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Resumo

Esta tese aborda a dinamica do sistema de Mindlin-Timoshenko para vigas e placas.
Estudamos questoes relacionadas com o limite assintético em relagao aos parametros
e as taxas de decaimento. No contexto do limite assintotico, como resultado principal,
apresentamos uma resposta positiva a conjectura feita por Lagnese e Lions em 1988,
onde o modelo de Von-Karmén é obtido como limite singular, quando k tende ao infi-
nito, do sistema de Mindlin-Timoshenko. Introduzindo mecanismos de amortecimento
apropriados (internos e de fronteira), também mostramos que, sob certas condigoes, a
energia de solucao do sistema de Mindlin-Timoshenko tem propriedades de decaimento

exponencial e polinomial com relagao aos parametros.

Palavras-chave: Sistema de Mindlin-Timoshenko; limite assintotico; estabilizacao

uniforme.



Abstract

This thesis is concerned with the dynamics of Mindlin-Timoshenko system for beams
and plates. We study issues relating to the asymptotic limit in relation to the pa-
rameters and decay rates. In the context of asymptotic limit, as the main result,
we present a positive response to the conjecture made by Lagnese and Lions in 1988,
where the Von-Karméan model is obtained as singular limit when £ tends to infinity, the
Mindlin-Timoshenko system. Introducing appropriate damping mechanisms (internal
and boundary), we also show that the energy of solutions for the Mindlin-Timoshenko
system has decay properties exponential and polynomial, with respect to the parame-

ters.

Keywords: Mindlin-Timoshenko system; asymptotic limit; uniform stabilization.
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Introducao

Nos tltimos anos é crescente o interesse no estudo da estabilizacao e o controle
de sistemas de natureza elastica (envolvendo estruturas flexiveis sujeitas a vibragoes),
em particular os que modelam a acao de vigas e placas, devido a aplicacao a fisica e a
engenharia. Um modelo matemético extremamente usado na descrigao de vibragoes de
vigas e placas finas ¢ o sistema de Mindlin-Timoshenko. Este modelo é considerado um
dos mais precisos pelo fato de considerar tanto deformacoes transversais como também

rotacionais (ver Figura 1).

Figura 1

Para descrever esse modelo, consideremos 0 C R? um aberto limitado com fron-
teira ' suficientemente regular. Sejam {[s,I';} uma particdo de I' e T' > 0 dado.
Consideremos o cilindro @ = Q x (0,7), com fronteira lateral ¥ = ¥, U ¥;, onde
¥, =T;%x(0,T),71=0,1. A acao do sistema de bidimensional de Mindlin-Timoshenko
(ver Timoshenko |55], Mindlin [40] e Lagnese- Lions [27]) é dada pelas acopladas equa-



¢oes diferenciais parciais

( ph3
g Qe — Li(¢1, ¢2,¢) =0, em @,
pl_l”;?’ ot — La(o1, ¢2,¢) = 0, em @,
phiju = La(6n, 62, m1,m) =0, em Q. M
phime — La(¥,m,n2) = 0, em @,
| phnaw — Ls(v,m1,m2) = 0, em @,
onde
Li(¢1,¢9,9) = D (¢1m + 1_TM¢1yy s 'u¢2xy k(o4 s,

1+u

L2<¢17 ¢27 1/1) =D (¢2yy + 1_T’u¢2xx ¢1xy> 2 + wy> )
+

L3(¢1, ¢2,%,m1,1m2) = k [(wz + 1), + (Yy + ¢2) ] (N9 + Niothy ), + (Nothy + Niothy),
L4(¢7 M, T]Q) - Nl:c + N12y7

L5(1,m1,m2) = Nay + Niga,

Eh 1
Mo=1— e (mx + pizy + —¢§ + ﬂw;) ;
Eh
Ny = — (n2y+ﬂnlx+ —Y7 + w)
Eh
Nyp=— e+ b)) .

Aqui, como em todo o nosso trabalho, os subscritos representam as derivadas parciais.
O vetor v = (v1,1,) é o vetor normal exterior a e a% representa a derivada normal.
Fisicamente, as func¢oes ¢1 = ¢1(x,y,t), ¢ = ¢a(x,y,t), representam, respectivamente,
os angulos de rotacao da secao transversal da placa z = const., y = const. contendo
o filamento que, quando a placa estd em equilibrio, é ortogonal a superficie média
no ponto (z,y,0). A fungdo ¢ = ¢(x,y,t) é o deslocamento transversal da placa, e
m = m(x,y,t), no = n2(x,y,t) representam a deformagao longitudinal da placa no
instante ¢ da secdo transversal localizada em (z,y) unidades a partir do ponto final
(x,y) = (0,0). A contante positiva h representa a espessura da placa que, para esse
modelo, consideramos uniforme e fina. A constante D é o médulo de rigidez & flexao

e é dado por D = Eh3/12(1 — p?). A constante p é a densidade de massa por unidade



de volume e o parametro k, que multiplica o acoplamento das equacoes, € chamado de

modulo de elasticidade em tor¢ao e é calculado pela formula

kEh
T 201+ p)
onde a contante E é o mddulo de Young, p é o raio de Poisson (0 <p < %) ek &
chamado coeficiente de correcao de torcao. Este coeficiente aparece pelo fato de que
as deformacoes sofridas pelas tor¢oes nao sao constantes em toda secao transversal da
placa. O moédulo k é também inversamente proporcional ao angulo de rotacao da placa.
A dedugao do modelo (1) pode ser vista em Lagnese-Lions [27].

Consideremos que a placa seja de forma que suas extremidades estejam fixas sobre

uma porc¢ao 'y da fronteira, enquanto que forcas e momentos sao aplicados no restante

I'; da fronteira. As condicoes de fronteira associadas a este caso sao dadas por
pr=¢2=9p=m=1nm2=0 em X,

{Bl(¢17¢2)a82(¢17¢2)7B3(¢1a¢27¢7n17772)a84(7717772)765(7717772)} :{070707()’0} €1m Z17
(2)

onde

Bi(¢1,¢2) = D {V@u + pv oy + FTM (P1y + G2z) Vz} ;
By(¢1, ¢2) = D |:V2¢2y + prediy + I_TM (P1y + P2z) V1} ;

0
Bs(¢1, ¢2, 0, m1,m2) = k (a—qf + 1101 + V2¢2> + (11 N1 + 1aN12) ¥y + (e N + 11 Ni2) Uy,

By(Y,m,m2) = 1 Ny + 12 N1,

Bs(¥,m1,m2) = v2aNa + 11 Nia.
Para completarmos o sistema de Mindlin-Timoshenko, vamos incluir as seguintes con-
digoes iniciais

{61 (.0) ;02 (-,0), 4 (-,0) ;11 (+,0) ;12 (+, 0) } = {10, P20, Y0, 105 M20 } em £,

{616 (+,0), @2e (+,0) 40 (+,0) 112 (+,0) Mz (-, 0) } = { b1, Pa, 1, 1, Mar} em €,
(3)
A energia deste sistema é definida por
1 ( ph3

h
Ei(t) = 5 {ﬁ [[1e]” + [@2e*] 4 ph [[e]® + [muel® + [m2el?] + & [|o1 + Ual® + |62 + ¢y|2}

1—
# F bl )+ D |lonl® + 16+ 252 o, + 0nal 20 [ (Gra0n,) duy| |

3



onde
L, Lo
b1y = Mz + 5%;7 bao = 12y + waa biz = bo1 = N1y + Now + Yuthy,

e

1 2
M + Moy + §|V¢|2 + (1= )b |* + (1 — )]sl

Eh
(£ ([big]) [bij])(m(g))‘l = 1_—“2 {N
L —p 2
+T M1y + Moz + Yty |” ¢
Este sistema tem um cardter conservativo, isto é,
Ex(t) = Ex(0), Yt >0.

Ao supor que o filamento da placa permanece perpendicular & superficie mediana

deformada, os efeitos de tor¢ao transversais sdo desprezados (ver Figura 2).

Figura 2

Neste caso, o modelo que descreve dindmica da placa é o sistema de Von-Karman (ver
[27]), cujas equagoes sao

(

h3
phibis = 55 Mp + DAY — Ny, + Nuay), — (Nothy + Niziy), = 0 em Q)

phinye — (N1z + Nigy) =0 em @,

L phiare — (Noy + Nigz) =0 em Q.
(4)
Considerar desprezivel o efeito de torcao transversal da placa é o mesmo que fazer
o modulo k tender ao infinito, visto que, como dissemos anteriormente, este médulo é
inversamente proporcional ao angulo de torcao. Dessa forma, vé-se bastante natural a
questdo proposta por Lagnese e Lions em [27, p. 24|, & qual é formulada como segue.

Conjectura (Lagnese-Lions) As solugoes do sistema nao linear de Mindlin-Timosheko

(1) convergem (quando k — oo) para as solugbes do sistema de Von-Karman (4).



O primeiro trabalho que tentou dar uma resposta a esta conjectura, pelo menos
no caso unidimensional, foi [8]. L4 os autores adicionaram um termo regularizante de

quarta ordem ao sistema de Mindlin-Timoshenko, isto é, consideraram o sistema

/ ph3

T tt — Do + k(0 +2) = in Q,

0
phte = (6-+0), = B0 [0 (m+ 302) | 4 =0 w0 Q0 )

1

xX
e provaram que, quando k — 00, o sistema (5) converge para o sistema unidimensional

de Von-Kéarmén

h? 1
Phwtt - P wmxtt + Dwmzx:p — Eh "% Ny + _wg =0 em Q7
12 2% )| ©
1
phn — Eh (77:1: + 5%%) =0 em (.

x
No argumento usado em [8], o uso do termo de regularizante foi indispensavel para
garantir a compacidade para uma familia de solucoes e, portanto, possibilitando a
passagem ao limite no termo nao linear.

Para o caso linear, o sistema bidimensional de Mindlin-Timoshenko é dado por

3
% 1tt—L1(¢1,¢2,¢):0 em @,
3
P s — L1, 62,0) =0 em Q. (7)

phtb — La(ér, 62,4) =0 em Q,
onde Ly, Ly sao como definidos acima e
Ly(¢1,60,0) = k [Wm + ¢1), + (Uy + ¢2)y] :

Em [27], Lagnese-Lions provaram que a solucdo do sistema (7) converge, quando k —

00, para a solugdo do modelo de Kirchhoff (sujeito a condi¢oes de contorno apropriadas)
ph’ 2
phipy — EAwtt + DA% = 0. (8)

Existe uma extensa literatura no contexto de limites assintéticos em relacao a

parametros singulares. Todavia, vamos mencionar apenas alguns trabalhos que estao



relacionados com os sistema hiperbélicos acima descritos. Comecemos com o resul-
tado em [9], o qual os autores estudaram o sistema unidimensional linear de Mindlin-
Timoshenko com um controle aplicado na fronteira, e provaram que seu limite assin-
totico converge, quando k — oo, para o sistema controlado de Kirchhoff. Menzala e
Zuazua, em [35], mostraram que o limite do sistema de viga de Timoshenko, quando
um parametro adequado tende a zero, se aproxima (fracamente) do sistema de Von-
Karméan. Em [36], os autores consideraram um modelo dindmico nao linear do sistema
de Mindlin-Timoshenko dependendo de um parametro ¢ > 0 e estudaram seu limite
fraco quando € — 0. Além disso, eles mostraram que, dependendo do tipo de condicao
de contorno, a nao-linearidade deste modelo pode desaparecer ou pode se tornar uma
nao-linearidade concentrada nos extremos da viga. Em |14], Chueshov e Lasiecka ana-
lisaram a dinamica de uma classe de modelos de placas de Mindlin-Timoshenko com
forcas de feedback nao-lineares, mostrando a existéncia de um atrator global compacto
para o sistema e estudando as propriedades de limite quando o médulo de cisalhamento
tende a infinito. Para o sistema nao-linear de Mindlin-Timoshenko Rahmani, em [44],
considera uma placa reforcada por um reforco fino em uma porcao de sua fronteira e
estuda esta juncao através de um modelo aproximado onde o reforco tem um papel
importante em suas condicoes de contorno.
Estabilizacao

A estabilizacdo de modelos matematicos envolvendo estruturas flexiveis sujeitas
a vibracoes tem sido consideravelmente estimulada pelo nimero crescente de questoes
de interesse pratico. Dentre esses modelos, podemos destacar aqueles relacionados
a engenharia estrutural moderna, que requerem mecanismos de controle ativos para
estabilizar estruturas intrinsecamente instaveis ou que possuem um amortecimento
natural muito fraco, como por exemplo, os modelos que descrevem os deslocamentos
de vigas e placas finas.

Seja H espaco de Hilbert com norma e produto interno denotados respectivamente
por (-,-) e |-]. Seja & um espaco de Hilbert tal que X C H com imersdo densa e

continua. Denotemos a norma e o produto interno em X', respectivamente, por || - ||x

eal-).



O problema de estabilizagao pode ser formulado da seguinte forma: Dado um

sistema do tipo

v (t) + Ay(t) + B(t,y:(t)) = 0, t € [0,T], o)
3/(0) = Yo, yt<0) =1,

onde T'>0,yo € X, y1 € H, A€ L(X,X’) o tnico operador tal que (Au,v) = a(u,v)
para todo (u,v) € X x X. O dominio do operador A sera denotado por D(A) := {v €

X; Av € H}. Assuma que existe uma constante positiva aq tal que
(v, Ay) > aollyll, y € D(A).

Seja {B(t,-) }+>o uma familia de operadores tal que

B(t,0) =0, B(t,y) €X' e (y,By) =0,
para todo y € X e t € [0,T]. Note que a energia do sistema (9), dada por

E(t) = 5 [lul* + |A2y)?],

DO | —

decresce a medida em que ¢t aumenta. Resta-nos saber se essa energia tende a zero,
quando ¢ — oo, e em que taxa isso acontece.

O problema de estabilizagao (9) pode ser abordado sob diferentes hipoteses em
relagdo a familia de operadores B (ver [20, 28, 30, 31, 47, 59]). Dentre elas podemos
considerar B linear (ver, por exemplo, [46]), ndo linear com alguma condigao de cresci-
mento (ver [59]), B definido localmente ou no bordo e, para o caso autonomo com uma
condi¢ao mais forte que a condi¢do de crescimento para o caso nao linear (ver [59]).

H& uma vasta literatura sobre problemas de estabilizacao. Contudo, a fim de ser-
mos mais precisos, citaremos alguns trabalhos que estao relacionados ao tema da tese.
Em [8], os autores mostraram que, introduzindo mecanismos de amortecimento interno,
a energia das solugoes do sistema unidimensional nao linear de Mindlin-Timoshenko
decai exponencialmente, uniformemente com respeito ao parametro k. Os resultados de
estabilizagao para o modelo linear foram obtidos por Lagnese em [25] e Kim e Renard
em |22], considerando o amortecimento em ambas as equagoes, e por Alabau-Boussauira
em [1] com um tnico controle ndo-linear. Soufyane [52] mostrou a estabilidade expo-

nencial uniforme da viga de Timoshenko usando uma forca de controle interno. No



caso bidimensional, a estabilizacao para o modelo linear de Mindlin-Timoshenko foi
analisada por Sare em [48] considerando a dissipa¢ao atuando sobre uma por¢ao da
fronteira. Grobbelaar-Dalsen [19] estudou o decaimento polinomial da solugao do mo-
delo de placa Mindlin-Timoshenko com mecanismos de amortecimento interno. Em
relacao ao sistema de Von-Karman, a estabilidade exponencial foi estudada por Men-
zala e Zuazua, em [39], para uma placa termoelastica presa sobre sua fronteira. Em
[38], Park e Kang investigaram a estabilidade para as equacoes de Von-Kéarman com
memoria em dominios nao cilindricos.

A partir de agora, vamos ser mais especificos sobre os problemas que serao abor-
dados nesta tese. Introduziremos os dois trabalhos que serao mostrados na ordem

seguinte.

Capitulo 1
Asymptotic limits and stabilization for the 2D nonlinear

Mindlin-Timoshenko system

Neste capitulo estudamos as propriedades assintéticas para o sistema de bidimen-
sional de Mindlin-Timoshenko. Apresentamos uma resposta positiva a, anteriormente
enunciada, conjectura proposta por Lagnese e Lions. Mais precisamente, mostramos
rigorosamente que, sob adequadas condigoes para os dados, o sistema nao linear de
Mindlin-Timoshenko (1) converge para o sistema Von-Karman (4), quando o parame-
tro k tende ao infinito. Além disso, provamos que adicionando termos de amortecimento
apropriados (internos e de fronteira, respectivamente), podemos obter uma propriedade
de decaimento exponencial uniforme (em k) das solugoes de (1), quando ¢t — oo.

O principal resultado deste trabalho pode ser enunciado como segue.

Teorema: Seja {¢F, ok, w* nt, nk} solucdo do sistema (1) com dados iniciais {$10, ¢11,

$20, P21, Vo, V1, Mo, M1, 20, M21} € X satisfazendo
G0+ Yo =0 and g+, =0 in (10)

Entao, fazendo k — oo, obtemos
{01, 05, 0" ms} = {—e, =y, s, m2} fraco—x em L= (0, T, [Hy, () x [L*(Q)?) ,

(11)
onde {1, n1,m2} resolve (4).



A condicao (10) e a conservagdo da energia nos possibilita obter uma limitacao
das funcoes num espaco de energia finita e, usando o Teorema de compacidade de
Aubin-Lions, obtemos que a solugao do sistema de Mindlin-Timoshenko (1) converge
na dire¢ao da solugao do sistema de Von-Karméan (4).

Os proximos resultados estao relacionados ao decaimento da taxa de energia as-
sociada a solucao do sistema de Mindlin-Timoshenko. Analisamos, inicialmente, o
modelo de Mindlin-Timoshenko com amortecimento interno distribuido ao longo da

placa. Temos o seguinte resultado.
Teorema: Seja {¢F, ok, w* nt, nk} solucao do sistema (1) com dados iniciais {¢10, ¢11,
G20, P21, Y0, V1, o, M1, M20, M21} € X. Entao existe constante w > 0 tal que

Ei(t) < 4E,(0)exp 2!, Vt>0.

Uma questao natural é o que acontece no caso em que a energia do sistema de
Mindlin-Timoshenko ¢é dissipada através de mecanismos de amortecimento de fronteira.
A resposta esta no terceiro resultado.

Teorema: Assuma que a condi¢do geométrica
m-v<0emIyg ¢ m-v>0 em I'y
¢ satisfeita, onde m = m(x,y) € um campo de vetores em R? definido por

m(x,y) = (xay) - (x07y0)
e (zo,v0) € um ponto fizado de R% Seja {¢’f,¢§,wk,n’f,n§} solugao suficientemente

reqular do sistema (1). Entao existem constantes positivas C and w tais que

En(t) < CEy(0)exp ™, Vit >0.

Nas provas dos resultados anteriores, relacionados com o decaimento exponencial
da energia do sistema, usamos um método devido a Zuazua, em [59], o qual consiste
em introduzir uma perturbacdo adequada na energia do sistema de forma a obter
inequagoes diferenciais levando ao decaimento da taxa de energia associada ao sistema.

