
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

Pr♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t ❡ ✐❞❡♥t✐❞❛❞❡s
♣❛r❛ á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥

♣♦r

●❡✐s❛ ●❛♠❛ ❖❧✐✈❡✐r❛ ❸

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❈❧❛✉❞❡♠✐r ❋✐❞❡❧✐s ❇❡③❡rr❛ ❏ú♥✐♦r

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

❸❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙





❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r ♠❡ r♦❞❡❛r ❞❡ t❛♥t❛s ♣❡ss♦❛s ❡s♣❡❝✐❛✐s ❡ ♠❡

r❡❡r❣✉❡r ♥♦s ♠♦♠❡♥t♦s ❞❡ ❡①tr❡♠❛ ❞✐✜❝✉❧❞❛❞❡✳ ❆ ❚✐✱ t♦❞❛ ❤♦♥r❛ ❡ t♦❞❛ ❣❧ór✐❛✳ ❈♦♠♦

❡✉ s❡♠♣r❡ ❞✐❣♦✿ ❉❡✉s ♥♦ ❝♦♠❛♥❞♦ s❡♠♣r❡✳

❆♦s ♠❡✉s ♣❛✐s✱ ●✐r❧❛♥❡ ●❛♠❛ ❡ ❏♦♥✐❧s♦♥ ▼❛❝ê❞♦✱ ♣❡❧♦ ❛♠♦r✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛✱ ❡

♣♦r ❛❧é♠ ❞❡ t✉❞♦✱ ❛❝r❡❞✐t❛r ❡♠ ♠✐♠ q✉❛♥❞♦ ♥❡♠ ❡✉ ♠❡s♠❛ ❛❝r❡❞✐t❡✐✳ ❖❜r✐❣❛❞❛ ♣❡❧❛

❝♦♥✜❛♥ç❛ ❡ ♣♦r t♦❞♦s ♦s ❡♥s✐♥❛♠❡♥t♦s q✉❡ ✈♦❝ês ♠❡ ❞❡r❛♠✳ Pr✐♥❝✐♣❛❧♠❡♥t❡ ♦ ❞❡ ♥ã♦

❞❡s✐st✐r ❞♦s ♠❡✉s s♦♥❤♦s ♠❡s♠♦ q✉❛♥❞♦ ❡❧❡s ♣❛r❡❝❡♠ ✐♠♣♦ssí✈❡✐s✳ ❆♦s ♠❡✉s ✐r♠ã♦s ❡

❝✉♥❤❛❞❛s✱ ♣♦r ♠❡ ❛❝❤❛r❡♠ ❛ ♠✉❧❤❡r ♠❛✐s ✐♥t❡❧✐❣❡♥t❡ ❞♦ ♠✉♥❞♦✱ ♠❡s♠♦ ❡✉ ♥ã♦ s❡♥❞♦✳

■ss♦ ♠❡ ✐♠♣✉❧s✐♦♥♦✉ ♠✉✐t♦ ♣❛r❛ q✉❡ ❡✉ ♠❡ ❞❡❞✐❝❛ss❡ ❝❛❞❛ ✈❡③ ♠❛✐s ♣❛r❛ q✉❡ ❝❤❡❣❛ss❡

❛♦ ♠❡♥♦s ✉♠ t❡rç♦ ❞♦ q✉❡ ✈♦❝ês ❛❝r❡❞✐t❛✈❛♠ q✉❡ ❡✉ ❡r❛✳ ▼✉✐t♦ ♦❜r✐❣❛❞❛✳

❆❣r❛❞❡ç♦ ❛♦s ♣r♦❢❡ss♦r❡s ❞❛ ❯❆▼❛t q✉❡ t✐✈❡ ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ s❡r ❛❧✉♥❛✱ ❡♠

❡s♣❡❝✐❛❧ ❛♦ ♣r♦❢❡ss♦r ▲❡♦♠❛q✉❡s✱ ❛♦ ♣r♦❢❡ss♦r ❉✐♦❣♦ ❡ ❛♦ ♣r♦❢❡ss♦r ❆♥tô♥✐♦ ❇r❛♥❞ã♦

q✉❡ ♠❡ ❛❥✉❞❛r❛♠ ❛ ❡st❡♥❞❡r ♠❡✉s ❝♦♥❤❡❝✐♠❡♥t♦s ❡♠ á❧❣❡❜r❛ ❡ ♠❡ ✜③❡r❛♠ ❛✐♥❞❛ ♠❛✐s

❛♣❛✐①♦♥❛❞❛ ♣❡❧❛ ár❡❛✳ ❆✐♥❞❛ ❛❣r❛❞❡ç♦ ❛♦ ♣r♦❢❡ss♦r ❇r❛♥❞ã♦ ♣♦r ♣❛rt✐❝✐♣❛r ❞❛ ♠✐♥❤❛

❜❛♥❝❛✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❈❧❛✉❞❡♠✐r✱ só t❡♥❤♦ ❛ ❛❣r❛❞❡❝❡r ♣♦r ♠❡ ❛❝❡✐t❛r ❝♦♠♦ s✉❛

♦r✐❡♥t❛♥❞❛✳ ❖❜r✐❣❛❞❛ ♣♦r t♦❞❛ ♣❛❝✐ê♥❝✐❛✱ ❛❥✉❞❛ ❡ ❞✐s♣♦s✐çã♦✱ ❡ ♣♦r t❡r s✐❞♦ ✉♠ ❛♠✐❣♦

♣♦r ♠✉✐t❛s ✈❡③❡s✳ ❙❡✐ q✉❡ ♥ã♦ ❢✉✐ ✉♠❛ ♦r✐❡♥t❛♥❞❛ ♠✉✐t♦ ❢á❝✐❧✱ ♠❛s ♦ s❡♥❤♦r ❛♣❡s❛r

❞✐ss♦✱ ❡st❡✈❡ ❛♦ ♠❡✉ ❧❛❞♦ ♠❡ ❛❥✉❞❛♥❞♦ ❛ s❡❣✉✐r✱ ❛ ❝r❡s❝❡r✱ ♠❡ ❞❛♥❞♦ ✈ár✐♦s ♣✉①õ❡s

❞❡ ♦r❡❧❤❛✳ ◆✉♥❝❛ ✈♦✉ ❡sq✉❡❝❡r ❞♦ q✉❡ ♦ s❡♥❤♦r ❢❡③ ♣♦r ♠✐♠✳ Pr♦❢❡ss♦r✱ ♠❡✉ ♠✉✐t♦

♦❜r✐❣❛❞❛ ♣♦r t✉❞♦✳

❆♦s ❛♠✐❣♦s q✉❡ ✜③ ♥❛ ❯❊❙❈✱ q✉❡ ♠❡s♠♦ ❞❡ ❧♦♥❣❡✱ s❡♠♣r❡ ♠❡ ❡♥✈✐❛r❛♠ ♠❡♥s❛✲

❣❡♥s ❞❡ ✐♥❝❡♥t✐✈♦ ❡ ❡st❛✈❛♠ s❡♠♣r❡ t♦r❝❡♥❞♦ ♣♦r ♠✐♠✳ ❙ã♦ ♠✉✐t♦s ❡ ♣♦rt❛♥t♦✱ ♣r❡✜r♦

♥ã♦ ❝✐t❛r ♦ ♥♦♠❡ ❞❡ t♦❞♦s✳ ▼❛s ❣♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r ❡♠ ❡s♣❡❝✐❛❧✱ às ♠✐♥❤❛s ♠❡❧❤♦r❡s

❛♠✐❣❛s ❛té ❤♦❥❡✱ ▲✉❛♥❛ ▲❡♠♦s✱ ❘❛❢❛❡❧❛ ❇r✐tt♦ ❡ ❚❛✐♥❛r❛ ●✉✐♠❛rã❡s✱ q✉❡ t✐✈❡r❛♠ q✉❡

❛❣✉❡♥t❛r ♠❡✉s ❝❤♦r♦s ❡ r❡❝❧❛♠❛çõ❡s ❞❡s❞❡ ❛ ❣r❛❞✉❛çã♦✳ ❖❜r✐❣❛❞❛ ♣❡❧❛s ❧✐❣❛çõ❡s ❞❡

✐✐✐



✐✈

✐♥❝❡♥t✐✈♦ ❡ ♣❡❧❛ ❝♦♥✜❛♥ç❛ ❞❡ s❡♠♣r❡✳

●♦st❛r✐❛ ❛✐♥❞❛ ❞❡ ❛❣r❛❞❡❝❡r ❛♦s ♣r♦❢❡ss♦r❡s ❞❛ ❯❊❙❈ q✉❡ ♠❡ ✐♥❝❡♥t✐✈❛r❛♠ ❛

s❡❣✉✐r ♣❛r❛ ♦ ♠❡str❛❞♦✳ ❊♠ ❡s♣❡❝✐❛❧✱ ❣♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r ❛♦ ♣r♦❢❡ss♦r ❙ér❣✐♦ ▼♦t❛

✭✐♥ ♠❡♠♦r✐❛♠✮ q✉❡ ❡st❡✈❡ ❝♦♠✐❣♦ ❞❡s❞❡ ♦ ✐♥í❝✐♦ ♥❡ss❛ tr❛❥❡tór✐❛✳ ❊ss❡ ♠❡str❛❞♦ ♥ã♦

s❡r✐❛ ♣♦ssí✈❡❧ s❡♠ ♦s s❡✉s ✐♥❝❡♥t✐✈♦s ❡ s❡♠ ❛ s✉❛ ❝♦♥✜❛♥ç❛ ❡♠ ♠✐♠ ❞❡s❞❡ ❛ ❣r❛❞✉❛çã♦✳

P❛❧❛✈r❛s ♥✉♥❝❛ ✈ã♦ s❡r s✉✜❝✐❡♥t❡s ♣❛r❛ ❡①♣r❡ss❛r ♠✐♥❤❛ ❣r❛t✐❞ã♦✳

◆❡ss❡ ♣❡rí♦❞♦ ♥❛ P❛r❛í❜❛✱ ✜③ ♠✉✐t♦s ❛♠✐❣♦s ✈❡r❞❛❞❡✐r♦s✳ ❆♠✐❣♦s ❡st❡s q✉❡ ♠❡

✈✐r❛♠ t❛♥t❛s ✈❡③❡s ❝❤♦r❛♥❞♦ ❡ s❡♠♣r❡ ♠❡ ❛❝♦❧❤✐❛♠ ❝♦♠ s❡✉s ❛❜r❛ç♦s ❡ ♣❛❧❛✈r❛s ❞❡ ✐♥✲

❝❡♥t✐✈♦✱ ❛❧é♠ ❞❡ ❝♦♠♣❛rt✐❧❤❛r ❞❡ ♠✉✐t♦s ❝❛❢és ❡ r✐s❛❞❛s ❝♦♠✐❣♦✳ ❆ t♦❞♦s ❡st❡s ❛❣r❛❞❡ç♦✿

❲❡✐❧❧❡r✱ ❉❛♥✐❡❧❛✱ ▲✉❝❛s ❙✐❡❜r❛✱ ❖❧✐✈❡r✐♦✱ ❘❡♥❛♥ ❡ ❲❛❧❧❛❝❡✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ❣♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r à ♠✐♥❤❛ ♣r✐♠❡✐r❛ t✉r♠❛ ❞❡ ♠❡str❛❞♦ ❡

♠❡✉s ♣r✐♠❡✐r♦s ❛♠✐❣♦s✴❢❛♠í❧✐❛ q✉❡ ❝♦♥str✉í ♥❛ P❛r❛í❜❛✿ ❆♥❛♠é❧✐❛✱ ❆♥❛ ◆❡r②✱ ❋❡❧✐♣❡✱

❚❤✐❛❣♦ ❡ ❘❛✐❧❛♥❡✳ ❖❜r✐❣❛❞❛ ♣❡❧❛s ✈ár✐❛s ♥♦✐t❡s ❡ ❞✐❛s ❞❡ ❡st✉❞♦s✱ ♣❡❧❛s ❞✐s❝✉ssõ❡s ❡

♣❡❧♦ ❝❛r✐♥❤♦ q✉❡ ✈♦❝ês s❡♠♣r❡ t✐✈❡r❛♠ ♣♦r ♠✐♠✳ ◗✉❡r♦ ❝♦♠♣❛rt✐❧❤❛r ❡ss❛ ✈✐tór✐❛ ❝♦♠

✈♦❝ês✳ ❊ss❛ ❝♦♥q✉✐st❛ é ♥♦ss❛✳ ▼❡✉ ♠✉✐t♦ ♦❜r✐❣❛❞❛ ♣♦r t✉❞♦✳

◗✉❡r♦ t❛♠❜é♠ ❡①t❡r♥❛r ♠✐♥❤❛ ❣r❛t✐❞ã♦ à P❡❞r♦ ❋❡❧❧②♣❡ ❡ à ■s♠❛❡❧ ❙❛♥❞r♦✳ P❡❞r♦✱

✈♦❝ê s❡ t♦r♥♦✉ ✉♠❛ ❞❛s ♣❡ss♦❛s q✉❡ ❡✉ ♠❛✐s ❝♦♥✜♦ ♥❡ss❛ ✈✐❞❛ ❡ ✉♠❛ ❞❛s ♣❡ss♦❛s q✉❡

♠❛✐s ♠❡ ❝♦♥❤❡❝❡✳ ❖❜r✐❣❛❞❛ ♣♦r s❡♠♣r❡ ❡♥①❡r❣❛r ❛s ❝♦✐s❛s ❝♦♠ ♦t✐♠✐s♠♦ ❡ ♠❡ ❢❛③❡r

❡♥①❡r❣❛r t❛♠❜é♠✳ ■s♠❛❡❧✱ ♠❡s♠♦ ❝♦♠ ♥♦ss❛ t❡♥t❛t✐✈❛ ❢r✉str❛❞❛ ❞❡ ❝r✐❛r ♦ P■● ✭P❡❞r♦✱

■s♠❛❡❧ ❡ ●❡✐s❛✮✱ ❝♦♥s❡❣✉✐♠♦s ❝r✐❛r ❡ss❡ ❧❛ç♦ ú♥✐❝♦ ❡ ✈❡r❞❛❞❡✐r♦ ❞❡ ❛♠✐③❛❞❡✳ ❖❜r✐❣❛❞❛

♣♦r s❡♠♣r❡ ♠❡ ❢❛③❡r s♦rr✐r ❝♦♠ s❡✉ ❥❡✐t♦ ú♥✐❝♦✳ ❆❣r❛❞❡ç♦ ❛ ✈♦❝ês ♣❡❧❛ ♣❛③ q✉❡ ✈♦❝ês

s❡♠♣r❡ ♠❡ tr❛♥s♠✐t✐r❛♠✱ ♣❡❧❛s ♦r❛çõ❡s✱ ♣❡❧❛ ❝♦♥✜❛♥ç❛ ❡ ♣♦r t♦❞❛s ❛s ❞ú✈✐❞❛s q✉❡ ✈♦❝ês

♠❡ t✐r❛r❛♠✳

➚ ❈❛✐♦✱ ❋r❛♥✱ ▲❛ís❡ ❡ ❏♦sé ▲✉❝❛s✱ ❛❣r❛❞❡ç♦ ♣❡❧❛s ❢♦t♦s ❛❧❡❛tór✐❛s✱ ❞✐s❝✉ssõ❡s ❡

r✐s❛❞❛s q✉❡ t✐✈❡♠♦s ❡♠ t♦❞❛s ❛s ❞✐s❝✐♣❧✐♥❛s ❞❡ á❧❣❡❜r❛s q✉❡ ❝♦♠♣❛rt✐❧❤❛♠♦s✳ ❆❧é♠

❞✐ss♦✱ ❛❣r❛❞❡ç♦ ♣♦r t♦❞♦ ❛❜r❛ç♦✱ ✐♥❝❡♥t✐✈♦ ❡ ❝✉✐❞❛❞♦ q✉❡ t✐✈❡r❛♠ ♣♦r ♠✐♠ s❡♠♣r❡✳

❆❣r❛❞❡ç♦ ❛✐♥❞❛ à ❋r❛♥ ✭❢♦r♠❛❧♠❡♥t❡ ❉r❛✳❋r❛♥❝✐é❧✐❛ ▲✐♠❡✐r❛✮✱ ♣♦r t❡r ❛❝❡✐t❛❞♦ ♦ ❝♦♥✈✐t❡

♣❛r❛ ❢❛③❡r ♣❛rt❡ ❞❡st❛ ❜❛♥❝❛✳

❆♦ ♣❡ss♦❛❧ ❞♦ P❊❚✲▼❛t❡♠át✐❝❛✿ ❆♠❛♥❞❛✱ ❇r✉♥❛✱ ❋á❜✐♦✱ ●❛❜r✐❡❧✱ ■s❛❜❡❧❛✱ ▲❡tí✲

❝✐❛✱ ▲✉ís✱ ▼❛t❤❡✉s✱ ❖t❛❝í❧✐❛✱ ❘♦❞r✐❣♦✱ ♣♦r t❡r❡♠ ♠❡ ✏❛❞♦t❛❞♦✑ ♥❛s ❤♦r❛s ❞♦ ❛❧♠♦ç♦ ❡

t❡r❡♠ ♠❡ tr❛③✐❞♦ ♠✉✐t❛s r✐s❛❞❛s ❝♦♠ ♥♦ss♦s ✏❝✐♥q✉❡✑ ❥♦❣♦s ❛❧❡❛tór✐♦s✳ ❊♠ ❡s♣❡❝✐❛❧✱ à

❇r✉♥❛ ♣♦r t❡r s✐❞♦ ✉♠❛ ✐r♠ã ♣❛r❛ ♠✐♠ ❡ t❡r ♠❡ ❛❝♦♠♣❛♥❤❛❞♦ ♥❛s ✐❞❛s ❡ ✈✐♥❞❛s ❞❛



✈

❯❋❈●✳

➚ ❆♥❞r❡③③❛✱ ●❡♦✈❛♥② ❡ ❍②❞❛②❛♥❡✱ ❣♦st❛r✐❛ ❞❡ ❛❣r❛❞❡❝❡r ♥ã♦ só ♣❡❧❛s ♥♦✐t❡s ❞♦s

✈✐♥❤♦s✱ ♦♥❞❡ ❝♦♠♣❛rt✐❧❤á✈❛♠♦s ♠✉✐t❛s ❤✐stór✐❛s✱ ❜❡st❡✐r❛s ❡ r✐s❛❞❛s✱ ♠❛s t❛♠❜é♠ ♣♦r

t♦❞♦s ♦s ❛❜r❛ç♦s ❡ ❝❛r✐♥❤♦s✱ q✉❡ s❡♠♣r❡ ♠❡ ❛❥✉❞❛✈❛♠ ❛ ❞❡s❝❛rr❡❣❛r t♦❞❛s ❛s ❡♥❡r❣✐❛s

r✉✐♥s ♣❛r❛ ✈♦❧t❛r ❛♦ tr❛❜❛❧❤♦✳

➚ ❘♦s② ❡ ❋á✱ ♣♦r t❡r♠♦s ❞✐✈✐❞✐❞♦ ✉♠❛ ✈✐❞❛ ❛q✉✐ ❡♠ ❈❛♠♣✐♥❛ ●r❛♥❞❡✳ ❖❜r✐❣❛❞❛

♣♦r t❡r❡♠ t✐❞♦ ♣❛❝✐ê♥❝✐❛ ❝♦♠✐❣♦ ❡♠ t♦❞♦s ♦s â♠❜✐t♦s✳ ❋á✱ ❛❣r❛❞❡ç♦ ♣❡❧❛ s✉❛ ❛♠✐③❛❞❡

❞❡s❞❡ ♦ t❡♠♣♦ ❞❡ ❯❊❙❈✳ ❖❜r✐❣❛❞❛ ♣♦r t♦❞❛s ❛s r✐s❛❞❛s ❡ ♣❡❧♦ ✏✐♥❢♦r♠❛t✐✈♦ ❋á✑ q✉❡

s❡♠♣r❡ ♠❡ ♠❛♥t❡✈❡ ❧✐❣❛❞❛ ♥❛s ♥♦tí❝✐❛s ❞♦ ♠✉♥❞♦✳ ❖❜r✐❣❛❞❛ ♣♦r t❡r s✐❞♦ ✭♠❡s♠♦

s❡♠ ✐❞❛❞❡ ♣❛r❛ ✐ss♦✮ ✉♠❛ ✏♠ã❡③♦♥❛✑ ♣❛r❛ ❣❡♥t❡✳ ❘♦s②✱ ♦❜r✐❣❛❞❛ ♣♦r t❡r s✐❞♦ ❛ ✏✐r♠ã

♠❛✐s ✈❡❧❤❛✑ ❞❛ ❝❛s❛✳ ❖❜r✐❣❛❞❛ ♣♦r t♦❞♦s ♦s ❝✉s❝✉③ q✉❡ ✈♦❝ê ❢❡③ ♣❛r❛ ❣❡♥t❡✱ ♣♦r t❡r

❝✉✐❞❛❞♦ ❞❡ ♠✐♠ q✉❛♥❞♦ ❡✉ ♠❛✐s ♣r❡❝✐s❡✐✱ ❡ ♣♦r t❡r s✐❞♦ ♠✐♥❤❛ ❝♦♠♣❛♥❤❡✐r❛ ❞❡ s❛í❞❛s

❛❧❡❛tór✐❛s✳ ❱♦❝ês ❞✉❛s s❡ t♦r♥❛r❛♠ ♣❛rt❡ ❞❛ ♠✐♥❤❛ ❢❛♠í❧✐❛✱ ❡ ♦♥❞❡ q✉❡r q✉❡ ❡✉ ✈á✱

♥✉♥❝❛ ♠❡ ❡sq✉❡❝❡r❡✐ ❞♦ q✉❡ ✜③❡r❛♠ ♣♦r ♠✐♠✳ ❖❜r✐❣❛❞❛ ♣♦r t✉❞♦✳

❆♦s ❢✉♥❝✐♦♥ár✐♦s ❞❛ ❯❋❈●✳ ❊♠ ❡s♣❡❝✐❛❧✱ ❛ ❆♥✐♥❤❛ ♣♦r s✉❛ ❛❧❡❣r✐❛ ❝♦♥t❛❣✐❛♥t❡

❡ s❡✉s ❛❜r❛ç♦s ❛❝♦❧❤❡❞♦r❡s ❡ ❛ ●✐s❧❛②♥❡ ♣❡❧❛s ✈ár✐❛s ❝♦♥✈❡rs❛s ❝♦♠♣❛rt✐❧❤❛❞❛s ❡ ❛

❞✐s♣♦s✐çã♦ ❡♠ s❡♠♣r❡ ♥♦s ❛❥✉❞❛r✳

P♦r ✜♠✱ ❛❣r❛❞❡ç♦ à ♣r♦❢❡ss♦r❛ ❉r❛✳ ▼❛♥✉❡❧❛ ❞❛ ❙✐❧✈❛ ❙♦✉s❛ ♣♦r ❛❝❡✐t❛r ♦ ❝♦♥✈✐t❡

♣❛r❛ ❝♦♠♣♦r ❛ ❜❛♥❝❛ ❡ ♣♦r t♦❞❛s ❛s ❝♦♥s✐❞❡r❛çõ❡s ❡ s✉❣❡stõ❡s ♣❛r❛ ♠❡❧❤♦r❛♠❡♥t♦ ❞❡st❡

tr❛❜❛❧❤♦✳



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s ❡ ♠❡✉s ✐r♠ã♦s✳

✈✐



❘❡s✉♠♦

❆s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s ❞❡ ♦r❞❡♠ ❞♦✐s✱ s♦❜r❡ ✉♠ ❝♦r♣♦✱ ♣♦s✲

s✉❡♠ ❡①❛t❛♠❡♥t❡ ❞✉❛s ❣r❛❞✉❛çõ❡s ♥❛t✉r❛✐s ♣❡❧♦ ❣r✉♣♦ Z2✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❛♣r❡s❡♥t❛❞♦

❡♠ ❝✐♥❝♦ ❝❛♣ít✉❧♦s✱ ❞❡s❝r❡✈❡♠♦s ✉♠❛ ❜❛s❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ✷✲❣r❛❞✉❛❞❛s ♥♦

❝❛s♦ ❞❡ss❛s ❞✉❛s ❣r❛❞✉❛çõ❡s✱ q✉❛♥❞♦ ♦ ❝♦r♣♦ ❜❛s❡ é ✐♥✜♥✐t♦ ❡ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡✲

r❡♥t❡ ❞❡ ❞♦✐s✳ P❛r❛ ✉♠❛ ❣r❛❞✉❛çã♦ ❞✐t❛ ❡s❝❛❧❛r ♦ r❡s✉❧t❛❞♦ é ❡st❡♥❞✐❞♦ ♣❛r❛ ♦ ❝❛s♦ ❞❛s

á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ ❞❡♥♦t❛❞❛s ♣♦r B ❡

Bn q✉❛♥❞♦ ♦s ❡s♣❛ç♦s ❜❛s❡s ♣♦ss✉❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ❡ ✜♥✐t❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆❡st❡

❝❛s♦✱ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ t❛♠❜é♠ ♠♦str❛♠♦s q✉❡ ♦ ✐❞❡❛❧ ❞❡ t♦❞❛s

❛s ✐❞❡♥t✐❞❛❞❡s 2✲❣r❛❞✉❛❞❛s ❞❡ Bn s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t✳ ❆❧é♠ ❞✐ss♦✱ ❛♣r❡✲

s❡♥t❛♠♦s ❛s ❝❧❛ss✐✜❝❛çõ❡s ❞❛s ❣r❛❞✉❛çõ❡s ❞❛ ➪❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r✳

P♦r ✜♠✱ ❞❡t❡r♠✐♥❛♠♦s ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❡

✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❞❡❣❡♥❡r❛❞❛ ❞❡ ♣♦st♦ n− 1✱ ❝♦♠ ❡s♣❛ç♦ ❜❛s❡ n✲❞✐♠❡♥s✐♦♥❛❧✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ➪❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥✳ ■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s✳ Pr♦♣r✐❡❞❛❞❡ ❞❡

❙♣❡❝❤t✳



❆❜str❛❝t

❚❤❡ ❏♦r❞❛♥ ❛❧❣❡❜r❛ ♦❢ t❤❡ s②♠♠❡tr✐❝ ♠❛tr✐❝❡s ♦❢ ♦r❞❡r t✇♦ ♦✈❡r ❛ ✜❡❧❞ ❤❛s ❡①❛❝t❧②

t✇♦ ♥❛t✉r❛❧ ❣r❛❞✐♥❣s ❜② t❤❡ ❣r♦✉♣ Z2✳ ■♥ t❤✐s ✇♦r❦✱ ♣r❡s❡♥t❡❞ ✐♥ ✜✈❡ ❝❤❛♣t❡rs✱ ✇❡

❡①❤✐❜✐t ❜❛s❡s ❢♦r ✷✲❣r❛❞❡❞ ♣♦❧②♥♦♠✐❛❧ ✐❞❡♥t✐t✐❡s ❢♦r t❤❡s❡ t✇♦ ❣r❛❞✐♥❣ ✇❤❡♥ t❤❡ ❜❛s❡

✜❡❧❞ ✐s ✐♥✜♥✐t❡ ❛♥❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐✛❡r❡♥t ❢r♦♠ ✷✳ ❋♦r ❛ s♦✲❝❛❧❧❡❞ ✏s❝❛❧❛r ❣r❛❞✐♥❣✑ t❤❡

r❡s✉❧t ✐s ❡①t❡♥❞❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❏♦r❞❛♥ ❛❧❣❡❜r❛s ♦❢ ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ s②♠♠❡tr✐❝ ❜✐❧✐♥❡❛r

❢♦r♠✱ ❞❡♥♦t❡ ❜② B ❛♥❞ Bn ✇❤❡♥ ✐ts ✈❡❝t♦r s♣❛❝❡s ❤❛✈❡ ✐♥✜♥✐t❡ ❛♥❞ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥s✱

r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤✐s ❝❛s❡✱ ♦✈❡r ❛ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✱ ✇❡ ❛❧s♦ s❤♦✇ t❤❛t t❤❡ ✐❞❡❛❧

♦❢ ❛❧❧ t❤❡ ✷✲❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s ♦❢ Bn s❛t✐s✜❡s t❤❡ ❙♣❡❝❤t ♣r♦♣❡rt②✳ ▼♦r❡♦✈❡r✱ ✇❡ st✉❞②

t❤❡ ❞❡s❝r✐♣t✐♦♥ ❛❧❧ ♣♦ss✐❜❧❡ G✲❣r❛❞✐♥❣s ♦♥ ❏♦r❞❛♥ ❛❧❣❡❜r❛ ♦❢ ❛ ❜✐❧✐♥❡❛r ❢♦r♠✳ ❋✐♥❛❧❧②✱

✇❡ ❞❡t❡r♠✐♥❡ ❛ ❜❛s✐s ❢♦r t❤❡ ✐❞❡♥t✐t✐❡s ♦❢ t❤❡ ❏♦r❞❛♥ ❛❧❣❡❜r❛ ♦❢ ❛ ❞❡❣❡♥❡r❛t❡ ❜✐❧✐♥❡❛r

❢♦r♠ ✇✐t❤ ❛ n✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡ ♦❢ r❛♥❦ n− 1✳

❑❡②✇♦r❞s✿ ❏♦r❞❛♥ ❛❧❣❡❜r❛s✳ ❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s✳ ❙♣❡❝❤t ♣r♦♣❡rt②✳
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✶ ❈♦♥❝❡✐t♦s ♣r❡❧✐♠✐♥❛r❡s ✶✶

✶✳✶ ➪❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✷ ➪❧❣❡❜r❛s ❣r❛❞✉❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✸ ➪❧❣❡❜r❛s ❧✐✈r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✶✳✹ ■❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✶✳✺ ■❞❡♥t✐❞❛❞❡s ♠✉❧t✐❤♦♠♦❣ê♥❡❛s ❡ ♠✉❧t✐❧✐♥❡❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✶✳✻ ❘❡♣r❡s❡♥t❛çõ❡s ❞♦ ❣r✉♣♦ s✐♠étr✐❝♦ ❡ ❞♦ ❣r✉♣♦ ❣❡r❛❧ ❧✐♥❡❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✶✳✻✳✶ ❘❡♣r❡s❡♥t❛çõ❡s ❞♦ ❣r✉♣♦ s✐♠étr✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✶✳✻✳✷ Sn✲❛çõ❡s ♥♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s Pn ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✶✳✻✳✸ ❆ ❛çã♦ ❞♦ ❣r✉♣♦ ❣❡r❛❧ ❧✐♥❡❛r GLm ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✶✳✼ ❚❡♦r✐❛ ❞❡ ✐♥✈❛r✐❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷ ❈❧❛ss✐✜❝❛çã♦ ❞❛s ❣r❛❞✉❛çõ❡s ❞❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛

❜✐❧✐♥❡❛r ✹✸

✷✳✶ ❋♦r♠❛s ❜✐❧✐♥❡❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✷ ❆ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ ✳ ✹✽

✷✳✸ ❆ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❞❡❣❡♥❡r❛❞❛ ✳ ✳ ✳ ✳ ✺✷

✸ ■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❡♠ á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ✺✹

✸✳✶ ●r❛❞✉❛çõ❡s ♥❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✸✳✷ ■❞❡♥t✐❞❛❞❡s ♣❛r❛ ❛ ❣r❛❞✉❛çã♦ ♥ã♦ ❡s❝❛❧❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✸✳✸ ■❞❡♥t✐❞❛❞❡s ♣❛r❛ ❛ ❣r❛❞✉❛çã♦ ❡s❝❛❧❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹



✐✐

✹ Pr♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ✷✲❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ ❞❡

❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛✳ ✼✾

✹✳✶ Pr♦♣r✐❡❞❛❞❡ ❞❡ ❜❛s❡ ✜♥✐t❛ ♣❛r❛ ❝♦♥❥✉♥t♦s q✉❛s❡♦r❞❡♥❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✹✳✷ ▼❛✐s ❢❡rr❛♠❡♥t❛s✿ ❯♠ r❡t♦r♥♦ ❛ t❡♦r✐❛ ❞❡ t❛❜❡❧❛s ❙t❛♥❞❛r❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✹✳✸ ❘❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧✿ ❆ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✺ ■❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❞❡ ❢♦r♠❛ ❜✐❧✐♥❡❛r

❞❡❣❡♥❡r❛❞❛ ✾✸

✺✳✶ ■❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ Jn,n−1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

❇✐❜❧✐♦❣r❛✜❛ ✶✵✸



■♥tr♦❞✉çã♦

❯♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ é ✉♠ ♣♦❧✐♥ô♠✐♦ q✉❡ s❡ ❛♥✉❧❛ q✉❛♥❞♦

é ❛✈❛❧✐❛❞♦ ♥♦s ❡❧❡♠❡♥t♦s ❞❛ á❧❣❡❜r❛✳ ❆ á❧❣❡❜r❛ q✉❡ ♣♦ss✉✐ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ é

❞❡♥♦♠✐♥❛❞❛ á❧❣❡❜r❛ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ P■✲á❧❣❡❜r❛✳ ❍✐st♦r✐✲

❝❛♠❡♥t❡✱ ❡ss❛ t❡♦r✐❛ t❡✈❡ ✐♥í❝✐♦ ♥❛ ❞é❝❛❞❛ ❞❡ ✸✵✱ ❝♦♠ ♦s tr❛❜❛❧❤♦s ❞❡ ❉ë❤♥ ❬✼❪ ❡ ❲❛❣♥❡r

❬✸✹❪✱ ♦♥❞❡ ❛♣❛r❡❝❡♠✱ ❡♠❜♦r❛ ❞❡ ❢♦r♠❛ ✐♠♣❧í❝✐t❛✱ ❛❧❣✉♠❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛

❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ ✷✳ ❆♣❡s❛r ❞✐ss♦✱ ♦ ❡st✉❞♦ ❞❡ss❛ t❡♦r✐❛✱ só s❡ ✐♥t❡♥s✐✜❝♦✉ ♣♦r ✈♦❧t❛

❞❡ ✶✾✺✵✱ é♣♦❝❛ ❡♠ q✉❡ ❢♦✐ ♣r♦✈❛❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❆♠✐ts✉r✲▲❡✈✐t③❦✐ ❬✷❪✱ ♠♦str❛♥❞♦ q✉❡

❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡ ✉♠ ❝♦r♣♦ K s❛t✐s❢❛③ ♦ P♦❧✐♥ô♠✐♦ ❙t❛♥❞❛r❞

❞❡ ❣r❛✉ 2n✱ ✐st♦ é✱ ❛ s♦♠❛tór✐❛ ❛❧t❡r♥❛❞❛ ❛✈❛❧✐❛❞❛ ❡♠ t♦❞♦s ♦s ♣♦ssí✈❡✐s ♣r♦❞✉t♦s ❞❡

2n ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n é s❡♠♣r❡ ✐❣✉❛❧ ❛ ③❡r♦✳ ◆❡ss❛ ♠❡s♠❛ é♣♦❝❛✱ ♠❛t❡♠át✐❝♦s ❝♦♠♦

❏❛❝♦❜s♦♥✱ ❑❛♣❧❛♥s❦②✱ ❍❡rst❡✐♥✱ ▼❛❧❝❡✈✱ ❈♦❤♥✱ ❙❤✐rs❤♦✈✱ ❡♥tr❡ ♦✉tr♦s✱ ❞❡r❛♠ ❝♦♥tr✐❜✉✐✲

çõ❡s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❛ P■✲t❡♦r✐❛✳ ▼❛✐s t❛r❞❡✱ ❑❛♣❧❛♥s❦②✱ ❡♠ ❬✶✽❪✱ ❡❧❛❜♦r♦✉ ✉♠❛ ❧✐st❛

❞❡ ♣r♦❜❧❡♠❛s r❡❧❡✈❛♥t❡s ♥❛ t❡♦r✐❛ ❞❡ ❛♥é✐s✱ ♦♥❞❡ ❛✐♥❞❛ s❡ ❡♥❝♦♥tr❛♠ ✈ár✐♦s ♣r♦❜❧❡♠❛s

❡♠ ❛❜❡rt♦ ❡♠ P■✲á❧❣❡❜r❛s✳

❆❝❡r❝❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡t❡r♠✐♥❛r ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❝♦♥❤❡❝✐❞❛✱

s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❑❡♠❡r r❡❧❛❝✐♦♥♦✉ ♦ T ✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ♦s T ✲✐❞❡❛✐s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦✿

s❡♠♣r❡ q✉❡ f(x1, . . . , xr) ❡ g(xr+1, . . . , xs) sã♦ ♣♦❧✐♥ô♠✐♦s ❡♠ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ❞❡

✈❛r✐á✈❡✐s t❛✐s q✉❡ f · g ❡stá ♥♦ T ✲✐❞❡❛❧ ❡♥tã♦ f ♦✉ g t❛♠❜é♠ ❡stá ♥♦ T ✲✐❞❡❛❧✳ ❚❛✐s

T ✲✐❞❡❛✐s sã♦ ❝❤❛♠❛❞♦s ❞❡ ✈❡r❜❛❧♠❡♥t❡ ♣r✐♠♦s ✭♦✉ T ✲♣r✐♠♦s✮✳ ❑❡♠❡r ♠♦str♦✉ ❛✐♥❞❛

q✉❡ ♦s T ✲✐❞❡❛✐s T ✲♣r✐♠♦s ♥ã♦ tr✐✈✐❛✐s sã♦ ❛♣❡♥❛s ♦s ✐❞❡❛✐s ❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❛s á❧❣❡❜r❛s

♠❛tr✐❝✐❛✐s Mn(K)✱ ❡ ❞❛s á❧❣❡❜r❛s Mn(E) ❡ Ma,b(E)✳ ❊st❛ ú❧t✐♠❛ é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡

Ma+b(E) ❝♦♠♣♦st❛ ♣❡❧❛s ♠❛tr✐③❡s ❡♠ ❜❧♦❝♦s a× a ❡ b× b ♥❛ ❞✐❛❣♦♥❛❧✱ ❝✉❥❛s ❡♥tr❛❞❛s



✼

❡stã♦ ♥♦ ❝❡♥tr♦ ❞❡ E✱ ❡ ❛s ❞❡♠❛✐s ❡stã♦ ♥❛ ♣❛rt❡ ✏❛♥t✐❝♦♠✉t❛t✐✈❛✑ ❞❡ E✳ ❆q✉✐✱ E ❞❡♥♦t❛

❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳ ❘❡❝♦r❞❛♠♦s ❛q✉✐

q✉❡ ❡ss❛s á❧❣❡❜r❛s sã♦ ♦❜t✐❞❛s✱ ❝♦♠♦ s❡♥❞♦ ♦s r❡s♣❡❝t✐✈♦s ❡♥✈❡❧♦♣❡s ❞❡ ●r❛ss♠❛♥♥✱ ❛

♣❛rt✐r ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❞❛s á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s s✐♠♣❧❡s✱ ❣r❛❞✉❛❞❛s ♣❡❧♦ ❣r✉♣♦ ❝í❝❧✐❝♦ ❞❡

♦r❞❡♠ ✷✳ ❚❛❧ ❝❧❛ss✐✜❝❛çã♦ ❢♦✐ ❞❛❞❛ ♣♦r ❈✳ ❚✳ ❈✳ ❲❛❧❧ ❬✸✺❪✳ ❘❡❝♦r❞❛♠♦s ❛✐♥❞❛ q✉❡ ♦

t❡r♠♦ T ✲✐❞❡❛❧ ✈❡r❜❛❧♠❡♥t❡ ♣r✐♠♦ ✐♥❞✐❝❛ q✉❡ ♦s r❡s♣❡❝t✐✈♦s T ✲✐❞❡❛✐s sã♦ ✏♣r✐♠♦s✑ ♠❛s

❛♣❡♥❛s ❞❡♥tr♦ ❞❛ ❝❧❛ss❡ ❞♦s T ✲✐❞❡❛✐s✳ ➱ ❝♦♥❤❡❝✐❞♦ q✉❡ ❡♥tr❡ ♦s T ✲✐❞❡❛✐s ✈❡r❜❛❧♠❡♥t❡

♣r✐♠♦s✱ ❛♣❡♥❛s ♦s T ✲✐❞❡❛✐s ❞❛s á❧❣❡❜r❛s Mn(K) sã♦ ♣r✐♠♦s✳

➱ ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❞❡t❡r♠✐♥❛r ❜❛s❡s ♣❛r❛ T ✲✐❞❡❛✐s ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛✲

t✐✈❛ ❡ ♥ã♦ ❛ss♦❝✐❛t✐✈❛s ♣♦❞❡ s❡r ✉♠ tr❛❜❛❧❤♦ ♠✉✐t♦ ❞✐❢í❝✐❧ ❡ t❛✐s ❞❡s❝r✐çõ❡s sã♦ ❝♦♥❤❡❝✐✲

❞❛s ❡♠ ♣♦✉❝♦s ❝❛s♦s✳ ❆ss✐♠✱ ❡st❛ ❞✐s❝✉ssã♦ ♥♦s ❞á ✉♠❛ ❧✉③ ❛ ❝❡r❝❛ ❞❡ ❡st✉❞❛r ♦✉tr❛s

á❧❣❡❜r❛s ♠✉♥✐❞❛s ❞❡ ❡str✉t✉r❛s ❛❞✐❝✐♦♥❛✐s✳

◆❛s ú❧t✐♠❛s ❞é❝❛❞❛s✱ ✈ár✐❛s ❣❡♥❡r❛❧✐③❛çõ❡s ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

tê♠ s✐❞♦ ❡st✉❞❛❞❛s✱ t❛✐s ❝♦♠♦✿ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s✱ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦✲

♠✐❛✐s ❝♦♠ tr❛ç♦ ❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❝♦♠ ✐♥✈♦❧✉çã♦ ✭♦✉ ∗✲✐❞❡♥t✐❞❛❞❡s✮✱ s❡♥❞♦ ❛

♣r✐♠❡✐r❛ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✳ ❑❡♠❡r ✉t✐❧✐③♦✉ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ♥❛

s✉❛ t❡♦r✐❛ ❞♦s ✐❞❡❛✐s ❞❡ ✐❞❡♥t✐❞❛❞❡s ❡♠ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✭✐♥❞✐❝❛♠♦s ❬✷✶❪ ♣❛r❛ ♠❛✐s

❞❡t❛❧❤❡s✮✳ ❆s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ❢♦r❛♠ ❡st✉❞❛❞❛s ❝♦♠ ❞❡t❛❧❤❡s ♣♦r Pr♦❝❡s✐ ❡♠

❬✷✼❪✱ ❡ ♣♦r ❘❛③♠②s❧♦✈ ❡♠ ❬✷✽❪❀ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✱ ❘❛③♠②s❧♦✈

❞❡✉ ✉♠❛ ♥♦✈❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❆♠✐ts✉r ❡ ▲❡✈✐t③❦✐✳ ❏á ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦✲

❧✐♥♦♠✐❛✐s ❝♦♠ ✐♥✈♦❧✉çã♦ tê♠ r❡❧❛çã♦ ❝♦♠ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ✭♦r❞✐♥ár✐❛s✮✳ ❊♠

❬✶❪✱ ❆♠✐ts✉r ❞❡♠♦♥str♦✉ q✉❡ ✉♠❛ á❧❣❡❜r❛ s❛t✐s❢❛③❡♥❞♦ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♠ ✐♥✈♦❧✉çã♦

é ✉♠❛ P■✲á❧❣❡❜r❛✳

❆ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s s♦❜r❡ ✉♠ ❝♦r♣♦ K✱

❞❡♥♦t❛❞❛ ♣♦r UTn(K)✱ ❢♦✐ ✉♠❛ ❞❛s ♣r✐♠❡✐r❛s ❝❧❛ss❡s ❞❡ á❧❣❡❜r❛s ❛ t❡r s✉❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡s❝r✐t❛s✳ ❊❧❛s sã♦ ❝r✉❝✐❛✐s ♥❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ s✉❜✈❛r✐❡❞❛❞❡

❞❛s ✈❛r✐❡❞❛❞❡s ❞❛s á❧❣❡❜r❛s ❣❡r❛❞❛s ♣❡❧❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ ✷✳ ❊♠ r❡❧❛çã♦

às á❧❣❡❜r❛s ❞❡ ▲✐❡✱ é ❝♦♥❤❡❝✐❞❛ ✉♠❛ ❜❛s❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ sl2(K)✱ ♦♥❞❡ sl2(K) é ❛

s✉❜á❧❣❡❜r❛ ❞❡ M2(K) ✭♠❛tr✐③❡s ❞❡ ♦r❞❡♠ ✷✮ q✉❡ t❡♠ tr❛ç♦ ③❡r♦✳ ◆♦ ❝❛s♦ ❞❛s á❧❣❡❜r❛s

❞❡ ❏♦r❞❛♥✱ ♣♦❞❡♠♦s ❝✐t❛r ❛s ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❛s á❧❣❡❜r❛s Bn ❡ B ❞❡ ✉♠❛

❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ♥ã♦ ❞❡❣❡♥❡r❛❞❛✳ ❊st❡s r❡s✉❧t❛❞♦s sã♦ ❞❡✈✐❞♦s ❛ ❱❛s✐❧♦✈s❦②

❬✸✸❪✳ ❈✐t❛♠♦s t❛♠❜é♠ ❛ ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛



✽

❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❞❡❣❡♥❡r❛❞❛ ❞❡ ♣♦st♦ n− 1 ❢❡✐t❛ ♣♦r ▼❛rt✐♥♦✱ ✈❡r ❈❛♣ít✉❧♦ ✺✳

❆❧é♠ ❞✐ss♦✱ ❆✳❱✳■■✬t②❛❦♦✈✱ ❡♠ ✶✾✽✺✱ ❞❡s❡♥✈♦❧✈❡✉ ♠ét♦❞♦s ♣❛r❛ ❡st✉❞❛r ❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ❡♠ á❧❣❡❜r❛s ❡ ♣r♦✈♦✉ q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ Bn s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡

❙♣❡❝❤t✱ ♥♦ s❡♥t✐❞♦ ♦r❞✐♥ár✐♦✳

●r❛❞✉❛çõ❡s s♦❜r❡ á❧❣❡❜r❛s ❡ s✉❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s t❡♠ s✐❞♦

♦❜❥❡t♦ ❞❡ ❡①t❡♥s♦ ❡st✉❞♦ ♥❛s ú❧t✐♠❛s ❞é❝❛❞❛s✳ ▼✉✐t♦ s❡ s❛❜❡ s♦❜r❡ ❜❛s❡s ❞❡ ✐❞❡♥t✐✲

❞❛❞❡s ❣r❛❞✉❛❞❛s ❡♠ ❝❧❛ss❡s ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✳ ❊st❡s ✐♥❝❧✉❡♠ t♦❞❛s ❛s á❧❣❡❜r❛s

T ✲♣r✐♠❛s ❝♦♠ s✉❛s ❣r❛❞✉❛çõ❡s ♥❛t✉r❛✐s✱ ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s✱ ❡t❝✳ ❊♠ ❝♦♥✲

tr❛st❡ ❝♦♠ ♦ ❝❛s♦ ❛ss♦❝✐❛t✐✈♦✱ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ♣❛r❛ á❧❣❡❜r❛s ❞❡ ▲✐❡ ❡ ❞❡ ❏♦r❞❛♥✱

r❛r❛♠❡♥t❡ ❢♦r❛♠ ❡st✉❞❛❞❛s✳ ❊♥tr❡ ♦s ♣♦✉❝♦s r❡s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s✱ ♠❡♥❝✐♦♥❛♠♦s ❬✷✸❪

❡ ❬✷✹❪✳ ◆♦ ♣r✐♠❡✐r♦ ❞❡ss❡s ❛rt✐❣♦s✱ ❢♦r❛♠ ❞❡s❝r✐t❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ♣❛r❛ ❛

á❧❣❡❜r❛ ❞❡ ▲✐❡ sl2(K)✱ s♦❜ t♦❞❛s ❛s ❝❧❛ss✐✜❝❛çõ❡s ♣♦ssí✈❡✐s✳ ❖ s❡❣✉♥❞♦ ❛rt✐❣♦ tr❛t♦✉

❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s ❞❡ ♦r❞❡♠ ❞♦✐s✳

❖✉tr❛ ✈❛r✐❛çã♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s é ♦ ❝♦♥❝❡✐t♦ ❞❡ ✐❞❡♥t✐❞❛✲

❞❡s ❢r❛❝❛s✳ ❚❛❧ ❝♦♥❝❡✐t♦ ❢♦✐ ✐♥tr♦❞✉③✐❞♦ ❡ ✉t✐❧✐③❛❞♦ ♣♦r ❘❛③♠②s❧♦✈ ♥❛ ❞❡s❝r✐çã♦ ❞❛s

✐❞❡♥t✐❞❛❞❡s ♣❛r❛ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❡ ❞❡ ▲✐❡✳ ❯♠ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) é ✉♠❛

✐❞❡♥t✐❞❛❞❡ ❢r❛❝❛ ♣❛r❛ ♦ ♣❛r (A, V ) ✭s❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ❡ V ✉♠ s✉❜❡s♣❛ç♦ ❞❡ A✮

s❡ f(v1, . . . , vn) = 0✱ ♣❛r❛ q✉❛✐sq✉❡r v1, . . . , vn ∈ V ✳ ❈♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✱ ♦ ❡st✉❞♦

❞❛s ✐❞❡♥t✐❞❛❞❡s ❢r❛❝❛s ♥ã♦ s❡ r❡str✐♥❣❡ ❛♦ ❛♠❜✐❡♥t❡ ❛ss♦❝✐❛t✐✈♦✱ r❡❢❡r✐♠♦s ♦ ❧❡✐t♦r ❛♦s

❛rt✐❣♦s ❬✶✹❪ ❡ ❬✷✹❪ ♣❛r❛ ♦❜s❡r✈❛r ❛ ✉t✐❧✐③❛çã♦ ❞❡ss❛ ❞❡✜♥✐çã♦ ♥♦ ❛♠❜✐❡♥t❡ ❞❡ ❏♦r❞❛♥✳

■r❡♠♦s r❡s❣❛t❛r ❛ ♥♦t❛çã♦ ❞❡ G✲❣r❛❞✉❛çã♦✱ ♦❜❥❡t♦ ❞❡ ❛♠♣❧♦ ❡st✉❞♦ ❞❡st❡ tr❛❜❛❧❤♦

❞❡ ❞✐ss❡rt❛çã♦✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s Z2✲❣r❛❞✉❛❞❛s ✭❛❧❣✉♠❛s ✈❡③❡s ❝❤❛♠❛❞❛s

❞❡ ✷✲❣r❛❞✉❛❞❛s✮ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♠❛ á❧❣❡❜r❛ A s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t s❡

t♦❞♦s ♦s T2✲✐❞❡❛✐s q✉❡ ❝♦♥té♠ ❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ❞❡ A ❛❞♠✐t❡♠ ✉♠❛ ❜❛s❡

✜♥✐t❛✱ ❝♦♠♦ T2✲✐❞❡❛❧✳ ❚❛❧ ❞❡✜♥✐çã♦ é ✉♠❛ ✏❛❞❛♣t❛çã♦✑ ❞♦ ❝❛s♦ ❛ss♦❝✐❛t✐✈♦ ❡ ♦r❞✐♥ár✐♦

❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞♦ ♣r♦♣♦st♦ ♣♦r ❙♣❡❝❤t ❡♠ ✶✾✺✵✱ ❡ ♣r♦✈❛❞♦ ♣♦r ❑❡♠❡r ❬✶✾✱ ✷✵❪✱ ♦

q✉❛❧ q✉❡st✐♦♥❛✈❛ s❡ t♦❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱

♣♦ss✉✐ ❜❛s❡ ✜♥✐t❛ ♣❛r❛ ♦ ✐❞❡❛❧ ❞❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t

♣♦❞❡ s❡r ❡♥✉♥❝✐❛❞♦ ❞❡ ♦✉tr❛s ♠❛♥❡✐r❛s ❡q✉✐✈❛❧❡♥t❡s✳ ❯♠❛ ❞❡❧❛s é s❡ t♦❞♦ ✐❞❡❛❧ ❞❡

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♥❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❝♦♠♦ ✐❞❡❛❧ ❞❡

✐❞❡♥t✐❞❛❞❡s✱ ♦✉ ❞❡ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡✱ s❡ t♦❞❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ❞❡ ✐❞❡❛✐s ❞❡ ✐❞❡♥t✐❞❛❞❡s

é ❡st❛❝✐♦♥ár✐❛✳



✾

❊st❡ tr❛❜❛❧❤♦ ❡stá ❞✐✈✐❞✐❞♦ ❡♠ ✺ ❝❛♣ít✉❧♦s ❡ é ✉♠❛ ❝♦❧❡çã♦ ❞❡ r❡s✉❧t❛❞♦s q✉❡

♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✸❪✱ ❬✽❪✱ ❬✷✹❪ ❡ ❬✷✻❪✳ ❈♦♠ ✐ss♦✱ ❛❝r❡❞✐t❛♠♦s✱ q✉❡ s❡rá ✉♠❛

❢♦rt❡ ❢♦♥t❡ ❞❡ ❝♦♥s✉❧t❛ ♣❛r❛ ❡st✉❞♦s ❢✉t✉r♦s ♥❛ ár❡❛✳ ❚❛❧ tr❛❜❛❧❤♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛

s❡❣✉✐♥t❡ ❢♦r♠❛✳

◆♦ ❈❛♣ít✉❧♦ ✶✱ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s✱ ❛ss✐♠ ❝♦♠♦

❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ❞❡ ❏♦r❞❛♥✱ ❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦s ❣r✉♣♦s s✐♠étr✐❝♦s

❡ ❞♦s ❣r✉♣♦s ❣❡r❛✐s ❧✐♥❡❛r❡s❀ ❢❛r❡♠♦s ✉♠❛ ✐♥tr♦❞✉çã♦ à t❡♦r✐❛ ❞❡ ✐♥✈❛r✐❛♥t❡s✱ ❡ ❛✐♥❞❛✱

❛♣r❡s❡♥t❛r❡♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❡ ✐❞❡♥t✐❞❛❞❡s ❢r❛❝❛s✳ ❚❛✐s ❝♦♥✲

❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s✱ s❡rã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ ♦ q✉❡ s❡rá ❞❡s❡♥✈♦❧✈✐❞♦ ♥♦s ❝❛♣ít✉❧♦s ♣♦st❡✲

r✐♦r❡s✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❡st✉❞❛r❡♠♦s ❛s ❝❧❛ss✐✜❝❛çõ❡s ❞❛s ❣r❛❞✉❛çõ❡s ❞❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥

❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r✱ s♦❜r❡ ❛ ❤✐♣ót❡s❡ ❞♦ ❝♦r♣♦ s❡r ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✱

❢❡✐t❛ ♣♦r ❨✉r✐ ❇❛❤t✉r✐♥ ❡ ■✈❛♥ ❙❤❡st❛❦♦✈ ❡♠ ❬✸❪ ❡ ❝♦♠♣❧❡♠❡♥t❛❞❛ ♣♦r ❋❛❜r✐③✐♦ ▼❛rt✐♥♦

❡♠ ❬✷✻❪✳

❉❛ ❝❧❛ss✐✜❝❛çã♦ ♠❡♥❝✐♦♥❛❞❛ ♥♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r✱ ✈❡r✐✜❝❛♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡✱

❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✱ ❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s ❞❡ ♦r❞❡♠ ✷✱

❞❡♥♦t❛❞❛ ♣♦r J2✱ t❡♠ ❞✉❛s Z2✲❣r❛❞✉❛çõ❡s ♥ã♦ tr✐✈✐❛✐s✿ ✉♠❛ ❡♠ q✉❡ dim(J2)0 = 1✱ ❛

q✉❛❧ ❝❤❛♠❛r❡♠♦s ❞❡ ❣r❛❞✉❛çã♦ ❡s❝❛❧❛r✱ ❡ ♦✉tr❛ ❝♦♠ dim(J2)0 > 1✱ ❛ q✉❛❧ ❝❤❛♠❛r❡♠♦s

❞❡ ❣r❛❞✉❛çã♦ ♥ã♦ ❡s❝❛❧❛r✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❞❡s❝r✐çã♦ ❞❡ ✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛✲

❞✉❛❞❛s ❡♠ ❝❛❞❛ ❝❛s♦✳ P❛r❛ ♦ ❝❛s♦ ❞❛ ❣r❛❞✉❛çã♦ ❡s❝❛❧❛r✱ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ❜❛s❡ ♣❛r❛

❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ B ❡ Bn✳ ▼❡♥❝✐♦♥❛♠♦s q✉❡ t❛❧ á❧❣❡❜r❛

Bn é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ á❧❣❡❜r❛ J2✱ ♦✉ s❡❥❛✱ J2 ❡ B2 sã♦ ✐s♦♠♦r❢❛s ❝♦♠♦ á❧❣❡❜r❛s✳

❆q✉✐ ♦ ❝♦r♣♦ ❜❛s❡ é ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳ ➱ ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r

q✉❡ ♦ r❡s✉❧t❛❞♦ ♣❛r❛ ♦s ♣ró①✐♠♦s ❞♦✐s ❝❛♣ít✉❧♦s s❡ ❜❛s❡✐❛♠ ♥❛ ❤✐♣ót❡s❡ ❞♦ ❝♦r♣♦ ❜❛s❡

s❡r ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❖s r❡s✉❧t❛❞♦s ❞❡st❡ ❝❛♣ít✉❧♦✱ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✷✹❪✳

◆♦ ❈❛♣ít✉❧♦ ✹✱ ♠♦str❛r❡♠♦s q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ Z2✲❣r❛❞✉❛❞❛s

❣❡r❛❞❛s ♣♦r Bn = K ⊕ V ✱ ❝♦♠ ❛ ❣r❛❞✉❛çã♦ ❡s❝❛❧❛r✱ s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t✱

❝♦♠ ❜❛s❡ ❡♠ ❬✶✸❪✳ ❆q✉✐✱ ♦ ✉s♦ ❞❛ ❚❡♦r✐❛ ❞❡ ■♥✈❛r✐❛♥t❡s ♣r♦♣♦st❛ ♣♦r ❈♦♥❝✐♥✐ ❡ Pr♦❝❡s✐

❡♠ ❬✻❪✱ ❞❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❣r✉♣♦s ✭✈❡r ❬✾✱ ❈❤❛♣t❡r ✶✷❪✮ ❡ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡

❜❛s❡ ✜♥✐t❛ ✭✈❡r ❬✶✺❪✮ sã♦ ✐♥❞✐s♣❡♥sá✈❡✐s✳

◆♦ ú❧t✐♠♦ ❝❛♣ít✉❧♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✱ s❡rá ❝♦♥s✐❞❡r❛❞♦ ❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛



✶✵

❢♦r♠❛ ❜✐❧✐♥❡❛r ❞❡❣❡♥❡r❛❞❛ ❞❡ ♣♦st♦ k ❝♦♠ ❡s♣❛ç♦ ❜❛s❡ n✲❞✐♠❡♥s✐♦♥❛❧✱ ❞❡♥♦t❛❞❛ ♣♦r

Jn,k = K⊕V = Bk⊕Dn−k✳ ❊①✐❜✐r❡♠♦s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ✭♥♦ ❝❛s♦ ♦r❞✐♥ár✐♦✮ ♣❛r❛

♦ ❝❛s♦ ❡♠ q✉❡ k = n−1✳ ❖ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✱ q✉❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦

❡♠ ❬✷✻❪✱ é ♠♦str❛r q✉❡ ❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ Jn,n−1 ❡ Bn−1 sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳



❈❛♣ít✉❧♦ ✶

❈♦♥❝❡✐t♦s ♣r❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ✐♥✐❝✐❛✐s q✉❡ s❡r✈✐rã♦ ❝♦♠♦

❜❛s❡ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❆ss✉♠✐♠♦s q✉❡ ♦ ❧❡✐t♦r t❡♥❤❛ ❝♦♥❤❡❝✐✲

♠❡♥t♦ ❞♦s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r✱ ❛ss✐♠ ❝♦♠♦ ❞❛ t❡♦r✐❛ ❞❡

❣r✉♣♦s✱ ❛♥é✐s ❡ ❝♦r♣♦s✳ ❉✐✈✐❞✐♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❡♠ s❡t❡ s❡çõ❡s✱ ♦♥❞❡ ✐♥✐❝✐❛❧♠❡♥t❡✱

❛♣r❡s❡♥t❛♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ á❧❣❡❜r❛s✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❡①❡♠♣❧♦s ❡ r❡s✉❧t❛❞♦s q✉❡ s❡✲

rã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ♥♦ss♦ tr❛❜❛❧❤♦✳ ❆♣r❡s❡♥t❛♠♦s t❛♠❜é♠ ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛

á❧❣❡❜r❛ ❧✐✈r❡ ❞❡ ❏♦r❞❛♥✱ ❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦s ❣r✉♣♦s s✐♠étr✐❝♦s ❡ ❞♦s ❣r✉♣♦s ❣❡r❛✐s

❧✐♥❡❛r❡s✱ ❢❛r❡♠♦s ✉♠❛ ✐♥tr♦❞✉çã♦ à t❡♦r✐❛ ❞❡ ✐♥✈❛r✐❛♥t❡s✱ ❡ ❛✐♥❞❛✱ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦✲

♠✐❛✐s ❡ ✐❞❡♥t✐❞❛❞❡s ❢r❛❝❛s✳

◆♦ ❞❡❝♦rr❡r ❞❡ t♦❞♦ t❡①t♦✱ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❡✱ ❛ ♠❡♥♦s q✉❡ s❡❥❛ ♠❡♥❝✐♦♥❛❞♦✱

t♦❞❛s ❛s á❧❣❡❜r❛s ❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s❡rã♦ ❞❡✜♥✐❞♦s s♦❜r❡ K✳ ❆❧é♠ ❞✐ss♦✱ charK

❞❡♥♦t❛rá ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ K✳

✶✳✶ ➪❧❣❡❜r❛s

◆❡st❛ s❡çã♦✱ s❡rá ❢❡✐t❛ ✉♠❛ ❜r❡✈❡ ✐♥tr♦❞✉çã♦ s♦❜r❡ á❧❣❡❜r❛s✱ ♦❜❥❡t♦s ❞❡ ❡st✉❞♦

♥❡st❡ tr❛❜❛❧❤♦✳

❉❡✜♥✐çã♦ ✶✳✶✳✶ ❙❡❥❛♠ V,W ❡ U ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s♦❜r❡ ♦ ♠❡s♠♦ ❝♦r♣♦ K✳ ❯♠❛

❛♣❧✐❝❛çã♦ b : V ×W → U é ❜✐❧✐♥❡❛r✱ s❡ ✈❛❧❡♠✿

✭✐✮ b(λv1 + v2, w) = λb(v1, w) + b(v2, w)❀ ❡✱



✶✷

✭✐✐✮ b(v, λw1 + w2) = λb(v, w1) + b(v, w2)✱

♣❛r❛ q✉❛✐sq✉❡r λ ∈ K✱ v, v1, v2 ∈ V ❡ w,w1, w2 ∈ W ✳

❉❡✜♥✐çã♦ ✶✳✶✳✷ ❙❡❥❛ V ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❉❡✜♥✐♠♦s ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s♦❜r❡

V ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r b : V × V → K✳

❊①❡♠♣❧♦ ✶✳✶✳✸ ❉❛❞♦ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉❛❧q✉❡r s♦❜r❡ ✉♠ ❝♦r♣♦ K✱ ❛ ❛♣❧✐❝❛çã♦

♥✉❧❛✿ b0 : V × V → K ❞❛❞❛ ♣♦r b0(v, w) = 0V é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r✳

❊①❡♠♣❧♦ ✶✳✶✳✹ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ ♦s r❡❛✐s✳ ❯♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ s♦❜r❡

V ✱ ❞❡♥♦t❛❞♦ ♣♦r 〈, 〉 : V × V → R✱ é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r✳

❊①❡♠♣❧♦ ✶✳✶✳✺ ❙❡❥❛♠ g1, g2 : V → K ❞✉❛s tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s✳ ❊♥tã♦ ❛ ❛♣❧✐❝❛✲

çã♦ b : V × V → K ❞❡✜♥✐❞❛ ♣♦r b(u, v) := g1(u) · g2(v)✱ ♣❛r❛ t♦❞♦ u, v ∈ V ✱ é ✉♠❛

❢♦r♠❛ ❜✐❧✐♥❡❛r✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✻ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❉✐③❡♠♦s q✉❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✈❡✲

t♦r❡s ♦r❞❡♥❛❞♦s β = {u1, . . . , un} ❞❡ V é ✉♠❛ ❜❛s❡ ❞❡ V ✱ s❡ ❡❧❡ é ❧✐♥❡❛r♠❡♥t❡ ✐♥✲

❞❡♣❡♥❞❡♥t❡ ❡ ❣❡r❛ V ✳ ❆❧é♠ ❞✐ss♦✱ ❡♠ t♦❞♦ t❡①t♦✱ ❞❡♥♦t❛r❡♠♦s ♣♦r span(v1, . . . , vk) ♦

s✉❜❡s♣❛ç♦ ❞❡ V ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s v1✱✳ ✳ ✳ ✱ vk✳

❉❡✜♥✐çã♦ ✶✳✶✳✼ ❙❡❥❛ A ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ K✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♣❛r (A, ∗) é

✉♠❛ K✲á❧❣❡❜r❛ ✭♦✉ á❧❣❡❜r❛ s♦❜r❡ K✮ s❡ ✏∗✑ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r ❞❡ A×A ❡♠ A✳

◆❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ✏∗✑ ❝❤❛♠❛✲s❡ ♣r♦❞✉t♦ ♦✉ ♠✉❧t✐♣❧✐❝❛çã♦✳ ❊♠ ❣❡r❛❧✱ ❞❡♥♦t❛r❡✲

♠♦s a ∗ b✱ ❝♦♠ a, b ∈ A✱ s✐♠♣❧❡s♠❡♥t❡ ♣♦r ab✳ ❉❡✜♥✐♠♦s a1a2a3 ❝♦♠♦ s❡♥❞♦ (a1a2)a3

❡✱ ✐♥❞✉t✐✈❛♠❡♥t❡✱ a1a2 . . . an−1an ❝♦♠♦ s❡♥❞♦ (a1a2 . . . an−1)an✱ ♣❛r❛ a1, . . . , an ∈ A✳

❉✐③❡♠♦s q✉❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ β ❞❛ á❧❣❡❜r❛ A é ✉♠❛ ❜❛s❡ s❡ β é ✉♠❛ ❜❛s❡ ❞❡ A ❝♦♠♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ❞❡✜♥✐♠♦s ❛ ❞✐♠❡♥sã♦ ❞❡ A ❝♦♠♦ s❡♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞❡ A ❝♦♠♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧✳

❉❡✜♥✐çã♦ ✶✳✶✳✽ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡ A é✿

✐✮ ❆ss♦❝✐❛t✐✈❛✱ s❡ (ab)c = a(bc)✱ ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A❀

✐✐✮ ❈♦♠✉t❛t✐✈❛✱ s❡ ab = ba✱ ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A❀

✐✐✐✮ ❯♥✐tár✐❛ ✭♦✉ ❝♦♠ ✉♥✐❞❛❞❡✮✱ s❡ ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ ❡♠ A✱ ❞❡♥♦t❛❞♦ ♣♦r 1A✱ t❛❧

q✉❡ a1A = 1Aa = a✱ ♣❛r❛ t♦❞♦ a ∈ A✳ ❖ ❡❧❡♠❡♥t♦ 1A é ❝❤❛♠❛❞♦ ❞❡ ✉♥✐❞❛❞❡ ❞❛

á❧❣❡❜r❛ A✳

✐✈✮ ❞❡ ❏♦r❞❛♥✱ s❡ é ❝♦♠✉t❛t✐✈❛ ❡ ✈❛❧❡ ✭a2b)a = a2(ba) ✭✐❞❡♥t✐❞❛❞❡ ❞❡ ❏♦r❞❛♥✮✱

∀a, b ∈ A✱ ♦♥❞❡ a2 = a · a✳



✶✸

❊①❡♠♣❧♦ ✶✳✶✳✾ ✭➪❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s✮ ❙❡❥❛♠ K ✉♠ ❝♦r♣♦ ❡ n ∈ N✳ ❖ ❡s♣❛ç♦

✈❡t♦r✐❛❧ Mn(K) ♠✉♥✐❞♦ ❞❡ s❡✉ ♣r♦❞✉t♦ ✉s✉❛❧ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡

✭❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ In✮✳ ❉❡st❛❝❛♠♦s ♥❡st❛ á❧❣❡❜r❛ ❛s ♠❛tr✐③❡s ✉♥✐tár✐❛s eij✱ ♦♥❞❡

eij sã♦ ❛s ♠❛tr✐③❡s q✉❡ ♣♦ss✉❡♠ 1 ♥❛ ❡♥tr❛❞❛ ❞❛ i✲és✐♠❛ ❧✐♥❤❛ ❡ j✲és✐♠❛ ❝♦❧✉♥❛ ❡ 0

♥❛s ❞❡♠❛✐s✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❡❧❛s ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ Mn(K)✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱

s❡ A é ✉♠❛ á❧❣❡❜r❛✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Mn(A) ❞❡ t♦❞❛s ❛s ♠❛tr✐③❡s ❞❡

♦r❞❡♠ n ❝♦♠ ❡♥tr❛❞❛s ❡♠ A✳ ❖ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s ❡♠ Mn(A) é ❛♥á❧♦❣♦ ❛♦ ♣r♦❞✉t♦

❞❡ ♠❛tr✐③❡s ❝♦♠ ❡♥tr❛❞❛s ❡♠ K✳ ❚❡♠♦s ❡♥tã♦ ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❡♠ Mn(A)✳

❊①❡♠♣❧♦ ✶✳✶✳✶✵ ✭➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✮ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦

✐♥✜♥✐t❛ ❡♥✉♠❡rá✈❡❧✱ ❝♦♠ ❜❛s❡ ❞❡♥♦t❛❞❛ ♣♦r {e1, e2, e3, . . .}✳ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥

E(V ) ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ E✮ ❞❡ V ✱ é ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ q✉❡ s❛t✐s❢❛③ ❛

s❡❣✉✐♥t❡ r❡❧❛çã♦✿

eiej = −ejei, ∀i, j ∈ N∗.

