= HomR(R/I,H
1
α(M))

❛♥❞ t❤✐s ✐♠♣❧✐❡s t❤❛t Ext2R(R/I,Γα(M)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳
❲❤❡♥ t > 0 ✇❡ ❤❛✈❡ t❤❛t Γα(M) = H0

α(M) ✐s α✲❝♦✜♥✐t❡✱ ❤❡♥❝❡ t❤❡ R✲♠♦❞✉❧❡
ExtiR(R/I,Γα(M)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i✳ ❚❤✉s ExtiR(R/I,M/Γα(M)) ✐s
✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i✳ ❍❡♥❝❡ ExtiR(R/I, L) ✐s ❛❧s♦ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈✲
❡r② i✱ ❛s ✇❡❧❧ ❛s HomR(R/I,H

t
α(L))

∼= HomR(R/I,H
t+1
α (M))✳ ❚❤❡♥ t❤❡ R✲♠♦❞✉❧❡
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Ext2R(R/I,H
t−1
α (L)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✱ ✐♠♣❧②✐♥❣ t❤❛t Ext2R(R/I,H

t
α(M)) ✐s ❛❧s♦

✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳
❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ t❤❛t t❤❡ R✲♠♦❞✉❧❡ Ext2R(R/I,H

t
α(M)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

❛♥❞ ❛ss✉♠❡ ❛❣❛✐♥ t❤❛t t = 0✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ R✲♠♦❞✉❧❡s

Ext1R(R/I,M) −→ Ext1R(R/I,M/Γα(M)) −→ Ext2R(R/I,Γα(M))

❛♥❞ t❤✐s ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s t❤❛t Ext1R(R/I,M/Γα(M)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳ ❍❡♥❝❡
HomR(R/I, L) ∼= HomR(R/I,Γα(L)) ∼= HomR(R/I,H

1
α(M)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳

❲❤❡♥ t > 0 ✇❡ ❤❛✈❡ t❤❛t Ext2R(R/I,H
t−1
α (L)) ❛♥❞ ExtiR(R/I, L) ❛r❡ ✜♥✐t❡❧②

❣❡♥❡r❛t❡❞ ❢♦r ❡❛❝❤ i✳ ❚❤✉s HomR(R/I,H
t
α(L))

∼= HomR(R/I,H
t+1
α (M)) ✐s ❛❧s♦ ✜♥✐t❡❧②

❣❡♥❡r❛t❡❞✳

❈♦r♦❧❧❛r② ✸✳✶✷✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✱ α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R ❛♥❞

❝♦♥s✐❞❡r t = depth(α,M)✳ ❚❤❡♥

✭✐✮ t❤❡ R✲♠♦❞✉❧❡ Ext1R(R/I,H
t
α(M)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② I ∈ α✳

✭✐✐✮ ❢♦r ❡✈❡r② I ∈ α t❤❡ R✲♠♦❞✉❧❡ Ext2R(R/I,H
t
α(M)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ✐❢ ❛♥❞ ♦♥❧②

✐❢ HomR(R/I,H
t+1
α (M)) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳

▲❡t ✉s r❡❝❛❧❧ s♦♠❡ ❜❛s✐❝ ❢❛❝ts✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✸✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R ❛♥❞ M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡

s✉❝❤ t❤❛t depth(α,M) = t = cd(α,M)✳ ■❢ (Ei(M), di) ✐s ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥

♦❢ M ✱ t❤❡♥ (Γα(E
t+i(M)),Γα(d

t+i)) ✐s ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ H t
α(M)✳ ■❢

inj. dim(M) = d✱ t❤❡♥ inj. dim(H t
α(M)) ≤ d− t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ R ✐s ❧♦❝❛❧ ●♦r❡♥st❡✐♥

♦❢ ❞✐♠❡♥s✐♦♥ d✱ t❤❡♥ inj. dim(H t
α(R)) = d− t✳

Pr♦♦❢✳ ❙✐♥❝❡ t = inf {i : µi(p,M) 6= 0 ❢♦r s♦♠❡ p ∈ 〈α〉 ∩ SpecR} ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✸✹✱
✇❡ ❤❛✈❡ ❢♦r ❡✈❡r② j < t t❤❛t Γα(Ej(M)) = 0✳ ❚❤✉s H t

α(M) = ker Γα(d
t) ⊆ Γα(E

t(M))✳
◆♦✇ Hj

α(M) = 0 ❢♦r ❡✈❡r② j 6= t✳ ❚❤✉s ✇❡ ♦❜t❛✐♥ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ R✲♠♦❞✉❧❡s
0 −→ H t

α(M) −→ Γα(E
t(M)) −→ Γα(E

t+1(M)) −→ · · · ✇❤✐❝❤ ❤❛♣♣❡♥s t♦ ❜❡ ❛
♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ H t

α(M) ❜❡❝❛✉s❡ Γα(E
j(M)) ✐s t❤❡ ✐♥❥❡❝t✐✈❡ ❤✉❧❧ ♦❢

Γα(ker d
j) = ker Γα(d

j) ❢♦r ❡✈❡r② j✳ ❚❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡
♦❢ t❤❡ ✜rst ♦♥❡✳ ❚❤❡ t❤✐r❞ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❜❡❝❛✉s❡ Ei(R) =

⊕

p∈SpecR
ht p=i

ER(R/p) ❢♦r

❡✈❡r② i✱ ❤❡♥❝❡ Γα(E
j(R)) 6= 0 ❡①❛❝t❧② ✇❤❡♥ t ≤ j ≤ d✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✹✳ ▲❡t R ❜❡ ❛ ●♦r❡♥st❡✐♥ ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d ❛♥❞ α ❜❡ ❛ ♥♦♥✲

tr✐✈✐❛❧ ❢❛♠✐❧② ♦❢ R✳ ■❢ Hj
α(R) = 0 ❢♦r ❡✈❡r② j 6= d − 1✱ t❤❡♥✱ ❢♦r ❡✈❡r② I ∈ α✱

Ext1R(R/I,H
d−1
α (R)) = Γm(R/I)

∨ ❛♥❞ ExtiR(R/I,H
d−1
α (R)) = 0 ❢♦r ❡✈❡r② i > 1✳

✹✾



Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t Hd−1
α (R) 6= 0✳ ❲❡ ❣❡t t❤❛t inj. dim(Hd−1

α (R)) = 1 ❢r♦♠ Pr♦♣♦s✐✲
t✐♦♥ ✸✳✶✸✳ ❚❤✉s ExtiR(N,H

d−1
α (R)) = 0 ❢♦r ❡✈❡r② R✲♠♦❞✉❧❡ N ❛♥❞ ❡✈❡r② i > 1✳ ❙✐♥❝❡

Hq
α(R) 6= 0 ♦♥❧② ✇❤❡♥ q = d− 1✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✐s♦♠♦r♣❤✐s♠s

Ext1R(R/I,H
d−1
α (R)) ∼= ExtdR(R/I,R)

∼= H0
m(R/I)

∨

❢♦r ❡✈❡r② I ∈ α ❜② ❬❘♦t✵✾✱ Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✶❪ ❛♥❞ ▼❛t❧✐s✬ ❞✉❛❧✐t②✳

▲❡♠♠❛ ✸✳✶✺✳ ▲❡t (R,m) ❜❡ ❛ ●♦r❡♥st❡✐♥ ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d✱ α ❜❡ ❛ ❢❛♠✐❧②

♦❢ R s✉❝❤ t❤❛t sup
I∈α

dim(R/I) = 1 ❛♥❞ Hd
α(R) = 0✳ ■❢ N ✐s ❛ s✉❜♠♦❞✉❧❡ ♦❢ ❛ ✜♥✐t❡❧②

❣❡♥❡r❛t❡❞ ❢r❡❡ R✲♠♦❞✉❧❡ F ✱ t❤❡♥ HomR(N,H
d−1
α (R)) ✐s α✲❝♦✜♥✐t❡✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✸✳✺✱ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ExtiR(R/p,HomR(N,H
d−1
α (R))) ✐s

✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② ♣r✐♠❡ ✐❞❡❛❧ p ∈ 〈α〉 ❛♥❞ ❡✈❡r② i✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✳✶✹ ✇❡
❣❡t t❤❛t ExtiR(R/I,H

d−1
α (R)) = 0 ❢♦r ❡✈❡r② I ∈ 〈α〉 ❛♥❞ ❡✈❡r② i > 1✳ ■❢ ✐♥ ❛❞❞✐✲

t✐♦♥ I ✐s ❛ ♣r✐♠❡ ✐❞❡❛❧ s✉❝❤ t❤❛t dim(R/I) = 1✱ ✇❡ ❣❡t t❤❛t Γm(R/I) = 0✱ ✇❤❡♥❝❡
ExtiR(R/I,H

d−1
α (R)) = 0 ❢♦r ❡✈❡r② i > 0 ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✹✳ ❋♦r s✉❝❤ I✱ t❤❡ ❝♦♥✲

tr❛✈❛r✐❛♥t ❢✉♥❝t♦r HomR(−, Hd−1
α (R)) s❡♥❞s ♣r♦❥❡❝t✐✈❡ R✲♠♦❞✉❧❡s t♦ HomR(R/I,−)✲

❛❝②❝❧✐❝ ♠♦❞✉❧❡s✿ ✐♥ ❢❛❝t✱ ✐❢ P ✐s ❛ ♣r♦❥❡❝t✐✈❡ R✲♠♦❞✉❧❡ ❛♥❞ P∗ ✐s ❛ ♣r♦❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥
♦❢ R/I✱ t❤❡♥

ExtiR(R/I,HomR(P,H
d−1
α (R))) = H i(HomR(P∗,HomR(P,H

d−1
α (R))))

∼= H i(HomR(P,HomR(P∗, H
d−1
α (R))))

∼= HomR(P,H
i(HomR(P∗, H

d−1
α (R))))

∼= HomR(P,Ext
i
R(R/I,H

d−1
α (R)))

❢♦r ❡✈❡r② i✳ ◆♦t✐♥❣ F (−) = HomR(R/I,HomR(−, Hd−1
α (R)))✱ ✇❡ ♦❜t❛✐♥ t❤❡ s♣❡❝✲

tr❛❧ s❡q✉❡♥❝❡ ExtpR(R/I,Ext
q
R(N,H

d−1
α (R))) ⇒ (Rp+qF )(N)✳ ❲❡ ❛❧s♦ ❤❛✈❡ ❡①❛❝t s❡✲

q✉❡♥❝❡s ExtqR(F,H
d−1
α (R)) −→ ExtqR(N,H

d−1
α (R)) −→ Extq+1

R (F/N,Hd−1
α (R))✳ ❈♦♥✲

s✐❞❡r q > 0✳ ❙✐♥❝❡ F ✐s ❢r❡❡✱ ✇❡ ❤❛✈❡ t❤❛t ExtqR(F,H
d−1
α (R)) = 0✳ ◆♦✇ Pr♦♣♦s✐✲

t✐♦♥ ✸✳✶✸ ❣✐✈❡s t❤❛t inj. dim(Hd−1
α (R)) = 1✱ ✇❤❡♥❝❡ Extq+1

R (F/N,Hd−1
α (R)) = 0✳ ❙♦

ExtqR(N,H
d−1
α (R)) = 0 ❢♦r ❡✈❡r② q > 0 ❛♥❞ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❝♦❧❧❛♣s❡s t♦ ♣r♦❞✉❝❡

✐s♦♠♦r♣❤✐s♠s ExtpR(R/I,HomR(N,H
d−1
α (R))) ∼= (RpF )(N) ❢♦r ❡✈❡r② p✳

❲❡ ❛✣r♠ t❤❛t (RpF )(N) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② p✳ ■♥ ❢❛❝t✱ ❝♦♥s✐❞❡r ❛
♣r♦❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ F∗ ♦❢ N ✳ ❚❤❡♥

(Rp
F )(N) ∼= Hp(HomR(F∗,HomR(R/I,H

d−1
α (R)))).

❇② ❈♦r♦❧❧❛r② ✸✳✽ ✇❡ ❣❡t t❤❛t HomR(R/I,H
d−1
α (R)) ∼= KR/I ✱ t❤✉s t❤❡ ✐s♦♠♦r♣❤✐s♠

(RpF )(N) ∼= ExtpR(N,KR/I) ❤♦❧❞s✳ ❍❡♥❝❡ t❤❡ ❛✣r♠❛t✐♦♥ ✐s tr✉❡ ❛♥❞ t❤❡ R✲♠♦❞✉❧❡
ExtiR(R/I,HomR(N,H

d−1
α (R))) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i ❛♥❞ ❡✈❡r② ♣r✐♠❡ ✐❞❡❛❧

I ∈ 〈α〉 s✉❝❤ t❤❛t dim(R/I) = 1✳
❋✐♥❛❧❧②✱ ▲❡♠♠❛ ✸✳✺ ❣✉❛r❛♥t❡❡s t❤❛t ExtiR(R/m,HomR(N,H

d−1
α (R))) ✐s ✜♥✐t❡❧②

❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② i✳ ❚❤✉s HomR(N,H
d−1
α (R)) ✐s α✲❝♦✜♥✐t❡✳

✺✵



❲❡ r❡❣❛r❞ ♥♦✇ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ❝❤❛♥❣❡ ♦❢ r✐♥❣s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✻✳ ▲❡t f : R → S ❜❡ ❛ s✉r❥❡❝t✐✈❡ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ r✐♥❣s✱ α ❜❡ ❛

❢❛♠✐❧② ♦❢ R ❛♥❞ M ❜❡ ❛♥ S✲♠♦❞✉❧❡✳ ❚❤❡♥ M ✐s α✲❝♦✜♥✐t❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ✐s αS✲

❝♦✜♥✐t❡✳

Pr♦♦❢✳ ❋✐rst✱ ♦❜s❡r✈❡ t❤❛t SuppR(M) ⊆ 〈α〉 ✐❢ ❛♥❞ ♦♥❧② ✐❢ SuppS(M) ⊆ 〈αS〉✳ ❋♦r
❡✈❡r② I ∈ α✱ ❬❘♦t✵✾✱ ❚❤❡♦r❡♠ ✶✵✳✻✷❪ ❣✐✈❡s ❛ s♣❡❝tr❛❧ s❡q✉❡♥❝❡

Epq
2 = ExtpS(Tor

R
q (S,R/I),M)⇒ Extp+qR (R/I,M).

■❢ M ✐s αS✲❝♦✜♥✐t❡✱ t❤❡♥ Ep0
2 = ExtpS(S/IS,M) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② p✳ ◆♦✇

Supp(TorRq (S,R/I)) ⊆ Supp(S/IS) ❢♦r ❡✈❡r② q✳ ❍❡♥❝❡ Epq
2 ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈✲

❡r② p ❛♥❞ ❡✈❡r② q✳ ❙✐♥❝❡ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ✐s ❜♦✉♥❞❡❞✱ ✇❡ ♦❜t❛✐♥ t❤❛t ExtpR(R/I,M)

✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② p✳ ❚❤✉s M ✐s α✲❝♦✜♥✐t❡✳
❋♦r t❤❡ ❝♦♥✈❡rs❡✱ ♦❜s❡r✈❡ t❤❛t E00

2 = HomS(S/IS,M) = HomR(R/I,M) ✐s
✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t n > 0 ❛♥❞ t❤❛t Ep0

2 ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r
❡✈❡r② p < n✳ ❍❡♥❝❡ Epq

2 ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② q ❛♥❞ ❡✈❡r② p < n✳ ❙✐♥❝❡
Hn = ExtnR(R/I,M) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✱ ✇❡ ❣❡t t❤❛t En0

2 ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❜②
❬❉▼✾✼✱ ▲❡♠♠❛ ✶❪✳ ❚❤✉s ExtnS(I/IS,M) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❡✈❡r② n ❛♥❞ ❡✈❡r②
I ∈ α✱ ✇❤❡♥❝❡ M ✐s αS✲❝♦✜♥✐t❡✳

▲❡♠♠❛ ✸✳✶✼✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❛ ❧♦❝❛❧ r✐♥❣ (R,m)✱ M ❜❡ ❛♥ R✲♠♦❞✉❧❡ ❛♥❞ ❞❡♥♦t❡

❜② R̂ t❤❡ m✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ♦❢ R✳ ❚❤❡♥ H i
α(M) ✐s α✲❝♦✜♥✐t❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ H i

αR̂
(M⊗R̂)

✐s αR̂✲❝♦✜♥✐t❡✳

Pr♦♦❢✳ ❘❡❝❛❧❧ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ❤♦♠♦♠♦r♣❤✐s♠

HomR(L,M)⊗N → HomR(L,M ⊗N)

✇❤✐❝❤ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐❢ N ✐s ✢❛t ❛♥❞ L ✐s ✜♥✐t❡❧② ♣r❡s❡♥t❡❞✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② j✱
Extj

R̂
(R̂/IR̂,H i

αR̂
(M ⊗ R̂)) ∼= Extj

R̂
(R/I ⊗ R̂,H i

α(M) ⊗ R̂) ∼= ExtjR(R/I,H
i
α(M)) ⊗ R̂

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ st❛t❡♠❡♥t✳

▲❡t (R,m) ❜❡ ❛ ❧♦❝❛❧ r✐♥❣ ❛♥❞M ❜❡ ❛♥ R✲♠♦❞✉❧❡✳ ❘❡❝❛❧❧ t❤❛t ❛ ♣r✐♠❡ p ✐s ❝❛❧❧❡❞

❛ ❝♦❛ss♦❝✐❛t❡❞ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ M ✇❤❡♥ p ✐s ❛♥ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ ✐ts ▼❛t❧✐s ❞✉❛❧

M∨ = HomR(M,ER(R/m))✳ ❖❜s❡r✈❡ t❤❛t Coass(M⊗RN) = Supp(M)∩Coass(N) ❢♦r

❡✈❡r② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ M ❛♥❞ ❡✈❡r② R✲♠♦❞✉❧❡ N ✱ s❡❡ ❬❉▼✾✼✱ ❘❡♠❛r❦ ✶❪✳

■♥ ♣❛rt✐❝✉❧❛r Coass(Hn
α(M)) = Supp(M) ∩ Coass(Hn

α(R)) ✇❤❡♥ n ≥ cd(α,R)✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✽✳ ▲❡t (R,m) ❜❡ ❛ ❝♦♠♣❧❡t❡ ❧♦❝❛❧ r✐♥❣✱ α ❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧② ♦❢ R
❛♥❞ M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ n ≥ 0✳ ❚❤❡♥

Coass(Hn
α(M)) =

{

p ∈ Supp(M) : dim(R/p) = n ❛♥❞ I + p ∈ W̃ (m) ❢♦r ❡✈❡r② I ∈ α
}

=
⋂

I∈α−{R}

Coass(Hn
I (M)).

✺✶



Pr♦♦❢✳ ❙❡t R̄ = R/Ann(M) ❛♥❞ E = ER(R/m)✳ ❚❤❡♥ ER̄(R̄/mR̄) = HomR(R̄, E) ❛♥❞

HomR̄(H
n
αR̄(M),HomR(R̄, E)) ∼= HomR(H

n
αR̄(M)⊗R̄ R̄, E) ∼= HomR(H

n
α(M), E).

❍❡♥❝❡ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t M ✐s ❢❛✐t❤❢✉❧ ❛♥❞ n = dim(R)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛❧s♦ ❤❛✈❡
t❤❛t Coass(Hn

α(M)) = Coass(Hn
α(R))✱ s♦ ✐t ✐s ❡♥♦✉❣❤ t♦ s✉♣♣♦s❡ M = R✳ ❙✉♣♣♦s❡

t❤❛t Hn
α(R) 6= 0 ❢♦r ❜♦t❤ s❡ts ♦❢ t❤❡ st❛t❡♠❡♥t ❛r❡ ❡♠♣t② ✇❤❡♥ Hn

α(R) = 0✳ ❈♦♥s✐❞❡r
q ∈ Coass(Hn

α(R))✳ ❚❤❡♥ Hn
α(R/q) 6= 0✳ ❍❡♥❝❡ dim(R/q) = n ❛♥❞ I + q ∈ W̃ (m)

❢♦r ❡✈❡r② I ∈ α ❜② ❈♦r♦❧❧❛r② ✶✳✹✻✳ ❚❤❡ ❝♦♥✈❡rs❡ ❛❧s♦ ❤♦❧❞s✿ ✐❢ dim(R/q) = n ❛♥❞
I + q ✐s m✲♣r✐♠❛r② ❢♦r ❡✈❡r② ♣r♦♣❡r I ∈ α✱ t❤❡♥ Hn

α(R) ⊗R R/q = Hn
α(R/q) 6= 0✳ ■❢

p ∈ Coass(Hn
α(R/q))✱ t❤❡♥ p ⊇ q ❛♥❞ p ∈ Coass(Hn

α(R))✳ ❇✉t dim(R/p) = n✳ ❍❡♥❝❡
q ∈ Coass(Hn

α(R)) ✇❤❡♥ dim(R/q) = n ❛♥❞ I + q ∈ W̃ (m) ❢♦r ❡✈❡r② I ∈ α✳

❲❤❡♥ 〈α〉 = W̃ (〈ϕ〉, ψ)✱ ✇❡ ❣❡t ❛ r❡✜♥❡♠❡♥t ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t✳

❈♦r♦❧❧❛r② ✸✳✶✾✳ ▲❡t (R,m) ❜❡ ❛ ❝♦♠♣❧❡t❡ ❧♦❝❛❧ r✐♥❣✱ ϕ ❛♥❞ ψ ❜❡ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧✐❡s
♦❢ R ❛♥❞ M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ n ≥ 0✳ ❚❤❡♥

Coass(Hn
ϕ,ψ(M)) =

{

p ∈ Supp(M) ∩ 〈ψ〉 : dim(R/p) = n ❛♥❞ I + p ∈ W̃ (m) ❢♦r ❡✈❡r② I ∈ ϕ
}

.

Pr♦♦❢✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ t❡r♠ ♦❢ t❤❡ st❛t❡♠❡♥t ✐s ❡q✉❛❧ t♦ t❤❡ r✐❣❤t✲❤❛♥❞
t❡r♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✽✳ ■♥❞❡❡❞✱ ✐❢ p ∈ Supp(M) ∩ 〈ψ〉 ✐s s✉❝❤ t❤❛t I + p ∈ W̃ (m) ❢♦r
❡✈❡r② I ∈ ϕ✱ ❝♦♥s✐❞❡r K ∈ W̃ (〈ϕ〉, ψ)✳ ❚❤✉s K + p ∈ 〈ϕ〉 ❛♥❞ t❤❡r❡ ❡①✐st I1, . . . , Is ∈ ϕ
s✉❝❤ t❤❛t K+p ⊇ I1 · · · Is✳ ❙✐♥❝❡ Ii+p ∈ W̃ (m) ❢♦r ❡✈❡r② i✱ ✇❡ ❣❡t t❤❛t K+p ∈ W̃ (m)

❛♥❞ t❤✉s p ∈ Coass(Hn
ϕ,ψ(M))✳

❋♦r t❤❡ ❝♦♥✈❡rs❡✱ ❝♦♥s✐❞❡r ❛ ♣r✐♠❡ ✐❞❡❛❧ p ∈ Supp(M) s✉❝❤ t❤❛t I + p ∈ W̃ (m)

❢♦r ❡✈❡r② ✐❞❡❛❧ I ∈ W̃ (〈ϕ〉, ψ)✳ ■❢ p /∈ 〈ψ〉✱ t❤❡♥ J * p ❢♦r ❡✈❡r② J ∈ ψ✳ ❍❡♥❝❡
dim(R/(J + p)) < dim(R/p) ≤ n ❢♦r ❡✈❡r② J ∈ ψ ❛♥❞ Hn

ϕ,ψ(R/p) = 0✳ ❚❤✉s ✇❡ ♦❜t❛✐♥
t❤❛t V (p) ∩ Coass(Hn

ϕ,ψ(R)) = Coass(Hn
ϕ,ψ(R/p)) = ∅ ❛♥❞ p /∈ Coass(Hn

ϕ,ψ(R))✳ ❙♦
p ∈ 〈ψ〉✳ ■❢ I ∈ ϕ✱ t❤❡♥ I + p ∈ W̃ (m) ❜❡❝❛✉s❡ ϕ ⊆ W̃ (〈ϕ〉, ψ) ❛♥❞ t❤❡ st❛t❡♠❡♥t ✐s
♣r♦✈❡❞✳

❚❤❡♦r❡♠ ✸✳✷✵✳ ▲❡t R ❜❡ ❛ ❧♦❝❛❧ r✐♥❣✱ α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R ❛♥❞ M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ n✳ ❚❤❡♥ Hn
α(M) ✐s α✲❝♦✜♥✐t❡✳ ▼♦r❡♦✈❡r✱ ExtiR(R/I,H

n
α(M))

❤❛s ✜♥✐t❡ ❧❡♥❣t❤ ❢♦r ❡✈❡r② I ∈ α ❛♥❞ ❡✈❡r② i✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✸✳✶✼✱ ✇❡ ❝❛♥ s✉♣♣♦s❡ t❤❛t R ✐s ❝♦♠♣❧❡t❡✳ ❚❤❡ R✲♠♦❞✉❧❡ Hn
α(M)

✐s ❆rt✐♥✐❛♥✱ ✇❤❡♥❝❡ t❤❡ R✲♠♦❞✉❧❡ Hn
α(M)∨ ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳ ❈♦♥s✐❞❡r t❤❡ ✜♥✐t❡

s❡t Coass(Hn
α(M)) = {p1, . . . , ps}✳ ❚❤❡♥ Supp(Hn

α(M)∨) = V (p1 ∩ · · · ∩ ps)✳ ◆♦✇✱
❢♦r ❡❛❝❤ I ∈ α ❛♥❞ ❡✈❡r② i✱ t❤❡ R✲♠♦❞✉❧❡ TorRi (R/I,H

n
α(M)∨) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳

❋✉rt❤❡r♠♦r❡✱

SuppR(Tor
R
i (R/I,H

n
α(M)∨)) ⊆ V (I) ∩ Supp(Hn

α(M)∨)

= V (I) ∩ V (p1 ∩ · · · ∩ ps)

⊆ {m} .

✺✷



❚❤✉s TorRi (R/I,H
n
α(M)∨) ❤❛s ✜♥✐t❡ ❧❡♥❣t❤✳ ❆❧s♦✱

TorRi (R/I,H
n
α(M)∨)∨ ∼= ExtiR(R/I,H

n
α(M))

❢♦r ❡✈❡r② i ✭s❡❡ ❬❍❑✾✶✱ ❘❡♠❛r❦ ✷✳✶❪✮✳ ❍❡♥❝❡ ExtiR(R/I,H
n
α(M)) ❤❛s ✜♥✐t❡ ❧❡♥❣t❤ ❢♦r

❡✈❡r② I ∈ α ❛♥❞ ❡✈❡r② i ❜② ▼❛t❧✐s✬ ❞✉❛❧✐t②✳

✸✳✷ ❆ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡ ✐❞❡❛❧s ♦❢ t❤❡ ✜rst ♥♦♥✲③❡r♦ ❧♦❝❛❧

❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✳ ❲❡ ✐♠♣r♦✈❡ s♦♠❡ r❡s✉❧ts ❛♣♣❡❛r✐♥❣ ✐♥ ❬❚❚✶✵❪✳

❖❜s❡r✈❡ t❤❛t Ass(H i
α(M)) ⊆

⋃

I∈〈α〉

Ass(H i
I(M)) ❢♦r ❡✈❡r② ❢❛♠✐❧② α ♦❢ R✱ ❡✈❡r②

R✲♠♦❞✉❧❡ M ❛♥❞ ❡✈❡r② i✳ ■♥ ❢❛❝t✱ ✐❢ p ∈ Ass(H i
α(M))✱ t❤❡♥ pRp ∈ Ass(H i

α(M)p)

❛♥❞ HomRp
(Rp/pRp, H

i
α(M)p) 6= 0✳ ❍❡♥❝❡ lim−→

I∈〈α〉

HomRp
(Rp/pRp, H

i
I(M)p) 6= 0 ❛♥❞ t❤✐s

✐♠♣❧✐❡s t❤❛t p ∈ Ass(H i
I(M)) ❢♦r s♦♠❡ I ∈ 〈α〉✳

▼♦r❡♦✈❡r✱ Ass(H t
α(M)) ⊆

⋃

I∈〈α〉
grade(I,M)=t

Ass(H t
I(M)) ✇❤❡♥ M ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

❛♥❞ t = depth(α,M)✳ ❚❤✐s ❢♦❧❧♦✇s ❜❡❝❛✉s❡ t ≤ grade(I,M) ❢♦r ❡✈❡r② I ∈ 〈α〉✱ ❤❡♥❝❡
H t
I(M) = 0 ✇❤❡♥ grade(I,M) > t✳ ❲❡ ❤❛✈❡ t❤✉s ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❢❛♠✐❧✐❡s✳

▲❡♠♠❛ ✸✳✷✶✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✱ α ❛♥❞ β ❜❡ ❢❛♠✐❧✐❡s ♦❢ R

s✉❝❤ t❤❛t β ⊆ 〈α〉 ❛♥❞ s❡t t = depth(α,M)✳ ❚❤❡♥ Ass(H t
β(M)) ⊆ Ass(H t

α(M))✳ ■♥

♣❛rt✐❝✉❧❛r✱ Ass(H t
α(M)) =

⋃

I∈〈α〉
grade(I,M)=t

Ass(H t
I(M))✳

Pr♦♦❢✳ ❖❜s❡r✈❡ t❤❛t depth(β,M) ≥ t✳ ❋✐rst st❛t❡♠❡♥t ❢♦❧❧♦✇s ❢♦r ✐❢ (Ei(M), ∂i) ✐s ❛
♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ M ✱ t❤❡♥

H t
β(M) = ker Γβ(∂

t) ⊆ ker Γα(∂
t) = H t

α(M).

❙❡❝♦♥❞ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❜❡❝❛✉s❡ grade(I,M) = depth(I,M) ≥ depth(α,M) ❢♦r ❡✈❡r②
I ∈ 〈α〉✳

❲❡ ❝❛♥ ✐♠♣r♦✈❡ t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✷✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✳

❈♦♥s✐❞❡r t = depth(α,M)✳ ❚❤❡♥

Ass(H t
α(M)) =

⋃

p∈〈α〉∩SpecR
grade(p,M)=t

Ass(H t
p(M)) =

⋃

I∈α
grade(I,M)=t

Ass(H t
I(M)).