Como consequéncia das desigualdades obtidas nos resultados de estabilidade para
o sistema de Mindlin-Timoshenko e considerando que os dados iniciais satisfazem a
condigao (10) obtemos, quando k — oo, o decaimento exponencial da energia E ()
associado ao sistema (4). Essa taxa de decaimento para o sistema limite esta de acordo

com os resultados em [43].



Capitulo 2
Asymptotic limits and stabilization for the linear one-dimensional

Timoshenko system

O segundo problema abordado nesta tese esta relacionado ao modelo de viga

linear de Mindlin-Timoshenko:

"i—fﬁ—qsm+k<¢+wx>+a¢t=0, em Q
phipy — k(¢ + 1), =0, em Q
6(0,) = (L) =¥ (0,) =¥ (L-)=0 em  (0,T), (12)
{6(-,0).% (-,0)} = {¢0, %} em  (0,L),

L {0 (50), 0 (-, 0)} = {61, 91} em  (0,L).

onde o = a(z) > 0 é uma funcdo dada.

Nosso objetivo neste capitulo é estudar as propriedades assintoticas do sistema
de Mindlin-Timoshenko quando as velocidades de propagacao para ambas as equacoes
sao iguais, isto é,

12 k

ek 1
R oh (13)

Baseados nisto, mostramos como um sistema parabdélico de quarta ordem do tipo
(
¢ + ¢m =0 €m Qv
04¢t - ¢xx =0 em Q’
¢»=0 em (0,7),
L agb(-, O) = a¢0<'> eI (07 L)v

(14)

pode ser obtido como um limite singular do sistema de Mindlin-Timoshenko, quando a
espessura h e o modulo de elasticidade em cisalhamento k£ tendem a zero e ao infinito,
respectivamente. Mais ainda, provamos que, quando (13) é satisfeita, a dissipacao que
é produzida por um amortecimento apenas na equacao do angulo de rotagao no sistema
de Mindlin-Timoshenko, é suficiente para fornecer o decaimento exponencial da energia

a medida que t — oo. Caso contréario, se

12 k
PR
p p

é possivel mostrar que a energia de solugao do sistema de Mindlin-Timoshenko tem um

decaimento polinomial, quando t — oo.
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O principal resultado do trabalho é o seguinte.

Teorema: Seja {¢™F "k} uma sequéncia de solugoes de (12) com dados iniciais

{b0, P1, 10,1} satisfazendo
¢o + o, =0 em (0, L).
Seja o € L>([0, L]) uma fung¢do nao negativa. Entdo, fazendo (h, k) — (0, 00), obtemos

{6", 0"} > {6,0} fraco—+ em 1= (0T, [H}(0,1)])

1
Vaght — Jag em C°([0,T],Hy°(0,L)), 0 € <0,§>.
onde {p, 1} resolve o sistema (14).
Os proximos resultados consistem em analizar o comportamento assintotico da
energia associada a solugao do sistema (12) sujeito a condigdo (13). Assim, temos

inicialmente o seguinte resultado.

Teorema: Assuma que o = a(x) é uma fungao positiva C1([0, L]) com
alx) >ap>0 em (0,L).

Se (13) € satisfeita em (0, L), entio existem constante positivas Cy e Cy tais que

Ey(t) < C1ER(0) epr%t :

Este resultado ja é conhecido (ver [52], por exemplo), porém ha um interesse na de-
pendéncia da taxa de decaimento da energia associada a este sistema com respeito ao
parametro h. Sem perda de generalidade assuma h € (0,1). Sabendo que a condigdo
(13) ¢é satisfeita, obtemos k = 12/h? e, por simplicidade, normalizamos todos os ou-
tros parametros do sistema. Portanto, a fim de estudar o decaimento exponencial da
solucao, provamos o resultado anterior via técnicas dos multiplicadores e através dos
resultados devido a Neves et. al. em [41].

O terceiro resultado consiste em analisar a taxa de decaimento de energia se a

condi¢ao (13) nao for satisfeita. Portanto, temos o seguinte resultado:
Teroema: Sejam dados iniciais suficientemente regulares. Se a condi¢ao (13) nao for

satisfeita, entao existe constante C > 0 tal que para todo t > 0,

C

Ei(t) < 7

(E£1(0) + Ex(0))t".
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Na prova do resultado anterior usamos técnicas dos multiplicadores de forma a
obter inequagdes diferenciais levando ao decaimento da taxa de energia associada ao
sistema. Além disso, usamos a expressao ‘regularmente suficiente” para as solucoes, a

fim de assegurar que, sob certas restricoes, os resultados se mantém.
Problemas em aberto e trabalhos futuros

Comentaremos brevemente uma série de perguntas e problemas em aberto que os

resultados contidos nesta tese produzem.

e Embora conhecamos a deducgao fisica para o sistema nao linear de Mindlin-
Timoshenko (1) (ver, por exemplo, [27], [44]), ndo temos conhecimento de re-
sultados relativos a boa colocagao e regularidade para todo £ > 0. No entanto,
como no Capitulo 1 o nosso objetivo principal era dar uma resposta positiva a
conjectura proposta por Lagnese-Lions, o que podemos dizer é que, para k sufici-
entemente grande e para dados iniciais no espaco X, o sistema (1) se aproxima do
sistema de Von-Kéarman (4). Por outro lado, existe uma extensa literatura sobre
a boa colocac¢do para o sistema (4), a regularidade da solugdo, a estabilidade,
etc. (ver |17, 25, 26, 29, 43|). Analisamos também o comportamento assintotico
(quando t — o0) para a solugao do sistema nao linear de Mindlin-Timoshenko
com feedback de fronteira. Para isso, tivemos que solicitar uma regularidade adi-
cional para suas solucoes. Por esta razao, em todos os resultados dessa secao,
usamos a expressao “suficientemente regular” para as solugoes, a fim de assegurar

que, sob certas restricoes, os resultados se mantém.

e Na prova dos resultados do Capitulo 1 consideramos o caso onde os dados iniciais
sao fixos. Porém, os mesmos resultados sao validos se considerarmos a dependén-
cia em k, desde que assumamos que os dados iniciais {¢F,, Oy, D50, D51, VG, VT, Mo,
n¥,ms, m5, ) sejam tais que a energia Fj(0) permanece limitada e que convergem

fracamente para {19, ¢11, @20, P21, Yo, V1, 10, 111, 720, 721 } NOS €SPACOS COITESPON-

dentes.

e Estudamos ainda no Capitulo 1 os resultados de estabilizacao do sistema bidi-

mensional nao linear de Mindlin-Timoshenko utilizando o método de perturbacao
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da energia. Seria interessante analisar se os mesmos resultados de estabilizagao
sao validos considerando os sistemas com menos termos de amortecimento, po-
rém eliminar alguns desses termos de amortecimento é uma tarefa dificil devido

as complexas nao-linearidades envolvidas.

Outro problema interessante e dificil é obter o mesmo resultado de estabilizacao
do modelo bidimensional nao linear de Mindlin-Timoshenko quando os mecanis-
mos de amortecimento interno atuam em uma regiao arbitrariamente pequena
da placa. A dificuldade para este caso, é claro, consiste em obter um resultado
de continuacao tinica para o sistema Mindlin-Timoshenko. Neste contexto, men-
cionamos [12], [13], [18], [23], [61] que obtiveram taxas de decaimento para a
energia de varios sistemas hiperbélicos considerando termos de amortecimento

localizados lineares e ndo-lineares.

Problemas similares aos do Capitulo 2, podem ser postulados para o sistema nao
linear unidimensional de Mindlin-Timoshenko. A situacao se torna mais dificil
quando analisamos os termos nao lineares do sistema e, para isto, utilizaremos
outros tipos de estratégias para verificar quais hipoteses devemos adicionar no
amortecimento de modo que possamos determinar a taxa de decaimento da ener-

gia associada ao sistema. Este tema é o alvo de um trabalho em andamento.
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Capitulo 1

Asymptotic limits and stabilization for
the 2D nonlinear Mindlin-Timoshenko
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Asymptotic limits and stabilization for the 2D
nonlinear Mindlin-Timoshenko system

F. D. Araruna, P. Braz e Silva and P. Queiroz-Souza

Abstract: We show how the so called von Karman model can be obtained as a singular
limit of a Mindlin-Timoshenko system when the modulus of elasticity in shear k tends
to infinity. This result gives a positive answer to a conjecture by Lagnese-Lions in 1988.
Introducing damping mechanisms, we also show that the energy of solutions for this
modified Mindlin-Timoshenko system decays exponentially, uniformly with respect to
the parameter k. As k — oo, we obtain the damped Von-Kérméan model with associated

energy exponentially decaying to zero as well.

1.1 Introduction

The Mindlin-Timoshenko system of equations is a widely used and physically
fairly complete mathematical model to describe the dynamics of a plate taking into
account transverse shear effects (see, e.g., [27] and the references therein). This model
is used, for example, to model aircraft wings (see, for instance, [16]). To describe
this model, let Q C R? be an open bounded set whose boundary I' is regular enough.
Consider {I'g,I";} to be a partition of I". Let 7" > 0 be given and consider the cylinder
Q = Q x (0,T), with lateral boundary ¥ = ¥y U ¥, where ¥; = T'; x (0,7), ¢ = 0, 1.

The two-dimensional Mindlin-Timoshenko system is the following:

h3 )
p1_2 1ttt — Ll((,blv ¢27 ¢) - 07 n Q7
h3 .
p1_2 26t L2(¢17 ¢27 'Lp) - 07 n QJ
Pty — La(61, 62, 0,11, m0) = 0, in Q. (1.1)
phiy — L4(1/17 7717772) =0, in @,
ph772tt - L5(1/17 7717 772) = OJ in Q
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We complete the system with the boundary conditions

p1r=¢2=0=m=1nm2=0 on X,
{Bl(¢17¢2)782(¢17¢2)7B3<¢17¢27w7n177]2)784(7717772)785(77177]2)} = {070707070} on 217
(1.2)

and initial data

{¢1 (70) ) ¢2 ( O) ’gb( 70) ( 70) ) TI2 (" O)} = {¢10a ¢20a,¢)07771077720} in Q’

{¢1t(',0)a¢2t(‘,0),¢t( ) 771t( O)>772t('70)} = {¢11,¢21,¢1>7711>7721} in €,
(1.3)

where

1+u

L1<¢17 ¢2> ¢) =D (¢1xz + :l_TM¢1yy ¢21y ¢1 + ?/J;c 9

1+u

L2<¢17 ¢27 1/1) =D (‘b?yy + 1_?”¢21x ¢1xy> ¢2 + wy
+

L3(¢1, ¢2,%,m,1m2) = k [(wm + 1), + (Yy + ¢2) ] (N1 + Niothy ), + (Nothy + Niothy),
L4(¢7 m, 772) = Nl:E + N12y7

L5(1),m1,m2) = Nay + Niga,

Bi(¢1,¢2) = D {V@u + pvdoy + 1_TN (P1y + G2z) V2:| )

By(p1, ¢2) = D |:V2¢2y + prediy + FTM (Pry + P2z) V1} )

0
Bs(¢1, g2, 0, m1,1m2) = k (% +vi91 + V2¢2> + (1 N1+ v2Nig) ¥y + (V2N + 11 Ni2) 1y,

By(Y,m,m2) = 1 N1 + 12 N1,

Bs(¢,m,m2) = aNa + 11 N1,

Eh 1
Ny = =2 ('fhx + iy + —wi + ﬁw;) ;
Eh
N2_1 (7]2y+/“71w+ ¢2+ ¢)
Eh
Npp=—— o+ Uetdy) .

In system (1.1), subscripts mean partial derivatives. The vector v = (v, 15) represents

the outward unit normal to 2 and stands for the normal derivative. The unknowns

are ¢1 = ¢1(I7y7 )7 ¢2 = (252(9573/, )7 w = 7?(%% )7 m = 771(%?% )7 and e = TIQ('ray?t)'

Physically, the functions ¢, and ¢, represent, respectively, the angles of rotation of
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the cross sections x = constant, y = constant containing the filament which, when
the plate is in equilibrium, is orthogonal to the middle surface at the point (x,y,0).
The function v is the vertical displacement, and 7, 7y are the in-plane displacement
of the plate at time ¢ of the cross section located at (z,y) units from the end-point
(z,y) = (0,0). The positive constant h represents the thickness of the plate which,
in this model, is considered to be small and uniform with respect to x. The constant
p is the mass density per unit volume of the plate and the parameter £ is the so
called modulus of elasticity in shear. The constant E is the Young’s modulus and the
constant p, 0 < p < 1/2, is the Poisson’s ratio. The constant D is the modulus of
flexural rigidity and is given by D = Eh3/12(1 — pu?). The constant k is given by
the expression k = EEh/Q (1 + p), where k is a shear correction coefficient. For more
details concerning the Mindlin-Timoshenko hypotheses and the governing equations
see, for instance, Lagnese-Lions [27].

For the nonlinear system (1.1)—(1.3), in [44] Rahmani considers a plate reinforced
by a thin stiffener on a portion of its boundary and models this junction through an
approximate model where the stiffener has a role on its boundary conditions.

The linear version of system (1.1)—(1.3) is

( 3
P b~ Lalon, 62,0) =0 in Q.
3
P b~ Lnln, 62,0) =0 in Q. (14
phibn = Ly(@1,62,4) =0 in Q,

\

where L1, Lo are defined above and

Ls(¢r, ¢2,00) = k [(wx +o1), + (b + (b?)y] '

There are quite a few works on this system: Lagnese and Lions (see [27]|) studied
its well-posedness and analyzed its asymptotic limit when the parameter k£ tends to
infinity. In [25], Lagnese studied problems of existence, uniqueness and some other
important properties as the asymptotic behavior in time when some damping effects are
considered. In [14], Chueshov and Lasiecka studied the dynamics for a class of Mindlin-
Timoshenko plate models with nonlinear feedback forces and showed the existence

of a compact global attractor for the system. Furthermore they studied its limiting
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properties when the shear modulus tends to infinity. In [48|, Sare investigated system
(1.4) with frictional dissipations acting on the equations for the rotation angles and
proved that this system is not exponentially stable independent of any relations between
the constants of the system. Moreover, he showed that the solution decays polynomially
to zero, with rates that can be improved depending on the regularity of the initial data.
In 2015, Rahmani (see [45]) studied system (1.4) and obtained results similar to those
in [44] for the system (1.1)—(1.3).

If one assumes the filament of the plate to remain orthogonal to the deformed
middle surface, the transverse shear effects are neglected, and the resulting model is

the so called on Karman system (see [27])

h? :
phibis — 5 A + DAY — (N1, + Nuay), — (Noth, + Nigiy), = 0 i Q.

phniy — (Nie + Nigy) = 0 in @,
| phnaw — (Nay + Niaz) =0 in Q,
(1.5)

with boundary conditions

’w:g_zﬁ:m:nzzo on Ty,
DAY+ (1= 1) Giavatby — vy, — V0] = 0 on %,
D20 (1) (02 =08y + a0, — )| — 22

—(v9Ny + 11 Nig)th, = 0 on I'q,

VIN; +15Ni5 =0 on I’y

\ VolNg + 1 N1 =0 on Iy,
(1.6)

and initial data

{¥(,0),m(, 0)77]2('70)} = {%,7710,7720} in ()

{wt(W0)777115('70)’77275('70)}:{¢1>771177721} in €.

(1.7)

In (1.6), 7 = (—10,11) is the tangent vector to € and - represents the tangential
derivative. System (1.5)—(1.7) has been object of studies for many years. Let us

mention some known results about this type of system. Lasiecka [29] and Favini et.al.
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[18] studied well-posedness for this problem, as well as the regularity of its solution.
Perla Menzala and Zuazua [39] proved exponential decay rates for the energy of the
system for a bounded smooth thermoelastic plate clamped on its boundary. A similar
result was obtained by Kang [21] for von Karman equations with a memory term.
Finally, for monotonic functions with certain growth properties at the origin and at
infinity, Lagnese and Leuring [26] showed that the one-dimensional von Kéarman is
uniformly asymptotically stable.

Neglecting the shear effects of the plate obtaining system (1.5) is formally equiva-
lent to considering the modulus of elasticity & tending to infinity in system (1.1), since
k is inversely proportional to the shear angle. The present paper is devoted to analyze
the asymptotic limit of the nonlinear Mindlin-Timoshenko system (1.1) as k — oc.
This problem was mentioned in the 1988 book by Lagnese and Lions |27, p. 24|, where
it was conjectured that system (1.1) approaches, in some sense, the von Karman system

(1.5), as k — oo:

“One expects that, as k — oo, solutions of the system (1.1) will converge
(in some sense) to solution of the von Kdarmdn system (1.5). However, a

rigorous proof of convergence is lacking and seems to be a difficult question.”

In this direction, in 1988 Lagnese and Lions proved in [27] (see also [9] for the one-
dimensional case) that, in the linear case, the solution of the Mindlin-Timoshenko
model (1.4) converges, as k — 0o, towards to the solution of the Kirchhoff model

(subject to appropriate boundary conditions)
ph’ 2
phiby — ﬁAwtt + DAy = 0. (1.8)

Later on, in [8], the authors studied the following one-dimensional nonlinear Mindlin-

Timoshenko system with an extra fourth order regularizing term

;

) in Q7
Pl — b (6 + 1), —Eh[

0

Phntt — Fh <T]m + 1/12) - in Qa

\ xT

and showed that, as k — oo, the system (1.9) converges toward the one-dimensional

20



von Karmam system

h3 1 .
phwtt - pl_Qd}xxtt + Dw:m:xa: — Eh |:¢x (nax + 5¢§):| =0 in Q,
v (1.10)

1
phny — Eh (77:1: + 51/132;) =0 in Q.

x

In the argument used in [8], the use of the extra fourth order regularizing term was
indispensable, since it ensures the compactness of a family of solutions, as £ — oo,
allowing one to pass to the limit in the nonlinear term. Here, we study the non-
linear two-dimensional problem without any regularizing term. We prove that the
Mindlin-Timoshenko system converges to the von Karman one, therefore giving a po-
sitive answer for the 1988 Lagnese-Lions conjecture. We note that our argument here
can be used for the one-dimensional case as well, assuring the conjecture to hold also
in the one-dimensional case (as would be expected).

In the context of asymptotic limits, with respect to singular coefficients, Menzala
and Zuazua proved in [35] that the one-dimensional von Karmén system of equations
approaches (weakly) to a nonlocal beam equation of Timoshenko type as a suitable
parameter tends to zero. In [36], the authors considered a dynamical one-dimensional
nonlinear von Karman model depending on one parameter £ > 0 and studied its weak
limit as € — 0. Furthermore, they proved that, depending on the type of boundary
condition, the nonlinearity of Timoshenko model may either vanish or may become
a nonlinearity concentrated on the extremes of the beam. In [37], the full nonlinear
dynamic von Karmén system of equations was considered and the authors showed
how the so-called Timoshenko and Berger models for thin plates may be obtained as
singular limits of the von Karmén system when a suitable parameter tends to zero.
We also mention the work [43], where the authors obtained the stabilization of Berger-
Timoshenko’s equation as a limit of the uniform stabilization of the von Karmén system
of beams and plates with respect to a singular parameter.

