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• ❆♦s ♠❡✉s ♦r✐❡♥t❛❞♦r❡s✱ ❆❞r✐❛♥♦ ❇❛t✐st❛ ❡ ❘✐❝❛r❞♦ ❇✉r✐t✐✱ ♣♦r t♦❞♦ s✉♣♦rt❡ ❞❛❞♦ ❛♦
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♠❡❝â♥✐❝♦ t✐♣♦ ❝❛♥t✐❧é✈❡r ❢❡✐t♦ ❞❡ ✉♠❛ ❤❛st❡ ❞❡ ❛ç♦ ❞❡❧❣❛❞❛ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♦❜t❡r♠♦s

❛❧t♦s ✈❛❧♦r❡s ❞♦ ❢❛t♦r ❞❡ q✉❛❧✐❞❛❞❡ ❡ ❛ss✐♠ ❡st✉❞❛r♠♦s ✈✐❜r❛çõ❡s ♥ã♦✲❧✐♥❡❛r❡s✳ ❯t✐❧✐③❛♠♦s

♦ ♠♦❞❡❧♦ ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ♣❛r❛ ♦❜t❡r♠♦s ♦s ♠♦❞♦s ❡ ❢r❡q✉ê♥❝✐❛s ♥♦r♠❛✐s✳ ❉❛s ♠❡❞✐❞❛s

❞❛s ❢r❡q✉ê♥❝✐❛s ❞♦ ♠♦❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♠♣r✐♠❡♥t♦s ♦❜t❡♠♦s ♦ ♠ó❞✉❧♦❞❡

❨♦✉♥❣ ❞♦ ❛ç♦ ❞♦ ❝❛♥t✐❧é✈❡r✳ ❚❛♠❜é♠ ♦❜t❡♠♦s ❛ ♠❛ss❛ ❡ ❛ ❝♦♥st❛♥t❡ ❡❧ást✐❝❛ ❡❢❡t✐✈❛s ♥♦

♠♦❞♦ ❢✉♥❞❛♠❡♥t❛❧ ♣ró①✐♠♦ ❞❛ ♣♦♥t❛ ❞♦ ❝❛♥t✐❧é✈❡r✳ ❆♣r♦①✐♠❛♠♦s ❛ ❞✐♥â♠✐❝❛ ❞❡ ✈✐❜r❛✲

çõ❡s ❞♦ ♠♦❞♦ ❢✉♥❞❛♠❡♥t❛❧ ♣♦r ✉♠ ♠♦❞❡❧♦ ❞❡ ✉♠ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡✳ ❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡

❝♦♥str✉✐r♠♦s ✉♠ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣✱ ❛❝♦♣❧❛♠♦s ♥❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡ ❞♦ r❡ss♦♥❛❞♦r ✉♠

í♠ã ❞❡ ♥❡♦❞í♠✐♦ ❡ ♥✉♠ s✉♣♦rt❡ ✜①♦ ✉♠ ♣♦✉❝♦ ❛❝✐♠❛ ❞❛ ❤❛st❡ ✉♠ ♦✉tr♦ í♠ã ✐❞ê♥t✐❝♦

❛♦ q✉❡ ❢♦✐ ❛❝♦♣❧❛❞♦ ♥♦ ❝❛♥t✐❧é✈❡r✳ ◗✉❛♥❞♦ ❞✐st❛♥t❡s✱ ♦s í♠ãs sã♦ ❛❧✐♥❤❛❞♦s ♥♦ ♠❡s♠♦

❡✐①♦ ✈❡rt✐❝❛❧ ❡ ♦r✐❡♥t❛❞♦s ❡♠ s❡♥t✐❞♦s ♦♣♦st♦s✱ ♠❛s q✉❛♥❞♦ r❡❞✉③✐♠♦s s✉✜❝✐❡♥t❡♠❡♥t❡ ❛

❞✐stâ♥❝✐❛ ❡♥tr❡ ❡❧❡s ❛ ❤❛st❡ ✢❛♠❜❛✱ ❢♦r♠❛♥❞♦ ✉♠ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧ ❞✉♣❧♦✳ ❈❛r❛❝t❡r✐③❛✲

♠♦s ♦s ♣❛râ♠❡tr♦s ❞❡ss❡ ♦s❝✐❧❛❞♦r ♠❡❞✐♥❞♦ ❛s ❞✉❛s ♣♦s✐çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ ❝❛❞❛ ♣♦ç♦ ❡

s✉❛s r❡s♣❡❝t✐✈❛s ❢r❡q✉ê♥❝✐❛s ❞❡ ♦s❝✐❧❛çã♦ ❞❡ ♣❡q✉❡♥❛ ❛♠♣❧✐t✉❞❡ ❡ ❝♦rr❡s♣♦♥❞❡♥t❡ t❛①❛ ❞❡

❛♠♦rt❡❝✐♠❡♥t♦✳ ❆❧é♠ ❞❡ ♦s❝✐❧❛çõ❡s ❛♠♦rt❡❝✐❞❛s✱ ❡st✉❞❛♠♦s t❛♠❜é♠ ♦s❝✐❧❛çõ❡s ❢♦rç❛❞❛s✳

❊♥❝♦♥tr❛♠♦s ❝✉r✈❛s ❞❡ ❜✐❡st❛❜✐❧✐❞❛❞❡ ♣❛r❛ ♦s❝✐❧❛çõ❡s ❡♠ ❝❛❞❛ ♣♦ç♦✳ ◆ós ❛❥✉st❛♠♦s ♦s

❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❛s ❝✉r✈❛s ❞❡ ❜✐❡st❛❜✐❧✐❞❛❞❡ ✉s❛♥❞♦ ♦ ♠ét♦❞♦ ❞♦ ❜❛❧❛♥ç♦ ❤❛r♠ô✲

♥✐❝♦✳ ❋✐♥❛❧♠❡♥t❡✱ ❡①❝✐t❛♠♦s ✈✐❜r❛çõ❡s ✢❡①✉r❛✐s ❞❡ ❣r❛♥❞❡ ❛♠♣❧✐t✉❞❡ ♥♦ r❡ss♦♥❛❞♦r ❞❡

❢♦r♠❛ ❛ ♦❜t❡r♠♦s ✈✐❜r❛çõ❡s ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛s ❝❛ót✐❝❛s t❛❧ ❝♦♠♦ ✉♠ ❡s♣❡❝tr♦ ❞❡ ❋♦✉r✐❡r

❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐str✐❜✉í❞♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♠ ❜❛✐①❛s ❢r❡q✉ê♥❝✐❛s✳ ❋✐♥❛❧♠❡♥t❡✱ r❡❧❛t❛♠♦s

q✉❡ ♦s ♠♦❞❡❧♦s t❡ór✐❝♦s q✉❡ ✉s❛♠♦s ❛❥✉st❛r❛♠ ♠✉✐t♦ ❜❡♠ ♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❡st❛

❞✐ss❡rt❛çã♦✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❘❡ss♦♥❛❞♦r ♠❡❝â♥✐❝♦✱ t❡♦r✐❛ ❞❡ ✈✐❣❛s ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✱ ♠♦❞♦s

♥♦r♠❛✐s✱ ❞✐♥â♠✐❝❛ ♥ã♦✲❧✐♥❡❛r✱ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣✱ ♠ét♦❞♦ ❞♦ ❜❛❧❛♥ç♦ ❤❛r♠ô♥✐❝♦✱ ❜✐❡s✲

t❛❜✐❧✐❞❛❞❡✱ ❝❛♦s ❞❡t❡r♠✐♥íst✐❝♦✳



❆❇❙❚❘❆❈❚

■♥ t❤✐s ✇♦r❦✱ ✇❡ ❜✉✐❧t ❛♥ ✐♥❡rt✐❛ ❜❛s❡ ♦♥ ✇❤✐❝❤ ✇❡ ❝❧❛♠♣❡❞ ❛ ♠❡❝❤❛♥✐❝❛❧ ❝❛♥t✐❧❡✈❡r

r❡s♦♥❛t♦r ♠❛❞❡ ♦❢ ❛ t❤✐♥ st❡❡❧ ❜❡❛♠ s✉❝❤ t❤❛t t❤❡ r❡s♦♥❛t♦r ❤❛s ❛ ❤✐❣❤ q✉❛❧✐t② ❢❛❝t♦r ❛♥❞

♦♥❡ ❝❛♥ st✉❞② ✐ts ♥♦♥❧✐♥❡❛r ✢❡①✉r❛❧ ✈✐❜r❛t✐♦♥s✳ ❲❡ ✉s❡ t❤❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❜❡❛♠ ♠♦❞❡❧

t♦ ♦❜t❛✐♥ ♥♦r♠❛❧ ♠♦❞❡s ❛♥❞ ❢r❡q✉❡♥❝✐❡s✳ ❇② ♠❡❛s✉r✐♥❣ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ ❢r❡q✉❡♥❝②

❢♦r ❞✐✛❡r❡♥t ❧❡♥❣t❤s ♦❢ t❤❡ r❡s♦♥❛t♦r ✇❡ ♦❜t❛✐♥ t❤❡ ❨♦✉♥❣✬s ♠♦❞✉❧✉s ♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r✬s

st❡❡❧✳ ❲❡ ❛❧s♦ ♦❜t❛✐♥ t❤❡ ❡✛❡❝t✐✈❡ ♠❛ss ❛♥❞ ❡❧❛st✐❝ ❝♦♥st❛♥t ✐♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ ♥❡❛r

t❤❡ t✐♣ ♦❢ t❤❡ ❝❛♥t✐❧❡✈❡r✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♠♦❞❡ ✈✐❜r❛t✐♦♥

❞②♥❛♠✐❝s ❜② ❛ ♦♥❡✲❞❡❣r❡❡✲♦❢✲❢r❡❡❞♦♠ ♠♦❞❡❧✳ ❋✉rt❤❡r♠♦r❡✱ ✇✐t❤ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ♠❛❦✐♥❣

❛ ♠❡❝❤❛♥✐❝❛❧ ❉✉✣♥❣ ♦s❝✐❧❧❛t♦r✱ ✇❡ ❝♦✉♣❧❡❞ ♦♥❡ ♥❡♦❞②♠✐✉♠ ♠❛❣♥❡t t♦ t❤❡ ❢r❡❡ ❡♥❞ ♦❢

t❤❡ r❡s♦♥❛t♦r ❛♥❞ ❛♥♦t❤❡r ♦♥❡✱ ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ✜rst ♦♥❡✱ ♦♥ ❛ ✜①❡❞ s✉♣♣♦rt ❥✉st ❛❜♦✈❡

t❤❡ ❝❛♥t✐❧❡✈❡r✳ ❲❤❡♥ ❢❛r ❛♣❛rt✱ ❜♦t❤ ♠❛❣♥❡ts ❛r❡ ✐♥ t❤❡ s❛♠❡ ✈❡rt✐❝❛❧ ❛①✐s ❛♥❞ ♦r✐❡♥t❡❞

✐♥ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥s t♦ ♦♥❡ ❛♥♦t❤❡r✱ ❜✉t ✇❤❡♥ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡♠ ✐s s✉✣❝✐❡♥t❧②

r❡❞✉❝❡❞✱ t❤❡ ❝❛♥t✐❧❡✈❡r ❜✉❝❦❧❡s ❛♥❞ ❢♦r♠s ❛ ❞♦✉❜❧❡ ✇❡❧❧ ♣♦t❡♥t✐❛❧✳ ❲❡ ❞❡t❡r♠✐♥❡❞ t❤❡

♣❛r❛♠❡t❡rs ♦❢ t❤✐s ♦s❝✐❧❧❛t♦r ❜② ♠❡❛s✉r✐♥❣ t❤❡ t✇♦ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥s ♦❢ ❡❛❝❤ ✇❡❧❧✱ t❤❡

s♠❛❧❧ ❛♠♣❧✐t✉❞❡ ♦s❝✐❧❧❛t✐♦♥ ❢r❡q✉❡♥❝✐❡s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❛♠♣✐♥❣ r❛t❡✳ ■♥ ❛❞❞✐t✐♦♥

t♦ ❞❛♠♣❡❞ ♦s❝✐❧❧❛t✐♦♥s✱ ✇❡ ❛❧s♦ st✉❞✐❡❞ ❢♦r❝❡❞ ♦s❝✐❧❧❛t✐♦♥s✳ ❲❡ ❢♦✉♥❞ ❜✐st❛❜✐❧✐t② ❝✉r✈❡s

❢♦r ♦s❝✐❧❧❛t✐♦♥s ✐♥ ❡❛❝❤ ✇❡❧❧✳ ❲❡ ✜tt❡❞ t❤❡ ❞❛t❛ ♦❢ t❤✐s st❛t✐♦♥❛r② r❡s♣♦♥s❡ ✉s✐♥❣ t❤❡

❤❛r♠♦♥✐❝ ❜❛❧❛♥❝❡ ♠❡t❤♦❞✳ ■♥ t❤❡ ❧❛st ❡①♣❡r✐♠❡♥t✱ ✇❡ ❡①❝✐t❡❞ ❧❛r❣❡ ❛♠♣❧✐t✉❞❡ ✢❡①✉r❛❧

✈✐❜r❛t✐♦♥s ❛♥❞ ♦❜t❛✐♥❡❞ ❛ ♥♦♥❧✐♥❡❛r ❞②♥❛♠✐❝s ✇✐t❤ ❝❤❛♦t✐❝ ❝❤❛r❛❝t❡r✐st✐❝s s✉❝❤ ❛s t❤❡

s♣r❡❛❞ s♣❡❝tr✉♠ ✐♥ t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ t✐♠❡ s❡r✐❡s ♦❢ t❤❡ ✈✐❜r❛t✐♦♥s✳ ❋✐♥❛❧❧②✱

✇❡ ♣♦✐♥t ♦✉t t❤❛t t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s ✇❡ ✉s❡❞ ✜tt❡❞ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✈❡r② ✇❡❧❧

t❤r♦✉❣❤♦✉t t❤✐s ✇♦r❦✳

❑❡②✇♦r❞s✿ ▼❡❝❤❛♥✐❝❛❧ r❡s♦♥❛t♦r✱ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❜❡❛♠ t❤❡♦r②✱ ♥♦r♠❛❧ ♠♦❞❡s✱ ♥♦♥✲

❧✐♥❡❛r ❞②♥❛♠✐❝s✱ ❉✉✣♥❣ ♦s❝✐❧❧❛t♦r✱ ❤❛r♠♦♥✐❝ ❜❛❧❛♥❝❡ ♠❡t❤♦❞✱ ❜✐st❛❜✐❧✐t②✱ ❞❡t❡r♠✐♥✐st✐❝

❝❤❛♦s✳
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▲✐st❛ ❞❡ ❛❜r❡✈✐❛t✉r❛s ❡ s✐❣❧❛s

●❉▲ ●r❛✉✭s✮ ❞❡ ▲✐❜❡r❞❛❞❡





▲✐st❛ ❞❡ sí♠❜♦❧♦s

a ❘❛✐♦ ❞♦ í♠ã

b ▲❛r❣✉r❛ ❞❛ ❤❛st❡

c ❈♦♥st❛♥t❡ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦

d ❉✐stâ♥❝✐❛ ❡♥tr❡ ❛s ❢❛❝❡s ❞♦s í♠ãs

d1 ❉✐stâ♥❝✐❛ ♠í♥✐♠❛ ❡♥tr❡ ♦s í♠ãs ♣❛r❛ ✢❛♠❜❛r ✉♠❛ ❤❛st❡

E ▼ó❞✉❧♦ ❞❡ ❨♦✉♥❣

fσ ❋♦rç❛ ❞❡ ❝♦r♣♦

f0 ❋r❡q✉ê♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ ❤❡rt③

fe ❆♠♣❧✐t✉❞❡ ❞❛ ❢♦rç❛ ❡①t❡r♥❛ ❡s❝❛❧❛❞❛

fn ♥✲és✐♠❛ ❢r❡q✉ê♥❝✐❛ ❞♦s ♠♦❞♦s ♥♦r♠❛✐s ❡♠ ❤❡rt③

Fe ❆♠♣❧✐t✉❞❡ ❞❛ ❢♦rç❛ ❡①t❡r♥❛

~Fm ❋♦rç❛ ♠❛❣♥ét✐❝❛ ❞❡ r❡♣✉❧sã♦

Fcr ❋♦rç❛ ❝rít✐❝❛ ❞❡ ✢❛♠❜❛❣❡♠

I ▼♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛ ❞❡ ár❡❛

k ❈♦♥st❛♥t❡ ❞❡ ❡❧❛st✐❝✐❞❛❞❡



K Fm

EI

l ❈♦♠♣r✐♠❡♥t♦ ❞♦ í♠ã

ℓ0 ❈♦♠♣r✐♠❡♥t♦ ❧✐✈r❡ ❞❛ ❤❛st❡

m ▼❛ss❛ ❡❢❡t✐✈❛ ❞❛ ✈✐❣❛

M0 ❈♦♥st❛♥t❡ ❞❡ ♠❛❣♥❡t✐③❛çã♦ ❞♦ í♠ã

t ❚❡♠♣♦

t0 ❚❡♠♣♦ ✐♥✐❝✐❛❧

T P❡rí♦❞♦ ❞❡ t❡♠♣♦

u ❊♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❡❧ást✐❝❛ ❡s♣❡❝í✜❝❛

x+ ❡ x− P♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦ ♣♦ç♦ ♠❛✐s ♣ró①✐♠❛ ❡ ❞✐st❛♥t❡ ❞❛ ❜♦❜✐♥❛✱ r❡s✲

♣❡❝t✐✈❛♠❡♥t❡

z± z0 ± l/2

α ❆♠♦❧❡❝✐♠❡♥t♦ ♦✉ ❡♥❞✉r❡❝✐♠❡♥t♦ ❞❡ ♠♦❧❛

β ❆♠♦❧❡❝✐♠❡♥t♦ ♦✉ ❡♥❞✉r❡❝✐♠❡♥t♦ ❞❡ ♠♦❧❛ ❡s♣❡❝í✜❝♦

γ ❈♦♥st❛♥t❡ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ❡s♣❡❝í✜❝❛

Γh ❈♦♥st❛♥t❡ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦

ǫ ❉❡❢♦r♠❛çã♦

θ ➶♥❣✉❧♦ ❞❡ ❞❡✢❡①ã♦

λm
πµ0a

2Mo
2

2

µ ❉❡♥s✐❞❛❞❡ ❞❡ ♠❛ss❛ ❧✐♥❡❛r

µ0 P❡r♠❡❛❜✐❧✐❞❛❞❡ ♠❛❣♥ét✐❝❛ ❞♦ ♠❡✐♦



ρv ❉❡♥s✐❞❛❞❡ ❞❛ ✈✐❣❛

σ ❚❡♥sã♦

ω ❋r❡q✉ê♥❝✐❛ ❞❛ ❢♦rç❛ ❡①t❡r♥❛

ω+ ❋r❡q✉ê♥❝✐❛ ❛♥❣✉❧❛r ♥❛t✉r❛❧ ❞♦ ♣♦ç♦ ♠❛✐s ♣ró①✐♠❛ ❞❛ ❜♦❜✐♥❛

ω− ❋r❡q✉ê♥❝✐❛ ❛♥❣✉❧❛r ♥❛t✉r❛❧ ❞♦ ♣♦ç♦ ♠❛✐s ❞✐st❛♥t❡ ❞❛ ❜♦❜✐♥❛

ω0 ❋r❡q✉ê♥❝✐❛ ❛♥❣✉❧❛r ❢✉♥❞❛♠❡♥t❛❧ ❡♠ r❛❞✐❛♥♦s

ωn ♥✲és✐♠❛ ❢r❡q✉ê♥❝✐❛ ❞♦s ♠♦❞♦s ♥♦r♠❛✐s ❡♠ r❛❞✐❛♥♦s

Ω ω2
0 − ω2

τ ❊s♣❡ss✉r❛ ❞❛ ❤❛st❡





Capı́tulo 1

■♥tr♦❞✉çã♦

❖ ❢♦❝♦ ❞❡st❡ tr❛❜❛❧❤♦ ❞❡ ❞✐ss❡rt❛çã♦ é ♦ ❡st✉❞♦ ❞❡ ✈✐❜r❛çõ❡s ✢❡①✉r❛✐s ❢♦rç❛❞❛s ❡ ❛♠♦r✲

t❡❝✐❞❛s ♥✉♠❛ ❤❛st❡ ❞❡❧❣❛❞❛ ❞❡ ♠❡t❛❧ q✉❡ é ❡♥❣❛st❛❞❛ ❡♠ s✉❛ ❜❛s❡✳ ❊ss❡ t✐♣♦ ❞❡ r❡ss♦♥❛❞♦r

♠❡❝â♥✐❝♦ ❝♦♠❡ç♦✉ ❛ s❡r ❡st✉❞❛❞♦ ♥♦ sé❝✉❧♦ ❳❱■■✳ ❖ ♣r✐♠❡✐r♦ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❝♦♠

♣r❡❞✐çõ❡s q✉❛♥t✐t❛t✐✈❛s ❛❝✉r❛❞❛s ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ❏❛❝♦❜ ❇❡r♥♦✉❧❧✐ ❡ ▲✳ ❊✉❧❡r ❬✶✱ ✷❪✳

❊❧❡s ✐♥✈❡st✐❣❛r❛♠ t❛♥t♦ ❛ ♣❛rt❡ ❡stát✐❝❛ ❝♦♠♦ ❛ ❞✐♥â♠✐❝❛✳ ❊ss❡ ♠♦❞❡❧♦ ✜❝♦✉ ❝♦♥❤❡❝✐❞♦

❝♦♠♦ ❛ t❡♦r✐❛ ❞❡ ✈✐❣❛s ❞❡ ❊✉❧❡r ❡ ❇❡r♥♦✉❧❧✐✳ ❆♣❡s❛r ❞❛ ❧♦♥❣❛ ❤✐stór✐❛✱ ❡ss❡ s✐st❡♠❛ ❢ís✐❝♦

❛✐♥❞❛ ✈❡♠ s❡♥❞♦ ❡st✉❞❛❞♦ ❡ t❡♠ t✐❞♦ ♠✉✐t❛s ❛♣❧✐❝❛çõ❡s ❝✐❡♥tí✜❝❛s ❡ t❡❝♥♦❧ó❣✐❝❛s ❛té ♦s

❞✐❛s ❞❡ ❤♦❥❡✳

❙❡ ❡s❝♦❧❤❡r♠♦s ✉♠ ♣♦♥t♦ ♠❛t❡r✐❛❧ q✉❛❧q✉❡r ❛♦ ❧♦♥❣♦ ❞❛ ❤❛st❡ ❡ ❛❝♦♠♣❛♥❤❛r♠♦s ♦ s❡✉

♠♦✈✐♠❡♥t♦✳ ❱❡r❡♠♦s q✉❡ ♥❛ s✉❛ ❢♦r♠❛ ♠❛✐s s✐♠♣❧❡s✱ ❛ ❞✐♥â♠✐❝❛ ❞❛s ✈✐❜r❛çõ❡s ❞❡ ♣❡q✉❡♥❛

❛♠♣❧✐t✉❞❡ ❞❡ss❡ ♣♦♥t♦ ❞♦ r❡ss♦♥❛❞♦r ♠❡❝â♥✐❝♦ ♣♦❞❡ s❡r ❡♥t❡♥❞✐❞❛ ❛ ♣❛rt✐r ❞❡ ✉♠ ♠♦❞❡❧♦

❞❡ ✉♠ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ❢♦rç❛❞♦ ❡ ❛♠♦rt❡❝✐❞♦ ❝♦♠ ✶ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡✳ ❖s ♣❛râ♠❡tr♦s

❞❡ss❡ r❡ss♦♥❛❞♦r sã♦ ❛ ♠❛ss❛ ❡❢❡t✐✈❛✱ ❛ ❝♦♥st❛♥t❡ ❡❧ást✐❝❛ ❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐ss✐♣❛çã♦✳

❖s ❞♦✐s ♣r✐♠❡✐r♦s ♣❛râ♠❡tr♦s ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❞❛ t❡♦r✐❛ ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ♣❛r❛ ✈✐❣❛s

❞❡❧❣❛❞❛s ❬✸❪✳ ❆ ❢r❡q✉ê♥❝✐❛ ❞❡ r❡ss♦♥â♥❝✐❛ ♣♦❞❡ s❡r ♦❜t✐❞❛ ♣❡❧♦ ♣✐❝♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡

❋♦✉r✐❡r ❞❡ sér✐❡ t❡♠♣♦r❛❧ ❞❡ ♦s❝✐❧❛çõ❡s ❛♠♦rt❡❝✐❞❛s ❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐ss✐♣❛çã♦ ♣♦❞❡ s❡r

♠❡❞✐❞♦ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❞♦ ❛❥✉st❡ ❞❛ ❧❛r❣✉r❛ ❞❡ss❡ ♣✐❝♦✳ ◆ã♦ ❤á ✉♠❛ ❢♦r♠❛ s✐♠♣❧❡s

❞❡ s❡ ♦❜t❡r ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐ss✐♣❛çã♦ ❞❛ t❡♦r✐❛ ♣♦rq✉❡ ❡❧❡ t❡♠ ❜❛s✐❝❛♠❡♥t❡ ✸ ❞✐❢❡r❡♥t❡s

❝♦♥tr✐❜✉✐çõ❡s ❢ís✐❝❛s✿ ♣❡r❞❛s ♣❡❧❛ ❜❛s❡ ❞❡ ❡♥❣❛st❡✱ ♣❡r❞❛s ♣❡❧♦ ❛tr✐t♦ ✈✐s❝♦s♦ ❞♦ ❛r ❡ ♣❡r❞❛s

♣♦r ❢r✐❝çã♦ ✐♥t❡r♥❛✳ ❆s ♣❡r❞❛s ♣❡❧❛ ❜❛s❡ ❞❡ ❡♥❣❛st❡ sã♦ ♠❛✐s ❢á❝❡✐s ❞❡ r❡❞✉③✐r✱ ❡♥q✉❛♥t♦



✷ ❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯➬➹❖

❛s ♣❡r❞❛s ♣❡❧♦ ❛tr✐t♦ ✈✐s❝♦s♦ sã♦ ❞❡s♣r❡③í✈❡✐s ❡♠ ❜❛✐①❛s ❢r❡q✉ê♥❝✐❛s✳ ❆s ♣❡r❞❛s ♣♦r ❢r✐❝çã♦

✐♥t❡r♥❛ sã♦ ✐♥trí♥s❡❝❛s ❞♦ ♠❛t❡r✐❛❧ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❢❛③❡r ❛ ❤❛st❡✱ ❞❛ ❢♦r♠❛ ❞❛ ❤❛st❡ ❡ ❞❛

❢r❡q✉ê♥❝✐❛ ❞❛s ♦s❝✐❧❛çõ❡s✳

❊st✉❞❛♠♦s t❛♠❜é♠ ❛s ✈✐❜r❛çõ❡s ❢♦rç❛❞❛s ❝❛✉s❛❞❛s ♣♦r ✉♠❛ ❢♦rç❛ ❡①t❡r♥❛ s❡♥♦✐❞❛❧

q✉❡ é ✉♠ ♠❛t❡r✐❛❧ ❢❡rr♦♠❛❣♥ét✐❝♦✳ ◆❡st❡ tr❛❜❛❧❤♦ ✉t✐❧✐③❛♠♦s ✉♠❛ ❢♦rç❛ ♠❛❣♥ét✐❝❛ ♣❛r❛

❡①❝✐t❛r ❛s ✈✐❜r❛çõ❡s✳ P❛r❛ ✐ss♦ ❛s ❤❛st❡s q✉❡ ✉s❛♠♦s sã♦ ❝♦♥st✐t✉í❞❛s ❞❡ ❛ç♦ ❢❡rrít✐❝♦✳ ❖

❝❛♠♣♦ ♠❛❣♥ét✐❝♦ é ❣❡r❛❞♦ ♣♦r ✉♠❛ ❜♦❜✐♥❛ ❡♥✈♦❧t❛ ♣♦r ❝❡♥t❡♥❛s ❞❡ ✈♦❧t❛s ❞❡ ✉♠ ✜♥♦ ✜♦