✺✸



Pr♦♦❢✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t Ass(H t
α(M)) ⊆

⋃

p∈〈α〉∩SpecR
grade(p,M)=t

Ass(H t
p(M)) ✐t ✐s ❡♥♦✉❣❤ t♦

s❤♦✇ t❤❛t Ass(H t
α(M)) ⊆

⋃

p∈〈α〉∩SpecR

Ass(H t
p(M))✳ ❈♦♥s✐❞❡r ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s✲

♦❧✉t✐♦♥ (E∗(M), ∂∗) ♦❢ M ✳ ❚❤❡♥ H t
α(M) = Γα(ker ∂

t)✳ ■❢ p ∈ Ass(H t
α(M))✱ t❤❡♥

p = Ann(x) ❢♦r s♦♠❡ ❡❧❡♠❡♥t x ∈ Γα(ker ∂
t)✳ ❚❤✉s p ∈ 〈α〉 ❛♥❞ x ∈ H t

p(M)✳ ◆♦✇ ✐❢
p ∈ Ass(H t

q(M)) ❢♦r s♦♠❡ ♣r✐♠❡ ✐❞❡❛❧ q ∈ 〈α〉✱ t❤❡♥ grade(q,M) = t ❛♥❞ t❤❡r❡ ❡①✐sts ❛♥
✐❞❡❛❧ I ∈ α s✉❝❤ t❤❛t I ⊆ q✳ ❍❡♥❝❡ t ≤ grade(I,M) ≤ grade(q,M) = t✳ ❆❧❧ ♦❢ t❤✐s ✐♠✲
♣❧② t❤❛t H t

q(M) = Γq(ker ∂
t) ⊆ ΓI(ker ∂

t) = H t
I(M) ❛♥❞ p ∈ Ass(H t

I(M))✳ ❋✐♥❛❧❧②✱ t❤❡
r❡❧❛t✐♦♥

⋃

I∈α
grade(I,M)=t

Ass(H t
I(M)) ⊆ Ass(H t

α(M)) ❢♦❧❧♦✇s r❡❛❞✐❧② ❢r♦♠ ▲❡♠♠❛ ✸✳✷✶✳

❲❡ r❡♠❛r❦ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❢❛❝t t❤❛t ✇❛s ♣r♦✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧t✳

❈♦r♦❧❧❛r② ✸✳✷✸✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✳

❈♦♥s✐❞❡r t = depth(α,M)✳ ❚❤❡♥ Ass(H t
α(M)) ⊆ {p ∈ 〈α〉 : grade(p,M) = t}✳

❈♦r♦❧❧❛r② ✸✳✷✹✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✱ M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞

❝♦♥s✐❞❡r t = depth(α,M)✳ ■❢ I ∈ 〈α〉 ✐s s✉❝❤ t❤❛t HomR(R/I,H
t
α(M)) 6= 0✱ t❤❡♥

grade(I,M) = t✳

Pr♦♦❢✳ ■❢ I ∈ 〈α〉✱ t❤❡♥ grade(I,M) = depth(I,M) ≥ depth(α,M) = t✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ✐❢ t❤❡ ♣r✐♠❡ p ∈ Ass(HomR(R/I,H

t
α(M)))✱ t❤❡♥ I ⊆ p ❛♥❞

grade(I,M) ≤ grade(p,M) = t.

❍❡♥❝❡ grade(I,M) = t✳

■♥ ❣❡♥❡r❛❧✱ t❤❡ ✜rst ♥♦♥✲③❡r♦ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡ ✐s ♥♦t ❆rt✐♥✐❛♥ ❛s ✇❡ s❤❛❧❧

s❡❡ ♥❡①t✳

❈♦r♦❧❧❛r② ✸✳✷✺✳ ▲❡t (R,m) ❜❡ ❛ ❧♦❝❛❧ r✐♥❣ ❛♥❞ M ❜❡ ❛ ❈♦❤❡♥✲▼❛❝❛✉❧❛② R✲♠♦❞✉❧❡✳

❈♦♥s✐❞❡r ❛ ❢❛♠✐❧② α ♦❢ R s✉❝❤ t❤❛t dim(M/IM) > 0 ❢♦r s♦♠❡ ✐❞❡❛❧ I ∈ 〈α〉 ❛♥❞ s❡t

t = depth(α,M)✳ ❚❤❡♥ m /∈ Ass(H t
α(M))✳

Pr♦♦❢✳ ■❢ m ∈ Ass(H t
α(M))✱ t❤❡♥ grade(m,M) = t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡r❡ ❡①✐sts

I ∈ 〈α〉 s✉❝❤ t❤❛t grade(I,M) = dim(M) − dim(M/IM) < depth(M) ❛♥❞ t❤✐s ✐s ❛
❝♦♥tr❛❞✐❝t✐♦♥✳

✺✹



❈❤❛♣t❡r ✹

❊♥❞♦♠♦r♣❤✐s♠ ♠♦❞✉❧❡s

❯♥❧❡ss st❛t❡❞ ♦t❤❡r✇✐s❡✱ ❛❧❧ t❤❡ r✐♥❣s ✐♥ t❤✐s ❝❤❛♣t❡r ❛r❡ ◆♦❡t❤❡r✐❛♥✳ ❘✐♥❣s ❛r❡

❛❧s♦ ❛ss✉♠❡❞ ❧♦❝❛❧ ✇❤❡r❡ t❤❡ ▼❛t❧✐s ❞✉❛❧ ❢✉♥❝t♦r (−)∨ = HomR(−, E) ✐s ✉s❡❞ ✭❤❡r❡ E

❛❧✇❛②s ❞❡♥♦t❡s t❤❡ ✐♥❥❡❝t✐✈❡ ❤✉❧❧ ♦❢ t❤❡ r❡s✐❞✉❛❧ ✜❡❧❞ ♦❢ t❤❡ ❧♦❝❛❧ r✐♥❣ R✮✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ♠♦❞✉❧❡s ♦❢ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ ❧♦❝❛❧

❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s ❛♥❞ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡♠ ✐♥ t✇♦ ♣❤❛s❡s✳ ❚❤❡ ✜rst s❡❝t✐♦♥ st✉❞✐❡s

t❤❡ ❡♥❞♦♠♦r♣❤✐s♠s ♦❢ ✜rst ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ s♣❡❝✐❛❧ ❝❛s❡

✇❤❡♥ t❤❡ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡♣t❤ ❡q✉❛❧s t❤❡ ❝♦❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥s✐♦♥✳ ❚❤✐s ♣❛rt ❜❛s✐❝❛❧❧②

❡①t❡♥❞s s♦♠❡ ✐❞❡❛s ❢r♦♠ ❬▼❛❤✶✸❪✳

❚❤❡ s❡❝♦♥❞ ♦♥❡ t❛❦❡s ❝❛r❡ ♦❢ t❤❡ t♦♣ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✳ ■t ❡①♣❧♦✐ts t❤❡

▲✐❝❤t❡♥❜❛✉♠✲❍❛rts❤♦r♥❡ ❱❛♥✐s❤✐♥❣ ❚❤❡♦r❡♠ ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ❆rt✐♥✐❛♥ ♥❛t✉r❡ ♦❢

s❛✐❞ ♠♦❞✉❧❡s t♦ ♦❜t❛✐♥ ✐♥❢♦r♠❛t✐♦♥s ♦♥ t❤❡ r✐♥❣ str✉❝t✉r❡ ♦❢ t❤❡✐r ♠♦❞✉❧❡s ♦❢ ❡♥❞♦✲

♠♦r♣❤✐s♠s ✐♥ ❛♥ ❛♥❛❧♦❣♦✉s ✇❛② ❛s ❞♦♥❡ ✐♥ ❬❊❙✶✷❪✳

✹✳✶ ❖♥ α✲❞❡♣t❤ ❧❡✈❡❧

❘❡❝❛❧❧ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥

HomR(N,P )⊗RM → HomR(HomR(M,N), P ) ✭✹✳✶✮

✇❤✐❝❤ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✇❤❡♥ M ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛♥❞ P ✐s ✐♥❥❡❝t✐✈❡ ✭s❡❡ ❬❘♦t✵✾✱

▲❡♠♠❛ ✾✳✼✶❪✮✳ ❍❡♥❝❡M⊗RN∨ ∼= HomR(M,N)∨ ❢♦r ❡✈❡r② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡



M ✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ M ✐s α✲t♦rs✐♦♥✱ t❤❡♥

M ⊗R Γα(N)∨ =M ⊗R N∨ ✭✹✳✷✮

❢♦r ❡✈❡r② R✲♠♦❞✉❧❡ N ❜② ❡q✉❛t✐♦♥ ✭✸✳✶✮✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ ✭✹✳✶✮

s✉❣❣❡sts t❤❛t HomR(I, J) ✐s ❛ ✢❛t R✲♠♦❞✉❧❡ ❢♦r ❡✈❡r② ♣❛✐r ♦❢ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡s I

❛♥❞ J ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ▼❛t❧✐s ❞✉❛❧ ♦❢ ❛♥② ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡ ✐s ✢❛t✳

◆♦t✐❝❡ t❤❛t t❤❡ ❝♦♠♣♦s✐t❡ ❢✉♥❝t♦r G = Γα(−)∨ ✐s r✐❣❤t ❡①❛❝t ❝♦♥tr❛✈❛r✐❛♥t✳

❍❡♥❝❡✱ ✐t ♠❛❦❡s s❡♥s❡ t♦ t❛❧❦ ❛❜♦✉t ✐ts ❧❡❢t ❞❡r✐✈❡❞ ❢✉♥❝t♦rs (LiG) ❜② t❛❦✐♥❣ ✐♥❥❡❝✲

t✐✈❡ r❡s♦❧✉t✐♦♥s ♦❢ R✲♠♦❞✉❧❡s✳ ❙✐♥❝❡ Γα(−) ✐s ❧❡❢t ❡①❛❝t ❛♥❞ (−)∨ ✐s ❝♦♥tr❛✈❛r✐❛♥t

❡①❛❝t✱ ✐t ✐s r❡❛❞✐❧② s❡❡♥ t❤❛t (LiG)(M) = H i
α(M)∨ ❢♦r ❡✈❡r② R✲♠♦❞✉❧❡ M ❛♥❞ ❡✈❡r② i✳

❙✐♠✐❧❛r t♦ r✐❣❤t ❞❡r✐✈❡❞ ❢✉♥❝t♦rs✱ ✇❡ s❛② t❤❛t ❛♥ R✲♠♦❞✉❧❡ M ✐s ❧❡❢t G✲❛❝②❝❧✐❝ ❡①❛❝t❧②

✇❤❡♥ (LiG)(M) = 0 ❢♦r ❡✈❡r② i ≥ 1✳ ■♥ ♦r❞❡r t♦ ♣✉t ✐♥ ❝❧❡❛r❡r ❡✈✐❞❡♥❝❡ t❤❡ ❞✉❛❧ r❡❧❛✲

t✐♦♥ ❜❡t✇❡❡♥ Tor ❛♥❞ Ext✱ ✇❡ ✉s❡ ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ●r♦t❤❡♥❞✐❡❝❦✬s s♣❡❝tr❛❧ s❡q✉❡♥❝❡s

✭❚❤❡♦r❡♠ ❆✳✶✮ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✱ M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ s❡t

c = depth(α,M)✳ ❙✉♣♣♦s❡ t❤❛t N ✐s ❛♥ α✲t♦rs✐♦♥ R✲♠♦❞✉❧❡✳ ❚❤❡♥

✭✐✮ ❚❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ExtcR(N,M) ∼= HomR(N,H
c
α(M)) ❛♥❞ ExtiR(N,M) = 0

❢♦r ❡✈❡r② i < c✳

✭✐✐✮ ❚❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ TorRc (N,M
∨) ∼= N ⊗R Hc

α(M)∨ ❛♥❞ TorRi (N,M
∨) = 0

❢♦r ❡✈❡r② i < c✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ♣❛rt ♦❢ ✭✐✮ ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✼✳ ❋♦r
t❤❡ s❡❝♦♥❞ ♣❛rt✱ ❥✉st ♦❜s❡r✈❡ t❤❛t ✐❢ (E∗(M)) = (Ei(M))i≥0 ✐s ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡
r❡s♦❧✉t✐♦♥ ♦❢ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ M ✱ t❤❡♥ Ei(M) ✐s α✲t♦rs✐♦♥✲❢r❡❡ ❢♦r i < c✱
s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✳✸✹ ♦r Pr♦♣♦s✐t✐♦♥ ✸✳✶✸✳ ❚❤✉s HomR(N,E

i(M)) = 0 ❢♦r i < c ❜②
❡q✉❛t✐♦♥ ✭✸✳✶✮✳

◆♦✇ ✇❡ ♣r♦✈❡ ✭✐✐✮✿ r❡❣❛r❞✐♥❣ N ❛s ❛♥ ✐♥❞✉❝t✐✈❡ ❧✐♠✐t ♦❢ ✐ts ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞
s✉❜♠♦❞✉❧❡s✱ ✇❡ ♦❜t❛✐♥ t❤❛t N ⊗R Γα(M)∨ ∼= N ⊗RM∨ ❢♦r ❛♥② R✲♠♦❞✉❧❡ M ❜② ❡q✉❛✲
t✐♦♥ ✭✹✳✷✮✳ ❙✐♥❝❡ t❤❡ ▼❛t❧✐s ❞✉❛❧ ♦❢ ❡✈❡r② ✐♥❥❡❝t✐✈❡ ♠♦❞✉❧❡ ✐s ✢❛t✱ ✇❡ ♦❜t❛✐♥ ❛ s♣❡❝tr❛❧
s❡q✉❡♥❝❡ TorRp (N,H

q
α(M)∨)⇒ TorRp+q(N,M

∨) ❜② ❚❤❡♦r❡♠ ❆✳✶✳ ◆♦✇ Hq
α(M)∨ = 0 ❢♦r

❡✈❡r② q < c✳ ❚❤✉s N ⊗R Hc
α(M)∨ ∼= TorRc (N,M

∨)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

N ⊗R Ei(M)∨ ∼= N ⊗R Γα(E
i(M))∨ = 0

❢♦r ❡✈❡r② i < c ✇❤❡♥ (Ei(M)) ✐s ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞
R✲♠♦❞✉❧❡ M ✳ ❚❤✉s TorRi (N,M

∨) = 0 ❢♦r ❡✈❡r② i < c ❜❡❝❛✉s❡ (Ei(M)∨)i≥0 ✐s ❛ ✢❛t
r❡s♦❧✉t✐♦♥ ♦❢ M∨✳

✺✻



■♥ t❤✐s ✇❛②✱ ✇❡ ♦❜t❛✐♥ ❛ ❞✉❛❧ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ❢♦r ❞❡♣t❤ ✐♥ t❡r♠s ♦❢ Tor ❢✉♥❝t♦rs✳

❈♦r♦❧❧❛r② ✹✳✷✳ ❋♦r ❡✈❡r② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♠♦❞✉❧❡ M ♦✈❡r ❛ ❧♦❝❛❧ r✐♥❣ R✱

depth(α,M) = inf
{

i : TorRi (R/I,M
∨) 6= 0 ❢♦r s♦♠❡ I ∈ α

}

.

Pr♦♦❢✳ ❙❡t c = depth(α,M) = inf
I∈α

grade(I,M) ❜② ❈♦r♦❧❧❛r② ✶✳✸✺✳ ❲❡ ❛❧r❡❛❞② ❦♥♦✇

t❤❛t TorRi (R/I,M
∨) = 0 ❢♦r ❡✈❡r② I ∈ α ❛♥❞ ❡✈❡r② i < c ❜② t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥✳

◆♦✇ TorRc (R/I,M
∨) ∼= R/I ⊗R Hc

α(M)∨ ❢♦r ❡✈❡r② I ∈ α✳ ▲❡♠♠❛ ❆✳✷✱ ✭✐✐✮✱ ❣✐✈❡s t❤❛t
R/I ⊗R Hc

α(M)∨ ∼= HomR(R/I,H
c
α(M))∨✳ ❚❤✉s TorRc (R/I,M

∨) ∼= ExtcR(R/I,M)∨

❢♦r ❡✈❡r② I ∈ α✳ ■♥ t❤✐s ✇❛②✱ ✐❢ TorRc (R/I,M
∨) = 0 ❢♦r ❡✈❡r② I ∈ α✱ ✇❡ ❤❛✈❡ t❤❛t

lim←−
I∈〈α〉

Extcα(R/I,M)∨ = 0✱ ❜✉t t❤✐s ♠❡❛♥s t❤❛t Hc
α(M)∨ = 0✱ ✇❤✐❝❤ ✐s ❛♥ ❛❜s✉r❞✳

❍❡♥❝❡ c ≥ inf
{

i : TorRi (R/I,M
∨) 6= 0 ❢♦r s♦♠❡ I ∈ α

}

✳ ❈♦♥✈❡rs❡❧②✱ ❛♣♣❧② t❤❡ ♣r❡✈✐♦✉s
❛r❣✉♠❡♥ts t♦ ❡❛❝❤ ❢❛♠✐❧② {I} ⊆ α ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥

grade(I,M) = inf
{

i : TorRi (R/I,M
∨) 6= 0

}

,

❛s s❡❡♥ ✐♥ ❬▼❩✶✹❪✳ ❍❡♥❝❡ c ≤ inf
{

i : TorRi (R/I,M
∨) 6= 0 ❢♦r s♦♠❡ I ∈ α

}

✳

❲❡ st❛t❡ ♥♦✇ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ▲♦❝❛❧ ❉✉❛❧✐t② ❚❤❡♦r❡♠ ✇❤✐❝❤ s❡r✈❡s ❛s ❛ ❣❡♥✲

❡r❛❧✐s❛t✐♦♥ t♦ ❬▼❛❤✶✸❪✳

❚❤❡♦r❡♠ ✹✳✸✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ ❛ ❧♦❝❛❧ r✐♥❣ R✳ ❆ss✉♠❡ t❤❛t α ✐s ❝♦❤♦♠♦❧♦❣✐❝❛❧❧②
❝♦♠♣❧❡t❡ ✐♥t❡rs❡❝t✐♦♥ ✭t❤✐s ✐s✱ depth(α,R) = n = cd(α,R)✮✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② R✲♠♦❞✉❧❡

M ❛♥❞ ❡✈❡r② ✐♥t❡❣❡r i✱

✭✐✮ TorRn−i(M,Hn
α(R))

∼= H i
α(M)✳

✭✐✐✮ H i
α(M)∨ ∼= Extn−iR (M,Hn

α(R)
∨)✳

Pr♦♦❢✳ ■t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ ✭✐✮ ❜❡❝❛✉s❡ ♦❢ ▲❡♠♠❛ ❆✳✷✳ ◆♦t✐♥❣ Tj(−) = Hn−j
α (−)✱

✇❡ s❤❛❧❧ s❤♦✇ t❤❡ ✐s♦♠♦r♣❤✐s♠ ♦❢ ∂✲❢✉♥❝t♦rs TorRi (−, Hn
α(R))

∼= Ti(−) ❢♦r i ≥ 0✳
❙✐♥❝❡ n = cd(α,R)✱ ✇❡ ❤❛✈❡ t❤❛t Hn

α(M) = M ⊗R Hn
α(R) ❢♦r ❡✈❡r② R✲♠♦❞✉❧❡ M

❜② ▲❡♠♠❛ ✶✳✸✾✳ ❚❤✉s TorR0 (−, Hn
α(R))

∼= T0(−)✳ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t M ✐s ❢r❡❡ ❛♥❞
i > 0✳ ❍❡♥❝❡ TorRi (M,Hn

α(R)) = 0 = Ti(M)✳ ❚❤✉s t❤❡ ❞❡s✐r❡❞ ✐s♦♠♦r♣❤✐s♠ ❢♦❧❧♦✇s ❜②
❬❘♦t✵✾✱ ❚❤❡♦r❡♠ ✻✳✸✻❪✳

▲❡♠♠❛ ✹✳✹✳ ▲❡t R ❜❡ ❛ ❝♦♠♣❧❡t❡ ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ n ❛♥❞ α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✳

❈♦♥s✐❞❡r ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ M ❛♥❞ s❡t c = depth(α,M)✳ ❚❤❡♥

✭✐✮ ❚❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ HomR(H
c
α(M), Hc

α(M)) ∼= HomR(H
c
α(M)∨, Hc

α(M)∨)✳

✭✐✐✮ ❚❤❡ ♥❛t✉r❛❧ ❤♦♠♦♠♦r♣❤✐s♠ R → HomR(H
c
α(M), Hc

α(M)) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐❢

❛♥❞ ♦♥❧② ✐❢ t❤❡ ♥❛t✉r❛❧ ❤♦♠♦♠♦r♣❤✐s♠ R → HomR(H
c
α(M)∨, Hc

α(M)∨) ✐s ❛♥

✐s♦♠♦r♣❤✐s♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♥❛t✉r❛❧ ❤♦♠♦♠♦r♣❤✐s♠ Hc
α(M)⊗R Hc

α(M)∨ → E

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

✺✼



Pr♦♦❢✳ ❚❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ HomR(H
c
α(M)∨, Hc

α(M)∨) ∼= (Hc
α(M)∨ ⊗R Hc

α(M))∨

❜② ▲❡♠♠❛ ❆✳✷ ❛♥❞ t❤❡ ♠♦❞✉❧❡ ♦♥ t❤❡ r✐❣❤t s✐❞❡ ✐s ✐s♦♠♦r♣❤✐❝ t♦ TorRc (H
c
α(M),M∨)∨

❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶ ✇❤✐❝❤✱ ✐♥ t✉r♥✱ ✐s ✐s♦♠♦r♣❤✐❝ t♦ ExtcR(H
c
α(M),M∨∨) ❛❣❛✐♥ ❜②

▲❡♠♠❛ ❆✳✷✳ ❙✐♥❝❡ R ✐s ❝♦♠♣❧❡t❡✱ ✇❡ ❤❛✈❡ t❤❛t M∨∨ =M ❛♥❞ st❛t❡♠❡♥t ✭✐✮ ❢♦❧❧♦✇s✳
❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡s ✐♥ ✭✐✐✮✿ ♦❜s❡r✈❡ t❤❛t t❤❡ ♥❛t✉r❛❧ ❤♦♠♦♠♦r♣❤✐s♠

R → HomR(H
c
α(M), Hc

α(M)) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♥❛t✉r❛❧ ❤♦♠♦♠♦r✲
♣❤✐s♠ R → HomR(H

c
α(M)∨, Hc

α(M)∨) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜② ✭✐✮✳ ❇② ▼❛t❧✐s✬ ❞✉❛❧✐t②✱ ❛
❤♦♠♦♠♦r♣❤✐s♠ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ✐♥❞✉❝❡❞ ❤♦♠♦♠♦r♣❤✐s♠ ✐♥ t❤❡ ❞✉❛❧s
✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❍❡♥❝❡ t❤❡ ♥❛t✉r❛❧ ❤♦♠♦♠♦r♣❤✐s♠ Hc

α(M)⊗R Hc
α(M)∨ → E ✐s ❛♥

✐s♦♠♦r♣❤✐s♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♥❛t✉r❛❧ ❤♦♠♦♠♦r♣❤✐s♠ E∨ → HomR(H
c
α(M), Hc

α(M))

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤✉s t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❜② ❝♦♠♣❧❡t❡♥❡ss ♦❢ R✳

▲❡♠♠❛ ✹✳✺✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ ✐❞❡❛❧s ♦❢ ❛ ❝♦♠♣❧❡t❡ ❧♦❝❛❧ r✐♥❣ R✳ ❈♦♥s✐❞❡r ❛ ✜♥✐t❡❧②

❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ M s✉❝❤ t❤❛t depth(α,M) = c = cd(α,M)✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② ✐♥t❡❣❡r

i 6= c✱ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❤♦❧❞✿

✭✐✮ ❚❤❡r❡ ❡①✐st ✐s♦♠♦r♣❤✐s♠s✿

✶✳ Exti−cR (Hc
α(M), Hc

α(M)) ∼= ExtiR(H
c
α(M),M)✳

✷✳ TorRi−c(H
c
α(M), Hc

α(M)∨) ∼= TorRi (H
c
α(M),M∨)✳

✭✐✐✮ ❚❤❡s❡ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✶✳ Exti−cR (Hc
α(M), Hc

α(M)) = 0✳

✷✳ Exti−cR (Hc
α(M)∨, Hc

α(M)∨) = 0✳

✸✳ TorRi−c(H
c
α(M), Hc

α(M)∨) = 0✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ (E∗(M)) = (Ei(M))i≥0 ♦❢ M ✳ ❇②
Pr♦♣♦s✐t✐♦♥ ✸✳✶✸✱ (Γα(Ei+c(M)))i≥0 ✐s ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ Hc

α(M)✳ ❙✐♥❝❡
Hc
α(M) ✐s α✲t♦rs✐♦♥✱ ✇❡ ❣❡t ❛♥ ✐s♦♠♦r♣❤✐s♠

Exti−cR (Hc
α(M), Hc

α(M)) ∼= ExtiR(H
c
α(M),M)

❛s ❢♦❧❧♦✇s✿ ❢♦r ❡✈❡r② ✐♥t❡❣❡r j t❤❡r❡ ❛r❡ ✐s♦♠♦r♣❤✐s♠s

ExtjR(H
c
α(M), Hc

α(M)) = Hj(HomR(H
c
α(M),Γα(E

∗+c(M))))

= Hj(HomR(H
c
α(M), E∗+c(M)))

= Extj+cR (Hc
α(M),M).

❙♦ ✇❡ ♦❜t❛✐♥❡❞ t❤❡ ✜rst ✐s♦♠♦r♣❤✐s♠ ♦❢ ✭✐✮✳ ❇② ❛♣♣❧②✐♥❣ t❤❡ ▼❛t❧✐s ❞✉❛❧ t♦ t❤❡ ♠✐♥✐♠❛❧
✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥s ♦❢ M ❛♥❞ Hc

α(M) ✇❡ ♦❜t❛✐♥ ✢❛t r❡s♦❧✉t✐♦♥s ♦❢ M∨ ❛♥❞ Hc
α(M)∨✳

◆♦✇ ✇❡ ❤❛✈❡ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠s Hc
α(M) ⊗R Γα(E

i(M)) ∼= Hc
α(M) ⊗R Ei(M) ❢♦r

❡✈❡r② i✳ ❍❡♥❝❡ TorRi−c(H
c
α(M), Hc

α(M)∨) ∼= TorRi (H
c
α(M),M∨)✳

✺✽



❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡s ✐♥ ✭✐✐✮✿ t❤❡r❡ ❡①✐sts ❛♥ ✐s♦♠♦r♣❤✐s♠

Exti−cR (Hc
α(M)∨, Hc

α(M)∨) ∼= TorRi−c(H
c
α(M)∨, Hc

α(M))∨

❜② ▲❡♠♠❛ ❆✳✷✳ ❚♦❣❡t❤❡r ✇✐t❤ ▼❛t❧✐s✬ ❞✉❛❧✐t②✱ ✇❡ ❛❧s♦ ❣❡t t❤❡ ✐s♦♠♦r♣❤✐s♠

TorRi−c(H
c
α(M),M)∨ ∼= Exti−cR (Hc

α(M),M).

❚❤❡♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡s ❢♦❧❧♦✇ ❢r♦♠ t❤❡s❡ ✐s♦♠♦r♣❤✐s♠s ❛♥❞ t❤♦s❡ ♦❢ ✭✐✮✳

Pr♦♣♦s✐t✐♦♥ ✹✳✻✳ ▲❡t R ❜❡ ❛ ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ n ❛♥❞ α ⊆ 〈β〉 ❜❡ t✇♦ ❢❛♠✐❧✐❡s ♦❢

R✳ ❙❡t c = depth(β,M)✱ ✇❤❡r❡ M ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✳ ❚❤❡♥

✭✐✮ ❚❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ❤♦♠♦♠♦r♣❤✐s♠

HomR(H
c
β(M), Hc

β(M))→ HomR(H
c
α(M), Hc

α(M)).

✭✐✐✮ ❙✉♣♣♦s❡ ✐♥ ❛❞❞✐t✐♦♥ t❤❛t 〈αRp〉 = 〈βRp〉 ❢♦r ❡✈❡r② p ∈ 〈β〉 ∩ Supp(M) s✉❝❤ t❤❛t

depthRp
(Mp) = c✳ ❚❤❡♥ t❤❡ ❤♦♠♦♠♦r♣❤✐s♠ ✐♥ ✭✐✮ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

✭✐✐✐✮ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t R ✐s ❝♦♠♣❧❡t❡✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ❤♦♠♦♠♦r♣❤✐s♠

HomR(H
c
β(M)∨, Hc

β(M)∨)→ HomR(H
c
α(M)∨, Hc

α(M)∨) ✇❤✐❝❤ t✉r♥s ♦✉t t♦ ❜❡ ❛♥

✐s♦♠♦r♣❤✐s♠ ✇❤❡♥ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ ♦❢ ✭✐✐✮ ✐s s❛t✐s✜❡❞✳

Pr♦♦❢✳ ◆♦t✐❝❡ t❤❛t Hc
α(M) = 0 ✇❤❡♥ depth(α,M) 6= c✳ ❙✐♠✐❧❛r t♦ ▲❡♠♠❛ ✸✳✷✶✱ ✇❡

♦❜t❛✐♥ ❛ ♥❛t✉r❛❧ ✐♥❥❡❝t✐♦♥Hc
α(M)→ Hc

β(M)✱ ❢♦r ✐♥st❛♥❝❡✱ ❜② t❛❦✐♥❣ ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡
r❡s♦❧✉t✐♦♥ ♦❢ M ✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡ ❛ ♥❛t✉r❛❧ ❤♦♠♦♠♦r♣❤✐s♠

HomR(H
c
β(M),M)→ HomR(H

c
α(M),M).