◆❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E é ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r ♦s s❡❣✉✐♥t❡s s✉❜❡s♣❛ç♦s✿

❼ E0✱ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {1, ei1ei2 · · · eik | k é ♣❛r}❀

❼ E1✱ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {ei1ei2 · · · eik | k é í♠♣❛r}✳

◆❡st❡ ❝❛s♦✱ E = E0 ⊕ E1 ✈✐st♦ ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❈♦♠♦ ✐♥❢♦r♠❛çã♦ ❛❞✐❝✐♦♥❛❧✱

✈❡♠♦s q✉❡ s❡ char(K) = 2✱ ❡♥tã♦ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ é ❝♦♠✉t❛t✐✈❛✳

❊①❡♠♣❧♦ ✶✳✶✳✶✶ ✭➪❧❣❡❜r❛ ❞❡ ❈❧✐✛♦r❞✮ ❆ ❝♦♥str✉çã♦ ❞❛ á❧❣❡❜r❛ ❞❡ ❈❧✐✛♦r❞ é ❛♥❛✲

❧♦❣❛♠❡♥t❡ ❛♦ ❛♥t❡r✐♦r✳ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ❡♥✉♠❡rá✈❡❧ ♠✉✲

♥✐❞♦ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ f ❝♦♠ ❜❛s❡ ♦rt♦❣♦♥❛❧ ❞❡♥♦t❛❞❛ ♣♦r {e1, e2, e3, . . .}✱
♣♦❞❡♠♦s ❞❡✜♥✐r ❛ á❧❣❡❜r❛ ❞❡ ❈❧✐✛♦r❞ C(V ) ❞❡ V ✱ q✉❡ é ❛ á❧❣❡❜r❛ q✉❡ s❛t✐s❢❛③ ❛s s❡✲

❣✉✐♥t❡s r❡❧❛çõ❡s✿

eiej = −ejei, ∀i 6= j ∈ N∗

❡

e2i = q(ei),

♦♥❞❡ q é ✉♠❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ ❛ss♦❝✐❛❞❛ ❛ f ✳ ❖❜s❡r✈❡ q✉❡ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ é

✉♠ ❡①❡♠♣❧♦ ❞❡ á❧❣❡❜r❛ ❞❡ ❈❧✐✛♦r❞ q✉❛♥❞♦ q ≡ 0✱ ✐✳❡✳✱ ❛ ❢♦r♠❛ q✉❛❞rát✐❝❛ ❝♦♥s✐❞❡r❛❞❛

é ❛ ♥✉❧❛✳

❙❡❥❛♠ a✱ b ❡ c ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ á❧❣❡❜r❛ A✳ ❉❡✜♥✐♠♦s ♦ ❝♦♠✉t❛❞♦r ❞❡ a ❡ b✱

❞❡♥♦t❛❞♦ ♣♦r [a, b]✱ ♦ ♣r♦❞✉t♦ ❞❡ ❏♦r❞❛♥ ❞❡ a ❡ b✱ a ◦ b ❡ ♦ ❛ss♦❝✐❛❞♦r ❡♥tr❡ a, b ❡ c✱

(a, b, c)✱ ❝♦♠♦ s❡♥❞♦ ❛s ♦♣❡r❛çõ❡s✿

❼ [a, b] = ab− ba✱



✶✹

❼ a ◦ b = ab+ ba

❼ (a, b, c) = (ab)c− a(bc)✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ■♥❞✉t✐✈❛♠❡♥t❡✱ ❞❡✜♥✐♠♦s✿

❼ [a1, a2, . . . , an] = [[a1, a2, . . . , an−1], an],

❼ (a1 ◦ a2 ◦ . . . ◦ an) = (a1 ◦ a2 ◦ . . . ◦ an−1) ◦ an

❼ (a1, a2, . . . , a2n+1) = ((a1, a2, . . . , a2n−1), a2n, a2n+1).

■r❡♠♦s ♥♦s r❡❢❡r✐r ❛♦s ❛ss♦❝✐❛❞♦r❡s ❞♦ t✐♣♦ (a1, a2, . . . , a2n+1) ❝♦♠♦ ❛ss♦❝✐❛❞♦r❡s

♣ró♣r✐♦s✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✷ ❆ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❏♦r❞❛♥ ❡♠ ✉♠❛ á❧❣❡❜r❛ A✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠

t❡r♠♦s ❞♦ ❛ss♦❝✐❛❞♦r ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ (a2, b, a) = 0✱ ♣❛r❛ t♦❞♦ a, b ∈ A✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✸ P❛r❛ ❛ss♦❝✐❛❞♦r❡s ❡♠ á❧❣❡❜r❛s ❝♦♠✉t❛t✐✈❛s ✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡

❛ss♦❝✐❛t✐✈❛s✮✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♥❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥✱ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿

(x, y, z) + (y, z, x) + (z, x, y) = 0, ✭✶✳✶✮

♣❛r❛ q✉❛✐sq✉❡r x, y, z ♥❛ á❧❣❡❜r❛✳

❉❡ ❢❛t♦✱ t❡♠♦s q✉❡

❼ (x, y, z) = (xy)z − x(yz)

❼ (y, z, x) = (yz)x− y(zx) = x(yz)− (zx)y

❼ (z, x, y) = (zx)y − z(xy) = (zx)y − (xy)z

▲♦❣♦✱ (x, y, z) + (y, z, x) + (z, x, y) = 0✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✹ ❈❛s♦ charK 6= 2✱ ♣♦❞❡♠♦s ❞❡✜♥✐r✱ s♦❜r❡ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱

♦ ♣r♦❞✉t♦ ❞❡ ❏♦r❞❛♥ ❞❡ a ❡ b ❞❛ ❢♦r♠❛✿ a ◦ b = 1
2
(ab + ba)✳ ❖ ❛rt✐❢í❝✐♦ ❞❡ ♠✉❧t✐♣❧✐❝❛r

♣❡❧♦ ✐♥✈❡rs♦ ❞❡ ✷ é ✉s❛❞♦ ♣❛r❛ q✉❡ ❛s ♣♦tê♥❝✐❛s ❞❡ ❏♦r❞❛♥ ❝♦✐♥❝✐❞❛♠ ❝♦♠ ❛s ♣♦tê♥❝✐❛s

❞♦ ♣r♦❞✉t♦ ❛ss♦❝✐❛t✐✈♦ ❞♦s ❡❧❡♠❡♥t♦s ❞❛ á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✶✳✶✳✶✺ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ charK 6= 2✳ P❛r❛ t♦❞♦ a, b ∈ A✱
♣♦❞❡♠♦s s✉❜st✐t✉✐r ♦ ♣r♦❞✉t♦ ♦r✐❣✐♥❛❧ ❡♠ A ♣❡❧♦ ♣r♦❞✉t♦ ❞❡ ❏♦r❞❛♥ a ◦ b = 1

2
(ab+ ba)✱

❞❡♥♦t❛♥❞♦ ❛ ♥♦✈❛ á❧❣❡❜r❛ ♣♦r A(+)✳ ❖❜s❡r✈❛✲s❡ q✉❡ A(+) é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥✳



✶✺

❊①❡♠♣❧♦ ✶✳✶✳✶✻ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ♦♥❞❡ charK 6= 2✱ ❡♥tã♦ ❛ s❡❣✉✐♥t❡

❡q✉❛çã♦ s❡❣✉❡✿

1

2
(abc+ cba) = (a ◦ b) ◦ c+ (b ◦ c) ◦ a− (c ◦ a) ◦ b.

❆ ♣r♦✈❛ ❝♦♥s✐st❡ ❡♠ ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦✱ ♦ q✉❛❧ ✐r❡♠♦s ♦♠✐t✐r✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ♣❡r♠✐t❡ ♦❜t❡r ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❛ ♣❛rt✐r ❞❡ ✉♠

❡s♣❛ç♦ ✈❡t♦r✐❛❧✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✼ ❙❡❥❛♠ A ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ β✳ ❉❛❞❛ f : β × β → A✱

❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r · : A × A → A t❛❧ q✉❡ u1 · u2 = f(u1, u2) ♣❛r❛

q✉❛✐sq✉❡r u1, u2 ∈ β✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❛ ♣r♦✈❛ ❡♠ ❬✺✱ ♣á❣✳ ✶✸❪✳ �

❆ss✐♠✱ ♣❛r❛ ❞❡✜♥✐r ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❡♠ A ❜❛st❛ ❞❡✜♥✐r ♦ ♣r♦❞✉t♦ ♣❛r❛

♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ ❜❛s❡✳ ❯♠❛ ✈❡③ ❞❡✜♥✐❞♦ ♦ ♣r♦❞✉t♦✱ ✈❡r✐✜❝❛✲s❡ q✉❡ A é ✉♠❛ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (v1v2)v3 = v1(v2v3)✱ ♣❛r❛ q✉❛✐sq✉❡r v1, v2, v3 ∈ β✱ ♦♥❞❡

β é ✉♠❛ ❜❛s❡ ❞❡ A✳ ❚❛❧ ✈❡r✐✜❝❛çã♦ s❡ ❞❛rá t❛♠❜é♠ ♣❛r❛ ♣r♦✈❛r ❛ ❝♦♠✉t❛t✐✈✐❞❛❞❡ ❡

❡①✐stê♥❝✐❛ ❞❡ ✉♥✐❞❛❞❡✳

❊①❡♠♣❧♦ ✶✳✶✳✶✽ ✭Pr♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ á❧❣❡❜r❛s✮ ❙❡❥❛♠ A ❡ B á❧❣❡❜r❛s✳ ❘❡❝♦r✲

❞❛♠♦s q✉❡ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞♦s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s A ❡ B✱ ❞❡♥♦t❛❞♦ ♣♦r A ⊗ B✱ é ♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣❡r❛❞♦ ♣♦r {a ⊗ b | a ∈ A, b ∈ B}✳ ❖s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ a ⊗ b sã♦

❝❤❛♠❛❞♦s ❞❡ t❡♥s♦r❡s ❡ s❛t✐s❢❛③❡♠✿

✭✐✮ (a1 + a2)⊗ b = (a1 ⊗ b) + (a2 ⊗ b)❀

✭✐✐✮ a⊗ (b1 + b2) = (a⊗ b1) + (a⊗ b2)❀

✭✐✐✐✮ λ(a⊗ b) = (λa)⊗ b = a⊗ (λb)✱

♣❛r❛ q✉❛✐sq✉❡r a1, a2, a ∈ A, b1, b2, b ∈ B ❡ λ ∈ K✳

➱ ✉♠ ❢❛t♦ ❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞♦ q✉❡ s❡ β1 ❡ β2 sã♦ ❜❛s❡s ❞❡ A ❡ B✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ {u⊗v | u ∈ β1, v ∈ β2} é ✉♠❛ ❜❛s❡ ❞❡ A⊗B✳ ❙❡ V é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

❡ f : A×B → V é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

Tf : A ⊗ B → V s❛t✐s❢❛③❡♥❞♦ Tf (a ⊗ b) = f(a, b) ✭♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ♣r♦❞✉t♦

t❡♥s♦r✐❛❧✮✳ P❛r❛ ❞❡✜♥✐r ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ❡♠ A ⊗ B✱ ✜①❡♠♦s ❞✉❛s ❜❛s❡s β1 ❡

β2 ❞❡ A ❡ B✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ❞❡✜♥❛♠♦s (u1 ⊗ v1)(u2 ⊗ v2) = u1u2 ⊗ v1v2✱ ♣❛r❛ t♦❞♦

u1, u2 ∈ β1 ❡ v1, v2 ∈ β2✳ ❙❡ A ❡ B sã♦ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✱ ❡♥tã♦ A ⊗ B✱ ♠✉♥✐❞♦

❞❡st❡ ♣r♦❞✉t♦✱ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳ ❆❧é♠ ❞✐ss♦✱ s❡ A ❡

B sã♦ á❧❣❡❜r❛s ❝♦♠ ✉♥✐❞❛❞❡✱ ❡♥tã♦ ❛ ✉♥✐❞❛❞❡ ❞❛ á❧❣❡❜r❛ A⊗ B s❡rá 1A ⊗ 1B✳



✶✻

❉❡✜♥✐çã♦ ✶✳✶✳✶✾ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ B ❞❡ A é ❝❤❛♠❛❞♦ s✉❜á❧❣❡✲

❜r❛ s❡✱ ❝♦♠ r❡❧❛çã♦ ❛s ♦♣❡r❛çõ❡s ❞❡ A✱ é t❛♠❜é♠ ✉♠❛ á❧❣❡❜r❛✱ ♦✉ s❡❥❛✱ B é ❢❡❝❤❛❞♦

❝♦♠ r❡s♣❡✐t♦ ❛ ❛❞✐çã♦✱ ♠✉❧t✐♣❧✐❝❛çã♦ ❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r ❞❡ A✳ ❆❧é♠ ❞✐ss♦✱

❞✐③❡♠♦s q✉❡ B é ✉♠ ✐❞❡❛❧ s❡ ❢♦r ✉♠❛ s✉❜á❧❣❡❜r❛ t❛❧ q✉❡ ab✱ ba ∈ B✱ ♣❛r❛ t♦❞♦ b ∈ B
❡ t♦❞♦ a ∈ A✳

❊①❡♠♣❧♦ ✶✳✶✳✷✵ ❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ A✱ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

Z(A) = {a ∈ A | ax = xa, ∀x ∈ A},

q✉❡ é ❝❤❛♠❛❞♦ ❞❡ ❝❡♥tr♦ ❝♦♠✉t❛t✐✈♦ ❞❡ A✳ ❈❧❛r❛♠❡♥t❡ Z(A) é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧

❞❡ A✳ ◗✉❛♥❞♦ A ❢♦r ❛ss♦❝✐❛t✐✈❛ t❡♠♦s q✉❡ Z(A) é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✳

❱♦❧t❛♥❞♦ ❛♦ ❊①❡♠♣❧♦ ✶✳✶✳✶✵✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡✱ ♥❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✱ s❡

charK 6= 2✱ t❡♠✲s❡ Z(E) = E0✳ ❏á ♣❛r❛ ♦ ❊①❡♠♣❧♦ ✶✳✶✳✾✱ Z(Mn(K)) = {λIn | λ ∈ K}✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✶ ❉❡✜♥✐♠♦s ♦ ❝❡♥tr♦ ❛ss♦❝✐❛t✐✈♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ A ❝♦♠♦ s❡♥❞♦✿

AC = {a ∈ A | (a, x, y) = (x, a, y) = (x, y, a) = 0, ∀x, y ∈ A}.

◆❡st❡ ❝❛s♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ ❝❡♥tr♦ ❞❛ á❧❣❡❜r❛ A✱ ❞❡♥♦t❛❞♦ ♣♦r Z(A)✱ ❝♦♠♦ s❡♥❞♦ ❛

✐♥t❡rs❡çã♦ ❞♦ ❝❡♥tr♦ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ♦ ❝❡♥tr♦ ❛ss♦❝✐❛t✐✈♦✱ ✐st♦ é✱ Z(A) = Z(A) ∩ AC✳

❆❣♦r❛✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ á❧❣❡❜r❛ q✉♦❝✐❡♥t❡✳ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛

❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉♦❝✐❡♥t❡ A/I ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦

❞❛ ❢♦r♠❛ a + I = {a + x | x ∈ I}✳ P❛r❛ ❝❛❞❛ a ∈ A✱ ✈❛♠♦s ❞❡♥♦t❛r ♦ ❡❧❡♠❡♥t♦ a + I

♣♦r a✳ ❆s ♦♣❡r❛çõ❡s ❞❡ s♦♠❛ ❡ ♣r♦❞✉t♦ ♣♦r ❡s❝❛❧❛r sã♦ ❞❡✜♥✐❞❛s ♣♦r a + b = a+ b

❡ λa = λa✱ ♣❛r❛ t♦❞♦ a, b ∈ A ❡ λ ∈ K✳ ❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❡♠ A/I ♦ ♣r♦❞✉t♦

(a + I)(b + I) = ab + I✱ ♣❛r❛ a, b ∈ A✳ ❊st❡ ♣r♦❞✉t♦ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✱ ♣♦✐s ♥ã♦

❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞♦s r❡♣r❡s❡♥t❛♥t❡s ❞❛s ❝❧❛ss❡s ❧❛t❡r❛✐s✱ ❡ t♦r♥❛ A/I ✉♠❛ á❧❣❡❜r❛✱

❝♦♥❤❡❝✐❞❛ ♣♦r á❧❣❡❜r❛ q✉♦❝✐❡♥t❡ ❞❡ A ♣♦r I✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✷ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❞❡ A✳ ❉❡✜♥✐✲

♠♦s✿

✭✐✮ ❙✉❜á❧❣❡❜r❛ ❞❡ A ❣❡r❛❞❛ ♣♦r S✱ ❞❡♥♦t❛❞❛ ♣♦r [S]✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦

❞❡ t♦❞❛s ❛s s✉❜á❧❣❡❜r❛s ❞❡ A q✉❡ ❝♦♥tê♠ S ✭♦✉ S ∪ 1A✱ ❝❛s♦ A s❡❥❛ ✉♥✐tár✐❛✮✳

✭✐✐✮ ■❞❡❛❧ ❞❡ A ❣❡r❛❞♦ ♣♦r S✱ ❞❡♥♦t❛❞♦ ♣♦r IS✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s

♦s ✐❞❡❛✐s ❞❡ A q✉❡ ❝♦♥tê♠ S✳
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❈❧❛r❛♠❡♥t❡✱ ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✱ [S] é ❛ ✏♠❡♥♦r✑ s✉❜á❧❣❡❜r❛ ❞❡ A q✉❡ ❝♦♥té♠

S ✭♦✉ s❡❥❛✱ s❡ ❡①✐st❡ ♦✉tr❛ ❝♦♠ ❛ ♠❡s♠❛ ♣r♦♣r✐❡❞❛❞❡✱ ❞❡✈❡ ❝♦♥t❡r ❡❧❛✮✱ ❡♥q✉❛♥t♦ IS é

♦ ✏♠❡♥♦r✑ ✐❞❡❛❧ ❞❡ A ❝♦♥t❡♥❞♦ S✳ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛✱ ❞✐③❡♠♦s q✉❡ S ⊆ A ❣❡r❛ A

❝♦♠♦ á❧❣❡❜r❛✱ ♦✉ ❛✐♥❞❛ q✉❡ é ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ♣❛r❛ ❛ á❧❣❡❜r❛ A✱ s❡ [S] = A✳

❆❧é♠ ❞✐ss♦✱ A é ❞✐t❛ ✉♠❛ á❧❣❡❜r❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ s❡ ❡①✐st❡ S ⊆ A ✜♥✐t♦✱ t❛❧

q✉❡ [S] = A✳ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✉♥✐tár✐❛ ❡ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦

✈❛③✐♦ ❞❡ A✱ ♥ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ [S] ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ s✉❜❡s♣❛ç♦ ❞❡ A ❣❡r❛❞♦ ♣♦r

{1, s1s2 · · · sn | n ∈ N, si ∈ S} ❡ q✉❡ IS ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ s✉❜❡s♣❛ç♦ ❞❡ A ❣❡r❛❞♦ ♣♦r

{asb | a, b ∈ A, s ∈ S}✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✷✸ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E = E(V ) é ❣❡r❛❞❛✱ ❝♦♠♦ á❧❣❡❜r❛✱ ♣❡❧♦s

❡❧❡♠❡♥t♦s {e1, e2, e3, . . .}✳ ❆q✉✐ {e1, e2, e3, . . .} é ✉♠❛ ❜❛s❡ ❞♦ ❡s♣❛ç♦ V ✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✹ ❉✐③❡♠♦s q✉❡ J é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛❧ s❡ ❡①✐st✐r ✉♠❛

á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ A t❛❧ q✉❡ J é s✉❜á❧❣❡❜r❛ ❞❡ A(+)✳ ◆❡st❡ ❝❛s♦✱ ❛ s✉❜á❧❣❡❜r❛ A0 ❞❡ A

❣❡r❛❞❛ ♣♦r J é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡♥✈♦❧✈❡♥t❡ ♣❛r❛ J ✳ ❆s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥

q✉❡ ♥ã♦ sã♦ ❡s♣❡❝✐❛✐s sã♦ ❝❤❛♠❛❞❛s ❡①❝❡♣❝✐♦♥❛✐s✳

❊①❡♠♣❧♦ ✶✳✶✳✷✺ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ b ❞❡✲

✜♥✐❞❛ ❡♠ V ✳ ❈♦♥s✐❞❡r❛♠♦s ❛ s♦♠❛ ❞✐r❡t❛ B = K · 1⊕ V ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛

♣♦r✿

(α · 1 + u)(β · 1 + v) = (αβ + b(u, v)) · 1 + (αv + βu) ✭✶✳✷✮

♦♥❞❡ α, β ∈ K ❡ u, v ∈ V ✳ ❊ss❛ á❧❣❡❜r❛ é ❞❡ ❏♦r❞❛♥ ❛ q✉❛❧ ❝❤❛♠❛✲s❡ ❞❡ á❧❣❡❜r❛ ❞❡

❏♦r❞❛♥ ❞❛ ❢♦r♠❛ s✐♠étr✐❝❛ ❜✐❧✐♥❡❛r b✳ ❊ss❛ á❧❣❡❜r❛ é ❡s♣❡❝✐❛❧✱ ❝✉❥❛ s✉❛ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ ❡♥✈♦❧✈❡♥t❡ é ❛ á❧❣❡❜r❛ ❞❡ ❈❧✐✛♦r❞ ❛ss♦❝✐❛❞❛ ❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ✭♣❛r❛ ♠❛✐♦r❡s

❞❡t❛❧❤❡s✱ ✈❡r ❬✶✻❪ ♣á❣✳ ✼✹✮✳ ❉❡♥♦t❛r❡♠♦s ♣♦r B s❡♠♣r❡ q✉❡ dimV = ∞ ❡ ♣♦r Bn

q✉❛♥❞♦ dimV = n✳

❊①❡♠♣❧♦ ✶✳✶✳✷✻ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳ P♦❞❡♠♦s ❝♦♥s✐✲

❞❡r❛r ❛ tr❛♥s♣♦st❛ ❞❡ ✉♠❛ ♠❛tr✐③ a✱ ❞❡♥♦t❛❞♦ ♣♦r at✱ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ❚r♦❝❛✲s❡

❧✐♥❤❛ ♣♦r ❝♦❧✉♥❛✱ ✐st♦ é ❛ i✲és✐♠❛ ❧✐♥❤❛ ❞❛ ♠❛tr✐③ a tr❛♥s❢♦r♠❛✲s❡ ♥❛ i✲és✐♠❛ ❝♦❧✉♥❛

❞❛ ♥♦✈❛ ♠❛tr✐③ at✳ ◆❡st❡ ❝❛s♦✱ ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ at = a sã♦

❞❡♥♦♠✐♥❛❞❛s ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s ❞❡ ♦r❞❡♠ n✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r Jn✳

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ Jn é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ Mn(K) q✉❡ é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❛ á❧❣❡❜r❛ ❞❡

❏♦r❞❛♥ Mn(K)(+)✳ ❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ q✉❡ ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡♥✈♦❧✈❡♥t❡ ♣❛r❛ Jn é ❛

á❧❣❡❜r❛ Mn(K)✳

❊①❡♠♣❧♦ ✶✳✶✳✷✼ P♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s

2 × 2✱ ❞❡♥♦t❛❞♦ ♣♦r J2✳ ❊st❡ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✳ ❯♠❛ ❜❛s❡
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♣❛r❛ J2 é ♦ ❝♦♥❥✉♥t♦ {I2, a, b}✱ ♦♥❞❡ I2 = e11 + e22✱ a = e11 − e22✱ b = e12 + e21✱ ♦♥❞❡

eij sã♦ ❛s ♠❛tr✐③❡s ✉♥✐tár✐❛s ✉s✉❛✐s✱ ❝✐t❛❞❛s ♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✾✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡♠♦s

A =

(
y x

x z

)
∈ J2. ❚❡♠♦s q✉❡

(
y x

x z

)
=

(
y 0

0 z

)
+ x

(
0 1

1 0

)

❡ (
y 0

0 z

)
=

(
y+z
2

0

0 y+z
2

)
+

(
y−z
2

0

0 z−y
2

)
.

❉❛í✱ (
y x

x z

)
= x

(
0 1

1 0

)
+
y + z

2

(
1 0

0 1

)
+
y − z
2

(
1 0

0 −1

)
.

▲♦❣♦✱ {I2, a, b} ❣❡r❛ J2✱ ♦✉ s❡❥❛✱ J2 = span(I2, a, b)✳ ❈♦♠♦ {I2, a, b} é ❧✐♥❡❛r♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡✱ s❡❣✉❡ q✉❡ {I2, a, b} é ❜❛s❡ ❞❡ J2✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✽ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ϕ : A→ B

é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✱ s❡ ϕ(xy) = ϕ(x)ϕ(y)✱ ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ A✳

❈❛s♦ t❛✐s á❧❣❡❜r❛ s❡❥❛♠ ✉♥✐tár✐❛s ❡①✐❣✐r❡♠♦s q✉❡ ϕ(1A) = 1B✳

❙❡♥❞♦ ϕ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✱ ❞✐③❡♠♦s q✉❡ ϕ é ✉♠♠♦♥♦♠♦r✜s♠♦ s❡ é

✐♥❥❡t✐✈♦✱ ❡ é ✉♠ ✐s♦♠♦r✜s♠♦ s❡ é ❜✐❥❡t✐✈♦✳ ❆❧é♠ ❞✐ss♦✱ ❞❡✜♥✐♠♦s ✉♠ ❡♥❞♦♠♦r✜s♠♦

❞❡ ✉♠❛ á❧❣❡❜r❛ A ❝♦♠♦ s❡♥❞♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A ❡♠ A✱ ❡ ✉♠ ❛✉t♦♠♦r✜s♠♦

✉♠ ❡♥❞♦♠♦r✜s♠♦ ❜✐❥❡t✐✈♦✳

◗✉❛♥❞♦ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ϕ : A → B✱ ❞✐③❡♠♦s q✉❡ ❛s á❧❣❡❜r❛s A ❡ B sã♦

✐s♦♠♦r❢❛s ❡ ❞❡♥♦t❛♠♦s ♣♦r A ≃ B✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✾ ❙❡❥❛♠ A ❡ B á❧❣❡❜r❛s ❡ S ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ A ❝♦♠♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧✳ ❙❡❥❛ ϕ : A → B ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ✭s❛t✐s❢❛③❡♥❞♦ ϕ(1A) = 1B s❡

A ❡ B tê♠ ✉♥✐❞❛❞❡✮✳ ❊♥tã♦✱ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s s❡✱ ❡ s♦♠❡♥t❡ s❡✱

ϕ(xy) = ϕ(x)ϕ(y) ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ S✳

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ✉s❛r ♦ ❢❛t♦ ❞❡ q✉❡ ϕ é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❡ ✉s❛r ❛

❜✐❧✐♥❡❛r✐❞❛❞❡ ❞♦ ♣r♦❞✉t♦ ❡♠ A ❡ ❡♠ B✳ �

❊①❡♠♣❧♦ ✶✳✶✳✸✵ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ❊①❡♠♣❧♦ ✶✳✶✳✷✺ ✭❝♦♠ n = 2✮ ❡ ❊①❡♠♣❧♦ ✶✳✶✳✷✼✱

♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛s á❧❣❡❜r❛s B2 ❡ J2✳ ❏á s❛❜❡♠♦s q✉❡ ✉♠❛ ❜❛s❡ ❞❡ J2 é ♦ ❝♦♥❥✉♥t♦

{I2, a, b}✱ ♦♥❞❡ I2 = e11 + e22✱ a = e11 − e22✱ b = e12 + e21✳ ❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ✉♠❛

❜❛s❡ ♦rt♦❣♦♥❛❧ ❞❡ V2✱ ❞✐❣❛♠♦s β = {v1, v2} ❡ ❞❡✜♥❛ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ϕ : J2 → B2

✐♥❞✉③✐❞❛ ♣♦r ϕ(I2) = 1✱ ϕ(a) = v1 ❡ ϕ(b) = v2✳ ❚❡♠♦s q✉❡ ❡ss❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥❡ ✉♠

✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥✳
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✶✳✷ ➪❧❣❡❜r❛s ❣r❛❞✉❛❞❛s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s✱ ❝♦♥❝❡✐t♦ ❡st❡ q✉❡

s❡rá ✉t✐❧✐③❛❞♦ ❡♠ t♦❞♦ ♥♦ss♦ t❡①t♦ ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ❜ás✐❝❛✳

❉❡✜♥✐çã♦ ✶✳✷✳✶ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉❛❧q✉❡r ❡ S ✉♠ ❝♦♥❥✉♥t♦ ❛r❜✐trár✐♦✳

❉✐③❡♠♦s q✉❡ V é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ S✲❣r❛❞✉❛❞♦ s❡✱ ♣❛r❛ ❝❛❞❛ s ∈ S✱ ❡①✐st✐r s✉❜❡s✲

♣❛ç♦s Vs ⊂ V t❛❧ q✉❡

V =
⊕

s∈S

Vs.

➱ ❝❧❛r♦ q✉❡ ♥❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r ♣♦❞❡♠♦s t❡r Vs = {0}✱ ♣❛r❛ ❛❧❣✉♠ s ∈ S✳ ❉❡

♠♦❞♦ ❡q✉✐✈❛❧❡♥t❡✱ ♣♦❞❡♠♦s ❞❡✜♥✐r á❧❣❡❜r❛s S✲❣r❛❞✉❛❞❛s✱ ♣♦ré♠ ♣❛r❛ ❛ ♠✉❧t✐♣❧✐❝❛çã♦

s❡r ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ❣r❛❞✉❛çã♦✱ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r S ✉♠ ❣r✉♣♦✳ ◆❛ ✈❡r❞❛❞❡ é s✉✜✲

❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r♠♦s S s❡♠✐❣r✉♣♦✱ ♠❛s ♥ã♦ ❡♥tr❛r❡♠♦s ❡♠ ❞❡t❛❧❤❡s ♥❡st❡ ❝♦♥t❡①t♦ ❞❡

❣r❛❞✉❛çã♦✳ P♦❞❡♠♦s s❡❣✉✐r ❡♥tã♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❛❜❛✐①♦✳

❉❡✜♥✐çã♦ ✶✳✷✳✷ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ G ✉♠ ❣r✉♣♦✳ ❉✐③❡♠♦s q✉❡ ❛ á❧❣❡❜r❛ A é

G✲❣r❛❞✉❛❞❛✱ s❡ A t❡♠ ❡str✉t✉r❛ ❞❡ ❡s♣❛ç♦ G✲❣r❛❞✉❛❞♦ t❛❧ q✉❡

AgAh ⊂ Agh

♣❛r❛ q✉❛✐sq✉❡r g, h ∈ G✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ A ♣♦ss✉✐ ✉♠❛ G✲❣r❛❞✉❛çã♦✳

❊①❡♠♣❧♦ ✶✳✷✳✸ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E ♣♦ss✉✐ ✉♠❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ❞❡✜♥✐❞❛

♣♦r E = E0 ⊕ E1✱ ♦♥❞❡ E0 ❡ E1 sã♦ ♦s s✉❜❡s♣❛ç♦s ❞❛❞♦s ♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✶✵✳

❙❡ a ∈ Ag é ♥ã♦ ♥✉❧♦✱ ❞✐③❡♠♦s q✉❡ a é ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ g ❡ ❞❡♥♦t❛♠♦s

♣♦r |a| = g✳ ❆ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ Aǫ é ❞❡♥♦♠✐♥❛❞❛ ❝♦♠♣♦♥❡♥t❡ ♥❡✉tr❛ ❞❛

❣r❛❞✉❛çã♦✱ ♦♥❞❡ ǫ ❞❡♥♦t❛ ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ G✳ ❙❡♥❞♦ H ✉♠ s✉❜❣r✉♣♦ ❞❡ G✱

♣♦❞❡♠♦s ✈❡r q✉❡ ❛ s♦♠❛
∑

h∈H Ah é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❢❛③❡♥❞♦

H = {ǫ}✱ ❞❡❝♦rr❡ q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡ ♥❡✉tr❛ Aǫ é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✳

❉❡✜♥✐çã♦ ✶✳✷✳✹ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✳ ❉❡✜♥✐♠♦s ♦ s✉♣♦rt❡ ❞❡ A✱ ❡ ❞❡♥♦✲

t❛♠♦s ♣♦r Supp(A)✱ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s g ∈ G t❛✐s q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡

❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ g é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ ✐st♦ é✱ Supp (A) = {g ∈ G | Ag 6= 0}✳

❆ G✲❣r❛❞✉❛çã♦ é ❝❤❛♠❛❞❛ tr✐✈✐❛❧✱ s❡ Supp(A) = {e}✱ ♥❡st❡ ❝❛s♦ r❡t♦r♥❛♠♦s ❛s

❞❡✜♥✐çõ❡s ♥♦ s❡♥t✐❞♦ ♦r❞✐♥ár✐♦✳
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❉❡✜♥✐çã♦ ✶✳✷✳✺ ❙❡❥❛ A = ⊕g∈GAg ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✳ ❯♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧

B ❞❡ A é ❞✐t♦ s❡r ❤♦♠♦❣ê♥❡♦ ♥❛ G✲❣r❛❞✉❛çã♦ ✭♦✉ G✲❣r❛❞✉❛❞♦✮ q✉❛♥❞♦ B = ⊕g∈GBg✱

♦♥❞❡ Bg = B ∩ Ag✳ ❯♠ ✐❞❡❛❧✱ ❛ss✐♠ ❝♦♠♦ ✉♠❛ s✉❜á❧❣❡❜r❛✱ é ❞✐t♦ ❤♦♠♦❣ê♥❡♦ s❡ ❢♦r

❤♦♠♦❣ê♥❡♦ ❝♦♠♦ s✉❜❡s♣❛ç♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✻ ❙❡ G é ✉♠ ❣r✉♣♦ ❝♦♠ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ✏ǫ✑ ❡ A é ✉♠❛ á❧❣❡❜r❛ G✲

❣r❛❞✉❛❞❛ ❝♦♠ ✉♥✐❞❛❞❡✱ ❡♥tã♦ 1 ∈ Aǫ✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ g1✱ ✳ ✳ ✳ ✱ gn ∈ G \ {ǫ} t❛✐s q✉❡✿

1 = aǫ + ag1 + · · ·+ agn ,

❝♦♠ aǫ ∈ Aǫ ❡ agi ∈ Agi ✱ i = 1, . . . , n✳ ❙❡❥❛ h ∈ G t❛❧ q✉❡ Ah 6= {0} ❡ ❝♦♥s✐❞❡r❡ ah ∈ Ah
♥ã♦ ♥✉❧♦✳ ❊♥tã♦✱

ah = ahaǫ + ahag1 + · · ·+ ahagn .

◆❡st❡ ❝❛s♦✱ ahaǫ ∈ Ah ❡ ahagi ∈ Ah+gi ✳ ❆❧é♠ ❞✐ss♦✱ h✱ h+ g1✱✳ ✳ ✳ ✱ h+ gn sã♦ ❡❧❡♠❡♥t♦s

❞❡ G ❞♦✐s ❛ ❞♦✐s ❞✐st✐♥t♦s✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❛ G✲❣r❛❞✉❛çã♦✱ t❡♠✲s❡ q✉❡

ahagi = 0✱ ♣❛r❛ i = 1, . . . , n ❡ ahaǫ = ah✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛♠♦s q✉❡ aǫah = ah✱ ❡

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ aǫ = 1✳ ▲♦❣♦✱ 1 ∈ Aǫ✳ �

❆ s❡❣✉✐r✱ ❡♥✉♥❝✐❛r❡♠♦s ❞♦✐s r❡s✉❧t❛❞♦s ❡❧❡♠❡♥t❛r❡s✱ ♠❛s ❜❛st❛♥t❡s út❡✐s✳ ❖ ♣r✐✲

♠❡✐r♦ é ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s s✉❜á❧❣❡❜r❛s ❤♦♠♦❣ê♥❡❛s ❡ ♦ s❡❣✉♥❞♦ é s♦❜r❡ ❛ á❧❣❡❜r❛

q✉♦❝✐❡♥t❡ ♣♦r ✉♠ ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦✱ ❛♠❜♦s ❞❡ ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✳ ❊♠❜♦r❛ s❡✲

❥❛♠ r❡s✉❧t❛❞♦s ❜❡♠ ❝♦♥❤❡❝✐❞♦s✱ ❞❡❝✐❞✐♠♦s ❡①♣❧♦r❛r s✉❛ ❞❡♠♦♥str❛çã♦ ❝♦♠♦ ❢♦r♠❛ ❞❡

❞❡✐①❛r ❛ ❞✐ss❡rt❛çã♦ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ♦✉tr♦s t❡①t♦s s❡♠❡❧❤❛♥t❡s✳

▲❡♠❛ ✶✳✷✳✼ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❡ B ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✳ ❆s s❡❣✉✐♥t❡s

❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ B é s✉❜á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❞❡ A❀

✭✐✐✮ B é á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ t❛❧ q✉❡ Bg ⊆ Ag ♣❛r❛ t♦❞♦ g ∈ G❀

✭✐✐✐✮ ❆s ❝♦♠♣♦♥❡♥t❡s ❤♦♠♦❣ê♥❡❛s ❞❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ B ♣❡rt❡♥❝❡♠ ❛ B❀

✭✐✈✮ B é ❣❡r❛❞❛✱ ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♣♦r ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s✳

❉❡♠♦♥str❛çã♦✿ (i) ⇒ (ii) ❙✉♣♦♥❞♦ (i)✱ t❡♠♦s q✉❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ B =
⊕

g∈GBg✱

❝♦♠ Bg = Ag ∩ B✱ é ✉♠❛ G✲❣r❛❞✉❛çã♦ ❡♠ B t❛❧ q✉❡ Bg ⊆ Ag✱ ♣❛r❛ t♦❞♦ g ∈ G✱ ❡

♣♦rt❛♥t♦✱ ✈❛❧❡ (ii)✳
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(ii)⇒ (iii) ❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ (ii)✳ ❙❡❥❛♠ b ∈ B ❡ b =
∑

g∈G ag✱ ❝♦♠ ag ∈ Ag✱ ❛
❞❡❝♦♠♣♦s✐çã♦ ❞❡ b ❝♦♠♦ s♦♠❛ ❞❡ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ❡♠ r❡❧❛çã♦ ❛ G✲❣r❛❞✉❛çã♦ ❞❡

A✳ ❈♦♠♦ B é G✲❣r❛❞✉❛❞❛ ❡ Bg ⊂ Ag✱ t❡♠♦s ♦✉tr❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ b ❡♠ ❡❧❡♠❡♥t♦s

❤♦♠♦❣ê♥❡♦s ❡♠ r❡❧❛çã♦ ❛ G✲❣r❛❞✉❛çã♦ ❞❡ B✳ ❖ ✐t❡♠ (iii) s❡❣✉❡ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞❛

❞❡❝♦♠♣♦s✐çã♦✳

(iii)⇒ (iv) ❙✉♣♦♥❞♦ ❛❣♦r❛ (iii)✳ ❖ ❝♦♥❥✉♥t♦ B∩ (∪g∈GAg) ❣❡r❛ B✱ ❡ ✐ss♦ ✐♠♣❧✐❝❛

❡♠ (iv)✳ ❉❡ ❢❛t♦✱ s❡❥❛♠ b ∈ B ❡ b =
∑

g∈G bg✱ ❝♦♠ bg ∈ Ag✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ b ❝♦♠♦

s♦♠❛ ❞❡ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ❡♠ r❡❧❛çã♦ à G✲❣r❛❞✉❛çã♦ ❞❡ A✳ ❙❡❣✉❡ ❞❛ ❤✐♣ót❡s❡ ❡♠

(iii) q✉❡ bg ∈ B✱ ♦✉ s❡❥❛✱ bg ∈ B ∩ (∪g∈GAg)✳
(iv) ⇒ (i) P♦r ✜♠✱ s✉♣♦♥❤❛♠♦s ❛❣♦r❛ (iv)✳ ❈♦♥s✐❞❡r❡♠♦s C ✉♠❛ ❜❛s❡ ❞❡ B✱

C ⊂ (∪g∈GAg) ❝♦♠♣♦st❛ ❞❡ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ❡ s❡❥❛ Bg = B ∩ Ag✳ ❖ ❡❧❡♠❡♥t♦

b =
∑n

i=1 ci✱ ♦♥❞❡ ci ∈ C✱ é ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ g s❡✱ ❡ s♦♠❡♥t❡ s❡✱ |ci| = g, 1 ≤ i ≤ n✳

▲♦❣♦✱ Cg = C ∩ Ag é ✉♠❛ ❜❛s❡ ♣❛r❛ Bg✳ ❆❧é♠ ❞✐ss♦✱ C = ∪g∈GCg✱ ❡ ♣♦rt❛♥t♦✱

B =
⊕

g∈GBg✱ ❞♦♥❞❡ s❡❣✉❡ ♦ ❧❡♠❛✳ �

Pr♦♣♦s✐çã♦ ✶✳✷✳✽ ❙❡ I é ✉♠ ✐❞❡❛❧ G✲❣r❛❞✉❛❞♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ A ❡♥tã♦

A/I é ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❝♦♥s✐❞❡r❛♥❞♦ (A/I)g = {a+ I | a ∈ Ag}✳

❉❡♠♦♥str❛çã♦✿ P♦r ❞❡✜♥✐çã♦ A/I =
∑

g∈G(A/I)g ❡ (A/I)g(A/I)h ⊂ (A/I)gh✳ ▲♦❣♦✱

r❡st❛ ♠♦str❛r♠♦s q✉❡ ❡ss❛ s♦♠❛ é ❞✐r❡t❛✳ ❙✉♣♦♥❤❛♠♦s q✉❡ (
∑

g∈G(ag+ I)) = 0✳ ◆❡st❡

❝❛s♦✱ (
∑

g∈G ag) ∈ I✳ ❈♦♠♦ I é G✲❣r❛❞✉❛❞♦✱ s❡❣✉❡ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ q✉❡ ag ∈ I✱ ♦✉
s❡❥❛ (ag + I) = 0✱ ❡ ♣♦rt❛♥t♦✱ A/I =

⊕
g∈G(A/I)g✱ ❞♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

❉❡✜♥✐çã♦ ✶✳✷✳✾ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ A = ⊕g∈GAg ❡ A′ = ⊕g∈GA′
g ❞✉❛s á❧❣❡❜r❛s

G✲❣r❛❞✉❛❞❛s✳ ❯♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ϕ : A → A′ é ❞✐t♦ ❤♦♠♦♠♦r✜s♠♦

G✲❣r❛❞✉❛❞♦ s❡ ✈❡r✐✜❝❛ ϕ(Ag) ⊂ A′
g✱ ♣❛r❛ ❝❛❞❛ g ∈ G✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡✜♥✐♠♦s

❡♥❞♦♠♦r✜s♠♦✱ ✐s♦♠♦r✜s♠♦ ❡ ❛✉t♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦✳

✶✳✸ ➪❧❣❡❜r❛s ❧✐✈r❡s

◆❡st❛ s❡çã♦✱ ❢❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❛s á❧❣❡❜r❛s ❧✐✈r❡s✱ ❛♠❜✐❡♥t❡ ❡st❡✱ ❡♠ q✉❡

✐♥tr♦❞✉③✐♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s q✉❡ s❡rá ✉t✐❧✐③❛❞♦ ❡♠ t♦❞♦ ❡st❡

tr❛❜❛❧❤♦✳
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Pr✐♠❡✐r❛♠❡♥t❡✱ ❞❡✜♥❛♠♦s ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡✳ ❙❡❥❛ X =

{x1, x2, x3, . . .} ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦✱ ✐♥✜♥✐t♦ ❡ ❡♥✉♠❡rá✈❡❧✱ ❝✉❥♦s ❡❧❡♠❡♥t♦s ❝❤❛♠❛✲

r❡♠♦s ❞❡ ✈❛r✐á✈❡✐s ♥ã♦ ❝♦♠✉t❛t✐✈❛s✳

❉❡✜♥✐çã♦ ✶✳✸✳✶ ❯♠❛ ♣❛❧❛✈r❛ ❡♠ X é ✉♠❛ s❡q✉ê♥❝✐❛ xi1xi2 . . . xin✱ ♦♥❞❡ n ∈ N ❡

xij ∈ X✳ ❙❡ n = 0✱ ❞✐r❡♠♦s q✉❡ ❛ ♣❛❧❛✈r❛ é ✈❛③✐❛✱ ❛ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r ✶✳ ❉❡✜♥✐♠♦s

♦ t❛♠❛♥❤♦ ❞❛ ♣❛❧❛✈r❛ xi1 . . . xin✱ ❝♦♠♦ s❡♥❞♦ ♦ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦ n✳ ❉✐③❡♠♦s q✉❡

❛s ♣❛❧❛✈r❛s xi1 . . . xin ❡ xj1 . . . xjm sã♦ ✐❣✉❛✐s s❡ n = m ❡ ♣❛r❛ ❝❛❞❛ k ∈ {1, 2, . . . , n}✱
t❡♠♦s ik = jk✳

❙❡❥❛ K〈X〉 ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉❡ t❡♠ ❝♦♠♦ ❜❛s❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ♣❛❧❛✈r❛s

❡♠ X✳ ❉❡ss❛ ❢♦r♠❛✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ K〈X〉 sã♦ s♦♠❛s ❞❡ t❡r♠♦s q✉❡ sã♦ ♣r♦❞✉t♦s ❞❡

✉♠ ❡s❝❛❧❛r ❡♠ K ♣♦r ✉♠❛ ♣❛❧❛✈r❛ ❡♠ X✳ ❚❛✐s t❡r♠♦s sã♦ ❝❤❛♠❛❞♦s ♠♦♥ô♠✐♦s✳ ❚❛❧

❡s♣❛ç♦ ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✭❝❤❛♠❛❞♦ ❞❡ ❝♦♥❝❛t❡♥❛çã♦✮✱

(xi1xi2 . . . , xin)(xj1xj2 . . . xjm) := xi1xi2 . . . xinxj1xj2 . . . xjm

é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ✉♥✐tár✐❛ ❡ X ❣❡r❛ K〈X〉 ❝♦♠♦ á❧❣❡❜r❛✳ ❖s ❡❧❡♠❡♥t♦s ❞❛

á❧❣❡❜r❛ K〈X〉 sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣♦❧✐♥ô♠✐♦s✳

❆ s❡❣✉✐r✱ ♣r♦✈❛r❡♠♦s q✉❡ ❛ á❧❣❡❜r❛ K〈X〉 t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r ✉♠ ❛♠❜✐❡♥t❡

❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✉♥✐tár✐❛s✱ ♣❛r❛ ✐st♦ ❢❛r❡♠♦s ✉s♦ ❞❛ s❡❣✉✐♥t❡

❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✸✳✷ ❙❡❥❛ C ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s ❡ F ∈ C ✉♠❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r ✉♠

❝♦♥❥✉♥t♦ X ⊆ F ✳ ❆ á❧❣❡❜r❛ F é ❞✐t❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ C✱ s❡ ❡❧❛ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡

♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✿ F ♣♦ss✉✐ ❛❧❣✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r X t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ á❧❣❡❜r❛

A ∈ C ❡ ❝❛❞❛ ❛♣❧✐❝❛çã♦ h : X −→ A ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ϕ : F −→ A

❡st❡♥❞❡♥❞♦ h✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ F é ❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ C ❧✐✈r❡♠❡♥t❡

❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ X✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ X✱ ❞❡♥♦t❛❞♦ ♣♦r

|X|✱ s❡rá ❝❤❛♠❛❞❛ ♣♦st♦ ❞❡ F ✳

❊①❡♠♣❧♦ ✶✳✸✳✸ P❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ X✱ ❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s K[X] é ❧✐✈r❡ ♥❛

❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❝♦♠ ✉♥✐❞❛❞❡✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡♠♦s ❛ á❧✲

❣❡❜r❛ K[x1, x2, . . . , xn]✱ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ X = {x1, x2, . . . , xn}✳ ❙❡♥❞♦ A ✉♠❛

á❧❣❡❜r❛ ❡ a1✱✳ ✳ ✳ ✱ an ∈ A✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ❛♣❧✐❝❛çã♦ h : X → A✱ h(xi) = ai✳ ❚❡✲

♠♦s q✉❡ ♦ ❤♦♠♦♠♦r✜s♠♦ ϕ : K[x1, x2, . . . , xn] → A✱ ❞❛❞♦ ♣♦r ϕ(f(x1, x2, . . . , xn)) =

f(a1, a2, . . . , an) ❡st❡♥❞❡ h✳ P♦rt❛♥t♦✱ K[x1, x2, . . . , xn] é ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡

t♦❞❛s ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✱ ❝♦♠✉t❛t✐✈❛s ❡ ✉♥✐tár✐❛s✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦

X = {x1, x2, . . . , xn}✳ ❚❛❧ ❝♦♥str✉çã♦ ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❢❛❝✐❧♠❡♥t❡ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡

♦ ❝♦♥❥✉♥t♦ X é ❡♥✉♠❡rá✈❡❧✳
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❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ❞❡♠♦♥str❛ q✉❡ s❡ ❝♦♥s✐❞❡r❛r♠♦s ✉♠ ❝♦♥❥✉♥t♦ X ❞❡ ✈❛r✐á✈❡✐s

♥ã♦ ❝♦♠✉t❛t✐✈❛s✱ ❛ á❧❣❡❜r❛ K〈X〉✱ ❛♥t❡r✐♦r♠❡♥t❡ ❞❡✜♥✐❞❛✱ é r❡❛❧♠❡♥t❡ ❧✐✈r❡ ♥❛ ❝❧❛ss❡

❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✉♥✐tár✐❛s✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✹ ❆ á❧❣❡❜r❛ K〈X〉 é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✉♥✐tár✐❛s

❡ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r X = {x1, x2, . . .}✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ K〈X〉 ❡ t♦♠❡ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛✲

t✐✈❛ ✉♥✐tár✐❛✳ ❉❛❞❛ q✉❛❧q✉❡r ❛♣❧✐❝❛çã♦ h : X → A✱ h(xi) = ai ∈ A✱ ♦ ❤♦♠♦♠♦r✜s♠♦

ϕ : K〈X〉 → A ❞❛❞♦ ♣♦r ϕ(f(x1, x2, . . . , xn)) = f(a1, a2, . . . , an)✱ ❡st❡♥❞❡ h✳ ❆ ✉♥✐❝✐✲

❞❛❞❡ s❡❣✉❡ ❞♦ ❢❛t♦ ❞❛ ❡①t❡♥sã♦ s❡ ❞á ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ ❜❛s❡✳ P♦rt❛♥t♦✱ K〈X〉
é ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❡ ✉♥✐tár✐❛s✱ ❧✐✈r❡♠❡♥t❡

❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ X✳ �

❙❡❥❛ G ✉♠ ❣r✉♣♦✳ P♦❞❡ s❡r ❝♦♥str✉í❞❛✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡✱

❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ G✲❣r❛❞✉❛❞❛ ❧✐✈r❡ q✉❡ ❞❡♥♦t❛r❡♠♦s ❡♠ t♦❞♦ tr❛❜❛❧❤♦ ♣♦r K〈XG〉✳
❇❛st❛ ❝♦♥s✐❞❡r❛r✱ ♣❛r❛ ❝❛❞❛ g ∈ G✱ ♦s ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s Xg = {xg1, xg2, . . .} ❡ ❝♦♥s✐✲

❞❡r❛r XG = ∪g∈GXg✳ ❖s ❡❧❡♠❡♥t♦s ❞❛ á❧❣❡❜r❛ K〈XG〉 sã♦ ❝❤❛♠❛❞♦s s✐♠♣❧❡s♠❡♥t❡ ❞❡

♣♦❧✐♥ô♠✐♦s G✲❣r❛❞✉❛❞♦s✱ ♦s q✉❛✐s sã♦ s♦♠❛s ❢♦r♠❛✐s ❞❡ ♠♦♥ô♠✐♦s G✲❣r❛❞✉❛❞♦s

q✉❡ ♣♦r s✉❛ ✈❡③ sã♦ ♣r♦❞✉t♦s ❢♦r♠❛✐s ❞❡ ✉♠ ❡s❝❛❧❛r ♣♦r ✉♠❛ ♣❛❧❛✈r❛ ❢♦r♠❛❞❛ ♣♦r

❡❧❡♠❡♥t♦s ❞❡ XG✳

❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ✉♠❛ ❞❡✜♥✐çã♦ ♣❛r❛ ✈❛r✐á✈❡✐s ♥ã♦ ❛ss♦❝✐❛t✐✈❛s✳

❈♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ K〈X〉✱ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s

❧✐✈r❡ X = {x1, x2, . . .}✳ ❈❤❛♠❛r❡♠♦s ❛ s✉❜á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ X ♥❛ á❧❣❡❜r❛

K〈X〉(+)✱ ❞❡ á❧❣❡❜r❛ ❧✐✈r❡ ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛❧ ❞♦ ❝♦♥❥✉♥t♦ ❞♦s ❣❡r❛❞♦r❡s ❞❡ X✱ ❡ ❛

❞❡♥♦t❛♠♦s ♣♦r SJ(X)✳ ❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ✐♥❞✐❝❛rá q✉❡ ❛ á❧❣❡❜r❛ SJ(X) é r❡❛❧♠❡♥t❡

❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛✐s✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✺ ❙❡❥❛ J ✉♠❛ á❧❣❡❜r❛ ❡s♣❡❝✐❛❧ ❞❡ ❏♦r❞❛♥✳ ❊♥tã♦ t♦❞❛ ❛♣❧✐❝❛çã♦ ❞❡ X

❡♠ J ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ✉♥✐❝❛♠❡♥t❡ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ SJ(X) ❡♠ J ✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s ϕ : X → J ✉♠❛ ❛♣❧✐❝❛çã♦ ❡ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛

❡♥✈♦❧✈❡♥t❡ ♣❛r❛ J ✳ ❊♥tã♦✱ ϕ ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ♣❛r❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ϕ : K〈X〉 → A✳

❆ss✐♠✱ ❛ r❡str✐çã♦ ❞❡ ϕ ❛ SJ(X) é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ SJ(X) ❡♠ J q✉❡ ❡st❡♥❞❡ ϕ✱
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♦ q✉❡ ♣r♦✈❛ ❛ ♣r♦♣♦s✐çã♦✳ ❏á ❛ ✉♥✐❝✐❞❛❞❡ s❡❣✉❡ ❞♦s ❤♦♠♦♠♦r✜s♠♦s ❝♦✐♥❝✐❞✐r❡♠ ❡♠ X

❡ s✉❛s ✐♠❛❣❡♥s ❡st❛r❡♠ ❡♠ J ✳ �

❉❡✜♥✐çã♦ ✶✳✸✳✻ ❯♠ ❡❧❡♠❡♥t♦ ❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ K〈X〉 é ❝❤❛♠❛❞♦ ❞❡ ♣♦✲

❧✐♥ô♠✐♦ ❞❡ ❏♦r❞❛♥✱ s❡ ♣❡rt❡♥❝❡r ❛ SJ(X)✱ ♦✉ s❡❥❛✱ ♣♦❞❡ s❡r ❡①♣r❡ss♦ ❛ ♣❛rt✐r ❞♦s

❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ X ♣♦r ♠❡✐♦ ❞❛s ♦♣❡r❛çõ❡s + ❡ ◦✳

❯t✐❧✐③❛♥❞♦ ♦ ❊①❡♠♣❧♦ ✶✳✶✳✶✻ é ❢á❝✐❧ ♣❡r❝❡❜❡r q✉❡ ♦ ♣♦❧✐♥ô♠✐♦
1

2
(x1x2x3+x3x2x1)

é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏♦r❞❛♥✱ ♠❛s ♣❛r❛ ✉♠ ❝❛s♦ ❣❡r❛❧✱ ❛✐♥❞❛ ♥ã♦ s❡ t❡♠ ✉♠ ❝r✐tér✐♦

❛❞❡q✉❛❞♦ q✉❡ ♥♦s ♣❡r♠✐t❛ r❡❝♦♥❤❡❝❡r✱ ❛ ♣❛rt✐r ❞❛ ❡①♣r❡ssã♦ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠

K〈X〉✱ s❡ ❡st❡ é ♦✉ ♥ã♦ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❏♦r❞❛♥✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✼ ➱ ♣♦ssí✈❡❧ ❝♦♥str✉✐r ❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛s ✈❛r✐❡❞❛❞❡s ❞❛s á❧❣❡❜r❛s ❞❡

❏♦r❞❛♥✱ ❞❡♥♦t❛❞❛ ♣♦r J(X)✱ ❛tr❛✈és ❞❡ ✉♠ q✉♦❝✐❡♥t❡ ❞❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡

❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ✭✈❡r ❬✸✵✱ ❚❤❡♦r❡♠ ✷✱ ♣❣✳ ✹❪✮✳ ❖s r❡s✉❧t❛❞♦s q✉❡ s❡ ❡♥❝♦♥tr❛♠

♥♦s ❝❛♣ít✉❧♦s ♣♦st❡r✐♦r❡s sã♦ ♦❜t✐❞♦s ♥♦ ❛♠❜✐❡♥t❡ ❞❡ ❏♦r❞❛♥ ❧✐✈r❡✱ ♠❛s ❝♦♠♦ ❡st❛♠♦s

tr❛❜❛❧❤❛♥❞♦ ♥♦ ❛♠❜✐❡♥t❡ ❡s♣❡❝✐❛❧ ❞❡ ❏♦r❞❛♥✱ ♥ã♦ ✐r❡♠♦s ❡♥tr❛r ❡♠ ❞❡t❛❧❤❡s ♥❡st❛ ❝♦♥s✲

tr✉çã♦✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ r❡❧❛❝✐♦♥❛ ❛s á❧❣❡❜r❛s ❧✐✈r❡s J(X) ❡ SJ(X)✳

❚❡♦r❡♠❛ ✶✳✸✳✽ ✭❚❡♦r❡♠❛ ❞❡ ❈♦❤♥✮ SJ(X) ≃ J(X) s❡ ❡ s♦♠❡♥t❡ s❡ | X |≤ 2✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✸✵✱ ❚❤❡♦r❡♠ ✸❪ �

❖❜s❡r✈❛çã♦ ✶✳✸✳✾ ❈❛s♦ |X| > 2✱ ♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ❞❡✐①❛ ❞❡ s❡r ✈á❧✐❞♦✱ ✈❡r ❬✶✻✱

♣á❣✳ ✶✶❪✳ P♦rt❛♥t♦ ❛s á❧❣❡❜r❛s SJ(X) ❡ J(X)✱ ♣❛r❛ |X| > 2✱ ♥ã♦ sã♦ ✐s♦♠♦r❢❛s✳

❖s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ❢❡✐t♦s ♠❛✐s ❛ s❡❣✉✐r✱ ✈❛❧❡♠ ♣❛r❛ J(X)✱ ♠❛s ❞❡❝✐❞✐♠♦s ❞❡✲

♥♦t❛r ♣♦r SJ(X)✱ ♣♦r ❢❛❝✐❧✐❞❛❞❡ ❞❡ ♥♦t❛çã♦ ❡ ❡♥t❡♥❞✐♠❡♥t♦✳ ◆❛ ✈❡r❞❛❞❡✱ ♦s r❡s✉❧t❛❞♦s

♥ã♦ ♠♦❞✐✜❝❛♠ ❝♦♠ ❛ ❡str✉t✉r❛ ❞❛ á❧❣❡❜r❛ ❧✐✈r❡ ❡s❝♦❧❤✐❞❛✳

❙❡ ❝♦♥s✐❞❡r❛♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ J ❝♦♠ ❛ ♦♣❡r❛çã♦

t❡r♥ár✐❛

(a, b, c) = (a ◦ b) ◦ c− a ◦ (b ◦ c),

♦♥❞❡ a, b, c ∈ J ✱ ♦❜t❡♠♦s ✉♠❛ ❡str✉t✉r❛ ❛❧❣é❜r✐❝❛ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ s✐st❡♠❛ tr✐♣❧♦ ❞❡ ▲✐❡

✭▲✐❡ tr✐♣❧❡ s②st❡♠✮✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱
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❉❡✜♥✐çã♦ ✶✳✸✳✶✵ ❯♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❝♦♠ ✉♠❛ ❛♣❧✐❝❛çã♦ tr✐❧✐♥❡❛r (a, b, c)→ [a, b, c]

s❛t✐s❢❛③❡♥❞♦

✭✐✮ [a, b, a] = 0❀

✭✐✐✮ [a, b, c] + [b, c, a] + [c, a, b] = 0❀

✭✐✐✐✮ [d, [a, b, c], e] = [[d, a, e], b, c] + [a, [d, b, e], c] + [a, b, [d, c, e]]✱

é ❝❤❛♠❛❞♦ ❞❡ s✐st❡♠❛ tr✐♣❧♦ ❞❡ ▲✐❡✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✶✶ ❖ ✐t❡♠ ✭✐✐✮ ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❏♦r❞❛♥ ❝♦♠ ❛

❛♣❧✐❝❛çã♦ ❛ss♦❝✐❛❞♦r é ✈❡r✐✜❝❛❞❛ ♥♦ ❖❜s❡r✈❛çã♦ ✶✳✶✳✶✸✳ ❆❧é♠ ❞✐ss♦✱ ♦s ✐t❡♥s ✭✐✮ ❡ ✭✐✐✐✮

sã♦ t❛♠❜é♠ ✈❡r✐✜❝❛❞♦s ❞✐r❡t❛♠❡♥t❡✳ ◆♦t❡ ❛✐♥❞❛ q✉❡ ❛ ❧✐♥❡❛r✐③❛çã♦ ❞♦ ✐t❡♠ ✭✐✮ é

(x, y, z) = −(z, y, x).

