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Resumo

Nesta tese, estudaremos resultados de controle para alguns problemas da teoria das equa-
coes diferenciais parciais (EDPs):

e Problema de controle multi objetivo para um problema parabdlico, seguindo estratégias
do tipo Stackelberg-Nash: para cada controle lider, que impde a controlabilidade nula
para o estado, encontramos seguidores, em equilibrio de Nash, associados a funcionais
custo. Em seguida, determinamos o lider de menor custo.

e Controlabilidade nula para a equagdo de Schrodinger linear: com uma discretizagao
espago-tempo adequada, construimos numericamente controles-fronteira que conduzem
a solucdo de Schrodinger a zero; utilizando técnicas de Fursikov-Imanuvilov (veja [Lec-
ture Notes Series, Vol 34, 1996]) contruimos controles que decaem exponencialmente no
tempo final.

e Controlabilidade nula para um sistema acoplado Schrédinger-KdV: neste trabalho, com-
binando estimativas globais de Carleman com estimativas de energia, obtemos uma de-
sigualdade de observabilidade. O resultado de controlabilidade segue pelo método de
unicicade Hilbert (HUM).

e Controlabilidade para um sistema do tipo Euler, incompressivel, inviscido, sob influéncia
de uma temperatura: Utilizamos os métodos de extensao seguido do método do retorno
para provar resultados de controlabilidade para este sistema.

Palavras-chave: Controlabilidade, Estratégias do tipo Stackelberg-Nash, Desigualdade de
Carleman, Equagao de Schrodinger-1D, Equagdo do Calor, Equacao KdV, Elementos finitos,
Sistema, de Boussinesq-Inviscido.



Abstract

In this thesis, we study controllability results of some phenomena modeled by Partial
Differential Equations (PDEs):

e Multi objective control problem, for parabolic equations, following the Stackelber-Nash
strategy is considered: for each leader control which impose the null controllability for
the state variable, we find a Nash equilibrium associated to some costs. The leader
control is chosen to be the one of minimal cost.

e Null controllability for the linear Schrédinger equation: with a convenient space-time
discretization, we numerically construct boundary controls which lead the solution of
the Schrédinger equation to zero; using some arguments of Fursikov-Imanuvilov (see
[Lecture Notes Series, Vol 34, 1996]) we construct controls with exponential decay at
final time.

e Null controllability for a Schrédinger-KdV system: in this work, we combine global
Carleman estimates with energy estimates to obtain an observability inequality. The
controllability result holds by the Hilbert Uniqueness Method (HUM).

e Controllability results for a Euler type system, incompressible, inviscid, under the influ-
ence of a temperature are obtained: we mainly use the extension and return methods.

Keywords: Controllability, Stackelberg-Nash strategies, Carleman inequalities, 1D Schrédin-
ger equation, Heat Equation, KdV equation, Finite element methods, Carleman inequalities,
Inviscid Boussinesq system.
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Introducao

Sempre foi de interesse da humanidade investigar o comportamento de determinados feno-
menos da natureza. Uma pergunta natural que surge é a possibilidade de atuar ou influenciar
tal fenémeno de maneira a obter um comportamento desejado. Uma vez que estes fenémenos
sao compreendidos e representados matematicamente, uma grande quantidade de ferramen-
tas e métodos estao disponiveis para serem aplicados e é neste ponto que se baseia a teoria
moderna de Controle.

O objetivo desta tese é mostrar o estudo da controlabilidade (em um sentido que sera
explicado posteriormente) de alguns problemas da teoria das equagdes diferenciais parciais.
Ao longo desta introdugao, descreveremos um pouco a evolugdo histérica da teoria do controle
e, em seguida, motivaremos brevemente cada trabalho que serd estudado nesta tese.

Relembrando um pouco a histéria, encontramos que os romanos utilizaram alguns elemen-
tos de controle para a construcao de seus aquedutos. Mais precisamente, sistemas engenhosos
regulavam valvulas de modo a manter um nivel de d4gua constante. Muitos estudiosos afir-
mam que na antiga mesopotamia, mais de 2000 anos antes de Cristo, o sistema de controle de
irrigacao também era uma arte conhecida. O trabalho de Ch. Huygens e R. Hooke ao final
do século XVII sobre oscilacdo do péndulo é um relevante trabalho no desenvolvimento da
teoria do controle. Estes trabalhos futuramente foram adaptados para regular a velocidade
de moinhos de vento. J. Watt adaptou este modelo em seu motor a vapor que constituiu
um mecanismo importantissimo na revolugao industrial. Neste mecanismo, quando a veloci-
dade das esferas aumentava, uma ou vérias esferas destapavam algumas valvulas diminuindo
a pressido e reduzindo a velocidade, consequentemente as esferas voltavam a tapar as valvulas
de modo a velocidade aumentar. Este mecanismo tinha o objetivo de controlar a velocidade
de forma a ficar aproximadamente constante. O astrénomo britanico G. Airy foi o primeiro a
analisar matematicamente o sistema regulador apresentado por Watt, porém, a primeira des-
cricao matematica definitiva foi dada apenas no trabalho de J. C. Maxwell, em 1868, em que
alguns comportamentos indesejados encontrados no motor a vapor foram descritos e alguns
mecanismos de controle foram propostos. Com o passar dos anos, as ideias centrais da teoria
de controle sofreram um impacto notével. Em meados de 1920, os engenheiros ja utilizavam
processamento continuo usando técnicas de controle automético ou semi automatico. Assim,
a engenharia de controle germinou e ganhou o reconhecimento de uma area independente. Du-
rante a segunda guerra mundial e os anos seguintes, engenheiros e cientistas melhoraram suas
experiéncias com mecanismos de controle de rastreamento , misseis balisticos e modelagem de
esquadroes aéreos. Depois dos anos 60, os métodos e teorias mencionados acima passaram a
ser considerados como parte da teoria "classica"do controle. A segunda guerra mundial serviu



para perceber que os modelos considerados até o momento nao eram suficientes para descre-
ver a complexidade do mundo real. Na verdade, ja se sabia que os verdadeiros sistemas eram
nao lineares ou indetermindveis, desde que estes sao afetados por alguma "pertubagio". As
contribucoes de R. Bellman no contexto de programacao dinamica, R. Kalman nas técnicas
de filtragem e aproximacoOes algébricas a sistemas lineares e L. Pontryagin com o principio
do méximo para problemas de controle 6ptimo nao linear, estabeleceram a base para a teoria
do controle moderna. Tal teoria ganhou um formalismo ou uma representagado matematica
de modo a conseguirmos usar as ferramentas matematicas que temos para solucionarmos tais
problemas de controle.

Um sistema de controle é uma equagao de evolu¢ao (EDO ou EDP) que depende de um
pardmetro u, que escreveremos da seguinte forma:

Y= f(t7y7u>7

onde t € [0,T] & o tempo, y : [0,7] — 2 é a funcdo estado e u : [0,7] — L é o controle. Temos
que 2 e 4 sdo espagos de fungdes adequados. Na equagido acima, § representa a derivada de
y em relagao ao tempo t.

O problema de controle consiste em encontrar um controle u tal que a funcao estado se
comporta de uma forma desejada. Exemplificaremos alguns, dentre os varios, problemas de
controlabilidade presentes na literatura.

Controle 6ptimo: Encontrar um controle que minimiza algum funcional custo, por
exemplo,

J(u) = y(T;u) = gl + llullf
em que § ¢ um alvo desejado e y(T';u) é o estado alcancado pelo sistema no tempo final 7T'.

Controlabilidade exata: Dado dois tempos Ty < 11 e yp,y1 dois possiveis estados do
sistema, encontrar u : [Ty, T1] — 4 tal que

Z) = f(y> U) em [T()a Tl}
y(To) = vo, y(T1) =1

Em outras palavras, partindo de qualquer configuragao inicial yg, podemos conduzir a solucao
y para o estado y; sob a agdo do controle u.

Controlabilidade aproximada: Dados Ty < 17, dois possiveis estados yg,y1 e € > 0,
encontrar v : [Tp, T1] — U tal que

y=f(y,u) em [Ty, T1]
y(To) = yo, Ny(T1) —willy <e

A controlabilidade aproximada é uma versao mais fraca se comparada a controlabilidade
exata. De fato, em vez de pedirmos que a funcdo estado seja exatamente y; em T3, pedimos
apenas que o estado esteja arbitrariamente préximo de y.

Controlabilidade Nula: Dados dois tempos Ty < 17 e yo um estado do sistema, encon-
trar u : [Tp, T1] — 4 tal que

y=fly,u) em [Ty, T1]
y(To) = o, y(T1) =0.

il



Para finalizar temos

Controlabilidade exata para as trajetorias: Dados Ty < 11, yo € 2 e § uma traje-
toria (uma solucao com controle @ : [Tp, T1] — ). encontrar um controle w : [Ty, T1] — 4 tal
que

y(To) = yo, y(Th) = y(T1).

Os conceitos de controlabilidade nula e controlabilidade exata para as trajetérias sao de

{yzﬂy,u) em [T, Ti]

especial importancia em sistemas nao reversiveis e sistemas com efeito regularizante. Nestes
casos, a controlabilidade exata nao é esperada.

Sejamos mais especificos sobre os problemas de controle que serdo abordados nesta tese.
Introduziremos em portugués os quatros trabalhos que foram abordados, no entanto, a lin-
guagem adotada nos capitulos serd o inglés. Seguiremos a ordem a seguir:

Capitulo 1
Stackelberg-Nash exact controllability for linear and semilinear parabolic
equations

Controlabilidade exata para sistemas parabdlicos lineares e semilineares por estratégias
do tipo Stackelberg-Nash

Seja N um ntmero inteiro e positivo, & € RY e T um ntmero real. Consideremos em
Q = Q x (0,T) um sistema distribuido, governado por uma equagdo parabdlica com um
controle v de suporte w.

Abordaremos o seguinte método: Associado a este sistema, temos trés (ou mais) objeti-
vos, um do tipo "controlabilidade"e outros dois, possivelmente conflituosos, do tipo "controle
Optimo” com a tarefa de fazer com que o estado ndo seja "muito distante"de um determinado

2

valor desejado. Dividimos v em trés partes, digamos f, v!' e v? correspondendo, respectiva-

mente, & divisao de w em trés regides O, O e Os. Utilizamos a noc¢do de optimizacao de

Stackelberg (muito utilizado em economia) em que v!' e v? sdo os seguidores e f é o lider.

Fixado f, resolvemos um problema de controle 6ptimo para v' e v?; o par 6ptimo é escolhido
por meio de um critério de optimizacao, nao cooperativo de J. Nash a ser detalhado poste-
riormente. Desta forma, escrevemos o par em funcio de f de uma forma (v!,v?) = F(f),
obtendo um sitema de optimalidade associado, dependendo apenas de f, onde estudamos um
problema de controlabilidade com controle f.

Consideremos, por simplicidade, a equacao do calor com seus respectivos controles defini-

dos segundo o método de Stackelberg:

yr — Ay +a(z,t)y = F(y) + flo +v'le, +v%lo, in Q,

y=20 on X, (1)
y(2,0) = y° () in €,
onde F' : R — R ¢é semilinear. Para i = 1,2, sejam ;4 subconjuntos abertos de € e

consideremos os seguintes funcionais (secundérios):

Qg

Ji(fivh0?) = 2// ly — yial® dedt + l;// v da dt. (2)
Oide(O,T) OiX(07T)

iii



Seja também o funcional principal

1 :
== dxd
=g [ P

onde o; > 0, p; > 0 sdo constantes e y; 4 = yiq(z,t) sdo fungdes dadas. A estrutura do
processo ¢ da forma: Os seguidores v! e v? assumem que o lider f fez uma escolha e posteri-
ormente serao um Equilibrio de Nash para os custos J; (i = 1,2). Fixado f, procuramos por

controles v* € L?(O; x (0,T)) que satisfazem
Ji(f;ot,0?) = min Ji(f;00,0%), o (fiv'0?) = min Jao(f;0!,0%), (3)
v v

e o par (v!,v?) sera chamado equilibrio de Nash para .J; e Jo. Observemos que, se os funcionais

J; (i =1,2) sdo convexos, entdo (v!,v?) é um equilibrio de Nash se, e somente se,

Ji(f;oh 03 (01,0) =0, Vol € L2 (01 x (0,T)); v' € L*(O1 x (0,T)) (4)

J5(f; 01, 0%)(0,9%) =0, Vo? € L? (02 x (0,T)); v* € L*(O2 x (0,T)). (5)
Fixemos uma trajetéria suficientemente regular, isto é, solucao do problema:
Y — Ay +alz,t)y=F(y) em Q,

=0 sobre X, (6)
5(2,0) = 7°(2) em Q.

Uma vez que o equilibrio de Nash foi determinado para cada f, procuramos um controle
optimo f € L2(O x (0,7)) tal que

J(f) = win J(f), (7)
sujeito a restricao
y(x,T) =7y(z,T) em Q. (8)

Existem vérios trabalhos relacionados a este tépico:

e Os trabalhos de J.-L. Lions [64] e [65], onde o autor apresenta alguns resultados relaci-
onados as estratégias de Pareto e Stackelberg, respectivamente.

e O trabalho de Diaz e Lions [35], onde a controlabilidade aproximada de um sistema é
estabelecido seguindo a estratégia de Stackelberg-Nash e a extensao em Diaz [34], que
fornece uma caracterizacio da solucdo por meio do teorema de dualidade de Fenchel-
Rockafellar.

e Os trabalhos [78] e [79], onde Ramos, Glowinski e Periaux estudam o equilibrio de Nash
do ponto de vista teérico e numérico para EDPs parabolicas e para a equacao de Burgers,

respectivamente.

e Finalmente, mencionamos o equilibrio de Stackelberg-Nash para o sistema de Stokes
que foi estudado por Guillén-Gonzalez et al. em [51].

v



Os resultados de controlabilidade presentes nos trabalhos citados acima dado respostas
apenas no nivel de controle aproximado; a grande novidade neste trabalho é estender os
resultados para um nivel de controle exato.

Suponhamos que O 4 = Oy 4 = O4. Os resultados pincipais sao os seguintes:

Teorema (Caso linear): Suponhamos que F =0, OgyN O %0 e que p; sdo suficientemente
grandes

g > C(QyTa Oi70d7ai7 HGHL"O(Q))v i = 17 2.

Assumimos que as fungoes y; q satisfazem a sequinte propriedade de compatibilidade: ewiste
uma fungao positiva p = p(x,t) que explode em t = T tal que se § € a unica solu¢ao de (6)

com F =0 associada ao dado inicial 3° € L*(Q) entdo
// P2 — yial* drdt < 400, i=1,2. (9)
0ax(0,T)

Para qualquer y° € L%(Q) existem controles f € L*(O x (0,T)) associado ao equilibrio de
Nash (v',v?) tais que a correspondente solug¢io (1) satisfaz (8).

Os préximos resultados estao relacionados ao caso em que F' é semilinear e ndo identi-

camente nula. A dificuldade neste caso se encontra no fato que os funcionais (2) perdem a
convexidade e, portanto, o conceito de equilibrio (3) ndo pode mais ser associado ao conceito
diferencial (4)-(5). Desta forma, é necessario definir um conceito mais fraco de equilibrio de
Nash. Dizemos que o par (v!,v?) é um quase equlibrio de Nash se satisfaz (4)-(5). Assim
temos o segundo resultado:
Teorema (Caso semilinear, F € W1™): Suponhamos que F € WH*(R) e que p; > 0
sdo suficientemente grandes. Seja i ¢ a tnica solu¢do de (6) com dado inicial y° € L?(Q)
e suponhamos que (9) é verdadeiro. Entdo, para cada yo € L*(Q), existem controles f €
L*(0 x (0,T)) e quase equilibrio de Nash (v',v?) tal que a solucdo de (1) satisfaz (8).

Uma questao natural é sob que condicao um quase equilibrio de Nash é equivalente ao
equilibrio de Nash. A resposta estd no terceiro resultado:

Teorema (Caso semilinear, FF € W?2>): Suponha que F € W**(R), y;q € L>®(O;q %
(0,T)) (i =1,2). Suponha também que yo € HZ(Q) (resp. yo € L*(Q)) e N < 14 (resp. N <
12). Entdo, eziste C > 0 tal que, se f € L?>(O x (0,T)) e ainda se ju; satisfaz

i > C(L+ [ fllL2(0x(0,1)))5

entao as condicoes (3) e (4)-(5) sao equivalentes.

O quarto e ultimo resultado consiste em analisar a situacao se seguidores estao restritos a
um subconjunto convexo e fechado U; C LQ((’)Z- x (0,T)). Seja I e I dois intervalos convexos
e fechados com 0 € I; N I, consideremos

U = {v e L*(0; x (0,T)): v(zx,t)€L;}, i=1,2, (10)

e suponhamos que a minimizacio de J; e Jo em (3) & sujeita & restricdo o' € Uy e 9% € Us.
Temos o seguinte resultado:

Teorema (Caso com restri¢oes): Suponhamos que F =0 e que p; > 0 sao suficientemente
grandes. Seja Y a tnica solucio de (6) com dado inicial §° € L*(Q). Entdo, para cada yo €



L%(Q), existem controles f € L*(O x (0,T)) e equilibrio de Nash associado (v*,v?) € Uy x Uy
tal que a solugao de (1) satisfaz (8).
Os resultados deste trabalho sdo encontrado em [7].

Capitulo 2
Numerical null controllability of the 1D linear Schrédinger equation

Estudo numérico da controlabilidade nula para a equagao de Schrédinger 1D

Este capitulo lida com a controlabilidade exata, com controle atuando na fronteira, para
a equacgdo de Schrédinger unidimensional. A equac¢do do estado é dada por:

iyt_yxx+v(xvt)y:07 (xvt) €Q = (07 1) X (O,T),
y(0,t) = u(t), y(1,t)=0, te (0,7), (11)
y(x,()) = yO("E)a x € (Oa 1)

Estamos supondo que T > 0, yo € H}((0,1);C) e V, V; € L*®(Q;R). Em (11), u €
L?((0,T);C) ¢ o controle e y = y(x,t) é o estado associado.

O principal resultado deste capitulo, é calcular aproximacées numéricas de controles que
conduzem a solucdo de (11) a zero (controlabilidade nula). Devido a reversibilidade em tempo
da equagdo de Schrodinger, as propriedade de controlabilidade nula e exata sdo equivalentes.

E bem conhecido que, para qualquer 7 > 0, (11) possui a propriedade de controlabilidade
nula, veja [68]. Isto significa que, para qualquer yo € L?((0,1);C), existem controles u €
L%((0,T);C) tal que o estado associado satisfaz y(-, T') = 0; mais ainda, o controle de norma
minima em L?((0,7);C) é dado por u = ¢,(0,-), onde ¢ resolve o problema adjunto

7;¢t_¢:px+v¢:07 (:I;at) eQa
o(x,t) =0, (x,t) € {0,1} x (0,7), (12)
¢(xaT) = (bT(x)’ HAES (0’ 1)7

com ¢* em um espaco apropriado. Citamos os trabalhos [63, 87, 88, 89] onde a controlabilidade
para a equacao de Schrodinger foi investigada.

Neste trabalho, usaremos as ideias inspiradas nos trabalhos de Fursikov e Imanuvilov
em [41], para problemas parabolicos similares. Mais precisamente, consideremos o seguinte
problema de minimizacao:

Minimizar J(y, u // P2 lyl? da dt + - /0 p1(0,1)%|u)? dt (13)
Sujeito a (y,v) € C(yo,
Em (13)
C(yo,T) ={(y,u) € X : y é solucao de (11) e satisfaz y(-,7) =0},
onde

X = L*(Q;C) x L*((0,T); C).
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Assumimos também que

p = p(z,t),p1 = p1(z,t) sdo continuas, reais e > p, > 0,
p,p1 € L>=((0,1) x (0,7 —6);R) Vé >0,

sao funcgdes peso que, em principio, podem explodir em t =T

Nosso objetivo consistird em resolver numericamente o problema de minizacao (13). O
fato de buscarmos um controle e um estado que sao solugoes de (13) pode ser justificado como
segue: Primeiramente, com esse método obtemos um "bom” par estado-controle que satisfaz
(11) com a propriedade de controlabilidade nula. Segundo que, naturalmente, os controles
obtidos terao uma propriedade de decaimento exponencial, evitando oscilacdo indesejadas
do controle quando t — T'; este comportamento ji foi observado em problemas parabdlicos
similares quando se calcula numericamente os controles de norma minima. Para este propésito,
veremos que C(yo,T) é ndo-vazio e que (13) possui uma unica solugao.

O par (y,u) solugdo para (13) serd aproximado de duas formas distintas: primeiramente
em termos de uma nova variavel p, pertencente a um espago adequado P, solug¢ao do seguinte
problema variacional:

T —_—
[ o moTadede+ [ p%pa0.0000dt = it aC0)
Q 0 (14)
Vge P; peP.
Neste caso teremos
y=p2Lp, u=—p] pslo—o. (15)

A segunda forma consiste em aplicar uma mudanga de variavel, escrevendo o par (y,u) em
termos de uma varidvel w (que dependera de p), pertencente a um espaco adequado W,
solucao do problema

/ / (Ayw + Agwy + Aswy + Agwyg) (Arm + Agmy + Agiry + Agimgg) dz dt
Q

T
+ /0 (T — 1) 0,(0,£) 1m0, ) dt = 4T (g, pr (-, 0) 1 (-, 0)) (16)

YmeW; weWw,
onde os coeficientes A; serao fungoes em L*°(Q;C). Neste caso teremos
y=p ' (Ajw + Aswy + Azwy + Agway), u=—(T —1)7p1(0,-) 1w, (0, ). (17)

Para calcularmos as aproximacoes para a solucao (y, u) de (13), em ambos os casos, faremos
uso do método de elementos finitos para determinar aproximagoes numéricas para p e w. Em
seguida, utilizaremos as expressoes (15) e (17).

Por (14) e (16), vemos que p e w sao solugoes fracas de um problema de ordem quatro no
espaco e ordem dois no tempo. Por esta razao é natural a utilizacao da discretizacao em termos
de polinémios que pertencem a (P3, ® Py ¢)(R). Os resultados obtidos serdo apresentados em
termos de graficos e tabelas.

Os resultados deste trabalho sdo encontrado em [39].
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Capitulo 3
Internal null controllability of a linear Schrédinger-KdV system on a bounded
interval

Controlabilidade nula interna para um sistema linear do tipo Schrédinger-KdV em um

intervalo limitado

Nos ultimos anos, muitos artigos foram voltados ao estudo de propriedades de controlabili-
dade para sistemas acoplados de equagoes diferenciais parciais onde novos fenémenos surgem.
De fato, em alguns sistemas parabolicos foi provado controlabilidade para tempo grande, ao
contrario do que ocorre quando se estuda a equacdo individualmente. Grande parte desses
resultados lidam com a controlabilidade para sistemas parabolicos (veja [3]) ou hiperbélicos
(veja [1, 2, 8]). Abordagens por estimativas de Carleman, problema de momentos e métodos
de energia foram aplicados para obter controlabilidade interna e fronteira.

Existem poucos resultados relacionados com a controlabilidade de sistemas dispersivos.
Vérios sistemas do tipo Boussinesq foram considerados em [71] onde resultados de controla-
bilidade exata sdo provados. Outros sistemas acoplados com equagbes do tipo Korteweg-de
Vries foram estudados em [24, 70| onde resultados de controlabilidade exata na fronteira foram
estabelecidos.

Neste trabalho, estamos interessados em um sistema linear dispersivo definido no intervalo
[0,1] e formado por duas EDPs: uma equagao de Schrodinger e uma equacao Korteweg-de
Vries (KdV). Consideramos um controle interno com suporte em um subconjunto aberto
w C (0,1) e condicao de fronteira homogénea.

Dado T > 0, denotamos @ = (0,1) x (0,7"). Mais ainda, 1,, ¢ a fungao caracteristica de w
e M,a1,a9,as,as sao funcées dadas. Neste tabalho, para um namero complexo z, denotamos
por Re(z) e Im(z) a parte real e a parte imaginéria de z, respectivamente.

O sistema é dado conforme segue:

Wy + Wep = a1w + agy + hl, em (@,

Yt + Yozz + (My)r = Re(agw) + agy + €1, em Q,

w(0,t) =w(1,t) =0 em (0,7), (18)
y(0,1) =y(1,t) = ye(1,1) = 0 em (0,7),

w(z,0) = wo(z), y(z,0)=yo(z) em (0,1),

onde o estado é formado pela funcao complexa w e a fun¢@o real y. Os controles sdo a
funcao complexa £ e a funcao real h. Este sistema é uma versdo linearizada de um sistema
Schrédinger-Korteweg-de Vries, nao linear, presente na mecénica dos fluidos assim como na
fisica de plasma para modelar interagoes entre ondas curtas w = w(x,t) e ondas longas
y = y(x,t) (veja [61] onde ondas capilar-gravidade sdo consideradas). Resultados de boa
colocacao foram obtidos quando o sistema ¢ estudado em toda reta real [15, 27] ou no toro [9].
Este sistema pode ser visto como a acoplamento de trés equagoes reais considerando a parte
real e a parte imaginaria da equacdo de Schrédinger. Neste trabalho provamos resultados de
controlabilidade com menos controles que equacoes. De fato, provaremos que este sistema
é nulamente controlavel utilizando apenas o controle h significando controlar um sistema de
duas equacoes, uma real e uma complexa, com apenas o controle complexo h na equacao
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de Schrodinger. Em um segundo resultado provamos também que é possivel controlar o
sistema (18) com o controle real £ e um controle h puramente real ou puramente imaginario,
necessitando dois controles reais para controlar todo o sistema. E importante mencionar que
a equacao de Schrodinger é controlavel com um controle complexo.

O primeiro resultado principal do trabalho segue:
Teorema 1: Seja T > 0. Suponhamos M € L?(0,T; H'(0,1)) N L>=(0,T; L?(0,1)), a1, a4 €
L>®(0,T; Wh(0,1)), e az,az € L>=(0,T; WH>(0,1)). Suponhamos também que

Im(az) € C([0,T); Wh>(0,1)) com |Im(a3)| > & in w, para algum & > 0. (19)

Entdo, para qualquer (wo,yo) € H1(0,1)xL?(0,1), existe um controle h1,, € L*(0,T; H*(0,1))

tal que a unica solugdo
(w,y) € C([0,T], H'(0,1) x L*(0,1))
de (18) com £ = 0 satisfaz
Acima, espacos em negrito dentotam espacos de fung¢des complexas, do contririo, denotam
espacos de funcgoes reais.
O segundo resultado principal segue

Teorema 2: Seja T > 0. Suponhamos que M € L*(0,T;H*(0,1)) N L*(0,T; L?(0,1)),
a1, ag € L®(0,T;WH2(0,1)), € az, a3 € L=(0,T; W->(0,1)). Suponhamos também que

Im(as) € C([0,T); WH>(0,1)) com |Im(az)| > 6 em w, para algum & > 0. (20)

Entdo, para qualquer (wo,yo) € H(0,1)x L?(0, 1), existe um par de controles reais (hl,, (1,,) €
L2(0,T; H1(0,1) x L%*(0,1)), tal que a winica solugdo

(w,y) € C([0,T], H*(0,1) x L*(0,1))

de (18) satisfaz

De forma a provar o teorema anterior, seguimos o processo padrao de observabilidade-
controlabilidade. De fato, dado o sistema adjunto

1Pt + Qpz = 10 + azy em @,

—Vt — Ygge — M)y = Re(a_2¢) +agp em Q,

#(0,t) = p(1,t) =0 em (0,7), (21)
w(oﬂt) - 1/1(1:15) - %(QU =0 em (O,T),

¢z, T) =¢"(2), ¢(@T)=4"(x) em (0,1),

provamos as seguintes desigualdades de observabilidade

Teoremas:

X



(a) Sob as hipdteses do Teorema 1, existe uma constante C > 0 tal que
660 0y + 116, 020y < € ( / /Q (1612 + |Re<¢x>|2>dmdt) @)
para qualguer (¢7,¢7) € Hy(0,1) x L*(0,1), onde (¢,4) € C([0,T]; Hy(0,1) x L*(0, 1))
¢ a solugdo do sistema (21).

(b) Sob as hipdteses do Teorema 2, existe uma constante C' > 0 tal que
166, 0) g3 0y + 16 0oy < € ( / /Q (IRe()[2 + | Re(62) 2 + w\?)dxdt) (23)

para (o7, vT) € H}(0,1) x L*(0,1), onde (¢,v) € C([0,T]; H(0,1) x L?(0,1)) ¢ a
solugao de (21).

A prova do Teorema anterior é baseada em estimativas globais de Carleman. Estes resul-
tados podem ser vistos em [6].

Capitulo 4
Boundary controllability of incompressible Euler fluids with Boussinesq heat
effects

Controlabilidade fronteira para fluidos de tipo Euler, incompressiveis com efeito de

calor do tipo Boussinesq

Seja © um subconjunto aberto, limitado e nao-vazio de RY de classe C* (N = 2 ou
N = 3). Suponhamos que 2 é conexo e, por simplicidade, simplesmente conexo. Seja I'g um
subconjunto aberto e ndo vazio da fronteira I' de 2.

