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■♥ t❤✐s ✇♦r❦ ✇❡ ✇✐❧❧ st✉❞② r✐❣✐❞✐t② ♦❢ ❝❧♦s❡❞ ❤②♣❡rs✉r❢❛❝❡s ✭✐✳❡✳✱ ❝♦♠♣❛❝t ✇✐t❤♦✉t

❜♦r❞❡r✮ ✇✐t❤ ❝♦♥st❛♥t s❝❛❧❛r ❝✉r✈❛t✉r❡ ✐s♦♠❡tr✐❝❛❧❧② ✐♠♠❡rs❡❞ ✐♥ ❛ ❘✐❡♠❛♥♥✐❛♥ s♣❛❝❡

❢♦r♠ ✇✐t❤ ❝♦♥st❛♥t s❡❝t✐♦♥❛❧ ❝✉r✈❛t✉r❡✳ ■♥ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥✱ ✇❡ ✇✐❧❧ ❡st❛❜❧✐s❤ ❛

❙✐♠♦♥s✲t②♣❡ ❢♦r♠✉❧❛ ❛♥❞✱ ❛s ❛♥ ❛♣♣❧✐❝❛t✐♦♥✱ ❛♥ ✐♥t❡❣r❛❧ ✐♥❡q✉❛❧✐t② ✇✐t❤ t❤❡ ♥♦r♠ ♦❢

t❤❡ s❡❝♦♥❞ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r♠ ✇✐t❤♦✉t ❛ tr❛❝❡ ❛♥❞ ❛ ❝❡rt❛✐♥ ❢✉♥❝t✐♦♥ ❞❡♣❡♥❞✐♥❣ ♦♥

t❤❡ s❝❛❧❛r ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❤②♣❡rs✉r❢❛❝❡ ❛♥❞ ♦♥ t❤❡ s❡❝t✐♦♥❛❧ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❛♠❜✐❡♥t

s♣❛❝❡✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ❡q✉❛❧✐t② ✐s ❛❝❤✐❡✈❡❞ ✐♥ t❤✐s ✐♥t❡❣r❛❧ ✐♥❡q✉❛❧✐t② ✐♥ ❛ t♦t❛❧❧②

✉♠❜✐❧✐❝❛❧ ❤②♣❡rs✉r❢❛❝❡s ❛♥❞ ✐♥ ❛ ❝❡rt❛✐♥ ❈❧✐✛♦r❞ t♦r✉s✱ ✇❤❡♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ✐s t❤❡
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✶✳✸ ■♠❡rsõ❡s ■s♦♠étr✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✶✳✹ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ❡♠ ❋♦r♠❛s ❊s♣❛❝✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷ ❘❡s✉❧t❛❞♦s ❛✉①✐❧✐❛r❡s ✹✺

✷✳✶ ❯♠❛ ❢ór♠✉❧❛ t✐♣♦ ❙✐♠♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✷✳✷ ❖ ♦♣❡r❛❞♦r q✉❛❞r❛❞♦ ❞❡ ❈❤❡♥❣✲❨❛✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✷✳✸ ❆❧❣✉♥s ❧❡♠❛s ✐♠♣♦rt❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✸ ❘❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ✻✵

❇✐❜❧✐♦❣r❛✜❛ ✻✾



■♥tr♦❞✉çã♦

◆♦ ✜♥❛❧ ❞♦s ❛♥♦s 70✱ ❈❤❡♥❣ ❡ ❨❛✉ ❬✼❪ ✐♥tr♦❞✉③✐r❛♠ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛

❛♥❛❧ít✐❝❛ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❤✐s♣❡rs✉♣❡r❢í❝✐❡s Mn ❝♦♠♣❧❡t❛s ❝♦♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❝♦♥s✲

t❛♥t❡ R ✐♠❡rs❛s ✐s♦♠❡♥tr✐❝❛♠❡♥t❡ ❡♠ ✉♠❛ ❢♦r♠❛ ❡s♣❛❝✐❛❧ ❘✐❡♠❛♥♥✐❛♥❛ Qn+1(c) ❞❡

❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ c = 0, 1,−1✳ ❉❡ ❢❛t♦✱ ❡❧❡s ✐♥tr♦❞✉③✐r❛♠ ✉♠ ♥♦✈♦ ♦♣❡r❛✲

❞♦r ❞✐❢❡r❡♥❝✐❛❧ ❧✐♥❡❛r ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞❡♥♦t❛❞♦ ♣♦r �✳ ◆❛t✉r❛❧♠❡♥t❡ ❡st❡ ♦♣❡r❛❞♦r

❡st❡♥❞❡ ♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ♦♣❡r❛❞♦r ▲❛♣❧❛❝✐❛♥♦✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ ❣♦③❛r ❞❡ ❛❧❣✉♠❛s

❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ▲❛♣❧❛❝✐❛♥♦ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❡❧✐♣✐❝✐❞❛❞❡ ❡ s❡r ✉♠❛ ❞✐✈❡r❣ê♥❝✐❛✱

❢❛③✲s❡ ♥❡❝❡ssár✐♦ ❛❧❣✉♠❛s ❤✐♣ót❡s❡s ❣❡♦♠étr✐❝❛s ❛❞✐❝✐♦♥❛✐s✳ ❈♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ss❡

♦♣❡r❛❞♦r✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ é ❛ ❡s❢❡r❛ ❊✉❝❧✐❞✐❛♥❛ Sn+1✱ ❈❤❡♥❣ ❡ ❨❛✉

♠♦str❛r❛♠ q✉❡ ❛s ú♥✐❝❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ❡♠ Sn+1 ❝♦♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r

♥♦r♠❛❧✐③❛❞❛ ❝♦♥st❛♥t❡ R ≥ 1 ❡ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ♥ã♦ ♥❡❣❛t✐✈❛ sã♦ ♦✉ ✉♠❛ ❤✐♣❡rs✉✲

♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ♦✉ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐s♦♠étr✐❝❛ ❛♦ ♣r♦❞✉t♦ ❞❡ ❡s❢❡r❛s

Sm(
√
1− r2)× Sn−m(r) ⊂ Sn+1✱ ❝♦♠ 1 ≤ m ≤ n− 1 ❡ 0 < r < 1.

❯♠❛ ✈❡③ ❞❡✜♥✐❞♦ ♦ ♦♣❡r❛❞♦r q✉❛❞r❛❞♦ ♣♦r ❈❤❡♥❣ ❡ ❨❛✉✱ s✉r❣✐r❛♠ ❞✐✈❡rs❛s ❛♣❧✐✲

❝❛çõ❡s ❞❡st❡ ♦♣❡r❛❞♦r ♥♦s ♠❛✐s ✈❛r✐❛❞♦s ❝♦♥t❡①t♦s✳ ◆❡st❡ s❡♥t✐❞♦✱ s❡❣✉✐♥❞♦ s✉❛ ❛❜♦r✲

❞❛❣❡♠✱ ❢♦r❛♠ ❡st❛❜❡❧❡❝✐❞♦s ❞✐❢❡r❡♥t❡s r❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③ ♣❛r❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠

❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❝♦♥st❛♥t❡✳ ▲✐ ❬✶✷❪✱ ♣♦r ❡①❡♠♣❧♦✱ ❡st✉❞♦✉ ❛ r✐❣✐❞❡③ ❞❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s

♦r✐❡♥t❛❞❛s ❢❡❝❤❛❞❛s ✭❝♦♠♣❛❝t❛s s❡♠ ❢r♦♥t❡✐r❛✮ ❝♦♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ♥ã♦ ♥❡❣❛t✐✈❛

✐♠❡rs❛s ♥❛ ❡s❢❡r❛ ✉♥✐tár✐❛ ❝♦♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ♣r♦♣♦r❝✐♦♥❛❧ à ❝✉r✈❛t✉r❛ ♠é❞✐❛✳ ◆❛

s❡q✉ê♥❝✐❛✱ ▲✐ ❬✶✸❪✱ ❝❛r❛❝t❡r✐③♦✉ ❤✐♣❡rs✉♣❡❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❡ t♦r♦s ❝♦♠ ❝✉r✈❛✲

t✉r❛ ❡s❝❛❧❛r ❝♦♥st❛♥t❡ ❞❛ ❢♦r♠❛ S1(
√
1− r2)×Sn−1(r) ⊂ Sn+1 ❡♠ t❡r♠♦s ❞❡ ✉♠❛ ♥♦✈❛

❡st✐♠❛t✐✈❛ ❞❛ ♥♦r♠❛ ❛♦ q✉❛❞r❛❞♦ ❞❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡✳

❊st❡♥❞❡♥❞♦✱ ❛ss✐♠✱ ♣❛r❛ ♦ ❝❛s♦ ❞❛ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❝♦♥st❛♥t❡✱ ✉♠ r❡s✉❧t❛❞♦ ♣ré✈✐♦



✼

❜❡♠ ❝♦♥❤❡❝✐❞♦ ❞❡ ❆❧❡♥❝❛r ❡ ❞♦ ❈❛r♠♦ ❬✶❪ ❧✐❞❛♥❞♦ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡✳

❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ss❡ r❡s✉❧t❛❞♦ ❞❡ ▲✐✱ ♣♦❞❡♠♦s ❡st❛❜❡❧❡❝❡r ♦ ❚❡♦r❡♠❛ 0.1✱

❡♥❝♦♥tr❛❞♦ ❧♦❣♦ ❛ s❡❣✉✐r✱ ♣❛r❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ❝♦♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❝♦♥s✲

t❛♥t❡ ❡♠ Sn+1 ❡♠ t❡r♠♦s ❞♦ t❡♥s♦r ❞❡ ✉♠❜✐❧✐❝✐❞❛❞❡ ✭❱❡❥❛ ❬✸❪✮✳

❚❡♦r❡♠❛ ✵✳✶ ❙❡❥❛Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥t❛❞❛ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐♠❡rs❛

♥❛ ❡s❢❡r❛ ❡✉❝❧✐❞✐❛♥❛ ✉♥✐tár✐❛ Sn+1, (n ≥ 3) ❝♦♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r R ❝♦♥st❛♥t❡ ♥♦r✲

♠❛❧✐③❛❞❛ s❛t✐s❢❛③❡♥❞♦ R ≥ 1✳ ❙❡❥❛ ❛✐♥❞❛ Φ ♦ t❡♥s♦r ❞❡ ✉♠❜✐❧✐❝✐❞❛❞❡ ❞❛ ✐♠❡rsã♦ ❡

s✉♣♦♥❤❛♠♦s q✉❡

|Φ|2 ≤ α(n,R, 1) =
n(n− 1)R2

(n− 2)(n(R− 1) + 2)
> 0.

❊♥tã♦✿

✭✐✮ ♦✉ |Φ| = 0 ❡ Mn é s✉♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✱

✭✐✐✮ ♦✉ |Φ|2 = αR > 0 ❡ Σ é ✉♠ t♦r♦ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ S1(
√
1− r2) ×

Sn−1(r) ∈ Sn+1✱ ❝♦♠ r =
√

(n− 2)/nR✳

❘❡❝❡♥t❡♠❡♥t❡✱ ❆❧í❛s ❡ ▼❡❧é♥❞❡③ ❬✹❪ ❡st✉❞❛r❛♠✱ ❛ r✐❣✐❞❡③ ❞❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠✲

♣❛❝t❛s ❝♦♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❝♦♥st❛♥t❡ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐♠❡rs❛s ♥❛ ❡s❢❡r❛ ❡✉❝❧✐❞✐❛♥❛

Sn+1✳ ❇❛s❡❛❞♦ ♥❡ss❡ ❡st✉❞♦✱ ❡♠ ♥♦ss♦ tr❛❜❛❧❤♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡st❛❜❡❧❡❝❡r

✉♠❛ ✈❡rsã♦ ✐♥t❡❣r❛❧ ❞♦ ❚❡♦r❡♠❛ ❛♥t❡r✐♦r✳ ❯t✐❧✐③❛r❡♠♦s ❞❡ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✐♥t❡❣r❛❧

t✐♣♦ ❙✐♠♦♥s ❡♥✈♦❧✈❡♥❞♦ ❛ ♥♦r♠❛ ❞❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ s❡♠ tr❛ç♦ Φ✱ ❝♦♠ ❛

✐❣✉❛❧❞❛❞❡ ❝❛r❛❝t❡r✐③❛♥❞♦ ❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛s ❡ ♦ t♦r♦ ❞❡ ❈❧✐✛♦r❞

S1(
√
1− r2)× Sn−1(r)✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♠♦str❛r❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✵✳✷ ❙❡❥❛Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥t❛❞❛ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐♠❡rs❛

♥❛ ❡s❢❡r❛ ❡✉❝❧✐❞✐❛♥❛ ✉♥✐tár✐❛ Sn+1(n ≥ 3) ❝♦♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r R ❝♦♥st❛♥t❡ s❛t✐s❢❛✲

③❡♥❞♦ R > 1✳ ❊♥tã♦ ∫

M

|Φ|p+2QR(|Φ|)dM ≥ 0

♣❛r❛ t♦❞♦ ♥ú♠❡r♦ r❡❛❧ p > 2✱ ❡♠ q✉❡ QR é ❛ ❢✉♥çã♦ r❡❛❧

QR(x) = (n− 2)x2 + (n− 2)x
√

x2 + n(n− 1)(R− 1)− n(n− 1)R.

❆❞❡♠❛✐s✱ ❛ ✐❣✉❛❧❞❛❞❡ ✈❛❧❡ s❡ ❡ s♦♠❡♥t❡ s❡

✭✐✮ ♦✉ |Φ| = 0 ❡ Mn é ❤✐♣❡rs✉♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✱



✽

✭✐✐✮ ♦✉

|Φ|2 = α(n,R, 1) =
n(n− 1)R2

(n− 2)(n(R− 1) + 2)
> 0

❡ Mn é ✐s♦♠étr✐❝❛ ❛ ✉♠ t♦r♦ ❞❡ ❈❧✐✛♦r❞ S1(
√
1− r2) × Sn−1(r) →֒ Sn+1✱ ❝♦♠

r =
√

(n− 2)/nR✳

❆❧é♠ ❞❡st❡✱ t❛♠❜é♠ ❡st✉❞❛♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ é ♦ ❡s♣❛ç♦

❊✉❝❧✐❞✐❛♥♦ ♦✉ ♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦✳ ◆❡st❡ s❡♥t✐❞♦✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ✵✳✸ ❙❡❥❛Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥t❛❞❛ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐♠❡rs❛

❡♠ ✉♠❛ ❢♦r♠❛ ❡s♣❛❝✐❛❧ ❘✐❡♠❛♥♥✐❛♥❛ Qn+1
c ✭c ∈ {0,−1} ❡ n ≥ 3✮ ❝♦♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r

R > 0✳ ❊♥tã♦ ∫

M

|Φ|p+2QR,c(|Φ|)dM ≥ 0

♣❛r❛ t♦❞♦ ♥ú♠❡r♦ r❡❛❧ p > 2✱ ❡♠ q✉❡ QR,c é ❛ ❢✉♥çã♦ r❡❛❧

QR,c(x) = −(n− 2)x2 − (n− 2)x
√

x2 + n(n− 1)(R− c) + n(n− 1)R.

❆❧é♠ ❞✐ss♦✱ ❛ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Mn é t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✳

❖❜s❡r✈❛♠♦s q✉❡ ♥❡st❡ ú❧t✐♠♦ ❝❛s♦ ❝❛r❛❝t❡r✐③❛♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ❛♣❡♥❛s ❝♦♠ ❛s

❤✐♣❡rs✉♣❡r❢í❝✐❡s t♦t❛❧♠❡♥t❡ ✉♠❜✐❧✐❝❛s✱ ✉♠❛ ✈❡③ q✉❡ ♥❡ss❡s ❡s♣❛ç♦s ❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s

✐s♦♣❛r❛♠étr✐❝❛s ❝♦♠ ❞✉❛s ❝✉r✈❛t✉r❛s ♣r✐♥❝✐♣❛✐s ❞✐st✐♥t❛s ♥ã♦ sã♦ ❝♦♠♣❛❝t❛s✳

❊st❡ tr❛❜❛❧❤♦ ❞❡ ❞✐ss❡rt❛çã♦✱ t❡✈❡ ❝♦♠♦ ❜❛s❡ ♦ ❛rt✐❣♦ ✐♥t✐t✉❧❛❞♦✿ ■♥t❡❣r❛❧ ■♥❡✲

q✉❛❧✐t✐❡s ❢♦r ❈♦♠♣❛❝t ❍②♣❡rs✉r❢❛❝❡s ✇✐t❤ ❈♦♥st❛♥t ❙❝❛❧❛r ❈✉r✈❛t✉r❡ ✐♥ t❤❡ ❊✉❝❧✐❞❡❛♥

❙♣❤❡r❡✱ ♣✉❜❧✐❝❛❞♦ ❡♠ 2020 ♥♦ ▼❡❞✐t❡rr❛♥❡❛♥ ❏♦✉r♥❛❧ ▼❛t❤❡♠❛t✐❝❛❧ ❬✹❪✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

❊st❡ ❝❛♣ít✉❧♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❡st❛❜❡❧❡❝❡r ❛s ♥♦t❛çõ❡s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ♥♦s

❞❡♠❛✐s ❝❛♣ít✉❧♦s ❞❡st❡ tr❛❜❛❧❤♦✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✱ ✐♥❞✐❝❛♠♦s ❛♦ ❧❡✐t♦r ❛ r❡❢❡rê♥❝✐❛

❬✾❪ ❡ ❬✶✻❪✳

✶✳✶ ❚❡♥s♦r❡s ❡♠ ❱❛r✐❡❞❛❞❡s

◆♦ q✉❡ s❡❣✉❡✱ V1, . . . , Vs ❞❡♥♦t❛♠ ♠ó❞✉❧♦s s♦❜r❡ ✉♠ ❛♥❡❧ K ❡ ♦ ❝♦♥❥✉♥t♦

V1 × . . .× Vs = {(v1, . . . , vs); vi ∈ Vi, 1 ≤ i ≤ s}

♠✉♥✐❞♦ ❝♦♠ ❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s ❞❡ s♦♠❛ ❡ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ K é ✉♠

♠ó❞✉❧♦ s♦❜r❡ K ❝❤❛♠❛❞♦ ♣r♦❞✉t♦ ❞✐r❡t♦✳

❙❡ W é t❛♠❜é♠ ✉♠ ♠ó❞✉❧♦ s♦❜r❡ K✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ ❛ ❢✉♥çã♦

A : V1 × . . .× Vs → W

é K✲♠✉❧t✐❧✐♥❡❛r q✉❛♥❞♦ A é K−❧✐♥❡❛r ❡♠ ❝❛❞❛ ❡♥tr❛❞❛✳ ❙❡ V é ✉♠ ♠ó❞✉❧♦ s♦❜r❡ K✱

❝♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦

V ∗ = {f : V → K; f é K− linear}.

▼✉♥✐❞♦ ❝♦♠ ❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s ❞❡ s♦♠❛ ❡ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ K✱

♦❜t❡♠♦s q✉❡ V ∗ é ✉♠ ♠ó❞✉❧♦ s♦❜r❡ K ❝❤❛♠❛❞♦ ♠ó❞✉❧♦ ❞✉❛❧ ❞❡ V ♦✉ s✐♠♣❧❡s♠❡♥t❡



✶✵

❞✉❛❧ ❞❡ V ✳ ◗✉❛♥❞♦ Vi = V ♣❛r❛ t♦❞♦ 1 ≤ i ≤ s✱ ❡s❝r❡✈❡♠♦s

V s = V × . . .× V
︸ ︷︷ ︸

s vezes

.

❉❡✜♥✐çã♦ ✶✳✶ P❛r❛ ✐♥t❡✐r♦s r, s ≥ 0 ✭❛♠❜♦s ♥ã♦ ♥✉❧♦s✮✱ ✉♠❛ ❢✉♥çã♦ K✲♠✉❧t✐❧✐♥❡❛r

A : (V ∗)r × V s → K

é ❝❤❛♠❛❞♦ ✉♠ t❡♥s♦r ❞♦ t✐♣♦ ✭r✱s✮ ❡♠ ❱✳ ◗✉❛♥❞♦ r ❂ ✵✱ ❡s❝r❡✈❡♠♦s A : V s → K ❡✱

❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ q✉❛♥❞♦ s ❂ ✵ ❡s❝r❡✈❡♠♦s A : (V ∗)r → K✳

❉❡♥♦t❡♠♦s ♣♦r

T
r
s(V ) = {A : (V ∗)r × V s → K; A é K−multilinear} ✭✶✳✶✮

♦ ❝♦♥❥✉♥t♦ ❞♦ t♦❞♦s ♦s t❡♥s♦r❡s ❞♦ t✐♣♦ (r, s) ❡♠ V ✳

❈♦♠ ❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s ❞❡ s♦♠❛ ❞❡ ❢✉♥çõ❡s ❡ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡❧❡♠❡♥t♦s

❞❡ K✱ ♦❜t❡♠♦s q✉❡ Tr
s(V ) é ✉♠ ♠ó❞✉❧♦ s♦❜r❡ K✳ ❯♠ t❡♥s♦r ❞♦ t✐♣♦ (0, 0) s♦❜r❡ V é

s✐♠♣❧❡s♠❡♥t❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ K✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ Mn✳ ❉❡♥♦t❛r❡♠♦s✱ ♣♦r s✐♠♣❧✐✲

❝✐❞❛❞❡✱ Mn ♣♦r M ✱ ❡♠ q✉❡ n ✐♥❞✐❝❛ ❛ ❞✐♠❡♥sã♦ ❞❛ ✈❛r✐❡❞❛❞❡✳

❉❡♥♦t❡♠♦s ♣♦r C∞(M) ♦ ❛♥❡❧ ❞❛s ❢✉♥çõ❡s ❞❡ ✈❛❧♦r❡s r❡❛✐s ❡♠ M ❡ X(M) ♦

C∞(M)✲♠ó❞✉❧♦ ❞♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❡♠ M ✳

❉❡✜♥✐çã♦ ✶✳✷ ❯♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❆ ❡♠ ▼ é ✉♠ t❡♥s♦r s♦❜r❡ C∞(M)✲♠ó❞✉❧♦ X(M)✳

❆ss✐♠✱ s❡ ❆ é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❞♦ t✐♣♦ ✭r✱s✮ ❡♠ M ✱ ❡♥tã♦

A : X∗(M)r × X(M)s → C∞(M)

é ✉♠❛ ❢✉♥çã♦ C∞(M)✲♠✉❧t✐❧✐♥❡❛r✳

❖❜s❡r✈❛çã♦ ✶✳✶ ❖❜s❡r✈❡♠♦s q✉❡ s❡ θ1, . . . , θr ∈ X∗(M) ❡ X1, . . . , Xs ∈ X(M)✱ ❡♥tã♦

A(θ1, . . . , θr, X1, . . . , Xs) :M → R

é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡✱ ❡♠ q✉❡ θi ♦❝✉♣❛ ❛ i✲és✐♠❛ ❡♥tr❛❞❛ ❝♦♥tr❛✈❛r✐❛♥t❡ ❡ Xj ❛ j✲és✐♠❛

❡♥tr❛❞❛ ❝♦✈❛r✐❛♥t❡✳

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ ❞❡✜♥✐❞♦ ❡♠ ✭✶✳✶✮✱ ❞❡♥♦t❡♠♦s ♣♦r Tr
s(M) ♦ ❝♦♥❥✉♥t♦ ❞❡

t♦❞♦s ♦s t❡♥s♦r❡s ❞♦ t✐♣♦ (r, s) s♦❜r❡ M q✉❡ é ✉♠ ♠ó❞✉❧♦ s♦❜r❡ C∞(M)✳ ◗✉❛♥❞♦

r = s = 0✱ t❡♠♦s T0
0(M) = C∞(M)✳

❆ ♣ró①✐♠❛ ❞❡✜♥✐çã♦ ♥♦s ♠♦str❛ ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ❢❛③❡r ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❡♥tr❡

❞♦✐s t❡♥s♦r❡s✳



✶✶

❉❡✜♥✐çã♦ ✶✳✸ ❙❡❥❛♠ A ∈ Tr
s(M) ❡ B ∈ Tr′

s′(M)✳ ❊♥tã♦ A⊗B ∈ T
r+r′

s+s′(M)✱ ❞❛❞♦ ♣♦r

(A⊗ B)(θ1, . . . , θr, θr+1, . . . , θr+r′ , X1, . . . , Xs, Xs+1, . . . , Xs+s′)

= A(θ1, . . . , θr, X1, . . . , Xs, ) · B(θr+1, . . . , θr+r′ , Xs+1, . . . , Xs+s′)

é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❝❤❛♠❛❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ A ❡ B✳

❖❜s❡r✈❛çã♦ ✶✳✷ ◗✉❛♥❞♦ r′ = s′ = 0✱ ❡♥tã♦ B é ✉♠❛ ❢✉♥çã♦ f ∈ C∞(M) ❡ ❞❡✜♥✐♠♦s

A⊗ f = f ⊗ A = fA.

❉❛í✱ s❡ A t❛♠❜é♠ é ❞♦ t✐♣♦ (0, 0)✱ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ s❡ r❡❞✉③ ❛ ♠✉❧t✐♣❧✐❝❛çã♦

✉s✉❛❧ ❡♠ C∞(M)✳ ❊♠ ❣❡r❛❧✱ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ♥ã♦ é ❝♦♠✉t❛t✐✈♦ ❡ ♠❛✐s ❛ ❢r❡♥t❡

✈❡r❡♠♦s ✉♠❛ ❞❡✜♥✐çã♦ ♥❛ q✉❛❧ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ s❡ t♦r♥❛ ❝♦♠✉t❛t✐✈♦✳

❖ ❡①❡♠♣❧♦ ❛❜❛✐①♦ ♥♦s ❞✐③ ❛❧❣✉♠❛s ✐♥t❡r♣r❡t❛çõ❡s ❛s q✉❛✐s ♥♦s ♣❡r♠✐t❡ ✐❞❡♥t✐✜❝❛r

✶✲❢♦r♠❛s ❡ ❝❛♠♣♦s ❞❡ t❡♥s♦r❡s✳

❊①❡♠♣❧♦ ✶ ✭■❞❡♥t✐✜❝❛çõ❡s✮

✭✐✮ ❙❡❥❛ ω ✉♠❛ ✶✲❢♦r♠❛ s✉❛✈❡ s♦❜r❡ ❛ ✈❛r✐❡❞❛❞❡ ▼✳ ❊♥tã♦ ❛ ❢✉♥çã♦

A : X(M) → C∞(M)

❞❛❞❛ ♣♦r A(X) = ω(X) é C∞(M)✲❧✐♥❡❛r✳ P♦rt❛♥t♦✱ ❆ é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❞♦

t✐♣♦ (0, 1) ❡♠ ▼✳ ❆ss✐♠ t♦❞♦ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❞♦ t✐♣♦ ✭✵✱✶✮ é ❞❛❞♦ ❞❡ ♠❛♥❡✐r❛

ú♥✐❝❛ ❝♦♠♦ ✉♠❛ ✶✲❢♦r♠❛ ❡ ❡s❝r❡✈❡♠♦s

X
∗(M) = T

0
1(M).

✭✐✐✮ ❙❡❥❛ ❱ ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ s✉❛✈❡ s♦❜r❡ ▼✳ ❊♥tã♦ ❛ ❢✉♥çã♦

V : X∗(M) → C∞(M)

❞❛❞❛ ♣♦r V (θ) = θ(V ) é C∞(M)✲❧✐♥❡❛r✳ P♦rt❛♥t♦✱ ❱ é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❞♦

t✐♣♦ ✭✶✱✵✮ ❡♠ ▼✳ ❆ss✐♠✱ t♦❞♦ ❝❛♠♣♦ t❡♥s♦r✐❛❧ é ❞❛❞♦ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ❝♦♠♦ ✉♠

❝❛♠♣♦ ✈❡t♦r✐❛❧ ❡ ❡s❝r❡✈❡♠♦s

X(M) = T
1
0(M).

✭✐✐✐✮ ❙❡ A :X(M)s →X(M) é C∞(M)✲♠✉❧t✐❧✐♥❡❛r✱ ❞❡✜♥❛♠♦s

A : X∗(M)× X(M)s → C∞(M)

❝♦♠♦ s❡♥❞♦

A(θ,X1, . . . , Xs) = θ(A(X1, . . . , Xn)), ∀ θ ∈ X
∗(M) e Xi ∈ X(M), 1 ≤ i ≤ n.