◆❡st❡ s❡♥t✐❞♦✱ t❡♠♦s ♦ ✐♠♣♦rt❛♥t❡ ❧❡♠❛✳

▲❡♠❛ ✶✳✸✳✶✷ ❚♦❞♦ ❛ss♦❝✐❛❞♦r ❞❡ ❡❧❡♠❡♥t♦s ❞❡ X ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦

❧✐♥❡❛r ❞❡ s❡✉s ❛ss♦❝✐❛❞♦r❡s ♣ró♣r✐♦s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ u ✉♠ ❛ss♦❝✐❛❞♦r ❞❡ ❡❧❡♠❡♥t♦s ❡♠ X✳ Pr♦✈❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣♦r

✐♥❞✉çã♦ s♦❜r❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ u✱ ❞❡♥♦t❛❞♦ ❛q✉✐ ♣♦r deg(u)✳ ❙❡ deg(u) = 3✱ ❡♥tã♦ u

é ❞❛ ❢♦r♠❛ (x1, x2, x3)✱ ❡ ♣♦rt❛♥t♦ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ♦ r❡s✉❧t❛❞♦ s❡❥❛

✈á❧✐❞♦ ♣❛r❛ t♦❞♦ ❛ss♦❝✐❛❞♦r ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠❡♥♦r q✉❡ deg(u) > 3✳ P♦r ❤✐♣ót❡s❡ ❞❡

✐♥❞✉çã♦✱ ♣♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ u = (u1, u2, u3)✱ ♦♥❞❡ ❝❛❞❛ ui

é ✉♠❛ ✈❛r✐á✈❡❧ ♦✉ ✉♠ ❛ss♦❝✐❛❞♦r ♣ró♣r✐♦✳ ❙✉♣♦♥❤❛ ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ u3 = (u′, x1, x2)

❡ ❡ ♣❡❧♦ ✐t❡♠ (iii) ❞❛ ❉❡✜♥✐çã♦ ✶✳✸✳✶✵ t❡♠✲s❡

(u1, u2, (u
′, x1, x2)) = (u′, (u1, u2, x1), x2)− (u′, u1, x2, u2, x1)− (u1, (u

′, u2, x2), x1).

✭✶✳✸✮

❆ss✐♠✱ ♣♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ u3 é ✉♠❛ ✈❛r✐á✈❡❧ ❡♠ X✳ ❆❣♦r❛✱

s✉♣♦♥❤❛ q✉❡ u2 = (u′, x1, x2)✳ ◆❡st❡ ❝❛s♦

(u1, (u
′, x1, x2), x3) = (u1, u

′, x3, x1, x2) + (u′, (u1, x1, x3), x2) + (u′, x1, (u1, x2, x3))

= (u1, u
′, x3, x1, x2)− [((u1, x1, x3), x2, u

′) + (x2, u
′, (u1, x1, x3))]

+ (u′, x1, (u1, x2, x3)).

❖ r❡s✉❧t❛❞♦ s❡❣✉❡ ✉s❛♥❞♦ ✐♥❞✉çã♦ ❡ ❛♣❧✐❝❛♥❞♦ ❛ ■❣✉❛❧❞❛❞❡ ✭✶✳✸✮✳ �



✷✻

❖❜s❡r✈❛çã♦ ✶✳✸✳✶✸ ❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ◆♦✈❛♠❡♥t❡ ♣♦❞❡✲s❡ ❝♦♥str✉✐r✱ ❝♦♠♦ ♥♦ ❝❛s♦

❞❛ á❧❣❡❜r❛ ❧✐✈r❡ ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛❧✱ ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛❧ G✲❣r❛❞✉❛❞❛ q✉❡

❞❡♥♦t❛r❡♠♦s ❡♠ t♦❞♦ tr❛❜❛❧❤♦ ♣♦r SJ(XG)✳ P❛r❛ ✐st♦✱ ❜❛st❛ tr♦❝❛r X ♣❡❧♦ ❝♦♥❥✉♥t♦

XG ❞❡✜♥✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ❡ t♦♠❛r ❛❧❣✉♥s ❝✉✐❞❛❞♦s ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ❛ á❧❣❡❜r❛ ❧✐✈r❡

G✲❣r❛❞✉❛❞❛✳ ❖s ❡❧❡♠❡♥t♦s ❞❛ á❧❣❡❜r❛ SJ(XG) sã♦ ❝❤❛♠❛❞♦s s✐♠♣❧❡s♠❡♥t❡ ❞❡ ♣♦❧✐♥ô✲

♠✐♦s ❞❡ ❏♦r❞❛♥ G✲❣r❛❞✉❛❞♦s✱ ❡ sã♦ ❞❛ ❢♦r♠❛ f(x(g1)1 , . . . , x
(gn)
n )✱ ♦♥❞❡ t❛✐s ✈❛r✐á✈❡✐s

sã♦ ✐♥❞✐❝❛❞❛s ♣❛r❛ ✐♥❢♦r♠❛r q✉❡ ❡❧❛s ♣❛rt✐❝✐♣❛♠ ❞❡ ❛❧❣✉♠ ♠♦♥ô♠✐♦ ❞❡ f ✳

❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡ ♦ s✐♠❜♦❧♦ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ✏◦✑ ❡♠ SJ(X)✱ ♣♦❞❡rá s❡r ♦♠✐t✐❞♦

❡ ♥❡st❡ ❝❛s♦✱ r❡t♦r♥❛r❡♠♦s ❛ ♥♦t❛çã♦ ❞❛ á❧❣❡❜r❛ ❧✐✈r❡ ❞❡ ❏♦r❞❛♥✳ ■ss♦ ♥ã♦ ♠♦❞✐✜❝❛rá

♦s r❡s✉❧t❛❞♦s ♣♦st❡r✐♦r❡s✱ ❡♠❜♦r❛ q✉❡ ♥✉♠ ❝♦♥t❡①t♦ ❣❡r❛❧ ✐ss♦ ♣♦❞❡ s❡r ❝♦♥t♦r♥❛❞♦

✉s❛♥❞♦ ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❞❡ ❏♦r❞❛♥ J(X)✳

✶✳✹ ■❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

❙❡❥❛♠ X = {x1, x2, . . .} ✉♠ ❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧✱ f ∈ SJ(X) ❡ J ✉♠❛ á❧❣❡❜r❛

❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛❧✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f ∈ SJ(X) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐✲

♥♦♠✐❛❧ ♣❛r❛ J s❡ f(a1, . . . , an) = 0✱ ♣❛r❛ q✉❛✐sq✉❡r a1, a2, . . . , an ∈ J ✳ ❆ á❧❣❡❜r❛ q✉❡

♣♦ss✉✐ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♥ã♦ tr✐✈✐❛❧ é ❞❡♥♦♠✐♥❛❞❛ á❧❣❡❜r❛ ❝♦♠ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ P■✲á❧❣❡❜r❛✳

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ J ✱ ❞❡♥♦t❛❞♦ ♣♦r T (J)✱ é ✉♠

✐❞❡❛❧ ❞❛ á❧❣❡❜r❛ SJ(X)✳ ❖❜s❡r✈❡ q✉❡ ❡ss❡ ✐❞❡❛❧ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r ✐♥✈❛r✐❛♥t❡

♣♦r ❡♥❞♦♠♦r✜s♠♦s ❞❡ SJ(X)✳ ❖s ✐❞❡❛✐s ❞❛ á❧❣❡❜r❛ SJ(X) ❝♦♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡ sã♦

❝❤❛♠❛❞♦s T ✲✐❞❡❛✐s ❞❡ SJ(X)✳

❆ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ T ✲✐❞❡❛✐s ❛✐♥❞❛ é ✉♠ T ✲✐❞❡❛❧✳ P♦rt❛♥t♦✱

❞❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ S q✉❛❧q✉❡r ❞❡ SJ(X)✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ T ✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S✱

♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r 〈S〉T ✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s T ✲✐❞❡❛✐s ❞❡ SJ(X)

q✉❡ ❝♦♥tê♠ S✳ ❆ss✐♠✱ 〈S〉T é ♦ ♠❡♥♦r T ✲✐❞❡❛❧ ❞❡ SJ(X) ❝♦♥t❡♥❞♦ S ✭♥♦ s❡♥t✐❞♦

q✉❡ ♦✉tr♦ T ✲✐❞❡❛❧ ❝♦♠ ❛ ♠❡s♠❛ ♣r♦♣r✐❡❞❛❞❡✱ ❝♦♥té♠ 〈S〉T ✮✳ ❙❡❥❛ J ✉♠❛ á❧❣❡❜r❛ ❞❡

❏♦r❞❛♥ ❡s♣❡❝✐❛❧✱ ❞✐③❡♠♦s q✉❡ ♦ T ✲✐❞❡❛❧ T (J) é ❣❡r❛❞♦ ❝♦♠♦ T ✲✐❞❡❛❧ ♣❡❧♦ ❝♦♥❥✉♥t♦

{fi | i ∈ I} s❡✱ T (J) = 〈fi | i ∈ I〉T ✱ ❡ ❞✐③❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ {fi | i ∈ I} é ✉♠❛

❜❛s❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ J ✳ P♦r ✜♠✱ ❞✐③❡♠♦s q✉❡ g ∈ SJ(X) é ❝♦♥s❡q✉ê♥❝✐❛

❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s {fi | i ∈ I} s❡ g ∈ 〈fi | i ∈ I〉T ✳
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❉❡✜♥✐çã♦ ✶✳✹✳✶ ❉✉❛s P■✲á❧❣❡❜r❛s A ❡ B sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s s❡ s❛t✐s❢❛③❡♠ ❛s ♠❡s✲

♠❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ ♦✉ s❡❥❛✱ T (A) = T (B)✳

❯♠ ♦✉tr♦ ❝♦♥❝❡✐t♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡st✉❞❛r ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❜❛st❛♥t❡ út✐❧ é

♦ ❝♦♥❝❡✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❢r❛❝❛s✳

❉❡✜♥✐çã♦ ✶✳✹✳✷ ❙❡❥❛♠ J ✉♠❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛❧ ❡ V ✉♠ s✉❜❡s♣❛ç♦ ❞❡ J ✳ ❯♠

♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❢r❛❝❛ ♣❛r❛ ♦ ♣❛r (J, V ) s❡ f(v1, . . . , vn) = 0✱

♣❛r❛ q✉❛✐sq✉❡r v1, . . . , vn ∈ V ✳ ❖ ❝♦♥❥✉♥t♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❢r❛❝❛s ♣❛r❛ (J, V ) s❡rá

❞❡♥♦t❛❞♦ ♣♦r T (J, V )✳

P♦r ✜♠✱ ❝♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛❧ ❣r❛❞✉❛❞❛✳ P♦❞❡♠♦s

❞❡✜♥✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ s✉❜st✐t✉✐çã♦ ❛❞♠✐ssí✈❡❧ ❡ ❞❡ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛✳

❉❡✜♥✐çã♦ ✶✳✹✳✸ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ J =
⊕

g∈G Jg ✉♠❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛❧

G✲❣r❛❞✉❛❞❛✳

✭✐✮ ❯♠❛ s✉❜st✐t✉✐çã♦ ❛❞♠✐ssí✈❡❧ ♣❛r❛ ♦ ♣♦❧✐♥ô♠✐♦ f(x
(g1)
1 , . . . , x

(gn)
n ) ∈ SJ(XG)

❡♠ J é ✉♠❛ ♥✲✉♣❧❛ (j1, . . . , jn) ❞❡ ❡❧❡♠❡♥t♦s ❞❡ J ✱ ❝♦♠ ji ∈ Jgi✱ ♣❛r❛ i = 1, . . . , n✳

✭✐✐✮ ❯♠ ♣♦❧✐♥ô♠✐♦ ♥ã♦ ♥✉❧♦ f(x
(g1)
1 , . . . , x

(gn)
n ) ∈ SJ(XG) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐✲

♥♦♠✐❛❧ ❣r❛❞✉❛❞❛ ❞❡ J s❡✱ ♣❛r❛ t♦❞❛ s✉❜st✐t✉✐çã♦ ❛❞♠✐ssí✈❡❧ (j1, . . . , jn) t❡♠✲s❡

q✉❡ f(j1, . . . , jn) = 0✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✹ ❆ ❞❡✜♥✐çã♦ ❞❡ T ✲✐❞❡❛❧ ❣r❛❞✉❛❞♦✱ P■✲❡q✉✐✈❛❧ê♥❝✐❛s ❞❡ á❧❣❡❜r❛s ❣r❛✲

❞✉❛❞❛s✱ T ✲✐❞❡❛❧ ❣r❛❞✉❛❞♦ ❣❡r❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❡ ✈❛r✐❡❞❛❞❡s ❞❡ á❧❣❡❜r❛s ❞❡ ❏♦r✲

❞❛♥ ❡s♣❡❝✐❛❧ G✲❣r❛❞✉❛❞❛s s❡❣✉❡ ❛ ♠❡s♠❛ ✏✜❧♦s♦✜❛✑ ❞♦ ❝❛s♦ ♦r❞✐♥ár✐♦✱ só t❡♥❞♦ ❝✉✐✲

❞❛❞♦ ❝♦♠ ❛s s✉❜st✐t✉✐çõ❡s ❛❞♠✐ssí✈❡✐s ❡ ❝♦❧♦❝❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❧✐✈r❡ ❝♦♠♦ s❡♥❞♦

XG = ∪g∈GXg✳

❚❡r♠✐♥❛r❡♠♦s ❛ s❡çã♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❡♠ á❧❣❡❜r❛s

❞❡ ❏♦r❞❛♥✳ ➱ ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s q✉❡ ✐r❡♠♦s ❡♥✉♥❝✐❛r

sã♦ ♠✉✐t♦ s✐♠✐❧❛r❡s ❛♦ ❝❛s♦ ❛ss♦❝✐❛t✐✈♦✱ ❡ ❛té ♠❡s♠♦ ♣❛r❛ ♦ ❝❛s♦ ❣❡r❛❧✳ P♦r ❡ss❛ r❛③ã♦✱

❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✹✳✶✵ s❡rá ♦♠✐t✐❞❛✱ ♣♦✐s s❡❣✉❡ ♣❛❧❛✈r❛ ♣♦r ♣❛❧❛✈r❛ ♦ q✉❡

❢♦✐ ❢❡✐t♦ ❡♠ ❬✸✵✱ ❚❡♦r❡♠❛ ✷✱ ♣á❣✳ ✹❪✱ ♠♦❞✐✜❝❛♥❞♦ ❛♣❡♥❛s ❞❡t❛❧❤❡s té❝♥✐❝♦s✳

❖ ❝♦♥❥✉♥t♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s s❛t✐s❢❡✐t❛s ♣♦r t♦❞❛s ❛s á❧❣❡❜r❛s ❞❡ ✉♠❛ ❝❡rt❛ ❝❧❛ss❡ ❞❡

á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛❧ C t❛♠❜é♠ é ✉♠ ✐❞❡❛❧ ❞❡ SJ(X)✳ ◆ã♦ é ❞✐❢í❝✐❧ ♦❜s❡r✈❛r q✉❡

t❛❧ ✐❞❡❛❧ ❞❡ ✐❞❡♥t✐❞❛❞❡s é ✐♥✈❛r✐❛♥t❡ ♣♦r ❡♥❞♦♠♦r✜s♠♦s ❞❡ SJ(X)✱ ♦✉ s❡❥❛✱ é T ✲✐❞❡❛❧✳

❊❧❡ é ❝❤❛♠❛❞♦ ❞❡ T ✲✐❞❡❛❧ ❞❛ ❝❧❛ss❡ C ❡ é ❞❡♥♦t❛❞♦ ♣♦r T (C)✳
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❉❡✜♥✐çã♦ ✶✳✹✳✺ ❙❡❥❛ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ SJ(X)✳ ❆ ❝❧❛ss❡ C ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s

❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛✐s q✉❡ tê♠ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ S ❝♦♠♦ ✐❞❡♥t✐❞❛❞❡s é ❝❤❛♠❛❞❛ ❞❡

✈❛r✐❡❞❛❞❡ ❏✲❙ ❞❡✜♥✐❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ S✱ ❞❡♥♦t❛❞❛ ♣♦r V(S)✳

❊①❡♠♣❧♦ ✶✳✹✳✻ V(SJ(X)) ❝♦♥s✐st❡ ❞❛ á❧❣❡❜r❛ ♥✉❧❛ ❝❤❛♠❛❞❛ ✈❛r✐❡❞❛❞❡ tr✐✈✐❛❧✳

❊①❡♠♣❧♦ ✶✳✹✳✼ ❆ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛✐s ❛ss♦❝✐❛t✐✈❛s é ✉♠❛

✈❛r✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣❡❧♦ s✉❜❝♦♥❥✉♥t♦ S = {(x1, x2, x3)} ❞❡ SJ(X)✳

❉❡✜♥✐çã♦ ✶✳✹✳✽ ❙❡❥❛ V ✉♠❛ ✈❛r✐❡❞❛❞❡ ❙✲❏✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ F ∈ C é ✉♠❛

á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡ V s❡ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ Y ❣❡r❛❞♦r ❞❡ F t❛❧ q✉❡

♣❛r❛ t♦❞❛ á❧❣❡❜r❛ J ∈ V ❡ t♦❞❛ ❛♣❧✐❝❛çã♦ ρ : Y → J ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦

ϕ : F → J q✉❡ ❡st❡♥❞❡ ρ✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱ F é ❞✐t❛ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r Y ✳

❆❧é♠ ❞✐ss♦✱ ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ Y é ❝❤❛♠❛❞❛ ♣♦st♦ ❞❡ F ✳

❊①❡♠♣❧♦ ✶✳✹✳✾ SJ(X) é r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r X✱ ♥❛ ✈❛r✐❡❞❛❞❡

❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛✐s✳

❙❡ I ⊆ SJ(X) ❞❡♥♦t❛♠♦s ♣♦r I(J) ♦ ✐❞❡❛❧ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ J ❣❡r❛❞♦

♣♦r t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ f(a1, . . . , an)✱ ♦♥❞❡ f ∈ I ❡ a1, . . . , an ∈ J ✳ ❖ t❡♦r❡♠❛

s❡❣✉✐♥t❡ ❝❛r❛❝t❡r✐③❛ ❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❡♠ q✉❛❧q✉❡r ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s

❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛✐s✳

❚❡♦r❡♠❛ ✶✳✹✳✶✵ ❙❡❥❛ V ✉♠❛ ✈❛r✐❡❞❛❞❡ ❏✲❙ ♥ã♦ tr✐✈✐❛❧ ❞❡ á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛✐s

❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ I ⊂ SJ(X)✳ ❊♥tã♦ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ Y ✱ ❛ r❡str✐çã♦

❛ Y ❞♦ ❤♦♠♦♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦ π : SJ(Y ) → SJ(Y )/I(SJ(Y )) é ✐♥❥❡t✐✈♦ ❡ ❛ á❧❣❡❜r❛

SJV(π(Y )) = SJ(Y )/I(SJ(Y )) é ❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡ V ❝♦♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❧✐✈r❡ π(Y )✳

◗✉❛✐sq✉❡r ❞✉❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❡♠ V ❝♦♠ ❝♦♥❥✉♥t♦s ❣❡r❛❞♦r❡s ❧✐✈r❡s ❡ ❞❡

♠❡s♠❛ ❝❛r❞✐♥❛❧✐❞❛❞❡✱ sã♦ ✐s♦♠♦r❢❛s✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣❛ ❛♦ ❬✸✵✱ ❚❤❡♦r❡♠ ✷✱ ♣á❣✳ ✹❪ �

✶✳✺ ■❞❡♥t✐❞❛❞❡s ♠✉❧t✐❤♦♠♦❣ê♥❡❛s ❡ ♠✉❧t✐❧✐♥❡❛r❡s

❖s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♠✉❧t✐❤♦♠♦❣ê♥❡♦s sã♦ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛

❜✉s❝❛ ❞❡ ❜❛s❡s ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s s♦❜r❡ ❞❡t❡r♠✐♥❛❞♦s ❝♦r♣♦s✳ ◆❡st❛

s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❝♦♥❞✐çõ❡s r❡❧❛❝✐♦♥❛❞❛s ❛♦ ❝♦r♣♦ ❡ ❛ ❡ss❡s ♣♦❧✐♥ô♠✐♦s✱ q✉❡ ♥♦s

❛❥✉❞❛rã♦ ❛ s✐♠♣❧✐✜❝❛r ❛s ✐❞❡♥t✐❞❛❞❡s q✉❡ ✐r❡♠♦s tr❛❜❛❧❤❛r✳ ➱ ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r

q✉❡ ❡st❛♠♦s ♥♦s ❞❡❞✐❝❛♥❞♦ ❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛✐s ♣♦✐s é ♦ ❛♠❜✐❡♥t❡ ✉t✐❧✐③❛❞♦
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❡♠ t♦❞❛ ❞✐ss❡rt❛çã♦✱ ♠❛s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛q✉✐✱ ♣♦❞❡♠ s❡r ✈✐st♦s ❢❛❝✐❧♠❡♥t❡ ❡♠

♦✉tr♦s ❛♠❜✐❡♥t❡s✳

❆♥t❡s ❞❡ t❛✐s r❡s✉❧t❛❞♦s✱ ✈❡❥❛♠♦s ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✳

❉❡✜♥✐çã♦ ✶✳✺✳✶ ❙❡❥❛ ✉♠ ♠♦♥ô♠✐♦ m ❡♠ SJ(X) ♥❛s ✈❛r✐á✈❡✐s {x1, . . . , xn}✳ ❉❡♥♦✲

t❛♠♦s ♣♦r degxim✱ ♦ ❣r❛✉ ❞❡ xi ❡♠ m✱ ✐st♦ é✱ ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ xi ❛♣❛r❡❝❡ ❡♠ m✳

❆ ♥✲✉♣❧❛ (degxim, . . . , degxnm) é ❝❤❛♠❛❞❛ ❞❡ ♠✉❧t✐❣r❛✉ ❞❡ m✳

❉❡✜♥✐çã♦ ✶✳✺✳✷ ❯♠ ♣♦❧✐♥ô♠✐♦ ♥ã♦ ♥✉❧♦ f(x1, . . . , xn) ∈ SJ(X) é ♠✉❧t✐❤♦♠♦❣ê✲

♥❡♦✱ s❡ t♦❞♦s ♦s s❡✉s ♠♦♥ô♠✐♦s ♣♦ss✉❡♠ ♦ ♠❡s♠♦ ♠✉❧t✐❣r❛✉✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❞✐③❡♠♦s

q✉❡ f(x1, . . . , xn) é ♠✉❧t✐❧✐♥❡❛r✱ s❡ é ♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❞❡ ♠✉❧t✐❣r❛✉ (1, . . . , 1)✳

❙❡❥❛♠ f ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ SJ(X) ❞❡ ❣r❛✉ n ❡ xk ✉♠❛ ✈❛r✐á✈❡❧ ❞❡ f ✳ P♦❞❡♠♦s

❡s❝r❡✈❡r f ❝♦♠♦ ✉♠❛ s♦♠❛✱ f =
∑n

i=0 fi✱ ♦♥❞❡ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ fi é ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉

i ♥❛ ✈❛r✐á✈❡❧ xk✳ ❈❛❞❛ ♣♦❧✐♥ô♠✐♦ fi é ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ i ❡♠ xk ❞♦

♣♦❧✐♥ô♠✐♦ f ✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❛♠♦s q✉❡ ♣♦❞❡♠♦s s❡♠♣r❡ ❡s❝r❡✈❡r

f =
∑

i1≥0,...,in≥0

f (i1,...,in),

♦♥❞❡ f (i1,...,in) é ❛ s♦♠❛ ❞❡ t♦❞♦s ♦s ♠♦♥ô♠✐♦s ❡♠ f ♦♥❞❡ x1, . . . , xn t❡♠ ❣r❛✉ i1, . . . , in✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖s ♣♦❧✐♥ô♠✐♦s f (i1,...,in) ♥ã♦ ♥✉❧♦s sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝♦♠♣♦♥❡♥t❡s

♠✉❧t✐❤♦♠♦❣ê♥❡❛s ❞❡ f ✳ ❆ss✐♠✱ t♦❞♦ ♣♦❧✐♥ô♠✐♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ s♦♠❛ ❞❡ ♣♦✲

❧✐♥ô♠✐♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s✳

❊①❡♠♣❧♦ ✶✳✺✳✸ ❈♦♥s✐❞❡r❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦

f(x1, x2, x3) = x1x2 + 3x1x3 − 2x2x3 + 4x1x2x3x2 + x22x1x3 − x2x1 ∈ SJ(X).

❆q✉✐ ❞❡❝✐❞✐♠♦s ♦♠✐t✐r ♦s sí♠❜♦❧♦s ✏◦✑ ❛✜♠ ❞❡ ❞❡✐①❛r ❛ ♥♦t❛çã♦ ♠❛✐s ✏❧❡✈❡✑✳ ◆♦t❡ q✉❡

t❡♠♦s ❛s s❡❣✉✐♥t❡s ❝♦♠♣♦♥❡♥t❡s ♠✉❧t✐❤♦♠♦❣ê♥❡❛s ❡♠ f ✿

❼ f (1,1,0) = x1x2 − x2x1❀

❼ f (1,0,1) = 3x1x3❀

❼ f (0,1,1) = −2x2x3❀

❼ f (1,2,1) = 4x1x2x3x2 + x22x1x3✳

❊ t❡♠♦s

f = f (1,1,0) + f (1,0,1) + f (0,1,1) + f (1,2,1).
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❖❜s❡r✈❛çã♦ ✶✳✺✳✹ ✭Pr♦❝❡ss♦ ❞❡ ▼✉❧t✐❧✐♥❡❛r✐③❛çã♦✮ ❉❛❞♦s ✉♠❛ á❧❣❡❜r❛ A ❡ ✉♠❛

✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥ô♠✐♦ f ♣❛r❛ A✳ P♦❞❡♠♦s ♦❜t❡r ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r q✉❡ é t❛♠✲

❜é♠ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A ❡ t❡♠ ❣r❛✉ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❞♦ q✉❡ ♦ ❣r❛✉ ❞❡ f ✳ ❖ ❛❧❣♦r✐t♠♦

♣❛r❛ ❞❡s❡♥✈♦❧✈❡r t❛❧ ♣r♦❝❡ss♦ é ♦ s❡❣✉✐♥t❡✿ s❡❥❛ f = f(x1, . . . , xn) ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♠

degx1f > 1✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦

g(y1, y2, x2, . . . , xn) := f(y1 + y2, x2, . . . , xn)− f(y1, x2, . . . , xn)− f(y2, x2, . . . , xn).

❈♦♠♦ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A✱ s❡❣✉❡ q✉❡ g t❛♠❜é♠ s❡rá ❡ ❝♦♠ ❣r❛✉ ♠❡♥♦r ♦✉ ✐❣✉❛❧

❞♦ q✉❡ f ❡♠ x1✳ ❙❡ degy1g = 1 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ degy2g = 1✮ ♦ ♣r♦❝❡ss♦ t❡r♠✐♥❛ ♣❛r❛ ❛

✈❛r✐á✈❡❧ y1 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❛r❛ ❛ ✈❛r✐á✈❡❧ y2✮✳ ❈❛s♦ ♦ ❣r❛✉ ❞❛s ♥♦✈❛s ✈❛r✐á✈❡✐s s❡❥❛♠

♠❛✐♦r ❞♦ q✉❡ 2 ♥❡ss❛ ♣❛r❝❡❧❛✱ ❜❛st❛ r❡❛❧✐③❛r ❡ss❡ ♣r♦❝❡ss♦ ♠❛✐s ✈❡③❡s ❛té ♦❜t❡r ❣r❛✉

1✳ ❋❛③❡♥❞♦ ❡ss❡ ♣r♦❝❡ss♦ ❡♠ ❝❛❞❛ ✈❛r✐á✈❡❧ ❡ ♣❛r❛♥❞♦ q✉❛♥❞♦ ♦❜t❡r♠♦s ✉♠ ♣♦❧✐♥ô♠✐♦

♠✉❧t✐❧✐♥❡❛r✱ ♦❜t❡♠♦s ♦ ❞❡s❡❥❛❞♦✳

❱❡❥❛♠♦s ✉♠ ❡①❡♠♣❧♦ ✭q✉❡ ✐r❡♠♦s ❝✐t❛r ♥♦✈❛♠❡♥t❡ ♥♦ ❈❛♣ít✉❧♦ ✺✮ ♣❛r❛ ✐❧✉str❛r

❡ss❡ ♣r♦❝❡ss♦✳

❊①❡♠♣❧♦ ✶✳✺✳✺ ❆ ❧✐♥❡❛r✐③❛çã♦ ❞♦ ♣♦❧✐♥ô♠✐♦

f =
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), x, xσ(3)), x)

é ❞❛❞❛ ♣♦r✿

g =
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), y, xσ(3)), z) +
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), z, xσ(3)), y).

❉❡ ❢❛t♦✱ t❡♠♦s q✉❡ ❛ ❧✐♥❡❛r✐③❛çã♦ é ❞❛❞❛ ♣♦r g = fz+y − fz − fy✱ ❞♦♥❞❡

g =
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), z + y, xσ(3)), z + y)−
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), z, xσ(3)), z)

−
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), y, xσ(3)), y)

=
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), y, xσ(3)), z) +
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), z, xσ(3)), y).

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s s❡rã♦ ❢❡rr❛♠❡♥t❛s ✐♠♣♦rt❛♥t❡s ♣❛r❛ t♦❞♦ ♦ ♥♦ss♦ t❡①t♦✳

▲❡♠❛ ✶✳✺✳✻ ❙❡❥❛ f(x1, . . . , xm) =
∑n

i=0 fi(x1, . . . , xm) ∈ SJ(X) ♦♥❞❡ fi é ❛ ❝♦♠♣♦✲

♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ f ❝♦♠ ❣r❛✉ i ❡♠ xk✱ ♣❛r❛ ❛❧❣✉♠ k = 1✱ ✳ ✳ ✳ ✱ m ✜①❛❞♦✳

✭✐✮ ❙❡ ♦ ❝♦r♣♦ K ❝♦♥té♠ ♠❛✐s q✉❡ n ❡❧❡♠❡♥t♦s✱ ❡♥tã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❤♦♠♦❣ê♥❡❛s

fi✬s sã♦ ❝♦♥s❡q✉ê♥❝✐❛s ❞❡ f ✱ ♦♥❞❡ i = 1, 2, . . . , n❀
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✭✐✐✮ ❙❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦ é ③❡r♦ ♦✉ ♠❛✐♦r q✉❡ ♦ ❣r❛✉ ❞❡ f ✱ ❡♥tã♦ f é ❡q✉✐✈❛❧❡♥t❡

❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✿ (i) ❙❡❥❛ I = 〈f〉T ♦ T ✲✐❞❡❛❧ ❞❡ SJ(X) ❣❡r❛❞♦ ♣♦r f ✳ ❊s❝♦❧❤❛♠♦s

n + 1 ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❞❡ K✱ ❞✐❣❛♠♦s α0, . . . , αn✳ ❈♦♠♦ I é ✉♠ T ✲✐❞❡❛❧✱ ♦❜t❡♠♦s

q✉❡

f(αjx1, x2, . . . xm) =
n∑

i=0

αijfi(x1, x2, . . . xm) ∈ I,

♣❛r❛ ❝❛❞❛ j = 0, 1, . . . , n✳ ❈♦♥s✐❞❡r❡♠♦s ❡st❛s ❡q✉❛çõ❡s ❝♦♠♦ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❝♦♠

✐♥❝ó❣♥✐t❛s fi ♣❛r❛ i = 0, 1, . . . , n✳ ❙❡♥❞♦ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ❱❛♥❞❡r♠♦♥❞❡✱
∣∣∣∣∣∣∣∣∣∣∣∣

1 α0 . . . αn0

1 α1 . . . αn1
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

1 αn . . . αnn

∣∣∣∣∣∣∣∣∣∣∣∣

=
∏

i<j

(αj − αi)

é ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ t❡♠♦s q✉❡ ❝❛❞❛ fi(x1, x2, . . . xm) ∈ I✱ ♦✉ s❡❥❛✱ ❝❛❞❛ fi é ❝♦♥s❡q✉ê♥❝✐❛

❞♦ ♣♦❧✐♥ô♠✐♦ f ✳

(ii) P❡❧♦ ✐t❡♠ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ f é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳ ❆♣❧✐❝❛♥❞♦ ♦

♣r♦❝❡ss♦ ❞❡ ❧✐♥❡❛r✐③❛çã♦✿ s❡ degx1f = d > 1✱ ❡♥tã♦

h(y1, y2, x2, . . . , xn) = f(y1 + y2, x2, . . . , xn)

❊ ❛ss✐♠✱ h(x1, x1, x2, . . . , xn) = nf(x1, x2, . . . , xn) ❡ ♣❡❧❛ ❤✐♣ót❡s❡ f é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡

h✳ ❖ r❡s✉❧t❛❞♦ s❡❣✉❡ ❛♣❧✐❝❛♥❞♦ ✐♥❞✉çã♦ s♦❜r❡ h✳ �

❚❡♥❞♦ ❡ss❡ r❡s✉❧t❛❞♦ ❡♠ ♠ã♦s✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✿

❈♦r♦❧ár✐♦ ✶✳✺✳✼ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❊♥tã♦✱

✭✐✮ ❙❡ ♦ ❝♦r♣♦ K é ✐♥✜♥✐t♦✱ t♦❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A s❡❣✉❡♠ ❞❡ s✉❛s

✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❤♦♠♦❣ê♥❡❛s✳

✭✐✐✮ ❙❡ ♦ ❝♦r♣♦ K t❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A s❡✲

❣✉❡♠ ❞❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s✳

❊①❡♠♣❧♦ ✶✳✺✳✽ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ q✉❛❧q✉❡r ❡ C ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ✭♥❛ ❝❧❛ss❡

❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✮✳ P♦❞❡♠♦s ❞❡✜♥✐r ❛ á❧❣❡❜r❛ A ⊗ C✳ ❊♠ ❣❡r❛❧✱ ❛❧❣✉♠❛s ❞❛s

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A ♣♦❞❡♠ ♥ã♦ s❡r ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ A⊗C✳ ❉❛í✱ ❞✐③❡♠♦s q✉❡
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f ∈ T (A) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❡stá✈❡❧ ❞❡ A✱ s❡ ♣❛r❛ t♦❞❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ C ✭♥❛

❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✮✱ t❡♠♦s f ∈ T (A⊗ C)✳
❖❜s❡r✈❡ q✉❡ s❡ charK = 0 ❡ C é ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s

❛ss♦❝✐❛t✐✈❛s✱ ❡♥tã♦ t♦❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ A é ❡stá✈❡❧✳ ❈♦♠ ❡❢❡✐t♦✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r✱

♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛♣❡♥❛s ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s✳ ❙❡❥❛ f = f(x1, . . . , xn) ✉♠❛

✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A ♠✉❧t✐❧✐♥❡❛r✳ ❆ss✐♠✱ ♣❛r❛ ♣r♦✈❛r q✉❡ f ∈ T (A ⊗ C)✱ é

s✉✜❝✐❡♥t❡ ✈❡r✐✜❝❛r ♣❛r❛ ❡❧❡♠❡♥t♦s ❣❡r❛❞♦r❡s ❞❡ A⊗C✳ ❙❡❥❛♠ a1⊗ c1, . . . an⊗ cn✱ ❝♦♠
a1, . . . , an ∈ A ❡ c1, . . . , cn ∈ C✳ ❈♦♠♦ f é ♠✉❧t✐❧✐♥❡❛r✱ ❡♥tã♦

f(a1 ⊗ c1, . . . , an ⊗ cn) = f(a1, . . . , an)⊗ c1 · · · cn = 0.

■♠♣❧✐❝❛♥❞♦ ♦ r❡s✉❧t❛❞♦✳

❖❜s❡r✈❛çã♦ ✶✳✺✳✾ ❆s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s q✉❡ s❡ ❡♥❝♦♥tr❛♠ ♥❡st❛ s❡çã♦✱ ❝♦♠ ♠í✲

♥✐♠❛s ❛❞❛♣t❛çõ❡s✱ ❝♦♥t✐♥✉❛♠ s❡♥❞♦ ✈á❧✐❞❛s ♣❛r❛ á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛✐s ❝♦♠ ✉♠❛

G✲❣r❛❞✉❛çã♦✱ ♦♥❞❡ G é ✉♠ ❣r✉♣♦✳

✶✳✻ ❘❡♣r❡s❡♥t❛çõ❡s ❞♦ ❣r✉♣♦ s✐♠étr✐❝♦ ❡ ❞♦ ❣r✉♣♦ ❣❡✲

r❛❧ ❧✐♥❡❛r

◆❡st❛ s❡çã♦✱ ❢❛r❡♠♦s ✉♠ ❜r❡✈❡ r❡s✉♠♦ ❞❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞♦ ❣r✉♣♦

s✐♠étr✐❝♦ ❡ ❞♦ ❣r✉♣♦ ❣❡r❛❧ ❧✐♥❡❛r✱ ❝♦♠ ❛♣❧✐❝❛çõ❡s ♥❛ t❡♦r✐❛ ❞❡ P■✲á❧❣❡❜r❛s✳ P❛r❛ ♠❛✐♦r

❞❡t❛❧❤❡s✱ ✐♥❞✐❝❛♠♦s ❬✶✼✱ ❈❛♣ít✉❧♦ ✽❪✳

❊♠ t♦❞❛ s❡çã♦✱ ❛ss✉♠✐♠♦s K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ✵✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛♣r❡s❡♥t❛♠♦s ❝♦♥❝❡✐t♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ♠ó❞✉❧♦s✱ q✉❡ s❡rã♦ ❞❡

❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❡st❛ s❡çã♦✳

❉❡✜♥✐çã♦ ✶✳✻✳✶ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛✳ ❉❡✜♥✐♠♦s ✉♠ A✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛

s♦❜r❡ A ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ A✲♠ó❞✉❧♦✮ ❝♦♠♦ s❡♥❞♦ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ M ✱ ♠✉♥✐❞♦ ❞❡

✉♠ ♣r♦❞✉t♦✿

· : A×M → M

(a,m) 7→ a ·m

q✉❡ s❛t✐s❢❛③✿

✭✐✮ (a1 + a2) ·m = a1 ·m+ a2 ·m❀

✭✐✐✮ a · (m1 +m2) = a ·m1 + a ·m2❀

✭✐✐✐✮ (λa) ·m = a · (λm) = λ(a ·m)❀
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✭✐✈✮ a1 · (a2 ·m) = (a1a2) ·m❀

✭✈✮ 1A ·m = m✱

♣❛r❛ q✉❛✐sq✉❡r a, a1, a2 ∈ A,m,m1,m2 ∈M ❡ λ ∈ K✳

❊①❡♠♣❧♦ ✶✳✻✳✷ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱ ❡♥tã♦ A é ♥❛t✉r❛❧♠❡♥t❡ ✉♠ ♠ó❞✉❧♦

s♦❜r❡ s✐ ♠❡s♠❛✱ ❝✉❥♦ ♣r♦❞✉t♦ é ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❛ á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✶✳✻✳✸ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ ❱ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ϕ : G → GL(V ) ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s✱ ♦♥❞❡ ϕ(g) = ϕg✳ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦

· : KG× V → V

(
∑

g∈G

λgg, v) →
∑

g∈G

λgg · v =
∑

g∈G

λgϕg(v).

◆♦t❡ q✉❡ V ✱ ♠✉♥✐❞♦ ❞❡ss❛ ❛♣❧✐❝❛çã♦✱ é ✉♠ KG✲♠ó❞✉❧♦ ✭♦✉ s✐♠♣❧❡s♠❡♥t❡✱ G✲♠ó❞✉❧♦✮✱

♦♥❞❡ ❛s ❝♦♥❞✐çõ❡s ❞❛ ❉❡✜♥✐çã♦ ✶✳✻✳✶ s❡❣✉❡♠ ❞♦ ❢❛t♦ ❞❡ q✉❡ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡

❣r✉♣♦s ❡ ϕg é ❧✐♥❡❛r✱ ♣❛r❛ ❝❛❞❛ g ∈ G✳

❊①❡♠♣❧♦ ✶✳✻✳✹ ❉❡♥♦t❡ ♣♦r Sn ♦ ❣r✉♣♦ s✐♠étr✐❝♦ ♥♦s ❡❧❡♠❡♥t♦s {1, 2, . . . , n}✳ ❙❡❥❛ Pn
♦ s✉❜❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ K〈X〉 ♥❛s ✈❛r✐á✈❡✐s x1, x2, . . . , xn✳ ❚❡♠♦s

q✉❡ β = {xσ(1)xσ(2) · · · xσ(n) | σ ∈ Sn} é ✉♠❛ ❜❛s❡ ❞❡ Pn✳ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r

· : KSn × Pn → Pn q✉❡ s❛t✐s❢❛③

σ · (xi1xi2 · · · xin) = xσ(i1)xσ(i2) · · · xσ(in)

♦♥❞❡ σ ∈ Sn ❡ xi1xi2 · · · xin ∈ β✱ ❝♦♠ {i1, i2, . . . , in} = {1, 2, . . . , n}✳ ▼✉♥✐❞♦ ❞❡ss❡

♣r♦❞✉t♦✱ t❡♠♦s q✉❡ Pn é ✉♠ KSn✲♠ó❞✉❧♦✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ✉♠ Sn✲♠ó❞✉❧♦✳

❖❜s❡r✈❛çã♦ ✶✳✻✳✺ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✱ é ♣♦ssí✈❡❧

❞❡✜♥✐r ♠ó❞✉❧♦ à ❞✐r❡✐t❛✳

❉❡✜♥✐çã♦ ✶✳✻✳✻ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡M ✉♠ A✲♠ó❞✉❧♦✳ ❉❡✜♥✐♠♦s ✉♠ s✉❜♠ó❞✉❧♦

✭♦✉ A✲s✉❜♠ó❞✉❧♦✮ ❞❡ M ❝♦♠♦ s❡♥❞♦ ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ N ❞❡ M t❛❧ q✉❡ a · n ∈ N ✱

♣❛r❛ q✉❛✐sq✉❡r a ∈ A ❡ n ∈ N ✳ ❙❡ N 6= {0} ❡ ♥ã♦ ❡①✐st❡ ♥❡♥❤✉♠ s✉❜♠ó❞✉❧♦ N1 ❞❡ M

t❛❧ q✉❡ {0} 6= N1 ( N ✱ ❞✐③❡♠♦s q✉❡ N é ♠✐♥✐♠❛❧✳ ❙❡ ♦s ú♥✐❝♦s s✉❜♠ó❞✉❧♦s ❞❡ M

sã♦ {0} ❡ M ✱ ❞✐③❡♠♦s q✉❡ M é ✉♠ A✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ✭♦✉ s✐♠♣❧❡s✮✳

❊①❡♠♣❧♦ ✶✳✻✳✼ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❡str✉t✉r❛ ❞❡ A✲♠ó❞✉❧♦ ❞❛ á❧❣❡❜r❛ A✱ é ❢á❝✐❧ ✈❡r q✉❡

♦s s✉❜♠ó❞✉❧♦s ❞❡ A sã♦ ❡①❛t❛♠❡♥t❡ s❡✉s ✐❞❡❛✐s à ❡sq✉❡r❞❛✳

❉❡✜♥✐çã♦ ✶✳✻✳✽ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡✱ M1 ❡ M2 A✲♠ó❞✉❧♦s✳ ❉✐③❡♠♦s q✉❡ ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ϕ : M1 → M2 é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s s❡✱ ♣❛r❛ q✉❛✐s✲

q✉❡r a ∈ A ❡ m ∈M1✱ t❡♠♦s ϕ(a ·m) = a ·ϕ(m)✳ ❙❡ ϕ é ❜✐❥❡t✐✈♦✱ ❞✐③❡♠♦s q✉❡ ϕ é ✉♠

✐s♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s ❡ q✉❡ M1 ❡ M2 sã♦ A✲♠ó❞✉❧♦s ✐s♦♠♦r❢♦s✳
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❙❡❥❛ N ✉♠ ❆✲s✉❜♠ó❞✉❧♦ ❞❡M ✳ ➱ ❢á❝✐❧ ♦❜s❡r✈❛r q✉❡M/N ❢♦r♠❛❞♦ ♣♦r ❡❧❡♠❡♥t♦s

❞❛ ❢♦r♠❛ x+N ✱ ❤❡r❞❛rá ✉♠❛ ❡str✉t✉r❛ ❞❡ A✲♠ó❞✉❧♦ ❞❡✜♥✐❞❛ ♣♦r a(x+N) = ax+N ✳

❊st❡ ♠ó❞✉❧♦ M/N é ❝❤❛♠❛❞♦ ♦ ♠ó❞✉❧♦ q✉♦❝✐❡♥t❡ ❞❡ M ♣♦r N ✳

❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ✉♥✐tár✐❛ ❡✱ M ❡ N A✲♠ó❞✉❧♦s✳ ❉❡✜♥✐♠♦s ♦ ♣r♦❞✉t♦ t❡♥s♦✲

r✐❛❧ ❞❡ N ♣♦r M ✐❣✉❛❧♠❡♥t❡ ♥♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✶✽✳ ❆q✉✐ ♦ ❡s❝❛❧❛r s❡rá ❛

á❧❣❡❜r❛ A✳

◆❡st❡ ♠♦♠❡♥t♦✱ ✐r❡♠♦s ❡♥tr❛r ♥♦ ❛ss✉♥t♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ♣r♦♣r✐❛♠❡♥t❡ ❞✐t♦✳

❆ss✐♠✱ ❝♦♥s✐❞❡r❡♠♦s V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ s❡❥❛ GL(V ) ♦ ❣r✉♣♦ ❞♦s ❡♥❞♦♠♦r✜s♠♦s

✐♥✈❡rtí✈❡✐s ❞❡ V ✳

❉❡✜♥✐çã♦ ✶✳✻✳✾ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠ ❣r✉♣♦ G ❡♠ V é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡

❣r✉♣♦s ρ : G→ GL(V )✳

❉❡✜♥✐♠♦s ♦ ❣r❛✉ ❞❛ r❡♣r❡s❡♥t❛çã♦ ρ ❝♦♠♦ s❡♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

V ✳ ◆❡st❡ ❝❛s♦✱ s❡ dimV = n é ✜♥✐t❛✱ ♣♦❞❡♠♦s ✈❡r ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ❞❡ G ❡♠

V ❝♦♠♦ s❡♥❞♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ρ : G→ GLn(K)✳

❉❡♥♦t❛♠♦s ♣♦r End(V ) ❛ á❧❣❡❜r❛ ❞♦s K✲❡♥❞♦♠♦r✜s♠♦s ❞❡ V ✳ ❈♦♥s✐❞❡r❛♥❞♦

❛ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦ KG ❡ ρ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G ❡♠ V ✱ s❡❣✉❡ q✉❡ ρ ✐♥❞✉③ ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ K✲á❧❣❡❜r❛s ρ′ : KG→ End(V ) t❛❧ q✉❡ ρ′(1G) = 1✳

❖❜s❡r✈❛çã♦ ✶✳✻✳✶✵ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❣r✉♣♦ G ❞❡t❡r♠✐♥❛ ✉♠ KG✲♠ó❞✉❧♦ ✭♦✉

G✲♠ó❞✉❧♦✮ ❞❡ ♠♦❞♦ ú♥✐❝♦✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ s❡ ρ : G→ GL(V ) é ✉♠❛ r❡♣r❡s❡♥t❛çã♦

❞❡ G✱ V t♦r♥❛✲s❡ ✉♠ G✲♠ó❞✉❧♦ ✭à ❡sq✉❡r❞❛✮ ❞❡✜♥✐♥❞♦ gv = ρ(g)(v)✱ ♣❛r❛ t♦❞♦ g ∈
G✱ v ∈ V ✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ M é ✉♠ G✲♠ó❞✉❧♦✱ ❡♥tã♦ ρ : G → GL(M) t❛❧ q✉❡

ρ(g)(m) = gm✱ ♣❛r❛ g ∈ G✱ m ∈ M ✱ ❞❡✜♥❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G ❡♠ M ✱ ♣♦r

❡①t❡♥sã♦✳ ❆q✉✐✱ M ❡stá s❡♥❞♦ ✈✐st♦ ❝♦♠ s❡✉s ❡s❝❛❧❛r❡s s♦❜r❡ K✱ ♦✉ s❡❥❛✱ M é ✉♠

❡s♣❛ç♦ ✈❡t♦r✐❛❧✳

❉❡✜♥✐çã♦ ✶✳✻✳✶✶ ❙❡❥❛ ρ : G→ GL(V ) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❣r✉♣♦ G ❡♠ V ✳ ❉✐③❡♠♦s

q✉❡ ρ é ✐rr❡❞✉tí✈❡❧ s❡ V é ✉♠ G✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧✳ ❊✱ ρ é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧

✭♦✉ s❡♠✐ss✐♠♣❧❡s✮ s❡ V é s♦♠❛ ❞✐r❡t❛ ❞❡ s✉❜♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s✳

❚❡♦r❡♠❛ ✶✳✻✳✶✷ ✭▼❛s❝❤❦❡✮ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ K ✉♠ ❝♦r♣♦ ❞❡ ♠♦❞♦ q✉❡

charK = 0 ♦✉ charK = p > 0✱ ❝♦♠ p ∤ |G|✳ ❊♥tã♦✱ t♦❞❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❣r✉♣♦ G

❞❡ ❣r❛✉ ✜♥✐t♦ é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✳ ❆❧é♠ ❞✐ss♦✱ s❡ K é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱

KG é s❡♠✐ss✐♠♣❧❡s✳
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❙❡❥❛♠ ρ : G → GL(V ) ✉♠❛ K✲r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r✱ ♦♥❞❡ charK ♥ã♦ ❞✐✈✐❞❡ |G|✱
❡ ♦ G✲♠ó❞✉❧♦ V ✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡✱ s❡❣✉❡ q✉❡ V é ✉♠❛

s♦♠❛ ❞✐r❡t❛ ❞❡ KG✲s✉❜♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s✱ ♦✉ s❡❥❛✱

V = W1 ⊕W2 ⊕ · · · ⊕Wn.

❯♠ ❡❧❡♠❡♥t♦ e ∈ KG é ✐❞❡♠♣♦t❡♥t❡ s❡ e2 = e✳ ❉✐③❡♠♦s q✉❡ ✉♠ ✐❞❡♠♣♦t❡♥t❡

é ♠✐♥✐♠❛❧ s❡ ❣❡r❛ ✉♠ ✐❞❡❛❧ à ❡sq✉❡r❞❛ ✭r❡s♣✳ à ❞✐r❡✐t❛✮ ♠✐♥✐♠❛❧✳

❉❡✜♥✐çã♦ ✶✳✻✳✶✸ ❙❡❥❛ ρ : G → GL(V ) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ❛

❢✉♥çã♦ tr❛ç♦ tr : End(V )→ K✳ ❊♥tã♦✱ ❛ ❢✉♥çã♦ χρ : G→ K ❡♠ q✉❡ χρ(g) = tr(ρ(g))

é ❝❤❛♠❛❞♦ ❞❡ ❝❛r❛❝t❡r ❞❛ r❡♣r❡s❡♥t❛çã♦ ρ ❡ dimV = degχρ é ❝❤❛♠❛❞♦ ♦ ❣r❛✉ ❞❡ χρ✳

❉✐③❡♠♦s q✉❡ ♦ ❝❛r❛❝t❡r χρ é ✐rr❡❞✉tí✈❡❧✱ s❡ ρ é ✐rr❡❞✉tí✈❡❧✳

❊①❡♠♣❧♦ ✶✳✻✳✶✹ ❈♦♥s✐❞❡r❡ G ✉♠ ❣r✉♣♦✳ ❙❡♥❞♦ ϕ0 : G→ GL(V ) ✉♠❛ r❡♣r❡s❡♥t❛çã♦

tr✐✈✐❛❧ ❞❡ ❣r❛✉ ✜♥✐t♦✱ s❡❣✉❡ q✉❡ χϕ(g) = dimKV ♣❛r❛ t♦❞♦ g ∈ G✳

✶✳✻✳✶ ❘❡♣r❡s❡♥t❛çõ❡s ❞♦ ❣r✉♣♦ s✐♠étr✐❝♦

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ❝♦♥❝❡✐t♦s ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s às r❡♣r❡s❡♥t❛çõ❡s

❞♦ ❣r✉♣♦ s✐♠étr✐❝♦✳

❉❡✜♥✐çã♦ ✶✳✻✳✶✺ ❙❡❥❛ n ≥ 1✳ ❯♠❛ ♣❛rt✐çã♦ λ ❞❡ n é ✉♠❛ r✲✉♣❧❛ λ = (λ1, . . . , λr) ❞❡

♥ú♠❡r♦s ♥❛t✉r❛✐s✱ t❛❧ q✉❡ λ1 ≥ . . . ≥ λr > 0 ❡
∑r

i=1 λi = n✳ ◆❡st❡ ❝❛s♦✱ ❡s❝r❡✈❡♠♦s

λ ⊢ n ♦✉ |λ| = n✳

❉❡✜♥✐çã♦ ✶✳✻✳✶✻ ❙❡♥❞♦ λ = (λ1, λ2, . . . , λr) ⊢ n✱ ❞❡✜♥✐♠♦s ♦ ❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣

Dλ ❞❛ ♣❛rt✐çã♦ λ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ Dλ = {(i, j) ∈ N×N, 1 ≤ i ≤ r, 1 ≤ j ≤ ni}.

❖❜s❡r✈❛çã♦ ✶✳✻✳✶✼ P❛r❛ r❡♣r❡s❡♥t❛r Dλ✱ ✐r❡♠♦s s✉❜st✐t✉✐r ♣♦♥t♦s ♣♦r ❝é❧✉❧❛s✳ ◆❡st❛

r❡♣r❡s❡♥t❛çã♦✱ ❛ ❝é❧✉❧❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ (i, j) ∈ Dλ ❡stá ♥❛ ✐✲és✐♠❛ ❧✐♥❤❛ ❡ ❥✲és✐♠❛

❝♦❧✉♥❛✳ ❖ í♥❞✐❝❡ ❞❛s ❧✐♥❤❛s ✭♣r✐♠❡✐r❛ ❝♦♦r❞❡♥❛❞❛ i✮✱ ❛✉♠❡♥t❛ ❞❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦ ❡ ♦

❞❛s ❝♦❧✉♥❛s ✭s❡❣✉♥❞❛ ❝♦♦r❞❡♥❛❞❛ j✮ ❛✉♠❡♥t❛ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✳

❊①❡♠♣❧♦ ✶✳✻✳✶✽ ❈♦♥s✐❞❡r❡ λ = (4, 2, 2, 1) ✉♠❛ ♣❛rt✐çã♦ ❞♦ ♥ú♠❡r♦ 9✳ ❚❡♠♦s ❡♥tã♦

q✉❡ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣ Dλ é ❞❛❞♦ ♣♦r✿

Dλ = .



✸✻

❚❡♦r❡♠❛ ✶✳✻✳✶✾ ❙❡❥❛♠ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ✵ ❡ n ≥ 1✳ ❊①✐st❡ ✉♠❛ ❝♦rr❡s✲

♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❡♥tr❡ ♦s Sn✲❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s ❡ ❛s ♣❛rt✐çõ❡s ❞❡ n✳ ❆❧é♠ ❞✐ss♦✱

s❡ χλ : λ ⊢ n é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s ❞❡ Sn ❡ dλ = χλ(1) é ♦

❣r❛✉ ❞❡ χλ✱ λ ⊢ n✱ ❡♥tã♦

KSn =
⊕

λ⊢n

Iλ ∼=
⊕

λ⊢n

Mdλ(K),

♦♥❞❡ Iλ ∼= Mdλ(K) é ♦ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❞❡ KSn ❛ss♦❝✐❛❞♦ ❛ λ✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✼✱ ❚❤❡♦r❡♠ ✸✳✶✳✷✹❪✳ �

❉❡✜♥✐çã♦ ✶✳✻✳✷✵ ❙❡❥❛ λ ⊢ n✳ ❯♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ Tλ ❞♦ ❞✐❛❣r❛♠❛ Dλ ❝♦♥s✐st❡ ❡♠

♣r❡❡♥❝❤❡r ♦s q✉❛❞r❛❞♦s ❞♦ ❞✐❛❣r❛♠❛ ❝♦♠ ♦s ♥ú♠❡r♦s 1, . . . , n✳ ❉✐③❡♠♦s q✉❡ Tλ é ✉♠❛

t❛❜❡❧❛ ❞❡ ❢♦r♠❛ λ✳

❉❡✜♥✐çã♦ ✶✳✻✳✷✶ ❯♠❛ t❛❜❡❧❛ Tλ ❞❡ ❢♦r♠❛ λ é ❙t❛♥❞❛r❞✱ s❡ ♦s ✐♥t❡✐r♦s ❡♠ ❝❛❞❛

❧✐♥❤❛ ❡ ❡♠ ❝❛❞❛ ❝♦❧✉♥❛ ❞❡ Tλ ❝r❡s❝❡♠ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛ ❡ ❞❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊①❡♠♣❧♦ ✶✳✻✳✷✷ ❈♦♥s✐❞❡r❡♠♦s ❛s s❡❣✉✐♥t❡s t❛❜❡❧❛s ❞❡ ❨♦✉♥❣✿

T1 =

1 3 4 5
2 7
6 8
9

❡

T2 =

2 3 4 5
1 7
6 8
9

.

P❡❧♦ q✉❡ ❞❡✜♥✐♠♦s ❛❝✐♠❛✱ T1 é ✉♠❛ t❛❜❡❧❛ ❙t❛♥❞❛r❞✱ ♠❛s T2 ♥ã♦ é✳

P❛r❛ ❝❛❞❛ ♣❛rt✐çã♦ λ ❞❡ n✱ ♣♦❞❡♠♦s r❡❧❛❝✐♦♥❛r n! t❛❜❡❧❛s ❞✐st✐♥t❛s ❛ss♦❝✐❛❞❛s ❛s

t❛❜❡❧❛s ❞❡ ❨♦✉♥❣ Dλ✳ ❊♥tr❡ ❡st❛s✱ ♣♦❞❡♠♦s ❞❡st❛❝❛r ❛s t❛❜❡❧❛s st❛♥❞❛r❞✱ q✉❡ s❡rã♦

❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ❡♠ r❡s✉❧t❛❞♦s ♥♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✳

■r❡♠♦s ❝♦♥s✐❞❡r❛r ❛❣♦r❛ ♦s ❡❧❡♠❡♥t♦s ❞❛ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦s✱ ❛✜♠ ❞❡ ❞❡✜♥✐r ✉♠

❡❧❡♠❡♥t♦ ✏q✉❛s❡✑ ✐❞❡♠♣♦t❡♥t❡ ❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❡st❡s ❡ ♦s G✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s✳

P❛r❛ ✐st♦✱ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✻✳✷✸ ❖ ❡st❛❜✐❧✐③❛❞♦r ❞❡ ❧✐♥❤❛s RTλ ❞❡ ✉♠ ❞❛❞❛ t❛❜❡❧❛ Tλ é ♦ s✉❜❣r✉♣♦

❞❡ Sn q✉❡ ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ♣❡r♠✉t❛çõ❡s q✉❡ ✜①❛♠✱ ❝♦♠♦ ❝♦♥❥✉♥t♦✱ ❛s ❡♥tr❛❞❛s ❞❛s

❧✐♥❤❛s ❞❡ Tλ✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♦ ❡st❛❜✐❧✐③❛❞♦r ❞❡ ❝♦❧✉♥❛s CTλ é ♦ s✉❜❣r✉♣♦ ❞❡ Sn q✉❡ ✜①❛

❛s ❝♦❧✉♥❛s✳
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❈♦♠♦ ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ T1✱ ❞❛❞♦ ♥♦ ❊①❡♠♣❧♦ ✶✳✻✳✷✷✱

t❡♠♦s q✉❡

RTλ = S{1,3,4,5} × S{2,7} × S{6,8} × S{9}

❡

CTλ = S{1,2,6,9} × S{3,7,8} × S{4} × S{5}.