❇② Pr♦♣♦s✐t✐♦♥ ✹✳✶✱ ✭✐✮✱ t❤❡ ♥❛t✉r❛❧ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r❡s❡♥t
st❛t❡♠❡♥t ❢♦❧❧♦✇s✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✐✐✮✱ r❡❝❛❧❧ t❤❛t Γγ(Ei(M)) =
⊕

p∈〈γ〉∩SpecR

E(R/p)µ
i(p,M) ❢♦r ❡✈❡r②

❢❛♠✐❧② γ ♦❢ R ❛♥❞ ❡✈❡r② t❡r♠ Ei(M) ♦❢ ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ M ❛♥❞
t❤❛t ✐❢ µi(p,M) 6= 0✱ t❤❡♥ p ∈ Supp(M) ❛♥❞ depthRp

(Mp) ≤ i✳ ❲❡ s❤❛❧❧ s❤♦✇ t❤❛t
Γα(E

c(M)) = Γβ(E
c(M)) ❢♦r ❛ ♠✐♥✐♠❛❧ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ (Ei(M)) ♦❢ M ✳ ❚❤✐s

s✐t✉❛t✐♦♥ ✇✐❧❧ ✐♠♣❧② t❤❛t t❤❡ ♥❛t✉r❛❧ ✐♥❥❡❝t✐♦♥ Hc
α(M) → Hc

β(M) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳
❙♦ ❝♦♥s✐❞❡r x ∈ Γβ(E

c(M))✳ ❚❤❡♥ x ∈ E(R/p) ❢♦r s♦♠❡ p ∈ 〈β〉 ∩ Supp(M) s✉❝❤ t❤❛t
µc(p,M) 6= 0✳ ❚❤✉s t❤✐s p ❛❧s♦ s❛t✐s✜❡s t❤❛t c ≤ grade(p,M) ≤ depthRp

(Mp) ≤ c✳ ◆♦✇
x ∈ E(R/p) ⊆ ΓβRp

(Ec(Mp)) = ΓαRp
(Ec(Mp)) ❜② ❤②♣♦t❤❡s✐s✳ ❲❡ ❝♦♥❝❧✉❞❡ ✐♥ t❤✐s ✇❛②

t❤❛t x ∈ Γα(E
c(M)) ❛♥❞ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s✳

❋✐♥❛❧❧②✱ st❛t❡♠❡♥t ✭✐✐✐✮ ❢♦❧❧♦✇s ❜② ▲❡♠♠❛ ✹✳✹✳

❖❜s❡r✈❡ t❤❛t ❧♦❝❛❧✐t② ✐♥ t❤❡ ✜rst t✇♦ ✐t❡♠s ❝❛♥ ❜❡ ❞r♦♣♣❡❞✳

✺✾



✹✳✷ ❖♥ t♦♣ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s

■♥ t❤✐s s❡❝t✐♦♥ R ❛❧✇❛②s ❞❡♥♦t❡s ❛ ❧♦❝❛❧ r✐♥❣ ❛♥❞ R̂ ✐s ✐ts ❝♦♠♣❧❡t✐♦♥ ✇✐t❤ r❡s♣❡❝t

t♦ t❤❡ ❧✐♥❡❛r t♦♣♦❧♦❣② ✐♥❞✉❝❡❞ ❜② ✐ts ♠❛①✐♠❛❧ ✐❞❡❛❧✱ ❛s ✉s✉❛❧✳

❉❡✜♥✐t✐♦♥ ✹✳✼✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ ✐❞❡❛❧s ♦❢ R ❛♥❞ M ❜❡ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ✜♥✐t❡❧②
❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✳ ❈♦♥s✐❞❡r t❤❡ ❞✐s❥♦✐♥t s❡ts

Uα(M) = {p ∈ Ass(M) : dim(R/p) = d ❛♥❞ dim(R/(I + p)) ≤ 0 ❢♦r ❡✈❡r② I ∈ α}

❛♥❞ Vα(M) = Ass(M)−Uα(M)✳ ❊①♣❧✐❝✐t❧②✱ Vα(M) ✐s t❤❡ s❡t ♦❢ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s p ♦❢
M s✉❝❤ t❤❛t dim(R/p) < d ♦r dim(R/p) = d ❛♥❞ dim(R/(I + p)) > 0 ❢♦r s♦♠❡ I ∈ α✳
❖❢ ❝♦✉rs❡✱ ✐❢ 〈α〉 = 〈β〉✱ t❤❡♥ Uα(M) = Uβ(M) ❛♥❞ Vα(M) = Vβ(M)✱ s♦ ✇❡ s❤❛❧❧ ❞❡♥♦t❡
t❤❡s❡ s❡ts s❤♦rt❧② ❜② U ❛♥❞ V r❡s♣❡❝t✐✈❡❧② ✐❢ ♥♦ ❝♦♥❢✉s✐♦♥ ❛r✐s❡✳ ❋♦r ❛ ♠✐♥✐♠❛❧ ♣r✐♠❛r②

❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ 0 =
n
⋂

i=1

Qi(M) ✐♥ M ✱ ❞❡♥♦t❡ Qα(M) =
⋂

pi∈U

Qi(M)✳ ■❢ U = ∅✱ ♣✉t

Qα(M) =M ✳

▲❡♠♠❛ ✹✳✽✳ Ass(Qα(M)) = V ❛♥❞ Ass(M/Qα(M)) = U ✳

Pr♦♦❢✳ ■t ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬❙❝❤✵✼✱ ▲❡♠♠❛ ✷✳✼❪✱ s❡❡ ▲❡♠♠❛ ❆✳✸✳

❚❤❡♦r❡♠ ✹✳✾✳ ▲❡t α ❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧② ♦❢ (R,m)✳ ❈♦♥s✐❞❡r ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

R✲♠♦❞✉❧❡ M ❛♥❞ s❡t d = dim(M)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

Hd
α(M) ∼= Hd

mR̂
(M̂/QαR̂(M̂)).

Pr♦♦❢✳ ❙✐♥❝❡ Hd
α(M) ✐s ❆rt✐♥✐❛♥ ❜② ❚❤❡♦r❡♠ ✷✳✷✱ t❤❡ ♥❛t✉r❛❧ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ R̂✲

♠♦❞✉❧❡s Hd
αR̂

(M̂) ∼= Hd
α(M) ⊗R R̂ → Hd

α(M) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❙♦ ✇❡ s❤❛❧❧ ❛ss✉♠❡
t❤❛t R ✐s ❝♦♠♣❧❡t❡✳ ❚❤❡ ❡①❛❝t s❡q✉❡♥❝❡ 0 → Qα(M) → M → M/Qα(M) → 0

✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ R✲♠♦❞✉❧❡s Hd
α(M) ∼= Hd

α(M/Qα(M)) ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷✺✳
■❢ ✇❡ ❞❡♥♦t❡ R̄ = R/AnnR(M/Qα(M))✱ ✇❡ ♦❜t❛✐♥ ❛♥♦t❤❡r ✐s♦♠♦r♣❤✐s♠ ♦❢ R̄✲♠♦❞✉❧❡s
Hd
α(M/Qα(M)) ∼= Hd

αR̄
(M/Qα(M))✳ ❋✐♥❛❧❧②✱ ✐❢ I ∈ α− {R}✱ t❤❡♥

V (I +AnnR(M/Qα(M)) = V (I) ∩
⋃

p∈U

V (p) = {m}

❜② ▲❡♠♠❛ ✹✳✽✳ ❚❤✉s 〈αR̄〉 = 〈mR̄〉 ❛♥❞ Hd
α(M/Qα(M)) ∼= Hd

m(M/Qα(M))✳ ❙♦ t❤❡
❞❡s✐r❡❞ ✐s♦♠♦r♣❤✐s♠ ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ✹✳✶✵✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✳
❙❡t Pα(M) ❛s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ ❛❧❧ t❤❡ ♣r✐♠❛r② ❝♦♠♣♦♥❡♥ts p ♦❢ Ann(M) s✉❝❤ t❤❛t
dim(R/p) = dim(M) ❛♥❞ dim(R/(I + p)) ≤ 0 ❢♦r ❡✈❡r② ✐❞❡❛❧ I ∈ α✳ ❖❜s❡r✈❡ t❤❛t
Pα(M) = π−1(QαR̄(R̄)) ✇❤❡r❡ π : R→ R̄ = R/Ann(M) ✐s t❤❡ ♥❛t✉r❛❧ ♣r♦❥❡❝t✐♦♥✳

✻✵



▲❡♠♠❛ ✹✳✶✶✳ ▲❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✱ α ❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧② ♦❢ R

❛♥❞ s❡t d = dim(M)✳ ❚❤❡♥ Hd
α(M) ∼= Hd

mR̂
(M̂/Pα(M̂)M̂)✳

Pr♦♦❢✳ ❆❣❛✐♥✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t R ✐s ❝♦♠♣❧❡t❡✳ ❙❡t R̄ = R/Ann(M)✳ ❚❤❡♥ t❤❡r❡ ✐s
❛♥ ✐s♦♠♦r♣❤✐s♠ Hd

α(M) ∼= Hd
αR̄

(R̄) ⊗R M ✳ ❇② ❚❤❡♦r❡♠ ✹✳✾✱ t❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠
Hd
αR̄

(R̄) ∼= Hd
m(R/Pα(M))✳ ❚❤✉sHd

αR̄
(R̄)⊗RM ∼= Hd

m(M/Pα(M)M) ❛♥❞ t❤❡ st❛t❡♠❡♥t
❢♦❧❧♦✇s✳

❋♦r ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ M ♦❢ ❞✐♠❡♥s✐♦♥ d ✇❡ r❡❝❛❧❧ t❤❡ ♥♦t❛t✐♦♥

K(M) = Hd
m(M)∨ ✉s❡❞ ❜② ▼✳ ❊❣❤❜❛❧✐ ❛♥❞ P✳ ❙❝❤❡♥③❡❧ ✐♥ ❬❊❙✶✷❪✳ ❖❜s❡r✈❡ t❤❛t K(M)

✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ R̂✲♠♦❞✉❧❡ KM̂ = Extn−d
Ŝ

(M̂, Ŝ) ✇❤❡♥ (R,m) ✐s t❤❡ ✐♠❛❣❡ ♦❢ ❛♥

n✲❞✐♠❡♥s✐♦♥❛❧ ●♦r❡♥st❡✐♥ r✐♥❣ (S, n)✳ ■♥❞❡❡❞✱ ❜② ▲♦❝❛❧ ❉✉❛❧✐t② ✭s❡❡ ❬❍❛r✻✼✱ ❚❤❡♦✲

r❡♠ ✻✳✸❪✮✱ ✇❡ ❤❛✈❡ ❛ ♥❛t✉r❛❧ ❡q✉✐✈❛❧❡♥❝❡ Extn−iS (−, S)∧ → HomS(H
i
n(−), ES)✳ ❍❡r❡

ES ❞❡♥♦t❡s t❤❡ ✐♥❥❡❝t✐✈❡ ❤✉❧❧ ♦❢ t❤❡ r❡s✐❞✉❛❧ ✜❡❧❞ ♦❢ S✳ ▲❡❢t s✐❞❡ ♦❢ t❤✐s ❡q✉✐✈❛❧❡♥❝❡

❣✐✈❡s Extn−dS (M,S)∧ ∼= Extn−dS (M,S) ⊗S Ŝ ∼= Extn−d
Ŝ

(M ⊗S Ŝ, Ŝ) ❛♥❞ r✐❣❤t s✐❞❡ ❣✐✈❡s

HomS(H
d
n (M), ES) ∼= HomS(H

d
n (M)⊗RR,ES) ∼= HomR(H

d
m(M),HomS(R,ES))✱ ♣r♦✈✲

✐♥❣ t❤❡ ❝❧❛✐♠✳ ❲❡ ❛❧s♦ ♣♦✐♥t ♦✉t t❤❛t AnnR̂(K(M)) ❡q✉❛❧s t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡

♣r✐♠❛r② ❝♦♠♣♦♥❡♥ts ♦❢ ❞✐♠❡♥s✐♦♥ d ♦❢ AnnR̂(M̂) ❢♦r ❡✈❡r② d✲❞✐♠❡♥s✐♦♥❛❧ ✜♥✐t❡❧② ❣❡♥✲

❡r❛t❡❞ R✲♠♦❞✉❧❡ M ❛s s❡❡♥ ✐♥ ❬❍❛r✻✼✱ Pr♦♣♦s✐t✐♦♥ ✻✳✻✱ ✼✮❪✳

▲❡♠♠❛ ✹✳✶✷✳ ▲❡t α ❜❡ ❛ ♥♦♥✲tr✐✈✐❛❧ ❢❛♠✐❧② ♦❢ (R,m) ❛♥❞ M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

R✲♠♦❞✉❧❡ ♦❢ ❞✐♠❡♥s✐♦♥ d✳

✭✐✮ Hd
α(M)∨ ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R̂✲♠♦❞✉❧❡✳

✭✐✐✮ AssR̂(H
d
α(M)∨) = UαR̂(M̂)✳

✭✐✐✐✮ KR̂(M̂/QαR̂(M̂)) ∼= Hd
α(M)∨✳

Pr♦♦❢✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✐✮✱ ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ ▼❛t❧✐s ❞✉❛❧ ♦❢ ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡
✐s t❤❡ s❛♠❡ ❛s ✐ts ▼❛t❧✐s ❞✉❛❧ ✇❤❡♥ r❡❣❛r❞❡❞ ❛s ❛♥ R̂✲♠♦❞✉❧❡✿ ✐♥ ❢❛❝t✱ ✐❢ A ✐s s✉❝❤
R✲♠♦❞✉❧❡✱ t❤❡♥ A ∼= A⊗R R̂✱ ER̂(R/m) = E ❛♥❞ ✇❡ ♦❜t❛✐♥ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠s

HomR̂(A,E)
∼= HomR̂(A⊗R R̂, E)
∼= HomR(A,HomR̂(R̂, E))

∼= HomR(A,E).

❋♦r ✭✐✐✮✱ ✇❡ ❣❡t t❤❛t AssR̂(H
d
α(M)∨) = CoassR̂(H

d
αR̂

(M̂)) = UαR̂(M̂)✱ t❤❡ ❧❛st ❡q✉❛❧✐t②
❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✶✽✳

❋✐♥❛❧❧②✱ KR̂(M̂/QαR̂(M̂))∨ = Hd
mR̂

(M̂/QαR̂(M̂)) = Hd
α(M) ❛♥❞ t❤❡ st❛t❡♠❡♥t

r❡♠❛✐♥s ♣r♦✈❡❞✳

✻✶



❘❡❝❛❧❧ t❤❛t ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ M s❛t✐s✜❡s ❙❡rr❡✬s ❝♦♥❞✐t✐♦♥ Sr✱ ❢♦r ❛♥

✐♥t❡❣❡r r✱ ✇❤❡♥ depthRp
(Mp) ≥ min

{

r, dimRp
(Mp)

}

❢♦r ❡✈❡r② p ∈ SpecR✳

❚❤❡♦r❡♠ ✹✳✶✸✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ (R,m) ❛♥❞ ❝♦♥s✐❞❡r ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡

M ♦❢ ❞✐♠❡♥s✐♦♥ d✳ ❈♦♥s✐❞❡r t❤❡ ♥❛t✉r❛❧ ❤♦♠♦♠♦r♣❤✐s♠

ΦM : R̂→ HomR̂(H
d
α(M), Hd

α(M)).

✭✐✮ kerΦM = PαR̂(M̂)✳

✭✐✐✮ HomR̂(H
d
α(M), Hd

α(M)) ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R̂✲♠♦❞✉❧❡✳

✭✐✐✐✮ ΦR ✐s s✉r❥❡❝t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ R̂/QαR̂(R̂) s❛t✐s✜❡s S2✳

✭✐✈✮ HomR̂(H
d
α(R), H

d
α(R)) ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ s❡♠✐❧♦❝❛❧ ◆♦❡t❤❡r✐❛♥ r✐♥❣✳

Pr♦♦❢✳ ❆s ✉s✉❛❧✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t R ✐s ❝♦♠♣❧❡t❡✳ ▲❡♠♠❛ ✹✳✶✶ ❣✐✈❡s ❛♥ ✐s♦♠♦r♣❤✐s♠
Hd
α(M) ∼= Hd

m(M/Pα(M)M)✳ ❍❡♥❝❡ K(M/Pα(M)M) ∼= Hd
α(M)∨✳ ■♥ t❤✐s ✇❛② ✇❡

♦❜t❛✐♥ ❛♥♦t❤❡r ✐s♦♠♦r♣❤✐s♠

HomR(H
d
α(M), Hd

α(M)) ∼= HomR(K(M/Pα(M)M), K(M/Pα(M)M)). ✭✹✳✸✮

❚❤✉s kerΦM = Ann(K(M/Pα(M)M)) = Pα(M)✱ t❤❡ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ❬❍❛r✻✼✱
Pr♦♣♦s✐t✐♦♥ ✻✳✻✱ ✼✮❪ ❛♥❞ ✭✐✮ r❡♠❛✐♥s ♣r♦✈❡❞✳ ■t❡♠ ✭✐✐✮ ❢♦❧❧♦✇s ❛❧s♦ ❜② ❡q✉❛t✐♦♥ ✭✹✳✸✮
❜❡❝❛✉s❡ K(M) ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R̂✲♠♦❞✉❧❡ ❢♦r ❡✈❡r② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡
M ✳ ■t❡♠s ✭✐✐✐✮ ❛♥❞ ✭✐✈✮ ❢♦❧❧♦✇ ❢♦r M = R ❜❡❝❛✉s❡ ✐♥ t❤✐s ❝❛s❡ K(M/Pα(M)M) ✐s
✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦❞✉❧❡ ♦❢ t❤❡ r✐♥❣ R̂/QαR̂(R̂)✳ ❍❡♥❝❡✱ r❡s✉❧ts ♦❢ ❨✳ ❆♦②❛♠❛
❛♥❞ ❙✳ ●♦t♦ ✭s❡❡ ❬❆●✽✺✱ Pr♦♣♦s✐t✐♦♥ ✶✳✷❪✮ ❛♥❞ ❨✳ ❆♦②❛♠❛ ✭s❡❡ ❬❆♦②✽✸✱ ❚❤❡♦r❡♠ ✸✳✷❪✮
❛♣♣❧②✳

✻✷



❈❤❛♣t❡r ✺

▲✐♥❡❛r t♦♣♦❧♦❣✐❡s ❛♥❞ ❧♦❝❛❧ ❤♦♠♦❧♦❣②

❚❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ ❛❧❧ t❤❡ r✐♥❣s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♠♠✉t❛t✐✈❡ ◆♦❡t❤❡r✐❛♥✳

❲❡ s❤❛❧❧ ✐♥tr♦❞✉❝❡ ❧✐♥❡❛r t♦♣♦❧♦❣✐❡s ✐♥❞✉❝❡❞ ❜② ❛ ❢❛♠✐❧② α ♦❢ ❛ r✐♥❣ R✳ ❚❤❡ ❧♦❝❛❧

❝❛s❡ s❡r✈❡s ❛s ❛ ♠♦t✐✈❛t✐♦♥ ❢♦r t❤✐s s✐♥❝❡ t❤❡ ❝♦♠♣♦s✐t❡ ❢✉♥❝t♦r Γα(−)∨ ✐s ♥❛t✉r❛❧❧②

✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❝♦♠♣♦s✐t❡ ❢✉♥❝t♦r lim←−
I∈〈α〉

(−)∨ ⊗R R/I✳

✺✳✶ ❚❤❡ α✲❛❞✐❝ t♦♣♦❧♦❣②

❈♦♥s✐❞❡r ❛ ❢❛♠✐❧② α ♦❢ R ❛♥❞ ❛♥ R✲♠♦❞✉❧❡ M ✳ ❋♦r ❡❛❝❤ m ∈ M ✇❡ ❞❡✜♥❡ ✐ts

❢✉♥❞❛♠❡♥t❛❧ ♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞s ❛s t❤❡ ❝♦s❡ts ♦❢ t❤❡ ❢♦r♠ m+ IM ❢♦r s♦♠❡ I ∈ 〈α〉✳
❇② t❤❡s❡ ♠❡❛♥s✱ M ✐s ❛ t♦♣♦❧♦❣✐❝❛❧ ♠♦❞✉❧❡ ❛♥❞ t❤✐s t♦♣♦❧♦❣② ✐s ❝❛❧❧❡❞ t❤❡ α✲❛❞✐❝

t♦♣♦❧♦❣② ♦♥ M ✳ ◆♦t✐❝❡ t❤❛t M ✐s ❍❛✉s❞♦r✛ ✐❢ ❛♥❞ ♦♥❧② ✐❢
⋂

I∈〈α〉

IM = 0✳ ❲❤❡♥ M = R✱

✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t 〈α〉 ✐s ❡①❛❝t❧② t❤❡ s❡t ♦❢ ♦♣❡♥ ✐❞❡❛❧s ♦❢ R✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ β ✐s ❛♥♦t❤❡r

❢❛♠✐❧②✱ t❤❡♥ t❤❡ β✲❛❞✐❝ t♦♣♦❧♦❣② ♦♥ R ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ α✲❛❞✐❝ t♦♣♦❧♦❣② ♦♥ R ✐❢ ❛♥❞

♦♥❧② ✐❢ 〈β〉 = 〈α〉✳ ■❢ M = R/J ❢♦r s♦♠❡ J ∈ 〈α〉✱ ✇❡ s❡❡ t❤❛t t❤❡ α✲❛❞✐❝ t♦♣♦❧♦❣② ♦♥

M ✐s ❥✉st t❤❡ ❞✐s❝r❡t❡ t♦♣♦❧♦❣② ❛♥❞ t❤❡ ♣r♦❥❡❝t✐✈❡ s②st❡♠ {R/I, πIJ}I∈〈α〉✱ ✇✐t❤ ♥❛t✉r❛❧

♣r♦❥❡❝t✐♦♥s πIJ : R/J → R/I✱ ✐s ❛ s②st❡♠ ♦❢ t♦♣♦❧♦❣✐❝❛❧ r✐♥❣s✳ ❚❤❡r❡❢♦r❡ ✐t ✐s ❞❡✜♥❡❞

t❤❡ α✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ♦❢ R ❛s t❤❡ t♦♣♦❧♦❣✐❝❛❧ r✐♥❣

Λα(R) := lim←−
I∈〈α〉

R/I



✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ❝❛♥♦♥✐❝❛❧ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ r✐♥❣s ϕR : R→ Λα(R) ✐s ❝♦♥t✐♥✉♦✉s✳

◆❛♠❡❧②✱ t❤❡ t♦♣♦❧♦❣② ❝♦♥s✐❞❡r❡❞ ✐♥ Λα(R) ✐s t❤❡ ❝♦❛rs❡st t♦♣♦❧♦❣② s✉❝❤ t❤❛t ❡✈❡r②

♣r♦❥❡❝t✐♦♥ πI : Λα(R)→ R/I ✐s ❝♦♥t✐♥✉♦✉s✳ ❆s ❜❡❢♦r❡✱ ϕR ✐s ✐♥❥❡❝t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ R

✐s ❍❛✉s❞♦r✛ ✐♥ t❤❡ α✲❛❞✐❝ t♦♣♦❧♦❣②✳

❉❡✜♥✐t✐♦♥ ✺✳✶✳ ❚❤❡ r✐♥❣ R ✐s ❝❛❧❧❡❞ α✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ ✐❢ ϕR ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

◆♦✇ ❝♦♥s✐❞❡r ❛♥ R✲♠♦❞✉❧❡ M ✳ ■t ✐s s❡❡♥ ❛s ❜❡❢♦r❡ t❤❛t t❤❡ α✲❛❞✐❝ t♦♣♦❧♦❣② ♦♥

M/IM ✐s ❥✉st t❤❡ ❞✐s❝r❡t❡ t♦♣♦❧♦❣② ❢♦r ❡✈❡r② I ∈ 〈α〉 ❛♥❞ ✐t ✐s ❞❡✜♥❡❞ t❤❡ α✲❝♦♠♣❧❡t✐♦♥

♦❢ M ❛s t❤❡ Λα(R)✲♠♦❞✉❧❡ Λα(M) = lim←−
I∈〈α〉

M/IM ✳ ❘❡❝❛❧❧ t❤❛t t❤✐s str✉❝t✉r❡ ✐s ❣✐✈❡♥

❝♦♠♣♦♥❡♥t✲✇✐s❡ ❜② t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ R/I✲♠♦❞✉❧❡M/IM ✳ ■❢N ✐s ❛♥ ♦♣❡♥ s✉❜♠♦❞✉❧❡

♦❢ M ✱ t❤❡r❡ ❡①✐sts ❛ ♠♦♥♦♠♦r♣❤✐s♠ ♦❢ Λα(R)✲♠♦❞✉❧❡s Λα(N) → Λα(M) ✇❤✐❝❤ s❡♥❞s

(nI + IN)I∈〈α〉 t♦ (nI + IM)I∈〈α〉✿ ✐♥ ❢❛❝t✱ ✐❢ N ✐s ❛♥ ♦♣❡♥ s✉❜♠♦❞✉❧❡ ♦❢ M ✱ t❤❡♥

JM ⊆ N ❢♦r s♦♠❡ J ∈ 〈α〉✳ ❆ss✉♠✐♥❣ t❤❛t nI ∈ IM ❢♦r ❡✈❡r② I ∈ 〈α〉✱ ✇❡ ♦❜t❛✐♥ t❤❛t

nIJ ∈ IJM ⊆ IN ✳ ❇✉t nI − nIJ ∈ IN ✳ ❍❡♥❝❡ nI ∈ IN ❛♥❞ t❤❡ ✐♥❥❡❝t✐♦♥ ✐s ♥♦✇ ❝❧❡❛r✳

❲❡ ❤❛✈❡ ❡✈❡♥ ♠♦r❡✳

▲❡♠♠❛ ✺✳✷✳ ❙✉♣♣♦s❡ t❤❛t N ✐s ❛♥ ♦♣❡♥ s✉❜♠♦❞✉❧❡ ♦❢ M ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ α✲❛❞✐❝

t♦♣♦❧♦❣②✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ Λα(R)✲♠♦❞✉❧❡s

0→ Λα(N)→ Λα(M)→ Λα(M/N)→ 0.

Pr♦♦❢✳ ❙✐♥❝❡ JM ⊆ N ❢♦r s♦♠❡ J ∈ 〈α〉✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ α✲❛❞✐❝ t♦♣♦❧♦❣② ♦♥ M/N

✐s ❥✉st t❤❡ ❞✐s❝r❡t❡ t♦♣♦❧♦❣②✳ ❚❤✉s Λα(M/N) = M/N ❛♥❞ t❤❡ s✉r❥❡❝t✐✈✐t② ♦❢ t❤❡
❤♦♠♦♠♦r♣❤✐s♠ Λα(M)→ Λα(M/N) ❢♦❧❧♦✇s✳ ❈♦♥s✐❞❡r ♥♦✇ (mI + IM)I∈〈α〉 ∈ Λα(M)

s✉❝❤ t❤❛t (mI + IM +N)I∈〈α〉 = (IM +N)I∈〈α〉 ✐♥ Λα(M/N)✳ ❙♦✱ ❢♦r ❡✈❡r② mI t❤❡r❡
❡①✐sts nI ∈ N s✉❝❤ t❤❛t mI + IM = nI + IM ✳ ❍❡♥❝❡ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s✳

■t ❢♦❧❧♦✇s t❤❛t Λα(N) = π−1
J (N/JM) ✐s ❛♥ ♦♣❡♥ s✉❜♠♦❞✉❧❡ ♦❢ Λα(M) s✉❝❤ t❤❛t

ϕR(N) ⊆ Λα(N)✳ ▼♦r❡♦✈❡r✱ t❤❡ s✉❜♠♦❞✉❧❡s Λα(IM)✱ ✇✐t❤ I ∈ 〈α〉✱ ❢♦r♠ ❛ ❢✉♥❞❛✲

♠❡♥t❛❧ s②st❡♠ ♦❢ ♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞s ♦❢ t❤❡ ③❡r♦ ❡❧❡♠❡♥t 0 ∈ Λα(M)✳ ❆s ❜❡❢♦r❡✱

t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ R✲♠♦❞✉❧❡s ϕM : M → Λα(M) ❛♥❞ M ✐s

❍❛✉s❞♦r✛ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ϕM ✐s ✐♥❥❡❝t✐✈❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ tr✉❡✿

✭✐✮ ❋♦r ❡✈❡r② ♦♣❡♥ s✉❜♠♦❞✉❧❡ N ♦❢ M ✱ ✇❡ ❤❛✈❡ t❤❛t Λα(N) = ϕM(N)✳
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✭✐✐✮ ❚❤❡r❡ ❡①✐sts ❛ ❜✐❥❡❝t✐✈❡ ❝♦rr❡s♣♦♥❞❡♥❝❡

{♦♣❡♥ s✉❜♠♦❞✉❧❡s ✐♥ M} ↔ {♦♣❡♥ s✉❜♠♦❞✉❧❡s ✐♥ Λα(M)}
N 7→ Λα(N)

ϕ−1
M (n) ←[ n

Pr♦♦❢✳ ❙✐♥❝❡ Λα(N) ✐s ❛♥ ♦♣❡♥ s✉❜♠♦❞✉❧❡ ✐♥ ❛ ❧✐♥❡❛r t♦♣♦❧♦❣②✱ ✐t ✐s ❛❧s♦ ❝❧♦s❡❞ ❛♥❞
t❤❡r❡❢♦r❡ ϕM(N) ⊆ Λα(N)✳ ■❢ JM ⊆ N ❢♦r s♦♠❡ J ∈ 〈α〉 ❛♥❞ (nI+IM)I∈〈α〉 ∈ Λα(N)✱
t❤❡♥ nI + JM + IM = nJ + JM + IM ❢♦r ❡✈❡r② I ∈ 〈α〉✳ ❍❡♥❝❡ nJ ∈ nI + JM + IM

❢♦r ❡✈❡r② I ∈ 〈α〉✳ ❚❤✐s ✐♠♣❧✐❡s ✜♥❛❧❧② t❤❛t ϕM(nJ) ∈ (nI + IM)I∈〈α〉 + Λα(JM) ❛♥❞
t❤✉s ✭✐✮ ❤♦❧❞s✳ ❋♦r ✭✐✐✐✮✱ ❝♦♥s✐❞❡r ❛♥ ♦♣❡♥ s✉❜♠♦❞✉❧❡ n ♦❢ Λα(M)✳ ❇② t❤❡ ❝♦♥t✐♥✉✐t②
♦❢ ϕM ✐t ❢♦❧❧♦✇s t❤❛t N := ϕ−1

N (n) ✐s ❛♥ ♦♣❡♥ s✉❜♠♦❞✉❧❡ ♦❢ M ✳ ❙✐♥❝❡ n ✐s ❛❧s♦ ❝❧♦s❡❞✱
✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✐✮ t❤❛t Λα(N) ⊆ n✳ ■♥ t❤❡ ♥❛t✉r❛❧ ❞✐❛❣r❛♠

M/N
∼=

//

%%

Λα(M)/Λα(N)

vv

Λα(M)/n

t❤❡ ❧❡❢t ♦❜❧✐q✉❡ ❛rr♦✇ ✐s ✐♥❥❡❝t✐✈❡ ❛♥❞ t❤❡ r✐❣❤t ♦❜❧✐q✉❡ ❛rr♦✇ ✐s s✉r❥❡❝t✐✈❡✳ ❆❝❝♦r❞✐♥❣
t♦ ▲❡♠♠❛ ✺✳✷✱ t❤❡ ❤♦r✐③♦♥t❛❧ ❛rr♦✇ ✐s ❜✐❥❡❝t✐✈❡✳ ❚❤✐s ♠❡❛♥s Λα(N) = n ❛♥❞ ✭✐✐✐✮
❢♦❧❧♦✇s✳

❚❤❡ ❛ss✐❣♥❛t✐♦♥ Λα(−) : R✲♠♦❞ → Λα(R)✲♠♦❞ ✐s ❢✉♥❝t♦r✐❛❧ ✭❢✉rt❤❡r♠♦r❡✱ ❛❞✲

❞✐t✐✈❡✮✿ ✐♥❞❡❡❞✱ ❡✈❡r② ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ R✲♠♦❞✉❧❡s f : M → N ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤

r❡s♣❡❝t t♦ ❛♥② ❧✐♥❡❛r t♦♣♦❧♦❣② α✳ ❍❡♥❝❡ ✐t ✐♥❞✉❝❡s ❛ ❝♦♥t✐♥✉♦✉s ❤♦♠♦♠♦r♣❤✐s♠ ♦❢

Λα(R)✲♠♦❞✉❧❡s Λα(f) : Λα(M)→ Λα(N) ✐♥ ❛ ♥❛t✉r❛❧ ✇❛②✳

❉❡✜♥✐t✐♦♥ ✺✳✹✳ ❚❤❡ ♠♦❞✉❧❡ M ✐s ❝❛❧❧❡❞ α✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ ✐❢ ϕM ✐s ❜✐❥❡❝t✐✈❡✳

❚❤❡ α✲t♦rs✐♦♥ ♠♦❞✉❧❡s ❤❛✈❡ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ α✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ ❜❛s❡ r✐♥❣

❛s ✇❡ s❤❛❧❧ s❡❡ ♥❡①t✳

❚❤❡♦r❡♠ ✺✳✺✳ ❈♦♥s✐❞❡r ❛♥ α✲t♦rs✐♦♥ R✲♠♦❞✉❧❡M ✳ ❚❤❡♥M ❤❛s ❛ ♥❛t✉r❛❧ str✉❝t✉r❡ ♦❢

Λα(R)✲♠♦❞✉❧❡ ❛♥❞ t❤❡ ❝❛♥♦♥✐❝❛❧ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ Λα(R)✲♠♦❞✉❧❡s M ⊗RΛα(R)→M

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

Pr♦♦❢✳ ■❢ x ∈ M ✱ t❤❡♥ t❤❡r❡ ❡①✐sts J ∈ 〈α〉 s✉❝❤ t❤❛t Jx = 0 ❜② ▲❡♠♠❛ ✶✳✶✵✳ ■♥ t❤✐s
✇❛②✱ ❢♦r ❡✈❡r② ❡❧❡♠❡♥t (rI + I)I∈〈α〉 ∈ Λα(R)✱ t❤❡ ✜❧t❡r (rIx)I∈〈α〉 ❛❝q✉✐r❡s ❛ ❝♦♥st❛♥t
✈❛❧✉❡ rJx✿ ✐♥❞❡❡❞✱ ✐❢K ✐s ❛♥♦t❤❡r ✐❞❡❛❧ ✐♥ 〈α〉 s✉❝❤ t❤❛tKx = 0✱ t❤❡♥ rJx = rKx✳ ❙♦ ❧❡t
✉s ❞❡✜♥❡ t❤❡ Λα(R)✲♠♦❞✉❧❡ str✉❝t✉r❡ ❢♦rM ❛❝❝♦r❞✐♥❣ t♦ t❤✐s✿ (rI+x)I∈〈α〉 := rJx✳ ❚❤✐s
str✉❝t✉r❡ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ✉s✉❛❧ R✲♠♦❞✉❧❡ str✉❝t✉r❡ ♦❢ M ❛♥❞ t❤❡ ♥❛t✉r❛❧ ♠❛♣
M⊗RΛα(R)→M ✇❤✐❝❤ s❡♥❞s x⊗(rI+I) t♦ rJx ❤❛s ♥❛t✉r❛❧ ✐♥✈❡rs❡ x 7→ x⊗(1+I)✳
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◆♦✇ t❤❛t α✲❛❞✐❝ t♦♣♦❧♦❣✐❡s ❛r❡ ❞❡✜♥❡❞✱ ✐t ✐s t✐♠❡ t♦ tr❛♥s❧❛t❡ t♦ t❤✐s ❧❛♥❣✉❛❣❡ ❛

♣❛rt✐❛❧ r❡s✉❧t ❢r♦♠ ❙❡❝t✐♦♥ ✶✳✸✳

❚❤❡♦r❡♠ ✺✳✻✳ ▲❡t (R,m) ❜❡ ❛ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❧♦❝❛❧ r✐♥❣ ♦❢ ❞✐♠❡♥s✐♦♥ d ✇✐t❤ ❝❛♥♦♥✲

✐❝❛❧ ♠♦❞✉❧❡ KR ❛♥❞ ψ ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✳ ❚❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

Λψ(H
d−t
m,ψ (R))

∼= H t
ψ(KR)

∨,

✇❤❡r❡ t = d− sup
J∈ψ

dim(R/J)✳

Pr♦♦❢✳ ❊①❛❝t❧② ❛s ✐♥ ❚❤❡♦r❡♠ ✶✳✺✹✱ ✇❡ ♦❜t❛✐♥ ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

Hd−t
m,ψ (R)/JH

d−t
m,ψ (R)

∼= ExttR(R/J,KR)
∨

❢♦r ❡✈❡r② J ∈ 〈α〉✳ ❚❤✉s

Λψ(H
d−t
m,ψ (R))

∼= lim←−
J∈〈ψ〉

ExttR(R/J,KR)
∨ ∼=

(

lim−→
J∈〈ψ〉

ExttR(R/J,KR)

)∨

∼= H t
ψ(KR)

∨

❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ st❛t❡♠❡♥t✳

✺✳✷ ▲♦❝❛❧ ❤♦♠♦❧♦❣② ♠♦❞✉❧❡s

❘❡❝❛❧❧ t❤❛t ❚❤❡♦r❡♠ ✶✳✶✶ ❣✐✈❡s ❛ ❢✉♥❝t♦r✐❛❧ ✐s♦♠♦r♣❤✐s♠

H i
α(M) ∼= lim−→

I∈〈α〉

ExtiR(R/I,M) ✭✺✳✶✮

✇❤✐❝❤ r❡♣r♦❞✉❝❡s t❤❡ ❝❧❛ss✐❝ ♦♥❡ ❢♦r t❤❡ ❝❧♦s❡❞ s✉♣♣♦rt ❝❛s❡

H i
I(M) ∼= lim−→

n∈N

ExtiR(R/I
n,M) ✭✺✳✷✮

❊q✉❛t✐♦♥ ✭✺✳✷✮ ✇❛s ✉s❡❞ ❜② ◆✳ ❚✳ ❈✉♦♥❣ ❛♥❞ ❚✳ ❚✳ ◆❛♠ ✐♥ ❬❈◆✵✶❪ t♦ ❞❡✜♥❡ t❤❡ i✲t❤

❧♦❝❛❧ ❤♦♠♦❧♦❣② ♠♦❞✉❧❡ HI
i (M) ♦❢ M ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ✐❞❡❛❧ I ♦❢ R ❛s t❤❡ ♣r♦❥❡❝t✐✈❡

❧✐♠✐t

HI
i (M) = lim←−

n∈N

TorRi (R/I
n,M).