❖❜s❡r✈❡♠♦s q✉❡ A é C∞(M)✲♠✉❧t✐❧✐♥❡❛r ❡✱ ♣♦rt❛♥t♦✱ A é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❞♦

t✐♣♦ ✭✶✱s✮ ❡♠ ▼✳



✶✷

❉❡✜♥✐çã♦ ✶✳✹ ❖s t❡♥s♦r❡s ❞♦ t✐♣♦ (0, s) sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝♦✈❛r✐❛♥t❡s ❡♥q✉❛♥t♦ ♦s

t❡♥s♦r❡s ❞♦ t✐♣♦ (r, 0) sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝♦♥tr❛✈❛r✐❛♥t❡s✳

❈♦♠♦ ❤❛✈✐❛♠♦s ❞✐t♦ ♥❛ ❖❜s❡r✈❛çã♦ ✶✳✷✱ ❛ ❝♦♥❞✐çã♦ ❛ q✉❛❧ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ é

❝♦♠✉t❛t✐✈♦ é q✉❛♥❞♦ A é ❝♦♥tr❛✈❛r✐❛♥t❡ ❡ B ❝♦✈❛r✐❛♥t❡ ❡ ✈✐❝❡✲✈❡rs❛✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ♠♦str❛ q✉❡ ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ A ❡♠ M ♣♦❞❡ s❡r

❞❡✜♥✐❞♦ ♣♦♥t✉❛❧♠❡♥t❡ ❡♠M ✱ ❞❛♥❞♦ ✉♠ ✈❛❧♦r Ap ❛ ❝❛❞❛ ♣♦♥t♦ p ∈M ✳ ■ss♦ ❡①❛t❛♠❡♥t❡

♣❛r❛ ❝❛♠♣♦s ❡ ✶✲❢♦r♠❛s✳ ❖ ❢❛t♦ ❡ss❡♥❝✐❛❧ é q✉❡ q✉❛♥❞♦ A é ❛✈❛❧✐❛❞♦ ❡♠ ❝❛♠♣♦s ❡ ✶✲

❢♦r♠❛s ♣❛r❛ r❡s✉❧t❛r ♥❛ ❢✉♥çã♦ ❞❡ ✈❛❧♦r❡s r❡❛✐s A(θ1, . . . , θr, X1, . . . , Xs, )✱ ♦ ✈❛❧♦r ❞❡st❛

❢✉♥çã♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ ❝❛❞❛ ✶✲❢♦r♠❛ ♦✉ ❞❡ ❝❛❞❛ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s✱ ♠❛s s♦♠❡♥t❡ ❞♦s

✈❛❧♦r❡s ❞❡❧❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ♣♦♥t♦ p✳ ▼❛✐s ❞✐ss♦ ♠♦str❛r❡♠♦s ♦ s❡❣✉✐♥t❡✿

▲❡♠❛ ✶✳✶ ❙❡ ✉♠❛ ❞❛s ✶✲❢♦r♠❛s ♦✉ ✉♠ ❞♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❢♦r ✐❣✉❛❧ ❛ ③❡r♦ ❡♠ p✱

❡♥tã♦

A(θ1, . . . , θr, X1, . . . , Xs)(p) = 0.

Pr♦✈❛✳ ❙✉♣♦♥❤❛♠♦s q✉❡ Xs|p = 0 ❡ s❡❥❛♠ x1, . . . , xn ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡♠

✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ p✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

Xs =
n∑

i=1

Xs(x
i)∂i, ✭✶✳✷✮

❡♠ q✉❡ ∂1, . . . , ∂n é ✉♠❛ ❜❛s❡ ❞♦ TpM ✳ ❉❡♥♦t❡♠♦s Xs(x
i) = X i ∈ C∞(M) ❡ r❡❡s❝r❡✲

✈❛♠♦s ❛ ❡q✉❛çã♦ ✭✶✳✷✮ ❝♦♠♦

Xs =
n∑

i=1

X i∂i.

❉❛í✱ s❡❥❛ f ∈ C∞(M) ✉♠❛ ❢✉♥çã♦ ❜✉♠♣✶ ❡♠ p ❝♦♠ supp(f) ⊂ U ✳ ◆♦t❡♠♦s q✉❡

fxi é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❡♠ ▼ ❡✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛✱ f∂i ∈ X(M)✳ ▲♦❣♦✱

f 2A(θ1, . . . , θr, X1, . . . , Xs) = A(θ1, . . . , f 2Xs)

= A

(

θ1, . . . , f 2

n∑

i=1

X i∂i

)

= A

(

θ1, . . . ,

n∑

i=1

f 2X i∂i

)

✶❉❛❞❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ U ❞❡ ✉♠ ♣♦♥t♦ p ∈ M ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ f ∈ C∞(M)✱ s❛t✐s❢❛③❡♥❞♦✿

(i) 0 ≤ f ≤ 1 s♦❜r❡ M ;

(ii) f = 1 ❡♠ ❛❧❣✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ♣;

(iii) supp(f) ⊂ U ✳



✶✸

= A

(

θ1, . . . ,

(
n∑

i=1

fX i

)

f∂i

)

=
n∑

i=1

fX i · A(θ1, . . . , f∂i),

q✉❡✱ ❛✈❛❧✐❛♥❞♦ ♥♦ ♣♦♥t♦ p✱ ♦❜t❡♠♦s

f 2(p)A(θ1, . . . , θr, X1, . . . , Xs)(p) =

(
n∑

i=1

f(p)X i(p)

)

A(θ1, . . . , f∂i)(p).

❈♦♠♦ Xs|p = 0✱ t❡♠♦s q✉❡ X i(p) = Xs(x
i)|p = 0 ❡✱ ♣♦r ✉♠❛ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡

❢✉♥çã♦ ❜✉♠♣✱ t❡♠♦s q✉❡ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ p✱ f(p) = 1✳ P♦rt❛♥t♦

A(θ1, . . . , θr, X1, . . . , Xs)(p) = 0.

Pr♦♣♦s✐çã♦ ✶✳✺ ❙❡❥❛♠ p ∈ M ❡ A ∈ Tr
s(M)✳ ❙❡❥❛♠ t❛♠❜é♠ θ

1
, . . . , θ

r
❡ θ1, . . . , θr

❛s ✶✲❢♦r♠❛s t❛✐s q✉❡ θ
i|p = θi|p✱ ♣❛r❛ t♦❞♦s 1 ≤ i ≤ r ❡ X1, . . . , Xs ❡ X1, . . . , Xs ♦s

❝❛♠♣♦s ❞❡ ✈❡t♦r❡s t❛✐s q✉❡ Xj|p = Xj|p ♣❛r❛ t♦❞♦ 1 ≤ j ≤ s✳ ❊♥tã♦

A(θ
1
, . . . , θ

r
, X1, . . . , Xs)(p) = A(θ1, . . . , θr, X1, . . . , Xs)(p).

Pr♦✈❛✳ ❋❛r❡♠♦s ❛ ♣r♦✈❛ ♣❛r❛ ♦ ❝❛s♦ r = 1 ❡ s = 2✱ ♣♦✐s ♦ ❝❛s♦ ❣❡r❛❧ s❡❣✉❡ ❞❡ss❡✳

❉❡♥♦t❡♠♦s ♣♦r θ✱ θ ❛s ✶✲❢♦r♠❛s ❡ Xi✱ X i, 1 ≤ i ≤ 2✱ ♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s✳ ❆✐♥❞❛✱

❝♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ✐❞❡♥t✐❞❛❞❡✿

A(θ,X1, X2)− A(θ,X1, X2) = A(θ − θ,X1, X2) + A(θ,X1 −X1, X2)

+ A(θ,X1, X2 −X2). ✭✶✳✸✮

❈♦♠♦ ♣♦r ❤✐♣ót❡s❡✱ θ|p = θ|p, X1|p = X1|p ❡ X2|p = X2|p✱ ❡♥tã♦

θ|p − θ|p = 0, X1|p −X1|p = 0 e X2|p −X2|p = 0.

▲♦❣♦✱ ❛✈❛❧✐❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✶✳✸✮ ❡♠ p ❡ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✭✶✳✶✮✱ s❡❣✉❡ q✉❡

A(θ,X1, X2)(p)− A(θ,X1, X2)(p) = 0,

♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

❊♥❝❡rr❛r❡♠♦s ❡st❛ s❡çã♦ ❝♦♠ ❛ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦✿



✶✹

❖❜s❡r✈❛çã♦ ✶✳✸ ❙❡❣✉❡ ❞❛ ú❧t✐♠❛ ♣r♦♣♦s✐çã♦ q✉❡ ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ A ∈ Tr
s(M)

♣♦ss✉✐ ✉♠ ✈❛❧♦r Ap ❡♠ ❝❛❞❛ ♣♦♥t♦ p ∈M ✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡✱ ❛ ❢✉♥çã♦

Ap : ((TpM)∗)r × (TpM)s → R

❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ s❡ α1, . . . , αr ∈ (TpM)∗ ❡ v1, . . . , vs ∈ TpM ✱ ❡♥tã♦

Ap(α
1, . . . , αr, v1, . . . , vs) = A(θ1, . . . , θr, X1, . . . , Xs)(p),

❡♠ q✉❡ θ1, . . . , θr ∈ X∗(M) ❡ X1, . . . , Xs ∈ X∗(M) sã♦ t❛✐s q✉❡ θi|p = αi (1 ≤ i ≤ r) ❡

Xj|p = vj (1 ≤ j ≤ s)✳

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ Ap é R✲♠✉❧t✐❧✐♥❡❛r✳ ❊♥tã♦ A é ✉♠ t❡♥s♦r ❞♦ t✐♣♦ (r, s)

❡♠ TpM ✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r A ∈ Tr
s(M) ❝♦♠♦ ✉♠ ❝❛♠♣♦ s✉❛✈❡ q✉❡ ❛ss♦❝✐❛ ❛

❝❛❞❛ ♣♦♥t♦ p ∈M ♦ t❡♥s♦r Ap✳

✶✳✶✳✶ ❈♦♠♣♦♥❡♥t❡s ❞❡ ✉♠ ❚❡♥s♦r

❉❡✜♥✐r❡♠♦s ❛❣♦r❛ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ✉♠ t❡♥s♦r✳

❉❡✜♥✐çã♦ ✶✳✻ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❈♦♥s✐❞❡r❡♠♦s ✉♠ s✐st❡♠❛ ❞❡

❝♦♦r❞❡♥❛❞❛s ξ = (x1, . . . , xn) ♥✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ U ⊂ Mn✳ ❙❡ A ∈ Tr
s(M)✱ ❡♥tã♦ ❛s

❝♦♠♣♦♥❡♥t❡s ❞❡ A ❡♠ ξ sã♦ ❛s ❢✉♥çõ❡s

Ai1...ir
j1...js

= A(dxi1 , . . . , dxir , ∂j1 , . . . , ∂js) : U ⊂M → R,

❡♠ q✉❡ i1 . . . ir, j1 . . . js ∈ {1, . . . , n}✳

❋❛r❡♠♦s ❛❣♦r❛ ✉♠❛ ♣❡q✉❡♥❛ ❛♣❧✐❝❛çã♦ ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✳

❊①❡♠♣❧♦ ✷ ❙❡ A ∈ T1
2(M)✱ ❡♥tã♦ ❡s❝r❡✈❡♥❞♦ X =

∑

iX
i∂i, Y =

∑

j X
j∂j ❡

θ =
∑

k θkdx
k✱ ♦❜t❡♠♦s

A(θ,X, Y ) = A

(
∑

i

X i∂i,
∑

j

Xj∂j,
∑

k

θkdx
k

)

=
∑

i,j,k

θkX
iY j A(dxk, ∂i, ∂j)

︸ ︷︷ ︸

Ak
ij

=
∑

i,j,k

Ak
ijθkX

iY j.

❖❜s❡r✈❛çã♦ ✶✳✹ ❙❡ A ∈ Tr
s(M) ❡ B ∈ Tr′

s′(M) sã♦ ❝❛♠♣♦s ❞❡✜♥✐❞♦s ❡♠ M ✱ ❡♥tã♦ ❛s

❝♦♠♣♦♥❡♥t❡s ❞❡ A⊗ B ∈ T
r+r′

s+s′(M) sã♦

(A⊗ B)
i1...irir+1...ir+r′

j1...jsjs+1...js+s′
= Ai1...ir

j1...js
· Bis+1...ir+r′

jr+1...js+s′
,

❡♠ q✉❡ i1 . . . ir+r′ , j1 . . . js+s′ ∈ {1, . . . , n}✳
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▲❡♠❛ ✶✳✷ ❙❡❥❛ x1, . . . , xn ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡♠ U ⊂ M ✳ ❙❡ A ∈ Tr
s(M)✳

❊♥tã♦✱ t❡♠♦s ❡♠ ❯

A = Ai1...ir
j1...js

∂i1 ⊗ . . .⊗ ∂ir ⊗ dxi1 ⊗ . . .⊗ dxis ,

❡♠ q✉❡ i1 . . . ir+r′ , j1 . . . js+s′ ∈ {1, . . . , n}✳

✶✳✶✳✷ ❈♦♥tr❛çã♦ ❞❡ ❚❡♥s♦r❡s

❊①✐st❡ ✉♠❛ ♦♣❡r❛çã♦ ❝❤❛♠❛❞❛ ❝♦♥tr❛çã♦ q✉❡ tr❛♥s❢♦r♠❛ t❡♥s♦r❡s ❞♦ t✐♣♦ (r, s) ❡♠

t❡♥s♦r❡s ❞♦ t✐♣♦ (r − 1, s− 1)✳ ❆ ❞❡✜♥✐çã♦ ❣❡r❛❧ ❞❡st❡ t✐♣♦ ❡s♣❡❝✐❛❧ ❞❡ t❡♥s♦r❡s s❡❣✉❡

❛ s❡❣✉✐r✿

▲❡♠❛ ✶✳✸ ❊①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ C∞(M)✲❧✐♥❡❛r

C : Tr
s(M) → C∞(M),

❝❤❛♠❛❞❛ ✭✶✱✶✮✲❝♦♥tr❛çã♦✱ t❛❧ q✉❡ C(X⊗θ) = θ(X)✱ ♣❛r❛ t♦❞♦ X ∈ X(M) ❡ θ ∈ X∗(M).

Pr♦✈❛✳ ❉❛ C∞(M)✲❧✐♥❡❛r✐❞❛❞❡✱ ♦❜s❡r✈❛♠♦s q✉❡ C s❡rá ✉♠❛ ♦♣❡r❛çã♦ ♣♦♥t✉❛❧✳

❈♦♥s✐❞❡r❡ A ∈ T1
1(M)✳ ❙❡ ξ = (x1, . . . , xn) é ✉♠ s✐st❡♠❛ ❧♦❝❛❧ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❡♥tã♦

A ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ ❢♦r♠❛

A =
∑

ij

Ai
j∂i ⊗ dxj.

◗✉❡r❡♠♦s q✉❡ C(∂i ⊗ dxj) = dxj(∂i) = δji . ▲♦❣♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❧♦❝❛❧♠❡♥t❡

C : T1
1(M) → C∞(M)

❞❛❞❛ ♣♦r C(A) =
∑

iA
i
i ❡✱ ❛ss✐♠✱ C ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ r❡q✉❡r✐❞❛✳

P❛r❛ ❡st❡♥❞❡r ♦ r❡s✉❧t❛❞♦ ❡♠ t♦❞❛ ❛ ✈❛r✐❡❞❛❞❡✱ ❜❛st❛ ♠♦str❛r q✉❡ ❛ ❞❡✜♥✐çã♦

✐♥❞❡♣❡♥❞❡ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡s❝♦❧❤✐❞♦✳ ❉❡ ❢❛t♦✱ s❡ η = (y1, . . . , yn) é ✉♠

♦✉tr♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧ ❡♠ ▼✱ ❡♥tã♦

∑

m

Am
m =

∑

m

A

(

dym,
∂

∂ym

)

=
∑

m

A

(
∑

i

∂ym

∂xi
dxi,

∑

j

∂xj

∂ym
∂

∂xj

)

=
∑

i,j,k

∂ym

∂xi
· ∂x

j

∂ym
A

(

dxi,
∂

∂xj

)

=
∑

i,j

∂xj

∂xi
Ai

j =
∑

i,j

δjiA
i
j =

∑

i

Ai
i.
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❆❣♦r❛✱ ♣❛r❛ ❡st❡♥❞❡r ♦ ▲❡♠❛ ✶✳✸ ♣❛r❛ t❡♥s♦r❡s ❞❡ t✐♣♦ ♠❛✐s ❡❧❡✈❛❞♦✱ ♦ ♣r♦❝❡❞✐✲

♠❡♥t♦ é ❡s♣❡❝✐✜❝❛r ✉♠❛ ❡♥tr❛❞❛ ❝♦✈❛r✐❛♥t❡ ❡ ✉♠❛ ❡♥tr❛❞❛ ❝♦♥tr❛✈❛r✐❛♥t❡ ❡ ❛♣❧✐❝❛r ♦

▲❡♠❛ ✶✳✸ ♣❛r❛ ❡st❡s t❡♥s♦r❡s✳

❙❡♥❞♦ ❛ss✐♠✱ s✉♣♦♥❤❛♠♦s q✉❡ A ∈ Tr
s(M) ❡ 1 ≤ i ≤ r ❡ 1 ≤ j ≤ s✳ ❋✐①❛❞❛s ❛s

✶✲❢♦r♠❛s θ1, . . . , θr−1 ❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s X1, . . . , Xs−1✱ ❡♥tã♦ ❛ ❢✉♥çã♦

(θ,X) → A(θ1, . . . , θ, . . . , θr−1, X1, . . . , X, . . . , Xs−1),

❡♠ q✉❡ θ ♦❝✉♣❛ ❛ i✲és✐♠❛ ❡♥tr❛❞❛ ❝♦♥tr❛✈❛r✐❛♥t❡ ❡ X ♦❝✉♣❛ ❛ j✲és✐♠❛ ❡♥tr❛❞❛ ❝♦✈❛r✐✲

❛♥t❡✱ é ✉♠ t❡♥s♦r ❞♦ t✐♣♦ (1, 1) q✉❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

A(θ1, . . . , θr−1, X1, . . . , Xs−1).

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✶✳✸ ♣❛r❛ ❡st❡ t❡♥s♦r✱ ♦❜t❡♠♦s ❛ ❢✉♥çã♦ ❞❡ ✈❛❧♦r❡s r❡❛✐s ❞❛❞❛

♣♦r

(C i
jA)(θ

1, . . . θr−1, X1, . . . , Xs−1).

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ C i
jA é C∞(M)✲♠✉❧t✐❧✐♥❡❛r ♥❡st❡s ❛r❣✉♠❡♥t♦s✳ P♦rt❛♥t♦✱ é

✉♠ t❡♥s♦r ❞♦ t✐♣♦ (r − 1, s− 1)✱ ❝❤❛♠❛❞♦ ❛ ❝♦♥tr❛çã♦ ❞❡ A s♦❜r❡ i, j✳

❊①❡♠♣❧♦ ✸ ❙❡ A ∈ T2
3(M)✱ ❡♥tã♦ C1

3(A) ∈ T1
2(M) é ❞❛❞♦ ♣♦r

(C1
3(A))(θ,X, Y ) = C(A(·, θ,X, Y, ·)).

❙❡ ξ = (x1, . . . , xn) é ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❡♥tã♦

(C1
3(A))

k
ij = (C1

3(A))(dx
k, ∂i, ∂j) = C(A(·, dxk, ∂i, ∂j, ·))

=
∑

m

A(dxm, dxk, ∂i, ∂j, ∂m) =
∑

m

Amk
ijm.

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ é ❞❛❞❛ ♣❡❧♦ ❝♦r♦❧ár✐♦ ❛ s❡❣✉✐r✿

❈♦r♦❧ár✐♦ ✶✳✼ ❙❡❥❛♠ i ∈ {1, . . . , r} ❡ j ∈ {1, . . . , s}✳ ❙❡ A ∈ Tr
s(M)✱ ❡♥tã♦ ❛s ❝♦♠✲

♣♦♥❡♥t❡s ❞❡ Ci
j(A) ∈ T

r−1
s−1(M) sã♦

(Ci
j(A))

i1...ir−1

j1...js−1
=
∑

m

A
i1...m...ir−1

j1...m...js−1
,

❡♠ q✉❡ m ♦❝✉♣❛ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❛ i✲és✐♠❛ ❡ ❛ j✲és✐♠❛ ❡♥tr❛❞❛✳



✶✼

✶✳✶✳✸ ❖ P✉❧❧❜❛❝❦

❉❡✜♥✐r❡♠♦s ❛❣♦r❛ ✉♠❛ ✐♠♣♦rt❛♥t❡ ♦♣❡r❛çã♦ q✉❡✱ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥✲

❝✐á✈❡❧ ❡♥tr❡ M ❡ N ✱ q✉❛❧q✉❡r t❡♥s♦r ❝♦✈❛r✐❛♥t❡ ❡♠ N ❢♦r♥❡❝❡ ✉♠ ♥♦✈♦ t❡♥s♦r ❡♠ M ✳

❉❡✜♥✐çã♦ ✶✳✽ ❙❡❥❛♠ ▼ ❡ ◆ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ φ : M → N ✉♠❛ ❛♣❧✐❝❛çã♦

❞✐❢❡r❡♥❝✐á✈❡❧✳ ❙❡ A ∈ T0
s(N)✱ ❝♦♠ s ≥ 1 ❡ ❝♦♥s✐❞❡r❛r♠♦s

(φ∗A)p : (TpM)s → R,

❞❛❞❛ ♣♦r

(φ∗A)p(v1, . . . , vs) = A(φ(p))(dφp(v1), . . . , dφp(vn)),

♣❛r❛ q✉❛✐sq✉❡r v1, . . . , vs ∈ TpM ❡ q✉❛❧q✉❡r p ∈ M ✱ ❡♥tã♦ φ∗A é ❝❤❛♠❛❞♦ ✧♣✉❧❧❜❛❝❦✧

❞❡ A ♣♦r φ✳

P❡❧❛ ❧✐♥❡❛r✐❞❛❞❡ ❡ ♠✉❧t✐❧✐♥❡❛r✐❞❛❞❡ ❞❛s r❡s♣❡❝t✐✈❛s ❛♣❧✐❝❛çõ❡s

dφp : TpM → Tφ(p)N ❡ Aφ(p) : (Tφ(p)N)s → R,

♦❜t❡♠♦s q✉❡ (φ∗A)p : (TpM)s → R é R✲♠✉❧t✐❧✐♥❡❛r✳ ❆ss✐♠✱ (φ∗A)p é ✉♠ t❡♥s♦r ❞♦ t✐♣♦

(0, s) ❡♠ TpM ✳ P♦rt❛♥t♦ φ∗A ∈ T0
s(M) ❡ ❝♦♥✈é♠ ♦❜s❡r✈❛r q✉❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ s = 0✱

t❡♠♦s A ∈ T0
0(M) = C∞(M) ❡✱ ♥❡st❡ ❝❛s♦✱ ❞❡✜♥✐♠♦s

φ∗A = A ◦ φ ∈ C∞(M).

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❢♦r♥❡❝❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s ❞♦ ♣✉❧❧❜❛❝❦✳

▲❡♠❛ ✶✳✹ ❙❡❥❛♠ M,N ❡ P ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ f ∈ C∞(M) ❡ ❝♦♥s✐❞❡r❡♠♦s ❛s

s❡❣✉✐♥t❡s ❛♣❧✐❝❛çõ❡s

φ :M → N, ψ : N → P.

❊♥tã♦

✭✐✮ φ∗(df) = d(φ∗f)❀

✭✐✐✮ φ∗ : T0
s(N) → T0

s(M) é R− ❧✐♥❡❛r ♣❛r❛ ❝❛❞❛ s ≥ 0✱ ❡ φ∗(A⊗B) = (φ∗A)⊗(φ∗B)❀

✭✐✐✐✮ (ψ ◦ φ)∗ = φ∗ ◦ ψ∗ : T0
s(P ) → T0

s(M)✳

Pr♦✈❛✳

✭✐✮ ❙❡ p ∈M ✱ ❡♥tã♦ ✉s❛♥❞♦ ❛ ❘❡❣r❛ ❞❛ ❈❛❞❡✐❛ t❡♠♦s q✉❡

d(φ∗f)p = d(f ◦ φ)p = dfφ(p)(dφp) = φ∗(dfp).

❈♦♠♦ p ❢♦✐ ❡s❝♦❧❤✐❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✱ s❡q✉❡ q✉❡ d(φ∗f) = φ∗(df)✳
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✭✐✐✮ ❆ R✲❧✐♥❡❛r✐❞❛❞❡ ❞❡ φ∗ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ú❧t✐♠❛ ❞❡✜♥✐çã♦✳

❙❡❥❛♠ A,B ∈ T0
s(N) ❡ s❡ v1, . . . , vs, w1, . . . , ws ∈ TpM ✱ ❡♥tã♦

φ∗(A⊗ B)(v1, . . . , vs, w1, . . . , ws)

= (A⊗ B)(dφ(v1), . . . , dφ(vs), dφ(w1), . . . , dφ(ws))

= A(dφ(v1), . . . , dφ(vs)) · B(dφ(w1), . . . , dφ(ws))

= (φ∗A)(v1, . . . , vs) · (φ∗B)(w1, . . . , ws)

= (φ∗A)⊗ (φ∗B)(v1, . . . , vs, w1, . . . , ws).

❙❡❣✉❡ q✉❡ φ∗(A⊗ B) = (φ∗A)⊗ (φ∗B).

✭✐✐✐✮ Pr✐♠❡✐r❛♠❡♥t❡ ♦❜s❡r✈❡♠♦s q✉❡ ψ ◦φ :M → P ❡ q✉❡ s❡ ❞❛❞♦ A ∈ T0
s(P )✱ t❡r❡♠♦s

ψ∗A ∈ T0
s(N) ❡ φ∗(ψ∗A) ∈ T0

s(M)✳

❈♦♥s✐❞❡r❡♠♦s v1, . . . , vs ∈ TpM ✳ ❉❛í

((ψ ◦ φ)∗A)(v1, . . . , vs) = A(d(ψ ◦ φ)(v1), . . . , d(ψ ◦ φ)(vs))

= A(dψ(dφ(v1)), . . . , d(ψ(dφ(vs))))

= (ψ∗A)(dφ(v1), . . . , d(φ(vs)))

= (φ∗(ψ∗A))(v1, . . . , vs)

= ((φ∗ ◦ ψ∗)A)(v1, . . . , vs).

❙❡❣✉❡ q✉❡ (ψ ◦φ)∗A = (φ∗ ◦ψ∗)A✱ ♣❛r❛ t♦❞♦ A ∈ T0
s(P )✱ ❞❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡

(ψ ◦ φ)∗ = φ∗ ◦ ψ∗✳

✶✳✶✳✹ ❉❡r✐✈❛çã♦ ❞❡ ❚❡♥s♦r❡s

❈♦♥❤❡❝❡r❡♠♦s ❛❣♦r❛ ✉♠ t✐♣♦ ❞❡ t❡♥s♦r ❝❤❛♠❛❞♦ ❚❡♥s♦r ❉❡r✐✈❛çã♦✳ ❱❡r❡♠♦s ❛❧❣✉♠❛s

❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❡✱ ♣♦r ✜♠✱ ❞❡✜♥✐r❡♠♦s ❛ ❞❡r✐✈❛❞❛ ❞❡ ▲✐❡✳

❉❡✜♥✐çã♦ ✶✳✾ ❯♠❛ ❞❡r✐✈❛çã♦ D ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ▼ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡

❢✉♥çõ❡s R✲❧✐♥❡❛r❡s

D = D
r
s : T

r
s(M) → T

r
s(M) (r, s ≥ 0),

t❛❧ q✉❡ ♣❛r❛ q✉❛✐sq✉❡r A,B ∈ Tr
s(M) ❡ t♦❞❛ ❝♦♥tr❛çã♦ C✱ t❡♠✲s❡
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✭✐✮ D(A⊗ B) = (DA)⊗ B + A⊗ (DB)❀

✭✐✐✮ D(C(A)) = C(DA)✳

❉❡✜♥✐❞❛ ❞❡st❛ ♠❛♥❡✐r❛✱D é R✲❧✐♥❡❛r✱ ♣r❡s❡r✈❛ ♦ t✐♣♦ ❞♦ t❡♥s♦r✱ ♦❜❡❞❡❝❡ ❛ r❡❣r❛ ❞♦

♣r♦❞✉t♦ ❡ ❝♦♠✉t❛ ❝♦♠ ❝♦♥tr❛çõ❡s✳ P❛r❛ ✉♠❛ ❢✉♥çã♦ f ∈ C∞(M)✱ t❡♠♦s f ⊗A = f ·A✳
❉❛í✱ D(fA) = (Df)A + f(DA) ❡✱ q✉❛♥❞♦ t = s = 0✱ s❡ D = D0

0 : C
∞(M) → C∞(M)

é ✉♠❛ ❞❡r✐✈❛çã♦ ❡♠ M ✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ X ∈ X(M) t❛❧ q✉❡ Df = Xf ♣❛r❛

q✉❛❧q✉❡r f ∈ C∞(M)✳

Pr♦♣♦s✐çã♦ ✶✳✶✵ ❙❡ D é ✉♠❛ ❞❡r✐✈❛çã♦ ❡♠ ▼ ❡ ❯ é ✉♠ ❛❜❡rt♦ ❞❡ ▼✱ ❡♥tã♦ ❡①✐st❡

✉♠❛ ú♥✐❝❛ ❞❡r✐✈❛çã♦ DU t❛❧ q✉❡

DU(A|U) = (DA)|U ,

♣❛r❛ t♦❞♦ t❡♥s♦r ❆ ❡♠ ▼✳ ✭DU é ❝❤❛♠❛❞♦ ❛ r❡str✐çã♦ ❞❡ D ❡♠ ❯ ❡ ❞❛q✉✐ ♣♦r ❞✐❛♥t❡✱

♦♠✐t✐r❡♠♦s ♦ s✉❜í♥❞✐❝❡ U✮✳

Pr♦✈❛✳ ❙❡❥❛ B ∈ Tr
s(M) ❡ ❝♦♥s✐❞❡r❡ p ∈ U ❡ f ✉♠❛ ❢✉♥çã♦ ❜✉♠♣ ❡♠ p✳ ❊♥tã♦

fB ∈ Tr
s(M)✳ ❉❡✜♥❛♠♦s

DU(A|U) = (DA)|U .