❉❡✜♥✐çã♦ ✶✳✻✳✷✹ P❛r❛ ✉♠❛ ❞❛❞❛ t❛❜❡❧❛ Tλ✱ ❞❡✜♥❛

eTλ =
∑

σ∈RTλ

∑

τ∈CTλ

(−1)τστ

❡♠ q✉❡ (−1)τ é ♦ s✐♥❛❧ ❞❛ ♣❡r♠✉t❛çã♦ τ ✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❞❡s❝r❡✈❡✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✱ ❛s r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✲

✈❡✐s ❞❡ Sn✳

❚❡♦r❡♠❛ ✶✳✻✳✷✺ P❛r❛ t♦❞❛ t❛❜❡❧❛ Tλ ❞❡ ❢♦r♠❛ λ ⊢ n✱ ♦ ❡❧❡♠❡♥t♦ eTλ é ♠ú❧t✐♣❧♦

❡s❝❛❧❛r ❞❡ ✉♠ ✐❞❡♠♣♦t❡♥t❡ ♠✐♥✐♠❛❧ ❞❡ KSn ❡ KSneTλ é ♦ ✐❞❡❛❧ ♠✐♥✐♠❛❧ à ❡sq✉❡r❞❛

❝♦♠ ❝❛r❛❝t❡r χλ✳ ❆❧é♠ ❞✐ss♦✱ s❡ µ ⊢ n é ♦✉tr❛ ♣❛rt✐çã♦ ❞❡ n✱ ❡♥tã♦

KSneTλ ∼= KSneTµ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ λ = µ.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✼✱ ❚❡♦r❡♠❛ ✸✳✶✳✶✵❪✳ �

✶✳✻✳✷ Sn✲❛çõ❡s ♥♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s Pn

❈♦♠♦ ✈✐♠♦s ♥❛ ❙❡çã♦ ✶✳✺✱ ♦ ❡st✉❞♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ ✉♠❛ á❧❣❡❜r❛ A✱ ❡♠

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ♣♦❞❡ s❡r r❡❞✉③✐❞♦ ❛♦ ❡st✉❞♦ ❞❛s ♠✉❧t✐❧✐♥❡❛r❡s✳ ◆❡st❛ s❡çã♦✱ ✐r❡♠♦s

❛♣r❡s❡♥t❛r ✉♠❛ ❛çã♦ ❞♦ ❣r✉♣♦ s✐♠étr✐❝♦ Sn ♥♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✱

❡♠ n ✈❛r✐á✈❡✐s ✜①❛s✱ ♥❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ SJ(X)✳ ❆q✉✐✱ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ SJ(X)

❝♦♠ ❛ ❣r❛❞✉❛çã♦ tr✐✈✐❛❧✳

❙❡❥❛ Pn ♦ ❡s♣❛ç♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❡♠ x1, . . . , xn ♥❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥

❡s♣❡❝✐❛❧ ❧✐✈r❡ SJ(X)✳ ◆♦ ❊①❡♠♣❧♦ ✶✳✻✳✹✱ ❝♦♠ ♣❡q✉❡♥❛s ❛❞❛♣t❛çõ❡s té❝♥✐❝❛s✱ ✈✐♠♦s q✉❡

♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Pn t❡♠ ✉♠❛ ❡str✉t✉r❛ ❞❡ Sn✲♠ó❞✉❧♦✳

❱❡❥❛♠♦s ♦ ❝❛s♦ Z2✲❣r❛❞✉❛❞♦ ❞❡st❡ ❢❛t♦✳
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P❛r❛ ❝❛❞❛ n+ k ≥ 1 ❡ k ≥ 0✱ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Pk,n ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s

❞❡ ❣r❛✉ n+ k ♥❛s ✈❛r✐á✈❡✐s x1, . . . , xk, y1, . . . , yn é ✉♠ Sk × Sn✲♠ó❞✉❧♦ s♦❜ ❛ ❛çã♦

(λ, µ)f(x1, . . . , xk, y1, . . . , yn) = f(xλ(1), . . . , xλ(k), yµ(1), . . . , yµ(n)).

❖❜s❡r✈❡ q✉❡ Pk,n ∩ Id2(A) é ✉♠ s✉❜♠ó❞✉❧♦ Z2✲❣r❛❞✉❛❞♦✳ ❈♦♥s✐❞❡r❛♥❞♦ A ✉♠❛

á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛❧ Z2✲❣r❛❞✉❛❞❛✱ t❡♠♦s q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r✱ ♣♦r s✉❛ ✈❡③✱

✐♥❞✉③ ✉♠❛ ❡str✉t✉r❛ ❞♦ Sk × Sn✲♠ó❞✉❧♦ ❛♦ ❡s♣❛ç♦✿

Pk,n(A) =
Pk,n

(Pk,n ∩ Id2(A))
.

✶✳✻✳✸ ❆ ❛çã♦ ❞♦ ❣r✉♣♦ ❣❡r❛❧ ❧✐♥❡❛r GLm

❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ m✲❞✐♠❡♥s✐♦♥❛❧✳ ■❞❡♥t✐✜❝❛♠♦s GLm ❝♦♠♦ ♦ ❣r✉♣♦ ❞❛s ♠❛✲

tr✐③❡s ✐♥✈❡rtí✈❡✐s ❞❡ ♦r❞❡♠ m ❝♦♠ ❡♥tr❛❞❛s ❡♠ K ✐s♦♠♦r❢❛ à GL(V )✳

❉❡✜♥✐çã♦ ✶✳✻✳✷✻ ❙❡❥❛ ϕ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❣r✉♣♦ ❣❡r❛❧ ❧✐♥❡❛r GLm✱ ❞✐❣❛♠♦s

ϕ : GLm → GLs✱ ♣❛r❛ ❛❧❣✉♠ s✳ ❆ r❡♣r❡s❡♥t❛çã♦ ϕ é ❞✐t❛ ♣♦❧✐♥♦♠✐❛❧ s❡ ❛s ❡♥tr❛✲

❞❛s (ϕ(g))pq ❞❛ ♠❛tr✐③ ϕ(g) ❞❡ ♦r❞❡♠ s sã♦ ♣♦❧✐♥ô♠✐♦s ♥❛s ❡♥tr❛❞❛s akl ❞❡ ❣r❛✉ g ♣❛r❛

g ∈ GLm✱ k✱ l = 1, . . . ,m ❡ p✱ q = 1, . . . , s✳ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ ♣♦❧✐♥♦♠✐❛❧ ϕ é ❤♦♠♦✲

❣ê♥❡❛ ❞❡ ❣r❛✉ d s❡ ♦s ♣♦❧✐♥ô♠✐♦s (ϕ(g))pq sã♦ ❤♦♠♦❣ê♥❡♦s ❞❡ ❣r❛✉ d✳ ❯♠ GLm✲♠ó❞✉❧♦

W é ♣♦❧✐♥♦♠✐❛❧✱ s❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ é ♣♦❧✐♥♦♠✐❛❧✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱

❞❡✜♥✐♠♦s ♠ó❞✉❧♦s ♣♦❧✐♥♦♠✐❛✐s ❤♦♠♦❣ê♥❡♦s✳

❋✐①❡♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Vm ❝♦♠ ❜❛s❡ {x1, . . . , xm} ❡ ❝♦♠ ❛ ❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡

GLm✳ ❆ss✉♠✐♠♦s q✉❡

SJ(Vm) = SJ(x1, . . . , xm)

é ❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛❧ ❧✐✈r❡ ❣❡r❛❞❛ ♣♦r {x1, . . . , xm}✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ SJ(Vm)

é ✉♠ GLm✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛ q✉❛♥❞♦ ♠✉♥✐❞♦ ❞❛ ❛çã♦✿

gf(x1, . . . , xm) = f(g(x1), . . . , g(xm)), g ∈ GLm, f(x1, . . . , xm) ∈ SJ(Vm).

❖❜s❡r✈❛çã♦ ✶✳✻✳✷✼ ❯♠❛ ✐♠♣♦rt❛♥t❡ q✉❡stã♦ ❛ ♦❜s❡r✈❛r é q✉❡ t❛✐s ❡str✉t✉r❛s ❞❡♣❡♥✲

❞❡♠ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞❛ ❡str✉t✉r❛ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❡ ♥ã♦ ❞♦ ♣r♦❞✉t♦ ❞❛ á❧❣❡❜r❛✳ ❆s✲

s✐♠✱ ♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♣❛r❛ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❡♠ ❬✾❪✱ ♣❛r❛ á❧❣❡❜r❛s ❞❡ ▲✐❡ ❡♠ ❬✸✷❪ ❡

♣❛r❛ ❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r✱ ❡♠❜♦r❛ ✐♠♣❧í❝✐t❛s✱ ❡♠ ❬✽❪✱ ♥ã♦ t❡♠

♥❡♥❤✉♠❛ ❛❧t❡r❛çã♦ ❞❡ r❡s✉❧t❛❞♦s✳
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❉❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r✱ ❞❡❞✉③✐♠♦s q✉❡ ♦s r❡s✉❧t❛❞♦s q✉❡ ✉t✐❧✐③❛r❡♠♦s ❡ q✉❡ ❢♦r❛♠

❡♥✉♥❝✐❛❞♦s ❡♠ ❬✾✱ ❈❛♣ít✉❧♦ ✶✷✱ ❙❡çã♦ ✹❪ ❝♦♥t✐♥✉❛♠ ✈á❧✐❞♦s ♣❛r❛ ♦ ❛♠❜✐❡♥t❡ ❞❡ á❧❣❡❜r❛s

❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛✐s ❧✐✈r❡s✳

❚❡♦r❡♠❛ ✶✳✻✳✷✽ ✭✐✮ ❚♦❞❛ r❡♣r❡s❡♥t❛çã♦ ♣♦❧✐♥♦♠✐❛❧ ❞❡ GLm é s♦♠❛ ❞✐r❡t❛ ❞❡ s✉✲

❜r❡♣r❡s❡♥t❛çõ❡s ♣♦❧✐♥♦♠✐❛✐s ❤♦♠♦❣ê♥❡❛s ✐rr❡❞✉tí✈❡✐s❀

✭✐✐✮ ❚♦❞♦ GLm✲♠ó❞✉❧♦ ♣♦❧✐♥♦♠✐❛❧ ❤♦♠♦❣ê♥❡♦ ✐rr❡❞✉tí✈❡❧ ❞❡ ❣r❛✉ n ≥ 0 é ✐s♦♠♦r❢♦ ❛

✉♠ s✉❜♠ó❞✉❧♦ ❞❡ (SJ(Vm))
(n)✳

❉❡ ❢♦r♠❛ s✐♠✐❧❛r às r❡♣r❡s❡♥t❛çõ❡s ❞❡ Sn ✐rr❡❞✉tí✈❡✐s✱ ❛s r❡♣r❡s❡♥t❛çõ❡s ♣♦❧✐♥♦✲

♠✐❛✐s ❤♦♠♦❣ê♥❡❛s ✐rr❡❞✉tí✈❡✐s ❞❡ ❣r❛✉ n ❞❡ GLm sã♦ ❞❡s❝r✐t❛s ♣❡❧❛s ♣❛rt✐çõ❡s ❞❡ n

❡♠ ♥ã♦ ♠❛✐s q✉❡ m ♣❛rt❡s ❡ ♣❡❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❨♦✉♥❣✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ t❡♠♦s ♦s

s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✳

❚❡♦r❡♠❛ ✶✳✻✳✷✾ ✭✐✮ ❆s GLm✲r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❞❡ ❣r❛✉ n ≥ 0✱ ❞✉❛s ❛

❞✉❛s ♥ã♦ ✐s♦♠♦r❢❛s✱ ❡stã♦ ❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❝♦♠ ❛s ♣❛rt✐çõ❡s✱ ❞❛❞❛

♣♦r λ = (λ1, . . . , λm)✱ ❞❡ n✳ ❉❡♥♦t❛♠♦s ♣♦r Wm(λ) ♦ GLm✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧

❝♦rr❡s♣♦♥❞❡♥t❡ à λ❀

✭✐✐✮ ❙❡❥❛ λ = (λ1, . . . , λm) ✉♠❛ ♣❛rt✐çã♦ ❞❡ n✳ ❖ GLm✲♠ó❞✉❧♦ Wm(λ) é ✐s♦♠♦r❢♦

❛ ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ (SJ(Vm))
(n)✳ ▼❛✐s ❛✐♥❞❛✱(SJ(Vm))(n) ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛

❢♦r♠❛✿

(SJ(Vm))
(n) ∼=

∑
dλWm(λ);

❖❜s❡r✈❛çã♦ ✶✳✻✳✸✵ ❆s r❡♣r❡s❡♥t❛çõ❡s ♣♦❧✐♥♦♠✐❛✐s ❤♦♠♦❣ê♥❡❛s ✐rr❡❞✉tí✈❡✐s ❞❡ ❣r❛✉

n ❞❡ GLm✱ sã♦ ❞❡s❝r✐t❛s ♣❡❧❛s ♣❛rt✐çõ❡s ❞❡ n ✭❡♠ ♥ã♦ ♠❛✐s q✉❡ m ♣❛rt❡s✮ ❡ ♣❡❧♦s

❞✐❛❣r❛♠❛s ❞❡ ❨♦✉♥❣✳

❉❡✜♥✐çã♦ ✶✳✻✳✸✶ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ GLm1 × · · · ×GLms
é ♣♦❧✐♥♦♠✐❛❧✱ s❡ ♦ é ❡♠

❝❛❞❛ GLmi
✱ ♣❛r❛ ❝❛❞❛ i ∈ {1, . . . , s}✳

❆❣♦r❛✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ♣♦❧✐♥♦✲

♠✐❛✐s ✐rr❡❞✉tí✈❡✐s ❞❡GLm1×· · ·×GLms
❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❞❡ Sn1×· · ·×Sns

✳

P❛r❛ ✐ss♦✱ s✉♣♦♥❤❛♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ s = 1✳ ❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠

❡st❛❜❡❧❡❝❡r ✉♠ ❛♥á❧♦❣♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✻✳✷✺ ♣❛r❛ GLm✲♠ó❞✉❧♦s✳ ❉❡✜♥✐♠♦s ❛ ❛çã♦ à

❞✐r❡✐t❛ ❞❡ Sn ❡♠ (SJ(Vm)) ♣♦r

(xi1 · · · xin)σ−1 = xiσ(1)
· · · xiσ(n)

∈ (SJ(Vm))
(n), σ ∈ Sn.
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P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ♦♠✐t✐♠♦s ♦s ♣❛rê♥t❡s❡s ❞♦ ♠♦♥ô♠✐♦✱ ❥á q✉❡ ❛ ❛çã♦ ♥ã♦ ✐♥t❡r❢❡r❡ ♥❛

♣♦s✐çã♦ ❞❡❧❡s✳

◆♦t❡ q✉❡ ❛ ❛çã♦ à ❡sq✉❡r❞❛ ❞❡ Sn ❡♠ Pn é ✉♠❛ ❛çã♦ q✉❡ ♣❡r♠✉t❛ ♦s í♥❞✐❝❡s ❞❛s

✈❛r✐á✈❡✐s✱ ❡♥q✉❛♥t♦ ❛ ❛çã♦ à ❞✐r❡✐t❛✱ tr♦❝❛ ❛s ♣♦s✐çõ❡s ❞❛s ✈❛r✐á✈❡✐s✳

❆ss✐♠✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✶✳✻✳✸✷ ▼✉♥✐❞♦ ❞❛ ❛çã♦ ❛❝✐♠❛✱ (SJ(Vm))(n) é ✉♠ Sn✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳

❙❡❥❛♠ λ = (λ1, . . . , λm) ✉♠❛ ♣❛rt✐çã♦ ❞❡ n✱ ❡♠ ♥ã♦ ♠❛✐s q✉❡m ♣❛rt❡s✱ ❡ q1, . . . , qk

❛s ❛❧t✉r❛s ❞❛s ❝♦❧✉♥❛s ❞♦ ❞✐❛❣r❛♠❛ Dλ ✭✐✳❡✳✱ k = λ1 ❡ qj = λ′j✮✳ ❉❡♥♦t❛♠♦s ♣♦r

sλ = sλ(x1, . . . , xq)✱ q = q1✱ ♦ ♣♦❧✐♥ô♠✐♦ ❞❡ SJ(Vm) ❞❡✜♥✐❞♦ ♣♦r

sλ(x1, . . . , xq) =
k∏

j=1

sqj(x1, . . . , xqj) ✭✶✳✹✮

❡♠ q✉❡ sp(x1, . . . , xp) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞♦ t✐♣♦ J✲❙t❛♥❞❛r❞✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ❞❛

❝♦♥str✉çã♦ ❞❡st❡ t✐♣♦ ❞❡ ♣♦❧✐♥ô♠✐♦✱ ❝✐t❛♠♦s ♦ ❛rt✐❣♦ ❬✸✶✱ ❙❡❝t✐♦♥ ■■❪✳ ❊ss❡ ♣♦❧✐♥ô♠✐♦ é

❝❤❛♠❛❞♦ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ ❞❡ ❏♦r❞❛♥✳

❚❡♦r❡♠❛ ✶✳✻✳✸✸ ❙❡❥❛♠ λ = (λ1, . . . , λm) ✉♠❛ ♣❛rt✐çã♦ ❞❡ n✱ ❡♠ ♥ã♦ ♠❛✐s q✉❡ m

♣❛rt❡s✱ ❡ SJ(Vm)(n) ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ n ❡♠ SJ(Vm)✳

✭✐✮ ❖ ❡❧❡♠❡♥t♦ sλ(x1, . . . , xq)✱ ❞❡✜♥✐❞♦ ❡♠ ✭✶✳✹✮✱ ❣❡r❛ ✉♠ GLm✲s✉❜♠ó❞✉❧♦ ❞❡ SJ(Vm)(n)

✐s♦♠♦r❢♦ ❛ Wm(λ)❀

✭✐✐✮ ❚♦❞♦ Wm(λ) ⊆ SJ(Vm)
(n) é ❣❡r❛❞♦ ♣♦r ✉♠ ❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦

wλ(x1, . . . , xq) = sλ(x1, . . . , xq)
∑

σ∈S

ασσ, ασ ∈ K.

❊ss❡s r❡s✉❧t❛❞♦s s❡rã♦ ❛♣❧✐❝❛❞♦s ❢♦rt❡♠❡♥t❡ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✸✳✼✳

✶✳✼ ❚❡♦r✐❛ ❞❡ ✐♥✈❛r✐❛♥t❡s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ t❡♦r✐❛ ❞❡ ✐♥✈❛r✐❛♥t❡s q✉❡ s❡rã♦

✉t✐❧✐③❛❞♦s ❝♦♠♦ ❜❛s❡ ♣❛r❛ ❞❡♠♦♥str❛çã♦ ❞❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♥♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✳

P❛r❛ ✉♠❛ ❛❜♦r❞❛❣❡♠ ♠❛✐s ❛♣r♦❢✉♥❞❛❞❛ ❞❡st❡ ❝♦♥t❡ú❞♦✱ ✐♥❞✐❝❛♠♦s ♦s tr❛❜❛❧❤♦s ❞❡

❈♦♥❝✐♥✐ ❡ Pr♦❝❡s✐ ❡♠ ❬✻❪✳

❈♦♥s✐❞❡r❡♠♦s tij✱ i = 1, 2, . . . ✱ j = 1, 2, . . . , n ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s✱ ❡ s❡❥❛♠

♦s ✈❡t♦r❡s ti = (ti1, . . . , tin)✳ ❙❡❥❛ U ♦ K[tij]✲♠ó❞✉❧♦ ❧✐✈r❡✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞♦ ♣♦r



✹✶

ti✱ i ∈ {1, 2, . . .}✳ ❆ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ ❡♠ U é ❞❡✜♥✐❞❛ ❝♦♠♦

ti ◦ tj = ti1tj1 + · · ·+ tintjn✳

❈♦♥s✐❞❡r❡♠♦s ❛✐♥❞❛ ❛ á❧❣❡❜r❛ R = K[ti ◦ tj]✱ ❝✉❥❛ ❜❛s❡ ❢♦✐ ❞❡s❝r✐t❛ ❡♠ ❬✻❪ ❡♠

t❡r♠♦s ❞❡ t❛❜❡❧❛s ❞✉♣❧❛s ♥✉♠ ❝♦♥t❡①t♦ ❜❡♠ ♠❛✐s ❣❡r❛❧✳

❉❡✜♥✐çã♦ ✶✳✼✳✶ ❯♠❛ t❛❜❡❧❛ ❞✉♣❧❛ é ✉♠ ❛rr❛♥❥♦✿

T =




p11 p12 . . . p1m1 q11 q12 . . . q1m1

p21 p22 . . . p2m2 q21 q22 . . . q2m2

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

pk1 pk2 . . . pkmk
qk1 qk2 . . . qkmk




♦♥❞❡ m1 ≥ m2 ≥ . . . ≥ mk ≥ 0 ❡ ♦s pij ❡ qij sã♦ ✐♥t❡✐r♦s✳

❆ss♦❝✐❛♠♦s à t❛❜❡❧❛ ❞✉♣❧❛ T = (p1p2 . . . pm | q1q2 . . . qm) ♦ ♣♦❧✐♥ô♠✐♦ ϕ̃(T ) ∈ R
❞❛❞♦ ♣♦r✿

ϕ̃(T ) =
∑

(−1)σ(tp1 ◦ tqσ(1)
)(tp2 ◦ tqσ(2)

) · · · (tpm ◦ tqσ(m)
). ✭✶✳✺✮

❆q✉✐ σ ♣❡r❝♦rr❡ ♦ ❣r✉♣♦ s✐♠étr✐❝♦ Sm ❡ (−1)σ é ♦ s✐♥❛❧ ❞❡ σ✳

❖❜s❡r✈❛çã♦ ✶✳✼✳✷ ❙❡ T (1), T (2), . . . , T (k) ❞❡♥♦t❛♠ ❛s ❧✐♥❤❛s ❞❛ t❛❜❡❧❛ ❞✉♣❧❛ T ❛ss♦❝✐✲

❛♠♦s ❛ ❡st❛ t❛❜❡❧❛ ♦ ♣♦❧✐♥ô♠✐♦ ϕ̃(T ) = ϕ̃(T (1))ϕ̃(T (2)) · · · ϕ̃(T (k))✳

◆♦t❡ q✉❡✱ ϕ̃(T ) = det(tpi ◦ tqj)✱ ♦♥❞❡ 1 ≤ i, j ≤ m✳ ❊♥tã♦✱ s❡ pi = pj ♦✉ qi = qj

♣❛r❛ ❛❧❣✉♠ i 6= j ❡♥tã♦ ϕ̃(T ) = 0✳

❉❡✜♥✐çã♦ ✶✳✼✳✸ ❆ t❛❜❡❧❛ ❞✉♣❧❛ T é ❞✉♣❧❛♠❡♥t❡ st❛♥❞❛r❞ s❡ ❛ t❛❜❡❧❛

T ′ =




p11 p12 . . . p1m1

q11 q12 . . . q1m1

p21 p22 . . . p2m2

q21 q22 . . . q2m2

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

pk1 pk2 . . . pkmk

qk1 qk2 . . . qkmk




é ✉♠❛ t❛❜❡❧❛ ❙t❛♥❞❛r❞ ❝♦♠ r❡s♣❡✐t♦ à ❉❡✜♥✐çã♦ ✶✳✻✳✷✶✳

❆s ❞❡♠♦♥str❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ❛ s❡❣✉✐r s❡ ❡♥❝♦♥tr❛♠ ❡♠ ❬✻❪✳

❚❡♦r❡♠❛ ✶✳✼✳✹ ✭❬✻❪✱ ❚❡♦r❡♠❛ ✺✳✶✮ ❖s ♣♦❧✐♥ô♠✐♦s {ϕ̃(T )}✱ ♦♥❞❡ T ♣❡r❝♦rr❡ t♦❞❛s

❛s t❛❜❡❧❛s ❞✉♣❧❛♠❡♥t❡ st❛♥❞❛r❞ ❝✉❥❛s ❡♥tr❛❞❛s sã♦ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✱ ❝♦♠ m1 ≤ n✱

❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ R s♦❜r❡ K✳



✹✷

❙❡❥❛

T = (p1 . . . ps r1 . . . rk | rk+1 . . . rn+1 q1 . . . qk−1)

✉♠❛ t❛❜❡❧❛ ❞❡ ❛♣❡♥❛s ✉♠❛ ❧✐♥❤❛ t❛❧ q✉❡ n+ 1 = s+ k ❡ ✉♠❛ ♣❡r♠✉t❛çã♦ σ ❞❡ r1✱ r2✱

✳ ✳ ✳ ✱ rn+1 ♦ ❡❧❡♠❡♥t♦

(−1)σϕ̃((p1 . . . ps rσ(1) . . . rσ(k) | rσ(k+1) . . . rσ(n+1) q1 . . . qk−1))

❞❡♣❡♥❞❡♥❞♦ s♦♠❡♥t❡ s♦❜r❡ ❛ ❝❧❛ss❡ ❞❡ σ ♠♦❞✉❧♦ ♦ s✉❜❣r✉♣♦ Sk × Sn+1−k ✜①❛♥❞♦ ♦

❝♦♥❥✉♥t♦ {r1, r2, . . . , rn+1}✳ ❉❡♥♦t❡♠♦s

ϕ(T̃ ) =
∑

(−1)σϕ̃((p1 . . . ps rσ(1) . . . rσ(k) | rσ(k+1) . . . rσ(n+1) q1 . . . qk−1)),

♦♥❞❡ σ ♣❡r❝♦rr❡ t♦❞♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s r❡♣r❡s❡♥t❛♥t❡s ♥❛s ❝❧❛ss❡s ❧❛t❡r❛✐s ❞❡ Sk×Sn+1−k

✐♥ Sn✳ ❆ss✐♠✱

▲❡♠❛ ✶✳✼✳✺ ✭❬✻❪✱ ▲❡♠❛ ✺✳✷✮ ϕ(T̃ ) = 0 ❡♠ K[(ti ◦ tj)]✳

▲❡♠❛ ✶✳✼✳✻ ✭❬✻❪✱ ❚❤❡♦r❡♠ ✺✳✼✮ ❖ ✐❞❡❛❧ ❞❡ r❡❧❛çõ❡s ❡♥tr❡ ♦s ti ◦ tj é ❣❡r❛❞♦ ♣❡❧❛s

♠❛tr✐③❡s s✐♠étr✐❝❛s ♠❡♥♦r❡s det(ti ◦ tj) ❞❡ ♦r❞❡♠ n+ 1× n+ 1✳



❈❛♣ít✉❧♦ ✷

❈❧❛ss✐✜❝❛çã♦ ❞❛s ❣r❛❞✉❛çõ❡s ❞❛s

á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛

❜✐❧✐♥❡❛r

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st✉❞❛r❡♠♦s ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❛s ❣r❛❞✉❛çõ❡s ❞❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥

❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r✱ s♦❜r❡ ❛ ❤✐♣ót❡s❡ ❞♦ ❝♦r♣♦ s❡r ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✱

❢❡✐t❛ ♣♦r ❨✉r✐ ❇❛❤t✉r✐♥ ❡ ■✈❛♥ ❙❤❡st❛❦♦✈ ❡♠ ❬✸❪ ❡ ❝♦♠♣❧❡♠❡♥t❛❞❛ ♣♦r ❋❛❜r✐③✐♦ ▼❛rt✐♥♦

❡♠ ❬✷✻❪✳

❆✜♠ ❞❡ ❞❡✐①❛r♠♦s ♥♦ss♦ ❝❛♣ít✉❧♦ ♦ ♠❛✐s ✐♥❞❡♣❡♥❞❡♥t❡ ♣♦ssí✈❡❧ ❞❡ ♦✉tr❛s ❢♦♥t❡s✱

❞❡❝✐❞✐♠♦s ❢❛③❡r ✉♠❛ ❜r❡✈❡ ✐♥tr♦❞✉çã♦ ❞♦s ❝♦♥❝❡✐t♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s✳

❆q✉✐✱ ❛ ♠❡♥♦s q✉❡ s❡❥❛ ♠❡♥❝✐♦♥❛❞♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s t♦❞♦s ♦s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ ❛ss✐♠

❝♦♠♦ t♦❞❛s ❛s á❧❣❡❜r❛s✱ s♦❜r❡ ✉♠ ❝♦r♣♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳

✷✳✶ ❋♦r♠❛s ❜✐❧✐♥❡❛r❡s

◆❡st❛ s❡çã♦✱ ✐♥tr♦❞✉③✐♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s s♦❜r❡ ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s

❝♦♠♦ ❛✉①í❧✐♦ ♣❛r❛ ❛s ♣ró①✐♠❛s s❡çõ❡s✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✱ ✐♥❞✐❝❛♠♦s ❛ r❡❢❡rê♥❝✐❛

❬✷✾✱ ❈❤❛♣t❡r ✶✶❪✳

➱ ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❥á ✜③❡♠♦s ✉s♦ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❢♦r♠❛ ❜✐❧✐♥❡❛r ♥♦

❈❛♣ít✉❧♦ ✶✱ ♠❛s ♣♦r s❡ tr❛t❛r ❞❡ ✉♠ ♦❜❥❡t♦ q✉❡ s❡rá út✐❧ ❡♠ t♦❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✱

❞❡❝✐❞✐♠♦s ♥♦s ❛♣r♦❢✉♥❞❛r ♥❡st❡ ❝♦♥❝❡✐t♦✳
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❉❡✜♥✐çã♦ ✷✳✶✳✶ ❙❡❥❛ b : V ×V → K ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s♦❜r❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ✳

❉✐③❡♠♦s q✉❡ b é s✐♠étr✐❝❛ q✉❛♥❞♦ b(v, w) = b(w, v)✱ ♣❛r❛ t♦❞♦ v, w ∈ V ✳ ❊ ❞✐③❡♠♦s

q✉❡ é ❛♥t✐ss✐♠étr✐❝❛ q✉❛♥❞♦ b(v, w) = −b(w, v)✱ ♣❛r❛ t♦❞♦ v, w ∈ V ✳

❯♠ ❡①❡♠♣❧♦ ❝♦♠✉♠ ❞❡ ❢♦r♠❛ ❜✐❧✐♥❡❛r sã♦ ♦s ♣r♦❞✉t♦s ✐♥t❡r♥♦s r❡❛✐s✱ ♦s q✉❛✐s

sã♦ ❢♦r♠❛s s✐♠étr✐❝❛s✳ ❖✉tr♦ ❡①❡♠♣❧♦ ♣♦❞❡ s❡r ❞❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❙❡♥❞♦ T

✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r s♦❜r❡ R3✱ ❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r hT : R3 × R3 → R✱ ❞❡✜♥✐❞❛ ♣♦r

hT (u, v) = T (u×v)✱ ♦♥❞❡ ✏×✑ é ♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧✱ é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❛♥t✐ss✐♠étr✐❝❛✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✷ ❙❡ charK = 2✱ ❡♥tã♦ b é s✐♠étr✐❝❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ é ❛♥t✐ss✐♠é✲

tr✐❝❛✳ ❙❡ charK 6= 2✱ ❡♥tã♦ ❛ ú♥✐❝❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s♦❜r❡ V q✉❡ é✱ s✐♠✉❧t❛♥❡❛♠❡♥t❡✱

s✐♠étr✐❝❛ ❡ ❛♥t✐ss✐♠étr✐❝❛ é ❛ ❢♦r♠❛ ♥✉❧❛✳

❉❡✜♥✐çã♦ ✷✳✶✳✸ ❙❡❥❛ b ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ♦✉ ❛♥t✐ss✐♠étr✐❝❛ s♦❜r❡ ✉♠ ❡s✲

♣❛ç♦ V ✳

✭✐✮ ❉✐③❡♠♦s q✉❡ ❞♦✐s ✈❡t♦r❡s ❞✐st✐♥t♦s✱ u ❡ v✱ ❡♠ V sã♦ ♦rt♦❣♦♥❛✐s ❡♠ r❡❧❛çã♦ à

❢♦r♠❛ b s❡ b(u, v) = 0✳

✭✐✐✮ ❆ ❢♦r♠❛ b é ❞✐t❛ s❡r ♥ã♦ ❞❡❣❡♥❡r❛❞❛ s❡ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦✿ s❡ ♣❛r❛

t♦❞♦ ✈❡t♦r v ∈ V ✈❛❧❡r b(v, u) = 0✱ ❡♥tã♦ u = 0✳ ❉✐③❡♠♦s q✉❡ b é ❞❡❣❡♥❡r❛❞❛

❝❛s♦ ❝♦♥trár✐♦✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✹ ❙❡❥❛♠ b : V × V → K ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ♦✉ ❛♥t✐✲

s✐♠étr✐❝❛ ❡ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❞❡ V ✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r

♦ ❝♦♥❥✉♥t♦ S⊥ = {v ∈ V | b(v, s) = 0, ∀s ∈ S}✳ ➱ ❞❡ ❢á❝✐❧ ✈❡r✐✜❝❛çã♦ q✉❡ S⊥ é ✉♠

s✉❜❡s♣❛ç♦ ❞❡ V ❝❤❛♠❛❞♦ ❞❡ s✉❜❡s♣❛ç♦ ♦rt♦❣♦♥❛❧ ❛ S ❡♠ r❡❧❛çã♦ ❛ ❢♦r♠❛ b✳ ❖❜✲

s❡r✈❛♠♦s t❛♠❜é♠ q✉❡ s❡ W é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ V ✱ ❡♥tã♦ ❛ r❡str✐çã♦ ❞❡ b à W é ♥ã♦

❞❡❣❡♥❡r❛❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ W ∩W⊥ = {0V }✳

❉❡✜♥✐çã♦ ✷✳✶✳✺ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♠✉♥✐❞♦ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛

♦✉ ❛♥t✐ss✐♠étr✐❝❛ b ❡✱ S ❡ T s✉❜❝♦♥❥✉♥t♦s ❞❡ V ✳

✭✐✮ S é ❝❤❛♠❛❞♦ ♦rt♦❣♦♥❛❧ à T s❡ b(s, t) = 0✱ ♣❛r❛ t♦❞♦s s ∈ S ❡ t ∈ T ✳ ❊♠ ♦✉tr❛s

♣❛❧❛✈r❛s✱ T ⊆ S⊥✳

✭✐✐✮ S é ❝❤❛♠❛❞♦ ❜❛s❡ ♦rt♦❣♦♥❛❧ s❡ S é ❜❛s❡ ❞♦ ❡s♣❛ç♦ V ❡ b(u, v) = 0✱ ♣❛r❛ t♦❞♦s

u✱ v ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❡♠ S✳

❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ β = {v1, . . . , vn} ✉♠❛ ❜❛s❡ ♦r❞❡✲

♥❛❞❛ ❞❡ V ✳ ❙❡♥❞♦ b : V × V → K ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ♠❛tr✐③



✹✺

[b]β =




a11 a12 · · · a1n

a21 a22 · · · a2n
✳✳✳

✳✳✳ · · · ✳✳✳

an1 an2 · · · ann




,

♦♥❞❡ aij = b(vi, vj)✳ ❊st❛ ♠❛tr✐③ é ❝❤❛♠❛❞❛ ❞❡ ♠❛tr✐③ ❞❡ b ❡♠ r❡❧❛çã♦ à ❜❛s❡ β✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ é ❝❧áss✐❝♦ ♥❛ t❡♦r✐❛ ❞❡ ➪❧❣❡❜r❛ ▲✐♥❡❛r ❡ ♣♦r t❛❧ ♠♦t✐✈♦ ✐r❡♠♦s

♦♠✐t✐r s✉❛ ❞❡♠♦♥str❛çã♦ ❛ q✉❛❧ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷✾✱ ❚❤❡♦r❡♠ ✶✳✷✻❪✳

❚❡♦r❡♠❛ ✷✳✶✳✻ ✭▲❡✐ ❞❛ ■♥ér❝✐❛ ❞❡ ❙②❧✈❡st❡r✮ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ ❞❡

❞✐♠❡♥sã♦ ✜♥✐t❛✱ b : V ×V −→ R ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❡ β1 ❡ β2 ❜❛s❡s ❞❡ V t❛✐s

q✉❡ [b]β1 ❡ [b]β2 sã♦ ❞✐❛❣♦♥❛✐s✳ ❊♥tã♦ ❛s ♠❛tr✐③❡s [b]β1 ❡ [b]β2 tê♠ ❛ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡

❞❡ ❡♥tr❛❞❛s ♣♦s✐t✐✈❛s ❡ ❛ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡♥tr❛❞❛s ♥❡❣❛t✐✈❛s✳

❚❛❧ r❡s✉❧t❛❞♦ ✐♥❢♦r♠❛ q✉❡ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ♦ s✐♥❛❧

❞❛s ❡♥tr❛❞❛s ❞❛ ♠❛tr✐③ ❞❡ b ❡♠ r❡❧❛çã♦ à ❜❛s❡ β✱ q✉❛♥❞♦ ❡ss❛ ❢♦r ❞✐❛❣♦♥❛❧✱ ✐♥❞❡♣❡♥❞❡

❞❛ ❡s❝♦❧❤❛ ❞❛ ❜❛s❡✳

❯♠ ♣❡r❣✉♥t❛ ♥❛t✉r❛❧ é✿ ✏❊♠ q✉❡ ❝♦♥❞✐çõ❡s ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r q✉❡ ✉♠ ❡s♣❛ç♦

V t❡♠ ❜❛s❡ ♦rt♦❣♦♥❛❧ ❝♦♠ r❡❧❛çã♦ ❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r b❄✑

❖ r❡st♦ ❞❡st❛ s✉❜s❡çã♦ s❡rá ❞❡❞✐❝❛❞❛ ❛ ♣r♦✈❛r t❛❧ r❡s✉❧t❛❞♦✱ ❞❡s❞❡ q✉❡ b s❡❥❛ ✉♠❛

❢♦r♠❛ s✐♠étr✐❝❛ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ ❡ charK 6= 2✳

❉❡✜♥✐çã♦ ✷✳✶✳✼ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♠✉♥✐❞♦ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛

♦✉ ❛♥t✐ss✐♠étr✐❝❛ b✳

✭✐✮ ❯♠ ❡❧❡♠❡♥t♦ v ∈ V ♥ã♦ ♥✉❧♦ é ❝❤❛♠❛❞♦ ✐s♦tró♣✐❝♦ ❡♠ r❡❧❛çã♦ à ❢♦r♠❛ s❡

b(v, v) = 0❀ ❝❛s♦ ❝♦♥trár✐♦ ❡❧❡ s❡rá ♥ã♦ ✐s♦tró♣✐❝♦✳

✭✐✐✮ V é ❞✐t♦ ✐s♦tró♣✐❝♦ s❡ ❡❧❡ ❝♦♥té♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ✈❡t♦r ✐s♦tró♣✐❝♦✳ ❈❛s♦ ❝♦♥trá✲

r✐♦✱ V é ❛♥✐s♦tró♣✐❝♦✳ P♦r ✜♠✱ V é t♦t❛❧♠❡♥t❡ ✐s♦tró♣✐❝♦ s❡ t♦❞♦s ♦s s❡✉s

✈❡t♦r❡s sã♦ ✐s♦tró♣✐❝♦s✳

■r❡♠♦s ❛❣♦r❛ ✏r❡s❣❛t❛r✑ ❛ ♥♦t❛çã♦ ✏⊥✑✱ ❞❛❞❛ ♥❛ ❖❜s❡r✈❛çã♦ ✷✳✶✳✹✱ ♣❛r❛ ✐❧✉str❛r

♥♦ss❛ ♣ró①✐♠❛ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✷✳✶✳✽ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♠✉♥✐❞♦ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛

♦✉ ❛♥t✐ss✐♠étr✐❝❛ b✳



✹✻

✭✐✮ ❯♠ ✈❡t♦r v ∈ V é ❞❡❣❡♥❡r❛❞♦ ❡♠ r❡❧❛çã♦ à ❢♦r♠❛ s❡ b(v, u) = 0✱ ♣❛r❛ t♦❞♦

u ∈ V ✳ ◆❡st❡ ❝❛s♦✱ ♦ ❝♦♥❥✉♥t♦ V ⊥ s❡rá ❢♦r♠❛❞♦ ♣♦r t♦❞♦s ♦s ✈❡t♦r❡s ❞❡❣❡♥❡r❛❞♦s

❞❡ V ✳

✭✐✐✮ ❖ ❡s♣❛ç♦ V é ❝❤❛♠❛❞♦ ♥ã♦ ❞❡❣❡♥❡r❛❞♦ s❡ V ⊥ = {0}✳ ❈❛s♦ ❝♦♥trár✐♦✱ V é ❞✐t♦

❞❡❣❡♥❡r❛❞♦

✭✐✐✐✮ ❉✐③❡♠♦s q✉❡ V é ✉♠❛ s♦♠❛ ❞✐r❡t❛ ♦rt♦❣♦♥❛❧ ❞♦s s✉❜❡s♣❛ç♦s S ❡ T ✱ ❞❡♥♦t❛❞♦

♣♦r V = S⊥T ✱ s❡ V = S ⊕ T ❡ T ⊆ S⊥✳

❚❡♥❞♦ ❡ss❛s ♥♦t❛çõ❡s ❡♠ ♠ã♦s✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✳

▲❡♠❛ ✷✳✶✳✾ ❙❡❥❛♠ b : V × V → K ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ s♦❜r❡ ✉♠ ❡s♣❛ç♦ V

❡ v ∈ V ♥ã♦ ✐s♦tró♣✐❝♦ ❡♠ r❡❧❛çã♦ b✳ ❊♥tã♦ V = Kv⊥v⊥✳ ❆❧é♠ ❞✐ss♦✱ s❡ V ♥ã♦ é

❞❡❣❡♥❡r❛❞♦✱ ♦ s✉❜❡s♣❛ç♦ v⊥ t❛♠❜é♠ ♥ã♦ é✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ b(v, v) 6= 0✱ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ K é ✉♠ ♠ú❧t✐♣❧♦ ❡s❝❛❧❛r ❞❡

b(v, v)✳ P❛r❛ q✉❛❧q✉❡r v′ ∈ V ✱ t❡♠♦s q✉❡ ❡①✐st❡ c ∈ K t❛❧ q✉❡ b(v′, v) = c · b(v, v)✳
❊♥tã♦✱ b(v′ − cv, v) = 0✳ ▲♦❣♦✱ v′ − cv ∈ v⊥✳ P♦rt❛♥t♦✱ ❛ ✐❣✉❛❧❞❛❞❡ v′ = cv + (v′ − cv)
♥♦s ♠♦str❛ q✉❡ V = Kv + v⊥✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✶✳✹✱ t❡♠♦s q✉❡ ❛ s♦♠❛ ❛♥t❡r✐♦r é

❞✐r❡t❛✱ ✐✳❡✳✱ V = Kv ⊕ v⊥✱ ❡ é ❝❧❛r♦ q✉❡ t❛❧ s♦♠❛ é ✉♠❛ s♦♠❛ ❞✐r❡t❛ ♦rt♦❣♦♥❛❧✱ ✉♠❛

✈❡③ q✉❡ v⊥w✱ ♣❛r❛ t♦❞♦ w ∈ v⊥✳ ❆ s❡❣✉♥❞❛ ♣❛rt❡ ❞♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ♥♦✈❛♠❡♥t❡ ♣❡❧❛

❖❜s❡r✈❛çã♦ ✷✳✶✳✹✱ t♦♠❛♥❞♦ W = v⊥ ❡ ❧❡♠❜r❛♥❞♦ q✉❡ (v⊥)⊥ = K · v✳ �

❖❜s❡r✈❛çã♦ ✷✳✶✳✶✵ ❙❡ b é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ♥ã♦ ♥✉❧❛ ❡ ❛ ❝❛r❛❝t❡ríst✐❝❛

❞❡ K ❢♦r ❞✐❢❡r❡♥t❡ ❞❡ 2✱ ❡♥tã♦ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ✈❡t♦r ♥ã♦ ✐s♦tró♣✐❝♦ ❡♠ V ✱ ♣♦✐s

❝❛s♦ ❝♦♥trár✐♦✱ ❞❛❞♦s v, w ❡♠ V ✱ t❡rí❛♠♦s✱

0 = b(v + w, v + w) = b(v, v) + 2b(v, w) + b(w,w) = 2b(v, w).

▲❡♠❛ ✷✳✶✳✶✶ ❙❡❥❛♠ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ 2✱ V ✉♠ K✲❡s♣❛ç♦

✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ b : V × V → K ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ s♦❜ V ✳

❊♥tã♦ ❡①✐st❡ ❛❧❣✉♠❛ ❜❛s❡ β = {v1, . . . , vn} ❞❡ V t❛❧ q✉❡ [b]β é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧✱ ♦✉

s❡❥❛✱ b(vi, vj) = 0 ♣❛r❛ i 6= j✳

❉❡♠♦♥str❛çã♦✿ ❋❛ç❛♠♦s ✐♥❞✉çã♦ s♦❜r❡ ❞✐♠❡♥sã♦ ❞❡ V ✳ ❙❡ b é ♥✉❧❛✱ ♦ r❡s✉❧t❛❞♦ é

✐♠❡❞✐❛t♦✳ ❙✉♣♦♥❤❛♠♦s ❡♥tã♦ q✉❡ b é ♥ã♦ ♥✉❧❛✳ ❉❛í✱ ❡①✐st❡ v1 ∈ V t❛❧ q✉❡ b(v1, v1) 6= 0✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ W = v⊥1 = {v ∈ V | b(v, v1) = 0}✳ ❉♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡

V = K·v1⊕W ✳ ❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡ b é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ s♦❜r❡W ✱ ❞❡♥♦t❛♠♦s
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t❛❧ ❢♦r♠❛ r❡str✐t❛ àW ♣♦r bW ✳ ❆ss✐♠✱ ♣♦r dimW = dimV −1✱ t❡♠♦s✱ ♣♦r ✐♥❞✉çã♦✱ q✉❡

❡①✐st❡ ❜❛s❡ β′ = {v2, . . . , vn} ❜❛s❡ ❞❡ W t❛❧ q✉❡ [bW ]β′ é ❞✐❛❣♦♥❛❧✱ ♦✉ s❡❥❛✱ b(vi, vj) = 0✱

s❡♠♣r❡ q✉❡ i, j ∈ {2, . . . , n} ❝♦♠ i 6= j✳ ❆ss✐♠✱ β = {v1} ∪ β′ = {v1, v2, . . . , vn} é ✉♠❛

❜❛s❡ ❞❡ V t❛❧ q✉❡ [b]β é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧✳ �

❙❡♥❞♦ charK 6= 2✱ ♦ ❧❡♠❛ ❛♥t❡r✐♦r ✐♥❢♦r♠❛ q✉❡ t♦❞♦ ❡s♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱

♠✉♥✐❞♦ ❞❡ ✉♠ ❢♦r♠❛ s✐♠étr✐❝❛✱ ♣♦ss✉✐ ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❛ s❡çã♦

é ❡st❛❜❡❧❡❝❡r ✉♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ ♠❛s ❞❡ ❜❛s❡

❡♥✉♠❡rá✈❡❧✳ ◆❛ ✈❡r❞❛❞❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡♥❝♦♥tr❛r ✉♠❛ ❜❛s❡ q✉❡ s❛t✐s❢❛ç❛ ❛

s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✷✳✶✳✶✷ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♠✉♥✐❞♦ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛

♥ã♦ ❞❡❣❡♥❡r❛❞❛ b✳ ❯♠❛ ❜❛s❡ β ❞❡ V é ❞✐t❛ ♦rt♦♥♦r♠❛❧ ❝♦♠ r❡❧❛çã♦ ❛ ❢♦r♠❛ s❡

b(u, v) = 0✱ s❡♠♣r❡ q✉❡ u, v ∈ β sã♦ ❞✐st✐♥t♦s ❡ b(u, u) 6= 0✱ ♣❛r❛ t♦❞♦ u ∈ β✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✶✸ ➱ ❝♦♠✉♠ ♥❛ t❡♦r✐❛ ❞❡ ➪❧❣❡❜r❛ ▲✐♥❡❛r ❡①✐❣✐r ♥❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r

q✉❡ b(u, u) = 1✱ ♣❛r❛ t♦❞♦ u ∈ β✳ ❆q✉✐ ❞❡❝✐❞✐♠♦s ♥ã♦ ❡①✐❣✐r t❛❧ ❝♦♥❞✐çã♦ ♣❛r❛ ♥ã♦

♠♦❞✐✜❝❛r ♦s ❡♥✉♥❝✐❛❞♦s ❞♦s ❚❡♦r❡♠❛s ✷✳✷✳✶ ❡ ✷✳✸✳✶✱ ♦✉ s❡❥❛✱ ✜❝❛r ❝♦♠ ❛ ♥♦t❛çã♦

❝♦♠♣❛tí✈❡❧✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ ❝♦r♣♦ ❜❛s❡ ❝♦♠♦ ♣♦❞❡ s❡r

♦❜s❡r✈❛❞♦ ♥♦ ❚❡♦r❡♠❛ ❞❛ ▲❡✐ ❞❛ ■♥ér❝✐❛ ❞❡ ❙②❧✈❡st❡r✳

❊①❡♠♣❧♦ ✷✳✶✳✶✹ ❙❡❥❛ V ♦ ❡s♣❛ç♦ r❡❛❧ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ ✷✳ ❈♦♥s✐❞❡r❡ ❛ ❢♦r♠❛

❜✐❧✐♥❡❛r b : V × V → R ❞❛❞❛ ♣♦r b(A,B) = tr(AB)✳ ◆♦t❡ q✉❡✱

β =

{
v1 =

(
1 0

0 0

)
; v2 =

(
0 1

−1 0

)
; v3 =

(
0 1

1 0

)
; v4 =

(
0 0

0 1

)}

é ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❝♦♠ r❡❧❛çã♦ ❛ ❢♦r♠❛ b✱ ❥á q✉❡ b(vi, vj) = 0✱ ♣❛r❛ i 6= j ❡

b(vi, vi) 6= 0✱ i, j ∈ {1, 2, 3, 4}✳

❖ r❡s✉❧t❛❞♦ ♣♦st❡r✐♦r ✐rá ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ♣❛r❛ V

♥♦ s❡♥t✐❞♦ ❞❛ ❉❡✜♥✐çã♦ ✷✳✶✳✶✷✳

❚❡♦r❡♠❛ ✷✳✶✳✶✺ ❙❡❥❛♠ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ 2 ❡ b : V × V → R

✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❡ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ✱ ❞❡ ❜❛s❡

❡♥✉♠❡rá✈❡❧✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ♣❛r❛ V ✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s Σ ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r t♦❞♦s ♦s s✉❜❡s♣❛ç♦s S ❞❡

V t❛✐s q✉❡ S t❡♠ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❡ ❛ ❢♦r♠❛ b r❡str✐t❛ ❛ S é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✳ ❖❜s❡r✈❡

q✉❡ Σ 6= ∅✱ ♣♦✐s ❡①✐st❡ ✉♠ ✈❡t♦r u ∈ V t❛❧ q✉❡ b(u, u) 6= 0 ❡ ❛ss✐♠ t♦♠❡ S0 = span(u)✳
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➱ ❝❧❛r♦ q✉❡ S0 é ✉♠ ❡s♣❛ç♦ ❝♦♠ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❡ ❛ ❢♦r♠❛ b r❡str✐t❛ ❛ ❡❧❡ é ♥ã♦

❞❡❣❡♥❡r❛❞❛✳ ❆❣♦r❛✱ ♠✉♥✐♥❞♦ Σ ❞❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ❞❛❞❛ ♣❡❧❛ ✐♥❝❧✉sã♦ ❞❡ s✉❜❡s♣❛ç♦s ❞❡

V ✱ ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡ Σ é ✉♠ ❝♦♥❥✉♥t♦ ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ❡ ❞♦ ▲❡♠❛ ❞❡ ❩♦r♥

t❡♠♦s q✉❡ Σ ♣♦ss✉✐ ❡❧❡♠❡♥t♦ ♠❛①✐♠❛❧✱ ❞✐❣❛♠♦s V0✳

■r❡♠♦s ✈❡r✐✜❝❛r q✉❡ V0 = V ✳ ❙✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ V0 6= V ✳ ❖❜s❡r✈❡

q✉❡ ❡①✐st❡ u ∈ V \ V0 t❛❧ q✉❡ b(u, u) 6= 0✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ ♣❛r❛ t♦❞♦ u ∈ V \ V0
✐♠♣❧✐❝❛r✐❛ b(u, u) = 0✳ ❊♥tã♦✱ ♣♦r b s❡r ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ ❡①✐st✐rá v ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ✉♠❛

❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ V0 t❛❧ q✉❡ b(u, v) 6= 0✳ ❈♦♥s✐❞❡r❡ S1 = span(u, v)✱ ❡ ❛ss✐♠ t❡♠♦s q✉❡

❛ ❢♦r♠❛ b r❡str✐t❛ ❛ S1 é s✐♠étr✐❝❛ ❡ ♥ã♦ ❞❡❣❡♥❡r❛❞❛✳ ❚♦♠❛♥❞♦ w = u−b(u, v)b(v, v)−1v

t❡♠♦s q✉❡ {w, v} é ✉♠❛ ❜❛s❡ ♦rt♦❣♦♥❛❧ ❞❡ S1 ❡✱ ♥❡st❛s ❝♦♥❞✐çõ❡s w ∈ V \ V0✱ ♦ q✉❡

é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s 0 = b(w,w) = b(w, u) = b(u, v)2b(v, v)−1 ❡ ❞❛í✱ b(u, v) = 0✳

P♦rt❛♥t♦ ❡①✐st❡ t❛❧ ✈❡t♦r ♥❛s ❝♦♥❞✐çõ❡s r❡q✉❡r✐❞❛s✳

❉❡✜♥❛ V ′ = V0⊕K · u✳ P❡❧♦ ▲❡♠❛ ✷✳✶✳✾ t❡♠♦s q✉❡ V ′ = K · u+ u⊥✳ ❉♦ t❡♦r❡♠❛

❞♦s ✐s♦♠♦r✜s♠♦s ♣❛r❛ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ t❡♠♦s q✉❡

u⊥ ≃ u⊥

(K · u) ∩ u⊥ ≃
u⊥ +K · u
K · u =

V ′

K · u ≃ V0.

◆♦✈❛♠❡♥t❡✱ ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✾✱ ❛ ❢♦r♠❛ b r❡str✐t❛ ❛ V ′ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✳ ❆❧é♠

❞✐ss♦✱ t❡♠♦s q✉❡ V ′ = V0⊥K · u✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ V ′ t❡♠ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❡ V0 ( V ′✱ ♦

q✉❡ ❝♦♥tr❛❞✐③ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ V0✳ P♦rt❛♥t♦✱ V = V0✱ ❝♦♠♦ q✉❡rí❛♠♦s✳ �

❖❜s❡r✈❛çã♦ ✷✳✶✳✶✻ ❯♠❛ ♦✉tr♦ ❢♦r♠❛ ❞❡ ❞❡♠♦♥str❛r ♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ♣♦❞❡ s❡r

❡♥❝♦♥tr❛❞♦ ❡♠ ❬✶✶✱ ❈♦r♦❧ár✐♦ ✹✳✸✳✼❪✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✶✼ ❆ ♣❛rt❡ ❞❛ ❢♦r♠❛ s❡r ❜✐❧✐♥❡❛r ♥ã♦ ❞❡❣❡♥❡r❛❞❛ s❡r✈❡ ♣❛r❛ ❣❛r❛♥t✐r

q✉❡ V t❡♠ ❜❛s❡ ♦rt♦♥♦r♠❛❧✱ ♥♦ s❡♥t✐❞♦ ❞❛ ❉❡✜♥✐çã♦ ✷✳✶✳✶✷✳ ❙❡ r❡t✐r❛r♠♦s t❛❧ ❤✐♣ót❡s❡

❞♦ ❡♥✉♥❝✐❛❞♦ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡ V t❡♠ ❜❛s❡ ♦rt♦❣♦♥❛❧ ❡ ♣♦ss✉✐

✉♠ s✉❜❡s♣❛ç♦ ♠❛①✐♠❛❧ ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ t❡r ❜❛s❡ ♦rt♦♥♦r♠❛❧✳

✷✳✷ ❆ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠é✲

tr✐❝❛ ♥ã♦ ❞❡❣❡♥❡r❛❞❛

◆❡st❛ s❡çã♦ ❞❡s❝r❡✈❡♠♦s t♦❞❛s ❛s ❣r❛❞✉❛çõ❡s ❞❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛

❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ ✉♠ ❝♦r♣♦ K ❞❡

❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷✳
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◆♦ ❊①❡♠♣❧♦ ✶✳✶✳✷✺✱ ❞❡✜♥✐♠♦s ❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ B(b) = K · 1 ⊕ V ❝♦♠ ❛

♠✉❧t✐♣❧✐❝❛çã♦ ❞❛❞❛ ♣♦r (α · 1 + u) · (β · 1 + v) = (αβ + b(u, v)) · 1 + (βu + αv), ♦♥❞❡

α, β ∈ K ❡ u, v ∈ V ✳ ❆q✉✐✱ ♣❡r♠❛♥❡❝❡♠♦s ❝♦♠ ❛ ♥♦t❛çã♦ B s❡♠♣r❡ q✉❡ dimV =∞ ❡

Bn q✉❛♥❞♦ dimV = n✳ ❊st❛♠♦s ❞❡st❛❝❛♥❞♦ ❛ ❢♦r♠❛ b ♥❛ ❞❡✜♥✐çã♦ ❞❡ B✱ ✉♠❛ ✈❡③ q✉❡

t❛❧ á❧❣❡❜r❛ ❞❡♣❡♥❞❡ ♦❜✈✐❛♠❡♥t❡ ❞❛ ❢♦r♠❛✳ ➱ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ q✉❡ s❡ b ❡ b′ sã♦ ❞✉❛s ❢♦r♠❛s

s✐♠étr✐❝❛s ♥ã♦ ❞❡❣❡♥❡r❛❞❛s s♦❜r❡ V ❛s á❧❣❡❜r❛s Bn(b) ❡ Bn(b
′)✱ ♣❛r❛ n = 2, 3, . . .✱ sã♦

✐s♦♠♦r❢♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛s ❢♦r♠❛s b ❡ b′ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦ q✉❡

❞✐③ r❡s♣❡✐t♦s ❛s ✐❞❡♥t✐❞❛❞❡s✱ t❛✐s á❧❣❡❜r❛s s❡♠♣r❡ s❛t✐s❢❛③❡♠ ❛s ♠❡s♠❛s ✐❞❡♥t✐❞❛❞❡s✱ ❡

✐ss♦ ✐♥❞❡♣❡♥❞❡ ❞❛ ❢♦r♠❛ ❝♦♥s✐❞❡r❛❞❛✳

❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ A✱ ❞❡♥♦t❡♠♦s ♣♦r Σ = SuppA ❡ ♣♦r G ✉♠ ❣r✉♣♦ ❝✉❥♦ ♦

❡❧❡♠❡♥t♦ ♥❡✉tr♦ é ǫ✳

❚❡♦r❡♠❛ ✷✳✷✳✶ ◗✉❛❧q✉❡r ❣r❛❞✉❛çã♦ J =
⊕

g∈G Jg ❞❡ J = B(b) = K · 1 ⊕ V ♣♦r ✉♠

❣r✉♣♦ G s♦❜r❡ ✉♠ ❝♦r♣♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ❝♦♠♦ s❡

s❡❣✉❡✿ ❊①✐st❡ ✉♠❛ ❜❛s❡ β ❞❡ V ❞❡ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s q✉❡ ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st❛ ❝♦♠♦

✉♠❛ ✉♥✐ã♦ β = E∪E ′∪F ❡ ✉♠❛ ❜✐❥❡çã♦ E ∋ e↔ e′ ∈ E ′ t❛❧ q✉❡ deg(e) = (deg(e′))−1 6=
ǫ✱ ♣❛r❛ t♦❞♦ e ∈ E ❡ (deg(f))2 = ǫ✱ ♣❛r❛ t♦❞♦ f ∈ F ✳ ❖s ❝♦♥❥✉♥t♦s E ❡ E ′ sã♦ ❞✉❛✐s

✉♠ ❞♦ ♦✉tr♦✱ ❛ ❞✉❛❧✐❞❛❞❡ é ❡st❛❜❡❧❡❝✐❞❛ ♣❡❧❛ ♠❡s♠❛ ❛♣❧✐❝❛çã♦ e↔ e′✱ F é ♦rt♦♥♦r♠❛❧

✭s♦❜r❡ s✐ ♠❡s♠♦✮ ❡ ♦rt♦❣♦♥❛❧ s♦❜r❡ E ❡ E ′✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ q✉❛❧q✉❡r ❡s❝♦❧❤❛ ❞❡ ✉♠❛

❜❛s❡ ❝♦♠♦ ❞❡s❝r✐t❛ ❛❝✐♠❛ ❡ q✉❛❧q✉❡r ❝♦❧❡çã♦ ❞❡ ❡❧❡♠❡♥t♦s {ge, hf | e ∈ E, f ∈ F} ⊆ G

t❛❧ q✉❡ (ge)
2 6= ǫ ❡ (hf )

2 = ǫ✱ ❞❡✜♥❡ ✉♠❛ ❣r❛❞✉❛çã♦ ❡♠ J s❡ ❞❡✜♥✐r♠♦s deg(e) = ge✱

deg(e′) = (ge)
−1 ❡ deg(f) = hf ✱ ♣❛r❛ t♦❞♦ e ∈ E ❡ t♦❞♦ f ∈ F ✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❜❛s❡ ♥❛s ❝♦♥❞✐çõ❡s ❞❡s❝r✐t❛s ❛❝✐♠❛✱ ❛ s❛❜❡r✿

e1e2 = (e1)
′(e2)

′ = ef = e′f = 0,

e1(e2)
′ =





0, s❡ e1 6= e2

1, ❝❛s♦ ❝♦♥trár✐♦
,

f1f2 =





0, s❡ f1 6= f2

λ, ❝❛s♦ ❝♦♥trár✐♦
,

♣❛r❛ e, e1, e2 ∈ E ❡ f, f1, f2 ∈ F ❡ λ = λ(f1) ∈ K ♥ã♦ ♥✉❧♦ q✉❡ ❞❡♣❡♥❞❡ ❞❡ f1✱ t❡♠♦s

q✉❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ s❡r ❣r❛❞✉❛çã♦ s♦❜r❡ J sã♦ s❛t✐s❢❡✐t❛s✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ✈❛♠♦s s✉♣♦r ❛❣♦r❛ ✉♠❛ G✲❣r❛❞✉❛çã♦ ❡♠ J ✳ P❡❧❛ Pr♦♣♦s✐çã♦

✶✳✷✳✻✱ ❥á s❛❜❡♠♦s q✉❡ 1 ∈ Jǫ✳
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❆✜r♠❛çã♦ ✶✿ P❛r❛ ❝❛❞❛ g 6= ǫ✱ t❡♠♦s Jg ⊆ V ✳ ❉❡ ❢❛t♦✱ s❡❥❛ x = λ + u ✉♠

❡❧❡♠❡♥t♦ ♥ã♦ ♥✉❧♦ ❞❡ Jg✱ ❝♦♠ λ ∈ K✱ u ∈ V ❡ g 6= ǫ✳ ❊♥tã♦✱ u 6= 0 ❡ x2 = (λ+u)2 ∈ Jg2 ✳
▼❛s t❛♠❜é♠✱

Jg2 ∋ x2 = λ2 · 1 + b(u, u) · 1 + 2λu

= λ2 · 1 + b(u, u) · 1 + 2λ(x− λ)

= −λ2 · 1 + b(u, u) · 1 + 2λx.

