
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❊q✉❛çõ❡s ■♥t❡❣r❛✐s ❊♥✈♦❧✈❡♥❞♦
❖♣❡r❛❞♦r❡s ❞❡ ❉✐s♣❡rsã♦ ◆ã♦✲▲♦❝❛❧

♣♦r

◆❛t❛♥ ❞❡ ❆ss✐s ▲✐♠❛

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

▼❛rç♦✴✷✵✶✾



❊q✉❛çõ❡s ■♥t❡❣r❛✐s ❊♥✈♦❧✈❡♥❞♦
❖♣❡r❛❞♦r❡s ❞❡ ❉✐s♣❡rsã♦ ◆ã♦✲▲♦❝❛❧

♣♦r

◆❛t❛♥ ❞❡ ❆ss✐s ▲✐♠❛ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ▼❛r❝♦ ❆✉ré❧✐♦ ❙♦❛r❡s ❙♦✉t♦

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲

❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦

tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

▼❛rç♦✴✷✵✶✾

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❯❊P❇

✐✐





❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦✱ ❡st✉❞❛r❡♠♦s ❞✉❛s ❡q✉❛çõ❡s ✐♥t❡❣r❛✐s ❡♥✈♦❧✈❡♥❞♦ ✉♠ ♦♣❡r❛❞♦r ❞❡ ❞✐s✲

♣❡rsã♦ ♥ã♦✲❧♦❝❛❧ LK : C(Ω) → C(Ω) ❞❛❞♦ ♣♦r

LKu(x) =

∫

Ω

K(x, y)u(y)dy,

q✉❡ s✉r❣❡ ❛ ♣❛rt✐r ❞♦ ❡st✉❞♦ ❞❡ ❡q✉❛çõ❡s ❞❡ r❡❛çã♦✲❞✐❢✉sã♦✳ ❯s❛r❡♠♦s ♠ét♦❞♦s ❞❡ ❆♥á✲

❧✐s❡ ❋✉♥❝✐♦♥❛❧ ◆ã♦✲▲✐♥❡❛r ♣❛r❛ ❞❡t❡r♠✐♥❛r ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ❡st❡s ♣r♦❜❧❡♠❛s✳

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♥♦ ♣r✐♠❡✐r♦ ♣r♦❜❧❡♠❛ ✉t✐❧✐③❛r❡♠♦s ♦ ▼ét♦❞♦ ❞❡ ❇✐❢✉r❝❛çã♦✱ ♣❛r❛

♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛✱ ❡♥q✉❛♥t♦ ♥♦ s❡❣✉♥❞♦ ♣r♦❜❧❡♠❛✱ ✉t✐❧✐③❛r❡✲

♠♦s ▼ét♦❞♦s ❞❡ ❙✉❜✲❙✉♣❡r ❙♦❧✉çã♦ ❡ ♦ ❣r❛✉ ♣❛r❛ ❛♣❧✐❝❛çõ❡s γ✲❝♦♥❞❡♥s❛♥t❡s✱ q✉❡ é

✉♠❛ ❡①t❡♥sã♦ ❞♦ ❣r❛✉ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ♠❛✐♦r ❞❡ ♣❡rt✉r❜❛çõ❡s ❞❛

✐❞❡♥t✐❞❛❞❡✱ ♣❛r❛ ♦❜t❡r♠♦s ✉♠ r❡s✉❧t❛❞♦ ❞♦ t✐♣♦ ❆♠❜r♦s❡tt✐✲Pr♦❞✐✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❊st✐♠❛t✐✈❛ ❛ Pr✐♦r✐❀ ❖♣❡r❛❞♦r❡s ■♥t❡❣r❛✐s ❞❡ ❉✐s♣❡rsã♦ ◆ã♦✲▲♦❝❛❧❀

❊q✉❛çõ❡s ❞❡ ❘❡❛çã♦✲❉✐❢✉sã♦❀ ❚❡♦r✐❛ ❞❡ ❇✐❢✉r❝❛çã♦❀ ●r❛✉ ❚♦♣♦❧ó❣✐❝♦❀ ❊q✉❛çõ❡s ■♥t❡✲

❣r❛✐s❀

✐✈



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦✱ ✇❡ ✇✐❧❧ st✉❞② t✇♦ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈✐♥❣ ❛ ♥♦♥✲❧♦❝❛❧ ❞✐s♣❡rs✐♦♥

♦♣❡r❛t♦r LK : C(Ω) → C(Ω) ❣✐✈❡♥ ❜②

LKu(x) =

∫

Ω

K(x, y)u(y)dy,

t❤❛t ❛r✐s❡s ❢r♦♠ t❤❡ st✉❞② ♦❢ r❡❛❝t✐♦♥✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✳ ❲❡ ✇✐❧❧ ✉s❡ ◆♦♥❧✐♥❡❛r ❋✉♥❝✲

t✐♦♥❛❧ ❆♥❛❧②s✐s ♠❡t❤♦❞s t♦ ❞❡t❡r♠✐♥❡ s♦❧✉t✐♦♥s ❢♦r t❤❡s❡ ♣r♦❜❧❡♠s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥

t❤❡ ✜rst ♣r♦❜❧❡♠ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❇✐❢✉r❝❛t✐♦♥ ▼❡t❤♦❞ t♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣♦s✐t✐✈❡

s♦❧✉t✐♦♥✱ ✇❤✐❧❡ ✐♥ t❤❡ s❡❝♦♥❞ ♣r♦❜❧❡♠ ✇❡ ✇✐❧❧ ✉s❡ ❙✉❜✲❙✉♣❡r ❙♦❧✉t✐♦♥ ▼❡t❤♦❞s ❛♥❞ t❤❡

❞❡❣r❡❡ ❢♦r γ✲❝♦♥❞❡♥s✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✱ ✇❤✐❝❤ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❞❡❣r❡❡ ♦❢ ▲❡r❛②✲

❙❝❤❛✉❞❡r ❢♦r ❛ ❧❛r❣❡r ❝❧❛ss ♦❢ ✐❞❡♥t✐t② ♣❡rt✉r❜❛t✐♦♥s✱ t♦ ♦❜t❛✐♥ ❛♥ ❆♠❜r♦s❡tt✐✲Pr♦❞✐

r❡s✉❧t✳

❑❡②✇♦r❞s✿ ❊st✐♠❛t❡ ❛ Pr✐♦r✐❀ ■♥t❡❣r❛❧ ❖♣❡r❛t♦rs ♦❢ ◆♦♥✲▲♦❝❛❧ ❉✐s♣❡rs✐♦♥❀ ❘❡❛❝t✐♦♥✲

❉✐✛✉s✐♦♥ ❊q✉❛t✐♦♥s❀ ❇✐❢✉r❝❛t✐♦♥ ❚❤❡♦r②❀ ❚♦♣♦❧♦❣✐❝❛❧ ❉❡❣r❡❡❀ ■♥t❡❣r❛❧ ❊q✉❛t✐♦♥s❀

✈



❆❣r❛❞❡❝✐♠❡♥t♦s

➚ ❉❡✉s✱ ♣♦r t✉❞♦ q✉❡ ♠❡ ♣r♦♣♦r❝✐♦♥❛✳

❆♦s ♠❡✉s ♣❛✐s✱ ▼❛r❝♦ ❆✉ré❧✐♦ ❡ ❏✉ss❛r❛✱ ❛ q✉❡♠ ❞❡✈♦ t♦❞❛s ❛s ♠✐♥❤❛s ✈✐tór✐❛s✳

❆♦s ♠❡✉s ✐r♠ã♦s ❆♥❞②❛r❛ ❡ ■♥♦❛♥✱ ♣❡❧♦ ❛♠♦r ❡ ❝❛r✐♥❤♦ q✉❡ s❡♠♣r❡ ♠❡ ❞❡r❛♠✳

➚ ♠✐♥❤❛ ❡s♣♦s❛ ❘❡♥❛t❛✱ ♣❡❧♦ ❛♠♦r ❡ ❝♦♠♣❛♥❤❡✐r✐s♠♦✳

❆♦ ♠❡✉ ✜❧❤♦ ▼✉r✐❧♦✱ ♣♦r ❡①✐st✐r ❡ ♠❡ ❞❡✐①❛r ❛♠á✲❧♦✳

❆♦ Pr♦❢✳ ▼❛r❝♦ ❆✉ré❧✐♦✱ ♣❡❧❛ ♦r✐❡♥t❛çã♦✱ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡✱ ♣❛❝✐ê♥❝✐❛ ❡ ❡♥s✐♥❛♠❡♥✲

t♦s✳

❆♦ Pr♦❢✳ ❋r❛♥❝✐s❝♦ ❏✉❧✐♦✱ ♣❡❧❛ ♦r✐❡♥t❛çã♦ ♥♦ ♠❡str❛❞♦ ❡ ♣♦r ✐♥✐❝✐❛r ♠❡✉s ❡st✉❞♦s

❡♠ ❊❉P✬s ❊❧í♣t✐❝❛s✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❘♦♠✐❧❞♦✱ ❆❧❧â♥✐♦✱ ❆❧❡①✱ ❈❧á❞✐♦✱ ▲✉❝✐❛♥♦ ▼❛rt✐♥s✱ ●❡✐❧s♦♥✱ ❘♦✲

♥❛❧❞♦✱ ❏♦❣❧✐✱ ❇r✐t♦✱ ❆r❧❛♥❞s♦♥✳

❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ❯❆▼❛t✲❯❋❈●✱ ♣♦r ❡st❛r❡♠ s❡♠♣r❡ ❛ ❞✐s♣♦s✐çã♦ q✉❛♥❞♦ ♣r❡✲

❝✐s❛♠♦s ❞❡ ❛❧❣✉♠❛ ❛❥✉❞❛ ❡ t❛♠❜é♠ ♣❡❧♦s ❡♥s✐♥❛♠❡♥t♦s✳

❆♦s Pr♦❢❡ss♦r❡s ❈❧❛✉❞✐❛♥♦r ❆❧✈❡s✱ ❋r❛♥❝✐s❝♦ ❏✉❧✐♦✱ P❡❞r♦ ❯❜✐❧❧❛ ❡ ❏❡✛❡rs♦♥ ❆❜r❛♥✲

t❡s ♣♦r ❛❝❡✐t❛r❡♠ ❝♦♠♣♦r ❛ ❜❛♥❝❛ ❥✉❧❣❛❞♦r❛ ❞❡st❡ tr❛❜❛❧❤♦ ❡ ♣❡❧❛s s✉❣❡stõ❡s ❞❛❞❛s✳

➚ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❛ P❛r❛í❜❛ ✲ ❯❊P❇✱ ♣♦r t❡r ❝♦♥❝❡❞✐❞♦ ♠✐♥❤❛ ❧✐❜❡r❛çã♦

♣❛r❛ ❝❛♣❛❝✐t❛çã♦✳ ▼❡✉ ♠✉✐t♦ ♦❜r✐❣❛❞♦ ❛ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s✦

✈✐



✏❙❡ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣♦❞❡ ❝r✐❛r ♣r♦❜❧❡♠❛s✱ ♥ã♦ é ❛tr❛✈és

❞❛ ✐❣♥♦râ♥❝✐❛ q✉❡ ♣♦❞❡♠♦s s♦❧✉❝✐♦♥á✲❧♦s✳✑

■s❛❛❝ ❆s✐♠♦✈

✈✐✐



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s ▼❛r❝♦ ❆✉ré❧✐♦ ❡ ❏✉ss❛r❛

❡ ♠✐♥❤❛ ❡s♣♦s❛ ❘❡♥❛t❛✦

✈✐✐✐



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

◆♦t❛çã♦ ❡ t❡r♠✐♥♦❧♦❣✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶ ❖ ❖♣❡r❛❞♦r ❉✐s♣❡rsã♦ LK ✶✺

✶✳✶ ❖ ❛✉t♦✈❛❧♦r ♣r✐♥❝✐♣❛❧ ❞❡ LK ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✷ ❯♠ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠ ♠♦❞❡❧♦ ❞❡ ❞✐s♣❡rsã♦ ♥ã♦✲❧♦❝❛❧ ❝♦♠

t❡r♠♦ ♥ã♦✲❧♦❝❛❧ ✈✐❛ t❡♦r✐❛ ❞❡ ❜✐❢✉r❝❛çã♦ ✷✻

✷✳✶ ❯♠ r❡s✉❧t❛❞♦ ❧♦❝❛❧ ❞❡ ❜✐❢✉r❝❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✶✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✷ ❯♠ r❡s✉❧t❛❞♦ ❣❧♦❜❛❧ ❞❡ ❜✐❢✉r❝❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✷✳✷✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✹ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✸ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✺ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✸ ❖ ♣r♦❜❧❡♠❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ✹✹

✸✳✶ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✹ ❯♠ r❡s✉❧t❛❞♦ ❞♦ t✐♣♦ ❆♠❜r♦s❡tt✐✲Pr♦❞✐ ✺✵

✹✳✶ ❆ ♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✹✳✷ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✽ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✸ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✾ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

❆♣ê♥❞✐❝❡s

❆ ❖ ❣r❛✉ ♣❛r❛ ❛♣❧✐❝❛çõ❡s γ✲❝♦♥❞❡♥s❛♥t❡s ✻✽

❆✳✶ ▼❡❞✐❞❛s ❞❡ ♥ã♦ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ ❑✉r❛t♦✇s❦✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽



❆✳✷ ❖ ❣r❛✉ ♣❛r❛ ❛♣❧✐❝❛çõ❡s γ✲❝♦♥❞❡♥s❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

❇ ❖ ❈❛s♦ [Q] = 0 ✼✼

❘❡❢❡rê♥❝✐❛s ✼✾

①



■♥tr♦❞✉çã♦

❆ ♣r♦♣♦st❛ ❞❡st❡ tr❛❜❛❧❤♦ é ❡st✉❞❛r r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣❛r❛

❞♦✐s ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦ ✉♠ ♦♣❡r❛❞♦r ❞❡ ❞✐s♣❡rsã♦ ♥ã♦✲❧♦❝❛❧✱ ♦✉ s❡❥❛✱ ♣r♦❜❧❡♠❛s

❡♥✈♦❧✈❡♥❞♦ ♦ ♦♣❡r❛❞♦r LK : C(Ω) → C(Ω) ❞❛❞♦ ♣♦r

LKu(x) =

∫

Ω

K(x, y)u(y)dy, x ∈ Ω ✭✶✮

♦♥❞❡ Ω ⊂ R
N ✱ N ≥ 1✱ é ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡ ❧✐♠✐t❛❞♦✱ ❝✉❥♦ ♥ú❝❧❡♦ K : Ω × Ω → R é

✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ s✐♠étr✐❝❛ ❡ ♥ã♦✲♥❡❣❛t✐✈❛✳ ❖ ♠❡❝❛♥✐s♠♦ ❞❡ ❞✐s♣❡rsã♦ é ✉♠ ❢♦❝♦

❞❡ ✐♥t❡r❡ss❡ t❡ór✐❝♦ q✉❡ t❡♠ r❡❝❡❜✐❞♦ ♠✉✐t❛ ❛t❡♥çã♦ r❡❝❡♥t❡♠❡♥t❡✳ ❆ ♠❛✐♦r✐❛ ❞❡ss❡s

♠♦❞❡❧♦s ❞❡ ❞✐s♣❡rsã♦ ❝♦♥tí♥✉❛ sã♦ ❜❛s❡❛❞♦s ❡♠ ❡q✉❛çõ❡s ❞❡ r❡❛çã♦✲❞✐❢✉sã♦✱ q✉❡ sã♦

r✐❝❛♠❡♥t❡ ❡st✉❞❛❞❛s ❡♠ ❬✻❪✱ ❬✼❪✱ ❬✽❪✱ ❬✶✺❪✱ ❬✶✻❪✱ ❬✷✷❪✱ ❬✷✸❪✱ ❬✸✶❪✱ ❬✸✷❪✱ ❬✸✹❪✱ ❬✸✺❪✱ ❬✹✹❪ ❡

❬✹✻❪✳ ❊st❡ t✐♣♦ ❞❡ ♣r♦❝❡ss♦ ❞❡ ❞✐❢✉sã♦ t❡♠ s✐❞♦ ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❞❡s❝r❡✈❡r

❛ ❞✐s♣❡rsã♦ ❞❡ ✉♠❛ ♣♦♣✉❧❛çã♦ ✭❞❡ ❝é❧✉❧❛s ♦✉ ♦r❣❛♥✐s♠♦s✮ ❛tr❛✈és ❞♦ ♠❡✐♦ ❛♠❜✐❡♥t❡✱

❝♦♠♦ ✐♥❞✐❝❛❞♦ ❡♠ ❬✷✽❪✱ ❬✷✾❪ ❡ ❬✸✸❪✱ s❡ u(y) é ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠❛ ❞❡♥s✐❞❛❞❡ ❡♠ ✉♠

❧♦❝❛❧ y✱ K(x, y) ❝♦♠♦ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❛❧t❛r ❞❡ ✉♠ ❧♦❝❛❧ y ♣❛r❛ ✉♠

❧♦❝❛❧ x✱ ❡♥tã♦ ❛ t❛①❛ ♥❛ q✉❛❧ ♦s ✐♥❞✐✈í❞✉♦s ❞❡ t♦❞♦s ♦s ♦✉tr♦s ❧✉❣❛r❡s ❡stã♦ ❝❤❡❣❛♥❞♦

♥❛ ❧♦❝❛❧✐③❛çã♦ x é ∫

Ω

K(x, y)u(y)dy.

❆ ♣r❡s❡♥ç❛ ❞♦ t❡r♠♦ ❞❡ r❡❛çã♦ ♥ã♦✲❧♦❝❛❧ ✭✶✮ s✐❣♥✐✜❝❛✱ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❜✐♦❧ó❣✐❝♦✱

q✉❡ ♦ ❡❢❡✐t♦ ❞❡ ❛❣❧♦♠❡r❛çã♦ ❞❡♣❡♥❞❡ ♥ã♦ ❛♣❡♥❛s ❞❡ s❡✉ ♣ró♣r✐♦ ♣♦♥t♦ ♥♦ ❡s♣❛ç♦✱ ♠❛s

t❛♠❜é♠ ❞❡♣❡♥❞❡ ❞❡ t♦❞❛ ❛ ♣♦♣✉❧❛çã♦ ❡♠ ✉♠ ❤❛❜✐t❛t N ✲❞✐♠❡♥s✐♦♥❛❧✱ ✈❡r ❬✸✵❪✳ ❊♠

♠✉✐t♦s ♣r♦❜❧❡♠❛s ❡♠ ❜✐♦❧♦❣✐❛ ✭❡ ❡❝♦❧♦❣✐❛✮✱ ♣♦r ❡①❡♠♣❧♦ ❡♠ ❬✶✵❪✱ ❇❡r❡st②❝❦✐✱ ❈♦✈✐❧❧❡ ❡

❍♦❛♥❣✲❍✉♥❣ ❡stã♦ ✐♥t❡r❡ss❛❞♦s ❡♠ ❡♥❝♦♥tr❛r ❝r✐tér✐♦s ❞❡ ♣❡rs✐stê♥❝✐❛ ♣❛r❛ ✉♠❛ ❡s♣é❝✐❡

q✉❡ t❡♥❤❛ ✉♠❛ ❡str❛té❣✐❛ ❞❡ ❞✐s♣❡rsã♦ ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡✳ P❛r❛ ✉♠❛ ❡s♣é❝✐❡ ♠♦❞❡❧♦ tã♦



❡s♣❡❝í✜❝❛✱ ♣♦❞❡♠♦s ♣❡♥s❛r ❡♠ ár✈♦r❡s ❞❛s q✉❛✐s s❡♠❡♥t❡s ❡ ♣♦❧❡♥s sã♦ ❞✐ss❡♠✐♥❛❞♦s ❡♠

✉♠❛ ❛♠♣❧❛ ❢❛✐①❛✳ ❆ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ❞✐s♣❡rsã♦ ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ é ❜❡♠ ❝♦♥❤❡❝✐❞❛

♥❛ ❡❝♦❧♦❣✐❛✱ ♦♥❞❡ ♥✉♠❡r♦s♦s ❞❛❞♦s✱ ❛❣♦r❛ ❞✐s♣♦♥í✈❡✐s✱ s✉♣♦rt❛♠ ❡ss❛s s✉♣♦s✐çõ❡s✱ ✈❡r

❬✶✹❪✱ ❬✶✾❪ ❡ ❬✹✺❪✳ P❛r❛ ♦✉tr♦s ♣r♦❜❧❡♠❛s ❞❡ ❞✐s♣❡rsã♦ ❝♦♠ ❡st❛ ❢♦r♠✉❧❛çã♦ ❞❡ ❞✐s♣❡rsã♦

❞❡ ✐♥❞✐✈í❞✉♦s✱ ✈❡r t❛♠❜é♠ ❬✸✾❪ ❡ ❬✹✵❪✳

❆ ❡s❝♦❧❤❛ ❞❡st❡ ♦♣❡r❛❞♦r✱ s✉r❣✐✉ ❞♦ ❡st✉❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❡st❛❝✐♦♥ár✐❛

♣❛r❛ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ❡✈♦❧✉çã♦




ut(x, t) =

∫

RN

K(x− y)u(x, t)dy − u(x, t) + f(x, u(x, t)), ❡♠ x ∈ Ω, t > 0

u(x, t) = 0, ❡♠ x ∈ R
N \ Ω, t ≥ 0

u(x, 0) = u0(x), ❡♠ x ∈ R
N

♦♥❞❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ R
N \ Ω s✐❣♥✐✜❝❛ q✉❡ ♦ ❤❛❜✐t❛t Ω ❡stá r♦❞❡❛❞♦ ♣♦r ✉♠

❛♠❜✐❡♥t❡ ❤♦st✐❧✳ ❙✉❛ ✈❡rsã♦ ❡st❛❝✐♦♥ár✐❛ t❡♠ s✐❞♦ ❝♦♥s✐❞❡r❛❞❛ r❡❝❡♥t❡♠❡♥t❡ ♣❛r❛ ✈ár✐♦s

t✐♣♦s ❞❡ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡s f ✳ ❈✐t❛♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ❬✼❪✱ ❬✽❪✱ ❬✶✵❪ ❡ ❬✷✷❪✳

◆♦ ♥♦ss♦ ♣r✐♠❡✐r♦ ♣r♦❜❧❡♠❛✱ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛ ❛

s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞❡ ❞✐s♣❡rsã♦

LKu = u

(
λ−

∫

Ω

Q(x, y)|u(y)|pdy

)
, ❡♠ Ω (P )

♦♥❞❡ Ω ⊂ R
N ✱ N ≥ 1✱ é ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡ ❧✐♠✐t❛❞♦✱ p > 0✱ λ é ✉♠ ♣❛râ♠❡tr♦ r❡❛❧✱

Q : Ω × Ω → R é ✉♠❛ ❢✉♥çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❝♦♠ Q ∈ C(Ω × Ω) s❛t✐s❢❛③❡♥❞♦ ❛❧❣✉♠❛s

❤✐♣ót❡s❡s q✉❡ s❡rã♦ ❞❡t❛❧❤❛❞❛s ♣♦st❡r✐♦r♠❡♥t❡✳ ◆❡st❡ ❝♦♥t❡①t♦✱ λ é ✉♠ ♣❛râ♠❡tr♦ q✉❡

r❡♣r❡s❡♥t❛ ❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ✐♥trí♥s❡❝❛ ❞❛ ❡s♣é❝✐❡✱ ❡ ♦ t❡r♠♦ ♥ã♦✲❧♦❝❛❧
∫

Ω

Q(x, y)|u(y)|pdy

♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ✉♠❛ ♠é❞✐❛ ♣♦♥❞❡r❛❞❛ ❞❡ u ❡♠ t♦❞♦ ♦ ❞♦♠í♥✐♦✳

❆ ♠♦t✐✈❛çã♦ ♣❛r❛ ❡st✉❞❛r (P )✱ s✉r❣❡ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ♠♦❞❡❧❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞❡ ✉♠❛ ❡s♣é❝✐❡ q✉❡ ❤❛❜✐t❛ ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❞❡ ❝♦♥t♦r♥♦ s✉❛✈❡ Ω ⊂ R
N ✱ ❝✉❥❛

❡q✉❛çã♦ ❧♦❣íst✐❝❛ ❝❧áss✐❝❛ é ❞❛❞❛ ♣♦r




−∆u = u (λ− b(x)up) , ❡♠ Ω

u = 0, s♦❜r❡ ∂Ω
✭✷✮

♦♥❞❡ b(x) ❞❡s❝r❡✈❡ ♦ ❡❢❡✐t♦ ❧✐♠✐t❛❞♦r ❞❡ ❛❣❧♦♠❡r❛çã♦ ❞❛ ♣♦♣✉❧❛çã♦✱ u(x) ✭❝♦♠♦ ❞✐t♦

❛♥t❡s✮ é ❛ ❞❡♥s✐❞❛❞❡ ♣♦♣✉❧❛❝✐♦♥❛❧ ♥♦ ♣♦♥t♦ x ∈ Ω ❡ λ ∈ R é ❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❛

✷



❡s♣é❝✐❡✳ ❊♠ ✭✷✮✱ ❝♦♥s✐❞❡r❛✲s❡ q✉❡ Ω é ❝❡r❝❛❞♦ ♣♦r ár❡❛s ✐♥ós♣✐t❛s✱ ❞❡✈✐❞♦ às ❝♦♥❞✐çõ❡s

❤♦♠♦❣ê♥❡❛s ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t✳ ❖❜s❡r✈❡ q✉❡ ❛ ❡q✉❛çã♦ ❡♠ ✭✷✮ é ✉♠❛ ❡q✉❛çã♦

❧♦❝❛❧ ❡✱ ♣♦rt❛♥t♦✱ ♦ ❡❢❡✐t♦ ❞❡ ❛❣❧♦♠❡r❛çã♦ ❞❛ ♣♦♣✉❧❛çã♦ u ❡♠ x ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦

✈❛❧♦r ❞❛ ♣♦♣✉❧❛çã♦ ♥♦ ♠❡s♠♦ ♣♦♥t♦ x✳ ❊♠ ❬✶✽❪✱ ❈❤✐♣♦t ❝♦♥s✐❞❡r♦✉ q✉❡ ♦ ❡❢❡✐t♦ ❞❡

❛❣❧♦♠❡r❛çã♦ ❞❡♣❡♥❞❡ t❛♠❜é♠ ❞♦ ✈❛❧♦r ❞❛ ♣♦♣✉❧❛çã♦ ❡♠ t♦r♥♦ ❞❡ x✱ ♦✉ s❡❥❛✱ ♦ ❡❢❡✐t♦

❞❡ ❛❣❧♦♠❡r❛çã♦ ❞❡♣❡♥❞❡ ❞♦ ✈❛❧♦r ❞❡ u ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x✱ ♣♦r ❡①❡♠♣❧♦ ❡♠ Br(x)✱

❛ ❜♦❧❛ ❝❡♥tr❛❧✐③❛❞❛ ❡♠ x ❞❡ r❛✐♦ r > 0✳ P❛r❛ s❡r ♠❛✐s ♣r❡❝✐s♦✱ ❈❤✐♣♦t ❝♦♥s✐❞❡r♦✉ ♦

♣r♦❜❧❡♠❛ ♥ã♦✲❧♦❝❛❧




−∆u = u
(
λ−

∫
Ω∩Br(x)

b(y)up(y)dy
)
, ❡♠ Ω

u = 0, s♦❜r❡ ∂Ω
✭✸✮

♦♥❞❡ b é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ♥ã♦✲♥❡❣❛t✐✈❛ ❡ ♥ã♦✲tr✐✈✐❛❧✳ ❉❡♣♦✐s ❞✐ss♦✱ ✉♠❛ ❛t❡♥çã♦

❡s♣❡❝✐❛❧ ❢♦✐ ❞❛❞❛ ❛♦ ♣r♦❜❧❡♠❛




−∆u = u
(
λ−

∫
Ω
Q(x, y)up(y)dy

)
, ❡♠ Ω

u = 0, s♦❜r❡ ∂Ω
✭✹✮

q✉❡ é ✉♠❛ ❢♦r♠✉❧❛çã♦ ♠❛✐s ❣❡r❛❧ ♣❛r❛ t❛❧ ♣r♦❜❧❡♠❛ ♣♦♣✉❧❛❝✐♦♥❛❧✱ s✉♣♦♥❞♦ ❞✐❢❡r❡♥t❡s

❝♦♥❞✐çõ❡s ❡♠ Q✱ ✈❡❥❛ ♣♦r ❡①❡♠♣❧♦ ❬✶❪✱ ❬✷❪✱ ❬✶✼❪✱ ❬✷✵❪✱ ❬✷✶❪✱ ❬✸✼❪✱ ❬✹✻❪ ❡ s✉❛s r❡❢❡rê♥❝✐❛s✳

❊♠ ❬✶✼❪✱ ❈❤❡♥ ❡ ❏✳ ❙❤✐ ❝♦♥s✐❞❡r❛r❛♠ ♦ ❝❛s♦ p = 1 ❡ ♦ ♥ú❝❧❡♦ Q(x, y) s❡♥❞♦ ✉♠❛

❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ ♥ã♦✲♥❡❣❛t✐✈❛ ❡♠ Ω× Ω ❝♦♠ ♦ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧ ❞❡ ❋r❡❞❤♦❧♠

L(φ)(x) :=

∫

Ω

Q(x, y)φ(y)dy

❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛ ❡♠ C+(Ω)✱ ♦♥❞❡ C+(Ω) é ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡ ♣♦s✐✲

t✐✈❛s✱ ♥♦ s❡♥t✐❞♦ ❡♠ q✉❡

L(C+(Ω) \ {0}) ⊂ C+(Ω) \ {0}.

◆❡ss❡ tr❛❜❛❧❤♦ ❢♦✐ ♣r♦✈❛❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ λ∗ > λ1 t❛❧ q✉❡ ✭✹✮ ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s ✉♠❛

s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ λ ∈ (λ1, λ
∗]✳ ❆q✉✐✱ λ1 é ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞❡ (−∆, H1

0 (Ω))✳

❖❜s❡r✈❡♠♦s q✉❡✱ ♦ r❡s✉❧t❛❞♦ ♠♦str❛❞♦ ♥❡st❡ ❛rt✐❣♦ é ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❜✐❢✉r❝❛çã♦ ❧♦❝❛❧✱

♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✹✮

s❡♠♣r❡ q✉❡ λ > λ1 ❡stá ♣ró①✐♠♦ ❞❡ λ∗✳

❊♠ ❬✶❪✱ ❆❧❧❡❣r❡tt♦ ❡ P✳ ◆✐str✐ ♠♦str❛r❛♠ q✉❡ ✭✹✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛

ú♥✐❝❛ q✉❛♥❞♦ λ > λ1 ❡ Q(x, y) = Qδ(|x − y|) é ✉♠❛ ❢✉♥çã♦ ♠♦❧✐✜❝❛❞♦r❛ ❡♠ R
N ✱ ✐st♦

✸



é✱ Qδ(|x− y|) ∈ C∞
0 (Ω)✱

∫

RN

Qδ(|x− y|)dy = 1 ♣❛r❛ q✉❛❧q✉❡r x ❝♦♠

Qδ(|x− y|) = 0 s❡ |x− y| ≥ δ

❡

Qδ(|x− y|) ❧✐♠✐t❛❞❛ ❧♦♥❣❡ ❞♦ ③❡r♦✱ s❡ |x− y| < µ < δ.

❖❜s❡r✈❡♠♦s q✉❡✱ ♥❡st❡ ❝❛s♦✱ Q s❡ ❛♥✉❧❛ ❧♦♥❣❡ ❞❛ ❞✐❛❣♦♥❛❧ ❞❡ Ω× Ω✳

❊♠ ❬✹✻❪✱ ❙✉♥✱ ❙❤✐ ❡ ❲❛♥❣ ✐♥✈❡st✐❣❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛

✭✹✮ ❝♦♠ Q(x, y) = Q1(|x − y|) ❡ Ω = (−1, 1)✱ ♦♥❞❡ Q1 : [0, 2] → (0,∞) é ✉♠❛ ❢✉♥çã♦

❝♦♥tí♥✉❛ ♥ã♦✲❞❡❝r❡s❝❡♥t❡✱ s❛t✐s❢❛③❡♥❞♦

∫ 2

0

Q1(y)dy > 0.

◗✉❛♥❞♦ Q(x, y) é ❞❡ ✈❛r✐á✈❡✐s s❡♣❛rá✈❡✐s✱ ✐st♦ é✱ Q(x, y) = g(x)h(y) ❝♦♠ h ≥ 0❀

h 6= 0 ❡ g(x) > 0✱ ❈♦rrê❛✱ ❉❡❧❣❛❞♦ ❡ ❙✉ár❡③ ❬✷✵❪ ❡st✉❞❛r❛♠ ✭✹✮ ❡ ♣r♦✈❛r❛♠ ❛ ❡①✐stê♥❝✐❛

❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛✳ ❆❧é♠ ❞✐ss♦✱ ❡♠ ❈♦✈✐❧❧❡ ❬✷✶❪ ❡ ▲❡♠❛♥✱ ▼é❧é❛r❞ ❡

▼✐rr❛❤✐♠✐ ❬✸✼❪✱ s✉♣♦♥❞♦ g ≡ 1✱ p > 1 ❡ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❤♦♠♦❣ê♥❡❛s ❞❡ ◆❡✉♠❛♥♥✱

♦s ❛✉t♦r❡s ♣r♦✈❛r❛♠ q✉❡ ❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ ✭✹✮ ❛tr❛✐ t♦❞❛s ❛s ♣♦ssí✈❡✐s s♦❧✉çõ❡s ❞❛

❡q✉❛çã♦ ♣❛r❛❜ó❧✐❝❛ ❝♦rr❡s♣♦♥❞❡♥t❡✱ ❛ss♦❝✐❛❞❛ à ✭✹✮✳ ◗✉❛♥❞♦ g ≥ 0✱ g 6= 0 ❡ g ≡ 0 ❡♠

Ω0 ⊂ Ω✱ ❡♥tã♦ ✭✹✮ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ λ ∈ (λ1, λ0) ♦♥❞❡ λ0 é ♦

❛✉t♦✈❛❧♦r ♣r✐♥❝✐♣❛❧ ❞♦ (−∆, H1
0 (Ω)) ❡♠ Ω0✱ ♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡r ❬✷✵❪✳

❋✐♥❛❧♠❡♥t❡✱ ❡♠ ❬✷❪✱ ❆❧✈❡s✱ ❉❡❧❣❛❞♦✱ ❙♦✉t♦ ❡ ❙✉ár❡③ ❝♦♥s✐❞❡r❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❡

✐♥❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✭✹✮✳ ◆❡ss❡ ❛rt✐❣♦✱ ♦s ❛✉t♦r❡s ❡st✉❞❛r❛♠ ✉♠ ♣r♦❜❧❡♠❛ ♠❛✐s

❣❡r❛❧ ❞♦ q✉❡ ♦s ❛♥t❡r✐♦r❡s✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛r❛♠ Q s❛t✐s❢❛③❡♥❞♦✿

(Q1) Q ∈ L∞(Ω× Ω) ❡ Q(x, y) ≥ 0 ♣❛r❛ t♦❞♦s x, y ∈ Ω❀

(Q
′

2) ❙❡ w é ♠❡♥s✉rá✈❡❧ ❡
∫

Ω×Ω

Q(x, y)|w(y)|p|w(x)|2dxdy = 0✱ ❡♥tã♦ w = 0 q✳t✳♣✳ ❡♠

Ω✳

❯s❛♥❞♦ ❚❡♦r✐❛ ❞❡ ❇✐❢✉r❝❛çã♦✱ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❢♦✐ ♣r♦✈❛❞♦✿

❚❡♦r❡♠❛ ✵✳✵✳✶ ❖ ♣r♦❜❧❡♠❛ (4) t❡♠ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ λ > λ1✱

♦♥❞❡ λ1 é ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞♦ ♣r♦❜❧❡♠❛
{

−∆u = λu, ❡♠ Ω

u = 0, s♦❜r❡ ∂Ω.

✹



▼♦t✐✈❛❞♦ ♣♦r ❬✷❪✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ♣r♦❜❧❡♠❛ (P ) ❡ ♦❜t❡♠♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛

❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ✈✐❛ ❚❡♦r✐❛ ❞❡ ❇✐❢✉r❝❛çã♦✳ ❯♠❛ ♦❜s❡r✈❛çã♦ ✐♠♣♦rt❛♥t❡ é q✉❡✱ ♦

♣r♦❜❧❡♠❛ ❡♠ ❬✷❪ ✉t✐❧✐③❛ ♦ ♦♣❡r❛❞♦r −∆ ❝✉❥♦ ✐♥✈❡rs♦✱ (−∆)−1✱ é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✱

❡♥q✉❛♥t♦✱ ♥♦ ♣r♦❜❧❡♠❛ (P )✱ ♦ ♦♣❡r❛❞♦r ❡♠ q✉❡stã♦ é LK ❝✉❥♦ ✐♥✈❡rs♦ ♥ã♦ ♣♦❞❡ s❡r

❝♦♠♣❛❝t♦✳ ▼❛✐s ❛✐♥❞❛✱ s❛❜❡♠♦s ❛tr❛✈és ❞❛ ❧✐t❡r❛t✉r❛ q✉❡ (LK −M)−1 ♥ã♦ é ❝♦♠♣❛❝t♦

♣❛r❛ ♥❡♥❤✉♠ M > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❈♦♠ ❡st❛ ❞✐❢❡r❡♥ç❛✱ ❛ ❜✐❢✉r❝❛çã♦ ❛q✉✐

✉t✐❧✐③❛❞❛ é ❢❡✐t❛ ❞❡ ♠❛♥❡✐r❛ ❞✐❢❡r❡♥t❡ ❞❛ ✉s✉❛❧✳

P❛r❛ ♦❜t❡r♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛✱ ❝♦♥s✐❞❡r❛♠♦s K s❛t✐s❢❛③❡♥❞♦✿

(K1) K(x, y) = K(y, x) ♣❛r❛ t♦❞♦s x, y ∈ Ω❀

(K2) ❊①✐st❡ δ > 0 t❛❧ q✉❡ K(x, y) > 0 ♣❛r❛ t♦❞♦s x, y ∈ Ω ❡ |x− y| ≤ δ✳

❈♦♠ ✐ss♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❛♣❧✐❝❛çã♦ k : Ω → R ❞❛❞❛ ♣♦r

k(x) =

∫

Ω

K(x, y)dy,

q✉❡ s❡rá ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❆s ❝♦♥❞✐çõ❡s

(K1) ❡ (K2) ❛❝✐♠❛ sã♦ ❤✐♣ót❡s❡s ❣❡r❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❛❞❛s ♣❛r❛ ♦ ♥ú❝❧❡♦ K ❞♦ ♦♣❡r❛❞♦r

L0✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r ❡♠ ❬✽❪✱ ❬✸✶❪ ❡ ❬✸✷❪✳

❏á ♣❛r❛ ❛ ❢✉♥çã♦ Q✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❡

♥ã♦✲♥❡❣❛t✐✈❛✱ q✉❡ s❛t✐s❢❛③✿

(Q2) ❊①✐st❡♠ r, σ > 0 t❛✐s q✉❡ Q(x, y) ≥ σ ♣❛r❛ t♦❞♦s x, y ∈ Ω ❡ |x− y| ≤ r✳

❙❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♦❝♦rr❡r ♣❛r❛ t♦❞♦s ♦s x, y ❡♠ Ω✱ ❞✐③❡♠♦s q✉❡ Q s❛t✐s❢❛③ (Q′′
2)✱

✐st♦ é✱

(Q′′
2) Q(x, y) ≥ σ ♣❛r❛ t♦❞♦s x, y ∈ Ω✳

●♦st❛rí❛♠♦s ❞❡ s❛❧✐❡♥t❛r q✉❡ ❛ ❤✐♣ót❡s❡ (Q2) ✐♠♣❧✐❝❛ ❡♠ (Q′
2)✳

❉❡✜♥✐çã♦ ✵✳✵✳✷ P❛r❛ ❝❛❞❛ Q : Ω × Ω −→ R ❞❡✜♥✐♠♦s ❛ ♦s❝✐❧❛çã♦ ❞❡ Q ❡♠ x✱

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ y✱ ♣♦r

[Q] = sup
x,y,z∈Ω

|Q(x, y)−Q(z, y)|.

