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❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❈♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ✈✐❛ ❡str❛té❣✐❛ ❞❡
❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ ♣❛r❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡
❞❡ s✐st❡♠❛s ♣❛r❛❜ó❧✐❝♦s ❡ ❤✐♣❡r❜ó❧✐❝♦s

♣♦r
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▼❛rç♦✴✷✵✶✼



❈♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ✈✐❛ ❡str❛té❣✐❛ ❞❡
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❞❡ s✐st❡♠❛s ♣❛r❛❜ó❧✐❝♦s ❡ ❤✐♣❡r❜ó❧✐❝♦s

♣♦r

▲✉❝✐❛♥♦ ❈✐♣r✐❛♥♦ ❞❛ ❙✐❧✈❛ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❋á❣♥❡r ❉✐❛s ❆r❛r✉♥❛

❡ ❝♦✲♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❊♥r✐q✉❡ ❋❡r♥á♥❞❡③ ❈❛r❛

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲

❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦

tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❏♦ã♦ P❡ss♦❛ ✲ P❇

▼❛rç♦✴✷✵✶✼

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙✳
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❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ❆♥á❧✐s❡

❆♣r♦✈❛❞❛ ❡♠✿

Pr♦❢✳ ❉r✳ ❋á❣♥❡r ❉✐❛s ❆r❛r✉♥❛

❖r✐❡♥t❛❞♦r

Pr♦❢✳ ❉r✳ ❊♥r✐q✉❡ ❋❡r♥á♥❞❡③ ❈❛r❛

❈♦✲♦r✐❡♥t❛❞♦r

Pr♦❢✳ ❉r✳ ❉❛♠✐ã♦ ❏✉♥✐♦ ●♦♥ç❛❧✈❡s ❞❡ ❆r❛ú❥♦

Pr♦❢✳ ❉r✳ ❋❡❧✐♣❡ ❲❛❧❧✐s♦♥ ❈❤❛✈❡s ❙✐❧✈❛

Pr♦❢✳ ❉r✳ ❏✉❛♥ ❇❛✉t✐st❛ ▲í♠❛❝♦ ❋❡rr❡❧

Pr♦❢✳ ❉r✳ ▼❛✉rí❝✐♦ ❈❛r❞♦s♦ ❙❛♥t♦s

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠

▼❛t❡♠át✐❝❛✳

▼❛rç♦✴✷✵✶✼
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❘❡s✉♠♦

◆❡st❛ t❡s❡ ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ❞❡ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s

P❛r❝✐❛✐s ✭❊❉Ps✮ ❞♦s t✐♣♦s ♣❛r❛❜ó❧✐❝♦ ❡ ❤✐♣❡r❜ó❧✐❝♦✱ ♥♦ ❝♦♥t❡①t♦ ❞❡ ❝♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦✱

✉s❛♥❞♦ ❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤✳ ❊♠ t♦❞♦s ♦s ♣r♦❜❧❡♠❛s ❝♦♥s✐❞❡r❛♠♦s ✉♠ ❝♦♥tr♦❧❡

♣r✐♥❝✐♣❛❧ ✭❧í❞❡r✮ ❡ ❞♦✐s ❝♦♥tr♦❧❡s s❡❝✉♥❞ár✐♦s ✭s❡❣✉✐❞♦r❡s✮✳ P❛r❛ ❝❛❞❛ ❧í❞❡r ♦❜t❡♠♦s ✉♠ ❡q✉✐✲

❧í❜r✐♦ ❞❡ ◆❛s❤ ❝♦rr❡s♣♦♥❞❡♥t❡✱ ❛ss♦❝✐❛❞♦ ❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦ ❜✐✲♦❜❥❡t✐✈♦❀ ❡♥tã♦

❜✉s❝❛♠♦s ♦ ❧í❞❡r ❞❡ ❝✉st♦ q✉❡ r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡✳ P❛r❛ ♦s ♣r♦❜❧❡♠❛s

♣❛r❛❜ó❧✐❝♦s t❡♠♦s ❝♦♥tr♦❧❡s ❞✐str✐❜✉í❞♦s ❡ ♥❛ ❢r♦♥t❡✐r❛✱ ❥á ♥♦s ❤✐♣❡r❜ó❧✐❝♦ t♦❞♦s ♦s ❝♦♥tr♦❧❡s

sã♦ ❞✐str✐❜✉í❞♦s✳ ❈♦♥s✐❞❡r❛♠♦s ❝❛s♦s ❧✐♥❡❛r❡s ❡ s❡♠✐❧✐♥❡❛r❡s✱ ♦s q✉❛✐s r❡s♦❧✈❡♠♦s ✉s❛♥❞♦

❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡ ♦❜t✐❞❛ ❝♦♠❜✐♥❛♥❞♦ ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❈❛r❧❡♠❛♥ ❛❞❡q✉❛❞❛s✳

❚❛♠❜é♠ ✉s❛♠♦s ✉♠ ♠ét♦❞♦ ❞❡ ♣♦♥t♦ ✜①♦✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡❀ ❈♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦❀ ❊str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤❀

❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡❀ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛r❧❡♠❛♥❀ ❊q✉❛çã♦ ❞♦ ❝❛❧♦r❀ ❊q✉❛çã♦ ❞❛

♦♥❞❛❀ ❊q✉❛çã♦ ❞❡ ❇✉r❣❡rs✳

✐✈



❆❜str❛❝t

■♥ t❤✐s t❤❡s✐s ✇❡ ♣r❡s❡♥ts r❡s✉❧ts ♦♥ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ ♣❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛✲

t✐♦♥s ✭P❉❊s✮ ♦❢ t❤❡ ♣❛r❛❜♦❧✐❝ ❛♥❞ ❤②♣❡r❜♦❧✐❝ t②♣❡✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧✱ ✉s✐♥❣

t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣②✳ ■♥ ❡✈❡r② ♣r♦❜❧❡♠s ✇❡ ❝♦♥s✐❞❡r ❛ ♠❛✐♥ ❝♦♥tr♦❧ ✭❧❡❛❞❡r✮ ❛♥❞

t✇♦ s❡❝♦♥❞❛r② ❝♦♥tr♦❧s ✭❢♦❧❧♦✇❡rs✮✳ ❚♦ ❡❛❝❤ ❧❡❛❞❡r ✇❡ ♦❜t❛✐♥ ❛ ❝♦rr❡♥♣♦♥❞✐♥❣ ◆❛s❤ ❡q✉✐✲

❧✐❜r✐✉♠✱ ❛ss♦❝✐❛t❡❞ t♦ ❛ ❜✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠❀ t❤❡♥ ✇❡ ❧♦♦❦ ❢♦r ❛ ❧❡❛❞❡r ♦❢

♠✐♥✐♠❛❧ ❝♦st t❤❛t s♦❧✈❡s t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠✳ ❋♦r t❤❡ ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s ✇❡

❤❛✈❡ ❞✐str✐❜✉t❡❞ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥tr♦❧s✱ ♥♦✇ ✐♥ t❤❡ ❤②♣❡r❜♦❧✐❝s ❡✈❡r② ❝♦♥tr♦❧s ❛r❡ ❞✐str✐❜✉✲

t❡❞✳ ❲❡ ❝♦♥s✐❞❡r ❧✐♥❡❛r ❛♥❞ s❡♠✐❧✐♥❡❛r ❝❛s❡s✱ ✇❤✐❝❤ ✇❡ s♦❧✈❡ ✉s✐♥❣ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t②

♦❜t❛✐♥❡❞ ❝♦♠❜✐♥✐♥❣ r✐❣❤t ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t✐❡s✳ ❆❧s♦ ✇❡ ✉s❡ ❛ ✜①❡❞ ♣♦✐♥t ♠❡t❤♦❞✳

❑❡②✇♦r❞s✿ ❈♦♥tr♦❧❧❛❜✐❧✐t②❀ ❍✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧❀ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣②❀ ❖❜s❡r✈❛❜✐❧✐t②

✐♥❡q✉❛❧✐t②❀ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t②❀ ❍❡❛t ❡q✉❛t✐♦♥❀ ❲❛✈❡ ❡q✉❛t✐♦♥❀ ❇✉r❣❡rs✬ ❡q✉❛t✐♦♥✳

✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❆ ❉❡✉s ♣♦r t❡r ♠❡ ❞❛❞♦ ♠♦t✐✈❛çã♦ ♣❛r❛ ❡st✉❞❛r ♠❛t❡♠át✐❝❛✱ ♦ q✉❡ t♦r♥♦✉ r❡❛❧✐❞❛❞❡ ❡st❡

s♦♥❤♦✳

➚ ♠✐♥❤❛ ♠ã❡ ▲ú❝✐❛ ❡ à ♠✐♥❤❛ ❡s♣♦s❛ ❏♦s❡❛♥❡ q✉❡ s❡♠♣r❡ ♠❡ ❛♣♦✐❛r❛♠ ❡♠ t♦❞♦s ♦s ♠♦✲

♠❡♥t♦s✳

❆♦s ♣r♦❢❡ss♦r❡s ❋❛❣♥❡r ❉✐❛s ❆r❛r✉♥❛ ❡ ❊♥r✐q✉❡ ❋❡r♥á♥❞❡③ ❈❛r❛✱ ♣♦r ❛❝❡✐t❛r❡♠ ♠❡ ♦r✐❡♥t❛r

♥❡st❛ t❡s❡✱ ♣❡❧♦ tr❛t❛♠❡♥t♦ ❝♦r❞✐❛❧ q✉❡ s❡♠♣r❡ t✐✈❡r❛♠ ❝♦♠✐❣♦ ❡ ♣♦r ♦❜s❡r✈❛çõ❡s ❢✉♥❞❛♠❡♥✲

t❛✐s ♣❛r❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❊st✉❞❛r ❝♦♠ ♦s ❞♦✐s ❢♦✐ ❞❡ ❢❛t♦ ✉♠❛ ❤♦♥r❛✳

❆♦s ♣r♦❢❡ss♦r❡s ❉❛♠✐ã♦ ❏✉♥✐♦ ●♦♥ç❛❧✈❡s ❞❡ ❆r❛ú❥♦✱ ❋❡❧✐♣❡ ❲❛❧❧✐s♦♥ ❈❤❛✈❡s ❙✐❧✈❛✱ ❏✉❛♥

❇❛✉t✐st❛ ▲í♠❛❝♦ ❋❡rr❡❧ ❡ ▼❛✉rí❝✐♦ ❈❛r❞♦s♦ ❙❛♥t♦s✱ ♣♦r ❛✈❛❧✐❛r❡♠ ❡st❛ t❡s❡✳

❆♦s ♣r♦❢❡ss♦r❡s ❆❧❞♦ ❚r❛❥❛♥♦ ▲♦✉rê❞♦ ❡ ▼❛♥✉❡❧ ▼✐❧❧❛ ▼✐r❛♥❞❛ ♣❡❧❛ ❛❥✉❞❛ ❝♦♠ s❡♠✐♥ár✐♦s

❡ ♣❡❧♦ ❛♣♦✐♦ ♣❛r❛ ✐♥✐❝✐❛r ♦ ❞♦✉t♦r❛❞♦✳

➚ ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳

✈✐



❉❡❞✐❝❛tór✐❛

➚ ♠✐♥❤❛ ♠ã❡ ▲✉❝✐❛ ❡ à ♠✐♥❤❛ ❡s♣♦s❛

❏♦s❡❛♥❡✳

✈✐✐
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■♥tr♦❞✉çã♦

◆❡st❛ t❡s❡ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❞❡ s✐st❡♠❛s ❛ss♦❝✐❛✲

❞♦s ❛ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ♣❛r❛❜ó❧✐❝❛s ❡ ❤✐♣❡r❜ó❧✐❝❛s✳ ❱❛♠♦s r❡s♦❧✈❡r ♦s ♣r♦❜❧❡♠❛s

❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥♦ ❝♦♥t❡①t♦ ❞♦ q✉❡ ▲✐♦♥s ❬✺✵❪ ❝❤❛♠♦✉ ❞❡ ❝♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ❡ ❛♣❧✐❝❛✲

r❡♠♦s ❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤✳

❆ ❣r♦ss♦ ♠♦❞♦✱ ❝♦♥tr♦❧❛r ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ♦✉ ♣❛r❝✐❛✐s✱

❝♦♠♦ ♦ ♣ró♣r✐♦ ♥♦♠❡ s✉❣❡r❡✱ é ❛t✉❛r s♦❜r❡ ❡❧❡ ♣❛r❛ ♦❜t❡r ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡s❡❥❛❞♦✳ ❯♠

♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ♣❛r❛ s✐st❡♠❛s ❣♦✈❡r♥❛❞♦s ♣♦r ✉♠❛ ❡q✉❛çã♦ ♣❛r❛❜ó❧✐❝❛ ♦✉ ❤✐♣❡r❜ó❧✐❝❛

♣♦❞❡ s❡r ❢♦r♠✉❧❛❞♦ ❝♦♠♦ s❡❣✉❡✿ ❉❛❞♦s ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ [0, T ]✱ ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❡ ✉♠

❡st❛❞♦ ✜♥❛❧✱ ❜✉s❝❛♠♦s ♣♦r ✉♠ ❝♦♥tr♦❧❡ q✉❡ ❛t✉❛ ♥❛ tr❛❥❡tór✐❛ ❞♦ s✐st❡♠❛ ✭♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛

❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♦✉ ❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛✮✱ ❞❡ ♠♦❞♦ q✉❡✱ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❛ss♦❝✐❛❞♦

❛ t❛❧ ❝♦♥tr♦❧❡ s❡❥❛ ✐❣✉❛❧ ❛♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ♥♦ t❡♠♣♦ t = 0 ❡ ❛♦ ❡st❛❞♦ ✜♥❛❧ ♥♦ t❡♠♣♦ t = T ✳

❆ ❚❡♦r✐❛ ❞❡ ❈♦♥tr♦❧❡ é ✉♠❛ ♣❛rt❡ ❞❛ ▼❛t❡♠át✐❝❛ ♠✉✐t♦ r✐❝❛ ❡♠ ❛♣❧✐❝❛çõ❡s✱ ♣♦✐s ♣r♦❜❧❡✲

♠❛s ❞❡ ❞✐✈❡rs❛s ár❡❛s✱ ❝♦♠♦ ❡♥❣❡♥❤❛r✐❛✱ ❜✐♦❧♦❣✐❛✱ ♠❡❞✐❝✐♥❛✱ ❡❝♦♥♦♠✐❛ ❡♥tr❡ ♦✉tr❛s✱ q✉❛♥❞♦

❢♦r♠✉❧❛❞♦s ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ❞ã♦ ♦r✐❣❡♠ ❛ ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡✳ P♦r ❡①❡♠♣❧♦✱ q✉❡stõ❡s ❞❡

♠❡✐♦ ❛♠❜✐❡♥t❡ ❝♦♠♦ ❞❡s♣♦❧✉✐r ✉♠ ❧❛❣♦ ♦✉ r✐♦ ♣♦❞❡♠ s❡r ❢♦r♠✉❧❛❞❛s ❝♦♠♦ ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥✲

tr♦❧❡s ❞❡ ❝❡rt❛s ❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s✱ ❝♦♠♦ ❡q✉❛çã♦ ❞♦ ❝❛❧♦r ♦✉ ❞❡ ◆❛✈✐❡r✕❙t♦❦❡s✳ P❡♥s❛♥❞♦

❡♠ ❝♦♥tr♦❧❛r ❡str✉t✉r❛s ✢❡①í✈❡✐s s✉r❣❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡ q✉❡ ❡♥✈♦❧✈❡♠ ❡q✉❛çõ❡s ❤✐♣❡r✲

❜ó❧✐❝❛s✱ ❥á ♣❛r❛ ❝♦♥tr♦❧❡ ❞❡ ✢✉①♦ ❞❡ trá❢❡❣♦ ❛♣❛r❡❝❡♠ ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡✱ ♣♦r ❡①❡♠♣❧♦✱

♣❛r❛ ❡q✉❛çã♦ ❞❡ ❇✉r❣❡rs✳

◗✉❛♥❞♦ ❢❛❧❛♠♦s ❡♠ ❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s ❡ ❤✐♣❡r❜ó❧✐❝❛s ♠❡r❡❝❡♠ ❞❡st❛q✉❡ ❛s ❡q✉❛çõ❡s

❞♦ ❝❛❧♦r ❡ ❞❛ ♦♥❞❛✱ ♣♦✐s ❛s té❝♥✐❝❛s ✉s❛❞❛s ♣❛r❛ ❛♥á❧✐s❡ ❞❡ss❛s ❡q✉❛çõ❡s✱ ❡♠ ♣❛rt✐❝✉❧❛r ♥♦s

♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡✱ ❣❡r❛❧♠❡♥t❡ ♣♦❞❡♠ s❡r ❛❞❛♣t❛❞❛s ♣❛r❛ ♦✉tr❛s ❞♦ ♠❡s♠♦ t✐♣♦✳

▼❡r❡❝❡ ❞❡st❛q✉❡ t❛♠❜é♠ ❛ ❡q✉❛çã♦ ❞❡ ❇✉r❣❡rs ✭q✉❡ é ♣❛r❛❜ó❧✐❝❛✮✱ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❡♥tr❡ ❛s



❡q✉❛çõ❡s q✉❡ ❞❡s❝r❡✈❡♠ ✢✉①♦ ❞❡ ✢✉✐❞♦s✱ q✉❡ t❡♠ s✐❞♦ ✉s❛❞❛ ❝♦♠♦ ✉♠❛ ✈❡rsã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧

❞❛ ❡q✉❛çã♦ ❞❡ ◆❛✈✐❡r✕❙t♦❦❡s✱ q✉❡ ♣♦r s✉❛ ✈❡③ t❡♠ s✐❞♦ ✐♥t❡♥s✐✈❛♠❡♥t❡ ❡st✉❞❛❞❛ ♥♦s ú❧t✐♠♦s

❛♥♦s✳

P❛r❛ ❞❡✜♥✐r ♦s t✐♣♦s ❞❡ ♣r♦❜❧❡♠❛s ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠ ♣r♦❜❧❡♠❛

❧✐♥❡❛r ❛❜str❛t♦✿ 



yt + Ay = Bu ❡♠ (0, T ),

y(·, 0) = y0 ❡♠ Ω,
✭✶✮

♦♥❞❡ A ❡ B sã♦ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s✱ u : [0, T ] → U é ♦ ❝♦♥tr♦❧❡ ❡ y : [0, T ] → H é ♦ ❡st❛❞♦✳

P♦r H ❡ U ❞❡♥♦t❛♠♦s ❞♦✐s ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s ❛❞❡q✉❛❞♦s✳ ❊♥tã♦ ✜①❛❞♦ T > 0✱ ♣♦❞❡♠♦s

❞❡✜♥✐r ✈ár✐♦s t✐♣♦s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥♦ t❡♠♣♦ T ✳

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛✿ ❉❛❞♦s y0 ❡ y1 ❡st❛❞♦s ♣♦ssí✈❡✐s ❞♦ s✐st❡♠❛✱ ♦❜t❡r ✉♠ ❝♦♥tr♦❧❡ u

t❛❧ q✉❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ s♦❧✉çã♦ y ❞❡ ✭✶✮ s❛t✐s❢❛③ y(T ) = y1✳

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛✿ ❉❛❞♦s y0 ❡ y1 ❡st❛❞♦s ♣♦ssí✈❡✐s ❞♦ s✐st❡♠❛ ❡ ✉♠ ♥ú♠❡r♦

ε > 0✱ ♦❜t❡r ✉♠ ❝♦♥tr♦❧❡ u t❛❧ q✉❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ s♦❧✉çã♦ y ❞❡ ✭✶✮ s❛t✐s❢❛③ ||y(T )−

y1||H < ε✳

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛✿ ❉❛❞♦ y0✱ ♣r♦✈❛r q✉❡ ❡①✐st❡ ✉♠ ❝♦♥tr♦❧❡ u t❛❧ q✉❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡

s♦❧✉çã♦ y ❞❡ ✭✶✮ s❛t✐s❢❛③ y(T ) = 0✳

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ♣♦r tr❛❥❡tór✐❛s✿ ❉❛❞♦ y0 ❡ ✉♠❛ tr❛❥❡tór✐❛ ❛r❜✐trár✐❛ ȳ ❞♦ s✐s✲

t❡♠❛ ✭✶✮ ✭s♦❧✉çã♦ ❛ss♦❝✐❛❞❛ ❛ ✉♠ ❝♦♥tr♦❧❡ ū✮✱ ♦❜t❡r ✉♠ ❝♦♥tr♦❧❡ u t❛❧ q✉❡ ❛ ❝♦rr❡s✲

♣♦♥❞❡♥t❡ s♦❧✉çã♦ y ❞❡ ✭✶✮ s❛t✐s❢❛③ y(T ) = ȳ(T )✳

❆ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ é ✉♠ ❝♦♥❝❡✐t♦ ♠❛✐s ❢♦rt❡ ❞♦ q✉❡ ♦ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❛♣r♦①✐✲

♠❛❞❛✱ ♥✉❧❛ ❡ ❡①❛t❛ ♣♦r tr❛❥❡tór✐❛s✳ ◆♦ ❝❛s♦ ❞❡ s✐st❡♠❛s ❧✐♥❡❛r❡s ❝♦♠♦ ✭✶✮ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡

♥✉❧❛ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ♣♦r tr❛❥❡tór✐❛s✳ ❊st❡s ❞♦✐s ú❧t✐♠♦s t✐♣♦s ❞❡ ❝♦♥tr♦✲

❧❛❜✐❧✐❞❛❞❡ sã♦ ❢r❡q✉❡♥t❡♠❡♥t❡ ❛♥❛❧✐s❛❞♦s q✉❛♥❞♦ tr❛❜❛❧❤❛♠♦s ❝♦♠ s✐st❡♠❛s ♥ã♦ r❡✈❡rsí✈❡✐s

❡ ❝♦♠ ❡❢❡✐t♦ r❡❣✉❧❛r✐③❛♥t❡✱ ♣♦r ❡①❡♠♣❧♦ s✐st❡♠❛s ♣❛r❛❜ó❧✐❝♦s✱ ❥á q✉❡ ♥❡st❡ ❝❛s♦ ♥ã♦ ♣♦❞❡♠♦s

❡s♣❡r❛r ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛✱ ✈❡❥❛ ❬✶✸❪✱ ❬✷✷❪✱ ❬✷✺❪✱ ❬✺✹❪✳

❖ ❝♦♥tr♦❧❡ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s t❡♠ s✐❞♦ ✐♥t❡♥s✐✈❛♠❡♥t❡ ❡st✉❞❛❞♦ ♥❛s ú❧✲

t✐♠❛s ❞é❝❛❞❛s✳ ❯♠ ❞♦s tr❛❜❛❧❤♦s q✉❡ ♣♦❞❡♠♦s ❞❡st❛❝❛r é ♦ ❞❡ ❉✳▲✳❘✉ss❡❧ ❞❡ ✶✾✼✽✱ ❬✻✵❪✱

♦♥❞❡ ♦ ❛✉t♦r ❞❡s❡♥✈♦❧✈❡✉ ✐♠♣♦rt❛♥t❡s ❢❡rr❛♠❡♥t❛s ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐✲

❞❛❞❡ ❢❛③❡♥❞♦ r❡❧❛çã♦ ❝♦♠ ♦✉tr♦s ♠ét♦❞♦s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s✿ ♠✉❧t✐♣❧✐❝❛❞♦r❡s✱

✷



♣r♦❜❧❡♠❛s ❞❡ ♠♦♠❡♥t♦✱ ❡t❝✳ ❖✉tr♦s q✉❡ ❞❡st❛❝❛♠♦s sã♦ ♦s tr❛❜❛❧❤♦s ❞❡ ❏✲▲✳ ▲✐♦♥s ❞❡ ✶✾✽✽✱

❬✹✻❪✱ ❬✹✼❪✱ ❬✹✽❪✱ ♦♥❞❡ ♦ ❛✉t♦r ✐♥tr♦❞✉③✐✉ ♦ ▼ét♦❞♦ ❞❛ ❯♥✐❝✐❞❛❞❡ ❞❡ ❍✐❧❜❡rt ✭❡♠ ✐♥❣❧ês ❍✐❧❜❡rt

❯♥✐q✉❡♥❡ss ▼❡t❤♦❞✕❍✳❯✳▼✳✮✱ q✉❡ ❧♦❣♦ s❡ t♦r♥♦✉ ✉♠❛ ❢❡rr❛♠❡♥t❛ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ❚❡♦r✐❛ ❞❡ ❈♦♥tr♦❧❡✳

❆ ❢❡rr❛♠❡♥t❛ ✉s❛❞❛ ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❞❡ s✐st❡♠❛s ❧✐♥❡❛r❡s

é ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡ ♣❛r❛ ♦ s✐st❡♠❛ ❛❞❥✉♥t♦✳ ❈♦♥s✐❞❡r❛♥❞♦✱ ♣♦r ❡①❡♠♣❧♦ ♦

s✐st❡♠❛ ❧✐♥❡❛r ❛❜str❛t♦✱ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥♦ t❡♠♣♦ T > 0 é ❡q✉✐✈❛❧❡♥t❡ ❛ ❛♥❛❧✐s❛r s♦❜r❡❥❡✲

t✐✈✐❞❛❞❡ ❞❡ ✉♠ ❝❡rt♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r FT : L2(0, T ;U) → H q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ u ∈ L2(0, T ;U)

❛ ✉♠ ❡❧❡♠❡♥t♦ FT (u) := y(T, ·)✱ ♦♥❞❡ y ∈ C0([0, T ];H) é ❛ s♦❧✉çã♦ ❞❡ ✭✶✮ ❝♦rr❡s♣♦♥❞❡♥t❡

❛ u ❝♦♠ y0 := 0✳ P♦r s✉❛ ✈❡③✱ ❞❡✈✐❞♦ ❛ r❡s✉❧t❛❞♦s ❝❧áss✐❝♦s ❞❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✱ ❡ss❛

s♦❜r❡❥❡t✐✈✐❞❛❞❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

||F∗
T (z

T )||L2(0,T ;U) ≥ C||zT ||H zT ∈ H, ✭✷✮

♦♥❞❡ F∗
T : H → L2(0, T ;U) é ♦ ❛❞❥✉♥t♦ ❞❡ FT ✳ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✮ é ❝❤❛♠❛❞❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡✳ P❛r❛ ♦s ❞❡t❛❧❤❡s s♦❜r❡ ❛ ❝♦♥str✉çã♦ ❞❡ss❡s ♦♣❡r❛❞♦r❡s ♣♦❞❡✲s❡ ❝♦♥s✉❧t❛r

❬✶✸❪✳

◆♦s ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♣❛r❛ s✐st❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✱ ♣r✐♠❡✐r♦ r❡s♦❧✈❡♠♦s

♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ♣❛r❛ ♦ s✐st❡♠❛ ❧✐♥❡❛r ❛ss♦❝✐❛❞♦✳ ❊♥tã♦✱ ♣❛r❛ ♦❜t❡r

❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡ ✉s❛♠♦s ❛s ❝❤❛♠❛❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❈❛r❧❡♠❛♥✱ q✉❡

sã♦ ❡st✐♠❛t✐✈❛s ❞❡ ♥♦r♠❛s L2 ♣♦♥❞❡r❛❞❛s ❝♦♠ ❢✉♥çõ❡s ♣❡s♦ ❝♦♥✈❡♥✐❡♥t❡s✳ ❖ ✉s♦ ❞❡ss❛s

❞❡s✐❣✉❛❧❞❛❞❡s ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ t❡✈❡ ♥♦tór✐❛ ♣♦♣✉❧❛r✐③❛çã♦ ❛♣ós

♦ tr❛❜❛❧❤♦ ❞❡ ❋✉rs✐❦♦✈ ❡ ■♠❛♥✉✈✐❧♦✈ ❬✸✹❪✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s ❞❡st❛❝❛r✿ ❬✸✽❪✱ ❬✸✾❪✱ ❬✹✵❪✱ ❬✹✶❪ ❡

❬✹✹❪✳

❯♠❛ ♣❛rt❡ ✐♠♣♦rt❛♥t❡ ❡♠ ❚❡♦r✐❛ ❞❡ ❈♦♥tr♦❧❡ é ❛ ❖t✐♠✐③❛çã♦✳ ◆❡st❡ ❝❛s♦✱ ❛❧é♠ ❞❡

r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡✱ ❜✉s❝❛♠♦s ♦ ❝♦♥tr♦❧❡ ót✐♠♦ ♥♦ s❡♥t✐❞♦ ❞❡ ♠✐♥✐♠✐③❛r

❝✉st♦s ✭♦✉ ♠❛①✐♠✐③❛r ♦s ❜❡♥❡❢í❝✐♦s✮✳ ■st♦ é✱ ❝♦♥s✐❞❡r❡ ♥♦✈❛♠❡♥t❡ ♦ s✐st❡♠❛ ✭✶✮✱ s❡ ❞❡♥♦✲

t❛r♠♦s ♣♦r Uad ♦ ❡s♣❛ç♦ ❞❡ t♦❞♦s ♦s ❝♦♥tr♦❧❡s ❛❞♠✐ssí✈❡✐s ❡ ♣♦r Y ♦ ❡s♣❛ç♦ ❞♦s ❡st❛❞♦s

❛ss♦❝✐❛❞♦s✱ ❛ss✉♠✐♥❞♦ q✉❡ ❛♠❜♦s s❡❥❛♠ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛s ♥♦r♠❛s || · ||Uad
❡ || · ||Y ✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥tã♦ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ♦❜t❡r ✉♠ ❝♦♥tr♦❧❡ q✉❡ ♠✐♥✐♠✐③❛

✉♠ ❢✉♥❝✐♦♥❛❧ ❞❛ ❢♦r♠❛✿

J(u) :=
1

2
||y(u)− yd||

2
Y ∀u ∈ Uad,

✸



♦♥❞❡ yd ∈ Y é ❞❛❞❛✳ ❖✉ ❛✐♥❞❛✱ ♠❛✐s ❣❡r❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❢✉♥❝✐♦♥❛❧

J(u) :=
1

2
||y(u)− yd||

2
Y +

µ

2
||u||Uad

∀u ∈ Uad, ✭✸✮

❝♦♠ µ ≥ 0✳ ❆ s✐t✉❛çã♦ ❛ s❡r ❛♥❛❧✐s❛❞❛ ❝♦♠ ♦ ❢✉♥❝✐♦♥❛❧ ✭✸✳✻✮ é✿ ❛❧é♠ ❞❡ ❛t✐♥❣✐r ♦ ❡st❛❞♦

✜♥❛❧ ❞❡s❡❥❛❞♦✱ ❝♦♠ ♦ ❝♦♥tr♦❧❡ ❞❡ ♠❡♥♦r ❝✉st♦✱ ❡s♣❡r❛♠♦s q✉❡ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❡st❡❥❛

♣ró①✐♠❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❛❞❛✳

P❛r❛ r❡s♦❧✈❡r ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ót✐♠♦✱ ▲✐♦♥s ❡♠ ❬✺✵❪ ✐♥tr♦❞✉③✐✉ ♦ ❝♦♥❝❡✐t♦ ❞❡

❝♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦✳ ❆ ♠♦t✐✈❛çã♦ ✈❡✐♦ ❞❛ ♥♦çã♦ ❞❡ ♦t✐♠✐③❛çã♦ ✐♥tr♦❞✉③✐❞❛ ❡ ✉s❛❞❛ ❡♠

❊❝♦♥♦♠✐❛ ♣❡❧♦ ❡❝♦♥♦♠✐st❛ ❍✳ ❱♦♥ ❙t❛❝❦❡❧❜❡r❣✱ ❬✻✶❪✳ ◆❡st❡ ♣r♦❝❡ss♦ t❡♠✲s❡ ♣❡❧♦ ♠❡♥♦s ❞♦✐s

❝♦♥tr♦❧❡s ❛t✉❛♥❞♦✱ ♣♦ré♠ ❛♣❡♥❛s ✉♠ ❝♦♥tr♦❧❡✱ ❝❤❛♠❛❞♦ ❧í❞❡r✱ é ✐♥❞❡♣❡♥❞❡♥t❡ ❡ ♦s ♦✉tr♦s

sã♦ ❝♦♥s✐❞❡r❛❞♦s ❛ ♣❛rt✐r ❞❡ ❝❛❞❛ ❡s❝♦❧❤❛ ❞♦ ❧í❞❡r✱ ❡st❡s sã♦ ❝❤❛♠❛❞♦s s❡❣✉✐❞♦r❡s✳ ❊♠ s❡✉

tr❛❜❛❧❤♦✱ ▲✐♦♥s ❝♦♥s✐❞❡r♦✉ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ Ω ⊂ R
n ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡ Γ ❡ ✉♠ s✐st❡♠❛

❞❛ ❢♦r♠❛ 



yt + Ay = v11O1 + v21O2 ❡♠ Q = Ω× (0, T ),

y = 0 s♦❜r❡ Σ = Γ× (0, T ),

y(·, 0) = 0 ❡♠ Ω.

✭✹✮

♦♥❞❡✱

Ay = −
n∑

i,j=1

∂

∂xi

(
aij(x)

∂y

∂xj

)
+

n∑

i=1

ai(x)
∂y

∂xi
,

❝♦♠

−
n∑

i,j=1

aij(x)ξiξj ≥ α
n∑

i=1

ξ2i , α > 0.

♦♥❞❡ 1Oi
❞❡♥♦t❛ ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ Oi ⊂ Ω ❡ O1 ∩ O2 = ∅✳ ❖s

♦❜❥❡t✐✈♦s ❝✉♠♣r✐❞♦s ❢♦r❛♠✿ ❛♣r♦①✐♠❛r y(·, T )✱ ♦♥❞❡ y é s♦❧✉çã♦ ❞❡ ✭✹✮✱ ❞❡ ✉♠ ❡st❛❞♦ ❞❡s❡❥❛❞♦

y1 ∈ L2(Ω)✱ ❡ ❝♦♥s✐❞❡r❛r ❛ s♦❧✉çã♦ ❞❡ ✭✹✮ q✉❡ ♥ã♦ s❡ ❛❢❛st❡ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❛❞❛ y2 ∈

L2(Ω× (0, T ))✳ P❛r❛ ❝♦♥s❡❣✉✐r ❡ss❡s ♦❜❥❡t✐✈♦s ❢♦r❛♠ ❞❡✜♥✐❞♦s ♦s s❡❣✉✐♥t❡s ❢✉♥❝✐♦♥❛✐s ❝✉st♦

J1(v1) :=
1

2

∫∫

O1×(0,T )

|v1|
2dxdt, ✭✺✮

❡

J2(v1, v2) =
1

2

∫∫

Ω×(0,T )

|y(v1, v2)− y2|
2dxdt+

β

2

∫∫

O2×(0,T )

|v2|
2, β > 0. ✭✻✮

❊♥tã♦ ❢♦✐ ✉s❛❞❛ ❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✱ ❝♦♠ ♦ ❧í❞❡r s❡♥❞♦ v1 ❡ ♦ s❡❣✉✐❞♦r v2✳ ❖✉ s❡❥❛✱ ♣❛r❛

❝❛❞❛ ❡s❝♦❧❤❛ ❞♦ ❝♦♥tr♦❧❡ v1✱ ♦ ❝♦♥tr♦❧❡ v2 é ❡s❝♦❧❤✐❞♦ ❞❡ ❢♦r♠❛ ❛ ♠✐♥✐♠✐③❛r ♦ ❢✉♥❝✐♦♥❛❧ ✭✻✮✳

❆♣ós ♦❜t❡r ♦ ❝♦♥tr♦❧❡ s❡❣✉✐❞♦r ót✐♠♦✱ v2 = F(v1)✱ ♦ q✉❛❧ ✜❝❛ ❝❛r❛❝t❡r✐③❛❞♦ ❡♠ ✉♠ s✐st❡♠❛

✹



❞❡ ♦t✐♠❛❧✐❞❛❞❡✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛ é r❡s♦❧✈✐❞♦ ✉s❛♥❞♦ ♦ ❝♦♥tr♦❧❡

✐♥❞❡♣❡♥❞❡♥t❡ v1✱ q✉❡ ♠✐♥✐♠✐③❛ ♦ ❢✉♥❝✐♦♥❛❧ ✭✺✮✱ ♣♦✐s ❛❣♦r❛ t❡♠✲s❡ y(v1, v2) = y(v1,F(v1))✳

P❛r❛ ♦❜t❡r ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❢♦✐ ✉s❛❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♥t✐♥✉❛çã♦ ú♥✐❝❛ ❞❡ ▼✐③♦❤❛t❛ ✭✈❡❥❛

❬✺✺❪✮ ❡ t❡♦r❡♠❛s ❞❡ r❡❣✉❧❛r✐❞❛❞❡✳

❊♠ ❬✺✶❪✱ ▲✐♦♥s ❡st✉❞♦✉ ♦ ❝♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ♣❛r❛ ✉♠ s✐st❡♠❛ ❣♦✈❡r♥❛❞♦ ♣❡❧❛ ❡q✉❛çã♦

❞❛ ♦♥❞❛ ✉s❛♥❞♦ ❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣ ❡ ❛♥❛❧✐s❛♥❞♦ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛ ❝♦♠

❝♦♥tr♦❧❡s ♥❛ ❢r♦♥t❡✐r❛✳ ❊❧❡ ❝♦♥s✐❞❡r♦✉ ✉♠ s✐st❡♠❛ ❝♦♠♦ s❡❣✉❡




ytt −∆y = 0 ❡♠ Q,

y = v11Γ1 + v21Γ2 s♦❜r❡ Σ,

y(·, 0) = 0 ❡♠ Ω.

✭✼✮

❈♦♠ Q = Ω× (0, T )✱ Σ = Γ× (0, T ) ❡ Ω ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞♦ R
n ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡ Γ✳

❖♥❞❡ ♥❡st❡ ♣r♦❜❧❡♠❛ 1Γi
❞❡♥♦t❛ ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ s✉❜❝♦♥❥✉♥t♦ Γi ❞❡ Γ✱ i = 1, 2✱ vi

é ♦ ❝♦♥tr♦❧❡ ❡♠ L2(Γi × (0, T ))✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r♦✉ v1 s❡♥❞♦ ♦ ❧í❞❡r ❡ v2 ♦ s❡❣✉✐❞♦r✳

❆❣♦r❛ ❡♠ ❬✶✻❪✱ ❉✐❛③ ❡ ▲✐♦♥s r❡s♦❧✈❡r❛♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛

♣❛r❛ ✉♠ s✐st❡♠❛ ♣❛r❛❜ó❧✐❝♦✱ ❝♦♠♦ ✭✹✮✱ ♦♥❞❡ ❝♦♥s✐❞❡r❛r❛♠ ✉♠ ❧í❞❡r ❡ ✉♠ ♥ú♠❡r♦ n ❞❡ s❡✲

❣✉✐❞♦r❡s✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③✱ ✉s❛r❛♠ ❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣ ❛ss♦❝✐❛❞❛

❛ ✐❞é✐❛ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤✱ ❬✺✻❪✱ ❛ q✉❛❧ ❝♦♥s✐st❡ ❡♠ ♦❜t❡r n s❡❣✉✐❞♦r❡s q✉❡ ♠✐♥✐♠✐③❡♠

s✐♠✉❧t❛♥❡❛♠❡♥t❡ n ❢✉♥❝✐♦♥❛✐s ❝✉st♦✱ s✐♠✐❧❛r❡s ❛ ✭✻✮✳ ❊♥tã♦✱ ❡❧❡s ❝❤❛♠❛r❛♠ ❡ss❡ ♣r♦❝❡ss♦ ❞❡

❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤✳ ❖✉ s❡❥❛✱ ♥❡ss❡ tr❛❜❛❧❤♦ ♣❛r❛ ❝❛❞❛ ❝♦♥tr♦❧❡ ❧í❞❡r f ❢♦✐ ❡♥❝♦♥✲

tr❛❞♦ ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ♣❛r❛ ♦s s❡✉s ❢✉♥❝✐♦♥❛✐s ❝✉st♦ Ji✱ ✐st♦ é✱ ✉♠❛ ♥✲ú♣❧❛ (w1, · · · , wn)

q✉❡ r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦ ❞❛ ❢♦r♠❛

Ji(f ; w1, . . . , wi, . . . , wn) = min
ŵi

Ji(f ; w1, . . . , ŵi, . . . , wn), i = 1, . . . , n.

❊ss❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ✜❝❛ ❝❛r❛❝t❡r✐③❛❞♦ ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ♦t✐♠❛❧✐❞❛❞❡✱ ❡♥tã♦ ❡❧❡s ❝♦♥✲

❝❧✉❡♠ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❍❛❤♥✕❇❛♥❛❝❤ ❡ ♦ ❚❡♦r❡♠❛ ❞❡

❝♦♥t✐♥✉❛çã♦ ú♥✐❝❛ ❞❡ ▼✐③♦❤❛t❛✳

❊♠ ❬✶✻❪✱ ❬✺✵❪ ❡ ❬✺✶❪ ♦ ❢♦❝♦ ❢♦✐ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛✱ ❥á ❡♠ ❬✸❪ ♦s ❛✉t♦r❡s

❝♦♥s✐❞❡r❛r❛♠ s✐st❡♠❛ ❞✐str✐❜✉í❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ ❞♦ ❝❛❧♦r ♥ã♦ ❧✐♥❡❛r




yt −∆y + a(x, t)y = F (y) + f1O + v11O1 + v21O2 ❡♠ Q,

y = 0 s♦❜r❡ Σ,

y(·, 0) = y0 ❡♠ Ω.

✭✽✮

✺



❈♦♠ Ω ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❞♦ R
n ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡ Γ✳ ❖♥❞❡ a ∈ L∞(Q)✱ F é ✉♠❛

❢✉♥çã♦ ❝♦♥tí♥✉❛ ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✐❛♥❛ ❡ y0 é ❞❛❞❛✱ O, O1, O2 ⊂ Ω sã♦ ❝♦♥❥✉♥t♦s ❛❜❡rt♦s

❡ 1A ❞❡♥♦t❛ ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦♥❥✉♥t♦ A✳ ❖s ❝♦♥tr♦❧❡s sã♦ f, v1 ❡ v2✱ s❡♥❞♦ f ♦

❧í❞❡r ❡ v1, v2 ♦s s❡❣✉✐❞♦r❡s✳ ❖s ❢✉♥❝✐♦♥❛✐s ❝♦♥s✐❞❡r❛❞♦s sã♦

J(f) =
1

2

∫∫

O×(0,T )

|f |2dxdt ✭✾✮

❡

Ji(f ; v1, v2) =
αi
2

∫∫

Oi,d×(0,T )

|y − yi,d|
2dxdt+

µi
2

∫∫

Oi×(0,T )

|vi|
2dxdt, ✭✶✵✮

♣❛r❛ i = 1, 2✳ ❊♥tã♦✱ ❡❧❡s r❡s♦❧✈❡r❛♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ♣♦r tr❛❥❡tó✲

r✐❛s ✉s❛♥❞♦ ❝♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ✈✐❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤✳ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡

♦❜s❡r✈❛❜✐❧✐❞❛❞❡ ♣❛r❛ ♦ ❛❞❥✉♥t♦ ❞♦ s✐st❡♠❛ ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❧✐♥❡❛r ❢♦✐ ♦❜t✐❞❛ ❝♦♠❜✐♥❛♥❞♦ ❛s

❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❈❛r❧❡♠❛♥ ❛ss♦❝✐❛❞❛s ❛ ❝❛❞❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛✳ ❉❡♣♦✐s ❝♦♥❝❧✉ír❛♠ ♦

♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ❙❤❛✉❞❡r✳

P♦r ✜♠✱ ❡♠ r❡❧❛çã♦ ❛ ❡q✉❛çã♦ ❞❡ ❇✉r❣❡rs ❡ ◆❛✈✐❡r✕❙t♦❦❡s ❡①✐st❡♠ ✈ár✐♦s tr❛❜❛❧❤♦s

✐♠♣♦rt❛♥t❡s s♦❜r❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛✱ ♣♦❞❡♠♦s ❞❡st❛❝❛r ❬✷✻❪✱ ❬✷✼❪ ❡ ❬✸✹❪✳ ❈♦♥t✉❞♦✱ ❛✐♥❞❛

♥ã♦ ❡①✐st❡♠ tr❛❜❛❧❤♦s s♦❜r❡ ❝♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ❡ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ ♣❛r❛ ❝♦♥✲

tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❞❡ss❛s ❡q✉❛çõ❡s✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ t❡s❡ é ❛♥❛❧✐s❛r ♦ ❝♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ❛♣❧✐❝❛♥❞♦ ❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✕

◆❛s❤ ♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞♦ ❝❛❧♦r ❡ ❞❛ ♦♥❞❛✱

❡ ❛✐♥❞❛✱ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ♣❛r❛ ❡q✉❛çã♦ ❞❡ ❇✉r❣❡rs✳

❉❡s❝r✐çã♦ ❞♦s r❡s✉❧t❛❞♦s

◆❡st❛ t❡s❡ r❡s♦❧✈❡♠♦s ♦s ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ❡①❛t♦ ♣♦r tr❛❥❡tór✐❛s ♣❛r❛ s✐st❡♠❛s

❝♦♠♦ ✭✽✮ ❝♦♠ ❝♦♥tr♦❧❡s t❛♥t♦ ♥❛ ❢r♦♥t❡✐r❛ ❝♦♠♦ ❞✐str✐❜✉í❞♦s✳ ❆❧é♠ ❞✐ss♦✱ ✈❛♠♦s r❡s♦❧✈❡r ♦

♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ❡①❛t♦ ♣❛r❛ ✉♠ s✐st❡♠❛ ❝♦♠♦ ✭✼✮✱ ♠❛s ❝♦♠ ❝♦♥tr♦❧❡s ❞✐str✐❜✉í❞♦s✳ ◆♦

q✉❡ s❡❣✉❡ ❞❡t❛❧❤❛r❡♠♦s ♦s tr❛❜❛❧❤♦s ❞❡s❡♥✈♦❧✈✐❞♦s✳

❈❛♣ít✉❧♦ ✶✿ ❈♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ♣❛r❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ❞❡

❡q✉❛çõ❡s ♣❛r❛❜ó❧✐❝❛s ❝♦♠ ❝♦♥tr♦❧❡s ❞✐str✐❜✉í❞♦s ❡ ♥❛ ❢r♦♥t❡✐r❛✳

❙❡❥❛ Ω ⊂ R
n ✭n ≥ 1✮ ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ Γ s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r✳

❈♦♥s✐❞❡r❡ O, O1, O2 ⊂ Ω ❝♦♥❥✉♥t♦s ❛❜❡rt♦s ♥ã♦ ✈❛③✐♦s ❡ s❡❥❛♠ S, S1 ❡ S2 s✉❜❝♦♥❥✉♥t♦s

✻



❞✐s❥✉♥t♦s ❢❡❝❤❛❞♦s ❞❡ Γ✳ ❉❛❞♦ T > 0✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ❞♦♠í♥✐♦ ❝✐❧í♥❞r✐❝♦ Q = Ω× (0, T ) ❝✉❥❛

❢r♦♥t❡✐r❛ ❧❛t❡r❛❧ é Σ = Γ× (0, T )✳ ❉❡♥♦t❛r❡♠♦s ♣♦r ν(x) ♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ ❡①t❡r✐♦r ❛

Ω ♥♦ ♣♦♥t♦ x ∈ Γ✳

❈♦♥s✐❞❡r❛♠♦s s✐st❡♠❛s ❞❛ ❢♦r♠❛




yt −∆y + a(x, t)y = F (y) + f1O ❡♠ Q,

y = v1ρ1 + v2ρ2 s♦❜r❡ Σ,

y(·, 0) = y0 ❡♠ Ω,

✭✶✶✮

❡ 



pt −∆p+ a(x, t)p = F (p) + u11O1 + u21O2 ❡♠ Q,

p = g1S s♦❜r❡ Σ,

p(·, 0) = p0 ❡♠ Ω,

✭✶✷✮

♦♥❞❡ y0, p0, f, g, vi ❡ ui✱ sã♦ ❞❛❞❛s ❡♠ ❡s♣❛ç♦s ❛♣r♦♣r✐❛❞♦s✱ F é ✉♠❛ ❢✉♥çã♦ ❧♦❝❛❧♠❡♥t❡

❧✐♣s❝❤✐t③✐❛♥❛ ❡ ρi ∈ C∞
0 (Si)✱ 0 ≤ ρ ≤ 1✳ P♦r 1A ❞❡♥♦t❛♠♦s ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞♦

❝♦♥❥✉♥t♦ A✳

❖s ♣r♦❜❧❡♠❛s q✉❡ ✈❛♠♦s r❡s♦❧✈❡r t❡♠ ♦s s❡❣✉✐♥t❡s ♦❜❥❡t✐✈♦s✿ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡

❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ♣♦r tr❛❥❡tór✐❛s ♣❛r❛ ♦s s✐st❡♠❛s ✭✶✶✮ ❡ ✭✶✷✮✱ ✐♠♣❡❞✐r q✉❡ ❛ s♦❧✉çã♦ ❞♦

s✐st❡♠❛ s❡ ❞✐st❛♥❝✐❡ ❞❡ ✉♠❛ ❝❡rt❛ ❢✉♥çã♦ ❞❛❞❛✳

◆❡st❡ s❡♥t✐❞♦✱ ❢♦❝❛♥❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ ♥♦ s✐st❡♠❛ ✭✶✶✮✱ ❞❡✜♥✐♠♦s ♦s ❢✉♥❝✐♦♥❛✐s ❝✉st♦✿

Ji(f, v1, v2) :=
αi
2

∫∫

Oi,d×(0,T )

|y − ξi,d|
2 dx dt+

µi
2

∫∫

Si×(0,T )

|vi|2 dσ dt, i = 1, 2, ✭✶✸✮

♦♥❞❡ ξi,d = ξi,d(x, t) sã♦ ❞❛❞❛s ❡♠ L2(Oi,d×(0, T )) ❡ αi✱ µi sã♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s✳ ❚❛♠❜é♠

❞❡✜♥✐♠♦s ♦ ❢✉♥❝✐♦♥❛❧ ♣r✐♥❝✐♣❛❧

J(f) :=
1

2

∫∫

O×(0,T )

|f |2 dx dt.

❊♥tã♦ ❛♣❧✐❝❛♠♦s ❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤✱ ❝♦♠ f s❡♥❞♦ ♦ ❝♦♥tr♦❧❡ ❧í❞❡r ❡ v1, v2 ♦s

s❡❣✉✐❞♦r❡s✳ ◆❡st❡ s❡♥t✐❞♦✱ ♣❛r❛ ❝❛❞❛ f ✈❛♠♦s ❡♥❝♦♥tr❛r ✉♠ ♣❛r (v1, v2) = (v1(f), v2(f))

q✉❡ ♠✐♥✐♠✐③❛ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ♦s ❢✉♥❝✐♦♥❛✐s ❝✉st♦ Ji✱ ✐st♦ é✱ r❡s♦❧✈❡♠ ♦ ♣r♦❜❧❡♠❛

J1(f ; v
1, v2) = min

v̂1
J1(f ; v̂

1, v2), J2(f ; v
1, v2) = min

v̂2
J2(f ; v

1, v̂2). ✭✶✹✮

❈❤❛♠❛♠♦s ♦ ♣❛r (v1(f), v2(f)) ❛ss✐♠ ♦❜t✐❞♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ♣❛r❛ ♦s ❢✉♥❝✐♦♥❛✐s Ji✳

✼



▲❡♠❜r❡♠♦s q✉❡ ✉♠❛ tr❛❥❡tór✐❛ ❞♦ s✐st❡♠❛ ✭✶✶✮ é ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛




ȳt −∆ȳ + a(x, t)ȳ = F (ȳ) ✐♥ Q,

ȳ = 0 ♦♥ Σ,

y(·, 0) = ȳ0 ✐♥ Ω.