The second part of this work concerns stabilization. Up to our knowledge, ex-
ponential stability has not been investigated for the two-dimension nonlinear Mindlin-
Timoshenko system, so we study decay properties of its solutions with both internal
and boundary damping. More precisely, we show the following: Adding appropriate
damping terms, there is a uniform (with respect to k) rate of decay for the total energy

of the solutions for (1.1) as t — oco. As a consequence of this analysis, we obtain a
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decay rate for the total energy of the solutions for the von Karman system (as t — o)
as a singular limit of the uniform (with respect to k) decay rate of the energy of the
Mindlin-Timoshenko system.

Let us mention some known results related to the stabilization. In the one-
dimensional case, Araruna et. al. showed in [8] the exponential stability of the nonli-
near Mindlin-Timoshenko beam under internal damping. Stabilization results for the
linear model were obtained in [25, 22| considering damping in both equations, and in
[1] with a single nonlinear feedback control. In [5], the system is damped by a memory
type term. In the two-dimensional case, the uniform stabilization for linear Mindlin-
Timoshenko model was studied in [48] considering frictional dissipations acting on
the equations for the rotations angle. Grobbelaar-Dalsen [19] studied the polynomial
decay rate of the Mindlin-Timoshenko plate model with thermal dissipation. Stabiliza-
tion results were obtained in [42] for the multi-dimensional case with nonconstant and
nonsmooth coefficients, when the interior dissipation acts either on both equations or
only on the elasticity equation. The stabilization of the von Karman system, in the
two-dimensional case, was studied by Menzala and Zuazua in [39], where the energy
decreases along trajectories. Bradley-Lasiecka [10] studied the local exponential stabi-
lization for an unstructured perturbation and feedback controls. Kang |21] proved the
exponential decay for the nonlinear von Karman system with memory.

This work is organized as follows. In Section 1.2, we rigorously study the beha-
vior of the Mindlin-Timoshenko system towards the von Karman system as k — oo.
More precisely, we prove that solutions {¢1, ¢, 1, m1,m2} of (1.1)—(1.3) converge to
{=s, =y, ¥, m, 2} as k — oo, where {1, 11,72} solves system (1.5)—(1.7). In Secti-
ons 1.3 and 1.4 we prove that, adding appropriate damping terms (internal and boun-
dary, respectively), one can prove an uniform (in k) exponential decay property for the
solutions of (1.1)—(1.3). Finally, in Section 1.5, we briefly discuss some related issues

and open problems.

1.2 Asymptotic limit

In this section, we study the asymptotic limit of the solutions for the nonlinear

Mindlin-Timoshenko system (1.1)-(1.3) as k — oco. To study this problem, we consider
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the Hilbert space
X = [HE () x LA(Q)]” x [WH(Q) 0 HE (Q)] x L3(Q) x [HL, (2) x LA(9Q)], (1.11)

where H}, (Q) ={p: ¢ € H'(Q), =0 on I}
The energy Ey (t) of solutions is given by

1

h3
Ey(t) = B {p1_2 [|¢1t|2 + |¢2t|2] + ph [|1/1t|2 + |mue)® + |772t|2] +k [|¢1 + ¢x|2 + o2 + 7/@@2)

+ (0], b5]) + D {161l + lonl + 5 61, + 60l +2u/ﬂ<¢u¢2y)da:dy”,

where
1 1
bi1 = 1z + 5%03;, bag = nay + 5%3, biz = ba1 = M1y + Mo + Yy,
and
Eh b1 + bao 0 bi1 bio
F(lbyl) = 1— 5\~ +c(l—p)
H 0 bi1 + boo ba1  bao
Note that
Eh b1 + bao 0 b1 bio bi1 bio
(£ ([bis]) [bijD(L2(Q))4 - 1_ .2 H +c(1—p) ,
K 0 b11 + oo ba1 Do ba1  ba
Eh 1 2
R {“ M + N2y + §|V¢|2 + (L= ) |bu]? + (1 = p2)[baa?
L —p 2
+T |n1y + N2y + ¢x¢y| >0
since 1?22 > 0 and 0 < p < 1, which shows that F' is positive definite. Moreover, we

have by [25, Lemma 2.1| that

1—p
D {|¢1al® + |2y + — |61y + P2al” + 2#/ (¢1x¢2y)} > Clloillin ey + N2llinq)-
Q

So, the energy is positive. Furthermore,
Ex(t) = Ex(0), Vt>0. (1.13)

The main result of this paper is to give a positive response to a Lagnese-Lions

conjecture from [27]. Our result is as follows.
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Theorem 1.2.1 Let {¢%, ¢, v%, nf, n} be a solution of system (1.1)—~(1.3) with initial
data {10, P11, P20, P21, Yo, 1, M0, M1, M20, 21} € X satisfying

$10+ Yo =0 and  ¢Po0 + oy =0 in Q. (1.14)

Then, letting k — oo, one gets

{¢]f7 ¢§7¢k7nf7n§} — {—%7 _¢y7¢77717772} weak—x* in LOO (07T7 [H%‘O(Q)P X [L2(Q)]2) )
where {1, m, 2} solves (1.5)—(1.7).

Remark 1.2.2 The variational formulation of system (1.5)—(1.7) is given by

d s d d d
ph%(l/}t, c)+ %% (Vi Ve) + Ph%(ﬁlt, d) + Ph%(mt, e) + (N1 + Nigty, ¢;)

+ (N2¢y + Nl?wzu Cy) + (va dz) + (N1k27 dy) + (N2k7 ey) + (Nf% e;t) + D(A% AC) = 07

(1.15)

for all {c,d,e} € [H*(Q) N HE (Q)] x [H%O(Q)}2 and the initial conditions (1.6). In
equation (1.15), (-,-) represents the inner product in L* (Q). Furthermore, the system

(1.5)~(1.7) is conservative, that is, its energy

1 h3 Eh 1 ,]?
E(t) = 3 {Ph [ + el ® + |m2e|?] + _p12 IV |> + D|AY|* + 1. / [mx + —@/Ji]
— i Ja 2

1,1 1 S
+ |:772y + §w§:| + |:7hm + M2y + §|V¢!2 + 1_2H [nly + M2z + %:%]2

(1.16)
satisfies E(t) = E(0), for all t € [0,T].

Proof of Theorem 1.2.1. For each k > 0 fixed, let {¢}, @5, ¥* nt n5} be the solution

of system (1.1)-(1.3) with data {¢10, 11, P20, P21, Yo, Y1, M0, 11, 20, M1} € X. Since
the initial data {¢10, @11, P20, P21, Yo, V1, M0, M1, M20, 121} satisfy the condition (1.14),

one has, due to the conservation of energy (1.13),
Eu(t)<C, Yk>0, Vt>0. (1.17)

From now on, the letter C' stands for a generic positive constant which may vary from
line to line (unless otherwise stated). The estimate (1.17) implies that the sequences

(in k)
(@F), (85), (W), (f), (5, Vi (6 + ), V(05 +v5), (65,) . (¢5,), (61, + 05.)
(n’fx v [wiﬂ?) , (n’g’y v [w’;]Q) , (n’fx oyt [Vw’“f) oy + )

24



are bounded in L*°(0, T, L*(f2)). Furthermore,

[o1,], = [o1.], € HH(Q) and [g3,] =[s3,], € H (),

since (¢f,) and (¢4,) are bounded in L>(0,7, L*(2)). On the other hand,

1z

[(bllgy}y = [(blfy + (ng}y - [(ng]y = [(blfy + gbgm}y - [(bgy}a: € Hil(Q)v

which implies that (¢},) is bounded in L> (0,7, L*(£2)). Similarly, one can show that
(¢%,) is bounded in L* (0,7, L*(2)). Thus, the sequences (in k) (¢%), (¢5) and (¢*)
are bounded in L* (0,7, H} (0, L)).

Since, for each k, n¥, and 7%, belong to C° ([0, T], L*(f2)), we can write

t

t
WO =mo+ [ afyo)ds and () =mo+ [ (s
0 0

Therefore, since (n},) is bounded in L**(0, T, L*(0, L)), the sequence (n}) is bounded

L>(0,T,L*(€)). Indeed,
t
7710+/ s
0

Analogously, it follows that (n%) is bounded in L* (0,7, L*(Q2)). Therefore, the se-

t
] = sc+/0 s < c.

quences (nf), (n5) are bounded in L (0, T, L*()). Extracting subsequences, without

changing notation, one gets

{¢If7¢ga¢kanf7n§} — {¢17¢2’¢77717772} weak—x in L™ <O’T; [H%‘O(Q)]g X [L2(Q)}2> )

(1.18)
with
Pr+v, =0 and ¢+, =0, (1.19)
{¢Ifta ¢§t»¢fanlft»77§t} — {d11, Got, Ve, My, Mo} weak —x in L <O,T; [LQ (Q)r’) ,
(1.20)
1
Mt 5 [W5]* — @ weak —x in L®(0,T,L%(Q)), (1.21)
1
1y + 5 [W]* = B weak — in L™ (0,T,L*(Q)), (1.22)
and
M, + e + VY — 4 weak —x in L (0,T,L*(Q)). (1.23)

25



Now, using a compactness theorem due to Aubin-Lions (see [50,

obtain
" — ¢ strongly in L (Q)
and

o8 — ¢y strongly in L (Q).

Therefore, given € > 0, for large enough £ one has

(08 + 6] < |6 + 65| + |0 — o g%m

Consequently,
Uy = —¢1 in LXQ).
On the other hand, we also have by the convergence (1.18) that

WE =y, in D(Q)

Combining (1.26) and (1.27), we obtain

% = _le-

In a similar way, we get
wy = _¢2-

Therefore,

V¥ — 4 strongly in L (0,7, H} (Q)).
By the previous convergence we conclude that
[04]" = [ strongly in 2 (0,7, L'())

and

[WJ]Q — [,)* strongly in L™ (0,7, L'()) .

Corollary 4]), we

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)

On other hand, the sequences (n}), (%) are bounded in L* (0,7, L*(2)) and so

N, = me weak —* in L™ (0,7, H'(2))

and

s, — ey weak —x in L™ (0,7, H(Q)).
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The same holds for (nf,) and (n5,). Combining the convergences (1.28)-(1.32), it
follows that

1 1
05:7711+§¢§> 5:U2y+§¢57 Y = Ty + Now + Pathy,

NEPE 4+ Nfyoh — Nihy + Nigtp,  weakly in - L™ (0,7, L*(2)) , (1.33)

and
NJYE + Nk — Noyy + Nistp,  weakly in - L (0,7, L*(Q)) . (1.34)
For {a,b,c,d, e} € [H%O(Q)r satisfying
a+c; =0 and b+c¢, =0, (1.35)

the variational formulation of problem (1.1)—(1.3) is

o d (9, a) + 2 (g b) + phL(F, c) + phd (il d) + ph (1, €) + D [(¢h,, az) + 52 (¢, ay)
+ (g5, ay) + (05,,0y) + 552 (05, ba) + 552 (0F,,00)] + (MR + Nk, c,)

+ (N, dy) + (NYy, dy) + (NS0E + NEE ¢)) + (N§,e,) + (N, e,) = 0.

(1.36)
Using convergences (1.18), (1.20)—(1.23), (1.33) and (1.34) in equation (1.36), and ap-
plying identities (1.19) and (1.35), one obtains the weak formulation of the system
(1.5)—(1.7) given in (1.15). To finish the proof, it remains to identify the initial data
of the limit system. In view of the convergences (1.18), (1.20), and classical com-
pactness arguments, one has {¢* nf nk} — {¢,n;,m2} in C°([0,7T7];[L? (2)]?). Then,
{5 (,0) 07 (,0) .5 (.00} — {2 (,0),m1(,0), 72 (-,0)} in [L* ()], which combi-
ned with (1.3); guarantees that {¢ (-,0),m (-,0),72(-,0)} = {%o, M0, 720} . In order
to identify {¢; (+,0),m1; (+,0),m9 (+,0)}, multiply both sides of equation (1.36) by the
function 05 € H' (0,T) defined by

t :

—5—1-1, it tel0,d],

05 (t) =
0, it te(6,T],
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and integrate by parts to obtain
3 3 3 )
- %(gbll, + ?gé fO 1t’ d - %(qSle b) + % fo (¢§t7 b)dt - ph(qu)l’ C) + % f() (77Z)1]E€7 C)dt

- ph(nlla d) + % f06(nlftv d)dt - ph(nﬂ’ 6) + % f05(772t’ + fo [( 1) @ ) + I_Tu ( ’fy7 ay)

5 (O ay) + (98, y) + 5 (0hesba) 45 (01, 00)] Oadlt + [y (VT + Ny, ) Ol
+ fo (NBE + Nk, ) sdt — [ (NE, + Nby,,d) 05dt — [, (N§, + Ny, €) 05dt = 0.
(1.37)

Passing to the limit as & — oo in the last equation, and using (1.18), (1.20) — (1.33),

one obtains
— 8 (D11 ¢a) + 555 Jo (Yot o)t + By (S21,¢,) + 555 [o (e )t — ph(thr,0) + G [ (Wr, c)dt
— ph(m,d) + 2 fo(s(??m d)dt — ph(na1,€) + 2 fog(ﬁzta e)+ D foT(Al/% Ac)fsdt
(N, + Nisthy, ) 05t + [ (Nothy + Nigthy, ¢,) 0sdt — [ (N + Nigy, d) O5dt

- foT (Nay 4 Nigg, €) O5dt = 0.
On the other hand, multiplying equation (1.15) by 65 and integrating in time, we get
the identity

— O (AY(+,0),¢) — ph(y(-,0), ¢) — phl(ni(-,0), d) — ph(ipay, €)
= —%3(¢11I + ¢a1y, ¢) — ph(th1, ¢) — ph(mi,d) — ph(na, e).

Therefore, (—%Aw + ¢>t (-,0) = wl+%(¢llz+¢2ly)a M1e(+,0) = N1, and 19a(+, 0) = 791

This concludes the proof. m

(1.38)

Remark 1.2.3 Note that in order to fully identify the initial data of the solutions of
the limit system (1.5)—(1.7) and, more precisely, to determine the initial data of 1y,
an elliptic equation has to be solved. Namely, the initial datum for the velocity 1, in

(1.5)5 is determined by solving the elliptic equation
2

h? h
G0 @) (<15A0 ) (0= bt ot om) in

as the proof of the theorem showed. More precisely, this elliptic equation can be written
wn the variational form
h? h? h?
(V%( 0),Ve) + (¥(+,0),¢) = (¢r,¢) — E(ﬁbu,%) - 12(¢21=Cy)

where the terms @11, and @91y are not the derived from ¢1 and ¢s, respectively, in the
sense of transposition, but they are rather the linear mappings which, when acting on
any element ¢ of H} (Q), produce — (¢11,¢,) and — (¢21,¢,). The same can be said
about Ay(+,0) yielding —(Viy(+,0), Ve).
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1.3 Stability: Internal feedback

In this section we analyze the plate model with hinged boundary conditions and

in the presence of internal damping distributed all along the plate. Consider the system

( ph3

Eﬁbltt — Li(¢1,02,¢) + 91 =0 in Q,
ph? ,
g Pou = La(61, d2,9) + 62 = 0 in Q,
’Ohd)tt - L3(¢17 ¢27 @ZJ, m, 772) + wt =0 in Q, (139)
phine — La(¥,n1,m2) + 110 = 0 in Q,
L phnow — Ls(,m1,m2) + 120 = 0 in @,

under boundary conditions (1.2) and initial data (1.3). The energy of solutions for
(1.39), (1.2), (1.3) decreases in time. Indeed, the energy given by (1.12) obeys the

energy dissipation law

d

EEk (t) = — (|¢ne O + [d2()]* + [ (1)) + e (O + \th(t)|2) : (1.40)

The aim of this section is to obtain exponential decay for the energy (1.16) asso-
ciated to the solution of the von Karmén system

"

h? )
phiby — pl_QA@/Jtt + DA% — [Nyip, + N12¢y]x — [Natpy, + le%c]y +Yy =AY, =0 in Q,

phn — [Nig + Nigy] 4+ 11 = 0 in Q,

W [Noy + Nigz] + 12t =0 in Q,
(1.41)

with boundary conditions (1.6) and initial data (1.7), as a limit (as & — oo) of the
uniform stabilization of the dissipative Mindlin-Timoshenko system (1.39), (1.2), (1.3).
Analogously to the proof of the Theorem 1.2.1, considering the initial data
{010, P11, P20, D215 Vo, Y1, M0, M1, 20, 21} € X satisfying (1.14), system (1.41) can be
obtained as a limit, as k — oo, of system (1.39), (1.2), (1.3).
Since the energy Ej(t) in (1.12) is a non increasing function, we will show that this
energy decays exponentially (as ¢ — oo) uniformly with respect to k. More precisely,

the following result holds:
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Theorem 1.3.1 Let {¢1, ¢, 10, m1,m2} be the solution of system (1.39), (1.2), (1.3) for
data {10, P11, G20, B21, Yo, U1, Mo, N1, M20, 21} € X. There exists a constant w > 0 such
that

By (t) < 4E, (0)e 2!, Vit >0. (1.42)

Remark 1.3.2 As a consequence of inequality (3.4), if the initial data satisfy (1.14),
letting k — oo one recovers the exponential decay of the energy FE (t) associated to
system (1.41) which is given by (1.16). This is in agreement with the results from [43]
in the sense that the same decay rate for the solutions of the von Kdrmdm system was

obtained.

Proof of Theorem 1.3.1. For each k > 1 fixed, let {¢¥, #%, ¥* n¥ n5} be the solution
of system (1.39), (1.2), (1.3) with data {¢10, ¢20, Yo, 710, 20} € X. From now on in this
proof, we will omit the index k of the solution to simplify the notation. For an arbitrary

A > 0, define the perturbed energy
G (t) := Ex (t) + \F (1), (1.43)
where F' is the functional

3 3
F(t)=10 (%¢1t7 ¢1) +0 (%@t, ¢2> + 0(phtbe, ) + 20(phnre, m) + 260(phnae, m2),
(1.44)

where 6 > 0 is a constant to be chosen later on. Let us bound each term on the

right-hand side of identity (1.44) by an expression involving the energy (1.12).

e Analysis of 6 (p—}igblt, (;51) +40 (p—h;@t, ¢2>-

Using Poincaré inequality, one obtains

h3 3
0 (pl_zqslt) gbl) + 0 (%¢2t7 ¢2>

ph3 2 Ph3 2 2 2 2
< (0 §|¢1t| +E|¢2t| + (12" + |P2y|” + | D1y + P2z|” — 2 Q¢1z¢2y
< COHEL(1). (1.45)

e Analysis of 0 (phi)y (t), 1 (1)) .

