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Resumo

Este trabalho versa sobre a algebra de Rees de um ideal quase interseccao completa, de co-
comprimento finito, gerado por formas de mesmo grau em um anel de polindmios sobre um
corpo. Considera-se duas situagoes inteiramente diversas: na primeira, as formas sao monomios
em um numero qualquer de varidveis, enquanto na segunda, sao formas binarias gerais. O
objetivo essencial em ambos os casos é obter a profundidade da algebra de Rees. E conhecido
que tal algebra é raramente Cohen—-Macaulay (isto é, de profundidade maxima). Assim, a questao
que permanece € quao distante sao do caso Cohen—Macaulay. No caso de mondémios prova-se,
mediante certa restricao, uma conjectura de Vasconcelos no sentido de que a algebra de Rees é
quase Cohen—Macaulay. No outro caso extremo, estabelece-se uma prova de uma conjectura de
Simis sobre formas binarias gerais, baseada no trabalho de Huckaba—Marley e em um teorema
sobre a filtracao de Ratliff-Rush. Além disso, apresenta-se um par de conjecturas mais fortes

que implicam a conjectura de Simis, juntamente com uma evidéncia sélida.

Palavras-chave: dlgebra de Rees, nimero de redugao, formas de Sylvester, funcao de Hilbert,

ideais iniciais, quase Cohen-Macaulay, mapping cone.
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Abstract

This work is about the Rees algebra of a finite colength almost complete intersection ideal
generated by forms of the same degree in a polynomial ring over a field. We deal with two
situations which are quite apart from each other: in the first the forms are monomials in an
unrestricted number of variables, while the second is for general binary forms. The essential
goal in both cases is to obtain the depth of the Rees algebra. It is known that for such ideals the
latter is rarely Cohen-Macaulay (i.e., of maximal depth). Thus, the question remains as to how
far one is from the Cohen-Macaulay case. In the case of monomials one proves under certain
restriction a conjecture of Vasconcelos to the effect that the Rees algebra is almost Cohen—
Macaulay. At the other end of the spectrum, one proposes a proof of a conjecture of Simis
on general binary forms, based on work of Huckaba—Marley and on a theorem concerning the
Ratliff-Rush filtration. Still within this frame, one states a couple of stronger conjectures that

imply Simis conjecture, along with some solid evidence.

Keywords: Rees algebra, reduction number, Sylvester forms, Hilbert function, initial ideals,

almost Cohen—Macaulayness, mapping cone.
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Introduction

Let R := k[xy,...,x,] denote a polynomial ring over a field k. Ideals I C R that are
almost complete intersections play a critical role in elimination theory of both plane and space
parameterizations, while their Rees algebras encapsulate some of the most common tools in both
theoretic and applied elimination. Finding a minimal set of generators of the presentation ideal
of the Rees algebra — informally referred to as minimal relations — is a tall order in commutative
algebra. It is tantamount to obtaining minimal syzygies of the powers of I, a problem that can
be suitably translated into elimination theory as the method of moving lines, moving surfaces,
and so forth (see. e.g., [9]). One idea to reach for minimal relations is to draw them in some sort
of recursive way out of others already known. One such recurrence is known as the method of
Sylvester forms, where one produces certain square content matrices which express the inclusion
of two ideals in terms of given sets of generators, where the included ideal is generated by old
relations. As an easy consequence of Cramer’s rule, the determinant of such a matrix will be a
relation. As is well-known, telling whether these relations do not vanish - let alone that they
are new minimal relations — is one major problem. The determinants of these content matrices,
or a construction that generalizes them, are called Sylvester forms. The appearance of Sylvester
forms goes back at least to the late sixties in a paper of Wiebe ([42]; see also [10]). They have
been largely used in many sources, such as [6-10, 16,20-22, 38].

Let us succinctly review the main advances in these algebraic methods in the recent history.
A good starting point is a couple of conjectures stated in [8], one of which asked whether the
minimal relations of a finite colength almost complete intersection in R = k[z,y|, generated in
degree 4, and with (two) independent syzygies of degree 2, are iterated Sylvester forms — in the
terminology of the implicitization school, the case where y = 2.

The question, originally inspired from some partial affirmative cases by Sederberg, Goldman
and Du and, independently, by Jouanolou, both in 1997, soon captured the interest of various
authors. In [20] the case of u = 1 was taken up and it was conjectured that in arbitrary degree the
relations are generated by iterated Sylvester forms. This new conjecture was proved in [10] using
quite involved homological machinery, including local cohomology and spectral sequences. This
case of a finite colength almost complete intersection in arbitrary degree d in 2 variables, with
generating syzgies of (standard) degrees 1 and d— 1, has been further thoroughly examined in [5],
[26], [22] and [38]. The methods employed are of varied nature, each enriching the commutative
algebra involved in elimination theory.

Among the most interesting conditions on a Rees algebra is the Cohen—Macaulay property,
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which is knowingly a certain regularity condition on the ideal. Unfortunately, elimination of plane
or space parameterizations in high degrees does not commonly lead to a Cohen-Macaulay Rees
algebra, as is already the case of binary such parameterizations. Since the property has anyway
a difficult translation back into elimination, why should one care about it? Well, as it turns,
the property ties beautifully with several other properties and current notions of commutative
algebra. In this vein, having a little less than the property itself may be useful. Besides, in the
1t = 1 case discussed above it turns out that the Rees algebra is almost Cohen—Macaulay, as has
been shown in the references mentioned in connection to this case.

This is how the almost Cohen—Macaulay property comes into the picture, namely, as the
next best situation from the homological point of view. Looking for this property or its failure
is the driving force behind this work.

Now, as usual, looking for some preliminary evidence or some propaedeutics leads one to
envisage the case of a monomial parametrization. From the strict angle of elimination theory,
where one looks for the implicit equation, this situation is hardly of any interest. On the other
hand, quite generally, the relations are binomials. Thus, the interest remains as to whether the
minimal (binomial) relations can be obtained by iteration of Sylvester forms and how unique is
this procedure. In 2013 W. Vasconcelos formulated the conjecture that the Rees algebra of an
Artinian almost complete intersection I C R generated by monomials is almost Cohen-Macaulay.
For the binary case (i.e., for n = 2) a result of M. Rossi and I. Swanson ([36, Proposition 1.9])
implies an affirmative answer to the conjecture, with the machinery of the Ratliff—-Rush filtration.
Recently, different proofs were established in the binary case of monomials of the same degree as
a consequence of work by T. B. Cortadellas and C. D’Andrea ([7]), and independently, of work
by A. Simis and S. Tohéneanu ([38]).

Here one tackles the case of a monomial parameterization in arbitrary number of variables
firstly with an extra condition on the degrees of the monomials, called uniformity. The ternary
case has been established in ([38]). In this work we assume an arbitrary number of variables,
Under this condition, we answer affirmatively the stated conjecture. In our opinion this con-
tributes a significant step toward the general case, since one has in mind a couple of procedures
to reducing the case of general exponents to this one. This is the motivation for Chapter 2 of
this presentation. Although sufficiently tighter than the problem of ideals generated by arbi-
trary forms — a situation still lacking a bona fide conjecture — the general case of monomials of
arbitrary degrees and number of variables may require an additional tour de force beyond the
facilitation provided by the methods of the present work.

What about the situation where the given monomials are of the same degree throughout?
It would look like this is nearly a “geometric” situation and hence more tools at our disposal.
One is lead to ask whether the rational map defined by the linear system spanned by these
monomials has any perfunctory properties, such as being birational onto the image. A strong
asset coming from birationality in the situation of a finite colength almost complete intersection
I C k[xy,...,z,] of forms of the same degree is an exact formula for the value of the Chern

number e; (/) (see [21, Proposition 3.3] and the references thereon).
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And in fact, quite generally, one main tool in the binary case of an Artinian almost complete
intersections I of forms of the same degree is birationality. This vein has been largely explored
in some of the references quoted before.

The other two tools are the Ratliff-Rush filtration theory and the Huckaba—Marley criterion
using a minimal reduction of I. While the Ratliff-Rush filtration gives no insight into the
conjectured property of the Rees algebra beyond the two variables case, using the criterion
of Huckaba—Marley, would probably require as much calculation and besides lead one into no
reasonable bound to manage the partial lengths. We add the fact that even when the uniformity
assumption degenerates into equigrading, birationality for more than two variables is an issue,
and hence computing the first Hilbert coefficient of R/I becomes a hardship.

To use Huckaba—Marley criterion we studied some inequalities involving the Hilbert coefficient
e1(I). A recent source is a paper of L. Ghezzi, S. Goto, J. Hong and W. Vasconcelos ([13]) which
gives some inequalites for e; (/) involving the reduction number. Another interesting source is the
survey paper by J. Verma ([41]) of the J. K. Verma, which uses superficial sequences, including
the proof of the Huckaba—Marley criterion.

Another important source is the paper by J. Migliore, R. M. Miré-Roig and U. Nagel ([29]).
It turns out that a particular case of the uniformity hypothesis considered in this thesis is worked
out in that reference with a view towards the Hilbert function and Weak Lefschetz Property.

The method in the present work emphasizes the structure of the presentation ideal of Rz (1)
that may benefit from the appeal to Sylvester forms, as we understand them in their mod-
ern algebraic formulation. However, additional work became indispensable, emphasizing three
pointers: exploiting the natural quasi-homogeneous grading over k£ of the presentation ideal of
Rr(I), compatible with the usual standard grading of Rr(I) over R; organizing in a useful
algebraic way a certain sequence of iterated Sylvester forms that are Rees generators; a careful
computation of certain colon ideals crucial for extracting the homological nature of Rr(I). As
far as we could see, the systematic joint use of these three tools has not been sufficiently applied

elsewhere.

We now proceed to a more detailed description of the various parts of the thesis.

Chapter 1 is devoted to the preliminaries used throughout, emphasizing the role of ideal
theoretic notions from commutative algebra and a few required numerical invariants thereof. The
first two sections are about the Rees algebra of an ideal, the property of Cohen-Macaulayness, the
reduction number of a minimal reduction and other related invariants, such as the related type.
A section on the notion of Sylvester forms seemed appropriate, as we understand them nowadays
and how one uses them. The last section is about two important methods contemplated in this
thesis, both referring to an asymptotic behavior of the powers of an ideal — hence naturally related
to the Rees algebra. These are the Huckaba-Marley criterion and the Ratliff-Rush filtration
theory, substantially applied in steps towards a conjecture in the case of a finite colength almost
complete intersection of general forms — so to say, the opposite extreme as regards monomial
forms. Although we make strong use of Grobner basis methods at some point of the work

— through the S-polynomials and the Lemma (1.3.3) that connects Sylvester forms and the
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mapping cone allowing certain homological results — , it seemed inappropriate (or wasteful)
including a related section in the preliminaries. Therefore, we chose to expand on this tool in
one of the appendices.

Chapter 2 contains the solution to Vasconcelos’ conjecture in the uniform case of monomials.
The core of the chapter is confined to the first two sections, while the technically involved proofs
are collected in the third section in order to avoid distraction. In the first section one develops
the details of a very precise set of generators of the Rees presentation ideal, drawing upon a
weighted grading naturally stemming from the form of the monomial generators of I. Of course,
it is well-known that ideals of relations of monomials are generated by binomials. However, for
the sake of an efficient generation we need to show that these binomials acquire a special form
due to the nature of the given monomials.

One shows that the relation type of I equals the reduction number of I plus 1 and, moreover,
state a precise count of the number of the generators in each external (i.e., presentation) degree.
Finally, one dedicates a stretch of the section to the identification of these binomial generators
as iterated Sylvester forms.

In the subsequent section one states that the above generators can be ordered in a such a
way as to describe the Rees presentation ideal Z of I by a finite series of subideals of which any
two consecutive ones have a monomial colon ideal. By inducting on the length of this series one
is then able to consider mapping cones iteratively culminating with Z itself. As a consequence,
the Rees algebra Rg(I) will be almost Cohen—Macaulay, thus answering affirmatively in this
case a conjecture of Vasconcelos stated in [22, Conjecture 4.15]. Furthermore, with a view
in ([22, Theorem 3.5]) that describes the regularity of almost Cohen—-Macaulay Rees algebra
according to the reduction number of I, we present explicitly this invariant for the studied ideal.

The preliminaries of the Chapter 2 require dealing at length with initial ideals and their colon
ideals. The calculations along this line of approach though basically straightforward are quite
lengthy and seem to be unavoidable. For the purpose of not disturbing the readership smoothness
of the main results, we collected those proofs in the subsequent section. Although the details of
the proofs can be avoided in a first reading, they constitute the fine tissue legitimating the main
results of the work.

Chapter 3 is inspired from a method developed by A. Simis and S. Tohaneanu in ([38]).
Although the purpose of these authors was slightly apart, in this thesis we use the procedure to
the benefit of reducing the general case of the conjecture to a so-called b-shaped parametrization
case. This procedure is a homomorphism of the ground ring R induced by mapping a ground
variable to one of its powers. Therefater, this is extended to a homomorphism of the relational
polynomial ring R[y] by the identity on y. This simple idea seems to be very efficacious — in
a recent, totally akin work, this has been used by P Aluffi ([1]) in order to express the Segre
class of a monomial scheme in projective space in terms of log canonical thresholds of associated
ideals.

Asinin ([38]), we show that the ring homomorphism preserves the essential shape of the Rees

relations which allows to deduce certain common homological behavior. Using this reduction
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procedure to land on a b-shaped situation, and provided an additional hypothesis is satisfied, we
then essentially reproduce the arguments of Chapter 2. In order to avoid tedious repetitions, we
restated the results, pointing the similarities.

Chapter 4 is dedicated to a conjecture of Simis, further studied by Simis and Tohaneanu.
The conjecture states that if I C R = k[z,y| is a codimension two ideal generated by 3 general
forms of the same degree d > 5, then its Rees algebra is not almost Cohen-Macaulay. The
setup is so to say at the other extreme of the monomial case, hence one may not be surprised
by the sharp contrast to the first part of the thesis and all recent akin statements regarding
the depth of R(I) when I is an almost complete intersection (see [20,22,36,38]. Although the
conjecture is as yet not solved, we present sufficient evidence for its solution in the affirmative
based on various approaches. A curiosity is that these approaches hardly touch directly the
structure of the presentation ideal of R(I) as an R-algebra. In fact, the entire matter is pretty
much decided at the level of the second and third powers of the ideal I through the use of two
apparently disconnected tools: the Ratliff-Rush filtration and the Huckaba—Marley criterion,
with the intermediation of the Hilbert function.

We state stronger conjectures that imply the one sought in this part. A neat description of
the Hilbert function of the ideal I is discussed. Some of this discussion appeared much earlier
in ([12]) within the use of general forms in the sense of forms whose coefficients are algebraically
independent elements over the the ground field k. Since the goal here is to actually stay within
the original polynomial ring over k, Froberg’s version did not seem all that useful.

A pointer to the interest of considering such general forms appears in the work of J. Migliore
and R. M. Miré-roig ([27], [28]) in connection to the Weak Lefschetz property. Unfortunately,

in the present case of two variables we could not see how to take advantage of these results.
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Chapter 1

Preliminaries

1.1 The Rees algebra

For the basic definitions, R may stand for any ring - later, we will assume that R is a regular
local ring or else a standard graded polynomial ring R = k[xy, ..., z,] over a field.

Let I C R be an ideal and ¢ a variable over R. The Rees algebra of I, denoted by R(I), is
the subring of the polynomial ring R[t]

R()=EPIt"=R+Tt+---+I't"+--- CR[t].
r=0

We note that R(I) is an R-standard graded algebra. Supposing I = (fi,..., fi,) is finitely
generated, R(I) can be presented by a homogeneous ideal Z in the R-standard graded polynomial
ring R[TY, ..., T,

0—T—R[Ty,....Tp] -5 R(UI) —0, T, fi.

The ideal Z will be informally called the Rees ideal of I.
Set Z =7y + Iy + - - -, the uniquely defined decomposition of the Rees ideal in its graded

parts. An important invariant used in our work is the relation type of I, defined by
reltype(/) = inf{n | Z = (71, 1,,...,Z,)}.

We note the useful fact that Z; = [T1, -+, Tyni1] - ¢, where ¢ denotes the matrix of the
syzygies of I. The ideal (Z;) C R[T},...,T,] defines the symmetric algebra Sg(I) of I. Thus,
one has a natural surjective homomorphism of R-algebras Sg(/) — R(I). If moreover the ideal
I contains a regular element then the kernel of this surjection is the R-torsion of Sg(I). From

this, one can show the useful relation
=Ty : 1>,

which gives the Rees ideal as the [-saturation of the defining ideal of the symmetric algebra —



or, in an informal perhaps crispier way, as the syzygies stripped out of its I-component.

Let us now for simplicity asuume that (R, m) is either a Noetherian local ring and its maximal
ideal or a standard graded algebra over a field with irrelevant ideal m. Say, dim R = d.

Let I C m denote an ideal containing a regular element. The Rees algebra R () has dimension
dimR +1 = d+ 1. We will say that R(I) is almost Cohen-Macaulay (respectively, strictly
almost Cohen-Macaulay) if depth(R(I)) > d (respectively, depth(R(I)) = d), where the depth
is computed on the maximal graded ideal (m, R(I)4).

Suppose, moreover, that R is regular (polynomial ring in the standard graded case). Then
the extended polynomial ring R[T| localized in its graded maximal ideal is regular, hence R(I)
admits a finite free resolution as a module over this regular local ring. If R is actually a standard
graded polynomial ring and [ is a homogeneous ideal then R(I) admits a finite graded free
resolution as a module over R[T] (no need to localize). In this case, we will make no distinction
between these slightly different ways of resolving the Rees algebra into free modules, particularly

when measuring the length of such a resolution.

An equally important notion is that of the associated graded ring of an ideal I C R. It is
defined as R I P
R _ n /rn+l
ng(R).—TG%ﬁ@F@---—@I/I ,
n>0
where the product is defined by (a + I')(b+ I?) = ab+ ["7~!, a € I'"! and b € I"~!. Clearly,

R(I)

Ry~ —Z~
as R/I-algebras. Note that gr;(R) is a standard graded ring over the ground ring R/I. As such,
identifying R(I) with the coordinate ring of the blowup of Spec(R) along Spec(R/I), it can be
identified with the coordinate ring of the exceptional locus of the blowup. In this thesis we will

be solely dealing with the homological properties of gr;(R), such as its depth.

1.2 The reduction number

We refer to [39] for the details of this section. Previous sources are in the list of references
of this book.

The departing theory is due to D. Northcott and D. Rees in ([32]). They defined minimal
reductions, analytic spread, proved existence theorem, and connected these ideas with multiplic-
1ty.

Definition 1.2.1. Let J C I be ideals in a ring R. J is said to be a reduction of I if there exists

an integer n > 0 such that ™"t = JI",

Obviously, any ideal is a reduction of itself, but one is interested in “smaller” reductions.
Note that if JI™ = "1 then for all positive integers m, I"™*" = J[™tn=1 = ... = jm[" In

particular, if J C I is a reduction, there exists an integer n such that for all m > 1, I™*" C J™.



In particular, an ideal share the same radical with all its reductions. Therefore, they share the

same set of minimal primes and have the same codimension.

Definition 1.2.2. A reduction J of [ is called minimal if no ideal strictly contained in J is a

reduction of I.

Definition 1.2.3. Let J a reduction of I. The reduction number of I with respect to J is the
minimum integer n such that JI" = I"*. It is denoted by red;(I). The reduction number of I
is defined as red(/) = min{red,(I) | J C I is a minimal reduction of I}.

The notion of a reduction and the corresponding reduction number can be grasped in terms

of Rees algebras, as follows:

Proposition 1.2.4. Let J C I be ideals in a Noetherian ring R. Then J is a reduction of I if
and only if R(I) is module-finite over R(J), i.e., R(J) < R(I) is a finite morphism of graded
algebras. Furthermore, the minimum integer n such that JI™ = I""" is the largest degree of an

element in a minimal homogeneous generating set of the ring R(I) over the subring R(J).

Clearly, this may not be the most efficient way of obtaining the reduction number with
respect to a reduction. Therefore, a vast literature has been produced on the subject searching
for devices of estimating this important invariant.

In a Noetherian local ring every ideal admits minimal reductions. While the corresponding
reduction number is a hard knuckle one can, thanks to a result of Northcott and Rees, explain

the minimal number of generators of a minimal reduction in terms of a Krull dimension.

Definition 1.2.5. Let (R, m) a Notherian local ring and I an ideal of R. The fiber cone of I is
the ring

RO R T
C mR(I) '

m o ml ml?
The Krull dimension of F;(R) is also called the analytic spread of I and is denoted ¢(I).

Fi(R)

Theorem 1.2.6. (Northcott-Rees). Let (R,m) be a Noetherian local ring and let I C R
be an ideal. Then any reduction of I contains a minimal reduction of I. Moreover, if R/m is
infinite, then every minimal reduction of I is minimally generated by exactly ¢(I) elements. In

particular, every reduction of I contains a reduction generated by €(I) elements.
In this context, the following invariants are related:

Proposition 1.2.7. Let (R,m) be a Noetherian local ring and I a ideal. Then

ht(1) < /(1) < dim(R).
One hardship of looking at reduction numbers is that different minimal reductions of the
same ideal in a local ring may have different reduction numbers. Such examples exist in very

simple rings, such as polynomial rings in two variables over a field ([23, Example 2.1]). It has



thus soon been noted that the problem has to do more with the properties of an individual ideal
than with the whole ambient.

The first results along this line of question were obtained by S. Huckaba. He posed that
if any two minimal reductions of an ideal I C R have the same reduction number, then the
ideal is said to have independent reduction number. Since one can always define the absolute
reduction number red(I) of I as the minimum of its reduction numbers with respect to all of
its minimal reductions, then independence means that the absolute reduction number of I can
be computed with respect to any minimal reduction — this is certainly a great computational, if
not theoretical, convenience.

Here are the main results of Huckaba in his epoch-making paper of 1986. We will use the
original notation of the paper, which is the traditional notation introduced by Nortcott and
Rees. Thus, we use the terminology grade for the length of a maximal regular sequence inside
an ideal. For a standard graded R-algebra A =P, ., An, its irrelevant ideal A; @ Ay @ - -+ will
be denoted A, .

m>0

Theorem 1.2.8. (|23, Theorem 2.1]) Let (R, m) be a local ring having an infinite residue field
and let I be a ideal of R. Assume {(I) = ht(I) = grade(I) = d > 1 and grade(gr;(R);) > d— 1.
Then red(I) is independent.

Theorem 1.2.9. ([23, Theorem 2.3]) Let (R, m) be a local ring having an infinite residue field
and let I be a ideal of R. Assume ¢(I) = ht(I) = grade(!) = d > 1 and grade(gr;(R)y) > d— 1.
Then reltype(I) < red(I) + 1.

Theorem 1.2.10. ([23, Theorem 2.4]) Let (R, m) be a local ring having an infinite residue field
and let I be a ideal of R. Assume I is not principal, {(I) = ht(I) = grade(/) = d > 1 and
grade(gr;(R)y) > d — 1. Assume also that I can be generated by d or d + 1 elements. Then,
reltype(I) = red(I) + 1.

Note that d < dim R. If it happens that d = dim R and R is Cohen-Macaulay then the first
two theorems are applicable for an m-primary ideal, while the last theorem is applicable for such
an ideal which is in addition an almost complete intersection.

We will observe that the ideals considered in Chapter 2 and Chapter 3 satisfy all three

theorems.

1.3 Sylvester forms

We refer to ([21]) and ([38]) for the details of this section. Uses of Sylvester forms are spread
out in the references [6], [7], [8], [10], [15], [20], [22].

The following definition encapsulates the essence of the classical notion of a Sylvester form,
by stressing its nature as the determinant of the content matrix expressing the inclusion of two

ideals.



Definition 1.3.1. Let R = k[z,...,z,] the polynomial ring in n variables over a field k. Let
a=1{ay,...,a,} C Randlet f = {fi,..., fin} be a set of polynomials in S = R[ty,...,t;]. If

fi € (a)S for all i, we can write

where A is an m X m matrix with entries in S. We call (a) a R-content of f. We refer to det(A)

as a Sylvester form of f relative to a, in notation
det(f)(a) = det(A).

Proposition 1.3.2. ([21, Proposition 4.1)) Let R = k[z1, ..., x,],m = (z1,...,2,) and fi1,..., f;
be forms in S = R[t1,...,t,]. Suppose the R-content of the f; (the ideal generated by the coeffi-

cients in R) is generated by forms ay,...,a, of the same degree. Let
fi ai
f=1:]1=A" =A-a
fs aq

be the corresponding Sylvester decomposition. If s < q and the first-order syzygies of £ have
coefficients in m, then I;(A) # 0.