✭✶✺✮

❉❡♣♦✐s ❞❡ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤✱ ✜①❛❞❛ ✉♠❛ tr❛❥❡tór✐❛ ȳ✱ ❜✉s❝❛♠♦s ✉♠

❝♦♥tr♦❧❡ ót✐♠♦ f ∈ L2(O × (0, T ))✱ q✉❡ r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛

J(f) = min
f̂
J(f̂), ✭✶✻✮

s✉❥❡✐t♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛

y(·, T ) = ȳ(·, T ) ✐♥ Ω. ✭✶✼✮

❊♠ r❡❧❛çã♦ ❛♦ s✐st❡♠❛ ✭✶✷✮✱ ♦ ❧í❞❡r é ♦ ❝♦♥tr♦❧❡ g ❡ ♦s s❡❣✉✐❞♦r❡s sã♦ u1 ❡ u2✳ ❖s

❢✉♥❝✐♦♥❛✐s ❝✉st♦ sã♦ ❞❛ ❢♦r♠❛✿

Ki(g, u
1, u2) :=

αi
2

∫∫

Σi,d

∣∣∣∣
∂p

∂ν
− ζi,d

∣∣∣∣
2

ρi,d dσ dt+
µi
2

∫∫

Oi×(0,T )

|ui|2 dx dt, i = 1, 2, ✭✶✽✮

❡

K(g) :=
1

2
||g||2

H
3
2 , 34 (S×(0,T ))

,

♦♥❞❡ Σi,d = Γi,d× (0, T ) ❡ Γi,d sã♦ s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ♥ã♦ ✈❛③✐♦s ❞❡ Γ✱ ζi,d = ζi,d(x, t) sã♦

❢✉♥çõ❡s ❞❛❞❛s✱ ρi,d ∈ C2
0(Γi,d) ❡ αi✱ µi sã♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s✳ ❆♣❧✐❝❛r❡♠♦s ❛ ❡str❛té❣✐❛

❞❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤✳ ❖ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ (u1(g), u2(g)) q✉❡ r❡s♦❧✈❡ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ♦

♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦

K1(g; u
1, u2) = min

û1
K1(g; û

1, u2), K2(g; u
1, u2) = min

û2
K2(g; u

1, û2). ✭✶✾✮

❚❡♠♦s ❛ s❡❣✉✐♥t❡ tr❛❥❡tór✐❛ ❞♦ s✐st❡♠❛ ✭✶✷✮✿




p̄t −∆p̄+ a(x, t)p̄ = F (p̄) ✐♥ Q,

p̄ = 0 ♦♥ Σ,

p̄(·, 0) = p̄0 ✐♥ Ω.

✭✷✵✮

❊♥tã♦✱ ✉♠❛ ✈❡③ ♣r♦✈❛❞❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ♣❛r❛ ❝❛❞❛ ❝♦♥tr♦❧❡ ❧í❞❡r✱ ❡♥❝♦♥✲

tr❛♠♦s ✉♠ ❝♦♥tr♦❧❡ g ∈ H
3
2
, 3
4 (S × (0, T )) t❛❧ q✉❡

p(·, T ) = p̄(·, T ) ✐♥ Ω. ✭✷✶✮

✽



❖❜s❡r✈❡ q✉❡ ♦ s✐st❡♠❛ ✭✶✺✮ ❡st✉❞❛❞♦ ❡♠ ❬✸❪ t❡♠ ❛♣❡♥❛s ❝♦♥tr♦❧❡s ❞✐str✐❜✉í❞♦s✳ ■♥✈❡st✐❣❛✲

♠♦s q✉❡stõ❡s s❡♠❡❧❤❛♥t❡s ❛ ❡ss❡ tr❛❜❛❧❤♦✱ ♠❛s ❛❣♦r❛ ❛ ❞✐✜❝✉❧❞❛❞❡ é q✉❡ t❡♠♦s ❝♦♥tr♦❧❡s

t❛♥t♦ ♥❛ ❢r♦♥t❡✐r❛ q✉❛♥t♦ ❞✐str✐❜✉í❞♦s✳ ❘❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ♣❛r❛ ❝♦♥✲

tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ♣♦r tr❛❥❡tór✐❛s ♣❛r❛ ❡q✉❛çã♦ ❞♦ ❝❛❧♦r é ❛ ♣r✐♥❝✐♣❛❧ ❝♦♥tr✐❜✉✐çã♦ ❞❡st❡

❝❛♣ít✉❧♦✳

❱❛♠♦s ❡♥✉♥❝✐❛r ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❡st❡ tr❛❜❛❧❤♦ ♥♦ q✉❡ s❡❣✉❡✳

❚❡♦r❡♠❛ ✭❈❛s♦ ❧✐♥❡❛r✮✿ ❙✉♣♦♥❤❛ Oi,d ∩ O 6= ∅✱ i = 1, 2✳ ❆ss✉♠❛ q✉❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s

❝♦♥❞✐çõ❡s é ✈❡r❞❛❞❡✐r❛✿

O1,d = O2,d := Od, ✭✷✷✮

♦✉

O1,d ∩ O 6= O2,d ∩ O. ✭✷✸✮

❆ss✉♠❛ F ≡ 0 ❡ ❛s ❝♦♥st❛♥t❡s µi > 0 (i = 1, 2) sã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s✳ ❊♥tã♦ ❡①✐st❡

✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ρ = ρ(t)✱ q✉❡ ❞❡❝❛✐ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♣❛r❛ ③❡r♦ q✉❛♥❞♦ t t❡♥❞❡ ❛ T ✱

t❛❧ q✉❡ s❡ ȳ é ❛ s♦❧✉çã♦ ❞❡ ✭✶✺✮ ✭❝♦♠ F ≡ 0✮ ❛ss♦❝✐❛❞❛ ❛♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ȳ0 ∈ L2(Ω) ❡ ❛s

❢✉♥çõ❡s ξi,d ∈ L2(Oi,d × (0, T )) s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦✿

∫∫

Oi,d×(0,T )

ρ−2|ȳ − ξi,d|
2 dx dt < +∞, i = 1, 2, ✭✷✹✮

❡♥tã♦✱ ❞❛❞♦ y0 ∈ L2(Ω)✱ ❡①✐st❡♠ ✉♠ ❝♦♥tr♦❧❡ f ∈ L2(O × (0, T )) ❡ ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤

❛ss♦❝✐❛❞♦ (v1(f), v2(f)) t❛✐s q✉❡ ❛ s♦❧✉çã♦ ❞❡ ✭✶✶✮ ❝♦rr❡s♣♦♥❞❡♥t❡ ✭❝♦♠ F ≡ 0✮ s❛t✐s❢❛③ ✭✶✼✮✳

❆s ✜❣✉r❛s s❡❣✉✐♥t❡s ✐❧✉str❛♠ ♦s ❝❛s♦s ✭✷✷✮ ❡ ✭✷✸✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆ ❤✐♣ót❡s❡ ✭✷✷✮ é ♥❛t✉r❛❧✱ ♣♦✐s ❞❡s❡❥❛♠♦s ♦❜t❡r ✭✶✼✮ s❡♠ q✉❡ ❛ s♦❧✉çã♦ ❞❡ ✭✶✶✮ s❡ ❛❢❛st❡

❞❛ ❢✉♥çã♦ ξi,d✱ ❡♥tã♦ é ❜❛st❛♥t❡ r❛③♦á✈❡❧ q✉❡ ❡ss❛ ❢✉♥çã♦ s❡ ❛♣r♦①✐♠❡ ❞❛ tr❛❥❡tór✐❛ ȳ q✉❛♥❞♦

❋✐❣✉r❛ ✶✿ ❈❛s♦✿ O1,d = O2,d ✳

❋✐❣✉r❛ ✷✿ ❈❛s♦✿ O1,d ∩ O 6= O2,d ∩ O✳

✾



t t❡♥❞❡ ❛ T ✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♦ s✐st❡♠❛ é ❧✐♥❡❛r ♦s ❢✉♥❝✐♦♥❛✐s Ji sã♦ ❝♦♥✈❡①♦s✱ ❡♥tã♦ ❛

❝♦♥❞✐çã♦ ✭✶✹✮ é ❡q✉✐✈❛❧❡♥t❡ ❛

J ′
i(f ; v

1, v2) · v̂i = 0, ∀v̂i ∈ L2(Si × (0, T )), i = 1, 2. ✭✷✺✮

▲♦❣♦✱ ♥♦ ❝❛s♦ ❧✐♥❡❛r ✉♠ ♣❛r (v1, v2) é ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ♣❛r❛ ♦s ❢✉♥❝✐♦♥❛✐s Ji s❡✱ ❡

s♦♠❡♥t❡ s❡✱ s❛t✐s❢❛③ ✭✷✺✮✳

P❛r❛ ❞❡♠♦♥str❛r ♦ ❚❡♦r❡♠❛ ♥♦ ❝❛s♦ ❧✐♥❡❛r✱ tr❛♥s❢♦r♠❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐✲

❧✐❞❛❞❡ ❡①❛t❛ ♣♦r tr❛❥❡tór✐❛s ❡♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛✳ ❈❛r❛❝t❡r✐③❛♠♦s ♦

❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ♦t✐♠❛❧✐❞❛❞❡ ❡ ♦❜t❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ♦❜s❡r✈❛❜✐❧✐✲

❞❛❞❡ ♣❛r❛ ♦ s✐st❡♠❛ ❛❞❥✉♥t♦ ❝♦♠❜✐♥❛♥❞♦ ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❈❛r❧❡♠❛♥ ❛❞❡q✉❛❞❛s✳

◆♦ ❝❛s♦ s❡♠✐❧✐♥❡❛r✱ ❝♦♠♦ ❛ ❝♦♥✈❡①✐❞❛❞❡ ❞♦s Ji é ♣❡r❞✐❞❛✱ ♥ã♦ t❡♠♦s ♠❛✐s ❛ ❡q✉✐✈❛❧ê♥❝✐❛

❡♥tr❡ ✭✶✹✮ ❡ ✭✷✺✮✳ ◆❡st❡ ❝❛s♦✱ ✉s❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ q✉❛s❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤✿ ❯♠ ♣❛r (v1, v2)

é ✉♠ q✉❛s❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ♣❛r❛ ♦s ❢✉♥❝✐♦♥❛✐s Ji s❡ ❛ ❝♦♥❞✐çã♦ ✭✷✺✮ é s❛t✐s❢❡✐t❛✳

❈♦♠ ❡st❛ ❞❡✜♥✐çã♦ t❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ❝❛s♦ s❡♠✐❧✐♥❡❛r✿

❚❡♦r❡♠❛ ✭❈❛s♦ s❡♠✐❧✐♥❡❛r✮✿ ❙✉♣♦♥❤❛ Oi,d ❡ µi (i = 1, 2) ♥❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ❞♦

❝❛s♦ ❧✐♥❡❛r✱ s❡❥❛ F ∈ W 1,∞(R) ❡ q✉❡ ❛s ❢✉♥çõ❡s ξi,d ∈ L2(Oi,d × (0, T )) (i = 1, 2) t❡♠ ❛

♣r♦♣r✐❡❞❛❞❡✿ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ρ✱ t❛♠❜é♠ ❝♦♠♦ ♥♦ ❝❛s♦ ❧✐♥❡❛r✱ t❛❧ q✉❡ s❡ ȳ é ❛ s♦❧✉çã♦

❞❡ ✭✶✺✮ ♣❛r❛ ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ ȳ0 ∈ L2(Ω) ✭✷✹✮ ✈❛❧❡✳ ❊♥tã♦ ❞❛❞♦ y0 ∈ L2(Ω)✱ ❡①✐st❡♠ ✉♠

❝♦♥tr♦❧❡ f ∈ L2(O × (0, T )) ❡ ✉♠ q✉❛s❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ❛ss♦❝✐❛❞♦ (v1, v2) t❛✐s q✉❡ ❛

s♦❧✉çã♦ ❞❡ ✭✶✶✮ ❝♦rr❡s♣♦♥❞❡♥t❡ s❛t✐s❢❛③ ✭✶✼✮✳

P❛r❛ ❞❡♠♦♥str❛r ❡st❡ r❡s✉❧t❛❞♦ ✉s❛♠♦s ♦s r❡s✉❧t❛❞♦s ❞♦s ❝❛s♦ ❧✐♥❡❛r ❡ ❛♣❧✐❝❛♠♦s ♦ ❚❡♦r❡♠❛

❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ❙❤❛✉❞❡r✳

P♦❞❡♠♦s✱ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s✱ ♦❜t❡r ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❛s ❞❡✜♥✐çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦

❡ q✉❛s❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤✳ ❊st❡ é ♦ ❝♦♥t❡ú❞♦ ❞♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✭❘❡❧❛çã♦ ❡♥tr❡ ❡q✉✐❧í❜r✐♦ ❡ q✉❛s❡ ❡q✉✐❧í❜r✐♦✮✿ ❙✉♣♦♥❤❛ F ∈ W 2,∞(R) ❡

ξi,d ∈ L∞(Oi,d × (0, T )) (i = 1, 2)✳ ❙❡ y0 ∈ L2(Ω) ❡ n ≤ 6✱ ❡♥tã♦ ❡①✐st❡ C > 0 t❛❧ q✉❡✱ s❡

f ∈ L2(O × (0, T )) ❡ µi s❛t✐s❢❛③❡♠

µi ≥ C
(
1 + ‖f‖L2(O×(0,T ))

)
,

❛s ❝♦♥❞✐çõ❡s ✭✶✹✮ ❡ ✭✷✺✮ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

P❛r❛ ❞❡♠♦♥str❛r ❡st❡ r❡s✉❧t❛❞♦ ❜❛s✐❝❛♠❡♥t❡ ✈❡r✐✜❝❛♠♦s ❛s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ❛ s❡❣✉♥❞❛

❞❡r✐✈❛❞❛ ❞♦s Ji t❡♥❤❛ s✐♥❛❧ ♣♦s✐t✐✈♦✳

❊♠ r❡❧❛çã♦ ❛♦ s✐st❡♠❛ ✭✶✷✮✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ♣❛r❛ ♦ ❝❛s♦ ❧✐♥❡❛r✿

✶✵



❚❡♦r❡♠❛ ✭❈❛s♦ ❧✐♥❡❛r s✐st❡♠❛ ✭✶✷✮✮✿ ❙✉♣♦♥❤❛

Γi,d ∩ S = ∅, i = 1, 2, ✭✷✻✮

❡ q✉❡ ❛s ❝♦♥st❛♥t❡s µi > 0 (i = 1, 2) sã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦

♣♦s✐t✐✈❛ ρ̄ = ρ̄(t)✱ q✉❡ é ♥✉❧❛ ❡♠ t = T ✱ t❛❧ q✉❡ s❡ p̄ é ❛ s♦❧✉çã♦ ❞❡ ✭✷✵✮ ✭❝♦♠ F ≡ 0✮

❛ss♦❝✐❛❞❛ ❛♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ p̄0 ∈ V ❡ ❛s ❢✉♥çõ❡s ζi,d ∈ L2(Γi,d× (0, T )) s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦✿

∫∫

Γi,d×(0,T )

ρ̄−2

∣∣∣∣
∂p̄

∂ν
− ζi,d

∣∣∣∣
2

dσ dt < +∞, i = 1, 2, ✭✷✼✮

❡♥tã♦✱ ♣❛r❛ t♦❞♦ p0 ∈ V ❡①✐st❡♠ ✉♠ ❝♦♥tr♦❧❡ g ∈ H
3
2
, 3
4 (S × (0, T )) ❡ ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤

(u1, u2) ❛ss♦❝✐❛❞♦ t❛✐s q✉❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ s♦❧✉çã♦ ❞❡ ✭✶✷✮ s❛t✐s❢❛③ ✭✷✶✮✳

❆ ❤✐♣ót❡s❡ ✭✷✼✮ t❡♠ ❥✉st✐✜❝❛t✐✈❛ ❛♥á❧♦❣❛ ❛ ✭✷✷✮✳ ❊ ♠❛✐s✱ ❝♦♠♦ ♦s ❢✉♥❝✐♦♥❛✐s Ki sã♦ ❝♦♥✈❡①♦s

♥❡st❡ ❝❛s♦ t❡♠♦s q✉❡ ✉♠ ♣❛r (u1, u2) é ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ♣❛r❛ ♦s ❢✉♥❝✐♦♥❛✐s Ki s❡✱ ❡

s♦♠❡♥t❡ s❡✱ s❛t✐s❢❛③❡♠

K ′
i(g; u

1, u2) · ûi = 0, ∀ ûi ∈ L2(Oi × (0, T )), i = 1, 2. ✭✷✽✮

P❛r❛ ❞❡♠♦♥str❛r ♦ t❡♦r❡♠❛ ♥♦ ❝❛s♦ ❧✐♥❡❛r ♣❛r❛ s✐st❡♠❛ ✭✶✷✮✱ ❢❛③❡♠♦s ✉♠ ♣r♦❧♦♥❣❛♠❡♥t♦ ❞♦

❞♦♠í♥✐♦ ❡ r❡s♦❧✈❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❝♦♠ ❝♦♥tr♦❧❡s ❞✐str✐❜✉í❞♦s✳

❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ q✉❛s❡ ❡q✉✐❧í❜r✐♦ ♣❛r❛ ♦s ❢✉♥❝✐♦♥❛✐s Ki ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧✲

t❛❞♦ ♣❛r❛ ♦ ❝❛s♦ s❡♠✐❧✐♥❡❛r✿

❚❡♦r❡♠❛ ✭❈❛s♦ s❡♠✐❧✐♥❡❛r s✐st❡♠❛ ✭✶✷✮✮✿ ❙✉♣♦♥❤❛ Γi,d✱ µi > 0 (i = 1, 2) ❝♦♠♦ ♥♦ ❝❛s♦

❧✐♥❡❛r ✭s✐st❡♠❛ ✭✶✷✮✮ ❡ F ∈ W 1,∞(R)✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ρ̄ t❛❧ q✉❡✱ s❡ p̄ é ❛ s♦❧✉çã♦

❞❡ ✭✷✵✮ ♣❛r❛ ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ p̄0 ∈ V ❡ ❛s ❢✉♥çõ❡s ζi,d ∈ L2(Γi,d× (0, T )) ✭i = 1, 2✮ sã♦ t❛✐s

q✉❡ ✭✷✼✮ ✈❛❧❡✱ ♣❛r❛ ❝❛❞❛ p0 ∈ V ❞❛❞♦✱ ❡①✐st❡♠ ✉♠ ❝♦♥tr♦❧❡ g ∈ H
3
2
, 3
4 (S× (0, T )) ❡ ✉♠ q✉❛s❡

❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ (u1, u2) ❛ss♦❝✐❛❞♦ t❛✐s q✉❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ s♦❧✉çã♦ ❞❡ ✭✶✷✮ s❛t✐s❢❛③ ✭✷✶✮✳

P❛r❛ ❞❡♠♦♥str❛r ❡st❡ r❡s✉❧t❛❞♦ t❛♠❜é♠ ✉s❛♠♦s ♦ ❚❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ❙❤❛✉❞❡r✳

P♦r ✜♠✱ ♦❜t❡♠♦s ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❡q✉✐❧í❜r✐♦ ❡ q✉❛s❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ♣❛r❛ ♦s

❢✉♥❝✐♦♥❛✐s Ki✿

❚❡♦r❡♠❛ ✭❘❡❧❛çã♦ ❡♥tr❡ ❡q✉✐❧í❜r✐♦ ❡ q✉❛s❡ ❡q✉✐❧í❜r✐♦✱ s✐st❡♠❛ ✭✶✷✮✮✿ ❙✉♣♦♥❤❛ q✉❡

F ∈ W 2,∞(R) ❡ ζi,d ∈ H
1
2
, 1
4 (Σi,d) (i = 1, 2)✳ ❙❡ p0 ∈ V ❡ N ≤ 6✱ ❡♥tã♦ ❡①✐st❡ C > 0 t❛❧ q✉❡✱

s❡ g ∈ H
3
2
, 3
4 (S × (0, T )) ❡ µi s❛t✐s❢❛③❡♠

µi ≥ C
(
1 + ‖g‖

H
3
2 , 34 (S×(0,T ))

)
,

❛s ❝♦♥❞✐çõ❡s ✭✶✾✮ ❡ ✭✷✽✮ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

✶✶



❈❛♣ít✉❧♦ ✷✿ ❈♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ♣❛r❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛✳

❙❡❥❛ Ω ⊂ R
n ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ Γ ❞❡ ❝❧❛ss❡ C2 ❡ s✉♣♦♥❤❛ T > 0✳ ❱❛♠♦s

❝♦♥s✐❞❡r❛r ♣❡q✉❡♥♦s ❝♦♥❥✉♥t♦s ❛❜❡rt♦s ♥ã♦ ✈❛③✐♦s ❡ ❞✐s❥✉♥t♦s O, O1, O2 ⊂ Ω✳ ❯s❛r❡♠♦s ❛

♥♦t❛çã♦ Q = Ω × (0, T )✱ ❝✉❥❛ ❢r♦♥t❡✐r❛ ❧❛t❡r❛❧ é Σ = Γ × (0, T )❀ ♣♦r ν(x) ♦ ✈❡t♦r ♥♦r♠❛❧

✉♥✐tár✐♦ ❡①t❡r✐♦r ❛ Ω ♥♦ ♣♦♥t♦ x ∈ Γ✳

❈♦♥s✐❞❡r❛♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛




ytt −∆y + a(x, t)y = F (y) + f1O + v11O1 + v21O2 ✐♥ Q,

y = 0 ♦♥ Σ,

y(·, 0) = y0, yt(·, 0) = y1 ✐♥ Ω,

✭✷✾✮

♦♥❞❡ a ∈ L∞(Q)✱ f ∈ L2(O × (0, T ))✱ vi ∈ L2(Oi × (0, T ))✱ F : R → R é ✉♠❛ ❢✉♥çã♦

❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✐❛♥❛✱ (y0, y1) ∈ H1
0 (Ω)×L2(Ω) ❡ ❝♦♠ 1A ✐♥❞✐❝❛♠♦s ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛

❞❡ A✳

❘❡s♦❧✈❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❝♦♠ ❞♦✐s ♦❜❥❡t✐✈♦s✿ ♦❜t❡r ✉♠ ❝♦♥tr♦❧❡ ót✐♠♦ q✉❡ r❡s♦❧✈❡ ♦

♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ❡ ✐♠♣❡❞✐r q✉❡ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ s❡ ❛❢❛st❡ ❞❡ ✉♠❛

❢✉♥çã♦ ❞❛❞❛✳ P❛r❛ ❝♦♥s❡❣✉✐r ❡st❡s ♦❜❥❡t✐✈♦s ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦✱ ❝♦♠ f

s❡♥❞♦ ♦ ❝♦♥tr♦❧❡ ❧í❞❡r v1, v2 ♦s s❡❣✉✐❞♦r❡s✱ ❡ ❛♣❧✐❝❛r❡♠♦s ❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤✳

❈♦♥s✐❞❡r❛♠♦s ♦ ❢✉♥❝✐♦♥❛❧ ♣r✐♥❝✐♣❛❧

1

2

∫∫

O×(0,T )

|f |2 dx dt,

❡ ♦s ❢✉♥❝✐♦♥❛✐s ❝✉st♦ s❡❝✉♥❞ár✐♦s

Ji(f, v
1, v2) :=

αi
2

∫∫

Oi,d×(0,T )

|y − yi,d|
2 dx dt+

µi
2

∫∫

Oi×(0,T )

|vi|2 dx dt, ✭✸✵✮

♦♥❞❡ Oi,d ⊂ Ω sã♦ ❛❜❡rt♦s ♥ã♦ ✈❛③✐♦s✱ yi,d ∈ L2(Oi,d × (0, T )) sã♦ ❢✉♥çõ❡s ❞❛❞❛s ❡ αi ❡ µi

sã♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s✳ ❆ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ ❢✉♥❝✐♦♥❛ ❝♦♠♦ s❡❣✉❡✳ P❛r❛ ❝❛❞❛

❡s❝♦❧❤❛ ❞❡ ✉♠ ❧í❞❡r f ✱ ❜✉s❝❛♠♦s ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ♣❛r❛ ♦s ❢✉♥❝✐♦♥❛✐s Ji✱ ♦✉ s❡❥❛✱ ✉♠ ♣❛r

(v1(f), v2(f)) ∈ L2(O1 × (0, T )) × L2(O2 × (0, T )) q✉❡ r❡s♦❧✈❡ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ♦ s❡❣✉✐♥t❡

♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦✿

J1(f ; v
1, v2) = min

v̂1
J1(f ; v̂

1, v2), J2(f ; v
1, v2) = min

v̂2
J2(f ; v

1, v̂2). ✭✸✶✮

◆♦ ❝❛s♦ ❡♠ q✉❡ ♦s ❢✉♥❝✐♦♥❛✐s Ji sã♦ ❝♦♥✈❡①♦s✱ ✭✸✶✮ é ❡q✉✐✈❛❧❡♥t❡ ❛

J ′
i(f ; v

1, v2) · v̂i = 0, ∀ v̂i ∈ L2(Oi × (0, T )), i = 1, 2. ✭✸✷✮

✶✷



❊st❡ é ❝❛s♦ q✉❛♥❞♦ ♦ s✐st❡♠❛ ✭✷✾✮ é ❧✐♥❡❛r✱ ♥♦ ❡♥t❛♥t♦✱ ❣❡r❛❧♠❡♥t❡ ✐st♦ ♥ã♦ ❛❝♦♥t❡❝❡ ♥♦ ❝❛s♦

♥ã♦ ❧✐♥❡❛r✳

❉❛❞♦ (ȳ0, ȳ1) ∈ H1
0 (Ω)× L2(Ω)✱ ✉♠❛ tr❛❥❡tór✐❛ ♣❛r❛ ✭✷✾✮ é ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛




ȳtt −∆ȳ + a(x, t)ȳ = F (ȳ) ✐♥ Q,

y = 0 ♦♥ Σ,

y(·, 0) = y0, yt(·, 0) = y1 ✐♥ Ω.

✭✸✸✮

❉❡♣♦✐s ❞❡ ♣r♦✈❛r q✉❡ ♣❛r❛ ❝❛❞❛ ❧í❞❡r f ❡①✐st❡ ✉♠ ♣❛r ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ (v1, v2) = (v1(f), v2(f))✱

✜①❛♠♦s ✉♠❛ tr❛❥❡tór✐❛ ȳ ❡ ❜✉s❝❛♠♦s ✉♠ ❧í❞❡r f ∈ L2(O × (0, T )) t❛❧ q✉❡

J(f) := min
f̂
J(f̂), ✭✸✹✮

s✉❥❡✐t♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛

y(·, T ) = ȳ(·, T ), yt(·, T ) = ȳt(·, T ) ✐♥ Ω. ✭✸✺✮

❊♠ ❬✺✶❪✱ ♦ ❛✉t♦r ♣r♦✈♦✉ r❡s✉❧t❛❞♦s s♦❜r❡ ❝♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ❛♣❧✐❝❛♥❞♦ ❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝✲

❦❡❧❜❡r❣✱ ♥♦ ❝♦♥t❡①t♦ ❞❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛ ♣❛r❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛✱ ❝♦♠ ❝♦♥tr♦❧❡s

❞✐str✐❜✉í❞♦s✳ ❆ ♣r✐♥❝✐♣❛❧ ❝♦♥tr✐❜✉✐çã♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❡♥t❡♥❞❡r ❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣

❛ss♦❝✐❛❞❛ ❛ ♥♦çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤✱ tr❛❜❛❧❤❛♥❞♦ ♥♦ ❝♦♥t❡①t♦ ❞❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛

♣❛r❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛ ❝♦♠ ❝♦♥tr♦❧❡s ❞✐str✐❜✉í❞♦s✳

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❡st❡ tr❛❜❛❧❤♦ ❢❛ç❛♠♦s ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s✳

❉❛❞♦ x0 ∈ R
n \ Ω ❞❡✜♥✐♠♦s ♦ ❝♦♥❥✉♥t♦

Γ+ := {(x− x0) · ν(x) > 0}

❡ ❛s ❢✉♥çõ❡s d : Ω → R✱ ❝♦♠ d(x) = |x − x0|
2 ♣❛r❛ t♦❞♦ x ∈ Ω✳ ❱❛♠♦s s✉♣♦r q✉❡ ❡①✐st❡

δ > 0 t❛❧ q✉❡

O ⊃ Oδ(Γ+) ∩ Ω, ✭✸✻✮

♦♥❞❡

Oδ(Γ+) = {x ∈ R
n; |x− x′| < δ, x′ ∈ Γ+}.

❉❡✈✐❞♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ♣r♦♣❛❣❛çã♦ ❞❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛ s❡r ✜♥✐t❛✱ ♦ t❡♠♣♦ T > 0

t❡♠ q✉❡ s❡r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❆ss✐♠✱ ♥♦ q✉❡ s❡❣✉❡ ✈❛♠♦s s✉♣♦r T > 2R1✱ ♦♥❞❡

R1 := max{
√
d(x) : x ∈ Ω}✳

✶✸



❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s sã♦ ♦s s❡❣✉✐♥t❡s✳

❚❡♦r❡♠❛ ✭❈❛s♦ ❧✐♥❡❛r✮✿ ❙✉♣♦♥❤❛ F ≡ 0 ❡ q✉❡ ❛s ❝♦♥st❛♥t❡s µi > 0 (i = 1, 2) s✉✜❝✐❡♥t❡✲

♠❡♥t❡ ❣r❛♥❞❡s✳ ❊♥tã♦ ❞❛❞♦ (y0, y1) ∈ H1
0 × L2(Ω)✱ ❡①✐st❡♠ ✉♠ ❝♦♥tr♦❧❡ f ∈ L2(O × (0, T ))

❡ ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ (v1, v2) = (v1(f), v2(f)) t❛✐s q✉❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ s♦❧✉çã♦ ❞❡ ✭✷✾✮

s❛t✐s❢❛③ ✭✸✺✮✳

P❛r❛ ❞❡♠♦♥str❛r ❡st❡ r❡s✉❧t❛❞♦ tr❛♥s❢♦r♠❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛

❡♠ ✉♠ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❡q✉✐✈❛❧❡♥t❡✱ ❞❡♣♦✐s ❝❛r❛❝t❡r✐③❛♠♦s ♦ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤

❡♠ ✉♠ s✐st❡♠❛ ❞❡ ♦t✐♠❛❧✐❞❛❞❡✳ ❈♦♥❝❧✉í♠♦s ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡ q✉❡ ♦❜t❡♠♦s ♣♦r ♠❡✐♦ ❞❡ ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❈❛r❧❡♠❛♥ ❛♣r♦♣r✐❛❞❛s ❡ ❞❛

❡♥❡r❣✐❛✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛s♦ s❡♠✐❧✐♥❡❛r ❝♦♠ F ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✐❛♥❛✱ ❝♦♠♦ ♦s ❢✉♥❝✐♦♥❛✐s

Ji ♥ã♦ sã♦ ❝♦♥✈❡①♦s✱ ❡♠ ❣❡r❛❧ ✭✸✶✮ ❛♥❞ ✭✸✷✮ ♥ã♦ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ ❉❡ss❡ ♠♦❞♦✱ ✉s❛♠♦s ❛

❞❡✜♥✐çã♦ q✉❛s❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤✿ ❞❛❞♦ f ✱ ✉♠ ♣❛r (v1, v2) é ✉♠ q✉❛s❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤

♣❛r❛ ♦s ❢✉♥❝✐♦♥❛✐s Ji s❡ ✭✸✷✮ é s❛t✐s❢❡✐t❛✳ ❈♦♠ ❡st❛ ❞❡✜♥✐çã♦ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✭❈❛s♦ s❡♠✐❧✐♥❡❛r✮✿ ❙✉♣♦♥❤❛ q✉❡ ✭✸✻✮ ✈❛❧❡✱ F ∈ W 1,∞(R) ❡ ♦s µi > 0 (i = 1, 2)

sã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s✳ ❊♥tã♦✱ ❞❛❞♦ q✉❛❧q✉❡r ♣❛r (y0, y1) ∈ H1
0 (Ω)×L

2(Ω)✱ ❡①✐st❡♠ ✉♠

❝♦♥tr♦❧❡ f ∈ L2(O× (0, T )) ❡ ✉♠ q✉❛s❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ❛ss♦❝✐❛❞♦ (v1, v2) = (v1(f), v2(f))

t❛✐s q✉❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ s♦❧✉çã♦ ❞❡ ✭✷✾✮ s❛t✐s❢❛③ ✭✸✺✮✳

❉❡♠♦♥str❛♠♦s ❡st❡ ❚❡♦r❡♠❛ ✉s❛♥❞♦ ♦ ❝❛s♦ ❧✐♥❡❛r✱ r❡s✉❧t❛❞♦s ❞❡ ❝♦♠♣❛❝✐❞❛❞❡ ❡ ♣♦♥t♦

✜①♦✳

❆♥❛❧✐s❛♠♦s ❛✐♥❞❛ ❡♠ q✉❡ ❝♦♥❞✐çõ❡s ❛s ❞❡✜♥✐çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❡ q✉❛s❡ ❡q✉✐❧í❜r✐♦ ❞❡

◆❛s❤ sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ❛ r❡s♣♦st❛ ❡st❛ ♥♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✭❘❡❧❛çã♦ ❡♥tr❡ ❡q✉✐❧í❜r✐♦ ❡ q✉❛s❡ ❡q✉✐❧í❜r✐♦✮✿ ❙✉♣♦♥❤❛ F ∈ W 2,∞(R) ❡ q✉❡

yi,d ∈ C0([0, T ];H1
0 (Oi,d))∩C

1([0, T ];L2(Oi,d))✳ ❙❡ (y0, y1) ∈ H1
0 (Ω)×L2(Ω) ❡ n ≤ 8✱ ❡♥tã♦

❡①✐st❡ C > 0 t❛❧ q✉❡✱ s❡ f ∈ L2(O × (0, T )) ❡ µi s❛t✐s❢❛③❡♠

µi ≥ C(1 + ‖f‖L2(O×(0,T ))),

❛s ❝♦♥❞✐çõ❡s ✭✸✶✮ ❡ ✭✸✷✮ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

P❛r❛ ❞❡♠♦♥str❛r ❡st❡ r❡s✉❧t❛❞♦ ❛♥❛❧✐s❛♠♦s ❛ ❞❡r✐✈❛❞❛ s❡❣✉♥❞❛ ❞♦s ❢✉♥❝✐♦♥❛✐s Ji✳

✶✹



❈❛♣ít✉❧♦ ✸✿ ❈♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❇✉r❣❡rs ✈✐❛

❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤✳

❙❡❥❛ T > 0 ❡ ❝♦♥s✐❞❡r❡ ♦s ❝♦♥❥✉♥t♦s ❛❜❡rt♦s ♥ã♦ ✈❛③✐♦s O, O1, O2 ⊂ (0, 1)✱ ❝♦♠ 0 6∈ O✳

■♥tr♦❞✉③✐♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❇✉r❣❡rs✿




yt − yxx + yyx = f1O + v11O1 + v21O2 ❡♠ (0, 1)× (0, T ),

y(0, t) = y(1, t) = 0 s♦❜r❡ (0, T ),

y(x, 0) = y0(x) ❡♠ (0, 1),

✭✸✼✮

♦♥❞❡ f, v1, v2 sã♦ ♦s ❝♦♥tr♦❧❡s ❡ y é ♦ ❡st❛❞♦ ❡ ❝♦♠ ❛ ♥♦t❛çã♦ 1A r❡♣r❡s❡♥t❛♠♦s ❛ ❢✉♥çã♦

❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦♥❥✉♥t♦ A✳

❊①✐st❡♠ ✈ár✐♦s tr❛❜❛❧❤♦s ✐♠♣♦rt❛♥t❡ s♦❜r❡ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❞❡ s✐st❡♠❛s ❝♦♠♦ ✭✸✼✮✱

❡♥tr❡ ♦s q✉❛✐s ♣♦❞❡♠♦s ❝✐t❛r ❬✷✻❪✱ ❬✸✹❪ ❡ ❬✺✸❪✳ ◆♦ ❈❛♣ít✉❧♦ ✸ ✈❛♠♦s ❛♥❛❧✐s❛r ❛ ❝♦♥tr♦❧❛❜✐❧✐✲

❞❛❞❡ ♥✉❧❛ ❞♦ s✐st❡♠❛ ✭✸✸✮ ♥♦ ❝♦♥t❡①t♦ ❞♦ ❝♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ❡ ❛♣❧✐❝❛♥❞♦ ❛ ❡str❛té❣✐❛ ❞❡

❙t❛❝❦❡❧❜❡r❣✕◆❛s❤✱ ❝♦♠ f s❡♥❞♦ ♦ ❧í❞❡r ❡ v1, v2 ♦s s❡❣✉✐❞♦r❡s✳

❙❡❣✉✐♥❞♦ ♠❡t♦❞♦❧♦❣✐❛ ❞♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✱ ❝♦♥s✐❞❡r❛♠♦s ♦s ❢✉♥❝✐♦♥❛✐s ❝✉st♦ ♣❛r❛

♦s s❡❣✉✐❞♦r❡s✿

Ji(f ; v
1, v2) :=

αi
2

∫∫

Oi,d×(0,T )

|y − yi,d|
2 dx dt+

µi
2

∫∫

Oi×(0,T )

|vi|2 dx dt, ✭✸✽✮

❡ ♦ ❢✉♥❝✐♦♥❛❧ ♣r✐♥❝✐♣❛❧

J(f) :=
1

2

∫∫

O×(0,T )

|f |2 dx dt,

♦♥❞❡ Oi,d ⊂ (0, 1) é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ♥ã♦ ✈❛③✐♦✱ αi, µi > 0 sã♦ ❝♦♥st❛♥t❡s ❡ yi,d = yi,d(x, t)

sã♦ ❢✉♥çõ❡s ❞❛❞❛s ❡♠ L2(Oi,d × (0, T ))✳

P❛r❛ ❝❛❞❛ ❧í❞❡r f ❡s❝♦❧❤✐❞♦ ♦❜t❡♠♦s ✉♠ ♣❛r ❊q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ❛ss♦❝✐❛❞♦ (v1(f), v2(f))

♣❛r❛ ♦s ❢✉♥❝✐♦♥❛✐s Ji✳

❈♦♠♦ ✭✸✼✮ é ♥ã♦ ❧✐♥❡❛r✱ ♣❛r❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤✱

✈❛♠♦s ♠♦str❛r q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♣❛r (v1, v2) q✉❡ s❛t✐s❢❛③

J ′
i(f ; v

1, v2) · v̂i = 0 ∀ v̂i ∈ L2(Oi × (0, T )), ✭✸✾✮

❡
〈
J ′′(f ; v1, v2), v̂i

〉
> 0 ∀ v̂i ∈ L2(Oi × (0, T )). ✭✹✵✮

✶✺



❉❡♣♦✐s ❞❡ ♣r♦✈❛r q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♣❛r ❞❡ ◆❛s❤ ♣❛r❛ ❝❛❞❛ ❝♦♥tr♦❧❡ ❧í❞❡r ❡♠ L2(O×(0, T ))✱

❜✉s❝❛♠♦s ✉♠ ❝♦♥tr♦❧❡ f ∈ L2(O × (0, T )) t❛❧ q✉❡

J(f) = min
f̂
J(f̂) ✭✹✶✮

❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ s♦❧✉çã♦ ❞❡ ✭✸✼✮ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛✿

y(·, T ) = 0 ✐♥ (0, 1). ✭✹✷✮

❆❣♦r❛ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦s r❡s✉❧t❛❞♦s ❞♦ ❈❛♣ít✉❧♦ ✸✳ ❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❛✜r♠❛ s♦❜r❡

❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤✳

❚❡♦r❡♠❛ ✭❊①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤✮✿ ❙✉♣♦♥❤❛ µi s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ f ∈ L2(O × (0, T )) ❞❛❞♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤

(v1(f), v2(f)) ♣❛r❛ ♦s ❢✉♥❝✐♦♥❛✐s Ji✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❣❛r❛♥t❡ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❧♦❝❛❧ ❝♦♠ ❞❛❞♦ ✐♥✐❝✐❛❧ ❡♠H1
0 (0, 1)✿

❚❡♦r❡♠❛ ✭❝❛s♦ y0 ∈ H1
0 (0, 1)✮✿ ❙✉♣♦♥❤❛ y0 ∈ H1

0 (0, 1) ❝♦♠ ||y0||H1
0 (0,1)

≤ r ♣❛r❛ ❛❧❣✉♠

r > 0 ❡ Oi,d ∩ O 6= ∅✱ i = 1, 2✳ ❆ss✉♠❛ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ✈❛❧❡♠✿

O1,d = O2,d := Od, ✭✹✸✮

♦✉

O1,d ∩ O 6= O2,d ∩ O. ✭✹✹✮

❙❡ ❛s ❝♦♥st❛♥t❡s µi > 0 (i = 1, 2) sã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s ❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛

ρ = ρ(t)✱ q✉❡ ❞❡❝❛✐ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♣❛r❛ 0 q✉❛♥❞♦ t → T−✱ t❛❧ q✉❡✱ ❛s ❢✉♥çõ❡s yi,d ∈

L2(Oi,d × (0, T )) (i = 1, 2) s❛t✐s❢❛③❡♠

∫∫

Oi,d×(0,T )

ρ−2 y2i,d dx dt < +∞, i = 1, 2, ✭✹✺✮

❡♥tã♦✱ ❡①✐st❡ ✉♠ ❝♦♥tr♦❧❡ f ∈ L2(O×(0, T )) ❡ ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ (v1(f), v2(f)) ❛ss♦❝✐❛❞♦

t❛❧ q✉❡ t❡♠✲s❡ ✭✹✶✮ ❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ s♦❧✉çã♦ ❞❡ ✭✸✼✮ s❛t✐s❢❛③ ✭✹✷✮✳

❆q✉✐ t❡♠♦s ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ♣❛r❛ ❛ ❤✐♣ót❡s❡ ✭✹✹✮ ♣❛r❡❝✐❞❛ ❝♦♠ ❛ ✭✷✸✮ ♥♦ ❝❛s♦ ❞❛

❡q✉❛çã♦ ❞♦ ❝❛❧♦r✳ ❈♦♠♦ ❞❡s❡❥❛♠♦s q✉❡ ♦ ❡st❛❞♦ s❡❥❛ ♥✉❧♦ ♥♦ t❡♠♣♦ T > 0✱ s❡♠ q✉❡ ♥♦s

❛❢❛st❡♠♦s ❞❡ yi,d✱ é ❡s♣❡r❛❞♦ q✉❡ ❡st❛s ❢✉♥çõ❡s ✜q✉❡♠ ♣❡rt♦ ❞❡ s❡ ❛♥✉❧❛r q✉❛♥❞♦ t t❡♥❞❡ ❛

T ✳

❙✉♣♦r q✉❡ y0 é ❧✐♠✐t❛❞❛ ❡♠H1
0 (0, 1) é ✉♠❛ ❝♦♥❞✐çã♦ r❛③♦á✈❡❧✱ ♣♦✐s ❞❡✈✐❞♦ ❛♦s r❡s✉❧t❛❞♦s

❡♠ ❬✷✻❪ ❡ ❬✸✹❪✱ s❛❜❡♠♦s q✉❡ ♣❛r❛ ♦ s✐st❡♠❛ ✭✸✼✮ ♥ã♦ ♣♦❞❡♠♦s t❡r ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❣❧♦❜❛❧✳

✶✻



❆❧é♠ ❞✐ss♦✱ ❞❡ ❬✷✻❪ s❡❣✉❡ q✉❡ ♣❛r❛ y0 ∈ L2(0, 1) ❝♦♠ ||y0||L2(0,1) ≤ r✱ r > 0✱ t❡♠♦s ✉♠ t❡♠♣♦

♠í♥✐♠♦ ♣❛r❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ T (r) > 0✱ ❝♦♠

C0 log(1/r)
−1 ≤ T (r) ≤ C1 log(1/r)

−1,

♦♥❞❡ C0, C1 > 0 sã♦ ❝♦♥st❛♥t❡s ❛❞❡q✉❛❞❛s✳

❊♠ r❡❧❛çã♦ à ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❧♦❝❛❧ ❝♦♠ ❞❛❞♦ ✐♥✐❝✐❛❧ ❡♠ L2(0, 1) t❡♠♦s ♦ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✭❝❛s♦ y0 ∈ L2(0, 1)✮✿ ❙✉♣♦♥❤❛ y0 ∈ L2(0, 1) ❝♦♠ ||y0||L2(0,1) ≤ r ♣❛r❛ ❛❧❣✉♠ r > 0

❡ T ≥ T (r)✳ ❆ss✉♠✐♥❞♦✱ ❝♦♠♦ ♥♦ t❡♦r❡♠❛ ❞♦ ❝❛s♦ y0 ∈ H1
0 (0, 1)✱ q✉❡ ✉♠❛ ❞❛s ❝♦♥❞✐çõ❡s

✭✹✸✮✱ ✭✹✹✮ é s❛t✐s❢❡✐t❛✱ µi s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡ q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ρ t❛❧ q✉❡ ❛ ❤✐♣ót❡s❡

✭✹✺✮ ✈❛❧❡✱ ❡♥tã♦✱ ❡①✐st❡ ✉♠ ❝♦♥tr♦❧❡ f ∈ L2(O × (0, T )) ❡ ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ❛ss♦❝✐❛❞♦

(v1(f), v2(f)) t❛❧ q✉❡ ❝♦rr❡s♣♦♥❞❡♥t❡ s♦❧✉çã♦ ❞❡ ✭✸✼✮ s❛t✐s❢❛③ ✭✹✷✮✳

◗✉❡stõ❡s ❡♠ ❛❜❡rt♦ ❡ tr❛❜❛❧❤♦s ❢✉t✉r♦s

Pr♦❜❧❡♠❛ ♣❛r❛❜ó❧✐❝♦ ❝♦♠ t♦❞♦s ♦s ❝♦♥tr♦❧❡s ♥❛ ❢r♦♥t❡✐r❛✳

❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❧✐♥❡❛r




zt −∆z + a(x, t)z = 0 ✐♥ Q,

z = v1S + v11S1 + v21S2 ♦♥ Σ,

z(·, 0) = z0 ✐♥ Ω,

✭✹✻✮

P♦❞❡♠♦s ♣❡♥s❛r ❡♠ ❢✉♥❝✐♦♥❛✐s ❝✉st♦ ❝♦♠♦ ♦s Ji ♦✉ Ki ❞❡✜♥✐❞♦s ♥♦ ❈❛♣ít✉❧♦ ✶✳ ❊♥tã♦✱ s❡✲

❣✉✐♥❞♦ ❛s ✐❞❡✐❛s ❞♦ ❈❛♣ít✉❧♦ ✶ ♦❜t❡♠♦s ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ♣❛r❛ ❝❛❞❛ ❧í❞❡r ❡ ✉♠ s✐st❡♠❛

❞❡ ♦t✐♠❛❧✐❞❛❞❡✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❛♣❛r❡❝❡ ❛ ❞✐✜❝✉❧❞❛❞❡ ❞❡ ♦❜t❡r ❞❡✲

s✐❣✉❛❧❞❛❞❡s ❞❡ ❈❛r❧❡♠❛♥ ♣❛r❛ ♣r♦✈❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡✳ ❆ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡

♥✉❧❛ ♣❛r❛ ♦ s✐st❡♠❛ ✭✹✻✮ ✉s❛♥❞♦ ❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ é ✉♠❛ q✉❡stã♦ ❡♠ ❛❜❡rt♦✳

❈♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ❛♣❧✐❝❛♥❞♦ ❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ ♣❛r❛ ♦ s✐st❡♠❛

❞❡ ◆❛✈✐❡r✕❙t♦❦❡s

❖ s✐st❡♠❛ ✭✸✼✮ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠❛ ✈❡rsã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ s✐♠♣❧✐✜❝❛❞❛ ❞♦

s✐st❡♠❛ ❞❡ ◆❛✈✐❡r✕❙t♦❦❡s✳ ❙❡❥❛ Ω ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❞♦ R
N ✭N = 2 ♦✉ N = 3✮✱ ❝✉❥❛

✶✼



❢r♦♥t❡✐r❛ Γ é s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r✳ ❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛ ❞❡ ◆❛✈✐❡r✕❙t♦❦❡s




yt −∆y + (y · ∇)y +∇p = f1O + v11O1 + v21O2 ✐♥ Q,

∇ · y = 0 ✐♥ Q,

y = 0 ♦♥ Σ,

y(·, 0) = y0 ✐♥ Ω,

✭✹✼✮

♦♥❞❡ T > 0 é ❞❛❞♦✱ Q = Ω × (0, T )✱ Σ = Γ × (0, T ) ❡ ♦s ❝♦♥❥✉♥t♦s O, O1, O2 ⊂ Ω ❛❜❡rt♦s

♥ã♦ ✈❛③✐♦s✳

❈♦♥s✐❞❡r❛♠♦s y0 ♥♦ ❡s♣❛ç♦

H := {z ∈ L2(Ω)N : ∇ · z = 0 ✐♥ Ω, z · ν ♦♥ Γ},

♦♥❞❡ ν(x) ❞❡♥♦t❛ ♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ ❡①t❡r✐♦r ❛ Ω ♥♦ ♣♦♥t♦ x ∈ Γ✳

❆ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❞♦ s✐st❡♠❛ ✭✹✼✮ t❡♠ s✐❞♦ ❜❛st❛♥t❡ ❡st✉❞❛❞❛ ♥♦s ú❧t✐♠♦s ❛♥♦s✱ ✈❡❥❛

♣♦r ❡①❡♠♣❧♦✱ ❬✷✼❪ ❡ ❬✸✹❪✱ ♦♥❞❡ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r r❡s✉❧t❛❞♦s s♦❜r❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❝♦♠

❝♦♥tr♦❧❡s ❞✐str✐❜✉í❞♦s ❡ ♥❛ ❢r♦♥t❡✐r❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆♦ ❝♦♥t❡①t♦ ❞♦ ❝♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦✱ ❡♠ ❬✷❪ ♦s ❛✉t♦r❡s ❛♥❛❧✐③❛r❛♠ ♦ s✐st❡♠❛ ✭✹✼✮✱ ❛♣❧✐✲

❝❛♥❞♦ ❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤✱ ♦♥❞❡ ❡❧❡s ❥á ❝♦♥s❡❣✉✐r❛♠ r❡s✉❧t❛❞♦s s♦❜r❡ ❡①✐stê♥❝✐❛

❡ ✉♥✐❝✐❞❛❞❡ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ♣❛r❛ ❢✉♥❝✐♦♥❛✐s s✐♠✐❧❛r❡s ❛♦s Ji ❞❡✜♥✐❞♦s ❡♠ ✭✸✽✮✳ ▼❛s

❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ♣❛r❛ ✭✹✼✮ ❛✐♥❞❛ é ✉♠❛ q✉❡stã♦ ❡♠ ❛❜❡rt♦✳

❈♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ♣❛r❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛ ❝♦♠ ❝♦♥tr♦❧❡s ♥❛ ❢r♦♥t❡✐r❛✳

◆♦ ❈❛♣ít✉❧♦ ✷ r❡s♦❧✈❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ♣❛r❛ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡

❡①❛t❛ ❞❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛✱ ❝♦♠ ✉♠ ❧í❞❡r ❡ ❞♦✐s s❡❣✉✐❞♦r❡s✱ ❝♦♠ t♦❞♦s ♦s ❝♦♥tr♦❧❡s ❞✐str✐❜✉í✲

❞♦s✳ ❊♠ ❬✺✵❪✱ ♦ ❛✉t♦r ❛♥❛❧✐s♦✉ ♦ ❝♦♥tr♦❧❡ ❤✐❡rárq✉✐❝♦ ❝♦♠ ✉♠ ❧í❞❡r ❡ ✉♠ s❡❣✉✐❞♦r✱ ❛♠❜♦s ♥❛

❢r♦♥t❡✐r❛✱ ♦♥❞❡ r❡s♦❧✈❡✉ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛ ♣❛r❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛✳

❯♠ ♣r♦❜❧❡♠❛ q✉❡ s✉r❣✐✉ ♥❡ss❛ ❞✐r❡çã♦ ❢♦✐ ♦ ❞❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ❝♦♠ ✉♠ ❧í❞❡r ❡ ♣❡❧♦

♠❡♥♦s ❞♦✐s s❡❣✉✐❞♦r❡s✱ ❝♦♠ t♦❞♦s ♦s ❝♦♥tr♦❧❡s ♥❛ ❢r♦♥t❡✐r❛✳

❈♦♥s✐❞❡r❡ ✉♠ s✐st❡♠❛ ❞♦ t✐♣♦✿




ytt −∆y + a(x, t)y = 0 ✐♥ Q,

y = f1Γ0 + v11Γ1 + v21Γ2 ♦♥ Σ,

y(·, 0) = y0, yt(·, 0) = y1 ✐♥ Ω,

✭✹✽✮

✶✽



❊♥tã♦✱ ❛ ♣❛rt❡ ❞❡ ❡♥❝♦♥tr❛r ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ♣❛r❛ ❝❛❞❛ ❧í❞❡r é ❛♥á❧♦❣❛ ❛♦ q✉❡ é ❢❡✐t♦ ♥♦