❡s♠❛❧t❛❞♦✳ ◆♦ ♥ú❝❧❡♦ ❞❛ ❜♦❜✐♥❛ ❝♦❧♦❝❛♠♦s ✉♠❛ ♣✐❧❤❛ ❞❡ ❧â♠✐♥❛s ❞❡ ❢❡rr♦ ❞♦❝❡✱ ♠❛t❡r✐❛❧

❢❡rr♦♠❛❣♥ét✐❝♦✱ ❝♦♠ ❛❧t♦ ✈❛❧♦r ❞❡ ♣❡r♠❡❛❜✐❧✐❞❛❞❡ ♠❛❣♥ét✐❝❛✱ ❝♦♠✉♠❡♥t❡ ✉t✐❧✐③❛❞♦ ❡♠

tr❛♥s❢♦r♠❛❞♦r❡s✳ ❊ss❛ ❜♦❜✐♥❛ é ❧✐❣❛❞❛ ❛ ✉♠ ❣❡r❛❞♦r ❞❡ ❢✉♥çõ❡s q✉❡ ❛ ❛❧✐♠❡♥t❛ ❝♦♠ ✉♠❛

❞✐❢❡r❡♥ç❛ ❞❡ ♣♦t❡♥❝✐❛❧ ❆❈✱ q✉❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❣❡r❛ ✉♠❛ ❝♦rr❡♥t❡ ❡❧étr✐❝❛ ❛❧t❡r♥❛❞❛✳

❆ ❜♦❜✐♥❛ é ❝♦❧♦❝❛❞❛ ❛♦ ❧❛❞♦ ❞❛ ❤❛st❡✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♥♦ ♠❡✐♦ ❞❛ ❤❛st❡✳ ❖ ❝❛♠♣♦

♠❛❣♥ét✐❝♦ ❣❡r❛❞♦ ♣♦r ❡ss❛ ❜♦❜✐♥❛ ❞❡❝❛✐ r❛♣✐❞❛♠❡♥t❡ ❝♦♠ ❛ ❞✐stâ♥❝✐❛ ❞❛ ❡①tr❡♠✐❞❛❞❡

♠❛✐s ♣ró①✐♠❛ ❞❛ ❜♦❜✐♥❛✳ ❊ss❛ ✈❛r✐❛çã♦ ❡s♣❛❝✐❛❧ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ é q✉❡ ❣❡r❛ ❛ ❢♦rç❛

♠❛❣♥ét✐❝❛ s♦❜r❡ ❛ ❤❛st❡✳

❊♠ ✉♠ ♥í✈❡❧ t❡ór✐❝♦ ✉♠ ♣♦✉❝♦ ♠❛✐s ❝♦♠♣❧❡①♦ q✉❡ ♦ ♠♦❞❡❧♦ ❞❡ ✉♠ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡

❞♦ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ❛ t❡♦r✐❛ ❞❛ ❡❧❛st✐❝✐❞❛❞❡ ♣❛r❛ ❞❡s❝r❡✈❡r ♦ ♠♦✈✐✲

♠❡♥t♦ ❞❡ t♦❞❛ ❛ ❤❛st❡✳ P❛r❛ ✐ss♦ ✉t✐❧✐③❛♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ♣❛r❛ ✈✐❣❛s ♣❛r❛

❞❡s❝r❡✈❡r ❛s ✈✐❜r❛çõ❡s ✢❡①✉r❛✐s ❞❛ ❤❛st❡✳ ❖ q✉❡ ♣r♦❝✉r❛♠♦s é ❡♥❝♦♥tr❛r ♦s ♠♦❞♦s ♥♦r✲

♠❛✐s ❞❡ ✈✐❜r❛çã♦ ❞❛ ❤❛st❡✱ q✉❛♥❞♦ t♦❞♦s ♦s s❡✉s ♣♦♥t♦s ♠❛t❡r✐❛✐s ✈✐❜r❛♠ ♥✉♠❛ ♠❡s♠❛

❢r❡q✉ê♥❝✐❛✳ ❈♦♥s✐❞❡r❛♠♦s ❛♣❡♥❛s ♦ ♠♦✈✐♠❡♥t♦ ❝♦❡r❡♥t❡ ❡ ❞❡s♣r❡③❛♠♦s ♦s ❣r❛✉s ❞❡ ❧✐❜❡r✲

❞❛❞❡ ✐♥t❡r♥♦s✱ ❛q✉❡❧❡s r❡❧❛❝✐♦♥❛❞♦s às ✢✉t✉❛çõ❡s tér♠✐❝❛s ❡ ❛♦s ❢ô♥♦♥s ❝✉❥❛s ❢r❡q✉ê♥❝✐❛s

❞❡ ♦s❝✐❧❛çã♦ sã♦ ❡♠ ❣❡r❛❧ ♠✉✐t♦ ♠❛✐s ❛❧t❛s ❞♦ q✉❡ ❛s ❞❛s ✈✐❜r❛çõ❡s ✢❡①✉r❛✐s ❞❛ ❤❛st❡✳ ❊♠✲

❜♦r❛ ❛ ❤❛st❡ ❡♥❣❛st❛❞❛ ♥❛ s✉❛ ❜❛s❡ t❡♥❤❛ ✉♠ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✱ ❝❛❞❛

✉♠ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛ ✉♠ ♠♦❞♦ ♥♦r♠❛❧ ❞❡ ✈✐❜r❛çã♦✱ ♥♦ ♥♦ss♦ ❡st✉❞♦ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛

❡①❝✐t❛çã♦ ❛♣❡♥❛s ❞♦ ♠♦❞♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✈✐❜r❛çã♦ ✢❡①✉r❛❧✳ ■ss♦ é ✉♠❛ ❜♦❛ ❛♣r♦①✐♠❛çã♦

♣♦r q✉❡✱ ❝♦♠♦ ✈❡r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡✱ ♦ ❢❛t♦r ❞❡ q✉❛❧✐❞❛❞❡ ❞❛s ♦s❝✐❧❛çõ❡s ❞❛ ❤❛st❡ é ❜❡♠

❛❧t♦✳ ❆ss✐♠ ✉♠❛ ❡①❝✐t❛çã♦ s❡♥♦✐❞❛❧ só ❛♣r❡s❡♥t❛ ✉♠❛ r❡s♣♦st❛ ❛♣r❡❝✐á✈❡❧ q✉❛♥❞♦ ❛ s✉❛
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❢r❡q✉ê♥❝✐❛ é ❜❡♠ ♣ró①✐♠❛ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ✉♠ ♠♦❞♦ ♥♦r♠❛❧✳ ◆♦ ♥♦ss♦ ❝❛s♦ ❡ss❡ ♠♦❞♦

♥♦r♠❛❧ é ♦ ♠♦❞♦ ❢✉♥❞❛♠❡♥t❛❧✳

◗✉❛♥❞♦ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ✈✐❜r❛çã♦ s❡ t♦r♥❛ ❣r❛♥❞❡✱ ❛s ❡q✉❛çõ❡s ❞♦ ♠♦✈✐♠❡♥t♦ s❡ t♦r♥❛♠

♥ã♦✲❧✐♥❡❛r❡s✳ ❖ ♠♦❞❡❧♦ ♠❛✐s s✐♠♣❧❡s ♣❛r❛ ❡♥t❡♥❞ê✲❧❛ é ♦ ❞♦ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ ❬✹✱

✺❪✳ ❆♦ ❧❛❞♦ ❞♦ ♦s❝✐❧❛❞♦r ❞❡ ❱❛♥ ❞❡r P♦❧ ❬✻✱ ✼✱ ✽❪ ❡ ❞♦ ♦s❝✐❧❛❞♦r ❞❡ ❘❛②❧❡✐❣❤ ❬✾✱ ✶✵❪✱ ♦

♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ é ✉♠ ❞♦s ♦s❝✐❧❛❞♦r❡s ♥ã♦✲❧✐♥❡❛r❡s ♠❛✐s ❝♦♥❤❡❝✐❞♦s q✉❡ ❤á ♥❛ ❧✐t❡r❛t✉r❛

❝✐❡♥tí✜❝❛✳ ◆❡ss❡ ♠♦❞❡❧♦ ❞❡ ♦s❝✐❧❛❞♦r ❛ ❢♦rç❛ ❡❧ást✐❝❛ r❡st❛✉r❛❞♦r❛ t❡♠ ✉♠ t❡r♠♦ ❝ú❜✐❝♦ ♥♦

❞❡s❧♦❝❛♠❡♥t♦ ❞❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦✳ ❊ss❡ é ♦ ♦s❝✐❧❛❞♦r ♥ã♦✲❧✐♥❡❛r ♠❛✐s s✐♠♣❧❡s q✉❡ ❤á ❡

é ❣❧♦❜❛❧♠❡♥t❡ ❡stá✈❡❧✳ ▼❛✐s ❛❞✐❛♥t❡✱ ✈❛♠♦s ♠♦str❛r ✉t✐❧✐③❛♥❞♦ ❛ t❡♦r✐❛ ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐

♣❛r❛ ✈✐❣❛s ❝♦♠♦ ❡♥❝♦♥tr❛r ❛ ❡q✉❛çã♦ ❞❡ ❉✉✣♥❣✳ P❛r❛ ❝♦♠♣❧❡t❛r ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ♥♦ss♦

s✐st❡♠❛ ❢ís✐❝♦✱ ❡♥❝♦♥tr❛r❡♠♦s ♦ ❝♦❡✜❝✐❡♥t❡ ❞♦ t❡r♠♦ ♥ã♦✲❧✐♥❡❛r ❛♦ ❛❥✉st❛r♠♦s ❛ ❝✉r✈❛ ❞❡

❜✐❡st❛❜✐❧✐❞❛❞❡ ❡♠ ❢✉♥çã♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❡①❝✐t❛çã♦✳

❙❡❣✉♥❞♦ ❙tr♦❣❛t③ ❬✺❪✱ ♦ ❝❛♦s ❞❡t❡r♠✐♥íst✐❝♦ é ❝❛r❛❝t❡r✐③❛❞♦ ♣❡❧❛ s❡♥s✐❜✐❧✐❞❛❞❡ q✉❡ ♦

s✐st❡♠❛ ❞✐♥â♠✐❝♦ ♥ã♦✲❧✐♥❡❛r t❡♠ ♥❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✳ ◗✉❛✐sq✉❡r ✈❛r✐❛çõ❡s✱ ♣♦r ♠❡♥♦r

q✉❡ s❡❥❛♠✱ sã♦ ✐♥✐❝✐❛❧♠❡♥t❡ ❛♠♣❧✐✜❝❛❞❛s ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡

❛❝❡ssí✈❡❧ ❛♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ é ❧✐♠✐t❛❞♦✳ ❊ss❛s ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s ❝r✐❛♠ ✉♠ ❝♦♠♣♦rt❛✲

♠❡♥t♦ ♥ã♦ ♣❡r✐ó❞✐❝♦ ❡①✐❜✐❞♦ ❞✉r❛♥t❡ ✉♠ ❣r❛♥❞❡ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦✳ ❊ss❛ ór❜✐t❛ ❛tr❛t♦r❛

♥ã♦✲♣❡r✐ó❞✐❝❛ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛tr❛t♦r ❡str❛♥❤♦✱ s❡♥❞♦ ❜❛st❛♥t❡ ❞✐❢❡r❡♥t❡ ❞❡ ❛tr❛t♦r❡s

❞♦ t✐♣♦ ♣♦♥t♦ ✜①♦ ❡stá✈❡❧ ♦✉ ❞❡ ❝✐❝❧♦s ❧✐♠✐t❡s✱ q✉❡ ❛♣r❡s❡♥t❛♠ s♦❧✉çõ❡s q✉✐❡s❝❡♥t❡s ♦✉

ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ♣r✐♠❡✐r♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❛ ❛♣r❡s❡♥t❛r t❛❧ t✐♣♦

❞❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❢♦✐ ♦s ♦s❝✐❧❛❞♦r ❞❡ ▲♦r❡♥③ ❬✶✶❪✳

❊♠ ✶✾✼✾✱ ▼♦♦♥ ❡ ❍♦❧♠❡s ♣✉❜❧✐❝❛r❛♠✱ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥❛ ❤✐stór✐❛✱ ✉♠ ❛rt✐❣♦ ♥♦

q✉❛❧ ♠♦❞❡❧❛r❛♠✱ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✱ ❛ ❞✐♥â♠✐❝❛ ❝❛ót✐❝❛ ✉t✐❧✐③❛♥❞♦ ♦ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣

❬✶✷✱ ✺❪✳ ❊❧❡s ❞❡s❡♥✈♦❧✈❡r❛♠ ✉♠❛ ❜❛♥❝❛❞❛ ❡①♣❡r✐♠❡♥t❛❧ ❝❛♣❛③ ❞❡ ❡①❝✐t❛r s❡♥♦✐❞❛❧♠❡♥t❡

✉♠❛ ❤❛st❡ ❞❡❧❣❛❞❛ ♥ã♦✲❧✐♥❡❛r ❡ ❛✈❛❧✐❛r❛♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ✉t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ❞❡

❉✉✣♥❣✳ ❖ ❡①♣❡r✐♠❡♥t♦ ♣r♦♣♦r❝✐♦♥♦✉ r❡s✉❧t❛❞♦s s❛t✐s❢❛tór✐♦s ❡ r❡❛❧íst✐❝♦s✳ P❛r❛ ♠❛✐♦r❡s

❞❡t❛❧❤❡s s♦❜r❡ ❡ss❡ ❡①♣❡r✐♠❡♥t♦✱ ❝♦♥s✉❧t❛r ❬✶✸❪✳

❍á ✺✵ ❛♥♦s ❛trás✱ ♦s ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ✉t✐❧✐③❛❞♦s ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s q✉❡
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❡♥✈♦❧✈❡♠ ♦s❝✐❧❛çõ❡s ❝❛ót✐❝❛s ❡r❛♠ s✐♠♣❧❡s✱ ♣♦✐s ♥ã♦ ❤❛✈✐❛ ❝♦♠♦ r❡s♦❧✈❡r ♥✉♠❡r✐❝❛♠❡♥t❡

❛s ❡q✉❛çõ❡s q✉❡ r❡❣✐❛♠ ❛ ❞✐♥â♠✐❝❛ ❞❡ss❡s s✐st❡♠❛s✱ ♦ q✉❡ t♦r♥❛✈❛ ♦s r❡s✉❧t❛❞♦s ❞❡ss❛s

❛♥á❧✐s❡s ✐♠♣r❡❝✐s♦s ❡ ❡rrô♥❡♦s✳ ❆t✉❛❧♠❡♥t❡✱ ❣r❛ç❛s ❛♦s ❛✈❛♥ç♦s t❡❝♥♦❧ó❣✐❝♦s ❡ à ❡✈♦❧✉çã♦

❞❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❞♦s ❝♦♠♣✉t❛❞♦r❡s✱ ♦s ❡st✉❞♦s ❞❛s ✈✐❜r❛çõ❡s ♥ã♦✲❧✐♥❡❛r❡s

s✉❥❡✐t❛s ❛♦ ❝❛♦s t♦r♥❛r❛♠✲s❡ ❜❡♠ ♠❛✐s ❛❝❡ssí✈❡✐s ❬✶✹❪✳ ❆❧é♠ ❞✐ss♦✱ ❣r❛ç❛s ❛♦s ❜♦♥s r❡✲

s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ▼♦♦♥ ❡ ❍♦❧♠❡s✱ ❞✐✈❡rs♦s ♦✉tr♦s ❡st✉❞♦s ✈♦❧t❛❞♦s ♣❛r❛ ❛♥á❧✐s❡ ❞❡

✈✐❜r❛çõ❡s ♥ã♦✲❧✐♥❡❛r❡s ❢♦r❛♠ ❢❡✐t♦s✳ ❆t✉❛❧♠❡♥t❡✱ ❢ís✐❝♦s✱ ♠❛t❡♠át✐❝♦s ❡ ❡♥❣❡♥❤❡✐r♦s t❡♥✲

t❛♠✱ ❝❛❞❛ ✈❡③ ♠❛✐s✱ ❝♦♠♣r❡❡♥❞❡r ♦s ❡❢❡✐t♦s ❞❡ss❛s ✈✐❜r❛çõ❡s✳ ❯♠ ❢♦❝♦ r❡❝❡♥t❡ ❞❡ ✐♥t❡r❡ss❡

❡♠ ✈✐❜r❛çõ❡s ✢❡①✉r❛✐s é ❛ ❣❡r❛çã♦ ❞❡ ❡♥❡r❣✐❛ ❡❧étr✐❝❛ ❛tr❛✈és ❞❛ ✢❡①ã♦ ❞❡ ♣✐❡③♦❡❧étr✐❝♦s

❧✐❣❛❞♦s à ❜❛s❡ ❞❡ ❝❛♥t✐❧❡✈❡rs✳ ◆❡ss❡ ❝❛s♦ ♦ ♦❜❥❡t✐✈♦ é r❡❝✉♣❡r❛r ❡♥❡r❣✐❛ ❞❛s ❡①❝✐t❛çõ❡s

♠❡❝â♥✐❝❛s ♣r♦✈❡♥✐❡♥t❡s ❞♦ ♠❡✐♦ ❛♠❜✐❡♥t❡✱ t❛✐s ❝♦♠♦ ❞♦s ✈❡♥t♦s✱ ♦❝❡❛♥♦s ♦✉ ❛té ♠❡s♠♦ ❞♦

❝♦r♣♦ ❤✉♠❛♥♦✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❛❧✐♠❡♥t❛r ❞✐s♣♦s✐t✐✈♦s ❡❧❡trô♥✐❝♦s r❡♠♦t♦s ♣❛r❛ ❛ ✐♥t❡r♥❡t

❞❛s ❝♦✐s❛s ❬✶✺✱ ✶✻✱ ✶✼❪✳

◆♦s ú❧t✐♠♦s ✶✵ ❛♥♦s✱ ❜❛♥❝❛❞❛s ❡①♣❡r✐♠❡♥t❛✐s ✈ê♠ s❡♥❞♦ ❝♦♥str✉í❞❛s ♣❛r❛ t❡st❛r ❞✐✈❡r✲

s♦s ♠♦❞❡❧♦s ❞❡ ❝♦❧❡t❛ ❞❡ ❡♥❡r❣✐❛ ♠❡❝â♥✐❝❛ ❛♠❜✐❡♥t❛❧✳ ❆❧❣✉♠❛s sã♦ ♠✉✐t♦ s❡♠❡❧❤❛♥t❡s à

q✉❡ ❢♦✐ ❝♦♥str✉í❞❛ ♣♦r ▼♦♦♥ ❡ ❍♦❧♠❡s✱ ❞✐❢❡r✐♥❞♦ ❜❛s✐❝❛♠❡♥t❡ ♥♦ ❢❛t♦ ❞❡ q✉❡ ♣✐❡③♦❡❧étr✐❝♦s

❡stã♦ ❞✐r❡t❛♠❡♥t❡ ❛❝♦♣❧❛❞♦s às ❜❛s❡s ❞❛s ❤❛st❡s ❡♥❣❛st❛❞❛s✳

❉❡s❞❡ ♦ ✐♥í❝✐♦ ❞❡st❡ tr❛❜❛❧❤♦ ❞❡ ❞✐ss❡rt❛çã♦ ❡st❛♠♦s ❝♦♥str✉✐♥❞♦ ❡ ❛♣❡r❢❡✐ç♦❛♥❞♦ ✉♠❛

❜❛♥❝❛❞❛ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ✜♥❛❧ ❞❡ ❡①❝✐t❛r ✈✐❜r❛çõ❡s ✢❡①✉r❛✐s ❝❛ót✐❝❛s ♥✉♠❛

❤❛st❡ ❞❡❧❣❛❞❛ ❞❡ ❛ç♦ ❡♥❣❛st❛❞❛ ❡♠ s✉❛ ❜❛s❡✳ ❉❡s❡♥✈♦❧✈❡♠♦s ✈ár✐❛s ✈❡rsõ❡s ❛♦ ❧♦♥❣♦ ❞❡ss❡

t❡♠♣♦ ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛s ❝❛❞❛ ✈❡③ ♠❛✐s r♦❜✉st❛s✱ ♣r❡❝✐s❛s ❡ r❡♣r♦❞✉tí✈❡✐s ❛té ✜♥❛❧♠❡♥t❡

❝♦♥s❡❣✉✐r♠♦s ❡①❝✐t❛r ✈✐❜r❛çõ❡s t✐♣✐❝❛♠❡♥t❡ ❝❛ót✐❝❛s✳

❋♦✐ ❢❡✐t❛ ✉♠❛ ♠♦❞❡❧❛❣❡♠ ♠❛t❡♠át✐❝❛ q✉❡ ❛❜r❛♥❣❡ ❞❡s❞❡ ❛ ❢♦rç❛ ♠❛❣♥ét✐❝❛ q✉❡ ♣r♦✈♦❝❛

❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ♥♦s r❡ss♦♥❛❞♦r❡s✱ ❛té ❛s ✈✐❜r❛çõ❡s ❝❛ót✐❝❛s s♦❢r✐❞❛s ♣♦r ❡❧❡s✳ ❯t✐❧✐③❛♠♦s

♦ ♠♦❞❡❧♦ ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ♣❛r❛ ✈✐❣❛s✱ ❛ ✜♠ ❞❡ ❛✈❛❧✐❛r ❛ ❤❛st❡ ❡♠ ❝♦♥❞✐çõ❡s ❡stát✐❝❛s✳

❆ ❡q✉❛çã♦ ❞❡ ❉✉✣♥❣ ❢♦✐ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❛♥❛❧✐s❛r ❛ ❞✐♥â♠✐❝❛ ♥ã♦✲❧✐♥❡❛r ❞❛s ✈✐❜r❛çõ❡s

✢❡①✉r❛✐s ❞❛ ❤❛st❡✳ ❯t✐❧✐③❛♠♦s ♦s ♠ét♦❞♦s ♠❛t❡♠át✐❝♦s ♣❡rt✉r❜❛t✐✈♦s ♣❛r❛ ♦❜t❡r s♦❧✉çõ❡s

❛♣r♦①✐♠❛❞❛s ❞❛ ❡q✉❛çã♦ ❞❡ ❉✉✣♥❣✳ ❈♦♠ ❡ss❛s s♦❧✉çõ❡s✱ ❛♥❛❧✐s❛♠♦s ❛ ❝✉r✈❛ ❞❛ ❜✐✲



✺

❡st❛❜✐❧✐❞❛❞❡ ❞❛ ❤❛st❡✳ ❆✈❛❧✐❛♠♦s ❛s ♦s❝✐❧❛çõ❡s ❝❛ót✐❝❛s ❞❛ ❤❛st❡✱ ♦ q✉❡ ♥♦s ♣❡r♠✐t✐✉

❡♥t❡♥❞❡r ✉♠ ♣♦✉❝♦ ♠❛✐s s♦❜r❡ ❡ss❡ ❢❡♥ô♠❡♥♦✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❜❛♥❝❛❞❛ ❡①♣❡r✐♠❡♥t❛❧ s❡r✈❡

❝♦♠♦ ✉♠ ❡①❝❡❧❡♥t❡ ✐♥str✉♠❡♥t♦ ❞✐❞át✐❝♦ ♣❛r❛ ❛❧✉♥♦s q✉❡ tê♠ ✐♥t❡r❡ss❡ ♥♦ t❡♠❛✳ ❈♦♥t✉❞♦✱

❡ss❛ ❜❛♥❝❛❞❛ ♥♦s ♣r♦♣♦r❝✐♦♥❛rá ♠❡✐♦s ❞❡ ❛✈❛❧✐❛r ❡ ❡st✉❞❛r✱ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✱ ♦ ❝❛♦s

❞❡t❡r♠✐♥íst✐❝♦✳ ❖ ❣r❛♥❞❡ ❡♥❢♦q✉❡ ❞❡ss❡ tr❛❜❛❧❤♦ ❞✐③ r❡s♣❡✐t♦ à ❛♥á❧✐s❡ ❞♦ ❝❛♦s ❡♠ ❤❛st❡s

❞❡❧❣❛❞❛s ♥ã♦✲❧✐♥❡❛r❡s✳



✻ ❈❆P❮❚❯▲❖ ✶✳ ■◆❚❘❖❉❯➬➹❖

❊st❛ ❞✐ss❡rt❛çã♦ ❡stá ♦r❣❛♥✐③❛❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

❈❛♣ít✉❧♦ ✷✿ ❆q✉✐ ❡①♣❧✐❝❛♠♦s ❛ ❜❛♥❝❛❞❛ ❡①♣❡r✐♠❡♥t❛❧ q✉❡ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ❞✉r❛♥t❡ ❡st❛

❞✐ss❡rt❛çã♦✳ ❆❜♦r❞❛♠♦s t♦❞♦ ❛♣❛r❛t♦ ❡①♣❡r✐♠❡♥t❛❧ ♥❡❝❡ssár✐♦ ♣❛r❛ r❡❛❧✐③❛çã♦ ❞♦s ❡①♣❡✲

r✐♠❡♥t♦s✳ ❊①♣♦♠♦s ♦ r❡ss♦♥❛❞♦r q✉❡ ❢♦✐ ❡♥s❛✐❛❞♦ ❡ ❝♦♠♦ ❡❧❡ ❢♦✐ ♣r♦❞✉③✐❞♦✳

❈❛♣ít✉❧♦ ✸✿ ◆❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛♠♦s ❛ ✢❡①ã♦ ❞❡ ✉♠❛ ✈✐❣❛ ❡♥❣❛st❛❞❛✱ ✈✐❛ t❡♦r✐❛ ❞❡

❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ♣❛r❛ ✈✐❣❛s✳ ❉❡ss❛ t❡♦r✐❛ ♦❜t✐✈❡♠♦s às ❝♦♥❞✐çõ❡s ♣❛r❛ ❛ ♣❡r❞❛ ❞❡ ❡st❛❜✐✲

❧✐❞❛❞❡ ❞❡ ✉♠❛ ✈✐❣❛ s✉❥❡✐t❛ ❛ ✉♠❛ ❝❛r❣❛ ♣✉r❛♠❡♥t❡ ❝♦♠♣r❡ss✐✈❛✳ ❚❛♠❜é♠ ❆✈❛❧✐❛♠♦s ♦

❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❣❡r❛❞♦ ♣♦r ✉♠ í♠ã ❝✐❧í♥❞r✐❝♦ q✉❡ ❡stá ✉♥✐❢♦r♠❡♠❡♥t❡ ♠❛❣♥❡t✐③❛❞♦ ♥❛

❞✐r❡çã♦ ❛①✐❛❧✳ ❈❛❧❝✉❧❛♠♦s ❛ ❢♦rç❛ ❞❡ r❡♣✉❧sã♦ ♠❛❣♥ét✐❝❛ ❢♦r♠❛❞❛ ❡♥tr❡ ❛ s✉♣❡r❢í❝✐❡ ❞❡

❞♦✐s í♠ãs ❝✐❧í♥❞r✐❝♦s ❝♦♠ ♣♦❧❛r✐③❛çõ❡s ✐❣✉❛✐s ❡ ♦r✐❡♥t❛❞❛s ❛♦ ❧♦♥❣♦ ❞♦ ♠❡s♠♦ ❡✐①♦✳

❈❛♣ít✉❧♦ ✹✿ ❆q✉✐ ❛✈❛❧✐❛♠♦s ❛ t❡♦r✐❛ ❞❛ ❡❧❛st✐❝✐❞❛❞❡ ♣❛r❛ ✉♠❛ ✈✐❣❛ ❧✐♥❡❛r ❡♥❣❛st❛❞❛ q✉❡

♦s❝✐❧❛ ❧✐✈r❡♠❡♥t❡✳ ❖❜t✐✈❡♠♦s ♦s ♠♦❞♦s ♥♦r♠❛✐s ❡ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❝♦♥st❛♥t❡ ❡❧ást✐❝❛ ❡

♠❛ss❛ ❡❢❡t✐✈❛✳ ◆❛ s❡q✉ê♥❝✐❛✱ ❡st✉❞❛♠♦s ❞✐♥â♠✐❝❛ ♦s❝✐❧❛tór✐❛ ❞❡❧❛ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ✉♠

t❡r♠♦ ♥ã♦✲❧✐♥❡❛r ❡♠ s✉❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧✳ ◆❛s ❞✉❛s ❛♥á❧✐s❡s ❛s ❢♦rç❛s ❞✐ss✐♣❛t✐✈❛s ❢♦r❛♠