Neste capitulo estamos interessados na controlabilidade fronteira do sistema:

yt+(y-V)y:—Vp+E0 em  Qx(0,7),

V-y=0 em  Qx(0,7),

O +y-VO0=rA0 em  Qx(0,7), (24)
y-n=0 sobre  (I'\I'g) x (0,7,

y(x,0) =yo(x), 0(x,0)=60p(x) em €,

onde

e O campo y e a func@o escalar p representam, respectivamente, a velocidade e pressao
do fluido em Q x (0,T), respectivamente.

e A funcao 0 representa a distribui¢do de temperatura do fluido.

e O lado direito k¢ pode ser visto como a densidade da for¢a de flutuacdo (E € RN ¢ um

vetor nao nulo).

e A constante nao negativa k > 0 é o coeficiente de difusdo de calor.



Na mecénica dos fluidos, o sistema (24) descreve o movimento de um fluido inviscido e
incompressivel sujeito a uma transferéncia de calor convectiva sob influéncia de um campo
gravitacional, veja [67].

Abordaremos os casos k = 0 e K > 0. No caso k = 0 denominamos (24) de sistema de
Boussinesq inviscido e incompressivel.

Seja o € (0,1) e definimos

Cl*(GRY) :={uec C™(Q;RY) : V-u=0 em Q, u-n=0 sobre I'},
C(m,a,Iy) :={ue C™:RY) : V.u=0 em Q, u-n=0 sobre I'\I'y},

onde C™°(Q;RY) denota o espaco das funces que assumem valores em RY e que suas
derivadas até a ordem m sao Holder-continuas em  com expoente a.

Quando k = 0, é apropriado considerar a controlabilidade exata fronteira para (24). Em
termos gerais, pode ser formulada como segue

Dados yo, y1, 0o € 01 em espagos apropriados com yo-n =y -n =0 sobre I'\I'y,

encontrar (y,p,0) tal que (24) € satisfeito, mais ainda,
y(x,T) =yi1(x), 0(x,T)=01(x) em Q. (25)

Observe que, quando k = 0, de modo a determinar, sem ambiguidade, uma tnica solugdo
regular local em tempo para (24), ¢ suficiente fornecer a componente normal da velocidade
na fronteira, todo o vetor y e a temperatura 6, na regido da fronteira por onde o fluido entra,
i.e. apenas onde y - n < 0, veja por exemplo [66]. Assim, podemos assumir que os controles
tem a forma

y - n sobre I'g x (0,7, com y -ndl’ = 0;
o
y em qualquer ponto de I'g x (0,7") satisfazendo y - n < 0,

0 em qualquer ponto de T'g x (0,7) satisfazendo y - n < 0.

O significado da propriedade de controlabilidade exata é que, quando vale, poderemos
conduzir s solu¢ao de qualquer estado (yo,fp) exatamente a qualquer estado final (y1,6,),
atuando apenas sobre uma pequena parte da fronteira durante um intervalo de tempo arbi-
trariamente pequeno.

No caso k > 0, a situacdo é diferente. Devido ao efeito regularizante da equagao da
temperatura, nao podemos esperar um resultado de controlabilidade exata, pelo menos para
a temperatura.

De forma a apresentar um problema de controlabilidade na fronteira adequado, definimos
v C I'. Entao o problema de controlabilidade segue

Dados yo, y1 e 6y em espagos apropriados com yo-n =y;-n = 0 sobre T'\Tj
e 0o = 0 sobre T'\7y, encontrar (y,p,0) com 6 =0 sobre (I'\~y) x (0,T") tal que (24)

€ valido e, mais ainda,
y(x,T)=yi(x), 0(x,7)=0 in Q. (26)
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Se é sempre possivel encontrar y, p e 6, dizemos que o sistema de Boussinesq, inviscido,
incompressivel com temperatura difusiva (24) possui a propriedade de controle exato-nulo
para (©,T9,T) no tempo T

Observe que, se k > 0 e fixamos as mesmas condigoes de fronteira de antes e (por exemplo)
condicao de Dirichlet para 6 da forma

6 =6x1, sobreI' x (0,T),

existe uma unica solugdo para (24). Podemos assumir, neste caso, que os controles tem a
forma

y -n sobre I'g x (0,7), com y -ndl' =0,
o
y em qualquer ponto de I'g x (0,7) satisfazendo y - n < 0,

0 em qualquer ponto de v x (0,7).

O significado da propriedade de controle exato-nulo é que, quando vale, podemos conduzir
o par (y,0) de qualquer estado inicial (yo, y) exatamente a qualquer estado da forma (y1,0),
atuando apenas em uma pequena parte I'g e v da fronteira, durante um intervalo de tempo
arbitrariamente pequeno (0,7).

Nas ultimas décadas, muita investigagdo no contexto de fluidos incompressiveis perfeitos
foi realizada. Temos, principalmente, os trabalhos de Coron [30, 31| e Glass [44, 45, 46]. Neste
trabalho, adaptaremos as idéias de [30] e [46] para o problema modelado por (24).

Para finalizar, apresentaremos dois dos principais resultados obtidos neste trabalho.
Teorema (xk = 0): Se k = 0, entdo entao o sistema de Boussinesq, inviscido (24) é exa-
tamente controldvel para (Q,Ty) em qualquer tempo T > 0. Mais precisamente, para qual-
quer yo,y1 € C(2,a,T0) e qualquer 0y,01 € C*%(Q), existem y € C°([0,T];C(1,,Ty)),
6 € C°[0,T]; CH*(Q) e p € D'(2 x (0,T)) tal que temos (24) and (25).

Nos argumentos que provam o teorema anterior, vemos a necessidade da regularidade C>
para o dado inicial e final. Entretanto, provamos a existéncia da solucao controlada apenas no
espaco C'1%. Seria interessante melhorar este resultado mas, até o momento, é um problema
em aberto.

O segundo resultado do trabalho segue
Teorema (x > 0): Seja Q, Ty e v dados, e suponhamos que k > 0. Entao (24) € localmente
exato-nulo controldvel. Mais precisamente, para qualquer T > 0 e qualquer yo,y1 € C(2,a, (),

existe n > 0, dependendo de yo, tal que, para cada 0y € C**(Q) com
0o =0 on T\v, [6ol2a <n,

podemos encontrar y € CO([0,T]; CH*(Q;RN), 6§ € C°[0,T];CH*(Q)) com 6 = 0 sobre
(T\y) x (0,T), e pe D'(Q2 x (0,T)) satisfazendo (24) e (26).
Estes resultados podem ser vistos em [86].

Problemas em aberto e trabalhos futuros

Comentaremos brevemente uma série de perguntas e problemas em aberto que os resulta-
dos contidos nesta tese produziram.
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o Qutros tipos de equilibrio: No Capitulo 1, o par 6ptimo é determinado segundo o critério
nao cooperativo de Nash. Um problema natural a seguir é utilizar outros tipos de
estratégias para determinar o par. Um exemplo classico é o de equilibrio de Pareto;
seguindo a notacao do Capitulo 1 temos:

Definicao (Equilibrio de Pareto): Para cada f € L*(O x (0,T)) dizemos que o par
(ul(f),u(f)) € H é um equilibrio de Pareto se nao existe (a',1%) € H satisfazendo

Ji(a',@%) < Ji(ul (f),u*(f)) for i=1,2,

com alguma das desigualdades sendo estrita.

Uma vez que o par (u'(f),u?(f)) esta fixado, queremos determinar f tal que o estado
y associado a f e a (u'(f),u?(f)) satisfaz (8).

Este tema é o alvo de um trabalho em andamento.

o [stratégias do tipo Stackelberg-Nash para o problema de Stokes:

Problemas similares aos do Capitulo 1 podem ser postulados para sistemas do tipo
Stokes
Y — Ay +(w-V)y+Vp= flo+v'lo, +v%lo, in Q,
V-y=0 in  Q,
y=20 on X,
y(x,0) = y°(x) in Q.

(27)

O dado inicial 3° pertence ao espaco de Hilbert
H={zeLl*Q":V-2=01in Q, 2-n=0 on T'},
o campo w pertence a L°°(0,T; H) e os controles f e v’ satisfazem

feL*0x0,17)Y, v eL*0;x0,1T)N.

Com os funcionais J e J; poderemos formular as estratégias do tipo Stackelberg-Nash
associada a uma propriedade de controllabilidade nula para (27).

A situacao se torna mais dificil quando analisamos o sistema de Navier-Stokes

y— Ay + (y-V)y+ Vp= flo +vllp, +v?1lp, in Q,

V.y=0 in Q,
y _= O On E,
y(z,0) = y°(z) in Q.

A existéncia de um equilibrio ou quase-equilibrio para cada f e, é claro, quando vale
a propriedade de controlabilidade nula associada a este equilibrio é um problema em
aberto.

Para outros resultados de controlabilidade para sistemas de Stokes e Navier-Stokes,
veja [42, 56, 37, 49, 50].
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o FEstudo numérico da controlabilidade nula para a equagio de Schrédinger 1D semilinear

Este problema consiste em encontrar aproximacoes numeéricas para controles u que con-
duzem a solucao de

W — Yoo + V(z, )y = F(y)y, (x,t) €(0,1)x(0,T),
y(0,t) =wu(t), y(1,t)=0, te(0,T), (28)
y($,0> = yo(a:), (S <07 1),

a zero. Devido as propriedades de regularidade da equagdo de Schrodinger, este pro-

blema possui um certo nivel de dificuldade, entretanto, resultados preliminares ja foram
obtidos

o FEstudo numérico da controlabilidade bilinear para a equacdo de Schrodinger 1D

Este problema consiste em encontrar aproximacoes numeéricas para controles u que con-
duzem a solucao de

1Y — Yoo +u(z, )y =0, (x,t) € (0,1) x (0,7,
y(0,t) =0, y(1,t)=0, te(0,7), (29)
y(z,0) = yo(x), xz € (0,1).
a um estado final desejado. Note que o controle é bilinear e isso gera grandes dificuldades
do ponto de vista técnico.
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Stackelberg-Nash exact controllability
for linear and semilinear parabolic

equations
F. D. Araruna, E. Fernandez-Cara, M. C. Santos

Abstract. This paper is concerned with Stackelberg-Nash strategies to control parabolic equa-
tions. We assume that we can act on the system through a hierarchy of controls. A first control
(the leader) is assumed to choose the policy. Then, a Nash equilibrium pair (corresponding to
a noncooperative multiple-objective optimization strategy) is identified; this governs the action
of the other controls (the followers). The main novelty in this paper is that we can impose
and obtain exact controllability to a prescribed (but arbitrary) trajectory. We study linear and
semilinear problems and also problems with constraints on the followers.

1.1 Introduction

In classical control theory, we usually find a state equation or system and one control
with the mission of achieving a predetermined goal. Usually (but not always), the goal is to
minimize a cost functional in a prescribed family of admissible controls.

A more interesting situation arises when several (in general, conflictive or contradictory)
objectives are considered. This may happen, for example, if the cost function is the sum of
several terms and it is not clear how to average. It can also be expectable to have more than
one control acting on the equation. In these case, we are led to consider multi-objective control
problems.

In contrast with the mono-objective case, various strategies for the choice of good controls
can appear, depending of the characteristics of the problem. Moreover, these strategies can
be cooperative (when the controls mutually cooperate in order to achieve some goals) or
noncooperative.

There exist various equilibrium concepts for multi-objective problems, with origin in game
theory, mainly motivated by economics. Fach of them determines a strategy. Thus, let us
mention the noncooperative optimization strategy proposed by Nash [73], the Pareto coope-
rative strategy [74| and the Stackelberg hierarchical-cooperative strategy [91].

In the context of the control of PDEs, a relevant question is whether one is able to lead
the system to a desired state (exactly or approximately) by applying controls that fulfill one
of these equilibrium conditions. There have been up to date several works on this subject
that intended to provide an answer to this question:

e The papers by J.-L. Lions [64] and [65], where the author gives some results concerning
Pareto and Stackelberg strategies, respectively.



e The paper by Diaz and Lions [35|, where the approximate controllability of a system
is established following a Stackelberg-Nash strategy and the extension in Diaz [34],
that provides a characterization of the solution by means of Fenchel-Rockafellar duality
theory.

e The papers [78] and [79], where Ramos, Glowinski and Periaux study Nash equilibrium
from the theoretical and numerical viewpoints for linear parabolic PDEs and for the
Burgers equation, respectively.

e Finally, let us mention that the Stackelberg-Nash strategy for the Stokes systems has
been studied by Guillén-Gonzélez et al in [51].

The controllability issues considered in these works only provide answers at the approxi-
mate level. This means that the main results assert that one can lead the system to a state
that is arbitrarily close to a desired target.

The main novelty of the present paper is to extend the analysis and the results to the
exact controllability framework.

1.1.1 The problems and their motivations

Let © C RY be a bounded domain whose boundary T is regular enough. Let 7' > 0 be
given and let us consider the cylinder @ = Q2 x (0,7"), with lateral boundary ¥ =I'x (0,7). In
the sequel, we will denote by C a generic positive constant. Sometimes, we will indicate the
data on which C' depends by writing C(£2), C(Q,T), etc. The usual norm and scalar product
in L?(Q) will be respectively denoted by || - || and (-, ).

We are interested in the proof of the exact controllability to the trajectories of a multi-
objective parabolic PDE problem in @), where we apply a Stackelberg-Nash strategy. For
simplicity, we will assume that only three controls are applied (one leader and two followers),
but very similar considerations hold for systems with a higher number of controls.

Moe precisely, we will consider systems of the form

yr — Ay +alz, t)y = F(y) + flo + v'lo, +v*1lp, in Q,
y(z,0) = yo(x) in €,

where y = y(x,t) is the state, a € L*°(Q), F' is a locally Lipschitz-continuous function and
y¥ is prescribed.

In (1.1), the set O C Q is the main control domain and 01,0y C Q are the secondary
control domains (all them are supposed to be small); 1o, 1p, and 1p, are the characteristic
functions of @, O and O, respectively; the controls are f, v! and v?, f is the leader and v!
and v? are the followers.

Let O1,4, Oz24 C 2 be open sets, representing observation domains for the followers. We

will consider the (secondary) functionals

Ji( ;v v?) = O;// ly — yi.al® dodt + ‘;// WP dedt, i=1,2 (1.2)
Oi’dX(O,T) Oix(O,T)
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and the main functional

_ 1 2
T(f) = 2//OX(O’T)|f| dx dt, (1.3)

where the o; > 0, p1; > 0 are constants and the y; 4 = ;. 4(x,t) are given functions.
The structure of the control process can be described as follows:

1. The followers v!' and v? assume that the leader f has made a choice and intend to be a
Nash equilibrium for the costs J; (i = 1,2).

Thus, once f has been fixed, we look for controls v* € L?(0; x (0,T)) that satisfy
;o 0?) = min Ji(f;01,0%),  Jo (fiv'0%) = min Jo(f;0!,0%). (14)
v v

Any pair (v!,v?) satisfying (1.4) is called a Nash equilibrium for J; and Jo.

Note that, if the functionals .J; (i = 1,2) are convex, then (v',v?) is a Nash equilibrium
if and only if

Ji(f;ol 0B (01,0) =0, Vil € L2 (01 x (0,T)); v € L*(O; x (0,T)) (1.5)
and

Jo(fiol v (0,9%) =0, Vo? € L? (0y x (0,T)); v* € L*(Oy x (0,T)). (1.6)

2. Let us fix an uncontrolled trajectory of (1.1), that is, a sufficiently regular solution to

the system:
G — A+ a(z,) = F(7) in Q.
y=20 on X, (1.7)
7(z,0) = 7°(2) in Q.

Once the Nash equilibrium has been identified and fixed for each f, we look for an
optimal control f € L2(O x (0,T)) such that

J(f) = min J(f), (1.8)

subject to the restriction of exact controllability

y(x,T) =7y(z,T) in Q. (1.9)
Several motivations can be found for control problems of this kind:

o If y = y(x,t) is viewed as a temperature distribution in a body, we interpret that our
intention is to drive y to a desired § at time T by heating and cooling (acting only
on the small subdomains O, O; and Os), trying at the same time to keep reasonable
temperatures in O; 4 and Oy 4 during the whole time interval (0,7).
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e A similar control process makes sense in the context of fluid mechanics. Thus, we can
replace (1.1) and (1.7) by similar Stokes and/or Navier-Stokes systems and we can look
for controls f and associated Nash equilibria (vi, ve) satisfying (1.8)-(1.9). In this case,
it is assumed that we act on the system through mechanical forces applied on O, O; and
O3 and the goal is to reach 7 at time 71" keeping the velocity field y not too far from y; 4
in O; 4 x (0,T) for i =1,2.

e In the framework of mathematical finance, this can also be an interesting question. For
instance, it is well known that the price of an European call option is governed by a
backward PDE similar to (1.1). Now, the independent variable x must be interpreted
as the stock price and t is in fact the reverse of time (we fix a situation at ¢ = T and
we want to know what to do in order to arrive at this situation from a well chosen
state). In this regard, it can be interesting to control the solution of the system with
the composed action of several agents, each of them corresponding to a different range
of values of x. For further information on the modeling and control of phenomena of
this kind, see for instance 32, 83, 92].

1.1.2 The main results

We will have to impose the following assumption:
O14=094. (1.10)

Accordingly, we will denote these sets by Og; see below, in Section 1.5, some comments on
the necessity of the hypothesis (1.10).

In the linear case (F' = 0), the exact controllability to the trajectories is equivalent to the
null controllability property. The following result holds:

Theorem 1. Let us assume that F =0, OgN O # 0 and the p; are sufficiently large:
i > C(Q,T, Oi, Od,ai, ||aHLoc(Q)) fOT 1= 1, 2. (1.11)

There exists a positive function p = p(x,t) blowing up at t = T with the following property: if
7 is the unique solution to (1.7) with F = 0 associated to the initial state 7° € L*()) and the
Yid are such that

// PG — yial* dedt < 400, i=1,2, (1.12)
OdX(O,T)

for any y° € L%(Q) there exist controls f € L*(O x (0,T)) and associated Nash equilibria
(v*,v?) such that the corresponding solutions to (1.1) satisfy (1.9).

Roughly speaking, the assumption (1.11) means that it is important for us to get followers
with moderate L? norms. On the other hand, the assumption (1.12) means that both y; 4
and y9 ¢ approach y ast — T

In the semilinear case, with F' being a locally Lipschitz-continuous function, we can consi-
der the same controllability questions. However, it is important to note that, in this case, we
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lose the convexity of the functionals J; and the Nash equilibrium condition (1.4) is not neces-
sarily equivalent to (1.5) and (1.6). For this reason, it is convenient to weaken the definition
of equilibrium as follows:

Definition 1. Let f € L?(O x (0,T)) be given. The pair (v*,v?) is a Nash quasi-equilibrium
when the conditions (1.5) and (1.6) are satisfied.

For the semilinear case, we have the following result:

Theorem 2. Let us assume that F' € W1°(R) and the p; > 0 are sufficiently large. Let 7 be
the unique solution to (1.7) associated to the initial state 3° € L*(Q) and let us assume that
(1.12) holds, where p is the weight furnished by Theorem 1. Then, for each yo € L*(Q), there
exist controls f € L*(O x (0,T)) and associated Nash quasi-equilibria (v',v?) such that the
corresponding solutions to (1.1) satisfy (1.9).

A natural question is whether there are semilinear systems for which the concepts of
Nash equilibrium and Nash quasi-equilibrium are equivalent. The answer is furnished by the
following result:

Proposition 1. Let us assume that F € W2 (R) and y; 4 € L®(0O; 4 x (0,T)) fori=1,2.
Suppose that yo € H(Q) (resp. yo € L*(Q)) and N < 14 (resp. N < 12). Then, there eists
C > 0 such that, if f € L*(O x (0,T)) and the u; satisfy

pi > C(L+ [ fllL2(ox0,1)))s
the conditions (1.4) and (1.5)-(1.6) are equivalent.

In this paper, we also analyze if a result like Theorem 1 holds true when the followers are
constrained to belong to appropriate convex sets U; C L*(O; x (0,T)). Thus, let I; and I3 be
two nonempty closed intervals with 0 € I1 N Is, let us take

Ui ={ve L*(O; x (0,T)): v(z,t)€l; ae.}, i=1,2, (1.13)

and let us suppose that the minimization of J; and Jy in (1.4) is subject to the restrictions
ol e Uy and 02 € Us.
The controllability result is the following:

Theorem 3. Let us assume that FF = 0 and the p; > 0 are sufficiently large. Let 7 be the
unique solution to (1.7) associated to the initial state y° € L?(Q)). Then, for each yo € L*(R),
there exist controls f € L*>(O x (0,T)) and associated Nash equilibria (v',v?) € Uy x Us such
that the corresponding solutions to (1.1) satisfy (1.9).

As mentioned above, the main novelty of this paper is that we deal with exact and not
approximate controllability. There are other points that distinguish our contribution as well.
Thus, contrarily to what was imposed in other previous papers (see for instance [51]), we do
not make any assumption on the open sets O;. In particular, the O; can be disjoint of O,

7



which is obviously the most interesting situation. On the other hand, the analysis and results
also hold, after appropriate modifications, for m followers with m > 2.

The rest of the paper is organized as follows.

In Section 1.2, we prove Theorem 1, which concerns the linear case. This result will be
strongly used in the other sections. In Section 1.3, we prove Theorem 2 and Proposition 1.
As a consequence, we see that the Stackelberg-Nash strategy can be applied to nonlinear
problems and, also, that under adequate hypotheses on F', we still obtain a Nash equilibrium.
Section 1.4 deals with the proof of Theorem 3. Finally, we present some additional comments
and questions in Section 1.5.

1.2 The linear case

In this section we prove Theorem 1. The proof is long and, for clarity, has been decomposed
in two parts. In Section 2.4 we recall the existence, uniqueness and characterization of a
Nash equilibrium (for fixed but arbitrary f); then, in Section 1.2.2, we prove the desired
controllability result.

By the linearity of the problem, we may reduce the exact controllability to the trajectories
to a null controllability property. In fact, after the change of variable y = z+7, it is immediate
to see from (1.1) and (1.7) for F' = 0 that z is the solution to the problem

2z — Az +a(z,t)z = flo +vllp, +v?1lp, in Q,
z2=0 on X, (1.14)
z(-,0) = 29 in Q,

0 -0

0
=0 -7

It is clear that y(z,7) = y(z,T) if and only if z(x,T) = 0. Also, we can write the
functionals J; in (1.2) in terms of z, which gives

Ji(f§7117”2):();// |Z_Zi,d’2dxdt+l;// W dxdt, i=1,2,
Oz‘,dX(O’T) 0; x(0,T)

where z; 4 :== y;q —y for i =1,2.

where 2

1.2.1 Nash equilibrium

In this section, we recall an existence/uniqueness result concerning a Nash equilibrium, in
the sense of (1.4), for any f € L?(O x (0,T)). Then, we recall a result which characterizes
this Nash equilibrium in terms of the solution to an adjoint system. These results are due to
Diaz and Lions; see [34, 35, 65].

For the moment, we do not have to impose the assumption (1.10). This requirement only
appears later, in Section 1.2.2, when the choice of f has to be made.

8



Existence and uniqueness

Let us introduce the spaces H; := L? (O; x (0,T)) and H := H1 x Hs and let us consider
the operators L; € L(H;; L* (Q)) with L;v' = 2%, where 2° is the solution to the system

2 — A +a(z,t)z =v'lp, in Q,
2=0 on I,

2H(x,0) =0 in Q.

By definition, for any control f, the pair (v!,v?) is a Nash equilibrium if and only if it
satisfies (1.5) and (1.6), that is to say,

o // (z — zg)w" dz dt + p; // vt dedt =0 Vil € H;, (1.15)
Oi,dx(ovT) OZX(()?T)
where w’ is the derivative of z with respect to v’ in the direction o'
Note that ‘ ‘ A _
wy — Aw' 4+ a(z, t)w' =v'1lp, in Q,
w' =0 on X,
w'(z,0) =0 in Q.

Consequently, L;0* = w’. We also have z = L1v! + Lyv? 4 u, where

up — Au+alz,t)u = flp in Q,
u=20 on 2,
u(z,0) = 2° in Q.

Therefore, we may rewrite (1.15) in the form

@i // (L1v' + Lyv* = (21,0 — w)) i da dt
Oi’dX(O,T)
+pi / / V' dedt =0, V' €M,
OZ’X(O,T)

// (i L ((L1v' +Lov? — (29 — )1, ) +piv') 0" dedt =0, Vo' € H;,
0;x(0,T) ’

or

where L} : L(L*(Q); H;) is the adjoint of L;.
In other words, (v',v?) is a Nash equilibrium if and only if
o L (L' + Lyv®) 1o, ,) + piv' = o6 L} (20 — u)lo,,) in Hi, i=1,2.
Let us introduce the operator L € L(H;H), given by
L(v', v?) = (a1 LT ((L1v* + L2U2)1(’)17d) + vt ap L3 (Lot + L2v2)102,d) + pv?),  (1.16)

for all (v!,v?) € H. Then, the task is to prove the existence and uniqueness of a solution for
the equation
L(v', 0% =¥, (%) e X, (1.17)
where
U= (a1 Li((z1,4 — u)lol,d), asL5((22,4 — U)lOg,d))- (1.18)
In this direction, the following holds:



Proposition 2. Let us assume that
a1l[lo, sLallqy < 4p2  and  as|lo, ,Lille) < 4p, (1.19)

where || - || denotes the norm in the space L(Hz—i; L*(O;q % (0,T))). Then L is an iso-
morphism. In particular, for each f € L2(Ox(0,T)), there exists exactly one Nash equilibrium
(WE(f),v2(f)) in the sense of (1.4).

Proof: From (1.16) and Young’s inequality, we observe that

2 2
(L(v",v?), (0!, 0*))n > willv' 3, + D L, Liv') 120, 1 0.1

i=1 ij=1
2
= Z (uillvl\\%i + aiHLinH2L2(Oi,d><(0,T)))
2:12 .
12 3—i||2
_Z;O‘i (‘LWZ”L?(OZ-,dx(o,T» + 3 Es—iv z”L?(Oi,dx(o,T))>
1=
> X3 1 L2 2
= Z Hi 1 | O3-i.a ZH(S—i) v H’HZ
i=1
Therefore,
(L((v", %), (0!, %) = Al )3 V(o' 0%) € H, (1.20)

where v = min; {u; — a3_iH103—i,dLiH%3—i)} > 0, see (1.19).
Now, let us introduce the bilinear form a : H x H — R, with

a((vlv UQ)a ({)17@2)) = (L((U17U2)7 (@17{)2)))7{'

From the definition of the operator L and the inequality (1.20), we readily see that a(-,-) is
continuous and coercive on ‘H. Consequently, the Lax-Milgram Theorem implies that, for any
® € H', there exists exactly one (v',v?) € H satisfying

a((vl,vz), (@1’@2)) = <(I)’ (@1762)>H’><’H v (@1’@2) €H; (vlavz) S 2

In particular, we get (1.17) and the proof is done. [

From the proof, it becomes clear that, under the assumptions of Proposition 2, for any
f € L?(O x (0,T)) the associated Nash equilibrium (v!(f),v?(f)) satisfies

1 (s v* (M)l < C L+ [1fll20x0.1)) (1.21)

where C' depends on 2, 0, T, O;, O; 4, a, i, || 20| and [|a|| e (q). These estimates will be used
below. Notice that, in view of (1.21), the state z associated to f and (v!(f),v?(f)) satisfies

120l 20,7112 () + N2l 20,7 m-102)) < CA+ 1 fll2(0%0.1))) (1.22)

where C is as above.
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Characterization of the Nash equilibrium

In this section, we express the followers v!(f) and v2(f) in terms of a (new) adjoint
variable.

Let f € L2(O x (0,T)) be given. For any (v!,v?) € H, let us consider the associated state
z (the solution for (1.14)). In view of (1.15), it is very natural to introduce the adjoint states
¢ (i =1,2), with

—¢t =AY + a2, )¢ = (2 — zpa)lo,, In Q,
¢ =0 on

Using integration by parts, we see that (v',v?) is a Nash equilibrium if and only if
// (¢" + piv') 0" dzdt =0 Vo' € Hy; o' € Hy
0;%(0,T)

This directly implies that
1

% )

v =—— for i =1,2.
Hi

O;x (O,T)

Let us gather all these informations in the same system. We obtain the following:

2
1 .
2 —Az+alz,t)z = flo — Z —¢'lp, in Q,
i=1 1"
—qbf; — A¢* + a(zx, t)gbi = qa;(z — z@d)lom in Q, (1.23)
2=0, ¢'=0 on X,
2(z,0) = 2%(x), ¢'(z,T)=0 in Q.