❚❤✐s s✐t✉❛t✐♦♥✱ t♦❣❡t❤❡r ✇✐t❤ ❡q✉❛t✐♦♥ ✭✺✳✶✮ s✉❣❣❡st t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✺✳✼✳ ▲❡t α ❜❡ ❛ ❢❛♠✐❧② ❛♥❞ M ❛♥ R✲♠♦❞✉❧❡✳ ❚❤❡ i✲t❤ ❧♦❝❛❧ ❤♦♠♦❧♦❣②
♠♦❞✉❧❡ Hα

i (M) ♦❢ M ✇✐t❤ r❡s♣❡❝t t♦ α ✐s ❞❡✜♥❡❞ ❜②

Hα
i (M) := lim←−

I∈〈α〉

TorRi (R/I,M).

✻✻



❘❡♠❛r❦ ✺✳✽✳ ❈❧❡❛r❧②✱ Hα
0 (M) ∼= Λα(M)✳ ■t ✐s ❛❧s♦ ❝❧❡❛r t❤❛t✱ ✇❤❡♥ α ✐s t❤❡ ❢❛♠✲

✐❧② {In : n ∈ N}✱ t❤✐s ❞❡✜♥✐t✐♦♥ ❛❣r❡❡s ✇✐t❤ ◆✳ ❚✳ ❈✉♦♥❣ ❛♥❞ ❚✳ ❚✳ ◆❛♠ ✭❧♦❝✳ ❝✐t✳✮
❞❡✜♥✐t✐♦♥ ♦❢ ❧♦❝❛❧ ❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✳

◆❡①t ✇❡ s❤♦✇ ❛ ✉s❡❢✉❧ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❧♦❝❛❧ ❤♦♠♦❧♦❣② ♠♦❞✉❧❡s Hα
i (M) ❛♥❞

HI
i (M)✳

Pr♦♣♦s✐t✐♦♥ ✺✳✾✳ ▲❡t M ❜❡ ❛♥ R✲♠♦❞✉❧❡ ❛♥❞ α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✳ ❚❤❡♥

Hα
i (M) ∼= lim←−

I∈〈α〉

HI
i (M)

❢♦r ❡✈❡r② i✳

Pr♦♦❢✳ ❚❤❡ ❝❧❛✐♠❡❞ ✐s♦♠♦r♣❤✐s♠ ❢♦❧❧♦✇s s✐♥❝❡

lim←−
I∈〈α〉

HI
i (M) = lim←−

I∈〈α〉

lim←−
n∈N

TorRi (R/I
n,M) ∼= lim←−

n∈N

lim←−
I∈〈α〉

TorRi (R/I
n,M).

◆♦✇ ✇❡ ♦❜s❡r✈❡ t❤❛t✱ ❢♦r ❡✈❡r② ✜①❡❞ n ∈ N✱ t❤❡ s❡t {In : I ∈ 〈α〉} ✐s ❝♦✜♥❛❧ ✇✐t❤ 〈α〉✳
❚❤❡r❡❢♦r❡✱

lim←−
I∈〈α〉

TorRi (R/I
n,M) = lim←−

I∈〈α〉

TorRi (R/I,M).

❚❤✉s
lim←−
I∈〈α〉

HI
i (M) ∼= lim←−

n∈N

lim←−
I∈〈α〉

TorRi (R/I,M) = lim←−
n∈N

Hα
i (M) = Hα

i (M).

❚❤✐s ♣r♦✈❡s t❤❡ st❛t❡♠❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✵✳ ▲❡t M ❜❡ ❛♥ R✲♠♦❞✉❧❡ ❛♥❞ α ❜❡ ❛ ❢❛♠✐❧② ♦❢ R✳ ❚❤❡♥ Hα
i (M) ✐s

α✲s❡♣❛r❛t❡❞✱ ✐✳❡✳✱
⋂

I∈〈α〉

IHα
i (M) = 0✳

Pr♦♦❢✳ ◆♦t❡ t❤❛t
⋂

I∈〈α〉

IHα
i (M) ∼= lim←−

I∈〈α〉

IHα
i (M) = lim←−

I∈〈α〉

I lim←−
J∈〈α〉

TorRi (R/J,M).

❇✉t

lim←−
I∈〈α〉

I lim←−
J∈〈α〉

TorRi (R/I,M) ∼= lim←−
I∈〈α〉

lim←−
J∈〈α〉

I TorRi (R/J,M) ∼= lim←−
J∈〈α〉

lim←−
I∈〈α〉

I TorRi (R/J,M).

❙✐♥❝❡ ❢♦r ❡❛❝❤ J ∈ 〈α〉 ✇❡ ❤❛✈❡ t❤❛t

lim←−
I∈〈α〉

I TorRi (R/J,M) = lim←−
I≥J

I TorRi (R/J,M)

❛♥❞ I TorRi (R/J,M) = 0 ❢♦r ❡✈❡r② I ≥ J ✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
⋂

I∈〈α〉

IHα
i (M) = 0

❛♥❞ t❤❡ st❛t❡♠❡♥t ✐s ♣r♦✈❡❞✳

✻✼



❆✳ ❖♦✐s❤✐ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬❖♦✐✼✻❪ ❛ ❣❡♥❡r❛❧✐s❡❞ ▼❛t❧✐s ❞✉❛❧ ❢✉♥❝t♦r ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

✇❛②✿ ❧❡t R ❜❡ ❛ s❡♠✐✲❧♦❝❛❧ ◆♦❡t❤❡r✐❛♥ r✐♥❣ ✇✐t❤ ♠❛①✐♠❛❧ ✐❞❡❛❧s m1, . . . ,mn ❛♥❞ s❡t

ER :=
n
⊕

i=1

ER(R/mi)✳ ❋♦r ❛♥ R✲♠♦❞✉❧❡ M ✐t ✐s ❞❡✜♥❡❞ t❤❡ ▼❛t❧✐s ❞✉❛❧ ♦❢ M ❜②

D(M) := HomR(M,ER)✳ ❲✐t❤ t❤✐s ♥♦t✐♦♥ ✇❡ ❣❡t ❛ ❞✉❛❧✐t② r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❧♦❝❛❧

❤♦♠♦❧♦❣② ❛♥❞ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❢♦r ♠♦❞✉❧❡s ♦✈❡r s❡♠✐✲❧♦❝❛❧ ◆♦❡t❤❡r✐❛♥ r✐♥❣s ❛s ❢♦❧❧♦✇s✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✶✳ ❙✉♣♣♦s❡ t❤❛t R ✐s ❛ s❡♠✐✲❧♦❝❛❧ r✐♥❣ ❛♥❞ ❧❡t α ❜❡ ❛ ❢❛♠✐❧②✳ ❚❤❡♥

Hα
i (D(M)) ∼= D(H i

α(M)) ❢♦r ❡✈❡r② i ≥ 0✳

Pr♦♦❢✳ ❇② ❬❖♦✐✼✻✱ ❈♦r♦❧❧❛r② ✶✳✺❪✱

Hα
i (D(M)) = lim←−

I∈〈α〉

TorRi (R/I,D(M)) ∼= lim←−
I∈〈α〉

D(ExtiR(R/I,M)).

❇✉t

lim←−
I∈〈α〉

D(ExtiR(R/I,M)) ∼= D

(

lim−→
I∈〈α〉

ExtiR(R/I,M)

)

= D(H i
α(M)).

❍❡♥❝❡ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s✳

◆❡①t ✇❡ st❛t❡ ❞✉❛❧ ✈❡rs✐♦♥s ♦❢ s♦♠❡ ❝❧❛ss✐❝ r❡s✉❧ts ❢r♦♠ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② t❤❡♦r②

✇❤✐❝❤ s❡r✈❡ ❛s ❣❡♥❡r❛❧✐s❛t✐♦♥s ♦❢ s♦♠❡ r❡s✉❧ts ❢r♦♠ ❬❈◆✵✶❪✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ♥♦✇

r❡❝❛❧❧ t❤❡ ♥♦t✐♦♥ ♦❢ ◆♦❡t❤❡r✐❛♥ ❞✐♠❡♥s✐♦♥ ♦❢ ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡ M ❞❡♥♦t❡❞ ❜②

Ndim(M)✳ ❚❤✐s ❝♦♥❝❡♣t ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❘✳ ◆✳ ❘♦❜❡rts ✐♥ ❬❘♦❜✼✺❪ ❜② t❤❡ ♥❛♠❡

❑r✉❧❧ ❞✐♠❡♥s✐♦♥✳ ▲❛t❡r✱ ❉✳ ❑✐r❜② ❝❤❛♥❣❡❞ ✐♥ ❬❑✐r✾✵❪ t❤✐s t❡r♠✐♥♦❧♦❣② ♦❢ ❘✳ ◆✳ ❘♦❜❡rts

❛♥❞ r❡❢❡rr❡❞ t♦ ◆♦❡t❤❡r✐❛♥ ❞✐♠❡♥s✐♦♥ t♦ ❛✈♦✐❞ ❝♦♥❢✉s✐♦♥ ✇✐t❤ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ❑r✉❧❧

❞✐♠❡♥s✐♦♥ ♦❢ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♠♦❞✉❧❡s✳ ▲❡t M ❜❡ ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡✳ ❲❤❡♥

M = 0✱ s❡t Ndim(M) = −1✳ ❇② ✐♥❞✉❝t✐♦♥✱ ❢♦r ❛♥② ♦r❞✐♥❛❧ α✱ s❡t Ndim(M) = α✱ ✇❤❡♥

Ndim(M) < α ✐s ❢❛❧s❡ ❛♥❞ ❢♦r ❡✈❡r② ❛s❝❡♥❞✐♥❣ ❝❤❛✐♥ M0 ⊆ M1 ⊆ · · · ♦❢ s✉❜♠♦❞✉❧❡s

♦❢ M t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r m0 s✉❝❤ t❤❛t Ndim(Mm+1/Mm) < α ❢♦r ❡✈❡r②

m ≥ m0✳ ❚❤✉s ❛♥ ❆rt✐♥✐❛♥ ♠♦❞✉❧❡ M ✐s ♥♦♥✲③❡r♦ ❛♥❞ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

Ndim(M) = 0✳

■❢ 0→M ′′ →M →M ′ → 0 ✐s ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ R✲♠♦❞✉❧❡s✱ t❤❡♥

Ndim(M) = max {Ndim(M ′′),Ndim(M ′)} . ✭✺✳✸✮

Pr♦♣♦s✐t✐♦♥ ✺✳✶✷✳ ▲❡t M ❜❡ ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡ ✇✐t❤ Ndim(M) = d✳ ❚❤❡♥

Hα
i (M) = 0

❢♦r ❡✈❡r② i > d✳

✻✽



Pr♦♦❢✳ ❙✐♥❝❡ Hα
i (M) ∼= lim←−

I∈〈α〉

HI
i (M) ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✾✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ❬❈◆✵✶✱

Pr♦♣♦s✐t✐♦♥ ✹✳✽❪✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✸ ✭■♥❞❡♣❡♥❞❡♥❝❡ ❚❤❡♦r❡♠✮✳ ▲❡t f : R → S ❜❡ ❛ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢

◆♦❡t❤❡r✐❛♥ r✐♥❣s ❛♥❞ M ❜❡ ❛♥ S✲♠♦❞✉❧❡✳ ❚❤❡♥ ✇❡ ❣❡t ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ Λα(R)✲

♠♦❞✉❧❡s Hα
i (M) ∼= HαS

i (M) ❢♦r ❡✈❡r② i ≥ 0✳

Pr♦♦❢✳ ❇② ❬❈◆✵✶✱ ❈♦r♦❧❧❛r② ✸✳✼❪✱ ❢♦r ❡❛❝❤ I ∈ 〈α〉✱ ✇❡ ❤❛✈❡ ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ΛI(R)✲
♠♦❞✉❧❡s HI

i (M) ∼= HIS
i (M) ❢♦r ❡❛❝❤ i ≥ 0✳ ◆♦✇✱ ❜② t❛❦✐♥❣ ♣r♦❥❡❝t✐✈❡ ❧✐♠✐ts✱ ✇❡ ❣❡t

t❤❡ ❞❡s✐r❡❞ ✐s♦♠♦r♣❤✐s♠✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✹✳ ▲❡t R ❜❡ ❛ s❡♠✐✲❧♦❝❛❧ r✐♥❣ ❛♥❞ ❧❡t M ❜❡ ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡✳

❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ D(M) ✐s α✲t♦rs✐♦♥ R✲♠♦❞✉❧❡✳

✭✐✐✮ Hα
i (M) = 0 ❢♦r ❡✈❡r② i > 0✳

Pr♦♦❢✳ ✭✐✮⇒✭✐✐✮✿ ❙✐♥❝❡ D(M) ✐s α✲t♦rs✐♦♥✱ ✐t ❢♦❧❧♦✇s ❜② Pr♦♣♦s✐t✐♦♥ ✶✳✷✽✱ ✭✐✮✱ t❤❛t
H i
α(D(M)) = 0 ❢♦r ❡✈❡r② i > 0✳ ❚❤❡r❡❢♦r❡✱ s✐♥❝❡M ✐s ❆rt✐♥✐❛♥✱ ✇❡ ❤❛✈❡ ❜② ❬❖♦✐✼✻✱ ❚❤❡✲

♦r❡♠ ✶✳✻✱ ✭✺✮❪ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✶✶✱ t❤❛tHα
i (M) ∼= Hα

i (DD(M)) ∼= D(H i
α(D(M))) = 0

❢♦r ❡✈❡r② i > 0✳
✭✐✐✮⇒✭✐✮✿ ❇② t❤❡ ■♥❞❡♣❡♥❞❡♥❝❡ ❚❤❡♦r❡♠ ✭Pr♦♣♦s✐t✐♦♥ ✺✳✶✸✮ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t

R ✐s J✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡✱ ✇❤❡r❡ J ✐s t❤❡ ❏❛❝♦❜s♦♥ r❛❞✐❝❛❧ ♦❢ R✳ ■❢ Hα
i (M) = 0 ❢♦r

❡✈❡r② i > 0✱ t❤❡♥ ❜② ❬❖♦✐✼✻✱ ❚❤❡♦r❡♠ ✶✳✻ ✭✺✮❪ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✶✶ ✇❡ ❣❡t t❤❛t
D(H i

α(D(M))) = 0✳ ❚❤❡r❡❢♦r❡ H i
α(D(M)) = 0 ❜② ❬❖♦✐✼✻✱ ❚❤❡♦r❡♠ ✶✳✻ ✭✽✮❪✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ M ✐s ❆rt✐♥✐❛♥✱ D(M) ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❜② ❬❖♦✐✼✻✱ ❚❤❡♦✲
r❡♠ ✶✳✻✱ ✭✸✮❪✳ ❍❡♥❝❡ ❈♦r♦❧❧❛r② ✶✳✸✼ ❣✐✈❡s t❤❛t D(M) ✐s α✲t♦rs✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✺✳ ▲❡t R ❜❡ ❛ s❡♠✐✲❧♦❝❛❧ r✐♥❣ ❛♥❞ ❧❡t M ❜❡ ❛ ♥♦♥✲③❡r♦ ❆rt✐♥✐❛♥ R✲

♠♦❞✉❧❡ ✇✐t❤ Ndim(M) = d✳ ❚❤❡♥ HJ
d (M) 6= 0✱ ✇❤❡r❡ J ✐s t❤❡ ❏❛❝♦❜s♦♥ r❛❞✐❝❛❧ ♦❢

R✳

Pr♦♦❢✳ ❇② ❬❙❤❛✾✷✱ ▲❡♠♠❛ ✷✳✷❪ M ❤❛s ❛ ♥❛t✉r❛❧ str✉❝t✉r❡ ❛s ❛ ♠♦❞✉❧❡ ♦✈❡r ΛJ(R)

✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❛ s✉❜s❡t ♦❢ M ✐s ❛♥ R✲s✉❜♠♦❞✉❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛ ΛJ(R)✲
♠♦❞✉❧❡✳ ❚❤✉s✱ NdimR(M) = NdimΛJ (R)(M)✳ ❚❤❡r❡❢♦r❡✱ s✐♥❝❡ HJ

i (M) ∼= H
JΛJ (R)
i (M)

❛s ΛJ(R)✲♠♦❞✉❧❡ ❢♦r ❡✈❡r② i ❜② t❤❡ ■♥❞❡♣❡♥❞❡♥❝❡ ❚❤❡♦r❡♠ ✭Pr♦♣♦s✐t✐♦♥ ✺✳✶✸✮✱ ✇❡
♠❛② ❛ss✉♠❡ t❤❛t R ✐s J✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡✳ ❚❤❡♥ t❤❡ ▼❛t❧✐s ❞✉❛❧ D(M) ✐s ❛ ♥♦♥✲
③❡r♦ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ✭s❡❡ ❬❖♦✐✼✻✱ ❚❤❡♦r❡♠ ✶✳✻✱ ✭✸✮❪✮✳ ■t ❢♦❧❧♦✇s ❜② ❬❖♦✐✼✻✱
❚❤❡♦r❡♠❛ ✶✳✻✱ ✭✽✮❪ t❤❛t dimR(D(M)) = dimR(R/AnnR(M))✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
❜② ❬❙❤❛✽✾✱ Pr♦♣♦s✐t✐♦♥ ✶✳✹❪✱ ✇❡ ❝❛♥ ✇r✐t❡ M = Γm1(M) ⊕ · · · ⊕ Γmk(M) ❢♦r s♦♠❡
♠❛①✐♠❛❧ ✐❞❡❛❧s m1, . . . ,mk ♦❢ R✳ ❙❡t Mi = Γmi(M)✳ ❚❤❡♥✱ ❜② ❬❙❤❛✽✾✱ ❘❡♠❛r❦ ✶✳✼❪✱
❡❛❝❤ Mi ❤❛s ❛ ♥❛t✉r❛❧ str✉❝t✉r❡ ❛s ❛♥ Rmi✲♠♦❞✉❧❡ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ❛ s✉❜s❡t ♦❢

✻✾



M ✐s ❛♥ R✲s✉❜♠♦❞✉❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛ Rmi✲♠♦❞✉❧❡✳ ▼♦r❡♦✈❡r✱ Mi
∼= (Mi)mi

❛s Rmi✲♠♦❞✉❧❡s✳ ❇② ❡q✉❛t✐♦♥ ✭✺✳✸✮✱ Ndim(M) = max {Ndim(M1), . . . ,Ndim(Mk)}✳
❍❡♥❝❡ NdimRmi

(Mi) = NdimRmi
((Mi)mi) = dimRmi

(Rmi/AnnRmi
((Mi)mi)) ❢♦r ❡✈❡r②

i = 1, . . . , k✱ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❢♦❧❧♦✇✐♥❣ ❢r♦♠ ❬❘♦❜✼✺✱ ❚❤❡♦r❡♠ ✻❪✳ ❚❤❡r❡❢♦r❡ ✇❡
❣❡t d = NdimRM = dimR(R/Ann(M)) = dimR(D(M))✳ ❚❤❡♥ Hd

J(D(M)) 6= 0 ❜②
●r♦t❤❡♥❞✐❡❝❦✬s ◆♦♥✲❱❛♥✐s❤✐♥❣ ❚❤❡♦r❡♠ ❛♥❞ ❋❧❛t ❇❛s❡ ❈❤❛♥❣❡✳ ❚❤❡r❡❢♦r❡✱ ❜② Pr♦♣♦✲
s✐t✐♦♥ ✺✳✶✶✱ HJ

d (M) ∼= HJ
d (DD(M)) ∼= D(Hd

J(D(M))) 6= 0 ❛♥❞ t❤❡ st❛t❡♠❡♥t ✐s ♥♦✇
♣r♦✈❡❞✳

❘❡♠❛r❦ ✺✳✶✻✳ ❖❜s❡r✈❡ t❤❛t ✐❢ M ✐s ❛♥ R✲♠♦❞✉❧❡ ❛♥❞ α ✐s ❛ ❢❛♠✐❧② ♦❢ R✱ t❤❡♥ Hα
i (M)

❤❛s ❛ ♥❛t✉r❛❧ str✉❝t✉r❡ ♦❢ Λα(R)✲♠♦❞✉❧❡s✳

❚❤❡ ♥❡①t r❡s✉❧t ❣❡♥❡r❛❧✐s❡s ❬❈◆✵✶✱ Pr♦♣♦s✐t✐♦♥ ✹✳✻❪✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✼✳ ▲❡t R ❜❡ ❛ s❡♠✐✲❧♦❝❛❧ r✐♥❣ ❛♥❞ M ❜❡ ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡✳ ❚❤❡♥

HJ
i (M) ✐s ❛ ◆♦❡t❤❡r✐❛♥ ΛJ(R)✲♠♦❞✉❧❡ ❢♦r ❡✈❡r② i✱ ✇❤❡r❡ J ✐s t❤❡ ❏❛❝♦❜s♦♥ r❛❞✐❝❛❧ ♦❢

R ❛♥❞ ΛJ(R) ✐s t❤❡ J✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ♦❢ R✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✳✶✸✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t R ✐s J✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡✳ ❇② ❬❖♦✐✼✻✱
❚❤❡♦r❡♠ ✶✳✻✱ ✭✸✮❪✱ D(M) ✐s ❛ ◆♦❡t❤❡r✐❛♥ R✲♠♦❞✉❧❡✳ ❲❡ s❤❛❧❧ ♣r♦✈❡ ✜rst t❤❛t t❤❡ ♠♦❞✲
✉❧❡ H i

J(D(M)) ✐s ❆rt✐♥✐❛♥✳ ■♥ ❢❛❝t✱ s✐♥❝❡ R ✐s s❡♠✐✲❧♦❝❛❧✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t t❤❡
❧♦❝❛❧✐s❛t✐♦♥ ♦❢ H i

J(D(M)) ❛t ❡✈❡r② ♠❛①✐♠❛❧ ✐❞❡❛❧ ✐s ❆rt✐♥✐❛♥✱ ❜✉t t❤✐s ❢♦❧❧♦✇s ❜② ❬❇❙✾✽✱
❚❤❡♦r❡♠ ✹✳✸✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✼✳✶✳✸❪✳ ▼♦r❡♦✈❡r✱ DD(M) ✐s ✐s♦♠♦r♣❤✐❝ t♦ M ✱ ❜② ❬❖♦✐✼✻✱
❚❤❡♦r❡♠ ✶✳✻✱ ✭✺✮❪✳ ❋✐♥❛❧❧②✱ ❜② ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✺✳✶✶ ❛♥❞ ❬❖♦✐✼✻✱ ❚❤❡♦r❡♠ ✶✳✻✱ ✭✸✮❪ ✇❡
❣❡t t❤❛t HJ

i (M) ∼= HJ
i (DD(M)) ∼= D(H i

J(D(M))) ✐s ❛ ◆♦❡t❤❡r✐❛♥ ♠♦❞✉❧❡✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✽✳ ▲❡t R ❜❡ ❛♥ ❆rt✐♥✐❛♥ r✐♥❣ ❛♥❞ ❧❡t M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲

♠♦❞✉❧❡✳ ❚❤❡♥ Hα
i (M) ❤❛s ✜♥✐t❡ ❧❡♥❣t❤✳ ■♥ ♣❛rt✐❝✉❧❛r✱ Hα

i (M) ✐s ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡✳

Pr♦♦❢✳ ❚❤❡r❡ ❡①✐sts ❛♥ ✐❞❡❛❧ J ✐♥ 〈α〉 s✉❝❤ t❤❛t J = I ❢♦r ❡✈❡r② I ≥ J ✐♥ 〈α〉✳ ❚❤❡♥
Hα
i (M) = lim←−

I≥J

TorRi (R/I,M) = TorRi (R/J,M) ❢♦r ❡✈❡r② i ≥ 0✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ M ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✱ t❤❡r❡ ✐s ❛ ❢r❡❡
r❡s♦❧✉t✐♦♥ ❋� ♦❢ M ✐♥ ✇❤✐❝❤ t❤❡ ❢r❡❡ R✲♠♦❞✉❧❡s Fi ❛r❡ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳ ❚❤❡r❡❢♦r❡✱
TorRi (R/J,M) ∼= Hi(R/J ⊗R ❋�) ❤❛s ✜♥✐t❡ ❧❡♥❣t❤ ❢♦r ❡✈❡r② i ≥ 0✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✾✳ ▲❡t M ❜❡ ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡✳ ❚❤❡♥✱

Hα
i





⋂

I∈〈α〉

IM



 =

{

0 ✐❢ i = 0

Hα
i (M) ✐❢ i > 0

Pr♦♦❢✳ ❙✐♥❝❡ M ✐s ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡✱ t❤❡ ❢❛♠✐❧② {IM : I ∈ 〈α〉} ♦❢ s✉❜♠♦❞✉❧❡s ♦❢
M ❤❛s ❛♥ ♠✐♥✐♠❛❧ ❡❧❡♠❡♥t JM ❢♦r s♦♠❡ J ∈ 〈α〉✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❝❛♥ ✇r✐t❡

⋂

I∈〈α〉

IM = lim←−
I∈〈α〉

IM = lim←−
I≥J

IM = JM,

✼✵



❜❡❝❛✉s❡ ❢♦r ❛♥② I ≥ J ✱ ✇❡ ❤❛✈❡ t❤❛t IM = JM ❜② t❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ JM ✳
❚❤❡r❡❢♦r❡✱ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✾✱

Hα
i





⋂

I∈〈α〉

IM



 = Hα
i (JM) = lim←−

I∈〈α〉

HI
i (JM) = lim←−

I≥J

HI
i (JM).