Using Poincaré inequality again, one gets

0 (phipy, ) < CO(phlihn]® + [ul” + [0y [*) (1.46)
< OO (phlnl® + 61+ ul” + b2 + 0y |* + 01 + |6a])
< CO(phln] + 1d1 + bal* + [d2 + Uy + [@1al* + 161y ° + |2l + 2y )
< COE(t).
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e Analysis of 20 (phne, m) + 260 (phije, 12).

One has

20 (phme, m) + 260 (phnag, m2)

< CO (phlnuel® + [mal” + |1y + phnael® + [1m2al” + |02y %)
2 2

1
+ |2y + 51/15

1

< C¥f (/)h‘mt’z + phlna|* +

bl + Il + 5 [o2 4 L W\) (1.47)

2 2

IN

1
+ |2y + 5

1

0 (Ph‘ﬁ1t|2 + phlna | +

+ |T]1y + 772:c|2 - 2Ln1yn2$ + |V¢|2)
< COEL1).

According to the bounds (1.45)—(1.47), we conclude that
|[F ()] < CE(t). (1.48)
Now, using (1.43) and (1.48), one obtains
G (1) = Ex (1)) S AF ()] < ACE (1),
which is equivalent to
(1=XNO)EL(t) <G (t) < (1+AC) Ei ().

Taking 0 < A < 1/2C, one gets
By (1)
2
Differentiating the functional F' and using the equations in (1.39), one obtains

d
dt

< GA(t) S2E. (). (1.49)

GF0O = 0D o = 50D o~ 0D [ uin, — okl =0k [ b
—e/gml+ep1—|¢u|2—eD|¢2y| =007 o =002 [ 61,0
~ 0kl — ok | Uy + 02 g2 — 6 | Guon =0 ju.l? 0k [ ontas0)
T - /ﬂ P /Q (Nuths + Nagthy s — 6 /Q [Notby + Nustha]
—l—@ph\wt]Q—9/Q¢tw—29/§2N1771x—29/52N12171y+29ph]171t|2
— 26 / Nong, — 20 / Nianae + 20ph|na|* — 20 / mem — 20 / oy

Q Q Q Q
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We bound each term on the right-hand side of identity (1.50) separately.

e Analysis of —0(d1s, ¢1) — 0(Par, d2).

—0(d1e, ¢1) — 0(dar, P2)
62 62
< 2_£|¢1t’2 + §’¢1‘2 + 2_€’¢2t’2 + g]@\z

92 2 2 60 2 2 2 2

< gg eul® +16xl"] + =5 (101l + [0n[" + 02" + 102 (1.51)
02 C

= % U¢1t|2 + ‘¢2t|2} + % <|¢1x‘2 + |¢2y|2 + ’¢1y + ¢2:v|2 - 2/9¢1y¢2x>
92

< % [|¢1e)* + |pel*] + ECER(2),

where ¢ > 0 is a real number to be appropriately chosen.

e Analysis of —0 (¢ (t),v (1)) .

92
“000) < Gl + S

62 C

< el + 5 (wal + )
62 2 £C 2 2 2 2

< el 25 (101 4l + 102+, 161 +16P) (1.52)
62 C

< £|’¢t|2 + % (|1 + Vol + |92 + Uy + |G1al” + D1y + |P2el” + |¢2y|2>

IA

2 CE,(t
2_€|1/Jt| + ECEy(t).

e Analysis of —20(ny, m1) — 20(n1e, m1)-
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—29(7711:, 771) - 2‘9(771t> 771)
0? & 0? 19
c e S e Y 2 Sy e
< 26|7)1t| + 2|771| + 2£|772t| + 2|712|
0 %,
< 2% [mel® + [m2e)*] + > U??lx|2 + [yl + e + ’772y|2] (1.53)

2
+ ’7711,/ + 772:1:’2

2

0 2 2 1 22 [
< 2_5[’771t| ‘|"772t|]+— 771x+§% + 772y+§%

2

1 1
_2/ MyT2z + 5%25 + ?ﬁ;}
Q

2
—5 UTht|2 + ’772t|2] + =

2 2

+ ’nly + 772:]0’2

IA

1 1
nm+5% +n%+§%

2

2 [+ rwﬂ
(9]

02
< 2 [mel® + [m2ef*] + ECER(2).

Using bounds (1.51)—(1.53), one obtains, from (1.50),

d

SO < 0D 10w = D16~ 0kl + a6 + 3 00 (15 )|¢1y+¢2m|

2

Eh 1—
_QQDM/¢1y¢2x—201 5 ( 2“) ‘n1y+n21+¢xwy‘2_29
Q —H
2
— 2ub

2
— 2ub

2
— 20

1

1
7]2y + §¢5

1
7]2y + §¢5

h? 62
+ 350Ek(t) + 9[)1—2 [[1]® + |D2e?] + Oph [[e]* + 20mue|® + 2[me|*] + % (o1l + [¢2:]]

2

|?/Jt\2 [|771t| + (724 }
ph3 0 2 2 )
< —0-360) 50 + (055 + 52 ) loul + 6] + (090 + 7 ) 1 (L34

0
(29Ph + 5) [|771t|2 + |772t|2} :

Therefore,

d

SF (1) < — (0 = 36OV () + C [loul® + |oal® + [l + lmel? + [mal”] . (1.55)

Considering the derivative of the expression (1.43), and observing (1.40) and (1.55),

one has

%G,\( t) < =XO =360 Eg(t) — (1 = AC) [|o1e]® + |doel” + [0e]* + |mel® + |meef?] -
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Choosing A < 1/2C and £ < /3, one obtains, according to (1.49),

%Gw) < A0 — 360V E(t) < —%Gm, vt >0,

where w = X\ (0 — 3£C'). Therefore,

U

Gi(t) < Ga(0)e 3t (1.56)

Combining (1.49) and (1.56), one gets (1.42). This finishes the proof. m

1.4 Stability: Boundary feedback

In this section we analyze the plate model in the case where the energy of the
Mindlin-Timoshenko system is dissipated through boundary feedback mechanisms. Let
us assume that I'; # 0 (i = 0,1), and we consider the system (1.1) with boundary
conditions

pr=¢2=9p=m=m=0 on Yo,
{31(¢1»¢2)»B2(¢1a¢2)a83(¢17¢27¢7771>772),84(7717772)735(771»772)} = —{¢1t»¢2t7¢t7771t77l2t} on Elv
(1.57)

and initial data (1.3). The energy of this system obeys the following dissipation law:

GB = [ (8 (68" + (08 + (o) + (o) ] ar

Consequently,

Ei(t) < Ex(0), Vt>0.

We are interested in studying the asymptotic behavior of E(t), as t — 0.

The variational formulation of (1.1), (1.57), (1.3) is given by
3 3

+ (5 + 5,0+ )] + D [(9hax) + 52 (01, ay) + 52 (9, ay) + (95, y) + 52 (65::00)

+ 58 (0, b0) | + (NFUE + NBEy, e0) — (NF da) + (N, dy) + (N3Y) + Nk, ¢,)

- <N§> ey) + (Nfza ez) + fpl [‘b’ft“ + ¢§tb + wfc + n'ftd + 77’2§t6} =0,
(1.58)

for all {a,b,¢,d,e} € [HE ()]".

Remark 1.4.1 Using arguments similar to those in Section 1.2, considering initial

data in a suitable class and satisfying (1.14), we can prove that the system (1.1),
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(1.57), (1.3) converges (as k — oo) toward the dissipative von Kdrmdn system (1.5)

with boundary conditions
15:2—15:7712772:0 on I,
DAY + (1 — ) (2v119%ay — V%@Z}yy — V3thea)] = — (1% + Vathyt) on I,

I(A 3 Onys
D289 4 (1= i) & (v} = 18) hay + 110 (Y — V)] — 28

— (1 N1 + voN12)thy — (V2o Ny + V1 Nig)ty = % (—athye + vo0q) — Py on T'y,

viNt + 1o N1g = =y on I'y,
[ v2Na + 1 N12 = =1y on I'y,
(1.59)

and initial data (1.7).

In order to establish the uniform asymptotic stability of system (1.1), (1.57),
(1.3), some restrictions are needed on the geometry of Q, I'y and I'y. Let us introduce

a vector field m = m(z,y) in R? defined by

m($7y) = (x,y) - (Io,y()),

where (g, o) is a fixed point of R?. We assume that Iy and I'; are such that there

exists (xg,y0) € R? such that

m-v<0 on I, m-v>0 on I;. (1.60)

Figura 1.1: Example for which condition (1.60) is satisfied.

Let us consider G = [g;;] the 5 x 5 matrix such that
gi; =0,i%#j, and (m-v)g; =1 i=1,...,5.
Note that g¢;; € C'(T). Moreover, there are positive constants gy and G such that
QOMQ <Gg-¢< G0]§|2, V¢eR® on Iy (1.61)

Before establishing the main result of this section, we will state and prove the

following two lemmas.
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Lemma 1.4.2 Let {¢1, g2, 0, n1, 12} and {11, Gor, Y, 1w, 2e} be regular enough. Then

/Q [P16L1 (1, P2, ) + ParLa(Pr, da, ) + Ve Ls(1, P2, 0, 11, 12) + e La(h, 1, m2)
+ 772tL5(¢> T, 772)] dxdy + G(¢1a G2, 0, M1, M25 Gres P2ty Ve, T 772t) (1-62]
= /r [01:B1(91, P2) + d2Ba(01, P2) + Vi Bs(P1, G2, ¥, 1, m2) + nueBa(V, m1,m2) 4 02 Bs (Y, 1, 1m2)] AT

with

a’(¢17 ¢27 w7 T, 712, (bltu ¢2t7 wh M1t 7]215)
= a0(¢17 ¢2a ¢lt7 ¢2t) + kal (¢17 ¢2a 1% ¢lt7 ¢2t> wt) + a2(¢7 11,12, wt; Mt, 772t>a

where

Go(¢1> b2, Y1t ¢2t)
=D fQ [¢1x¢1tw + ¢2y¢2ty + M¢1w¢2ty + N¢1ta:¢2y + I—Tu (¢1y + ¢2:{:) (¢1ty + ¢2tac)} dffdya

ay (@1, G2, 0, G, Par, ) = /Q (&1 + ¥2) (P10 + Via) + (P2 + 2by) (P2r + yy)] dady,

and

a2(¢> M, 72, wtv Mit, 772t)

Eh

= 1= /LQ /Q |:(1 - ,u) <Thz + %wz) (nltx + wmd}tw) + (1 — /JJ) (T]Qy + %1/};) (772ty + ¢y¢ty)

1
+p (771x + M2y + §|V1/)|2> (nltm + Mgy + V) - qubt)

1—

+ T'u (nly + Nox + ¢mwy) <n1ty + Motz + ¢$¢ty + wyd}tﬂc >:| dl‘dy

Remark 1.4.3 Here and elsewhere in this section we use the term “reqular enough'to
ensure that all integrals are well defined (see Section 1.5 for additional comments on

this point).

Proof of Lemma 1.4.2. By definition of the operators L;(¢1, g2, 0, m,m2) (i =
1,...,5), one has

/5\2 [¢1tL1(¢1a ¢2a ¢) + ¢2tL2(¢1a ¢2a ¢) + ¢tL3(¢17 ¢27 ,(/)7 m, T]Q) + 771tL4(¢a m, 772) + thL5(’(/)7 m, 772)]

— /Q {¢1t [D <¢>1m Tl P ¢21y> - m)} T o {D (qszyy 1 e 1;%1@)

— k(62 + )] 0 (R [0+ 01), + By + 92), ] + (Nithy + Niathy),, + (Nathy + Nizts), |

+ M1t [Nz + Nigy] + n2t [Noy + N12w]} .

36



Through integration by parts one obtains

Jo (016 L1 (D1, d2,%) + barLa(pr, @2, ) + e Ls(¢1, b2, 10, M1, m2) + NueLa(, m1,m2) + M2eLis (¥, 11, 172)]
= —ao(P1, b2, 1o, P2u) — kar (1, o, P, s, dar, i) — fo (N1t + Nizthy )thie + (Nithy + Niothe )ty
+ Nito N1 + NityNiz 4 02ty No + 1o Nio) + [ {d1D [¢ra11 + Shdryvn + 52 o, 1)

+ ¢ D [ayvo + G doarn + b1 | + ik [(D1 + Yu)v1 + (G2 + thy)ve] + (Nithy + Nigthy )1

+ (Nawy + Niote)va + mue(Nivi + Nigvs) + 1 (Nova + Nigvn) .

Finally, using the definition of Ny, Ny and Njs, one has

fQ [¢1tL1(¢17 ¢27 1/]) + ¢2tL2(¢17 ¢27 ¢) + ¢tL3(¢17 ¢2a ,lvb? m, 772) + nltL4(¢7 M, 772) + 772tL5(¢a M, 772)]
= —@0(¢1, G2, D1t ¢2t) - ka1(¢1, G2, 0, P11, Pt ¢t) - a2(¢> 1, M2, Yes Mt 772t) + fp { ¢1t31(¢1> ¢2)

+ ¢oBa (1, h2) + LiBs(d1, da, ¥, 1) + NueBa(W, m1,m2) + 02 Bs (¢, 11, m2) }

which completes the proof. m

Lemma 1.4.4 Consider {¢1, ¢2,1,m,m2} to be regular enough. Then

Jo [(m - V1) Li(¢r, b2, 0) + (m - Vo) La(¢r, da, ) + (m - V¢)L3(¢17¢2,¢) (m V1) La(, 11, m2)
+ (m - V) Ls (¢, m, m2)] dadt = k [, [(¢1 +a) d1 + (92 + ) do) dxdy — 3 [rm - v{D [(¢12)°
+ (G2y)” + 2pdraday + S (S1y + 020)”] + k(01 + ¥a)? + (62 +1,)7]

L, [(1—u><nlx+§w§) + (1= ) (my + 302)° + 1 (g + oy + 3 VP2)°

+ 15 (g + 120 + etly)’] AT + [ [(m - V1) By (61, 62) + (m - Vo) Ba(¢n, 62)
+ (m : V¢)B3(¢1a ¢27 ¢7 i, 772) + (m ' V771)B4(?/% i, 772) + (m ' V772)B5(1/Ja i, 772)] dr.
(1.63)

Proof. Analogously to the proof of Lemma 1.4.2,

fQ [(m - V1) Li(d1, 2,%) + (m - Vo) La( @1, 2, 0) + (m - V) La(d1, 2, v) + (m - Vu) La(8, m1, m2)
+ (m : V772)L5(¢7 77177]2)] drdt = —a ((rblu ¢27¢7 i, N2, M - Vd)hm ’ VQbQ, m:- Vl/},m ’ Vﬁlam ’ VUQ)

+ [o [(m - V1) Bi(d1, ¢2) + (m - V) Bahr, ¢2) + (m - Vb)) Bs(¢r, da, 00, m1,m2) + (m - Vi) Ba(h, my,
+ (m - V) Bs (1, m, n2)] dL.

(1.64)
In this way, to prove (1.63) we have only to study the term

a (¢17 ¢27¢>77177727m : V¢1>m ' v¢27m : V¢>m ' anm : V772) : (165)
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Note that

ao(¢1, P2, m - Vor,m- V¢2)
- D / (G12(m - V1)s + oy (m - Vo), + pbra(m - Vo) + oy (m - Vbr)

+ 25 2 (a 0) (- T + (- V)| dacy

= § / div {m [cbic + 3y + 2161060, + 1_7“ (¢1y + %)2} } dady (1.66)
Q

D 1-—
= 5 / m -V |: %$ + ng + 2/J'¢1x¢2y + T,u (¢1y + ¢2x)2:| drv
r

ai(¢r, ¢2,0,m - Vo, m- Vg, m- Vi)
= /Q (@1 +e) (M- V1) + (m-V)a) + (2 + 1) (m - Vo) + (m - Vi), )] dedy

_ %/Qdiv {m [(¢1 )+ (o + wy)ﬂ } dwdy — /Q (61 + 1a) b1 + (62 + 1) bo] dwdfi 67)

— %/F {m v [(qbl +12)? + (ho + 1/@)2} } dl — /Q [(¢1 4 V) b1 + (P2 + ¥y) ba] dady,

and

CL2(¢> T, M2, M - wa m - V?h? m- V772)

Eh

= " /Q [(1 — 1) (le + %@/ﬁ) ((m-Vm)z + Y (m-V),)

0= 0) (502 (0 9, - V0,
+u (mx by + %\WP) ((m Vi) + (m- Vi), + V- V(m - V9) )

= Oy + e+ 0ty) (02 V), 4 (m - Vi) + 4 (m - V), + 10, (m - V), )} dudy

= 2(%% /QdiV {m [(1 — 1) (nu + %d}i)z +(1—n) (¢2y + %w;)Q (1.68)
}d;vdy
= %%%/Fm v [(1 — 1) (mz + %¢§>2 +(1—p) (nzy + %1/;;)2

1 > 1-yp
+u (nlx + Moy + §|W)I2) 5 My + 7+ %%)2] dr.

1 21—y
+ p (771x + Moy + §|V1/)|2> + 5 (My + M2 + %M/fy)z
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Plugging (1.66)—(1.68) in (1.65) we get

a(¢1, P2, 0,1, 2, m - Vo, m - Vo, m -V, m - Vi, m- V)
=3 fim-v{D [(¢12)" + (02)° + 21100y + 5 (D1 + 022)7] + & [(d1 +10)* + (62 + )7
+ sz [(1 — ) (ma + %wg)Q + (1 — p) (foy + %wz)g + p (Mo + 12y + %‘V¢‘2)2

+ 5 (1 + 020 9ty ] AU =k o (61 + 00) é1 + (62 + ) o] dudy.

(1.69)
The equation (1.63) follows directly from (1.64) and (1.69). =

The main result in this section is the following.

Theorem 1.4.5 Assume the geometric condition (1.60) to hold. Let {¢1, d2, 1, m1,m2}
be a regular enough solution of system (1.1), (1.57), (1.3). Then, there exist positive
constants C' and w such that

E,(t) < CEL(0)e ™, Vit >0. (1.70)

Remark 1.4.6 For regular enough initial data satisfying (1.14), one obtains, as a
consequence of inequality (2.39), exponential decay for the energy E (t) associated to
system (1.5), (1.59), (1.7) as k — oo. This decay rate for the limit system is in
agrement with the results from [43].

Remark 1.4.7 The case I'y = (0 is not considered in this paper. In this case, one
cannot assure that the energy decays to zero for every finite energy solution of (1.1),
(1.57), (1.3) regardless of how the feedbacks are chosen. Indeed, defining

1 1 1 1
{p11, P21, V1, M1, M1} = {04,5; —ax — By + 7, —504255 - 50459 + ¢, —5523/ - 504595 + 02} 3

where a, B, 7y, ¢1 and ¢y are nonzero constants, and {19, P20, Yo, Mo, M20} Such that

Li(¢10, P20, %0, Mo, M20) =0, i=1,...,5,
{B1(¢10, #20), B2(d10, $20), B3(¢10, D20, %0, 010, M20), Ba(to, 110, 120), Bs (Yo, M0, M20) } = —{ P11, P21, U1, M1, 121}

it s not difficult to check that
{<Z517 G2, 0, M1, 7]2} = t{¢11, G21, Y1, 771177721} + {<Z5107 ®20, %0, 771077720}

is a solution of (1.1), (1.57), (1.3). However, for this solution,

1 [ph?
E(t) = 5| 1o (|¢11]* + |@21]%) + ph (1| + |m|* + [n2|?) | = const. > 0.

