
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❊①✐st❡♥❝❡ r❡s✉❧ts ❢♦r s♦♠❡ ❡❧❧✐♣t✐❝
❡q✉❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ t❤❡ ❢r❛❝t✐♦♥❛❧

▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ❛♥❞ ❝r✐t✐❝❛❧ ❣r♦✇t❤

♣♦r

❨❛♥❡ ▲ís❧❡② ❘❛♠♦s ❆r❛ú❥♦

❏♦ã♦ P❡ss♦❛ ✲ P❇

❉❡③❡♠❜r♦✴✷✵✶✺



❊①✐st❡♥❝❡ r❡s✉❧ts ❢♦r s♦♠❡ ❡❧❧✐♣t✐❝
❡q✉❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ t❤❡ ❢r❛❝t✐♦♥❛❧

▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ❛♥❞ ❝r✐t✐❝❛❧ ❣r♦✇t❤

♣♦r

❨❛♥❡ ▲ís❧❡② ❘❛♠♦s ❆r❛ú❥♦ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ▼❛♥❛ssés ❳❛✈✐❡r ❞❡ ❙♦✉③❛

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲

❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦

tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❏♦ã♦ P❡ss♦❛ ✲ P❇

❉❡③❡♠❜r♦✴✷✵✶✺

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❛♣❡s✳
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❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ♣r♦✈❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s

♣❛r❛ ❡q✉❛çõ❡s ❞♦ t✐♣♦

(−∆)αu+ V (x)u = f(x, u) ❡♠ R
N ,

♦♥❞❡ 0 < α < 1✱ N ≥ 2α✱ (−∆)α ❞❡♥♦t❛ ♦ ▲❛♣❧❛❝✐❛♥♦ ❢r❛❝✐♦♥ár✐♦✱ V : RN → R é ✉♠❛

❢✉♥çã♦ ❝♦♥tí♥✉❛ q✉❡ s❛t✐s❢❛③ ❛❞❡q✉❛❞❛s ❝♦♥❞✐çõ❡s ❡ f : RN ×R → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥✲

tí♥✉❛ q✉❡ ♣♦❞❡ t❡r ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ♥♦ s❡♥t✐❞♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r

♦✉ ♥♦ s❡♥t✐❞♦ ❞♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ ❙♦❜♦❧❡✈✳ ❆ ✜♠ ❞❡ ♦❜t❡r ♥♦ss♦s r❡s✉❧t❛❞♦s ✉s❛✲

♠♦s ♠ét♦❞♦s ✈❛r✐❛❝✐♦♥❛✐s ❝♦♠❜✐♥❛❞♦s ❝♦♠ ✉♠❛ ✈❡rsã♦ ❞♦ Pr✐♥❝í♣✐♦ ❞❡ ❈♦♥❝❡♥tr❛çã♦✲

❈♦♠♣❛❝✐❞❛❞❡ ❞❡✈✐❞♦ à ▲✐♦♥s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ▲❛♣❧❛❝✐❛♥♦ ❢r❛❝✐♦♥ár✐♦❀ ♠ét♦❞♦s ✈❛r✐❛❝✐♦♥❛✐s❀ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❚r✉❞✐♥❣❡r✲

▼♦s❡r❀ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ ❙♦❜♦❧❡✈✳

✐✈



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ ♣r♦✈❡ s♦♠❡ r❡s✉❧ts ♦❢ ❡①✐st❡♥❝❡ ❛♥❞ ♠✉❧t✐♣❧✐❝✐t② ♦❢ s♦❧✉t✐♦♥s ❢♦r ❡q✉❛✲

t✐♦♥s ♦❢ t❤❡ t②♣❡

(−∆)αu+ V (x)u = f(x, u) ✐♥ R
N ,

✇❤❡r❡ 0 < α < 1✱ N ≥ 2α✱ (−∆)α ❞❡♥♦t❡s t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥✱ V : RN → R ✐s ❛

❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ t❤❛t s❛t✐s❢② s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s ❛♥❞ f : RN×R → R ✐s ❛ ❝♦♥t✐♥✉♦✉s

❢✉♥❝t✐♦♥ t❤❛t ♠❛② ❤❛✈❡ ❝r✐t✐❝❛❧ ❣r♦✇t❤ ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✐♥❡q✉❛❧✐t②

♦r ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ❙♦❜♦❧❡✈ ❡①♣♦♥❡♥t✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ♦✉r r❡s✉❧ts ✇❡

✉s❡ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s ❝♦♠❜✐♥❡❞ ✇✐t❤ ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ❈♦♥❝❡♥tr❛t✐♦♥✲❈♦♠♣❛❝t♥❡ss

Pr✐♥❝✐♣❧❡ ❞✉❡ t♦ ▲✐♦♥s✳

❑❡②✇♦r❞s✿ ❋r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥❀ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s❀ ❚r✉❞✐♥❣❡r✲▼♦s❡r✬s ✐♥❡q✉❛❧✐t②❀

❝r✐t✐❝❛❧ ❙♦❜♦❧❡✈ ❡①♣♦♥❡♥t✳

✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❆ ❉❡✉s ♣♦✐s só ❊❧❡ é ❝❛♣❛③ ❞❡ ♥♦s ❞❛r ❢♦rç❛ ♣❛r❛ ❛❧❝❛♥ç❛r♠♦s ♥♦ss♦s ♦❜❥❡t✐✈♦s✳

❆♦s ♠❡✉s ♣❛✐s ❆♥❛ ❘✐t❛ ❡ ●✐❧❞❡✈❛❧ ♣♦r t♦❞♦ ❛♠♦r✱ ❞❡❞✐❝❛çã♦ ❡ ❛♣♦✐♦ ✐♥❝♦♥❞✐❝✐♦♥❛❧✳ ❆♦

♠❡✉ ✐r♠ã♦ ❚❛r❧❡s ❲❛❧❦❡r ❡ ❛ ♠✐♥❤❛ ♠❛❞r✐♥❤❛ ❆♥❛ ♣♦r s❡♠♣r❡ ❛❝r❡❞✐t❛r❡♠ ❡♠ ♠✐♠✳

❆♦ ♠❡✉ ❡s♣♦s♦ ❘❡❣✐♥❛❧❞♦ ❏✉♥✐♦r ♣❡❧♦ ❛♠♦r✱ ❝♦♠♣❛♥❤❡✐r✐s♠♦✱ ❝♦♠♣r❡❡♥sã♦ ❡ t♦❞❛

❛❥✉❞❛ ✐♥❞✐s♣❡♥sá✈❡❧ à r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳

❆♦ Pr♦❢✳ ▼❛♥❛ssés ❳❛✈✐❡r ❞❡ ❙♦✉③❛ ♣♦r t❡r ♠❡ ❝♦♥❝❡❞✐❞♦ ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❡st✉❞❛r

❝♦♠ ♦ ♠❡s♠♦✱ ♣♦r t♦❞❛ ♦r✐❡♥t❛çã♦✱ ❞❡❞✐❝❛çã♦ ❡ ❡♠♣❡♥❤♦ ♥❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳

❆♦ ♠❡✉ ❛♠✐❣♦✲✐r♠ã♦ ●✐❧s♦♥ ♣♦r s❡r ✉♠ ♣♦rt♦ s❡❣✉r♦ ♣❛r❛ ♠✐♠ ❛♦ ❧♦♥❣♦ ❞❡ t♦❞❛ ❛

❥♦r♥❛❞❛✳

❆♦ ❛♠✐❣♦ ◆❛❝✐❜ ❡ ❛ ♠✐♥❤❛ ♣r✐♠❛ ❙❛r❛ ♣❡❧❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❡ ❝✉✐❞❛❞♦ ❡♠ ♠❡ ❛❥✉❞❛r

♥❛s ❝♦rr❡çõ❡s ❝♦♠ ♦ ✐♥❣❧ês✳

❆♦s ♠❡✉s ♣r♦❢❡ss♦r❡s ➱❞❡r ▼❛t❡✉s ❞❡ ❙♦✉③❛✱ ❏♦ã♦ ❞❡ ❆③❡✈❡❞♦ ❈❛r❞❡❛❧ ❡ ❋❛❜í♦❧❛ ❞❡

❖❧✐✈❡✐r❛ P❡❞r❡✐r❛ ▲✐♠❛ ♣♦r s❡r❡♠ ✐♥s♣✐r❛çõ❡s ♣❛r❛ ♠✐♠ ❞❡s❞❡ ♦ ❡♥s✐♥♦ ♠é❞✐♦ ❡ ❛ ❣r❛✲

❞✉❛çã♦✳ ❆♦s ♣r♦❢❡ss♦r❡s ❞❡ Pós✲●r❛❞✉❛çã♦ ❞♦ ❉▼ ♣♦r t♦❞♦s ♦s ❡♥s✐♥❛♠❡♥t♦s tr❛♥s✲

♠✐t✐❞♦s✱ ❡♠ ❡s♣❡❝✐❛❧ ❛♦s ♣r♦❢❡ss♦r❡s ❊✈❡r❛❧❞♦ ❙♦✉t♦ ❞❡ ▼❡❞❡✐r♦s ❡ ❯❜❡r❧❛♥❞✐♦ ❇❛t✐st❛

❙❡✈❡r♦✳

❆ ♠✐♥❤❛ ✐r♠ã ❞❡ ❝♦r❛çã♦ P❛♠♠❡❧❧❛ ❡ ❛♦s ❞❡♠❛✐s ❝♦❧❡❣❛s ❞♦ ❉▼✴❯❋P❇ q✉❡ ♣♦r ♠✉✐t❛s

✈❡③❡s ❢♦r❛♠ ♠✐♥❤❛ ❢❛♠í❧✐❛ ❞❛♥❞♦ ❛♣♦✐♦ ❡ ❞✐♠✐♥✉✐♥❞♦ ♦ ❢❛r❞♦ q✉❡ é ❡stá ❧♦♥❣❡ ❞❡ ❝❛s❛✱

❡♠ ❡s♣❡❝✐❛❧ ❛ ❉✐❡❣♦✱ ❘♦❞r✐❣♦✱ ❘✐❝❛r❞♦ ❇✉r✐t②✱ ●✉st❛✈♦✱ ❱❛❧❞❡❝✐r✱ ❉✐❛♥❛✱ ❉❛♥✐❡❧✳

❆♦s ♠❡♠❜r♦s ❞❛ ❜❛♥❝❛ ♣❡❧❛s ✈❛❧✐♦s❛s ❝♦♥tr✐❜✉✐çõ❡s ♣❛r❛ ❛ ✈❡rsã♦ ✜♥❛❧ ❞❡st❡ tr❛❜❛❧❤♦✳

❆ t♦❞♦s q✉❡ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ ❝♦♥❧✉sã♦ ❞❡st❡ tr❛❜❛❧❤♦✳

➚ ❈❛♣❡s ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

✈✐



❉❡❞✐❝❛tór✐❛

➚ ♠✐♥❤❛ ❢❛♠í❧✐❛✳

✈✐✐



❈♦♥t❡♥ts

■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

◆♦t❛t✐♦♥ ❛♥❞ t❡r♠✐♥♦❧♦❣② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶ ❙❡♠✐❧✐♥❡❛r ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r ✐♥✲

✈♦❧✈✐♥❣ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ✶✸
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■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ✇♦r❦✱ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ♠✉❧t✐♣❧✐❝✐t② ♦❢ s♦❧✉t✐♦♥s ❢♦r ❡❧❧✐♣t✐❝

❡q✉❛t✐♦♥s ♦❢ t❤❡ t②♣❡

(−∆)αu+ V (x)u = f(x, u) ✐♥ R
N , ✭✵✳✶✮

✇❤❡r❡ 0 < α < 1✱ N ≥ 2α✱ V : RN → R ❛♥❞ f : RN ×R → R ❛r❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s

t❤❛t s❛t✐s❢② s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s ❛♥❞ (−∆)α ❞❡♥♦t❡s t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ✇❤✐❝❤ ❝❛♥

❜❡ ❞❡✜♥❡❞ ❢♦r ❛ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r ❢✉♥❝t✐♦♥ u : R → R ❜②

(−∆)αu(x) = −
1

2
C(N,α)

∫

RN

u(x+ y) + u(x− y)− 2u(x)

|y|N+2α
dy, ∀x ∈ R

N .

❋♦r ❞❡t❛✐❧s ❛❜♦✉t t❤✐s ♦♣❡r❛t♦r s❡❡ ❆♣♣❡♥❞✐① ❆✳

P❛rt ♦❢ t❤❡ ✐♥t❡r❡st ♦♥ t❤♦s❡ ❡q✉❛t✐♦♥s ❛r✐s❡s ✐♥ t❤❡ s❡❛r❝❤ ♦❢ st❛♥❞✐♥❣ ✇❛✈❡s

s♦❧✉t✐♦♥s ❢♦r t❤❡ ❢r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

i
∂ψ

∂t
= (−∆)αψ + (V (x) + ω)ψ − f(x, ψ), (x, t) ∈ R

N × R, ✭✵✳✷✮

✇❤❡r❡ ω ∈ R✱ V : RN → R ✐s ❛♥ ❡①t❡r♥❛❧ ♣♦t❡♥t✐❛❧ ❢✉♥❝t✐♦♥✱ f : RN × R → R ✐s ❛

❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❛♥❞ 0 < α < 1 ✐s ❛ ✜①❡❞ ♣❛r❛♠❡t❡r✳ ❙t❛♥❞✐♥❣ ✇❛✈❡s s♦❧✉t✐♦♥s t♦

❊q✉❛t✐♦♥ ✭✵✳✷✮ ❛r❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❢♦r♠

ψ(x, t) = u(x) exp(−iωt),

✇❤❡r❡ u s♦❧✈❡s ❡❧❧✐♣t✐❝ ❊q✉❛t✐♦♥ ✭✵✳✶✮✳

❊q✉❛t✐♦♥ ✭✵✳✷✮ ❝♦♠❡s ❢r♦♠ ❛♥ ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ❋❡②♥♠❛♥ ♣❛t❤ ✐♥t❡❣r❛❧ ❢r♦♠

❇r♦✇♥✐❛♥✲❧✐❦❡ t♦ ▲é✈②✲❧✐❦❡ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝❛❧ ♣❛t❤s ✭s❡❡ ❬✸✶❪ ❛♥❞ ❬✸✷❪✮✳ ■t ✐s ❦♥♦✇♥✱

❜✉t ♥♦t ❝♦♠♣❧❡t❡❧② tr✐✈✐❛❧✱ t❤❛t (−∆)α r❡❞✉❝❡s t♦ t❤❡ st❛♥❞❛r❞ ▲❛♣❧❛❝✐❛♥−∆ ✐❢ α → 1−

✶



✭s❡❡ ❬✶✼❪✮✳ ❚❤✉s✱ ✇❤❡♥ α = 1✱ t❤❡ ▲é✈② ❞②♥❛♠✐❝s ❜❡❝♦♠❡s t❤❡ ❇r♦✇♥✐❛♥ ❞②♥❛♠✐❝s✱

❛♥❞ ❊q✉❛t✐♦♥ ✭✵✳✷✮ r❡❞✉❝❡s t♦ t❤❡ ❝❧❛ss✐❝❛❧ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

i
∂ψ

∂t
= −∆ψ + (V (x) + ω)ψ − f(x, ψ), (x, t) ∈ R

N × R.

▼♦t✐✈❛t❡❞ ❜② ❊q✉❛t✐♦♥ ✭✵✳✷✮✱ s❡✈❡r❛❧ st✉❞✐❡s ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❢♦r ❡❧❧✐♣t✐❝

❡q✉❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r✳ ■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ❧✐st s♦♠❡

♣❛♣❡rs r❡❧❛t❡❞ ✇✐t❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s t♦ ❊q✉❛t✐♦♥ ✭✵✳✶✮ t❤❛t ♠❛② ❜❡ ❢♦✉♥❞ ✐♥

t❤❡ ❧✐t❡r❛t✉r❡✳

▲❡t ✉s ❜❡❣✐♥ ✇✐t❤ t❤❡ ♣r♦❣r❡ss ✐♥✈♦❧✈✐♥❣ s✉❜❝r✐t✐❝❛❧ ♥♦♥❧✐♥❡❛r✐t✐❡s✳ ❯s✐♥❣ t❤❡

◆❡❤❛r✐ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡✱ ✐♥ ❬✶✶❪✱ ❈❤❡♥❣ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥

♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

(−∆)αu+ V (x)u = |u|q−2u, x ∈ R
N , ✭✵✳✸✮

✇✐t❤ 2 < q < 2∗α ✐❢ N > 2α ♦r 2 < q < ∞ ✐❢ N ≤ 2α✱ ✇❤❡r❡ 2∗α := 2N/(N − 2α)

✐s t❤❡ ❝r✐t✐❝❛❧ ❙♦❜♦❧❡✈ ❡①♣♦♥❡♥t✳ ●r♦✉♥❞ st❛t❡s ❛r❡ ❢♦✉♥❞ ❜② ✐♠♣♦s✐♥❣ ❛ ❝♦❡r❝✐✈✐t②

❛ss✉♠♣t✐♦♥ ♦♥ V (x)✱

lim
|x|→+∞

V (x) = +∞. ✭✵✳✹✮

■♥ ❬✹✶❪✱ ❙❡❝❝❤✐ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥ ✉♥❞❡r ❧❡ss r❡str✐❝t✐✈❡

❛ss✉♠♣t✐♦♥s ♦♥ f(x, u)✳ ❍❡ ♦❜t❛✐♥❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❣r♦✉♥❞ st❛t❡ ❜② t❤❡ ♠❡t❤♦❞

✉s❡❞ ✐♥ ❬✷✹❪✳ ■t ✐s ✇♦rt❤✇❤✐❧❡ t♦ ♥♦t✐❝❡ t❤❛t ✐♥ ❬✶✶❪ ❛♥❞ ❬✹✶❪ t❤❡ ❤②♣♦t❤❡s✐s ✭✵✳✹✮ ✐s

❛ss✉♠❡❞ ♦♥ V (x) ✐♥ ♦r❞❡r t♦ ♦✈❡r❝♦♠❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❧❛❝❦ ♦❢ ❝♦♠♣❛❝t♥❡ss✱ t②♣✐❝❛❧ ♦❢

❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s ❞❡✜♥❡❞ ✐♥ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥s✳ ■♥ ❬✶✽❪✱ ❉✐♣✐❡rr♦ ❡t ❛❧✳ ❝♦♥s✐❞❡r❡❞ t❤❡

❡①✐st❡♥❝❡ ♦❢ r❛❞✐❛❧❧② s②♠♠❡tr✐❝ s♦❧✉t✐♦♥s ♦❢ ✭✵✳✸✮ ✐♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ V (x) ❞♦❡s ♥♦t

❞❡♣❡♥❞ ❡①♣❧✐❝✐t❧② ♦♥ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡ x✳ ❋♦r t❤❡ ✜rst t✐♠❡✱ ✉s✐♥❣ r❡❛rr❛♥❣❡♠❡♥t t♦♦❧s

❛♥❞ ❢♦❧❧♦✇✐♥❣ t❤❡ ✐❞❡❛s ♦❢ ❇❡r❡st②❝❦✐ ❛♥❞ ▲✐♦♥s ❬✺❪✱ t❤❡ ❛✉t❤♦rs ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢

❛ ♥♦♥tr✐✈✐❛❧✱ r❛❞✐❛❧❧② s②♠♠❡tr✐❝ s♦❧✉t✐♦♥ t♦

(−∆)αu+ u = |u|q−2u, x ∈ R
N ,

✇❤❡r❡ 2 < q < 2∗α ✐❢ N > 2α ♦r 2 < q <∞ ✐❢ N ≤ 2α✳

❆❢t❡r t❤❡ ♣✐♦♥❡❡r✐♥❣ ✇♦r❦s ❜② ❇r❡③✐s ❛♥❞ ◆✐r❡♥❜❡r❣ ✐♥ ❬✽❪✱ ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s ✇✐t❤

❝r✐t✐❝❛❧ ❣r♦✇t❤ ❤❛✈❡ ❤❛❞ ♠❛♥② ♣r♦❣r❡ss❡s ✐♥ s❡✈❡r❛❧ ❞✐r❡❝t✐♦♥s✳ ❋♦r t❤❡ ❢r❛❝t✐♦♥❛❧

✷



▲❛♣❧❛❝✐❛♥✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♠❡♥t✐♦♥ ❬✷✶✱ ✷✽✱ ✹✸❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ▼♦r❡

s♣❡❝✐✜❝❛❧❧②✱ ❙❤❛♥❣ ❡t ❛❧✳ ✐♥ ❬✹✸❪ ❝♦♥s✐❞❡r❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ❢♦r t❤❡ ♣r♦❜❧❡♠

(−∆)αu+ V (x)u = |u|2
∗
α−2u+ λ|u|q−2u, x ∈ R

N ,

✇❤❡r❡ λ > 0 ✐s ❛ ♣❛r❛♠❡t❡r✱ 2 < q < 2∗α ❛♥❞ N > 2α✳ ❚❤❡ ♣♦t❡♥t✐❛❧ V : RN → R ✐s

❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ 0 < infx∈RN V (x) = V 0 < lim inf |x|→+∞ V (x) = V∞✱

✇❤❡r❡ V∞ <∞✳ ❚❤✐s ❦✐♥❞ ♦❢ ❤②♣♦t❤❡s✐s ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ❘❛❜✐♥♦✇✐t③ ✐♥ ❬✹✵❪✳

❏✳ ▼✳ ❞♦ Ó ❡t ❛❧✳ ✐♥ ❬✷✶❪ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧

❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

(−∆)αu+ V (x)u = |u|2
∗
α−2u+K(x)f(u), x ∈ R

N ,

✇❤❡r❡ V ✱ K ❛r❡ ❝♦♥t✐♥✉♦✉s✱ V,K > 0 ✐♥ RN ✇✐t❤ V (x) → 0, K(x) → 0✱ ❛s |x| → +∞✱

❛♥❞ f(u) ❜❡❤❛✈❡s ❧✐❦❡ |u|q−2u ❛t ✐♥✜♥✐t②✱ ❢♦r s♦♠❡ 2 < q < 2∗α ❛♥❞ N > 2α✳ ▼♦r❡♦✈❡r✱

f(u) s❛t✐s✜❡s t❤❡ s♦✲❝❛❧❧❡❞ ❆♠❜r♦s❡tt✐✕❘❛❜✐♥♦✇✐t③ ❝♦♥❞✐t✐♦♥✱ ♥❛♠❡❧②✱

✭❆❘✮ t❤❡r❡ ❡①✐stsµ ∈ (2, 2∗α) ✇✐t❤ 0 < µF (s) ≤ sf(s) ❢♦r ❛❧❧ s 6= 0, F (s) =

s∫

0

f(t)dt.

❲✐t❤ r❡s♣❡❝t t♦ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ✐♥ ♣r♦❜❧❡♠s ♦❢ t❤❡ t②♣❡ ✭✵✳✶✮ ✐♥

t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ N = 2α✱ ❢♦r N = 1 ❛♥❞ α = 1/2✱ t❤❡r❡ ❡①✐sts ❛ s♣❡❝✐❛❧ s✐t✉❛t✐♦♥

♠♦t✐✈❛t❡❞ ❜② t❤❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✐♥❡q✉❛❧✐t②✳ Pr❡❝✐s❡❧②✱ ✐t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ❡♠❜❡❞✲

❞✐♥❣ H1/2(R) →֒ Lq(R) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r ❛♥② q ∈ [2,+∞)✱ ❜✉t H1/2(R) ✐s ♥♦t ❝♦♥t✐✲

♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ L∞(R)✳ ❍♦✇❡✈❡r✱ ❚✳ ❖③❛✇❛ ❬✸✾❪ ❛♥❞ ❍✳ ❑♦③♦♥♦✱ ❚✳ ❙❛t♦ ❛♥❞ ❍✳

❲❛❞❛❞❡ ❬✷✾❪ ♣r♦✈❡❞ ❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✐♥❡q✉❛❧✐t②✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡②

♣r♦✈❡❞ t❤❛t t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ω ❛♥❞ C s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ u ∈ H1/2(R) ✇✐t❤

‖(−∆)1/4u‖2 ≤ 1✱

∫

R

(eβu
2

− 1) dx ≤ C‖u‖22, ❢♦r ❛❧❧ β ∈ (0, ω]. ✭✵✳✺✮

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♠❛①✐♠❛❧ ❣r♦✇t❤ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ tr❡❛t ✭✵✳✶✮ ✈❛r✐❛t✐♦♥❛❧❧② ✐♥

H1/2(R) ✐s ♦❢ t❤❡ t②♣❡ ❡①♣♦♥❡♥t✐❛❧✳

■♥❡q✉❛❧✐t② ✭✵✳✺✮ ♣❧❛②s ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ t❤❡ st✉❞② ♦❢ ♣r♦❜❧❡♠s t❤❛t ✐♥✈♦❧✈❡❞ ♥♦♥✲

❧✐♥❡❛r✐t✐❡s ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✳ ❋♦r ✇♦r❦s ✐♥✈♦❧✈✐♥❣ t❤✐s t②♣❡ ♦❢ ♥♦♥❧✐♥❡❛r✐t✐❡s✱ ✇❡

✸



✇♦✉❧❞ ❧✐❦❡ t♦ ♠❡♥t✐♦♥ t✇♦ ♣❛♣❡rs✱ ❬✷✸❪ ❛♥❞ ❬✷✺❪✳ ❏✳ ▼✳ ❞♦ Ó ❡t ❛❧✳ ✐♥ ❬✷✸❪ ♣r♦✈❡❞ t❤❡

❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❢r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

(−∆)1/2u+ u = K(x)g(u),

✇❤❡r❡ K ✐s ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❝❛♥ ✈❛♥✐s❤ ❛t ✐♥✜♥✐t② ❛♥❞ g ❤❛s ❡①♣♦♥❡♥t✐❛❧

❣r♦✇t❤✳ ■❛♥♥✐③③♦tt♦ ❛♥❞ ❙q✉❛ss✐♥❛✱ ✐♥ ❬✷✺❪✱ ❝♦♥s✐❞❡r❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ❢♦r

t❤❡ ♣r♦❜❧❡♠ 



(−∆)1/2u = f(u) ✐♥ (0, 1),

u = 0 ✐♥ R \ (0, 1),

✇❤❡r❡ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ❤❛s ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✳

▼♦t✐✈❛t❡❞ ❜② t❤❡s❡ st✉❞✐❡s ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❝♦♥s✐❞❡r❛t✐♦♥ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡

♣♦t❡♥t✐❛❧ V (x) ❛♥❞ t❤❡ t②♣❡s ♦❢ ♥♦♥❧✐♥❡❛r✐t② f(x, s)✱ ✐♥ t❤✐s ✇♦r❦ ✇❡ ♦❜t❛✐♥ s♦♠❡

r❡s✉❧ts ♦❢ ❡①✐st❡♥❝❡ ❛♥❞ ♠✉❧t✐♣❧✐❝✐t② ♦❢ s♦❧✉t✐♦♥s t♦ ❊q✉❛t✐♦♥ ✭✵✳✶✮✳ Pr❡❝✐s❡❧②✿

■♥ ❈❤❛♣t❡r ✶✱ ✇❡ tr❡❛t t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ N = 1✱ α = 1/2✱ ♠♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡

st✉❞② t❤❡ ❡q✉❛t✐♦♥

(−∆)1/2u+ V (x)u = f(x, u) + h ✐♥ R, ✭✵✳✻✮

✇❤❡r❡ (−∆)1/2 ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ❙❡❝t✐♦♥ ✶✱ V : R → R ✐s ❛ ❝♦♥t✐♥✉♦✉s ♣♦t❡♥t✐❛❧✱ h

❜❡❧♦♥❣s t♦ t❤❡ ❞✉❛❧ ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡✱ s❡❡ ❙❡❝t✐♦♥ ✶✱ ❛♥❞ f : R×R → R

✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ t❤❛t ❤❛s ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✱ t❤❛t ✐s✱ t❤❡r❡ ❡①✐sts β0 > 0

s✉❝❤ t❤❛t

lim
|s|→+∞

f(x, s)e−β|s|2 =




0, ❢♦r ❛❧❧ β > β0,

+∞, ❢♦r ❛❧❧ β < β0,

✉♥✐❢♦r♠❧② ✐♥ x ∈ R✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❤②♣♦t❤❡s❡s ✉♥❞❡r V (x)✿

(V1) t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t B s✉❝❤ t❤❛t V (x) ≥ −B✱ ❢♦r ❛❧❧ x ∈ R❀

(V2) t❤❡ ✐♥✜♠✉♠

λ1 := inf
u∈X

‖u‖2=1


 1

2π

∫

R2

(u(x)− u(y))2

|x− y|2
dx dy +

∫

R

V (x)u2 dx




✐s ♣♦s✐t✐✈❡❀

✹



(V3) lim
R→∞

ν(R \BR) = +∞✱ ✇❤❡r❡

ν(G) =





inf
u∈X0(G)
‖u‖2=1

1

2π

∫

R2

(u(x)− u(y))2

|x− y|2
dx dy +

∫

G

V (x)u2 dx ✐❢ G 6= ∅;

∞ ✐❢ G = ∅.

❍❡r❡ G ✐s ❛♥ ♦♣❡♥ s❡t ✐♥ R ❛♥❞ X0(G) = {u ∈ X : u = 0 ✐♥ R \G}✱ ✇❤❡r❡ X

✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✸✮✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ♦❜s❡r✈❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥s (V1) − (V3) ❛❧❧♦✇ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧s

♠❛② ❝❤❛♥❣❡ s✐❣♥✳

■♥ ♦r❞❡r t♦ ✉s❡ ❛ ✈❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s

❛❜♦✉t f(x, s)✿

(f1) 0 ≤ lim
s→0

f(x, s)

s
< λ1✱ ✉♥✐❢♦r♠❧② ✐♥ x❀

(f2) f ✐s ❧♦❝❛❧❧② ❜♦✉♥❞❡❞ ✐♥ s✱ t❤❛t ✐s✱ ❢♦r ❛♥② ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧ J ⊂ R✱ t❤❡r❡ ❡①✐sts

C > 0 s✉❝❤ t❤❛t |f(x, s)| ≤ C✱ ❢♦r ❡✈❡r② (x, s) ∈ R× J ❀

(f3) t❤❡r❡ ❡①✐sts θ > 2 s✉❝❤ t❤❛t

0 < θF (x, s) := θ

s∫

0

f(x, t) dt ≤ sf(x, s), ❢♦r ❛❧❧ (x, s) ∈ R× R \ {0};

(f4) t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts s0,M0 > 0 s✉❝❤ t❤❛t

0 < F (x, s) ≤M0|f(x, s)|, ❢♦r ❛❧❧ |s| ≥ s0 ❛♥❞ x ∈ R;

(f5) t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts p > 2 ❛♥❞ Cp s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ s ≥ 0 ❛♥❞ x ∈ R✱

f(x, s) ≥ Cps
p−1,

✇✐t❤ Cp >

[
α0(p− 2)

2πκωp

](p−2)/2

Sp
p ✱ ✇❤❡r❡

Sp := inf
u∈X

‖u‖p=1


 1

2π

∫

R2

(u(x)− u(y))2

|x− y|2
dx dy +

∫

R

V (x)u2 dx




1/2

,

❛♥❞ κ ✐s ❣✐✈❡♥ ✐♥ ✭✶✳✼✮✳

❲✐t❤ t❤✐s ✇❡ ♦❜t❛✐♥ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r✿

✺



❚❤❡♦r❡♠ ✵✳✶✳ ❙✉♣♣♦s❡ t❤❛t (V1)− (V3) ❛♥❞ (f1)− (f5) ❤♦❧❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts δ1 > 0

s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ 0 < ‖h‖∗ < δ1✱ ♣r♦❜❧❡♠ ✭✵✳✻✮ ❤❛s ❛t ❧❡❛st t✇♦ ✇❡❛❦ s♦❧✉t✐♦♥s✳ ❖♥❡

♦❢ t❤❡♠ ✇✐t❤ ♣♦s✐t✐✈❡ ❡♥❡r❣②✱ ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ✇✐t❤ ♥❡❣❛t✐✈❡ ❡♥❡r❣②✳

❚❤❡♦r❡♠ ✵✳✷✳ ❙✉♣♣♦s❡ t❤❛t (V1) − (V3) ❛♥❞ (f1) − (f5) ❤♦❧❞✳ ■❢ h ≡ 0 ✭✐✳❡✳✱ t❤❡r❡ ✐s

♥♦ ♣❡rt✉r❜❛t✐♦♥ ✐♥ ✭✵✳✻✮✮ t❤❡♥ ♣r♦❜❧❡♠ ✭✵✳✻✮ ❤❛s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ✇✐t❤ ♣♦s✐t✐✈❡ ❡♥❡r❣②✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ❚❤❡♦r❡♠s ✵✳✶ ❛♥❞ ✵✳✷✱ ✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ s♦♠❡ ❝♦♥❞✐t✐♦♥s ❝♦♥✲

❝❡r♥✐♥❣ t❤❡ ♠♦✉♥t❛✐♥ ♣❛ss ❣❡♦♠❡tr② ❛♥❞ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥❛❧✳

▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠ s❛t✐s✜❡s

t❤❡ P❛❧❛✐s✲❙♠❛❧❡ ❝♦♥❞✐t✐♦♥✳ ❚❤❡♥ ✇❡ ✉s❡ ♠✐♥✐♠✐③❛t✐♦♥ t♦ ✜♥❞ t❤❡ ✜rst s♦❧✉t✐♦♥ ✇✐t❤

♥❡❣❛t✐✈❡ ❡♥❡r❣② ❛♥❞ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠ t♦ ♦❜t❛✐♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s❡❝♦♥❞

s♦❧✉t✐♦♥ ✇✐t❤ ♣♦s✐t✐✈❡ ❡♥❡r❣②✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t✐❡s ❧✐❡ ✐♥ t❤❡ ♥♦♥❧♦❝❛❧ ♦♣❡r❛t♦r ✐♥✈♦❧✈❡❞

❛♥❞ ✐♥ t❤❡ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t②✳

❖✉r r❡s✉❧ts ❝♦♠♣❧❡♠❡♥t t❤❡ ✇♦r❦ ✐♥ ❬✷✺❪ s✐♥❝❡ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❛t t❤❡ ❞♦♠❛✐♥

✐s ❛❧❧ R✳ ■t ❛❧s♦ ❝♦♠♣❧❡♠❡♥t ❬✶✶✱ ✷✸✱ ✹✶✱ ✹✷❪✱ ♦♥❝❡ ✇❡ ✇♦r❦ ✇✐t❤ ♥♦♥❧✐♥❡❛r✐t✐❡s ♠♦r❡

❣❡♥❡r❛❧ t❤❛♥ t❤♦s❡ tr❡❛t❡❞ ❜② t❤❡♠ ❛♥❞ ♣♦t❡♥t✐❛❧s t❤❛t ♠❛② ❝❤❛♥❣❡ s✐❣♥✱ ✈❛♥✐s❤ ❛♥❞

❜❡ ✉♥❜♦✉♥❞❡❞✳

■♥ ❈❤❛♣t❡r ✷✱ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ ❛ ❝❧❛ss

♦❢ ❡q✉❛t✐♦♥s s✐♠✐❧❛r t♦ t❤♦s❡ t❤❛t ✇❡ st✉❞✐❡❞ ✐♥ ❈❤❛♣t❡r ✶✱ ✇❤❡r❡ V ✐s ❛ ❜♦✉♥❞❡❞

♣♦t❡♥t✐❛❧ t❤❛t ❜❡❧♦♥❣s t♦ ❛ ❞✐✛❡r❡♥t ❝❧❛ss ♦❢ t❤♦s❡ tr❡❛t❡❞ t❤❡r❡✐♥✳ ❲❡ st✉❞② t✇♦ ❝❧❛ss

♦❢ ♣r♦❜❧❡♠s✿

❚❤❡ ✜rst ♦♥❡ ✭❛ ♣❡r✐♦❞✐❝ ♣r♦❜❧❡♠✮ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✱




(−∆)1/2u+ V0(x)u = f0(x, u) ✐♥ R,

u ∈ H1/2(R) ❛♥❞ u ≥ 0.
✭P0✮

❲❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ❢✉♥❝t✐♦♥ V0 : R → (0,+∞) ✐s ❛ ❝♦♥t✐♥✉♦✉s 1−♣❡r✐♦❞✐❝

❢✉♥❝t✐♦♥ ❛♥❞ f0 : R × R → R ✐s ❛ ❝♦♥t✐♥✉♦✉s 1−♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ✐♥ x✱ ✇❤✐❝❤ ❤❛s

❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ✐♥ u✳ ❙✐♥❝❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♥♦♥♥❡❣❛t✐✈❡

s♦❧✉t✐♦♥s✱ ✇❡ s❡t f0(x, s) = 0 ❢♦r ❛❧❧ (x, s) ∈ R × (−∞, 0]✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡

♥♦♥❧✐♥❡❛r✐t② f0(x, u) s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s

(f0,1) lim
s→0

f0(x, s)

s
= 0 ✉♥✐❢♦r♠❧② ✐♥ x ∈ R❀

✻



(f0,2) t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t θ > 2 s✉❝❤ t❤❛t

0 < θF0(x, s) := θ

s∫

0

f0(x, t) dt ≤ sf0(x, s), ❢♦r ❛❧❧ (x, s) ∈ R× (0,+∞);

(f0,3) ❢♦r ❡❛❝❤ ✜①❡❞ x ∈ R✱ t❤❡ ❢✉♥❝t✐♦♥ f0(x, s)/s ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ s ∈ R❀

(f0,4) t❤❡r❡ ❛r❡ ❝♦♥st❛♥ts p > 2 ❛♥❞ Cp > 0 s✉❝❤ t❤❛t

f0(x, s) ≥ Cps
p−1, ❢♦r ❛❧❧ (x, s) ∈ R× [0,+∞),

✇❤❡r❡

Cp >

[
(p− 2)θα0

(θ − 2)pω

](p−2)/2

Sp
p

❛♥❞

Sp := inf
u∈H1/2(R)
‖u‖p=1


 1

2π

∫

R2

|u(x)− u(y)|2

|x− y|2
dxdy + ‖V ‖∞

∫

R

u2 dx




1/2

.

❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s ✇❡ ❤❛✈❡ t❤❡ ✜rst r❡s✉❧t ♦❢ ❈❤❛♣t❡r ✷✿

❚❤❡♦r❡♠ ✵✳✸✳ ❆ss✉♠❡ t❤❛t (f0,1)−(f0,4) ❤♦❧❞✳ ❚❤❡♥ ✭P0✮ ❤❛s ❛ ♥♦♥♥❡❣❛t✐✈❡ ♥♦♥tr✐✈✐❛❧

✇❡❛❦ s♦❧✉t✐♦♥✳

❚❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ ✭❛s②♠♣t♦t✐❝❛❧❧② ♣❡r✐♦❞✐❝✮ t❤❛t ✇❡ st✉❞② ✐♥ t❤✐s ❝❤❛♣t❡r ✐s




(−∆)1/2u+ V (x)u = f(x, u) ✐♥ R,

u ∈ H1/2(R) ❛♥❞ u ≥ 0,
✭P ✮

♦♥ ✇❤✐❝❤ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❢✉♥❝t✐♦♥ V (x)✿

(V1) V : R → [0,+∞) ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s✿ V (x) ≤ V0(x)

❢♦r ❛♥② x ∈ R ❛♥❞ V0(x)− V (x) → 0 ❛s |x| → ∞❀

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r✐t② f : R × R → R ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ t❤❛t

❤❛s ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ✐♥ s✱ f(x, s) = 0 ❢♦r ❛❧❧ (x, s) ∈ R × (−∞, 0] ❛♥❞ ❛❧s♦

s❛t✐s✜❡s✿

(f1) f(x, s) ≥ f0(x, s) ❢♦r ❛❧❧ (x, s) ∈ R× [0,+∞)✱ ❛♥❞ ❢♦r ❛❧❧ ε > 0✱ t❤❡r❡ ❡①✐sts η > 0

s✉❝❤ t❤❛t ❢♦r s ≥ 0 ❛♥❞ |x| ≥ η✱

|f(x, s)− f0(x, s)| ≤ εeα0s2 ;

✼



(f2) lim
s→0

f(x, s)

s
= 0 ✉♥✐❢♦r♠❧② ✐♥ x ∈ R❀

(f3) t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t µ > 2 s✉❝❤ t❤❛t

0 < µF (x, s) := µ

s∫

0

f(x, t) dt ≤ sf0(x, s), ❢♦r ❛❧❧ (x, s) ∈ R× (0,+∞);

(f4) ❢♦r ❡❛❝❤ ✜①❡❞ x ∈ R✱ t❤❡ ❢✉♥❝t✐♦♥ f(x, s)/s ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ s ∈ R❀

(f5) ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ♥♦♥♥❡❣❛t✐✈❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s V0(x)− V (x) ❛♥❞ f(x, s)−

f0(x, s) ✐s ♣♦s✐t✐✈❡ ♦♥ ❛ s❡t ♦❢ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡✳

❚❤❡ s❡❝♦♥❞ r❡s✉❧t ♦❢ ❈❤❛♣t❡r ✷ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✵✳✹✳ ❆ss✉♠❡ t❤❛t (V1) ❛♥❞ (f1) − (f5) ❤♦❧❞✳ ❚❤❡♥ ✭P ✮ ❤❛s ❛ ♥♦♥♥❡❣❛t✐✈❡

♥♦♥tr✐✈✐❛❧ ✇❡❛❦ s♦❧✉t✐♦♥✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ♦✉r r❡s✉❧ts✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ✇❡❛❦ ❧✐♠✐t ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡

s❡q✉❡♥❝❡ ♦❢ P❛❧❛✐s ❙♠❛❧❡ ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ✇❡ ✉s❡ ❛ ✈❡rs✐♦♥ ♦❢ t❤❡

❈♦♥❝❡♥tr❛t✐♦♥✲❈♦♠♣❛❝t♥❡ss Pr✐♥✐♣❧❡ ❞✉❡ t♦ ▲✐♦♥s t♦ s❤♦✇ t❤❛t t❤✐s ❧✐♠✐t ✐s ♥♦♥tr✐✈✐❛❧✳

❲❡ ♣♦✐♥t ♦✉t t❤❛t ♦✉r r❡s✉❧ts ❝♦♠♣❧❡t❡ t❤❡ st✉❞② ♣r❡s❡♥t❡❞ ✐♥ ❬✷✷✱ ✷✸❪✱ s✐♥❝❡

✇❡ ✇♦r❦ ✇✐t❤ ❛ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ❛s②♠♣t♦t✐❝ t♦ ❛ ♥♦♥❛✉t♦♥♦♠♦✉s

♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ❛t ✐♥✜♥✐t②✳ ■t ❛❧s♦ ❝♦♠♣❧❡♠❡♥ts ❬✶✵✱ ✶✶✱ ✶✽✱ ✹✶❪✱ ♦♥❝❡ ✇❡ ❝♦♥s✐❞❡r t❤❡

❧✐♠✐t✐♥❣ ❝❛s❡ ❢♦r N = 1 ❛♥❞ α = 1/2 ✇❤❡♥ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ❤❛s ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ✐♥

t❤❡ s❡♥s❡ ♦❢ t❤❡ ❚r✉❞✐♥❣❡r✲▼♦s❡r ✐♥❡q✉❛❧✐t②✳ ▼♦r❡♦✈❡r✱ ✐t ❛❧s♦ ❝♦♠♣❧❡♠❡♥ts ❬✶✹❪✱ t❤❡

st✉❞② ♦❢ ❈❤❛♣t❡r ✶✱ ♦♥❝❡ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ V (x) ❜❡❧♦♥❣s t♦ ❛ ❞✐✛❡r❡♥t

❝❧❛ss ❢r♦♠ t❤♦s❡ tr❡❛t❡❞ t❤❡r❡✳

■♥ ❈❤❛♣t❡r ✸✱ ♦✉r ♠❛✐♥ ❣♦❛❧ ✐s t♦ ❡st❛❜❧✐s❤✱ ✉♥❞❡r ❛♥ ❛s②♠♣t♦t✐❝ ♣❡r✐♦❞✐❝✐t②

❝♦♥❞✐t✐♦♥ ❛t ✐♥✜♥✐t②✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❝r✐t✐❝❛❧ ♣r♦❜❧❡♠

(−∆)αu+ V (x)u = |u|2
∗
α−2u+ g(x, u), x ∈ R

N , ✭✵✳✼✮

✇❤❡r❡ 0 < α < 1✱ N > 2α✱ V : RN → R ❛♥❞ g : RN ×R → R ❛r❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✳

❈♦♥s✐❞❡r✐♥❣ F t❤❡ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s h ∈ C(RN) ∩ L∞(RN) s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r②

ε > 0✱ t❤❡ s❡t {x ∈ RN : |h(x)| ≥ ε} ❤❛s ✜♥✐t❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✱ ✇❡ ❛ss✉♠❡ t❤❛t V

s❛t✐s✜❡s✿

✽



(V ) t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t a0 > 0 ❛♥❞ ❛ ❢✉♥❝t✐♦♥ V0 ∈ C(RN)✱ 1−♣❡r✐♦❞✐❝ ✐♥ xi✱

1 ≤ i ≤ N ✱ s✉❝❤ t❤❛t V0 − V ∈ F ❛♥❞

V0(x) ≥ V (x) ≥ a0 > 0, ❢♦r ❛❧❧ x ∈ R
N .

❈♦♥s✐❞❡r✐♥❣ G(x, s) =
s∫
0

g(x, t) dt✱ t❤❡ ♣r✐♠✐t✐✈❡ ♦❢ g✱ ✇❡ ❛❧s♦ s✉♣♣♦s❡ t❤❡ ❢♦❧❧♦✇✲

✐♥❣ ❤②♣♦t❤❡s❡s✿

(g1) g(x, s) = o(|s|)✱ ❛s s→ 0+✱ ✉♥✐❢♦r♠❧② ✐♥ RN ❀

(g2) t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts a1, a2 > 0 ❛♥❞ 2 < q1 < 2∗α s✉❝❤ t❤❛t

|g(x, s)| ≤ a1 + a2|s|
q1−1, ❢♦r ❛❧❧ (x, s) ∈ R

N × [0,+∞);

(g3) t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t 2 ≤ q2 < 2∗α ❛♥❞ ❢✉♥❝t✐♦♥s h1 ∈ L1(RN)✱ h2 ∈ F s✉❝❤ t❤❛t

1

2
g(x, s)s−G(x, s) ≥ −h1(x)− h2(x)s

q2 , ❢♦r ❛❧❧ (x, s) ∈ R
N × [0,+∞).