\

Recall that our main objective is to prove the null controllability of z at time t = T.
Therefore, the task is to find a distributed control f € L?(O x (0,T)) such that the solution
to (1.23) satisfies

z(x,T)=0 in Q. (1.24)

1.2.2 Null controllability

In this section, we achieve the proof of Theorem 1.
We will establish an observability inequality for the system

2
—— AP +a(z, ) =Y an'lo,, in Q,
i=1
A , . 1
7= A Fa(z, i)y = ——-¢lo, in - Q, (1.25)
b=0, 7 =0 on ¥,
W@, T) =" (2), ~(2,00=0 i Q

which can be viewed as the adjoint of (1.23). This will suffice.
The observability estimate is given in the following result:
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Proposition 3. Assume that (1.10) holds and the p; are sufficiently large. There exist C' > 0,
only depending on 0, O, T, O;, Oy, i, p1; and ||a| o~ (q) and a weight function p = p(x,t), only
depending on Q, O, T and ||a||p~(q), such that for any YT € L2(Q) the following inequality
holds true for the solution (1,~") of (1.25):

2
/\¢(x,o)2dx+2// ﬁ_Qlfyi]dedth// |2 da dt. (1.26)
Q i—1 /Y Q 0x(0,T)

Let us assume for a moment that Proposition 3 holds and let us prove the controllability
result in Theorem 1. From a well known duality argument, we have that, for any 2° € L?(Q)
and any ¥7 € L?(Q),

/Q[z(x,T)@DT(x) —zo(x)¢(x,0) de = //(’JX(O,T) fydxdt
—Zaz //de(OT ziqy' dx dt,

where (2, ¢', ¢?) and (¢, v!,~v?) are the solutions to (1.23) and (1.25), respectively associated
to 20 and 7.

Thus, to prove the null controllability property is equivalent to find, for each 2 € L?(2),
a control f such that, for any 7 € L%(Q), one has

// fodadt = —/ O(2)4(z,0) dm+2az// zi,d’yida:dt.
Ox(0,T) Ogx(0,T)

There are several ways to show that (3.4) implies the existence of such a control. They

(1.27)

rely on well known arguments. For completeness, let us sketch one of them.
For each € > 0, let us consider the following functional:

1
FT) =+ // [[2 de dt + e} 7 + / D(@)(z, 0) dx
2 JJoxo,1) Q
2 .
- / / ziay dedt VT € LA(Q).
i—1 Ox(0,T)

It is then clear that F. : L?(Q) — R is continuous and strictly convex. Moreover,

> // |9 |? d dt
4 Ox(0,T)
-C /zo dz + // zi.ql? dx dt
( ) z [ Pl

+elvt,

where C and p are furnished by Proposition 1. Consequently, F, is also coercive in L%(€2).

Note that, here, we have used the assumption (1.12) on z; g = y; 4 — U-
Let 9! be the unique minimizer of F.. Then, either 1! = 0 or

(Fl(wD), 9Ty =0 vl e L2(Q).
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Suppose that ¢ # 0. In this case, we have

// Vet da dt + € ve ,wT)+/ 2(2)pe(x,0) dz
0x(0,T) 2| 0

2
- Zai // zigy dedt =0 Yyl € L*(Q),
i—1 Ox(0,T)

where we have denoted by (¢, 7!, v2) the solution to (1.25) corresponding to ¢! =1 Taking

(1.28)

[ = fe = veloxomr) in (1.27), denoting by 2. the associated state and comparing to (1.28),
we see that

__¢ T ,.,T _ T 20
/Q<ze<sc,T> ||¢€T|we)¢ ()dr =0 T € 12(Q),

which implies
[ze(-, T)|| = &. (1.29)

On the other hand, from (1.28) and (3.4) we also have

9 1/2
fellz2 <C / 2012 dx + // ,62 z;, 2 da dt , 1.30
I fell 20 (0,19 Q! \ ; 00 (01 |2i,dl (1.30)

that is, f. is uniformly bounded in L?(O x (0,T)). Obviously, we also have (1.29) and (1.30)
when ¢! = 0 and we take f. = 0.

Consequently, we can easily deduce a uniform estimate for z.. Then, taking limits as e — 0,
we conclude that null controllability holds.

This ends the proof of Theorem 1.

Remark 1. The leader control we have constructed is the unique solution to the extremal
problem (1.8)-(1.9). This claim can be justified as follows:

1. For each € > 0, there exists exactly one minimal L? norm control f. such that the

associated state, i.e. the corresponding solution to (1.23), satisfies

[ze(-, T)| < e.

2. From the weak lower semicontinuity of the terms in J., it is clear that any weak limit
of a subsequence of {f.} minimizes the L? norm in the family of the null controls for z.

Consequently, this is the case for f. O

Proof of Proposition 3. The assumption (1.10) will be used here.
Let w be a non-empty open set satisfying w CC Oy N O. Let nyg = no(x) be a function
satisfying

no € C%(Q), ng > 0in Q, 7y = 0 on 9Q,
|Vno| > 0in Q\ w.

Such a function 7y always exists; see [41].
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Let us introduce the weight functions

2 M lloo — AUIN° lloo+n°(2)) AUn° lloo+1°(2)) L3l
t) = )= —— .
(1) e =g (1.31)
and the notation
[m(w) — Smf4Am73 // 6725a5m74(’,¢}t’2 + ’Aw‘Q) dx dt
Q
4 Sm72)\m71 // e*250¢£~m72’vw‘2 dx dt
Q
+ Sm)\erl // 6723045771‘,(“2 dx dt.
Q
From the usual Carleman inequalities (see [41, 57, 36]), we have:
Is(¢y) < C (// 6—2304‘0[1,}/11017{1 + agfyzlom]?dx dt
Qx(0,1) (1.32)
+532\4 / / e3P dr dt | .
wx(0,T)
Since (1.10) holds, we introduce h := a1y! + azy?. One has
// e 25| h)? dx dt < Iy(h)
(1.33)

<C <33A2 // e 25 73|? da dt + )\// e 2% h|? dx dt)
Q wx(0,T)

for all large s and A and some C only depending on 2, w and T
But, inwx(0,7T), one has h = —¢y—Av+arp. Consequently, by introducing an appropriate

cut-off function ¢ and integrating by parts, we get

// e 2 h2 da dt < // Ce ™ 2Oh (—ahy — AY + arp) dx dt
wx(0,T) w'x(0,T)

(1.34)
<elp(h) + Ces™\° // glem 25| da dt,
w’x(0,T)

where w’ is a new open set satisfying w C ' C Oy N O. From (1.32), (1.33) and (1.34), we
find that, for some C > 0,

L) + Io(h) < c// o S (135)

Let p = p(z,t) be a positive nondecreasing C! function which blows up at t = T. From
the PDE satisfied by 4 in (1.25), we readily see that

1d o . o . 1 o . e .
—— [ b 2!7’!2dx+/p 2!V7’2d:€=—‘/ p Qszw—/p *pely'|? da
2dt Jg Q i Jo, Q

1 A_ A_ .
<o [ 5pdn s [ o
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and, using Gronwall Lemma and the fact that 7%(x,0) = 0, it follows that
(/ ;3—271'\2dx> ) < 0// P2 p|? da dt (1.36)
Q 0;x(0,T)
for all 7 € [0, 7).

Let us choose j satisfying p > £€~3/2¢°® in Q; then, the right hand side of (1.36) is bounded,
up to a multiplicative constant, by I3(¢). Therefore, in view of (1.35) and (1.36), we see that

2
V) +Z// P3N P dxdt < C// gte= 25 y|? da dt. (1.37)
i=1//Q 0x(0,T)

Observe that the choice of p is determined by the Carleman weight & _%esa, that depends
on Q, O, T and ||a||p(g); but p can be chosen independent of the O, Oy, a; and p;.

To end the proof, we need an energy estimate for .

Multiplying the first PDE in (1.25) by ¥ and integrating in Q x (7,t), we have

[0t DI = oo+ [[  [vuPdsds
. Qx(7,t) .
<C [ ots)Pds +C [ o' +ax®) Lo, | ds

for all 7,¢ € [0, 7], with 7 < t. For the 4, in view of the second and third PDE in (1.25), we
get:

I 9l — ||2<c/ I ||2do+//0( b(e.0)Pdrde (138)
XTS

for all s € [7,t]. Using again Gronwall Lemma, the following is found:

(- )H2<C<||7 I* + / 1o (-, H2d0>-

/ e ||2ds+Z||7 \2]

Consequently,

(DI <l Ol +C

for all 7,t € [0,T], with 7 < ¢, whence

lp(, )| <C (IW tl* + Z Iy (- HQ)

In particular, we find that
||¢( 70)”2 < C||¢( 7t)||27 Vt € [OvT]

This yields

w0 <7 ff Uf? dedt < CI3(0).
Qx(T/4,3T/4)
Combining the last inequality and (1.37), we deduce (3.4). O
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Remark 2. If, instead of (1.10), we suppose that
O, Cc O for i=1,2,

the same result holds. Indeed, we have from (1.38) that

(. 9)? < C // Wi, 0)|? de do < C // (e, o) de dor.
OiX(07S) OX(O,S)

By replacing this inequality in the first term on the right hand side of (1.32) and taking into
account (1.36), we get easily (1.37). O

1.3 The semilinear case

In this section, we analyze the controllability of a more general model, with a not neces-
sarily vanishing function F'. Our goals are to prove Theorem 2 and Proposition 1.

1.3.1 Characterization of Nash quasi-equilibria

As already mentioned in Section 1.1, in the semilinear case, the convexity of the functi-
onals J; is lost. Consequently, it is not clear whether the definition of Nash equilibria used
in the linear case is the good one. For this reason, we must re-define the concept of Nash
optimality (recall Definition 1).

Notice that (1.5)-(1.6) is equivalent to

Q; // (y — vi.q) p' da dt + // Votdedt = 0
JJoax(0,1) 0ix(0,T) (1.39)
Vo' GH@, v’ E%i7 = 1727

where we have denoted by p’ the derivative of the state y with respect to v* in the direction
©'. Obviously, one has

Py — Ap' +a(z, t)p' = F'(y)p’ + 0'lo, in Q,
p'=0 on X,
p'(z,0) =0 in Q.

Let us introduce the adjoint systems

—0p — A¢' +a(x,1)¢" = F'(y)¢' + ai(y — yia)lo, i Q,
¢ =0 on X,
¢ (z,T) =0 in Q.
Then, a short computation shows that (1.39) can be written equivalently as

// (' + ') o' dedt =0 Vo' € Hy; vt €My, i=1,2.
OiX(O,T)
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As a consequence, we get the following characterization of any Nash quasi-equilibrium:

. 1
f=——9¢ =1,2 1.40
v Hng OiX(O,T) ) ? y 4y ( )
with
1 1 1 2 .
m—Ay+M%ﬂy=F@%hﬂo—ﬁj1af75¢1@ in Q,
—¢t — A¢' + a(x,t)¢" = F'(y)d' + as(y — Yvi,a)lo, 4 in Q, (1.41)
Yy = 07 ¢i = 0 on E,
y(x,0) =4°(z), ¢'(z,T)=0 in Q.

1.3.2 Proof of Theorem 2

The proof of Theorem 2 follows some arguments that are nowadays standard and well
known; see [41, 94]. It is divided in three steps: first, we perform a change of variable that
reduces the task to solve a null controllability problem; then, this is rewritten as a fixed-point
equation in L?(Q); in particular, we use again Carleman inequalities and energy estimates to
deduce an observability inequality for the adjoint of a linearized system; finally, in a third step,
we use some compactness properties of the system and we prove the existence of a fixed-point.

Step 1: We must find a leader control f € L?(O x (0,T)) such that the solution (y, ¢', ¢?)
to (1.41) satisfies (1.9). In fact, by introducing the change of variable z = y—7, we can rewrite
(1.41) in the form

( 1 1
2 — Az +al(x, t)z =Gz, t;2)z + flo — M—gbll@l — M—¢21@2 in Q,
1 2
—¢p — A’ + a(z,t)¢' = F'(z +§)¢' + oi(z — z.4) 10, in @, (1.42)
z2=0, ¢'=0 on X,
2(2,0) = 2%(z), ¢'(z,T)=0 in Q,

\

where Zid = Yi,d — Ys 2= yO - g( ) 0) and

1
G(z,t;2) = / F'(y(z,t) + 0z) do.
0
Obviously, what we have to prove is the null controllability for z in (1.42).

Step 2: For each z € L*(Q) and each f € L*(O x (0,T)), let us introduce the linear

system
1, 1, .
wy — Aw + a(z, )w = Gz, t;2)w + flo — /T¢ lo, — Iu—c;ﬁ lp, in @,
1 2
—Qﬁ;‘; — AP + a(zx, t)qﬁi =F'(z+ @)gf)i + ai(w — z.q9) 10, in Q, (1.43)
w=0, ¢ =0 on X,
w(z,0) =2° ¢'(z,T) =0 in Q.
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By assumption, there exists K > 0 such that
G(z,t;8)| +|[F'(s)| < K V(z,t,5) € Q xR

Note that, arguing as in Section 2.4, it can be proved that, if p; and po are sufficiently large,
(1.43) possesses exactly one solution for each f € L?(O x (0,T)). Furthermore, one has

lwll 203 ) + Nwell 20,0501 )) < C (L + 1 fllz20x0.0))) » (1.44)
where C depends on Q, O, T, Oqg, i, pi, K, [la| () and [ zo]|.

Let us introduce the mapping A : L?(Q) ~ L?(Q), with A(z) = w, for all z € L?(Q),
where w, is the state associated to the minimal L? norm null control f, for the linear system
(1.43). Tn other words, w, is, together with ¢!, ¢ and f., the unique solution to (1.43) and f,
minimizes (1.3) subject to the constraint

w(z,T)=0 in Q.

The existence and uniqueness of a solution to (1.43) proves that A is well defined.

The goal is now to prove the null controllability for w in (1.43). To this purpose, we will
make use of a suitable global Carleman inequality for the solutions to the adjoint system, that
is,

st — A, + a(@, ), = G(2,t;2)0, + (17! + a?)lp, in Q,
. . ) 1 )

Ver — AV, = F'(z+7)7: — ;¢z10i in Q,

¢Z:07 ’Y;:O on E,

Vo2, T) =97, 4i(2,0) =0 in Q.

In this context, we have the following:

Proposition 4. There exist a constant C > 0, only depending on Q, O, T, O;, O4, oy,
i, K and [la||p~(q) and a weight function p = p(z,t), only depending on Q, O, T, K and
lal| (), such that the following observability inequality holds true for any ¢" € L*(2) and
any z € L*(Q):

2
/]¢Z(x,0)|2dx+2// P2y 2 da dt < C// |, |2 da: dt.
Q i—1 /Y Q 0x(0,T)

The proof is almost identical to the proof of Proposition 3 and, for brevity, is omitted.

This result leads, as in Section 1.2.2, to the existence of a minimal norm null control
f. € L*(O x (0,T)) for (1.43). Furthermore it is clear that there exists a positive constant C,
only depending on Q, O, T, O;, Oy, a, ju;, K, |lal|Le(g) and [|zo]|, such that

1702200y < O ¥z € L(Q). (1.45)

Step 3: Taking into account (1.44) and (1.45) , we see that w, is uniformly bounded in
L*(0,T; HY(Q)) and w,; is uniformly bounded in L?(0,T, H1(2)). In view of the classical
Aubin-Lions Compactness Theorem, this means that A maps the whole space L?(Q) into a
compact set.

On the other hand, the mapping z + A(z) is obviously continuous. Therefore, we can use
Schauder Fixed-Point Theorem to ensure the semilinear controllability result.

This ends the proof of Theorem 2.
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1.3.3 Equilibria and quasi-equilibria

The aim of this subsection is to prove Proposition 1, that is, to investigate whether, in
the semilinear case, we may have a Nash equilibrium. Let us show that the answer is positive
when F' € W2 (R).

Let f € L2(O x (0,T)) be given and let (v',v?) be the associated Nash quasi-equilibrium.
Note that, for any s € R and (w!,w?) € H,

DiJq f;vl+sw1,1)2 — (D1 J1(f; vt v ) = s wlw? dx dt
{ p
O1x(0.1) (1.46)
// y® —y1,a)p° dxdt — oy // Y — y1,a)pdxdt,
O4 X% OT) OdX(OT
where

— Ay* +a(z, )y = F(y*) + flo + (v + sw')lo, +v?*1p, in @,
y* =0 on X, (1.47)
y*(z,0) = yo in

2

p° is the derivative of y* with respect to v! in the direction w?, i.e. the solution to

— Ap® +a(x, t)p® = F'(y*)p® + w?lp, in Q,
p° =0 on ¥, (1.48)
p*(z,0) =0 in Q

and we have used the notation y = y°|,_, and p = p°|,_,.
Let us introduce the adjoint of (1.48):

—¢7 — AP* +a(z, 1)¢* = F'(y")¢" + ar(y® —y1,a)lo, In @,
»*=0 on %, (1.49)
(2, T) =0 in Q

and let us also set ¢ = ¢®|s—0.
Then, we can replace (1.49) in (1.46) and use integration by parts to obtain the following

identity:
(D1 J1(f; 0 + swh,v?), w?) — (D1 Jy(f; 0!, 0 = s/ // wlw? dx dt
Ol>< OT
// $)w? da dt.
OdX OT

Notice that

—(¢° = @)t — A(¢° — ¢) + a(2,1)(¢° — ¢) =
[F'(y*) = F'(y)]o* + F'(y)(¢" — ¢) + au(y” — y)lo,-
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Consequently, the limits

1 1
n=1lm —(¢° — ¢) and h = lim —(y°* — y)
s—=0 S

s—0 s

exist and satisfy

- — An+a(x, t)n = F'(y)h¢ + F'(y)n + arhlp, in Q,

n=nh=0, on X, .
0. T) = h(z,0) =0 in- Q.

Thus, from (1.50), we deduce that

(D2 Jy(f; 0, 0%), (wh, w?)) = // wlw? dz dt + // nw? dz dt.
le(O,T) 01><(0,T)

In particular, for all w! € L?(O; x (0,T)), one has:

(D2J(f; 0, 0%), (wh,wh)) = // Jw! |2 dﬂcdt—l—// nw' dz dt. (1.51)
01%(0,T) 01%(0,T)

Let M > 0 be such that |[F”(s)] < M a.e. in R. Let us show that, for some C only
depending on Q, O, T, O;, Oy, ai;, M, K, ||a||p= (o) and [|yol|, we have

// nw' dz dt
01x(0,1)

From standard energy estimates, since F/ € L>°(Q), we have

/!h(:r,t)Qd:n—i—// |Vh]2d:r<0// (w2 da di.
(9] Q O1X(O,T)

Using the PDE’s in (1.50), we also get the following:

< CA+Ifllzoxmlw' i, Yw' € L2(01 % (0,T)).  (1.52)

// nw' drdt = / (hy — Ah + a(z,t)h — F'(y)h)ndx dt
01 x(0,T)

_ // i — A+ a(w, )y — F'(y)n) da di

(1.53)
= // (F"(y)h¢ + arhlo,)hdx dt
= /ﬁ(F”(y)|h|2d> + ar|h*lo,) d dt.
Q
Let us first assume that yo € Hg (). The idea is to find 7 and s such that
¢ € L'(0,T;L°(Q)) and h € L (0,T; L* (Q)), (1.54)

where 7" and s’ are the conjugate of r and s, respectively. This will make possible to bound
from above the last integral in (1.53).
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It is clear that h € L%(0,T; H%(Q)) N L>=(0,T; H}(Q)). For this reason, it is natural to
ask for which values of o and 3 the following embedding holds:

L2(0,T; HX()) N L0, T; H (Q)) — L¥(0,T; LP(Q)). (1.55)
By interpolation, we have that, for each 0 < 6 < 1, (1.55) holds when

10 1 (N—4)0 (N-2)(1-0) a(N-2)—4
e A T N ON -~ 2aN

Taking o = 21/ and 8 = 2s', we conclude that r = a/(a — 2) and s = aN/2(a + 2).

Analogously, we have that y € L2(0,T; H?(Q)) N L>(0,T; H}(Q)) — L0, T; L°(%)),
with b = 2aN/(a(N — 2) — 4). Using the regularity results of the heat equation and the fact
that yq; € L>(Oq4; x (0,T)), it follows that

¢ € L0, T; W2H(Q)) = Lo(0,T; L¥-5 (Q)) = L0, T; Lon 001 ().

Ifa=r=a/(a—2),weget ¢ € L"(0,T} Lan-i0ass (€2)). To finish, we must have Lan-ioass (Q) —
L*(€2), which is equivalent to

aN < 2aN
2(@+2) — a(N—10)+8

And we see that this inequality holds true if and only if N < 14.
Thus, from (1.53), (1.49) for s = 0, (1.40), (1.41), (1.47) for s = 0 and the estimates at
Subsection 1.3.2, we see that, if yo € H}(Q) and N < 14,

‘// nw' dz dt
01 x(0,T)

IA

MHhHi?“(O,T;LQS'(Q)) ||¢”LT(0,T;L5(Q))

e [|l[720,% 0,1
CI1Bll 0,525 (0)) + 1)||w1\|3_[1
C(llyll 2@y + Dllw' |3,

2

1. .
C (Z EWII% + L F11+ llwoll + 1) l[w'[[3,
i=1

O+ DIk, -

IA A

IN

IA

This proves (1.52) in this case.

Now, let us assume that we have yo € L?(Q2). As in the first situation, the idea is to
find 7 and s such that (2.11) holds. Since the regularity of  does not depend on the data
Yo, we still have n € L2(0,T; H2(2)) N L>(0,T; H}(Q)) and, therefore, n € L¥(0,T; LP(Q)),
where o« and 8 are as above. In this case, we have by a interpolation argument that y €
L2(0,T; HY(Q)) N L>(0,T; L3(Q)) — L0, T; LE(Q)), where @ > 2 and b = 2Na/(aN — 4).
Using again parabolic regularity, we get

2aN

6 € L0, T;W2H(Q)) = LH(0, T3 L¥ 5 () = LH(L 971 (1)),
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2aN
Ifa=r=a/(ad—2), we have ¢ € L"(L>W-5+8(Q)). To finish the proof, we must have
2aN
LoW=8)+8(Q) — L5(Q2), which is equivalent to

alN < 20N
2(a@+2) ~ a(N —-8)+8

Since this holds if and only if N < 12, the estimate (1.52) is proved also in this case.
Taking into account (1.51) and (1.52), we see that

(DRI (f 0,02, (' w)) = (i1 — OO+ 1]l 20w o)) 1w |34, da dt.

Note that the previous constant C' can be chosen independent of p and ps.
In a similar way, it can be shown that, under the previous assumption on yg and N,

(D35 01,0%), (0P, 0)) > (1 = O+ | fll2ocoimy) 021, drdi.

for another constant C' independent of u; and pe.
It is now clear that, for sufficiently large 11 and g, the couple (v!, v?) is a Nash equilibrium
in the sense of (1.4).

1.4 The case with restrictions

In this section, we prove Theorem 3.

We return to the Stackelberg-Nash null controllability problem for a linear parabolic PDE,
but we impose some restrictions: the followers (v!,v?) are supposed to minimize the functio-
nals (1.2) subject to the convex constraints v’ € U;, where the f; are given by (1.13).

This is a more difficult problem. The search of a pair (v!,v?) satisfying (1.4), where the
minimizations are performed in U; 4 and Uy 4, is equivalent to the following:

DyJi(f;oh 0B (ot — o', 0) >0 Vol el g vt €Uy (1.56)

and
Do Jo(f;0h,0%)(0,0% —v?) >0, Vi € Usg; v? € Uy (1.57)

As in Section 1.2, with the change of variable z = y — g, we are led to a null controllability
problem. Then, we see that (1.56)-(1.57) is equivalent to

a// (Z_Zi,d)widxdt-i-ui// v (0 — v') dadt > 0
0, ax(0,T) 0;x(0,T) (1.58)

Vol e ui,d; = L{@d,

where w' is the derivative of z with respect to ©; in the direction v;, that is to say, the solution

to
wi — Aw'® + a(x, t)w' = vilp, in Q,
w' =0 on X, (1.59)
w'(z,0) =0 in Q.
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The adjoint system associated to (1.59) is given by

—(Zﬁ% - A¢z + a(l’v t)(bz = OZZ‘(Z - Zivd)loi7d in Q7
6=0 on X,
6z, T) = 0 mo

Replacing the equation satisfied by ¢° in (1.58), we obtain
// (¢" + piv") (0" —v') dzdt >0, Vo' € Upg; v' €U, i=1,2. (1.60)
0;x(0,T)

Now, by introducing the projectors Py, , : L2(0; x (0,T)) — U; 4, we see that (1.60) can be
rewritten equivalently in the form

v = Puiﬂd(_i(bl‘OiX(O,T))? i1=1,2.
i

We may group all this information to get the following system:

2
1 . )
a = Azt a(e, )= flo+ Y Fuu(— Floxon) in @
i=1 ¢

_stg - A¢l + a(x,t)qsi = ai(z - Zi,d)|0¢,d in Qv (161)
z2=0, ¢'=0 on X,
| 2(2,0)=2% ¢'(2,T)=0 in Q.

Let us prove that, under the assumptions (1.19), for each f € L?(O x (0,T)) there exists
exactly one solution to (1.61), i.e. there exists a unique Nash equilibrium (v}, v?) in Uy g xUs 4.

Indeed, notice that (1.60) can also be rewritten in the form

{ (L(v',02), (01, 0%) = (v',0%)) = (¥, (8",8%) — (", %) 162)
i (1)1 )EuldXUQd, (@16)61/{1d><u2d, ’
where L and U are respectively given by (1.16) and (1.18). If u; and g satisfy (1.19), L is a
coercive continuous bilinear form on #, whence (1.62) is uniquely solvable.

Furthermore, it is clear that the couple (v!,v?) and the associated state z satisfy (again)
the estimates (1.21) and (1.22). As in the semilinear case, we will analyze and solve the null
controllability problem for (1.61) by a fixed-point method.

To this end, note that the projectors Py, , are given as follows:

k(x,t) if k(x,t) € I,

]P)Z/{i,d(k)(‘r’t) :{ Pi(k(xz,t)) otherwise,

for (z,t) a.e. in O; x (0,T), where P; : R — I; is the usual projector on the interval I;. Also,
note that, for every k € H;, Py, , can be written in the form Py, ,(k) = gi(k)k, where the
function k — ¢;(k) is continuous on H; and

la; (k)| < C, Yk € Hi.
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Therefore, the controllability problem is reduced to find f € L?(O x (0,T)) such that the
solution for

( 2
2 —Az+alz,t)z = flo— Y @(6)¢'le, in Q,
i=1
—¢ — A@ + a(z, ) = a;(z — zid)1o; 4 in @, (1.63)
2=0, ¢ =0 on X,
2(x,0) = 2% ¢'(x,T) =0 in Q

where G;(¢°) stands for the function g (¢') = qi(—i qﬁi‘o_x(o T)), satisfies (1.24).

But this can be done easily. Indeed, for each couple (¢!, ¢?) € L2(Q) x L2(Q) we can
consider the system

2
2z — Az + (I(l‘, t)Z = flo — Z Q’l(&z)gbﬂa n Q,
i=1
—¢t — A¢ + a(z, )Y = a;(z — zia)lo,, in Q, (1.64)
2=0 ¢ = on X,
2(x,0) = 2% ¢ (x,T) =0 in Q.

The arguments in Sections 1.2.2 and 1.3.2 can be applied again to (1.64). The main
consequence is that there exist exactly one minimal L? norm null control f for this system,
with

1 fllz2ox 0.y < C (1.65)

and, also, z, ¢! and ¢? uniformly bounded in L?(0,T; H}(2)) N L*°(0,T; L*(Q)) and 2z, ¢}
and ¢? uniformly bounded (at least) in L2(0,T; H~1()).
Hence, it is not difficult to deduce that the mapping (¢!, ¢?) (¢31,¢32) possesses at

least one fixed-point. Such a fixed-point satisfies, together with some f and some z, (1.63)
and (1.24).

1.5 Some additional comments and questions

1.5.1 On the assumption O, 4= 04

The assumption (1.10) is used in (1.32) and only there. Indeed, in combination wih (1.33)
and (1.34), (1.32) yields (1.35). At present, we do not know whether an estimate like (3.4)
remains true for 01 4 # Oa 4. However, this is the case if we modify apropriately the secondary
functionals J;.