❈♦♠ ❛s ❤✐♣ót❡s❡s ❛❝✐♠❛✱ t❡♠♦s ♦ ♥♦ss♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ q✉❡ ❡st❛❜❡❧❡❝❡ ❛ ❡①✐s✲

tê♥❝✐❛ ❞❡ ❜✐❢✉r❝❛çã♦ ❧♦❝❛❧✳

✺



❚❡♦r❡♠❛ ✵✳✵✳✸ ❙✉♣♦♥❤❛ q✉❡ p > 0✱ [Q] > 0✱ (K1) − (K2) ❡ (Q′′
2) ♦❝♦rr❡♠✳ ❊♥tã♦

♦ ♣r♦❜❧❡♠❛ (P ) t❡♠ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ t♦❞♦ λ ∈ (λ1, λ1 +
λ1σ

[Q]
)✱ ♦♥❞❡ λ1 é ♦

❛✉t♦✈❛❧♦r ♣r✐♥❝✐♣❛❧ ❞❡ LK✳

❖❜s❡r✈❡ q✉❡ ❡st❡ r❡s✉❧t❛❞♦ s❡ ♣❛r❡❝❡ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ♠♦str❛❞♦ ❡♠ ❬✶✼❪✳ ❆q✉✐

❝♦♥s❡❣✉✐♠♦s ❞❡t❡r♠✐♥❛r ♦ q✉❡ é ♦ ♥♦ss♦ λ∗✳

➱ ✉♠ ❝♦r♦❧ár✐♦ ❞❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✸ q✉❡ s❡ [Q] = 0✱ ❡♥tã♦ t❡♠♦s s♦❧✉çã♦

♣❛r❛ q✉❛❧q✉❡r λ > λ1✳ Pr♦✈❛r❡♠♦s t❛❧ ❢❛t♦ ♥♦ ❆♣ê♥❞✐❝❡ ❇✳

❆ ✜♠ ❞❡ ♦❜t❡r ✉♠ r❡s✉❧t❛❞♦ ❣❧♦❜❛❧ ❞❡ ❜✐❢✉r❝❛çã♦✱ ✈❛♠♦s ❛ss✉♠✐r ❛ s❡❣✉✐♥t❡

❤✐♣ót❡s❡ ❡♠ Q✿

(Q3) ❊①✐st❡♠ x0 ∈ Ω ❡ ✉♠❛ ❢✉♥çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ a : Ω −→ R✱ t❛✐s q✉❡ a−1 ∈ Lq(Ω)

♦♥❞❡ q = max{1, p} ❡ Q(x0, y) ≥ Q(x, y) + a(x) ♣❛r❛ t♦❞♦s x, y ∈ Ω✳

❖❜s❡r✈❡ q✉❡✱ (Q3) ✐♠♣❧✐❝❛ ❡♠ Q(x0, y) ≥ Q(x, y)✱ ♣❛r❛ t♦❞♦s x, y ∈ Ω ❡ a(x0) = 0✳

❯♠ ❡①❡♠♣❧♦ ❞❡ ❢✉♥çã♦ Q q✉❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (Q3) é ❞❛❞❛ ❛❜❛✐①♦✿

Q(x, y) = h(y)[M − |x− x1|
q1 |x− x2|

q2 ...|x− xk|
qk ] + g(y)

♦♥❞❡ xi ∈ Ω✱ qi <
N

p
✱ M > 0 é ❣r❛♥❞❡ s✉✜❝✐❡♥t❡✱ h ❡ g sã♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡

♣♦s✐t✐✈❛s ❡♠ Ω✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ (Q3) ❢✉♥❝✐♦♥❛ ♣❛r❛ x0 s❡♥❞♦ q✉❛❧q✉❡r xi ❡ a(x) =

m|x− x1|
q1 |x− x2|

q2 ...|x− xk|
qk ✱ ♣❛r❛ m > 0 ♣❡q✉❡♥♦ ♦ s✉✜❝✐❡♥t❡✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ s♦❧✉çõ❡s

♣♦s✐t✐✈❛s✱ q✉❡ ❝♦♥té♠ ❛ s♦❧✉çã♦ ♣❛r❛ ♥♦ss♦ ♣r♦❜❧❡♠❛ (P )✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ λ > λ1✳

❚❡♦r❡♠❛ ✵✳✵✳✹ ❙✉♣♦♥❤❛ q✉❡ p > 0✱ (K1)− (K2) ❡ (Q2)− (Q3) ♦❝♦rr❡♠✳ ❊♥tã♦✱ ❡①✐st❡

✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ C+ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ❞❡ (P ) s❛✐♥❞♦ ❞❡ λ1 > 0✱ ❞❡ ♠❛♥❡✐r❛

q✉❡ C+ ∩ ({λ} × C(Ω)) 6= ∅✱ ♣❛r❛ t♦❞♦ λ > λ1✳

❙♦❜ ✉♠❛ ❝♦♥❞✐çã♦ ♠❛✐s ❢r❛❝❛ ❡♠ Q✱ ♣♦❞❡♠♦s r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ♣❛r❛ t♦❞♦

λ > λ1✱ ♠❛s ♥ã♦ ♣♦❞❡♠♦s ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ s♦❧✉çõ❡s

♣♦s✐t✐✈❛s ♣❛r❛ (P )✳ ❆q✉✐ ❝♦♥s✐❞❡r❛♠♦s Q s❛t✐s❢❛③❡♥❞♦✿

(Q4) ❊①✐st❡ x0 ∈ Ω t❛❧ q✉❡ Q(x0, y) ≥ Q(x, y) ♣❛r❛ t♦❞♦s x, y ∈ Ω✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❡♠ r❡❧❛çã♦ ❛♦ ♣r♦❜❧❡♠❛ (P ) é ♦ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ✵✳✵✳✺ ❙✉♣♦♥❤❛ q✉❡ p > 0✱ (K1), (K2)✱ (Q2) ❡ (Q4) ♦❝♦rr❡♠✳ ❊♥tã♦✱ ♦ ♣r♦✲

❜❧❡♠❛ (P ) t❡♠ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ t♦❞♦ λ > λ1✳

✻



◆♦ s❡❣✉♥❞♦ ♣r♦❜❧❡♠❛✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r (P ) ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ♥✉❧❛✱ ♦✉

s❡❥❛✱ 



LKu = u
(
λ−

∫
Ω
Q(x, y)|u(y)|pdy

)
❡♠ Ω,

u = 0, s♦❜r❡ ∂Ω,
✭✺✮

♦♥❞❡ Ω ⊂ R
N ✱ N ≥ 1✱ é ✉♠ ❛❜❡rt♦ ❝♦♥❡①♦ ❡ ❧✐♠✐t❛❞♦✱ ❝♦♠ ♥ú❝❧❡♦ ❝♦♥tí♥✉♦ ❡ ♥ã♦✲

♥❡❣❛t✐✈♦ K : Ω× Ω −→ R q✉❡ s❛t✐s❢❛③ (K1)✱ ❡ ❛s ❝♦♥❞✐çõ❡s ❛❜❛✐①♦✿

(K ′
2) ❉❛❞♦ x0 ∈ Ω✱ ❡①✐st❡ δ = δx0

> 0 t❛❧ q✉❡ K(x0, y) > 0 ♣❛r❛ t♦❞♦ y ∈ Bδ(x0) ∩ Ω✳

(K3) lim
dist(x,∂Ω)→0

k(x) = 0❀

(K4) P❛r❛ t♦❞♦ ❛❜❡rt♦ A ⊂ Ω t❛❧ q✉❡ A ⊂ Ω✱ ❡①✐st❡♠ θ0 > 0 ❡ C > 0 t❛❧ q✉❡

∫

A

K(x, y)dy ≥ C

∫

Bθ

K(x, y)dy, ∀ 0 < θ ≤ θ0,

❡ t♦❞♦ x ∈ Bθ✱ ♦♥❞❡ Bθ = {x ∈ Ω; dist(x, ∂Ω) < θ}✳

❆q✉✐✱ ❞✐③❡r q✉❡ u = 0 s♦❜r❡ ∂Ω✱ s✐❣♥✐✜❝❛ ❞✐③❡r q✉❡ lim
x→∂Ω

u(x) = 0✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞❡

u ≡ 0 ❡♠ R
N \ Ω✳

❱❡❥❛ ❛❜❛✐①♦✱ ✉♠ ❡①❡♠♣❧♦ ❞❡ ❛♣❧✐❝❛çã♦ q✉❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s (K ′
2), (K3) ❡ (K4)✿

❊①❡♠♣❧♦ ✵✳✵✳✻ ❈♦♥s✐❞❡r❡ K(x, y) = b(x)b(y)J(x− y)✱ ♦♥❞❡ b : Ω → R é ✉♠❛ ❢✉♥çã♦

❝♦♥tí♥✉❛ q✉❡ s❛t✐s❢❛③ b > 0 ❡♠ Ω ❡ b ≡ 0 s♦❜r❡ ∂Ω✱ ❡ ❛ ❢✉♥çã♦ J : RN → R é ❝♦♥tí♥✉❛

❡ ❧✐♠✐t❛❞❛ t❛❧ q✉❡ J(z) ≥ σ✱ ♣❛r❛ t♦❞♦ z ∈ R
N ✳

❱❡r❡♠♦s q✉❡ (K3) é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡

✭✺✮✳ ❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❡♠ r❡❧❛çã♦ ❛♦ ♣r♦❜❧❡♠❛ ✭✺✮ é✿

❚❡♦r❡♠❛ ✵✳✵✳✼ ❙✉♣♦♥❤❛ q✉❡ K ✈❡r✐✜❝❛ (K1), (K
′
2), (K3) ❡ (K4)✱ ❡ q✉❡ Q ✈❡r✐✜❝❛ ❛s

❝♦♥❞✐çõ❡s (Q2)− (Q3)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ C+ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s

♣❛r❛ (5) s❛✐♥❞♦ ❞❡ λ1 > 0✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ C+ ∩ ({λ} × C(Ω)) 6= ∅✱ ♣❛r❛ t♦❞♦ λ > λ1✳

P♦r ✜♠✱ ♦ ♥♦ss♦ t❡r❝❡✐r♦ ♣r♦❜❧❡♠❛✱ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛ ♦❜t❡♥çã♦ ❞❡ r❡s✉❧t❛❞♦s

❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞❡ ❞✐s♣❡rsã♦

LKu = f(x, u) + g(x), ❡♠ Ω (P ′)

♦♥❞❡ g ∈ C(Ω) ❡ f : Ω× R → R sã♦ ❢✉♥çõ❡s s❛t✐s❢❛③❡♥❞♦ ❛❧❣✉♠❛s ❤✐♣ót❡s❡s q✉❡ s❡rã♦

❞❡t❛❧❤❛❞❛s ♣♦st❡r✐♦r♠❡♥t❡✳

✼



❆ ♠♦t✐✈❛çã♦ ♣❛r❛ ❡st✉❞❛r (P ′) ✈❡♠ ❞♦ ❝♦♥❤❡❝✐❞♦ r❡s✉❧t❛❞♦ ❞❡ ❆♠❜r♦s❡tt✐✲Pr♦❞✐

❬✺❪✱ q✉❡ é ✉♠ r❡s✉❧t❛❞♦ ♠✉✐t♦ ✐♥t❡r❡ss❛♥t❡ s♦❜r❡ ♦ ❡st✉❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✐♥❡①✐stê♥❝✐❛

❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t✱




−∆u = f(u) + g(x), ❡♠ Ω

u = 0, s♦❜r❡ ∂Ω
✭✻✮

♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡♠ R
N ✱ ❝♦♠ ❢r♦♥t❡✐r❛ ∂Ω ❞❡ ❝❧❛ss❡ C2,α✳ ❆ ♥ã♦✲

❧✐♥❡❛r✐❞❛❞❡ é ❞❛❞❛ ♣♦r ✉♠❛ ❢✉♥çã♦ f : R → R ❞❡ ❝❧❛ss❡ C2 t❛❧ q✉❡ f ′′(s) > 0 ♣❛r❛ t♦❞♦

s ∈ R ❡

0 < lim
s→−∞

f ′(s) < λ1 < lim
s→+∞

f ′(s) < λ2 ✭✼✮

♦♥❞❡ λ1 ❡ λ2 sã♦ ❛✉t♦✈❛❧♦r❡s ❞❡ (−∆, H1
0 (Ω))✳ ❙♦❜ ❡ss❛s ❤✐♣ót❡s❡s✱ ❡❧❡s ♣r♦✈❛r❛♠ ❛

❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ M ❞❡ ❝❧❛ss❡ C1 ❡♠ C0,α(Ω) q✉❡ ❞✐✈✐❞❡ ❡st❡ ❡s♣❛ç♦ ❡♠

❞♦✐s ❝♦♥❥✉♥t♦s ❛❜❡rt♦s U0 ❡ U2 ❝♦♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ (i) s❡ g ∈ U0✱ ♦ ♣r♦❜❧❡♠❛

✭✻✮ ♥ã♦ t❡♠ s♦❧✉çã♦❀ (ii) s❡ g ∈ M✱ ♦ ♣r♦❜❧❡♠❛ ✭✻✮ t❡♠ ❡①❛t❛♠❡♥t❡ ✉♠❛ s♦❧✉çã♦❀ (iii)

s❡ g ∈ U2✱ ♦ ♣r♦❜❧❡♠❛ ✭✻✮ t❡♠ ❡①❛t❛♠❡♥t❡ ❞✉❛s s♦❧✉çõ❡s✳ ❊♠ ❬✺❪✱ ♦ ♠ét♦❞♦ ✉t✐❧✐③❛❞♦

é ❜❛s❡❛❞♦ ❡♠ t❡♦r❡♠❛s ❞❡ ✐♥✈❡rsã♦ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❝♦♠ s✐♥❣✉❧❛r✐❞❛❞❡s

❡♠ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✳ ❊ss❡ ♠ét♦❞♦ é ❜❛st❛♥t❡ ✐♥t❡r❡ss❛♥t❡ ❡ ❣❡♦♠étr✐❝♦✱ ♠❛s ♣❛r❡❝❡

❞❡♣❡♥❞❡r ♠✉✐t♦ ❞♦ ❢❛t♦ ❞❡ q✉❡ f é ✉♠❛ ❢✉♥çã♦ ❝♦♥✈❡①❛✳ ❆❧é♠ ❞✐ss♦✱ ♦ tr❛❜❛❧❤♦ ❞❡

❆♠❜r♦s❡tt✐ ❡ Pr♦❞✐ t❡♠ ♦ ✐♥❝♦♥✈❡♥✐❡♥t❡ ❞❡ ♥ã♦ ❞❛r ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ♦✉ s✉✜❝✐❡♥t❡s

♣❛r❛ q✉❡ (i)✱ (ii) ❡ (iii) ♦❝♦rr❛♠✳

❊♠ 1975✱ ❇❡r❣❡r ❡ P♦❞♦❧❛❦ ❬✶✶❪✱ ❞❡r❛♠ ✉♠ ❣r❛♥❞❡ ♣❛ss♦ ♥♦ ❡st✉❞♦ ❞♦ ♣r♦❜❧❡♠❛

✭✻✮ ❡ ♦❜t✐✈❡r❛♠ ✉♠❛ ❡str✉t✉r❛ ❝❛rt❡s✐❛♥❛ ♣❛r❛ ❛ ✈❛r✐❡❞❛❞❡ M ♥♦s ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✳

❖s ❛✉t♦r❡s ❞❡❝♦♠♣✉s❡r❛♠ ❛s ❢✉♥çõ❡s g ∈ C0,α(Ω) ♥❛ ❢♦r♠❛ g = tφ1 + g1✱ ♦♥❞❡ φ1 é

✉♠❛ ❛✉t♦❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡ ♥♦r♠❛❧✐③❛❞❛ ✭❡♠ L2(Ω)✮ ❛ss♦❝✐❛❞❛ ❛♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r λ1

❞❡ (−∆, H1
0 (Ω)) ❡ ❝♦♠ g1 ∈ {φ1}

⊥ ♥♦ s❡♥t✐❞♦ L2(Ω)✱ ✐st♦ é✱
∫

Ω

g1(x)φ1(x)dx = 0.

❆ss✐♠✱ ❡❧❡s ❡s❝r❡✈❡r❛♠ ❛ ❡q✉❛çã♦ ✭✻✮ ♥❛ ❢♦r♠❛




−∆u = f(u) + tφ1(x) + g1(x), ❡♠ Ω

u = 0, s♦❜r❡ ∂Ω.
✭✽✮

❯s❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ▲②❛♣✉♥♦✈✲❙❝❤♠✐❞t✱ ♣❛r❛ ❝❛❞❛ g1 ❞❡✜♥✐❞♦ ❝♦♠♦ ❛❝✐♠❛✱ ❡❧❡s ❡♥✲

❝♦♥tr❛r❛♠ ✉♠ ♥ú♠❡r♦ r❡❛❧ t = t(g1) ❞❡♣❡♥❞❡♥❞♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ g1✱ t❛❧ q✉❡✿ (i)

✽



g ∈ U0 ✭✐✳❡✳ ✭✽✮ ♥ã♦ t❡♠ s♦❧✉çã♦✮✱ s❡ t > t(g1)❀ (ii) g ∈ M✱ ✭✐✳❡✳ ✭✽✮ t❡♠ ❡①❛t❛♠❡♥t❡

✉♠❛ s♦❧✉çã♦✮✱ s❡ t = t(g1)❀ (iii) g ∈ U2✱ ✭✐✳❡✳ ✭✽✮ t❡♠ ❡①❛t❛♠❡♥t❡ ❞✉❛s s♦❧✉çõ❡s✮✱ s❡

t < t(g1)✳

❚❛♠❜é♠ ❡♠ 1975✱ ❑❛③❞❛♥ ❡ ❲❛r♥❡r ❬✸✻❪ ♣✉❜❧✐❝❛r❛♠ ✉♠ ❧♦♥❣♦ ❛rt✐❣♦ tr❛t❛♥❞♦

❞❡ ♦♣❡r❛❞♦r❡s ✉♥✐❢♦r♠❡♠❡♥t❡ ❡❧í♣t✐❝♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❉✐r✐❝❤❧❡t

♦✉ ◆❡✇♠❛♥♥✳ ❊❧❡s tr❛❜❛❧❤❛r❛♠ s✉❜st✐t✉✐♥❞♦ ❛s ❤✐♣ót❡s❡s ✭✼✮ ♣❡❧❛s ❤✐♣ót❡s❡s

−∞ ≤ lim sup
s→−∞

f(s)

s
< λ1 < lim inf

s→+∞

f(s)

s
≤ +∞ ✭✾✮

q✉❡ ♥ã♦ ❡♥✈♦❧✈❡ ❛ ❞❡r✐✈❛❞❛ ❞❡ f ✳ ❊❧❡s ❡♥❝♦♥tr❛r❛♠ ✉♠❛ s✉❜s♦❧✉çã♦ ❡ ✉♠❛ s✉♣❡rs♦❧✉çã♦

♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ♥❡❣❛t✐✈♦ ❡✱ ✉s❛♥❞♦ ♦ ♠ét♦❞♦ ❞❛ ✐t❡r❛çã♦ ♠♦♥♦tô♥✐❝❛✱ ♣r♦✈❛r❛♠

❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦✳ ▼❡s♠♦ r❡♠♦✈❡♥❞♦ ❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❛ ❢✉♥çã♦ f ✱ ♣r♦✈❛r❛♠

❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❢✉♥çã♦ t : {φ1}
⊥ → R t❛❧ q✉❡✿ (i) ✭✽✮ ♥ã♦ t❡♠ s♦❧✉çã♦✱ s❡ t > t(g1)❀

(ii) ✭✽✮ t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦✱ s❡ t < t(g1)✳

P♦st❡r✐♦r♠❡♥t❡✱ ❆♠❛♥♥ ❡ ❍❡ss ❬✹❪✱ ❡✱ ❝♦♥❝♦♠✐t❛♥t❡♠❡♥t❡✱ ❉❛♥❝❡r ❬✷✺❪✱ ♠❡❧❤♦✲

r❛r❛♠ ♦ tr❛❜❛❧❤♦ ❞❡ ❑❛③❞❛♥ ❡ ❲❛r♥❡r ❡♥❝♦♥tr❛♥❞♦ ♣❡❧♦ ♠❡♥♦s ❞✉❛s s♦❧✉çõ❡s ♣❛r❛

t < t(g1)✱ ❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ♣❛r❛ t = t(g1)✳ ❊❧❡s ✉s❛♠ ❛r❣✉♠❡♥t♦s ❞❡ t❡♦r✐❛

❞♦ ❣r❛✉ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r ♣❛r❛ ♦❜t❡r ❡st❡ r❡s✉❧t❛❞♦✳

❖❜s❡r✈❛✲s❡ q✉❡✱ ❛ ❝♦♥✈❡①✐❞❛❞❡ ❡str✐t❛ ❞❛ ❢✉♥çã♦ f ✐♠♣❧✐❝❛ ♥❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡

♦❜t❡r ❡♠ ❝❛❞❛ ❝❛s♦ ♦ ♥ú♠❡r♦ ❡①❛t♦ ❞❡ s♦❧✉çõ❡s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ♣♦s✐çã♦ ❞♦s ❧✐♠✐t❡s

lim
|s|→+∞

f(s)

s
❡♠ r❡❧❛çã♦ ❛♦ ❡s♣❡❝tr♦ ❞❡ (−∆, H1

0 (Ω)) ✭♣♦r q✉❛♥t♦s ❛✉t♦✈❛❧♦r❡s ❡ss❡s

❧✐♠✐t❡s ♣❛ss❛♠✮ ✐♥✢✉❡♥❝✐❛ ♦ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s q✉❡ ♣♦❞❡♠♦s ♦❜t❡r✳ P♦r ❡①❡♠♣❧♦✱

s❡ ❛❧é♠ ❞❛s ❤✐♣ót❡s❡s ♣❡rt✐♥❡♥t❡s ❛♦ ♣r♦❜❧❡♠❛ ✭✻✮ s✉♣✉s❡r♠♦s ❛ ❝♦♥✈❡①✐❞❛❞❡ ❛❝✐♠❛

❡ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ lim
s→+∞

f(s)

s
< λ2✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ x ∈ Ω✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛

g1 ∈ {φ1}
⊥✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ t = t(g1) t❛❧ q✉❡✿ (i) ✭✽✮ ♥ã♦ t❡♠ s♦❧✉çã♦✱ s❡ t > t(g1)❀

(ii) ✭✽✮ t❡♠ ❡①❛t❛♠❡♥t❡ ✉♠❛ s♦❧✉çã♦✱ s❡ t = t(g1)❀ (iii) ✭✽✮ t❡♠ ❡①❛t❛♠❡♥t❡ ❞✉❛s

s♦❧✉çõ❡s✱ s❡ t < t(g1)✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ r❡s✉❧t❛❞♦ ❡stá ♠✉✐t♦ ♣ró①✐♠❛ ❞❛ ✐❞❡✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r

❇❡r❡st②❝❦✐ ❬✾❪ ❡ ❡stá ❡♠ ❋✐❣✉❡✐r❡❞♦ ❬✷✼❪✳

❊♠ ♦✉tr♦ ❡①❡♠♣❧♦✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s ❛s ❤✐♣ót❡s❡s

lim sup
s→−∞

f(s)

s
< λ1 < λ2 < lim

s→+∞

f(s)

s
< λ3,

❡♥tã♦ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠ τ ∈ R✱ t❛❧ q✉❡ ✭✽✮ ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s três s♦❧✉çõ❡s s❡

t < τ ✳

✾



❈♦♠ ♦ r❡❧❛t♦ ❛❝✐♠❛✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ r❡s✉❧t❛❞♦ ❞♦

t✐♣♦ ❆♠❜r♦s❡tt✐✲Pr♦❞✐ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ′)✳ ❖s ♣r♦❜❧❡♠❛s ❞♦ t✐♣♦ ❆♠❜r♦s❡tt✐✲Pr♦❞✐

sã♦ ❝❛r❛❝t❡r✐③❛❞♦s ♣❡❧❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛s ❢✉♥çõ❡s g ♣❛r❛ ❛s q✉❛✐s ❛ ❡q✉❛çã♦ (P ′) t❡♠

s♦❧✉çã♦ ♦✉ ♥ã♦ ❡✱ ❡♠ ❝❛s♦ ❛✜r♠❛t✐✈♦✱ ♦ ♥ú♠❡r♦ ♠í♥✐♠♦ ✭♦✉✱ s❡ ♣♦ssí✈❡❧✱ ♦ ♥ú♠❡r♦

❡①❛t♦✮ ❞❡ s♦❧✉çõ❡s✱ ✈❡r ❬✷✼❪ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✳

❖❜s❡r✈❡ q✉❡✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ ♣r♦❜❧❡♠❛ (P ′) ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

LKu = f(x, u) + tφ1 + g1(x) ❡♠ Ω, (P ′)t

♦♥❞❡ g ∈ C(Ω) ❡stá ❞❡❝♦♠♣♦st♦ ♥❛ ❢♦r♠❛ g(x) = tφ1(x) + g1(x), x ∈ Ω✱ φ1 é ✉♠❛

❛✉t♦❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡ ♥♦r♠❛❧✐③❛❞❛ ❡♠ L2(Ω)✱ ❛ss♦❝✐❛❞❛ ❛♦ ❛✉t♦✈❛❧♦r ♣r✐♥❝✐♣❛❧ λ1✱ ❞♦

♦♣❡r❛❞♦r ❞✐s♣❡rsã♦ LK ✱ ❡ g1 ∈ {φ1}
⊥ ♥♦ s❡♥t✐❞♦ L2(Ω)✱ ✐st♦ é✱

∫

Ω

g1(x)φ1(x)dx = 0.

P❛r❛ ♦❜t❡r♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ′)✱

❝♦♥s✐❞❡r❛♠♦s K s❛t✐s❢❛③❡♥❞♦ ♥♦✈❛♠❡♥t❡ (K1) ❡ (K2)✱ ❡ s✉♣♦♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ f :

Ω× R → R é ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✱ ❝r❡s❝❡♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛ ✈❛r✐á✈❡❧ t ∈ R ❡ s❛t✐s❢❛③✿

(f1) ❊①✐st❡♠ A > ‖k‖∞ ❡ C > 0 t❛✐s q✉❡ f(x, s) ≥ As − C ♣❛r❛ t♦❞♦ s ≥ 0 ❡ t♦❞♦

x ∈ Ω✳

❈♦♠ ❡st❛ ❤✐♣ót❡s❡✱ ❡♥❝♦♥tr❛♠♦s ✉♠ ♥ú♠❡r♦ m > 0 ♣❛r❛ ♦ q✉❛❧ ♦ ♣r♦❜❧❡♠❛ (P ′)t

♥ã♦ t❡♠ s♦❧✉çã♦ ♣♦s✐t✐✈❛ s❡ t > m✳

❆❧é♠ ❞✐ss♦✱ s❡ ❛ss✉♠✐r♠♦s q✉❡ f t❛♠❜é♠ ✈❡r✐✜❝❛

(f2) ❊①✐st❡ ✉♠ ♥ú♠❡r♦ 0 < a < λ1 t❛❧ q✉❡ lim
s→−∞

f(x, s)

s
= a✱ ♣❛r❛ t♦❞♦ x ∈ Ω✱

❡♥❝♦♥tr❛♠♦s ✉♠ ♥ú♠❡r♦ m > 0 ♥♦ q✉❛❧ ♦ ♣r♦❜❧❡♠❛ (P ′)t ♥ã♦ t❡♠ s♦❧✉çã♦ ✭♣♦s✐t✐✈❛✱

♥❡❣❛t✐✈❛ ❡ ♥❡♠ ♥♦❞❛❧✮ s❡ t > m✳

❖❜s❡r✈❡ q✉❡✱ t♦❞❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ lim inf
n→∞

f(x, s)

s
> ‖k‖∞ é ✉♠ ❡①❡♠♣❧♦ ❞❡

❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ ❛ ❤✐♣ót❡s❡ (f1)✳

❈♦♠ ❛s ❤✐♣ót❡s❡s ❛❝✐♠❛✱ t❡♠♦s ♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ q✉❡ ❡st❛❜❡❧❡❝❡ ❛ ❡①✐stê♥❝✐❛

❞❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ ❛ ❡q✉❛çã♦ (P ′)t✳ P❛r❛ ❛✜r♠❛çã♦ ❞❡ ❡①✐stê♥❝✐❛

s❡r ❞❡♠♦♥str❛❞❛✱ ❢❛③❡♠♦s ✉s♦ ❞♦ ♠ét♦❞♦ ❞❡ ✐t❡r❛çã♦ ♠♦♥♦tô♥✐❝❛✳

✶✵



❚❡♦r❡♠❛ ✵✳✵✳✽ ❙✉♣♦♥❤❛♠♦s q✉❡ (K1) ❡ (K2) ♦❝♦rr❡♠✱ ❡ q✉❡ f é ✉♠❛ ❢✉♥çã♦ ❧♦❝❛❧✲

♠❡♥t❡ ▲✐♣s❝❤✐t③✱ ❝r❡s❝❡♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛ ✈❛r✐á✈❡❧ t ∈ R ❡ s❛t✐s❢❛③ (f1)✳ ❊♥tã♦✱ ♣❛r❛

t♦❞♦ g1 ∈ {φ1}
⊥✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ t(g1) t❛❧ q✉❡

(i) ♦ ♣r♦❜❧❡♠❛ (P ′)t ♥ã♦ t❡♠ s♦❧✉çã♦✱ s❡ t > t(g1)❀

(ii) ♦ ♣r♦❜❧❡♠❛ (P ′)t t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦✱ s❡ t ≤ t(g1)✳

P❛r❛ ♦❜t❡r♠♦s ✉♠❛ s❡❣✉♥❞❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ′)✱ ❛ss✉♠✐♠♦s ❛ s❡❣✉✐♥t❡

❤✐♣ót❡s❡ s♦❜r❡ f ✿

(f3) P❛r❛ t♦❞♦ ❝♦♠♣❛❝t♦ K ⊂ R ❡①✐st❡ ✉♠ ♥ú♠❡r♦ σ > 0 t❛❧ q✉❡
f(x, s)− f(x, t)

s− t
> σ

♣❛r❛ t♦❞♦s s, t ∈ K ❡ t♦❞♦ x ∈ Ω✳

❖❜s❡r✈❡ q✉❡ t♦❞❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ f ′
t(x, t) > 0✱ ♣❛r❛ t♦❞♦ x ∈ Ω✱ é ✉♠ ❡①❡♠♣❧♦ ❞❡

❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ ❛ ❤✐♣ót❡s❡ (f3)✳

❈♦♠ ❛s ❤✐♣ót❡s❡s ❛❝✐♠❛✱ ♣♦❞❡♠♦s ❡♥✉♥❝✐❛r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

❚❡♦r❡♠❛ ✵✳✵✳✾ ❙✉♣♦♥❤❛ q✉❡ (K1), (K2)✱ (f1), (f2) ❡ (f3) ♦❝♦rr❡♠✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦

g1 ∈ {φ1}
⊥✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ t(g1) t❛❧ q✉❡

(i) ♦ ♣r♦❜❧❡♠❛ (P ′)t t❡♠ ♣❡❧♦ ♠❡♥♦s ❞✉❛s s♦❧✉çõ❡s✱ s❡ t < t(g1)❀

(ii) ♦ ♣r♦❜❧❡♠❛ (P ′)t t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦✱ s❡ t = t(g1)✳

❈♦♠♦ ✈✐st♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ ♣r♦❜❧❡♠❛ ❝♦♠ LK ❡ ♦ ♣r♦❜❧❡♠❛

❝♦♠ −∆ é q✉❡ (−∆)−1 é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✱ ❡♥q✉❛♥t♦ (LK−M)−1 ♥ã♦ é ❝♦♠♣❛❝t♦

q✉❛❧q✉❡r q✉❡ s❡❥❛ M > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❈♦♠ ✐ss♦✱ ♥ã♦ ♣♦❞❡♠♦s ✉s❛r ❛ t❡♦r✐❛

❞♦ ❣r❛✉ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r ❝♦♠♦ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❋✐❣✉❡✐r❡❞♦ ❬✷✼❪✳ ❉✐❛♥t❡ ❞❡ss❡ ♣r♦❜❧❡♠❛✱

❢❛r❡♠♦s ✉s♦ ❞❛ t❡♦r✐❛ ❞♦ ❣r❛✉ ♣❛r❛ ❛♣❧✐❝❛çõ❡s γ✲❝♦♥❞❡♥s❛♥t❡s ✭✈❡❥❛ ❬✶✸❪✱ ❬✹✶❪ ❡ ❬✹✷❪✮✱

q✉❡ é ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❣r❛✉ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r✱ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ♠❛✐♦r ❞❡ ♣❡rt✉r❜❛çõ❡s

❞❛ ✐❞❡♥t✐❞❛❞❡✱ ❞❡✜♥✐❞❛ ❡♠ t❡r♠♦s ❞❡ ♠❡❞✐❞❛s ♣❛r❛ ♥ã♦ ❝♦♠♣❛❝t♦s ✭✐✳❡✳✱ ♠❡❞✐❞❛s ❞❡

♥ã♦ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ ❑✉r❛t♦✇s❦✐✮✱ ✉♠❛ ✈❡③ q✉❡ ❡①✐st❡♠ ✈ár✐♦s t✐♣♦s ✐♥t❡r❡ss❛♥t❡s ❞❡

❡q✉❛çõ❡s ❢✉♥❝✐♦♥❛✐s q✉❡ ♥ã♦ ♣♦❞❡♠ s❡r tr❛t❛❞❛s ♣♦r ♦♣❡r❛❞♦r❡s ❝♦♠♣❛❝t♦s✱ ♠❛s ♣r❡❝✐s❛

❞❛ ❡str✉t✉r❛ ❞❡ss❛ ❝❧❛ss❡ ♠❛✐♦r✳

❯♠❛ ♦❜s❡r✈❛çã♦ ✐♠♣♦rt❛♥t❡ é q✉❡✱ s❡ f s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (f1) ❡ ❛ ❝♦♥❞✐çã♦

(f4) |f(x, s)− f(x, t)| > ‖k‖∞|s− t|✱ ♣❛r❛ t♦❞♦s s, t ∈ R+ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ x ∈ Ω✱

❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ (P ′)t t❡♠ ♥♦ ♠á①✐♠♦ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❝❛❞❛ t ∈ R✳

✶✶



❖❜s❡r✈❛çã♦ ✵✳✵✳✶✵ ❯♠❛ ✐♥t❡r❡ss❛♥t❡ ♦❜s❡r✈❛çã♦ é q✉❡ s❡ s✉❜st✐t✉✐r♠♦s φ1 ♣❡❧❛ ❢✉♥✲

çã♦ ❝♦♥st❛♥t❡ φ0 ≡ 1 ❡ ❝♦♥s✐❞❡r❛r♠♦s ♦ ♣r♦❜❧❡♠❛

LKu = f(x, u) + t+ g1(x) ✐♥ Ω, (P ′′)t

♦♥❞❡ t ∈ R✱ g1 ∈ C(Ω) é ✉♠❛ ❢✉♥çã♦ t❛❧ q✉❡
∫

Ω

g1(x)dx = 0 ❡ f s❛t✐s❢❛③ ❤✐♣ót❡s❡s ❝♦♥✲

✈❡♥✐❡♥t❡s✱ ❛s ❞❡♠♦♥str❛çõ❡s ❞♦s ❚❡♦r❡♠❛s ✵✳✵✳✽ ❡ ✵✳✵✳✾ s❡❣✉❡♠✲s❡ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛

❛♦ ❞♦ ♣r♦❜❧❡♠❛ (P ′)t✳

❊st❡ tr❛❜❛❧❤♦ ❞✐✈✐❞❡✲s❡ ❡♠ q✉❛tr♦ ❝❛♣ít✉❧♦s ❡ ❞♦✐s ❛♣ê♥❞✐❝❡s q✉❡ ❡stã♦ ❞✐str✐❜✉í❞♦s

❝♦♠♦ ❞❡s❝r✐t♦s ❛ s❡❣✉✐r✳

◆♦ ❈❛♣ít✉❧♦ ✶✱ ❞❡❞✐❝❛♠♦✲♥♦s ❛ ❛♣r❡s❡♥t❛r ❢❛t♦s ❡ r❡s✉❧t❛❞♦s ❢✉♥❞❛♠❡♥t❛✐s s♦✲

❜r❡ ♦ ♦♣❡r❛❞♦r L0✱ t❛✐s ❝♦♠♦ ✉♠ r❡s✉❧t❛❞♦ ❞♦ t✐♣♦ ❑r❡✐♥✲❘✉t♠❛♥ ❡ ✉♠ ♣r✐♥❝í♣✐♦ ❞♦

♠á①✐♠♦✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❞❡♠♦♥str❛♠♦s ❡♠ ❞❡t❛❧❤❡s ♦s ❚❡♦r❡♠❛s ✵✳✵✳✸✱ ✵✳✵✳✹ ❡ ✵✳✵✳✺✱

q✉❡ tr❛t❛♠✲s❡ ❞♦s ♣r✐♠❡✐r♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ♥♦ss♦ ❡st✉❞♦ ❡ q✉❡ ❢♦r♠❛♠ ♦ ❝♦r♣♦

t❡ór✐❝♦ ❞♦ ♥♦ss♦ ♣r✐♠❡✐r♦ tr❛❜❛❧❤♦ ❬✸❪ s✉❜♠❡t✐❞♦ ♣❛r❛ ♣✉❜❧✐❝❛çã♦✱ ❡ ❥á ❡stá ❞✐s♣♦♥í✈❡❧

❡♠ ❛r❳✐✈✿✶✼✶✶✳✵✽✷✵✷✱ ❞❡s❞❡ ❆❣♦st♦ ❞❡ 2018✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ✉t✐❧✐③❛♠♦s ❝♦♥st❛♥t❡♠❡♥t❡

♦ q✉❡ ❢♦✐ ♣r♦✈❛❞♦ ❡ ❞✐s❝✉t✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✶✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

(P ) ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❤♦♠♦❣ê♥❡♦✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡st✉❞❛♠♦s ♦ ♣r♦❜❧❡♠❛

✭✺✮ ❡ ❡♥❝♦♥tr❛♠♦s ❝♦♥❞✐çõ❡s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✼✳

◆♦ ❈❛♣ít✉❧♦ ✹ ❞❡♠♦♥str❛♠♦s ❡♠ ❞❡t❛❧❤❡s ♦s ❚❡♦r❡♠❛s ✵✳✵✳✽ ❡ ✵✳✵✳✾✱ q✉❡

tr❛t❛♠✲s❡ ❞♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ′)✳ ◆❡st❡ ❝❛♣ít✉❧♦✱

✉t✐❧✐③❛♠♦s ❝♦♥st❛♥t❡♠❡♥t❡ ♦ q✉❡ ❢♦✐ ♣r♦✈❛❞♦ ❡ ❞✐s❝✉t✐❞♦ ♥♦❈❛♣ít✉❧♦ ✶ ❡ ♥♦❆♣ê♥❞✐❝❡

❆✳ ❊ss❡s r❡s✉❧t❛❞♦s ❢♦r♠❛♠ ♦ ❝♦r♣♦ t❡ór✐❝♦ ❞♦ ♥♦ss♦ s❡❣✉♥❞♦ tr❛❜❛❧❤♦ s✉❜♠❡t✐❞♦ ♣❛r❛

♣✉❜❧✐❝❛çã♦✱ ♦♥❞❡ ❥á ❡stá ❞✐s♣♦♥í✈❡❧ ❡♠ ❛r❳✐✈✿ ✶✾✵✷✳✵✵✸✻✺✱ ❞❡s❞❡ ❏❛♥❡✐r♦ ❞❡ 2019✳

◆♦ ❆♣ê♥❞✐❝❡ ❆ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❣r❛✉ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r ♣❛r❛

✉♠❛ ❝❧❛ss❡ ♠❛✐♦r ❞❡ ♣❡rt✉❜❛çõ❡s ❞❛ ✐❞❡♥t✐❞❛❞❡ ❡♠ t❡r♠♦s ❞❛ ♠❡❞✐❞❛ ❞❡ ♥ã♦ ❝♦♠♣❛❝✐✲

❞❛❞❡ ❞❡ ❑✉r❛t♦✇s❦✐✳

◆♦ ❆♣ê♥❞✐❝❡ ❇ ❛♣r❡s❡♥t❛♠♦s ♦ ❝♦r♦❧ár✐♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✸✱ ✐st♦ é✱ ✈❡r✐✜❝❛♠♦s ❛

❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ) q✉❛♥❞♦ [Q] = 0✱ ♦✉ s❡❥❛✱ ❛ ❢✉♥çã♦ Q(x, y) =

Q(y) ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛ ✈❛r✐á✈❡❧ y✳

✶✷



◆♦t❛çã♦ ❡ t❡r♠✐♥♦❧♦❣✐❛

• R
N ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ N−❞✐♠❡♥s✐♦♥❛❧✳

• Ω ⊂ R
N ❞❡♥♦t❛ ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡ ❧✐♠✐t❛❞♦✳

• X ❞❡♥♦t❛ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ q✉❛❧q✉❡r✳

• Br(x) ❞❡♥♦t❛ ❛ ❜♦❧❛ ❛❜❡rt❛ ❝❡♥tr❛❞❛ ❡♠ x ❝♦♠ r❛✐♦ r > 0 ❡♠ R
N ✳

• ❖ sí♠❜♦❧♦ → s✐❣♥✐✜❝❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ ♥♦r♠❛✳

• ❖ sí♠❜♦❧♦ ⇀ s✐❣♥✐✜❝❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛✳

• ❙❡ A ⊂ R
N é ✉♠ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ à ▲❡❜❡s❣✉❡✱ ❡♥tã♦ |A| ❞❡♥♦t❛ ❛ ♠❡❞✐❞❛ ❞❡

▲❡❜❡s❣✉❡ ❞❡ A✳

• ❆ ❡①♣r❡ssã♦ q.t.p. é ✉♠❛ ❛❜r❡✈✐❛çã♦ ♣❛r❛ q✉❛s❡ t♦❞♦ ♣♦♥t♦✳

• ❙❡ u é ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧✱ ❞❡♥♦t❛♠♦s ♣♦r u+ ❡ u− ❛ ♣❛rt❡ ♣♦s✐t✐✈❛ ❡ ♥❡❣❛t✐✈❛

❞❡ u r❡s♣❡❝t✐✈❛♠❡♥t❡✱ q✉❡ sã♦ ❞❛❞❛s ♣♦r

u+ = max{u, 0} ❡ u− = min{u, 0}.