❚❤❡ ❛s②♠♣t♦t✐❝ ♣❡r✐♦❞✐❝✐t② ♦❢ g ❛t ✐♥✜♥✐t② ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✿

(g4) t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t 2 ≤ q3 ≤ 2∗α − 1 ❛♥❞ ❢✉♥❝t✐♦♥s h3 ∈ F ✱ g0 ∈ C(RN ×

R, (0,+∞))✱ 1✲♣❡r✐♦❞✐❝ ✐♥ xi✱ 1 ≤ i ≤ N ✱ s✉❝❤ t❤❛t✿

(i) G(x, s) ≥ G0(x, s) =
s∫
0

g0(x, t) dt✱ ❢♦r ❛❧❧ (x, s) ∈ RN × [0,+∞);

(ii) |g(x, s)− g0(x, s)| ≤ h3(x)|s|
q3−1✱ ❢♦r ❛❧❧ (x, s) ∈ RN × [0,+∞);

(iii) t❤❡ ❢✉♥❝t✐♦♥ g0(x, s)/s ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ ✈❛r✐❛❜❧❡ s > 0✱ ❢♦r ❡❛❝❤

x ∈ RN ✳

❋✐♥❛❧❧②✱ ✇❡ ❛❧s♦ s✉♣♣♦s❡ t❤❛t g s❛t✐s✜❡s✿

(g5) t❤❡r❡ ❡①✐st ❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ s❡t Ω ⊂ RN ✱ 2 < p < 2∗α ❛♥❞ C0 > 0 s✉❝❤ t❤❛t

(i)
G(x, s)

sp
→ +∞✱ ❛s s→ +∞✱ ✉♥✐❢♦r♠❧② ✐♥ Ω✱ ✐❢ N ≥ 4α❀

(ii)
G(x, s)

sp
→ +∞✱ ❛s s → +∞✱ ✉♥✐❢♦r♠❧② ✐♥ Ω✱ ✐❢ 2α < N < 4α ❛♥❞ 4α

N−2α
<

p < 2∗α❀

(iii) G(x, s) ≥ C0s
p ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ RN ✱ ✐❢ 2α < N < 4α ❛♥❞ 2 < p < 4α

N−2α
✳

■♥ ❈❤❛♣t❡r ✸ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

✾



❚❤❡♦r❡♠ ✵✳✺✳ ❆ss✉♠❡ (V )✱ (g1)−(g5) ❛♥❞ t❤❛t ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❤♦❧❞s✿

✭✶✮ N ≥ 4α

✭✷✮ 2α < N < 4α ❛♥❞ 4α
N−2α

< p < 2∗α

✭✸✮ 2α < N < 4α ❛♥❞ 2 < p < 4α
N−2α

✱ ✇✐t❤ C0 ❧❛r❣❡ ❡♥♦✉❣❤ ✐♥ (g5)✳

❚❤❡♥✱ ♣r♦❜❧❡♠ ✭✵✳✼✮ ❤❛s ❛ ♥♦♥♥❡❣❛t✐✈❡ ♥♦♥tr✐✈✐❛❧ ✇❡❛❦ s♦❧✉t✐♦♥✳

▼♦r❡♦✈❡r✱ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡✿ V = V0✱ g = g0✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣r♦❜❧❡♠

(−∆)αu+ V0(x)u = |u|2
∗
α−2u+ g0(x, u), x ∈ R

N , ✭✵✳✽✮

✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s✿

(V0) t❤❡ ❢✉♥❝t✐♦♥ V0 ∈ C(RN) ✐s 1✲♣❡r✐♦❞✐❝ ✐♥ xi✱ 1 ≤ i ≤ N ✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛

❝♦♥st❛♥t a0 > 0 s✉❝❤ t❤❛t

V0(x) ≥ a0 > 0, ❢♦r ❛❧❧ ∈ R
N ;

❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ g0 s❛t✐s✜❡s (g1)− (g3) ❛♥❞ (g5)✱ ✇❡ st❛t❡✿

❚❤❡♦r❡♠ ✵✳✻✳ ❆ss✉♠❡ (V0)✱ (g1)− (g3)✱ (g5) ❛♥❞ t❤❛t ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts

❤♦❧❞s✿

✭✶✮ N ≥ 4α

✭✷✮ 2α < N < 4α ❛♥❞ 4α
N−2α

< p < 2∗α

✭✸✮ 2α < N < 4α ❛♥❞ 2 < p < 4α
N−2α

✱ ✇✐t❤ C0 ❧❛r❣❡ ❡♥♦✉❣❤ ✐♥ (g5)✳

❚❤❡♥✱ ♣r♦❜❧❡♠ ✭✵✳✽✮ ❤❛s ❛ ♥♦♥♥❡❣❛t✐✈❡ ♥♦♥tr✐✈✐❛❧ ✇❡❛❦ s♦❧✉t✐♦♥✳

❉✉❡ t♦ t❤❡ ❧♦ss ♦❢ ❝♦♠♣❛❝t♥❡ss✱ t❤❡ st✉❞② ♦❢ ❝r✐t✐❝❛❧ ♣r♦❜❧❡♠s ❤❛✈❡ s♦♠❡ ❛❞❞✐✲

t✐♦♥❛❧ ❞✐✣❝✉❧t✐❡s✳ ■♥ ♦r❞❡r t♦ ♦✈❡r❝♦♠❡ s✉❝❤ ❞✐✣❝✉❧t✐❡s✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ✐❞❡❛s ♦❢ ❇r❡③✐s✲

◆✐r❡♥❜❡r❣ ✭s❡❡ ❬✽❪✮✳ ❆♠♦♥❣ t❤❡ ❞✐✣❝✉❧t✐❡s ❢♦✉♥❞✱ ✇❡ ❝❛♥ ♠❡♥t✐♦♥ t❤❡ ❡st✐♠❛t✐♥❣ ♦❢

t❤❡ ♠✐♥✐♠❛① ❧❡✈❡❧ ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥❛❧ ✇✐t❤ ♣r♦❜❧❡♠ ✭✵✳✼✮ ❞♦❡s

♥♦t s❛t✐s❢② t❤❡ ❝♦♠♣❛❝t♥❡ss ❝♦♥❞✐t✐♦♥ ♦❢ P❛❧❛✐s✲❙♠❛❧❡ t②♣❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t

t❤❡ s✉❜❝r✐t✐❝❛❧ ♣❡rt✉❜❛t✐♦♥ g(x, u) ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ✭❆❘✮ ❝♦♥❞✐t✐♦♥✱ t❤✐s ❝r❡❛t❡s ❛♥

❡①tr❛ ❞✐✣❝✉❧t② ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧✐♠✐t❛t✐♦♥ ♦❢ ❈❡r❛♠✐ s❡q✉❡♥❝❡✳ ▲❛st❧②✱ ✇❡ ♣r♦✈❡

❚❤❡♦r❡♠s ✵✳✺ ❛♥❞ ✵✳✻ ❜② ❝♦♠❜✐♥✐♥❣ t✇♦ ✈❡rs✐♦♥s ♦❢ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠ ❛♥❞

❛ ✈❡rs✐♦♥ ♦❢ t❤❡ ❈♦♥❝❡♥tr❛t✐♦♥✲❈♦♠♣❛❝t♥❡ss Pr✐♥❝✐♣❧❡ ❞✉❡ t♦ ▲✐♦♥s✳

✶✵



❖✉r r❡s✉❧ts ❝♦♠♣❧❡♠❡♥t t❤❡ st✉❞② ♠❛❞❡ ✐♥ ❬✶✵✱✷✶✱✹✸❪ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ♥♦♥✲

❧✐♥❡❛r✐t② ❜❡❤❛✈❡s ❧✐❦❡ u2
∗
α−1 + g(x, u)✱ ✇❤❡r❡ t❤❡ s✉❜❝r✐t✐❝❛❧ ♣❡rt✉r❜❛t✐♦♥ g(x, u) ❞♦❡s

♥♦t s❛t✐s❢② ✭❆❘✮ ❝♦♥❞✐t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛❧s♦ ❝♦♠♣❧❡♠❡♥t ❬✶✵✱ ✶✶✱ ✶✽✱ ✹✶❪ ✐♥ t❤❡ s❡♥s❡

t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ V (x) ❜❡❧♦♥❣s t♦ ❛ ❞✐✛❡r❡♥t ❝❧❛ss ❢r♦♠ t❤♦s❡ tr❡❛t❡❞ ❜② t❤❡♠✳

■♥ ♦r❞❡r t♦ ❞♦ ♥♦t ❣❡t r❡s♦rt✐♥❣ t♦ ■♥tr♦❞✉❝t✐♦♥✱ ❛♥❞✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ✐♥❞❡♣❡♥✲

❞❡♥❝❡ ♦❢ t❤❡ ❝❤❛♣t❡rs✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❛❣❛✐♥✱ ✐♥ ❡❛❝❤ ❝❤❛♣t❡r✱ t❤❡ ♠❛✐♥ r❡s✉❧ts ❛♥❞ t❤❡

❤②♣♦t❤❡s❡s ❛❜♦✉t t❤❡ ❢✉♥❝t✐♦♥s V (x) ❛♥❞ f(x, u)✳

✶✶



◆♦t❛t✐♦♥ ❛♥❞ t❡r♠✐♥♦❧♦❣②

■♥ t❤✐s ✇♦r❦ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s②♠❜♦❧♦❣②✿

• C✱ C0✱ C1✱ C2✱ ✳✳✳ ❞❡♥♦t❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ✭♣♦ss✐❜❧② ❞✐✛❡r❡♥t✮❀

• supp(f) ❞❡♥♦t❡s t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❢✉♥❝t✐♦♥ f ❀

• BR(x) ❞❡♥♦t❡s ❛♥ ♦♣❡♥ ❜❛❧❧ ♦❢ r❛❞✐✉s R ❛♥❞ ❝❡♥t❡r x❀ BR ❞❡♥♦t❡s ❛♥ ♦♣❡♥ ❜❛❧❧

♦❢ r❛❞✐✉s R ❛♥❞ ❝❡♥t❡r ❛t ♦r✐❣✐♥ ❛♥❞ BR ✐s t❤❡ ❝❧♦s❡❞ ❜❛❧❧ ✇✐t❤ ❝❡♥t❡r ❛t ♦r✐❣✐♥

❛♥❞ r❛❞✐✉s R❀

• Bc
R ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ BR❀

• ⇀,→ ❞❡♥♦t❡ ✇❡❛❦ ❛♥❞ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡✱ r❡s♣❡❝t✐✈❡❧②✱ ✐♥ ❛ ♥♦r♠❡❞ s♣❛❝❡❀

• u+ = max{u, 0} ❛♥❞ u− = max{−u, 0}❀

• XΩ ❞❡♥♦t❡s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❡t Ω❀

• ‖ · ‖1/2 ❞❡♥♦t❡s t❤❡ ♥♦r♠ ✐♥ t❤❡ s♣❛❝❡ H1/2(R)❀

• ‖ · ‖∗ ❞❡♥♦t❡s t❤❡ ♥♦r♠ ✐♥ t❤❡ t♦♣♦❧♦❣✐❝ ❞✉❛❧ s♣❛❝❡ X∗❀

• ‖ · ‖p ❞❡♥♦t❡s t❤❡ st❛♥❞❛r❞ Lp(RN)✲♥♦r♠❀

• ‖ · ‖∞ ❞❡♥♦t❡s t❤❡ st❛♥❞❛r❞ L∞(RN)✲♥♦r♠❀

✶✷



❈❤❛♣t❡r ✶

❙❡♠✐❧✐♥❡❛r ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s ❢♦r t❤❡

❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r

✐♥✈♦❧✈✐♥❣ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤

❚❤✐s ❝❤❛♣t❡r ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣❛♣❡r ❬✶✹❪✱ ❤❡r❡ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞

♠✉❧t✐♣❧✐❝✐t② ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ❢♦r ❛ ❝❧❛ss ♦❢ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥

♦♣❡r❛t♦r✱ ♣♦t❡♥t✐❛❧s t❤❛t ♠❛② ❝❤❛♥❣❡ s✐❣♥ ❛♥❞ ♥♦♥❧✐♥❡❛r✐t✐❡s ✇✐t❤ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧

❣r♦✇t❤✳ ❚❤❡ ♣r♦♦❢s ♦❢ ♦✉r ❡①✐st❡♥❝❡ r❡s✉❧ts r❡❧② ♦♥ ♠✐♥✐♠✐③❛t✐♦♥ ♠❡t❤♦❞s ❛♥❞ t❤❡

▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠✳

▼♦t✐✈❛t✐♦♥ ❛♥❞ ♠❛✐♥ r❡s✉❧ts

❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ♠✉❧t✐♣❧✐❝✐t②

♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss ♦❢ ❡q✉❛t✐♦♥s

(−∆)1/2u+ V (x)u = f(x, u) + h ✐♥ R, ✭✶✳✶✮

✇❤❡r❡ V : R → R ✐s ❛ ❝♦♥t✐♥✉♦✉s ♣♦t❡♥t✐❛❧ ✇❤✐❝❤ ♠❛② ❝❤❛♥❣❡ s✐❣♥✱ t❤❡ ♥♦♥❧✐♥❡❛r✐t②

f(x, s) ❜❡❤❛✈❡s ❧✐❦❡ exp(α0s
2) ✇❤❡♥ |s| → +∞ ❢♦r s♦♠❡ α0 > 0✱ h ❜❡❧♦♥❣s t♦ t❤❡ ❞✉❛❧

♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡ ❛♥❞ (−∆)1/2 ✐s t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r

✇❤✐❝❤✱ ❢♦r ❛ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r ❢✉♥❝t✐♦♥ u : R → R✱ ✐s ❞❡✜♥❡❞ ❜②

(−∆)1/2u(x) = −
1

2π

∫

R

u(x+ y) + u(x− y)− 2u(x)

|y|2
dy. ✭✶✳✷✮

✶✸



■♥ ♦r❞❡r t♦ st✉❞② ✈❛r✐❛t✐♦♥❛❧❧② ✭✶✳✶✮✱ ✇❡ ❝♦♥s✐❞❡r ❛ s✉✐t❛❜❧❡ s✉❜s♣❛❝❡ ♦❢ t❤❡ ❢r❛❝✲

t✐♦♥❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡ H1/2(R)✳ ❘❡❝❛❧❧ t❤❛t H1/2(R) ✐s ❞❡✜♥❡❞ ❛s t❤❡ s♣❛❝❡

H1/2(R) :=

{
u ∈ L2(R) :

|u(x)− u(y)|

|x− y|
∈ L2(R× R)

}
;

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠

‖u‖1/2 :=


[u]21/2 +

∫

R

|u|2 dx




1/2

,

✇❤❡r❡

[u]1/2 :=



∫

R2

|u(x)− u(y)|2

|x− y|2
dx dy




1/2

✐s t❤❡ s♦✲❝❛❧❧❡❞ ●❛❣❧✐❛r❞♦ s❡♠✐✲♥♦r♠ ♦❢ u✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s s❡❡ ❆♣♣❡♥❞✐① ✭❆✮✳

❙♦♠❡ s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣♦t❡♥t✐❛❧ V ❛r❡ ❛ss✉♠❡❞ ✐♥ ♦r❞❡r t♦ ❛♣♣❧② ❛

✈❛r✐❛t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s✉❜s♣❛❝❡ ♦❢ H1/2(R) ❣✐✈❡♥ ❜②

X =



u ∈ H1/2(R) :

∫

R

V (x)u2 dx <∞



 . ✭✶✳✸✮

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ s✉♣♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s ♦♥ V (x)✿

(V1) t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t B s✉❝❤ t❤❛t V (x) ≥ −B✱ ❢♦r ❛❧❧ x ∈ R❀

(V2) t❤❡ ✐♥✜♠✉♠

λ1 := inf
u∈X

‖u‖2=1


 1

2π

∫

R2

(u(x)− u(y))2

|x− y|2
dx dy +

∫

R

V (x)u2 dx




✐s ♣♦s✐t✐✈❡❀

(V3) lim
R→∞

ν(R \BR) = +∞✱ ✇❤❡r❡

ν(G) =





inf
u∈X0(G)
‖u‖2=1

1

2π

∫

R2

(u(x)− u(y))2

|x− y|2
dx dy +

∫

G

V (x)u2 dx ✐❢ G 6= ∅;

∞ ✐❢ G = ∅.

❍❡r❡ G ✐s ❛♥ ♦♣❡♥ s❡t ✐♥ R✱ X0(G) = {u ∈ X : u = 0 ✐♥ R \G}✳

✶✹



❚❤❡ ❤②♣♦t❤❡s❡s (V1) ❛♥❞ (V2) ❡♥s✉r❡ t❤❛t X ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ✇❤❡♥ ❡♥❞♦✇❡❞

✇✐t❤ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t

〈u, v〉 =
1

2π

∫

R2

(u(x)− u(y))(v(x)− v(y))

|x− y|2
dx dy +

∫

R

V (x)uv dx, u, v ∈ X,

✇❤✐❝❤ ✐♥❞✉❝❡s t❤❡ ♥♦r♠ ‖u‖ := 〈u, u〉1/2 ✭s❡❡ ❙❡❝t✐♦♥ ✶✮✳

■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ❛ss✉♠❡ t❤❛t h ∈ X∗ ✭❞✉❛❧ s♣❛❝❡ ♦❢ X✮ ❛♥❞ ✇❡ s❛② t❤❛t u ∈ X

✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ❢♦r ✭✶✳✶✮ ✐❢ ❢♦r ❛❧❧ v ∈ X✱

1

2π

∫

R2

(u(x)− u(y))(v(x)− v(y))

|x− y|2
dx dy+

∫

R

V (x)uv dx =

∫

R

f(x, u)v dx+(h, v), ✭✶✳✹✮

✇❤❡r❡ (·, ·) ❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ♣❛✐r✐♥❣ ❜❡t✇❡❡♥ X ❛♥❞ X∗✳

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❝❛s❡ t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r✐t② f(x, s) ❤❛s t❤❡ ♠❛①✐♠❛❧ ❣r♦✇t❤

✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ st✉❞② ✭✶✳✶✮ ❜② ✉s✐♥❣ ❛ ✈❛r✐❛t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s♣❛❝❡

X✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ❛ss✉♠❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s s✉❝❤ t❤❛t t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢

✭✶✳✶✮ ❜❡❝♦♠❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts ♦❢ t❤❡ ❊✉❧❡r ❢✉♥❝t✐♦♥❛❧ I : X → R ❞❡✜♥❡❞ ❜②

I(u) =
1

2
‖u‖2 −

∫

R

F (x, u) dx− (h, u),

✇❤❡r❡ F (x, s) =

s∫

0

f(x, t)dt✳

■♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❤②♣♦t❤❡s❡s ♦♥ f(x, s)✱ ✇❡ r❡❝❛❧❧ s♦♠❡

✇❡❧❧ ❦♥♦✇♥ ❢❛❝ts ✐♥✈♦❧✈✐♥❣ t❤❡ ❧✐♠✐t✐♥❣ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠ ✐♥ 1✲❞✐♠❡♥s✐♦♥✳

❚❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ ❛ss✉r❡s t❤❛t H1/2(R) →֒ Lq(R) ❢♦r ❛♥② q ∈ [2,+∞)❀ ❜✉t

H1/2(R) ✐s ♥♦t ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ L∞(R) ✭❢♦r ♠♦r❡ ❞❡t❛✐❧s✱ s❡❡ ❬✶✼❪✱ ❬✸✾❪✮✳ ■♥

t❤✐s ❝❛s❡ t❤❡ ♠❛①✐♠❛❧ ❣r♦✇t❤ ♦❢ f(x, s)✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ st✉❞② ✭✶✳✶✮ ❜② ❛♣♣❧②✐♥❣

❛ ✈❛r✐❛t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ✐♥✈♦❧✈✐♥❣ t❤❡ s♣❛❝❡ H1/2(R)✱ ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❚r✉❞✐♥❣❡r✲

▼♦s❡r ✐♥❡q✉❛❧✐t② t❤❛t ✇❛s ♣r♦✈❡❞ ❜② ❍✳ ❑♦③♦♥♦✱ ❚✳ ❙❛t♦ ❛♥❞ ❍✳ ❲❛❞❛❞❡ ❬✷✾❪ ❛♥❞ ❚✳

❖③❛✇❛ ❬✸✾❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡② ♣r♦✈❡❞ t❤❛t t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ω ❛♥❞ C

s✉❝❤ t❤❛t ❢♦r ❛❧❧ u ∈ H1/2(R) ✇✐t❤ ‖(−∆)1/4u‖2 ≤ 1✱

∫

R

(eαu
2

− 1) dx ≤ C‖u‖22 , ❢♦r ❛❧❧ α ∈ (0, ω]. ✭✶✳✺✮

✭❙❡❡ ❛❧s♦ s♦♠❡ ♣✐♦♥❡❡r✐♥❣ ✇♦r❦s s✉❝❤ ❛s ❬✸✽❪✱ ❬✹✺❪✮✳

✶✺



▼♦t✐✈❛t❡❞ ❜② ✭✶✳✺✮ ✇❡ s❛② t❤❛t f(x, s) ❤❛s ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ✐❢ t❤❡r❡

❡①✐sts α0 > 0 s✉❝❤ t❤❛t

lim
|s|→+∞

f(x, s)e−α|s|2 =




0, ❢♦r ❛❧❧ α > α0,

+∞, ❢♦r ❛❧❧ α < α0,

✉♥✐❢♦r♠❧② ✐♥ x ∈ R✳

◆♦✇✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❡st❛❜❧✐s❤ ♦✉r ♠❛✐♥ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♥♦♥❧✐♥❡❛r✐t② f(x, s)✳

■♥ ♦r❞❡r t♦ ✜♥❞ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ ✭✶✳✶✮✱ ❜② ✉s✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s✱ ✇❡ ❛ss✉♠❡ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

(f1) 0 ≤ lim
s→0

f(x, s)

s
< λ1✱ ✉♥✐❢♦r♠❧② ✐♥ x❀

(f2) f : R× R → R ✐s ❝♦♥t✐♥✉♦✉s✱ ✐t ❤❛s ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ❛♥❞ ✐t ✐s ❧♦❝❛❧❧②

❜♦✉♥❞❡❞ ✐♥ s✱ t❤❛t ✐s✱ ❢♦r ❛♥② ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧ J ⊂ R✱ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤

t❤❛t |f(x, s)| ≤ C✱ ❢♦r ❡✈❡r② (x, s) ∈ R× J ❀

(f3) t❤❡r❡ ❡①✐sts θ > 2 s✉❝❤ t❤❛t

0 < θF (x, s) := θ

s∫

0

f(x, t) dt ≤ sf(x, s), ❢♦r ❛❧❧ (x, s) ∈ R× R \ {0};

(f4) t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts s0,M0 > 0 s✉❝❤ t❤❛t

0 < F (x, s) ≤M0|f(x, s)|, ❢♦r ❛❧❧ |s| ≥ s0 ❛♥❞ x ∈ R;

(f5) t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts p > 2 ❛♥❞ Cp s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ s ≥ 0 ❛♥❞ x ∈ R✱

f(x, s) ≥ Cps
p−1,

✇✐t❤ Cp >

[
α0(p− 2)

2πκpω

](p−2)/2

Sp
p ✱ ✇❤❡r❡

Sp := inf
u∈X

‖u‖p=1


 1

2π

∫

R2

(u(x)− u(y))2

|x− y|2
dx dy +

∫

R

V (x)u2 dx




1/2

,

❛♥❞ κ ✐s ❣✐✈❡♥ ✐♥ ✭✶✳✼✮✳

✶✻



❲❡ ❤✐❣❤❧✐❣❤t t❤❛t t❤❡ ❤②♣♦t❤❡s❡s (f1) − (f5) ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ✐♥ ♠❛♥② ♣❛♣❡rs t♦

✜♥❞ ❛ s♦❧✉t✐♦♥ ✉s✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✷❪✱ ❬✶✾❪✱ ❬✷✵❪✱ ❬✷✸❪✱ ❬✷✺❪✮✳

❆ s✐♠♣❧❡ ❡①❛♠♣❧❡ ♦❢ ❛ ❢✉♥❝t✐♦♥ t❤❛t ✈❡r✐✜❡s ♦✉r ❛ss✉♠♣t✐♦♥s ✐s f(x, s) = Cp|s|
p−2s +

2s(es
2
− 1) ❢♦r (x, s) ∈ R× R✳

❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s ✇❡ ♣r❡s❡♥ts t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r✳

❚❤❡♦r❡♠ ✶✳✶✳ ❙✉♣♣♦s❡ t❤❛t (V1)− (V3) ❛♥❞ (f1)− (f5) ❤♦❧❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts δ1 > 0

s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ 0 < ‖h‖∗ < δ1✱ ♣r♦❜❧❡♠ ✭✶✳✶✮ ❤❛s ❛t ❧❡❛st t✇♦ ✇❡❛❦ s♦❧✉t✐♦♥s✳ ❖♥❡

♦❢ t❤❡♠ ✇✐t❤ ♣♦s✐t✐✈❡ ❡♥❡r❣②✱ ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ✇✐t❤ ♥❡❣❛t✐✈❡ ❡♥❡r❣②✳

❚❤❡♦r❡♠ ✶✳✷✳ ❙✉♣♣♦s❡ t❤❛t (V1) − (V3) ❛♥❞ (f1) − (f5) ❤♦❧❞✳ ■❢ h ≡ 0 ✭✐✳❡✳✱ t❤❡r❡ ✐s

♥♦ ♣❡rt✉r❜❛t✐♦♥ ✐♥ ✭✶✳✶✮✮ t❤❡♥ ♣r♦❜❧❡♠ ✭✶✳✶✮ ❤❛s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ✇✐t❤ ♣♦s✐t✐✈❡ ❡♥❡r❣②✳

❘❡♠❛r❦ ✶✳✸✳ ❖✉r ✇♦r❦ ✇❛s ♠❛✐♥❧② ♠♦t✐✈❛t❡❞ ❜② ■❛♥♥✐③③♦tt♦ ❛♥❞ ❙q✉❛ss✐♥❛ ❬✷✺❪✱ ❛♥❞

❛❧s♦ ❜② s♦♠❡ r❡❝❡♥t❧② ♣✉❜❧✐s❤❡❞ ♣❛♣❡rs t❤❛t ❞✐s❝✉ss ✭✶✳✶✮ ❜② ✉s✐♥❣ ❛ ♣✉r❡❧② ✈❛r✐❛t✐♦♥❛❧

❛♣♣r♦❛❝❤ ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❬✶✶✱✷✸✱✹✶✱✹✷❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ❡①t❡♥❞

❛♥❞ t♦ ✐♠♣r♦✈❡ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ✐♥ ❬✶✶✱✷✺✱✹✶✱✹✷❪ s✐♥❝❡ ✇❡ ✇♦r❦ ✇✐t❤ ♥♦♥❧✐♥❡❛r✐t✐❡s

✇✐t❤ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ❛♥❞ ♣♦t❡♥t✐❛❧s t❤❛t ♠❛② ❝❤❛♥❣❡ s✐❣♥✱ ✈❛♥✐s❤ ❛♥❞ ❜❡

✉♥❜♦✉♥❞❡❞✳

❘❡♠❛r❦ ✶✳✹✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❛t ♠❛♥② ❛✉t❤♦rs✱ ✐♥ ❞✐✛❡r❡♥t ✇❛②s✱ ❤❛✈❡

st✉❞✐❡❞ ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ t❤❡ st❛♥❞❛r❞ ▲❛♣❧❛❝✐❛♥ ✐♥st❡❛❞ ♦❢ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥✳

❖♥❡ ♦❢ t❤❡s❡ ♣r♦❜❧❡♠s ✐s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss

♦❢ ❡q✉❛t✐♦♥s✿

−∆u+ V (x)u = g(x, u), x ∈ R
N , ✭✶✳✻✮

s❡❡ ❡✳❣✳ ❬✷❪✱ ❬✹❪ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ g(x, s) ❤❛s s✉❜❝r✐t✐❝❛❧ ❣r♦✇t❤ ✐♥ t❤❡ ❙♦❜♦❧❡✈ s❡♥s❡✱

❛♥❞ ❬✶✾✱ ✷✵✱ ✸✵✱ ✹✻❪ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ g(x, s) ❤❛s ❝r✐t✐❝❛❧ ❣r♦✇t❤ ✐♥ t❤❡ ❚r✉❞✐♥❣❡r✲

▼♦s❡r s❡♥s❡✳ ■♥ t❤❡s❡ ♣❛♣❡rs✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ❤❛s ❜❡❡♥ ❞✐s❝✉ss❡❞ ✉♥❞❡r

❞✐✛❡r❡♥t ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣♦t❡♥t✐❛❧ V (x)✳ ❚❤❡ ♠❛✐♥ r❡❛s♦♥ ♦❢ t❤❡ ❤②♣♦t❤❡s❡s ✉s❡❞

✐s t♦ ♦✈❡r❝♦♠❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✏❧❛❝❦ ♦❢ ❝♦♠♣❛❝t♥❡ss✑✱ ✇❤✐❝❤ ✉s✉❛❧❧② ❛♣♣❡❛r ✐♥ ❡❧❧✐♣t✐❝

♣r♦❜❧❡♠s ✐♥ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥s✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡ ♣❛♣❡rs ❬✹✱ ✹✵❪ ❛ss✉♠❡ t❤❛t

t❤❡ ♣♦t❡♥t✐❛❧ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ♣♦s✐t✐✈❡ ❛♥❞✱ ❢✉rt❤❡r♠♦r❡✱ t❤❛t ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣

❛ss✉♠♣t✐♦♥s ❤♦❧❞s✿

✭❛✮ V (x) ր +∞ ❛s |x| → +∞❀

✭❜✮ ❢♦r ❛♥② A > 0✱ t❤❡ s✉❜❧❡✈❡❧ s❡t {x ∈ RN : V (x) ≤ A} ❤❛s ✜♥✐t❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳

✶✼



❖♥❡ ♦❢ t❤✐s ❝♦♥❞✐t✐♦♥s ✐♠♣❧✐❡s t❤❛t t❤❡ s♣❛❝❡

E :=



u ∈ W 1,2(RN) :

∫

RN

V (x)u2 dx <∞





✐s ❝♦♠♣❛❝t❧② ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ▲❡❜❡s❣✉❡ s♣❛❝❡ Lq(RN) ❢♦r ❛❧❧ q ≥ 2✳

❲❡ ♣♦✐♥t ♦✉t t❤❛t (V3) ❣❡♥❡r❛❧✐③❡s t❤❡s❡ t✇♦ ❝♦♥❞✐t✐♦♥s ❛❜♦✈❡✳ ■t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t

t♦ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s (V1)− (V3) ✇❡r❡ ❛❧r❡❛❞② ❝♦♥s✐❞❡r❡❞ ❜② ❇✳ ❙✐r❛❦♦✈ ❬✹✹❪ ✐♥

♦r❞❡r t♦ st✉❞② ✭✶✳✻✮ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❛t g(x, u) ❤❛s s✉❜❝r✐t✐❝❛❧ ❣r♦✇t❤ ✐♥ t❤❡ ❙♦❜♦❧❡✈

s❡♥s❡✳

❘❡♠❛r❦ ✶✳✺✳ ❆ ✉s✉❛❧ ❡①❛♠♣❧❡ ♦❢ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s (V1)− (V3) ✐t ✐s

❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ V (x) = V +(x)− V −(x)✱ ✇❤❡r❡ V + ❛♥❞ V − ❛r❡ t❤❡ ♣♦s✐t✐✈❡ ❛♥❞

♥❡❣❛t✐✈❡ ♣❛rts ♦❢ V ✱ ✇✐t❤ V + ❛♥❞ V − s❛t✐s❢②✐♥❣✿

(H1) lim
|x|→+∞

V +(x) = +∞ ❀

(H2) ‖V −‖∞ < ν1 := inf
u∈X

‖u‖2=1


 1

2π
[u]21/2 +

∫

R

V +(x)u2 ❞x


✳

❇② (H1)✱ ✐t ✐s ♥♦t ❞✐✣❝✉❧t t♦ s❡❡ t❤❛t ν1 ✐s ♣♦s✐t✐✈❡ ❛♥❞✱ t❤✉s✱ ❢♦r ❛♥② u ∈ X s✉❝❤ t❤❛t

‖u‖2 = 1✱ ✇❡ ❤❛✈❡

1

2π
[u]21/2 +

∫

R

V (x)u2 ≥
1

2π
[u]21/2 +

∫

R

V +(x)u2 − ‖V −‖∞

≥ ν1 − ‖V −‖∞ > 0.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ r❡❛❝❤ λ1 > 0✳

❘❡♠❛r❦ ✶✳✻✳ ❙✐♠✐❧❛r❧② t♦ ❬✶✸✱ ✶✾✱ ✷✵✱ ✷✺❪ ✇❡ ✇✐❧❧ ✉s❡ ♠✐♥✐♠✐③❛t✐♦♥ t♦ ✜♥❞ t❤❡ ✜rst

✇❡❛❦ s♦❧✉t✐♦♥ ✇✐t❤ ♥❡❣❛t✐✈❡ ❡♥❡r❣②✱ ❛♥❞ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠ t♦ ♦❜t❛✐♥ t❤❡

❡①✐st❡♥❝❡ ♦❢ t❤❡ s❡❝♦♥❞ ✇❡❛❦ s♦❧✉t✐♦♥ ✇✐t❤ ♣♦s✐t✐✈❡ ❡♥❡r❣②✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ♥❡❡❞ t♦

❝❤❡❝❦ s♦♠❡ ❝♦♥❞✐t✐♦♥s ❝♦♥❝❡r♥✐♥❣ t❤❡ ♠♦✉♥t❛✐♥ ♣❛ss ❣❡♦♠❡tr② ❛♥❞ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢

t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥❛❧✳ ❚r✉❞✐♥❣❡r✲▼♦s❡r✬s ✐♥❡q✉❛❧✐t② t♦ t❤❡ s♣❛❝❡ X ❛♥❞ ❛ ✈❡rs✐♦♥

♦❢ ❛ ❈♦♥❝❡♥tr❛t✐♦♥✲❈♦♠♣❛❝t♥❡ss Pr✐♥❝✐♣❧❡ ❞✉❡ t♦ P✳ ✲▲✳ ▲✐♦♥s ❬✸✹❪ t♦ t❤❡ s♣❛❝❡ X ❤❛✈❡

❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ ♦✉r ♣r♦♦❢ ✭s❡❡ ❙❡❝t✐♦♥ ✶✮✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t✐❡s ❧✐❡ ✐♥ t❤❡ ♥♦♥❧♦❝❛❧

♦♣❡r❛t♦r ✐♥✈♦❧✈❡❞ ❛♥❞ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r✐t②✳

❘❡♠❛r❦ ✶✳✼✳ ■♥ t❤❡ ♣❛♣❡rs ❬✷✾✱✸✾❪ ❚r✉❞✐♥❣❡r✲▼♦s❡r✬s ✐♥❡q✉❛❧✐t② ✭✶✳✺✮ ✇❛s ♣r♦✈❡❞ ❢♦r

t❤❡ ❢r❛❝t✐♦♥❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡ WN/p,p(RN) ✇✐t❤ 1 < p < ∞ ❛♥❞ N ≥ 1✳ ❍♦✇❡✈❡r✱ ❢♦r

t❤❡ ❝❧❛ss ♦❢ ♦♣❡r❛t♦rs ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦ ✇❛s ❢✉♥❞❛♠❡♥t❛❧ ❡q✉❛❧✐t② ✭✶✳✶✸✮ ✇❤✐❝❤

✐s ✈❛❧✐❞ ♦♥❧② ✐❢ p = 2✳ ❙✐♥❝❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❝❛s❡ 0 < N/p < 1✱ ♦✉r ❛♣♣r♦❛❝❤

✐s r❡str✐❝t❡❞ t♦ t❤❡ ❝❛s❡ N = 1✳

✶✽



❘❡♠❛r❦ ✶✳✽✳ ■❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ u ✐s s✉✣❝✐❡♥t❧② r❡❣✉❧❛r✱ t❤❡♥✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❣❡t

❛ ♣♦✐♥t✇✐s❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ❛s ✐t ✐s ❞❡s❝r✐❜❡❞ ✐♥ ✭✶✳✷✮ ✭s❡❡✱ ❢♦r

❡①❛♠♣❧❡✱ ❬✹✼❪✮✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ♠❛② ❡♥s✉r❡ t❤❛t u > 0 ✐❢ u 6= 0✱ ✭s❡❡ ❘❡♠❛r❦ ✸✳✹✮✳

❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ❛s ❢♦❧❧♦✇s✿ ❙❡❝t✐♦♥ ✶✳✷ ❝♦♥t❛✐♥s s♦♠❡ ♣r❡❧✐♠✐♥❛r②

r❡s✉❧ts✳ ❙❡❝t✐♦♥ ✶✳✸ ❝♦♥t❛✐♥s t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ❛♥❞ ✇❡ ❛❧s♦ ❝❤❡❝❦ t❤❡ ❣❡♦♠❡tr✐❝

❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥❛❧✳ ❙❡❝t✐♦♥ ✶✳✹ ❞❡❛❧s ✇✐t❤ P❛❧❛✐s✲❙♠❛❧❡ ❝♦♥❞✐t✐♦♥

❛♥❞ ❙❡❝t✐♦♥ ✶✳✺ ❞✐s❝✉ss❡s t❤❡ ♠✐♥✐♠❛① ❧❡✈❡❧✳ ❋✐♥❛❧❧② ✐♥ ❙❡❝t✐♦♥ ✶✳✻✱ ✇❡ ❝♦♠♣❧❡t❡ t❤❡

♣r♦♦❢s ♦❢ ♦✉r ♠❛✐♥ r❡s✉❧ts✳

❙♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts

❖✉r ✜rst ❧❡♠♠❛ ❡♥❛❜❧❡s ✉s t♦ s❡tt❧❡ t❤❡ ✈❛r✐❛t✐♦♥❛❧ s❡tt✐♥❣✳

▲❡♠♠❛ ✶✳✾✳ ❙✉♣♣♦s❡ t❤❛t (V1) ❛♥❞ (V2) ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts κ > 0 s❛t✐s✲

❢②✐♥❣

1

2π



∫

R2

(u(x)− u(y))2

|x− y|2
dx dy


+

∫

R

V (x)u2 dx ≥ κ‖u‖21/2 , ❢♦r ❛♥② u ∈ X. ✭✶✳✼✮

Pr♦♦❢✳ ❙✉♣♣♦s❡✱ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❛t ✭✶✳✼✮ ❞♦❡s ♥♦t ❤♦❧❞✳ ❚❤❡♥ ❢♦r ❡❛❝❤ n ∈ N t❤❡r❡

❡①✐sts un ∈ X s✉❝❤ t❤❛t

‖un‖
2
1/2 = 1 ❛♥❞

1

2π



∫

R2

(un(x)− un(y))
2

|x− y|2
dx dy


+

∫

R

V (x)u2n dx <
1

n
. ✭✶✳✽✮

■t ❢♦❧❧♦✇s ❢r♦♠ ✭✶✳✽✮ ❛♥❞ (V2) t❤❛t

λ1 ≤
1

‖un‖22


 1

2π



∫

R2

(un(x)− un(y))
2

|x− y|2
dx dy


+

∫

R

V (x)u2n dx


 <

1

n‖un‖22
,

❢♦r ❛❧❧ n ∈ N✳ ❚❤❡ ❧❛st ✐♥❡q✉❛❧✐t②✱ t♦❣❡t❤❡r ✇✐t❤ λ1 > 0 ❛♥❞ ‖un‖
2
1/2 = 1✱ ✐♠♣❧✐❡s t❤❛t

‖un‖2 → 0 ❛♥❞ [un]1/2 → 1✳ ❈♦♥s❡q✉❡♥t❧②✱ ❜② ✉s✐♥❣ (V1)✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♥tr❛❞✐❝t✐♦♥

on(1) = −B‖un‖
2
2 ≤

∫

R

V (x) u2n dx <
1

n
−

1

2π
[un]

2
1/2 → −

1

2π
.

❚❤✉s✱ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

✶✾



❯s✐♥❣ ✭✶✳✼✮✱ ✇❡ ❤❛✈❡ t❤❛t

〈u, v〉 :=
1

2π



∫

R2

(u(x)− u(y))(v(x)− v(y))

|x− y|2
dx dy


+

∫

R

V (x)uv dx

❞❡✜♥❡s ❛♥ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ X ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t❤❡ ♥♦r♠

‖u‖ =





1

2π



∫

R2

|u(x)− u(y)|2

|x− y|2
dx dy


+

∫

R

V (x)u2 dx





1/2

.

▼♦r❡♦✈❡r✱ X ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❛♥❞ t❤❡ ❡♠❜❡❞❞✐♥❣ X →֒ H1/2(R) ✐s ❝♦♥t✐♥✉♦✉s✳ ❚❤❡r❡✲

❢♦r❡ t❤❡ ❡♠❜❡❞❞✐♥❣

X →֒ Lq(R) ❢♦r ❛❧❧ q ∈ [2,∞),

✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ t❤❡ ❝♦♥st❛♥t

Sp := inf
u∈X

‖u‖p=1


 1

2π

∫

R2

(u(x)− u(y))2

|x− y|2
dx dy +

∫

R

V (x)u2 dx




1/2

✭✶✳✾✮

✐s ♣♦s✐t✐✈❡✳

◆❡①t✱ s✐♠✐❧❛r t♦ ❙✐r❛❦♦✈ ❬✹✹❪✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛❝t♥❡ss r❡s✉❧t✳

▲❡♠♠❛ ✶✳✶✵✳ ❙✉♣♣♦s❡ t❤❛t (V1) − (V3) ❤♦❧❞✳ ❚❤❡♥ t❤❡ ❡♠❜❡❞❞✐♥❣ X →֒ Lq(R) ✐s

❝♦♠♣❛❝t ❢♦r ❛♥② q ∈ [2,∞)✳

Pr♦♦❢✳ ▲❡t (un) ⊂ X ❜❡ ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ♠❛② ❛ss✉♠❡

t❤❛t un ⇀ 0 ✐♥ X✳ ❲❡ ♠✉st ♣r♦✈❡ t❤❛t✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱

un → 0 ✐♥ L2(R), ❛s n→ ∞.

❲❡ t❛❦❡ ❛ ❢✉♥❝t✐♦♥ ϕ ∈ C∞(R, [0, 1]) s✉❝❤ t❤❛t ϕ ≡ 0 ✐♥ BR ❛♥❞ ϕ ≡ 1 ✐♥ R\BR+1✱

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t R > 0 ✇✐❧❧ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✳ ❚❤✉s✱

‖un‖2 = ‖(1− ϕ)un + ϕun‖2

≤ ‖(1− ϕ)un‖2 + ‖ϕun‖2

= ‖(1− ϕ)un‖L2(BR+1) + ‖ϕun‖L2(R\BR).

✭✶✳✶✵✮

❙✐♥❝❡ H1/2(BR+1) ✐s ❝♦♠♣❛❝t❧② ❡♠❜❡❞❞❡❞ ✐♥t♦ L2(BR+1)✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ❣✐✈❡♥

ε > 0 t❤❡r❡ ❡①✐sts n0 ∈ N s✉❝❤ t❤❛t

‖(1− ϕ)un‖L2(BR+1) <
ε

2
, ❢♦r ❛❧❧ n ≥ n0. ✭✶✳✶✶✮

✷✵



❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ν(R \BR)✱ ✐t ❢♦❧❧♦✇s t❤❛t

‖ϕun‖
2
L2(R\BR)

≤
‖ϕun‖

2

ν(R \BR)
≤

C

ν(R \BR)
, ❢♦r ❛❧❧ n ∈ N.

❍❡♥❝❡✱ ❜② ✉s✐♥❣ (V3)✱ t❤❡r❡ ❡①✐sts R = R(ε) > 0 s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ s✉❝❤ t❤❛t

‖ϕun‖L2(R\BR) <
ε

2
, ❢♦r ❛❧❧ n ∈ N. ✭✶✳✶✷✮

❈♦♠❜✐♥✐♥❣ ✭✶✳✶✵✮✱ ✭✶✳✶✶✮ ❛♥❞ ✭✶✳✶✷✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

‖un‖2 < ε, ❢♦r ❛❧❧ n ≥ n0,

✇❤✐❝❤ ♣r♦✈❡s t❤❡ ❧❡♠♠❛✳

■♥ t❤❡ s❡q✉❡❧ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❛ ✈❡rs✐♦♥ ♦❢ ✭✶✳✺✮ ❢♦r t❤❡ s♣❛❝❡ X✳ ❚❤✐s r❡s✉❧t ✐s ♦✉r

♠❛✐♥ t♦♦❧ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠s ✶✳✶ ❛♥❞ ✶✳✷✳ ❚❤❡ ✐❞❡❛s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ❛r❡ ✐♥s♣✐r❡❞ ✐♥

❬✶✾❪✱ ❬✷✵❪✱ ❬✷✺❪ ❛♥❞ ✇❡ ♣r❡s❡♥t ❤❡r❡ ❢♦r s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✳ ❲❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡❧❛t✐♦♥

‖(−∆)1/4u‖2 = (2π)−1/2[u]1/2, ❢♦r ❛❧❧ u ∈ H1/2(R), ✭✶✳✶✸✮

✇❤✐❝❤ ✇❛s ♣r♦✈❡❞ ✐♥ ❬✶✼✱ Pr♦♣♦s✐t✐♦♥ ✸✳✻❪✳

▲❡♠♠❛ ✶✳✶✶✳ ■❢ 0 < α ≤ 2πκω ❛♥❞ u ∈ X ✇✐t❤ ‖u‖ ≤ 1✱ t❤❡♥ t❤❡r❡ ❡①✐sts C > 0

s✉❝❤ t❤❛t ∫

R

(eαu
2

− 1) dx ≤ C. ✭✶✳✶✹✮

▼♦r❡♦✈❡r✱ ❢♦r ❛♥② α > 0 ❛♥❞ u ∈ X✱ ✇❡ ❤❛✈❡

∫

R

(eαu
2

− 1) dx <∞. ✭✶✳✶✺✮

Pr♦♦❢✳ ❋✐rst ✇❡ ♦❜s❡r✈❡ t❤❛t ✐❢ ❛ ❢✉♥❝t✐♦♥ u ∈ X s❛t✐s✜❡s ‖u‖ ≤ 1✱ s❡tt✐♥❣ v =

(2πκ)1/2u✱ t❤❡♥ v ∈ H1/2(R) ❛♥❞ ❜② ✭✶✳✼✮ ❛♥❞ ✭✶✳✶✸✮ ✇❡ ❣❡t

‖(−∆)1/4v‖2 = (2π)−1/2[v]1/2 ≤ κ1/2‖u‖1/2 ≤ ‖u‖ ≤ 1.

❈♦♥s❡q✉❡♥t❧②✱ ✉s✐♥❣ ✭✶✳✺✮✱
∫

R

(eαu
2

− 1) dx =

∫

R

(e(α/2πκ)v
2

− 1) dx ≤ C1‖v‖
2
2 ≤ C.