Thus, let px = p«(x,t) be a weight (a positive continuous function on Q x (0,7T)) such
that p, > e*/2, see (3.23). We assume now that the followers produce a Nash equilibrium
with respect to the functionals

ji(f;vlaUQ) = O;// ‘y_yi,d’2 dacdt—i—'l;i// pz\vi\Qdmdt,
OLdX(O,T) OiX(07T)
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for ¢ = 1,2. With computations similar to those in Section 2.4, we obtain the following
optimality system:

2
1 .
— Az +a(z,t)z = flp — Z —p 2o, in Q,
i=1 1
_¢% - A¢Z + G/(flﬁ', t)¢l - Oéi(Z - Zi,d)l(’)m in Qu
y=0, ¢'=0 on 3,
| y(z,0) = yO(z), ¢'(z,T)=0 in Q.
The associated adjoint system is given by
—t — A +a Zow lo,, in @
, 1
— Ay +a(z,t)y = L JClp, in Q,
¢ = 07 ’Yl =0 on 27
Yz, T) =yT(z), ~(x,0)=0 in Q

and the main task is to prove an estimate like (3.4) for the solutions (1,7, v?).
In this situation, we have an useful energy inequality for the ~':

G2 + / IV P < S // 2 da dt. (1.66)

Using (1.66) in the right hand side of (1.32), since the u; are sufficiently large, we get:

I3(y) < O3\ / / e 203 || 2 dadt. (1.67)
wx(0,T)

Combining (1.67) and (1.36), we arrive at (3.4).

This shows that if we replace J; by J; for ¢ = 1,2, the claims in Theorem 1 to 3 remain
true. In fact, this is not surprising: if we impose Ji < 400, then we force the controls
v® to vanish exponentially as t — T~ and the leader f finds no obstruction to control the
system. As mentioned above, it is unknown whether (3.4) continues to be true in the original

framework (1.4) when O; g # Oa 4.

1.5.2 Stackelberg-Nash controllability and Stokes and Navier-Stokes sys-
tems

It makes complete sense to consider the Stokes-like system

—Ay+ (w-V)y+Vp= flo+v'lp, +1v*1p, in Q,

Vey=0 - Q (1.68)
y = 0 on E,
y(z,0) = 3°(x) in Q,

where , T, O and the O; are as above, y° belongs to the Hilbert space
H:={zc*(QY:V-2=0in Q, 2-n=0 on T},

25



the field w belongs to L>(0,T; H) and the controls f and v* satisfy
feL?(0x0,T)N, v eL*0;x0,1T).

With functionals J and J; similar to those in the previous sections, we can formulate again
the Stackelberg-Nash null controllability problem for (1.68). Results of the same kind can be
obtained easily by adapting the arguments in Sections 1.2 to 1.4.

The situation is obviously much more difficult to analyze when we consider the Navier-
Stokes system

Yy — Ay+ (y-V)y+Vp= flo +v'lp, +v*1p, in Q,

V-y=0 in Q,
y=20 on X,
y(z,0) = y°(z) in Q.

Now, the existence of Nash equilibria or quasi-equilibria for each f and, of course, whether
or not there exist null controls and associated Nash equilibrium pairs are open problems.

For other controllability results for Stokes and Navier-Stokes systems, see [42, 56, 37, 49,
50].

1.5.3 Other Stackelberg strategies

It is possible to introduce other strategies to control systems of the kind (1.1). One of
them is the so called Stackelberg-Pareto method.

Thus, to each f € L?(O x (0,T)) we can associate one or several Pareto equilibrium pairs
(ul(f),u%(f)) € H. By definition, this means that there is no (4!, 4?) € H satisfying

Ji(ﬂlﬂlg) < Jl(ul(f)vu2(f)) for 1=1,2,

one of these inequalities at least being strict. Then, we search for f such that the states y asso-
ciated to f and the (u!(f),u?(f)) satisfy (1.9), where 7 = 7(z, t) is a prescribed uncontrolled
solution to (1.1).

The analysis of Stackelberg-Pareto controllability will be the goal of a forthcoming paper.

1.5.4 The boundary case

It is natural to wonder if results similar to Theorems 1, 2 and 3 also hold with boundary
controls.

More precisely, let us consider the system

2zt — Az +a(x,t)z=F(z) in Q,
z= fls +vlls +v%1ls, on 3,
z(x,0) = 20(x) in
where S, 81, So C 0f2 are non-empty closed sets and let us introduce the functionals
a;

Li(f;v',0%) := 2// ly — yial® dadt + ’;// |02 d dt (1.69)
0;,a%(0,T) S;x(0,T)
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for i = 1,2. Now, the problem is to find for each f a Nash equilibrium (v!(f),v?(f)) associated
to the functionals L; and, then, choose f in a appropriate way such that z(z,T) = 0.

We can try to solve this problem as before. However, we find some technical difficulties,
as shown below.

Let us consider the linear case, that is, F/(s) = 0. Arguing as in Section 1.2, we see that
the optimality system for (vi(f),v%(f)) is the following:

2zt — Az +a(z,t)z =0 Q,
—¢r — Ap' + a(x, )" = a;(z — zia)lo, , in Q,
1 9¢! 1 9¢? ; 1.70
z=fls+ i131+fi1$2, ¢'=0 on %, (1.70)
p1 On " g On
2(z,0) = 2%(z), ¢'(z,T)=0 in Q.
The adjoint system is given by
2 .
—— AP +a(z, ) =Y an'lo,, in Q,
- A+ a(:vit)'v’ =0 in Q, (1.71)
1/} = 07 ’YZ = 7((/}13L on E?
223 )
Uz, T) =T (z), ~'(2,0)=0 in Q.

Thus, if we try to adapt the proof of Proposition 3, we see at once that the following
conditions are required:

Ol,d = Old =04 and Udﬂ S # 0. (1.72)

The main difficulty in this case is that we have to combine a boundary Carleman inequality
for ¢» and a distributed Carleman inequality for h = a;y' + apy? for functions satisfying
nonhomogeneous Dirichlet boundary conditions on ¥. This interesting situation will be also
analyzed in a forthcoming paper.
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Numerical null controllability of the

1D linear Schrodinger equation

Enrique Fernandez-Cara, Mauricio C. Santos

Abstract. This paper deals with the numerical approximation to boundary controls that drive
the solution to the 1D linear Schridinger equation to a prescribed state at a final time. Using
ideas from Fursikov and Imanuvilov, we consider the control that minimizes over the class of
admissible controls a functional that involves weighted integrals, with weights that blow up
at T. We will see that this extremal problem is equivalent to a differential problem that is
fourth-order in space and second-order in time. Adapting some numerical techniques applied by
the first author and Miinch to the heat equation, we approximate the variational formulation
by introducing appropriate space-time finite elements that are C* in space and C° in time. We
present two approaches; the second one relies on a change of variable which leads to a lower
condition number for the stiffness matrix. The results of some experiments show the efficiency
of these methods

2.1 Introduction, the null controllability problem

We are mainly concerned with the boundary exact controllability for the 1D linear Schré-
dinger equation. The state equation is the following:

Wt — Yoz + V(z, )y =0,  (,t) € (0,1) x (0,7),
y(0,6) = u(t), y(1,0)=0, te(0,7), 2.1)
y(z,0) = yo(x), xz € (0,1).

Here, T > 0 and we assume that yo € H{((0,1);C) and V, V; € L*°((0,1) x (0,7); R). In

(2.1), u € L%((0,7); C) is the control and y = y(=,t) is the associated state.
In the sequel, we will use the notation

Ly =iy — Yzz + V.

It is well known that, for any u € L?((0,7);C), problem (2.1) has exactly one solution y in
the transposition sense, with

y € C°([0,T]; H~((0,1); C)) N HH(0,T; L*((0,1); C)), (2.2)

see for instance [14, 68].

Our aim in this paper is to find numerical approximations to controls u such that the
associated solutions to (2.1) satisfy y(-,7") = 0. This is called a null controllability problem.
In fact, due to the time reversibility of the linear Schrédinger equation, the null controllability
and the exact controllability properties are equivalent, which means that we can reach any
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final state in H~'((0,1);C) by the action of a boundary control. From now on, we will
investigate the null controllability problem.

It is known that, for any 7' > 0, (2.1) has the null controllability property. In other words,
for any yo € H((0,1);C), there exist controls u € L*((0,7);C) such that the associated
states satisfy y(-,7') = 0. This was proved in [68] for V' = 0 by applying the so called Hilbert
uniqueness method together with multipliers techniques. In particular, it was established
that the control of minimal norm in L?((0,7);C) is given by u = ¢,(0,-), where ¢ solves a
backwards Schrodinger problem

Z.gbt - ¢zx = 0, (:L‘,t) € (Oa 1) X (0>T)7
o(x,t) =0, (z,t) € {0,1} x (0,7),
¢($>T) = ¢T(x)v S (07 1)7

with ¢! in an appropriate space.

The null controllability of (2.1) with a vanishing or time-independent potential V' has
also been established by other methods. Thus, in Lebeau [63], Hilbert uniqueness was used
in combination with microlocal analysis and extended to higher dimensional Schrédinger
systems. Later, Tataru [87, 88] and Triggiani [89] used appropriate Carleman inequalities
to deduce approximate and exact controllability and stabilizability results. Other proofs of
controllability have been furnished by Horn and Littman [53, 54| and Phung [76].

In the present work, we will use some ideas inspired by the work of Fursikov and Imanuvilov
in [41] for similar parabolic systems. More precisely, let us consider the following extremal

problem:
Minimize J(y // P2yl da dt + - / p1(0,1)|u)? dt
0 (2.3)
Subject to (y, ) € C(yo, T
Here and in the sequel, @ = (0,1) x (O,T) and C(yo,T) is the linear manifold
C(yo,T) = {(y,u) € X : y solves (2.1) and satisfies y(-,7) =0}
where
X = I2(Q;C) x L*(0,T); C). (2.4)
We assume that
p = p(x,t),p1 = p1(x,t) are continuous, real-valued and > p, > 0, (2.5)
p,p1 € L>=((0,1) x (0, T = 6);R) V6> 0, '

so that, in principle, they can blow up as t — T~

The fact that we search for null controls and associated states solving (2.3) can be justified
as follows: first, they can serve to select the “good” control-state pair, according to a previously
established criterion; secondly, they avoid unpleasant oscillations of the control as t — T (it
is well known that this phenomenon can appear if, for instance, we simply try to find minimal
L? norm null controls; see [48]).

The main goal in this paper is to solve the extremal problem (2.3) numerically. To this
purpose, we will see before that the manifold C(yo,T) in (2.3) is non-empty and (2.3) possesses
exactly one solution.

32



In the sequel, we will denote by C' a positive generic constant and (-,-) will stand for te
usual duality pairing for H} and H~!.

The paper is organized as follows. In Section 2.2, we present two equivalent variational
equalities whose solutions p and w furnish the unique solution to (2.3); see (2.13) and (2.18).
We will see that the pair (y,u) obtained by the Fursikov-Imanuvilov method belongs to X,
which is an interesting additional property, since the natural regularity for y is (2.2). In
Section 2.3, these variational equalities are analyzed numerically. We introduce some families
of approximate problems and we prove appropriate convergence results. Section 2.4 deals
with the results of some numerical experiments. It is seen that the proposed strategies are
efficient and furnish satisfactory approximations to the control-state pair (y, ). Finally, some
additional comments are given in Section 2.5.

2.2 Variational approaches to the controllability problem

2.2.1 Preliminaries. A first variational equality

Let us introduce the weights

pla,t) = exp (59), pol,t) = pla, (T — )%, 2.6
pi(z,t) = p(x, t)(T = )V2, pa(a,t) = pla, t)(T —t) 732, '
where
a(z) = Ki(ef? — @) By(z) = Boo(1 —x), Kz > Boo > 0. (2.7)

Obviously, p and p; satisfy (3.23). Let us consider the extremal problem (2.3). The roles
of p and pg are clarified by the following arguments and results.
Let us set
Py={qeC*Q:C):q=00n{0,1} x [0,T]}.

In this linear space, the sesquilinear form

T
(p,q)pz//Qp_QLqudxdtJr/o p12(0,4)p2(0,t) ¢z (0, 1) dt,

is an inner product. This is a consequence of the unique continuation property for the Schro-
dinger equation, see [14, 58].

Let P be the completion of the space Py for the previous inner product. Then, P is a
Hilbert space and the following result holds:

Lemma 2.1. There exist positive (sufficiently large) constants K1, Ko and Cy such that one

// Pz_2iQt—Qxx!2dmdt+// o 2lq|? dz dt
Q Q
T
< <// p—2|Lq\2dq;dt+/ pl_2|qx(0,t)\2dt>
Q 0
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Demonstra¢ao. We can argue as in the proofs of Proposition 1 and Theorem 2 in [14]. Thus,

let us introduce the weights

C(a,t) = exp (575 ) Cola, 1) = C(a, ) (H(T — 1))*2,
Cl(x7 t) = C(.T, t)(t(T - t))1/27 CQ(HJ, t) = C(xv t)<t(T - t))73/2'
We have the following for sufficiently large K;, Ko, C' and Cjy:

// 422|iqt—qm|2dxdt+// C12qx|2dxdt+// C2ql? da dt
Q Q T Q
gc(// g—2Lq|2dxdt+/ C12|qx(0,t)|2dt> (2.9)
Q 0
T
< (o (// p_2|Lq|2da:dt+/ o |qx(0,t)|2dt> .
Q 0

On the other hand, the usual estimates for the solutions to the Schrédinger equation show

that
// lq|* dadt < C // CO‘ZIq!?da;dtJr// |Lq|? dz dt
(0,1)x(0,7/2) Q (0,1)x(0,7/2)

and, taking into account that iq; — q... = Lq — V¢, we also have

// ligs — Que|* dzdt < C // (o 2lq? da dt + // |Lq|? dxdt | .
(0,1)x(0,7/2) Q (0,1)x(0,T/2)

As a consequence, we get (2.8) for eventually larger constants K1, Ky and Cjy. O

As a consequence of Lemma 2.1, we obtain the following:

Proposition 5. There exists a unique solution p € P to the problem

T [
//Q p2LpTqdedt + /0 p72p(0,8) 22 (0,8) dt = i{yo, 4(,0))
Vge P; peP.

(2.10)

Demonstracao. Let us check that we can apply the Lax-Milgram Lemma to (2.10). Indeed,
the bilinear form in the left hand side is just the scalar product in P, while the antilinear
form in the right hand side is continuous.

This can be justified as follows. If ¢ € P, then we get from (2.8) that

q € L*((0,7"); L*((0,1); C)) (2.11)
and
iqr — qua € L*((0,T"); L*((0,1);C)) (2.12)

for any T < T}; in particular, this implies that ¢; € L?((0,T"); H~2((0,1); C)) which, combined
with (2.11), yields ¢ € C°([0,7"]; H=1((0,1); C)) for all T’. Thus P is continuously embedded
in C°([0,7"); H~1((0,1);C)) and the right hand side of (2.10) certainly defines a continuous

antilinear form on P. O
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It will be seen in the following section that (2.10) is closely related to the optimality system
for (2.3).

2.2.2 Analysis of (2.3)

In this Section we will prove that C(yo,T") is non-empty and (2.3) possesses exactly one
solution (y,u) € X.
Theorem 4. For any yo € L*((0,1);C), there exists exactly one solution to (2.3). It is given
by
y=p"2Lp, u=—p; palo=o (2.13)
where p is the unique solution to (2.10).

Demonstragao. Let p € P be the solution to (2.10) and let us introduce the couple (y,u)
given by (2.13). In view of (2.13) and (2.10), we see that

T
J[ vEadedt= [ uya0na + it at0) Vo P (2.14)
Q 0

The control u defined in (2.13) belongs to L?((0,T);C). Consequently, there exists a unique

solution ¢ to (2.1) in the transposition sense. In particular

T 1
(5,9) = /0 () Ga(0, 1) dt + i /0 y0(2)(@,0)dz Vg € D(Q;C) (2.15)

where (-, -) stands for the usual duality pairing for the spaces H~1(0,T; L*((0,1); C)) and Hg (0, T; L*((0,1); C)

and we have denoted by ¢ the unique (strong) solution to

idr — oo + V(2 1)p =g, (2,1) €(0,1) x (0,T),
6(0,8) =0, (1,6)=0, te(0,T), (2.16)
¢($7T) =0, T € (01 1)

Notice that ¢ € P. Indeed, we first have ¢(z,t) = 0 for all (z,t) € [0,1] x [T — 6, T] for

some § > 0. Also, since V and V, are essentially bounded, the usual estimates show that
¢ € L=(([0,T); Hy ((0,1); C)
and consequently, from Lemmas 1 and 2 in [14], we find that
¢ € C°((0,T]; Hy((0,1);:C),  ¢2(0,-) € L*((0,T); C)

and ¢ € P. Thus, y also satisfies (2.15) and y = §. This means that (y,u) € C(yo,T), i.e.
C(yo,T) is non-empty.

In addition, (z,u) — J(z,u) is a strictly convex, proper and lower semi-continuous function
on X and J(z,u) = 400 as ||(z,u)||x — +o00. Hence, the extremal problem (2.3) possesses

a unique solution.
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Finally, let (z,v) € C(yo,T') be such that J(z,v) < +oo. It is then clear that

J(z,0) = J(y,u) = J(z—y,v—u)

Re <//Q p?y(Z —7) dx dt + /OT p2u(v — ) dt)
e [//Q Lp(z — y)dzdt — /OTpx(O,t)(l_) —u)dx dt]

So, in fact, (y,w) is the unique minimizer. O

Y

As mentioned above, (2.10)(2.13) is a reformulation of the optimality system for (2.3).
Indeed, it is easy to see that (2.10) is a weak formulation of the boundary-value problem

L(p~Lp) = 0, (z,t) € (0,1) x (0,T),
p(0,t) =0, p(1,t)=0, te (0,7),
(p~2Lp+py?p)(0,1) =0, (p~2Lp)(L,t) =0, te(0,7),
(p‘sz)(a:,O) =0, (p_QLp)((L‘,T) =0, S (07 1)7

that is of the second-order in time and fourth-order in space and this is turn equivalent to
the system formed by the constraints J(y,u) < +oo and (y,u) € C(yp,T'), the backwards in
time (adjoint) system

ipt — Paw + V(z,t)p = p*y, (x,t) € (0,1) x (0,7),
p(oat) = 07 p(Lt) = 07 te (OaT)

and the second equality in (2.13). But this is just the optimality system for (2.3).

Of course, the control u is not the minimal L? norm null control for (2.1). As shown
above, the approach in this paper is different, but ensures good (exponential) convergence to
zero of the control and the state as t — T

2.2.3 A second variational equality

Let us perform the change of variable
w=(T—=t)"p'p

for some appropriate . Let W be the completion of Py for the scalar product

(w, // “2LU(T — t) prw(zx,t)) L(T — t)Ypym(z, t)) dz dt
/ (T — ) w,(0,t) my (0, t) dt;
0

Obviously, we have:
W ={(T—t)7pi'q: q € P}

and, for any m € W, one has
pflL((T —t)"p1m) = Aiym + Agmy + Asmy + Agmy,,
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where
Ay = (T — )73 (g +i(y + 1) + (T — )73 (i — a2) + (T — t)¥3V,
Ay = i(T — )73,
Ag = —20,(T — 1) 2,
As = —(T — t)7+%.

Consequently, the variational equality (2.10) can be rewritten equivalently in the form

// (Ajw + Aqwy + Aswy + Aqwyy) (Arm + Aogmy + Asmy + Aymy,) dz dt
Q

T
-l-/ (T — t)27wx(0, t) my(0,t) dt =iT7(yo, p1(-,0)m(-,0))
0
YmeW; weW.

(2.17)

The well-posedness of this system is now obvious. More precisely, the following holds:
Proposition 6. The variational equality (2.17) possesses exactly one solution w € W. Mo-
reover, the unique solution (y,u) to (2.10) is given by

y=p L (Ajw + Agwy + Azwy + Agwey), uw= —(T —t)7p1(0,-) tw, (0, ), (2.18)
where w € W solves (2.17).

In order to have all the coefficients in L>°(Q;C), it is enough to take v > 3/2. This will
be assumed in the sequel.

2.3 Numerical analysis of the variational equalities

We will now analyze from the numerical viewpoint the previous variational equalities. We
will use standard arguments, that allow to approximate (2.10) and (2.17) by finite-dimensional
linear problems, where the coefficient matrices are sparse and easy to construct. We will do
this in such a way that the classical general theory applies and, in particular, convergence
results can be obtained in the appropriate spaces.

We are going to adapt the results in [12, 25, 77]. Notice that the main difficulty here is
that the variational equalities contain derivatives of order two (equivalently, they are weak
formulation of fourth-order boundary value problems). Accordingly, it will be a little more
difficult to construct finite-dimensional spaces than in the more standard situation of a second-
order elliptic problem.

2.3.1 First approach

For any finite dimensional space P, C P, we can introduce the approximated problem:

(Pr-an)p = Lo(an) Yan € Pu; pn € P, (2.19)

where £; is the antilinear form

to(qn) = (o, qn(-,0)) Vg, € P.

We have the following result, typical for any numerical approximation of this kind:
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Lemma 2.2. Let p € P be the unique solution to (2.10) and let p be the unique solution
to (2.19). Then

lp —prllp = inf |lp—anlp. (2.20)
an€Py

Demonstracdo. Notice that, for any qp € Py,

lpn = plld = (0n — y o1 — P)P = (Ph — Py PH — @) P + (Ph — PG — P) P-

The first term in the right hand side is zero and the second one can be bounded by ||py —
pllpllgn — pllp. Consequently, one has (2.20). O

Let us assume that H C R%is a generalized (not necessarily countable) sequence converging
to zero and let Pp, be as above for each h € H. Let us also assume that there exist interpolation
operators Il : Py — P, satisfying the following:

IIhg —qllp >0 as h -0 Vqe P. (2.21)
We then have a convergence result:

Proposition 7. Let p € P be the solution to (2.10) and let p, € Py, be the solution to (2.19)
for each h € H. Then

lp —pullp = 0 as h — 0.

Demonstracdo. Let us choose € > 0. From the density of Py in P, there exists p. € Py such
that ||p — pe||p < €. Therefore, from Lemma 2.2, we find that

lp —prllp < lp — ppe||p
< Hp _peHP + Hpe - theHP
S €+ Hpe _the”P-

In view of (2.21), one has ||pe — IIxpe||p — 0 as b — 0 and the result follows. O

2.3.2 Second approach

We will now turn to the formulation in Section 2.2.3.
Let us introduce the sesquilinear form A(-,-), with

A(w, m)://Q (Arw+ Agwy+ Aswy + Aqwzy ) (Arym+ Aomy+ Asmy + Aymy,) dx dt
+/0T(T — )P w,(0,t) m(0,t) dt  Yw,m € W
and the antilinear form ¢, with
U(m) =T (yo, pr(-,0)m(-,0)) Vm e W.
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Then, (2.17) reads as follows:
A(w,m) =4(m) VmeW; we W. (2.22)

As in the previous Section, for any finite dimensional space W}, C W, we can introduce
the following approximated problem:

A(wh,mh) = E(mh) VYmy, € Wh; wp € W, (2.23)
Obviously, (2.23) is well posed. Furthermore, we have a result similar to Lemma 2.2:

Lemma 2.3. Let w € W be the unique solution to (2.22) and let wy, be the unique solution
to (2.23). Then

|w — wp|lw = %Vh [w — mp||w.

in

mp€

Let W}, be as above for each h € H. Again, let us assume that there exist interpolation
operators Il : Py — W} satisfying

|IIym —m|lw —0 as h—0 Vme P. (2.24)
We have:

Proposition 8. Let w € W be the solution to (2.22) and let wy, € Wy, be the solution to (2.23)
for each h € H. Then
|lw —wp|lw — 0 as h — 0.

2.3.3 The finite dimensional spaces P, and W),

In this Section, we will construct some finite dimensional spaces X} that can be respec-
tively used in (2.19) and (2.23). Recall that the variational equalities (2.10) and (2.17), as
well as their finite-dimensional counterparts (2.19) and (2.23) are weak formulations of elliptic
problems of the second and fourth order in time and space, respectively. The variables ¢t and
x play here similar roles and the boundary data are furnished on the whole boundary of @
(although, of course, two boundary conditions must be imposed on the lateral sides and only
one boundary condition is required on the top and the bottom edges). Consequently, it is
natural to work with spaces X; where time and space are handled simultaneously. In our
context, this means that we must consider time-space finite elements.

Notice that time-space finite element approximation has also been considered in connection
with other problems; see for instance [5, 10, 11, 43, 55, 80] for some linear and nonlinear
parabolic and hyperbolic systems.

For any couple of integers K, L > 1, we set Ax = 1/K, At =T/L and h = (Azx, At) and
we introduce the uniform quadrangulation

Qn={Ru = [k, xp1] X [t ti1] 1 1 <ES K, 1 <1< L},
where we have used the notation
xp=(k—1)Az and t;,=(—-1)At
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for all £ and .
We will denote by C’;:? (Q) the space of functions ¢ € C°(Q) that possess a partial deriva-
tive ¢, € C°(Q). The following result holds:

Theorem 5. Assume that g, € C°(Q) and q,|gr € HY(R) for all R € Q. Then q, € HY(Q).
On the other hand, if q;, € C;f@) and (qu|R)zz € L*(R) for all R € Qp, then (qn)ze € L*(Q).

The proof is easy and is left to the reader.
For each h, let us set

Xn={an € C;7(Q): qnlr € P(R) YR € Qp, qn=0o0n {0,1} x [0,T]},
where P(R) denotes the following space of polynomial functions in z and in ¢:
P(R) = (P3; @ P1¢)(R)

(here, P ¢ stands for the space of polynomials of order r in the variable &).

It is easy to see that a function f € P(R) is uniquely determined by the values of f and
fz at the four vertices of R. Consequently, X}, is a finite dimensional space of P and W and
any function pp € X} is uniquely determined by the values of p; at the nodes of @ that do
not belong to {0,1} and the values of (pp,), at the nodes of Q.

Let us introduce the functions

(Az + 22 — 221) (Az — 2 + %) (z — xx)(—22 + 225 + 3Az)

Lo(z) = (Az)3 » Lik(e) = (Az)3
r — X r— X e 2 —\r — X 2 xr — X xT
Lok(z) = : k)((AAx)g ) : Lak(z) = ( k)(ijp o
and t—1t+ At t—t
Lo(t) = —————, Lut)=

At ’ At

Notice that these functions satisfy
Lik(Tmik) = Oim,  Lip(Tmir) =0,
Lz‘+2,k($m+k) =0, L;‘+27k(mm+k) = Oim,

for i,m =0, 1.
We have the following elementary result, where the interpolation operator Il : Py — Xp,
is introduced:

Lemma 2.4. Let u € Py and let us define the function Il u as follows: on each Ry, we set

1 1
Mpu(a,t) = > Lig(@) Ly w(@iir, tig) + Y Livar(@)L0(t) e (@i, tj)-
i,j=0 4,j=0

Then ITpu is the unique function in Xy, that satisfies the following for all k and [:
Myu(zg, tr) = w(zk, tr), (Mpu)e(r, i) = ve(@p, 1)
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2.3.4 Convergence results

We divide this Section in two parts, respectively devoted to prove the convergence results
n (2.21) and (2.24). For simplicity, the usual norm in L"((0,1) x (0,7);C) (resp. in the space
L™(0,T;L*((0,1);C))) will be denoted by || - ||, (resp. || - [|rs)-
The convergence of ||qg — II,q| p

We first have the following:

Lemma 2.5. There exist C, independent of h = (Ax, At), such that, for any q € Py, one

has:

J] o= Tnadrat < O (laloodt (807 + Iyl dr(ae)?

(2.25)
+ a3 00 (A2)* (A1) + Ilqzz!!io,z(Aw)4(At)>-

This result is proved in [38]; see the estimates in Section 3.2.3. It relies on the identity

q—1g = Z mz]qyc Tit+k, j+l Z L; kﬁle[q xz—&—k’yt]-ﬁ-l] (2'26)
1,7=0 1,7=0

where the functions m; j and R|q : @4k, ;1] are given as follows:

mij(x,t) = (Lig(x)(@ — k) — Livok(2))L(1),
t t
Rlq: Tik,tjr] = / @ (Tivk, s)ds + (z — -Ti+k)/ (t = $)qat(Titk, s)ds
titt, 2R

+ (z — 8)quz(s,t)ds.

Tit+k

In a similar way, it can also be shown that, for any ¢ € Py,

// (¢ —pq)zz dxdt — 0 as h — 0. (2.27)
K

We also have a convergence result concerning the normal derivative at x = 0:

Lemma 2.6. For any q € Py, one has
T
/ (g = TTg)a(0, )2t = 0 as h — 0. (2.28)
0

Demonstragao. Let us denote by R; the rectangle (0,z1) x (f,ti+1). Then, the following
identity holds in R;:

1

th(a;t) = Z Li,0($)£j,l(t xzv j-H Z LH—ZO )Qx(xlutj-‘rl)
1,=0 2,j=0
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After differentiation with respect to x, setting = 0, we see that

(q - HhQ)w(Ov t) = %&(Oa t) - L"Ol(t)%:(ov tl) - »Cll(t)qgc(o tl-l—l)

t —t+ At t—1t
—Qx(oatl)"i'/ ¢2(0,s) ds —qu(O,tz) A7 a0, t41)

t

t t—1t
= qat(0, s q:(0,1 —qz(0,%)] .
| a0, 95 = T 020,110 et 0)

Consequently,
T
| 0= Ta)aP0.1) dt < Clan(0.) A
0

This proves (2.28). O

Now, taking into account (2.25), (2.27) and (2.28), we see that (2.21) holds. This shows
that the problems (2.19) furnish a sequence of approximated solutions pj that converges
strongly to p in P.