❞❡s♣r❡③❛❞♦✳ ❊ss❛s ❞✉❛s ❛♥á❧✐s❡s ❢♦r❛♠ ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ❝♦♠♣r❡❡♥❞❡r♠♦s ♦ ♦s❝✐❧❛❞♦r ❞❡

❉✉✣♥❣✳

❈❛♣ít✉❧♦ ✺✿ ◆❡st❡ ❝❛♣ít✉❧♦ ✐♥✈❡st✐❣❛♠♦s ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ ❛♠♦r✲

t❡❝✐❞♦ ❡ ❢♦rç❛❞♦ s❡♥♦✐❞❛❧♠❡♥t❡✳ ❖❜t✐✈❡♠♦s✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ❛ s♦❧✉çã♦ ❡st❛❝✐♦♥ár✐❛s ❞❡

s✉❛ ❡q✉❛çã♦ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ♣❡rt✉r❜❛t✐✈♦ ❞♦ ❜❛❧❛♥ç♦ ❤❛r♠ô♥✐❝♦✳ ❆✈❛❧✐❛♠♦s ❛ r❡s♣♦st❛

❡♠ ❢r❡q✉ê♥❝✐❛ ❞❡ ✉♠ ♦s❝✐❧❛❞♦r ❞❡ss❡ t✐♣♦✳ ❯t✐❧✐③❛♠♦s ❡st❡ ♠♦❞❡❧♦ ♣❛r❛ ❛✈❛❧✐❛r ❛ ❞✐♥â♠✐❝❛

❞❡ ✉♠❛ ❤❛st❡ ♥ã♦✲❧✐♥❡❛r ❡ ❡①♣♦♠♦s ❝♦♠♦ ❞❡✜♥✐r s❡✉s ♣❛râ♠❡tr♦ ❡①♣❡r✐♠❡♥t❛❧✳ ❆❧é♠

❞✐ss♦✱ ❛✈❛❧✐❛♠♦s ❛s r❡s♣♦st❛s t✐♣✐❝❛♠❡♥t❡ ❝❛ót✐❝❛s ❛♣r❡s❡♥t❛❞❛s ♣♦r ❡st❡ ♠♦❞❡❧♦✳

❈❛♣ít✉❧♦ ✻✿ ❆q✉✐ ❡st✉❞❛♠♦s ❛ t❡♦r✐❛ ❞♦ ❝❛♦s✳ ❉✉r❛♥t❡ ❛❧❣✉♥s ❡♥s❛✐♦s✱ ❝♦♥s❡❣✉í♠♦s

s✉❜♠❡t❡r ❛ ❤❛st❡ ❡♠ ✉♠ r❡❣✐♠❡ t✐♣✐❝❛♠❡♥t❡ ❝❛ót✐❝❛✳ ❆✈❛❧✐❛♠♦s ❡st❡s r❡s✉❧t❛❞♦s ❣r❛✜❝❛✲

♠❡♥t❡✳ P❡r❝❡❜❡♠♦s q✉❡ ❛s ❛♥á❧✐s❡s ❣rá✜❝❛s ♥ã♦ s✉✜❝✐❡♥t❡s ♣❛r❛ ❞❡t❡r♠✐♥❛r s❡ ♦ s✐st❡♠❛

❡stá ♦✉ ♥ã♦ s♦❜ r❡❣✐♠❡ ❝❛ót✐❝♦✳

❈♦♥❝❧✉sã♦✿ ❋✐♥❛❧✐③❛♠♦s ♦ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♥❞♦ ♥♦ss❛s ❝♦♥❝❧✉sõ❡s ❡ ♣❡rs♣❡❝t✐✈❛s ♣❛r❛

♦ ❢✉t✉r♦✳



Capı́tulo 2

❆♣❛r❛t♦ ❊①♣❡r✐♠❡♥t❛❧

◆❡ss❡ ❝❛♣ít✉❧♦ ❞❡s❝r❡✈❡♠♦s ❛ ❜❛♥❝❛❞❛ ❡①♣❡r✐♠❡♥t❛❧✳ ❊❧❛ é ❜❛s✐❝❛♠❡♥t❡ ❝♦♥st✐t✉í❞❛

♣♦r ✉♠ s❡♥s♦r ó♣t✐❝♦ ❡ ✉♠❛ ♠❡s❛ ✐♥❡r❝✐❛❧✱ s♦❜r❡ ❛ q✉❛❧ ❛❝♦♣❧❛♠♦s ✉♠ r❡ss♦♥❛❞♦r ♠❡✲

❝â♥✐❝♦ ❞❡ ❉✉✣♥❣✱ ✐♥t✉✐t♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✳ ❆❧é♠ ❞✐ss♦✱ ❛♣r❡s❡♥t❛♠♦s ❛ ❤❛st❡ q✉❡ ❢♦✐

❡♥s❛✐❛❞❛✳ ▼♦str❛♠♦s t♦❞♦s ♦s ❝♦♠♣♦♥❡♥t❡s ❡❧❡tr♦✲❡❧❡trô♥✐❝♦s ♥❡❝❡ssár✐♦s ♣❛r❛ r❡❛❧✐③❛çã♦

❞♦s ❡①♣❡r✐♠❡♥t♦s✳ ❊①♣♦♠♦s t❛♠❜é♠ ❛ ❞✐str✐❜✉✐çã♦ ❡ ♠♦♥t❛❣❡♠ ❞♦s ❝♦♠♣♦♥❡♥t❡s ♣❛r❛

❛q✉✐s✐çã♦ ❞❡ ❞❛❞♦s✳

❖ r❡ss♦♥❛❞♦r ❝♦♥s✐st❡ ❡♠ ✉♠❛ ❤❛st❡ ❞❡❧❣❛❞❛✳ ❊❧❛ ❢♦✐ ❡♥❣❛st❛❞❛ ❡♠ ✉♠❛ ❞❡ s✉❛s

❡①tr❡♠✐❞❛❞❡s ❡ ✜❝♦✉ ❧✐✈r❡ ♥❛ ♦✉tr❛✳ ❊♠ s✉❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡ ❛❝♦♣❧❛♠♦s ✉♠ í♠ã ❞❡

♥❡♦❞í♠✐♦ ❡ ❧♦❣♦ ❛❝✐♠❛ ❞❡❧❡✱ ❛ ✉♠❛ ❞✐stâ♥❝✐❛ ♣ré✲❞❡✜♥✐❞❛✱ ✜①❛♠♦s ✉♠ ♦✉tr♦ í♠ã t❛♠❜é♠

❞❡ ♥❡♦❞í♠✐♦✳ ❉❡✈✐❞♦ ❛ ✐♥t❡r❛çã♦ ♠❛❣♥ét✐❝❛ r❡♣✉❧s✐✈❛ ❡♥tr❡ ❡st❡s í♠ãs✱ ❛s ❤❛st❡s t♦r♥❛r❛♠✲

s❡ ♥ã♦✲❧✐♥❡❛r❡s✳

❊st✉❞❛♠♦s ❡♠ q✉❡ ❝♦♥❞✐çõ❡s ❛ ❤❛st❡ s♦❢r❡✉ ✢❛♠❜❛❣❡♠ ❡♠ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❛çã♦ ♠❛❣✲

♥ét✐❝❛ ❡♥tr❡ ♦s í♠ãs✳ ❆✈❛❧✐❛♠♦s s✉❛s ♦s❝✐❧❛çõ❡s ❧✐✈r❡ ❡♠ ❝♦♥❞✐çõ❡s ❧✐♥❡❛r❡s✳ ▼♦❞❡❧❛♠♦s ❛

❞✐♥â♠✐❝❛ ♦s❝✐❧❛tór✐❛ ♥ã♦✲❧✐♥❡❛r ✉t✐❧✐③❛♥❞♦ ♦ ♠♦❞❡❧♦ ❞♦ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣✳ ➚ ♠❡❞✐❞❛ q✉❡

❛♣r❡s❡♥t❛r♠♦s ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ t❡ór✐❝♦ ♥♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✱ ♠♦❞❡❧❛r❡♠♦s ❛s ❤❛st❡s

❞❛ ❜❛♥❝❛❞❛✳ ❈♦♠♦ ✈❡r❡♠♦s✱ s❡rã♦ ✉t✐❧✐③❛❞♦s ❝♦♥❝❡✐t♦s ❢ís✐❝♦s ❡ ♠❛t❡♠át✐❝♦s✱ ❛❧é♠ ❞❡

❛♥á❧✐s❡s ♥✉♠ér✐❝❛s✱ ❛ ✜♠ ❞❡ ♠♦❞❡❧❛r✱ ❡stát✐❝❛ ❡ ❞✐♥❛♠✐❝❛♠❡♥t❡✱ ❡ss❛s ❤❛st❡s✳ ❈♦♥t✉❞♦✱

❡♠ ❝❛❞❛ ❝❛♣ít✉❧♦ ♣r♦♣♦st♦✱ s❡rá ❢❡✐t♦ ✉♠ ❝♦♠♣❛r❛t✐✈♦ ❡♥tr❡ ♦s r❡s✉❧t❛❞♦s t❡ór✐❝♦s ❡✴♦✉

♥✉♠ér✐❝♦s✱ ❝♦♠ ♦s ❡①♣❡r✐♠❡♥t❛✐s q✉❡ s❡rã♦ ♦❜t✐❞♦s✳ ❆❧é♠ ❞✐ss♦✱ ❡♠ ❛❧❣✉♥s ❡①♣❡r✐♠❡♥t♦s

❢♦✐ ♥❡❝❡ssár✐♦ ❛✉t♦♠❛t✐③❛♠♦s t♦❞♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ✉t✐❧✐③❛♥❞♦ s❝r✐♣s ❡♠ P②t❤♦♥✱ ❝♦♠♦
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✈❡r❡♠♦s ♥♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✳

◆❛ s❡çã♦ ✷✳✶ ❛♣r❡s❡♥t❛♠♦s ❛ ♠❡s❛ ✐♥❡r❝✐❛❧ q✉❡ ❢♦✐ ❝♦♥str✉í❞❛ ❛♦ ❧♦♥❣♦ ❞♦ ♠❡str❛❞♦ ❡

❞❡s❝r❡✈❡♠♦s ♦s s❡✉s ♣r✐♥❝✐♣❛✐s s✉❜s✐st❡♠❛s✳ ❏á ♥❛ s❡çã♦ ✷✳✷ ❡①✐❜✐♠♦s t♦❞♦ ❛♣❛r❛t♦ ❡❧❡tr♦✲

❡❧❡trô♥✐❝♦ ✉t✐❧✐③❛❞♦ ♥♦s ❡①♣❡r✐♠❡♥t♦s✳ P♦r ✜♠✱ ♥❛ s❡çã♦ ✷✳✸ r❡❛❧✐③❛♠♦s ✉♠ ❝♦♠♣❛r❛t✐✈♦

❡♥tr❡ ❛ ♠❡s❛ ✐♥❡r❝✐❛❧ q✉❡ ❢♦✐ ❝♦♥str✉í❞❛ ♥❡st❛ ❞✐ss❡rt❛çã♦ ❡ ❛ q✉❡ ❢♦✐ ♣r♦♣♦st❛ ♣♦r ▼♦♦♥

❡ ❍♦❧♠❡s✳

✷✳✶ ▼❡s❛ ✐♥❡r❝✐❛❧

◆❡st❛ s❡çã♦ ♥♦s r❡str✐♥❣✐r❡♠♦s ❡♠ ❞❡s❝r❡✈❡r ❛ ♠❡s❛ ✐♥❡r❝✐❛❧ ♣r♦♣r✐❛♠❡♥t❡ ❞✐t❛✱ ♦✉ s❡❥❛✱

♥❛q✉✐❧♦ q✉❡ ❢♦✐ ❝♦♥str✉í❞♦ ❡ ❞❡s❡♥✈♦❧✈✐❞♦ ❞❡♥tr♦ ❞♦ ▲❛❜♦r❛tór✐♦ ❞❡ ❊❧❡tr♦♠❛❣♥❡t✐s♠♦ ❡

❋ís✐❝❛ ◆ã♦✲▲✐♥❡❛r ✭▲✳❊✳❆✳❋✳✮✱ ❧♦❝❛❧✐③❛❞♦ ♥♦ ❞❡♣❛rt❛♠❡♥t♦ ❞❡ ❋ís✐❝❛✱ ♥❛ ❯♥✐✈❡rs✐❞❛❞❡

❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡ ✭❯❋❈●✮✱ ❝❛♠♣✉s ❈❛♠♣✐♥❛ ●r❛♥❞❡✱ ♣❡❧♦ ❛✉t♦r ❞❡st❛ ❞✐ss❡r✲

t❛çã♦✱ s♦❜ ❛ s✉♣❡r✈✐sã♦ ❞♦ Pr♦❢✳ ❉r✳ ❆❞r✐❛♥♦ ❆❧❜✉q✉❡rq✉❡ ❇❛t✐st❛✳ ❯♠❛ ❢♦t♦ ❞❡❧❛ é

♠♦str❛❞❛ ♥❛ ✜❣✉r❛ ✷✳✶✳

❋✐❣✉r❛ ✷✳✶ ✕ ▼❡s❛ ✐♥❡r❝✐❛❧ ❝♦♥str✉í❞❛ ❛♦ ❧♦♥❣♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✳

❆ ♠❡s❛ ✐♥❡r❝✐❛❧ é ❝♦♠♣♦st❛ ♣♦r ❝✐♥❝♦ s✉❜s✐st❡♠❛s ❢✉♥❞❛♠❡♥t❛✐s✿ ❝♦♥❥✉♥t♦ ❞❡ í♠ãs
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q✉❡ ♣r♦✈♦❝❛♠ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡✱ s✉❜s✐st❡♠❛ ❞❡ ❞❡t❡❝çã♦ ❞❛s ✈✐❜r❛çõ❡s ✭s❡♥s♦r ó♣t✐❝♦✮ ❡

❡①❝✐t❛❞♦r ❞♦s r❡ss♦♥❛❞♦r❡s ✭❜♦❜✐♥❛✮✱ r❡ss♦♥❛❞♦r ♠❡❝â♥✐❝♦ ✭❤❛st❡✮ ❡ ❜❛s❡ ♣❛r❛ ❡♥❣❛st❡ ❞♦s

r❡ss♦♥❛❞♦r❡s✳ ▼♦str❛♠♦s ❡❧❡s ♥❛ ✜❣✉r❛ ✷✳✷✳

❋✐❣✉r❛ ✷✳✷ ✕ ◆❡st❛ ❢♦t♦ ♠♦str❛♠♦s ♦s ❝✐♥❝♦ ♣r✐♥❝✐♣❛✐s s✉❜s✐st❡♠❛s ❞❛ ✈❡rsã♦ ✜♥❛❧ ❞❛ ♠❡s❛
✐♥❡r❝✐❛❧ ❝♦♥str✉í❞❛✱ ♦♥❞❡✿ ✶ ✲ ✐♠ãs ❞❡ ♥❡♦❞í♠✐♦❀ ✷ ✲ ❞❡t❡❝t♦r ❞❛ ✈✐❜r❛çõ❡s❀
✸ ✲ s✉❜s✐st❡♠❛ ❞❡ ❡①❝✐t❛çã♦❀ ✹ ✲ r❡ss♦♥❛❞♦r ♠❡❝â♥✐❝♦ ✭❤❛st❡✮❀ ✺ ✲ ❜❛s❡ ❞❡
❡♥❣❛st❡ ❞♦s r❡ss♦♥❛❞♦r❡s✳ ◆❡ss❛ ✐♠❛❣❡♠ ♣❡r❝❡❜❡✲s❡ q✉❡ ❛ ❤❛st❡ ❡stá ❡♠ ✉♠
♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❡stá✈❡❧ ♠❛✐s ♣ró①✐♠♦ ❞❛ ❜♦❜✐♥❛✳

❖ s✉❜s✐st❡♠❛ ❡♥❣❛st❡ ❞♦ r❡ss♦♥❛❞♦r ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❡stá❣✐♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ xy

✭✷ ●❉▲✮ ❡ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✷✳✸✳ ◆❡❧❡ ❢♦r❛♠ ✜①❛❞❛s ❞✉❛s ♣❡ç❛s ❞❡ ❛ç♦ ✐♥♦①✱

❝❛♣❛③❡s ❞❡ ✜①❛r ❛ ❜❛s❡ ❞♦ r❡ss♦♥❛❞♦r ✜r♠❡♠❡♥t❡✱ s❡♠ q✉❡ ❤❛❥❛ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡❧❡ s❡

♠♦✈❡r ❞✉r❛♥t❡ ♦s ❡①♣❡r✐♠❡♥t♦s✳ ●r❛ç❛s ❛♦ ❛❥✉st❡ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ❡♠ ❞✉❛s ❞✐r❡çõ❡s✱

♣♦❞❡♠♦s ♣♦s✐❝✐♦♥❛r ❛ ❤❛st❡ ❞❡ ❢♦r♠❛ ❛❞❡q✉❛❞❛ ❡♠ r❡❧❛çã♦ ❛♦s ♦✉tr♦s s✉❜s✐st❡♠❛s✳ ❆❧é♠

❞✐ss♦✱ ❡st❛ ❜❛s❡ é ❞❡ ❧❛tã♦ ❡ ❡stá ❛❝♦♣❧❛❞❛ ♣♦r ♣❛r❛❢✉s♦s ❞✐r❡t❛♠❡♥t❡ ❛ ♠❡s❛ ❞❡ ❣r❛♥✐t♦

q✉❡ s✉st❡♥t❛ t♦❞❛ ❛ ❜❛♥❝❛❞❛✱ t♦r♥❛♥❞♦✲❛ ✐♠ó✈❡❧ ❡ r❡❞✉③✐♥❞♦ ❛s ♣❡r❞❛s ❡♥❡r❣ét✐❝❛s ♥♦

❞❡❝♦rr❡r ❞♦s ❡①♣❡r✐♠❡♥t♦s✳

❖ r❡ss♦♥❛❞♦r ♠❡❝â♥✐❝♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❤❛st❡ ❞❡❧❣❛❞❛ ❞❡ ❛ç♦ ✐♥♦①✐❞á✈❡❧ ❢❡rrít✐❝♦
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❋✐❣✉r❛ ✷✳✸ ✕ ❙✉♣♦rt❡ ❞❡ ❡♥❣❛st❡ ❞❛ ❤❛st❡ q✉❡ ♣♦ss✉✐ ✷ ●❉▲ ❝♦♠ ♠♦✈✐♠❡♥t♦ ♥❛s ❞✐r❡çõ❡s
❞♦s ❡✐①♦s x ❡ y✳

❝♦♠ ❞✐♠❡♥sõ❡s ❞❡ ✶✵✺✳✵✵×✽✳✺✵×✵✳✸✵ ♠♠ ❡ ♠❛ss❛ t♦t❛❧ ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✷✳✶ ❣✳ ❈♦♥✲

❢❡❝❝✐♦♥❛♠♦s ❡❧❡ ✉t✐❧✐③❛♥❞♦ ✉♠❛ ré❣✉❛ ❝♦♠♦ ❝❤❛♣❛✲❜❛s❡✳ ❊❢❡t✉❛♠♦s ♦ s❡✉ ❝♦rt❡ ❝♦♠ ✉♠

❡q✉✐♣❛♠❡♥t♦ ❞❡ ❡❧❡tr♦❡r♦sã♦ ♥❛s ❞✐♠❡♥sõ❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❡ ❧❛r❣✉r❛ ❡s♣❡❝✐✜❝❛❞❛s ❛❝✐♠❛✳

❊♠ s❡❣✉✐❞❛ r❡❞✉③✐♠♦s s✉❛ ❡s♣❡ss✉r❛ ✉t✐❧✐③❛♥❞♦ ✉♠❛ ♠áq✉✐♥❛ ❞❡ r❡tí✜❝❛✳ ◆❛ s❡q✉ê♥❝✐❛

❡♥❝❛✐①❛♠♦s ✉♠ í♠ã ❞❡ ♥❡♦❞í♠✐♦ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦✱ ℓm✱ ❞❡ ✾✳✼✺ ♠♠ ❡ ❞✐â♠❡tr♦✱ 2a✱ ❞❡

✹✳✾✵ ♠♠✱ ♥❡❧❛✳ P❛r❛ ✐ss♦ ❝♦♥str✉í♠♦s ✉♠❛ ❧✉✈❛ ❞❡ ♣♦❧✐❡t✐❧❡♥♦ q✉❡ ✐♥t❡r♠❡❞❡✐❛ ❡st❡ ❡♥❝❛✐①❡

✭í♠ã ❡ ❛ ❤❛st❡✮✳ P♦r ✜♠✱ ✜①❛♠♦s ❝♦♠ ❝♦❧❛ ❙✉♣❡r ❇♦♥❞❡r ▲♦❝t✐t❡✱ ❝♦♠♣♦st❛ q✉✐♠✐❝❛♠❡♥t❡

♣♦r ❊t✐❧❝✐❛♥♦❛❝r✐❧❛t♦✱ ❛ ❧✉✈❛ ♥❛ ❤❛st❡ ❡ ♦ í♠ã ♥❛ ❧✉✈❛✳ ▼♦str❛♠♦s ❡st❡ r❡ss♦♥❛❞♦r ♥❛ ✜✲

❣✉r❛ ✷✳✹❛✳ P❛r❛ ❡♥❣❛st❛r ❛ ❤❛st❡ ♥❛ ❜❛s❡ ❞❡ ❡♥❣❛st❡✱ ♣r♦❞✉③✐♠♦s ✉♠ ❝❛❧ç♦✳ ❇❛s✐❝❛♠❡♥t❡

sã♦ ❞✉❛s ♣❧❛❝❛s ❡♠ ❛ç♦ ✐♥♦①✐❞á✈❡❧ ❛♣❛r❛❢✉s❛❞❛s ♥❛s ❞✉❛s ❡①tr❡♠✐❞❛❞❡s ❝♦♠ ♣❛r❛❢✉s♦s ❡

♣♦r❝❛s✳ P♦s✐❝✐♦♥❛♠♦s ❛ ❤❛st❡ ❡♥tr❡ ❛s ❞✉❛s ♣❧❛❝❛s✱ ❡♥❝❛✐①❛♠♦s ♦s ♣❛r❛❢✉s♦s ❡ ♣♦r❝❛s ❡♠

s❡✉s ❞❡✈✐❞♦s ❧✉❣❛r❡s ❡ ❛♣❡rt❛♠♦s ❛s ♣♦r❝❛s ❛♦ ♠á①✐♠♦✳ ❈❛s♦ ♦s ❝❛❧ç♦s ❢♦ss❡♠ ❝♦♥❢❡❝❝✐✲

♦♥❛❞♦s ❡♠ ✉♠ ♠❛t❡r✐❛❧ ❞✐❢❡r❡♥t❡ ❞♦ ❞❛s ❤❛st❡s✱ ❤❛✈❡r✐❛♠ ♣❡r❞❛s ❡♥❡r❣ét✐❝❛s ❞✉r❛♥t❡ ❛s

♦s❝✐❧❛çõ❡s✱ ❧❡✈❛♥❞♦ ❛ r❡s✉❧t❛❞♦s ❞✐st♦r❝✐❞♦s ❡ ✐♠♣r❡❝✐s♦s✳ ◆❛ ✜❣✉r❛ ✷✳✹❜ r❡♣r❡s❡♥t❛♠♦s ❛

❤❛st❡ ❝♦♠ ♦ ❝❛❧ç♦✱ ♣r♦♥t❛ ♣❛r❛ s❡r ❡♥❣❛st❛❞❛ ♥❛ ❜❛s❡ ❞❡ ❡♥❣❛st❡✳ ❊st❛ ❤❛st❡ é ♦ ♦❜❥❡t♦

❡①♣❡r✐♠❡♥t❛❧ ❞❡st❛ ❞✐ss❡rt❛çã♦✳

❖ s✉❜s✐st❡♠❛ ❝♦♥❥✉♥t♦ ❞❡ í♠ãs é ❝♦♠♣♦st♦ ♣♦r ❞♦✐s í♠ãs ❞❡ ♥❡♦❞í♠✐♦s ✐❞ê♥t✐❝♦s✱ s❡♥❞♦

✉♠ ❞❡❧❡s ♦ í♠ã q✉❡ ❡stá ✜①❛❞♦ ♥❛ ❤❛st❡✳ ◆❛ ♠❡s❛ ✐♥❡r❝✐❛❧✱ ♦ s❡❣✉♥❞♦ í♠ã ❡stá ♣♦s✐❝✐♦♥❛❞♦

❧♦❣♦ ❛❝✐♠❛ ❞♦ í♠ã q✉❡ ❢♦✐ ✜①❛❞♦ ♥❛ ❤❛st❡✳ ❊❧❡ ❡stá ✜①♦ ❡♠ ✉♠ ❡✐①♦ r♦sq✉❡❛❞♦✱ ❝♦♠♦

♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✷✳✺✳ ❚❛♠❜é♠ ❛❝♦♣❧❛♠♦s ❛♦ ❡✐①♦ r♦sq✉❡❛❞♦ ✉♠ ❡stá❣✐♦ ❞❡ ❞❡s❧♦❝❛♠❡♥t♦
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❋✐❣✉r❛ ✷✳✹ ✕ ✭❛✮ ❍❛st❡ ❞❡❧❣❛❞❛ ❞❡ ❛ç♦ ✐♥♦①✐❞á✈❡❧ ❢❡rrít✐❝♦ ❝♦♠ ❞✐♠❡♥sõ❡s ❞❡
✶✵✺✳✵✵×✽✳✺✵×✵✳✸✵ ♠♠✱ ❡♥❝❛✐①❛❞❛ ❛♦ í♠ã ❞❡ ♥❡♦❞í♠✐♦✱ ✉t✐❧✐③❛♥❞♦ ❛ ❧✉✈❛
❞❡ ♣♦❧✐❡t✐❧❡♥♦ ♥❛ ✐♥t❡r♠❡❞✐❛çã♦ ❞❡st❡ ❡♥❝❛✐①❡ ✭❤❛st❡ ❡ í♠ã✮❀ ✭❜✮ s✉❜s✐st❡♠❛
r❡ss♦♥❛❞♦r✱ ❝♦♠♣♦st♦ ♣❡❧❛ ❤❛st❡ ❛❝♦♣❧❛❞❛ ♥♦ ❝❛❧ç♦s✳

❝❛♣❛③ ❞❡ s❡ ♠♦✈✐♠❡♥t❛r ❡♠ ✉♠❛ ❞✐r❡çã♦ ✭✶ ●❉▲✮✳ ❊❧❡ ♥ós ♣❡r♠✐t❡ ♠♦✈❡r ♦ í♠ã s✉♣❡r✐♦r

❝♦♠ ❜❛st❛♥t❡ ♣r❡❝✐sã♦ ♥❛ ❞✐r❡çã♦ ❞❡ z✳ ❉❡ss❛ ❢♦r♠❛ é ♣♦ssí✈❡❧ ❛✉♠❡♥t❛r ♦✉ r❡❞✉③✐r ❛

❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ❞♦✐s ✐♠ãs✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♣♦❧♦ s✉♣❡r✐♦r ❞♦ í♠ã ❛❝♦♣❧❛❞♦ à ❤❛st❡ ❡ ♦

❋✐❣✉r❛ ✷✳✺ ✕ ❙✉♣♦rt❡ ❞♦ í♠ãs ❛❝♦♣❧❛❞♦ ❛ ✉♠ ❡stá❣✐♦ ❧✐♥❡❛r ❞❡ ❞❡s❧♦❝❛♠❡♥t♦ q✉❡ ♣♦ss✉✐ ✶
●❉▲✱ t♦r♥❛♥❞♦ ♣♦ssí✈❡❧ ♦ ♠♦✈✐♠❡♥t♦ ❞♦ í♠ã s✉♣❡r✐♦r ♥❛ ❞✐r❡çã♦ ❞♦ ❡✐①♦ z✳