❚❤✉s✱ ✇❡ ♦❜t❛✐♥ ✭✶✳✶✹✮✳

✷✶



◆♦✇ ✇❡ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛✳ ●✐✈❡♥ u ∈ X ❛♥❞ ε > 0✱ t❤❡r❡ ❡①✐sts

ϕ ∈ C∞
0 (R) s✉❝❤ t❤❛t ‖u− ϕ‖ < ε✳ ❙✐♥❝❡

eαu
2

− 1 ≤ eα(2(u−ϕ)2+2ϕ2) − 1 ≤
1

2

(
e4α(u−ϕ)2 − 1

)
+

1

2

(
e4αϕ

2

− 1
)
,

✐t ❢♦❧❧♦✇s t❤❛t∫

R

(eαu
2

− 1) dx ≤
1

2

∫

R

(e4α‖u−ϕ‖2( u−ϕ
‖u−ϕ‖)

2

− 1) dx+
1

2

∫

R

(e4αϕ
2

− 1) dx. ✭✶✳✶✻✮

❈❤♦♦s✐♥❣ ε > 0 s✉❝❤ t❤❛t 4αε2 < 2πκω✱ ✇❡ ❤❛✈❡ 4α‖u− ϕ‖2 < 2πκω✳ ❚❤❡♥✱ ❢r♦♠

✭✶✳✶✹✮ ❛♥❞ ✭✶✳✶✻✮✱ ✇❡ ♦❜t❛✐♥
∫

R

(eαu
2

− 1) dx ≤
C

2
+

1

2

∫

supp(ϕ)

(e4αϕ
2

− 1) dx <∞.

❚❤✉s✱ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

❚❤❡ ♥❡①t ❧❡♠♠❛ ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ I✳

▲❡♠♠❛ ✶✳✶✷✳ ■❢ v ∈ X✱ α > 0✱ q > 2 ❛♥❞ ‖v‖ ≤ M ✇✐t❤ αM2 < 2πκω✱ t❤❡♥ t❤❡r❡

❡①✐sts C = C(α,M, q) > 0 s✉❝❤ t❤❛t
∫

R

(eαv
2

− 1)|v|qdx ≤ C‖v‖q.

Pr♦♦❢✳ ❚❛❦✐♥❣ r > 1 ❝❧♦s❡ t♦ 1 s✉❝❤ t❤❛t αrM2 < 2πκω✳ ❇② ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ✇✐t❤

r′ = r/(r − 1)✱ ✇❡ ❤❛✈❡

∫

R

(eαv
2

− 1)|v|qdx ≤



∫

R

(eαv
2

− 1)rdx




1/r

‖v‖qr′q. ✭✶✳✶✼✮

◆♦t✐❝❡ t❤❛t ❢♦r r > 1✱ ✇❡ ❤❛✈❡

(eαs
2

− 1)r ≤ (eαrs
2

− 1), ❢♦r ❛❧❧ s ∈ R. ✭✶✳✶✽✮

❍❡♥❝❡✱ ❢r♦♠ ✭✶✳✶✼✮ ❛♥❞ ✭✶✳✶✽✮✱ ✇❡ ❣❡t

∫

R

(eαv
2

− 1)|v|qdx ≤



∫

R

(eαrv
2

− 1)dx




1/r

‖v‖qr′q

≤



∫

R

(eαrM
2( v

‖v‖)
2

− 1) dx




1/r

‖v‖qr′q.

❙✐♥❝❡ αrM2 < 2πκω✱ ✐t ❢♦❧❧♦✇s ❜② ✭✶✳✶✹✮ ❛♥❞ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ X →֒ Lr′q(R)

t❤❛t ∫

R

(eαv
2

− 1)|v|q dx ≤ C‖v‖q.

❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

✷✷



■♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❈♦♥❝❡♥tr❛t✐♦♥✲❈♦♠♣❛❝t♥❡ss Pr✐♥❝✐♣❧❡ ❞✉❡ t♦ P✳ ✲▲✳ ▲✐♦♥s ❬✸✹❪✱ ✇❡

✇✐❧❧ s❤♦✇ ❛ r❡✜♥❡♠❡♥t ♦❢ ✭✶✳✶✹✮✳ ❚❤✐s r❡s✉❧t ✇✐❧❧ ❜❡ ❝r✉❝✐❛❧ t♦ s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧

I s❛t✐s✜❡s t❤❡ P❛❧❛✐s✲❙♠❛❧❡ ❝♦♥❞✐t✐♦♥✳

▲❡♠♠❛ ✶✳✶✸✳ ■❢ (vn) ✐s ❛ s❡q✉❡♥❝❡ ✐♥ X ✇✐t❤ ‖vn‖ = 1 ❢♦r ❛❧❧ n ∈ N ❛♥❞ vn ⇀ v ✐♥

X✱ 0 < ‖v‖ < 1✱ t❤❡♥ ❢♦r ❛❧❧ 0 < t < 2πκω(1− ‖v‖2)−1✱ ✇❡ ❤❛✈❡

sup
n

∫

R

(etv
2
n − 1) dx <∞.

Pr♦♦❢✳ ❙✐♥❝❡ vn ⇀ v ✐♥ X ❛♥❞ ‖vn‖ = 1✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

‖vn − v‖2 = 1− 2〈vn, v〉+ ‖v‖2 → 1− ‖v‖2 <
2πκω

t
.

❚❤❡♥✱ ❢♦r n ∈ N ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡ t‖vn−v‖2 < 2πκω✳ ❚❤✉s✱ ✇❡ ♠❛② ❝❤♦♦s❡ q > 1

❝❧♦s❡ t♦ ✶ ❛♥❞ ε > 0 s❛t✐s❢②✐♥❣

qt(1 + ε2)‖vn − v‖2 < 2πκω, ✭✶✳✶✾✮

❢♦r n ∈ N ❡♥♦✉❣❤ ❧❛r❣❡✳ ❇② ✭✶✳✶✹✮ ❛♥❞ ✭✶✳✶✾✮✱ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t
∫

R

(eqt(1+ε2)(vn−v)2 − 1) dx =

∫

R

(
eqt(1+ε)2‖vn−v‖2( vn−v

‖vn−v‖)
2

− 1

)
dx ≤ C. ✭✶✳✷✵✮

▼♦r❡♦✈❡r✱ s✐♥❝❡

tv2n ≤ t(1 + ε2)(vn − v)2 + t

(
1 +

1

ε2

)
v2,

✐t ❢♦❧❧♦✇s ❜② t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥✱ ✇✐t❤ q−1 + r−1 = 1✱ t❤❛t

etv
2
n − 1 ≤

1

q
(eqt(1+ε2)(vn−v)2 − 1) +

1

r
(ert(1+1/ε2)v2 − 1).

❚❤❡r❡❢♦r❡✱ ❜② ✭✶✳✶✺✮ ❛♥❞ ✭✶✳✷✵✮✱ ✇❡ ❣❡t
∫

R

(etv
2
n − 1) dx ≤

1

q

∫

R

(eqt(1+ε2)(vn−v)2 − 1) dx+
1

r

∫

R

(ert(1+1/ε2)v2 − 1) dx ≤ C,

❛♥❞ t❤❡ r❡s✉❧t ✐s ♣r♦✈❡❞✳

❚❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢r❛♠❡✇♦r❦

■♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ I : X → R✱

❜②

I(u) =
1

2
‖u‖2 −

∫

R

F (x, u) dx− (h, u).

✷✸



◆♦t✐❝❡ t❤❛t✱ ❢r♦♠ (f1) ❛♥❞ (f2)✱ ❢♦r ❡❛❝❤ α > α0 ❛♥❞ ε > 0✱ t❤❡r❡ ❡①✐sts Cε > 0 s✉❝❤

t❤❛t

|F (x, s)| ≤
(λ1 − ε)

2
s2 + Cε(e

αs2 − 1), ❢♦r ❛❧❧ s ∈ R,

✇❤✐❝❤ ❝♦♠❜✐♥❡❞ ✇✐t❤ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ X →֒ L2(R) ❛♥❞ ✭✶✳✶✺✮ ❛ss✉r❡s t❤❛t

F (x, u) ∈ L1(R) ❢♦r ❛❧❧ u ∈ X✳ ❈♦♥s❡q✉❡♥t❧②✱ I ✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞✱ ❜② st❛♥❞❛r❞

❛r❣✉♠❡♥ts✱ I ∈ C1(X,R)✱ ✭s❡❡ ❞❡t❛✐❧s ✐♥ ❆♣♣❡♥❞✐① ❆✮✱ ✇✐t❤

I ′(u)v = 〈u, v〉 −

∫

R

f(x, u)v dx− (h, v),

❢♦r ❛❧❧ u, v ∈ X✳ ❍❡♥❝❡✱ ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ I ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮ ❛♥❞ r❡❝✐♣r♦❝❛❧❧②✳

❚❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠ ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧ I ❛r❡

❡st❛❜❧✐s❤❡❞ ❜② t❤❡ ♥❡①t ❧❡♠♠❛s✳

▲❡♠♠❛ ✶✳✶✹✳ ❙✉♣♣♦s❡ t❤❛t (V1)− (V2) ❛♥❞ (f1)− (f2) ❤♦❧❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts δ1 > 0

s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ h ∈ X∗ ✇✐t❤ ‖h‖∗ < δ1✱ t❤❡r❡ ❡①✐sts ρh > 0 s✉❝❤ t❤❛t

I(u) > 0 ✐❢ ‖u‖ = ρh.

Pr♦♦❢✳ ❋r♦♠ (f1) ❛♥❞ (f2)✱ ❣✐✈❡♥ ε > 0✱ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ α > α0

❛♥❞ q > 2✱

|F (x, s)| ≤
(λ1 − ε)

2
s2 + C(eαs

2

− 1)|s|q, ❢♦r ❛❧❧ s ∈ R. ✭✶✳✷✶✮

❇② ✉s✐♥❣ ✭✶✳✷✶✮ ❛♥❞ (V2)✱ ✇❡ r❡❛❝❤

I(u) ≥
1

2
‖u‖2 −

(λ1 − ε)

2

∫

R

u2 dx− C

∫

R

(eαu
2

− 1)|u|q dx− ‖h‖∗‖u‖

≥
1

2
‖u‖2 −

(λ1 − ε)

2λ1
‖u‖2 − C

∫

R

(eαu
2

− 1)|u|q dx− ‖h‖∗‖u‖.

❚❤❡♥✱ ❢♦r u ∈ X s✉❝❤ t❤❛t α‖u‖2 < 2πκω✱ ✉s✐♥❣ ▲❡♠♠❛ ✶✳✶✷✱ ✇❡ ♦❜t❛✐♥

I(u) ≥

(
1

2
−

(λ1 − ε)

2λ1

)
‖u‖2 − C‖u‖q − ‖h‖∗‖u‖.

❈♦♥s❡q✉❡♥t❧②✱

I(u) ≥ ‖u‖

[(
1

2
−

(λ1 − ε)

2λ1

)
‖u‖ − C‖u‖q−1 − ‖h‖∗

]
.

❙✐♥❝❡ 1
2
− (λ1−ε)

2λ1
> 0✱ ✇❡ ♠❛② ❝❤♦♦s❡ ρh > 0 s✉❝❤ t❤❛t

(
1

2
−

(λ1 − ε)

2λ1

)
ρh − Cρq−1

h > 0.

❚❤✉s✱ ❢♦r ‖h‖∗ s✉✣❝✐❡♥t❧② s♠❛❧❧✱ t❤❡r❡ ❡①✐sts ρh s✉❝❤ t❤❛t I(u) > 0 ✐❢ ‖u‖ = ρh✳

❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

✷✹



▲❡♠♠❛ ✶✳✶✺✳ ❆ss✉♠❡ t❤❛t (V1)− (V2) ❛♥❞ (f1)− (f3) ❤♦❧❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts e ∈ X

✇✐t❤ ‖e‖ > ρh s✉❝❤ t❤❛t

I(e) < inf
‖u‖=ρh

I(u).

Pr♦♦❢✳ ▲❡t u ∈ C∞
0 (R) \ {0}✱ u ≥ 0 ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt K = supp(u)✳ ❇② ✉s✐♥❣ (f2)

❛♥❞ (f3)✱ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C1 ❛♥❞ C2 s✉❝❤ t❤❛t

F (x, s) ≥ C1s
θ − C2, ❢♦r ❛❧❧ (x, s) ∈ K × [0,∞) ❛♥❞ θ > 2.

❚❤❡♥✱ ❢♦r t > 0✱ ✇❡ ❣❡t

I(tu) ≤
t2

2
‖u‖2 − C1t

θ

∫

K

uθ dx+ C2

∫

K

dx+ t|(h, u)|.

❙✐♥❝❡ θ > 2✱ ✇❡ ❤❛✈❡ I(tu) → −∞ ❛s t → ∞✳ ❙❡tt✐♥❣ e = tu ✇✐t❤ t ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡

❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✳

■♥ ♦r❞❡r t♦ ✜♥❞ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❜❛❧❧ t♦ ✉s❡ ♠✐♥✐♠✐③❛t✐♦♥ ❛r❣✉♠❡♥t✱ ✇❡ ♣r♦✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✶✳✶✻✳ ❙✉♣♣♦s❡ t❤❛t (V1)−(V2) ❛♥❞ (f1)−(f2) ❤♦❧❞✳ ■❢ h 6= 0✱ t❤❡r❡ ❡①✐st η > 0

❛♥❞ v ∈ X \ {0} s✉❝❤ t❤❛t I(tv) < 0 ❢♦r ❛❧❧ 0 < t < η✳ ■♥ ♣❛rt✐❝✉❧❛r✱

−∞ < c0 ≡ inf
‖u‖≤η

I(u) < 0.

Pr♦♦❢✳ ❋♦r ❡❛❝❤ h ∈ X∗✱ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❘✐❡s③ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ✐♥ t❤❡ s♣❛❝❡

X✱ t❤❡ ♣r♦❜❧❡♠

(−∆)1/2u+ V (x)u = h, x ✐♥ R,

❤❛s ❛ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥ v ∈ X s✉❝❤ t❤❛t

(h, v) = ‖v‖2 > 0.

❈♦♥s❡q✉❡♥t❧②✱ ❢r♦♠ (f1) ❛♥❞ (f2)✱ t❤❡r❡ ❡①✐sts η > 0 s✉❝❤ t❤❛t

d

dt
I(tv) = t‖v‖2 −

∫

R

f(x, tv)v dx− (h, v) < 0,

❢♦r ❛❧❧ 0 < t < η✳ ❯s✐♥❣ t❤❛t I(0) = 0✱ ✐t ♠✉st ♦❝❝✉r I(tv) < 0 ❢♦r ❛❧❧ 0 < t < η✱ t❤✐s

❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

✷✺



P❛❧❛✐s✲❙♠❛❧❡ ❝♦♠♣❛❝t♥❡ss ❝♦♥❞✐t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ I s❛t✐s✜❡s t❤❡ P❛❧❛✐s✲❙♠❛❧❡ ❝♦♥✲

❞✐t✐♦♥ ❢♦r ❝❡rt❛✐♥ ❡♥❡r❣② ❧❡✈❡❧s✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ I s❛t✐s✜❡s t❤❡ P❛❧❛✐s✲❙♠❛❧❡

❝♦♥❞✐t✐♦♥ ❛t t❤❡ ❧❡✈❡❧ c✱ ❞❡♥♦t❡❞ ❜② (PS)c✱ ✐❢ ❛♥② s❡q✉❡♥❝❡ (un) ⊂ X s✉❝❤ t❤❛t

I(un) → c ❛♥❞ I ′(un) → 0 ❛s n→ ∞, ✭✶✳✷✷✮

❤❛s ❛ str♦♥❣❧② ❝♦♥✈❡r❣❡♥t s✉❜s❡q✉❡♥❝❡ ✐♥ X✳

▲❡♠♠❛ ✶✳✶✼✳ ❙✉♣♣♦s❡ t❤❛t (V1)− (V3) ❛♥❞ (f1)− (f4) ❛r❡ s❛t✐s✜❡❞✳ ▲❡t (un) ⊂ X ❜❡

❛♥ ❛r❜✐tr❛r② P❛❧❛✐s✲❙♠❛❧❡ s❡q✉❡♥❝❡ ♦❢ I ❛t ❧❡✈❡❧ c✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ ♦❢

(un) ✭❛❧s♦ ❞❡♥♦t❡❞ ❜② (un)✮ ❛♥❞ u ∈ X s✉❝❤ t❤❛t





un ⇀ u ✐♥ X,

f(x, un) → f(x, u) ✐♥ L1
loc(R),

F (x, un) → F (x, u) ✐♥ L1(R).

Pr♦♦❢✳ ❇② (f3)✱ ❢♦r θ > 2 ✇❡ ❣❡t

I(un)−
1

θ
I ′(un)un =

(
1

2
−

1

θ

)
‖un‖

2 +

∫

R

(
1

θ
f(x, un)un − F (x, un)

)
dx+

(
1

θ
− 1

)
(h, un)

≥

(
1

2
−

1

θ

)
‖un‖

2 +

(
1

θ
− 1

)
(h, un). ✭✶✳✷✸✮

❯s✐♥❣ ✭✶✳✷✷✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r n s✉✣❝✐❡♥t❧② ❧❛r❣❡

I(un)−
1

θ
I ′(un)un ≤ C + ‖un‖.

❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ✭✶✳✷✸✮✱ ✇❡ ❤❛✈❡ ‖un‖ ≤ C✳ ❙✐♥❝❡ X ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡✱ ✉♣ t♦ ❛

s✉❜s❡q✉❡♥❝❡✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts u ∈ X s✉❝❤ t❤❛t




un ⇀ u ✐♥ X,

un → u ✐♥ Lq(R), ❢♦r ❛❧❧ q ∈ [2,∞),

un(x) → u(x) ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ R.

❋r♦♠ ✭✶✳✷✷✮ ❛♥❞ s✐♥❝❡ ‖un‖ ≤ C✱ t❤❡r❡ ❡①✐sts C1 > 0 s✉❝❤ t❤❛t
∫

R

|f(x, un)un| ≤ C1.

❈♦♥s❡q✉❡♥t❧②✱ ❜② ❬✶✸✱ ▲❡♠♠❛ ✷✳✶❪✱ ✇❡ ❣❡t

f(x, un) → f(x, u) ✐♥ L1
loc(R), ❛s n→ ∞. ✭✶✳✷✹✮

✷✻



◆❡①t✱ s✐♠✐❧❛r t♦ ◆✳ ▲❛♠ ❛♥❞ ●✳ ▲✉ ❬✸✵❪✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❧❛st ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡

❧❡♠♠❛✳ ❋✐rst❧②✱ ♥♦t❡ t❤❛t ❜② ✉s✐♥❣ (f3) ❛♥❞ (f4)✱ ❢♦r ❡❛❝❤ R > 0✱ t❤❡r❡ ❡①✐sts C0 > 0

s✉❝❤ t❤❛t

F (x, un) ≤ C0|f(x, un)|.

❚❤✐s ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✶✳✷✹✮ ❛♥❞ t❤❡ ●❡♥❡r❛❧✐③❡❞ ▲❡❜❡s❣✉❡✬s ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡

❚❤❡♦r❡♠✱ ✐♠♣❧②

F (x, un) → F (x, u) ✐♥ L1(BR), ❢♦r ❛❧❧ R > 0.

■♥ ♦r❞❡r t♦ ❝♦♥❝❧✉❞❡ t❤❡ ❧❛st ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❡♠♠❛✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t

❣✐✈❡♥ δ > 0✱ t❤❡r❡ ❡①✐sts R > 0 s✉❝❤ t❤❛t
∫

Bc
R

F (x, un) dx ≤ δ ❛♥❞
∫

Bc
R

F (x, u) dx ≤ δ.

❋✐rst✱ ✇❡ ♥♦t❡ t❤❛t ❜② ✉s✐♥❣ (f1)✱ (f3) ❛♥❞ (f4)✱ t❤❡r❡ ❡①✐st C1, C2 > 0 s✉❝❤ t❤❛t

|F (x, s)| ≤ C1|s|
2 + C2|f(x, s)|, ❢♦r ❛❧❧ (x, s) ∈ R× R.

❚❤✉s✱ ❢♦r ❡❛❝❤ A > 0✱ ✇❡ ♦❜t❛✐♥
∫

|x|>R
|un|>A

F (x, un) dx ≤ C1

∫

|x|>R
|un|>A

|un|
2 dx+ C2

∫

|x|>R
|un|>A

|f(x, un)| dx

≤
C1

A

∫

|x|>R
|un|>A

|un|
3 dx+

C2

A

∫

R

|f(x, un)un| dx

≤
C1

A
‖un‖

3 +
C2

A

∫

R

|f(x, un)un| dx.

❙✐♥❝❡ ‖un‖ ≤ C ❛♥❞
∫
R

|f(x, un)un| dx ≤ C1✱ ❣✐✈❡♥ δ > 0✱ ✇❡ ♠❛② ❝❤♦♦s❡ A > 0 s✉❝❤

t❤❛t
C1

A
‖un‖

3 < δ/3 ❛♥❞
C2

A

∫

R

|f(x, un)un| dx < δ/3.

❚❤✉s✱ ∫

|x|>R
|un|>A

F (x, un) dx ≤ 2δ/3. ✭✶✳✷✺✮

◆♦✇✱ ♥♦t❡ t❤❛t ✇✐t❤ s✉❝❤ A✱ ❜② (f1) ❛♥❞ (f2)✱ ✇❡ ❤❛✈❡

F (x, s) ≤ C(α0, A)|s|
2, ❢♦r ❛❧❧ (x, s) ∈ R× [−A,A].

✷✼



❚❤❡♥✱ ✇❡ ❣❡t
∫

|x|>R
|un|≤A

F (x, un) dx ≤ C(α0, A)

∫

|x|>R
|un|≤A

|un|
2 dx

≤ 2C(α0, A)

∫

|x|>R
|un|≤A

|un − u|2 dx+ 2C(α0, A)

∫

|x|>R
|un|≤A

|u|2 dx.

❍❡♥❝❡✱ ❜② ▲❡♠♠❛ ✶✳✶✵✱ ❣✐✈❡♥ δ > 0✱ ✇❡ ♠❛② ❝❤♦♦s❡ R > 0 s✉❝❤ t❤❛t
∫

|x|>R
|un|≤A

F (x, un) dx ≤ δ/3. ✭✶✳✷✻✮

❋r♦♠ ✭✶✳✷✺✮ ❛♥❞ ✭✶✳✷✻✮✱ ✇❡ ❤❛✈❡ t❤❛t ❣✐✈❡♥ δ > 0✱ t❤❡r❡ ❡①✐sts R > 0 s✉❝❤ t❤❛t
∫

|x|>R

F (x, un) dx ≤ δ.

❙✐♠✐❧❛r❧②✱ ∫

|x|>R

F (x, u) dx ≤ δ.

❈♦♠❜✐♥✐♥❣ ❛❧❧ t❤❡ ❛❜♦✈❡ ❡st✐♠❛t❡s ❛♥❞ s✐♥❝❡ δ > 0 ✐s ❛r❜✐tr❛r②✱ ✇❡ ❤❛✈❡
∫

R

F (x, un) dx→

∫

R

F (x, u) dx, ❛s n→ ∞,

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❋✐♥❛❧❧②✱ ❧❡t ✉s ♣r♦✈❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✽✳ ❯♥❞❡r t❤❡ ❤②♣♦t❤❡s❡s (V1)− (V3) ❛♥❞ (f1)− (f4)✱ ✐❢ ‖h‖∗ ✐s s✉✣✲

❝✐❡♥t❧② s♠❛❧❧ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ I s❛t✐s✜❡s (PS)c ❢♦r ❛♥② 0 ≤ c < πκω/α0✳

Pr♦♦❢✳ ▲❡t (un) ⊂ X ❜❡ ❛♥ ❛r❜✐tr❛r② P❛❧❛✐s✲❙♠❛❧❡ s❡q✉❡♥❝❡ ♦❢ I ❛t t❤❡ ❧❡✈❡❧ c✳ ❇②

▲❡♠♠❛ ✶✳✶✼✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ un ⇀ u ✐♥ X✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t✱ ✉♣ t♦ ❛ s✉❜s❡✲

q✉❡♥❝❡✱ un → u ✐♥ X✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤✐s✱ ✇❡ ❤❛✈❡ t✇♦ ❝❛s❡s t♦ ❝♦♥s✐❞❡r✿

❈❛s❡ ✶✿ u = 0✳ ■♥ t❤✐s ❝❛s❡✱ ▲❡♠♠❛ ✶✳✶✼✱ ❣✉❛r❛♥t❡❡s t❤❛t
∫

R

F (x, un) → 0 ❛♥❞ (h, un) → 0 ❛s n→ ∞.

❙✐♥❝❡

c+ on(1) = I(un) =
1

2
‖un‖

2 −

∫

R

F (x, un)− (h, un),

✷✽



✇❡ ❣❡t

lim
n→∞

‖un‖
2 = 2c.

❍❡♥❝❡✱ ✇❡ ❝❛♥ ✐♥❢❡r t❤❛t ❢♦r n ❧❛r❣❡ t❤❡r❡ ❡①✐st r1 > 1 s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ 1 ❛♥❞ α > α0

❝❧♦s❡ t♦ α0 s✉❝❤ t❤❛t r1α‖un‖2 < 2πκω✳ ❚❤✉s✱ ❜② ✭✶✳✶✽✮ ❛♥❞ ✭✶✳✶✹✮✱
∫

R

(eαu
2
n − 1)r1 dx ≤

∫

R

(er1α‖un‖2( un
‖un‖)

2

− 1) dx ≤ C. ✭✶✳✷✼✮

❈♦♥s❡q✉❡♥t❧②✱ ∫

R

f(x, un)un dx→ 0 ❛s n→ ∞.

■♥ ❢❛❝t✱ s✐♥❝❡ f(x, s) s❛t✐s✜❡s (f1) ❛♥❞ (f2)✱ ❢♦r α > α0 ❛♥❞ ε > 0✱ t❤❡r❡ ❡①✐sts C1 > 0

s✉❝❤ t❤❛t

|f(x, s)| ≤ (λ1 − ε)|s|+ C1(e
αs2 − 1), ❢♦r ❛❧❧ s ∈ R.

▲❡tt✐♥❣ r1 > 1 ❝❧♦s❡ t♦ 1 s✉❝❤ t❤❛t r2 ≥ 2✱ ✇❤❡r❡ 1/r1+1/r2 = 1✱ ✇❡ ♦❜t❛✐♥ ❜② ❍ö❧❞❡r✬s

✐♥❡q✉❛❧✐t② t❤❛t

∣∣∣∣∣∣

∫

R

f(x, un)un dx

∣∣∣∣∣∣
≤ C

∫

R

|un|
2 dx+C



∫

R

(eαu
2
n − 1)r1 dx




1/r1 

∫

R

|un|
r2 dx




1/r2

→ 0,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ (1.27) ❛♥❞ ▲❡♠♠❛ ✶✳✶✵✳ ❚❤❡r❡❢♦r❡✱ s✐♥❝❡ I ′(un)un = on(1)✱ ✇❡

❝♦♥❝❧✉❞❡ t❤❛t✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ un → 0 ✐♥ X✳

❈❛s❡ ✷✿ u 6= 0✳ ■♥ t❤✐s ❝❛s❡✱ s✐♥❝❡ (un) ✐s ❛ P❛❧❛✐s✲❙♠❛❧❡ s❡q✉❡♥❝❡ ♦❢ I ❛t t❤❡ ❧❡✈❡❧ c✱

✇❡ ♠❛② ❞❡✜♥❡

vn =
un
‖un‖

❛♥❞ v =
u

lim ‖un‖
.

■t ❢♦❧❧♦✇s t❤❛t vn ⇀ v ✐♥ X✱ ‖vn‖ = 1 ❛♥❞ ‖v‖ ≤ 1✳ ■❢ ‖v‖ = 1✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡

♣r♦♦❢✳ ■❢ ‖v‖ < 1✱ ✇❡ ❝❧❛✐♠ t❤❛t t❤❡r❡ ❡①✐st r1 > 1 s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ 1✱ α > α0 ❝❧♦s❡

t♦ α0 ❛♥❞ β > 0 s✉❝❤ t❤❛t

r1α‖un‖
2 ≤ β < 2πκω(1− ‖v‖2)−1 ✭✶✳✷✽✮

❢♦r n ∈ N ❧❛r❣❡✳ ■♥ ❢❛❝t✱ s✐♥❝❡ I(un) = c+ on(1)✱ ✐t ❢♦❧❧♦✇s t❤❛t

1

2
lim
n→∞

‖un‖
2 = c+

∫

R

F (x, u) dx+ (h, u). ✭✶✳✷✾✮

❙❡tt✐♥❣

A =


c+

∫

R

F (x, u) dx+ (h, u)


 (1− ‖v‖2),

✷✾



❢r♦♠ (1.29) ❛♥❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ v✱ ✇❡ ♦❜t❛✐♥

A = c− I(u),

✇❤✐❝❤ t♦❣❡t❤❡r ✇✐t❤ ✭✶✳✷✾✮ ✐♠♣❧②

1

2
lim
n→∞

‖un‖
2 =

A

1− ‖v‖2
=
c− I(u)

1− ‖v‖2
. ✭✶✳✸✵✮

◆♦t❡ t❤❛t

c− I(u) < c+
1

2
(h, u). ✭✶✳✸✶✮

■♥❞❡❡❞✱ s✐♥❝❡ t❤❡ ♥♦r♠ ✐s ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉♦✉s✱ ❢r♦♠ ✭✶✳✷✾✮ ✐t ❢♦❧❧♦✇s t❤❛t I(u) ≤ c✳

▼♦r❡♦✈❡r✱ ❢♦r ❛❧❧ ϕ ∈ C∞
0 (R)✱

I ′(un)ϕ = 〈un, ϕ〉 −

∫

R

f(x, un)ϕ dx− (h, ϕ).

❙✐♥❝❡ un ⇀ u ✐♥ X✱ ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛❧✐t②✱ ❜② ▲❡♠♠❛ ✶✳✶✼✱ ✇❡ ❤❛✈❡

I ′(u)ϕ = 〈u, ϕ〉 −

∫

R

f(x, u)ϕ dx− (h, ϕ) = 0,

❢♦r ❛❧❧ ϕ ∈ C∞
0 (R)✳ ❇② ❞❡♥s✐t②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t I ′(u)v = 0 ❢♦r ❛❧❧ v ∈ X✳ ■♥ ♣❛rt✐❝✉❧❛r✱

I ′(u)u = 0✳ ❚❤✉s✱ ❢r♦♠ (f3) ✇❡ ♦❜t❛✐♥

0 = I ′(u)u = ‖u‖2 −

∫

R

f(x, u)u dx− (h, u)

< 2


1

2
‖u‖2 −

∫

R

F (x, u) dx− (h, u)


+ (h, u)

= 2I(u) + (h, u),

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✶✳✸✶✮✳

◆♦✇✱ ♥♦t❡ t❤❛t

‖u‖ ≤
(θ − 1)‖h‖∗ +

√
(1− θ)2‖h‖2∗ + 2θc(θ − 2)

(θ − 2)
. ✭✶✳✸✷✮

■♥❞❡❡❞✱ s✐♥❝❡ I(u) ≤ c ❛♥❞ I ′(u)u = 0✱ ✇❡ ❤❛✈❡

θI(u)− I ′(u)u =

(
θ

2
− 1

)
‖u‖2 +

∫

R

[f(x, u)u− θF (x, u)] dx+ (1− θ)(h, u) ≤ θc.

❚❤✉s✱ ❢r♦♠ (f3)✱ ✇❡ ❤❛✈❡
(
θ − 2

2

)
‖u‖2 + (1− θ)‖h‖∗‖u‖ − θc ≤ 0.

✸✵



❈♦♥s❡q✉❡♥t❧②✱ ✭✶✳✸✷✮ ❤♦❧❞s✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ ✭✶✳✸✵✮✱ ✭✶✳✸✶✮ ❛♥❞ ✭✶✳✸✷✮ ❢♦r ‖h‖∗ s✉✣✲

❝✐❡♥t❧② s♠❛❧❧✱ ✇❡ ❝♦♥❝❧✉❞❡

1

2
lim
n→∞

‖un‖
2 =

c− I(u)

1− ‖v‖2
<

πκω

α0(1− ‖v‖2)
✭✶✳✸✸✮

❈♦♥s❡q✉❡♥t❧②✱ ✭✶✳✷✽✮ ❤♦❧❞s✳ ❇② ✭✶✳✶✽✮ ❛♥❞ ▲❡♠♠❛ ✶✳✶✸✱ ✇❡ ❣❡t
∫

R

(eαu
2
n − 1)r1 dx ≤ C.

❇② ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ s✐♠✐❧❛r ❝♦♠♣✉t❛t✐♦♥s ❞♦♥❡ ❛❜♦✈❡ ✇❡ ♦❜t❛✐♥
∫

R

f(x, un)(un − u) dx→ 0 ❛s n→ ∞.

❚❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ ❢❛❝t t❤❛t I ′(un)(un − u) = on(1)✱ ✐♠♣❧② t❤❛t

‖un‖
2 = (un, u) + on(1).

❙✐♥❝❡ un ⇀ u ✐♥ X✱ ✇❡ ♦❜t❛✐♥ un → u ✐♥ X ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ✜♥✐s❤❡❞✳

Pr♦♣♦s✐t✐♦♥ ✶✳✶✾✳ ❯♥❞❡r t❤❡ ❤②♣♦t❤❡s❡s (V1)− (V3) ❛♥❞ (f1)− (f4)✱ ✐❢ ‖h‖∗ ✐s s✉✣✲

❝✐❡♥t❧② s♠❛❧❧ t❤❡♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ I s❛t✐s✜❡s (PS)c0✳

Pr♦♦❢✳ ▲❡t (un) ⊂ Bρh ❜❡ ❛♥ ❛r❜✐tr❛r② P❛❧❛✐s✲❙♠❛❧❡ s❡q✉❡♥❝❡ ♦❢ I ❛t t❤❡ ❧❡✈❡❧ c0✳ ❇②

t❤❡ ▲❡♠♠❛ ✶✳✶✼✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ un ⇀ u ✐♥ X✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t✱ ✉♣ t♦ ❛

s✉❜s❡q✉❡♥❝❡✱ un → u ✐♥ X✳ ◆♦t❡ t❤❛t
∫

R

f(x, un)(un − u)dx→ 0 ❛s n→ ∞. ✭✶✳✸✹✮

❋✐rst❧②✱ s✐♥❝❡ ‖un‖ ≤ ρh ♠❛❦✐♥❣ ρh s✉✣❝✐❡♥t❧② s♠❛❧❧✱ t❛❦✐♥❣ r1 > 1 s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦

✶ ❛♥❞ α s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ α0 ✇❡ ♠❛② ✐♥❢❡r t❤❛t r1α‖un‖2 < 2πκω✳ ❚❤✉s✱ ❜② ✭✶✳✶✽✮

❛♥❞ ✭✶✳✶✹✮✱ ∫

R

(eαu
2
n − 1)r1 dx ≤

∫

R

(er1α‖un‖2( un
‖un‖)

2

− 1) dx ≤ C. ✭✶✳✸✺✮

▼♦r❡♦✈❡r✱ s✐♥❝❡ f(x, s) s❛t✐s✜❡s (f1) ❛♥❞ (f2)✱ ❢♦r α > α0 ❛♥❞ ε > 0✱ t❤❡r❡ ❡①✐sts C1 > 0

s✉❝❤ t❤❛t

|f(x, s)| ≤ (λ1 − ε)|s|+ C1(e
αs2 − 1), ❢♦r ❛❧❧ s ∈ R.

▲❡tt✐♥❣ r1 > 1 ❝❧♦s❡ t♦ 1 s✉❝❤ t❤❛t r2 ≥ 2✱ ✇❤❡r❡ 1/r1+1/r2 = 1✱ ✇❡ ♦❜t❛✐♥ ❜② ❍ö❧❞❡r✬s

✐♥❡q✉❛❧✐t② t❤❛t
∣∣∣∣∣∣

∫

R

f(x, un)(un − u) dx

∣∣∣∣∣∣
≤ C



∫

R

|un|
2 dx




1/2 

∫

R

(un − u)2 dx




1/2

+ C



∫

R

(eαu
2
n − 1)r1 dx




1/r1 

∫

R

(un − u)r2 dx




1/r2

→ 0,

✸✶



✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ (1.35) ❛♥❞ ▲❡♠♠❛ ✶✳✶✵✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t❤❡ ❢❛❝t

t❤❛t I ′(un)(un − u) = on(1)✱ ✐♠♣❧② t❤❛t

‖un‖
2 = (un, u) + on(1).

❙✐♥❝❡ un ⇀ u ✐♥ X✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ un → u ✐♥ X✳

❊st✐♠❛t❡ ♦❢ t❤❡ ♠✐♥✐♠❛① ❧❡✈❡❧

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ♠✐♥✐♠❛① ❧❡✈❡❧✳ ❋✐rst✱ ✇❡ ✇✐❧❧

♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✶✳✷✵✳ ❙✉♣♣♦s❡ t❤❛t (V1)− (V3) ❤♦❧❞✳ ❚❤❡♥ Sp ❣✐✈❡♥ ✐♥ ✭✶✳✾✮ ✐s ❛tt❛✐♥❡❞ ❜② ❛

♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ up ∈ X✳

Pr♦♦❢✳ ▲❡t (un) ❜❡ ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s ✭✐❢ ♥❡❝❡ss❛r②✱ r❡♣❧❛❝❡

un ❜② |un|✱ ✇❤✐❝❤ ✐s ♣♦ss✐❜❧❡ s✐♥❝❡ ❜② ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ✇❡ ❤❛✈❡ |un(x) −

un(y)| ≥ ||un(x)| − |un(y)||✮ ❢♦r Sp ✐♥ X✱ t❤❛t ✐s✱

‖un‖p = 1 ❛♥❞


 1

2π

∫

R2

(un(x)− un(y))
2

|x− y|2
dx dy +

∫

R

V (x)u2n dx




1/2

→ Sp.

❚❤❡♥✱ (un) ✐s ❜♦✉♥❞❡❞ ✐♥ X✳ ❙✐♥❝❡ X ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❛♥❞ X ✐s ❝♦♠♣❛❝t❧② ❡♠❜❡❞❞❡❞

✐♥t♦ Lp(R)✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ♠❛② ❛ss✉♠❡

un ⇀ up ✐♥ X,

un → up ✐♥ Lp(R),

un(x) → up(x) ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ R.

❈♦♥s❡q✉❡♥t❧②✱ 



‖up‖p = 1,

‖up‖ ≤ lim inf
n→+∞

‖un‖ = Sp,

up(x) ≥ 0 ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ R.

❚❤✉s✱ Sp = ‖up‖✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

◆♦✇ ✇❡ ♣r♦✈❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳

▲❡♠♠❛ ✶✳✷✶✳ ❙✉♣♣♦s❡ t❤❛t (V1) − (V3) ❛♥❞ (f5) ❛r❡ s❛t✐s✜❡❞✱ ✐❢ ‖h‖∗ ✐s s✉✣❝✐❡♥t❧②

s♠❛❧❧ t❤❡♥

max
t≥0

I(tup) <
πκω

α0

.

✸✷



Pr♦♦❢✳ ▲❡t Ψ : [0,+∞) → R✱ ❣✐✈❡♥ ❜②

Ψ(t) =
t2

2


 1

2π

∫

R2

(up(x)− up(y))
2

|x− y|2
dxdy +

∫

R

V (x)u2p dx


−

∫

R

F (x, tup) dx.

❇② ▲❡♠♠❛ ✶✳✷✵ ❛♥❞ (f5)✱ ✇❡ ❤❛✈❡

Ψ(t) ≤
t2

2
S2
p −

Cp

p
tp ≤ max

t≥0

[
t2

2
S2
p −

Cp

p
tp
]
=

(p− 2)

2p

S
2p/(p−2)
p

C
2/(p−2)
p

<
πκω

α0

. ✭✶✳✸✻✮

❚♦ ❝♦♥❝❧✉❞❡✱ ♥♦t✐❝❡ t❤❛t t|(h, up)| ≤ t‖h‖∗‖up‖ ✇✐t❤ t ✐♥ ❛ ❝♦♠♣❛❝t ✐♥t❡r✈❛❧✳ ❚❤❡r❡❢♦r❡✱

t❛❦✐♥❣ ‖h‖∗ s✉✣❝✐❡♥t❧② s♠❛❧❧ ❛♥❞ ✉s✐♥❣ ✭✶✳✸✻✮ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

Pr♦♦❢s ♦❢ ❚❤❡♦r❡♠ ✶✳✶ ❛♥❞ ✶✳✷

■♥✐t✐❛❧❧②✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✶✳✶✹ ❛♥❞ ▲❡♠♠❛ ✶✳✶✺ t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ I s❛✲

t✐s✜❡s t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡

♠✐♥✐♠❛① ❧❡✈❡❧

cm = inf
g∈Γ

max
t∈[0,1]

I(g(t))

✐s ♣♦s✐t✐✈❡✱ ✇❤❡r❡ Γ = {g ∈ C([0, 1], X) : g(0) = 0, g(1) = e}✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ▲❡♠♠❛ ✶✳✷✶ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳✶✽✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ I s❛t✐s✜❡s

t❤❡ (PS)cm ❝♦♥❞✐t✐♦♥✳ ❚❤✉s✱ ❜② t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠ t❤❡ ❢✉♥❝t✐♦♥❛❧ I ❤❛s ❛

❝r✐t✐❝❛❧ ♣♦✐♥t um ❛t t❤❡ ♠✐♥✐♠❛① ❧❡✈❡❧ cm✳

▼♦r❡♦✈❡r✱ ✇❤❡♥ h ∈ X∗ ✇✐t❤ h 6≡ 0✱ ✇❡ ♠❛② ✜♥❞ ❛ s❡❝♦♥❞ s♦❧✉t✐♦♥✳ ■♥ ♦r❞❡r

t♦ ❞♦ t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r ρh ❧✐❦❡ ✐♥ ▲❡♠♠❛ ✶✳✶✹ ❛♥❞ ✇❡ ♦❜s❡r✈❡ t❤❛t Bρh ✐s ❛ ❝♦♥✈❡①

❝♦♠♣❧❡t❡ ♠❡tr✐❝ s♣❛❝❡ ✇✐t❤ t❤❡ ♠❡tr✐❝ ✐♥❞✉❝❡❞ ❜② t❤❡ ♥♦r♠ ♦❢ X✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧

I ✐s C1 ❛♥❞ ❜♦✉♥❞❡❞ ❜❡❧♦✇ ♦♥ Bρh ✳ ❍❡♥❝❡✱ ❜② t❤❡ ❊❦❡❧❛♥❞ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡ t❤❡r❡

❡①✐sts ❛ s❡q✉❡♥❝❡ (un) ✐♥ Bρh s✉❝❤ t❤❛t

I(un) → c0 < 0 ❛♥❞ ‖I ′(un)‖∗ → 0.