• C(Ω) ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❞❡ Ω ❡♠ R✳

• Ls(Ω)✱ ♣❛r❛ 1 ≤ s ≤ ∞✱ ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❞❡ ▲❡❜❡s❣✉❡ ❝♦♠ ♥♦r♠❛ ✉s✉❛❧ ❞❡♥♦t❛❞❛

♣♦r ‖u‖s✳

• σ(LK) ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❛✉t♦✈❛❧♦r❡s r❡❛✐s ❞♦ ♦♣❡r❛❞♦r LK : C(Ω) → C(Ω)✳

• σ̃(LK) ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❛✉t♦✈❛❧♦r❡s r❡❛✐s ❞♦ ♦♣❡r❛❞♦r LK : L2(Ω) → L2(Ω)✳



• K (Ω) ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♠♣❛❝t❛s ❞❡ Ω ❡♠ X✳

• Cγ(Ω) ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s γ✲❝♦♥❞❡♥s❛♥t❡s ❞❡ Ω ❡♠ X✳

• SCγ(Ω) ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s γ✲❝♦♥tr❛çã♦ ❡str✐t❛ ❞❡ Ω ❡♠ X✳

✶✹



❈❛♣ít✉❧♦ ✶

❖ ❖♣❡r❛❞♦r ❉✐s♣❡rsã♦ LK

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡st✉❞❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ♦♣❡r❛❞♦r

❞✐s♣❡rsã♦ LK ✳ ❆❧é♠ ❞✐ss♦✱ ❞❡st❛❝❛r❡♠♦s ❞♦✐s r❡s✉❧t❛❞♦s ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛

♦s ❞❡♠❛✐s ❝❛♣ít✉❧♦s ❞❡st❛ t❡s❡✳ ❊st❛♠♦s ♥♦s r❡❢❡r✐♥❞♦ ❛♦ r❡s✉❧t❛❞♦ ❞♦ t✐♣♦ ❑r❡✐♥✲

❘✉t♠❛♥✱ ♦ q✉❛❧ ❣❛r❛♥t❡ q✉❡ ♦ ♦♣❡r❛❞♦r LK ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ❛✉t♦✈❛❧♦r ♣r✐♥❝✐♣❛❧ q✉❡

é s✐♠♣❧❡s ❡ s✉❛s ❛✉t♦❢✉♥çõ❡s ❛ss♦❝✐❛❞❛s sã♦ ❝♦♥tí♥✉❛s✱ ♣♦s✐t✐✈❛s ❡ t❡♠ s✐♥❛❧ ❞❡✜♥✐❞♦✳

❚❛♠❜é♠ ♥♦s r❡❢❡r✐♠♦s ❛♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦✱ r❡s✉❧t❛❞♦ q✉❡ ❣❡♥❡r❛❧✐③❛ ♦ ♣r✐♥❝í♣✐♦

❞♦ ♠á①✐♠♦ ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✸✶❪✱ q✉❡ ❢❛③ r❡❢❡rê♥❝✐❛ ❛♦ ❛rt✐❣♦ ❬✷✷❪✳

✶✳✶ ❖ ❛✉t♦✈❛❧♦r ♣r✐♥❝✐♣❛❧ ❞❡ LK

◆❡st❛ s❡çã♦✱ ❝♦♥s✐❞❡r❛♠♦s ❛❧❣✉♥s ❢❛t♦s ♣r❡❧✐♠✐♥❛r❡s r❡❧❛❝✐♦♥❛❞♦s ❛♦ ❛✉t♦✈❛❧♦r

♣r✐♥❝✐♣❛❧ ❞❡ LK ✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ♦♣❡r❛❞♦r ❞❡ ❞✐s♣❡rsã♦ LK : C(Ω) → C(Ω) ❞❛❞♦

♣♦r

LKu(x) =

∫

Ω

K(x, y)u(y)dy,

♦♥❞❡ ♦ ♥ú❝❧❡♦ K é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ s✐♠étr✐❝❛ ❡ ♥ã♦✲♥❡❣❛t✐✈❛✱ q✉❡ s❛t✐s❢❛③ (K2)✳

❖❜s❡r✈❡ q✉❡✱ LK é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✱ ❝♦♠♣❛❝t♦ ❡ q✉❡ LK(C(Ω)+) ⊂ C(Ω)+✱ ♦♥❞❡

C(Ω)+ é ♦ ❝♦♥❡ ♣♦s✐t✐✈♦ ❡♠ C(Ω)✱ ✐st♦ é✱

C(Ω)+ = {u ∈ C(Ω); u(x) ≥ 0, ∀x ∈ Ω}.

❆❧é♠ ❞✐ss♦✱ t❛♠❜é♠ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r LK : L2(Ω) → L2(Ω) q✉❡✱ ❛❧é♠ ❞❡ ❡st❛r ❜❡♠

❞❡✜♥✐❞♦✱ é ❧✐♥❡❛r✱ ❝♦♠♣❛❝t♦ ❡ s✐♠étr✐❝♦✱ ❝♦♠ LK(L
2(Ω)) ⊂ C(Ω)✳ ❖ r❡s♦❧✈❡♥t❡ ❞❡ LK



é ❞❡✜♥✐❞♦ ♣♦r

ρ(LK) = {λ ∈ R;LK − λI é ❜✐❥❡çã♦}

❡ ♦ s❡✉ ❡s♣❡❝tr♦ é ❞❡✜♥✐❞♦ ♣♦r σ(LK) = R\ρ(LK)✳ P❡❧❛ t❡♦r✐❛ ❡s♣❡❝tr❛❧ ❞❡ ♦♣❡r❛❞♦r❡s

❝♦♠♣❛❝t♦s✱ t❡♠♦s q✉❡ ♣❛r❛ λ 6= 0

λ ∈ σ(LK) ⇐⇒ N(LK − λI) 6= {0} ♦✉ R(LK − λI) = (LK − λI)(C(Ω)) 6= C(Ω).

❆q✉✐✱ AV (LK) ❞❡♥♦t❛rá ♦ ❝♦♥❥✉♥t♦ ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❡ LK ❞❡✜♥✐❞♦ ♣♦r

AV (LK) = {λ ∈ R : N(LK − λI) 6= {0}}.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡♥♦t❛r❡♠♦s ♣♦r σ̃(LK) ♦ ❡s♣❡❝tr♦ ❞❡ LK : L2(Ω) → L2(Ω) ❡ ÃV (LK)

♦ ❝♦♥❥✉♥t♦ ❞❡ s❡✉s r❡s♣❡❝t✐✈♦s ❛✉t♦✈❛❧♦r❡s✳ ❖❜s❡r✈❡ q✉❡✱ σ(LK) = σ̃(LK)✱ ♦✉ s❡❥❛

λ ∈ ÃV (LK) ⇐⇒ λ ∈ AV (LK).

❉❡ ❢❛t♦✱ ❝♦♠♦ C(Ω) ⊂ L2(Ω) t❡♠♦s q✉❡ AV (LK) ⊂ ÃV (LK)✱ ❡ ❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡

❡stá ❞❡♠♦♥str❛❞❛✳ ❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ λ é ✉♠ ❛✉t♦✈❛❧♦r ❞❡ LK : L2(Ω) → L2(Ω)✱

❡♥tã♦ ❡①✐st❡ ✉♠ w ∈ L2(Ω) \ {0} t❛❧ q✉❡

λw = LKw ∈ LK(L
2(Ω)) ⊂ C(Ω) ⇒ ÃV (LK) ⊂ AV (LK).

❈♦♠♦ LK é ✉♠ ♦♣❡r❛❞♦r s✐♠étr✐❝♦ ❡♠ L2(Ω)✱ ✐st♦ é✱

〈LKu, v〉 = 〈u, LKv〉, ∀u, v ∈ L2(Ω),

♦♥❞❡ 〈u, v〉 =
∫
Ω
uvdx é ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ L2(Ω)✱ s❛❜❡♠♦s q✉❡ σ̃(LK) ⊂ [m0,m]✱

♦♥❞❡

m0 = inf
u∈L2(Ω)\{0}

〈LKu, u〉∫
Ω
|u|2dx

❡ m = sup
u∈L2(Ω)\{0}

〈LKu, u〉∫
Ω
|u|2dx

.

▼❛✐s ❛✐♥❞❛✱ m0,m ∈ σ̃(LK) ✭✈❡r ❇ré③✐s ❬✶✷✱ Pr♦♣♦s✐t✐♦♥ ✻✳✾✱ ♣❣ ✶✻✺❪✮✱ ❡ ❛ss✐♠✱ m =

sup σ̃(LK). P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ m ❡ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞❡ K✱ s❡❣✉❡✲s❡ q✉❡

0 < m = sup
u∈L2(Ω)\{0}

∫
Ω×Ω

K(x, y)u(x)u(y)dxdy∫
Ω
|u|2dx

❡ ❡①✐st❡ ✉♠ w ∈ L2(Ω) \ {0} t❛❧ q✉❡

m =

∫
Ω×Ω

K(x, y)w(x)w(y)dxdy∫
Ω
|w|2dx

.

▲♦❣♦✱ m ∈ ÃV (LK) ❡ w é ✉♠❛ ❛✉t♦❢✉♥çã♦ ❞❡ LK ❛ss♦❝✐❛❞❛ ❛♦ ❛✉t♦✈❛❧♦r m✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ✈❛✐ ❡st❛❜❡❧❡❝❡r q✉❡ s❡ w ∈ L2(Ω) é ✉♠❛ ❛✉t♦❢✉♥çã♦ ❛ss♦❝✐❛❞❛

❛♦ ❛✉t♦✈❛❧♦r m✱ ❡♥tã♦ w ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧✳

✶✻



▲❡♠❛ ✶✳✶✳✶ ❙✉♣♦♥❤❛♠♦s q✉❡ w ∈ L2(Ω) é t❛❧ q✉❡

m =

∫
Ω×Ω

K(x, y)w(x)w(y)dxdy∫
Ω
|w|2dx

.

❊♥tã♦✱ w é ❝♦♥tí♥✉❛ ❡ LKw = mw✱ ✐st♦ é✱ m é ✉♠ ❛✉t♦✈❛❧♦r ❞❡ LK✳ ❆❧é♠ ❞✐ss♦✱ ❞❡s❞❡

q✉❡ Ω é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥❡①♦✱ ❞❡✈❡♠♦s t❡r w > 0 ❡♠ Ω ♦✉ w < 0 ❡♠ Ω ✭w ♥ã♦ ♠✉❞❛

❞❡ s✐♥❛❧✮✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ♠♦str❛r q✉❡ LKw = mw✳ ❈♦♠ ❡❢❡✐t♦✱ ♣❡❧❛

❞❡✜♥✐çã♦ ❞❡ m✱ ♣❛r❛ q✉❛❧q✉❡r t ∈ R ❡ v ∈ L2(Ω)✱ ❞❡✈❡♠♦s t❡r

〈LK(w + tv), w + tv〉 ≤ m

∫

Ω

(w + tv)2dx

♦✉ s❡❥❛✱

〈LKw,w〉+ 2t〈LKw, v〉+ t2〈LKv, v〉 ≤ m

∫

Ω

w2dx+ 2mt

∫

Ω

wvdx+mt2
∫

Ω

v2dx

2t〈LKw, v〉+ t2〈LKv, v〉 ≤ 2mt

∫

Ω

wvdx+mt2
∫

Ω

v2dx,

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

〈LKw, v〉+
t

2
〈LKv, v〉 ≤ m

∫

Ω

wvdx+
mt

2

∫

Ω

v2dx, s❡ t > 0

❡

〈LKw, v〉+
t

2
〈LKv, v〉 ≥ m

∫

Ω

wvdx+
mt

2

∫

Ω

v2dx, s❡ t < 0.

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ t → 0✱ ♦❜t❡♠♦s 〈LKw, v〉 = m
∫
Ω
wvdx✱ ♣❛r❛ t♦❞♦ v ∈

L2(Ω)✱ ❡ ❛ss✐♠ ❝♦♥❝❧✉í♠♦s q✉❡✱ LKw = mw✳

❈♦♠♦ LKw é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ❛ ✐❣✉❛❧❞❛❞❡ LKw = mw ♥♦s ❞✐③ q✉❡ w é ✉♠❛

❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡♠ Ω✳

◆❛ s❡q✉ê♥❝✐❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ s❡ w 6= 0 ❡ w ≥ 0 ❡♠ Ω✱ ❡♥tã♦ w > 0 ❡♠ Ω✳

❉❡ ❢❛t♦✱ ✜①❡ C = w−1({0}) = {x ∈ Ω : w(x) = 0}✱ ❧♦❣♦ C é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡♠ Ω✱

♣♦✐s s❡ z ∈ C✱ t❡♠♦s q✉❡

0 ≤

∫

Ω∩Bδ(z)

K(z, y)w(y)dy ≤

∫

Ω

K(z, y)w(y)dy = mw(z) = 0,

✐♠♣❧✐❝❛♥❞♦ q✉❡ w(x) = 0 ♣❛r❛ t♦❞♦ x ∈ Ω ∩Bδ(z)✱ ♦✉ s❡❥❛✱ Ω ∩Bδ(z) ⊂ C✳ ■ss♦ ♣r♦✈❛

q✉❡ C é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡♠ Ω✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ w✱ é ❢á❝✐❧ ✈❡r

✶✼



q✉❡ C é t❛♠❜é♠ ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❡♠ Ω✳ ❘❡❝♦r❞❛♥❞♦ q✉❡ Ω é ❝♦♥❡①♦ ❡ Ω \ C é

♥ã♦✲✈❛③✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ w > 0 ❡♠ Ω✳

P❛r❛ ✜♥❛❧✐③❛r ❡st❛ ❞❡♠♦♥str❛çã♦✱ ❞❡✈❡♠♦s ♠♦str❛r q✉❡ w ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧✳

❈♦♠ ❡st❡ ♦❜❥❡t✐✈♦✱ ✜①❡♠♦s ❞♦✐s s✉❜❝♦♥❥✉♥t♦s

A = {x ∈ Ω : w(x) > 0} ❡ B = {x ∈ Ω : w(x) < 0}.

❙❡ w ♠✉❞❛ ❞❡ s✐♥❛❧✱ ❛♠❜♦s ♦s ❝♦♥❥✉♥t♦s A ❡ B ❞❡✈❡♠ t❡r ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ♣♦s✐t✐✈❛✳

❈♦♠ ✐ss♦✱ ♣♦❞❡♠♦s ✈❡r q✉❡

∫

Ω×Ω

K(x, y)w(x)w(y)dxdy =

∫

A×A

K(x, y)w(x)w(y)dxdy

+

∫

B×B

K(x, y)w(x)w(y)dxdy

+

∫

A×B

K(x, y)w(x)w(y)dxdy

+

∫

B×A

K(x, y)w(x)w(y)dxdy.

❙❡ K(x, y) ♥ã♦ é ③❡r♦ ❡♠ A× B✱ ♦❜t❡♠♦s q✉❡

∫

A×A

K(x, y)w(x)w(y)dxdy =

∫

A×A

K(x, y)|w(x)| |w(y)|dxdy,

∫

B×B

K(x, y)w(x)w(y)dxdy =

∫

B×B

K(x, y)|w(x)| |w(y)|dxdy

∫

A×B

K(x, y)w(x)w(y)dxdy < 0 <

∫

A×B

K(x, y)|w(x)| |w(y)|dxdy

❡

∫

B×A

K(x, y)w(x)w(y)dxdy < 0 <

∫

B×A

K(x, y)|w(x)| |w(y)|dxdy.

❈♦♠ ❡ss❛s ✐♥❢♦r♠❛çõ❡s

m =

∫
Ω×Ω

K(x, y)w(x)w(y)dxdy∫
Ω
w2dx

<

∫
Ω×Ω

K(x, y)|w(x)| |w(y)|dxdy∫
Ω
|w|2dx

≤ m,

♦ q✉❡ é ✐♠♣♦ssí✈❡❧✱ ❡♥tã♦ w > 0 ❡♠ Ω ♦✉ w < 0 ❡♠ Ω✳

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡ K(x, y) ≡ 0 ❡♠ (A× B) ∪ (B × A)✳ ▲♦❣♦✱

a1 =

∫

A×A

K(x, y)w(x)w(y)dxdy,

a2 =

∫

B×B

K(x, y)w(x)w(y)dxdy,

✶✽



❡

b1 =

∫

A

w2dx ❡ b2 =
∫

B

w2dx.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

m =
a1 + a2
b1 + b2

,
a1
b1

≤ m ❡
a2
b2

≤ m.

▲♦❣♦✱ ❝♦♠♦ a2 ≤ b2m t❡♠♦s q✉❡

(b1 + b2)m = a1 + a2 ≤ a1 + b2m⇒ b1m ≤ a1 ≤ b1m

♦✉ s❡❥❛✱ ✈❡♠♦s q✉❡ a1 = mb1✱ ❡ ❛ss✐♠✱ ❛ ❢✉♥çã♦ w+ = max{w, 0} s❛t✐s❢❛③

m =

∫
Ω×Ω

K(x, y)w+(x)w+(y)dxdy∫
Ω
(w+)2dx

.

❯s❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❡st❛ ❞❡♠♦♥str❛çã♦✱ ❞❡✈❡♠♦s t❡r w+ > 0 ❡♠ Ω✱ ♦✉ ❡q✉✐✈❛✲

❧❡♥t❡♠❡♥t❡✱ w(x) > 0 ❡♠ Ω✱ ❝♦♥tr❛❞✐③❡♥❞♦ ♦ ❢❛t♦ q✉❡ |B| > 0✱ ✜♥❛❧✐③❛♥❞♦ ❛ss✐♠ ❡st❛

❞❡♠♦♥str❛çã♦✳

❈♦r♦❧ár✐♦ ✶✳✶✳✷ ❙❡ w é ✉♠❛ ❛✉t♦❢✉♥çã♦ ❞❡ LK ❛ss♦❝✐❛❞❛ ❛♦ ❛✉t♦✈❛❧♦r m✱ ❡♥tã♦ w

❞❡✈❡ s❡r ✉♠❛ ❛✉t♦❢✉♥çã♦ ♣♦s✐t✐✈❛ ✭♦✉ ♥❡❣❛t✐✈❛✮✳ ▼❛✐s ❛✐♥❞❛✱ dimN(LK −mI) = 1✳

❉❡♠♦♥str❛çã♦✳ ❙❡ LKw = mw✱ ❡♥tã♦ 〈LKw,w〉 = m

∫

Ω

w2 ❡ w 6= 0✳ P❡❧♦ ▲❡♠♠❛

✶✳✶✳✶✱ w ❞❡✈❡ s❡r ✉♠❛ ❛✉t♦❢✉♥çã♦ ♣♦s✐t✐✈❛ ✭♦✉ ♥❡❣❛t✐✈❛✮✳ P❛r❛ ❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞♦

❝♦r♦❧ár✐♦✱ s✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❛♠ ❞✉❛s ❛✉t♦❢✉♥çõ❡s w ❡ φ✱ ❛ss♦❝✐❛❞❛s ❛♦ ❛✉t♦✈❛❧♦r m

q✉❡ sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❊♥tã♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r

q✉❡
∫

Ω

wφdx = 0✳ ❈♦♥t✉❞♦✱ ✐st♦ é ✐♠♣♦ssí✈❡❧✱ ♣♦✐s w ❡ φ t❡♠ s✐♥❛✐s ❞❡✜♥✐❞♦s ❡♠ Ω✱

❧♦❣♦
∫

Ω

wφdx 6= 0✳

❈♦r♦❧ár✐♦ ✶✳✶✳✸ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s (K1)− (K2)✱ s❡ w é ✉♠❛ ❛✉t♦❢✉♥çã♦ ❞❡ LK ❛ss♦❝✐✲

❛❞❛ ❛♦ ❛✉t♦✈❛❧♦r m✱ ❡♥tã♦ w é ♣♦s✐t✐✈♦ ❡♠ Ω ✭♦✉ ♥❡❣❛t✐✈♦ ❡♠ Ω✮✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

w é ❞❡s❝♦♥tí♥✉❛ ❡♠ ∂Ω s❡ ❞❡✜♥✐r♠♦s w = 0 ❡♠ R
N \ Ω✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠ ❡❢❡✐t♦✱ s❡ x0 ∈ ∂Ω é t❛❧ q✉❡ w(x0) = 0✱ ❡♥tã♦

0 <

∫

Ω∩|x0−y|≤δ

K(x0, y)w(y)dy ≤

∫

Ω

K(x0, y)w(y)dy = λ1w(x0) = 0

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♠♦str❛♥❞♦ ♦ r❡s✉❧t❛❞♦✳

✶✾



❆q✉✐✱ ❣♦st❛rí❛♠♦s ❞❡ s❛❧✐❡♥t❛r q✉❡ ❡♠ ❬✸✶✱ ✸✷❪✱ ●❛r❝✐❛✲▼❡❧✐á♥ ❡ ❘♦ss✐ ❝♦♥s✐❞❡r❛✲

r❛♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r ♥ã♦✲❧♦❝❛❧ ❞♦ t✐♣♦




∫

RN

K(x− y)u(y)dy − u = −λu(x), ✐♥ Ω

u = 0, ✐♥ R
N\Ω

✭✶✳✶✮

❝♦♠ ♦ ♥ú❝❧❡♦ K ∈ C1(RN)✱ K > 0 ❡♠ B1 ✭❛ ❜♦❧❛ ✉♥✐tár✐❛ ❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠✮✱ K = 0

❡♠ R
N\B1✱K(−z) = K(z) ❡

∫

B1

K(x)dx = 1✳ ❊❧❡s ♣r♦✈❛r❛♠ q✉❡ ❡st❡ ♣r♦❜❧❡♠❛ ❛❞♠✐t❡

✉♠ ú♥✐❝♦ ❛✉t♦✈❛❧♦r ♣r✐♥❝✐♣❛❧ s✐♠♣❧❡s λ1 > 0✱ ❝✉❥❛s ❛s ❛✉t♦❢✉♥çõ❡s ❛ss♦❝✐❛❞❛s φ1 ∈ C(Ω)

sã♦ ♣♦s✐t✐✈❛s✳ ❆❧é♠ ❞✐ss♦✱ 0 < λ1(Ω) < 1✳ ❉❡st❛ ❢♦r♠❛✱ ❛ ♣r✐♠❡✐r❛ ❛✉t♦❢✉♥çã♦ φ1 ❞❡st❡

♣r♦❜❧❡♠❛ é ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛ ❡♠ Ω ✭❝♦♠ ✉♠❛ ❡①t❡♥sã♦ ❝♦♥tí♥✉❛ ♣♦s✐t✐✈❛ ❡♠ Ω✮ ❡

q✉❡ s❡ ❛♥✉❧❛ ❢♦r❛ ❞❡ Ω✳ P♦rt❛♥t♦✱ ✉♠❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♦❝♦rr❡ ❡♠ ∂Ω ❡ ♦ ✈❛❧♦r ❞❡st❛

❢✉♥çã♦ ♥❛ ❢r♦♥t❡✐r❛ ♥ã♦ é ✉s❛❞♦ ♥♦ s❡♥t✐❞♦ ✉s✉❛❧✱ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡❥❛ ❬✹✹❪✳ ❉❡st❛

❢♦r♠❛✱ ❛ ❝♦♥❞✐çã♦ ♥❛ ❢r♦♥t❡✐r❛ q✉❡ ❡❧❡s ❝♦♥s✐❞❡r❛r❛♠ ♥ã♦ é ♥❛t✉r❛❧✳ ◆♦ ❈❛♣ít✉❧♦ ✸✱

❝♦♥s✐❞❡r❛r❡♠♦s ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ♥✉❧❛ ♠❛✐s ♥❛t✉r❛❧✱ ✐st♦ é✱ ❝♦♥s✐❞❡r❛r❡♠♦s

u = 0 s♦❜r❡ ∂Ω

q✉❡ s✐❣♥✐✜❝❛ ❞✐③❡r lim
x→∂Ω

u(x) = 0✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞❡ u ≡ 0 ❡♠ R
N \ Ω✳

❈♦♠ ♦ ❡st✉❞♦ ❢❡✐t♦ ❛té ♦ ♠♦♠❡♥t♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❞♦ t✐♣♦ ❑r❡✐♥✲

❘✉t♠❛♥✱ q✉❡ ❝♦♥t✐♥✉❛ ♦ ❡st✉❞♦ ❢❡✐t♦ ♥♦s ❛rt✐❣♦s ❬✸✶✱ ✸✷❪✱ ♣❛r❛ ♦✉tr❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡✲

♠❛s ♥ã♦✲❧♦❝❛✐s✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✹ ❖ ♣r♦❜❧❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r

LKu = λu, ❡♠ Ω

t❡♠ ✉♠ ú♥✐❝♦ ❛✉t♦✈❛❧♦r λ1 > 0 ❝✉❥❛ ❛✉t♦❢✉♥çã♦ ❛ss♦❝✐❛❞❛ é ❝♦♥tí♥✉❛ ❡♠ Ω ❡ t❡♠ s✐♥❛❧

❞❡✜♥✐❞♦✳ ❆❧é♠ ❞✐ss♦✱ dimN(L− λ1I) = 1 ♦♥❞❡ λ1 = m = sup σ(LK)✳

❊st❡ ❛✉t♦✈❛❧♦r m = λ1 é ❝❤❛♠❛❞♦ ❞❡ ❛✉t♦✈❛❧♦r ♣r✐♥❝✐♣❛❧ ❞♦ ♦♣❡r❛❞♦r ❞✐s♣❡rsã♦

LK ✳

❆♥t❡s ❞❡ ♣r♦✈❛r♠♦s ♥♦ss♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ é ♥❡❝❡ssár✐♦ ❧❡♠❜r❛r q✉❡ ❛s ❤✐♣ó✲

t❡s❡s s♦❜r❡ K ✐♠♣❧✐❝❛♠ q✉❡✱ ♣❛r❛ ❝❛❞❛ u ∈ C(Ω)✱ ❝♦♠ u ≥ 0 ❡♠ Ω✱ ❛♣❡♥❛s ✉♠❛ ❞❛s

♣♦ss✐❜✐❧✐❞❛❞❡s ❛❜❛✐①♦ ♦❝♦rr❡✿

LKu > 0 ❡♠ Ω ♦✉ u ≡ 0 ❡♠ Ω.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

✷✵



▲❡♠❛ ✶✳✶✳✺ ❙✉♣♦♥❤❛♠♦s q✉❡ u ∈ C(Ω)✱ u ≥ 0✱ u 6= 0 ❡♠ Ω ❡ c(x) ❞❛❞♦ ♣❡❧❛ ✐❣✉❛❧❞❛❞❡

LKu = c(x)u✱ ❡♥tã♦ ‖c‖∞ ≥ λ1✳ ❊ss❛ ❞❡s✐❣✉❛❧❞❛❞❡ t♦r♥❛✲s❡ ✐❣✉❛❧❞❛❞❡ ❛♣❡♥❛s q✉❛♥❞♦

c(x) ≡ λ1✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ϕ1 ✉♠❛ ❛✉t♦❢✉♥çã♦ ♣♦s✐t✐✈❛ ❛ss♦❝✐❛❞❛ ❛♦ ♣r✐♥❝✐♣❛❧ ❛✉t♦✲

✈❛❧♦r λ1✳ P♦rt❛♥t♦✱ LKϕ1 = λ1ϕ1 ❡

λ1

∫

Ω

uϕ1dx =

∫

Ω

uLKϕ1dx =

∫

Ω

ϕ1LKudx =

∫

Ω

c(x)uϕ1dx ≤ ‖c‖∞

∫

Ω

uϕ1dx.

❉❡s❞❡ q✉❡
∫

Ω

uϕ1dx > 0✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❧❡✈❛ ❛ ‖c‖∞ ≥ λ1✳

❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ ‖c‖∞ = λ1 ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ c(x) ≡

λ1 ♣❛r❛ t♦❞♦ x ∈ Ω✳

❈♦♠ ❡❢❡✐t♦✱ s❡ c(x) ≡ λ1 ♣❛r❛ t♦❞♦ x ∈ Ω✱ t❡♠♦s ❞❡ ✐♠❡❞✐❛t♦ q✉❡ ‖c‖∞ = λ1✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ c(x) s❛t✐s❢❛③ ❛ ✐❣✉❛❧❞❛❞❡

LKu(x) = c(x)u(x), ❡♠ x ∈ Ω

s❡❣✉❡✲s❡ q✉❡ c ∈ C(Ω)✳ ❙✉♣♦♥❤❛ q✉❡ ‖c‖∞ = λ1✱ ❧♦❣♦ ❡①✐st❡ ❛❧❣✉♠ x0 ∈ Ω t❛❧ q✉❡

c(x0) = ‖c‖∞ = λ1✳ ❆❧é♠ ❞✐ss♦✱

λ1

∫

Ω

uϕ1dx =

∫

Ω

c(x)uϕ1dx⇒

∫

Ω

(λ1 − c(x))uϕ1dx = 0

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

λ1 − c(x) = 0 q✳t✳♣✳ ❡♠ Ω

♣♦✐s✱ uϕ1 > 0 ❡♠ Ω✳ ❈♦♠♦ ❡①✐st❡ ❛❧❣✉♠ x0 ∈ Ω t❛❧ q✉❡ c(x0) = ‖c‖∞ = λ1✱ t❡♠♦s q✉❡

c(x) ≡ λ1 ♣❛r❛ t♦❞♦ x ∈ Ω✳

▲❡♠❛ ✶✳✶✳✻ ❙❡❥❛ u ∈ L1(Ω) ✉♠❛ ❢✉♥çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❡ s❡❥❛ c ∈ C(Ω) ✉♠❛ ❢✉♥çã♦

s❛t✐s❢❛③❡♥❞♦

LKu(x) = c(x)u(x), q✳t✳♣✳ ❡♠ Ω.

❊♥tã♦✱ s❡ u 6= 0 t❡♠♦s q✉❡ u é ❝♦♥tí♥✉❛ ❡ ♣♦s✐t✐✈❛ ❡♠ Ω✳ ❆❧é♠ ❞✐ss♦✱ c é ♣♦s✐t✐✈❛ ❡♠

Ω✳

❉❡♠♦♥str❛çã♦✳ ❈❧❛r❛♠❡♥t❡ t❡♠♦s LKu ∈ C(Ω)✱ ❡ ❛ss✐♠✱ c(·)u ∈ C(Ω)✳ ❈♦♥s✐❞❡r❡

♦s s❡❣✉✐♥t❡s ❝♦♥❥✉♥t♦s✱

V = {x ∈ Ω; ❡①✐st❡ ✉♠❛ ❜♦❧❛ B ❝❡♥tr❛❞❛ ♥♦ ♣♦♥t♦ x t❛❧ q✉❡ u ≡ 0 q✳t✳♣✳ ❡♠ B ∩ Ω}

✷✶



❡W = {x ∈ Ω;LKu(x) > 0}✳ ❆♠❜♦s ♦s s✉❜❝♦♥❥✉♥t♦s V ❡W sã♦ ❛❜❡rt♦s ❡♠ Ω✳ ❱❛♠♦s

♠♦str❛r q✉❡ W ∩ V = ∅ ❡ V = Ω \W ✳

❈♦♠ ❡❢❡✐t♦✱ s❡ z /∈ W t❡♠♦s LKu(z) = 0✳ ❆ss✐♠✱

0 = LKu(z) =

∫

Ω

K(z, y)u(y)dy ≥

∫

Bδ(z)∩Ω

K(z, y)u(y)dy ≥ 0,

❞❡s❞❡ q✉❡ K(z, y) > 0 ♣❛r❛ t♦❞♦ |z − y| ≤ δ✱ ♦❜t❡♠♦s u(y) = 0 q✳t✳♣✳ ❡♠ Bδ(z) ∩ Ω✱

♦✉ s❡❥❛✱ z ∈ V ✳ ▲♦❣♦✱ V = Ω \W ✳

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ V ∩W 6= ∅✳ ▲♦❣♦✱ ❡①✐st❡ x ∈ V ∩W ✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ǫ > 0

t❛❧ q✉❡ u ≡ 0 q✳t✳♣✳ ❡♠ Bǫ(x)∩Ω ❡ LKu(x) > 0✳ ❆ss✐♠✱ ❝♦♠♦ LK é ❝♦♥tí♥✉❛✱ s❡❣✉❡✲s❡

q✉❡ 0 < LKu(x) = c(x)u(x) = 0 ❡♠ x ∈ Bǫ(x) ∩ Ω✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ❈♦♠ ✐ss♦✱

❞❡✈❡♠♦s t❡r V ∩W = ∅✳

❙❡♥❞♦ Ω ❝♦♥❡①♦✱ ❞❡✈❡♠♦s t❡r V = ∅ ❡ W = Ω✳ ❆❧é♠ ❞✐ss♦✱ c é ♣♦s✐t✐✈❛ ❡

u(x) =
LKu(x)

c(x)
é ❝♦♥tí♥✉❛ ❡ ♣♦s✐t✐✈❛ ❡♠ Ω✳

▲❡♠❛ ✶✳✶✳✼ ✭❘❡❣✉❧❛r✐❞❛❞❡ ❞❛s s♦❧✉çõ❡s✮ ❈♦♥s✐❞❡r❡ f : Ω × R −→ R ✉♠❛ ❢✉♥çã♦

❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✐❛♥❛ ❡ ❝r❡s❝❡♥t❡ ❝♦♠ r❡❧❛çã♦ ❛ ✈❛r✐á✈❡❧ t ∈ R✳ ❙❡ u ∈ L∞(Ω)

s❛t✐s❢❛③

LKu(x) = f(x, u(x)), ♣❛r❛ t♦❞♦ x ∈ Ω,

❡♥tã♦ u ∈ C(Ω)✳

❉❡♠♦♥str❛çã♦✳ ❙❛❜❡♠♦s q✉❡✱ v(x) = LKu(x) é ❝♦♥tí♥✉❛ ❡♠ x ∈ Ω✱ ♣♦✐s ♦ ♦♣❡r❛❞♦r

LK é ❧✐♥❡❛r ❡ ❝♦♠♣❛❝t♦✱ ❝♦♠ ♥ú❝❧❡♦ ❝♦♥tí♥✉♦✱ s✐♠étr✐❝♦ ❡ ♥ã♦✲♥❡❣❛t✐✈♦K✳ ❋✐①❡♠♦s x0 ∈

Ω ❡ ❝♦♥s✐❞❡r❡♠♦s (xn) ⊂ Ω ❞❡ ♠❛♥❡✐r❛ q✉❡ lim
n→∞

xn = x0✳ ❆ss✐♠✱ ❝♦♠♦ |u(xn)| ≤ ‖u‖∞

♣❛r❛ t♦❞♦ n ∈ N✱ ♣♦r ❇♦❧③❛♥♦✲❲❡✐❡rstr❛ss✱ ❡①✐st❡ s✉❜s❡q✉ê♥❝✐❛ (u(xnk
)) ⊂ (u(xn))

❝♦♥✈❡r❣❡♥t❡✱ ❞✐❣❛♠♦s q✉❡

u(xnk
) → s ∈ [−‖u‖∞, ‖u‖∞].

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝♦♠♦ v(xnk
) = LKu(xnk

) = f(xnk
, u(xnk

)) t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ ❞❡

k → ∞✱ ♦❜t❡♠♦s v(x0) = f(x0, s)✳ P♦r ♦✉tr♦ ❧❛❞♦✱

f(x0, u(x0)) = LKu(x0) = v(x0) = f(x0, s).

P♦rt❛♥t♦✱ ❞❡s❞❡ q✉❡ f é ❝r❡s❝❡♥t❡✱ t❡♠♦s s = u(x0)✱ ♦✉ s❡❥❛✱ u(xnk
) → u(x0) ❡♠ C(Ω)✳

❈♦♥❝❧✉í♠♦s q✉❡✱ u ∈ C(Ω)✳

✷✷



▲❡♠❛ ✶✳✶✳✽ ❙❡ g(x) > λ1 ❡♠ Ω✱ ❡♥tã♦ LKu = g(x)u ♥ã♦ ❛❞♠✐t❡ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ LKu = g(x)u ❛❞♠✐t❡ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ u ❡ ❝♦♥s✐❞❡r❡

ϕ1 ✉♠❛ ❛✉t♦❢✉♥çã♦ ♣♦s✐t✐✈❛ ❛ss♦❝✐❛❞❛ ❛♦ ❛✉t♦✈❛❧♦r λ1✳ ▲♦❣♦✱

λ1

∫

Ω

uϕ1dx =

∫

Ω

uLKϕ1dx =

∫

Ω

ϕ1LKudx =

∫

Ω

g(x)uϕ1dx

✐st♦ é✱ ∫

Ω

(g(x)− λ1)uϕ1dx = 0,

❝♦♠♦ uϕ1 > 0 t❡♠♦s g(x)− λ1 = 0✱ q.t.p. ❡♠ Ω✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳

▲❡♠❛ ✶✳✶✳✾ ❙❡❥❛ λ1 ♦ ❛✉t♦✈❛❧♦r ♣r✐♥❝✐♣❛❧ ❞❡ LK✳ ❊♥tã♦✱ λ1 ≡ k(x) ♦✉ ‖k‖∞ > λ1 >

inf
x∈Ω

k(x)✳ ❘❡❝♦r❞❡ q✉❡✱ k(x) =
∫

Ω

K(x, y)dy✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ 〈LKφ1, 1〉 = 〈φ1, LK1〉 ♣❡❧❛ s✐♠❡tr✐❛ ❞♦ ♦♣❡r❛❞♦r LK ✱

t❡♠♦s

λ1

∫

Ω

φ1(x)dx =

∫

Ω

k(x)φ1(x)dx

❧♦❣♦✱ ∫

Ω

(λ1 − k(x))φ1(x)dx = 0.

❈♦♠ ✐ss♦✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳

✶✳✷ ❯♠ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦

◆❡st❛ s❡çã♦✱ ♠♦str❛r❡♠♦s ✉♠ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦✱ q✉❡ é ✉♠❛ ✈❡rsã♦ ❞♦ r❡s✉❧t❛❞♦

❡♥❝♦♥tr❛❞♦ ♥♦ ❛rt✐❣♦ ❞❡ ●❛r❝í❛✲▼❡❧✐á♥ ❡ ❘♦ss✐ ❬✸✶❪✱ q✉❡ é ❜❛s❡❛❞♦ ♥♦s ❛rt✐❣♦s ❞❡ ❈♦✈✐❧❧❡

❬✷✷❪ ❡ ❬✷✹❪✳ ●❛r❝í❛✲▼❡❧✐á♥ ❡ ❘♦ss✐ ❞❡♠♦♥str❛♠ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

❚❡♦r❡♠❛ ✶✳✷✳✶ ❙❡❥❛ u ∈ L2(RN) ✈❡r✐✜❝❛♥❞♦

LKu(x)− (1 +M)u(x) ≤ 0, ❡♠ Ω

❝♦♠ u ≥ 0 ❡♠ R
N \ Ω ❡ M ≥ 0✳ ❊♥tã♦✱ u > 0 ♦✉ u ≡ 0 ❡♠ Ω✳

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r♠♦s ❛ ♥♦ss❛ ✈❡rsã♦ ❞♦ Pr✐♥❝í♣✐♦ ❞❡ ▼á①✐♠♦✱ q✉❡ s❡rá ❞❡

❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ′)✱ ✐♥✐❝✐❛♠♦s ❝♦♠ ❛

❞❡✜♥✐çã♦ ❞❡ ✉♠❛ ❢✉♥çã♦ q✉❡ é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❡st❡ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦✳

✷✸



❖❜s❡r✈❛çã♦ ✶✳✷✳✷ ❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ k : Ω → R ❞❡✜♥✐❞❛ ♣♦r

k(x) =

∫

Ω

K(x, y)dy.

➱ ❢á❝✐❧ ✈❡r q✉❡ ∫

Ω×Ω

K(x, y)v(y)2dxdy =

∫

Ω

k(x)v(x)2dx,

❡ q✉❡

〈LKv, v〉 ≤ ‖k‖∞‖v‖22

♦♥❞❡ 〈u, v〉 =

∫

Ω

uvdx é ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s✉❛❧ ❞♦ ❡s♣❛ç♦ L2(Ω)✳ ❙❡♥❞♦ K s✐♠étr✐❝♦✱

t❛♠❜é♠ t❡♠♦s q✉❡
∫

Ω×Ω

K(x, y)[v(x)− v(y)]2dxdy = 2

∫

Ω

k(x)v(x)2dx

−2

∫

Ω×Ω

K(x, y)v(x)v(y)dxdy

❯♠❛ ♦❜s❡r✈❛çã♦ ✐♠♣♦rt❛♥t❡ é q✉❡✱ ❡♠ ❬✷✷❪✱ ❬✷✹❪ ❡ ❬✸✶❪✱ ❛ ❢✉♥çã♦

k(x) =

∫

Ω

K(x, y)dy ≡ 1.

❖ q✉❡ t♦r♥❛ ♥♦ss♦ r❡s✉❧t❛❞♦ ♠❛✐s ❣❡r❛❧✳ ❖✉ s❡❥❛✱ t❡♠♦s ❡♥tã♦✿

▲❡♠❛ ✶✳✷✳✸ ✭Pr✐♥❝í♣✐♦ ❞❡ ▼á①✐♠♦✮ ❙✉♣♦♥❤❛ q✉❡ K s❛t✐s❢❛③ (K1)✱ (K2) ❡ Ω é ✉♠

❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ❝♦♥❡①♦✳ ❙❡❥❛ u ∈ C(Ω) ✈❡r✐✜❝❛♥❞♦

LKu(x)− c(x)u(x) ≤ 0,

♣❛r❛ t♦❞♦ x ∈ Ω✱ ♦♥❞❡ c é ✉♠❛ ❢✉♥çã♦ ❧✐♠✐t❛❞❛ s❛t✐s❢❛③❡♥❞♦ c(x) > k(x) q✳t✳♣✳ ❡♠ Ω✳

❊♥tã♦ u > 0 ♦✉ u ≡ 0 ❡♠ Ω✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ u−(x) = min{u, 0}✳ ◆♦t❡ q✉❡✱ u−(x) ≤ 0, ♣❛r❛ t♦❞♦ x ∈ Ω✳

❉❡s❞❡ q✉❡ LKu(x)− c(x)u(x) ≤ 0 ❡♠ Ω✱
∫

Ω

(∫

Ω

K(x, y)u(y)dy − c(x)u(x)

)
u−(x)dx ≥ 0,

∫

Ω×Ω

K(x, y)u(y)u−(x)dydx ≥

∫

Ω

c(x)u(x)u−(x)dx,

∫

Ω×Ω

K(x, y)u(y)u−(x)dydx ≥

∫

Ω

c(x)u−(x)2dx

❡
∫

Ω×Ω

K(x, y)u+(y)u−(x)dydx+

∫

Ω×Ω

K(x, y)u−(y)u−(x)dydx ≥

∫

Ω

c(x)u−(x)2dx.