❆✜r♠❛✲s❡ q✉❡ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ❢✉♥çã♦ ❜✉♠♣✳ ❉❡ ❢❛t♦✱

s❡❥❛ g ✉♠❛ ♦✉tr❛ ❢✉♥çã♦ ❜✉♠♣ ❡♠ p✱ ❡♥tã♦

D(gfB)p = D(g(p))f(p)Bp + g(p)(DfB)p = D(fB)p.

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ D(gfB)p = D(gB)p✳ ❆ss✐♠✱ D(fB)p = D(gB)p ❡ ❛ ❞❡✜♥✐çã♦

❛❝✐♠❛ é ✉♠❛ ❜♦❛ ❞❡✜♥✐çã♦✳

❆❧é♠ ❞✐ss♦✱ é ♣♦ssí✈❡❧ ♠♦str❛r q✉❡✿

✭✐✮ DUB é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❡♠ U ❀

✭✐✐✮ DU é ✉♠❛ ❞❡r✐✈❛çã♦ ❡♠ U ❀

✭✐✐✐✮ DU(B|U) = (DB)|U) ♣❛r❛ t♦❞♦ t❡♥s♦r B ❡♠ M ❀

✭✐✈✮ DU é ú♥✐❝♦❀

♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

❆ ❢ór♠✉❧❛ ❞❡ ▲❡✐❜♥✐③ D(A⊗B) = (DA)⊗(DB) ♣♦❞❡ s❡r r❡❢♦r♠✉❧❛❞❛ ❞❛ s❡❣✉✐♥t❡

♠❛♥❡✐r❛✿



✷✵

Pr♦♣♦s✐çã♦ ✶✳✶✶ ✭❘❡❣r❛ ❞♦ Pr♦❞✉t♦✮ ❙❡❥❛ D ✉♠❛ ❞❡r✐✈❛çã♦ ❡♠ ▼✳ ❙❡ A ∈ Tr
s(M)

❡♥tã♦

D(A(θ1, . . . , θr, X1, . . . , Xs)) = (DA)(θ1, . . . , θr, X1, . . . , Xs)

+
r∑

i=1

A(θ1, . . . ,Dθi, . . . , θr, X1, . . . , Xs)

+
s∑

j=1

A(θ1, . . . , θr, X1, . . . ,DXj, . . . , Xs).

Pr♦✈❛✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❢❛ç❛♠♦s r = s = 1 ❡ ❛✜r♠❛♠♦s q✉❡

A(θ,X) = C(A⊗ θ ⊗X),

❡♠ q✉❡ C é ❛ ❝♦♠♣♦st❛ ❞❡ ❞✉❛s ❝♦♥tr❛çõ❡s✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ ξ = (x1, . . . , xn) ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧ ❡♠ M ✳ ❊♥tã♦

♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✹✱ A⊗ θ ⊗X t❡♠ ❝♦♠♣♦♥❡♥t❡s Ai
jθkX

l✳

❯♠❛ ✈❡③ q✉❡ A(θ,X) =
∑

i,j A
i
jθiX

j✱ t❡♠♦s

D(A(θ,X)) = DC(A⊗ θ ⊗X) = CD(A⊗ θ ⊗X)

= C(DA⊗ θ ⊗X) + C(A⊗Dθ ⊗X) + C(A⊗ θ ⊗DX)

= (DA)(θ,X) + A(Dθ,X) + A(θ,DX).

❆ ❞❡♠♦♥str❛çã♦ ❞♦ ❝❛s♦ ❣❡r❛❧ s❡❣✉❡ ❞❡ss❡✳

❈♦r♦❧ár✐♦ ✶✳✶✷ ❙❡ ❞✉❛s ❞❡r✐✈❛çõ❡s D1 ❡ D2 ❡♠ ▼ ❝♦✐♥❝✐❞❡♠ ❡♠ ❢✉♥çõ❡s r❡❛✐s ❞❡✜✲

♥✐❞❛s ❡♠ ▼ ❡ ❡♠ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❞❡✜♥✐❞♦s ❡♠ ▼✱ ❡♥tã♦ D1 = D2✳

Pr♦✈❛✳ ❇❛st❛ ♦❜s❡r✈❛r♠♦s ♥❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r q✉❡

(Dθ)(X) = D(θ(X))− θ(DX),

♣❛r❛ t♦❞♦ X ∈ X(M) ❡ t♦❞♦ θ ∈ X∗(M)✳

❙❡ s❛❜❡♠♦s ❞❡r✐✈❛r s♦❜r❡ C∞(M) ❡ X(M)✱ ❡♥tã♦ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ✉♠❛ ❞❡r✐✲

✈❛çã♦ s♦❜r❡ M ✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✶✳✶✸ ❉❛❞♦s ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ V ∈ X(M) ❡ ✉♠❛ ❢✉♥çã♦ R✲❧✐♥❡❛r

δ : X(M) → X(M) t❛❧ q✉❡

δ(fX) = V (f)X + fδ(X), ∀ f ∈ C∞(M), ∀ X ∈ X(M), ✭✶✳✹✮

❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❞❡r✐✈❛çã♦ D ❡♠ ▼ t❛❧ q✉❡ D0
0 = V : C∞(M) → C∞(M) ❡

D1
0 = δ✳



✷✶

Pr♦✈❛✳ ❖❜s❡r✈❡♠♦s q✉❡ D0
0 ❡ D1

0 ❥á sã♦ ❞❛❞♦s✳ ❙❡❣✉♥❞♦ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ú❧t✐♠♦

❝♦r♦❧ár✐♦✱ ❞❡✜♥❛♠♦s

(Dθ)(X) = D(θ(X))− θ(DX), ∀ X ∈ X(M).

◆♦t❡♠♦s q✉❡

(Dθ)(X + Y ) = V (θ(X + Y ))− θ(δ(X + Y ))

= V (θ(X) + θ(Y ))− θ(δ(X) + δ(Y ))

= V (θ(X)) + V (θ(Y ))− θ(δ(X))− θ(δ(Y ))

= [V (θ(X))− θ(δ(X))] + [V (θ(Y ))−−θ(δ(Y ))]

= (Dθ)(X)− (DX)(θ),

❡✱ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✶✳✹✮✱

(D)(fX) = V (θ(fX))− θ(δ(fX))

= V (fθ(X))− θ(V (f)X + fδ(X))

= V (f)θ(X) + fV (θ(X))− V (f)θ(X)− fθ(δ(X))

= f [V (θ(X))− θ(δ(X))]

= f(Dθ)(X),

♣❛r❛ q✉❛✐sq✉❡r X, Y ∈ X(M) ❡ t♦❞♦ f ∈ C∞(M)✳

▲♦❣♦✱ Dθ é C∞(M)✲❧✐♥❡❛r✱ ❞♦♥❞❡ Dθ ∈ X∗(M) ❡✱ ♣♦rt❛♥t♦✱ ♦❜t❡♠♦s ❛ ❞❡r✐✈❛çã♦

D = D
0
1 : X

∗(M) → X
∗(M).

❆❣♦r❛✱ ✉s❛♥❞♦ ❛ r❡❣r❛ ❞♦ ♣r♦❞✉t♦✱ ❡st❛❜❡❧❡❝✐❞❛ ♥❛ Pr♦♣♦s✐çã♦ ✶✳✶✶✱ ♣❛r❛ ✉♠

t❡♥s♦r A ❝♦♠ r + s ≥ 2✱ ❞❡✜♥✐♠♦s

(DA)(θ1, . . . , θr, X1, . . . , Xs) = D(A(θ1, . . . , θr, X1, . . . , Xs))

−
r∑

i=1

A(θ1, . . . ,Dθi, . . . , θr, X1, . . . , Xs)

−
s∑

j=1

A(θ1, . . . , θr, X1, . . . , δXj, . . . , Xs).

P♦❞❡ s❡r ♠♦str❛❞♦ q✉❡ DA ∈ Tr
s(M) ❡ D : Tr

s(M) → Tr
s(M) é ✉♠❛ ❞❡r✐✈❛çã♦ ❡♠

M ✳ ✭❱❡❥❛ ♠❛✐s ❞❡t❛❧❤❡s ❡♠ ❬✶✻❪✱ ♣á❣✳ ✹✺✮✳



✷✷

P❛r❛ ❡♥❝❡rr❛r ❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r

q✉❡ é ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛✳

❉❡✜♥✐çã♦ ✶✳✶✹ ❙❡ V ∈ X(M)✱ ❡♥tã♦ ❛ ❞❡r✐✈❛çã♦ LV t❛❧ q✉❡

✭✐✮ LV (f) = V (f), ∀ f ∈ C∞(M)

✭✐✐✮ LV (X) = [V,X], ∀ X ∈ X(M)

é ❝❤❛♠❛❞❛ ❉❡r✐✈❛❞❛ ❞❡ ▲✐❡ ❝♦♠ r❡❧❛çã♦ ❛ ❱✳

❖❜s❡r✈❛çã♦ ✶✳✺ ◆♦t❡♠♦s q✉❡

LV (fX) = [V, fX] = V (fX)− fX(V )

= V (f)X + fV (X)− fX(V )

= V (f)X + f [V,X]

= V (f)X + fLV (X),

♣❛r❛ t♦❞♦ X ∈ X(M) ❡ q✉❛❧q✉❡r f ∈ C∞(M)✳

▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✸✱ t❡♠♦s q✉❡ LV ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❖✉ s❡❥❛✱ é ✉♠ t❡♥s♦r

❞❡r✐✈❛çã♦✳

✶✳✷ ❆❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõs s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥✲

♥✐❛♥❛s

❆♣r❡s❡♥t❛r❡♠♦s ❛q✉✐ ❛❧❣✉♥s ❝♦♥❤❡❝✐♠❡♥t♦s q✉❡ ❡stã♦ ✐♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s

❝♦♠ ♦s ♥♦ss♦s ♦❜❥❡t♦s ❞❡ ❡st✉❞♦✳

✶✳✷✳✶ ❋♦r♠❛s ❇✐❧✐♥❡❛r❡s ❙✐♠étr✐❝❛s

◆♦ q✉❡ s❡❣✉❡✱ s❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❯♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r

b : V × V → R é ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡ s❛t✐s❢❛③

✭✐✮ b(au, v) = ab(u, v) = b(u, av), ∀ u, v ∈ V ❀

✭✐✐✮ b(u+ w, v) = b(u, v) + b(w, v) ❡ b(u, v + w) = b(u, v) + b(u, w), ∀ u, v, w ∈ V.

❆ ❢♦r♠❛ b é ❞✐t❛ s✐♠étr✐❝❛ s❡ b(u, v) = b(v, u), ∀ u, v ∈ V ✳

❉❡✜♥✐çã♦ ✶✳✶✺ ❉✐③❡♠♦s q✉❡ ❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r b é✿

✭✐✮ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ s❡ ♣❛r❛ t♦❞♦ v ∈ V ❝♦♠ v 6= 0 ✐♠♣❧✐❝❛r b(v, v) > 0❀



✷✸

✭✐✐✮ ♥❡❣❛t✐✈❛ ❞❡✜♥✐❞❛ s❡ ♣❛r❛ t♦❞♦ v ∈ V ❝♦♠ v 6= 0 ✐♠♣❧✐❝❛r b(v, v) < 0❀

✭✐✐✐✮ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ s❡ b(v, w) = 0 ♣❛r❛ q✉❛❧q✉❡r w ∈ V ✐♠♣❧✐❝❛r v = 0✳

❖ ❝❛s♦ ❡♠ q✉❡ b é s❡♠✐✲❞❡✜♥✐❞❛✱ ❞❡✜♥❡✲s❡ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛ ❞❡✜♥✐❞♦ ❛❝✐♠❛✱

tr♦❝❛♥❞♦ ❛♣❡♥❛s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡str✐t❛ ♣❡❧❛ ♥ã♦ ❡str✐t❛✳ ❙❡ b é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r

s✐♠étr✐❝❛ ❡♠ V ✱ ❡♥tã♦ ♣❛r❛ q✉❛❧q✉❡r s✉❜❡s♣❛ç♦ W ⊂ V ✱ ❛ r❡str✐çã♦ b
∣
∣
W×W

✱ q✉❡ ✈❛♠♦s

❞❡♥♦t❛r ♣♦r b
∣
∣
W

é ❛✐♥❞❛ s✐♠étr✐❝❛ ❡ ❜✐❧✐♥❡❛r✳

▲❡♠❛ ✶✳✺ ❯♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ♠❛tr✐③

r❡❧❛t✐✈❛ ❛ ✉♠❛ ❜❛s❡ ✭❡ ♣♦rt❛♥t♦ ❛ t♦❞❛s✮ é ✐♥✈❡rtí✈❡❧✳

Pr♦✈❛✳ ❙❡❥❛ e1, . . . , en ✉♠❛ ❜❛s❡ ♣❛r❛ V ✳ ❙❡ u ∈ V ✱ ❡♥tã♦ b(u, v) = 0 ♣❛r❛ t♦❞♦ v ∈ V

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ b(u, ei) = 0 ♣❛r❛ i = 1, . . . , n✳ ❯♠❛ ✈❡③ q✉❡ (bij) é s✐♠étr✐❝❛✱

b(u, ei) = b

(
∑

j

ujej, ei

)

=
∑

j

ujb(ej, ei) =
∑

j

bijuj.

❉❛í✱b é ❞❡❣❡♥❡r❛❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡♠ ♥ú♠❡r♦s ♥ã♦ t♦❞♦s ♥✉❧♦s u1, . . . , un

t❛✐s q✉❡
∑

j bijuj = 0 ♣❛r❛ i = 1, . . . , n✳ ▼❛s ✐ss♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❧✐♥❡❛r

❞❛s ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ (bij)✱ ✐st♦ é✱ (bij) s❡r s✐♥❣✉❧❛r✳

❋❛❧❛r❡♠♦s ✉♠ ♣♦✉❝♦ s♦❜r❡ ♣r♦❞✉t♦s ❡s❝❛❧❛r❡s✳ ❊①✐❜✐r❡♠♦s ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r♦✲

♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s ❡ ❞❡✐①❛♠♦s ♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ❛ r❡❢❡rê♥❝✐❛ ❬✶✻❪✱ ❝❛♣ít✉❧♦ ✷✳

❉❡✜♥✐çã♦ ✶✳✶✻ ❯♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r g ❡♠ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r

s✐♠étr✐❝❛ ❡ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ s♦❜r❡ V ✳

❉❡✜♥✐çã♦ ✶✳✶✼ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❡ s❡❥❛W ✉♠ s✉❜❡s♣❛ç♦

❞❡ V ✳ ❖ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡ W é ♦ s✉❜❡s♣❛ç♦ W⊥ ❞❡ t♦❞♦s ♦s ✈❡t♦r❡s ❡♠ V q✉❡

sã♦ ♦rt♦❣♦♥❛✐s ❛ t♦❞♦ ✈❡t♦r ❡♠ W ✱ ♦✉ s❡❥❛✱

W⊥ = {v ∈ V ; v ⊥ W}.

❖s ♣ró①✐♠♦s ❧❡♠❛s ❞❡s❝r❡✈❡♠ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ♦♣❡r❛çã♦ ⊥ q✉❡ sã♦ ✉s❛✲

❞♦s ❡♠ ♥♦ss♦s ❡st✉❞♦s✳

▲❡♠❛ ✶✳✻ ❙❡ ❲ é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ ✉♠ ❡s♣❛ç♦ ❝♦♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❱✱ ❡♥tã♦

✭✐✮ dimW + dimW⊥ = n = dimV ❀

✭✐✐✮ ✭W⊥)⊥ = W ✳



✷✹

▲❡♠❛ ✶✳✼ ❙❡❥❛ e1 . . . , en ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V ✳ ❊♥tã♦ t♦❞♦ v ∈ V é ❡s❝r✐t♦ ❞❡

♠❛♥❡✐r❛ ú♥✐❝❛ ❝♦♠♦

v =
∑

i

g(v, ei)ei.

❉❡✜♥✐r❡♠♦s ❛❣♦r❛ ♦ q✉❡ ✈❡♠ ❛ s❡r ✉♠ t❡♥s♦r ♠étr✐❝♦✳

❉❡✜♥✐çã♦ ✶✳✶✽ ❯♠ t❡♥s♦r ♠étr✐❝♦ g ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M é ✉♠ t❡♥s♦r

❞♦ t✐♣♦ (0, 2) s✐♠étr✐❝♦✱ ♥ã♦ ❞❡❣❡♥❡r❛❞♦ ❡♠ M ✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ g ∈ T0
2(M) ❧❡✈❛

s✉❛✈❡♠❡♥t❡ ❝❛❞❛ ♣♦♥t♦ p ∈ M ❡♠ ✉♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r gp ❡♠ TpM ✱ ❡ ♦ í♥❞✐❝❡ ❞❡ gp é

♦ ♠❡s♠♦ ♣❛r❛ t♦❞♦ p ∈ TpM ✳ ❖✉ s❡❥❛✱

g : M −→ T0
2(M)

p 7−→ gp : TpM × TpM −→ R

(u, v) 7−→ gp(u, v)

é ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ t❛❧ q✉❡✱

✭✐✮ gp(u, v) = gp(v, u), ∀ u, v ∈ TpM

✭✐✐✮ gp(u, v) = 0, ∀ v ∈ TpM ✐♠♣❧✐❝❛ u = 0✳

❉❡✜♥✐çã♦ ✶✳✶✾ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M ♠✉✲

♥✐❞❛ ❝♦♠ ✉♠ t❡♥s♦r ♠étr✐❝♦ g✳

◆♦t❛çã♦ ✶✳✷✵ ❉❡♥♦t❡♠♦s ♣♦r g = 〈, 〉 ♦ t❡♥s♦r ♠étr✐❝♦✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

g(u, v) = 〈u, v〉 ∈ R, ♣❛r❛ t♦❞♦s u, v ∈ TpM ❡ g(U, V ) = 〈U, V 〉 ❡ ♣❛r❛ U, V ∈ X(M)✳

P❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣♦❞❡♠♦s ❡s❝r❡✈❡r g s❡♥❞♦

g(U, V ) = 〈U, V 〉 =
∑

i,j

gijU
iV j.

❉❡ ❢❛t♦✱ s❡ ξ = x1, . . . , xn é ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡♠ U ⊂ M ✱ ❡♥tã♦ ❛s

❝♦♠♣♦♥❡♥t❡s ❞❡ g ❡♠ U sã♦

gij = 〈∂i, ∂j〉, ∀ i = 1, . . . , n.

▲♦❣♦✱ s❡ V =
∑

i v
i∂i ❡ U =

∑

j u
j∂j, t❡♠♦s q✉❡

g(U, V ) = 〈U, V 〉 =
∑

i,j

gijV
iU j.

❈♦♠♦ g é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ t❡♠♦s q✉❡ ❡♠ ❝❛❞❛ p ∈ M ✱ ❛ ♠❛tr✐③ (gij(p))n×n é

✐♥✈❡rtí✈❡❧ ❡ ❛ s✉❛ ✐♥✈❡rs❛ é ❞❡♥♦t❛❞❛ ♣♦r (gij(p))n×n✳ ❆ ❢ór♠✉❧❛ ✉s✉❛❧ ♣❛r❛ ❛ ✐♥✈❡rs❛
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❞❡ ✉♠❛ ♠❛tr✐③ ♥♦s ❣❛r❛♥t❡ q✉❡ ❛s ❢✉♥çõ❡s gij sã♦ s✉❛✈❡s ❡♠ U ✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ g é

s✐♠étr✐❝❛✱ ❡♥tã♦ gij = gji ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ gij = gji✱ ♣❛r❛ q✉❛✐sq✉❡r i = 1, . . . , n✳

❋✐♥❛❧♠❡♥t❡✱ ❡♠ U ♦ t❡♥s♦r ♠étr✐❝♦ g ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

g =
∑

ij

gijdx
i ⊗ dxj.

❆ss✐♠✱ s❡ U, V ∈ X(M) t❡♠♦s

g(U, V ) =
∑

ij

gij(dx
i ⊗ dxj)(U, V )

=
∑

ij

gijdx
i(U) · dxj(V )

=
∑

ij

gijU
i · V j.

❊①❡♠♣❧♦ ✹ ❙❡❥❛ M = Rn✳ ❚❡♠♦s✱ ♣❛r❛ ❝❛❞❛ p ∈M q✉❡ TpM é ✐s♦♠♦r❢♦ ❛ Rn✳ ❉❛í✱

s❡ (x1, . . . , xn) é ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✉s✉❛✐s ❞♦ Rn✱ ❡♥tã♦

〈up, vp〉 =
∑

i

uivi

❞❡✜♥❡ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ Rn✱ ❡♠ q✉❡ up =
∑

i u
i∂i ❡ vp =

∑

j v
j∂j✳ ❉❡st❛ ♠❛♥❡✐r❛✱

Rn ♠✉♥✐❞♦ ❝♦♠ ❡st❛ ♠étr✐❝❛ ♥♦s ❞á ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝❤❛♠❛❞❛ ❡s♣❛ç♦

❊✉❝❧✐❞✐❛♥♦ n−❞✐♠❡♥s✐♦♥❛❧✳

P❛r❛ ❝❛❞❛ p ∈M ✱ s❡❥❛

q : TpM −→ R

v 7−→ q(v) = 〈v, v〉

❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r 〈, 〉. ❚❡♠♦s q✉❡ q ❞❡t❡r♠✐♥❛ 〈, 〉✱ ♠❛s

♦❜s❡r✈❡♠♦s q✉❡

q(fV ) = 〈fV, fV 〉 = f 2〈V, V 〉 = f 2q(V ),

♣❛r❛ q✉❛❧q✉❡r V ∈ X(M) ❡ t♦❞❛ f ∈ C∞(M)✳ ❆ss✐♠✱ t❡♠♦s q✉❡ q ♥ã♦ é C∞(M)✲❧✐♥❡❛r

❡✱ ♣♦rt❛♥t♦✱ ♥ã♦ é ✉♠ ❝❛♠♣♦ t❡♥s♦r✳

❉❡✜♥✐çã♦ ✶✳✷✶ ❙❡❥❛♠ N ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ M ♠✉✲

♥✐❞❛ ❞❡ ✉♠ t❡♥s♦r ♠étr✐❝♦ g ❡ i : M → N ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦✳ ❙❡ ♦ ♣✉❧❧❜❛❝❦ i ∗ g é

✉♠ t❡♥s♦r ♠étr✐❝♦ ❡♠ N ✱ ❡♥tã♦ N é ❝❤❛♠❛❞❛ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ M ✳
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✶✳✷✳✷ ❆ ❈♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛

❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❡ V,W ❞♦✐s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❡♠ M ✳ ❊♠ ❝❛❞❛

♣♦♥t♦ p ∈ M ✱ q✉❡r❡♠♦s ❝❛❧❝✉❧❛r ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞❡ W ♥❛ ❞✐r❡çã♦ ❞❡ Vp✳ ❋❛③❡♠♦s

✐ss♦ ♥❛t✉r❛❧♠❡♥t❡ ♥♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ ❝♦♠ ❛ ❞❡r✐✈❛❞❛ ❞❡ ✉♠ ❝❛♠♣♦ ❡♠ r❡❧❛çã♦ ❛

♦✉tr♦✳ P❛r❛ ♦ ♥♦ss♦ ❝♦♥t❡①t♦ ✈❛♠♦s ✐♥tr♦❞✉③✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❡①ã♦✳

❉❡✜♥✐çã♦ ✶✳✷✷ ❙❡❥❛♠ u1, . . . , un ❛s ❝♦♦r❞❡♥❛❞❛s ♥❛t✉r❛✐s ❞❡ Rn✳ ❙❡ V ❡ W sã♦ ❝❛♠✲

♣♦s ❞❡ ✈❡t♦r❡s ❡♠ Rn
ν ✱ ❝♦♠ W =

∑

iW
i∂i ✱ ♦ ✈❡t♦r

DVW =
∑

i

V (W i)∂i

é ❝❤❛♠❛❞❛ ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ W ♥❛ ❞✐r❡çã♦ ❞❡ V ✳

❆❣♦r❛ ❡st❛❜❡❧❡❝❡r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❡①ã♦ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M ✳

❉❡✜♥✐çã♦ ✶✳✷✸ ❯♠❛ ❝♦♥❡①ã♦ ∇ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ▼ é ✉♠❛ ❢✉♥çã♦

∇ : X(M)× X(M) → X(M)

s❛t✐s❢❛③❡♥❞♦✱ ♣❛r❛ q✉❛✐sq✉❡r V,W ∈ X(M),

✭✐✮ ∇VW é C∞(M)✲❧✐♥❡❛r ❡♠ V ❀

✭✐✐✮ ∇VW é R✲❧✐♥❡❛r ❡♠ W ❀

✭✐✐✐✮ ∇V (fW ) = f∇VW + V (f)W ♣❛r❛ t♦❞❛ ❢✉♥çã♦ f ∈ C∞(M)✳

❚❡♠♦s q✉❡ ∇VW é ❝❤❛♠❛❞❛ ❛ ✧❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡✧ ❞❡ W ♥❛ ❞✐r❡çã♦ ❞❡ V ❝♦♠

r❡s♣❡✐t♦ ❛ ❝♦♥❡①ã♦ ∇✳

❖❜s❡r✈❡♠♦s q✉❡ ♦ ❛①✐♦♠❛ (i) ♥♦s ❞✐③ q✉❡ ∇VW é ✉♠ t❡♥s♦r ❡♠ V ✳ ❊♥tã♦

♣♦❞❡♠♦s ❡①❛♠✐♥❛r ♦ s❡✉ ❝❛rát❡r ♣♦♥t✉❛❧✱ ✐st♦ é✱ ❞❛❞♦ v ∈ TpM ✱ ♦ ✈❡t♦r ∇vW ∈ TpM

❡stá ❜❡♠ ❞❡✜♥✐❞♦✱ ❞❡♥♦t❛♥❞♦✲♦ ♣♦r (∇vW )p ❡♠ q✉❡ V é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ t❛❧ q✉❡

Vp = v✳ ❖ ❛①✐♦♠❛ (iii) ♥♦s ❞✐③ q✉❡ ∇VW ♥ã♦ é ✉♠ t❡♥s♦r ❡♠ W ✳

❱❡❥❛♠♦s ❛❣♦r❛ ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❝❛rát❡r ❛❧❣é❜r✐❝♦✱ ♦ q✉❛❧ ♥♦s ❞✐③ q✉❡ ♥❛ ♣r❡s❡♥ç❛

❞❛ ♠étr✐❝❛✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ❝❛♠♣♦s ❝♦♠ ✶✲❢♦r♠❛s✳

Pr♦♣♦s✐çã♦ ✶✳✷✹ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✳ ❙❡ V ∈ X(M)✱ s❡❥❛ V ∗ ✉♠❛

✶✲❢♦r♠❛ ❡♠ M t❛❧ q✉❡

V ∗(X) = 〈V,X〉, ∀ X ∈ X(M).
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❊♥tã♦ ❛ ❢✉♥çã♦

f : X(M) −→ X∗(M)

V 7−→ f(V ) = V ∗(X) = 〈V,X〉

é ✉♠ ✐s♦♠♦r✜s♠♦ C∞(M)✲❧✐♥❡❛r ❞❡ X(M) ♣❛r❛ X∗(M)✳

Pr♦✈❛✳ Pr✐♠❡✐r❛♠❡♥t❡ ♦❜s❡r✈❡♠♦s q✉❡ f é C∞(M)✲❧✐♥❡❛r✱ ♣♦✐s é ❞❛❞❛ ♣♦r ✉♠❛ ✶✲

❢♦r♠❛ q✉❡ é C∞(M)✲❧✐♥❡❛r✳ P❛r❛ ♠♦str❛r♠♦s ♦ ✐s♦♠♦r✜s♠♦✱ ❜❛st❛ ♠♦str❛r q✉❡ ❛

❛♣❧✐❝❛çã♦ é ✉♠❛ ❜✐❥❡çã♦✱ ✉♠❛ ✈❡③ q✉❡ ❥á t❡♠♦s ❛ ❧✐♥❡❛r✐❞❛❞❡✳

✭✐✮ f é ✐♥❥❡t♦r❛✳

❉❡ ❢❛t♦✱ s❡❥❛ f(V ) = f(W )✱ ❡♥tã♦

〈V,X〉 = 〈W,X〉, X ∈ X(M).