Proof. The condition I,(A) = 0 means the columns of A are linearly dependent over klty, ..., ¢,],

thus for some nonzero column vector
ceklty,...,tn] c¢-A=0.

Therefore
c-f=c-A-a=0

is a syzygy of the f; whose content in not in m, against the assumption. O

In this thesis the notion of Sylvester form will be used in the special case when m = 2 in the
definition 1.3.1, i.e., let (o, 8) C R = k[z1,...,x,] be an ideal generated by two nonzero forms
and let f, g € (o, B)R]t1, ..., tn] be given biforms.

The Sylverter form of f,g with respect to (a, ) is the determinant of the content 2 x 2
matrix, denoted det(f, g)(a,5)-

Our main use of Sylvester forms is in the case where f, g are biforms in the Rees ideal Z C S.

Under this assumption, by Cramer one has

det(f> g)a,,@ ' (CY, 5) C (fv g) cZ
Since Z is a prime ideal and Z N R = {0}, the determinant belongs to Z.
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The next result is of fundamental importance to what we will do in the following chapters.
This is a basic result of algebraic nature in elimination theory, carrying additional information
in the homological side.

The result can be found, in a more encompassing environment, in ([40, Corollary A.140])
and goes back to Northcott.

Lemma 1.3.3. ([38, Lemma 1.2]) Let S be a commutative ring and let {A, B} and {C, D} be

two reqular sequences. Let a,b,c,d € S, be given such that

M

C
D

A
B

One has:

(a) If some entry of M is a nonzero divisor modulo (A, B), then (C,D) : E = (A, B), where
E = det(M).

(b) The mapping cone given by the map of complezes

0o —- S — 52 — S — 0
Tn T M T-FE ;
-B
A [A B]
0o — S — 52 — S — 0

d -
is a free resolution of S/(C, D, E), where M* := ( ) ¢ ) )
—-b a

[

One knows that S/(C, D, E) is a perfect module of codimension 2, hence the mapping cone
above gives a non-minimal free resolution in this case.

An important question in the general setup of Sylvester forms is to decide when such a form

is nonzero. In the cases used in this thesis, due to the peculiar data, the shape of the Sylvester

form will immediately reveal that it is nonzero.

1.4 The Hilbert function

Let (R,m) be a Noetherian local ring and let I C R stand for an m-primary ideal. The
Hilbert-Samuel function of I is Hy(t) = MNR/I') for all t > 1, where A denotes length. For
all large values of ¢, Hy(t) coincides with the value on n of a polynomial P; € Q[X] of degree
n = dim R. This uniquely defined polynomial is called the Hilbert-Samuel polynomial of I and



is often written in the combinatorial form

PI(X>:Z(_1)iei<[) ( X+n—1+1 )

i=0 n=t

where ey(I), ..., e,(I) are uniquely determined integers. They are called the Hilbert coefficients
(or the Chern numbers) of 1. The coefficient eg(/) is the multiplicity of I, important invariant
which has a geometric significance. The multiplicity is a well understood invariant — mainly
when I = m, in which case it is called the multiplicity of R. We refer to [37], [35] and [30] for
some of the classical results about this invariant.

Not so much e;(I), which is not entirely understood albeit the existence of a formidable
literature on it — see [31], [25] and [33] for basic results when R is Cohen—Macaulay, mainly as
how eq(1) and e;(I) are related through involving certain lengths.

A largely tractable situation is that of an equi-homogeneous ideal I in a standard graded
polynomial ring R over a field, by which one means that [ is generated by forms of the same
degree. This is vastly examined in the references [20, Sections 2 and 3 | and [21, Section 3] in
connection to the integral closure of I and the rational map defined by the linear system spanned
by the generators of I. There is quite a bit of an accomplishment in the case where I is moreover
m-primary and almost complete intersection. In this setup, there is a very explicit formula of
e1(I) since e;(I) = e;(m?), where d is the common degree of the forms generating I, namely

- n—1

er(l) = 5 (d" —d" ),

with n = dim R.
The usefulness of such an explicit formula cannot be exaggerated as it is crucial for ap-
proaching homological properties of the Rees algebra of I via the Hucaba-Marley criterion, to

be explained in the next section.

If M is a finitely generated R-module such that A(M/IM) < oo, with I an m-primary ideal,
then one can introduce in a similar fashion the Hilbert function of I on M (the previous definition
would then be the Hilbert function of I on R).

We refer to [3, Section 4] for the details on the additive property of the Hilbert function
along short exact sequences of modules.

In particular, if R is a standard graded polynomial ring R over a field and I C R is a
homogeneous ideal, then one can read the Hilbert function H;(t) off the finite graded free

resolution of I over R. This useful result will be drawn upon in Chapter 4.

1.5 The Huckaba-Marley criterion

The basic reference for this part is [24].
With the notation of the previous section, the basic criterion of Huckaba—Marley is expressed

in terms of the Chern number e;(7) and has two parts. One part is a criterion for the associated



graded ring gr;(R) to be Cohen-Macaulay. This part involves the modules I"™/JNI™. The second
part is a criterion for the associated graded ring gr;(R) to be almost Cohen-Macaulay and is
expressed in terms of the modules I"/JI™1. Since the latter part involves more directly the
inequalities JI"~! C J" as an approximation to red;(I), and since in addition almost Cohen—

Macaulayness is the property we are interested in, we state only the second part of the criterion:

Theorem 1.5.1. Let (R,m) be a Cohen-Macaulay local ring of positive dimension and infinite

residue field. Let I be an m-primary ideal of R and J a minimal reduction of I. Then

S AT = e(I),

n>1
with equality if and only if depth(gr;(R)) > dim R — 1.
The following observations seem in place:

1. Both sides of the above inequality are (finite) integers. Actually, adding the first part of
the criterion, which we have omitted, tells us that the Chern number is squeezed in two

sums of lengths of similar shape.

2. It can be shown that, since R is Cohen-Macaulay, then depth(gr;(R)) > dim R — 1 is
actually equivalent to depth(Rg(I)) > dim R. Thus, almost Cohen-Macaulayness can be

switched between the two rings.

3. In order to show that the above estimate is a strict inequality one has in principle two
expected strategies: argue that red;([) is large or prove that the size of the lengths grows
by large gaps. Thus, non-almost Cohen—Macaulayness seems to reflect some of these

behaviors.

In [38, Section 3.1.3] some hard calculations were made towards showing that the Rees algebra
of a certain binary monomial ideal is almost Cohen—Macaulay. These calculations required quite
a bit of describing the partial quotients JI™™! : J* and the resulting behavior of the syzygies
of the powers of I. In this thesis we will rather stress another approach toward almost Cohen—
Macaulayness, Still, in Chapter 4 we will be interested in exceeding the Chern number, so will

need again similar set of calculations.

1.6 The Ratliffi—Rush filtration

The basic references for this part are [17], [34] and [36]. Let us mention that there is quite a
large literature on the extension of this theory to modules, but we will have no use for it in this
work.

The Ratliff-Rush closure of an ideal I C R in a Noetherian ring R is the ideal

I:= LJ(I”Jrl 1),

n>1



where I"t!: [* = {a € R | al® C I"™*}. If I has a regular element, it is shown in ([34]) that [
is the largest ideal for which, for sufficiently large positive integers n, (IN yr=1n.

If I contains a regular element and I = I it is called Ratliff-Rush closed. It is also known
that an integrally closed ideal is Ratliff-Rush closed. Although the the Ratliff-Rush closure has
a much less stable behavior, it is still very useful in several contexts. One context in which its
role is meaningful is related to the depth of the associated graded ring gr;(R) of I. We state

this as follows:

Theorem 1.6.1. ([36, Remark 1.6]) Let R be a Noetherian ring and I a proper regular ideal.
Then, all powers of I are Ratliff-Rush closed if and only if the graded ideal gr;(R), = I/I* @

I?/I? @ --- contains a nonzerodivisor.

This will be used in the following weak version: if I is an m-primary ideal in a Noetherian
local ring (R, m) that is not Ratliff-Rush closed then the Rees algebra Rr(I) has depth 1.



Chapter 2
Uniform case

We consider the following seetup: R := k[z1,...,x,] denotes a polynomial ring over a field

k and I C R stands for a monomial ideal. Our focus is the following conjecture stated in [22]:

Conjecture 2.0.2. If I is an almost complete intersection of finite colength its Rees algebra
Rr(I) = R[It] is an almost Cohen—Macaulay ring.

We will refer to this conjecture as Vasconcelos conjecture. In this chapter we deal with a
special case of this conjecture. To wit, given integers 0 < b < a, the monomial ideal [ :=

(2%, ..., 2%, (z1- - 2,)") C R will be called uniform.

2.1 Efficient generation

Our main focus is the presentation of the Rees algebra Rz(I) over a polynomial ring S :=

R[yh'"aynaw]:
T :=ker (S — R[It]), y;j = zjt,w — (21 cxn)'t.

The presentation ideal Z C S is often referred to as the Rees ideal of I and y,...,y,, w as
the presentation or external variables. We will moreover let £ C Z denote the set of generators
coming from the syzygies of I.

A major question is a lower bound for the depth of Rg(I), where the depth is computed on
the maximal graded ideal (m, S, ), with m = (z1,...,z,). Knowingly, Rz (/) is Cohen—-Macaulay
when its depth attains the maximum value in the inequality depth(Rz(I)) < dimRg(I) = n+1.
One says that Rg([) is almost Cohen—Macaulay if depth(Rg(I)) > n, a condition equivalent to

Rr(I) having homological dimension < n + 1 over S.

The next results provide us information about the reduction numbers. The following lemma

provides information about the general case of the [22, Conjecture 4.15], i.e., when

I=7:=(z5,... 2% 2% .. 2b) with 0 < b; < a; for every i, and there are at least two different

Y n ?

indices %, j for which b; # 0,b; # 0.

Lemma 2.1.1. ([38, Lemma 2.3]) Suppose that J := (x7*,...,x%) is a minimal reduction of J.

rn

Then the reduction number red ;(J) is the least integer d > 1 such that exist t > 2 distinct indices

10



i1,..., 0 €{1,...,n} and corresponding positive integers S;,,...,S;, with $;; +---+s;, =d+1
satisfying the inequalities (d + 1)b;, > s;a;, forl=1,... t.

Proof. Let x? := 25" ... 2% Since J = (J,xP), then for any r > 1, one has
jr—f—l _ (Jj’!’)X(T-‘rl)b) _ (Jr—',—l’ erb’ o JXTb,X(T—H)b).

Then red;(J) will be the least 7 such that x"+YP € JJ". But note that all the generator blocks
of JJ" are monomials, therefore x"tVP ¢ J3" if and only if x"tVP ¢ Jrtl=sxsb for some
s €40,...,r}. However, this inclusion is only possible if s = 0 since otherwise we could cancel
a copy of xP, contradicting that  + 1 is the least exponent with this property (by definition of
reduction number). It follows that red;(J) = r if and only if x"+1P € J™*1 Now, since x("+1)P
is not a multiple of an (r + 1)-th power of any z{* (since otherwise x® itself would be a multiple
of that %), it must be the case that this membership requires the existence of ¢ > 2 such pure

ai, ai,

i Ty

power x it

and corresponding positive integers s;,, ..., S;, satisfying

(b € (@)
from which our required statement follows.
|
The next result presents the reduction number of I with respect to J a reduction of I.
By the theorems 1.2.8 and 1.2.10, note that in this case red(/) is independent and equal to
reltype(/) — 1. In fact, since I is an almost complete intersection of finite colength it follows
that n + 1 = u(I) > ht(I) = n = grade(I), but dim(R) = n, therefore, by Proposition 1.2.7, we
have ¢(I) = ht(I) = grade(I) = n. Furthermore, the main result of our work, Theorem 2.2.5,
we have depth(Rg(I)) > n.

Proposition 2.1.2. ([38, Proposition 2.13]) For a uniform monomial ideal as above the following
hold:

(a) J = (x§,...,2%) is a minimal reduction of I if and only if nb > a; in this case, letting

rn

1 < p < n be the smallest integer such that pb > a (hence (p — 1)b < a), one has

red;(I) =p—1.
(b) Ifnb < a, then Q = (2% — 2%, ..., 2% | — 22, (z1 - 2,)) s a minimal reduction of I and
redg(f) =n— 1.
Proof.

(a) Suppose that J is a minimal reduction, and let red;(/) = r. Then, by Lemma 2.1.1, there

exist n >t > 2 and s;,...,s;, with s;, +---+s;, =r + 1 such that

t

r+1)b>s;a, j=1,...,t.
i@

Adding up the inequalities one gets tb > a and hence, nb > a.

11



Conversely, letting J := (z{,...,x%), since

one obtains that JIP~! = I?, and hence red;(I) < p — 1. Suppose that red;(I) = p — ¢,
q > 2. Then, by Lemma 2.1.1, there exist at least one 1 <[ < ¢, such that

(p—q+1)b > sa.
This is a contradiction, since a > (p — 1)b > (p — ¢+ 1)b, and s;,a > a.
We first claim that 1™ C QI™ . Thus, let
M= gy W b i, =0

be a typical generator of I".

Suppose that for some 1 < s<n—1, i, > 1. Then

1sQ

_ . (s—1la,.a _ ,(is—la(,.a _ ,.a (is—1a,.a

zs - xss xs - g’)ss (xs xn) +xss xn'
vV
€Q

We get that M = M’' + M"”, where M’ € QI !, and

" _iia is—1)a in—10_(in+1)a bj
M _:L'l ajgé ) ...:L'n_l x%" )(xlfn) .

Of course, M € QI 1 iff M" € QI" .

Repeating the process we derive that M € QI"! exactly when N := 2" )a(xl R A<

Q[n—l.
If 5 > 0, then
N = (z1-- 'l‘n)b (xﬁ)(”_j)((xl .. _l,n)b)(j—l) '

N J/

;Z? e;lr—l
If 5 =0, then N' = 2" Using the generators z¢ — z% € @, 1 < i < n — 1, we have that
N € QI" ! if and only if 2¢--- 2% € QI"'. But the latter is always the case because

I*(ll...l'a:gxl...xn)b(xl...xn)a_b

7\ J

Y

-~
€Q eIn—1

asa—>b>(n—1)b.
To complete the proof, we have to show that I"~' ¢ QI" 2. Since 2V e it s
enough to show that 2" "* ¢ QI" 2. Suppose the contrary. Then

(n—1)a _ k,j a _ aydiatbi inatby J i1a+b(G+1) | inatb(j+1)
& = C )(xk Ty Tn + P(il,,,,,in)wl Tp )

n (ilvnvin

12



where the sums are taken over all 1 <k <n—1landi;+---+1,+j=n—2.

First, observe that when 57 =0, C(kl.’lo_“ i) are constant polynomials.

The terms which are pure powers of x,, in the right-hand side have j =4, =--- =1, =
0, i, = n — 2. It follows that
x;”_l)a— ch, 70n2 ++20k, .,0,n— 2'7:%17“ 2)a +o

Hence — ), C’/IC o on_2) = 1 and the coefficients of all the other monomials must be zero.

""" 9 3
The monomial :cka:% ) also can occur only in (2§ — z ):kafzn ) Therefore we have

k,0 k,0 a_.(n—2)a k,0 2a,.(n—3)a
0= Z(O(o,...,o,n—Q) - C(o,...,l,...,o,n—?,)ka% o+ Z C(O,...,l,...,O,n—?))xk xSL SR
k k

The 1 in the multi-index above occurs in position k.

We get that C’ko 0n—-2) C(koo On—3) = =0, for all 1 < k < n—1. If we repeat the process
in the end we obtam
k,0 k,0 k,0
C 7 7077’ 2 - C 7 717 70n 3) - C 7 ,TL—Q,...,0,0)’
and
0= Z C’Ig 0 )xén_Q)a’“ + other terms not pure powers of the variables.
This leads to Cko 0n—2) C’k 0 ne2...00) = 0 for all k. But this contradicts the fact that

k,0
Zkz CO,...,O,n—Q =—L

|
In particular, for a < 2b the ideal J is a minimal reduction of I with reduction number 1,
hence Rg(/) is Cohen-Macaulay as is well-known. Since this situation has no interest in our

discussion, we will assume a > 2b throughout the work.

In this part we search for a set of binomials of a particular form that minimally generate the
Rees ideal Z of I. As we will contend in Theorem 2.1.4, the ring S admits a weighted grading
under which an extra behavior will emerge. For now, as a preamble we can prove a basic result
that depends solely on the standard grading of S' as a polynomial ring over R. It is well-known
that ideals of relations of monomials are generated by binomials. In the present case, we show
that these binomials acquire a special form due to the nature of the given monomials. This step

will be crucial in the subsequent unfolding.

Lemma 2.1.3. Any binomial in T belonging to a set of minimal generators thereof is of the
form

Qg

m(x)w’ — n(x)y;* -y,

13



where m(x),n(x) are relatively prime monomials in X = x1,...,x, and 1 <i; < -+ < iz <,

Qi > 0.

Proof. One has to show that, for no 1 < i < n do y; and w divide the same monomial in the
expression of a generating binomial.
Assuming the contrary, by change of variables, one has the following two possibilities for a

binomial relation:

CASE 1. ¢y - yftw® — g% .. -zftxffll coegdrytit o y2n where § > 0 and aq, ..., oy > 1.
Because of the homogeneity of the variables yi,...,y,,w and since upon evaluation the
degrees of z1,...,x, must match on the two sides, we obtain the numerical equalities

Qb+ = o+
(lOéj—i-(Sb = dj,jzl,...,t
ob = aap+dp,k=t+1,....,n.

From the first of these equalities we can assume that a;y; > 1 and, from the second one,
that d; > a. Then the binomial can be written as
de At app1—1

o1 ag, 0 a di—a d @
yit eyt = (Ko + xt+1yl)/371 Ty Ty T Y T Un"
TV

N

{Yt+1

where K; ; = xjy; — 2§y, i,j € {1,...,n}, i <j.

Since 7 is a prime ideal, simplifying by y; due to minimality, one obtains a binomial in Z of
the same shape with y; raised to the power a; — 1. Iterating, we can replace the given generator
by another one of the same shape, where the exponent of y; vanishes. But this contradicts the

assumption that this exponent is nonzero.

dy dpm, 5, Om+1 at, 8 dm+1 di, o1 am dt+1 dp , Ct4+1 a
CASE 2. oy’ - agiyp iy e W = T Y Y T Ty Yy oy, where
0>0and apy,..., 0 > 1.

As before, one has the following equalities between the exponents:

di+db = oa,i=1,...,m
ao; +0b = dj,j=m+1,...,t
o0b = aop+di,k=t+1,...,n.

As 0 > 0, the first set of equations gives ai,...,a, > 1. The assumption o; > 1,5 =
m+ 1,...,t, and the second set of equations give d,,11,...,d; > a. Then the binomial can be

written in the form

14



di dm , Cm+1 at, 8 a dm+1—a dy, a1—1 o o dt+1 dn , Ot+1 ey
2t Yt YW — (Kmg1n + 2 Ymg1) 2,4ty U Ym T TR Y Yn

T 1Yl

By the same token as above, one obtains a binomial in Z of the same shape with y,, 1 raised
to a1 — 1. Tterating on «u,, 11 as in the first case gives a contradiction — note that, because oy

also drops by 1, the first case is around the corner in the inductive process. O

The following notation will be used throughout the rest of the thesis: if {i;,...,i;} is a
subset of {1,...,n} we denote by P(iy,...,%;) the product of the variables belonging to the
subset {z1,...,zn} \ {Zi,..., 25} A few times around we may deal with a similar situation

where we may wish to stress that {iy,...,i;} is a subset of a smaller subset of {1,...,n}.

Our first basic result specifies much further the nature of the minimal binomial generators.

Theorem 2.1.4. Let I C R = k[z1,...,%,] be a uniform monomial ideal as above. Then the
polynomial ring S := R[y1, ..., Yn, w| admits a grading under which the presentation ideal T of
the Rees algebra of I over it is generated by homogeneous binomials in this grading.

Moreover:

(a) If a < nb, letting 1 < p < n be the unique integer such that (p — 1)b < a < pb, then any

minimal binomial generator of external degree 6 can be written in the form
(‘Til e Iié)a_&) w5 — P(il, e ,1'5)(% Yiv - Yis (21)

where 0 < p, with the convention that if 6 = p then the x-term on the left hand side goes
over to the right hand side with exponent —(a — 6b) = b — a.

(b) If a > nb, then any minimal binomial generator of external degree § can be written in the
form
(mil o 'xlls)aiéb w6 - P<i17 s 7i5)5b Y+ Yis» (2'2)

where § < n. (no convention needed in this case since for 6 = n, there is no x-term on the
right hand side).

Proof. Start with generators of the presentation ideal of the symmetric algebra of I. It is easy

a

to see that the syzygies of I are generated by the Koszul relations of the pure powers z{, ..., z%

and by the reduced relations of (x;---x,)” with each one of the pure powers. In other words,

LCS=R[y,...,Ynw|is generated by the binomials
Ki,j = {L'?yj — [E?yi, Z,] S {1, R ,TL}, 1< j)

Li =%

)

bw — P(i)’y;, i € {1,...,n}.
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Now, these binomials are homogeneous in S by attributing the following weights to the variables:
deg(z;) = 1 and deg(w) = nb—a+1,deg(y;) = 1 if a < nb, while deg(w) = 1,deg(y;) = a—nb+1
if @ > nb. Therefore, £ is homogeneous for these weights. Since Z = £ : I*° and [ is monomial, it
follows that Z is generated by binomials which are homogeneous as well under the same weights.

Indeed, one has the string of inclusions
I=L:I°CL:(x1)*CL: () =TI,

the last equality because Z is a prime ideal. Then by [11, Corollary 1.7 (a)] (or, directly, by
[11, Corollary 1.9]), Z is generated by binomials and hence by homogeneous binomials as x; is
homogeneous of degree 1. (Note that the counterexamples in [11] are non-prime.)

By Lemma 2.1.3, a binomial in Z belonging to a set of minimal generators thereof is of the

form
m(x)w’ — n(x)yialil . 'Z/Zis,
with 1 < i; < --- < i, < n, a;; > 0, and m(x),n(x) suitable monomials in R such that
ged{m(x),n(x)} = 1.
In addition, one has the following three basic principles:

e w corresponds to a monomial that involves all variables of R; this implies that the mono-
mial n(x) must involve the variables indexed by the complementary subset {jsi1,...,jn} =

{1,...,n} \ {i1,...,is} and, since ged{m(x),n(x)} = 1, the variables effectively involved in

m(x) must be indexed by a subset of {iy,...,is}. Therefore, the monomial has the form
d; d;g s in is
xill Ty w6 - ++11 ’ x:n yu yz
for suitable exponents d;, > 0, for [ = 1,...,s (some of which may vanish) and ¢; , for k =
s+1,...,n (which are positive).

e Weighted homogeneity implies the equalities

mb—a+U5+§3¢l }:%,FE:C% (2.3)
=1

k=s+1

if a < nb, and
5+§:@f—a—nh+1§:%f%§:c% (2.4)
k=s+1
if a > nb.

Moreover, since upon evaluation the powers xZ’“ on the right hand side can only cancel against
the ones coming from w® on the left hand side, we see that ¢;, = db for every k = s+ 1,...,n.
By the same token, d;, = ac;, — 0b for every [ =1,...,5

e Lastly, since the Rees algebra Rr(I) is also standard graded over R = Rg([)o, we may
assume that the binomial is homogeneous with respect to the external variables (however, we
warn that R (1) is standard bigraded over k if and only if @ = nb). This means that 6 =) ;| oy,
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a formula already found in the above lemma.

So we can assume our binomial to look like

a1 —6b

4 aos—ob,, .0 ob aq

ST = (T )Ty o > L
Case a < nb: suppose 6 > p+ 1. The goal is to show that this binomial can be generated by
binomials in Z with w raised to a power < p. Since a < (p + 1)b and ac; — db > 0, then a; > 2

foralli=1,...,s.

If s > p, consider the polynomial
H:=wl — (z1 2, “(zpi1 - 20)y1 - yp € L.