✷✹



❈♦♠♦ ∫

Ω×Ω

K(x, y)u+(y)u−(x)dydx ≤ 0

t❡♠♦s ∫

Ω×Ω

K(x, y)u−(y)u−(x)dydx ≥

∫

Ω

c(x)u−(x)2dx.

❉❛ ❖❜s❡r✈❛çã♦ ✶✳✷✳✷✱ t❡♠♦s

−
1

2

∫

Ω×Ω

K(x, y)(u−(x)− u−(y))2dydx+

∫

Ω

k(x)u−(x)2dx ≥

∫

Ω

c(x)u−(x)2dx

♦✉

0 ≥ −
1

2

∫

Ω×Ω

K(x, y)(u−(x)− u−(y))2dydx ≥

∫

Ω

[c(x)− k(x)]u−(x)2dx ≥ 0.

❆ss✐♠✱ ❞❡✈❡♠♦s t❡r u− ≡ 0 ✐♥ Ω✱ ✐st♦ é✱ u ≥ 0 ❡♠ Ω✳

❆❧é♠ ❞✐ss♦✱ s❡ u(x1) = 0 ♣❛r❛ ❛❧❣✉♠ x1 ∈ Ω✱ ❡♥tã♦

∫

Ω

K(x1, y)u(y)dy = 0

♦ q✉❡ ✐♠♣❧✐❝❛ u ≡ 0 ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x1✳ ❈♦♠♦ ♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ♥♦ ▲❡♠❛

✶✳✶✳✶✱ ♦❜t❡♠♦s q✉❡ u ≡ 0 ✐♥ Ω✱ ❝♦♥❝❧✉✐♥❞♦ ❛ ♣r♦✈❛✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✹ ❈♦♠♦ ❝♦r♦❧ár✐♦ ❞♦ Pr✐♥❝í♣✐♦ ❞❡ ▼á①✐♠♦✱ s❡ w ∈ C(Ω) s❛t✐s❢❛③

LKw − c(x)w = 0✱ ♦♥❞❡ c(x) > k(x) q✳t✳♣✳ ❡♠ Ω✱ ❡♥tã♦ w ≡ 0✳ ❆ss✐♠✱ ♣❛r❛ t♦❞❛ f ∈

L2(Ω)✱ ♦ ♣r♦❜❧❡♠❛ LKu− c(x)u = f, ❡♠ Ω ❛❞♠✐t❡ ♥♦ ♠á①✐♠♦ ✉♠❛ s♦❧✉çã♦ u ∈ C(Ω)✳

✷✺



❈❛♣ít✉❧♦ ✷

❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠ ♠♦❞❡❧♦

❞❡ ❞✐s♣❡rsã♦ ♥ã♦✲❧♦❝❛❧ ❝♦♠ t❡r♠♦

♥ã♦✲❧♦❝❛❧ ✈✐❛ t❡♦r✐❛ ❞❡ ❜✐❢✉r❝❛çã♦

❖ ♦❜❥❡t✐✈♦ ❝❡♥tr❛❧ ❞❡st❡ ❝❛♣ít✉❧♦ é ♦ ❡st✉❞♦ ❞❡ ❢❛t♦s ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ❛ ❞❡✲

♠♦♥str❛çã♦ ❞♦s ❚❡♦r❡♠❛s ✵✳✵✳✸✱ ✵✳✵✳✹ ❡ ✵✳✵✳✺✱ ♦✉ s❡❥❛✱ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ♥ã♦✲❧♦❝❛✐s

LKu = u

(
λ−

∫

Ω

Q(x, y)|u(y)|pdy

)
, ❡♠ Ω (P )

♦♥❞❡ p > 0✱ λ é ✉♠ ♣❛râ♠❡tr♦ r❡❛❧✱ Q : Ω × Ω → R é ✉♠❛ ❢✉♥çã♦ ♥ã♦✲♥❡❣❛t✐✈❛ ❝♦♠

Q ∈ C(Ω× Ω) s❛t✐s❢❛③❡♥❞♦✿

(Q2) ❊①✐st❡♠ r, σ > 0✱ t❛✐s q✉❡ Q(x, y) ≥ σ ♣❛r❛ t♦❞♦s x, y ∈ Ω ❡ |x− y| ≤ r✳

❙♦❜ ❡st❛s ❝♦♥❞✐çõ❡s✱ ♠♦str❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❧♦❝❛❧ ❞❡ ❜✐❢✉r❝❛çã♦✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

❞❡♠♦♥str❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ✵✳✵✳✸✳

P♦st❡r✐♦r♠❡♥t❡✱ ❛ ✜♠ ❞❡ ♦❜t❡r ✉♠ r❡s✉❧t❛❞♦ ❣❧♦❜❛❧ ❞❡ ❜✐❢✉r❝❛çã♦✱ ✐st♦ é✱ ♦❜t❡r♠♦s

♦ ❚❡♦r❡♠❛ ✵✳✵✳✹✱ ✈❛♠♦s ❛❞♠✐t✐r ❛ s❡❣✉✐♥t❡ ❤✐♣ót❡s❡ ❡♠ Q✿

(Q3) ❊①✐st❡♠ x0 ∈ Ω ❡ ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ a : Ω −→ R✱ t❛✐s q✉❡ a−1 ∈ Lq(Ω)✱

♦♥❞❡ q = max{1, p} ❡ Q(x0, y) ≥ Q(x, y) + a(x)✱ ♣❛r❛ t♦❞♦s x, y ∈ Ω✳

P♦r ✜♠✱ s♦❜ ✉♠❛ ❝♦♥❞✐çã♦ ♠❛✐s ❢r❛❝❛ ❡♠ Q✱ ♣♦❞❡♠♦s r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ♣❛r❛

t♦❞♦ λ > λ1✱ ♠❛s ♥ã♦ ❣❛r❛♥t✐♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ s♦❧✉çõ❡s



♣♦s✐t✐✈❛s ♣❛r❛ (P )✱ ♦✉ s❡❥❛✱ ❞❡♠♦♥str❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ✵✳✵✳✺✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❛✲

r❡♠♦s Q s❛t✐s❢❛③❡♥❞♦✿

(Q4) ❊①✐st❡ x0 ∈ Ω t❛❧ q✉❡ Q(x0, y) ≥ Q(x, y) ♣❛r❛ t♦❞♦s x, y ∈ Ω✳

✷✳✶ ❯♠ r❡s✉❧t❛❞♦ ❧♦❝❛❧ ❞❡ ❜✐❢✉r❝❛çã♦

◆❡st❛ s❡çã♦ ✈❛♠♦s ❝♦♥s✐❞❡r❛r✱ ♣❛r❛ ❝❛❞❛ w ∈ C(Ω)✱ ❛ ❢✉♥çã♦ Φw : Ω −→ R

❞❡✜♥✐❞❛ ♣♦r

Φw(x) =

∫

Ω

Q(x, y)|w(y)|pdy,

♦♥❞❡ p > 0 ❡ Q é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ s❛t✐s❢❛③❡♥❞♦ (Q2)✳

❆ ❢✉♥çã♦ Φw ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♣♦✐s Q ❡ w ❢✉♥çõ❡s ❧✐♠✐t❛❞❛s✳ ❆❧é♠ ❞✐ss♦✱ ❛s

♣r♦♣r✐❡❞❛❞❡s ❛❜❛✐①♦ s❡rã♦ ✉s❛❞❛s✿

(Φ1) t
pΦw = Φtw✱ ♣❛r❛ t♦❞♦ w ∈ C(Ω)❀

(Φ2) ‖Φw‖∞ ≤ ‖Q‖∞‖w‖p∞|Ω|✱ ♣❛r❛ t♦❞♦ w ∈ C(Ω)❀

(Φ3) ‖Φw − Φv‖∞ ≤ ‖Q‖∞‖|w|p − |v|p‖∞|Ω|✱ ♣❛r❛ t♦❞❛s w, v ∈ C(Ω)❀

(Φ4) Φ : C(Ω) −→ C(Ω)✱ ❞❛❞❛ ♣♦r Φ(w) = Φw✱ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉❛ ❡♠ C(Ω)✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ♣r♦✈❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ (P )

✉s❛♥❞♦ ✉♠ ❚❡♦r❡♠❛ ●❧♦❜❛❧ ❞❡ ❇✐❢✉r❝❛çã♦✳ ❚❡♥❞♦ ✐ss♦ ❡♠ ♠❡♥t❡✱ é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡

♦❜s❡r✈❛r q✉❡✱ s❡ (λ, u) é ✉♠❛ s♦❧✉çã♦ ❞❡ (P )✱ ❡♥tã♦✱ ❞♦ ▲❡♠❛ ✶✳✶✳✻✱ s❡❣✉❡ q✉❡ λ > Φu(x)

♣❛r❛ t♦❞♦ x ∈ Ω ✭✈❡r❡♠♦s q✉❡ ❡st❛ ú❧t✐♠❛ é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ♦❜t❡r♠♦s

✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛✮ ❡ ❛ss✐♠

LKu = (λ− Φu(x))u⇐⇒ u =
LKu

λ− Φu(x)
⇐⇒ u = λ−1LKu+

Φu(x)LKu

λ(λ− Φu(x))
.

P❛r❛ γ = λ−1✱ s❡❣✉❡ q✉❡

u = γLKu+
γ2Φu(x)LKu

1− γΦu(x)
,

♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

u = γLKu+G(γ, u),

♦♥❞❡ G(γ, u) =
γ2Φu(x)LKu

1− γΦu(x)
, s❡ γΦu(x) 6= 1✳

✷✼



❆❧é♠ ❞✐ss♦✱ ♣❛r❛ 0 < a < b ✜①❛❞♦s✱

lim
v→0

G(γ, v)

‖v‖∞
= 0, ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ γ ∈ [a, b]. (G)

❊♠ s❡❣✉✐❞❛✱ ❧❡♠❜r❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦ q✉❛♥❞♦ ♦ ❞♦♠í♥✐♦

♥ã♦ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❊st❡ t✐♣♦ ❞❡ ♦♣❡r❛❞♦r t❡♠ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ❡♠ ♥♦ss❛

❛❜♦r❞❛❣❡♠✳

❉❡✜♥✐çã♦ ✷✳✶✳✶ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ A ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡♠ R×X✳

❯♠ ♦♣❡r❛❞♦r ♥ã♦ ❧✐♥❡❛r G : A −→ X é ❞✐t♦ s❡r ❝♦♠♣❛❝t♦✱ s❡ G é ❝♦♥tí♥✉♦ ❡ ♣❛r❛

❝❛❞❛ B ⊂ A t❛❧ q✉❡ B é ❧✐♠✐t❛❞♦ ❡ dist(B, ∂A) é ♣♦s✐t✐✈❛✱ ❡♥tã♦ G(B) é r❡❧❛t✐✈❛♠❡♥t❡

❝♦♠♣❛❝t♦ ❡♠ X✳ ❉✐③❡♠♦s t❛♠❜é♠ q✉❡ ♦ ♦♣❡r❛❞♦r G é ❝♦♠♣❧❡t❛♠❡♥t❡ ❝♦♥tí♥✉♦ ❡♠ X✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✷ ❖ ♦♣❡r❛❞♦r G ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡♠

A = {(γ, v) ∈ (0,+∞)× C(Ω); γ‖Φv‖∞ < 1}.

❆❧é♠ ❞✐ss♦✱ A é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ q✉❡ ❝♦♥té♠ (λ−1
1 , 0)✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ G é ❝♦♠♣❛❝t♦

❡♠ ❝❛❞❛ ❝♦♥❥✉♥t♦ UΛ,ρ,M ✱ ♦♥❞❡ UΛ,ρ,M = {(γ, v) ∈ (0,+∞)× C(Ω); ‖v‖∞ < M,Λ−1 <

γ ❡ 1− γ‖Φv‖∞ > ρ} ❡ UΛ,ρ,M ⊂ A✳

❯s❛♥❞♦ ❛s ♥♦t❛çõ❡s ❛❝✐♠❛✱ ✈❡♠♦s q✉❡ (λ, u) r❡s♦❧✈❡ (P ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱

LKu+ Φu(x)u = λu,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ u = F (γ, u) := γLKu+G(γ, u)✱ ♦♥❞❡ γ = λ−1✳

◆❛ ❝♦♥t✐♥✉❛çã♦✱ ❛♣❧✐❝❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❇✐❢✉r❝❛çã♦ ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✷✻✱ ❚❤❡✲

♦r❡♠❛ ✷✾✳✶❪✱ q✉❡ ♠❡❧❤♦r❛ ♦ ❝♦♥❤❡❝✐❞♦ ❚❡♦r❡♠❛ ❞❡ ❇✐❢✉r❝❛çã♦ ●❧♦❜❛❧ ❡♥❝♦♥tr❛❞♦ ❡♠

❬✹✸❪✳

❚❡♦r❡♠❛ ✷✳✶✳✸ ✭❇✐❢✉r❝❛çã♦ ●❧♦❜❛❧✮ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ U ⊂ R ×X

✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ (γ0, 0)✱ G : U −→ X ❝♦♠♣❧❡t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❡ G(γ, u) = o(‖u‖X)

q✉❛♥❞♦ u → 0✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ γ✱ ❡♠ ❝♦♠♣❛❝t♦s ❞❡ R✳ ❙❡❥❛♠ T ∈ L(X) ✉♠

♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✱ γ0 ✉♠ ✈❛❧♦r ❝❛r❛❝t❡ríst✐❝♦ ❞❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ í♠♣❛r ❞❡ T ✱ F (γ, u) =

u− γT +G(γ, u) ❡

Σ = {(γ, u) ∈ U ;F (γ, u) = 0, u 6= 0}.

❊♥tã♦ ❛ ❝♦♠♣♦♥❡♥t❡ C = Cγ ❞❡ Σ✱ ❝♦♥t❡♥❞♦ (γ0, 0)✱ s❛t✐s❢❛③ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞❛s

s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭✐✮ C ∩ ∂U 6= ∅

✭✐✐✮ C ❝♦♥té♠ ✉♠ ♥ú♠❡r♦ í♠♣❛r ❞❡ ③❡r♦s tr✐✈✐❛✐s (γi, 0) 6= (γ0, 0)✱ ♦♥❞❡ γi é ✉♠

✈❛❧♦r ❝❛r❛❝t❡ríst✐❝♦ ❞❡ T ❝♦♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ í♠♣❛r✳

✷✽



❘❡❝♦r❞❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ♣♦♥t♦ ❞❡ ❜✐❢✉r❝❛çã♦

❉❡✜♥✐çã♦ ✷✳✶✳✹ ❯♠ ♣♦♥t♦ ❞❡ ❜✐❢✉r❝❛çã♦ ♣❛r❛ F (γ, u) = 0 é ✉♠ ♥ú♠❡r♦ γ∗ ∈ R t❛❧

q✉❡ (γ∗, 0) ♣❡rt❡♥❝❡ ❛♦ ❢❡❝❤♦ ❞❡ Σ✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ γ∗ é ✉♠ ♣♦♥t♦ ❞❡ ❜✐❢✉r❝❛çã♦

s❡✱ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s (γn) ⊂ R ❡ (un) ⊂ X \ {0} t❛✐s q✉❡

(i) F (γn, un) = 0 ♣❛r❛ t♦❞♦ n ∈ N❀

(ii) (γn, un) → (γ∗, 0)✱ q✉❛♥❞♦ n→ ∞✳

❉♦ ❈❛♣ít✉❧♦ ✶✱ s❛❜❡♠♦s ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ♣r✐♠❡✐r❛ ❛✉t♦❢✉♥çã♦ ♣♦s✐t✐✈❛ φ1

❛ss♦❝✐❛❞❛ ❛♦ λ1✳ ▼❛✐s ❛✐♥❞❛✱ λ1 é ✉♠ ❛✉t♦✈❛❧♦r ❞❡ LK ❝♦♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ✐❣✉❛❧ ❛ 1✳

❉♦ ❚❡♦r❡♠❛ ✷✳✶✳✸✱ ❡①✐st❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ C = Cλ−1

1

❞❡ s♦❧✉çõ❡s ♣❛r❛ (P ) q✉❡

s❛t✐s❢❛③ (i) ♦✉ (ii)✳ ❱❛♠♦s ♠♦str❛r q✉❡ (ii) ♥ã♦ ♦❝♦rr❡✳ P❛r❛ ✐st♦✱ ♣r❡❝✐s❛r❡♠♦s ❞♦

❧❡♠❛ ❛❜❛✐①♦✿

▲❡♠❛ ✷✳✶✳✺ ❊①✐st❡ δ > 0 t❛❧ q✉❡✱ s❡ (γ, u) ∈ C ❝♦♠ |γ − λ−1
1 | + ‖u‖∞ < δ ❡ u 6= 0✱

❡♥tã♦ u t❡♠ s✐♥❛❧ ❞❡✜♥✐❞♦✱ ✐st♦ é✱

u(x) > 0, ∀x ∈ Ω ♦✉ u(x) < 0, ∀x ∈ Ω.

❉❡♠♦♥str❛çã♦✳ ➱ s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡✱ ♣❛r❛ q✉❛✐sq✉❡r ❞✉❛s s❡q✉ê♥❝✐❛s (un) ⊂ C(Ω)

❡ γn → λ−1
1 ❝♦♠

un 6= 0, ‖un‖∞ → 0 ❡ un = F (γn, un) = γnLKun +G(γn, un),

un t❡♠ s✐♥❛❧ ❞❡✜♥✐❞♦ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❉❡✜♥❛ wn = un/‖un‖∞✱ ♦❜t❡♠♦s q✉❡ (wn) ⊂ C(Ω) ❡

wn = γnLK(wn) +
G(γn, un)

‖un‖∞
= γnLK(wn) + on(1),

♦♥❞❡ ✉s❛♠♦s (G) ♥❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✳

❉❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞♦ ♦♣❡r❛❞♦r LK ✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ (LK(wn)) é ❝♦♥✈❡r❣❡♥t❡

♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✳ ❊♥tã♦✱

wn → w ❡♠ C(Ω),

♣❛r❛ ❛❧❣✉♠ w ∈ C(Ω) ❝♦♠ ‖w‖∞ = 1✳ ❆ss✐♠✱

w = λ−1
1 LK(w)

✷✾



♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

LKw = λ1w ❡♠ Ω.

❈♦♠ ✐ss♦✱ w 6= 0 é ✉♠❛ ❛✉t♦❢✉♥çã♦ ❛ss♦❝✐❛❞❛ ❛♦ ❛✉t♦✈❛❧♦r ♣r✐♥❝✐♣❛❧ λ1✱ ❞❛ Pr♦✲

♣♦s✐çã♦ ✶✳✶✳✹ ❡ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✶✳✸✱

w(x) > 0, ∀x ∈ Ω ♦✉ w(x) < 0, ∀x ∈ Ω.

◆♦ q✉❡ s❡❣✉❡✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ✈❛♠♦s s✉♣♦r q✉❡ w é ♣♦s✐t✐✈♦ ❡♠ Ω✳ ❙❡♥❞♦

w ❧✐♠✐t❡ ✉♥✐❢♦r♠❡ ❞❡ (wn) ❡♠ C(Ω)✱ ❞❡✈❡♠♦s t❡r wn > 0 ♣❛r❛ t♦❞♦ x ∈ Ω ❡ n

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❈♦♠♦ un ❡ wn t❡♠ ♠❡s♠♦ s✐♥❛❧✱ un é t❛♠❜é♠ ♣♦s✐t✐✈♦✱ q✉❡ é

❛ ❝♦♥❝❧✉sã♦ ❞❡s❡❥❛❞❛✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✻ ❚❡♠♦s q✉❡✱ (γ, u) ∈ Σ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (γ,−u) ∈ Σ✳ ▲♦❣♦✱

❝♦♥s✐❞❡r❛♥❞♦ ♦s ❝♦♥❥✉♥t♦s

C+ = {(γ, u) ∈ C : u(x) > 0, ∀x ∈ Ω} ∪ {(λ−1
1 , 0)}

❡

C− = {(γ, u) ∈ C : u(x) < 0, ∀x ∈ Ω} ∪ {(λ−1
1 , 0)},

t❡♠♦s

C = C+ ∪ C−. ✭✷✳✶✮

❆❧é♠ ❞✐ss♦✱ C− = {(γ, u) ∈ C : (γ,−u) ∈ C+} ❡ C+ ∩ C− = {(λ−1
1 , 0)}✳

❉❡ ❢❛t♦✱ ♥♦ q✉❡ s❡❣✉❡✱ ✜①❡♠♦s

C± = {(γ, u) ∈ C : u± 6= 0}

✐st♦ é✱ C± é ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ C ❞❛s ❢✉♥çõ❡s q✉❡ ♠✉❞❛♠ ❞❡ s✐♥❛❧✳ ❉❡s❞❡ q✉❡

C = C+ ∪ C− ∪ C±,

❞❡❞✉③✐♠♦s q✉❡✱ ♣❛r❛ ♣r♦✈❛r♠♦s ✭✷✳✶✮✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡ C± = ∅✳ ❙✉♣♦♥❞♦ ♣♦r

❝♦♥tr❛❞✐çã♦ q✉❡ C± 6= ∅✱ ❝♦♠♦ C é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥❡①♦ ❡♠ (0,+∞)×C(Ω) ❡ C+ ∪ C−

é ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❡ ❢❡❝❤❛❞♦✱ ❝♦♠ (C+ ∪ C−) ∩ C± = ∅✱ ❞❡✈❡♠♦s t❡r

(
C+ ∪ C−

)
∩ C± 6= ∅.
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❆ss✐♠✱ ❡①✐st❡♠ ✉♠❛ s♦❧✉çã♦ (γ, u) ∈ C✱ s❡q✉ê♥❝✐❛s (γn, un) ⊂ C+ ∪ C− ❡ (sn, wn) ⊂ C±

t❛✐s q✉❡

γn, sn → γ ❡♠ R, un → u ❡♠ C(Ω) ❡ wn → u ❡♠ C(Ω).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡ u ≥ 0 ❡♠ Ω ♦✉ u ≤ 0 ❡♠ Ω ❡ u 6= 0✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱

s✉♣♦♠♦s q✉❡ u ≥ 0 ❡♠ Ω✳ ❈♦♠♦ (γ, u) ✈❡r✐✜❝❛ u = γLKu + G(γ, u)✱ LKu > 0 ❡

G(γ, u) ≥ 0✱ s❡❣✉❡✲s❡ q✉❡ u > 0 ❡♠ Ω✳ ▲♦❣♦✱ wn é ♣♦s✐t✐✈♦ ♣❛r❛ n ❣r❛♥❞❡ ♦ s✉✜❝✐❡♥t❡✱

♦❜t❡♥❞♦ ❛ss✐♠ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ C± = ∅✱ t❡r♠✐♥❛♥❞♦ ❛ ♣r♦✈❛ ❞❡ ✭✷✳✶✮✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✼ ❖ ▲❡♠❛ ✶✳✶✳✽ ♠♦str❛ q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ q✉❡ s❛✐ ❞❡ (λ1, 0)✱

♥ã♦ t❡♠ ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦ ♥❛ ❢♦r♠❛ (λ, 0) ❝♦♠ λ > λ1✳

❉❡ ❢❛t♦✱ s❡ u > 0 ❡ ‖u‖∞ é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❞❡ ♠❛♥❡✐r❛ q✉❡ λ−Φu(x) >

λ1✱ ❞♦ ▲❡♠❛ ✶✳✶✳✽✱ (λ, u) ♥ã♦ ♣♦❞❡ ♣❡rt❡♥❝❡r ❛ ❡st❛ ❝♦♠♣♦♥❡♥t❡✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s U ⊂ A ❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ ✷✳✶✳✷ ♦✉ s❡❥❛✱ U := UΛ,ρ,M ✳

❊♥tã♦✱

▲❡♠❛ ✷✳✶✳✽ C+ ∩ ∂U 6= ∅✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ C+ ∩ ∂U = ∅✳ ❊♥tã♦✱ ❞♦ ❚❡♦r❡♠❛

✷✳✶✳✸✱ ❡①✐st❡ (γ̂, 0) ∈ C ✱ ♦♥❞❡ γ̂ 6= λ−1
1 ❡ γ̂ é ✉♠ ✈❛❧♦r ❝❛r❛❝t❡ríst✐❝♦ ❞❡ LK ❝♦♠

♠✉❧t✐♣❧✐❝✐❞❛❞❡ í♠♣❛r✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡♠ (un) ✐♥ C(Ω) ❡ γn → γ̂ t❛✐s q✉❡

un 6= 0, ‖un‖∞ → 0 ❡ un = F (γn, un).

❈♦♥s✐❞❡r❛♥❞♦ wn = un/‖un‖∞✱ ♦❜t❡♠♦s q✉❡ (wn) ⊂ C(Ω) é ❧✐♠✐t❛❞❛ ❡

wn = γnLK(wn) +
G(γn, un)

‖un‖∞
= γnLK(wn) + on(1),

♦♥❞❡ ✉s❛♠♦s (G) ♥❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛

✷✳✶✳✺✱ ♣❛ss❛♥❞♦ ♣❛r❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱ t❡♠♦s q✉❡ (wn) ❝♦♥✈❡r❣❡ ♣❛r❛

✉♠ v ∈ C(Ω)✱ q✉❡ é ✉♠❛ s♦❧✉çã♦ ♥ã♦✲tr✐✈✐❛❧ ❞♦ ♣r♦❜❧❡♠❛

L0v = λ̂v ✐♥ Ω,

♦♥❞❡ λ̂ = γ̂−1✱ ♠♦str❛♥❞♦ q✉❡ v é ✉♠❛ ❛✉t♦❢✉♥çã♦ ❛ss♦❝✐❛❞❛ ❛♦ ❛✉t♦✈❛❧♦r λ̂✳ ❈♦♠♦

λ̂ 6= λ1✱ v ♠✉❞❛ ❞❡ s✐♥❛❧✳ ❊♥tã♦✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ wn ♠✉❞❛ ❞❡ s✐♥❛❧✱

✸✶



✐♠♣❧✐❝❛♥❞♦ q✉❡ un t❛♠❜é♠ ♠✉❞❛ ❞❡ s✐♥❛❧✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s (λn, un) ∈ C+ ♦✉

(λn, un) ∈ C−✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❡st❛❜❡❧❡❝❡ ♠❛✐s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s s♦❧✉çõ❡s ♣♦s✐t✐✈❛s

❞❡ (P )✳

▲❡♠❛ ✷✳✶✳✾ ❙❡ (γ, u) é ✉♠❛ s♦❧✉çã♦ ❞❡ u = F (γ, u) := γLKu + G(γ, u) ❝♦♠ u > 0

❡♠ Ω✱ ❡♥tã♦

γΦu(x) < 1, ♣❛r❛ t♦❞♦ x ∈ Ω,

✐st♦ é✱ (γ, u) ∈ A = {(γ, v) ∈ (0,+∞)× C(Ω); γ‖Φv‖∞ < 1}✳ ■ss♦ t❛♠❜é♠ ❛✜r♠❛ q✉❡

C+ ⊂ A✳

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡✱ u = F (γ, u) := γLKu+G(γ, u) é ❡q✉✐✈❛❧❡♥t❡ ❛

LKu+ Φu(x) = λu,

♦♥❞❡ γ = λ−1✳ ❙❡♥❞♦ u > 0 ❡♠ Ω✱ t❡♠♦s

0 < LKu = (λ− Φu(x))u

♦ q✉❡ ✐♠♣❧✐❝❛

λ− Φu(x) > 0, ♣❛r❛ t♦❞♦ x ∈ Ω.

P♦rt❛♥t♦✱ λ−1Φu(x) < 1 ♣❛r❛ t♦❞♦ x ∈ Ω ❡ ❛ss✐♠✱

γΦu(x) < 1, ♣❛r❛ t♦❞♦ x ∈ Ω,

✐st♦ é (γ, u) ∈ A✳

❙❡♥❞♦ Ω ✉♠ ❝♦♠♣❛❝t♦✱ ♣♦❞❡♠♦s ❝♦❜r✐✲❧♦ ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❜♦❧❛s ❝❡♥tr❛❞❛s

❡♠ ❛❧❣✉♥s ♣♦♥t♦s ❞❡ Ω ❡ r❛✐♦ r > 0✱ ♦✉ s❡❥❛✱ ❡①✐st❡♠ x1, ..., xm ∈ Ω ❡ m ∈ N t❛✐s q✉❡

Ω =
m⋃

j=1

(Br/2(xj) ∩ Ω),

♦♥❞❡ r > 0 ❢♦✐ ❞❛❞♦ ♥❛ ❝♦♥❞✐çã♦ (Q2)✳ ❖ ✐♥t❡✐r♦ m ❛♣❛r❡❝❡rá ♥♦ ♣ró①✐♠♦ ❧❡♠❛✳

▲❡♠❛ ✷✳✶✳✶✵ ❙❡❥❛ Λ > 0 ❡ s✉♣♦♥❤❛♠♦s q✉❡ (λ, u) é t❛❧ q✉❡ LKu+Φu(x)u = λu ♣❛r❛

❛❧❣✉♠ λ ∈ (0,Λ]✳ ❊♥tã♦ ‖u‖p ≤

(
mλ

σ

) 1

p

✱ ✐st♦ é✱ u é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦ ❡♠

Lp(Ω)✳

✸✷



❉❡♠♦♥str❛çã♦✳ P❡❧❛ ❝♦❜❡rt✉r❛ ❛❝✐♠❛✱ ❝♦♥s✐❞❡r❡ Ej = Ω ∩ Br(xj)✱ ❛ss✐♠

σ

∫

Ej

|u(y)|pdy ≤

∫

Ej

Q(xj, y)|u(y)|
pdy ≤ Φu(xj),

❞♦ ▲❡♠❛ ✷✳✶✳✾ t❡♠♦s✱

σ

∫

Ej

|u(y)|pdy ≤ λ.

▲♦❣♦✱

σ

∫

Ω

|u(y)|pdy ≤ mλ

♦✉ s❡❥❛✱ ‖u‖p ≤

(
mλ

σ

) 1

p

✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡st❛ ú❧t✐♠❛ ❞❡♠♦♥str❛çã♦✱ t❡♠♦s✿

❈♦r♦❧ár✐♦ ✷✳✶✳✶✶ ❙♦❜r❡ ❛ ❝♦♥❞✐çã♦ (Q′′
2)✳ Φv(x) ≥ σ||v||pp✱ ♣❛r❛ t♦❞♦ v ∈ C(Ω)✱ x ∈ Ω✳

✷✳✶✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✸

❈♦♠ ❛s ✐♥❢♦r♠❛çõ❡s ❛❝✐♠❛✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❞❡♠♦♥str❛r ♦ ❚❡♦r❡♠❛ ✵✳✵✳✸✳

❱❛♠♦s ❡♥❝♦♥tr❛r ✉♠ ρ > 0 ❞❡ ♠❛♥❡✐r❛ q✉❡✱ s❡ u é ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ LKu +

Φu(x)u = λu ♣❛r❛ ❛❧❣✉♠ λ✱ ❡♥tã♦ λ − Φu(x) ≥ ρ ♣❛r❛ t♦❞♦ x ∈ Ω✳ ❈♦♠ ❡❢❡✐t♦✱

s❡❥❛ x∗ ∈ Ω t❛❧ q✉❡ Φu(x∗) ≤ Φu(x) ♣❛r❛ t♦❞♦ x ∈ Ω✳ ❉♦ ▲❡♠❛ ✶✳✶✳✺ t❡♠♦s q✉❡

‖λ− Φu‖∞ > λ1✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

λ− Φu(x∗) > λ1,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ λ− λ1 > Φu(x∗)✳ ❆❧é♠ ❞✐ss♦✱ ❞♦ ❈♦r♦❧ár✐♦ ✷✳✶✳✶✶

λ− λ1 > Φu(x∗) ≥ σ‖u‖pp. ✭✷✳✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱

λ− Φu(x) = λ− Φu(x) + Φu(x∗)− Φu(x∗)

♦✉

λ− Φu(x) > λ1 − |Φu(x)− Φu(x∗)|. ✭✷✳✸✮

❆❣♦r❛✱ ❞❡ ✭✷✳✷✮ ♦❜t❡♠♦s

|Φu(x)− Φu(x∗)| ≤

∫

Ω

|Q(x, y)−Q(x∗, y)||u(y)|
pdy ≤ [Q]‖u‖pp ≤ [Q]

(λ− λ1)

σ
. ✭✷✳✹✮

✸✸



❖❜s❡r✈❡ q✉❡✱ s❡ λ1 < λ < λ1 +
λ1σ

[Q]
− ǫ✱ ♣❛r❛ ✉♠ ♥ú♠❡r♦ ♣❡q✉❡♥♦ ✜①♦ ǫ > 0✱

t❡♠♦s 0 < λ− λ1 <
λ1σ

[Q]
− ǫ✳ ▲♦❣♦✱ ❞❡ ✭✷✳✸✮ ❡ ✭✷✳✹✮✱

λ− Φu(x) > λ1 − [Q]
(λ− λ1)

σ

❡ ❡♥tã♦✱

λ− Φu(x) >
[Q]ǫ

σ
> 0 ♣❛r❛ t♦❞♦ x ∈ Ω.

P♦rt❛♥t♦✱ ❝♦♠ ♦ ❡st✉❞♦ ❛❝✐♠❛ ♦❜t❡♠♦s q✉❡✱ ♣❛r❛ ❝❛❞❛ ǫ > 0✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ρ > 0

✭ρ = [Q]εσ−1✮ t❛❧ q✉❡ λ− ‖Φu‖∞ ≥ ρ✱ ♣❛r❛ t♦❞♦ λ ∈ (λ1, λ1 +
λ1σ

[Q]
− ǫ]✳ ❆❧é♠ ❞✐ss♦✱

|u(x)| ≤
|LKu(x)|

λ− Φu(x)
≤

|LKu(x)|

ρ
≤

‖K‖p′

ρ
‖u‖p, ♣❛r❛ t♦❞♦ x ∈ Ω,

♦♥❞❡ ✉s❛♠♦s ❍ö❧❞❡r ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡
1

p′
+

1

p
= 1✳ ❉♦ ▲❡♠❛ ✷✳✶✳✶✵✱ ‖u‖p é

❧✐♠✐t❛❞♦✱ ❡♥tã♦ ❡①✐st❡ M > 0 t❛❧ q✉❡ ‖u‖∞ ≤M ✳

❘❡✉♥✐♥❞♦ t♦❞❛s ❛s ✐♥❢♦r♠❛çõ❡s ❛❝✐♠❛✱ ✜①❛♥❞♦ ǫ > 0 ❡ ❝♦♥s✐❞❡r❛♥❞♦ Λ = λ1 +
λ1σ

[Q]
− ǫ✱ ❡♥❝♦♥tr❛♠♦s ρ > 0 ❡ M > 0 t❛✐s q✉❡✱ ♣❛r❛ U = UΛ, ρ

2
,2M t❡♠♦s C+ ∩ ∂U 6=

∅✱ ❛ss✐♠ (λ, u) ∈ C+ ❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ♦❝♦rr❡r✿ λ − ‖Φu‖∞ =
ρ

2
♦✉

‖u‖∞ = 2M ♦✉ λ = Λ✳ ▼❛s ✈✐♠♦s q✉❡✱ s♦❜ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ λ − ‖Φu‖∞ ≥ ρ ❡

‖u‖∞ ≤M ✱ ✐st♦ é✱ ❞❡✈❡rí❛♠♦s t❡r λ = Λ ❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ s♦❧✉çõ❡s ♣❛r❛ (P )

❝r✉③❛ ♦ ❤✐♣❡r♣❧❛♥♦ {λ} × C(Ω)✱ ♣❛r❛ t♦❞♦ λ ∈ (λ1,Λ]✳ ❈♦♠♣❧❡t❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦

❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✸✳

✷✳✷ ❯♠ r❡s✉❧t❛❞♦ ❣❧♦❜❛❧ ❞❡ ❜✐❢✉r❝❛çã♦

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❡st✉❞❛r ❛ ❜✐❢✉r❝❛çã♦ ♣❛r❛ t♦❞♦s ♦s λ > λ1✳ ❉❡st❛ ❢♦r♠❛✱

❝♦♠♦ ♥❛ ú❧t✐♠❛ ❞❡♠♦♥str❛çã♦✱ q✉❡r❡♠♦s ❡♥❝♦♥tr❛r ✉♠ ♥ú♠❡r♦ ♣♦s✐t✐✈♦ ρ > 0 t❛❧ q✉❡✱

s❡❥❛ q✉❛❧ ❢♦r ♦ Λ > λ1✱ s❡ u é ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ LKu + Φu(x)u = λu ♣❛r❛

❛❧❣✉♠ λ ∈ (λ1,Λ]✱ ❡♥tã♦ λ− ‖Φu‖∞ ≥ ρ✳ P❛r❛ ♦❜t❡r ❡st❡ ♥ú♠❡r♦✱ ♣r❡❝✐s❛♠♦s ❞❡ ♠❛✐s

✐♥❢♦r♠❛çõ❡s s♦❜r❡ Q ❡ p✳

▲❡♠❛ ✷✳✷✳✶ ❙✉♣♦♥❤❛♠♦s q✉❡ p > 0 ❡ (Q2) − (Q3) ♦❝♦rr❡♠✳ ❊♥tã♦ ❡①✐st❡♠ ρ > 0 ❡

M > 0 t❛✐s q✉❡ λ−‖Φu‖∞ ≥ ρ ❡ ‖u‖∞ ≤M ♣❛r❛ t♦❞♦s (λ, u) t❛✐s q✉❡ LKu+Φu(x)u =

λu✱ u > 0 ❡ λ ∈ (λ1,Λ]✳

✸✹



❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝♦♠❡ç❛r✱ ♣r♦✈❛r❡♠♦s ♣r✐♠❡✐r♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ρ✱ ❞❡♣♦✐s ♠♦s✲

tr❛r❡♠♦s ❛ ❞❡ M ✳ ❙❡ ♥ã♦ ❡①✐st❡ ρ✱ ❡♥tã♦ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ s❡q✉ê♥❝✐❛ (λn, un)

t❛❧ q✉❡ LKun + Φun
(x)un = λnun✱ un > 0✱ λn → λ ∈ (λ1,Λ] ❡ ‖Φun

‖∞ → λ✳ ◆♦ q✉❡

s❡❣✉❡✱ ❞✐✈✐❞✐♠♦s ❡♠ ❞♦✐s ❝❛s♦s ♦ ♥♦ss♦ ❡st✉❞♦✱ ❛ s❛❜❡r✿ p > 1 ❡ p ∈ (0, 1)✳

❈❛s♦ ✶✿ p > 1✳ P❡❧♦ ▲❡♠❛ ✷✳✶✳✶✵✱ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ Lp(Ω)✱ ❡ ❝♦♠♦

p > 1✱ ❡①✐st❡ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (un)✱ q✉❡ s❡rá ❞❡♥♦t❛❞❛ ❞❡ ♠❡s♠❛ ❢♦r♠❛✱ t❛❧ q✉❡

un ⇀ u ❡♠ Lp(Ω)✳ ❈♦♠♦ (LKun) ❡ (Φun
) sã♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡s ❡♠ C(Ω)✱

s✉♣♦♠♦s q✉❡ LKun → w ❡ Φun
→ v ❡♠ C(Ω)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▼❛s✱ ❝♦♠♦ LK é ✉♠

♦♣❡r❛❞♦r ❧✐♥❡❛r ❝♦♠♣❛❝t♦✱ t❡♠♦s

LKun(x) =

∫

Ω

K(x, y)un(y)dy →

∫

Ω

K(x, y)u(y)dy = LKu(x) ❡♠ Ω,

❡ ❛ss✐♠✱ LKun → LKu ❡♠ C(Ω)✳ ❊♠ s❡❣✉✐❞❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ Φun
→ Φu ❡♠ C(Ω)✱

♥♦ ❡♥t❛♥t♦ ❝♦♠♦ Φ ♥ã♦ é ❧✐♥❡❛r ♦ ❛r❣✉♠❡♥t♦ ❛❝✐♠❛ ♥ã♦ ❢✉♥❝✐♦♥❛✱ ❡ ♣r❡❝✐s❛♠♦s ✉s❛r

♦✉tr♦s ❛r❣✉♠❡♥t♦s✳ ❉♦ ❧✐♠✐t❡ Φun
→ v ❡♠ C(Ω)✱ s❛❜❡♠♦s q✉❡ Φun

(x) → v(x)✱ ♣❛r❛

t♦❞♦ x ∈ Ω. ❆❣♦r❛✱ s❡♥❞♦ λn − Φun
(x) > 0✱ t❡♠♦s λ − v(x) ≥ 0✳ P❛ss❛♥❞♦ ♦ ❧✐♠✐t❡

❢r❛❝♦ ♥♦ s❡♥t✐❞♦ Lp(Ω) ❡♠ LKun + Φun
(x)un = λnun✱ ♦❜t❡♠♦s

LKu = (λ− v(x))u q✳t✳♣✳ ❡♠ Ω.

◆❛ ❝♦♥t✐♥✉❛çã♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦s ❝❛s♦s u ≡ 0 ❡ u 6= 0✱ ♥♦s ❞♦✐s ❝❛s♦s✱ ❝❤❡❣❛r❡♠♦s

❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ■ss♦ ♣r♦✈❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ρ✳

❖ ❝❛s♦ u ≡ 0✿ ◆❡st❡ ❝❛s♦✱ un ⇀ 0 ❡♠ Lp(Ω) ❡ ❝♦♠♦ un > 0✱ t❡♠♦s q✉❡ un → 0 ❡♠

L1(Ω) ❡ LKun → 0 ❡♠ C(Ω)✳ ■ss♦ ♣r♦❞✉③ un → 0 ❡♠ Lp(Ω)✳ ❉❡ ❢❛t♦✱ ♣♦r (Q3)✱

λn > Φun
(x0) ≥ Φun

(x) + a(x)‖un‖
p
p ♣❛r❛ x ∈ Ω

❧♦❣♦✱

λn − Φun
(x) > a(x)‖un‖

p
p, ♣❛r❛ x ∈ Ω. ✭✷✳✺✮

❉❛í✱ ∫

Ω

un(y)
pdy =

∫

Ω

[
LKun(y)

λn − Φun
(y)

]p
dy ≤

‖LKun‖
p
∞

(‖un‖
p
p)p

∫

Ω

1

a(y)p
dy

♦ q✉❡ ✐♠♣❧✐❝❛ (∫

Ω

un(y)
pdy

)p+1

≤ ‖LKun‖
p
∞

∫

Ω

1

a(y)p
dy <∞.