♣♦❧♦ ✐♥❢❡r✐♦r ❞♦ í♠ã ✜①❛❞♦ ❛♦ ❡✐①♦✳ P♦rt❛♥t♦✱ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❞✐stâ♥❝✐❛✱

d✱ ✉♠❛ ❢♦rç❛ ♠❛❣♥ét✐❝❛ ❞❡ r❡♣✉❧sã♦ ♣❛ss❛ ❛t✉❛r ♥♦ s✐st❡♠❛✳ ❈♦♠♦ ♦ í♠ã s✉♣❡r✐♦r ❡stá
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❜❡♠ ✜r♠❡✱ ❡❧❡ ♥ã♦ s♦❢r❡ ❞❡s❧♦❝❛♠❡♥t♦ ❡♠ ❞❡❝♦rrê♥❝✐❛ ❞❡st❛ ❢♦rç❛✳ ❏á ♦ í♠ã ✜①❛❞♦ ♥❛

❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡ ❞❛ ❤❛st❡✱ ♣♦❞❡ s♦❢r❡r ❞❡s❧♦❝❛♠❡♥t♦ ❡♠ ❞❡❝♦rrê♥❝✐❛ ❞❡st❛ ❢♦rç❛✳ ▲♦❣♦✱ ❛

♠❡❞✐❞❛ q✉❡ r❡❞✉③✐♠♦s ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s í♠ãs✱ ♦ ♠ó❞✉❧♦ ❞❛ ❢♦rç❛ ♠❛❣♥ét✐❝❛ ❞❡ r❡♣✉❧sã♦

❛✉♠❡♥t❛ ❣r❛❞❛t✐✈❛♠❡♥t❡✳ ❊♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❞✐stâ♥❝✐❛✱ d1✱ ❡❧❡ ❛t✐♥❣❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦

✈❛❧♦r q✉❡ r❡s✉❧t❛r ♥❛ ✢❛♠❜❛❣❡♠ ❞❛ ❤❛st❡✱ t♦r♥❛❞♦✲❛ ✐♥stá✈❡❧ ❡ ♥ã♦✲❧✐♥❡❛r✳ ❘❡♣r❡s❡♥t❛♠♦s

❡st❛ s✐t✉❛çã♦ ♥❛ ✜❣✉r❛ ✷✳✻✳ ❊st❡ s✉❜s✐st❡♠❛ é r❡s♣♦♥sá✈❡❧ ♣♦r ♣r♦✈♦❝❛r ❛ ♠❛✐♦r ♣❛rt❡ ❞❛

♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ❞♦ s✐st❡♠❛✳

N
S

S
N

d

✭❛✮

N
S

S
N

d1

✭❜✮

❋✐❣✉r❛ ✷✳✻ ✕ ❊sq✉❡♠❛ ❞❛ ♠♦♥t❛❣❡♠ ❞♦ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ ❞❡s❡♥✈♦❧✈✐❞♦ ♥❡st❛ ❞✐ss❡rt❛✲
çã♦ q✉❛♥❞♦ ❛ ❤❛st❡ ❡stá ✭❛✮ ❧✐♥❡❛r ❡ ✭❜✮ ❞❡✢❡t✐❞❛✱ ♦♥❞❡✱ d > d1✳

❆♣ós ✢❛♠❜❛❞❛✱ ❛ ❤❛st❡ ♣❛ss❛rá ❛ ♣♦ss✉✐r três ♣♦♥t♦s ❞❡ ❡q✉✐❧í❜r✐♦✳ ❉♦✐s ❞❡❧❡s sã♦ ❡stá✲

✈❡✐s✱ ♥❡ss❡ ❝❛s♦ ❛ ❤❛st❡ ❡st❛rá ♠❛✐s ❞✐st❛♥t❡ ♦✉ ♠❛✐s ♣ró①✐♠♦ ❞❛ ❜♦❜✐♥❛✱ ❡ ✉♠ ✐♥stá✈❡❧✱ q✉❡

❝♦rr❡s♣♦♥❞❡ à ❤❛st❡ s❡♠ ❞❡✢❡①ã♦✳ ❆s ✜❣✉r❛s ✷✳✼❛ ❡ ✷✳✼❜✱ r❡♣r❡s❡♥t❛♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

❛ ❤❛st❡ ❡♠ s❡✉ ♣♦ç♦ ❡stá✈❡❧ ♠❛✐s ❞✐st❛♥t❡ ❡ ♠❛✐s ♣ró①✐♠♦ ❞❛ ❜♦❜✐♥❛✳
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❋✐❣✉r❛ ✷✳✼ ✕ ❍❛st❡ ♥ã♦✲❧✐♥❡❛r ♥♦ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❡stá✈❡❧ ✭❛✮ ♠❛✐s ❞✐st❛♥t❡ ❞❛ ❜♦❜✐♥❛
❡ ✭❜✮ ♠❛✐s ♣ró①✐♠♦ ❞❛ ❜♦❜✐♥❛✳

❖ s♦❧❡♥♦✐❞❡ é ♦ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t❡ ❞♦ s✉❜s✐st❡♠❛ ❞❡ ❡①❝✐t❛çã♦✳ ❊❧❡ ❢♦✐ ❝♦♥❢❡❝❝✐♦✲

♥❛❞❛ ❡♠ ✜♦ ❞❡ ❝♦❜r❡ ❡s♠❛❧t❛❞♦ ❞❡ ✷✽ ❆❲● ❡ t❡♠ ✹✵✵ ✈♦❧t❛s ❡♥r♦❧❛❞♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡

❞✐str✐❜✉í❞❛s ❡♠ ❝❛♠❛❞❛s s♦❜r❡♣♦st❛s✳ ❖ s❡✉ ❞✐â♠❡tr♦ ❡①t❡r♥♦ ❡ ✐♥t❡r♥♦ sã♦ ✶✻✱✵✵ ♠♠

❡ ✽✱✵✵ ♠♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ s❡✉ ❝♦♠♣r✐♠❡♥t♦ t♦t❛❧ é ❞❡ ✶✹✱✺✵ ♠♠✳ ❊♠ s❡✉ ♥ú❝❧❡♦✱

❡①✐st❡♠ ❧â♠✐♥❛s ❞❡ ♠❛t❡r✐❛❧ ❢❡rr♦♠❛❣♥ét✐❝♦ ✭❛ç♦✮ q✉❡ ❡stã♦ ❡♠♣✐❧❤❛❞❛s ✉♠❛s ♥❛s ♦✉tr❛s

❡ ♣r♦❞✉③❡♠ ♦ ❢♦r♠❛t♦ ❞❡ ♣❛r❛❧❡❧❡♣í♣❡❞♦ ✉♥✐❢♦r♠❡✱ ❞❡ ❞✐♠❡♥sõ❡s ✶✷✱✺✵ ♠♠ × ✶✵✱✷✺ ♠♠

× ✹✷✱✵✵ ♠♠✳ ❯t✐❧✐③❛♠♦s ❧â♠✐♥❛s ♥❛ ❝♦♥❢❡❝çã♦ ❞❡ss❡ ♥ú❝❧❡♦✱ ♣♦✐s ❛ss✐♠ ♦s ❡❢❡✐t♦s ❞✐ss✐✲

♣❛t✐✈❛s ❞❛ ❝♦rr❡♥t❡ ❞❡ ❋♦✉❝❛✉❧t sã♦ r❡❞✉③✐❞♦s✱ ❡✈✐t❛♥❞♦ ♦ ❛✉♠❡♥t♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❞♦

♥ú❝❧❡♦ ❞❛ ❜♦❜✐♥❛ ❛♦ ❧♦♥❣♦ ❞♦s ❡①♣❡r✐♠❡♥t♦s✳ ◗✉❛♥❞♦ ❡♥❡r❣✐③❛♠♦s ❡st❡ s♦❧❡♥♦✐❞❡ ❝♦♠

✉♠❛ ❝♦rr❡♥t❡ ❡❧étr✐❝❛ ❛❧t❡r♥❛❞❛ ♥♦ t❡♠♣♦ ❞♦ t✐♣♦ s❡♥♦✐❞❛❧✱ ❡❧❡ ❣❡r❛ ✉♠ ❝❛♠♣♦ ♠❛❣♥é✲

t✐❝♦ ✈❛r✐á✈❡❧✳ ❈♦♠♦ ♦s r❡ss♦♥❛❞♦r❡s sã♦ ❢❡✐t♦s ❞❡ ♠❛t❡r✐❛❧ ❢❡rr♦♠❛❣♥ét✐❝♦✱ ❡st❡ ❝❛♠♣♦

♠❛❣♥ét✐❝♦ ✐♥t❡r❛❣❡ ❝♦♠ ♦ r❡ss♦♥❛❞♦r✱ ❡①❝✐t❛♥❞♦✲♦ ❡ ❢❛③❡♥❞♦ q✉❡ ❡❧❡ ♦s❝✐❧❡✳

P❛r❛ ❞❡t❡❝t❛r ❛s ♦s❝✐❧❛çõ❡s ❞♦s r❡ss♦♥❛❞♦r❡s ✉t✐❧✐③❛♠♦s ♦ s❡♥s♦r ó♣t✐❝♦ ❑❡②❡♥❝❡ ■▲✲

❙✵✷✺ ❝♦♠ ♦ ❛♠♣❧✐✜❝❛❞♦r ❑❡②❡♥❝❡ ■▲✲✶✵✵✵✳ ❊❧❡ é ❝❛♣❛③ ❞❡ ❝❛♣t✉r❛r ❛té 104 ❛♠♦str❛s ♣♦r

s❡❣✉♥❞♦✳ ❆❧é♠ ❞✐ss♦✱ ❡❧❡ ♠❡❞✐ ❞❡s❧♦❝❛♠❡♥t♦s ❝♦♠ ❛♠♣❧✐t✉❞❡ ❞❡ ❛té 5, 00 ♠♠✱ ❝♦♠ ✉♠❛
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♣r❡❝✐sã♦ ❞❡ ✶✵ µ♠✳ ▼♦str❛♠♦s ❡❧❡ ♥❛ ✜❣✉r❛ ✷✳✽✳ ◆❛ ♠❡s❛ ✐♥❡r❝✐❛❧ ❡❧❡ ❡stá ❛❝♦♣❧❛❞♦ ❛ ❞♦✐s

❋✐❣✉r❛ ✷✳✽ ✕ ❙❡♥s♦r ó♣t✐❝♦ ♠♦❞❡❧♦ ❑❡②❡♥❝❡ ■▲✲❙✵✷✺✱ ❡♠♣r❡❣❛❞♦ ♥❛ ❛q✉✐s✐çã♦ ❞❡ ❞❛❞♦s
❡①♣❡r✐♠❡♥t❛✐s✳

❡stá❣✐♦s ❞❡ ❞❡s❧♦❝❛♠❡♥t♦✱ ❝❛❞❛ ✉♠ ❝♦♠ ✶ ●❉▲✳ ❉❡ss❛ ❢♦r♠❛✱ s❡♥❞♦ ♥❡❝❡ssár✐♦✱ ♦ s❡♥s♦r

♣♦❞❡ s❡ ♠♦✈✐♠❡♥t❛r ♥❛ ❞✐r❡çã♦ ❞♦s ❡✐①♦s x ❡ z✳ ❘❡♣r❡s❡♥t❛♠♦s ❡ss❛ ♠♦♥t❛❣❡♠✱ s❡♥s♦r

❝♦♠ ❡stá❣✐♦s✱ ♥❛ ✜❣✉r❛ ✷✳✾✳

❋✐❣✉r❛ ✷✳✾ ✕ ❉♦✐s ❡stá❣✐♦s ❞❡ ❞❡s❧♦❝❛♠❡♥t♦✱ ❝❛❞❛ ✉♠ ❝♦♠ ✶ ●❉▲✱ ❛❝♦♣❧❛❞♦s ❛♦ s❡♥s♦r
ó♣t✐❝♦✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ ♦ ♠♦✈✐♠❡♥t♦ ❞♦ s❡♥s♦r ♥❛s ❞✐r❡çõ❡s ❞♦s ❡✐①♦s x ❡ z✳

❱❛❧❡ r❡ss❛❧t❛r q✉❡ t♦❞♦s ♦s s✉❜s✐st❡♠❛s ❛♣r❡s❡♥t❛❞♦s ♥❡st❛ s❡çã♦ ❡stã♦ s♦❜r❡ ✉♠❛ ♠❡s❛

❞❡ ❣r❛♥✐t♦✳ ❈♦♠♦ ❛♣r❡s❡♥t❛♠♦s✱ ❛❧❣✉♥s ❡stã♦ ✜①♦s ❞✐r❡t❛♠❡♥t❡ ♥❡❧❛ ❡ ♦✉tr♦s ✜①❛❞♦s ❡♠
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❡str✉t✉r❛s q✉❡ ❡stã♦ ✜①♦s ♥❡st❛ ♠❡s❛✳ ❆❧é♠ ❞✐ss♦✱ ✉t✐❧✐③❛♠♦s ✉♠❛ ❡s♣✉♠❛ ❞❡ ♣♦❧✐❡t✐✲

❧❡♥♦ ❡s♣❡ss❛ ❛❜❛✐①♦ ❞❛ ♠❡s❛ ❞❡ ❣r❛♥✐t♦ ♣❛r❛ ❛t❡♥✉❛r ❛s ♣❡rt✉r❜❛çõ❡s ♠❡❝â♥✐❝❛s ❡①t❡r♥❛s

❞✉r❛♥t❡ ♦s ❡①♣❡r✐♠❡♥t♦s✳

✷✳✷ ❆♣❛r❛t♦ ❡①♣❡r✐♠❡♥t❛❧ ❡❧❡tr♦✲❡❧❡trô♥✐❝♦

❇❛s✐❝❛♠❡♥t❡ ❡①✐st❡♠ três ❛♣❛r❛t♦s ❡❧❡tr♦✲❡❧❡trô♥✐❝♦s q✉❡ sã♦ ✐♥❞✐s♣❡♥sá✈❡✐s ♣❛r❛ r❡✲

❛❧✐③❛çã♦ ❞♦s ❡①♣❡r✐♠❡♥t♦s✳ ❆ ❢♦♥t❡ ❞❡ ❛❧✐♠❡♥t❛çã♦ ❞♦ s❡♥s♦r✱ ♦ ❣❡r❛❞♦r ❞❡ ❢✉♥çõ❡s ❡

♦s❝✐❧♦s❝ó♣✐♦✳

❖ s❡♥s♦r ó♣t✐❝♦ ✉t✐❧✐③❛❞♦ ♥❛ ❞❡t❡❝çã♦ ❞❛s ♦s❝✐❧❛çõ❡s ❞♦s r❡ss♦♥❛❞♦r❡s é ✉♠ ❡q✉✐♣❛✲

♠❡♥t♦ ♠✉✐t♦ ❝❛r♦ ❡ ❢✉♥❝✐♦♥❛ ❛ ✉♠❛ t❡♥sã♦ ❞❡ ✶✷❱✳ P❡♥s❛♥❞♦ ♥✐ss♦✱ ❞❡❞✐❝❛♠♦s ✉♠❛ ❢♦♥t❡

❞❡ ❛❧✐♠❡♥t❛çã♦ ❛ ❡❧❡ ♣❛r❛ ❞❡ ❡✈✐t❛r ❞❛♥♦s ❛♦ ❡q✉✐♣❛♠❡♥t♦✳ ❆ ✜❣✉r❛ ✷✳✶✵❛ r❡♣r❡s❡♥t❛ ❡ss❛

❢♦♥t❡✳

❈♦♠♦ ❢♦✐ ❞✐t♦ ❛❝✐♠❛✱ ❛ ❜♦❜✐♥❛ ❣❡r❛ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ✈❛r✐á✈❡❧ ♥♦ t❡♠♣♦ q✉❛♥❞♦

❛❧✐♠❡♥t❛❞❛ ♣♦r ✉♠❛ ❝♦rr❡♥t❡ ❡❧étr✐❝❛ ❛❧t❡r♥❛❞❛✳ ❉❡ss❛ ❢♦r♠❛✱ ✉t✐❧✐③❛♠♦s ♦ ❣❡r❛❞♦r ❞❡

❢✉♥çõ❡s ♠♦❞❡❧♦ ❆❣✐❧❡♥t ✸✸✺✵✵❇ ♣❛r❛ ❛❧✐♠❡♥t❛✲❧❛✳ ❊❧❡ ♣♦❞❡ ❣❡r❛r s✐♥❛✐s s❡♥♦✐❞❛✐s✱ q✉❛✲

❞r❛❞♦s ❡ tr✐❛♥❣✉❧❛r❡s✳ ❆t✐♥❣❡ ✉♠❛ ❛♠♣❧✐t✉❞❡ ❞❡ ❛té ✶✵✱✵ ❱♣♣✳ ❘❡♣r❡s❡♥t❛♠♦s ♦ ❣❡r❛❞♦r

❞❡ ❢✉♥çõ❡s ♥❛ ✜❣✉r❛ ✷✳✶✵❜✳

❖ s❡♥s♦r ó♣t✐❝♦ ❛♣❡♥❛s ❞❡t❡❝t❛ ❡ ❝❛♣t✉r❛ ♦s ❞❛❞♦s ❞❛s ♦s❝✐❧❛çõ❡s ❡♠ ✉♠ ♣♦♥t♦ ❞❛ ❤❛st❡✳

❆ ♠❡❞✐❞❛ q✉❡ ❡ss❛s ✐♥❢♦r♠❛çõ❡s sã♦ ❝❛♣t✉r❛❞❛s ♣❡❧♦ s❡♥s♦r✱ ❡❧❛s ✈ã♦ s❡♥❞♦ ❡♥✈✐❛❞❛s✱ ❡♠

❢♦r♠❛ ❞❡ s✐♥❛❧✱ ❛ ✉♠ ♦s❝✐❧♦s❝ó♣✐♦ q✉❡ ❛r♠❛③❡♥❛✱ ❧ê ❡ tr❛❞✉③ ❡♠ ❣rá✜❝♦s ❡ss❡s ❞❛❞♦s✳ ◆❛

❡①❡❝✉çã♦ ❞♦s ❡①♣❡r✐♠❡♥t♦s ✉t✐❧✐③❛♠♦s ♦ ♦s❝✐❧♦s❝ó♣✐♦ ♠♦❞❡❧♦ ❆❣✐❧❡♥t ❉❙❖✼✶✵✹❇ ♣❛r❛ ❡ss❡s

✜♥s✳ ❊❧❡ é ❝❛♣❛③ ❞❡ ❛r♠❛③❡♥❛r ❛té ✺✵✵ s❡❣✉♥❞♦s ❞❡ ❞❛❞♦s ❝♦♠ ✉♠❛ t❛①❛ ❞❡ ❛♠♦str❛❣❡♠

❞❡ ❛té ✹ ●❙❛✴s✳ ▼♦str❛♠♦s ❡❧❡ ♥❛ ✜❣✉r❛ ✷✳✶✵❝✳

❘❡♣r❡s❡♥t❛♠♦s ♥❛ ✜❣✉r❛ ✷✳✶✶ t♦❞♦ ♦ ❛♣❛r❛t♦ ✉t✐❧✐③❛❞♦ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❡ ♦ ❝❛♠✐♥❤♦

q✉❡ ♦s ❞❛❞♦s ♣❡r❝♦rr❡♠✳ ❚r❛t❛✲s❡ ❞❡ ✉♠ ❞❡s❡♥❤♦ ❡sq✉❡♠át✐❝♦ ❞♦ ❡stá❣✐♦ ✜♥❛❧ ❞❡ ♥♦ss❛

❜❛♥❝❛❞❛ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❛✈❛❧✐❛r ♦s ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ q✉❛♥❞♦ ❡❧❛ ❡♥❝♦♥tr❛✲s❡ ❧✐♥❡❛r ❡ ♥ã♦✲

❧✐♥❡❛r✳ ❈♦♠ ❡ss❛ ♠♦♥t❛❣❡♠ ❢♦✐ ♣♦ssí✈❡❧ r❡❛❧✐③❛r t♦❞♦s ♦s ❡①♣❡r✐♠❡♥t♦s✳ ❊♠ ❛❧❣✉♥s ❡♥s❛✐♦s

✉t✐❧✐③❛r❡♠♦s ✉♠❛ ♣❛rt❡ ❞♦s ❛♣❛r❛t♦s ❡ ❡♠ ♦✉tr♦s t♦❞♦s✱ ❝♦♠♦ ✈❡r❡♠♦s ♥♦s ♣ró①✐♠♦s



✶✻ ❈❆P❮❚❯▲❖ ✷✳ ❆P❆❘❆❚❖ ❊❳P❊❘■▼❊◆❚❆▲

✭❛✮

✭❜✮ ✭❝✮

❋✐❣✉r❛ ✷✳✶✵ ✕ ✭❛✮ ❋♦♥t❡ ❞❡ ❛❧✐♠❡♥t❛çã♦ ❞❡❞✐❝❛❞❛ ❛♦ s❡♥s♦r❀ ✭❜✮ ❣❡r❛❞♦r ❞❡ ❢✉♥çõ❡s ♠♦✲
❞❡❧♦ ❆❣✐❧❡♥t ✸✸✺✵✵❇✱ ❞❡❞✐❝❛❞♦ ❛ ❛❧✐♠❡♥t❛çã♦ ❞♦ s♦❧❡♥♦✐❞❡ ❞✉r❛♥t❡ ❛s ❛♥á✲
❧✐s❡s ❡①♣❡r✐♠❡♥t❛✐s r❡❛❧✐③❛❞❛s ♥❛ ❜❛♥❝❛❞❛❀ ✭❝✮ ♦s❝✐❧♦s❝ó♣✐♦ ♠♦❞❡❧♦ ❆❣✐❧❡♥t
❉❙❖✼✶✵✹❇✱ ❡♠♣r❡❣❛❞♦ ♥❛ ❛q✉✐s✐çã♦ ❞❡ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✳

❝❛♣ít✉❧♦s✳

✷✳✸ ❈♦♠♣❛r❛çã♦ ❝♦♠ ♠❡s❛ ✐♥❡r❝✐❛❧ ♣r♦♣♦st❛ ♣❡❧♦ ▼♦♦♥ ❡ ❍♦❧♠❡s

❊①✐st❡♠ ❛❧❣✉♠❛s s❡♠❡❧❤❛♥ç❛s ❞❛ ❜❛♥❝❛❞❛ q✉❡ ❢♦✐ ❝♦♥str✉í❞❛ ♣❛r❛ ❡st❛ ❞✐ss❡rt❛çã♦

❡ ❝♦♠ ❛ q✉❡ ❢♦✐ ♣r♦♣♦st❛ ♣♦r ▼♦♦♥ ❡ ❍♦❧♠❡s✳ ❆ss✐♠ ❝♦♠♦ ♥❛ ♠❡s❛ ✐♥❡r❝✐❛❧ ♣r♦♣♦st❛

♣♦r ▼♦♦♥ ❡ ❍♦❧♠❡s✱ ❛ ❞❡st❛ ❞✐ss❡rt❛çã♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ s✉❜♠❡t❡r ❤❛st❡s ❡♥❣❛st❛❞❛s

♥ã♦✲❧✐♥❡❛r❡s ❛ ♦s❝✐❧❛çõ❡s ❡ ♠♦❞❡❧❛r ❡st❛ ❞✐♥â♠✐❝❛ ✈✐❜r❛❝✐♦♥❛❧ ❜❛s❡❛❞❛ ♥♦ ♦s❝✐❧❛❞♦r ❞❡

❉✉✣♥❣✳

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ❤á s❡♠❡❧❤❛♥ç❛s✱ t❛♠❜é♠ ❡①✐st❡♠ ❞✐❢❡r❡♥ç❛s ❡♥tr❡ ❛ ❜❛♥❝❛❞❛

♣r♦❞✉③✐❞❛ ♣❛r❛ ❡st❛ ❞✐ss❡rt❛çã♦ ❡ ❛ q✉❡ ❢♦✐ ♣r♦♣♦st❛ ♣♦r ▼♦♦♥ ❡ ❍♦❧♠❡s✳ ❙ã♦ ❡❧❛s✿

✶✳ Pr♦❞✉çã♦ ❞❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡✿ ◆♦ ❡①♣❡r✐♠❡♥t♦ ❞❡ ▼♦♦♥ ❡ ❍♦❧♠❡s✱ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡

❞♦ s✐st❡♠❛ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❛tr❛çã♦ ♠❛❣♥ét✐❝❛ ❡♥tr❡ ❛ ❤❛st❡ ❡ ♦s í♠ãs✳ ❏á ♥❛
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d

ℓ0

Osciloscópio

Gerador de funções

❋✐❣✉r❛ ✷✳✶✶ ✕ ❉✐❛❣r❛♠❛ ❞❛ ♠♦♥t❛❣❡♠ ❡①♣❡r✐♠❡♥t❛❧ ❞❛ ❜❛♥❝❛❞❛ ✐♥❡r❝✐❛❧ ✉t✐❧✐③❛❞❛ ♥❡st❛
❞✐ss❡rt❛çã♦✱ ♦♥❞❡ d é ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s í♠ãs ❡ ℓ0 é ♦ ❝♦♠♣r✐♠❡♥t♦ ❧✐✈r❡ ❞❛
❤❛st❡✳ ❆❧é♠ ❞✐ss♦✱ ❛s ❧✐♥❤❛s ❛③✉✐s r❡♣r❡s❡♥t❛♠ ♦ ❝❛♠✐♥❤♦ q✉❡ ❛ ✐♥❢♦r♠❛çã♦
♣❡r❝♦rr❡ ❞✉r❛♥t❡ ♦s ❡①♣❡r✐♠❡♥t♦s✳

❜❛♥❝❛❞❛ ♣r♦♣♦st❛ ♥❡st❛ ❞✐ss❡rt❛çã♦✱ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ t❛♠❜é♠ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛

❛çã♦ ♠❛❣♥ét✐❝❛✱ ♠❛s ♥❡ss❡ ❝❛s♦✱ ❛ ❛çã♦ ♠❛❣♥ét✐❝❛ é ❞♦ t✐♣♦ r❡♣✉❧s✐✈❛ ❡♥tr❡ ♦s ♣♦❧♦s

❞❡ ❞♦✐s í♠ãs✳

• ●❡r❛r ❞♦✐s ♣♦ç♦s ❡stá✈❡✐s ♥♦ s✐st❡♠❛ ❛tr❛✈és ❞❛ ❛tr❛çã♦ ♠❛❣♥ét✐❝❛ ❡♥tr❡ r❡ss♦✲

♥❛❞♦r ❡ í♠ãs✱ ❡①✐❣✐r✐❛ í♠ãs ✈♦❧✉♠♦s♦s ❡ ❝♦♠ ❡❧❡✈❛❞❛ ♠❛❣♥❡t✐③❛çã♦✳ ❚❛♠❜é♠

t❡rí❛♠♦s ♠✉✐t❛s ❞✐✜❝✉❧❞❛❞❡s ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦ ❛❧✐♥❤❛♠❡♥t♦✴❝❛❧✐❜r❛çã♦

❞♦s r❡ss♦♥❛❞♦r❡s ❡♠ r❡❧❛çã♦ ❛ ❡st❡s í♠ãs✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♣ró♣r✐❛ ❝♦♥str✉çã♦

❞❛ ❜❛♥❝❛❞❛ ❡①♣❡r✐♠❡♥t❛❧ s❡r✐❛ ✉♠ ❣r❛♥❞❡ ❞❡s❛✜♦✳ ❊ss❡s ♣r♦❜❧❡♠❛s ❢♦r❛♠ t♦✲

t❛❧♠❡♥t❡ s❛♥❛❞♦s ♦✉ ❛♦ ♠❡♥♦s t✐✈❡r❛♠ s❡✉s ❡❢❡✐t♦s ♠✐♥✐♠✐③❛❞♦s✱ ❛❞♦t❛♥❞♦ ♦

♠♦❞❡❧♦ ♣r♦♣♦st❛ ♥❡st❛ ❞✐ss❡rt❛çã♦✱ ❡♠ q✉❡ ❣r❛♥❞❡ ♣❛rt❡ ❞❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ❞♦



✶✽ ❈❆P❮❚❯▲❖ ✷✳ ❆P❆❘❆❚❖ ❊❳P❊❘■▼❊◆❚❆▲

s✐st❡♠❛ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❢♦rç❛ ❞❡ r❡♣✉❧sã♦ ♠❛❣♥ét✐❝❛✳