❈❛♣ít✉❧♦ ✷✱ ♠❛s ❛ ❞✐✜❝✉❧❞❛❞❡ ❛♣❛r❡❝❡ ♣❛r❛ ❞❡♠♦♥str❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡✳

❊st❛ ❛✐♥❞❛ é ✉♠❛ q✉❡stã♦ ❡♠ ❛❜❡rt♦✳

✶✾



❈❛♣ít✉❧♦ ✶

❍✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ❢♦r ❡①❛❝t

❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s

✇✐t❤ ❞✐str✐❜✉t❡❞ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥tr♦❧s



❍✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ❢♦r t❤❡ ❡①❛❝t

❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s

✇✐t❤ ❞✐str✐❜✉t❡❞ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥tr♦❧s

❋✳ ❉✳ ❆r❛r✉♥❛✱ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛✱ ▲✳ ❈✳ ❉❛ ❙✐❧✈❛

❆❜str❛❝t✳ ❲❡ ♣r❡s❡♥t s♦♠❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s

✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❤✐❡r❛r❝❤✐❝❛❧ ❝♦♥tr♦❧ t❤r♦✉❣❤ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ str❛t❡❣✐❡s✳ ❲❡ ❛♥❛❧②③❡ t✇♦

❝❛s❡s✿ ✐♥ t❤❡ ✜rst ♦♥❡✱ t❤❡ ♠❛✐♥ ❝♦♥tr♦❧ ✭t❤❡ ❧❡❛❞❡r✮ ❛❝ts ✐♥ t❤❡ ✐♥t❡r✐♦r ♦❢ t❤❡ ❞♦♠❛✐♥ ❛♥❞

t❤❡ s❡❝♦♥❞❛r② ❝♦♥tr♦❧s ✭t❤❡ ❢♦❧❧♦✇❡rs✮ ❛❝t ♦♥ s♠❛❧❧ ♣❛rts ♦❢ ❜♦✉♥❞❛r②❀ ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ✇❡

❝♦♥s✐❞❡r ❛ ❧❡❛❞❡r ❛❝t✐♥❣ ♦♥ ❛ ♣❛rt ♦❢ t❤❡ ❜♦✉♥❞❛r② ✇❤✐❧❡ t❤❡ ❢♦❧❧♦✇❡rs ❛r❡ ♦❢ t❤❡ ❞✐str✐❜✉t❡❞

❦✐♥❞✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ❢♦r ❡❛❝❤ ❧❡❛❞❡r✱ ❛♥ ❛ss♦❝✐❛t❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♣❛✐r ✐s ❢♦✉♥❞❀ t❤❡♥✱ ✇❡

♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❧❡❛❞❡r t❤❛t ❧❡❛❞s t❤❡ s②st❡♠ ❡①❛❝t❧② t♦ ❛ ♣r❡s❝r✐❜❡❞ ✭❜✉t ❛r❜✐tr❛r②✮

tr❛❥❡❝t♦r②✳ ❲❡ ❝♦♥s✐❞❡r ❧✐♥❡❛r ❛♥❞ s❡♠✐❧✐♥❡❛r ♣r♦❜❧❡♠s✳

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t Ω ⊂ R
n ✭n ≥ 1✮ ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇✐t❤ ❜♦✉♥❞❛r② Γ ♦❢ ❝❧❛ss C2✳ ▲❡tO,O1,O2 ⊂

Ω ❜❡ ✭s♠❛❧❧✮ ♥♦♥❡♠♣t② ♦♣❡♥ s❡ts ❛♥❞ ❧❡t S, S1✱ ❛♥❞ S2 ❜❡ ♥♦♥❡♠♣t② ❝❧♦s❡❞ ❛♥❞ ❞✐s❥♦✐♥ts

s✉❜s❡ts ♦❢ Γ✳ ●✐✈❡♥ T > 0✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝②❧✐♥❞❡r Q = Ω× (0, T ) ✇✐t❤ ❧❛t❡r❛❧ ❜♦✉♥❞❛r②

Σ = Γ× (0, T )✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② ν(x) t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ t♦ Ω ❛t t❤❡ ♣♦✐♥t x ∈ Γ✳

❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♣❛r❛❜♦❧✐❝ s②st❡♠s ♦❢ t❤❡ ❢♦r♠




yt −∆y + a(x, t)y = F (y) + f1O ✐♥ Q,

y = v1ρ1 + v2ρ2 ♦♥ Σ,

y(·, 0) = y0 ✐♥ Ω,

✭✶✳✶✮

❛♥❞ 



pt −∆p+ a(x, t)p = F (p) + u11O1 + u21O2 ✐♥ Q,

p = g1S ♦♥ Σ,

p(·, 0) = p0 ✐♥ Ω,

✭✶✳✷✮

✇❤❡r❡ y0, p0, f, g, vi✱ ❛♥❞ ui ❛r❡ ❣✐✈❡♥ ✐♥ ❛♣♣r♦♣r✐❛t❡ s♣❛❝❡s✱ F : R → R ✐s ❛ ❧♦❝❛❧❧②

▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ρi ∈ C2
0(Si) ✇✐t❤ 0 ≤ ρi ≤ 1✳ ■♥ t❤✐s ♣❛♣❡r✱ t❤❡

♥♦t❛t✐♦♥ 1A ❞❡♥♦t❡s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❡t A✳

✷✶



❲❡ ✇✐❧❧ ❛♥❛❧②③❡ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② t♦ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ ✭✶✳✶✮ ❛♥❞ ✭✶✳✷✮ ❢♦❧❧♦✇✐♥❣

❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ t❡❝❤♥✐q✉❡s✱ ❛s ✐♥tr♦❞✉❝❡ ❜② ❏✳✕▲✳ ▲✐♦♥s ❬✺✵❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ ❛♣♣❧②

t❤❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ str❛t❡❣②✱ ✇❤✐❝❤ ❝♦♠❜✐♥❡s ❤✐❡r❛r❝❤✐❝❛❧ ✐♥❣r❡❞✐❡♥ts ♦❢ t❤❡ ❙t❛❝❦❡❧❜❡r❣

❦✐♥❞ ❛♥❞ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ◆❛s❤ ♦♣t✐♠✐③❛t✐♦♥ ♠❡t❤♦❞s✳

❚❤❡ ❤✐❡r❛r❝❤✐❝❛❧ ❝♦♥tr♦❧ ♦❢ ❤②♣❡r❜♦❧✐❝ ❡q✉❛t✐♦♥s ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ ❬✺✵❪ ✇✐t❤ t✇♦ ❝♦♥✲

tr♦❧s ✭♦♥❡ ❧❡❛❞❡r ❛♥❞ ♦♥❡ ❢♦❧❧♦✇❡r✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s❛t✐s❢❛❝t♦r② r❡s✉❧ts ✇✐t❤ ❞✐str✐❜✉t❡❞

❝♦♥tr♦❧s ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ✐♥ ❬✸❪✱ ❬✶✻❪ ❛♥❞ ❬✸✼❪✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ ✐♥ t❤✐s ♣❛♣❡r ✐s t♦ ❛♥❛❧②③❡ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ✭t♦ t❤❡ tr❛❥❡❝t♦✲

r✐❡s✮ ❢♦r t❤❡ s②st❡♠s ✭✶✳✶✮ ❛♥❞ ✭✶✳✷✮ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❤✐❡r❛r❝❤✐❝❛❧ ❝♦♥tr♦❧✱ ❛♣♣❧②✐♥❣ t❤❡

❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ str❛t❡❣②✳ ■♥ ♦r❞❡r t♦ ❡①♣❧❛✐♥ t❤❡ ♠❡t❤♦❞♦❧♦❣② ✇❡ ✇✐❧❧ ❜❡ ✐♥✐t✐❛❧❧② ❝♦♥❝❡r✲

♥❡❞ ✇✐t❤ ❧✐♥❡❛r s②st❡♠ ✭✶✳✶✮✳

▲❡t O1,d ❛♥❞ O2,d ❜❡ ♥♦♥✲❡♠♣t② ♦♣❡♥ s✉❜s❡ts ♦❢ Ω ❛♥❞ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧s

Ji(f ; v
1, v2) =

αi
2

∫∫

Oi,d×(0,T )

|y − ξi,d|
2 dx dt+

µi
2

∫∫

Si×(0,T )

|vi|2 dσ dt, i = 1, 2, ✭✶✳✸✮

✇❤❡r❡ ξi,d = ξi,d(x, t) ❛r❡ ❣✐✈❡♥ ✐♥ L2(Oi,d × (0, T )) ❛♥❞ αi✱ µi ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✳ ▲❡t ✉s

❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛✐♥ ❢✉♥❝t✐♦♥❛❧

J(f) :=
1

2

∫∫

O×(0,T )

|f |2 dx dt.

❋♦r ❡❛❝❤ ❝❤♦✐❝❡ ♦❢ t❤❡ ❧❡❛❞❡r f ✱ ✇❡ ❧♦♦❦ ❢♦r ❝♦♥tr♦❧s v1 ❛♥❞ v2✱ ❞❡♣❡♥❞✐♥❣ ♦♥ f ✱ t❤❛t ♣r♦✈✐❞❡

❛♥ ✏♦♣t✐♠❛❧✑ ❝♦✉♣❧❡ ❢♦r t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧s J1 ❛♥❞ J2 ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿

J1(f ; v
1, v2) = min

v̂1
J1(f ; v̂

1, v2), J2(f ; v
1, v2) = min

v̂2
J2(f ; v

1, v̂2). ✭✶✳✹✮

❚❤✐s ♣❛✐r (v1, v2) ✐s ❝❛❧❧❡❞ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✳

▲❡t ✉s ❝♦♥s✐❞❡r ❛ tr❛❥❡❝t♦r② ♦❢ ✭✶✳✶✮✱ t❤❛t ✐s✱ ❛ ❢✉♥❝t✐♦♥ ȳ = ȳ(x, t) s❛t✐s❢②✐♥❣




ȳt −∆ȳ + a(x, t)ȳ = F (ȳ) ✐♥ Q,

ȳ = 0 ♦♥ Σ,

y(·, 0) = ȳ0 ✐♥ Ω.

✭✶✳✺✮

❆ss✉♠✐♥❣ t❤❛t ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts ❢♦r ❡❛❝❤ f ✱ ✇❡ t❤❡♥ ❧♦♦❦ ❢♦r ❛ ❧❡❛❞❡r s✉❝❤ t❤❛t

J(f) = min
f̂
J(f̂), ✭✶✳✻✮

s✉❜❥❡❝t t♦ ❝♦♥❞✐t✐♦♥ ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❝♦♥str❛✐♥t

y(·, T ) = ȳ(·, T ) ✐♥ Ω. ✭✶✳✼✮

✷✷



■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❍✐❧❜❡rt s♣❛❝❡

W (Q) :=
{
z ∈ L2(0, T ;H1(Ω)) : zt ∈ L2(0, T ;H−1(Ω))

}
,

✇❤✐❝❤ ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠

||z||W (Q) =
(
||z||2L2(0,T ;H1(Ω)) + ||zt||

2
L2(0,T ;H−1(Ω))

)1/2
.

❲❡ ✇✐❧❧ ❛❧s♦ ✉s❡ t❤❡ ❍✐❧❜❡rt s♣❛❝❡s Hr,s(Q) = L2(0, T ;Hr(Ω))∩Hs(0, T ;L2(Ω)) ❢♦r ♥✉♠❜❡rs

r✱ s ≥ 0✱ ✇✐t❤ ♥♦r♠s

||z||Hr,s(Q) :=
(
||z||2L2(0,T ;Hr(Ω)) + ||z||2Hs(0,T ;L2(Ω))

)1/2

❛♥❞ t❤❡✐r ❜♦✉♥❞❛r② ❝♦✉♥t❡r ♣❛rts Hr,s(Σ) := L2(0, T ;Hr(Γ))∩Hs(0, T ;L2(Γ)); ❢♦r ❛ ❞❡t❛✐❧❡❞

❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡s❡ s♣❛❝❡s ❛♥❞ t❤❡✐r ♣r♦♣❡rt✐❡s✱ s❡❡ ❬✺✷❪✳ ❋✐♥❛❧❧②✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡

V := {u ∈ H1(Ω) : u = 0 ♦♥ Γ \ S}.

■♥ r❡❧❛t✐♦♥ t♦ s②st❡♠ ✭✶✳✷✮✱ t❤❡ s❡❝♦♥❞❛r② ❝♦st ❢✉♥❝t✐♦♥❛❧s ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

Ki(g; u
1, u2) :=

αi
2

∫∫

Σi,d

∣∣∣∣
∂p

∂ν
− ζi,d

∣∣∣∣
2

ρi,d dσ dt+
µi
2

∫∫

Oi×(0,T )

|ui|2 dx dt, i = 1, 2, ✭✶✳✽✮

✇❤❡r❡ Σi,d = Γi,d × (0, T ) ❛♥❞ t❤❡ Γi,d ❛r❡ ♥♦♥❡♠♣t② ❝❧♦s❡❞ s✉❜s❡ts ♦❢ Γ✱ t❤❡ ζi,d = ζi,d(x, t)

❛r❡ ❣✐✈❡♥ ❢✉♥❝t✐♦♥s✱ αi, µi ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts ❛♥❞ ρi,d ∈ C2
0(Γi,d) ✇✐t❤ Γ′

i,d ⊂⊂ Γi,d ⊂ Γ

❛♥❞

0 ≤ ρi,d ≤ 1, ρi,d = 1 ✐♥ Γ′
i,d, ρi,d = 0 ✐♥ Γ \ Γi,d.

✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♠❛✐♥ ❢✉♥❝t✐♦♥❛❧ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

K(g) :=
1

2
||g||2H3/2,3/4(S×(0,T )).

❋♦r ❡❛❝❤ ❧❡❛❞❡r g✱ ✇❡ ✇✐❧❧ ✜♥❞ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧s Ki✱ t❤❛t ✐s✱ ❛

❝♦✉♣❧❡ (u1, u2) s✉❝❤ t❤❛t

K1(g; u
1, u2) = min

û1
K1(g; û

1, u2), K2(g; u
1, u2) = min

û2
K2(g; u

1, û2). ✭✶✳✾✮

▲❡t t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛❥❡❝t♦r② ❢♦r ✭✶✳✷✮ ❜❡ ❣✐✈❡♥✿




p̄t −∆p̄+ a(x, t)p̄ = F (p̄) ✐♥ Q,

p̄ = 0 ♦♥ Σ,

p̄(·, 0) = p̄0 ✐♥ Ω.

✭✶✳✶✵✮

✷✸



❚❤❡♥✱ ✇❡ ❧♦♦❦ ❢♦r ❛ ❝♦♥tr♦❧ g ∈ H3/2,3/4(S × (0, T )) ✈❡r✐❢②✐♥❣

K(g) = min
ĝ
K(ĝ), ✭✶✳✶✶✮

s✉❜❥❡❝t t♦ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥

p(·, T ) = p̄(·, T ) ✐♥ Ω. ✭✶✳✶✷✮

❚❤❡s❡ ♣r♦❜❧❡♠s ❛r❡ ♠♦t✐✈❛t❡❞ ❜② ❛♣♣❧✐❝❛t✐♦♥s ❢♦✉♥❞ ✐♥ ✈❛r✐♦✉s ✜❡❧❞s✳ ❋♦r ✐♥st❛♥❝❡✱

t❤❡② ❝❛♥ ♣❧❛② ❛ r❡❧❡✈❛♥t r♦❧❡ ✐♥ ❡♥✈✐r♦♥♠❡♥t❛❧ s❝✐❡♥❝❡s✳ ❚❤✉s✱ ✇❡ ❝❛♥ ✈✐❡✇ t❤❡ s♦❧✉t✐♦♥

y = y(x, t) t♦ ✭✶✳✶✮ ❛s t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❛ ❝❤❡♠✐❝❛❧ ♣r♦❞✉❝t ✐♥ ❛ ❧❛❦❡ Ω✳ ❚❤❡ s❡t O ❝❛♥

❜❡ r❡❣❛r❞❡❞ ❛s ❛ ♣❛rt ♦❢ t❤❡ ❧❛❦❡ ✇❤❡r❡ ✇❡ ❝❛♥ ❛♣♣❧② ❛ ❝♦♥tr♦❧ f ✇❤✐❝❤ tr✐❡s t♦ ❛♣♣r♦❛❝❤ y

t♦ ❛ ❞❡s✐r❡❞ st❛t❡ ȳ ❛t t✐♠❡ T ✳ ❇✉t✱ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ✇❡ ❞♦ ♥♦t ✇❛♥t y t♦ ❜❡ t♦♦ ❢❛r ❢r♦♠

ξi,d ✐♥ Oi,d✱ ❢♦r i = 1, 2 ❛♥❞✱ t♦ t❤✐s ♣✉r♣♦s❡✱ ✇❡ ❛♣♣❧② ❝♦♥tr♦❧s vi ♦♥ s♦♠❡ ♣❛rts Si ♦❢ t❤❡

s❤♦r❡ ♦❢ ❧❛❦❡✳ ❆ s✐♠✐❧❛r ✐♥t❡r♣r❡t❛t✐♦♥ ❝❛♥ ❜❡ ❣✐✈❡♥ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✭✶✳✷✮✳

✶✳✶✳✶ ▼❛✐♥ r❡s✉❧ts

❋✐rst✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ✭✶✳✶✮ ✇✐t❤ F ≡ 0✳ ■♥ t❤✐s ❧✐♥❡❛r ❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✶ ❙✉♣♣♦s❡ t❤❛t Oi,d∩O 6= ∅✱ i = 1, 2✳ ❆ss✉♠❡ t❤❛t ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s

❤♦❧❞s✿ ❡✐t❤❡r

O1,d = O2,d (❛♥❞ t❤❡♥ ✇❡ s❡t Od := Oi,d) ❛♥❞ ξ1,d = ξ2,d = ξd ✭✶✳✶✸✮

♦r

O1,d ∩ O 6= O2,d ∩ O. ✭✶✳✶✹✮

■❢ t❤❡ ❝♦♥st❛♥ts µi > 0 (i = 1, 2) ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ ρ = ρ(t)

❜❧♦✇✐♥❣ ✉♣ ❛t t = T s✉❝❤ t❤❛t✱ ✐❢ ȳ ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✺✮ ✭✇✐t❤ F ≡ 0✮ ❛ss♦❝✐❛t❡❞ t♦

t❤❡ ✐♥✐t✐❛❧ st❛t❡ ȳ0 ∈ L2(Ω) ❛♥❞ t❤❡ ξi,d ∈ L2(Oi,d × (0, T )) s❛t✐s❢②

∫∫

Oi,d×(0,T )

ρ2|ȳ − ξi,d|
2 dx dt < +∞, i = 1, 2, ✭✶✳✶✺✮

❢♦r ❛♥② y0 ∈ L2(Ω) t❤❡r❡ ❡①✐st ❛ ❝♦♥tr♦❧ f ∈ L2(O×(0, T )) ❛♥❞ ❛♥ ❛ss♦❝✐❛t❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠

(v1, v2) s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✮ s❛t✐s✜❡s ✭✶✳✼✮✳

❚❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ✭✸✳✶✵✮ ❛r❡ ♥❛t✉r❛❧✱ ❜❡❝❛✉s❡ ✇❡ ✇❛♥t t♦ ❣❡t ✭✶✳✼✮ ✇✐t❤ ❛ st❛t❡ y ♥♦t

t♦♦ ❢❛r ❢r♦♠ t❤❡ ξi,d ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ✐t ✐s r❡❛s♦♥❛❜❧❡ t♦ ✐♠♣♦s❡ t❤❛t t❤❡ ξi,d ❛♣♣r♦❛❝❤ ȳ

✷✹



❛s t ❣♦❡s t♦ T ✳ ◆♦t❡ t❤❛t✱ ✐♥ t❤✐s ❧✐♥❡❛r ❝❛s❡✱ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧s Ji ❛r❡ ❝♦♥✈❡①✳ ❙♦✱ ✭✶✳✹✮ ✐s

❡q✉✐✈❛❧❡♥t t♦

J ′
i(f ; v

1, v2) · v̂i = 0 ∀v̂i ∈ L2(Si × (0, T )), i = 1, 2. ✭✶✳✶✻✮

▲❡t ✉s ♥♦✇ ❝♦♥s✐❞❡r ♠♦r❡ ❣❡♥❡r❛❧ s❡♠✐❧✐♥❡❛r s②st❡♠s ♦❢ t❤❡ ❢♦r♠ ✭✶✳✶✮✳ ◆♦t❡ t❤❛t✱ ♥♦✇✱

✇❡ ❝❛♥♥♦t ❣✉❛r❛♥t❡❡ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ Ji✳ ❚❤✐s ♠♦t✐✈❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✶ ❚❤❡ ♣❛✐r (v1, v2) ✐s ❛ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji ✐❢ ✭✶✳✶✻✮

✐s s❛t✐s✜❡❞✳

❲✐t❤ t❤✐s ❞❡✜♥✐t✐♦♥ ✐♥ ♠✐♥❞✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✿

❚❤❡♦r❡♠ ✷ ❙✉♣♣♦s❡ t❤❛t t❤❡ Oi,d ❛♥❞ µi s❛t✐s❢② t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ❚❤❡♦r❡♠ ✶ ❛♥❞ F ∈

W 1,∞(R)✳ ❚❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ ρ ❛s ✐♥ ❚❤❡♦r❡♠ ✶ s✉❝❤ t❤❛t✱ ✐❢ ȳ ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦

✭✶✳✺✮ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ȳ0 ∈ L2(Ω) ❛♥❞ t❤❡ ξi,d ∈ L2(Oi,d × (0, T )) ❛r❡ s✉❝❤ t❤❛t

✭✸✳✶✵✮ ❤♦❧❞s✱ t❤❡♥ ❢♦r ❛♥② y0 ∈ L2(Ω) t❤❡r❡ ❡①✐st ❝♦♥tr♦❧s f ∈ L2(O × (0, T )) ❛♥❞ ❛ss♦❝✐❛t❡❞

◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐❛ (v1, v2) s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥s t♦ ✭✶✳✶✮ s❛t✐s❢② ✭✶✳✼✮✳

■♥ t❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡✱ t❤❡r❡ ❛r❡ s♦♠❡ s✐t✉❛t✐♦♥s ✇❤❡r❡ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ ◆❛s❤ ❡q✉✐✲

❧✐❜r✐✉♠ ❛♥❞ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ❛r❡ ✐♥ ❢❛❝t ❡q✉✐✈❛❧❡♥t✳ ❚❤✐s ✐s s❤♦✇♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✶ ❆ss✉♠❡ t❤❛t F ∈ W 2,∞(R) ❛♥❞ t❤❡ ξi,d ∈ L∞(Oi,d × (0, T )) (i = 1, 2)✳

❙✉♣♣♦s❡ t❤❛t y0 ∈ L2(Ω) ❛♥❞ n ≤ 6✳ ❚❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t✱ ✐❢ f ∈ L2(O× (0, T )) ❛♥❞

µi ≥ C
(
1 + ‖f‖L2(O×(0,T ))

)
, i = 1, 2,

t❤❡♥ ✭✶✳✹✮ ❛♥❞ ✭✶✳✶✻✮ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

▲❡t ✉s ♥♦✇ t✉r♥ t♦ s②st❡♠s ♦❢ t❤❡ ❦✐♥❞ ✭✶✳✷✮✳ ❆ss✉♠✐♥❣ t❤❛t F ≡ 0✱ ✇❡ ❣❡t t❤❡

❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✸ ❙✉♣♣♦s❡ t❤❛t

Γi,d ∩ S = ∅, i = 1, 2, ✭✶✳✶✼✮

❛♥❞ t❤❡ ❝♦♥st❛♥ts µi > 0 (i = 1, 2) ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥

ρ̄ = ρ̄(t) ❜❧♦✇✐♥❣ ✉♣ ❛t t = T s✉❝❤ t❤❛t✱ ✐❢ p̄ ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✵✮ ✭✇✐t❤ F ≡ 0✮ ❛ss♦❝✐❛t❡❞

t♦ t❤❡ ✐♥✐t✐❛❧ st❛t❡ p̄0 ∈ V ❛♥❞ t❤❡ ζi,d ∈ H1/2,1/4(Σi,d) s❛t✐s❢②

∫∫

Σi,d

ρ̄2
∣∣∣∣
∂p̄

∂ν
− ζi,d

∣∣∣∣
2

dσ dt < +∞, i = 1, 2, ✭✶✳✶✽✮

t❤❡♥✱ ❢♦r ❛♥② p0 ∈ V ✱ t❤❡r❡ ❡①✐st ❛ ❝♦♥tr♦❧ g ∈ H3/2,3/4(S × (0, T )) ❛♥❞ ❛♥ ❛ss♦❝✐❛t❡❞ ◆❛s❤

❡q✉✐❧✐❜r✐✉♠ (u1, u2) s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ t♦ ✭✶✳✷✮ s❛t✐s❢② ✭✶✳✶✷✮✳

✷✺



❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ ✭✸✳✶✵✮✱ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✶✳✶✽✮ ♠❡❛♥s t❤❛t ∂p̄/∂ν ❛♣♣r♦❛❝❤❡s ζi,d ♦♥

Γi,d × (0, T ) ❛s t ❣♦❡s t♦ T ✳ ■♥ t❤✐s ❝❛s❡✱ ❛❣❛✐♥✱ t❤❡ ❢✉♥❝t✐♦♥❛❧s Ki ❛r❡ ❝♦♥✈❡①✳ ❙♦✱ ✭✶✳✾✮ ✐s

❡q✉✐✈❛❧❡♥t t♦

K ′
i(g; u

1, u2) · ûi = 0, ∀ ûi ∈ L2(Oi × (0, T )), i = 1, 2. ✭✶✳✶✾✮

❚❤✉s✱ ❛ ♣❛✐r (u1, u2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t s❛t✐s✜❡s ✭✶✳✶✾✮✳

❆s ❜❡❢♦r❡✱ ✐♥ t❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡ ✇❡ ❧♦s❡ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ Ki✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

✭✶✳✾✮ ❛♥❞ ✭✶✳✶✾✮ ❛r❡ ♥♦t ❡q✉✐✈❛❧❡♥t✳ ❆❝❝♦r❞✐♥❣❧②✱ ✇❡ ❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❉❡✜♥✐t✐♦♥ ✷ ❚❤❡ ♣❛✐r (u1, u2) ✐s ❛ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧s Ki ✭✶✳✶✾✮ ✐s

s❛t✐s✜❡❞✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤♦❧❞s✳

❚❤❡♦r❡♠ ✹ ❙✉♣♣♦s❡ t❤❛t t❤❡ Γi,d ❛♥❞ t❤❡ µi > 0 ❛r❡ ❛s ✐♥ ❚❤❡♦r❡♠ ✸ ❛♥❞ F ∈ W 1,∞(R)✳

❚❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ ρ̄ ❛s ✐♥ ❚❤❡♦r❡♠ ✸ s✉❝❤ t❤❛t✱ ✐❢ p̄ ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✵✮ ❛ss♦❝✐❛t❡❞

t♦ t❤❡ ✐♥✐t✐❛❧ st❛t❡ p̄0 ∈ V ❛♥❞ t❤❡ ζi,d ∈ H1/2,1/4(Σi,d) ❛r❡ s✉❝❤ t❤❛t ✭✶✳✶✽✮ ❤♦❧❞s✱ t❤❡♥ ❢♦r

❡❛❝❤ p0 ∈ V ✱ t❤❡r❡ ❡①✐st ❝♦♥tr♦❧s g ∈ H3/2,3/4(S×(0, T )) ❛♥❞ ❛ss♦❝✐❛t❡❞ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐❛

(u1, u2) s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥s t♦ ✭✶✳✷✮ s❛t✐s❢② ✭✶✳✶✷✮✳

❆s ✐♥ Pr♦♣♦s✐t✐♦♥ ✽✱ ✇❡ ❝❛♥ ❛♥❛❧②③❡ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞

◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧s Ki✳ ❚❤✐s ❛♥❛❧②s✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✷ ▲❡t ✉s ❛ss✉♠❡ t❤❛t F ∈ W 2,∞(R) ❛♥❞ t❤❡ ζi,d ∈ H1/2,1/4(Σi,d) (i = 1, 2)✳

❙✉♣♣♦s❡ t❤❛t p0 ∈ V ❛♥❞ n ≤ 6✳ ❚❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t✱ ✐❢ g ∈ H3/2,3/4(S × (0, T ))

❛♥❞

µi ≥ C
(
1 + ‖g‖H3/2,3/4(S×(0,T ))

)
, i = 1, 2,

t❤❡♥ ✭✶✳✾✮ ❛♥❞ ✭✶✳✶✾✮ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❚❤❡ r❡st ♦❢ t❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✸✳✶✾✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ❙t❛❝❦❡❧❜❡r❣✕

◆❛s❤ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✶✳✶✮✱ t❤❛t ✇❡ ❞✐✈✐❞❡ ✐♥ t✇♦ ❝❛s❡s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧✐♥❡❛r

❛♥❞ s❡♠✐❧✐♥❡❛r s✐t✉❛t✐♦♥s✳ ■♥ t❤❡ ❧✐♥❡❛r ❝❛s❡✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶❀ ✐♥ t❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡✱ ✇❡

❡st❛❜❧✐s❤ ❚❤❡♦r❡♠ ✷ ✉s✐♥❣ ❛ ✜①❡❞✲♣♦✐♥t ❛r❣✉♠❡♥t✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷✵✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♥tr♦❧

♦❢ ✭✶✳✷✮✱ ✇✐t❤ ❛r❣✉♠❡♥ts s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥ ❙❡❝t✐♦♥ ✷✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✸✳✷✶ ✐s ❞❡✈♦t❡❞ t♦

♣r❡s❡♥t s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♠❡♥ts✳

✷✻



✶✳✷ ❚❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ✇✐t❤ ❛ ❞✐str✐❜✉t❡❞ ❧❡❛❞❡r

❛♥❞ t✇♦ ❜♦✉♥❞❛r② ❢♦❧❧♦✇❡rs

✶✳✷✳✶ ❚❤❡ ❧✐♥❡❛r ❝❛s❡

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✳ ❲❡ ✇✐❧❧ ❞♦ t❤✐s ✐♥ t❤❡ ♥❡①t t❤r❡❡

s❡❝t✐♦♥s✳

❋♦r ✭✶✳✶✮ ✭✇✐t❤ F ≡ 0✮✱ ✇❡ ❝❛♥ r❡❞✉❝❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② t♦ t❤❡

tr❛❥❡❝t♦r② ȳ t♦ ❛ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠✳ ■♥❞❡❡❞✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♥❡✇ ✈❛r✐❛❜❧❡

z := y − ȳ✱ ✇❤❡r❡ ȳ ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✺✮✳ ❚❤❡♥ z ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠




zt −∆z + a(x, t)z = f1O ✐♥ Q,

z = v1ρ1 + v2ρ2 ♦♥ Σ,

z(·, 0) = z0 ✐♥ Ω,

✭✶✳✷✵✮

✇✐t❤ z0 := y0 − ȳ0 ❛♥❞ ✭✶✳✼✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

z(·, T ) = 0 ✐♥ Ω. ✭✶✳✷✶✮

❲❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji ✐♥ ✭✶✳✸✮ ❛s ❢♦❧❧♦✇s✿

Ji(f ; v
1, v2) =

αi
2

∫∫

Oi,d×(0,T )

|z − zi,d|
2 dx dt+

µi
2

∫∫

Si×(0,T )

|vi|2 dσ dt, i = 1, 2, ✭✶✳✷✷✮

✇❤❡r❡ t❤❡ zi,d := ξi,d − ȳ✱ i = 1, 2✳

❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠

▲❡t f ∈ L2(O × (0, T )) ❜❡ ✜①❡❞✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡s Hi := L2(Si × (0, T )) ❛♥❞

H := H1 ×H2✳ ❚❤❡♥✱ s✐♥❝❡ t❤❡ Ji ❛r❡ ❝♦♥✈❡①✱ (v1, v2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢

αi

∫∫

Oi,d×(0,T )

(z − zi,d)ŵ
i dx dt+ µi

∫∫

Si×(0,T )

viv̂i dσ dt = 0 ∀v̂i ∈ Hi, i = 1, 2, ✭✶✳✷✸✮

✇❤❡r❡ ŵi ✐s t❤❡ s♦❧✉t✐♦♥ t♦




ŵit −∆ŵi + a(x, t)ŵi = 0 ✐♥ Q,

ŵi = v̂iρi ♦♥ Σ,

ŵi(·, 0) = 0 ✐♥ Ω.

✭✶✳✷✹✮

✷✼



▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r Li ∈ L(Hi;L
2(Q))✱ ✇✐t❤ Liv̂

i = ŵi✱ ✇❤❡r❡ ŵi ✐s t❤❡

s♦❧✉t✐♦♥ t♦ ✭✶✳✷✹✮ ❛ss♦❝✐❛t❡❞ t♦ v̂i✳ ▲❡t z̄ ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠




z̄t −∆z̄ + a(x, t)z̄ = f1O ✐♥ Q,

z̄ = 0 ♦♥ Σ,

z̄(·, 0) = z0 ✐♥ Ω.

❚❤❡♥ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✷✵✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ z = L1v
1 + L2v

2 + z̄✳ ❚❤❡r❡❢♦r❡✱ ✇❡

s❡❡ ❢r♦♠ ✭✶✳✷✸✮ t❤❛t (v1, v2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢

αiL
∗
i ((L1v

1 + L2v
2)1Oi,d

) + µiv
i = αiL

∗
i ((zi,d − z̄)1Oi,d

) ✐♥ Hi, i = 1, 2. ✭✶✳✷✺✮

❍❡r❡✱ L∗
i ∈ L(L(Q);Hi) ✐s t❤❡ ❛❞❥♦✐♥t ♦❢ Li ❢♦r i = 1, 2✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r L : H → H

✇✐t❤

L(v1, v2) := (α1L
∗
1((L1v

1+L2v
2)1O1,d

)+µ1v
1, α2L

∗
2((L1v

1+L2v
2)1O2,d

)+µ2v
2) ∀(v1, v2) ∈ H.

❚❤❡♥ L ∈ L(H;H) ❛♥❞ ✇❡ ❝❛♥ ❝❤♦♦s❡ µi ❧❛r❣❡ ❡♥♦✉❣❤ t♦ ❤❛✈❡

(L(v1, v2), (v1, v2))H > µ0||(v
1, v2)||2H ∀(v1, v2) ∈ H ✭✶✳✷✻✮

✇❤❡r❡

µ0 = max
i=1,2

{
µi −

(
α1 + α2

2

)
δi

}
, δi = min

i=1,2

{
||Li||

2
L(Hi,L2(Oi,d))

, ||Li||
2
L(Hi,L2(O3−i,d))

}
.

◆♦✇✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐❧✐♥❡❛r ❢♦r♠ ♦♥ H✿

A((v1, v2), (v̂1, v̂2)) := (L(v1, v2), (v̂1, v̂2))H ∀
(
v1, v2

)
,
(
v̂1, v̂2

)
∈ H.

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ L ❛♥❞ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ✭✶✳✷✻✮✱ ✐t ❢♦❧❧♦✇s t❤❛t A(·, ·) ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞

❝♦❡r❝✐✈❡✳ ❍❡♥❝❡ ❜② ▲❛①✲▼✐❧❣r❛♠✬s ❚❤❡♦r❡♠✱ ❢♦r ❡❛❝❤ Φ ∈ H′ t❤❡r❡ ❡①✐sts ❡①❛❝t❧② ♦♥❡ (v1, v2)

s❛t✐s❢②✐♥❣

A((v1, v2), (v̂1, v̂2)) = 〈Φ, (v̂1, v̂2)〉H′×H ∀(v̂1, v̂2) ∈ H, (v1, v2) ∈ H. ✭✶✳✷✼✮

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ Φ ∈ H′ ✐s ❣✐✈❡♥ ❜②

〈Φ, (v̂1, v̂2)〉H′×H := ((α1L
∗
1((z1,d − z̄)1O1,d

), α2L
∗
2((z2,d − z̄)1O2,d

)), (v̂1, v̂2))H ∀
(
v̂1, v̂2

)
∈ H.

✇❡ ❣❡t ✭✶✳✷✺✮✳

❚❤✉s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ♣r♦✈❡❞✿

✷✽



Pr♦♣♦s✐t✐♦♥ ✸ ■❢

µi −

(
α1 + α2

2

)
δi > 0, i = 1, 2,

t❤❡♥✱ ❢♦r ❡❛❝❤ f ∈ L2(O × (0, T ))✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (v1, v2) ❢♦r t❤❡

❢✉♥❝t✐♦♥❛❧s Ji✳

❚❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ ♦❜t❛✐♥ t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ◆❛s❤ ❡q✉✐✲

❧✐❜r✐✉♠✳ ❚❤✉s✱ ❧❡t f ∈ L2(O × (0, T )) ❜❡ ❣✐✈❡♥ ❛♥❞ ❧❡t (v1, v2) ❜❡ ❛♥ ❛ss♦❝✐❛t❡❞ ◆❛s❤

❡q✉✐❧✐❜r✐✉♠✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❛❞❥♦✐♥t s②st❡♠ t♦ ✭✶✳✷✹✮✿




−φit −∆φi + a(x, t)φi = αi(z − zi,d)1Oi,d
✐♥ Q,

φi = 0 ♦♥ Σ,

φi(·, T ) = 0 ✐♥ Ω.

✭✶✳✷✽✮

❚❤❡♥✱ ❢♦r ❛♥② v̂i ∈ Hi✱ ✐❢ ✇❡ s❡t ŵi := Liv̂
i✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t② ✐s ❢♦✉♥❞ ❢r♦♠ ✭✶✳✷✹✮ ❛♥❞

✭✶✳✷✽✮✿ ∫∫

Oi,d×(0,T )

αi(z − zi,d)ŵ
i dx dt = −

∫∫

Σ

v̂iρi
∂φi

∂ν
dσ dt.

❇② ✭✶✳✷✸✮✱ ✇❡ ❛❧s♦ ❤❛✈❡

vi =
1

µi

∂φi

∂ν
ρi ♦♥ Σ, i = 1, 2.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❣❡t t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠




zt −∆z + a(x, t)z = f1O ✐♥ Q,

−φit −∆φi + a(x, t)φi = αi(z − zi,d)1Oi,d
✐♥ Q,

z =
2∑

i=1

1

µi

∂φi

∂ν
ρi, φi = 0 ♦♥ Σ,

z(·, 0) = z0, φi(·, T ) = 0 ✐♥ Ω.

✭✶✳✷✾✮

❖✉r t❛s❦ ✐s t♦ ✜♥❞ ❛ ❝♦♥tr♦❧ f ∈ L2(O×(0, T )) s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✺✮ s❛t✐s✜❡s

✭✷✳✶✵✮✳ ❇❡❢♦r❡ t❤❛t✱ ✇❡ ✇✐❧❧ ❛♥❛❧②③❡ t❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤✐s s②st❡♠✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤♦❧❞s✿

Pr♦♣♦s✐t✐♦♥ ✹ ❙✉♣♣♦s❡ t❤❛t f ∈ L2(O × (0, T ))✱ z0 ∈ L2(Ω)✱ t❤❡ zi,d ∈ L2(Oi,d × (0, T ))

❛♥❞ t❤❡ µi ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤❡♥ ✭✸✳✶✺✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❝❧❛ss

(z, φ1, φ2) ∈ W (Q)× [H2,1(Q)]2.

✷✾



❉❡♠♦♥str❛çã♦✳ ❲❡ ✇✐❧❧ ✉s❡ ❛ ✜①❡❞ ♣♦✐♥t ❛r❣✉♠❡♥t✳ ▲❡t ✉s s❡t µ0 := min{µ1, µ2}✳ ❋♦r

❡❛❝❤ z̄ ∈ L2(Q)✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ s②st❡♠




zt −∆z + a(x, t)z = f1O ✐♥ Q,

−φit −∆φi + a(x, t)φi = αi(z̄ − zi,d)1Oi,d
✐♥ Q,

z =
2∑

i=1

1

µi

∂φi

∂ν
ρi, φi = 0 ♦♥ Σ,

z(·, 0) = z0, φi(·, T ) = 0 ✐♥ Ω.

✭✶✳✸✵✮

◆♦t✐❝❡ t❤❛t φi ∈ H2,1(Q)✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

||φi||2L2(0,T ;H2(Ω)) + ||φit||
2
L2(Q) ≤ C

(
||z̄||2L2(Q) + ||zi,d||

2
L2(Oi,d×(0,T ))

)
, i = 1, 2. ✭✶✳✸✶✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢r♦♠ ❬✺✷✱ ❚❤❡♦r❡♠ ✷✳✶✱ ♣✳ ✾❪✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0

s✉❝❤ t❤❛t
∣∣∣∣
∣∣∣∣
∂φi

∂ν
ρi

∣∣∣∣
∣∣∣∣
2

H1/2,1/4(Σ)

≤ C
(
||φi||2L2(0,T ;H2(Ω)) + ||φit||

2
L2(Q)

)
, i = 1, 2. ✭✶✳✸✷✮

❋r♦♠ ✭✶✳✸✷✮ ❛♥❞ ❬✺✷✱ ♣♣✳ ✽✸✲✽✹❪✱ ✇❡ ❞❡❞✉❝❡ t❤❛t z ∈ W (Q) ❛♥❞✱ ♠♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛

❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

||z||2L2(0,T ;H1(Ω)) + ||zt||
2
L2(0,T ;H−1(Ω))

≤ C

(
||z0||2L2(Ω) + ||f ||2L2(Oi,d×(0,T )) +

2∑

i=1

1

µ2
i

∣∣∣∣
∣∣∣∣
∂φi

∂ν
ρi

∣∣∣∣
∣∣∣∣
2

H1/2,1/4(Σ)

)
.

✭✶✳✸✸✮

❙♦✱ ❜② ✭✶✳✸✶✮✕✭✶✳✸✸✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

||z||2L2(0,T ;H1(Ω)) + ||zt||
2
L2(0,T ;H−1(Ω))

≤ C

(
||z0||2L2(Ω) + ||f ||2L2(Oi,d×(0,T )) +

1

µ0

||z̄||2L2(Q) +
2∑

i=1

||zi,d||
2
L2(Oi,d×(0,T ))

)
.

✭✶✳✸✹✮

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♠❛♣♣✐♥❣ Λ : L2(Q) → L2(Q)✱ ✇✐t❤ Λ(z̄) := z✱ ✇❤❡r❡ (z, φ1, φ2) ✐s t❤❡

s♦❧✉t✐♦♥ t♦ ✭✶✳✸✵✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ z̄✳ ◆♦t❡ t❤❛t Λ ✐s ❛ ✇❡❧❧ ❞❡✜♥❡❞✱ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❛✣♥❡✳

▼♦r❡♦✈❡r✱ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t❡s ✇r✐tt❡♥ ❢♦r Λ(z̄1)− Λ(z̄2) ♦❜✈✐♦✉s❧② ❣✐✈❡

||Λ(z̄1)− Λ(z̄2)||L2(Q) ≤
C

µ0

||z̄1 − z̄2||L2(Q) z̄1, z̄2 ∈ L2(Q).

■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ µ0 ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ Λ ✐s ❛ ❝♦♥tr❛❝t✐♦♥✱ ✇❤❡♥❝❡ ✐t ♣♦ss❡ss❡s ❡①❛❝t❧② ♦♥❡

✜①❡❞✲♣♦✐♥t✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✶ ❋r♦♠ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✱ ✇❡ s❡❡ t❤❛t✱ ✐❢ t❤❡ µi ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡r❡

❡①✐sts C > 0 s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✷✵✮ s❛t✐s✜❡s

||z||L2(0,T ;H1(Ω)) + ||zt||L2(0,T ;H−1(Ω)) ≤ C
(
1 + ||f ||L2(O×(0,T ))

)
.

✸✵



◆✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

❚❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✸✳✶✺✮ ✐s r❡❞✉❝❡❞ t♦ ❛♥ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ s♦❧✉✲

t✐♦♥s t♦ t❤❡ ❛❞❥♦✐♥t s②st❡♠✱ ✇❤✐❝❤ ✐♥ t❤✐s ❝❛s❡ ✐s ❣✐✈❡♥ ❜②




−ψt −∆ψ + a(x, t)ψ =
2∑

i=1

αiγ
i1Oi,d

✐♥ Q,

γit −∆γi + a(x, t)γi = 0 ✐♥ Q,

ψ = 0, γi =
1

µi

∂ψ

∂ν
ρi ♦♥ Σ,

ψ(·, T ) = ψT , γi(·, 0) = 0 ✐♥ Ω.

✭✶✳✸✺✮

▲❡t ✉s ❡①♣❧❛✐♥ t❤✐s✳ ❋r♦♠ ✭✸✳✶✺✮ ❛♥❞ ✭✶✳✸✺✮✱ ✇❡ ❤❛✈❡

2∑

i=1

αi

∫∫

Q

zi,dγ
i1Oi,d

dx dt+

∫

Ω

z(x, T )ψT (x) dx

−

∫

Ω

z0(x)ψ(x, 0) dx =

∫∫

Q

f1Oψ dx dt.

✭✶✳✸✻✮

❚❤❡r❡❢♦r❡✱ t♦ ♣r♦✈❡ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✐s ❡q✉✐✈❛❧❡♥t t♦ ♣r♦✈❡ t❤❛t✱ ❢♦r ❡❛❝❤ z0 ∈ L2(Ω)✱

t❤❡r❡ ❡①✐sts ❛ ❝♦♥tr♦❧ f s✉❝❤ t❤❛t

∫∫

O×(0,T )

fψ dx dt = −

∫

Ω

z0(x)ψ(x, 0) dx+
2∑

i=1

αi

∫∫

Q

zi,dγ
i1Oi,d

dx dt ∀ψT ∈ L2(Ω).

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ✇❡ ❞❡❞✉❝❡ ❛♥ ❡st✐♠❛t❡ t❤❛t ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢

f ✳

Pr♦♣♦s✐t✐♦♥ ✺ ❙✉♣♣♦s❡ t❤❛t Oi,d ∩ O 6= ∅✱ i = 1, 2✳ ❆ss✉♠❡ t❤❛t ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣

❝♦♥❞✐t✐♦♥s ❤♦❧❞s✿

O1,d = O2,d = Od ❛♥❞ z1,d = z2,d = zd ✭✶✳✸✼✮

♦r

O1,d ∩ O 6= O2,d ∩ O. ✭✶✳✸✽✮

❚❤❡♥✱ t❤❡r❡ ❡①✐st C > 0 ❛♥❞ ❛ ✇❡✐❣❤t ρ = ρ(t)✱ ❜❧♦✇✐♥❣ ✉♣ ❛t t = T ✱ ❛♥❞ ❞❡♣❡♥❞✐♥❣

♦♥ ||a||L∞(Q)✱ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② ψT ∈ L2(Ω)✱ t❤❡ s♦❧✉t✐♦♥ (ψ, γ1, γ2) t♦ ✭✶✳✸✺✮✱ s❛t✐s✜❡s✱

r❡s♣❡❝t✐✈❡❧②✱
∫

Ω

|ψ(x, 0)|2 dx+

∫∫

Oi,d×(0,T )

ρ−2|α1γ
1 + α2γ

2|2 dx dt ≤ C

∫∫

O×(0,T )

|ψ|2 dx dt. ✭✶✳✸✾✮

♦r ∫

Ω

|ψ(x, 0)|2 dx+
2∑

i=1

∫∫

Oi,d×(0,T )

ρ−2|γi|2 dx dt ≤ C

∫∫

O×(0,T )

|ψ|2 dx dt. ✭✶✳✹✵✮

✸✶



❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶ ✐s ❣✐✈❡♥ ❜❡❧♦✇✳ ▲❡t ✉s s❡❡ ❤♦✇ t❤✐s r❡s✉❧t ❧❡❛❞s t♦ t❤❡ ♥✉❧❧

❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✸✳✶✺✮✳

❋♦r ❡❛❝❤ ε > 0✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥❛❧

Fε(ψ
T ) :=

1

2

∫∫

O×(0,T )

|ψ|2 dx dt+ ε||ψT ||L2(Ω) +

∫

Ω

z0(x)ψ(x, 0) dx

−
2∑

i=1

αi

∫∫

Oi,d×(0,T )

zi,d γ
i dx dt.

❖❜✈✐♦✉s❧② Fε : L2(Ω) → R ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ str✐❝t❧② ❝♦♥✈❡①✳ ❲❡ ❛❧s♦ ❤❛✈❡✱ ❜② ✭✸✳✹✵✮✱

t❤❛t Fε ✐s ❝♦❡r❝✐✈❡✳ ❚❤❡r❡❢♦r❡✱ Fε ♣♦ss❡ss❡s ❛ ✉♥✐q✉❡ ♠✐♥✐♠✐③❡r✱ t❤❛t ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② ψTε ✳

■❢ ψTε = 0✱ ❛r❣✉✐♥❣ ❛s ✐♥ ❬✷✶❪✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡ ❝♦♥tr♦❧ f = 0 ❢✉r♥✐s❤❡s ❛ st❛t❡ s❛t✐s❢②✐♥❣

||zε(·, T )||L2(Ω) ≤ ε. ✭✶✳✹✶✮

■❢ ψTε 6= 0✱

F ′
ε(ψ

T
ε ) · ψ

T = 0 ∀ψT ∈ L2(Ω), ✭✶✳✹✷✮

✇❤❡♥❝❡✱ ❞❡♥♦t✐♥❣ ❜② (ψε, γ
1
ε , γ

2
ε ) t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✸✺✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ψTε ✱ ♦♥❡ ❤❛s

∫∫

O×(0,T )

ψεψ dx dt+ ε

(
ψTε

||ψTε ||L2(Ω)

, ψT
)
+

∫

Ω

z0(x)ψ(x, 0) dx

−
2∑

i=1

αi

∫∫

Oi,d×(0,T )

zi,d γ
i dx dt = 0 ∀ψT ∈ L2(Ω).

✭✶✳✹✸✮

▲❡t ✉s s❡t fε := ψε1O×(0,T ) ❛♥❞ ❧❡t ✉s ❞❡♥♦t❡ ❜② zε t❤❡ ❛ss♦❝✐❛t❡❞ st❛t❡✳ ❚❤❡♥✱ ❝♦♠♣❛✲

r✐♥❣ ✭✶✳✹✸✮ ❛♥❞ ✭✶✳✸✻✮✱ ✇❡ ♦❜t❛✐♥✿

∫

Ω

(
zε(x, T ) + ε

ψTε (x)

||ψTε ||L2(Ω)

)
ψT (x) dx = 0 ∀ψT ∈ L2(Ω)

❛♥❞✱ ❛❣❛✐♥✱ ♦♥❡ ❤❛s ✭✶✳✹✶✮✳

❋r♦♠ ✭✸✳✹✵✮ ❛♥❞ ✭✶✳✹✸✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

||fε||L2(O×(0,T )) ≤ C

(
2∑

i=1

∫∫

Oi,d×(0,T )

ρ2|zi,d|
2 dx dt+ ||z0||2L2(Ω)

)1/2

.

❈♦♥s❡q✉❡♥t❧② t❤❡ ❝♦♥tr♦❧s fε ❛r❡ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L2(O× (0, T )) ❛♥❞✱ t❤❡r❡❢♦r❡✱ ✐t ❝❛♥

❜❡ ❛ss✉♠❡❞ t❤❛t fε → f ✇❡❛❦❧② ✐♥ L2(O × (0, T ))✳ ■♥ t❤✐s ✇❛②✱ ♦♥❡ ❛❧s♦ ❤❛s

zε → z ✇❡❛❦❧② ✐♥ W (Q),

φiε → φi ✇❡❛❦❧② ✐♥ H2,1(Q), i = 1, 2,

✸✷



✇❤❡r❡ (z, φ1, φ2) ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✺✮ ❛ss♦❝✐❛t❡❞ t♦ f ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ t❤❡ ✇❡❛❦

❝♦♥✈❡r❣❡♥❝❡ ♦❢ (zε(·, T )) ✐♥ L2(Ω)✳ ❚❤✉s✱ ❢r♦♠ ✭✶✳✹✶✮✱ ✇❡ ❣❡t z(·, T ) = 0 ❛♥❞ t❤❡ ♥✉❧❧

❝♦♥tr♦❧❧❛❜✐❧✐t② t♦ ✭✸✳✶✺✮ ✐s ♣r♦✈❡❞✳

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳

◆♦✇✱ ❧❡t ✉s t✉r♥ t♦ Pr♦♣♦s✐t✐♦♥ ✶✶ t♦ ❡st❛❜❧✐s❤ ✐ts ♣r♦♦❢✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶✳

❈❛s❡ ✶✿ ▲❡t ✉s ❛ss✉♠❡ t❤❛t ✭✸✳✸✽✮ ❤♦❧❞s✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts ❛ ♥♦♥❡♠♣t② ♦♣❡♥ s❡t ω ✇✐t❤

ω ⊂⊂ Od ∩ O✳ ▲❡t η0 ∈ C2(Ω̄) ❜❡ ❛ ❢✉♥❝t✐♦♥ ✈❡r✐❢②✐♥❣

η0 > 0 ✐♥ Ω, η0 = 0 ♦♥ Γ, |∇η0| > 0 ✐♥ Ω\ω.