If a = pb, consider H := w? — y; - - - y,. By primality of Z, using H, our binomial is generated
by H and by the following binomial in Z

a(a1~1)~(5-p)b

—1)—=(65— —(6—p)b —(6— _
] ”xa(ap 1)—(é p)bxaap+1 (6—-p) vl pdas (6 p)bw5 D

p p+1 s

(0—p)b, a1 -1

Y1

1, Gp+1

Qp— «
_(ajs+1...xn) ..ypp yp+1 ...yss’

where w is raised to § — p, and in addition the exponents of z; on the left do not vanish since
aca; > 0b, then a(a; — 1) — (6 — p)b > pb —a > 0.
If s < p—1, consider

G = <x1 e l's)a_Sbws — (x8+1 e xn>5by1 e ys‘

Then, by the same token as above, using GG, the binomial can be generated by G and by the

following binomial in Z:

a(al—l)—(5—5)b a(as—l)—(é—s)bwd—s _

xl “ e '/L‘S )(6—8)1)

ar—1 as—1

(xs—i-l H 7% n Y

Recursively, in both situations above (s > p and s < p — 1), our binomial can be generated

by binomials in Z of the same shape with w raised to a power < p.

The concluding blow is given by the following result:

CrAmM. With the preceding notation, if 6 < p, then we can assume o1 = --- = a, = 1, and
s=9.

For the proof, assume «; > 2. Then aay —0b > 2a —0b=a—b+a— (6 —1)b. Since p > 9
and a > (p — 1)b, then a — (6 — 1)b > 0. Our binomial can be written as

a(a1—1)—(6—1)b _acas—db aocs—8b. 5—1 b 8b o s
; P g (L () ) () g

S
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Since L; € Z and we only care for minimal generators, by simplifying by (2,1 - - -z, ); one
can assume the binomial to be of the form
xclt(al*1)*(5*1)%;&2*(5*1)5 .. .xgar(éfl)bwtsfl — (gpr - - xn)(Jfl)byfl—lygz g
where both «; and 0 dropped by 1. Therefore, recursion takes care of the conclusion.

The case where a > nb is more generally shown in Theorem 3.4.3.

This concludes the proof of the claim and also of the theorem. O

2.1.1 Sylvester forms as generators

For the reader’s convenience, we recall once more the following notation: if {i,...,4;} is a
subset of {1,...,n} in the natural order of the integers, we denote by P(iy,...,i;) the product
of the variables in the complementary set {x1,...,zn} \ {Zi, ..., 74 }.

The next theorem partly summarizes the results of the preceding part, adding information

on the nature of the generators as Sylvester forms.

Theorem 2.1.5. Let I C R be a uniform monomial ideal as above and let r denote its reduction

number as established in Proposition 2.1.2. Then:

62 ()

quasi-homogeneous binomials, where r is the reduction number of I; of these, (g) are the Koszul

syzygies of the generators of I and the remaining ones are each a binomial of the form

(a) Z is generated by

(xil o 'xia)aﬂsbwa - P<i17 e >i5)5byi1 © o Yiss

where 1 < § < r+ 1 (with the same convention as stated in Theorem 2.1.4 in the case a < nb).
(b) Moreover, each binomial in the previous item is a Sylvester form obtained in an iterative

form out of the syzygy forms.
(c) The relation type of I isr + 1.

Proof. (a) The proof of the generation statement will consist in showing that a quasi-homogeneous
generator of Z of arbitrary standard degree in the external variables vy, ..., y,, w belongs to the
ideal generated by the binomials in the statement, with standard external degrees bounded by
the reduction number of I. Thus, the result will be a consequence of Theorem 2.1.4 and of
Proposition 2.1.2.

From the above degree reduction result and from Theorem 2.1.4 we deduce that, for each
2 < 6 < r, where r is the reduction number of I, Z admits (g) generators which are quasi-
homogeneous binomials. Generators for 6 = 1 are the syzygy binomials, which add up (g) +n

generators in standard degree 1.
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Finally, we deal with generators in standard degree r+1. In the case where a > nb, then there

—_ yl DY yTL'
In the case where a < nb and p < n is the unique integer such that (p — 1)b < a < pb, we obtain

is a unique generator in degree n given in Theorem 2.1.4, namely, (z1 - -, ) ™w"

(g) generators, one for each choice of an ordered subset {iy,...,i,} C {1,...,n}:

Sil,“.,ip = U)p — P(ih e ,ip)pb (l’il s xip)pb_“ yil ce yip-

We now show that fixing one of these, the remaining ones belong to the ideal generated by this
one and the Koszul relations. To prove this assertion it suffices to fix one subset {i1,...,7,} and
another subset obtained by one transposition. Without loss of generality, we assume the fixed
subset is {1,...,p} and the other one is {1,...,p—1,p+ 1}.

CrAmM: With the above notation and the previous notation for the Koszul relations, one has

Sil,...,ipfl,z‘pﬂ = Siy,ip T M(x)yo- - yp Kipyr — M(X) Y2+ Yp-1Ypr1 K1p,

where M (x) = (21 2pTpy 1) (Tpra -+ Tn)P.
The proof is a straightforward calculation by developing the right hand side.
As a consequence, also for the case (p — 1)b < a < pb there is a unique minimal generator in

standard degree p. Summing up, in both cases, we get

(5) -2 (5)

minimal quasi-homogeneous binomial generators.

(b) We next show that the generators of the first part are indeed Sylvester forms obtained
iteratively.

Recall once more the form of the generators of L C S = Ry, ..., yn, w|: the Koszul relations
Kij=afy; — xfys, 1,5 €{1,...,n}, i <j (2.5)
and the reduced (Taylor) relations

)

bw — P(i)’y;, i € {1,...,n}. (2.6)

We start by availing ourselves of Sylvester forms of degree 2. For this, take any two distinct
indices [,7 € {1,...,n}, say, [ <i. We form the Sylvester content matrix of {L;, L;} with respect

to the complete intersection {x?, 20}

L $?7bw — P(1)’y, x?fzbw —P(1,i)%y ¥

% 7
g
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Set HY' = det(ML") = (2y2;)°20w? — P(1,7)%y,y;. Note that, since we are assuming that a > 2b,
we obtain this way (g) distinct forms of external degree 2.
We now induct on the degree. Thus, suppose that for j € {1,...,n} with a > jb, one has
found (?’) Sylvester forms, of external degree j, each of the shape
H;hm’lj = ($i1$i2 s ZEij>a_ij}j — P(il, e ,ij)jbyil s yij? (27)
with 4y,...,4; € {1,...,n} and ¢y < --- < i;. Then for every | € {1,...,n} \ {i1,...,4;},
we obtain a Sylvester content matrix of L;, H;-l"”’zj with respect to the complete intersection

(x{ba (xil to xi]’)b):

Ll B l';l_bw - P(l)byl
H;lw"?lj i (':B’Ll . xl])a’_]bw] — P(Z:[’ e ,Z])]by’l,l e yZ]
x;zf(jﬂ)bw —P(i1,...,ij, 1)y %’
—P(i1, o ij, l)jbyil . 'yij (xil e xij)a—(j—i-l)bwj (a:il ... l’ij)b
i1yeees I, yis
M !

This yields a new Sylvester form of external degree j + 1: H;irl """ il det(M ;Ll """ ’ij’l)

.xl)“_(j+1)bwj+1 — P(iy,...,i; l))(j+1)by¢1 Y Y

— (xil N mij

(Here, we assume that {iy,...,4;,[} is written in increasing order.) This way we have produced
(jj—l) distinct Sylvester forms of external degree j + 1.

To conclude the inductive procedure, we divide the proof into the two basic cases:

(i) a < nb.

In this case, let 1 < p < n be the smallest integer such that (p — 1)b < a < pb. By the
previous argument, since a > (p — 1)b then a Sylvester form of standard degree (p — 1) over R
has the shape

U1, tp—1 a—(p—1)b, p—1 . . —1)b
Hp—l p = (1‘21 ”'xip—l) (p ) wp _P(Zla‘-';lp—l)(p ) yll ...yip—l’

with {i1,...,i,-1} an ordered subset of {1,...,n}. Take the Sylvester form of {L,, H;L"l'"ip’l}

with respect to {z{"", (z;, -+~ 2, )@~ ®"Vb} since a < pb:

a—b
Ll _ Mil,...,l,...,ip_l X Ty
115eeslp—1 e 4 a—(p—1)b |’
H P (’Iil e xip ) p

p_l —1

l

where M,' ?~* denotes the content matrix

pb—a

w _P(ila---vip—lal)b(wil ."xipfl) Yt

. . —1)b,..pb—a —1
—P(iy,... ,zp_l,l)(p ) T Wiy Yip wP
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Thus,

iyelyip—1 1eeilysip—1
Hp P = det(]\/[p p-1)

= w’ — Py, ... 0p-1, l)pb(xl-1 STy .a:ipfl)pb*ayil Y Yy

(ii) a > nb.
By the previous argument, since a > nb then a Sylvester form of standard degree n over R
has the shape
Héw’n = (z1---7,) W —Yr*Yn-

(c) This follows immediately from the details of the generation as described in (a). O

Remark 2.1.6. Note the sharp difference between cases (i) and (ii) at the end of the proof
above: if p = n then there is a unique binomial Sylvester form with a term a pure power of
w (namely, w™), while for p < n there are various such binomials having the pure term w? —
although only one emerges as part of a minimal set of generators, as explained in the proof of

the previous theorem.

2.2 Combinatorial structure of the Rees ideal

We keep the notation of the previous part. Recall that, given an integer 2 < j < p—1, where
p—1 < n—1is the reduction number of the ideal I C S = k[xy,...,z,], and an increasing
sequence of integers iy < --- < 4; in {1,...,n}, we had a well-defined Sylvester form H;l"“’ij in
the set of generators of the Rees ideal of Rg(I). This polynomial is weighted homogeneous in
all concerned variables and homogeneous of degree j in the presentation variables yy, ..., y,, w.
We will order the set of these forms in the following way: first, if two of these forms H;l
and H jk b
i, < k., where r is the first index from the left such that i, # k,; second, we decree that the

% have the same presentation degree j then we set H;l""’ij before Hfl’“"kj provided

last form H;hj L™ of degree j in this ordering precedes the first form H ;fi“"jﬂ of the next
presentation degree j + 1.

The presentation ideal of the symmetric algebra of I is denoted L as before. It is generated
by the Koszul relations K;;, 1 < ¢ < j < n and the reduced Taylor relations L;, 1 <7 < n, as
in (2.5) and (2.6).

We will need the following easy properties of the colon ideal in the proof of the next propo-
sition:

Lemma 2.2.1. Let J C R be an ideal in a ring and f € R. Then:
(a) (J:f)f =J0(f).

(b) Suppose that R is a polynomial ring over a field and < is a monomial order. Then
in.(J: f) Cinc(J) :inc(f); if in addition in(J) :in.(f) C J : f then the equality
inc(J) :inc(f) = J : f holds.
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Proof. (a) This is straightforward from the definition of the colon ideal.

(b) The inclusion in.(J : f) C inc(J) : inc(f) follows immediately from the definition of the
initial ideal.

Now let F' € J : f. Then, by the above inclusion and the assumption, one has in(F) € J : f,
hence G := F —in_(F) € J : f. By induction on the number of nonzero terms of a polynomial
in R, we have G € in.(J) : in.(f). It follows that F' € in.(J) : in(f). O

2.2.1 Initial ideals

In the following propositions we discuss the preliminaries on Grobner basis and initial ideals

related to the ordered sequence of Sylvester forms.

Proposition 2.2.2. Let 2 < j <p—1, where p—1 < n—1 is the reduction number of the ideal
I CS=Fk,...,z,), and let iy < --- < i; be an ordered subset of {1,...,n}. The set

Ny, ... 05) = {Kip (1 <i<k<n),L;(1<i<n), Hy* ..  H""}

J

is a Grébner basis of the ideal H(iy,...,i;) = (L, H21’2, e ,H;l"“’ij) in the lexicographic order

onw > x, > - >x >>---. In particular, the initial ideal of H(i1,...,1;) is generated by
{xfye (1 <0<k <n), 2fw(l <i<n), (z122)* 2w, o (@ - ay) 0w (2.8)
where j and {x;,, ..., 7} flow as in the statement.

Since the proof is a case-by-case scrutiny of S-pairs, we postpone it to Section 2.3.

1, ’kj/

Proposition 2.2.3. With the above setting, let Hj].c,

succeeding the Sylvester from H;l""’ij € S in the prescribed ordering of these forms.

€ S denote the first Sylvester form

(a) If j =7, one has

. : . P i—1)b i—1)b  a—ib _a— _ i
in(H(ir,...,45)) in(H; ") = <x,(€jl ) ,...,xgj ) , e Jb,xzjfr’l,...,x% b (2p, -y, ) U0,

({'E‘Zl T xQT)(j_S)b(xdl e $dsfr)a_8b> S’

for all k; < u < kiy1,i =1,...,5 — 1 and all choices of indices s € {1,...,j — 1}, r €
{0,...,s — 1}, of ordered subsets {ry < --- < rs} C {k1,...,kj}, {& < -+ < ¢} C
{k1,...,k;} and of an ordered set dy < --- < ds_, with k; < dj.

(b) If j = j+ 1 (and hence {ky,--- ,kj} ={1,...,j+1}), one has

. . . . 1,...,5+1 ib b — — i+1—
ln(H(Zl’ B zj>) : ln(Hj:*-lﬂ—'— ) = (le Yo x;—i-l?a??—&-g’ e 7963 b7 (xrl T $rs)(]+1 s)b,

(qu U '/”UQT)(jJrl_S)b(xdl T mde'r‘)a_Sb) S’

for all choices of indices s € {1,...,75}, m€{0,...,s—1}, of ordered subsets {r; < --- <
rst C{L ..., 7+ 1L {an < < ¢} C{l,...,j+1} and of an ordered set dy < --- < ds_,
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(In both cases, we adopt the convention that x4 = 1.)

For both items, we will apply Lemma 2.2.1 (i), by which one is to compute a minimal set

of generators of the intersection of the two initial ideals on the left hand side, then divide each

C K1,k .. . .
generator by the initial term of H j,l 7. To get a minimal set of generators of the intersection

we use a well-known principle (Proposition C.2 and Proposition C.3), by which this set is the set
ki ek

of the least common multiples of in(H;,

The details of the proof are given in Section 2.3.

) and each minimal generator of in(H (i1, ...,1;)).

The next result is slightly surprising.

Proposition 2.2.4. With the previously established notation, one has

Ktk k1 ook

Hlivs. i) Hy N = in(Hin, ..., 0y)) - in(H "),

J
In particular, the colon ideal on the left hand side is a monomial ideal.

The proof hinges on the explicit form of the generators given in the previous proposition.
The computation is again a case-by-case calculation and quite often it requires some ingenuity
as to how the generator looks and how the result of the calculation ought to look like. Since at
this point it will give no additional conceptual contribution to the rhythm of the exposition, we

once more postpone the details to Section 2.3.

2.2.2 Almost Cohen—Macaulayness

In this part we deal with the depth of the Rees algebra of the ideal I C S, which wraps-up
the main goal of the thesis.

In the notation of the preceding sections, the main result is as follows.

Theorem 2.2.5. Let I C R = k[xy,...,x,] denote a uniform monomial ideal as in Section 2.1.1.
Then S/H(i1,...,i;) has depth at least n for every tuple iy < --- < i;. In particular, the Rees
algebra Rg(I) of I is an almost Cohen—Macaulay ring.

Proof. We basically follow the idea of [38, Theorem 3.14 (b)]. Namely, produce a sequence of

mapping cones, each a free resolution of the sequential ideal
H(ir, ... i) = (L, Hy?, ... HI™9)

discussed above, ending with a free resolution of Rz(1); at each step the mapping cone has length
at most n + 1. Therefore, the depth of Rg(I) will turn out to be at least 2n +1— (n+ 1) = n,
as desired.

In a precise way, we now argue that for each tuple 7; < --- < ¢;, starting from the first
tuple 1 < 2, a free S-resolution of S/H(k, ..., kj) is the mapping cone of the map of complexes

k1ye.nk s

from a resolution of S/(H(i1,...,i;) : H; ""7") to a resolution of S/H(iy,...,i;) induced by
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..... ks . . .
7 on S, where k; < --- < kjs is the first tuple succeeding i; < --- < i;

multiplication by H j,l
in the ordering explained before.
To see this, we induct on the number of generators H (i1, ..., ;).

Now, by Proposition 2.2.4 and Proposition 2.2.3, the generators of the colon ideal H (i1, .. ., ;) :
S

H, =" are elements of R containing powers of all variables. Therefore, these monomials gen-
erate an R, -primary ideal of R, and hence a free S-resolution of S/(H(i1,...,1%;) : Hj,1 7) is

obtained by flat base change R C S from a minimal free R-resolution of length n.

In the first step one has H(1,2) = (£, Hy*). Since the ideal I C R is an almost complete
intersection of finite length, S/L is Cohen—Macaulay by Theorem D.15. As the codimension of
the Rees algebra of I on S is n, the codimension of S/L is at least n. But since £L C R, =
(x1,...,2,)S then the codimension is n.

We consider the map of complexes induced by multiplication by H21 2 on S:

0 — S — .. — SR 5 G 5§ 5 0
T T T T ;
0O = S — ... — S — S — S = 0

where the upper complex is a free resolution of S/L and the lower one is the free S-resolution
of S/(£ : Hy”) extended from the free R-resolution by flat base change R C S. (Note that
b1 = (";1) is the minimal number of generators of £, but all the remaining Betti number of
both resolutions are harder to guess.)

The mapping cone is a free S-resolution of S/H(1,2) (not minimal as there will be cancellation
in general). By definition, this S-resolution has length at most n + 1.

The general step of the induction is entirely similar, by taking the mapping cone of the map

of complexes induced by multiplication by H j,l T

0 — Shit — G — .. — G 5 S 5§ 5 0
T T T T ;
o — S — v — S5 — S — 5§ = 0
where the upper complex is a (not necessarily minimal) free resolution of S/H (i1, . ..,%;) and the
k1,...,kj/

lower one is the S-resolution of S/(H(i1,...,4;) : H; ) extended by flat base change from
a minimal free R-resolution. Here we have used for simplicity the same notation for the Betti
number as above, but of course they are different.

Because the lower complex has length at most the length of the upper complex, the mapping
cone is again a free S-resolution of length at most n + 1.

By Theorem 2.1.5 and the previous discussion of this section, the presentation ideal Z of the
Rees algebra on S is the sequential ideal H(1,...,p), where p — 1 is the reduction number of I.
Therefore the above gives that Rr(/) has an S-resolution of length at most n + 1, as was to be
shown. O

Since the reduction number of I is independent, by the Proposition 2.1.2 and by the ([22,
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Theorem 3.5]), we can describe the regularity of the Rees algebra of I.
Corollary 2.2.6. Let I C R = k[z1,...,x,] denote a uniform monomial ideal as above. Then,

(a) If nb > a, in this case, letting 1 < p < n be the smallest integer such that pb > a (hence
(p—1)b < a), then reg(Rr(1)) = p.

(b) If nb < a, then reg(Rr(I)) = n.

2.3 Proofs

2.3.1 Proof of Proposition 2.2.2

The proof will compute all S—pairs of elements in the set ¥ = X(iy,...,4;). As usual, pairs
F, G such ged(in(F),in(G)) = 1 will be overlooked.

Case 1. S(Ki,kaKi’7k’)'
In this case, in(K; ;) = zfy; and in(Ky p) = 2%y

Case 1.1. Let i < k < i’ < k. No action here since in(K; ;) and in(Ky ) are relatively prime.

)

Case 1.2. Let i < ¢ < k < k’. No action here since in(K; ) and in(K ) are relatively prime.

)

Case 1.3. Let i’ <i < k < k. No action here since in(K; ;) and in(Ky ) are relatively prime.

)

Case 1.4. Let £k = k'. Then

LYY K LYY
SR K g —
—TLY; — XY

S(Kig, King) =

Ky p = —yp(ziyy —z5y;) =0 mod X.

Case 1.5. Let i < k =1 < k’. No action here since in(K; ;) and in(K} ) are relatively prime.

)

Case 1.6. Let i’ < k' =i < k. No action here since in(K; ) and in(K};) are relatively prime.

Case 1.7. Let ¢ = ¢'. Then

T8t y; T8y,
kY k' I kY E I a/..a a _
S(Kip, Kiw) = a K — p K ==z (xhye — 2fyr) =0 mod 2.
—TLYi LY

Case 2. S(L;,Lj), with j < j".
In this case, in(L;) = x?_bw and in(L;) = 2% w.
Then

z?
S(Lj, L) = ——2— Ly =P(j,7)’K; =0 mod X.

Case 3. S(L;, K; ).

. . —b
In this case, in(L;) = xf

w and in(K; ) = z{y;.
Case 3.1. Let j < i < k. No action here since in(L;) and in(K;y) are relatively prime.
Case 3.2. Let i < j < k. No action here since in(L;) and in(Ky) are relatively prime.

Case 3.3. Let i < k < j. No action here since in(L;) and in(k; ;) are relatively prime.

)
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Case 3.4. Let j =4 < k. No action here since in(L;) and in(K ) are relatively prime.

Case 3.5. Let i < j = k. Then

TIWY; TIWY;
S(Li, Kig) = 220, - S0 e — 2y Li =0 mod 3.
Ty w —TRYi

Case 4. S(Kuyk,H;“"’ij).

In this case, in(K, ;) = 2}y, and in(H;““’ij) = (my, - ~xij)“_jb

w.

Case 4.1. Let v < k, u,k ¢ {i1,...,4;}. No action here since in(K, ;) and in(Hjl’""ij) are
relatively prime.

Case 4.2. Let u < k, u € {iy,...,3;} and k ¢ {i1,...,4;}. No action here since in(K, ;) and

in(H;I""’ij) are relatively prime.

Case 4.3. Let u < k, u ¢ {i1,...,i;}, and k € {i1,...,4;}. Then

S(Kuk H’%l,...,i]') — m%yu(‘rll o :L‘/;f T l‘ij)aijbwj Ku p— xzyu(lh e j’?ﬂ e 'Iij)aijbwj 1%1,...,i]'
K , M
J _l‘%yu (xil S AT xij)a ]bw] J
= (—xibyk)Hf/ =0 mod X, where I' = ({i1,...,4;} \ {k}) U{u}.
Case 4.4. Let u < k, u,k € {i1,...,4;}. Then
S(Kuk lel""’ij) = T (i, - Tk )0 Ky — (@i, - B ) i1l
L s ) N
J _xzyu (xil S AR x’i]‘)a ]bw] J

a—jb

Since z2%w = L, + P(u)’y,, it obtains
S(Koyk, H]““) = —P(iy,. .. ,?{:\, e ,ij)byukale =0 mod X,

where I"” = {iy,...,4;} \ {k}.
Case 5. S(L,, H]“Z])

In this case, in(L,) = 2w and in(H;I""’ij) = (@, -+ xy,) " 0w

Case 5.1. Let u ¢ {i1,...,7;}. Then

S(Ly, H YY) = —Plin,... i) (@, - 2y,) "0 iy,
- xz+(j_1)bp<i17 BRI 7ij7 u)(j_l)byila s ayij}'
Pick any subset I' C {iy,...,4;}, with |I'| = j — 1 and reduce modulo Hj[/_1 the monomial with

w occurring within the square brackets. The result is a binomial not involving w. By the same

argument as before, we conclude that this pair reduces to 0 modulo X.
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Case 5.2. Let u € {¢1,...,7;}. Then

S(Luy H"9) = = Plin, .. i) g 7™ = 0 mod .

Case 6. Consider H»'m and Hﬁ,""’j ™ with the respective external degrees m < m’. Denote
J=A{i,...,im}t, I :={j1,.. ., Jww} and let INT = {ky,... ks}, for some s € {0,...,m}.
Under the given order, the two leading terms of the two binomials are

in(Huartm) = (x5, -+, )2 ™ w™ and in(Hf;,"“’jm’) = (zj, -+ x; )" ™ w™, so their least com-

. . / —~ — —m/ —
mon multiple is w™ (@, -+ Ty, -+ Ty, o xy )T (@, - @y, )™, Therefore

m

Tl yeeny % 15 sdm/ \ . . . . mb
S(Hy'm H:) )= =Pty ey J1y s bmy ey Jm?) " Yky Yk

m'—m = - a—m/b+mb o -
. [w (le PR aj’l/l PR '-'Z:’]/ DR l'jml) yil DY y]1 PR y]m/ PR yi
_— _— a—mb+m’b (m/—m)b
_( l'll DY l'jl DY l'jml o e x/]/ ) ( l k:l DY lks)

)(mfm)byjl...g};...@y\n...yjml

cP(iry e 1y ey e o

If m’ = m, then the binomial inside the square brackets does not involve w and therefore reduces
to 0 modulo X by previous cases.