The convergence of ||m — II,m|w

Let us first notice that, for any m € Py,

4l A% // ((m — Tym)ef? da dt + 4] As|% // (m — Tym),2dzdt  (2.20)

+4|A4||2/ |(m — Hhm)m|2dxdt+T27/ |(m — Iym),(0,1)|% dt.
0

m—Iml|%, < 4A12 m — Iym|? dz dt
w

From Lemma 2.5, it is clear that the first term on the right hand side of (2.29) converges to
zero as h — 0. The next three terms converge as well; to check this, it suffices to differentiate
(2.26) with respect to the corresponding variable and argue as in [38]. Finally, the last term
converges to zero in view of Lemma 2.6. Therefore, one has (2.24), i.e

|lm —IIym|w —0as h —0

for all m € F,.
As before, this shows that the solutions to the problems (2.23) converge strongly in W
tow as h = 0.

2.4 Numerical Experiments

In this Section, we present the results of some numerical experiments concerning the
solutions to (2.19) and (2.23).

Both problems can be viewed as linear systems where the coefficient matrices are sparse.
Once we find the solution p, to (2.19), the approximated state-control pair can be found
through (2.13). On the other hand, the solution wy, to (2.23) furnishes another approximated
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Figura 2.1: The functions p~! and pl_l((), -) for oo = 0.1, K9 = 1.48p9 and Ky = 0.5.

state-control pair using (2.18). Recall that the weights p and p; are given by (2.6)—(2.7). The
functions p~! and p1(0,-)~! are depicted in Figure 4.2.

The solutions to the linear systems arising in (2.19) and (2.23) are computed by performing
a LU factorization and solving two triangular systems. In the experiments, we have taken T' =
0.5 and yo(z) = sin(wz) + isin(27z). Notice that, physically, yo provides a true probability
distribution for the initial position of a particle in (0,1). For simplicity, we have taken Az =
At.

We first present the numerical results obtained by solving (2.19); see Tables 1 and 2,
respectively concerning the choices

V(z,t) =0

and
V(z,t) = ap(t), with p=10 - a7/

Let us denote by S the matrix arising from (2.19). The condition number cond (Sp) =
1SuIl 1S, || depends strongly on h = (Awx, At). Here, the norm ||Sy|| stands for the largest
singular value of Sj,. More precisely, it is found that cond (Sy) = O(|h|~'6). For the com-
putations of [|yn — yllz2(g) and [|up — ullz2¢0,1), we have used the couple (y,u) found for
Az = At = 1/150. Notice that ||yn — ¥l r2(q) = O(|h]%4) and |Jup — ull 20,7y = O(|h|"0).

We now present the numerical results obtained by solving (2.23). They are given in Tables
3 and 4.

Notice that, now, the rate at which the condition number increases has been reduced a
lot. More precisely, denoting by M}, the matrix of coefficients corresponding to (2.23), we see
that cond(M},) = O(|h|~%0) (the rate is in practice the same with and without potential).
Obviously, this indicates that the results furnished by this second approach are much more
reliable.

Comparing [|upl|z2(0,7) and |[yallr2(g) in Tables 1 and 3, we see that, in the case V = 0,
the bad condition number in the first approach is not relevant when the solution and the
control are obtained in terms of p. Contrarily, this is not the case when V(z,t) = zu(t), as
can be seen by comparing the results in Tables 2 and 4. This confirms that the first approach
can be less efficient and, in general, the second approach must be adopted.
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Table 1 : Potential V(z,t) =0

Az, At 1/20 1/40 1/60 1/80 1/100 1/150
cond 8.2 x 107 | 7.0 x 10™ | 8.2 x 10'® | 2.6 x 1022 | 3.0 x 10%® | 1.1 x 103!
IpnllL2(0) 0.0395 0.0391 0.0401 0.0522 0.1159 1.1119
llunllL20,7) 0.2993 0.3111 0.3151 0.3169 0.3178 0.3189
lynll L2 (o) 0.6484 0.7889 0.8636 0.9095 0.9413 0.9918
lyn — yll 20 0.6399 0.4199 0.2953 0.2092 0.1432 -
Jun — ull 20y | 0.0625 0.0322 0.0202 0.0131 0.0082 -
Table 2: Potential V(x,t) = x * pu(t)
Az, At 1/20 1/40 1/60 1/80 1/100 1/150
cond 8.2x 10 | 7.0 x 10™ | 8.2 x 10'® | 2.6 x 1022 | 3.1 x 10%® | 6.0 x 103!
ol L2(@) 0.0210 0.0202 0.0201 0.0200 0.0200 0.0202
lunllL20,1) 0.1824 0.1924 0.1947 0.1952 0.1952 0.1967
lynllz2(q) 0.4531 0.6141 0.6942 0.7410 0.7723 0.8232
lyn — yll 20 0.5923 0.3845 0.2681 0.1896 0.1304 -
lup — ull 20y | 0.0430 0.0228 0.0152 0.0102 0.0067 -
Table 3 : Potential V (z,t) =0
Az, At 1/20 1/40 1/60 1/80 1/100 1/150
cond 7.0 x 107 | 3.8 x 10" | 1.0 x 10 | 1.4 x 10 | 3.6 x 10'" | 8.6 x 10!
lwall L2 0.0816 0.0875 0.0875 0.0876 0.0876 0.0878
llunllz2(0,1) 0.2925 0.3123 0.3158 0.3174 0.3182 0.3192
lynll L2 0.6731 0.7932 0.8663 0.9112 0.9425 0.9921
lyn — yll22(Q) 0.6445 0.4171 0.2938 0.2084 0.1428 -
Jup — ull 200,y | 0.0891 0.0316 0.0200 0.0130 0.0081 -
Table 4 : Potential V(x,t) = z * u(t)
Az, At 1/20 1/40 1/60 1/80 1/100 1/150
cond 6.8 x 107 | 3.7 x 101 | 1.0 x 10" | 2.0 x 10" | 3.3 x 10" | 1.1 x 10'2
lwall L2 0.0816 0.0811 0.0811 0.0811 0.0812 0.0814
Junll 20,7 0.2925 0.3039 0.3079 0.3096 0.3105 0.3116
lynll L2 0.6731 0.8156 0.8901 0.9354 0.9666 1.0148
lyn — yllr2(Q) 0.6435 0.4192 0.2941 0.2083 0.1427 -
lun — ull 20y | 0.0629 0.0324 0.0203 0.0132 0.0083 -

In what regards the convergence rates, we see that, again, |lyn — yll12(g) = O(|h|**) and

|un — UHL2(0,T) =

O([h[").
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The computed states and controls are displayed in Figures 2.4-2.4.
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Figura 2.2: The case V' =10

2.5 Additional comments and conclusions

We have presented some numerical methods to solve the null controllability problem
for (2.1). As mentioned above, in view of the linearity and reversibility of the Schrodinger
equation, this allows to control exactly any final state.

Arguing as in some previous works, we have reduced the numerical task to solving the
finite dimensional problems (2.19) and (2.23). The second one is obtained after a very natural
change of variable and is more appropriate from the numerical viewpoint.

In the context of numerical boundary controllability, it would be interesting to extend the

45



STATE (MODULE)

o%e8 ) pett cuunrs

eSS uestiueny

O
jeeSioen’s
e

0.6

Tve T SPACE

(a) The modulus of the state

FIIITN

Al

! \
|\\\\\|‘\|\‘\‘\‘|‘|\“ 5

STATE (REAL PART)
STATE (IMAGINARY PART)

0.3
0.4

06 : 04 0.6
05 4 : 05 4 0.8
TIME SPACE TIME SPACE
(b) The real part (c) The imaginary part

Figura 2.3: The case V = x * pu(t)

arguments, analysis and results at least in two directions: nonlinear 1D Schrédinger problems

i = Yoo + (V(2,8) + f(y))y =0, (2,1) € (0,1) x (0, 7),

y(0,¢) = u(t), y(1,t)=0, t€(0,T),

y(x,0) = yo(x), z € (0,1),
and linear Schrédinger problems in higher dimensions. This will be the objective of forthco-
ming work.
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Internal null controllability of a linear
Schrodinger-KdV system on a

bounded interval
F.D. Araruna, E. Cerpa, A. Mercado, M.C. Santos

Abstract. The control of a linear dispersive system coupling a Schrédinger and a linear
Korteweg-de Vries equation is studied in this paper. The system can be viewed as three coupled
real-valued equations by taking real and imaginary parts in the Schrédinger equation. The inter-
nal null controllability is proven by using either one complex-valued control on the Schrédinger
equation or two real-valued controls, one on each equation. Notice that the single Schréodinger
equation is not known to be controllable with a real-valued control. The standard duality method
is used to reduce the controllability property to an observability inequality, which is obtained by

means of a Carleman estimates approach.

3.1 Introduction

In last years, a lot of works have been devoted to the study of controllability properties
for systems of coupled partial differential equations, and new phenomena have appeared. For
instance, some linear parabolic systems have been proven to be null controllable only if the
time of control is large enough, which never happens when controlling single linear parabolic
equations. Most of these works have dealt with the controllability of either parabolic (see
[4, 3]) or hyperbolic systems (see [1, 2, 8, 18, 33]). Different tools, as Carleman estimates,
moment problems, energy methods and microlocal techniques, have been applied to obtain
internal and boundary controllability results. In particular, efforts have been addressed to
study the controllability of a given system with less controls than equations.

Concerning the controllability of dispersive systems, there are few results in the literature.
Several Boussinesq systems have been considered in [71] where internal exact controllability
results are proven. Other systems coupling Korteweg-de Vries equations have been studied in
|24, 70] where boundary exact controllability results have been established.

In this paper we are interested in a linear dispersive system posed on the interval [0, 1] and
formed by two coupled PDEs: a Schrodinger equation and a linear Korteweg-de Vries (KdV)
equation. We consider internal controls supported on a nonempty open subset w C (0, 1) and
homogeneous boundary conditions.

Given T > 0, we denote @ = (0,1) x (0,7) and Q,, = w x (0,T). Moreover, 1,, stands
for the characteristic function of w and M, a1, as, as, aq are given functions. Throughout this
work, for a complex number z, we denote by Z, Re(z) and Im(z) the conjugate, the real part
and the imaginary part of z, respectively.
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The control system reads as

Wy + Wee = aqw + agy + hl, in @,

Yt + Yoaz + (My)s = Re(azw) +aay  in @,

w(0,t) =w(1,t) =0 in (0,7), (3.1)
y(0,1) =y(1,t) = yo(1,1) = 0 in(0,7),

w(z,0) = wo(r), y(x,0) =yo(x)  in (0,1),

where the state is given by the complex-valued function w and the real-valued function y, and
the control is given by the complex-valued function h. System (3.1) is a linearized version of
a Schrédinger-Korteweg-de Vries system used in fluid mechanics as well as plasma physics as
a model of the interactions between a short-wave w = w(x,t) and a longwave y = y(z,t) (see
for instance [61] where capillary-gravity waves are considered). Well posedness studies have
been performed when the system is studied on the whole line [15, 27| or on the torus [9].

Let us take a look at the controllability properties for each equation in our system. From
now on, complex-valued function spaces are denoted using bold letters.

Concerning the Schrédinger equation posed on a domain 2 C R", it is well known that
controllability is true if the region of control satisfies the geometric condition of the wave
equation (see [63]). In the one-dimensional setting, this condition is fulfilled for an arbitrary
open set w C 2. We refer to [68] and [76]|, were explicit observability inequalities were ob-
tained, both in the L? and the H! settings. A Carleman inequality was obtained in [14] in
the context of an inverse problem, which implies an observability result in H'. Tn [93], an L?
observability inequality is derived from a H~! Carleman estimate. In [72], observability esti-
mates have been obtained by the control transmutation method. In all the mentioned works,
the control is a complex-valued function. As far as we know, the problem of controllability of
the Schrodinger equation using a pure real or pure imaginary control is open. In this work,
we are able to prove a H' Carleman inequality where the observation does not consist in the
H' local term, but just the L? norms of the solution and the real part of its derivative (see
Theorem 3.5). This is a first step in addressing that problem.

For the controllability of the KdV equation on an interval [0, L], we refer to the recent
work [20] where the internal null controllability is proven in the state space L%(0, L) with
controls in L?(0,T; L?(w)). In [20], the authors prove a Carleman inequality, which has been
obtained in an independent way to the one proved in the present paper (see Theorem 3.4).
We refer to [23, 81] for surveys on the controllability of the KdV equation.

In this article we obtain controllability of system (3.1) with a single complex-valued control.
To our best knowledge, there are no previous control results about system (3.1). We hope
the present paper will be the starting point for further research. Our first main result is the
following.

Theorem 3.1. Let T > 0. We suppose M € L*(0,T; H*(0,1)) N L*(0,T; L?(0,1)), a1, a4 €
L0, T;Wh*(0,1)), and az,az € L°°(0,T; Wh>°(0,1)). Suppose also that

Im(a3) € C([0,T]; WH*(0,1)) with |Im(a3)| > 6 in w, for some § > 0. (3.2)
Then, for any (wo,yo) € H1(0,1) x L?(0,1), there exists a control hl, € L*(0,T; H 1(0,1))
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such that the unique solution
(w,y) € C([0,T), H'(0,1) x L*(0,1))

of (3.1) satisfies

Remark 3.1. We actually obtain a control h € L*(0,T; H' (w)"), where H*(w)' is the dual
space of H'(w). In the previous theorem, hl, denotes the element in L*(0,T; H~'(0,1))
defined for almost every t € (0,T) by

(Pt )L 0) 10,10y, 12 0,1) = () 0L) (g yy iy » - V0 € Hp(0,1).

We recall that system (3.1) is formed by three real-valued equations: the KAV equation and
the real and imaginary parts of the complex-valued Schrodinger equation. Hence, Theorem
3.1 states that this system is null controllable by using two real controls, given by the complex
control h.

Moreover, we are also able to prove null-controllability by using two real-valued controls:
either a purely real or a purely imaginary control h, and a control £ in the KdV equation.
More precisely, for the system

Wy + Wee = a1w + a2y + hl, in @,

Yt + Yozz + (My)z = Re(azw) +agy + €1, in  Q,

w(0,t) = w(l,t) =0 i (0,7), (3.3)
y(0,1) = y(1,1) = y(1,1) = 0 in  (0,7),

w(z,0) = wo(x), y(x,0)=yo(zx) in (0,1),

we have the following result.

Theorem 3.2. Let T > 0. We suppose M € L?(0,T; H*(0,1)) N L>(0,T; L?(0,1)), a1, as €
L®(0,T;Wh(0,1)), and az,az € L>°(0,T; Wh>°(0,1)). Suppose also that

Im(ag) € C([0,T]; WH(0,1)) with |Im(as)| > 6 in w, for some § > 0. (3.4)

Then, for any (wo,y0) € H 1(0,1) x L*(0,1), there exists a pair of real-valued controls
(h1,,01,) € L?(0,T; H1(0,1) x L?(0,1)), such that the unique solution

(w,y) € C([0,T], H1(0,1) x L*(0,1))

of (3.3) satisfies

Remark 3.2. Notice that, in Theorem 3.2, the control h acting on the Schrédinger equation
is a real-valued function. If we consider the hypothesis |Re(az2)| > 0 instead of |Im(ag)| > 0,
we still obtain a null-controllability result. In this case, the control of the Schridinger equation

1 a pure imaginary-valued function.
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Remark 3.3. Hypotheses (3.2) and (3.4) imply that some coupling terms in equations (3.1)
and (3.3), respectively, do not vanish in the control zone. This is crucial, under our approach,
to eliminate one of the observations (see theorems 3.6 and 3.7). Similar conditions appear
in related results aboul parabolic systems: see [3] and the references therein. Recently, null-
controllability of hyperbolic and parabolic systems with disjoint control and coupling domains
has been proved. For example [2], where both domains have to satisfy some geometric conditi-
ons, and [4], where it is needed a minimal time of controllability. It would be very interesting

to know if similar results are true for system (3.1).

In order to prove theorems 3.1 and 3.2, we follow the standard controllability-observability
duality, which reduces a null controllability property to an observability inequality for the
solutions of the adjoint system, which in this case is given by

i¢t + Qpz = a10 + azy in  Q,

_¢t - ¢xzx - wa = Re(d2¢) + CL4¢ n Qa

#(0,t) = o(1,t) =0 in (0,7), (3.5)
¢(O’t) = w(lat) = %(Oat) =0 in (O’T)a

d)(l‘,T) = QST(:L‘)v w("L‘vT) = ¢T($) in (07 1)'

More precisely, we will prove the next result.

Theorem 3.3. (a) Under the hypothesis of Theorem 3.1, there exists a constant C > 0
such that

1605 0) g3 0,1) + 19 (-, )1 20,1 sc< / /Q (!qﬁ“\Re(%)P)dwdt), (3.6)

for any (67, 4T) € Hy(0,1) x L2(0,1), where (¢,v) € C([0,T]; Hy(0,1) x L(0,1)) is
the solution of system (3.5).

(b) Under the hypothesis of Theorem 3.2, there exists a constant C > 0 such that
166 0y 0.1y + 1, Ol 220y < € ( / /Q (IRe(6)? + | Re(6)]? + |w|2>dxdt) (3.7)

for any (67, 4T) € Hy(0,1) x L2(0,1), where (¢,v) € C([0,T]; Hy(0,1) x L(0,1)) is
the solution of system (3.5).

Remark 3.4. Notice that, in inequality (3.7), ¢ appears in the observation only by its real
part. This allows us to prove that the control h acting on the Schrédinger equation in (3.3)

can be chosen as a real-valued function.

The work is organized as follows. In Section 3.2 we state well-posedness results we need
in this work. In Section 3.3, we prove the Carleman estimates we will use later. In fact,
we prove one-parameter Carleman estimates for the KdV and for the Schrédinger equations,
and we use them in order to get appropriate Carleman estimates for the adjoint system (3.5).
Section 3.4 is devoted to prove the observability inequalities stated in Theorem 3.3, and then
to deduce the controllability results of theorems 3.1 and 3.2.
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3.2 Well-posedness

Let us introduce some functional spaces which will be used along the paper:

Xo = L*(0,T; H2(0,1)), X1 := L*(0,T; Hg(0,1)),
Xo:=LY0,T; H(0,1)), Xy :=L'(0,T; H3(0,1) N H(0,1)),
Yo = L*(0,T; L*(0,1)) n C([0, T}; H~(0, 1)),

Yy = L2(0,T; H*(0,1)) n C([0,T]; H3(0,1)).

(3.8)

In addition, we define (see e.g. [16]), for each 6 € [0, 1], the interpolation spaces
Xg:= (X0, X1)jg, Xo:=(Xo.X1)g and Yy:= (Yo, Y1)
In this section we assume the following regularity of the coefficients:

ay € L0, T; Wh(0, 1)), ay € L°(Q), a3 € L=(0, T; W-(0,1)), a5 € L®(Q), M € Y.

(3.9)
Notice that Y = L%(0,T; HL(0,1)) N C([0,T); L*(0,1)).
The main goal of this section is to prove the well posedness of system
W + W = a1w + agy + f1 in Q,
Yt + Yoz + (My), = Re(asw) + agy + fo  in Q,
w(0,t) =w(l,t) =0 in (0,7), (3.10)
y(07t) = y(lvt) = yx(Lt) =0 in (O,T),
w(z,0) =wo(z), y(x,0)=uyo(x) in (0,1),
and its adjoint system given by
10t + Prg = a1 + a3 + g1 in Qa
— Ut — Ypge — My = Re(a_2¢) + agp + g2 in Qa
#(0,t) = p(1.t) =0 in  (0,7), (3.11)
¥(0,t) = (1,t) =, (0,t) =0 in (0,7,
(b(xv T) = ¢T(x)7 ¢(CII, T) = 1/]T($) in (07 1)‘

Proposition 3.1. Under hypotheses (3.9), for any (g1, 92) € L*(0,T; H}(0,1) x L?(0,1)) and
(ér,r) € H(0,1) x L2(0,1), the system (3.11) has a unique solution

(6,9) € C([0,T]; Hy(0,1)) x Y1
Concerning system (3.10), we consider solutions in the sense of transposition.

Definition 3.1. Given (wo,y0) € H1(0,1) x L?(0,1) and (f1, f2) € L*(0,T; H(0,1) x
L%(0,1)), we say that (w,y) € L®(0,T; H1(0,1) x L?(0,1)) is a solution (by transposition)
of system (3.10) if

T T
(w,§1>H71 mdt + ygodxdt = <f17¢> -1 g dt
0 L0 Q 0 10

1
+//Q fﬂ)dﬂ?dt+i<w0,¢’t:0)H—1,Hé+/0 yo(z)Y(x,0)dx, (3.12)
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for all (g1,92) € L'(0,T; Hy(0,1) x L?(0,1)), where (¢,1) € C([0,T]; H;(0,1)) x Yi is the
solution of system (3.11) with (¢, vr) = (0,0).

The following result holds.

Proposition 3.2. Under hypotheses (3.9), for any (f1, f2) € L*(0,T; H1(0,1) x L?(0,1))
and (wo,yo) € H1(0,1) x L*(0,1), the system (3.10) has a unique solution

(w,y) € C(10,T]; H(0,1) x L*(0,1)). (3.13)
Before proving propositions 3.1 and 3.2, we recall some known results about the well-
posedness of each equation appearing in system (3.10).
3.2.1 Previous regularity results

Let us consider the linear KdV equation given by

_wt - wa:a:x - wa =g in Q7
¥(0,t) = (1,t) =, (0,t) =0 in (0,7, (3.14)
Y(x, T) = Yp(x) in (0,1).

Proposition 3.3 ([47], Section 2.2.2). Let M € Yi be given. If 7 € L?(0,1) and g € G with
G = L*0,T; H*(0,1)) or G = L*(0,T; L?(0,1)), then system (3.14) has a unique solution
1 € Yi. Moreover, there exists a constant C' > 0 such that

4

1lly, < Cllglle + lvrllzzo)- (3.15)

In the case M = 0, we have the following improved regularity results.

Proposition 3.4 ([47], Section 2.3.1). Suppose that M = 0. If ypp € H3(0,1) is such that
Yr(0) = (1) = (1) =0, and g € G with G = L*(0,T; H3(0,1)) or G = L*(0,T; H3(0,1)N
HE(0,1)), then system (3.14) has a unique solution ¢ € Y. Moreover, there ewist a constant
C > 0 such that

9l < Cllgla + lerllmso.): (3.16)

Proposition 3.5 ([47], Section 2.3.2). Let 6 € [%, 1] be given and suppose M = 0 and ypr = 0.
If g€ G withG =Xy orG = Xy, then system (3.14) has a unique solution v € Yy. Moreover,

there exists a constant C > 0 such that

1%y, < Cllglla- (3.17)

Let us consider now the linear Schrédinger equation
10t + Qre = a1+ g in Q,
6(0,6) = 6(1,H) =0 i (0,T), (3.18)
o(z,T) = ¢r(x) in  (0,1).
Proposition 3.6 ([22]). Suppose a; € L>®(0,T; WH°(0,1)). For any ¢ € X and g €
LY0,T;X), with X = L2(0,1) or X = H}(0,1), there exists a unique solution ¢ € C([0,T]; X)
of system (3.18).
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3.2.2 Proofs of propositions 3.1 and 3.2

Proof of Proposition 3.1: Let us consider the map
I1: L0, T; L*(0, 1)) — [C([0,T]; L*(0,1)))?

defined by II¢) = (¢, 1), where

1Pt + Qe = a10 + 0731; + 0 ~ in @,

— — Yygw — Mpy = Re(@2¢) + aap + g2 in  Q,

#(0,t) = p(1,t) =0 in (0,7, (3.19)
¢<07t) = 1/)(17 t) = %(0775) =0 in (07T)7

Qb(va) = ¢T($)7 ¢($’T) = wT('T) in (07 1)‘

From Proposition 3.6, we get ¢ € C([0,7T]; L?(0, 1)), and then, Proposition 3.3 gives us ¢ € Y1
4
and hence operator II is well defined. Moreover, the follow identity holds

T
/o (Yt, m)p p = U(m), (3.20)
where

() =— //Q(dzﬂrm + M, — Re(a2¢) + agthm + gom) dzdt, ¥ € D(Q). (3.21)

Notice that [ is continuous in L?(0,T; H3(0,1)) and, in this way, ¢ is a distribution in
L?(0,T; H=%(0,1)). Now we set

A LY0,T; L%(0,1)) — L*0,T; L*(0,1))
by A = 1. Then, we get that the range of A is contained in
W = {¢ € L*(0,T; Hy(0,1)); % € L*(0,T; H2(0, 1))},

which, by the Aubin-Lions Lemma, is a compact subset of L'(0,T; L?(0,1)). Thus, by Schau-
der’s Theorem, A has a fixed point 1 € L%*(0,T;HZ(0,1)), and then (¢,1) = It solves
system (3.11). Now, since az € L>®(0,T; WH>(0,1)), we get agy € L*(0,T; Hy(0,1)) and,
from Proposition 3.6, we deduce that (¢,) € C([0, T]; Hy(0,1)) x Yi’ which ends the proof.
[ |

Remark 3.5. If we suppose (¢r,%r) € Hy(0,1) x HE(0,1), condition (3.9) and the additional
reqularity as € L°°(0,T; W1°°(0,1)), then we can proceed as in the proof of Proposition 3.1
to obtain a solution (¢,1) € C([0,T]; Hy(0,1)) x Yi.

Proof of Proposition 3.2: The right hand side of (3.12) defines a linear functional which
maps (g1, 92) € L*(0,T; Hy(0,1) x L?(0, 1)) to the corresponding value in R. By the regularity
stated in Proposition 3.1, this functional is continuous. By Riesz’s Theorem, there exists a
unique pair (w,y) € L>(0,T; H1(0,1) x L?(0,1)) satisfying (3.12). The regularity (3.13)
follows by a density argument. ]
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3.3 Carleman estimates

This section is devoted to the proof of several appropriate Carleman estimates which

will be useful in next section in order to prove the observability inequalities and then the

null controllability results of our Schrodinger-KdV system. First, we deal with the single

equations by separate and then we address the coupled system. In all these cases, we use the

same weight functions defined as follows.

Let us suppose that w = (dg, by) C (0,1) and let [ag, bg] C w. Let ¢o = (ap + bp)/2 and

consider, for Ky, K9 > 0 to be chosen later, the functions

do(z) = — Ky exp(—Ka(z — p)?) + K1 + 1,

€)= ey d (@) = o))

v

Figura 3.1: The weight function ¢q.

We take Ko = 2% If ¢o > 1/2, then the constant K7 is chosen such that

(co—ao)

3K <

1 —exp(—Kac3)
If ¢y < 1/2, K is chosen satisfying

1

3K < .
>1= exp(—Ka(1 — ¢p)?)

In both cases, there exists a positive constant C' such that

~¢p(x) > C  and  |fp(2)P>C i [0,1]\ @,
#p(1) >0 and ¢;(0) <O,
8D(t) — 7d(t) > 0 in [0,77,

where (®(t), (1)) = (maxye( 1) P(f, @), mingepo1) D(t, ).

3.3.1 Carleman estimate for the KdV equation

(3.22)

(3.23)

(3.24)

Following [47], we get a Carleman inequality for the KdV equation. This result is similar

than the estimate obtained in [20], and has been independently obtained. However, in order

to deal with the system, we will use the same weight function for the Carleman estimates of

both equations.
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Theorem 3.4. If M € L?(0,T; H*(0,1)) N L*(0,T; L?(0,1)), then there exist Cy > 0 and
so > 1 such that

s // e 2252 dadt + 53 // e~ 223 v, | dadt
Q Q
+ S// e 2P € vy |? dadt < Cy (// e 2% Lo|? dzdt
Q Q
+5° // 6_28¢§5|U|2d$dt—|—8// e_2sq)§|vm|2d;rdt> (3.25)
QLU Qw

for all s > sp and v € L*(0,T; H> N H}(0,1)) with v.(0,¢) = 0 and such that Lv := (v; +
Vgzz + Muvy) belongs to L?(0,T; L?(0,1)).
Proof: Let us define

w = e %y, (3.26)

for each s > 0 and v € C*°(Q) with v(0,t) = v(1,t) = v,(0,¢t) = 0. Then w(z,0) = w(z,T) =
0 and

Vg = s5e°2P,w + esq)wt,
Vg = 5e2P,w + e“bwm,
Ve = 52e°P(D)%w 4 5P Dpw + 255D w, + e Pwyy,

Vpze = 5°€2(®,)3w + 35252 D, D, w + 3525 (D) 2wy,
+5652P, w0 + 352D, wy + 3552wy + 5P Wags

In this way, if we define Low := e ** L(e*®w), then we have the following identity

Low = s®w+wy+ 83(Py)3w + 352, Pppw + 35%(Py)?wy + $Przzw (3.27)
+35P Wy + 35PpWay + Weze + M (sPpw + wy). ’
If we write
Liw = w+ Wepe + 352(P) 2wy, (3.28)
Low = 35®,wee + 53(Pp)3w + 350wy, ’
we have that
[L1w| 72y + [ Lowl| 72y + 2(Liw, Low) 12y = | Law — Rwl|72(q), (3.29)

where
Rw = s®yw + $Ppppw + 352D, Pppw + M(sP,w + wy).