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✹❪✳ ▲❡t l ∈ C∞([0, T ]) ❜❡ ❛

❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣

l(t) > 0 ∀t ∈ (0, T ), l(t) = t ∀t ∈

[
0,
T

4

]
, l(t) = T − t ∀t ∈

[
3T

4
, T

]

❛♥❞ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s✿

ϕ(x, t) :=
eλ(η

0(x)+m1)

lk(t)
, α(x, t) :=

eλ(η
0(x)+m1) − eλ(||η

0||L∞(Ω)+m2)

lk(t)
, ✭✶✳✹✹✮

✇✐t❤ k ≥ 4 ❛♥❞ λ ≥ 1✳ ❚❤❡ ❝♦♥st❛♥ts m1 ❛♥❞ m2 ❛r❡ ❝❤♦s❡♥ s✉❝❤ t❤❛t m1 ≤ m2 ❛♥❞

|αt| ≤ Cϕ
k+1
k ∀λ ≥ 1, ✭✶✳✹✺✮

✇❤❡r❡ C > 0✳

▲❡t ✉s ❛❧s♦ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿

I1(π) :=

∫∫

Q

(s−1ϕ−1|∇π|2 + sλ2ϕ|π|2)e2sα dx dt

❛♥❞

I2(π) :=

∫∫

Q

[
s−1ϕ−1(|πt|

2 + |∆π|2) + sλ2ϕ|∇π|2 + s3λ4ϕ3|ψ|2
]
e2sα dx dt.

■♥ ✈✐❡✇ ♦❢ t❤❡ ❞❡♥s✐t② ♦❢ H1
0 (Ω) ✐♥ L

2(Ω)✱ ✐t ❝❛♥ ❜❡ ❛ss✉♠❡❞ t❤❛t ψT ∈ H1
0 (Ω)✳ ❚❤✉s✱

❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✹✱ s②st❡♠ ✭✶✳✸✺✮ ♣♦ss❡ss❡s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (ψ, γ1, γ2) ∈ H2,1(Q)×

[W (Q)]2✳ ❈♦♥s❡q✉❡♥t❧② h := α1γ
1 + α2γ

2 ∈ W (Q)✳ ❚❤❡♥✱ ❛♣♣❧②✐♥❣ t❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s

✐♥ ❬✸✾❪ ❛♥❞ ❬✸✹❪ t♦ t❤❡ ❡q✉❛t✐♦♥s ❢✉❧✜❧❧❡❞ ❜② h ❛♥❞ ψ✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❡ ♦❜t❛✐♥

I1(h) ≤ C



s

−1/2

2∑

i=1

α2
i

µ2
i

∣∣∣∣∣

∣∣∣∣∣ϕ
−1/4∂ψ

∂ν
ρie

sα

∣∣∣∣∣

∣∣∣∣∣

2

H1/2,1/4(Σ)

+ sλ2
∫∫

ω×(0,T )

ϕe2sα|h|2 dx dt

} ✭✶✳✹✻✮

✸✸



❛♥❞

I2(ψ) ≤ C

{∫∫

Q

e2sα|h|2 dx dt+ s3λ4
∫∫

ω×(0,T )

ϕ3e2sα|ψ|2 dx dt

}
. ✭✶✳✹✼✮

❚❤❛♥❦s t♦ ✭✸✳✸✽✮✱ ✇❡ ❤❛✈❡ t❤❛t✱ ✐♥ Od× (0, T )✱ h = −ψt−∆ψ+ a(x, t)ψ✳ ▲❡t ω′ ❜❡ ❛♥

♦♣❡♥ s❡t s✉❝❤ t❤❛t ω ⊂⊂ ω′ ⊂⊂ Od ∩ O ❛♥❞ ❧❡t ζ ❜❡ ❛ ❢✉♥❝t✐♦♥ ✐♥ C2
0(ω

′) s❛t✐s❢②✐♥❣

ζ = 1 ✐♥ ω ❛♥❞ 0 ≤ ζ ≤ 1. ✭✶✳✹✽✮

❋r♦♠ ✭✶✳✸✺✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ h✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ❛♥❞ ✉s✐♥❣ ✭✶✳✹✺✮ ❛♥❞ ✭✶✳✹✽✮✱ ✇❡

♦❜t❛✐♥
∫∫

ω×(0,T )

sλ2ϕe2sα|h|2 dx dt ≤ sλ2
∫∫

ω′×(0,T )

ζϕe2sαh(−ψt −∆ψ + a(x, t)ψ) dx dt

≤ C

{
s3λ4

∫∫

ω′×(0,T )

ϕ3e2sαhψ dx dt

+ s2λ3
∫∫

ω′×(0,T )

ϕ2e2sα|∇h|ψ dx dt

+ sλ2
∫∫

ω′×(0,T )

ϕe2sα(ht −∆h+ a(x, t)h)ψ dx dt

}
.

✭✶✳✹✾✮

■♥ ✈✐❡✇ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ h✱ t❤❡ ❧❛st ✐♥t❡❣r❛❧ ✐s ③❡r♦✳ ❚❤✉s✱ r❡❝❛❧❧✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ I1(h)✱

✇❡ ✜♥❞ t❤❛t
∫∫

ω×(0,T )

sλ2ϕe2sα|h|2 dx dt ≤ C

{
εI1(h) +

1

ε
s5λ6

∫∫

ω′×(0,T )

ϕ5e2sα|ψ|2 dx dt

}
.

▲❡t ✉s t❛❦❡ ❛❣❛✐♥ µ0 = min{µ1, µ2}✳ ❆r❣✉✐♥❣ ❛s ✐♥ ❬✹✵✱ ♣✳ ✸✻✹❪✱ ✇❡ ❣❡t

s−1/2

2∑

i=1

α2
i

µ2
i

∣∣∣∣∣

∣∣∣∣∣ϕ
−1/4∂ψ

∂ν
ρie

sα

∣∣∣∣∣

∣∣∣∣∣

2

H1/2,1/4(Σ)

≤
C

µ2
0

{∫∫

Q

s
3
2ϕ2e2sα|ψ|2 dx dt

+ s−1/2

∫∫

Od×(0,T )

e2sα|h|2 dx dt

}
.

✭✶✳✺✵✮

❚❤❡r❡❢♦r❡✱ ✐❢ t❤❡ µi ❛♥❞ s ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤✱ ❢r♦♠ ✭✶✳✹✻✮✱ ✭✶✳✹✼✮ ❛♥❞ ✭✶✳✺✵✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s

❢♦✉♥❞✿

I1(h) + I2(ψ) ≤ C

∫∫

ω′×(0,T )

ϕ5e2sα|ψ|2 dx dt. ✭✶✳✺✶✮

❆t t❤✐s ♣♦✐♥t✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❡✇ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s✿

ϕ̄(x, t) :=
eλ(η

0(x)+m1)

l̄k(t)
, ᾱ(x, t) :=

eλ(η
0(x)+m1) − eλ(||η

0||L∞(Ω)+m2)

l̄k(t)
, ✭✶✳✺✷✮

✇❤❡r❡ l̄ : [0, T ] → R ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

l̄(t) =





l(t0), ✐❢ t ∈ [0, t0],

l(t), ✐❢ t ∈ [t0, T ],
✭✶✳✺✸✮

✸✹



❛♥❞ t0 ∈ (T/4, 3T/4) ✐s s✉❝❤ t❤❛t l(t0) ✐s ❛ ❧♦❝❛❧ ♠❛①✐♠✉♠✳ ❚❤❡ ❝♦♥st❛♥ts λ✱ k✱ m1✱ ❛♥❞ m2

❛r❡ ❛s ✐♥ ✭✶✳✹✹✮ ❛♥❞ ✭✶✳✹✺✮✳

❆r❣✉✐♥❣ ❛s ✐♥ ❬✷✼✱ ▲❡♠♠❛ ✶❪✱ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✐♥ ✭✶✳✸✺✮ ❛♥❞ t❤❡ ✐♥❡q✉❛❧✐t② ✭✶✳✺✶✮✱

✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

||ψ(0)||2L2(Ω) +

∫∫

Q

ϕ̄e2sᾱ|∇ψ|2 dx dt+

∫∫

Q

ϕ̄3e2sᾱ|ψ|2 dx dt + Ī1(h)

≤ C

∫∫

ω′×(0,T )

ϕ̄5e2sᾱ|ψ|2 dx dt,
✭✶✳✺✹✮

✇❤❡r❡ Ī1(h) ✐s t❤❡ ❛♥❛❧♦❣♦✉s t♦ I1(h)✱ ✇✐t❤ ᾱ ❛♥❞ ϕ̄ ✐♥st❡❛❞ ♦❢ α ❛♥❞ ϕ✱ r❡s♣❡❝t✐✈❡❧②✳ ❲✐t❤

t❤✐s✱ ✇❡ ❣❡t ✭✶✳✸✾✮✳

❈❛s❡ ✷✿ ◆♦✇✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t ✭✸✳✸✾✮ ❤♦❧❞s✳ ▲❡t Õ ⊂⊂ O ❜❡ ❛ ♥♦♥❡♠♣t② ❝♦♥♥❡❝t❡❞

♦♣❡♥ s❡t✳ ❇② ✭✸✳✸✾✮✱ t❤❡r❡ ❡①✐st ♥♦♥❡♠♣t② ♦♣❡♥ s❡ts ωi ⊂⊂ Oi,d ∩ Õ (i = 1, 2)✱ s✉❝❤ t❤❛t

ω1 ∩ ω2 = ∅✳ ❍❡♥❝❡✱ ✇❡ ❤❛✈❡ t♦ ❛♥❛❧②③❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐t✉❛t✐♦♥s✿

ω1 ∩ O2,d = ∅ ❛♥❞ ω2 ∩ O1,d = ∅ ✭✶✳✺✺✮

❛♥❞

ωi ⊂ Oj,d ❛♥❞ ωj ∩ Oi,d = ∅, ✇✐t❤ (i, j) = (1, 2) ♦r (i, j) = (2, 1). ✭✶✳✺✻✮

❚❤❡r❡ ❡①✐st ❢✉♥❝t✐♦♥s η1, η2 ∈ C2(Ω) s✉❝❤ t❤❛t




ηi > 0 ✐♥ Ω, ηi = 0 ♦♥ Γ, |∇ηi| > 0 ✐♥ Ω \ ωi,

η1 = η2 ✐♥ Ω \ Õ ❛♥❞ ||η1||∞ = ||η2||∞.
✭✶✳✺✼✮

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s ✐s ❣✐✈❡♥ ✐♥ ❬✶❪✳ ❆❝❝♦r❞✐♥❣❧②✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s✿

ϕi(x, t) =
eλ(η

i(x)+m1)

lk(t)
, σi(x, t) =

eλ(η
i(x)+m1) − eλ(||η

i||L∞(Ω)+m2)

lk(t)
, ✭✶✳✺✽✮

✇❤❡r❡ t❤❡ ❝♦♥st❛♥ts λ✱ k✱ m1✱ ❛♥❞ m2 ❛r❡ ❛s ✐♥ ✭✶✳✹✹✮ ❛♥❞ ✭✶✳✹✺✮✳ ❆❧s♦✱ ❧❡t ✉s s❡t

I i1(γ
j) :=

∫∫

Q

(s−1ϕ−1
i |∇γj|2 + sλ2ϕi|γ

j|2)e2sσi dx dt. ✭✶✳✺✾✮

❇② ❬✹✵❪✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❢♦r i = 1, 2,

I i1(γ
i) ≤ C



s

−1/2 1

µ2
i

∣∣∣∣∣

∣∣∣∣∣ϕ
−1/4
i

∂ψ

∂ν
ρie

sσi

∣∣∣∣∣

∣∣∣∣∣

2

H1/2,1/4(Σ)

+

∫∫

ωi×(0,T )

sλ2ϕi|γ
i|2e2sσi dx dt

}
.

✭✶✳✻✵✮

✸✺



▲❡t ζ̂ ❜❡ ❛ ❢✉♥❝t✐♦♥ ✐♥ C2(Ω) s✉❝❤ t❤❛t

ζ̂ = 0 ✐♥ Õ, ζ̂ = 1 ✐♥ Ω \ O.

❚❤❡♥ ✐t ✐s ❝❧❡❛r t❤❛t ψ̂ = ζ̂ψ ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠




−ψ̂t −∆ψ̂ + a(x, t)ψ̂ =
2∑

i=1

αiζ̂γ
i1Oi,d

− 2∇ · (ψ∇ζ̂) + ψ∆ζ̂ ✐♥ Q,

ψ̂ = 0 ♦♥ Σ,

ψ̂(·, T ) = ζ̂ψT ✐♥ Ω.

✭✶✳✻✶✮

❇② ❬✶❪✱ ✇❡ ❤❛✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

R1(ψ̂) ≤ C

{
s−1λ−1

2∑

i=1

∫∫

Oi,d×(0,T )

ϕ−1
1 e2sσ1 |ζ̂γi|2 dx dt+ s−1λ−1

∫∫

Q

ϕ−1
1 e2sσ1 |ψ∆ζ̂|2 dx dt

+ sλ

n∑

i=1

∫∫

Q

ϕ1e
2sσ1

∣∣∣∣∣ψ
∂ζ̂

∂xi

∣∣∣∣∣

2

dx dt+ s2λ3
∫∫

ω1×(0,T )

ϕ2
1e

2sσ1 |ψ̂|2 dx dt



 ,

✇❤❡r❡

Ri(ψ̂) := λ

∫∫

Q

e2sσi |∇ψ̂|2 dx dt+ s2λ3
∫∫

Q

ϕ2
i e

2sσi |ψ̂|2 dx dt. ✭✶✳✻✷✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ζ̂✱ ✇❡ ❤❛✈❡

R1(ψ̂) ≤ C

{
sλ

∫∫

O×(0,T )

ϕ1e
2sσ1 |ψ|2 dx dt+ s−1λ−1

∫∫

O1,d×(0,T )

ϕ−1
1 e2sσ1 |γ1|2 dx dt

+ s−1λ−1

∫∫

O2,d×(0,T )

ϕ−1
1 e2sσ1 |ζ̂γ2|2 dx dt

+ s2λ3
∫∫

ω1×(0,T )

ϕ2
1e

2sσ1 |ψ̂|2 dx dt

}
✭✶✳✻✸✮

❛♥❞✱ s✐♥❝❡ ζ̂ = 1 ✐♥ Ω \ O✱ ✇❡ ❛❧s♦ ♦❜t❛✐♥

R1(ψ̂) ≥ s2λ3
∫∫

Q

ϕ2
1e

2sσ1 |ψ|2 dx dt− s2λ3
∫∫

O×(0,T )

ϕ2
1e

2sσ1 |ψ|2 dx dt. ✭✶✳✻✹✮

▲❡t ✉s ✜rst ❛ss✉♠❡ t❤❛t ✭✶✳✺✺✮ ❤♦❧❞s✳ ❈♦♠❜✐♥✐♥❣ ✭✶✳✻✵✮✱ ✭✶✳✻✸✮ ❛♥❞ ✭✶✳✻✹✮✱ ✐t ❢♦❧❧♦✇s

t❤❛t

I11 (γ
1) + I21 (γ

2) + s2λ3
∫∫

Q

ϕ2
1e

2sσ1 |ψ|2 dx dt

≤ C

{
s−1/2

2∑

i=1

1

µ2
i

∣∣∣∣
∣∣∣∣ϕ

−1/4
i

∂ψ

∂ν
ρie

sσi

∣∣∣∣
∣∣∣∣
2

H1/2,1/4(S′

i×(0,T ))

+ sλ2
2∑

i=1

∫∫

ωi×(0,T )

ϕie
2sσi |γi|2 dx dt

+ s−1λ−1

∫∫

O1,d×(0,T )

ϕ−1
1 e2sσ1 |γ1|2 dx dt+ s−1λ−1

∫∫

O2,d×(0,T )

ϕ−1
1 e2sσ1 |ζ̂γ2|2 dx dt

+ s2λ3
∫∫

O×(0,T )

ϕ2
1e

2sσ1 |ψ|2 dx dt

}
.

✭✶✳✻✺✮

✸✻



❙✐♥❝❡ t❤❛t η1 = η2 = 0 ♦♥ Σ✱ ❛♥❞ ||η1||∞ = ||η2||∞✱ ✇❡ ❤❛✈❡ σ1 = σ2 ❛♥❞ φ1 = φ2 ♦♥ Σ✳

❍❡♥❝❡✱ ❛r❣✉✐♥❣ ❛s ✐♥ ❬✹✵❪✱ ✇❡ ❣❡t

s−1/2

2∑

i=1

1

µ2
i

∣∣∣∣
∣∣∣∣ϕ

−1/4
i

∂ψ

∂ν
ρie

sσi

∣∣∣∣
∣∣∣∣
2

H1/2,1/4(Σ)

≤
C

µ2
0

{
s3/2

∫∫

Q

ϕ2
1e

2sσ1 |ψ|2 dx dt+ s−1/2

2∑

i=1

∫∫

Oi,d×(0,T )

ϕ
−1/2
i e2sσi |γi|2 dx dt

}
,

✭✶✳✻✻✮

✇❤❡r❡✱ ❛❣❛✐♥✱ µ0 = min{µ1, µ2}✳ ❋♦r s ❛♥❞ λ ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ t❤✐r❞ ❛♥❞ ❢♦✉rt❤ t❡r♠s ✐♥

t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥ ✭✶✳✻✺✮ ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥ ✭✶✳✻✻✮ ❝❛♥ ❜❡ ❛❜s♦r❜❡❞ ❜② ❧❡❢t✲❤❛♥❞

s✐❞❡ ✐♥ t❤❡ ✭✶✳✻✺✮✳ ❚❤✉s✱

I11 (γ
1) + I21 (γ

2) + s2λ3
∫∫

Q

ϕ2
1e

2sσ1 |ψ|2 dx dt

≤ C

{
sλ2

2∑

i=1

∫∫

ωi×(0,T )

ϕie
2sσi |γi|2 dx dt+ s2λ3

∫∫

O×(0,T )

ϕ2
1e

2sσ1 |ψ|2 dx dt

}
.

✭✶✳✻✼✮

■♥ ♦r❞❡r t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✻✼✮✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡

♥❡✇ ♦♣❡♥ s❡ts ω̃i ⊂ Ω s✉❝❤ t❤❛t ωi ⊂⊂ ω̃i ⊂⊂ Oi,d ∩ Õ ❛♥❞ ω̃i ∩O3−i,d = ∅ ❛♥❞ ❧❡t ✉s ❞❡✜♥❡

❢✉♥❝t✐♦♥s δi ∈ C2
0(ω̃i)✱ ✇✐t❤

δi = 1 ✐♥ ωi, 0 ≤ δi ≤ 1. ✭✶✳✻✽✮

❚❤❡♥✱ ❜② ✭✶✳✸✺✮ ❛♥❞ ✭✶✳✺✾✮✱ ❢♦r s ❛♥❞ λ ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡

sλ2
∫∫

ωi×(0,T )

ϕie
2sσi |γi|2 dx dt ≤ sλ2

∫∫

ω̃i×(0,T )

δiϕie
2sσi |γi|2 dx dt

≤
sλ2

αi

∫∫

ω̃i×(0,T )

δiϕie
2sσiγi (−ψt −∆ψ + a(x, t)ψ) dx dt

≤ C

{
ε I i1(γ

i) +
1

ε
s5λ6

∫∫

ω̃1×(0,T )

ϕ5
1e

2sσ1 |ψ|2 dx dt

}
✭✶✳✻✾✮

❢♦r i = 1, 2. ❚❤✉s✱ ❜② ✭✶✳✻✼✮ ❛♥❞ ✭✶✳✻✾✮✱ ✇❡ s❡❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✿

I11 (γ
1) + I21 (γ

2) + s2λ3
∫∫

Q

ϕ2
1e

2sσ1 |ψ|2 dx dt

≤ Cs5λ6
∫∫

O×(0,T )

(ϕ5
1e

2sσ1 + ϕ5
2e

2sσ2)|ψ|2 dx dt.
✭✶✳✼✵✮

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s

ϕ̄i(x, t) =
eλ(η

i(x)+m1)

l̄k(t)
, σ̄i(x, t) =

eλ(η
i(x)+m1) − eλ(||η

i||L∞(Ω)+m2)

l̄k(t)
, ✭✶✳✼✶✮

✸✼



✇❤❡r❡ l̄ ✐s ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✸✮✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② Ī i1 ❛♥ ❡①♣r❡ss✐♦♥ s✐♠✐❧❛r t♦ ✭✶✳✺✾✮✱ ✇❤❡r❡ ✇❡

r❡♣❧❛❝❡ σi ❛♥❞ ϕi ❜② σ̄i ❛♥❞ ϕ̄i✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥✱ ❛r❣✉✐♥❣ ❛s ✇❡ ❞✐❞ t♦ ❣❡t t❤❡ ✐♥❡q✉❛❧✐t②

✭✶✳✺✹✮✱ ✇❡ ♦❜t❛✐♥✿

||ψ(0)||2L2(Ω) + Ī11 (γ
1) + Ī21 (γ

2) + s2λ3
∫∫

Q

ϕ̄2
1e

2sσ̄1 |ψ|2 dx dt

≤ C s5λ6
∫∫

O×(0,T )

(ϕ̄5
1e

2sσ̄1 + ϕ̄5
2e

2sσ̄2)|ψ|2 dx dt.
✭✶✳✼✷✮

◆♦t❡ t❤❛t✱ s✐♥❝❡ t❤❛t ||η1||∞ = ||η2||∞✱ ✇❡ ❤❛✈❡

σ∗ := min
x∈Ω

{
σ̄1(x, t)

}
= min

x∈Ω

{
σ̄2(x, t)

}
∀t ∈ [0, T ). ✭✶✳✼✸✮

■♥ t❤✐s ✇❛②✱ ❢r♦♠ ✭✶✳✼✷✮✱ ✇❡ ❣❡t

||ψ(0)||2L2(Ω) +
2∑

i=1

∫∫

Q

e2sσ
∗

|γi|2 dx dt ≤ C

∫∫

O×(0,T )

(
ϕ̄5
1e

2sσ̄1 + ϕ̄5
2e

2sσ̄2
)
|ψ|2 dx dt

❛♥❞ ✇❡ ❞❡❞✉❝❡ t❤❡ ✐♥❡q✉❛❧✐t② ✭✸✳✹✵✮ ✇✐t❤ ρ(t) = e−sσ
∗(t) ❢♦r ❛❧❧ t ∈ (0, T ).

▲❡t ✉s ♥♦✇ ❛ss✉♠❡ t❤❛t ✭✶✳✺✻✮ ❤♦❧❞s✳ ❚♦ ✜① ✐❞❡❛s✱ ❧❡t ✉s t❛❦❡ (i, j) = (2, 1)✳

❋♦r h := α1γ1 + α2γ2✱ ✇❡ ❤❛✈❡

I21 (h) = s−1

∫∫

Q

ϕ−1
2 e2sσ2 |∇h|2 dx dt+ sλ2

∫∫

Q

ϕ2e
2sσ2 |h|2 dx dt ✭✶✳✼✹✮

✇❤❡♥❝❡✱

I21 (h) ≤ C



s

−1/2

2∑

i=1

α2
i

µ2
i

∣∣∣∣∣

∣∣∣∣∣ϕ
−1/4
2

∂ψ

∂ν
ρie

sσ2

∣∣∣∣∣

∣∣∣∣∣

2

H1/2,1/4(Σ)

+ sλ2
∫∫

ω2×(0,T )

ϕ2e
2sσ2 |h|2 dx dt

}
.

✭✶✳✼✺✮

❈♦♠❜✐♥✐♥❣ ✭✶✳✻✵✮ ✭✇✐t❤ ✐❂✶✮✱ ✭✶✳✻✸✮✱ ❛♥❞ ✭✶✳✼✺✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

I11 (γ
1) + I21 (h) +R1(ψ̂) ≤ C

{
s−1/2 1

µ2
1

∣∣∣∣
∣∣∣∣ϕ

−1/4
1

∂ψ

∂ν
ρ1e

sσ1

∣∣∣∣
∣∣∣∣
2

H1/2,1/4(Σ)

+ sλ2
∫∫

ω1×(0,T )

ϕ1e
2sσ1 |γ1|2 dx dt + s−1/2

2∑

i=1

α2
i

µ2
i

∣∣∣∣
∣∣∣∣ϕ

−1/4
2

∂ψ

∂ν
ρie

sσ2

∣∣∣∣
∣∣∣∣
2

H1/2,1/4(Σ)

+ sλ2
∫∫

ω2×(0,T )

ϕ2e
2sσ2 |h|2 dx dt+ s−1λ−1

∫∫

O1,d×(0,T )

ϕ−1
1 e2sσ1 |γ1|2 dx dt

+ s−1λ−1

∫∫

O2,d×(0,T )

ϕ−1
1 e2sσ1 |ζ̂γ2|2 dx dt+ s2λ3

∫∫

O×(0,T )

ϕ2
1e

2sσ1 |ψ|2 dx dt

}
.

✭✶✳✼✻✮

▲❡t ✉s ❛♥❛❧②③❡ ❡❛❝❤ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✼✻✮✳ ❇② ✭✶✳✻✾✮✱ ✇❡ ♦❜t❛✐♥

sλ2
∫∫

ω1×(0,T )

ϕ1e
2sσ1 |γ1|2 dx dt ≤ C

{
εI11 (γ

1) +
1

ε
s5λ6

∫∫

ω̃1×(0,T )

ϕ5
1e

2sσ1 |ψ|2 dx dt

}
. ✭✶✳✼✼✮

✸✽



❆♥❛❧♦❣♦✉s❧② t♦ ✭✶✳✹✾✮ ♦r ✭✶✳✻✾✮✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♥♦♥❡♠♣t② ❝♦♥❡❝t❡❞ ♦♣❡♥ s❡t ω̃2 ⊂⊂ O2,d∩O

✇✐t❤ ω2 ⊂⊂ ω̃2 ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ δ̃2 ∈ C2
0(ω̃2) s❛t✐s❢②✐♥❣ ✭✶✳✻✽✮ ❢♦r i = 2✱

δ̃2 = 1 ✐♥ ω2, 0 ≤ δ̃2 ≤ 1, ✭✶✳✼✽✮

✇❡ ♦❜t❛✐♥✿

sλ2
∫∫

ω2×(0,T )

ϕ2e
2sσ2 |h|2 dx dt ≤ C

{
εI21 (h) +

1

ε
s5λ6

∫∫

ω̃2×(0,T )

ϕ5
2e

2sσ2 |ψ|2 dx dt

}
. ✭✶✳✼✾✮

▼♦r❡♦✈❡r✱ ♥♦t❡ t❤❛t ϕ1 = ϕ2 ❛♥❞ σ1 = σ2 ♦♥ Σ✳ ❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ζ̂✱ ✇❡ s❡❡ t❤❛t

∂ψ̂/∂ν = ζ̂∂ψ/∂ν ♦♥ Σ✳ ❍❡♥❝❡✱ ❛r❣✉✐♥❣ ❛s ✐♥ ❬✸✾❪✱ ✇❡ ❣❡t ❢r♦♠ ✭✶✳✻✶✮ t❤❡ ✐♥❡q✉❛❧✐t✐❡s

s−1/2 1

µ2
1

∣∣∣∣
∣∣∣∣ϕ

−1/4
1

∂ψ

∂ν
ρ1e

sσ1

∣∣∣∣
∣∣∣∣
2

H1/2,1/4(Σ)

+ s−1/2

2∑

i=1

α2
i

µ2
i

∣∣∣∣
∣∣∣∣ϕ

−1/4
2

∂ψ

∂ν
ρie

sσ2

∣∣∣∣
∣∣∣∣
2

H1/2,1/4(Σ)

≤
C

µ2
0



s

−1/2

∫∫

Q

ϕ
−1/2
1 e2sσ1

∣∣∣∣∣

2∑

i=1

αiζ̂γ
11Oi,d

− 2∇ · (ψ∇ζ̂) + ψ∆ζ̂

∣∣∣∣∣

2

dx dt

+ s3/2
∫∫

Q

ϕ2
1e

2sσ1 |ψ̂|2 dx dt

}

≤
C

µ2
0

{
εR1(ψ̂) + s3/2

∫∫

Q

ϕ2
1e

2sσ1 |ψ|2 dx dt+ s−1/2

∫∫

O1,d×(0,T )

ϕ
−1/2
1 e2sσ1 |γ1|2 dx dt

+ s−1/2

∫∫

O2,d×(0,T )

ϕ
−1/2
1 e2sσ1 |ζ̂γ2|2 dx dt

}
.

❚❤❡♥✱ ❛ss✉♠✐♥❣ t❤❛t µ2
0 > C✱ ✇❡ ❣❡t

s−1/2 1

µ2
1

∣∣∣∣
∣∣∣∣ϕ

−1/4
1

∂ψ

∂ν
ρ1e

sσ1

∣∣∣∣
∣∣∣∣
2

H1/2,1/4(Σ)

+ s−1/2

2∑

i=1

α2
i

µ2
i

∣∣∣∣
∣∣∣∣ϕ

−1/4
2

∂ψ

∂ν
ρie

sσ2

∣∣∣∣
∣∣∣∣
2

H1/2,1/4(Σ)

≤ εR1(ψ̂) + s3/2
∫∫

Q

ϕ2
1e

2sσ1 |ψ|2 dx dt+ s−1/2

∫∫

O1,d×(0,T )

ϕ
−1/2
1 e2sσ1 |γ1|2 dx dt

+ s−1/2

∫∫

O2,d×(0,T )

ϕ
−1/2
1 e2sσ1 |ζ̂γ2|2 dx dt.

✭✶✳✽✵✮

❙✐♥❝❡ η1 = η2 ✐♥ s✉♣♣ (ζ̂) ∩ O2,d✱ ❢♦r s ❛♥❞ λ ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡

s−1/2

∫∫

O2,d×(0,T )

ϕ
−1/2
1 e2sσ1 |ζ̂γ2|2 dx dt ≤ C s−1/2

∫∫

O2,d×(0,T )

ϕ
−1/2
2 e2sσ2 |ζ̂h|2 dx dt

+C s−1/2

∫∫

O2,d×(0,T )

ϕ
−1/2
1 e2sσ1 |ζ̂γ1|2 dx dt

≤ ε {I21 (h) + I11 (γ
1)},

✭✶✳✽✶✮

s−1/2

∫∫

O1,d×(0,T )

ϕ
−1/2
1 e2sσ1 |γ1|2 dx dt ≤ ε I11 (γ

1) ✭✶✳✽✷✮

✸✾



❛♥❞ ✜♥❛❧❧②✱ ❝♦♠❜✐♥✐♥❣ ✭✶✳✼✻✮✕✭✶✳✼✼✮ ❛♥❞ ✭✶✳✼✾✮✕✭✶✳✽✷✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

I11 (γ
1) + I21 (h) +R1(ψ̂) ≤ C

{
s2λ3

∫∫

O×(0,T )

ϕ2
1e

2sσ1 |ψ|2 dx dt+ s3/2
∫∫

Q

ϕ2
1e

2sσ1 |ψ|2 dx dt

+ s5λ6
∫∫

O×(0,T )

(
ϕ5
1e

2sσ1 + ϕ5
2e

2sσ2
)
|ψ|2 dx dt

}
.

❚❤✉s✱ ❜② ✭✶✳✻✹✮✱ ✇❡ ✜♥❞ t❤❛t✱ ✐❢ s ❛♥❞ λ ❛r❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ t❤❡♥

I11 (γ
1) + I21 (h) + s2λ3

∫∫

Q

ϕ2
1e

2sσ1 |ψ|2 dx dt

≤ C s5λ6
∫∫

O×(0,T )

(
ϕ5
1e

2sσ1 + ϕ5
2e

2sσ2
)
|ψ|2 dx dt.

✭✶✳✽✸✮

◆♦✇✱ t❛❦✐♥❣ ϕ̄i ❛♥❞ σ̄i ❛s ✐♥ ✭✶✳✼✶✮✱ ❛♥❞ ❛r❣✉✐♥❣ ❛s ✐♥ ✭✶✳✼✷✮✱ ✇❡ ❣❡t

||ψ(·, 0)||2L2(Ω) + Ī11 (γ
1) + Ī21 (h) + s2λ3

∫∫

Q

ϕ̄2
1e

2sσ̄1 |ψ|2 dx dt

≤ C s5λ6
∫∫

O×(0,T )

(ϕ̄5
1e

2sσ̄ + ϕ̄5
2e

2sσ̄2)|ψ|2 dx dt.
✭✶✳✽✹✮

❈♦♥s✐❞❡r✐♥❣ t❤❡ ❢✉♥❝t✐♦♥ σ̄ ❞❡✜♥❡❞ ✐♥ ✭✶✳✼✸✮✱ s✐♥❝❡ h = α1γ
1 +α2γ

2✱ ✇❡ s❡❡ ❢r♦♠ ✭✶✳✽✹✮ t❤❛t

||ψ(0)||2L2(Ω) +
2∑

i=1

∫∫

Q

e2sσ̄(t)|γi|2 dx dt ≤ C

∫∫

O×(0,T )

(ϕ̄5
1e

2sσ̄1 + ϕ̄5
2e

2sσ̄2)|ψ|2 dx dt

❛♥❞✱ ❛❣❛✐♥✱ ✇❡ ❣❡t t❤❡ ✐♥❡q✉❛❧✐t② ✭✸✳✹✵✮ ✇✐t❤ ρ(t) = e−sσ
∗(t) ❢♦r ❛❧❧ t ∈ (0, T )✳

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

✶✳✷✳✷ ❚❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✽✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱ ✇❡

✇✐❧❧ ✜rst ❞❡r✐✈❡ t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠ ❝❤❛r❛❝t❡r✐③✐♥❣ ❛ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠✳

❚❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠ ✐♥ t❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s❡♠✐❧✐♥❡❛r s②st❡♠ ✭✶✳✶✮✳ ❆❝❝♦r❞✐♥❣ t♦ ❉❡✜♥✐t✐♦♥ ✶✱ ✐❢ ❛ ♣❛✐r (v1, v2)

✐s ❛ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠✱ t❤❡♥

αi

∫∫

Oi,d×(0,T )

(y − ξi,d)ŷ
i dx dt+ µi

∫∫

Si×(0,T )

viv̂i dx dt = 0 ∀v̂i ∈ Hi, i = 1, 2, ✭✶✳✽✺✮

✇❤❡r❡ ŷi ✐s t❤❡ s♦❧✉t✐♦♥ t♦




ŷit −∆ŷi + a(x, t)ŷi = F ′(y)ŷi ✐♥ Q,

ŷi = v̂iρi ♦♥ Σ,

ŷi(·, 0) = 0 ✐♥ Ω.

✭✶✳✽✻✮

✹✵



❚❤❡ ❛❞❥♦✐♥t s②st❡♠ t♦ ✭✶✳✽✻✮ ✐s ❣✐✈❡♥ ❜②




−φit −∆φi + a(x, t)φi = αi(y − ξi,d)1Oi,d
+ F ′(y)φi ✐♥ Q,

φi = 0 ♦♥ Σ,

φi(·, T ) = 0 ✐♥ Ω.

✭✶✳✽✼✮

❚❤❡r❡❢♦r❡✱ ✇❡ ❣❡t ❢r♦♠ ✭✶✳✽✺✮✕✭✶✳✽✼✮ t❤❛t

∫∫

Si×(0,T )

(
−
∂φi

∂ν
+ µiv

i

)
v̂i dσ dt = 0 ∀v̂i ∈ Hi ✭✶✳✽✽✮

❛♥❞✱ t❤❡r❡❢♦r❡✱

vi =
1

µi

∂φi

∂ν

∣∣∣∣
Si×(0,T )

, i = 1, 2. ✭✶✳✽✾✮

❈♦♥s❡q✉❡♥t❧②✱ ✐❢ (v1, v2) ✐s ❛ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji (i = 1, 2)✱ ✐t ♠✉st

❜❡ ❣✐✈❡♥ ❜② ✭✶✳✽✾✮✱ ✇❤❡r❡ t❤❡ φi s❛t✐s❢② t♦❣❡t❤❡r ✇✐t❤ y✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣t✐♠❛❧✐t② s②st❡♠✿




yt −∆y + a(x, t)y = F (y) + f1O ✐♥ Q,

−φit −∆φi + a(x, t)φi = αi(y − ξi,d)1Oi,d
+ F ′(y)φi ✐♥ Q,

y =
2∑

i=1

1

µi

∂φi

∂ν
ρi, φi = 0 ♦♥ Σ,

y(·, 0) = ỹ0, φi(·, T ) = 0 ✐♥ Ω.

✭✶✳✾✵✮

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷

❲❡ ✇✐❧❧ ♣r♦♦❢ ❚❤❡♦r❡♠ ✷ ✉s✐♥❣ ❛r❣✉♠❡♥ts s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥ ❬✸❪✳ ▲❡t ✉s t❛❦❡ z = y− ȳ✱

✇❤❡r❡ ȳ ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✺✮ ❛♥❞ ❧❡t ✉s r❡✇r✐t❡ ✭✶✳✾✵✮ ✐♥ t❤❡ ❢♦r♠




zt −∆z + a(x, t)z = G(x, t; z)z + f1O ✐♥ Q,

−φit −∆φi + a(x, t)φi = αi(z − zi,d)1Oi,d
+ F ′(z + ȳ)φi ✐♥ Q,

z =
2∑

i=1

1

µi

∂φi

∂ν
ρi, φi = 0 ♦♥ Σ,

z(·, 0) = z0, φi(·, T ) = 0 ✐♥ Ω,

✭✶✳✾✶✮

✇❤❡r❡ zi,d = ξi,d − ȳ✱ z0 = y0 − ȳ0✱ ❛♥❞

G(x, t; z) =

∫ 1

0

F ′ (ȳ + τz) dτ. ✭✶✳✾✷✮

✹✶



▲❡t ✉s ❝♦♥s✐❞❡r✱ ❢♦r ❡❛❝❤ z ∈ L2(Q) ❛♥❞ ❡❛❝❤ f ∈ L2(O × (0, T ))✱ t❤❡ ❧✐♥❡❛r s②st❡♠




wt −∆w + a(x, t)w = G(x, t; z)w + f1O ✐♥ Q,

−φit −∆φi + a(x, t)φi = αi(w − zi,d)1Oi,d
+ F ′(z + ȳ)φi ✐♥ Q,

w =
2∑

i=1

1

µi

∂φi

∂ν
ρi, φi = 0 ♦♥ Σ,

w(·, 0) = z0, φi(·, T ) = 0 ✐♥ Ω.

✭✶✳✾✸✮

❙✐♥❝❡ F ∈ W 1,∞(R)✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t M > 0 s✉❝❤ t❤❛t

|G(x, t; s)|+ |F ′(s)| ≤M ∀ (x, t, s) ∈ Q× R. ✭✶✳✾✹✮

❋r♦♠ ✭✶✳✾✸✮✱ ❛r❣✉✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ❛♥❞ r❡❝❛❧❧✐♥❣ ❘❡♠❛r❦ ✷✱ ✇❡ s❡❡ t❤❛t

t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

||w||L2(0,T ;H1(Ω)) + ||wt||L2(0,T ;H−1(Ω)) ≤ C
(
1 + ||f ||L2(O×(0,T ))

)
. ✭✶✳✾✺✮

▲❡t ✉s ✜① z✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② (wz, φ
1
z, φ

2
z) t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✾✸✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ z ❛♥❞

❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❛❞❥♦✐♥t s②st❡♠




−ψz,t −∆ψz + a(x, t)ψz = G(x, t; z)ψz +
2∑

i=1

αiγ
i
z1Oi,d

✐♥ Q,

γiz,t −∆γiz + a(x, t)γiz = F ′(z + ȳ)γiz ✐♥ Q,

ψz = 0, γiz =
1

µi

∂ψz
∂ν

ρi ♦♥ Σ,

ψz(·, T ) = ψT , γiz(·, 0) = 0 ✐♥ Ω.

✭✶✳✾✻✮

❚❤❡♥ ❢r♦♠ ✭✶✳✾✸✮ ❛♥❞ ✭✶✳✾✻✮✱ ✇❡ s❡❡ t❤❛t

2∑

i=1

αi

∫∫

Oi,d×(0,T )

γiz zi,d dx dt+

∫

Ω

wz(x, T )ψ
T (x) dx−

∫

Ω

z0(x)ψz(x, 0) dx =

∫∫

Q

f1Oψz dx dt.

❍❡♥❝❡✱ t❤❡ ❞❡s✐r❡❞ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt② ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢

2∑

i=1

αi

∫∫

Oi,d×(0,T )

γizzi,d dx dt−

∫

Ω

z0(x)ψz(x, 0) dx =

∫∫

Q

f1Oψz dx dt.

❆s ✐♥ t❤❡ ❧✐♥❡❛r ❝❛s❡✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥❛❧

Fz,ε(ψ
T ) :=

∫∫

O×(0,T )

|ψz|
2 dx dt+ ε||ψT ||L2(Ω)

+

∫

Ω

z0(x)ψz(x, 0) dx−
2∑

i=1

αi

∫∫

Oi,d×(0,T )

zi,dγ
i
z dx dt.

✹✷



❆r❣✉✐♥❣ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✶✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t②✿

||ψz(·, 0)||
2
L2(Ω) +

2∑

i=1

∫∫

Q

ρ−2|γiz|
2 dx dt ≤ C

∫∫

O×(0,T )

|ψz|
2 dx dt, ✭✶✳✾✼✮

✇❤❡r❡ C > 0 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ z✳ ❚❤✐s ✐♥❡q✉❛❧✐t② ❛❧❧♦✇s t♦ ♠✐♥✐♠✐③❡ Fz,ε ✐♥ L2(Ω)✳ ❚❤❡♥✱

t❛❦✐♥❣ t❤❡ ❧✐♠✐t ❛s ε ❣♦❡s t♦ ③❡r♦✱ ✇❡ ❣❡t ❛ ✭✉♥✐q✉❡✮ ❧❡❛❞❡r fz ∈ L2(O× (0, T )) s✉❝❤ t❤❛t t❤❡

❛ss♦❝✐❛t❡ s♦❧✉t✐♦♥ (wz, φ
1
z, φ

2
z) t♦ ✭✶✳✾✸✮✱ s❛t✐s✜❡s

wz(·, T ) = 0 ✐♥ Ω. ✭✶✳✾✽✮

❆❧s♦✱

||fz||L2(O×(0,T )) ≤ C ∀z ∈ L2(Q). ✭✶✳✾✾✮

❆t t❤✐s ♣♦✐♥t✱ ✇❡ ❝❛♥ ❛♣♣❧② ❛ st❛♥❞❛r❞ ✜①❡❞✲♣♦✐♥t ❛r❣✉♠❡♥t t♦ t❤❡ ♠❛♣♣✐♥❣ z 7→ wz ❛♥❞

❞❡❞✉❝❡ t❤❛t ✭✶✳✾✶✮ ✐s ♥✉❧❧✲❝♦♥tr♦❧❧❛❜❧❡✳ ❍❡♥❝❡✱ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② t♦ t❤❡ tr❛❥❡❝t♦r✐❡s ❤♦❧❞s

❢♦r ✭✶✳✾✵✮ ❛♥❞ ❚❤❡♦r❡♠ ✷ ✐s ♣r♦✈❡❞✳

❊q✉✐❧✐❜r✐❛ ❛♥❞ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✽✳

❲❡ ✇✐❧❧ ❛r❣✉❡ ❛s ✐♥ ❬✸❪✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t t❤❡ ❤②♣♦t❤❡s✐s ✐♥ t❤❡ ❚❤❡♦r❡♠ ✷ ❛r❡

s❛t✐s✜❡❞✱ F ∈ W 2,∞(R) ❛♥❞ f ∈ L2(O × (0, T )) ❛♥❞ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❛ss♦❝✐❛t❡❞ ◆❛s❤

q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ♣❛✐r (v1, v2)✳ ❋♦r ❛❧❧ w1, w2 ∈ H1 ❛♥❞ ❛♥② s ∈ R✱ ✇❡ ❞❡♥♦t❡ ❜② ys t❤❡

s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠



yst −∆ys + a(x, t)ys = F (ys) + f1O ✐♥ Q,

ys = (v1 + sw1)ρ1 + v2ρ2 ♦♥ Σ,

ys(·, 0) = y0 ✐♥ Ω.

✭✶✳✶✵✵✮

▲❡t ✉s ✉s❡ t❤❡ ♥♦t❛t✐♦♥ y := ys|s=0✳ ❚❤❡♥

D1J1(f ; v
1 + sw1, v2) · w2 −D1J1(f ; v

1, v2) · w2

= α1

∫∫

O1,d×(0,T )

(ys − ξ1,d)q
s dx dt− α1

∫∫

O1,d×(0,T )

(y − ξ1,d)q dx dt

+ sµ1

∫∫

S1×(0,t)

w1w2 dσ dt,

✭✶✳✶✵✶✮

✇❤❡r❡ qs ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ys ✐♥ r❡s♣❡❝t t♦ t❤❡ ✜rst ❢♦❧❧♦✇❡r ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ w2✳ ❚❤✉s✱ qs

✐s t❤❡ s♦❧✉t✐♦♥ t♦ 



qst −∆qs + a(x, t)qs = F ′(ys)qs ✐♥ Q,

qs = w2ρ1 ♦♥ Σ,

qs(·, 0) = 0 ✐♥ Ω.

✭✶✳✶✵✷✮

✹✸



■♥ ✭✶✳✶✵✶✮✱ ✇❡ ❛❧s♦ ❤❛✈❡ ✉s❡❞ t❤❡ ♥♦t❛t✐♦♥ q; = qs|s=0✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❛❞❥♦✐♥t ♦❢ ✭✶✳✶✵✷✮✿




−φst −∆φs + a(x, t)φs = α1(y
s − ξ1,d)1O1,d

+ F ′(ys)φs ✐♥ Q,

φs = 0 ♦♥ Σ,

φs(·, T ) = 0 ✐♥ Ω.

✭✶✳✶✵✸✮

❚❤❡♥✱ ❢r♦♠ ✭✶✳✶✵✷✮ ❛♥❞ ✭✶✳✶✵✸✮✱ ✇❡ ❣❡t t❤❡ ✐❞❡♥t✐t②

α1

∫∫

O1,d×(0,T )

(ys − ξ1,d)q
s dx dt =

∫∫

Σ

w2ρ1
∂φs

∂ν
dσ dt. ✭✶✳✶✵✹✮

❘❡♣❧❛❝✐♥❣ ✐♥ ✭✶✳✶✵✶✮✱ ✇❡ ❣❡t✿

D1J1(f ; v
1 + sw1, v2) · w2 −D1J1(f ; v

1, v2)

=

∫∫

Σ

(
∂φs

∂ν
−
∂φ

∂ν

)
ρ1w

2 dσ dt+ sµ1

∫∫

S1×(0,T )

w1w2 dσ dt.
✭✶✳✶✵✺✮

◆♦t❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♠✐ts ❡①✐st✿

h = lim
s→0

1

s
(ys − y), η = lim

s→0

1

s
(φs − φ), ❛♥❞

∂η

∂ν
= lim

s→0

1

s

(
∂φs

∂ν
−
∂φ

∂ν

)
.

◆♦t❡ ❛❧s♦ t❤❛t t❤❡ ❝♦✉♣❧❡ (h, η) s♦❧✈❡s t❤❡ s②st❡♠




ht −∆h+ a(x, t)h = F ′(y)h ✐♥ Q,

−ηt −∆η + a(x, t)η = α1h1O1,d
+ F ′′(y)hφ+ F ′(y)η ✐♥ Q,

h = w1ρ1, η = 0 ♦♥ Σ,

h(·, 0) = 0, η(·, T ) = 0 ✐♥ Ω.

✭✶✳✶✵✻✮

❚❤❡♥✱ ❢r♦♠ ✭✶✳✶✵✺✮ ❛♥❞ ✭✶✳✶✵✻✮✱ ✇❡ s❡❡ t❤❛t

D2
1J1(f ; v

1, v2) · (w1, w2) =

∫∫

Σ

∂η

∂ν
ρ1w

2 dσ dt+ µ1

∫∫

S1×(0,T )

w1w2 dσ dt ∀w1, w2 ∈ H1

❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱

D2
1J1(f ; v

1, v2) ·(w1, w1) =

∫∫

Σ

∂η

∂ν
ρ1w

1 dσ dt+µ1

∫∫

S1×(0,T )

|w1|2 dσ dt ∀w1 ∈ H1. ✭✶✳✶✵✼✮

▲❡t ✉s s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C1 ❞❡♣❡♥❞✐♥❣ ♦♥ ||a||∞✱ ||F ′′||∞✱ M

❛♥❞ ||y0||L2(Ω)✱ s✉❝❤ t❤❛t
∣∣∣∣
∫∫

S1×(0,T )

∂η

∂ν
w1 dσ dt

∣∣∣∣ ≤ C1

(
1 + ||f ||L2(O×(0,T ))

)
||w1||2H1

∀w1 ∈ H1. ✭✶✳✶✵✽✮

✹✹



■♥ ❢❛❝t✱ ❢♦r ❛♥② ❣✐✈❡♥ w1 ∈ H1❀ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✵✻✮ s❛t✐s✜❡s h ∈ H1/2,1/4(Q)✳

▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ w1✱ s✉❝❤ t❤❛t

||h||H1/2,1/4(Q) ≤ C||w1||H1 . ✭✶✳✶✵✾✮

❋r♦♠ ✭✶✳✶✵✻✮✱ ✇❡ ❛❧s♦ ♦❜t❛✐♥

∫∫

S1×(0,T )

∂η

∂ν
w1 dσ dt =

∫∫

Q

(
α1h

21O1,d
+ F ′′(y)h2φ

)
dx dt. ✭✶✳✶✶✵✮

▲❡t ✉s ❝❤❡❝❦ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✶✶✵✮ ✐s ❜♦✉♥❞❡❞ ❜② t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢

✭✶✳✶✵✽✮✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t ✉s ♦❜t❛✐♥ r ❛♥❞ s s✉❝❤ t❤❛t

φ ∈ Lr(0, T ;Ls(Ω)) ❛♥❞ h ∈ L2r′(0, T ;L2s′(Ω)),

✇❤❡r❡ r′ ❛♥❞ s′ ❛r❡ ❝♦♥❥✉❣❛t❡ ♦❢ r ❛♥❞ s✱ r❡s♣❡❝t✐✈❡❧②✳

❙✐♥❝❡ h ∈ H1/2,1/4(Q)✱ ❜② ✐♥t❡r♣♦❧❛t✐♦♥ ✇❡ ❣❡t t❤❛t h ∈ La(0, T ;Lb(Ω))✱ ✇✐t❤

1

a
=

1 + θ

4
❛♥❞

1

b
=
a(n− 2) + 4

2an
,

✇❤❡r❡ θ ∈ (0, 1)✳ ❆❝❝♦r❞✐♥❣❧②✱ t❛❦✐♥❣ a = 2r′ ❛♥❞ b = 2s′✱ ✐t ❢♦❧❧♦✇s t❤❛t ❛♣♣r♦♣r✐❛t❡ ✈❛❧✉❡s

♦❢ r ❛♥❞ s ❛r❡

r =
a

a− 2
❛♥❞ s =

an

2a− 4
.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡ viρi ∈ H1/2,1/4(Σ) ❛♥❞ y0 ∈ L2(Ω)✱ ✇❡ ❤❛✈❡ y ∈ L2(0, T ;H1(Ω)) ∩

L∞(0, T ;L2(Ω)) ❛♥❞✱ ❜② ✐♥t❡r♣♦❧❛t✐♦♥✱ ✇❡ ❞❡❞✉❝❡ t❤❛t y ∈ Lā(0, T ;Lb̄(Ω))✱ ✇❤❡r❡

1

ā
=
θ̄

2
❛♥❞

1

b̄
=
ā(n− 2) + 4

2ān
,

✇✐t❤ θ̄ ∈ (0, 1)✳ ❚❤✉s✱ ❢r♦♠ t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧ts ❢♦r t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥✱ ✇❡

❣❡t

φ ∈ Lā(0, T ;w2,b̄(Ω)) →֒ Lā(0, T ;Lb̄n/(n−2b̄)(Ω)) = Lā(0, T ;L2ān/(ā(n−6)+4)(Ω)).