If m’ > m, then |J'| = m’ > m = |J|, and therefore |3\ 3| > m’' —m > 1. Let 3 C J'\ J with

|§| = m’ —m. Reducing the binomial inside the square brackets modulo H?, € %, will result

in the cancellation of the monomial involving w, hence we are back to the previous situation. O

2.3.2 Proof of Proposition 2.2.3

To apply Lemma 2.2.1 (i) we set ourselves to compute a minimal set of generators of the
intersection of the two initial ideals on the left hand side, then divide each generator by the

1yeeeyk st

initial term of H P A minimal set of generators of the intersection turns out to be the set

ki ek

of the least common multiples of in(, ) and each minimal generator of in(H(iy, .. .,1;)).

We separate the two cases, according as to whether j' = j or j' = j + 1.

(a) SAME DEGREE: j = j’

One has in(Hfl’”"kj) = (g, -+ x,)*7Pw?. Drawing upon (2.8), according to the external
degree of a monomial, we have

Degree 1:

o 297w, d ¢ {ki,...,k;} and d < k; (coming from L, € L)

b

lem(xf " w, (g, - - - $kj)a_jbwj) a—b

(l'k_l e .’L'k-j)aijbwj

Asj<p—1,and a > (p — 1)b, then a — jb > 0. But then 2% " = xéj_l)b:pg_jb, and xg_jb

is among the generators listed in the right hand side monomial ideal.
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e 27w, d ¢ {ki,...,k;} and d > k; (coming from Ly € L)

lem (x4 w, (2, -+ 2x,)*90w?)

(xkl e ij)a_jbwj

As above, :L'ij b is among the generators listed in the right hand side monomial ideal.

e 247w, d € {ki,...,k;} (coming from Ly € L)

lcm(xg_bw, (g, - :Ekj)a*jbwj) e

=1, ,

(xkl [ .Tk].)a_jbwj

which is among the generators listed in the right hand side monomial ideal.
o 2%y, d ¢ {ki,...,k;} and d < k; (coming from K, € L)

lcm(acgyv, (xkl T Ik‘j)a_jbwj)

_a
(xkl .. .Tkj)a_jbwj = TqlYv

a

Note that x5y, = (Igbyv)xd_jb7 while x;_jb

is among the generators listed in the right hand
side monomial ideal.
o 2%y, d ¢ {ki,...,k;} and d > k; (coming from K, € L)

lem(z%y,, (zg, - - - ij)a_jbwj)

_a
(xk1 .. I'kj)a_jbwj = ZqlYv

One has 2%y, = (z5y,)2% ", while 2%7" is among the generators listed in the right hand

side monomial ideal.
o 2%y, d € {ki,...,k;} (coming from Ky, € L)

lem(z 5y, (2, - - 'ij)a_jbwj) b
= :L'd y’U

(a;kl . xkj)a_jbwj

Note that xffyv = (:Ufij 71)byv)xfl, so once more we get a generator listed in the right hand

side monomial ideal.
Degrees (2 <s<j—1):

° (Idl C T, Ty ”_xq57r>afsbws7 {dl <... < d,,‘}ﬂ {k’l,. . .,k?j} = @, dy < k’j and {q1 <0 <K
qS,T} C {kl,...,kj}.

lem (4, - 24, 2q, -+ 24, )00, (g, - 2)) " w)

(xkl e xkj)a_jbwj

(2, -+ 2a, )" (g, - - mqs,r)(j_s)b
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Note that xg:Sb is a factor thereof factoring further as xgl"gb = x&j _s)bngjb, while 297" is
1 1 1
among the generators listed in the right hand side monomial ideal since dy ¢ {k1,...,k;}

and d1 < k’j.
hd (xfh T .xqs)a—sbws’ {Q1 <0 K qs} - {kl, .. .,kj}.

- —sb - —Jbgyd
lcm((qu xqs)a w?, (g, ij)a Tw) = (g, - 'iCqs)(jiS)b

(Ikl e ij)a_jbwj

o (14 Tyay - Ta, ) 0w {qp < -+ < ¢} C {k1,... K}, di < ... < ds_, with

k’j < dl.

S—T

lem((xq, -+ Tg,Tay -+ - Ta,_, )" Pw*, (Th, - - - 2k,) 7 Pw7)

('rkl e xkj)a_jbwj

= (wa to xQT)(]_S)b(wdl T a”.ds—r)a_Sb

o (14, -wq,)" 0w, dy < ... < dg with k; < d;.

lem((xq, -+ - xa,)* Pw?, (vg, - - - k)" 7Pw?)

— = (zg, -+ xq. )
(a1, -y (i)

In all three cases above the resulting monomial is among the generators listed in the right
hand side monomial ideal.
Degree j :

[ ] (xklﬁxk )a_jb$da_jbwj,d¢{kl,...,kj}, d<kj, cG{l,...,j}.

J

lem((xg, -~ T, - . p,) " PPag W, (g, - apy)0wT) a=ib
=Ty

('Tkl . ij)a_jbwj
Again we conclude as before.
(b) DEGREE JumP: j' =j+ 1

We now consider the case where the degree goes up, that is, one is dealing with

in(Hp7 M) = (21 )00

We go through similar calculations as before. In each case below the resulting monomial is

among the generators listed in the right hand side monomial ideal.

Degree 1:
° ngbu), d¢ {1,...,j—|—1}.
lem (2% bw, (2 - - 241 )0~ UHDbI+1) _a
(21 -+ - 1j41)a=G+Dbyi+1 S d
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o 297w, de{l,... . j+1}.

].Cl’n(x*gibu]7 (Il N Ij+1)a_(‘j+1)bwj+l) jb

- - =X
_ d
(xl v xj+1>a (J“rl)bwj-l-l

o 2%y, d¢ {1,...,7+1}.

lem(agyo, (21 25,0)*” U0
(ml P :L'j+1)0«*(].+1)bwj+1

a
= xdyv

Note that %y, = (z4y,)z5".

o 2%y, de{l,...,j+1}.

lem(zgyo, (1 @j51)*” V0wt LGHDb
(21 @jypq)0 G HDbypi+l d

v

)b jb

Note that :I:EljJrl yo = (zhy, )27 .
Degree s (2 < s < j):
o (14 - 1y)" w® with {q1 < --- < ¢} C{1,...,5+1}.

lem((qy - q,)**Pw®, (w1 -+ @y )" U TP

(Il e Ij+1)a_(j+1)bw‘j+1

(j+1—s)b

= (Tqy *+* Tq,)
o (14 TyTay  Ta,_ ) 0w {q < - < q} C{l,....5+1}, d < ... < ds, with
j+1<d.

lem (2, - - g, @ay -+ T, )W, (w1 - wy00) " U
(1'1 e mj+1)a_(j+1)bwj+1

= (xtn t 'Iqr)(j+1_s)b(xd1 i 'xdsfr)a_Sb

o (wgy -+ g, ) %w®, dy < ... <d,_, with j+1 < dj.

lem((2q, -+~ 24,)*"*"w?, (1 - 240) " U0l
(xl e xj+1)a*(j+1)bwj+1

= (24, +7a,)" ™"

To conclude the present case of degree jump, we stress the limit situation where the degree
jumps to the highest possible degree of a Sylvester form. It is convenient to separate the two

basic settings:

SETTING a > nb.
The expected outcome is in(H(2, ..., n) : in(H}") = (zy,...,2,) " Y°S and the calculation

of the required least common multiples is included in the general calculation above, setting j = n.

SETTING a < nb, (p—1)b < a < pb.
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pb—a

Here H;’“"p = wP — (Tpy1 - Tp)P(w1 - 2,)P" "y - - - y,. The typical expected generator has

one of the following forms

a—sb

a—sb
a'nd (qu e ','Cq'rxdl T xds—r) )

(mrl T sz)

where s € {2,...,p—1}, re{0,....,s =1}, {rm<---<rCc{l,....p}, {ga << ¢} C
{1,...p}, {di<---<ds,} CT{p+1,...,n}.
Here is the calculation for this setting, according to the external degrees of the generating

monomials:

Degree 1:

o 297w, d¢ {1,...,p}.

lcm(xg_bw, wP) wb
wP
. xg_bw, de{l,...,p}.
lem(z% bw, wP) b
wP
o 2%y, d¢ {1,...,p}. e |
cm(zgyy, wP)
T = TqYv
Note that x%y, = (xgyv)xg—b-
o 2%y, de{l,...,p}.
lem(z%y,, wP) "
Note that 2%y, = (zhy,)z% .
Degrees (2 <s<p-—1):
° (;L‘ql .. .xqs)afsbws’ {Q1 < e <& QS} C {17 o ’p}
lem((gr - )", w?)
; :(xlh""rqs) b

wP
o (14 Tylay  Ta, ) 0w {qg << g} C{l,...,p}, dy < ...<ds, withp < d;

lem((2g, - - g, Tay -+ Ta,, )"~ *"w", wP)

_ a—sb
wp - (qu T 'CEQT':Edl T xds—r)

o (xg, - 1q )W, dy < ... <d, with p < d;

lem((xg, - -+ 2q,)* Pw®, wP)

WP = (xdl T xds,»)aisb

This concludes the proof of the proposition.
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2.3.3 Proof of Proposition 2.2.4

We just have to prove the inclusion D since the inclusion C follows from it by applying
Lemma 2.2.1 (ii).
Again, we deal with two cases, according to the established sets of generators for the right

hand side of the stated equality in either (a) or (b) of Proposition 2.2.2.

Same degree

o 2% s=k;+1,...,n.

m?*bH‘fl,---,k' — (.Tkl . xkj)a*jbwjfll;s + xz;(jil)bp(k‘l, o 7]{:]" S)bysH;?E,l...,kj
+P(k17 7kja S)jbxgj_l) Yky Yk; Kkhs
[ ] l’(i_l)by S = 17 v J
gIT PR T ) I Ly, 4 Pk, s )y, HE

° (Irl"'xrs)(j_s)b, Se{l,...,j—l}, {7”1<"'<7’5}C{]€1,...,/€j}.

(j—s)b prkis-kj — — a—7jb, J—8 TJT1,..-,T
(le"'x’r’s) H] — (xkl...xrl...xrs...xkj) W HS 9.}-

sb kl:-“v'f‘\lv--'aﬂy"':k]’
P(ky,....r, o0 rs, oo, k) Yry - Yr H

¢TI < Ky

a—jb rrk1,-ki _a—jb gk, k; \jb
xy ) H,; =z, "H; — P(r Ky, k) Yk Yk Koy -
Oflj'?ijb,k’i<7“<ki+1,izl,...,j—l.
wg—ij"ﬂw,kg‘ _ xzfijl'ﬁl7k2,~~~,kimki+1,-~~J€j
J i+1 J

- P(kb ) khra ki-l—la ) kj)jbykl e ykzy/k:lykwg o 'yijﬁkiJrl-

o (g 2g) V" (@a, o wa, )

Since this case is a lot more involved than the previous ones, we chose to formulate it as a

lemma.

Lemma 2.3.1. Fiz an integer 2 < j < p — 1 and an ordered subset {ki,...,k;} C {1,...,n}.
Let there be given integers s € {1,...,j—1}, r € {0,...,s—1} and ordered subsets {q1,...,q.} C
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{k1,.. . k;} and {dy,...,ds—} C{1,....n} \{k1,... k;}, with k; < dy. Consider a 2-partition
of {kv,....k;} \{a1,...,q-} by ordered subsets {km,,... , km,_,} and {ny,... ,n,_.}. Set

Q = P(kla ceey kj? d17 cee adsfr)jb (xlh e er)(jis)byql e yqrykm1 T ykmj, .

s

Then

. _ ki,....k; s
(:qu T xfh)(] S)b<xd1 e xds—r>a Sijl ' = (kal T ka —s mnl e xns r)a 7

. J=8 I7q1,,qr,d1,..sds—r
w! " H]

+P(/€1, ceey k‘j, dl, . 7ds—r>8b . (xnl L $ns,,.)a_(j_s)b

k/"ml 7~~'7km i
J S
Yar * Yar Yy~ Yo, 1

+ Z ($”c+1 e 'xnsﬂ)a(ZEdl ce mdc71)a+(j_s)b(l'dc .. 'Ids,r)(j_s)b )
c=1

Ydesr " Yds—rYn1 ** Yneor Kne de»

with the convention that gy = Yn, = Tn,_,.; = Ta,_,., = L.

Proof. Although the above expression is verifiable by expanding the right hand side, the idea
to get at it is by no means obvious. Since similar expressions will appear in the sequel, we will

now explain its main core. Thus, first write

. b rrk . _
(g, -+ g )V (g, -+ g, ) THN = (g, wg, )T (g, - wa, )T
- ((zk, - ~~xkj)“_jbwj — P(ky, .. k)Y g, - Y, )
= (T, T Tg e y) T (g, - g, ) (2 -+ a, ) W (2.9)

—(xq, - -:Eqr,)(j_s)b (g, - -xdsfr)‘”(j_s)b P(ky, ... kj,dy, ... cds_ )Yy, - - Yx(2.10)

Next, we rewrite each of the numbered expressions above. Using the partition explained

above, one can write

a—jb , =5 [7q1,sqr,d1,..,ds—
(B T, T+ O = e enics

= (,’L‘kml e kaj‘75 xnl e gj‘ns_r)(l*jb w.]'*s ((qu e qu xdl e xds_r)afsbws

—P(q1, - @rydy o der) Yy Yg, Yay Y,
= (Thy ++ Tq Ty 1ky) T (g 2, ) ™ (@, - @, ) W (2.11)

—P(ky, .. kjydi, o o) (T v Tk, Ty T, )T (212)

j—s

“Yq o Ygr Ydy 0 Yds

The first numbered expression above is exactly the first numbered expression in the previous
display. However, the second numbered expression above does not coincide with the second
numbered expression in the previous display, so there is a little more to pursue in order to cancel

this expression by bringing up an expression involving another Sylvester form:
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—(7—s km ---7km'75
P<k17 Tt k.]? dl’ e 7d5—T)Sb (Inl o xnsfr')a (] )by‘h U y(h ydl U ydsf'rHA ; !

j—s
- P<k17 Tty kj? dl? st 7d$_7')8b (xnl e xnsfr)a_(j_S)by(h e y(h‘ ydl e yd.sf'r
. ((kal .. .kaj_s)a—(j—s)b w s — P(k‘ml, o 7kmj—s)(j_8)b Yhom, .yk"flj—s)
= P(k1,. .., kj,dy, ... de)* (Thy, - Ty, Tyt Ty, ) Ui s

.yql."yqrydl".yd‘s—r

Pkt Ky o P ()9 (@ ) (2 )
Yar Yoy Yoy Yh, Yy " Y

= P(ky,... kj,dy, ... de)* (Thy, - Ly Ty Ty, )0 Ui s (2.13)
“Yq o Ygr Ydo v Ydo

~(@ny ) (@20 ) Qyay  Ya (2.14)

Now, expression numbered (14) is same as expression numbered (13), but expression (15)
still has way to go. In the subsequent steps we resort to Koszul generators as tags, namely,
firstly,

. b
:CdO (xdl e xds—r)(j S) Q de e yds—r ynO Kn17d1
=1 =1

- (xnl e xnsf'r)a ('rdl e ‘/L‘dsfr)(j_S)b Q ydl e de,T (215)
)a a+(j—s)b

Tq, Ty 2o ) Qg -+ Yo, Yy

The procedure establishes an inductive argument by which one monomial term is canceled
against a next term in an expression involving a further down Koszul form. To obtain the final
combination in terms of earlier Sylvester forms and Koszul forms, one resorts to a summation
of expressions of the same type where the first summand is the expression in the last line of the
last display and the last summand recovers (11). This explains the final form of the required

expression as stated. O

Degree jump
Now j/' =j+ 1.

° x?‘b

, S=7+2,...,n.

1,09+ _ a—(j+1)b, i
Hj+1 = (21 2Tj41) w’ Lg

a—b
xS
a—jb ~ b 2,..,5+1

+ 2 (T e Ty Ty ) Y H
(]+1)bx'§b

+ (xj+2‘ L1 T Lg41 xn) Yo - - 'ijrlKLS'

34



° xgb, s=1,...,5+ 1

et

7b ~ e Na—GHDb G T ()b L1
v H; = (21 L1 Ty Tsg1 -~ Tjy1) W Ly — (Tjs2- - Tn) ysHj )

o (2, -2, )0t wheres € {1,...,j} and {ry,...,r,} is an ordered subset of {1,...,j, j+

1.

J
+ P(l,...,j+1)byrl---yrsHjHi; Bt

]-‘1—1—8 b 117]?]-"—1 — a— ]+1 b J+1_5 T1,.-5T,
(:L‘Tl-”xrs)( )Hj+1 = Pi(ri,...,ry) (Db Hy ’

where the lower index j + 1 in the first P indicates that the product of the variables is
over the complement of {ry,...,7rs} in {1,...,4,7 + 1} (and not in the entire {1,...,n}.)

o (g o wg )P (@, g, )

One applies the hypotheses and the conclusion of Lemma 2.3.1 with the following changes in

the numerology:

{kmla s 7kmj75} ~ {mb- - 7mj+1—s}

7~ j 41, in all appearances of j in a subscript or exponent.

Finally, we stress the calculation when the degree jumps to the highest degree in the sequence
of Sylvester forms. Once more we only display the case where a < nb, (p — 1)b < a < pb, since

when a > nb the result is embedded in the general discussion of this case.

a=brrl,....o _ , p—1 b -~ pb—a 1,...,7...,p
wy P Hy P = wP T Ly A (g ) (T Ty )P My H )

° xg_b, s=p+1,...,n.

a=brrl,...p __ , p—1 pb—a -~ b 1,....p—1
vy Hy P = wPT L+ (21w ) (TpTpr1 - Ty )y H

+l’gp_1)b(xl N ‘xp)pb—a<xp+1 e Ty .xn)Pbyl ey 1 K s

o (1) Tyeoowy) P =1 .

(:Ul Tt Z/‘\T Tt a:p)a_(p_l)bH;wwp —= wH;:-i7?7.."p —|— :C'Ir’)b_a(xp-i-l PP xn)(p_l)byl [N g; .o prT
° (qu .. .:L»qs)afsb7 {Q1 < e < QS} C {1’ L ’p}.

a—sbrrl,...p __ ., P—SITq1,---»q
(Iql...xqs> Hp = W Hs s

PR T “ e o P pb—a e sb .. 1"“)6\1"“)6\57“'717
+ (11 Lqy Lgs xp) (Tp11 Ty) Yaq Yo H,
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o (14 Tya - Ta, ), where s € {2,...,p—1},r€{0,....,s —1},{pn < ... < ¢} C
{1,...;php<dy < -+ <ds_,.

This case follows the pattern of Lemma 2.3.1, with the following changes:
{k1,.. . k;} ~{1,...,p}

{mq, ... .m_s} ~ {mq,...,m,_s}

J ~» p, in all appearances of j in a subscript or exponent.

However, there are some changes in the coefficients of the final expression. We write this

expression for the sake of completeness:

a—sbrrl,..,p __ D=8 ITq1sGr,d1,..sds—
(qu T xQTxdl T $d377.) Hp =w HS " o

sb b—a
+P(q, - Gy, Mgy dyy e g )T (T e Ty, )P
mly Mp—s — pb
.yql . ‘yqr'ydl yds r _ _'_ Z .:Cp+1 des - . .xn)

.<xdcfl U xdsf'r)a(xdl U xdsfr)(p S)b(l‘ml e xmpfs)pb ¢

.(l’nc+l ce gjn57r>1’3b(xnl e ‘Tnc)pb_a(qu . xqr)(p—s)b

Y o YgrYma *  Ymyp_Yni " " Yne_1Ydeqr ydszKnc#ic’

with the convention that x4, = yn, = ¥pn,_,,, = v4,_,,, = 1.

o (x1-mjxy,,, xy, ) P with j € {0,....,p—2}, ke {j+1,...,p—1}and ry €
{p+1,...,n}.

This case still follows the general shape afforded by the result of Lemma 2.3.1, except that,
besides changes in the x-coefficients, the Sylvester tag of one of the terms degenerates into a

syzygy generator Lj,.

. . . a—(p—l)b 1,....0 __ 17"'7j771j+1’~~~77'p71
(w1 2y 2y, ) H, P =wH,"|

pb—a — — (p—1)b
+xj+1 (x]+2 e x"’j+1 [N pr—l e xn) yl [N yijj+1 [N yrp_le+1
p—1— J
E _ ypb—a( . b atb b
+ xJJrl ijrC) (xj+c+1 zp) (xrj+1 ijjucfz) ($T1+c71 xrp—l)
(xp-‘rl Lrj Lrp_y xn) Y1 Yj+e—1Yrjic yTpflK]"l_CJ’j-Q—c—l
Nl pb—a atb,.b T R - b
+("L‘l U {L‘]) (x]+1 xp) (xrj+1 pr*Q) $Tp71($p+1 Lrjy Lrp_y fn)
Y1 Yp— 1Kp7"p 1
This concludes the proof of the proposition. O
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Chapter 3
b-Uniform case

In the general case of [22, Conjecture 4.15], the ideal has the form

I= (29, .. 2% 2% al) € R=k[zy,... x,),

) n

where a;, b; are integers such that 0 < b; < a;, for 1 < i < n.
We will informally refer to the integers a;, b; as the defining exponents or, simply, exponents,
of I.

3.1 Reshaping

As a preliminary, we wish to show how to reduce/rescale the given shape to easier ones at

the cost of changing the ideal exponents or the ambient polynomial ring.

3.1.1 Reduction to non-absent b;’s

It may happen that some b; vanishes. This preliminary lack of symmetry is a nuisance in the
calculations, so we would like to deal out with it. Next is a procedure that aims at the impact
on the various pertinent algebraic structures.

Let us assume, without loss of generality, that b, = 0.

Setting [ := (z%,.. 2% a2ty € R := k[x1,...,2,_1), one has I = (I,2%")R.
Writing

Ri(I) = R[z9T,. .. at T, 2% - 2 T) < R[T],

one has

Rr(l) = (Ra(l))[wn, 23 T].

In terms of external presentation, letting ¢; — 25T (1 < i < n) and w — 22 ---2""'T, one

obtains

Rp(D) = Ry, ... tar,w)/T, A= (mtl,...,tn_l,w]/j) (2] — Re(I).
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Since the Koszul relations K := {29, —z%t;(1 <i < n—1),2% - 2" 't, — 2% w} are relations

of generators of I, one has a surjection
A/(K) = Rr(I)

of finitely generated k-algebras, the target being a domain.
CONJECTURED CLAIM: This surjection is an isomorphism.

To see this one shows that the Koszul ideal (K) is prime on A. For this purpose we recall

some further structure. Namely, set
B = (R [tl, . ,tnfl,U)]/j) ['xznatn] c A.

Then B is still a polynomial ring in the new variables %", ¢, and (K) is an extended ideal from

B. As an ideal in B it is the presentation ideal on B of the symmetric algebra of the cokernel C

of the (R[ty,. .., tu_1, w]/T)-module map defined by the matrix

al QAn—1 b1 bnfl
O R > R )
M =
—tl . _tn—l —Ww
This matrix has rank one on R[ty,...,t,_1,w]/J because its 2-minors are elements of the

presentation ideal J. Therefore, K : I; (M)> is the presentation of the Rees algebra of C on B.
However, K has codimension one, while I;(M) has codimension 2(n —1)+1—(n—1) =n > 1.
If we prove that IC has no associated prime of codimension > n, then K : I;(M)>* = K. This
gives that C is of linear type, and hence K is prime since B is a domain.

Thus, it remains to prove:

(a) Any associated prime of K on B has codimension at most n — 1

(b) The extension of K to A remains prime.

The proof of (b) should hopefully follow from the fact that the extension B C A is integral.

As for (a) one needs a subtler look.

Conjecture 3.1.1. depth(Rg(I)) = depth(Rz()) + 1.

Since the corresponding dimensions differ by 1 as well, a consequence of the conjecture is
that the question of almost Cohen—-Macaulayness is inductive, and hence one may conjecturally

assume heretofore that b; # 0 for every 1 < i < n.

3.2 The top associated a-uniform ideal

This part does not describe a true reduction. One introduces an a-uniform ideal closely
associated to the original ideal I as above. (As discussed previously, one is lead to assume that

no b; vanishes, although this will play no essential role in this part.)
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Namely, given I = (x7*,... ,a:fl",xlil ---xbn) | we assume that a; < --- < @, := a. Then
introduce the subideal I*P := (x¢,...,2% 2% ---2P) C I, to be called the top associated a-

uniform ideal — note that, if I were b-uniform then I*°? would be fully uniform.