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ ‖LKun‖∞ → 0✱ ❡♥❝♦♥tr❛♠♦s ‖un‖p → 0✳

P♦rt❛♥t♦✱ un → 0 ❡♠ C(Ω)✱ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❧✐♠✐t❡ ‖Φun
‖∞ → λ > 0✳

✸✺



❖ ❝❛s♦ u 6= 0✿ ❉♦ ▲❡♠❛ ✶✳✶✳✻✱ u > 0 ❡ λ − v(x) > 0 ❡♠ Ω✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛r❣✉✲

♠❡♥t❛♥❞♦ ❝♦♠♦ ❛❝✐♠❛✱ un → u ❡♠ Lp(Ω)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Φun
→ Φu ❡♠ C(Ω)✱

‖Φun
‖∞ → ‖Φu‖∞ ❡ λ − Φu(x) > 0 ♣❛r❛ t♦❞♦ x ∈ Ω✳ ❊♥tã♦✱ λ − ‖Φu‖∞ > 0, q✉❡

❝♦♥tr❛❞✐③ ‖Φun
‖∞ → λ✳

❆❣♦r❛✱ ✈❛♠♦s ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ M ✳ ❖❜s❡r✈❡ q✉❡

|u(x)| ≤
|LKu(x)|

λ− Φu(x)
≤

|LKu(x)|

ρ
≤

‖K‖q
ρ

‖u‖p, ♣❛r❛ t♦❞♦ x ∈ Ω,

♦♥❞❡ ✉s❛♠♦s ❍ö❧❞❡r ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡
1

q
+

1

p
= 1✳ ❉♦ ▲❡♠❛ ✷✳✶✳✶✵✱ ‖u‖p é

❧✐♠✐t❛❞♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠ M > 0 t❛❧ q✉❡ ‖u‖∞ ≤M ✳

❈❛s♦ ✷✿ p ∈ (0, 1]✳ ❈♦♠♦ ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ upn 6→ 0 ❡♠ L1(Ω)✱ ❝❛s♦

❝♦♥trár✐♦ ✈❛♠♦s ❝♦♥s❡❣✉✐r Φun
→ 0 ❡♠ C(Ω)✱ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❧✐♠✐t❡ ‖Φun

‖∞ → λ > 0✳

◆❛ s❡q✉ê♥❝✐❛✱ ❝♦♠♦ (upn) é ❧✐♠✐t❛❞♦ ❡♠ L1(Ω)✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ ♣♦❞❡♠♦s

s✉♣♦r q✉❡ upn ⇀ µ ❡♠ M(Ω) ♣❛r❛ ❛❧❣✉♠ µ ∈ M(Ω)✱ ♦♥❞❡ M(Ω) ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❞❡

♠❡❞✐❞❛s ✜♥✐t❛s ♣♦s✐t✐✈❛s s♦❜r❡ Ω✳ ▲♦❣♦✱
∫

Ω

φupn dx→

∫

Ω

φdµ, ♣❛r❛ t♦❞♦ φ ∈ C(Ω),

❡ ❛ss✐♠✱

Φun
(x) =

∫

Ω

Q(x, y)upn dx→

∫

Ω

Q(x, y)dµ = v(x), ♣❛r❛ t♦❞♦ x ∈ Ω.

❈♦♠♦ µ ∈ M(Ω)✱ ❝♦♠ ✉♠❛ s✐♠♣❧❡s ❝♦♥t❛ ♦❜t❡♠♦s v ∈ C(Ω) ❡ v(x) ≥ 0 ♣❛r❛ t♦❞♦

x ∈ Ω✳ ❯s❛♥❞♦ (Q3) ♦❜t❡♠♦s

λn − Φun
(x) ≥ a(x)

∫

Ω

upn dx, ✭✷✳✻✮

❡ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ n→ +∞✱ ❡♥❝♦♥tr❛♠♦s

λ− v(x) ≥ a(x)W, ♣❛r❛ t♦❞♦ x ∈ Ω

♦♥❞❡ W =
∫
Ω
dµ > 0✳ ❆q✉✐ s❛❜❡♠♦s q✉❡ W > 0✱ ♣♦✐s ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ upn 6→ 0 ❡♠

L1(Ω)✳ ❉❡s❞❡ q✉❡ a é ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ a−1 ∈ L1(Ω)✱ t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦

O = {x ∈ Ω : a(x) = 0} tê♠ ♠❡❞✐❞❛ ♥✉❧❛✱ ❛ss✐♠

λ− v(x) > 0, q✳t✳♣✳ ❡♠ Ω.

❆✜r♠❛çã♦ ✷✳✷✳✷ ❆ s❡q✉ê♥❝✐❛ (un) é ❧✐♠✐t❛❞❛ ❡♠ L1(Ω)✳

✸✻



❈♦♠ ❡❢❡✐t♦✱ s✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ‖un‖1 → +∞ ❡ ❞❡✜♥❛ wn =
un

‖un‖1
✳

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ (λn, un) é ✉♠❛ s♦❧✉çã♦ ❞❡ (P )✱ ♦❜t❡♠♦s

LKwn + Φun
wn = λnwn

❛ss✐♠✱

wn =
LKwn

λn − Φun

.

❈♦♠♦ (wn) é ❧✐♠✐t❛❞❛ ❡♠ L1(Ω)✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ t❡♠♦s LKwn → w∗ ❡♠

C(Ω)✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

wn(x) →
w∗(x)

λ− v(x)
= w(x) q✳t✳♣✳ ❡♠ Ω.

❉❛ ❞❡✜♥✐çã♦ ❞❡ w✱ ✈❡♠♦s q✉❡ w ∈ C(Ω\O) ❡ w(x) ≥ 0 q✳t✳♣✳ ❡♠ Ω✳ ❆❞❡♠❛✐s✱ t❛♠❜é♠

t❡♠♦s

wn(x) ≤
2‖LKwn‖∞
a(x)W

q✳t✳♣✳ ❡♠ Ω.

❉❡s❞❡ q✉❡ a−1 ∈ L1(Ω)✱ ❛s ✐♥❢♦r♠❛çõ❡s ❛❝✐♠❛ ❛ss❡❣✉r❛♠ q✉❡

wn → w ❡♠ L1(Ω),

❡♥tã♦ ‖w‖1 = 1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❛♠❜é♠ t❡♠♦s

LK

(
un

‖un‖
p+1
1

)
+ Φwn

(x)wn = λn
un

‖un‖
p+1
1

,

❡♥tã♦ Φwn
wn → 0 ❡♠ L1(Ω)✱ ❧♦❣♦ ♣❡❧♦ ▲❡♠❛ ❞❡ ❋❛t♦✉

∫

Ω

∫

Ω

Q(x, y)wp(y)w2(x) dxdy = 0.

❉❛ ❝♦♥❞✐çã♦ (Q2) ♦❜t❡♠♦s w = 0✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ■ss♦ ♣r♦✈❛ q✉❡ (un) é ❧✐♠✐t❛❞♦

❡♠ L1(Ω)✳ ❆r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ❛❝✐♠❛✱ s✉❜st✐t✉✐♥❞♦ wn ♣♦r un✱ ♣♦❞❡♠♦s ♣r♦✈❛r q✉❡

un → u ❡♠ L1(Ω)✱ ❡ ♦ ❧❡♠❛ s❡❣✉❡ r❡♣❡t✐♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❡①♣❧♦r❛❞♦s ♥♦ ❈❛s♦

1✳

✷✳✷✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✹

❱❛♠♦s ❞❡♠♦♥str❛r ❛❣♦r❛✱ ♦ ❚❡♦r❡♠❛ ✵✳✵✳✹✳ ❈♦♠ ❛s ✐♥❢♦r♠❛çõ❡s ❛❝✐♠❛✱ ♣❛r❛ t♦❞♦

Λ > λ1 ❡♥❝♦♥tr❛♠♦s ρ > 0 ❡ M > 0 t❛✐s q✉❡✱ ♣❛r❛ U = UΛ, ρ
2
,2M t❡♠♦s C+ ∩ ∂U 6= ∅✱
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❛ss✐♠ (λ−1, u) ∈ C+ ❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ♦❝♦rr❡✿ λ−‖Φu‖∞ =
ρ

2
♦✉ ‖u‖∞ =

2M ✳ ▼❛s ✈✐♠♦s q✉❡✱ s♦❜ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ λ − ‖Φu‖∞ ≥ ρ ❡ ‖u‖∞ ≤ M ✱ ✐st♦ é✱ ❛

❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ s♦❧✉çõ❡s ♣❛r❛ (P ) ❝r✉③❛ ♦ ❤✐♣❡r♣❧❛♥♦ {Λ}×C(Ω) q✉❛❧q✉❡r q✉❡

s❡❥❛ Λ > λ1✳

P❛r❛ ❝♦♥❝❧✉✐r ❛ ♣r♦✈❛✱ ♠♦str❛r❡♠♦s ❛ ✐♥❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ λ ≤ λ1✳ ❉❡

❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ (λ, u) s❛t✐s❢❛③ u ≥ 0✱ λ > 0 ❡ LKu + Φuu = λu✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦

v ∈ L2(Ω)✱

〈LKu, v〉+ 〈Φuu, v〉 = λ〈u, v〉.

❚♦♠❛♥❞♦ v = ϕ1✱ ❛ ❛✉t♦❢✉♥çã♦ ❛ss♦❝✐❛❞❛ ❛♦ ♣r✐♥❝✐♣❛❧ ❛✉t♦✈❛❧♦r λ1 ❞❡ LK ✱ ❡♥❝♦♥tr❛♠♦s

〈LKu, ϕ1〉+ 〈Φuu, ϕ1〉 = λ〈u, ϕ1〉.

P❡❧❛ s✐♠❡tr✐❛ ❞❡ LK ❡♠ L2(Ω)✱ s❡❣✉❡✲s❡ q✉❡

λ1〈ϕ1, u〉+ 〈Φuu, ϕ1〉 = λ〈u, ϕ1〉.

❆❣♦r❛✱ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ 〈Φuu, ϕ1〉 > 0✱ t❡♠♦s

λ1〈ϕ1, u〉 < λ〈ϕ1, u〉

✐✳❡✳✱

(λ1 − λ)

∫

Ω

ϕ1udx < 0,

♠♦str❛♥❞♦ q✉❡ λ1 < λ✳

✷✳✸ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✺

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ✜①❛r λ > λ1 ❡ ♠♦str❛r q✉❡ ♦ ♣r♦❜❧❡♠❛ (P ) t❡♠ ✉♠❛ s♦❧✉çã♦

♣♦s✐t✐✈❛ q✉❡ é ❧✐♠✐t❡ ✉♥✐❢♦r♠❡ ❞❡ s♦❧✉çõ❡s ❞❛❞❛s ♣❡❧♦ ❚❡♦r❡♠❛ ✵✳✵✳✹✳

Pr✐♠❡✐r♦✱ ❝♦♥s✐❞❡r❡♠♦s 0 < ǫ ≤ ǫ0 =
N

2p
❡ ❞❡✜♥❛

Qǫ(x, y) = Q(x, y)(2− aǫ(x))

♦♥❞❡

aǫ(x) =





|x− x0|
ǫ, s❡ |x− x0| ≤ 1

1, s❡ |x− x0| ≥ 1.
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◆♦t❡ q✉❡✱ 2Q(x, y) ≥ Qǫ(x, y) ≥ Q(x, y) ≥ 0 ♣❛r❛ t♦❞♦s x, y ∈ Ω ❡ Qǫ(x, y) ≥ σ

q✉❛♥❞♦ |x− y| ≤ r✱ ❡ ❛ss✐♠✱ Qǫ ✈❡r✐✜❝❛ (Q2)✳ ❆❧é♠ ❞✐ss♦✱

Qǫ(x0, y)−Qǫ(x, y) = 2Q(x0, y)−Q(x, y)(2− aǫ(x)) ≥ 2Q(x, y)−Q(x, y)(2− aǫ(x))

✐st♦ é✱

Qǫ(x0, y)−Qǫ(x, y) ≥ Q(x, y)aǫ(x) ≥
1

2
Qǫ(x, y)aǫ(x), ♣❛r❛ t♦❞♦s x, y ∈ Ω. ✭✷✳✼✮

❘❡❧❛❝✐♦♥❛❞♦ ❛ aǫ t❡♠♦s✿ aǫ(x) ≤ 1 ♣❛r❛ t♦❞♦ x ∈ Ω✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛ s❡❣✉✐♥t❡ ❢❛♠í❧✐❛ ❞❡ ♣r♦❜❧❡♠❛s ❛✉①✐❧✐❛r❡s✿

LKu+ Φǫ
u(x)u = λu, ❡♠ Ω. (Pǫ)

▲❡♠❛ ✷✳✸✳✶ ❙✉♣♦♥❤❛♠♦s q✉❡ (Q2)✱ (Q4) ♦❝♦rr❡♠ ❡ ✜①❡♠♦s ǫ > 0✳ ❊♥tã♦✱ s❡ (λ, u) é

✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ (Pǫ) ❝♦♠ λ > λ1 ❡ u > 0✱ t❡♠♦s

λ− Φǫ
u(x) ≥ θaǫ(x), ♣❛r❛ t♦❞♦ x ∈ Ω, ✭✷✳✽✮

♦♥❞❡ θ = min{λ1, λ− λ1}✳

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡✱ (Q2), (Q4) ❡ ✭✷✳✼✮ ✐♠♣❧✐❝❛♠ ❡♠ Φǫ
u(x0) ≥ Φǫ

u(x)✱ ♣❛r❛ t♦❞♦

x ∈ Ω ❡✱

λ− Φǫ
u(x) ≥ Φǫ

u(x0)− Φǫ
u(x) ≥ aǫ(x)

∫

Ω

Q(x, y)u(y)pdy ≥
1

2
aǫ(x)Φ

ǫ
u(x). ✭✷✳✾✮

❆ss✐♠✱ s❡ Φǫ
u(x) ≤ λ1✱ t❡♠♦s λ − Φǫ

u(x) ≥ λ − λ1 ≥ (λ − λ1)aǫ(x)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡

Φǫ
u(x) > λ1✱ ❞❡ ✭✷✳✾✮ t❡♠♦s q✉❡ λ − Φǫ

u(x) ≥ λ1aǫ(x)✳ ❉❡ q✉❛❧q✉❡r ❢♦r♠❛✱ ❞❡s❞❡ q✉❡

θ = min{λ1, λ− λ1} t❡♠♦s

λ− Φǫ
u(x) ≥ θaǫ(x), ♣❛r❛ t♦❞♦ x ∈ Ω.

❖ ▲❡♠❛ ✷✳✸✳✶ s❡r✈❡ ♦ ♠❡s♠♦ ♣r♦♣ós✐t♦ ❞♦ ▲❡♠❛ ✷✳✷✳✶ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r

(Pǫ)✳

▲❡♠❛ ✷✳✸✳✷ ❙✉♣♦♥❤❛♠♦s q✉❡ 0 < ǫ ≤ ǫ0 é ✜①❛❞♦✱ p > 0✱ (Q2) ❡ (Q4) ♦❝♦rr❡♠✳ ❊♥tã♦✱

❡①✐st❡♠ ρ > 0 ❡ M > 0 t❛✐s q✉❡ λ − ‖Φǫ
u‖∞ ≥ ρ ❡ ‖u‖∞ ≤ M ♣❛r❛ t♦❞♦s (λ, u)

s❛t✐s❢❛③❡♥❞♦ (Pǫ)✱ ❝♦♠ u > 0 ❡ λ ∈ (λ1,Λ]✳
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❉❡♠♦♥str❛çã♦✳ Pr♦❝❡❞❡♠♦s ❡①❛t❛♠❡♥t❡ ❝♦♠♦ ♥❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✷✳✷✳✶✳ ❆q✉✐ s✉❜s✲

t✐t✉í♠♦s ✭✷✳✺✮ ♣♦r ✭✷✳✽✮✱ ♥♦ ❝❛s♦ p > 1✱ ❡ s✉❜st✐t✉í♠♦s ✭✷✳✻✮ ♣♦r ✭✷✳✽✮ ♣❛r❛ ♦ ❝❛s♦

p ≤ 1✳

❯s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✸✳✷ ❡ s❡❣✉✐♥❞♦ t♦❞♦s ♦s ♣❛ss♦s ❞❛ ❞❡♠♦str❛çã♦ ❞♦ ❚❡♦r❡♠❛

✵✳✵✳✹✱ ♣❛r❛ q✉❛❧q✉❡r ǫ ∈ (0, ǫ0] ✜①❛❞♦✱ t❡♠♦s ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ C+
ǫ ✱ ❛ss♦❝✐❛❞❛

♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❜✐❢✉r❝❛çã♦ (Pǫ)✱ q✉❡ ❛tr❛✈❡ss❛ ♦s ❤✐♣❡r♣❧❛♥♦s {λ}×C(Ω) ♣❛r❛ t♦❞♦

λ > λ1✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✸ ❘❡t♦♠❛♠♦s ❡st❛ ú❧t✐♠❛ ♦❜s❡r✈❛çã♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♣❛r❛ q✉❛❧✲

q✉❡r λ > λ1 ❡ t♦❞♦ ǫ ∈ (0, ǫ0] t❡♠♦s ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ u ∈ C(Ω) s❛t✐s❢❛③❡♥❞♦

(Pǫ)✳

❆❣♦r❛ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ✵✳✵✳✺✳

❉❡♠♦♥str❛çã♦✳ ✭❚❡♦r❡♠❛ ✵✳✵✳✺✮ ❋✐①❡♠♦s ♥♦✈❛♠❡♥t❡ λ > λ1 ❡ ❝♦♥s✐❞❡r❡♠♦s ❛

❢✉♥çõ❡s gn : Ω −→ R ❞❡✜♥✐❞❛s ♣♦r

gn(x) =

∫

Ω

Q 1

n
(x, y)|un(y)|

pdy,

♦♥❞❡ un é ❞❛❞♦ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✸✳✸✱ ❝♦♠ ǫ = 1
n
✱ q✉❡ ✈❡r✐✜❝❛ LKun + gn(x)un = λun✳

❆ ♣r♦✈❛ ❝♦♥s✐st❡ ❡♠ ♣r♦✈❛r q✉❡ ♦ ♣r♦❜❧❡♠❛ (P ) t❡♠ ✉♠❛ s♦❧✉çã♦ q✉❡ é ✉♠ ❧✐♠✐t❡ ❞❡

✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (un) q✉❛♥❞♦ n ✈❛✐ ♣❛r❛ ♦ ✐♥✜♥✐t♦✳

❙❛❜❡♠♦s q✉❡ (‖un‖p) é ❧✐♠✐t❛❞❛ ❡ q✉❡ (gn) é ❧✐♠✐t❛❞❛ ❡♠ L∞(Ω)✳ ❆❧é♠ ❞✐ss♦✱

(gn) é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ❡♠ ♣❛rt❡s ❝♦♠♣❛❝t❛s ❞❡ Ω \ {x0}✳ ❉❡ ❢❛t♦✱

|gn(x)− gm(x)| ≤ 2‖Q‖∞‖un‖
p
p

∣∣|x− x0|
1

n − |x− x0|
1

m

∣∣, s❡ |x− x0| ≤ 1

❡

|gn(x)− gm(x)| = 0, s❡ |x− x0| > 1.

❊♠ s❡❣✉✐❞❛✱ ❞✐✈✐❞✐♠♦s ♦ ♥♦ss♦ ❡st✉❞♦ ❡♠ ❞♦✐s ❝❛s♦s✱ ❛ s❛❜❡r✿ p > 1 ❡ p ∈ (0, 1)✳

❈❛s❡ ✶✿ p > 1✳ P❡❧♦ ▲❡♠❛ ✷✳✶✳✶✵✱ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ Lp(Ω)✱ ❡ ❝♦♠♦

p > 1✱ ❡①✐st❡ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (un)✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ❞❛ ♠❡s♠❛ ❢♦r♠❛✱ t❛❧ q✉❡

un ⇀ u ❡♠ Lp(Ω)✳ ❈♦♠♦ ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✹✱ (LKun) ❝♦♥✈❡r❣❡ ♣❛r❛ LKu

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ Ω✳ ❉❡♥♦t❡♠♦s ♣♦r v ♦ ❧✐♠✐t❡ ✉♥✐❢♦r♠❡ ❞❡ (gn) ❡♠ ♣❛rt❡s ❝♦♠♣❛❝t❛s

Ω \ {x0}✳ ❱❛♠♦s ♠♦str❛r q✉❡✱ (un) ❝♦♥✈❡r❣❡ ♣❛r❛ u ❡♠ Lp(Ω)✳ P❡❧♦ ▲❡♠❛ ✷✳✸✳✶ t❡♠♦s

λ− gn(x) ≥ θa 1

n
(x) ≥ θR

1

n , ♣❛r❛ x ∈ Ω \BR(x0), (R < 1)
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✐st♦ é✱ λ − gn(x) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ λ − v(x) ❡♠ Ω \ BR(x0) ♦ q✉❡ ✐♠♣❧✐❝❛

λ− v(x) ≥ θ ❡♠ Ω \BR(x0)✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

un(x) =
LKun(x)

λ− gn(x)
→

LKu(x)

λ− v(x)
✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ Ω \BR(x0). ✭✷✳✶✵✮

❆❧é♠ ❞✐ss♦✱ v(x) < λ ♣❛r❛ x 6= x0✳ ❆❣♦r❛✱ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x0✱ t❡♠♦s

∫

BR(x0)

un(y)
pdy =

∫

BR(x0)

[
LKun(y)

λ− gn(y)

]p
dy ≤

‖LKun‖
p
∞

θp

∫

BR(x0)

1

a 1

n
(y)p

dy

♦✉ s❡❥❛✱ ∫

BR(x0)

un(y)
pdy ≤

‖LKun‖
p
∞ωNR

N− p
n

θp(N − p
n
)

. ✭✷✳✶✶✮

❆ ❝♦♥✈❡r❣ê♥❝✐❛ Lp(Ω) ❞❡ (un) s❡❣✉❡ ❞❡ ✭✷✳✶✵✮ ❡ ✭✷✳✶✶✮✳

❆❣♦r❛✱ é ❝❧❛r♦ q✉❡ (gn) ❝♦♥✈❡r❣❡ ♣❛r❛ Φu ❡♠ Ω✳ ❉❡ ❢❛t♦✱ ❞❡s❞❡ q✉❡ (un) ❝♦♥✈❡r❣❡

❡♠ Lp(Ω)✱ ♣❛ss❛♥❞♦ ♣❛r❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱t❡♠♦s q✉❡ (un) é ✉♠❛ ❢✉♥çã♦

❞♦♠✐♥❛❞❛ ♣♦r ❛❧❣✉♠ h ∈ Lp(Ω) ❡

Q 1

n
(x, y)un(y)

p ≤ 2‖Q‖∞h(y)
p.

❆ ❛✜r♠❛çã♦ ❞❡❝♦rr❡ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛✳

❙❡♥❞♦ gn(x) < λ✱ t❡♠♦s Φu(x) ≤ λ✳ P❛ss❛♥❞♦ ♣❛r❛ ♦ ❧✐♠✐t❡ ❢r❛❝♦ ♥♦ s❡♥t✐❞♦

Lp(Ω) ❡♠ LKun + gn(x)un = λun✱ ♦❜t❡♠♦s

LKu = (λ− Φu(x))u q✳t✳♣✳ ❡♠ Ω.

◆❛ s❡q✉ê♥❝✐❛✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦s ❝❛s♦s u ≡ 0 ❡ u 6= 0✳

❖ ❝❛s♦ u ≡ 0✿ ◆ã♦ ♣♦❞❡♠♦s t❡r u ≡ 0✱ ♣♦✐s gn(x) ≤ 2‖Q‖∞‖un‖
p
p ❡ ❛ss✐♠ (gn)

❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ 0 ❡♠ Ω✱ q✉❡ ❝♦♥tr❛❞✐③ ♦ ▲❡♠❛ ✶✳✶✳✽ ♣♦r q✉❡ t❡rí❛♠♦s

λ− gn(x) > λ1 ❡♠ Ω ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❖ ❝❛s♦ u 6= 0✿ P❡❧♦ ▲❡♠❛ ✶✳✶✳✻✱ u > 0 ❡ λ − v(x) > 0 ❡♠ Ω✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛r❣✉✲

♠❡♥t❛♥❞♦ ❝♦♠♦ ❛❝✐♠❛✱ un → u ❡♠ Lp(Ω)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ gn → Φu ❡♠ C(Ω)✱

‖gn‖∞ → ‖Φu‖∞ ❡ λ − Φu(x) > 0 ♣❛r❛ t♦❞♦ x ∈ Ω✳ ❊♥tã♦ u é ❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ q✉❡

♣r♦❝✉r❛♠♦s✳

❈❛s❡ ✷✿ p ∈ (0, 1]✿ ❈♦♠♦ ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ upn 6→ 0 ❡♠ L1(Ω)✳

◆♦ q✉❡ s❡❣✉❡✱ ❝♦♠♦ (upn) é ❧✐♠✐t❛❞❛ ❡♠ L1(Ω)✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ ♣♦❞❡♠♦s
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❛ss✉♠✐r q✉❡ upn ⇀ µ ❡♠ M(Ω) ♣❛r❛ ❛❧❣✉♠ µ ∈ M(Ω)✱ ♦♥❞❡ M(Ω) ❞❡♥♦t❛ ♦ ❡s♣❛ç♦

❞❡ ♠❡❞✐❞❛ ✜♥✐t❛ ♣♦s✐t✐✈❛ s♦❜r❡ Ω✳ ▲♦❣♦✱
∫

Ω

φupn dy →

∫

Ω

φdµ, ♣❛r❛ t♦❞♦ φ ∈ C(Ω),

❡ ❛ss✐♠✱

gn(x) =

∫

Ω

Q 1

n
(x, y)upn dy →

∫

Ω

Q(x, y)dµ = v(x), ♣❛r❛ t♦❞♦ x ∈ Ω.

❉❡s❞❡ q✉❡ µ ∈ M(Ω)✱ ❝♦♠ ✉♠❛ s✐♠♣❧❡s ❝♦♥t❛ ♦❜t❡♠♦s v ∈ C(Ω) ❡ v(x) ≥ 0 ♣❛r❛ t♦❞♦

x ∈ Ω✳ ❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡

λn − gn(x) ≥ θa 1

n
(x), ♣❛r❛ x 6= x0

t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ ❞❡ n→ +∞✱ ❡♥❝♦♥tr❛♠♦s

λ− v(x) ≥ θ > 0, ♣❛r❛ t♦❞♦ x ∈ Ω \ {x0}

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ λ− v(x) ≥ θ > 0, q.t.p. ❡♠ Ω✳

❆✜r♠❛çã♦ ✷✳✸✳✹ ❆ s❡q✉ê♥❝✐❛ (un) é ❧✐♠✐t❛❞❛ ❡♠ L1(Ω)✳

❈♦♠ ❡❢❡✐t♦✱ s✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ‖un‖1 → +∞ ❡ ❞❡✜♥❛ wn =
un

‖un‖1
✳

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ (λ, un) é ✉♠❛ s♦❧✉çã♦ ❞❡ (P )✱ ♦❜t❡♠♦s

LKwn + gn(x)wn = λwn

❡ ❛ss✐♠✱

wn =
LKwn

λn − gn(x)
.

❈♦♠♦ (wn) é ❧✐♠✐t❛❞❛ ❡♠ L1(Ω)✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ t❡♠♦s q✉❡ LKwn → w∗

❡♠ C(Ω)✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

wn(x) →
w∗(x)

λ− v(x)
= w(x) q✳t✳♣✳ ❡♠ Ω.

❉❛ ❞❡✜♥✐çã♦ ❞❡ w✱ ✈❡♠♦s q✉❡ w ∈ C(Ω) ❡ w(x) ≥ 0 q✳t✳♣✳ ❡♠ Ω✳ ❆❧é♠ ❞✐ss♦✱ t❛♠❜é♠

t❡♠♦s

wn(x) ≤
2‖LKwn‖∞

θ
q✳t✳♣✳ ❡♠ Ω.

❆s ✐♥❢♦r♠❛çõ❡s ❛❝✐♠❛ ❛ss❡❣✉r❛♠ q✉❡

wn → w ❡♠ L1(Ω),

✹✷



❡♥tã♦ ‖w‖1 = 1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❛♠❜é♠ t❡♠♦s q✉❡

LK

(
un

‖un‖
p+1
1

)
+ Φ

1

n
wn(x)wn = λ

un

‖un‖
p+1
1

,

♦♥❞❡

Φ
1

n
wn(x) =

∫

Ω

Q 1

n
(x, y)|wn(y)|

pdy.

▲♦❣♦ Φ
1

n
wnwn → 0 ❡♠ L1(Ω)✱ ❡ ❛ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ❞❡ ❋❛t♦✉

∫

Ω

∫

Ω

Q(x, y)wp(y)w2(x) dxdy = 0,

❞❛ ❝♦♥❞✐çã♦ (Q2) ♦❜t❡♠♦s w = 0✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ■ss♦ ♣r♦✈❛ q✉❡ (un) é ❧✐♠✐t❛❞❛

❡♠ L1(Ω)✳ ❆r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ❛♥t❡s✱ s✉❜st✐t✉✐♥❞♦ wn ♣♦r un✱ ♣♦❞❡♠♦s ♣r♦✈❛r q✉❡

un → u ❡♠ L1(Ω)✱ ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ r❡♣❡t✐♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❡①♣❧♦r❛❞♦s ♥♦

❈❛s♦ 1✳

❖s r❡s✉❧t❛❞♦s ❞❛ ❜✐❢✉r❝❛çã♦ ♥❡st❡ tr❛❜❛❧❤♦ ♣❡r♠❛♥❡ç❛♠ ✈á❧✐❞♦s ♣❛r❛ ❝♦♥❞✐çõ❡s

♠❛✐s ❢r❛❝❛s ❡♠ Q✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❡ ♦s r❡s✉❧t❛❞♦s ❞❛ ❜✐❢✉r❝❛çã♦ s❡❥❛♠ ✈á❧✐❞♦s s❡♠ ❛s

♣r❡♠✐ss❛s (Q3) ❡ (Q4)✳

P❛r❛ ❝♦♥❝❧✉✐r ❡st❡ ❝❛♣ít✉❧♦✱ ❣♦st❛rí❛♠♦s ❞❡ ♦❜s❡r✈❛r q✉❡ ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦ ❞❡st❛

s❡çã♦ s❡ ♠❛♥té♠ s♦❜ ❛ ❝♦♥❞✐çã♦ ❞❡ (Q′
4)✱ ✐st♦ é✿

(Q′
4) ❊①✐st❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ Ω =

m⋃

j=1

Ej✱ x1 ∈ E1✱ x2 ∈ E2✱✳✳✳ xm ∈ Em t❛❧ q✉❡

Q(xj, y) ≥ Q(x, y) ♣❛r❛ t♦❞♦s x ∈ Ej✱ y ∈ Ω✳

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ s❡ ❝♦♥s✐❞❡r❛r♠♦s Qǫ s✉❜st✐t✉✐♥❞♦ aǫ ♣♦r

aǫ(x) =





|x− x1|
ǫ....|x− xm|

ǫ, s❡ |x− x0| ≤ 1

1, s❡ |x− x0| ≥ 1,

❡♥tã♦ ❛ ♣r♦✈❛ ❢✉♥❝✐♦♥❛ ❝♦♠ ♦s s❡❣✉✐♥t❡s ❛❥✉st❡s✳ ❆ ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡ ❞❡ (gn) ❡stá

♥❛s ♣❛rt❡s ❝♦♠♣❛❝t❛s ❞❡ Ω\{x1, ..., xm}✳ ◆♦ ❝❛s♦ ✶✱ p > 1✱ (un) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡

❡♠

Ω \
m⋃

j=1

BR(xj), ♣❛r❛ ♣❡q✉❡♥♦ R > 0

❡ ♣❛r❛ q✉❛❧q✉❡r j = 1, 2, ...,m✱
∫

BR(xj)

un(y)
pdy =

∫

BR(xj)

[
LKun(y)

λ− gn(y)

]p
dy ≤

‖LKun‖
p
∞

θp

∫

BR(xj)

1

a 1

n
(y)p

dy ≤
‖LKun‖

p
∞ωNR

N− p
n

θp(N − p
n
)

.

❆ ❞❡♠♦♥str❛çã♦ ❞♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✺✳

✹✸



❈❛♣ít✉❧♦ ✸

❖ ♣r♦❜❧❡♠❛ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st✉❞❛r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❞♦ ❈❛♣ít✉❧♦ ✷✱ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛

♥✉❧❛✱ ♦✉ s❡❥❛✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ✈❡r✐✜❝❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ 



LKu = u
(
λ−

∫
Ω
Q(x, y)|u(y)|pdy

)
❡♠ Ω,

u = 0, ❡♠ ∂Ω,

♦♥❞❡ Ω ⊂ R
N ✱ N ≥ 1✱ é ✉♠ ❛❜❡rt♦ ❝♦♥❡①♦ ❡ ❧✐♠✐t❛❞♦✱ ❝♦♠ ♥ú❝❧❡♦ ❝♦♥tí♥✉♦ ❡ ♥ã♦✲

♥❡❣❛t✐✈♦ K : Ω× Ω −→ R q✉❡ s❛t✐s❢❛③ (K1)✱ ❡ ❛s ❤✐♣ót❡s❡s ❛❜❛✐①♦✿

(K ′
2) ❉❛❞♦ x0 ∈ Ω✱ ❡①✐st❡ δ = δx0

> 0 t❛❧ q✉❡ K(x0, y) > 0 ♣❛r❛ t♦❞♦ y ∈ Bδ(x0) ∩ Ω✳

(K3) lim
dist(x,∂Ω)→0

k(x) = 0❀

(K4) P❛r❛ t♦❞♦ ❛❜❡rt♦ A ⊂ Ω t❛❧ q✉❡ A ⊂ Ω✱ ❡①✐st❡♠ θ0 > 0 ❡ C > 0 t❛❧ q✉❡
∫

A

K(x, y)dy ≥ C

∫

Bθ

K(x, y)dy, ∀ 0 < θ ≤ θ0,

❡ t♦❞♦ x ∈ Bθ✱ ♦♥❞❡ Bθ = {x ∈ Ω; dist(x, ∂Ω) < θ}✳

✸✳✶ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✼

❈♦♠❡ç❛♠♦s ❡st❛ s❡çã♦ ♠♦str❛♥❞♦ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çã♦✳

▲❡♠❛ ✸✳✶✳✶ ❙❡ u ❢♦r ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✺✮✱ ❡♥tã♦ K s❛t✐s❢❛③

(K3) lim
dist(x,∂Ω)→0

k(x) = 0.



❉❡♠♦♥str❛çã♦✳ ❋✐①❡ ε > 0✳ P❛r❛ q✉❛❧q✉❡r θ > 0 ❞❡♥♦t❡ Ωθ = {x ∈ Ω : dist(x, ∂Ω) ≥

θ}✳ P♦❞❡♠♦s ✜①❛r θ > 0 ❞❡ ♠❛♥❡✐r❛ q✉❡ ‖K‖∞|Ω \ Ωθ| < ε✳ ❙❡❥❛ ρ > 0 t❛❧ q✉❡

u(x) ≥ ρ✱ ♣❛r❛ t♦❞♦ x ∈ Ωθ✳ ❊♥tã♦✱

ρ

∫

Ωθ

K(x, y)dy ≤

∫

Ω

K(x, y)u(y)dy = u(x)

(
λ−

∫

Ω

Q(x, y)|u(y)|pdy

)
,

❛ss✐♠✱ ❝♦♠♦ ∫

Ω

K(x, y)dy =

∫

Ωθ

K(x, y)dy +

∫

Ω\Ωθ

K(x, y)dy

t❡♠♦s q✉❡

∫

Ω

K(x, y)dy ≤
1

ρ
u(x)

(
λ−

∫

Ω

Q(x, y)|u(y)|pdy

)
+ ‖K‖∞|Ω \ Ωθ|

❞❡ ♦♥❞❡ s❡ s❡❣✉❡ q✉❡

lim sup
dist(x,∂Ω)→0

∫

Ω

K(x, y)dy ≤ ε.

❈♦♠♦ ǫ ❢♦✐ t♦♠❛❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✱ ❛ ♣r♦✈❛ ❡stá ❢❡✐t❛✳

▲❡♠❛ ✸✳✶✳✷ ❙❡ (K3) ❢♦r s❛t✐s❢❡✐t❛✱ ❡♥tã♦ ♣❛r❛ q✉❛❧q✉❡r v ∈ C(Ω) t❡♠♦s q✉❡ LKv(ξ) =

0✱ ♣❛r❛ t♦❞♦ ξ ∈ ∂Ω✳ ■st♦ é✱

lim
dist(x,∂Ω)→0

∫

Ω

K(x, y)v(y)dy = 0.

❉❡♠♦♥str❛çã♦✳ ❉❛ ❝♦♥❞✐çã♦ (K3)✱
∣∣∣∣
∫

Ω

K(x, y)v(y)dy

∣∣∣∣ ≤ ‖v‖∞

∫

Ω

K(x, y)dy.

▲♦❣♦✱

lim
dist(x,∂Ω)→0

∣∣∣∣
∫

Ω

K(x, y)v(y)dy

∣∣∣∣ ≤ ‖v‖∞ lim
dist(x,∂Ω)→0

∫

Ω

K(x, y)dy = 0.

◆♦ ❡①❡♠♣❧♦ ❛❜❛✐①♦✱ t❡♠♦s ✉♠❛ ❝❧❛ss❡ ❞❡ ❢✉♥çõ❡s q✉❡ ✈❡r✐✜❝❛ ❛s ❝♦♥❞✐çõ❡s (K ′
2), (K3)

❡ (K4)✿

❊①❡♠♣❧♦ ✸✳✶✳✸ ❈♦♥s✐❞❡r❡♠♦s K(x, y) = b(x)b(y)J(x − y)✱ ♦♥❞❡ b : Ω → R é ✉♠❛

❢✉♥çã♦ ❝♦♥tí♥✉❛ t❛❧ q✉❡ b > 0 ❡♠ Ω ❡ b ≡ 0 s♦❜r❡ ∂Ω✱ ❡ ❛ ❢✉♥çã♦ J : R
N → R

é ❝♦♥tí♥✉❛ ❡ ❧✐♠✐t❛❞❛ q✉❡ s❛t✐s❢❛③ J(z) ≥ σ✱ ♣❛r❛ t♦❞♦ z ∈ R
N ✳ ❊♥tã♦ K s❛t✐s❢❛③

(K ′
2), (K3) ❡ (K4)✳

✹✺



❱❛♠♦s ♠♦str❛r ❛♣❡♥❛s (K4)✱ ♣♦rq✉❡ ♦s ♦✉tr♦s sã♦ ❢á❝❡✐s ❞❡ ♠♦str❛r✳ ❙❡❥❛ A ⊂⊂

Ω✱ ❡♥tã♦ ∫

A

J(x− y)b(y)dy ≥ σ

∫

A

b(y)dy.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ θ > 0 t❡♠♦s
∫

Bθ

J(x− y)b(y)dy ≤ ‖J‖∞‖b‖∞|Bθ|.

❆ss✐♠✱ ❡①✐st❡ θ0 > 0 t❛❧ q✉❡
∫

Bθ

J(x− y)b(y)dy ≤ ‖J‖∞‖b‖∞|Bθ| ≤ σ

∫

A

b(y)dy ≤

∫

A

J(x− y)b(y)dy

♣❛r❛ t♦❞♦ 0 < θ ≤ θ0✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡♠ θ0 > 0 t❛✐s q✉❡
∫

A

K(x, y)dy ≥

∫

Bθ

K(x, y)dy, ♣❛r❛ t♦❞♦ 0 < θ ≤ θ0

❡ t♦❞♦ x ∈ Ω✱ ♦♥❞❡ C > 0 é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ θ0 ♣❡q✉❡♥♦ ♦ s✉✜❝✐❡♥t❡✳

P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✼✱ s❡❣✉✐r❡♠♦s t♦❞♦s ♦s ♣❛ss♦s ❝♦♠♦ ♥❛ ♣r♦✈❛

❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✹ ❡ ✈❛♠♦s ❛♣♦♥t❛r ❛❧❣✉♠❛s ♣❡q✉❡♥❛s ♠♦❞✐✜❝❛çõ❡s✳ ❆♥❛❧♦❣❛♠❡♥t❡ ❛♦

❈❛♣ít✉❧♦ ✷✱ (λ, u) r❡s♦❧✈❡ ✭✺✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ u = F (γ, u) = γLKu + G(γ, u)✱ ♦♥❞❡

γ = λ−1✳

❚❡♠♦s t❛♠❜é♠ q✉❡✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✷✱ LKu(ξ) = 0✱ ♣❛r❛ t♦❞♦ ξ ∈ ∂Ω✳

❆q✉✐✱ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠ r❡s✉❧t❛❞♦ s❡♠❡❧❤❛♥t❡ ❛♦ ▲❡♠❛ ✷✳✶✳✺✱ s♦❜r❡ (K ′
2), (K3) ❡

(K4)✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ t❡♠♦s✿

▲❡♠❛ ✸✳✶✳✹ ❊①✐st❡ δ > 0 t❛❧ q✉❡✱ s❡ (γ, u) ∈ C ❝♦♠ |γ − λ−1
1 | + ‖u‖∞ < δ ❡ u 6= 0✱

❡♥tã♦ u t❡♠ s✐♥❛❧ ❞❡✜♥✐❞♦✱ ✐st♦ é✱

u(x) > 0, ∀x ∈ Ω ♦✉ u(x) < 0, ∀x ∈ Ω.