❚❤❡r❡❢♦r❡✱ t❛❦✐♥❣ ā = r✱ ✐t ❢♦❧❧♦✇s t❤❛t φ ∈ Lr(0, T ;L
2an

a(n−2)−8 (Ω)) ❛♥❞✱ ✐♥ ♦r❞❡r t♦ ❤❛✈❡

φ ∈ Lr(0, T ;Ls(Ω))✱ ✇❡ ♥❡❡❞
an

2a− 4
≤

2an

a(n− 2)− 8
,

✹✺



✇❤✐❝❤ ✐s tr✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ n ≤ 6✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ❣✉❛r❛♥t❡❡ ❜② ✭✶✳✾✵✮✱ ✭✶✳✶✵✵✮✱ ✭✶✳✶✵✸✮✱

✭✶✳✶✶✵✮✱ t❤❛t
∣∣∣∣
∫∫

S1×(0,T )

∂η

∂ν
w1 dσ dt

∣∣∣∣ ≤ C
(
α1||h||

2
L2(Od×(0,T )) + ||F ′′||∞||h||2

L2r′ (0,T ;L2s′ (Ω))
||φ||Lr(0,T ;Ls(Ω))

)

≤ C
(
1 + ||φ||Lr(0,T ;Ls(Ω))

)
||w1||2H1

≤ C
(
1 + ||y||L2(Q)

)
||w1||2H1

≤ C
(
1 + ||f ||L2(O×(0,T ))

)
||w1||2H1

,

✇❤✐❝❤ ♣r♦✈❡s ✭✶✳✶✵✽✮✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✶✳✶✵✼✮ ❛♥❞ ✭✶✳✶✵✽✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

D2
1J1(f ; v

1, v2) · (w1, w1) ≥ [µ1 − C1(1 + ||f ||L2(O×(0,T )))]||w
1||2H1

∀w1 ∈ H1. ✭✶✳✶✶✶✮

❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥♦t❤❡r ❝♦♥st❛♥t C2 > 0 s✉❝❤ t❤❛t

D2
2J2(f ; v

1, v2) · (w2, w2) ≥ [µ2 − C2(1 + ||f ||L2(O×(0,T )))]||w
2||2H2

∀w2 ∈ H2. ✭✶✳✶✶✷✮

◆♦t❡ t❤❛t t❤❡ ❝♦♥st❛♥ts Ci ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ µi (i = 1, 2)✳ ❍❡♥❝❡✱ ❢♦r µi ❧❛r❣❡ ❡♥♦✉❣❤✱

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t µi − Ci
(
1 + ||f ||L2(O×(0,T ))

)
✐s ❛ ♣♦s✐t✐✈❡ ♥✉♠❜❡r✱ v1 ✭r❡s♣✳ v2✮ ♠✐♥✐♠✐③❡s

J1(·, v
2) ✭r❡s♣✳ J2(v1, ·)✮ ❛♥❞ t❤❡ ♣❛✐r (v1, v2) ✐s ✐♥ ❢❛❝t ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✳

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

✶✳✸ ❍✐❡r❛r❝❤✐❝❛❧ ❝♦♥tr♦❧ ✇✐t❤ ❛ ❜♦✉♥❞❛r② ❧❡❛❞❡r ❛♥❞ t✇♦

❞✐str✐❜✉t❡❞ ❢♦❧❧♦✇❡rs

✶✳✸✳✶ ❚❤❡ ❧✐♥❡❛r ❝❛s❡

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✸✳ ❲❡ ✇✐❧❧ ❞♦ t❤✐s ✐♥ t❤❡ ♥❡①t tr❡❡ s❡❝t✐♦♥s✳

▲❡t ✉s s❡t z = p − p̄✱ ✇❤❡r❡ p ✐s t❤❡ s♦❧✉t✐♦♥s t♦ ✭✶✳✷✮ ❛♥❞ p̄ ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✵✮

✇✐t❤ F ≡ 0✳ ❚❤❡♥✱ z ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠




zt −∆z + a(x, t)z = u11O1 + u21O2 ✐♥ Q,

z = g1S ♦♥ Σ,

z(·, 0) = z0 ✐♥ Ω,

✭✶✳✶✶✸✮

✇❤❡r❡ z0 = p0 − p̄0✳ ❚❤✉s✱ ✭✶✳✶✷✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

z(·, T ) = 0 ✐♥ Ω. ✭✶✳✶✶✹✮

✹✻



❲❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧s Ki ✭i = 1, 2✮✱ ❣✐✈❡♥ ✐♥ ✭✶✳✽✮✱ ❛s ❢♦❧❧♦✇s✿

Ki(g; u
1, u2) :=

αi
2

∫∫

Σi,d

∣∣∣∣
∂z

∂ν
− zi,d

∣∣∣∣
2

ρi,d dσ dt+
µi
2

∫∫

Oi×(0,T )

|ui|2 dx dt, i = 1, 2,

✇❤❡r❡ zi,d = ζi,d − ∂p̄/∂ν✳

❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠

▲❡t g ∈ H3/2,3/4(S × (0, T )) ❜❡ ✜①❡❞✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ s♣❛❝❡s Hi = L2(Oi × (0, T ))

❛♥❞ H = H1 × H2✳ ❚❤❡♥✱ s✐♥❝❡ t❤❡ Ki ❛r❡ ❝♦♥✈❡①✱ ✭✶✳✾✮ ❛♥❞ ✭✶✳✶✾✮ ❛r❡ ❡q✉✐✈❛❧❡♥t ❛♥❞

(u1, u2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ Ki ✐❢ ❛♥❞ ♦♥❧② ✐❢

αi

∫∫

Σi,d

(
∂z

∂ν
− zi,d

)
∂ẑi

∂ν
ρi,d dσ dt+ µi

∫∫

Oi×(0,T )

uiûi dx dt = 0 ∀ûi ∈ Hi, ✭✶✳✶✶✺✮

✇❤❡r❡ ẑi s♦❧✈❡s 



ẑit −∆ẑi + a(x, t)ẑi = ûi1Oi
✐♥ Q,

ẑi = 0 ♦♥ Σ,

ẑi(·, 0) = 0 ✐♥ Ω.

✭✶✳✶✶✻✮

❇② ❬✺✷❪✱ ❢♦r ❡❛❝❤ ûi ∈ ❍i t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ẑi ∈ H2,1(Q) t♦ ✭✶✳✶✶✻✮✳ ▲❡t ✉s ❞❡✜♥❡

t❤❡ ♦♣❡r❛t♦rs Li : Hi → H2,1(Q)✱ ✇✐t❤ Li(ûi) = ẑi✱ ✇❤❡r❡ ẑi ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✶✻✮✳ ▲❡t

z̄ ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠




z̄t −∆z̄ + a(x, t)z̄ = 0 ✐♥ Q,

z̄ = g1S ♦♥ Σ,

z̄(·, 0) = z0 ✐♥ Ω.

❚❤❡♥ z = L1(u
1) + L2(u

2) + z̄ ❛♥❞✱ ❜② ✭✶✳✶✶✺✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

αi

∫∫

Σi,d

(
γ1(L1u

1 + L2u
2 + z̄)− zi,d

)
γ1(Li(û

i))ρi,d dσ dt+µi

∫∫

Oi×(0,T )

uiûi dx dt = 0 ∀ûi ∈ Hi,

✇❤❡r❡ γ1 ❞❡♥♦t❡s t❤❡ ♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ tr❛❝❡ ♦♣❡r❛t♦r✳

❯s✐♥❣ ❛r❣✉♠❡♥ts s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✶✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝❛♥ ❜❡ ❞❡❞✉❝❡❞✿

Pr♦♣♦s✐t✐♦♥ ✻ ■❢

µi − ||γ1||
2||Li||

2

(
3αi + α3−i

2

)
> 0, i = 1, 2,

t❤❡♥✱ ❢♦r ❡❛❝❤ g ∈ H3/2,3/4(S × (0, T ))✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (u1, u2)✳

■♥ ❛❞❞✐t✐♦♥ t♦ t❤✐s✱ ✇❡ ❤❛✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

||z||L2(0,T ;H2(Ω)) + ||zt||L2(Q) ≤ C
(
1 + ||g||H3/2,3/4(S×(0,T ))

)
, ✭✶✳✶✶✼✮

✇❤❡r❡ z ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✶✸✮✳

✹✼



❖♣t✐♠❛❧✐t② s②st❡♠

▲❡t g ∈ H3/2,3/4(S × (0, T )) ❜❡ ❣✐✈❡♥✱ ❧❡t (u1, u2) = (u1(g), u2(g)) ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞

◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❧❡t z ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✶✸✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡

❛❞❥♦✐♥t s②st❡♠s 



−φit −∆φi + a(x, t)φi = 0 ✐♥ Q,

φi = −αi

(
∂z

∂ν
− zi,d

)
ρi,d ♦♥ Σ,

φi(·, T ) = 0 ✐♥ Ω,

✭✶✳✶✶✽✮

✇❤❡r❡ ✭✶✳✶✶✽✮2 ✐s ♠♦t✐✈❛t❡❞ ❜② ✭✶✳✶✶✺✮✳ ❋r♦♠ ✭✶✳✶✶✺✮✱ ✭✶✳✶✶✻✮ ❛♥❞ ✭✶✳✶✶✽✮ ✇❡ ❤❛✈❡

∫∫

Oi×(0,T )

(
φi + µiu

i
)
ûi dx dt = 0 ∀ûi ∈ L2(Oi × (0, T )).

❍❡♥❝❡✱ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ✐❞❡♥t✐t✐❡s

ui = −
1

µi
φi
∣∣∣∣
Oi×(0,T )

✭✶✳✶✶✾✮

❛♥❞ t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠ ✐s




zt −∆z + a(x, t)z = −
2∑

i=1

1

µi
φi1Oi

✐♥ Q,

−φit −∆φi + a(x, t)φi = 0 ✐♥ Q,

z = g1S, φi = −αi

(
∂z

∂ν
− zi,d

)
ρi,d ♦♥ Σ,

z(·, 0) = z0, φi(·, T ) = 0 ✐♥ Ω.

✭✶✳✶✷✵✮

❙✐♥❝❡ z0 ∈ V ❛♥❞ g ∈ H3/2,3/4(S × (0, T ))✱ ✇❡ ❝❛♥ ♣r♦❝❡❡❞ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✹ ❛♥❞ ❡♥s✉r❡

t❤❛t s②st❡♠ ✭✶✳✶✷✵✮ ♣♦ss❡ss❡s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❝❧❛ss (z, φ1, φ2) ∈ H2,1(Q)× [W (Q)]2✳

◆✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

◆♦✇✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t ✭✶✳✶✷✵✮ ✐s ♥✉❧❧✲❝♦♥tr♦❧❧❛❜❧❡✳ ❚❤✐s ✇✐❧❧ ❛❝❤✐❡✈❡ t❤❡ ♣r♦♦❢ ♦❢

❚❤❡♦r❡♠ ✸✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ ❛ ❜♦✉♥❞❡❞ r❡❣✉❧❛r ❞♦♠❛✐♥ Ω̃✱ ✇✐t❤ ❜♦✉♥❞❛r② Γ̃ ♦❢ ❝❧❛ss C2✱ s✉❝❤ t❤❛t

Ω ⊂ Ω̃ ❛♥❞ Γ̃ ∩ Γ = Γ \ S✳ ▲❡t Q̃ = Ω̃ × (0, T ) ❜❡ ❛ ♥❡✇ ❝②❧✐♥❞❡r ✇✐t❤ ❧❛t❡r❛❧ ❜♦✉♥❞❛r②

Σ̃ = Γ̃× (0, T )✳ ❇② z̃0 ✇❡ ❞❡♥♦t❡ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ z0 t♦ Ω̃✳ ▲❡t O ❜❡ t❤❡ ♥♦♥❡♠♣t② ♦♣❡♥ s❡t

✹✽



s❛t✐s❢②✐♥❣ O ⊂⊂ Ω̃ \ Ω✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①t❡♥❞❡❞ s②st❡♠




z̃t −∆z̃ + a(x, t)z̃ = g̃1O −
2∑

i=1

1

µi
φ̃i1Oi

✐♥ Q̃,

−φ̃it −∆φ̃i + a(x, t)φ̃i = 0 ✐♥ Q̃,

z̃ = 0, φ̃i = −αi

(
∂z̃

∂ν
− zi,d

)
ρi,d ♦♥ Σ̃,

z̃(·, 0) = z̃0, φ̃i(·, T ) = 0 ✐♥ Ω̃,

✭✶✳✶✷✶✮

✇❤❡r❡ g̃ ∈ L2(O× (0, T ))✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥tr♦❧ g̃ ∈ L2(O× (0, T )) s✉❝❤

t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✷✶✮ s❛t✐s❢② ✭✶✳✶✶✹✮ ✐♥ Ω̃✳

❆s ✐♥ ❙❡❝t✐♦♥ ✸✳✶✾✱ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✶✳✶✷✶✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛♥ ♦❜s❡r✈❛❜✐❧✐t②

✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ❛❞❥♦✐♥t s②st❡♠




−ψ̃t −∆ψ̃ + a(x, t)ψ̃ = 0 ✐♥ Q̃,

γ̃it −∆γ̃i + a(x, t)γ̃i =
1

µi
ψ̃1Oi

✐♥ Q̃,

ψ̃ =
2∑

i=1

αi
∂γ̃i

∂ν
ρi,d, γ̃i = 0 ♦♥ Σ̃,

ψ̃(·, T ) = ψ̃T , γ̃i(·, 0) = 0 ✐♥ Ω̃.

✭✶✳✶✷✷✮

❋♦r ❛♥② ψ̃T ∈ L2(Ω̃)✱ t❤✐s s②st❡♠ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❝❧❛ss (ψ̃, γ̃1, γ̃2) ∈ W (Q̃) ×

[H2,1(Q)]2 ❛♥❞ t❤❡ ❞❡s✐r❡❞ ❡st✐♠❛t❡ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✼ ❙✉♣♣♦s❡ t❤❛t Γi,d ∩ S = ∅✳ ❚❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t C > 0 ❛♥❞ ❛ ✇❡✐❣❤t

❢✉♥❝t✐♦♥ ρ̄ = ρ̄(t)✱ s✉❝❤ t❤❛t

||ψ̃(0)||2
L2(Ω̃)

+
2∑

i=1

∫∫

Σi,d

ρ̄2
∣∣∣∣
∂γ̃i

∂ν

∣∣∣∣
2

dσ dt ≤

∫∫

O×(0,T )

|ψ̃|2 dx dt ✭✶✳✶✷✸✮

❢♦r ❛❧❧ ψ̃T ∈ L2(Ω̃) ✇❤❡r❡ (ψ̃, γ̃1, γ̃2) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✷✷✮ ❛ss♦❝✐❛t❡❞ t♦ ψ̃T ✳

❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼ ❛♥❞ ❛r❣✉✐♥❣ ❛s ✐♥ t❤❡ ❙❡❝t✐♦♥ ✶✳✷✳✶✱ ✇❡ ❞❡❞✉❝❡ t❤❡

❞❡s✐r❡❞ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧t ❢♦r ✭✶✳✶✷✶✮✳ ❚❤❡♥✱ t❛❦✐♥❣ g = z̃
∣∣
S×(0,T )

, ✇❡ ❤❛✈❡ t❤❛t

g ∈ H3/2,3/4(S × (0, T )) ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ (z, φ1, φ2) ♦❢ t❤❡ s②st❡♠ ✭✶✳✶✷✵✮

✈❡r✐✜❡s z(·, T ) = 0✳

❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✸✱ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✼✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳

▲❡t ✉s ❝♦♥s✐❞❡r ω ⊂ O ❛ ♥♦♥❡♠♣t② ♦♣❡♥ s❡t ❛♥❞ ❛ ❢✉♥❝t✐♦♥ η0 ∈ C2(Ω̃) s✉❝❤ t❤❛t

η0 > 0 ✐♥ Ω̃, η0 = 0 ♦♥ Γ̃, |∇η0| > 0 ✐♥ Ω̃\ω.

✹✾



❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ η0 ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✸✹❪✳❚❤❡♥✱ ✇❡ ❞❡✜♥❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s

α = α(x, t) ❛♥❞ ϕ = ϕ(x, t) ❛s ✐♥ ✭✶✳✹✹✮✱ ✇✐t❤ (x, t) ∈ Q̃✳ ▲❡t ✉s ❛❧s♦ ✇r✐t❡✿

Ĩ1(π) :=

∫∫

Q̃

(s−1ϕ−1|∇π|2 + sλ2ϕ|π|2)e2sα dx dt

❛♥❞

Ĩ2(π) :=

∫∫

Q̃

[
s−1ϕ−1(|πt|

2 + |∆π|2) + sλ2ϕ|∇π|2 + s3λ4ϕ3|ψ|2
]
e2sα dx dt.

❆♣♣❧②✐♥❣ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ✐♥ ❬✹✵❪ t♦ t❤❡ ❡q✉❛t✐♦♥ s❛t✐s✜❡❞ ❜② ψ̃✱ ✇❡ ♦❜t❛✐♥

I1(ψ̃) ≤ C

{
s−1/2

2∑

i=1

∣∣∣∣
∣∣∣∣ϕ

−1/4esα
∂γ̃i

∂ν
ρi,d

∣∣∣∣
∣∣∣∣
2

H1/2,1/4(Σi,d)

+ s

∫∫

ω×(0,T )

ϕ e2sα |ψ̃|2 dx dt

}
✭✶✳✶✷✹✮

❛♥❞ ❜② ❬✸✹❪✱ ✇❡ ❤❛✈❡ ❢♦r γ̃i

I2(γ̃
i) ≤ C

{
1

µi

∫∫

Q

e2sα|ψ̃|2 dx dt+ s3λ4
∫∫

ω×(0,T )

ϕ3e2sα|γ̃i|2 dx dt

}
. ✭✶✳✶✷✺✮

▲❡t ✉s s❡t ❛ ❢✉♥❝t✐♦♥ ζ̃ ∈ C2(Ω̃)✱ ✇✐t❤

ζ̃ = 1 ✐♥ ω ❛♥❞ ζ̃ = 0 ✐♥ Ω̃ \ O.

❚❤❡♥✱ γ̂i := ζ̃ γ̃i ✐s t❤❡ s♦❧✉t✐♦♥ t♦ s②st❡♠




γ̂it −∆γ̂i + a(x, t)γ̂i = ∇ζ̃ · ∇γ̃i − γ̃i∆ζ̃ ✐♥ Q̃,

γ̂i = 0 ♦♥ Σ̃,

γ̂i(·, 0) = 0 ✐♥ Ω̃

❛♥❞✱ ❢r♦♠ ❡♥❡r❣② ✐♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t

||γ̂i||C0([0,T ]×ω) = 0,

t❤❡♥✱ s✐♥❝❡ t❤❛t γ̃i = γ̂i ✐♥ ω✱ ✇❡ s❡❡ t❤❛t ❧❛st ✐♥t❡❣r❛❧ ✐♥ ✭✶✳✶✷✺✮ ✐s ③❡r♦✳

Pr♦❝❡❡❞✐♥❣ ❛s ✐♥ ❬✸✾❪✱ ✇❡ ❤❛✈❡

s−1/2

∣∣∣∣
∣∣∣∣ϕ

−1/4esα
∂γ̃i

∂ν
ρi,d

∣∣∣∣
∣∣∣∣
2

H1/2,1/4(Σi,d)

≤ C

{
C1

µ2
i

s−1/2

∫∫

Q̃

ϕ−1/2e2sα |ψ̃|2 dx dt+ s3/2
∫∫

Q̃

ϕ2e2sα |γ̃i|2 dx dt

}
.

✭✶✳✶✷✻✮

❚❤✉s✱ ❛r❣✉✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶✱ ❢♦r µi ❧❛r❣❡ ❡♥♦✉❣❤ ✇❡ ❣❡t ❛ ❝♦♥st❛♥t C > 0

s✉❝❤ t❤❛t

||ψ̃(0)||2
L2(Ω̃)

+
2∑

i=1

∫∫

Σi,d

ϕ̄−1/4e2sα̂
∣∣∣∣
∂γ̃i

∂ν

∣∣∣∣
2

dσ dt ≤ C

∫∫

ω×(0,T )

ϕ̄ e2sᾱ |ψ̃|2 dx dt, ✭✶✳✶✷✼✮

✺✵



✇❤❡r❡ ᾱ✱ ϕ̄ ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✶✳✺✷✮✱ ❛♥❞ α̂(t) = min{ᾱ(x, t) : x ∈ Ω̃} ❢♦r ❛❧❧ t ∈ (0, T )✳ ❙♦✱ t❤❡

✐♥❡q✉❛❧✐t② ✭✶✳✶✷✸✮ ❢♦❧❧♦✇s ❢r♦♠ ✭✶✳✶✷✼✮ ✇✐t❤ ρ̄(t) = ϕ̄−1/4e−sα̂(t) ❢♦r ❛❧❧ t ∈ (0, T ). ❚❤✐s ❡♥❞s

t❤❡ ♣r♦♦❢✳

✶✳✸✳✷ ❚❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❚❤❡♦r❡♠ ✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✳ ❚❤❡ ♣r♦♦❢s ❢♦❧❧♦✇ t❤❡ s❛♠❡

✐❞❡❛s ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✷✳

❙❡♠✐❧✐♥❡❛r ♦♣t✐♠❛❧✐t② s②st❡♠

❲❡ ✇✐❧❧ ♦❜t❛✐♥ ❛ s❡♠✐❧✐♥❡❛r ♦♣t✐♠❛❧✐t② s②st❡♠ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ◆❛s❤ q✉❛s✐✲

❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧s Ki✳ ❆ ♣❛✐r (u1, u2) ∈ H ✐s ❛ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞

♦♥❧② ✐❢ s❛t✐s✜❡s ✭✶✳✶✾✮✱ t❤❛t ✐s✱

αi

∫∫

Σi,d

(
∂p

∂ν
− ζi,d

)
∂p̂i

∂ν
ρi,d dσ dt+ µi

∫∫

Oi×(0,T )

uiûi dx dt = 0 ∀ûi ∈ Hi, ✭✶✳✶✷✽✮

✇❤❡r❡ p̂i ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠




p̂it −∆p̂i + a(x, t)p̂i = F ′(p)p̂i + ûi1Oi
✐♥ Q,

p̂i = 0 ♦♥ Σ,

p̂i(·, 0) = 0 ✐♥ Ω.

✭✶✳✶✷✾✮

▼♦t✐✈❛t❡❞ ❜② ✭✶✳✶✷✽✮✱ ✇❡ ❞❡✜♥❡ t❤❡ ❛❞❥♦✐♥t s②st❡♠s ❢♦r ✭✶✳✶✷✾✮ ❛s ❢♦❧❧♦✇s✿




−φit −∆φi + a(x, t)φi = F ′(p)φi ✐♥ Q,

φi = −αi

(
∂p

∂ν
− ζi,d

)
ρi,d ♦♥ Σ,

φi(·, T ) = 0 ✐♥ Ω.

✭✶✳✶✸✵✮

❇② ✭✶✳✶✷✽✮✱ ✭✶✳✶✷✾✮ ❛♥❞ ✭✶✳✶✸✵✮ ✇❡ ❞❡❞✉❝❡ t❤❛t

∫∫

Oi×(0,T )

(
φi + µiu

i
)
ûi dx dt = 0 ∀û ∈ Hi. ✭✶✳✶✸✶✮

❚❤✐s ❢✉r♥✐s❤❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠✿

ui = −
1

µi
φi
∣∣∣∣
Oi×(0,T )

, i = 1, 2. ✭✶✳✶✸✷✮

✺✶



❚❤❡r❡❢♦r❡✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣t✐♠❛❧✐t② s②st❡♠✿




pt −∆p+ a(x, t)p = F (p)−
2∑

i=1

1

µi
φiOi

✐♥ Q,

−φit −∆φi + a(x, t)φi = F ′(p)φi ✐♥ Q,

p = g1S, φi = −αi

(
∂p

∂ν
− ζi,d

)
ρi,d ♦♥ Σ,

p(·, 0) = p0, φi(·, T ) = 0 ✐♥ Ω.

✭✶✳✶✸✸✮

❙❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹

❚♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✹✱ ✇❡ ✉s❡ ❛❣❛✐♥ t❤❡ ✐❞❡❛s ✐♥ ❬✸❪✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s

z = p − p̄✱ ✇❤❡r❡ p ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✷✮ ❛♥❞ p̄ ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✵✮✱ ✇❡ ❝❛♥ r❡✇r✐t❡

✭✶✳✶✸✸✮ ❛s ❢♦❧❧♦✇s✿




zt −∆z + a(x, t)z = G(x, t; z)z −
2∑

i=1

1

µi
φiOi

✐♥ Q,

−φit −∆φi + a(x, t)φi = F ′(z + p̄)φi ✐♥ Q,

z = g1S, φi = −αi

(
∂z

∂ν
− zi,d

)
ρi,d ♦♥ Σ,

z(·, 0) = z0, φi(·, T ) = 0 ✐♥ Ω,

✭✶✳✶✸✹✮

✇❤❡r❡ z0 = p0 − p̄0✱ zi,d = ζi,d − ∂p̄/∂ν✱ ❛♥❞

G(x, t; z) :=

∫ 1

0

(F ′(p̄) + τz) dτ.

❋♦r ❡❛❝❤ z ∈ L2(Q) ❛♥❞ ❡❛❝❤ g ∈ H3/2,3/4(S × (0, T ))✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r s②st❡♠




wt −∆w + a(x, t)w = G(x, t; z)w −
2∑

i=1

1

µi
φiOi

✐♥ Q,

−φit −∆φi + a(x, t)φi = F ′(z + p̄)φi ✐♥ Q,

w = g1S, φi = −αi

(
∂w

∂ν
− zi,d

)
ρi,d ♦♥ Σ,

w(·, 0) = z0, φi(·, T ) = 0 ✐♥ Ω.

✭✶✳✶✸✺✮

❙✐♥❝❡ F ∈ W 1,∞(R)✱ t❤❡r❡ ❡①✐sts M > 0 s✉❝❤ t❤❛t

|G(x, t; s)|+ |F (s)| ≤M, ∀(x, t, s) ∈ Q× R. ✭✶✳✶✸✻✮

▲❡t ✉s ✜① z ❛♥❞ ❧❡t ✉s ❞❡♥♦t❡ ❜② (wz, φ
1
z, φ

2
z) t❤❡ ❛ss♦❝✐❛t❡❞ s♦❧✉t✐♦♥ t♦ ✭✶✳✶✸✺✮✳ ❇② ✭✶✳✶✶✼✮✱

t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

||wz||L2(0,T ;H2(Ω)) + ||wz,t||L2(Q) ≤
(
1 + ||g||H3/2,3/4(S×(0,T ))

)
. ✭✶✳✶✸✼✮

✺✷



◆♦✇✱ ❛s ✐♥ t❤❡ ❧✐♥❡❛r ❝❛s❡✱ ✇❡ ❝❛♥ ❡①t❡♥❞ t❤❡ s②st❡♠ ✭✶✳✶✸✺✮✳ ❚❤✐s ✇❛②✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣

s②st❡♠✿




w̃z,t −∆w̃z + ã(x, t)w̃z = G̃(x, t; z)w̃z −
2∑

i=1

1

µi
φiOi

+ g̃1O ✐♥ Q̃,

−φ̃it −∆φ̃i + a(x, t)φ̃i = F ′(z + p̄)φ̃i ✐♥ Q̃,

w̃z = 0, φ̃i = −αi

(
∂wz
∂ν

− zi,d

)
ρi,d ♦♥ Σ̃,

w̃z(·, 0) = z̃0, φ̃i(·, T ) = 0 ✐♥ Ω̃.

✭✶✳✶✸✽✮

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❥♦✐♥t s②st❡♠✿




−ψ̃z,t −∆ψ̃z + ã(x, t)ψ̃z = G̃(x, t; z)ψ̃z ✐♥ Q̃,

γ̃iz,t −∆γ̃iz + a(x, t)γ̃iz = F ′(z + p̄)γ̃iz +
1

µi
ψ̃z1Oi

✐♥ Q̃,

ψ̃z =
2∑

i=1

αi
∂γiz
∂ν

ρi,d, γ̃iz = 0 ♦♥ Σ̃,

ψ̃z(·, T ) = ψ̃Tz , γ̃iz(·, 0) = 0 ✐♥ Ω̃.

✭✶✳✶✸✾✮

❚❤❡♥✱ ❜② ✭✶✳✶✸✽✮ ❛♥❞ ✭✶✳✶✸✾✮✱ ✇❡ ❤❛✈❡

(w̃z(T ), ψ̃
T
z )− (z̃0, ψ̃z(0))−

2∑

i=1

αi

∫∫

Σi,d

zi,d
∂γiz
∂ν

ρi,d dσ dt =

∫∫

O×(0,T )

g̃ ψ̃z dx dt,

❛♥❞ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt② ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r ❡❛❝❤ z0✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥tr♦❧

g̃ ∈ L2(O × (0, T )) s✉❝❤ t❤❛t

−(z̃0, ψ̃z(0))−
2∑

i=1

αi

∫∫

Σi,d

zi,d
∂γiz
∂ν

ρi,d dσ dt =

∫∫

O×(0,T )

ψ̃zf dx dt ∀ψ̃Tz ∈ L2(Ω̃).

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦♦❢ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ✜♥❛❧ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳ ❋♦r

❜r❡✈✐t②✱ ✐t ✇✐❧❧ ❜❡ ♦♠✐tt❡❞✳

❊q✉✐❧✐❜r✐❛ ❛♥❞ q✉❛s✐✲❡q✉✐❧✐❜r✐❛ ✇✐t❤ ❞✐str✐❜✉t❡❞ ❢♦❧❧♦✇❡rs

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✷✱ ✇❡ ✇✐❧❧ ❢♦❧❧♦✇ t❤❡ ✐❞❡❛s ♦❢ t❤❡ ❙❡❝t✐♦♥ ✶✳✷✳✷✳

▲❡t ✉s ❛ss✉♠❡ F ∈ W 2,∞(R)✱ ❧❡t g ❜❡ t❤❡ ❧❡❛❞❡r ❝♦♥tr♦❧ ❛♥❞ (u1, u2) t❤❡ ❛ss♦❝✐❛t❡❞ ◆❛s❤

q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ♣❛✐r✳ ❋♦r ❛❧❧ w1 ∈ H1 ❛♥❞ s ∈ R✱ ✇❡ ❞❡♥♦t❡ ❜② ps t❤❡ s♦❧✉t✐♦♥ t♦




pst −∆ps + a(x, t)ps = F (ps) + (u1 + sw1)1O1 + u21O2 ✐♥ Q,

ps = g1S ♦♥ Σ,

ps(·, 0) = p0 ✐♥ Ω,

✭✶✳✶✹✵✮

✺✸



❛♥❞ ✇❡ s❡t p := ps
∣∣
s=0

✳ ❋♦r ❛❧❧ w2 ∈ H1 ✇❡ ❤❛✈❡

D1K1(g; u
1 + sw1, u2) · w2 −D1K1(g; u

1, u2) · w2

= α1

∫∫

Σ1,d

(
∂ps

∂ν
− ζ1,d

)
∂qs

∂ν
ρi,d dσ dt− α1

∫∫

Σ1,d

(
∂p

∂ν
− ζ1,d

)
∂q

∂ν
ρi,d dσ dt

+α1

∫∫

O1×(0,T )

w1w2 dx dt,

✭✶✳✶✹✶✮

✇❤❡r❡ qs✱ ✇✐t❤ q := qs
∣∣
s=0

✱ ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠





qst −∆qs + a(x, t)qs = F ′(ps)qs + w21O1 ✐♥ Q,

qs = 0 ♦♥ Σ,

qs(·, 0) = 0 ✐♥ Ω.

✭✶✳✶✹✷✮

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❛ss♦❝✐❛t❡❞ ❛❞❥♦✐♥t s②st❡♠✿




−φst −∆φs + a(x, t)φs = F ′(ps)φs ✐♥ Q,

φs = −α1

(
∂ps

∂ν
− ζ1,d

)
ρi,d ♦♥ Σ,

φs(·, T ) = 0 ✐♥ Ω,

✭✶✳✶✹✸✮

✇❤❡r❡ ✇❡ ❛❧s♦ s❡t φ := φ
∣∣
s=0

✳ ❚❤❡♥✱ ❜② ✭✶✳✶✹✶✮✱ ✭✶✳✶✹✷✮ ❛♥❞ ✭✶✳✶✹✸✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

α1

∫∫

Σ1,d

(
∂ps

∂ν
− ζ1,d

)
∂qs

∂ν
ρi,d dσ dt =

∫∫

O1×(0,T )

φsw2 dx dt. ✭✶✳✶✹✹✮

❍❡♥❝❡ s✉❜st✐t✉t✐♥❣ ✭✶✳✶✹✹✮ ✐♥ ✭✶✳✶✹✶✮✱ ✇❡ ❤❛✈❡

D1K1(g; u
1 + sw1, u2) · w2 −D1K1(g; u

1, u2) · w2

=

∫∫

O1×(0,T )

(φs − φ)w2 dx dt+ µ1s

∫∫

O1×(0,T )

w1w2 dx dt.
✭✶✳✶✹✺✮

◆♦t❡ t❤❛t

−(φs − φ)t −∆(φs − φ) + a(x, t)(φs − φ) = [F ′(ps)− F ′(p)]φs + F ′(p)(φs − φ)

❛♥❞

(φs − φ)
∣∣
Σ
= −α1

(
∂ps

∂ν
−
∂p

∂ν

)
ρi,d.

❚❤❡r❡❢♦r❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♠✐ts ❡①✐st✿

h = lim
s→0

1

s
(ps − p), η = lim

s→0

1

s
(φs − φ)

✺✹



❛♥❞ t❤❡ ❝♦✉♣❧❡ (h, η) s♦❧✈❡s t❤❡ s②st❡♠





ht −∆h+ a(x, t)h = F ′(p)h+ w11O1 ✐♥ Q,

−ηt −∆η + a(x, t)η = F ′′(p)hφ+ F ′(p)η ✐♥ Q,

h = 0, η = −α1
∂h

∂ν
ρi,d ♦♥ Σ,

h(·, 0) = 0, η(·, T ) = 0 ✐♥ Ω.

✭✶✳✶✹✻✮

❚❤✉s✱ ❜② ✭✶✳✶✹✺✮ ❛♥❞ ✭✶✳✶✹✻✮✱ ✇❡ s❡❡ t❤❛t

D2
1K1(g; u

1, u2) · (w1, w2) =

∫∫

O1×(0,T )

η w2 dx dt+ µ1

∫∫

O1×(0,T )

w1w2 dx dt ∀w2 ∈ H1

❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛❧❧ w1 ∈ H1✱ ✇❡ ❤❛✈❡

D2
1K1(g; u

1, u2) · (w1, w1) =

∫∫

O1×(0,T )

η w1 dx dt+ µ1

∫∫

O1×(0,T )

|w1|2 dx dt. ✭✶✳✶✹✼✮

❇② ♠✉❧t✐♣❧②✐♥❣ (1.146)1 ❜② η ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐♥ Q✱ ✉s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❣❡t

∫∫

O1×(0,T )

ηw1dxdt =

∫∫

Q

F ′′(p)h2φdxdt+ α1

∫∫

Σ1,d

∣∣∣∣
∂h

∂ν

∣∣∣∣
2

dxdt. ✭✶✳✶✹✽✮

❆r❣✉✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✭✶✳✶✵✽✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t✱ ✐❢ n ≤ 6✱ t❤❡r❡ ❡①✐st C > 0 s✉❝❤ t❤❛t
∣∣∣∣
∫∫

O1×(0,T )

η w1 dx dt

∣∣∣∣ ≤ C
(
1 + ||g||2

H
3
2 , 34 (S×(0,T ))

)
||w1||2

H1
. ✭✶✳✶✹✾✮

❚❤✐s ✇❛②✱ ❢r♦♠ ✭✶✳✶✹✼✮ ❛♥❞ ✭✶✳✶✹✾✮✱ ♦♥❡ ❛❧s♦ ❤❛s

D2
1K1(g; u

1, u2) · (w1, w1) ≥
[
µ1 − C

(
1 + ||g||

H
3
2 , 34 (S×(0,T ))

)]
||w1||2

H1
∀w1 ∈ H1.

❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ❣❡t

D2
2K2(g; u

1, u2) · (w2, w2) ≥
[
µ2 − C

(
1 + ||g||

H
3
2 , 34 (S×(0,T ))

)]
||w2||2

H2
∀w2 ∈ H2.

■♥ ❜♦t❤ ✐♥❡q✉❛❧✐t✐❡s✱ t❤❡ ❝♦♥st❛♥t C > 0 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ µi✳ ❚❤❡♥✱ t❛❦✐♥❣ µi ❧❛r❣❡ ❡♥♦✉❣❤✱

✇❡ ❣❡t ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

D2
iKi(g; u

1, u2) · (wi, wi) ≥ C ||wi||2
Hi

∀wi ∈ Hi.

❲❡ ❞❡❞✉❝❡ ❛t ♦♥❝❡ t❤❛t (u1, u2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧s Ki ❛♥❞ t❤✐s ❡♥❞s

t❤❡ ♣r♦♦❢✳

✺✺



✶✳✹ ❋✐♥❛❧ ❝♦♠♠❡♥ts

✶✳✹✳✶ ❚❤❡ ❝❛s❡ ✇❤❡r❡ ❛❧❧ ❝♦♥tr♦❧s ❛r❡ ♦♥ t❤❡ ❜♦✉♥❞❛r②

❚❤❡ t❤✐r❞ s✐t✉❛t✐♦♥ t❤❛t ✇❡ ❝❛♥ ❛♥❛❧②③❡ ❝♦rr❡s♣♦♥❞s t♦ t❛❦❡ ❛❧❧ t❤❡ ❝♦♥tr♦❧s ✭t❤❡ ❧❡❛❞❡r

❛♥❞ t❤❡ ❢♦❧❧♦✇❡rs✮ ♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ❚❤✉s✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r s②st❡♠




zt −∆z + a(x, t)z = 0 ✐♥ Q,

z = v1S + v11S1 + v21S2 ♦♥ Σ,

z(·, 0) = z0 ✐♥ Ω,

✭✶✳✶✺✵✮

✇❤❡r❡ S, S1, S2 ∈ Γ ❛r❡ ♥♦♥✲❡♠♣t② ❝❧♦s❡❞ ❛♥❞ ❞✐s❥♦✐♥ts s✉❜s❡ts✳ ❲❡ ❝❛♥ ✐♥tr♦❞✉❝❡ ❝♦st

❢✉♥❝t✐♦♥❛❧s ❛s ✐♥ ✭✶✳✸✮✳ ❚❤❡♥✱ ❛r❣✉✐♥❣ ❛s ✐♥ ❙❡❝t✐♦♥s ✶✳✷✳✶ ❛♥❞ ✶✳✸✳✶✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡

❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r ❡❛❝❤ ❧❡❛❞❡r ♣r♦✈✐❞❡❞ µ1 ❛❞ µ2 ❧❛r❣❡

❡♥♦✉❣❤✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❣❡t t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠




zt −∆z + a(x, t)z = 0 ✐♥ Q,

−φit −∆φi + a(x, t)φi = αi(z − zi,d)1Oi,d
✐♥ Q,

z = v1S +
2∑

i=1

1

µi

∂φi

∂ν
ρi, φi = 0 ♦♥ Σ,

z(·, 0) = z0, φi(·, T ) = 0 ✐♥ Ω,

✭✶✳✶✺✶✮

✇❤♦s❡ ❛❞❥♦✐♥t ✐s ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿




−ψt −∆ψ + a(x, t)ψ =
2∑

i=1

αiγ
i1Oi,d

✐♥ Q,

γit −∆γi + a(x, t)γi = 0 ✐♥ Q,

ψ = 0, γi =
1

µi

∂ψ

∂ν
ρi ♦♥ Σ,

ψ(·, T ) = ψT , γi(·, 0) = 0 ✐♥ Ω.

✭✶✳✶✺✷✮

❈♦♥s✐❞❡r✐♥❣ ❝♦st ❢✉♥❝t✐♦♥❛❧s ❛s ✐♥ ✭✶✳✽✮✱ ✇❡ ♦❜t❛✐♥ ❛ s✐♠✐❧❛r s②st❡♠✳ ❍♦✇❡✈❡r✱ ✐♥ ❜♦t❤ ❝❛s❡s✱

✇❡ ✜♥❞ ❛ ♥♦♥tr✐✈✐❛❧ ❞✐✣❝✉❧t② t♦ ♦❜t❛✐♥ t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t② ✭t❤✐s ❞✐✣❝✉❧t② ❛♣♣❡❛rs

✇❤❡♥ ✇❡ tr② t♦ ❝♦♠❜✐♥❡ t❤❡ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t✐❡s ❢♦r ψ ❛♥❞ h = α1γ
1+α2γ

2✮✳ ❆❝❝♦r❞✐♥❣❧②✱

t❤❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✶✳✶✺✶✮ ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥✳

✶✳✹✳✷ ❚❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ µi

■♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥s ✸ ❛♥❞ ✻✱ ✇❡ ❛ss✉♠❡❞ t❤❛t t❤❡ µi ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤✐s

❛ss✉♠♣t✐♦♥ ❛❧❧♦✇❡❞ t♦ ❝♦♥❝❧✉❞❡ t❤❡ r❡s✉❧ts t❤❛♥❦s t♦ ▲❛①✲▼✐❧❣r❛♠✬s ❚❤❡♦r❡♠✳ ❍♦✇❡✈❡r✱ ✇❡

✺✻



❝❛♥ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤♦✉t ✉s✐♥❣ ▲❛①✲▼✐❧❣r❛♠✬s

❚❤❡♦r❡♠✳

❋♦r ✐♥st❛♥❝❡✱ ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t ❛ s❡q✉❡♥❝❡ {µn} ❡①✐sts ✇✐t❤

µ1 ≥ µ2 ≥ · · · ≥ µn ≥ · · · , µn > 0 ❢♦r ❛❧❧ n, µn → 0

s✉❝❤ t❤❛t✱ ❢♦r µ1 = µ2 = µ ❛♥❞ µ 6= µn ❢♦r ❛❧❧ n✱ ✇❡ ❝❛♥ ❛ss✐❣♥ t♦ ❛♥② ❧❡❛❞❡r ❝♦♥tr♦❧ ❡①❛❝t❧②

♦♥❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♣❛✐r✳

❆♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥ r❡♠❛✐♥s✿ ❝❛♥ ✇❡ ♣r♦✈❡ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞

s②st❡♠ ❢♦r t❤❡s❡ µi❄ ❚❤✐s ✇✐❧❧ ❜❡ ❛♥❛❧②③❡❞ ✐♥ ❛ ❢♦rt❤❝♦♠✐♥❣ ♣❛♣❡r✳

✶✳✹✳✸ ❚❤❡ ❤②♣♦t❤❡s❡s ♦♥ t❤❡ Oi,d ❛♥❞ Γi,d

■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❤❛✈❡ ✉s❡❞ ✭✸✳✽✮ ❛♥❞ ✭✸✳✾✮ ✐♥ ❚❤❡♦r❡♠ ✶ ♦♥❧② ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦✲

♣♦s✐t✐♦♥ ✶✶ t♦ ❛❧❧♦✇ ❢♦r t❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t✐❡s ❢♦r ψ ❛♥❞ h =

α1γ1 + α2γ2✱ ✐♥ t❤❡ ✜rst ❝❛s❡✱ ❛♥❞ t❤❡ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t✐❡s ❢♦r ψ ❛♥❞ γi ✐♥ t❤❡ s❡❝♦♥❞ ♦♥❡✳

❆ q✉❡st✐♦♥ t❤❛t r❡♠❛✐♥s ✉♥❦♥♦✇♥ ✐s ✇❡t❤❡r ✭✶✳✶✮✐s ♥✉❧❧✲❝♦♥tr♦❧❧❛❜❧❡ ✇❤❡♥ ✇❡ ❛ss✉♠❡ t❤❛t

O1,d 6= O2,d ❛♥❞ O1,d ∩ O = O2,d ∩ O✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❤②♣♦t❤❡s✐s Γi,d ∩ S = ∅✱ i = 1, 2✱ ✇❛s ✉s❡❞ ♦♥❧② ✐♥ t❤❡ ♣r♦♦❢

♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳ ❚❤❡r❡❢♦r❡✱ ❛♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ♦♣❡♥ q✉❡st✐♦♥ ❝♦♥❝❡r♥s t❤❡ ❝❛s❡ ✇❤❡r❡

Γi,d ∩ S 6= ∅✱ i = 1 ♦r i = 2✳

✶✳✹✳✹ ❍✐❡r❛r❝❤✐❝❛❧ ❝♦♥tr♦❧ ♦❢ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥

■t ♠❛❦❡s s❡♥s❡ t♦ ❝♦♥s✐❞❡r ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠s ❢♦r t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥✳

❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ s②st❡♠




ztt −∆z + a(x, t)z = f1O + v11O1 + v21O2 ✐♥ Q,

z = 0 ♦♥ Σ,

z(·, 0) = z0, zt(·, 0) = z1 ✐♥ Ω.

✭✶✳✶✺✸✮

✇❤❡r❡ t❤❡ O, O1, O2 ⊂ Ω ❛r❡ ♥♦♥❡♠♣t② ❞✐s❥♦✐♥t ♦♣❡♥ s❡ts✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s❡❝♦♥❞❛r②

❝♦st ❢✉♥❝t✐♦♥❛❧s

Pi(f ; v
1, v2) :=

αi
2

∫∫

Oi,d×(0,T )

|z − zi,d|
2 dx dt+

µi
2

∫∫

Oi×(0,T )

|v|2 dx dt, i = 1, 2,

❛♥❞ t❤❡ ♠❛✐♥ ❢✉♥❝t✐♦♥❛❧

P (f) :=
1

2

∫∫

O×(0,T )

|f |2 dx dt,

✺✼



✇❤❡r❡ t❤❡ Oi,d ⊂ Ω ❛r❡ ♥♦♥❡♠♣t② ♦♣❡♥ s❡ts ❛♥❞ t❤❡ zi,d ∈ L2(Oi,d)✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ❛♥

❛♣♣r♦♣r✐❛t❡ ♣r♦❜❧❡♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❢♦r ❛♥② ♣r❡s❝r✐❜❡❞ (z1, z2) ❛♥❞ (w1, w2) ✐♥ ❛♣♣r♦♣r✐❛t❡

s♣❛❝❡s✱ ❢♦r ❡❛❝❤ ❧❡❛❞❡r f ✱ ✇❡ ❧♦♦❦ ❢♦r ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (v1, v2) ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❢✉♥❝t✐♦♥❛❧s

Pi❀ t❤❡♥✱ ✇❡ tr② t♦ ✜♥❞ ❛ ❝♦♥tr♦❧ f ∈ L2(O × (0, T )) s✉❝❤ t❤❛t

P (f) = min
f̂
P (f),

s✉❜❥❡❝t t♦

z(·, T ) = w1, zt(·, T ) = w2 ✐♥ Ω.

❆r❣✉✐♥❣ ❛s ✐♥ ❙❡❝t✐♦♥s ✶✳✷✳✶ ❛♥❞ ✶✳✸✳✶✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣t✐♠❛❧✐t② s②st❡♠✿




ztt −∆z + a(x, t)z = f1O −
2∑

i=1

1

µi
φi1Oi

✐♥ Q,

φitt −∆φi + a(x, t)φi = αi(z − zi,d)1Oi,d
✐♥ Q,

z = 0, φi = 0 ♦♥ Σ,

z(·, 0) = z0, zt(·, 0) = z1, φi(·, T ) = 0, φit(·, T ) = 0 ✐♥ Ω.

✭✶✳✶✺✹✮

❚❤❡ ❛ss♦❝✐❛t❡❞ ❛❞❥♦✐♥t s②st❡♠ ✐s




ψtt −∆ψ + a(x, t)ψ =
2∑

i=1

αiγ
i1Oi,d

✐♥ Q,

γitt −∆γi + a(x, t)γi = −
1

µi
ψ1Oi

✐♥ Q,

z = 0, φi = 0 ♦♥ Σ,

ψ(·, T ) = ψT , ψt(·, T ) = ψT1 , γ
i(·, 0) = 0, γit(·, 0) = 0 ✐♥ Ω.