✷✳ ❊①❝✐t❛çã♦ ❞❛ ❤❛st❡✿ ◆❛ ❜❛♥❝❛❞❛ ❞♦ ▼♦♦♥ ❡ ❍♦❧♠❡s✱ ❛ ❤❛st❡ ✈✐❜r❛ ❡♠ ❝♦♥s❡q✉ê♥❝✐❛

❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ✉♠❛ ❢♦rç❛ ♣❡r✐ó❞✐❝❛ ❡♠ t♦❞❛ ❜❛♥❝❛❞❛ ❡①♣❡r✐♠❡♥t❛❧✱ r❡s✉❧t❛♥❞♦ ♥♦

♠♦✈✐♠❡♥t♦ ❞❛ ♠❡s❛ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞❛ ❤❛st❡✳ ❏á ♥❛ ❜❛♥❝❛❞❛ ❞❡st❛ ❞✐ss❡rt❛çã♦✱

❛s ♦s❝✐❧❛çõ❡s ❞❡❝♦rr❡♠ ❞❛ ❢♦rç❛ ♠❛❣♥ét✐❝❛ s❡♥♦✐❞❛❧ q✉❡ ♦ s♦❧❡♥♦✐❞❡ ❡①❡r❝❡ s♦❜r❡ ❛

❤❛st❡✳

• Pr♦✈♦❝❛r ♠♦✈✐♠❡♥t♦ ❡♠ t♦❞❛ à ❜❛♥❝❛❞❛ ❡①♣❡r✐♠❡♥t❛❧✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❡①❝✐t❛r

❛♣❡♥❛s ❛ ❤❛st❡✱ ❣❡r❛ ❞✐✜❝✉❧❞❛❞❡s ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛

q✉❡ ❛ ❤❛st❡ r❡❛❧♠❡♥t❡ r❡❝❡❜❡✉✳ ❊ss❛ ❞✐✜❝✉❧❞❛❞❡ ❞❡ ♠❡♥s✉r❛çã♦✱ é ❝♦♥s❡q✉ê♥✲

❝✐❛ ❞❛s ♣❡r❞❛s ❡♥❡r❣ét✐❝❛s ♣❛r❛ ♦s ❞❡♠❛✐s ❝♦♠♣♦♥❡♥t❡s ❞❛ ❜❛♥❝❛❞❛✱ ❝❛✉s❛❞♦

♣❡❧♦s ❡❢❡✐t♦s ✐♥❡r❝✐❛✐s ❡ ✈✐s❝♦s♦s✳ ❈♦♥t✉❞♦✱ ❡ss❛ s✐t✉❛çã♦ ♣♦❞❡ s❡r s✐♠♣❧✐✜❝❛❞❛

✉t✐❧✐③❛♥❞♦ ✉♠❛ ❜♦❜✐♥❛ ❡♥❡r❣✐③❛❞❛ ♣♦r ✉♠ ❣❡r❛❞♦r ❞❡ ❢✉♥çõ❡s✳ ❈♦♠♦ ❛ ❤❛st❡ é

❝♦♠♣♦st❛ ♣♦r ❛ç♦ ❢❡rrít✐❝♦✱ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❣❡r❛❞♦ ♣❡❧❛ ❜♦❜✐♥❛ é ❝❛♣❛③ ❞❡

❢❛③ê✲❧❛ ♦s❝✐❧❛r✳

❆ ❜❛♥❝❛❞❛ ❞❡st❛ ❞✐ss❡rt❛çã♦ ❢♦✐ ❝♦♥str✉í❞❛ ❛ ✉♠ ❝✉st♦ ♠✉✐t♦ ❜❛✐①♦ ❡ ♦ r❡ss♦♥❛❞♦r q✉❡

❢♦✐ ❡♥s❛✐❛❞♦ ♥❡❧❛✱ ♣r♦♣♦r❝✐♦♥♦✉ r❡s✉❧t❛❞♦s ❝♦♠♣❛tí✈❡✐s ❝♦♠ ❛s t❡♦r✐❛s q✉❡ s❡rã♦ ❛❜♦r❞❛❞♦s

♥♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✳



Capı́tulo 3

❆♥á❧✐s❡ ❊stát✐❝❛

◆❡ss❡ ❝❛♣ít✉❧♦ ❡st✉❞❛♠♦s ❛ t❡♦r✐❛ ❞❛ ❡❧❛st✐❝✐❞❛❞❡ ❡stát✐❝❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❉✳ ❇❡r✲

♥♦✉❧❧✐ ❡ ▲✳ ❊✉❧❡r✳ ❉❡s❡♥✈♦❧✈❡♠♦s ❛s ❡q✉❛çõ❡s ❣❡r❛✐s ♣❛r❛ ♦ ❡q✉✐❧í❜r✐♦ ❡stát✐❝♦ ❞❡ ❤❛st❡s

❞❡❧❣❛❞❛s s♦❜ ❛ ❛çã♦ ❞❡ t❡♥sõ❡s ❡ t♦rq✉❡s ❡①t❡r♥♦s✳ ❊♠ s❡❣✉✐❞❛✱ ✉t✐❧✐③❛♥❞♦ ❡ss❛s ❡q✉❛✲

çõ❡s✱ ❡st✉❞❛♠♦s ❛ ♣❡r❞❛ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ♠❡❝â♥✐❝❛ ❞❡ ✉♠❛ ❤❛st❡ ❡♥❣❛st❛❞❛ s✉❥❡✐t❛ ❛ ✉♠❛

❢♦rç❛ ❝♦♠♣r❡ss✐✈❛ ♣✉r❛♠❡♥t❡ ❛①✐❛❧✳ ❊♠ ❛❞✐çã♦ ❛♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞❡ ✈✐❣❛s ❞❡

❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ❛q✉✐ ❛♣r❡s❡♥t❛❞♦✱ ❝❛❧❝✉❧❛♠♦s t❛♠❜é♠ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❣❡r❛❞♦ ♣♦r ✉♠

❝✐❧í♥❞r✐❝♦ ❝♦♠ ♠❛❣♥❡t✐③❛çã♦ ✉♥✐❢♦r♠❡ ❡ ❛①✐❛❧♠❡♥t❡ ♦r✐❡♥t❛❞♦✳ ❉❡♣♦✐s ❞✐ss♦✱ ❝❛❧❝✉❧❛♠♦s

❛ ❢♦rç❛ ❞❡ r❡♣✉❧sã♦ ♠❛❣♥ét✐❝❛ ❡①✐st❡♥t❡ ❡♥tr❡ ❞♦✐s í♠ãs ♣❡r♠❛♥❡♥t❡s q✉❡ ❡stã♦ ♣ró①✐♠♦s

✉♠ ❞♦ ♦✉tr♦✳

◆♦ ❝❛s♦ ❛q✉✐ ✐♥✈❡st✐❣❛❞♦✱ ❛s ❢♦rç❛s ❡stát✐❝❛s ❡①t❡r♥❛s ❛t✉❛♥❞♦ s♦❜r❡ ❛ ❤❛st❡ sã♦ ❞❡

♦r✐❣❡♠ ♠❛❣♥ét✐❝❛✳ ■ss♦ ♣♦rq✉❡ ✜①❛♠♦s ♥❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡ ❞❛ ❤❛st❡ ✉♠ í♠ã ❝✐❧í♥❞r✐❝♦

❝♦♠ ♠❛❣♥❡t✐③❛çã♦ ✉♥✐❢♦r♠❡ ❡ ❛①✐❛❧♠❡♥t❡ ♦r✐❡♥t❛❞❛✳ ▲♦❣♦ ❛❝✐♠❛ ❞❛ ❤❛st❡ ♣♦s✐❝✐♦♥❛♠♦s

✉♠ í♠ã ❡①t❡r♥♦ ✜①♦ q✉❡ ❝♦♠♣r✐♠❡ ❛ ❤❛st❡✳ ◗✉❛♥❞♦ ❡ss❡ í♠ãs ♦♣♦st❛♠❡♥t❡ ♦r✐❡♥t❛❞♦s s❡

❛♣r♦①✐♠❛♠✱ ❛ ❢♦rç❛ ❞❡ ❝♦♠♣r❡ssã♦ ❛✉♠❡♥t❛ ❛té ❝❤❡❣❛r ❛♦ ♣♦♥t♦ ❡♠ q✉❡ ❛ ❤❛st❡ ✢❛♠❜❛✳

◆❛ s❡çã♦ ✸✳✶ ❞❡s❡♥✈♦❧✈❡♠♦s ❛ ❡q✉❛çã♦ ♣r♦♣♦st❛ ♣♦r ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ♣❛r❛ ✈✐❣❛s ❡stá✲

t✐❝❛s ❡♥❣❛st❛❞❛s✱ ❞❡✜♥✐r❡♠♦s ❛ s✉❛ r❡s♣♦st❛ ❡ ❛ ❢♦rç❛ ❝rít✐❝❛ ❞❡ ❞❡✢❡①ã♦ ✭❝❛r❣❛ ❝rít✐❝❛ ❞❡

✢❛♠❜❛❣❡♠✮✳ ❏á ♥❛ s❡çã♦ ✸✳✷ ❛♣r❡s❡♥t❛♠♦s ❢♦r♠✉❧❛çõ❡s ♠❛t❡♠át✐❝❛s ❝❛♣❛③❡s ❞❡ ♠❡♥s✉✲

r❛r ♦ ❝❛♠♣♦ ❡ ❛ ❢♦rç❛ ♠❛❣♥ét✐❝❛s ❣❡r❛❞❛ ♣♦r í♠ãs ♣❡r♠❛♥❡♥t❡s✳ P♦r ✜♠✱ ♥❛ s❡çã♦ ✸✳✸

❡①♣❧✐❝❛♠♦s ♦s ❡①♣❡r✐♠❡♥t♦s ❡stát✐❝♦s q✉❡ ❢♦r❛♠ r❡❛❧✐③❛❞♦s ❡ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s

♦❜t✐❞♦s ❡ ♦s ❞✐s❝✉t✐♠♦s✳



✷✵ ❈❆P❮❚❯▲❖ ✸✳ ❆◆➪▲■❙❊ ❊❙❚➪❚■❈❆

✸✳✶ ▼♦❞❡❧♦ ❡stát✐❝♦ ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ♣❛r❛ ✈✐❣❛s

❆ t❡♦r✐❛ ❞❛ ✈✐❣❛ ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦ t❛♥t♦ ❡♠ ♣r♦❜❧❡♠❛s ❡stát✐❝♦s✱

❝♦♠♦ t❛♠❜é♠ ❞✐♥â♠✐❝♦s✳ ❆♣❡s❛r ❞❡ ♣rát✐❝♦ ❡ ❞♦s r❡s✉❧t❛❞♦s s❛t✐s❢❛tór✐♦s✱ ♠✉✐t❛s s✐♠✲

♣❧✐✜❝❛çõ❡s ❡ ❤✐♣ót❡s❡s ❞❡✈❡♠ s❡r ❛❞♦t❛❞❛s✳ ❆❧é♠ ❞✐ss♦✱ ❛s ❝♦♥❞✐çõ❡s ❝♦rr❡t❛s ❞❡✈❡♠ s❡r

❡♠♣r❡❣❛❞❛s✱ ❝❛s♦ ❝♦♥trár✐♦ ♦s r❡s✉❧t❛❞♦s ♥ã♦ ❡st❛rã♦ ❝♦♥❞✐③❡♥t❡s ❝♦♠ ❛ r❡❛❧✐❞❛❞❡✳ ❉❡

❛❝♦r❞♦ ❝♦♠ ❍❛♥ ❡ ●✐❛r❡t❛ ❬✶✽✱ ✶✾❪✱ ♣❛r❛ ❡♠♣r❡❣♦ ❞❡ss❡ ♠♦❞❡❧♦ ❞❡✈❡♠♦s ❛❞♦t❛r q✉❡✱

✶✳ ❡①✐st❡ ✉♠ ❡✐①♦ ♥❛ ✈✐❣❛ q✉❡ ♥✉♥❝❛ ❡st❛rá s✉❜♠❡t✐❞♦ ❛ tr❛çã♦ ❡ ❝♦♠♣r❡ssã♦✱ ❝♦♥❤❡❝✐❞♦

❝♦♠♦ ♦ ❡✐①♦ ♥❡✉tr♦❀

✷✳ ♥ã♦ ❤á ❝✐s❛❧❤❛♠❡♥t♦ q✉❛♥❞♦ ❛ ✈✐❣❛ é ✢❡①✐♦♥❛❞❛❀

✸✳ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ P♦✐ss♦♥ ❞❡✈❡ s❡r ❞❡s❝♦♥s✐❞❡r❛❞♦❀

✹✳ ♦ ♠❛t❡r✐❛❧ q✉❡ ❝♦♠♣õ❡ ❛ ✈✐❣❛ ❞❡✈❡ ♦❜❡❞❡❝❡r ❛ ❧❡✐ ❞❡ ❍♦♦❦❡❀

✺✳ ❛ ✈✐❣❛ ❞❡✈❡ t❡r ❞❡♥s✐❞❛❞❡ ❝♦♥st❛♥t❡ ❛♦ ❧♦♥❣♦ ❞❡ t♦❞♦ ♦ s❡✉ ❝♦♠♣r✐♠❡♥t♦✳

❆ ✜❣✉r❛ ✸✳✶❛ r❡tr❛t❛ ✉♠❛ ✈✐❣❛ ❡stá✈❡❧✱ ❧✐♥❡❛r ❡ s❡♠ ❛çã♦ ❞❡ ❢♦rç❛s ❡①t❡r♥❛s✳ ❏á ❛ ✜❣✉r❛

✸✳✶❜✱ tr❛t❛✲s❡ ❞❛ ♠❡s♠❛ ✈✐❣❛ r❡♣r❡s❡♥t❛❞❛ ♥❛ ✸✳✶❛✱ ♠❛s s♦❜ ❛çã♦ ❞❡ ✉♠❛ ❢♦rç❛ ❧♦❝❛❧✐③❛❞❛✱

~Fm✱ ♥❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡✳ ❉❡✈✐❞♦ ❛ ❡ss❛ ❢♦rç❛✱ ❛ ✈✐❣❛ ❡stá ❞❡✢❡t✐❞❛ ❡❧❛st✐❝❛♠❡♥t❡✳

❘❡t✐r❛♥❞♦ ✉♠ ❡❧❡♠❡♥t♦ ✐♥✜♥✐t❡s✐♠❛❧ q✉❛❧q✉❡r ❞❛ ✈✐❣❛ ❞❡✢❡t✐❞❛ ♠♦str❛❞❛ ♥❛ ✜❣✉r❛

✸✳✶❜✱ ♦❜t❡♠♦s ❛ ✜❣✉r❛ ✸✳✷✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❡ss❡ ♠♦❞❡❧♦✱ ❞✉r❛♥t❡ ❛ ❞❡✢❡①ã♦ ♦ ❝✐s❛❧❤❛♠❡♥t♦

❡ ❝♦❡✜❝✐❡♥t❡ ❞❡ P♦ss✐♦♥ sã♦ ❞❡s❝♦♥s✐❞❡r❛❞♦s✱ ♣♦✐s ❝❛s♦ ♥ã♦ ♦ ❢♦ss❡♠✱ ❛ ár❡❛ ❞❛ s❡❝çã♦

tr❛♥s✈❡rs❛❧ ❞♦ ❡❧❡♠❡♥t♦ ✐♥✜♥✐t❡s✐♠❛❧ ♥ã♦ s❡r✐❛ ❝♦♥st❛♥t❡ ❡♠ t♦❞♦ ♦ s❡✉ ❝♦♠♣r✐♠❡♥t♦✱ ℓ0✳

❙❡♥❞♦ ❛ss✐♠✱ ❛ ❡s♣❡ss✉r❛ ❞❛ ✈✐❣❛✱ τ ✱ ❡ s✉❛ ❧❛r❣✉r❛✱ b✱ sã♦ ❝♦♥st❛♥t❡s✳ ❊ss❡ ♠♦❞❡❧♦ t❛♠❜é♠

❛❞♠✐t❡ ✉♠ ❡✐①♦ ❧♦♥❣✐t✉❞✐♥❛❧ ♥❛ ✈✐❣❛ q✉❡ ♥ã♦ s♦❢r❡ tr❛çã♦ ♥❡♠ ❝♦♠♣r❡ssã♦✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦

❡✐①♦ ♥❡✉tr♦ ✭✜❧❛♠❡♥t♦ ✈❡r♠❡❧❤❛ ❞❛ ✜❣✉r❛ ✸✳✷✮✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❛ ✈✐❣❛ ❞❡✈❡ ♦❜❡❞❡❝❡r

❛ ❧❡✐ ❞❡ ❍♦♦❦❡ ❡ ❞❡✈❡ t❡r ❞❡♥s✐❞❛❞❡✱ ρv✱ ❝♦♥st❛♥t❡ ❛♦ ❧♦♥❣♦ ❞❡ t♦❞♦ ♦ s❡✉ ❝♦♠♣r✐♠❡♥t♦✱

❛❞♠✐t✐✲s❡ q✉❡ ♦ ♠ó❞✉❧♦ ❞❡ ❨♦✉♥❣ ❞❛ ✈✐❣❛✱ E✱ t❛♠❜é♠ é ❝♦♥st❛♥t❡ ❛♦ ❧♦♥❣♦ ❞❡ t♦❞♦ ♦ s❡✉

❝♦♠♣r✐♠❡♥t♦✱ ℓ0✳
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z

x

ℓ0

✭❛✮

x

z

z

X(z)

s

θ(s)

~Fm

✭❜✮

❋✐❣✉r❛ ✸✳✶ ✕ ✭❛✮ ❱✐❣❛ ❡♥❣❛st❛❞❛ ❡♠ ✉♠❛ ❞❡ s✉❛s ❡①tr❡♠✐❞❛❞❡s ❡ ❧✐✈r❡ ♥❛ ♦✉tr❛✱ ❝♦♠
❝♦♠♣r✐♠❡♥t♦ t♦t❛❧ ℓ0❀ ✭❜✮ ♠❡s♠❛ ✈✐❣❛ ❞❛ ✜❣✉r❛ ✭❛✮✱ ♣♦ré♠ ❞❡✢❡t✐❞❛ ❛♦ s❡r
s✉❜♠❡t✐❞❛ à ❢♦rç❛ ~Fm✳

❈♦♥s✐❞❡r❡ ✉♠ ✜❧❛♠❡♥t♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ℓ0✱ ❧❛r❣✉r❛ b ❡ ❡s♣❡ss✉r❛ ∆ξ✳ P♦❞❡♠♦s s✉♣♦r

q✉❡ ✉♠❛ ✈✐❣❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ℓ0✱ ❧❛r❣✉r❛ b ❡ ❡s♣❡ss✉r❛ ξ✱ é ♦ ❝♦♥❥✉♥t♦ ❞❡ nf ✜❧❛♠❡♥t♦s

✧❝♦❧❛❞♦s✧✱ ❡♠ q✉❡ ξ = nf∆ξ✳ ◗✉❛♥❞♦ ❡st❛ ✈✐❣❛ s♦❢r❡r ❞❡✢❡①ã♦✱ ♣❛rt❡ ❞❡ss❡s ✜❧❛♠❡♥t♦s

❡❧♦♥❣❛♠ ♦✉ ❛ ♦✉tr❛ ♣❛rt❡ é ❝♦♠♣r✐♠✐❞❛✱ ❝♦♠♦ ♠♦str❛♠♦s ♥❛ ✜❣✉r❛ ✸✳✸✳ ❖s ✜❧❛♠❡♥t♦s q✉❡

❡❧♦♥❣❛♠✱ s♦❢r❡♠ ❛çã♦ ❞❡ ❢♦rç❛s tr❛t✐✈❛s✱ ~f(s, ξ)∆ξ ❡ ~f(s+∆s, ξ)∆ξ✱ ❡ ♦s q✉❡ ❝♦♠♣r✐♠❡♠✱

s♦❢r❡♠ ❛çã♦ ❞❡ ❢♦rç❛s ❝♦♠♣r❡ss✐✈❛s✱ ~f(s, ξ′)∆ξ ❡ ~f(s + ∆s, ξ′)∆ξ✱ ♦♥❞❡ ~f(s, ξ) é ✉♠❛
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0

∆s∆s(ξ)

ξ

∆θ(s)

R(s)

R(s) + ξ

τ

2

τ

2

❋✐❣✉r❛ ✸✳✷ ✕ ❯♠ ❡❧❡♠❡♥t♦ ✐♥✜♥✐t❡s✐♠❛❧ q✉❛❧q✉❡r r❡t✐r❛❞♦ ❞❛ ✈✐❣❛ ❞❡✢❡t✐❞❛ ♠♦str❛❞❛ ♥❛
✜❣✉r❛ ✸✳✶❜✱ ♦♥❞❡ ♦ s❡❣♠❡♥t♦ ✈❡r♠❡❧❤♦ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❡✐①♦ ♥❡✉tr♦ ❞❛ ✈✐❣❛✱
❝✉❥♦ ❝♦♠♣r✐♠❡♥t♦ é ∆s = R(s)∆θ ❡ ♦ ♣r❡t♦ ❛ ✉♠ ✜❧❛♠❡♥t♦ ❛ ✉♠❛ ❞✐stâ♥❝✐❛
ξ ❞♦ ❡✐①♦ ♥❡✉tr♦✱ ❝✉❥♦ ❝♦♠♣r✐♠❡♥t♦ é ∆(ξ) = (R(s) + ξ)∆θ✳

❢♦rç❛ ✐♥t❡r♥❛ ♣♦r ✉♥✐❞❛❞❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❡ s✉r❣❡ ❛ss✐♠ q✉❡ ❛ ✈✐❣❛ s♦❢r❡ ❞❡✢❡①ã♦✳ ❉❡

❛❝♦r❞♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✱ ✉♠ ❞❡ss❡s ✜❧❛♠❡♥t♦s ♥ã♦ s❡rá ❡❧♦♥❣❛❞♦ ❡ ♥❡♠

❝♦♠♣r✐♠✐❞♦✱ ❡ é ❡❧❡ ❧✐♠✐t❛rá q✉❛❧ r❡❣✐ã♦ ❡st❛rá ❡❧♦♥❣❛♥❞♦ ❡ ❝♦♠♣r✐♠✐♥❞♦✳ ❈♦♥s✐❞❡r❛♥❞♦

♦ ❡❧❡♠❡♥t♦ ✐♥✜♥✐t❡s✐♠❛❧ ❞❛ ✜❣✉r❛ ✸✳✷✱ ❡♠ q✉❡ − τ
2
≤ ξ ≤ τ

2
✱ t♦❞♦s ♦s ✜❧❛♠❡♥t♦s q✉❡

❡st✐✈❡r❡♠ ❧♦❝❛❧✐③❛❞♦s ❡♥tr❡ 0 ≤ ξ ≤ τ
2
✱ s♦❢r❡rã♦ ❡❧♦♥❣❛♠❡♥t♦✱ ❡♥q✉❛♥t♦ ♦s q✉❡ ❡st✐✈❡r❡♠

❡♥tr❡ − τ
2
≤ ξ ≤ 0✱ s❡rã♦ ❝♦♠♣r✐♠✐❞♦s✳

✸✳✶✳✶ ❊q✉❛çõ❡s ❞♦ ❡q✉✐❧í❜r✐♦ ❡stát✐❝♦ ❞❛ ✈✐❣❛

❙❛❜❡♥❞♦ q✉❡ ♦ ❡❧❡♠❡♥t♦ ♠❛t❡r✐❛❧ ❞❛ ✜❣✉r❛ ✸✳✷ ❡stá ❡♠ ❡q✉✐❧í❜r✐♦ ❡stát✐❝♦✱ ❛ s♦♠❛ ❞❛s

❢♦rç❛s ❛♣❧✐❝❛❞❛s ♥❡st❡ ❡❧❡♠❡♥t♦ ✐♥✜♥✐t❡s✐♠❛❧ é ♥✉❧❛✳ ❉❡ss❛ ❢♦r♠❛ ♦❜t❡♠♦s q✉❡ ❬✷✵❪

∫ τ
2

− τ
2

~f(s, ξ)dξ −
∫ τ

2

− τ
2

~f(s+∆s, ξ)dξ + ~P (s)∆s = 0,

♦♥❞❡ ~P (s) é ❛ ❢♦rç❛ ♣❡s♦ ♣♦r ✉♥✐❞❛❞❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❛♦ ❧♦♥❣♦ ❞♦ s❡❣♠❡♥t♦ ∆s✳ ◆♦

❧✐♠✐t❡ ∆s → 0✱ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ r❡s✉❧t❛rá ❡♠

d~F (s)

ds
= ~P (s), ✭✸✳✶✳✶✮
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n̂

ŝ

−~f(s+∆s, ξ)∆ξ

~f(s, ξ)∆ξ

−~f(s+∆s, ξ′)∆ξ′

~f(s, ξ′)∆ξ′

❋✐❣✉r❛ ✸✳✸ ✕ ▼❡s♠♦ ❡❧❡♠❡♥t♦ ✐♥✜♥✐t❡s✐♠❛❧ ❞❛ ✜❣✉r❛ ✸✳✷✱ ♣♦ré♠ ❛❣♦r❛ r❡♣r❡s❡♥t❛♥❞♦ ❛s
❢♦rç❛s ❞❡ tr❛çã♦ ❡ ❝♦♠♣r❡ssã♦ q✉❡ ♦s ✜❧❛♠❡♥t♦s ❞♦ ❡❧❡♠❡♥t♦ ✐♥✜♥✐t❡s✐♠❛❧
❡stã♦ s✉❥❡✐t♦s ❛♣ós ❛ ❞❡✢❡①ã♦ ❞❛ ✈✐❣❛✳ ▼♦str❛♠♦s t❛♠❜é♠ ♦ ✈❡t♦r❡s ♥♦r♠❛❧✱
n̂✱ ❡ t❛♥❣❡♥t❡✱ ŝ✱ ❛♦ ❡✐①♦ ♥❡✉tr♦✳

♦♥❞❡ ~F (s) =
∫

τ
2

− τ
2

~f(s, ξ)dξ ❡ ❝♦rr❡s♣♦♥❞❡ à ❢♦rç❛ ✐♥t❡r♥❛ t♦t❛❧ ❛tr❛✈és ❞❛ s❡çã♦ tr❛♥s✈❡rs❛❧

❞❛ ✈✐❣❛✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ~F (s) é ❛ ❢♦rç❛ q✉❡ ❛ ♣❛rt❡ ✐♥❢❡r✐♦r ❞❛ ❤❛st❡ ✭< s✮ ❡①❡r❝❡

s♦❜r❡ ❛ ♣❛rt❡ s✉♣❡r✐♦r ✭> s✮✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❡q✉✐❧í❜r✐♦ ♣r♦✈♦❝❛❞♦ ♣❡❧♦s t♦rq✉❡s q✉❡ ❛t✉❛♠ ♥♦ ❡❧❡♠❡♥t♦✱ ❡♥❝♦♥tr❛✲

♠♦s q✉❡ ❬✷✵❪
∫ τ

2

− τ
2

(

−∆s

2
ŝ(s) + ξn̂(s)

)

× ~f(s, ξ)dξ+

+

∫ τ
2

− τ
2

(

∆s

2
ŝ(s+∆s) + ξn̂(s+∆s)

)

× (−~f(s+∆s, ξ)dξ) = 0,

♦♥❞❡ ŝ ❡ n̂ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s ✈❡t♦r❡s ✉♥✐tár✐♦s ♥❛s ❞✐r❡çõ❡s t❛♥❣❡♥t❡ ❡ ♥♦r♠❛❧ ❛♦

s❡❣♠❡♥t♦ s✱ ♦♥❞❡ ŝ · n̂ = 0✳ ❘❡❛❣r✉♣❛♥❞♦ ♦s t❡r♠♦s ❡①♣r❡ssã♦ ❛❝✐♠❛✱ ❡♥❝♦♥tr❛♠♦s

− ŝ(s)× ~F (s) + ŝ(s+∆s)× ~F (s+∆s)

2
∆s+ n̂(s)×

∫ τ
2

− τ
2

ξ ~f(s, ξ)dξ−

−n̂(s+∆s)×
∫ τ

2

− τ
2

ξ ~f(s+∆s, ξ)dξ = 0.