◆♦t❡ q✉❡✱ −λ2 ·1+b(u, u) ·1 ∈ Jǫ ❡ 2λx ∈ Jg✳ P♦r g2 6= g ✭❥á q✉❡ g 6= ǫ✮ ❡ Jg∩Jg2 = {0}✱
❞❡✈❡♠♦s ♦❜r✐❣❛t♦r✐❛♠❡♥t❡ t❡r λ = 0✱ ✐♠♣❧✐❝❛♥❞♦ ❛ ♥♦ss❛ ❛✜r♠❛çã♦✳

❆❣♦r❛✱ ♦❧❤❡♠♦s ♣❛r❛ Jǫ✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❞❡❝♦♠♣♦s✐çã♦ ♦rt♦❣♦♥❛❧ Jǫ = K ·1⊕ J̃ǫ✱
♦♥❞❡ J̃ǫ ⊆ V ✳

❆✜r♠❛çã♦ ✷✿ J̃ǫ é ✉♠ ❡s♣❛ç♦ ♦rt♦❣♦♥❛❧ à Jg✱ ♣❛r❛ t♦❞♦ g ∈ G \ {ǫ}✳ ❉❡ ❢❛t♦✱

s✉♣♦♥❤❛♠♦s q✉❡ λ + u ∈ Jǫ✳ ❊s❝♦❧❤❛♠♦s g 6= ǫ ❡ s✉♣♦♥❤❛♠♦s q✉❡ v ∈ Jg ♥ã♦ ♥✉❧♦✳

❊♥tã♦✱ uv ∈ Jg✳ P♦r ♦✉tr♦ ❧❛❞♦✱ uv = b(u, v) · 1 ∈ Jǫ✳ ❆ss✐♠✱ b(u, v) = 0✱ ♣❛r❛ t♦❞♦

v ∈ Jg✱ s❡♠♣r❡ q✉❡ g 6= ǫ✳ ❈♦♥❝❧✉✐♥❞♦ t❛❧ ❛✜r♠❛çã♦✳

❊♥tã♦✱ t❡♠♦s ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ♦rt♦❣♦♥❛❧ V = J̃ǫ ⊕ Σg 6=ǫJg✳

❆✜r♠❛çã♦ ✸✿ ❙❡ g, h ∈ G\{ǫ}✱ ❝♦♠ gh 6= ǫ✱ ❡♥tã♦ b(Jg, Jh) = 0✳ ❊st❛ ❛✜r♠❛çã♦

s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦ ❢❛t♦ q✉❡ s❡ u ∈ Jg ❡ v ∈ Jh✱ t❡♠♦s uv ∈ Jgh ❡ uv = b(u, v) · 1
é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ Jǫ✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ b(u, v) = 0✳

❈♦♠ ❛s ❆✜r♠❛çõ❡s ✶✱ ✷ ❡ ✸ ❡♠ ♠ã♦s✱ ✐r❡♠♦s ❛❣♦r❛✱ ♦❧❤❛r ♣❛r❛ ♦ s✉♣♦rt❡ Σ ❞❡ J ✳

❈♦♥s✐❞❡r❡ Σ = Γ∪{ǫ}∪Ψ✱ ♦♥❞❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ Γ sã♦ ❡❧❡♠❡♥t♦s ❝✉❥❛ ❛ ♦r❞❡♠ é ❞✐❢❡r❡♥t❡

❞❡ ✷✱ ❡♥q✉❛♥t♦ ♦s ❡❧❡♠❡♥t♦s ❞❡ Ψ sã♦ t♦❞♦s ❞❡ ♦r❞❡♠ ✷✳ ❉✐✈✐❞✐♠♦s ❛r❜✐tr❛r✐❛♠❡♥t❡ Γ

♥❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛

Γ = Π ∪ Π′,

♦♥❞❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ Π′ sã♦ ♦s ✐♥✈❡rs♦s ❞♦s ❡❧❡♠❡♥t♦s ❡♠ Π✳ ❊♥tã♦✱ s❡ ❡s❝♦❧❤❡r♠♦s✱

❞✐❣❛♠♦s π ∈ Π✱ t❡♠♦s q✉❡ Jπ é ♦rt♦❣♦♥❛❧ à J̃ǫ ❡ Jg✱ ♦♥❞❡ g é ❞✐❢❡r❡♥t❡ ❞❡ π−1✳ ❈♦♠♦

b é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ ❞❡✈❡♠♦s t❡r Jπ−1 6= {0}✳ ❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠❛ ❜❛s❡

Eπ ❡♠ Jπ ❡ E ′
π ❡♠ Jπ−1 ❡♠ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐❥❡t✐✈❛ ❞❛❞❛ ♣♦r✿

E ∋ e←→ e′ ∈ E ′

t❛❧ q✉❡ b(e1, (e2)′) = 0 s❡♠♣r❡ q✉❡ e1 6= e2 ❡ ✶ ❝❛s♦ ❝♦♥trár✐♦✳ ❆❣♦r❛✱ ❞❡✜♥✐♠♦s

E = ∪π∈ΠEπ ❡ E ′ = ∪π∈ΠE ′
π✳ P♦rt❛♥t♦✱ ❝♦♥str✉í♠♦s ❛s ❞✉❛s ♣r✐♠❡✐r❛s ♣❛rt❡s ❞❛ ❜❛s❡
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q✉❡ q✉❡rí❛♠♦s✳ P❛r❛ ❝♦♥str✉✐r F ✱ ✈❛♠♦s ❡s❝♦❧❤❡r ψ = ǫ ♦✉ ψ ∈ Ψ✳ ❖✉ s❡❥❛✱ ❝♦♠

ψ2 = ǫ✳ ❊♥tã♦✱ ❛ r❡str✐çã♦ ❞❡ b ❡♠ J̃ǫ ♦✉ ❡♠ Jψ✱ ❞❡✈❡ s❡r ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ ♣♦✐s b é ♥ã♦

❞❡❣❡♥❡r❛❞❛✳ ❊s❝♦❧❤❛♠♦s ❛❣♦r❛ ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡♥tr♦ ❞❡ ❝❛❞❛ Jψ ♦✉ J̃ǫ✳ ❊st❛

✉♥✐ã♦ s❡rá ❛ ♣❛rt❡ r❡st❛♥t❡ ❞❛ ❜❛s❡ ❞❡s❡❥❛❞❛ ♣❛r❛ J ✱ ♦✉ s❡❥❛✱ t❡r❡♠♦s F ✳ P♦rt❛♥t♦✱

t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ �

❖❜s❡r✈❛çã♦ ✷✳✷✳✷ P❡❧♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ ♦❜s❡r✈❛♠♦s q✉❡ ♣❛r❛ ❞❡s❝r❡✈❡r ❛s ❣r❛❞✉❛çõ❡s

♣♦r ✉♠ ❣r✉♣♦ G s♦❜r❡ Bn é s✉✜❝✐❡♥t❡ ❡♥❝♦♥tr❛r ✉♠❛ ❜❛s❡ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ V q✉❡ s❛✲

t✐s❢❛③❡♠ ❛s r❡❧❛çõ❡s ❞❡s❝r✐t❛s ♥♦ t❡♦r❡♠❛✳ ❊♥tr❡t❛♥t♦✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ t❛❧ ❜❛s❡ ❞❡♣❡♥❞❡

❞♦ ❝♦r♣♦✳ P♦r ❡①❡♠♣❧♦✱ s❡❥❛ J = J2 ❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s ❞❡

♦r❞❡♠ ✷✱ ❝♦♠ G = Z3✳

❆✜r♠❛çã♦✿ P❛r❛ ❡①✐st✐r t❛❧ ❜❛s❡ ❡♠ J é ♥❡❝❡ssár✐♦ q✉❡
√
−1 ∈ K✳

❉❡ ❢❛t♦✱ s❡❥❛ J2 = (J2)0 ⊕ (J2)1 ⊕ (J2)2 ✉♠❛ Z3✲❣r❛❞✉❛çã♦ ♥ã♦ tr✐✈✐❛❧✳ ❈♦♠♦ Z3

♥ã♦ t❡♠ ❡❧❡♠❡♥t♦s ❞❡ ♦r❞❡♠ ✷✱ t❡♠♦s q✉❡ dim(J2)1 = dim(J2)2 = 1✱ ❡ ❝♦♥s❡q✉❡♥t❡✲

♠❡♥t❡✱ (J2)0 = K ✭♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ (J2)1 = Kw1 ❡ (J2)2 = Kw2✱

♦♥❞❡ w1 ❡ w2 sã♦ ♠❛tr✐③❡s ❞❡ tr❛ç♦ ③❡r♦ t❛✐s q✉❡✿

w2
1 = w2

2 = 0 ❡ w1 ◦ w2 = I2.

❖❜s❡r✈❡ q✉❡ ❛s ♠❛tr✐③❡s w1 ❡ w2 s❛t✐s❢❛③❡♥❞♦ ❡ss❛s r❡❧❛çõ❡s ❡①✐st❡♠ s❡✱ ❡ s♦♠❡♥t❡ s❡✱√
−1 ∈ K✳ ❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠ w1 ❡ w2 ♠❛tr✐③❡s s✐♠étr✐❝❛s ❞❡ tr❛ç♦ ③❡r♦ q✉❡ s❛t✐s❢❛③❡♠

❛s r❡❧❛çõ❡s ❛❝✐♠❛✳ ❈♦♠♦ w1 ❡ w2 sã♦ ♠❛tr✐③❡s s✐♠étr✐❝❛s ❞❡ tr❛ç♦ ③❡r♦✱ t❡♠♦s q✉❡ ❡st❛s

sã♦ ❞❛ ❢♦r♠❛✿

w1 =

(
a1 a2

a2 −a1

)
, w2 =

(
b1 b2

b2 −b1

)
.

❈♦♠♦ w2
1 = w2

2 = 0✱ t❡♠♦s q✉❡ a21 + a22 = b21 + b22 = 0✳ ❉❛í✱
√
−1 =

a1
a2

=
b1
b2
✳ ❘❡❝✐♣r♦✲

❝❛♠❡♥t❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥✱ t❡♠♦s q✉❡ w2
1 − (trw1)w1 + det(w1)I2 = 0

❡ w2
2 − (trw2)w2 + det(w2)I2 = 0✳ P♦r w2

1 = 0 ❡✱ w1 ❡ I2 t❡r❡♠ ❣r❛✉s ❞✐❢❡r❡♥t❡s✱ s❡❣✉❡

q✉❡ trw1 = det(w1) = 0✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ trw2 = det(w2) = 0✳ ❊ s❡♥❞♦ w1 ❡ w2 s✐♠é✲

tr✐❝❛s✱ t❡♠♦s q✉❡ w1 ◦w2 = λI2✳ P❛r❛ λ = 1✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳ P♦❞❡♠♦s ❡s❝♦❧❤❡r✱ ♣♦r

❡①❡♠♣❧♦✱ ❛s s❡❣✉✐♥t❡s ♠❛tr✐③❡s✿

w1 =

(
i 1

1 −i

)
, w2 =

1

2

(
−i 1

1 i

)
.

❈♦♥❝❧✉í♠♦s q✉❡✱ s♦❜r❡ ♦ ❝♦r♣♦ ❞♦s r❡❛✐s✱ ♣♦r ❡①❡♠♣❧♦✱ J2 t❡♠ ❛♣❡♥❛s ❛ Z3✲❣r❛❞✉❛çã♦

tr✐✈✐❛❧✱ ❥á s♦❜r❡ ♦ ❝♦r♣♦ ❞♦s ❝♦♠♣❧❡①♦s ♣♦ss✉✐ Z3✲❣r❛❞✉❛çã♦ ❛❧é♠ ❞♦ tr✐✈✐❛❧ ✭❝♦♠♦ ❛

❣r❛❞✉❛çã♦ ❝✐t❛❞❛✮✳
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✷✳✸ ❆ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠é✲

tr✐❝❛ ❞❡❣❡♥❡r❛❞❛

◆❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❢♦r❛♠ ❞❡s❝r✐t❛s ❛s ❣r❛❞✉❛çõ❡s ♣❛r❛ ❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ B

❡ Bn q✉❛♥❞♦ ❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✳ ◆❡st❛ s❡çã♦✱ ✈❡r❡♠♦s ♦

r❡s✉❧t❛❞♦ ♣❛r❛ ♦ ❝❛s♦ ♦♥❞❡ ❛ ❢♦r♠❛ b é ❞❡❣❡♥❡r❛❞❛✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

❚❡♦r❡♠❛ ✷✳✸✳✶ ◗✉❛❧q✉❡r ❣r❛❞✉❛çã♦ J =
⊕

g∈G Jg ❞❡ J = B(b) = K · 1 ⊕ V ♣♦r ✉♠

❣r✉♣♦ G s♦❜r❡ ✉♠ ❝♦r♣♦ K ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✷ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ❝♦♠♦ s❡

s❡❣✉❡✳ ❊①✐st❡ ✉♠❛ ❜❛s❡ β ❞❡ V ❞❡ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s q✉❡ ♣♦❞❡ s❡r ❞❡❝♦♠♣♦st❛ ❝♦♠♦

✉♠❛ ✉♥✐ã♦ β = E∪E ′∪F ❡ ✉♠❛ ❜✐❥❡çã♦ E ∋ e↔ e′ ∈ E ′ t❛❧ q✉❡ deg(e) = (deg(e′))−1 6=
ǫ✱ ♣❛r❛ t♦❞♦ e ∈ E ❡ (deg(f))2 = ǫ ♦✉ f é ❞❡❣❡♥❡r❛❞❛✱ ♣❛r❛ t♦❞♦ f ∈ F ✳ ❖s ❝♦♥❥✉♥t♦s

E ❡ E ′ sã♦ ❞✉❛✐s ✉♠ ❞♦ ♦✉tr♦✱ ❛ ❞✉❛❧✐❞❛❞❡ é ❡st❛❜❡❧❡❝✐❞❛ ♣❡❧❛ ♠❡s♠❛ ❛♣❧✐❝❛çã♦ e↔ e′✱

F é ♦rt♦❣♦♥❛❧ ✭❡♠ s✐ ♠❡s♠♦✮ ❡ ♦rt♦❣♦♥❛❧ t❛♠❜é♠ à E ❡ E ′✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ q✉❛❧q✉❡r

❡s❝♦❧❤❛ ❞❡ ✉♠❛ ❜❛s❡ ❝♦♠♦ ❞❡s❝r✐t❛ ❛❝✐♠❛ ❡ q✉❛❧q✉❡r ❝♦❧❡çã♦ {ge, hf | e ∈ E, f ∈ F}
❞❡ ❡❧❡♠❡♥t♦s ❡♠ G t❛❧ q✉❡ (ge)

2 6= ǫ ❡ (hf )
2 = ǫ✱ ❞❡✜♥❡ ✉♠❛ ❣r❛❞✉❛çã♦ ❡♠ J ✱ s❡

❞❡✜♥✐r♠♦s deg(e) = ge✱ deg(e′) = (ge)
−1 ❡ deg(f) = hf ✱ ♣❛r❛ t♦❞♦ e ∈ E ❡ t♦❞♦ f ∈ F ✳

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉✐r❡♠♦s ♦s ♠❡s♠♦s ♣❛ss♦s ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✶

❝♦♠ ❛♣❡♥❛s ❛❧❣✉♠❛s ❛❞❛♣t❛çõ❡s ♣❛r❛ ❛ ♣❛rt❡ ❞❡❣❡♥❡r❛❞❛✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❜❛s❡ ❞❛❞❛

♥♦ ❡♥✉♥❝✐❛❞♦ ❞♦ t❡♦r❡♠❛ s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞♦s ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦✱ ❛ s❛❜❡r✿

e1e2 = (e1)
′(e2)

′ = ef = e′f = 0

e1(e2)
′ =





0, s❡ e1 6= e2

1, ❝❛s♦ ❝♦♥trár✐♦

f1f2 =





0, s❡ f1 6= f2

λ1, ❝❛s♦ ❝♦♥trár✐♦

f ′
1f

′
2 = 0

♣❛r❛ e, e1, e2 ∈ E✱ f, f1, f2, f ′
1, f

′
2 ∈ F ❡ λ1 ∈ K ♥ã♦ ♥✉❧♦ ❞❡♣❡♥❞❡♥❞♦ ❞❡ f1✱ ♦♥❞❡ f1 ❡

f2 sã♦ ✈❡t♦r❡s ♥ã♦ ✐s♦tró♣✐❝♦s ❞❛ ♣❛rt❡ F ✱ ❡ f ′
1 ❡ f ′

2 sã♦ ✐s♦tró♣✐❝♦s ♥❛ ❜❛s❡ F ✳

❆❣♦r❛ ✐r❡♠♦s s✉♣♦r q✉❡ J t❡♥❤❛ ✉♠❛ G✲❣r❛❞✉❛çã♦✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✻✱ ❥á

s❛❜❡♠♦s q✉❡ 1 ∈ Jǫ✳ ❯s❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s q✉❡ ❢♦r❛♠ ✉s❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦

❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✶ ♦❜t❡♠♦s ❛s ❆✜r♠❛çõ❡s ✶✱ ✷ ❡ ✸ ♣❛r❛ ❡st❡ ❝❛s♦✳

❆❣♦r❛✱ ♦❧❤❡♠♦s ✉♠ s✉❜❝♦♥❥✉♥t♦ Σ′ ❞❡ G q✉❡ ❝♦♥té♠ ♦ s✉♣♦rt❡ Σ ❞❛ G✲❣r❛❞✉❛çã♦

❞❡ J ✳ ❈♦♥s✐❞❡r❡♠♦s Σ′ = Γ ∪ {ǫ} ∪ Ψ✱ ♦♥❞❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ Γ sã♦ ♦s ❡❧❡♠❡♥t♦s ❞❡
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♦r❞❡♠ ❞✐❢❡r❡♥t❡ ❞❡ ✷✱ ❡♥q✉❛♥t♦ ♦s ❡❧❡♠❡♥t♦s ❞❡ Ψ sã♦ t♦❞♦s ❞❡ ♦r❞❡♠ ✷✳ ❉✐✈✐❞✐♠♦s Γ

❝♦♠♦ s❡♥❞♦ ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ Γ = Π ∪ Π′✱ ♦♥❞❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ Π′ sã♦ ♦s ✐♥✈❡rs♦s ❞♦s

❡❧❡♠❡♥t♦s ❡♠ Π✳ ❊♥tã♦✱ s❡ ❡s❝♦❧❤❡r♠♦s✱ ❞✐❣❛♠♦s π ∈ Π✱ t❡♠♦s q✉❡ Jπ é ♦rt♦❣♦♥❛❧ ❛

J̃ǫ ❡ Jg✱ ♦♥❞❡ g é ❞✐❢❡r❡♥t❡ ❞❡ π−1✳ ❈♦♠♦ ❜ é ❞❡❣❡♥❡r❛❞❛✱ t❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

Jπ−1 6= {0} ♦✉ Jπ−1 = {0}.

❙❡ Jπ−1 6= {0} ❡♥tã♦ ♣♦❞❡♠♦s ❢❛③❡r ♦ ♠❡s♠♦ ♣r♦❝❡ss♦ ❞♦ ❝❛s♦ ♥ã♦ ❞❡❣❡♥❡r❛❞♦ ✭❚❡✲

♦r❡♠❛ ✷✳✷✳✶✮✱ ♦✉ s❡❥❛✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠❛ ❜❛s❡ Eπ ❡♠ Jπ ❡ E ′
π ❡♠ Jπ−1 ❡♠ ✉♠❛

❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❞❛❞❛ ♣♦r✿

E ∋ e←→ e′ ∈ E ′

t❛❧ q✉❡ b(e1, (e2)′) = 0✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ e1 6= e2 ❡ ✶ ♥♦ ❝❛s♦ ❡♠ q✉❡ e1 = e2✳ ❘❡st❛

❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ ❡♠ q✉❡ Jπ−1 = {0}✳ ◆❡st❡ ❝❛s♦✱ t❡♠♦s q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ Jπ sã♦

❞❡❣❡♥❡r❛❞♦s ❡ ❡♥tã♦ ❝♦♥s✐❞❡r❛r❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s π ❝♦♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡✱

❞❡♥♦t❛❞♦ ♣♦r ∆✳ ❈♦♥s✐❞❡r❛♥❞♦ Π′ = Π\∆✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦s ❝♦♥❥✉♥t♦s E = ∪π∈Π′Eπ

❡ E ′ = ∪π∈Π′E ′
π✳ P♦rt❛♥t♦✱ ❝♦♥str✉í♠♦s ❛s ❞✉❛s ♣r✐♠❡✐r❛s ♣❛rt❡s ❞❛ ❜❛s❡ q✉❡ q✉❡rí❛✲

♠♦s✳ P❛r❛ ❝♦♥str✉✐r ❛ ú❧t✐♠❛ ♣❛rt❡ ❞❛ ❜❛s❡✱ s❡❥❛ Ψ′ = Ψ ∪ ∆✱ ♦♥❞❡ ♦s ❡❧❡♠❡♥t♦s ❞❡

∆ sã♦ ❛q✉❡❧❡s ♦❜t✐❞♦s ❞♦s π ∈ Σ t❛✐s q✉❡ Jπ−1 = {0}✳ ❊s❝♦❧❤❛♠♦s g ∈ ∆ ❡ ✉♠❛ ❜❛s❡

♦rt♦❣♦♥❛❧ ❞❡ Jg ✭✈❡r ❖❜s❡r✈❛çã♦ ✷✳✶✳✶✼✮✳ ❱❛♠♦s ❡s❝♦❧❤❡r ψ = ǫ ♦✉ ψ ∈ Ψ′✳ ❖✉ s❡❥❛✱

❝♦♠ ψ2 = ǫ✳ ❊♥tã♦✱ ❛ r❡str✐çã♦ ❞❡ b ♣❛r❛ J̃ǫ ♦✉ ♣❛r❛ Jψ é ✉♠❛ ❢♦r♠❛ s✐♠étr✐❝❛ ❞❡❣❡✲

♥❡r❛❞❛ ♦✉ ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ❜❛s❡ ♦rt♦♥♦r♠❛❧ ♦✉

♦rt♦❣♦♥❛❧ ❞❡♥tr♦ ❞❡ ❝❛❞❛ Jψ ♦✉ J̃ǫ✱ ❡ ❛ ✉♥✐ã♦ ❞❡st❛s ❜❛s❡s ❢♦r♠❛♠ F ✱ ❛ ♣❛rt❡ r❡st❛♥t❡

❞❛ ❜❛s❡ ❞❡s❡❥❛❞❛ ♣❛r❛ J ✱ ❞♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �



❈❛♣ít✉❧♦ ✸

■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❡♠ á❧❣❡❜r❛s ❞❡

❏♦r❞❛♥

◆♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ♠❛✐s ❡①❛t❛♠❡♥t❡ ♥♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✱ ❛♣r❡s❡♥t❛♠♦s ❛ ❝❧❛s✲

s✐✜❝❛çã♦ ❞❡ t♦❞❛s ❛s ❣r❛❞✉❛çõ❡s s♦❜r❡ ❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ s✐♠étr✐❝❛

♥ã♦ ❞❡❣❡♥❡r❛❞❛✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ❡①✐❜✐r❡♠♦s✱ ❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s q✉❡✱ ❛ ♠❡♥♦s ❞❡ ✐s♦✲

♠♦r✜s♠♦✱ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s ❞❡ ♦r❞❡♠ ✷✱ ❞❡♥♦t❛❞❛ ♣♦r J2✱ t❡♠ ❞✉❛s

Z2✲❣r❛❞✉❛çõ❡s ♥ã♦ tr✐✈✐❛✐s✱ ✉♠❛ ❡♠ q✉❡ dim(J2)0 = 1✱ ❛ q✉❛❧ ❝❤❛♠❛r❡♠♦s ❞❡ ❣r❛❞✉❛✲

çã♦ ❡s❝❛❧❛r✱ ❡ ✉♠❛ ❡♠ q✉❡ dim(J2)0 > 1✱ ❛ q✉❛❧ ❝❤❛♠❛r❡♠♦s ❞❡ ❣r❛❞✉❛çã♦ ♥ã♦✲❡s❝❛❧❛r✳

▲❡♠❜r❛♠♦s q✉❡ ❡①✐❜✐♠♦s ♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✸✵ ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❛s á❧❣❡❜r❛s J2 ❡ B2✱

✐♠♣❧✐❝❛♥❞♦ q✉❡ ♦ ❝♦♠❡♥tár✐♦ ❛♥t❡r✐♦r é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ Bn✳

❊♠ ❬✷✹❪✱ ❑♦s❤❧✉❦♦✈ ❡ ❉✐♥✐③ ❞❡t❡r♠✐♥❛r❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛✲

❞❛s ♥♦s ❞♦✐s ❝❛s♦s ❞❡s❝r✐t♦s ♣❛r❛ J2✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ♦ ❝❛s♦ ❞❛ ❣r❛❞✉❛çã♦ ❡s❝❛❧❛r✱ ♦s

❛✉t♦r❡s ❞❡s❝r❡✈❡r❛♠ ✉♠ r❡s✉❧t❛❞♦ ♠❛✐s ❣❡r❛❧✱ ❡①✐❜✐♥❞♦ ✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s

❣r❛❞✉❛❞❛s ♣❛r❛ ❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ B ❡ Bn✳ ❯s❛♥❞♦ ❡ss❡ t❡①t♦ ❜❛s❡✱ ❞❡❞✐❝❛♠♦s ❡st❡

❝❛♣ít✉❧♦ ❛♦ ❡st✉❞♦ ❞❡ss❡s r❡s✉❧t❛❞♦s✳

❊♠ t♦❞♦ ❡st❡ ❝❛♣ít✉❧♦✱ ❝♦♥s✐❞❡r❛♠♦s X = Y ∪ Z✱ ♦♥❞❡ Y = {yi | i ∈ N} é ♦

❝♦♥❥✉♥t♦ ❞❛s ✈❛r✐á✈❡✐s ♣❛r❡s ❡ Z = {zi | i ∈ N} ❛s í♠♣❛r❡s✱ ❡ K✱ ❛ ♠❡♥♦s q✉❡ s❡❥❛

♠❡♥❝✐♦♥❛❞♦✱ é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ❞♦✐s✳



✺✺

✸✳✶ ●r❛❞✉❛çõ❡s ♥❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥

◆❡st❛ s❡çã♦✱ ♠♦str❛r❡♠♦s q✉❡ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s ❞❡ ♦r❞❡♠ ✷✱ ♣♦s✲

s✉✐✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✱ ❞✉❛s Z2✲❣r❛❞✉❛çõ❡s ♥ã♦ tr✐✈✐❛✐s✳ ❆♥t❡s ❞❡ tr❛❜❛❧❤❛r♠♦s

❝♦♠ t❛❧ á❧❣❡❜r❛✱ ✐r❡♠♦s ❞❡♠♦♥str❛r ✉♠ r❡s✉❧t❛❞♦ té❝♥✐❝♦ s♦❜r❡ ❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥

B ❡ Bn s♦❜r❡ ❛ ❢♦r♠❛ 〈·, ·〉✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✶ ❚♦❞❛ Z2✲❣r❛❞✉❛çã♦ ♥❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ Bn ❡ B é ❞❡✜♥✐❞❛ ♣♦r

✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦s ❡s♣❛ç♦s Vn✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ V ✱ ❝♦♠♦ ✉♠❛ s♦♠❛ ❞✐r❡t❛ ❞❡ ❞♦✐s

s✉❜❡s♣❛ç♦s ♦rt♦❣♦♥❛✐s✳

❉❡♠♦♥str❛çã♦✿ ▼♦str❡♠♦s q✉❡ Bn é ❡s❝r✐t♦ ❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡ ❞♦✐s s✉❜❡s♣❛ç♦s

♦rt♦❣♦♥❛✐s✳ ❙✉♣♦♥❤❛♠♦s q✉❡ J := Bn t❡♠ ✉♠❛ ❣r❛❞✉❛çã♦ J = J0 ⊕ J1✳ ❈♦♠♦ 1

♣❡rt❡♥❝❡ à ❝♦♠♣♦♥❡♥t❡ ♣❛r ❞❛ ❣r❛❞✉❛çã♦✱ s❡❣✉❡ q✉❡ K ⊆ J0✳ ❙❡❥❛ β = {1, v1, . . . , vk}
✉♠❛ ❜❛s❡ ❞❡ J0✱ ♦♥❞❡ vi ∈ Vn✳ ❙❡❥❛♠ vi ∈ β ❡ α + v ∈ J1✱ ❝♦♠ α ∈ K ❡ v ∈ Vn✱ ❡♥tã♦
vi ◦ (α+ v) ∈ J1✱ ♣♦✐s J0J1 ⊆ J1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ vi ◦ (α+ v) = αvi+ 〈vi, v〉 ∈ J0✳ ▲♦❣♦✱
vi ◦ (α+ v) ∈ J0 ∩ J1 = {0}✳ ❊♥tã♦✱ ❝♦♠♦ vi ∈ β ✭❡ ♣♦rt❛♥t♦✱ vi 6= 0✮✱ s❡❣✉❡ q✉❡ α = 0

❡ 〈vi, v〉 = 0✳ ❆ss✐♠✱ J1 ⊆ Vn ❡ é ♦rt♦❣♦♥❛❧ ❛♦ ❡s♣❛ç♦ span(v1, . . . , vk)✳ ❈♦♥❝❧✉✐♥❞♦

♦ r❡s✉❧t❛❞♦ ♣❛r❛ Bn✳ ❆♣❧✐❝❛♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡ss♦ ❛❝✐♠❛ ♣❛r❛ B ♦ r❡s✉❧t❛❞♦ s❡❣✉❡

❛♥á❧♦❣♦✳ �

❆❣♦r❛ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r à Z2✲❣r❛❞✉❛çã♦ ♥❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥

❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s ❞❡ ♦r❞❡♠ ✷✱ ♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r J2✳ ❉❡♥♦t❛r❡♠♦s ♣♦r

I2 =


 1 0

0 1


 ; a =


 1 0

0 −1


 ; b =


 0 1

1 0




❛s ♠❛tr✐③❡s q✉❡ ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ❞❡ J2✱ ✈❡r ❊①❡♠♣❧♦ ✶✳✶✳✷✼✳

❈♦r♦❧ár✐♦ ✸✳✶✳✷ ❆ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦s ❣r❛❞✉❛❞♦s✱ ❡①✐st❡♠ ❞✉❛s Z2✲❣r❛❞✉❛çõ❡s

♥ã♦ tr✐✈✐❛✐s ♥❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ J := J2✳ ❊st❛s sã♦ ❞❛❞❛s ♣♦r J = J0 ⊕ J1✱ ♦♥❞❡

J0 = span(I2, a), J1 = span(b) ♦✉ J0 = span(I2), J1 = span(a, b)✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✸ ✭✐✮ ❖ ❝♦r♦❧ár✐♦ ❛♥t❡r✐♦r é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✶✳

✭✐✐✮ ❆ Z2✲❣r❛❞✉❛çã♦ s♦❜r❡ J2 ❞❛❞❛ ♣♦r J0 = span(I2) ❡ J1 = span(a, b) é ❝❤❛♠❛❞❛ ❞❡

❣r❛❞✉❛çã♦ ❡s❝❛❧❛r✱ ❥á ❛ ♦✉tr❛ s❡rá ❞❡♥♦♠✐♥❛❞❛ ❣r❛❞✉❛çã♦ ♥ã♦ ❡s❝❛❧❛r✳

✭✐✐✐✮ ❖❜s❡r✈❡ q✉❡ a2 = b2 = I2 ❡ a ◦ b = 0✳ ◆❡st❡ ❝❛s♦✱ ❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛

J̃ = J̃1 ⊕ J̃2✱ ♦♥❞❡ J̃0 = span(I2, b) ❡ J̃1 = span(a)✱ é ✐s♦♠♦r❢♦✱ ❝♦♠♦ á❧❣❡❜r❛

Z2✲❣r❛❞✉❛❞❛✱ à J2 ❝♦♠ ❛ ❣r❛❞✉❛çã♦ ♥ã♦ ❡s❝❛❧❛r✳



✺✻

✸✳✷ ■❞❡♥t✐❞❛❞❡s ♣❛r❛ ❛ ❣r❛❞✉❛çã♦ ♥ã♦ ❡s❝❛❧❛r

◆❛ s❡çã♦ ❛♥t❡r✐♦r✱ ♠♦str❛♠♦s q✉❡ ❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s ❞❡

♦r❞❡♠ ✷✱ ❝♦♠✉♠❡♥t❡ ❞❡♥♦t❛❞❛ ♣♦r J2✱ t❡♠ ✭❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✮ ❞✉❛s ❣r❛❞✉❛çõ❡s

♥ã♦ tr✐✈✐❛✐s ♣❡❧♦ ❣r✉♣♦ Z2✳ ◆❡st❛ s❡çã♦✱ ✐r❡♠♦s ❞❡s❝r❡✈❡r ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s

♣❛r❛ ❡ss❛ á❧❣❡❜r❛ ❝♦♠ ❛ ❣r❛❞✉❛çã♦ ♥ã♦ ❡s❝❛❧❛r✳

❉❡♥♦t❛r❡♠♦s ♣♦r T := T2(J2) ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ❞❡ J2✱ ❝♦♠ ❛

❣r❛❞✉❛çã♦ ❡s❝❛❧❛r✳ ❆ ❝♦♥❝❛t❡♥❛çã♦ ❞❡ ❞✉❛s ♠❛tr✐③❡s r❡♣r❡s❡♥t❛rá ♦ ♣r♦❞✉t♦ ♥❛ á❧❣❡❜r❛

❞❡ ❏♦r❞❛♥ M2(K)(+)✱ ❡ “·✑ r❡♣r❡s❡♥t❛rá ♦ ♣r♦❞✉t♦ ✉s✉❛❧ ❞❡ ♠❛tr✐③❡s✳ ▲❡♠❜r❛♠♦s q✉❡✱

|u| é ♦ Z2✲❣r❛✉ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ ♥❛ á❧❣❡❜r❛ ❧✐✈r❡ Z2✲❣r❛❞✉❛❞❛✳

❉❡♥♦t❛r❡♠♦s ♣♦r I ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s✿

x1(x2x3)− x2(x1x3), s❡ |x1| = |x2| ✭✸✳✶✮

(y1y2, z1, z2)− (y1(y2, z1, z2) + y2(y1, z1, z2)− 2z1(z2, y1, y2)), ✭✸✳✷✮

(y1y2, y3, z1)− (y1(y2, y3, z1) + y2(y1, y3, z1)), ✭✸✳✸✮

(z1z2, x1, x2), ✭✸✳✹✮

(y1, y2, z1, x, y3)− (y1, y3, z1, x, y2). ✭✸✳✺✮

❆q✉✐ (a, b, c) ❞❡♥♦t❛ ♦ ❛ss♦❝✐❛❞♦r ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s a✱ b ❡ c✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡ss❛

s❡çã♦ é ♠♦str❛r q✉❡ I é ✐❣✉❛❧ ❛ T ✳

❈♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ❢❛❝✐❧✐t❛r ❛ ❝♦♠♣r❡❡♥sã♦ ❞♦ t❡①t♦✱ ✐♥❞✐❝❛♠♦s ❛❝✐♠❛ ❞♦ sí♠❜♦❧♦

✏=✑ ✭❛ss✐♠ ❝♦♠♦ ✏≡✑✱ ❡♠ ❛❧❣✉♥s ❝❛s♦s✮ ❛ ✐❞❡♥t✐❞❛❞❡ ♦✉ r❡s✉❧t❛❞♦✱ ❞❛ q✉❛❧ ❛ ✐❣✉❛❧❞❛❞❡

✭♦✉ ❡q✉✐✈❛❧ê♥❝✐❛✮ s❡❣✉❡✳ P♦r ❡①❡♠♣❧♦✱ M
✭✸✳✹✮≡ N ✐♥❞✐❝❛ q✉❡ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ M ≡ N é

❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ■❞❡♥t✐❞❛❞❡ ✭✸✳✹✮✳ ❖✉tr♦ ❡①❡♠♣❧♦✱ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ M
P. 3.1.1≡ N s✐❣♥✐✜❝❛

q✉❡ N é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ M ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✶✳ ◆❡st❡ ❝❛s♦✱ ▲✳✱ ❚✳✱ P✳✱ ❡t❝✱ s✐❣♥✐✜❝❛

▲❡♠❛✱ ❚❡♦r❡♠❛✱ Pr♦♣♦s✐çã♦✱ ❡t❝✳✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▲❡♠❛ ✸✳✷✳✶ ❖s ♣♦❧✐♥ô♠✐♦s ✭✸✳✶✮✲✭✸✳✺✮ sã♦ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡

❏♦r❞❛♥ J2✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ I ⊆ T ✳

❉❡♠♦♥str❛çã♦✿ ▼♦str❡♠♦s q✉❡ ♦s ❡❧❡♠❡♥t♦s ❣❡r❛❞♦r❡s ❞❡ I s❡ ❛♥✉❧❛♠ q✉❛♥❞♦ s✉❜s✲

t✐t✉í❞♦s ♣♦r ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❞❡ J2✳ ■st♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ ♠♦str❛r q✉❡ I ⊂ T ✱ ♣♦✐s ♦s

♣♦❧✐♥ô♠✐♦s q✉❡ ❣❡r❛♠ I sã♦ t♦❞♦s ♠✉❧t✐❧✐♥❡❛r❡s✳ ■r❡♠♦s ❛♥❛❧✐s❛r ❝❛s♦ ❛ ❝❛s♦✳

❖ ♣♦❧✐♥ô♠✐♦ ✭✸✳✶✮✿ ❙❡ ❛❧❣✉♠ xi ❢♦r s✉❜st✐t✉í❞♦ ♣♦r I2 ♦ r❡s✉❧t❛❞♦ é tr✐✈✐❛❧✱ ❥á

q✉❡ I2 ∈ Z(J)✳ ❆ss✐♠✱ t❡♠♦s ❞♦✐s ❝❛s♦s ❛ ❛♥❛❧✐s❛r✳ ❙✉♣♦♥❤❛ q✉❡ x1 ❡ x2 ♣♦ss❛♠ s❡r
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s✉❜st✐t✉í❞♦s ♣♦r a✳ ◆❡st❡ ❝❛s♦✱

a(ax̄3)− a(ax̄3) = 0.

❆q✉✐ x̄ s✐❣♥✐✜❝❛ q✉❡ x ❢♦✐ s✉❜st✐t✉í❞♦ ♣♦r ❛❧❣✉♠ ❡❧❡♠❡♥t♦ ❝♦♠♣❛tí✈❡❧ ❡♠ J2✳ ❖ ❝❛s♦

❡♠ q✉❡ x1 ❡ x2 ♣♦ss❛♠ s❡r s✉❜st✐t✉í❞♦s ♣♦r b é ❛♥á❧♦❣♦✳ P♦rt❛♥t♦✱ t❛❧ ♣♦❧✐♥ô♠✐♦ ❡stá

❡♠ T ✳

P❛r❛ ♦s ♣ró①✐♠♦s ♣♦❧✐♥ô♠✐♦s✱ ❧❡♠❜r❛♠♦s q✉❡ |yi| = 0 ❡ |zi| = 1✱ ♣❛r❛ t♦❞♦ i✳

❖ ♣♦❧✐♥ô♠✐♦ ✭✸✳✷✮✿ ❆♥❛❧✐s❡♠♦s ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ s✉❜st✐t✉✐çã♦ ❛❞♠✐ssí✈❡❧✳ ➱

❝❧❛r♦ q✉❡ s❡ s✉❜st✐t✉✐r♠♦s I2 ❡♠ ❛❧❣✉♠❛ ✈❛r✐á✈❡❧ yi t❡♠♦s q✉❡ t❛❧ r❡s✉❧t❛❞♦ é ③❡r♦✳

❆ss✐♠ é s✉✜❝✐❡♥t❡ s✉❜st✐t✉✐r ♣♦r a ♥❛s ✈❛r✐á✈❡✐s y′is ❡ b ♥❛s ✈❛r✐á✈❡✐s z′is✳ ◆❡st❡ ❝❛s♦

t❡♠♦s✿

(a2, b, b)− (a(a, b, b) + a(a, b, b)− 2b(b, a, a)) = −(a(a, b, b) + a(a, b, b)− 2b(b, a, a))

= −2a(ab2) + 2b(ba2)

= 0,

♣♦✐s a2 = b2 = I2✳ ❈♦♥❝❧✉✐♥❞♦ q✉❡ t❛❧ ♣♦❧✐♥ô♠✐♦ ❡stá t❛♠❜é♠ ❡♠ T ✳

❖ ♣♦❧✐♥ô♠✐♦ ✭✸✳✸✮✳ ◆♦✈❛♠❡♥t❡ ❛♥❛❧✐s❡♠♦s ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞❛ s✉❜st✐t✉✐çã♦

❛❞♠✐ssí✈❡❧✳ ❈♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✱ s❡ s✉❜st✐t✉✐r♠♦s I2 ❡♠ ❛❧❣✉♠❛ ✈❛r✐á✈❡❧ y′is t❡♠♦s

♦ r❡s✉❧t❛❞♦✳ ❆ss✐♠ é s✉✜❝✐❡♥t❡ s✉❜st✐t✉✐r ♣❛r❛ ♦s ❝❛s♦s ❝♦♠♣❛tí✈❡✐s ❝♦♠ ❛ ❣r❛❞✉❛çã♦✳

◆♦t❡ q✉❡

(a2, a, b)− (a(a, a, b) + a(a, a, b)) = −2a(a, a, b) = −2a(a2b) = 0.

◆❡st❡ ❝❛s♦✱ ♦ ♣♦❧✐♥ô♠✐♦ ✭✸✳✸✮ ❡stá ❡♠ T ✳

❖ ♣♦❧✐♥ô♠✐♦ ✭✸✳✹✮✳ ❊st❡ ❝❛s♦ é ♦ ♠❛✐s s✐♠♣❧❡s ❞❡ t♦❞♦s✱ ♣♦✐s b2 = I2✱ ♦✉ s❡❥❛✱

z1z2 ∈ Z(J2)✳ ❖ r❡s✉❧t❛❞♦ s❡❣✉❡ ♣❛r❛ ❡st❡ ❝❛s♦✳

P♦r ✜♠✱ ♦ ♣♦❧✐♥ô♠✐♦ ✭✸✳✺✮✳ ❈♦♠♦ ❞❡ ❝♦st✉♠❡ s❡ s✉❜st✐t✉✐r♠♦s I2 ❡♠ ❛❧❣✉♠❛

✈❛r✐á✈❡❧ y′is t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ ❆ss✐♠✱ ❛s ú♥✐❝❛s s✉❜st✐t✉✐çõ❡s ❛ s❡r❡♠ ❝♦♥s✐❞❡r❛❞❛s sã♦

a ♥❛s ✈❛r✐á✈❡✐s y′is ❡ b ♥❛s ✈❛r✐á✈❡✐s z′is✳ ❚❡♠♦s ❡♥tã♦✿

(a, a, b, x̄, a)− (a, a, b, x̄, a) = 0.

❊ ♦ r❡s✉❧t❛❞♦✱ ♥❡st❡ ú❧t✐♠♦ ❝❛s♦✱ t❛♠❜é♠ é s❛t✐s❢❡✐t♦✳

❈♦♠♦ ❝♦❜r✐♠♦s t♦❞♦s ♦s ❝❛s♦s✱ t❡♠♦s q✉❡ I ⊆ T ✳ �
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❈♦♠♦ ♦ ❝♦r♣♦ é ✐♥✜♥✐t♦✱ ❛✜♠ ❞❡ ♣r♦✈❛r ❛ ✐♥❝❧✉sã♦ T ⊆ I✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r

❛♣❡♥❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ♠✉❧t✐❤♦♠♦❣ê♥❡❛s✱ ❝♦♠♦ ✈✐♠♦s ♥❛ ❙❡çã♦ ✶✳✺ ❞♦ ❈❛♣ít✉❧♦

✶✳

❙❡❥❛ L =
SJ(X)

I
❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ Z2✲❣r❛❞✉❛❞❛ ♥❛ ✈❛r✐❡❞❛❞❡ ❞❛s

á❧❣❡❜r❛s q✉❡ s❛t✐s❢❛③❡♠ I✳ ❆q✉✐ SJ(X) é ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛❧ Z2✲❣r❛❞✉❛❞❛

❝♦♥str✉í❞❛ ♥❛ ❙❡çã♦ ✶✳✸✳ ❆✐♥❞❛ ♠❛♥t❡r❡♠♦s ❛ ♥♦t❛çã♦ ♣❛r❛ ❛s ✈❛r✐á✈❡✐s y ❡ z ❡♠ L✱

♦♥❞❡ y ✭❝♦♠ ♦✉ s❡♠ í♥❞✐❝❡✮ r❡♣r❡s❡♥t❛ ❛s ✈❛r✐á✈❡✐s ♣❛r❡s ❡ z ✭❝♦♠ ♦✉ s❡♠ í♥❞✐❝❡✮

r❡♣r❡s❡♥t❛ ❛s í♠♣❛r❡s✳ ◆♦t❡ q✉❡✱ ❛ ■❞❡♥t✐❞❛❞❡ ✭✸✳✹✮✱ q✉❡ ❡stá ❡♠ I✱ ✐♠♣❧✐❝❛rá q✉❡

♦s ❡❧❡♠❡♥t♦s zizj ❡stã♦ ♥♦ ❝❡♥tr♦ ❛ss♦❝✐❛t✐✈♦ ❞❡ L✱ ❥á q✉❡ (z1z2, x1, x2) = 0 ❡♠ L✳

P♦rt❛♥t♦✱ ❛ s✉❜á❧❣❡❜r❛ ❞❡ L ❣❡r❛❞❛ ♣♦r t♦❞♦s zizj é ❛ss♦❝✐❛t✐✈❛✳ ❈♦♠♦ I é ✉♠ ✐❞❡❛❧

❣r❛❞✉❛❞♦✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✽✱ q✉❡ ❛ á❧❣❡❜r❛ L é ❣r❛❞✉❛❞❛✱ s❡♥❞♦ s✉❛ ❣r❛❞✉❛çã♦

✐♥❞✉③✐❞❛ ♣❡❧❛ ❣r❛❞✉❛çã♦ ❡♠ SJ(X)✳ ▲♦❣♦✱ L = L0 ⊕ L1✳

◆♦t❛çã♦ ✸✳✷✳✷ ❖ ❝❤❛♣é✉ s♦❜r❡ q✉❛❧q✉❡r ✈❛r✐á✈❡❧ s✐❣♥✐✜❝❛rá q✉❡ ❡❧❛ ♣♦❞❡ ♥ã♦ ❛♣❛r❡❝❡r✱

❡ ♥❡st❡ ❝❛s♦✱ ❝♦♥s✐❞❡r❛♠♦s ✶ ❡♠ s❡✉ ❧✉❣❛r✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✸ ❆ s✉❜á❧❣❡❜r❛ L0 ❞❡ L é ❛ss♦❝✐❛t✐✈❛✳ ❆❧é♠ ❞✐ss♦✱ ❛ s✉❜á❧❣❡❜r❛ ❞❡ L

❣❡r❛❞❛ ♣♦r L1 é ❛ss♦❝✐❛t✐✈❛✳

❉❡♠♦♥str❛çã♦✿ Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡ q✉❡ (y1, y2, y3)
✭✸✳✶✮
= 0 ❡♠ L✳

❉❡ ❢❛t♦✱

(y1, y2, y3) = (y1y2)y3 − y1(y2y3) = −(y1(y3y2)− y3(y1y2)) ∈ I.

▲♦❣♦✱ L0 é ❛ss♦❝✐❛t✐✈❛✱ ❥á q✉❡ yi✬s ♣♦❞❡ s❡r s✉❜st✐t✉í❞♦ ♣♦r q✉❛❧q✉❡r ❡❧❡♠❡♥t♦s ❡♠ L0✳

❆❣♦r❛✱ s❡❥❛ w ✉♠ ♠♦♥ô♠✐♦ t❛❧ q✉❡ degw = n ❡♠ [L1]✱ ❛q✉✐ [L1] ❞❡♥♦t❛ ❛ s✉❜á❧❣❡❜r❛

❞❡ L ❣❡r❛❞❛ ♣♦r L1✳ ❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ [L1] é ❛ss♦❝✐❛t✐✈❛✳ Pr✐♠❡✐r❛♠❡♥t❡✱

♠♦str❡♠♦s ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦

❆✜r♠❛çã♦ ✶✿ w = (u)ẑi✱ ♣❛r❛ ❛❧❣✉♠ zi ❡ ❛❧❣✉♠ ♠♦♥ô♠✐♦ u ∈ LC ✭❝❡♥tr♦

❛ss♦❝✐❛t✐✈♦ ❞❡ L✮✳

❉❡ ❢❛t♦✱ ❢❛r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ ❡♠ n✳ ❙❡ n = 1✱ ❡♥tã♦ w = z ❡

u = 1✱ ❡ ♣♦rt❛♥t♦ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ ❙✉♣♦♥❤❛ q✉❡ n > 1✱ ❡ q✉❡ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛

♣❛r❛ ♠♦♥ô♠✐♦s ❞❡ ❣r❛✉ ♥♦ ♠á①✐♠♦ n − 1✳ ❊♥tã♦ w = (w1) · · · (wk)✱ ♦♥❞❡ wi✬s ❡stã♦

❡♠ [L1] ✭❛q✉✐ ♣♦❞❡ ❤❛✈❡r q✉❛❧q✉❡r ❛rr❛♥❥♦ ❞❡ ♣❛rê♥t❡s❡s✮✳ P❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱

♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡✱ ♣❛r❛ ❝❛❞❛ i✱ wi = (ui)ẑti ✱ ❝♦♠ ui ∈ LC ✳ ❈♦♠♦ ui ❡stá ♥♦ ❝❡♥tr♦
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❛ss♦❝✐❛t✐✈♦✱ ♣♦❞❡♠♦s r❡❞✉③✐r ♦ ❝❛s♦ ❛ w = (u)(w′), ♦♥❞❡ u ∈ LC ❡ w′ é ♦ ♣r♦❞✉t♦ ❞❡

❛❧❣✉♠❛s ✈❛r✐á✈❡✐s z✱ ❝♦♠ ❛❧❣✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣❛rê♥t❡s❡s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉❡ ❞❛

■❞❡♥t✐❞❛❞❡ ✭✸✳✹✮ q✉❡ ♦ ♣r♦❞✉t♦ ❞❡ q✉❛✐sq✉❡r ❞✉❛s ✈❛r✐á✈❡✐s z ❡stá ♥♦ ❝❡♥tr♦ ❛ss♦❝✐❛t✐✈♦

❞❡ LC ✱ ❡♥tã♦ ♣♦❞❡♠♦s tr❛♥s❢❡r✐✲❧❛ ♣❛r❛ u✳ ❆❣♦r❛✱ t❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✳ ❙❡ ♦ ❣r❛✉

❞❡ w′ é ♣❛r✱ t❡♠♦s q✉❡ w ∈ LC ✳ ❊ s❡ é í♠♣❛r✱ ❡♥tã♦ w = (u′)z, ♦♥❞❡ u′ ∈ LC ✳
❈♦♠ ❛ ❛✜r♠❛çã♦ ✏❡♠ ♠ã♦s✑ ❝♦♥s✐❞❡r❡ wi = uiẑti ✱ i = 1✱ 2✱ 3✱ três ❡❧❡♠❡♥t♦s ❞❡

[L1]✳ P❡❧❛ ■❞❡♥t✐❞❛❞❡ ✭✸✳✶✮✱ t❡♠♦s q✉❡ (z1, z2, z3) = 0 ❡♠ L✳ ❆ss✐♠✱ ♦❜t❡♠♦s✿

(w1, w2, w3) = (u1u2u3)(ẑt1 , ẑt2 , ẑt3) = 0 ❡♠ L.

❙❡ ❛❧❣✉♠❛ ❞❛s ✈❛r✐á✈❡✐s ẑti ♥ã♦ ❛♣❛r❡❝❡ ❡♥tã♦ ❡♠ s❡✉ ❧✉❣❛r ❛♣❛r❡❝❡ ✶✱ ❡ ♥❡st❡ ❝❛s♦ ♦

❛ss♦❝✐❛❞♦r s❡ ❛♥✉❧❛ tr✐✈✐❛❧♠❡♥t❡✳ P♦rt❛♥t♦ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ �

❆❣♦r❛✱ s❡❥❛ Ω ⊆ L ♦ ♠❡♥♦r s✉❜❝♦♥❥✉♥t♦ ❞❡ L ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ s❡ f1, f2, f3

sã♦ ❡❧❡♠❡♥t♦s ❡♠ Ω ∪ X✱ ❡♥tã♦ (f1, f2, f3) ∈ Ω✳ ❈❤❛♠❛r❡♠♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ Ω ❞❡

❛ss♦❝✐❛❞♦r❡s✳

❉❡♥♦t❛♠♦s ♣♦r SJ(X)(n1,...,nk) ❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦♠♦❣ê♥❡❛ ❞❡ SJ(X) q✉❡ ❝♦♥✲

s✐st❡ ❞♦s ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s ❞❡ ❣r❛✉ ni ♥❛ ✈❛r✐á✈❡❧ xi✱ 1 ≤ i ≤ k✱ ❡ ❞❡ ❣r❛✉ ✵ ♥❛s

❞❡♠❛✐s ✈❛r✐á✈❡✐s✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡✜♥✐♠♦s L(n1,...,nk)✳ ❆❧é♠ ❞✐ss♦✱ ❡s❝♦❧❤❡♠♦s ♦ s✉❜✲

❝♦♥❥✉♥t♦ Ω0 ❞❡ Ω ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❙❡ Ω ∩ L(n1,...,nk) 6= ∅✱ ❡♥tã♦ ❡s❝♦❧❤❡♠♦s ✉♠

❡❧❡♠❡♥t♦ ❛r❜✐trár✐♦ ✭♠❛s ♥ã♦ ♥✉❧♦✮ ❞❡ Ω ∩ L(n1,...,nk)✱ ❞❡ ♠♦❞♦ q✉❡ Ω0 ♥ã♦ ❝♦♥t❡♥❤❛

♥❡♥❤✉♠ ♦✉tr♦ ❡❧❡♠❡♥t♦ ❞❡st❛ ✐♥t❡rs❡çã♦✳

❆❣♦r❛ ❞❡✜♥❛♠♦s ♦ ❝♦♥❥✉♥t♦ A ⊆ L q✉❡ ❝♦♥s✐st❡ ❞♦s ❡❧❡♠❡♥t♦s ❞♦s q✉❛tr♦ t✐♣♦s

❛ s❡❣✉✐r✿

✭✐✮ (yi1 · · · yik)(zj1 · · · zjt)❀

✭✐✐✮ (yi1 · · · yik)u1❀

✭✐✐✐✮ (yi1 · · · yik)(zj1u1)❀

✭✐✈✮ (yi1 · · · yik)u0✳

❆q✉✐✱ k, t > 0 ❡ ui ∈ Ω0 é ✉♠ ❛ss♦❝✐❛❞♦r ❡ ♥ã♦ ✈❛r✐á✈❡✐s ❝♦♠ |ui| = i✱ ♣❛r❛ i = 0, 1✱ ♦✉

s❡❥❛✱ deg(ui) > 3✳ ❆ Pr♦♣♦s✐çã♦ ✸✳✷✳✸ ♣❡r♠✐t❡ ♥ã♦ ♥♦s ♣r❡♦❝✉♣❛r♠♦s ❝♦♠ ♦s ♣❛rê♥t❡s❡s

♥❛s ❡①♣r❡ssõ❡s ❛❝✐♠❛✳ ❙❡❥❛ S = span(A) ♦ s✉❜❡s♣❛ç♦ ❞❡ L ❣❡r❛❞♦ ♣♦r A✳ ▼♦str❛r❡♠♦s



✻✵

q✉❡ L = S✱ ♠❛s✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ♠♦str❛r❡♠♦s q✉❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ Ω é ✐❣✉❛❧ ❛ ✉♠

❡❧❡♠❡♥t♦ ❞❡ Ω0✱ ❛ ♠❡♥♦s ❞❡ s✐♥❛❧✳ P❛r❛ ✐st♦✱ ♥❡❝❡ss✐t❛r❡♠♦s ❞❡ ❢❡rr❛♠❡♥t❛s q✉❡ s❡rã♦

❞❡♠♦♥str❛❞♦s ♥♦s ♣ró①✐♠♦s ❧❡♠❛s✳

▲❡♠❛ ✸✳✷✳✹ ❖s ♣♦❧✐♥ô♠✐♦s

✭✐✮ (x1, x2, x3)✱ s❡ |x1| = |x3|❀

✭✐✐✮ (y1z1, y2, y3)− y1(z1, y2, y3)❀

✭✐✐✐✮ (z1, y1, . . . , y2k) − (z1, yσ(1), . . . , yσ(2k))✱ ♣❛r❛ q✉❛❧q✉❡r ♣❡r♠✉t❛çã♦ σ ♥♦ ❣r✉♣♦ s✐✲

♠étr✐❝♦ S2k❀

✭✐✈✮ (z1, y1, . . . , y2k, z2, y2k+1)− (zτ(1), yσ(1), . . . , yσ(2k), zτ(2), yσ(2k+1))✱ ♣❛r❛ t♦❞❛ ♣❡r♠✉✲

t❛çã♦ σ ∈ S2k+1 ❡ τ ∈ S2✱

❡stã♦ ❡♠ I✳

❉❡♠♦♥str❛çã♦✿

✭✐✮ P♦r ❤✐♣ót❡s❡ |x1| = |x3|✱ ❛ss✐♠

(x1, x2, x3) = (x1x2)x3 − x1(x2x3) = −x1(x3x2) + x3(x1x2)
✭✸✳✶✮
= 0 ❡♠ L ,

❞♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

✭✐✐✮ P❛r❛ ❡st❡ ✐t❡♠✱ ♦❜s❡r✈❡ q✉❡

((y1z1)y2)y3
P.3.2.4.(i)

= ((y2z1)y1)y3 = (y1(y2z1))y3
P.3.2.4.(i)

= ((y2z1)y3)y1

❡

(y1z1)(y2y3)
P.3.2.4.(i)

= ((y2y3)z1)y1.

▲♦❣♦✱

(y1z1, y2, y3) = (y1z1y2)y3−y1z1(y2y3) = ((y2z1)y3)y1−((y2y3)z1)y1 = y1(z1, y2, y3).

❉❛í✱

(y1z1, y2, y3)− y1(z1, y2, y3) = 0 ❡♠ L.

P♦rt❛♥t♦✱ (y1z1, y2, y3)− y1(z1, y2, y3) ∈ I✱ ❡ ❛ss✐♠✱ ♣r♦✈❛♠♦s (ii)✳



✻✶

✭✐✐✐✮ P❛r❛ ♣r♦✈❛r (iii) ✉t✐❧✐③❛r❡♠♦s ❞❛ ■❞❡♥t✐❞❛❞❡ ✭✸✳✺✮✳ Pr♦✈❡♠♦s ♣♦r ✐♥❞✉çã♦ s♦❜r❡

k✳ P❛r❛ k = 1✱ t❡♠♦s✿

(z1, y1, y2)− (z1, y2, y1) = (z1y1)y2 − z1(y1y2)− (z1y2)y1 + z1(y2y1)

= (z1y1)y2 − (z1y2)y1
✭✸✳✶✮
= 0

❡♠ L✳ ▲♦❣♦✱ (z1, y1, y2)− (z1, y2, y1) ∈ I✳ P❛r❛ k > 1✱ s✉♣♦♥❤❛♠♦s q✉❡ ♣❛r❛ k−1

♦ ♣♦❧✐♥ô♠✐♦ ❡♠ (iii) ♣❡rt❡♥❝❡ ❛ I✳ ❈♦♥s✐❞❡r❛♥❞♦ σ(1), σ(2) ∈ {1, 2}✱ t❡♠♦s✱ ♣❡❧♦

❝❛s♦ k = 1 ❡ ❞❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ q✉❡✿

((z1, yσ(1), yσ(2)), yσ(3), . . . , yσ(2k)) ≡I (((z1, y1, y2), yσ(3), . . . , yσ(2k)))

≡I (((z1, y1, y2), y3, . . . , y2k)).

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ♣❛r❛ ♦ ❝❛s♦ ❣❡r❛❧✳ P♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛

❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ σ(4) = 1✱ ♦✉ s❡❥❛✱

(z1, yσ(1), yσ(2), yσ(3) . . . , yσ(2k)) ≡I ((yσ(1), yσ(2), z1, yσ(3), y1), yσ(5) . . . , yσ(2k)).
✭✸✳✻✮

❆ ■❞❡♥t✐❞❛❞❡ ✭✸✳✺✮ ✐♠♣❧✐❝❛ q✉❡

(yσ(1), yσ(2), z1, yσ(3), y1) ≡I (yσ(1), y1, z1, yσ(3), yσ(2)).

❖ r❡s✉❧t❛❞♦ s❡❣✉❡ s✉❜st✐t✉✐♥❞♦ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❛♥t❡r✐♦r ❡♠ ✭✸✳✻✮✱ ✉t✐❧✐③❛♥❞♦ ♦

♠❡s♠♦ ♣r♦❝❡ss♦ ♣❛r❛ ❛ ✈❛r✐á✈❡❧ y2 ❡✱ ❛ss✐♠✱ ❛ ❊q✉✐✈❛❧ê♥❝✐❛ ✭✸✳✻✮ s❡ r❡❞✉③ ❛♦ ❝❛s♦

❛♥t❡r✐♦r✳ ▲♦❣♦✱ (z1, y1, . . . , y2k)− (z1, yσ(1), . . . , yσ(2k)) ∈ I✳

✭✐✈✮ ◆♦t❡ q✉❡ ♣❛r❛ ♠♦str❛r ❡st❡ ❝❛s♦✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r♠♦s ❛ ♣❡r♠✉t❛çã♦ ✐❞❡♥t✐❞❛❞❡✱

✐st♦ é✱ σ = 1✳ ❯♠❛ ✈❡③ q✉❡ s❡ t♦♠❛r♠♦s

f = (z1, yσ(1), . . . , yσ(2k), z2, yσ(2k+1)) ❝♦♠ σ(2k + 1) = i 6= 2k + 1,

❡♥tã♦

f
P.3.2.4.(iii)≡I (z1, y1, . . . , ŷi, . . . , y2k+1, z2, yi)

= ((z1, y1, . . . , ŷi, . . . , y2(k−1)), y2k, y2k+1, z2, yi)

✭✶✳✶✮≡I −(y2k, y2k+1, (z1, y1, . . . , ŷi, . . . , y2(k−1)), z2, yi)

✭✸✳✺✮
= −(y2k, yi, (z1, y1, . . . , ŷi, . . . , y2(k−1)), z2, y2k+1)

✭✶✳✶✮≡I ((z1, y1, . . . , ŷi, . . . , y2(k−1)), yi, y2k, z2, y2k+1)

P.3.2.4.(iii)≡I (z1, y1, . . . , y2k, z2, y2k+1).



✻✷

Pr✐♠❡✐r❛♠❡♥t❡✱ s✉♣♦♥❤❛♠♦s k = 1✳ P♦r ✭✸✳✶✮✱ s❡❣✉❡ q✉❡✿

((y1y2)z1)z2 = ((y1y2)z2)z1.

❡

(y1(y2z1))z2 = (y1z2)(y2z1) = (y2(y1z2))z1 = (y1(y2z2))z1.

P♦rt❛♥t♦✱

(y1, y2, z1)z2 = (y1, y2, z2)z1 ✭✸✳✼✮

❉❛í✱

(y1, y2, z1)(z2y3)
✭✸✳✼✮
= (y1, y2, z2y3)z1

P.3.2.4.(ii)
= (y3(y1, y2, z2))z1

P.3.2.4.(i)
= (y1, y2, z2)(y3z1). ✭✸✳✽✮

❆❧é♠ ❞✐ss♦✱ t❡♠♦s q✉❡ (z1, y1, y2, z2, y3) = ((z1, y1, y2)z2)y3 − (z1, y1, y2)(z2y3).

❊♥tã♦✱ ♣♦r ✭✸✳✼✮ ❡ ✭✸✳✽✮✱ ♣♦❞❡♠♦s tr❛♥s♣♦r z1 ❡ z2 ♥❛ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ♣❛r❝❡❧❛

❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ✐❣✉❛❧❞❛❞❡✱ ♣r♦✈❛♥❞♦ ❛ss✐♠ ♦ ❝❛s♦ k = 1✳ ❙✉♣♦♥❤❛♠♦s ❛❣♦r❛

q✉❡ ♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ k − 1✱ ♦ ♣♦❧✐♥ô♠✐♦ ❡♠ (iv) ♣❡rt❡♥❝❡ ❛ I✳

▼♦str❡♠♦s ❛❣♦r❛ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ❡♠ (iv) ♣❡rt❡♥❝❡ ❛ I ♣❛r❛ k > 1✳ P❛r❛ ✐ss♦✱

✐r❡♠♦s ♠♦str❛r q✉❡ ❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛❞❡s✿

(z1, y1, . . . , y2k)z2 = (z2, y1, . . . , y2k)z1;

(z1, y1, . . . , y2k)(y2k+1z2) = (z2, y1, . . . , y2k)(y2k+1z1),

sã♦ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❡♠ L✳ ◆♦t❡ q✉❡✱ ♣❡❧❛ ■❞❡♥t✐❞❛❞❡ ✭✸✳✼✮✱

(z1, y1, . . . , y2k)z2 = (z2, y2k−1, y2k)(z1, y1, . . . , y2k−2).

◆♦✈❛♠❡♥t❡ ✉s❛♥❞♦ ✐♥❞✉çã♦ ❡♠ k✱ s✉♣♦♥❤❛♠♦s q✉❡

(z1, y1, . . . , y2k−2)z2 = (z2, y1, . . . , y2k−2)z1.

❉❛í✱ (z2, y2k−1, y2k)(z1, y1, . . . , y2k−2) = z1(z2, y2k−1, y2k, y1, . . . , y2k−2). P❡❧♦ ✐t❡♠

✭✐✐✐✮ s❡❣✉❡ ❛ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ q✉❡ q✉❡rí❛♠♦s✳

❆ s❡❣✉♥❞❛ ✐❣✉❛❧❞❛❞❡ é ❛♥á❧♦❣❛✱ ♣❛r❛ ✐st♦ ♦❜s❡r✈❡ q✉❡

(z1, y1, . . . , y2k)(y2k+1z2)
✭✸✳✽✮
= (z2, y2k−1, y2k)(y2k+1(z1, y1, . . . , y2k−2))

P.3.2.4.(i)
= ((z2, y2k−1, y2k)y2k+1)(z1, y1, . . . , y2k−2)

H.I.
= (z1y2k+1)(z2, y2k−1, y2k, y1, . . . , y2k−2).