❇② t❤❡ Pr♦♣♦s✐t✐♦♥ ✶✳✶✾✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ I s❛t✐s✜❡s t❤❡ (PS)c0 ❝♦♥❞✐t✐♦♥✳ ❈♦♥s❡q✉❡♥t❧②✱

t❤❡ ❢✉♥❝t✐♦♥❛❧ I ❤❛s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t u ❛t t❤❡ ❧❡✈❡❧ c0✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ r❡s✉❧ts

✐s ❝♦♠♣❧❡t❡✳

✸✸



❈❤❛♣t❡r ✷

❖♥ ♥♦♥❧✐♥❡❛r ♣❡rt✉r❜❛t✐♦♥s ♦❢ ❛

♣❡r✐♦❞✐❝ ❢r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r

❡q✉❛t✐♦♥ ✇✐t❤ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧

❣r♦✇t❤

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r ❬✶✺❪✱ ♠♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ st✉❞②

t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ❢♦r ❢r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ♦❢ t❤❡ ❢♦r♠

(−∆)1/2u+ V (x)u = f(x, u) ✐♥ R,

✇❤❡r❡ V ✐s ❛ ❜♦✉♥❞❡❞ ♣♦t❡♥t✐❛❧✱ ✇❤✐❝❤ ❜❡❧♦♥❣s t♦ ❛ ❞✐✛❡r❡♥t ❝❧❛ss ♦❢ t❤♦s❡ tr❡❛t❡❞

✐♥ ❈❤❛♣t❡r ✶✱ ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ f(x, u) ✐s ❝♦♥s✐❞❡r❡❞ ✇✐t❤ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥✲

t✐❛❧ ❣r♦✇t❤✳ ❲❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥♦♥tr✐✈✐❛❧ ✇❡❛❦ s♦❧✉t✐♦♥ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡

▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠✱ ❚r✉❞✐♥❣❡r✲▼♦s❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ❛ ✈❡rs✐♦♥ ♦❢ ❈♦♥❝❡♥tr❛t✐♦♥✲

❈♦♠♣❛❝t♥❡ss Pr✐♥❝✐♣❧❡ ❞✉❡ t♦ ▲✐♦♥s✳

▼♦t✐✈❛t✐♦♥ ❛♥❞ ♠❛✐♥ r❡s✉❧ts

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ s♦♠❡ r❡s✉❧ts ❤❛✈❡ ❛♣♣❡❛r❡❞✱ r❡❝❡♥t❧②✱ ✐♥ t❤❡

❧✐t❡r❛t✉r❡ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❡q✉❛t✐♦♥

(−∆)1/2u+ V (x)u = f(x, u) ✐♥ R, ✭✷✳✶✮

✸✹



✇✐t❤ ✐♥t❡r❡st✐♥❣ ❝♦♥❞✐t✐♦♥s ♦♥ V (x) ❛♥❞ f(x, u)✳ ❚❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t♦

st✉❞② ✭✷✳✶✮ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥

❈❤❛♣t❡r 1✱ t❤❡ ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣ st❛t❡s t❤❛t H1/2(R) →֒ Lq(R) ❢♦r ❛♥② q ∈ [2,+∞)✱

❜✉t H1/2(R) ✐s ♥♦t ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞❡❞ ✐♥ L∞(R) ✭❢♦r ❞❡t❛✐❧s s❡❡ ❬✶✼✱ ✸✾❪✮✳ ❚❤✉s t❤❡

♠❛①✐♠❛❧ ❣r♦✇t❤✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ tr❡❛t ✭✷✳✶✮ ✈❛r✐❛t✐♦♥❛❧❧② ✐♥ H1/2(R)✱ ✐s ♠♦t✐✈❛t❡❞

❜② ❚r✉❞✐♥❣❡r✲▼♦s❡r✬s ✐♥❡q✉❛❧✐t② ♣r♦✈❡❞ ❜② ❚✳ ❖③❛✇❛ ❬✸✾❪ ❛♥❞ ❍✳ ❑♦③♦♥♦✱ ❚✳ ❙❛t♦ ❛♥❞

❍✳ ❲❛❞❛❞❡ ❬✷✾❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡② ♣r♦✈❡❞ t❤❛t t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ω ❛♥❞

C = C(ω) s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ u ∈ H1/2(R) ✇✐t❤ ‖(−∆)1/4u‖2 ≤ 1✱

∫

R

(eαu
2

− 1) dx ≤ C‖u‖22, ❢♦r ❛❧❧ α ∈ (0, ω]. ✭✷✳✷✮

❚❤❡r❡❢♦r❡✱ t❤❡ ♠❛①✐♠❛❧ ❣r♦✇t❤ ♦♥ t❤❡ ♥♦♥❧✐♥❡❛r✐t② f(x, u)✱ t❤❛t ❛❧❧♦✇s ✉s t♦ tr❡❛t ✭✷✳✶✮

✈❛r✐❛t✐♦♥❛❧❧② ✐♥ H1/2(R)✱ ✐s ❣✐✈❡♥ ❜② eα0u2
✇❤❡♥ |u| → +∞ ❢♦r s♦♠❡ α0 > 0 ✭s❡❡ ❛❧s♦

t❤❡ ♣✐♦♥❡❡rs ✇♦r❦s ❬✸✽✱✹✺❪✮✳

▼♦t✐✈❛t❡❞ ❜② ❚r✉❞✐♥❣❡r✲▼♦s❡r ✐♥❡q✉❛❧✐t② ✭✷✳✷✮ ❛♥❞ ❜② t❤❡ ✇♦r❦s ❬✶✱✶✹✱✷✸✱✷✺❪✱ ✇❡

❞❡❛❧ ✇✐t❤ t✇♦ ♣r♦❜❧❡♠s✳ ❋✐rst✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ✭✷✳✶✮ ✇❤❡♥ V (x) ❛♥❞ f(x, u) ❛r❡ ♣❡r✐♦❞✐❝

❢✉♥❝t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ x✱ ❛♥❞ f(x, u) ❜❡❤❛✈❡s ❧✐❦❡ eα0u2
✇❤❡♥ |u| → +∞ ❢♦r s♦♠❡

α0 > 0✳ ❙❡❝♦♥❞✱ ✇✐t❤ t❤❡ ❛✐❞ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✇❡ st✉❞② ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠

❛ss✉♠✐♥❣ t❤❛t V (x) ❛♥❞ f(x, u) ❛r❡ ❥✉st ❛s②♠♣t♦t✐❝❛❧❧② ♣❡r✐♦❞✐❝ ❛t ✐♥✜♥✐t②✳ ◆❡①t✱ ❢♦r

❡❛s② r❡❢❡r❡♥❝❡✱ ✇❡ r❡❝❛❧❧ t❤❡ ♣r♦❜❧❡♠s ❛♥❞ ❛ss✉♠♣t✐♦♥s✳

❆ ♣❡r✐♦❞✐❝ ♣r♦❜❧❡♠

❚❤❡ ✜rst ♣r♦❜❧❡♠ t❤❛t ✇❡ ✇✐❧❧ st✉❞② ✐♥ t❤✐s ❝❤❛♣t❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✱




(−∆)1/2u+ V0(x)u = f0(x, u) ✐♥ R,

u ∈ H1/2(R) ❛♥❞ u ≥ 0,
✭P0✮

✇❤❡r❡ (−∆)1/2 ✐s ❞❡✜♥❡❞✱ ❢♦r ❛ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r ❢✉♥❝t✐♦♥✱ ❜②

(−∆)1/2u(x) = −
1

2π

∫

R

u(x+ y) + u(x− y)− 2u(x)

|y|2
dy. ✭✷✳✸✮

❚❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❢✉♥❝t✐♦♥s V0(x) ❛♥❞ f0(x, u) ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿ V0 : R →

(0,+∞) ✐s ❛ ❝♦♥t✐♥✉♦✉s 1−♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ❛♥❞ f0 : R × R → R ✐s ❛ ❝♦♥t✐♥✉♦✉s

1−♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ✐♥ x✱ ✇❤✐❝❤ ❤❛s ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ✐♥ u✱ t❤❛t ✐s✱ t❤❡r❡
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❡①✐sts α0 > 0 s✉❝❤ t❤❛t

lim
|s|→+∞

f0(x, s)e
−αs2 =




0, ❢♦r ❛❧❧ α > α0,

+∞, ❢♦r ❛❧❧ α < α0,

✭✷✳✹✮

✉♥✐❢♦r♠❧② ✐♥ x ∈ R✳

❘❡❝❛❧❧ t❤❛t t❤✐s ♥♦t✐♦♥ ♦❢ ❝r✐t✐❝❛❧✐t② ✐s ❞✐r❡❝t❡❞ ❜② ✭✷✳✷✮ ❛♥❞ ✐t ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥

s❡✈❡r❛❧ ♣❛♣❡rs ✐♥✈♦❧✈✐♥❣ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✸❪✱ ❬✷✵❪ ❛♥❞ ❬✷✺❪✳ ❙✐♥❝❡

✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♥♦♥♥❡❣❛t✐✈❡ s♦❧✉t✐♦♥s✱ ✇❡ s❡t f0(x, s) = 0 ❢♦r

❛❧❧ (x, s) ∈ R × (−∞, 0]✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r✐t② f0(x, u) s❛t✐s✜❡s t❤❡

❝♦♥❞✐t✐♦♥s

(f0,1) lim
s→0

f0(x, s)

s
= 0 ✉♥✐❢♦r♠❧② ✐♥ x ∈ R❀

(f0,2) t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t θ > 2 s✉❝❤ t❤❛t

0 < θF0(x, s) := θ

s∫

0

f0(x, t) dt ≤ sf0(x, s) ❢♦r ❛❧❧ (x, s) ∈ R× (0,+∞);

(f0,3) ❢♦r ❡❛❝❤ ✜①❡❞ x ∈ R✱ t❤❡ ❢✉♥❝t✐♦♥ f0(x, s)/s ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ s ∈ R❀

(f0,4) t❤❡r❡ ❛r❡ ❝♦♥st❛♥ts p > 2 ❛♥❞ Cp > 0 s✉❝❤ t❤❛t

f0(x, s) ≥ Cps
p−1, ❢♦r ❛❧❧ (x, s) ∈ R× [0,+∞),

✇❤❡r❡

Cp >

[
(p− 2)θα0

(θ − 2)pω

](p−2)/2

Sp
p ✭✷✳✺✮

❛♥❞

Sp := inf
u∈H1/2(R)
‖u‖p=1


 1

2π

∫

R2

|u(x)− u(y)|2

|x− y|2
dxdy + ‖V ‖∞

∫

R

u2 dx




1/2

.

❚❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ ✇❡ s❛② t❤❛t u ∈ H1/2(R) ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ❢♦r ✭P0✮ ✐❢
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ❤♦❧❞s✿

1

2π

∫

R2

(u(x)− u(y))(v(x)− v(y))

|x− y|2
dx dy+

∫

R

V0(x)uv dx =

∫

R

f0(x, u)v dx, ❢♦r ❛❧❧ v ∈ H1/2(R).

❯♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✇❡ ❤❛✈❡ t❤❡ ✜rst r❡s✉❧t ♦❢ t❤✐s ❝❤❛♣t❡r✿
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❚❤❡♦r❡♠ ✷✳✶✳ ❆ss✉♠❡ t❤❛t (f0,1)−(f0,4) ❤♦❧❞✳ ❚❤❡♥ ✭P0✮ ❤❛s ❛ ♥♦♥♥❡❣❛t✐✈❡ ♥♦♥tr✐✈✐❛❧

✇❡❛❦ s♦❧✉t✐♦♥✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s t❤❡♦r❡♠ ✇❡ ✜♥❞ ❛ ♥♦♥♥❡❣❛t✐✈❡ ♥♦♥tr✐✈✐❛❧ ✇❡❛❦ s♦❧✉t✐♦♥

❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ ♣r♦❜❧❡♠✿

(−∆)1/2u+ u = G′
0(u) ✐♥ R,

✇✐t❤ G0(u) =
Cp

p
up eα0u2

, u ≥ 0, p > 2 ❛♥❞ Cp ❛s ❞❡✜♥❡❞ ✐♥ ✭✷✳✺✮✳

❆♥ ❛s②♠♣t♦t✐❝❛❧❧② ♣❡r✐♦❞✐❝ ♣r♦❜❧❡♠

❚❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ t❤❛t ✇❡ ✇✐❧❧ st✉❞② ✐♥ t❤✐s ❝❤❛♣t❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✱




(−∆)1/2u+ V (x)u = f(x, u) ✐♥ R,

u ∈ H1/2(R) ❛♥❞ u ≥ 0.
✭P ✮

◆❡①t ✇❡ ✇✐❧❧ ❞❡s❝r✐❜❡ t❤❡ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❢✉♥❝t✐♦♥s V (x) ❛♥❞ f(x, s) ✐♥ ❛ ♠♦r❡

♣r❡❝✐s❡ ✇❛②✳

(V1) V : R → [0,+∞) ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥s✿ V (x) ≤ V0(x)

❢♦r ❛♥② x ∈ R ❛♥❞ V0(x)− V (x) → 0 ❛s |x| → ∞❀

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ♥♦♥❧✐♥❡❛r✐t② f : R×R → R ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣

✭✷✳✹✮✱ f(x, s) = 0 ❢♦r ❛❧❧ (x, s) ∈ R× (−∞, 0] ❛♥❞ ❛❧s♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

(f1) f(x, s) ≥ f0(x, s) ❢♦r ❛❧❧ (x, s) ∈ R× [0,+∞)✱ ❛♥❞ ❢♦r ❛❧❧ ε > 0✱ t❤❡r❡ ❡①✐sts η > 0

s✉❝❤ t❤❛t ❢♦r s ≥ 0 ❛♥❞ |x| ≥ η✱

|f(x, s)− f0(x, s)| ≤ εeα0s2 ;

(f2) lim
s→0

f(x, s)

s
= 0 ✉♥✐❢♦r♠❧② ✐♥ x ∈ R❀

(f3) t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t µ > 2 s✉❝❤ t❤❛t

0 < µF (x, s) := µ

s∫

0

f(x, t) dt ≤ sf0(x, s), ❢♦r ❛❧❧ (x, s) ∈ R× (0,+∞);

(f4) ❢♦r ❡❛❝❤ ✜①❡❞ x ∈ R✱ t❤❡ ❢✉♥❝t✐♦♥ f(x, s)/s ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ s ∈ R❀

✸✼



(f5) ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ♥♦♥♥❡❣❛t✐✈❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s V0(x)− V (x) ❛♥❞ f(x, s)−

f0(x, s) ✐s ♣♦s✐t✐✈❡ ♦♥ ❛ s❡t ♦❢ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡✳

❲❡ s❛② t❤❛t u ∈ H1/2(R) ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ❢♦r ✭P ✮ ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛❧✐t② ❤♦❧❞s✿

1

2π

∫

R2

(u(x)− u(y))(v(x)− v(y))

|x− y|2
dx dy+

∫

R

V (x)uv dx =

∫

R

f(x, u)v dx, ❢♦r ❛❧❧ v ∈ H1/2(R).

❚❤❡ s❡❝♦♥❞ r❡s✉❧t ♦❢ t❤✐s ❝❤❛♣t❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✷✳✷✳ ❆ss✉♠❡ t❤❛t (V1) ❛♥❞ (f1) − (f5) ❤♦❧❞✳ ❚❤❡♥ ✭P ✮ ❤❛s ❛ ♥♦♥♥❡❣❛t✐✈❡

♥♦♥tr✐✈✐❛❧ ✇❡❛❦ s♦❧✉t✐♦♥✳

❆s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱ t❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r ✇❡r❡ ♠♦t✐✈❛t❡❞ ❜② t❤❡ ✇♦r❦s

❬✶✱ ✶✹✱ ✷✸✱ ✷✺❪✳ P❛rt✐❝✉❧❛r❧②✱ ❏✳ ▼✳ ❞♦ Ó ❡t ❛❧✳ ✐♥ ❬✷✸❪ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛

♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❢r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

(−∆)1/2u+ u = K(x)g(u) ✐♥ R,

✇❤❡r❡ g(u) ❜❡❤❛✈❡s ❧✐❦❡ eα0u2
✇❤❡♥ |u| → +∞ ❢♦r s♦♠❡ α0 > 0 ❛♥❞ K : R → R ✐s ❛

♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t K ∈ L∞(R) ∩C(R)✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ {An} ✐s ❛ s❡q✉❡♥❝❡ ♦❢

❇♦r❡❧ s❡ts ♦❢ R ✇✐t❤ |An| ≤ R ❢♦r s♦♠❡ R > 0✱

lim
r→∞

∫

An∩Bc(0,R)

K(x)dx = 0, ✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t t♦ n ∈ N.

❲❡ ✇❡r❡ ✐♥s♣✐r❡❞ ❜② ❆❧✈❡s ❡t ❛❧✳ ❬✶❪✱ t❤✉s ✇❡ st✉❞✐❡❞ ✭P ✮ ❛ss✉♠✐♥❣ t❤❛t t❤❡

♣♦t❡♥t✐❛❧ V (x) ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r✐t② f(x, u) ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ♣❡r✐♦❞✐❝ ❛t ✐♥✜♥✐t②✳ ❍❡r❡

✇❡ ✇♦r❦ ✇✐t❤ ❛ ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ❛s②♠♣t♦t✐❝ t♦ ❛ ♥♦♥❛✉t♦♥♦♠♦✉s

♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥ ❛t ✐♥✜♥✐t②✳ ■♥ t❤✐s s❡♥s❡ ♦✉r ✇♦r❦ ❝♦♠♣❧❡t❡s t❤❡ st✉❞② ♣r❡s❡♥t❡❞

✐♥ ❬✷✷✱ ✷✸❪✳ ■t ❝♦♠♣❧❡♠❡♥ts ❛❧s♦ ❬✶✵✱ ✶✶✱ ✶✽✱ ✹✶❪ s✐♥❝❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ ❢♦r

N = 1 ❛♥❞ s = 1/2 ✇❤❡♥ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ❤❛s ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤ ✐♥ t❤❡ s❡♥s❡ ♦❢ t❤❡

❚r✉❞✐♥❣❡r✲▼♦s❡r ✐♥❡q✉❛❧✐t②✳ ▼♦r❡♦✈❡r✱ ❛❧s♦ ❝♦♠♣❧❡♠❡♥ts t❤❡ st✉❞② ♦❢ ❈❤❛♣t❡r ✶ s✐♥❝❡

✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ V (x) ❜❡❧♦♥❣s t♦ ❛ ❞✐✛❡r❡♥t ❝❧❛ss ❢r♦♠ t❤♦s❡ tr❡❛t❡❞

t❤❡r❡✳

❘❡♠❛r❦ ✷✳✸✳ ❚❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ ❛r❡ st❛♥❞❛r❞✱

s✐♥❝❡ ✇❡ ✉s❡ ❛ ✈❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤✳ ◆♦t✐❝❡ t❤❛t ♦✉r ❛ss✉♠♣t✐♦♥s ❛ss✉r❡ t❤❡ ♠♦✉♥t❛✐♥

♣❛ss ❣❡♦♠❡tr② ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧s I0 ❛♥❞ I ✭✇❤✐❝❤ ❛r❡ ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥s ✷ ❛♥❞ ✷✮✳

❋✉rt❤❡r♠♦r❡✱ ❜② (V1) t❤❡ ♣♦t❡♥t✐❛❧ V (x) ♠❛② ❜❡ ③❡r♦ ♦♥ ❜♦✉♥❞❡❞ s❡ts✳ ❋♦r ♠♦r❡

❞❡t❛✐❧s s❡❡ ▲❡♠♠❛ ✷✳✻✳
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❘❡♠❛r❦ ✷✳✹✳ ❆s ❡①❛♠♣❧❡s ♦❢ ❢✉♥❝t✐♦♥s t❤❛t ✈❡r✐✜❡s ♦✉r ❛ss✉♠♣t✐♦♥s ✇❡ ♠❛② ❝♦♥s✐❞❡r

V (x) = 2 +
|x|2

|x|2 + 1
| sin(x)| ✇✐t❤ V0(x) = 2 + | sin(x)|✱ ♦r

V (x) =





0, ✐❢ x2 ≤ 1

x2 − 1, ✐❢ 1 ≤ x2 ≤ 4

3, ✐❢ x2 ≥ 4

✇✐t❤ V0(x) ≡ 3✳

❘❡♠❛r❦ ✷✳✺✳ ❲❡ ❤✐❣❤❧✐❣❤t t❤❛t ✇❤❡♥ u ❤❛s s✉✣❝✐❡♥t r❡❣✉❧❛r✐t②✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ ❛

♣♦✐♥t✇✐s❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ❛s ✭✷✳✸✮ ✭s❡❡ ❬✹✼❪✱ ❢♦r ❡①❛♠♣❧❡✮✳ ❆❣❛✐♥

✐♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ u > 0 ✐❢ u 6= 0✱ ✭s❡❡ ❘❡♠❛r❦ ✸✳✹✮✳

❚♦ ♣r♦✈❡ ♦✉r ♠❛✐♥ t❤❡♦r❡♠s ✇❡ ❤❛✈❡ ✉s❡❞ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s✳ ❆♥ ✐♠♣♦rt❛♥t

♣♦✐♥t ✐s ❛ ✈❡rs✐♦♥ ♦❢ ❛ ❈♦♥❝❡♥tr❛t✐♦♥✲❈♦♠♣❛❝t♥❡ss Pr✐♥❝✐♣❧❡✳ ❚❤✐s ♦♥❡ ✐s ❝r✉❝✐❛❧ t♦ s❤♦✇

t❤❛t Sp ✐s ❛tt❛✐♥❡❞ ❛♥❞ t❤❛t t❤❡ ✇❡❛❦ ❧✐♠✐t ♦❢ ❛♥ ❛♣♣r♦♣r✐❛t❡ P❛❧❛✐s✲❙♠❛❧❡ s❡q✉❡♥❝❡ ✐s

♥♦♥tr✐✈✐❛❧✳

❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ❛s ❢♦❧❧♦✇s✿ ❙❡❝t✐♦♥ ✷✳✷ ❝♦♥t❛✐♥s s♦♠❡ ♣r❡❧✐♠✐♥❛r②

r❡s✉❧ts✳ ❙❡❝t✐♦♥ ✷✳✸ ❛♥❞ ❙❡❝t✐♦♥ ✷✳✹ ❞❡❛❧ ✇✐t❤ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✷✳✶ ❛♥❞ ✷✳✷✱

r❡s♣❡❝t✐✈❡❧②✳

❙♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ s♦♠❡ t❡❝❤♥✐❝❛❧ r❡s✉❧ts ❛♥❞ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❛♣♣r♦♣r✐❛t❡

s❡tt✐♥❣ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠s ✷✳✶ ❛♥❞ ✷✳✷✳

❚❤❡ ❢✉♥❝t✐♦♥❛❧ s❡tt✐♥❣

■♥ ♦r❞❡r t♦ st✉❞② ✈❛r✐❛t✐♦♥❛❧❧② ✭P ✮ ✇❡ ❝♦♥s✐❞❡r ❛ s✉✐t❛❜❧❡ s✉❜s♣❛❝❡ ♦❢ t❤❡ ❢r❛❝✲

t✐♦♥❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡ H1/2(R)✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜②

H1/2(R) :=

{
u ∈ L2(R) :

|u(x)− u(y)|

|x− y|
∈ L2(R× R)

}
,

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥❛t✉r❛❧ ♥♦r♠

‖u‖1/2 := ([u]21/2 + ‖u‖22)
1/2,

✇❤❡r❡ t❤❡ t❡r♠

[u]1/2 :=

(∫

R2

|u(x)− u(y)|2

|x− y|2
dx dy

)1/2

✸✾



✐s t❤❡ s♦✲❝❛❧❧❡❞ ●❛❣❧✐❛r❞♦ s❡♠✐✲♥♦r♠ ♦❢ ❢✉♥❝t✐♦♥ u✳

❘❡❝❛❧❧ t❤❛t H1/2(R) ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❛♥❞ ❜② ❬✶✼✱ Pr♦♣♦s✐t✐♦♥ ✸✳✻❪

‖(−∆)1/4u‖2 = (2π)−1/2[u]1/2 ❢♦r ❛❧❧ u ∈ H1/2(R). ✭✷✳✻✮

❚❤❡ ♥❡①t ❧❡♠♠❛ ♣r♦✈✐❞❡s ❛♥ ✐♥❡q✉❛❧✐t② t❤❛t ✇❡ ✇✐❧❧ ✉s❡ ✐♥ s♦♠❡ ♣r♦♦❢s✳

▲❡♠♠❛ ✷✳✻✳ ❙✉♣♣♦s❡ t❤❛t (V1) ❤♦❧❞s✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t κ > 0 s❛t✐s❢②✐♥❣

1

2π

∫

R2

|u(x)− u(y)|2

|x− y|2
dxdy +

∫

R

V (x)u2 dx ≥ κ‖u‖22 ❢♦r ❛❧❧ u ∈ H1/2(R). ✭✷✳✼✮

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❛t ✭✷✳✼✮ ❞♦❡s ♥♦t ❤♦❧❞✳ ❚❤❡♥ ❢♦r ❡❛❝❤ n ∈ N t❤❡r❡ ❡①✐sts un ∈ H1/2(R)

s✉❝❤ t❤❛t

‖un‖2 = 1 ❛♥❞
1

2π



∫

R2

(un(x)− un(y))
2

|x− y|2
dx dy


+

∫

R

V (x)u2n dx <
1

n
. ✭✷✳✽✮

❙✐♥❝❡ V (x) ≥ 0✱ ✇❡ ❣❡t t❤❛t [un]
2
1/2 → 0✱ (un) ✐s ❜♦✉♥❞❡❞ ✐♥ H1/2(R) ❛♥❞✱ ✉♣ t♦ ❛

s✉❜s❡q✉❡♥❝❡✱

un ⇀ u0 ✐♥ H1/2(R), ❛s n→ ∞. ✭✷✳✾✮

❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t ∫

R

V (x)u2n dx→ 0, ❛s n→ ∞. ✭✷✳✶✵✮

◆♦✇✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②✱ ♣r♦✈❡❞ ✐♥ ❬✸✾✱ ♣✳✷✻✶❪✱ ❣✐✈❡♥ ❜②

‖un‖r ≤ C‖(−∆)1/4un‖
1−θ
2 ‖un‖

θ
2,

✇❤❡r❡ r > 2✱ C > 0 ❛♥❞ θ ∈ (0, 1)✳ ❚❤✐s ✐♥❡q✉❛❧✐t② t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✻✮ ✐♠♣❧✐❡s

‖un‖r ≤ C[un]
(1−θ)
1/2 ‖un‖

θ
2,

❢r♦♠ ✇❤✐❝❤ ✐t ❢♦❧❧♦✇s t❤❛t ‖un‖r → 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ✭✷✳✾✮ un → u0 ✐♥ Lr
loc(R)✳

❈♦♥s❡q✉❡♥t❧②✱ u0 ≡ 0✳

❋r♦♠ ✭✷✳✽✮✱ ❢♦r ❡❛❝❤ R > 0 ✇❡ ❝❛♥ ✇r✐t❡

1 =

∫

R

u2n dx =

∫

BR

u2n dx+

∫

Bc
R

u2n dx. ✭✷✳✶✶✮

◆❡①t✱ ✐♥ ♦r❞❡r t♦ r❡❛❝❤ ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇❡ ✇✐❧❧ ✉s❡ (V1)✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❣✐✈❡♥ ε > 0✱

t❤❡r❡ ❡①✐sts R > 0✱ s✉❝❤ t❤❛t

V0(x)− V (x) ≤ ε ❢♦r ❛❧❧ x ∈ Bc
R.

✹✵



❚❤✉s✱ ❢♦r ❛❧❧ x ∈ Bc
R ❛♥❞ ε > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✱

V (x) ≥ V0(x)− ε ≥ C0 − ε = b0 > 0. ✭✷✳✶✷✮

❈♦♠❜✐♥✐♥❣ ✭✷✳✶✶✮✱ ✭✷✳✶✷✮✱ ✭✷✳✶✵✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t un → 0 ✐♥ L2(BR)✱ ✇❡ ♦❜t❛✐♥ t❤❡

❝♦♥tr❛❞✐❝t✐♦♥

1 ≤

∫

BR

u2n dx+
1

b0

∫

Bc
R

V (x)u2n dx→ 0.

❚❤❡r❡❢♦r❡✱ ✭✷✳✼✮ ❤♦❧❞s ❛♥❞ t❤❡ ❧❡♠♠❛ ✐s ♣r♦✈❡❞✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥s✿ X0 ✇✐❧❧ ❞❡♥♦t❡ H1/2(R) ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡

❡q✉✐✈❛❧❡♥t ♥♦r♠

‖u‖X0 =





1

2π



∫

R2

|u(x)− u(y)|2

|x− y|2
dx dy


+

∫

R

V0(x)u
2 dx





1/2

❛♥❞ X1 ✇✐❧❧ ❞❡♥♦t❡ H1/2(R) ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠

‖u‖X1 =





1

2π



∫

R2

|u(x)− u(y)|2

|x− y|2
dx dy


+

∫

R

V (x)u2 dx





1/2

.

❆s ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✐♥❡q✉❛❧✐t② ✭✷✳✼✮ ✇❡ ❤❛✈❡ t❤❛t ‖ · ‖X1 ✐s ❛ ♥♦r♠ ❛♥❞ ❛❧s♦ t❤❛t

t❤❡ ❡♠❜❡❞❞✐♥❣ X1 →֒ Lq(R) ✐s ❝♦♥t✐♥✉♦✉s ❢♦r ❛❧❧ 2 ≤ q <∞✳

❚r✉❞✐♥❣❡r✲▼♦s❡r t②♣❡ ✐♥❡q✉❛❧✐t✐❡s

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ ❛ ✈❡rs✐♦♥ ♦❢ ✭✷✳✷✮ t♦ t❤❡ s♣❛❝❡ H1/2(R) ✇✐t❤ t❤❡ ♥♦r♠s

‖ · ‖X0 ❛♥❞ ‖ · ‖X1 ✳ ❚❤✐s ✇✐❧❧ ❜❡ ♦✉r ♣r✐♥❝✐♣❛❧ t♦♦❧ t♦ ♣r♦✈❡ ♦✉r ♠❛✐♥ r❡s✉❧ts✳ ❚❤❡ ✐❞❡❛s

✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ❛r❡ ✐♥s♣✐r❡❞ ✐♥ ❬✶✾✱✷✵✱✷✺❪ ❛♥❞ ✇❡ ♣r❡s❡♥t t❤❡♠ ❤❡r❡ ❢♦r ❝♦♠♣❧❡t❡♥❡ss

♦❢ ♦✉r ✇♦r❦✳

▲❡♠♠❛ ✷✳✼✳ ■❢ 0 < α < ω✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C = C(ω) > 0✱ s✉❝❤ t❤❛t

sup
{u∈H1/2(R) : ‖u‖Xi

≤1}

∫

R

(eαu
2

− 1) dx ≤ C ❢♦r i = 0, 1. ✭✷✳✶✸✮

▼♦r❡♦✈❡r✱ ❢♦r ❛♥② α > 0 ❛♥❞ u ∈ H1/2(R) ✇❡ ❤❛✈❡

∫

R

(eαu
2

− 1) dx <∞. ✭✷✳✶✹✮

✹✶



Pr♦♦❢✳ ❋✐rst✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✐❢ ❛ ❢✉♥❝t✐♦♥ u ∈ H1/2(R) s❛t✐s✜❡s ‖u‖Xi
≤ 1✱ t❤❡♥ ❜②

✉s✐♥❣ ✭✷✳✻✮✱ ✇❡ ❣❡t

‖(−∆)1/4u‖2 = (2π)−1/2[u]1/2 ≤ ‖u‖Xi
≤ 1.

❈♦♥s❡q✉❡♥t❧②✱
∫

R

(eαu
2

− 1) dx ≤ C1‖u‖
2
2 ≤ C,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ ✭✷✳✷✮ ❛♥❞ ✭✷✳✼✮✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥ ✭✷✳✶✸✮✳

◆♦✇ ✇❡ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛✳ ●✐✈❡♥ u ∈ H1/2(R) ❛♥❞ ε > 0 t❤❡r❡

❡①✐sts ϕ ∈ C∞
0 (R) s✉❝❤ t❤❛t ‖u− ϕ‖Xi

< ε✳ ❙✐♥❝❡

eαu
2

− 1 ≤ eα(2(u−ϕ)2+2ϕ2) − 1 ≤
1

2

(
e4α(u−ϕ)2 − 1

)
+

1

2

(
e4αϕ

2

− 1
)
,

✐t ❢♦❧❧♦✇s t❤❛t

∫

R

(eαu
2

− 1) dx ≤
1

2

∫

R

(e
4α‖u−ϕ‖2Xi

(

u−ϕ
‖u−ϕ‖Xi

)2

− 1) dx+
1

2

∫

R

(e4αϕ
2

− 1) dx. ✭✷✳✶✺✮

❈❤♦♦s✐♥❣ ε > 0 s✉❝❤ t❤❛t 4αε2 < ω✱ ✇❡ ❤❛✈❡ 4α‖u− ϕ‖2Xi
< ω✳ ❚❤❡♥✱ ❢r♦♠ ✭✷✳✶✸✮ ❛♥❞

✭✷✳✶✺✮✱ ✐t ❢♦❧❧♦✇s t❤❛t
∫

R

(eαu
2

− 1) dx ≤
C

2
+

1

2

∫

supp(ϕ)

(e4αϕ
2

− 1) dx <∞.

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

▲❡♠♠❛ ✷✳✽✳ ■❢ α > 0✱ q > 2✱ v ∈ Xi ❛♥❞ ‖v‖Xi
≤M ✇✐t❤ αM2 < ω✱ t❤❡♥ t❤❡r❡ ❡①✐sts

C = C(α,M, q) > 0✱ s✉❝❤ t❤❛t

∫

R

(eαv
2

− 1)|v|qdx ≤ C‖v‖qXi
❢♦r i = 0, 1.

Pr♦♦❢✳ ❈♦♥s✐❞❡r r > 1 ❝❧♦s❡ t♦ 1 s✉❝❤ t❤❛t αrM2 < ω✳ ❯s✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ✇✐t❤

r′ = r/(r − 1)✱ ✇❡ ❤❛✈❡

∫

R

(eαv
2

− 1)|v|qdx ≤



∫

R

(eαv
2

− 1)rdx




1/r

‖v‖qr′q. ✭✷✳✶✻✮

◆♦t✐❝❡ t❤❛t ❣✐✈❡♥ r > 1 ❢♦r ❛❧❧ s ∈ R✱

(eαs
2

− 1)r ≤ (eαrs
2

− 1). ✭✷✳✶✼✮

✹✷



❍❡♥❝❡✱ ❢r♦♠ ✭✷✳✶✻✮ ❛♥❞ ✭✷✳✶✼✮ ✇❡ ❣❡t

∫

R

(eαv
2

− 1)|v|qdx ≤



∫

R

(eαrv
2

− 1)dx




1/r

‖v‖qr′q

≤



∫

R

(e
αrM2

(

v
‖v‖Xi

)2

− 1) dx




1/r

‖v‖qr′q.

❚❤✉s✱ s✐♥❝❡ αrM2 < ω✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✶✸✮ ❛♥❞ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ Xi →֒

Lr′q(R) t❤❛t ∫

R

(eαv
2

− 1)|v|q dx ≤ C‖v‖qXi
,

✇❤✐❝❤ ♣r♦✈❡s t❤❡ ❧❡♠♠❛✳

❆ ❈♦♥❝❡♥tr❛t✐♦♥✲❈♦♠♣❛❝t♥❡ss Pr✐♥❝✐♣❧❡

❚❤❡ ♥❡①t ❧❡♠♠❛ ✐s ❛ ✈❡rs✐♦♥ ♦❢ ❛ ▲✐♦♥s✬s r❡s✉❧t ✭s❡❡ P✳ ▲✳ ▲✐♦♥s ❬✸✺❪✮✳

▲❡♠♠❛ ✷✳✾✳ ■❢ (uk) ✐s ❜♦✉♥❞❡❞ ✐♥ H1/2(R) ❛♥❞

lim
k→∞

sup
y∈R

∫

BR(y)

|uk(x)|
2 dx = 0, ✭✷✳✶✽✮

❢♦r s♦♠❡ R > 0✱ t❤❡♥ uk → 0 ✐♥ Lq(R) ❢♦r 2 < q <∞✳

Pr♦♦❢✳ ❋♦r ❡❛❝❤ r > q✱ ❜② st❛♥❞❛r❞ ✐♥t❡r♣♦❧❛t✐♦♥✱ ✇❡ ♦❜t❛✐♥

‖uk‖Lq(BR(y)) ≤ ‖uk‖
1−λ
L2(BR(y))‖uk‖

λ
Lr(BR(y)),

✇❤❡r❡ (1− λ)/2+ λ/r = 1/q ✇✐t❤ 0 < λ < 1✳ ❈♦✈❡r✐♥❣ R ❜② ❜❛❧❧s ♦❢ r❛❞✐✉s R✱ ✐♥ s✉❝❤

✇❛② t❤❛t ❡❛❝❤ ♣♦✐♥t ♦❢ R ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛t ♠♦st 2 ❜❛❧❧s✱ ✇❡ ✜♥❞ C > 0 s✉❝❤ t❤❛t

‖uk‖
q
Lq(R) ≤ C sup

y∈R




∫

BR(y)

|uk|
2 dx




(1−λ)q/2

‖uk‖
λq
Lr(R).

❇② t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ H1/2(R) →֒ Lr(R) ❛♥❞ ‖uk‖1/2 ≤ C1✱ ✇❡ ❣❡t

∫

R

|uk|
q dx ≤ C sup

y∈R




∫

BR(y)

|uk|
2 dx




(1−λ)q/2

❛♥❞ s♦ ❜② ✭✷✳✶✽✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✳

❯s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

✹✸



▲❡♠♠❛ ✷✳✶✵✳ ❚❤❡ ❝♦♥st❛♥t Sp ✐s ❛tt❛✐♥❡❞ ❜② ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ up ∈ H1/2(R)✳

Pr♦♦❢✳ ▲❡t (ϑk) ❜❡ ❛ ♠✐♥✐♠✐③✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s ❢♦r Sp ✐♥ H1/2(R)

✭✐❢ ♥❡❝❡ss❛r②✱ r❡♣❧❛❝❡ ϑk ❜② |ϑk|✱ ✇❤✐❝❤ ✐s ♣♦ss✐❜❧❡ s✐♥❝❡ ❜② ✉s✐♥❣ t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②

✇❡ ❤❛✈❡ |ϑk(x)− ϑk(y)| ≥ ||ϑk(x)| − |ϑk(y)||✮✱ t❤❛t ✐s✱

∫

R

|ϑk|
p dx = 1 ❛♥❞


 1

2π

∫

R2

(ϑk(x)− ϑk(y))
2

|x− y|2
dx dy + ‖V ‖∞

∫

R

ϑ2
k dx




1/2

→ Sp.

❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r H1/2(R) ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠

‖u‖ =


 1

2π

∫

R2

|u(x)− u(y)|2

|x− y|2
dxdy + ‖V ‖∞

∫

R

u2 dx




1/2

.

■t ✐s ❝❧❡❛r t❤❛t ‖ϑk‖ ≤ C ❢♦r s♦♠❡ C > 0✳ ❚❤❡♥✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ♠❛② ❛ss✉♠❡

t❤❛t ϑk ⇀ ϑ ✐♥ H1/2(R) ❛♥❞

‖ϑ‖ ≤ lim inf
k→+∞

‖ϑk‖ = Sp.

❚❤❡♥ ϑ ✐s ❛ ♠✐♥✐♠✐③❡r ♣r♦✈✐❞❡❞ t❤❛t ‖ϑ‖p = 1✳ ❇✉t ✇❡ ❦♥♦✇ ♦♥❧② t❤❛t ‖ϑ‖p ≤ 1✳

◆♦t✐❝❡ t❤❛t✱ s✐♥❝❡ ‖ϑk‖p = 1✱ ▲❡♠♠❛ ✷✳✾ ✐♠♣❧✐❡s

δ = lim
k→∞

sup
y∈R

∫

B1(y)

|ϑk(x)|
2dx > 0.

❚❤✉s✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ (yk) ⊂ R s✉❝❤ t❤❛t
∫

B1(yk)

|ϑk(x)|
2dx > δ/2.

▲❡t ✉s ❞❡✜♥❡ uk(x) := ϑk(x+ yk)✳ ❍❡♥❝❡✱ ‖uk‖p = ‖ϑk‖p = 1✱ ‖uk‖ = ‖ϑk‖ → Sp ❛♥❞
∫

B1(0)

|uk(x)|
2dx > δ/2. ✭✷✳✶✾✮

❙✐♥❝❡ (uk) ✐s ❜♦✉♥❞❡❞ ✐♥ H1/2(R)✱ ✇❡ ♠❛② ❛ss✉♠❡✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱




uk ⇀ up ✐♥ H1/2(R),

uk → up ✐♥ L2
loc(R),

uk → up ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ R.

❇② t❤❡ ❇ré③✐s✲▲✐❡❜ ▲❡♠♠❛ ✭s❡❡ ❬✼❪✮✱ ✇❡ ❤❛✈❡ t❤❛t

1 = ‖up‖
p
p + lim

k→∞
‖uk − up‖

p
p ❛♥❞ lim

k→∞
‖uk‖

2 = ‖up‖
2 + lim

k→∞
‖uk − up‖

2.

✹✹



❚❤✉s✱ ✇❡ ❤❛✈❡

S2
p = lim

k→∞
‖uk‖

2 = ‖up‖
2 + lim

k→∞
‖uk − up‖

2

≥ S2
p [(‖up‖

p
p)

2/p + (1− ‖up‖
p
p)

2/p].
✭✷✳✷✵✮

❇② ✭✷✳✶✾✮✱ ✇❡ ❤❛✈❡ up 6= 0✳ ■❢ ✇❡ s✉♣♣♦s❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t ‖up‖p < 1✱ ❜② ✉s✐♥❣

✭✷✳✷✵✮ ❢♦❧❧♦✇s t❤❛t

S2
p > S2

p(‖up‖
p
p + 1− ‖up‖

p
p)

2/p,

✇❤❛t ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ‖up‖p = 1 ❛♥❞ up ✐s ❛ ♠✐♥✐♠✐③❡r ❢♦r Sp✱ ❛♥❞ t❤✐s

❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

❊①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣❡r✐♦❞✐❝ ♣r♦❜❧❡♠

■♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠ ✇✐t❤♦✉t t❤❡ P❛❧❛✐s✲❙♠❛❧❡ ❝♦♥❞✐t✐♦♥

✭s❡❡ ❬✸✼✱ ❚❤❡♦r❡♠ ✹✳✸❪✮ t♦ ✜♥❞ ❛ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣r♦❜❧❡♠ ✭P0✮✱ ✇❡ ✇✐❧❧

❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥❛❧ I0 : X0 → R ❣✐✈❡♥ ❜②

I0(u) =
1

2
‖u‖2X0

−

∫

R

F0(x, u) dx.

◆♦t✐❝❡ t❤❛t I0 ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ■♥❞❡❡❞✱ ❝♦♠❜✐♥✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ (f0,1) ❛♥❞ t❤❡ ❢❛❝t

t❤❛t f0(x, s) ❤❛s ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✱ ❢♦r ❡❛❝❤ α > α0 ❛♥❞ ε > 0 t❤❡r❡ ❡①✐sts ❛

♣♦s✐t✐✈❡ ❝♦♥st❛♥t Cε s✉❝❤ t❤❛t

F0(x, s) ≤
ε

2
s2 + Cε(e

αs2 − 1) ❢♦r ❛❧❧ (x, s) ∈ R× R.

❈♦♠❜✐♥✐♥❣ t❤✐s ❡st✐♠❛t❡ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ X0 →֒ L2(R) ❛♥❞

✭✷✳✶✹✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t F0(x, u) ∈ L1(R) ❢♦r ❛❧❧ u ∈ X0✳ ❍❡♥❝❡✱ I0 ✐s ✇❡❧❧ ❞❡✜♥❡❞✳

❇② ✉s✐♥❣ st❛♥❞❛r❞ ❛r❣✉♠❡♥ts ✇❡ ❝❛♥ s❡❡ t❤❛t I0 ∈ C1(X0,R)✱ s❡❡ ❆♣♣❡♥❞✐① ❆✱

✇✐t❤

I ′0(u)φ =
1

2π

∫

R2

(u(x)− u(y))(φ(x)− φ(y))

|x− y|2
dx dy +

∫

R

V0(x)uφ dx−

∫

R

f0(x, u)φ dx,

❢♦r ❛❧❧ φ ∈ X0✳ ❚❤❡r❡❢♦r❡✱ ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ I0 ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭P0✮ ❛♥❞ r❡❝✐♣r♦✲

❝❛❧❧②✳

◆♦✇ ✇❡ ♣r♦✈❡ s♦♠❡ ❢❛❝ts ❛❜♦✉t t❤❡ ❣❡♦♠❡tr✐❝ str✉❝t✉r❡ ♦❢ I0 r❡q✉✐r❡❞ ❜② t❤❡

♠✐♥✐♠❛① ♣r♦❝❡❞✉r❡✳

✹✺



▲❡♠♠❛ ✷✳✶✶✳ ❙✉♣♣♦s❡ t❤❛t (f0,1) ✐s s❛t✐s✜❡❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ρ, σ > 0 s✉❝❤ t❤❛t

I0(u) ≥ σ ✐❢ ‖u‖X0 = ρ.

Pr♦♦❢✳ ❈♦♠❜✐♥✐♥❣ (f0,1) ❛♥❞ t❤❡ ❢❛❝t t❤❛t f0(x, s) ❤❛s ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✱ ❢♦r

❡❛❝❤ α > α0✱ q > 2 ❛♥❞ ε > 0 t❤❡r❡ ❡①✐sts Cε > 0 s✉❝❤ t❤❛t

F0(x, s) ≤
ε

2
s2 + Cε|s|

q(eαs
2

− 1) ❢♦r ❛❧❧ (x, s) ∈ R× R. ✭✷✳✷✶✮

❋r♦♠ ✭✷✳✷✶✮ ❛♥❞ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ X0 →֒ L2(R)✱ ✇❡ ♦❜t❛✐♥

I0(u) ≥
1

2
‖u‖2X0

−
ε

2
‖u‖22 − Cε

∫

R

(eαu
2

− 1)|u|q dx

≥

(
1

2
−
εC1

2

)
‖u‖2X0

− Cε

∫

R

(eαu
2

− 1)|u|q dx.

❚❤❡♥✱ ❢♦r ❡❛❝❤ u ∈ X0 ✇✐t❤ α‖u‖2X0
< ω✱ ❜② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✷✳✽✱ ✇❡ ❣❡t

I0(u) ≥

(
1

2
−
εC1

2

)
‖u‖2X0

− C2‖u‖
q
X0

= ‖u‖2X0

[(
1

2
−
εC1

2

)
− C2‖u‖

q−2
X0

]
.

❙✐♥❝❡ q > 2✱ ✇❡ ♠❛② ❝❤♦♦s❡ ε > 0 ❛♥❞ ρ > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧ s✉❝❤ t❤❛t
(
1

2
−
εC1

2

)
− C2ρ

q−2 > 0.

❚❤✉s✱ t❤❡r❡ ❡①✐st ρ, σ > 0 s✉❝❤ t❤❛t I0(u) ≥ σ ✐❢ ‖u‖X0 = ρ✱ ✇❤✐❝❤ ✐s t❤❡ ❞❡s✐r❡❞

❝♦♥❝❧✉s✐♦♥✳

▲❡♠♠❛ ✷✳✶✷✳ ❙✉♣♣♦s❡ t❤❛t (f0,2) ✐s s❛t✐s✜❡❞✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts e ∈ X0 ✇✐t❤ ‖e‖X0 > ρ

s✉❝❤ t❤❛t

I0(e) < inf
‖u‖X0

= ρ
I0(u).

Pr♦♦❢✳ ▲❡t u ∈ C∞
0 (R)\{0} ✇✐t❤ s✉♣♣♦rt K✳ ❇② (f0,2) t❤❡r❡ ❡①✐st C1, C2 > 0 s✉❝❤ t❤❛t

F0(x, u) ≥ C1|u|
θ − C2 ❢♦r ❛❧❧ x ∈ K.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ❢♦r t > 0✱

I0(tu) ≤
t2

2
‖u‖2X0

− C1t
θ

∫

K

|u|θ dx+ C2

∫

K

dx.

❙✐♥❝❡ θ > 2✱ ✇❡ ♦❜t❛✐♥ I0(tu) → −∞ ❛s t → ∞✳ ❙❡tt✐♥❣ e = tu ✇✐t❤ t ❧❛r❣❡ ❡♥♦✉❣❤✱

✇❡ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✳

✹✻



▼✐♥✐♠❛① ❧❡✈❡❧

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛s ✷✳✶✶ ❛♥❞ ✷✳✶✷✱ t❤❡ ♠✐♥✐♠❛① ❧❡✈❡❧

c0 = inf
g∈Γ

max
t∈[0,1]

I0(g(t))

✐s ♣♦s✐t✐✈❡✱ ✇❤❡r❡ Γ = {g ∈ C([0, 1], X0) : g(0) = 0 ❛♥❞ g(1) = e}✳

◆❡①t✱ ✇❡ ♣r♦✈✐❞❡ ❛♥ ❡st✐♠❛t❡ t♦ t❤❡ ♠✐♥✐♠❛① ❧❡✈❡❧✳

▲❡♠♠❛ ✷✳✶✸✳ ❙✉♣♣♦s❡ t❤❛t (f0,4) ❤♦❧❞s✳ ❚❤❡♥

σ ≤ c0 <
(θ − 2)ω

2θα0

.