▲♦❣♦

〈V,X〉 = 〈W,X〉 ⇔ 〈V −W,X〉 = 0 ⇔ V = W,

✉♠❛ ✈❡③ q✉❡ X ∈ X(M) é q✉❛❧q✉❡r ❡ ❛ ♠étr✐❝❛ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✳ P♦rt❛♥t♦ f é

✐♥❥❡t♦r❛✳

✭✐✐✮ f é s♦❜r❡❥❡t♦r❛✳

➱ ♥❡❝❡ssár✐♦ ❡①✐❜✐r♠♦s ✉♠ V ∈ X(M) t❛❧ q✉❡

θ(X) = 〈V,X〉, ∀ X ∈ X(M).

❆ ✉♥✐❝✐❞❛❞❡ é ❞❛❞❛ ♣❡❧♦ ✐t❡♠ (i)✳ ▼♦str❛r❡♠♦s q✉❡ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠

t❛❧ ❝❛♠♣♦ V ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❝♦♦r❞❡♥❛❞❛ U ❛r❜✐trár✐❛✳ ❙❡❥❛ θ ∈ X∗(M)✱

❡♥tã♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r θ =
∑

i θidx
i ❡♠ U ❡ t♦♠❡♠♦s V ∈ X(M) ❞❛❞♦ ♣♦r

V =
∑

ij g
ijθi∂j✳ ❊♥tã♦ ❞❡s❞❡ q✉❡ (gij) ❡ (gij) sã♦ ♠❛tr✐③❡s ✐♥✈❡rsí✈❡✐s✱ t❡♠♦s

〈V, ∂k〉 =

〈
∑

ij

gijθi∂j, ∂k

〉

=
∑

ij

gijθi 〈∂j, ∂k〉

=
∑

ij

gijθigjk =
∑

ij

θiδik = θk = θ(∂k).

P♦rt❛♥t♦✱ f é s♦❜r❡❥❡t♦r❛✳

❆ ❝♦♥❡①ã♦ ❡stá ❞✐r❡t❛♠❡♥t❡ ❧✐❣❛❞❛ à ♠étr✐❝❛✱ ❞❡s❞❡ q✉❡ ❛❝r❡s❝❡♥t❡♠♦s ❛ ❝♦♠♣❛✲

t✐❜✐❧✐❞❛❞❡ ❡ ❛ s✐♠❡tr✐❛ q✉❡ é ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ r❡❧❛❝✐♦♥❛❞❛ ❛♦s ❝♦❧❝❤❡t❡s ❞❡ ▲✐❡✳ ❊♠



✷✽

✈❡r❞❛❞❡✱ é ♦ q✉❡ ♥♦s ♠♦str❛ ♦ t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲

❈✐✈✐t❛✿

❚❡♦r❡♠❛ ✶✳✷✺ ✭▲❡✈✐✲❈✐✈✐t❛✮ ❊♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ M ❡①✐st❡ ✉♠❛ ú♥✐❝❛

❝♦♥❡①ã♦ ∇ t❛❧ q✉❡

✭✐✮ [V,W ] = ∇VW −∇WV ❀

✭✐✐✮ X〈V,W 〉 = 〈∇XV,W 〉+ 〈V,∇XW 〉, ∀ X, V,W ∈ X(M).

❚❡♠♦s q✉❡ ∇ é ❝❤❛♠❛❞❛ ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ ▼ ❡ é ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧❛ ✧❋ór♠✉❧❛

❞❡ ❑♦s③✉❧✧

2〈∇VW,X〉 = V 〈W,X〉+W 〈V,X〉 −X〈V,W 〉
− 〈V, [W,X]〉+ 〈W, [V,X]〉+ 〈X, [V,W ]〉.

Pr♦✈❛✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ∇ é ✉♠❛ ❝♦♥❡①ã♦ ❡♠ M s❛t✐s❢❛③❡♥❞♦ ♦s ❛①✐♦♠❛s (i) ❡ (ii)

❞♦ t❡♦r❡♠❛ ❛❝✐♠❛✳ ❉♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧✱ ✉s❡♠♦s ♦ ❛①✐♦♠❛ (ii) ♥❛s

três ♣r✐♠❡✐r❛s ♣❛r❝❡❧❛s ❡ ♦ ❛①✐♦♠❛ (i) ♥❛s três ✉❧t✐♠❛s✳ ❈♦♠ ✐ss♦✱ ❛❧❣✉♥s ♣❛r❡s ✐rã♦ s❡r

❝❛♥❝❡❧❛❞♦s✱ ♦ q✉❡ ♥♦s ❧❡✈❛rá ❛ 2〈∇VW,X〉✳ ❆ss✐♠✱ ∇ s❛t✐s❢❛③ ❛ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧ ❡✱

♣♦rt❛♥t♦✱ s❡ t❛❧ ❝♦♥❡①ã♦ ❡①✐st❡✱ ❡❧❛ é ú♥✐❝❛✳

P❛r❛ ❛ ❡①✐stê♥❝✐❛✱ F (V,W,X) ❝♦♠♦ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧✳ P❛r❛

❝❛♠♣♦s V,W ✜①❛❞♦s✱ ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦ ♠♦str❛ q✉❡ F é C∞(M)✲❧✐♥❡❛r ❡✱ ♣♦rt❛♥t♦ é

✉♠❛ ✶✲❢♦r♠❛✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✹✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧✱ q✉❡ ❞❡♥♦t❛r❡♠♦s

♣♦r ∇VW ✱ t❛❧ q✉❡ 2〈∇VW,X〉 = F (V,W,X) ♣❛r❛ t♦❞♦ x ∈ X(M)✳ P♦❞❡♠♦s ✈❡r✐✜❝❛r

q✉❡ F s❛t✐s❢❛③ ♦s três ❛①✐♦♠❛s ❞❛ ❉❡✜♥✐çã♦ ✶✳✷✸✱ ❛ s✐♠❡tr✐❛ ❡ ❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❝♦♠ ❛

♠étr✐❝❛✳ ❆ss✐♠✱ ✉s❛♥❞♦ ❛ ✉♥✐❝✐❞❛❞❡✱ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❛ ❝♦♥❡①ã♦✳

✶✳✷✳✸ ❈✉r✈❛t✉r❛s

❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ♦ t❡♥s♦r ❞❡ ❝✉r✈❛t✉r❛ q✉❡✱ ✐♥t✉✐t✐✈❛♠❡♥t❡✱ ♠❡❞❡ ♦ q✉❛♥t♦ ✉♠❛

✈❛r✐❡❞❛❞❡ ❞❡✐①❛ ❞❡ s❡r ❊✉❝❧✐❞✐❛♥❛✳

❉❡✜♥✐çã♦ ✶✳✷✻ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✳ ❖ t❡♥s♦r ❝✉r✈❛t✉r❛ R ❞❡ M é

❛ ❛♣❧✐❝❛çã♦

R : X(M)3 −→ X(M)

(X, Y, Z) 7−→ R(X, Y, Z) = − ∇X∇YZ +∇Y∇XZ +∇[X,Y ]Z.
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❯♠❛ ✈❡③ ✜①❛❞♦s ♦s ❝❛♠♣♦s X, Y ∈ X(M)✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ♦♣❡r❛❞♦r ❝✉r✈❛t✉r❛

R(X, Y ) ❞❛❞♦ ♣♦r

R : X(M) −→ X(M)

Z 7−→ R(X, Y )Z = R(X, Y, Z).

❖❜s❡r✈❡♠♦s q✉❡ ♦ t❡♥s♦r ❝✉r✈❛t✉r❛ é ❧✐♥❡❛r ❡♠ r❡❧❛çã♦ ❛ ❛❞✐t✐✈✐❞❛❞❡ ❡ tr✐❧✐♥❡❛r

❡♠ r❡❧❛çã♦ ❛♦ ♣r♦❞✉t♦ ❝♦♠ ❡❧❡♠❡♥t♦s ❞♦ ❛♥❡❧ C∞(M)✳ ❆❧é♠ ❞✐ss♦✱ ♦ t❡♥s♦r ❝✉r✈❛t✉r❛

s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ✭✈❡❥❛✱ ❬✶✻❪✱ Pr♦♣♦s✐çã♦ ✸✳✸✻✮✳

Pr♦♣♦s✐çã♦ ✶✳✷✼ ❈♦♠ ❛s ♥♦t❛çõ❡s ❛❝✐♠❛✱ ♣❛r❛ q✉❛✐sq✉❡r X, Y, Z,W ∈ X(M)✱

✭✐✮ R(X, Y )Z +R(Y, Z)X +R(Z,X)Y = 0❀

✭✐✐✮ 〈R(X, Y )Z,W 〉+ 〈R(Y, Z)X,W 〉+ 〈R(Z,X)Y,W 〉 = 0❀

✭✐✐✐✮ 〈R(X, Y )Z,W 〉 = − 〈R(Y,X)Z,W 〉❀

✭✐✈✮ 〈R(X, Y )Z,W 〉 = − 〈R(X, Y )W,Z〉❀

✭✈✮ 〈R(X, Y )Z,W 〉 = 〈R(Z,W )X, Y 〉.

❉❡✜♥✐çã♦ ✶✳✷✽ ❉✐③❡♠♦s q✉❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ é ✢❛t q✉❛♥❞♦ ♦ t❡♥s♦r ❝✉r✈❛t✉r❛ é ✐❞❡♥✲

t✐❝❛♠❡♥t❡ ♥✉❧♦✳

❯♠ ❡①❡♠♣❧♦ ❞❡ ✈❛r✐❡❞❛❞❡ ✢❛t é ♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ n✲❞✐♠❡♥s✐♦♥❛❧✱ ✉♠❛ ✈❡③

q✉❡ ❡♠ Rn ♦s ❙í♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧ sã♦ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦s✱♣♦✐s sã♦ ❞❛❞♦s ♣❡❧❛s

❞❡r✐✈❛❞❛s ❞❛ ♠étr✐❝❛ q✉❡ sã♦ ♥✉❧❛s ♥❡st❡ ❡s♣❛ç♦✳

■♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ♦♣❡r❛❞♦r ❞❡ ❝✉r✈❛t✉r❛✱ t❡♠♦s ❛ ❝✉r✈❛t✉r❛ s❡❝❝✐✲

♦♥❛❧ q✉❡ ❞❡✜♥✐r❡♠♦s ❛ s❡❣✉✐r✿

▲❡♠❛ ✶✳✽ ❙❡❥❛ M ⊂ TpM ✉♠ s✉❜❡s♣❛ç♦ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ ❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM ❡

s❡❥❛♠ x, y ∈M ❞♦✐s ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❊♥tã♦

K(x, y) =
〈R(x, y)x, y〉

|x|2|y|2 − 〈x, y〉2

♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞♦s ✈❡t♦r❡s x, y ∈M ✳

Pr♦✈❛✳ P❛r❛ q✉❛✐sq✉❡r ❞✉❛s ❜❛s❡s ❞❡ M ✱ ♣♦❞❡♠♦s r❡❧❛❝✐♦♥❛✲❧❛s ♣❡❧❛s ❡q✉❛çõ❡s

v = ax + by,

w = cx + dy,



✸✵

❡♠ q✉❡ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞♦s ❝♦❡✜❝✐❡♥t❡s ad − bc é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳ ❯♠ ❝á❧❝✉❧♦ ♠❛✐s

❛♣r♦❢✉♥❞❛❞♦ ♠♦str❛ q✉❡

〈R(v, w)v, w〉 = (ad− bc)2〈R(x, y)x, y〉

❡

(|v|2|w|2 − 〈v, w〉2) = (ad− bc)2(|x|2|y|2 − 〈x, y〉2),

❞♦♥❞❡ K(v, w) = K(x, y)✳

❉❡✜♥✐çã♦ ✶✳✷✾ ❉❛❞♦ ✉♠ ♣♦♥t♦ p ∈ M ❡ ✉♠ s✉❜❡s♣❛ç♦ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ M ⊂ TpM ✱ ♦

♥ú♠❡r♦ r❡❛❧ K(x, y) = K(M)✱ ❡♠ q✉❡ {x, y} é ✉♠❛ ❜❛s❡ q✉❛❧q✉❡r ❞❡ M é ❝❤❛♠❛❞❛ ❛

❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❞❡ M ❡♠ p✳

❖❜s❡r✈❛çã♦ ✶✳✻ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ♠✉❧t✐❧✐♥❡❛r F : Tp(M)4 → R é t✐♣♦✲

❝✉r✈❛t✉r❛ s❡ ❡❧❛ s❛t✐s❢❛③ t♦❞♦s ♦s ✐t❡♥s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✼✳ ❆ss✐♠✱ s❡ F (x, y, x, y) = 0

♣❛r❛ q✉❛✐sq✉❡r x, y ∈ TpM t❛✐s q✉❡ M = span(x, y) é ✉♠ ♣❧❛♥♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ❡♥tã♦

F ≡ 0✳

▲❡♠❛ ✶✳✾ ❙❡❥❛ ❋ ✉♠❛ ❢✉♥çã♦ t✐♣♦✲❝✉r✈❛t✉r❛ ❡♠ TpM t❛❧ q✉❡

K(x, y) =
F (x, y, x, y)

〈x, x〉〈y, y〉 − 〈x, y〉2

s❡♠♣r❡ q✉❡ M = span(x, y) é ✉♠ ♣❧❛♥♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✳ ❊♥tã♦✱

〈R(x, y)z, w〉 = F (x, y, z, w),

♣❛r❛ t♦❞♦s x, y, z, w ∈ TpM ✳

Pr♦✈❛✳ ❈♦♠♦ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❢✉♥çõ❡s t✐♣♦✲❝✉r✈❛t✉r❛ t❛♠❜é♠ é t✐♣♦ ❝✉r✈❛t✉r❛✱ ❞❡✜✲

♥✐♠♦s ∆(x, y, z, w) = F (x, y, z, w) − 〈R(x, y)z, w〉✳ P♦r ❤✐♣ót❡s❡✱ ∆(x, y, x, y) = 0 s❡

M = span(x, y) é ✉♠ ♣❧❛♥♦ ♥ã♦ ❞❡❣❡♥❡r❛❞♦ ❞❡ TpM ✳ P♦rt❛♥t♦✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ❢❡✐t❛

❛♥t❡s ❞❡st❡ ❧❡♠❛✱ ∆ = 0✳

❯♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ M t❡♠ ❝✉r✈❛t✉r❛ ❝♦♥st❛♥t❡ s❡ ❛ ❢✉♥çã♦ ❝✉r✈❛t✉r❛

s❡❝❝✐♦♥❛❧ é ❝♦♥st❛♥t❡✳ ❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ ❢ór♠✉❧❛ ♣❛r❛ R q✉❛♥❞♦

K é ❝♦♥st❛♥t❡✳

❈♦r♦❧ár✐♦ ✶✳✸✵ ❙❡ M t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ C✱ ❡♥tã♦

R(x, y)z = C(〈z, x〉y − 〈z, y〉x).



✸✶

Pr♦✈❛✳ ❖❜s❡r✈❡ q✉❡ ❞❡✜♥✐♥❞♦ F (x, y, z, w) = C(〈z, x〉〈y, w〉− 〈z, y〉〈x, w〉)✱ t❡♠♦s q✉❡

F é ✉♠❛ ❢✉♥çã♦ t✐♣♦✲❝✉r✈❛t✉r❛ ❡♠ ❝❛❞❛ ♣♦♥t♦ ❡

F (x, y, x, y) = C(〈x, x〉〈y, y〉 − 〈x, y〉2.

❙❡ M = span(x, y) é ✉♠ ♣❧❛♥♦ ♥ã♦✲❞❡❣❡♥❡r❛❞♦✱ ❡♥tã♦

K(x, y) = C =
F (x, y, x, y)

〈x, x〉〈y, y〉 − 〈x, y〉2 ,

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✳

❙❡❥❛ Rn+p✱ n ≥ 2 ❡ p ≥ 1✱ ♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ ❞❡ ❞✐♠❡♥sã♦ (n + p) ♠✉♥✐❞♦ ❝♦♠

❛ ♠étr✐❝❛ ❝❛♥ô♥✐❝❛✳ ❈♦♥s✐❞❡r❡♠♦s Qn+p
c ❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ (n+ p)✲❞✐♠❡♥s✐♦♥❛❧

❝♦♠♣❧❡t❛✱ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ ❝♦♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ c✳ ❆ ✈❛r✐❡❞❛❞❡ Qn+p
c

❞❛♠♦s ♦ ♥♦♠❡ ❞❡ ❢♦r♠❛ ❡s♣❛❝✐❛❧ ❘✐❡♠❛♥♥✐❛♥❛✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ s✐♥❛❧ ❞❡ c✱ ♣♦❞❡♠♦s

❞❡t❡r♠✐♥❛r ❛ ❢♦r♠❛ ❞❡ Qn+1
c ✭❝❢✳ ♣♦r ❡①❡♠♣❧♦ ♦ ❚❡♦r❡♠❛ 4.1 ❞♦ ❝❛♣ít✉❧♦ ❱■■■ ❞❡ ❬✾❪✮

❝♦♠♦ s❡♥❞♦✿

✭❛✮ ♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ Rn+p s❡ c = 0❀

✭❜✮ ❛ ❡s❢❡r❛ ❊✉❝❧✐❞✐❛♥❛ Sn+p(c) s❡ c > 0❀

✭❝✮ ♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ Hn+p(c) s❡ c < 0✳

✶✳✷✳✹ ❆❧❣✉♥s ❖♣❡r❛❞♦r❡s ❉✐❢❡r❡♥❝✐á✈❡✐s

◆❡ss❛ s❡çã♦✱ ❡st❡♥❞❡r❡♠♦s ❛❣♦r❛ ♦s ❝♦♥❝❡✐t♦s ❞❡ ✈❡t♦r ❣r❛❞✐❡♥t❡✱ ❞✐✈❡r❣❡♥t❡✱ ❍❡ss✐❛♥♦

❡ ▲❛♣❧❛❝✐❛♥♦ ♣❛r❛ ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s✳ ❖ r❡❢❡r❡♥❝✐❛❧ e1, . . . , en s❡♠♣r❡ ❞❡♥♦t❛rá

✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❡♠ ✉♠ ♣♦♥t♦ p ∈M ✳

❉❡✜♥✐çã♦ ✶✳✸✶ ❖ ❣r❛❞✐❡♥t❡ ❞❡ ✉♠❛ ❢✉♥çã♦ f ∈ C∞(M)✱ ♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r

∇f ✱ é ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♠❡tr✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐❢❡r❡♥❝✐❛❧ df ∈ X∗(M) ❞❡✜♥✐❞♦

s♦❜r❡ m ♣♦r

〈∇f,X〉 = df(X) = X(f), ∀ X ∈ X(M).

❊♠ t❡r♠♦s ❞❡ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧✱

〈∇f, ej〉 = df(ej) = ej(f).



✸✷

❉❛í✱ ♣❡❧♦ ▲❡♠❛ ✶✳✼✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

∇f =
n∑

i=1

〈∇f, ei〉ei

❡✱ ♣♦rt❛♥t♦✱

∇f =
n∑

i=1

ei(f)ei.

Pr♦♣♦s✐çã♦ ✶✳✸✷ ✭Pr♦♣r✐❡❞❛❞❡s ❣r❛❞✐❡♥t❡✮ ❖ ❣r❛❞✐❡♥t❡ s❛t✐s❢❛③ às s❡❣✉✐♥t❡s ♣r♦✲

♣r✐❡❞❛❞❡s✿

✐✳ ∇(f + g) = ∇f +∇g

✐✐✳ ∇(fg) = f∇g + g∇f

♣❛r❛ q✉❛✐sq✉❡r f, g ∈ C∞(M)✳

Pr♦✈❛✳

✐✳ ❉❛ ❞❡✜♥✐çã♦ ❞❡ ❣r❛❞✐❡♥t❡✱ t❡♠♦s

〈∇(f + g), X〉 = X(f + g) ∀ X ∈ X(M).

❈♦♠♦

X(f + g) = X(f) +X(g) = 〈∇(f), X〉+ 〈∇(g), X〉, ∀ X ∈ X(M),

❡♥tã♦ ∇(f + g) = ∇f +∇g✳

✐✐✳ ❙❡❣✉✐♥❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦✱ t❡r❡♠♦s

〈∇(fg), X〉 = X(fg)

= fX(g) + gX(f) = f〈∇(g), X〉+ g〈∇(f), X〉, ∀ X ∈ X(M)

❡✱ ♣♦rt❛♥t♦✱∇(fg) = f∇g + g∇f

❉❡✜♥✐çã♦ ✶✳✸✸ ❉❛❞♦ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ∈ X(M)✱ ❞❡✜♥✐♠♦s ❛ ❞✐✈❡r❣ê♥❝✐❛ ❞♦

❝❛♠♣♦ X ❝♦♠♦ ❛ ❢✉♥çã♦ divX :M → R ❞❛❞❛ ♣♦r

divX = tr❛ç♦(Y (p) → ∇YX(p)), p ∈M.



✸✸

❆❞❡♠❛✐s✱ ❡♠ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

divX =
∑

i

〈∇eiX, ei〉. ✭✶✳✺✮

Pr♦♣♦s✐çã♦ ✶✳✸✹ ✭Pr♦♣r✐❡❞❛❞❡s ❞✐✈❡r❣❡♥t❡✮ ❆ ❞✐✈❡r❣ê♥❝✐❛ s❛t✐s❢❛③ às s❡❣✉✐♥t❡s

✐❣✉❛❧❧❞❛❞❡s✿

✐✳ div(X + Y ) = div(X) + div(Y )❀

✐✐✳ div(fX) = X(f) + f div(X)✳

♣❛r❛ q✉❛✐sq✉❡r X, Y ∈ X(M) ❡ f ∈ C∞(M)✳

Pr♦✈❛✳

✐✳ P❛r❛ q✉❛✐sq✉❡r X, Y ∈ X(M) ❡ f ∈ C∞(M)✱ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❞✐✈❡r❣❡♥t❡✱ t❡r❡♠♦s

div(X + Y ) =
∑

i

〈∇ei(X + Y ), Ei〉

=
∑

i

〈∇ei(X) +∇ei(Y ), ei〉

=
∑

i

〈∇ei(X), Ei〉+
∑

i

〈∇ei(Y ), ei〉

= div(X) + div(Y ),

✐✐✳ ❜❡♠ ❝♦♠♦

div(fX) =
∑

i

〈∇eifX, ei〉

=
∑

i

〈f∇eiX, ei〉+
∑

i

〈ei(f)X, ei〉

= f
∑

i

〈∇eiX, ei〉+X(f)

= fdiv(X) + 〈∇f,X〉.

❉❡✜♥✐çã♦ ✶✳✸✺ ❙❡❥❛ f : M → R ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❖ ❍❡ss✐❛♥♦ ❞❡ f ✱ ❞❡♥♦✲

t❛❞♦ ♣♦r Hessf ✱ é ♦ ❝❛♠♣♦ t❡♥s♦r✐❛❧ Hessf : X(M)× X(M) → X(M) ❞❛❞♦ ♣♦r

(Hessf)(X, Y ) = 〈∇X(∇f), Y 〉.

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❞á ✉♠❛ ✐♠♣♦rt❛♥t❡ ♣r♦♣r✐❡❞❛❞❡ ❞♦ Hessiano✳



✸✹

▲❡♠❛ ✶✳✶✵ ❖ ❍❡ss✐❛♥♦ ❞❡ f é ✉♠ ❝❛♠♣♦ t❡♥s♦r✐❛❧ ❞♦ t✐♣♦ (0, 2) s✐♠étr✐❝♦ t❛❧ q✉❡

(Hessf)(X, Y ) = X(Y (f))− (∇XY )f, ∀ X, Y ∈ X(M).

Pr♦✈❛✳ ❚❡♠♦s q✉❡ Hessf é C∞(M)✲❧✐♥❡❛r ❡♠ ❝❛❞❛ ❡♥tr❛❞❛✳ ❉❡st❛ ❢♦r♠❛✱ Hessf é

✉♠ t❡♥s♦r ❞♦ t✐♣♦ (0, 2)✳

❈♦♠♦ 〈∇f, Y 〉 = Y (f)✱ t❡♠♦s q✉❡

X(Y (f)) = X〈∇f, Y 〉 = 〈∇X(∇f), Y 〉+ 〈(∇f),∇XY 〉

= (Hessf)(X, Y ) + 〈(∇f),∇XY 〉

= (Hessf)(X, Y ) + (∇XY )f, ∀ X, Y ∈ X(M). ✭✶✳✻✮

P❛r❛ ❛ s✐♠❡tr✐❛✱ ✈❛♠♦s ✉s❛r ❛ ❞❡✜♥✐çã♦ ❞♦s ❝♦❧❝❤❡t❡s✳ ❖❜s❡r✈❡♠♦s q✉❡ ♣♦r ✉♠

❧❛❞♦

[X, Y ](f) = X(Y (f))− Y (X(f)),

♠❛s ♣♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛ s✐♠❡tr✐❛ ❞❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛✱ t❡♠♦s

[X, Y ](f) = (∇XY )f − (∇YX)f.

❉❛í

X(Y (f))− (∇XY )f = Y (X(f))− (∇YX)f.

❆ss✐♠✱ ♣♦r ✭✶✳✻✮ t❡♠♦s

(Hessf)(X, Y ) = Y (X(f))− (∇YX)f = (Hessf)(Y,X), ∀ X, Y ∈ X(M),

♦ q✉❡ ❝♦♥❝❧✉✐ ♦ ▲❡♠❛✳

❖✉tr❛s ♣r♦♣r✐❡❞❛❞❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❛❜❛✐①♦✳

Pr♦♣♦s✐çã♦ ✶✳✸✻ ✭Pr♦♣r✐❡❞❛❞❡ ❤❡ss✐❛♥❛✮ ❆ ❍❡ss✐❛♥❛ s❛t✐s❢❛③ às s❡❣✉✐♥t❡s ♣r♦♣r✐✲

❡❞❛❞❡s✿

✐✳ Hess f(X + Y, Z) = Hess f(X,Z) + Hess f(Y, Z)❀

✐✐✳ Hess (f + g)(X, Y ) = Hess f(X, Y ) + Hess g(X, Y );

✐✐✐✳ Hess (fg)(X, Y ) = f Hess g + gHess f +X(f)〈∇g, Y 〉+X(g)〈∇f, Y 〉❀

♣❛r❛ q✉❛✐sq✉❡r X, Y, Z ∈ X(M) ❡ f, g ∈ C∞(M)✳

Pr♦✈❛✳



✸✺

✐✳ ❖ ♣r✐♠❡✐r♦ ✐t❡♠ s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ Hessiana✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r ❛ s❡❣✉✐r✿

Hess f(X + Y, Z) = 〈∇X+Y (∇f), Z〉

= 〈∇X(∇f) +∇Y (∇f), Z〉

= 〈∇X(∇f), Z〉+ 〈∇Y (∇f), Z〉

= Hess f(X,Z) + Hess f(Y, Z).

✐✐✳ P❛r❛ ♦ s❡❣✉♥❞♦✱ ✉t✐❧✐③❛♥❞♦ ♦ ▲❡♠❛ 1.10✱ ❡♥❝♦♥tr❛♠♦s

Hess (f + g)(X, Y ) = X(Y (f + g))− (∇XY )(f + g)

= X(Y (f) + Y (g))− (∇XY )f − (∇XY )g

= X(Y (f))− (∇XY )f +X(Y (g))− (∇XY )g

= Hess f(X, Y ) + Hess g(X, Y ).

✐✐✐✳ ◆♦✈❛♠❡♥t❡ ❞♦ ▲❡♠❛ 1.10✱ ♦❜t❡♠♦s

Hess (fg)(X, Y ) = X(Y (fg))− (∇XY )(fg)

= X(fY (g) + gY (f))− [f(∇XY )(g) + g(∇XY )(f)]

= X(fY (g)) +X(gY (f))− [f(∇XY )(g) + g(∇XY )(f)]

= fX(Y (g)) +X(f)Y (g) + gX(Y (f)) +X(g)Y (f)

−f(∇XY )(g)− g(∇XY )(f)

= f [X(Y (g))− (∇XY )g] + g[X(Y (f))− (∇XY )f ]

+X(f)〈∇g, Y 〉+X(g)〈∇f, Y 〉

= f Hess g + gHess f +X(f)〈∇g, Y 〉+X(g)〈∇f, Y 〉.