✻✸

❆q✉✐ ✏❍✳■✳✑ s✐❣♥✐✜❝❛ ✏❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✑✳ ❈♦♥❝❧✉✐♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡✳ ❊✱ ❛ss✐♠

✈❡r✐✜❝❛♠♦s q✉❡ ❛s ❞✉❛s ✐❣✉❛❧❞❛❞❡s ✈❛❧❡♠ ❡♠ L✳ ◆♦t❡ q✉❡ ♦ ✐t❡♠ ✭✐✈✮ s❡❣✉❡ ❞❛s

❞✉❛s ú❧t✐♠❛s ✐❣✉❛❧❞❛❞❡s ❝✐t❛❞❛s✳

�

▲❡♠❛ ✸✳✷✳✺ ❖s ♣♦❧✐♥ô♠✐♦s ❛ s❡❣✉✐r sã♦ ✐❞❡♥t✐❞❛❞❡s ❡♠ L✳

✭✐✮ (y1, z2, (y2z1))− (y2(y1, z1, z2) + z1(y1, y2, z2))❀

✭✐✐✮ z1(z2, z3, y1)❀

✭✐✐✐✮ (z1z2)(z3, x, y1) + (z1, z2, y1, x, z3)❀

✭✐✈✮ (y1, z1, z2)(y2, z3, z4)− z1(y1, z2, z3, y2, z4)❀

✭✈✮ (y1, y2, z1)(y3, y4, z2)− z1(z2, y1, y2, y3, y4)✳
❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦s ♣♦❧✐♥ô♠✐♦s ❛❝✐♠❛ ❡stã♦ ❡♠ I✳

❉❡♠♦♥str❛çã♦✿

✭✐✮ ◆♦t❡ q✉❡ (y1, z2, (y2z1)) = (y1z2)(y2z1)− y1(z2(y2z1)), ❡

y1(z2(y2z1)) = y1(y2(z1z2) + (y2, z1, z2)) = (y1y2)(z1z2) + y1(y2, z1, z2), ✭✸✳✾✮

♣♦✐s z1z2 ❡stá ♥♦ ❝❡♥tr♦ ❛ss♦❝✐❛❞♦r ❞❡ L✳ ❆❧é♠ ❞✐ss♦✱

(z1, y2, y1z2) = (z1y2)(y1z2)− z1(y2(y1z2)) = (y1z2)(z1y2)− z1((y1z2)y2)

é ③❡r♦ ❡♠ L✱ ♣❡❧❛ ■❞❡♥t✐❞❛❞❡ ✭✸✳✶✮✳ ❊st❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ✐♠♣❧✐❝❛ q✉❡ ✈❛❧❡✱ ❡♠

L✱

(y1z2)(y2z1) = z1(y2(y1z2))

= z1((y1y2)z2 − (y2, y1, z2))

= (y1y2)(z1z2) + (y1y2, z2, z1)− z1(y1, y2, z2). ✭✸✳✶✵✮

❉❡st❡s ❝♦♠❡♥tár✐♦s s❡❣✉❡ q✉❡

(y1, z2, (y2z1))
✭✸✳✾✮
= (y1z2)(y2z1)− ((y1y2)(z1z2) + y1(y2, z1, z2))

✭✸✳✶✵✮
= (y1y2, z2, z1)− z1(y1, y2, z2)− y1(y2, z1, z2)

✭✸✳✷✮
= y2(y1, z1, z2)− 2z1(z2, y1, y2)− z1(y1, y2, z2)

✭✶✳✶✮
= y2(y1, z1, z2) + z1(y1, y2, z2),

❝♦♥❝❧✉✐♥❞♦ ♦ ✐t❡♠ ✭✐✮✳



✻✹

✭✐✐✮ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ✭✐✐✮ s❡❣✉❡ ❞❛s ■❞❡♥t✐❞❛❞❡s ✭✸✳✶✮ ❡ ✭✸✳✹✮ ❥á q✉❡

z1((z2z3)y1)
✭✸✳✹✮
= (z2z3)(z1y1) = ((z2z3)z1)y1

✭✸✳✶✮
= ((z1z2)z3)y1

❡✱ ❛♥❛❧♦❣❛♠❡♥t❡✱ ((z1z2)z3)y1
✭✸✳✹✮
= (z1z2)(z3y1)

✭✸✳✶✮
= (z1(z2(z3y1))). ❉❛í✱

z1(z2, z3, y1) = z1((z2z3)y1 − z2(z3y1)) = z1((z2z3)y1)− ((z1z2)z3)y1 = 0.

❊ ♦ ✐t❡♠ ✭✐✐✮ é ♦❜t✐❞♦✳

✭✐✐✐✮ P♦r ✈❡r✐✜❝❛çã♦ s✐♠♣❧❡s✱ ♦❜s❡r✈❛♠♦s q✉❡

(z1z2)(z3, x, y1) = (z1z2)((z3x)y1 − z3(xy1))

❡

(z1, z2, y1, x, z3) = ((z1z2)y1x)z3− (z1z2)y1(xz3)− (z1(z2y1)x)z3 + (z1(z2y1)(xz3)).

❙♦♠❛♥❞♦ ❡ss❛s ✐❣✉❛❧❞❛❞❡s✱ t❡♠♦s✿

(z1z2)(z3, x, y1) + (z1, z2, y1, x, z3) = (z1z2)((z3x)y1)− (z1z2)(z3(xy1)) +

+ ((z1z2)y1x)z3 − (z1z2)y1(xz3)−

− (z1(z2y1)x)z3 + z1(z2y1)(xz3)

✭✸✳✹✮
= (z1(z2y1)x)z3 − z1(z2y1)(xz3),

✉♠❛ ✈❡③ q✉❡ z1z2 ❡stá ♥♦ ❝❡♥tr♦ ❛ss♦❝✐❛t✐✈♦ ❞❡ L✳ ◆♦✈❛♠❡♥t❡ ♣❡❧❛ ■❞❡♥t✐❞❛❞❡

✭✸✳✹✮ t❡♠♦s q✉❡

(z1(z2y1), x, z3) = 0 ❡♠ L ,

t❡♠♦s q✉❡ ❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ✭✐✐✐✮ é ✈á❧✐❞❛✳

✭✐✈✮ ❆❣♦r❛ ♠♦str❛r❡♠♦s (iv)✳ ❙❡❣✉❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ✭✸✳✹✮ ❡ ✭✸✳✶✮ q✉❡

((y1z1)z2)(y2, z3, z4)
✭✸✳✹✮
= (y2, z3((y1z1)z2), z4)

✭✸✳✶✮
= (y2, y1z1(z3z2), z4)

✭✸✳✹✮
= (y2, y1(z1z3z2), z4)

P.✭✸✳✷✳✸✮
= (z1z2)(y2, (y1z3), z4).



✻✺

▲♦❣♦ ((y1z1)z2)(y2, z3, z4) = (z1z2)(y2, (y1z3), z4)✳ P❡❧♦ ✐t❡♠ ✭✐✮ s❡❣✉❡ q✉❡

(y2, (y1z3), z4)
✭✶✳✶✮
= (y2, z4, (y1z3))

P.3.2.5.(i)
= (y1(y2, z3, z4) + z3(y2, y1, z4)),

✐♠♣❧✐❝❛♥❞♦

((y1z1)z2)(y2, z3, z4) = (z1z2)(y1(y2, z3, z4) + z3(y2, y1, z4)).

❈♦♠♦ z1z2 ❡stá ♥♦ ❝❡♥tr♦ ❛ss♦❝✐❛t✐✈♦ ❞❡ L✱ t❡♠♦s

((y1z1)z2)(y2, z3, z4) = ((z1z2)y1)(y2, z3, z4) + ((z1z2)z3)(y2, y1, z4).

P♦rt❛♥t♦✱

(y1, z1, z2)(y2, z3, z4) = ((z1z2)z3)(y2, y1, z4).

❉❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✹✮ s❡❣✉❡ q✉❡ z1z2 ❡ (y1z2)z3 ❡stã♦ ♥♦ ❝❡♥tr♦ ❛ss♦❝✐❛t✐✈♦✱ ❡ ♣♦r✲

t❛♥t♦ z1(y1, z2, z3, y2, z4) = (z1(z2z3))(y1, y2, z4)✳ ❈♦♠♦ z1(z2z3) = (z1z2)z3✱ ❡

✈❛❧❡♠ ❛s ■❞❡♥t✐❞❛❞❡s ✭✶✳✶✮ ❡ ✭✸✳✶✮✱ ❝♦♥❝❧✉í♠♦s q✉❡

(y1, z1, z2)(y2, z3, z4) = z1(y1, z2, z3, y2, z4).

✭✈✮ ▼♦str❡♠♦s ❛❣♦r❛ (v)✳ ◆❛ ❞❡♠♦♥str❛çã♦ ❞❛ ✐❞❡♥t✐❞❛❞❡ (i) ❞♦ ▲❡♠❛ ✸✳✷✳✹ ❥á ♠♦s✲

tr❛♠♦s q✉❡ ((y1y2)z1)z2 = ((y1y2)z2)z1✳ ❙❡❣✉❡ q✉❡

(y1, y2, z1)(y3, y4, z2)
✭✸✳✼✮
= (y1, y2, (y3, y4, z2))z1

✭✶✳✶✮
= −(y3, y4, z2, y1, y2)z1

✭✶✳✶✮
= (z2, y3, y4, y1, y2)z1.

❆❣♦r❛ ❛♣❧✐❝❛♠♦s ❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ (iii) ❞♦ ▲❡♠❛ ✸✳✷✳✹✱ ❡ ❛ss✐♠ ♣♦❞❡♠♦s

♦r❞❡♥❛r ❛s ✈❛r✐á✈❡✐s y ♥♦ ú❧t✐♠♦ ❛ss♦❝✐❛❞♦r✳

�

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ♠♦str❛ q✉❡ ❛ ❡s❝♦❧❤❛ ❞♦s ❡❧❡♠❡♥t♦s ❞❡ Ω0 ♣♦❞❡ s❡r r❡❛❧✲

♠❡♥t❡ ❛r❜✐trár✐❛✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✻ ❙❡❥❛♠ u1 ❡ u2 ❞♦✐s ❛ss♦❝✐❛❞♦r❡s ♥ã♦ ♥✉❧♦s ❡♠ L ❞♦ ♠❡s♠♦ ♠✉❧t✐✲

❣r❛✉✳ ❊♥tã♦✱ u1 = ±u2.



✻✻

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ u ∈ Ω✳ ▲❡♠❜r❡♠♦s q✉❡ a ❡ b ❢♦r❛♠ t♦♠❛❞❛s ❝♦♠♦ s❡♥❞♦ ❛s

♠❛tr✐③❡s a = e11 − e22 ❡ b = e12 + e21 ❡♠ J2✳ ◆♦t❡ q✉❡ ❛s s✉❜st✐t✉✐çõ❡s ♦♥❞❡ ♦ ❣r❛✉ ❞❛

♣r✐♠❡✐r❛ ❡♥tr❛❞❛ é ✐❣✉❛❧ ❛♦ ❣r❛✉ ❞❛ t❡r❝❡✐r❛ ❡♥tr❛❞❛ ❞♦ ❛ss♦❝✐❛❞♦r✱ ❡stã♦ tr✐✈✐❛❧♠❡♥t❡

❡♠ I ♣♦r ❝♦♥t❛ ❞♦ ✐t❡♠ (i) ❞♦ ▲❡♠❛ ✸✳✷✳✹✳

❆✜r♠❛çã♦ ✶✿ ❙❡ s✉❜st✐t✉í♠♦s t♦❞❛ ✈❛r✐á✈❡❧ ♣❛r ❞❡ u ♣❡❧❛ ♠❛tr✐③ a✱ ❡ t♦❞❛

✈❛r✐á✈❡❧ í♠♣❛r ♣❡❧❛ ♠❛tr✐③ ❜ ❡♥tã♦ ♦ r❡s✉❧t❛❞♦ ❞❡st❛ s✉❜st✐t✉✐çã♦ é ✿



±a, s❡ |u| = 0

±b, s❡ |u| = 1
.

❊st❛ ❛✜r♠❛çã♦ ♣♦❞❡ s❡r ❞❡♠♦♥str❛❞❛ ♣♦r ✐♥❞✉çã♦ ❡♠ deg(u)✳ ❙❡ deg(u) = 3 ❡♥tã♦

(a, a, b) = −(b, a, a) = b ❡ (b, b, a) = −(a, b, b) = a✳ ❈♦♥s✐❞❡r❡♠♦s u = (u1, u2, u3)✱

♦♥❞❡ ♦s ui✱ i = 1, 2, 3✱ sã♦ ❛ss♦❝✐❛❞♦r❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠❡♥♦r q✉❡ ♦ ❞❡ u✱ ❡ ❛ss✐♠

❛♣❧✐❝❛r❡♠♦s ✐♥❞✉çã♦ ❡ ✜♥❛❧✐③❛♠♦s ❛ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✶✳

P❡❧❛ ▲❡♠❛ ✶✳✸✳✶✷✱ t♦❞♦ ❛ss♦❝✐❛❞♦r u ∈ Ω é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❛ss♦❝✐❛❞♦r❡s

♣ró♣r✐♦s✳ ❊♥tã♦✱ ♣r♦✈❛r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❛ ♣r♦♣♦s✐çã♦ ♣❛r❛ ❛ss♦❝✐❛❞♦r❡s ♣ró♣r✐♦s✳

P❛r❛ ✐ss♦✱ ♠♦str❡♠♦s ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✳

❆✜r♠❛çã♦ ✷✿ ❚♦❞♦ ❛ss♦❝✐❛❞♦r ♣ró♣r✐♦ u ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

u = (zi1 · · · zi2m)ut,

♦♥❞❡ t = 0✱ 1✱ ❡ u0 = (zi2m+1 , yj1 , . . . , yj2k) ❡ u1 = (zi2m+1 , yj1 , . . . , yj2k , zi2m+2 , yj2k+1
).

❆q✉✐ m ≥ 0✳ ❋❛r❡♠♦s ✐♥❞✉çã♦ ♥♦ ❣r❛✉ t♦t❛❧ ♥❛s ✈❛r✐á✈❡✐s z✱ ❞❡♥♦t❛❞♦ ♣♦r n✱ ❡♠ u✱ ❡

❛❧é♠ ❞✐ss♦ ❞❡✜♥✐♠♦s ℓ ❞❛❞♦ ♣♦r deg(u) = 2ℓ + 1 ✭❞❡✈✐❞♦ ❛♦ ❢❛t♦ q✉❡ ✉♠ ❛ss♦❝✐❛❞♦r é

s❡♠♣r❡ í♠♣❛r ❡ ❢♦r❛ t❡♠♦s ✉♠ ♥ú♠❡r♦ ♣❛r ❞❡ ✈❛r✐á✈❡✐s✮✳ ❙❡ n = 0 ❡♥tã♦ ♥ã♦ ❡①✐st❡♠

t❛✐s ❛ss♦❝✐❛❞♦r❡s ♥ã♦ ♥✉❧♦s✱ ♣♦✐s L0 é ❛ss♦❝✐❛t✐✈❛ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✸✳ ❙✉♣♦♥❤❛

q✉❡ n = 1✳ ❙❡ u = (x1, x2, x3, . . .) ❡♥tã♦ ❡①❛t❛♠❡♥t❡ ✉♠❛ ❞❛s ✈❛r✐á✈❡✐s x1 ♦✉ x3

é í♠♣❛r✱ ♣♦rt❛♥t♦ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ✭❛ ♠❡♥♦s ❞❡ ✉♠ s✐♥❛❧✮ ❡ss❛ ✈❛r✐á✈❡❧ é x1✱

♣❡❧❛ ■❞❡♥t✐❞❛❞❡ ✭✸✳✶✮✳ ❊♥tã♦✱ ❛♣❧✐❝❛♠♦s ♦ ▲❡♠❛ ✸✳✷✳✹ (iii)✱ ❡ ❛ss✐♠ ♦ r❡s✉❧t❛❞♦ ✈❛❧❡

♣❛r❛ t♦❞♦ ℓ✳ ❙✉♣♦♥❤❛ q✉❡ n = 2✳ ❙❡ ℓ = 1 ❡♥tã♦ u = (z1, z2, y1) = (z2, z1, y1) ❡

deg(u) = 3✳ ❚♦♠❡ ℓ ≥ 2✳ ◆ã♦ ♣♦❞❡♠♦s t❡r u = (z1, z2, y1, . . .) ❥á q✉❡ ♥♦ ❧✉❣❛r ❞❛s

r❡t✐❝ê♥❝✐❛s ❛♣❛r❡❝❡r✐❛♠ ❛♣❡♥❛s ✈❛r✐á✈❡✐s ♣❛r❡s ✭♣❡❧♦ ♠❡♥♦s ❞✉❛s✮✱ ❡ t❡rí❛♠♦s u = 0✳

❆ss✐♠ t❡♠♦s u = (z1, y1, . . . , yp, z2, yp+1, . . .) ❝♦♠ p ≥ 1✳ ✭❖s í♥❞✐❝❡s ♥❛s ✈❛r✐á✈❡✐s

♣♦❞❡♠ s❡r ♣❡r♠✉t❛❞♦s ♠❛s ✉s❛♠♦s ❡ss❛ ♥♦t❛çã♦ ♠❛✐s s✐♠♣❧❡s✳✮ ❖❜s❡r✈❡ q✉❡ ♦ ✐♥t❡✐r♦
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p é ♣❛r✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ t❡rí❛♠♦s u = 0✳ ❆❧é♠ ❞✐ss♦✱ ♦s ♣♦♥t♦s ♠❛✐s ❛ ❞✐r❡✐t❛

r❡♣r❡s❡♥t❛♠ ✈❛r✐á✈❡✐s ♣❛r❡s✳ ❈♦♠♦ ♦ ❛ss♦❝✐❛❞♦r (z1, y1, . . . , yp, z2) é ♣❛r ✭♥❛ ❣r❛❞✉❛çã♦✮

❡ t❡♠♦s n = 2 ✈❛r✐á✈❡✐s í♠♣❛r❡s✱ ♦s ♣♦♥t♦s ♠❛✐s ❛ ❞✐r❡✐t❛ ♥❛ ✈❡r❞❛❞❡ ♥ã♦ ❛♣❛r❡❝❡♠✳

❆ss✐♠ ❝♦♥❝❧✉í♠♦s q✉❡ u = (z1, y1, . . . , yp, z2, yp+1)✱ ♦♥❞❡ p é ♣❛r✱ ❡ ❛ss✐♠ t❡r♠✐♥❛♠♦s

❝♦♠ ❡ss❡ ❝❛s♦ ♣❛r❛ t♦❞♦ ℓ ✉t✐❧✐③❛♥❞♦ ▲❡♠❛ ✸✳✷✳✹ (iv)✳ ❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ n ≥ 3✳

❱❛♠♦s ♣r♦✈❛r q✉❡ ♥❡st❡ ❝❛s♦ u = (zi1 · · · zi2m)u′ ♦♥❞❡ u′ t❡♠ ✶ ♦✉ ✷ ✈❛r✐á✈❡✐s í♠♣❛r❡s✱

✐st♦ é✱ u′ é ❞❛ ❢♦r♠❛ ❞❡s❡❥❛❞❛✳ ❊s❝r❡✈❛♠♦s u = (A1, x1, x2) ♦♥❞❡ A1 é ✉♠ ❛ss♦❝✐❛❞♦r

❞❡ ❣r❛✉ ♠❡♥♦r q✉❡ u✳ ❙❡ A1 ❝♦♥té♠ ♣❡❧♦ ♠❡♥♦s ✸ ✈❛r✐á✈❡✐s í♠♣❛r❡s✱ ❡♥tã♦ ♣♦r ✐♥❞✉çã♦

(deg(A1) = deg(u)−2) t❡♠♦s A1 = (zi1zi2)A2✳ ❆q✉✐ A2 é ❛❧❣✉♠ ❛ss♦❝✐❛❞♦r ♣ró♣r✐♦ ✭♦✉

✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❛ss♦❝✐❛❞♦r❡s ♣ró♣r✐♦s✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ z1z2 ❡stá ♥♦ ❝❡♥tr♦

❛ss♦❝✐❛t✐✈♦ ❡ ♣♦rt❛♥t♦

u = (zi1zi2)(A2, x1, x2).

❆ss✐♠✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❛ ✐♥❞✉çã♦ ♣❛r❛ (A2, x1, x2)✳ ❙❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ A1 t❡♠ ❛♣❡♥❛s

✉♠❛ ✈❛r✐á✈❡❧ í♠♣❛r ❡♥tã♦ |A1| = 1 ❡ |x2| = 0✱ ❥á q✉❡ u 6= 0✳ ❆ss✐♠ t❡♠♦s n = 1 ♦✉ 2✱

♠❛s ✐ss♦ é ✐♠♣♦ssí✈❡❧✱ ♣♦✐s n ≥ 3✳ ❉❡ss❡ ♠♦❞♦✱ t❡♠♦s q✉❡ ❛♥❛❧✐s❛r ♦ ❝❛s♦ ❡♠ q✉❡ A1 t❡♠

❡①❛t❛♠❡♥t❡ ❞✉❛s ✈❛r✐á✈❡✐s í♠♣❛r❡s✳ ◆♦✈❛♠❡♥t❡ ♣♦r ✐♥❞✉çã♦ (n = 2) ♣♦❞❡♠♦s ❛ss✉♠✐r

q✉❡ A1 = (z1, y1, . . . , y2k−2, z2, y2k−1) ❛ ♠❡♥♦s ❞❡ ✉♠❛ ♣❡r♠✉t❛çã♦ ♥❛s ✈❛r✐á✈❡✐s ♣❛r❡s

❡✱ s❡♣❛r❛❞❛♠❡♥t❡✱ ❞❛s ✈❛r✐á✈❡✐s í♠♣❛r❡s✳ ❊♥tã♦ |A1| = 0✱ ❡ ♣♦rt❛♥t♦ x2 ❞❡✈❡ s❡r ❛❧❣✉♠

z✱ ❡ ❝♦♠♦ n = 3✱ x1 é ❛❧❣✉♠ y✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ❡s❝r❡✈❡♠♦s u = (A1, y, z) ❡

A1 = (A2, z
′, y′) ♦♥❞❡ A2 é ✉♠ ❛ss♦❝✐❛❞♦r ❝♦♠ |A2| = 1 ❡ A2 ❝♦♥té♠ ❡①❛t❛♠❡♥t❡ ✉♠❛

✈❛r✐á✈❡❧ í♠♣❛r✳ P♦rt❛♥t♦✱ u = (A2, z
′, y′, y, z). ❆❣♦r❛✱ ❛♣❧✐❝❛♠♦s ❛ ■❞❡♥t✐❞❛❞❡ (iii) ❞♦

▲❡♠❛ ✸✳✷✳✺✱ ❡ ❡♠ s❡❣✉✐❞❛ ✉t✐❧✐③❛♠♦s ♦ ❢❛t♦ q✉❡ ❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r L1 é ❛ss♦❝✐❛t✐✈❛

✭❡ ❝♦♠✉t❛t✐✈❛✮ ♣❛r❛ ♦❜t❡r✿

u
L.3.2.5−(iii)

= ±(A2z
′)(y′, y, z)

✭✶✳✶✮
= ±(A2z

′)(z, y′, y)

✭✸✳✹✮
= ±((A2z

′)z, y′, y)

P. 3.2.3
= ±((z′z)A2, y

′, y)

✭✸✳✹✮
= ±(z′z)(A2, y

′, y).

■st♦ é✱ ♣♦❞❡♠♦s ♣❡r♠✉t❛r ❛s ✈❛r✐á✈❡✐s z s❡♠ r❡str✐çõ❡s❀ ♥♦ ❝❛s♦ ❞❡ ♣❡r♠✉t❛r ❛s ✈❛r✐á✈❡✐s

y s❡❣✉❡ ❞♦ ▲❡♠❛ ✸✳✷✳✹✱ ✐t❡♥s (iii) ❡ (iv)✳ ▲♦❣♦✱ ✈❛❧❡ ❛ ❆✜r♠❛çã♦ ✷✳
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❆❣♦r❛✱ s❡❥❛♠ u ❡ w ❞♦✐s ❛ss♦❝✐❛❞♦r❡s ✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♣ró♣r✐♦s✮ ❞❡ ♠❡s♠♦

❣r❛✉ ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳ ❊s❝r❡✈❡♠♦s ❝❛❞❛ ✉♠ ❞❡❧❡s ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡

❛ss♦❝✐❛❞♦r❡s ♣ró♣r✐♦s✱ ❡ ❡♠ s❡❣✉✐❞❛ ❛♣❧✐❝❛♠♦s ♦s r❡s✉❧t❛❞♦s ♣r♦✈❛❞♦s ❛❝✐♠❛ ♣❛r❛ ❛ss♦✲

❝✐❛❞♦r❡s ♣ró♣r✐♦s✳ ❉❡ss❡ ♠♦❞♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ u ❡ w ❞✐❢❡r❡♠ ❛♣❡♥❛s ♣♦r ✉♠ ♠ú❧t✐♣❧♦

❡s❝❛❧❛r✳ ▼❛s s❡♥❞♦ u = αw✱ ❡ s✉❜st✐t✉✐♥❞♦ ♣♦r a ❡ b ❛s ✈❛r✐á✈❡✐s ❞❡ u✱ t❡♠♦s q✉❡

α = ±1✱ ❥á q✉❡ ✈❛❧❡ ❛ ❆✜r♠❛çã♦ ✶ ❢❡✐t❛ ♥♦ ✐♥í❝✐♦ ❞❛ ❞❡♠♦♥str❛çã♦✳ �

▲❡♠❜r❛♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ A ⊆ L ❝♦♥s✐st❡ ❞♦s ❡❧❡♠❡♥t♦s ❞♦s q✉❛tr♦ t✐♣♦s ❛

s❡❣✉✐r✿

✭✐✮ (yi1 · · · yik)(zj1 · · · zjt)❀

✭✐✐✮ (yi1 · · · yik)u1❀

✭✐✐✐✮ (yi1 · · · yik)(zj1u1)❀

✭✐✈✮ (yi1 · · · yik)u0✱

♦♥❞❡ k, t > 0 ❡ ui ∈ Ω0 é ✉♠ ❛ss♦❝✐❛❞♦r ❡ ♥ã♦ ✈❛r✐á✈❡✐s ❝♦♠ |ui| = i✱ ♣❛r❛ i = 0, 1✱ ♦✉

s❡❥❛✱ deg(ui) > 3✳

❖ ❝♦r♦❧ár✐♦ ❛ s❡❣✉✐r é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ▲❡♠❛ ✸✳✷✳✺ ❡ ❞❛ ❆✜r♠❛çã♦ ✷ ✉t✐❧✐③❛❞❛

♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳

❈♦r♦❧ár✐♦ ✸✳✷✳✼ ❙❡❥❛ u ∈ A✳ ❙❡ s✉❜st✐t✉í♠♦s q✉❛❧q✉❡r ✈❛r✐á✈❡❧ x ❞❡ u ♣♦r ✉♠ ❛s✲

s♦❝✐❛❞♦r w t❛❧ q✉❡ |x| = |w|✱ ❡♥tã♦ ♦❜t❡♠♦s ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞❡

A✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✸✱ L0 é ❛ss♦❝✐❛t✐✈❛✳ ❆❧é♠ ❞✐ss♦✱ L é ✉♠❛ á❧❣❡❜r❛

❞❡ ❏♦r❞❛♥✱ ❡ ♣♦rt❛♥t♦✱ L0 é ❝♦♠✉t❛t✐✈❛✳ ❖ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ [L1]✳ ❈♦♠♦ ❥á ✈✐♠♦s✱ zizj

❡stá ♥♦ ❝❡♥tr♦ ❛ss♦❝✐❛t✐✈♦ ❞❡ L✱ ❡ ♣♦rt❛♥t♦✱ ♣♦❞❡ s❡r ✏❛❜s♦r✈✐❞♦✑ ♣❡❧♦ ❛ss♦❝✐❛❞♦r ✭♦✉

♣❡❧♦ ❡❧❡♠❡♥t♦ zj1 · · · zjt ♥♦ ❝❛s♦ ❞❡ ❡❧❡♠❡♥t♦s ❞♦ t✐♣♦ (i) ❞❛ ❉❡✜♥✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ A✮✳

❆❣♦r❛✱ ❛♥❛❧✐s❡♠♦s ❛s ♣♦ssí✈❡✐s s✉❜st✐t✉✐çõ❡s ❞❡ ✈❛r✐á✈❡✐s ❞❡ ❡❧❡♠❡♥t♦s ❞❡ A ♣♦r ❛ss♦✲

❝✐❛❞♦r❡s✳ P❛r❛ ✐ss♦✱ ❞❡✈❡♠♦s ✉t✐❧✐③❛r ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞♦ ▲❡♠❛ ✸✳✷✳✺✳ ❈❛s♦ ❛s

s✉❜st✐t✉✐çõ❡s ❞❛s ✈❛r✐á✈❡✐s s❡❥❛♠ ❡♠ u0 ♦✉ u1 t❡♠♦s ♦ r❡s✉❧t❛❞♦✱ ❥á q✉❡ t♦❞♦ ❛ss♦❝✐❛❞♦r

é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❛ss♦❝✐❛❞♦r❡s ♣ró♣r✐♦s✳ ❘❡st❛ ❛❣♦r❛ ❝♦♥s✐❞❡r❛r s✉❜st✐t✉✐çõ❡s ♥❛s

✈❛r✐á✈❡✐s q✉❡ ♥ã♦ ❡stã♦ ❡♠ ❛ss♦❝✐❛❞♦r❡s✳ P❛r❛ ♦ ❝❛s♦ (iii) ❞❛ ❞❡✜♥✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ A✱

♦ ✐t❡♠ (v) ❞♦ ▲❡♠❛ ✸✳✷✳✺ ❣❛r❛♥t❡ q✉❡ s❡ s✉❜st✐t✉í♠♦s z ♣♦r (y3, y4, z2) ❡♠ (y1, y2, z1)z,



✻✾

♦❜t❡♠♦s z1(z2, y1, y2, y3, y4)✱ ❡ ❛ss✐♠ ❛♣❧✐❝❛♥❞♦ ♦ ❝♦♠❡♥tár✐♦ ❛♥t❡r✐♦r ♣❛r❛ ❛ss♦❝✐❛❞♦r❡s

♠❛✐♦r❡s t❡♠♦s ♦ q✉❡ q✉❡r❡♠♦s✳ ❆❣♦r❛ ❝♦♥s✐❞❡r❡♠♦s ♦ ✐t❡♠ (i) ♣❛r❛ s✉❜st✐t✉✐çõ❡s ❞❡ z

♣♦r (y1, y2, z)✳ ❙❡❣✉❡ tr✐✈✐❛❧♠❡♥t❡ ❝❛s♦ t❡♥❤❛ ♥♦ ♠á①✐♠♦ ✉♠❛ ✈❛r✐á✈❡❧ ❞❡ ❣r❛✉ í♠♣❛r

z0 ❢♦r❛ ❞♦s ❛ss♦❝✐❛❞♦r❡s✱ ❝❛s♦ t❡♥❤❛ ♠❛✐s ❞❡ ✉♠ ✉s❛r❡♠♦s ♦ ✐t❡♠ (iii) ❞♦ ▲❡♠❛ ✸✳✷✳✺✳

❆❣♦r❛✱ s❡ s✉❜st✐t✉í♠♦s z ♣♦r (y3, y4, z2) ❡♠ (y1, y2, z1)z, ♦❜t❡♠♦s✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✺ (v)✱

q✉❡ t❛❧ ❡❧❡♠❡♥t♦ é ✐❣✉❛❧ ❛ z1(z2, y1, y2, y3, y4)✳ ❘❡st❛ ❛r❣✉♠❡♥t❛r ♦s ❝❛s♦s (i) − (iv)

♣❛r❛ ❛s s✉❜st✐t✉✐çõ❡s ❞❛s ✈❛r✐á✈❡✐s y ♣♦r ❛ss♦❝✐❛❞♦r❡s✳ P♦r ❡①❡♠♣❧♦✱ s❡ s✉❜st✐t✉í♠♦s y

♣♦r (y2, z3, z4) ❡♠ (y1, z1, z2)y✱ ❞♦ ✐t❡♠ (iv) ❞♦ ▲❡♠❛ ✸✳✷✳✺ ♦❜t❡♠♦s z1(y1, z2, z3, y2, z4)✳

❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛♣❡♥❛s ✉♠❛ s✉❜st✐t✉✐çã♦ ♥❛s ✈❛r✐á✈❡✐s y✱ t❡♠♦s✱ ♣❡❧♦ ✐t❡♠

(i) ❞♦ ▲❡♠❛ ✸✳✷✳✺ q✉❡

y(y1, z1, z2) = (y1, z2, (yz1))− z1(y1, y, z2)

❡♠ L✳ ◆❡st❡ ❝❛s♦✱ r❡t♦r♥❛♠♦s ♦s ❡st✉❞♦s ♣❛r❛ ♦s ❝❛s♦s ❛♥t❡r✐♦r❡s ❝✐t❛❞♦s✳ ❆ss✐♠✱ ♦

r❡s✉❧t❛❞♦ s❡❣✉❡ ✉s❛♥❞♦ ❛s ❢❡rr❛♠❡♥t❛s ❞❛❞❛s ❛té ❛q✉✐ ♣❛r❛ ❛ss♦❝✐❛❞♦r❡s ❞❡ ❝♦♠♣r✐♠❡♥✲

t♦s ♠❛✐♦r❡s✳ �

▲❡♠❜r❡ q✉❡ S ❡stá ❞❡♥♦t❛♥❞♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ A✳ ❖s ▲❡♠❛s

❛ s❡❣✉✐r ❣❛r❛♥t❡♠ q✉❡ ❝❡rt♦s ❡❧❡♠❡♥t♦s ♣❡rt❡♥❝❡♠ ❛ S✳

▲❡♠❛ ✸✳✷✳✽ ❖ ♣♦❧✐♥ô♠✐♦ N = (y1 · · · yk, y, z) ♣❡rt❡♥❝❡ ❛♦ s✉❜❡s♣❛ç♦ ❞❡ S ❣❡r❛❞♦ ♣♦r

❡❧❡♠❡♥t♦s ❞♦ t✐♣♦ (ii) ❞♦ ❝♦♥❥✉♥t♦ A✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ S ′′ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❡❧❡♠❡♥t♦s ❞♦ t✐♣♦ (ii) ❞♦ ❝♦♥❥✉♥t♦ A ❞❡ ♠❡s♠♦

♠✉❧t✐❣r❛✉ ❞❡ N ✳ ▼♦str❛r❡♠♦s q✉❡ N ♣❡rt❡♥❝❡ ❛♦ s✉❜❡s♣❛ç♦ V ❞❡ S ❣❡r❛❞♦ ♣♦r S ′′ ✳

Pr♦✈❛r❡♠♦s ♣♦r ✐♥❞✉çã♦ s♦❜r❡ k✳ ❙❡ k = 1✱ ♥ã♦ ❤á ♦ q✉❡ ♣r♦✈❛r✳ P♦❞❡♠♦s ❡s❝r❡✈❡r✱

✉s❛♥❞♦ ❛ ■❞❡♥t✐❞❛❞❡ ✭✸✳✸✮✱

N = (y1 · · · yk−1)(yk, y, z) + yk(y1 · · · yk−1, y, z).

❖ ❡❧❡♠❡♥t♦ (y1 · · · yk−1)(yk, y, z) é ❞♦ t✐♣♦ (ii)✳ ❆❣♦r❛✱ ♣❛r❛ ♠♦str❛r q✉❡ ykN ′ ∈ V ✱

♦♥❞❡ N ′ = (y1 · · · yk−1, y, z)✱ ❞❡✈❡♠♦s ❛♣❧✐❝❛r ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ❛♦ ❡❧❡♠❡♥t♦ N ′ ❡✱

♥❡st❡ ❝❛s♦✱

ykN
′ =
∑

αjyk((y
(j)
i1
· · · y(j)il )u1j).



✼✵

◆❡st❛s ❝♦♥❞✐çõ❡s é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛

y((y1 · · · yp)(z, yp+1, . . . , yq)), p < k, q − p ≡ 0 mod 2

sã♦ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❡ ❡❧❡♠❡♥t♦s ❞♦ t✐♣♦ (ii)✳ ▼❛s ❡st❡ ú❧t✐♠♦ ❡❧❡♠❡♥t♦ é ✐❣✉❛❧ ❛

(y(y1 · · · yp))(z, yp+1, . . . , yq)− (y, (y1 · · · yp), (z, yp+1, . . . , yq)).

❖ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❛ s♦♠❛ ❛♥t❡r✐♦r é ❞♦ t✐♣♦ (ii) ❡ ♦ s❡❣✉♥❞♦ é ✐❣✉❛❧✱ ❛ ♠❡♥♦s ❞❡ s✐♥❛❧✱

❛

((y1 · · · yp), y, (z, yp+1, . . . , yq)),

✈❡r ❖❜s❡r✈❛çã♦ ✶✳✶✳✶✸✳ Pr✐♠❡✐r♦ ❝♦♥s✐❞❡r❛♠♦s ♦ ❡❧❡♠❡♥t♦ ((y1 · · · yp), y, z)✳ ❆♣❧✐❝❛♥❞♦
✐♥❞✉çã♦ ❛ ❡st❡ ú❧t✐♠♦ ❡❧❡♠❡♥t♦ ✭♦✉ ❛ ■❞❡♥t✐❞❛❞❡ ✭✸✳✸✮ ✈ár✐❛s ✈❡③❡s✮✱ ♦❜t❡♠♦s ✉♠❛ ❝♦♠✲

❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞♦ t✐♣♦ (ii) ❞♦ ❝♦♥❥✉♥t♦ A✳ ▼❛s✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✸✳✷✳✼✱ s❡

s✉❜st✐t✉✐r♠♦s ✉♠❛ ✈❛r✐á✈❡❧ ♣♦r ✉♠ ❛ss♦❝✐❛❞♦r ❡♠ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ A✱ ♦❜t❡♠♦s ♥♦✈❛✲

♠❡♥t❡ ❡❧❡♠❡♥t♦s ❞❡ A ❞❡s❞❡ q✉❡ ♦ Z2✲❣r❛✉ s❡❥❛ ♣r❡s❡r✈❛❞♦✳ ❊ ♥❡st❡ ❝❛s♦ ❛✐♥❞❛ ♣♦❞❡✲s❡

♦❜s❡r✈❛r q✉❡ z ❡stá ♥❛ ♣r✐♠❡✐r❛ ♣♦s✐çã♦ ❞♦ ❛ss♦❝✐❛❞♦r✳ ❈♦♥❝❧✉✐♥❞♦ q✉❡ s✉❛ s✉❜st✐t✉✐çã♦

♣♦r ✉♠ ♥♦✈♦ ❛ss♦❝✐❛❞♦r é ✉♠ ❡❧❡♠❡♥t♦ ❛✐♥❞❛ ❞♦ t✐♣♦ (ii)✳ ❆ss✐♠✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦

q✉❡ q✉❡rí❛♠♦s✳ �

▲❡♠❛ ✸✳✷✳✾ ❖ ♣♦❧✐♥ô♠✐♦ N = (y1 · · · yk, z1, z2) ❡stá ❡♠ S✳

❉❡♠♦♥str❛çã♦✿ ❋❛r❡♠♦s ✐♥❞✉çã♦ s♦❜r❡ k✳ ❉❡✈❡♠♦s ♠♦str❛r q✉❡ N ❡stá ♥♦ ❡s♣❛ç♦ V

❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞♦s t✐♣♦s (iii) ❡ (iv) ❞❛ ❞❡✜♥✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ A✳ P❛r❛ k = 1✱

♥ã♦ ❤á ♦ q✉❡ ❞❡♠♦♥str❛r✳ ❙❡❣✉❡ ❞❛ ■❞❡♥t✐❞❛❞❡ ✭✸✳✷✮ q✉❡

N = (y1 · · · yk−1)(yk, z1, z2) + yk(y1 · · · yk−1, z1, z2)− 2z1(z2, y1 · · · yk−1, yk). ✭✸✳✶✶✮

❆ ♣r✐♠❡✐r❛ ♣❛r❝❡❧❛ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ S ✭❞♦ t✐♣♦

(iv)✮✳ P♦r ✐♥❞✉çã♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ((y1 · · · yk−1), z1, z2) ∈ V é ✉♠❛ ❝♦♠❜✐♥❛çã♦

❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞♦s t✐♣♦s (iii) ❡ (iv)✳ ❆❧é♠ ❞✐ss♦✱ ♦s ❡❧❡♠❡♥t♦s ❞♦s t✐♣♦s (iii) ❡ (iv)

sã♦ ♣r♦❞✉t♦s ❞♦s ❡❧❡♠❡♥t♦s ♣❛r❡s✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡stã♦ ♥❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ L0✳

❆ss✐♠✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❡st❡s ♣♦r yk r❡s✉❧t❛ ❡♠ ❡❧❡♠❡♥t♦s ❞♦ ♠❡s♠♦ t✐♣♦✱ ❥á q✉❡ ❛q✉✐

♥ã♦ ♣r❡❝✐s❛♠♦s ♥♦s ♣r❡♦❝✉♣❛r ❝♦♠ ♦s ♣❛rê♥t❡s❡s✳ ❘❡st❛ ♠♦str❛r q✉❡ ❛ ú❧t✐♠❛ ♣❛r❝❡❧❛

❞❛ ■❣✉❛❧❞❛❞❡ ✭✸✳✶✶✮ é ❡❧❡♠❡♥t♦ ❞❡ V ✳ ❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✸✳✷✳✽ ❡♠ (z2, y1 · · · yk−1, yk)✱



✼✶

♣♦❞❡♠♦s ❡s❝r❡✈❡r ❡st❡ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞♦ t✐♣♦ (ii)✳ P♦rt❛♥t♦

é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ M = z1((y1 · · · yn)(z2, yn+1, . . . , ym))✱ n < k

✭❥á q✉❡ m ≥ 2✮ ❡ m− n s❡♥❞♦ ♣❛r✱ ❡stã♦ ❡♠ V ✳ ▼❛s t❡♠♦s q✉❡

M = (y1 · · · yn)(z1(z2, yn+1, . . . , ym))− (z1, (z2, yn+1, . . . , ym), y1 · · · yn).

❆q✉✐ ❛ ♣r✐♠❡✐r❛ ♣❛r❝❡❧❛ ❞❛ ❞✐r❡✐t❛ é ❞♦ t✐♣♦ (iii)✳ ❊ ♦ s❡❣✉♥❞♦ t❛♠❜é♠ é ✉♠ ❡❧❡♠❡♥t♦

❞❡ V ❞❡✈✐❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ❝♦♠❜✐♥❛❞♦ ❝♦♠ ♦ ❈♦r♦❧ár✐♦ ✸✳✷✳✼✱ ❛q✉✐ ✉s❛✲s❡ ❛s

♠❡s♠❛s ✐❞❡✐❛s ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✳ �

▲❡♠❛ ✸✳✷✳✶✵ ❙❡ s ∈ S✱ ❡♥tã♦ sz ∈ S✳

❉❡♠♦♥str❛çã♦✿ Pr✐♠❡✐r♦ ♥♦t❛♠♦s q✉❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ A ❞♦s t✐♣♦s (ii), (iii), (iv) ♣♦✲

❞❡♠ s❡r ♦❜t✐❞♦s ❞❡ ❡❧❡♠❡♥t♦s ❞♦ t✐♣♦ (i) s✉❜st✐t✉✐♥❞♦ ✉♠❛ ✈❛r✐á✈❡❧ x ♣♦r ✉♠ ❛ss♦❝✐❛❞♦r

u t❛❧ q✉❡ |u| = |x| ❡ ❧❡♠❜r❛♥❞♦ q✉❡ z1z2 ❡stá ♥♦ ❝❡♥tr♦ ❛ss♦❝✐❛t✐✈♦ ❞❡ L✳ ❊♥tã♦ ♦ ❧❡♠❛

s❡rá ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❈♦r♦❧ár✐♦ ✸✳✷✳✼✱ s❡ ♣r♦✈❛r♠♦s q✉❡

((y1 · · · yk)(z1 · · · zp))z ∈ S.

❙❡ ♦ ♥ú♠❡r♦ p é ♣❛r✱ ❡♥tã♦ z1 · · · zp ❡stá ♥♦ ❝❡♥tr♦ ❛ss♦❝✐❛t✐✈♦ ❞❡ L✱ ❡ ❛ss✐♠✱ ✏❛❜s♦r✈❡✑

❛ ✈❛r✐á✈❡❧ z✳ ❉❡ss❡ ♠♦❞♦✱ ♦❜t❡♠♦s ✉♠ ❡❧❡♠❡♥t♦ ❞♦ t✐♣♦ (i)✳ ❊♥tã♦ s✉♣♦♥❤❛ q✉❡ p é

í♠♣❛r✳ ◆❡st❡ ❝❛s♦✱ ♦ ❡❧❡♠❡♥t♦ z2 · · · zp ❡stá ♥♦ ❝❡♥tr♦ ❡ ❜❛st❛ ♠♦str❛r q✉❡ ♦ ❡❧❡♠❡♥t♦

R = ((y1 · · · yk)z1)z ∈ S✳ P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡

R = ((y1 · · · yk), z1, z) + (y1 · · · yk)(z1z).

P❡❧♦ ▲❡♠❛ ✸✳✷✳✾ ❛ ♣r✐♠❡✐r❛ ♣❛r❝❡❧❛ ❛ ❞✐r❡✐t❛ ❡stá ❡♠ S✱ ❡♥q✉❛♥t♦ ❛ s❡❣✉♥❞❛ ❥á é ❞♦

t✐♣♦ (i)✳ �

▲❡♠❛ ✸✳✷✳✶✶ ❖ ❡❧❡♠❡♥t♦ N = ((y1 · · · yk), (yk+1 · · · yn), z) ∈ S✳

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❛♣❧✐❝❛♥❞♦ ♦ ❈♦❧ár✐♦ ✸✳✷✳✼ ❡ ▲❡♠❛ ✸✳✷✳✽✳ �

▲❡♠❛ ✸✳✷✳✶✷ ❖ ❡❧❡♠❡♥t♦ R = (y1 · · · yk)((yk+1 · · · yn)z) ♣❡rt❡♥❝❡ à S✳
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❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ❞♦ ▲❡♠❛ ✸✳✷✳✶✶ ❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ L0 é ❛ss♦❝✐✲

❛t✐✈❛✳ �

Pr♦♣♦s✐çã♦ ✸✳✷✳✶✸ ❖ ❝♦♥❥✉♥t♦ A ❣❡r❛ ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ L✳

❉❡♠♦♥str❛çã♦✿ ❆✜r♠❛♠♦s q✉❡ ♦s ❡❧❡♠❡♥t♦s

R = ((y1 · · · yp)z1)((yp+1 · · · yq)z2) ∈ S.

❉❡ ❢❛t♦✱ ❝♦♠♦ (z1, y, z2) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛✱ t❡♠♦s q✉❡ R ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

R = z1((y1 · · · yp)((yp+1 · · · yq)z2))✳ ❆ss✐♠✱ ♥♦ss❛ ❛✜r♠❛çã♦ s❡❣✉❡ ❞♦ ▲❡♠❛ ✸✳✷✳✶✷ ❡ ❞♦

▲❡♠❛ ✸✳✷✳✶✵✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♣r♦❞✉t♦ ❞❡ ✉♠ ♥ú♠❡r♦ ♣❛r ❞❡ ❡❧❡♠❡♥t♦s ❞❡ L1 ♣❡rt❡♥❝❡ ❛♦

❝❡♥tr♦ ❛ss♦❝✐❛t✐✈♦ ❞❡ L✳ P♦rt❛♥t♦✱ ♦ ❢❛t♦ q✉❡ R ∈ S✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❈♦r♦❧ár✐♦ ✸✳✷✳✼

✐♠♣❧✐❝❛ q✉❡ ♦ ♣r♦❞✉t♦ ❞❡ ❞♦✐s ❡❧❡♠❡♥t♦s ❞❡ ❆ ♣❡rt❡♥❝❡ ❛ S = span(A)✳ ▲♦❣♦✱ S é ✉♠❛

s✉❜á❧❣❡❜r❛ ❞❡ L✳ ❈♦♠♦ X ⊆ S ♣♦r ❞❡✜♥✐çã♦✱ ❡ X ❣❡r❛ L ❝♦♠♦ á❧❣❡❜r❛ ❝♦♥❝❧✉í♠♦s q✉❡

S = L✳ �

■st♦ ❝♦♥❝❧✉✐ ♦ ❝♦♠❡♥tár✐♦ ❢❡✐t♦ ❛♥t❡s ❞♦ ▲❡♠❛ ✸✳✷✳✹✳ ❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ✐r❡♠♦s

❞❡❞✐❝❛r ♦ r❡st♦ ❞❡st❛ s❡çã♦ ♣❛r❛ ❞❡♠♦♥str❛r q✉❡ ❛s ■❞❡♥t✐❞❛❞❡s ✭✸✳✶✮✲✭✸✳✺✮ ❢♦r♠❛♠ ✉♠❛

❜❛s❡ ♣❛r❛ ♦ T ✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ J2✱ ♠✉♥✐❞♦ ❝♦♠ ❛ ❣r❛❞✉❛çã♦ ♥ã♦ ❡s❝❛❧❛r✳ P❛r❛

✐st♦ ❝♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✸✳✷✳✶✹ ❙❡❥❛♠ u1, u2 ❡❧❡♠❡♥t♦s ❡♠ A✳ ❉✐r❡♠♦s q✉❡ u1 ❡ u2 sã♦ s❡♠❡❧❤❛♥✲

t❡s s❡ u1 = (yn1
i1
· · · ynk

ik
)a1 ❡ u2 = (yn1

i1
· · · ynk

ik
)a2✳ ❆q✉✐ ♦s a′is, i = 1, 2✱ sã♦ ❞❛ ❢♦r♠❛

(zj1 · · · zjp)wi, p ≥ 0✱ ❡ ♦s wi sã♦ ❛ss♦❝✐❛❞♦r❡s✳

◆❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ♦❜s❡r✈❡ q✉❡ ♥ã♦ ❡①✐❣✐♠♦s a1 = a2✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ u1

❡ u2 sã♦ s❡♠❡❧❤❛♥t❡s s❡✱ ❛s ✈❛r✐á✈❡✐s ♣❛r❡s q✉❡ ❛♣❛r❡❝❡♠ ♥❡❧❡s ❢♦r❛ ❞♦s ❛ss♦❝✐❛❞♦r❡s

sã♦ ❛s ♠❡s♠❛s ✭❝♦♥t❛♥❞♦ ♦s ❣r❛✉s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s✮✳ ❆❣♦r❛✱ ❥á t❡♠♦s ♦s r❡s✉❧t❛❞♦s

♥❡❝❡ssár✐♦s ♣❛r❛ ❞❡♠♦♥str❛r ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛ s❡çã♦✳

❚❡♦r❡♠❛ ✸✳✷✳✶✺ ❙❡❥❛ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ ❝♦♠ charK 6= 2✳ ❊♥tã♦ ♦ ✐❞❡❛❧ T ❞❛s

✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ J2 ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s 2× 2✱ ♠✉♥✐❞♦

❝♦♠ ❛ ❣r❛❞✉❛çã♦ ♥ã♦ ❡s❝❛❧❛r✱ é ❣❡r❛❞♦ ✭❝♦♠♦ ✉♠ T ✲✐❞❡❛❧ ❣r❛❞✉❛❞♦✮ ♣❡❧❛s ✐❞❡♥t✐❞❛❞❡s

❞❡ ✭✸✳✶✮ ❛ ✭✸✳✺✮✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ T = I
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❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ s❡rá ❞✐✈✐❞✐❞❛ ❡♠ três ❛✜r♠❛çõ❡s✳

❆✜r♠❛çã♦ ✶✿ ❙❡❥❛♠ u1, . . . , un ❡❧❡♠❡♥t♦s ❞❡ A ❞❡ ♠❡s♠♦ ♠✉❧t✐❣r❛✉✳ ❙✉♣♦♥❤❛

q✉❡ ♥ã♦ ❤á ❞♦✐s s❡♠❡❧❤❛♥t❡s ❡♥tr❡ ❡❧❡s ❡ q✉❡
∑
αiui ∈ T é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛

♣❛r❛ J2✱ ♦♥❞❡ αi ∈ K✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ i✱ t❡♠♦s αi = 0✳

❙❡❥❛ ui = ciai ♦♥❞❡ ♦s a′is sã♦ ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✸✳✷✳✶✹✱ ❡ ♦s c′is sã♦ ♣r♦❞✉t♦s

❞❡ ✈❛r✐á✈❡✐s ♣❛r❡s✳ ◆❡st❡ ❝❛s♦✱ ♣♦r ♥ã♦ t❡r t❡r♠♦s s❡♠❡❧❤❛♥t❡s ♥♦ s♦♠❛tór✐♦ ❛❝✐♠❛✱

t❡♠♦s q✉❡ ci 6= cj✱ s❡♠♣r❡ q✉❡ i 6= j✳ ❈♦♠♦ L0 é ❛ss♦❝✐❛t✐✈❛ ❡ ❝♦♠✉t❛t✐✈❛ ♣♦❞❡♠♦s

❛ss✉♠✐r q✉❡ ❛s ✈❛r✐á✈❡✐s y ❡♠ ❝❛❞❛ ci ❡stã♦ ❡s❝r✐t❛s ❡♠ ♦r❞❡♠ ❝r❡s❝❡♥t❡✳ ❊s❝r❡✈❛
∑
αiui = f(y1, . . . , yp, z1, . . . , zq)✳ ❙✉♣♦♥❤❛ ❛✐♥❞❛ q✉❡ f 6= 0✳ ❉❡✜♥❛

g(y1, . . . , yp, z1, . . . , zq) = f(y1 + 1, . . . , yp, z1, . . . , zq).

❚❡♠♦s q✉❡✱ ♦ ♣♦❧✐♥ô♠✐♦ g é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ J2 ❡

❛✐♥❞❛✱ q✉❡ g ♥ã♦ é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳ ❈♦♠♦ ♦ ❝♦r♣♦ ❜❛s❡ é ✐♥✜♥✐t♦ t♦❞❛s s✉❛s ❝♦♠♣♦✲

♥❡♥t❡s ♠✉❧t✐❤♦♠♦❣ê♥❡❛s t❛♠❜é♠ sã♦ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ♣❛r❛ J2✳ ❯♠❛ ❞❛s s✉❛s

❝♦♠♣♦♥❡♥t❡s ♠✉❧t✐❤♦♠♦❣ê♥❡❛s é ❡①❛t❛♠❡♥t❡ f ✳ ❙❡❥❛ h ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡

g ♥ã♦ ♥✉❧❛ ❞❡ ♠❡♥♦r ❣r❛✉ ❡♠ y1✳ ✭■st♦ é✱ ❝♦♥s✐❞❡r❛♠♦s h ♦ ♣♦❧✐♥ô♠✐♦ ♥ã♦ ♥✉❧♦ ♦❜✲

t✐❞♦ ❞❡ f ❞❡♣♦✐s ❞❡ s✉❜st✐t✉✐r♠♦s ♦ ♠❛✐♦r ♥ú♠❡r♦ ♣♦ssí✈❡❧ ❞❡ ✈❛r✐á✈❡✐s y1 ♣♦r ✶✮✳ ❖

♣♦❧✐♥ô♠✐♦ h é ♦❜t✐❞♦ ❞❡ f ❛tr❛✈és ❞♦ s❡❣✉✐♥t❡ ♣r♦❝❡❞✐♠❡♥t♦✿ Pr✐♠❡✐r♦ ❝♦♥s✐❞❡r❛♠♦s ❛

s♦♠❛ ❞❡ t♦❞♦s ♦s αiciai ♦♥❞❡ ♦ ❣r❛✉ ❞❡ y1 ❡♠ ci é ♦ ♠❛✐♦r ♣♦ssí✈❡❧✱ ❡ ❞❡s❝❛rt❛♠♦s ❛s

♣❛r❝❡❧❛s r❡st❛♥t❡s✳ ❊♥tã♦✱ s✉❜st✐t✉í♠♦s ♥❡st❛s ♣❛r❝❡❧❛s t♦❞❛s ❛s ❡♥tr❛❞❛s y1 ❡♠ ci ♣♦r

✶ ✭❡ ♠❛♥t❡♠♦s ❛s ✈❛r✐á✈❡✐s y1 q✉❡ ❛♣❛r❡❝❡♠ ❡♠ ❛ss♦❝✐❛❞♦r❡s✮✳ ❉❡ss❡ ♠♦❞♦✱ ♦❜t❡♠♦s

❡①❛t❛♠❡♥t❡ h ❥á q✉❡ s❡♠♣r❡ q✉❡ ✶ ❛♣❛r❡❝❡ ❡♠ ✉♠ ❛ss♦❝✐❛❞♦r ♦ ♠❡s♠♦ s❡ ❛♥✉❧❛✳ ❖

♣♦❧✐♥ô♠✐♦ h ♥ã♦ t❡♠ ✈❛r✐á✈❡✐s y1 q✉❡ ❛♣❛r❡❝❡♠ ❢♦r❛ ❞❡ ❛ss♦❝✐❛❞♦r❡s✳ ❘❡♣❡t✐♥❞♦ ♦ ❛r✲

❣✉♠❡♥t♦ ❛❝✐♠❛ ♣❛r❛ h(y1, y2 +1, y3, . . . , yp, z1, . . . , zq) ♦❜t❡♠♦s ✉♠ ♣♦❧✐♥ô♠✐♦ ♥ã♦ ♥✉❧♦

q✉❡ ♥ã♦ ❝♦♥té♠ y2 ❢♦r❛ ❞❡ ❛ss♦❝✐❛❞♦r❡s✱ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳ ❋✐♥❛❧♠❡♥t❡✱ ❝♦♥t✐♥✉❛♥❞♦ ♦

♣r♦❝❡ss♦ ❞❡s❝r✐t♦ ❛❝✐♠❛✱ ♦❜t❡♠♦s ✉♠ ♣♦❧✐♥ô♠✐♦ ♥ã♦ ♥✉❧♦ f1 q✉❡ ♥ã♦ ❝♦♥té♠ ♥❡♥❤✉♠❛

✈❛r✐á✈❡❧ yi ❢♦r❛ ❞❡ ❛ss♦❝✐❛❞♦r❡s✳ ❈♦♠♦ f ∈ T ✱ s❡❣✉❡ q✉❡ f1 ∈ T ✳ ▼❛s f1 é ♦❜t✐❞♦

❞❡ f r❡♠♦✈❡♥❞♦ ❛❧❣✉♠❛s ❞❛s ♣❛r❝❡❧❛s ❡ ❞❡s❝❛rt❛♥❞♦ ♦s ci q✉❡ sã♦ ♣❛rt❡ ❞❛s ♣❛r❝❡❧❛s

r❡st❛♥t❡s✳ ❈♦♠♦ ♦s c1, . . . , cn sã♦ ❞♦✐s ❛ ❞♦✐s ❞✐st✐♥t♦s ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ❛♣❡♥❛s

✉♠ ai ❡♠ f1✳ ■st♦ é f1 = αiai ♣❛r❛ ❛❧❣✉♠ i✳ P♦r ♦✉tr♦ ❧❛❞♦ αiai ∈ T s✐❣♥✐✜❝❛ q✉❡

❡st❛ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ J2✳ ▼❛s ✐st♦ só é ♣♦ssí✈❡❧ s❡ αi = 0 ❡ ♥❡st❡ ❝❛s♦

f1 = 0✱ ❡ αiciai ♥ã♦ ❛♣❛r❡❝❡ ❡♠ f ✳ ❊♠ s❡❣✉✐❞❛ r❡♣❡t✐♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛❝✐♠❛ ♣❛r❛
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f ✭❥á t❡♥❞♦ ❞❡s❝❛rt❛❞♦ ♦ t❡r♠♦ αiciai✮ ❡ ❝♦♥t✐♥✉❛♠♦s ♣♦r ✐♥❞✉çã♦✳

❆✜r♠❛çã♦ ✷✿ ❖ ❝♦♥❥✉♥t♦ A é ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ♠ó❞✉❧♦ ♦ ✐❞❡❛❧ T ✳

❙❡❣✉❡ ❞❛ ❆✜r♠❛çã♦ ✶ q✉❡ é s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r s♦♠❡♥t❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ ❆ ♦♥❞❡

t♦❞❛s ❛s ✈❛r✐á✈❡✐s y ❛♣❛r❡❝❡♠ ❡♠ ❛ss♦❝✐❛❞♦r❡s ❛♣❡♥❛s✳ ◆❡st❡ ❝❛s♦ ❞❡✈❡♠♦s ♠♦str❛r q✉❡

♦s ❡❧❡♠❡♥t♦s zj1 · · · zjt , u1, zj1u1, u0✱ sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ▲❡♠❜r❛♥❞♦ q✉❡ ♦s

ui sã♦ ❛ss♦❝✐❛❞♦r❡s ❡ ♥ã♦ ✈❛r✐á✈❡✐s✱ s❡❣✉❡ q✉❡ ❡ss❡s ❡❧❡♠❡♥t♦s tê♠ ♠✉❧t✐❣r❛✉s ❞♦✐s ❛

❞♦✐s ❞✐st✐♥t♦s✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ Ω0✱ ❡ ♥ã♦ ♣♦❞❡♠ s❡r ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡s✳

❉♦♥❞❡ s❡❣✉❡ ♥♦ss❛ ❛✜r♠❛çã♦✳

❆✜r♠❛çã♦ ✸✿ ❆ ✐♥❝❧✉sã♦ T ⊆ I é ✈á❧✐❞❛✳

❈♦♠♦ ♦ ❝♦r♣♦ ❜❛s❡ é ✐♥✜♥✐t♦✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r f ∈ T ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦✲

❣ê♥❡♦ ❛✜♠ ❞❡ ♣r♦✈❛r ❛ ❛✜r♠❛çã♦✳ ❈♦♠♦ I ⊆ T ✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✶✸ q✉❡

f ≡
∑

αiui ♠♦❞ I.