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s ❛ s❡q✉ê♥❝✐❛ wn ❝♦♠♦ ♥❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✷✳✶✳✺✳ ❊♥tã♦✱

♣❛r❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ wn → w ❡♠ C(Ω) ♦♥❞❡ w 6= 0 é ✉♠❛ ❛✉t♦❢✉♥çã♦ ❛ss♦❝✐❛❞❛ ❛♦

❛✉t♦✈❛❧♦r ♣r✐♥❝✐♣❛❧ λ1✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

w(x) > 0, ∀x ∈ Ω ♦✉ w(x) < 0, ∀x ∈ Ω.

❆❧é♠ ❞✐ss♦✱ wn s❛t✐s❢❛③ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛




LKwn = (λn − ‖un‖
p
∞Φwn

)wn, ❡♠ Ω,

wn = 0, s♦❜r❡ ∂Ω.

✹✻



◆♦ q✉❡ s❡ s❡❣✉❡✱ ❛ss✉♠✐♠♦s q✉❡ w(x) > 0 ♣❛r❛ t♦❞♦ x ∈ Ω✳ ❊♥tã♦✱ wn > 0 ❡♠ ❝❛❞❛

❝♦♠♣❛❝t♦ ❞❡ Ω✳ ◆♦ ❡♥t❛♥t♦✱ q✉❡r❡♠♦s ♠♦str❛r q✉❡ wn > 0 ❡♠ Ω ♣❛r❛ n ❣r❛♥❞❡✳

Pr✐♠❡✐r♦ ❞❡ t✉❞♦✱ ♥♦t❡ q✉❡

λn − ‖un‖
p
∞Φwn

> 0, ❡♠ Ω ♣❛r❛ n ❣r❛♥❞❡.

◆♦ q✉❡ s❡ s❡❣✉❡✱ ♦❜s❡r✈❡♠♦s q✉❡ ❛ ❢✉♥çã♦ zn(x) = LKwn(x) =
∫
Ω
K(x, y)wn(y)dy t❡♠ ♦

♠❡s♠♦ s✐♥❛❧ ❞❡ wn ♣❛r❛ n ❣r❛♥❞❡✱ ❡♥tã♦✱ ♣❛r❛ ♦❜t❡r ♦s r❡s✉❧t❛❞♦s ❞❡s❡❥❛❞♦s✱ é s✉✜❝✐❡♥t❡

♣r♦✈❛r q✉❡ zn(x) > 0 ❡♠ Ω✱ ♣❛r❛ n ❣r❛♥❞❡✳ ❘❡❝♦r❞❡♠♦s q✉❡ w(x) > 0 ♣❛r❛ t♦❞♦ x ∈ Ω

❡ w(x) = 0 s♦❜r❡ ∂Ω✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ A = {x ∈ Ω;w(x) ≥ 1
2
} ❡ s❡❥❛ ε > 0 t❛❧ q✉❡

Bε = {x ∈ Ω; dist(x, ∂Ω) < ε} ⊂ Ω\A

❡ |wn(x)| ≤ w(x) + ε ♣❛r❛ t♦❞♦ x ∈ Ω ❝♦♠ n ❣r❛♥❞❡✳ ❖❜s❡r✈❡ q✉❡

zn(x) =

∫

A

K(x, y)wn(y)dy +

∫

(Ω\A)\Bε

K(x, y)wn(y)dy +

∫

(Ω\A)∩Bε

K(x, y)wn(y)dy.

❉❡s❞❡ q✉❡ wn ≥ 0 ❡♠ (Ω\A)\Bε ♣❛r❛ n ❣r❛♥❞❡✱ t❡♠♦s q✉❡
∫

(Ω\A)\Bε

K(x, y)wn(y)dy > 0

♦ q✉❡ ❧❡✈❛ ❛

zn(x) >
1

2

∫

A

K(x, y)dy +

∫

Bε

K(x, y)wn(y)dy.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠❜✐♥❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❜❛✐①♦
∫

Bε

K(x, y)wn(y)dy ≥ −

∫

Bε

K(x, y)|wn(y)|dy

❝♦♠ ♦ ❢❛t♦ q✉❡ |wn(x)| ≤ w(x) + ε ♣❛r❛ t♦❞♦ x ∈ Ω✱ ♦❜t❡♠♦s
∫

Bε

K(x, y)|wn(y)|dy ≤

∫

Bε

K(x, y)w(y)dy + ε

∫

Bε

K(x, y)dy ≤ (αǫ + ε)

∫

Bε

K(x, y)dy,

♦♥❞❡ αǫ = max
x∈Bε

|w(x)| → 0 q✉❛♥❞♦ ǫ→ 0✳ P♦rt❛♥t♦✱

zn(x) >
1

2

∫

A

K(x, y)dy − (αǫ + ε)

∫

Bε

K(x, y)dy.

❉❛ ❝♦♥❞✐çã♦ (K4)✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

1

2

∫

A

K(x, y)dy ≥ C

∫

Bε

K(x, y)dy,

✹✼



♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0 ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳ ▲♦❣♦

zn(x) > C

∫

Bε

K(x, y)dy − (αǫ + ε)

∫

Bε

K(x, y)dy

✐st♦ é✱

zn(x) > (C − αǫ − ε)

∫

Bε

K(x, y)dy ≥ 0.

❊♥tã♦ zn(x) > 0 ♣❛r❛ t♦❞♦ x ∈ Ω ❡ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❆❣♦r❛✱ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ ‖un‖
p
∞Φwn

é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ♣❛r❛ n s✉✜❝✐✲

❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ s❡❣✉❡✲s❡ q✉❡

λn − ‖un‖
p
∞Φwn

> 0, ❡♠ Ω.

▲❡♠❜r❛♥❞♦ q✉❡

zn(x) = (λn − ‖un‖
p
∞Φwn

(x))wn(x), ❡♠ Ω,

♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡ wn ≥ 0 ♣❛r❛ t♦❞♦ x ∈ Ω✳ ❈♦♠♦ un ❡ wn t❡♠ ♦ ♠❡s♠♦ s✐♥❛❧✱ un

t❛♠❜é♠ é ♥ã♦✲♥❡❣❛t✐✈♦✱ ♦ q✉❡ é ❛ ❝♦♥❝❧✉sã♦ ❞❡s❡❥❛❞❛✳

❚❡♠♦s ✉♠❛ ♦❜s❡r✈❛çã♦ ❛♥á❧♦❣❛ ❛ ❖❜s❡r✈❛çã♦ ✷✳✶✳✻✱ ✐st♦ é

❖❜s❡r✈❛çã♦ ✸✳✶✳✺ ❚❡♠♦s q✉❡ (γ, u) ∈ Σ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (γ,−u) ∈ Σ✳ ▲♦❣♦✱ ❝♦♥s✐✲

❞❡r❛♥❞♦ ♦s ❝♦♥❥✉♥t♦s

C+ = {(γ, u) ∈ C : u(x) > 0, ∀x ∈ Ω} ∪ {(λ−1
1 , 0)}

❡

C− = {(γ, u) ∈ C : u(x) < 0, ∀x ∈ Ω} ∪ {(λ−1
1 , 0)},

t❡♠♦s

C = C+ ∪ C−. ✭✸✳✶✮

❆❧é♠ ❞✐ss♦✱ C− = {(γ, u) ∈ C : (γ,−u) ∈ C+} ❡ C+ ∩ C− = {(λ−1
1 , 0)}✳

❈♦♥s✐❞❡r❛♥❞♦ U ⊂ A ❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ ✷✳✶✳✷✱ t❡♠♦s q✉❡

▲❡♠❛ ✸✳✶✳✻ C+ ∩ ∂U 6= ∅✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ C+ ∩ ∂U = ∅✳ ❊♥tã♦✱ ❞♦ ❚❡♦r❡♠❛

✷✳✶✳✸✱ ❡①✐st❡ (γ̂, 0) ∈ C ✱ ♦♥❞❡ γ̂ 6= λ−1
1 ❡ γ̂ é ✉♠ ✈❛❧♦r ❝❛r❛❝t❡ríst✐❝♦ ❞❡ LK ❝♦♠

♠✉❧t✐♣❧✐❝✐❞❛❞❡ í♠♣❛r✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡♠ (un) ⊂ C(Ω) ❡ γn → γ̂✱ t❛✐s q✉❡

un 6= 0, ‖un‖∞ → 0 ❡ un = F (γn, un).

✹✽



❆ss✐♠✱ LKun = (λn − Φun
(x))un ❡ Φun

(x) → 0 ❡♠ Ω✱ ♦♥❞❡ λn = γ−1
n ✳ ▲♦❣♦ ❞♦ ▲❡♠❛

✶✳✶✳✺✱ t❡♠♦s q✉❡

λn − Φun
(x) > λ1 ♣❛r❛ t♦❞♦ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡.

P♦rt❛♥t♦✱ ❞♦ ▲❡♠❛ ✶✳✶✳✽✱ (γ̂, 0) ♥ã♦ ♣♦❞❡ ♣❡rt❡♥❝❡r ❛ ❡st❛ ❝♦♠♣♦♥❡♥t❡✱ ♦ q✉❡ é ✉♠

❛❜s✉r❞♦✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✼ ❖s ▲❡♠❛s ✷✳✶✳✾✱ ✷✳✶✳✶✵ ❡ ✷✳✷✳✶ s❡r✈❡♠ ♣❛r❛ ♥♦ss♦ ♣r♦♣ós✐t♦ ♥❡st❡

❈❛♣ít✉❧♦✳

❈♦♠ ✐ss♦✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❞❡♠♦♥str❛r ♦ ❚❡♦r❡♠❛ ✵✳✵✳✼✿

❉❡♠♦♥str❛çã♦✳ ✭❚❡♦r❡♠❛ ✵✳✵✳✼✮ ❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ❈❛♣ít✉❧♦ ✷✱ ♣❛r❛ t♦❞♦ Λ > λ1

❡♥❝♦♥tr❛♠♦s ρ > 0 ❡ M > 0 t❛✐s q✉❡✱ ♣❛r❛ U = UΛ, ρ
2
,2M t❡♠♦s C+ ∩ ∂U 6= ∅✱ ❛ss✐♠

(λ−1, u) ∈ C+ ❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ♦❝♦rr❡✿ λ− ‖Φu‖∞ =
ρ

2
♦✉ ‖u‖∞ = 2M ✳

▼❛s ✈✐♠♦s q✉❡✱ s♦❜ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ ♠♦str❛✲s❡ q✉❡ λ−‖Φu‖∞ ≥ ρ ❡ ‖u‖∞ ≤M ✱ ✐st♦

é✱ ❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ✭✺✮ ❝r✉③❛ ♦ ❤✐♣❡r♣❧❛♥♦ {Λ} ×C(Ω) q✉❛❧q✉❡r

q✉❡ s❡❥❛ Λ > λ1✳

✹✾



❈❛♣ít✉❧♦ ✹

❯♠ r❡s✉❧t❛❞♦ ❞♦ t✐♣♦

❆♠❜r♦s❡tt✐✲Pr♦❞✐

❖ ♦❜❥❡t✐✈♦ ❝❡♥tr❛❧ ❞❡st❡ ❝❛♣ít✉❧♦ é ❛ ❞❡♠♦str❛çã♦ ❞❡ ✉♠ r❡s✉❧t❛❞♦ ❞♦ t✐♣♦

❆♠❜r♦s❡tt✐✲Pr♦❞✐ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ′)✱ ♦✉ s❡❥❛✱ ❡st❛r❡♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♦❜t❡r✲

♠♦s ✐♥❢♦r♠❛çõ❡s q✉❡ ♥♦s ❛❥✉❞❡♠ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦s ❚❡♦r❡♠❛s ✵✳✵✳✽ ❡ ✵✳✵✳✾✳ ▼❛✐s

♣r❡❝✐s❛♠❡♥t❡✱ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♥ã♦✲❧♦❝❛❧

LKu = f(x, u) + tφ1(x) + g1(x), ❡♠ x ∈ Ω

♦♥❞❡ φ1 é ✉♠❛ ❛✉t♦❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡ ♥♦r♠❛❧✐③❛❞❛ ❛ss♦❝✐❛❞❛ ❛♦ ❛✉t♦✈❛❧♦r ♣r✐♥❝✐♣❛❧ λ1

❞❡ LK ✱ ❡ g1 ∈ {φ1}
⊥✱ ✐✳❡✳✱

∫

Ω

g1(x)φ1(x)dx = 0✳

❊♠ t♦❞♦ ♦ ❝❛♣ít✉❧♦ K : Ω × Ω → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ♥ã♦✲♥❡❣❛t✐✈❛ q✉❡

s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s (K1)− (K2)✳

❙♦❜ ❡st❛s ❝♦♥❞✐çõ❡s ❡ ❝♦♥s✐❞❡r❛♥❞♦ f s❛t✐s❢❛③❡♥❞♦

(f1) ❊①✐st❡♠ A > ‖k‖∞ ❡ C > 0 t❛✐s q✉❡ f(x, s) ≥ As − C ♣❛r❛ t♦❞♦ s ≥ 0 ❡ t♦❞♦

x ∈ Ω✳

♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♥ú♠❡r♦ t(g1) > 0 t❛❧ q✉❡ ♦ ♣r♦❜❧❡♠❛ (P ′)t ♥ã♦ t❡♠

s♦❧✉çã♦ ♣♦s✐t✐✈❛ s❡ t > t(g1) ❡ t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ s❡ t ≤ t(g1)✳

P♦st❡r✐♦r♠❡♥t❡✱ s♦❜ ❛s ❤✐♣ót❡s❡s ❛❝✐♠❛ ❡ ❛❞✐❝✐♦♥❛♥❞♦ ❛ f ❛s ❝♦♥❞✐çõ❡s

(f2) ❊①✐st❡ ✉♠ ♥ú♠❡r♦ 0 < a < λ1 t❛❧ q✉❡ lim
s→−∞

f(x, s)

s
= a✱ ♣❛r❛ t♦❞♦ x ∈ Ω✱



(f3) P❛r❛ t♦❞♦ ❝♦♠♣❛❝t♦ K ⊂ R ❡①✐st❡ ✉♠ ♥ú♠❡r♦ σ > 0 t❛❧ q✉❡
f(x, s)− f(x, t)

s− t
> σ

♣❛r❛ t♦❞♦s s, t ∈ K ❡ t♦❞♦ x ∈ Ω✳

❡♥❝♦♥tr❛♠♦s ✉♠ ♥ú♠❡r♦ t(g1) > 0 t❛❧ q✉❡ ♦ ♣r♦❜❧❡♠❛ (P ′)t ♥ã♦ t❡♠ s♦❧✉çã♦ ✭♣♦s✐t✐✈❛✱

♥❡❣❛t✐✈❛ ❡ ♥❡♠ ♥♦❞❛❧✮ s❡ t > t(g1)✱ t❡♠ ♣❡❧♦ ♠❡♥♦s ❞✉❛s s♦❧✉çõ❡s s❡ t < t(g1) ❡ ♣❡❧♦

♠❡♥♦s ✉♠❛ s♦❧✉çã♦ s❡ t = t(g1)✳

❆❧é♠ ❞✐ss♦✱ s❡ f s❛t✐s❢❛③ (f1) ❡ ❛ ❤✐♣ót❡s❡

(f4) |f(x, s)− f(x, t)| > ‖k‖∞|s− t|✱ ♣❛r❛ t♦❞♦s s, t ∈ R+ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ x ∈ Ω✱

♠♦str❛♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ (P ′)t t❡♠ ♥♦ ♠á①✐♠♦ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❝❛❞❛ t ∈ R✳

✹✳✶ ❆ ♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

◆❡st❛ s❡çã♦ ♣r♦✈❛r❡♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛

LKu = f(x, u) + tφ1 + g1(x) ❡♠ Ω, (P ′)t

♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦ ♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ▲❡♠❜r❛♠♦s q✉❡✱ g ∈ C(Ω) ❡stá

❞❡❝♦♠♣♦st♦ ♥❛ ❢♦r♠❛ g(x) = tφ1(x)+ g1(x), x ∈ Ω✱ ♦♥❞❡ φ1 é ✉♠❛ ❛✉t♦❢✉♥çã♦ ♣♦s✐t✐✈❛

❡ ♥♦r♠❛❧✐③❛❞❛ ❡♠ L2(Ω)✱ ❛ss♦❝✐❛❞❛ ❛♦ ❛✉t♦✈❛❧♦r ♣r✐♥❝✐♣❛❧ λ1✱ ❞♦ ♦♣❡r❛❞♦r ❞✐s♣❡rsã♦

LK ✱ ❡ g1 ∈ {φ1}
⊥ ♥♦ s❡♥t✐❞♦ L2(Ω)✱ ✐st♦ é✱

∫

Ω

g1(x)φ1(x)dx = 0.

Pr✐♠❡✐r♦✱ ♠♦str❛r❡♠♦s ❛ ♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛✳

▲❡♠❛ ✹✳✶✳✶ ❙❡ (f1) é s❛t✐s❢❡✐t❛✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ m > 0✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡

g1 ∈ {φ1}
⊥ t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ t > m✱ ♦ ♣r♦❜❧❡♠❛ (P ′)t ♥ã♦ t❡♠ s♦❧✉çã♦ ♣♦s✐t✐✈❛✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ (P ′)t t❡♠ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ u✱ ❛ss✐♠

LKu = f(x, u) + tφ1 + g1 ❡♠ Ω✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ♣♦r φ1 ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ Ω✱

♦❜t❡♠♦s ∫

Ω

φ1LKudx =

∫

Ω

φ1f(x, u)dx+ t

∫

Ω

φ2
1dx+

∫

Ω

φ1g1dx

❧♦❣♦ ∫

Ω

φ1LKudx =

∫

Ω

φ1f(x, u)dx+ t

✺✶



❞❛ ❝♦♥❞✐çã♦ (f1) t❡♠♦s

∫

Ω

φ1LKudx ≥ A

∫

Ω

φ1udx− C

∫

Ω

φ1dx+ t

❞❡s❞❡ q✉❡ LK é s✐♠étr✐❝♦✱

λ1

∫

Ω

φ1udx ≥ A

∫

Ω

φ1udx− C

∫

Ω

φ1dx+ t.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

t ≤ (λ1 − A)

∫

Ω

φ1udx+ C

∫

Ω

φ1dx ≤ C

∫

Ω

φ1dx.

P♦rt❛♥t♦✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛ u ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P )t ♥❡❝❡ss❛r✐❛♠❡♥t❡

✐♠♣❧✐❝❛ q✉❡

t ≤ m := C

∫

Ω

φ1dx,

✐st♦ é✱ s❡ t > m ♦ ♣r♦❜❧❡♠❛ (P )t ♥ã♦ t❡♠ s♦❧✉çã♦ ♣♦s✐t✐✈❛✳

❊st❡ r❡s✉❧t❛❞♦ ♥ã♦ ❡stá ❛✜r♠❛♥❞♦ q✉❡✱ ♣❛r❛ t ≤ m✱ ♦ ♣r♦❜❧❡♠❛ (P ′)t t❡♠ s♦❧✉çã♦

♣♦s✐t✐✈❛✳ ❚❛♠❜é♠ ♥ã♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r✱ ❛tr❛✈és ❞❡st❡ r❡s✉❧t❛❞♦✱ q✉❡✱ ♣❛r❛ t > m ♦

♣r♦❜❧❡♠❛ (P ′)t ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦ ♥❡❣❛t✐✈❛ ♦✉ ♥♦❞❛❧✳

❆❣♦r❛✱ s✉♣♦♥❞♦ q✉❡ f t❛♠❜é♠ s❛t✐s❢❛ç❛ (f2)✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠ m > 0 t❛❧

q✉❡ ♦ ♣r♦❜❧❡♠❛ (P ′)t ♥ã♦ t❡♠ s♦❧✉çã♦ ✭♣♦s✐t✐✈❛✱ ♥❡❣❛t✐✈❛ ♦✉ ♥♦❞❛❧✮ ♣❛r❛ t > m✳ ❆♥t❡s

❞✐ss♦✱ ♣r❡❝✐s❛r❡♠♦s ❞❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛

❖❜s❡r✈❛çã♦ ✹✳✶✳✷ ❙✉♣♦♥❤❛♠♦s q✉❡ (f1) ❡ (f2) ♦❝♦rr❡♠✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ♥ú♠❡r♦

C1 > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ x ∈ Ω✱

f(x, s) ≥ As− C1, ♣❛r❛ t♦❞♦ s ∈ R ❡ f(x, s) ≥ (a+ ǫ)s− C1, ♣❛r❛ t♦❞♦ s ∈ R.

✭✹✳✶✮

❈♦♠ ❡❢❡✐t♦✱ ❞❡ (f2)✱ ♣❛r❛ t♦❞♦ ǫ > 0 ❡①✐st❡ s0 > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ x ∈ Ω

f(x, s)

s
< a+ ǫ, ♣❛r❛ t♦❞♦ s < −s0

♦ q✉❡ ✐♠♣❧✐❝❛

f(x, s) > (a+ ǫ)s, ♣❛r❛ t♦❞♦ s < −s0.

❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ C0 > 0 t❛❧ q✉❡ f(x, s) ≥ −C0 ♣❛r❛ t♦❞♦ −s0 ≤ s ≤ 0✳ ❈♦♥s❡✲

q✉❡♥t❡♠❡♥t❡✱ f(x, s) ≥ (a + ǫ)s− C0✱ ♣❛r❛ t♦❞♦ s ≤ 0✳ ❉❛ ❝♦♥❞✐çã♦ (f1) s❡❣✉❡✲s❡ q✉❡

f(x, s) ≥ As− C✱ ♣❛r❛ t♦❞♦ s ≥ 0✳

✺✷



▲❡♠❛ ✹✳✶✳✸ ❙✉♣♦♥❤❛♠♦s q✉❡ (f1) ❡ (f2) ♦❝♦rr❡♠✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ m > 0✱

✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ g1 ∈ {φ1}
⊥ t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ t > m✱ ♦ ♣r♦❜❧❡♠❛ (P ′)t ♥ã♦ t❡♠ s♦❧✉çã♦

✭♣♦s✐t✐✈❛✱ ♥❡❣❛t✐✈❛ ♦✉ ♥♦❞❛❧✮✳

❉❡♠♦♥str❛çã♦✳ ❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ▲❡♠❛ ✹✳✶✳✶✱ ✉s❛♥❞♦ ✭✹✳✶✮ t❡♠♦s

t ≤ (λ1 − A)

∫

Ω

φ1udx+ C1

∫

Ω

φ1dx ≤ C1

∫

Ω

φ1dx, s❡
∫

Ω

uφ1dx ≥ 0

❡

t ≤ (λ1 − (a+ ǫ))

∫

Ω

φ1udx+ C1

∫

Ω

φ1dx ≤ C1

∫

Ω

φ1dx, s❡
∫

Ω

uφ1dx ≤ 0,

❡♠ q✉❡ C1 = max{C,C0}✳ P♦rt❛♥t♦✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ u ♣❛r❛ (P ′)t ♥❡❝❡ss❛r✐❛✲

♠❡♥t❡ ✐♠♣❧✐❝❛ ❡♠

t ≤ m := C1

∫

Ω

φ1dx,

✐st♦ é✱ s❡ t > m ♦ ♣r♦❜❧❡♠❛ (P ′)t ♥ã♦ t❡♠ s♦❧✉çã♦✳

✹✳✷ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✽

◆❡st❛ s❡çã♦✱ ❞❡♠♦♥str❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ✵✳✵✳✽✳ ❆q✉✐✱ ❡st❛♠♦s ❛ss✉♠✐♥❞♦ q✉❡ f é

✉♠❛ ❢✉♥çã♦ ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✐❛♥❛✱ ❝r❡s❝❡♥t❡ ❝♦♠ r❡❧❛çã♦ ❛ ✈❛r✐á✈❡❧ t ∈ R ❡ s❛t✐s❢❛③

❛ ❝♦♥❞✐çã♦ (f1)✳

➱ ❜❡♠ ❝♦♥❤❡❝✐❞♦ q✉❡ ♦ ♠ét♦❞♦ ❞❡ s✉❜ ❡ s✉♣❡rs♦❧✉çã♦ t❡♠ s✐❞♦ ❛♠♣❧❛♠❡♥t❡

✉t✐❧✐③❛❞♦ ♣❛r❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ s♦❧✉çã♦ ♣❛r❛ ❡q✉❛çõ❡s ❞❡ r❡❛çã♦✲❞✐❢✉sã♦ ❝♦♠ t❡r♠♦

♥ã♦✲❧♦❝❛❧✳ ❖ q✉❡ ♥ã♦ é ❞✐❢❡r❡♥t❡ ♣❛r❛ ♦ ♦♣❡r❛❞♦r ❞❡ ❞✐s♣❡rsã♦ LK ✳ P❛r❛ ❡st❡ ♣r♦♣ós✐t♦✱

❝♦♥s✐❞❡r❛♠♦s ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦

LKu = f(x, u) ❡♠ Ω ✭✹✳✷✮

♦♥❞❡ f : Ω × R −→ R é ✉♠❛ ❢✉♥çã♦ ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❡ ❝r❡s❝❡♥t❡ ❝♦♠ r❡❧❛çã♦ ❛

✈❛r✐á✈❡❧ t ∈ R✳

Pr✐♠❡✐r♦✱ ❞❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ s✉❜ ❡ s✉♣❡rs♦❧✉çã♦ ♣❛r❛ ❛ ❡q✉❛çã♦ ❛❝✐♠❛✳

❉❡✜♥✐çã♦ ✹✳✷✳✶ ❯♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ u ∈ C(Ω) é ❞✐t❛ s❡r ✉♠❛ ❙✉♣❡rs♦❧✉çã♦ ❞❡ (4.2)✱

s❡

LKu ≤ f(x, u), in Ω.

❯♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ u ∈ C(Ω) é ❞✐t❛ s❡r ✉♠❛ ❙✉❜s♦❧✉çã♦ ❞❡ (4.2) r❡✈❡rt❡♥❞♦ ❛ ❞❡s✐✲

❣✉❛❧❞❛❞❡ ❛❝✐♠❛✳

✺✸



▲❡♠❛ ✹✳✷✳✷ ❙✉♣♦♥❤❛♠♦s q✉❡ (4.2) tê♠ ✉♠❛ s✉♣❡rs♦❧✉çã♦ ♣♦s✐t✐✈❛ u ❡ ✉♠❛ s✉❜s♦❧✉çã♦

♣♦s✐t✐✈❛ u ❞❡✜♥✐❞❛ ❡♠ Ω t❛✐s q✉❡ u ≤ u✳ ❆❧é♠ ❞✐ss♦✱ s✉♣♦♥❤❛♠♦s q✉❡ f : Ω×R → R é

✉♠❛ ❢✉♥çã♦ ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✐❛♥❛ ❡ ❝r❡s❝❡♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛ ✈❛r✐á✈❡❧ t ∈ R✳ ❊♥tã♦

(4.2) tê♠ ✉♠❛ s♦❧✉çã♦ u ∈ C(Ω) q✉❡ s❛t✐s❢❛③ u ≤ u ≤ u✳

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥❛ ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦ Σ = {u ∈ C(Ω); u ≤ u ≤ u}✳ ❉♦ ▲❡♠❛

✶✳✷✳✸✱ LKv(x) − βv(x) = 0 ❛❞♠✐t❡ ♥♦ ♠á①✐♠♦ ✉♠❛ s♦❧✉çã♦✱ s❡ β > k(x) q✳t✳♣✳ ❡♠ Ω✳

❆❧é♠ ❞✐ss♦✱ ❞❡s❞❡ q✉❡ t 7−→ f(x, t) é ❝r❡s❝❡♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛ ✈❛r✐á✈❡❧ t ∈ R✱ t❡♠♦s q✉❡

t 7−→ f(x, t) − βt é ❞❡❝r❡s❝❡♥t❡ ❡♠ t ∈ R✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s β > k(x) s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✳

❉❛ ❖❜s❡r✈❛çã♦ ✶✳✷✳✹✱ ♣❛r❛ ❝❛❞❛ u ∈ C(Ω) ♦ ♣r♦❜❧❡♠❛

LKv(x)− βv(x) = f(x, u(x))− βu(x), ♣❛r❛ t♦❞♦ x ∈ Ω

❛❞♠✐t❡ ♥♦ ♠á①✐♠♦ ✉♠❛ s♦❧✉çã♦ v ∈ C(Ω)✳

❆❣♦r❛✱ s❡ w1, w2 ∈ Σ sã♦ t❛✐s q✉❡ w1 ≤ w2 ❡

LKv1(x)− βv1(x) = f(x, w1(x))− βw1(x), ♣❛r❛ t♦❞♦ x ∈ Ω

❡

LKv2(x)− βv2(x) = f(x, w2(x))− βw2(x), ♣❛r❛ t♦❞♦ x ∈ Ω,

❡♥tã♦

f(x, w2(x))− βw2(x) ≤ f(x, w1(x))− βw1(x), ♣❛r❛ t♦❞♦ x ∈ Ω.

■ss♦ ✐♠♣❧✐❝❛ q✉❡

LKv2(x)− βv2(x) ≤ LKv1(x)− βv1(x), ♣❛r❛ t♦❞♦ x ∈ Ω,

♦✉ s❡❥❛✱

LK(v2(x)− v1(x))− β(v2(x)− v1(x)) ≤ 0, ♣❛r❛ t♦❞♦ x ∈ Ω

♣❡❧♦ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ✭▲❡♠❛ ✶✳✷✳✸✮✱ s❡❣✉❡✲s❡ q✉❡ v1(x) ≤ v2(x) ♣❛r❛ t♦❞♦ x ∈ Ω✳

❈♦♥s✐❞❡r❡♠♦s ❛ s❡q✉ê♥❝✐❛ {un}
∞
n=1 ⊂ Σ ❞❛❞❛ ♣♦r

LKu1(x)− βu1(x) = f(x, u(x))− βu(x), ♣❛r❛ t♦❞♦ x ∈ Ω

LKu2(x)− βu2(x) = f(x, u1(x))− βu1(x), ♣❛r❛ t♦❞♦ x ∈ Ω

✺✹



❡

LKun(x)− βun(x) = f(x, un−1(x))− βun−1(x), ♣❛r❛ t♦❞♦ x ∈ Ω

q✉❡ é ✉♠❛ s❡q✉ê♥❝✐❛ ♠♦♥ót♦♥❛ ❞❡❝r❡s❝❡♥t❡✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♦❜t❡♠♦s ✉♠❛ ♦✉tr❛ s❡q✉ê♥✲

❝✐❛ {vn}
∞
n=1 ⊂ Σ ❞❛❞❛ ♣♦r

LKv1(x)− βv1(x) = f(x, u(x))− βu(x), ♣❛r❛ t♦❞♦ x ∈ Ω

LKv2(x)− βv2(x) = f(x, v1(x))− βv1(x), ♣❛r❛ t♦❞♦ x ∈ Ω

❡

LKvn(x)− βvn(x) = f(x, vn−1(x))− βvn−1(x), ♣❛r❛ t♦❞♦ x ∈ Ω

q✉❡ é ✉♠❛ s❡q✉ê♥❝✐❛ ♠♦♥ót♦♥❛ ❝r❡s❝❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱

u ≤ v1 ≤ ... ≤ vn ≤ un ≤ ... ≤ u1 ≤ u,

❡♥tã♦✱ ❡①✐st❡♠ ❢✉♥çõ❡s u∗, v∗ t❛✐s q✉❡

u∗(x) = lim
n→∞

un(x) ❡ v
∗(x) = lim

n→∞
vn(x) ♣♦♥t✉❛❧♠❡♥t❡ ❡♠ Ω.

❙❡❣✉❡✲s❡ q✉❡✱ u ≤ v∗ ≤ u∗ ≤ u✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱

lim
n→∞

LKun(x) = LKu
∗(x),

lim
n→∞

LKvn(x) = LKv
∗(x).

P♦r ♦✉tr♦ ❧❛❞♦✱ (LKun) ❡ (LKvn) sã♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡s ❡♠ C(Ω)✳

❈♦♠♦ LK é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❡ ❝♦♠♣❛❝t♦✱ t❡♠♦s

LKun(x) =

∫

Ω

K(x, y)un(y)dy →

∫

Ω

K(x, y)u∗(y)dy = LKu
∗(x) ❡♠ Ω,

❡

LKvn(x) =

∫

Ω

K(x, y)vn(y)dy →

∫

Ω

K(x, y)v∗(y)dy = LKv
∗(x) ❡♠ Ω,

❛ss✐♠✱ LKun → LKu
∗ ❡♠ C(Ω) ❡ LKvn → LKv

∗ ❡♠ C(Ω)✳

❉❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ f ✱

lim
n→∞

[f(x, un(x)) + βun(x)] = f(x, u∗(x)) + βu∗(x),

lim
n→∞

[f(x, vn(x)) + βvn(x)] = f(x, v∗(x)) + βv∗(x).

✺✺



❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

LKu
∗(x)− βu∗(x) = f(x, u∗)− βu∗(x), ♣❛r❛ t♦❞♦ x ∈ Ω

LKv
∗(x)− βv∗(x) = f(x, v∗)− βv∗(x), ♣❛r❛ t♦❞♦ x ∈ Ω

✐st♦ é✱ u∗ ❡ v∗ sã♦ s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✹✳✷✮✳ P♦rt❛♥t♦✱ ❞♦ ▲❡♠❛ ✶✳✶✳✼✱ ♦❜t❡♠♦s q✉❡

u∗, v∗ ∈ C(Ω) ❡ ❛ ❞❡♠♦♥str❛çã♦ ❡stá ❢❡✐t❛✳

❈♦♠ ♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛✱ ♦ ♥♦ss♦ ♣ró①✐♠♦ ♦❜❥❡t✐✈♦ é ❡♥❝♦♥tr❛r ✉♠❛ s✉♣❡rs♦❧✉çã♦

❡ ✉♠❛ s✉❜s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ′) t❛❧ q✉❡ u ≤ u ❡♠ Ω✳ ❖ ❧❡♠❛ ❛❜❛✐①♦ ❣❛r❛♥t✐rá

❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s✉♣❡rs♦❧✉çã♦ ♣❛r❛ (P ′)✳

▲❡♠❛ ✹✳✷✳✸ ❙✉♣♦♥❤❛♠♦s q✉❡ (f1) ♦❝♦rr❡✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ g ∈ C(Ω)✱ ♦ ♣r♦❜❧❡♠❛ (P ′)

t❡♠ ✉♠❛ s✉♣❡rs♦❧✉çã♦ ♣♦s✐t✐✈❛ w ∈ C(Ω)✳ ❆❧é♠ ❞✐ss♦✱ q✉❛❧q✉❡r s✉❜s♦❧✉çã♦ u ∈ C(Ω)

❞❡ (P ′) é t❛❧ q✉❡ u < w ❡♠ Ω✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ w ∈ C(Ω) ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡

LKw − Aw = −‖g‖∞ − C, ❡♠ Ω,

♦♥❞❡ A ❡ C sã♦ ❛s ❝♦♥st❛♥t❡s ❞❛ ♣r♦♣r✐❡❞❛❞❡ (f1)✳ ▲♦❣♦✱

LKw = Aw − ‖g‖∞ − C < f(x, w) + g(x), ❡♠ Ω

✐st♦ é✱ w ∈ C(Ω) é ✉♠❛ s✉♣❡rs♦❧✉çã♦ ❞❡ (P ′)✳ ❉❡s❞❡ q✉❡ A > ‖k‖∞ t❡♠♦s ❞♦ ▲❡♠❛

✶✳✷✳✸ q✉❡✱ w > 0 ❡♠ Ω✳

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡ u ∈ C(Ω) s❡❥❛ ✉♠❛ s✉❜s♦❧✉çã♦ ❞❡ (P ′)✱ ♦✉ s❡❥❛

LKu ≥ f(x, u) + g(x), ❡♠ Ω.

❆ss✐♠✱

LK(w − u) < Aw − ‖g‖∞ − C − f(x, u)− g(x)

♦✉✱

LK(w − u) < A(w − u)− ‖g‖∞ − g(x) < A(w − u)

♦ q✉❡ ✐♠♣❧✐❝❛

LK(w − u)− A(w − u) < 0.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♥♦✈❛♠❡♥t❡ ♣❡❧♦ ▲❡♠❛ ✶✳✷✳✸✱ ♦❜t❡♠♦s q✉❡ w > u ❡♠ Ω✳

✺✻



❈♦r♦❧ár✐♦ ✹✳✷✳✹ ❙✉♣♦♥❤❛ (f1)✳ ❙❡❥❛♠ g1 ∈ {φ1}
⊥ ❡ t ∈ R ❞❛❞♦s✱ ❡♥tã♦ ❡①✐st❡ R > 0

t❛❧ q✉❡✱ s❡ u ∈ C(Ω) é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ q✉❡ s❛t✐s❢❛③

LKu(x) = f(x, u) + tφ1(x) + g1(x), ♣❛r❛ t♦❞♦ x ∈ Ω,

❞❡✈❡♠♦s t❡r ‖u‖∞ < R✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✹✳✷✳✸✱ ❡①✐st❡ ✉♠❛ s✉♣❡rs♦❧✉çã♦ ♣♦s✐t✐✈❛ w ∈ C(Ω) ❞❡ (P ′)t

t❛❧ q✉❡ 0 < u < w ❡♠ Ω✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

‖u‖∞ < ‖w‖∞ := R.

P♦rt❛♥t♦✱ ❡①✐st❡ R > 0 t❛❧ q✉❡ ‖u‖∞ < R✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✺ ❙❡ (P ′) t❡♠ s♦❧✉çã♦ ♣❛r❛ g ∈ C(Ω)✱ ❡♥tã♦ ♣❛r❛ q✉❛❧q✉❡r h ∈ C(Ω)

t❛❧ q✉❡ h ≤ g ❡♠ Ω✱ ♦ ♣r♦❜❧❡♠❛

LKv = f(x, v) + h(x), ❡♠ Ω ✭✹✳✸✮

t❛♠❜é♠ t❡♠ s♦❧✉çã♦✳

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ v ∈ C(Ω) ✉♠❛ s♦❧✉çã♦ ❞❡ (P ′) ♣❛r❛ ✉♠ ❞❛❞♦ g ∈ C(Ω)✳ ❊♥tã♦✱

v é ✉♠❛ s✉❜s♦❧✉çã♦ ❞❡ (4.3) ♣♦✐s

LKv − f(x, v) = g(x) ≥ h(x), x ∈ Ω.