Pr♦♦❢✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✷✳✶✶ ✇❡ ❤❛✈❡ t❤❛t c0 ≥ σ✳ ■♥ ♦r❞❡r t♦ ❣❡t ❛♥ ✉♣♣❡r ❡st✐♠❛t❡✱

✇❡ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ uq ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✷✳✶✵✳ ❚❤✉s✱ ✐t ❢♦❧❧♦✇s t❤❛t

c0 ≤ max
t≥0

I0(tuq)

≤ max
t≥0

[
t2

2
‖uq‖

2 −
Cq

q
tq‖uq‖

q
q

]

= max
t≥0

[
t2

2
S2
q −

Cq

q
tq
]

=
(q − 2)

2q

S
2q/(q−2)
q

C
2/(q−2)
q

<
(θ − 2)ω

2θα0

,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ (f0,4)✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

❖♥ P❛❧❛✐s✲❙♠❛❧❡ s❡q✉❡♥❝❡s

❇② t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠ ✇✐t❤♦✉t t❤❡ (PS) ❝♦♥❞✐t✐♦♥ ✭s❡❡ ❬✸✼✱ ❚❤❡♦r❡♠

✹✳✸❪✮✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (uk) ✐♥ X0 s❛t✐s❢②✐♥❣

I0(uk) → c0 ❛♥❞ I ′0(uk) → 0. ✭✷✳✷✷✮

▲❡♠♠❛ ✷✳✶✹✳ ❙✉♣♣♦s❡ t❤❛t (f0,1) ❛♥❞ (f0,2) ❤♦❧❞✳ ❚❤❡♥ t❤❡ s❡q✉❡♥❝❡ (uk) ✐s ❜♦✉♥❞❡❞

✐♥ X0 ❛♥❞ ✐ts ✇❡❛❦ ❧✐♠✐t ❞❡♥♦t❡❞ ❜② u0 ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭P0✮✳

Pr♦♦❢✳ ❯s✐♥❣ ✇❡❧❧✲❦♥♦✇♥ ❛r❣✉♠❡♥ts ✐t ✐s ♥♦t ❞✐✣❝✉❧t t♦ ❝❤❡❝❦ t❤❛t (uk) ✐s ❛ ❜♦✉♥❞❡❞

s❡q✉❡♥❝❡ ✐♥ X0✳ ■♥❞❡❡❞✱ ❜② (f0,2) ✇❡ ❤❛✈❡

I0(uk)−
1

θ
I ′0(uk)uk =

(
1

2
−

1

θ

)
‖uk‖

2
X0

+

∫

R

[
1

θ
f0(x, uk)uk − F0(x, uk)

]
dx

≥

(
1

2
−

1

θ

)
‖uk‖

2
X0
.

✭✷✳✷✸✮

✹✼



❇② ✭✷✳✷✷✮✱ t❤❡r❡ ❡①✐sts k0 ∈ N s✉❝❤ t❤❛t ❢♦r ❛❧❧ k ∈ N ✇✐t❤ k ≥ k0✱ ✐t ❤♦❧❞s

I0(uk)−
1

θ
I ′0(uk)uk ≤ C + ‖uk‖X0 .

❚❤✐s t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✷✸✮ ✐♠♣❧② t❤❛t ‖uk‖X0 ≤ C1✳

❙✐♥❝❡ X0 ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts

u0 ∈ X0 s✉❝❤ t❤❛t




uk ⇀ u0 ✐♥ X0,

uk → u0 ✐♥ Lq
loc(R) ❢♦r ❛❧❧ q ≥ 1,

uk(x) → u0(x) ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ R.

■♥ ♦r❞❡r t♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t
∫

R

f0(x, uk)v dx→

∫

R

f0(x, u0)v dx, ❛s k → ∞, ❢♦r ❛❧❧ v ∈ C∞
0 (R). ✭✷✳✷✹✮

◆♦t❡ t❤❛t ❝♦♠❜✐♥✐♥❣ ✭✷✳✷✷✮ ❛♥❞ ✭✷✳✷✸✮✱ ✇❡ r❡❛❝❤

c0 ≥
θ − 2

2θ
lim sup
k→+∞

‖uk‖
2
X0
.

❚❤✉s✱ ❜② ▲❡♠♠❛ ✷✳✶✸ ✇❡ ♦❜t❛✐♥

lim sup
k→+∞

‖uk‖
2
X0

≤
2θc0
θ − 2

<
ω

α0

.

❚❤✐s ✐♠♣❧✐❡s α0‖uk‖
2
X0

< ω ❢♦r k s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❍❡♥❝❡✱ ✇❡ ❝❛♥ ❝❤♦♦s❡ q > 1

s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ 1 ❛♥❞ δ > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧ s✉❝❤ t❤❛t q(α0 + δ)‖uk‖
2
X0
< ω ❢♦r k

s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❜② ✭✷✳✶✸✮ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t
∫

R

(e
q(α0+δ)‖uk‖

2
X0

(
uk

‖uk‖X0
)2

− 1) dx ≤ C. ✭✷✳✷✺✮

❙✐♥❝❡ f0(x, s) ❤❛s ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✱ ❝♦♠❜✐♥✐♥❣ ❝♦♥❞✐t✐♦♥ (f0,1) ❛♥❞ ❍ö❧❞❡r✬s

✐♥❡q✉❛❧✐t② ❢♦r q′ = q/(q − 1) > 2✱ ✇❡ ❣❡t
∫

R

f0(x, uk)uk dx ≤ ε

∫

R

u2k dx+ Cε

∫

R

(e(α0+δ)u2
k − 1)uk dx

≤ εC + Cε‖uk‖q′



∫

R

(e
q(α0+δ)‖uk‖

2
X0

(
uk

‖uk‖X0
)2

− 1) dx




1/q

.

✭✷✳✷✻✮

❍❡♥❝❡✱ ❜② ✭✷✳✷✺✮ ✇❡ ❤❛✈❡ ∫

R

f0(x, uk)uk dx ≤ C.

❈♦♥s❡q✉❡♥t❧②✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✷✳✶ ✐♥ ❬✶✸❪✱ ✇❡ r❡❛❝❤

f0(x, uk) → f0(x, u0) ✐♥ L1
loc(R), ❛s k → ∞,

✇❤✐❝❤ ✐♠♣❧✐❡s ✭✷✳✷✹✮✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

✹✽



Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶

❯s✐♥❣ ▲❡♠♠❛ ✷✳✶✹✱ ✇❡ ❤❛✈❡ t❤❛t u0 ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭P0✮✳ ❚❤✉s ✐❢ u0 ✐s

♥♦♥tr✐✈✐❛❧ t❤❡ t❤❡♦r❡♠ ✐s ♣r♦✈❡❞✳ ■❢ u0 = 0✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✐♠✿ t❤❡r❡ ❡①✐st

(yk) ⊂ R ❛♥❞ R, a > 0 s✉❝❤ t❤❛t

lim inf
k→∞

sup
yk∈R

∫

BR(yk)

|uk|
2 dx > a. ✭✷✳✷✼✮

■♥❞❡❡❞✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t ✭✷✳✷✼✮ ❞♦❡s ♥♦t ❤♦❧❞✳ ❚❤❡♥ ❢♦r ❛❧❧ s❡q✉❡♥❝❡s (yk) ⊂ R ❛♥❞

R > 0✱ ✇❡ ❤❛✈❡

lim inf
k→∞

sup
yk∈R

∫

BR(yk)

|uk|
2 dx = 0. ✭✷✳✷✽✮

❇② ❝♦♠❜✐♥✐♥❣ ✭✷✳✷✽✮ ❛♥❞ ▲❡♠♠❛ ✷✳✾✱ ✇❡ ♦❜t❛✐♥ t❤❛t uk → 0 ✐♥ Lt(R) ❢♦r 2 < t < ∞✳

❚❤✉s✱ ❜② ❛♣♣❧②✐♥❣ ✭✷✳✷✺✮ ❛♥❞ ✭✷✳✷✻✮ ✇❡ r❡❛❝❤
∫

R

f0(x, uk)uk dx→ 0, ❛s k → ∞.

❚❤✐s ❡st✐♠❛t❡ ❛♥❞ ✭✷✳✷✷✮ ✐♠♣❧② t❤❛t ‖uk‖X0 → 0✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ ✈✐❡✇ ♦❢ ❛ss✉♠♣t✐♦♥

(f0,2) ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t
∫

R

F0(x, uk) dx→ 0, ❛s k → ∞. ✭✷✳✷✾✮

❇② ❝♦♠❜✐♥✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ‖uk‖X0 → 0✱ ✭✷✳✷✾✮ ❛♥❞ ✭✷✳✷✷✮✱ ✇❡ ❣❡t t❤❛t c0 = 0✱

✇❤✐❝❤ ✐s ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤✉s✱ ✭✷✳✷✼✮ ❤♦❧❞s✳

❲❡ ♠❛② ❛ss✉♠❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❛t (yk) ⊂ Z✳ ▲❡tt✐♥❣ wk(x) = uk(x−

yk)✱ s✐♥❝❡ V0(·)✱ f0(·, s) ❛♥❞ F0(·, s) ❛r❡ 1✲♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s✱ ❜② ❛ ❝❛r❡❢✉❧ ❝❛❧❝✉❧❛t✐♦♥

✇❡ ♦❜t❛✐♥

‖uk‖X0 = ‖wk‖X0 , I0(uk) = I0(wk) → c0 ❛♥❞ I ′0(wk) → 0.

❈♦♥s❡q✉❡♥t❧②✱ ❜② s✐♠✐❧❛r ❛r❣✉♠❡♥ts ❞♦♥❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✇❡ ♦❜t❛✐♥ t❤❛t (wk)

✐s ❜♦✉♥❞❡❞ ✐♥ X0 ❛♥❞ t❤❡r❡ ❡①✐sts w0 ∈ X0 s✉❝❤ t❤❛t wk ⇀ w0 ✐♥ X0 ❛♥❞ w0 ✐s ❛

✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭P0✮✳ ▼♦r❡♦✈❡r✱ ❜② ✭✷✳✷✼✮✱ t❛❦✐♥❣ ❛ s✉❜s❡q✉❡♥❝❡ ❛♥❞ R

s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ✇❡ ❣❡t

a1/2 ≤ ‖wk‖L2(BR(0)) ≤ ‖wk − w0‖L2(BR(0)) + ‖w0‖L2(BR(0)). ✭✷✳✸✵✮

✹✾



❚❤✉s✱ ❢r♦♠ t❤❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈ ❊♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t w0 ✐s ♥♦♥✲

tr✐✈✐❛❧✳

❚♦ ✜♥❛❧✐③❡✱ ♥♦t✐❝❡ t❤❛t ✐❢ u ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭P0✮✱ s✐♥❝❡ f0(x, s) = 0 ❢♦r ❛❧❧

s ≤ 0 ❛♥❞ I ′0(u)v = 0 ❢♦r ❛❧❧ v ∈ X0✱ ❝❤♦♦s✐♥❣ t❤❡ t❡st ❢✉♥❝t✐♦♥ v = −u−✱ ❜② ✉s✐♥❣

t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② |u−(x) − u−(y)|2 ≤ (u(x) − u(y))(u−(y) − u−(x)) ✇❡ ❣❡t t❤❛t

‖u−‖X0 ≤ 0✳ ❚❤✉s✱ u ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠

✷✳✶✳

❊①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❛s②♠♣t♦t✐❝❛❧❧② ♣❡r✐♦❞✐❝

♣r♦❜❧❡♠

■♥ ♦r❞❡r t♦ ✜♥❞ ❛ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥ ❢♦r ✭P ✮✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥❛❧

I : X1 → R ❣✐✈❡♥ ❜②

I(u) =
1

2
‖u‖2X1

−

∫

R

F (x, u) dx.

❙✐♠✐❧❛r❧② t♦ ❙❡❝t✐♦♥ ✷ ✇❡ ❝❛♥ s❡❡ t❤❛t I ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ❜② ✉s✐♥❣ st❛♥❞❛r❞

❛r❣✉♠❡♥ts I ∈ C1(X1,R)✱ s❡❡ ❆♣♣❡♥❞✐① ❆✱ ✇✐t❤

I ′(u)φ =
1

2π

∫

R2

(u(x)− u(y))(φ(x)− φ(y))

|x− y|2
dx dy +

∫

R

V (x)uφ dx−

∫

R

f(x, u)φ dx,

❢♦r ❛❧❧ φ ∈ X1✳ ❚❤✉s✱ ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ I ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭P ✮ ❛♥❞ r❡❝✐♣r♦❝❛❧❧②✳

▼♦r❡♦✈❡r✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ I ❤❛s t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠✱ t❤❛t ✐s✱

▲❡♠♠❛ ✷✳✶✺✳ ■❢ (f2)− (f3) ❤♦❧❞✱ t❤❡♥

✭✐✮ t❤❡r❡ ❡①✐st σ1, ρ1 > 0 s✉❝❤ t❤❛t I (u) ≥ σ1 ✐❢ ‖u‖X1 = ρ1❀

✭✐✐✮ t❤❡r❡ ❡①✐sts e1 ∈ X1✱ ✇✐t❤ ‖e1‖X1 > ρ1✱ s✉❝❤ t❤❛t I(e1) < 0✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✷✳✶✺✱ t❤❡ ♠✐♥✐♠❛① ❧❡✈❡❧

c1 := inf
γ∈Γ

max
t∈[0,1]

I(γ(t))

✐s ♣♦s✐t✐✈❡✱ ✇❤❡r❡ Γ = {γ ∈ C([0, 1], X1) : γ(0) = 0 ❛♥❞ γ(1) = e1}✳

▼♦r❡♦✈❡r✱ ❜② ❛♣♣❧②✐♥❣ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠ ✇✐t❤♦✉t t❤❡ (PS) ❝♦♥❞✐t✐♦♥

✭s❡❡ ❬✸✼✱ ❚❤❡♦r❡♠ ✹✳✸❪✮✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (vk) ⊂ X1 s✉❝❤ t❤❛t I(vk) → c1 ❛♥❞

I ′(vk) → 0✳ ❯s✐♥❣ t❤❡ ❛r❣✉♠❡♥ts ❛s ✐♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

✺✵



▲❡♠♠❛ ✷✳✶✻✳ ■❢ (f2)− (f3) ❤♦❧❞✱ t❤❡♥

✭✐✮ (vk) ✐s ❛ ❜♦✉♥❞❡❞ s❡q✉❡♥❝❡ ✐♥ X1❀

✭✐✐✮

∫

R

(eα0βv2k − 1) dx ≤ C ❢♦r β > 1 s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ 1❀

✭✐✐✐✮ vk ⇀ v0 ✐♥ X1 ❛♥❞ v0 ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ ❢✉♥❝t✐♦♥❛❧ I✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷

❲❡ ✇✐❧❧ ✇♦r❦ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❛t v0 ✐s ♥♦♥tr✐✈✐❛❧✳ ❆ss✉♠❡✱ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱

t❤❛t v0 ✐s tr✐✈✐❛❧✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✿

▲❡♠♠❛ ✷✳✶✼✳ ■❢ (V1)✱ (f0,1)− (f0,2) ❛♥❞ (f1)− (f3) ❤♦❧❞✱ t❤❡♥ ❛s k → ∞

✭✐✮

∫

R

[f0(x, vk)− f(x, vk)]vk dx→ 0❀

✭✐✐✮

∫

R

[F0(x, vk)− F (x, vk)] dx→ 0❀

✭✐✐✐✮

∫

R

[V0(x)− V (x)]v2k dx→ 0✳

Pr♦♦❢✳ ❇② ❝♦♥❞✐t✐♦♥ (f1)✱ ❣✐✈❡♥ ε > 0 t❤❡r❡ ❡①✐sts η > 0 s✉❝❤ t❤❛t
∫

|x|≥η

|f(x, vk)− f0(x, vk)||vk| dx ≤ ε

∫

|x|≥η

(eα0v2k − 1)|vk| dx.

❍❡♥❝❡✱ ❢r♦♠ ✭✷✳✶✼✮ ❛♥❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ✇✐t❤ 1/τ + 1/τ ′ = 1 s✉❝❤ t❤❛t τ > 1 ❛♥❞

τ ′ > 2✱ ✇❡ ❣❡t

∫

|x|≥η

|f(x, vk)− f0(x, vk)||vk| dx ≤ ε



∫

R

(eα0v2k − 1)τ dx




1/τ 

∫

R

|vk|
τ ′ dx




1/τ ′

≤ ε



∫

R

(eα0τv2k − 1) dx




1/τ 

∫

R

|vk|
τ ′ dx




1/τ ′

.

❇② ▲❡♠♠❛ ✷✳✶✻ ✭✐✮✱✭✐✐✮✱ ✇❡ ♦❜t❛✐♥
∫

|x|≥η

|f(x, vk)− f0(x, vk)||vk| dx ≤ Cε. ✭✷✳✸✶✮

✺✶



❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉s✐♥❣ ❝♦♥❞✐t✐♦♥s (f0,1)✱ (f2) ❛♥❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ✇❡ r❡❛❝❤

∫

|x|≤η

|f(x, vk)−f0(x, vk)||vk| dx ≤ 2ε‖vk‖
2
2+2Cε



∫

R

(eα0τv2k − 1) dx



1/τ



∫

|x|≤η

|vk|
τ ′ dx




1/τ ′

.

❋r♦♠ t❤❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈ ❊♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠ ✇❡ ❤❛✈❡ t❤❛t✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱

‖vk‖Lτ ′ (Bη)
→ 0✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ‖vk‖2 ≤ C✱ ✇❡ ♦❜t❛✐♥

∫

|x|≤η

|f(x, vk)− f0(x, vk)||vk| dx→ 0, ❛s k → ∞.

❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ✭✷✳✸✶✮✱ ✇❡ ♦❜t❛✐♥
∫

R

|[f0(x, vk)− f(x, vk)]vk| dx→ 0, ❛s k → ∞.

❯s✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥s (f1)− (f3)✱ ✇❡ ❤❛✈❡ t❤❛t
∫

R

|F0(x, vk)− F (x, vk)| dx ≤ C

∫

R

|[f0(x, vk)− f(x, vk)]||vk| dx→ 0.

❋♦r ❧❛st ❝♦♥✈❡r❣❡♥❝❡✱ ♥♦t❡ t❤❛t

0 ≤

∫

R

[V0(x)− V (x)]v2k dx ≤ C

∫

|x|≤R

v2k dx+

∫

|x|>R

[V0(x)− V (x)]v2k dx.

❇② (V1)✱ ❣✐✈❡♥ ε > 0✱ t❤❡r❡ ❡①✐sts R > 0 s✉✣❝✐❡♥t❧② ❧❛r❣❡ s✉❝❤ t❤❛t [V0(x)− V (x)] < ε

❢♦r |x| > R✱ t❤❡♥
∫

R

[V0(x)− V (x)]v2k dx ≤ C

∫

|x|≤R

v2k dx+ ε

∫

|x|>R

v2k dx.

❋r♦♠ t❤❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈ ❊♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠ ✇❡ ❤❛✈❡ t❤❛t✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱

‖vk‖L2(BR) → 0✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ ‖vk‖2 ≤ C✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

∫

R

[V0(x)− V (x)]v2k dx→ 0, ❛s k → ∞.

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✷✳✶✼✱ ✐t ❢♦❧❧♦✇s t❤❛t

|I0(vk)− I(vk)| → 0 ❛♥❞ ‖I ′0(vk)− I ′(vk)‖∗ → 0, ❛s k → ∞.

✺✷



❍❡♥❝❡✱

I0(vk) → c1 ❛♥❞ I ′0(vk) → 0, ❛s k → ∞.

❙✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✱ t❤❡r❡ ❡①✐st (yk) ⊂ Z ❛♥❞ R, a > 0 s✉❝❤ t❤❛t

lim inf
k→+∞

sup
yk∈R

∫

BR(yk)

|vk|
2 dx > a.

❈♦♥s✐❞❡r wk(x) = vk(x−yk)✱ s✐♥❝❡ V0(x), f0(x, s) ❛♥❞ F0(x, s) ❛r❡ 1−♣❡r✐♦❞✐❝ ❢✉♥❝t✐♦♥s

✐♥ x✱ ✇❡ ❣❡t

‖vk‖X0 = ‖wk‖X0 , I0(vk) = I0(wk) ❛♥❞ I ′0(wk) → 0.

❚❤❡♥✱ t❤❡r❡ ❡①✐sts w0 ∈ X0 s✉❝❤ t❤❛t wk ⇀ w0 ✐♥ X0 ❛♥❞ I ′0(w0) = 0✳ ▼♦r❡♦✈❡r✱

I0(w0) ≤ c1✱ ✐♥❞❡❡❞ ✉s✐♥❣ ❋❛t♦✉✬s ❧❡♠♠❛ ✇❡ ❤❛✈❡

I0(w0) = I0(w0)−
1

2
I ′0(w0)w0

=
1

2

∫

R

[f0(x, w0)w0 − 2F0(x, w0)] dx

≤ lim inf
k→+∞

1

2

∫

R

[f0(x, wk)wk − 2F0(x, wk)] dx

= lim
k→+∞

[I0(wk)−
1

2
I ′0(wk)wk] = c1.

❆r❣✉✐♥❣ ❛s ✐♥ ✭✷✳✸✵✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t w0 ✐s ♥♦♥tr✐✈✐❛❧✳ ◆♦✇✱ ❜② (f0,3)✱ ✇❡ ❤❛✈❡ t❤❛t

max{I0(tw0) : t ≥ 0} ✐s ✉♥✐q✉❡ ❛♥❞ t❤❡♥

c0 ≤ max
t≥0

I0(tw0) = I0(w0) ≤ c1. ✭✷✳✸✷✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❝♦♥s✐❞❡r✐♥❣ u0 t❤❡ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✷✳✶✱ ❢r♦♠ (V1)✱

(f1)✱ (f5)✱ (f4) ❛♥❞ (f0,3)✱ ✇❡ ❤❛✈❡

c1 ≤ max
t≥0

I(tu0) = I(t1u0) < I0(t1u0) ≤ max
t≥0

I0(tu0) = I0(u0) = c0,

t❤❛t ✐s✱ c1 < c0✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ✭✷✳✸✷✮✳ ❚❤❡r❡❢♦r❡✱ v0 ✐s ♥♦♥tr✐✈✐❛❧✳

❚♦ ✜♥❛❧✐③❡✱ ♥♦t✐❝❡ t❤❛t ✐❢ u ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭P ✮✱ s✐♥❝❡ f(x, s) = 0 ❢♦r ❛❧❧

s ≤ 0 ❛♥❞ I ′(u)v = 0 ❢♦r ❛❧❧ v ∈ X1✱ ❝❤♦♦s✐♥❣ t❤❡ t❡st ❢✉♥❝t✐♦♥ v = −u− ❛♥❞ ❜② ✉s✐♥❣

t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② |u−(x) − u−(y)|2 ≤ (u(x) − u(y))(u−(y) − u−(x)) ✇❡ ❣❡t t❤❛t

‖u−‖X1 ≤ 0✳ ❚❤✉s✱ u ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠

✷✳✷✳

✺✸



❈❤❛♣t❡r ✸

❆ ❝❧❛ss ♦❢ ❛s②♠♣t♦t✐❝❛❧❧② ♣❡r✐♦❞✐❝

❢r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s ✇✐t❤

❙♦❜♦❧❡✈ ❝r✐t✐❝❛❧ ❣r♦✇t❤

■♥ t❤✐s ❝❤❛♣t❡r ✇❡ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r ❬✶✻❪✱ ❤❡r❡ ✇❡ st✉❞② ❛ ❝❧❛ss ♦❢

❢r❛❝t✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠

(−∆)αu+ V (x)u = |u|2
∗
α−2u+ g(x, u), ✐♥ R

N ,

✇❤❡r❡ 0 < α < 1✱ 2α < N ✱ 2∗α = 2N/(N − 2α) ✐s t❤❡ ❝r✐t✐❝❛❧ ❙♦❜♦❧❡✈ ❡①♣♦♥❡♥t✱

V : RN → R ✐s ❛ ♣♦s✐t✐✈❡ ♣♦t❡♥t✐❛❧ ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ③❡r♦✱ ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r✐t②

g : RN × R → R ❜❡❤❛✈❡s ❧✐❦❡ |u|q−1 ❛t ✐♥✜♥✐t② ❢♦r s♦♠❡ 2 < q < 2∗α✱ ❛♥❞ ❞♦❡s ♥♦t

s❛t✐s❢② t❤❡ ✉s✉❛❧ ❆♠❜r♦s❡tt✐✕❘❛❜✐♥♦✇✐t③ ❝♦♥❞✐t✐♦♥✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧

V (x) ❛♥❞ t❤❡ ♥♦♥❧✐♥❡❛r✐t② g(x, u) ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ♣❡r✐♦❞✐❝ ❛t ✐♥✜♥✐t②✳ ❲❡ ♣r♦✈❡

t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st ♦♥❡ ♥♦♥♥❡❣❛t✐✈❡ ✇❡❛❦ s♦❧✉t✐♦♥ u ∈ Hα(RN) ❜② ❝♦♠❜✐♥✐♥❣ ❛

✈❡rs✐♦♥ ♦❢ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠ ❛♥❞ ❛ ✈❡rs✐♦♥ ♦❢ ❈♦♥❝❡♥tr❛t✐♦♥✲❈♦♠♣❛❝t♥❡ss

Pr✐♥❝✐♣❧❡ ❞✉❡ t♦ ▲✐♦♥s✳

▼♦t✐✈❛t✐♦♥ ❛♥❞ ♠❛✐♥ r❡s✉❧ts

❖✉r ♠❛✐♥ ❣♦❛❧ ✐s t♦ ❡st❛❜❧✐s❤✱ ✉♥❞❡r ❛♥ ❛s②♠♣t♦t✐❝ ♣❡r✐♦❞✐❝✐t② ❝♦♥❞✐t✐♦♥ ❛t ✐♥✜✲

♥✐t②✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❝r✐t✐❝❛❧ ♣r♦❜❧❡♠

(−∆)αu+ V (x)u = |u|2
∗
α−2u+ g(x, u), x ∈ R

N , ✭✸✳✶✮

✺✹



✇❤❡r❡ 0 < α < 1✱ N > 2α✱ V : RN → R ❛♥❞ g : RN ×R → R ❛r❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✳

❈♦♥s✐❞❡r✐♥❣ F := {h ∈ C(RN) ∩ L∞(RN); ∀ε > 0, |{x ∈ RN : |h(x)| ≥ ε}| < ∞},

✇❡ ❛ss✉♠❡ t❤❛t V s❛t✐s✜❡s

(V ) t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t a0 > 0 ❛♥❞ ❛ ❢✉♥❝t✐♦♥ V0 ∈ C(RN)✱ 1−♣❡r✐♦❞✐❝ ✐♥ xi✱

1 ≤ i ≤ N ✱ s✉❝❤ t❤❛t V0 − V ∈ F ❛♥❞

V0(x) ≥ V (x) ≥ a0 > 0, ❢♦r ❛❧❧ x ∈ R
N .

❈♦♥s✐❞❡r✐♥❣ G(x, s) =
s∫
0

g(x, t) dt✱ t❤❡ ♣r✐♠✐t✐✈❡ ♦❢ g✱ ✇❡ ❛❧s♦ s✉♣♣♦s❡ t❤❡ ❢♦❧❧♦✇✲

✐♥❣ ❤②♣♦t❤❡s❡s✿

(g1) g(x, s) = o(|s|)✱ ❛s s→ 0+✱ ✉♥✐❢♦r♠❧② ✐♥ RN ❀

(g2) t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts a1, a2 > 0 ❛♥❞ 2 < q1 < 2∗α s✉❝❤ t❤❛t

|g(x, s)| ≤ a1 + a2|s|
q1−1, ❢♦r ❛❧❧ (x, s) ∈ R

N × [0,+∞);

(g3) t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t 2 ≤ q2 < 2∗α ❛♥❞ ❢✉♥❝t✐♦♥s h1 ∈ L1(RN)✱ h2 ∈ F s✉❝❤ t❤❛t

1

2
g(x, s)s−G(x, s) ≥ −h1(x)− h2(x)s

q2 , ❢♦r ❛❧❧ (x, s) ∈ R
N × [0,+∞).

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s (g1) ❛♥❞ (g2) ❛❧❧♦✇ ✉s t♦ ❡♠♣❧♦② ✈❛r✐❛t✐♦♥❛❧ ♠❡✲

t❤♦❞s t♦ st✉❞② ♣r♦❜❧❡♠ ✭✸✳✶✮ ❛♥❞ t♦ ✈❡r✐❢② t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥❛❧ ❤❛s ❛ ❧♦❝❛❧

♠✐♥✐♠✉♠ ❛t t❤❡ ♦r✐❣✐♥✳ ▼♦r❡♦✈❡r✱ ♥♦t❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ (g2) ✐♠♣♦s❡s ❛ s✉❜❝r✐t✐❝❛❧

❣r♦✇t❤ ♦♥ g✳ ❯♥❞❡r t❤❡ ❛❜♦✈❡ ❤②♣♦t❤❡s❡s✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥❛❧ ❞♦❡s ♥♦t s❛t✐s❢② ❛

❝♦♠♣❛❝t♥❡ss ❝♦♥❞✐t✐♦♥ ♦❢ P❛❧❛✐s✲❙♠❛❧❡ t②♣❡ s✐♥❝❡ t❤❡ t❡r♠ |u|2
∗
α−2u ✐s ❝r✐t✐❝❛❧ ❛♥❞ t❤❡

❞♦♠❛✐♥ ✐s ❛❧❧ RN ✳

❚❤❡ ❛s②♠♣t♦t✐❝ ♣❡r✐♦❞✐❝✐t② ♦❢ g ❛t ✐♥✜♥✐t② ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥✿

(g4) t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t 2 ≤ q3 ≤ 2∗α − 1 ❛♥❞ ❢✉♥❝t✐♦♥s h3 ∈ F ✱ g0 ∈ C(RN ×

R, [0,+∞))✱ 1✲♣❡r✐♦❞✐❝ ✐♥ xi✱ 1 ≤ i ≤ N ✱ s✉❝❤ t❤❛t✿

(i) G(x, s) ≥ G0(x, s) =
s∫
0

g0(x, t) dt✱ ❢♦r ❛❧❧ (x, s) ∈ RN × [0,+∞);

(ii) |g(x, s)− g0(x, s)| ≤ h3(x)|s|
q3−1✱ ❢♦r ❛❧❧ (x, s) ∈ RN × [0,+∞);

(iii) t❤❡ ❢✉♥❝t✐♦♥ g0(x, s)/s ✐s ♥♦♥❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ ✈❛r✐❛❜❧❡ s > 0✱ ❢♦r ❡❛❝❤

x ∈ RN ✳

✺✺



❋✐♥❛❧❧②✱ ✇❡ ❛❧s♦ s✉♣♣♦s❡ t❤❛t g s❛t✐s✜❡s✿

(g5) t❤❡r❡ ❡①✐st ❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ s❡t Ω ⊂ RN ✱ 2 < p < 2∗α ❛♥❞ C0 > 0 s✉❝❤ t❤❛t

(i)
G(x, s)

sp
→ +∞✱ ❛s s→ +∞✱ ✉♥✐❢♦r♠❧② ✐♥ Ω✱ ✐❢ N ≥ 4α❀

(ii)
G(x, s)

sp
→ +∞✱ ❛s s → +∞✱ ✉♥✐❢♦r♠❧② ✐♥ Ω✱ ✐❢ 2α < N < 4α ❛♥❞ 4α

N−2α
<

p < 2∗α❀

(iii) G(x, s) ≥ C0s
p ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ RN ✱ ✐❢ 2α < N < 4α ❛♥❞ 2 < p < 4α

N−2α
✳

◆♦✇✱ ✇❡ ♠❛② st❛t❡ ♦✉r ♠❛✐♥ r❡s✉❧t✳

❚❤❡♦r❡♠ ✸✳✶✳ ❆ss✉♠❡ (V )✱ (g1)−(g5) ❛♥❞ t❤❛t ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❤♦❧❞s✿

✭✶✮ N ≥ 4α ❛♥❞ 2 < p < 2∗α

✭✷✮ 2α < N < 4α ❛♥❞ 4α
N−2α

< p < 2∗α

✭✸✮ 2α < N < 4α ❛♥❞ 2 < p < 4α
N−2α

✱ ✇✐t❤ C0 ❧❛r❣❡ ❡♥♦✉❣❤✳

❚❤❡♥✱ ♣r♦❜❧❡♠ ✭✸✳✶✮ ❤❛s ❛ ♥♦♥♥❡❣❛t✐✈❡ ♥♦♥tr✐✈✐❛❧ ✇❡❛❦ s♦❧✉t✐♦♥✳

❲❡ ♦❜s❡r✈❡ t❤❛t ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡✿ V = V0✱ g = g0✱ ❚❤❡♦r❡♠ ✸✳✶✱ ❝❧❡❛r❧②✱

❣✐✈❡s ✉s ❛ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣❡r✐♦❞✐❝ ♣r♦❜❧❡♠✳ ❆❝t✉❛❧❧②✱ t❤❡ ❝♦♥❞✐t✐♦♥ (g4)(iii) ✐s ♥♦t

♥❡❝❡ss❛r② ✇❤❡♥ ✇❡ ❧♦♦❦ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣❡r✐♦❞✐❝ ♣r♦❜❧❡♠✳ ▼♦r❡

s♣❡❝✐✜❝❛❧❧②✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣r♦❜❧❡♠

(−∆)αu+ V0(x)u = |u|2
∗
α−2u+ g0(x, u), x ∈ R

N , ✭✸✳✷✮

✉♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s✿

(V0) t❤❡ ❢✉♥❝t✐♦♥ V0 ∈ C(RN) ✐s 1✲♣❡r✐♦❞✐❝ ✐♥ xi✱ 1 ≤ i ≤ N ✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛

❝♦♥st❛♥t a0 > 0 s✉❝❤ t❤❛t

V0(x) ≥ a0 > 0, ❢♦r ❛❧❧ ∈ R
N ;

❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ g0 s❛t✐s✜❡s (g1)− (g3) ❛♥❞ (g5)✱ ✇❡ ♠❛② st❛t❡✿

❚❤❡♦r❡♠ ✸✳✷✳ ❆ss✉♠❡ (V0)✱ (g1)− (g3)✱ (g5) ❛♥❞ t❤❛t ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts

❤♦❧❞s✿

✭✶✮ N ≥ 4α ❛♥❞ 2 < p < 2∗α

✺✻



✭✷✮ 2α < N < 4α ❛♥❞ 4α
N−2α

< p < 2∗α

✭✸✮ 2α < N < 4α ❛♥❞ 2 < p < 4α
N−2α

✱ ✇✐t❤ C0 ❧❛r❣❡ ❡♥♦✉❣❤✳

❚❤❡♥✱ ♣r♦❜❧❡♠ ✭✸✳✷✮ ❤❛s ❛ ♥♦♥♥❡❣❛t✐✈❡ ♥♦♥tr✐✈✐❛❧ ✇❡❛❦ s♦❧✉t✐♦♥✳

❚❤❡ ✭❆❘✮ ❝♦♥❞✐t✐♦♥ ❤❛s ❛♣♣❡❛r❡❞ ✐♥ ♠♦st ♦❢ t❤❡ st✉❞✐❡s ❢♦r s✉♣❡r❧✐♥❡❛r ♣r♦❜❧❡♠s

❛♥❞ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ st✉❞②✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥s ♦❢ ♠❛♥②

♥♦♥❧✐♥❡❛r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✳ ❙✐♥❝❡ ❆♠❜r♦s❡tt✐ ❛♥❞ ❘❛❜✐♥♦✇✐t③ ♣r♦♣♦s❡❞ t❤❡ ▼♦✉♥t❛✐♥

P❛ss ❚❤❡♦r❡♠ ✐♥ t❤❡✐r ❝❡❧❡❜r❛t❡❞ ♣❛♣❡r ❬✷❪✱ t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t t❤❡♦r② ❤❛s ❜❡❝♦♠❡ ♦♥❡

♦❢ t❤❡ ♠❛✐♥ t♦♦❧s ❢♦r ✜♥❞✐♥❣ s♦❧✉t✐♦♥s t♦ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s ♦❢ ✈❛r✐❛t✐♦♥❛❧ t②♣❡✳ ■♥

t❤❡ s✉❜❝r✐t✐❝❛❧ ❝❛s❡✱ t❤❡ ✭❆❘✮ ❝♦♥❞✐t✐♦♥ ❡♥s✉r❡s t❤❛t t❤❡ ❊✉❧❡r✕▲❛❣r❛♥❣❡ ❢✉♥❝t✐♦♥❛❧

❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ✭✸✳✶✮✲ t②♣❡ ♣r♦❜❧❡♠ ❤❛s ❛ ♠♦✉♥t❛✐♥ ♣❛ss ❣❡♦♠❡tr② ❛♥❞ ❛❧s♦ ❣✉❛r❛♥t❡❡s

t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ P❛❧❛✐s✕❙♠❛❧❡ s❡q✉❡♥❝❡✱ s♦ ✇❡ ❝❛♥ ❣❡t t❤❡ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥

❜② ✉s✐♥❣ s✉✐t❛❜❧❡ ✈❡rs✐♦♥s ♦❢ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡r❡ ❛r❡ ♠❛♥② ❝❛s❡s ✇❤❡r❡ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠ ❞♦❡s ♥♦t

s❛t✐s❢② t❤❡ ✭❆❘✮ ❝♦♥❞✐t✐♦♥ ✭s❡❡ ❘❡♠❛r❦ ✸✳✸✮✳ ❚❤✉s ✐t ❜❡❝♦♠❡s ✐♥t❡r❡st✐♥❣ t♦ ❦♥♦✇ ✐❢

❛ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥ ❡①✐sts ✐♥ s✉❝❤ s✐t✉❛t✐♦♥s✳ ❲❤❡♥ α = 1✱ ❝♦♥❞✐t✐♦♥s ✇❡❛❦❡r t❤❛♥

✭❆❘✮ ✇❡r❡ ✉s❡❞ ✜rst ✐♥ ❬✶✷✱ ✷✼✱ ✸✻❪✳ ■♥ t❤❡ ❝❛s❡ 0 < α < 1✱ ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ♠❡♥t✐♦♥

t✇♦ ✇♦r❦s✱ ♦♥❡ ❜② ❈❤❛♥❣ ❛♥❞ ❲❛♥❣ ❬✶✵❪ ❛♥❞ ❛ ♣❛♣❡r ❜② ❏✳ ▼✳ ❞♦ Ó ❡t ❛❧✳ ❬✷✶❪✳

▼♦t✐✈❛t❡❞ ❜② t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ♣❛♣❡rs ❛♥❞ ❜② ▲✐♥s ❛♥❞ ❙✐❧✈❛ ❬✸✸❪✱ ✇❡ st✉❞② t❤❡

❡①✐st❡♥❝❡ ♦❢ ❛ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✸✳✶✮ ✇❤❡r❡ t❤❡ s✉❜❝r✐t✐❝❛❧ ♣❡rt✉r❜❛t✐♦♥

g(x, u) ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ✭❆❘✮ ❝♦♥❞✐t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧

V (x) ❛♥❞ g(x, u) ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ♣❡r✐♦❞✐❝ ❛t ✐♥✜♥✐t② ✐♥ x✳ ■♥ t❤✐s s❡♥s❡ ♦✉r r❡s✉❧ts

❝♦♠♣❧❡♠❡♥t t❤❡ st✉❞② ♠❛❞❡ ✐♥ ❬✶✵✱✷✶✱✹✸❪✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛❧s♦ ❝♦♠♣❧❡♠❡♥t ❬✶✵✱✶✶✱✶✽✱✹✶❪

✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧ V (x) ❜❡❧♦♥❣s t♦ ❛ ❞✐✛❡r❡♥t ❝❧❛ss ❢r♦♠ t❤♦s❡ tr❡❛t❡❞ ❜②

t❤❡♠✳

❘❡♠❛r❦ ✸✳✸✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ♣♦t❡♥t✐❛❧ V (x) s❛t✐s❢②✐♥❣ t❤❡ ❤②♣♦t❤❡s✐s (V ) ✐s ❣✐✈❡♥ ❜②

V (x) = e−1/(|x|+1)✱ ✇❤❡r❡ a0 = e−1 ❛♥❞ V0 ≡ 1✱ ❛♥❞ ✐❢ α = 1/2 ❛♥❞ N = 2✱ ❛♥ ❡①❛♠♣❧❡

♦❢ ♥♦♥❧✐♥❡❛r✐t② g(x, s)✱ s❛t✐s❢②✐♥❣ t❤❡ ❤②♣♦t❤❡s❡s (g1)− (g5)✱ ✐s ❣✐✈❡♥ ❜②

g(x, s) =





(
1 +

1

|x|+ 1

)
g0(x, s), ✐❢ s > 0,

0, ✐❢ s ≤ 0,

✺✼



✇❤❡r❡ g0 : R2 × R → [0,+∞) ✐s ❞❡✜♥❡❞ ❜②

g0(x, s) =




̺1(x)s ln (s+ 1) + ̺2(x)s

2, ✐❢ (x, s) ∈ R2 × [0,+∞),

0, ✐❢ (x, s) ∈ R2 × (−∞, 0),

✇❤❡r❡ ̺i : R2 → [0, 2] ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ ̺i 6= 0✱ 1✲♣❡r✐♦❞✐❝ ✐♥ xi✱ ✇✐t❤ i ∈ {1, 2}✳

▼♦r❡♦✈❡r✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t supp(̺1) ∩ supp(̺2) = ∅ ❛♥❞ t❤❛t B1 ⊂ supp(̺2)✳ ◆♦t❡

t❤❛t g ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ✭❆❘✮ ❝♦♥❞✐t✐♦♥ ✭s❡❡ ❞❡t❛✐❧s ✐♥ ❆♣♣❡♥❞✐① ❆✮✳

❚❤❡ ♦✉t❧✐♥❡ ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ❛s ❢♦❧❧♦✇s✿ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ♥♦t❛t✐♦♥s

❛♥❞ ❞❡✜♥✐t✐♦♥s ❛❜♦✉t t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r✱ ❛♥❞ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✈❛r✐❛✲

t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ❛ss♦❝✐❛t❡❞ t♦ Pr♦❜❧❡♠s ✭✸✳✶✮ ❛♥❞ ✭✸✳✷✮✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ♣r❡s❡♥t s♦♠❡

❛✉①✐❧✐❛r② r❡s✉❧ts ✇❤✐❝❤ ❛r❡ ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ♦✉r r❡s✉❧ts✱ ✇❡ ✈❡r✐❢② t❤❡ ❣❡♦♠❡tr✐❝

❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠ ❛♥❞ ✇❡ ♣r❡s❡♥t s♦♠❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡

❜❡❤❛✈✐♦r ♦❢ t❤❡ ❈❡r❛♠✐ s❡q✉❡♥❝❡s✳ ■♥ ❙❡❝t✐♦♥ ✹ ✇❡ st✉❞② t❤❡ ♠✐♥✐♠❛① ❧❡✈❡❧✳ ■♥ ❙❡❝t✐♦♥

✺ ✇❡ ♣r♦✈❡ s♦♠❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts ❛♥❞✱ ✜♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✻ ❛♥❞ ❙❡❝t✐♦♥ ✼✱ ✇❡ ♣r♦✈❡

❚❤❡♦r❡♠s ✸✳✷ ❛♥❞ ✸✳✶✳

◆♦t❛t✐♦♥s✱ ❞❡✜♥✐t✐♦♥s ❛♥❞ ✈❛r✐❛t✐♦♥❛❧ s❡tt✐♥❣

❆s s❡❡♥ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ t❤❡ ♦♣❡r❛t♦r (−∆)α ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❬✶✼✱ ▲❡♠♠❛

✸✳✷❪ ❛s

(−∆)αu(x) = −
1

2
C(N,α)

∫

RN

u(x+ z) + u(x− z)− 2u(x)

|z|N+2α
dz, ✭✸✳✸✮

✇❤❡r❡

C(N,α) =




∫

RN

1− cos(ζ1)

|ζ|N+2α
dζ




−1

, ζ = (ζ1, ζ2, · · ·, ζN).

❍♦✇❡✈❡r✱ t❤❡r❡ ✐s ❛♥♦t❤❡r ✇❛② t♦ ❞❡✜♥❡ t❤✐s ♦♣❡r❛t♦r✳ ■♥ ❢❛❝t✱ ✇❤❡♥ α = 1/2

t❤❡r❡ ✐s ❛♥ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❤❛❧❢✲▲❛♣❧❛❝✐❛♥ ❛❝t✐♥❣ ♦♥ ❛ ❢✉♥❝t✐♦♥ u ✐♥ t❤❡

✇❤♦❧❡ s♣❛❝❡ RN ✱ ❛s t❤❡ ♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ ✐ts ❤❛r♠♦♥✐❝ ❡①t❡♥s✐♦♥

t♦ t❤❡ ✉♣♣❡r ❤❛❧❢✲s♣❛❝❡ R
N+1
+ = {(x, y) ∈ RN+1 : y > 0}✱ t❤❡ s♦✲❝❛❧❧❡❞ ❉✐r✐❝❤❧❡t t♦

◆❡✉♠❛♥♥ ♦♣❡r❛t♦r✳ ❚❤❡ α ❞❡r✐✈❛t✐✈❡ (−∆)α ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✱

❞❡✜♥✐♥❣ t❤❡ α−❤❛r♠♦♥✐❝ ❡①t❡♥s✐♦♥ t♦ t❤❡ ✉♣♣❡r ❤❛❧❢✲s♣❛❝❡✱ s❡❡ ❬✾❪ ❛♥❞ ✭✸✳✺✮✲✭✸✳✻✮ ❢♦r

❞❡t❛✐❧s✳ ❚❤✐s ❡①t❡♥s✐♦♥ ✐s ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ t❤❡ r❡❝❡♥t ❧✐t❡r❛t✉r❡ s✐♥❝❡ ✐t ❛❧❧♦✇s t♦ ✇r✐t❡

✺✽



♥♦♥❧♦❝❛❧ ♣r♦❜❧❡♠s ✐♥ ❛ ❧♦❝❛❧ ✇❛② ❛♥❞ t❤✐s ♣❡r♠✐ts t♦ ✉s❡ t❤❡ ✈❛r✐❛t✐♦♥❛❧ t❡❝❤♥✐q✉❡s ❢♦r

t❤❡s❡ ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ♥♦♥❧♦❝❛❧ ❝❛s❡ ✐♥ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥✱ ✇❡ ✇♦✉❧❞

❧✐❦❡ t♦ ♠❡♥t✐♦♥ t✇♦ ✇♦r❦s✱ ♦♥❡ ❜② ❇❛rr✐♦s ❡t ❛❧✳ ❬✸❪✱ ❛♥❞ ❛ ♣❛♣❡r ❜② ❇r❛♥❞❧❡ ❡t ❛❧✳ ❬✻❪✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ♦✉r r❡s✉❧ts✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡s Hα(RN) ❛♥❞ X2α(RN+1
+ )

❞❡✜♥❡❞ ❛s t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ C∞
0 (RN) ❛♥❞ C∞

0 (RN+1
+ )✱ r❡s♣❡❝t✐✈❡❧②✱ ✉♥❞❡r t❤❡ ♥♦r♠s

‖u‖2Hα :=

∫

RN

|2πξ|2α|û(ξ)|2dξ =

∫

RN

|(−∆)α/2u|2dx,

‖w‖2X2α :=

∫

R
N+1
+

κα y
1−2α|∇w|2dxdy,

✇❤❡r❡ κα = 21−2αΓ(1− α)/Γ(α)✳

❚❤❡ ❡①t❡♥s✐♦♥ ♦♣❡r❛t♦r E2α : Hα(RN) → X2α(RN+1
+ ) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✭s❡❡ ❬✻✱

▲❡♠♠❛s ✷✳✷ ❛♥❞ ✷✳✸❪✮✳ ❋♦r φ ∈ X2α(RN+1
+ )✱ ❧❡t ✉s ❞❡♥♦t❡ ✐ts tr❛❝❡ ♦♥ RN ×{y = 0} ❛s

φ(x, 0)✳ ❚❤✐s tr❛❝❡ ♦♣❡r❛t♦r ✐s ❛❧s♦ ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ✐t ✇❛s ♣r♦✈❡❞ ✐♥ ❬✻✱ ▲❡♠♠❛s ✷✳✷

❛♥❞ ✷✳✸❪ t❤❛t

‖φ(·, 0)‖Hα(RN ) ≤ κ−1/2
α ‖φ‖X2α(RN+1

+ ). ✭✸✳✹✮

❋♦r u ∈ Hα(RN)✱ ✇❡ s❛② t❤❛t w = E2α(u) ✐s t❤❡ α−❤❛r♠♦♥✐❝ ❡①t❡♥s✐♦♥ ♦❢ u t♦

t❤❡ ✉♣♣❡r ❤❛❧❢✲s♣❛❝❡✱ RN+1
+ ✱ ✐❢ w ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠




−div(y1−2α∇w) = 0 ✐♥ R
N+1
+ ,

w = u ✐♥ RN × {0}.
✭✸✳✺✮

■♥ ❬✾❪ ✐t ✐s ♣r♦✈❡❞ t❤❛t

lim
y→0+

y1−2αwy(x, y) = −
1

κα
(−∆)αu(x). ✭✸✳✻✮

❆s ✇❡ ♣♦✐♥t❡❞ ♦✉t ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤✐s s❡❝t✐♦♥✱ ✐❞❡♥t✐t② ✭✸✳✻✮ ❛❧❧♦✇s t♦ ❢♦r♠✉✲

❧❛t❡ ♥♦♥❧♦❝❛❧ ♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ t❤❡ ❢r❛❝t✐♦♥❛❧ ♣♦✇❡rs ♦❢ t❤❡ ▲❛♣❧❛❝✐❛♥ ✐♥ RN ❛s ❧♦❝❛❧

♣r♦❜❧❡♠s ✐♥ ❞✐✈❡r❣❡♥❝❡ ❢♦r♠ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡ R
N+1
+ ✳ ▼♦t✐✈❛t❡❞ ❜② ✭✸✳✺✮ ❛♥❞ ✭✸✳✻✮✱ ✇❡

✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠




−div(y1−2α∇w) = 0 ✐♥ R
N+1
+ ,

−κα
∂w

∂ν
= −V (x)u+ |u|2

∗
α−2u+ g(x, u) ✐♥ RN × {0},

✭✸✳✼✮

✇❤❡r❡
∂w

∂ν
= lim

y→0+
y1−2αwy(x, y).