✭✶✳✶✺✺✮

❚❤✉s✱ t❤❡ t❛s❦s ❛r❡ ✐♥ t❤✐s ❝❛s❡ t♦ ♣r♦✈❡ ❛♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ❢♦r ✭✶✳✶✺✹✮ ❛♥❞ ❛♥

♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t② ❢♦r ✭✶✳✶✺✺✮✳ ❚❤✐s ♣r♦❜❧❡♠ ✇✐❧❧ ❜❡ ❛❧s♦ ❛♥❛❧②③❡❞ ✐♥ ❛ ❢♦rt❤❝♦♠✐♥❣

♣❛♣❡r✳

✺✽



❈❛♣ít✉❧♦ ✷

❍✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ❢♦r t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥



❍✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ❢♦r t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥

❋✳ ❉✳ ❆r❛r✉♥❛✱ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛✱ ▲✳ ❈✳ ❉❛ ❙✐❧✈❛

❆❜str❛❝t✳ ❲❡ ♣r❡s❡♥t s♦♠❡ r❡s✉❧ts ♦♥ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ ✇❛✈❡ P❉❊ ✐♥ t❤❡

❝♦♥t❡①t ♦❢ ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ t❤r♦✉❣❤ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣②✳ ❲❡ ❝♦♥s✐❞❡r ♦♥❡ ❧❡❛❞❡r ❛♥❞

t✇♦ ❢♦❧❧♦✇❡rs✳ ❚♦ ❡❛❝❤ ❧❡❛❞❡r ✇❡ ❛ss♦❝✐❛t❡ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❜✐✲♦❜❥❡❝t✐✈❡

♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠❀ t❤❡♥ ✇❡ ❧♦♦❦ ❢♦r ❛ ❧❡❛❞❡r t❤❛t s♦❧✈❡s t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠✳

❲❡ ❝♦♥s✐❞❡r ❧✐♥❡❛r ❛♥❞ s❡♠✐❧✐♥❡❛r ❡q✉❛t✐♦♥s❀ ❢♦r t❤❡ ❧❛tt❡r✱ ✇❡ ✉s❡ ❛ ✜①❡❞ ♣♦✐♥t ♠❡t❤♦❞✳

✷✳✶ ❙t❛t❡♠❡♥t ♦❢ t❤❡ ♣r♦❜❧❡♠

▲❡t Ω ⊂ R
n ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇✐t❤ ❜♦✉♥❞❛r② Γ ♦❢ ❝❧❛ss C2 ❛♥❞ ❛ss✉♠❡ t❤❛t T > 0✳

▲❡t ✉s ❝♦♥s✐❞❡r s♠❛❧❧ ❞✐s❥♦✐♥ts ♦♣❡♥ ♥♦♥❡♠♣t② s❡ts O, O1, O2 ⊂ Ω✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥

Q = Ω× (0, T )✱ ✇❤✐❝❤ ❧❛t❡r❛❧ ❜♦✉♥❞❛r② Σ = Γ× (0, T )❀ ❜② ν(x) ✇❡ ❞❡♥♦t❡ t❤❡ ♦✉t✇❛r❞ ✉♥✐t

♥♦r♠❛❧ t♦ Ω ❛t t❤❡ ♣♦✐♥t x ∈ Γ✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠




ytt −∆y + a(x, t)y = F (y) + f1O + v11O1 + v21O2 ✐♥ Q,

y = 0 ♦♥ Σ,

y(·, 0) = y0, yt(·, 0) = y1 ✐♥ Ω,

✭✷✳✶✮

✇❤❡r❡ a ∈ L∞(Q)✱ f ∈ L2(O × (0, T ))✱ vi ∈ L2(Oi × (0, T ))✱ F : R 7→ R ✐s ❛ ❧♦❝❛❧❧②

▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ (y0, y1) ∈ H1
0 (Ω) × L2(Ω) ❛♥❞ t❤❡ ♥♦t❛t✐♦♥ 1A ✐♥❞✐❝❛t❡s t❤❡

❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ A✳

■♥ ❬✺✵❪✱ ▲✐♦♥s ❛♥❛❧②③❡❞ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r ❛ ❤②♣❡r❜♦❧✐❝ P❉❊ ❛♥❞ ✐♥tr♦✲

❞✉❝❡❞✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t②✱ t❤❡ ❝♦♥❝❡♣t ♦❢ ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧✱ ✇❤❡r❡ ❤❡ ❝♦♥s✐❞❡r❡❞

❛ ♠❛✐♥ ❝♦♥tr♦❧ ✐♥❞❡♣❡♥❞❡♥t✱ ❝❛❧❧❡❞ t❤❡ ❧❡❛❞❡r✱ ❛♥❞ ❛ ❝♦♥tr♦❧ ❞❡♣❡♥❞❡♥t ♦♥ ❧❡❛❞❡r✱ ❝❛❧❧❡❞ t❤❡

❢♦❧❧♦✇❡r✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ❛♥❛❧②③❡ ❛ r❡❧❛t❡❞ ♣r♦❜❧❡♠ ❢♦r ✭✸✳✶✮✱ ✇❤❡r❡ f ✐s t❤❡ ❧❡❛❞❡r

❛♥❞ v1 ❛♥❞ v2 ❛r❡ t❤❡ ❢♦❧❧♦✇❡rs✳ ❲❡ ✇✐❧❧ ❛♣♣❧② t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ r✉❧❡✱ ✇❤✐❝❤ ❝♦♠❜✐♥❡s

t❤❡ str❛t❡❣✐❡s ♦❢ ❝♦♦♣❡r❛t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❙t❛❝❦❡❧❜❡r❣ ❛♥❞ t❤❡ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ str❛t❡❣②

♦❢ ◆❛s❤✳

■♥ ❬✶✻❪ ❛♥❞ ❬✸✼❪✱ t❤❡ ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ♦❢ ❛ ♣❛r❛❜♦❧✐❝ P❉❊ ❛♥❞ t❤❡ ❙t♦❦❡s s②st❡♠s ❤❛✈❡

❜❡❡♥ ❛♥❛❧②③❡❞ ❛♥❞ ✉s❡❞ t♦ s♦❧✈❡ ❛ ❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠✳ ■♥ ❬✸❪ ❛♥❞ ❬✻❪✱ t❤❡

✻✵



❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ♦❢ ❛ ♣❛r❛❜♦❧✐❝ P❉❊ ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ♣r♦✈✐❞❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ✭t♦ t❤❡

tr❛❥❡❝t♦r✐❡s✮❀ t❤❡ ♣r♦❜❧❡♠ ✇❛s ❛♥❛❧②③❡❞ ✐♥ ❬✸❪ ✇✐t❤ ❞✐str✐❜✉t❡❞ ❧❡❛❞❡r ❛♥❞ ❢♦❧❧♦✇❡r ❝♦♥tr♦❧s✱

✇❤✐❧❡ ❬✻❪ ❞❡❛❧s ✇✐t❤ ❞✐str✐❜✉t❡❞ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥tr♦❧s✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ t❤✐s ❛rt✐❝❧❡ ✐s t♦ ❛♥❛❧②③❡ t❤❡ ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ♦❢ ✭✸✳✶✮ ❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱

t♦ ♣r♦✈❡ t❤❛t t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣② ❛❧❧♦✇s t♦ s♦❧✈❡ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠✳

▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛✐♥ ❝♦st ❢✉♥❝t✐♦♥❛❧

1

2

∫∫

O×(0,T )

|f |2 dx dt,

❛♥❞ t❤❡ s❡❝♦♥❞❛r② ❝♦st ❢✉♥❝t✐♦♥❛❧s

Ji(f, v
1, v2) :=

αi
2

∫∫

Oi,d×(0,T )

|y − yi,d|
2 dx dt+

µi
2

∫∫

Oi×(0,T )

|vi|2 dx dt, ✭✷✳✷✮

✇❤❡r❡ t❤❡ Oi,d ⊂ Ω ❛r❡ ♥♦♥❡♠♣t② ♦♣❡♥ s❡ts✱ yi,d ∈ L2(Oi,d × (0, T )) ❛r❡ ❣✐✈❡♥ ❢✉♥❝t✐♦♥s ❛♥❞

αi ❛♥❞ µi ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts✳

◆♦✇✱ ❧❡t ✉s ❞❡s❝r✐❜❡ t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣②✳ ❚❤✉s✱ ❢♦r ❡❛❝❤ ❝❤♦✐❝❡ ♦❢ t❤❡ ❧❡❛❞❡r

f ✱ ✇❡ tr② t♦ ✜♥❞ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♣❛✐r ❢♦r ❝♦st ❢✉♥❝t✐♦♥❛❧s Ji❀ t❤❛t ✐s✱ ✇❡ ❧♦♦❦ ❢♦r ❝♦♥tr♦❧s

v1 ∈ L2(O1 × (0, T )) ❛♥❞ v2 ∈ L2(O1 × (0, T )) ❞❡♣❡♥❞✐♥❣ ♦♥ f ✱ s❛t✐s❢②✐♥❣ s✐♠✉❧t❛♥❡♦✉s❧②

J1(f ; v
1, v2) = min

v̂1
J1(f ; v̂

1, v2), J2(f ; v
1, v2) = min

v̂2
J2(f ; v

1, v̂2). ✭✷✳✸✮

■❢ t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji ❛r❡ ❝♦♥✈❡①✱ ✭✷✳✸✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

J ′
i(f ; v

1, v2) · v̂i = 0, ∀ v̂i ∈ L2(Oi × (0, T )), i = 1, 2. ✭✷✳✹✮

◆♦t❡ t❤❛t t❤✐s ✐s t❤❡ ❝❛s❡ ✐❢ t❤❡ P❉❊ ✐♥ ✭✸✳✶✮ ✐s ❧✐♥❡❛r✱ ❜✉t t❤✐s ✐s ♥♦t tr✉❡ ✐♥ ❣❡♥❡r❛❧✳

●✐✈❡♥ (ȳ0, ȳ1) ✐♥ H1
0 (Ω)× L2(Ω)✱ ❛ tr❛❥❡❝t♦r② t♦ ✭✸✳✶✮ ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠




ȳtt −∆ȳ + a(x, t)ȳ = F (ȳ) ✐♥ Q,

y = 0 ♦♥ Σ,

y(·, 0) = y0, yt(·, 0) = y1 ✐♥ Ω.

✭✷✳✺✮

❆❢t❡r ♣r♦✈✐♥❣ t❤❛t✱ ❢♦r ❡❛❝❤ ❧❡❛❞❡r f ✱ t❤❡r❡ ❡①✐sts ❛t ❧❡❛st ♦♥❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (v1, v2) =

(v1(f), v2(f)) ❛♥❞ ❛❢t❡r ✜①✐♥❣ ❛ tr❛❥❡❝t♦r② ȳ✱ ✇❡ ✇✐❧❧ ❧♦♦❦ ❢♦r ❛ ❧❡❛❞❡r f ∈ L2(O × (0, T ))✱

s✉❝❤ t❤❛t✱

J(f) := min
f̂
J(f̂), ✭✷✳✻✮

✻✶



s✉❜❥❡❝t t♦ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥

y(·, T ) = ȳ(·, T ), yt(·, T ) = ȳt(·, T ) ✐♥ Ω. ✭✷✳✼✮

❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ✐♥ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❛ ✢❡①✐❜❧❡ str✉❝t✉r❡

t❤❛t ✇❡ ✇✐s❤ t♦ ♠❛❦❡ ❛tt❛✐♥ ❛ ❞❡s✐r❡❞ st❛t❡ ❛t t✐♠❡ T ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ st❛t❡ ❞♦❡s ♥♦t

s❡♣❛r❛t❡ t♦♦ ♠✉❝❤ ❢r♦♠ yi,d ✐♥ Oi,d ❛❧♦♥❣ (0, T )✳

✷✳✶✳✶ ▼❛✐♥ r❡s✉❧ts

▲❡t x0 ∈ R
n \ Ω ❜❡ ❣✐✈❡♥ ❛♥❞ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t

Γ+ := {(x− x0) · ν(x) > 0}

❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ d : Ω 7→ R✱ ✇✐t❤ d(x) = |x − x0|
2 ❢♦r ❛❧❧ x ∈ Ω✳ ❲❡ ✇✐❧❧ ✐♠♣♦s❡ ♦❢ t❤❡

❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✿ t❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t

O ⊃ Oδ(Γ+) ∩ Ω, ✭✷✳✽✮

✇❤❡r❡

Oδ(Γ+) = {x ∈ R
n; |x− x′| < δ, x′ ∈ Γ+}.

❉✉❡ t♦ t❤❡ ✜♥✐t❡ ♣r♦♣❛❣❛t✐♦♥ s♣❡❡❞ ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ✇❛✈❡ P❉❊✱ t❤❡ t✐♠❡ T > 0

❤❛s t♦ ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✇✐❧❧ ❛❧s♦ ❛ss✉♠❡ ✐♥ t❤❡ s❡q✉❡❧ t❤❛t t❤❡ ❡st✐♠❛t❡

T > 2R1✱ ✇❤❡r❡ R1 := max{
√
d(x) : x ∈ Ω}✳

■♥ t❤❡ ❧✐♥❡❛r ❝❛s❡✱ ❢♦r F ≡ 0✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♦♥ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t②

♦❢ ✭✸✳✶✮✿

❚❤❡♦r❡♠ ✺ ❙✉♣♣♦s❡ t❤❛t F ≡ 0 ❛♥❞ t❤❡ ❝♦♥st❛♥ts µi > 0 (i = 1, 2) ❛r❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡✳

❚❤❡♥✱ ❢♦r ❛♥② (y0, y1) ∈ H1
0×L

2(Ω)✱ t❤❡r❡ ❡①✐st ❛ ❝♦♥tr♦❧ f ∈ L2(O×(0, T )) ❛♥❞ ❛♥ ❛ss♦❝✐❛t❡❞

◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♣❛✐r (v1, v2) = (v1(f), v2(f)) s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮

s❛t✐s✜❡s ✭✷✳✼✮✳

■♥ t❤❡ ❧✐♥❡❛r ❝❛s❡✱ t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji ❛r❡ ❝♦♥✈❡① ✇❤❡♥❝❡✱ ❛s ✇❡ ❤❛❞ ❛❧r❡❛❞② ♦❜s❡r✈❡❞✱

❛ ♣❛✐r (v1, v2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ s❛t✐s✜❡s ✭✷✳✹✮✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ s❡♠✐❧✐♥❡❛r

❝❛s❡✱ ✇✐t❤ F ❜❡✐♥❣ ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t❤❡ ❝♦♥✈❡①✐t② ♦❢

t❤❡ Ji✳ ❚❤✐s ♠♦t✐✈❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦❡r ❞❡✜♥✐t✐♦♥✿

❉❡✜♥✐t✐♦♥ ✸ ▲❡t f ❜❡ ❣✐✈❡♥✳ ❚❤❡ ♣❛✐r (v1, v2) ✐s ❛ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧s

Ji ❛ss♦❝✐❛t❡❞ t♦ f ✐❢ ✭✷✳✹✮ ✐s s❛t✐s✜❡❞✳

✻✷



❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ❤♦❧❞ ✐♥ t❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡✿

❚❤❡♦r❡♠ ✻ ❆ss✉♠❡ t❤❛t ✭✷✳✽✮ ❤♦❧❞s✱ F ∈ W 1,∞(R) ❛♥❞ t❤❡ µi > 0 (i = 1, 2) ❛r❡ s✉✣❝✐❡♥t❧②

❧❛r❣❡✳ ❚❤❡♥✱ ❢♦r ❛♥② (y0, y1) ∈ H1
0 (Ω)×L

2(Ω)✱ t❤❡r❡ ❡①✐st ❛ ❝♦♥tr♦❧ f ∈ L2(O×(0, T )) ❛♥❞ ❛♥

❛ss♦❝✐❛t❡❞ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ♣❛✐r (v1, v2) = (v1(f), v2(f)) s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

s♦❧✉t✐♦♥s t♦ ✭✸✳✶✮ s❛t✐s✜❡s ✭✷✳✼✮✳

■♥ t❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t✱ ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢

◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✽ ❆ss✉♠❡ t❤❛t

F ∈ W 2,∞(R) ❛♥❞ yi,d ∈ C0([0, T ];H1
0 (Oi,d)) ∩ C

1([0, T ];L2(Oi,d)).

❙✉♣♣♦s❡ t❤❛t (y0, y1) ∈ H1
0 (Ω) × L2(Ω) ❛♥❞ n ≤ 8✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t✱ ✐❢

f ∈ L2(O × (0, T )) ❛♥❞ t❤❡ µi s❛t✐s❢②

µi ≥ C
(
1 + ‖f‖L2(O×(0,T ))

)
,

t❤❡ ❝♦♥❞✐t✐♦♥s ✭✷✳✸✮ ❛♥❞ ✭✷✳✹✮ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

❚❤❡ ❝♦♥t❡♥ts ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ❧✐♥❡❛r

s②st❡♠✱ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♣❛✐r ❢♦r ❡❛❝❤ ❧❡❛❞❡r✱ ✇❡

♦❜t❛✐♥ ❛♥ ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧✐t② s②st❡♠ ❛♥❞ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✼ ✉s✐♥❣ ❛ st❛♥❞❛r❞ t❡❝❤♥✐q✉❡

❜❛s❡❞ ♦♥ ❛ ♦❜s❡r✈❛❜✐❧✐t② ❡st✐♠❛t❡✱ ✇❤✐❝❤ ✇❡ ❣❡t ✉s✐♥❣ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t✐❡s✳ ■♥ ❙❡❝t✐♦♥ ✷✳✸✱

✇❡ ❛♥❛❧②③❡ t❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡✱ ✇❡ ❞❡❞✉❝❡ ❛♥♦t❤❡r ♦♣t✐♠❛❧✐t② s②st❡♠✱ ✇❡ ♣r♦✈❡ t❤❡ ❚❤❡♦r❡♠

✽ ✉s✐♥❣ ✜①❡❞ ♣♦✐♥t t❡❝❤♥✐q✉❡s ❛♥❞ ✇❡ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✽ ❜② ❛❞❛♣t✐♥❣ s♦♠❡ ❛r❣✉♠❡♥ts ❢r♦♠

❬✸❪ ❛♥❞ ❬✻❪✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♠❡♥ts✳

✷✳✷ ❚❤❡ ❧✐♥❡❛r ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ❝❛s❡✱ ✭F = 0 ✐♥ ✭✸✳✶✮✮✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ♣r♦✈❡ ♦❢ t❤❡

❚❤❡♦r❡♠ ✼✳

❙✐♥❝❡ t❤❡ s②st❡♠ ✐s ❧✐♥❡❛r✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ✐s ❡q✉✐✈❛❧❡♥t t♦ ♥✉❧❧

❝♦♥tr♦❧❧❛❜✐❧✐t②✳ ■♥ ❢❛❝t✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ z = y − ȳ✱ ✇❤❡r❡ ȳ ✐s t❤❡

s♦❧✉t✐♦♥ t♦ s②st❡♠ ✭✸✳✶✮❀ t❤❡♥✱ ✇❡ s❡❡ t❤❛t z ✐s t❤❡ s♦❧✉t✐♦♥ t♦




ztt −∆z + a(x, t)z = f1O + v11O1 + v21O2 ✐♥ Q,

z = 0 ♦♥ Σ,

z(·, 0) = z0, zt(·, 0) = z1 ✐♥ Ω,

✭✷✳✾✮

✻✸



✇❤❡r❡ z0 = y0 − ȳ0 ∈ H1
0 (Ω) ❛♥❞ z

1 = y1 − ȳ1 ∈ L2(Ω)✳ ❲❡ ✇✐❧❧ ❛♣♣❧② t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤

str❛t❡❣② t♦ s♦❧✈❡ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② t♦ s②st❡♠ ✭✸✳✶✷✮✱ t❤❛t ✐s✱ ✇❡ ✇✐❧❧ ❧♦♦❦ ❢♦r ❛ ❧❡❛❞❡r f

❛♥❞ ❛♥ ❛ss♦❝✐❛t❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (v1(f), v2(f)) s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✷✮ s❛t✐s✜❡s

(z(·, T ), zt(·, T )) = (0, 0). ✭✷✳✶✵✮

❲✐t❤ t❤✐s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s✱ t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧s ❜❡❝♦♠❡

Ji(f, v
1, v2) :=

αi
2

∫∫

Oi,d×(0,T )

|z − zi,d|
2dxdt+

µi
2

∫∫

Oi×(0,T )

|vi|2 dx dt, ✭✷✳✶✶✮

✇❤❡r❡ zi,d = yi,d − ȳ✳ ❲❡ ✇✐❧❧ s♦❧✈❡ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r ✭✸✳✶✷✮ ✇✐t❤ f ❛♥❞

(v1(f), v2(f)) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ s✉❜s❡❝t✐♦♥s✳

✷✳✷✳✶ ❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠

▲❡t ✉s ♣r♦✈❡ t❤❛t ❢♦r ❡❛❝❤ f ✱ ❛ ✉♥✐q✉❡ ◆❛s❤ ♣❛✐r (v1(f), v2(f)) ❡①✐sts✳ ❚❤❡ ♣r♦♦❢

✐s ✐♠♣❧✐❡❞ ❜② ▲❛①✲▼✐❧❣r❛♠✬s ❚❤❡♦r❡♠✱ ❢♦❧❧♦✇✐♥❣ s♦♠❡ ❛r❣✉♠❡♥ts ✐♥tr♦❞✉❝❡❞ ❜② ❬❄❪✳ ▲❡t

f ∈ L2(O × (0, T )) ❜❡ ✜①❡❞✳ ▲❡t ✉s ❞❡✜♥❡ t❤❡ s♣❛❝❡s

Hi = L2(Oi × (0, T )) ❛♥❞ H = H1 ×H2.

❚❤❡ ♣❛✐r (v1, v2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji ✐❢ ❛♥❞ ♦♥❧② ✐❢

αi

∫∫

Oi,d×(0,T )

(z − zi,d)ŵ
i dx dt+ µi

∫∫

Oi×(0,T )

viv̂i dx dt = 0 ∀v̂i ∈ Hi. ✭✷✳✶✷✮

✇❤❡r❡ ŵi ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠




ŵitt −∆ŵi + a(x, t)ŵi = v̂i1Oi
✐♥ Q,

ŵi = 0 ♦♥ Σ,

ŵi(·, 0) = 0, ŵit(·, 0) = 0 ✐♥ Ω.

✭✷✳✶✸✮

◆♦✇✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦rs Li : Hi 7→ L2(Q)✱ ✇✐t❤ Li(v̂i) = ŵi✱ ✇❤❡r❡ ŵi ✐s t❤❡ s♦❧✉t✐♦♥

t♦ ✭✸✳✷✾✮✳ ▲❡t u ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t♦




utt −∆u+ a(x, t)u = f1O ✐♥ Q,

u = 0 ♦♥ Σ,

u(·, 0) = z0, ut(·, 0) = z1 ✐♥ Ω.

✭✷✳✶✹✮

✻✹



❚❤❡♥✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ s♦❧✉t✐♦♥ t♦ s②st❡♠ ✭✸✳✶✷✮ ✐♥ t❤❡ ❢♦r♠ z = L1(v
1) + L2(v

2) + u✳

❈♦♥s❡q✉❡♥t❧②✱ (v1, v2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r Ji ✐❢ ❛♥❞ ♦♥❧② ✐❢

αi

∫∫

Oi,d×(0,T )

(L1v
1 + L2v

2 − (zi,d − u))Liv
i dx dt+ µi

∫∫

Oi×(0,T )

viv̂i dx dt = 0 ∀v̂i ∈ Hi,

t❤❛t ✐s t♦ s❛②
∫∫

Oi×(0,T )

[αiL
∗
i

(
(L1v

1 + L2v
2 − (zi,d − u))1Oi,d

)
+ µiv

i]v̂i dx dt = 0 ∀v̂i ∈ Hi,

✇❤❡r❡ L∗
i ∈ L(L2(Q),Hi) ✐s t❤❡ ❛❞❥♦✐♥t ♦❢ Li✳ ❖❜✈✐♦✉s❧②✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

αiL
∗
i ((L1v

1 + L2v
2)1Oi,d

) + µiv
i = αiL

∗
i ((zi,d − u)1Oi,d

), i = 1, 2. ✭✷✳✶✺✮

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r L : H 7→ H✱ ✇✐t❤

L(v1, v2) := (α1L
∗
1((L1v

1 + L2v
2)1O1,d

) + µ1v
1, α2L

∗
2((L1v

1 + L2v
2)1O2,d

) + µ2v
2).

❲❡ ❤❛✈❡ t❤❛t L ∈ L(H)✳ ◆♦✇✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡ µi > 0 s❛t✐s❢②

δi = µi −

(
3α3−i + αi

2

)
||L3−i||

2 > 0, i = 1, 2.

❚❤❡♥

(L(v1, v2), (v1, v2))H ≥ δ||((v1, v2))||2H ∀(v1, v2) ∈ H, ✭✷✳✶✻✮

✇❤❡r❡ δ = min{δ1, δ2}✳

❍❡♥❝❡✱ ❢r♦♠ ▲❛①✲▼✐❧❣r❛♠✬s ❚❤❡♦r❡♠✱ ❢♦r ❡❛❝❤ Φ ∈ H′ t❤❡r❡ ❡①✐sts ❡①❛❝t❧② ♦♥❡ ♣❛✐r

(v1, v2) s❛t✐s❢②✐♥❣

(L(v1, v2), (v̂1, v̂2))H = 〈Φ, (v̂1, v̂2)〉H′×H ∀(v̂1, v̂2) ∈ H. ✭✷✳✶✼✮

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ✇❡ t❛❦❡ Φ ∈ H′ ✇✐t❤

〈Φ, (v̂1, v̂2)〉H′×H := ((α1L
∗
1((z1,d − u)1O1,d

), α2L
∗
2((z2,d − u)1O2,d

)), (v̂1, v̂2))H,

✇❡ ❞❡❞✉❝❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ t♦ ✭❄❄✮✳

▲❡t ✉s s✉♠♠❛r✐③❡ ✇❤❛t ✇❡ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ♣r♦✈❡✿

Pr♦♣♦s✐t✐♦♥ ✾ ❙✉♣♣♦s❡ t❤❛t t❤❡ µi > 0 s❛t✐s❢②

µi −

(
3α3−i + αi

2

)
||L3−i||

2 > 0, i = 1, 2.

❚❤❡♥✱ ❢♦r ❡❛❝❤ f ∈ L2(O × (0, T ))✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♣❛✐r

(v1(f), v2(f)) ❢♦r t❤❡ Ji✳

✻✺



❘❡♠❛r❦ ✷ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾ ✇❡ ♦❜t❛✐♥ ❛ ❝♦♥st❛♥t C > 0✱

s✉❝❤ t❤❛t

||z||C0([0,T ];H1(Ω)) + ||zt||C0([0,T ];L2(Ω)) ≤ C(1 + ||f ||L2(O×(0,T ))),

✇❤❡r❡ z ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✷✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ f ✱ v1 = v1(f) ❛♥❞ v2 = v2(f)✳

✷✳✷✳✷ ❚❤❡ ❖♣t✐♠❛❧✐t② s②st❡♠

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♦❜t❛✐♥ ❛♥ ♦♣t✐♠❛❧✐t② s②st❡♠✱ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ◆❛s❤ ❡q✉✐❧✐✲

❜r✐✉♠ (v1(f), v2(f))✳ ▼✉❧t✐♣❧②✐♥❣ ✐♥ ✭✸✳✷✾✮ ❜② ❛ ❢✉♥❝t✐♦♥ φi ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ ✇❡

❤❛✈❡ ∫∫

Q

(φitt −∆φi + a(x, t)φi)ŵi dx dt+

∫

Ω

ŵit(x, T )φ
i(x, T ) dx

−

∫

Ω

ŵi(x, T )φit(x, T ) dx−

∫∫

Σ

∂ŵi

∂ν
φi dσ dt =

∫∫

Oi×(0,T )

v̂iφi dx dt,
✭✷✳✶✽✮

❚❤✐s ❧❡❛❞s ✉s t♦ ❞❡✜♥❡ t❤❡ ❛❞❥♦✐♥t s②st❡♠s




φitt −∆φi + a(x, t)φi = αi(z − zi,d)1Oi,d
✐♥ Q,

φi = 0 ♦♥ Σ,

φi(·, T ) = 0, φit(·, T ) = 0 ✐♥ Ω.

✭✷✳✶✾✮

❋r♦♠ ✭✸✳✹✹✮ ❛♥❞ ✭✸✳✹✺✮✱ ✇❡ ❤❛✈❡ t❤❛t
∫∫

Oi,d×(0,T )

αi(z − zi,d)ŵ
i dx dt =

∫∫

Oi×(0,T )

v̂iφi dx dt,

❛♥❞✱ r❡♣❧❛❝✐♥❣ ✐♥ ✭✸✳✷✼✮✱ ✇❡ s❡❡ t❤❛t
∫∫

Oi×(0,T )

(φi + µiv
i)v̂i dx dt = 0 ∀v̂i ∈ Hi.

❆s ❛ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣t✐♠❛❧✐t② s②st❡♠ ❢♦r (v1(f), v2(f))✿




ztt −∆z + a(x, t)z = f1O −
2∑

i=1

1

µi
φi1Oi

✐♥ Q,

φitt −∆φi + a(x, t)φi = αi(z − zi,d)1Oi,d
✐♥ Q,

z = 0, φi = 0 ♦♥ Σ,

z(·, 0) = z0, zt(·, 0) = z1, φi(·, T ) = 0, φit(·, T ) = 0 ✐♥ Ω,

✭✷✳✷✵✮

vi(f) = −
1

µi
φi
∣∣∣∣
Oi×(0,T )

. ✭✷✳✷✶✮

❚❤❡ s②st❡♠ ✭✸✳✶✺✮✲✭✸✳✶✻✮ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (v1(f), v2(f)) ❢♦r ❡❛❝❤

f ∈ L2(O × (0, T ))✳ ❚❤❡ ♥❡①t ♦❜❥❡❝t✐✈❡ ✐s t♦ ✜♥❞ ❛ ❧❡❛❞❡r f ∈ L2(O × (0, T )) s✉❝❤ t❤❛t t❤❡

s♦❧✉t✐♦♥ t♦ s②st❡♠ ✭✸✳✶✺✮ s❛t✐s✜❡s ✭✷✳✶✵✮✳

✻✻



✷✳✷✳✸ ◆✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

❲❡ ✇✐❧❧ ♣r♦✈❡ ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠ ✭✸✳✶✺✮✳ ❚❤❡ ♣r♦♦❢ ✐s

❜❛s❡❞ ♦♥ ❛♥ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ❛❞❥♦✐♥t t♦ ✭✸✳✶✺✮✱ ✇❤✐❝❤ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿




ψtt −∆ψ + a(x, t)ψ =
2∑

i=1

αiγ
i1Oi,d

✐♥ Q,

γitt −∆γi + a(x, t)γi = −
1

µi
ψ1Oi

✐♥ Q,

ψ = 0, γi = 0 ♦♥ Σ,

z(·, T ) = ψT0 , ψt(·, T ) = ψT1 , γ
i(·, 0) = 0, γit(·, 0) = 0 ✐♥ Ω.

✭✷✳✷✷✮

◆♦t❡ t❤❛t ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥s ✐♥ ✭✸✳✶✺✮ ❛♥❞ ✭✷✳✷✷✮✱ ♦♥❡ ❤❛s

2∑

i=1

αi

∫∫

Oi,d

γiz dx dt+

∫

Ω

zt(x, T )ψ
T
0 (x) dx− 〈ψ(0), z1〉 − 〈ψT1 , z(T )〉

+

∫

Ω

z0ψt(x, 0) dx =

∫∫

O×(0,T )

fψ dx dt+
2∑

i=1

αi

∫∫

Oi,d×(0,T )

(z − zi,d)γ
i dx dt,

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞ ❜② 〈·, ·〉 t❤❡ ❞✉❛❧✐t② ♣❛✐r✐♥❣ H−1(Ω)×H1
0 (Ω)✳ ❚❤❡♥

∫∫

O×(0,T )

fψ dx dt =

∫

Ω

zt(x, T )ψ
T
0 (x) dx− 〈ψT1 , z(T )〉+

∫

Ω

z1(x)ψ(x, 0) dx

−〈ψt(0), z
0〉+

2∑

i=1

αi

∫∫

Oi,d×(0,T )

zi,dγ
i dx dt,

✭✷✳✷✸✮

❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✸✳✶✺✮ ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r ❡❛❝❤ (z0, z1) ❣✐✈❡♥

✐♥ H1
0 (Ω)× L2(Ω)✱ t❤❡r❡ ❡①✐sts f ∈ L2(O × (0, T )) s✉❝❤ t❤❛t





∫∫

O×(0,T )

fψ dx dt =

∫

Ω

z1(x)ψ(x, 0) dx− 〈ψt(0), z
0〉+

2∑

1

αi

∫∫

Oi,d×(0,T )

zi,dγ
i dx dt

∀(ψT0 , ψ
T
1 ) ∈ L2(Ω)×H−1(Ω).

●✐✈❡♥ (z0, z1) ∈ H1
0 (Ω)×L2(Ω) ❛♥❞ ε > 0✱ ✇❡ ✐♥tr♦❞✉❝❡ Fε : L2(Ω)×H−1(Ω) 7→ R✱ ❛s

❢♦❧❧♦✇s

Fε(ψ
T
0 , ψ

T
1 ) :=

∫∫

O×(0,T )

|ψ|2 dx dt+ ε||(ψT0 , ψ
T
1 )||L2(Ω)×H−1(Ω)

+ 〈〈(ψ(0), ψt(0)), (z
0, z1)〉〉+

2∑

i=1

αi

∫∫

Oi,d×(0,T )

zi,dγ
i dx dt,

✭✷✳✷✹✮

✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t ❜② ❞❡✜♥✐t✐♦♥

〈〈(ψ(0), ψt(0)), (z
0, z1)〉〉 :=

∫

Ω

z1(x)ψ(x, 0) dx− 〈ψt(0), z
0〉.

✻✼



◆♦t❡ t❤❛t Fε ✐s ❝♦♥t✐♥✉♦✉s✱ str✐❝t❧② ❝♦♥✈❡① ❛♥❞ ❝♦❡r❝✐✈❡ ✐♥ L2(Ω)×H−1(Ω)✳

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ❛ss♦❝✐❛t❡ t♦ ❡❛❝❤ ψ, γ1, γ2 t❤❡ ✧❡♥❡r❣②✧Eψ✱ ✇✐t❤

Eψ(t) :=
1

2

[
||ψ(·, t)||2L2(Ω) + ||ψt(·, t)||

2
H−1(Ω)

]
.

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢✉r♥✐s❤❡s t❤❡ ❞❡s✐r❡❞ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t②✿

Pr♦♣♦s✐t✐♦♥ ✶✵ ❙✉♣♣♦s❡ t❤❛t ✭✷✳✽✮ ❤♦❧❞s✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧

(ψT0 , ψ
T
1 ) ∈ L2(Ω)×H−1(Ω)✱ t❤❡ s♦❧✉t✐♦♥ (ψ, γ1, γ2) t♦ ✭✷✳✷✷✮ s❛t✐s✜❡s

Eψ(0) +
2∑

i=1

∫∫

Q

eR
2
0λ|γi|2 dx dt ≤ C

∫∫

O×(0,T )

ψ2 dx dt, ✭✷✳✷✺✮

✇❤❡r❡ R0 := min{
√
d(x) : x ∈ Ω}✳

▲❡t ✉s ❛ss✉♠❡ ❢♦r t❤❡ ♠♦♠❡♥t t❤❛t Pr♦♣♦s✐t✐♦♥ ✶✵ ❤♦❧❞s✳ ❙✐♥❝❡ t❤❛t Fε ✐s ❝♦♥t✐♥✉♦✉s✱ str✐❝t❧②

❝♦♥✈❡① ❛♥❞ ❝♦❡r❝✐✈❡✱ ✐t ❤❛s ❛ ✉♥✐q✉❡ ♠✐♥✐♠✉♠ (ψTε,0, ψ
T
ε,1) ∈ L2(Ω)×H−1(Ω)✳ ▼♦r❡♦✈❡r✱ ❢♦r

❛♥② h > 0 ❛♥❞ (ψT , ψT1 ) ∈ L2(Ω)×H−1(Ω)✱ ♦♥❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❡✐t❤❡r (ψTε,0, ψ
T
ε,1) = 0✱ ♦r

• ❢♦r ❛❧❧ (ψT0 , ψ
T
1 ) ∈ L2(Ω)×H−1(Ω)✱

∫∫

O×(0,T )

ψεψ dx dt+
ε

||(ψTε,0, ψ
T
ε,1)||L2×H−1

((ψTε,0, ψ
T
ε,1), (ψ

T
0 , ψ

T
1 ))L2×H−1

+
〈〈
(ψ(0), ψt(0)), (z

0, z1)
〉〉

+
2∑

i=1

αi

∫∫

Oi,d×(0,T )

γizi,d dx dt = 0
✭✷✳✷✻✮

■♥ ❜♦t❤ ❝❛s❡s✱ t❛❦✐♥❣

fε = ψε

∣∣∣
O×(0,T )

, ✭✷✳✷✼✮

❛♥❞ ❞❡♥♦t✐♥❣ ❜② (zε, φ
1
ε, φ

1
ε) t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✺✮✱ ✇❡ ❤❛✈❡





∣∣∣
〈〈
(zε(·, T ), zε,t(·, T )), (ψ

T , ψT1 )
〉〉∣∣∣ ≤ ε

∣∣∣∣(ψT0 , ψT1 )
∣∣∣∣
L2(Ω)×H−1(Ω)

∀(ψT0 , ψ
T
1 ) ∈ L2(Ω)×H−1(Ω).

✭✷✳✷✽✮

❚❤❡r❡❢♦r❡✱
∣∣∣∣(zε(·, T ), zε,t(·, T ))

∣∣∣∣
H1

0×L
2 ≤ ε. ✭✷✳✷✾✮

❋✉rt❤❡r♠♦r❡✱ ❢r♦♠ ✭✷✳✷✺✮ ❛♥❞ ✭✷✳✷✼✮✱ ✇❡ ❣❡t✿

||fε||L2(O×(0,T )) ≤ C

{
||(z0, z1)||2H1

0×L
2 +

2∑

i=1

α2
i

∫∫

Oi,d×(0,T )

e−2λϕ|zi,d|
2 dx dt

} 1
2

,

✻✽



✇❤❡♥❝❡ (fε) ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L2(O × (0, T )) ❛♥❞ ♣♦ss❡ss❡s ❛ s✉❜s❡q✉❡♥❝❡ ✇❡❛❦❧②

❝♦♥✈❡r❣❡♥t t♦ s♦♠❡ ❢✉♥❝t✐♦♥ f̂ ∈ L2(O × (0, T ))✳ ■t ✐s t❤❡♥ ❝❧❡❛r t❤❛t

(zε(·, T ), zε,t(·, T )) → ((ẑ(·, T ), ẑt(·, T ))) ✇❡❛❦❧② ✐♥ H1
0 (Ω)× L2(Ω),

✇❤❡r❡ (ẑ, φ̂1, φ̂2) ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✺✮ ❛ss♦❝✐❛t❡❞ t♦ f̂ ✳ ■♥ ✈✐❡✇ ♦❢ ✭✷✳✷✾✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

ẑ s❛t✐s✜❡s ✭✷✳✶✵✮ ❛♥❞ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✸✳✶✺✮ ✐s s❛t✐s✜❡❞✳

Pr♦♦❢ ♦❢ t❤❡ Pr♦♣♦s✐t✐♦♥ ✶✵✳ ❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ t❤❡ ❛r❣✉♠❡♥ts ♦❢ ❬✶✾❪ ❛♥❞ ❬✸✸❪✳ ❲❡

✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥ ϕ : Q 7→ R✱ ✇✐t❤

ϕ(x, t) := d(x)− c(t− T/2)2, ✭✷✳✸✵✮

✇❤❡r❡ c ∈ (0, 1)✳ ▲❡t ✉s s✉♣♣♦s❡ t❤❛t ✭✷✳✽✮ ❤♦❧❞s ❛♥❞ ❧❡t ✉s s❡t ω := Oδ(Γ+) ∩ Ω ⊂ O✳

❚❤❡♥✱ t❤❡r❡ ❡①✐sts λ0 ≥ 1 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② λ ≥ λ0 ❛♥❞ ❛♥② ❢✉♥❝t✐♦♥ u ∈ C0([0, T ];L2(Ω))

s❛t✐s❢②✐♥❣

u(·, 0) = u(·, T ) = 0, (utt −∆u) ∈ H−1(Q); ✭✷✳✸✶✮

(u, ηtt −∆η)L2(Q) = 〈utt −∆u, η〉H−1(Q),H1
0 (Q) ∀η ∈ H1

0 (Q), ✭✷✳✸✷✮

✇❡ ❤❛✈❡ t❤❡ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t②

λ

∫∫

Q

e2λϕ|u|2 dx dt ≤ C

(∣∣eλϕ(utt −∆u)
∣∣2
H−1(Q)

+ λ2
∫∫

ω×(0,T )

e2λϕ|u|2 dx dt

)
, ✭✷✳✸✸✮

✇❤❡r❡ C > 0 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ λ ❛♥❞ u✳ ❚❤❡ ♣r♦♦❢ ♦❢ ✭✷✳✸✸✮ ❝❛♥ t♦ ❜❡ ❢♦✉♥❞ ❛t ❬✶✾❪ ♦r ❬✸✸❪✳

❘❡❝❛❧❧ t❤❛t ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t T > 2R1✳ ❚❤❡♥ ✇❡ ❝❛♥ ❝❤♦♦s❡ c ✐♥ ✭✷✳✸✵✮ s✉❝❤ t❤❛t

(
2R1

T

)2

< c <
2R1

T
. ✭✷✳✸✹✮

◆♦✇✱ ✇❡ ❝❛♥ ❛❧s♦ ❝❤♦♦s❡ T0, T1 ∈ (0, T ) s✉❝❤ t❤❛t

ϕ(x, t) ≤
R2

1

2
− c

T 2

8
< 0 ∀(x, t) ∈ Ω× ((0, T1) ∪ (T ′

1, T )) ✭✷✳✸✺✮

❛♥❞

ϕ(x, t) ≥
R2

0

2
, ∀(x, t) ∈ Ω× (T0, T

′
0). ✭✷✳✸✻✮

✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t T ′
i := T − Ti ❢♦r i = 0, 1.

✻✾



▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❢✉♥❝t✐♦♥ ξ ∈ C∞
0 (0, T ) s♦ t❤❛t ξ(t) ≡ 1 ✐♥ (T1, T

′
1)✳ ❚❤❡♥ (ψ̃, γ̃1, γ̃1) =

(ξψ, ξγ1, ξγ2) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠




ψ̃tt −∆ψ̃ + a(x, t)ψ̃ =
2∑

i=1

αiξγ
i1Oi,d

+ 2ξtψt + ξttψ ✐♥ Q,

γ̃itt −∆γ̃i + a(x, t)γ̃i = −
1

µi
ξψ1Oi

+ 2ξtγ
i
t + ξttγ

i ✐♥ Q,

ψ̃ = 0, γ̃i = 0 ♦♥ Σ,

ψ̃(·, T ) = ψ̃(·, 0) = ψ̃t(·, T ) = γ̃i(·, 0) = γ̃i(·, T ) = γ̃it(·, 0) = 0 ✐♥ Ω.

✭✷✳✸✼✮

❙✐♥❝❡ ψ̃ ∈ C0([0, T ];L2(Ω)) s❛t✐s✜❡s ✭✷✳✸✶✮ ❛♥❞ ✭✷✳✸✷✮✱ ❢♦r ❛♥② λ ≥ λ0 ✇❡ ❤❛✈❡

λ

∫∫

Q

e2λϕ|ξψ|2 dx dt ≤ C



∣∣∣∣∣e
λϕ

(
2∑

i=1

αiξγ
i1Oi,d

+ 2ξtψt + ξttψ

)∣∣∣∣∣

2

H−1(Q)

+λ2
∫∫

ω×(0,T )

e2λϕ|ψ|2 dx dt

]
.

✭✷✳✸✽✮

❚❤❡♥✱ ✉s✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✸✽✮ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥s ✐♥ ✭✷✳✸✼✮✱ ❛r❣✉✐♥❣ ❛s ✐♥ ❬✸✸❪✱ ✇❡ ❣❡t✿

λ

∫∫

Q

e2λϕ|ψ|2 dx dt ≤ C

[
λ2
∫∫

ω×(0,T )

e2λϕ|ψ|2 dx dt+N

+λ

2∑

i=1

∫∫

Oi,d×(0,T )

e2λϕ|γi|2 dx dt

]
,

✭✷✳✸✾✮

✇❤❡r❡ C > 0 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ λ ❡

N := λ2e(R
2
1−cT

2/4)λ
(
||ψ||2L2(Ω×(0,T1))

+ ||ψ||2L2(Ω×(T ′

1,T ))

)
. ✭✷✳✹✵✮

❋r♦♠ ✭✷✳✸✾✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❢♦✉♥❞✿

λ

∫∫

Q

e2λϕ|ψ|2 dx dt+ λ
2∑

i=1

∫∫

Oi,d×(0,T )

eR
2
0λ|γi|2 dx dt

≤ C

[
λ2
∫∫

ω×(0,T )

e2λϕ|ψ|2 dx dt + N

+
2∑

i=1

∫∫

Oi,d×(0,T )

(λeR
2
0λ + e2λϕ)|γi|2 dx dt

]
✭✷✳✹✶✮

❋r♦♠ ✭✷✳✸✺✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ✐s ❛ λ1 ≥ λ0 s✉❝❤ t❤❛t λ2e(R
2
1−cT/4)λ < 1 ❢♦r ❛❧❧ λ ≥ λ1✳

❈♦♥s❡q✉❡♥t❧②✱ ❜② ✭✷✳✹✵✮ ❛♥❞ ✭✷✳✹✶✮✱

λ

∫∫

Q

e2λϕ|ψ|2 dx dt+
2∑

i=1

λ

∫∫

Oi,d×(0,T )

eR
2
0λ|γi|2 dx dt

≤ C

[
λ2
∫∫

ω×(0,T )

e2λϕ|ψ|2 dx dt+ ||ψ||2L2(Ω×(0,T1))

+ ||ψ||2L2(Ω×(T ′

1,T ))
+

2∑

i=1

∫∫

Oi,d×(0,T )

(λeR
2
0λ + e2λϕ)|γi|2 dx dt

]
,

✭✷✳✹✷✮

✼✵



✇❤❡r❡ C > 0 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ λ✳

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✷✳✸✻✮ ✇❡ ❤❛✈❡✿

∫∫

Q

e2λϕ|ψ|2 dx dt ≥ eR
2
0λ

∫ T ′

0

T0

∫

Ω

|ψ|2 dx dt. ✭✷✳✹✸✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢r♦♠ t❤❡ ✉s✉❛❧ ❡♥❡r❣② ♠❡t❤♦❞ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✸✸❪✱ ❧❡♠♠❛s ✸✳✸ ❛♥❞

✸✳✹✮✱ ✐t ❢♦❧❧♦✇s t❤❛t✱ ❢♦r ❛♥② S0 ∈ (T0, T/2) ❛♥❞ S ′
0 ∈ (T/2, T ′

0)✱ ✇❡ ❛❧s♦ ❤❛✈❡

∫ S′

0

S0

Eψ(t) dt ≤ C

∫ T ′

0

T0

∫

Ω

|ψ|2 dx dt+
2∑

i=1

∫ T ′

0

T0

∫

Oi,d

|γi|2 dx dt, ✭✷✳✹✹✮

||ψ||2L2(Ω×(0,T1))
+ ||ψ||2L2(Ω×(T ′

1,T ))
≤ CEψ(0) + C

2∑

i=1

∫∫

Oi,d×(0,T )

|γi|2 dx dt ✭✷✳✹✺✮

❛♥❞ ❛❧s♦

CEψ(0) ≤

∫ S′

0

S0

Eψ(t) dt+
2∑

i=1

∫ S′

0

0

∫

Oi,d

|γi|2 dx dt. ✭✷✳✹✻✮

❚❤❡♥✱ ❝♦♠❜✐♥✐♥❣ ✭✷✳✹✷✮✕✭✷✳✹✻✮ ✇❡ ❛rr✐✈❡ ❛t t❤❡ ✐♥❡q✉❛❧✐t②

C1 λEψ(0) e
R2

0λ+C1 +
2∑

i=1

∫∫

Q

eR
2
0λ|γi|2 dx dt ≤ Cλ2

∫∫

ω×(0,T )

e2λϕ|ψ|2 dx dt

+C2 e
C2Eψ(0) +

C

min{µ1, µ2}
e2λR1Eψ(0),

✇❤❡r❡ C, C1 ❛♥❞ C2 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ λ✳ ❚❤✉s✱ ❝❤♦♦s✐♥❣ λ ❛♥❞ µi s✉❝❤ t❤❛t

C1λ > C C2, λR2
0 + C1 > C2,

Ce2λR1

min{µ1, µ2}
< 1,

✇❡ ❣❡t ✭✷✳✷✺✮✳

✷✳✸ ❚❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡✱ ✇✐t❤ F ∈ W 1,∞(R) ✐♥ ✭✸✳✶✮✳ ❚❤❡ ♠❛✐♥

✐s t♦ ♣r♦✈❡ t❤❡ ❚❤❡♦r❡♠ ✽✳ ❲❡ ✇✐❧❧ ❢♦❧❧♦✇ ❛r❣✉♠❡♥ts s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥ ❬✸❪ ❛♥❞ ❬✻❪✳

❋✐rst✱ ❧❡t ✉s ❞❡❞✉❝❡ t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠✱ ✇❤✐❝❤ ✐♥ t❤✐s ❝❛s❡ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ◆❛s❤

q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ♣❛✐r✳ ❚❤✉s✱ ❣✐✈❡♥ f ∈ L2(O × (0, T ))✱ ❧❡t (v1(f), v2(f)) ∈ H ❜❡ ❛ ◆❛s❤

q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ ❜② ❞❡✜♥✐t✐♦♥

J ′
i(f, v

1, v2) · v̂i = 0 ∀v̂i ∈ Hi.

✼✶



◆♦t❡ t❤❛t t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

αi

∫∫

Oi,d×(0,T )

(y − yi,d)ŷ
i dx dt+ µi

∫∫

Oi×(0,T )

viv̂i dx dt = 0 ∀v̂i ∈ Hi, ✭✷✳✹✼✮

✇❤❡r❡ ŷi ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠




ŷitt −∆ŷi + a(x, t)ŷi = F ′(y)ŷi + v̂i1Oi
✐♥ Q,

ŷi = 0, ♦♥ Σ,

ŷi(·, 0), ŷit(·, 0) = 0, ✐♥ Ω.

✭✷✳✹✽✮

▼✉❧t✐♣❧②✐♥❣ ✐♥ ✭✷✳✹✽✮ ❜② ❛ ❢✉♥❝t✐♦♥ φi✱ ✐♥t❡❣r❛t✐♥❣ ✐♥ Q ✇✐t❤ r❡s♣❡❝t t♦ x ❛♥❞ t ❛♥❞ ✉s✐♥❣

✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ s❡❡ t❤❛t
∫∫

Q

(φitt −∆φi + a(x, t)φi)ŷi dx dt−

∫∫

Σ

φi
∂ŷi

∂ν
dσ dt+

〈
ŷit(T ), φ

i(T )
〉

−
(
ŷi(T ), φi(T )

)
=

∫∫

Q

F ′ (y) ŷiφi dx dt+

∫∫

Oi×(0,T )

v̂iφi dx dt.
✭✷✳✹✾✮

❚❤❡♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❥♦✐♥t s②st❡♠s t♦ ✭✷✳✹✽✮




φitt −∆φi + a(x, t)φi = F ′(y)φi + αi(y − yi,d)1Oi,d
✐♥ Q,

φi = 0, ♦♥ Σ,

φi(·, T ), φit(·, T ) = 0, ✐♥ Ω.

✭✷✳✺✵✮

❋r♦♠ ✭✷✳✹✽✮ ✲ ✭✷✳✺✵✮✱ ✇❡ ❤❛✈❡

αi

∫∫

Oi,d×(0,T )

(y − yi,d)ŷ
i dx dt =

∫∫

Oi×(0,T )

v̂iφi dx dt ∀v̂i ∈ Hi. ✭✷✳✺✶✮

❍❡♥❝❡✱ r❡♣❧❛❝✐♥❣ ✭✷✳✺✶✮ ✐♥ ✭✷✳✹✼✮✱ ✐t ❢♦❧❧♦✇s t❤❛t
∫∫

Oi×(0,T )

(φi + µiv
i)v̂i dx dt = 0 ∀v̂i ∈ Hi.

❚❤✐s ❧❡❛❞s t♦ t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠




ytt −∆y + a(x, t)y = F (y) + f1O −
2∑

i=1

1

µi
φi1Oi

✐♥ Q,

φitt −∆φi + a(x, t)φi = F ′(y)φi + αi(y − yi,d)1Oi,d
✐♥ Q,

y = 0, φi = 0 ♦♥ Σ,

y(·, 0) = y0, yt(·, 0) = y1, φi(·, T ) = 0, φit(·, T ) = 0 ✐♥ Ω,

✭✷✳✺✷✮

vi = −
1

µi
φi
∣∣∣∣
Oi×(0,T )

. ✭✷✳✺✸✮

✼✷



◆♦✇✱ ❣✐✈❡♥ (ȳ0, ȳ1) ∈ H1
0 (Ω) × L2(Ω)✱ ❧❡t ȳ ❜❡ ❛ ❢r❡❡ tr❛❥❡❝t♦r② ♦❢ t❤❡ s②st❡♠ ✭✸✳✶✮✱

t❤❛t ✐s✱ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✺✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡s z = y− ȳ✳ ❋r♦♠ ✭✷✳✺✷✮

❛♥❞ ✭✷✳✺✮✱ ✇❡ s❡❡ t❤❛t (z, φ1, φ2) ✐s t❤❡ s♦❧✉t✐♦♥ t♦




ztt −∆z + a(x, t)z = G(x, t; z)z + f1O −
2∑

i=1

1

µi
φi1Oi

✐♥ Q,

φitt −∆φi + a(x, t)φi = F ′(ȳ + z)φi + αi(z − zi,d)1Oi,d
✐♥ Q,

z = 0, φi = 0 ♦♥ Σ,

z(·, 0) = z0, zt(·, 0) = z1, φi(·, T ) = 0, φit(·, T ) = 0 ✐♥ Ω,

✭✷✳✺✹✮

✇❤❡r❡✱ z0 = y0 − ȳ0✱ z1 = y1 − ȳ1✱ zi,d = yi,d − ȳ ❛♥❞

G(x, t; z) =

∫ 1

0

F ′(ȳ + τz) dτ.

❲✐t❤ t❤✐s ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡✱ ✐t ❜❡❝♦♠❡s ❝❧❡❛r t❤❛t t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt② ❢♦r

✭✷✳✺✷✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt② ❢♦r ✭✷✳✺✹✮✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❧❛tt❡r

❜② ❛ ✜①❡❞ ♣♦✐♥t ♠❡t❤♦❞✳

❋♦r ❡❛❝❤ z ∈ L2(Q) ❛♥❞ ❡❛❝❤ f ∈ L2(O × (0, T ))✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r s②st❡♠




wtt −∆w + a(x, t)w = G(x, t; z)w + f1O −
2∑

i=1

1

µi
φi1Oi

✐♥ Q,

φitt −∆φi + a(x, t)φi = F ′(ȳ + z)φi + αi(w − zi,d)1Oi,d
✐♥ Q,

w = 0, φi = 0 ♦♥ Σ,

w(·, 0) = z0, wt(·, 0) = z1, φi(·, T ) = 0, φit(·, T ) = 0 ✐♥ Ω.