❉♦ ▲❡♠❛ 4.2.3✱ ♦ ♣r♦❜❧❡♠❛ (4.3) t❡♠ ✉♠❛ s✉♣❡rs♦❧✉çã♦ w ∈ C(Ω) t❛❧ q✉❡✱ v < w ❡♠

Ω✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞♦ ▲❡♠❛ 4.2.2✱ ♦ ♣r♦❜❧❡♠❛ (4.3) t❡♠ ✉♠❛ s♦❧✉çã♦ U ∈ C(Ω)

t❛❧ q✉❡ v ≤ U ≤ w✳

❈♦♠ ❡st❛ ♦❜s❡r✈❛çã♦✱ ✜❝❛ ❞❡♠♦♥str❛❞♦ ♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✹✳✷✳✻ ❙❡❥❛ g1 ∈ {φ1}
⊥✳ ❙✉♣♦♥❤❛♠♦s q✉❡✱ ♦ ♣r♦❜❧❡♠❛ (P ′)t t❡♠ ✉♠❛ s♦❧✉çã♦

♣❛r❛ t0 ∈ R✳ ❊♥tã♦ ♦ ♣r♦❜❧❡♠❛ (P ′)t t❡♠ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ q✉❛❧q✉❡r t < t0✳

P❛r❛ ❞❡♠♦♥str❛r♠♦s ♦ ❚❡♦r❡♠❛ ✵✳✵✳✽✱ ♣r❡❝✐s❛♠♦s ♦❜t❡r ❛ ❡①✐stê♥❝✐❛ ❞❡ s✉❜s♦❧✉çã♦

♣❛r❛ (P ′)t✳ ❖ ♣ró①✐♠♦ ❧❡♠❛ ✈❛✐ ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡st❛ s✉❜s♦❧✉çã♦✳

▲❡♠❛ ✹✳✷✳✼ ❙✉♣♦♥❤❛ (f1)✳ ❉❛❞♦ g1 ∈ {φ1}
⊥✱ ❡①✐st❡ t ∈ R t❛❧ q✉❡✱ ♦ ♣r♦❜❧❡♠❛ (P ′)t

t❡♠ ✉♠❛ s✉❜s♦❧✉çã♦✳

✺✼



❉❡♠♦♥str❛çã♦✳ ❊s❝♦❧❤❛ t ❞❡ ♠❛♥❡✐r❛ q✉❡ −f(x, 0) > tφ1(x)+g1(x) ♣❛r❛ t♦❞♦ x ∈ Ω✳

❈♦♥s✐❞❡r❡ z = ǫφ1✱ ❧♦❣♦

LK(ǫφ1)− f(x, ǫφ1)− tφ1 − g1 = ǫλ1 − f(x, ǫφ1)− tφ1 − g1 > 0,

♣❛r❛ ǫ ≈ 0+ ❡ ♣❛r❛ t♦❞♦ x ∈ Ω✱ ✐st♦ é

LKz > f(x, z) + tφ1 + g1, ❡♠ Ω

❝♦♥❝❧✉✐♥❞♦ q✉❡ z é ✉♠❛ s✉❜s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ (P ′)t✳

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✽

❙❡❥❛ g1 ∈ {φ1}
⊥✳ P❡❧♦ ▲❡♠❛ ✹✳✷✳✼✱ ❡①✐st❡ t ∈ R s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡✱ ♦

♣r♦❜❧❡♠❛ LKu = f(x, u) + tφ1 + g1(x) ♣❛r❛ t♦❞♦ x ∈ Ω✱ t❡♠ ✉♠❛ s✉❜s♦❧✉çã♦ ♣♦s✐t✐✈❛

z ∈ C(Ω)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ ❡st❡s g1 ❡ t✱ ❞♦ ▲❡♠❛ ✹✳✷✳✸✱ t❡♠♦s ✉♠❛ s✉♣❡rs♦❧✉çã♦

♣♦s✐t✐✈❛ w ∈ C(Ω)✱ ❛❧é♠ ❞✐ss♦ z ≤ w ❡♠ Ω✳ ❆ss✐♠✱ ❞♦ ▲❡♠❛ ✹✳✷✳✷✱ ♦ ♣r♦❜❧❡♠❛ (P ′)t

t❡♠ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ u ∈ C(Ω) t❛❧ q✉❡ z ≤ u ≤ w✳

❈♦♠ ♦ ❡st✉❞♦ ❢❡✐t♦ ❛❝✐♠❛✱ ♦ ❝♦♥❥✉♥t♦

Σ = {t ∈ R; (P ′)t t❡♠ s♦❧✉çã♦ ♣♦s✐t✐✈❛}

é ♥ã♦ ✈❛③✐♦✱ ❞♦ ▲❡♠❛ ✹✳✶✳✶ é ❧✐♠✐t❛❞♦ s✉♣❡r✐♦r♠❡♥t❡ ❡ ❞♦ ▲❡♠❛ ✹✳✷✳✻ ❡st❡ ❝♦♥❥✉♥t♦ é

✉♠❛ s❡♠✐✲r❡t❛✳ ❖✉ s❡❥❛✱ t♦♠❛♥❞♦ t(g1) ❝♦♠♦ ♦ s✉♣r❡♠♦ ❞❡ Σ✳ ❙❡❣✉❡✲s❡ q✉❡✱ ♣❛r❛ t♦❞♦

t > t(g1) ♦ ♣r♦❜❧❡♠❛ (P ′)t ♥ã♦ t❡♠ s♦❧✉çã♦ ❡ q✉❡ ♣❛r❛ ❝❛❞❛ t < t(g1) ♦ ♣r♦❜❧❡♠❛ t❡♠

♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛✳ P♦rt❛♥t♦✱ ✜❝❛ ❞❡♠♦♥str❛❞♦ ♦ ❚❡♦r❡♠❛ ✵✳✵✳✽✳

P❛r❛ ✜♥❛❧✐③❛r♠♦s ❡st❛ ❞❡♠♦♥str❛çã♦✱ ♣r❡❝✐s❛♠♦s ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

♣❛r❛ t = t(g1)✳ ❈♦♥s✐❞❡r❡♠♦s ❛ s❡q✉ê♥❝✐❛ tn < t(g1) t❛❧ q✉❡ tn → t(g1)✳ ❙❡❣✉❡✲s❡ ❞❛s

✐♥❢♦r♠❛çõ❡s ❛❝✐♠❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ (P ′)t t❡♠ ✉♠❛ s♦❧✉çã♦ un ∈ C(Ω) ♣❛r❛ ❛ ❢✉♥çã♦

❞❛❞❛ g1 ❡ ❝❛❞❛ tn✱ ♦✉ s❡❥❛✱

LKun = f(x, un) + tnφ1 + g1, ❡♠ Ω. ✭✹✳✹✮

❈♦♠♦ (un) é ❧✐♠✐t❛❞❛ ❡♠ C(Ω)✱ ❡♥tã♦ (un) é ❧✐♠✐t❛❞❛ ❡♠ L2(Ω)✳ ▲♦❣♦✱ ❡①✐st❡ s✉❜✲

s❡q✉ê♥❝✐❛ ❞❡ (un)✱ ❛✐♥❞❛ ❞❡s✐❣♥❛❞❛ ♣♦r (un)✱ t❛❧ q✉❡ un ⇀ u ❡♠ L2(Ω)✳ ❈♦♠♦ (LKun)

é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦✈❡r❣❡♥t❡ ❡♠ C(Ω)✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ LKun → w✳ ▼❛s✱ s❡♥❞♦

LK ❧✐♥❡❛r ❡ ❝♦♠♣❛❝t♦✱ ❞❡✈❡♠♦s t❡r

LKun(x) =

∫

Ω

K(x, y)un(y)dy →

∫

Ω

K(x, y)u(y)dy = LKu(x) ❡♠ Ω,

✺✽



❛ss✐♠✱ LKun → LKu ❡♠ C(Ω)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✹✳✹✮ ♦❜t❡♠♦s

f(x, un) = LKun − tnφ1 − g1 → LKu− t0φ1 − g1 := z ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ Ω.

❉♦ ❈♦r♦❧ár✐♦ ✹✳✷✳✹✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ R > 0 t❛❧ q✉❡ ‖un‖∞ < R, ♣❛r❛ t♦❞♦ n ∈ N✳

❆❣♦r❛✱ s❡♥❞♦ f ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡ ♥❛ ✈❛r✐á✈❡❧ t ∈ R✱ s❡❣✉❡✲s❡ q✉❡ ❡①✐st❡ σ > 0 t❛❧

q✉❡✱ s❡ un(x) 6= um(x) t❡♠♦s

σ < inf
−R≤un(x),um(x)≤R

|f(x, un(x))− f(x, um(x))|

|un(x)− um(x)|
.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

σ‖un − um‖∞ <

(
|f(x, un(x))− f(x, um(x))|

|un(x)− um(x)|
‖un − um‖∞

)
≤ ‖f(., un)− f(., um)‖∞

♦ q✉❡ ✐♠♣❧✐❝❛

σ‖un − um‖∞ < ‖f(., un)− f(., um)‖∞ ≤ ‖f(., un)− z‖∞ + ‖z − f(., um)‖∞

P♦rt❛♥t♦✱ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ C(Ω)✳ ▲♦❣♦✱

f(., un) → f(., u) ❡♠ C(Ω).

❈❧❛r❛♠❡♥t❡ u é ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ′)t ❝♦♠ g1 ❡ t = t(g1)✳ P♦r✲

t❛♥t♦✱ ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✽ ❡stá ❝♦♠♣❧❡t❛✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✽ ❈♦♥s✐❞❡r❛♥❞♦ f s❛t✐s❢❛③❡♥❞♦ ❛s ❤✐♣ót❡s❡s (f1) ❡ (f4)✱ ♣♦❞❡♠♦s

♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ♥♦ ♠á①✐♠♦ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ′)t ♣❛r❛ ❝❛❞❛ t ∈ R✳

❈♦♠ ❡❢❡✐t♦✱ ❝♦♥s✐❞❡r❡ u, w ∈ C(Ω) ❢✉♥çõ❡s ♣♦s✐t✐✈❛s t❛✐s q✉❡

LKu(x) = f(x, u) + tφ1(x) + g1(x), ♣❛r❛ t♦❞♦ x ∈ Ω

❡

LKw(x) = f(x, w) + tφ1(x) + g1(x), ♣❛r❛ t♦❞♦ x ∈ Ω.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡ u(x) 6= w(x) t❡♠♦s

LK(u(x)−w(x)) = f(x, u(x))−f(x, w(x)) =

(
f(x, u(x))− f(x, w(x))

u(x)− w(x)

)
(u(x)−w(x)),

❛ss✐♠

LK(u(x)− w(x))− a(x)(u(x)− w(x)) = 0,

♦♥❞❡

a(x) =





f(x, u(x))− f(x, w(x))

u(x)− w(x)
, s❡ u(x) 6= w(x)

2‖k‖∞, s❡ u(x) = w(x),

❆❧é♠ ❞✐ss♦✱ ❞❛ ❝♦♥❞✐çã♦ (f4) t❡♠♦s a(x) > k(x) ♣❛r❛ t♦❞♦ x ∈ Ω✳ P❡❧♦ ▲❡♠❛ ✶✳✷✳✸✱

❞❡✈❡♠♦s t❡r u ≡ w ❡♠ Ω✳

✺✾



✹✳✸ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✾

◆❡st❛ s❡çã♦✱ ♣❛r❛ ♦❜t❡r♠♦s ✉♠❛ s❡❣✉♥❞❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ′)✱ t❡♠♦s

❞❡ ❛❞♠✐t✐r ❤✐♣ót❡s❡s ❛❞✐❝✐♦♥❛✐s s♦❜r❡ ❛ ❢✉♥çã♦ f ✳ ❆q✉✐ ✈❛♠♦s s✉♣♦r q✉❡ ❡❧❛ s❛t✐s❢❛③

♥ã♦ s♦♠❡♥t❡ (f1)✱ ♠❛✐s t❛♠❜é♠ (f2) ❡ (f3)✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ✵✳✵✳✾

❢❛r❡♠♦s ✉s♦ ❞❛ t❡♦r✐❛ ❞♦ ❣r❛✉ ♣❛r❛ ❛♣❧✐❝❛çõ❡s γ✲❝♦♥❞❡♥s❛♥t❡s✱ q✉❡ é ✉♠❛ ❡①t❡♥sã♦ ❞♦

❣r❛✉ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ♠❛✐♦r ❞❡ ♣❡rt✉r❜❛çõ❡s ❞❛ ✐❞❡♥t✐❞❛❞❡✱ ❞❡✜♥✐❞❛

❡♠ t❡r♠♦s ❞❡ ♠❡❞✐❞❛s ♣❛r❛ ♥ã♦ ❝♦♠♣❛❝t♦s✱ ✭✈❡❥❛ ❉❡✐♠❧✐♥❣ ❬✷✻❪ ❡ ◆✉ss❜❛✉♠ ❬✹✶❪✱ ❬✹✷❪✮✳

❈♦♠❡ç❛♠♦s ❝♦♠ ♦ t❡♦r❡♠❛ q✉❡ ❡st❛❜❡❧❡❝❡ ✉♠❛ ❡st✐♠❛t✐✈❛ ❛ ♣r✐♦r✐✿

❚❡♦r❡♠❛ ✹✳✸✳✶ ✭❊st✐♠❛t✐✈❛ ❛ ♣r✐♦r✐✮ ❉❛❞♦ g ∈ C(Ω)✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ R > 0 t❛❧

q✉❡✱ s❡ u é ✉♠❛ s♦❧✉çã♦ ❞❡ (P ′)✱ ♦✉ s❡❥❛✱ u é ✉♠❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦

LKu = f(x, u) + g(x), ❡♠ Ω

❡♥tã♦ ‖u‖∞ < R✳

❉❡♠♦♥str❛çã♦✳ ❙❛❜❡♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ (f1)✱ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❢✉♥çã♦

w ∈ C(Ω) t❛❧ q✉❡ t♦❞♦ s♦❧✉çã♦ ❞❡ (P ′) s❛t✐s❢❛③ u < w ❡♠ Ω✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❛

✉♠❛ s❡q✉ê♥❝✐❛ (un) ⊂ C(Ω) t❛❧ q✉❡✱

‖un‖∞ −→ ∞ ❡ LKun = f(x, un) + g(x), ❡♠ Ω.

❚❡♠♦s q✉❡ un < w ❡♠ Ω✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ n ∈ N✳ ❈♦♥s✐❞❡r❡ vn =
un

‖un‖∞
✱ ❡♥tã♦ (vn)

é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ C(Ω) ⊂ L2(Ω)✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s

s✉♣♦r q✉❡ ❡①✐st❡ v ∈ L2(Ω) t❛❧ q✉❡ vn ⇀ v ❡♠ L2(Ω)✳ ❈♦♠♦ (LKvn) é ✉♥✐❢♦r♠❡♠❡♥t❡

❝♦♥✈❡r❣❡♥t❡ ❡♠ C(Ω)✱ ❡ s❡♥❞♦ LK ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❡ ❝♦♠♣❛❝t♦✱ t❡♠♦s

LKvn(x) =

∫

Ω

K(x, y)vn(y)dy →

∫

Ω

K(x, y)v(y)dy = LKv(x) ✐♥ Ω,

❡ ❛ss✐♠✱ LKvn → LKv ❡♠ C(Ω)✳

❆❣♦r❛✱ ❞❛ ❝♦♥❞✐çã♦ (f2)✱ ♣❛r❛ t♦❞♦ ǫ > 0 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Cǫ > 0 t❛❧ q✉❡✱

♣❛r❛ t♦❞♦ x ∈ Ω

(a− ǫ)s+ Cǫ ≥ f(x, s) ≥ (a+ ǫ)s− Cǫ, ♣❛r❛ t♦❞♦ s ≤ ‖w‖∞.

▲♦❣♦✱ (a− ǫ)un + g(x) + Cǫ ≥ f(x, s) ≥ (a+ ǫ)un + g(x)− Cǫ ♦ q✉❡ ✐♠♣❧✐❝❛

(a− ǫ)vn +
g(x) + Cǫ

‖un‖∞
≥ f(x, s) ≥ (a+ ǫ)vn +

g(x)− Cǫ

‖un‖∞
.

✻✵



❉❡s❞❡ q✉❡ ‖un‖∞ −→ ∞ ❡ un < w ♣❛r❛ t♦❞♦ n ∈ N✱ ❡♥tã♦ ❡①✐st❡ xn ∈ Ω t❛❧ q✉❡

−un(xn) = |un(xn)| = ‖un‖∞.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

(a− ǫ) = (a− ǫ)‖vn‖∞ = (a− ǫ)|vn(xn)| = −(a− ǫ)vn(xn) ≤ −LKvn(xn) +
g(xn) + Cǫ

‖un‖∞

✐st♦ é✱

(a− ǫ) ≤ ‖LKvn‖∞ +
‖g‖∞ + Cǫ

‖un‖∞
.

❊s❝♦❧❤❡♥❞♦ ǫ =
a

2
❡ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡✱ ✈❡♠♦s q✉❡ ‖LKv‖∞ ≥

a

2
✳ P♦rt❛♥t♦✱ ‖v‖∞ > 0✱

v 6= 0 ❡ LKv = av ❡♠ Ω✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s

vn(x) =
un(x)

‖un‖∞
<

w(x)

‖un‖∞
→ 0, q✉❛♥❞♦ n→ ∞, ♣❛r❛ t♦❞♦ x ∈ Ω,

♦ q✉❡ ✐♠♣❧✐❝❛ v(x) = lim
n→∞

vn(x) < 0 ♣❛r❛ t♦❞♦ x ∈ Ω✳ ❆ss✐♠✱ v(x) < 0 ♣❛r❛ t♦❞♦

x ∈ Ω✱ ♦✉ s❡❥❛✱ v t❡r✐❛ s✐♥❛❧ ❞❡✜♥✐❞♦ ❡ ❛♦ ♠❡s♠♦ t❡♠♣♦ s❡r✐❛ ❛✉t♦❢✉♥çã♦ ❛ss♦❝✐❛❞❛ ❛♦

❛✉t♦✈❛❧♦r a < λ1✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳

❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ t ∈ R ❞❡✜♥❛♠♦s ♦ ♦♣❡r❛❞♦r Ft : C(Ω) → C(Ω) ❞❛❞♦ ♣♦r

Ftu :=
1

M
LKu+ u−

1

M
f(x, u)−

1

M
(tφ1 + g1(x)), ♣❛r❛ ❛❧❣✉♠ M > 0. ✭✹✳✺✮

◆♦t❡ q✉❡✱ ♣♦♥t♦ ✜①♦ ♣❛r❛ ❡st❡ ♦♣❡r❛❞♦r é s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ′)t✳ ❈♦♠ ❡❢❡✐t♦✱

s❡ u ∈ C(Ω) é t❛❧ q✉❡ Ftu = u t❡♠♦s

u = Ftu =
1

M
LKu+ u−

1

M
f(x, u)−

1

M
(tφ1 + g1(x))

♦✉

LKu = f(x, u) + tφ1 + g1(x), ❡♠ Ω

✐st♦ é✱ u é ✉♠❛ s♦❧✉çã♦ ❞❡ (P ′)t✳

❈♦♠ ❛s ✐♥❢♦r♠❛çõ❡s ❛❝✐♠❛✱ ❞❡✜♥✐♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ Ft✱ q✉❡ ♥ã♦ é ❝♦♠✲

♣❛❝t❛✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s ❞❛s ✐♥❢♦r♠❛çõ❡s ❛♥t❡r✐♦r❡s q✉❡ ❛s s♦❧✉çõ❡s ❞♦ ♥♦ss♦ ♣r♦❜❧❡♠❛

(P ′)t sã♦ ♣r❡❝✐s❛♠❡♥t❡ ♦s ③❡r♦s ❞❡ I − Ft✳ P❛r❛ ♦❜t❡r♠♦s ♥♦ss♦ r❡s✉❧t❛❞♦✱ ♣r❡❝✐s❛♠♦s

♠♦str❛r q✉❡ ❛ ❢✉♥çã♦ Ft é γ✲❝♦♥❞❡♥s❛♥t❡✳

✻✶



❖❜s❡r✈❛çã♦ ✹✳✸✳✷ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✸✳✶✱ t❡♠♦s ❛ ❡①✐tê♥❝✐❛ ❞❡ ✉♠ ♥ú♠❡r♦ R > 0 t❛❧

q✉❡✱ s❡ u é ✉♠❛ s♦❧✉çã♦ ♣❛r❛ (P ′)t ❡♥tã♦ ‖u‖∞ < R✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡s❞❡ q✉❡ f é

✉♠❛ ❢✉♥çã♦ ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✱ ♣♦❞❡♠♦s t♦♠❛r ✉♠ ♥ú♠❡r♦ M > 0 ❞❡ ♠❛♥❡✐r❛ q✉❡

M > Γ = sup
−R≤s,t≤R

(
f(x, s)− f(x, t)

s− t

)
, ♣❛r❛ t♦❞♦ x ∈ Ω.

❉❛ ❝♦♥❞✐çã♦ (f3)✱ ❡①✐st❡ σ > 0 t❛❧ q✉❡

0 < σ <
f(x, s)− f(x, t)

s− t
≤ Γ, ♣❛r❛ t♦❞♦ −R ≤ s, t ≤ R, ❡ t♦❞♦ x ∈ Ω.

❈♦♠ ♦ ❡st✉❞♦ ❛❝✐♠❛✱ ♦❜t❡♠♦s ♣❛r❛ t♦❞♦ x ∈ Ω✱

0 <

(
1−

f(x, s)− f(x, t)

M(s− t)

)
< 1−

σ

M
, ♣❛r❛ t♦❞♦ −R ≤ s, t ≤ R. ✭✹✳✻✮

▲❡♠❛ ✹✳✸✳✸ ❙✉♣♦♥❤❛♠♦s q✉❡ (f1)✱ (f2) ❡ (f3) ♦❝♦rr❡♠✳ ❊♥tã♦ ♦ ♦♣❡r❛❞♦r Ft é ✉♠❛

❛♣❧✐❝❛çã♦ γ✲❝♦♥❞❡♥s❛♥t❡✱ ♣❛r❛ t♦❞♦ t ∈ R✳

❉❡♠♦♥str❛çã♦✳ ❙❡ B ⊂ C(Ω) é ✉♠ ❧✐♠✐t❛❞♦✱ ✈✐♠♦s ♥♦ ❆♣ê♥❞✐❝❡ ❆ q✉❡ γ(Ft(B)) ≤

γ(LK(B)) + γ(G(x,B)) ♦♥❞❡ G(x, s) = s−
1

M
f(x, s) ❡♠ x ∈ Ω✳ ▼❛s✱ ❞❡s❞❡ q✉❡ LK é

✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✱ ❞❡✈❡♠♦s t❡r γ(LK(B)) = 0✳ P♦r ♦✉tr♦ ❧❛❞♦✱ G é ✉♠❛ ❝♦♥tr❛çã♦

♣❛r❛ t♦❞♦ s ∈ K ⊂ R ❡ t♦❞♦ x ∈ Ω✳

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡♠♦s −R ≤ s, t ≤ R ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ R > 0✳ ❉❡ ✭✹✳✻✮✱

♣❛r❛ t♦❞♦ x ∈ Ω

0 <

∣∣∣∣1−
f(x, s)− f(x, t)

M(s− t)

∣∣∣∣ < 1−
σ

M
, ♣❛r❛ s 6= t.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

|G(x, s)−G(x, t)| = |s− f(x, s)− t+ f(x, t)|, x ∈ Ω

♦✉

|G(x, s)−G(x, t)| ≤

∣∣∣∣1−
f(x, s)− f(x, t)

M(s− t)

∣∣∣∣ |s− t|, x ∈ Ω

♦ q✉❡ ✐♠♣❧✐❝❛

|G(x, s)−G(x, t)| < (1−
σ

M
)|s− t|, x ∈ Ω.

P❛r❛ ❡st❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ❡st❛♠♦s ✉s❛♥❞♦ ✭✹✳✻✮✳ P♦rt❛♥t♦✱ G é ✉♠❛ ❝♦♥tr❛çã♦✱

♣❛r❛ t♦❞♦ x ∈ Ω✱ ❛ss✐♠ G é ✉♠❛ γ✲❝♦♥tr❛çã♦ ❡str✐t❛ ✭✈❡r ▲❡♠❛ ❆✳✺ ♥♦ ❆♣ê♥❞✐❝❡

✻✷



❆✮✳ ❈♦♠♦ t♦❞❛ ❛♣❧✐❝❛çã♦ γ✲❝♦♥tr❛çã♦ ❡str✐t❛ é t❛♠❜é♠ ✉♠❛ ❛♣❧✐❝❛çã♦ γ✲❝♦♥❞❡♥s❛♥t❡✱

t❡♠♦s q✉❡ γ(G(x,B)) < γ(B)✱ ♣❛r❛ B = BR(0) ⊂ C(Ω) ❧✐♠✐t❛❞♦✳

❈♦♠ ♦ ❡st✉❞♦ ❛❝✐♠❛✱ ♦❜t❡♠♦s γ(Ft(B)) < γ(B) ♦♥❞❡ B = BR(0) ⊂ C(Ω) ❡

γ(B) > 0✱ ✐✳❡✳✱ Ft é ✉♠❛ ❛♣❧✐❝❛çã♦ γ✲❝♦♥❞❡♥s❛♥t❡✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ t ∈ R✳

❆❣♦r❛ ❞❡t❡r♠✐♥❛r❡♠♦s ♦ ❣r❛✉ ❞❡ I − Ft ♣❛r❛ ✉♠ ❝❡rt♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ C(Ω)✳

▲❡♠❛ ✹✳✸✳✹ ❙✉♣♦♥❤❛♠♦s q✉❡ (f1)✱ (f2) ❡ (f3) ♦❝♦rr❡♠✳ ❙❡❥❛♠ g1 ∈ {φ1}
⊥ ❡ t0 < t(g1)✳

❊♥tã♦ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ R > 0 t❛❧ q✉❡

d(I − Ft0 , BR, 0) = 0,

♦♥❞❡ BR = {u ∈ C(Ω); ‖u‖∞ < R}✳

❉❡♠♦♥str❛çã♦✳ ❉♦ ❚❡♦r❡♠❛ ✵✳✵✳✽ ♦ ♣r♦❜❧❡♠❛ (P ′)t ♥ã♦ t❡♠ s♦❧✉çã♦ s❡ t > t(g1)✳

❈♦♠ ✐ss♦✱ ❡s❝♦❧❤❛ ✉♠ t1 > t(g1)✳ ❙❡❣✉❡✲s❡ ❞♦ ❚❡♦r❡♠❛ ✹✳✸✳✶ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

R > 0 t❛❧ q✉❡ ‖u‖∞ < R ♣❛r❛ t♦❞♦ ❡✈❡♥t✉❛❧ s♦❧✉çã♦ ❞❡ (P ′)t0 ❝♦♠ g1 ✜①❛❞♦✳ ❉♦ ▲❡♠❛

✹✳✷✳✻✱ s❡❣✉❡✲s❡ q✉❡ ❡ss❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ ♣❛r❛ t♦❞❛ s♦❧✉çã♦ ❞❡ (P ′)t ♣❛r❛ q✉❛❧q✉❡r

t ∈ [t0, t1]✳ ❉❡s❞❡ q✉❡ Ft✱ ❝♦♠ t ∈ [t0, t1]✱ ❝♦♥st✐t✉✐ ✉♠❛ ❤♦♠♦t♦♣✐❛ ❛❞♠✐ssí✈❡❧ ❡♥tr❡

Ft0 ❡ Ft1 ✱ ♣♦✐s

(I − Ft)u 6= 0, ♣❛r❛ t♦❞♦ ‖u‖∞ = R ❡ t♦❞♦ t ∈ [t0, t1],

t❡♠♦s q✉❡ d(I − Ft0 , BR, 0) = d(I − Ft1 , BR, 0)✳ ▼❛s d(I − Ft1 , BR, 0) = 0 ♣♦✐s ♦

♣r♦❜❧❡♠❛ (P ′)t ♥ã♦ t❡♠ s♦❧✉çã♦ ♣❛r❛ t = t1✳ P♦rt❛♥t♦✱ d(I − Ft0 , BR, 0) = 0✳

▲❡♠❛ ✹✳✸✳✺ ❙✉♣♦♥❤❛ q✉❡ (f1)✱ (f2) ❡ (f3) ♦❝♦rr❡♠✳ ❙❡❥❛♠ g1 ∈ {φ1}
⊥ ❡ t0 < t(g1)✳

❊♥tã♦✱ ❡①✐st❡♠ ✉♠ ♥ú♠❡r♦ M > 0 ❡ ✉♠ ❛❜❡rt♦ W ⊂ C(Ω) t❛✐s q✉❡

d(I − Ft0 ,W, 0) = 1.

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✽ q✉❡ ❡①✐st❡ v ∈ C(Ω) s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡

(P ′)t1 ✱ ❝♦♠ t0 < t1 < t(g1)✳ ❆❧é♠ ❞✐ss♦✱ v é ✉♠❛ s✉❜s♦❧✉çã♦ ❞❡ (P ′)t q✉❛♥❞♦ t = t0✱ ♦✉

s❡❥❛

LKv − f(x, v) = t1φ1 + g1 > t0φ1 + g1, ❡♠ Ω

♦✉

LKv > f(x, v) + t0φ1 + g1, ❡♠ Ω ✭✹✳✼✮

✻✸



P♦r ♦✉tr♦ ❧❛❞♦✱ ❞♦ ▲❡♠❛ ✹✳✷✳✸✱ ❡①✐st❡ w ∈ C(Ω) s✉♣❡rs♦❧✉çã♦ ❞❡ (P ′)t0 ✱ ♦✉ s❡❥❛

LKw < f(x, w) + t0φ1 + g1, ❡♠ Ω ✭✹✳✽✮

❆❞❡♠❛✐s✱ v < w ❡♠ Ω✳

❆❣♦r❛✱ ❡s❝♦❧❤❛ M > 0 ❞❡ ♠❛♥❡✐r❛ q✉❡✱ M > ‖k‖∞✱ f(x, s) −Ms é ✉♠❛ ❢✉♥çã♦

❞❡❝r❡s❝❡♥t❡ ❡♠ 0 ≤ s ≤ ‖w‖∞ ❡ q✉❡

Ft0u :=
1

M
LKu+ u−

1

M
f(x, u)−

1

M
(tφ1 + g1(x)), ♣❛r❛ x ∈ Ω

s❡❥❛ ✉♠❛ ❛♣❧✐❝❛çã♦ γ✲❝♦♥❞❡♥s❛♥t❡✳

❉❡✜♥❛ W = {u ∈ C(Ω); v < u < w ❡♠ Ω}✱ t❡♠♦s q✉❡ W é ✉♠ ❛❜❡rt♦✱ ❧✐♠✐t❛❞♦

❡ ❝♦♥✈❡①♦ ❡♠ C(Ω)✳

❆✜r♠❛çã♦ ✹✳✸✳✻ Ft0 : W → C(Ω) é t❛❧ q✉❡ Ft0(W ) ⊂ W ✳

❉❡ ❢❛t♦✱ s❡ u ∈ W ❡♥tã♦ v ≤ u ≤ w ❡♠ Ω✳ ❙❡❥❛ z = Ft(u)✱ ❞❛í

Mz = LKu+ (Mu− f(x, u))− t0φ1 − g1, ❡♠ Ω.

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡

LKv −Mv > f(x, v)−Mv + t0φ1 + g1, ❡♠ Ω

♦ q✉❡ ✐♠♣❧✐❝❛

Mv < LKv + (Mv − f(x, w))− t0φ1 − g1, ❡♠ Ω.

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱Mw > LKw+(Mw−f(x, w))−t0φ1−g1 ❡♠ Ω✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

M(z − v) > LK(z − v) + [(Mu− f(x, u))− (Mv − f(x, v))], ❡♠ Ω.

❉❡s❞❡ q✉❡ v ≤ u✱ t❡♠♦s LKv ≤ LKu ❡ (Mv−f(x, v)) ≤ (Mu−f(x, u))✱ ❧♦❣♦M(z−v) >

0 ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ v < z ❡♠ Ω✳ ❙✐♠✐❧❛r♠❡♥t❡✱ ❞❡♠♦♥str❛✲s❡ q✉❡ z < w ❡♠ Ω✳

P♦rt❛♥t♦✱ z ∈ W ✳

❈♦♠ ♦ ❡①♣♦st♦ ❛❝✐♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡✱ s❡ u ∈ ∂W ❡♥tã♦ u 6= Ft0(u)✱ ♣♦✐s s❡

u ∈ W ❡ u = Ft0(u) ❞❡✈❡♠♦s t❡r u ∈ W ✳

❈♦♠ ♦ ❡st✉❞♦ ❢❡✐t♦✱ d(I − Ft0 ,W, 0) ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳ ❱❛♠♦s ❡♥tã♦ ❝❛❧❝✉❧❛r ♦

s❡✉ ✈❛❧♦r✳ ❈♦♥s✐❞❡r❡ ψ =
v + w

2
t❡♠♦s v < ψ < w✱ ✐✳❡✳ ψ ∈ W ✳ ❉❡✜♥❛ Hθ(u) =

(1− θ)Ft0(u) + θψ✳ P❛r❛ 0 ≤ θ ≤ 1 t❡♠♦s Hθ : W → W ✳

✻✹



❈♦♠ ❡❢❡✐t♦✱ s❛❜❡♠♦s q✉❡ s❡ u ∈ W ❡♥tã♦ Ft0(u) ∈ W ✳ ▲♦❣♦✱ v < Ft0(u) < w

❡ ❝♦♠♦ v < ψ < w t❡♠♦s Hθ(W ) ⊂ W ✱ ✐st♦ é✱ Hθ é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❛❞♠✐ssí✈❡❧ ♣❛r❛

t♦❞♦ 0 ≤ θ ≤ 1✳

❉❡s❞❡ q✉❡ u 6= Hθ(u) ♣❛r❛ t♦❞♦ u ∈ ∂W ❡ t♦❞♦ θ ∈ [0, 1]✱ ❝♦♥❝❧✉í♠♦s

d(I −H0,W, 0) = D(I −H1,W, 0).

▼❛s✱ Hθ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ θ ∈ [0, 1] ❡ d(I −H1,W, 0) = 1 ♣♦✐s ψ ∈ W ✳ ❈♦♥s❡q✉❡♥t❡✲

♠❡♥t❡✱ d(I −H0,W, 0) = 1 ❡ ♦ ❧❡♠❛ ❡stá ♣r♦✈❛❞♦✳

Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✾

(i) ❙❡❥❛♠ g1 ∈ {φ1}
⊥ ❡ t0 < t(g1)✳ ❉♦ ▲❡♠❛ ✹✳✸✳✺✱ ❡①✐st❡♠ ✉♠❛ ❝♦♥st❛♥t❡ M > 0

❡ ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ W t❛❧ q✉❡ d(I − Ft0 ,W, 0) = 1✳ ❆ss✐♠✱ I − Ft0 t❡♠ ✉♠ ③❡r♦ ❡♠

W ✱ ✐st♦ é✱ ♦ ♣r♦❜❧❡♠❛ (P ′)t0 t❡♠ ✉♠❛ s♦❧✉çã♦ u1 ∈ W ✳

❆❣♦r❛✱ ❡s❝♦❧❤❛ R > 0 t❛❧ q✉❡ W ⊂ BR(0)✳ P❡❧♦ ▲❡♠❛ ✹✳✸✳✹✱ s❡❣✉❡✲s❡ q✉❡ d(I −

Ft0 , BR, 0) = 0✱ ❧♦❣♦

d(I − Ft0 , BR \W, 0) = −1.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ ♣r♦❜❧❡♠❛ (P ′)t0 t❡♠ ♦✉tr❛ s♦❧✉çã♦ u2 ∈ BR \W ✳ ❆❧é♠ ❞✐ss♦✱

u1 6= u2✳

(ii) ❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ tn < t(g1) t❛❧ q✉❡ tn → t(g1)✳ ❙❡❣✉❡✲s❡ ❞♦ ❚❡♦r❡♠❛

✵✳✵✳✽ q✉❡ ♦ ♣r♦❜❧❡♠❛ (P ′)t t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ un ∈ C(Ω) ♣❛r❛ ❝❛❞❛ tn✱ ♦✉

s❡❥❛

LKun = f(x, un) + tnφ1 + g1, ❡♠ Ω. ✭✹✳✾✮

❈♦♠♦ (un) é ❧✐♠✐t❛❞❛ ❡♠ C(Ω)✱ ❡♥tã♦ (un) é ❧✐♠✐t❛❞❛ ❡♠ L2(Ω)✳ ▲♦❣♦✱ ❡①✐st❡ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ❞❡ (un)✱ q✉❡ ✐r❡♠♦s ❞❡♥♦t❛r ♣♦r ❡❧❛ ♠❡s♠♦✱ t❛❧ q✉❡ un ⇀ u ❡♠ L2(Ω)✳

❈♦♠♦ (LKun) é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ❡♠ C(Ω) ❡ ❝♦♠♦ LK é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r

❡ ❝♦♠♣❛❝t♦✱ t❡♠♦s

LKun(x) =

∫

Ω

K(x, y)un(y)dy →

∫

Ω

K(x, y)u(y)dy = LKu(x) ✐♥ Ω,

❛ss✐♠✱ LKun → LKu ❡♠ C(Ω)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✹✳✾✮ ♦❜t❡♠♦s

f(x, un) = LKun − tnφ1 − g1 → LKu− t0φ1 − g1 := z ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ Ω.

✻✺



❉❛ ❝♦♥❞✐çã♦ (f3) s❡❣✉❡✲s❡ q✉❡

σ‖un − um‖∞ < |f(x, un(x))− f(x, um(x))| ≤ ‖f(., un)− z‖∞ + ‖z − f(., um)‖∞

P♦rt❛♥t♦✱ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ C(Ω)✳ ❉❛í✱

f(., un) → f(., u) ❡♠ C(Ω).

❈❧❛r❛♠❡♥t❡ u é ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ (P ′)t ♣❛r❛ ❡st❡s g1 ❡ t = t(g1)✳ ❊ ❛ss✐♠✱ ❛

♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✾ ❡stá ❝♦♠♣❧❡t❛✳ �

✻✻



❆♣ê♥❞✐❝❡s



❆♣ê♥❞✐❝❡ ❆

❖ ❣r❛✉ ♣❛r❛ ❛♣❧✐❝❛çõ❡s γ✲❝♦♥❞❡♥s❛♥t❡s

◆❡st❡ ❛♣ê♥❞✐❝❡ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ t❡♦r✐❛ q✉❡ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❘✳ ◆✉ss❜❛✉♠

✭✈❡r ❬✶✸❪✱ ❬✹✶❪ ❡ ❬✹✷❪✮✱ ❝♦♠ ❝♦❧❛❜♦r❛çã♦ ❞❡ ❋✳ ❇r♦✇❞❡r✱ q✉❡ tr❛t❛ ❞❡ ✉♠❛ ❡①t❡♥sã♦

❞♦ ❣r❛✉ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣❡rt✉❜❛çõ❡s ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡✜♥✐❞❛s

❡♠ t❡r♠♦s ❞❛ ♠❡❞✐❞❛ ❞❡ ♥ã♦ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ ❑✉r❛t♦✇s❦✐✳ ❆ t❡♦r✐❛ q✉❡ s❡rá ❛q✉✐

❛♣r❡s❡♥t❛❞❛✱ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❉❡✐♠❧✐♥❣ ❬✷✻❪ ♣♣✳ ✼✶✳

❆✳✶ ▼❡❞✐❞❛s ❞❡ ♥ã♦ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ ❑✉r❛t♦✇s❦✐

◆❡st❛ ♣r✐♠❡✐r❛ s❡çã♦ tr❛t❛♠♦s ❞❛ ❞❡✜♥✐çã♦ ❡ ♣r♦♣r✐❡❞❛❞❡s ❞❛s ♠❡❞✐❞❛s ❞❡ ♥ã♦

❝♦♠♣❛❝✐❞❛❞❡ ❞❡ ❑✉r❛t♦✇s❦✐ ♣❛r❛ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r B ❛ ❢❛♠í❧✐❛

❞❡ t♦❞♦s ♦s s✉❜❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❞❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ X✳ ❘❡❝♦r❞❛♠♦s q✉❡

B ⊂ X é ❞✐t♦ s❡r ❧✐♠✐t❛❞♦✱ s❡ B ❡stá ❝♦♥t✐❞♦ ❡♠ ❛❧❣✉♠❛ ❜♦❧❛✳ ❉✐③❡♠♦s q✉❡ B ∈ B

é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t❛ q✉❛♥❞♦ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡ B é ❝♦❜❡rt♦ ♣♦r ✉♠ ♥ú♠❡r♦

✜♥✐t♦ ❞❡ ❜♦❧❛s ❞❡ r❛✐♦ ǫ✱ ❡ t❛♠❜é♠ ♣♦❞❡♠♦s ❝♦❜r✐r B ❝♦♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡

❝♦♥❥✉♥t♦s ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ ǫ ✭r❡❝♦r❞❡ q✉❡✱ diam(B) = sup{|x − y|; x, y ∈ B} é

❝❤❛♠❛❞♦ ❞❡ ❞✐â♠❡tr♦ ❞❡ B ✮✳

❈♦♠ ❡st❛s ✐♥❢♦r♠❛çõ❡s ✈❛♠♦s ❞❡✜♥✐r ❛s ♠❡❞✐❞❛s ❞❡ ♥ã♦ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ ❑✉r❛✲

t♦✇s❦✐

❉❡✜♥✐çã♦ ❆✳✶ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ B ♦ ❝♦♥❥✉♥t♦ ❞❡ s❡✉s ❧✐♠✐t❛❞♦s✳

❊♥tã♦ α : B → R+✱ ❞❡✜♥✐❞❛ ♣♦r

α(B) = inf{d > 0;B ❛❞♠✐t❡ ✉♠❛ ❝♦❜❡rt✉r❛ ✜♥✐t❛ ❞❡ ❝♦♥❥✉♥t♦s ❝♦♠ ❞✐â♠❡tr♦ ≤ d},



é ❝❤❛♠❛❞❛ ❞❡ ♠❡❞✐❞❛ ❞❡ ❑✉r❛t♦✇s❦✐ ♣❛r❛ ♥ã♦ ❝♦♠♣❛❝t♦s✱ ❡ β : B → R+ ❞❡✜♥✐❞❛ ♣♦r

β(B) = inf{r > 0;B ♣♦❞❡ s❡r ❝♦❜❡rt❛ ♣♦r ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ❜♦❧❛s ❞❡ r❛✐♦ ≤ r},

é ❝❤❛♠❛❞❛ ❞❡ ♠❡❞✐❞❛ ❞❡ ❜♦❧❛s ♣❛r❛ ♥ã♦ ❝♦♠♣❛❝t♦s✳

❆❣♦r❛✱ ✈❛♠♦s ❧✐st❛r ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡st❛s ♠❡❞✐❞❛s✱ q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s

♥♦ ❝❛♣ít✉❧♦ ✹✳

Pr♦♣♦s✐çã♦ ❆✳✷ ❙❡ γ : B → R+ é ✉♠❛ ❞❛s ♠❡❞✐❞❛s α ♦✉ β ❛❝✐♠❛ ❞❡✜♥✐❞❛s✱ ❡♥tã♦

(a) γ(B) = 0✱ s❡ ❡ s♦♠❡♥t❡ s❡✱ B é ✉♠ ❝♦♠♣❛❝t♦❀

(b) γ é ✉♠❛ s❡♠✐♥♦r♠❛✱ ✐✳❡✳✱ γ(λB) = |λ|γ(B) ❡ γ(B1 +B2) ≤ γ(B1) + γ(B2)❀

(c) ❙❡ B1 ⊂ B2 ❡♥tã♦ γ(B1) ≤ γ(B2) ❡ γ(B1 ∪ B2) = max{γ(B1), γ(B2)}❀

(d) γ(convB) = γ(B)✳

❱❛♠♦s ❡①✐❜✐r ✉♠ ❡①❡♠♣❧♦ ♣❛r❛ ♣♦❞❡r♠♦s ♥♦s ❢❛♠✐❧✐❛r✐③❛r♠♦s ♠❛✐s ❝♦♠ ❡ss❛s

♠❡❞✐❞❛s✳ ❱❛♠♦s ❝❛❧❝✉❧❛r ❛ ♠❡❞✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❜♦❧❛ Br(x0) = x0 + rB1(0)✳ ❊✈✐❞❡♥t❡✲

♠❡♥t❡✱

γ(Br(x0)) = rγ(B1(0)) ❡ γ(B1(0)) = γ(S), ♣❛r❛ S = ∂B1(0).