❋✉rt❤❡r♠♦r❡✱ ✐❢ I ≥ J ❛♥❞ n ≥ 1✱ ✇❡ ❣❡t InM = JM ✳ ❚❤✉s
⋂

n≥1 I
nM = JM ✳

❇② ❬❈◆✵✶✱ ❈♦r♦❧❧❛r② ✹✳✺❪✱ ✇❡ ❤❛✈❡ t❤❛t

HI
i

(

⋂

n≥1

InM

)

=

{

0 ✐❢ i = 0

HI
i (M) ✐❢ i > 0

❚❤❡r❡❢♦r❡ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✺✳✾✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ♣r♦✈✐❞❡s ❛ ❝❤❛r❛❝t❡r✐s❛t✐♦♥ ❢♦r α✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ ❆r✲

t✐♥✐❛♥ ♠♦❞✉❧❡s✳

❚❤❡♦r❡♠ ✺✳✷✵✳ ▲❡t M ❜❡ ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❡q✉✐✈✲

❛❧❡♥t✿

✭✐✮ M ✐s ❍❛✉s❞♦r✛ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ α✲❛❞✐❝ t♦♣♦❧♦❣②✳

✭✐✐✮ M ✐s α✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡✳

✭✐✐✐✮ Hα
0 (M) ∼= M ❛♥❞ Hα

i (M) = 0 ❢♦r ❛❧❧ i > 0✳

Pr♦♦❢✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ♣r♦❥❡❝t✐✈❡ s②st❡♠s ♦❢ ❆rt✐♥✐❛♥
R✲♠♦❞✉❧❡s

0→ {IM}I∈〈α〉 → {M}I∈〈α〉 → {M/IM}I∈〈α〉 → 0

❇② ❬❏❡♥✼✷✱ ❈♦r♦❧❧❛r② ✼✳✷❪✱ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♣r♦❥❡❝t✐✈❡ ❧✐♠✐ts

0→
⋂

I∈〈α〉

IM →M → Λα(M)→ 0

✐s ❡①❛❝t✳
❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ✭✐✮ ❛♥❞ ✭✐✐✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ ❛❜♦✈❡✳
◆♦✇ ❧❡t ✉s s✉♣♣♦s❡ ❝♦♥❞✐t✐♦♥ ✭✐✐✮✳ ❲❡ ❤❛✈❡ t❤❛t Hα

0 (M) ∼= Λα(M) ∼= M ✳ ❖♥ t❤❡
♦t❤❡r ❤❛♥❞✱ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✾ ❛♥❞ ❝♦♥❞✐t✐♦♥ ✭✐✮ ✇❡ ❣❡t t❤❛t

Hα
i (M) = Hα

i





⋂

I∈〈α〉

IM



 = 0

❢♦r ❡✈❡r② i > 0✳
❋✐♥❛❧❧②✱ ❝♦♥❞✐t✐♦♥ ✭✐✐✐✮ tr✐✈✐❛❧❧② ✐♠♣❧✐❡s ❝♦♥❞✐t✐♦♥ ✭✐✐✮✳

✼✶



❈♦r♦❧❧❛r② ✺✳✷✶✳ ▲❡t R ❜❡ ❛♥ ❆rt✐♥✐❛♥ r✐♥❣ ❛♥❞ ❧❡tM ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡✳

❚❤❡♥ Hα
i (M) ✐s α✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ Pr♦♣♦s✐t✐♦♥ ✺✳✶✽ ❛♥❞ ❚❤❡♦r❡♠ ✺✳✷✵✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✷✳ ▲❡t 0 → M ′ → M → M ′′ → 0 ❜❡ ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢

❆rt✐♥✐❛♥ ♠♦❞✉❧❡s✳ ❚❤❡♥ ✇❡ ❤❛✈❡ ❛ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡

· · · → Hα
1 (M

′)→ Hα
1 (M)→ Hα

1 (M
′′)→ Hα

0 (M
′)→ Hα

0 (M)→ Hα
0 (M

′′)→ 0.

Pr♦♦❢✳ ❋♦r ❡❛❝❤ I ∈ 〈α〉✱ t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ 0 → M ′ → M → M ′′ → 0 ✐♥❞✉❝❡s
❛ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ · · · → TorR1 (R/I,M

′) → TorR1 (R/I,M) → TorR1 (R/I,M
′′) →

R/I ⊗M ′ → R/I ⊗M → R/I ⊗M ′′ → 0✳ ❙✐♥❝❡ M ′✱ M ❛♥❞ M ′′ ❛r❡ ❆rt✐♥✐❛♥✱ t❤❡
♠♦❞✉❧❡s ✐♥ t❤❡ ❧❛tt❡r ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡ ❛r❡ ❆rt✐♥✐❛♥✳ ❇② ❬❏❡♥✼✷✱ ❈♦r♦❧❧❛r② ✼✳✷❪ t❤❡
♣r♦❥❡❝t✐✈❡ ❧✐♠✐t ✐s ❡①❛❝t ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡s✳ ❚❤✉s ✇❡ ❤❛✈❡ ❛ ❧♦♥❣
❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ❧♦❝❛❧ ❤♦♠♦❧♦❣② ♠♦❞✉❧❡s ✇✐t❤ r❡s♣❡❝t t♦ α✳

❘❡♠❛r❦ ✺✳✷✸✳ ▲❡t ϕ : M → N ❜❡ ❛ ❤♦♠♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ ❆rt✐♥✐❛♥ ♠♦❞✉❧❡s ❛♥❞
❝♦♥s✐❞❡r ❛ ❢❛♠✐❧② F ♦❢ s✉❜♠♦❞✉❧❡s ♦❢M s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② ♣❛✐r F ❛♥❞G ♦❢ ❡❧❡♠❡♥ts ♦❢

F ✱ t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t H ∈ F ❝♦♥t❛✐♥❡❞ ✐♥ F ∩G✳ ❚❤❡♥ ϕ
(

⋂

F∈F

F

)

=
⋂

F∈F

ϕ(F )✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✹✳ ▲❡t M ❜❡ ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡ ❛♥❞ N ❛ s✉❜♠♦❞✉❧❡ ♦❢ M ✳ ❚❤❡♥

M ✐s α✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ N ❛♥❞ M/N ❛r❡ α✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t M ✐s α✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡✳ ❇② ❚❤❡♦r❡♠ ✺✳✷✵ ✐t ✐s s✉✣❝✐❡♥t t♦
♣r♦✈❡ t❤❛t N ❛♥❞ M/N ❛r❡ ❍❛✉s❞♦r✛ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ α✲❛❞✐❝ t♦♣♦❧♦❣②✳ ■t ✐s ❝❧❡❛r
t❤❛t

⋂

I∈〈α〉

IN ⊆
⋂

I∈〈α〉

IM = 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

⋂

I∈〈α〉

I(M/N) =
⋂

I∈〈α〉

(IM +N)/N =









⋂

I∈〈α〉

IM



+N



 /N = 0

❜② ❘❡♠❛r❦ ✺✳✷✸✳ ❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ t❤❛t N ❛♥❞ M/N ❛r❡ α✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡✳ ❲❡
❤❛✈❡ ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

0 // N

ϕN
��

//M

ϕM
��

//M/N

ϕM/N

��

// 0

0 // Λα(N) // Λα(M) // Λα(M/N) // 0

❚❤❡ ✜rst r♦✇ ✐s ♦❜✈✐♦✉s❧② ❡①❛❝t✳ ❚❤❡ ❡①❛❝t♥❡ss ♦❢ t❤❡ s❡❝♦♥❞ r♦✇ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢
Pr♦♣♦s✐t✐♦♥ ✺✳✷✷ ❛♥❞ ❚❤❡♦r❡♠ ✺✳✷✵✱ ✭✐✐✐✮✳ ❙✐♥❝❡ ϕN ❛♥❞ ϕM/N ❛r❡ ✐s♦♠♦r♣❤✐s♠s✱ t❤❡
❤♦♠♦♠♦r♣❤✐s♠ ϕM ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳
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Pr♦♣♦s✐t✐♦♥ ✺✳✷✺✳ ▲❡t M ❜❡ ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡ ❛♥❞ t ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ ❛ss❡rt✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ Hα
i (M) ✐s ❆rt✐♥✐❛♥ ❢♦r ❡✈❡r② i < t✳

✭✐✐✮ ❚❤❡r❡ ❡①✐sts ❛♥ ✐❞❡❛❧ J ∈ 〈α〉 s✉❝❤ t❤❛t J ⊆
√

AnnR(Hα
i (M)) ❢♦r ❡✈❡r② i < t✳

Pr♦♦❢✳ ✭✐✮⇒✭✐✐✮✿ ❈♦♥s✐❞❡r i < t✳ ❙✐♥❝❡ Hα
i (M) ✐s ❆rt✐♥✐❛♥✱ t❤❡r❡ ❡①✐sts ❛♥ ✐❞❡❛❧ J ∈ 〈α〉

s✉❝❤ t❤❛t JHα
i (M) = IHα

i (M) ❢♦r ❛❧❧ I ≥ J ✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✳✶✵ ✇❡ ❤❛✈❡ t❤❛t

0 =
⋂

I∈〈α〉

IHα
i (M) = JHα

i (M).

❚❤❡r❡❢♦r❡✱ J ⊆ AnnR(H
α
i (M))✳

✭✐✐✮⇒✭✐✮✿ ❚❤❡ ❛r❣✉♠❡♥t ❣♦❡s ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t✳ ❋♦r t = 1✱ s✐♥❝❡ M ✐s ❆rt✐♥✐❛♥✱
t❤❡r❡ ❡①✐sts ❛♥ ✐❞❡❛❧ I0 ∈ 〈α〉 s✉❝❤ t❤❛t I0M = IM ❢♦r ❛❧❧ I ≥ I0✳ ❚❤❡r❡❢♦r❡

Hα
0 (M) = lim←−

I≥I0

M/IM =M/I0M

✐s ❆rt✐♥✐❛♥✳
▲❡t t > 1 ❛♥❞ s❡t K = I0M ✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✳✶✾ ✇❡ ❝❛♥ r❡♣❧❛❝❡M ❜② K ❜❡❝❛✉s❡

⋂

I∈〈α〉 IM = I0M = K✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♥♦t❡ t❤❛t JK = JI0M = I0M = K

❜❡❝❛✉s❡ JI0 ≥ I0✳ ❙✐♥❝❡ K ✐s ❆rt✐♥✐❛♥✱ t❤❡r❡ ❡①✐sts x ∈ J s✉❝❤ t❤❛t xK = K✳ ❚❤✉s✱
❜② ❤②♣♦t❤❡s✐s✱ xHα

i (K) = xHα
i (M) = 0 ❢♦r ❛❧❧ i < t✳ ❚❤❡♥ t❤❡ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢

❆rt✐♥✐❛♥ ♠♦❞✉❧❡s
0 // (0 :K x) // K x

// K // 0

❣✐✈❡s r✐s❡ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✷✷ t♦ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

0 // Hα
i+1(K) // Hα

i ((0 :K x)) // Hα
i (K) // 0

❢♦r ❡✈❡r② i < t − 1✳ ■t ❢♦❧❧♦✇s t❤❛t J ⊆
√

AnnR(Hα
i ((0 :K x))) ❛♥❞✱ ❜② ✐♥❞✉❝t✐✈❡

❤②♣♦t❤❡s✐s✱ t❤❛t Hα
i ((0 :K x)) ✐s ❆rt✐♥✐❛♥ ❢♦r ❡✈❡r② i < t− 1✳ ❈♦♥s❡q✉❡♥t❧②✱ Hα

i (K) ✐s
❆rt✐♥✐❛♥ ❢♦r ❛♥② i < t ❛♥❞ t❤❡ st❛t❡♠❡♥t ✐s ♣r♦✈❡❞✳

✺✳✸ ❈♦✲❧♦❝❛❧✐s❛t✐♦♥ ❛♥❞ ❝♦✲s✉♣♣♦rt

▲❡t S ❜❡ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ s❡t ♦❢ R✳ ▲✳ ▼❡❧❦❡rss♦♥ ❛♥❞ P✳ ❙❝❤❡♥③❡❧ ✐♥tr♦❞✉❝❡❞ ✐♥

❬▼❙✾✺❪ t❤❡ ❝♦✲❧♦❝❛❧✐s❛t✐♦♥ ♦❢ ❛♥ R✲♠♦❞✉❧❡ M ✇✐t❤ r❡s♣❡❝t t♦ S ❛s t❤❡ S−1R✲♠♦❞✉❧❡

SM = HomR(S
−1R,M)✳ ❚❤✐s ✐s ❛ ❢✉♥❝t♦r ❢r♦♠ t❤❡ ❝❛t❡❣♦r② ♦❢ R✲♠♦❞✉❧❡s t♦ t❤❡

❝❛t❡❣♦r② ♦❢ S−1R✲♠♦❞✉❧❡s✳ ❙✉❝❤ ❢✉♥❝t♦r ✐s ❡①❛❝t ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡s

✼✸



✭s❡❡ ❬▼❙✾✺✱ Pr♦♣♦s✐t✐♦♥ ✷✳✹❪✮✳ ■❢ p ✐s ❛ ♣r✐♠❡ ✐❞❡❛❧ ♦❢ R ❛♥❞ S = R − p✱ t❤❡♥ ✐♥st❡❛❞

♦❢ SM ✱ ✇❡ ✇r✐t❡ pM ✳ ❋♦r ❛♥ R✲♠♦❞✉❧❡ M ✱ t❤❡ ❝♦✲s✉♣♣♦rt ♦❢ M t♦ ❜❡ t❤❡ s❡t

CosR(M) := {p ∈ SpecR : pM 6= 0} .

Pr♦♣♦s✐t✐♦♥ ✺✳✷✻✳ ▲❡t S ❜❡ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ s❡t ♦❢ R✳ ❙✉♣♣♦s❡ t❤❛t S ∩ I 6= ∅ ❢♦r

❡✈❡r② I ∈ α✳ ■❢ M ✐s ❛♥ α✲s❡♣❛r❛t❡❞ ♠♦❞✉❧❡✱ t❤❡♥ SM = 0✳

Pr♦♦❢✳ ❙❡t f ∈ SM ❛♥❞ ❝♦♥s✐❞❡r r
s
∈ S−1R✳ ❋♦r ❡❛❝❤ I ∈ α✱ t❤❡r❡ ❡①✐sts t ∈ S ∩ I✳

❚❤❡r❡❢♦r❡ f
(

r
s

)

= f
(

tr
ts

)

= tf
(

r
ts

)

∈ IM ✳ ❙✐♥❝❡
⋂

I∈〈α〉

IM = 0✱ ✇❡ ❤❛✈❡ t❤❡ ❞❡s✐r❡❞

r❡s✉❧t✳

❈♦r♦❧❧❛r② ✺✳✷✼✳ ▲❡t S ❜❡ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ s❡t ♦❢ R ❛♥❞ ❧❡t M ❜❡ ❛♥ R✲♠♦❞✉❧❡✳ ❙✉♣♣♦s❡

t❤❛t S ∩ I 6= ∅ ❢♦r ❡✈❡r② I ∈ α✳ ❚❤❡♥ SH
α
i (M) = 0 ❢♦r ❛❧❧ i ≥ 0✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✺✳✶✵ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✺✳✷✻✳

▲❡♠♠❛ ✺✳✷✽✳ ▲❡t N ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲♠♦❞✉❧❡ ❛♥❞ M ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡✳

❚❤❡♥

S Tor
R
i (N,M) ∼= TorS

−1R
i (S−1N, SM).

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛ r❡s♦❧✉t✐♦♥ F∗ = (Fi)i≥0 ♦❢ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢r❡❡ R✲♠♦❞✉❧❡s ❢♦r N ✳
❚❤❡♥ S−1F∗ = (S−1Fi)i≥0 ✐s ❛ r❡s♦❧✉t✐♦♥ ♦❢ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ✢❛t S−1R✲♠♦❞✉❧❡s ❢♦r
S−1N ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ F∗⊗M = (Fi⊗M)i≥0 ✐s ❛ ❝♦♠♣❧❡① ♦❢ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡s✳
❙✐♥❝❡ ❝♦✲❧♦❝❛❧✐s❛t✐♦♥ ✐s ❛♥ ❛❞❞✐t✐✈❡ ❢✉♥❝t♦r ❛♥❞ ❡①❛❝t ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❆rt✐♥✐❛♥ R✲
♠♦❞✉❧❡s ✭❬▼❙✾✺✱ Pr♦♣♦s✐t✐♦♥ ✷✳✹❪✮✱ ✐t ❝♦♠♠✉t❡s ✇✐t❤ ❤♦♠♦❧♦❣② ❢✉♥❝t♦rs✳ ▼♦r❡♦✈❡r✱
❜② ❬▼❙✾✺✱ ▲❡♠♠❛ ✺✳✶❪✱ ✇❡ ❣❡t t❤❛t

S Tor
R
i (N,M)) = SHi(F∗ ⊗M)

∼= Hi(S(F∗ ⊗M))

∼= Hi(S
−1F∗ ⊗ SM)

= TorS
−1R

i (S−1N, SM)

❛s r❡q✉✐r❡❞✳

Pr♦♣♦s✐t✐♦♥ ✺✳✷✾✳ ▲❡t M ❜❡ ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡✳ ❚❤❡♥

SH
α
i (M) ∼= HαS−1R

i (SM)

❢♦r ❡✈❡r② i ≥ 0✳

Pr♦♦❢✳ ❇② ❬❘♦t✵✾✱ Pr♦♣♦s✐t✐♦♥ ✺✳✷✶❪✱ t❤❡ ❝♦✲❧♦❝❛❧✐s❛t✐♦♥ ❢✉♥❝t♦r ♣r❡s❡r✈❡s ♣r♦❥❡❝t✐✈❡
❧✐♠✐ts✳ ❚❤❡r❡❢♦r❡

SH
α
i (M) = S lim←−

I∈〈α〉

TorRi (R/I,M) ∼= lim←−
I∈〈α〉

S Tor
R
i (R/I,M).

✼✹



❯s✐♥❣ ▲❡♠♠❛ ✺✳✷✽ ✇❡ ❣❡t t❤❛t

SH
α
i (M) ∼= lim←−

I∈〈α〉

TorS
−1R

i (S−1R/IS−1R, SM) = HαS−1R
i (SM)

❛s ❞❡s✐r❡❞✳

❈♦r♦❧❧❛r② ✺✳✸✵✳ ▲❡t M ❜❡ ❛♥ ❆rt✐♥✐❛♥ R✲♠♦❞✉❧❡✳ ❚❤❡♥

CosR(H
α
i (M)) ⊆ CosR(M) ∩ 〈α〉

❢♦r ❡✈❡r② i ≥ 0✳

Pr♦♦❢✳ ▲❡t p ∈ CosR(H
α
i (M))✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✳✷✾ ✇❡ ❤❛✈❡ ❛♥ ✐s♦♠♦r♣❤✐s♠

pH
α
i (M) ∼= H

αRp

i (pM)

❢♦r ❡✈❡r② i ≥ 0✳ ❙✐♥❝❡ pH
α
i (M) 6= 0✱ ✐t ❢♦❧❧♦✇s t❤❛t pM 6= 0✳ ❚❤✉s p ∈ CosR(M)✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ❈♦r♦❧❧❛r② ✺✳✷✼✱ t❤❡r❡ ❡①✐sts ❛♥ ✐❞❡❛❧ I ∈ α s✉❝❤ t❤❛t I ⊆ p✳ ❚❤✉s
p ∈ 〈α〉 ❛♥❞ t❤❡ st❛t❡♠❡♥t ✐s ♥♦✇ ♣r♦✈❡❞✳

✼✺



❈❤❛♣t❡r ✻

▲♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❛♥❞ D✲♠♦❞✉❧❡s

✻✳✶ ❘✐♥❣s ♦❢ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ♦✈❡r ❞✐✛❡r❡♥t✐❛❜❧❡

❛❞♠✐ss✐❜❧❡ ❛❧❣❡❜r❛s

■♥ t❤✐s s❡❝t✐♦♥ k ❞❡♥♦t❡s ❛ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦ ❛♥❞ R ✐s ❛ ❝♦♠♠✉t❛t✐✈❡

k✲❛❧❣❡❜r❛✳ ❲❡ ❜❡❣✐♥ r❡❝❛❧❧✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r✐♥❣ ♦❢ k✲❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs

♦♥ R ❞❡♥♦t❡❞ ❜② DR/k✳ ❋✐rst ✇❡ ❞❡✜♥❡ D i
R/k ⊆ Endk(R) ❢♦r ❡✈❡r② i ≥ 0 ✐♥ ❛♥ ✐♥❞✉❝t✐✈❡

✇❛②✿ s❡t D0
R/k = R ❛♥❞ ❞❡✜♥❡ D i

R/k ❢♦r i > 0 ❛s

D
i
R/k =

{

P ∈ Endk(R) : [P, r] = Pr − rP ∈ D
i−1
R/k ❢♦r ❡❛❝❤ r ∈ R

}

.

❲❡ ♥♦t❡ t❤❛t ❡❛❝❤ D i
R/k ✐s ❛ s✉❜✲✭R✲R✮✲❜✐♠♦❞✉❧❡ ♦❢ Endk(R)✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❛t

D1
R/k = R⊕Derk(R)✱ ✇❤❡r❡ Derk(R) ❞❡♥♦t❡s t❤❡ R✲♠♦❞✉❧❡ ♦❢ ❛❧❧ k✲❞❡r✐✈❛t✐♦♥s ♦❢ R✱

❛♥❞ D i
R/kD

j
R/k ⊂ D

i+j
R/k✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ P ∈ D i

R/k ❛♥❞ Q ∈ D
j
R/k✱ t❤❡♥ [P,Q] ∈ D

i+j−1
R/k ✳

❚❤❡ r✐♥❣ ♦❢ k✲❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ♦♥ R ✐s t❤❡ r✐♥❣ DR/k :=
⋃

i≥0

D
i
R/k✳ ◆♦✇

r❡❝❛❧❧ t❤❛t ❛♥ ❛ss♦❝✐❛t✐✈❡ r✐♥❣ A ✇✐t❤ ✐❞❡♥t✐t② ✐s ✜❧t❡r❡❞ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❛s❝❡♥❞✐♥❣

✜❧tr❛t✐♦♥ ♦❢ ❛❞❞✐t✐✈❡ s✉❜❣r♦✉♣s Γ = {Γi, i ∈ Z} s✉❝❤ t❤❛t Γi = 0 ❢♦r ❡✈❡r② i < 0✱ 1 ∈ Γ0✱
⋃

i∈Z

Γi = A ❛♥❞ ΓiΓj ⊂ Γi+j ❢♦r ❡✈❡r② i, j ≥ 0✳ ■t ✐s ❝❧❡❛r ❢r♦♠ ❞❡✜♥✐t✐♦♥ t❤❛t Γ0 ✐s ❛

s✉❜r✐♥❣ ♦❢ A✳

❲❡ ❞❡♥♦t❡ ❜② grΓ(A) t❤❡ ❛ss♦❝✐❛t❡❞ ❣r❛❞❡❞ r✐♥❣ grΓ(A) :=
⊕

i∈Z

Γi/Γi−1✳ ◆♦✇

Γi = D i
R/k ❞❡✜♥❡s ♥❛t✉r❛❧❧② ❛ ✜❧tr❛t✐♦♥ ♦❢ DR/k✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ ❣r❛❞❡❞ r✐♥❣

grΓ(DR/k) ✐s ❝♦♠♠✉t❛t✐✈❡ ❜❡❝❛✉s❡ [D i
R/k,D

j
R/k] ⊂ D

i+j−1
R/k ✱ ❢♦r ❛❧❧ i, j ≥ 0✳



■♥ ❬◆❇✶✸❪✱ ▲✳ ◆úñ❡③✲❇❡t❛♥❝♦✉rt ✐♥tr♦❞✉❝❡❞ ❛♥ ✐♠♣♦rt❛♥t ❝❧❛ss ♦❢ ❛❧❣❡❜r❛s t❤❛t

❛r❡ ❡ss❡♥t✐❛❧ ✐♥ ♦✉r ✇♦r❦✳ ❚❤❡ r✐♥❣s ♦❢ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ♦❢ t❤✐s ❦✐♥❞ ♦❢ ❛❧❣❡❜r❛s

❜❡❤❛✈❡ ❧✐❦❡ t❤♦s❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦r ♣♦✇❡r s❡r✐❡s r✐♥❣s✳

❉❡✜♥✐t✐♦♥ ✻✳✶✳ ❆ ❝♦♠♠✉t❛t✐✈❡ k✲❛❧❣❡❜r❛ R ✐s ❝❛❧❧❡❞ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡ ✐❢ ✐t ✐s
◆♦❡t❤❡r✐❛♥ ❛♥❞ r❡❣✉❧❛r ❛♥❞ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭❆✲✶✮ R ✐s ❡q✉✐❞✐♠❡♥s✐♦♥❛❧ ♦❢ ❞✐♠❡♥s✐♦♥ n✱ t❤❛t ✐s✱ t❤❡ ❤❡✐❣❤t ♦❢ ❛♥② ♠❛①✐♠❛❧ ✐❞❡❛❧ ✐s
❡q✉❛❧ t♦ n✳

✭❆✲✷✮ ❊✈❡r② r❡s✐❞✉❛❧ ✜❡❧❞ ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♠❛①✐♠❛❧ ✐❞❡❛❧ ✐s ❛♥ ❛❧❣❡❜r❛✐❝ ❡①t❡♥s✐♦♥ ♦❢
k✳

✭❆✲✸✮ Derk(R) ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♣r♦❥❡❝t✐✈❡ R✲♠♦❞✉❧❡ ♦❢ r❛♥❦ n ❛♥❞ t❤❡ ❝❛♥♦♥✐❝❛❧
♠❛♣ Rm ⊗R Derk(R) → Derk(Rm) ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❢♦r ❛♥② ♠❛①✐♠❛❧ ✐❞❡❛❧
m ⊂ R✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❝♦♥❞✐t✐♦♥✿

✭❆✲✸✮✬ ❚❤❡r❡ ❛r❡ k✲❧✐♥❡❛r ❞❡r✐✈❛t✐♦♥s D1, . . . , Dn ∈ Derk(R) ❛♥❞ a1, . . . , an ∈ R s✉❝❤

t❤❛t Di(aj) = 1 ✐❢ i = j ❛♥❞ 0 ♦t❤❡r✇✐s❡✳

❚❤❡ ♣r♦♣❡rt✐❡s ✭❆✲✶✮✱ ✭❆✲✷✮ ❛♥❞ ✭❆✲✸✮✬ ❛♣♣❡❛r ✐♥ ❬▼◆▼✾✶❪ ❛s ❝♦♥❞✐t✐♦♥s (i)✱ (ii) ❛♥❞

(iii) ❛♥❞ ❛♥② ❝♦♠♠✉t❛t✐✈❡ ◆♦❡t❤❡r✐❛♥ r❡❣✉❧❛r k✲❛❧❣❡❜r❛ s❛t✐s❢②✐♥❣ t❤❡s❡ ❝♦♥❞✐t✐♦♥s

✇✐❧❧ ❜❡ ❝❛❧❧❡❞ str♦♥❣ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ✐♥s♣✐r❡❞ ▲✳ ◆úñ❡③✲

❇❡t❛♥❝♦✉rt t♦ ❝♦♥s✐❞❡r t❤❡ ♣r♦♣❡rt✐❡s ✭❆✲✶✮✱ ✭❆✲✷✮ ❛♥❞ ✭❆✲✸✮ ✐♥ ❬◆❇✶✸✱ ❍②♣♦t❤❡s✐s ✷✳✸❪✳

■♥ ❜♦t❤ ✇♦r❦s✱ R ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ◆♦❡t❤❡r✐❛♥ r❡❣✉❧❛r r✐♥❣ t❤❛t ❝♦♥t❛✐♥s ❛ ✜❡❧❞ ♦❢

❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ✭❆✲✷✮ ❛♥❞ ✭❆✲✸✮✬ ✐♠♣❧② t❤❛t

t❤❡ r✐♥❣ R ✐s ❡①❝❡❧❧❡♥t✱ s❡❡ ❬▼❛t✽✵✱ ❚❤❡♦r❡♠ ✶✵✷❪✳

■♥ ❬◆❇✶✸✱ Pr♦♣♦s✐t✐♦♥ ✷✳✻❪✱ ✐t ✇❛s ♣r♦✈❡❞ t❤❛t ❛♥② str♦♥❣ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡

k✲❛❧❣❡❜r❛ ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡ ✭s❡❡ ❛❧s♦ ❬◆▼✶✹❪✮✳ ❆❧t❤♦✉❣❤ t❤❡ ❧❛tt❡r ❝❧❛ss ♦❢

k✲❛❧❣❡❜r❛s ✐s ❣r❡❛t❡r ✐♥ ❣❡♥❡r❛❧ t❤❛♥ t❤❡ ❢♦r♠❡r ❛s s❡❡♥ ✐♥ ❬◆❇✶✸✱ ❘❡♠❛r❦ ✷✳✽❪✱ t❤❡s❡

❝❧❛ss❡s ❝♦✐♥❝✐❞❡ ✐♥ t❤❡ ❧♦❝❛❧ ❝❛s❡ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ t❤❡♦r❡♠ ❞✉❡ t♦ ▼✳ ◆♦♠✉r❛

✭❬▼❛t✽✻✱ ❚❤❡♦r❡♠ ✸✵✳✻❪✮ ✇❤✐❝❤ ✇❡ ♥♦✇ st❛t❡✳

❚❤❡♦r❡♠ ✻✳✷✳ ▲❡t (R,m, K) ❜❡ ❛ ◆♦❡t❤❡r✐❛♥ r❡❣✉❧❛r k✲❛❧❣❡❜r❛ ♦❢ ❞✐♠❡♥s✐♦♥ n✳ ❙✉♣✲

♣♦s❡ t❤❛t K ✐s ❛♥ ❛❧❣❡❜r❛✐❝ ❡①t❡♥s✐♦♥ ♦❢ k✳ ▲❡t R̂ ❞❡♥♦t❡ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ R ✇✐t❤ r❡s♣❡❝t

t♦ m✳ ▲❡t x1, . . . , xn ❜❡ ❛ r❡❣✉❧❛r s②st❡♠ ♦❢ ♣❛r❛♠❡t❡rs ♦❢ R✳ ❚❤❡♥ R̂ = K[[x1, . . . , xn]]
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✐s t❤❡ ♣♦✇❡r s❡r✐❡s r✐♥❣ ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ K ❛♥❞ ✐❢ ✇❡ ✇r✐t❡ ∂/∂xi ❢♦r t❤❡ ♣❛rt✐❛❧

❞❡r✐✈❛t✐✈❡s ✐♥ t❤✐s r❡♣r❡s❡♥t❛t✐♦♥✱ t❤❡♥ Derk(R̂) = DerK(R̂) ✐s t❤❡ ❢r❡❡ R̂✲♠♦❞✉❧❡ ✇✐t❤

❜❛s✐s ∂/∂x1, . . . , ∂/∂xn✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ ∂/∂xi ♠❛♣s R ✐♥t♦ R ❢♦r 1 ≤ i ≤ n✱ s♦ t❤❛t ❡✈❡r② ∂/∂xi ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥

❡❧❡♠❡♥t ♦❢ Derk(R)❀

✭✐✐✮ t❤❡r❡ ❡①✐st ❞❡r✐✈❛t✐♦♥s D1, . . . , Dn ∈ Derk(R) ❛♥❞ ❡❧❡♠❡♥ts a1, . . . , an ∈ R s✉❝❤

t❤❛t Diaj = δij❀

✭✐✐✐✮ t❤❡r❡ ❡①✐st ❞❡r✐✈❛t✐♦♥s D1, . . . , Dn ∈ Derk(R) ❛♥❞ ❡❧❡♠❡♥ts a1, . . . , an ∈ R s✉❝❤

t❤❛t det(Diaj) /∈ m❀

✭✐✈✮ Derk(R) ✐s ❛ ❢r❡❡ R✲♠♦❞✉❧❡ ♦❢ r❛♥❦ n❀

✭✈✮ rank(Derk(R)) = n✳

❘❡♠❛r❦ ✻✳✸✳ ❖❜s❡r✈❡ t❤❛t ❧♦❝❛❧✐s❛t✐♦♥s ♦♥ ♠❛①✐♠❛❧ ✐❞❡❛❧s ♦❢ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡
k✲❛❧❣❡❜r❛s ❛r❡ ❛❧s♦ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡✳ ❈♦♠♣❧❡t✐♦♥s ♦❢ ❧♦❝❛❧ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞✲
♠✐ss✐❜❧❡ k✲❛❧❣❡❜r❛s ❛r❡ ❛❧s♦ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡✳ ❲❤❡♥ ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡
k✲❛❧❣❡❜r❛ ✐s ❛ ❞♦♠❛✐♥✱ t❤❡♥ ❛♥② q✉♦t✐❡♥t ♦✈❡r ♣r✐♥❝✐♣❛❧ ✐❞❡❛❧s ✐s ❛❧s♦ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞✲
♠✐ss✐❜❧❡✳ ■♥t❡r❡st✐♥❣ ❡①❛♠♣❧❡s ♦❢ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡ k✲❛❧❣❡❜r❛s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
❬◆▼✶✹❪✳ ❘❡♠❛r❦❛❜❧❡ ❡①❛♠♣❧❡s ♦❢ str♦♥❣ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡ k✲❛❧❣❡❜r❛s ❛r❡ t❤❡
♣♦❧②♥♦♠✐❛❧ r✐♥❣s✱ t❤❡ ♣♦✇❡r s❡r✐❡s r✐♥❣s ❛♥❞ t❤❡ r✐♥❣s ♦❢ ❝♦♥✈❡r❣❡♥t ♣♦✇❡r s❡r✐❡s✳

❲❤❡♥ R ✐s ❛ str♦♥❣ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡ k✲❛❧❣❡❜r❛✱ ✐t ✐s ❡❛s② t♦ ❞❡s❝r✐❜❡ t❤❡

r✐♥❣ ♦❢ k✲❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ♦✈❡r R✳ ■♥ t❤✐s ❝❛s❡✱ ❚❤❡♦r❡♠ ✻✳✷ ❣✉❛r❛♥t❡❡s t❤❛t

t❤❡ R✲♠♦❞✉❧❡ ♦❢ k✲❞❡r✐✈❛t✐♦♥s Derk(R) ♦❢ R ✐s ❢r❡❡ ♦❢ r❛♥❦ n ❛♥❞ D1, . . . , Dn ✐s ❛ ❜❛s✐s✳

▼♦r❡♦✈❡r✱ t❤❡ ❧❡❢t R✲♠♦❞✉❧❡ D i
R/k ✐s ❢r❡❡ ✇✐t❤ ❜❛s✐s

{Dα := Dα1
1 · · ·Dαn

n , |α| = α1 + · · ·+ αn ≤ i} .