✭✷✳✺✺✮

❙✐♥❝❡ F ∈ W 1,∞(R)✱ t❤❡r❡ ❡①✐sts M > 0 s✉❝❤ t❤❛t

|G(x, t; s)|+ |F ′(s)| ≤M ∀(x, t; s) ∈ Q× R. ✭✷✳✺✻✮

❋✉rt❤❡r♠♦r❡✱ t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t

||w||L∞(0,T ;H1
0 (Ω)) + ||wt||L∞(0,T ;L2(Ω)) ≤ (1 + ||f ||L2(O×(0,T ))). ✭✷✳✺✼✮

❋♦r ❛♥② ✜①❡❞ z ∈ L2(Q)✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② (wz, φ
1
z, φ

2
z) t❤❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✺✺✮ ❛ss♦❝✐❛t❡❞ t♦

z✳ ❚❤❡♥✱ ❜② ♠✉❧t✐♣❧②✐♥❣ ✐♥ ✭✷✳✺✺✮1 ❛♥❞ ✭✷✳✺✺✮2 ❜② ❢✉♥❝t✐♦♥s ψz ❛♥❞ γiz ✭r❡s♣❡❝t✐✈❡❧②✮ ❛♥❞

✼✸



✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ✐♥ Q✱ ✇❡ ❣❡t✿
∫∫

Q

(ψz,tt −∆ψz + a(x, t)ψz)wz dx dt+

∫

Ω

wz,t(x, T )ψz(x, T ) dx

−

∫

Ω

z1(x)ψz(x, 0) dx− 〈wz(T ), ψz,t(T )〉+
〈
z0, ψz,t(0)

〉

=

∫∫

Σ

ψz
∂wz
∂ν

dσ dt+

∫∫

Q

G (x, t; z)wzψz dx dt

−
2∑

i=1

1

µi

∫∫

Oi×(0,T )

φizψz dx dt+

∫∫

O×(0,T )

fψz dx dt

✭✷✳✺✽✮

❛♥❞ ∫∫

Q

(ψz,tt −∆ψz + a(x, t)ψz)wz dx dt+ 〈φiz(0), γ
i
z,t(0)〉

−

∫

Ω

φiz(x, 0)γ
i
z(x, 0) dx−

∫∫

Σ

γiz
∂φiz
∂ν

dσ dt

=

∫∫

Q

F ′(ȳ + z)φizγ
i
z dx dt+ αi

∫∫

Oi,d×(0,T )

(wz − zi,d)γ
i
z dx dt.

✭✷✳✺✾✮

■♥ ✈✐❡✇ ♦❢ ✭✷✳✺✽✮ ❛♥❞ ✭✷✳✺✾✮✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❥♦✐♥t s②st❡♠




ψz,tt −∆ψz + a(x, t)ψz = G(x, t; z)ψz +
2∑

i=1

αiγ
i
z1Oi,d

✐♥ Q,

γiz,tt −∆γiz + a(x, t)γiz = F ′(ȳ + z)γiz −
1
µi
ψz1Oi

✐♥ Q,

ψz = 0, γiz = 0 ♦♥ Σ,

ψz(·, T ) = ψT0 , ψz,t(·, T ) = ψT1 , γ
i
z(·, 0) = 0, γiz,t(·, 0) = 0 ✐♥ Ω.

✭✷✳✻✵✮

❚❤❡♥✱

−
1

µi

∫∫

Oi×(0,T )

φizψz dx dt = αi

∫∫

Oi,d×(0,T )

(wz − zi,d)γ
i
z dx dt,

✇❤❡♥❝❡

−
2∑

i=1

1

µi

∫∫

Oi×(0,T )

φizψz dx dt =
2∑

i=1

αi

∫∫

Oi,d×(0,T )

(wz − zi,d)γ
i
z dx dt ✭✷✳✻✶✮

❛♥❞✱ ❜② ✭✷✳✺✽✮ ❛♥❞ ✭✷✳✻✵✮✱ ✇❡ s❡❡ t❤❛t
∫

Ω

wz,t(x, T )ψ
T
0 (x) dx−

∫

Ω

z1(x)ψz(x, 0) dx−
〈
wz(T ), ψ

T
1

〉

+
〈
z0, ψz,t(0)

〉
+

2∑

i=1

αi

∫∫

Oi,d×(0,T )

wzγ
i
z dx dt

= −
2∑

i=1

1

µi

∫∫

Oi×(0,T )

φizψz dx dt+

∫∫

O×(0,T )

fψz dx dt.

✭✷✳✻✷✮

❋✐♥❛❧❧②✱ r❡♣❧❛❝✐♥❣ ✭✷✳✻✶✮ ✐♥ ✭✷✳✻✷✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t② ✐s ❢♦✉♥❞✿
∫∫

O×(0,T )

fψz dx dt =

∫

Ω

wz,t(x, T )ψ
T
0 (x) dx−

∫

Ω

z1(x)ψz(x, 0) dx

−
〈
wz(T ), ψ

T
1

〉
+
〈
z0, ψz,t(0)

〉
+

2∑

i=1

αi

∫∫

Oi,d×(0,T )

zi,dγ
i
z dx dt.

✼✹



❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❤❛✈❡ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✷✳✺✺✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r ❡❛❝❤ (z0, z1) ∈

H1
0 (Ω)× L2(Ω)✱ t❤❡r❡ ❡①✐sts f ∈ L2(O × (0, T )) s✉❝❤ t❤❛t





∫∫

O×(0,T )

fψz dx dt =
〈
z0, ψz,t(0)

〉
+

2∑

i=1

αi

∫∫

Oi,d×(0,T )

zi,dγ
i
z dx dt

−

∫

Ω

z1(x)ψz(x, 0) dx ∀(ψT0 , ψ
T
1 ) ∈ L2(Ω)×H−1(Ω).

❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ Fz,ε✱ ✇✐t❤

Fz,ε(ψ
T
0 , ψ

T
1 ) :=

∫∫

O×(0,T )

|ψz|
2 dx dt+ ε||(ψT , ψT1 )||

+
〈
(ψz(0), ψz,t(0)), (z

0, z1)
〉
+

2∑

i=1

αi

∫∫

Oi,d×(0,T )

zi,dγ
i
z dx dt.

❆s ✐♥ t❤❡ ❧✐♥❡❛r ❝❛s❡✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t②

Eψz(0) +
2∑

i=1

∫∫

Q

eR
2
0λ|γiz|

2dxdt ≤ C

∫∫

O×(0,T )

|ψz|
2dxdt, ✭✷✳✻✸✮

✇❤❡r❡ C > 0 ✐s ❛ ❝♦♥st❛♥t ✐♥❞❡♣❡♥❞❡♥t ♦❢ z ❛♥❞ Eψz ❞❡♥♦t❡s t❤❡ L2×H−1 ❡♥❡r❣② ❛ss♦❝✐❛t❡❞

t♦ ψz✳ ❆r❣✉✐♥❣ ❛s ✐♥ t❤❡ ❧✐♥❡❛r ❝❛s❡✱ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✻✸✮ ❛❧❧♦✇s ✉s t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡

♦❢ ♠✐♥✐♠✐③❡r (ψT0,ε, ψ
T
1,ε) ♦❢ Fz,ε ✐♥ L2(Ω) ×H−1(Ω)✳ ❚❤✉s✱ t❛❦✐♥❣ ❧✐♠✐ts ❛s ε → 0✱ ✇❡ ❣❡t ❛

✉♥✐q✉❡ ❝♦♥tr♦❧ fz ∈ L2(O × (0, T )) s✉❝❤ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ s♦❧✉t✐♦♥ (wz, φ
1
z, φ

2
z) t♦ s②st❡♠

✭✷✳✺✺✮✱ s❛t✐s❢②

wz(·, T ) = 0 ✐♥ Ω, ✭✷✳✻✹✮

❛♥❞

||fz||L2(O×(0,T )) ≤ C, ✭✷✳✻✺✮

✇❤❡r❡ C ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ z✳ ❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡❧② st❛♥❞❛r❞ ❛♥❞ ✇❡❧❧

❦♥♦✇♥✳ ■t s✉✣❡s t♦ ✐♥tr♦❞✉❝❡ t❤❡ ♠❛♣♣✐♥❣ Λ : L2(Q) → L2(Q)✱ ✇✐t❤ Λ(z) := wz✱ ✇❤❡r❡ wz

✐s✱ t♦❣❡t❤❡r ✇✐t❤ φiz✱ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✺✺✮ s❛t✐s❢②✐♥❣ ✭✷✳✻✹✮ t❤❛t ✇❡ ❤❛✈❡ ❥✉st ❝♦♥str✉❝t❡❞✳

❋r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ fz ❛♥❞ t❤❡ ✉s✉❛❧ ❡♥❡r❣② ❡st✐♠❛t❡s✱ ✐t ✐s ❝❧❡❛r t❤❛t Λ s❛t✐s✜❡s t❤❡

❛ss✉♠♣t✐♦♥s ♦❢ ❙❝❤❛✉❞❡r✬s ❚❤❡♦r❡♠ ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ♣♦ss❡ss❡s ❛t ❧❡❛st ♦♥❡ ✜①❡❞ ♣♦✐♥t✳

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳

✷✳✸✳✶ ❊q✉✐❧✐❜r✐✉♠ ❛♥❞ ◗✉❛s✐✲❡q✉✐❧✐❜r✐✉♠

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✽ t❤❛t s❛②s t❤❛t ✉♥❞❡r s♦♠❡ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❞❡✲

✜♥✐t✐♦♥s ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜❜r✐✉♠ ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❙✐♠✐❧❛r q✉❡st✐♦♥s

❛r❡ ❛♥❛❧②③❡❞ ✐♥ ❬✸❪ ❛♥❞ ❬✻❪ ❢♦r ♣❛r❛❜♦❧✐❝ s②st❡♠s✳

✼✺



❙✉♣♣♦s❡ t❤❛t F ∈ W 2,∞(R)✳ ▲❡t f ∈ L2(O × (0, T )) ❜❡ ❣✐✈❡♥ ❛♥❞ ❧❡t (v1, v2) ∈ H ❜❡

t❤❡ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ❛ss♦❝✐❛t❡❞ t♦ f ✳ ❋♦r ❛❧❧ v̂1 ∈ H1 ❛♥❞ s ∈ R✱ ❧❡t ys ❜❡ t❤❡ s♦❧✉t✐♦♥

t♦




ystt −∆ys + a(x, t)ys = F (ys) + f1O + (v1 + sv̂1)1O1 + v21O2 ✐♥ Q,

ys = 0 ♦♥ Σ,

ys(·, 0) = y0, yst (·, 0) = y1 ✐♥ Ω.

✭✷✳✻✻✮

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♥♦t❛t✐♦♥ ys|s=0 = y✳ ◆♦✇✱ ❢♦r ❛❧❧ ṽ1 ∈ H1✱ ✇❡ ❤❛✈❡✿

D1J1(f ; v
1 + sv̂1, v2) · ṽ1 −D1J1(f ; v

1, v2) · ṽ1

= α1

∫∫

O1,d×(0,T )

(ys − y1,d)q
s dx dt− α1

∫∫

O1,d×(0,T )

(y − y1,d)q dx dt

+ sµ1

∫∫

O1×(0,T )

v̂1ṽ1 dx dt,

✭✷✳✻✼✮

✇❤❡r❡ qs ✐s t❤❡ s♦❧✉t✐♦♥ t♦




qstt −∆qs + a(x, t)qs = F (ys)qs + ṽ11O1 ✐♥ Q,

qs = 0 ♦♥ Σ,

qs(·, 0) = 0, qst (·, 0) = 0 ✐♥ Ω,

✭✷✳✻✽✮

❛♥❞ ✇❡ ❞❡♥♦t❡ ✉s❡❞ t❤❡ ♥♦t❛t✐♦♥ q := qs|s=0✳ ▼✉❧t✐♣❧②✐♥❣ ✐♥ ✭✷✳✻✽✮ ❜② ❛ ❢✉♥❝t✐♦♥ φs ❛♥❞

✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ✐♥ Q✱ ✇❡ ❤❛✈❡
∫∫

Q

(φstt −∆φs + a(x, t)φs)qs dx dt−

∫∫

Σ

φs
∂qs

∂ν
dσ dt

+ 〈qst (T ), φ
s(T )〉 −

∫

Ω

qs(x, T )φs(x, T ) dx

=

∫∫

Q

F ′(ys)qsφs dx dt+

∫∫

Oi×(0,T )

ṽ1φs dx dt.

✭✷✳✻✾✮

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❛❞❥♦✐♥t




φstt −∆φs + a(x, t)φs = F (ys)φs + α1(y
s − y1,d)1O1,d

✐♥ Q,

φs = 0 ♦♥ Σ,

φs(·, T ) = 0, φst(·, T ) = 0 ✐♥ Ω.

✭✷✳✼✵✮

❇② ✭✷✳✻✾✮ ❛♥❞ ✭✷✳✼✵✮✱ ✇❡ ❤❛✈❡

α1

∫∫

Oi,d×(0,T )

(ys − y1,d)q
s dx dt =

∫∫

Oi×(0,T )

ṽ1φs dx dt.

✼✻



❘❡♣❧❛❝✐♥❣ ✐♥ ✭✷✳✻✼✮✱ ✇❡ ❣❡t

D1J1(f ; v
1 + sv̂1, v2) · ṽ1 −D1J1(f ; v

1, v2) =

∫∫

O1×(0,T )

ṽ1(φs − φ) dx dt

+ sµ1

∫∫

O1×(0,T )

v̂1ṽ1 dx dt ∀v̂1, ṽ1 ∈ H1.
✭✷✳✼✶✮

◆♦t❡ t❤❛t

(φs−φ)tt−∆(φs−φ)+ a(x, t)(φs−φ) = [F ′(ys)−F (y)]φs+F ′(y)(φs−φ)+α1(y
s− y)1O1,d

,

❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♠✐ts ❡①✐st

h = lim
s→0

1

s
(ys − y), η = lim

s→0

1

s
(φs − φ),

♠♦r❡♦✈❡r✱ (h, η) ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠




htt −∆h+ a(x, t)h = F ′(y)h+ v̂11O1 ✐♥ Q,

ηtt −∆η + a(x, t)η = F ′′(y)hφ+ F ′(y)η + α1h1O1,d
✐♥ Q,

h = 0, η = 0 ♦♥ Σ,

h(·, 0) = 0, ht(·, 0) = 0, η(·, T ) = 0, ηt(·, T ) = 0 ✐♥ Ω.

✭✷✳✼✷✮

❚❤✉s✱ ❜② ✭✷✳✼✶✮ ❛♥❞ ✭✷✳✼✷✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t




D2
1J1(f ; v

1, v2) · (v̂1, ṽ1) =

∫∫

O1×(0,T )

ṽ1η dx dt+ µ1

∫∫

O1×(0,T )

v̂1ṽ1 dx dt

∀v̂1, ṽ1 ∈ H1.

■♥ ♣❛rt✐❝✉❧❛r✱




D2
1J1(f ; v

1, v2) · (v̂1, v̂1) =

∫∫

O1×(0,T )

v̂1η dx dt+ µ1

∫∫

O1×(0,T )

|v̂1|2 dx dt

∀v̂1 ∈ H1.

✭✷✳✼✸✮

▲❡t ✉s s❡❡ t❤❛t ❢♦r s♦♠❡ C1 > 0 ✐♥❞❡♣❡♥❞❡♥t ♦❢ f, η, h, v̂1✱ ♦♥❡ ❤❛s
∣∣∣∣
∫∫

O1×(0,T )

v̂1η dx dt

∣∣∣∣ ≤ C1

(
1 + ||f ||L2(O×(0,T ))

)
||v̂1||H1 ∀v̂1 ∈ H1. ✭✷✳✼✹✮

■♥❞❡❡❞✱ s✐♥❝❡ F ′ ∈ W 1,∞(R)✱ ❢r♦♠ t❤❡ ❡♥❡r❣② ❡st✐♠❛t❡s✱ ✇❡ ✜rst s❡❡ t❤❛t
∫

Ω

|ht|
2 dx+

∫

Ω

|∇h|2 dx ≤ C||v̂1||2H1
, t ∈ [0, T ] ❛✳ ❡✳ ✭✷✳✼✺✮

❆❧s♦✱
∫∫

Q

v̂1η dx dt =

∫∫

Q

F ′′(y)φh2 dx dt+ α1

∫∫

Oi,d×(0,T )

h2 dx dt. ✭✷✳✼✻✮

✼✼



▲❡t ✉s ✜♥❞ r ❛♥❞ s s✉❝❤ t❤❛t

φ ∈ Lr(0, T ;Ls(Ω)) ❛♥❞ h ∈ Lr
′

(0, T ;Ls
′

(Ω)),

✇❤❡r❡ r′ ❛♥❞ s′ ❛r❡ ❝♦♥❥✉❣❛t❡ ♦❢ r ❛♥❞ s✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❢❛❝t✱ ❛s h ∈ C0([0, T ];H1
0 (Ω)) ❛♥❞

ht ∈ C0([0, T ];L2(Ω))✱ ✇❡ ❤❛✈❡ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❜② ❙♦❜♦❧❡✈ ❡♠❜❡❞❞✐♥❣

h ∈ L∞(0, T ;L
2n
n−2 ),

t❤❛t ✐s✱ r′ = +∞ ❛♥❞ s′ = n/(n− 2)✳ ❚❤✉s r = 1 ❛♥❞ s = n/2✳

◆♦✇✱ s✐♥❝❡

y, y1,d ∈ C0([0, T ];H1
0 (Ω)) ∩ C

1([0, T ];L2(Ω)),

✇❡ ❤❛✈❡ 



φ ∈ C1([0, T ];H1
0 (Ω)) ∩ C

0([0, T ], H2(Ω) ∩H1
0 (Ω)),

φt ∈ C1([0, T ];L2(Ω)) ∩ C0([0, T ], H1
0 (Ω)).

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ φ ∈ L1(0, T ;La(Ω))✱ ✇❤❡r❡ a = 2n/(n − 4)✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❛t φ ∈

L1(0, T ;Ls(Ω)) ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱
n

2
≤

2n

n− 4
,

t❤❛t ✐s✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ n ≤ 8✳

❚❤❡♥✱ ✐❢ n ≤ 8 ❜② ✭✷✳✻✻✮✱ ✭✷✳✼✵✮✱ ✭✷✳✼✺✮ ❛♥❞ ✭✷✳✼✻✮✱ ✇❡ ♦❜t❛✐♥
∣∣∣∣
∫∫

O1×(0,T )

v̂1η dx dt

∣∣∣∣ ≤ C
(
||h||2O1,d×(0,T ) + ||F ′′||∞||h||2

L∞(0,T ;L2s′ (Ω))
||φ||L1(0,T ;Ls(Ω))

)

≤ C(1 + ||φ||L1(0,T ;Ls(Ω)))||v̂
1||H1

≤ C(1 + ||y||L2(Q))||v̂
1||H1

≤ C1(1 + ||f ||L2(O×(0,T )))||v̂
1||H1 ,

✇❤✐❝❤ ♣r♦✈❡s ✭✷✳✼✹✮✳

❚❤✉s✱ ❜② ✭✷✳✼✸✮ ❛♥❞ ✭✷✳✼✹✮✱ ✇❡ ❤❛✈❡

D2
1J1(f ; v

1, v2) · (v̂1, v̂1) ≥ [µ1 − C1(1 + ||f ||L2(O×(0,T )))]||v̂
1||2H1

∀v̂1 ∈ H1.

❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ❣❡t ❛ ❝♦♥st❛♥t C2 > 0✱ s✉❝❤ t❤❛t

D2
2J2(f ; v

1, v2) · (v̂2, v̂2) ≥ [µ2 − C2(1 + ||f ||L2(O×(0,T )))]||v̂
2||2H2

∀v̂2 ∈ H2.

❋✐♥❛❧❧②✱ ♥♦t✐♥❣ t❤❛t C1 ❛♥❞ C2 ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ µi✱ ❢♦r µi ❧❛r❣❡ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡

t❤❛t µi − Ci(1 + ||f ||L2(O×(0,T ))) ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ■♥ ♦t❤❡r ✇♦r❞s✱ (v1, v2) ♠✐♥✐♠✐③❡s

s✐♠✉❧t❛♥❡♦✉s❧② t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji ❛♥❞ (v1, v2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✳

✼✽



✷✳✹ ❋✐♥❛❧ ❝♦♠♠❡♥ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐♥❞✐❝❛t❡ s❡✈❡r❛❧ ♣r♦❜❧❡♠s r❡❧❛t❡❞ t♦ ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ❛♥❞ ❡①❛❝t

❝♦♥tr♦❧❧❛❜✐❧✐t② t❤❛t ❝❛♥ ❜❡ ❛♥❛❧②③❡❞✳

✷✳✹✳✶ ❇♦✉♥❞❛r② ❝♦♥tr♦❧❧❛❜✐❧✐t②

■♥ ❬✺✵❪✱ t❤❡ ❛✉t❤♦r ❛♥❛❧②③❡s t❤❡ ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ♦❢ ❛ ❤②♣❡r❜♦❧✐❝ ❡q✉❛t✐♦♥ ✇✐t❤ ♦♥❡ ❧❡❛✲

❞❡r ❛♥❞ ♦♥❡ ❢♦❧❧♦✇❡r ❛♥❞ ❤❡ s♦❧✈❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✐t②✳ ❚❤❡ ❜♦✉♥❞❛r②

❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠ ✇✐t❤ ❛t ❧❡❛st t✇♦ ❢♦❧❧♦✇❡rs ✐s st✐❧❧ ♥♦t ❝♦♠♣❧❡t❡❧② ✉♥❞❡rst♦♦❞✳

▲❡t Ω ⊂ R
n ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇✐t❤ ❜♦✉♥❞❛r② Γ ♦❢ ❝❧❛ss C2 ❛♥❞ ❧❡t Γ0, Γ1, Γ2 ⊂ Γ

❜❡ ♥♦♥❡♠♣t② s✉❜s❡ts✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r s②st❡♠




ytt −∆y + a(x, t)y = 0 ✐♥ Q,

y = f1Γ0 + v11Γ1 + v21Γ2 ♦♥ Σ,

y(·, 0) = y0, yt(·, 0) = y1 ✐♥ Ω,

✭✷✳✼✼✮

t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧s

Ji(f, v
1, v2) :=

αi
2

∫∫

Γi,d×(0,T )

|y − yi,d|
2 dx dt+

µi
2

∫∫

Γi×(0,T )

|vi|2 dx dt, ✭✷✳✼✽✮

✇❤❡r❡ t❤❡ Γi,d ⊂ Γ ❛r❡ ♥♦♥❡♠♣t② yi,d ∈ L2(Γi,d × (0, T )) ❛r❡ ❣✐✈❡♥ ❛♥❞ αi, µi > 0 ❛♥❞ t❤❡

♠❛✐♥ ❢✉♥❝t✐♦♥❛❧

J(f) :=
1

2

∫∫

Γ0×(0,T )

|f |2 dx dt, ✭✷✳✼✾✮

❋♦❧❧♦✇✐♥❣ s✐♠✐❧❛r ❛r❣✉♠❡♥ts t♦ t❤♦s❡ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞

✉♥✐q✉❡♥❡ss ♦❢ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r ❡❛❝❤ f ✳ ❲❡ ❝❛♥ ❛❧s♦ ❞❡❞✉❝❡ ❛♥ ♦♣t✐♠❛❧✐t② s②st❡♠

s✐♠✐❧❛r t♦ ✭✸✳✶✺✮✳ ❍♦✇❡✈❡r✱ ❛t ♣r❡s❡♥t ✇❡ ❞♦ ♥♦t ❦♥♦✇ ✇❤❡t❤❡r ❛♥ ❛♣♣r♦♣♣r✐❛t❡ ♦❜s❡r✈❛✲

❜✐❧✐t② ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❢♦r t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❞❥♦✐♥t✳ ❚❤❡ ❤✐❡r❛r❝❤✐❝ ❡①❛❝t

❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✷✳✼✼✮✕✭✷✳✼✽✮ ✐s t❤❡r❡❢♦r❡ ❛♥ ♦♣❡♥ q✉❡st✐♦♥✳

✷✳✹✳✷ ❖♥ t❤❡ ♥♦♥❧✐♥❡❛r✐t②

■♥ t❤✐s ✇♦r❦ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ ♥♦♥❧✐♥❡❛r t❡r♠s ❧♦❝❛❧❧② ▲✐s❝❤✐t③✲❝♦♥t✐♥✉♦✉s✳ ❲❡ ❝♦✉❧❞

t❤✐♥❦ ♦❢ ♦t❤❡r ❛ss✉♠♣t✐♦♥s ♦♥ F ✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ❬✸✸❪ t❤❡ ❛✉t❤♦rs ❝♦♥s✐❞❡r ♥♦♥❧✐♥❡❛r F ∈

C1(R) s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥

lim sup
s→+∞

F (s)

|s| · log
1
2 |s|

= 0.

✼✾



❋♦❧❧♦✇✐♥❣ t❤❡ ❛r❣✉♠❡♥ts ✐♥ ❙❡❝t✐♦♥ ✷✳✸✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛♥ ♦♣t✐♠❛❧✐t② s②st❡♠ s✐♠✐❧❛r t♦

✭✶✳✾✵✮✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ❝❛s❡✱ ✇✐❧❧ s❤♦✇ t❤❡ ❢✉♥❝t✐♦♥ F ′✱ ♦♥ ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♥♦ ✐♥❢♦r♠❛t✐♦♥✳

❚❤❡ ❛♥❛❧②s✐s ♦❢ ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r ❤②♣❡r❜♦❧✐❝

❡q✉❛t✐♦♥s ✇✐t❤ ♥♦♥❧✐♥❡❛r t❡r♠s ♦❢ t❤✐s t②♣❡ ✐s ❛♥ ♦♣❡♥ q✉❡st✐♦♥✳

✽✵



❈❛♣ít✉❧♦ ✸

❍✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ❢♦r ❇✉r❣❡rs ❡q✉❛t✐♦♥

✈✐❛ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ str❛t❡❣②



❍✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ❢♦r ❇✉r❣❡rs ❡q✉❛t✐♦♥

✈✐❛ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ str❛t❡❣②

❋✳ ❉✳ ❆r❛r✉♥❛✱ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛✱ ▲✳ ❈✳ ❙✐❧✈❛

❆❜str❛❝t✳ ❲❡ ♣r❡s❡♥t s♦♠❡ r❡s✉❧ts ♦♥ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ ❇✉r❣❡rs ❡q✉❛t✐♦♥✳ ❲❡

❛♥❛❧②③❡ t❤❡ ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ t❤r♦✉❣❤ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ str❛t❡❣②✱ ✇❤❡r❡ ✇❡ ❝♦♥s✐❞❡r ♦♥❡ ❧❡❛❞❡r

❛♥❞ t✇♦ ❢♦❧❧♦✇❡rs✳ ❚♦ ❡❛❝❤ ❧❡❛❞❡r ✇❡ ❛ss♦❝✐❛t❡ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❜✐✲

♦❜❥❡❝t✐✈❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠❀ t❤❡♥ ✇❡ ❧♦♦❦ ❢♦r ❛ ❧❡❛❞❡r t❤❛t s♦❧✈❡s t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

♣r♦❜❧❡♠✳ ❲❡ ♣r♦✈❡ ❧✐♥❡❛r ❝❛s❡ ❛♥❞ ✇❡ ✉s❡ ❛ ✜①❡❞ ♣♦✐♥t ♠❡t❤♦❞ t♦ s♦❧✈❡ t❤❡ s❡♠✐❧✐♥❡❛r ♣r♦❜❧❡♠✳

✸✳✶ ■♥tr♦❞✉❝t♦♥

❚❤❡ ❇✉r❣❡rs✬ ❡q✉❛t✐♦♥ ✐s t❤❡ s✐♠♣❧❡st ♦❢ ❡✈♦❧✉t✐♦♥ P❉❊✬s t❤❛t ❞❡s❝r✐❜❡ ❛ ✢✉✐❞ ✢✉①✳

❚❤✐s ❡q✉❛t✐♦♥ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣❛♣❡r ❬✶✶❪ ❜② ❇✉r❣❡rs✳ ❚❤❡ st✉❞② ♦❢ t❤✐s ❡q✉❛t✐♦♥ ✐s

✐♠♣♦rt❛♥t t♦ ✐♥✈❡st❣❛t❡ ♣r♦♣r✐❡t✐❡s ♦❢ s②st❡♠s ❣♦✈❡r♥❡❞ ❜② ♠♦r❡ ❝♦♠♣❧❡① ❡q✉❛t✐♦♥s ✐♥ ❤✐❣❤❡r

❞✐♠❡♥s✐♦♥s✳ P♦r ❡①❛♠♣❧❡✱ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r ❇✉r❣❡rs✬ ❡q✉❛t✐♦♥ ❤❛s ❜❡❡♥

✉s❡❞ t♦ tr② ✉♥❞❡rst❛♥❞ q✉❡st✐♦♥s ♦♥ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ◆❛✈✐❡r✕❙t♦❦❡s s②st❡♠✳

✸✳✶✳✶ ❙t❛t❡♠❡♥t ♦❢ t❤❡ ♣r♦❜❧❡♠

▲❡t T > 0 ❜❡ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♥♦♥❡♠♣t② ♦♣❡♥ s❡ts O, O1, O2 ⊂ (0, 1)✱ ✇✐t❤ 0 6∈ O✳

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❇✉r❣❡rs✬ s②st❡♠✿




yt − yxx + yyx = f1O + v11O1 + v21O2 ✐♥ (0, 1)× (0, T ),

y(0, t) = y(1, t) = 0 ♦♥ (0, T ),

y(x, 0) = y0(x) ✐♥ (0, 1),

✭✸✳✶✮

✇❤❡r❡ t❤❡ ❝♦♥tr♦❧s ❛r❡ f, v1, v2✱ t❤❡ st❛t❡ ✐s y ❛♥❞ ✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ 1A ✇❡ ❞❡♥♦t❡ t❤❡

❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❡t A✳

❚❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ s②st❡♠s ❛s ✐♥ ✭✸✳✶✮ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② ❛♥❛❧②③❡❞ ✐♥ t❤❡ ❧❛st

②❡❛rs✳ ■♥ ❬✸✹❪✱ ✐t ✐s s❤♦✇♥ t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ ❛ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ❛s ✭✸✳✶✮ ✇✐t❤ ❧❛r❣❡

L2✲♥♦r♠ ❝❛♥♥♦t ❜❡ r❡❛❝❤❡❞ ✭♥♦t ❡✈❡♥ ❛♣♣r♦①✐♠❛t❡❧②✮ ❛t ❛♥② t✐♠❡ ❚✳ ❙✐♠✐❧❛r q✉❡st✐♦♥s ❛r❡

❛♥❛❧②③❡❞ ✐♥ ❬✶✺❪✳

✽✷



❚❤❡ ❧♦❝❛❧ ♥✉❧❧ ❝♦♥r♦❧❧❛❜✐❧✐t② ❢♦r ❇✉r❣❡rs ❡q✉❛t✐♦♥ ✐s ✐♥✈❡st✐❣❛t❡ ✐♥ ❬✷✻❪✱ ✇❤❡r❡ ✇❛s

♦❜t❛✐♥❡❞ ❡①♣❧✐❝✐t s❤❛r♣ ❡st✐♠❛t❡s ♦❢ t❤❡ ♠✐♥✐♠❛❧ t✐♠❡ ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② T (r) ♦❢ ✐♥✐t✐❛❧ ❞❛t❛

✇✐t❤ L2✲♥♦r♠ ❧❡ss ♦r ✐❣✉❛❧ r✳ ◆♦✇ ✐♥ ❬✼❪ ✐s ♦❜t❛✐♥❡❞ r❡s✉❧ts ♦♥ t❤❡ ❧♦❝❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

♦❢ t❤❡ ❇✉r❣❡rs✲❛❧♣❤❛ ♠♦❞❡❧✳

■♥ ❛ ♠♦r❡ r❡❝❡♥t ✇♦r❦ ❬✺✸❪ t❤❡ ❛✉t❤♦r✱ ❝♦♥s✐❞❡r✐♥❣ t✇♦ ❝♦♥tr♦❧s ❢♦r❝❡s✱ ♣r♦✈❡s t❤❛t ♦♥❡

❝❛♥ ❞r✐✈❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❇✉r❣❡rs ❡q✉❛t✐♦♥ ❢r♦♠ ❛♥② ✐♥✐t✐❛❧ st❛t❡ y0 ✐♥

L2(0, 1) t♦ ♥✉❧❧ st❛t❡ ✐♥ ❛♥② t✐♠❡ T > 0✳

❲❤❡♥ ✇❡ ❤❛✈❡ ❛ ♣r♦❜❧❡♠ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❜❡②♦♥❞ t♦ ♦❜t❛✐♥ t❤❛t s♦❧✈❡s

t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠ ✇❡ ✇❛♥t t❤❛t t❤❡ ❛ss♦❝✐❛t❡ s♦❧✉t✐♦♥ ♥♦t ❣♦ ❛✇❛② t♦♦ ♦❢ ❛ ❣✐✈❡♥

❢✉♥❝t✐♦♥✳ ❋♦r t♦ st✉❞② ♣r♦❜❧❡♠ ♦❢ t❤❛t t②♣❡ ❣❡♥❡r❛❧② ✇❡ ✉s❡ t❤❡ ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ✐♥tr♦❞✉❝❡❞

❜② ▲✐♦♥s ✐♥ ❬✺✵❪✱ ✇❤✐❝❤ ❝♦s✐sts ✐♥ t❤❡ ♣r♦❝❡ss ♦❢ ❧❡❛❞❡r ✭✐♥❞❡♣❡♥❞❡♥t ❝♦♥tr♦❧✮ ❛♥❞ ❢♦❧❧♦✇❡r

✭❞❡♣❡♥❞❡♥t ♦♥ ❧❡❛❞❡r✮✳ ■♥ ❬✺✵❪ ✇❛s ❝♦♥s✐❞❡r❡❞ ♦♥❡ ❧❡❛❞❡r ❛♥❞ ♦♥❡ ❢♦❧❧♦✇❡r ❛♥❞ ❛♣♣❧✐❡❞ t❤❡

❙t❛❝❦❡❧❜❡r❣ ♦♣t✐♠✐③❛t✐♦♥✱ ❬✻✶❪✱ t♦ s♦❧✈❡ ❛ ❜✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠❛❧ ❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✐t②

♣r♦❜❧❡♠ ❢♦r ❛ ❤②♣❡r❜♦❧✐❝ ❡q✉❛t✐♦♥✳ ■♥ ❬✺✶❪✱ s✐♠✐❧❛r r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞ ❢♦r ❛ ♣❛r❛❜♦❧✐❝

s②st❡♠✳

❚❤❡ ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ✉s✐♥❣ t❤❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ str❛t❡❣② ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✻❪✱

✇❤❡r❡ ✇❛s ❛ss♦❝✐❛t❡❞ t❤❡ str❛t❡❣✐❡s ♦❢ ❝♦♦♣❡r❛t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❙t❛❝❦❡❧❜❡r❣ ❛♥❞ ♦❢ ♥♦♥✲

❝♦♦♣❡r❛t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ◆❛s❤✳ ❚❤❡ ❛✉t❤♦rs ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ t❤✐s str❛t❡❣② t♦ s♦❧✈❡

❛ ❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r ❛ ♣❛r❛❜♦❧✐❝ s②st❡♠ ✇✐t❤ ❛ ❧❡❛❞❡r ❛♥❞ ❛ ♥✉♠❜❡r

N ♦❢ ❢♦❧❧♦✇❡rs✳ ❆♥♦t❤❡r r❡❢❡r❡♥❝❡s ♦♥ t❤✐s str❛t❡❣②✱ ❜✉t ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❡①❛❝t

❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ♣❛r❛❜♦❧✐❝ s②st❡♠ ❛r❡ ❬✶❪✱ ❬✸❪ ❛♥❞ ❬✻❪✳

❚❤❡ ♦❜❥❡❝t✐✈❡ t❤✐s ♣❛♣❡r ✐s ❛♥❛❧②③❡ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠ ✭✸✳✶✮ ✐♥ t❤❡

❝♦♥t❡①t ♦❢ t❤❡ ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ❛♣♣❧②✐♥❣ t❤❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ str❛t❡❣② ✇✐t❤ ❧❡❛❞❡r f ❛♥❞

❢♦❧❧♦✇❡rs v1 ❛♥❞ v2✳

■♥ s❡q✉❡❧✱ t♦ ❞❡s❝r✐❜❡ t❤❡ ♠❡t❤♦❞♦❧♦❣②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝♦st ❢✉♥❝t✐♦♥❛❧s ❢♦r t❤❡ ❢♦❧✲

❧♦✇❡rs✿

Ji(f ; v
1, v2) :=

αi
2

∫∫

Oi,d×(0,T )

|y − yi,d|
2 dx dt+

µi
2

∫∫

Oi×(0,T )

|vi|2 dx dt, ✭✸✳✷✮

❛♥❞ ♠❛✐♥ ❢✉♥❝t✐♦♥❛❧

J(f) :=
1

2

∫∫

O×(0,T )

|f |2 dx dt,

✇❤❡r❡ Oi,d ⊂ (0, 1) ✐s ❛ ♦♣❡♥ ♥♦♥❡♠♣t② s❡t✱ αi, µi > 0 ❛r❡ ❝♦♥st❛♥ts ❛♥❞ yi,d = yi,d(x, t) ✐s ❛

❣✐✈❡♥ ❢✉♥❝t✐♦♥ ✐♥ L2(Oi,d × (0, T ))✳

✽✸



❋♦r ❡❛❝❤ ❧❡❛❞❡r ❝♦♥tr♦❧ f ❝❤♦♦s✐♥❣ ✇❡ ❧♦♦❦ ❢♦r ❛♥ ♣❛✐r (v1, v2) t❤❛t ♠✐♥✐♠✐③❡✱ s✐♠✉❧t❛✲

♥❡♦✉s❧②✱ t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji✱ t❤❛t ✐s✱

J1(f ; v
1, v2) = min

v̂1
J1(f ; v̂

1, v2) ❛♥❞ J2(f ; v
1, v2) = min

v̂2
J2(f ; v

1, v̂2). ✭✸✳✸✮

❆♥ ♣❛✐r (v1, v2) = (v1(f), v2(f)) t❤❛t s❛t✐s✜❡s ✭✸✳✸✮ ✐s ❝❛❧❧❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ❢✉♥❝✲

t✐♦♥❛❧s Ji✳

◆♦t❡ t❤❛t ✇❤❡♥ Ji ✐s ❝♦♥✈❡①✱ i = 1, 2✱ ✭✸✳✸✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

J ′
i(f ; v

1, v2) · v̂i = 0 ∀ v̂i ∈ L2(Oi × (0, T )), ✭✸✳✹✮

❜✉t✱ ✐♥ ❣❡♥❡r❛❧✱ ❛s ✭✸✳✶✮ ✐s ♥♦♥❧✐♥❡❛r t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥ ✭✸✳✸✮ ❛♥❞ ✭✸✳✹✮ ✐s ♥♦t tr✉❡✳

❚❤❡♥✱ ✇❡ ♠✉st t♦ ♣r♦✈❡ t❤❛t ❛♥ ♣❛✐r (v1, v2) s❛t✐s❢②✐♥❣ ✭✸✳✹✮ ✐s ✉♥✐q✉❡ ❛♥❞ ✇❡ ❤❛✈❡

〈
J ′′(f ; v1, v2), v̂i

〉
> 0 ∀ v̂i ∈ L2(Oi × (0, T )). ✭✸✳✺✮

❚❤✉s✱ (v1, v2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ s❛t✐s✜❡s ✭✸✳✹✮ ❛♥❞ ✭✸✳✺✮✳

❆❢t❡r ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r ❡❛❝❤ ❧❡❛❞❡r f ∈

L2(O × (0, T ))✱ ✇❡ ❧♦♦❦ ❢♦r t♦ ♣r♦✈❡ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r t❤❡ s②st❡♠ ✭✸✳✶✮✳ ▼♦r❡

♣r❡❝✐s❡❧②✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐sts f ∈ L2(O × (0, T )) s✉❝❤ t❤❛t

J(f) = min
f̂
J(f̂) ✭✸✳✻✮

❛♥❞

y(·, T ) = 0 ✐♥ (0, 1). ✭✸✳✼✮

■♥ ✭✸✳✶✮✱ ✇❡ ❝❛♥ t❤✐♥❦ ✐♥ t❤❡ st❛t❡ y(x, t) ❛s ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❧♦❝✐t② ♦❢ ❛ ✢✉✐❞ ❛♥❞

y0(x) ❛s ❛ ✐♥✐t✐❛❧ ❞❛t✉♠✳ ❚❤❡♥✱ r♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤❡ ♣r♦❜❧❡♠ t❤❛t ✇❡ ✇✐❧❧ ❛♥❛❧②③❡ ❤❛s t❤❡

❢♦❧❧♦✇✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥✿ ✇❡ ✇❛♥t t♦ ❛❝t ✇✐t❤ ♠✐♥✐♠❛❧ ❝♦♥tr♦❧ ✐♥ ❛ s❡t ♦❢ ♣❛t✐❝❧❡s ♦❢ t❤❡ ✢✉✐❞

♦❢ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❛❧❧ ✢✉✐❞✱ ✇❤✐❝❤ ✐s y0(x) ✐♥✐t✐❛❧②✱ ✈❛♥✐s❤ ❛t t✐♠❡ T > 0✱

❜✉t ✇❡ ❛❧s♦ ✇❛♥t t♦ ❛❝t ✇✐t❤ ♠✐♥✐♠❛❧ ❝♦♥tr♦❧✱ ❞✉r✐♥❣ t❤❡ ❛❧❧ t✐♠❡✱ ❢♦r t❤❛t ❞❡t❡r♠✐♥❡❞ s❡t

♦❢ ♣❛rt✐❝❧❡s ♦❢ ✢✉✐❞ t❤❡ ✈❡❧♦❝✐t② y(x, t) ❞♦❡s ♥♦t ❣♦ ❛✇❛② t♦♦ ♠✉❝❤ ❢r♦♠ t❤❡ ✈❡❧♦❝✐t② yi,d✳

✸✳✶✳✷ ▼❛✐♥ r❡s✉❧ts

■♥ t❤❡ ✜rst r❡✉❧t ✇❡ ❤❛✈❡ ❝♦♥❞✐t♦♥s t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡

◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✳

✽✹



❚❤❡♦r❡♠ ✼ ❙✉♣♣♦s❡ µi ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ f ∈ L2(O× (0, T )) ❣✐✈❡♥✱ t❤❡r❡ ❡①✐sts

❛ ◆❛s❤ ❊q✉✐❧✐❜r✐✉♠ ♣❛✐r (v1(f), v2(f)) ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji✳

❚❤❡ ❧♦❝❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✐♥ H1
0 (0, 1) ❣✐✈❡♥ ❜② t❤❡ r❡s✉❧t✿

❚❤❡♦r❡♠ ✽ ❙✉♣♣♦s❡ y0 ∈ H1
0 (0, 1) ✇✐t❤ ||y0||H1

0 (0,1)
≤ r ❢♦r s♦♠❡ r > 0 ❛♥❞ Oi,d ∩ O 6= ∅✱

i = 1, 2✳ ❆ss✉♠❡ t❤❛t ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞s✿

O1,d = O2,d := Od, ✭✸✳✽✮

♦r

O1,d ∩ O 6= O2,d ∩ O. ✭✸✳✾✮

■❢ t❤❡ ❝♦♥st❛♥ts µi > 0 (i = 1, 2) ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ ρ =

ρ(t)✱ ✇❤✐❝❤ ❞❡❝❛② ❡①♣♦♥❡♥t✐❛❧② t♦ 0 ✇❤❡♥ t→ T−✱ s✉❝❤ t❤❛t✱ ❢✉♥❝t✐♦♥s yi,d ∈ L2(Oi,d×(0, T ))

(i = 1, 2) s❛t✐s✜❡s ∫∫

Oi,d×(0,T )

ρ−2 y2i,d dx dt < +∞, i = 1, 2, ✭✸✳✶✵✮

t❤❡♥✱ t❤❡r❡ ❡①✐st ❛ ❝♦♥tr♦❧ f ∈ L2(O×(0, T )) ❛♥❞ ❛ ❛ss♦❝✐❛t❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (v1(f), v2(f))

s✉❝❤ t❤❛t ❤❛s ♦♥❡ ✭✸✳✻✮ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮ s❛t✐s✜❡s ✭✸✳✼✮✳

❙✐♥❝❡ t❤❛t ✇❡ ✇❛♥t t♦ ❞r✐✈❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✶✮ t♦ ♥✉❧❧ st❛t❡ ✐♥ t❤❡ t✐♠❡ T > 0 ✇✐t❤♦✉t

t❤❛t t❤❡ st❛t❡ y ❣♦ ❛✇❛② ♦❢ t❤❡ ❢✉♥❝t✐♦♥s yi,d✱ t❤❡ ❤②♣♦t❤❡s✐s ✭✸✳✶✵✮ ✐s ♥❛t✉r❛❧✳

■♥ ✈✐❡✇ ♦❢ t❤❡ r❡s✉❧t ♦❜t❛✐♥❡❞ ✐♥ ❬✷✻❪ ❢♦r y0 ∈ L2(0, 1) ✇✐t❤ ||y0||L2(0,1) ≤ r✱ r > 0✱ ✇❡

♠✉st ❤❛✈❡ ❛ ♠✐♥✐♠❛❧ t✐♠❡ ❢♦r ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② T (r) > 0 ✇✐t❤

C0 log(1/r)
−1 ≤ T (r) ≤ C1 log(1/r)

−1,

❢♦r s✉✐t❛❜❧❡s ❝♦♥st❛♥ts C0, C1 > 0✳ ◆♦✇ ✇❡ ♣r❡s❡♥t ❛ r❡s✉❧t ♦♥ ❧♦❝❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✇✐t❤

✐♥✐t✐❛❧ ❞❛t❛ ✐♥ L2(0, 1)✳

❚❤❡♦r❡♠ ✾ ❙✉♣♣♦s❡ y0 ∈ L2(0, 1) ✇✐t❤ ||y0||L2(0,1) ≤ r ❢♦r s♦♠❡ r > 0 ❛♥❞ T ≥ T (r)✳

❆ss✉♠✐♥❣ ❛s ✐♥ t❤❡ ❚❤❡♦r❡♠ ✼ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥s ✭✸✳✽✮✱ ✭✸✳✾✮ ❤♦❧❞s✱ µi ✐s ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞

t❤❡r❡ ❡①✐sts ❛ ❢✉♥❝t✐♦♥ ρ s✉❝❤ t❤❛t t❤❡ ❤②♣♦t❤❡s✐s ✭✸✳✶✵✮✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❝♦♥tr♦❧ f ∈

L2(O × (0, T )) ❛♥❞ ❛ ❛ss♦❝✐❛t❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (v1(f), v2(f)) s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

s♦❧✉t✐♦♥ t♦ ✭✸✳✶✮ s❛t✐s✜❡s ✭✸✳✼✮✳

❚❤❡ r❡st t❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷✱ ✇❡ ♣r♦✈❡ t❤❡ ❚❤❡♦r❡♠ ✼✳

■♥ ❙❡❝t✐♦♥ ✸✳✸✱ ✇❡ ❝♦♥❝❡r♥ ✐♥ t❤❡ ♣r♦✈❡ ♦❢ t❤❡ ❚❤❡♦r❡♠s ✽ ❛♥❞ ✾✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✸✳✹✱ ✇❡

❝♦♠♠❡♥t ♦♥ s♦♠❡ ♦♣❡♥ ♣r♦❜❧❡♠s✳

✽✺



✸✳✷ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❚❤❡♦r❡♠ ✼✱ t❤❛t ✐s✱ ❢♦r ❡❛❝❤ f ∈ L2(O × (0, T )) ✇❡

✇✐❧❧ ♦❜t❛✐♥ ❛ ✉♥✐q✉❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♣❛✐r (v1(f), v2(f)) ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji✳ ❇② ❞❡✜♥t✐♦♥

t❤✐s ♠❡❛♥ t❤❛t (v1(f), v2(f)) ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ♠✐♥✐♠❛❧ ♣r♦❜❧❡♠ ✭✸✳✸✮✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t

t♦ s❛t✐s❢② ✭✸✳✹✮ ❛♥❞ ✭✸✳✺✮✱ ❛s ✇❡ ❤❛s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳ ❋✐rst❧②✱ ✇❡ ✇✐❧❧ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♣❛✐r

s❛t✐s❢②✐♥❣ ✭✸✳✹✮ ❜② ❛ ♦♣t✐♠❛❧✐t② s②st❡♠✳ ❚❤❡♥✱ ❛❢t❡r t♦ ♣r♦✈❡ t❤❡ ✇❡❧❧ ♣♦s❡❞♥❡ss t❤❛t s②st❡♠✱

✇❡ ✇✐❧❧ ✈❡r✐❢② t❤❛t t❤❡ ♣❛✐r s❛t✐s✜❡s ✭✸✳✺✮✳

❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ♣❛✐r (v1, v2) s❛t✐s❢②✐♥❣ ✭✸✳✹✮✳ ❚❤❡♥✱ ❢♦r i = 1, 2✱ ✇❡ ❤❛✈❡

αi

∫∫

Oi,d×(0,T )

(y − yi,d)w
i dx dt+ µi

∫∫

Oi×(0,T )

viv̂i dx dt = 0 ∀ v̂i ∈ L2(Oi × (0, T )), ✭✸✳✶✶✮

✇❤❡r❡ wi ✐s t❤❡ ●❛t❡❛✉① ❞❡r✐✈❛t✐✈❡ ♦❢ y ✐♥ r❡❧❛t✐♦♥ t♦ vi ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ v̂i✳ ❚❤✉s✱ wi ✐s

s♦❧✉t✐♦♥ t♦ 



wit − wixx + ywix + wiyx = vi1Oi
✐♥ (0, 1)× (0, T ),

y(0, t) = y(1, t) = 0 ♦♥ (0, T ),

y(x, 0) = 0 ✐♥ (0, 1).

✭✸✳✶✷✮

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❛❞❥♦✐♥t t♦ ✭✸✳✶✷✮




−φit − φixx − yφix = αi(y − yi,d)1Oi,d
✐♥ (0, 1)× (0, T ),

φ(0, t) = φ(1, t) = 0 ♦♥ (0, T ),

φ(x, T ) = 0 ✐♥ (0, 1),

✭✸✳✶✸✮

✇❤❡r❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥ ✭✸✳✷✼✮1 ✐s ♠♦t✐✈❛t❡❞ ❢r♦♠ ✭✸✳✶✶✮✳ ❯s✐♥❣ t❤❡ P❉❊✬s ✐♥ ✭✸✳✶✷✮ ❛♥❞

✭✸✳✷✼✮ ✇❡ ❞❡❞✉❝❡

αi

∫∫

Oi,d×(0,T )

(y − yi,d)w
i dx dt = µi

∫∫

Oi×(0,T )

φiv̂i dx dt ∀v̂i ∈ L2(Oi × (0, T )),

t❤❡♥✱ r❡♣❧❛❝✐♥❣ ✐♥ ✭✸✳✶✶✮✱ ✇❡ s❡❡ t❤❛t
∫∫

Oi×(0,T )

(µiv
i + φi)v̂i dx dt = 0 ∀v̂i ∈ L2(Oi × (0, T )). ✭✸✳✶✹✮

❚❤✉s✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣t✐♠❛❧✐t② s②st❡♠




yt − yxx + yyx = f1O −
2∑

i=1

1

µi
φi1Oi

, ✐♥ (0, 1)× (0, T ),

−φit − φixx − yφix = αi(y − yi,d)1Oi,d
, ✐♥ (0, 1)× (0, T ),

y(0, t) = y(1, t) = φi(0, t) = φi(1, t) = 0, ♦♥ (0, T ),

y(x, 0) = y0(x), φi(x, T ) = 0 ✐♥ (0, 1),

✭✸✳✶✺✮

✽✻



vi = −
1

µi
φi
∣∣∣∣
Oi×(0,T )

. ✭✸✳✶✻✮

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡ s②st❡♠ ✭✸✳✶✺✮ ✐s ✇❡❧❧ ♣♦s❡❞✳ ❋✐① ỹ ∈ L2(0, T ;H1
0 (0, 1)) ❛♥❞ ❝♦♥s✐❞❡r

t❤❡ s②st❡♠




yt − yxx + yyx = f1O −
2∑

i=1

1

µi
φi1Oi

, ✐♥ (0, 1)× (0, T ),

−φit − φixx − ỹφix = αi(y − yi,d)1Oi,d
, ✐♥ (0, 1)× (0, T ),

y(0, t) = y(1, t) = φi(0, t) = φi(1, t) = 0, ♦♥ (0, T ),

y(x, 0) = y0(x), φi(x, T ) = 0 ✐♥ (0, 1),

✭✸✳✶✼✮

◆♦t❡ t❤❛t ✐♥ ✭✸✳✶✼✮ t❤❡ ❡q✉❛t✐♦♥ ❛r❡ ♥♦t ❝♦♥❥✉❣❛t❡✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥

(
y, φ1, φ2

)
∈
[
L∞(0, T ;L2(0, 1)) ∩ L2(0, T ;H1

0 (0, 1))
]3
.