❆q✉✐ αi ∈ K ❡ ui ∈ A✳ ❈❛s♦ t♦❞♦s ♦s ui✬s ♥ã♦ s❡❥❛♠ s❡♠❡❧❤❛♥t❡s ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❛

❆✜r♠❛çã♦ ✶✱ ❡ t❡♠♦s ❛ ❛✜r♠❛çã♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ ♣♦❞❡♠♦s ❛r❣✉♠❡♥t❛r✱ ❝♦♠♦ ❢♦✐ ❢❡✐t♦

♥❛ ❆✜r♠❛çã♦ ✷✱ ♣❛r❛ ❝❛❞❛ ui = ciai✳ ◆❡st❡ ❝❛s♦✱ ❡❧❡s s❡ ❞✐❢❡r❡♠ ♣❡❧♦s ❡❧❡♠❡♥t♦s ai ❡

aj ✭❞❛❞♦s ♥❛ ❉❡✜♥✐çã♦ ✸✳✷✳✶✹✮✱ ❡ ❞❛ ❆✜r♠❛çã♦ ✷ ❝♦♥❝❧✉í♠♦s q✉❡ ❡st❡s sã♦ ❧✐♥❡❛r♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡s✳ P♦rt❛♥t♦✱ ❡♠ t♦❞♦s ♦s ❝❛s♦s t❡♠♦s αi = 0✱ ♦✉ s❡❥❛✱ f ∈ I✳ ❆ss✐♠✱ s❡❣✉❡

❛ ❛✜r♠❛çã♦✳

P❛r❛ t❡r♠✐♥❛r ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ é s✉✜❝✐❡♥t❡ ❧❡♠❜r❛r q✉❡ I ⊆ T ❡ ❞❛

❆✜r♠❛çã♦ ✸ q✉❡ T ⊆ I✱ ❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ T = I✳

�

✸✳✸ ■❞❡♥t✐❞❛❞❡s ♣❛r❛ ❛ ❣r❛❞✉❛çã♦ ❡s❝❛❧❛r

◆❡st❛ s❡çã♦✱ t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛ ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ J2 ♠✉♥✐❞❛ ❞❛

❣r❛❞✉❛çã♦ ❡s❝❛❧❛r✳ P❛r❛ ❡st❡ ✜♠✱ ♦s ❛✉t♦r❡s ❑♦s❤❧✉❦♦✈ ❡ ❉✐♥✐③ ❞❡s❝r❡✈❡r❛♠ ✉♠ ❝❛s♦

♠❛✐s ❣❡r❛❧✳ ◆❛ ✈❡r❞❛❞❡✱ ❡st✉❞❛r❡♠♦s ❛ ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ❞❛s

á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ B ❡ Bn ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ ♥♦s ❡s♣❛ç♦s

✈❡t♦r✐❛✐s V ❡ Vn ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✮✱ ❝♦♠ ❛ ❣r❛❞✉❛çã♦ ❡s❝❛❧❛r✳ ❚❛❧ ❣r❛❞✉❛çã♦ ❝♦♥s✐st❡

♥❛q✉❡❧❛ ❝✉❥❛ ❛ ❝♦♠♣♦♥❡♥t❡ ♥❡✉tr❛ é ♦ ♣ró♣r✐♦ ❝♦r♣♦ K✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ss❛
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❞❡s❝r✐çã♦✱ ✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ J2✱ ❝♦♠ ❛

❣r❛❞✉❛çã♦ r❡q✉❡r✐❞❛✱ é ♦❜t✐❞❛✳

▲❡♠❜r❛♠♦s q✉❡ dimV = ∞✱ dimVn = n✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s q✉❡ B(0) = K✱ ❡

B(1) = V ✱ ❡ r❡s♣❡❝t✐✈❛♠❡♥t❡ B(0)
n = K✱ B(1)

n = Vn ✭✉t✐❧✐③❛r❡♠♦s ♦s í♥❞✐❝❡s s✉♣❡r✐♦r❡s

♣❛r❛ ❛ ❣r❛❞✉❛çã♦ ♣❛r❛ ♥ã♦ ❤❛✈❡r ❝♦♥❢✉sã♦ ❝♦♠ ♦s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❛s á❧❣❡❜r❛s ❞❡

❏♦r❞❛♥ B0 ❡ B1✮✳ ❆q✉✐✱ ✐r❡♠♦s ♠❛♥t❡r ❛ ♥♦t❛çã♦ ♣❛r❛ ❛s ✈❛r✐á✈❡✐s ♥❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥

❡s♣❡❝✐❛❧ ❧✐✈r❡✱ X = Y ∪ Z✱ ♦♥❞❡ Y sã♦ ❛s ✈❛r✐á✈❡✐s ♣❛r❡s ❡ Z sã♦ ❛s ✈❛r✐á✈❡✐s í♠♣❛r❡s✳

❯t✐❧✐③❛r❡♠♦s ❛✐♥❞❛ ♦s r❡s✉❧t❛❞♦s ❡ ❞❡✜♥✐çõ❡s q✉❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛ ❙❡çã♦ ✶✳✼

❞♦ ❈❛♣ít✉❧♦ ✶✳

❖ ♣♦❧✐♥ô♠✐♦

(y, x1, x2) = 0 ✭✸✳✶✷✮

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ❡♠ B ❡ Bn✳ ❉❡ ❢❛t♦✱ s✉❛ ✈❛❧✐❞❛❞❡ ❡♠ B ✭❡ Bn✮ s❡❣✉❡ ❞♦

❢❛t♦ ❞♦s ❡❧❡♠❡♥t♦s ♣❛r❡s ❡♠ B s❡r❡♠ ❡s❝❛❧❛r❡s✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✶ ❙❡❣✉❡ ❞❡ ✭✸✳✶✷✮ q✉❡ (z1z2, x1, x2) = 0✳ ❆❧é♠ ❞✐ss♦✱ (x1, y, x2) ❡

(x1, x2, y) sã♦ ❝♦♥s❡q✉ê♥❝✐❛s ❞❡ ✭✸✳✶✷✮ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ P♦r ❛ss♦❝✐❛❞♦r s❡r ✉♠ s✐s✲

t❡♠❛ tr✐♣♦ ❞❡ ▲✐❡ s♦❜r❡ q✉❛❧q✉❡r á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥✱ ✈❡r ❖❜s❡r✈❛çã♦ ✶✳✸✳✶✶✱ t❡♠♦s q✉❡

(x1, x2, y) = −(y, x2, x1) ❡

(x1, y, x2)
✭✶✳✶✮
= −(y, x2, x1)− (x2, x1, y) ≡ −(y, x2, x1) + (y, x1, x2),

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳

❆q✉✐✱ ❞❡♥♦t❛♠♦s I ❝♦♠♦ s❡♥❞♦ ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡✜♥✐❞♦ ♣❡❧♦

♣♦❧✐♥ô♠✐♦ ✭✸✳✶✷✮✱ ❡ L =
SJ(X)

I
❞❡♥♦t❛rá ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❝♦rr❡s♣♦♥❞❡♥t❡✳

❈♦♥s✐❞❡r❡♠♦s f = f(y1, . . . , yp, z1, . . . , zq) ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳ ▼ó❞✉❧♦ ♦

T2✲✐❞❡❛❧ I✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r f ❝♦♠♦

f(y1, . . . , yp, z1, . . . , zq) = yn1
1 · · · ynp

p g(z1, . . . , zq),

♦♥❞❡ g é ❛❧❣✉♠ ♣♦❧✐♥ô♠✐♦ ♥❛s ✈❛r✐á✈❡✐s í♠♣❛r❡s✳ P♦rt❛♥t♦✱ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉✲

❛❞❛ ♣❛r❛ B ✭r❡s♣✳✱ Bn✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ g t❛♠❜é♠ ❢♦r✳ ❈♦♠♦ g é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡

❏♦r❞❛♥ ♥❛s ✈❛r✐á✈❡✐s z✬s✱ s❡❣✉❡ q✉❡ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ B ✭r❡s♣✳✱ Bn✮

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ g é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❢r❛❝❛ ❞❡ ❏♦r❞❛♥ ♣❛r❛ (B, V ) ✭r❡s♣✳✱ (Bn, Vn)✮✳

❈♦♥s✐❞❡r❛♠♦s M ❝♦♠♦ s❡♥❞♦ ❛ s✉❜á❧❣❡❜r❛ ❞❡ L ❣❡r❛❞❛ ♣❡❧❛s ✈❛r✐á✈❡✐s ❡♠ Z✳
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▲❡♠❛ ✸✳✸✳✷ ❆ á❧❣❡❜r❛ M =M (0)⊕M (1) é Z2✲❣r❛❞✉❛❞❛✳ ❊ ❛ s✉❜á❧❣❡❜r❛ M (0) é ❣❡r❛❞❛

♣♦r t♦❞♦s ♦s ♣r♦❞✉t♦s (zi1zj1) · · · (zikzjk) ❡♥q✉❛♥t♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ M (1) é ❣❡r❛❞♦ ♣♦r

t♦❞♦s ♦s zi0(zi1zj1) · · · (zikzjk)✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ❢♦r♠❛ q✉❡ ❞❡✜♥✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ M é ❞❡

❢❛t♦ ✉♠❛ ❣r❛❞✉❛çã♦✳ ❆s ♦✉tr❛s ❞✉❛s ❛✜r♠❛çõ❡s ❞♦ ❧❡♠❛ t❛♠❜é♠ s❡❣✉❡♠ ❞❡ ✐♠❡❞✐❛t♦

♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ M ✉♠❛ ✈❡③ q✉❡ z1z2 ❡stá ♥♦ ❝❡♥tr♦ ❛ss♦❝✐❛t✐✈♦ ❞❡ L ✭✈❡r ❖❜s❡r✈❛çã♦

✸✳✸✳✶✮✳

�

➱ ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛ ✐r❡♠♦s ✐♥✈♦❝❛r ❛ t❡♦r✐❛ ❞❡ ✐♥✈❛r✐✲

❛♥t❡s✳ P❛r❛ ❡st❡ ✜♠ é ✐♥t❡r❡ss❛♥t❡ ❝♦♥s✐❞❡r❛r ❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦s R = K[(ti ◦ tj)]
❞❛❞❛ ♥❛ ❙❡çã♦ ✶✳✼✱ ❡ ♦❜s❡r✈❛r q✉❡ ♦s r❡s✉❧t❛❞♦s q✉❡ ❛❧✐ s❡ ❡♥❝♦♥tr❛♠✱ ❝♦♥t✐♥✉❛♠ ✈❛✲

❧❡♥❞♦ s❡ s✉❜st✐t✉í♠♦s R ♣♦r M ✭✐st♦ é✱ ti ♣♦r zi✮✱ ✉♠❛ ✈❡③ q✉❡ ❛s ✈❛r✐á✈❡✐s zi s❡rã♦

s✉❜st✐t✉í❞❛ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ Vn✳ P❛r❛ ♦ ❝❛s♦ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ ❜❛st❛ ❢❛③❡r n→∞
♣❛r❛ ❥✉st✐✜❝❛r ❛s ❛✜r♠❛çõ❡s✳

P❛r❛ ❝♦♥t✐♥✉❛r♠♦s✱ ♥❡❝❡ss✐t❛r❡♠♦s ❞❡ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s✳ ❱❛♠♦s ❝❤❛♠❛r ❛ t❛❜❡❧❛

❞✉♣❧❛ T ✱ ❞❛❞❛ ♥❛ ❉❡✜♥✐çã♦ ✶✳✼✳✶✱ s✐♠♣❧❡s♠❡♥t❡ ❞❡ t❛❜❡❧❛ s❡ t♦❞❛s s✉❛s ❡♥tr❛❞❛s sã♦

✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✳ ❙❡✱ s♦♠❡♥t❡ s❡✱ p11 = 0 ❡ t♦❞❛s ❛s ❡♥tr❛❞❛s r❡st❛♥t❡s ❞❛ t❛❜❡❧❛ T

sã♦ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✱ ❝❤❛♠❛r❡♠♦s T ❞❡ ✵✲t❛❜❡❧❛✳ ◆❡st❡ ú❧t✐♠♦ ❝❛s♦✱ ❛ss♦❝✐❛♠♦s à

✵✲t❛❜❡❧❛ T = (0p2 . . . pm | q1q2 . . . qm) ❛♦ ♣♦❧✐♥ô♠✐♦ ϕ̃(T ) ∈ R ❞❛❞♦ ♣♦r✿

ϕ̃(T ) =
∑

(−1)σtqσ(1)
(tp2 ◦ tqσ(2)

) · · · (tpm ◦ tqσ(m)
). ✭✸✳✶✸✮

❯s❛♥❞♦ ❡ss❡s ❝♦♠❡♥tár✐♦s✱ ♣♦❞❡♠♦s ❡♥✉♥❝✐❛r ❡ ♣r♦✈❛r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✸ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ M (0) t❡♠ ✉♠❛ ❜❛s❡ q✉❡ ❝♦♥s✐st❡ ❞❡ t♦❞♦s ♦s ♣♦✲

❧✐♥ô♠✐♦s ❛ss♦❝✐❛❞♦s ❛ t❛❜❡❧❛s ❞✉♣❧❛♠❡♥t❡ st❛♥❞❛r❞✳ ❆❧é♠ ❞✐ss♦✱ M (1) t❡♠ ✉♠❛ ❜❛s❡

q✉❡ ❝♦♥s✐st❡ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❛ss♦❝✐❛❞♦s ❛ ✵✲t❛❜❡❧❛s ❞✉♣❧❛♠❡♥t❡ st❛♥❞❛r❞✳

❉❡♠♦♥str❛çã♦✿ ❉♦s ❝♦♠❡♥tár✐♦s ❛♥t❡r✐♦r❡s✱ t❡♠♦s q✉❡ M ♣♦ss✉✐ ✉♠❛ ❜❛s❡ ❝♦♥s✐s✲

t✐♥❞♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ϕ̃(T )✱ ♦♥❞❡ T ♣❡r❝♦rr❡ t♦❞❛s ❛s t❛❜❡❧❛s ❞✉♣❧❛♠❡♥t❡ st❛♥❞❛r❞ ❝✉❥❛s

❡♥tr❛❞❛s sã♦ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s t❛❧ q✉❡ m1 ≤ n✱ ✈❡r ❚❡♦r❡♠❛ ✶✳✼✳✹✳ ❆ss✐♠✱ é s✉✜❝✐❡♥t❡

❝♦♥s✐❞❡r❛r ♣♦❧✐♥ô♠✐♦s ♦r✐✉♥❞♦s ❞❡ t❛❜❡❧❛s ❞✉♣❧❛♠❡♥t❡ st❛♥❞❛r❞✳
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P❛r❛ ♠♦str❛r q✉❡ M (0) t❡♠ ✉♠❛ ❜❛s❡ q✉❡ ❝♦♥s✐st❡ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❛ss♦✲

❝✐❛❞♦s ❛ t❛❜❡❧❛s ❞✉♣❧❛♠❡♥t❡ st❛♥❞❛r❞✱ ❜❛st❛ ♦❜s❡r✈❛r ♦ ❚❡♦r❡♠❛ ✶✳✼✳✹✳

P❛r❛ M (1) t❛♠❜é♠ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✼✳✹ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳ ▲❡♠❜r❛♠♦s

q✉❡ ♥♦ss❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✳ ❙❡❥❛ T ❛❧❣✉♠❛ ✵✲t❛❜❡❧❛ ❡ ❝♦♥s✐❞❡r❡♠♦s

ϕ̃(T ) =
∑

(−1)σzqσ(1)
(zp2zqσ(2)

) · · · (zpmzqσ(m)
) ❝♦♠♦ s❡♥❞♦ ♦ ♣♦❧✐♥ô♠✐♦ ❛ss♦❝✐❛❞♦ à T ✳

❙❡❥❛ z0 ✉♠❛ ♥♦✈❛ ✈❛r✐á✈❡❧✳ ❊♥tã♦ z0 ◦ ϕ̃(T ) é r❡♣r❡s❡♥t❛❞♦ ♣♦r ✉♠❛ t❛❜❡❧❛ ❞✉♣❧❛✱ ❡

❛ss✐♠✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❛❝✐♠❛✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✼✳✹✱ z0 ◦ ϕ̃(T ) s❡rá
✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ t❛❜❡❧❛s st❛♥❞❛r❞✳ ❊♠ ✉♠❛ t❛❜❡❧❛ st❛♥❞❛r❞ ❛ ❡♥tr❛❞❛ ♠❛✐s

à ❡sq✉❡r❞❛ ❞❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❡✈❡ ❝♦rr❡s♣♦♥❞❡r ❛ z0✱ ❡ ♣♦rt❛♥t♦✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ �

❖❜s❡r✈❛çã♦ ✸✳✸✳✹ ◗✉❛♥❞♦ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ❢r❛❝❛s✱ ❡❧❛s sã♦ ❝♦♥✲

s✐❞❡r❛❞❛s ❞❡♥tr♦ ❞❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❡s♣❡❝✐❛❧ ❧✐✈r❡ SJ(X)✳

■r❡♠♦s ❛❣♦r❛ ♣r♦✈❛r ✉♠ r❡s✉❧t❛❞♦ ❛✉①✐❧✐❛r q✉❡ ♥♦s ❛❥✉❞❛rá ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦

r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ s❡çã♦✳

❚❡♦r❡♠❛ ✸✳✸✳✺ ✭✐✮ ❆s ✐❞❡♥t✐❞❛❞❡s ❢r❛❝❛s ❞❡ ❏♦r❞❛♥ ♣❛r❛ ♦ ♣❛r (B, V ) sã♦ ❝♦♥✲

s❡q✉ê♥❝✐❛s ❞♦ ♣♦❧✐♥ô♠✐♦ (x1x2, x3, x4)✳

✭✐✐✮ ❆s ✐❞❡♥t✐❞❛❞❡s ❢r❛❝❛s ❞❡ ❏♦r❞❛♥ ♣❛r❛ ♦ ♣❛r (Bn, Vn) s❡❣✉❡♠ ❞♦s ♣♦❧✐♥ô♠✐♦s

(x1x2, x3, x4) ❡ fn =
∑

(−1)σxσ(1)(xn+2xσ(2)) · · · (x2n+1xσ(n+1)).

◆♦ ú❧t✐♠♦ s♦♠❛tór✐♦✱ σ ♣❡r❝♦rr❡ ♦ ❣r✉♣♦ s✐♠étr✐❝♦ Sn+1✳

❉❡♠♦♥str❛çã♦✿ ❆ ♣r✐♠❡✐r❛ ❛✜r♠❛çã♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✼✳✹✳ ❖ ♠❡s♠♦

✈❛❧❡ ♣❛r❛ ❛ s❡❣✉♥❞❛ ❛✜r♠❛çã♦✱ ❥á q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ x0fn é ✐❣✉❛❧ ❛♦ ♣♦❧✐♥ô♠✐♦ ❞❛❞♦ ❡♠

✭✶✳✺✮ ❡ ❡❧❡ s❡ ✏❛♥✉❧❛✑ ❡♠ t♦❞❛s ❛s t❛❜❡❧❛s ❝✉❥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ t❡♠ ❝♦♠♣r✐♠❡♥t♦ ♠❛✐♦r

♦✉ ✐❣✉❛❧ ❛ n+ 1✳ ◆❡st❡ ❝❛s♦✱ ❛ ♣r✐♠❡✐r❛ ❡♥tr❛❞❛ ♥ã♦ ✐♥✢✉❡♥❝✐❛ ♥❛ ❞❡♠♦♥str❛çã♦✱ ✉♠❛

✈❡③ q✉❡ ❛ ❢♦r♠❛ é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✳ P♦rt❛♥t♦✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

�

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧✱ t❡♠♦s✿

❈♦r♦❧ár✐♦ ✸✳✸✳✻ ✭✐✮ ❖ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ B ✭❝♦♠

❛ ❣r❛❞✉❛çã♦ ❡s❝❛❧❛r✮ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ✐❞❡❛❧ I ❣❡r❛❞♦ ♣♦r ✭✸✳✶✷✮✳
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✭✐✐✮ ❖ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ Bn ❝♦♠ ❛ ❣r❛❞✉❛çã♦

❡s❝❛❧❛r é ❣❡r❛❞♦ ♣♦r ✭✸✳✶✷✮ ❡ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡

gn =
∑

(−1)σzσ(1)(zn+2zσ(2)) . . . (z2n+1zσ(n+1)), σ ∈ Sn+1. ✭✸✳✶✹✮

✭✐✐✐✮ ❆s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s 2×2 ✭❝♦♠

❛ ❣r❛❞✉❛çã♦ ❡s❝❛❧❛r✮ s❡❣✉❡♠ ❞❡ ✭✸✳✶✷✮ ❡ ❞❡
∑

(−1)σzσ(1)(z4zσ(2))(z5zσ(3))✱ ♦♥❞❡

σ ♣❡r❝♦rr❡ S3✳

❉❡♠♦♥str❛çã♦✿ ❖s ✐t❡♥s (i) ❡ (ii) sã♦ ❝♦♥s❡q✉ê♥❝✐❛s ❞♦ ❚❡♦r❡♠❛ ✸✳✸✳✺ ❡ ❞♦s ❝♦♠❡♥✲

tár✐♦s q✉❡ ♣r❡❝❡❞❡♠ ♦ ▲❡♠❛ ✸✳✸✳✷✳ ❊ ♦ ✐t❡♠ (iii) é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ (ii)✱ ✉♠❛ ✈❡③

q✉❡ ✈❛❧❡ ♦ ✐s♦♠♦r✜s♠♦ ❞♦ ❊①❡♠♣❧♦ ✶✳✶✳✸✵✳ ❊ ❛ss✐♠✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

❈♦♠♦ ❤❛✈í❛♠♦s ♣r♦♠❡t✐❞♦✱ ♦❜t❡♠♦s ❝♦♠♦ ❝♦r♦❧ár✐♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✳✺ ❛s ❞❡s❝r✐✲

çõ❡s ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❛s á❧❣❡❜r❛s B✱ Bn ❡ J2✱ ♠✉♥✐❞❛s ❝♦♠ ❛ Z2✲❣r❛❞✉❛çã♦

❞✐t❛ ❡s❝❛❧❛r✳ ❊ ❝♦♥❝❧✉í♠♦s ❡ss❡ ❝❛♣ít✉❧♦ ❝♦♠ ❛ ❞❡s❝r✐çã♦ ❝♦♠♣❧❡t❛ ❞❛s ✐❞❡♥t✐❞❛❞❡s

Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s ❞❡ ♦r❞❡♠ ✷✳



❈❛♣ít✉❧♦ ✹

Pr♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t ♣❛r❛ ❛s

✐❞❡♥t✐❞❛❞❡s ✷✲❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ ❞❡

❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r

s✐♠étr✐❝❛✳

❯♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s Z2✲❣r❛❞✉❛❞❛s ✭❛❧❣✉♠❛s ✈❡③❡s ❝❤❛♠❛❞❛ ❞❡ ✷✲❣r❛❞✉❛❞❛s✮

❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ A s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t s❡ t♦❞♦s

♦s T2✲✐❞❡❛✐s ❝♦♥t❡♥❞♦ T2(A) ❛❞♠✐t❡♠ ✉♠❛ ❜❛s❡ ✜♥✐t❛✱ ❝♦♠♦ T ✲✐❞❡❛❧✳ ❚❛❧ ❞❡✜♥✐çã♦

é ✉♠❛ ✏❛❞❛♣t❛çã♦✑ ❞♦ ❝❛s♦ ❛ss♦❝✐❛t✐✈♦ ❡ ♦r❞✐♥ár✐♦ ❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞♦ ♣r♦♣♦st♦ ♣♦r

❙♣❡❝❤t ❡♠ ✶✾✺✵✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ♠♦str❛r❡♠♦s q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ Z2✲❣r❛❞✉❛❞❛s

❣❡r❛❞❛s ♣♦r Bm = K ⊕ V ✱ ❝♦♠ ❛ ❣r❛❞✉❛çã♦ ❞✐t❛ ✏❡s❝❛❧❛r✑✱ s❛t✐s❢❛③ t❛❧ ♣r♦♣r✐❡❞❛❞❡✳

❊st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ♥♦ ❛rt✐❣♦ ❬✽❪✱ ❝✉❥♦ ♦s ❛✉t♦r❡s sã♦ ❉✐♦❣♦ ❉✐♥✐③ ❡

▼❛♥✉❡❧❛ ❞❛ ❙✐❧✈❛ ❙♦✉③❛✳

❈♦♠♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ♣❡r♠❛♥❡❝❡r❡♠♦s ❝♦♠ ❛ ♥♦t❛çã♦ ♣❛r❛ X = Y ∪ Z✱
♦♥❞❡ Y é ♦ ❝♦♥❥✉♥t♦ ❞❛s ✈❛r✐á✈❡✐s ♣❛r❡s ❡ Z ❛s í♠♣❛r❡s✳ ❆❧é♠ ❞✐ss♦✱ ❡♠❜♦r❛ ❛❧❣✉♥s

r❡s✉❧t❛❞♦s ❝♦♥t✐♥✉❡♠ ✈❛❧❡♥❞♦ ❡♠ ✉♠ ❝♦♥t❡①t♦ ♠❛✐s ❣❡r❛❧✱ ✐r❡♠♦s ❝♦♥s✐❞❡r❛rK✱ ❛ ♠❡♥♦s

q✉❡ s❡❥❛ ♠❡♥❝✐♦♥❛❞♦✱ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳



✽✵

✹✳✶ Pr♦♣r✐❡❞❛❞❡ ❞❡ ❜❛s❡ ✜♥✐t❛ ♣❛r❛ ❝♦♥❥✉♥t♦s q✉❛s❡✲

♦r❞❡♥❛❞♦s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s s♦❜r❡ ❛ ♣r♦♣r✐❡❞❛❞❡

❞❛ ❜❛s❡ ✜♥✐t❛ ❞♦s ❝♦♥❥✉♥t♦s q✉❛s❡♦r❞❡♥❛❞♦s✱ ❢❡rr❛♠❡♥t❛ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ♦❜t❡♥çã♦

❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧✳ ❱❡r ❬✶✺❪ ♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s s♦❜r❡ t❛❧ ❛ss✉♥t♦ ❡ ❝✐t❡❈❡♥tr♦♥❡

▼❛♥✉❡❧❛ ❋❛❜r✐③✐♦✱●✐❛♠❜r✉♥♦ ❡ ▼❛♥✉❡❧❛ ♣❛r❛ ♦✉tr❛s ❛♣❧✐❝❛çõ❡s ❡♠ ❛♠❜✐❡♥t❡s ❞✐st✐♥t♦s✳

❉❡✜♥✐çã♦ ✹✳✶✳✶ ❯♠❛ r❡❧❛çã♦ ✏≤✑ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ A é ✉♠❛ q✉❛s❡♦r❞❡♠

s❡ ✈❛❧❡♠✿

✭✐✮ a ≤ a ✭r❡✢❡①✐✈✐❞❛❞❡✮❀

✭✐✐✮ ❙❡ a ≤ b ❡ b ≤ c ❡♥tã♦ a ≤ c ✭tr❛♥s✐t✐✈✐❞❛❞❡✮✱

♣❛r❛ t♦❞♦ a✱ b✱ c ∈ A✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ A é ✉♠ ❝♦♥❥✉♥t♦ q✉❛s❡♦r❞❡♥❛❞♦ ❡

❞❡♥♦t❛♠♦s (A,≤)✳

❙❡❥❛ (A,≤) ✉♠ ❝♦♥❥✉♥t♦ q✉❛s❡♦r❞❡♥❛❞♦✳ ❙❡ ♣❛r❛ t♦❞♦ a, b ∈ A✱ t♦❞❛ ✈❡③ q✉❡

a ≤ b ❡ b ≤ a ✐♠♣❧✐❝❛r ❡♠ a = b ✭❛♥t✐ss✐♠❡tr✐❛✮✱ ❛ r❡❧❛çã♦ é ❝❤❛♠❛❞❛ ❞❡ ♦r❞❡♠

♣❛r❝✐❛❧ ❡ ♦ ❝♦♥❥✉♥t♦ A é ❞✐t♦ ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✳ ❙❡ ❛❧é♠ ❞✐ss♦✱ q✉❛✐sq✉❡r ❞♦✐s

❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ sã♦ ❝♦♠♣❛rá✈❡✐s✱ ♦✉ s❡❥❛✱ a ≤ b ♦✉ b ≤ a✱ ❞✐③❡♠♦s q✉❡ ❛ ♦r❞❡♠

é t♦t❛❧ ❡ ♦ ❝♦♥❥✉♥t♦ é t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✳

❊①❡♠♣❧♦ ✹✳✶✳✷ ❖ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s N ♠✉♥✐❞♦ ❞❛ ♦r❞❡♠ ✉s✉❛❧ é ✉♠

❝♦♥❥✉♥t♦ t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✳

❉❡✜♥✐çã♦ ✹✳✶✳✸ ❙❡♥❞♦ B ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ q✉❛s❡♦r❞❡♥❛❞♦ A ✭❞✐❣❛♠♦s

q✉❡ A ❡stá ♠✉♥✐❞♦ ❞❡ ✉♠❛ q✉❛s❡♦r❞❡♠ ≤✮✱ ❞❡✜♥✐♠♦s ♦ ❢❡❝❤♦ ❞❡ B ❝♦♠♦ s❡♥❞♦ ♦

❝♦♥❥✉♥t♦ B = {a ∈ A | ❡①✐st❡ b ∈ B t❛❧ q✉❡ b ≤ a}✳ ➱ ❝❧❛r♦ q✉❡ B ⊆ B✳ ❉✐③❡♠♦s q✉❡

B é ❢❡❝❤❛❞♦✱ s❡ B = B✳

❖❜s❡r✈❛çã♦ ✹✳✶✳✹ ❙❡❥❛♠ B ❡ C s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ q✉❛s❡♦r❞❡♥❛❞♦ A t❛❧

q✉❡ B ⊆ C✳ ❙❡❥❛ a ∈ B✱ ❡♥tã♦ ❡①✐st❡ b ∈ B t❛❧ q✉❡ b ≤ a✳ P♦r B ⊆ C✱ t❡♠♦s q✉❡

b ∈ C✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ a ∈ C✳ ◆❡st❡ ❝❛s♦✱ é ❢❛t♦ ❡s♣❡r❛❞♦ q✉❡ B ⊆ C✳
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❉❡✜♥✐çã♦ ✹✳✶✳✺ ❉✐③❡♠♦s q✉❡ ✉♠ ❝♦♥❥✉♥t♦ q✉❛s❡♦r❞❡♥❛❞♦ s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡

❜❛s❡ ✜♥✐t❛✱ s❡ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ A é ♦ ❢❡❝❤♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r é ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ♣❛r❛ t❛❧ ♣r♦♣r✐❡❞❛❞❡✳ ❆q✉✐ ❞❡❝✐❞✐♠♦s

❞❡st❛❝❛r ❛♣❡♥❛s três ❡q✉✐✈❛❧ê♥❝✐❛s✱ ❛s q✉❛✐s s❡rã♦ ✐♠♣♦rt❛♥t❡s ♥♦s ♥♦ss♦s ❡st✉❞♦s✳ ◆ã♦

♣♦❞❡rí❛♠♦s ❞❡✐①❛r ❞❡ ✐♥❢♦r♠❛r q✉❡ ♦ r❡s✉❧t❛❞♦ ♦r✐❣✐♥❛❧✱ q✉❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠

❬✶✺✱ ❚❤❡♦r❡♠ ✷✳✶❪✱ t❡♠ ✉♠❛ ❧✐st❛ ❞❡ ❝✐♥❝♦ ❡q✉✐✈❛❧ê♥❝✐❛s ❞❛ ❉❡✜♥✐çã♦ ✹✳✶✳✺✳

❚❡♦r❡♠❛ ✹✳✶✳✻ ❆s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✱ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ q✉❛s❡♦r❞❡♥❛❞♦ (A,≤)✱ sã♦

❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ (A,≤) s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❜❛s❡ ✜♥✐t❛❀

✭✐✐✮ ❙❡ B é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ A✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ B0 t❛❧ q✉❡ B0 ⊂ B ⊂ B0❀

✭✐✐✐✮ ❚♦❞❛ s❡q✉ê♥❝✐❛ ✐♥✜♥✐t❛ {ai}i≥0 ❞❡ ❡❧❡♠❡♥t♦s ❞❡ A ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛

ai1 ≤ ai2 ≤ . . . ≤ aik ≤ . . . ,

❝♦♠ ♦s aij t♦❞♦s ❞✐st✐♥t♦s✳

❉❡♠♦♥str❛çã♦✿ (i)⇔ (ii) ❙❡❥❛ B ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ A ❡ t♦♠❡ B ♦ ❢❡❝❤♦ ❞❡ B✳

❙❡ B ❢♦r ✜♥✐t♦✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ tr✐✈✐❛❧♠❡♥t❡✱ t♦♠❛♥❞♦ B0 = B✳ ❈❛s♦ s❡❥❛ ✐♥✜♥✐t♦✱

♣♦r A s❛t✐s❢❛③❡r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❜❛s❡ ✜♥✐t❛✱ t❡♠♦s q✉❡ ❡①✐st❡ B0 ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦

t❛❧ q✉❡ B0 = B✳ ❙✉♣♦♥❤❛ q✉❡ B0 6⊆ B✱ ❡♥tã♦ ❡①✐st❡♠ a ∈ B0 \B ❡ b ∈ B t❛❧ q✉❡ b ≤ a✳

◆❡st❡ ❝❛s♦✱ t♦♠❡ B′
0 = (B0 \ {a}) ∪ {b}✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱ B′

0 = B✳ ❘❡♣❡t✐♥❞♦ ❡ss❡

♣r♦❝❡ss♦ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❡t❛♣❛s ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r

B0 ⊆ B ⊆ B = B0.

❆ r❡❝✐♣r♦❝❛ é tr✐✈✐❛❧ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✶✳✹✳

(ii)⇒ (iii) ❙✉♣♦♥❤❛ q✉❡ ♥ã♦ ✈❛❧❤❛ (iii)✳ P♦r ✈❛❧❡r ❛ r❡✢❡①✐✈✐❞❛❞❡ ♥❛ r❡❧❛çã♦ ✏≤✑✱
t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ s✉❜s❡q✉ê♥❝✐❛

ξ : ai1 ≤ ai2 ≤ . . . ≤ aik ≤ . . . ✭✹✳✶✮

❞❡ ❡❧❡♠❡♥t♦s ❞❡ B = {ai}i≥0 ❡①✐st❡ t > 0 t❛❧ q✉❡ ait = ait+r
✱ ❝♦♠ r > 0✳ ◆❡st❡

❝❛s♦✱ ❞✐③❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ ξ t❡♠ ❝♦♠♣r✐♠❡♥t♦ ✜♥✐t♦ ❞❡ t❛♠❛♥❤♦ t✳ P❛r❛ ❝❛❞❛ t❛❧
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s✉❜s❡q✉ê♥❝✐❛ ❞❡ B✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ai1 t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ ♣❛r❛ t♦❞♦ a ∈ B
t❛❧ q✉❡ a ≤ ai1 t❡♠✲s❡ ai1 = a✳ ❈♦♠♦ B é ✐♥✜♥✐t♦ ❡ ♦ t❛♠❛♥❤♦ ❞❛s s✉❜s❡q✉ê♥❝✐❛s é

✜♥✐t♦✱ t❡♠♦s q✉❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ B0 = {b ∈ B | a ≤ b ⇒ a = b} ❞❡✜♥✐❞♦ ❞❡ ♠♦❞♦

q✉❡ B0 = B✱ ❡stá ❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❝♦♠ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ s✉❜s❡q✉ê♥❝✐❛s

❞❛ ❢♦r♠❛ ✭✹✳✶✮✳ ➱ ❝❧❛r♦ q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ t❛✐s s✉❜s❡q✉ê♥❝✐❛s é ✐♥✜♥✐t❛✱ ❝♦♥❝❧✉✐♥❞♦

q✉❡ ♥ã♦ ✈❛❧❡ ♦ ✐t❡♠ (ii)✳ ❊ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ♣♦r ❝♦♥tr❛✲♣♦s✐t✐✈❛✳

(iii) ⇒ (ii) ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ B ❞❡ A ❞❡ ♠♦❞♦ q✉❡ t♦❞♦

s✉❜❝♦♥❥✉♥t♦ B0 ❞❡ A q✉❡ s❛t✐s❢❛ç❛

B0 ⊂ B ⊂ B0 ✭✹✳✷✮

s❡❥❛ ✐♥✜♥✐t♦✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ q✉❡ ♥ã♦ ✈❛❧❤❛ (ii) ♣❛r❛ t❛❧ ❝♦♥❥✉♥t♦✳ ❚♦♠❡ a1

❡❧❡♠❡♥t♦ ❞❡ B✳ ❊♥tã♦✱ B 6⊆ {a1}✳ ◆❡st❡ ❝❛s♦✱ ❡①✐st❡ a2 ∈ B \ {a1}✳ ◆♦✈❛♠❡♥t❡✱ ❝♦♠♦

B 6⊆ {a1, a2}✱ ❡①✐st❡ a3 ∈ B \ {a1, a2}✳ ❈♦♥t✐♥✉❛♥❞♦ ❡st❡ ♣r♦❝❡ss♦✱ ❡ ❧❡♠❜r❛♥❞♦ q✉❡

t♦❞♦ s✉❜❝♦♥❥✉♥t♦ B0 s❛t✐s❢❛③❡♥❞♦ ✭✹✳✷✮ é ✐♥✜♥✐t♦✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠ s✉❜❝♦♥❥✉♥t♦

Si+1 = {a1, . . . , ai, ai+1} ❞❡ ♠♦❞♦ q✉❡ ai+1 ∈ B \ Si✳ ❈♦♥❝❧✉í♠♦s✱ ❝♦♠ t❛❧ ❝♦♥str✉çã♦✱

q✉❡ ❛ s❡q✉ê♥❝✐❛ ✐♥✜♥✐t❛ S∞ = {ai}i>0 ♥ã♦ s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ (iii)✳ ❊ ♣♦rt❛♥t♦✱

t❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣♦r ❝♦♥tr❛✲♣♦s✐t✐✈❛ ♥♦✈❛♠❡♥t❡✳ �

❯s❛♥❞♦ ❛ ❝♦♥❞✐çã♦ (iii) ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✹✳✶✳✼ ❙❡ (A1,≤1)✱ ✳ ✳ ✳ ✱ (Ak,≤k) t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❜❛s❡ ✜♥✐t❛ ❡♥tã♦

(A1 × · · · ×Ak,≤) t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❜❛s❡ ✜♥✐t❛✱ ♦♥❞❡ (a1, . . . , ak) ≤ (b1, . . . , bk) s❡

❡ s♦♠❡♥t❡ s❡ ai ≤i bi✱ ♣❛r❛ t♦❞♦ i ∈ {1, . . . , k}✳

❊①❡♠♣❧♦ ✹✳✶✳✽ ❖ ❝♦♥❥✉♥t♦ (Nk,�) s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ❜❛s❡ ✜♥✐t❛✱ ♦♥❞❡ ❛ q✉❛s❡✲

♦r❞❡♠ é ❞❛❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ (a1, . . . , ak) � (b1, . . . , bk) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ a1 ≤ b1✱

✳ ✳ ✳ ✱ ak ≤ bk ✭❛q✉✐ é ❛ r❡❧❛çã♦ ❞❡ ✏♠❡♥♦r ♦✉ ✐❣✉❛❧✑✮✳ ◆♦t❡ q✉❡ ❛♣❡s❛r ❞❡ (N,≤) s❡r ✉♠

❝♦♥❥✉♥t♦ t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦✱ ♥ã♦ ♣♦❞❡♠♦s ❛✜r♠❛r ♦ ♠❡s♠♦ ♣❛r❛ (Nk,�)✱ ♣♦✐s ♣♦r

❡①❡♠♣❧♦✱ ❛s s❡q✉ê♥❝✐❛s (1, 0, . . . , 0) ❡ (0, 1, . . . , 0) ♥ã♦ sã♦ ❝♦♠♣❛rá✈❡✐s✳

❊①❡♠♣❧♦ ✹✳✶✳✾ ❙❡❥❛ m ∈ N✳ ❉❡✜♥❛ ❛ r❡❧❛çã♦ ≤m ❡♠ N ❝♦♠♦ s❡❣✉❡✿

a1 ≤m a2 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ a1 ≤ a2 ❡ a2 − a1 ≡ 0 (mod m)✳
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(N,≤m) s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ❜❛s❡ ✜♥✐t❛✳ ❉❡ ❢❛t♦✱ s❡❥❛ {ai}i≥0 ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

❡❧❡♠❡♥t♦s ❞❡ N✳ P♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❛ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ❡ss❛ s❡q✉ê♥❝✐❛ é ♥ã♦

❞❡❝r❡s❝❡♥t❡✱ ♦✉ s❡❥❛✱ a1 ≤ a2 ≤ . . .✱ ✉♠❛ ✈❡③ q✉❡ ♦ ❝♦♥❥✉♥t♦ é t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ❝♦♠

r❡❧❛çã♦ ❛ ♦r❞❡♠ ✏≤✑✳ ❙❡ ♣❛r❛ ❝❛❞❛ ai ❛ss♦❝✐❛♠♦s ✉♠ ri✱ ❡♠ q✉❡ ri ∈ {0, 1, 2, . . . ,m−1}
é ♦ r❡st♦ ❞❛ ❞✐✈✐sã♦ ❞❡ ai ♣♦r m✱ é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r ri ❞❡ ♠♦❞♦ q✉❡ ❡①✐st❛ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ {aij}j≥0 t❛❧ q✉❡ ri ≡ ai1 ≡ ai2 ≡ · · · (mod m)✱ ❡ ✐ss♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞♦

❡①❡♠♣❧♦✳

✹✳✷ ▼❛✐s ❢❡rr❛♠❡♥t❛s✿ ❯♠ r❡t♦r♥♦ ❛ t❡♦r✐❛ ❞❡ t❛❜❡❧❛s

❙t❛♥❞❛r❞

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♣r♦✈❛r q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❞❛s á❧❣❡❜r❛s Z2✲❣r❛❞✉❛❞❛s q✉❡

s❛t✐s❢❛③ ❛s ■❞❡♥t✐❞❛❞❡s ✭✸✳✶✷✮ ❡ ✭✸✳✶✹✮ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t✳ ❈♦♠♦ ❝✐t❛♠♦s

t❛✐s ♣♦❧✐♥ô♠✐♦s ♥♦ ❈❛♣ít✉❧♦ ✸✱ ❛❝❤❛♠♦s ❥✉st♦ ❧❡♠❜r❛r ❛q✉✐ q✉❡ t❛✐s ✐❞❡♥t✐❞❛❞❡s sã♦✿

✭✐✮ (y, x1, x2)

✭✐✐✮ gm =
∑

(−1)σzσ(1)(zm+2zσ(2)) · · · (z2m+1zσ(m+1)), σ ∈ Sm+1, ♣❛r❛ ❛❧❣✉♠ m ∈ N,

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✸✳✺✱ ♦❜t❡♠♦s q✉❡ ✭✸✳✶✷✮ ❡ ✭✸✳✶✹✮

❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ✷✲❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ Bm✱

❝♦♠ ❛ ❣r❛❞✉❛çã♦ ❡s❝❛❧❛r✳

◆❡st❛ s❡çã♦ ❢❛r❡♠♦s ✉s♦ ♥♦✈❛♠❡♥t❡ ❞❛s té❝♥✐❝❛s ❞❛ ❚❡♦r✐❛ ❞❡ ■♥✈❛r✐❛♥t❡s ✭✈❡r

❙❡çã♦ ✶✳✼✱ ❞♦ ❈❛♣ít✉❧♦ ✶✮ ❡ ❞❛ t❡♦r✐❛ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ❜❛s❡ ✜♥✐t❛ ✭❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r

❍✐❣♠❛♥ ❡♠ ❬✶✺❪ ❡ ❞❛❞❛ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✮ ♣❛r❛ ❞❡t❡r♠✐♥❛r q✉❡ ♦ T2✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛✲

❞❡s ❣r❛❞✉❛❞❛s ❞❡ Bm✱ ❝♦♠ ❛ ❣r❛❞✉❛çã♦ ❡s❝❛❧❛r✱ s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t✳ P❛r❛

♥♦ss♦ t❡①t♦ ✜❝❛r ♠❛✐s ✏✢ú✐❞♦✑✱ ✐r❡♠♦s ❞❡❞✐❝❛r ✉♠ ♣♦✉❝♦ ♠❛✐s ❞❡ ❛t❡♥çã♦ à t❡♦r✐❛ ❞❛s

t❛❜❡❧❛s st❛♥❞❛r❞✳
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❙❡❥❛ A ✉♠❛ t❛❜❡❧❛ st❛♥❞❛r❞ ❞❛ ❢♦r♠❛

A =




1 2 3 . . . k1 τ1 . . .

1 2 3 . . . k2 τ2 . . .
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

1 2 3 . . . ks τs . . .

τs+1




,

♦♥❞❡ τi > ki + 1✱ i = 1, . . . , s ❡ τs+1 > 1✳ ❈♦♠♦ A é ❙t❛♥❞❛r❞✱ t❡♠♦s

k1 ≥ k2 ≥ . . . ≥ ks. ✭✹✳✸✮

❚❛❧ ❛✜r♠❛çã♦ é ✈á❧✐❞❛✱ ✉♠❛ ✈❡③ q✉❡ s❡ k1 < k2✱ ❡ ♣♦r τ1 > k1+1✱ ❡♥tã♦ t❡♠♦s ❡❧❡♠❡♥t♦s

pij > qij✱ pij ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❡ qij ♥❛ s❡❣✉♥❞❛✳ ❖ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❛ t❛❜❡❧❛ s❡r

❙t❛♥❞❛r❞✳ ❊ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✱ ✉♠❛ ✈❡③ q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❧✐♥❤❛s é ✉♠ ♥ú♠❡r♦ ✜♥✐t♦✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✶ ➱ ❝❧❛r♦ q✉❡ k1 > 1✱ ✉♠❛ ✈❡③ q✉❡ ❛ t❛❜❡❧❛ A é st❛♥❞❛r❞ ❡ ❝♦♠ ✐ss♦

♦ ♥ú♠❡r♦ ✶ ❛♣❛r❡❝❡✱ ♣❡❧♦ ♠❡♥♦s✱ ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛✳

❙❡❥❛ hi(A) ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ♦ ♥ú♠❡r♦ i − 1 ❛♣❛r❡❝❡ ♥❛ s❡q✉ê♥❝✐❛ ✭✹✳✸✮✱

♣❛r❛ i = 2, . . . , n✳ P♦r ❡①❡♠♣❧♦✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r✱ ❝♦♠❡ç❛r❡♠♦s ❛ ♣❡♥s❛r ❡♠

h2(A)✱ q✉❡ é ♦ ♥ú♠❡r♦ ❞❡ ❧✐♥❤❛s q✉❡ ❝♦♠❡ç❛♠ ❝♦♠ 1τ ✱ ❝♦♠ τ > 2✳ ❏á h3(A) é ♦

♥ú♠❡r♦ ❞❡ ❧✐♥❤❛s q✉❡ ❝♦♠❡ç❛♠ ❝♦♠ 12τ ✱ ❝♦♠ τ > 3✱ ❡t❝✳ ❈♦♥s✐❞❡r❡ ❛ t❛❜❡❧❛ ♦❜t✐❞❛

❞❡ A ❡①❝❧✉✐♥❞♦ ♦ ✶ ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ❧✐♥❤❛s h2(A) ❞❡ A ❡ s✉❜st✐t✉✐♥❞♦✲♦ ♣♦r ✷✳ ❉❡♣♦✐s

❡①❝❧✉✐ ♦ ✶ ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ❧✐♥❤❛s h3(A) ❡ ♦ s✉❜st✐t✉✐ ♣♦r ✉♠ ✸ ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳

❙❡ r❡♦r❞❡♥❛r♠♦s ♦s ❡❧❡♠❡♥t♦s ❡♠ ❝❛❞❛ ❧✐♥❤❛✱ ❛ t❛❜❡❧❛ r❡s✉❧t❛♥t❡✱ q✉❡ é ❞❡♥♦t❛❞❛ ♣♦r

F (A)✱ é st❛♥❞❛r❞✳

◆♦t❛çã♦ ✹✳✷✳✷ ❙❡❥❛

T =




p11 p12 . . . p1m1 q11 q12 . . . q1m1

p21 p22 . . . p2m2 q21 q22 . . . q2m2

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

pk1 pk2 . . . pkmk
qk1 qk2 . . . qkmk



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✉♠❛ t❛❜❡❧❛ ❞✉♣❧❛✳ P♦❞❡♠♦s ❛ss♦❝✐❛✲❧á ❛ ✉♠❛ t❛❜❡❧❛ ✏s✐♠♣❧❡s✑ ❞❛ ❢♦r♠❛

T ′ =




p11 p12 . . . p1m1

q11 q12 . . . q1m1

p21 p22 . . . p2m2

q21 q22 . . . q2m2

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

pk1 pk2 . . . pkmk

qk1 qk2 . . . qkmk




.

❉❡♥♦t❛♠♦s ♣♦r F (T ) ❛ t❛❜❡❧❛ ❞✉♣❧❛ ♣❛r❛ ❛ q✉❛❧ ❛ t❛❜❡❧❛ ✏s✐♠♣❧❡s✑ ❝♦rr❡s♣♦♥❞❡♥t❡ é

F (T ′)✳

❙❡❥❛♠ λ2, . . . , λn ❡s❝❛❧❛r❡s ❛r❜✐trár✐♦s ❡♠ K✳ ▲❡♠❜r❛♥❞♦ ❞♦ P♦❧✐♥ô♠✐♦ ✭✶✳✺✮✱

s✉❜st✐t✉✐r❡♠♦s ♥❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r

p =
∑

ciϕ̃(Ti),

♦♥❞❡ ❛s T ′
is sã♦ t❛❜❡❧❛s ❞✉♣❧❛s st❛♥❞❛r❞ ❞✐st✐♥t❛s✱ ❛ ✈❛r✐á✈❡❧ z1 ♣♦r z1 +

∑n

i=2 λizi✳ ❖

♣♦❧✐♥ô♠✐♦ r❡s✉❧t❛♥t❡ ❡♠ J(Bm) = SJ(X)/T2(Bm) é✿

∑
λh22 λ

h3
3 · · ·λhnn Ph2...hn . ✭✹✳✹✮

❆q✉✐ ♥ós ❝♦♥s✐❞❡r❛♠♦s ❛ ♦r❞❡♠ ❧❡①✐❝♦❣rá✜❝❛ ♥❛s n✲✉♣❧❛s (h2, . . . , hn)✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✸ ❖ ♣♦❧✐♥ô♠✐♦ ❡♠ ✭✹✳✹✮ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♠á①✐♠♦ (h2, . . . , hn) é

p =
∑

j

ǫjc
′
jϕ̃(F (Tj))

♦♥❞❡ ǫj = ±1✱ ❡ ❛ s♦♠❛ é ❞❛❞❛ ♣❡❧❛s t❛❜❡❧❛s ❞✉♣❧❛s st❛♥❞❛r❞ Tj ♥❛ q✉❛❧ ❛ n✲✉♣❧❛

(h2(T
′
j), h3(T

′
j), . . . , hn(T

′
j)) é ♠á①✐♠❛✱ ✈❡r P♦❧✐♥ô♠✐♦ ✭✶✳✺✮ ❥✉♥t♦ ❝♦♠ ❛ ❖❜s❡r✈❛çã♦

✶✳✼✳✷✳ ❆❧é♠ ❞✐ss♦✱ ❛ t❛❜❡❧❛ ❞✉♣❧❛ st❛♥❞❛r❞ F (Tj) sã♦ ❞✉❛s ❛ ❞✉❛s ❞✐st✐♥t❛s✳

❆♥t❡s ❞❡ ♣r♦✈❛r♠♦s ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ❢❛ç❛♠♦s ❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s q✉❡ s❡rã♦

út❡✐s ♥❛ ❞❡♠♦♥str❛çã♦✳ ❆q✉✐ t❛♠❜é♠ s❡rá út✐❧ r❡❧❡♠❜r❛r ❛s ♥♦t❛çõ❡s ❡st❛❜❡❧❡❝✐❞❛s

♥♦ ▲❡♠❛ ✸✳✸✳✷✱ ✐st♦ é✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ M = M (0) ⊕M (1)✱ ♦♥❞❡

M (0) é s✉❜á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r t♦❞♦s ♦s ♣r♦❞✉t♦s (zi1zj1) · · · (zikzjk) ❡♥q✉❛♥t♦ ♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ M (1) é ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s ♠♦♥ô♠✐♦s ❞❛ ❢♦r♠❛ zi0(zi1zj1) · · · (zikzjk)✳
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❖❜s❡r✈❛çã♦ ✹✳✷✳✹ ❙❡❥❛♠ h✱ h′ ♣♦❧✐♥ô♠✐♦s ❡♠ M (1) q✉❡ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ z1✳ ❈♦♠♦

❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ♥❛ ❞❡✜♥✐çã♦ ❞❡ Bm é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ ❛ ✐❣✉❛❧❞❛❞❡ hz1 = h′z1 ✐♠♣❧✐❝❛

q✉❡ h = h′✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✺ ❙❡ h(z1, . . . , zm+1) ∈ M (0) é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ✶ ❡♠ zj ❡♥tã♦

❡①✐st❡ h′ ∈ M (1) t❛❧ q✉❡ h = h′zj✳ P❛r❛ ♣r♦✈❛r ❡ss❛ ❛✜r♠❛çã♦✱ ♥♦t❡ q✉❡✱ r❡♥♦♠❡❛♥❞♦

❛s ✈❛r✐á✈❡✐s✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ j = 1✳ ❊s❝r❡✈❡♠♦s h ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r

❞❡ ✉♠❛ t❛❜❡❧❛ ❞✉♣❧❛ st❛♥❞❛r❞✳ ❆ ♥❛t✉r❡③❛ st❛♥❞❛r❞ ❞❛ t❛❜❡❧❛ ✭❡ss❡ ❢❛t♦ ♣♦❞❡ s❡r ❢❛❝✐❧✲

♠❡♥t❡ ❝♦♥t♦r♥❛❞♦ s❡ ❝♦♥s✐❞❡r❛r♠♦s ❛ ■❞❡♥t✐❞❛❞❡ ✭✸✳✶✷✮✮ ✐♠♣❧✐❝❛ q✉❡ ❛ ❡♥tr❛❞❛ ♠❛✐s à

❡sq✉❡r❞❛ ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ é ✶ ❡ ✐ss♦ ❝♦♠♣r♦✈❛ ❛ ❛✜r♠❛çã♦✳

P❛r❛ ❞❛r ❝♦♥t✐♥✉✐❞❛❞❡ ❛♦ ♥♦ss♦ ❡st✉❞♦ ❢❛ç❛♠♦s ♦ ✉s♦ ❞❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦✿

◆♦t❛çã♦ ✹✳✷✳✻ ❉❡♥♦t❛♠♦s ♣♦r Tn ❡ T 0
n ♦s ♣♦❧✐♥ô♠✐♦s ❛ss♦❝✐❛❞♦s à t❛❜❡❧❛ ❞❛❞❛ ♣♦r

(12 . . . n | 12 . . . n) ❡ ❛ ✵✲t❛❜❡❧❛ (02 . . . n | 12 . . . n)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✼ ❆ ♥♦t❛çã♦ ❛♥t❡r✐♦r ❢♦✐ ❡s❝♦❧❤✐❞❛ ♣❛r❛ ❞❡✐①❛r ♦ t❡①t♦ ❝♦♠♣❛tí✈❡❧

❝♦♠ ♦ ❛rt✐❣♦ ❬✽❪✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✽ ❙❡❥❛ g(z1, . . . , zm) ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❞❡ J(Bm) q✉❡

♣❛r❛ q✉❛✐sq✉❡r ❡s❝❛❧❛r❡s λ2, . . . , λm é ✐♥✈❛r✐❛♥t❡ s♦❜ ❛ s✉❜st✐t✉✐çã♦ ❞♦ ❡❧❡♠❡♥t♦ z1 ♣♦r

z1 +
∑m

i=2 λizi ✭✐♥✈❛r✐❛♥t❡ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✿ q✉❛♥❞♦ s✉❜st✐t✉í♠♦s ♦ z1 ♣❡❧❛ ❡①♣r❡s✲

sã♦ ❛❝✐♠❛✱ ❛✐♥❞❛ ♦❜t❡♠♦s g(z1, . . . , zm)✮✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ♣♦❧✐♥ô♠✐♦ h(z2, . . . , zm) q✉❡

s❛t✐s❢❛③ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛❞❡s✿

✭✐✮ g(z1, . . . , zm) = (Tm)
kh(z2, . . . , zm)❀

✭✐✐✮ g(z1, . . . , zm) = (Tm)
k′T 0

mh(z2, . . . , zm)✱

♦♥❞❡ k, k′ ≥ 0✳ ❆❧é♠ ❞✐ss♦✱ s❡ g ∈ J(Bm)0✱ ❡♥tã♦ t❡♠♦s ❛ ■❣✉❛❧❞❛❞❡ (i)✳

❉❡♠♦♥str❛çã♦✿ Pr✐♠❡✐r♦✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ g ∈ J(Bm)0✳ ❙❡❣✉❡ ❞❛ Pr♦✲

♣♦s✐çã♦ ✸✳✸✳✸ q✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

g =
∑

ciϕ̃(Ti), ci 6= 0 ✭✹✳✺✮

❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣♦❧✐♥ô♠✐♦s ❛ss♦❝✐❛❞♦s ❛ t❛❜❡❧❛s ❞✉♣❧❛s st❛♥❞❛r❞ ❞✉❛s

❛ ❞✉❛s ❞✐st✐♥t❛s✳ P❡❧❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ g ❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✷✳✸✱ ♦❜t❡r❡♠♦s q✉❡✱ ♣❛r❛
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❝❛❞❛ Ti ❡♠ ✭✹✳✺✮✱ h2(T ′
i ) = h3(T

′
i ) = . . . = hn(T

′
i ) = 0✳ ❈♦♠♦ ❛s ✈❛r✐á✈❡✐s q✉❡ ❛♣❛r❡❝❡♠

❡♠ ❣ sã♦ z1, . . . , zm✱ ✐st♦ ✐♠♣❧✐❝❛ q✉❡ ❛ ❡♥tr❛❞❛ ✶ ❛♣❛r❡❝❡ ❛♣❡♥❛s ♥❛s ❧✐♥❤❛s ❞❡ Ti q✉❡ sã♦

✐❣✉❛✐s ❛ (12 . . .m | 12 . . .m)✱ ❥á q✉❡ ❝❛❞❛ hi(T ′
i ) é ③❡r♦ ❡ ❝❛❞❛ Ti é ❞✉♣❧❛♠❡♥t❡ st❛r❞❛r❞✳

❙❡ si é ♦ ♥ú♠❡r♦ ❞❡ t❛✐s ❧✐♥❤❛s✱ t❡♠♦s q✉❡ 2si = degz1g✳ ❉❡♥♦t❡ ♣♦r k ♦s ✈❛❧♦r❡s si✱

♣❛r❛ ❝❛❞❛ i✳ P❛r❛ ❝❛❞❛ Ti q✉❡ ❛♣❛r❡❝❡ ❡♠ ✭✹✳✺✮✱ t❡♠♦s q✉❡ ϕ̃(Ti) = (Tm)
kϕ̃(T̂i)✱ ♦♥❞❡

T̂i é ❛ t❛❜❡❧❛ ♦❜t✐❞❛ ❞❡ Ti ❞❡❧❡t❛♥❞♦ ❛s ❧✐♥❤❛s ❡♠ q✉❡ ❛♣❛r❡❝❡ ✶ ♥❛ ❡♥tr❛❞❛✳ P♦r g s❡r

♠✉❧t✐❤♦♠♦❣ê♥❡♦✱ t❡♠♦s ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ g ❞❛❞♦ ❡♠ (i)✳

❆ss✉♠✐♠♦s ❛❣♦r❛ q✉❡ g ∈ J(Bm)1 ❡ ❡s❝r❡✈❛♠♦s gzm+1 ❝♦♠♦ ❡♠ ✭✹✳✺✮✳ ◆♦t❡ q✉❡

h2(T
′
i ) = h3(T

′
i ) = . . . = hm(T

′
i ) = 0 ♣❛r❛ ❝❛❞❛ Ti ❛♣❛r❡❝❡♥❞♦ ❡♠ gzm+1✳ ❈♦♥s❡q✉❡♥✲

t❡♠❡♥t❡✱ ❛ ❡♥tr❛❞❛ ✶ ❛♣❛r❡❝❡ ❛♣❡♥❛s ♥❛s ❧✐♥❤❛s ❞❡ Ti ✐❣✉❛✐s ❛ (12 . . .m | 12 . . .m)

♦✉ (12 . . .m | 23 . . .m + 1)✳ ❊st❛ ú❧t✐♠❛ ❧✐♥❤❛ só ❛♣❛r❡❝❡ ♥♦ ♣♦❧✐♥ô♠✐♦✱ ♥♦ ♠á①✐♠♦

✉♠❛ ✈❡③✱ s❡ degz1g é í♠♣❛r ❡ ♥ã♦ ❛♣❛r❡❝❡✱ ❝❛s♦ ❝♦♥trár✐♦✳ ❙❡❥❛ si ♦ ♥ú♠❡r♦ ❞❡ ❧✐✲

♥❤❛s ❡♠ Ti q✉❡ sã♦ ✐❣✉❛✐s ❛ (12 . . .m | 12 . . .m)✳ ❙❡ (12 . . .m | 23 . . .m + 1) ♥ã♦

❛♣❛r❡❝❡ ❡♠ Ti✱ t❡♠♦s q✉❡ 2si = degz1g✳ P♦rt❛♥t♦✱ ♥❡st❡ ❝❛s♦ ♣❛r❛ ❝❛❞❛ Ti q✉❡ ❛♣❛✲

r❡❝❡ ❡♠ gzm+1✱ t❡♠♦s ϕ̃(Ti) = (Tm)
kϕ̃(T̂i)✱ ♦♥❞❡ k = degz1g/2✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

gzm+1 = (Tm)
kh(z2, . . . , zm+1) ❡ s❡❣✉❡ ❞❛s ❖❜s❡r✈❛çõ❡s ✹✳✷✳✹ ❡ ✹✳✷✳✺ q✉❡ g é ❝♦♠♦ ❡♠ (i)✳

❙❡ (12 . . .m | 23 . . .m+1) ❛♣❛r❡❝❡ ❡♠ ❛❧❣✉♠❛ Ti✱ t❡♠♦s 2ki+1 = degz1g ❡ ❛ss✐♠✱ t❛❧ ❧✐✲

♥❤❛ ❞❡✈❡ ❛♣❛r❡❝❡r ❡♠ ❝❛❞❛ Ti✱ ♣♦✐s g é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳ ❖ ♣♦❧✐♥ô♠✐♦ ❛ss♦❝✐❛❞♦ à t❛❜❡❧❛

(12 . . .m | 23 . . .m+1) é ±T 0
mzm+1✳ ◆❡st❡ ❝❛s♦✱ gzm+1 = ((Tm)

kT 0
mh(z2, . . . , zm)zm+1)✱

♦♥❞❡ k = (degz1g − 1)/2✳ ❉❡st❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❡ ❞❛ ❖❜s❡r✈❛çã♦ ✹✳✷✳✹✱ ❝♦♥❝❧✉í♠♦s

q✉❡ ❣ é ❝♦♠♦ ❡♠ (ii)✳ �

✹✳✸ ❘❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧✿ ❆ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t

❉❡♥♦t❛♠♦s ♣♦r Mm ❛ s✉❜á❧❣❡❜r❛ ❞❡ J(Bm) = SJ(X)/T2(Bm) ❣❡r❛❞❛ ♣♦r m

✈❛r✐á✈❡✐s ❞❡ ❣r❛✉ ✶✱ ♦✉ s❡❥❛✱ ❣❡r❛❞♦ ♣♦r z1, . . . , zm✳ ❙❡❥❛ W ♦ s✉❜❡s♣❛ç♦ ❞❡ J(Bm)

❣❡r❛❞♦ ♣♦r z1, . . . , zm ❡ GLm ♦ ❣r✉♣♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s ✐♥✈❡rtí✈❡✐s ❞❡ W ✳ ❆

❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡ GLm ❡♠ Mm tr❛♥s❢♦r♠❛ ❡st❛ s✉❜á❧❣❡❜r❛ ❡♠ GLm✲♠ó❞✉❧♦✳

❯t✐❧✐③❛r❡♠♦s ♦ ♣ró①✐♠♦ ❧❡♠❛ ❡ ❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✽ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❣❡r❛❞♦r❡s ❞❡

s✉❜♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s ❞❡ Mm✳
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▲❡♠❛ ✹✳✸✳✶ ❙❡❥❛ g(z1, . . . , zm) ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❞❡Mm✳ ❖ GLm✲♠ó❞✉❧♦

❣❡r❛❞♦ ♣♦r g(z1, . . . , zm) é ✉♠ ♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ q✉❛✐sq✉❡r

❡s❝❛❧❛r❡s λij✱ 1 ≤ i < j ≤ m✱ é ✐♥✈❛r✐❛♥t❡ s♦❜ ❛ s✉❜st✐t✉✐çã♦ ❞❡ zj ♣♦r

λ1jz1 + · · ·+ λj−1jzj−1 + zj, j = 1, . . . ,m. ✭✹✳✻✮

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✵✱ ❚❤❡♦r❡♠ ✷✳✷✳✶✶ ✭✐✮ ❡ ✭✐✈✮✱ ♣á❣✳ ✸✵❪✳ �

❆ s❡❣✉✐♥t❡ ♥♦t❛çã♦ s❡rá ✉t✐❧✐③❛❞❛✳

◆♦t❛çã♦ ✹✳✸✳✷ ❉❛❞♦ ✉♠ ♣♦❧✐♥ô♠✐♦ g(z1, . . . , zm) ❡♠ Mm ❞❡♥♦t❛♠♦s ♣♦r ĝ(z1, . . . , zm)

♦ ♣♦❧✐♥ô♠✐♦ g(zm, . . . , z1)✱ ✐st♦ é✱ ❛q✉❡❧❡ q✉❡ s✉r❣❡ r❡♥♦♠❡❛♥❞♦ ❛s ✈❛r✐á✈❡✐s ❞❡ g ❞❡

❢♦r♠❛ r❡✈❡rs❛✳ ❉❡♥♦t❛♠♦s ♦ ♣♦❧✐♥ô♠✐♦ ❝♦rr❡s♣♦♥❞❡♥t❡ à t❛❜❡❧❛ (012 . . .m−1 | 12 . . .m)

♣♦r Sm✳ ❉❡st❡ ♠♦❞♦✱ é ❢á❝✐❧ ♦❜s❡r✈❛r q✉❡ T̂m0 = ±Sm✱ ♦♥❞❡ Tm0 é ♦ ♣♦❧✐♥ô♠✐♦ ♦❜t✐❞♦