❚❤❡r❡❢♦r❡✱ ❡✈❡r② ❡❧❡♠❡♥t P ∈ DR/k ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ ❛ ✉♥✐q✉❡ ❢♦r♠ ❛s ❛ ✜♥✐t❡ s✉♠

P =
∑

α

rαD
α✱ ✇❤❡r❡ rα ∈ R✳ ❚❤✉s DR/k ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ k✲s✉❜❛❧❣❡❜r❛ ♦❢ Endk(R)

❣❡♥❡r❛t❡❞ ❜② R ❛♥❞ Derk(R)✱ t❤❛t ✐s✱ DR/k = R〈D1, . . . , Dn〉✳ ■♥ ♣❛rt✐❝✉❧❛r✱ DR/k

❤❛s ♥♦ ③❡r♦✲❞✐✈✐s♦rs ✇❤❡♥ R ✐s ❛ ❞♦♠❛✐♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ R[y1, . . . , yn] ✐s t❤❡

♣♦❧②♥♦♠✐❛❧ r✐♥❣ ✇✐t❤ ❝♦❡✣❝✐❡♥ts ✐♥ R ❛♥❞ ✈❛r✐❛❜❧❡s y1, . . . , yn✱ t❤❡ R✲❛❧❣❡❜r❛ ♠❛♣

ψ : R[y1, . . . , yn]→ grΓ(DR/k) ❞❡✜♥❡❞ ❜② ψ(yi) = σ1(Di)✱ ✇❤❡r❡ σ1 ✐s t❤❡ q✉♦t✐❡♥t ♠❛♣

D1
R/k → D1

R/k/D
0
R/k✱ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❣r❛❞❡❞ r✐♥❣s✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t R ✐s ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡ k✲❛❧❣❡❜r❛ ♦❢ ❞✐♠❡♥s✐♦♥ n✳ ❚❤❡♥

DR/k ✐s ❧❡❢t ❛♥❞ r✐❣❤t ◆♦❡t❤❡r✐❛♥ ✭s❡❡ ❬◆❇✶✸✱ ❈♦r♦❧❧❛r② ✷✳✶✹❪✮✳ ▼♦r❡♦✈❡r✱ t❤❡ ❣❧♦❜❛❧
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❞✐♠❡♥s✐♦♥ ♦r ❤♦♠♦❧♦❣✐❝❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ DR/k ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❑r✉❧❧ ❞✐♠❡♥s✐♦♥ ♦❢ R✱

t❤❛t ✐s✱

gl. dim(DR/k) = dim(R) = n. ✭✻✳✶✮

❙❡❡ ❬◆❇✶✸✱ Pr♦♣♦s✐t✐♦♥ ✷✳✶✺❪✳

◆♦✇ ❧❡t A ❜❡ ❛ ✜❧t❡r❡❞ r✐♥❣ ✇✐t❤ ✜❧tr❛t✐♦♥ Γ ❛♥❞ ❧❡t M ❜❡ ❛ ❧❡❢t A✲♠♦❞✉❧❡✳

❆ ✜❧tr❛t✐♦♥ Σ ♦❢ M ❝♦♥s✐sts ♦❢ ❛♥ ❛s❝❡♥❞✐♥❣ s❡q✉❡♥❝❡ Σ = {Σi, i ∈ Z} ♦❢ ❛❞❞✐t✐✈❡

s✉❜❣r♦✉♣s ♦❢ M s✉❝❤ t❤❛t Σi = 0 ❢♦r i ≪ 0✱
⋃

i∈Z

Σi = M ❛♥❞ ΓiΣj ⊂ Σi+j ❢♦r ❛❧❧

i, j ∈ Z✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡❛❝❤ Σi ✐s ❛♥ Γ0✲♠♦❞✉❧❡✳

❙✉♣♣♦s❡ t❤❛t A ✐s ❛ ✜❧t❡r❡❞ r✐♥❣ s✉❝❤ t❤❛t grΓ(A) ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ◆♦❡t❤❡r✐❛♥

r✐♥❣✳ ❆ ✜❧tr❛t✐♦♥ Σ ♦❢ ❛ ❧❡❢t A✲♠♦❞✉❧❡ M ✐s ❛ ❣♦♦❞ ✜❧tr❛t✐♦♥ ✐❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❣r❛❞❡❞

♠♦❞✉❧❡ grΣ(M) :=
⊕

i∈Z Σi/Σi−1 ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♦✈❡r grΓ(A)✳

❯♥❞❡r t❤❡ ❢♦r♠❡r ❝♦♥❞✐t✐♦♥s✱ ❏✳✲❊✳ ❇❥ör❦ ♣r♦✈❡❞ ✐♥ ❬❇❥ö✼✾✱ ❈❤❛♣t❡r ✷✱ Pr♦♣♦s✐✲

t✐♦♥ ✻✳✶❪ t❤❛t A ✐s ❜♦t❤ ❧❡❢t ❛♥❞ r✐❣❤t ◆♦❡t❤❡r✐❛♥ r✐♥❣✳ ▼♦r❡♦✈❡r✱ ❛ ❧❡❢t A✲♠♦❞✉❧❡ M

❤❛s ❛ ❣♦♦❞ ✜❧tr❛t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✳ ■❢ Σ ❛♥❞ Σ′ ❛r❡ t✇♦ ❣♦♦❞

✜❧tr❛t✐♦♥s ♦❢ M ✱ t❤❡♥ t❤❡r❡ ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs j ❛♥❞ k s✉❝❤ t❤❛t Σi ⊂ Σ′
i+k

❛♥❞ Σ′
i ⊂ Σi+j ❢♦r ❡✈❡r② i✳ ❚❤✉s t❤❡ ❑r✉❧❧ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ grΓ(A)✲♠♦❞✉❧❡ grΣ(M)

❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❣♦♦❞ ✜❧tr❛t✐♦♥ Σ ♦❢ M ✳ ❲❡ ❝❛❧❧ t❤✐s ♥✉♠❜❡r t❤❡

❞✐♠❡♥s✐♦♥ ♦❢ M ❛♥❞ ✇❡ ❞❡♥♦t❡ ✐t ❜② d(M)✳

❚❤❡ ♥❡①t ✐♥✈❛r✐❛♥t ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤✐s ✇♦r❦✳

❉❡✜♥✐t✐♦♥ ✻✳✹✳ ▲❡t A ❜❡ ❛♥ ❛ss♦❝✐❛t✐✈❡ r✐♥❣ ✇✐t❤ ✐❞❡♥t✐t②✳ ❚❤❡ ❣r❛❞❡ jA(M) ♦❢ ❛ ❧❡❢t
A✲♠♦❞✉❧❡ M ✐s ❞❡✜♥❡❞ ❜② jA(M) := min

{

j ≥ 0 : ExtjA(M,A) 6= 0
}

✳

❘❡♠❛r❦ ✻✳✺✳ ❊✈❡r② s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ A✲♠♦❞✉❧❡s 0 −→ L −→ M −→ N −→ 0

❧❡❛❞s t♦ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ 0 −→ HomA(N,A) −→ HomA(M,A) −→ HomA(L,A) −→
Ext1A(N,A) −→ · · · −→ ExtnA(L,A) −→ Extn+1

A (N,A) −→ Extn+1
A (M,A) −→ · · · ✳

❍❡♥❝❡ jA(M) ≥ min {jA(L), jA(N)} ❛♥❞ jA(N) ≥ min {jA(L), jA(M)}✳

❆❝❝♦r❞✐♥❣ t♦ ❬▼◆▼✾✶❪✱ ❛ ✜❧t❡r❡❞ r✐♥❣ A ✐s ❛ r✐♥❣ ♦❢ ❞✐✛❡r❡♥t✐❛❜❧❡ t②♣❡ ✐❢ ✐ts

❛ss♦❝✐❛t❡❞ ❣r❛❞❡❞ r✐♥❣ ✐s ❛ ❝♦♠♠✉t❛t✐✈❡ ◆♦❡t❤❡r✐❛♥ r❡❣✉❧❛r r✐♥❣ ❛♥❞ ❛❧❧ ✐ts ♠❛①✐♠❛❧

❣r❛❞❡❞ ✐❞❡❛❧s ❤❛✈❡ t❤❡ s❛♠❡ ❤❡✐❣❤t✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ R ✐s ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡

k✲❛❧❣❡❜r❛✱ t❤❡♥ DR/k ✐s ❛ r✐♥❣ ♦❢ ❞✐✛❡r❡♥t✐❛❜❧❡ t②♣❡ ✭s❡❡ ❬◆❇✶✸✱ ❚❤❡♦r❡♠ ✷✳✶✷❪✮✳

▲❡t A ❜❡ ❛ r✐♥❣ ♦❢ ❞✐✛❡r❡♥t✐❛❜❧❡ t②♣❡ ❛♥❞ M ❜❡ ❛ ♥♦♥✲③❡r♦ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

❧❡❢t ♦r r✐❣❤t A✲♠♦❞✉❧❡✳ ❩✳ ▼❡❜❦❤♦✉t ❛♥❞ ▲✳ ◆❛r✈á❡③✲▼❛❝❛rr♦ ♣r♦✈❡❞ ✐♥ ❬▼◆▼✾✶✱
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❚❤é♦rè♠❡ ✶✳✷✳✷❪ t❤❛t

d(M) + jA(M) = dim(grΓ(A)). ✭✻✳✷✮

■♥ ♣❛rt✐❝✉❧❛r✱

d(M) ≥ dim(grΓ(A))− gl. dim(A). ✭✻✳✸✮

❘❡❝❛❧❧ t❤❛t ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❧❡❢t ♦r r✐❣❤t A✲♠♦❞✉❧❡ M ✐s s❛✐❞ t♦ ❜❡ ❤♦❧♦♥♦♠✐❝ ♦r t♦

❜❡ ✐♥ t❤❡ ❧❡❢t ♦r r✐❣❤t ❇❡r♥st❡✐♥ ❝❧❛ss ✇❤❡♥ t❤❡ ❡q✉❛❧✐t② ❤♦❧❞s ✐♥ ❡q✉❛t✐♦♥ ✭✻✳✸✮✱ t❤✐s

✐s✱ d(M) = dim(grΓ(A))− gl. dim(A)✳

■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡♥ R ✐s ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡ k✲❛❧❣❡❜r❛✱ ✇❡ ❛❧r❡❛❞②

♦❜s❡r✈❡❞ t❤❛t grΓ(DR/k) ∼= R[y1, . . . , yn]✳ ❆❧s♦ gl. dim(DR/k) = dim(R) = n ❜② ❡q✉❛✲

t✐♦♥ ✭✻✳✶✮✳ ❚❤✉s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❧❡❢t ♦r r✐❣❤t DR/k✲♠♦❞✉❧❡ ✐s ❤♦❧♦♥♦♠✐❝ ✐❢ ❛♥❞ ♦♥❧②

✐❢ d(M) = dim(R[y1, . . . , yn])− dim(R) = 2n− n = n✳

✻✳✷ ◗✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡s

❋♦r t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ✇♦r❦✱ R ✐s ❝♦♥s✐❞❡r❡❞ ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡ k✲

❛❧❣❡❜r❛ ♦✈❡r ❛ ✜❡❧❞ k ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦ ❛♥❞ ❑r✉❧❧ ❞✐♠❡♥s✐♦♥ n ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② D

t❤❡ r✐♥❣ DR/k ♦❢ k✲❧✐♥❡❛r ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs ♦♥ R✳

❋♦r ❛♥② D✲♠♦❞✉❧❡ M ✱ ✇❡ s❡t τ(M) = inf {jD(N) : N ✐s ❛ D✲s✉❜♠♦❞✉❧❡ ♦❢ M}✳
■❢ proj. dim(M) ✐s t❤❡ ♣r♦❥❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥ ♦❢M ✱ t❤❡♥ proj. dim(M) ≤ gl. dim(D) = n✳

❲❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❛♣♣❡❛r✐♥❣ ✐♥ ❬❈❊✺✻✱ ❈❤❛♣t❡r ❱■✱ ❡①❡r❝✐s❡ ✾❪✳ ■t

❛❧❧♦✇s ✉s t♦ ❝♦♥❝❧✉❞❡ t❤❛t τ(M) ≤ n✳

▲❡♠♠❛ ✻✳✻✳ ▲❡t A ❜❡ ❛♥ ❛ss♦❝✐❛t✐✈❡ r✐♥❣ ❛♥❞ M ❜❡ ❛ ♥♦♥✲③❡r♦ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

❧❡❢t A✲♠♦❞✉❧❡✳ ❙✉♣♣♦s❡ t❤❛t A ✐s ◆♦❡t❤❡r✐❛♥ ❛♥❞ M ❤❛s ✜♥✐t❡ ♣r♦❥❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥

proj. dimA(M) = r✳ ❚❤❡♥ ExtrA(M,A) 6= 0✳ ■♥ ♣❛rt✐❝✉❧❛r✱ jA(M) ≤ r✳

Pr♦♦❢✳ ❙✐♥❝❡ proj. dimA(M) = r✱ Extr+1
A (M,G) = 0 ❢♦r ❡✈❡r② ❧❡❢t A✲♠♦❞✉❧❡ G✳ ▼♦r❡✲

♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ ❧❡❢t A✲♠♦❞✉❧❡ N s✉❝❤ t❤❛t ExtrA(M,N) 6= 0✳ ❋♦r t❤✐s ♠♦❞✉❧❡ t❤❡r❡
❛r❡ ❧❡❢t A✲♠♦❞✉❧❡s F ❛♥❞ L s✉❝❤ t❤❛t F ✐s ❢r❡❡ ❛♥❞ t❤❡ s❡q✉❡♥❝❡ 0→ L→ F → N → 0

✐s ❡①❛❝t✳ ❚❤✐s s❡q✉❡♥❝❡ ✐♥❞✉❝❡s ❛ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡

· · · → ExtrA(M,F )→ ExtrA(M,N)→ Extr+1
A (M,L)→ Extr+1

A (M,F )→ · · ·

❆s Extr+1
A (M,L) = 0 ❛♥❞ ExtrA(M,N) 6= 0✱ ✇❡ ❤❛✈❡ t❤❛t ExtrA(M,F ) 6= 0✳
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◆♦✇ ✇❡ ✇r✐t❡ F =
⊕

λ∈Λ

A ❛♥❞ s✐♥❝❡ A ✐s ◆♦❡t❤❡r✐❛♥ ❛♥❞ M ✐s ✜♥✐t❡❧② ❣❡♥❡r✲

❛t❡❞✱ ✇❡ ❤❛✈❡ t❤❛t ExtrA(M,F ) = ExtrA(M,
⊕

λ∈Λ

A) ∼=
⊕

λ∈Λ

ExtrA(M,A)✳ ❚❤❡r❡❢♦r❡✱

ExtrA(M,A) 6= 0 ❛♥❞ jA(M) ≤ r✳

❚❤❡ D✲♠♦❞✉❧❡s M s✉❝❤ t❤❛t τ(M) ✐s ♠❛①✐♠❛❧ ❛r❡ ♦❢ s♣❡❝✐❛❧ ✐♠♣♦rt❛♥❝❡ ✐♥ ♦✉r

✇♦r❦✳

❉❡✜♥✐t✐♦♥ ✻✳✼✳ ❆ ❧❡❢t D✲♠♦❞✉❧❡ M ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝ ✐❢ τ(M) = n✳

❘❡♠❛r❦ ✻✳✽✳ ◆♦t❡ t❤❛t ❛ D✲♠♦❞✉❧❡ M ✐s ❤♦❧♦♥♦♠✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐t ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞
❛♥❞ q✉❛s✐✲❤♦❧♦♥♦♠✐❝✳ ■♥ ❢❛❝t✱ ✐❢ M ✐s ❤♦❧♦♥♦♠✐❝✱ t❤❡♥ ❡✈❡r② ♥♦♥✲③❡r♦ s✉❜♠♦❞✉❧❡ N ♦❢
M ✐s ❤♦❧♦♥♦♠✐❝✳ ❚❤✉s d(N) = n ❛♥❞ ❤❡♥❝❡ jD(N) = n ❜② ❡q✉❛t✐♦♥ ✭✻✳✷✮✳ ❚❤❡r❡❢♦r❡
τ(M) = n✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ τ(M) = n✱ t❤❡♥ jD(M) ≥ n✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ▲❡♠♠❛ ✻✳✻
✐♠♣❧✐❡s t❤❛t jD(M) ≤ n✳ ❚❤❡r❡❢♦r❡✱ jD(M) = n✳ ❇② ❡q✉❛t✐♦♥ ✭✻✳✷✮ ✇❡ ❤❛✈❡ t❤❛t
d(M) = n✳

❘❡♠❛r❦ ✻✳✾✳ ❊✈❡r② ❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡ ✐s ❆rt✐♥✐❛♥✳ ❋✉rt❤❡r♠♦r❡✱ ❡✈❡r② ❤♦❧♦♥♦♠✐❝
D✲♠♦❞✉❧❡ ❤❛s ✜♥✐t❡ ❧❡♥❣t❤ ❜② ❬▼◆▼✾✶✱ Pr♦♣♦s✐t✐♦♥ ✶✳✷✳✺❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ D ✐s
❛ s✐♠♣❧❡ r✐♥❣ ✭❡✳❣✳✱ ✐❢ D = R〈∂1, . . . , ∂n〉✱ ✇❤❡r❡ R = k[x1, . . . , xn] ♦r R = k[[x1, . . . , xn]]

♦r R = C{x1, . . . , xn} ❛♥❞ ∂1, . . . , ∂n ❛r❡ t❤❡ ✉s✉❛❧ ❞❡r✐✈❛t✐♦♥s ♦✈❡r R✮✱ ❡✈❡r② ❤♦❧♦♥♦♠✐❝
D✲♠♦❞✉❧❡ ✐s ❝②❝❧✐❝✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❞✉❡ t♦ ❏✳ ❚✳ ❙t❛✛♦r❞✿
✐❢ A ✐s ❛ s✐♠♣❧❡ r✐♥❣ ♦❢ ✐♥✜♥✐t❡ ❧❡♥❣t❤ ❛s ❛ ❧❡❢t A✲♠♦❞✉❧❡✱ t❤❡♥ ❡✈❡r② ❧❡❢t A✲♠♦❞✉❧❡ ✇✐t❤
❛ ✜♥✐t❡ ❧❡♥❣t❤ ✐s ❝②❝❧✐❝ ✭s❡❡ ❬❇❥ö✼✾✱ ❈❤❛♣t❡r ✶✱ ❚❤❡♦r❡♠ ✽✳✶✽❪✮✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐❢ M ✐s
❛ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡✱ t❤❡♥ M ✐s ❧♦❝❛❧❧② ❆rt✐♥✐❛♥✱ ✐✳❡✳✱ ❡✈❡r② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞
s✉❜♠♦❞✉❧❡ ♦❢ M ✐s ❆rt✐♥✐❛♥✳ ▼♦r❡♦✈❡r✱ ✐❢ D ✐s ❛ s✐♠♣❧❡ r✐♥❣✱ M ✐s ❧♦❝❛❧❧② ❝②❝❧✐❝✱ t❤❛t
✐s✱ ❡✈❡r② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ s✉❜♠♦❞✉❧❡ ♦❢ M ✐s ❝②❝❧✐❝✳

❲❡ r❡❛❞✐❧② ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s❡q✉❡♥❝❡ ❢r♦♠ ❘❡♠❛r❦ ✻✳✺✳

▲❡♠♠❛ ✻✳✶✵✳ ❚❤❡ ❝❧❛ss T ♦❢ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡s ✐s ❛ ❢✉❧❧ s✉❜❝❛t❡❣♦r② ♦❢

t❤❡ ❝❛t❡❣♦r② ♦❢ D✲♠♦❞✉❧❡s ❝❧♦s❡❞ ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥s✿ t❛❦✐♥❣ s✉❜♠♦❞✉❧❡s✱

q✉♦t✐❡♥ts ❛♥❞ ❡①t❡♥s✐♦♥s✳

❚❤❡ ❝❧❛ss T ✐s ❛❧s♦ ❝❧♦s❡❞ ❢♦r ✐♥❞✉❝t✐✈❡ ❧✐♠✐ts✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

❚❤❡♦r❡♠ ✻✳✶✶✳ ❙✉♣♣♦s❡ t❤❛t {Mλ, λ ∈ Λ} ✐s ❛♥ ✐♥❞✉❝t✐✈❡ s②st❡♠ ♦❢ q✉❛s✐✲❤♦❧♦♥♦♠✐❝

D✲♠♦❞✉❧❡s ❛♥❞ ❝♦♥s✐❞❡r M := lim−→
λ∈Λ

Mλ✳ ❚❤❡♥ M ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝✳

Pr♦♦❢✳ ❙❡t M ′ :=
⊕

λ∈Λ

Mλ✳ ❙✐♥❝❡ M ✐s ❛ q✉♦t✐❡♥t ♦❢ M ′✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ t❤❛t

M ′ ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝ ❜② ▲❡♠♠❛ ✻✳✶✵✳ ❋♦r t❤✐s✱ ❝♦♥s✐❞❡r λ0 ∈ Λ ❛♥❞ t❤❡ ❝❛♥♦♥✐❝❛❧
✐♥❥❡❝t✐♦♥ ı0 :Mλ0 →M ′✳ ❲❡ s❡t M0 := im ı0✱ t❤❡♥ M0 ✐s ❛ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡✳
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■♥ ♣❛rt✐❝✉❧❛r✱ jD(M0) ≥ n✳ ▲❡t ✉s ♣r♦✈❡ ❛t ✜rst ✐♥st❛♥❝❡ t❤❛t jD(N) ≥ n ❢♦r ❡✈❡r②
s✉❜♠♦❞✉❧❡ N ♦❢ M ′ s✉❝❤ t❤❛t M0 ⊂ N ✳ ❚❤❡♥ N/M0

∼=
⊕

λ∈Λ′

Mλ✱ ✇❤❡r❡ Λ′ = Λ− {λ0}✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ jD(Mλ) ≥ n ❢♦r ❡❛❝❤ λ ∈ Λ′✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ExtiD(Mλ,D) = 0

❢♦r ❛❧❧ 0 ≤ i < n ❛♥❞ ❢♦r ❡❛❝❤ λ ∈ Λ′✳ ❙✐♥❝❡ ExtiD(
⊕

λ∈Λ′

Mλ,D) ∼=
∏

λ∈Λ′

ExtiD(Mλ,D) ❜②

❬❘♦t✵✾✱ ❚❤❡♦r❡♠ ✼✳✶✸❪✱ ✇❡ ❤❛✈❡ t❤❛t ExtiD(N/M0,D) = 0 ❢♦r ❛❧❧ 0 ≤ i < n ❛♥❞ t❤✉s
jD(N/M0) ≥ n✳ ❇② ❘❡♠❛r❦ ✻✳✺✱ jD(N) ≥ n✳

◆♦✇ ❝♦♥s✐❞❡r ❛♥② s✉❜♠♦❞✉❧❡ N ♦❢ M ′✳ ❆s ♣r♦✈❡❞ ❜❡❢♦r❡✱ jD((N +M0)/M0) ≥ n✳
❍❡♥❝❡ jD(N/(N ∩ M0)) ≥ n✳ ❙✐♥❝❡ N ∩ M0 ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝✱ jD(N ∩ M0) ≥ n✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t❤❛t jD(N) ≥ n ❢♦r ❡✈❡r② s✉❜♠♦❞✉❧❡ N ♦❢ M ′ ❜② ❘❡♠❛r❦ ✻✳✺✳
❚❤✉s τ(M ′) ≥ n ❛♥❞ ❝♦♥s❡q✉❡♥t❧② M ′ ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝✳

❈♦r♦❧❧❛r② ✻✳✶✷✳ ❚❤❡r❡ ✐s ❛ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡ M s✉❝❤ t❤❛t ❢♦r ❡✈❡r② q✉❛s✐✲

❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡ N t❤❡r❡ ✐s ❛ s✉❜♠♦❞✉❧❡ L ♦❢ M (|N |) s✉❝❤ t❤❛t N →֒M (|N |)/L✳

Pr♦♦❢✳ ❲❡ s❡❧❡❝t ❛♥② s❡t {Mλ, λ ∈ Λ} ♦❢ r❡♣r❡s❡♥t❛t✐✈❡s ♦❢ ✐s♦♠♦r♣❤② ❝❧❛ss❡s ♦❢ ❝②❝❧✐❝
s✉❜♠♦❞✉❧❡s ♦❢ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡s✳ ❍❡♥❝❡✱ ❢♦r ❛ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ ♠♦❞✉❧❡ N
❛♥❞ m ∈ N ✱ t❤❡r❡ ✐s λ ∈ Λ s✉❝❤ t❤❛t Dm ∼= Mλ✳ ❲❡ s❡t M :=

⊕

λ∈Λ

Mλ✳ ❙✐♥❝❡ ❡❛❝❤ Mλ

✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝ ✭❡✈❡♥ ♠♦r❡✱ ❤♦❧♦♥♦♠✐❝✮✱ M ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝ ❜② ❚❤❡♦r❡♠ ✻✳✶✶✳
■❢ φ ✐s t❤❡ s✉♠ ♠❛♣

⊕

x∈N

Dx → N =
∑

x∈N

Dx ❛♥❞ V = kerφ✱ t❤❡♥ N ∼=
⊕

x∈N

Dx/V ✳

❙✐♥❝❡ Dx →֒ M ❢♦r ❡❛❝❤ x ∈ N ✱ ✇❡ ❤❛✈❡ t❤❛t N →֒ M (|N |)/L ❢♦r s♦♠❡ s✉❜♠♦❞✉❧❡ L
♦❢ M ✳

▲❡t M ❜❡ ❛ ❧❡❢t D✲♠♦❞✉❧❡ ❛♥❞ ❝♦♥s✐❞❡r ❛♥ ❡❧❡♠❡♥t m ∈ M ✳ ❘❡❝❛❧❧ t❤❛t m ✐s ❛

t♦rs✐♦♥ ❡❧❡♠❡♥t ✐❢ AnnD(m) := {r ∈ D : rm = 0} ✐s ❛ ♥♦♥✲③❡r♦ ❧❡❢t ✐❞❡❛❧ ♦❢ D ✳ ■❢ ❡✈❡r②

❡❧❡♠❡♥t ♦❢ M ✐s t♦rs✐♦♥✱ t❤❡♥ M ✐s ❝❛❧❧❡❞ ❛ t♦rs✐♦♥ ♠♦❞✉❧❡✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶✸✳ ❊✈❡r② q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡ ✐s ❛ t♦rs✐♦♥ ♠♦❞✉❧❡✳ ❈♦♥✈❡rs❡❧②✱

✐❢ D ❤❛s ♥♦ ③❡r♦✲❞✐✈✐s♦rs ❛♥❞ n = 1✱ t❤❡♥ ❡✈❡r② t♦rs✐♦♥ D✲♠♦❞✉❧❡ ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝✳

Pr♦♦❢✳ ▲❡t M ❜❡ ❛ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡ ❛♥❞ m ❜❡ ❛ ♥♦♥✲③❡r♦ ❡❧❡♠❡♥t ♦❢ M ✳
❈♦♥s✐❞❡r t❤❡ ♠❛♣ ϕ : D → M ❞❡✜♥❡❞ ❜② ϕ(r) = rm✳ ■❢ AnnD(m) = kerϕ = 0✱ t❤❡♥
0 = jD(D) = jD(imϕ) ≥ n✱ ✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ AnnD(m) 6= 0✳

❈♦♥✈❡rs❡❧②✱ s✉♣♣♦s❡ t❤❛t D ❤❛s ♥♦ ③❡r♦✲❞✐✈✐s♦rs ❛♥❞ n = 1✳ ▲❡t a ❜❡ ❛ ♥♦♥✲③❡r♦
❡❧❡♠❡♥t ♦❢ D ✳ ❚❤❡♥ HomD(D/Da,D) = 0✳ ❚❤❡r❡❢♦r❡ jD(D/Da) ≥ 1 ❛♥❞ ❝♦♥s❡q✉❡♥t❧②
d(D/Da) = 1✱ ✐✳❡✳✱ D/Da ✐s ❤♦❧♦♥♦♠✐❝✳ ◆♦✇ ❧❡tM ❜❡ ❛ t♦rs✐♦♥ D✲♠♦❞✉❧❡ ❛♥❞ ❧❡tN ❜❡
❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ s✉❜♠♦❞✉❧❡ ♦❢M ✳ ❙✉♣♣♦s❡ t❤❛tN ✐s ❣❡♥❡r❛t❡❞ ❜②m1, . . . ,mr✳ ❙✐♥❝❡
M ✐s t♦rs✐♦♥✱ ❢♦r ❡❛❝❤ j = 1, . . . , r t❤❡r❡ ❡①✐sts 0 6= aj ∈ D s✉❝❤ t❤❛t ajmj = 0✳ ❍❡♥❝❡
Dmj ✐s ❛ q✉♦t✐❡♥t ♦❢ D/Daj✳ ❚❤✉s ❡❛❝❤ Dmj ✐s ❤♦❧♦♥♦♠✐❝✳ ❙✐♥❝❡ N ✐s t❤❡ s✉♠ ♦❢ ❛❧❧
t❤❡ Dmj✱ ✐t ✐s ❤♦❧♦♥♦♠✐❝✳ ❋✐♥❛❧❧②✱ s✐♥❝❡ ❡✈❡r② ♠♦❞✉❧❡ ✐s t❤❡ ✐♥❞✉❝t✐✈❡ ❧✐♠✐t ♦❢ ✐ts ✜♥✐t❡❧②
❣❡♥❡r❛t❡❞ s✉❜♠♦❞✉❧❡s✱ ✇❡ ❤❛✈❡ t❤❛t M ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝ ❜② ❚❤❡♦r❡♠ ✻✳✶✶✳
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❚❤❡ r✐♥❣ R ❤❛s ❛ ♥❛t✉r❛❧ str✉❝t✉r❡ ♦❢ D✲♠♦❞✉❧❡✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ R

✐s ❜② str❛✐❣❤t❢♦r✇❛r❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥✱ ✇❤✐❧st t❤❡ ❛❝t✐♦♥ ♦❢ ❡❛❝❤ ❞❡r✐✈❛t✐♦♥ δ ∈ Derk(R)
♦✈❡r ❛♥ ❡❧❡♠❡♥t f ♦❢ R ✐s δ · f = δ(f)✳ ■t ✐s ♥♦t ❤❛r❞ t♦ s❤♦✇ t❤❛t R ✐s ❛ ❤♦❧♦♥♦♠✐❝

D✲♠♦❞✉❧❡✱ ✇❤❡♥❝❡ t♦rs✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶✹✳ ■❢ R ✐s str♦♥❣ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡ ❛♥❞ D ✐s ❛ s✐♠♣❧❡ r✐♥❣✱

t❤❡♥ R ✐s ❛♥ ✐rr❡❞✉❝✐❜❧❡ D✲♠♦❞✉❧❡✳ ■♥ t❤✐s ❝❛s❡✱

R ∼= D/
n
∑

i=1

DDi

Pr♦♦❢✳ ■❢ I ✐s ❛ ♥♦♥✲③❡r♦ s✉❜♠♦❞✉❧❡ ♦❢ R✱ t❤❡♥ t❤❡ t✇♦✲s✐❞❡❞ ✐❞❡❛❧ a ♦❢ D ❣❡♥❡r❛t❡❞ ❜②
I ❝♦✐♥❝✐❞❡s ✇✐t❤ D ✳ ❇✉t I = a ∩R✳ ❚❤❡♥ I = D ∩R = R✳

❚❤❡ ❡❧❡♠❡♥t 1 ∈ R ✐s ❛♥♥✐❤✐❧❛t❡❞ ❜② D1, . . . , Dn✳ ❍❡♥❝❡ t❤❡ ❧❡❢t ✐❞❡❛❧ J ♦❢ D

❣❡♥❡r❛t❡❞ ❜② D1, . . . , Dn ✐s ❝♦♥t❛✐♥❡❞ ✐♥ AnnD(1)✳ ❈♦♥✈❡rs❡❧②✱ ❝♦♥s✐❞❡r P ∈ AnnD(1)✳
❚❤❡♥ P ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ f +Q✱ ✇❤❡r❡ Q ∈ J ❛♥❞ f ∈ R✳ ❚❤✉s

0 = P · 1 = f · 1 = f.