We proceed the relation between the respective Rees algebras.

Let y1,...,yn, w (respectively, Yi,...,Y,, W) denote external variables for I (respectively,
I'°P). Then the presentation surjection R[Y1,...,Y,, W] — R[z¢T, ..., x0T,z - - 2T, with
Y= 2T, W — ght b T factors as

RYi, ...,V W] 5 Ry, .. 2"y, Y, 0] (3.1)

—  R[2T,... x0T, ab - 2T,

where p is the R-homomorphism defined by Y, — x?iaj y;, W +— w, while the second one is the

restriction to R[x{ “y1,..., 20 1" "Yn_1, Yn, w| of the presentation surjection Rlyy,. .., Yn, w] —»
R[z9T, ... x0T, 2% ... 2T noting that the image of this restriction is indeed the Rees algebra
R[2ST, ..., 28T,z - - a2l T of ItoP,

Now, p in (3.1) is in fact injective since the image is generated by n + 1 algebraically inde-
pendent elements over R. Since the second surjection is restriction, then up to the identification
through the first isomorphism the presentation ideal of the Rees algebra of I'*°P is the pullback
of the presentation ideal J of the Rees algebra of I. In other words, the presentation ideal of
the Rees algebra of P on R[Y,...,Y,, W] is the lifting through p of the ideal

TN Rz 1, e Yne1s Yn,y W),

It remains to clarify the latter ideal and derive some comparison between the respective

homological invariants of the two ideals.

3.3 Reduction to the b-uniform shape

In this part, given generators of the ideal I C R = k[zy,...,x,] with arbitrary exponents,
say, I = (29,... 2% 2% ... 2P) we reduce to the case where by = --- = b, = b — we call the

obtained format a b-shape.

Inspired from the previous sections, we will assume that b; # 0 for every 1 < i < n.

The background idea is simple: one introduces the following endomorphism of k-algebras
u: R — R defined by the assignment u(x;) = xf(bi), where o(b;) := [[;,; bj. Obviously, u is
injective since the image is a k-subalgebra generated by n algebraically independent elements.

Clearly, u(z?) = a2, for every 1 < i < n, where b = [[;<,, bi. It follows immediately
that the ideal generated by the image of I is the ideal I’ := (;‘fq, Ll (21 -+ 1,)?), where
a; = o(b;) a;.

Lemma 3.3.1. With the above notation, extend the endomorphism u to a k-endomorphism i
of Rly] = Rly1, ..., yn, w] by setting (y;) = y;, W(w) = w. If J denotes the presentation ideal
of Rr(I) then:
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(a) The ideal of R[y| generated by s\(J) is the presentation ideal of Rr(I’).

(b) The two presentation ideals have the same number of minimal binomial generators with

the same y-degrees throughout.
(¢) The ideals I and I' have the same reduction number.

Proof. The argument follows closely that of [38, Lemma 2.1]. Note, however, that here one
proceeds in the reverse sense: while there the exponents were blown-down, here one blows them
up.

(a) Set S := R[T]. Let K(I') := I,(T - Ko(I")) (respectively, K(I) := I,(T - Ko(I))) stand for
the ideal generated by the set of binomials coming from the Koszul relations of I’ (respectively,
I), where ICy(I") (respectively, Co(I) ) denotes the matrix of the Koszul syzygies of the generators
of I' (respectively, ).

Recall once more the assumption that b; # 0, Vi = 1,...,n. Since J' = K(I') : I'™®
(respectively, J = K(I) : I*°) then it is easy to see that J' = K(I') : (x‘fll)oo (respectively,
J = K(I) : (2{*)*). On the other hand, it is clear, by definition, that U(K(I)) = K(I).
Therefore, J" = U(K (1)) : (517(11/1)00.

Clearly, then $(7) = UWK(I) : (z{*)>®) C J'. Conversely, we claim that every binomial
H' € J'is of the form H' = {(H), for some binomial H € J. Thus, let H € J’. Without loss
of generality on can assume

/ / ’
I Xp rpry Bp+1 B Ap+1 al, b1 B
H _:L'l ...xp Tn+1Tp+1 ...Tn'L_:L'p+1 ...wnnTI ...TpP’

where o, 5;,7 are non-negative integers (some possibly zero) satisfying the exponent equations:

al+b = Bsal, for1<s<p
a = [a;+b, forp+1<t<n.

Since a} == o(b;) a;, Vi=1,...,nand b:=[],,., bi, then of = o(b;)a;, simplifying by o(b;)

all of the above exponent equations, one obtains

Os +/7bs - Bsam for1<s< p
Brag + by, forp+1<t<mn.

7

meaning that
H' =(H),
where
H=z1" 'f'fnglHTfﬁl o Tf’n _ xzﬁl .. .xznTI& e Tf” cJ.

(b) Let G € J be a binomial minimal generator. Write

UG) = ph(Gh) + -+ + gt (Gm),
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where G; are binomials in J and g; € S.

Keeping in mind that (G) is a binomial, let in($4(G)) = cx?ll = -xg;’TgHTfﬁl - Thrn stand
for the leading monomial of $(G) under some monomial order on S, where ¢ € k\ {0}. Then this
monomial must be multiple of some monomial M’ in S and another monomial N’ in S effectively

appearing in one of the binomials G;. Since N’ divides in((G)), then it must be of the form

I El o 2l ﬂPJrl B
N _xl ...l‘p an+1Tp+1 Tnn,

Wherea’szasZO, 72720,andﬁt23t20. Then

M= T e
From the exponent equations for o/ and o/, for 1 < s < p one has o, + yb = S,a’, and o/, +7b =
B.a’, giving
L=l = (B, —B)a,— (v —7)b, 1< s <p.
Again, since a; := 0(b;)a;, Vi=1,...,nand b:= nggn bi, then o/, — o5 = o(b;)ps. So we
obtain
M' = u(M),

where

Pt e =Bt =Bt BB,
M = cxf G M T .

Since 4 is a ring homomorphism we get
L[(G — MGl) = (91 — M’)ﬂ(Gﬂ + ggﬂ(Gg) + -+ gmﬂ(Gm),

with in(4(G — MG;)) < in(4(G)). Inducting, one gets G € (Gy,...,G,,), contradicting the
minimality of G. So (G) is also a part of a minimal generating set for J.
,x%) is a reduction of I with reduction number r.

Set f = - -zl Since I = (J, f), then I"*' = (JI", f+!), hence f™' € JI". Similarly,

I = (J'1m, 1), where J' = (95‘11/1, . ,x?ﬁl) and f' = (21 - x,)" Applying & to fr+t € JI"

yields f"t1 € J'I'". Therefore, J' is a reduction of I’ with reduction number at most r. But

(c) Let us assume that J := (z7',..., 2%

since Yl is injective, we can reverse any inclusion f"**! € J'I’* back to f**' € JI®. Therefore,

the respective reduction numbers coincide, as stated. O

3.4 b-Uniform with exponents > nb

In this section we take up the b-uniform case as obtained from the general case assuming
the non-vanishing of the b;’s. Thus, one has I = (z{',...,2% (z,---x,)"), where a;,b are
integers such that 0 < b < a;, for 1 < 7 < n. Moreover, without loss of generality, suppose
b<ar <---<a,.

The goal is to prove that the Rees algebra of I is again almost Cohen—Macaulay under the
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additional assumption that a; > nb, V¢ =1,...,n. The gist is that with this extra hypothesis
the proofs follow pretty closely the ones in the completely uniform case dealt with in Chapter 2.
We actually follow the script of the proofs used in the previous chapter pointing the very few
modifications.

Next are the main results needed to prove that the Rees algebra is almost Cohen—-Macaulay.
We will comment on the slight differences between the proofs of the present results as compared

to the ones argued in Chapter 2.

Proposition 3.4.1. Let I = (zf',...,2% (21 -2,)%), with 0 < b < a; < -+ < a, and
an—1

a;>nb, Vi=1,...,n, then Q = (xf* — a0, ... &0 — a0 (z1-- x,)°) is a minimal reduction
of I and redg(l) =n — 1.

Caveat: both the statement and its proof follow the pattern of Proposition 2.1.2, (b). Note
the slight difference in the form of the generators of the reduction Q).

Next is the basic theorem on the shape of the binomial generators of the Rees algebra. This
theorem generalizes Theorem 2.1.4, (b) — since an explicit proof of the latter result has not been
given, we now furnish a proof in the present context.

We will use the following lemma, which is an analogue of Lemma 2.1.3.

Lemma 3.4.2. Any binomial in T belonging to a set of minimal generators thereof is of the

form
) Qg Qijg
m(x)w’ —n(X)y;," -y
where m(x),n(x) are relatively prime monomials in X = x1,...,x, and 1 <i; < -+ < iz, < n,
Oéij > 0.

Caveat: The proof is the same as the one of Lemma 2.1.3, with a modified grading attribut-
ing the following weights to the variables: deg(z;) = 1, deg(w) = 1,deg(y;) = a; — nb+ 1 since
a; >nb, ¥V j=1,...,n. Note that with these weights the basic binomials

; a; . . . .
KiJ = m?lyj - xjjyh 1] € {17 .- 777’}7 <],

Li = 2% Pw — P(i)by;, i€ {1,...,n}

(]

are homogeneous in S := R[y1, ..., Yn, w].

Theorem 3.4.3. Let [ C R = k[xy,...,z,] be a ideal b-uniform. Then the polynomial ring
S:=R[y1,-..,Yn, w] admits a grading such that the presentation ideal Z of the Rees algebra of I
over it is generated by homogeneous binomials in this grading. Moreover, any minimal binomial

generator of external degree ¢ can be written in the form

i, —0b is—0b . .
x?ll T x?gé w6 - P(Zli AR 726)51) yil te yia; (32)

where 0 < n. (no convention needed in this case since for § = n, there is no x-term on the right

hand side).

42



Proof. Start with generators of the presentation ideal of the symmetric algebra of I. It is easy
to see that the syzygies of I are generated by the Koszul relations of the pure powers z7*, ..., %"

and by the reduced relations of (- -x,)” with each one of the pure powers. In other words,

LCS=R[y,...,Ynw|is generated by the binomials

Li = 2% 'w — P(i)by;, i € {1,...,n}.

(2

Now, these binomials are homogeneous in S by attributing the following weights to the variables:
deg(z;) = 1, deg(w) = 1,deg(y;) = aj —nb+ 1 since a; > nb, ¥V j = 1,...,n. Therefore, £
is homogeneous for these weights. Since Z = £ : I*® and [ is monomial, it follows that Z is
generated by binomials which are homogeneous as well under the same weights. Indeed, one has

the string of inclusions
I=L:I*CL:(x)*°CT: () =TI,

the last equality because Z is a prime ideal. Then by [11, Corollary 1.9], Z is generated by
binomials and hence by homogeneous binomials as x; is homogeneous of degree 1.

By Lemma 3.4.2; a binomial in Z belonging to a set of minimal generators thereof is of the
form

m(x)w5 — n(x)yzi1 X '?JZiS,

with 1 < i; < -+ < i, < n, o;; > 0, and m(x),n(x) suitable monomials in R such that
ged{m(x),n(x)} = 1.

We now observe in addition the following three principles:

e w corresponds to a monomial that involves all variables of R; this implies that the mono-

mial n(x) must involve the variables indexed by the complementary subset {jsi1,...,jn} =

{1,...,n} \ {i1,...,is} and, since ged{m(x),n(x)} = 1, the variables effectively involved in

m(x) must be indexed by a subset of {iy,...,is}. Therefore, the monomial has the form
d'L dis ) cis in Qi is
xill DY xls w _ xjs+tl D :L‘:i yzl 1 DY yz
for suitable exponents d;, > 0, for [ = 1,...,s (some of which may vanish) and ¢;,, for k =
s+ 1,...,n (which are positive).

e Weighted homogeneity implies the equalities

) -+ idll = i(ail —nb + 1)Oéil + i Ci, (33)
=1

=1 k=s+1
since a; >nb, Vi=1,...,n.
. . Cj . .
Moreover, since upon evaluation the powers xji’“ on the right hand side can only cancel

against the ones coming from w® on the left hand side, we see that c;, = db for every k. By the
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same token, d;, = a;,a;, — b for every [.

e Lastly, since the Rees algebra Rg(I) is also standard graded over R = Rg([)y, we may
assume that the binomial is homogeneous with respect to the external variables (however, we
warn that Rg(I) is standard bigraded over k if and only if a; = nb, Vi =1,...,n). This means

that 6 = Y;_, o, a formula already found in the above lemma.

So we can assume our binomial to look like
ary 0tpy —6b argoug—0b, 0 O

sb, ar
Try R W’ — (wp 2y, )Y ey, Te €41,...,n} and o > 1.

Denote the form above by H, in this case H can be assumed as one the types:

TypeZ(Jl77]l)7O§Z§nlejl:Ejjw _'CC]Z]Jr-’l_lxji yllllygv 6]1>0’7/B]2>07
with 8; < a;, j =1,...,n, otherwise replace j3; of 5; — a;.

Suppose that § > n.
Note that H is not of the form H = w® — 2" - - - Bry® ... o Because,

5b:ﬁi+aiozi, Vizl,...,n,

then,
n(Sb:Zﬂi‘i‘ZaiOﬁ ZZ@'—FM(ZO@) > > B+ a0,
i=1 i=1 i=1 i=1 i=1
then,
ZBZ <do(nb—ay) <0,
i=1
absurd.

If H is the Type i(j1,...,7:),1 <i <n, we have
ﬁh + 0b = 5, Ay,

ﬁji + b = Qj; A,

ob = ﬁjiJrl + Qg1 Qjigq

ob = B, + aja,
Note that a;, > 1, r =1,...,1, otherwise, ;. = 0, absurd.
If aj, > 1, k=17+1,...,n then replace y{" - - - yo» in H with

a;—1 ap—1

W

T g — T T ),

ie.,
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Bt - i
ol gyt g gy gt by
_ Bjit1 Bin , a1— an—1 a1—nb an—nb, n
T T N1 “Un (yl"'yn_l'l Ty w )
P e T g ),
Since that Z is prime,
(xffl . ~x§j"w5*" — L «x?ji_nbxjﬁle”fnb x ~$?i”+ﬁj"_nby(flf Yy ) €I,

the result follows of induction on §.

Ifa;, =0 k=1..,¢<m-—i—1) withm € {i+1,...,n} and oy , > 1, e =
L...,(n—i—1—¢q) <nwithm, e {i+1,...,n}\ {mq,...,my}, then

Bj,., = 6b>mnb> (n —q)b.

Therefore, replace xf:nll ez Tyt - ySm in H with

qu

B./ml (n—q)b o xﬂjmq *(”*q)byal_l o %dmy Qimg Hp =1 Mp—i—1—gq a,—1

. . .. o . (n—q)b
oy Jma 1 Vi Yimg Vi Yjs " Yn )

(T, = T,

(yly]"m\l y’j:q ...yn)_(xl...3;/],;...x/j;.,,xn)af(nfq)bwnfq+(xl...x/jz...x/j;;...xn)af(nfq)bwnfq]

and proceed as in the previous case.

Thus, we assume that § < n:

Type 0: H = w’® — xf Pyt ...y We have seen that this type doesn’t occur.

Typei(jl,...,ji),lgzgn—lz

H=uz;" -z w _szﬂl" 7yt ey, By > 0,0, 85, > 0.

Then we have
ﬁjl + o = Q5 Ay

ﬁji + b = Qj; A,

ob = 6jz‘+1 + Qg1 Qjigq

Again, note that o, > 1, k=1,...,4, otherwise, 8;, = 0, absurd.
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If § <4 : this case doesn’t occur. Indeed, § = 22:1 o, > 1.

If § =i : in this case we have a; = --- = ;, = 1 and o, = --- = a5, = 0. Consequently,
Bj, = aj, —ib,...,Bj, = a;, —iband §;, , = --- = (3;, = 1b. Therefore,
H=2"" a9 (g Yy
=T Ly w Ljirr " Ljn) Yjn = Y-
If 9 > 7 : this case doesn’t occur. Indeed, since § < n, we have oj,, =0, Vm =1i+1,...,n,

otherwise, 3;, = 0b — «;,,a;,, < 0, absurd. But, being 6 > 7 and o;, > 1, Vk =1,...,7, we
have that there r € {1,...,i} such that a; > 1. Consequently, 3, = «j.a;, — b= a;, + (a;, —
L)a;j, — 0b > a;,, (since a;, > nb) absurd.

e Let H be of Type n.

Then we have
51 + ob = 141

6n+6b = Qpay
Again, note that o; > 1, j = 1,...,n, otherwise, 8; = 0, absurd. Consequently, 6 = n and

a;j =1, Vj=1...,n, sinceézzyzlozj. Therefore, 3; = a; —nb, V j=1,...,n and

_ _a1—nb an—nb, n
H7x1 ...l'n" w _yl...yn'

This concludes the proof of the theorem. O

Theorem 3.4.4. Let I C R be a b-uniform monomial ideal as above and let r denote its reduction

number as established in Proposition 3.4.1. Then:

()2 ()

quasi-homogeneous binomials, where r is the reduction number of I; of these, (Z) are the Koszul

syzygies of the generators of I and the remaining ones are each a binomial of the form

(a) Z is generated by

ai, —6b aig—sb

U1yels . : \db
H; =Ty B w® — P(it, ... ,05)" Yiy - Vi,

where 1 < § <r + 1.
(b) Moreover, each binomial in the previous item is a Sylvester form obtained in an iterative

form out of the syzygy forms.
(¢) The relation type of I is T+ 1.

Thus, as in the uniform case, the above results show that the Rees ideal is generated by
Sylvester forms. Using the same notation and same ordering of the Sylvester forms as in Sec-

tion 2.2, the remaining statements hold, namely:
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Proposition 3.4.5. Let 2 < 5 < n — 1, where n — 1 s the reduction number of the ideal
ICS=kx,.. .. x,], and let iy < --- <i; be an ordered subset of {1,...,n}. The set

Sty .. oyiy) = {Kip (1< i<k <n),Li(1<i<n),Hy*, ..., H"""}

is a Grobner basis of the ideal H(iy,...,i;) = (L, H21’2, e ,H;l""’ij) in the lexicographic order

onw > T, > - > 1w >> - In particular, the initial ideal of H(i1,...,14;) is generated by

—jb

Qi —jb L xaij

{zl'yr (1 < i<k <n), x?iibw (1 <i<mn), x[fl_%xg?_%wz, T

a1 1%

w’},  (3.4)

where j and {z;,,..., 2} flow as in the statement.

Proposition 3.4.6. With the above setting, let Hf,l’m’kj/ € S denote the first Sylvester form

succeeding the Sylvester from H;l"”’ij € S in the prescribed ordering of these forms.

(a) If j =74, one has

: : : - K1,k i—1)b —1b ay—jb | Hkj+1b n— i
ln(H(Zla'--vzj)):ln(Hjl ]): (xl(ejl ) a---vxl(gjj ) 71'3 Jbaxkj{H 7'--7'7:% ba(xn"'wrs)(j 5)b

. — —sb
J—s b adl sb ads—r S
(qu e xqr)( ) mdl N S,

for all k; < u < kiy1,i =1,...,5 — 1 and all choices of indices s € {1,...,j — 1}, r €
{0,...,s — 1}, of ordered subsets {ry < --- < rs} C {k1,...,kj}, {; < -+ < ¢} C
{k1,...,k;} and of an ordered set dy < --- < ds—, with k; < d;.

(b) If j = j+1 (and hence {k1,--- ,kj} ={1,...,j+1}), one has

. . . . 1,....54+1y _ [ 4jb jb ajr2—b an—b j+1—s)b
in(H(i, ..., 45)) in(H ") = ($1a---vxj+1>$jiz x0T (g, YU ®,
. - —sb
N e
(Zg, ** Zq,) T, Tg. . S,

for all choices of indices s € {1,...,7}, r € {0,...,s—1}, of ordered subsets {r; < --- <
red C{L,..., i+l {an < <q} C{Ll,...,7+1} and of an ordered set dy < -+ < ds_,

(In both cases, we adopt the convention that x4 = 1.)
Proposition 3.4.7. With the previously established notation, one has

Ktk K1k

H(il, ce ,ij) cH, = il’l(?‘[(il, ces ,ij)) : iH(H]/ )

J

In particular, the colon ideal on the left hand side is a monomial ideal.

Theorem 3.4.8. Let I C R = k[zy,...,x,] denote a b-uniform monomial ideal with exponents
satisfying a; > nbVi. Then S/H(i1,...,1;) has depth at least n for every tuple iy < --- <i;. In
particular, the Rees algebra Rr(I) of I is an almost Cohen—Macaulay ring.

The relevant proofs are in Appendix A.
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Chapter 4
Binary general forms

Throughout this chapter R := k[z,y] denotes a standard graded polynomial ring in two
variables over an infinite field k. Let I C R stand for an (x,y)-primary ideal generated by 3
forms of the same degree d > 2.

We recall from previous chapters that the depth of R([) is computed with respect to its
maximal graded ideal (z,y, @, I).

The following conjecture is due to A. Simis. Some of the preliminaries introduced here are

due to Simis and S. Tohaneanu.

Conjecture 4.0.9. Let [ C R := k[x,y] denote a codimension 2 ideal generated by three general
forms fi, fa, f3 of degree d > 5. Then the Rees algebra of I is not almost Cohen—Macaulay.

In other words, in the stated hypotheses, one is claiming that depthRz (/) = 1.

The objective of this chapter is to expand on positive cases of the conjecture (very low
degrees) and to give sufficient evidence for its validity as a consequence of other conjectures and
methods. The two important tools used in this part are the Huckaba-Marley criterion and the
Ratliff-Rush filtration. It would seem to us that the conjecture may depend on a refined analysis

of the Hilbert function of the second power of I.

4.1 Preliminaries on three binary general forms

Set R := k[x,y], a standard graded polynomial ring in two variables over an infinite field k.
Let I C R denote a codimension 2 ideal generated by 3 forms of the same degree d > 2. We

consider a minimal free resolution of 1
0= R(—(d+7))+ R(—(d+s)) == R(—d)®> — I — 0, (4.1)

where 1 < s < r denote the standard degrees of the columns of a matrix of ¢. We observe
that I is the ideal generated by the 2 x 2 minors of ¢, and hence one often says that ¢ is the
Hilbert—Burch matriz associated to I and s,r are its standard degrees. Note that the r, s are

numerical invariants of I adding up to d.
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One usually says that a set of forms in a polynomial ring over an infinite field is general in the
sense that the total collection of the coefficients of the forms is general in the parameter space of
the coefficients. Typically, in a concrete situation, this is understood in the sense that one avoids
a contextualized closed set in the parameter space, Such a property is often hard to work with
due to its instability under ordinary algebraic operations. Even the common perception that
over three or more variables a general form is irreducible over k becomes elusive in the present
case of two variables since in this case any form factors into linear forms over an algebraic closure
of k.

The surest way to get going is typified by taking random coefficients throughout. Alas, we
need to perform some operations with the given forms which, by and large, destroy randomness.
Therefore, we have to work with the geometric notion of general as usual, making sure that at
the nearest event the forms still have coefficients sufficiently general as the ones we started with.

Note the usual action of GL(2,k) on forms in R = k[z,y] by means of k-linear change
of variables; this action changes individual forms, hence also ideals of R, but preserves most
algebraic-geometric properties of varieties and ideals.

Fixing an integer m > 1, there is also the action of GL(m, k) on sets of m forms of the same
degree. The latter acts by means of k-linear transformations on the vector space of m-tuples of
forms and give the ordinary k-elementary operations of sets of generators of an ideal. These do
not change the ideal, only its sets of generators.

Since both actions are in terms of matrices over k it makes sense again to talk about general

instances of these actions.

Lemma 4.1.1. Let I C R denote a codimension 2 ideal generated by 3 general forms of the
same degree d > 2. Then the syzygy module of I is generated in degrees d+ |d/2] and d+ [d/2].

Proof. We will induct on d. Since d may be even or odd and our inductive process will pass
from d — 2 to d, we need to start the induction in the cases where d = 2 and d = 3, respectively.
Obviously, there is nothing to show in these two cases as the statement holds by default for any
set of forms in these degrees.

We now proceed to the inductive step, assuming d > 4 for the even case and d > 5 for the
odd case. Up to general k-linear combinations we can assume that the given forms have the

shape

fi = '+
o= 2y + 9’ (4.2)
fa = 2" +y’gs.
Note that the set {g1, g2, g3} of forms preserve almost all coefficients of the original f’s, hence is
general. Their common degree is d — 3.
Suppose Pfi + Qfs + Rfs = 0 is a syzygy. Since fs, f3 are divisible by ¥, one has | P = yP’|,
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for some P’ € k[x,y]. Plugging this in the syzygy equation, and canceling y yields

P'(a" + 1) + Q@™ +y°g2) + R(z" 2y + ygs) = 0.