◆❡❣❧✐❣❡♥❝✐❛♥❞♦ ♦s t❡r♠♦s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ❛ ∆s✱ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ♣♦❞❡ s❡r r❡❡s❝r✐t❛

❝♦♠♦✱

−ŝ(s)× ~F (s)∆s+ ~M(s)− ~M(s+∆s) = 0,
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♦♥❞❡✱

~M(s) = n̂(s)×
∫ τ

2

− τ
2

ξ ~f(s, ξ)dξ. ✭✸✳✶✳✷✮

❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ t♦rq✉❡ t♦t❛❧ ❞❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❞❛ ✈✐❣❛✳ ❚♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ ❞❡ss❛

❡①♣r❡ssã♦ ❡♠ ∆s → 0✱ ❡♥❝♦♥tr❛♠♦s

d ~M(s)

ds
= −ŝ(s)× ~F (s) = −Fn(s)ŝ(s)× n̂(s), ✭✸✳✶✳✸✮

♦♥❞❡ ~F (s) = Fsŝ(s) + Fnn̂(s)✳

❆s ❡q✉❛çõ❡s ✭✸✳✶✳✶✮ ❡ ✭✸✳✶✳✸✮✱ ❝♦rr❡s♣♦♥❞❡♠ ❛s ❡q✉❛çõ❡s ❢✉♥❞❛♠❡♥t❛✐s ❞♦ ❡q✉✐❧í❜r✐♦ ❞❡

✉♠❛ ✈✐❣❛ ❞❡✢❡t✐❞❛✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✱ ❛ ❢♦rç❛ ♣♦r ✉♥✐❞❛❞❡ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❡♠

✉♠ s❡çã♦ tr❛♥s✈❡rs❛❧ ❞❛ ✈✐❣❛ s♦❜ ✢❡①ã♦ ♣✉r❛ é ❞❛❞❛ ♣♦r✱

~f(s, ξ) = fσ + Ebξ
dθ(s)

ds
ŝ(s), ✭✸✳✶✳✹✮

♦♥❞❡ E é ♦ ♠ó❞✉❧♦ ❞❡ ❨♦✉♥❣ ❞❛ ✈✐❣❛✱ θ(s) é ♦ â♥❣✉❧♦ ❞❡ ❞❡✢❡①ã♦ ❤♦r✐③♦♥t❛❧ ❡ fσ é ❛

❢♦rç❛ ❞❡ tr❛çã♦ ♦✉ ❝♦♠♣r❡ssã♦ ❛♣❧✐❝❛❞❛ ♥❛s ❡①tr❡♠✐❞❛❞❡s ❞❛ ✈✐❣❛✱ q✉❡ ♣❛r❛ ♦ ❝❛s♦ ❡♠

q✉❡stã♦ s❡rá ③❡r♦✱ ♣♦✐s ♥ã♦ ❤á ♥❡♥❤✉♠❛ ❢♦rç❛ ❞❡ ❝♦r♣♦ s❡♥❞♦ ❝♦♥s✐❞❡r❛❞❛✳ ❙✉❜st✐t✉✐♥❞♦

❛ ❡q✉❛çã♦ ✭✸✳✶✳✹✮ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✳✷✮✱ ❡♥❝♦♥tr❛♠♦s

~M(s) = n̂(s)×
∫ τ

2

− τ
2

ξEbξ
dθ(s)

ds
ŝ(s)dξ.

❈♦♠♦ E ❡ b sã♦ ❝♦♥st❛♥t❡s ❛♦ ❧♦♥❣♦ ❞❡ t♦❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ✈✐❣❛✱ ❝♦♠♦ ❢♦✐ ❞❡s❝r✐t♦

❛❝✐♠❛✱ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ r❡s✉❧t❛rá ❡♠✱

~M(s) = Eb
dθ(s)

ds
n̂(s)× ŝ(s)

∫ τ
2

− τ
2

ξ2dξ = EI
dθ(s)

ds
n̂(s)× ŝ(s),

♦♥❞❡✱

I =
bτ 3

12
✭✸✳✶✳✺✮

❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♠♦♠❡♥t♦ ✐♥ér❝✐❛ ❞❡ ár❡❛ ❞❛ ✈✐❣❛✳ ❚♦♠❛♥❞♦ ♦ ❞✐❢❡r❡♥❝✐❛❧ ❡♠ r❡❧❛çã♦ ❛ s

❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛✱ ❛❝❤❛♠♦s

d ~M(s)

ds
= EI

d2θ(s)

ds2
n̂(s)× ŝ(s),



✸✳✶✳ ▼❖❉❊▲❖ ❊❙❚➪❚■❈❖ ❉❊ ❊❯▲❊❘✲❇❊❘◆❖❯▲▲■ P❆❘❆ ❱■●❆❙ ✷✺

❙✉❜st✐t✉✐♥❞♦ ❡ss❡ r❡s✉❧t❛❞♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✳✸✮✱ ♦❜t❡♠♦s

EI
d2θ(s)

ds2
n̂(s)× ŝ(s) = −Fn(s)ŝ(s)× n̂(s).

❈♦♠♦ ♦ ♠♦❞❡❧♦ ❛❞♠✐t❡ ❛♣❡♥❛s ♣❡q✉❡♥❛s ❞❡✢❡①õ❡s✱ é ♣♦ssí✈❡❧ ❛ss✉♠✐r q✉❡ ❡ss❡ ✧❞♦✲

❜r❛♠❡♥t♦✧s❡❥❛ ♣❧❛♥♦ ❡ s❡♥❞♦ ❛ss✐♠✱ n̂(s) ❡ ŝ(s)✱ ❡stã♦ ♥♦ ♠❡s♠♦ ♣❧❛♥♦✳ ❉❡ss❛ ❢♦r♠❛✱

n̂(s)× ŝ(s)✱ r❡s✉❧t❛rá ❡♠ ✉♠ ✈❡t♦r ❝♦♥st❛t❡ ❡ n̂(s) · ŝ(s) = 0✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❡ss❛ ❝♦♥s✐✲

❞❡r❛çã♦✱ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ s❡rá

EI
d2θ(s)

ds2
= −Fn(s) = −~F (s) · n̂(s). ✭✸✳✶✳✻✮

◆❡ss❛ s✐t✉❛çã♦ ❡s♣❡❝í✜❝❛✱ ~P (s) = 0 ❡ ❞❡ss❛ ❢♦r♠❛✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✳✶✮✱ ~F (s) é ❝♦♥s✲

t❛♥t❡ ❛♦ ❧♦♥❣♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ✈✐❣❛✳ ❙❛❜❡♥❞♦ q✉❡ θ é ♦ â♥❣✉❧♦ ❢♦r♠❛♥❞♦ ❡♥tr❡ ❛s

s✉♣❡r❢í❝✐❡s s ❡ s + ∆s✱ ♦s ✈❡t♦r❡s ✉♥✐tár✐♦s✱ ŝ(s) ❡ n̂(s)✱ ♣♦❞❡♠ s❡r❡♠ ❡s❝r✐t♦s ❝♦♠♦

ŝ(s) = ❝♦sθî+ s❡♥θk̂ ❡ n̂(s) = −s❡♥θî+ ❝♦sθk̂✳ ▲♦❣♦✱

−~F (s) · n̂(s) = −Fxs❡♥θ + Fz❝♦sθ,

♦♥❞❡ Fx ❡ Fz✱ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s ♠ó❞✉❧♦s ❞❛ ❢♦rç❛ ~F (s) ♥❛ ❞✐r❡çã♦ x ❡ z✳ ❙✉❜st✐✲

t✉✐♥❞♦ ❡ss❡ r❡s✉❧t❛❞♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✳✻✮✱ ❞❡✜♥✐♠♦s q✉❡

EIθ′′(s) = −Fxs❡♥θ + Fz❝♦sθ, ✭✸✳✶✳✼✮

♦♥❞❡ θ′′(s) = d2θ(s)
ds2

❆ ❡q✉❛çã♦ ✭✸✳✶✳✼✮ ❝♦rr❡s♣♦♥❞❡ ❛ ❡q✉❛çã♦ ❞❡s❝r❡✈❡ ♦ ♠♦❞❡❧♦ ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ♣❛r❛

✉♠❛ ✈✐❣❛ ❡stát✐❝❛ s✉❥❡✐t❛ ❛ ✉♠❛ ❢♦rç❛ q✉❛❧q✉❡r✳

✸✳✶✳✷ ❱✐❣❛ ❡♥❣❛st❛❞❛ s✉❥❡✐t❛ ❛ ✉♠❛ ❢♦rç❛ ♣✉r❛♠❡♥t❡ ❛①✐❛❧

❈♦♠♦ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ✈✐❣❛ ❡stá ♦r✐❡♥t❛❞❛ ♥♦ ❡✐①♦ ✈❡rt✐❝❛❧✱ ~Fm é ✉♠❛ ❢♦rç❛ ♣✉r❛♠❡♥t❡

❝♦♠♣r❡ss✐✈❛✱ ♦✉ s❡❥❛✱ Fx = 0 ❡ Fz = ~Fm = −Fmk̂✳ ❆❧é♠ ❞✐ss♦✱ θ(s) é ✉♠ â♥❣✉❧♦ ♦r✐❡♥t❛❞♦

❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ ❤♦r✐③♦♥t❛❧✱ ❝♦♠♦ ♠♦str❛♠♦s ❡♠ ✸✳✶❜✱ ❡ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞✐③ r❡s♣❡✐t♦

❛♣❡♥❛s ❛♦ â♥❣✉❧♦ ✈❡rt✐❝❛❧ ϕ(s)✳ ❙✉❜st✐t✉✐♥❞♦ ❛ ✈❛r✐á✈❡❧ θ(s) ♣♦r ϕ(s)✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛

r❡❧❛çã♦ ϕ(s) = 90 − θ(s)✱ s❛❜❡♥❞♦ q✉❡ ❡ss❡ ♠♦❞❡❧♦ ❛❞♠✐t❡ ❛♣❡♥❛s ♣❡q✉❡♥❛s ❞❡✢❡①õ❡s
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✭s❡♥ϕ ≈ ϕ✮ ❡ q✉❡ Fx = 0✱ ❛ ❡q✉❛çã♦ ✭✸✳✶✳✼✮ r❡s✉❧t❛rá ❡♠✱

ϕ′′(s) +K2ϕ(s) = 0, ✭✸✳✶✳✽✮

♦♥❞❡ K2 = Fm

EI
✱ q✉❡ t❡♠ ❝♦♠♦ s♦❧✉çã♦ ❣❡r❛❧✱

ϕ(s) = A❝♦s(Ks) + Bs❡♥(Ks). ✭✸✳✶✳✾✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ✜❣✉r❛ ✸✳✶❜✱ ♥❛ ❡①tr❡♠✐❞❛❞❡ ❡♥❣❛st❛❞❛ ❞❛ ✈✐❣❛✱ s = 0✱ ♥ã♦ ❤á ❞❡✢❡①ã♦

❡ ❞❡ss❛ ❢♦r♠❛✱ ♥ã♦ ϕ(0) = 0✳ ❙✉❜st✐t✉✐♥❞♦ ❡st❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✳✾✮✱

❞❡✜♥✐♠♦s q✉❡ A = 0✳ ❆❧é♠ ❞✐ss♦✱ ♥❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡ ❞❛ ✈✐❣❛✱ s = ℓ0✱ ϕ′(ℓ0) = 0✱ ❡

❞❡ss❛ ❢♦r♠❛ ❛ ❡q✉❛çã♦ ✭✸✳✶✳✾✮ r❡s✉❧t❛rá ❡♠✱

B❝♦s(Kℓ0) = 0.

❙❡ B = 0✱ ϕ(s) = 0 ❡ ❡ss❛ s❡rá ❛ s♦❧✉çã♦ tr✐✈✐❛❧ ❞♦ ♣r♦❜❧❡♠❛ q✉❡ ❞❡✈❡ s❡r ❡♠♣r❡❣❛❞❛

s❡♠♣r❡ q✉❡ ❛ ✈✐❣❛ ❡st✐✈❡r r❡t❛ ✭❡stá✈❡❧✮✳ ❙❡❣✉♥❞♦ ❡ss❛ ♠❡s♠❛ ❛❜♦r❞❛❣❡♠✱ q✉❛♥❞♦ ❛ ✈✐❣❛

❡st✐✈❡r ❞❡✢❡t✐❞❛ ✭✐♥stá✈❡❧✮✱ ♦❜r✐❣❛t♦r✐❛♠❡♥t❡✱ B 6= 0✳ ■ss♦ só é ♣♦ssí✈❡❧ s❡

❝♦s(Kℓ0) = 0, ✭✸✳✶✳✶✵✮

q✉❡ é ❛ ❡q✉❛çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ss❡ ♣r♦❜❧❡♠❛✳ ▲♦❣♦✱ q✉❛♥❞♦ ❛ ✈✐❣❛ ❡st✐✈❡r ❞❡✢❡t✐❞❛✱

ϕ(s) = Bs❡♥(Ks). ✭✸✳✶✳✶✶✮

P♦rt❛♥t♦✱

ϕ(s) =

{

0, s❡ ❛ ✈✐❣❛ ❡st✐✈❡r r❡t❛ ❡

Bs❡♥(Ks), s❡ ❛ ✈✐❣❛ ❡st✐✈❡r ❞❡✢❡t✐❞❛✱

♦♥❞❡ ❝♦s(Kℓ0) = 0✱ s❡♠♣r❡ q✉❡ ❛ ✈✐❣❛ ❡st✐✈❡r ❞❡✢❡t✐❞❛✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡B é ✉♠❛ ✈❛r✐á✈❡❧

q✉❡ ♥ã♦ ♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞❛ ❛♥❛❧✐t✐❝❛♠❡♥t❡✱ ♣♦✐s ❡ss❡ é ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r ❡

❛✉t♦❢✉♥çã♦✳

✸✳✶✳✸ ❊st❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ✈✐❣❛ ❡♥❣❛st❛❞❛

❉❡ ❛❝♦r❞♦ ❝♦♠ ❡q✉❛çã♦ ✭✸✳✶✳✶✵✮✱ ❛ ✈✐❣❛ ❡st❛rá ❞❡✢❡t✐❞❛ s❡♠♣r❡ q✉❡ ❝♦s(Kℓ0) = 0✳

❆❧é♠ ❞✐ss♦✱ s❛❜❡♠♦s q✉❡ ❝♦s
(

nc
π
2

)

= 0✱ ♣❛r❛ nc = 1, 3, 5, 7, 9, ...✳ ❙❡♥❞♦ ❛ss✐♠✱

❝♦s(Kℓ0) = ❝♦s
(

nc

π

2

)

→ Kℓ0 = nc

π

2
.
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❙✉❜st✐t✉✐♥❞♦ ♦ r❡s✉❧t❛❞♦ ❞❡ K ❡ ✐s♦❧❛♥❞♦ Fm✱ ❡♥❝♦♥tr❛♠♦s✱

Fm =
n2
cπ

2EI

4ℓ20
,

◗✉❛♥❞♦ nc = 1✱ Fm = Fcr ❡ Fcr s❡rá✱

Fcr =
π2EI

4ℓ20
, ✭✸✳✶✳✶✷✮

♦♥❞❡ Fcr ❝♦rr❡s♣♦♥❞❡ ❛♦ ♠❡♥♦r ✈❛❧♦r q✉❡ ❛ ✉♠❛ ❢♦rç❛ ♣✉r❛♠❡♥t❡ ❛①✐❛❧ ♣♦♥t✉❛❧ ♣♦❞❡

❛ss✉♠✐r ♣❛r❛ s❛t✐s❢❛③❡r ❛ ❡q✉❛çã♦ ✭✸✳✶✳✶✵✮✱ ♦✉ s❡❥❛✱ ❛ ♠❡♥♦r ❢♦rç❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ✢❛♠❜❛r

❛ ✈✐❣❛✳ Fcr é ❝♦♠✉♠❡♥t❡ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❝❛r❣❛ ❝rít✐❝❛ ❞❡ ✢❛♠❜❛❣❡♠✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✸✳✶✳✶✷✮✱ ❡ ❝♦♠ ♦ ❢❛t♦ ❞❡ q✉❡ ❛ ✈✐❣❛ só ❡st❛rá ❞❡✢❡t✐❞❛ ❝❛s♦

❝♦s(Kℓ0) = 0✱ s❡✿ |~Fm| < Fcr✱ ❝♦s(Kℓ0) 6= 0 ❡ ❛ ❡q✉❛çã♦ ✭✸✳✶✳✾✮ t❡rá s♦❧✉çã♦ tr✐✈✐❛❧ ✭✈✐❣❛

s❡♠ ❞❡✢❡①ã♦✲❡stá✈❡❧✮❀ | ~Fm| ≥ Fcr✱ ❝♦s(Kℓ0) = 0 ❡ ❛ ❡q✉❛çã♦ ✭✸✳✶✳✾✮ t❡rá ❝♦♠♦ s♦❧✉çã♦

♣❛rt✐❝✉❧❛r ❛ ❡q✉❛çã♦ ✭✸✳✶✳✶✶✮ ✭✈✐❣❛ ❞❡✢❡t✐❞❛✲✐♥stá✈❡❧✮✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❡ ♠♦❞❡❧♦ ✐❞❡❛❧✐③❛

❛ ✈✐❣❛✳ ❈♦♥s✐❞❡r❛♥❞♦ s✐t✉❛çõ❡s r❡❛✐s ✭✈✐❣❛ ❝♦♠ ✐♠♣❡r❢❡✐çõ❡s ❣❡♦♠étr✐❝❛s✱ ✐♠♣✉r❡③❛s ♥♦

♠❛t❡r✐❛❧ q✉❡ ❛ ❝♦♠♣õ❡✱ ❞❡♥tr❡ ♦✉tr♦s✮✱ ❛ ♠❡♥♦r ❢♦rç❛ q✉❡ ❢❛③ ❛ ✈✐❣❛ ✢❛♠❜❛r s❡♠♣r❡ s❡rá

♠❛✐♦r ❞♦ q✉❡ Fcr✳

❈❛❧❝✉❧❛♠♦s ♦ ♠♦♠❡♥t♦ ✐♥ér❝✐❛ ❞❡ ár❡❛✱ I ❡ ❛ ❢♦rç❛ ❝rít✐❝❛ ❞❡ ✢❛♠❜❛❣❡♠ ❞❛ ❤❛st❡

❡♥s❛✐❛❞❛s ❡ r❡♣r❡s❡♥t❛♠♦s ❡ss❡s r❡s✉❧t❛❞♦s ♥❛ t❛❜❡❧❛ ✶✳

❚❛❜❡❧❛ ✶ ✕ ❋♦rç❛ ❝rít✐❝❛ ❞❡ ✢❛♠❜❛❣❡♠✱ Fcr✱ ❞❛ ❤❛st❡ ❡♥s❛✐❛❞❛ ❝♦♠ E ≈ ✷✷✵ ●P❛ ❡ I ≈
✶✳✾✶✷×10−14♠−4✳

❊st✐♠❛t✐✈❛s t❡ór✐❝❛s ❞❛s ❢♦rç❛s ❝rít✐❝❛s ❞❡ ✢❛♠❜❛❣❡♠

❈♦♠♣r✐♠❡♥t♦ ❧✐✈r❡✱ ℓ0 ✭♠♠✮ ✾✶✳✾✵ ✾✷✳✺✵ ✾✸✳✸✵ ✾✹✳✶✵ ✾✺✳✽✵

❋♦rç❛ ❝rít✐❝❛✱ Fcr ✭◆✮ ✶✳✷✷✾ ✶✳✷✶✸ ✶✳✶✾✸ ✶✳✶✼✷ ✶✳✶✸✶

✸✳✷ ❮♠ãs ♣❡r♠❛♥❡♥t❡s

❉❡ ♠♦❞♦ ❣❡r❛❧✱ í♠ãs ❝♦♥✈❡♥❝✐♦♥❛✐s ♣♦ss✉❡♠ ❞♦✐s ♣♦❧♦s✳ ❊♠ ✉♠ ❞❡❧❡s ❛s ❧✐♥❤❛s ❞❡

❝❛♠♣♦ ♠❛❣♥ét✐❝♦ s❛❡♠ ✭♣♦❧♦ ♥♦rt❡✮ ❡ ♥♦ ♦✉tr♦ ❡♥tr❛♠ ✭♣♦❧♦ s✉❧✮ ❬✷✶❪✳ ❮♠ã é t♦❞❛ ♠❛tér✐❛
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q✉❡ ❛♦ s❡r ♠❛❣♥❡t✐③❛❞❛ é ❝❛♣❛③ ❞❡ ❣❡r❛r ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❬✷✷❪✳ ❆ ✜❣✉r❛ ✸✳✹ r❡♣r❡s❡♥t❛

♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞❡ ✉♠❛ ❜❛rr❛ ✉♥✐❢♦r♠❡♠❡♥t❡ ♠❛❣♥❡t✐③❛❞❛✳

❋✐❣✉r❛ ✸✳✹ ✕ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❣❡r❛❞♦ ♣♦r ✉♠❛ ❜❛rr❛ ❝✐✲
❧í♥❞r✐❝❛ ✉♥✐❢♦r♠❡♠❡♥t❡ ♠❛❣♥❡t✐③❛❞❛ ♥❛ ❞✐r❡çã♦ ❛①✐❛❧✳ ❋♦♥t❡✿
❤tt♣s✿✴✴t❡①✳st❛❝❦❡①❝❤❛♥❣❡✳❝♦♠✴q✉❡st✐♦♥s✴✹✻✽✷✷✺✴♣str✐❝❦s✲♠❛❣♥❡t✐❝✲✜❡❧❞✲
❧✐♥❡s✲♦❢✲❛✲❜❛r✲♠❛❣♥❡t✴✹✼✵✼✺✺

◗✉❛♥❞♦ s✉❜♠❡t❡♠♦s ❛❧❣✉♠❛s s✉❜stâ♥❝✐❛s ❛ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡①t❡r♥♦✱ ❛♣ós ❝❡s✲

s❛❞♦ ❡ss❡ ❝❛♠♣♦✱ ❡ss❛s s✉❜stâ♥❝✐❛s ♠❛♥tê♠✲s❡ ♠❛❣♥❡t✐③❛❞❛s✳ ❊❧❛s sã♦ ❝❧❛ss✐✜❝❛❞❛s ❝♦♠♦

❢❡rr♦♠❛❣♥ét✐❝❛s ❡ ❞ã♦ ♦r✐❣❡♠ ❛♦s í♠ãs ♣❡r♠❛♥❡♥t❡s ❬✷✷❪✳ ❙✉❜stâ♥❝✐❛s ❝♦♠♦ ❢❡rr♦✱ ♥íq✉❡❧

❡ ❝♦❜❛❧t♦ ♣✉r♦✱ ❣❛❞♦❧í♥✐♦✱ ❞✐s♣rós✐♦✱ ❡♥tr❡ ♦✉tr♦s✱ sã♦ ❝❧❛ss✐✜❝❛❞♦s ❝♦♠♦ ❢❡rr♦♠❛❣♥ét✐❝♦s

❬✷✸❪✳ ❘❡s✉♠✐❞❛♠❡♥t❡✱ q✉❛♥❞♦ ✉♠❛ s✉❜stâ♥❝✐❛ ❢❡rr♦♠❛❣♥ét✐❝❛ é s✉❜♠❡t✐❞❛ ❛ ❛çã♦ ❞❡ ✉♠

❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❢♦rt❡✱ ♦s ❞♦♠í♥✐♦s ❞❡ss❛s s✉❜stâ♥❝✐❛s✱ q✉❡ t✐♥❤❛♠ ♦r✐❡♥t❛çõ❡s ❛❧❡❛tór✐❛s

❡ ❞❡s❛❧✐♥❤❛❞❛s✱ t♦r♥❛♠✲s❡ ❛❧✐♥❤❛❞♦s✳ ❆♦ ❝❡ss❛r ❡ss❡ ❝❛♠♣♦ ❢♦rt❡✱ ♠✉✐t♦s ❞❡ss❡s ❞♦♠í♥✐♦s

r❡t♦r♥❛♠ ❛ s✉❛s ♣♦s✐çõ❡s ♦r✐❣✐♥❛✐s✱ ♣♦ré♠ ♦✉tr♦s ♠❛♥tê♠✲s❡ ❛❧✐♥❤❛❞♦s✱ ♦ q✉❡ t♦r♥❛ ❛

s✉❜stâ♥❝✐❛ ♠❛❣♥❡t✐③❛❞❛ ❡ ❣❡r❛♥❞♦ ♦s í♠ãs ♣❡r♠❛♥❡♥t❡s ❬✷✷❪✳

❆♣❡s❛r ❞♦s ❣r❛♥❞❡s ❛✈❛♥ç♦s ♥❡ss❛ ár❡❛ ❝✐❡♥tí✜❝❛✱ ❛s ❛♥á❧✐s❡s ❞❡ss❡s ♣r♦❜❧❡♠❛s sã♦ ❜❡♠

❝♦♠♣❧❡①❛s ❡✱ ♠✉✐t❛s ✈❡③❡s✱ ♥ã♦ sã♦ t♦t❛❧♠❡♥t❡ ❝♦♠♣r❡❡♥❞✐❞♦s✳ ❈♦♥t✉❞♦✱ é ♥❡❝❡ssár✐♦ ♦

❡♠♣r❡❣♦ ❞❡ s✐♠♣❧✐✜❝❛çõ❡s✱ ♦ q✉❡ ♣♦❞❡ ❣❡r❛r r❡s✉❧t❛❞♦s ❛♣r♦①✐♠❛❞♦s✱ ♣♦ré♠ út❡✐s✳
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✸✳✷✳✶ ❈❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞❡ ✉♠ í♠ã ❝✐❧í♥❞r✐❝♦

❙❡❣✉♥❞♦ ●r❡✐♥❡r ❬✷✹❪✱ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❣❡r❛❞♦ ♣♦r ✉♠ ❞✐♣♦❧♦ ♠❛❣♥ét✐❝♦ é ❞❛❞♦ ♣♦r

B0(~r) =
µ0

4π

{

[3( ~M0 · r̂)r̂]− ~M0

|r3|

}

, ✭✸✳✷✳✶✸✮

♦♥❞❡ B0(~r) é ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡♠ ✉♠ ♣♦♥t♦ ❧♦❝❛❧✐③❛❞♦ ❛ ✉♠❛ ❞✐stâ♥❝✐❛ ~r(x, y, z) ❞♦

❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞♦ ❞✐♣♦❧♦✱ r̂ é ♦ ✈❡t♦r ✉♥✐tár✐♦ ❞❡ ~r(x, y, z)✱ µ0 é ❛ ❝♦♥st❛♥t❡ ♠❛❣♥ét✐❝❛

❞♦ ♠❡✐♦ ❡ ~M0(~r) é ♦ ✈❡t♦r ♠❛❣♥❡t✐③❛çã♦✳

❈♦♥s✐❞❡r❡ ✉♠ ❞✐♣♦❧♦ ♠❛❣♥ét✐❝♦ ❞✐♣❧♦ ❝✐❧í♥❞r✐❝♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ℓm ❡ r❛✐♦ a✳ ❉❡ ❛❝♦r❞♦

❝♦♠ ❛ ❡q✉❛çã♦ ✭✸✳✷✳✶✸✮✱ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ q✉❡ ❡st❡ ❞✐♣❧♦ ❣❡r❛ ♣♦♥t♦ P ❞❛ ✜❣✉r❛ ✸✳✺✱ é

❞❛❞♦ ♣♦r

~B(~r) =

∫ ℓm
2

− ℓm
2

∫ 2π

0

∫ a

0

B0(~r)ρidρidφidz
′,

q✉❡ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦✱

~B(~r) =
µ0a

2

4

∫ ℓm
2

− ℓm
2

1

|~r − z′k̂|3

[

3

(

~M0 ·
~r − z′k̂

|~r − z′k̂|

)

~r − z′k̂

|~r − z′k̂|
− ~M0

]

dz′. ✭✸✳✷✳✶✹✮

❈♦♠♦ ❡st❡ ❞✐♣♦❧♦ é ❝✐❧í♥❞r✐❝♦✱ ♦ ✈❡t♦r ❞✐stâ♥❝✐❛✱ ~r(x, y, z)✱ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ~r(~ρ, z) =

~ρρ̂+ zk̂✳ ❆❧é♠ ❞✐ss♦✱ s✉❛ ♠❛❣♥❡t✐③❛çã♦ é ✉♥✐❢♦r♠❡ ❡ ♦r✐❡♥t❛❞❛ ❛①✐❛❧♠❡♥t❡✱ ♦✉ s❡❥❛✱ ~M0 =

M0k̂✳ ❙❡♥❞♦ ❛ss✐♠✱ ❛ ❡q✉❛çã♦ ✭✸✳✷✳✶✹✮ r❡s✉❧t❛rá ❡♠

~B(~r) =
µ0a

2

4

∫ ℓm
2

− ℓm
2

{

3M0
(z − z′)(~r − z′k̂)

[ρ2 + (z − z′)2]
5

2

− M0

[ρ2 + (z − z′)2]
3

2

}

dz′

=
M0µ0a

2

4

{

3~ρρ̂

∫ ℓm
2

− ℓm
2

(z − z′)

[ρ2 + (z − z′)2]
5

2

dz′ + 3k̂

∫ ℓm
2

− ℓm
2

(z − z′)2

[ρ2 + (z − z′)2]
5

2

dz′−

−k̂

∫ ℓm
2

− ℓm
2

1

[ρ2 + (z − z′)2]
3

2

dz′

}

.