▼✉❧t✐♣❧②✐♥❣ ✐♥ ✭✸✳✶✼✮1 ❜② y ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐♥ (0, 1)✱ ✉s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❤❛✈❡

1

2

d

dt
|y|2L2(0,1) + |yx|

2
L2(0,1) ≤ |y|2L4(0,1) +

1

4
|yx|

2
L2(0,1) +

1

2

(
|f |2L2(O) + |y|2L2(0,1)

)

+
2∑

i=1

1

µ2
i

|φi|2L2(Oi)
+

1

2
|y|2L2(0,1),

✭✸✳✶✽✮

♦♥ t❤❡ ♦t❤❡r ❤❛♥❞

|y|2L4(0,1) ≤ C |yx|L2(0,1) · |y|L2(0,1) ≤
1

4
|yx|

2
L2(0,1) + C 2 |y|2L2(0,1),

t❤❡♥✱ r❡♣❧❛❝✐♥❣ ✐♥ ✭✸✳✶✽✮

d

dt
|y|2L2(0,1) + |yx|

2
L2(0,1) ≤ 2

(
C2 + 1

)
|y|2L2(0,1) + |f |2L2(O) +

2∑

i=1

1

µ2
i

|φi|2L2(Oi)
. ✭✸✳✶✾✮

■♥t❡❣r❛t✐♥❣ ✐♥ (0, t)✱ t ∈ (0, T ] ✇❡ ♦❜t❛✐♥

|y(t)|2L2(0,1) +

∫ t

0

|yx(s)|
2
L2(0,1) ds ≤ |y0|2L2(0,1) + 2

(
C2 + 1

) ∫ t

0

|y(s)|2L2(0,1) ds

+ ||f ||2L2(O×(0,T )) +
2∑

i=1

1

µ2
i

||φi||2L2(Oi×(0,T )),

t❤✉s✱ ❜② ●r♦♥✇❛❧❧✬s ❧❡♠♠❛ ✇❡ ❣❡t

||y||2L∞(0,T ;L2(0,1)) + ||y||2L2(0,T ;H1
0 (0,1))

≤ C1 + C
2∑

i=1

1

µ2
i

||φi||2L2(Oi×(0,T )), ✭✸✳✷✵✮

✇❤❡r❡ C1 ≥
(
|y0|2L2(0,1) + ||f ||2L2(O×(0,T ))

)
✳

✽✼



◆♦✇ ♠✉❧t✐♣❧②✐♥❣ ✐♥ ✭✸✳✶✼✮2 ❜② φi ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐♥ (0, 1)✱ ✉s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱

✇❡ ❤❛✈❡

−
1

2

d

dt
|φi|2L2(0,1) + |φix|

2
L2(0,1) −

∫ 1

0

ỹφixφ
i dx = αi

∫

Oi,d

(ỹ − yi,d)φ
idx, ✭✸✳✷✶✮

❜✉t✱ ∫ 1

0

ỹφixφ
i dx

1

4
|φix|

2
L2(0,1) +

C

2
|ỹx|

2
L2(0,1) · |φ

i|2L2(0,1)

❛♥❞

αi

∫

Oi,d

(ỹ − yi,d)φ
i dx ≤ Cα2

i

(∫ 1

0

|ỹ|2dx+

∫

Oi,d

|yi,d|
2dx

)
+

1

4

∫ 1

0

|φix|
2dx,

t❤❡♥✱ r❡♣❧❛❝✐♥❣ ✐♥ ✭✸✳✷✶✮ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐♥ (t, T )✱ t ∈ [0, T )✱ ✇❡ ❣❡t

|φi(t)|2L2(0,1) +

∫ T

t

|φix(s)|
2
L2(0,1) ds ≤ C

(
||ỹ||2L2(0,1)×(0,T ) + ||yi,d||

2
L2(Oi,d×(0,T ))

)

+

∫ T

t

|yx(s)|
2
L2(0,1) · |φ

i(s)|2L2(0,1) ds,

t❤✉s✱ ❜② ●r♦♥✇❛❧❧✬s ❧❡♠♠❛✱ ✇❡ ♦❜t❛✐♥

||φi||2L∞(0,T ;L2(0,1)) + ||φi||2L2(0,T ;H1
0 (0,1))

≤ CC̃
(
||ỹ||2L2((0,1)×(0,T )) + ||yi,d||

2
L2(Oi,d×(0,T ))

) ✭✸✳✷✷✮

✇❤❡r❡ C̃ = e
||ỹ||2

L2(0,T ;H1
0(0,1)) ✳ ❋r♦♠ ✭✸✳✷✵✮ ❛♥❞ ✭✸✳✷✷✮ ✇❡ ❞❡❞✉❝❡

||y||2L∞(0,T ;L2(0,1)) + ||y||2L2(0,T ;H1
0 (0,1))

≤ C1 +
C̃

min{µ1, µ2}

(
C2 + C||ỹ||2L2((0,1)×(0,T ))

)
, ✭✸✳✷✸✮

✇❤❡r❡ C2 ≥ C||yi,d||
2
L2(Oi,d×(0,T ))✱ i = 1, 2✳

◆♦✇ ✇❡ ❝♦♥s✐❞❡r r >
√
C1 ❛♥❞ t❤❡ s❡t

K := {z ∈ L2(0, T ;H1
0 (0, 1)); ||z||L2(0,T ;H1

0 (0,1))
≤ r}.

❚❤❡♥✱ t❛❦✐♥❣

min{µ1, µ2} ≥

√
(C2 + C r2) er2

r2 − C1

,

✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r Λ : K → K✱ ✇✐t❤ Λ(ỹ) := y✱ ✇❤❡r❡ (y, φ1, φ2) ✐s s♦❧✉t✐♦♥ t♦ ✭✸✳✶✼✮✳

◆♦t❡ t❤❛t Λ ✐s ❛ ❝♦♠♣❛❝t ♦♣❡r❛t♦r✱ ✐♥ ❢❛❝t✱ K ✐s ❛ ❜♦✉♥❞❡❞ s✉❜s❡t ♦❢ L2(0, T ;H1
0 (0, 1)) ✇❤✐❝❤

✐s ❝♦♠♣❛❝t❧② ✐♠♠❡rs❡ ✐♥ L2(0, T ;L2(0, 1)) = L2((0, 1)× (0, T )) ❛♥❞ y ❞❡♣❡♥❞s ❝♦♥t✐♥✉♦✉s❧②

♦♥ φi✱ t❤❡♥✱ Λ ✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❞ t❤❡ ♦♣❡r❛t♦rs

K
F1−→ L2((0, 1)× (0, T ))

F2−→ K,

ỹ 7→ φi 7→ y,

✽✽



✇❤❡r❡ F1 ✐s ❛ ❝♦♠♣❛❝t ♦♣❡r❛t♦r ❛♥❞ F2 ✐s ❛ ❝♦♥t✐♥✉♦✉s ♦♣❡r❛t♦r✳

❍❡♥❝❡✱ ❜② ❙❝❤❛✉❞❡r✬s ❚❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛ ✜①❡❞ ♣♦✐♥t y ∈ K t♦ Λ✱ t❤❛t ✐s✱ Λ(y) = y✳

❚❤✉s✱ (y, φ1, φ2) ✐s s♦❧✉t✐♦♥ t♦ ✭✸✳✶✺✮✳ ❚♦ ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥✱ s✉♣♣♦s❡ t❤❛t

(y1, φ1,1, φ1,2) ❛♥❞ (y2, φ2,1, φ2,2) ❛r❡ s♦❧✉t✐♦♥s t♦ ✭✸✳✶✺✮✳ ❚❤❡♥✱ ❝♦♥s✐❞❡r✐♥❣ y = y1 − y2 ❛♥❞

φi = φ1,i − φ2,i✱ ✇❡ ❤❛✈❡ t❤❛t (y, φ1, φ2) ✐s s♦❧✉t✐♦♥ t♦




yt − yxx +
1

2

(
yy1 + yy2

)
x
= −

2∑

i=1

1

µi
φi1Oi

, ✐♥ (0, 1)× (0, T ),

−φit − φixx − yφix = αi y 1Oi,d
, ✐♥ (0, 1)× (0, T ),

y(0, t) = y(1, t) = φ(0, t) = φ(1, t) = 0, ♦♥ (0, T ),

y(x, 0) = 0, φ(x, T ) = 0 ✐♥ (0, 1),

✭✸✳✷✹✮

▼✉❧t✐♣❧②✐♥❣ ✐♥ ✭✸✳✷✹✮1 ❜② y ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐♥ (0, 1)✱ ❛♣♣❧②✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ ❤❛✈❡

1

2

d

dt
|y(t)|2L2(0,1) + |yx(t)|

2
L2(0,1) −

1

2

∫ 1

0

y
(
y1 + y2

)
yx dx

≤
2∑

i=1

1

2µ2
i

∫

Oi

|φi|2 dx+
1

2

∫ 1

0

|y|2 dx

+
1

4

∫ 1

0

|yx|
2 dx+

1

4

∫ 1

0

|y1 + y2|2|y|2 dx,

❙✐♥❝❡ y1, y2 ∈ L2(0, T ;H1
0 (0, 1))✱ ❢♦❧❧♦✇s t❤❛t✿

t 7→
∣∣y1(·, t) + y2(·, t)

∣∣2
L∞(0,1)

,

❜❡❧♦♥❣s t♦ L1(0, T )✱ t❤❡♥✱ ✐♥t❡❣r❛t✐♥❣ ✐♥ (0, t)✱ ✇✐t❤ t ∈ (0, T )✱ ✇❡ ❣❡t✿

1

2
|y(t)|2L2(0,1) +

3

4

∫ t

0

|yx(s)|
2
L2(0,1)

≤
2∑

i=1

1

2µ2
i

∣∣∣∣φi
∣∣∣∣2
L2(Oi×(0,T ))

+
1

2

∫ t

0

|y(s)|2L2(0,1) ds

+
1

2

∫ t

0

∣∣y1(s) + y2(s)
∣∣2
L∞(0,1)

|y(s)|2L2(0,1) ds

✭✸✳✷✺✮

❆♥❛❧♦❣♦✉s❧② t♦ ✇❡ ❞✐❞ t♦ ❣❡t ✭✸✳✷✷✮✱ ✇❡ ♦❜t❛✐♥✿

||φi||2L2(Oi×(0,T )) ≤ C
(
||y||2L∞(0,T ;L2(0,1)) + ||y||2L2(0,T ;H1

0 (0,1))

)
. ✭✸✳✷✻✮

❍❡♥❝❡✱ r❡♣❧❛❝✐♥❣ ✭✸✳✷✻✮ ✐♥ ✭✸✳✷✺✮ ❛♥❞ ✉s✐♥❣ t❤❡ ●r♦♥✇❛❧❧✬s ❧❡♠♠❛✱ ✇❡ ❣❡t

||y||2L∞(0,T ;L2(0,1)) + ||y||2L2(0,T ;H1
0 (0,1))

≤
C

min{µ2
1, µ

2
2}

(
||y||2L∞(0,T ;L2(0,1)) + ||y||2L2(0,T ;H1

0 (0,1))

)
,

✽✾



t❤✉s✱ ❝♦♥s✐❞❡r✐♥❣ min{µ2
1, µ

2
2} > C✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t y ≡ 0 ❛♥❞✱ ❛s ❝♦♥s❡q✉❡♥❝❡✱ φi ≡ 0✱

i = 1, 2✳ ❚❤✐s ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✺✮✳

❆s t❤❡ s②st❡♠ ✭✸✳✶✺✮ ✐s ✇❡❧❧ ♣♦s❡❞✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♣❛✐r (v1, v2) ∈ L2(O1 ×

(0, T )) × L2(O2 × (0, T )) t♦ s❛t✐s✜❡s ✭✸✳✶✶✮✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡ ♣❛✐r (v1, v2) ✐s ❛ ◆❛s❤

❡q✉✐❧✐❜r✐✉♠✱ ❢♦r t❤✐s✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤✐s ♣❛✐r s❛t✐s✜❡s ✭✸✳✺✮✳ ❚❤❛t ✐s✱ ❛❧r❡❛❞② ✇❡ ♦❜t❛✐♥

t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t (v1, v2) ❢♦r t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji✱ ♥♦✇ ✉s✐♥❣ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ t❡st ✇❡ ✇✐❧❧

♣r♦✈❡ t❤❛t ✐t ✐s ❛ ♠✐♥✐♠✉♠ ♣♦✐♥t t♦ Ji✳

■♥ ❢❛❝t✱ ❣✐✈❡♥ ṽ1 ∈ L2(O1 × (0, T )) ❛♥❞ s ∈ R✱ ✇❡ ❞❡♥♦t❡ ❜② ys t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡

❢♦❧❧♦✇✐♥❣ s②st❡♠




yst − ysxx + ysysx = f1O +
(
v1 + ṽ1

)
1O1 + v21O2 , ✐♥ (0, 1)× (0, T ),

y(0, t) = y(1, t) = 0, ♦♥ (0, T ),

y(x, 0) = 0, ✐♥ (0, 1),

✭✸✳✷✼✮

❛♥❞ ❧❡t ✉s ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ys|s=0 = y✳ ❋♦r ❡❛❝❤ v̂1 ∈ L2(O × (0, T )) ✇❡ ❤❛✈❡

D1J1(f ; v
1 + sṽ1, v2) · v̂1 −D1J1(f ; v

1, v2) := α1

∫∫

Oi,d×(0,T )

(ys − yi,d)w
1,s dx dt

−α1

∫∫

O1,d×(0,T )

(y − y1,d)w
1 dx dt+ s µ1

∫∫

O1,d×(0,T )

ṽ1v̂1 dx dt,
✭✸✳✷✽✮

✇❤❡r❡ w1,s ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ys ✐♥ r❡❧❛t✐♦♥ t♦ v1 + sṽ1 ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ v̂1✳ ❚❤❡♥✱ w1,s ✐s

t❤❡ s♦❧✉t✐♦♥ t♦




w1,s
t − w1,s

xx + w1,syx + yw1,s
x = v̂11O1 , ✐♥ (0, 1)× (0, T ),

w1,s(0, t) = w1,s(1, t) = 0, ♦♥ (0, T ),

w1,s(x, 0) = 0, ✐♥ (0, 1),

✭✸✳✷✾✮

❛♥❞ ❧❡t ✉s ✉s❡ t❤❡ ♥♦t❛t✐♦♥ w1,s|s=0 = w1✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❥♦✐♥t s②st❡♠ t♦ ✭✸✳✷✾✮




−φ1,s
t − φ1,s

xx − yφ1,s
x = α1 (y

s − y1,d) 1O1,d
, ✐♥ (0, 1)× (0, T ),

φ1,s(0, t) = φ1,s(1, t) = 0, ♦♥ (0, T ),

φ1,s(x, T ) = 0, ✐♥ (0, 1),

✭✸✳✸✵✮

✇❤❡r❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥ ✭✸✳✸✵✮1 s ♠♦t✐✈❛t❡❞ ❜② ✭✸✳✶✶✮✳ ❋r♦♠ ✭✸✳✸✶✮✱ ✭✸✳✷✾✮ ❛♥❞ ✭✸✳✸✵✮✱

✇❡ ❣❡t

D1J1(f ; v
1 + sṽ1, v2) · v̂1 −D1J1(f ; v

1, v2) :=

∫∫

O1×(0,T )

(
φ1,s − φ1

)
v̂1 dx dt

+ s µ1

∫∫

O1×(0,T )

ṽ1v̂1 dx dt,
✭✸✳✸✶✮

✾✵



t❤❡♥✱ t❛❦✐♥❣ t❤❡ ❧✐♠✐t ❛s s→ 0✱ ✇❡ ♦❜t❛✐♥




D2
1(f ; v

1, v2) · (ṽ1, v̂1) =

∫∫

O1×(0,T )

ηv̂1 dx dt+ µ1

∫∫

O1×(0,T )

ṽ1v̂1 dx dt

∀ṽ1, v̂1 ∈ L2(O × (0, T )),

✐♥ ♣❛rt✐❝✉❧❛r✱




D2
1(f ; v

1, v2) · (ṽ1, ṽ1) =

∫∫

O1×(0,T )

η ṽ1 dx dt+ µ1

∫∫

O1×(0,T )

|ṽ1|2 dx dt

∀ṽ1 ∈ L2(O × (0, T )),

✭✸✳✸✷✮

✇❤❡r❡

η := lim
s→0

1

s

(
φ1,s − φ1

)
.

◆♦t❡ t❤❛t ❛❧s♦ ❡①✐sts t❤❡ ❧✐♠✐t

h := lim
s→0

1

s
(ys − y) ,

❛♥❞ t❤❡ ♣❛✐r (h, η) ✐s s♦❧✉t✐♦♥ t♦




ht − hxx + yhx + hyx = ṽ11O1 , ✐♥ (0, 1)× (0, T ),

−ηt − ηxx − yηx = α1h1O1,d
, ✐♥ (0, 1)× (0, T ),

h(0, t) = h(1, t) = η(0, t) = η(1, t) = 0, ♦♥ (0, T ),

h(x, 0) = 0, η(x, T ) = 0 ✐♥ (0, 1).

✭✸✳✸✸✮

▼✉❧t✐♣❧②✐♥❣ ✐♥ ✭✸✳✸✸✮1 ❜② η ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐♥ (0, 1)× (0, T )✱ ✉s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡

❣❡t ∫∫

O1×(0,T )

η ṽ1 dx dt = α1

∫∫

O1,d×(0,T )

|h|2 dx dt,

t❤❡♥✱ r❡♣❧❛❝✐♥❣ ✐♥ ✭✸✳✸✷✮✱ ✇❡ ♦❜t❛✐♥




D2
1(f ; v

1, v2) · (ṽ1, ṽ1) = α1

∫∫

O1,d×(0,T )

|h|2 dx dt,+µ1

∫∫

O1×(0,T )

|ṽ1|2 dx dt

∀ṽ1 ∈ L2(O1 × (0, T )).

✭✸✳✸✹✮

❍❡♥❝❡✱

D2
1(f ; v

1, v2) · (ṽ1, ṽ1) ≥ C||ṽ1||2L2(O1×(0,T )) ∀ṽ1 ∈ L2(O1 × (0, T )),

❛♥❞ ❛♥❛❧♦❣♦✉s❧②✱

D2
1(f ; v

1, v2) · (ṽ1, ṽ1) ≥ C||ṽ1||2L2(O1×(0,T )) ∀ṽ1 ∈ L2(O1 × (0, T )).

❚❤✉s✱ t❤❡ ♣❛✐r (v1, v2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ t♦ ❢✉♥❝t✐♦♥❛❧s Ji✳

✾✶



✸✳✸ ◆✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❚❤❡♦r❡♠s ✼ ❛♥❞ ✽✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ✇✐❧❧ ♦❜t❛✐♥ t❤❡

❧♦❝❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② t♦ s②st❡♠ ✭✸✳✶✺✮ ❝♦♥s✐❞❡r✐♥❣ ✐♥✐t✐❛❧ ❞❛t❛ ✐♥ H1
0 (0, 1) ❛♥❞ L2(0, 1)✱

r❡s♣❡❝t✐✈❡❧②✳

■♥✐t✐❛❧❧②✱ ❢♦r ❡❛❝❤ ȳ ∈ L∞((0, 1)× (0, T ))✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r✐③❡❞ s②st❡♠ ❝♦rr❡s✲

♣♦♥❞✐♥❣ ✭✸✳✶✺✮




yt − yxx + ȳ(x, t)yx = f1O −
2∑

i=1

1

µi
φi1Oi

, ✐♥ (0, 1)× (0, T ),

−φit − φixx − ȳ(x, t)φix = αi(y − yi,d)1Oi,d
, ✐♥ (0, 1)× (0, T ),

y(0, t) = y(1, t) = φi(0, t) = φi(1, t) = 0, ♦♥ (0, T ),

z(x, 0) = y0(x), φi(x, T ) = 0 ✐♥ (0, 1).

✭✸✳✸✺✮

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❥♦✐♥t s②st❡♠ ❢♦r ✭✸✳✸✺✮




−ψt − ψxx − (ȳ(x, t)ψ)x =
2∑

i=1

αiγ
i1Oi,d

, ✐♥ (0, 1)× (0, T ),

γit − γixx + (ȳ(x, t)γi)x = −
1

µi
ψ1Oi

, ✐♥ (0, 1)× (0, T ),

ψ(0, t) = ψ(1, t) = γi(0, t) = γi(1, t) = 0, ♦♥ (0, T ),

ψ(x, T ) = ψT (x), γi(x, 0) = 0 ✐♥ (0, 1).

✭✸✳✸✻✮

❋r♦♠ ✭✸✳✸✺✮ ❛♥❞ ✭✸✳✸✻✮✱ ✇❡ ❣❡t

∫∫

O×(0,T )

f ψ dx dt =
2∑

i=1

αi

∫∫

Oi,d×(0,T )

γiyi,d dx dt+
(
y(·, T ), ψT

)
L2(0,1)

−
(
y0, ψ(·, 0)

)
L2(0,1)

,

✭✸✳✸✼✮

t❤❡♥✱ ✇❡ ❤❛✈❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r ❡❛❝❤ y0 ∈ L2(0, 1) ❣✐✈❡♥✱ t❤❡r❡ ❡①✐sts ❛

❝♦♥tr♦❧ f ∈ L2(O × (0, T ))✱ s✉❝❤ t❤❛t

∫∫

O×(0,T )

fψ dx dt =
2∑

i=1

αi

∫∫

Oi,d×(0,T )

γiyi,d dx dt−
(
y0, ψ(·, 0)

)
L2(0,1)

.

◆♦✇✱ ❢♦r ❡❛❝❤ ε > 0✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥❛❧

Fε(ψ
T ) :=

1

2

∫∫

O×(0,T )

|ψ|2 dx dt+ε|ψT |L2(0,1)+
(
y0, ψ(·, 0)

)
L2(0,1)

−
2∑

i=1

αi

∫∫

Oi,d×(0,T )

γiyi,d dx dt.

❆❞❛♣t✐♥❣ t❤❡ ♣r♦♦❢s ♦❢ ♦❜s❡r✈❛❜✐❧✐t② ❢♦✉♥❞ ✐♥ ❬✶❪ ❛♥❞ ❬✻❪ t♦ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦✉♥❞ ✐♥ ❬✹✶❪✱

✇❡ ❤❛✈❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢♦r ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t②✿

✾✷



Pr♦♣♦s✐t✐♦♥ ✶✶ ❙✉♣♣♦s❡ t❤❛t Oi,d ∩ O 6= ∅✱ i = 1, 2✳ ❆ss✉♠❡ t❤❛t ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣

❝♦♥❞✐t✐♦♥s ❤♦❧❞s✿

O1,d = O2,d = Od, ✭✸✳✸✽✮

♦r

O1,d ∩ O 6= O2,d ∩ O. ✭✸✳✸✾✮

❚❤❡♥✱ ✐♥ ❜♦t❤ ❝❛s❡s✱ ❢♦r ❛❧❧ ψT ∈ L2(Ω)✱ t❤❡r❡ ❛r❡ C = C(Ω,O,Oi,d, αi, µi, T, ||ȳ||L∞(Q)) > 0

❛♥❞ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ρ = ρ(t)✱ ✇❤✐❝❤ ❞❡❝❛② ❡①♣♦♥❡♥t✐❛❧❧② t♦ 0 ✇❤❡♥ t → T−✱ s✉❝❤ t❤❛t ❢♦r

t❤❡ s♦❧✉t✐♦♥ (ψ, γ1, γ2) ♦❢ ✭✸✳✸✻✮✱ ✇❡ ❤❛✈❡

∫ 1

0

|ψ(x, 0)|2 dx+
2∑

i=1

∫∫

(0,1)×(0,T )

ρ2|γi|2 dx dt ≤ C

∫∫

O×(0,T )

|ψ|2 dx dt. ✭✸✳✹✵✮

❇② Pr♦♣♦s✐t✐♦♥ ✶✶✱ Fε ✐s ❝♦♥t✐♥✉♦✉s✱ str✐❝t❧② ❝♦♥✈❡① ❛♥❞ ❝♦❡r❝✐✈❡ ✐♥ L2(0, 1)✳ ❚❤❡♥ ✐t ❤❛s ❛

✉♥✐q✉❡ ♠✐♥✐♠✉♠ ψTε ∈ L2(0, 1)✳ ❚❤❡♥✱ ❡✐t❤❡r ψTε = 0 ♦r ❢♦r ❛❧❧ ψT ∈ L2(0, 1)✱ ✇❡ ❤❛✈❡

∫∫

O×(0,T )

ψεψ dx dt+ ε

(
ψTε

||ψTε ||
, ψT

)

L2(0,1)

+
(
y0(x), ψ(x, 0)

)
L2(0,1)

−
2∑

i=1

αi

∫∫

Oi,d×(0,T )

yi,dγ
i dx dt = 0,

✭✸✳✹✶✮

✇❤❡r❡ (ψε, γ
1
ε , γ

2
ε ) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✳✸✻✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ψTε ✳ ❚❤✉s✱ ❝♦♥s✐❞❡r✐♥❣ f =

ψε|O×(0,T )✱ ❜② ✭✸✳✸✼✮ ❛♥❞ ✭✸✳✹✶✮✱ ✇❡ ❣❡t

∫

Ω

(
yε(x, T ) + ε

ψTε
||ψTε ||

)
ψT (x) dx = 0 ∀ψT ∈ L2(0, 1).

❚❤✐s ✇❛②✱ ❢♦❧❧♦✇s t❤❛t

||yε(·, T )|| ≤ ε. ✭✸✳✹✷✮

▼♦r❡♦✈❡r✱ ❢r♦♠ ✭✸✳✹✵✮ ❛♥❞ ✭✸✳✹✶✮✱ ✇❡ ❞❡❞✉❝❡

||fε||L2(O×(0,T )) ≤ C

(
2∑

i=1

∫∫

Oi,d×(0,T )

ρ−2|yi,d|
2 dx dt+ ||y0||2L2(0,1)

) 1
2

,

✇❤❡r❡ ✇❡ ❤❛s ✉s❡❞ t❤❛t ✭✸✳✶✵✮ ❤♦❧❞s✳

❙♦✱ fε ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L2(O× (0, T ))✱ t❤❡♥✱ ✐t ♣♦ss❡ss❡s ❛ s✉❜s❡q✉❡♥❝❡ ✇❡❛❦❧②

❝♦♥✈❡r❣❡♥t ❢♦r s♦♠❡ f ∈ L2(O × (0, T ))✳ ❋r♦♠ r❡❣✉❧❛r✐t② ♦❢ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✭✸✳✸✺✮✱

t❛❦✐♥❣ t❤❡ ❧✐♠✐t ❛s ε→ 0✱ ❜② ✐♥❡q✉❛❧✐t② ✭✸✳✹✷✮ ❛♥❞ ❇❛♥❛❝❤✲❙t❡✐♥❤❛✉s✬ ❚❤❡♦r❡♠✱ ✇❡ ❝♦♥❝❧✉❞❡

t❤❛t ❝♦rr❡♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ (y, φ1, φ2) t♦ ✭✸✳✸✺✮ s❛t✐s✜❡s t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥

y(·, T ) = 0✳

✾✸



◆♦✇ ✇❡ ✇✐❧❧ ✉s❡ t❤✐s r❡s✉❧t ❛♥❞ ✜①❡❞ ♣♦✐♥t ♠❡t❤♦❞ t♦ ♣r♦✈❡ t❤❡ ❚❤❡♦r❡♠ ✽✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳ ❋r♦♠ t❤❡ ❧✐♥❡❛r ❝❛s❡✱ ❢♦r ❡❛❝❤ ȳ ∈ L∞((0, 1)× (0, T )) ✜①❡❞✱ ❣✐✈❡♥

y0 ∈ H1
0 (0, 1) ✇✐t❤ ||y0||H1

0 (0,1)
≤ r✱ ❢♦r s♦♠❡ r > 0✱ ✐❢ t❤❡ ❝♦♥st❛♥ts µi ❛r❡ ❧❛r❣❡ ❡♥♦✉❣❤

✇❡ ❣❡t ❛ ♠✐♥✐♠❛❧ ❝♦♥tr♦❧ f = fȳ ∈ L2(O × (0, T )) s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥

(y, φ1, φ2) = (yȳ, φ
1
ȳ, φ

2
ȳ) t♦ ✭✸✳✸✺✮ s❛t✐s✜❡s y(·, T ) = 0✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❛t

||fȳ||L2(O×(0,T )) ≤ C r ∀ ȳ ∈ L∞((0, 1)× (0, T ))

❛♥❞ y ∈ L2(0, T ;H2(0, 1)) ∩ L∞(0, T ;H1
0 (0, 1)) ✇✐t❤

||y||L∞(0,T ;H1
0 (0,1))

+ ||y||L2(0,T ;H2(0,1)) ≤ C r eC||ȳ||L∞((0,1)×(0,T )) ,

✇❤❡r❡ C > 0✳ ❙♦✱ ✐♥ ♣❛rt❝✉❧❛r y = yȳ ∈ L∞((0, 1)× (0, T )) ❛♥❞ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ♠❛♣

Λ : L∞((0, 1)× (0, T )) → L∞((0, 1)× (0, T )), Λ(ȳ) := yȳ.

▲❡t K > 0 ❜❡ ❛ ❝♦♥st❛♥t✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s❡t

Y := {ȳ ∈ L∞((0, 1)× (0, T )) : ||ȳ||L∞((0,1)×(0,T )) ≤ K},

t❤❡♥✱ ❢♦r ❛❧❧ ȳ ∈ Y ✱ ✐❢

r ≤ K/C eCK ✭✸✳✹✸✮

✇❡ ♦❜t❛✐♥ y ∈ Y ✳ ❚❤❛t ✐s✱ Λ(Y ) ⊂ Y ✳

◆♦t❡ t❤❛t Λ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ s✐♥❝❡ t❤❛t L2(0, T ;H2(0, 1)) ∩ L∞(0, T ;H1
0 (0, 1)) →֒ Y

✇✐t❤ ❝♦♠♣❛❝t ❡♠❜❡❞❞✐♥❣✱ Λ ♠❛♣s t❤❡ s♣❛❝❡ Y ✐♥t♦ ❝♦♠♣❛❝t s✉❜s❡t✳ ❍❡♥❝❡✱ ❜② ❙❤❛✉❞❡r✬s

✜①❡❞ ♣♦✐♥t t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts y ∈ L2(0, T ;H2(0, 1))∩L∞(0, T ;H1
0 (0, 1)) s✉❝❤ t❤❛t Λ(y) =

y✳ ❚❤✉s✱ t❤❡r❡ ❡①✐sts ❛ ♠✐♥✐♠❛❧ ❝♦♥tr♦❧ f ∈ L2(O × (0, T )) s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

s♦❧✉t✐♦♥ (y, φ1, φ2) t♦ ✭✸✳✶✺✮✱ ✇✐t❤ y0 ∈ H1
0 (0, 1)✱ s❛t✐s✜❡s y(·, T ) = 0✳ ❚❤✐s ♣r♦✈❡s t❤❡

❚❤❡♦r❡♠ ✽✳

■♥ s❡q✉❡❧ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❚❤❡♦r❡♠ ✾ ✉s✐♥❣ t❤❡ r❡s✉❧t ♦❢ t❤❡ ❚❤❡♦r❡♠ ✽✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾✳ ❲❡ ❛ss✉♠❡ t❤❛t y0 ∈ L2(0, 1)✱ ✇✐t❤ ||y0||L2(0,1) ≤ r✳ ❚❤❡♥✱

❝♦♥s✐❞❡r✐♥❣ t❤❡ tr❛❥❡❝t♦r② ỹ ♦❢ t❤❡ s②st❡♠ ✭✸✳✶✮✱ t❤❛t ✐s✱ t❤❡ s♦❧✉t✐♦♥ t♦




ỹt − ỹxx + ỹỹx = 0 ✐♥ (0, 1)× (0, T ),

ỹ(0, t) = ỹ(1, t) = 0 ♦♥ (0, T ),

ỹ(x, 0) = y0(x) ✐♥ (0, 1),

✭✸✳✹✹✮

✾✹



❢r♦♠ ♣❛r❛❜♦❧✐❝ r❡❣✉❧❛r✐t②✱ ✇❡ ❤❛✈❡ ỹ(·, t) ∈ H1
0 (0, 1) ❢♦r ❛♥② t > 0 ❛♥❞ t❤❡r❡ ❡①✐sts ❝♦♥st❛♥ts

τ ❛♥❞ M s✉❝❤ t❤❛t

||ỹ(·, t)||L∞(0,1) ≤Mt−
1
4 ||y0||L2(0,1) ∀t ∈ (0, τ).

❚❤❡♥✱ ❝♦♥s✐❞❡r✐♥❣ t0 =M4 ❛♥❞ t❛❦✐♥❣ ȳ0 = ỹ(·, t0)✱ ✇❡ ❤❛✈❡ t❤❛t

ȳ0 ∈ H1
0 (0, 1) ❛♥❞ ||ȳ0||L∞(0,1) ≤ r.

◆♦✇ ✇❡ ❝♦♥s✐❞❡r t❤❡ s②st❡♠




yt − yxx + yyx = f1O + v11O1 + v21O2 ✐♥ (0, 1)× (t0, t0 + t1),

y(0, t) = y(1, t) = 0 ♦♥ (t0, t0 + t1),

y(x, 0) = ȳ0(x) ✐♥ (0, 1),

✭✸✳✹✺✮

✇❤❡r❡ t1 = C/ log(1/r)✱ ✇❤❡r❡ C > 0 ✐s ❛ s✉✐t❛❜❧❡ ❝♦♥st❛♥t s✉❝❤ t❤❛t ❛❧❧♦✇ ❛s t♦ ♦❜t❛✐♥ ❛

❡st✐♠❛t❡ ❛s ✐♥ ✭✸✳✹✸✮ ✳ ❍❡♥❝❡✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❢✉♥❝t✐♦♥❛❧s

J̄i(f ; v
1, v2) :=

αi
2

∫∫

Oi,d×(t0,t0+t1)

|y − yi,d|
2 dx dt+

µi
2

∫∫

Oi×(t0,t0+t1)

|vi|2 dx dt, ✭✸✳✹✻✮

❛♥❞ ♠❛✐♥ ❢✉♥❝t✐♦♥❛❧

J̄(f) :=
1

2

∫∫

O×(t0,t0+t1)

|f |2 dx dt,

✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ❙t❛❝❦❡❧❜r❣✕◆❛s❤ str❛t❡❣② ✐s t❤✐s ❝❛s❡✱ ✇❤❡r❡ ✇❡ ♦❜t❛✐♥

f̄ ∈ L2(O × (t0, t0 + t1))

❛ ❛ss♦❝✐❛t❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠

(v̄1, v̄2) ∈ L2(O1 × (t0, t0 + t1))× L2(O2 × (t0, t0 + t1))

s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ t♦ ✭✸✳✹✺✮ s❛t✐s✜❡s y(·, t0 + t1) = 0✳

❚❤✉s✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦♥tr♦❧

f(x, t) :=





0, ✐❢ (x, t) ∈ O × (0, t0);

f̄(x, t), ✐❢ (x, t) ∈ O × (t0, t0 + t1),
✭✸✳✹✼✮

✇❡ ❤❛✈❡ f ∈ L2(O × (0, t0 + t1)) ❛♥❞ ♦❜t❛✐♥ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (v1(f), v2(f)) ∈ L2(O1 ×

(0, t0 + t1)) × L2(O2 × (0, t0 + t1)) s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ t♦ ✭✸✳✶✺✮ s❛t✐s✜❡s

y(·, t0 + t1) = 0✳ ❍❡♥❝❡✱ t❤❡ ❚❤❡♦r❡♠ ✾ ✐s ♣r♦✈❡❞✳

❚❤❡ ❝♦♥tr♦❧ f ❞❡✜♥❡❞ ✐♥ ✭✸✳✹✼✮ ✐s ♥♦t ♦♣t✐♠❛❧✳ ❇✉t ❛s ♠❡♥t✐♦♥❡❞ ✐t ❜❡❢♦r❡✱ ❜② ❬✷✻❪

✇❡ ♥♦t ❤❛✈❡ ♥✉❧❧ ❝♦♥tr❛❧❧❛❜✐❧✐t② ❢♦r ❛♥② s♠❛❧❧ t✐♠❡ T > 0✱ t❤❡♥ ✐s r❛s♦♥❛❜❧❡ t♦ ❝♦♥s✐❞❡r t❤❡

❝♦♥tr♦❧ ♥✉❧❧ ✐♥ ❛ s✉✐t❛❜❧❡ ✐♥t❡r✈❛❧✳

✾✺



✸✳✹ ❋✐♥❛❧ ❝♦♠♠❡♥ts

✸✳✹✳✶ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ str❛t❡❣② ✇✐t❤ ❝♦♥tr♦❧s ✐♥ t❤❡ ❜♦✉♥❞❛r②

❆ ♥❛t✉r❛❧ ❛♥❞ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥ ✐s t❤❡ ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ❛♣♣❧②✐♥❣ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤

st❛t❡❣② ❢♦r ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ ❜✉r❣❡rs ❡q✉❛t✐♦♥ ✇✐t❤ ❛t ❧❛st ❛ ❝♦♥tr♦❧✱ ❧❡❛❞❡r ♦r ❢♦❧❧♦✇❡r✱

✐♥ t❤❡ ❜♦✉♥❞❛r②✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r s②st❡♠s ✐♥ t❤❡ ❢♦r♠




yt − yxx + yyx = v11O1 + v21O2 ✐♥ (0, 1)× (0, T ),

y(0, t) = 0, y(1, t) = f(t) ♦♥ (0, T ),

y(x, 0) = y0(x) ✐♥ (0, 1),

✭✸✳✹✽✮

♦r 



yt − yxx + yyx = f1O ✐♥ (0, 1)× (0, T ),

y(0, t) = v1(t), y(1, t) = v2(t) ♦♥ (0, T ),

y(x, 0) = y0(x) ✐♥ (0, 1),

✭✸✳✹✾✮

✇❤❡r❡ f ✐s t❤❡ ❧❡❛❞❡r ❛♥❞ v1, v2 ❛r❡ t❤❡ ❢♦❧❧♦✇❡rs✳

❚❤❡♥✱ ✇❡ ❛♣♣❧② t❤❡ ❙t❛❝❦❡❜❡r❣✕◆❛s❤ str❛t❡❣② ✉s✐♥❣ ❝♦st ❢✉♥❝t✐♦♥❛❧s s✐♠✐❧❛r t♦ ✭✸✳✷✮✳

❚❤✐s ✇❛② ❢♦r ❡❛❝❤ ❧❡❛❞❡r f ✜①❡❞✱ ✇❡ ♦❜t❛✐♥ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❛r❣✉✐♥❣ ❛s ✐♥ t❤❡ ❙❡❝t✐♦♥

✸✳✷✱ ❜✉t ✐♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ ❞✐✣❝✉❧t ✐s ❝♦♠❜✐♥❡ s✉✐t❛❜❧❡s ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t✐❡s t♦ ♦❜t❛✐♥ t❤❡

♦❜s❡r✈❛❜✐❧✐t②✳ ❚❤✐s s✐t✉❛t✐♦♥s ✇✐❧❧ ❜❡ ❛♥❛❧②③❡❞ ✐♥ ❛ ❢♦rt❤❝♦♠✐♥❣ ♣❛♣❡r✳

✸✳✹✳✷ ❚❤❡ ◆❛✈✐❡r✕❙t♦❦❡s s②st❡♠

❚❤❡ s②st❡♠ ✭✸✳✶✮ ✐s ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧ s②st❡♠ ❛ss♦❝✐❛t❡❞

t♦ t❤❡ ◆❛✈✐❡r✕❙t♦❦❡s s②st❡♠✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ Ω ♦❢ RN ✭N = 2 ♦r N = 3✮✱

✇❤✐❝❤ ❜♦✉♥❞❛r② Γ ✐s r❡❣✉❧❛r ❛♥♦✉❣❤✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ◆❛✈✐❡r✕❙t♦❦❡s s②st❡♠




yt −∆y + (y · ∇)y +∇p = f1O + v11O1 + v21O2 ✐♥ Q,

∇ · y = 0 ✐♥ Q,

y = 0 ♦♥ Σ,

y(·, 0) = y0 ✐♥ Ω,

✭✸✳✺✵✮

✇❤❡r❡ T > 0 ✐s ❣✐✈❡♥✱ Q = Ω × (0, T )✱ Σ = Γ × (0, T ) ❛♥❞ t❤❡ s❡ts O, O1, O2 ⊂ Ω ❛r❡

♥♦♥❡♠♣t② ♦♣❡♥✳

❲❡ ❝♦♥s✐❞❡r y0 ✐♥ t❤❡ s♣❛❝❡

H := {z ∈ L2(Ω)N : ∇ · z = 0 ✐♥ Ω, z · ν ♦♥ Γ},

✾✻



✇❤❡r❡ ν(x) ❞❡♥♦t❡s t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ t♦ Ω ❛t t❤❡ ♣♦✐♥t x ∈ Γ✳

❚❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② t♦ s②st❡♠ ✭✸✳✺✵✮ ❤❛s ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ t❤❡s❡ ❧❛st ②❡❛rs✱ s❡❡ ❢♦r

❡①❛♠♣❧❡✱ ❬✷✼❪ ❛♥❞ ❬✸✹❪✱ ✇❤❡r❡ ✇❡ ❝❛♥ ✜♥❞ r❡s✉❧ts ♦♥ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ✇✐t❤ ❞✐str✐❜✉t❡❞

❛♥❞ ❜♦✉♥❞❛r② ❝♦♥tr♦❧s✱ r❡s♣❡❝t✐✈❡❧②✳

■♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❤✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧✱ ✐♥ ❬✷❪ t❤❡ ❛✉t❤♦rs ❤❛s ❜❡❡♥ ❛♥❛❧✐③❡❞ t❤❡ s②st❡♠

✭✸✳✺✵✮✱ ❛♣♣❧②✐♥❣ t❤❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ str❛t❡❣②✱ ✇❤❡r❡ t❤❡② ❛❧r❡❛❞② ♦❜t❛✐♥❡❞ ♣♦s✐t✐✈❡s r❡s✉❧ts

♦♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r ❢✉♥❝t✐♦♥❛❧s s✐♠✐❧❛r t♦ Ji ❞❡✜♥❡❞ ✐♥ ✭✸✳✷✮✳

❇✉t t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r t❤❡ ✭✸✳✺✵✮ ✐s st✐❧❧ ❛ ♦♣❡♥ q✉❡st✐♦♥✳

✾✼



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❋✳ ❉✳ ❆r❛r✉♥❛✱ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛✱ ❙✳ ●✉❡rr❡r♦ ❛♥❞ ▼✳ ❈✳ ❙❛♥t♦s✱ ◆❡✇

r❡s✉❧ts ♦♥ t❤❡ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ ❡①❛❝t ❝♦♥tr♦❧ ♦❢ ❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✱ ✶✵✹ ✭✷✵✶✼✮✱

❙②st❡♠s ✫ ❝♦♥tr♦❧ ▲❡tt❡rs✱ ✼✽✲✽✺✳

❬✷❪ ❋✳ ❉✳ ❆r❛r✉♥❛✱ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛✱ ❙✳ ●✉❡rr❡r♦ ❛♥❞ ▼✳ ❈✳ ❙❛♥t♦s✱ ▲♦❝❛❧

♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ str❛t❡❣✐❡s ❢♦r t❤❡ ◆❛✈✐❡r✕❙t♦❦❡s s②st❡♠✱ ✷✵✶✺✱

❛rt✐❝❧❡ ✐♥ ♣r❡♣❛r❛t✐♦♥✳

❬✸❪ ❋✳ ❉✳ ❆r❛r✉♥❛✱ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛ ❛♥❞ ▼✳ ❈✳ ❙❛♥t♦s✱ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ❡①❛❝t

❝♦♥tr♦❧❧❛❜✐❧t② ❢♦r ❧✐♥❡❛r ❛♥❞ s❡♠✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✱ ❊❙❆■▼✿ ❈♦♥tr♦❧ ❖♣t✐♠✳

❈❛❧❝✳ ❱❛r✳✱ ✷✶ ✭✷✵✶✺✮✱ ✽✸✺✲✽✺✻✳

❬✹❪ ❋✳ ❉✳ ❆r❛r✉♥❛✱ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛ ❛♥❞ ▲✳ ❈✳ ❙✐❧✈❛✱ ❍✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ❢♦r ❡①❛❝t

❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ✇✐t❤ ❞✐str✐❜✉t❡❞ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥tr♦❧s✱ ✷✵✶✻✱ ❛rt✐❝❧❡

✐♥ ♣r❡♣❛r❛t✐♦♥✳

❬✺❪ ❋✳ ❉✳ ❆r❛r✉♥❛✱ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛ ❛♥❞ ▲✳ ❈✳ ❙✐❧✈❛✱ ❍✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ❢♦r ✇❛✈❡

❡q✉❛t✐♦♥✱ ✷✵✶✻✱ ❛rt✐❝❧❡ ✐♥ ♣r❡♣❛r❛t✐♦♥✳

❬✻❪ ❋✳ ❉✳ ❆r❛r✉♥❛✱ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛✱ ▲✳ ❈✳ ❙✐❧✈❛✱ ❍✐❡r❛r❝❤✐❝ ❝♦♥tr♦❧ ❢♦r ❇✉r❣❡rs

❡q✉❛t✐♦♥ ✈✐❛ ❙t❛❝❦❡❧❜❡r❣✕◆❛s❤ str❛t❡❣②✱ ✷✵✶✼✱ ❛rt✐❝❧❡ ✐♥ ♣r❡♣❛r❛t✐♦♥✳

❬✼❪ ❋✳ ❉✳ ❆r❛r✉♥❛✱ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛ ❛♥❞ ❉✳ ❆✳ ❙♦✉③❛✱ ❖♥ t❤❡ ❝♦♥tr♦❧ ♦❢ t❤❡

❇✉r❣❡rs✲❛❧♣❤❛ ♠♦❞❡❧✱ ❆❞✈✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥ ✶✽✱ ✾✲✶✵ ✭✷✵✶✸✮✱ ✾✸✺✲✾✺✹✳

❬✽❪ ❏✳ P✳ ❆✉❜✐♥✱ ▲✬❆♥❛❧②s❡ ♥♦♥ ▲✐♥é❛✐r❡ ❡t s❡s ▼♦t✐✈❛t✐♦♥s ➱❝♦♥♦♠✐q✉❡s✱ ▼❛ss♦♥✱ P❛r✐s

✶✾✽✹✳



❬✾❪ ❈✳ ❇❛r❞♦s✱ ●✳ ▲❡❜❡❛✉ ❡t ❏✳ ❘❛✉❝❤✱ ❙❤❛r♣ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♦❜s❡r✈❛t✐♦♥✱

❝♦♥tr♦❧ ❛♥❞ st❛❜✐❧✐③❛t✐♦♥ ♦❢ ✇❛✈❡s ❢r♦♠ t❤❡ ❜♦✉♥❞❛r②✱ ❙■❆▼ ❏✳ ❈♦♥tr♦❧ ❛♥❞ ❖♣t✐♠✐s❛t✐♦♥✱

✸✵✱ ✶✾✾✷✱ ✶✵✷✹✲✶✵✻✺✳

❬✶✵❪ ❍✳ ❇ré③✐s✱ ❆♥❛❧②s❡ ❋♦♥❝t✐♦♥♥❡❧❧❡✱ ❚❤é♦r✐❡ ❡t ❆♣♣❧✐❝❛t✐♦♥s✱ ❉✉♥♦❞✱ P❛r✐s✱ ✶✾✾✾✳

❬✶✶❪ ❏✳ ❇✉r❣❡rs✱ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ♠♦❞❡❧ s②st❡♠ t♦ ✐❧❧✉str❛t❡ s♦♠❡ ♣♦✐♥ts ♦❢ t❤❡ st❛t✐st✐❝❛❧

t❤❡♦r② ♦❢ ❢r❡❡ t✉r❜✉❧❡♥❝❡✱ ◆❡❞❡r❧✳ ❆❦❛❞✳ ❲❡t❡♥s❝❤✳✱ Pr♦❝✳✱ ✹✸✿✷❄✶✷✱ ✶✾✹✵✳

❬✶✷❪ ◆✳ ❈❛rr❡ñ♦ ❛♥❞ ❙✳ ●✉❡rr❡r♦ ▲♦❝❛❧ ◆✉❧❧ ❈♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ ◆✲❉✐♠❡♥s✐♦♥❛❧ ◆❛✲

✈✐❡r❄❙t♦❦❡s ❙②st❡♠ ✇✐t❤ ◆ ✲ ✶ ❙❝❛❧❛r ❈♦♥tr♦❧s ✐♥ ❛♥ ❆r❜✐tr❛r② ❈♦♥tr♦❧ ❉♦♠❛✐♥✱ ❏✳ ▼❛t❤✳

❋❧✉✐❞ ▼❡❝❤✳ ✶✺ ✭✷✵✶✸✮✱ ✶✸✾✲✶✺✸✳

❬✶✸❪ ❏✳✲▼✳ ❈♦r♦♥✱ ❈♦♥tr♦❧ ❛♥❞ ♥♦♥❧✐♥❡❛r✐t②✱ ▼❛t❤❡♠❛t✐❝❛❧ ❙✉r✈❡②s ❛♥❞ ▼♦♥♦❣r❛♣❤s✱ ✶✸✻✱

❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ Pr♦✈✐❞❡♥❝❡✱ ❘■✱ ✷✵✵✼✳

❬✶✹❪ ❏✳✲▼✳ ❈♦r♦♥ ❛♥❞ ❙✳ ●✉❡rr❡r♦✱ ◆✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ ◆✲❞✐♠❡♥s✐♦♥❛❧ ❙t♦❦❡s

s②st❡♠ ✇✐t❤ ◆✲✶ s❝❛❧❛r ❝♦♥tr♦❧s✳ ❏✳ ❉✐✛❡r✳ ❊q✉✳ ✷✹✻✱ ✭✷✵✵✾✮✱ ✷✾✵✽✲✷✾✷✶✳

❬✶✺❪ ❏✳ ■✳ ❉í❛③ ❖❜str✉❝t✐♦♥ ❛♥❞ s♦♠❡ ❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧ts ❢♦r t❤❡ ❇✉r❣❡rs

❡q✉❛t✐♦♥ ❛♥❞ r❡❧❛t❡❞ ♣r♦❜❧❡♠s✳ ■♥ ❈♦♥tr♦❧ ♦❢ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞ ❛♣♣❧✐❝❛✲

t✐♦♥s✱ ✭▲❛r❡❞♦✱ ✶✾✾✹✮✱ ✈✳ ✶✼✹ ❞❡ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ P✉r❡ ❛♥❞ ❆♣♣❧✳ ▼❛t❤✳✱ ❉❡❦❦❡r✱ ◆❡✇

❨♦r❦✱ ✶✾✾✻✱ ✻✸✲✼✻✳

❬✶✻❪ ❏✳ ■✳ ❉í❛③ ❛♥❞ ❏✳✲▲✳ ▲✐♦♥s✱ ❖♥ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤

str❛t❡❣✐❡s✱ ❖❝❡❛♥ ❈✐r❝✉❧❛t✐♦♥ ❛♥❞ ♣♦❧❧✉t✐♦♥ ❈♦♥tr♦❧✿ ▼❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ◆✉♠❡r✐❝❛❧ ■♥✲

✈❡st✐❣❛t✐♦♥s✱ ❙♣r✐♥❣❡r✱ ✷✵✵✺✳

❬✶✼❪ ❆✳ ❉♦✉❜♦✈❛✱ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛ ❛♥❞ ▼✳ ●♦♥③á❧❡③✲❇✉r❣♦s✱ ❖♥ t❤❡ ❝♦♥tr♦❧✲

❧❛❜✐❧✐t② ♦❢ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ ✇✐t❤ ♥♦♥❧✐♥❡❛r ❜♦✉♥❞❛r② ❋♦✉r✐❡r ❝♦♥❞✐t✐♦♥s✱ ❏✳ ❉✐✛✳ ❊q✉✳✱
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