❱❛❧❡♥❞♦ ❡ss❛s três ♣r♦♣r✐❡❞❛❞❡s ♣❛r❛ t♦❞♦ X, Y, Z ∈ X(M) ❡ f, g ∈ C∞(M)

❉❡✜♥✐çã♦ ✶✳✸✼ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✳ ❉❡✜♥✐♠♦s ♦ ♦♣❡r❛❞♦r ▲❛♣❧❛✲

❝✐❛♥♦ ∆ : C∞(M) → C∞(M) ❞❡ M ♣♦r

∆f = tr❛ç♦(Hessf), ∀ f ∈ C∞(M).

❖❜s❡r✈❡♠♦s q✉❡ ♦ ▲❛♣❧❛❝✐❛♥♦ t❛♠❜é♠ ♣♦❞❡ s❡r ✈✐st♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

∆f =
∑

i

〈(Hessf)(ei), ei〉

=
∑

i

〈∇ei(∇f), ei〉

= div(∇f).
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❋✐♥❛❧✐③❛r❡♠♦s ❡st❛ s❡çã♦ ❝✐t❛♥❞♦ ❛ s❡❣✉✐♥t❡ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❝♦♥❤❡❝✐❞♦ t❡♦r❡♠❛

❞❡ ❙t♦❦❡s✱ q✉❡ é ♦ ❚❡♦r❡♠❛ ❞❛ ❉✐✈❡r❣ê♥❝✐❛ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛

M é ❢❡❝❤❛❞❛ ✭❝♦♠♣❛❝t❛ s❡♠ ❢r♦♥t❡✐r❛✮✳

❚❡♦r❡♠❛ ✶✳✸✽ ❙❡❥❛♠M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ♦r✐❡♥tá✈❡❧ ❢❡❝❤❛❞❛ ❡ X ∈ X(M)

✉♠ ❝❛♠♣♦ s✉❛✈❡ ❞❡✜♥✐❞♦ ❡♠ Mn✱ ❡♥tã♦
∫

M

div(X)dM = 0,

❡♠ q✉❡ dM ❞❡♥♦t❛ ♦ ❡❧❡♠❡♥t♦ ✈♦❧✉♠❡ ❞❡ Mn✳

✶✳✸ ■♠❡rsõ❡s ■s♦♠étr✐❝❛s

❊♠ t♦❞❛ ❡st❛ s❡çã♦✱ Mn ❡ M
m
sã♦ ❞✉❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ❞✐♠❡♥sã♦ n

❡ m✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◗✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥❢✉sã♦✱ ✈❛♠♦s ❞❡♥♦t❛r

♣♦r M ❡ M ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✱ ✐♥❞✐❝❛♠♦s ❬✽❪✱ ❬✾❪ ❡ ❬✶✻❪✳

❉❡✜♥✐çã♦ ✶✳✸✾ ❙❡❥❛♠ Mn ❡ M
m

✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ❞✐♠❡♥sõ❡s n ❡ m✱ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠ m > n✳ ❉✐③❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ x : M → M é ✉♠❛ ✐♠❡rsã♦ s❡ ❛

❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ dxp : TpM → Tx(p)M é ✐♥❥❡t✐✈❛ ♣❛r❛ t♦❞♦ p ∈M ✳

❖ ♥ú♠❡r♦ k = m−n é ❝❤❛♠❛❞♦ ❝♦❞✐♠❡♥sã♦ ❞❡ x✳ ❯♠❛ ✐♠❡rsã♦ x :M →M ❡♥tr❡

❞✉❛s ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s ❝♦♠ ♠étr✐❝❛s 〈, 〉M ❡ 〈, 〉M ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ é ❝❤❛♠❛❞❛

✐♠❡rsã♦ ✐s♦♠étr✐❝❛ s❡

〈u, v〉M = 〈dxp(u), dxp(v)〉M ,

♣❛r❛ t♦❞♦ p ∈M ❡ u, v ∈ TpM ✳

❖❜s❡r✈❛♠♦s q✉❡ s❡ x :M →M é ✉♠❛ ✐♠❡rsã♦ ❡ 〈, 〉M é ❛ ♠étr✐❝❛ ❡♠M ✱ ♣♦❞❡♠♦s

❞❡✜♥✐r ✉♠❛ ♠étr✐❝❛ 〈, 〉M ❡♠ M ♣❡❧♦ ♣✉❧❧❜❛❝❦✳

❙❡❥❛ x : M → M ✉♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛✳ ❆♦ r❡❞♦r ❞❡ ❝❛❞❛ ♣♦♥t♦ p ∈ M ✱

❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ⊂ M t❛❧ q✉❡ x
∣
∣
U
é ✉♠ ♠❡r❣✉❧❤♦ s♦❜r❡ x(U)✳ ▲♦❣♦✱♣♦❞❡♠♦s

✐❞❡♥t✐✜❝❛r U ❝♦♠ ❛ s✉❛ ✐♠❛❣❡♠ x(U)✱ ✐st♦ é✱ x é ❧♦❝❛❧♠❡♥t❡ ❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦✳

P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❞❡ M ❡♠ p ❝♦♠ ✉♠ s✉❜❡s♣❛ç♦

❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❞❡ M ❡♠ p ❡ ❡s❝r❡✈❡♠♦s

TpM = TpM ⊕ (TpM)⊥,

❡♠ q✉❡ (TpM)⊥ é ♦ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡ TpM ❡♠ TpM ✳
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❉❡✜♥✐çã♦ ✶✳✹✵ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠ ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛

∇ ❡ x :M →M ✉♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛✳ ❊♥tã♦ ❞❛❞♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s X, Y ∈ X(M)✱

t❡♠♦s q✉❡

∇XY = (∇XY )⊤ + (∇XY )⊥.

❙❡❣✉❡ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ q✉❡ (∇)⊤ é ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡

M ❡ ❛ ❞❡♥♦t❛♠♦s ♣♦r ∇✳

❉❛í✱ ♦❜t❡♠♦s ❛ ❋ór♠✉❧❛ ❞❡ ●❛✉ss

∇XY = ∇XY + α(X, Y ), X, Y ∈ X(M),

❛ q✉❛❧ ❞❡✜♥❡ ✉♠❛ ❛♣❧✐❝❛çã♦

α : X(M)× X(M) → X(M)⊥

❝❤❛♠❛❞❛ ❛ ❙❡❣✉♥❞❛ ❋♦r♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ✐♠❡rsã♦ x✳

Pr♦♣♦s✐çã♦ ✶✳✹✶ ❙❡ X, Y ∈ X(M)✱ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ α : X(M) × X(M) → X(M)⊥

❞❛❞❛ ♣♦r α(X, Y ) = ∇XY −∇XY é ❜✐❧✐♥❡❛r ❡ s✐♠étr✐❝❛✳

Pr♦✈❛✳ ❖❜s❡r✈❡♠♦s q✉❡ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❝♦♥❡①ã♦✱ s❡❣✉❡ q✉❡ α é ❧✐♥❡❛r ♥❛ ♣r✐✲

♠❡✐r❛ ❡ ♥❛ s❡❣✉♥❞❛ ❡♥tr❛❞❛✳ P❛r❛ ❛ s✐♠❡tr✐❛✱ ❜❛st❛ ✈❡r♠♦s q✉❡

α(X, Y )− α(Y,X) = ∇XY −∇XY −∇YX +∇YX

= (∇XY −∇YX) + (∇YX −∇XY )

= [X, Y ] + [Y,X]

= [X, Y ]− [X, Y ]

= 0,

❡♠ q✉❡ ✉s❛♠♦s ♦ ❢❛t♦ ❞❡ q✉❡ q✉❛♥❞♦ r❡str✐t♦s ❛ M ✱ ♦s ❝❛♠♣♦s sã♦ ✐❣✉❛✐s✱ s❡❣✉✐♥❞♦ ♦

r❡s✉❧t❛❞♦✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s X ∈ M ❡ ξ ∈ X(M)⊥✱ ❡ ❞❡♥♦t❡♠♦s ♣♦r

AξX ❛ ❝♦♠♣♦♥❡♥t❡ t❛♥❣❡♥❝✐❛❧ ❞❡ − ∇Xξ✱ ✐st♦ é✱

AξX = − (∇Xξ)
⊤.

❯♠❛ ✈❡③ q✉❡ ♣❛r❛ ❝❛❞❛ Y ∈ X(M)✱

0 = X〈ξ, Y 〉 = 〈∇Xξ, Y 〉+ 〈ξ,∇XY 〉,
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♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss✱ t❡♠♦s

〈AξX, Y 〉 = 〈α(X, Y ), ξ〉.

❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❛♣❧✐❝❛çã♦ A : X(M)×X(M)⊥ → X(M) ❞❛❞❛ ♣♦r A(X, ξ) = AξX

é ❜✐❧✐♥❡❛r s♦❜r❡ C∞(M)✳ ❆ss✐♠✱ ❛ ❛♣❧✐❝❛çã♦ Aξ : X(M) → X(M) é ❧✐♥❡❛r s♦❜r❡ C∞(M)

❡ t❛♠❜é♠ ❛✉t♦ ❛❞❥✉♥t❛✱ ✐st♦ é✱ 〈AξX, Y 〉 = 〈X,AξY 〉 ♣❛r❛ t♦❞♦s X, Y ∈ X(M)✳ ❆

❛♣❧✐❝❛çã♦ Aξ é ❝❤❛♠❛❞❛ ❖♣❡r❛❞♦r ❞❡ ❋♦r♠❛ ♦✉ ❖♣❡r❛❞♦r ❞❡ ❲❡✐♥❣❛rt❡♥ ❞❛ ✐♠❡rsã♦ x✳

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡ ♥♦r♠❛❧ ❞❡ ∇Xξ✱ ❞❡♥♦t❛❞❛ ♣♦r (∇Xξ)
⊥✱ ❞❡✜♥❡

✉♠❛ ❝♦♥❡①ã♦ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ♥♦r♠❛❧ TM⊥✳ ❉✐③❡♠♦s q✉❡ ∇⊥ é ❛

❝♦♥❡①ã♦ ♥♦r♠❛❧ ❞❡ x ❡ ♦❜t❡♠♦s ❛ ❢ór♠✉❧❛ ❞❡ ❲❡✐♥❣❛rt❡♥

∇Xξ = −AξX +∇⊥

Xξ.

❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss ❡ ❲❡✐♥❣❛rt❡♥✱ ♦❜t❡r❡♠♦s ❛s ❡q✉❛çõ❡s ❜ás✐❝❛s

❞❛s ✐♠❡rsõ❡s ✐s♦♠étr✐❝❛s ♣❛r❛ ♦ ♥♦ss♦ ✐♥t❡r❡ss❡✿ ❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss ❡ ❞❡ ❈♦❞❛③③✐✳

Pr♦♣♦s✐çã♦ ✶✳✹✷ ❙❡❥❛ M ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ M ✳ ❙❡❥❛♠ R ❡ R ♦s

t❡♥s♦r❡s ❝✉r✈❛t✉r❛ ❞❡ M ❡ M ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ α ♦ t❡♥s♦r ❞❡ ❢♦r♠❛ ❞❡ M ✳ ❊♥tã♦

♣❛r❛ X, Y, Z,W ∈ X(M) t❡♠♦s

✭✐✮ ❊q✉❛çã♦ ❞❡ ●❛✉ss✿

〈R(X, Y )Z,W 〉 = 〈R(X, Y )Z,W 〉+ 〈α(X,W ), α(Y, Z)〉 − 〈α(X,Z), α(Y,W )〉;

✭✐✐✮ ❊q✉❛çã♦ ❞❡ ❈♦❞❛③③✐✿

(R(X, Y )Z)⊥ = (∇⊥

Xα)(Y, Z)− (∇⊥

Y α)(X,Z).

Pr♦✈❛✳

✭✐✮ ❈♦♠♦ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✺ t❡♠♦s

R(X, Y )Z = −∇X∇YZ +∇Y∇XZ +∇[X,Y ]Z,

❡♥tã♦

−∇X∇YZ = ∇X(∇YZ − α(Y, Z)) = −∇X∇YZ −∇Xα(Y, Z)

= −∇X∇YZ − α(X,∇YZ)−∇Xα(Y, Z)

= −∇X∇YZ − α(X,∇YZ) + Aα(Y,Z)X −∇⊥

Xα(Y, Z).
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❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ❡♥❝♦♥tr❛♠♦s

∇Y∇XZ = ∇Y∇XZ + α(Y,∇XZ)− Aα(X,Z)Y +∇⊥

Y α(X,Z)

❡

∇[X,Y ]Z = ∇[X,Y ]Z + α([X, Y ], Z).

❙♦♠❛♥❞♦ ♦s t❡r♠♦s ❛❝✐♠❛ t❡♠♦s

−∇X∇YZ +∇Y∇XZ +∇[X,Y ]Z = −∇X∇YZ − α(X,∇YZ) + Aα(Y,Z)X

− ∇⊥

Xα(Y, Z) +∇Y∇XZ + α(Y,∇XZ)

− Aα(X,Z)Y +∇⊥

Y α(X,Z)

+ ∇[X,Y ]Z + α([X, Y ], Z),

♦ q✉❡ ✐♠♣❧✐❝❛

R(X, Y )Z = R(X, Y )Z − α(X,∇YZ) + α(Y,∇XZ) + Aα(Y,Z)X − Aα(X,Z)Y

− ∇⊥

Xα(Y, Z) +∇⊥

Y α(X,Z) + α([X, Y ], Z). ✭✶✳✼✮

❋❛③❡♥❞♦ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❝♦♠ ✉♠ ❝❛♠♣♦ W ∈ X(M) q✉❛❧q✉❡r✱ t❡♠♦s

〈R(X, Y )Z,W 〉 = 〈R(X, Y )Z,W 〉 − 〈α(X,∇YZ),W 〉+ 〈α(Y,∇XZ),W 〉

+ 〈Aα(Y,Z)X,W 〉 − 〈Aα(X,Z)Y,W 〉 − 〈∇⊥

Xα(Y, Z),W 〉

+ 〈∇⊥

Y α(X,Z),W 〉+ 〈α([X, Y ], Z),W 〉.

▲♦❣♦✱

〈R(X, Y )Z,W 〉 = 〈R(X, Y )Z,W 〉+ 〈Aα(Y,Z)X,W 〉 − 〈Aα(X,Z)Y,W 〉.

▼❛s

〈Aα(Y,Z)X,W 〉 = 〈α(X,W ), α(Y, Z)〉 ❡ 〈Aα(X,Z)Y,W 〉 = 〈α(Y,W ), α(X,Z)〉

❡✱ ♣♦rt❛♥t♦✱

〈R(X, Y )Z,W 〉 = 〈R(X, Y )Z,W 〉+ 〈α(X,W ), α(Y, Z)〉 − 〈α(X,Z), α(Y,W )〉.



✹✵

✭✐✐✮ ❆♥t❡s ❞❡ ♠♦str❛r♠♦s ❡st❛ ❡q✉❛çã♦✱ ❢❛r❡♠♦s ✉♠❛ ♣❡q✉❡♥❛ ♦❜s❡r✈❛çã♦✳ ❯♠❛ ✈❡③

q✉❡ α : X(M) × X(M) → X(M)⊥ é ✉♠ ❝❛♠♣♦✱ ♣❡❧♦ ❊①❡♠♣❧♦ ✶ ♣♦❞❡♠♦s ✈ê✲❧♦

❝♦♠♦ ✉♠ t❡♥s♦r✳ ■st♦ é✱

α : X(M)× X(M)× (X(M)⊥)∗ → C∞(M).

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✹✱ s❛❜❡♠♦s q✉❡ ♥❛ ♣r❡s❡♥ç❛ ❞❛ ♠étr✐❝❛ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r

❝❛♠♣♦s ❝♦♠ ✶✲❢♦r♠❛s✳ ❆ss✐♠✱ α : X(M) × X(M) × X(M)⊥ → C∞(M) é ✉♠

t❡♥s♦r ❞♦ t✐♣♦ (0, 3) ❝✉❥❛ ❞✐❢❡r❡♥❝✐❛❧ ❝♦✈❛r✐❛♥t❡ é ♦ t❡♥s♦r

∇α : X(M)× X(M)× X(M)⊥ × X(M) → C∞(M)

❞♦ t✐♣♦ (0, 4) ❡♠ M ✳

❉✐❛♥t❡ ❞♦ ❡①♣♦st♦ ❛❝✐♠❛✱ ❞❛❞♦s X, Y, Z ∈ X(M) ❡ η ∈ X(M)⊥✱ t❡♠♦s ♣❡❧❛ r❡❣r❛

❞♦ ♣r♦❞✉t♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✶ q✉❡

(∇⊥

Xα)(Y, Z, η) = X(α(Y, Z, η))− α(∇XY, Z, η)− α(Y,∇XZ, η)− α(Y, Z,∇Xη).

▼❛s

(∇⊥

Xα)(Y, Z, η) = 〈(∇⊥

Xα)(Y, Z), η〉,

❡♥tã♦

〈(∇⊥

Xα)(Y, Z), η〉 = 〈∇⊥

Xα(Y, Z), η〉 − 〈α(∇XY, Z), η〉 − 〈α(Y,∇XZ), η〉. ✭✶✳✽✮

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❡♥❝♦♥tr❛♠♦s

〈(∇⊥

Y α)(X,Z), η〉 = 〈∇⊥

Y α(X,Z), η〉 − 〈α(∇YX,Z), η〉 − 〈α(X,∇YZ), η〉. ✭✶✳✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❢❛③❡♥❞♦ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❝♦♠ ✉♠ ❝❛♠♣♦ q✉❛❧q✉❡r η ∈ X(M)⊥

♥❛ ❡①♣r❡ssã♦ ✭✶✳✼✮✱ ♦❜t❡♠♦s

〈R(X, Y )Z, η〉 = 〈R(X, Y )Z, η〉 − 〈α(X,∇YZ), η〉+ 〈α(Y,∇XZ), η〉

+ 〈Aα(Y,Z)X, η〉 − 〈Aα(X,Z)Y, η〉 − 〈∇⊥

Xα(Y, Z), η〉

+ 〈∇⊥

Y α(X,Z), η〉+ 〈α([X, Y ], Z), η〉

❡✱ ❞❛í✱

〈(R(X, Y )Z)⊥, η〉 = − 〈α(X,∇YZ), η〉+ 〈α(Y,∇XZ), η〉 − 〈∇⊥

Xα(Y, Z), η〉

+ 〈∇⊥

Y α(X,Z), η〉+ 〈α([X, Y ], Z), η〉.



✹✶

❆✐♥❞❛ ♥❡st❡ ❝♦♥t❡①t♦✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❝♦♠♦

〈(R(X, Y )Z)⊥, η〉 = − 〈α(X,∇YZ), η〉+ 〈α(Y,∇XZ), η〉 − 〈∇⊥

Xα(Y, Z), η〉

+ 〈∇⊥

Y α(X,Z), η〉+ 〈α(∇XY, Z), η〉 − 〈α(∇YX,Z), η〉

❡✱ s✉❜st✐t✉✐♥❞♦ ✭✶✳✽✮ ❡ ✭✶✳✾✮ ♥❡st❛ ❡①♣r❡ssã♦✱ ❝♦♥❝❧✉✐r q✉❡

〈(R(X, Y )Z)⊥, η〉 = 〈(∇⊥

Xα)(Y, Z), η〉 − 〈(∇⊥

Y α)(X,Z), η〉.

❈♦♠♦ η ∈ X(M) ❢♦✐ ❡s❝♦❧❤✐❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❈♦r♦❧ár✐♦ ✶✳✹✸ ❙❡ {X, Y } é ✉♠❛ ❜❛s❡ ♣❛r❛ ✉♠ ♣❧❛♥♦ t❛♥❣❡♥t❡ ♥ã♦ ❞❡❣❡♥❡r❛❞♦ ❞❡ M

❣❡r❛❞♦ ♣♦r X, Y ∈ TpM ✱ ❡♥tã♦

K(X, Y ) = K(X, Y ) +
〈α(X, Y ), α(X, Y )〉 − 〈α(X,X), α(Y, Y )〉

|X|2|Y |2 − 〈X, Y 〉2 ,

❡♠ q✉❡ K ❡ K ❞❡♥♦t❛♠ ❛s ❝✉r✈❛t✉r❛s s❡❝❝✐♦♥❛✐s ❞❡ M ❡ M ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

Pr♦✈❛✳ ❖❜s❡r✈❡♠♦s q✉❡ ❢❛③❡♥❞♦ X = Z ❡ W = Y ♥❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss✱ ❞❛❞❛ ♥❛

Pr♦♣♦s✐çã♦ ✶✳✹✷✱ ❛✐♥❞❛ ❡♥❝♦♥tr❛♠♦s q✉❡

〈R(X, Y )X, Y 〉 = 〈R(X, Y )X, Y 〉+ 〈α(X, Y ), α(Y,X)〉 − 〈α(X,X), α(Y, Y )〉.

❯♠❛ ✈❡③ q✉❡ |X|2|Y |2 − 〈X, Y 〉2 6= 0✱ t❡♠♦s

〈R(X, Y )X, Y 〉
|X|2|Y |2 − 〈X, Y 〉2 =

〈R(X, Y )X, Y 〉
|X|2|Y |2 − 〈X, Y 〉2 +

〈α(X, Y ), α(Y,X)〉 − 〈α(X,X), α(Y, Y )〉
|X|2|Y |2 − 〈X, Y 〉2 ,

♦ q✉❡ ✐♠♣❧✐❝❛

K(X, Y ) = K(X, Y ) +
〈α(X, Y ), α(X, Y )〉 − 〈α(X,X), α(Y, Y )〉

|X|2|Y |2 − 〈X, Y 〉2 .

❋❛r❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❛ ❊q✉❛çã♦ ❞❡ ●❛✉ss ✉s❛♥❞♦ ❛ ❉❡✜♥✐çã♦ ✶✳✷✽✳

❊①❡♠♣❧♦ ✺ ▼♦str❡♠♦s q✉❡ ❛ ❡s❢❡r❛ n✲❞✐♠❡♥s✐♦♥❛❧

Sn(r) = {p ∈ Rn+1 ; 〈p, p〉 = r2}

t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ K =
1

r2
✱ s❡ n ≥ 2✳



✹✷

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ p =
∑

i u
i∂i ♦ ✈❡t♦r ♣♦s✐çã♦ ❞❡ Rn+1 ♣❛r❛ p ∈ Sn(r)✳ ❙❡ ∇ é ❛

❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ Rn+1✱ ❡♥tã♦

∇Xp =
∑

i

X(ui)∂i = X, ∀ X ∈ X(Sn).

❉❛í✱

〈p, p〉 = r2 ⇒ 0 = X〈p, p〉 = 2〈∇Xp, p〉 = 2〈X, p〉,

♦ q✉❡ ✐♠♣❧✐❝❛

0 = 〈X, p〉, ∀ X ∈ X(Sn),

✐st♦ é✱ ♦ ✈❡t♦r ♣♦s✐çã♦ p é ♦rt♦❣♦♥❛❧ ❛ Sn✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ U =
p

|p| =
p

√

〈p, p〉
=
p

r
❡ ❛✜r♠❛♠♦s q✉❡

α(V,W ) = − 1

r
〈V,W 〉U, ∀ V,W ∈ X(Sn).

❉❡ ❢❛t♦✱

〈α(V,W ), U〉 = 〈(∇VW )⊥, U〉 = 1

r
〈(∇VW )⊥, p〉

=
1

r
〈∇VW, p〉 = − 1

r
〈W,∇V p〉

= − 1

r
〈V,W 〉, ∀ V,W ∈ X(Sn).

❈♦♠♦ Rn+1 é ✢❛t✱ ❝♦♥❝❧✉í♠♦s ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✹✸ q✉❡

K(V,W ) =
1

r2
.

❙❡ ❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ M t❡♠ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ C✱ ❡♥tã♦ ♣❛r❛

t♦❞♦s X, Y, Z,W ∈ X(M)✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛s ❡q✉❛çõ❡s ❞❡ ●❛✉ss ❡ ❈♦❞❛③③✐ ❞❛

s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

✭✐✮ ❊q✉❛çã♦ ❞❡ ●❛✉ss✿

〈R(X, Y )Z,W 〉 = C(〈Z,X〉〈Y,W 〉 − 〈Z, Y 〉〈X,W 〉)

+ 〈α(X,W ), α(Y, Z)〉 − 〈α(X,Z), α(Y,W )〉;

✭✐✐✮ ❊q✉❛çã♦ ❞❡ ❈♦❞❛③③✐✿

(∇⊥

Xα)(Y, Z) = (∇⊥

Y α)(X,Z).



✹✸

✶✳✹ ❍✐♣❡rs✉♣❡r❢í❝✐❡s ❡♠ ❋♦r♠❛s ❊s♣❛❝✐❛✐s

◆❛ ♣r❡s❡♥t❡ s❡çã♦✱ r❡❡s❝r❡✈❡r❡♠♦s ❛s ❡q✉❛çõ❡s ❜ás✐❝❛s ❞❛s ✐♠❡rsõ❡s ✐s♦♠étr✐❝❛s

❛♣r❡s❡♥t❛❞❛s ♥❛ s❡çã♦ ❛♥t❡r✐♦r ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ M
n+1

é ✉♠❛

✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ (n+ 1)✲❞✐♠❡♥s✐♦♥❛❧ ❡ Mn é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐♠❡rs❛✳ ❯♠❛

✈❡③ ❡s❝♦❧❤✐❞❛ ❛ ♦r✐❡♥t❛çã♦ ❞❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐♠❡rs❛✱ x : Mn → M
n+1

✱ ❞❡♥♦t❛r❡♠♦s

♣♦r N ❡ss❛ ❡s❝♦❧❤❛ ❡ t❛♠❜é♠ ❞❡♥♦♠✐♥❛r❡♠♦s N ❝♦♠♦ s❡♥❞♦ ❛ ❆♣❧✐❝❛çã♦ ◆♦r♠❛❧ ❞❡

●❛✉ss ❞❡ Mn✳

❙❡❥❛ x : Mn → M
n+1

❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❞❛❞❛ ❛❝✐♠❛✳ ❈♦♠♦ ❡①✐st❡ ❛♣❡♥❛s ✉♠❛

❞✐r❡çã♦ ♥♦r♠❛❧✱ ❞❡✐①❛r❡♠♦s ❞❡ ❡s❝r❡✈❡r ♦ s✉❜í♥❞✐❝❡ ❡♠A ♣❛r❛ ❞❡♥♦t❛r ❛ ❞✐r❡çã♦ ♥♦r♠❛❧✳

❈♦♠ ❡①❝❡çã♦ ❞❛ ♠étr✐❝❛✱ ❞❡♥♦t❛r❡♠♦s ♣♦r ∇ ❡ R ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❡ ♦ t❡♥s♦r

❝✉r✈❛t✉r❛ ❞❡ M
n+1

✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ♣♦r ∇ ❡ R ❛ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❡ ♦ t❡♥s♦r

❝✉r✈❛t✉r❛ ❞❡ Mn✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊♥tã♦ ❞❛❞♦s X, Y ∈ X(M)✱ é ❢á❝✐❧ ✈❡r q✉❡ ❛ ❢ór♠✉❧❛ ❞❡ ●❛✉ss é ❞❛❞❛ ♣♦r

∇XY = ∇XY − 〈AX, Y 〉N.

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠❛ ✈❡③ q✉❡N é ✉♠ ❝❛♠♣♦ ✉♥✐tár✐♦ ❡ ♥♦r♠❛❧✱ t❡♠♦s 〈∇XN,N〉 =
0 ❡✱ ♣♦rt❛♥t♦ ∇⊥

XN = 0✱ ♣❛r❛ t♦❞♦ X ∈ X(M)✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ❢ór♠✉❧❛ ❞❡

❲❡✐♥❣❛rt❡♥ ❝♦♠♦

∇XN = − AX.

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ α(X, Y ) = − 〈AX, Y 〉N ✱ ♣♦❞❡♠♦s ✈❡r q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss

♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

R(X, Y )Z = (R(X, Y )Z)⊤ − 〈AX,Z〉AY + 〈AY,Z〉AX

❡ ❛ ❡q✉❛çã♦ ❞❡ ❈♦❞❛③③✐ ♣♦r

(R(X, Y )N)⊤ = (∇XA)Y − (∇YA)X,

❡♠ q✉❡✱ ♣♦r ❞❡✜♥✐çã♦✱

(∇XA)Y = ∇X(AY )− A(∇XY ).