❆❧é♠ ❞✐ss♦✱ α(S) ≤ 2 ❡ β(S) ≤ 1✳ ❙✉♣♦♥❤❛ q✉❡ α(B) < 2✳ ❊♥tã♦ S =
n⋃

i

Mi

♦♥❞❡ Mi sã♦ ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❝♦♠ diam(Mi) < 2✳ ❈♦♥s✐❞❡r❡ Xn s✉❜❡s♣❛ç♦s n✲

❞✐♠❡♥s✐♦♥❛✐s ❞❡ X✳ ▲♦❣♦✱ S ∩ Xn =
n⋃

i

(Mi ∩ Xn) é ❛ ❢r♦♥t❡✐r❛ ❞❛ ❜♦❧❛ ✉♥✐tár✐❛ ❡♠

Xn ❡ ♣♦rt❛♥t♦ ✉♠ ❞♦s ❝♦♥❥✉♥t♦s Mi ∩ Xn ❝♦♥té♠ ✉♠ ♣❛r ❞❡ ♣♦♥t♦s ❛♥t✐♣♦❞❛✐s✱ x ❡

−x✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ diamMi ≥ diam(Mi ∩ Xn) = 2 ♣❛r❛ ❡st❡ i✱ ♦ q✉❡ é ✉♠❛

❝♦♥tr❛❞✐çã♦✳ ❆ss✐♠✱ α(S) = 2 ❡ 1 =
1

2
α(S) ≤ β(S) ≤ 1✱ ♦✉ s❡❥❛✱ ❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛

❞❡✈❡♠♦s t❡r α(Br(x0)) = 2r ❡ β(Br(x0)) = r✳

❯♠❛ ♦✉tr❛ ❞❡✜♥✐çã♦ q✉❡ ♣r❡❝✐s❛r❡♠♦s é ❞❛❞❛ ❛❜❛✐①♦

❉❡✜♥✐çã♦ ❆✳✸ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❉✐③❡♠♦s q✉❡ A ⊂ X é ✉♠ r❡tr❛t♦ ❞❡

X✱ s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ R : X → A t❛❧ q✉❡ Rx = x✱ ♣❛r❛ t♦❞♦ x ∈ A✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ A é ✉♠ r❡tr❛t♦ ❞❡ X s❡ I |A t❡♠ ✉♠❛ ❡①t❡♥sã♦ ❝♦♥tí♥✉❛ ❡♠ X✳

❆ ❛♣❧✐❝❛çã♦ R é ❝❤❛♠❛❞❛ ❞❡ r❡tr❛çã♦ ❞❡ X s♦❜r❡ A✳

❊①❡♠♣❧♦ ❆✳✹ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ R : X → Br(x0) ⊂ X ❞❡✜♥✐❞❛ ♣♦r✱

Rx =





x, s❡ |x− x0| ≤ r

x0 + r
x− x0
|x− x0|

, s❡ |x− x0| > r.

❆ ❛♣❧✐❝❛çã♦ R é ✉♠ ❡①❡♠♣❧♦ ❞❡ r❡tr❛çã♦✳

✻✾



❆✳✷ ❖ ❣r❛✉ ♣❛r❛ ❛♣❧✐❝❛çõ❡s γ✲❝♦♥❞❡♥s❛♥t❡s

◆❡st❛ s❡çã♦ tr❛t❛r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❞❛ ❞❡✜♥✐çã♦ ❡ ♣r♦♣r✐❡❞❛❞❡s ❞❛s ❛♣❧✐❝❛çõ❡s

γ✲❝♦♥❞❡♥s❛♥t❡s✳ ◆✉♠ s❡❣✉♥❞♦ ♠♦♠❡♥t♦✱ ❡st❛r❡♠♦s tr❛③❡♥❞♦ ❛ ❝♦♥str✉çã♦ ❞♦ ❣r❛✉

♣❛r❛ ❡st❛s ❛♣❧✐❝❛çõ❡s✳ ◆♦ q✉❡ s❡❣✉❡ X s❡rá ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ γ : B → R+ s❡rá

✉♠❛ ❞❛s ♠❡❞✐❞❛s ❞❡ ❑✉r❛t♦✇s❦✐ α ♦✉ β✱ ❞❡✜♥✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳

❉❡✜♥✐çã♦ ❆✳✶ ❙❡❥❛♠ Γ ⊂ X ❡ F : Γ → X ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❡ ❧✐♠✐t❛❞❛ ✭✐✳❡✳✱

❧❡✈❛ ❧✐♠✐t❛❞❛ ❡♠ ❧✐♠✐t❛❞♦✮✳ ❉✐③❡♠♦s q✉❡ F é ✉♠❛ ❛♣❧✐❝❛çã♦ γ✲▲✐♣s❝❤✐t③ s❡

γ(FB) ≤ cγ(B), ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ c ≥ 0 ❡ t♦❞♦ ❧✐♠✐t❛❞♦ B ⊂ Γ.

❙❡ c < 1 ❞✐③❡♠♦s q✉❡ F é ✉♠❛ ❛♣❧✐❝❛çã♦ γ✲❝♦♥tr❛çã♦ ❡str✐t❛✳ P♦r ✜♠✱ ❞✐③❡♠♦s q✉❡ F

é ✉♠❛ ❛♣❧✐❝❛çã♦ γ✲❝♦♥❞❡♥s❛♥t❡ s❡✱

γ(FB) < γ(B), s❡♠♣r❡ q✉❡ B ⊂ Γé ❧✐♠✐t❛❞♦ ❡ γ(B) > 0,

❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ s❡ γ(FB) ≥ γ(B) ❡♥tã♦ γ(B) = 0✳

❉❡♥♦t❛r❡♠♦s ♣♦r SCγ(Γ) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s γ✲❝♦♥tr❛çõ❡s ❡str✐t❛s✱ ♣♦r Cγ(Γ)

♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❛♣❧✐❝❛çõ❡s γ✲❝♦♥❞❡♥s❛♥t❡s ❡ ♣♦r K(Γ) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s

❛♣❧✐❝❛çõ❡s ❝♦♠♣❛❝t❛s✳ ❖❜✈✐❛♠❡♥t❡ q✉❡✱ F ∈ Cγ(Γ) é γ✲▲✐♣s❝❤✐t③ ❝♦♠ ❝♦♥st❛♥t❡ c = 1✳

▼❛s ❛✐♥❞❛✱ SCγ(Γ) ⊂ Cγ(Γ)✳

❊①❡♠♣❧♦ ❆✳✷ ❙❡ F : Γ → X é ▲✐♣s❝❤✐t③ ❝♦♠ ❝♦♥st❛♥t❡ c > 0✱ ❡♥tã♦ F é α✲▲✐♣s❝❤✐t③

❝♦♠ ❛ ♠❡s♠❛ ❝♦♥st❛♥t❡ c✱ ✐st♦ s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ α✳ ❙❡ G : Γ → X é ▲✐♣s❝❤✐t③ ❝♦♠

❝♦♥st❛♥t❡ c̃ > 0✱ ❡♥tã♦ F +G é α✲▲✐♣s❝❤✐t③ ❝♦♠ ❝♦♥st❛♥t❡ c+ c̃✳

❊①❡♠♣❧♦ ❆✳✸ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❡ q✉❡r❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ u ∈

C(J) ❞❡

u(t) = ϕ(t, u(t)) +

∫ t

0

φ(t, s, u(s))ds, ❢♦r t ∈ J = [0, a],

♦♥❞❡ ϕ ❡ φ sã♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s✳ ❊♥tã♦ ❛ ♣❛rt❡ ❞❛ ✐♥t❡❣r❛❧ ❞❡✜♥❡ ✉♠❛ ❢✉♥çã♦ G :

C(J) → C(J) ❝♦♠♣❧❡t❛♠❡♥t❡ ❝♦♥tí♥✉❛✱ ♠❛s ❡st❡ ♥ã♦ é ♦ ❝❛s♦ ♣❛r❛ F ❞❡✜♥✐❞♦ ♣♦r

(Fu)(t) = ϕ(t, u(t))✱ ❛ ♠❡♥♦s q✉❡ ϕ s❡❥❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ u✳ ❊♥tr❡t❛♥t♦✱ s❡

|ϕ(t, u)− ϕ(t, v)| ≤ c|u− v|, ❢♦r t ∈ J ❡ u, v ∈ R,

❡♥tã♦ F é α✲▲✐♣s❝❤✐t③ ❝♦♠ ❝♦♥st❛♥t❡ c✱ ❡ ♦ ♠❡s♠♦ é ✈❡r❞❛❞❡ ♣❛r❛ F +G✳

❊♠ s❡❣✉✐❞❛✱ ♠♦str❛♠♦s ✉♠ ❡①❡♠♣❧♦ ❞❡ ❢✉♥çã♦ α✲❝♦♥❞❡♥s❛♥t❡ q✉❡ ♥ã♦ é α✲

❝♦♥tr❛çã♦ ❡str✐t❛✳ ❊st❡ ❡①❡♠♣❧♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ◆✉ss❜❛✉♠ ❬✹✶❪✳

✼✵



❊①❡♠♣❧♦ ❆✳✹ ❙❡❥❛ ϕ : [0, 1] → [0, 1] ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡✱

ϕ(0) = 1 ❡ s❡❥❛ F : B1(0) → B1(0) ⊂ X ❝♦♠ dimX = ∞✱ ❞❡✜♥✐❞❛ ♣♦r✱ Fx = ϕ(|x|)x✳

❚❡♠♦s q✉❡✱ F é ✉♠❛ ❛♣❧✐❝❛çã♦ α✲❝♦♥❞❡♥s❛♥t❡✱ ♠❛s ♥ã♦ é ✉♠❛ ❛♣❧✐❝❛çã♦ α✲❝♦♥tr❛çã♦

❡str✐t❛✳

❈♦♠ ❡❢❡✐t♦✱ ❞❡s❞❡ q✉❡ FB ⊂ conv(B ∪{0}) t❡♠♦s q✉❡✱ α(FB) ≤ α(B) ♣❛r❛ t♦❞♦

B ⊂ B1(0)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ∂Brϕ(r)(0) ⊂ FBr(0) ♣❛r❛ r ∈ [0, 1] ❡ ♣♦rt❛♥t♦

α(FBr(0)) ≥ α(∂Brϕ(r)(0)) = 2rϕ(r) = α(Br(0))ϕ(r).

❈♦♠♦ ϕ(r) → 1 q✉❛♥❞♦ r → 0✱ F ♥ã♦ ♣♦❞❡ s❡r α✲❝♦♥tr❛çã♦ ❡str✐t❛✳

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡ α(B) = d > 0✱ ❡ s❡❥❛♠ 0 < r <
d

2
✱ B1 = B ∩ Br(0) ❡

B2 = B \Br(0)✳ ❊♥tã♦✱

α(FB1) ≤ 2r < α(B)

❡

α(FB2) ≤ α({λx : 0 ≤ λ ≤ ϕ(r), ❡ x ∈ B2}) ≤ α(conv[ϕ(r)B ∪ {0}])

♦ q✉❡ ✐♠♣❧✐❝❛✱

α(FB1) ≤ ϕ(r)α(B) < α(B).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ α(FB) = max{α(FB1), α(FB2)} < α(B)✳

▲❡♠❛ ❆✳✺ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ F : X → X ✉♠❛ ❝♦♥tr❛çã♦ ❝♦♠ ❝♦♥st❛♥t❡

c < 1✱ ❡♥tã♦ F é ✉♠❛ γ✲❝♦♥tr❛çã♦ ❡str✐t❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ B ⊂ X ✉♠ ❧✐♠✐t❛❞♦ t❛❧ q✉❡ γ(B) = d✳ ❊♥tã♦✱ ❞❛❞♦ ǫ > 0 t❡♠♦s

B =
m⋃

i=1

Si ❡ diam(Si) ≤ d+ ǫ✳

❆ss✐♠✱ F (B) =
m⋃

i=1

F (Si) ❡ ❝♦♠♦ F é ✉♠❛ ❝♦♥tr❛çã♦ ❝♦♠ ❝♦♥st❛♥t❡ c < 1✱

❞❡✈❡♠♦s t❡r✱ diamF (Si) ≤ c(d+ ǫ)✳ ❙❡♥❞♦ ǫ > 0 ❛r❜✐trár✐♦✱ ♦❜t❡♠♦s

γ(F (B)) ≤ cd = cγ(B).

P♦rt❛♥t♦✱ F é ✉♠❛ γ✲❝♦♥tr❛çã♦ ❡str✐t❛✳

❆❣♦r❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ❛♣❧✐❝❛çõ❡s γ✲▲✐♣s❝❤✐t③

▲❡♠❛ ❆✳✻ ❙❡❥❛♠ Γ ⊂ X ✉♠ ❢❡❝❤❛❞♦ ❧✐♠✐t❛❞♦ ❡ F ∈ Cγ(Γ)✳ ❊♥tã♦✱ I − F é ♣ró♣r✐❛

❡ ❧❡✈❛ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ Γ ❡♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ X✳

❉❡♠♦♥str❛çã♦✳ ❙❡ A = (I−F )−1(K) ❝♦♠ K ❝♦♠♣❛❝t♦✱ ❡♥tã♦ A é ❢❡❝❤❛❞♦ ❞❡s❞❡ q✉❡

F é ❝♦♥tí♥✉♦ ❡ K é ❢❡❝❤❛❞♦✳ ❆❧é♠ ❞✐ss♦✱ (I−F )(A) = K ♦ q✉❡ ✐♠♣❧✐❝❛✱ A = F (A)+K✳

▲♦❣♦✱

γ(A) ≤ γ(FA) + γ(K) = γ(FA)

✼✶



♣♦rt❛♥t♦✱ γ(A) = 0✳ ❆ss✐♠✱ ❞❛ Pr♦♣♦s✐çã♦ ❆✳✷✱ F é ♣ró♣r✐❛✳

P❛r❛ ✜♥❛❧✐③❛r♠♦s ❡st❛ ❞❡♠♦♥str❛çã♦✱ ♠♦str❛♠♦s q✉❡ I − F é ✉♠❛ ❛♣❧✐❝❛çã♦

❢❡❝❤❛❞❛✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ A ⊂ X ✉♠ ❢❡❝❤❛❞♦ ❡ s❡❥❛ (xn) ⊂ A t❛❧ q✉❡ xn → x ❡♠

A✳ ❉❡✜♥❛ yn = ϕ(xn) = xn − Fxn✳ ❈♦♠♦ ϕ é ❝♦♥tí♥✉❛✱ s❡❣✉❡✲s❡ q✉❡ yn → y ❡♠ X✳

❆❣♦r❛✱ t❡♠♦s q✉❡

Fxn = xn − yn ♦ q✉❡ ✐♠♣❧✐❝❛ Fxn → x− y := z, ❡♠ X.

P♦r ♦✉tr♦ ❧❛❞♦✱ xn = yn + Fxn → y + z ❡♠ X✳ ▼❛s✱ ❝♦♠♦ (xn) ⊂ A ❡ A é ❢❡❝❤❛❞♦✱

❞❡✈❡♠♦s t❡r y + z ∈ A✳ ▲♦❣♦✱ y = ϕ(y + z) ∈ ϕ(A)✱ ♦✉ s❡❥❛✱ ϕ é ❢❡❝❤❛❞❛✳

❉❡✜♥✐çã♦ ❆✳✼ ❯♠ ❝♦♥❥✉♥t♦ C é ❝❤❛♠❛❞♦ ❞❡ ❝♦♥✈❡①♦ s❡ λx + (1 − λ)y ∈ C s❡♠♣r❡

q✉❡ x, y ∈ C ❡ λ ∈ [0, 1]✳ ❖ ❢❡❝❤♦ ❝♦♥✈❡①♦ ❞❡ C✱ ❞❡♥♦t❛❞♦ ♣♦r convC é ❛ ✐♥t❡rs❡çã♦ ❞❡

t♦❞♦s ♦s ❝♦♥✈❡①♦s q✉❡ ❝♦♥té♠ C✱ ♦✉ s❡❥❛✱

convC =

{
n∑

i=1

λix
i; xi ∈ C, λi ∈ [0, 1] ❡

n∑

i=1

λi = 1

}
.

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ♣♦♥t♦ ✜①♦ ❞❡ ❙❝❤❛✉❞❡r✳

❚❡♦r❡♠❛ ❆✳✽ ❙❡❥❛♠ C ⊂ X ✉♠ ❝♦♥✈❡①♦ ♥ã♦✲✈❛③✐♦✱ ❧✐♠✐t❛❞♦ ❡ ❢❡❝❤❛❞♦ ❡ F : C → C

✉♠❛ ❛♣❧✐❝❛çã♦ γ✲❝♦♥❞❡♥s❛♥t❡✳ ❊♥tã♦✱ F t❡♠ ✉♠ ♣♦♥t♦ ✜①♦✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s s✉♣♦r q✉❡ 0 ∈ C✳ ❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ ♦

t❡♦r❡♠❛ é ✈á❧✐❞♦ ♣❛r❛ γ✲❝♦♥tr❛çõ❡s ❡str✐t❛s✳ ❊♥tã♦✱ ❡s❝♦❧❤❡♥❞♦ (kn) ∈ R ❞❡ ♠❛♥❡✐r❛

q✉❡✱ kn < 1 ♣❛r❛ t♦❞♦ n ∈ N ❡ q✉❡ kn → 1 q✉❛♥❞♦ n → ∞✱ t❡♠♦s q✉❡ knF : C → C

t❡♠ ✉♠ ♣♦♥t♦ ✜①♦ xn✳ ❆ss✐♠✱

xn − Fxn = (kn − 1)Fxn → 0

❡ ♣♦rt❛♥t♦ x− Fx = 0 ♣❛r❛ ❛❧❣✉♠ x ∈ C✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ F ✉♠❛ γ✲❝♦♥tr❛çã♦ ❡str✐t❛ ❝♦♠ ❝♦♥st❛♥t❡ k < 1✳ ❉❡✜♥❛ ❛

s❡q✉ê♥❝✐❛ (Cn) ⊂ X ❞❡❝r❡s❝❡♥t❡ ❞❛❞❛ ♣♦r✱

C0 = C ❡ Cn = conv(FCn−1), ♣❛r❛ n ≥ 1. ✭❆✳✶✮

❚❡♠♦s q✉❡✱ γ(Cn) ≤ γk(Cn−1) ≤ ... ≤ knγ(C0) → 0 q✉❛♥❞♦ n → ∞✳ ❈♦♥s❡q✉❡♥✲

t❡♠❡♥t❡✱ C̃ =
⋂

n

Cn é ♥ã♦ ✈❛③✐♦ ❡ ❝♦♠♣❛❝t♦✳ ❆❧é♠ ❞✐ss♦✱ C̃ é ❝♦♥✈❡①♦ ❡ F é ✉♠❛
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❛♣❧✐❝❛çã♦ ❞❡ C̃ ❡♠ C̃✳ P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ♣♦♥t♦ ✜①♦ ❞❡ ❙❝❤❛✉❞❡r F t❡♠ ✉♠

♣♦♥t♦ ✜①♦ ❡♠ C̃ ⊂ C✳

❆♥t❡s ❞❡ ❢❛❧❛r♠♦s s♦❜r❡ ♦ ❣r❛✉ ♣❛r❛ ❛♣❧✐❝❛çõ❡s γ✲❝♦♥❞❡♥s❛♥t❡s✱ ✈❛♠♦s ❝♦♠❡ç❛r

❞❡✜♥✐♥❞♦ t❡r♥❛ ❛❞♠✐ssí✈❡❧

❉❡✜♥✐çã♦ ❆✳✾ ✭❚❡r♥❛ ❆❞♠✐ssí✈❡❧✮ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ Γ ⊂ X ✉♠ ❛❜❡rt♦

❧✐♠✐t❛❞♦ ❡ F ∈ Cγ(Γ)✳ ❙❡ y /∈ (I − F )(∂Γ)✱ ❞✐③❡♠♦s q✉❡ ❛ t❡r♥❛ (I − F,Γ, y) ∈ Z é

✉♠❛ t❡r♥❛ ❛❞♠✐ssí✈❡❧✳

❙❡❥❛ M ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s t❡r♥❛s ❛❞♠✐ssí✈❡✐s✳ ❉❡✜♥✐r❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦

d : M → Z q✉❡✱ ♣♦st❡r✐♦r♠❡♥t❡✱ ❝❤❛♠❛r❡♠♦s ❞❡ ❣r❛✉ ♣❛r❛ ❛♣❧✐❝❛çõ❡s γ✲❝♦♥❞❡♥s❛♥t❡s✱

q✉❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s três ❝♦♥❞✐çõ❡s✿

(d1) ✭◆♦r♠❛❧✐③❛çã♦✮ d(I,Γ, y) = 1 ♣❛r❛ y ∈ Γ❀

(d2) ✭❆❞✐t✐✈✐❞❛❞❡✮ d(I −F,Γ, y) = d(I −F,Γ1, y)+ d(I −F,Γ2, y) s❡♠♣r❡ q✉❡ Γ1 ❡ Γ2

sã♦ s✉❜❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s✱ ❛❜❡rt♦s ❡ ♥ã♦ ✈❛③✐♦s ❞❡ Γ t❛✐s q✉❡✱ y /∈ (I − F )(Γ \

(Γ1 ∪ Γ2))❀

(d3) ✭■♥✈❛r✐â♥❝✐❛ ♣♦r ❍♦♠♦t♦♣✐❛✮ d(I − H(t, .),Γ, y(t)) é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ t ∈ [0, 1]

s❡♠♣r❡ q✉❡ H ∈ C([0, 1] × Γ) ❡ γ(H([0, 1] × B)) < γ(B) ♣❛r❛ t♦❞♦ B ⊂ Γ ❝♦♠

γ(B) > 0✱ y : [0, 1] → X é ❝♦♥tí♥✉❛ ❡ y(t) 6= x − H(t, x) ♣❛r❛ t♦❞♦ x ∈ ∂Γ ❡

t ∈ [0, 1]✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❞❡✜♥✐çã♦✱ s❡ ❡ss❛ ❢✉♥çã♦ d ❡①✐st❡✱ t❛♠❜é♠ s❛t✐s❢❛③ ❛s

s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

(d4) d(I,Γ, y) 6= 0 ✐♠♣❧✐❝❛ ❡♠ (I − F )−1(y) 6= ∅❀

(d5) d(I−G,Γ, y) = d(I−F,Γ, y) ♣❛r❛ G ∈ Cγ(Γ)∩Br(F ) ❡ d(I−F,Γ, .) é ❝♦♥st❛♥t❡

❡♠ Br(y)✱ ♦♥❞❡ r = ̺(y, (I−F )(∂Γ))✳ ▼❛✐s ❛✐♥❞❛✱ d(I−F,Γ, .) é ❝♦♥st❛♥t❡ s♦❜r❡

t♦❞❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ X \ (I − F )(∂Γ)✳

(d6) d(I −G,Γ, y) = d(I − F,Γ, y) s❡♠♣r❡ q✉❡ G |∂Γ= F |∂Γ❀

(d7) d(I−F,Γ, y) = d(I−F,Γ1, y) ♣❛r❛ t♦❞♦ ❛❜❡rt♦ Γ1 ⊂ Γ t❛❧ q✉❡ y 6= (I−F )(Γ\Γ1)✳
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❱❛♠♦s ♦❜s❡r✈❛r q✉❡ d é ❞❡t❡r♠✐♥❛❞♦ ♣♦r s❡✉s ✈❛❧♦r❡s ♥❛s t❡r♥❛s ❛❞♠✐ssí✈❡✐s✱ s❡

F é ✉♠❛ γ✲❝♦♥tr❛çã♦ ❡str✐t❛ ♣♦✐s✱ ❞❡ (d3)✱ ❝♦♥s✐❞❡r❛♥❞♦ H(t, x) = (1 − t(1 − k))Fx

♣❛r❛ k < 1 ❡ 1− k s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠♦s

d(I − F,Γ, y) = d(I − kF,Γ, y).

❈♦♠ ✐ss♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r F ✉♠❛ γ✲❝♦♥tr❛çã♦ ❡str✐t❛ ❝♦♠ k < 1✳

❖❜s❡r✈❡ q✉❡✱ (I − F )−1(y) = ∅ ❡♥tã♦ d(I − F,Γ, y) = 0✳ ❆ss✐♠✱ ✈❛♠♦s ❛ss✉♠✐r

q✉❡ (I − F )−1(y) 6= ∅✳

❈♦♥s✐❞❡r❡

C0 = conv(F (Γ) + y) ❡ Cn = conv(F (Γ ∩ Cn−1) + y) ♣❛r❛ n ≥ 1. ✭❆✳✷✮

❈♦♠♦ ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ❆✳✽✱ (Cn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡❝r❡s❝❡♥t❡ ❞❡ ❝♦♥❥✉♥t♦s ❝♦♥✈❡✲

①♦s ❢❡❝❤❛❞♦s t❛✐s q✉❡ γ(Cn) → 0 q✉❛♥❞♦ n → +∞✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ C∞ =
⋂

n≥0

Cn

é ✉♠ ❝♦♥✈❡①♦ ❝♦♠♣❛❝t♦ ✭✈❡r ❬✹✶❪✮✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ Cn✱ t❡♠♦s q✉❡

(I − F )−1(y) ⊂ C∞ ∩ Γ ❡ F (Γ ∩ C∞) + y ⊂ C∞.

❆❣♦r❛✱ s❡❥❛ C∞ 6= ∅ ❡ R : X → C∞ ✉♠❛ r❡tr❛çã♦✳ ❊♥tã♦✱ R−1(Γ)∩Γ é ✉♠ ❛❜❡rt♦

❡ (I − F )−1(y) ⊂ R−1(Γ) ∩ Γ✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ (d2) ✐♠♣❧✐❝❛ q✉❡

d(I − F,Γ, y) = d(I − F,R−1(Γ) ∩ Γ, y)

♠❛s✱ ♥♦t❡ q✉❡✱ ❡ss❡ ✐♥t❡✐r♦ é ✐❣✉❛❧ ❛ d(I − FR,R−1(Γ) ∩ Γ, y)✳ ❈♦♥s✐❞❡r❡ H(t, x) =

Fx + t(FRx− Fx) ❡♠ [0, 1]× R−1(Γ) ∩ Γ✳ ❚❡♠♦s q✉❡✱ H é ❝♦♥tí♥✉♦ ❡ ♣❡❧❛ ❞❡✜♥✐çã♦

❞♦s ❝♦♥❥✉♥t♦s Cn✱ x−H(t, x) = y ✐♠♣❧✐❝❛ q✉❡

x = (1− t)(Fx+ y) + t(FRx+ y) ∈ conv(F (Γ ∩ Cn) + y), ♣❛r❛ t♦❞♦ n ≥ 0.

▲♦❣♦✱ x ∈ C∞✱ Rx = x ❡ x−H(t, x) = x− Fx = y✳ ▼❛s✱ (I − F )−1(y) ⊂ R−1(Γ) ∩ Γ

❡ ♣♦rt❛♥t♦ x /∈ ∂(R−1(Γ) ∩ Γ)✳ ❉❡s❞❡ q✉❡✱ R ∈ K(X)✱ t❡♠♦s t❛♠❜é♠ q✉❡

γ(H(J × B)) ≤ γ(conv(FB ∪ FRB)) = γ(FB ∪ FRB) ≤ γ(FB) ≤ kγ(B).

P♦rt❛♥t♦✱ ❛♣❧✐❝❛♥❞♦ (d3) ❛ ❛✜r♠❛çã♦ ❡stá ❞❡♠♦♥str❛❞❛✳

❱❛♠♦s ✈❡r✐✜❝❛r q✉❡✱ d é ❞❡✜♥✐❞♦✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♥❛s t❡r♥❛s ❛❞♠✐ssí✈❡✐s q✉❛♥❞♦

F ∈ K(Γ)✳ ▼❛s✱ ♥❡st❡ s✉❜❝♦♥❥✉♥t♦ ❡①✐st❡ ❛♣❡♥❛s ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ (d1)− (d3)✱

✼✹



q✉❡ é ♦ ❣r❛✉ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r ❞❡♥♦t❛❞♦ ♣♦r dLS✳ ❆ss✐♠✱ ❝♦♠♦ F é ❝♦♥tí♥✉❛ ❡ R é

❝♦♠♣❛❝t❛✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

d(I − F,Γ, y) = dLS(I − FR,R−1(Γ) ∩ Γ, y), s❡ (I − F )−1(y) 6= ∅

d(I − F,Γ, y) = 0, s❡ (I − F )−1(y) = ∅.
✭❆✳✸✮

P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ ❞❡ ✭❆✳✸✮ ♥ã♦ ♠✉❞❛ s❡

s✉❜st✐t✉✐r♠♦s R ♣♦r R̃✱ ❛ r❡tr❛çã♦ ❞❡ X s♦❜r❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❡ ❝♦♥✈❡①♦ C

t❛❧ q✉❡ C∞ ⊂ C✱ F (Γ∩C) + y ⊂ C ❡ F (Γ∩C) é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳ ✭❊st❡ t❛❧ C

é ❞✐t♦ s❡r ❛❞♠✐ssí✈❡❧✳✮

❉❡ ❢❛t♦✱ s❡❥❛♠ Γ1 = R−1(Γ) ∩ Γ✱ Γ2 = R̃−1(Γ) ∩ Γ ❡ Γ3 = Γ1 ∩ Γ2✳ ❊♥tã♦✱ ❞❛s

♣r♦♣r✐❡❞❛❞❡s ❞♦ ❣r❛✉ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r✱ t❡♠♦s

d(I − FR,Γ1, y) = d(I − FR,Γ3, y) d(I − FR̃,Γ2, y) = d(I − FR̃,Γ3, y).

❱❛♠♦s ✈❡r q✉❡✱ d(I − FR,Γ3, y) = d(I − FR̃,Γ3, y)✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ H(t, .) =

tFR + (1− t)FR̃ q✉❡ é ❝♦♥tí♥✉❛ ❡♠ [0, 1]× Γ3✳ ❆❧é♠ ❞✐ss♦✱

H(J × Γ3) ⊂ conv(F (Γ ∩ C∞) ∪ F (Γ ∩ C))

é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡ x−H(t, x) = y ✐♠♣❧✐❝❛ ❡♠ x ∈ C∞✱ ♦✉ s❡❥❛✱ Rx = R̃x = x

❡ ❛ss✐♠✱ x ∈ (I − F )−1(y) ⊂ Γ3✳ P♦rt❛♥t♦✱ ♣♦r (d3) ❞♦ ❣r❛✉ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r✱ t❡♠♦s

♠♦str❛❞♦ ♦ q✉❡ q✉❡rí❛♠♦s✳

❆❣♦r❛✱ ♥♦t❡ q✉❡ ❝♦♠❡ç❛♠♦s ❛ ❝♦♥str✉çã♦ ❞❡ d ❝♦♠ ❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ✭❆✳✸✮✳

P❛r❛ ✜♥❛❧✐③❛r♠♦s ❡st❛ ❝♦♥str✉çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦ s❡❣✉✐♥t❡ ❚❡♦r❡♠❛ q✉❡ ♣♦❞❡ s❡r

❡♥❝♦♥tr❛❞❛ ❡♠ ❉❡✐♠❧✐♥❣ ❬✷✻❪✳

❚❡♦r❡♠❛ ❆✳✶✵ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡

M = {(I − F,Γ, y); Γ ⊂ X ❛❜❡rt♦ ❧✐♠✐t❛❞♦ , F ∈ Cγ(Γ) ❡ y 6= (I − F )(∂Γ)}.

❊♥tã♦✱

(a) ❊①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ d : M → Z s❛t✐s❢❛③❡♥❞♦ (d1) − (d3)✱ ❝❤❛♠❛❞❛ ✧♦ ❣r❛✉

♣❛r❛ ❛♣❧✐❝❛çõ❡s γ✲❝♦♥❞❡♥s❛♥t❡s✧❀

(b) ❙❡❥❛ F ∈ SCγ(Γ)✳ ❊♥tã♦ d(I − F,Γ, y) = dLS(I − FR,R−1(Γ) ∩ Γ, y) s❡ ❡①✐st❡

✉♠ ❝♦♥✈❡①♦ ❢❡❝❤❛❞♦ C ⊂ X t❛❧ q✉❡ C∞ ⊂ C✱ F (Γ ∩ C) + y ⊂ C ❡ F (Γ ∩ C)

é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳ ❆q✉✐✱ C∞ =
⋂

n≥0

Cn é ❞❡✜♥✐❞♦ (A.1) ❡ R é q✉❛❧q✉❡r

r❡tr❛çã♦ ❡♠ C✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ C∞ 6= ∅✱ ❡♥tã♦ C = C∞ é ❛❞♠✐ssí✈❡❧✳ ❙❡ ♥ã♦

❡①✐st❡ t❛❧ C✱ ❡♥tã♦ d(I − F,Γ, y) = 0❀

✼✺



(c) ❙❡ F é ❛♣❡♥❛s ❝♦♥❞❡♥s❛♥t❡✱ ❡♥tã♦ d(I−F,Γ, y) = d(I−kF,Γ, y)✱ ♦♥❞❡ k ∈ [0, 1)

❡ (1− k) sup{|Fx|; x ∈ Γ} < ̺(y, (I − F )(∂Γ))✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ❞❡ ❝♦st✉♠❡✱ (d4) − (d7) s❡❣✉❡ ❞❡ (d1) − (d3)✱ ❞❡s❞❡ q✉❡✱ ❡♠

♣❛rt✐❝✉❧❛r✱ H(t, x) = tFx + (1− t)Gx ❝♦♠ x ∈ J = [0, 1] ❡ F,G ∈ Cγ(Ω) é ❛❞♠✐ssí✈❡❧

♣❛r❛ (d3)✳ ❆❧é♠ ❞✐ss♦✱ (d1) é ó❜✈✐♦ ❡ (d2) s❡❣✉❡ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❣r❛✉ ❞❡ ▲❡r❛②✲

❙❝❤❛✉❞❡r✳

P❛r❛ (d3) é s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r ✉♠❛ γ✲❝♦♥tr❛çã♦ ❡str✐t❛H ❝♦♠ ❝♦♥st❛♥t❡ k < 1 ❡

y : J → X ❝♦♥tí♥✉❛✱ t❛❧ q✉❡ y(t) 6= x−H(t, x) s♦❜r❡ J×∂Γ✳ ❙❡❥❛♠✱ C0 = conv(H(J×

Γ) + y(J))✱ Cn = conv(H(J × Γ ∩ Cn−1) + y(J)) ♣❛r❛ n ≥ 1 ❡ C∞(H) =
⋂

n≥0

Cn✳

❊♥tã♦✱ C∞(H) é ❝♦♠♣❛❝t♦ ❡ ❝♦♥✈❡①♦✱ ❡ x = H(t, x) + y(t) ✐♠♣❧✐❝❛ ❡♠ x ∈ C∞(H)✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ C∞(H) = ∅ ✐♠♣❧✐❝❛ ❡♠

d(I −H(t, .),Γ, y(t)) = 0 s♦❜r❡ J.

❙❡❥❛♠ C∞(H) 6= ∅ ❡ R ❛ r❡tr❛çã♦ ♣❛r❛ C∞(H)✳ ❖❜s❡r✈❡ q✉❡✱ C∞(H) é ✉♠

❝♦♥❥✉♥t♦ C ❛❞♠✐ssí✈❡❧ ♣❛r❛ t♦❞♦ H(t, .)✱ ❡ ♣♦rt❛♥t♦

d(I −H(t, .),Γ, y(t)) = d(I −H(t, .), R−1(Γ) ∩ Γ, y(t)) s♦❜r❡ J ♣♦r ❞❡✜♥✐çã♦.

▼❛s✱ γ(H(J × R(R−1(Γ) ∩ Γ))) = 0. ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❣r❛✉ ❞❡

▲❡r❛②✲❙❝❤❛✉❞❡r✱ t❡♠♦s q✉❡ d(I −H(t, .),Γ, y(t)) é ❝♦♥st❛♥t❡ ❡♠ J ✳

✼✻



❆♣ê♥❞✐❝❡ ❇

❖ ❈❛s♦ [Q] = 0

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ ❛♣ê♥❞✐❝❡ é ♠♦str❛r ♦ ❝♦r♦❧ár✐♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✸✱ ♦✉ s❡❥❛✱ ✈❡r✐✜❝❛r

❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ) q✉❛♥❞♦ [Q] = 0✳ ❉✐③❡r q✉❡ [Q] = 0 é ❛

♠❡s♠❛ ❝♦✐s❛ q✉❡ ❝♦♥s✐❞❡r❛r Q(x, y) = Q(y)✱ ✐st♦ é✱ ❛ ❢✉♥çã♦ Q ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛

✈❛r✐á✈❡❧ y✳

❈♦♥s✐❞❡r❡ ♣❛r❛ ❝❛❞❛ w ∈ C(Ω)✱ ❛ ❢✉♥çã♦ Φw : Ω −→ R ❞❡✜♥✐❞❛ ♣♦r

Φw(x) =

∫

Ω

Q(y)|w(y)|pdy = ‖w‖pLp(Ω;Q),

♦♥❞❡ p > 0 ❡ Q é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ♥ã♦✲♥❡❣❛t✐✈❛ s❛t✐s❢❛③❡♥❞♦ (Q′′
2)✱ ✐st♦ é✱ ❡①✐st❡

✉♠ σ > 0 t❛❧ q✉❡ Q(y) ≥ σ ♣❛r❛ t♦❞♦ y ∈ Ω✳

❚❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

▲❡♠❛ ❇✳✶ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (λn, un) ❞❡ s♦❧✉çõ❡s ♣❛r❛

LKun(x) + Φun
(x)un = λnun

❝♦♠ un > 0 ❡ λn → λ✳ ❊♥tã♦ ❡①✐st❡ ρ > 0 t❛❧ q✉❡ λ− ‖Φun
‖∞ ≥ ρ✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✷✳✶✳✶✵✱ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ Lp(Ω)✱ ❡ ❝♦♠♦

p > 1✱ ❡①✐st❡ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (un)✱ q✉❡ s❡rá ❞❡♥♦t❛❞❛ ❞❡ ♠❡s♠❛ ❢♦r♠❛✱ t❛❧ q✉❡

un ⇀ u ❡♠ Lp(Ω)✳ ❈♦♠♦ (LKun) ❡ (Φun
) sã♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡s ❡♠ C(Ω)✱

s✉♣♦♠♦s q✉❡ LKun → w ❡ Φun
→ v ❡♠ C(Ω) r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▼❛s✱ ❝♦♠♦ LK é ✉♠

♦♣❡r❛❞♦r ❧✐♥❡❛r ❝♦♠♣❛❝t♦✱ t❡♠♦s

LKun(x) =

∫

Ω

K(x, y)un(y)dy →

∫

Ω

K(x, y)u(y)dy = LKu(x) ❡♠ Ω,



❡ ❛ss✐♠✱ LKun → LKu ❡♠ C(Ω)✳ ❊♠ s❡❣✉✐❞❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ Φun
→ Φu ❡♠ C(Ω)✱

♥♦ ❡♥t❛♥t♦ ❝♦♠♦ Φ ♥ã♦ é ❧✐♥❡❛r ♦ ❛r❣✉♠❡♥t♦ ❛❝✐♠❛ ♥ã♦ ❢✉♥❝✐♦♥❛ ❜❡♠✱ ❡ ♣r❡❝✐s❛♠♦s ✉s❛r

♦✉tr♦s ❛r❣✉♠❡♥t♦s✳ ❉♦ ❧✐♠✐t❡ Φun
→ v ❡♠ C(Ω)✱ s❛❜❡♠♦s q✉❡ Φun

(x) → v(x), ∀x ∈ Ω.

❆❣♦r❛✱ s❡♥❞♦ λn −Φun
(x) > 0✱ t❡♠♦s λ− v(x) ≥ 0✳ P❛ss❛♥❞♦ ♦ ❧✐♠✐t❡ ❢r❛❝♦ ♥♦ s❡♥t✐❞♦

Lp(Ω) ❡♠ LKun + Φun
(x)un = λnun✱ ♦❜t❡♠♦s

LKu = (λ− v(x))u q✳t✳♣✳ ❡♠ Ω.

❆ss✐♠✱ t❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿ u ≡ 0 ❡ u 6= 0✳

❙❡ u 6= 0✱ ❡♥tã♦ ❞♦ ▲❡♠❛ ✶✳✶✳✻ t❡♠♦s q✉❡✱ λ − v(x) > 0 ❡♠ x ∈ Ω ❡ ♦ r❡s✉❧t❛❞♦

❡stá ❞❡♠♦♥str❛❞♦✳

❆❣♦r❛✱ s❡ u ≡ 0✱ ♣❛r❛ x ∈ Ω t❡♠♦s q✉❡

LKun + Φun
(x)un = λnun ⇒ LKun + ‖un‖

p
Lp(Ω;Q)un = λnun

♦✉ s❡❥❛✱

LKun = (λn − ‖un‖
p
Lp(Ω;Q))un, ❡♠ Ω.

❙❡♥❞♦ un > 0 ♣❛r❛ t♦❞♦ n ∈ N ❞❡✈❡♠♦s t❡r

un(x) = tnφ1(x) ❡ λn − ‖un‖
p
Lp(Ω;Q) = λ1 ♣❛r❛ t♦❞♦ n ∈ N ❡ t♦❞♦ x ∈ Ω

♦♥❞❡ φ1 é ❛✉t♦❢✉♥çã♦ ♣♦s✐t✐✈❛ ❛ss♦❝✐❛❞❛ ❛♦ ❛✉t♦✈❛❧♦r ♣r✐♥❝✐♣❛❧ λ1✳ ❉❛í✱

LK(tnφ1) = (λn − tpn‖φ1‖
p
Lp(Ω;Q))(tnφ1) ♣❛r❛ t♦❞♦ n ∈ N

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

tnλ1φ1 = (λn − tpn‖φ1‖
p
Lp(Ω;Q))(tnφ1) ♣❛r❛ t♦❞♦ n ∈ N

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

λ1 = λn − tpn‖φ1‖
p
Lp(Ω;Q) ♣❛r❛ t♦❞♦ n ∈ N.

P♦rt❛♥t♦✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✱ ✐st♦ é✱

λn − Φun
(x) = λ1 > 0, ♣❛r❛ t♦❞♦ n ∈ N ❡ t♦❞♦ x ∈ Ω.
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