Proof of Theorem 1.4.5. We divide the proof into three steps:
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Step 1 We apply Lemma 1.4.4 to the solution of (1.1), (1.57), (1.3) and integrate the
resulting identity with respect to ¢ from 0 to 7' to obtain

2

T2 h
Ph/ {ﬁ (P1ee,m - Vopr) + 12 (Pat, m - Vo) + (Y, m - V) + (i, m - Vmn) + (e, m - Vi) | dt
0
T
k[ [ o+ 00+ @t ) 0o

= 5 [ [P [0 0 2w+ L G 0] [0+

h 2 2
ot )] + o [(1 ) (met 302) =) (ot 02 (11)
1o o\ 1—u )
+p (mx + 12y + §\V¢| > + — (My + N2z + Vaty)
T
+ / [(m-Vé1)Br+ (m-Vaoo)By + (m - V) Bs + (m - V) By + (m - Vi) Bs]
o Jro

- /0 /r [D1:(m - V1) + dar(m - Vo) + e(m - V) 4+ mie(m - Vny) + nar(m - Vnol)].72)

All of the integrals on the left-hand side of (1.71) may be interpreted in the L? (Q)
scalar product since {P141, Gore, Vir, Mut, o} € C ([0, 00), [L2(Q)]5). The first integral
on the left hand side may be written as

T 2
Ph/ / {TQ [P1ee(m - V1) + b (m - Vo )] + b (m - V) + n1ge(m - Vi) + nage(m - V772)} (L.73)
0 Jo
T h2
= Y- Ph/ / [12 (P1e(m - Vouir) + dar(m - Vo)) + e (m - Viby) + nie(m - Vie) + nae(m - V772t):| )
0 Jo

where
T

Y, = ph/Q {}f—; [P1e(m - V1) + dor(m - Vo) + (m - V) 4+ nug(m - Vi) + 1 (m - Vnz)}
(1.74)

A typical term of the last integral in (1.73) is (except for a constant factor)

T
/ (P1e,m - Voy)dt = / /le maei,) dxdydt—/ /gbltdxdydt
0

= 5/0 A (m~u)¢ftdth—/0 /ng%tdxdydt.

The other terms of that integral are treated similarly. Thus, it follows that

ph foT fQ {% [p1:(m - Vrip) + dor(m - Vdoy)] 4+ by (m - Vb)) + mue(m - Vig) + mae(m - Vnzt)} dxdydt
=& fo Jo,mv [12( + ¢5) +UF + iy + 7721‘1 dl'dt (1.7

- fo fQ ph [ﬁ 1T ¢%t) + th + 77%: + 77575} dxdydt.
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Combining (1.71), (1.73) and (1.75), one has

Vit fy Joph [B5(8% + 63) + 0F 4 n+ 8| — kS o [(61+ 1) 61 + (62 + ) )
= Jl - JQ + fOT fro [(m . v¢1>81 + (m . V¢2)BQ + (m . V@D)Bg —+ (m . Vﬁ1)84 -+ (m . V772>B5] dl'dt

— fOT fFl [(]5125(771 . V(bl) + ¢2t(m . V¢2) + wt(m . Vw) + mt(m . V?h) + 772t<m : Vﬁg)] dth,
(1.76)

where

/ /r [ (6, + ¢3,) + U7 +ni, + 77215} dr’dt, (1.77)

and

/ /1“ m-v { [ qblx) (¢2y)2 + 2UP1,02y + 1_TM (1 + ¢2$)2:| +k [(¢1 + @Dx)z

+ ot )]+ T [(1 i) (metget) w0 (morgd) 0w

1 21—
+ <mx + 12y + §|Vw!2) + T“ (My + M2z + wxwyf] } dldt.

Let us examine the integrals on T’y in the right hand side of (1.76). Since ¢; = ¢y =

v =m =mn = 0on [y, we have V¢ = v (8"11) on I'y and similarly for the other

functions. Therefore,

/1“ m-v {D [Qﬁx + ¢§y + 2M¢1m¢2y + 1_Tlu(¢1y + ¢21)2] + k [(¢1 + ¢m)2 + (¢2 + ¢y)] }

Eh 1,)\° 1 \?2 1 2
+ 1— 2 (1 —p) (77190 + §¢i) + (1 —p) (77231 + §¢§) +p (77195 + M2y + §|v¢|2)
1— 0 0
+ T/JJ (nly + N2x + ¢x¢y)2:| - /FO m - v {D [(Vl% + v 1] 8¢V2) (179)

001 002 0P\, Eh om _ om 1 (0\E)
o Rt () o (o o1 ()
2 2
S0 (a2 d (5)) (523 (5))

2 2
L—p (0 Om on oY O
) L (”2ay+ "o T an )| (-
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Furthermore,

/ [(m V¢l Bl +(m- V(bQ)BQ + (m vw)B{g + (m Vn)By + (m - V772>B5] (1.80)

mof8oen () (8)) o () or (B
oy
£

2
1o} 1o} 0 1o} 1o} one 1o}
+2N12l/1 ¢V2£+N2 71/1 + Nivi—— n + Nigvp—— n + Novg—— +N12V1ﬂ .
*ov ov ov ov ov

+ N (Vl

Since

- {D [ 2 Oy iy + T Gy 622) ] k(61 + 2)? + (62 +0,)]

2
o= (e w2> ) (my+ 592) (et + 5190

1— p2
+ 1? (My + N2z + Vatdy) } + [(m - Vo1)Bi + (m - Vo )By + (m - V) Bz + (m - Vi) By + (m - Viz) Bs)

1 1 . Do L—p( 91 Op\? o\?
—2{1’[( Yor T, ) T (%y"’l ay)]““(m)

2
+

2
Eh o 1 9p\? oy 1 aw
i <1“)< w5 () )+ (g (eg e
o | Oy N l—p( Om, Onp | 0w OY
+u( VG v 2a+|w> Ty ”25“15*”%23” ’

we conclude from (1.76) and (1.81) that
Y1+ foT fQ ph [%( T+ 05,) + U+ i + ?754 - kfoT fQ (1 + ) d1 + (P2 + Uy) 2]

=Jo+J1 —Ja+ fo fr m-Vé1)By + (m-V2)Bs + (m - V) Bs + (m - V) By + (m - Vi) Bs| dldt ©

- foT Jr, [b1e(m - Vo) + gar(m - Vo) + by (m - Vip) + nue(m - Vi) + nae(m - V)] dLdt, s
1.82

(2
(1—/1)(1/1?4-1( ?ﬁ) )2—1—(1—”)(1/2%—1—1 )

. 21— 5, 5, oy 0
o (22 ) L (2 D, 00,00 ”

where

. 1 T 6¢>1 8¢2 1—,[1 8gb1 8@[)2
b [ L[ OS ) e ()
Eh
1 — 12

+

Now, use (1.62) with {¢1, ¢2,0, 71,72} in the third term on the left-hand side of (1.82)

to obtain

2
Ph/ {% (Pr1eP1 + Pared2) + Mum + 772tt772:| dxdy — k/ (61 + o) @1 + (02 + 1by) da] dudy
Q Q
+ao(@r, ¢2) + az (P, m1,m2, 0,11, 1m2) = —/ (101 + Parda + My + Maena] dT.83)
I
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Integrate identity (1.83) with respect to ¢ from 0 to 7. After an integration by parts

in the first term, one obtains

Yo = ph fy Jo | (3 + 63) + 1+ | dudydt + k [} [ [(61+ ) 61+ (92 + 10, 6a] dadyd

+ foT lao(@1, P2) + az(n,m2)] dt = — fOT f]_"l (D161 + Par2 + N + o] AUt (1.84)

where
T

h2
Y2 = ,Oh/ |:E (¢1t¢1 + ¢2t¢2) + nuem + 772t7]2] dxdy (185)
Q

0
Multiply equation (1.84) by 1 — ¢, with € € (0,1), and add the product to equation

(1.82) to get
(L—e)ph [} [, 3dedydt +< [ [, ph {%( 1o+ 03) + U7+t + n%t:| dedydt + (1 — ) [ ao(¢1, o) dt
(1-¢) fOT az (¥, 1, m2)dt — ek fOT ar(¢1, 2,9, 01,02,0) + Y1+ (1 —&)Yo = Jo+J1 — Jo
—fy Jr, [616(m - V1 + (1 = €)p1) + dau(m - Voo + (1 — €)d2) + thp(m - V) +ni(m - Vi + (1 — €)m)

+n9e(m - Vo + (1 — )no)] dldt.
(1.86)

Now, use (1.62) with {0,0,4,0,0}. After an integration by parts in ¢ one obtains

YS - Ph fDT fQ w%d9€dydt +k fOT ay <¢17 ¢27 1/), Oa 07 w)dt

(1.87)
+ fOT a2(w7 T, 72, ¢, 07 0) = - fOT fF1 ¢wtdfdt,

where
T

Y3 = ph/ﬂ@bﬂﬁdxdy (1.88)

0
Multiply identity (1.87) by € an add the product to equation (1.86) to obtain

(1= 2)ph f fo v3dadydt + J} fo ph [ % (63, + 63) + V7 + nf, + nd,| dwdyat

+ (1 =) fy lao(61, 62) + az (e, m, mo, 0, )] dt + ek [ ar(1, 6o, v)dt

—2¢k [\ ar(6r, G, ¥, b1, 6o, 0)dt + € [ as(vh,m1,712,10,0,0) + Y1 + (1 —€)Ya + €Yy
=Jo+ I —Ja— [y Jp, [bulm-Vor+ (1 —=)1) + dulm - Vés + (1 —£)gs)

+Pi(m - Vo + ) + nu(m - Vi + (1 = €)m) + nar(m - Vigg + (1 — €)np)] dldt.
(1.89)
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Step 2 Define the functional

pe(t) = ph (cbu( )y - Véi(1)) + B (dailt), m - Vo(t)) + ((t),m - V(1))
+ (me(t),m - Vi (8) + (12e(t), m - Via(1))] + (1 — €)ph{ [(01:(2), 91(2)) + (P21 (t), D2 (1))]
+ (me(t), m () + (n2(1), 1m2(t)) } + eph(Whe(t), (1))
(1.90)
From identities (1.74),(1.85), and (1.88), one sees that
Yi+ (1 —¢)Ys+eYs = pA(T) — p(0). (1.91)

Since (1.89) is valid for all T > 0, we differentiate in 7" and obtain, writing ¢ in place
of T,

d h?
o0 = 5 o=~ = 22)on [ sy —eon [ 15 (6h o+ 6B) 4 02 4+ 0| decy

— (1 —¢)[ao(@1, d2) + az2(,m1,m2,0,m,m2)] — ekai (@1, P2, ¥)dt + 2ckar (p1d2, ¢, d1, ¢2,0)
—eaz (Y, m,1m2,9,0,0) — /r [p1:(m - Vo1 + (1 —€)p1) + dat(m - Vo + (1 — €)pa)

+P(m -V +e)+niu(m-Vn + (1 —e)m) + nae(m - Ve + (1 — e)ne)] dT (1.92)

where the right-hand side is evaluated at t. Now, let § > 0 and consider the perturbed
energy F. s5(t) given by

FLi(t) = B(t) + p.(t). (1.93)
We are going to prove that for all €, § sufficiently small, one has

d 1 )

EFE,(?(t) S —§€5E(t) - QEF(t)7 (194)
where
h h2 1
Ert) = 5 [ mev {E(qbi + @3) + U7 0+ ni} dr + - / [m v {D [(612)" + (02)°
N I
+ 20P12P2y + 1_TN (¢1y + ¢21)21 +k [(¢1 + ) + (2 + ¢y)2}
Eh 1 ,\° A
iz | (le + §w§) + (1= p) (nzy + §w§) (1.95)

1 SR
+ p <7hz + Moy + §|V¢’2) + T,u (My + Mo + Y/way)Q] } dr.

We begin the proof of inequality (1.94) estimating %ps(t). First of all, we bound the
term aq(d1, 02,0, P102,0) in (1.92). For any £ > 0, we have

1(01, 02,061, 62.0)] < S01(61.62.6) + 01(61,6.0)

44



Since T’y # 0, according to a result due to Lagnese (see [25, Lemma 2.1]) there is a

constant 7y (depending on the geometry of © and on the parameters p and D) such

that
ai(¢1,62,0) = [|61]* + [[é2]]* < y0a0(01, d2).
Therefore,
(01,62, 61.62.0)| < Sa(6n.62.8) + Joaa(61,60). (1.96)

Use inequality (1.96) in identity (1.92) to get

d d h?
—p(t) < —(Jo+J1—J2) — (1 —2e)ph / Yidudy — eph / — (0% + %) + U7+t + iy | daa
dt dt 0 o |12

- (1 — & — g?k) a0(¢17 ¢2) - (1 - €)a2(w77717772a 07771,772) - Ek’(l - 5)(11(@51, ¢27¢)dt

—ea(y, M, m2,7,0,0) — / [D1e(m - V1 + (1 — €)d1) + du(m - Vo + (1 — ) ¢o)
I'
+ y(m - Vo +eh) +n(m -V + (1 —e)m) + nag(m - Ve + (1 — &)np)] dT.

Fix £ = %, and then choose € > 0 so that 1 — e — 2eypk > ¢, that is,

1
0<e< ———. 1.97
" (1t k) (1.97)
For such ¢, one has
d d h?
G0 < g0k a=02) = (- 22on [ wtdady—coh [ [ (6 68) + 02 oo+ | dudy
k
- 5a0(¢1a¢2) - (1 - 6)(12(1;[}377177723077717772) - ;al(éla ¢)237vb) - 5(12(@5,771,77271/%0’0)
- /r [P1e(m - Vo1 + (1 —€)p1) + dar(m - Voo + (1 — €)pa) + te(m - Vo + €1))
+ ’fht(m . Vm + (1 — E)Th) + T]2t(m . VTIQ + (1 — 6)7]2)] dl'dt (198)
< i(J +J1—J2) — (1 —2¢) h/q/;ded —eB(t) - < h/ h—z( 1+ 93, + U7
_dt012 thy 2,091217: 2t t

+ ni+ U%t} dxdy + ao(¢1, ¢2) + a2(¢77717772)} - / [P1e(m - V1 + (1 —€)pr)

Iy

+ ¢at(m - Vo + (1 — €)d2) + Yi(m - Vo + ) + mre(m - Vi 4 (1 — €)mr)
+ not(m - Vo + (1 — £)n)] dIdk.
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We estimate the last term on the right-hand side of (1.98) as follows:

Jr, [P1e(m - V1 + (1 —€)d1) + dae(m - Vo + (1 — €)d2) + the(m - VY + ) + mug(m - Vg + (1 — €)m)

+n2e(m - Vi + (1= )m)] dU| < g¢ [1, [0%, + 03, + 47 + i, + 03] dT + 5 I, [(m- Vo1 + (1 —e)pr)?

+(m - Voo + (1 —e)g2)? + (m - Vi + ) + (m - Vi + (1 —e)m)? + (m - Vnz + (1 — )nz)?] dU
= e B0 +§ fr, [ Vo1 + (1= )61)? + (m - Va + (1 - )go)* + (m- Vb + 2v)”

+ (m - Vi + (1 —e)m)? + (m-Vna + (1 —&)nz)?] dr.
(1.99)

Looking for the last integral in (1.99), it follows by (1.61) that
Jo, [(m-Vor + (1 =€)61)* + (m - Vo + (1 = £)p2)* + (m - Vb +e0)* + (m - Vi + (1 — €)m)?
+(m -V + (L= e)n2)?Jdl < Go fp, m-v[(m- Ve + (1= e)¢1)* + (m- Vs + (1 - €)¢a)”

+(m -V +ep)? + (m -V 4 (1 —e)m)?> + (m - Ve + (1 — €)nz)?] dT.
(1.100)

We now bound the right-hand side of inequality (1.100). Its first term is bounded by
/ mev(m: Vo +(1=e)gn)’dl < 2/ m-v [(m- Vi) + (1 - e)’¢7] dT
I I,

< 2R2/r m - v|Ve [2dl + 2(1 —5)2]%/F $3dr,
where R = supp, m(z,y). The other terms caln be bounded analogously. Thlerefore,
one gets
Jo [(m Vo1 + (1 =e)p1)* + (m - Vg + (1 = €)$2)* + (m - Vb + ) + (m - Vi + (1 — e)m)?
+(m Vi + (1 —e)n2)?|dl < 2GoR? [, m- v [V + V3 + [VY* + V| + [V [*] dT

+2Go(1 —€)’R [, [67 + @5 +¢* +ni +n3] dT.
(1.101)

For k > ko > 0 we have, according to Lagnese (see |25, Lemma 2.1]) and to trace

theory,

/F (07 + &3+ ¢° + 07 + 03] dU < 31 [ao(¢r, d2) + kar(¢1, d2, 1) + az (e, m1,m2)] -

(1.102)
In addition,
m v [[Vou* + [Vool* + [VU[* + [Vin|* + V|| dT
Iy
< % |:a1“1(¢17¢27wa7717772) +/ (6% + @5 + i +13)
I
< e [arl (¢1, P2, 9,11, m2) + ao(P1, P2) + a2<7h,772)] ; (1.103)
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where the constants 1, 72 depend only on €2, D, u, and kg, and

d
Fl (¢1’¢2>¢,771>772) dtJ2
1—
= /Fm v {D {(%x) + (62)" + 216100y + — (g + ¢2x)2] [+ va)? + (62 + )]

2 2 2
) (mact 392) =0 (o 502) 4 (et 5190 0108

+ 1Tu (nlyn%c + %%)2] } dr'.

Eh
I—p

T 2

From (1.99)—(1.104), we obtain the estimate

/F [P1e(m - Vi + (1= e)n) + dar(m - Vo + (1 — €)da) + thu(m - Vi) + €0))

+ Ult(m -V + (1 - 5)771) + 772t(m -Vnp + (1 - 5)772)] dar

d
- %aE( )+ EGoR® Yy [ag (¢1, 2,0, M1, m2) + ao(P1, d2) + az(¥), m1,m2)] (1.105
+EGon (1 — &)’ R ag(¢1, o) + kar(d1, @2, %) + as(, 1, m2)]

< - %%E( ) + EGoR*ys lar, (@1, d2, 1, m1,m2) + ao(d1, ¢2) + as(, m,m2)] + EGomi (1 — €)*RE(t

IN

Using (1.105) in (1.98), it follows that

%Ps(t) < %Jo + Cr1(¢1 G2, 0,11, 12) — 2155215@ - (% —5726'032) ar, (@1, G2, ¢, 11, m2)

- [5 — 26 Go(1 — 5)2R] E(t) - [5 - f’mGoRZ] [ag(é1, ¢2) + az(¥), m1,12){1.106)

where

d h?
((bl? ¢27 wu T, 7]2) - 2dtJ1 - ph‘ |:E<¢%t + ¢§t> + ’l/}tQ + n%t + 77%t:| drl’.