We now examine each integral term coming from (Liw, Low)r2(gy. Denoting I;; the L?-
product of the i-th term of Liw with the j-th term of Low, we have:

I;; = 3s // ® Wy, drdt = —3s // D wpw, dxdt + ;s// B¢ |w,|? ddt, (3.30)
Q Q Q

1 2 d .
Ly = 233//((I>I)3d\w]2dmdt: —333//(<I>x)2¢>$t\w]2dxdt, (3.31)
Q t 2 JJq

I3 =3s // b wawy dedt = gs // @wtlwz|2dazdt — I1q, (3.32)
Q Q
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3
Iy = 3// D0y |wee | drdt
2 JJq

33/T<1> (1, )]s (1, t)]zdt—% /0T<1>x(0,t)|wm(0,t)|2dt (3.33)

—s// Do |Wer|* dadt,

Iy = 83 // (q)x)?’wwxm dxdt = —3s3 // (<I>x)2<l>mwwm dxdt
i Q Q
5 // (0,30, 1, 2 dadt

33 2 2 9 3 2 2 (3.34)
= —=s ((P2)*Prg)aw|w|” dzdt + =s (D) Py |wy|” dxdt
2 Jg 2 Q

1 T
_253/ (@a(1,1))*|wa (1,1)] dt,
0

T
3
Iy — 33/ @mm(l,t)wm(l,t)wm(l,t)dt—23// B a0 2 ddlt
0 Q

—3s // Dy | Wy | dadt
Q

" - (3.35)
= / wa (1, )wg (1, )way (1, t)dt — s/ D e (1, ) |wy(1,1)|? dt
+— s// mm|wx| dxdt — 3s // m|wm|2 dxdt,
T
_ 953// 830, |ww|2d:vdt:gs?’/ B (1, 4) oy (1, )| dt
0 (3.36)

_75 // x:}c|wx|2 dxdt,
Ly = fs / / Vo0, |wl? dedt — 35 / / (@) B ] durdt, (3.37)
Q

I33 = 953 // (B2)2® 0wy |? dadt. (3.38)
Q

and

Gathering all the computations, we get
3 3 3 15
(Lyw, Low) 12g / / ( P00 sy — o8 (8) ) — (8, x) w|? dadt

(25<I>xt + = mm) lwe|? dzdt — = // Do | W) ddt

E)Z) / ((I)x (1, 8)[waa (1, )| D,(0,1)|wee(0,1)] ) dt

0

+/OT§ 2<I>zm(1,t)+4s3(<b$(1,t))3> (1, 4)| dt

—1—33/ B (1, ) (1, 1w (1, 1) d.
" (3.39)
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Replacing (3.39) in (3.29) we obtain

IEvwl2a0) + [Law]2s g, — 155° // (®,)4D ]2 dadt
Q
T
Q 0

T
+ 833/ (@2(1,8))*Jws (1,8)]? dt = [|Low — Rw|[Z2(g) + ¥(w), (3.40)
0

V(w) = / /Q (353 ()2 Bt + 35°(B0) 2B )a) |w]? derdt — / /Q (35Bus + 35Bunae) |wal? dudt

T T
3/ D (1, 1) wy (1, 1) 2dt — 63/ D (1, )wy (1, ) wae (1, 1) dt.
0 0
Integrating by parts and using Young inequality we also have

53 // &3 |wy|Pdxdt < s° // E Wy |*dxdt + s// |lw|*dadt. (3.41)
Q Q Q

Consider wg CC w such that hypotheses (3.24) still hold in wy. Hence, combining (3.40)
and (3.41) we have that there exists C' > 0 such that

||L1w\|%2(Q) + ||L2w||%2(Q) + //Q (s°E°w|* + $°E |wy |* + s€|wya|?) dadt
T T
—l—s/ €(Jwaa (1,82 + [12a (0, £)|2) dt + 83/ (1, 4)[2 dt
0 0

< C// |L¢w2dxdt—|—0// (€ |w]? + s€|wye|?) dwdt + C||Rw|2(g) + C¥(w),
Q Qup

(3.42)
In order to estimate W, notice that there exists C > 0 such that
// (353 (D)2 ®py + 35°((P2)* Pz )z ) |w|? dxdt < C's® // e w|? dadt, (3.43)
Q Q
and
/ / (35Dt + 35Puuaa)|we|? dzdt < Cs / / €2 |w,|? dzdt. (3.44)
Q Q

We also have that

T T
3/ D e (1, ) |wy (1, 1)|2dt — 123/ o (1, )we (1, ) wee (1, t)dt
0 0

<52 /T§3(t)]wx(1,t)\2dt+C/Tf(t)|wm(l,t)]2dt. (3.45)
0 0
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Combining (3.43), (3.44) and (3.45) we obtain

| (w)| SC(83//Q§4|w2dwdt+s//@§2|wm\2dxdt

T T
45 [ EOuoPa+ [ el dt) ~ (3.46)
0 0
Let N(w) be the left hand side of (3.42). For any £ > 0 there exists s; > 1 such that
B(w)] < eN(w), (3.47)

for all s > 5.
In order to estimate Rw, we use that H%(O, 1) embeds in L*°(0,1) to get

[ Mwz|lr2q) < ClIM || Lo (0,m;22(0,1) HwHLQ(O’T;Hg(O’l))

< ClM || oo (0,7:22(0,1) (Hme(o,T;H?(o,l)) + HwHL2(0,T;H1(o,1))) .

Then, there exists so > 1 such that

||Rw|\%2(Q) <C (54 //Q§4|w\2dxdt+//Q ]wx]2dmdt+//Q |wm|2dxdt> <eN(w), (3.48)

for s > s9. From (3.42), (3.47) and (3.48) we obtain

s // £5|w|2d:cdt+s3// £3|wx|2dxdt+s// §|wm|2dxdtgc// |Lyw|* dzdt
Q Q Q Q

+COs° // §5yw\2dxdt+cs// Elwee|* dudt.  (3.49)
Qwo QWU

Now we get an estimate in variable v. Taking into account (3.26), we have that

6_28<I>|vx|2 < 0(5252\w|2 + |wx|2) and

e 2Py, * < C(s* M w]? + 822 |we|? + [wee|?). (3.50)
Also from (3.26) we get

\wm\Q < Ce 252 (5454\v|2 + s2£2|vx|2 + |vm|2) ) (3.51)
From (3.49) to (3.51) we obtain (3.25). [

3.3.2 Carleman inequality for the Schrédinger equation

This section is devoted to prove the one parameter Carleman estimate for the Schrédinger
equation given in the following theorem.

Theorem 3.5. There exist constants C > 0 and sy > 1 such that

s / / eV |pa|* dwdt + 57 / / e p|* dwdt < C / / e 2| Bp|? dwdt
Q 0 0
+ 033 // 636_28¢|p|2 dzdt + Cs // e—zsq)é-‘Re(px)’dedt’ (352)
Qw Qw

for all s > sq, and p € L*(0,T; Hy(0,1)) such that Bp := (ip; + pez) € L*(0,T; L*(0,1)).
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Proof: Let us define
qg=ep (3.53)

for each s > 0 and p € C*°(Q) such that p(0,-) = p(1,-) = 0. Hence we have

Bogq := e*S(I’B(e*S(I)q) =i(sPqg+q) + 82(1330(] 4+ 5Durq + 25P,qr + Qs (3.54)
If we denote
Biq = iq+ qux + SQQ%Q and (3.55)
Baq = 25Puq; + sPyaq,
then we get
| B1q||22.0y | B2ql2 2,y +2Re Bi1qBaqdxdt < C |Baq|?* dadt + s* |®¢)2|q|* dadt ) .
L2(Q) L2(Q) 0 0 0

(3.56)

In order to analyze the term (Bigq, ng)Lz(Q), we denote by Fj; the L?-product of the i-th
term of Bjq with the j-th term of Baq. We have that

Fi1 = 2sRe // 1qt PG, dxdt = —2slm // q:P,q, dxdt
Q Q

= 2sIm// @wthq_dxdt+231m// Drqrqdadt
Q

= —QSImj/ @xthqdaz,dt—%lm/ D,q. G dadt (3.57)
Q Q

+2sIm // D,.q:qdxdt

= —2slm f@xthqd:cdt — F11 4+ 2sIm // D,..qrq dxdt.
Q Q

In this way
Fy = —slm // @xthqudt—i-sIm// @y qrq dudt (3.58)
Q Q

and
Fi5 = sRe // 1q: P q dadt. (3.59)
Q

We also have that

Fy1 = 2sRe /qm@qudxdt:sRe// @xax]qz\2dxdt
Q Q
T

_ sRe/ (@2 (1, 8)|ga(L, ) — B4(0, )0 (0, 8)) dt—sRe// B |gu? davdt,
0 Q

(3.60)
and

Fy = sRe // q:rzzq)za:qudt = _SRe// (q:L’(I)xxx(j"i_q)szQm‘Q) dxdt
Q Q

= —SRe// <I>xm8x|q|2d:ndt—sRe// ®po|qe|? dzdt (3.61)
2 Q Q

= SRe// ‘I)mm’tﬂQ dmdt—sRe// Q>m|qx|2dxdt.
2 Q Q
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To finish we have

F3 = 253Re// 34, dmdt:nge// 30, |q|* drdt
Q

(3.62)
= —35°Re / B2, |q)? dadt,
Q

and
F3 = s3Re// O20,,|q|? dzdt. (3.63)
Q

Gathering all the previous integral terms we get

L T
Re(Big. Bad)roig) = sRe [ (@.(1L0lac(1.0 = 2.(0.00a,(0.0) ds

—slm // +tq:xq dxdt — sRe // M\qx| dxdt
(3.64)
2Re// m,,J;,c|q\ d:cdt—sRe// m\qm| dadt
Q Q
—25°Re / / P2, |q|? dadt.
Q

We have that there exists wg CC w such that hypotheses (3.24) still hold in wp. Hence, from
(3.64) we have that there exist constants C' > 0 and s; such that

53 // £3|q2dwdt—|—s// €lqe|? dxdt < C <// |Boq|? dzdt
Q Q Q
53 // &3|q|* dzdt + s/ §|qx|2dazdt> , (3.65)
Qwo cQ“’O

for all s > s;. Taking into account that p = e*®q, we have that

e po? < C(s°E|qf* + |aul*)  and

B (3.66)
|qz? < Ce 2 2(s2€2|p|* + |qu|?).

By (3.65) and (3.66) we get the following Carleman estimate

53 // e 223 p|2 dedt + s// e %€ |p, | dadt < // e 2% | Bp|? dzxdt
Q Q Q
+ 53 // e 223 p2 dadt + s // e ¢ |p, > dadt.  (3.67)
QOJ Qw

0 0

To conclude the proof, it is sufficient to obtain an estimate for the imaginary part of p,,
obtaining in this way (3.52). In order to do this, we decompose the Schrédinger equation
into the real and imaginary parts. We write py = Re(p) and p2 = Im(p). Then Schrodinger
equation is equivalent to the system given by

—DP2t + Plax = Re(Bp) in Q
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Let us take p € C§°(w) such that p = 1 in wp. Multiplying the second equation by s&pe=2%p;
and integrating by parts on w x (0,7

—2s® &)tppap1 dxdt + s// —2s® Eppop1s dxdt

7 / 22D eprapr dadt — s / / “2P¢plpra | dadt (3.69)

e 25%¢pRe(Bp)p; dadL.
Qu

—25<I>

Multiplying the first equation by s€pe pe and integrating by parts on w x (0,7

/ / 25 ppype dadt — s / / “25PE ) pporpe dadt

/ 252 plpoe|* dudt = s / / ~2%¢plm (Bp)py dadt.
Qu

w

(3.70)

Subtracting both expressions and using the property of p we obtain

S// e 2%¢|po, [P dadt < —s // (2% p) upowpo dadt — s// e~ 2%¢ pIm(Bp)ps dzdt
QW QW w

0
-8 / / (e725%¢)ppop1 dzdt + s / / (e 2%€p) uprop dadt
v Qu

+ S// e 25%¢p|p1a|? dadt + 3// e 25%¢pRe(Bp)py dzdt. (3.71)
Qu Qu

The right hand side of (3.71) can be bounded by local terms of p;, p2 and pi;. In
accordance with this and (3.67), we deduce (3.52). [

3.3.3 Carleman Estimate for the Schrédinger-KdV System. Observations
of ¢y and Re(¢).

We state and prove a Carleman estimate for system (3.5). This inequality will be used
in next section to prove the observability estimate (3.7). The main part of the proof consists
in removing, after the Carleman estimates for both equations are combined, one component
of the observation. Similar arguments have been applied for systems of parabolic equations
(see, for example, [3]).

Theorem 3.6. Assuming hypotheses of Theorem 8.2, there exist C > 0 and sq > 0 such that
for all s > s,

s// G_QS(i)f‘d)xF dxdt + s° // 6_2Sé£3|¢\2d:ﬁdt+s5 // 6_28é55|1/)|2dl‘dt
Q Q Q
+ 53 / / e 25231y 12 dadt + s / / e 2% ¢ |4p 0|2 dadt < O / / e 22 ¢5) |2 dadt
Q Q Qu

C's2 / / 4T (69—88)) 1234 1 013 / €3¢ 2% | Re() |2 dzdt+C's / / e 22¢3| Re(,)|? dadt,
Qu Qu Qu

(3.72)
for all (¢7,1br) € H5(0,1) x L*(0,1), where (¢,1) stands for the solution of system (3.5).
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Proof: We start supposing that (ér,vr) € Hy(0,1) x HL(0,1). The case (¢7,¢r) €
H}(0,1) x L?(0,1) follows by a density argument. We recall that, by Remark 3.5, (¢,1)) €
C([0,T); H}(0,1)) x Y1. The rest of the proof is ordered in two steps.

2
Step 1: We take w; CC w and apply Carleman inequalities (3.25) and (3.52) to each equation

of system (3.5) with observations in w;. Adding up both inequalities, we can absorb the zero-
order terms of the right hand side, obtaining

s / / e 2%¢| ¢, |? dadt + s° / / e 252312 dadts® / / e 225y duadt
Q Q Q
+ s° / / e 25231y 12 dudt + s / / e 2L g |? dadt
Q Q

< Cs° / / e 225y dadt + C's / / e 2PE |9 |? dadt
Qun Qun

+cs3// 536—2s<l>|¢|2d:vdt—|—05// 2% Re(6.) R dadt. (3.73)

In order to remove the imaginary part of the control acting in the Schrédinger equation,
we have to remove the weighted integral of Im(¢) on the right hand side of (3.73). Since
Im(az)| > > 0 in w, we get

53 // e 22| p 2 dedt = 5° // &3¢ 2| Re(¢)|? dadt + s° // £3e 2% Im(¢)|? dadt
le le le

3
< s // 536_25¢|Re(¢)|2dmdt—1—82// €3 2% Im(ag) |?|Im()|? dxdt. (3.74)
Qu, 0% S Jqu,
Let 8 € C§°(w) such that # = 1 in w; and Sgn the sign function. Multiplying the second
equation of system (3.5) by s*>Sgn(Im(az))e 2*®¢0Im(¢) and integrating in w x (0, T'), we have
§ / / €362 T (ay)|[Im () [2 dadt < ° / / 0632 Im (ay)||Im(6)|2 dadt
Quy Qu
= - / / Oe 252 ¢38gn (Im(as))Re(az)Re(p)Im(¢) drdt
— s // e 252 ¢38gn (Im(as))asgIm(¢) dzdt
— 53 // e 252 ¢38gn (Im(as) ) Im(op) dadt
- 53/ Be= 22 ¢3Sgn (Im(ay) ) epeIm (o) dadt
Qu

—s° / Be=22¢3Sgn(Im(ag)) M, Im (o) dadt.
Qu

(3.75)
We denote by J; the i-th term in the right hand side of (3.75). Until the end of this proof,
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we systematically apply inequality ab < ea® + Cb?, where € > 0 is small enough. We have
|| < es® / / e 2523 Tm()|? dadt + C's® / / e 2523 Re(o)|? dadL. (3.76)
Q Qu

Analogously,

|| < es? / /Q e~ 223 Im(¢)|? dadt 4 C's / /Q e~ 223 1y|? dadt. (3.77)

For J3 we have
Jy=s3 / / (Sgn(Im(az))e 252€30) 1) Im (@) dadt

+ 83 / Sgn(Im(ay))e 2*2€30yIm(¢y) dadt, (3.78)
Qu
and using the first equation of (3.5) we obtain

/ (Sgn(Im(as))e 22£30) ) Im(¢) dadt
7 Sgn(Im(ag))e 2PE30yRe(pyy ) dadt (3.79)
Qu
—33/ Sgn(Im(az))e 2*®€30yRe(a1¢ + azip) dadt.
Qu

We remark that it makes sense to calculate the time derivative of Sgn(Im(az)) in (3.79). This
is due to the fact that, in w, the Sgn of Im(ag) is constant and equals to one or minus one.
Denoting by J& the i-th term in the right hand side of (3.79), and noticing

(e=252¢30Sgn (Im(as)) )| | — 25e7 2% ®,£30Sgn (Im(az)) + e~ ***(€%),65gn (Im(asz))]

S 506_28¢§57

we obtain
Ji| < es? / / e 223 Im(¢)|? dadt + Cs° / / e 2272 dadt. (3.80)
Qu Qu

Integrating by parts we see that

J2— g / / (e~ ¢39San (Tm(az)) s tiRe(dy ) drdt

(3.81)
=58 [[[ e osgn(tian) v Reo,) dode,
and using that
(e722¢30Sgn(Im(ag)))s = —25e~252®,£30Im (az) + e~ 25%¢3(0Sgn(Im(az))),
< 50672sfl>£47
we find
2 < o8 / / 223 Re(,) 2 ddt + Os® / / 205 2 st
Qu Qu (3.82)

+es° / / e 223y, | dadt.

w
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We see that
|73 < Cs® / / e 223y dadt + Cs® / / e 2%¢3Re(¢)|? dadt
Qu Qu

+es3 / e 223 Im(¢)|? dzdt.

w

(3.83)

We have
Ji=s [ (e 08gn(1m (), vnti(o) dod

(3.84)
$ [ e 08gntm(an)vurtin(,) dadt,

and therefore

|Jy] < es? / / e 223 Im(¢)|? dadt + €5 / / e 25%¢|Im (¢, )| ddt
Q Q (3.85)
+Cs° e 2Pty |* dadt.

w

Finally, we have

|J5| < Cs® / / e 2523 | My, |? dadt 4 es3 / / e 2523 Im(¢)|? dadt
Qu Qu

< CIMlmrazany ([ 4 duat s [[[ Ol i

s / / 205 Im (@) 2 ddt.  (3.86)

From (3.75) and the subsequent inequalities, we get

// €3e725%|Im(ag) |*|Im(¢)|? dzdt < es® // e~ 223 Im(¢)|? dadt

s / / e 223 |Re(¢)|? dxdt + Cs° / / e 22T |2 dadt
Qu Qu

s // e 223 |Re(¢y) |? dadt+es® // e 2234, | dudt4-es // e~ 2%¢|Im(¢,)|? dadt
Qu Qu Q
+Cs° / / e 2P i), |2 dwdt.  (3.87)

From (3.73), (3.74) and (3.87) we obtain the Carleman inequality

// e 2%¢|. |2 dadt + 53 // e 23|02 dydt + s // e 2565 | |2 dadt
+s / / e 2231y 12 dadt + s / / e 2%¢ |y, 2 dwdt < O / / e 22712 dadt
Q Q Qu
+Cs° / / e 225y 2 dadt + C's / / 3¢ 2% Re(¢) 2 dudt
Qu Qu
+Cs? / / e 223 Re (¢, ) |2 dwdt.  (3.88)
Qu
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Step 2: In this step we follow [47] in order to eliminate the observation of v, appearing
in the right hand side of (3.88). By an interpolation argument and the Young inequality we
have

) T . 1 3
s // e 2P, |? dadt < 035/ 6_25%5”1?”22(@WH;g( )dt
Cosdh.n |, 20,21 3.4 3.5 BT :
o [l [ S TR oty | o
< C/ 2s¢’£5 |: 29542 65D —6s<i>)||,¢||%2(w) +5(3_35_146_25‘1’62@)IWHZg( ):| dt

A . T A
= 0829/ §47€S(6®8q>)‘|¢”%2(w)dt+533/ €796723<1>H¢H2 . dt, (3.89)
0 0 H3 (w)

with € > 0 taken sufficiently small. Now we prove that the H 5 term in the right hand side
of (3.89) can be estimated by the left hand side of (3.88), which is denoted by I(¢,). This
will be done by using a bootstrap-kind argument for the KdV equation.

Let 6, = e=*®¢72. Given (¢,7) € C([0,T]; Hy(0,1)) x Y1 solution of system (3.5), we
have that (¢1,11) := (610, 6017) is solution of )

igblt + d)lxx =k in Qa

¢1t + wlx:r:v =g in Qa

?1(0,t) = ¢1(1,t) =0 in (0,7), (3.90)

P1(0,t) =1 (1,t) = ¥1,(0,6) =0 in (0,7,

¢1(.%',T) = 0, wl(x,T) =0 n (0, 1),

where

=it ¢ + 01(a1¢ + az1)), (3.91)
=019 — 01 (Re(d2¢) + asrh) + M09y '

From the facts that M € L°(0, T; L2(0,1)) and |0}| < Cs¢2e~*® we get k € L2(0,T; HA(0, 1))
and g € L%(0,T; L?(0,1)). In particular we have

k720722000 + 19720750200,y < C5™ L (,9). (3.92)
From Proposition 3.5 we get

I,

H‘b1|’ioo(07T;L2(071)) + Hl/}l CHkHLZ(OTLQ(Q 1)) + CHQHLZ(OTIP(O 1)) (3'93)

LAOT;H (0,1)) =

Combining (3.93) and (3.92) we get

2 2 —1
||¢1||L°°(O,T;L2(O,1)) + ||¢1|| L4(0,T; H?(O 1)) I(¢ ¢) (3'94)

Consider now y = e_s‘if_g. Thus (¢2,12) := (020, 021)) satisfies

1Pat + P2zz = k1 in @,

w% + ¢2zzx =aq0 in Q7

$2(0,t) = ¢2(1,t) =0 in (0,7, (3.95)
¥2(0,8) = ¥a(1,t) = ¢2,(0,2) =0 in  (0,7),

d2(z, T) = 0,92(x,T) =0 in (0,1),
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where
kk = leé(b + 92(a1¢ + (fg@b)
10507 ' d1 + 0207 " (a1¢1 + dzihn),
g1 = 059 — 02(Re(a29) + agyp) + MO2v),
= 0507 "1 — 0207 (Re(aa1) + astpr) + MO207 "1y,

We have that 6207 < C and [050;"| < Cs. Taking into account these inequalities and
the fact that M, ¢y, € L4(0,T;H%(O, 1)), we have (ki,¢1) € L*(0,T; H5(0,1) x H%(O, 1)).
Here we have used that the product of two functions in H%(O, 1) belongs to H%(O, 1). Being
L?(0,T; H%(O, 1)) = X7/12, we use (3.93), (3.92) and Proposition 3.5 to obtain

(3.96)

|’¢2||2OO(O7T;L2(Q)) + ||¢2||%/T72

9 9 (3.97)
< CHkl ”L2(O,T;L2(O,1)) + C”gl ”L2(0,T;H31§ 0,1)) < CSI(¢’ T/})y
where
Yz = L2(0,T; H3(0,1)) N L>(0,T; H3(0,1)).
12
Finally, consider 03 = e*ség—% Then (¢3,13) := (03¢, 051) is solution of
193t + Q320 = ko in Qy
V3t + V3eaw = G2 n  Q,
¢3(07t) = ¢3(17t) =0 in (OvT)> (398)
¥3(0,t) = ¥3(1,t) = ¢3,(0,¢) =0 in  (0,7),
¢3($7T)7¢3(x7T) =0=0 in (071)7
where
ko = i05¢ + 03(a1¢ + azi))
= 0405 62 + 0305 ' (102 + dio) (3.99)
92 = 03¢ —03(Re(az0) + asrp) + MOty '
04505 "y — 0305 " (Re(dada) + aatha) + MO305 "o,
Proceeding as before, we see that |#36; 1| < C and |050, | < Cs. Also, M € L3(0,T; Hg(O, 1))
and ¥, € LS(0,T; H*3(0,1)). In this way (ko,g0) € L%(0,T; H(0,1) x H§(O, 1)). Here
we have used that the product of two functions in Hg((), 1) belongs to H%(O,l). Since
L2((0,T); H3(0,1)) = Xy, we have
2 2
H¢3||L°°((O,T),L2(Q)) + ||17Z}3||Y% (3 100)
2 2 3 :
< CHk‘l2”L2(0’T;L2(O71)) + CHg2”L2(O,T;H% ©0,1)) <Cs I(¢7 "7[])’
where
Y, = L*(0,T; H3(0,1)) 0 L*(0,T; H3 (0, 1)).
3
By the definition of 3, inequality (3.100) implies that
T .
58 [Cete gy i< Cro.) (3.101)
0 H3 (w)
Inequality (3.101), combined with (3.88) and (3.89) imply Carleman inequality (3.72). [
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3.3.4 Carleman Estimate for the Schrodinger-KdV System. Observations
of ¢.

We state and prove a Carleman estimate for system (3.5), with observations given only by
local terms of the solution of the Schrodinger equation. This inequality will be used in next
section to prove the observability estimate (3.6).

Theorem 3.7. Assuming hypotheses of Theorem 3.1, there exist C > 0 and so > 0 such that,
for all s > sg, we have

s / / e 2%¢ 6, |2 ddt + 53 / / e 2% ¢3) 612 drdt + §° / / e 2252 dadt
Q Q Q

+ 8 / / e 2% 3y 12 dadt + s / / e 2P|y 2 dudt
Q Q

< Cs'? / / e 25BE=TR) 611412 4| Ro()[2) dadt  (3.102)

for all (¢p7,2br) € HY(0,1) x L*(0,1), where (¢,1) stands for the solution of system (3.5).

Proof: We take w; CC w and use Carleman inequality (3.73). Applying a similar argument
as in Step 2 of the proof of Theorem 3.6 (see (3.89)), we obtain the inequality

. T N T .
R e L T A P
w1
(3.103)

Using (3.103) and (3.101) in (3.73) we get

° / / e 0| gp | dudt + 5 / / e 2P| ddts® / / e 220 ||? dadt
Q o :
+s° // 6_28é53|¢m|2 dxdt + s// e 2% 1o |2 dadt < C (SB // 225|412 go it
¢ N Qu,

+5 / / e 2%¢Re(dy ) |2 dadt + 513 / / g3le—5<8i>—6<f’>|w2dt>. (3.104)
Qu Qun

1

The task now is to eliminate the local term of 1) on the right hand side of (3.104). Consider
I'(t) = §3l(t)es(6q’_8i’)(t) and 0 a C*°(0,1) function, such that # = 1 in w; and Supp 6 C w.
Multiplying the imaginary part of the Schrédinger equation in (3.5) by I'(¢)0(x)Im(as3)y and
integrating on @, we have

J[ e et @001 dade
Quy
< // I't)0(z) (Im(as)ailm(p) — Re(pr) — Im(¢zz)) ¥ dadt.  (3.105)
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We will now estimate the three terms on the right hand side of (3.105). The first term can
be bounded as follows

// x)Im(ag)aiIm(¢p)y dxdt
= / | m@)ar@o@)ros et m(@)ro e )y ot
< Ces™® / /Q ] e~ 25B2=T9) 57\ 1y ()2 dvdt + es” / /Q ) €5e725% |2 dadt.  (3.106)

The second term is given by

//w x)Im(a3)Re(¢y ) dxdt = //w #)Tm(az))e0(z)Re() dedt

/ / 1) (a)0(z)Re(@)tr dudt = Xy + Xo. (3.107)

Above, we used the fact that I' decreases exponentially to zero at t = 0 and ¢t = T. Using
that

Ti(t) = —(T = 20)e @590 (316%2(1) + 5% (6 — 860) ) < CsT (1)),

where ((]50, <]50) = (wlél[%?i] oo, xren[(l)nl | ®0), we get the following bound for X,
X < O // (1) [Re() | dadt
—Cs / | roemmie tetre@)|r-iete )] dod
< Cus7? / /Q e~ 25B2=TR) 61 Ro () [2 ddt + €5 / /Q e 2%e5 2 ddt.  (3.108)
Using the second equatio; of (3.5) we have for X» that w
Xo = [[ T(O(03)0(@Re(0) (v — Mz ~ Re(az6) — an) dodt =

Xy + X3+ X3+ X5, (3.109)

The task now is to estimate the variables X& in terms of the Schrédinger variables ¢ and
Re(¢z). Indeed,

X) = // )(Im(a3)0(x))zRe(P))zy daxdt + // I'(t)Im(a3)0(x)Re(¢)ptgs drdt <

C.s™t // £61—25(86-74) (]Re(¢)|2—|—|Re(¢x)|)dﬂcdt+es// e 29 ¢y |2 dedt (3.110)
w Qu

For X22 we have

X3 = Cesl/ fﬁle25(8(2)7J))’Re(¢)|2dxdt"i_enMHLOO(O,T;L2(Q))3// 20y, |? dar dt
Qu Q
(3.111)
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The computations of X3 and X4 are simpler and results on

xp<c [[ et DRe(o) duat
Qu
(3.112)
X5 <Cs™ // s(79=8%) £57| Ro()|2 dadt + €57 / 567259 4|2 dudt.