◆♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❞❡ M
n+1

é ❝♦♥st❛♥t❡ ❈✱ ❛s ❡q✉❛çõ❡s ❞❡

●❛✉ss ❡ ❈♦❞❛③③✐ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡

R(X, Y )Z = C(〈Z,X〉Y − 〈Z, Y 〉X)− 〈AX,Z〉AY + 〈AY,Z〉AX ✭✶✳✶✵✮



✹✹

❡

(∇YA)X = (∇XA)Y. ✭✶✳✶✶✮

◆❡st❡ ♠♦♠❡♥t♦✱ ❝♦♥✈é♠ ✐♥tr♦❞✉③✐r ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✹✹ ❯♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ é ❞✐t❛ s❡r ✐s♦♣❛r❛♠étr✐❝❛ q✉❛♥❞♦ t♦❞♦s ♦s ❛✉t♦✲

✈❛❧♦r❡s ❞♦ ♦♣❡r❛❞♦r ❞❡ ❲❡✐♥❣❛rt❡♥ sã♦ ❝♦♥st❛♥t❡s✳ ◆♦ ❝♦♥t❡①t♦ ❛❝✐♠❛✱ ❡st❡ ❢❛t♦ s❡

tr❛❞✉③ ❝♦♠♦ ∇A = 0✳

❊♥❝❡rr❛r❡♠♦s ❡st❛ s❡çã♦ ❝✐t❛♥❞♦ ✉♠ r❡s✉❧t❛❞♦ ❝❧áss✐❝♦ ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ❤✐✲

♣❡rs✉♣❡r❢í❝✐❡s ✐s♦♣❛r❛♠étr✐❝❛s ❡♠ ❢♦r♠❛s ❡s♣❛❝✐❛✐s ❘✐❡♠❛♥♥✐❛♥❛s✳ ❱❡❥❛ ♣♦r ❡①❡♠♣❧♦

❛s r❡❢❡rê♥❝✐❛s✿ ❬✻✱ ✶✶✱ ✶✼❪✳

❚❡♦r❡♠❛ ✶✳✹✺ ❙❡❥❛ Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❘✐❡♠❛♥♥✐❛♥❛ ✐♠❡rs❛ ❡♠ ✉♠❛ ❢♦r♠❛ ❡s✲

♣❛❝✐❛❧ ❘✐❡♠❛♥♥✐❛♥❛ Qn+1
c ❞❡ ❝✉r✈❛t✉r❛ s❡❝❝✐♦♥❛❧ ❝♦♥st❛♥t❡ c✳ ❙✉♣♦♥❤❛ q✉❡ Mn ❛❞♠✐t❡

♥♦ ♠á①✐♠♦ ❞✉❛s ❝✉r✈❛t✉r❛s ♣r✐♥❝✐♣❛✐s ❞✐st✐♥t❛s ❡ ❝♦♥st❛♥t❡s✳ ❊♥tã♦✱ ❛ ♠❡♥♦s ❞❡ ✐s♦✲

♠❡tr✐❛s✱ Mn é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❛❜❡rt❛ ❞❡✿

✭✐✮ Sk × Rn−k✱ ❡♠ q✉❡ c1 > 0✱ q✉❛♥❞♦ c = 0❀

✭✐✐✮ Sk(c1)× Sn−k(c2)✱ ❡♠ q✉❡ c1 > 0✱ c2 > 0 ❡ 1/c1 + 1/c2 = 1/c✱ q✉❛♥❞♦ c > 0❀

✭✐✐✐✮ Sk(c1)×Hn−k(c2)✱ ❡♠ q✉❡ c1 > 0✱ c2 < 0 ❡ 1/c1 + 1/c2 = 1/c✱ q✉❛♥❞♦ c < 0✱

❡♠ q✉❡ k ∈ {1, . . . , n− 1}✳



❈❛♣ít✉❧♦ ✷

❘❡s✉❧t❛❞♦s ❛✉①✐❧✐❛r❡s

✷✳✶ ❯♠❛ ❢ór♠✉❧❛ t✐♣♦ ❙✐♠♦♥s

◆❡st❛ s❡çã♦ ❛♣❧✐❝❛r❡♠♦s ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❞❡s❝r✐t♦s ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ♣❛r❛ ❛

♦❜t❡♥çã♦ ❞❛ ❢ór♠✉❧❛ ❞❡ ❙✐♠♦♥s ♣❛r❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ♦r✐❡♥t❛❞❛s ✐♠❡rs❛s ❡♠ ✉♠❛ ❢♦r♠❛

❡s♣❛❝✐❛❧ ❘✐❡♠❛♥♥✐❛♥❛✳ ❆q✉✐ s❡❣✉✐r❡♠♦s ❛ ❛❜♦r❞❛❣❡♠ ❢❡✐t❛ ♣♦r ◆♦♠✐③✉ ❡ ❙♠②t❤ ❬✶✹❪✳

❙❡❥❛ Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ♦r✐❡♥t❛❞❛ ✐♠❡rs❛ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ❡♠ Qn+1
c ❡ ❞❡♥♦✲

t❡♠♦s ♣♦r A s✉❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦r♠❛❧

❡ ✉♥✐tár✐♦ ❣❧♦❜❛❧♠❡♥t❡ ❞❡✜♥✐❞♦ N ✳ ❘❡❝♦r❞❡♠♦s q✉❡ ❛ ❞✐❢❡r❡♥❝✐❛❧ ❝♦✈❛r✐❛♥t❡ ❞❡ A✱

∇A : X(M) → X(M) é ❞❡✜♥✐❞❛ ♣♦r

∇A(X, Y ) = (∇YA)X = ∇YA(X)− A(∇YX), X, Y ∈ X(M),

❝♦♠ ❛ s✉❛ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛ s❛t✐s❢❛③❡♥❞♦✿

∇2A(X, Y, Z) = (∇Z∇A)(X, Y ), X, Y, Z ∈ X(M). ✭✷✳✶✮

❯s❛♥❞♦ ❡st❛ ❧✐♥❣✉❛❣❡♠✱ ♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❞❡st❛ s❡çã♦ ♠♦str❛ ❛s s✐♠❡tr✐❛s ❞♦

♦♣❡r❛❞♦r ❞❡ ❢♦r♠❛ ♥❛s ❞✉❛s ♣r✐♠❡✐r❛s ❡ ♥❛s ❞✉❛s ú❧t✐♠❛s ❡♥tr❛❞❛s✳

▲❡♠❛ ✷✳✶ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ✐♠❡rs❛ ❡♠ Qn+1
c ❝♦♠ ♦♣❡r❛❞♦r ❞❡

❲❡✐♥❣❛rt❡♥ A✳ ❊♥tã♦

✭❛✮ ∇2A(X, Y, Z) = ∇2A(X,Z, Y )−R(Z, Y )A(X) + A (R(Z, Y )X) ;

✭❜✮ ∇2A(X, Y, Z) = ∇2A(Y,X, Z);



✹✻

♣❛r❛ t♦❞♦s X, Y, Z ∈ X(M)✳

Pr♦✈❛✳ (a) ■♥✐❝✐❛❧♠❡♥t❡ ♦❜s❡r✈❡♠♦s q✉❡✱ ♣❛r❛ t♦❞♦ X, Y, Z ∈ X(M)✱

∇2A(X, Y, Z)=∇Z (∇A(X, Y ))−∇A (∇ZX, Y )−∇A (X,∇ZY )

=∇Z (∇YA(X)− A(∇YX))−∇YA(∇ZX) + A (∇Y∇ZX)

−∇∇ZYA(X) + A (∇∇ZYX)

=∇Z∇YA(X)−∇ZA(∇YX)−∇YA(∇ZX) + A (∇Y∇ZX)

−∇∇ZYA(X) + A (∇∇ZYX) .

❉❡ ♠❛♥❡✐r❛ t♦t❛❧♠❡♥t❡ ❛♥á❧♦❣❛✱ t❛♠❜é♠ t❡♠♦s

∇2A(X,Z, Y )=∇Y∇ZA(X)−∇YA(∇ZX)−∇ZA(∇YX) + A (∇Z∇YX)

−∇∇Y ZA(X) + A (∇∇Y ZX) .

P♦rt❛♥t♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞♦ t❡♥s♦r ❝✉r✈❛t✉r❛ ✭✶✳✺✮✱

∇2A(X, Y, Z)−∇2A(X,Z, Y )=∇Z∇YA(X) + A (∇Y∇ZX)−∇Y∇ZA(X)− A (∇Z∇YX)

−∇∇ZYA(X) + A (∇∇ZYX) +∇∇Y ZA(X)− A (∇∇Y ZX)

=A (R(Z, Y )X)−R(Z, Y )A(X).

(b) ▲❡♠❜r❡♠♦s q✉❡ ❛ ❊q✉❛çã♦ ❞❡ ❈♦❞❛③③✐ ✶✳✶✶ ♥♦s ❣❛r❛♥t❡ q✉❡

∇A(X, Y ) = ∇A(Y,X),

♣❛r❛ t♦❞♦s X, Y ∈ X(M)✳ ❊♥tã♦✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✷✳✶✱

∇2A(X, Y, Z) = (∇Z∇A)(X, Y )

= ∇Z∇A(X, Y )−∇A(∇ZX, Y )−∇A(X,∇ZY )

= ∇Z∇A(Y,X)−∇A(Y,∇ZX)−∇A(∇ZY,X)

= (∇Z∇A)(X, Y )

= ∇2A(X, Y, Z)

♣❛r❛ t♦❞♦s X, Y, Z ∈ X(M)✳

▲❡♠❛ ✷✳✷ ❙❡❥❛ Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐♠❡rs❛ ✐s♦♠❡r✐❝❛♠❡♥t❡ ❡♠ Qn+1
c ❝♦♠ ♦♣❡r❛✲

❞♦r ❞❡ ❲❡✐♥❣❛rt❡♥ A✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ X ∈ X(M)✱ ✈❛❧❡



✹✼

✭❛✮ tr(∇XA) = n〈∇H,X〉;

✭❜✮ ♣❛r❛ ❝❛❞❛ p ∈Mn✱ ∇XA : TpM → TpM é ❛✉t♦✲❛❞❥✉♥t♦✳

Pr♦✈❛✳ (a) ❙❡❥❛ {e1, . . . , en} é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❛♦ ❧♦♥❣♦ ❞❡ Mn q✉❡ é

❣❡♦❞és✐❝♦✶ ❡♠ p ∈Mn✳ ❙❛❜❡♠♦s q✉❡

H =
1

n

n∑

i=1

〈A(ei), ei〉. ✭✷✳✷✮

❉❛í✱ ❞❡ ✭✷✳✶✮ ❡ t♦♠❛♥❞♦ ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❡♠ ✭✷✳✷✮✱

X(H) =
1

n
X

(
n∑

i=1

〈A(ei), ei〉
)

=
1

n

n∑

i=1

X〈A(ei), ei〉

=
1

n

n∑

i=1

〈∇XA(ei), ei〉+
1

n

n∑

i=1

〈A(ei),∇Xei〉

=
1

n

n∑

i=1

〈(∇XA)ei, ei〉,

✭✷✳✸✮

❡♠ q✉❡ ❢♦✐ ✉s❛❞♦ q✉❡ {e1, . . . , en} é ❣❡♦❞és✐❝♦ ❡♠ p ♣❛r❛ ❣❛r❛♥t✐r q✉❡ (∇Xei)(p) = 0✱

♣❛r❛ ❝❛❞❛ i = 1, . . . , n✳

P♦r ♦✉tr♦ ❧❛❞♦✱

tr(∇XA) =
n∑

i=1

〈(∇XA)ei, ei〉. ✭✷✳✹✮

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s✉❜st✐t✉✐♥❞♦ ✭✷✳✹✮ ❡♠ ✭✷✳✸✮✱ t❡♠♦s nX(H) = tr(∇XA) ❡✱

✉t✐❧✐③❛♥❞♦ ❛ ❉❡✜♥✐çã♦ ✶✳✸✶✱ tr(∇XA) = n〈∇H,X〉✱ ♦❜t❡♥❞♦ ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳

(b) ❚❡♠♦s q✉❡

〈(∇XA)Y, Z〉 = 〈∇XA(Y ), Z〉 − 〈A(∇XY ), Z〉

= X〈A(Y ), Z〉 − 〈A(Y ),∇XZ〉 − 〈∇XY,A(Z)〉

= X〈A(Y ), Z〉 − 〈A(Y ),∇XZ〉 −X〈Y,A(Z)〉+ 〈Y,∇XA(Z)〉

= −〈A(Y ),∇XZ〉+ 〈Y,∇XA(Z)〉

= 〈Y, (∇XA)Z〉,

♣❛r❛ t♦❞♦s Y, Z ∈ X(M)✳ ■st♦ é✱ ❡♠ ❝❛❞❛ ♣♦♥t♦ p ∈ Mn✱ ∇XA : TpM → TpM é ✉♠

♦♣❡r❛❞♦r ❧✐♥❡❛r ❛✉t♦✲❛❞❥✉♥t♦✳

✶❯♠ r❡❢❡r❡♥❝✐❛❧ é ❞✐t♦ s❡r ❣❡♦❞és✐❝♦ s❡✱ ♣❛r❛ ❝❛❞❛ p ∈ Mn✱ ❡①✐st❡ ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ {ei}ni=1

❛♦ r❡❞♦r ❞❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p s❛t✐s❢❛③❡♥❞♦ ∇eiej(p) = 0✳



✹✽

◆❛ s❡q✉ê♥❝✐❛✱ ❞❡✜♥✐♠♦s ♦ ▲❛♣❧❛❝✐❛♥♦ ás♣❡r♦ ∆T : X(M) → X(M) ❞❡ ✉♠ t❡♥s♦r

T ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

∆T = div(∇T ). ✭✷✳✺✮

▲♦❣♦✱ s❡ {e1, . . . , en} é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❛♦ ❧♦♥❣♦ ❞❡ Mn✱ ❡s❝r❡✈❡♠♦s

∆T (X) = tr
(
∇2T (X, ·, ·)

)
=

n∑

i=1

∇2T (X, ei, ei), ✭✷✳✻✮

♣❛r❛ t♦❞♦ X ∈ X(M)✳

❏✉♥t❛♥❞♦ t♦❞❛s ❡ss❛s ✐♥❢♦r♠❛çõ❡s✱ ♦❜t❡♠♦s✿

Pr♦♣♦s✐çã♦ ✷✳✶ ❙❡❥❛ Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐♠❡rs❛ ✐s♦♠❡r✐❝❛♠❡♥t❡ ❡♠ Qn+1
c ❝♦♠

♦♣❡r❛❞♦r ❞❡ ❲❡✐♥❣❛rt❡♥ A✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ X ∈ X(M)✱

∆A(X) = ∇X∇H −
n∑

i=1

R(ei, X)A(ei) +
n∑

i=1

A(R(ei, X)ei),

❡♠ q✉❡ {e1, . . . , en} é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❛♦ ❧♦♥❣♦ ❞❡ Mn✳

Pr♦✈❛✳ P❡❧♦s ✐t❡♥s (a) ❡ (b) ❞♦ ▲❡♠❛ ✷✳✶✱ ❡s❝r❡✈❡♠♦s

∆A(X) =
n∑

i=1

∇2A(X, ei, ei)

=
n∑

i=1

∇2A(ei, ei, X)−
n∑

i=1

R(ei, X)A(ei) +
n∑

i=1

A (R(ei, X)ei) .

✭✷✳✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❡♠♦s ✉♠ ❝❛♠♣♦ Z ∈ X(M) ❛r❜✐trár✐♦✱ ♦❜s❡r✈❡♠♦s q✉❡✱

n∑

i=1

〈∇2A(ei, ei, X), Z〉 =
n∑

i=1

〈(∇X∇A)(ei, ei), Z〉

=
n∑

i=1

〈∇X∇A(ei, ei), Z〉

=
n∑

i=1

X〈∇A(ei, ei), Z〉 −
n∑

i=1

〈∇A(ei, ei),∇XZ〉

=
n∑

i=1

X〈(∇eiA)ei, Z〉 −
n∑

i=1

〈(∇eiA)ei,∇XZ〉.

P❡❧♦ ▲❡♠❛ ✷✳✷✱ ∇eiA é ❛✉t♦✲❛❞❥✉♥t♦✱ ♣❛r❛ ❝❛❞❛ i = 1, . . . , n✳ ▲♦❣♦✱

n∑

i=1

〈∇2A(ei, ei, X), Z〉 =
n∑

i=1

X〈ei, (∇eiA)Z〉 −
n∑

i=1

〈ei, (∇eiA)∇XZ〉



✹✾

❡✱ ♣❡❧❛ ❡q✉❛çã♦ ❞❡ ❈♦❞❛③③✐ ❞❛❞❛ ❡♠ ✭✶✳✶✶✮✱

n∑

i=1

〈∇2A(ei, ei, X), Z〉 =
n∑

i=1

X〈ei, (∇ZA)ei〉 −
n∑

i=1

〈ei, (∇∇XZA)ei〉

= X (tr(∇ZA))− tr(∇∇XZA).

❆❣♦r❛✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✷ ♠❛✐s ✉♠❛ ✈❡③✱

tr(∇ZA) = n〈∇H,Z〉 ❡ tr(∇∇XZA) = n〈∇H,∇XZ〉.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

n∑

i=1

〈∇2A(ei, ei, X), Z〉 = nX〈∇H,Z〉 − n〈∇H,∇XZ〉

= n〈∇X∇H,Z〉+ n〈∇H,∇XZ〉 − n〈∇H,∇XZ〉

= n〈∇X∇H,Z〉,

✭✷✳✽✮

♣❛r❛ t♦❞♦ Z ∈ X(M)✳ P♦rt❛♥t♦✱ ✐♥s❡r✐♥❞♦ ✭✷✳✽✮ ❡♠ ✭✷✳✼✮✱ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

P❛r❛ ♦ q✉❡ s❡❣✉❡✱ s❡❥❛♠ T ❡ S ❞♦✐s t❡♥s♦r❡s s✐♠étr✐❝♦s ❞♦ t✐♣♦ (0, 2)✳ ❉❡✜♥✐♠♦s

♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❞❡ T ♣♦r S✱ ❝♦♠♦

〈T, S〉 := tr(T ◦ S∗) =
n∑

i=1

〈T (ei), S(ei)〉, ✭✷✳✾✮

❡♠ q✉❡ {e1, . . . , en} é ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❛♦ ❧♦♥❣♦ ❞❡ Mn✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛

♥♦r♠❛ ❞❡ ❍✐❧❜❡rt✲❙❝❤♠✐❞t ❞♦ ♦♣❡r❛❞♦r ❞❡ ❲❡✐♥❣❛rt❡♥ A é ❞❛❞❛ ♣♦r

|A|2 =
n∑

i=1

〈A(ei), A(ei)〉.

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ s❡rá ♣r♦✈✐❞❡♥❝✐❛❧✳

▲❡♠❛ ✷✳✸ ❙❡❥❛ Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐♠❡rs❛ ✐s♦♠❡r✐❝❛♠❡♥t❡ ❡♠ Qn+1
c ❝♦♠ ♦♣❡r❛✲

❞♦r ❞❡ ❲❡✐♥❣❛rt❡♥ A✳ ❊♥tã♦

1

2
∆|A|2 = 〈∆A,A〉+ |∇A|2.

Pr♦✈❛✳ ❙❡❥❛♠ p ∈ Mn ❡ {e1, . . . , en} ✉♠ r❡❢❡r❡♥❝✐❛❧ ♠ó✈❡❧ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

U ⊂Mn ❞❡ p✱ ❣❡♦❞és✐❝♦ ❡♠ p✳ ❉❡ ✭✷✳✻✮✱ t❡♠♦s



✺✵

∆|A|2 = ∆〈A,A〉=
n∑

j=1

ej(ej〈A,A〉) =
n∑

i,j=1

ej(ej〈A(ei), A(ei))〉

=2
n∑

i,j=1

ej(〈∇ejA(ei), A(ei))〉

=2
n∑

i,j=1

〈∇ej∇ejA(ei), A(ei)〉+ 2
n∑

i,j=1

〈∇ejA(ei),∇ejA(ei)〉

=2
n∑

i,j=1

〈∇ej(∇A(ei, ej)), A(ei)〉+ 2
n∑

i,j=1

〈∇ejA(ei),∇ejA(ei)〉

=2
n∑

i,j=1

〈∇2A(ei, ej, ej)), A(ei)〉+ 2
n∑

i,j=1

〈∇A(ei, ej),∇A(ei, ej)〉

=2
n∑

i=1

〈
n∑

j=1

∇2A(ei, ej, ej)), A(ei)〉+ 2
n∑

i,j=1

〈∇A(ei, ej),∇A(ei, ej)〉

=2
n∑

i=1

〈∆A(ei), A(ei)〉+ 2
n∑

i=1

〈∇A(ei),∇A(ei)〉

=2〈∆A,A〉+ 2|∇A|2,

❝♦♠♦ ❛✜r♠❛❞♦✳

❊♥❝❡rr❛r❡♠♦s ❡st❛ s✉❜s❡çã♦ ❝♦♠ ❛ s❡❣✉✐♥t❡ ❢ór♠✉❧❛ ❞❡ ❙✐♠♦♥s✿

Pr♦♣♦s✐çã♦ ✷✳✷ ❙❡❥❛ Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐♠❡rs❛ ✐s♦♠❡r✐❝❛♠❡♥t❡ ❡♠ Qn+1
c ❝♦♠

♦♣❡r❛❞♦r ❞❡ ❲❡✐♥❣❛rt❡♥ A✳ ❊♥tã♦

1

2
∆|A|2 = |∇A|2 + ntr(A ◦ HessH)− cn2H2 + cn|A|2 + nHtr(A3)− |A|4.

Pr♦✈❛✳ ❱❡❥❛♠♦s q✉❡

〈∆A,A〉 =
n∑

j=1

〈∆A(ej), A(ej)〉

=
n∑

j=1

〈∇ej∇H,A(ej)〉 −
n∑

i,j=1

〈R(ei, ej)A(ei), A(ej)〉

+
n∑

i,j=1

〈A(R(ei, ej)ei), A(ej)〉.

✭✷✳✶✵✮

P❡❧❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss ❞❛❞❛ ❡♠ ✭✶✳✶✵✮✱ ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦ ♥♦s ♣❡r♠✐t❡ ❝♦♠♣r♦✈❛r

q✉❡

n∑

i,j=1

〈R(ei, ej)A(ei), A(ej)〉 = c
(
n2H2 − |A|2

)



✺✶

❡

n∑

i,j=1

〈R(ei, ej)ei, A2(ej)〉 = c(n− 1)|A|2 + nHtr(A3)− |A|4.

▲♦❣♦✱ ❞❡ ✭✷✳✶✵✮✱

〈∆A,A〉 = ntr(A ◦ HessH)− cn2H2 + cn|A|2 + nHtr(A3)− |A|4 ✭✷✳✶✶✮

❡✱ ♣♦rt❛♥t♦✱ ✐♥s❡r✐♥❞♦ ✭✷✳✶✶✮ ♥♦ ▲❡♠❛ ✷✳✸✱ ❝♦♥❝❧✉í♠♦s q✉❡

1

2
∆|A|2 = |∇A|2 + ntr(A ◦ HessH)− cn2H2 + cn|A|2 + nHtr(A3)− |A|4. ✭✷✳✶✷✮

✷✳✷ ❖ ♦♣❡r❛❞♦r q✉❛❞r❛❞♦ ❞❡ ❈❤❡♥❣✲❨❛✉

◆❛ ❜✉s❝❛ ♣♦r r❡s✉❧t❛❞♦s ❞❡ r✐❣✐❞❡③ ❞❡ ❤✐♣❡rs✉♣❡r❢í❝✐❡s ❝♦♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r

❝♦♥st❛♥t❡ ✐♠❡rs❛s ❡♠ ❢♦r♠❛s ❡s♣❛❝✐❛✐s ❘✐❡♠❛♥♥✐❛♥❛s✱ ♦s ♠❛t❡♠át✐❝♦s ❈❤❡♥❣ ❡ ❨❛✉ ❬✼❪✱

✐♥tr♦❞✉③✐r❛♠ ✉♠ ✐♠♣♦rt❛♥t❡ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♦ q✉❛❧ ❢♦✐ ❝❤❛✲

♠❛❞♦ ❞❡ ♦♣❡r❛❞♦r �✳ P❛r❛ ♦ ♥♦ss♦ ❡st✉❞♦✱ ❞❡✜♥✐r❡♠♦s ❛ s❡❣✉✐r ♦ ♦♣❡r❛❞♦r q✉❛❞r❛❞♦

❛ss♦❝✐❛❞♦ ❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠❛ ✐♠❡rsã♦ ✐s♦♠étr✐❝❛✳

❉❡✜♥✐çã♦ ✷✳✸ ❙❡❥❛ Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ♦r✐❡♥t❛❞❛ ✐♠❡rs❛ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ❡♠

✉♠❛ ❢♦r♠❛ ❡s♣❛❝✐❛❧ ❘✐❡♠❛♥♥✐❛♥❛ Qn+1
c ✳ P❛r❛ q✉❛❧q✉❡r ❢✉♥çã♦ f ∈ C2(M)✱ ❞❡✜♥✐♠♦s

♦ ♦♣❡r❛❞♦r q✉❛❞r❛❞♦ ❛t✉❛♥❞♦ s♦❜r❡ f ♣♦r

�(f) = tr(P ◦ Hess f), ✭✷✳✶✸✮

❡♠ q✉❡

P = nHI − A, ✭✷✳✶✹✮

❝♦♠ I ❞❡♥♦t❛♥❞♦ ♦ t❡♥s♦r ✐❞❡♥t✐❞❛❞❡✳

❆❝❡r❝❛ ❞♦ t❡♥s♦r P ✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡✿

✐✳ P ❝♦♠✉t❛ ❝♦♠ A❀

✐✐✳ P é s✐♠étr✐❝♦❀

✐✐✐✳ tr(P ) = n(n− 1)H✳



✺✷

❆ s❡❣✉✐r✱ ✈❡r❡♠♦s ✉♠ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ q✉❡ ♥♦s ❛✉①✐❧✐❛rá ♥❛ ♣r♦✈❛ ❞❡ ❛❧❣✉♠❛s

♣r♦♣r✐❡❞❛❞❡s ❞♦ ♦♣❡r❛❞♦r ❞❡ ❈❤❡♥❣✲❨❛✉✳

Pr♦♣♦s✐çã♦ ✷✳✹ ❖ ♦♣❡r❛❞♦r ❞❡ ❈❤❡♥❣✲❨❛✉ é ✉♠❛ ❞✐✈❡r❣ê♥❝✐❛✱ ✐st♦ é✱ ❞❛❞♦ f ∈ C2(M)✱

�(f) = div(P (∇f)).

Pr♦✈❛✳ P❛rt✐♥❞♦ ❞❡ ✭✷✳✶✸✮✱ ♦❜s❡r✈❡♠♦s q✉❡ ❞❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ❞❛ ❝♦♥❡①ã♦ ❝♦♠

❛ ♠étr✐❝❛ q✉❡

�(f) =
n∑

i=1

〈(P ◦ Hess f)ei, ei〉

=
n∑

i=1

〈∇ei∇f, P (ei)〉

=
n∑

i=1

[ei〈∇f, P (ei)〉 − 〈∇f,∇eiP (ei)〉] .

❯s❛♥❞♦ ✭✷✳✶✮✱ ♠❛✐s ✉♠❛ ✈❡③ ❞❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ s❡❣✉❡ q✉❡

�(f) =
n∑

i=1

[ei〈P (∇f), ei〉 − 〈∇f, (∇eiP )ei〉]

=
n∑

i=1

[〈∇eiP (∇f), ei〉 − 〈∇f, (∇eiP )ei〉]

= div (P (∇f))− 〈∇f, div(P )〉,

✭✷✳✶✺✮

❡♠ q✉❡✱ ♣♦r ✭✶✳✺✮✱ div(P ) é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ tr(∇P )✳
P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ P ✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r ❞❡ ✭✷✳✶✮ q✉❡

∇P (X, Y ) = nX(H)Y −∇A(X, Y ), X, Y ∈ X(M).

❉❛í✱ ♣❛r❛ t♦❞♦ X ∈ X(M)✱

〈div(P ), X〉 =
n∑

i=1

〈∇P (ei, ei), X〉

= n

n∑

i=1

〈ei(H)ei, X〉 −
n∑

i=1

〈∇A(ei, ei), X〉

= n〈∇H,X〉 −
n∑

i=1

〈(∇eiA)ei, X〉.