❚❤❡r❡❢♦r❡ P = Q ∈ J ✳ ❈♦♥s❡q✉❡♥t❧②✱ J = AnnD(1)✳ ❈♦♥s✐❞❡r ♥♦✇ t❤❡ ♠❛♣ ♦❢ D✲
♠♦❞✉❧❡s φ : D → R ❞❡✜♥❡❞ ❜② φ(1) = 1✳ ❙✐♥❝❡ 0 6= 1 ∈ R ❛♥❞ R ✐s ✐rr❡❞✉❝✐❜❧❡✱ φ ✐s
s✉r❥❡❝t✐✈❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ kerφ = AnnD(1) = J ✳ ❚❤❡r❡❢♦r❡✱ D/J ∼= R✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶✺✳ ▲❡t M ❜❡ ❛ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡✳ ❚❤❡♥ t❤❡ ✢❛t ❞✐♠❡♥s✐♦♥

fd(M) ♦❢ M ✐s ❛t ♠♦st n✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ fd(M) = n✱ t❤❡♥ proj. dim(M) = n✳

Pr♦♦❢✳ ▲❡t ✉s ❛ss✉♠❡ ✜rst t❤❛t M ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ✭❤❡♥❝❡ ❤♦❧♦♥♦♠✐❝ ❜② ❘❡✲
♠❛r❦ ✻✳✽✮✳ ■❢ proj. dim(M) ≤ n − 1✱ t❤❡♥ ExtnD(M,D) = 0✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t
t❤❛t jD(M) = n✳ ❚❤❡r❡❢♦r❡✱ proj. dim(M) ≥ n✳ ❙✐♥❝❡ proj. dim(M) ≤ gl. dim(D) = n✱
✇❡ ❤❛✈❡ t❤❛t proj. dim(M) = n✳ ❙✐♥❝❡ D ✐s ◆♦❡t❤❡r✐❛♥ ❛♥❞ M ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✱
fd(M) = proj. dim(M) = n✳

■♥ ❣❡♥❡r❛❧✱ M ✐s t❤❡ ✐♥❞✉❝t✐✈❡ ❧✐♠✐t ♦❢ ✐ts ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ s✉❜♠♦❞✉❧❡s✱ ✐✳❡✳✱
M = lim−→

λ∈Λ

Mλ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ 0→ (Fn)λ → · · · → (F1)λ → (F0)λ →Mλ ✐s ❛ ✢❛t

r❡s♦❧✉t✐♦♥ ♦❢ ❡❛❝❤ Mλ✱ t❤❡♥ 0 → lim−→
λ∈Λ

(Fn)λ → · · · → lim−→
λ∈Λ

(F1)λ → lim−→
λ∈Λ

(F0)λ → lim−→
λ∈Λ

Mλ ✐s

❛ ✢❛t r❡s♦❧✉t✐♦♥ ♦❢ M ✳ ❚❤❡r❡❢♦r❡ fd(M) ≤ n✳
❚❤❡ ❧❛st st❛t❡♠❡♥t ❢♦❧❧♦✇s ❢r♦♠ fd(M) ≤ proj. dim(M) ≤ gl. dim(D) = n✳

◗✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡s ✇❤✐❝❤ ❛r❡ ❞✐r❡❝t s✉♠s ♦❢ ❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡s ❤❛✈❡

♣r♦❥❡❝t✐✈❡ ❛♥❞ ✢❛t ❞✐♠❡♥s✐♦♥ ❡q✉❛❧ t♦ n✱ ❜❡❝❛✉s❡ proj. dim(⊕Mλ) = sup {proj. dim(Mλ)}
❛♥❞ fd(⊕Mλ) = sup {fd(Mλ)}✳

✽✸



◆♦✇ ❧❡t S ❜❡ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ s✉❜s❡t ♦❢ R✳ ❋♦r ❛♥② D✲♠♦❞✉❧❡ M ✱ t❤❡ R✲♠♦❞✉❧❡

S−1M ❤❛s str✉❝t✉r❡ ♦❢ D✲♠♦❞✉❧❡ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ♥❛t✉r❛❧ ♠❛♣M → S−1M ✐s ❛

❤♦♠♦♠♦r♣❤✐s♠ ♦❢ D✲♠♦❞✉❧❡s✳ ■♥ ♦r❞❡r t♦ ❡①t❡♥❞ t❤❡ ❛❝t✐♦♥ ♦❢ δ ∈ Derk(R) t♦ S−1M ✱

✇❡ ❞❡✜♥❡ ✐t ❜② t❤❡ ✉s✉❛❧ q✉♦t✐❡♥t r✉❧❡ ❢♦r ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ✐✳❡✳✱

δ ·
(

m

f

)

=
f · δm− δ(f) ·m

f 2
.

❘❡♠❛r❦ ✻✳✶✻✳ ❏✳✲❊✳ ❇❥ör❦ ♣r♦✈❡❞ ✐♥ ❬❇❥ö✼✾✱ ❈❤❛♣t❡r ✸✱ ❚❤❡♦r❡♠ ✹✳✶❪ t❤❡ ♥♦♥✲tr✐✈✐❛❧
r❡s✉❧t t❤❛t t❤❡ ❧♦❝❛❧✐s❛t✐♦♥ ❜② ❛♥ ❡❧❡♠❡♥t ♦❢ ❛ ♣♦✇❡r s❡r✐❡s r✐♥❣ A = k[[x1, . . . , xn]] ♦❢
❛ ❤♦❧♦♥♦♠✐❝ DA/k✲♠♦❞✉❧❡ ✐s ❛❧s♦ ❛ ❤♦❧♦♥♦♠✐❝ DA/k✲♠♦❞✉❧❡✳ ▲❛t❡r✱ ❩✳ ▼❡❜❦❤♦✉t ❛♥❞
▲✳ ◆❛r✈á❡③✲▼❛❝❛rr♦ ❡①t❡♥❞❡❞ t❤✐s r❡s✉❧t ❢♦r str♦♥❣ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡ k✲❛❧❣❡❜r❛s
✐♥ ❬▼◆▼✾✶✱ ❚❤é♦rè♠❡ ✸✳✷✳✶❪ ❛♥❞ ▲✳ ◆úñ❡③✲❇❡t❛♥❝♦✉rt ❞✐❞ t❤❡ ♣r♦♣❡r ❢♦r ❞✐✛❡r❡♥t✐❛❜❧❡
❛❞♠✐ss✐❜❧❡ k✲❛❧❣❡❜r❛s ✐♥ ❬◆❇✶✸✱ ❈♦r♦❧❧❛r② ✸✳✶✷❪✳

◆♦✇✱ ❧❡t M ❜❡ ❛♥ R✲♠♦❞✉❧❡ ❛♥❞ ❧❡t S ❜❡ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ s✉❜s❡t ♦❢ R✳ ■♥ S ✇❡

❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥✿ ❣✐✈❡♥ s, t ∈ S✱ s ≤ t ✐❢ t❤❡r❡ ✐s r ∈ R s✉❝❤ t❤❛t t = rs✳ ■t

✐s ♥♦t ❤❛r❞ s❡❡ t❤❛t ≤ ✐s ❛ ♣❛rt✐❛❧ ♦r❞❡r ♦✈❡r S✳ ❲✐t❤ t❤✐s ♦r❞❡r✱ S ❜❡❝♦♠❡s ❛ ❞✐r❡❝t❡❞

s❡t✳ ❋♦r s ≤ t✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♠❛♣ ϕs,t : Ms → Mt ❞❡✜♥❡❞ ❜② ϕs,t(ms ) =
rm
t
✱ ✇❤❡r❡

t = rs✳ ❚❤❡♥✱ {Ms, ϕs,t :Ms →Mt} ✐s ❛♥ ✐♥❞✉❝t✐✈❡ s②st❡♠ ♦❢ R✲♠♦❞✉❧❡s s✉❝❤ t❤❛t

lim−→
s∈S

Ms = S−1M ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ R✲♠♦❞✉❧❡s ✇✐t❤ t❤❡ ♥❛t✉r❛❧ R✲❤♦♠♦♠♦r♣❤✐s♠s

is :Ms → S−1M ❛s ✐♥s❡rt✐♦♥ ♠♦r♣❤✐s♠s✳

❚❤❡ ♥❡①t r❡s✉❧t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥s ❛❜♦✈❡✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶✼✳ ❙✉♣♣♦s❡ t❤❛tM ✐s ❛ D✲♠♦❞✉❧❡ ❛♥❞ t❤❛t S ✐s ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ s✉❜s❡t

♦❢ R✳ ❚❤❡♥

✭✐✮ Ms ✐s ❛ D✲♠♦❞✉❧❡ ❢♦r ❡❛❝❤ s ∈ S ❛♥❞ ❢♦r s ≤ t✱ t❤❡ ♠❛♣ ϕs,t : Ms → Mt ✐s ❛

❤♦♠♦♠♦r♣❤✐s♠ ♦❢ D✲♠♦❞✉❧❡s✳ ▼♦r❡♦✈❡r✱ {Ms, ϕs,t :Ms →Mt} ✐s ❛♥ ✐♥❞✉❝t✐✈❡

s②st❡♠ ♦❢ D✲♠♦❞✉❧❡s✳

✭✐✐✮ ❋♦r ❡❛❝❤ s ∈ S✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣ is : Ms → S−1M ✐s ❛ ❤♦♠♦♠♦r♣❤✐s♠ ♦❢ D✲

♠♦❞✉❧❡s s✉❝❤ t❤❛t lim−→
s∈S

Ms = S−1M ✐s t❤❡ ✐♥❞✉❝t✐✈❡ ❧✐♠✐t ♦❢ t❤❡ s②st❡♠ ❛❜♦✈❡ ✐♥

t❤❡ ❝❛t❡❣♦r② ♦❢ D✲♠♦❞✉❧❡s✳

❈♦r♦❧❧❛r② ✻✳✶✽✳ ▲❡t S ❜❡ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ s✉❜s❡t ♦❢ R✳ ■❢ M ✐s ❛ q✉❛s✐✲❤♦❧♦♥♦♠✐❝

D✲♠♦❞✉❧❡✱ t❤❡♥ S−1M ✐s ❛ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡✳

Pr♦♦❢✳ ❲❡ s❤❛❧❧ s❡❡ t❤❛t Mf ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝ ❢♦r ❛❧❧ f ∈ R✳ ■♥ ❢❛❝t✱ M ∼= lim−→Mλ

✇❤❡r❡ Mλ ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ D✲♠♦❞✉❧❡ ❢♦r ❡✈❡r② λ✳ ❙✐♥❝❡ ❧♦❝❛❧✐s❛t✐♦♥ ❛t f ❝♦♠✲
♠✉t❡s ✇✐t❤ ✐♥❞✉❝t✐✈❡ ❧✐♠✐ts✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ R✲♠♦❞✉❧❡s Mf ❛♥❞ lim−→Mλ

f ❛r❡ ✐s♦♠♦r✲
♣❤✐❝✳ ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✻✳✶✼ t❤❡② ❛r❡ ❛❧s♦ ✐s♦♠♦r♣❤✐❝ ❛s D✲♠♦❞✉❧❡s✳ ❚❤✉s
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Mf ✐s ❛ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡ ❢♦r ❡✈❡r② f ∈ R ❜② ❚❤❡♦r❡♠ ✻✳✶✶✳ ❚❤❡ st❛t❡♠❡♥t
❢♦❧❧♦✇s ❜② Pr♦♣♦s✐t✐♦♥ ✻✳✶✼✱ ✭✷✮ ❛♥❞ ❚❤❡♦r❡♠ ✻✳✶✶✳

✻✳✸ ▲♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❛♥❞ ❇❛ss ♥✉♠❜❡rs

❈♦♥s✐❞❡r t✇♦ ❢❛♠✐❧✐❡s β ⊆ α ♦❢ R ❛♥❞ ❛♥ R✲♠♦❞✉❧❡M ✳ ❚❤❡ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s

H i
α/β(M) ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡ r✐❣❤t ❞❡r✐✈❡❞ ❢✉♥❝t♦rs ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢

R✲♠♦❞✉❧❡s

0 Γβ(M) Γα(M) Γα(M)/Γβ(M) 0.// //
ι

//
π

//

❙❡❡ ❬❍❛r✻✻✱ ♣♣✳ ✷✶✾✕✷✷✶❪✳ ❆ ❢✉♥❝t♦r T (−) ✐s ❝❛❧❧❡❞ ❛ ▲②✉❜❡③♥✐❦ ❢✉♥❝t♦r ✭❝❢✳ ❬▲②✉✾✸✱

✶❪ ❛♥❞ ❬◆❇✶✸✱ ❉❡✜♥✐t✐♦♥ ✹✳✶❪✮ ✐❢ ✐t ✐s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❝♦❤♦♠♦❧♦❣② ❢✉♥❝t♦rs ♦r ❦❡r♥❡❧s

♦❢ t❤❡ ✐♥❞✉❝❡❞ ❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡

· · · H i
α(−) H i

α/β(−) H i+1
β (−) · · · .//

ιi
//

πi
//

∂i
//

ιi+1

✭✻✳✹✮

❚❤❡♦r❡♠ ✻✳✶✾✳ ▲❡t M ❜❡ ❛ D✲♠♦❞✉❧❡ ❛♥❞ ❧❡t α ❜❡ ❛ ❢❛♠✐❧② ♦❢ s✉♣♣♦rts ♦♥ SpecR✳

❚❤❡♥ t❤❡ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s H i
α(M) ❛❧❧ ❤❛✈❡ t❤❡ str✉❝t✉r❡ ♦❢ D✲♠♦❞✉❧❡s✳ ▼♦r❡✲

♦✈❡r✱ ✐❢ M ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝✱ t❤❡♥ H i
α(M) ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝✳

Pr♦♦❢✳ ❚❤❡ i✲t❤ ❝♦❤♦♠♦❧♦❣② ❢✉♥❝t♦rH i
α(−) ✐s ❛♥ ❛❞❞✐t✐✈❡ ❢✉♥❝t♦r ❢♦r ❡✈❡r② i✳ ❍❡♥❝❡✱ ❜②

❬▲②✉✾✸✱ ❊①❛♠♣❧❡ ✷✳✶✱ ✭✐✐✐✮❪✱ H i
α(M) ✐s ❛ D✲♠♦❞✉❧❡ ❢♦r ❡✈❡r② i✳ ❇② ❚❤❡♦r❡♠ ✶✳✶✶ ✇❡ ❤❛✈❡

t❤❛t H i
α(M) ∼= lim−→

I∈〈α〉

H i
I(M) ❛s R✲♠♦❞✉❧❡s✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤✐s ✐s ❛❧s♦ ❛♥ ✐s♦♠♦r♣❤✐s♠

♦❢ D✲♠♦❞✉❧❡s✳ ■♥ ❢❛❝t✱ ✇❡ ❤❛✈❡ t❤❛t H i
I(M) ∼= H i(C•

f (M)) ❛s D✲♠♦❞✉❧❡s✱ ✇❤❡r❡ f

✐s ❛ s❡t ♦❢ ❣❡♥❡r❛t♦rs ♦❢ I ❛♥❞ C•
f (M) ✐s t❤❡ ❷❡❝❤ ❝♦♠♣❧❡① ♦❢ M ✳ ❚❤❡ ❞✐r❡❝t s②st❡♠

{H i
I(M), ιJI}I∈〈α〉 ♦❢ R✲♠♦❞✉❧❡s ✐s ❛❧s♦ ❛ ❞✐r❡❝t s②st❡♠ ♦❢ D✲♠♦❞✉❧❡s ❜❡❝❛✉s❡ ✐❢ I ⊇ J ✱

t❤❡♥ ✇❡ ❝❛♥ ❝❤♦♦s❡ ❣❡♥❡r❛t♦rs g ♦❢ J ❛♥❞ ❝♦♠♣❧❡t❡ ✐t t♦ ❛ s❡t ♦❢ ❣❡♥❡r❛t♦rs g, f ♦❢ I✱
✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ♠♦r♣❤✐s♠s ❢r♦♠ C•

g,f (M) t♦ C•
g(M) ❛r❡ ❣✐✈❡♥ ❜② ♣r♦❥❡❝t✐♦♥s✳ ❍❡♥❝❡

t❤❡② ❛r❡ D✲❤♦♠♦♠♦r♣❤✐s♠s✳ ❚❤✉s ιJI ✐s ❛❧s♦ ❛ D✲❤♦♠♦♠♦r♣❤✐s♠ ❛♥❞ t❤✐s ♣r♦✈❡s t❤❡
❝❧❛✐♠✳ ❋r♦♠ ❚❤❡♦r❡♠ ✻✳✶✶ ✇❡ ❤❛✈❡ t❤❡ st❛t❡♠❡♥t✳

❈♦r♦❧❧❛r② ✻✳✷✵✳ ▲❡t M ❜❡ ❛ D✲♠♦❞✉❧❡✳ ❚❤❡♥ T (M) ❤❛s ❛ str✉❝t✉r❡ ♦❢ D✲♠♦❞✉❧❡✳

▼♦r❡♦✈❡r✱ ✐❢ M ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝✱ t❤❡♥ T (M) ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝✳

Pr♦♦❢✳ ■t s✉✣❝❡s t♦ s❤♦✇ t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ❢♦r H i
α/β(M)✱ ❜✉t t❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡

❡①❛❝t s❡q✉❡♥❝❡ 0 −→ H i
α(M)/ ker πi −→ H i

α/β(M) −→ im ∂i −→ 0 ✇❤✐❝❤ ✐s ✐♥❞✉❝❡❞
❜② ❡q✉❛t✐♦♥ ✭✻✳✹✮✳
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❈♦r♦❧❧❛r② ✻✳✷✶✳ ❋♦r ❡✈❡r② i✱ t❤❡ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡ H i
α(M) ✐s ❛ ❧♦❝❛❧❧② ❆rt✐♥✐❛♥✱

t♦rs✐♦♥ D✲♠♦❞✉❧❡✳ ▼♦r❡♦✈❡r✱ ✐❢ D ✐s ❛ s✐♠♣❧❡ r✐♥❣✱ t❤❡♥ H i
α(M) ✐s ❛ ❧♦❝❛❧❧② ❝②❝❧✐❝ D✲

♠♦❞✉❧❡✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✻✳✶✾✱ ❘❡♠❛r❦ ✻✳✾ ❛♥❞ ❈♦r♦❧❧❛r② ✻✳✶✸✳

❇❡❢♦r❡ ♣r❡s❡♥t✐♥❣ ♦✉r ♥❡①t r❡s✉❧ts✱ ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✳

Pr♦♣♦s✐t✐♦♥ ✻✳✷✷✳ ▲❡t (R,m, K) ❜❡ ❛ ❧♦❝❛❧ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡ k✲❛❧❣❡❜r❛✳ ■❢ M

✐s ❛ D✲♠♦❞✉❧❡✱ t❤❡♥ R̂ ⊗R M ✐s ❛ D̂✲♠♦❞✉❧❡✱ ✇❤❡r❡ D̂ = DR̂/K✳ ▼♦r❡♦✈❡r✱ ✐❢ M ✐s ❛

❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡✱ t❤❡♥ R̂⊗RM ✐s ❛ ❤♦❧♦♥♦♠✐❝ D̂✲♠♦❞✉❧❡✳

Pr♦♦❢✳ ❇② ❚❤❡♦r❡♠ ✻✳✷✱ ✇❡ ❤❛✈❡ t❤❛t R̂ = K[[x1, . . . , xn]]✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ∂1, . . . , ∂n
❛r❡ t❤❡ ✉s✉❛❧ ❞❡r✐✈❛t✐♦♥s ♦✈❡r K[[x1, . . . , xn]]✱ t❤❡♥ D̂ = K[[x1, . . . , xn]]〈∂1, . . . , ∂n〉 ❛♥❞
∂i ∈ Derk(R)✳ ◆♦✇ ✇❡ ❞❡✜♥❡ t❤❡ ❛❝t✐♦♥s ♦❢ t❤❡ ❡❧❡♠❡♥ts f ∈ R̂ ❛♥❞ t❤❡ ❞❡r✐✈❛t✐♦♥s ∂i✱
i = 1, . . . , n ♦✈❡r t❤❡ ❡❧❡♠❡♥ts g⊗m ♦❢ t❤❡ R✲♠♦❞✉❧❡ R̂⊗RM ❜② f · (g⊗m) := fg⊗m
❛♥❞ ∂i · (g ⊗m) := ∂i(g)⊗m+ g ⊗ ∂i ·m✳

❙✐♥❝❡ ∂i ∈ Derk(R) ❛♥❞ [∂i, f ] · (g ⊗ m) = ∂i(f) · (g ⊗ m) ❢♦r ❛❧❧ i = 1, . . . , n

❛♥❞ ❢♦r ❛❧❧ f, g ∈ R̂ ❛♥❞ m ∈ M ✱ t❤❡ ❛❝t✐♦♥ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛❧❧ ❡❧❡♠❡♥ts ♦❢ D̂ ✳
❈♦♥s❡q✉❡♥t❧②✱ R̂⊗RM ✐s ❛ D̂✲♠♦❞✉❧❡✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ❚❤❡♦r❡♠ ✻✳✷✱ Derk(R̂) = DerK(R̂)✳ ❚❤✉s DR̂/k = D̂ ✳
❈♦♥s✐❞❡r ♥♦✇ t❤❡ ♠❛♣ R̂ ⊗R M → DR̂/k ⊗D M ❞❡✜♥❡❞ ❜② f ⊗m 7→ f ⊗m✳ ■t ✐s ♥♦t
❤❛r❞ t♦ ♣r♦✈❡ t❤❛t t❤✐s ✐s ❛♥ ✐♥❥❡❝t✐✈❡ ♠❛♣ ♦❢ DR̂/k✲♠♦❞✉❧❡s✳ ❙✐♥❝❡ DR̂/k ⊗D M ✐s ❛
❤♦❧♦♥♦♠✐❝ DR̂/k✲♠♦❞✉❧❡ ✭s❡❡ ❬▼◆▼✾✶✱ ❘❡♠❛rq✉❡ ✷✳✷✳✺❪✮✱ ✐t ❢♦❧❧♦✇s t❤❛t R̂ ⊗R M ✐s ❛
❤♦❧♦♥♦♠✐❝ DR̂/k✲♠♦❞✉❧❡ ❛♥❞ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s✳

❈♦r♦❧❧❛r② ✻✳✷✸✳ ▲❡t (R,m, K) ❜❡ ❛ ❧♦❝❛❧ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡ k✲❛❧❣❡❜r❛ ❛♥❞ M ❜❡

❛ D✲♠♦❞✉❧❡✳ ❚❤❡♥ inj. dimR̂(R̂⊗RM) ≤ dimR̂(R̂⊗RM)✳ ■❢ M ✐s ❤♦❧♦♥♦♠✐❝✱ t❤❡♥ t❤❡

s❡t ♦❢ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ t❤❡ R✲♠♦❞✉❧❡ M ✐s ✜♥✐t❡✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ t❤❛t R̂⊗RM ✐s ❛ D̂✲♠♦❞✉❧❡ ❜② Pr♦♣♦s✐t✐♦♥ ✻✳✷✷✳ ❙✐♥❝❡ t❤❡ ❝♦♠♣❧❡t✐♦♥
R̂ ✐s t❤❡ ♣♦✇❡r s❡r✐❡s r✐♥❣K[[x1, . . . , xn]]✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ❬▲②✉✾✸✱ ❚❤❡♦r❡♠ ✷✳✹✱ ✭❜✮❪ t❤❛t
inj. dimR̂(R̂ ⊗R M) ≤ dimR̂(R̂ ⊗R M)✳ ■❢ M ✐s ❤♦❧♦♥♦♠✐❝✱ t❤❡♥ R̂ ⊗R M ✐s ❤♦❧♦♥♦♠✐❝
❜② Pr♦♣♦s✐t✐♦♥ ✻✳✷✷✳ ❍❡♥❝❡ t❤❡ s❡t ♦❢ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ R̂ ⊗R M ❛s R̂✲♠♦❞✉❧❡ ✐s
✜♥✐t❡ ❜② ❬▲②✉✾✸✱ ❚❤❡♦r❡♠ ✷✳✹✱ ✭❝✮❪✳ ❙✐♥❝❡ ❡✈❡r② ❛ss♦❝✐❛t❡❞ ♣r✐♠❡ ♦❢ t❤❡ R✲♠♦❞✉❧❡ M
✐s r❡str✐❝t✐♦♥ ♦❢ ❛♥ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡ ♦❢ t❤❡ R̂✲♠♦❞✉❧❡ R̂⊗RM ✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ s❡t ♦❢
❛ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ M ❛s R✲♠♦❞✉❧❡ ✐s ✜♥✐t❡✳

❚❤❡♦r❡♠ ✻✳✷✹✳ ▲❡t R ❜❡ ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡ k✲❛❧❣❡❜r❛ ❛♥❞ ❧❡t M ❜❡ ❛ ❧❡❢t

D✲♠♦❞✉❧❡✳

✭❛✮ ❋♦r ❛♥② ♠❛①✐♠❛❧ ✐❞❡❛❧ m ♦❢ R✱ Hj
m(M) ✐s ❛♥ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡✳

✭❜✮ ■❢ dimR(M) = 0✱ t❤❡♥ M ✐s ❛♥ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡✳

✽✻



✭❝✮ ❙✉♣♣♦s❡ t❤❛t M ✐s ❛ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡✳ ■❢ N ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

D✲s✉❜♠♦❞✉❧❡ ♦❢ M ✱ t❤❡♥ t❤❡ s❡t ♦❢ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ N ✐s ✜♥✐t❡✳

✭❞✮ ❙✉♣♣♦s❡ t❤❛t M ✐s ❛ ❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡✳ ❚❤❡♥ µi(m,M) ✐s ✜♥✐t❡ ❢♦r ❡✈❡r②

♠❛①✐♠❛❧ ✐❞❡❛❧ m ❛♥❞ ❡✈❡r② i✳

Pr♦♦❢✳ ✭❛✮ ◆♦t❡ t❤❛t Hj
m(M) ✐s ❛♥ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ (Hj

m(M))n ✐s ❛♥
✐♥❥❡❝t✐✈❡ Rn✲♠♦❞✉❧❡ ❢♦r ❡✈❡r② ♠❛①✐♠❛❧ ✐❞❡❛❧ n ♦❢ R✳ ❙✐♥❝❡ (Hj

m(M))n = Hj
mRn

(Mn)

❜② ▲❡♠♠❛ ✶✳✶✽✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t R ✐s ❧♦❝❛❧ ✇✐t❤ ♠❛①✐♠❛❧ ✐❞❡❛❧ m✳ ▲❡t R̂
❜❡ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ R ✇✐t❤ r❡s♣❡❝t t♦ m✳ ❆❣❛✐♥✱ ❜② ▲❡♠♠❛ ✶✳✶✽✱ ✇❡ ❤❛✈❡
t❤❛t R̂ ⊗R Hj

m(M) ∼= Hj

mR̂
(R̂ ⊗R M)✳ ❙✐♥❝❡ Hj

m(M) ✐s s✉♣♣♦rt❡❞ ♦♥❧② ❛t m✱
R̂ ⊗R Hj

m(M) = Hj
m(M)✳ ❚❤❡r❡❢♦r❡✱ Hj

mR̂
(R̂ ⊗R M) ∼= Hj

m(M)✳ ■♥ ✈✐❡✇ ♦❢
Pr♦♣♦s✐t✐♦♥ ✻✳✷✷✱ R̂ ⊗R M ✐s ❛ DR̂/K✲♠♦❞✉❧❡✱ ✇❤❡r❡ K = R/m ❛♥❞ DR̂/K ✐s t❤❡
r✐♥❣ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦rs K[[x1, . . . , xn]]〈∂1, . . . , ∂n〉✳ ❙✐♥❝❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢
Hj

mR̂
(R̂ ⊗R M) ✐s ③❡r♦✱ ✇❡ ❤❛✈❡ t❤❛t Hj

mR̂
(R̂ ⊗R M) ✐s ❛ ❞✐r❡❝t s✉♠ ♦❢ ❝♦♣✐❡s

♦❢ ER̂(R̂/mR̂) = ER(R/m) ❜② ❬▲②✉✾✸✱ Pr♦♣♦s✐t✐♦♥ ✷✳✸ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✹❪✳ ❍❡♥❝❡
Hj

mR̂
(R̂⊗RM) ✐s ❛♥ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡ ❛♥❞ Hj

m(M) ✐s ❛❧s♦ ❛♥ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡✳

✭❜✮ ■t s✉✣❝❡s t♦ s❤♦✇ t❤❛t Mm ✐s Rm✲✐♥❥❡❝t✐✈❡ ❢♦r ❡✈❡r② ♠❛①✐♠❛❧ ✐❞❡❛❧ m ♦❢ R✳ ❋♦r
❡❛❝❤ ♠❛①✐♠❛❧ ✐❞❡❛❧ m ♦❢ R✱ ✇❡ ❤❛✈❡ t❤❛t SuppRm