To finish, we must bound the third term on the right hand side of (3.105). In fact,

/ / 2)Im (g ) dzdt = / / Im (o)t dadt
o / / )G, dadt — / / n(6) s dardt

< C. / / e 25(BP=TD) 5T (=5 | (=32 4 o=1eh) | I (¢) |2 davdt+

€ <// e 2 (5|2 + 33| |2 + 5E[al?) dxdt) . (3.113)
Qu

Combining (3.105)-(3.113), we get
// 531(t)e—s(8<i>—6ﬁ>)(t)‘w‘2 dxdt < Cs—l // 6—25(8<I>—7<i>)£61(‘¢|2 + |Re(¢m)\2) daxdt
Quy Qu

—25b/¢5 2 3 2 9
6(//%6 (&1 + &l + &l ae] )dxdt>. (3.114)

Replacing (3.114) in the Carleman estimate (3.104) we obtain (3.102). [

3.4 Observability and Control

The observability inequalities stated in Theorem 3.3 are proved in this section. From these
inequalities we deduce the null controllability results stated in theorems 3.1 and 3.2.

3.4.1 Observability inequalities

In order to prove observability inequalities (3.6) and (3.7), let us assume the hypotheses
of Theorem 3.3. Given (¢7,4T) € H}(0,1) x L?(0,1), we define, for each t € [0, T],

1
B0 = [ (60 +16:(.OF +0(a. ) do. (115
where (¢, 1) is the solution of system (3.5). We have the following property of E(t).

Lemma 3.1. There exists a constant C' > 0 such that for every (¢7,4T) € H}(0,1) x L%(0,1)

we have
3T /4
E(0)<C E(t)dt. (3.116)
T/4
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Proof: Multiplying the first equation of system (3.5) by ¢ and integrating in (0,1) we get

2dt/ |¢’2d:n—1m/ a1¢+a3w)¢>dx—lm/ azo de. (3.117)

Denoting f = a1¢ + dzv, multiplying the same equation by ¢; and integrating in (0,1) we get

_m/ 6a2 dyc—Re/ fér da

:Re/ f(_zéxx+zf)d$
0
1
— R —ibuaf)d
e/0< Gas f)

and integrating by parts in x we get that there exists a constant C' > 0 depending on a; and
as such that

—m/ 6ul? x<c/ (1612 + 6 +16P2) da + 7 /w (3.118)

Multiplying the second equation of system (3.5) by 1, and denoting g = Re(d2¢) + aq1), we
obtain

s [ e de 0 < [ lotde+ 0y [ e [l
(3.119)
Multiplying the same equation, this time by (1 — x), we get

1d

1 1 1
3
-2l - 2 Z o2 da <
5 0( )[4 d$+2/0 |9z dfv_/o lga)|dx

1 1 1 1
+ 2!\M\I%m(m)/ [|? do + 2/ e |? daz. (3.120)
0 0
From (3.120) and (3.119), there exists a constant C' > 0 depending on a2 and a4 such that

1d

1 1 1 1
T (Q_x)wd:c+2/ [th|? dz < C(1 + HMH?Loo(O,U)/ (I¢1* + [%*) dz. (3.121)
0 0 0

From (3.117), (3.118) and (3.121), we have

1d [} !
“gai ), (@ P+ 1P +10a) do < CO+ IMlExoy) /0 (161" + 16 + [9°) da
(3.122)
where the constant C' > 0 depends on a1, ag, az and a4. Therefore, denoting
F(t) = 1 ' _ 2 2 2 d 12
(t) =3 ; (2= 2)° + || + [da*) do, (3.123)
we get
d -
th( ) > —C(L+ [[M(8)[|7e 1) E®), Ve (0,T). (3.124)
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From (3.124) we obtain that

% (ecf5(1+HM(s>\\ioo<o,1))dsE(t)) >0, Vte(0,T). (3.125)

Integrating (3.125) on the time interval (0,t) we get

C(T+| M| ) 7
e

E(0) < L2 00 B(t), Ve (0,T). (3.126)

Integrating (3.126) on the interval [T'/4,3T/4] and taking into account that 1 < 2 —z < 2,
for each x € [0, 1], we obtain (3.116) and Lemma 3.1 is proved. [

From definition (3.23) we have that there exists 6 > 0 such that
e 2bek > 5 (3.127)

for all t € [T'/4,37/4], x € [0,1], and k =1, 3,5. Hence

37/4

5 B(t)dt < / / e~ 2% 31812 dudt + / / e 25%¢|0. |2 dudt + / / e 2% €512 ddt.
T/4 Q Q Q@
(3.128)

From (3.128), Lemma 3.1, and Carleman estimate (3.102), we deduce the observability ine-
quality (3.6). Analogously, but using Carleman estimate (3.72), we deduce the observability
inequality (3.7). This concludes the proof of Theorem 3.3.

3.4.2 Null controllability

The duality between observability and controllability is well known in the literature. See
for instance theorems 2.42, 2.43 and 2.44 in [28]. In the sake of completeness, we prove
Theorem 3.1 as a consequence of the observability (3.6). The proof of Theorem 3.2 by using
(3.7) is very similar and then is omitted here.

We start by the following characterization of a control driving system (3.1) to the rest.
This kind of result is already classic for parabolic systems.

Lemma 3.2. A control h € L*(0,T; H (w)') drives system (3.1) from w(0,-) = wo and
y(0,-) =yo to w(T, ) =0 and y(T,-) = 0 if and only if

1 T
_i<w07¢|t_O>H—1,H(1)_/O yo($)¢($ao)d$:/(] (hs 1) g () B () 91

for all (o7, ") € H3(0,1) x L?(0,1), where (¢,%) € C([0,T]; H5(0,1) x L?(0,1)) is the
solution of system (3.5).

Demonstra¢ao. This can be obtained, for regular solutions, by simple integration by parts
after multiplying system (3.1) by the solutions of (3.5). The less regular framework can be

proved using density arguments. O
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In order to prove Theorem 3.1, we define the set
B = {¢1u;(¢",9") € Hy(0,1) x L*(0,1)} € L*(0,T; H'(w))
and H its closure with respect to the L?(0,T; H' (w)) norm. In addition, we define the map
A:¢l, € B (¢(0,2),¢(0,2)) € H50,1) x L*(0,1)

which is well-defined thanks to (3.6). Moreover, A is linear and continuous due to (3.6). Now,
we define

1
N o1, € B ~ilwn dlomm — | wle)vla0)ds e €
0

which is linear and continuous and can be extended in a continuous way, still thanks to (3.6),
to H, the closure of B. We now extend the operator N to the whole space L?(0,T; H (w))
by requiring N vanishes on H+. Thus, N is linear and continuous and consequently, it
belongs to L2(0,T; H' (w)'). In conclusion, we have proved the existence of an element N €
L*(0,T; H'(w)') such that, when evaluated in B, is such that

1
_i<w07 &’t:U>H71,H(1) - /0 yO(x)T/)(l’y O)d.'lf = N(¢1M)7V¢1w S B.

Using Lemma 3.2 and the definition of the space L?(0, T; H(w)’), we see that the control we
look for is given by N. Hence Theorem 3.1 is proved.
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Boussinesq heat effects

Enrique Fernandez-Cara, Mauricio C. Santos, Diego A. Souza

Abstract. This paper deals with the boundary controllability of inviscid incompressible fluids

for which thermal effects are important. They will be modeled through the so called Boussinesq

approximation. In the zero heat diffusion case, by adapting and extending some ideas from J.-

M. Coron and O. Glass, we establish the simultaneous global exact controllability of the velocity

field and the temperature for 2D and 3D flows. When the heat diffusion coefficient is positive,

we present some additional results concerning exact controllability for the velocity field and local

null controllability of the temperature.

4.1 Introduction

Let Q € RN be a nonempty, bounded and connected open set whose boundary I' := 99
is of class C*°, with N =2 or N = 3. Let 'y C T be a (small) nonempty open subset of T’
and assume that 7" > 0. For simplicity, we assume that §2 is simply connected.

In the sequel, we will denote by C' a generic positive constant; spaces of R™V-valued functi-

ons, as well as their elements, are represented by boldfaced letters; we will denote by n = n(x)

the outward unit normal to ) at points x € I

In this work, we will be concerned with the boundary controllability of the system:

yi+(y-V)y =—Vp+ko in
V-y=0 in
O +y-VO=rAb in
y-n=0 on

y(x,0) =yo(x), 0(x,0)=0p(x) in

Q x (0,7),

Q% (0,7),

Q% (0,7), (4.1)
(T\To) x (0,7),

0.

This system models the behavior of an incompressible homogeneous inviscid fluid with

thermal effects. More precisely,

e The field y and the scalar function p stand for the velocity and the pressure of the fluid

in Q x (0,7T), respectively.

e The function 6 provides the temperature distribution of the fluid.

e The right hand side k0 can be viewed as the buoyancy force density (E e RV is a

non-zero vector).
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e The nonnegative constant « > 0 is the heat diffusion coefficient.

This system is relevant for the study and description of atmospheric and oceanographic
turbulence, as well as other fluid problems where rotation and stratification play dominant
roles (see e.g. [75]). In fluid mechanics, (4.1) is used to deal with buoyancy-driven flow; it
describes the motion of an incompressible inviscid fluid subject to convective heat transfer
under the influence of gravitational forces, see [67].

We will be concerned with the cases K = 0 and k > 0. When x = 0, (4.1) is called the
incompressible inviscid Boussinesq system.

From now on, we assume that o € (0,1) and we set

Cy*(GRY) :={uec C™QRY) : V-u=0in Q, u'n=0 on I'},

— N _ (4.2)
Cim,a,Ty) :={uec C™*(RY) : V-u=0in Q, u-n=0 on I'\l'p},

where C™(Q; RY) denotes the space of R¥-valued functions whose m-th order derivatives
are Holder-continuous in Q with exponent . The usual norms in the Banach spaces C°(Q; R)
and C™<(Q; RY) will be respectively denoted by || - |lo and || - [|m.o. We will also need to work
with the Banach spaces C°([0, T]; C™%(€; RY)), where the usual norms are

w = max ||wW(-,? .
1w llo.m.a nas W () llm.a
In particular, || - [|(g) will stand for || - [|o,0,0-
When « = 0, it is appropriate to consider the exact boundary controllability problem for
(4.1). In general terms, it can be stated as follows:

Given yo, y1, 6o and 01 in appropriate spaces with yo-n =y;-n =0 on I'\I'y,
find (y,p,0) such that (4.1) holds and, furthermore,

yv(x,T) =yi(x), 0(x,T)=0:(x) in Q. (4.3)

If it is always possible to find y, p and 6, it will be said that the incompressible inviscid
Boussinesq system is ezactly controllable for (Q2,Tg) at time 7.

Notice that, when x = 0, in order to determine without ambiguity a unique local in time
regular solution to (4.1), it is sufficient to prescribe the normal component of the velocity
on the boundary of the flow region and the full field y and the temperature € on the inflow
section, i.e. only where y - n < 0, see for instance [66]. Hence, in this case, we can assume
that the controls are given as follows:

y-non Iy x (0,7), with / y -ndl' =0;
o
y and 6 at any point of T'g x (0,7") satisfying y - n < 0.

The meaning of the exact controllability property is that, when it holds, we can drive
the fluid from any initial state (yo,00) exactly to any final state (y1,61), acting only on an
arbitrary small part I'g of the boundary during an arbitrary small time interval (0,7).

80



In the case k > 0, the situation is different. Due to the regularization effect of the
temperature equation, we cannot expect exact controllability, at least for the temperature.

In order to present a suitable boundary controllability problem, let us introduce a no-
nempty open subset v C I'. Then, the problem is the following:

Given yo, y1 and 6y in appropriate spaces with yo-n =y;-n = 0 on I'\Iy
and 0y = 0 on T\, find (y,p,0) with =0 on (I'\7y) x (0,T) such that (4.1) holds

and, furthermore,
v(x,T) =yi(x), 0x,7)=0 in Q. (4.4)

If it is always possible to find y, p and 6, it will be said that the incompressible, heat
diffusive, inviscid Boussinesq system (4.1) is ezactly-null controllable for (2,Tg,~) at time T

Note that, if £ > 0 and we fix the same boundary data for y as before and (for example)
Dirichlet data for 6 of the form

#=6,1, on T x(0,7),

there exists at most one solution to (4.1). Therefore, it can be assumed in this case that the
controls are the following:

y-non 'y x (0,7), with / y -ndl’ = 0;
o
y at any point of I'g x (0,7") satisfying y - n < 0;

0 at any point of v x (0,7T).

Of course, the meaning of the exact-null controllability property is that, when it holds,
we can drive the fluid velocity-temperature pair from any initial state (yo,6y) exactly to any
final state of the form (y1,0), acting only on arbitrary small parts Iy and v of the boundary
during an arbitrary small time interval (0,7).

In the last decades, a lot of researchers has focused attention on the controllability of
systems governed by (linear and nonlinear) PDEs. Some related results can be found in [28, 48,
62, 90]. In the context of incompressible ideal fluids, this subject has been mainly investigated
by Coron [30, 31| and Glass [44, 45, 46].

In this paper, our first task will be to adapt the techniques and arguments of [31] and [46]
to the situations modeled by (4.1). Thus, our first main result is the following:

Theorem 6. If k = 0, then the incompressible inviscid Boussinesq system (4.1) is exactly
controllable for (,T0) at any time T > 0. More precisely, for any yo,y1 € C(2,a,T))
and any 0o, 0; € C%%(Q), there ezist y € C°([0,T]; C(1,a,Ty)), 6 € C°([0,T]); C1*(Q)) and
p € D'(Q % (0,T)) such that one has (4.1) and (4.3).

The proof of Theorem 6 relies on the extension and return methods. These have been
applied in several different contexts to establish controllability; see the seminal works [84]
and [29]; see also a long list of applications in [28].

Let us give a sketch of the strategy used in the proof of Theorem 6:
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e First, we construct a “good"trajectory connecting (0,0) to (0,0) (see Sections 4.2.1
and 4.2.2).

e Then, we apply the extension method of David L. Russell [84].
e Then, we use a Fized-Point Theorem and we deduce a local exact controllability result.

e Finally, we use an appropriate scaling argument and we obtain the desired global result.

In fact, Theorem 6 is a consequence of the following local result:

Proposition 9. Let us assume that k = 0. There exists 6 > 0 such that, for any yo €
C(2,a,T0) and any Oy € C%*(Q) with

max {[|yoll2,a; [foll2.a} <4,

there exist y € C°([0,1]; C(1,,T)), 0 € CO([0,1]; C+¥(Q)) and p € D' (2 x (0,1)) satisfying
(4.1) in Q x (0,1) and the final conditions

y(x,1) =0, 6(x,1)=0 in Q. (4.5)

It will be seen later that, in our argument, the C>%-regularity of the initial and final data
is needed. However, we can only ensure the existence of a controlled solution that is C1® in
space. It would be interesting to improve this result but, at present, we do not know how.

Our second main result is the following:

Theorem 7. Let Q, 'y and ~y be given and let us assume that k > 0. Then (4.1) is locally
exactly-null controllable. More precisely, for any T > 0 and any yo,y1 € C(2,a,0), there
exists n > 0, depending on yo, such that, for each 6y € C*(Q) with

90 =0 on F\’Ya HGOHZQ < m,

we can find y € C°([0,T]; CL(Q;RYN), 6 € C°([0, T]; C1*(Q)) with 6 = 0 on (T'\7) x (0,7),
and p € D'(2 x (0,T)) satisfying (4.1) and (4.4).

The proof relies on the following strategy. First, we linearize and control only the tem-
perature 6; this leads the system to a state of the form (yo,0) at (say) time 7/2. Then, in
a second step, we control the velocity field using in part Theorem 6. It will be seen that, in
order to get good estimates and prove the existence of a fixed point, the initial temperature
0y must be small.

To our knowledge, it is unknown whether a global exact-null controllability result holds
for (4.1) when x > 0. Unfortunately, the cost of controlling 6 grows exponentially with
the L°-norm of the transporting velocity field y and this is a crucial difficulty to establish
estimates independent of the size of the initial data.

The rest of this paper is organized as follows. In Section 4.2, we recall the results needed
to prove Theorems 9 and 7. In Section 4.3, we give the proof of Theorem 6. In Section 4.4,
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we prove Proposition 9 in the 2D case; it will be seen that the main ingredients of the proof
are the construction of a nontrivial trajectory that starts and ends at (0,0) and a Fixed-Point
Theorem (the key ideas of the return method). In Section 4.5, we give the proof of Theorem 9
in the 3D case. Finally, Section 4.6 contains the proof of Theorem 7.

4.2 Preliminary results

In this section, we are going to recall some results used in the proofs of Theorems 6 and 7.
Also, we are going to indicate how to construct a trajectory appropriate to apply the return
method.

The following result is an immediate consequence of Banach’s Fixed-Point Theorem:

Theorem 8. Let (By,||-|[1) and (Ba, || - ||2) be Banach spaces with By continuously embedded
in By. Let B be a subset of Bs and let G : B — B be a uniformly continuous mapping such

that, for some m > 1 and some v € [0,1), one has

1G™ (u) = G™(v)[1 < yllu vl Vu,vEB.
Let us denote by B the closure of B for the norm || - ||1. Then, G' can be uniquely extended to
a continuous mapping G : B+~ B that possesses a unique fived-point in B.

Later, the following lemma will be very important to deduce appropriate estimates. The
proof can be found in [13].

Lemma 1. Let m be a nonnegative integer. Assume that u € C°([0,T];C™ (), g €
Co([0,T]; C™(Q)) and v € CO([0,T]; C™*(;RYN)) are given, with v-n =0 on T x (0,7T)

and

0
£+V'Vu:g in Qx(0,T). (4.6)
Then, u; € CY([0,T]; C™%(Q)) and, for any m > 1,
d ‘
7 [uC s Dllma < M9C, O)llma + KIVE O llmallul Ollma i (0,T),

where K is a constant only depending on o and m. If m =0, the following holds

2, Dllow < gl )

From Lemma 1 and a standard regularization argument, we easily deduce the flollowing:

oo +al[VV(, Dlloallul-, Do i (0,T).

Lemma 2. Let m be a nonnegative integer. Assume that u € C°([0,T]; C"™%(Q)), g €
Co([0, T); C™*(Q)) and v € C°([0, T); C™*(Q;RYN)) are given, with v-n =0 on T x (0,7)
and

ou

a—i—v-Vu:g in Qx(0,7). (4.7)

T T
o < ( [ ot Ol + \u(-,onm,a) exp (K [ v Ol dt) ,

where K is a constant only depending on o and m.

Then
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We will also use a technical lemma whose proof can be found in [44]:

Lemma 3. Let us assume that
wo € CYYLRY), V-wy=0 in
uec C%0,T); CH*([RY)), u-n=0 on T x(0,7T),
g € C%[0,T];Co*(Q,RN)), V-g=0 in Qx(0,T).
Let w be a function in C°([0, T]; CL¥(Q; RY)) satisfying
wi+(u-Viw=(w-Vju—(V-uyw+g in Qx(0,7),
w(-,0) =wp in Q.
Then, V -w = 0. Moreover, there exists v € C°([0,T]; C>*(Q;RY)) such that

w=Vxv in Qx(0,7).

To end this section, we will recall a well known result dealing with the null controllability
of general parabolic linear systems of the form

up —kAu+w-Vu=wvl, in Qx(0,7),
u=20 on I'x(0,7), (4.8)
u(x,0) = up(x) in

where k > 0, w € L*°(Q2 x (0,7)), w C £ is a non-empty open set and 1,, is the characteristic
function of w.

It is well known that, for each ug € L?(Q2) and each v € L?(w x (0,T)), there exists exactly
one solution u to (4.8), with

u e C([0,T]; L*(2)) N L*(0,T; Hy (2)).
We also have:

Theorem 9. The linear system (4.8) is null-controllable at any time T > 0. In other words,
for each ug € L*(Q) there exists v € L*(w x (0,T)) such that the associated solution to (4.8)
satisfies

u(x,T)=0 in Q. (4.9)

Furthermore, the extremal problem

1
Minimize // v|? da dt
2 ) Juxom) (4.10)
Subject to: v € L?(w x (0,T)), u satisfies (4.9)
possesses exactly one solution U satisfying

[9]]2 < Col[uoll2; (4.11)

where .
Co = exp <01 (1 + T +(1+ TQ)HWHgO))

and C1 only depends on ), w and k.
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4.2.1 Construction of a trajectory when N = 2

We will argue as in [31]. Thus, let Q; C R? be a bounded, Lipschitz-contractible open set
whose boundary is of class C* and consists of two disjoint closed line segments I'™ and I'"
and two disjoint curves ¥/ and X" of class C* such that 9%’ U9Y” = oI~ U ar'".

We assume that Q C ;. We also impose that there is a neighborhood U™ of '™ (resp.
U™ of I'") such that Oy N U™ (resp. Q3 NU™T) coincides with the intersection of U~ (resp.
U™T), an open semi-plane limited by the line containing I'~ (resp. I'") and the band limited
by the two straight lines orthogonal to I'™ (resp. I'") and passing through OI'~ (resp. OI'");
see Figure 4.1.

Figura 4.1: The domain

Let ¢ be the solution to
—Ap=0 in €,

p=1 on It

p=-1 on I'", (4.12)
0
a% —0 on ¥,
where ¥ = ¥/ U X", Then, we have the following result from J.-M. Coron [31]:
Lemma 4. One has o € C®(Q), —1 < p(x) < 1 for all x € Q1 and
Vo(x)#0 Vx € Q. (4.13)

Let v € C*([0, 1]) be a non-zero function such that Supp~y C (0,1/2) U (1/2,1) and the
sets (Supp~) N (0,1/2) and (Supp~y) N (1/2,1) are non-empty.
Let M > 0 be a constant to be chosen below and set
M? -
77(7&)2|ch(><)|2, 6 =0.
Then (4.1) is satisfied by (y,p,0) for T =1, yo = 0 and 0y = 0. The triplet (¥,p,0) is thus a
nontrivial trajectory of (4.1) that connects the zero state to itself.

y(x,1) := My ()Ve(x), D(x,t) := =My (t)e(x) —
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Let Q3 be a bounded open set of class C* such that Q; CC Q3. We extend ¢ to Q3 as
a C'* function with compact support in 23 and we still denote this extension by ¢. Let us
introduce y*(x,t) := M~(t)Vp(x) (observe that ¥ is the restriction of y* to € x [0, 1]). Also,
consider the associated fluz function Y* : Qg x [0,1] x [0, 1] — Q3, defined as follows:

Yi(x,t,5) =y" (Y*(x,t,5),1)
{ Y*(x,s,8) =x. (4.14)

Obviously, Y* contains all the information on the trajectories of the particles transported by
the velocity field y*. The flux Y* is of class C* in Q3 x [0, 1] x [0, 1]. Furthermore, Y*(-, ¢, s)
is a diffeomorphism of Q3 onto itself and (Y*(-,t,s))"! = Y*(-,s,t) for all s,¢ € [0, 1].

Remark 3. From the definition of y* and the boundary conditions on €2y satisfied by ¢, we
observe that the particles cannot cross ¥. Since ¢ is constant on I't, the gradient Vi is
parallel to the normal vector on I't. Since ¢ attains a maximum at any point of I'*, we have
Veo-n > 0on ', whence y*-n > 0 on 't x [0,1]. Similarly, y*-n < 0 on I'" x [0, 1].
Consequently, the particles moving with velocity y* can leave € only through I'" and can

enter {27 only through I'".

The following lemma shows that the particles that travel with velocity y* and are inside
Qy at time ¢ = 0 (resp. t = 1/2) will be outside Q; at time t = 1/2 (resp. t = 1).

Lemma 5. There exist M > 0 (large enough) and a bounded open set Qo satisfying Q1 CC
Qo CC Q3 such that

Y*(x,1/2,0) € Q2 and Y*(x,1,1/2) € Qy Vx € Qo. (4.15)

The proof is given in [31] and relies on the properties of y* and, more precisely, on the
fact that t — (Y *(x,t,s)) is nondecreasing.

The next step is to introduce appropriate extension mappings from € to €23. We have the
following result from [52]:

Lemma 6. For { = 1 and { = 2, there exist continuous linear mappings m, : CO(; RZ) —
C°(Q3; RY) such that

m(f)=f in Q and Suppm(f) C Qy Vf e C°(Q;RY),
7o maps continuously C™ NG RY) into C™A(Q3;RY) Vm >0, YA e (0,1).

The next lemma asserts that (4.15) holds not only for y* but also for any appropriate
extension of any flow z close enough to y:

Lemma 7. For each z € C°(Q2 x [0,1];R?), let us set z* = y* +mo(z—7Y). There exists v >0
such that, if ||z — ) < v, then

Z*(x,1/2,0) ¢ Qo and Z*(x,1,1/2) € Q2 Vx € Qo, (4.16)
where Z* is the fluz function associated to z*.
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Demonstragao. Let us set

A={Y"(x,1/2,0) : x€ Do} U{Y"(x,1,1/2) : x € Qs }.
Both A and Q5 are compact subsets of R? and, in view of Lemma 5, ANQy = (). Consequently,
d :=dist (A, Q) > 0.

Let us introduce W := Y* — Z*. Then, in view of the Mean Value Theorem and the

properties of mo, we have:
t
W(x,t,8)] < M / ()| Vo(Y*(x,0,5)) — Vo(Z* (x,0,5))| do
t
4 / ima(a — §)(Z* (x, 0, 8), 0)| do
t t
< M|Vl / (o)W (x, 0, 8)|do + / (a2 — ) 0) lo do
t t
< M|Vello / (0)[W(x,0,5)| do + C / Iz — 9)( 0)llo do,

where (x,t,5) € Q3 x [0,1] x [0,1]. Hence, from Gronwall’s Lemma, we find that

t t
Wi, t,s)| < C ( [ 12 =5lo(o) da) exp (Muwno [ da)
S S
< CeMIVelolhlloz — )

Therefore, there exists v > 0 such that, if ||z — ¥||oy < v, one has

[W(x,t,s)| <

N

V(x,t,5) € Q3 x [0,1] x [0,1]. (4.17)

Thanks to Lemma 5 and (4.17), we necessarily have (4.16) and the proof is achieved. O

4.2.2 Construction of a trajectory when N =3

In this Section, we will follow [46]. As in the two-dimensional case, ¥ will be of the
potential form “V”  with the property that any particle traveling with velocity ¥ must leave
Q at an appropriate time. The main difference will be that, in this three-dimensional case,
“V” is not chosen independent of ¢.

We first recall a lemma;:

Lemma 8. Let € be a reqular bounded open set such that Q CC €. For each a € Q, there
exists ¢ € C®(0 x [0,1]) such that supp(¢?) C O x (1/4,3/4),

—APP=0 in Qx(0,1),

) 4.18
%gi:() on (I'\Tp) x (0,1) "
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and

®%(a,1,0) € 0\ Q,

where ® := ®2(x,t,s) is the flur associated to V¢?, that is, the unique RN —valued function
in 0 x [0,1] x [0,1] satisfying

q)?(xv L, 3) = v¢a(¢)a(x’ L, S)) t)a

®?(x,s,s) = x.

(4.19)

The proof is given in [46].

With the help of these ®?, we can construct a vector field y* in & x (0,1) that makes the
particles go from {2 to the outside and then makes them come back.