F1

From the definition of Jy and the first of the geometric assumptions in (1.60), we have
1—
A R o e R o R (R

) Eh 1,5\’ 1,5\’ 1o
+<¢2+wy>]+m (=) (ot 592) + =) (592 ) (o + 51902

2

1 - L 5
1 g b 2 Fom.y< 06 1;2)
(1.107)

1
< _50/1"0 (¢1,¢2,¢a771a772)7
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where

T —
ar, (1, P2, 90,11, m2) = %/o g Im - v {D [(¢1z)2 + (¢2y)° + 21122y + 1T'u (P1y + ¢2z)2] +k {(le +1)”

2

Eh
1—p?

2 2
+ (62 +v,)°] + [(1 —H) (nu + ;%) +(1—p) (nzy + ;pj) +h (Uu + 12y + ;WW’)

n I_T/"L (1 + T2z + wzwyﬂ } :

Substituting (1.107) in the right-hand side of (1.106), one gets the estimate

Sot) < Hger, (1,02, mm) — %%E@) - (; —572GORQ> ar, (61, 620, 71,112) (1.108)

1
- I:E - 2571G0(1 - 8)2R] E(t) - |:g - E/YQGORziI [ao((bh ¢2) + a2(’(/}77711 772)] - §aro (¢1a ¢2’¢a77177]2)>
Now, taking ¢ < 1/2 and choosing £ > 0 small enough such that
- 1
47

261Go(1 —¢)’R < EyaGoR? <

= M

?

DO ™

we can guarantee from inequality (1.108) that

@< -2 pw-SEu+ie

1 1
2§dt 2 5 r1<¢17¢27wan177]2>__a’1“1(¢17¢27w77717772)_za’r0<¢17¢27w7n17n2)'

4

Let us consider

F.s(t) = E(t) + 6pc(t)

with 6 > 0. Therefore,

d d d
%Fs,a(t) = %E(t) + (5Ep€(t)
0\ d 0e 0 0
= (1 - i) %E(t> - EE(t) + écrl <¢17 ¢27w7 7717772) - Zar((bla ¢27 ¢7771, 772)7
where

ar<¢17 ¢27 ¢7 77177]2> = aro <¢17 ¢27 ¢7 77177]2> + a’Fl (¢17 ¢27 77Z)77]17 772)

From (1.61), we get

d
GEO = = [ [+ hor v+ af ] ar
1
< —go [ m-v[o},+ b5+ U7+ 0t +ns] dT
I
S _j_zlcrl <¢17¢27’l/}77717772>7 (1109)
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provided ’f—; <1 (as we may assume). Therefore

d ) 0 0 0
%FE,(S(t) = - [i_;]l (1 - %) - §:| Crl (¢1,¢2,¢7771,772) - %E(t> - Zarl <¢17 ¢27¢77717772)
) 0
S _%E<t) - Zl |:CF1 <¢17¢27w77717772> +a’1“1 (¢17¢27¢7771;U2)} (1110)
) )
= —ZE@) - 5B (t),

with § > 0 being chosen such that
Go (10 _ 0.0
ph 2¢ 274

Step 3 To get the exponential decay of E(t) using inequality (1.110), we need to
compare F(t) and F. s(t). To carry this out, we use the definition (1.90) of p.(¢) and

a result due to Lagnese (see [25, Lemma 2.1]) to obtain
p-(t)] < CE(2),
where C' depends on 2, D, u, and K, (K > Ky > 0) but not on . Consequently
|F.s — E(t)| = 0p:(t) < SCE(t).

Therefore,

(1—6C)E(t) < F.5(t) < (1+ 6C)E(t).

Moreover, since

E(t) + %Ep(t) > E(1),

one gets
d
_Fa < - Fa )
dt =0 = e
where w = m. As a consequence of (1.90), (1.93) and of the choice of € (see (1.97)),

we conclude that there exist positive constants C' > 0 and w > 0 such that
E(t) < CE(0)e ™",

for every t > 0 and every solution of (1.1), (1.57), (1.3). This completes the proof. m
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1.5

(i)

(1)

(iii)

(iv)

Further comments and open problems

Although we know the physical deduction for the nonlinear Mindlin-Timoshenko
system (1.1)—(1.3) (see e.g. [27], |44]), we are not aware of results concerning
well-posedness and regularity for all £ > 0. However, since our main goal was
to give a positive response to the Lagnese-Lions conjecture, what we can say is
that, for k large enough and for initial data in the space X, the system (1.1)—(1.3)
is very close to the known von Kérmén system (1.5)—(1.7) (see Theorem 1.2.1).
On the other hand, there is an extensive literature dealing with well-posedness,
regularity, stability, etc, for system (1.5)—(1.7) (see [17, 25, 26, 29, 43]). In Section
1.4 we have analyzed the asymptotic behavior (as t — 00) for the solution of the
nonlinear Mindlin-Timoshenko system with boundary feedback. To this end, we
had to request an additional regularity for their solutions. For this reason, in
all results of that section, we have used the expression “regular enough'"to the
solutions, in order to ensure that, under certain restrictions, the results hold. In
our case, for instance, if we consider the solution {¢y(t), do(t), ¥ (t), ni(t), n2(t)} €
[H?> N H} | ? % [H* N HE | < [H? N HE ?_the stability result hold. For the linear

Mindlin-Timoshenko system, this issue was treated in |25, Remark 3.1].

In the proof of Theorems 1.2.1, 1.3.1 and 1.4.5, we have considered the case where
the initial data are fixed. The same results hold if we consider the case where they
do depend on k, provided we assume the initial data {qb’fo, Ko, ok bt nky,
¥, m5y, mby } to be such that the initial energy Ej(0) remains bounded and such
that they converge weakly to {d10, ¢11, $20, P21, Yo, ¥1, 10, 11, 720, 721 } in the cor-

responding spaces.

It would be interesting to analyze whether the same stabilization results (The-
orems 1.3.1, 1.4.5) hold considering the systems (1.39), (1.2), (1.3) and (1.1),
(1.57), (1.3) with less damping terms. To eliminate some of these dissipative
terms is a difficult task due to the complex nonlinearities involved. In this con-
text, we can mention the works [1]-|3], [6] and [52] which have obtained stability

for some hyperbolic systems without damping terms in some of its equations.

Another interesting and difficult problem is to obtain the same result in Theorem

20



1.3.1 when the damping mechanisms act in an arbitrary small region of the plate.
The difficulty for this case, of course, consists in getting a unique continuation
result for the Mindlin-Timoshenko system. On this subject, we mention [12], [13],
[18], [23], [61] which have obtained decay rates for the energy of various hyperbolic

systems considering both linear and nonlinear localized damping terms.
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Asymptotic limits and stabilization for the linear
one-dimensional Timoshenko system

F. Ammar-Khodja and P. Queiroz de Souza

Abstract: In this paper we are concerned with a one-dimensional Timoshenko system
for beams. We show how a fourth order parabolic system can be obtained as a singular
limit of Timoshenko’s system when the thickness h and the modulus of elasticity in
shear k tends to zero and infinity, respectively. We also show that the Timoshenko
system for beam can be uniformly stabilized by one internal damping. The proof is
based on multipliers techniques.

2.1 Introduction

The Timoshenko system of equations is widely used and fairly complete mathe-
matical model of beams and elastic systems, so it is very important to investigate the
stability of such elastic systems with distributed feedback. More precisely, for a beam
of length L > 0, a cross section of a beam with a sufficiently smooth boundary I', the

Timoshenko beam system is described by

3

ph P

phtpe — k(¢ +¢;), =0 in @,

where @ = (0, L) x (0,T), the interval (0, L) is the segment occupied by the beam, and
T is a given positive time. In system (2.1), subscripts means partial derivatives. The
unknowns ¢ = ¢(z,t) and ¢ = (x,t) represent, respectively, the angle of rotation
and the vertical displacement at time ¢ of the cross section located z units from the
end-point x = 0. The constant h > 0 represents the thickness of the beam which, in
this model, is considered to be small and uniform with respect to x. The constant p
is the mass density per unit volume of the beam and the parameter k is the so called
modulus of elasticity in shear.

There is a large literature on this model, addressing problems of existence, uni-
queness, asymptotic limit and asymptotic behavior in time when some damping effects
are considered, as well as some other important properties. Let us mention some known

results related to the stabilization of the Timoshenko beam. Kim and Renardy [22]
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proved the exponential stability of the Timoshenko beam under two boundary con-
trols. Soufyane [52] showed the exponential stability of the uniform Timoshenko beam
by using one distributed feedback. Shi et al. [49] considered the case of the uniform
Timoshenko beam under two locally distributed feedbacks. Ammar-Khodja et al. [5]
studied the stabilization of the uniform Timoshenko beam of memory type. Soufyane
and Wehbe [53| proved the uniform stabilization of the Timoshenko beam under one
locally distributed feedback. Xu and Yung [57| proved an exponential stability of the
uniform Timoshenko beam by two pointwise controls. The first analysis for a Ti-
moshenko beam with variable physical parameters seems to be the one of Taylor [54].
He studied the boundary control of system (2.1) under two feedbacks. Yan et al. [58]
studied the case of the nonuniform Timoshenko beam under two locally distributed
feedbacks.

In 1988, J.E Lagnese and J.-L. Lions proved in [27] (see also [9]) that, in the
linear case, the solution of the Timoshenko model converges, as k — oo, towards to the
solution of the Kirchhoff model (subject to appropriate boundary conditions). More
precisely, they proved that, for a beam of length L > 0 a cross section of a beam with
a sufficiently smooth boundary T', the linear Timoshenko system (2.1) converges, as

k — o0, to the Kirchhoff beam model

ph?

phtbe = =5 Vaate + Visee = 0. (2.2)
under various boundary conditions. They also proved that in a situations not physically
interesting, the behavior of the control as k& — oo. This convergence result for the
control but assuming that A is "large"with respect to L - is exactly the opposite of the
assumption to obtain the model. In 2010, was proved by Araruna-Braz e Silva-Zuazua
(see [8]) that, in the nonlinear one-dimensional case, if a fourth order regularizing term
is added in the component v, then the nonlinear complete Timoshenko system may be
derived as a singular limit of the Von-Karmén system. More precisely, they prove that

the nonlinear Timoshenko system

(13
Eo = Gu (94 ) = 0 in Q,
phiy — (nx + %zﬂi) =0 in Q,

%)



approaches, as k — oo, the Von-Karman system
3

h | ,

ph¢tt - p12 Qpazxtt + wm:mc - |:¢x (7755 + §¢i):| = 0 n Q
1 ’ .

phny — <77x + 51/)2) =0 in Q.

T

Furthermore, they proved that, adding appropriate damping term in the three equa-
tions of the system (2.3), there is a uniform (with respect to k) rate of decay for the
total energy of the solutions of (2.3) as t — oo.

In this paper we prove that, the asymptotic limit of the Timoshenko system
converges to a fourth order parabolic system. Moreover, we investigate the decay

properties of solutions of the linear Timoshenko beam under one internal damping and

. 12 ﬁ
the condition = oh

Let us consider the following damped system:

ph’
T tt — Qoo + k(O + ) + dy =0,

ph¢tt —k (¢ + ¢m)x =0,

where a > 0 is a function of the space variable. We consider (2.4) under Dirichlet

(2.4)

boundary conditions:
(2.5)

and the initial data
{¢ (>0)7¢(’0)} = {¢o7¢o} in (O’ L>7
{00 (,0), ¢ (-,0)} ={o1,¢n} in (0,L).

We can ensure existence and uniqueness of solutions for the system (2.4), (2.5),

(2.6)

(2.6) using semigroup theory. More precisely, if we consider the Hilbert space
H = [HL(0,L) x L*(0, )],
equipped with the inner product:

~ LTpnd  _ _ o _
(Y,)Y)y = / [pl—zvgvg + phwotwy + k(vy + wi,) (01 + Why) + levu} dx (2.7)
0

where Y = (v, v, w1, w3), Y = (01, Vg, Wy, ws) € H, then for any (¢o, ¢1,%0,U1) € H

the problem (2.4), (2.5),(2.6) has a unique weak solution in the class
(6,0} € C° ([0, 50); [H&(O,L)f) nol ([0, ) [LQ(O,L)f) .
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Moreover, the energy Ej x(t), give by

1 [ph? 2 2 2 2
Eni(t) = 3 [ﬁ ¢?k) + ph @D?k‘ + b |+ koM 4 ] (2.8)
obeys the energy dissipation law
d L 2
d—Eth(t) = —/ o <¢?’k> (29)
t 0
where | - | denotes the norm in L?(0, L).

The plan of the paper is the following: In the Section 2.2, we study the asymptotic
limit with respect to the parameters k and h proving that in fact the limit of the

Timoshenko system converge toward a fourth order parabolic system. In the Section

2.3 the uniform stabilization of (2.1) is proved under the condition p% = pﬁh on the

whole interval, using multipliers techniques and Neves et. al. [41] results.

2.2 Asymptotic limit with respect to the parameters

In this section we analyze the beam model discussed in the introduction in the

presence ofan internal localized damping.

2.2.1 The limit system when (h, k) — (0, 00)

First of all, we will study the asymptotic limit when (h, k) — (0, 00).

Theorem 2.2.1 Let {¢"* "} be the sequence of solutions to (2.4), (2.5), (2.6) with
data {¢o, ¢1,%0, %1} € H satisfying

do+or =0 in (0,L). (2.10)
Let o € L= ([0, L)) be a nonnegative function. Then, letting (h, k) — (0,00), one gets
[k, Y s {0} weak — % in L™ (O,T, [H&(O,L)f)
and
Vaght — ag in C°([0,T), Hy?(0,L)) , 0 € (0%)
where {¢,1} solves the system
(6+1. =0 in Q,
agp — Gpe =0 mn - Q,
6 =0 in (0,7),
[ @¢(-,0) = ago(-) in (0,L).

(2.11)
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Proof. For each h, k > 0 fixed, let {¢"* ¢k} be the solution of (2.4), (2.5), (2.6)

with data in H. According to (2.9) and the assumption on «, we have:
Eh’k(t> < Eh,k(O), t e (0, OO) .

But, thanks to the assumption (2.10), we first have:

1

h3
En,(0) = 5 {[)1—2 |61]° + ph |vn] + |¢0,x\2 + k|¢o + Qﬁo,xﬂ

1

ph3 2 2 2
= 3 §|¢1| + ph 1" + |Po.|

< C
for, without loss of generality, h € (0,1). Thus, the following sequences (in h and k)

{h3/2¢iz,k} ’ {h1/2¢ka} , {ol*}, {\/E (¢"* + wﬁk)}

are bounded in L>(0, T'; L*(0, L)). We also get that (/%) is bounded in L>(0, T, L*(0, L)).
In fact,

U] < [ 4yt + g4 < €

Therefore, we conclude that the sequences (¢™*) and (1)) are bounded in L>(0, T, H3(0, L)).
Therefore, extracting subsequences (that we still denote by the same index to simplify

notations), one gets:
{o"™* WM"Y — {¢,9} weak —xin  L>(0,T; Hy(0, L)). (2.12)
On the other hand, since vk (¢™* + *) is bounded in L>(0,T; L*(0, L)), we have
oM+ 0, weak —x in  L®(0,T; L*(0, L)). (2.13)
It follows from (2.12) and (2.13) that:
G+, =0, in Q. (2.14)

Now, extracting subsequences (that we still denote by the same index to simplify

notations), one gets

{VISgI* Vi) = {ur} weak —xin L (0,7, 1(0, 1)) (2.15)
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Moreover, using the convergence (2.15), we obtain
{h%?”“,hw?k} 5 {0,0} weak —#in L™ (0,T, L}(0,L)) . (2.16)
For {a,b} € [H}(0, L)]? satisfying
a+b,=0 (2.17)
the variational formulation of the Timoshenko system (2.4), (2.5), (2.6) is simply:

ph?® d

hk d ¢k hk d hko Y
1 d <¢t a@)‘f‘PhE (% >b)+( z ,am)—i—a(aqﬁ .a) =0. (2.18)

Using convergences (2.15)-(2.16) in equation (2.18), and applying identities (2.10) and

(2.17), one obtains the weak formulation of the system (2.11) given in (2.19). To finish
the proof, it remains to identify the initial data of the limit system.

Integrating on (0,7") the relation (2.9) gives
T 2
/ « ( ?’k> dt = EhJC(O) — Eh,k(t) <C
0

and the sequence (\/aqb?k) is bounded in L*(Q). In view of the convergences (2.12),
(vag™*) is bounded in L>(0, T; H} (0, L)). Thus from the compactness result in Simon
[50, Corollary 4, p. 85], (y/ag"*) is in particular compact in C° (0,7, Hy~?(0, L))
for any 0 € (0, %) . Thus:
1
Vaght — ag in C°([0,7],Hy%(0,L)) , 0 € (0,5)
Then, /ag™ (-,0) = /a¢(-,0) in L?(0, L), which combined with (2.6);, guarantees

that /a¢(-,0) = \/agy and this ends the proof. m

Theorem 2.2.2 For any ¢y € Hi(0, L), there exists a unique solution ¢ for the pro-

blem (2.11) which the variational formulation is given by

%(aqxa) + (be,00) =0,V a € Hi(0,L),

ap ('7 0) = ado

(2.19)

such that:
¢ € L*(0,T; Hy(0,1)), ¥ T >0,

and

Vag e C°([0,00); Hy%(0,L))
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for any 6 € ((), %) Furthermore the energy
1 [L
E(t) = 5/ ag?®, t € (0,00)
0

in (2.11) satisfies
E(t) < e amx'E(0), t € (0,00),

where C > 0 s the Poincaré constant.

Proof. The existence of solution follows immediately of the previous theorem. Then,
we are interested in study, first of all, the uniqueness of solution for the limit problem
(2.11).

Let ¢; and ¢9 solutions of (2.11) and we define w = ¢; — ¢ such that

.
QWy — Wee = 0 in Q

w =0 in (0,7)

w(-,0) =0 in (0,L)

\

By the energy identity of the system

1ad [* L
- =0
thoaw —1—/0 wy, ,

1 L t L
—/ aw2+//w§:O,t>O
2 Jo 0o Jo

aw?=0 = w(,t)=0 supp(a),
wr=0 = w=f(@t) (0,L)x(0,t),

we infer that

and thus

t> 0.

Consequently, we conclude that w = 0 in ) and this prove the uniqueness of solution
for the problem (2.11).

As in the proof of Theorem 2.2.1, we deduce analogously that
¢ € L®(0,T; Hy(0,L)), ¥ T >0,

and
Vag e C°([0,00); Hy?(0, L))

for any 0 € (0, %) are consequence of the Theorem 2.2.1.
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Moreover, by the energy of the system (2.11) and using the Poincaré inequality,

we can conclude

1d L L L C L
0 0 0 Omax Jo

L L
4" g < - 2C / ag’.
0

dt J, Opmax

deQCt/L¢2 <0
di OO& = U.