✺✾



■♥ ♦r❞❡r t♦ ✜♥❞ ❛ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✸✳✼✮✱ ❜② ✉s✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ♠❡t❤♦❞s✱ ✇❡ ✇✐❧❧

❝♦♥s✐❞❡r t❤❡ ❍✐❧❜❡rt s♣❛❝❡ X✱

X :=



w ∈ X2α(RN+1

+ ) :

∫

RN

V (x)w(x, 0)2dx <∞



 ,

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ❣✐✈❡♥ ❜②

〈w, v〉 =

∫

R
N+1
+

κα y
1−2α∇w∇v dxdy +

∫

RN

V (x)w(x, 0)v(x, 0) dx

❛♥❞ t❤❡ ✐♥❞✉❝❡❞ ♥♦r♠

‖w‖ = 〈w,w〉1/2.

❇② ❝♦♥❞✐t✐♦♥ (V )✱ X ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ X2α(RN+1
+ )✳ ❈♦♥s❡q✉❡♥t❧②✱

❢r♦♠ ✭✸✳✹✮✱ ✇❡ ✜♥❞ C > 0 s✉❝❤ t❤❛t

‖w(x, 0)‖q ≤ C‖w‖, ❢♦r ❛❧❧ 2 ≤ q ≤ 2∗s. ✭✸✳✽✮

❚❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ ✇❡ s❛② t❤❛t w ∈ X ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✸✳✼✮✱

✐❢

〈w,ϕ〉 −

∫

RN

|w|2
∗
α−2w(x, 0)ϕ(x, 0)dx+

∫

RN

g(x, w(x, 0))ϕ(x, 0)dx = 0, ❢♦r ❛❧❧ ϕ ∈ X,

t♦ ✇❤✐❝❤ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ u = w(x, 0) ∈ Hα(RN) t♦ ♣r♦❜❧❡♠ ✭✸✳✶✮ ❝♦rr❡s♣♦♥❞s✳

❚❤❡ ❊✉❧❡r✕▲❛❣r❛♥❣❡ ❢✉♥❝t✐♦♥❛❧ ❛ss♦❝✐❛t❡❞ t♦ ♣r♦❜❧❡♠ ✭✸✳✼✮ ✐s ❣✐✈❡♥ ❜②

J(w) =
1

2
‖w‖2 −

1

2∗α

∫

RN

|w(x, 0)|2
∗
αdx−

∫

RN

G(x, w(x, 0))dx, ✭✸✳✾✮

✇❤✐❝❤ ✉♥❞❡r t❤❡ ❤②♣♦t❤❡s❡s (V )✱ (g1) ❛♥❞ (g2) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✐♥ X ❛♥❞ ❜❡❧♦♥❣s t♦

C1(X,R)✱ ✇✐t❤ ●ât❡❛✉① ❞❡r✐✈❛t✐✈❡ ❣✐✈❡♥ ❜②

J ′(w)v = 〈w, v〉 −

∫

RN

|w|2
∗
α−2w(x, 0)v(x, 0)dx−

∫

RN

g(x, w(x, 0))v(x, 0)dx.

❚❤✉s✱ ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ J ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✸✳✼✮ ❛♥❞ r❡❝✐♣r♦❝❛❧❧②✳

❇② ❛ s✐♠✐❧❛r ❛♣♣r♦❛❝❤✱ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣❡r✐♦❞✐❝ ♣r♦❜❧❡♠✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡

❢✉♥❝t✐♦♥❛❧ J0 ❞❡✜♥❡❞ ❜②

J0(w) =
1

2
‖w‖0 −

1

2∗α

∫

RN

|w(x, 0)|2
∗
αdx−

∫

RN

G0(x, w(x, 0))dx,

✻✵



❜❡❧♦♥❣s t♦ C1(X0,R)✱ ✇❤❡r❡

X0 =



w ∈ X2α(RN+1

+ ) :

∫

RN

V0(x)w(x, 0)
2dx <∞



 .

❙✐♥❝❡ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ♥♦♥♥❡❣❛t✐✈❡ s♦❧✉t✐♦♥s✱ ✇❡ ❝♦♥s✐❞❡r

f(x, s) =





|s|2
∗
α−2s+ g(x, s) ✐❢ s ≥ 0,

0 ✐❢ s < 0,

t❤r♦✉❣❤♦✉t t❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ❝❤❛♣t❡r✳

❘❡♠❛r❦ ✸✳✹✳ ▲❡t w ❜❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✸✳✼✮✱ t♦ ✇❤✐❝❤ ❛ ✇❡❛❦

s♦❧✉t✐♦♥ u ∈ Hα(RN) t♦ ♣r♦❜❧❡♠ ✭✸✳✶✮ ❝♦rr❡s♣♦♥❞s✳ ❚❤❡♥ w = Eα(u) ❛♥❞ w(x, 0) = u✳

■❢ w 6≡ 0✱ ✇❡ ❤❛✈❡ u 6= 0✳ ▼♦r❡♦✈❡r✱ ✐❢ u ✐s s✉✣❝✐❡♥t❧② r❡❣✉❧❛r✱ ✇❡ ♠❛② ❡♥s✉r❡ t❤❛t

u > 0✳ ■♥ ❢❛❝t✱ ✐❢ u(x0) = 0 ❢♦r s♦♠❡ x0 ∈ RN ✱ t❤❡♥ (−∆)αu(x0) = 0 ❛♥❞ ❜② t❤❡

r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r♠✉❧❛ ✭✸✳✸✮✱ ♦♥❡ ♦❜t❛✐♥s✱ ❛t x0✱ t❤❛t

∫

RN

u(x0 + z) + u(x0 − z)

|z|N+2α
dz = 0,

②✐❡❧❞✐♥❣ u = 0✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

Pr❡❧✐♠✐♥❛r② r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t✇♦ ✈❡rs✐♦♥s ♦❢ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠ ✇❤✐❝❤ ❛r❡

✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✸✳✷ ❛♥❞ ✸✳✶✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✈❡r✐❢② t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥✲

❞✐t✐♦♥s ♦❢ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠ ❛♥❞ ✇❡ ❛❧s♦ ♣r❡s❡♥t s♦♠❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡

❜❡❤❛✈✐♦r ♦❢ t❤❡ ❈❡r❛♠✐ s❡q✉❡♥❝❡s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❝t✐♦♥❛❧✿ ✇❡ s❤♦✇ t❤❡ ❜♦✉♥❞❡❞✲

♥❡ss ❢♦r t❤❡ ❈❡r❛♠✐ s❡q✉❡♥❝❡s ❛♥❞ ❛ ♣r♦♣♦s✐t✐♦♥ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❡ss❡♥t✐❛❧ t♦ ❣✉❛r❛♥t❡❡

t❤❛t t❤❡ s♦❧✉t✐♦♥s t❤❛t ✇❡ ♣r♦✈✐❞❡ ✐♥ ♦✉r ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✸✳✷ ❛♥❞ ✸✳✶ ❛r❡ ♥♦t tr✐✈✐❛❧✳

❱❡rs✐♦♥s ♦❢ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠

❆s ✇❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❛ss♦❝✐❛t❡❞ t♦ ♣r♦❜❧❡♠ ✭✸✳✼✮

❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ P❛❧❛✐s✲❙♠❛❧❡✳ ❚♦ ♦✈❡r❝♦♠❡ t❤✐s ❞✐✣❝✉❧t②✱ ✇❡ ✇✐❧❧ ✉s❡

t✇♦ ✈❡rs✐♦♥s ♦❢ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠ ✇❤✐❝❤ ✇❡ ✇✐❧❧ ♣r❡s❡♥t ❜❡❧♦✇✳

▲❡t E ❜❡ ❛ r❡❛❧ ❇❛♥❛❝❤ s♣❛❝❡ ❛♥❞ I ∈ C1(E,R)✳ ❲❡ r❡❝❛❧❧ t❤❛t I s❛t✐s✜❡s t❤❡

❈❡r❛♠✐ ❝♦♥❞✐t✐♦♥ ♦♥ ❧❡✈❡❧ c✱ ❞❡♥♦t❡❞ ❜② (Ce)c✱ ✐❢ ❛♥② s❡q✉❡♥❝❡ (un) ⊂ E ❢♦r ✇❤✐❝❤

✻✶



(i) I(un) → c ❛♥❞ (ii) ‖I ′(un)‖E′(‖un‖E + 1) → 0✱ ❛s n → ∞✱ ♣♦ss❡ss❡s ❛ ❝♦♥✈❡r❣❡♥t

s✉❜s❡q✉❡♥❝❡✳ ❲❡ s❛② t❤❛t (un) ⊂ E ✐s ❛ (Ce)c s❡q✉❡♥❝❡ ✐❢ ✐t s❛t✐s✜❡s (i)− (ii)✳

❚❤❡♦r❡♠ ✸✳✺✳ ▲❡t E ❜❡ ❛ r❡❛❧ ❇❛♥❛❝❤ s♣❛❝❡✳ ❙✉♣♣♦s❡ t❤❛t I ∈ C1(E,R)✱ I(0) = 0

❛♥❞

(I1) t❤❡r❡ ❡①✐st β, ρ > 0 s✉❝❤ t❤❛t I |∂Bρ(0)≥ β > 0✱

(I2) t❤❡r❡ ❡①✐sts e ∈ E ✇✐t❤ ‖e‖ > ρ s✉❝❤ t❤❛t I(e) ≤ 0✳

❚❤❡♥ I ♣♦ss❡ss❡s ❛ (Ce)c s❡q✉❡♥❝❡ ✇✐t❤ c ≥ β > 0 ❣✐✈❡♥ ❜②

c = inf
γ∈Γ

max
t∈[0,1]

I(γ(t)),

✇❤❡r❡

Γ = {γ ∈ C([0, 1], X) : γ(0) = 0 ❛♥❞ γ(1) = e}. ✭✸✳✶✵✮

❲❡ ✇✐❧❧ ❛❧s♦ ♥❡❡❞ t♦ ❡st❛❜❧✐s❤ ❛ ❧♦❝❛❧ ✈❡rs✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸✳✺✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥

♣r♦✈❡❞ ✐♥ ❬✸✸❪ ✭♦r ❬✷✻✱ ❚❤❡♦r❡♠ ✼✳✶✵❪✮✳ ❋♦r t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r K t❤❡ s❡t ♦❢ ❝r✐t✐❝❛❧ ♣♦✐♥ts

♦❢ I ❛♥❞ ❣✐✈❡♥ b ∈ R✱ ✇❡ ❞❡✜♥❡ Kb = {u ∈ X : u ∈ K ❛♥❞ I(u) = b}✳

❚❤❡♦r❡♠ ✸✳✻✳ ▲❡t E ❜❡ ❛ r❡❛❧ ❇❛♥❛❝❤ s♣❛❝❡✳ ❙✉♣♣♦s❡ t❤❛t I ∈ C1(E,R) s❛t✐s✜❡s

I(0) = 0✱ (I1) ❛♥❞ (I2)✳ ■❢ t❤❡r❡ ❡①✐sts γ0 ∈ Γ✱ Γ ❞❡✜♥❡❞ ❜② ✭✸✳✶✵✮✱ s✉❝❤ t❤❛t

c = max
t∈[0,1]

I(γ0(t)) > 0,

t❤❡♥ I ♣♦ss❡ss❡s ❛ ♥♦♥tr✐✈✐❛❧ ❝r✐t✐❝❛❧ ♣♦✐♥t u ∈ Kc ∩ γ0([0, 1]).

▼♦✉♥t❛✐♥ ♣❛ss ❣❡♦♠❡tr②

❚❤❡ ♥❡①t ❧❡♠♠❛ s❤♦✇s t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ ❛ss♦❝✐❛t❡❞ t♦ ♣r♦❜❧❡♠ ✭✸✳✼✮ s❛t✐s✜❡s

t❤❡ ❣❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ▼♦✉♥t❛✐♥ P❛ss ❚❤❡♦r❡♠✳

▲❡♠♠❛ ✸✳✼✳ ❙✉♣♣♦s❡ t❤❛t (V )✱ (g1) ❛♥❞ (g2) ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ J ✱

❞❡✜♥❡❞ ❜② ✭✸✳✾✮✱ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✸✳✺✳

Pr♦♦❢✳ ❙✐♥❝❡ G(x, 0) = 0 ❢♦r ❛❧❧ x ∈ RN ✱ ✐t ❢♦❧❧♦✇s t❤❛t J(0) = 0✳ ❚❤✉s ✇❡ ♠✉st s❤♦✇

t❤❛t J s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s (I1) ❛♥❞ (I2)✳ ❚♦ ✈❡r✐❢② (I1)✱ ♥♦t❡ t❤❛t ❜② (g1) ❛♥❞ (g2)✱

❣✐✈❡♥ ❛♥② ε > 0✱ t❤❡r❡ ❡①✐sts Cε > 0 s✉❝❤ t❤❛t

|g(x, s)| ≤ ε|s|+ Cε|s|
q1−1 ❢♦r ❛❧❧ (x, s) ∈ R

N × R, ✭✸✳✶✶✮

|G(x, s)| ≤
ε

2
|s|2 +

Cε

q1
|s|q1 ❢♦r ❛❧❧ (x, s) ∈ R

N × R. ✭✸✳✶✷✮

✻✷



❋r♦♠ ✭✸✳✶✷✮✱
∫

RN

|G(x, w(x, 0))| dx ≤
ε

2

∫

RN

w(x, 0)2dx+
Cε

q1

∫

RN

|w(x, 0)|q1dx, ❢♦r ❛❧❧ w ∈ X. ✭✸✳✶✸✮

❇② ✉s✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ (V ) ✐♥ ✭✸✳✶✸✮✱ ✇❡ ♦❜t❛✐♥
∫

RN

G(x, w(x, 0))dx ≤
ε

2a0

∫

RN

V (x)w(x, 0)2dx+
Cε

q1

∫

RN

|w(x, 0)|q1dx. ✭✸✳✶✹✮

❈♦♠❜✐♥✐♥❣ ✭✸✳✽✮ ❛♥❞ ✭✸✳✶✹✮✱ ✇❡ ❝❛♥ ✜♥❞ t✇♦ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✱ C1 ❛♥❞ C2✱ s✉❝❤ t❤❛t

J(w) ≥

(
1

2
−

ε

2a0

)
ρ2 − C1ρ

2∗α − C2ρ
q1 ✐❢ ‖w‖ = ρ.

❙✐♥❝❡ q1, 2∗α > 2✱ ❝❤♦♦s✐♥❣ 0 < ε < a0✱ ✇❡ ❝♦♥❝❧✉❞❡✱ ❢♦r ρ s✉✣❝✐❡♥t❧② s♠❛❧❧✱ t❤❛t

β := inf
‖w‖=ρ

J > 0.

❍❡♥❝❡ (I1) ❤♦❧❞s✳ ■♥ ♦r❞❡r t♦ ✈❡r✐❢② t❤❡ ❝♦♥❞✐t✐♦♥ (I2)✱ ❝♦♥s✐❞❡r ϕ ∈ C∞
0 (RN+1

+ ,R+)

✇✐t❤ ϕ(x, 0) 6≡ 0✳ ❋r♦♠ (g4)(i)✱ G(x, tϕ) ≥ 0 ❢♦r ❡✈❡r② t > 0✳ ❚❤✉s✱

J(tϕ) ≤
t2

2
‖ϕ‖2 −

t2
∗
α

2∗α

∫

RN

|ϕ(x, 0)|2
∗
αdx→ −∞, ❛s t→ +∞.

❙❡tt✐♥❣ e0 = tu ✇✐t❤ t ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ❝♦♥❞✐t✐♦♥ (I2) ✐s s❛t✐s✜❡❞✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡

♣r♦♦❢✳

❇② ▲❡♠♠❛ ✸✳✼ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✺✱ ✇❡ ❤❛✈❡

❈♦r♦❧❧❛r② ✸✳✽✳ ❙✉♣♣♦s❡ t❤❛t (V )✱ (g1) ❛♥❞ (g2) ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡♥

cM = inf
γ∈Γ

max
t∈[0,1]

J(γ(t)) ≥ β > 0,

✇❤❡r❡ Γ = {γ ∈ C([0, 1], X) : γ(0) = 0 ❛♥❞ γ(1) = e0}✱ ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥❛❧ J ♣♦ss❡ss❡s

❛ (Ce)cM s❡q✉❡♥❝❡✳

❇❡❤❛✈✐♦✉r ♦❢ t❤❡ ❈❡r❛♠✐ s❡q✉❡♥❝❡s

❍❡r❡ ✇❡ ✈❡r✐❢② t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ (Ce)c s❡q✉❡♥❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❢✉♥❝✲

t✐♦♥❛❧ J ✳ ❇❡❢♦r❡ st❛t✐♥❣ t❤❡ ♥❡①t ❧❡♠♠❛✱ ✇❡ ❡st❛❜❧✐s❤ ❛ s✐♠♣❧❡ r❡s✉❧t t❤❛t ✇✐❧❧ ❜❡

❡♠♣❧♦②❡❞ s❡✈❡r❛❧ t✐♠❡s t❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ❣✐✈❡♥ h ∈ F ✱

✇❡ s❡t Dε = {x ∈ RN : |h(x)| ≥ ε} ❛♥❞ Dε(R) = {x ∈ RN : |h(x)| ≥ ε ❛♥❞ |x| ≥ R}✳

▲❡♠♠❛ ✸✳✾✳ ❙✉♣♣♦s❡ t❤❛t h ∈ F ✳ ❚❤❡♥ |Dε(R)| → 0 ❛s R → ∞✳

✻✸



Pr♦♦❢✳ ❙✐♥❝❡ h ∈ F ✱ |Dε| < ∞ ❢♦r ❛❧❧ ε > 0✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤✐s ▲❡♠♠❛ ✐s ❡q✉✐✈❛❧❡♥t

t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✐♠✿

lim
n→∞

|Dε ∩ (RN \BRn)| = 0,

❢♦r ❡✈❡r② s❡q✉❡♥❝❡ (Rn) ⊂ R s✉❝❤ t❤❛t Rn → ∞✳ ❈♦♥s✐❞❡r t❤❡ r❡❛❧ ❢✉♥❝t✐♦♥ ξ : RN → R

❣✐✈❡♥ ❜②

ξ(x) =

{
1 ❢♦r x ∈ Dε,

0 ❢♦r x ∈ RN \Dε.

◆♦t❡ t❤❛t ‖ξ‖1 = |Dε|✱ t❤❡♥ ξ ∈ L1(RN)✳ ❉❡✜♥✐♥❣ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❢✉♥❝t✐♦♥s ξn : RN →

R ❜②

ξn(x) =

{
1 ❢♦r x ∈ Dε ∩ (RN \BRn),

0 ❢♦r x ∈ RN \Dε ∩ (RN \BRn),

✐t ❢♦❧❧♦✇s t❤❛t |ξn(x)| ≤ |ξ(x)| ❛♥❞ ξn(x) → 0 ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ RN ❛s n → ∞✳

❈♦♥s❡q✉❡♥t❧②✱ ❜② t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱

|Dε ∩ (RN \BRn)| = ‖ξn‖1 → 0 ❛s n→ +∞.

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳✾✳

▲❡♠♠❛ ✸✳✶✵✳ ❙✉♣♣♦s❡ t❤❛t (V )✱ (g1) − (g3) ❛r❡ s❛t✐s✜❡❞ ❛♥❞ ❧❡t (vn) ⊂ X ❜❡ ❛♥

❛r❜✐tr❛r② ❈❡r❛♠✐ s❡q✉❡♥❝❡ ♦❢ J ♦♥ ❧❡✈❡❧ c✱ t❤❛t ✐s✱

J(vn) = c+ on(1) ❛♥❞ ‖J ′(vn)‖∗(1 + ‖vn‖) = on(1). ✭✸✳✶✺✮

❚❤❡♥ (vn) ✐s ❜♦✉♥❞❡❞ ✐♥ X✳

Pr♦♦❢✳ ❲❡ ♠✉st s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts M > 0 s✉❝❤ t❤❛t

‖vn‖
2 =

∫

R
N+1
+

κα y
1−2α|∇vn|

2dxdy +

∫

RN

V (x)vn(x, 0)
2dx ≤M.

❇② t❤❡ ✜rst ❝♦♥❞✐t✐♦♥ ✐♥ ✭✸✳✶✺✮✱ ✭✸✳✶✷✮ ❛♥❞ (V )✱ ✇❡ ❤❛✈❡

1

2
‖vn‖

2 ≤
1

2∗α

∫

RN

|vn(x, 0)|
2∗αdx+

ε

2a0

∫

RN

V (x)|vn(x, 0)|
2dx+

Cε

q1

∫

RN

|vn(x, 0)|
q1dx+ c+ on(1).

●✐✈❡♥ 0 < δ ≤ 1 t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✱ t❤❡r❡ ❡①✐sts 0 < δ1 < 1 s✉❝❤ t❤❛t |s|q1 ≤ δ|s|2 ❢♦r
❛❧❧ |s| ≤ δ1✳ ❚❤❡♥✱ ❜② ✉s✐♥❣ (V )✱ ✐t ❢♦❧❧♦✇s t❤❛t

1

2

∫

R
N+1

+

κα y1−2α|∇vn|
2dxdy +

(
1

2
−

ε

2a0

) ∫

RN

V (x)|vn(x, 0)|
2dx

≤
1

2∗α

∫

RN

|vn(x, 0)|
2∗
αdx+

Cε

q1

∫

{|vn(x,0)|≤δ1}

|vn(x, 0)|
q1dx+

Cε

q1

∫

{|vn(x,0)|>δ1}

|vn(x, 0)|
q1dx+ c+ on(1)

≤
1

2∗α

∫

RN

|vn(x, 0)|
2∗
αdx+

Cεδ

q1a0

∫

RN

V (x)|vn(x, 0)|
2dx+

Cε

q1

∫

{|vn(x,0)|>δ1}

|vn(x, 0)|
q1dx+ c+ on(1),

✻✹



✇❤✐❝❤ ②✐❡❧❞s

1

2

∫

R
N+1
+

κα y
1−2α|∇vn|

2dxdy +

(
1

2
−

ε

2a0
−
Cεδ

q1a0

) ∫

RN

V (x)|vn(x, 0)|
2dx

≤
1

2∗α

∫

RN

|vn(x, 0)|
2∗αdx+

Cε

q1

∫

{|vn(x,0)|>δ1}

|vn(x, 0)|
q1dx+ c+ on(1).

◆♦t❡ t❤❛t ✐❢ |s| > δ1✱ t❤❡r❡ ❡①✐sts C1 > 0 s✉❝❤ t❤❛t |s|q1 ≤ C1|s|
2∗α ✳ ❚❤✉s✱

1

2

∫

R
N+1
+

κα y
1−2α|∇vn|

2dxdy +

(
1

2
−

ε

2a0
−
Cεδ

q1a0

) ∫

RN

V (x)|vn(x, 0)|
2dx

≤

(
1

2∗α
+
CεC1

q1

) ∫

RN

|vn(x, 0)|
2∗αdx+ c+ on(1).

✭✸✳✶✻✮

❚❛❦✐♥❣ δ ❛♥❞ ε s✉✣❝✐❡♥t❧② s♠❛❧❧ s✉❝❤ t❤❛t 1
2
− ε

2a0
− δCε

q1a0
> 0✳ ❍❡♥❝❡✱ ✐♥ ♦r❞❡r t♦

❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❧❡♠♠❛✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✐♥ ✭✸✳✶✻✮

✐s ❜♦✉♥❞❡❞✳ ◆♦t❡ t❤❛t ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t
∫

RN

|vn(x, 0)|
2∗αdx ≥ c. ✭✸✳✶✼✮

❚♦ ♣r♦✈❡ t❤❛t ‖vn(x, 0)‖2∗α ✐s ❜♦✉♥❞❡❞✱ ✇❡ ❜❡❣✐♥ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

J(vn)−
1

2
J ′(vn)vn =

(
1

2
−

1

2∗α

) ∫

RN

|vn(x, 0)|
2∗
αdx+

∫

RN

[
1

2
g(x, vn(x, 0))vn(x, 0)−G(x, vn(x, 0)

]
dx,

✇❤✐❝❤ ❜② (g3)✱ ✐♠♣❧✐❡s

J(vn)−
1

2
J ′(vn)vn ≥

α

N

∫

RN

|vn(x, 0)|
2∗αdx−

∫

RN

h1(x)dx−

∫

RN

h2(x)|vn(x, 0)|
q2dx. ✭✸✳✶✽✮

❈♦♠❜✐♥✐♥❣ ✭✸✳✶✺✮✱ ✭✸✳✶✽✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t h1 ∈ L1(RN)✱ ✇❡ ❝❛♥ ✜♥❞ ❛ ❝♦♥st❛♥t C > 0

s✉❝❤ t❤❛t
α

N

∫

RN

|vn(x, 0)|
2∗αdx ≤

∫

RN

h2(x)|vn(x, 0)|
q2dx+ C. ✭✸✳✶✾✮

●✐✈❡♥ ǫ > 0✱ ✇❡ s❡t Dǫ(R) = {x ∈ RN : |h2(x)| ≥ ǫ ❛♥❞ |x| ≥ R} ❢♦r ❛❧❧ R > 0✳ ❚❤❡♥✱
s✐♥❝❡ h2 ∈ F ✱ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✸✳✾✱ t❤❡r❡ ❡①✐sts R = Rǫ > 0 s✉❝❤ t❤❛t |Dǫ(R)| < ǫ✳ ❇②
❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱

∫

Dǫ(R)

h2(x)|vn(x, 0)|
q2dx ≤ ‖h2‖∞




∫

Dǫ(R)

1
2∗α

2∗α−q2 dx




2∗α−q2
2∗α




∫

Dǫ(R)

|vn(x, 0)|
2∗αdx




q2
2∗α

≤ ‖h2‖∞ǫ
2∗α−q2

2∗α




∫

Dǫ(R)

|vn(x, 0)|
2∗αdx




q2
2∗α

.

✭✸✳✷✵✮

✻✺



❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

∫

RN\Dǫ(R)

h2(x)|vn(x, 0)|
q2dx ≤ ‖h2‖∞

(
ωNR

N

N

) 2∗α−q2
2∗α




∫

RN

|vn(x, 0)|
2∗αdx




q2
2∗α

+ ǫ

∫

RN

|vn(x, 0)|
q2dx.

✭✸✳✷✶✮

❋✉rt❤❡r♠♦r❡✱ ❝♦♥s✐❞❡r✐♥❣ 0 < r ≤ 1 s✉❝❤ t❤❛t q2 = 2r + (1 − r)2∗α✱ ✇❡ ❛♣♣❧② ❍ö❧❞❡r✬s

✐♥❡q✉❛❧✐t②✱ ❝♦♥❞✐t✐♦♥ (V )✱ ✭✸✳✶✻✮ ❛♥❞ ✭✸✳✶✼✮ t♦ ✜♥❞ C2 > 0 s✉❝❤ t❤❛t

∫

RN

|vn(x, 0)|
q2dx ≤




∫

RN

|vn(x, 0)|
2dx




r 


∫

RN

|vn(x, 0)|
2∗αdx




1−r

≤


 1

a0

∫

RN

V (x)|vn(x, 0)|
2dx




r 


∫

RN

|vn(x, 0)|
2∗αdx




1−r

≤ C2




∫

RN

|vn(x, 0)|
2∗αdx




r 


∫

RN

|vn(x, 0)|
2∗αdx




1−r

.

❈♦♥s❡q✉❡♥t❧②✱ ∫

RN

|vn(x, 0)|
q2dx ≤ C2

∫

RN

|vn(x, 0)|
2∗αdx. ✭✸✳✷✷✮

❚❤✉s✱ ❢r♦♠ ✭✸✳✷✵✮✲✭✸✳✷✷✮✱ ❝♦♥s✐❞❡r✐♥❣ ǫ > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧ ✇❡ ♦❜t❛✐♥ C3 > 0 s✉❝❤

t❤❛t

∫

RN

h2(x)|vn(x, 0)|
q2dx ≤ ǫ C2

∫

RN

|vn(x, 0)|
2∗αdx+ C3




∫

RN

|vn(x, 0)|
2∗αdx




q2
2∗α

. ✭✸✳✷✸✮

❈♦♠❜✐♥✐♥❣ ✭✸✳✶✾✮ ❛♥❞ ✭✸✳✷✸✮✱ ✇❡ ❣❡t

( α
N

− ǫ C2

) ∫

RN

|vn(x, 0)|
2∗αdx ≤ C3




∫

RN

|vn(x, 0)|
2∗αdx




q2
2∗α

+ C.

❙✐♥❝❡ q2 < 2∗α✱ t❛❦✐♥❣ ǫ > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧ s✉❝❤ t❤❛t
α

N
− ǫ C2 > 0✱ ✇❡ ♦❜t❛✐♥ t❤❡

❞❡s✐r❡❞ r❡s✉❧t✳

■♥ ♦r❞❡r t♦ s❤♦✇ t❤❡ ♥❡①t r❡s✉❧t✱ ✇❡ r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❙♦❜♦❧❡✈ ✐♥❡q✉❛❧✐t② ♣r♦✈❡❞
✐♥ ❬✻✱ ❚❤❡♦r❡♠ ✷✳✶❪✱




∫

RN

|w(x, 0)|2
∗
αdx




2
2∗α

≤
1

S(α,N)

∫

R
N+1
+

y1−2α |∇w|2dxdy, ❢♦r ❛❧❧ w ∈ X2α(RN+1
+ ), ✭✸✳✷✹✮

✻✻



✇❤❡r❡

S(α,N) =
Γ(α)Γ(N−2α

2
)(Γ(N))2α/N

(2π)αΓ(1− α)Γ(N+2α
2

)(Γ(N
2
))2α/N

.

❋r♦♠ ✭✸✳✷✹✮✱

‖w(x, 0)‖22∗α ≤
1

καS(α,N)
‖w‖2, ❢♦r ❛❧❧ w ∈ X. ✭✸✳✷✺✮

Pr♦♣♦s✐t✐♦♥ ✸✳✶✶✳ ❙✉♣♣♦s❡ t❤❛t (V )✱ (g1) ❛♥❞ (g2) ❛r❡ s❛t✐s✜❡❞✳ ▲❡t (vn) ⊂ X ❜❡ ❛

(Ce)c s❡q✉❡♥❝❡ ✇✐t❤ 0 < c < α
N
(S(α,N)κα)

N/2α ❛♥❞ vn ⇀ 0 ✐♥ X✳ ❚❤❡♥ t❤❡r❡ ❡①✐st ❛

s❡q✉❡♥❝❡ (yn) ⊂ RN ❛♥❞ R, η > 0 s✉❝❤ t❤❛t |yn| → ∞ ❛♥❞

lim sup
n→∞

∫

BR(yn)

|vn(x, 0)|
2 dx ≥ η > 0. ✭✸✳✷✻✮

Pr♦♦❢✳ ❙✉♣♣♦s✐♥❣ t❤❛t t❤❡ r❡s✉❧t ❞♦❡s ♥♦t ❤♦❧❞✳ ❚❤❡♥✱ ❛r❣✉✐♥❣ s✐♠✐❧❛r❧② ❛s ✐♥ ❬✹✽✱

▲❡♠♠❛ ✶✳✷✶❪✱ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t

lim
n→∞

∫

RN

|vn(x, 0)|
σdx = 0, ❢♦r ❡✈❡r② σ ∈ (2, 2∗α).

❙✐♥❝❡ g ✐s s✉❜❝r✐t✐❝❛❧ ❛♥❞ (vn) ✐s ❜♦✉♥❞❡❞ ✐♥ X✱ ❜② ✉s✐♥❣ ✭✸✳✶✶✮ ❛♥❞ ✭✸✳✶✷✮✱ ✇❡ ♦❜t❛✐♥

lim
n→∞

∫

RN

g(x, vn(x, 0))vn(x, 0)dx = lim
n→∞

∫

RN

G(x, vn(x, 0))dx = 0. ✭✸✳✷✼✮

▼♦r❡♦✈❡r✱

c+ on(1) = J(vn)−
1

2
J ′(vn)vn

=
α

N

∫

RN

|vn(x, 0)|
2∗αdx+

∫

RN

[
1

2
g(x, vn(x, 0))vn(x, 0)−G(x, vn(x, 0))

]
dx.

❚❛❦✐♥❣ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ❛❜♦✈❡ ❡q✉❛❧✐t② ❛♥❞ ✉s✐♥❣ ✭✸✳✷✼✮✱ ✇❡ ♦❜t❛✐♥

lim
n→∞

∫

RN

|vn(x, 0)|
2∗αdx =

cN

α
. ✭✸✳✷✽✮

❈♦♠❜✐♥✐♥❣

on(1) = J ′(vn)vn = ‖vn‖
2 −

∫

RN

|vn(x, 0)|
2∗αdx−

∫

RN

g(x, vn(x, 0))vn(x, 0)dx

✇✐t❤ ✭✸✳✷✼✮ ❛♥❞ ✭✸✳✷✽✮✱ ✇❡ r❡❛❝❤

lim
n→∞

‖vn‖
2 =

cN

α
. ✭✸✳✷✾✮

✻✼



❇② ✭✸✳✷✺✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

lim
n→∞




∫

RN

|vn(x, 0)|
2∗αdx




2
2∗α

≤
1

καS(α,N)
lim
n→∞

‖vn‖
2.

❚❤❡ ❧❛st ✐♥❡q✉❛❧✐t②✱ t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✷✽✮ ❛♥❞ ✭✸✳✷✾✮✱ ✐♠♣❧✐❡s

c ≥
α

N
(καS(α,N))N/2α,

✇❤✐❝❤ ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ❛♥❞ t❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✶✳

❊st✐♠❛t❡ ♦❢ t❤❡ ♠✐♥✐♠❛① ❧❡✈❡❧

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ✈❡r✐❢② t❤❛t t❤❡ ♠✐♥✐♠❛① ❧❡✈❡❧ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ▼♦✉♥t❛✐♥

P❛ss ❚❤❡♦r❡♠ ✐s ✐♥ t❤❡ ✐♥t❡r✈❛❧ ✇❤❡r❡ Pr♦♣♦s✐t✐♦♥ ✸✳✶✶ ♠❛② ❜❡ ❛♣♣❧✐❡❞✳ ❚♦ s❤♦✇ t❤✐s

r❡s✉❧t✱ ✇❡ ✉s❡ ❛♣♣r♦♣r✐❛t❡ t❡st ❢✉♥❝t✐♦♥s ❛s t❤❡ ♦♥❡s ❡♠♣❧♦②❡❞ ❜② ❇ré③✐s ❛♥❞ ◆✐r❡♥❜❡r❣

❬✽❪✳

❚❡st ❢✉♥❝t✐♦♥s

❚❤❡♦r❡♠ ✷✳✶ ♦❢ ❬✻❪ st❛t❡s t❤❛t S(α,N) ✐s ❛❝❤✐❡✈❡❞ ♦♥ t❤❡ ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s

wε = E2α(uε)✱ ✇❤❡r❡

uε(x) =
ε

N−2α
2

(|x|2 + ε2)
N−2α

2

, ε > 0.

❚❤✐s ❢❛♠✐❧② ♦❢ ❢✉♥❝t✐♦♥s ✇✐❧❧ ❜❡ ❝r✉❝✐❛❧ t♦ ❡st✐♠❛t❡ t❤❡ ♠✐♥✐♠❛① ❧❡✈❡❧✳ ❋✐rst✱ ✇❡ ❞❡✜♥❡

φ : RN+1
+ → R ❜② φ(x, y) = φ0 (|(x, y)|)✱ ✇❤❡r❡ φ0 ∈ C∞([0,+∞)) ✐s ❛ ♥♦♥✲✐♥❝r❡❛s✐♥❣

❝✉t✲♦✛ s✉❝❤ t❤❛t φ0(t) = 1 ✐❢ 0 ≤ t ≤ 1/2 ❛♥❞ φ0(t) = 0 ✐❢ t ≥ 1✳ ■t ✐s ♦❜✈✐♦✉s t❤❛t

φwε ∈ X2α(RN+1
+ ) ❛♥❞ ❜② ▲❡♠♠❛ ✸✳✽ ♦❢ ❬✸❪ ❛♥❞ ▲❡♠♠❛ ✷✳✹ ♦❢ ❬✷✶❪ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡s✉❧t✿

▲❡♠♠❛ ✸✳✶✷✳ ❚❤❡ ❢❛♠✐❧② {φwε} ❛♥❞ ✐ts tr❛❝❡ ♦♥ {y = 0}✱ ♥❛♠❡❧②✱ φuε✱ s❛t✐s❢②

‖φwε‖
2
X2α ≤ ‖wε‖

2
X2α +O(εN−2α), ✭✸✳✸✵✮

‖φuε‖
2
2 =





O(ε2α), ✐❢ N > 4α,

O(ε2α log(1/ε)), ✐❢ N = 4α,

O(εN−2α), ✐❢ N < 4α,

✭✸✳✸✶✮

✻✽



❢♦r ε > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ❉❡✜♥❡

ηε =
φwε

‖φuε‖2∗α
,

t❤❡♥

‖ηε‖
2
X2α ≤ καS(α,N) +O(εN−2α), ✭✸✳✸✷✮

‖ηε(x, 0)‖
2
2 =





O(ε2α), ✐❢ N > 4α,

O(ε2α log(1/ε)), ✐❢ N = 4α,

O(εN−2α), ✐❢ N < 4α,

✭✸✳✸✸✮

❛♥❞

‖ηε(x, 0)‖
q
q =

{
O(ε

2N−(N−2α)q
2 ), ✐❢ q ≥ N

N−2α
,

O(ε
(N−2α)q

2 ), ✐❢ q ≤ N
N−2α

.
✭✸✳✸✹✮

❆s ❛ ✜rst ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✸✳✶✷✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✸✳✶✸✳ ❙✉♣♣♦s❡ t❤❛t (V )✱ (g1)✱ (g2) ❛♥❞ (g4)(i) ❛r❡ s❛t✐s✜❡❞✳ ❈♦♥s✐❞❡r tε > 0

s✉❝❤ t❤❛t

J(tεηε) = max{J(tηε) : t > 0}.

❚❤❡♥✱ t❤❡r❡ ❡①✐st ε0 > 0 ❛♥❞ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts T ❛♥❞ T s✉❝❤ t❤❛t T ≤ tε ≤ T ❢♦r

❡✈❡r② 0 < ε < ε0✳

Pr♦♦❢✳ ■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✸✳✼✱ (g4)(i) ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ηε✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡

❝♦♥st❛♥t β s✉❝❤ t❤❛t

β ≤ J(tεηε) ≤
t2ε
2
‖ηε‖

2 −
t
2∗α
ε

2∗α

∫

RN

η2
∗
α

ε (x, 0)dx =
t2ε
2
‖ηε‖

2 −
t
2∗α
ε

2∗α
,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

β ≤
t2ε
2
‖ηε‖

2 ❛♥❞
t
2∗α
ε

2∗α
≤
t2ε
2
‖ηε‖

2 − β. ✭✸✳✸✺✮

❋r♦♠ ✭✸✳✸✷✮ ❛♥❞ ✭✸✳✸✸✮✱ ✇❡ ♦❜t❛✐♥ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t ‖ηε‖ ≤ C ❢♦r ε > 0

s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ❇② ✉s✐♥❣ ✭✸✳✸✺✮✱ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts T ❛♥❞ T s✉❝❤ t❤❛t

T ≤ tε ≤ T ✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ♣r♦✈❡ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✹✳ ❙✉♣♣♦s❡ t❤❛t (V )✱ (g1)✱ (g2)✱ (g4) ❛r❡ s❛t✐s✜❡❞✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡

❛ss✉♠❡ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s

(g5)(i) ✐❢ N ≥ 4α✳

(g5)(ii) ✐❢ 2α < N < 4α ❛♥❞
4α

N − 2α
< p < 2∗α✳

✻✾



(g5)(iii) ✐❢ 2α < N < 4α ❛♥❞ 2 < p <
4α

N − 2α
✳

❚❤❡♥ t❤❡r❡ ❡①✐sts v ∈ X \ {0} s✉❝❤ t❤❛t

max
t≥0

J(tv) <
α

N
(S(α,N)κα)

N/2α. ✭✸✳✸✻✮

Pr♦♦❢✳ ❈♦♥s✐❞❡r tε ❛s ❞❡✜♥❡❞ ❜② ▲❡♠♠❛ ✸✳✶✸✱ ✐t ✐s ❝❧❡❛r t❤❛t

J(tεηε) =
t2ε
2
‖ηε‖

2 −
t
2∗α
ε

2∗α
−

∫

RN

G(x, tεηε(x, 0))dx.

❈♦♥s✐❞❡r✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ hε : [0,∞) → R ❣✐✈❡♥ ❜② hε(t) = 1
2
‖ηε‖

2t2 − 1
2∗α
t2

∗
α ✱ ✇❡ ❤❛✈❡

t❤❛t tε,0 = ‖ηε‖
2/(2∗α−2) ✐s ❛ ♠❛①✐♠✉♠ ♣♦✐♥t ♦❢ hε ❛♥❞ hε(tε,0) = α

N
‖ηε‖

N/α✳ ❚❤✐s✱

t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✸✷✮✱ ✐♠♣❧✐❡s

J(tεηε) ≤
α

N
(‖ηε‖

2)N/2α −

∫

RN

G(x, tεηε(x, 0))dx

≤
α

N

(
καS(α,N) +O(εN−2α) + ‖V ‖∞‖ηε‖

2
2

)N/2α
−

∫

RN

G(x, tεηε(x, 0))dx.

❈♦♥s❡q✉❡♥t❧②✱ ❜② ✉s✐♥❣ ✭✸✳✸✸✮ ✇❡ r❡❛❝❤

J(tεηε) ≤





α

N
(καS(α,N))

N/2α
+O

(
ε2α

)
−

∫
RN

G(x, tεηε(x, 0))dx, ✐❢ N > 4α,

α

N
(καS(α,N))

N/2α
+O

(
ε2α log(1/ε)

)
−

∫
RN

G(x, tεηε(x, 0))dx, ✐❢ N = 4α,

α

N
(καS(α,N))

N/2α
+O(εN−2α)−

∫
RN

G(x, tεηε(x, 0))dx, ✐❢ N < 4α.

✭✸✳✸✼✮

■♥❞❡❡❞✱ ✐❢ N > 4α✱

J(tεηε) ≤
α

N

(
καS(α,N) +O(εN−2α) +O(ε2α)

)N/2α
−

∫

RN

G(x, tεηε(x, 0))dx

=
α

N

(
καS(α,N) +O(ε2α)

)N/2α
−

∫

RN

G(x, tεηε(x, 0))dx.

❆♣♣❧②✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t②

(b+ c)σ ≤ bσ + σ(b+ c)σ−1c, ✇✐t❤ b, c ≥ 0, σ ≥ 1, ✭✸✳✸✽✮

✇❡ ❣❡t

J(tεηε) ≤
α

N
(καS(α,N))N/2α +O

(
ε2α

)
−

∫

RN

G(x, tεηε(x, 0))dx.

❚❤✐s ♣r♦✈❡s t❤❡ ✜rst ❡st✐♠❛t❡ ♦❢ ✭✸✳✸✼✮✳ ❋♦r N = 4α✱ ♥♦t❡ t❤❛t

J(tεηε) ≤
α

N

(
καS(α,N) +O(εN−2α) +O

(
ε2α log(1/ε)

))N/2α
−

∫

RN

G(x, tεηε(x, 0))dx

=
α

N

(
καS(α,N) +O

(
ε2α log(1/ε)

))N/2α
−

∫

RN

G(x, tεηε(x, 0))dx.

✼✵



❆❣❛✐♥ ❜② ✉s✐♥❣ ✭✸✳✸✽✮✱ ✇❡ ❣❡t

J(tεηε) ≤
α

N
(καS(α,N))N/2α +O

(
ε2α log(1/ε)

)
−

∫

RN

G(x, tεηε(x, 0))dx.