♥❛ ◆♦t❛çã♦ ✹✳✷✳✻✳

◆♦t❡ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ g(z1, . . . , zm) ❡♠ Mm é ✐♥✈❛r✐❛♥t❡ s♦❜ ❛ s✉❜st✐t✉✐çã♦ ❞❡ zm

♣♦r λ1z1 + · · · + λm−1zm−1 + zm✱ ♣❛r❛ q✉❛❧q✉❡r λi ∈ K✱ s❡ ❡ s♦♠❡♥t❡ s❡ ♦ ♣♦❧✐♥ô♠✐♦

ĝ(z1, . . . , zm) = g(zm, . . . , z1) é ✐♥✈❛r✐❛♥t❡ s♦❜ ❛ s✉❜st✐t✉✐çã♦ ❞❡ z1 ♣♦r

z1 +
m∑

i=2

λizi, ✭✹✳✼✮

♣❛r❛ q✉❛✐sq✉❡r λi ∈ K✳

❈♦r♦❧ár✐♦ ✹✳✸✳✸ ❖ ♣♦❧✐♥ô♠✐♦ g(z1, . . . , zm) ∈Mm ❣❡r❛ ✉♠ GLm✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ❞❡

Mm s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡❧❡ é✱ ❛ ♠❡♥♦s ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r✱ ✉♠ ❞♦s ♣♦❧✐♥ô♠✐♦s✿

(Sm)
δm · · · (S1)

δ1(Tm)
km · · · (T1)k1 , ✭✹✳✽✮

♦♥❞❡ k1, . . . , km ≥ 0✱ δℓ ∈ {0, 1} ❡ δℓ 6= 0 ♣❛r❛ ♥♦ ♠á①✐♠♦ ✉♠ í♥❞✐❝❡ ℓ ∈ {1, . . . ,m}✳

❉❡♠♦♥str❛çã♦✿ Pr♦✈❛r❡♠♦s ♣♦r ✐♥❞✉çã♦ s♦❜r❡ m✳

P❛r❛m = 1 s❡❣✉❡ ❞❡ ✐♠❡❞✐❛t♦✳ ❆❣♦r❛✱ s❡❥❛ g(z1, . . . , zm) ∈Mm ✉♠ ❣❡r❛❞♦r ❞❡ ✉♠

s✉❜♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧✳ ❙❡❣✉❡ ❞♦ ▲❡♠❛ ✹✳✸✳✶ ❡ ❞♦ ❝♦♠❡♥tár✐♦ ❛♥t❡r✐♦r q✉❡ ĝ é ✐♥✈❛r✐❛♥t❡

s♦❜ ❛ s✉❜st✐t✉✐çã♦ ✭✹✳✼✮✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✽ q✉❡ t❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

ĝ = (Tm)
kh(z2, . . . , zm) ♦✉ ĝ = (Tm)

k′T 0
mh(z2, . . . , zm)✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ♦❜t❡♠♦s

g = (Tm)
kh′(z1, . . . , zm−1)✳ ◆♦t❡ q✉❡✱ h′ é ✐♥✈❛r✐❛♥t❡ s♦❜ ❛ s✉❜st✐t✉✐çã♦ ❡♠ ✭✹✳✻✮✱ ♦
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q✉❡ ✐♠♣❧✐❝❛ ♥♦ r❡s✉❧t❛❞♦✳ ◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ g = ±(Tm)k′Smh′(z1, . . . , zm−1)✱ ❝♦♠ h′

✐♥✈❛r✐❛♥t❡ s♦❜ ❛ s✉❜st✐t✉✐çã♦ ❡♠ ✭✹✳✻✮✳ ◆♦t❡ q✉❡ ✐ss♦ ♦❝♦rr❡ ❛♣❡♥❛s s❡ g ∈ J(Bm)1✱

❡ ♥❡st❡ ❝❛s♦✱ h′ ❡stá ❡♠ J(Bm)0✳ ❈❛s♦ t✐✈éss❡♠♦s ♠❛✐s ❞❡ ✉♠ í♥❞✐❝❡ ℓ ∈ {1, . . . ,m}
❝♦♠ δℓ 6= 0 t❡rí❛♠♦s✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ ❛♣❡♥❛s ♠❛✐s ✉♠ ❡ ❡st❡ ❡st❛r✐❛ ❡♠

h′✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ h′ ❡st❛r✐❛ ❡♠ J(Bm)1✱ ❝♦♥tr❛❞✐③❡♥❞♦ ♦ ú❧t✐♠♦ ❢❛t♦✳ ❆♣❧✐❝❛♥❞♦ ❛

❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ s♦❜r❡ h′ t❡♠♦s q✉❡✱ ❛ ♠❡♥♦s ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r✱ h′ é ❞❛

❢♦r♠❛ (Tm−1)
km−1 · · · (T1)k1 ✳ �

❊①❡♠♣❧♦ ✹✳✸✳✹ ❙❡❥❛ B2 ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s s✐♠étr✐❝❛s 2×2 s♦❜r❡ K ❝♦♠ ♦ ♣r♦❞✉t♦

❞❡ ❏♦r❞❛♥ a ◦ b = (ab+ba)
2

✳ ❙❛❜❡♠♦s q✉❡ B2 é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛

❜✐❧✐♥❡❛r s✐♠étr✐❝❛ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✷✳ ◆❡st❡ ❝❛s♦✱ ♣❡❧♦ ❝♦r♦❧ár✐♦

❛❝✐♠❛✱ g(z1, z2) ∈ M2 ❣❡r❛ ✉♠ GL2✲s✉❜♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ❞❡ M2 s❡✱ ❡ s♦♠❡♥t❡ s❡✱

g(z1, z2) é ❛ ♠❡♥♦s ❞❡ ✉♠ ♠ú❧t✐♣❧♦ ❡s❝❛❧❛r✱ ✉♠ ❞♦s ♣♦❧✐♥ô♠✐♦s✿

❼ ❙❡ g ∈ J(B2)0✱ t❡♠♦s

(T1)
k1 = (z21)

k1

(T2)
k2 = (z21z

2
2 − (z1z2)

2)k2

❡ ♣♦rt❛♥t♦ t❡♠♦s ❛ ♠❡♥♦s ❞❡ ✉♠ ♠ú❧t✐♣❧♦ ❡s❝❛❧❛r✿

(z21z
2
2 − (z1z2)

2)k2z2k11 ;

❼ ❙❡ g ∈ J(B2)1✱ t❡♠♦s

(T1)
k1 = (z21)

k1

(S1)
δ1 = (z1)

δ1

(S2)
δ2 = (

∑

σ∈Sn

zσ(1)(z1zσ(2)))
δ2 = (z1(z1z2)− z2(z1z1))δ2

(T2)
k2 = (z21z

2
2 − (z1z2)

2)k2

❡ ♣♦rt❛♥t♦✱ t❡♠♦s ❛ ♠❡♥♦s ❞❡ ✉♠ ♠ú❧t✐♣❧♦ ❡s❝❛❧❛r✿

(z21z
2
2 − (z1z2)

2)k2z2k1+1
1 ♦✉ (z21z

2
2 − (z1z2)

2)k2(z1z1z2)z
2k1
1 ,

♦♥❞❡ z1 = (S2)
δ2 ❡ z2 = (S1)

δ1✳
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❆❣♦r❛✱ ♣❛r❛ ♣r♦✈❛r♠♦s q✉❡ Bm t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t✱ ♣r❡❝✐s❛♠♦s ❞♦

s❡❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✹✳✸✳✺ ❙❡❥❛♠ T̃k✱ S̃k✱ k = 1, 2, . . . ♣♦❧✐♥ô♠✐♦s ❡♠ SJ(X) t❛✐s q✉❡ ❛ ✐♠❛❣❡♠

❞❡ T̃k ❡ S̃k✱ s♦❜ ♦ ❤♦♠♦♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦✱ sã♦ ♦s ♣♦❧✐♥ô♠✐♦s Tk ❡ Sk ❡♠ J(Bm)✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s

yk01 (S̃m)
δm · · · (S̃1)

δ1(T̃m)
km · · · (T̃1)k1 , ✭✹✳✾✮

♦♥❞❡ k0, . . . , km ≥ 0✱ δl ∈ {0, 1} ❡ δℓ 6= 0 ♣❛r❛ ♥♦ ♠á①✐♠♦ ✉♠ í♥❞✐❝❡ ℓ ∈ {1, . . . ,m}✱ t❡♠
❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ ❞❛❞♦ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ❙ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ Ŝ ⊆ S

t❛❧ q✉❡ q✉❛❧q✉❡r ♣♦❧✐♥ô♠✐♦ ❡♠ ❙ é ❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ Ŝ ∪ T2(Bm)✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♣r♦✈❛r ❡ss❡ ❧❡♠❛✱ ❞❡✜♥✐♠♦s ❡♠ N2m+1 ❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ✏≤✑ ❞❛

s❡❣✉✐♥t❡ ❢♦r♠❛✿ (δ1, . . . , δm, k0, . . . , km) ≤ (δ′1, . . . , δ
′
m, k

′
0, . . . , k

′
m) s❡ δi ≤ δ′i✱ kj ≤ k′j

♣❛r❛ t♦❞♦ i, j✱ ❝♦♠♣❛tí✈❡❧✳ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r ✐♠♣❧✐❝❛rá q✉❡

y
k′0
1 (Sm)

δ′m · · · (S1)
δ′1(Tm)

k′m · · · (T1)k
′

1

é ♦❜t✐❞❛ ❞❡ yk01 (Sm)
δm · · · (S1)

δ1(Tm)
km · · · (T1)k1 ♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ✉♠ ❡❧❡♠❡♥t♦

❛❞❡q✉❛❞♦ ❞❡ J(Bm)✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✹✳✶✳✼✱ ♦ ❝♦♥❥✉♥t♦ N2m+1✱ ❝♦♠ ❛ ♦r❞❡♠ ♣❛r❝✐❛❧

❞❡s❝r✐t❛ ❛❝✐♠❛✱ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❜❛s❡ ✜♥✐t❛✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ s✉❜❝♦♥❥✉♥t♦ S ❞❡

t❛✐s ♣♦❧✐♥ô♠✐♦s✱ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠ Ŝ0 ❡♠ SJ(X) ❝♦♠ Ŝ0 ⊆ S̄ ❡♠ J(Bm)✱ ♦♥❞❡ Ŝ0 ❡ S̄

é ❛ ✐♠❛❣❡♠ ❞❡ Ŝ0 ❡ S✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❡❧♦ ❤♦♠♦♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦✱ t❛❧ q✉❡ q✉❛❧q✉❡r

❡❧❡♠❡♥t♦ ❞❡ S é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ Ŝ0 ∪ T2(Bm)✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ♦ r❡s✉❧t❛❞♦✳

�

❉❡✜♥✐çã♦ ✹✳✸✳✻ ❉✐③❡♠♦s q✉❡ ❞♦✐s ❝♦♥❥✉♥t♦s ❞❡ ♣♦❧✐♥ô♠✐♦s S ❡ S ′ ❡♠ SJ(X) sã♦

❡q✉✐✈❛❧❡♥t❡s s❡ S ∪ T2(Bm) ❡ S ′ ∪ T2(Bm) ❣❡r❛♠ ♦ ♠❡s♠♦ T2✲✐❞❡❛❧✳

❚❡♦r❡♠❛ ✹✳✸✳✼ ❖ ✐❞❡❛❧ T2(Bm) ❞❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ❞❡ Bm = K ⊕ V t❡♠ ❛

♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ I ✉♠ T2✲✐❞❡❛❧ ❝♦♥t❡♥❞♦ T2(Bm)✳ ❉❡✈❡♠♦s ♣r♦✈❛r q✉❡ I é ✜♥✐✲

t❛♠❡♥t❡ ❣❡r❛❞♦✳



✾✶

❆✜r♠❛çã♦✿ P❛r❛ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r g ❡♠ I ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡

♣♦❧✐♥ô♠✐♦s Sg ⊆ I ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❛ ❢♦r♠❛ ✭✹✳✾✮ t❛✐s q✉❡ g é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ Sg✱

♠ó❞✉❧♦ T2(Bm)✳

❉❡ ❢❛t♦✱ s❡❥❛ g(y1, . . . , yk, z1, . . . , zn) ✉♠ ❡❧❡♠❡♥t♦ ♠✉❧t✐❧✐♥❡❛r ❡♠ I✳ ❚r❛❜❛❧❤❛♠♦s

♥❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ J(Bm) ❡ ❞❡♥♦t❛♠♦s ♣♦r ϕ : SJ(X) → J(Bm) ♦ ❤♦♠♦✲

♠♦r✜s♠♦ ❝❛♥ô♥✐❝♦✳ ❖ ❣r✉♣♦ s✐♠étr✐❝♦ Sn ❛t✉❛ ♥❛s ✈❛r✐á✈❡✐s í♠♣❛r❡s ❞❡ ϕ(g)✳ ❈♦♥s✐❞❡r❡

M ♦ Sn✲♠ó❞✉❧♦ ❣❡r❛❞♦ ♣♦r ϕ(g)✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡✱ ♣♦❞❡♠♦s ❞❡❝♦♠♣♦r ❡st❡

♠ó❞✉❧♦ ❡♠ ✉♠❛ s♦♠❛ ❞✐r❡t❛ ❞❡ Sn✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s✱ ❞✐❣❛♠♦s

M =M1 ⊕ · · · ⊕Mq.

❆q✉✐✱ ❝♦♥s✐❞❡r❛r❡♠♦s✱ ♣❛r❛ ❝❛❞❛ i = 1✱ ✳ ✳ ✳ ✱ q✱ ♦ ❡❧❡♠❡♥t♦ pi ❝♦♠♦ s❡♥❞♦ ✉♠ ❣❡r❛❞♦r ❞♦

Sn✲♠ó❞✉❧♦ Mi✳ ❉❛í✱ ♦ T2✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ q ♣♦❧✐♥ô♠✐♦s {P1, . . . , Pq}✱
t❛❧ q✉❡ ϕ(Pi) = pi✱ ❥✉♥t♦ ❝♦♠ T2(Bm)✱ ❣❡r❛ ♦ T2✲✐❞❡❛❧ q✉❡ ❝♦♥té♠ ♦ ♣♦❧✐♥ô♠✐♦ g✳ ❈♦♠♦

Mi é s✉❜♠ó❞✉❧♦ ❞❡M ❡ I é ✉♠ T2✲✐❞❡❛❧✱ t❡♠♦s q✉❡ ❝❛❞❛ Pi ❡stá ❡♠ I✳ ❘❡st❛ ♣r♦✈❛r q✉❡

❝❛❞❛ Pi é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ❞❛ ❢♦r♠❛ ✭✹✳✾✮✱ ♠ó❞✉❧♦ T2(Bm)✳

P❡❧❛ ■❞❡♥t✐❞❛❞❡ ✭✸✳✶✷✮ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r pi = y1 · · · ykp′i(z1, . . . , zn) ❡ ♥♦t❡ q✉❡

♦ Sn✲♠ó❞✉❧♦ ❣❡r❛❞♦ ♣♦r p′i é ✐s♦♠♦r❢♦ ❛Mi✱ ❝♦♠♦ Sn✲♠ó❞✉❧♦✳ ❙❡❥❛ λi ⊢ n ❛ ♣❛rt✐çã♦ ❞❡

n ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ Mi✱ ♣❛r❛ ❝❛❞❛ i✱ ✈❡r ❚❡♦r❡♠❛ ✶✳✻✳✷✺✳ ❆ss✐♠✱

♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ GLm✲♠ó❞✉❧♦ ❣❡r❛❞♦ ♣♦r p′i✱ ❞❡♥♦t❛❞♦ ♣♦r Ni✳ ❈♦♠♦ ♦ ❡s♣❛ç♦

V ♣♦ss✉✐ ❞✐♠❡♥sã♦ ♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ λm+1 = 0✱ ♣❡❧♦ ✐t❡♠ (i) ❞♦ ❚❡♦r❡♠❛ ✶✳✻✳✷✾✳ ❖

❚❡♦r❡♠❛ ✶✳✻✳✷✽ (i)✱ ❣❛r❛♥t❡ q✉❡ Ni é s♦♠❛ ❞✐r❡t❛ ❞❡ GLm✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s ❡ ❞❡♥♦✲

t❡♠♦s ♣♦r q1i ✱ ✳ ✳ ✳ ✱ q
r
i ♦s ❣❡r❛❞♦r❡s ❞❡ s✉❛s ❝♦♠♣♦♥❡♥t❡s ✐rr❡❞✉tí✈❡✐s✳ ❖ ❚❡♦r❡♠❛ ✶✳✻✳✸✸

(i) ✐♥❢♦r♠❛ q✉❡ ❝❛❞❛ ❣❡r❛❞♦r ✐rr❡❞✉tí✈❡❧ é ✉♠ ♣♦❧✐♥ô♠✐♦ s✐♠étr✐❝♦ ❡♠ m ❝♦♥❥✉♥t♦s

❞✐s❥✉♥t♦s ❞❡ ✈❛r✐á✈❡✐s ❡ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ❛s ✈❛r✐á✈❡✐s ❡♠ ❝❛❞❛ ❝♦♥❥✉♥t♦ ♣❛r❛ ♦❜t❡r

✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦ qi(y1, . . . , ym) ❝✉❥❛ ❝♦♠♣❧❡t❛ ❧✐♥❡❛r✐③❛çã♦ é p′i✳

❉❡ ♠ã♦ ❞❡st❡s ❝♦♠❡♥tár✐♦s✱ ♦ ❈♦r♦❧ár✐♦ 4.3.3 ✐♠♣❧✐❝❛ q✉❡ ❝❛❞❛ qji é✱ ❛ ♠❡♥♦s ❞❡

❡s❝❛❧❛r✱ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❛ ❢♦r♠❛ ✭✹✳✽✮ ❡✱ ♣♦rt❛♥t♦✱ yk1q
j
i é ❛ ✐♠❛❣❡♠ s♦❜ ♦ ❤♦♠♦♠♦r✜s♠♦

❝❛♥ô♥✐❝♦ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ Qj
i ❞❛ ❢♦r♠❛ ✭✹✳✾✮✳ ❆ ❧✐♥❡❛r✐③❛çã♦ ❞♦ ♣♦❧✐♥ô♠✐♦ yk1q

j
i é✱ ❛

♠❡♥♦s ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r✱ pi✳ ◆❡st❡ ❝❛s♦✱ ♣❛r❛ ❝❛❞❛ i = 1✱ ✳ ✳ ✳ ✱ q✱ ♦ ♣♦❧✐♥ô✲

♠✐♦ Pi é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ♣♦❧✐♥ô♠✐♦s ♥♦ ❝♦♥❥✉♥t♦ Si = {Q1
i , . . . , Q

r
i} ⊆ I✳ P♦rt❛♥t♦✱

♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r Sg = S1 ∪ · · · ∪ Sq✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱ é ❝❧❛r♦ q✉❡ g é ❝♦♥s❡q✉ê♥❝✐❛

❞❡ ❡❧❡♠❡♥t♦s ❞❡ Sg ❡ Sg ⊆ I✳



✾✷

❈♦♥s✐❞❡r❡♠♦s S = ∪Sg✱ ♦♥❞❡ ❛ ✉♥✐ã♦ ❡stá s♦❜r❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s

g ❡♠ I✳ ❈♦♠♦ ♦ ❝♦r♣♦ é ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ s❡❣✉❡ ❞❛ ❛✜r♠❛çã♦ q✉❡ I é ❡q✉✐✈❛❧❡♥t❡

❛ S ∪ T2(Bm)✳ P♦rt❛♥t♦✱ ♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ❥✉♥t♦ ❝♦♠ ♦ ❈♦r♦❧ár✐♦ ✸✳✸✳✻ ✐♠♣❧✐❝❛ ♦ ♥♦ss♦

r❡s✉❧t❛❞♦✳ �



❈❛♣ít✉❧♦ ✺

■❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ á❧❣❡❜r❛s

❞❡ ❏♦r❞❛♥ ❞❡ ❢♦r♠❛ ❜✐❧✐♥❡❛r

❞❡❣❡♥❡r❛❞❛

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❡st✉❞❛♠♦s ❛s ❝❧❛ss✐✜❝❛çõ❡s ❞❛s ❣r❛❞✉❛çõ❡s ❡♠ á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥

❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❚❡♦r❡♠❛ ✷✳✸✳✶ ❝❧❛ss✐✜❝❛ t❛✐s ❣r❛❞✉❛çõ❡s ♣❛r❛

♦ ❝❛s♦ ❞❛ ❢♦r♠❛ s❡r s✐♠étr✐❝❛ ❞❡❣❡♥❡r❛❞❛✳

❉❡♥♦t❛r❡♠♦s ♣♦r Jn,k = K ⊕ V = Bk ⊕Dn−k ❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛

❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❞❡❣❡♥❡r❛❞❛ b ❞❡ ♣♦st♦ k s♦❜r❡ ✉♠ ❝♦r♣♦ K✱ ♦♥❞❡ Bk é ❛ á❧❣❡❜r❛ ❞❡

❏♦r❞❛♥ ❡♠ q✉❡ ❛ r❡str✐çã♦ ❞❛ ❢♦r♠❛ b ❛♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ′ ✭❞❡ ❞✐♠❡♥sã♦ n− 1✮ é

♥ã♦ ❞❡❣❡♥❡r❛❞❛ ❡ Dn−k é ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞❡❣❡♥❡r❛❞♦s ❞❡ ✉♠❛

❜❛s❡ ❞❡ V ✳ ◆♦t❡ q✉❡

dimKJn,k = dimKBk + dimKDn−k = n+ 1.

◆❡st❡ ❝❛♣ít✉❧♦✱ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡①✐❜✐r❡♠♦s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ✭♥♦ ❝❛s♦ ♦r❞✐♥ár✐♦✮ ♣❛r❛ t❛✐s á❧❣❡❜r❛s ♥♦ ❝❛s♦ ❡♠ q✉❡ k = n − 1✳ ❚❛✐s

r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥♦ ❛rt✐❣♦ ❬✷✻❪ ❞❡ ❛✉t♦r✐❛ ❞❡ ❋❛❜r✐③✐♦ ▼❛rt✐♥♦✳
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✺✳✶ ■❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ Jn,n−1

❙❡❥❛ SJ(X) ❛ á❧❣❡❜r❛ ❧✐✈r❡ ❡s♣❡❝✐❛❧ ❞❡ ❏♦r❞❛♥ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦

X s♦❜r❡ K✳ ➱ ❝❧❛r♦ q✉❡ SJ(X) é ❛ s✉❜á❧❣❡❜r❛ ❞❡ K〈X〉+ ✭❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡

❣❡r❛❞❛ ♣♦r X ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ❏♦r❞❛♥ a ◦ b = ab+ba
2

✮✳ ❆✜♠ ❞❡ ❝♦♥t✐♥✉❛r♠♦s

♥♦ss♦s ❡st✉❞♦s✱ ❡ ❝♦♠ ♦❜❥❡t✐✈♦ ❞❡ ❞❡✐①❛r ♦ t❡①t♦ ✏❛✉t♦❝♦♥t✐❞♦✑✱ ✐r❡♠♦s ❡♥✉♥❝✐❛r r❡s✉❧✲

t❛❞♦s ✐♠♣♦rt❛♥t❡s ❡ ❝❧áss✐❝♦s ♥❛ t❡♦r✐❛ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❛s á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ Bk ❡ B✱

s❡♠ ❡♥tr❛r ❡♠ ❞❡t❛❧❤❡s ❞❡ s✉❛s ❞❡♠♦♥str❛çõ❡s✳

❊♠ ❬✸✸❪✱ ❱❛s✐❧♦✈s❦② ✐♥❢♦r♠❛ q✉❡ ❆✳❱✳■■✬t②❛❦♦✈✱ ❡♠ ✶✾✽✺✱ ♣r♦✈♦✉ q✉❡ ❛ ✈❛r✐❡❞❛❞❡

❞❡ Bk s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t✱ ♥♦ s❡♥t✐❞♦ ♦r❞✐♥ár✐♦✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ á❧❣❡❜r❛

❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ ❞❡❣❡♥❡r❛❞❛ ❞❡ ♣♦st♦ n − k✱ ❞❡♥♦t❛❞♦ ♣♦r

Jn,k = Bk ⊕ Dn−k✱ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❈❛s♦ k < ∞✱ t❡♠♦s q✉❡

T (Jn,k) ❡stá ❝♦♥t✐❞♦ ❡♠ T (Bk)✱ ♦✉ s❡❥❛✱ ❢❛③ s❡♥t✐❞♦ s❡ ♣❡r❣✉♥t❛r s❡ ❛ ✈❛r✐❡❞❛❞❡ ❣❡r❛❞❛

♣♦r Jn,k t❛♠❜é♠ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t✱ ♥♦ s❡♥t✐❞♦ ♦r❞✐♥ár✐♦✳

❈♦♥s✐❞❡r❛♠♦s ❞❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ ♣♦r ❡❝♦♥♦♠✐❛ ❞❡ ♥♦t❛çã♦✱ Jn,n−1 = Jn✳ ❱❛♠♦s

♠♦str❛r q✉❡ ❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ Jn = K ⊕ V ❞❡ ✉♠❛ ❢♦r♠❛ ❞❡❣❡♥❡r❛❞❛ b ❞❡ ♣♦st♦

✶ é P■✲❡q✉✐✈❛❧❡♥t❡ à á❧❣❡❜r❛ Bn−1 ♠✉♥✐❞❛ ❞❛ ❢♦r♠❛ b r❡str✐t❛ ❛♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥ã♦

❞❡❣❡♥❡r❛❞♦✳ ❊ ♣❛r❛ ❛❧❝❛♥ç❛r ❡ss❡ ♦❜❥❡t✐✈♦✱ ♣r❡❝✐s❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ❝♦♥❤❡❝❡r ♦s

❣❡r❛❞♦r❡s ❞♦ T ✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ Bk✱ ♦❜t✐❞♦s ♣♦r ❱❛s✐❧♦✈s❦② ❡♠ ❬✸✸❪✳ ❊❧❡ ♣r♦✈♦✉

♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

❚❡♦r❡♠❛ ✺✳✶✳✶ ❬✸✸✱ ❚❤❡♦r❡♠ ✵✳✶❪ ❙❡❥❛ B = K ⊕ V ✱ ❝♦♠ dimKV = ∞✱ ❛ á❧❣❡❜r❛ ❞❡

❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ b✳ ❆s ✐❞❡♥t✐❞❛❞❡s

([x, y]2, z, t) ≡ 0 ✭✺✳✶✮
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), x, xσ(3)), x) ≡ 0 ✭✺✳✷✮

❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❛ ✈❛r✐❡❞❛❞❡ var(B)✱ ❞❛s á❧❣❡❜r❛s

❞❡ ❏♦r❞❛♥ s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱ ♦♥❞❡ charK 6= 2, 3, 5, 7✳

❚❡♦r❡♠❛ ✺✳✶✳✷ ❬✸✸✱ ❚❤❡♦r❡♠ ✵✳✷❪ ❙❡❥❛ Bk = K⊕V ✱ ❝♦♠ dimKV = k <∞✱ ❛ á❧❣❡❜r❛



✾✺

❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛ b✳ ❆s ✐❞❡♥t✐❞❛❞❡s

([x, y]2, z, t) ≡ 0 ✭✺✳✸✮
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), x, xσ(3)), x) ≡ 0 ✭✺✳✹✮

∑

σ∈Sk+1

(−1)σ(xσ(1), y1, xσ(2), . . . , yk, xσ(k+1)) ≡ 0 ✭✺✳✺✮

∑

σ∈Sk+1

(−1)σ(xσ(1), y1, xσ(2), . . . , yk−1, xσ(k))(yk, xσ(k+1), yk+1) ≡ 0 , ✭✺✳✻✮

❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❛ ✈❛r✐❡❞❛❞❡ var(Bk)✱ k < ∞✱ ❞❛s

á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ s♦❜r❡✱ ♦♥❞❡ charK 6= 2, 3, 5, 7✳

❖ ♣♦❧✐♥ô♠✐♦ ❡♠ ✭✺✳✸✮ é ❡s❝r✐t♦ ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❛ss♦❝✐❛t✐✈❛ ✭❡♠ K〈X〉✮✱ ♠❛s

♣♦❞❡♠♦s ❡s❝r❡✈ê✲❧♦ ❡♠ t❡r♠♦s ❞♦ ♣r♦❞✉t♦ ❞❡ ❏♦r❞❛♥✱ ❥á q✉❡ [x, y]2 ✭❛q✉✐ ♦ ❝♦♠✉t❛❞♦r

♥ã♦ é ❝♦♠ ♦ ♣r♦❞✉t♦ ❞❡ ❏♦r❞❛♥✮ s❛t✐s❢❛③ ❛ ❤✐♣ót❡s❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✽✳

❱❛s✐❧♦✈s❦② ❡♠ ❬✸✸❪✱ ❡♥❝❛♠✐♥❤❛ ✉♠❛ ❧✐♥❡❛r✐③❛çã♦ ❞❡ [x, y]2✳ ❑♦s❤❧✉❦♦✈ ❡ ▼❛rt✐♥♦✱

r❡❡s❝r❡✈❡r❛♠ ♦ ♠❡s♠♦ ✉s❛♥❞♦ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ❏♦r❞❛♥✱ ♦❜t❡♥❞♦✿

(x1x2, x3, x4)− x1(x2, x3, x4)− x2(x1, x3, x4).

❆q✉✐ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ é ❛ ❞❡ ❏♦r❞❛♥✳ ❉❛í✱ ✭✺✳✸✮ s❡ t♦r♥❛

((x1x2, x3, x4)− x1(x2, x3, x4)− x2(x1, x3, x4), z, t) ✭✺✳✼✮

✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ SJ(X)✳

P♦❞❡♠♦s s✉♣♦r q✉❡ K é ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ K✱ ♦ ❢❡❝❤♦ ❛❧❣é✲

❜r✐❝♦ ❞❡ K ✭✈❡r ❊①❡♠♣❧♦ ✶✳✺✳✽✮✱ ❡ ♦❜s❡r✈❛♥❞♦ q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s ✭✺✳✸✮✲✭✺✳✻✮ t❡♠ ❝♦❡✜❝✐✲

❡♥t❡s ❡♠K✳ ❋✐①❡♠♦s ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧✱ ♥♦ s❡♥t✐❞♦ q✉❡ b(ei, ei) = 1 ♣❛r❛ t♦❞♦ ei ❡❧❡✲

♠❡♥t♦ ❞❡ ❛❧❣✉♠❛ ❜❛s❡ ❛❞❡q✉❛❞❛ ❞❡ V ❝♦♠ r❡s♣❡✐t♦ ❛ b✱ ❞✐❣❛♠♦s β = {e1, . . . , en−1, d}✳
❊st❛ ❜❛s❡ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ✉♥✐❞❛❞❡ ✶✱ ❢♦r♠❛ ✉♠❛ ❜❛s❡ ♣❛r❛ Jn✳ ❯t✐❧✐③❛♥❞♦ ♦ ♣r♦❞✉t♦

❞❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ei ◦ ej = δij, d ◦ ei = d2 = 0, ♣❛r❛ t♦❞♦

i, j = 1, . . . , n✱ ♦♥❞❡ δij é ♦ ❞❡❧t❛ ❞❡ ❑r♦♥❡❝❦❡r✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♥♦t❛çã♦ ❛❝✐♠❛ ✐♠♣❧✐❝❛

q✉❡ Bn−1 = spanK{1, e1, . . . , en−1} ❡ D1 = spanK{d}.
❖ ♣ró①✐♠♦ ❧❡♠❛ r❡❧❛❝✐♦♥❛ ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ Jn ❝♦♠ ❛s ❞❡ Bn−1✳ ❆q✉✐✱ ❞❡♥♦t❛♠♦s

♣♦r xi ❛ ❛✈❛❧✐❛çã♦ ❞❛ ✈❛r✐á✈❡❧ xi ❡♠ ✉♠ ❡❧❡♠❡♥t♦ ❞❛ á❧❣❡❜r❛✳



✾✻

▲❡♠❛ ✺✳✶✳✸ ❙❡❥❛ Jn = Bn−1 ⊕ D1 ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ Jn ❡♠ s♦♠❛ ❞✐r❡t❛ ❞❛ ♣❛rt❡

♥ã♦✲❞❡❣❡♥❡r❛❞❛ ❞❛ á❧❣❡❜r❛ ❝♦♠ ❛ s✉❛ ♣❛rt❡ ❞❡❣❡♥❡r❛❞❛✳ ❯♠ ♣♦❧✐♥ô♠✐♦ f ∈ SJ(X) é

✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ Jn✱ ✐st♦ é✱ f ∈ T (Jn)✱ s❡ ❡ s♦♠❡♥t❡ s❡

f ∈ T (Bn−1) ✭✺✳✽✮

❡
degf∑

i=1

f(y1, . . . , yi−1, zi, yi+1, . . . , ydegf ) ≡ 0. ✭✺✳✾✮

♦♥❞❡ ♦s yi′s sã♦ ❛✈❛❧✐❛❞♦s ❡♠ Bn−1✱ ❡♥q✉❛♥t♦ ♦s zi′s sã♦ ❛✈❛❧✐❛❞♦s ❡♠ D1✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ charK = 0✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r♠♦s ♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳

P♦r Bn−1 s❡r ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ Jn✱ s❡❣✉❡ q✉❡ T (Jn) ⊆ T (Bn−1)✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

❛ ❝♦♥❞✐çã♦ ✭✺✳✽✮ é s❛t✐s❢❡✐t❛✳ Pr♦✈❡♠♦s ❛❣♦r❛ ❛ ❝♦♥❞✐çã♦ ✭✺✳✾✮✳ ❙❡❥❛ f ∈ Pr✱ ✐st♦ é✱

f = f(x1, . . . , xr) é ♠✉❧t✐❧✐♥❡❛r✳ ❈♦♠♦ ❝❛❞❛ xi ∈ Jn ♣♦❞❡♠♦s ❡♥tã♦ ❞❡❝♦♠♣♦r ❝♦♠♦

s♦♠❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ yi + zi✱ ♦♥❞❡ yi ∈ Bn−1 ❡ zi ∈ D1✳ P♦r f s❡r ♠✉❧t✐❧✐♥❡❛r✱

t❡♠♦s q✉❡

f(x1, . . . , xr) = f(y1 + z1, . . . , yr + zr)

= f(y1, . . . , yr) + f(z1, . . . , zr) +
∑

ξi∈{yi,zi}

f(ξ1, . . . , ξr). ✭✺✳✶✵✮

❈♦♠♦ D1 é ✉♠ ✐❞❡❛❧ ❞❡ Jn ❡ D2
1 = 0 ✭❥á q✉❡ D1 = spanK{d}✮✱ ❡♥tã♦ s❡ ✉♠ ♠♦♥ô✲

♠✐♦ ❞❡ f ❝♦♥t❡r ♠❛✐s ❞❡ ✉♠ z✱ ❡st❡ s❡ ❛♥✉❧❛ s♦❜ q✉❛❧q✉❡r s✉❜st✐t✉✐çã♦ ❞♦s ❡❧❡♠❡♥t♦s

❞❡ Bn−1 ❡ D1✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ✭✺✳✶✵✮ s❡ t♦r♥❛✿

f(x1, . . . , xr) = f(y1, . . . , yr) +
r∑

i=0

f(y1, . . . , yi−1, zi, yi+1, . . . , yr).

◆♦ s❡❣✉♥❞♦ ♠❡♠❜r♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ❡q✉❛çã♦

❛❝✐♠❛ ❧❡✈❛ ✈❛❧♦r❡s ❛♣❡♥❛s ❡♠ Bn−1 ❡♥q✉❛♥t♦ ❛ s❡❣✉♥❞❛ ♣❛rt❡ ❧❡✈❛ ✈❛❧♦r❡s ❡♠ D1✱ ♣♦✐s

❝♦♥té♠ ✉♠❛ ✈❛r✐á✈❡❧ z ❡♠ ❝❛❞❛ ♠♦♥ô♠✐♦✳ ▲♦❣♦✱ ❡ss❛s s♦♠❛s sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥✲

❞❡♥t❡✱ ❡ ❞❛í✱ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ Jn s❡✱ ❡ s♦♠❡♥t❡ s❡✿ f(y1, . . . , yr) = 0 ❡
∑r

i=0 f(y1, . . . , yi−1, zi, yi+1, . . . , yr) = 0. ❆ss✐♠ ❡st❛s ❞✉❛s ❝♦♥❞✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s

❛ ✭✺✳✽✮ ❡ ✭✺✳✾✮✱ ❡ ♣♦rt❛♥t♦✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳ �

❖ ❧❡♠❛ ❛♥t❡r✐♦r ❝❛r❛❝t❡r✐③❛ ✉♠❛ ❝♦♥❞✐çã♦ ♣❛r❛ q✉❡ ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ T (Bn−1)

❡st❡❥❛♠ ❡♠ T (Jn)✳ ❆ss✐♠✱ ♦ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ✈❡r✐✜❝❛r q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s ✭✺✳✸✮✲✭✺✳✻✮



✾✼

s❛t✐s❢❛③❡♠ ❛ ❈♦♥❞✐çã♦ ✭✺✳✾✮ ❞♦ ❧❡♠❛✳ ▲✐♥❡❛r✐③❛♥❞♦ ♦s ♣♦❧✐♥ô♠✐♦s ✭✺✳✸✮ ❡ ✭✺✳✹✮✱ é s✉✜❝✐✲

❡♥t❡ ♣r♦✈❛r ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✱ ❛✈❛❧✐❛♥❞♦ ♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s

♦❜t✐❞♦s ❞♦s ♣♦❧✐♥ô♠✐♦s ✭✺✳✸✮✲✭✺✳✻✮ ♣♦r ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ β ❞❡ Jn ❞❡s❝r✐t❛ ❛♥t❡s ❞♦

▲❡♠❛ ✺✳✶✳✸✳

Pr♦♣♦s✐çã♦ ✺✳✶✳✹ P❛r❛ ❝❛❞❛ a1, a2, a3 ∈ Jn ❡ c ∈ D1 s❡❣✉❡♠ ❛s ✐❣✉❛❧❞❛❞❡s✿

✭✐✮ (a1, c, a2) = 0

✭✐✐✮ c · (a1, a2, a3) = 0

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ ai = αi + vi + βid ❡ c = γd✱ ♦♥❞❡ αi, βi, γ ∈ K ❡ vi ∈ V ✱ ♣❛r❛

t♦❞♦ i ∈ {1, 2, 3}✳ ◆♦t❡ q✉❡✿

(a1, c, a2) = (α1 + v1 + β1d, γd, α2 + v2 + β2d)

= ((α1 + v1 + β1d)γd)(α2 + v2 + β2d)− (α1 + v1 + β1d)(γd(α2 + v2 + β2d))

= α1γdα2 + α1γdv2 + α1γdβ2d− (α1γdα2 + v1γdv2 + β1dγdβ2d)

= α1γd(α2 + v2 + β2d)− (α1 + v1 + β1d)α2γd

= α1α2γd− α1α2γd = 0,

♦ q✉❡ ✐♠♣❧✐❝❛ ♦ ✐t❡♠ (i)✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ♠♦str❛r ♦ ✐t❡♠ (ii)✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡

c · u = 0✱ ♣❛r❛ t♦❞♦ u ∈ V ⊕D1✳ ❉✐st♦✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ (a1, a2, a3) ∈ V ⊕D1✱

✐st♦ é✱ ❛ ❝♦♠♣♦♥❡♥t❡ ❡s❝❛❧❛r é ✐❣✉❛❧ ❛ ③❡r♦✳ ❈♦♠ ❡❢❡✐t♦✱

(a1, a2, a3) = (α1 + v1 + β1d, α2 + v2 + β2d, α3 + v3 + β3d)

= ((α1 + v1 + β1d)(α2 + v2 + β2d))(α3 + v3 + β3d)

− (α1 + v1 + β1d)((α2 + v2 + β2d))(α3 + v3 + β3d)

= (α1α2 + b(v1, v2) + α2v1 + α1v2 + (α1β2 + α2β1)d)(α3 + v3 + β3d)

− (α1 + v1 + β1d)(α2α3 + b(v2, v3) + α3v2 + α2v3 + (α2β3 + α3β2)d).

❈❛❧❝✉❧❛♥❞♦ ❛ ❝♦♠♣♦♥❡♥t❡ ❡s❝❛❧❛r✱ t❡♠♦s q✉❡ t❛❧ ❡①♣r❡ssã♦ é ♥✉❧❛✳ ▲♦❣♦✱ ❛ ❝♦♠♣♦♥❡♥t❡

❡s❝❛❧❛r ❞♦ ❡❧❡♠❡♥t♦ (a1, a2, a3) ❡♠ Jn é ③❡r♦✱ ❞♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ �

❖❜s❡r✈❛çã♦ ✺✳✶✳✺ ➱ ❞❡ ❢á❝✐❧ ✈❡r✐✜❝❛çã♦ q✉❡ ♣❛r❛ t♦❞♦ ai = αi + vi ∈ Bn−1 ❡♠ Jn✱

♣❛r❛ i = 1✱ 2✱ 3 ❡ d ∈ D1 t❡♠♦s



✾✽

✭■✮ (a1, a2, a3) = (v1, a2, a3)✳ ▼❛✐s ❣❡r❛❧♠❡♥t❡✱ (a1, a2, a3) = (v1, v2, v3)❀

✭■■✮ (d, a1, a2) = −(a1, a2, d) = −b(v1, v2)d❀

✭■■■✮ (a1a2, a3, d) = α1(v2, v3, d) + α2(v1, v3, d)✳

❈♦♠ ❡st❡ ❝♦♠❡♥tár✐♦ ❡♠ ♠❡♥t❡✱ t❡♠✲s❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✺✳✶✳✻ ❖ ♣♦❧✐♥ô♠✐♦ ❡♠ ✭✺✳✸✮ ❛✐♥❞❛ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ Jn✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f ♦ ♣♦❧✐♥ô♠✐♦ ✭✺✳✸✮✳ ❈♦♠♦ ♦ ❝♦r♣♦ é ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱

♣♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ f é ♦ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ❞❛❞♦ ❡♠

✭✺✳✼✮✱ ✉♠❛ ✈❡③ q✉❡ ✭✺✳✼✮ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ Jn s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ✭✺✳✸✮ é t❛♠❜é♠✳ ❆❧é♠

❞✐ss♦✱ ❝♦♥s✐❞❡r❡ fξ✱ ♦♥❞❡ ξ ∈ {x1, x2, x3, x4, z, t}✱ ❛ ❛✈❛❧✐❛çã♦ ❞❡ f ❡♠ q✉❡ ❛ ✈❛r✐á✈❡❧ ξ

❛ss✉♠❡ ✈❛❧♦r ❡♠ D1✳ ❱❛♠♦s ♠♦str❛r q✉❡
∑

ξ fξ = 0✱ ✐st♦ é✱ q✉❡ f s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦

✭✺✳✾✮✱ ♦♥❞❡ ξ ♣❡r❝♦rr❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s {x1, x2, x3, x4, z, t}✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ f

é ♠✉❧t✐❧✐♥❡❛r✱ ❜❛st❛ ❛✈❛❧✐❛r ❝❛❞❛ ✈❛r✐á✈❡❧ s♦♠❡♥t❡ ♥♦s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❞❡ Jn✳ P❡❧❛

♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✺✳✶✳✹✱ s❡ x3 ♦✉ z ♣❡rt❡♥❝❡r ❛ D1✱ ✐ss♦ r❡s✉❧t❛ ❡♠ ✵✱ ✐st♦

é✱ fx3 = fz = 0✳ ❆♥❛❧✐s❡♠♦s ❛❣♦r❛

fx1 = ((dx2, x3, x4)− d(x2, x3, x4)− x2(d, x3, x4), z, t).

P❡❧❛ Pr♦♣♦s✐çã♦ ✺✳✶✳✹✱ ♦ ❢❛t♦ ❞❡ d · a = 0✱ ♣❛r❛ t♦❞♦ a ∈ Jn \F · 1 ❡ ❛ ❖❜s❡r✈❛çã♦ ✺✳✶✳✺✱

t❡♠♦s q✉❡ fx1 é ✐❣✉❛❧ ❛ ③❡r♦✳ ❈♦♠♦ f é s✐♠étr✐❝❛ ❝♦♠ r❡s♣❡✐t♦ ❛s ✈❛r✐á✈❡✐s x1 ❡ x2✱

s❡❣✉❡ q✉❡ fx2 = 0✳ ❙❡❥❛ ❛❣♦r❛ x4 = d✱ ♦✉ s❡❥❛✱

fx4 = ((x1x2, x3, d)− x1(x2, x3, d)− x2(x1, x3, d), z, t).

◆❡st❡ ❝❛s♦ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ♦s ✐t❡♥s ✭■■✮ ❡ ✭■■■✮ ❞❛ ❖❜s❡r✈❛çã♦ ✺✳✶✳✺✳ ■st♦ ✐♠♣❧✐❝❛rá

fx4 = 0✳ ❘❡st❛ ❛❣♦r❛ ❛♥❛❧✐s❛r ♦ ❝❛s♦ ft = d✳ ❚❡♠♦s q✉❡✿

ft = ((x1x2, x3, x4)− x1(x2, x3, x4)− x2(x1, x3, x4), z, d)

= [(x1x2, x3, x4)− x1(x2, x3, x4)− x2(x1, x3, x4)z]d.

▼❛s (x1x2, x3, x4)−x1(x2, x3, x4)−x2(x1, x3, x4) t❡♠ ❣r❛✉ ✹ ❡ s✉❛s ✈❛r✐á✈❡✐s sã♦ ❛✈❛❧✐❛✲

❞❛s ❡♠ V ′✱ ✈❡r ✐t❡♠ ✭■✮✳ ❊♥tã♦✱ ❝♦♠♦ e2i = 1✱ ♣❛r❛ t♦❞♦ i = 1, . . . , n− 1✱ ❡ss❛ ❛✈❛❧✐❛çã♦

é ✉♠ ❡s❝❛❧❛r α ∈ F ✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ft = αzd = 0✱ ❥á q✉❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r

z ∈ Jn \ F · 1✳ ❊ ❛ss✐♠✱ ❝♦♠♣❧❡t❛♠♦s ❛ ❞❡♠♦♥str❛çã♦✳ �



✾✾

P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ❡s❝r❡✈❡♠♦s ♦ ♣r♦❞✉t♦ ❞❡ q✉❛✐sq✉❡r ❞✉❛s ✈❛r✐á✈❡✐s x ❡

y ❛✈❛❧✐❛❞❛s ❡♠ V ′ ❝♦♠♦ s❡❣✉❡✿

x · y = δ(x, y).

▲❡♠❛ ✺✳✶✳✼ ❖ ♣♦❧✐♥ô♠✐♦ ❡♠ ✭✺✳✹✮ é ❛✐♥❞❛ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ Jn✳

❉❡♠♦♥str❛çã♦✿ ❆ ❧✐♥❡❛r✐③❛çã♦ ❞♦ ♣♦❧✐♥ô♠✐♦ ✭✺✳✹✮ é

g =
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), y, xσ(3)), z) +
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), z, xσ(3)), y) ✭✺✳✶✶✮

✈❡r ❊①❡♠♣❧♦ ✶✳✺✳✺✳ ❯s❛♥❞♦ ❛ ♠❡s♠❛ ♥♦t❛çã♦ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r ❡ ♣❡❧❛ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡

❞❛ Pr♦♣♦s✐çã♦ ✭✺✳✶✳✹✮✱ t❡♠♦s q✉❡

gy =
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), z, xσ(3)), d)

=
∑

σ∈S3

(−1)σ(xσ(1)(xσ(2), z, xσ(3)))d−
∑

σ∈S3

(−1)σxσ(1)((xσ(2), z, xσ(3))d).

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✺✳✶✳✹✱ ❛ s❡❣✉♥❞❛ s♦♠❛ é ✐❣✉❛❧ ❛ ③❡r♦✳

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ (a, b, c) = −(c, b, a)✱ ♣♦❞❡♠♦s ❞❡♥♦t❛r ♣♦r G ❛ ♣r✐♠❡✐r❛ s♦♠❛✳ ◆❡st❡

❝❛s♦✱ ♣♦❞❡♠♦s ❡①♣r❡ss❛r G ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❊st❡♥❞❡♥❞♦ ❛ ❡①♣r❡ssã♦ ❞❡ G t❡♠♦s

G = [x1(x2, z, x3)−x2(x1, z, x3)−x3(x2, z, x1)−x1(x3, z, x2)+x2(x3, z, x1)+x3(x1, z, x2)]·d.

◆❡st❡ ❝❛s♦✱

G = 2[x1(x2, z, x3) + x2(x3, z, x1) + x3(x1, z, x2)] · d

= 2[δ(x2, z)δ(x1, x3)− δ(x1, x2)δ(x3, z) + δ(x1, z)δ(x2, x3)

− δ(x2, z)δ(x1, x3) + δ(x3, z)δ(x1, x2)− δ(x1, z)δ(x2, x3)] · d = 0.

■ss♦ ✐♠♣❧✐❝❛ q✉❡ gy = 0 ❡ ❝♦♠♦ ♦ ♣♦❧✐♥ô♠✐♦ ❡♠ ✭✺✳✶✶✮ é s✐♠étr✐❝♦ ❝♦♠ r❡s♣❡✐t♦ ❛s

✈❛r✐á✈❡✐s y ❡ z✱ t❡♠♦s q✉❡ gz = 0✳ ❖❜s❡r✈❛♠♦s q✉❡ ❡♠ gxi s❡♠♣r❡ q✉❡ ❛ ✈❛r✐á✈❡❧

xi ❛♣❛r❡❝❡ ♥♦ ❛ss♦❝✐❛❞♦r ✐♥t❡r♥♦✱ ♦❜t❡♠♦s ③❡r♦✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡♠ gxi ❛♣❛r❡❝❡♠

❛♣❡♥❛s ♦s ❛ss♦❝✐❛❞♦r❡s r❡❧❛❝✐♦♥❛❞♦s às ♣❡r♠✉t❛çõ❡s ❞❡ S3 q✉❡ ✜①❛♠ ♦ ♥ú♠❡r♦ ✐♥t❡✐r♦

i✱ ♣❛r❛ t♦❞♦ i = 1, 2, 3✳ ❉❡✈✐❞♦ à s✐♠❡tr✐❛ ❞❡ g ❡♠ r❡❧❛çã♦ às ✈❛r✐á✈❡✐s x1, x2 ❡ x3✱ ❜❛st❛



✶✵✵

❝❛❧❝✉❧❛r♠♦s gx1 ✳ ❚❡♠♦s ❡♥tã♦✱

gx1 = (d, (x2, y, x3), z)− (d, (x3, y, x2), z) + (d, (x2, z, x3), y)− (d, (x3, z, x2), y)

= 2[(d, (x2, y, x3), z) + (d, (x2, z, x3), y)]

= 2[(d(x2, y, x3))z − d((x2, y, x3)z) + (d(x2, z, x3))y − d((x2, z, x3)y)]

= −2d[(x2, y, x3)z + (x2, z, x3)y]

= −2d[(δ(x2, y)x3 − δ(x3, y)x2)z + (δ(x2, z)x3 − δ(x3, z)x2)y]

− 2d[δ(x2, y)δ(x3, z)− δ(x3, y)δ(x2, z) + δ(x2, z)δ(x3, y)− δ(x3, z)δ(x2, y)] = 0.

▲❡♠❜r❛♠♦s q✉❡ ♦ t❡r❝❡✐r♦ sí♠❜♦❧♦ ❞❡ ✐❣✉❛❧❞❛❞❡ s❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ d · a = 0✱ ♣❛r❛ t♦❞♦

a ∈ Jn \ F · 1✱ ❞♦♥❞❡ s❡❣✉❡ ❛ ❞❡♠♦♥str❛çã♦✳ �

▲❡♠❛ ✺✳✶✳✽ ❖ ♣♦❧✐♥ô♠✐♦ ❡♠ ✭✺✳✻✮ é ❛✐♥❞❛ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ Jn✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ❝❛❞❛ ♠♦♥ô♠✐♦ ❞❡ss❡ ♣♦❧✐♥ô♠✐♦ é ✉♠ ♣r♦❞✉t♦ ❞❡ ❞♦✐s ❛ss♦❝✐✲

❛❞♦r❡s✱ ❛ ♣r♦✈❛ s❡❣✉❡ ❞❡ ✐♠❡❞✐❛t♦ ♣❡❧♦ ✐t❡♠ (ii) ❞❛ Pr♦♣♦s✐çã♦ ✺✳✶✳✹✳ �

■r❡♠♦s ❛❣♦r❛ ✈❡r✐✜❝❛r ❛ ❝♦♥❞✐çã♦ ♣❛r❛ ♦ P♦❧✐♥ô♠✐♦ ✭✺✳✺✮✳ ❖ ❡①❡♠♣❧♦ ❛ s❡❣✉✐r ✐rá

✐❧✉str❛r ♥♦ss♦s ❝♦♠❡♥tár✐♦s ❡ ♣ró①✐♠♦s r❡s✉❧t❛❞♦s✳

❊①❡♠♣❧♦ ✺✳✶✳✾ ❈♦♥s✐❞❡r❡♠♦s n = 3 ❡ k = 2✳ ❖ P♦❧✐♥ô♠✐♦ ✭✺✳✺✮ é ✐❣✉❛❧ à

h = (x1, y1, x2, y2, x3)− (x2, y1, x1, y2, x3)− (x3, y1, x2, y2, x1)

− (x1, y1, x3, y2, x2) + (x2, y1, x3, y2, x1) + (x3, y1, x1, y2, x2)

= 2((x3, y1, x1, y2, x2) + (x2, y1, x3, y2, x1) + (x1, y1, x2, y2, x3)).

❘❡❝♦r❞❛♠♦s q✉❡ ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ B∪{1} ❞❡ J3 é {1, e1, e2, d}✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❛✈❛❧✐❛çã♦

❞❛❞♦ ♣♦r ϕ(x1) = ϕ(y1) = e1✱ ϕ(x2) = ϕ(y2) = e2 ❡ ϕ(x3) = d t❡♠♦s q✉❡

ϕ(h) = 2((d, e1, e1, e2, e2) + (e1, e1, e2, e2, d)) = 4d 6= 0.

■st♦ ✐♠♣❧✐❝❛ q✉❡ h ♥ã♦ ❡stá ❡♠ T (J3)✳

❖ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r s✉❣❡r❡ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ ❞❛❞♦ ❡♠ ✭✺✳✺✮ ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛

❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ Jn✳

❊♠ r❡s✉♠♦✱ ♦❜t❡♠♦s ✐♠♣❧✐❝✐t❛♠❡♥t❡✱ ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡ss❡ ❝❛♣ít✉❧♦✳



✶✵✶

❚❡♦r❡♠❛ ✺✳✶✳✶✵ ❆ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ Jn = K ⊕ V ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛

❞❡❣❡♥❡r❛❞❛ b ❞❡ ♣♦st♦ n−1 é P■✲❡q✉✐✈❛❧❡♥t❡ à á❧❣❡❜r❛ Bn−1 ♠✉♥✐❞❛ ❞❛ ❢♦r♠❛ b r❡str✐t❛

❛♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥ã♦ ❞❡❣❡♥❡r❛❞♦ ❞❡ V ✱ ♠ó❞✉❧♦ ❛s ✐❞❡♥t✐❞❛❞❡s ❣❡r❛❞❛ ♣♦r ✭✺✳✺✮✳

❘❡❝❡♥t❡♠❡♥t❡✱ s❡ t❡♠ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ♦✉tr❛ ♠❛♥❡✐r❛ ❞❡ ❡s❝r❡✈❡r ♦ r❡s✉❧t❛❞♦

❛❝✐♠❛✱ ✐r❡♠♦s ❡①♣❧✐❝✐t❛r ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ♦❜t✐❞♦ ♣♦r ❋✐❞❡❧✐s✱ ▼❛rt✐♥♦ ❡ ❙❤❡st❛❦♦✈✳

❆q✉✐ ♥ã♦ ✐r❡♠♦s ❡♥tr❛r ❡♠ ❞❡t❛❧❤❡s ♥♦ r❡s✉❧t❛❞♦✱ ♠❛s ✐♥❞✐❝❛♠♦s ❬✶✷❪✳ ▼❛✐s ♣r❡❝✐s❛✲

♠❡♥t❡✱ ♦s ❛✉t♦r❡s ♦❜t✐✈❡r❛♠ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✺✳✶✳✶✶ ❙❡❥❛ Jn = Bn−1 ⊕ D1✱ ❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r

s✐♠étr✐❝❛ ❡ ❞❡❣❡♥❡r❛❞❛ b✳ ❆s ✐❞❡♥t✐❞❛❞❡s

([x, y]2, z, t) ≡ 0
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), x, xσ(3)), x) ≡ 0

∑

σ∈Sn

(−1)σ(xσ(1), y1, xσ(2), . . . , yn−1, xσ(n), yn, xσ(n+1)) ≡ 0

∑

σ∈Sn

(−1)σ(xσ(1), y1, xσ(2), . . . , yn−2, xσ(n−1))(yn−1, xσ(n), yn) ≡ 0,

❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❛ ✈❛r✐❡❞❛❞❡ var(Jn)✱ n < ∞✱ ❞❛s

á❧❣❡❜r❛s ❞❡ ❏♦r❞❛♥ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ✵✳

❯♠ ❢❛t♦ ✐♥t❡r❡ss❛♥t❡✱ é q✉❡ ♦ ❝r✐tér✐♦ ❡st❛❜❡❧❡❝✐❞♦ ♥♦ ▲❡♠❛ ✺✳✶✳✸ ♥ã♦ ❢❛③ ✉s♦ ❞❛

❞✐♠❡♥sã♦ ❞❡ Jn s❡r ✜♥✐t❛✱ ♠❛s s✐♠ ♦ ❢❛t♦ ❞❡❧❛ t❡r ♣♦st♦ 1✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛s♦

❡♠ q✉❡ J∞ = B∞ ⊕ D1✱ t❡♠♦s ❛ ❞❡s❝r✐çã♦ ❝♦♠♣❧❡t❛ ❞❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

❚❡♦r❡♠❛ ✺✳✶✳✶✷ ❙❡❥❛ J∞ = B∞ ⊕ D1✱ ❛ á❧❣❡❜r❛ ❞❡ ❏♦r❞❛♥ ❞❡ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r

s✐♠étr✐❝❛ ❡ ❞❡❣❡♥❡r❛❞❛ b ❞❡ ♣♦st♦ ✶✳ ❆s ✐❞❡♥t✐❞❛❞❡s

([x, y]2, z, t) ≡ 0
∑

σ∈S3

(−1)σ(xσ(1), (xσ(2), x, xσ(3)), x) ≡ 0

❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❛ ✈❛r✐❡❞❛❞❡ var(J∞) ❞❛s á❧❣❡❜r❛s

❞❡ ❏♦r❞❛♥ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ✵✳



✶✵✷

❚❡r♠✐♥❛♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❝♦♠❜✐♥❛♥❞♦ ♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r ❝♦♠ ♦s r❡s✉❧t❛❞♦s ♣r✐♥✲

❝✐♣❛✐s ❝♦♥t✐❞♦s ♥♦s ❛rt✐❣♦s ❬✷✷❪ ❡ ❬✸✸❪ ♣❛r❛ ❞❡❞✉③✐r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✺✳✶✳✶✸ ❖ T ✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ J∞ s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❙♣❡❝❤t✳



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ✶ ❆♠✐ts✉r✱ ❆✳ ❙✳ ■❞❡♥t✐t✐❡s ✐♥ r✐♥❣s ✇✐t❤ ✐♥✈♦❧✉t✐♦♥s✳ ■sr❛❡❧ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡✲

♠❛t✐❝s✳ ✈✳ ✼ ✭✶✾✻✾✮✱ ✻✸✲✻✽✳

❬✷❪ ❆♠✐ts✉r✱ ❆✳ ❙✳❀ ▲❡✈✐t③❦✐✱ ❏✳ ▼✐♥✐♠❛❧ ■❞❡♥t✐t✐❡s ❢♦r ❛❧❣❡❜r❛s✳ Pr♦❝❡❡❞✐♥❣s ♦❢

t❤❡ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✳ ✈✳ ✶ ✭✶✾✺✵✮✱ ✹✹✾✲✹✻✸✳

❬✸❪ ❇❛❤t✉r✐♥✱ ❨✳❀ ❙❤❡st❛❦♦✈✱ ■✳ ●r❛❞✐♥❣s ♦❢ s✐♠♣❧❡ ❏♦r❞❛♥ ❛❧❣❡❜r❛s ❛♥❞ t❤❡✐r

r❡❧❛t✐♦♥ t♦ t❤❡ ❣r❛❞✐♥❣s ♦❢ s✐♠♣❧❡ ❛ss♦❝✐❛t✐✈❡ ❛❧❣❡❜r❛s✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s

✐♥ ❆❧❣❡❜r❛✳ ✈✳ ✷✾✱ ♥✳ ✾ ✭✷✵✵✶✮✱ ✹✵✾✺✲✹✶✵✷✳

❬✹❪ ❈❡♥tr♦♥❡✱ ▲✳❀ ▼❛rt✐♥♦✱ ❋✳❀ ❙♦✉③❛✱ ▼✳ ❙✳ ❙♣❡❝❤t ♣r♦♣❡rt② ❢♦r ✈❛r✐❡t✐❡s ♦❢

❏♦r❞❛♥ ❛❧❣❡❜r❛s ♦❢ ❛❧♠♦st ♣♦❧②♥♦♠✐❛❧ ❣r♦✇t❤✳ ❏♦✉r♥❛❧ ♦❢ ❆❧❣❡❜r❛✱ ✈✳

✺✷✶ ✭✷✵✶✾✮✱ ✶✸✼✲✶✻✺✳

❬✺❪ ❈♦st❛✱ ◆✳ ▲✳ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ❡ P♦❧✐♥ô♠✐♦s ❈❡♥tr❛✐s

♣❛r❛ ➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✱ ❉✐ss❡rt❛çã♦✱ ✷✵✶✷✱ ❯❋❈●✱ ❈❛♠✲

♣✐♥❛ ●r❛♥❞❡✳ ❱❡rsã♦ ❖♥❧✐♥❡✿ ❤tt♣✿✴✴♠❛t✳✉❢❝❣✳❡❞✉✳❜r✴♣♣❣♠❛t✷✴✇♣✲

❝♦♥t❡♥t✴✉♣❧♦❛❞s✴s✐t❡s✴✶✵✴✷✵✶✺✴✶✷✴◆❛♥❝②✳♣❞❢

❬✻❪ ❉❡ ❈♦♥❝✐♥✐✱ ❈✳❀ Pr♦❝❡s✐✱ ❈✳ ❆ ❝❤❛r❛❝t❡r✐st✐❝ ❢r❡❡ ❛♣♣r♦❛❝❤ t♦ ✐♥✈❛r✐❛♥t

t❤❡♦r②✳ ❆❞✈❛♥❝❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ✈✳ ✷✶✱ ♥✳ ✸ ✭✶✾✼✻✮✱ ✸✸✵✲✸✺✹✳

❬✼❪ ❉❡❤♥✱ ▼✳ ❲✳ Ü❜❡r ❞✐❡ ●r✉♥❞❞❧❛❣❡♥ ❞❡r ♣r♦❥❡❦t✐✈❡♥ ●❡♦♠❡tr✐❡ ✉♥❞ ❛❧✲

❣❡♠❡✐♥❡ ❩❛❤❧s②st❡♠❡✳ ▼❛t❤❡♠❛t✐s❝❤❡ ❆♥♥❛❧❡♥ ✽✺ ✭✶✾✷✷✮✱ ✶✽✹✲✶✾✹✳

❬✽❪ ❉✐♥✐③✱ ❉✳❀ ❙♦✉③❛✱ ▼✳ ❙✳ ❙♣❡❝❤t ♣r♦♣❡rt② ❢♦r t❤❡ ✷✲❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s ♦❢ t❤❡
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❬✶✻❪ ❏❛❝♦❜s♦♥✱ ◆✳ ❙tr✉❝t✉r❡ ❛♥❞ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❏♦r❞❛♥ ❛❧❣❡❜r❛s✳ ❆♠❡r✐✲
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❜✐♥s♦♥✳ ❊♥❝②❝❧♦♣❡❞✐❛ ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ✐ts ❆♣♣❧✐❝❛t✐♦♥s✱ ✶✻✳ ❆❞❞✐s♦♥✲❲❡s❧❡②
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