Integrating the previous equations in the time, one has

L 20 L
[Fot <o [ e
0 0

and this proof the exponential decay. This ends the proof of the Theorem. m

which implies

Then,

Remark 2.2.3 When 0 < ap < a(x) < a; on (0, L) in the previous theorem, from a
result in Ladyzenskagja et. al. [24, Theorem 6.1, p. 178] we can ensure the existence and
uniqueness of solution to problem (2.29) in H' (Q) for any initial data ¢y € H} (0, L) .

2.2.2 The limit system as £ — oo and then h — 0

Now we are interested in studying the asymptotic limit, as k — oo, of the system

(2.4), (2.5), (2.6) when h is fixed.

Theorem 2.2.4 Let a € L*([0,L]) be a nonnegative function and {¢*, 1%} be the
unique solution of (2.4), (2.5), (2.6) with data {¢o, 1,0, Y1} € H satisfying

¢o + o =0 in (0,L). (2.20)

Then, letting k — oo and, later on, h — 0, one gets the following convergence property
holds:

{6505 = {—vwsv} weak—sin L= (0,7, [H3(0,1)]°)
where 1V solves the system (2.11).

Proof. For each k > 0 fixed, let {¢* 1"} be the solution of system (2.4)—(2.6) with
{¢0, ¢1,%0,U1} € H. Firstly we will prove that the system (2.4)—(2.6) approaches, as
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k — oo, the kirchhoff system

( phq/]tt - %wtmx + wxzxx + (a¢xt)x =0 in Q
O :
=5 =0 in (0,7 (2.21)
h? 2
1/}(', 0) = ¢0(')7 wt('a O) - ﬁwtaﬁw('y O) - wl + %¢1m in Q

Afterwards, we will show that system (2.21) converges to the system (2.11) as h — 0.
Conforming to definition of the energy of the system (2.4), (2.5), (2.6) in (2.8)
satisfying (2.9) we conclude that the following sequences (in k) remains bounded in
L>(0,T,L*0, L))
(), (), (dh), (R (¢"+ 1))
and (¢f) is bounded in L? (0,7, L*(0, L)).

Extracting subsequences and keeping the same equation, one gets:
{65 0%} = (6,0} weak —+ L= (0,7 [H(0,L)]") (2.22)
On the other hand, since vk (¢™* + ¢*) is bounded in L>*(0,T; L*(0, L)), we have
M+ 0 weak — x in L=(0,T; L*(0,L)). (2.23)
It follows from (2.22) and (2.23) that:

o+, =0, in Q. (2.24)

Moreover,

{of,0f} = {on v} i L= (0,7,[L2(0,0)]°). (2.25)

Using the previous convergences and applying identities (2.17) and (2.24) in (2.18),

one obtains the weak formulation of the system (2.21) that can be written in terms os

Y as
ph?® d

d

d
h— b
P dt (¢t7 ) +

To finish the proof, it remains to identify the initial data of the limit system. In

view of the convergences (2.22) and (2.25), and classical compactness arguments, one

has "% — " in C°([0,T], L?(0,L)). Then "*(-,0) — 9"(-,0) in L?(0, L), which
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combined with (2.6);, guarantees that 1"(-,0) = t(+). In order to identify " (-,0),
multiply (2.18) by the function 65 € H'(0, L) defined by

—%Jrl if ¢te]0,0],

0, if te (5,7,

and integrate by parts to obtain

h? T ph? T ph
Lo+ [ B ha) =t + [ 5 k)

§ T
+/0 ((b’;,ax)@(;—a(qﬁo,a)—ir/o a(d)k,a):O

Passing to the limit as k& — oo in the last equation and using (2.22) and (2.25), one

obtains

ol

T ph? T ph
5 na+ [ B =it + [ 5w

é T
+/0 (%m ba:a:) 0(5 + « (¢Oxa bx) + A « (,Qbam bx) =0

On the other hand, multiplying variational formulation of the system (2.32) by 65 and
integrating by parts in time we get the identity

ph? ph?

_ph (wt('7 0)7 b) - E (Z/}tx('v 0)7 bx) = +E (¢17 b:}c) - ph (1/}17 b) )

h? h?
for all b € H;(0, L). In this way, we conclude that (1/1 — Ewm) (+,0) =1 + Egblx.
t
Now, consider the energy of the system (2.21).
1 2 ph? 2 2
Bult) = 5 b [0l [+ S L+ e

satisfying
d

B = —alul

Therefore, the following sequences (in k) remain bounded in L* (0, T, L*(Q))
(Vi) (VL) (uh)

and the sequence (¢f') is bounded in L?(0,7, L*(0, L)). Extracting subsequences, and

keeping the same notation, one gets
{\/wa, \/ﬁw{;} S {7} weak — % in L (o,T, [LQ(O,L)}Q) (2.27)
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Y — ¢ weak —x in L™ (0,7, H;(0,L)). (2.28)

By the convergence (2.27) we can conclude that p = 7 = 0 and applying the
convergences (2.27) and (2.28) in (2.26), one obtains the weak formulation of the system

(2.11) given in (2.19). The initial data are similarly identified. m

2.2.3 The limit system as h — 0 and then £ — oo

Now, we are interested in studying the asymptotic limit when h — 0 of the

sequence {¢"* pm*1 of solutions to

Theorem 2.2.5 Let o € L*([0,L]) be a nonnegative function. Let {¢™* "*} the
sequence of soluations to (2.4), (2.5), (2.6) with data {¢po, 41,00, 1} € H .
Then, letting h — 0, one gets

{6, 0"} = {65, 0"} weak—x in L% (0T, [H)(0, L)]°)

where {¢¥,*} solves the system

(0 — poo +E(d+10) =0 in  Q,
(¢ + %)x =0 in Q7
(2.29)
p=9v=0 i (07 T)’
ag(-,0) = apo(-) in (0,L).

Proof. Fix & > 0 and for each h > 0, let {¢™* ¢"*} be the unique solution of
the system (2.4), with initial data {¢o, ¢1, %0, 1} € H. According to (2.9) and the
assumption on «,

Eh’k(t) < E}hk(O), te (O, OO)

But, for k fixed, we have

1 [ph3
Epr(0) < 3 [pl—2|¢1\2 + ph|1)? + |do|® + Elgol® + k|vo.*| < Cy

where C) > 0 is a generic constant only depending on k. Thus, we conclude that the

following sequences (in h)

(Vi {Vhurt), {oh), {o* 4 plh)

64



are bounded in L>(0,T’; L*(0, L)). We also get that (¢)"*) is bounded in L>(0, T, L*(0, L)).
In fact,

[k < @ + k| 4 @] < Cy.

Therefore, we conclude that the sequences (¢™*) and (1)) are bounded in L>(0, T, H}(0, L)).

Extracting subsequences, one gets:
{\/ﬁqﬁ?’k, \/wak} — {uk,Tk} weak — x in L™ (O,T, L2(0,L)) ,

and
(oM 0 o (ot} wealk—in 1 (0.7, [0, 1))

Analogously, one can show that % = 7% = 0.
For {a,b} € [HL(0, L)), the variational formulation of the Timoshenko system
(2.4), (2.5), (2.6) is given by
ph® d hk
EE (Oégb 7(1) =0.
(2.30)

(6%, a) o (%0 + (0% 02) + k (" + w0 b) + 5

Applying the previous convergences in (2.30), one obtains the weak formulation

of the system (2.29) given by
%(agbk,a) + k(" + 4k a+b) + (6, a:) =0 (2.31)

for all {a,b} € [HL(0,L)]*. We conclude similarly that a¢*(-,0) = agy(-) which com-
pletes the proof. m

Proposition 2.2.6 Let a € L™ ([0, L]) be a nonnegative function. Let {¢* *} the
sequence of solutions to (2.29) with data ¢o € HE(0, L) .

Theorem 2.2.7 Then, letting k — oo, one gets
{¢" "} = {¢,¥} weak in L*(0,T,H;(0,L))

where {§,0} satisfies
APt — Pzp =0 i Q,
¢+ =0 m o Q,
p=1=0 in (0,7),
[ ad(-,0) = ago(-) in (0,L).

(2.32)
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Proof. Note that the solution of system (2.29) satisfies

%/ alo () // 65 + k|6 + 07 = /La\¢o|2.

Therefore, the following sequences (in k) remain uniformly bounded with respect to k
in L2 (Q)

(¢5), (Vhlo*+u)
and the sequence (y/a¢") is uniformly bounded in L> (0,7, L*(0, L)). Extracting sub-

sequences, and keeping the same notation, one gets

oF — ¢ weak in L2 (0,T, HL(0,L))

\/E(fﬁk + W;) — 6 weak in LQ(Q)7

Therefore
®F — ¢ strongin L2 (Q)

(¢F + %) = 0 weak in  L*(Q),
and there exists ¢ € L? (0,7, Hy(0, L)) such that:

®F — ¢ strongin L% (Q)

w]; — 1, =—¢ weak in L*(Q),
Analogously, applying the previous convergences in variational formulation
d
pn (ag®,a) + (¢%,a,) =0
with {a,b} € [H}(0, L))" satisfying
a+b,=0.
we obtain the weak formulation of the system (2.11). The initial data for ¢ is

similarly identified. m

The next result ensures the existence of solution for the problem (2.29).

Theorem 2.2.8 Let o € L™ ([0, L]) be a nonnegative function. For any ¢y € H}(0, L),
there exists a unique solution {*,y*} to the problem (2.29)

(00 a) + (0ka2) + k(0" + vhath) =0,V (a0} € HY0, D)

a¢k ('a 0) = Oé¢0

(2.33)
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such that:
{¢5.0 e 1 (0,13 [Hy(0.1)]") . ¥ T >0,
and
Vagh e C° ([0,00); Hy (0, L))

for any 6 € (O, %) Furthermore

L L
[ alot <o [Calaf, te .00, k>0
0 0

where C' > 0 is the Poincaré constant.

Proof. The existence of solution for the system (2.29) follows as a consequence of the
Theorem 2.2.5. Now we are interested to prove the uniqueness of solution. To prove
this, let {¢1, 11} and {pa, 12} solutions of (2.29) and we define {w, s} = {1 — P2, —
1y} such that

.

awy — Wey +k(w+s,) =0 in
k(w+s,;), =0 in
w=s5=0 in (0,7)
[ w(-,0)=0 in (0,L)

By the energy identity of the system (2.29)

14 Law2+/L(w2+k(w+s)2):O
2dt J, 0o 7 ‘ ’
consequently,
1 L ) t L ) )
— [ aw*+ (w2 4+ k(w+s,)%) =0, t>0
2 Jo 0o Jo
and thus
aw? =0 = w(-,t) =0, supp(«),
w=0 = w@t=Ff@, 0,L)x 01, t>0
w+ s, =0, (0,L) x (0,t),

\
hence, w = 0 in @ and, from w + s, = 0,it follows that s (z,t) = o (t). But s = 0 on
Y., therefore, s = 0 in Q.
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To proof the exponential decay, with respect the component ¢, for the system

(2.29) it’s sufficient to see that

su o= [ @eroru<- [ o

We can now proceed analogously to the proof of the Theorem 2.2.2 which completes
the proof. m

Remark 2.2.9 Note that to study the asymptotic limit in relation to parameters, we
get the same limit system, but is important to see that: when we study the asymptotic
limit when (h,k) — (0,00) in the Theorem 2.2.1 and when we study the limit with
k — oo and later k — oo In Theorem 2.2.4, we need a restriction in relation to the
wmnitial data of type

G0+ Ve0o=0 in (0,L).

On the other hand, to study the asymptotic limit when h — 0 later on k — oo, in the
Theorem 2.2.5 we obtain the system type (2.11) without the restricting condition to the

initial data (i.e., for any data initial).

2.3 Asymptotic behavior in time

In this section we are interested in studying the asymptotic behavior for the
energy associated to the solution of the (2.4), (2.5), (2.6). To make this, we need to
recall some definitions and results in view of the proof of the some our results.

We will introduce the Riemann invariants associated with system (2.4), (2.5),
(2.6):

up = ¢ — F%¢z; v = ¢+ f%%n
U2:¢t—\/%(¢+¢x)7 vy =y + pﬁh(ﬁb‘f'@/}x)

—\/ == h3 =64/ —= h5 - Foz(ul—l—vl)
Uy — — ﬁu . ﬁul + v
2t — ph 2x ph 9 .

Analogously, we can deduce that

Vit = 4/ 31x—6\/ph5 Vg — U —FOZ(M‘F%),
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and

k k Ul + U1
Vop = (| —Voy — {| — .
2 oh 2 oh 2

Thus, the problem (2.4), (2.5), (2.6) can be written as

U U U\
=M + F in Q, (2.34)

V V V

t x

where M is the diagonal 4 x 4 matrix given by

M=dag| - /12, -k [z k] (2.35)
T T
U:|:U1 U2:| aV:|:U1 Ug]

and

The boundary conditions (2.5) become

U(0,-) = =V(0,-),
V(L,") = =V(L,"),

i=1, 2. (2.36)

Let us define, on the new energy space G = [L?(0, L)}4, the operator

B=MZ+F,
U

D(B) = e [H'(0, L)) x [H'(0, L)]*; boundary conditions (2.36)
V

(2.37)
Is easy to check that solutions of (2.34) in G correspond to solutions of (2.4) in H and
the converse holds true.
Returning to the transformed system (2.34), we note that the entries of M (see
(2.35) for its definition) are distinct if, and only if,
12 k 12
o3 7 o T W
In this case, a result of Neves, Ribeiro and Lopes [41, Theorem A and B| asserts that

re(ePt) = 1 (ePf) = e ¢ > 0,
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where

0
B(]:M%—i—Fo, D(B(]):D(B),

: 6 6
Fo = dlag _WQ’ 07 —%Oé, 0
and o9 = s(By) = sup{ReX\; A € o(By)}. To compute ag, we set U = (uj,uy), V =

(v1,v9) and solve the problem:
U
B, = , € D(By).
V V V

A straightforward computation (it is a diagonal differential system) leads us to the

following equations for the eigenvalues of B

62(/\+p%a) v %L =1 or ezA@L =1.

Therefore, the eigenvalues of B, are:

inm | k
X, (k) = T \loh

6 | 12
MNo(kh) = ——a— —— | =

and it follows that
S(B()) = O,
which implies that w(A) = w(B) = 0. Therefore, we conclude that not exist a asymp-

totic stability of the operator concerned.

On the other hand, assume that the coefficients of the system (2.4) satisfy the

condition
12 k
—_— = —. 2.38
B oh (2.38)
So, if we consider that the condition (2.38) is true, one has
u —/o 0 U - u
N S I ! (2.39)
U9 0 —\/E U9 —\/TE U2
where 0 = p% and pu = %ﬁ&' The characteristic polynomial is

det(P—X]):X2+%<%+2A>X+£(O;—U+A>+#.

Therefore, the eigenvalues associated with the problem (2.39) are

Xlzé{—% (%JrQ)\)—\/Z} and XQZH—% <%+2)\>+\/K}
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where the discriminant is

a-3(-%

After some computations, we obtain the eigenvectors associated the eigenvalues,

so we have
/T <M>2 2
2 2 o
Vi = v

1
and
2
ay/o a/o 2

ol + (T) G

Thus, we conclude that the eigenfunctions correspond are:

U
= aeX TV, + beX2V.
Uz
Analogously, we prove
U1
— a/eXlz‘/l + b/eX2x‘/2.
V2

When:
e © =0, we have

Then
(a+ad Wi+ b+b)Vo=0=a=—d and b= V.
o r =1,
It follows

(ae™" + d'e” X YV + (be™F + Ve )V =0
= (ae™F — ae MV 4 (be™? — bem 2 E) Yy =0

= a(e®l — 7MY 4 b(e¥2h — o7 2E) = .
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Consequently,

2X1L 2XoL — 1

=1 or e

SO
X, =M mez
XQ = mTﬂ-, n € 7
Thus,
1 raco 2inm
(%@ 2)\> VA= e 2.40
\/E< > T VA== (2.40)
and
1 rao 2inm
(%@ 2/\> _ anr Z. 2.41
ﬁ( ~ 2\ )+ VA== ne (2.41)

Analyzing the equations (2.40) and (2.41), we found two families of eigenvalues

of the problem (2.4). In fact, first let’s look at the equation (2.40),

—% (% +2>\) +VA= szm'

Consequently,

_a_aJrg\/—_imﬂ\/E

A= 1 L

Analogously, we obtain

Remark 2.3.1 At this moment we can see that the real part is negative. In fact, for

h sufficiently small:

Then, we conclude that

Re(\}) = —% - gﬂ < Re(\}) = —% + \/gﬂ < 0.

Since Re()}) and Re(\}) are negatives, we conclude that the essential type of

semigroup is strictly negative, i.e.,
we = Re(\}) < 0.

From this we conclude that exist a asymptotic stability of the operator concerned.

Finally, it is sufficient to proof that, for this case, the stabilization is uniform:.
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2.3.1 Uniform stability

In this section we will study the uniformy stability of the system (2.4) when we
consider all the cases with respect to the coefficients of the system.
First of all, is important see that the system (2.4), (2.5), (2.6) can be put in the

abstract form

Y, = AY,
' (2.42)
Y (0) = Yo,
where ) ) o
0 1 0 0 ¢
0? el
A i (B k) ke g (RE) 0 Cv= | Y
0 0 0 1 W
k 0 k 02
L e 0 oz 0] | V]
and

T

Yo=| 60 61 o

It is easy see that the operator A : D (A) C H — H with domain
D(A) ={Y € H; AY € H},

is the infinitesimal generator of a semigroup of operators in H. Indeed,
L L L
(“AY)Y),, = —/ OpPprdr — / QpaPrdr + k:/ (¢ + ) pydxdr
0 0 0
L L L
k[ ) @40 k[ @+ ) vdot [ adt 20
0 0 0

Therefore, we proof that A is maximal dissipative and so, by the Lumer-Philips

theorem, it is the infinitesimal generator of a Cy—semigroup (e?).

We are now ready to state the following theorem:
Theorem 2.3.2 Assume that o = a(z) is a positive C*([0, L]) function with
alx) > ap >0 on (0,L).

If

12 k

—_— = — 0,L
then there exist positive constants C7 and Cy such that

C,

Eh(t) S ClEh<O) expfh%t .
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This result is already known (see [52| for instance) but we are interested by the
dependence of the decay rate of the energy associated with this system with respect
to the parameter h. Without loss of generality we will assume h € (0;1). Knowing
that the condition % = % is satisfied, we obtain k = 13 and, for simplicity, we will

"normalize"all the other parameters of the system. More precisely, we will study the

following system

h3¢tt - ¢x:p + % (¢ + ww) + Oéqbt = 07
W = 23 (64 12), =0,

under boundary conditions (2.5) and initial data (2.6).