❚❤✐s ♣r♦✈❡s t❤❡ s❡❝♦♥❞ ❡st✐♠❛t❡ ♦❢ ✭✸✳✸✼✮✳ ❋♦r N < 4α✱ ❝♦♠❜✐♥✐♥❣ ✭✸✳✸✸✮ ❛♥❞ ✭✸✳✸✽✮✱

✐t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t

J(tεηε) ≤
α

N
(καS(α,N))N/2α +O(εN−2α)−

∫

RN

G(x, tεηε(x, 0))dx.

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ✭✸✳✸✼✮✳

◆♦✇ ❝♦♥s✐❞❡r

γ(ε) =





ε2α, ✐❢ N > 4α,

ε2α log(1/ε), ✐❢ N = 4α,

εN−2α, ✐❢ N < 4α.

❇② ✉s✐♥❣ ✭✸✳✸✼✮ ✇❡ ✜♥❞ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t Θ s✉❝❤ t❤❛t

J(tεηε) ≤
α

N
(καS(α,N))N/2α + γ(ε)


Θ−

1

γ(ε)

∫

RN

G(x, tεηε(x, 0))dx


 . ✭✸✳✸✾✮

■♥ ♦r❞❡r t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✸✳✶✹✱ ✇❡ ❥✉st ♥❡❡❞ t♦ ✈❡r✐❢② t❤❛t

lim
ε→0+

1

γ(ε)

∫

RN

G(x, tεηε(x, 0))dx > Θ. ✭✸✳✹✵✮

■♥✐t✐❛❧❧②✱ ♦❜s❡r✈❡ t❤❛t ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t B1 ⊂ Ω✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ ❜② (g5)✱ ❣✐✈❡♥ A > 0 t❤❡r❡ ❡①✐sts RA > 0 s✉❝❤ t❤❛t

G(x, s) ≥ Asp, ❢♦r ❛❧❧ (x, s) ∈ Ω× [RA,+∞). ✭✸✳✹✶✮

▼♦r❡♦✈❡r✱ ❜② ✉s✐♥❣ ▲❡♠♠❛ ✸✳✶✸ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡r❡ ❡①✐sts ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ν

s✉❝❤ t❤❛t

tεηε(x, 0) ≥ tεC1uε(x) ≥ TC1(2ε)
−(N−2α)/2 ≥ νε−(N−2α)/2, ❢♦r |x| < ε, ✭✸✳✹✷✮

✇✐t❤ ε > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ■t ✐s ❝❧❡❛r t❤❛t ✇❡ ♠❛② ❝❤♦♦s❡ ε1 > 0 s✉❝❤ t❤❛t

νε−(N−2α)/2 ≥ RA, ❢♦r 0 < ε < ε1. ✭✸✳✹✸✮

❈♦♠❜✐♥✐♥❣ ✭✸✳✹✶✮✱ ✭✸✳✹✷✮ ❛♥❞ ✭✸✳✹✸✮✱ ✇❡ ❤❛✈❡

G(x, tεηε(x, 0)) ≥ Aνε−(N−2α)p/2, ❢♦r |x| < ε.

❋✉rt❤❡r♠♦r❡✱ ❜② (g4)
∫

RN

G(x, tεηε(x, 0))dx ≥

∫

Bε(0)

Aνε−(N−2α)p/2dx−

∫

Ω\Bε(0)

(tεηε(x, 0))
2dx,

✼✶



✇❤✐❝❤✱ t♦❣❡t❤❡r ✇✐t❤ ▲❡♠♠❛ ✸✳✶✸✱ ❣✐✈❡s
∫

RN

G(x, tεηε(x, 0))dx ≥ AνωNε
−(N−2α)p/2+N − T

2
‖ηε‖

2
2. ✭✸✳✹✹✮

◆♦✇✱ ✐♥ ♦r❞❡r t♦ ✈❡r✐❢② ✭✸✳✹✵✮✱ ✇❡ s❤♦✉❧❞ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✿

❈❛s❡ ✶✿ N > 4α✳

❋r♦♠ ✭✸✳✹✹✮ ❛♥❞ ✭✸✳✸✸✮✱ ✇❡ ♦❜t❛✐♥

1

γ(ε)

∫

RN

G(x, tεηε(x, 0))dx ≥ AνωNε
−(N−2α)p/2+(N−2α) −O (1) .

❙✐♥❝❡ −(N − 2α)p/2 + (N − 2α) < 0✱ ✇❡ ❤❛✈❡ t❤❛t ❢♦r ε > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧ ✭✸✳✹✵✮

✐s s❛t✐s✜❡❞✳

❈❛s❡ ✷✿ N = 4α✳

❋r♦♠ ✭✸✳✹✹✮ ❛♥❞ ✭✸✳✸✸✮✱ ✇❡ ❤❛✈❡

1

γ(ε)

∫

RN

G(x, tεηε(x, 0))dx ≥ AνωN
ε−(N−2α)p/2+N

ε2α log(1/ε)
−O (1) .

❇✉t✱

lim
ε→0+

ε−(N−2α)p/2+N

ε2α log(1/ε)
= +∞.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❣❡t t❤❛t ✭✸✳✹✵✮ ❤♦❧❞s✱ ❢♦r ε > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✳

❈❛s❡ ✸✿ 2α < N < 4α ❛♥❞ 4α
N−2α

< p < 2∗α✳

❈♦♠❜✐♥✐♥❣ ✭✸✳✹✹✮ ❛♥❞ ✭✸✳✸✸✮✱ ✇❡ ♦❜t❛✐♥

1

γ(ε)

∫

RN

G(x, tεηε)dx ≥ AνωNε
−(N−2α)p/2+2α −O(1).

❙✐♥❝❡ −(N − 2α)p/2 + 2α < 0✱ ✇❡ ❣❡t t❤❛t ✭✸✳✹✵✮ ❤♦❧❞s✱ ❢♦r ε > 0 s✉✣❝✐❡♥t❧② s♠❛❧❧✳

❈❛s❡ ✹✿ 2α < N < 4α ❛♥❞ 2 < p <
4α

N − 2α
✳

❇② (g5)(iii)✱

G(x, s) ≥ C0s
p, ❢♦r ❛❧❧ (x, s) ∈ R

N × [0,+∞), ✭✸✳✹✺✮

✼✷



✇❤❡r❡ C0 ≃ ετ ✇✐t❤ τ t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✳ ❍❡r❡✱ ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t✇♦ ❝❛s❡s✿

■❢ 2 < p ≤ N/(N − 2α)✳ ❇② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✸✳✶✸✱ ✭✸✳✹✺✮ ❛♥❞ ✭✸✳✸✹✮✱ ✇❡ ❣❡t

1

γ(ε)

∫

RN

G(x, tεηε)dx ≥ O(ε(N−2α)p/2−(N−2α)+τ ),

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ✭✸✳✹✵✮ ❤♦❧❞s✱ s✐♥❝❡ τ < (N − 2α)(2− p)/2✳

■❢ N/(N − 2α) ≤ p < 4α/(N − 2α)✳ ❇② ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✸✳✶✸✱ ✭✸✳✹✺✮ ❛♥❞ ✭✸✳✸✹✮✱ ✇❡

❣❡t
1

γ(ε)

∫

RN

G(x, tεηε)dx ≥ O(εN−(N−2α)p/2−(N−2α)+τ ),

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ✭✸✳✹✵✮ ❤♦❧❞s✱ s✐♥❝❡ τ < (N − 2α)p/2 − 2α✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡

♣r♦♦❢✳

❈♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ t✇♦ ❧❡♠♠❛s ✇❤✐❝❤ ❛r❡ r❡q✉✐r❡❞ ✐♥ ❧❛t❡r s❡❝t✐♦♥s✳

▲❡♠♠❛ ✸✳✶✺✳ ❙✉♣♣♦s❡ t❤❛t (V ) ❛♥❞ (g4) ❛r❡ s❛t✐s✜❡❞✳ ▲❡t (vn) ⊂ X ❜❡ ❛ ❜♦✉♥❞❡❞

s❡q✉❡♥❝❡ ✐♥ X ❛♥❞ wn(x, 0) = w(x−yn, 0)✱ ✇❤❡r❡ w ∈ X ❛♥❞ (yn) ⊂ RN ✳ ■❢ |yn| → ∞✱

t❤❡♥

[V0(x)− V (x)]vn(x, 0)wn(x, 0) → 0,

[g0(x, vn(x, 0))− g(x, vn(x, 0))]vn(x, 0)wn(x, 0) → 0,

✐♥ L1(RN)✱ ❛s n→ ∞✳

Pr♦♦❢✳ ●✐✈❡♥ δ > 0✱ s✐♥❝❡ w(x, 0) ∈ Lq(RN) ❢♦r ❛❧❧ 2 ≤ q ≤ 2∗α✱ ✇❡ ✜♥❞ 0 < ε < δ s✉❝❤

t❤❛t✱ ❢♦r ❡❛❝❤ ♠❡❛s✉r❛❜❧❡ s❡t A ⊂ RN s❛t✐s❢②✐♥❣ |A| < ε✱
∫

A

|w(x, 0)|2dx < δ ❛♥❞
∫

A

|w(x, 0)|
2∗α

2∗α−q3 dx < δ. ✭✸✳✹✻✮

❚❤❡ ❝♦♥❞✐t✐♦♥ (V ) ✐♠♣❧✐❡s V0 − V ∈ F ❛♥❞ ❜② ▲❡♠♠❛ ✸✳✾ t❤❡r❡ ❡①✐sts R1 > 0 s✉❝❤

t❤❛t |Dε(R1)| < ε✱ ✇❤❡r❡ Dε(R1) = {x ∈ RN : |V0(x) − V (x)| ≥ ε ❛♥❞ |x| > R1}✳

✼✸



❚❤✉s✱ ❛♣♣❧②✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ (V )✱ ✇❡ ♦❜t❛✐♥
∫

RN\BR1

|V0(x)− V (x)||vn(x, 0)||wn(x, 0)|dx

≤ ‖V0‖∞

∫

Dε(R1)

|vn(x, 0)||wn(x, 0)|dx+ ε

∫

Fε

|vn(x, 0)||wn(x, 0)|dx

≤ ‖V0‖∞




∫

Dε(R1)

|vn(x, 0)|
2dx




1
2



∫

Dε(R1)

|wn(x, 0)|
2dx




1
2

+ ε



∫

Fε

|vn(x, 0)|
2dx




1
2


∫

Fε

|wn(x, 0)|
2dx




1
2

,

✇❤❡r❡ Fε := RN \ (BR1 ∪Dε(R1))✳ ❈♦♥s❡q✉❡♥t❧②✱∫

RN\BR1

|V0(x)− V (x)||vn(x, 0)||wn(x, 0)|dx

≤ ‖V0‖∞‖vn(x, 0)‖2‖wn(x, 0)‖L2(Dε(R1)) + δ‖vn(x, 0)‖2‖w(x, 0)‖2.

❯s✐♥❣ ✭✸✳✹✻✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t (vn) ✐s ❜♦✉♥❞❡❞ ✐♥ X✱ ✇❡ ♦❜t❛✐♥ ❛ ❝♦♥st❛♥t C1 > 0 s✉❝❤

t❤❛t ∫

RN\BR1

|V0(x)− V (x)||vn(x, 0)||wn(x, 0)|dx ≤ C1(δ
1/2 + δ). ✭✸✳✹✼✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❜② ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ (V ) ❛♥❞ t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ (vn) ✐♥ X✱ ✇❡

✜♥❞ C2 > 0 s✉❝❤ t❤❛t∫

BR1

|V0(x)− V (x)||vn(x, 0)||wn(x, 0)|dx

≤ ‖V0‖∞




∫

BR1

|vn(x, 0)|
2dx




1
2



∫

BR1

|wn(x, 0)|
2dx




1
2

≤ ‖V0‖∞‖vn(x, 0)‖2




∫

BR1
(−yn)

|w(x, 0)|2dx




1
2

≤ C2




∫

BR1
(−yn)

|w(x, 0)|2dx




1
2

.

✭✸✳✹✽✮

❚❤❡♥✱ s✐♥❝❡ w(x, 0) ∈ L2(RN) ❛♥❞ |yn| → ∞✱ t❤❡r❡ ❡①✐sts n0 ∈ N s✉❝❤ t❤❛t
∫

BR1

|V0(x)− V (x)||vn(x, 0)||wn(x, 0)|dx ≤ C2δ, ❢♦r ❛❧❧ n ≥ n0. ✭✸✳✹✾✮

✼✹



❚❤❡ ✐♥❡q✉❛❧✐t✐❡s ✭✸✳✹✼✮✱ ✭✸✳✹✾✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t δ > 0 ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② s♠❛❧❧

✐♠♣❧② t❤❛t

[V0(x)− V (x)]vn(x, 0)wn(x, 0) → 0 ✐♥ L1(RN), ❛s n→ ∞.

❚❤✐s ♣r♦✈❡s t❤❡ ✜rst ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❧❡♠♠❛✳ ■♥ ♦r❞❡r t♦ ✈❡r✐❢② t❤❡ s❡❝♦♥❞ ❧✐♠✐t✱ ❣✐✈❡♥

R2 > 0✱ ✇❡ ❞❡✜♥❡ An = (RN \ BR2) ∩ {x ∈ RN : |vn(x)| ≤ 1}✱ Bn = RN \ (An ∪ BR2)✱

Dε(R2) = {x ∈ RN : |h3(x)| ≥ ε ❛♥❞ |x| ≥ R2} ❛♥❞ ✇❡ s♣❧✐t
∫

RN

|g0(x, vn(x, 0))− g(x, vn(x, 0))||vn(x, 0)||wn(x, 0)|dx = I1,n + I2,n + I3,n,

✇❤❡r❡

I1,n :=

∫

An

|g0(x, vn(x, 0))− g(x, vn(x, 0))||vn(x, 0)||wn(x, 0)|dx,

I2,n :=

∫

Bn

|g0(x, vn(x, 0))− g(x, vn(x, 0))||vn(x, 0)||wn(x, 0)|dx,

I3,n :=

∫

BR2

|g0(x, vn(x, 0))− g(x, vn(x, 0))||vn(x, 0)||wn(x, 0)|dx.

❲❡ ✇✐❧❧ ❡st✐♠❛t❡ ❡❛❝❤ ♦♥❡ ♦❢ t❤❡s❡ ✐♥t❡❣r❛❧s✳ ❋♦r I1,n✱ ♥♦t❡ t❤❛t ❜② t❤❡ ❝♦♥❞✐t✐♦♥

(g4)(ii)✱

I1,n ≤

∫

An

|h3(x)||vn(x, 0)|
q3 |wn(x, 0)|dx =: I1,n.

❇② ▲❡♠♠❛ ✸✳✾ ❛♥❞ t❤❡ ❢❛❝t t❤❛t h3 ∈ F ✱ ✇❡ ❝❛♥ ✜♥❞ R2 > 0 s✉❝❤ t❤❛t |Dε(R2)| < ε✳

❚❤❡♥✱ ❜② ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②

I1,n ≤ ‖h3‖∞




∫

An∩Dε(R2)

|vn(x, 0)|
2∗αdx




q3
2∗α




∫

An∩Dε(R2)

|wn(x, 0)|
2∗α

2∗α−q3 dx




2∗α−q3
2∗α

+ ε




∫

An\Dε(R2)

|vn(x, 0)|
2∗αdx




q3
2∗α




∫

An\Dε(R2)

|wn(x, 0)|
2∗α

2∗α−q3 dx




2∗α−q3
2∗α

.

❈♦♥s❡q✉❡♥t❧②✱

I1,n ≤ ‖h3‖∞‖vn(x, 0)‖
q3
2∗α
‖wn(x, 0)‖

L

2∗α
(2∗α−q3) (Dε(R2))

+ δ ‖vn(x, 0)‖
q3
2∗α
‖w(x, 0)‖ 2∗α

2∗α−q3

.

❆❣❛✐♥ ✉s✐♥❣ ✭✸✳✹✻✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t (vn) ✐s ❜♦✉♥❞❡❞ ✐♥ X✱ ✇❡ ♦❜t❛✐♥ ❛ ❝♦♥st❛♥t C3 > 0

s✉❝❤ t❤❛t

I1,n ≤ C3(δ
(2∗α−q3)/2∗α + δ). ✭✸✳✺✵✮

✼✺



❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛❣❛✐♥ ✉s✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ (g4)(ii) ❛♥❞ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ✇❡ ❤❛✈❡

I2,n ≤ ‖h3‖∞




∫

Dε(R2)

|vn(x, 0)|
2∗αdx




q3
2∗α




∫

Dε(R2)

|wn(x, 0)|
2∗α

2∗α−q3 dx




2∗α−q3
2∗α

+ε




∫

Bn\Dε(R2)

|vn(x, 0)|
2∗αdx




q3
2∗α




∫

Bn\Dε(R2)

|wn(x, 0)|
2∗α

2∗α−q3 dx




2∗α−q3
2∗α

.

❚❤✉s✱ ❜② t❤❡ ❜♦✉♥❞❡❞♥❡ss ♦❢ (vn) ✐♥ X ❛♥❞ ✭✸✳✹✻✮✱ t❤❡r❡ ❡①✐sts C4 > 0 s✉❝❤ t❤❛t

I2,n ≤ C4δ
2∗α−q3

2∗α . ✭✸✳✺✶✮

❙✐♠✐❧❛r❧② t♦ ✭✸✳✹✽✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t

I3,n ≤ C5




∫

BR2
(−yn)

|w(x, 0)|
2∗α

2∗α−q3 dx




2∗α−q3
2∗α

,

❢♦r s♦♠❡ ❝♦♥st❛♥t C5 > 0✳ ❚❤❡r❡❢♦r❡✱ s✐♥❝❡ w(x, 0) ∈ L2∗α/(2
∗
α−q3)(RN) ❛♥❞ |yn| → +∞✱

✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts n0 ∈ N s✉❝❤ t❤❛t

I3,n ≤ C5δ, ❢♦r ❛❧❧ n ≥ n0. ✭✸✳✺✷✮

❋✐♥❛❧❧②✱ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✭✸✳✺✵✮−✭✸✳✺✷✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t δ > 0 ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧②

s♠❛❧❧ ✐♠♣❧② t❤❛t

[g0(x, vn(x, 0))− g(x, vn(x, 0))]vn(x, 0)wn(x, 0) → 0 ✐♥ L1(RN), ❛s n→ ∞.

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

▲❡♠♠❛ ✸✳✶✻✳ ❙✉♣♣♦s❡ t❤❛t 2 ≤ q < 2∗α ❛♥❞ h ∈ F ✳ ▲❡t (vn) ⊂ X ❜❡ ❛ s❡q✉❡♥❝❡ s✉❝❤

t❤❛t vn ⇀ v ✐♥ X✳ ❚❤❡♥

h(x)|vn(x, 0)|
q → h(x)|v(x, 0)|q ✐♥ L1(RN), ❛s n→ ∞.

Pr♦♦❢✳ ❆r❣✉✐♥❣ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ ✇❡ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ✐s ❛ s✉❜s❡q✉❡♥❝❡✱ st✐❧❧ ❞❡♥♦t❡❞

❜② (vn) ❛♥❞ ε > 0 s✉❝❤ t❤❛t
∫

RN

|h(x)| | |vn(x, 0)|
q − |v(x, 0)|q|dx ≥ ε ❢♦r ❛❧❧ n ∈ N. ✭✸✳✺✸✮

◆♦✇ ✇❡ ❞❡✜♥❡ Dδ(R) = {x ∈ RN : |h(x)| ≥ δ ❛♥❞ |x| > R}✳ ❙✐♥❝❡ h ∈ F ✱ ❜② ▲❡♠♠❛

✸✳✾ t❤❡r❡ ❡①✐sts R = Rδ > 0 s✉❝❤ t❤❛t |Dδ(R)| < δ✳ ❈♦♥s❡q✉❡♥t❧②✱ s✐♥❝❡ t❤❡ s❡q✉❡♥❝❡

(vn) ✐s ❜♦✉♥❞❡❞ ✐♥ X✱ ❜② ✉s✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✸✳✽✮✱ ✇❡ ❣❡t

∫

Dδ(R)

|vn(x, 0)|
qdx ≤




∫

Dδ(R)

1
2∗α

2∗α−qdx




2∗α−q

2∗α




∫

Dδ(R)

|vn(x, 0)|
2∗αdx




q
2∗α

≤ Cδ(2
∗
α−q)/2∗α ,

✼✻



❢♦r s♦♠❡ ❝♦♥st❛♥t C > 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
∫

Dδ(R)

|h(x)| | |vn(x, 0)|
q − |v(x, 0)|q|dx ≤ ‖h‖∞

∫

Dδ(R)

(|vn(x, 0)|
q + |v(x, 0)|q)dx ≤ C1δ

(2∗
α
−q)/2∗

α , ✭✸✳✺✹✮

❢♦r s♦♠❡ ❝♦♥st❛♥t C1 > 0✳ ❙t✐❧❧ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Dδ(R) ❛♥❞ ❜♦✉♥❞❡❞♥❡ss ♦❢ (vn) ✐♥
X✱ t❤❡r❡ ❡①✐sts C2 > 0 s✉❝❤ t❤❛t

∫

RN\(BR∪Dδ(R))

|h(x)| | |vn(x, 0)|
q − |v(x, 0)|q|dx ≤ δ

∫

RN

(|vn(x, 0)|
q + |v(x, 0)|q)dx ≤ C2δ. ✭✸✳✺✺✮

❯s✐♥❣ t❤❛t vn ⇀ v ✐♥X✱ ✭✸✳✹✮ ❛♥❞ (V )✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ vn(x, 0) → v(x, 0)

✐♥ Lq
loc(R

N) ❢♦r ❛❧❧ 1 ≤ q < 2∗α✳ ❈♦♥s❡q✉❡♥t❧②✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ t❤❛t

vn(x, 0) → v(x, 0) ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ BR ❛♥❞ ❛❧s♦ t❤❛t t❤❡r❡ ❡①✐sts wq ∈ Lq(BR)

s✉❝❤ t❤❛t |vn(x, 0)| ≤ wq✳ ❚❤✉s✱ ✐t ❢♦❧❧♦✇s ❜② t❤❡ ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠

t❤❛t ∫

BR

||vn(x, 0)|
q − |v(x, 0)|q|dx→ 0, ❛s n→ ∞.

❙✐♥❝❡ h ∈ L∞(RN) t❤❡r❡ ❡①✐sts n0 ∈ N s✉❝❤ t❤❛t
∫

BR

|h(x)|||vn(x, 0)|
q − |v(x, 0)|q|dx < δ, ❢♦r ❛❧❧ n ≥ n0. ✭✸✳✺✻✮

❈♦♠❜✐♥✐♥❣ ✭✸✳✺✹✮− ✭✸✳✺✻✮✱ ❢♦r n s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ✇❡ ❣❡t
∫

RN

|h(x)|||vn(x, 0)|
q − |v(x, 0)|q|dx ≤ C1δ

(2∗α−q)/2∗α + C2δ + δ.

❇✉t δ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❛r❜✐tr❛r✐❧② s♠❛❧❧ ❛♥❞ s♦ t❤❡ ✐♥❡q✉❛❧✐t② ❛❜♦✈❡ ❝♦♥tr❛❞✐❝ts ✭✸✳✺✸✮✱

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶

❲✐t❤ t❤❡ ❛✐❞ ♦❢ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s t❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s

t♦ ✜♥❞ ❛ ♥♦♥tr✐✈✐❛❧ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ J ✳ ❋✐rst✱ r❡❝❛❧❧ t❤❛t ❜② ❈♦r♦❧❧❛r② ✸✳✽ t❤❡r❡ ❡①✐sts

(vn) ⊂ X s✉❝❤ t❤❛t

J(vn) → cM ❛♥❞ ‖J ′(vn)‖∗(1 + ‖vn‖) → 0, ❛s n→ ∞. ✭✸✳✺✼✮

❇② ▲❡♠♠❛ ✸✳✶✵ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t vn ⇀ v ✐♥ X✳ ◆♦t❡ t❤❛t v ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢

J ✳ ■♥❞❡❡❞✱ s✐♥❝❡ vn ⇀ v ✐♥ X✱ ❢r♦♠ ✭✸✳✹✮ ❛♥❞ (V )✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ t❤❛t

✼✼



vn(x, 0) → v(x, 0) ✐♥ Lq
loc(R

N) ❢♦r ❛❧❧ 1 ≤ q < 2∗α✳ ❈♦♥s❡q✉❡♥t❧②✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱

❝♦♠❜✐♥✐♥❣ t❤❡ ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠ ❛♥❞ ✭✸✳✶✶✮✱ ✇❡ ♦❜t❛✐♥

∫

RN

g(x, vn(x, 0))ϕ(x, 0)dx→

∫

RN

g(x, v(x, 0))ϕ(x, 0)dx, ❛s n→ +∞

❛♥❞ ∫

RN

|vn(x, 0)|
2∗α−1ϕ(x, 0)dx→

∫

RN

|v(x, 0)|2
∗
α−1ϕ(x, 0)dx, ❛s n→ +∞,

❢♦r ❡❛❝❤ ϕ ∈ C∞
0 (RN+1

+ )✳ ❚❤❡s❡ ❝♦♥✈❡r❣❡♥❝❡s✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❢❛❝t t❤❛t vn ⇀ v ✐♥ X

❛♥❞ ✭✸✳✺✼✮✱ ✐♠♣❧②

J ′(v)ϕ = lim
n→+∞

J ′(vn)ϕ = 0, ❢♦r ❛❧❧ ϕ ∈ C∞
0 (RN+1

+ ).

❇② ❞❡♥s✐t② t❤✐s ❤♦❧❞s ❢♦r ❡✈❡r② ϕ ∈ X✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ❛ss❡rt✐♦♥✳

■❢ v 6≡ 0✱ ❚❤❡♦r❡♠ ✸✳✶ ✐s ♣r♦✈❡❞✳ ❆ss✉♠✐♥❣ t❤❛t v ≡ 0✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛

♥♦♥tr✐✈✐❛❧ ♣♦✐♥t ❝r✐t✐❝❛❧ ♦❢ J ✐s ♠♦r❡ ❞❡❧✐❝❛t❡ ❛♥❞ ✐t ✇✐❧❧ ✐♥✈♦❧✈❡ s❡✈❡r❛❧ st❡♣s✳ ■♥✐t✐❛❧❧②✱

✇❤❡♥ v ≡ 0 ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✹ ✇❡ ❤❛✈❡ cM < α
N
(καS(α,N))N/2α✳ ❋✉rt❤❡r♠♦r❡✱

❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✶ t❤❡r❡ ❛r❡ ❛ s❡q✉❡♥❝❡ (yn) ⊂ RN ❛♥❞ R, η > 0 s✉❝❤ t❤❛t |yn| → ∞✱

❛s n→ ∞✱ ❛♥❞

lim sup
n→∞

∫

BR(yn)

|vn(x, 0)|
2dx ≥ η > 0. ✭✸✳✺✽✮

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t (yn) ⊂ ZN ✳ ❚❤❡♥✱ ❞❡✜♥✐♥❣ un(x, y) =

vn(x+ yn, y)✱ ❜② t❤❡ ♣❡r✐♦❞✐❝✐t② ♦❢ V0 ✇❡ ❤❛✈❡ t❤❛t ‖un(·, ·)‖0 = ‖vn(·+ yn, ·)‖0✳ ❙✐♥❝❡

(vn) ✐s ❛❧s♦ ❜♦✉♥❞❡❞ ✐♥ X0✱ ✐t ❢♦❧❧♦✇s t❤❛t (un) ✐s ❜♦✉♥❞❡❞ ✐♥ X0✳ ❚❤✉s✱ ♣❛ss✐♥❣ t♦ ❛

s✉❜s❡q✉❡♥❝❡ ✐❢ ♥❡❝❡ss❛r②✱ t❤❡r❡ ✐s u ∈ X0 s✉❝❤ t❤❛t un ⇀ u ✐♥ X0✳

❙t❡♣ ✶✳ u ✐s ♥♦♥③❡r♦✳

■♥❞❡❡❞✱ ❜② ✭✸✳✺✽✮✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱

η1/2 ≤ ‖un(·, 0)‖L2(BR) ≤ ‖(un − u)(·, 0)‖L2(BR) + ‖u(·, 0)‖L2(BR).

❚❤✉s✱ ❢r♦♠ t❤❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈ ❊♠❜❡❞❞✐♥❣ ❚❤❡♦r❡♠✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t u ✐s ♥♦♥③❡r♦✳

✼✽



❙t❡♣ ✷✳ J ′
0(un)ϕ→ J ′

0(u)ϕ, ❛s n→ ∞✱ ❢♦r ❛❧❧ ϕ ∈ C∞
0 (RN+1

+ )✳

❇② t❤❡ ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❢♦r ϕ ∈ C∞
0 (RN+1

+ )✱ ✉♣

t♦ ❛ s✉❜s❡q✉❡♥❝❡✱

∫

RN

|un(x, 0)|
2∗α−2un(x, 0)ϕ(x, 0)dx→

∫

RN

|u(x, 0)|2
∗
α−2u(x, 0)ϕ(x, 0)dx, ❛s n→ +∞.

✭✸✳✺✾✮

❲❡ ❛❧s♦ ❝❧❛✐♠ t❤❛t

∫

RN

g0(x, un(x, 0))ϕ(x, 0)dx→

∫

RN

g0(x, u(x, 0))ϕ(x, 0)dx, ❛s n→ +∞. ✭✸✳✻✵✮

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✭✸✳✻✵✮✱ ♦❜s❡r✈❡ t❤❛t

[g0(x, u(x, 0))− g0(x, un(x, 0))]ϕ(x, 0) = [g0(x, u(x, 0))− g(x, un(x, 0))]ϕ(x, 0)

+ [g(x, un(x, 0))− g0(x, un(x, 0))]ϕ(x, 0).
✭✸✳✻✶✮

◆♦✇✱ ✉s✐♥❣ t❤❛t un ⇀ u ✐♥ X0✱ ✭✸✳✹✮ ❛♥❞ (V )✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ un(x, 0) →

u(x, 0) ✐♥ Lq
loc(R

N) ❢♦r ❛❧❧ 1 ≤ q < 2∗α✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢r♦♠ (g1)✱ (g2) ❛♥❞ t❤❡ ❉♦♠✐♥❛t❡❞

❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱

∫

RN

g(x, un(x, 0))ϕ(x, 0)dx→

∫

RN

g(x, u(x, 0))ϕ(x, 0)dx, ❛s n→ +∞, ✭✸✳✻✷✮

❛♥❞ ❜② (g4)(ii) ❛♥❞ t❤❡ ❉♦♠✐♥❛t❡❞ ❈♦♥✈❡r❣❡♥❝❡ ❚❤❡♦r❡♠✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱
∫

RN

[g(x, un(x, 0))− g0(x, un(x, 0))]ϕ(x, 0)dx →

∫

RN

[g(x, u(x, 0))− g0(x, u(x, 0))]ϕ(x, 0)dx, ✭✸✳✻✸✮

❛s n→ +∞✳ ❚❤✉s✱ ❝♦♠❜✐♥✐♥❣ ✭✸✳✻✶✮✲✭✸✳✻✸✮✱ ✇❡ ♦❜t❛✐♥ ✭✸✳✻✵✮✳

❙✐♥❝❡ un ⇀ u ✐♥ X0✱ ❢r♦♠ ✭✸✳✺✾✮ ❛♥❞ ✭✸✳✻✵✮ ✇❡ ❝♦♥❝❧✉❞❡ ❙t❡♣ ✷✳

❙t❡♣ ✸✳ ●✐✈❡♥ ϕ ∈ C∞
0 (RN+1

+ )✱ ✇❡ ❤❛✈❡ t❤❛t J ′
0(un)ϕ = J ′

0(vn)ϕn✱ ✇❤❡r❡ ϕn(x, y) =

ϕ(x− yn, y) ❛♥❞ n ∈ N✳

✼✾



❋✐rst✱ ♦❜s❡r✈❡ t❤❛t

J ′
0(un)ϕ =

∫

R
N+1
+

κα y
1−2α∇vn(x+ yn, y)∇ϕ(x, y)dxdy

+

∫

RN

V0(x)vn(x+ yn, 0)ϕ(x, 0)dx−

∫

RN

g0(x, vn(x+ yn, 0))ϕ(x, 0)dx

−

∫

RN

|vn(x+ yn, 0)|
2∗α−1vn(x+ yn, 0)ϕ(x, 0)dx.

❇② ❛♣♣❧②✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ϕn(x, y) ❛♥❞ t❤❡ ♣❡r✐♦❞✐❝✐t② ♦❢ V0 ❛♥❞ g0✱ ✇❡ ♦❜t❛✐♥

J ′
0(un)ϕ =

∫

R
N+1
+

κα y
1−2α∇vn(z, y)∇ϕn(z, y)dzdy

+

∫

RN

V0(z)vn(z, 0)ϕn(z, 0)dz −

∫

RN

g0(z, vn(z, 0))ϕn(z, 0)dz

−

∫

RN

|vn(z, 0)|
2∗α−1vn(z, 0)ϕn(z, 0)dz

= J ′
0(vn)ϕn.

❚❤✐s ❝♦♥❝❧✉❞❡s ❙t❡♣ ✸✳

❙t❡♣ ✹✳ u ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ J0✳

■♥✐t✐❛❧❧②✱ ♥♦t❡ t❤❛t

|J ′
0(vn)ϕn − J ′(vn)ϕn| ≤

∫

RN

|V0(z)− V (z)||vn(z, 0)||ϕn(z, 0)|dz

+

∫

RN

|g(z, vn(z, 0))ϕn(z, 0)− g0(z, vn(z, 0))ϕn(z, 0)|dz.

❚❤❡♥✱ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✸✳✶✺✱ ✇❡ ❣❡t t❤❛t

|J ′
0(vn)ϕn − J ′(vn)ϕn| → 0, ❛s n→ ∞. ✭✸✳✻✹✮

❇② ✭✸✳✺✼✮ ❛♥❞ ✉s✐♥❣ t❤❛t ‖ϕn‖0 = ‖ϕ‖0✱ ❢♦r ❛❧❧ n ∈ N✱ ✇❡ ❤❛✈❡ J ′(vn)ϕn → 0 ❛s

n→ +∞✳ ❍❡♥❝❡✱ ❜② ✭✸✳✻✹✮✱ ✇❡ ♦❜t❛✐♥

J ′
0(vn)ϕn → 0, ❛s n→ ∞.

✽✵



❋r♦♠ ❙t❡♣ ✷ ❛♥❞ ❙t❡♣ ✸✱ ✇❡ ♦❜t❛✐♥ t❤❛t u ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ J0 ❛s ❝❧❛✐♠❡❞✳

❙t❡♣ ✺✳ ❲❡ ❝❧❛✐♠ t❤❛t

lim inf
n→∞

∫

RN

[
1

2
g(x, vn(x, 0))vn(x, 0)−G(x, vn(x, 0))

]
dx

≥

∫

RN

[
1

2
g0(x, u(x, 0))u(x, 0)−G0(x, u(x, 0))

]
dx. ✭✸✳✻✺✮

❙✐♥❝❡ vn ⇀ 0 ✐♥ X✱ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✸✳✶✻✱

∫

RN

hi(x)|vn(x, 0)|
qidx→ 0, ❛s n→ ∞, ✭✸✳✻✻✮

❢♦r i ∈ {1, 2, 3}✱ hi ∈ F ❛♥❞ 2 ≤ qi < 2∗α✳ ❘❡❝❛❧❧ t❤❛t ❜② (g4)(ii)

|g(x, s)s− g0(x, s)s| ≤ h3(x)|s|
q3 .

❚❤✐s t♦❣❡t❤❡r ✇✐t❤ ✭✸✳✻✻✮ ✐♠♣❧②

∫

RN

[g(x, vn(x, 0))vn(x, 0)− g0(x, vn(x, 0))vn(x, 0)] dx→ 0, ❛s n→ ∞. ✭✸✳✻✼✮

❙✐♠✐❧❛r❧②✱

∫

RN

[G(x, vn(x, 0))−G0(x, vn(x, 0))] dx→ 0, ❛s n→ ∞. ✭✸✳✻✽✮

❋r♦♠ ✭✸✳✻✼✮ ❛♥❞ ✭✸✳✻✽✮✱ ✇❡ r❡❛❝❤

lim inf
n→∞

∫

RN

[
1

2
g(x, vn(x, 0))vn(x, 0)−G(x, vn(x, 0))

]
dx

= lim inf
n→∞

∫

RN

[
1

2
g0(x, vn(x, 0))vn(x, 0)−G0(x, vn(x, 0))

]
dx.

❈♦♥s❡q✉❡♥t❧②✱ ❜② t❤❡ ♣❡r✐♦❞✐❝✐t② ♦❢ g0 ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ (vn)✱ ✇❡ ♦❜t❛✐♥

lim inf
n→∞

∫

RN

[
1

2
g(x, vn(x, 0))vn(x, 0)−G(x, vn(x, 0))

]
dx

= lim inf
n→∞

∫

RN

[
1

2
g0(x, un(x, 0))un(x, 0)−G0(x, un(x, 0))

]
dx. ✭✸✳✻✾✮

✽✶



◆♦✇✱ ❢r♦♠ (g3) ❛♥❞ (g4)✱ ✇❡ ❤❛✈❡ t❤❛t ❢♦r s ≥ 0✱

1

2
g0(x, s)s−G0(x, s) ≥

1

2
[g0(x, s)− g(x, s)]s+

1

2
g(x, s)s−G(x, s) + [G(x, s)−G0(x, s)]

≥ −h1(x)− h2(x)s
q2 −

1

2
h3(x)s

q3 .

❍❡♥❝❡✱ s✐♥❝❡ g0(x, s) = 0 ✐❢ s < 0✱ ❜② ❋❛t♦✉✬s ▲❡♠♠❛✱ ✐t ❢♦❧❧♦✇s t❤❛t

lim inf
n→∞

∫

RN

[
1

2
g0(x, un(x, 0))un(x, 0)−G0(x, un(x, 0)) + h1(x) + h2(x)|un(x, 0)|

q2 +
1

2
h3(x)|un(x, 0)|

q3

]
dx

≥

∫

RN

[
1

2
g0(x, u(x, 0))u(x, 0)−G0(x, u(x, 0)) + h1(x) + h2(x)|u(x, 0)|

q2 +
1

2
h3(x)|u(x, 0)|

q3

]
dx.

❇② ✉s✐♥❣ ✭✸✳✻✻✮ ❛♥❞ ✭✸✳✻✾✮✱ ✇❡ ♦❜t❛✐♥ ✭✸✳✻✺✮✳

❙t❡♣ ✻✳ J0(u) ≤ cM ✳

■♥ ♦r❞❡r t♦ s❤♦✇ t❤✐s ❢❛❝t✱ ♥♦t❡ t❤❛t

J(vn)−
1

2
J ′(vn)vn =

α

N

∫

RN

|vn(x, 0)|
2∗
αdx+

∫

RN

[
1

2
g(x, vn(x, 0))vn(x, 0)−G(x, vn(x, 0))

]
dx. ✭✸✳✼✵✮

❇② ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ (un) ❛♥❞ t❤❡ ❋❛t♦✉✬s ▲❡♠♠❛ ✇❡ ❤❛✈❡

lim inf
n→∞

∫

RN

|vn(x, 0)|
2∗αdx ≥

∫

RN

|u(x, 0)|2
∗
αdx. ✭✸✳✼✶✮

❈♦♠❜✐♥✐♥❣ ✭✸✳✺✼✮✱ ✭✸✳✻✺✮✱ ✭✸✳✼✵✮✱ ✭✸✳✼✶✮ ❛♥❞ ❙t❡♣ ✸✱ ✇❡ r❡❛❝❤

cM ≥
α

N

∫

RN

|u(x, 0)|2
∗
αdx+

∫

RN

[
1

2
g0(x, u(x, 0))u(x, 0)−G0(x, u(x, 0))

]
dx

= J0(u)−
1

2
J ′
0(u)u = J0(u), ✭✸✳✼✷✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t u ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ J0 ✭s❡❡ ❙t❡♣ ✹✮✳ ❚❤✐s ❝♦♠♣❧❡t❡s

❙t❡♣ ✻✳

❙t❡♣ ✼✳ ❚❤❡r❡ ❡①✐sts γ0 ∈ Γ s✉❝❤ t❤❛t

cM = max
t∈[0,1]

J(γ0(t)). ✭✸✳✼✸✮

◆♦t❡ t❤❛t max{J0(tu); t ≥ 0} ✐s ✉♥✐q✉❡✳ ■♥❞❡❡❞✱ ✇❡ s✉♣♣♦s❡ t❤❛t ❡①✐st t1 ❛♥❞ t2 s✉❝❤

t❤❛t t1u ❛♥❞ t2u ❛r❡ ♠❛①✐♠✉♠ ♣♦✐♥ts ♦❢ J0 ✇✐t❤ t2 > t1✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳ ❇②

✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t t2u ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ J0✱ ✇❡ ❤❛✈❡

t22‖u‖
2
0 =

∫

RN

g0(x, t2u)t2udx+ t
2∗s
2

∫

RN

|u|2
∗
sdx.

✽✷



❇② ✉s✐♥❣ (g4)(iii)✱ ✇❡ ❤❛✈❡ t❤❛t

0 = t22


‖u‖20 −

∫

RN

g0(x, t2u)t
−1
2 udx− t

2∗s−2
2 ‖u‖

2∗s
2∗s




< t22


‖u‖20 −

∫

RN

g0(x, t1u)t
−1
1 udx− t

2∗s−2
1 ‖u‖

2∗s
2∗s


 .

▼✉❧t✐♣❧②✐♥❣ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ❜② t21 ❛♥❞ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t t1u ✐s ❛❧s♦ ❛ ❝r✐t✐❝❛❧

♣♦✐♥t ♦❢ J0 ✇❡ ♦❜t❛✐♥

0 < t22


t21‖u‖20 −

∫

RN

g0(x, t1u)t1udx− t
2∗s
1 ‖u‖

2∗s
2∗s




= t22

(
t
2∗s
1 ‖u‖

2∗s
2∗s
− t

2∗s
1 ‖u‖

2∗s
2∗s

)
= 0,

❜✉t t❤✐s ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤✉s t❤❡ max{J0(tu); t ≥ 0} ✐s ✉♥✐q✉❡✳

❯s✐♥❣ t❤✐s ❢❛❝t ❝♦♠❜✐♥❡❞ ✇✐t❤ (V )✱ (g4)(i) ❛♥❞ ❙t❡♣ ✻✱ ✇❡ ❤❛✈❡

cM ≤ max
t≥0

J(tu) ≤ max
t≥0

J0(tu) = J0(u) ≤ cM .

❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts γ0 ∈ Γ s✉❝❤ t❤❛t ✭✸✳✼✸✮ ❤♦❧❞s✳

■♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠ ✸✳✻✱ J ♣♦ss❡ss❡s ❛ ♥♦♥tr✐✈✐❛❧ ❝r✐t✐❝❛❧ ♣♦✐♥t v ♦♥ ❧❡✈❡❧ cM ✳ ❚❤✐s

❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷ ❢♦❧❧♦✇s t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳ ■♥ ❢❛❝t✱

s✐♥❝❡ g0 s❛t✐s✜❡s (g1)− (g3)✱ ❛♣♣❧②✐♥❣ ❈♦r♦❧❧❛r② ✸✳✽✱ ✇❡ ✜♥❞ ❛ s❡q✉❡♥❝❡ (vn) ⊂ X0 s✉❝❤

t❤❛t

J0(vn) → cM ❛♥❞ ‖J ′
0(vn)‖∗(1 + ‖vn‖0) → 0, ❛s n→ ∞.

❇② ▲❡♠♠❛ ✸✳✶✵✱ ✇❡ ♠❛② s✉♣♣♦s❡✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ t❤❛t vn ⇀ v0 ✐♥ X0✳ ❋r♦♠

✭✸✳✶✶✮ ❢♦r g0✱ ❜② ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✱ ✇❡ ❤❛✈❡

t❤❛t v0 ✐s ❛ ❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ J0✳ ❍❡♥❝❡✱ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✸✳✷ ✐t s✉✣❝❡s t♦

❛ss✉♠❡ t❤❛t v0 ≡ 0✳

■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✹✱ ✐t ❢♦❧❧♦✇s t❤❛t cM < α
N
(καS(α,N))N/2α✳ ❋✉rt❤❡r♠♦r❡✱

❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶✶ t❤❡r❡ ❛r❡ ❛ s❡q✉❡♥❝❡ (yn) ⊂ RN ❛♥❞ R, η > 0 s✉❝❤ t❤❛t |yn| → ∞✱

✽✸



❛s n→ ∞✱ ❛♥❞

lim sup
n→∞

∫

BR(yn)

|vn(x, 0)|
2dx ≥ η > 0. ✭✸✳✼✹✮

❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t (yn) ⊂ ZN ✳ ❚❤❡♥✱ ❞❡✜♥✐♥❣

un(·, ∗) = vn(· + yn, ∗)✱ n ∈ N✱ ❜② t❤❡ ♣❡r✐♦❞✐❝✐t② ♦❢ V0 ✇❡ ❤❛✈❡ t❤❛t ‖un(·, ∗)‖0 =

‖vn(· + yn, ∗)‖0 ❢♦r ❛❧❧ n ∈ N✳ ❈♦♥s❡q✉❡♥t❧②✱ ♣❛ss✐♥❣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ ✐❢ ♥❡❝❡ss❛r②✱

t❤❡r❡ ❡①✐sts u0 ∈ X0 s✉❝❤ t❤❛t un ⇀ u0 ✐♥ X0✳ ❙✐♠✐❧❛r t♦ ❙t❡♣ ✹ ✇❡ ❤❛✈❡ t❤❛t u0 ✐s ❛

❝r✐t✐❝❛❧ ♣♦✐♥t ♦❢ J0✳ ❋✉rt❤❡r♠♦r❡✱ ✭✸✳✼✹✮ ✐♠♣❧✐❡s t❤❛t u0 6≡ 0✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢

♦❢ ❚❤❡♦r❡♠ ✸✳✷✳ �

✽✹



❆♣♣❡♥❞✐① ❆

❆✉①✐❧✐❛r② r❡s✉❧ts

❋r❛❝t✐♦♥❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡s ❛♥❞ t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥

♦♣❡r❛t♦r

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t t❤❡ s✉✐t❛❜❧❡ ❡♥✈✐r♦♥♠❡♥t ❢♦r t❤❡ st✉❞② ♦❢ t❤❡ ♥♦♥❧♦❝❛❧

❡q✉❛t✐♦♥s✿ ❋r❛❝t✐♦♥❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡s✳

❈♦♥s✐❞❡r✐♥❣ 0 < α < 1 ✇❡ ♠❛② ❞❡✜♥❡ t❤❡ ❢r❛❝t✐♦♥❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡ W α,p(RN) ❢♦r

❛♥② p ∈ [1,+∞) ❛s ❢♦❧❧♦✇s

Wα,p(RN) :=

{
u ∈ Lp(RN);

|u(x)− u(y)|

|x− y|
N
p
+α

∈ Lp(RN × R
N)

}
,

❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥❛t✉r❛❧ ♥♦r♠

‖u‖α,p :=



∫

RN

|u|pdx+

∫

RN

∫

RN

|u(x)− u(y)|p

|x− y|N+αp
dxdy




1/p

,

✇❤❡r❡ t❤❡ t❡r♠

[u]α,p :=



∫

RN

∫

RN

|u(x)− u(y)|p

|x− y|N+αp
dxdy




1/p

✐s t❤❡ s♦✲❝❛❧❧❡❞ ●❛❣❧✐❛r❞♦ ✭s❡♠✐✮♥♦r♠ ♦❢ u✱ s❡❡ ❞❡t❛✐❧s ✐♥ ❬✶✼❪✳

❆s ✐♥ t❤❡ ❝❧❛ss✐❝ ❝❛s❡ ✇❤❡♥ α ✐s ❛♥ ✐♥t❡❣❡r✱ ❛♥② ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❢r❛❝t✐♦♥❛❧ ❙♦❜♦❧❡✈

s♣❛❝❡W α,p(RN) ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ s♠♦♦t❤ ❢✉♥❝t✐♦♥s ✇✐t❤ ❝♦♠♣❛❝t

s✉♣♣♦rt✱ ✐t ✐s ✇❤❛t ❣✉❛r❛♥t❡❡s ✉s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

✽✺



❚❤❡♦r❡♠ ❆✳✶✳ ❬✶✼✱ ❚❤❡♦r❡♠ ✷✳✹❪ ❋♦r ❛♥② α > 0✱ t❤❡ s♣❛❝❡ C∞
0 (RN) ♦❢ s♠♦♦t❤ ❢✉♥❝✲

t✐♦♥s ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐s ❞❡♥s❡ ✐♥ W α,p(RN)✳

❲❤❡♥ p = 2 ✇❡ ❤❛✈❡ ❛♥ ✐♠♣♦rt❛♥t ❝❛s❡ s✐♥❝❡ Wα,2(RN) t✉r♥ ♦✉t t♦ ❜❡ ❍✐❧❜❡rt

s♣❛❝❡ ✉s✉❛❧❧② ❞❡♥♦t❡❞ ❜② Hα(RN)✱ ✇❤✐❝❤ ✐s str✐❝t❧② r❡❧❛t❡❞ t♦ t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥

♦♣❡r❛t♦r (−∆)α✳

❚❤✐s ♥♦♥❧♦❝❛❧ ♦♣❡r❛t♦r (−∆)α ✐♥ RN ✐s ❞❡✜♥❡❞ ♦♥ t❤❡ ❙❝❤✇❛rt③ ❝❧❛ss t❤r♦✉❣❤ t❤❡

❋♦✉r✐❡r tr❛♥s❢♦r♠✱

̂((−∆)αu)(ξ) = |2πξ|2αû(ξ),

✇❤❡r❡ û ❞❡♥♦t❡s t❤❡ ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ♦❢ u✱ t❤❛t ✐s✱

û(ξ) =

∫

RN

e−2πix·ξu(x) dx.