❘❡s♦❧✈❡♥❞♦ ❛s ✐♥t❡❣r❛✐s ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛✱ ❡♥❝♦♥tr❛♠♦s q✉❡

~B(~r) =
µ0a

2M0

4











~ρρ̂+
(

z − ℓm
2

)

k̂
[

ρ2 +
(

z − ℓm
2

)2
] 3

2

− ~ρρ̂+
(

z + ℓm
2

)

k̂
[

ρ2 +
(

z + ℓm
2

)2
] 3

2











=
µ0a

2M0

4







~r − ℓm
2
k̂

∣

∣

∣
~r − ℓm

2
k̂
∣

∣

∣

3 − ~r + ℓm
2
k̂

∣

∣

∣
~r + ℓm

2
k̂
∣

∣

∣

3






. ✭✸✳✷✳✶✺✮
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a

z

y

x

− ℓm

2

ℓm

2

z

ρ

~r −
z
′ k̂

~r

P

0

❋✐❣✉r❛ ✸✳✺ ✕ ■♠ã ❝♦♠ ❢♦r♠❛t♦ ❞❡ ❜❛rr❛ ❝✐❧í♥❞r✐❝❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ℓm✱ r❛✐♦ a ❡ ♠❛❣♥❡t✐✲
③❛çã♦ ✉♥✐❢♦r♠❡ ~M0 = M0k̂✱ ❡♠ q✉❡ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❡stá ❛ ✉♠❛ ❞✐stâ♥❝✐❛
|~r(~ρ, z)| ❞❡ ✉♠ ♣♦♥t♦ ❡s♣❛❝✐❛❧ q✉❛❧q✉❡r P✳

❆ ❡q✉❛çã♦ ✭✸✳✷✳✶✺✮ r❡♣r❡s❡♥t❛ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❡♠ ♣♦♥t♦ P q✉❛❧q✉❡r ♥♦ ❡s♣❛ç♦✱

❣❡r❛❞♦ ♣♦r ✉♠ ❞✐♣♦❧♦ ❝✐❧í♥❞r✐❝♦ ♠❛❣♥ét✐❝♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ♠❛❣♥❡t✐③❛❞♦✱ ❛ ✉♠❛ ❞✐stâ♥❝✐❛

|~r(~ρ, z)| ❞❡st❡ ♣♦♥t♦✳ ❖ ❣rá✜❝♦ ❞❛ ✜❣✉r❛ ✸✳✻ r❡♣r❡s❡♥t❛ ❛ ✈❛r✐❛çã♦ ❞❡ ~B
µ0M0a2

❡♠ r❡❧❛çã♦ ❛

z
ℓm

✱ ❛♦ ❧♦♥❣♦ ❞♦ ❡✐①♦ z✳

✸✳✷✳✷ ❋♦rç❛ ❞❡ r❡♣✉❧sã♦ ♠❛❣♥ét✐❝❛ ❡♥tr❡ ❞♦✐s í♠ãs ❝✐❧í♥❞r✐❝♦s

❉❡ ❛❝♦r❞♦ ❝♦♠ ❏❛❝❦s♦♥ ❬✷✺❪✱ ❛ ❢♦rç❛ ♠❛❣♥ét✐❝❛ q✉❡ ✉♠ í♠ã ❝✐❧í♥❞r✐❝♦ ❡①❡r❝❡ s♦❜r❡

♦✉tr♦ ✐❞ê♥t✐❝♦ ❛ sí✱ q✉❛♥❞♦ ♣♦s✐❝✐♦♥❛❞♦s ✉♠ s♦❜r❡ ♦ ♦✉tr♦✱ é

~Fm(~r) =

∮

S

( ~M0(~r) · n̂) ~Be(~r)dA ✭✸✳✷✳✶✻✮

♦♥❞❡ Be(~r) é ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ q✉❡ ✉♠ í♠ã ❡①❡r❝❡ ♥♦ ♦✉tr♦✱ ❞❡s❝♦♥s✐❞❡r❛♥❞♦ ❛ ❛çã♦ ❞♦

❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞♦ í♠ã ❛♥❛❧✐s❛❞♦✱ ❡ n̂ é ♦ ✈❡t♦r ♥♦r♠❛❧ ♣❛r❛ ❢♦r❛ ❞❛ s✉♣❡r❢í❝✐❡✳ P❛r❛ í♠ãs

❝♦♠ ❛ ♠❛❣♥❡t✐③❛çã♦ ♦r✐❡♥t❛❞❛ ❛♣❡♥❛s ♥❛ ❞✐r❡çã♦ ❛①✐❛❧✱ ~M0 = M0k̂✱ ❛ ❡q✉❛çã♦ ✭✸✳✷✳✶✻✮
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❋✐❣✉r❛ ✸✳✻ ✕ ❱❛r✐❛çã♦ ❞❡ ~B
µ0M0a2

❡♠ r❡❧❛çã♦ ❛ z
ℓm

✱ ❛♦ ❧♦♥❣♦ ❞♦ ❡✐①♦ z✳

r❡s✉❧t❛ ❡♠

~Fm = M0

[∫

S

~Be(~r)dA

]

sup

−M0

[∫

S

~Be(~r)dA

]

inf

. ✭✸✳✷✳✶✼✮

❡♠ q✉❡ ♦s s✉✜①♦s sup ❡ inf ✱ ❝♦rr❡s♣♦♥❞❡♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ s✉♣❡r❢í❝✐❡ s✉♣❡r✐♦r ❞♦

í♠ã ✐♥❢❡r✐♦r ❡ ✐♥❢❡r✐♦r ❞♦ í♠ã s✉♣❡r✐♦r✱ ❝♦♠♦ r❡♣r❡s❡♥t❛♠♦s ♥❛ ✜❣✉r❛ ✸✳✼✳ ❙❛❜❡♥❞♦ q✉❡

❡st❡s í♠ãs ♣♦ss✉❡♠ ❛s ♠❡s♠❛s ❝❛r❛❝t❡ríst✐❝❛s ❣❡♦♠étr✐❝❛s ❞♦ ❞✐♣♦❧♦ ❛✈❛❧✐❛❞♦ ♥❛ s✉❜s❡çã♦

❛♥t❡r✐♦r✱ ❛ ❢♦rç❛ ♠❛❣♥ét✐❝❛✱ ~Fm✱ é

~Fm(~r) = M0

[∫ a

0

(∫ 2π

0

~Be(~r)dφB

)

ρdρ

]

sup

−M0

[∫ a

0

(∫ 2π

0

~Be(~r)dφB

)

ρdρ

]

inf

,

♦♥❞❡ ~Be(~r) é ❛ ❡q✉❛çã♦ ✭✸✳✷✳✶✺✮✳ ❘❡s♦❧✈❡♥❞♦ ❛s ✐♥t❡❣r❛✐s ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛✱ ❝♦♠ ~r(~ρ, z) =

~ρρ̂+ zk̂✱ ❡♥❝♦♥tr❛♠♦s

~Fm(z+, z−) =
πµ0a

2M0
2

2





(

z+
√

a2 + z+2
− z−
√

a2 + z−2

)

sup

−

−
(

z+
√

a2 + z+2
− z−
√

a2 + z−2

)

inf



 k̂.

♦♥❞❡ z− = z− ℓm
2

❡ z+ = z+ ℓm
2
✳ ❆❧é♠ ❞✐ss♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ✜❣✉r❛ ✸✳✼✱ ♣❛r❛ ❛ s✉♣❡r❢í❝✐❡

✐♥❢❡r✐♦r z = z0✱ ❧♦❣♦ z+ = z0+
ℓm
2

❡ z− = z0− ℓm
2
✳ ❏á ♣❛r❛ ❛ s✉♣❡r❢í❝✐❡ s✉♣❡r✐♦r z = z0+ℓm✱
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z

y

x

− ℓm

2

ℓm

2

z0

d

a

a

0

z0 + ℓm

Ímã Inferior

Ímã Superior

❋✐❣✉r❛ ✸✳✼ ✕ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❞♦✐s í♠ãs ❝✐❧í♥❞r✐❝♦ ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ✐❞ê♥t✐❝♦s✱ ❝❛❞❛ ✉♠
❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ℓm ❡ r❛✐♦ a✱ ❝♦♠ s❡✉s ❡✐①♦s ❧♦♥❣✐t✉❞✐♥❛✐s ❛❧✐♥❤❛❞♦s ❡ ❞✐s✲
♣♦st♦s ✉♠ s♦❜r❡ ♦ ♦✉tr♦✱ ❞❡ ❢♦r♠❛ q✉❡ ❛ s✉♣❡r❢í❝✐❡ s✉♣❡r✐♦r ❞♦ í♠ãs ✐♥❢❡r✐♦r
❡ ❛ s✉♣❡r❢í❝✐❡ ✐♥❢❡r✐♦r ❞♦ í♠ã s✉♣❡r✐♦r ❡stã♦ s❡♣❛r❛❞♦s ♣♦r ✉♠❛ ❞✐stâ♥❝✐❛ d✳

❧♦❣♦ z+ = z0 +
3
2
ℓm ❡ z− = z0 +

ℓm
2
✳ ❈♦♠ λm = πµ0a

2M0
2

2
✱ ♦❜t❡♠♦s

~Fm(z0) = λm





z0 +
3
2
ℓm

√

a2 +
(

z0 +
3
2
ℓm
)2

+
z0 − ℓm

2
√

a2 +
(

z0 − ℓm
2

)2
− 2z0 + ℓm
√

a2 +
(

z0 +
ℓm
2

)2



 k̂.

❆✐♥❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ✜❣✉r❛ ✸✳✼✱ ❛s s✉♣❡r❢í❝✐❡s ❡stã♦ s❡♣❛r❛❞❛s ♣♦r ✉♠❛ ❞✐stâ♥❝✐❛✱ d✱

q✉❡ ♦❜❡❞❡❝❡ ❛ r❡❧❛çã♦ z0 = d+ ℓm
2
✳ P♦rt❛♥t♦✱ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ r❡s✉❧t❛rá ❡♠✱

~Fm(d) = λm

[

d+ 2ℓm
√

a2 + (d+ 2ℓm)2
+

d√
a2 + d2

− 2
d+ ℓm

√

a2 + (d+ ℓm)2

]

k̂. ✭✸✳✷✳✶✽✮
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❆ ❡q✉❛çã♦ ✭✸✳✷✳✶✽✮ r❡♣r❡s❡♥t❛ ✈❛r✐❛çã♦ ❞❛ ❢♦rç❛ ♠❛❣♥ét✐❝❛ r❡♣✉❧s✐✈❛ ❡①✐st❡♥t❡ ❡♥tr❡

❞♦✐s í♠ãs ❝✐❧í♥❞r✐❝♦s ♣❡r♠❛♥❡♥t❡s ❡ ♠❛❣♥❡t✐③❛❞♦s ❛①✐❛❧♠❡♥t❡✱ q✉❛♥❞♦ ♦ ❡✐①♦ ❧♦♥❣✐t✉❞✐♥❛❧

❞❡ ❝❛❞❛ ❡stã♦ ❛❧✐♥❤❛❞♦s ❡ ❡stã♦ s❡♣❛r❛❞♦s ♣♦r ✉♠❛ ❞✐st❛♥t❡s d ❡♥tr❡ ❛s s✉♣❡r❢í❝✐❡s q✉❡

s❡ r❡♣❡❧❡♠✳ ❖ ❣rá✜❝♦ ❞❛ ✜❣✉r❛ ✸✳✽ r❡♣r❡s❡♥t❛ ❛ ✈❛r✐❛çã♦ ❞❡ |~Fm|
λm

❡♠ r❡❧❛çã♦ ❛ d
ℓm

♣❛r❛

a
ℓm

= 98
195

✳

❋✐❣✉r❛ ✸✳✽ ✕ ❱❛r✐❛çã♦ ❞❡ |~Fm|
λm

❡♠ r❡❧❛çã♦ ❛ d
ℓm
✱ q✉❛♥❞♦ a

ℓm
= 98

195
✳

✸✳✸ ❊①♣❡r✐♠❡♥t♦s ❡stát✐❝♦s✱ r❡s✉❧t❛❞♦s ❡ ❞✐s❝✉ssã♦

◆❛s s❡çõ❡s ❛♥t❡r✐♦r❡s ❢♦r❛♠ ❛♣r❡s❡♥t❛❞❛s ❢♦r♠✉❧❛çõ❡s ♠❛t❡♠át✐❝❛s ❝❛♣❛③❡s ❞❡ ♠♦❞❡❧❛r

à ❤❛st❡ ❡♥❣❛st❛❞❛ ❡♠ ❝♦♥❞✐çõ❡s ❡stát✐❝❛s✳ ❆❣♦r❛ ❡①♣❧✐❝❛r❡♠♦s ♦s ❡①♣❡r✐♠❡♥t♦s ❡stát✐❝♦s

q✉❡ ❢♦r❛♠ r❡❛❧✐③❛❞♦s ♥❛ ❤❛st❡ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✳ ❚❛♠❜é♠ ❛♣r❡s❡♥t❛r❡♠♦s

♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❡ ♦s ❞✐s❝✉t✐♠♦s✳

✸✳✸✳✶ ❉✐stâ♥❝✐❛ ♠í♥✐♠❛ ❞❡ ✢❛♠❜❛❣❡♠

❈♦♥s✐❞❡r❛♥❞♦ ❛ ✜❣✉r❛ ✷✳✻✱ ♥❡st❡ ❡①♣❡r✐♠❡♥t♦ ❛❝❤❛♠♦s ♦ ✈❛❧♦r ❞❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛

q✉❡ ❞❡✈❡ ❡①✐st✐r ❡♥tr❡ ❛s s✉♣❡r❢í❝✐❡s ❞♦s í♠ãs ❞❡ ♥❡♦❞í♠✐♦ ♣❛r❛ q✉❡ ❛ ❤❛st❡ ❡♥❣❛st❛❞❛



✸✹ ❈❆P❮❚❯▲❖ ✸✳ ❆◆➪▲■❙❊ ❊❙❚➪❚■❈❆

✢❛♠❜❡✱ d1✳ ❊♠ s✉❛ ❡①❡❝✉çã♦ ❢♦✐ ♥❡❝❡ssár✐♦ ✉t✐❧✐③❛r ❛♣❡♥❛s ♦ s❡♥s♦r ó♣t✐❝♦✳ P❛r❛ ❞❡✜♥✐r d

r❡❛❧✐③❛♠♦s ♦s s❡❣✉✐♥t❡s ♣❛ss♦s✿

✶✳ ❆ ❤❛st❡ ❢♦✐ ❡♥❣❛st❛ ♥❛ ❜❛s❡ ❡ ❛❧✐♥❤❛❞❛ ❡♠ r❡❧❛çã♦ ❛♦ í♠ã s✉♣❡r✐♦r ❞❡ ♥❡♦❞í♠✐♦❀

✷✳ ❊♠ s❡❣✉✐❞❛ r❡❞✉③✐♠♦s ❧❡♥t❛♠❡♥t❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s í♠ãs✱ d✱ ✉t✐❧✐③❛♥❞♦ ♦ ❡stá❣✐♦

❞❡ ❞❡s❧♦❝❛♠❡♥t♦ ❛❝♦♣❧❛❞♦ ❛♦ s✉♣♦rt❡ q✉❡ s✉st❡♥t❛ ♦ ❡✐①♦ r♦sq✉❡❛❞♦ ❝♦♠ ♦ í♠ã ❞❡

♥❡♦❞í♠✐♦❀

✸✳ ◆♦ ♠♦♠❡♥t♦ ❡♠ q✉❡ ❛ ❤❛st❡ ❞❡✢❡t✐✉ ❡ ❢♦r♠♦✉ ♦s ❞♦✐s ♣♦ç♦s✱ ❝♦♠♦ r❡♣r❡s❡♥t❛♠♦s

♥❛s ✜❣✉r❛s ✷✳✼❛ ❡ ✷✳✼❜✱ ♠❡❞✐♠♦s ❛ ❞✐stâ♥❝✐❛ d = d1✳

✸✳✸✳✷ ❉❡✢❡①ã♦ ♠á①✐♠❛ ❞❡ ❝❛❞❛ ♣♦ç♦

❈♦♠♦ ❡①♣❧✐❝❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✷✱ ❛♣ós ✢❛♠❜❛❞❛✱ ❛ ❤❛st❡ ❢♦r♠❛rá ❞♦✐s ♣♦ç♦s ♥♦ s✐st❡♠❛✱

s❡♥❞♦ ✉♠ ♠❛✐s ♣ró①✐♠♦ ❞❛ ❜♦❜✐♥❛ ❡ ♦✉tr♦ ♠❛✐s ❞✐st❛♥t❡ ❞❡❧❛✳ ❈♦♠ ❡st❡ ❡①♣❡r✐♠❡♥t♦

❡♥❝♦♥tr❛♠♦s ❛ ❞❡✢❡①ã♦ ♠á①✐♠❛ ❞❡ ❝❛❞❛ ♣♦ç♦ ❛ ♠❡❞✐❞❛ q✉❡ r❡❞✉③✐♠♦s ❛ ❞✐stâ♥❝✐❛ d ❛♣ós

❛ ✢❛♠❜❛❣❡♠ ❞❛ ❤❛st❡✳ P❛r❛ ❡①❡❝✉t❛✲❧♦ ✉t✐❧✐③❛♠♦s ❛♣❡♥❛s ♦ s❡♥s♦r ó♣t✐❝♦✳ ❘❡❛❧✐③❛♠♦s ♦

s❡❣✉✐♥t❡ ♣r♦❝❡❞✐♠❡♥t♦✿

✶✳ ❆ ❤❛st❡ ❢♦✐ ❡♥❣❛st❛ ♥❛ ❜❛s❡ ❞❡ ❡♥❣❛st❡ ❡ ❛❧✐♥❤❛❞❛ ❡♠ r❡❧❛çã♦ ❛♦ í♠ã s✉♣❡r✐♦r ❞❡

♥❡♦❞í♠✐♦❀

• ❆ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s í♠ãs✱ d✱ ❞❡✈❡ s❡r ❣r❛♥❞❡ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ♥ã♦ ❤❛❥❛

♥❡♥❤✉♠ t✐♣♦ ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ❡❧❡s✳

✷✳ ❊♥tã♦ ❝❛❧✐❜r❛♠♦s ♦ s❡♥s♦r ó♣t✐❝♦ ❡♠ r❡❧❛çã♦ ❤❛st❡ ♥♦ ❝♦♠♣r✐♠❡♥t♦ z ≈ ℓ0✱ ❞❡ ❢♦r♠❛

q✉❡ ♥♦ ❧❡✐t♦r ❞♦ s❡♥s♦r ❡st❛✈❛ ♠❛r❝❛♥❞♦ ❛ ♣♦s✐çã♦ ”0, 00”❀

✸✳ ❊♠ s❡❣✉✐❞❛ r❡❞✉③✐♠♦s ❧❡♥t❛♠❡♥t❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s í♠ãs ❛té q✉❡ d = d1❀

• ❊♠ d = d1✱ ❛ ❤❛st❡ s♦❢r❡ ❞❡✢❡①ã♦ ❡ ❢♦r♠❛ ❞♦✐s ♣♦ç♦s❀

✹✳ P♦s✐❝✐♦♥❛♠♦s ❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡ ❞❛ ❤❛st❡ ❡♠ ✉♠ ❞♦s ♣♦ç♦s✱ ❛❣✉❛r❞❛♠♦s ♦ s❡✉

r❡♣♦✉s♦ ❡ ♠❡❞✐♠♦s s✉❛ ❞❡✢❡①ã♦ ♠á①✐♠❛ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞♦ s❡♥s♦r ó♣t✐❝♦❀
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✺✳ ◆❛ s❡q✉ê♥❝✐❛ ❞❡s❧♦❝❛♠♦s ♥♦✈❛♠❡♥t❡ ❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡ ❞❛ ❤❛st❡ ♣❛r❛ ♦ ♦✉tr♦ ♣♦ç♦✱

❛❣✉❛r❞❛♠♦s ♦ s❡✉ r❡♣♦✉s♦ ❡ ♠❡❞✐♠♦s s✉❛ ❞❡✢❡①ã♦ ♠á①✐♠❛ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞♦ s❡♥s♦r

ó♣t✐❝♦❀

✻✳ ❊♥tã♦ r❡❞✉③✐♠♦s ✉♠ ♣♦✉❝♦ ♠❛✐s ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛s s✉♣❡r❢í❝✐❡s ❞♦s í♠ãs✱ d✱ ♣♦s✐❝✐♦✲

♥❛♠♦s ♥♦✈❛♠❡♥t❡ ❛ ❤❛st❡ ❡♠ ✉♠ ❞♦s ♣♦ç♦s✱ ❛❣✉❛r❞❛♠♦s ♦ s❡✉ r❡♣♦✉s♦ ❡ ♥♦✈❛♠❡♥t❡

♠❡❞✐♠♦s ❛ ❞❡✢❡①ã♦ ♠á①✐♠❛❀

✼✳ ❉❡s❧♦❝❛♠♦s ❛ ❤❛st❡ ♣❛r❛ ♦ ♦✉tr♦ ♣♦ç♦✱ ❛❣✉❛r❞❛♠♦s ♦ s❡✉ r❡♣♦✉s♦ ❡ ♠❡❞✐♠♦s ❛

❞❡✢❡①ã♦ ♠á①✐♠❛ ♥❡st❡ ♦✉tr♦ ♣♦ç♦❀

✽✳ ❊①❡❝✉t❛♠♦s s✉❝❡ss✐✈❛♠❡♥t❡ ♦ ♣❛ss♦ ✹ ❡ ✺ ❛té ✧♠❛♣❡❛r✧❛ ❞❡✢❡①ã♦ ❞❡ ❝❛❞❛ ♣♦ç♦ ❡♠

❢✉♥çã♦ ❞❛ ❞✐stâ♥❝✐❛ d ❡①✐st❡♥t❡ ❡♥tr❡ ❛s s✉♣❡r❢í❝✐❡s ❞♦s í♠ãs✳

✸✳✸✳✸ ❘❡s✉❧t❛❞♦s ❡ ❞✐s❝✉ssã♦

◆❛ t❛❜❡❧❛ ✷ r❡♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s q✉❡ ♦❜t✐✈❡♠♦s ♠❡❞✐♥❞♦ ❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛

❞❡ ✢❛♠❜❛❣❡♠✳ ◆❛ ✜❣✉r❛ ✸✳✾ ❡st✐♠❛♠♦s ❛ r❛③ã♦ |~Fm|
λm

❜❛s❡❛❞♦ ♥♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s

❛♣r❡s❡♥t❛❞♦s ♥❛ t❛❜❡❧❛ ✷✳ ❯t✐❧✐③❛♠♦s ✉♠ ♣❛q✉í♠❡tr♦ ❝♦♠ ♣r❡❝✐sã♦ ❞❡ ✵✳✵✺ ♠♠ ♣❛r❛

r❡❛❧✐③❛r ❡st❛s ♠❡❞✐❞❛s✳

❚❛❜❡❧❛ ✷ ✕ ❱❛❧♦r❡ ♠❡❞✐❞♦s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❞❛s ❞✐stâ♥❝✐❛s ♠í♥✐♠❛s ❞❡ ✢❛♠❜❛❣❡♠ ♣❛r❛
✈ár✐♦s ❝♦♠♣r✐♠❡♥t♦ ❧✐✈r❡ ❞❛ ❤❛st❡✳

❉✐stâ♥❝✐❛s ♠í♥✐♠❛s ❞❡ ✢❛♠❜❛❣❡♠ ❡①♣❡r✐♠❡♥t❛✐s

❈♦♠♣r✐♠❡♥t♦ ❧✐✈r❡✱ ℓ0 ✭♠♠✮ ✾✶✳✾✵ ✾✷✳✺✵ ✾✸✳✸✵ ✾✹✳✶✵ ✾✺✳✽✵

❉✐stâ♥❝✐❛ ❞❡ ✢❛♠❜❛❣❡♠✱ d1 ✭♠♠✮ ✶✵✳✶✵ ✶✵✳✶✺ ✶✵✳✷✺ ✶✵✳✸✺ ✶✵✳✺✵

❊rr♦ ❞❡ ♠❡❞✐çã♦ ✭♠♠✮ ± ✵✳✵✺

❯t✐❧✐③❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ❞❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ❞❡ ✢❛♠❜❛❣❡♠✱ ❡st✐♠❛♠♦s ❛ ♠❛❣♥❡t✐✲

③❛çã♦ ❞♦s í♠ãs ❞❡ ♥❡♦❞í♠✐♦✱ M0✱ ❛tr❛✈és ❞❛ ❡q✉❛çã♦ ✭✸✳✷✳✶✽✮ ❡ ❝♦♠ ❛s ❡st✐♠❛t✐✈❛s ❞❛s

❢♦rç❛s ❝rít✐❝❛s ❞❡ ✢❛♠❜❛❣❡♠ ♣❛r❛ ❝❛❞❛ ❝♦♠♣r✐♠❡♥t♦ ❧✐✈r❡✱ ❛♣r❡s❡♥t❛❞♦s ♥❛ t❛❜❡❧❛ ✶✳ ❘❡✲

♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ t❛❜❡❧❛ ✸✳ ❊st✐♠❛♠♦s q✉❡ ❛ ♠❛❣♥❡t✐③❛çã♦ ❞❡❧❡s ❡stá

❡♠ t♦r♥♦ ❞❡ ✻✽✹ ± ✶ ❦❆✴♠✳
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❋✐❣✉r❛ ✸✳✾ ✕ ❱❛r✐❛çã♦ ❞❡ |Fm|
λm

❡♠ r❡❧❛çã♦ ❛ d
ℓm
✱ q✉❛♥❞♦ a

ℓm
= 98

195
✳

❚❛❜❡❧❛ ✸ ✕ ❊st✐♠❛t✐✈❛ t❡ór✐❝❛ ❞❛ ♠❛❣♥❡t✐③❛çã♦ ❞♦s í♠ãs ❞❡ ♥❡♦❞í♠✐♦ ♠❡❞✐❞❛ ❜❛s❡❛❞❛ ♥♦s
r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❞❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ❞❡ ✢❛♠❜❛❣❡♠ ♣❛r❛ ❝❛❞❛ ❝♦♠♣r✐♠❡♥t♦
❧✐✈r❡ ❞❛ ❤❛st❡✳