Then y divides 2P’ + Qz?! = 2471(Q + zP'), giving |Q = yQ' — zP'| for some Q' € k[z,y].
Plugging this back into the above equation, after canceling P'z?, and after simplifying by v, one

has
]DI/ng1 + led—l + yQQIQQ . xyp/gz + Rxd’_2 + ngS =0.

Thus, y divides Q'z¢"! + Rz%? = 247 2(R+ 2Q’), giving | R = yR' — 2Q’ |, for some R’ € k[z,y].
Again, plugging this back, canceling Q'z?!, and simplifying by ¥ yields

P'(yg1 — 192) + Q' (yga — xg3) + R (2972 4+ yg3) = 0.

Note that the coefficients of the three forms {yg; — xg2, ygo — g3, 772+ ygs} of degree d — 2
are almost all of the original general coefficients or sums of these, hence this set is again a general
set of forms of degrees d — 2. By the inductive hypothesis on d they generate an ideal whose
syzygy module is generated in standard degrees |(d — 2)/2| and [(d — 2)/2].

Using the formulas in the boxes, we get two independent syzygies on (fi, fo, f3) of standard
degrees |d/2| and [d/2]. O

Let us read the Hilbert function H;(t) of I off the graded free resolution of I implied by
Lemma 4.1.1:

Lemma 4.1.2. Let I C R denote a codimension 2 ideal generated by 3 general forms of the
same degree d > 2. Then

H;(t) =3Hg(t —d) — Hr(t —d — |d/2]|) — Hg(t —d — [d/2]).
Consequently, setting s :== |d/2|, one has:
(Odd) If d is odd then dim(R/I)3s = 1 and dim(R/I)3s11 = 0.
(Even) If d is even then dim(R/I)35—2 = 2 and dim(R/I)3s—1 = 0.

Moreover, up to k-linear transformations and change of variables, we can assume the following:
o Ifd=2s+1, then y** spans (R/I)ss;
o Ifd=2s, then {y** 2 xy* 3} span (R/I)35_2.

Proof. The Hilbert function easily reads off the minimal graded resolution
0— R(—d— |d/2]) ® R(—d — [d/2]) — R(—d)* — I —0

afforded by Lemma 4.1.1.
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Therefore, the full Hilbert function of R/I is

dimension 02541 2s—1 2s—3 ... 3 1 0
degree .25 2541 2542 ... 3s—1 3s 3s+1

ifd=2s+1, and

dimension ...2s 2s —2 2s—4 ... 4 2 0
degree ..2s—1 25  2s+1 ... 3s5—3 3s—2 3s—1"

if d=2s.

In order to prove the supplementary assertion, we focus on the odd case d = 2s + 1, the
even case being similar. Consider the k-vector space I35 = (x,y)s—1l25+1 and recall that it has
diimension 3s. By a similar procedure as (4.2) in the proof of Lemma 4.1.1, we can apply a

suitable action of GL(3s, k) to obtaining a k-basis of I35 in a “triangular” form

_ 3s 3s—1
Fi = a36070” + a1 Ty + -

o 3s—1 3s—2, 2
F, = P3s—1,1T7° Y + Bys_o00” YT 4+ - -

3s—3, 2 3s—3
Fy = V3s—2,20"" "Y" + PBge_33T"" Y 4 - -
2 3s5—2 3s—1 3s
Fs_1 = H2,35—2X"Y + U1,35-12Y + 35y

_ 3s—1 3s

5 = V1 35-12Y + V3sY

Applying the change of variables

1 V3g
xr X — , Y=y
V1,3s—1 V13s—1

transforms Fj, in the above basis into zy*~!. Let I C R denote the ideal obtained by applying
this change of variables to the forms generating I. Then, since I3s = (x,y)s_1/2s+1 and (z,y) is
invariant under this change, it follows that Is, = (,4)s_1J2s+1 contains the monomial xy>!.
On the other hand, the change of variables did not affect the term jus,y®° of the basis element
Fy,_1. If 43 € I then we can clean bottom up all monomials, thus implying that Is, is spanned

by all monomials of this degree - an absurd. O

4.2 Degree < 12

We observe that the Rees algebra of an (z,y)-primary ideal of k[z,y] generated by three
arbitrary forms of degree d < 4 is almost Cohen-Macaulay: when I admits a linear syzygy, the
result is part of [22, Theorem 4.4] (see also [26, Theorem 4.4] and [38, Proposition 2.3]). The
balanced case d = 4 is proved in [22, Proposition 4.3].
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For very low degrees larger than 4 one can handle the criterion of Huckaba—Marley in order
to show that the summation of the lengths A\(I¢/JI*7!), for £ > 1, exceeds the Chern number
e1(1). As a matter of precision, the criterion of Huckaba—Marley is stated for local rings. Here,
as commonly done, whenever using the local tool, we harmlessly pass to the local ring k[x, y]m,
where m = (z,y), and consider the extended ideal I,. We will make no distinction in the

notation.

Theorem 4.2.1. Let I C R denote a codimension 2 ideal generated by 3 general forms of degree
5 <d<12. Then Rg(I) is not almost Cohen—Macaulay.

Proof. One has to show that Rg(I) has depth 1, which will follow from proving that the
associated graded ring of I has depth 0, according to the second observation after Theorem 1.5.1.

According to the Huckaba—Marley criterion (Theorem 1.5.1) one has to prove the strict
inequality

S ONIITTY) > e(), (4.3)

>1
where A\(_) denotes length over R, J C [ is a minimal reduction and e; (1) is the second coefficient
of the Hilbert—Samuel polynomial of R/I in its combinatorial expression. Since the generators
of I are general forms, any two of them will generate a minimal reduction J C I — this is a first
weak use of general forms.
We recall the easy general fact that, since I = (J, f), for some f € I, then I* = (JI*}, f9),
for any ¢ > 1. It follows that

LI = (17 /I = (/T ()
= (/I F) = YT

hence A\(I¢/JI*7Y) = N(R/JI* : f9).
Now, JI7! : f* coincides with the ideal a, C R generated by the last coordinates of the
syzygies of I*, which is an (z,y)-primary ideal. Thus, \(I*/JI*') = A(R/a,). It then follows

immediately from Lemma 4.1.1 that

@ if d is even

ML) = €1 if 1 is odd.

Next, by computing the Hilbert function of R/I;(¢) using Lemma 4.1.1 again, one has:

_ 4] +1 max{4 — 5,0} if d is even
AMR/L(p)) ( 2 ) 4] — 9 R

(A second weak use of general forms)

On the other hand, by Proposition D.16 one has A\(1?/JI) = AX(I/J)—=A(R/I;(¢)). Therefore,
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it obtains
gq) max{4 — 5,0} if d is even

2 — ’72
AI/IT) <2 (l2]-2)  ifdis odd.

We next claim that the rational map P! --» P? defined by the generators of I is birational.
Indeed, one can reduce the problem to the affine situation by setting ¢ := x/y in the usual way
after dividing all three generators of I by y% and then taking the fractions with same denominator
(one of the three). This way we get a rational map A' --» A? defined by rational functions
Fi(t)/F5(t), Fo(t)/ F5(t), where deg F;(t) = d. Since the involved terms are general polynomials
in ¢ (k being infinite), for a general point (a;,as) € A? the system of equations F(t)/F3(t) =
ay, F5(t)/F5(t) = ag admits exactly one solution, including multiplicity (algebraically: t is a
rational fraction in Fy(t)/F5(t), Fa(t)/F5(t)).

(Yet another use of general forms)

As a consequence, one has e (1) = 3(d* —d) = (g) and deg(R/I) = d (see Proposition D.17).
It also follows that the reduction number of [ is d — 1.

By the Huckaba—Marley criterion we have to prove that for d > 5

where A, := \(I¢/JI*71). Subtracting the sum \; + A as computed above, one has to show
that

d—1 @ + max{%l - 5,0} if d is even
S
p %(d—l) —9 if d is odd

As it turns out, for 5 < d < 12 it will suffice to compute A3 and bound below each of the
remaining A;’s (¢ > 4) by 1. We remark that for higher values of d (e.g., d = 13) more precise
bounds for A4, etc., may be required for the conclusion.

As remarked earlier, finding A3 depends on determining a minimal set of generators of the
ideal a3 generated by the last coordinates of the syzygies of I*. Computing with Macaulay [2]
by employing random forms and using the previously established values of Ai, A9, our findings
are as follows:

d=5 a3 = (z,9) = A3+ N\ > 2; since \; = d*> —1/4 = 6 and \y = 3 the total sum is at
least 11 > 10 = (g)

d=06: a3 = (z,9)?> = X3+ A\ + X5 > 5; since \; = d?/4 =9 and )y > A3 the total sum is at
least 9 +3+5=17> 15 = (9)

d="T a3=(z,y)> = A3+ -+ X¢ > 3+3=6; since \; =d* —1/4 =12 and Ay = 5 the

total sum is at least 23 > 21 = (;)

d=28 a3 = (z,y)> = A3 =3 = A3+ -+ A\ > T; since \; = 64/4 = 16 and \, = 6 for
d = 8, we find the total sum is at least 29 > 28 = (g)

d=9 a3=(2,y)> => X3 =6= A3+ + X g >6+5=11; since \; = d> —1/4 = 20 and
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X2 = 8 the total sum is at least 39 > 36 = (g)
d=10: a3 = (7,y)> = A3+ -+ Xg > 6+ 6 = 12; since \; = 100/4 = 25 and A\, = 10, the

total sum is at least 47 > 45 = (120)

d = 11: a3 is generated by 3 cubics = A3 =7 = A3+ -+ + Ajg > 14; since \; = 120/4 = 30

and Ay = 12, the total sum is at least 56 > 55 = (121).

d=12: a3 = (z,y)*, hence A\3 = 10. Since \; = 36 and Ay = 14, the first three lengths sum

up to 60. On the other hand, the reduction number being 11 the remaining lengths sum up to
at least 11 — 4 + 1 = 8. Thus, the total sum 68 > 66 = e; (/).

O

Remark 4.2.2. We observe that the expected result to the effect that, for £ > 3, a, = (z,y)*
for some s, > 1, fails for £ = 3,d = 13. In addition, the conclusive analysis in the above
cases fails as well. Indeed, one has to resort to Ay = 6 to conclude that E?;ll A > T8 = (123),
without computing the remaining lengths. Clearly, one can go on computing like this for higher
d. This calculation possibly indicates that there exists a cutting edge index ¢y, which is much
less than d — 1 = red;([), such that adding the exact values of the lengths past it becomes
needless. Having a previous control or estimate on this index could lead us to a full proof of the

Huckaba—Marley inequality.

Discussion A purely theoretical argument, without the computer, even for d = 6, is quite
subtle. Here for the failure of the almost Cohen-Macaulay property we need to show the bound
A3+ A+ A5 > 3, so it suffices to show that A3 > 2 since the reduction number is 5. Equivalently,
we are to show that I® has at most one linear syzygy because then, since a; is always an ideal
of finite colength, A3 > 2. Contradicting this takes us to a long discussion about the degrees
of the syzygies of I? which eventually abuts at the following: since I® is a perfect ideal with
10 generators and generated in degree 18, its minimal presentation matrix has 7 columns whose
degrees r3 < --- < rg add up to 16. By elementary column operations with pivot the last
coordinates of the two assumed linear syzygies, we may assume that the last entry of any of the
other 7 columns are zero. Then they are syzygies of JI2. Therefore, rg > --- > r3 > 2. On the
other hand, no minimal syzygy has degree > 4 since the presentation matrix of I is in degree
3. To add up to 16, the only way is r3 = --- = r; = 2, rg = r9 = 3. This structure of the
Hilbert-Burch matrix of I3 is realizable if the entries of the Hilbert-Burch matrix of I are not
general - see Example 4.2.3 (b) below.
The theoretical side of the discussion for d > 7 eludes the eye.

The following examples show that, already for d = 6, the statement of Theorem 4.2.1 is no
longer true if the generators of the ideal are not general enough, even when the degrees of the

syzygies are as in Lemma 4.1.1.

Example 4.2.3. (a) The first example keeps some of the properties above: 1) The associated

6

2) = 15 and the reduction number

rational map is birational (onto the image), hence e(1) = (

54



red;(I) =5; (2) A(I/J) =9, but A(I?/JI) = 2 instead, a degenerate value; (3) The “expected”

value A\, = (‘%; 1) for suitable s, fails for £ = 3 as here \3 = 2.

The Hilbert—Burch matrix of this example is

—xy? -y
3 0
y3 113

A minimal reduction is (2 z%y? — 4°). Note that a linear syzygy appears all too soon among

the forms z%(zty? — 9), 25.23¢3, (23¢y3)?. One gets here

5
d N=9+2+2+141=15
/=1

(b) The second example has Hilbert—Burch matrix

3 x>

22y ad— P
v =ty +ay?

The subideal J := (2% —223%y3, 21y* — %) is a minimal reduction. The example is really on the
edge since we can check that: (1) The associated rational map is again birational, hence e () =
15 and red;(I) = 5; (2) The lengths A\(I/J), \(I?/JI) are as stated in the above preliminaries;
(3) The expected value A, = (%) for £ > 3 holds here with s3 =1 (i.e., JI?: I* = (z,y)).

Since A3 = 1 then A5 = Ay = 1, where red;(/) = 5, thus yielding

5

d N=9+3+1+141=15
/=1

Therefore, in both examples the Rees algebra of I has depth > 2, i.e., it is almost Cohen—

Macaulay.

4.3 Stronger conjectures

In this part we state a couple of conjectures, in increasing strength, that imply the main

conjecture in this chapter.

4.3.1 The annihilator conjecture

The first of these is inspired from the Ratliff-Rush filtration theory.

Conjecture 4.3.1. Let I =C R := k[x,y] denote a codimension 2 ideal generated by a set of
general forms fi, fa, f3 of degree d > 13. Then I* : I ¢ 1.
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Note that an affirmative answer to this conjecture, coupled with the previous result on degrees
< 12, implies that Conjecture 4.0.9 is true. Indeed, since the Ratliff-Rush closure of I is strictly
larger than I, by Theorem 1.6.1 the associated graded ring of I has depth zero and hence the
Rees algebra of I has depth 1.

Next is a proof of the latter conjecture, modulo some assumption on the behavior of the
general coefficients involved in the calculations.

Since a change of variables does not affect either the hypothesis or the statement, we can
assume by Lemma 4.1.2 that

o If d = 2s+ 1, then y>* spans (R/I)s;;

o If d = 2s, then {y* 2, 2y} span (R/I)3s_2.

Now, in the proof of Lemma 4.1.1 we had
h o= "+v’n

fo = 27y +yg
fs = 7% + 4%,

where g1, g2, g3 are general forms of degree d — 3.

In the same proof we obtained three general forms of degree d — 2

hy = yg — xgs,
ha = ygs — xgs,
hy = 2972 +ygs.

Let I’ = (hl, hg, h3)

As a result, the following relations are satisfied:

fi = y2h1 + xyhy + z’h3
fo = y’ha + ayhs
fs = th?n

and

Yhi = yfi —afy
y3h2 = yfo—xfs (4-4)
y2h3 = f3.

We induct on d, or rather on s = |d/2].

o6



We will focus on the odd case d = 2s + 1. Keeping in mind that we are assuming d > 13 for
the odd case, we induct on s > 6 to show that M = 3? € I? : I. The induction starts at s = 6
— this case is directly checked in the computer by taking f1, f2, f3 to be random forms of degree
13.

Thus, assume that s > 7.

We are to show that Mf, € I?, for u = 1,2,3. We will produce here the argument for
u = 2,3, postponing the calculation for © = 1 and the even case to Appendix B as they are a
bit lengthy, but very similar.

w=23. By the inductive hypothesis, we have y3¢~YVhs = > a; h;h; € I'*, for suitable
@i j € Rs_5. Also note from (4.4) that y*h; € I, for j = 1,2 and y*hs € I. Therefore,

vofs = yPyths = ys(yg(sfl)h:s) = 3/5(2 a jhihy) = Zai,jZ/Zhi?/?)hj

a1,1y2h1y3h1 + 061,2y2h1y3h2 + a2,2y2h2y3h2 (mod [2)

a1y hi (= f2) + 12y (=2 fo)hy + anoy®ha(—xf3)  (mod I?) (4.5)
(—041,1$92h1)f2 + (—041,2$y2h2)f2 + (‘%,ﬂy?hz)f:% (mod —,2)
(—041,1$?J2h1 - 041,2$y2h2)f2 + (_a2,2$92h2)f3 (mod 12)

where we have used the explicit relations in (4.4).

Note that —aljlmyZhl —@172$y2h2 and —&272$y2h2 are both forms of degree 3s. Since y>* spans
(R/I)3s, these forms are scalar multiples of y3* modulo I3; say, —Oél’l.nyhl—O[LQnyhQ =y +F
and —agoxy?hy = (y** + G, for certain 1,( € k and F,G € I3, C I. Substituting for these in
the last congruence of (B.1) yields y>* fs = ny>* fo + Cy>* f3 (mod I?). Tt follows that

— ¥ o+ (1= QOy* fs € I? (4.6)

u=2. In a pretty similar way, by the inductive hypothesis and the relations (4.4), one

obtains
V5 s =y (5% + 2yhs) = 1P (5P Dho) + 2y (5P Dhg)
= PO aijhibg) + 2yt (Y Bihihg) =Y iy hiy®hy + Y Bijryhiy’hy
= a1y iy hi + a120°hy*he + azoy®hoyPha + Brizyhiy®h
+ BroxyhiyPha + Bisry*hiy?hs + Baoxyhey’he + Basry*hoy®hs  (mod I?)
= any’hi(—zf2) + a2y’ (—zfo)he + 22y ha(—x f3)
+  Brazyhi(—xfa) + Broxy(—zf2)ha + B1sry*ha f3 + Baoxyhe(—xf3) + Baszy’hafs (mod I?)
= (—an1@y’m) f2 + (—o120y°h) fo + (—az2xyho) f3 + (—Brax’yha) f2 + (—Br22°yh2) f2
+  (Biszy?h) f3 + (—Boaxyho) f3 + (Baszy’he) f3  (mod I?)
= (—an1@y’hy — o1y hy — Bria’yhy — 12w yhs) f2
+  (—ag97y*he + Br3xy*h1 — Basx?yha + Pasry’ha)fz  (mod I?)
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By the same token as in the case of u = 3, since —ay 12y*hy — o 02y*ho — b1 122y hy — 1 22y ho

and —ag 0xy?hy + B130y*hy — Baor?yhy + Basxy?hy are forms of degree 3s, we obtain

1= fo =0y f € I?, (4.7)
for certain 7', (' € k.

Now consider (4.6) and (4.7) together as a system of linear equations over R/I? in the
unknowns y**f, and 93¢ f3. By Cramer, one has Ay?f, € I? and Ay*f; € I?, where A =
n — (1 — ¢)(1 — ¢’) is the determinant of the system. Provided A # 0 we can conclude
that y3f, € I? and y**f3 € I%. But, since the h;’s are general forms, hence have general
coefficients, then n, 7', ¢, (' are general as well from their definition. Therefore, cannot constitute
the coordinates of a point lying on the quadric of equation X; X5 — (1 — X3)(1 — X}) in affine

space A%,

For additional complete calculative evidence of this conjecture see Appendix B.

4.3.2 The tilde conjecture

Will focus on the odd case: d = 2s 4+ 1.

We establish the technical preliminaries. Given a form
f =040t + aa_1107 Yy + -+ a0a1 @y T+ gy + oo ay”

of degree d we associate to it the unique form §(f) of degree d — 2 in the following way: divide
the first d — 1 terms by 22 (keep same coefficients) and omit the last two terms. It is clear that
this association preserves many properties of the original form, including that of being general
provided d > 4. Now, given three general forms fi, f2, f3 of degree d, in the sense that the
(d+ 1) x 3 total matrix of the coefficients has general entries, we let g1 := §(f1), g2 : 6(f2), g3 :=
d(f3) denote the respective forms of degree d — 2 as explained. Let I and J stand for the
corresponding ideals they generate in R = k[z, y].

By construction, I C I = (22J, zy?~1, y?); more precisely, this is an inclusion induced by an
inclusion of the corresponding linear systems spanned in the common degree d.

Throughout we denote m := (R,) = (z,vy).

Conjecture 4.3.2. Let d = 2s+ 1 be odd. Then m*~'(I)? C I

We now state a more precise version of the annihilator conjecture as a consequence of the

above conjecture.

Proposition 4.3.3. Let d = 2s + 1 be odd. Then the annihilator of the R/I-module I/I?

contains a monomial spanning (R/I)ss, and hence I? : I # 1.

Proof. By the inductive hypothesis, we may assume that y¢=1) € J?: J. More precisely, by a

degree count one has y*¢=D.J c m*2J2.
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We know that in the Hilbert function above any monomial of degree 3s spans (R/I)s, — the
proof is the same as in the first section. We have seen in the Hilbert function of R/I that x?y>s~2
spans (R/I)ss. For this monomial one has:

2, 352

:172y35_2_f C I2y3s—27: 2%y (IL‘2J7 xy2s7 y25+1).

Treat each piece separately:
(i) 223222 ] = :v4y(y35_3j) C x4y(m3_2j2) _ yms‘z(xQJ)Q C yms—2<f)2 C ms—1(_7)2 C 12

the last inclusion by the conjecture.

(11> I2y38_2 nyS — l’y5_2<l’2y48) C ms—l([)? C 12‘
(iii) x2y35_2 y25+1 _ x2y5—3(y2(25+1)) C ms—1(_7)2 c I2. 0
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Appendix A

Case: b-uniform

A.1 Proof of Proposition 3.4.5

The proof will compute all S—pairs of elements in the set ¥ = X(iy,...,;). As usual, pairs
F, G such ged(in(F),in(G)) = 1 will be overlooked.

Case 1. S(Ki,kaKi’,k’)'
In this case, in(K; ;) = z¢*y; and in(Ky ) = 23 yar.

Case 1.1. Let i < k < ¢ < k’. No action here since in(K; ;) and in(Ky ) are relatively prime.

)

Case 1.2. Let i < ¢ < k < k’. No action here since in(K; ) and in(K ) are relatively prime.

)

Case 1.3. Let ' <i < k < k’. No action here since in(K; ;) and in(Ky ) are relatively prime.
Case 1.4. Let k = k’. Then

Ty Ty
kY g K YiY Ky = —yr(zi*yy — xiFy;) =0 mod X.

arn i,k ar i
Ty Yi Ty Y

S(Kig, Ki ) =

Case 1.5. Let i < k =1 < k’. No action here since in(K; ;) and in(K}y ) are relatively prime.

)

Case 1.6. Let i’ < k' =i < k. No action here since in(K; ) and in(K};) are relatively prime.

Case 1.7. Let ¢ = ¢'. Then

iy iy

_ Tk Tk T k "k It _ a; (.0 ag —

S(Ki’k, Ki,k’) = —aky Ki,k - —Qjak/y Ki,k’ = —LL’il(JIk, Y — Ty, yk’) =0 mod X.
Ak Y A Yi

Case 2. S(L;, Lj), with j < j'.

. . o aj—b . _ lljl—b
In this case, in(L;) =z}’ "w and in(Ly) = z;/ w.
Then
S(LJ,LJI) = TLJ — aj/——ble = P(],] ) Kj,j/ =0 mod 3.

Case 3. S(L;, Kix).

In this case, in(L;) = :B?_b

w and in(K; ;) = 2{y;.
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Case 3.1.
Case 3.2.
Case 3.3.

Let © < k < j. No action here since in

Let ¢« < j < k. No action here since in(L;) and in

(L)
(L;)
(L;)
(Ls)

Case 3.4.
Case 3.5. Let i« < j = k. Then
rFwy; P Fwy;
S(Li, Kig) = —e— L — — &
T, w —Tp Yi

Case 4. S(Kuyk,H;l""’ij).

In this case, in(K, ) = "y, and in(H;“""ij) =z

11

ail —]b

Let j < i < k. No action here since in(L;) and in(kK; ;) are relatively prime.

)

K; ) are relatively prime.

)

and in(K; ) are relatively prime.

)

(
(
(
(

Let j =14 < k. No action here since in(L;) and in(/; ;) are relatively prime.

Kir= x?ykLi =0 mod X.

:l] i
J

Case 4.1. Let v < k, u,k ¢ {i1,...,4;}. No action here since in(K, ) and in(Hjl’""ij) are

relatively prime.