✺✸

❆❣♦r❛ ♣❡❧♦ ▲❡♠❛ ✷✳✷ ❡ ♣❡❧❛ ❡q✉❛çã♦ ❞❡ ❈♦❞❛③③✐✱

〈div(P ), X〉 = n〈∇H,X〉 −
n∑

i=1

〈ei, (∇eiA)X〉

= n〈∇H,X〉 −
n∑

i=1

〈ei, (∇XA)ei〉

= n〈∇H,X〉 − tr(∇XA) = 0,

♣❛r❛ t♦❞♦ X ∈ X(M)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ div(P ) = 0✳ ■♥s❡r✐♥❞♦ ❡st❡ ❢❛t♦ ❡♠ ✭✷✳✶✺✮✱

♦❜t❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ❞❡s❡❥❛❞❛✳

❈♦r♦❧ár✐♦ ✷✳✺ ❉❛❞♦s f, g ∈ C2(M) ❡ φ ∈ C1(R)✱ ♦ ♦♣❡r❛❞♦r � s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s

♣r♦♣r✐❡❞❛❞❡s✿

✭❛✮ �(φ ◦ f) = φ′(f)�(f) + φ′′(f)〈P (∇f),∇f〉❀

✭❜✮ �(fg) = g�(f) + f�(g) + 2〈P (∇f),∇g〉✱

✭❝✮ �(f 2) = 2f�(f) + 2〈P (∇f),∇f〉✳

✭❞✮ ❙❡ Mn é ❢❡❝❤❛❞❛✱ ❡♥tã♦ ♦ ♦♣❡r❛❞♦r � é ❛✉t♦✲❛❞❥✉♥t♦ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♣r♦❞✉t♦

✐♥t❡r♥♦ ❞❡ L2 ❞❡ Mn✱ ✐st♦ é✱
∫

M

f�(g)dM =

∫

M

g�(f)dM,

dM ❞❡♥♦t❛ ♦ ❡❧❡♠❡♥t♦ ✈♦❧✉♠❡ ❞❡ Mn✳

Pr♦✈❛✳

✭❛✮ ❯t✐❧✐③❛♥❞♦ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ❡ ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❞✐✈❡r❣❡♥t❡ ❞❛❞❛s ♥❛ Pr♦♣♦s✐çã♦ ✶✳✸✹✱

�(φ ◦ f) = div(P (∇(φ ◦ f)))

= div(P (φ′(f)∇f))

= φ′(f)div(P (∇f)) + 〈φ′′(f)∇f, P (∇f)〉

= φ′(f)�(f) + φ′′(f)〈P (∇f),∇f〉.

✭❜✮ P♦❞❡♠♦s ✉t✐❧✐③❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❣r❛❞✐❡♥t❡ ❡ ❞❡ ❞✐✈❡r❣❡♥t❡ ♣❛r❛ ♦❜t❡r♠♦s

�(fg) = div(P (∇fg))

= div(P (f∇g + g∇f))

= div(P (f∇g)) + div(P (g∇f))

= fdiv(P (∇g)) + 〈∇f, P (∇g)〉+ gdiv(P (∇f)) + 〈∇g, P (∇f)〉

= f�(g) + g�(f) + 2〈P (∇f),∇g〉.



✺✹

✭❝✮ ❉♦ ít❡♠ (b)✱ t❡r❡♠♦s

�(f 2) = f�(f) + f�(f) + 2〈P (∇f),∇f〉

= 2f�(f) + 2〈P (∇f),∇f〉.

✭❞✮ ❙❡❣✉❡ ❞♦ ✐t❡♠ (b) ❡ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❞✐✈❡r❣❡♥t❡ q✉❡

div(P (∇(fg)) = �(fg) = f�(g) + g�(f) + 2〈P (∇f),∇g〉.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝❛♠♣♦ X = fP (∇g)✳ ❈❛❧❝✉❧❛♥❞♦ ❛ s✉❛ ❞✐✈❡r❣ê♥✲

❝✐❛✱

div(X) = f�(g) + 〈P (∇f),∇g〉.

❙✉❜st✐t✉✐♥❞♦ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ♥❛ ❛♥t❡r✐♦r✱ t❡♠♦s

div(P (∇(fg)) = −f�(g) + g�(f) + 2div(X).

❆❣♦r❛ t♦♠❛♥❞♦ ❛ ✐♥t❡❣r❛❧ ❡♠ ❛♠❜♦s ♦s ❧❛❞♦ ❡ ✉s❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ ❙t♦❦❡s✱

❝♦♥❝❧✉í♠♦s
∫

M

f�gdM =

∫

M

g�fdM,

❝♦♠♦ ❞❡s❡❥❛❞♦✳

❈♦♠ ❜❛s❡ ♥❛ ♣ré✈✐❛ ❞✐❣r❡ssã♦✱ ✈♦❧t❡♠♦s à ❢ór♠✉❧❛ t✐♣♦ ❙✐♠♦♥s✳ ❈♦♥s✐❞❡r❡♠♦s

f = nH ❡♠ ✭✷✳✶✸✮ ❡✱ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✹✮ ❡ ❞❛ ❉❡✜♥✐çã♦ ✶✳✸✼✱ ❣❛r❛♥t✐♠♦s ♦ s❡❣✉✐♥t❡✿

�(nH) = tr(P ◦ HessnH)

= nH∆(nH)− ntr(A ◦ HessH).

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦

∆(nH)2 = 2nH∆(nH) + 2n2|∇H|2,

♦❜t❡♠♦s

�(nH) =
1

2
∆(nH)2 − n2|∇H|2 − ntr(A ◦ HessH). ✭✷✳✶✻✮

❚♦♠❛♥❞♦ ♦ tr❛ç♦ ❞✉❛s ✈❡③❡s ♥❛ ❡q✉❛çã♦ ❞❡ ●❛✉ss✱ t❡♠♦s

n(n− 1)R = n(n− 1)c+ n2H2 − |A|2. ✭✷✳✶✼✮

P♦rt❛♥t♦✱ ✐♥s❡r✐♥❞♦ ✭✷✳✶✼✮ ❡♠ ✭✷✳✶✻✮ ❡ ❡st❛s ♥❛ Pr♦♣♦s✐çã♦ ✷✳✷✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡

❢♦r♠✉❧á ❞♦ t✐♣♦ ❙✐♠♦♥s ♣❛r❛ ♦ ♦♣❡r❛❞♦r ❞❡ ❈❤❡♥❣✲❨❛✉✳



✺✺

Pr♦♣♦s✐çã♦ ✷✳✻ ❙❡❥❛ Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐♠❡rs❛ ✐s♦♠❡r✐❝❛♠❡♥t❡ ❡♠ Qn+1
c ❝♦♠

♦♣❡r❛❞♦r ❞❡ ❲❡✐♥❣❛rt❡♥ A✳ ❊♥tã♦

�(nH) =
n(n− 1)

2
∆R + |∇A|2 − n2|∇H|2

− cn2H2 + cn|A|2 + nHtr(A3)− |A|4.

❊ss❛ ❢ór♠✉❧❛ ❢♦✐ ♦❜t✐❞❛ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♣♦r ❆❧❡♥❝❛r✱ ❞♦ ❈❛r♠♦ ❡ ❈♦❧❛r❡s ❡♠ ❬✷❪

❡ ❞❡♣♦✐s ❡st❡♥❞✐❞❛ ❛♦ ❝♦♥❝❡✐t♦ ❞♦s ❜❡♠ ❝♦♥❤❡❝✐❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r✐③❛❞♦s Lr✱ ♣♦r

❈❛♠✐♥❤❛ ❡♠ ❬✺❪✳

✷✳✸ ❆❧❣✉♥s ❧❡♠❛s ✐♠♣♦rt❛♥t❡s

◆♦ q✉❡ s❡❣✉❡✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♦s q✉❛✐s ♥♦s ✐rã♦ ❣❛r❛♥t✐r ❛ ❢✉♥✲

❞❛çã♦ ♥❡❝❡ssár✐❛ à ♦❜t❡♥çã♦ ❞♦s r❡s✉❧t❛❞♦s✳ ■♥✐❝✐❛r❡♠♦s ❝♦♠ ❛ ❝❧áss✐❝❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ❑❛t♦✳

▲❡♠❛ ✷✳✹ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❡ T ✉♠ t❡♥s♦r s✐♠étr✐❝♦ ❞♦ t✐♣♦

(0, 2)✳ ❊♥tã♦✱ ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛t♦

|∇|T ||2 ≤ |∇T |2.

Pr♦✈❛✳ ❙❡❥❛ {ei} ✉♠ r❡❢❡r❡♥❝✐❛❧ ♦rt♦♥♦r♠❛❧ ❛♦ ❧♦♥❣♦ ❞❡ Mn✳ P♦r ✭✷✳✾✮✱ ❡s❝r❡✈❡✲

♠♦s✱

|T |2 =
n∑

i=1

〈T (ei), T (ei)〉. ✭✷✳✶✽✮

❉❡r✐✈❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❝♦♠ r❡s♣❡✐t♦ ❛ ek ❡ ✉s❛♥❞♦ ❛ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡✱

ek(|T |2) =
n∑

i=1

ek〈T (ei), T (ei)〉 = 2
n∑

i=1

〈∇T (ei, ek), T (ei)〉, ✭✷✳✶✾✮

❞♦♥❞❡ s❡❣✉❡✱ ❧❡✈❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ ❛♦ q✉❛❞r❛❞♦ q✉❡

ek(|T |2)2 = 4

(
n∑

i=1

〈∇T (ei, ek), T (ei)〉
)2

. ✭✷✳✷✵✮

❉❛í✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱

|∇|T |2|2 =
n∑

k=1

ek(|T |2)2 = 4
n∑

k=1

(
n∑

i=1

〈∇T (ei, ek), T (ei)〉
)2

≤ 4
n∑

i,k=1

|∇T (ei, ek)|2
n∑

i=1

|T (ei)|2

= 4|∇T |2|T |2.



✺✻

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ |∇|T |2|2 = 4|T |2|∇|T ||2✱ t❡♠♦s

|T |2|∇|T ||2 ≤ |T |2|∇T |2.

P♦rt❛♥t♦✱ ♦✉

|T |2 = 0 ❡ |∇T |2 = |∇|T ||2 = 0

♦✉

|∇T |2 ≥ |∇|T ||2.

❈♦♠♦ ❛♣❧✐❝❛çã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛t♦✱ ♦❜t❡♠♦s✿

▲❡♠❛ ✷✳✺ ❙❡❥❛ Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐♠❡rs❛ ❡♠ ✉♠❛ ❢♦r♠❛ ❡s♣❛❝✐❛❧ Qn+1
c ❝♦♠

❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❝♦♥st❛♥t❡ R ≥ c✳ ❊♥tã♦✱

|∇A|2 ≥ n2|∇H|2. ✭✷✳✷✶✮

❆❧é♠ ❞✐ss♦✱ s❡ R > c ❡ ❛ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ ❡♠ ✭✷✳✷✶✮ s♦❜r❡ Mn✱ ❡♥tã♦ H é ❝♦♥st❛♥t❡

❡♠ Mn ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Mn é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐s♦♣❛r❛♠étr✐❝❛✳

Pr♦✈❛✳ ❈♦♠♦ ❛ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r é ❝♦♥st❛♥t❡✱ t♦♠❛♠♦s ❛ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡

❡♠ ✭✷✳✶✼✮ ❛ ✜♠ ❞❡ ♦❜t❡r

n2H∇H = |A|∇|A|

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

n4H2|∇H|2 = |A|2|∇|A||2.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ T = A ♥♦ ▲❡♠❛ ✷✳✹✱ ❡s❝r❡✈❡♠♦s

|∇|A||2 ≤ |∇A|2.

▲♦❣♦

n4H2|∇H|2 = |A|2|∇|A||2 ≤ |A|2|∇A|2.

❯s❛♥❞♦ ♠❛✐s ✉♠❛ ✈❡③ ✭✷✳✶✼✮ ❡ q✉❡ R ≥ c✱

|A|2|∇A|2 ≥ n4H2|∇H|2 = n2[|A|2 + n(n− 1)(R− c)]|∇H|2 ≥ n2|A|2|∇H|2. ✭✷✳✷✷✮

P♦rt❛♥t♦✱ ♦❜t❡♠♦s q✉❡ ♦✉✱

|A|2 = 0 ❡ |∇A|2 = 4|∇H|2 = 0,



✺✼

♦✉ ❡♥tã♦

|∇A|2 ≥ 4|∇H|2,

♦ q✉❡ ♠♦str❛ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❡st❡ ❧❡♠❛✳

P❛r❛ ❛ s❡❣✉♥❞❛ ♣❛rt❡✱ s❡ R > c✱ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✼✮ t❡♠♦s q✉❡ 4n2H2 > 4|A|2.
❆❣♦r❛✱ ❛ss✉♠✐r❡♠♦s ❡♠ ❛❞✐çã♦✱ q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ ❡♠ ✭✷✳✷✶✮ ♦❝♦rr❡ s♦❜r❡ Mn✳ ◆❡st❡

❝❛s♦✱ ♦ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡ H é ❝♦♥st❛♥t❡ s♦❜r❡Mn✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s ♣♦r

❝♦♥tr❛❞✐çã♦ q✉❡ ✐ss♦ ♥ã♦ ♦❝♦rr❡✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ♣♦♥t♦ p ∈ Mn t❛❧ q✉❡ |∇H(p)| > 0✳

❉❛í✱ ❞❡❞✉③✐♠♦s ❞❡ ✭✷✳✷✷✮ q✉❡ 4|A|2|∇A|2(p) > 4n2|A|2(p)|∇H(p)|2 ❡✱ ✉♠❛ ✈❡③ q✉❡

|∇A|2(p) = n2|∇H(p)|2 > 0✱ ❝❤❡❣❛♠♦s ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ ♥❡st❡ ❝❛s♦✱

❝♦♥❝❧✉í♠♦s q✉❡ H ❞❡✈❡ s❡r ❝♦♥st❛♥t❡ s♦❜r❡ Mn✳

❖❜s❡r✈❛çã♦ ✷✳✶ P❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✼✮✱ t❡♠♦s

n2H2 = |A|2 + n(n− 1)(R− c). ✭✷✳✷✸✮

❙✉♣♦♥❤❛♠♦s q✉❡ R > c✱ s❡❣✉❡ ❞❡ ✭✷✳✷✸✮ q✉❡ H(p) 6= 0 ♣❛r❛ ❝❛❞❛ p ∈ Mn✳ ❈❛s♦

❝♦♥trár✐♦✱ s❡ ❡①✐st❡ ✉♠ p0 ∈ Mn t❛❧ q✉❡ H(p0) = 0✱ ❛♣❧✐❝❛♠♦s ❛ ❡q✉❛çã♦ ✭✷✳✷✸✮ ❡

♦❜t❡♠♦s q✉❡

0 = n2H2(p0) = |A|2(p0) + n(n− 1)(R− c) > |A|2(p0),

❝❤❡❣❛♥❞♦ ❛ ✉♠ ❛❜s✉r❞♦✳ ▲♦❣♦✱ ♥❡st❡ ❝❛s♦✱ ❡s❝♦❧❤❡♠♦s ❛ ♦r✐❡♥t❛çã♦ s♦❜r❡ Mn ❞❡ t❛❧

❢♦r♠❛ H > 0✳

▲❡♠❛ ✷✳✻ ❙❡❥❛ Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐♠❡rs❛ ❡♠ ✉♠❛ ❢♦r♠❛ ❡s♣❛❝✐❛❧ Qn+1
c ❝♦♠

❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❝♦♥st❛♥t❡ R ≥ c✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ R > c✱ ❡s❝♦❧❤❛♠♦s ❛ ♦r✐❡♥t❛çã♦

t❛❧ q✉❡ H ≥ 0✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ R = c✱ ❛ss✉♠❛♠♦s q✉❡ ❛ ❢✉♥çã♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛

H ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧✳ ❙❡❥❛♠ µ− ❡ µ+✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦ ♠í♥✐♠♦ ❡ ♦ ♠á①✐♠♦ ❞♦s

❛✉t♦✈❛❧♦r❡s ❞♦ ♦♣❡r❛❞♦r P ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✶✹✮ ❡♠ ❝❛❞❛ ♣♦♥t♦ p ∈ Mn✳ ❊♥tã♦ P é

♣♦s✐t✐✈♦ s❡♠✐❞❡✜♥✐❞♦ ❝♦♠

µ− ≥ 0 ❡ µ+ ≤ 2nH.

❆❧é♠ ❞✐ss♦✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ R > c s♦❜r❡ Mn✱ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛ sã♦ ❡str✐t❛s ❝♦♠

P s❡♥❞♦ ♣♦s✐t✐✈♦ ❞❡✜♥✐❞♦ ❡ ♦ ♦♣❡r❛❞♦r � s❡♥❞♦ ❡❧í♣t✐❝♦✳

Pr♦✈❛✳ P♦r ♠❡✐♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✼✮ ❝❤❡❣❛♠♦s ❛

n2H2 = |A|2 + n(n− 1)(R− c) ≥ λ2i , ✭✷✳✷✹✮

♣❛r❛ ❝❛❞❛ ❝✉r✈❛t✉r❛ ♣r✐♥❝✐♣❛❧ λi ❞❡ Mn✱ i = 1, . . . , n✳



✺✽

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ♣❛rt✐r ❞❛ ❛♥á❧✐s❡ r❡❛❧✐③❛❞❛ ♥❛ ❖❜s❡r✈❛çã♦ ✷✳✶✱ ♦❜t❡♠♦s q✉❡

H ≥ 0✳ ▲♦❣♦✱ ❞❡ ✭✷✳✷✹✮ t❡♠♦s

−nH ≤ λi ≤ nH, i = 1, . . . , n.

❉❛í✱ ♣❛r❛ ❝❛❞❛ i✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

0 ≤ nH − λi ≤ 2nH

s❡ ✈❡r✐✜❝❛✳ ❈♦♥t✉❞♦✱ s❡ ❞❡✜♥✐r♠♦s µi := nH − λi✱ ♣♦❞❡♠♦s ✐♥❢❡r✐r q✉❡ ♦s µi✬s sã♦

♣r❡❝✐s❛♠❡♥t❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞♦ ♦♣❡r❛❞♦r P ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♥❝❧✉í♠♦s q✉❡ µ− ≥ 0 ❡

µ+ ≤ 2nH✳

❆❧é♠ ❞✐ss♦✱ s❡ R > c s♦❜r❡ Mn✱ ❡♥tã♦ ♦❜t❡♠♦s µ− > 0 ❡ µ+ < 2nH✱ ♦ q✉❡

s✐❣♥✐✜❝❛ q✉❡ ♦ ❡s♣❡❝tr♦ ❞♦ ♦♣❡r❛❞♦r P é ♣♦s✐t✐✈♦ ❞❡✜♥✐❞♦ ❡✱ ♣♦rt❛♥t♦✱ � é ❡❧í♣t✐❝♦✳

Pr♦ss❡❣✉✐♥❞♦ ♥♦ s❡♥t✐❞♦ ❞❡ ❡st❛❜❡❧❡❝❡r ♦s ♥♦ss♦s r❡s✉❧t❛❞♦s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦✱

❝✐t❛r❡♠♦s ✉♠ ❧❡♠❛ ❛❧❣é❜r✐❝♦ ❞❡✈✐❞♦ ❛ ❖❦✉♠✉r❛ ❬✶✺❪✱ q✉❡ ❢♦✐ ❝♦♠♣❧❡t❛❞♦ ❝♦♠ ♦ ❝❛s♦

♦❜t✐❞♦ ♣♦r ❆❧❡♥❝❛r ❡ ❞♦ ❈❛r♠♦ ❡♠ ❬✶❪ ❡♠ q✉❡ ♦❝♦rr❡ ❛ ✐❣✉❛❧❞❛❞❡✳

▲❡♠❛ ✷✳✼ ❙❡❥❛♠ a1, . . . , an ♥ú♠❡r♦s r❡❛✐s t❛✐s q✉❡
∑

i

ai = 0 ❡
∑

i

a2i = β2✱ ❝♦♠ β ≥ 0✳

❊♥tã♦✱

− (n− 2)
√

n(n− 1)
β3 ≤

∑

i

a3i ≤
(n− 2)

√

n(n− 1)
β3, ✭✷✳✷✺✮

❡ ❛ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❡❧♦ ♠❡♥♦s (n− 1) ❞♦s ♥ú♠❡r♦s ai sã♦ ✐❣✉❛✐s✳

Pr♦✈❛✳ ❯t✐❧✐③❛r❡♠♦s ♦ ♠ét♦❞♦ ❞♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ♣❛r❛ ❡♥❝♦♥tr❛r ♦s

♣♦♥t♦s ❝rít✐❝♦s ❞❛ ❢✉♥çã♦ f =
∑

i a
3
i s♦❜ ❛s ❝♦♥❞✐çõ❡s ❞❡

∑n
i=1 ai = 0 ❡

∑n
i=1 a

2
i = β2✱

♣❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ β > 0✳ ❙❡❣✉❡ q✉❡ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ f sã♦ ♦s ✈❛❧♦r❡s ❞❡ ai

q✉❡ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ai − λai − α = 0, ♣❛r❛ i = 1, . . . , n. ❆ss✐♠✱ ❛♣ós ✉♠❛ r❡✲

❡♥✉♠❡r❛çã♦✱ ❝❛s♦ ♥❡❝❡ssár✐♦✱ ♦s ♣♦♥t♦s ❝rít✐❝♦s sã♦ ❞❛❞♦s ♣♦r

a1 = a2 = · · · = ap = a > 0✱ ai+1 = ai+2 = · · · = an = b < 0.

❉❡s❞❡ q✉❡

β2 =
∑

i=1

a2i = pa2 + (n− p)b2,

0 =
∑

i=1

ai = pa− (n− p)b,



✺✾

f =
∑

i=1

a3i = pa3 + (n− p)b3,

❝♦♥❝❧✉í♠♦s q✉❡

a2 =
n− p

pn
β2✱ b2 =

p

n− p
β2✱ f =

(
n− p

n
a− p

n
b

)

β2.

❉❛í✱ f ❞✐♠✐♥✉✐ q✉❛♥❞♦ p ❝r❡s❝❡ ❡✱ ❛ss✐♠✱ f ❛t✐♥❣❡ ♠á①✐♠♦ q✉❛♥❞♦ p = 1✱ q✉❡ é

❞❛❞♦ ♣♦r

a3 − (n− 1)b3 = ((n− 1)b)3 − (n− 1)b3 = (n− 2)n(n− 1)b2b

=
n− 2

√

n(n− 1)
β3,

♦❜t❡♥❞♦ ♦ ❞❡s❡❥❛❞♦✱ ❥á q✉❡ f é s✐♠étr✐❝❛✳

P♦r ✜♠✱ ♦❜s❡r✈❡♠♦s ❞❛ ♣r♦✈❛ ❛❝✐♠❛ q✉❡ ❛ ✐❣✉❛❧❞❛❞❡

f =
n− 2

√

n(n− 1)
β3

♦❝♦rr❡rá ❛♣❡♥❛s q✉❛♥❞♦ p = 1✳ ❖✉ s❡❥❛✱ s❡ ❡ s♦♠❡♥t❡ s❡ (n− 1) ❞♦s a′is sã♦ ❞❛ ❢♦r♠❛

−b = −( 1
n
(n− 1))

1

2β ❡ ♦ r❡st❛♥t❡ ❞♦s a′is sã♦ ❞❛ ❢♦r♠❛ a = (n−1
n
)
1

2β✳



❈❛♣ít✉❧♦ ✸

❘❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s

◆❡st❛ s❡çã♦ ♣r♦✈❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ❞❡st❛ ❞✐ss❡rt❛çã♦✳ ❆♥t❡s✱ ✐♥tr♦✲

❞✉③✐r❡♠♦s ♦ ♦♣❡r❛❞♦r s❡♠ tr❛ç♦ q✉❡ é ❝♦♠✉♠❡♥t❡ ✉s❛❞♦ ♥❛ ♦❜t❡♥çã♦ ❞❡ r❡s✉❧t❛❞♦s ❞❡

r✐❣✐❞❡③✳ ❙❡❥❛ Φ = A−HI ❡ ✈❡❥❛♠♦s q✉❡ ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞❡Mn✱ Φ é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r

❡ ❛✉t♦✲❛❞❥✉♥t♦✳ ❆❧é♠ ❞✐ss♦ ♦ ♦♣❡r❛❞♦r Φ ♣♦ss✉✐ tr❛ç♦ ♥✉❧♦✳ ❆❞❡♠❛✐s✱ ✈❛❧❡ ❛ s❡❣✉✐♥t❡

r❡❧❛çã♦

|Φ|2 = |A|2 − nH2. ✭✸✳✶✮

P❡❧❛ ♣ró♣r✐❛ ❞❡✜♥✐çã♦ ❞♦ ♦♣❡r❛❞♦r Φ✱ é ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r q✉❡ ❡❧❡ é s✐♠étr✐❝♦ ❡ q✉❡

q✉❛❧q✉❡r ❜❛s❡ q✉❡ ❞✐❛❣♦♥❛❧✐③❛ ♦ ♦♣❡r❛❞♦r ❞❡ ❲❡✐♥❣❛rt❡♥ t❛♠❜é♠ ♦ ❞✐❛❣♦♥❛❧✐③❛✳ ❆❧é♠

❞✐ss♦✱ q✉❛♥❞♦ |Φ| = 0✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱ ♦❜t❡♠♦s q✉❡ ❛ ✐♠❡rsã♦

é t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✳ P♦r ✜♠✱ ❥✉♥t❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✮ ❛ ✭✷✳✷✸✮✱ ♦❜t❡♠♦s

|Φ|2 = n(n− 1)H2 − n(n− 1)(R− c). ✭✸✳✷✮

❉✐❛♥t❡ ❞♦ ❡①♣♦st♦ ❛❝✐♠❛ ❡ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❣❛r❛♥t❡ ✉♠❛

❧✐♠✐t❛çã♦ ♣❛r❛ ♦ ♦♣❡r❛❞♦r � ❛❣✐♥❞♦ s♦❜r❡ ♦ q✉❛❞r❛❞♦ ❞❛ ♥♦r♠❛ ❞♦ ♦♣❡r❛❞♦r s❡♠ tr❛ç♦

❞❡ ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❝♦♥st❛♥t❡ ✐♠❡rs❛ ❡♠ ✉♠❛ ❢♦r♠❛ ❡s♣❛❝✐❛❧✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

Pr♦♣♦s✐çã♦ ✸✳✶ ❙❡❥❛ Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐♠❡rs❛ ❡♠ ✉♠❛ ❢♦r♠❛ ❡s♣❛❝✐❛❧ Qn+1
c

❝♦♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❝♦♥st❛♥t❡ R ≥ c✳ ◆♦s ❝❛s♦s ❡♠ q✉❡ R > c✱ ❡s❝♦❧❤❛♠♦s ❛

♦r✐❡♥t❛çã♦ t❛❧ q✉❡ H ≥ 0✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ R = c✱ ❛ss✉♠❛♠♦s q✉❡ ❛ ❢✉♥çã♦ ❝✉r✈❛t✉r❛

♠é❞✐❛ H ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧✳ ❊♥tã♦✱

�(|Φ|2) ≥ − 2
√

n(n− 1)
|Φ|2QR,c(|Φ|)

(√

|Φ|2 + n(n− 1)(R− c)
)

, ✭✸✳✸✮



✻✶

❡♠ q✉❡ QR é ❛ ❢✉♥çã♦ r❡❛❧ ❞❛❞❛ ♣♦r

QR,c(x) = (n− 2)x2 + (n− 2)x
√

x2 + n(n− 1)(R− c)− n(n− 1)R. ✭✸✳✹✮

Pr♦✈❛✳ ❆ ✐❞❡✐❛ é ✉s❛r ❛ Pr♦♣♦s✐çã♦ ✷✳✻✳ ❯♠❛ ✈❡③ q✉❡ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ Mn

♣♦ss✉✐ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❝♦♥st❛♥t❡✱ r❡❡s❝r❡✈❡♠♦s ❛ Pr♦♣♦s✐çã♦ ✷✳✻ ❝♦♠♦ s❡❣✉❡✿

�(nH) = |∇A|2 − n2|∇H|2 − cn2H2 + cn|A|2 + nHtr(A3)− |A|4. ✭✸✳✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ Φ✱

A3 = (Φ +HI)3 = Φ3 + 3Φ2H + 3ΦH2 +H3

❡ t❛♠❜é♠ ♣❡❧❛ ❡①♣r❡ssã♦ ✭✸✳✶✮✱ t❡♠♦s

|A|4 = (|Φ|2 + nH2)2 = |Φ|4 + 2n|Φ|2H2 + n2H4.

▲♦❣♦✱

nHtr(A3)− |A|4 = nHtr(Φ3) + 3n|Φ|2H2 + n2H4 − |Φ|4 − 2n|Φ|2H2 − n2H4

= nHtr(Φ3) + n|Φ|2H2 − |Φ|4.

P♦rt❛♥t♦✱ ✐♥s❡r✐♥❞♦ ❡ss❛ ❡q✉❛çã♦ ❡♠ ✭✸✳✺✮✱ ❝❤❡❣❛♠♦s ❛

,

�(nH) = |∇A|2 − n2|∇H|2

− cn2H2 + cn|A|2 + nHtr(Φ3) + n|Φ|2H2 − |Φ|4

= |∇A|2 − n2|∇H|2 + cn(|A|2 − nH2) + nHtr(Φ3) + n|Φ|2H2 − |Φ|4

= |∇A|2 − n2|∇H|2 + |Φ|2
(
−|Φ|2 + nH2 + nc

)
+ nHtr(Φ3).