Indeed, from the continuity of the functions ®? and the compactness of 2, we can find
a;,as, ...,a; in Q, real numbers 7, ..., 7, smooth functions ¢! = ¢21,...,¢F = 2 sa-
tisfying Lemma 8 and a bounded open set &y with 2 CC &y CC 0, such that

k .
Qc|JB ccop and ®(B',1,0)C 0\ 0y, (4.20)
=1

where B® := B(a;;r;) and ®° := ®%i for i = 1,...,k.
As in [46], the definition of y* is as follows: let the time ¢; be given by

1 7
ti=-4+—, 1=0,...,2k,
4 14k N (4.21)
ti+1/2:4+<2+2>4k, ZZO,...,2/£—1
and let us set
0, (x,t) € 0 x ([0,1/4] U [3/4,1]),
O(x,t) = § 8k (x,8k(t —tj_1)), (x,t) € O x [tji—1,t; 1/9] (4.22)

—8k¢ (x,8k(t; —t)), (x,t) € O x [tj_1/2,1;]
for j =1,...,2k, where ¢*+? := ¢/ for i = 1,...,k; then, we set y* := Vo and 5 := y*lﬁx[o 1]

and we denote by Y* the flux associated to y*.
If we set p(x,t) == —¢y(x,t) — 3| Vh(x,t)|? and § = 0, then (4.1) and (4.3) are verified by

(¥,p,0) for T=1,y0=y1 =0 and 6y = 6; = 0.
Thanks to (4.20) and (4.22), one has:
Lemma 9. The following property holds for all i =1,...,k:
Y*(x,ti1/2,0) € O\ Oy and Y*(x,t}i 1/9,1/2) € O\ Oy Vx € B’ (4.23)
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For the proof, it suffices to notice that, in & x [1/4,3/4] x [1/4,3/4], Y*(x,t,s) is given
as follows:

D7 (x,8k(t — tj_1),8k(s — t;—1)) if (x,t,8) € O X [tj_1,tj_1/2) X [ti—1,ti_1/2],
D7 (x,8k(t — tj_1),8k(t; — 5)) if (x,t,8) € O x [tji—1,tj_1/a] X [ti_1/2,t],
(
(

(

(

(I)](X7 8k t] - t)78k(8 - tl*l)) if (X7t7 8) €0 x [tj—l/27tj] x [tlflvtl—l/Q]a
(

PJ X, k tj — t)78]€(tl — S)) if (X,t, S) € 5 X [tj—l/Qvtj] X [tl—l/Qatl]

for all ,j = 1,...,2k, where ®**% the flux associated to V¢*t? fori=1,...,k.
Hence, one has the following for all i = 1,...,k and for each x € B’ :

Y (%, ti-1/2,0) = Y (X, ti_1/9, 1/4) = Y* (X, t;_1/2,t0) = ®'(x,1,0) € €\ O
and
Y (%, tyio1/2, 1/2) = YK, tpim /o, tr) = 1 (x,1,0) = @°(x,1,0) € 0\ O,
A result similar to Lemma 6 also holds here:

Lemma 10. For { = 1 and { = 3, there exist continuous linear mappings m; : C°(€; RZ) —
CY(O;RY) such that

m(f) =f in Q and Suppm(f) C Oy Vf e CO(Q;RY),

m maps continuously C(Q; RY) into C™(O;RY) ¥n >0, VYAe (0,1).

Finally, we also have that (4.23) holds for the flux corresponding to the of any velocity
field close enough to y:

Lemma 11. For each z € C°(Q x [0,1];R?), let us set z* = y* +m3(z—7Y). Then there exists
v >0 such that, if |z — Y|y < v andi=1,... k, one has:

Z*(X,tifl/Q,O) S ﬁ\ﬁo and Z*(Xatk+i71/271/2) c ﬁ\ﬁo Vx € Bi7
where Z* is the flux associated to z*.

The proof is very similar to the proof of Lemma 7 and will be omitted.

4.3 Proof of Theorem 6

This Section is devoted to prove the exact controllability result in Theorem 6. We will
assume that Proposition 9 is satisfied and we will employ a scaling argument.
Let T > 0, 0p,0, € C?>*(Q) and yo,y1 € C(2,0a,T) be given. Let us see that, if

1yollz.a + [I¥1ll2,0 + 160[l2.0 + [[61]|2,0

is small enough, we can construct a triplet (y,p, #) satisfying (4.1) and (4.3).
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If e € (0,7/2) is small enough to have

2,04} S 5)7

then, thanks to Proposition 9, there exist (y°,0%) in C°(]0,1]; CH*(Q; RN+1)) and a pres-
sure p° (resp. (y!,0') and p!) solving (4.1), with y%(x,0) = eyo(x) and 0°(x,0) = £26y(x)
(resp. y'(x,0) = —ey1(x) and 0'(x,0) = £201(x)) and satisfying (4.5).

Let us choose ¢ of this form and let us introduce y : Q x [0,T] = RY  p: Q x [0,T] — R
and 6 : Q x [0,T] — R as follows:

20} <8 (vesp. max{elly1l2a, €*[61]

max{e|[yoll2,a, ||

¢

y(x,t) =e 'y (x,e M),
p(x,t) = e 2p(x,e71t), for (x,t) € Qx[0,¢],

y th) =0,
p( ,t):o, for (X,ZL,)EQX(@,]—'_E)7
[ O(x,t) =0,
y(x,t) = —¢ lyl(x,a_l(T —t)),
p(x,1) = e~ 2p!(x, e~ (T — 1)), for (x,t) € Qx [T —e,T).
0(x,t) = 57201(x, 5*1(T — 1)),
Then, (y,0) € C°([0, T]; CH*(Q; RV*1) and the triplet (y, p, ) satisfies (4.1) and (4.3).

4.4 Proof of Proposition 9. The 2D case

Let u € C*°(]0,1]) be a function such that p = 1in [0,1/4], x =0in [1/2,1] and 0 < p < 1.
Proposition 9 is a consequence of the following result:

Proposition 10. There exists § > 0 such that, if max {||yoll2,a, [|0o]|2,a} < 9, then the coupled

system
G+y -Vi=-kxV0 in Qx(0,1),
+y-Vo=0 in Qx(0,1),
V.y=0, Vxy=( in Qx(0,1), (4.24)
y n=(y+nryo) n on I'x(0,1),
€(0) =V xyq, 0(0)=0y in 9,
possesses at least one solution ((,0,y), with
(¢,60,y) € C°([0,1]; C**(@)) x C°([0,1]; C1*(Q)) x C°([0,1]; CM*(LRY)),  (4.25)
such that
0(x,t) =0 i Qx(1/2,1) and ((x,1)=0 1in Q. (4.26)
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The reminder of this section is devoted to prove Proposition 10. We are going to adapt
some ideas from Bardos and Frisch [13] and Kato [60], already used in [31] and [44]. Let us
give a sketch.

We will start from an arbitrary field z := z(x,t) in a suitable class S of continuous
functions. To this z, we will associate a scalar function 6 (a temperature) verifying

0, +z-VO=0 in Qx(0,1),
0(x,0) = 6p(x) in K.

and
O(x,t) =0 in Qx(1/2,1).

With the help of 8, we will then construct a function ¢ (an associated vorticity) satisfying

Ct+z-VC:—EXVO in QX(Ovl)a
¢(0) =V x yo in £

and
((x,1)=0 in Q.

Then, we will construct a field y = y(x,t) such that V x y = ¢ and V -y = 0. This way, we
will have defined a mapping F' with F(z) = y. We will choose S such that F' maps S into
itself and an appropriate extension of F' possesses exactly one fixed-point y. Finally, it will
be seen that the triplet ({,0,y), where ¢ and 6 are respectively the vorticity and temperature
associated to y, solves (4.24) and satisfies (4.25).

Let us now give the details.

The good definition of S is as follows. First, let us denote by S’ the set of fields z €
C9(]0,1]; C>*(2;R?)) such that V-z=0in Q x (0,1) and z-n = (¥ + puyo) -non I' x (0, 1).
Then, for any v > 0, we set

S, = {Z €S ”Z —VH()Q?Q < l/}.

Let v > 0 be the constant furnished by Lemma 7 and let us carry out the previous process
with S = S,.. To guarantee that S, is nonempty, it suffices to assume that the initial data yq
is sufficiently small in C%%(; R?). Since, if this is the case, ¥ + uyo € S

Let z € S, be given and let us set z* = y* + my(z — y). We have the estimate

12, )ll2.0 < 1¥*C5 D)ll2a + Cll(z =35 D)ll2a VE€[0,1] (4.27)
and the following result holds:
Lemma 12. The fluz Z* associated to z* satisfies Z* € C1([0,1] x [0, 1]; C?(Q3; R?)).

Recall that Z* is, by definition, the unique function satisfying

(4.28)



and
Z*(x,t,8) € Q3 V(x,t,8) € Q3 x [0,1] x [0,1].

For the proof of Lemma 12, it suffices to apply directly the well known (classical) existence,
uniqueness and regularity theory of ODEs.

Since Z* € C*([0,1]x [0, 1]; C?%(Q3; R?)), 6y € C?**(Q) and 71 maps continuously C%%(Q)
into C%%(€23), there exists a unique solution 6* € C°([0,1/2]; C**(Q3)) to the problem

0*(x,0) = m(0p)(x) in Qs.

Note that, in (4.29), no boundary condition on 6* appears. Obviously, this is because
Supp z* C Q3.

The solution to (4.29) verifies (Supp 6*(-,t)) C Z*(Qq,t,0) for all ¢ € [0,1/2]. In particu-
lar, in view of the choice of v, we get:

Supp 9*( ) 1/2) C Z*(QQ7 1/270) C Q3 \§2a

whence 0*(x,1/2) = 0 in Q.
Let 0 be the following function:

) or(xt), (x,t) €Qx[0,1/2),
blx.1) = { 0, (x,1) € 0 x [1/2, 1].

Then 0 € C°(]0,1]; C*%(Q)) and one has

{9t+z'V9=0 in Qx(0,1), (4.30)

0(x,0) = 6Op(x) in Q.

For the construction of ¢, the argument is the following. Firstly, let us introduce (j :=
V x (ma(yo)) and let ¢* € C°([0,1/2]; C1*(Q3)) be the unique solution to the problem

{ G 4z" VE =—kx Vo in Qyx(0,1/2),
C*(x,0) = (5(x) in Qs.
With this ¢*, we define ¢/, € C1(Q) with
Cr/2(x) == C*(x,1/2) forall x € Q.
Then, let ¢** € C°([1/2,1]; C1*(Q3)) be the unique solution to the problem
{ gt VT =0 in Q3 x(1/2,1),
C**(X7 1/2) = 771(41/2)()() in Qg.

We have (**(Z"(x,t,1/2),t) = m1((1/2)(x) for all (x,1) € Q3 x [1/2,1] and, again from the
choice of v,
Supp C**( , 1) C Z*(QQ, 1, 1/2) C Q3 \ﬁg
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and ¢**(-,1) =0 in Qo.
Therefore, we can define ¢ € C°([0, 1]; C1*(€2)), with

) ¢(xt),  (x,t) € Q2x(0,1/2),
et = { CH(x,1), (x,t) € Qx[1/2,1).

Obviously, ( is a solution to the initial-value problem

{<t+z.vg:_12xve in Qx(0,1), (4.31)

((x,0) = (V xyp)(x) in €.

With this ¢, we can now get a unique y € CY([0,1]; C>*(2;R?)) such that V xy = ¢
in 2x(0,1),V-y=0inQ2x(0,1) and y-n = (¥ + pyo) -non I' x [0,1]. Indeed, let
¥ € C°([0,1]; C>*(2)) be the unique solution to the following family of elliptic equations:

{ ~AY=(—puV xyy inQx(0,1), (4.32)

=0 onI'x (0,1).
Then, let us set y := V x ¢ +¥ + pyo. Obviously, y € C°([0, 1]; C>*(2;R?)) and satisfies the
required properties. Since y is determined by z, we write y = F(z). Accordingly, F': S, — S’
is well defined.
The following result holds:

Lemma 13. There exists 6 > 0 such that, if
max {[[yoll2,a; [1oll2,a} < 6, (4.33)
then F(S,) C S,.

Demonstragio. Let z € S, be given. Then F(z) —y =V x ¢ 4+ pyo and we have:

1E(2)(- ) =¥, B)ll20 < CUICC D)l1a + llyol

2,04)-

Applying Lemma 2 to the equations of 8* and (*, we get

t
16°C,8)l.0 < 171 (B0) 20 exp (K [ 1 P df) (4.34)

and

1€ Dlla < Cllima(yo)ll2.a + [I71(60)

2,0) €XP <K /Ot z*(-, 7)]2,a dT). (4.35)

With similar arguments, we also obtain

1€ ()

11,0 < C(||m2(y0)ll2,0 + [|71(00)]

oo (K [ 1 Conlatriir) (430
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for all t € [1/2,1]. Thanks to (4.35) and (4.36), we obtain the following for (:

) €Xp (K /Ot ‘Z*<',T)H27ad7'>. (4.37)

Using (4.37), (4.27) and the definition of S,, we see that

1< Dla < Clllyoll2.a

[1F(z)(-,t) =¥ (-, )20 < Cilllyoll2.a + [I6o]l2,0) exp <Cz /Ut 12(-,7) = ¥(, 7)ll2.a dT)
< Ci(llyoll2.a + 160]l2,a) exp(Cav).
Let 6 > 0 be such that 2C10e“?” < v and let us assume that (4.33) is satisfied. Then
1F(2) — ¥llo,2a < v

and, consequently, F' maps S, into itself. O

We now prove the existence and uniqueness of a fixed-point of the extension of F' in the
closure of S, in C°([0, 1]; CL¥(Q;R3)). For this purpose, we will check that F satisfies the
hypotheses of Theorem 8.

To this end, we will first establish two important lemmas. The first one is the following:

Lemma 14. There ezists C > 0, only depending on |lyol||2,a; |0oll2,a and v, such that, for

any z*, z2 €S, one has:
||( HOQSC/ II( z! — 7? ;S |l1,ads Vte[0,1], (4.38)

where (' is the vorticily associated to z°.
Demonstracio. First of all, let us introduce w* := z*! — z%2 and ©* := %! — %2 (where
the notation id self-explaining). Obviously, the estimates (4.27) and (resp. (4.34) and (4.35))

hold for z*! and z*? (resp. 6*! and #*2 and ¢*! and ¢*?). Furthermore, it is clear that
O +z"1.Vve*r = —w* . Vo2

Applying Lemma 1 to this equation, we have

dHH@ ¢ Dl < [[W7(1) 20 l2a + Kllz5( 1) "¢ 0)ha- (4.39)
In view of Gronwall’s Lemma, (4.27) and (4.34), we see that
107, O)lla < co/ W (-, 8)[ads Vi€ [0,1/2). (4.40)

The equations verified by Y* := ¢*! — ¢*2 and T** := 1 — **2 are
Ti 425 VY = —w* . V(2 —K x VO*
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and
T:* + Z*,l . VY** — —W* . vé—**,Q’

respectively. Consequently, applying Lemma 1 to these equations, we get:

d * * * 1 * * *
T lloa < fI(wW-VE 2+ kx VO ) (-, )lloa + Kz ()l T 1) o (441)
and
d Hk * ok * ok
TG Dl < (W™ - V¢ )l + Kz G ) a0 1) llo,a- (4.42)

Applying Gronwall’s Lemma, we deduce in view of (4.40) that

- t
uvuwm@<0m&%mﬂﬁnw%ﬁm@w vt e [0,1/2]

and
1T (-, 1)

. t
m@scwc%m@/nw%amﬂm vt e [1/2.1].
0

Finally, we see from these estimates and (4.37) that (4.38) holds. O

Note that y' —y? = V x (¢! —?), whence V x (V x (¢! —9?)) = ¢t — (% and V x (¢! —
Y?)-n=0onT x[0,1].

Let us denote by M the set of fields w € C°([0, 1]; C1¥(Q; R?)) such that V- w = 0
in @ x (0,1) and w-n = 0 on I' x (0,1). Note that, for any w € M, the norms |[w]|1q
and ||V X w0, are equivalent; we will set in the sequel |||w]|[1,o := ||V X W|o,o for any
w € M.

Lemma 15. Let C be the constant furnished by Lemma 14. For any z',z* € S,,, one has

(et

II(F™ () = F™ (@) Ol [a < =

|z' — 2%[01.0 Vm > 1. (4.43)

Demonstracao. The proof is by induction.

For m = 1, this is obvious, in view of Lemma 14.

Let us assume that (4.43) holds for m = k. Applying Lemma 14 to y' = F*¥(z') and
y? = F¥(z?), we have

H!(F(yl)—F(y2))(wt)H|1,aSé/o 13! =¥ 8)llads vt e [0,1].

Therefore, using the induction hypothesis, we obtain:

B t C‘vs k
) = P @) Bl < Cllat — 2o [ 7 ds
)
This ends the proof. O
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We deduce that, for some C > 0, any m > 1 and any z',z> € S,, one has

aom
m (1 m(,,2 1 2
ma (7 a1) = P )l < S (im0t = 20l )

Consequently, if m is large enough, F™ : S, — S, is a contraction, that is, there exists
v € (0,1) such that

IF™(2") — F™(2)[o.1.a < Vll2' —2°[lo1a V2! 2° €S, (4.44)

Therefore, we can apply Theorem 8 with
By = C°([0,1); CH*(Q; R?)), By = C°([0,1]; C*>*(4;R?), B=S, and G =F,

to deduce that F possesses a unique extension F with a unique fixed-point y in the closure
of S, in C9([0,1]; CL(Q;R?)). It is easy to check that y is, together with some ¢ and 6, a
solution to (4.24) satisfying (4.25) and (4.26).

This ends the proof.

4.5 Proof of Proposition 9. The 3D case

In this Section we are going to prove Proposition 9 in the three-dimensional case.

To do this, let {p'} be a partition of unity associated to the balls B? introduced in Sec-
tion 4.2.2 and let us set wy = V x m3(yp). Proposition 9 is a consequence of the following
result:

Proposition 11. There exists § > 0 such that, if max {||yol2,a, [|fo]|2,a} < 9, then the coupled

system
(bt (y VIw=(w-V)y—KkxV8 in Qx(0,1),
0 +y-VO=0 in Qx(0,1),
V.y=0, VXy=w in Qx(0,1), (4.45)
y-n=(y+puyo) n on T x(0,1),
w(0) =V xyo, 6(0) = 6o in  Q

possesses at least one solution (w,0,y), with
(w,0,y) € CO([0,1]; C** (% R?)) x C°([0, 1]; C+*(@)) x €7([0,1); CM* (B R?)),  (4.46)
such that
0(x,t) =0 in QX (tp_1/2,1) and w(x,t)=0 in QX (ty_1/2,1). (4.47)

Let us give the proof of this result. We will repeat the strategy of proof of Proposition 10,
incorporating some ideas from Bardos and Frisch [13] and Glass [46]; we will use the notation
in Section 4.2.2.
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First, let us denote by R/ the set of fields z € C°([0, 1]; C>*(€%; R3)) such that V -z = 0
in 2x(0,1) and z-n= (y+ pyo) -non I' x (0,1). Then, for any v > 0, we set

R,={zeR :|z—¥|o1a <v}

Let us fix v > 0 being the constant furnished by Lemma, 11. As before, if the initial datum
yo is sufficiently small in C?(2;R?), then R, is nonempty.

Now, we are going to construct a mapping F': R, — R,.
We start from an arbitrary z € R, and we set z* :=y* + m3(z — y).

First, we denote by 6* the unique solution to

0F +z*-Vo* =0 in 0 x10,1/2],
0*(x,0) = Y ¢/ (x) m(00)(x) in 0.

Obviously, 6* = Zle 6', where 6" is the unique solution to

0i +2z*- VO =0 in 0 x1[0,1/2], (4.48)
0'(x,0) = ¢'(x)m1(6p)(x) in O. ’
The identities
01 (Z*(x,t,0),t) = ' (x)m (6p)(x) V(x,t) € O x [0,1/2]

imply that

Supp 6'(-,t) C Z*(B,t,0) Vte[0,1/2].
Hence, in view of Lemma 11, we deduce that

Supp Gi(',ti—1/2) - Z*(Biati—l/%o) C O\ 0O,
whence
0'(- tii12) =0 in Q. (4.49)

Then, we simply set 0(x, t) := 0*(x,t) in € x [0,t9] and we say that, in & x [to,1/2], 0 is
the unique solution to

bo+2" VO =0 in (to,l/z\U{t ).
) k | (4.50)
0(x,t;_1/2) = Zel(xati—l/Q) —0'(x,,ti_1/2) in i<k

l=1i

| /\

We notice that é( sth—1/2) =0 in ©. Therefore, 0 =0 in @ x [tk—1/2,1/2]. Moreover,
ZQZ X, t 91 X t) in ﬁ X (ti—1/27ti+1/2)7 1 < ) < k—1. (451)
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We remark that the lateral limits of 4 at the points {t;_; /9 }f’zl are not necessarily the same
in the whole domain 0.

Let 6 be the restriction of 6 to . Due to (4.49) and (4.50), we see that  is continuous at
the points {ti_l/g}le and

(4.52)

0, +2-VO=0 inQx(0,1/2),
0(x,0) = 6p(x) in Q

and it belongs to C°([0, 1]; C1*()).

In an analogous way as for the temperature, we will define a function @ in @ x [0, 1], whose
the restriction to €2 is the function w satisfying (4.47). The definition of & will be made in
three parts corresponding, respectively, to the three time intervals [0,1/2), [1/2,#4,/2) and
trt1/2,1]-

Let us introduce wy := V x (73(yop)) and let w* be the solution to

{ Wi+ (2 V)w* = (0" - V)z* — (V- 2%)w* — K x Vm(d) in & x (0,1/2),

w*(x,0) = wp(x) in 0.

With this w*, we set w7, € CLY(Q) with wi”/kQ(x) = w*(x,1/2) for all x € . Let us

consider w** the solution to the problem

w* + (z* - V)w*™* = (w* - V)z* = (V- -z2")w™ in 0 x(1/2,1),

ko 4.53
w*(x,1/2) = z:lz/ﬂ(x) 773(w>1*72)(x) in 0. (4.53)

As before, we can decompose w** as a sum of functions. More precisely, let w', ..., w" be the
solutions to the problems

Wi+ (2" Vw! = (0 V)z* — (V- z2")w’ in 0 x(1/2,1), (4.54)

wi(x,1/2) = ¢'(x) 713(wf72)(x) in 0. ’
Then

k .
wr=Y"w' im0 x[1/21]
=1

Each w' satisfies
t

WH(Z*(x,t,1/2),t) = w'(x,1/2) + /1/2[(wi -V)z* — (V- z")')(Z*(x,0,1/2),0) do.
Consequently,
W' (Z* (x,t,1/2),1)| < |wi(x,1/2)| + C|z*[|0.1.0 /1; W (Z*(x,0,1/2),0)| do.
Notice that, if x & B? we then have

t
lw'(Z*(x,t,1/2),t)| < C|lz*]|o1,0 // |w"(Z*(x,0,1/2),0)| do
1/2
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and, from Gronwall’s Lemma, we see that
w'(Z*(x,t,1/2),t) =0 V(x,t) € (0\ BY) x [1/2,1].
A consequence is that (Supp w'(-,t)) C Z*(B',t,1/2), whence we get

wi(x,thrZ-,l/Q) =0 forall xecQ.

Then, we simply set &(x,t) := w*(x,t) in € x [0,1/2] and &(x,t) := w**(x,t) in O x
[1/2,t541/2] and we say that, in & X [t /9, 1], @ is the unique solution to

— k
W + (z* - V)&\J = (&\) -V)z* — (V- z*)&} in O x <[tk+1/2, 1] \ L_Jl{thril/Q})

th_H 1 Zw th_H @i(x,tk+i_%) in 0, 1<i<k.

(4.55)
We notice that &(-,to,_1/2) =0 in 0. Therefore, @ =0in 0 x [tor—1/2, 1]. Moreover,

Zw X, t) (x,1) in O x (tppio1jo thpizie), 1<i<k—L (4.56)

We define w to be the restriction of @ to Q x [0,1]. It belongs to C9([0, 1]; CL*(Q; R?))
and together with the temperature 6, satisfies:

wit(z-V)w=(w - V)a—KxV0 in Qx[0,1]
w(x,0) = (V X yo)(x) in Q

and, moreover, w = 0 in O x [tor—1/2,1]-
Thanks to Lemma 3, w is divergence-free in 2x (0, 1). Consequently, from classical results,
we know that there exists exactly one y in C°([0, 1]; C%(£; R3)) such that

{ny:w, V.y=0 in Qx(0,1), (4.57)

y-n=(uyo+y) m on I'x(01).
Since y is uniquely determined by z, we write F(z) = y. The mapping F : R, — R/ is thus
well defined.

In view of some estimates similar to the 2D case, we can take the initial data small enough
to have F(R,) C R,. More precisely, one has:

Lemma 16. There exists 6 > 0 such that,
allz € R,,.

6o]l2,a} < 0, one has F(z) € R, for

The end of the proof of Proposition 11 is very similar to the final part of Section 4.4.

Essentially, what we have to prove is that, for some m > 1, F™ is a contraction for
the usual norm in C°([0, 1]; C»*(Q;R?)). Indeed, after this we can apply Theorem 8 with
By = C°([0,1]; CH(Q; R?)), By = C9(]0,1]; C?>*(;R?)), B = R, and G = F and deduce
the existence of a fixed-point of the extension F in the closure of R, in C°([0, 1]; C1(€%; R3)).

But this can be done easily, arguing as in the proof of Lemma 15. For brevity, we omit
the details.
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4.6 Proof of Theorem 7

Theorem 7 is an easy consequence of the following result:

Proposition 12. For each yo € C(2,a,0) there exist T* € (0,T) and n > 0 such that,
if g € C2%(Q), 6o = 0 on T\y and ||0olj2.a <1, then the system

yt+(y.v)y:—Vp+E9 in  Qx(0,T%),

V.y=0 in  Qx(0,T%),

0 +y-VO=rAf in  Qx(0,7%), (4.58)
y-n=20 on TI'x (0,7%),

=0 on (I'\y) x (0,T7),

y(x,0) = yo(x), 0(x,0) =0g(x) in £,

possesses at least one solution y € C°([0,T*]; C>*(Q;RY)), 0 € C°([0,7%];C*%(Q)) and
p € D'(Qx(0,T%)) such that
0(x,T*)=0 n K. (4.59)

Indeed, if Proposition 12 holds, we can consider (4.1) and control first the temperature ¢
exactly to zero at time T%. To do this, we need initial data as above, that is, yo € C(2,a, )
and 0y € C%%(Q) such that 6y = 0 on I'\7y and ||p||2,o < §. Then, in a second step, we can
apply the results in [31] and [46] to the Euler system in Q x (7, T), with initial data y (-, 7).
In other words, we can find new controls in (7%, T') that drive the velocity field exactly to any
final state y.

Proof of Proposition 12: For simplicity, we will consider only the case N = 2. We will
apply a fixed-point argument that guarantees the existence of a solution to (4.58)-(4.59).

We start from an arbitrary € C°([0,7T/2]; C%*(€2)). To this §, arguing as in Section 4.3,
we can associate a field y € C°([0,T/2]; C>*(; RY)) verifying

vi+(y-V)y=-Vp+ kO inQx (0,7/2),

V.y=0 in Q% (0,7/2),
y-n=0 onI'x (0,7/2),
y(x,0) = yo(x) in Q

and

[¥llo2a < Clyoll2,a+ 110

Let Q C R? be a connected open set with boundary T’ = 9 of class C? such that Q C
and NI =T \ 7 (see Fig. 4.2). Let w C Q \ © be a non-empty open subset.
Then, as in Theorem 9, we associate to y a pair (0,0) satisfying

l0,2,0)-

0; +m(y) - VO = kAf + 91, in Q x (0,7/2),
f=0 on I x (0,T/2),
0(x,0) = 7(00)(x), 6(x,7/2)=0 in,
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Figura 4.2: The domain ) and the subdomain w.

where 7 and 7 are extension operators from € into ) that preserve regularity. Let 6 be the
restriction of 6 to Q x [0,7/2]. Then, @ satisfies:

0, +y V0 =rAb in Q x (0,7/2),
0 =01, on I' x (0,T/2),
0(x,0) = 6p(x), O(x,7/2)=0 1in Q.

Moreover, from parabolic regularity, it is not difficult to check that the following inequa-
lities hold:

0:ll0.0.0 + 110]l0.2.0. < CllOol|% . C¥I020 < )| ][9.0 eCI¥ollzatOll0.2.0)
s 14y 2,(1’ )

Now, let us introduce the Banach space
W= {0 € C%([0,T/2];C**(Q)) : 6, € C°([0,T/2]; C**(Q)) }
and let us consider the closed ball
B:={0¢eC%[0,7/2;C*(Q)) : [0llo,0 < 1}
and the mapping A, with
AB) =6 YO C0,T/2;C*(Q)).

Obviously, A is well defined. Furthermore, in view of the previous inequalities, it maps
continuously the whole space C°([0,7/2];C1%(Q)) into W, that is compactly embedded
in C°([0,T/2]; C%*(€2)), in view of the classical results of the Aubin-Lions kind, see for ins-
tance [85].

On the other hand, if n > 0 is sufficiently small (depending on ||yo||2,«) and ||6ol/2,a < 7,
A maps B into itself. Consequently, the hypotheses of Schauder’s Theorem are satisfied and
A possesses at least one fixed-point in B.

This ends the proof.
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