Case 4.2. Let u < k, u € {iy,..

HZ:17~-7Z']'

; ) are relatively prime.

in(

.,l'j} and k ¢ {il,..

.,4;}. No action here since in(kK, ) and

H21777/]

Case 4.3. Let u < k, u ¢ {i1,...,4;}, and k € {i1,...,7;}. Then
b ar—7b a;;—jb b o ai,—jb
ag aiy; —J ap—7J i j ag Aiy —J ap—7j i j
i xk yuxill e xk e i]'j w? xk yux’hl e x'k e ij] J
S(Ku’k’ HJ ) = Iaky Ku,k_ aij; —jb ax—7b ai.—jb J
— i1 k— Yj j
k Ju i e xk . e ’ij wJ
_ b I _ r . .
= (=2 y)H; =0 mod X, where I' = ({i1,...,4;} \ {k}) U {u}.
Case 4.4. Let u < k, u, k € {i1,...,7;}. Then
ag ai, —jb ap—jb ai;—jb ag ai, —Jjb arp—7jb ai;—=jb
i1y i yuxz.ll Cee Iy ce :Uijj w ) yu‘rill . . . ijj J
S(Ku,ka Hj ) = ZL‘aky KU,k— a;, —jb ag—jb a; . —jb J
i 1 k— J ]
k u ,L-l M .Z'k ' z] wj
ib “ar—7h a;.—jb b
_ ay %1 7] ak—j LR S | ; : \jb ~
= —ylrgra,t Tt T T w =y Pl ) Y Y Gk )
Since 28w = L, + P(u)’y,, it obtains
Tlyeeeyli\ . = . \b o
S(Kup, H;"777) = =Pliy, ..., koo 15) yuyeH;—y =0 mod X,

where I" = {iy, ..

i3 \ K}

Case 5. S(Lu,Hjl""’ij).

Ay —b

In this case, in(L,) = 2%

Case 5.1. Let u ¢ {iy, ..

(L, H} )

. 0150005\
w and in(H;""") =z

.,%;}. Then

11

—P(iy, ..

ay+(j—1)b .
bt U=V pgy o

. 7ij7 u)b[‘r
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Pick any subset I” C I' = {iy,...,4;}, with |I”| = j — 1 and reduce modulo HI , the monomial
with w occurring within the square brackets. The result is a binomial not involving w. By the

same argument as before, we conclude that this pair reduces to 0 modulo .

Case 5.2. Let u € {i1,...,7;}. Then

S(Ls H ) = —Plin, ..., i3) Py HS7 ™9 =0 mod X,

Case 6. Consider H!»~'™ and H?), I , with the respective external degrees m < m'. Denote
L:={i1,...,in}, J:=4{j1,--,Jjm} and {ky,..., ks} = LN J, for some s € {0,...,m}.

Under the given order, the two leading terms of the two binomials are

’
. . ; a;, —mb a; mb T1yeeesTom? a; —m/b a; ,—m b / .
in(Hppotm) =o' w™ and in(H ) = a0 s w™, so their least
1 im J1 Im/!
—_— —
——, J— Y a; ,—m'b . —mb o
aj, —m'b a;; —m'b a m'b 3 1 ai; —m a mb
common multiple is w™ (x”* szt ceegpm ceexm Y, o™ ). There-
J1 1 tm Im! 11 Tm
fore
S(H I Imy = PG, b don) ™ kg Yk
o aj—m/btmb ay, —m/btmb a;  —mlbtmb aj ,—m/bt+mbd -
™ mzjfl AHzill I'LTn”? Auzjmil" Yiy o Tgy UG Vi,
a;, —mbtm'b aj, —mbtm’b mbtm/b a;  —mbtm’b ! —m
,zill ...zlel ...IJJ// glim (@y TRy X )b

e |

If m’ = m, then the binomial inside the square brackets does not involve w and therefore reduces
to 0 modulo X by previous cases.

If m’ > m, then |J| = m’ > m = |L|, and therefore |J\ L| > m' —m > 1. Let I C J\ L with
|I| = m' — m. Reducing the binomial inside the square brackets modulo Hf;t/fm € X, will result

in the cancellation of the monomial involving w, hence we are back to the previous situation. O

A.2 Proof of Proposition 3.4.6

For both items, we will apply Lemma 2.2.1 (i), by which one is to compute a minimal set
of generators of the intersection of the two initial ideals on the left hand side, then divide each

17 7]

generator by the initial term of H . To get a minimal set of generators of the intersection

we use a well-known principle, by which this set is the set of the least common multiples of
m(H Py

We separate the two cases, according as to whether j' = j or 7' = j + 1.

7) and each minimal generator of in(#H(iy,. .., ;)).

(a) SAME DEGREE: j = j’
. ok —jb ;—Jb . .
One has m(Hfl’ hiy = fol ! xzkj "wi. Drawing upon (3.4), according to the external
degree of a monomial, we have

Degree 1:
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o 0 A by ) and 4 < by coming from Ly € £)

b agy —jb Ak ; —jb

@d— .. J
lem(zy ™ w, z;,; z, " w) wub
: - =5
aklfjb ak-j_] 7
kl .. -xk] w
. . — i—1)b —ib —3b -
As j <n—1, and a > nb, then a — jb > 0. But then z" b:xff )xzd 7 and 23" is

among the generators listed in the right hand side monomial ideal.
o 2% w, d¢ {ky,... k;} and d > k; (coming from Ly € L)

ag—b akl_jb ij—jb 7
lem(zg!"w, @yt Tyt W)

akl_jb akjfjb .
Ce J
xkl .',Ukj w

As above, xzd_j b is among the generators listed in the right hand side monomial ideal.

ad—b

o 7w, de€{ky,..., k;} (coming from Ly € L)

b ak, —jb ag. —jb
lem (2% w, z, 7 -x, T w! .
( d » Yk k‘] ) _ CC(]_l)b
ak, —jb akj—jb j d ’
Ty T, W

which is among the generators listed in the right hand side monomial ideal.

o 2%, d¢ {ki,...,k;} and d < k; (coming from Ky, € L)

ag akzl_jb ap.—7b .
lem(zg'yo, mp,t " emyt T w?) o
ap; —jb @k —Jb j — Fa b
kl ... ‘rk] w
ib —jb : —jb . . : .
Note that =5y, = (2} 'y,)xy" 7", while zi* 7" is among the generators listed in the right

hand side monomial ideal.

o vy, d¢{ky,...,k;j} and d > k; (coming from K , € L)

_; b
ag ag, —jb Ak;—J j
lem(z3ty,, xpt eyt W) _a
ag, —Jjb ar;—jb j = La Yo
Jl'kl c $k] w

One has 2%y, = (24y,)2% ", while 2%" is among the generators listed in the right hand

side monomial ideal.
o vy, de€{ky,...,k;} (coming from K4, € L)

ag,y —jb akj —jb

aq ]
lem (23 Yy, 74, sy w i
: =z
ap, —jb ar;—jb j d Yo
kl A l’kj w
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Note that xff’yv = (milj _l)byv)xg, so once more we get a generator listed in the right hand

side monomial ideal.

Degrees(2 <s<j—1):

ag; —sb a4, —sb _ag —sb aqy_,.—sb _
o xyt T wy T g wt, {dy < Lo <dp 0 {k, L K =0, dy < Ky oand
{gn < <qs—r} T H{k1,.... kj}.
aq, —sb ag,—sb_aq, —sb agg_p.—sb o ap,—jb ar; —jb j
lem (x4 g Xy R R T ceay W )
akzl_jb akj_jb
xkl e a’;kj wJ
aay —sb ag, —sb (j—s)b
wdl e Idrr ($Q1 e xq877‘)
ag,—sb . . aq, —sb (j—s)b_aaq, —jb .
Note that x, is a factor thereof factoring further as z, = x5 24! ", while
aq, —jb . . . . . . . .
Ty is among the generators listed in the right hand side monomial ideal since d; ¢
{k’l, cey k']} and d; < k‘j.
aq, —sb ags—sb
ozt rwg Wt {qn < - < g5} C k. Ky
ag, —sb —sb g, —Jb ag.—jb .
lem(zglt 7 - wgt Tw T xy T w) .
a1 s ) k1 k; _ (I T )(]—s)b
aklfjb ak]-_.jb - q1 qs
wJ
k1 kj
aq, —sb ag,—sb_adq; —sb ad,_, —sb
° 1, ez Ty ez wt {q < oo < gy C ARk d < < do,
ag, —sb Ay, —sb ag, —sb aq. . —sb ag, —jb ag.—jb .
lcm<xq31 e xqg"" xdll e xd;: ws’ xkll e xk]'] 'LU])
ag, —jb akj—jb .
k1 Ty wl
: - —sb
— (=) A1 =0  Gdsp T8
- (:qu 'Q:QT) xdl xdsfr
aq, —sb ag.—sb .
o x,t ez, Wt dy < ... < d with By < dy.
adlfsb ads—sb s aklfjb akj_jb j
lem(z 4] L VI " w) g s S
: L =z, . _
ag, —jb Qg jb . 1 s
xkl e xkj wJ
In all three cases above the resulting monomial is among the generators listed in the right
hand side monomial ideal.
Degree j :
—_— .
Ak, —Jb ar.—1b ap,;—jb s - .
o x, 1 L gtk g T paa=ibyyd ki,....ki}, d<k;,cedl,... )
k k k d ) ) y i g Js ) )
1 c J
lom(g®™ g I g i eI
cm(y; Tt T my  mgt T a " w) _ jaaib
ag, —jb ar;—jb j T ’
T, eyt T w
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Again we conclude as before.
(b) DEGREE JuMmP: j' =7+ 1
We now consider the case where the degree goes up, that is, one is dealing with

1,....5+1 —(j+1)b ajr1—(G+1b
H! J+):xibl G+Db e =D, b1

in( j+1 j+1

We go through similar calculations as before. In each case below the resulting monomial is

among the generators listed in the right hand side monomial ideal.

Degree 1:

o 2%y dg {1,...,j+1}.

ag—b a1—(j+1)b ajr1—(+1)b g
lem(x5*"w, x; s w! ) _ b
a1—(j+1)b ajr1—(G+b g T
xl ce $j+1 w]+
—b .
o i w, de{l,...,j+1}.
ag—b ar—(j+1)b aj+1—(F+1)b_ i1
lem(x5*"w, x; s w! ) i
: =z
ar—(j+1)b aj+1—(F+1)b_ 4 d
':El .. 'Ij+1 wJ
aq .
o ziy, d¢{l,...,5+1}.
aq a1—(j+1)b ajp1—(G+1)b 41
lcm($d Yoy L1 T w’™) = g%y
a1—(j+1)b aj+1—(F+1)b, i1 T Td g
:Cl Ce xj+1 wJ
Note that %y, = (z4y,)z% .
aq .
o ziiy,, de{l,...,5+1}.
aq a1—(j+1)b aj+1—(+1)b, i1
lem(zg"y,, 7y R A w ) o x(jJrl)by
a1—(j+1)b aj+1—(F+1)b g Td v
xl e Ij-‘rl wJ
i+1)b ib
Note that "%y, = (zhy,)2?".
Degree s (2 < s < j):
aq, —sb ags—sb . .
o xgt iz Twt with {¢1 <o < g} C{L,...,7+1}.
aqy —sb ags—sb_ s _a1—(j+1)b aj+1—(3+1)b J+1
lem(zg" - -l Wt Ty A" w) ( g, )T
a1—(j+1)b aj+1—(G+0b g R s
xl e xj+1 w]"r

66



ag, —sb ag,—sb_ad, —sb aq
) qu e xqu xdl e Ids

—sb
rowt {g << gy C{l, i+ 1 d << ds,

-

ag—sb  ag.—sb_Gdq;—sb  ad, ,=sb o e —(+1)b ajpi—(+Db i1
lem(zg" 7wl Tay Xy T Wty R wIth)
a1—(j+1)b aj+1—(+1b g
xl .. Ij+1 wJ
. _ —sb
_ .. (j+1-s)b, Gay—sb ~ 0ds =S
- (Ifh xt]r> ‘rd1 xds—T
aq, —sb ag,—sb . :
xSy W, dy <L < dg—, with j 41 < dj.
aq, —sb ag,—sb ¢ a1—(j+1)b aj+1—(+1)b 11
lem(z, R N VI ey w! ™) _ tnsh | ag,-s
a1—(j+1)b aj+1—(F+1)b 44 T T ds
x, e ijrl wJ

To conclude the present case of degree jump, we stress the limit situation where the degree

jumps to the highest possible degree of a Sylvester form.

SETTING a; >nb, Vi=1,...,n.
The expected outcome is in(H(2, ..., n) : in(H}") = (zy,...,2,) " Y°S and the calculation
of the required least common multiples is included in the general calculation above, setting j = n.

This concludes the proof of the proposition. O

A.3 Proof of Proposition 3.4.7

We just have to prove the inclusion D since the inclusion C follows from it by applying
Lemma 2.2.1 (ii).

Again, we deal with two cases, according to the established sets of generators for the right
hand side of the stated equality in either (a) or (b) of Proposition 3.4.5.

Same degree

o r= 7l s=Fk;+1,...,n
aa—b prkisnk;  ar, —jb ak;—jb iy ap, —(i—=1)b b k2,....k;
xs H—‘7 _xkl ...xkj w L5+xk1 P(k17.7k‘7,8) ysHj—l
ib,_.(7—1)b
+P(k17 sy kja S)] xgj ) Yky =" yijkl,s'

(G-1)b _ .
o up T, s=1,...,7

(i—1)b 7rk1 .k b ar—jb ay,;—jb 2SO

j—1)b 1yeesky Gk ] Ak —J k;— i1 b LyeeesKgyeensks

zy Hj I =y ey ---;pkjj W Ly +P(ky, ... ks, .. k) ykSijl ..

° (xm~~~:cTS)(j_5)b, se{l,...,7—1}, {ri < <rg} C{k,... K}

o S ‘
(—s)bprkisks _ ok —ib ary —jb ars—jb Gk =IO s T,
(Tpy -+ 20,) H; = Ty, ce Ty Cee Ty, exy o w H; *4
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o prTIb p < k.

ar—jb rrkisk; gy —Jb rrrka,.. kj ib
Z, J Hj / :l'kll Hj / —P(T’,kl,...,k'j)j ykg"'yijr,kl-
o x0TI ki< <kiq,i=1,...,5—1.
par—gb ppkeki ki I H@I,kz,...,ki,n@,...,kj
r J kit1 J

- P(kb ceey kia T, k’i+17 SR >kj)jbyk1 o ykzzJ/k;\Hyk'r‘r? T yijT,ki+1'

. —sb aq —sb
e L
o (1, 14,) L, :

Since this case is a lot more involved than the previous ones, we chose to formulate it as a

lemma.

Lemma A.1. Fiz an integer 2 < j < n—1 and an ordered subset {ki,...,k;} C {1,...,n}. Let
there be given integers s € {1,...,7 — 1}, r € {0,...,s — 1} and ordered subsets {qi,...,q-} C
{ki,..., k;} and {dy,...,ds—} C{L,....n}\{k1,... k;}, with k; < dy. Consider a 2-partition
of {k1,...,kj} \{a1,...,q-} by ordered subsets {km,, ..., km;_,} and {ni,... ,ne_}. Set

Q = P(k;17 ttt k]’ dl’ e 7d5_7‘)jb (qu T xQT)(j_S)by‘h o y%"yk'ml e ykmj-_s :
Then

. — —sb , ay,,  —jb Ay, . —Jb —ib a —4jb
.. (G=s)bGar =80 Ods TS0 gk ko By ey Gny =30 Ans—r T
(g, -+ 2q,) Ty " Hj = Ty, x, T, Tng_,
. j—S q17"'7q7‘7d17"'7d577‘
w! " H
sb any—(j—s)b ang_,—(j—8)b
+P<k1,...,k‘j,dl,...,dsfr) '337111 "'aniTT

[
.yq1 e y(h‘ydl o yds—rHj—S

E Aneyq Ang_p ad1+ Jj—s)b Ad,_1TU—S (jfs)b
+ xnc+1 o o ‘Tns—r xdl o e xdc*l (mdc PN xds—r) Q

c=1
.ydc+1 T yds—rynl T yncflKnmdc7

with the convention that x4, = Yn, = Tn,_,,, = Td =1.

s—r+1

Proof. Although the above expression is verifiable by expanding the right hand side, the idea
to get at it is by no means obvious. Since similar expressions will appear in the sequel, we will

now explain its main core. Thus, first write
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b aq,_, —sb

—sb_ L k. . aq, —s
1s--5K5 j—s)b, %dy
—(qu---xqr)( >xdl emy T

(j*s)bxzflil —sb Gds_p H

(Tqy -~ Tq,) g, j

aklfjb akj—jb : ib
'(Cﬂkl STy w) — Pk, ..., ki) yry -y

J

b /\'b — a jb b b a sb

g, aqy—J ag, —jb kj~ agy —s ag,—sb _ad,;—s ds—pr ™ J

= g gl T g g ceagar T eyt w (A.1)
. i— j—s)b .
_s)b _ady +([F—s)b ag,_ . +(—s) b

—(zq, "'qu)(J ) Ta, ”'IdSiTT P(kly---1kj7d17---7d57'r)J Yy " Yky (A.2)

Next, we rewrite each of the numbered expressions above. Using the partition explained

above, one can write

_ —jb , _j
xakml Jb...zakmj73 J xi"li]b"'xinifr Jbwjingl,m,q,‘,dl,m,db.,r
kmyq ko 1 s—r
Ak, —Jb Ak, I . —jb an —jb ag, —sb ag,. —sb ag, —sb aq —sb
_ 1 j—s ny s—r J—s q1 qr 1 s—r S
= Thpm, kajis Ty Tng_r w Zqq Tq, L, La,_, w
sb
_P(q17~~~7QT7d1a~~~7ds—r) yql"‘yqrydl"‘yds,T)
_ap, —jb a/ql?jb mb akj*jb agy —sb ag, —sb _aq, —sb ag,_ —sb j A3
= Ty T xqy T Ty T Ty ZLqy T Zgp Zg, g w (A.3)
ag —(j—s)b ag,,. —@G=s)b , —(j—s)b a —(j—s)b .
) sb my j—s ny J Mg—r —s
—P(k1,...,kj,d1,...,ds—r) Tp, ey T cemp T wl (A.4)
j—s

“Ya1 " Yqr Ydy 0 Ydg -

The first numbered expression above is exactly the first numbered expression in the previous
display. However, the second numbered expression above does not coincide with the second
numbered expression in the previous display, so there is a little more to pursue in order to cancel

this expression by bringing up an expression involving another Sylvester form:

b, ang—(F—8)b ang_,.—(i—s)b Ky ookm,
P(klw-~akj,d1,4~~,d5,T)S znll ,..xnsirr Yar * Yar Ydy .'.yds—rHj—s j—s

an, —(3—s)b ang_, —(i—s)b
:P(klv"~,kj7dl7'~~7dsf7“)5bxn11 o Tng . Yq1 " Yar Ydy " " Yds_

—(j— a —(j—s)b
) (xak’ml (3 s)b”.z km_ (j—s)

kmy kmj g

W = Plkmys o kmy )97y, ~~ykmj75)

—(j—s)b Ay —(G=8)b o (i an, . —(j—s)b
™ g By pim =G ey it

b, Yk
= P(k1,....kj,d1,...,ds—)* z,

my Fm ns_p
“Yar  Yar Ydy * Ydy_,
—P(k1,.. o kjod, . ds )0 (2gy o wg, )T R T (g, g, )OO
“Yar Yar Yk yk:m]._S Ydy * " Yds_
= P(k1,...,kj,da,..., dS—’I‘)Sb xz";:vlll —(3—s)b o I:::]_:g —(j—s)b ;E:;l —(G=sb xz:i;,,.*(jfs)b wi—s (A5)
“Yq1 " Yqr Ydy T Yd .
—ap T @y way )9 Quay - ya, - (A.6)

Now, expression numbered (A.6) is same as expression numbered (A.5), but expression (A.7)
still has way to go. In the subsequent steps we resort to Koszul generators as tags, namely,

firstly,
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Angy ang_p ad0+(j_s)b Jj—s)b
Tny™ ** Lng_, l’do (xdl e xdsfr)( ) Q yd2 T yds—'r ynO Kn17d1
=1 =1
an Ang_p j—s)b
= ‘/I/‘nl1 e xns—r (xdl U ‘/'Bd.sf'r)(‘7 ) Q ydl U ydsfr (A7)
a Ang_,. aq,+(j—s)b i—s)b
_:L‘ngm e xnsirr xdll (‘/EdQ e ‘/Edsfr>(] 8) Q yd2 o ydsfr ynl

The procedure establishes an inductive argument by which one monomial term is canceled
against a next term in an expression involving a further down Koszul form. To obtain the final
combination in terms of earlier Sylvester forms and Koszul forms, one resorts to a summation
of expressions of the same type where the first summand is the expression in the last line of the
last display and the last summand recovers (A.3). This explains the final form of the required

expression as stated. O

Degree jump

Now j/ = j + 1.
o 1=t s=3j4+2 ... n.
as—b 1,...5,J+1 . a‘l_(j"’_l)b a]_(]+1)b a’j+1_(j+1)b i

a1—jb ~ b 2,....j+1
+ 2 (e T T Ty ) Y H

o~ i+1)b,,.jb
+ (T T Ty Ty - 'mn)(] ) Y2 Y K s
o vl s=1,...,j+1
— .
b 77 Lyeedinj+1 —(j+1)b e 1—(G4+1D)b  as—(+1)b _ass1—(G+1)b G
xéij717]7]+ xiu @+p | as-1=(+D) 7% G+Db aspa—(+Db a4 (J+1) wi L,

s—1 s+1 Jj+1

o)y

o (2, -2, )01 where s € {1,...,5} and {ry,...,7,} is an ordered subset of
(1,....5,5+1}

T i
j+1—8)b pylo-ndoi+l _ a1—(G+1)b ary —(7+1)b ar, —(3+1)b a;—(G+1)b_aj11—(G+1)b
(zy, - 'ﬂfrs)(] ) Hiy =1} e gl ey Ty

18 TP . b ST SRR S S
.w]—i- 5H;1, 5T's +P(1,...,j+1)é yrl...yrsHj+1_7‘; T J»J .

‘ _ —sb
o \GHL=s)b G TS0 G TS
g (xq1 xqr) xdl xds—r '

One applies the hypotheses and the conclusion of Lemma A.1 with the following changes in

the numerology:
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(ki, o kb~ {1, j+1}
{kml, ce ,kmj_s} ~ {ml, PN ,mj+1_s}

j ~» 7+ 1, in all appearances of j in a subscript or exponent.

This concludes the proof of the proposition.
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Appendix B

Binary general forms: degree > 12

B.1 Calculative evidence of the conjecture 4.3.1

Recall the notation introduced in Chapter 4, Section 4.3. For the sake of completeness,
we repeat the calculation displayed in that section, after which we introduce the remaining
calculations to wrap up the entire argument.

Odd case: d = 25 + 1. Keeping in mind that we are assuming d > 13 for the odd case, we
induct on s > 6 to show that M = y®* € I? : I. The induction starts at s = 6 — this case is
directly checked in the computer by taking fi, fo, f3 to be random forms of degree 13.

Thus, assume that s > 7. We are to show that M f, € I?, for u = 1,2, 3.

u=3. By the inductive hypothesis, we have y?¢~Dhy = >, ihih; € I?, for suitable
@i j € Rs_5. Also note from (4.4) that y*h; € I, for j = 1,2 and y*hs € I. Therefore,

yofs = y*y'hs = Z/S(y3(s_l)h3) = QS(Z v jhihy) = Zai,jQthy3hj
= a1,1y2h1y3h1 + 041,2y2h1y3h2 + 042,23/2h23/3h2 (mod [2)
= a1 yPhi(—2fz) + aroy*(—xfa)he + aooy*ho(—xf3)  (mod I?) (B.1)
= (—ar1zy’h) fo + (—aa 22y’ hs) fo + (—a2pay’hs) fs - (mod I?)
(—oz171xy2h1 — OZLQZL’nyLQ)fQ + (—aoo7y?hy) f3  (mod I?)

where we have used the explicit relations in (4.4).