✭✸✳✻✮

❆❣♦r❛✱ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✷✳✼✱

nHtr(Φ3) ≥ −nH|tr(Φ3)| ≥ − n(n− 2)
√

n(n− 1)
H|Φ|3. ✭✸✳✼✮

❈♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦ R ≥ c✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✺ q✉❡

|∇A|2 − n2|∇H|2 ≥ 0. ✭✸✳✽✮

❆ss✐♠✱ ✐♥s❡r✐♥❞♦ ✭✸✳✼✮ ❡ ✭✸✳✽✮ ♥❛ ❡q✉❛çã♦ ✭✸✳✻✮✱ ♦❜t❡♠♦s

�(nH) ≥ |Φ|2
(

−|Φ|2 − n(n− 2)
√

n(n− 1)
H|Φ|+ n(H2 + c)

)

. ✭✸✳✾✮



✻✷

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛ ❡q✉❛çã♦ ✭✸✳✷✮✱ ❡s❝r❡✈❡♠♦s

n

n− 1
|Φ|2 = n2H2 − n2(R− c). ✭✸✳✶✵✮

❆❧é♠ ❞✐ss♦✱ ❞❛ ❤✐♣ót❡s❡ R ≥ c ✭r❡s♣✳ R > c✮✱ ♦ ▲❡♠❛ ✷✳✻ ❛ss❡❣✉r❛✲♥♦s q✉❡ ♦

♦♣❡r❛❞♦r � é ♣♦s✐t✐✈♦ s❡♠✐❞❡✜♥✐❞♦ ✭r❡s♣✳ ♣♦s✐t✐✈♦ ❞❡✜♥✐❞♦✮✳ ▲♦❣♦✱ ❞❛ ❡q✉❛çã♦ ✭✸✳✶✵✮

❡ ❞♦ ✐t❡♠ (d) ❞❛ Pr♦♣♦s✐çã♦ ✷✳✺✱ t❡♠♦s ♦ s❡❣✉✐♥t❡✿

n

n− 1
�(|Φ|2) = 2nH�(nH) + 2n2〈P (∇H),∇H〉 ✭✸✳✶✶✮

≥ 2nH�(nH).

❆ss✐♠✱ s✉❜st✐t✉✐♥❞♦ ✭✸✳✾✮ ❡♠ ✭✸✳✶✶✮✱ ❝❤❡❣❛♠♦s ❛

n

2(n− 1)
�(|Φ|2) ≥ nH|Φ|2

(

−|Φ|2 − n(n− 2)
√

n(n− 1)
H|Φ|+ n(H2 + c)

)

. ✭✸✳✶✷✮

❊✈✐❞❡♥❝✐❛♥❞♦ ❛ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ♥❛ ❡q✉❛çã♦ ✭✸✳✷✮ ❡♠ t❡r♠♦s ❞❛ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r

♥♦r♠❛❧✐③❛❞❛✱ t❡♠♦s

H2 =
1

n(n− 1)
|Φ|2 +R− c ✭✸✳✶✸✮

❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ q✉❡ H ≥ 0✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

H =
1

√

n(n− 1)

√

|Φ|2 + n(n− 1)(R− c). ✭✸✳✶✹✮

❆♣ós ✉♠ s✐♠♣❧❡s ❝á❧❝✉❧♦✱ ❞❛s ❡q✉❛çõ❡s ✭✸✳✶✸✮ ❡ ✭✸✳✶✹✮✱ t❡♠♦s

−|Φ|2 − n(n− 2)
√

n(n− 1)
H|Φ|+ n(H2 + c) =

1

n− 1
QR(|Φ|), ✭✸✳✶✺✮

❡♠ q✉❡

QR,c(x) = −(n− 2)x2 − (n− 2)x
√

x2 + n(n− 1)(R− c) + n(n− 1)R.

P♦rt❛♥t♦✱ ❞❡ ✭✸✳✶✷✮ ❡ ✭✸✳✶✺✮ ♦❜t❡♠♦s ❛ ❧✐♠✐t❛çã♦ ❞❡s❡❥❛❞❛✳

❱❡❥❛♠♦s ❛s s❡❣✉✐♥t❡s ✐♥❢♦r♠❛çõ❡s✱ ♥❡❝❡ssár✐❛s ♣❛r❛ ❛s ❞❡♠♦♥str❛çõ❡s q✉❡ ✈✐rã♦

♥❡ss❡ ú❧t✐♠♦ ❝❛♣ít✉❧♦✳

❖❜s❡r✈❛çã♦ ✸✳✶ P❛r❛ R > 1✱ ❛ ❢✉♥çã♦ QR✱ ❞❡✜♥✐❞❛ ❡♠ ✭✸✳✹✮✱ é ❡str✐t❛♠❡♥t❡ ❝r❡s✲

❝❡♥t❡ ♣❛r❛ x ≥ 0 ❝♦♠

QR,c(0) = −n(n− 1)R < 0.



✻✸

❆❧é♠ ❞✐ss♦✱ QR,c ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ r❛✐③ r❡❛❧ ♣♦s✐t✐✈❛✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❛

x0 t❛❧ q✉❡ QR,c(x0) = 0✳ ❊♥tã♦

−(n− 2)x20 − (n− 2)x0

√

x20 + n(n− 1)(R− c) + n(n− 1)R = 0.

❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

−(n− 2)x20 + n(n− 1)R = (n− 2)x0

√

x20 + n(n− 1)(R− c).

❉❛í✱

(n− 2)x40 − 2n(n− 1)Rx20 +
n2(n− 1)2

(n− 2)
R2 = (n− 2)x20(x

2
0 + n(n− 1)(R− c))

= (n− 2)x40 + n(n− 1)(n− 2)(R− c)x20.

P♦rt❛♥t♦✱

α(n,R, c) = x0 =

√

n(n− 1)R2

(n− 2)(n(R− c) + 2)
.

❊①❡♠♣❧♦ ✻ ✭❚♦r♦ ❞❡ ❈❧✐✛♦r❞✮ ❙❡❥❛Mn ♦ ♣r♦❞✉t♦ ❘✐❡♠❛♥♥✐❛♥♦ S1(
√
1− r2)×Sn−1(r)✱

❝♦♠ 0 < r < 1 ❡♠ Sn+1(1)✱ n ≥ 3✳ ◆❡st❡ ❝❛s♦✱ ♦ ✈❡t♦r ♣♦s✐çã♦ é

x = (x1, x2) ∈ S1(
√
1− r2)× Sn−1(r)

❡ ♦ ✈❡t♦r ♥♦r♠❛❧ ❡ ✉♥✐tár✐♦✱ ♥❡st❡ ♣♦♥t♦ x✱ é ❞❛❞♦ ♣♦r

en+1 =

(
r√

1− r2
x1,−

√
1− r2

r
x2

)

.

❙✉❛s ❝✉r✈❛t✉r❛s ♣r✐♥❝✐♣❛✐s sã♦

λ1 = − r√
1− r2

❡ λ2 = · · · = λn =

√
1− r2

r
.

▲♦❣♦✱ ♥ã♦ é ❞✐❢í❝✐❧ ❝❤❡❝❛r q✉❡

H =
n(1− r2)− 1

nr
√
1− r2

❡ |Φ|2 = n− 1

nr2(1− r2)
.

❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✸✮✱ ❛ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❞❡ R é ❞❛❞❛ ♣♦r

R =
n− 2

nr2
.

❯♠ ❝á❧❝✉❧♦ rá♣✐❞♦ ♥♦s ❝♦♥❞✉③ à r =
√

(n− 2)/nR✱ ❡ ♣♦rt❛♥t♦

|Φ|2 = n(n− 1)R2

(n− 2)(n(R− 1) + 2)
.



✻✹

❆❣♦r❛ s♦♠♦s ❝❛♣❛③❡s ❞❡ ♣r♦✈❛r ♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ❞❡st❛ ❞✐ss❡rt❛çã♦✳ ❖

♣r✐♠❡✐r♦ ❞❡❧❡s r❡❢❡r❡✲s❡ ❛♦ ❝❛s♦ c = 1✳

❚❡♦r❡♠❛ ✸✳✷ ❙❡❥❛Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥t❛❞❛ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐♠❡rs❛

♥❛ ❡s❢❡r❛ ❡✉❝❧✐❞✐❛♥❛ ✉♥✐tár✐❛ Sn+1(n ≥ 3) ❝♦♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r R ❝♦♥st❛♥t❡ s❛t✐s❢❛✲

③❡♥❞♦ R > 1✳ ❊♥tã♦ ∫

M

|Φ|p+2QR(|Φ|)dM ≥ 0 ✭✸✳✶✻✮

♣❛r❛ t♦❞♦ ♥ú♠❡r♦ r❡❛❧ p > 2✱ ❡♠ q✉❡ QR é ❛ ❢✉♥çã♦ r❡❛❧

QR(x) = (n− 2)x2 + (n− 2)x
√

x2 + n(n− 1)(R− 1)− n(n− 1)R. ✭✸✳✶✼✮

❆❞❡♠❛✐s✱ ❛ ✐❣✉❛❧❞❛❞❡ ✈❛❧❡ s❡ ❡ s♦♠❡♥t❡ s❡

✭✐✮ ♦✉ |Φ| = 0 ❡ M é ❤✐♣❡rs✉♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✱

✭✐✐✮ ♦✉

|Φ|2 = α(n,R, 1) =
n(n− 1)R2

(n− 2)(n(R− 1) + 2)
> 0

❡ M é ✐s♦♠étr✐❝❛ ❛ ✉♠ t♦r♦ ❞❡ ❈❧✐✛♦r❞ S1(
√
1− r2) × Sn−1(r) →֒ Sn+1✱ ❝♦♠

r =
√

(n− 2)/nR✳

Pr♦✈❛✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❝♦♥s✐❞❡r❡♠♦s u = |Φ|2✳ ❉❛í✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✱

t❡♠♦s
1

2
�(u) ≥ − 1

√

n(n− 1)
uQR(

√
u)
√

u+ n(n− 1)(R− 1), ✭✸✳✶✽✮

❡♠ q✉❡ ❛ ❢✉♥çã♦ QR ❡stá ❞❡✜♥✐❞❛ ❡♠ ✭✸✳✶✼✮✳

❯♠❛ ✈❡③ q✉❡ R > 1 ❡ u ≥ 0✱ ♦❜t❡♠♦s
√

n(n− 1)

2

u
p

2

√

u+ n(n− 1)(R− 1)
�(u) ≥ −u p+2

2 QR(
√
u),

♣❛r❛ t♦❞♦ p > 0✳ ❖✉ s❡❥❛✱

u
p+2

2 QR(
√
u) ≥ −

√

n(n− 1)

2

u
p

2

√

u+ n(n− 1)(R− 1)
�(u).

❙❡♥❞♦ Mn ❝♦♠♣❛❝t❛✱ ✐♥t❡❣r❛♠♦s ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ ❛♥t❡r✐♦r ❛ ✜♠ ❞❡

♦❜t❡r
∫

M

u
p+2

2 QR(
√
u)dM ≥ −

√

n(n− 1)

2

∫

M

u
p

2

√

u+ n(n− 1)(R− 1)
�(u)dM. ✭✸✳✶✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✹ ❡ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❞✐✈❡r❣❡♥t❡✱

f(u)�(u) = f(u)div(P (∇f)) = div(f(u)P (∇u))− f ′(u)〈P (∇u),∇u〉,



✻✺

♣❛r❛ t♦❞❛ ❢✉♥çã♦ s✉❛✈❡ f : R → R✳ ◆♦✈❛♠❡♥t❡✱ ✐♥t❡❣r❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ss❛

❡q✉❛çã♦ ❡ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✸✽✱ ❡♥❝♦♥tr❛♠♦s

−
∫

M

f(u)�(u)dM =

∫

M

f ′(u)〈P (∇u),∇u〉dM. ✭✸✳✷✵✮

❱✐st♦ ✐ss♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❢✉♥çã♦ f ❝♦♠♦ s❡❣✉❡✿

f(t) =
t
p

2

√

t+ n(n− 1)(R− 1)
�(u), ∀ t ≥ 0.

❏á q✉❡ R > 1✱ f ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❆❧é♠ ❞✐ss♦✱ f ≥ 0✳ ❈♦♥s❡✲

q✉❡♥t❡♠❡♥t❡✱

f ′(t) =
(p− 1)t

p

2 + n(n− 1)(R− 1)pt
p−2

2

2(t+ n(n− 1)(R− 1))
3

2

≥ 0, ✭✸✳✷✶✮

♣❛r❛ t♦❞♦ p ≥ 2✳ ❉❛í✱ ✐♥s❡r✐♥❞♦ ✭✸✳✷✵✮ ❡ ✭✸✳✷✶✮ ❡♠ ✭✸✳✶✾✮✱

∫

M

u
p+2

2 QR(
√
u)dM ≥

√

n(n− 1)

2

∫

M

f ′(u)〈P (∇u),∇u〉dM ≥ 0, ✭✸✳✷✷✮

❡♠ q✉❡ ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✉s❛♠♦s ❛ Pr♦♣♦s✐çã♦ ✷✳✻ ✱ ❛ q✉❛❧ ❣❛r❛♥t❡ q✉❡ ♦ ♦♣❡r❛❞♦r

P é ♣♦s✐t✐✈♦ s❡♠✐❞❡✜♥✐❞♦✳ P♦rt❛♥t♦✱

∫

M

|Φ|p+2QR(|Φ|)dM ≥ 0, ✭✸✳✷✸✮

♣r♦✈❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡s❡❥❛❞❛✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ ❡♠ ✭✸✳✸✮ ❡ q✉❡ R > 1✳ ▲♦❣♦✱ ❛ ❞❡s✐✲

❣✉❛❧❞❛❞❡ ❡♠ ✭✸✳✷✷✮ ❞❡✈❡ ❝♦♥✈❡rt❡r✲s❡ ♥❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡

∫

M

f ′(u)〈P (∇u),∇u〉dM = 0. ✭✸✳✷✹✮

▼❛s

f ′(u) =
(p− 1)u

p

2 + n(n− 1)(R− 1)pu
p−2

2

2(u+ n(n− 1)(R− 1))
3

2

≥ 0,

❝♦♠ ❛ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡♥❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ p > 2 ❡ u = 0✳ ❆❧é♠ ❞✐ss♦✱ ❛ Pr♦♣♦s✐çã♦ ✷✳✻

❣❛r❛♥t❡ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦ ♦♣❡r❛❞♦r P ✱ ✐st♦ é

〈P (∇u),∇u〉 ≥ 0,

❝♦♠ ❛ ✐❣✉❛❧❞❛❞❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ∇u = 0✳ ❆ss✐♠✱ f ′(u)〈P (∇u),∇u〉 ≥ 0 ❡✱ ♣♦r ✭✸✳✷✹✮

❞❡✈❡♠♦s t❡r

f ′(u)〈P (∇u),∇u〉 = 0



✻✻

❡♠ Mn✳ ❙❡ f ′(u) = 0✱ ❝♦♠♦ p > 2✱ ❝♦♥❝❧✉í♠♦s q✉❡ u = 0✳ ❉♦ ❝♦♥trár✐♦✱ ❛ ♣♦s✐t✐✈✐❞❛❞❡

❞❡ P ♥♦s ❛ss❡❣✉r❛ q✉❡ ❛ ❢✉♥çã♦ u = |Φ|2 é ❝♦♥st❛♥t❡✳ ◆❡st❡ ♣♦♥t♦ ❞✐✈✐❞✐r❡♠♦s ❛ ♣r♦✈❛

❡♠ ❞✉❛s ♣❛rt❡s✿

❈❛s♦ ✶✿ |Φ|2 = u ≡ 0✳ ◆❡st❡ ❝❛s♦ t❡♠♦s q✉❡Mn é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡

✉♠❜í❧✐❝❛ ❡ ♥ã♦ t♦t❛❧❛♠❡♥t❡ ❣❡♦❞és✐❝❛✱ ♣♦✐s R > 1✳

❈❛s♦ ✷✿ |Φ|2 ≡ u0 > 0✳ ◆❡st❡ ❝❛s♦✱ ❞❛ ✐❣✉❛❧❞❛❞❡ ✭✸✳✷✸✮✱ s❡❣✉❡ q✉❡ QR(|Φ|) = 0✳

❆ss✐♠✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✸✳✶✱ u0 ❞❡✈❡ s❡r ✐❣✉❛❧ ❛ ú♥✐❝❛ r❛✐③ ♣♦s✐t✐✈❛ ❞❛ ❢✉♥çã♦ QR✱ ✐st♦

é✱ |Φ|2 = α(n,R, 1)✳ P♦rt❛♥t♦✱ ✐♥s❡r✐♥❞♦ ✐st♦ ❡♠ ✭✸✳✶✽✮✱ t❡♠♦s

0 =
1

2
�(|Φ|2) ≥ − 1

√

n(n− 1)
|Φ|2QR(|Φ|)

√

|Φ|2 + n(n− 1)(R− 1) = 0.

▲♦❣♦✱ t♦❞❛s ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♦❜t✐❞❛s ❛♦ ❧♦♥❣♦ ❞❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶ t♦r♥❛♠✲

s❡ ✐❣✉❛❧❞❛❞❡s✳ ❊♠ ♣❛rt✐❝✉❧❛r ❛ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ ❡♠ ✭✸✳✽✮✳ ❙❡♥❞♦ R > 1✱ ♦ ▲❡♠❛ ✷✳✺

❣❛r❛♥t❡ q✉❡ ∇A = 0✱ ♦✉ s❡❥❛✱ Mn é ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐s♦♣❛r❛♠étr✐❝❛ ❞❡ Sn+1✳ ❆❧é♠

❞❡ss❛✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✼✮ t❛♠❜é♠ t♦r♥❛✲s❡ ✐❣✉❛❧❞❛❞❡✳ ❊st❛ ✐❣✉❛❧❞❛❞❡ ✐♠♣❧✐❝❛ ✐❣✉❛❧✲

❞❛❞❡ ♥♦ ▲❡♠❛ ✷✳✼✳ ❉❛í✱ Mn ❞❡✈❡ t❡r ❞✉❛s ❝✉r✈❛t✉r❛s ♣r✐♥❝✐♣❛✐s ❞✐st✐♥t❛s s❡♥❞♦ ✉♠❛

❞❡❧❛s s✐♠♣❧❡s✳

P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ t❡♦r❡♠❛ ❝❧áss✐❝♦ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❞❛s ❤✐♣❡rs✉♣❡r❢í❝✐❡s

✐s♦♣❛r❛♠étr✐❝❛s✱ ♦ ❚❡♦r❡♠❛ ✶✳✹✺✱ ♣❛r❛ ❛ss❡❣✉r❛r✲♥♦s q✉❡ Mn ❞❡✈❡ s❡r ✐s♦♠étr✐❝❛ ❛♦

♣r♦❞✉t♦ ❘✐❡♠❛♥♥✐❛♥♦ Sn−1(
√
1− r2) × S1(r) →֒ Sn✱ ❝♦♠ 0 < r < 1 ❡ ❝♦♠ ❝✉r✈❛t✉r❛s

♣r✐♥❝✐♣❛✐s ❝♦♥st❛♥t❡s ❞❛❞❛s ♣♦r

λ1 = − r√
1− r2

❡ λ2 = · · · = λn =

√
1− r2

r
.

❙❡❣✉❡ ❞♦ ❊①❡♠♣❧♦ ✻

H =
n(1− r2)− 1

nr
√
1− r2

❡ |Φ|2 = n− 1

nr2(1− r2)
,

❜❡♠ ❝♦♠♦ s✉❛ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r ❝♦♥st❛♥t❡✱ ❛ q✉❛❧ é ❞❛❞❛ ♣♦r ✭✸✳✷✮✱ é

R =
n− 2

nr2

❊♠ ♣❛rt✐❝✉❧❛r✱ R > 1 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ r <
√

(n− 2)/n✳ ❖❜✈✐❛♠❡♥t❡✱ r =
√

(n− 2)/nR <
√

(n− 2)/n✱ ❝♦♠

|Φ|2 = n− 1

nr2(1− r2)
=

n(n− 1)R2

(n− 2)(n(R− 1) + 2)
,



✻✼

❡♠ q✉❡ ♥♦s ❞á ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ♥♦ ❚❡♦r❡♠❛ ✸✳✷✱ ✜♥❛❧✐③❛♥❞♦ ❛ ♣r♦✈❛✳

❆ ♣❛rt✐r ❞❡ss❡ t❡♦r❡♠❛✱ ♣♦❞❡♠♦s ❡♥✜♠✱ ❛♣❧✐❝á✲❧♦ ♣❛r❛ ♦❜t❡r ♦ ❚❡♦r❡♠❛ ✵✳✶✱ ❡♥✉♥✲

❝✐❛❞♦ ❛ s❡❣✉✐r ❝♦♠♦ ❝♦r♦❧ár✐♦✿

❈♦r♦❧ár✐♦ ✸✳✸ ❙❡❥❛Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥t❛❞❛ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐♠❡rs❛

♥❛ ❡s❢❡r❛ ❡✉❝❧✐❞✐❛♥❛ ✉♥✐tár✐❛ Sn+1, (n ≥ 3) ❝♦♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r R ❝♦♥st❛♥t❡ ♥♦r✲

♠❛❧✐③❛❞❛ s❛t✐s❢❛③❡♥❞♦ R ≥ 1✳ ❙❡❥❛ ❛✐♥❞❛ Φ ♦ t❡♥s♦r ❞❡ ✉♠❜✐❧✐❝✐❞❛❞❡ ❞❛ ✐♠❡rsã♦ ❡

s✉♣♦♥❤❛♠♦s q✉❡

|Φ|2 ≤ α(n,R, 1) =
n(n− 1)R2

(n− 2)(n(R− 1) + 2)
> 0.

❊♥tã♦✿

✭✐✮ ♦✉ |Φ| = 0 ❡ Mn é s✉♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✱

✭✐✐✮ ♦✉ |Φ|2 = αR > 0 ❡ Σ é ✉♠ t♦r♦ ❝♦♠ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ❝♦♥st❛♥t❡ S1(
√
1− r2) ×

Sn−1(r) ∈ Sn+1✱ ❝♦♠ r =
√

(n− 2)/nR✳

Pr♦✈❛✳ ❉❡s❞❡ q✉❡ QR(x) ≤ 0 ♣❛r❛ t♦❞♦ 0 ≤ x ≤
√

α(n,R, 1)✱ ❛ss✉♠✐♥❞♦ ❛s

❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✵✳✶✱ t❡♠♦s q✉❡ QR(x) ≤ 0 ❡♠ M ✱ ♦ q✉❡ ♥♦s ❞á ❛ ✐❣✉❛❧❞❛❞❡ ♥❛

❡q✉❛çã♦ ✭✸✳✶✻✮✿
∫

M

|Φ|p+2QR(|Φ|)dM = 0,

❢❛③❡♥❞♦ q✉❡ ♦ ❚❡♦r❡♠❛ ✵✳✶ s❡❥❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞♦ ♥♦ss♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧✳

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ é ♦✉ ♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ ♦✉ ♦ ❡s♣❛ç♦

❤✐♣❡r❜ó❧✐❝♦✱ ✜♥❛❧✐③❛♠♦s ♥♦ss♦ tr❛❜❛❧❤♦ ❝♦♠ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✸✳✹ ❙❡❥❛Mn ✉♠❛ ❤✐♣❡rs✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥t❛❞❛ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐♠❡rs❛

❡♠ ✉♠❛ ❢♦r♠❛ ❡s♣❛❝✐❛❧ ❘✐❡♠❛♥♥✐❛♥❛ Qn+1
c ✭c ∈ {0,−1} ❡ n ≥ 3✮ ❝♦♠ ❝✉r✈❛t✉r❛ ❡s❝❛❧❛r

R > 0✳ ❊♥tã♦ ∫

M

|Φ|p+2QR,c(|Φ|)dM ≥ 0 ✭✸✳✷✺✮

♣❛r❛ t♦❞♦ ♥ú♠❡r♦ r❡❛❧ p > 2✱ ❡♠ q✉❡ QR,c é ❛ ❢✉♥çã♦ r❡❛❧

QR,c(x) = −(n− 2)x2 − (n− 2)x
√

x2 + n(n− 1)(R− c) + n(n− 1)R.

❆❧é♠ ❞✐ss♦✱ ❛ ✐❣✉❛❧❞❛❞❡ ✈❛❧❡ ❡♠ ✭✸✳✷✺✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Mn é t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✳

Pr♦✈❛✳ ❆ ♣r♦✈❛ s❡❣✉❡ ❝♦♠♦ ❛ ❞♦ ❚❡♦r❡♠❛ ✭✸✳✷✮ ❛té ❡♥❝♦♥tr❛r♠♦s ❛ ✐♥❡q✉❛✲

çã♦ ✭✸✳✷✺✮✳ ❙❡ ❛ ✐❣✉❛❧❞❛❞❡ ✈❛❧❡✱ ❞❡ ✭✸✳✷✹✮ t❡r❡♠♦s

〈P (∇|Φ|2),∇|Φ|2〉 = 0, ✭✸✳✷✻✮



✻✽

❞❡s❞❡ q✉❡

f ′(|Φ|) = 4(p− 1)|Φ|p + 4n(n− 1)(R− c)p|Φ|p−2

2 (4|Φ|2 + 4n(n− 1)(R− c))3/2
> 0,

♣♦✐s p > 2 ❡ R > 0✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡♥❞♦ P ♣♦s✐t✐✈♦ ❞❡✜♥✐❞♦✱ ❞❡ ✭✸✳✷✻✮ s❡❣✉❡

q✉❡ ∇|Φ|2 = 0 ❡✱ ❞❛í✱ |Φ| é ❝♦♥st❛♥t❡ ❡♠ Mn✳ ❈❛s♦ |Φ| = 0✱ ❡♥tã♦ Mn é ✉♠❛

❤✐♣❡rs✉♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ❡♠ Qn+1
c ✳ ❈❛s♦ ❝♦♥trár✐♦✱ |Φ| ❞❡✈❡ s❡r ❛ ú♥✐❝❛

r❛✐③ ♣♦s✐t✐✈❛ ❞❛ ❢✉♥çã♦ QR,c ✈✐st❛ ♥❛ ❖❜s❡r✈❛çã♦ ✸✳✶ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Mn é ✉♠❛

❤✐♣❡rs✉♣❡r❢í❝✐❡ ✐s♦♣❛r❛♠étr✐❝❛ ❞❡ Qn+1
c ✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹✺✱ ❝♦♥❝❧✉í♠♦s q✉❡

Mn ❞❡✈❡ s❡r ♦✉ ✐s♦♠étr✐❝❛ ❛ ✉♠ ❝✐❧✐♥❞r♦ ❝✐r❝✉❧❛r Sn−1(r)× R✱ q✉❛♥❞♦ c = 0✱ ♦✉ ❛ ✉♠

❝✐❧✐♥❞r♦ ❤✐♣❡r❜ó❧✐❝♦ H1(−
√
1 + r2) × Sn−1(r)✱ q✉❛♥❞♦ c = −1✱ q✉❡ ♥ã♦ sã♦ ✈❛r✐❡❞❛❞❡s

❧✐♠✐t❛❞❛s✳

P♦rt❛♥t♦✱ ✈❛❧❡ ❛ ✐❣✉❛❧❞❛❞❡ ❡♠ ✭✸✳✷✺✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱Mn é ✉♠❛ ❡s❢❡r❛ t♦t❛❧♠❡♥t❡

✉♠❜í❧✐❝❛ ❡♠ Qn+1
c ✳



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❆❧❡♥❝❛r✱ ❍✳ ❡ ❞♦ ❈❛r♠♦✱ ▼✳ P✳✱ ❍②♣❡rs✉r❢❛❝❡s ✇✐t❤ ❝♦♥st❛♥t ♠❡❛♥ ❝✉r✈❛t✉r❡ ✐♥

s♣❤❡r❡s✳ Pr♦❝✳ ❆♠✳ ▼❛t❤✳ ❙♦❝✳✱ ✶✷✵✱ ✶✷✷✸✲✶✷✷✾ ✭✶✾✾✹✮✳

❬✷❪ ❆❧❡♥❝❛r✱ ❍✳❀ ❞♦ ❈❛r♠♦✱ ▼✳ P✳ ❡ ❈♦❧❛r❡s✱ ●✳✱ ❙t❛❜❧❡ ❍②♣❡rs✉r❢❛❝❡s ✇✐t❤ ❈♦♥st❛♥t

❙❝❛❧❛r ❈✉r✈❛t✉r❡✳ ▼❛t❤✳ ❩✳✱ ✷✶✸✱ ✶✶✼✲✶✸✶✾ ✭✶✾✾✸✮✳

❬✸❪ ❆❧í❛s✱ ▲✳ ❏✳✱ ●❛r❝í❛✲▼❛rtí♥❡③✱ ❙✳ ❈✳ ❡ ❘✐❣♦❧✐✱ ▼✳✱ ❆ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ ❢♦r ❤②✲
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