❚❤❡ ♦♣❡r❛t♦r (−∆)α ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② r❡♣r❡s❡♥t❡❞ ❛s

(−∆)αu(x) = C(N,α) lim
ǫ→0+

∫

Bc
ǫ (x)

u(x)− u(y)

|x− y|N+2α
dy, ✭❆✳✶✮

✇❤❡r❡

C(N,α) =




∫

RN

1− cos(ζ1)

|ζ|N+2α
dζ




−1

, ζ = (ζ1, ζ2, · · ·, ζN).

❊✳ ❉✐ ◆❡③③❛ ❡t ❛❧✳ ✐♥ ❬✶✼❪ ♣r♦✈❡❞ t❤❛t ✇❡ ♠❛② ✇r✐t❡ t❤❡ s✐♥❣✉❧❛r ✐♥t❡❣r❛❧ ✐♥ ✭❆✳✶✮

❛s ❛ ✇❡✐❣❤t❡❞ s❡❝♦♥❞ ♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ q✉♦t✐❡♥t✳

▲❡♠♠❛ ❆✳✷✳ ❬✶✼✱ ▲❡♠♠❛ ✸✳✷❪ ▲❡t 0 < α < 1 ❢♦r ❛♥② u ♦♥ t❤❡ ❙❝❤✇❛rt③ ❝❧❛ss✱

(−∆)αu(x) = −
1

2
C(N,α)

∫

RN

u(x+ y) + u(x− y)− 2u(x)

|y|N+2α
dy, ∀x ∈ R

N .

▼♦r❡♦✈❡r ✐♥ ❬✶✼❪ ✐t ❤❛s ♣r♦✈❡❞ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥ ♦♣❡r❛t♦r

(−∆)α ❛♥❞ t❤❡ ❢r❛❝t✐♦♥❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡ Hα(RN) ❣✐✈❡♥ ❜② ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

▲❡♠♠❛ ❆✳✸✳ ❬✶✼✱ Pr♦♣♦s✐t✐♦♥ ✸✳✻❪ ▲❡t 0 < α < 1 ❛♥❞ ❧❡t u ∈ Hα(RN)✳ ❚❤❡♥✱

[u]2α = 2C(N,α)−1‖(−∆)
α
2 u‖22.

❆♠♦♥❣ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ s♣❛❝❡s ✇❡ ♠❛② ♠❡♥t✐♦♥ t❤❡ ❢r❛❝t✐♦♥❛❧ ❙♦❜♦❧❡✈

✐♥❡q✉❛❧✐t✐❡s✳ ■♥ t❤✐s s❡♥s❡ ✐t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t ♥♦t❡ t❤❛t ❢♦r N > αp t❤❡ s♣❛❝❡Wα,p(RN)

✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ Lq(RN) ❢♦r ❛♥② q ∈ [p, p∗α] ❛♥❞ ✐♥ t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ N = αp
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✇❡ ❤❛✈❡ t❤❛t Wα,p(RN) ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞ ✐♥ Lq(RN) ❢♦r ❛♥② q ∈ [p,∞)✳ ❋♦r ❛

♣r♦♦❢ ♦❢ t❤❡s❡ r❡s✉❧ts s❡❡ ❬✶✼✱ ❚❤❡♦r❡♠s ✻✳✺ ❛♥❞ ✻✳✾❪✳

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ ♣r❡s❡♥t✐♥❣ ❛♥ ♦t❤❡r ❛♣♣r♦❛❝❤ ❢♦r t❤❡ ❢r❛❝t✐♦♥❛❧ ▲❛♣❧❛❝✐❛♥

♦♣❡r❛t♦r ♣r♦♣♦s❡❞ ❜② ❈❛✛❛r❡❧❧✐ ❛♥❞ ❙✐❧✈❡str❡ ✐♥ ❬✾❪ ✇❤✐❝❤ r❡❞✉❝❡s t❤❡ ♥♦♥❧♦❝❛❧ ♦♣❡r❛t♦r

(−∆)α ♦♥ ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ✐♥ RN t♦ ❛ ❧♦❝❛❧ ♦♣❡r❛t♦r ♦♥ ❢✉♥❝t✐♦♥s s✐tt✐♥❣ ✐♥ t❤❡ ❤✐❣❤❡r

❞✐♠❡♥s✐♦♥❛❧ ❤❛❧❢✲s♣❛❝❡ R
N+1
+ ✱ t❤✉s ✇❡ ❤❛✈❡ t❤❛t

(−∆)αu(x) = κα lim
y→0+

(
y1−2αwy(x, y)

)
,

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥ w : RN+1
+ → R s♦❧✈❡s




−div(y1−2α∇w) = 0 ✐♥ R
N+1
+ ,

w = u ✐♥ RN × {0}.

❋♦r ♠♦r❡ ❞❡t❛✐❧s s❡❡ ❬✾❪✳

❱❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ❢♦r t❤❡ ❝❧❛ss ♦❢ t❤❡ ♣r♦❜❧❡♠s

st✉❞✐❡❞ ✐♥ ❈❤❛♣t❡rs ✶ ❛♥❞ ✷✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛ss ♦❢

♣r♦❜❧❡♠s✿ 



(−∆)1/2u+ V (x)u = f(x, u) ✐♥ R,

u ∈ H1/2(R) ❛♥❞ u ≥ 0,
✭P ✮

❛♥❞ ✇❡ ❞❡♥♦t❡ X1 t❤❡ s♣❛❝❡ H1/2(R) ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♥♦r♠

‖u‖X1 =





1

2π



∫

R2

|u(x)− u(y)|2

|x− y|2
dx dy


+

∫

R

V (x)u2 dx





1/2

.

❘❡❝❛❧❧ t❤❛t u ∈ H1/2(R) ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭P ✮ ✐❢

〈u, v〉 −

∫

R

f(x, u)vdx = 0, ❢♦r ❛❧❧ v ∈ H1/2(R). ✭❆✳✷✮

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❛t ✐❢ u ∈ C∞(R) ✐s s✉✣❝✐❡♥t❧② r❡❣✉❧❛r s✉❝❤ t❤❛t

(−∆)1/2u+ V (x)u = f(x, u) ✐♥ R✱ t❤❡♥ u s❛t✐s✜❡s ✭❆✳✷✮ ❢♦r ❡✈❡r② ❢✉♥❝t✐♦♥ v ∈ C∞
0 (R)

s✉❝❤ t❤❛t
∫
R

V (x)uvdx <∞ ❛♥❞
∫
R

f(x, u)vdx <∞. ■♥❞❡❡❞✱ s✐♥❝❡

(−∆)1/2u(x) + V (x)u(x) = f(x, u) ✐♥ R.
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▼✉❧t✐♣❧②✐♥❣ ❜♦t❤ ♠❡♠❜❡rs ♦❢ t❤✐s ❡q✉❛❧✐t② ❜② v ❛♥❞ ✐♥t❡❣r❛t✐♥❣✱ ✇❡ ♦❜t❛✐♥

∫

R

(−∆)1/2u(x)v(x)dx+

∫

R

V (x)u(x)v(x)dx−

∫

R

f(x, u)v(x)dx = 0.

◆♦✇ ♥♦t❡ t❤❛t t♦ ♦❜t❛✐♥ ✭❆✳✷✮ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t

∫

R

(−∆)1/2u(x)v(x)dx+

∫

R

V (x)u(x)v(x)dx = 〈u, v〉 . ✭❆✳✸✮

❋✐rst✱ r❡♠❡♠❜❡r t❤❛t

(−∆)1/2u(x) = −
1

2π

∫

R

u(x+ y) + u(x− y)− 2u(x)

|y|2
dy, ❢♦r ❛❧❧x ∈ R.

❚❤✉s✱

∫

R

(−∆)1/2u(x)v(x)dx =
1

2π

∫

R2

−v(x)(u(x+ y) + u(x− y)− 2u(x))

|y|2
dydx.

❚❤❡♥✱

∫

R

(−∆)1/2u(x)v(x)dx =
1

2π

∫

R2

v(x)(u(x)− u(x+ y))

|y|2
dydx

+
1

2π

∫

R2

v(x)(u(x)− u(x− y))

|y|2
dydx.

❇② t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s ❢♦r♠✉❧❛ ✇❡ ♦❜t❛✐♥

1

2π

∫

R2

v(x)(u(x)− u(x+ y))

|y|2
dydx =

1

2π

∫

R2

v(θ)(u(θ)− u(ξ))

|ξ − θ|2
dθdξ, ✭❆✳✹✮

❛♥❞

1

2π

∫

R2

v(x)(u(x)− u(x− y))

|y|2
dydx =

1

2π

∫

R2

v(ξ)(u(ξ)− u(θ))

|ξ − θ|2
dθdξ. ✭❆✳✺✮

❈♦♠❜✐♥✐♥❣ ✭❆✳✹✮ ❛♥❞ ✭❆✳✺✮✱ ✇❡ ❣❡t

∫

R

(−∆)1/2u(x)v(x)dx =
1

2π

∫

R2

(u(ξ)− u(θ)(v(ξ)− v(θ)

|ξ − θ|2
dθdξ.

❚❤✉s✱ t❤❡ ❡q✉❛❧✐t② ✭❆✳✸✮ ✐s ✈❛❧✐❞ ❛♥❞✱ t❤❡r❡❢♦r❡✱ ✭❆✳✷✮ ❤♦❧❞s✳

✽✽



❉✐✛❡r❡♥t✐❛❜✐❧✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ I

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ st✉❞② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ I : X1 → R ❞❡✜♥❡❞

❜②

I(u) =
1

2
‖u‖2X1

−

∫

R

F (x, u) dx,

✇❤❡r❡ F (x, s) =

s∫

0

f(x, t)dt✳ ■♥ ♦r❞❡r t♦ s❤♦✇ t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ I ∈ C1(X1,R)✱ ✇❡

♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ❆✳✹✳ ▲❡t (un) ❛ s❡q✉❡♥❝❡ t❤❛t ❝♦♥✈❡r❣❡s str♦♥❣❧② ✐♥ H1/2(R)✳ ❚❤❡♥ t❤❡r❡

❛r❡ ❛ s✉❜s❡q✉❡♥❝❡ (unk
) ♦❢ (un) ❛♥❞ v ✐♥ H1/2(R) s❛t✐s❢②✐♥❣

|unk
(x)| ≤ v(x), ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥R.

Pr♦♦❢✳ ▲❡t (un) ❜❡ ❛ str♦♥❣❧② ❝♦♥✈❡r❣❡♥t s❡q✉❡♥❝❡ ✐♥ H1/2(R)✱ ❧❡t ✉s s❛②✱ un → u ✐♥

H1/2(R)✳ ❍❡♥❝❡ (un) ✐s ❈❛✉❝❤② ✐♥ H1/2(R)✳ ❚❤✉s✱ t❤❡r❡ ✐s ❛ s✉❜s❡q✉❡♥❝❡ (unk
) ♦❢ (un)✱

✇❤✐❝❤✱ ❢♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❞❡♥♦t❡ ❜② (uk) s❛t✐s❢②✐♥❣

‖uk+1 − uk‖1/2 ≤
1

2k
, ❢♦r ❛❧❧ k ∈ N. ✭❆✳✻✮

❲❡ ❞❡✜♥❡

gn(x) =
n∑

k=1

|uk+1(x)− uk(x)| .

❇② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛♥❞ ❜② ✭❆✳✻✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

‖gn‖1/2 ≤

n∑

k=1

‖|uk+1 − uk|‖1/2 =
n∑

k=1

‖uk+1 − uk‖1/2 ≤

n∑

k=1

1

2k
≤ 1.

❚❤❡r❡❢♦r❡✱ ‖gn‖1/2 ≤ 1✳ ■♥ ♣❛rt✐❝✉❧❛r✱

[gn]1/2 ≤ 1 ❛♥❞ ‖gn‖2 ≤ 1. ✭❆✳✼✮

◆♦t❡ t❤❛t (gn) ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s t❤❛t ❝♦♥✈❡r❣❡s✱ ❧❡t ✉s s❛②✱ t♦ ❛

❢✉♥❝t✐♦♥ g(x) =
∑∞

k=1 |uk+1(x)− uk(x)|✱ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ R✳ ❚❤❡♥ g ✐s ❛ ♠❡❛s✉✲

r❛❜❧❡ ❢✉♥❝t✐♦♥✳ ❋r♦♠ t❤✐s ✇❡ ❤❛✈❡ t❤❛t (g2n(x)) ❝♦♥✈❡r❣❡s ❢♦r g
2(x) ❛❧♠♦st ❡✈❡r②✇❤❡r❡

✐♥ R✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❛t (gn) ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s ❛♥❞ ♥♦♥♥❡❣❛✲

t✐✈❡✱ t❤❡♥ (g2n) ✐s ❛❧s♦ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ♥♦♥♥❡❣❛t✐✈❡✳ ❚❤✉s✱ ❜② t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡

t❤❡♦r❡♠

lim
n→∞

∫

R

g2n(x)dx =

∫

R

g2(x)dx. ✭❆✳✽✮

✽✾



▲❡t ✉s s❤♦✇ t❤❛t g ∈ H1/2(R)✳ ❋✐rst✱ ♥♦t❡ t❤❛t g ∈ L2(R)✳ ■♥❞❡❡❞✱ ❜② ✭❆✳✼✮ ❛♥❞ ✭❆✳✽✮

✇❡ ❤❛✈❡ t❤❛t ∫

R

g2(x)dx = lim
n→∞

∫

R

g2n(x)dx ≤ 1.

◆♦✇✱ ❢♦r x 6= y✱ ✇❡ ❞❡♥♦t❡

hn(x, y) =
(gn(x)− gn(y))

2

|x− y|2
.

◆♦t❡ t❤❛t (hn) ✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s s❡q✉❡♥❝❡ s✉❝❤ t❤❛t

hn(x, y) →
(g(x)− g(y))2

|x− y|2
, ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥R2,

t❤❡♥✱ ✉s✐♥❣ ❋❛t♦✉✬s ❧❡♠♠❛ ❛♥❞ ✭❆✳✼✮✱
∫

R2

(g(x)− g(y))2

|x− y|2
dxdy =

∫

R2

lim inf
n→∞

(gn(x)− gn(y))
2

|x− y|2
dxdy

≤ lim inf
n→∞

∫

R2

(gn(x)− gn(y))
2

|x− y|2
dxdy ≤ 1.

❚❤❡r❡❢♦r❡✱ g ∈ L2(R) ❛♥❞ [g]1/2 ≤ 1✱ t❤✐s ✐s✱ g ∈ H1/2(R)✳ ◆♦✇✱ ♥♦t✐❝❡ t❤❛t ❢♦r ❡✈❡r②

k ∈ N✱ ✇❡ ♠❛② ✇r✐t❡

g(x) =
k−1∑

i=1

|ui+1(x)− ui(x)|+

k+j−1∑

i=k

|ui+1(x)− ui(x)|+
∞∑

i=k+j

|ui+1(x)− ui(x)|

= gk−1(x) +

k+j−1∑

i=k

|ui+1(x)− ui(x)|+
∞∑

i=k+j

|ui+1(x)− ui(x)| ,

t❤❡♥✱

|uk+j(x)− uk(x)| ≤ |uk+j(x)− uk+j−1(x)|+ · · ·+ |uk+1(x)− uk(x)|

=

k+j−1∑

i=k

|ui+1(x)− ui(x)| ≤ g(x)− gk−1(x) ≤ g(x).

❙✐♥❝❡ uk → u ✐♥ H1/2(R)✱ ✐t ❢♦❧❧♦✇s t❤❛t uk → u ✐♥ L2(R)✱ t❤❡♥✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱

uk(x) → u(x) ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ R✳ ▼❛❦✐♥❣ j → ∞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡✱ ✇❡

♦❜t❛✐♥ t❤❛t ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ R

|u(x)− uk(x)| ≤ g(x), ❢♦r ❛❧❧ k ∈ N.

❚❤✉s✱

|uk(x)| = |uk(x)− u(x) + u(x)| ≤ g(x) + |u(x)| ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ R.

■♥ ♦r❞❡r t♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❝❤♦♦s❡ v = g + |u| ∈ H1/2(R).

✾✵



Pr♦♣♦s✐t✐♦♥ ❆✳✺✳ ❚❤❡ ❢✉♥❝t✐♦♥❛❧ I ∈ C1(X1,R) ❛♥❞ t❤❡ ❋ré❝❤❡t ❞❡r✐✈❛t✐✈❡ ♦❢ I ✐s

❣✐✈❡♥ ❜②

I ′(u)v = 〈u, v〉 −

∫

R

f(x, u)vdx.

Pr♦♦❢✳ ❲❡ ❞❡♥♦t❡ t❤❡ t✇♦ t❡r♠s ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ I✱ ❜②

I1(u) = ‖u‖2X1
❛♥❞ I2(u) =

∫

R

F (x, u)dx.

❙✐♥❝❡ I1 ✐s ❝♦♠✐♥❣ ❢r♦♠ ❛♥ ✐♥♥❡r ♣r♦❞✉❝t✱ ✐s ✐♠♠❡❞✐❛t❡ t❤❛t I1 ∈ C1(X1,R) ✇✐t❤

❋ré❝❤❡t ❞❡r✐✈❛t✐✈❡ ❣✐✈❡♥ ❜② I
′

1(u)v = 〈u, v〉 . ▲❡t ✉s s❡❡ ♥♦✇ t❤❛t I2 : X1 → R ✐s ❋ré❝❤❡t

❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ✐ts ❞❡r✐✈❛t✐✈❡ ✐s ❣✐✈❡♥ ❜②

I
′

2(u)v =

∫

R

f(x, u)vdx.

▲❡t u ∈ X1 ❜❡ ❛ ✜①❡❞ ❢✉♥❝t✐♦♥✳ ❋♦r ❡✈❡r② v ∈ X1✱ ✇❡ ❞❡♥♦t❡

r(v) = I2(u+ v)− I2(v)−

∫

R

f(x, u)vdx. ✭❆✳✾✮

❲❡ ❝❧❛✐♠ t❤❛t

lim
‖v‖X1

→0

r(v)

‖v‖X1

= 0,

♦r ❡q✉✐✈❛❧❡♥t❧②✱ t❤❛t

lim
‖vn‖X1

→0

r(vn)

‖vn‖X1

= 0.

■♥❞❡❡❞✱ ✇❡ ❞❡✜♥❡ h : [0, 1] → R✱ ❣✐✈❡♥ ❜② h(t) = F (x, u + tvn)✳ ◆♦t❡ t❤❛t h ✐s

❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞

h′(t) = f(x, u+ tvn)vn.

❇② t❤❡ ❋✉♥❞❛♠❡♥t❛❧ ❚❤❡♦r❡♠ ♦❢ ❈❛❧❝✉❧✉s✱ ✐t ❢♦❧❧♦✇s t❤❛t

F (x, u+ vn)− F (x, u) = h(1)− h(0) =

1∫

0

h′(t)dt =

1∫

0

f(x, u+ tvn)vndt.

❚❤✉s✱

|r(vn)| =

∣∣∣∣∣∣

∫

R

1∫

0

[f(x, u+ tvn)− f(x, u)]vndtdx

∣∣∣∣∣∣
. ✭❆✳✶✵✮

◆♦✇ ❢♦r ❡❛❝❤ n ∈ N✱ ✇❡ ❞❡✜♥❡ gn : R× [0, 1] → R ❣✐✈❡♥ ❜②

gn(x, t) = [f(x, u(x) + tvn(x))− f(x, u(x))]vn(x),

✾✶



❛♥❞✱ ❢♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✐t ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜②

gn = [f(x, u+ tvn)− f(x, u)]vn.

▲❡t ✉s s❡❡ t❤❛t gn ∈ L1(R× [0, 1]). ■♥❞❡❡❞✱ ❜② ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②

|gn| = |f(x, u+ tvn)− f(x, u)| |vn| ≤
|f(x, u+ tvn)− f(x, u)|2

2
+

|vn|
2

2
. ✭❆✳✶✶✮

◆♦t❡ t❤❛t✱

|f(x, u+ tvn)− f(x, u)|2 ≤ (|f(x, u+ tvn)|+ |f(x, u)|)2 , ✭❆✳✶✷✮

❛♥❞ s✐♥❝❡ (a+ b)2 ≤ 2(a2 + b2)✱ ❢♦r ❛❧❧ a, b ≥ 0✱ ✇❡ ❤❛✈❡ t❤❛t

(|f(x, u+ tvn)|+ |f(x, u)|)2 ≤ 2
[
|f(x, u+ tvn)|

2 + |f(x, u)|2
]
. ✭❆✳✶✸✮

❋r♦♠ ✭❆✳✶✷✮ ❛♥❞ ✭❆✳✶✸✮ ✇❡ ♦❜t❛✐♥

|f(x, u+ tvn)− f(x, u)|2 ≤ 2
(
|f(x, u+ tvn)|

2 + |f(x, u)|2
)
. ✭❆✳✶✹✮

▼♦r❡♦✈❡r✱ ❜② ✭✷✳✹✮✱ ✇❡ ❝❛♥ ✜♥❞ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C1, C2 > 0 s✉❝❤ t❤❛t ❢♦r ❛❧❧ α > α0

|f(x, u+ tvn)| ≤ C1

(
eα(|u|+t|vn|)2 − 1

)
❛♥❞ |f(x, u)| ≤ C2

(
eαu

2

− 1
)
.

❇② ✉s✐♥❣ t❤❛t ❢♦r ❛❧❧ t ∈ [0, 1] ✇❡ ❤❛✈❡ (|u|+ t|vn|)
2 ≤ (|u|+ |vn|)

2✳ ■t ❢♦❧❧♦✇s t❤❛t

|f(x, u+ tvn)| ≤ C1

(
eα(|u|+|vn|)2 − 1

)
❛♥❞ |f(x, u)| ≤ C2

(
eαu

2

− 1
)
. ✭❆✳✶✺✮

❚❤✉s✱ ❢r♦♠ ✭❆✳✶✹✮ ❛♥❞ ✭❆✳✶✺✮ ✇❡ ♦❜t❛✐♥

|f(x, u+ tvn)− f(x, u)|2 ≤ 2
[
C ′

1

(
e2α(|u|+|vn|)2 − 1

)
+ C ′

2

(
e2αu

2

− 1
)]
, ✭❆✳✶✻✮

❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ❢r♦♠ ✭❆✳✶✶✮ ❛♥❞ ✭❆✳✶✻✮ ✇❡ ❣❡t

|gn| ≤ C ′
1

(
e2α(|u|+|vn|)2 − 1

)
+ C ′

2

(
e2αu

2

− 1
)
+

|vn|
2

2
.

❋r♦♠ ✭✷✳✶✹✮ ✇❡ ❤❛✈❡ t❤❛t (e2α(|u|+|vn|)2 − 1)✱ (e2αu
2
− 1) ∈ L1(R)✱ ❛♥❞ s✐♥❝❡ vn ∈ L2(R)✱

✇❡ ♦❜t❛✐♥ t❤❛t ∫

R×[0,1]

|gn(x, t)| dtdx <∞,

t❤❡♥✱ ❢♦r ❡❛❝❤ n ∈ N✱ gn ✐s ✐♥t❡❣r❛❜❧❡✳ ❚❤✉s ✇❡ ❝❛♥ ✉s❡ ❋✉❜✐♥✐✬s ❚❤❡♦r❡♠ ✐♥ ✭❆✳✶✵✮ t♦

♦❜t❛✐♥

|r(vn)| =

∣∣∣∣∣∣

1∫

0

∫

R

[f(x, u+ tvn)− f(x, u)]vndxdt

∣∣∣∣∣∣
.

✾✷



❇② ❛♣♣❧②✐♥❣ ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜t❛✐♥

|r(vn)| ≤

1∫

0

‖f(u+ tvn)− f(u)‖2 ‖vn‖2 dt.

❙✐♥❝❡ t❤❡ ❡♠❜❡❞❞✐♥❣ X1 →֒ L2(R) ✐s ❝♦♥t✐♥✉♦✉s✱ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t

|r(vn)| ≤ C ‖vn‖X1

1∫

0

‖f(x, u+ tvn)− f(x, u)‖2 dt. ✭❆✳✶✼✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ (vn) ❝♦♥✈❡r❣❡s str♦♥❣❧② ✐♥ X1✱ ❜② Pr♦♣♦s✐t✐♦♥ ❆✳✹✱ ✉♣ t♦ ❛

s✉❜s❡q✉❡♥❝❡✱ t❤❡r❡ ❡①✐sts w ∈ H1/2(R)✱ s❛t✐s❢②✐♥❣

|vn(x)| ≤ w(x), ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥R,

t❤✐s✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭❆✳✶✻✮✱ ✐♠♣❧✐❡s t❤❛t

|f(x, u+ tvn)− f(x, u)|2 ≤ 2
[
C ′

1

(
e2α(|u|+|w|)2 − 1

)
+ C ′

2

(
e2αu

2

− 1
)]

=: l(x),✭❆✳✶✽✮

❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ R✳ ❇② ✭✷✳✶✹✮✱ ✇❡ ❤❛✈❡ t❤❛t l ∈ L1(R)✳ ❚❤✉s✱ s✐♥❝❡ t❤❡ ❡♠❜❡❞❞✐♥❣

X1 →֒ L2(R) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ‖vn‖X1
→ 0✱ ✇❡ ❤❛✈❡ t❤❛t ❢♦r s♦♠❡ ❝♦♥st❛♥t C > 0

‖u+ tvn − u‖2 ≤ ‖vn‖2 ≤ C ‖vn‖X1
→ 0,

t❤❛t ✐s✱ u+ tvn → u ✐♥ L2(R)✳ ❚❤❡♥✱ ✉♣ t♦ ❛ s✉❜s❡q✉❡♥❝❡✱ u(x)+ tvn(x) → u(x) ❛❧♠♦st

❡✈❡r②✇❤❡r❡ ✐♥ R✳ ❇② ✉s✐♥❣ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ f ✱ ✐t ❢♦❧❧♦✇s t❤❛t

f(x, u(x) + tvn(x)) → f(x, u(x)), ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥R,

t❤✐s ✐♠♣❧✐❡s t❤❛t✱

|f(x, u(x) + tvn(x))− f(x, u(x))|2 → 0, ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥R. ✭❆✳✶✾✮

❙✐♥❝❡ ✭❆✳✶✽✮ ❛♥❞ ✭❆✳✶✾✮ ❤♦❧❞✱ ❜② ✉s✐♥❣ t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ ✇❡ ❝♦♥✲

❝❧✉❞❡ t❤❛t

‖f(x, u+ tvn)− f(x, u)‖2 → 0, ❛s n→ ∞. ✭❆✳✷✵✮

❋r♦♠ ✭❆✳✶✼✮ ✇❡ ❤❛✈❡

r(vn)

‖vn‖X1

≤ C

∫ 1

0

‖f(x, u+ tvn)− f(x, u)‖2 dt,

t❤❡♥✱ ❜② ✭❆✳✷✵✮✱ ✇❡ ♦❜t❛✐♥

lim
‖vn‖X1

→0

r(vn)

‖vn‖X1

= 0.

✾✸



❚❤❡ ❧✐♥❡❛r✐t② ♦❢ I
′

2(u) : X1 → R ❢♦❧❧♦✇s ❜② t❤❡ ✐♥t❡❣r❛❧ ♣r♦♣❡rt✐❡s✳ ▲❡t ✉s s❤♦✇ ✐ts

❜♦✉♥❞❡❞♥❡ss✳ ❇② ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

∣∣∣I ′

2(u)v
∣∣∣ =

∣∣∣∣∣∣

∫

R

f(x, u)vdx

∣∣∣∣∣∣
≤ ‖f(x, u)‖2 ‖v‖2 ,

❋r♦♠ ✭✷✳✹✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡♠❜❡❞❞✐♥❣ X1 →֒ L2(R) ✐s ❝♦♥t✐♥✉♦✉s✱ t❤❡r❡ ❡①✐sts

❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

∣∣∣I ′

2(u)v
∣∣∣ = C



∫

R

(e2αu
2

− 1)dx




1/2

‖v‖X1
.

❆❣❛✐♥✱ ❜② ✐♥❡q✉❛❧✐t② ✭✷✳✶✹✮✱ ✇❡ ❤❛✈❡ t❤❛t (e2αu
2
− 1) ∈ L1(R)✳ ❚❤❡♥ ✇❡ ✜♥❞ ❛ ♣♦s✐t✐✈❡

❝♦♥st❛♥t C1✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ u s✉❝❤ t❤❛t
∣∣∣I ′

2(u)v
∣∣∣ ≤ C1 ‖v‖ , ❢♦r ❛❧❧ v ∈ X1;

t❤❡♥✱ I
′

2(u) ✐s ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥❛❧✳ ❚❤❡r❡❢♦r❡✱ I2 ✐s ❋ré❝❤❡t ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ✐ts

❞❡r✐✈❛t✐✈❡ ✐s ❣✐✈❡♥ ❜② I ′2(u)v =
∫
R

f(x, u)vdx✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t I ′2 ✐s ❝♦♥t✐♥✉♦✉s✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r (un) ⊂ X1 s✉❝❤ t❤❛t un → u ✐♥ X1✳ ◆♦t❡ t❤❛t✱
∥∥∥I ′

2(un)− I
′

2(u)
∥∥∥
∗

≤ sup
v∈X1

‖v‖X1
=1

∫

R

|f(x, un)− f(x, u)| |v| dx.

❇② ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡♠❜❡❞❞✐♥❣ X1 →֒ L2(R) ✐s ❝♦♥t✐♥✉♦✉s✱

✇❡ ❤❛✈❡ t❤❛t ❢♦r s♦♠❡ ❝♦♥st❛♥t C > 0✱
∥∥∥I ′

2(un)− I
′

2(u)
∥∥∥
∗
≤ sup

v∈X1
‖v‖X1

=1

‖f(x, un)− f(x, u)‖2 ‖v‖2 ≤ C ‖f(x, un)− f(x, u)‖2 .

❙✐♥❝❡ un → u ✐♥ X1✱ s✐♠✐❧❛r❧② t♦ ✭❆✳✷✵✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

‖f(x, un)− f(x, u)‖2 → 0, ❛s n→ ∞,

✇❤✐❝❤ s❤♦✇s t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ I
′

2✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t I2 ∈ C1(X1,R)✳ ❋✐♥❛❧❧②✱ ❥♦✐♥✐♥❣ ❛❧❧

t❤❡s❡ st❛t❡♠❡♥ts✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ I ∈ C1(X1,R)✳

❘❡♠❛r❦ ❆✳✻✳ ◆♦t❡ t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♣r♦❜❧❡♠s ✭✶✳✶✮ ❛♥❞ ✭P0✮ ❛r❡

❛❧s♦ ♦❢ ❝❧❛ss C1(·,R)✳ ❚❤✐s ❢❛❝t ❢♦❧❧♦✇s ❜② t❤❡ ♣r♦♦❢ ♣r❡s❡♥t❡❞ ❤❡r❡✐♥ s✐♠✐❧❛r❧②✳

❆ ❡①❛♠♣❧❡ ✇✐t❤♦✉t t❤❡ ✭❆❘✮ ❝♦♥❞✐t✐♦♥

❲❡ ✇✐❧❧ ♣r❡s❡♥t ❛♥ ❡①❛♠♣❧❡ ♦❢ ♥♦♥❧✐♥❡❛r✐t② g(x, s) s❛t✐s❢②✐♥❣ t❤❡ ❤②♣♦t❤❡s❡s (g1)−

(g5)(i) ❜✉t t❤❛t ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ✭❆❘✮ ❝♦♥❞✐t✐♦♥✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤✐s✱ ✇❡ ❝♦♥s✐❞❡r

✾✹



α = 1/2 ❛♥❞ N = 2 ✇✐t❤ 2∗α = 4✳ ▲❡t g(x, s) : R2 × R → [0,+∞) ❣✐✈❡♥ ❜②

g(x, s) =





(
1 +

1

|x|+ 1

)
g0(x, s), ✐❢ (x, s) ∈ R2 × [0,+∞),

0, ✐❢ (x, s) ∈ R2 × (−∞, 0),

✇❤❡r❡ g0 : R2 × R → [0,+∞) ✐s ❞❡✜♥❡❞ ❜②

g0(x, s) =




̺1(x)s ln (s+ 1) + ̺2(x)s

2, ✐❢ (x, s) ∈ R2 × [0,+∞),

0, ✐❢ (x, s) ∈ R2 × (−∞, 0),

✇❤❡r❡ ̺i : R2 → [0, 2] ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ ̺i 6= 0✱ 1✲♣❡r✐♦❞✐❝ ✐♥ xi✱ ✇✐t❤ i ∈ {1, 2}✳

▼♦r❡♦✈❡r✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t supp(̺1) ∩ supp(̺2) = ∅ ❛♥❞ t❤❛t B1 ⊂ supp(̺2)✳

■t ✐s ❝❧❡❛r t❤❛t g0 ∈ C(R2×R,R+) ❛♥❞ g0 ✐s ❛❧s♦ 1✲♣❡r✐♦❞✐❝ ✐♥ xi✱ ✇✐t❤ i ∈ {1, 2}✳

▼♦r❡♦✈❡r✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t g0(x, s) ≥ 0 s✐♥❝❡ ln(s + 1) ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥

❛♥❞ t❤❡♥ ln (s+ 1) ≥ ln 1 = 0✳

❇② t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥ (1 + 1/(|x|+ 1)) ❛♥❞ ♦❢ t❤❡ g0(x, s) ✐t ❢♦❧❧♦✇s

t❤❛t g(x, s) ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✳ ◆♦t❡ t❤❛t g ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♣❡r✐♦❞✐❝ ❛t ✐♥✜♥✐t②

s✐♥❝❡ ❛s |x| → +∞ ✇❡ ❤❛✈❡ t❤❛t g(x, s) → g0(x, s) ✇❤✐❝❤ ✐s ♣❡r✐♦❞✐❝✳

▲❡t ✉s s❤♦✇ t❤❛t g s❛t✐s✜❡s (g1)− (g5)(i)✱ ♥♦t❡ t❤❛t ❢♦r (x, s) ∈ R2 \ [supp(̺1) ∪

supp(̺2)]× [0,+∞) ✇❡ ❤❛✈❡ ❝❧❡❛r❧② t❤❛t ❛❧❧ t❤❡ ❤②♣♦t❤❡s❡s ❛r❡ s❛t✐s✜❡❞ s✐♥❝❡ g(x, s) =

0✳

(g1) ◆♦t❡ t❤❛t ✉♥✐❢♦r♠❧② ✐♥ x✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♠✐t

lim
s→0+

g(x, s)

s
= lim

s→0+

(
1 +

1

|x|+ 1

)[
̺1(x)s ln (s+ 1) + ̺2(x)s

2

s

]

=

(
1 +

1

|x|+ 1

)
lim
s→0+

[̺1(x) ln (s+ 1) + ̺2(x)s] = 0.

(g2) ❲❡ ♠✉st s❤♦✇ t❤❛t t❤❡r❡ ❡①✐st a1, a2 > 0 ❛♥❞ 2 < q1 < 4 s✉❝❤ t❤❛t

|g(x, s)| ≤ a1 + a2|s|
q1−1 ❢♦r ❛❧❧ (x, s) ∈ R

2 × [0,+∞).

❋♦r (x, s) ∈ supp(̺1)× [0,+∞) ♥♦t❡ t❤❛t

lim
s→∞

(
1 +

1

|x|+ 1

)
̺1(x) s ln (s+ 1)

sq1−1

=

(
1 +

1

|x|+ 1

)
̺1(x) lim

s→∞

1

(q1 − 2)sq1−2

(
1 +

1

s

) = 0.

✾✺



❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡r❡ ❡①✐st a1, a2 > 0 ❛♥❞ 2 < q1 < 4 s✉❝❤ t❤❛t
(
1 +

1

|x|+ 1

)
̺1(x) s ln (s+ 1) ≤ a1 + a2s

q1−1.

■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❛t (g2) ✐s s❛t✐s✜❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r (x, s) ∈ supp(̺2)×

[0,+∞)✱ ✇❡ ♦❜t❛✐♥

|g(x, s)| =

(
1 +

1

|x|+ 1

)
̺2(x) s

2 ≤ a2s
2 ≤ a1 + a2s

2.

❚❛❦✐♥❣ q1 = 3✱ ✇❡ ❤❛✈❡ t❤❛t (g2) ✐s ❛❧s♦ s❛t✐s✜❡❞ ✐♥ t❤✐s ❝❛s❡✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❝❧✉❞❡

t❤❛t (g2) ✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧ (x, s) ∈ R2 × [0,+∞)✳

(g3) ❲❡ ♠✉st s❤♦✇ t❤❛t t❤❡r❡ ❡①✐st 2 ≤ q2 ≤ 4 ❛♥❞ ❢✉❝t✐♦♥s h1 ∈ L1(R2)✱ h2 ∈ F s✉❝❤

t❤❛t

1

2
g(x, s) s−G(x, s) ≥ −h1(x)− h2(x) s

q2 ❢♦r ❛❧❧ (x, s) ∈ R
2 × [0,∞).

❋♦r (x, s) ∈ supp(̺1)× [0,+∞)✱ ✇❡ ❤❛✈❡ t❤❛t

G(x, s) =

(
1 +

1

|x|+ 1

)
̺1(x)

∫ s

0

t ln (t+ 1) dt

❲❡ ❝♦♥s✐❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ w = t + 1✱ ✇✐t❤ dw = dt✱ t❤❡♥ ✇❡ ✉s❡ ✐♥t❡❣r❛t✐♦♥

❜② ♣❛rts ❛♥❞ ♦❜t❛✐♥

G(x, s) =

(
1 +

1

|x|+ 1

)
̺1(x)

[
s2

2
ln (s+ 1)−

1

2
ln (s+ 1) +

1

2
s−

1

4
s2
]
.

◆♦t❡ t❤❛t ❜② st❛♥❞❛r❞ ❝❛❧❝✉❧✉s✱

1

2
g(x, s)s−G(x, s) =

(
1 +

1

|x|+ 1

)
̺1(x)

[
1

2
ln(s+ 1) +

1

4
s2 −

1

2
s

]
.

❚❤✉s✱ ❝♦♥s✐❞❡r✐♥❣ h(s) =
1

2
ln(s+ 1) +

1

4
s2 −

1

2
s ✇❡ ❤❛✈❡

h′(s) =
1

2(s+ 1)
+

1

2
s−

1

2
≥ 0,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t h ✐s ♥♦t ❞❡❝r❡❛s✐♥❣✱ t❤❡♥ h(s) ≥ h(0) = 0✳ ❚❤❡r❡❢♦r❡✱ 1
2
g(x, s)s −

G(x, s) ≥ 0✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❤②♣♦t❤❡s✐s ✐s s❛t✐s✜❡❞ ✐♥ t❤✐s ❝❛s❡✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r (x, s) ∈ supp(̺2)× [0,+∞)✱ ✇❡ ❤❛✈❡ t❤❛t

G(x, s) =

(
1 +

1

|x|+ 1

)
̺1(x)

s3

3
.
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❚❤❡♥

1

2
g(x, s)s−G(x, s) =

(
1

2
−

1

3

)(
1 +

1

|x|+ 1

)
̺2(x)s

3 ≥ 0.

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ❛♥❞ ❛ss✉r❡s t❤❛t ❤②♣♦t❤❡s✐s (g3) ✐s s❛t✐s✜❡❞ ❢♦r (x, s) ∈ R2 ×

[0,+∞)✳

(g4) (i) ❙✐♥❝❡

(
1 +

1

|x|+ 1

)
≥ 1 ✐t ❢♦❧❧♦✇s t❤❛t g ≥ g0✳ ❚❤✉s✱ G ≥ G0✳

(ii) ❲❡ ♠✉st s❤♦✇ t❤❛t t❤❡r❡ ❡①✐st 2 ≤ q3 ≤ 3 ❛♥❞ ❢✉♥❝t✐♦♥ h3 ∈ F s✉❝❤ t❤❛t

|g(x, s)− g0(x, s)| ≤ h3(x)s
q3−1 ❢♦r ❛❧❧ (x, s) ∈ R

2 × [0,+∞).

◆♦t❡ t❤❛t ❢♦r (x, s) ∈ supp(̺1)× [0,+∞) ❛♥❞ (x, s) ∈ supp(̺2)× [0,+∞)✱ ✇❡ ♦❜t❛✐♥

|g(x, s)− g0(x, s)| ≤

(
1

|x|+ 1

)
̺i(x)s

2,

✇✐t❤ i ∈ {1, 2}✳ ❚❛❦✐♥❣ q3 = 3 ❛♥❞ ♦❜s❡r✈✐♥❣ t❤❛t

(
1

|x|+ 1

)
̺i(x) ∈ F ✱ ✇❡ ❝♦♥❝❧✉❞❡

t❤❛t (g4)(ii) ❤♦❧❞s✳

(iii) ▲❡t ✉s ♥♦✇ s❡❡ t❤❛t g0(x, s)/s ✐s ♥♦t ❞❡❝r❡❛s✐♥❣ ✐♥ s > 0✳

◆♦t❡ t❤❛t ❢♦r (x, s) ∈ supp(̺1)× [0,+∞)✳ ❇② ❝♦♥s✐❞❡r✐♥❣

h(s) =
g0(x, s)

s
= ̺1(x) ln (s+ 1),

✇❡ ❤❛✈❡ t❤❛t

h′(s) = ̺1(x)
1

s+ 1
≥ 0,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t h ✐s ♥♦t ❞❡❝r❡❛s✐♥❣ ✐♥ s✳ ❆♥❛❧♦❣♦✉s❧②✱ ❢♦r (x, s) ∈ supp(̺2)×[0,+∞),

✇❡ ❤❛✈❡ t❤❛t

h(s) =
g0(x, s)

s
= ̺2(x)s.

❚❤❡♥ h′(s) = ̺2(x) ≥ 0, ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t h ✐s ♥♦t ❞❡❝r❡❛s✐♥❣ ✐♥ s✳ ❚❤❡r❡❢♦r❡✱ (g4)(iii)

✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧ (x, s) ∈ R2 × [0,+∞)✳

(g5) (i) ❈♦♥s✐❞❡r Ω := B1 ⊂ supp(̺2) ❛♥❞ ♥♦t❡ t❤❛t

lim
s→∞

G(x, s)

sp
=

(
1 +

1

|x|+ 1

)
̺2(x) lim

s→∞

s3−p

3
= +∞,
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✉♥✐❢♦r♠❧② ✐♥ Ω✱ ❢♦r 2 < p < 3✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t (g5) (i) ✐s s❛t✐s✜❡❞✳

▲❡t ✉s ♥♦✇ t❤❛t g(x, s) ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ✭❆❘✮ ❝♦♥❞✐t✐♦♥ ❢♦r (x, s) ∈ supp(̺1)×

[R,+∞)✳ ■♥ ❢❛❝t✱

G(x, s)

sg(x, s)
=

1

2
−

1

2s2
−

1

4ln(s+ 1)
+

1

2sln(s+ 1)

❚❤❡r❡❢♦r❡✱

lim
s→+∞

G(x, s)

sg(x, s)
=

1

2
.
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q✉❛❞r❛t✐❝ ❛t ✐♥✜♥✐t②✱ ◆♦♥❧✐♥❡❛r ❆♥❛❧✳ ✷✸ ✭✶✾✾✹✮✱ ✶✹✵✶✕✶✹✶✷✳

❬✶✸❪ ❉✳ ●✳ ❞❡ ❋✐❣✉❡✐r❡❞♦✱ ❖✳ ❍✳ ▼✐②❛❣❛❦✐✱ ❛♥❞ ❇✳ ❘✉❢✱ ❊❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s ✐♥ R2 ✇✐t❤
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