Note that —ay 17y*hy —y 22y*hy and —ay s2y>hy are both forms of degree 3s. Since y** spans
(R/I)ss, these forms are scalar multiples of y3* modulo I,; say, —aq 12y*hy — vy 22y*hy = ny**+F
and —ag2xy?hy = (y** + G, for certain 1,( € k and F,G € I3, C I. Substituting for these in
the last congruence above yields 3 fs = ny>* fo + (y>* f3 (mod I?). Tt follows that

— ¥ o+ (1= Oy fs € I? (B.2)

u=2. In a pretty similar way, by the inductive hypothesis and the relations (4.4), one

obtains
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v fe = v ha + wyhs) = v (1* "V ko) + ayt (P Vhy)

yS(Z i jhihj) + xy4<z Bijhih;) = Z a2 hayPhy + Z 8, wyhiy®hy

a1,1y2h1y3h1 + a1,2y2h1y3h2 + a272y2h2y3h2 4 Bl,wyhly?’hl

Browyhiyha + Brsry?hiy?hs + Basryhoy®hs + Baswy®hoy®hs  (mod I2)

a1y’ (= f2) + a1 py?(— fa)ho + azpyha(—af3)

Braxyhi(—x f2) + B1ozy(—x f2)ha + 51,3xy2h1f3 + Baoxyha(—xf3) + 52,3xy2h2f3 (mod IQ)
(—ar12yhy) f2 + (—a120y°h) fo + (—a22xyho) f3 + (—Brax’yha) f2 + (=122 yh) f2
B13xy’h1) f3 + (—Boox’yha) f3 + (Bazzy’hs) f3  (mod I?)

_l’_

_l’_

_l’_

*041,1903/2h1 - a1,293y2h2 - 51,1902yh1 - 51,2902yh2)f2
—a207Yy?ha + B132y*h1 — Baga®yhs + Basry®ha)fs  (mod I?)

(
(
(

By the same token as in the case of u = 3, since —ay 12y*hy — a1 22y*ho — B1 172y hy — 1 27°yho

and —ag 02y?hy + B13xy*hy — Basx?yha + Bas3xy?hy are forms of degree 3s, we obtain

(L= fo =0y f3 € I, (B.3)
for certain ', (' € k.

Now consider (B.2) and (B.3) together as a system of linear equations over R/I? in the
unknowns 3% f, and y3°f3. By Cramer, one has Ay f, € I? and Ay**f; € I?, where A =
nm — (1 — ¢)(1 — ¢’) is the determinant of the system. Provided A # 0 we can conclude
that y3f, € I? and y**f3 € I?. But, since the h;’s are general forms, hence have general
coefficients, then n, n’, (, (' are general as well from their definition. Therefore, cannot constitute
the coordinates of a point lying on the quadric of equation X;Xs — (1 — X3)(1 — X,) in affine

space A%,

wu=1. In a pretty similar way, by the inductive hypothesis and the relations (4.4), one

obtains
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VB F = (% + myhs + 2%hs) = o (P VR + 2t (30 D k) + 228 (530 D hg)
VO aijhihg) +ay* (O Bihibg) + 2*y* (O 6 jhihy)

> P hiythy + Y Bijayhahy + Y 60 athay’hy

a1y’ y®hy + o129 hy’ha + 0229 hoy’ha + Brazyhiy’h

B122yh1y°ha + B sxyhiy?hs + Baowyhoy®hy + Bosry*hay?hs

6112%h1y3hy 4 61.02%y3hihy + 01 32%yPhihg + S2.202 hayho

+ +

52,3x2yh2y2h3 + 53,3x2yh3y2h3 (mod I2)

a1y’ hi(—afa) + o1 2y* (— f2)he + a2y’ ha(—a f3)

Brazyhi(—z f2) + Broxy(—x f2)ha + B1 32y by f3 + Bagwyha(—x f3) + Basxy*ha f3
6112%hy (—x fo) + 01002 (—x fo)ho + 61 32° (—2 f2)h3 + So022ho(—x f3)

S252°yha f3 + 83 32°yhs f3 - (mod I?)

—ar1zy’hy) fa + (—on23y*he) fo + (—a2xy’ha) f3 + (—Braz’yhn) f2 + (—Br20”yha) fo
Brszy*h1) f3 + (—Brox’yha) f3 + (Baswy’ha) f3

—0112%h1) fo + (—0122%ho) fo + (=01 323R3) fa + (—d222ha) f3

5273332yh2)f3 + (5373x2yh3)f3 (mod I?)

o117y’ h1 — a1 22y*hg — Bria’yhy — Braxyha — 6112°hy — 6122°ha — 6132°h3) fa

T e | N S S

(
(
(
(
(—
(—ag22y*he + B137y*h1 — Baoa®yhe + B3y’ ha — 6902 ha + 82 322yhy + 83 327 yhs) f3
(mod I?)

By the same token as in the case of u = 2, since —ay12y*h1 — oy 92y*hy — Br1x*yhy —
B12x*yhy — 61 12%hy — 0122°hg — 81 32%hs and —aw 92y*hs + B1 32y*hy — Pasz?yhe + Bosry*hy —

02,27 hy + 89 37°yhy + 5373x2yh3 are forms of degree 3s, we obtain

ySSfl o C//ySSfZ - 77”y38f3 c [2’ (B4)
for certain n”, (" € k.
Since y3* € I? : (fo, f3), follows that 3% € I? : I.

Even case: d = 2s. Since d is even, we are assuming d > 12, hence induct on s > 6 to show
that N = 9372 € I? : I. Since we have already disposed of the case s = 6, we may assume that
s> 1.

We are then to show that for every u = 1,2,3, N f, € I°.

u = 3. One has
v fs =y hy = o (yP D Phs) = y5(z ;i jhih;) = Z iy hiy’hy,

with o; ; € Rs_3, where the equality preceding the last one stems from the inductive hypothesis.
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Since y*h; € (f1, fo, f3),V j = 1,2 and y*hs € (f1, f2, f3) then
y3s‘2f3 = a1,1y2h1y3h1 + a172y2h1y3h2 + a2,2y2h2y3h2 (mod 12)-

Using the relations (4.4) obtains

y38_2f3 = Oél,ly2h1(—$f2) -+ 06172y2(—]3f2>h2 + a2,2y2h2(—xf3) (mod 12) (B5)
= (—arizy’h) fo + (—a122y°hs) fo + (—azpay®hs) fs - (mod I?)
= (—&171$y2h1 — (11’2{L‘y2h2)f2 + (—0427217y2h2)f3 (mod ]2)
Note that v = —ay 12y*hy — a1 27y*hg and w = —ag 92y>hy are forms of degree 3s — 2. Since

y?$72 2y span (R/I)3s_2, v and w are k-linear combinations of these two monomials modulo
Iss—n; say, v =my>? +9pzy> 7+ F and w = 939> 7% + y2y> 7" + G with 71,792,793, 71 € k and
F,G € I3,_5 C I. Therefore,

Y32 s = (yP T+ ay® ) fo + (y* TP 4 azy® ) 3 (mod I7). (B.6)

u = 2. By a similar token,

Ve = YT (WPhe + ayhs) = P (P T VP he) + 2yt (P 2 hy)
= 95(2 ;i jhihj) + $y4(z Bijhihj) = Z iy hiy’hy + Z Bijryhiy*h;,
with «; ;, 8;; € Rs—3, where the equality preceding the last one stems from the inductive hy-

pothesis. Since y3h; € (f1, fa, f3),7 = 1,2 and y*hs € (f1, fa, f3), proceeding in the same scheme

as in the previous case yields

vy = anythaythe + araythiyhe + ooy hey’he + Brizyhiy®hy

+  Brazyhy’hy + Bisey’hiy’hs + Baoxyhay’ho + Basry’hay®hs  (mod I?)
= any’hi(—zf2) + a2y (= fo)he + asoy’ha(—x f3) + Brizyh (— f2)
+  Brazy(—z fo)he + Brsxy’hyfs + Baoxyha(—a f3) + Poszy’hafs  (mod I?)
= (—ona2y’hi) fo + (—on0xy?ho) fo + (—a20xy?ho) f3 + (—Braz’yha) fo
+ (—5172x2yh2)f2 + 51,3$y2h1f3 + (—52,29€2yh2)f3 + 52,319%2]03 (mod 12)
= (—041,13392]11 - 041,29392h2 - 51,1372,9}11 - 51,2:132yh2)f2
+ (—aopxy’hy + Brgy’hy — Bapx®yhy + Basay®he) f3 (mod I7)

As in the previous case, the forms v = —olenyhl — Oél,QZL’yzhg - ﬁmx?yhl - ﬁLQCCthQ and

W = —a922y*hy + Pr3xy*hy — Boox®yhs + Basry®hy can be written as v = Yy 2 + Yhay® 3

3s—3

mod I) and w = y>* 2 + y4zy (mod I) with ~1,7%,7%, 74 € k. Thus, one has
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v o = (MY T+ ry® ) fa 4 (™ T+ ey %) fs - (mod 1)

Finally, we check that (B.6) and the last relation together imply y272 € I? : (fs, f3).

The two make up for the linear system

—y3 72 o — pay® T3 fo + (1 — y3)y> 2 fs — yuzy® 3 f3 =0

(L= Ay 72 fo = xy® 7 fo — Yy> 2 fs — Y4y P f3 =0
mod I? in the uknowns 32572 fy, 2373 fo, Y2572 f5, Y352 fo.

As in the case where d = 2s + 1, here too it suffices to know that some 2 x 2 minor of the

(B.-2)

scalar matrix

—MN -2 (1—=93) —mn
=) =% - —%
does not vanish. But again, since the coefficients of the h}s are general, then so are the coefficients

3s—2 3s—3

of the monomials y and zy in the expressions of v and w above. Therefore, the entries

of the above matrix cannot be the coordinates of a point lying on an intersection of quadrics in
A8,
u=1. In a pretty similar way, by the inductive hypothesis and the relations (4.4), one
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v 2 = g3 2P+ ayho + 2?hs) = P (12T ) + 2y (yPE D 2 hy) + 2%y (13D 2 hy)
= YO aijhihy) +ay' (O Bighihg) + 2y (Y 6 jhihy)

Z i jy*hiyPhy + Z Bi izyhiy®hj + Z S j22hiy*h;

a11y2hyPhn + 0129 hayPho + a2y hoy®ho + Brazyhiy’h

B122yh1y*ha + Brszy?hiyPhs + Baoxyhoy®ha + Boszy*hoy?hs

S1.12%h1y3hy + 61 22%y3hihg 4 61 32%y3hihg + G202 hayho

+ 4+ o+

6273x2yh2y2h3 + 5373x2yh3y2h3 (mod IZ)

a1y’ hi(—z f2) + o12y> (— f2)he + a2y’ ha(—a f3)

Brazyhi(—xf2) + Brozy(—zf2)ha + P12y b1 f3 + Pagxyha(—x f3) + Bazxy’ha f3
5112%h1 (= fo) + 81 22% (—a fo)ha + 01,372 (—x f2)h3 + 2022 ha(—x f3)

9 32%yhafs + 03 370%yhs f3  (mod I?)

—a112y%h) f2 + (—a120y?ha) fo + (—ag2xy?hs) f3 + (—Br12°yhi) f2 + (—B122°yhe) f2
Brszy®hi) fs + (—Ba2a”yhs) f3 + (Baswy’ha) f3

—0112°h1) f2 + (—0123°ha) fo + (—01,30°hs) fo + (—02,22°ha) f3

b9 32%yha) f3 + (63 32%yh3) f3  (mod I?)

a1170y*hy — a1 92y*hg — Braa’yhy — Braxyha — 6112°h1 — 6192 ha — 6132 h3) fo
a227y*hy + B1 32y hi — Baoxyho + Baszy*he — d200°hy + 82 337 yhe + 03 372 yh3) f
(mod I?)

+ 4+ + W+ + +

(
(
(
(
(
(

By the same token as in the case of u = 2, since —ay12y*h1 — oy 22y*hy — Br1x*yhy —
B1ox*yhy — 01 12%hy — 0122°hg — 81 32%hs and —aw 92y*hy + B132y*hy — Pasz?yhe + Bosry*hy —

02,27 hy + 89 37°yhy + 5373$2yh3 are forms of degree 3s, we obtain

v = (YT ey ) fo o+ (Y T+ ey ) fs (mod 1?)

with 7/, 75, 75,74 € k.
Since y**72 € I? : (fo, f3), follows that y>=2 € I?: I.
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Appendix C

Grobner bases

The proofs and details of the section are contained in ([18]).

The theory of Grobner bases was used in several branches of mathematics at the end of 1980.
This theory is used not only for the purpose of calculations, but also to deduce theoretical results
in commutative algebra and combinatorics.

Let R = k[x1,...,z,] the polynomial ring in n variables over a field k& and Mon(R) the set
of monomials of R. Note that Mon(R) is a natural k-basis of R, i.e., any polynomial f € R is a

unique k-linear combination of monomials. Write

f= Z Ay, Gy € k.

u€Mon(R)

Then we call the set
supp(f) = {u € Mon(R) : a, # 0}

the support of f.
Let M be a nonempty subset of Mon(R). Let M™™" denote the set of minimal elements of
M with respect to divisibility.

Theorem C.1. (Dickson’s lemma). Let M be a nonempty subset of Mon(R). Then M™™ is

a finite set.

A direct consequence of Dickson’s lemma is that any monomial ideal is finitely generated.
Furthermore, each monomial ideal has a unique minimal monomial set of generators. More
precisely, let G denote the set of monomials in ideal monomial I which are minimal with respect
to divisibility, then G is the unique minimal set of monomial generators. Denote the unique
minimal set of monomial generators of the monomial ideal I by G(I).

Given two monomials f,g € R, denote by lem(f, g) the least common multiple of f and g
and by ged(f, g) the greatest common divisor of f and g.

The next two results will be important to present the combinatorial structure of the ideal

Rees in the chapter 2.
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Proposition C.2. Let I and J be monomials ideals. Then I N J is a monomial ideal and
{lem(f,g9): f € G(I),g € G(J)} is a set of generators of I N J.

Proposition C.3. Let I and J be monomials ideals. Then I : J is a monomial ideal and

I:J= m I:(g).

geG(J)

Moreover, {m : f € G(I)} is a set of generators of I : (g).

Definition C.4. A monomial order on R is a total order < on Mon(R) such that
(a) 1 < for all 1 # u € Mon(R);
(b) if u,v € Mon(R) and u < v, then uw < vw for all w € Mon(R).

Example C.5. Let a = (ay,...,a,) and b = (by,...,b,) be vectors belonging to Z7, let

a _ a1 a b _ b
=z{" - 2% and x° = 27" --

x -2P» be monomials belonging to Mon(R). We define the total
order <., on Mon(R) by setting x® <je x® if either Y7 a; < >0 b or Yora; = >0 b;
and the leftmost nonzero component of the vector a — b is negative. It follows that < is a
monomial order on R, which is called the lexicographic order on R induced by the ordering

Ty > > T,

Definition C.6. Let < a monomial order in R and [ = Z a,u be a nonzero polynomial
uEMon(R)
of R with each a, € k. The initial monomial of f with respect to < is the biggest monomial

with respect to < among the monomials belonging to supp(f). We write in_(f) for the initial

monomial of f with respect to <. The leading coefficient of f is the coefficient of in_(f) in f.

Follows directly from the definition that if f,g € R\ {0} then in.(fg) = in.(f)in<(g) and
inc(f 4+ ¢g) <max{in.(f),in<(g)} with equality if in.(f) # in(g).

Let I C R be a monomial ideal, i.e., it is generated by monomials. It follows that I is
generated by a subset N C Mon(R) if only if (I N Mon(R))™" C N. Hence (I N Mon(R))™"
is a unique minimal system of monomial generators of I. Dickson’s Lemma guarantees that
(I N Mon(R))™™ is a finite set. Thus in particular every monomial ideal I of R is finitely
generated.

Let I be a nonzero ideal of R. The initial ideal of I with respect to < is the monomial ideal
of R which is generated by {in.(f) : f € I\ {0}}. We write in.(/) for the initial ideal of I.
Thus

in (1) = ({ine(f) : £ € T\ {0}}).
Since (in. () N Mon(R))™™" is the minimal system of monomial generators of in.(I) and since

(inc(I) N Mon(R)) = {in(f) : f € I\ {0}}, there exist a finite number of nonzero poly-

nomials gi,...,gs belonging to I such that in.(I) is generated by their initial monomials

in<(91>7 s 7in<<gs)'
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Definition C.7. Let I be a nonzero ideal of R. A finite set of nonzero polynomials {g,...,9s}
with each g; € I is said to be a Grdbner basis of I with respect to < if the initial ideal in.(I)

of I is generated by the monomials in.(g;),...,in<(gs).

A Grobner basis of I with respect to < exists. If G is a Grobner basis of I with respect
to <, then every finite set G’ with G' C G C [ is also a Grobner basis of I with respect to
<. If G ={g1,...,9s} is a Grobner basis of I with respect to < and if fi,..., fs are nonzero
polynomials belonging to I with each in.(f;) = in-(g;), then {fi,..., fs} is a Grobner basis of
I with respect to <.

Example C.8. Let R = k[zy,...,x7] and <)o the lexicographic order on R induced by z; >
- > 7. Let f = 224 — 29w and g = x427 — 2516 with their initial monomials inc,_ (f) = x124
and inc_ (g) = x4z7. Let I = (f,g). Then {f, ¢} is not a Grébner basis of I with respect
to <jex. In fact, the polynomial h = z7f — 219 = x12506 — x2x327 belongs to I, but its
initial monomial in., (h) = x;x526 can be divided by neither in.,_ (f) nor in.,_(g). Hence
in._(h) ¢ (inc,_ (f),inc (g)). Thus in._ (1) # (in<, (f),in< (g)).

When introduced a monomial order and the previous notions, some classical results gain

“new” version.

Theorem C.9. Let I be a nonzero ideal of R = klxy,...,x,] and G = {¢1,...,9s} a Grébner

basis of I with respect to a monomial order < on R. Then I = (g1,...,9s)-

Corollary C.10. (Hilbert’s basis theorem). FEuvery ideal of the polynomial ring is finitely

generated.

Theorem C.11. (The division algorithm). Let R = k[zy,...,x,] and fix a monomial order
< on R. Let g1,...,gs be nonzero polynomials of R. Then, given a polynomial f € R\ {0},
there exist polynomials f1,..., fs and f' of R with

f:flgl+"'+fsgs+fla (CO)
such that the following conditions are satisfied:

(a) if f/ # 0 and if u € supp(f’), then none of the initial monomials in<(g1),...,in<(gs)

divides u;

(b) if fi #0, then
inc(f) > in<(fig:).

The right-hand side of equation (C.11) is said to be a standard ezpression for f with respect
to g1,...,¢s, and the polynomial f’ is said to be a remainder of f with respect to g1, ..., gs.

Given a set determine if it is a Grobner basis is then equal to show the equality of two ideals,
something not always feasible. Next, we will display an algorithm to determine when a set is a

Grobner basis.

80



Given nonzero polynomials f and g of R. Let ¢; denote the coeflicient on in_(f) in f and ¢,

the coefficient of in-(g) in g. The polynomial

_lem(inc(f),in<(g))

S ==y on(n< (/) In{g))

Cgin< (g)

f

is called the S-polynomial of f and g.
We say that f reduces to 0 with respect to ¢i, ..., g if, in the division algorithm, there is a
standard expression (C.11) of f with respect to gq,...,gs with f" = 0.

Proposition C.12. Let f and g be nonzero polynomials and suppose that in(f) and in.(g) are
relatively prime. Then S(f,g) reduces to 0 with respect to f,g.

Proof. To simplify notation we will assume that each of the coefficients of in.(f) in f and
in.(g) in g is equal to 1. Let f =in.(f) + f1 and g = in.(g) + g1. Since in.(f) and in.(g) are

relatively prime, it follows that
S(f.9) =inc(9)f —inc(f)g = (g —g1)f = (f = fi)g = frg — o f.

We claim inc(f1)in<(g9) = in<(f1g9) # inc(g1f) = inc(g1)in<(f). In fact, if in<(f1)in<(g) =
in.(g1)in<(f), then, since in.(f) and in.(g) are relatively prime, it follows that in.(f) must
divide in(f;). However, since in.(f;) < in-(f), this is impossible. Let, say, in.(f;)in<(g) <
inc(g1)in<(f). Then inc(S(f,9)) = in<(g1f) and S(f, g) = fig — g1 f turns out to be a standard
expression of S(f,g) in terms of f and g. Hence S(f, g) has remainder 0 with respect to f,g.
U

Theorem C.13. (Buchberger’s criterion). Let I be a nonzero ideal of R and G = {g1,...,9s}
a system of generators of I. Then G is a Grébner basis of 1 if and only if for all i # j, S(i,j)

reduces to O with respect to gy, ..., gs.

This is the most important theorem in the theory of Grébner bases. The Buchberger criterion
supplies an algorithm to compute a Grobner basis starting from a system of generators of an
ideal.

Let {g1,...,9s} be a system of generators of a nonzero ideal I of R. Compute the S-
polynomials S(g;, g;). If all S(g;,g;) reduce to 0 with respect to ¢i, ..., gs, then, by the Buch-
berger criterion, {gi,...,gs} is a Grobner basis. Otherwise one of the S(g;,¢;) has a nonzero
remainder ¢gs41. Then none of the monomials in.(g1),...,in<(gs) divides in.(gs+1). In other

words, the inclusion

(in<(g1),---,in<(gs)) C (in<(g1),.-.,in<(gs), in<(gsy1))

is strict.
Notice that gs11 € I. Now we replace {g1,...,9s} by {g1,-..,9s, gs+1} and compute all the

S-polynomials for this new system of generators.
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If all S-polynomials reduce to 0 with respect to gi,..., s, gst1, then {g1,...,0s,gs11} is a
Grobner basis. Otherwise there is a nonzero remainder gs,o and we obtain the new system of

generators {gi, ..., Js+1,gst2}, and the inclusion

(inc(g1), - -, inc(gs),inc(gss1)) C (inc(gr), ..., inc(gs), N (gss1), N (gsr2))

is strict.
By virtue of Dickson’s lemma, it follows that these procedures will terminate after a finite
number of steps, and a Grobner basis can be obtained. In fact, if this were not the case, then a

strictly increasing infinite sequence of monomial ideals

(in<(gl)a s ,in<(g5)) - (in<(gl)v s 7in<(98)7 in<(gs+1))

C -+ C(inc(g1),.-.,inc(gs),...,inc(g;)) C---
would arise. However, if M = {in-(¢1),...,in<(gs),in<(gs+1), ...} and if
Mmin - {in<(gi1)7"'7in<(giq)}a Z-1 < - <iq7

then, for all j > 4,, one would have

(in<(gi,), - -, in<(gs,)) = (in<(gir), - - -, in<(9i,)s in<(Giy 1), - - -, in<(g5)),

which is a contradiction.
The above algorithm to find a Grobner basis starting from a system of generators of I is said

to be Buchberger’s algorithm.

Example C.14. Recovering example C.8. We have

S(ﬁ 9) =a7f — T19 = T1T5T6 — T2T3T7

with respect to f and g, we choose S(f, g) itself. Let h = x x50 22327 with ing,_(h) = z12526.
Then in.,_ (¢g) and in._ (h) are relatively prime. On the other hand, S(f, h) = zoz3(x427 —2526)
reduces to 0 with respect to f, g, h. It follows from the Buchberger criterion that {f, g, h} is a

Grobner basis of I with respect to <jex.
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Appendix D

Additional preliminaries

Here is some independent results used throughout the text.

Theorem D.15. ([19, Corollary 10.2]) Let (R, m) be a Cohen-Macaulay local ring of dimension

positive and let I be an m-primary ideal. The following are equivalent:

a) I is an almost complete intersection;
b) Sym([) is Cohen-Macaulay.

Proposition D.16. ([22, Proposition 3.12]) Let (R, m) be a Gorenstein local ring of dimension
d>0, J=(ay,...,aq) a parameter ideal and I = (J,a) and a € m. Then:

A(I?/JT) = NI/J) = A(R/L(9))

= AR/ J:a) = AR/L(¥))
=ANR/J:a) — ANHom(R/I1(¢)),R/J : a)
=ANR/J:a)=A(J:a): Li(p)/J:a)

=AR/(J :a): Li(p)).
Proposition D.17. ([21, Proposition 3.3]) Let R = k[zy,...,z4] and let I = (f1,..., far1) be

an ideal of finite colength, generated by forms of degree n. Denote by F and F' the special fibers
of R(I) and R(m™), respectively. The following conditions are equivalent:

(i) [F': F] =1, that is, the rational mapping

Uy =1[fi:for - fap] : PP ——s P4

1s birational onto its image;
(ii) deg(F) = nd-1;
(i) €x(1) = 454 (n" = )

(iv) R(I) is non-singular in codimension one.
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