(2.43)

For this system, the energy Ej,(t) is given by (2.8) and obeys the dissipation law
(2.9)
Proof of Theorem 2.3.2. The main idea of the proof is based on the construction

of a Lyapunov functional £ that is a function which has the form
L(t)=V(Y(t), teR*

where Y = (¢, ¢, 1, 1) is a solution of (2.43), (2.5), (2.6) and V' a functional from H

into R, such that £ satisfies the following inequalities:

i) There exist two positive constants Cy, Cy such that

Y3 <VY)<C|Y]3, YeH

ii) There exists a positive constante C5 such that

d
— < —CL|lY (1)]2
dtﬁ(t) < —C3||Y (1)[15,

for any solution of (2.4), (2.5), (2.6).

To construct this functional we will use the multiplyer technique.

Step 1: We multiply the first equation of (2.43) by —¢ and integrate the resulting

equation over [0, L]
d (" r 1
G ([ wo0) = [ =onos 50106+ ano -1t
L
= | 5o+ 00+ 0t — 14
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and multiply the second equation of (2.43) by —t and integrate over [0, L]

d L L
%(/0 —hwtw) _ /0 (O e — b
L
| 0+ vy i

Hence

d L L
dt (/0 - (h3¢t¢+h¢t¢)) :/0 —h3¢? + ¢% + %(¢+wz)2 + adid — h,

denoting 3
L = —/0 [h3¢t¢ + hiﬂtw}

and using the Young and Poincaré inequalities, we conclude that
%11 < /OL —h’¢7 + @5 + %(cb + )% + e} + Cop® — b}
< /0 QT + 23 o+ e O~ ! (244)
_ /OL—(h3—e) ¢? — hpr + Cp? +3 (¢+1/}x) :

Step 2: Note that we have a problem in the two last terms of the inequality
(2.44). Then, to solve this problem, we multiply the first equation of (2.43) by ¢ and

integrate over [0, L],

d L L 1 |
p (/0 h3¢t¢) :/0 _¢i_ﬁ(¢+¢x)¢—@¢t¢+h5¢?

On other hand, let’s consider w the solution to

- [Cotir+ 5 [ ot

then multiply the second equation of (2.43) by w and integrate over [0, L], one gets

1.e.

d [* !
R A T R

Note that

L 1 )

L 1 B 1
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Therefore, we conclude that

d L L 1
o (/ 3¢ + thtw) = /0 RAp7 — @2 — ﬁ(qﬁ +12) — agrd + hpywy + %(d) + Pa) w0

0

L 1 1 1 1
_ 3,2 2 2 2
= /0 h>¢; — ¢y — ﬁ¢ - ﬁwm — adip + hipywy + 72We ﬁw%

r 1 1
- /0 B0} — 62 — 0 — adid+ by, +

In this moment we need observe that by the equality (2.66) we obtain

L L 2
1, 1, 1 /
o m2r T T Lh2<0 ¢> <0

Then, using Young’s inequality

L L
a ( / Fond + hwtw) _ / W62 — 6 — adud + hawn
L
< / (B® + Coat) ¢f — (1 — £)¢2 + ehy)} + Cw;(2.46)
0

But thanks the definition of w, it is easy to check that

L L
[scfe
0 0

Since, the equation defining w can be differentiated with respect to t, we have

L L
/wfgC/ o7
0 0

Consequently,

d L
“n< / (W + Coat C) 6 — (1 — £)2 + eh? (2.47)
0

where
L
I, = / R dud + hpyw.
0

Step 3: Now we are interested in obtain one estimative for the term (¢ + 1,).
And to do this we multiply the first equation by % (¢ + 1) and integrate the resulting
equation over [0, L], we get
d (" | 1 , 1
([ honto400) = [ om0+ = 1504 0. = oot ) + 16,6 + ),

1 Lot 1 , 1 "
= ol [ oo b = (4 ) = a6+ ) + o (95 ),
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and multiply the second equation by ¢, and integrate over [0, L]

d L L
L </0 hwt@v) = /0 ﬁ(¢+w$)x¢x+h¢t¢xt

Thus,

d L
([ horto-+v0+ oo

1

1 L L 5, 1
= gl ||+ [ (ot v — (64 e = fgaci(o+ )

1

which implies

d

1
ol = o (6]

L L 1 ) 1 )
dt +/0 —71(0+¥2)* — 5001 + ¥) + hd,

0

L L 1 ) )
0+/0 {_(1_5)ﬁ(¢+%) +(h+C)P?|, (2.48)

1

where
L
0

Step 4: In order to deal with the boundary terms appearing in (2.48), we
consider b(0) > 0, b(L) < 0 (for example, b(z) = £52). We multiply the first

equation of (2.43) by b¢, and integrate the resulting equation over [0, L]. This gives

d L L
i </0 h3(btb¢x) = / B2 Gibdat + Prabdy — % (¢ + 1by) by — b,

0

Lps o0 1, 1
= [ SR+ R — (ot v —avbe, (2.9
0

Loop3 1 1 b [

0

Now we multiply the second equation of (2.43) by by, and integrate the resulting

equation over [0, L], we obtain
d L L 1 .
i (/0 hwtwa) = /0 hapbipyy + ) (O +1y), b(¢+ 1) — 5 (¢ + 1), bod

= [ SHOD+ g (000, = 5 (0 ), b0 (250

- /L—@bw-ib (64 1) + — (& + ) (bad + bo) + | 22
= ; 5V h o2 z 12 x x x 9w

0
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Adding the equations (2.48), (2.49), (2.50), and considering N; large number and
N, sufficiently small, we deduce

d
‘ {Nlm / (13 6ubds + Nohitybi,)

/0—N1<1—e)%(cbwz)?wl(hwm?— bt — 26— (0 1) bis — adibo,

2

Using the Young inequality,
d

g 3
|t [ 0000, + N
L 3
| N0 21 (0 ) N (o Cu) 6 = Tt = 02+ b (o4 )+ Cb

+boa¢t + 5b¢ - N2 x@bt 2h2 (Qb + ¢x) + N2 (¢ + ¢x) + N205ba:¢2 + NQCaqui

Then we can conclude

d L h3 9 bth 1 2
314 S Nl(h—i—C'a)—l—bC'g—?bx th — N1(1—€>—5b+N2 5 —Ng&?bx ﬁ(qb%-%)
0

ET b,
—|—/ [—E+Cb+€b+Nng —i—Nsz}d) —N2 buty
0

(2.51)

where

L
I = Nuy + / (19 dibbs + Nohibibut)
0

Finally, we consider

Is =1,+2N1I,
choosing N large number, then
d L h
%15 < / {Nl(h%—CE)—i—bC’g— —b, — 2N (h? )} b7
0
b, h? 1
- (N1(1 —¢) : v ) (0 Vr)’ (2.52)

— (%z — C.b—eb— NyCob, — NoCob — 2NC’) - (2]\7 + N2—> h?
The Lyapunov functional is now defined by
Ln(t) = NEy(t) + I, + p1 I
choosing p; sufficiently small and NV sufficiently large.
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Differentiating the functional £ and using the equations in (2.43), one obtains

d Lo C. C Ny bC. by 2N 3.2
%[,h(t) < /0 _(Na_]ﬁa_l_hf‘_’ullﬁ(h—i_ca)_mh,3+M12+u1h3(h —€)>h¢t

by h?

1 by
— M1 <N1(]. - E) - €b+ N2 9 - Ng(:sz - 2Nh2) ﬁ (Qf) + wx)2 - <M12N + MlNQ? - 6) hwtz

— |:(1 — E) + u1 (b; — C.b—eb— NoCob, — NoCob — 2NC>:| (bi
(2.53)

Consequently, by estimating the constants, one gets (choosing ¢ sufficiently small,

N:h—(’;andﬁz%)

d C
aﬁh(t) < —ﬁEh(t)

where C' is a positive constant that not has a dependence in h.

On other hand, for h € (0,1), we can conclude that

1£4(6) — NEL(0)] < S0

where C' is a positive constant that not has a dependence in h.

Therefore,

(J\7 - %) En(t) < L(t) < (N + %) E,(t) (2.54)

where the constant C' > 0 not has a dependence in h.

Considering the derivative of the expression Ly(t), and observing (2.54), we con-

clude

d C

- < _ =

g Ln(t) < =75 La(t)
which implies

d

Integrating in time and using (2.54), we get
CER(t) < Ly < £h<0)eih%t < CEh(O)efh%t,

where C'is a positive constant that not has dependence in h. Then we get the uniform
stability and this finishes the proof. m

As in the above theorems, using results due to Soufyane [52| and Neves, Ribeiro
and Lopes [41], the Timoshenko system can be uniformly stable or no. In others

words the uniform stabilization of (2.4), (2.5), (2.6) is assured under the condition
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(2.38) on the interval (0,L). So, if (2.38) not is satisfied (i.e., p% p%), the system
is not uniformly stable. However, we can show that the linear Timoshenko system is
polynomial stable with the condition pszg #+ pih. More precisely, we will show that the
energy associated with the solution of the Timoshenko system decay polynomially over
time.

Without loss of generality we will assume k fix, h € (0,1) and, for simplicity,
we will "normalize"all the other parameters of the system. Then, we will study the

following system
h3¢tt - ¢:ﬂz +k (¢ + wz> + a¢t = 07

(2.55)
h¢tt —k (Cb + @Dx)x = 07
under boundary conditions (2.5) and initial data (2.6).
For this system, the energy Fj(t) is given by
Ly np2 h|2 h|2 h h|2
Bn(t) = 5 [W* 6} " + b |ul]” + b + k6" + vi’] (2.56)

and obeys the dissipation law
d L 2
—Ep(t) = — "
Let

En(t) = En(t, ¢,¢) = Ex(t)

denote the energy defined in (2.56), and let

E5(t) = En(t, ¢¢, )

denote the energy of second order, for a suitability smooth solution. We shall prove
the following.

Theorem 2.3.3 Let the initial data reqular enough. Then there is C > 0 such that
for allt > 0:

E(t) < 5 (Bu(0) + Ba(0))i

Proof. According with the definition of the energies F;(t) and Fs(t), we have

iEw——/L¢2ad iEm——/%¢2
Tt A TR Ay

The proof consists in the construction of a appropriated functional using multi-

pliers techniques.
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Step 1: We multiply the first equation (2.55) by (¢ + 1,) and integrate the
resulting equation over [0, L]

L
- (/0 Woulo + %))

L
/0 B360(6+ et + dan(d+ a) — k(9 + a)? — ad (6 + )

L
- /O B30 + V)t — ba (6 )y — b (6 + 1) — 0y (6 +02) + [6atha] |

But

/OLh3¢t (¢+wx)t=/OLh3¢?+h3¢tht=/OLh3¢g_/0th¢x¢tt+% (/Oth(ﬁ%)

Then, we obtain
d t 3 3

L L
- / W / Babi — b (64 ), — B (6 + 1) — ady (64 ) + [Batds] [

0 0

Now, we are interested in to cancel the term ¢, (¢ +v¢,),. To do this, let’s
multiply the second equation of (2.55) by k!¢, and integrate the resulting equation
over [0, L].

d Lh Lh Lh d Lh
([ o) = [ foont 04 vmon= [ Foous oo 5 ([ foo.)

which implies

d Lh h Lh
t¥Px tVx - x Wit x T 258
dt </o kw(b k(bw) /0 kwgb (6 +¥2), ¢ ( )

Finally we adding the two relations, (2.57) and (2.58), gives

d

L h
EII = /0 h3¢? - <h3 - E) ¢r¢tt —k ((b + %)2 - O“bt (¢ + d}w) + [¢m¢:}c] @59)

where
Lo ; h h
L= [ Wao+vn) - (h =) bun + 1ois,
0
Step 2: In order to deal with the boundary terms appearing (2.59), we consider
b = b(x) € C'([0,L]) be a given function satisfying in addition (0) < 0, b(L) > 0
(for example, b(x) = %) We multiply the first equation of (2.55) by b¢, and

integrate the resulting equation over [0, L]. This gives

d L L
- hS tb x = h3 tb rt x:pb r k 7 b Tz T tb i
i ([[ro00.) = [ 80b0u -+ 6ubss — k(o v bor — oo

LhS
= | MO + ) — K0+ b0 — b, (260

L h3
- /0 _?bx@f) — %br(gzﬁi) — k(¢ + ¥2) by — agrbo,
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Now we multiply the second equation of (2.55) by b, and integrate the resulting
equation over [0, L], we obtain

d L
- ( /0 h%b%)

L
/0 Bbobtbus + k (& + e, (& + tha) — k(6 + ), b
/Lh o Lk ;

(2.61)
0

2
/L h 2 k 2 1 2

Adding the equations (2.59), (2.60) and (2.61), we deduce for N; sufficiently large,

d L
7 |:N1[1 - /0 (h3¢tb¢x + hwtbd]w)}

L 3
- / N2 — N, (h?’ - %) b Nik (64 12" = Niad (64 1) + oo () + 2a(2)
0

L
[ k0 )b+ a0+ GhatE + a0+ ) k(9 ) (b + b

Using the Young inequality,

L
& o f o, s
0

dt
h
h — —
(%)

k

L 13

h 1 h

+/ 5bm¢% + gbmi +ek(¢+ 1by)* + Cobgl + Coad} + ebdy + §bxw3 +5ba(0+ Va)?
0

tek (¢ + 1) 4 Cob2g? + Cb?¢2

2
C.9% + Niey? — Ny (k —€) (¢ +12)” + Cead? + € (¢ + z)

L
< / Ny (R® +C.) ¢7 + Ny
0

Then we can conclude

2
C-3, (2.62)

-

L
k 1 h
+/ — (le — N1€ — €]€ — 2bx) (¢ + /(/)1:)2 + <2bm + Cgb+ €b + C’gbx + C€b> ¢i + 51)1'@[1?
0

d L h?
aIZ < / <N1h3+N105+C€OZ+ 2bz) ¢?+N1
0

where

L
I = N — / (15 i + hbubly,)
0

Step 3: Note that, for £ > 0 chosen sufficiently small, we have a problem in the
two last terms of the inequality (2.62). Then, to solve this problem, we multiply the

second equation of (2.55) by v and integrate over [0, L].

d L L L
dt (/0 h%w) - /0 hapf + k(p + e )ot) = /0 hp? — k(o +1be)? + k(¢ + 42)63)

We can see that by previous multiplier, we obtain a estimation for 2.
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We need an estimate on the integral of ¢2 to conclude. For this, we multiply the

first equation of (2.55) by ¢.

d L L
h3 t = h33 T —k T - t
i ([ #60) = [ 1564 0m0— k6 + w0~ aso

L

= [ W= - kot )6 - avis (264)
0

Finally, let’s consider w the solution to

w(z) = - / Cofy)dr+ 2 / " sl

Then one can easily check that

wx=—¢+%(/j¢)
/OL¢2:/OLw§+%(/OL¢>2. (2.66)
sty ) ()

Integrating on (0, L), one gets

[oefra-z([o)f mem () [0

which implies

[o=[ -2 ([ o) ww-uon+5 ([ o)

and that’s sufficient to obtain (2.66).

so that, we have

In fact,

Furthermore by standard elliptic estimates imply that
L L
JCE
0 0

Now, we multiply the second equation of (2.55) by w and integrate over space.

where C' is a positive constant.

d

L L
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Note that
L L
/ k(o + ty)ew = / kw? — ko, (2.68)
0

0

In fact,

/OL B(6 + )ow = /OL ot + kgt = /OL s + e = kv

0

Finally, adding the equations (2.64), (2.67) and using the equation (2.68), on gets

d L L
— ( / R + hwtw) = / R2; — @2 — k(d + 1) b + hhywy + k(¢ + ) ow — acypd

L
_ / 67 — 62 — ke — kibatd + by + kw? — Kby — acnd
0
L
= / RP¢? — @2 — k¢? + hpyw, + kw? — ag¢
0

In this moment we need observe that by the equality (2.66) we obtain

L k L 2
/ kw? — k¢? = —— (/ <b> < 0.
0 L\ Jo
Then, using Young’s inequality

d L L
—_— h3t ht = hS?_ i htt_ t
o ([ w0t ) = [T56 - 624 b - avo

L
< / (R* + C.) ¢f — (1 — €)¢2 + ehypf + C.wy (2.69)
0

But thanks to (2.65), it is easy to check that

L L
[scfe
0 0

Since, the equation defining w can be differentiated with respect to t, we have

L L
/wfscf &
0 0

Using this last estimate in (2.69) together with (2.63) , we obtain

a
dt

L
< / (B’ + C.+ C) ¢f — (1 — )2 + eh)f — haby + k(¢ + ¥2)* — k(¢ + ¥y) ¢
0

L
( / g + Ko+ hwtw)
0

L
= [ €)= (1= 06— (L= i + K6 + )7 — K6 + k270
0
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2

Using successively the estimates in (2.62) and (2.70), we obtain
_|_

L /LN ol + Ny +
-t = fy ! k E E PR 2

L Nib, N b,
0

NoC' NyC. N,C. Njb,
2 2 N 1 + 1 >h3¢§

C.¢y, + (Nz +

L N, Nib
+/ - (N2 — Nog — —2 — L2 _ N,CLb— Nyeb — N;CLb? — NlchQ) o
0

where

Iy =1+ Ny
for Ny > 0 large and
L
3 @ o
L= [+ 1w + b + 5o
0
Finally, let’s define the functional L by

L(t) := NE\(t) + NE(t) + L.

Then,
d L AN ) Na NoC  Na2Ce NiCe  Nibg \ .3 .0
at /0‘<NO“N1 e R R o Lk
L by N b
+ —(NQ—NQE— L )hw?—(Nl—Tla— —?—NQ—NQE)k(quz)?
0
L Ny Nibs
+f —(No—Noe— 22 1% NYCLb— Nieb— N1C-b2 — N1Cob? | o2 2.71
2 2 xT T
0

On other hand, for h € (0,1) we can conclude that

{N - %} E\(t) + NEy(t) < L(t) < {Kf + %} Ey(t) + NEs(t).

then choosing N = h—(’;, we obtain

B + Ba(1)) < L) < o3 (Bu(1) + Balt) (2.72)

where C' is a positive constant.
Returning to the equation (2.71), using the definition of N, choosing e sufficiently

small and if we identify N = Ch2, one gets

%L(t) < —CRh*Ey(t)-C (% + 1) Ei(t) < —Ch? (E\(t) + Ex(t))
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Using the inequality (2.72) we can conclude that

%L(t) — _CE\(1).

Integrating in time, one gets

which implies

Therefore, using again (2.72), one has

/OtEa(t) < C(L(O) - L()

¢\ (Bi0) + B:0) - CEA)
> (B1(0) + E(0).

IN

IN

Furthermore,

%(tEl(t)) < Ey(t).

Then, integrating in time and using the previous estimative, we obtain

[ S < [ B

tE(t) < /Ot E; < %(El(o) + F5(0)).

which implies

Consequently,

EA(t) < 53 (B2 (0) + Baf0)) 1

and this finishes the proof. m
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