(Mm) ⊆ {mRm}✳ ❚❤❡r❡❢♦r❡✱
H0

mRm
(Mm) = ΓmRm

(Mm) = Mm ❛♥❞ t❤✐s ✐♠♣❧✐❡s t❤❛t Mm ✐s ❛♥ ✐♥❥❡❝t✐✈❡ Rm✲
♠♦❞✉❧❡ ❜② ✭❛✮✳ ❚❤✉s t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s✳

✭❝✮ ▲❡t N ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ s✉❜♠♦❞✉❧❡ ♦❢ M ✳ ❙✐♥❝❡ M ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝✱ ✇❡
❤❛✈❡ t❤❛t N ✐s ❤♦❧♦♥♦♠✐❝ ❜② ❘❡♠❛r❦ ✻✳✽✳ ◆♦✇✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ ❬◆❇✶✸✱
▲❡♠♠❛ ✹✳✸❪✳

✭❞✮ ▲❡t m ❜❡ ❛ ♠❛①✐♠❛❧ ✐❞❡❛❧ ♦❢ R✳ ❚❤❡♥ µi(m,M) = µi(mRm,Mm)✳ ❚❤❡r❡❢♦r❡✱
✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t R ✐s ❧♦❝❛❧ ❛♥❞ m ✐s t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧ ♦❢ R✳ ❇② ♣❛rt ✭❛✮
❛♥❞ ❬▲②✉✾✸✱ ▲❡♠♠❛ ✶✳✹❪ ✇❡ ❤❛✈❡ t❤❛t µi(m,M) = µ0(m, H i

m(M))✳ ❚❤❡r❡❢♦r❡
✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t µ0(m, H i

m(M)) ✐s ✜♥✐t❡✳ ▲❡t R̂ ❜❡ t❤❡ ❝♦♠♣❧❡t✐♦♥
♦❢ R ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧ m✳ ❚❤❡♥ R̂ = K[[x1, ..., xn]]✱ ✇❤❡r❡
K = R/m✳ ❇② ▲❡♠♠❛ ✶✳✶✽ ✇❡ ♦❜t❛✐♥ t❤❛t H i

mR̂
(R̂⊗RM) = R̂⊗R H i

m(M)✳ ❇✉t
R̂ ⊗R H i

m(M) = H i
m(M) ❜❡❝❛✉s❡ dimR(H

i
m(M)) = 0✳ ❲❡ ❝♦♥❝❧✉❞❡ ✐♥ t❤✐s ✇❛②

t❤❛t H i
mR̂

(R̂⊗RM) = H i
m(M) ❛♥❞ µ0(m, H i

m(M)) = µ0(mR̂,H i
mR̂

(R̂⊗RM))✳

❇② Pr♦♣♦s✐t✐♦♥ ✻✳✷✷✱ R̂ ⊗R M ✐s ❛ ❤♦❧♦♥♦♠✐❝ D̂✲♠♦❞✉❧❡✳ ❍❡♥❝❡ H i
mR̂

(R̂ ⊗R M)

✐s ❤♦❧♦♥♦♠✐❝✳ ❚❤❡r❡❢♦r❡✱ µ0(mR̂,H i
mR̂

(R̂ ⊗R M)) ✐s ✜♥✐t❡ ❜② ❬▲②✉✾✸✱ ❚❤❡♦✲
r❡♠ ✷✳✹✱ ✭❞✮❪ ❛♥❞ t❤❡ st❛t❡♠❡♥t ❢♦❧❧♦✇s✳

❈♦r♦❧❧❛r② ✻✳✷✺✳ ▲❡t R ❜❡ ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ❛❞♠✐ss✐❜❧❡ k✲❛❧❣❡❜r❛ ❛♥❞ M ❜❡ ❛ D✲♠♦❞✉❧❡✳

✽✼



✭❛✮ ■❢ dimR(T (M)) = 0✱ t❤❡♥ T (M) ✐s ❛♥ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱

Hj
α(T (M)) ✐s ❛♥ ✐♥❥❡❝t✐✈❡ R✲♠♦❞✉❧❡ ❢♦r ❡✈❡r② j ❛♥❞ ❡✈❡r② ❣♦♦❞ ❢❛♠✐❧② 〈α〉 ♦❢

R ❣❡♥❡r❛t❡❞ ❜② ♠❛①✐♠❛❧ ✐❞❡❛❧s✳

✭❜✮ ❙✉♣♣♦s❡ t❤❛t M ✐s ❛ q✉❛s✐✲❤♦❧♦♥♦♠✐❝ D✲♠♦❞✉❧❡✳ ■❢ N ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

D✲s✉❜♠♦❞✉❧❡ ♦❢ T (M)✱ t❤❡♥ t❤❡ s❡t ♦❢ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ N ✐s ✜♥✐t❡✳

✭❝✮ ■❢ M ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝✱ t❤❡♥ ❡✈❡r② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ D✲s✉❜♠♦❞✉❧❡ ♦❢ T (M) ❤❛s

✜♥✐t❡ ❇❛ss ♥✉♠❜❡rs ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧s✳

Pr♦♦❢✳ ❙✐♥❝❡ T (M) ✐s ❛ D✲♠♦❞✉❧❡✱ t❤❡ ✜rst ♣❛rt ♦❢ ✭❛✮ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✻✳✷✹✱ ✭❜✮✳
❚❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✜rst ♦♥❡ ❜② t❛❦✐♥❣ t❤❡ ▲②✉❜❡③♥✐❦ ❢✉♥❝t♦r
T̃ (−) = Hj

α ◦T (−) ❜❡❝❛✉s❡ dim(R/I) = 0 ❢♦r ❡✈❡r② I ∈ 〈α〉✳
❙✐♥❝❡ T (M) ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝ ❜② ❈♦r♦❧❧❛r② ✻✳✷✵✱ ✐t❡♠ ✭❜✮ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠

❚❤❡♦r❡♠ ✻✳✷✹✱ ✭❝✮✳
❋♦r ✭❝✮✱ ♥♦t❡ t❤❛t T (M) ✐s q✉❛s✐✲❤♦❧♦♥♦♠✐❝ ❜❡❝❛✉s❡ M ✐s✱ ❤❡♥❝❡ ❡✈❡r② ✜♥✐t❡❧②

❣❡♥❡r❛t❡❞ s✉❜♠♦❞✉❧❡ ♦❢ T (M) ✐s ❤♦❧♦♥♦♠✐❝✳

✽✽



❆♣♣❡♥❞✐①



❆♣♣❡♥❞✐① ❆

❈♦♠♣❧❡♠❡♥t❛r② r❡s✉❧ts

❲❡ s❤♦✇ ❤❡r❡ ❛ ♣❛rt✐❝✉❧❛r ✈❡rs✐♦♥ ♦❢ ●r♦t❤❡♥❞✐❡❝❦✬s s♣❡❝tr❛❧ s❡q✉❡♥❝❡s✳ ❚❤✐s

♣r♦♦❢ ✐s ❛ s✉✐t❛❜❧❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❬❘♦t✵✾✱ ❚❤❡♦r❡♠ ✶✵✳✹✼❪✳

❚❤❡♦r❡♠ ❆✳✶✳ ▲❡t A✱ B ❛♥❞ C ❜❡ t❤r❡❡ ❛❜❡❧✐❛♥ ❝❛t❡❣♦r✐❡s✱ F : B → C ❛♥❞ G : A → B
t✇♦ ❛❞❞✐t✐✈❡ ❢✉♥❝t♦rs✳ ❙✉♣♣♦s❡ t❤❛t A ❤❛s ❡♥♦✉❣❤ ✐♥❥❡❝t✐✈❡s✱ B ❤❛s ❡♥♦✉❣❤ ♣r♦❥❡❝t✐✈❡s✱

F ✐s r✐❣❤t ❡①❛❝t✱ G ✐s ❝♦♥tr❛✈❛r✐❛♥t ❛♥❞ G(E) ✐s ❧❡❢t F ✲❛❝②❝❧✐❝ ❢♦r ❡✈❡r② ✐♥❥❡❝t✐✈❡ ♦❜❥❡❝t

E ♦❢ A✳ ❚❤❡♥✱ ❢♦r ❡✈❡r② ♦❜❥❡❝t A ♦❢ A✱ t❤❡r❡ ❡①✐sts ❛ ✜rst q✉❛❞r❛♥t s♣❡❝tr❛❧ s❡q✉❡♥❝❡

E2
p,q = (LpF )(LqG)(A)⇒ (Ln(FG))(A).

Pr♦♦❢✳ ❲❡ s❤❛❧❧ ❝♦♥str✉❝t ❛ ❞♦✉❜❧❡ ❝♦♠♣❧❡① s✉❝❤ t❤❛t ✐ts ✐t❡r❛t❡❞ ❤♦♠♦❧♦❣② ❣✐✈❡s t❤❡
❞❡s✐r❡❞ s♣❡❝tr❛❧ s❡q✉❡♥❝❡✳ ❈♦♥s✐❞❡r ❛♥ ✐♥❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ (E∗(A), d∗) = (Ei, di)i≥0 ♦❢
A ❛♥❞ ❛♣♣❧② t❤❡ ❝♦♥tr❛✈❛r✐❛♥t ❢✉♥❝t♦r G ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ❝♦♠♣❧❡① (G(Ei), δi)i≥0

✇❤❡r❡ δi = G(di−1) : G(Ei)→ G(Ei−1)✳ ◆❡①t ✇❡ ❝♦♥str✉❝t ❛ ❈❛rt❛♥✲❊✐❧❡♥❜❡r❣ ♣r♦❥❡❝✲

t✐✈❡ r❡s♦❧✉t✐♦♥ ❢♦r t❤✐s ❝♦♠♣❧❡①✿ ❢♦r ❡✈❡r② ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r p✱ t❤❡r❡ ❛r❡ t✇♦ ❡①❛❝t
s❡q✉❡♥❝❡s 0→ Bp → Zp → Hp(G(E

∗))→ 0 ❛♥❞ 0→ Zp → G(Ep)→ Bp−1 → 0 ✇❤❡r❡
Zp = ker δp ❛♥❞ Bp = im δp+1✳ ❚❛❦❡ ❛ ♣r♦❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ Bp,∗ ♦❢ Bp ❛♥❞ ❛♥♦t❤❡r
♣r♦❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ Hp,∗ ♦❢ Hp(G(E

∗))✳ ❚❤❡♥ ✇❡ ♦❜t❛✐♥ ♣r♦❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥s✱ Zp,∗ ♦❢
Zp ❛♥❞ Mp,∗ ♦❢ G(Ep)✱ ❛♥❞ ❡①❛❝t s❡q✉❡♥❝❡s ♦❢ ❝♦♠♣❧❡①❡s 0→ Bp,∗ → Zp,∗ → Hp,∗ → 0

❡ 0→ Zp,∗ →Mp,∗ → Bp−1,∗ → 0✳ ❉❡✜♥❡ ❝❤❛✐♥ ♠❛♣s dp,q :Mp,q →Mp−1,q ❛s ❝♦♠♣♦s✐✲



t✐♦♥s Mp,q → Bp−1,q → Zp−1,q →Mp−1,q✳ ■♥ t❤✐s ✇❛②✱ t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

✳✳✳
✳✳✳

✳✳✳

· · · M22 M12 M02 0

· · · M21 M11 M01 0

· · · M20 M10 M00 0

0 0 0

�� �� ��

// //
d22

��

//
d12

��

//

��

// //
d21

��

//
d11

��

//

��

// //
d20

��

//
d10

��

//

��

✐s ❛ ♣r♦❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡① (G(Ei), δi)i≥0✳ ❉❡♥♦t❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❞♦✉❜❧❡
❝♦♠♣❧❡① ❜② M ✳ ❇② ❝❛❧❝✉❧❛t✐♥❣ F (M) ✇❡ ♦❜t❛✐♥ t❤❡ ❞✐❛❣r❛♠

✳✳✳
✳✳✳

✳✳✳

· · · F (M22) F (M12) F (M02) 0

· · · F (M21) F (M11) F (M01) 0

· · · F (M20) F (M10) F (M00) 0

0 0 0

�� �� ��

// //
F (d22)

��

//
F (d12)

��

//

��

// //
F (d21)

��

//
F (d11)

��

//

��

// //
F (d20)

��

//
F (d10)

��

//

��

✾✶



❙✐♥❝❡ Mp,∗ ✐s ❛ ♣r♦❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ G(Ep)✱ ✇❡ ❤❛✈❡ t❤❛t F (Mp,∗) ✐s ❛ ❝♦♠♣❧❡① s✉❝❤
t❤❛t ✐ts q✲t❤ ❤♦♠♦❧♦❣② ❡q✉❛❧s (LqF )(G(Ep))✳ ❆s G(Ep) ✐s ❧❡❢t F ✲❛❝②❝❧✐❝✱ ✇❡ ❤❛✈❡ t❤❛t
(LqF )(G(E

p)) = 0 ❢♦r q ≥ 1✳ ◆♦✇ F ✐s r✐❣❤t ❡①❛❝t✳ ❚❤❡♥ (L0F )(G(E
p)) = FG(Ep)

❢♦r ❡❛❝❤ p✳ ❚❤✉s t❤❡ ❤♦r✐③♦♥t❛❧ ✜❧tr❛t✐♦♥ ♦❢ M ❣❡♥❡r❛t❡❞ ❛ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ✇❤♦s❡
s❡❝♦♥❞ ♣❛❣❡ ❤❛s t❡r♠s IE2

p,0 = (Lp(FG))(A) ❛♥❞ IE2
p,q = 0 ✇❤❡♥ q 6= 0✳ ❍❡♥❝❡ t❤✐s

s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❝♦❧❧❛♣s❡s ❛t q = 0 ❛♥❞ Hn(Tot(F (M))) ∼= (Ln(FG))(A)✳
■t ✐s t✐♠❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ s❡❝♦♥❞ ✐t❡r❛t❡❞ ❤♦♠♦❧♦❣②✿ ♥♦t✐❝❡ t❤❛t

Hq(F (M∗,p)) =
kerF (dq,p)

imF (dq+1,p)
.

❲❡ ❤❛✈❡ t❤✉s ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠✱ ❜❡✐♥❣ t❤❡ r♦✇ ❛ ❝♦♠♣❧❡①✱

0 F (Zq,p) F (Mq,p) F (Bq−1,p) 0

F (Mq−1,p)

// //
F (ι)

//
F (π)

$$
F (d)

//

��

F (ι)F (j)

❙✐♥❝❡ Bq−1,p ✐s ♣r♦❥❡❝t✐✈❡✱ t❤❡ r♦✇ ✐s ❛ s♣❧✐t ❡①❛❝t s❡q✉❡♥❝❡✳ ◆♦✇ jq,p : Bq,p → Zq,p ✐s
❛♥ ✐♥❝❧✉s✐♦♥ ❛♥❞ Bq,p ✐s ✐♥❥❡❝t✐✈❡✳ ❚❤✉s F (j) ✐s ✐♥❥❡❝t✐✈❡✳ ❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t d = ιjπ✱
✇❤❡♥❝❡ F (d) = F (ι)F (j)F (π)✳ ❙✐♥❝❡ F (ι) ❛♥❞ F (j) ❛r❡ ♠♦♥♦♠♦r♣❤✐s♠s✱ ✇❡ ❤❛✈❡ t❤❛t
kerF (d) = kerF (π) = imF (ι) = F (ι)(F (Z))✳ ◆♦✇

imF (d) = F (d)(F (M)) = F (ι)F (j)F (π)(F (M)) = F (ι)F (j)(F (B)).

❆❣❛✐♥ ❜② t❤❡ ✐♥❥❡❝t✐✈✐t② ♦❢ F (ι) : F (Z) → F (M) ❛♥❞ F (j) : F (B) → F (Z) ✇❡ ♦❜t❛✐♥
❛♥ ✐s♦♠♦r♣❤✐s♠ F (Z)

F (j)(F (B))
∼= F (ι)(F (Z))

F (ι)F (j)(F (B))
✳ ❚❤✉s

kerF (d)

imF (d)
=

F (ι)(F (Z))

F (ι)F (j)(F (B))
∼= F (Z)

F (j)(F (B))
.

❇✉t F (Z)
F (j)(F (B))

∼= cokerF (j) ∼= F (H) ❜❡❝❛✉s❡ t❤❡ s❡q✉❡♥❝❡

0 F (B) F (Z) F (H) 0// //
F (j)

// //

✐s ❡①❛❝t ❛s B ✐s ✐♥❥❡❝t✐✈❡✳ ❍❡♥❝❡ Hq(F (M∗,p)) = F (Hq,p)✱ t❤✐s ✐s✱ F ❝♦♠♠✉t❡s ✇✐t❤ Hq✳
◆♦✇ · · · → Hq,1 → Hq,0 → 0 ✐s ❛ ♣r♦❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ Hq(G(E

∗)) = (LqG)(A) ❜② t❤❡
❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❈❛rt❛♥✲❊✐❧❡♥❜❡r❣ ♣r♦❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ❛♥❞ ❜② t❤❡ s❛♠❡ r❡❛s♦♥ ✇❡
❤❛✈❡ t❤❛t Hq(M∗,p) = Hq,p✳ ❍❡♥❝❡ (Hq(M∗,p)) ✐s ❛ ♣r♦❥❡❝t✐✈❡ r❡s♦❧✉t✐♦♥ ♦❢ (LqG)(A)
❛♥❞ t❤❡ ❣❡♥❡r✐❝ t❡r♠ ♦❢ t❤❡ s❡❝♦♥❞ ♣❛❣❡ ♦❢ t❤❡ s♣❡❝tr❛❧ s❡q✉❡♥❝❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡
✈❡rt✐❝❛❧ ✜❧tr❛t✐♦♥ ♦❢ F (M) ✐s

IIE2
p,q = HpHq(F (M)) = Hp(F (Hq(M))) = (LpF )(LqG)(A).

❙✐♥❝❡ ❜♦t❤ ✜❧tr❛t✐♦♥s ❝♦♥✈❡r❣❡ t♦ t❤❡ ❤♦♠♦❧♦❣② ♦❢ t❤❡ t♦t❛❧ ❝♦♠♣❧❡① ♦❢ F (M)✱ ✐t ❢♦❧❧♦✇s
t❤❛t (LpF )(LqG)(A)⇒ Ln(FG)(A)✳

✾✷



❆♠♦♥❣ ♦t❤❡r r❡s✉❧ts ❡♥✈♦❧✈✐♥❣ ❞✉❛❧✐t②✱ ❈✳ ❍✉♥❡❦❡ ♣r♦✈❡❞ ✐♥ ❬❍✉♥✵✼❪ t❤❡ ♥❡①t

st❛t❡♠❡♥t✳ ❲❡ ✇r✐t❡ ✐t ❥✉st ❛s ✐t ❛♣♣❡❛rs ✐♥ ❬▼❩✶✹❪✳

▲❡♠♠❛ ❆✳✷✳ ▲❡t R ❜❡ ❛ ◆♦❡t❤❡r✐❛♥ ❧♦❝❛❧ r✐♥❣ ❛♥❞ M ✱ N ❜❡ R✲♠♦❞✉❧❡s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣

st❛t❡♠❡♥ts ❤♦❧❞ ❢♦r ❡✈❡r② ✐♥t❡❣❡r i✿

✭✐✮ ExtiR(N,M
∨) ∼= TorRi (N,M)∨✳

✭✐✐✮ ■❢ N ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✱ t❤❡♥ ExtiR(N,M)∨ ∼= TorRi (N,M
∨)✳

Pr♦♦❢✳ ❚❤❡ ✜rst ✐s♦♠♦r♣❤✐s♠ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❛❞❥♦✐♥t ✐s♦♠♦r♣❤✐s♠

HomR(P ⊗RM,E) ∼= HomR(P,HomR(M,E))

✇❤✐❧❡ t❤❡ s❡❝♦♥❞ ♦♥❡ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♥❛t✉r❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ✭✹✳✶✮✳

❚❤❡ ♥❡①t r❡s✉❧t ❛♣♣❡❛rs ✐♥ ❬❙❝❤✵✼❪ ❛♥❞ ✐t ❞✐s♣❧❛②s ❛ ❝♦♥str✉❝t✐✈❡ ♣r♦♦❢ ♦❢ ❬❇♦✉✽✾✱

Pr♦♣♦s✐t✐♦♥ ✹✱ ♣✳ ✷✻✸❪✳

▲❡♠♠❛ ❆✳✸✳ ▲❡t R ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ ◆♦❡t❤❡r✐❛♥ r✐♥❣ ❛♥❞ M ❜❡ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

R✲♠♦❞✉❧❡✳ ❈♦♥s✐❞❡r ❛ s✉❜s❡t S = {p1, . . . , ps} ♦❢ Ass(M) = {p1, . . . , pt} ❛♥❞ ❛ ♠✐♥✐♠❛❧

♣r✐♠❛r② ❞❡❝♦♠♣♦s✐t✐♦♥ 0 =
t
⋂

i=1

Qpi ❢♦r t❤❡ ③❡r♦ s✉❜♠♦❞✉❧❡ ♦❢ M ✳ ■❢ N =
⋂

p∈S

Qp✱ t❤❡♥

Ass(M/N) = S ❛♥❞ Ass(N) = Ass(M)− S✳

Pr♦♦❢✳ ❙✐♥❝❡ N =
⋂

p∈S

Qp ✐s ❛ ♠✐♥✐♠❛❧ ♣r✐♠❛r② ❞❡❝♦♠♣♦s✐t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❛t

Ass(M/N) = S.

❈♦♥s✐❞❡r N ′ =
⋂

p∈Ass(M)−S

Qp✳ ❙✐♥❝❡ N ∩N ′ = 0✱ ✇❡ ❤❛✈❡ t❤❛t N ∼= (N +N ′)/N ′✳ ❚❤✉s

Ass(N) ⊆ Ass(M/N ′) = Ass(M)− S✳ ■❢ p ∈ Ass(M)− S✱ t❤❡♥

0 6= N/(N ∩Qp) ∼= (N +Qp)/Qp

❛♥❞ Ass(N/(N ∩Qp)) = {p}✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ N ∩Qp ✐s ♣❛rt ♦❢ ❛ ♠✐♥✐♠❛❧ ♣r✐♠❛r②
❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ③❡r♦ s✉❜♠♦❞✉❧❡ ♦❢ N ✳ ❍❡♥❝❡ p ∈ Ass(N) ❛s ❞❡s✐r❡❞✳

✾✸



❇✐❜❧✐♦❣r❛♣❤②

❬❆●✽✺❪ ❨✳ ❆♦②❛♠❛ ❛♥❞ ❙✳ ●♦t♦✳ ❖♥ t❤❡ ❡♥❞♦♠♦r♣❤✐s♠ r✐♥❣ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ ♠♦❞✲

✉❧❡✳ ❏✳ ▼❛t❤✳ ❑②♦t♦ ❯♥✐✈✳✱ ✷✺✭✶✮✿✷✶✕✸✵✱ ✶✾✽✺✳

❬❆❑✶✷❪ ❆✳ ❆❧t♠❛♥ ❛♥❞ ❙✳ ❑❧❡✐♠❛♥✳ ❆ ❚❡r♠ ♦❢ ❈♦♠♠✉t❛t✐✈❡ ❆❧❣❡❜r❛✳ ❲♦r❧❞✇✐❞❡

❈❡♥t❡r ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✷✵✶✷✳

❬❆♦②✽✸❪ ❨✳ ❆♦②❛♠❛✳ ❙♦♠❡ ❜❛s✐❝ r❡s✉❧ts ♦♥ ❝❛♥♦♥✐❝❛❧ ♠♦❞✉❧❡s✳ ❏✳ ▼❛t❤✳ ❑②♦t♦

❯♥✐✈✳✱ ✷✸✭✶✮✿✽✺✕✾✹✱ ✶✾✽✸✳

❬❇❍✾✽❪ ❲✳ ❇r✉♥s ❛♥❞ ❏✳ ❍❡r③♦❣✳ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❘✐♥❣s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②

Pr❡ss✱ s❡❝♦♥❞ ❡❞✐t✐♦♥✱ ✶✾✾✽✳

❬❇❥ö✼✾❪ ❏✳✲❊✳ ❇❥ör❦✳ ❘✐♥❣s ♦❢ ❉✐✛❡r❡♥t✐❛❧ ❖♣❡r❛t♦rs✱ ✈♦❧✉♠❡ ✷✶✳ ◆♦rt❤✲❍♦❧❧❛♥❞

P✉❜❧✐s❤✐♥❣ ❈♦♠♣❛♥②✱ ✶✾✼✾✳

❬❇♦✉✽✾❪ ◆✳ ❇♦✉r❜❛❦✐✳ ❊❧❡♠❡♥ts ♦❢ ▼❛t❤❡♠❛t✐❝s✿ ❈♦♠♠✉t❛t✐✈❡ ❆❧❣❡❜r❛ ✲ ❈❤❛♣t❡rs

✶✕✼✳ ❙♣r✐♥❣❡r✱ ✶✾✽✾✳

❬❇❙✾✽❪ ▼✳ P✳ ❇r♦❞♠❛♥♥ ❛♥❞ ❘✳ ❨✳ ❙❤❛r♣✳ ▲♦❝❛❧ ❈♦❤♦♠♦❧♦❣②✿ ❆♥ ❆❧❣❡❜r❛✐❝ ■♥tr♦✲

❞✉❝t✐♦♥ ✇✐t❤ ●❡♦♠❡tr✐❝ ❆♣♣❧✐❝❛t✐♦♥s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ s❡❝♦♥❞

❡❞✐t✐♦♥✱ ✶✾✾✽✳

❬❇❩✼✾❪ ▼✳ ❇✐❥❛♥✲❩❛❞❡❤✳ ❚♦rs✐♦♥ t❤❡♦r✐❡s ❛♥❞ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♦✈❡r ❝♦♠♠✉t❛t✐✈❡

◆♦❡t❤❡r✐❛♥ r✐♥❣s✳ ❏✳ ▲♦♥❞♦♥ ▼❛t❤✳ ❙♦❝✳✱ ✶✾✭✷✮✿✹✵✷✕✹✶✵✱ ✶✾✼✾✳

❬❈❊✺✻❪ ❍✳ ❈❛rt❛♥ ❛♥❞ ❙✳ ❊✐❧❡♥❜❡r❣✳ ❍♦♠♦❧♦❣✐❝❛❧ ❆❧❣❡❜r❛✳ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t②

Pr❡ss✱ ✶✾✺✻✳



❬❈❤✉✶✶❪ ▲✳ ❈❤✉✳ ❚♦♣ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ♣❛✐r ♦❢ ✐❞❡❛❧s✳

Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✶✸✾✭✸✮✿✼✼✼✕✼✽✷✱ ✷✵✶✶✳

❬❈◆✵✶❪ ◆✳ ❚✳ ❈✉♦♥❣ ❛♥❞ ❚✳ ❚✳ ◆❛♠✳ ❚❤❡ I✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ❛♥❞ ❧♦❝❛❧ ❤♦♠♦❧♦❣②

❢♦r ❆rt✐♥✐❛♥ ♠♦❞✉❧❡s✳ ▼❛t❤✳ Pr♦❝✳ ❈❛♠❜✳ P❤✐❧✳ ❙♦❝✳✱ ✶✸✶✭✻✶✮✿✻✶✕✼✷✱ ✷✵✵✶✳

❬❈❲✵✾❪ ▲✳ ❈❤✉ ❛♥❞ ◗✳ ❲❛♥❣✳ ❙♦♠❡ r❡s✉❧ts ♦♥ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s ❞❡✜♥❡❞

❜② ❛ ♣❛✐r ♦❢ ✐❞❡❛❧s✳ ❏✳ ▼❛t❤✳ ❑②♦t♦ ❯♥✐✈✳✱ ✹✾✭✶✮✿✶✾✸✕✷✵✵✱ ✷✵✵✾✳

❬❉❆◆❚✵✷❪ ❑✳ ❉✐✈❛❛♥✐✲❆❛③❛r✱ ❘✳ ◆❛❣❤✐♣♦✉r✱ ❛♥❞ ▼✳ ❚♦✉s✐✳ ❚❤❡ ▲✐❝❤t❡♥❜❛✉♠✲

❍❛rts❤♦r♥❡ t❤❡♦r❡♠ ❢♦r ❣❡♥❡r❛❧✐③❡❞ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❛♥❞ ❝♦♥♥❡❝t❡❞♥❡ss✳

❈♦♠♠✳ ✐♥ ❆❧❣❡❜r❛✱ ✸✵✭✽✮✿✸✻✽✼✕✸✼✵✷✱ ✷✵✵✷✳

❬❉▼✾✼❪ ❉✳ ❉❡❧✜♥♦ ❛♥❞ ❚✳ ▼❛r❧❡②✳ ❈♦✜♥✐t❡ ♠♦❞✉❧❡s ❛♥❞ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣②✳ ❏✳ P✉r❡

❆♣♣❧✳ ❆❧❣❡❜r❛✱ ✶✷✶✭✶✮✿✹✺✕✺✷✱ ✶✾✾✼✳

❬❉❨✵✺❪ ▼✳ ❚✳ ❉✐❜❛❡✐ ❛♥❞ ❙✳ ❨❛ss❡♠✐✳ ❆tt❛❝❤❡❞ ♣r✐♠❡s ♦❢ t❤❡ t♦♣ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣②

♠♦❞✉❧❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ✐❞❡❛❧✳ ❆r❝❤✳ ▼❛t❤✳✱ ✽✹✿✷✾✷✕✷✾✼✱ ✷✵✵✺✳

❬❊❙✶✷❪ ▼✳ ❊❣❤❜❛❧✐ ❛♥❞ P✳ ❙❝❤❡♥③❡❧✳ ❖♥ ❛♥ ❡♥❞♦♠♦r♣❤✐s♠ r✐♥❣ ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣②✳

❈♦♠♠✳ ✐♥ ❆❧❣❡❜r❛✱ ✹✵✭✶✶✮✿✹✷✾✺✕✹✸✵✺✱ ✷✵✶✷✳

❬●r♦✺✼❪ ❆✳ ●r♦t❤❡♥❞✐❡❝❦✳ ❙✉r q✉❡❧q✉❡s ♣♦✐♥ts ❞✬❛❧❣è❜r❡ ❤♦♠♦❧♦❣✐q✉❡✳ ❚✠♦❤♦❦✉ ▼❛t❤✳

❏✳✱ ✾✿✶✶✾✕✷✷✶✱ ✶✾✺✼✳

❬●r♦✻✽❪ ❆✳ ●r♦t❤❡♥❞✐❡❝❦✳ ❈♦❤♦♠♦❧♦❣✐❡ ▲♦❝❛❧❡ ❞❡s ❋❛✐s❝❡❛✉① ❈♦❤ér❡♥ts ❡t

❚❤é♦rè♠❡s ❞❡ ▲❡❢s❝❤❡t③ ▲♦❝❛✉① ❡t ●❧♦❜❛✉①✳ ◆♦rt❤✲❍♦❧❧❛♥❞✱ ✶✾✻✽✳

❬❍❛r✻✻❪ ❘✳ ❍❛rts❤♦r♥❡✳ ❘❡s✐❞✉❡s ❛♥❞ ❉✉❛❧✐t②✱ ✈♦❧✉♠❡ ✷✵ ♦❢ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤✲
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