❊st✐♠❛t✐✈❛ t❡ór✐❝❛ ❞❛s ♠❛❣♥❡t✐③❛çõ❡s

❈♦♠♣r✐♠❡♥t♦ ❧✐✈r❡✱ ℓ0 ✭♠♠✮ ✾✶✳✾✵ ✾✷✳✺✵ ✾✸✳✸✵ ✾✹✳✶✵ ✾✺✳✽✵

❊st✐♠❛t✐✈❛ ❞❛ ♠❛❣♥❡t✐③❛çã♦✱ M0 ✭❦❆✴♠✮ ✻✽✹ ✻✽✸ ✻✽✺ ✻✽✻ ✻✽✺

❱❛❧♦r ♠é❞✐♦ ❞❛ ♠❛❣♥❡t✐③❛çã♦✱ M0 ✭❦❆✴♠✮ ✻✽✹ ± ✶

❆❧é♠ ❞❡ ❡♥❝♦♥tr❛r♠♦s ❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ❞❡ ✢❛♠❜❛❣❡♠✱ d1✱ ❡ ❡st✐♠❛r ❛ ♠❛❣♥❡t✐③❛✲

çã♦ ❞♦s í♠ãs ❞❡ ♥❡♦❞í♠✐♦✱ M0✱ t❛♠❜é♠ ❡♥❝♦♥tr❛♠♦s ❛ ❞❡✢❡①ã♦ ♠á①✐♠❛ ❞❡ ❝❛❞❛ ♣♦ç♦ ❛

♠❡❞✐❞❛ q✉❡ r❡❞✉③✐♠♦s ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s í♠ãs✱ d✱ ♣❛r❛ ❛ ❤❛st❡ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ❧✐✈r❡ ❞❡

ℓ0❂✾✸✳✸✵ ♠♠✳ ❘❡♣r❡s❡♥t❛♠♦s ❡st❡s r❡s✉❧t❛❞♦s ♥❛ t❛❜❡❧❛ ✹✱ ♦♥❞❡ x+ é ❛ ❞❡✢❡①ã♦ ♠á①✐♠❛

♥♦ ♣♦ç♦ ♠❛✐s ❞✐st❛♥t❡ ❞❛ ❜♦❜✐♥❛ ❡ x− ❛ ❞❡✢❡①ã♦ ♠á①✐♠❛ ♥♦ ♣♦ç♦ ♠❛✐s ♣ró①✐♠♦ ❞❛ ❜♦❜✐♥❛✳

❊st❡s r❡s✉❧t❛❞♦s s❡rã♦ ❢✉♥❞❛♠❡♥t❛✐s ♥❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦ ♦s❝✐❧❛❞♦s ❞❡ ❉✉✣♥❣✳ P❡r❝❡❜❡✲

♠♦s q✉❡ ♥❡st❛ ❛♥á❧✐s❡✱ ❞✐✜❝✐❧♠❡♥t❡ ❝♦♥s❡❣✉❛♠♦s ♦❜t❡r ❛s ♠❡s♠❛s ❞❡✢❡①õ❡s ♠á①✐♠❛s ❛♦

♠✐❣r❛r ❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡ ❞❛ ❤❛st❡ ❞❡ ✉♠ ♣♦ç♦ ♣❛r❛ ♦ ♦✉tr♦✳ ■ss♦ é ✉♠ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛
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❤✐st❡r❡s❡ ❡①✐st❡♥t❡ ♥❛ ❛çã♦ ♠❛❣♥ét✐❝❛ ❡ ❞❡ ✐♠♣❡r❢❡✐çõ❡s ❣❡♦♠étr✐❝❛s ♣r❡s❡♥t❡s ♥❛ ❤❛st❡✳

❊st❛s ❞✐st♦rçõ❡s ♥✉♥❝❛ ❡r❛♠ ♠❛✐♦r ❞♦ q✉❡ ± ✵✳✵✺ ♠♠✳ ❉♦ ♣♦♥t♦ ❞❡ ✈✐st♦ ♠❛❝r♦s❝ó♣✐❝♦✱ é

✉♠ ❞❡s✈✐♦ ✐rr✐sór✐♦✳ ❙❡ tr❛t❛♥❞♦ ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ♥ã♦✲❧✐♥❡❛r❡s✱ ❡st❡ ♣❡q✉❡♥♦ ❞❡s✈✐♦

♣♦❞❡ ❛❧t❡r❛r t♦t❛❧♠❡♥t❡ ❛ r❡s♣♦st❛ ❞♦ s✐st❡♠❛✱ ❝♦♠♦ ✈❡r❡♠♦s ♠❛✐s ❛ ❢r❡♥t❡✳

❚❛❜❡❧❛ ✹ ✕ ❉❡✢❡①ã♦ ♠á①✐♠❛ ❞❡ ❝❛❞❛ ♣♦ç♦ ❝♦♠ ℓ0❂✾✸✳✸✵ ♠♠ ♠❡❞✐❞❛ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✳

❉❡✢❡①õ❡s ♠á①✐♠❛s ❝♦♠ ℓ0❂✾✸✳✸✵ ♠♠

d ✭♠♠✮ x+ ✭♠♠✮ −x− ✭♠♠✮

✶✵✳✷✺ ✶✳✵✻ ± ✵✳✵✺ ✶✳✶✸ ± ✵✳✵✺

✶✵✳✶✷ ✶✳✹✻ ± ✵✳✵✺ ✶✳✻✹ ± ✵✳✵✺

✶✵✳✵✵ ✶✳✼✻ ± ✵✳✵✺ ✶✳✾✹ ± ✵✳✵✺

✾✳✽✼ ✷✳✶✾ ± ✵✳✵✺ ✷✳✷✺ ± ✵✳✵✺

✾✳✼✺ ✷✳✹✶ ± ✵✳✵✺ ✷✳✺✵ ± ✵✳✵✺

✾✳✻✷ ✷✳✻✵ ± ✵✳✵✺ ✷✳✼✷ ± ✵✳✵✺

✾✳✺✵ ✷✳✽✶ ± ✵✳✵✺ ✷✳✾✼ ± ✵✳✵✺

✾✳✸✼ ✷✳✾✻ ± ✵✳✵✺ ✸✳✶✹ ± ✵✳✵✺

✾✳✷✺ ✸✳✶✷ ± ✵✳✵✺ ✸✳✸✸ ± ✵✳✵✺



Capı́tulo 4

❆♥á❧✐s❡ ❉✐♥â♠✐❝❛

◆❡st❡ ❝❛♣ít✉❧♦ ❞❡s❡♥✈♦❧✈❡♠♦s ❛ t❡♦r✐❛ ❞✐♥â♠✐❝❛ ❞❡ ✈✐❣❛s ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✳ ❆ss✐♠

❝♦♠♦ ♦ ♠♦❞❡❧♦ ❡stát✐❝♦ q✉❡ ❡❧❡s ♣r♦♣✉s❡r❛♠✱ ❡st❡ ❛♣r❡s❡♥t❛ ❜♦♥s r❡s✉❧t❛❞♦s q✉❡ sã♦

❝♦♥❞✐③❡♥t❡s ❝♦♠ ❛ r❡❛❧✐❞❛❞❡✳ ❚♦❞❛s ❛s ❝♦♥❞✐çõ❡s ❡ ❤✐♣ót❡s❡s q✉❡ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞❛s ♥♦

❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❞❡✈❡♠ s❡r r❡s♣❡✐t❛❞❛s✳

❇❛s❡❛❞♦ ♥❡st❡ ♠♦❞❡❧♦ ❞✐♥â♠✐❝♦✱ ❡st✉❞❛♠♦s ♦s ♠♦❞♦s ♥♦r♠❛✐s ❞❡ ✈✐❜r❛çã♦ ❞❡ ✉♠❛

✈✐❣❛ ❡♥❣❛st❛❞❛✳ ❉❡✜♥✐♠♦s ❝♦♥❝❡✐t♦s ✐♠♣♦rt❛♥t❡s ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ✶ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡

♣❛r❛ ❛ ❞✐♥â♠✐❝❛ ❞❡ ✈✐❣❛s ❡♥❣❛st❛❞❛s ❝♦♠♦ ❛ ♠❛ss❛ ❡ ❝♦♥st❛t❡ ❡❧ást✐❝❛ ❡❢❡t✐✈❛s✳ ❆❧é♠

❞✐ss♦✱ ♣❛rt✐♥❞♦ ❞❡st❡ ♠♦❞❡❧♦ ❞✐♥â♠✐❝♦✱ ❡♥❝♦♥tr❛♠♦s ❛ ❡q✉❛çã♦ q✉❡ ❞❡s❝r❡✈❡ ❛s ✈✐❜r❛çõ❡s

♥ã♦ ❧✐♥❡❛r❡s ♥ã♦ ❛♠♦rt❡❝✐❞❛ ❞❡ ✉♠❛ ✈✐❣❛ ❡ ❛ ❡q✉❛çã♦ ❞♦ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣✳

◆❛ s❡çã♦ ✹✳✶ ❡♥❝♦♥tr❛♠♦s ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❡❧ást✐❝❛ ❞❡ ❞❡❢♦r♠❛çã♦ ❡ ❝✐♥ét✐❝❛ ❞❡ ✉♠

s❡❣♠❡♥t♦ ❞❡ ✈✐❣❛ ❡♠ ♠♦✈✐♠❡♥t♦✳ ❏á ♥❛ s❡çã♦ ✹✳✷ ❞❡s❡♥✈♦❧✈❡♠♦s ❛ ❡q✉❛çã♦ ❞✐♥â♠✐❝❛ ❞❡

❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ♣❛r❛ ✈✐❣❛s ❡♥❣❛st❛❞❛s✳ ◆❛ s❡çã♦ ✹✳✸ ❛❝❤❛♠♦s ♦s ♠♦❞♦s ♥♦r♠❛✐s ❞❡ ✉♠❛

✈✐❣❛ ❡♥❣❛st❛❞❛ ❡ s✉❛s ❢r❡q✉ê♥❝✐❛s ❞❡ ♦s❝✐❧❛çõ❡s✳ ❏á ♥❛ s❡çã♦ ✹✳✹ ❛❝❤❛♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡

❝♦♥st❛♥t❡ ❡❧ást✐❝❛ ❡❢❡t✐✈❛✱ ♠❛ss❛ ❡❢❡t✐✈❛ ❡ ❡♥❞✉r❡❝✐♠❡♥t♦✴❛♠♦❧❡❝✐♠❡♥t♦ ❞❡ ♠♦❧❛ ❞❡ ✈✐❣❛s

❡♥❣❛st❛❞❛s✳ ◆❛ s❡çã♦ ✹✳✺ ✐♥✈❡st✐❣❛♠♦s ❛s ✈✐❜r❛çõ❡s ♥ã♦✲❧✐♥❡❛r ❞❡ ✉♠❛ ✈✐❣❛ ❡♥❣❛st❛❞❛

❡ ♦❜t❡♠♦s ❛ ❡q✉❛çã♦ ❞♦ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ ♥ã♦ ❛♠♦rt❡❝✐❞♦✳ P♦r ✜♠✱ ♥❛ s❡çã♦ ✹✳✻

❡①♣❧✐❝❛♠♦s ♦ ❡①♣❡r✐♠❡♥t♦ ❞✐♥â♠✐❝♦ q✉❡ ❢♦✐ r❡❛❧✐③❛❞♦ ❡ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s

❡ ♦s ❞✐s❝✉t✐♠♦s✳
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✹✳✶ ❊♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❞❡ ❞❡❢♦r♠❛çã♦ ❡ ❝✐♥ét✐❝❛ ❞❡ ✉♠ s❡❣♠❡♥t♦

❞❡ ✈✐❣❛

❆ ✜❣✉r❛ ✹✳✶ r❡♣r❡s❡♥t❛ ✉♠❛ ✈✐❣❛ ❡♥❣❛st❛❞❛ ✈✐❜r❛♥❞♦ ❧✐✈r❡♠❡♥t❡✳ ❈♦♥s✐❞❡r❡ q✉❡ ✉♠

♣❡q✉❡♥♦ ✐♠♣❛❝t♦ ♣❡rt✉r❜♦✉ ❡st❛ ✈✐❣❛ ❡ ❢❡③ ❝♦♠ q✉❡ ❡❧❛ ♦s❝✐❧❛ss❡ ❧✐✈r❡♠❡♥t❡✳ ◆❡st❛ s❡çã♦

x

z

❋✐❣✉r❛ ✹✳✶ ✕ ❱✐❣❛ ❡♥❣❛st❛❞❛ ♥❛ ❜❛s❡ ❡ ❧✐✈r❡ ♥❛ ♦✉tr❛ ❡①tr❡♠✐❞❛❞❡✱ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ℓ0
❡ ❞❡♥s✐❞❛❞❡ ❞❡ ♠❛ss❛ ❧✐♥❡❛r µ✱ ✈✐❜r❛♥❞♦ ❧✐✈r❡♠❡♥t❡✳

❡♥❝♦♥tr❛♠♦s ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❡❧ást✐❝❛ ❞❡ ❞❡❢♦r♠❛çã♦ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ✐♥✜♥✐t❡s✐♠❛❧

❞❛ ✈✐❣❛ r❡♣r❡s❡♥t❛❞❛ ♥❛ ✜❣✉r❛ ✹✳✶✳ ◆❛ s❡q✉ê♥❝✐❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ❡st❡ ♠❡s♠♦ ❡❧❡♠❡♥t♦✱

❛❝❤❛♠♦s ❛ s✉❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛
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✹✳✶✳✶ ❊♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❞❡ ❞❡❢♦r♠❛çã♦

❈♦♥s✐❞❡r❡ ♦ ✜❧❛♠❡♥t♦ ∆s1(s, ξ) = ∆s1✱ ❧♦❝❛❧✐③❛❞♦ ❛ ✉♠❛ ❞✐stâ♥❝✐❛ ξ ❞♦ ❡✐①♦ ♥❡✉tr♦✱

∆s(s, 0) = ∆s✱ ❞❛ ✜❣✉r❛ ✸✳✷✳ ❙❛❜❡♥❞♦ q✉❡∆s = R(s)∆θ(s) ❡∆s1 = (R(s)+ξ)∆θ(s)✱ ♦♥❞❡

R(s) é ♦ r❛✐♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡st❡ s❡❣♠❡♥t♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ❞❡❢♦r♠❛çã♦ ❞♦ ✜❧❛♠❡♥t♦

∆s1✱ ǫ(s, ξ)✱ ❝♦♠♦ ❬✷✻❪

ǫ(s, ξ) =
∆s1 −∆s

∆s
=

ξ

R(s)
.

❙✉❜st✐t✉✐♥❞♦ ❡ss❡ r❡s✉❧t❛❞♦ ♥❛ ❡q✉❛çã♦ ❞❡ ❍♦♦❦❡✱ σ(s, ξ) = Eǫ(s, ξ) ❬✷✼❪✱ ❡♥❝♦♥tr❛♠♦s

σ(s, ξ) = E
ξ

R(s)
.

❆ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❡❧ást✐❝❛ ❛❝✉♠✉❧❛❞❛ ♥❛ ❞❡❢♦r♠❛çã♦ ❞❡st❡ s❡❣♠❡♥t♦ ❞❡ ✈✐❣❛ s❡rá ❬✷✽❪

∆Uel =
1

2

∫ τ
2

− τ
2

σ(s, ξ)(∆s1 −∆s)bdξ.

❙✉❜st✐t✉✐♥❞♦ ♦s r❡s✉❧t❛❞♦s ❛❝✐♠❛ ❡ r❡s♦❧✈❡♥❞♦ ❛ ✐♥t❡❣r❛❧✱ ❛❝❤❛♠♦s q✉❡

∆Uel =
bτ 3

12

E∆θ(s)

2R(s)

=
1

2
EI

∆s

R2(s)
. ✭✹✳✶✳✶✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ ❬✷✾❪✱ ♦ r❛✐♦ ❞❡ ❝✉r✈❛t✉r❛✱ R(s)✱ ♣♦❞❡ s❡r ❡s❝r✐t♦

❝♦♠♦

R(s) =

[

1 +
(

dX(z)
dz

)2
] 3

2

d2X(z)
dz2

✭✹✳✶✳✷✮

❡ ✉s❛♥❞♦ P✐tá❣♦r❛s✱ ♦ ❡❧❡♠❡♥t♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

∆s =

√

1 +

(

dX(z)

dz

)2

∆z. ✭✹✳✶✳✸✮

❙✉❜st✐t✉✐♥❞♦ ❡st❡s r❡s✉❧t❛❞♦s ♥❛ ❡q✉❛çã♦ ✭✹✳✶✳✶✮✱ ❡♥❝♦♥tr❛♠♦s q✉❡

∆Uel =
EI

2

(

d2X(z)
dz2

)2

[

1 +
(

dX(z)
dz

)2
] 5

2

∆z.
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❈♦♥s✐❞❡r❛♥❞♦ ❛ ❡①♣❛♥sã♦ ❞❡ ❚❛②❧♦r ❛té s❡✉ s❡❣✉♥❞♦ t❡r♠♦✱ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ r❡s✉❧t❛rá

❡♠

∆Uel ≈
EI

2

(

d2X(z)

dz2

)2
[

1− 5

2

(

dX(z)

dz

)2

+ ...

]

∆z. ✭✹✳✶✳✹✮

❆ ❡q✉❛çã♦ ✭✹✳✶✳✹✮ r❡♣r❡s❡♥t❛ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❡❧ást✐❝❛ ♣r♦✈❡♥✐✲

❡♥t❡ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠❛ ✈✐❣❛ ❡♥❣❛st❛❞❛ ❞❡✢❡t✐❞❛✳

✹✳✶✳✷ ❊♥❡r❣✐❛ ❝✐♥ét✐❝❛

❆ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ ✐♥✜♥✐t❡s✐♠❛❧ ❞❛ ✈✐❣❛ r❡♣r❡s❡♥t❛❞❛ ♥❛ ✜❣✉r❛ ✹✳✶ é

❞❛❞❛ ♣♦r ❬✷✽❪

∆Uk =
µ

2

(

∂X(z, t)

∂t

)2

∆s.

P❛r❛ ♣❡q✉❡♥❛s ❛♠♣❧✐t✉❞❡s✱ ∆s ≈ ∆z✱ ❡♥❝♦♥tr❛♠♦s

∆Uk ≈
µ

2

(

∂X(z, t)

∂t

)2

∆z. ✭✹✳✶✳✺✮

♦♥❞❡ µ é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♠❛ss❛ ❧✐♥❡❛r ❞❛ ❜❛rr❛ ❡ é ❞❛❞❛ ♣♦r µ = ρvAs✱ ♦♥❞❡ ρv é ❛

❞❡♥s✐❞❛❞❡ ❞❛ ✈✐❣❛ ❡ As ❛ ár❡❛ ❞❡ s✉❛ s❡çã♦ tr❛♥s✈❡rs❛❧✳

✹✳✷ ❱✐❜r❛çõ❡s ✢❡①✉r❛✐s ❞❡ ♣❡q✉❡♥❛s ❛♠♣❧✐t✉❞❡s ❞❡ ✉♠❛ ✈✐❣❛ ❡♥✲

❣❛st❛❞❛

❉❛s ❡q✉❛çõ❡s ✭✹✳✶✳✺✮ ❡ ✭✹✳✶✳✹✮✱ ♦❜t❡♠♦s q✉❡ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ♣❛r❛ ♣❡q✉❡♥❛s ❛♠♣❧✐t✉❞❡s

❞❡ ✈✐❜r❛çã♦ ❞❛ ✈✐❣❛ ❡♥❣❛st❛❞❛ r❡♣r❡s❡♥t❛❞❛ ♥❛ ✜❣✉r❛ ✹✳✶✱ é

H ≈ 1

2

∫ ℓ0

0

[

µ

(

∂X(z, t)

∂t

)2

+ EI

(

∂2X(z, t)

∂z2

)2
]

dz.

❉❡r✐✈❛♥❞♦ ❛ ❡①♣r❡ssã♦ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦✱ t✱ ✜❝❛♠♦s ❝♦♠

∂H
∂t

=

∫ ℓ0

0

{

µ

(

∂X(z, t)

∂t

)(

∂2X(z, t)

∂t2

)

+ EI

(

∂2X(z, t)

∂z2

)[

∂

∂t

(

∂2X(z, t)

∂z2

)]}

dz

=

∫ ℓ0

0

[

µ

(

∂2X(z, t)

∂t2

)

+ EI

(

∂4X(z, t)

∂z4

)](

∂X(z, t)

∂t

)

dz+

+EI

{(

∂2X(z, t)

∂z2

)[

∂

∂t

(

∂X(z, t)

∂z

)]

−
(

∂3X(z, t)

∂z3

)(

∂X(z, t)

∂t

)}∣

∣

∣

∣

z=ℓ0

z=0

.
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▲❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ♣❛r❛ ✉♠❛ ✈✐❣❛ ❡♥❣❛st❛❞❛✱ X(0, t) =

∂X(0,t)
∂z

= ∂2X(ℓ0,t)
∂z2

= ∂3X(ℓ0,t)
∂z3

= 0 ❬✶✽✱ ✶✾❪✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦

∂H
∂t

=

∫ ℓ0

0

[

µ

(

∂2X(z, t)

∂t2

)

+ EI

(

∂4X(z, t)

∂z4

)](

∂X(z, t)

∂t

)

dz.

P❛r❛ q✉❡ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ s❡❥❛ ❝♦♥st❛♥t❡ ♥♦ t❡♠♣♦✱ ♦❜t❡♠♦s

µ
∂2X(z, t)

∂t2
+ EI

∂4X(z, t)

∂z4
= 0. ✭✹✳✷✳✻✮

❆ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛ ✭✹✳✷✳✻✮ ♠♦❞❡❧❛ ❛ ❞✐♥â♠✐❝❛ ♦s❝✐❧❛tór✐❛ ❧✐✈r❡ s❡♠ ❛♠♦rt❡❝✐♠❡♥t♦

❞❡ ✉♠❛ ✈✐❣❛ ❡♥❣❛st❛❞❛✳

✹✳✸ ▼♦❞♦s ♥♦r♠❛✐s ❞❡ ✉♠❛ ✈✐❣❛ ❧✐♥❡❛r ❡♥❣❛st❛❞❛

❯t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ s❡♣❛r❛çã♦ ❞❡ ✈❛r✐á✈❡✐s ♣❛r❛ ✉♠❛ s♦❧✉çã♦ ❞♦ t✐♣♦ ♦s❝✐❧❛tór✐❛✱

♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ♥✲és✐♠♦ t❡r♠♦ ❞♦ ♠♦❞♦ ♥♦r♠❛❧ ❞❛ ❡q✉❛çã♦ ✭✹✳✷✳✻✮ ❝♦♠♦✱ X(z, t) =

Xn(z)❝♦s(ωnt+ϕf )✱ ♦♥❞❡ n = 0, 1, 2, ... ❡ Xn(z) ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥✉❧❛✳ P♦rt❛♥t♦✱ ♦❜t❡♠♦s

❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❛ Xn(z)✱

d4Xn(z)

dz4
=

µω2
n

EI
Xn(z). ✭✹✳✸✳✼✮

❆ s♦❧✉çã♦ ❣❡r❛❧ ❞❛ ❡q✉❛çã♦ ✭✹✳✸✳✼✮ é ❞❛❞❛ ♣♦r

Xn(z) = An❝♦s(knz) + Bn s❡♥(knz) + Cn❝♦s❤(knz) +Dns❡♥❤(knz), ✭✹✳✸✳✽✮

♦♥❞❡ kn =
(

µω2
n

EI

) 1

4

✳ ❯t✐❧✐③❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞❡ ✉♠❛ ✈✐❣❛ ❡♥❣❛st❛❞❛ ❡♠ z = 0

✭Xn(0) = X ′
n(0) = 0✮✱ ❡♥❝♦♥tr❛♠♦s

{

An + Cn = 0 → An = −Cn,

Bn +Dn = 0 → Bn = −Dn.

❈♦♠ ❡st❡ r❡s✉❧t❛❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✸✳✽✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

Xn(z) = An[❝♦s(knz)− ❝♦s❤(knz)] + Bn[ s❡♥(knz)− s❡♥❤(knz)]. ✭✹✳✸✳✾✮

❯t✐❧✐③❛♥❞♦ ❛❣♦r❛ ❛s ❝♦♥❞✐çõ❡s ❞❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡ ❞❛ ✈✐❣❛ ❡♠ z = ℓ0 ✭X ′′
n(ℓ0) = X ′′′

n (ℓ0) =

0✮✱ ♦❜t❡♠♦s
[

❝♦s(knℓ0) + ❝♦s❤(knℓ0) s❡♥(knℓ0) + s❡♥❤(knℓ0)

−s❡♥(knℓ0) + s❡♥❤(knℓ0) ❝♦s(knℓ0) + ❝♦s❤(knℓ0)

][

An

Bn

]

=

[

0

0

]

.
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Ú◆■❈❖ ●❘❆❯ ❉❊ ▲■❇❊❘❉❆❉❊ ✹✸

❘❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛ ♠❛tr✐❝✐❛❧ ❛❝✐♠❛ ❝♦♠ kn 6= 0✱ ♦❜t❡♠♦s

An =
s❡♥(knℓ0) + s❡♥❤(knℓ0)

2[❝♦s(knℓ0)s❡♥❤(knℓ0)− ❝♦s❤(knℓ0)s❡♥(knℓ0)]
Xn(ℓ0) ✭✹✳✸✳✶✵✮

❡

Bn = − ❝♦s(knℓ0) + ❝♦s❤(knℓ0)
s❡♥(knℓ0) + s❡♥❤(knℓ0)

An, ✭✹✳✸✳✶✶✮

♦♥❞❡ An ❡ Bn sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ❡q✉❛çã♦ ✭✹✳✸✳✾✮✳ ❆❧é♠ ❞✐ss♦✱ ❡st❡ ♣r♦❜❧❡♠❛ t❡rá

s♦❧✉çã♦ ❞✐❢❡r❡♥t❡ ❞❛ tr✐✈✐❛❧✱ ❞❡s❞❡ q✉❡

[❝♦s(knℓ0) + ❝♦s❤(knℓ0)]2 − [ s❡♥(knℓ0) + s❡♥❤(knℓ0)][− s❡♥(knℓ0) + s❡♥❤(knℓ0)] = 0.

P♦rt❛♥t♦✱ ❛ ❡q✉❛çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ♣r♦❜❧❡♠❛ s❡rá

❝♦s(knℓ0)❝♦s❤(knℓ0) = −1. ✭✹✳✸✳✶✷✮

❘❡s♦❧✈❡♥❞♦ ❛ ✭✹✳✸✳✶✷✮ ♥✉♠❡r✐❝❛♠❡♥t❡ ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❛ ❜✐ss❡❝çã♦ ❬✸✵❪✱ ❞❡✜✲

♥✐♠♦s q✉❡ ❛s três ♣r✐♠❡✐r❛s r❛í③❡s ❞❡st❛ ❡q✉❛çã♦ tr❛♥s❝❡♥❞❡♥t❛❧ sã♦ x0 = 1, 875104✱

x1 = 4, 694091 ❡ x2 = 7, 854757✱ ♦♥❞❡ xn = knℓ0✳ ❆❧é♠ ❞✐ss♦✱ s❛❜❡♠♦s q✉❡ ❛ ❢r❡q✉ê♥❝✐❛

❞❡ ♦s❝✐❧❛çã♦ ❞♦s ♠♦❞♦s ♥♦r♠❛✐s ❞❡ss❛ ✈✐❣❛ é fn = ωn

2π
✳ ❈♦♠ kn =

(

µω2
n

EI

) 1

4

❡ µ = ρvAs✱

♦❜t❡♠♦s q✉❡ ❛ ♥✲és✐♠❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ♦s❝✐❧❛çã♦ ❞♦s ♠♦❞♦s ♥♦r♠❛✐s ❞❡ ✉♠❛ ✈✐❣❛ ❡♥❣❛st❛❞❛

é ❞❛❞❛ ♣♦r

fn =
τx2

n

2πℓ20

√

E

12ρv
. ✭✹✳✸✳✶✸✮

❯t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✸✳✶✸✮✱ ❡st✐♠❛♠♦s q✉❡ ❛s ❢r❡q✉ê♥❝✐❛s ❞❡ ♦s❝✐❧❛çõ❡s ❞♦s três ♣r✐✲

♠❡✐r♦s ♠♦❞♦s ♥♦r♠❛✐s ❞❛ ❤❛st❡ ❡♥s❛✐❛❞❛ ❡ r❡♣r❡s❡♥t❛♠♦s s❡✉s r❡s✉❧t❛❞♦s ♥❛ t❛❜❡❧❛ ✺✳

✹✳✹ ❆♣r♦①✐♠❛çã♦ ❞❛s ❡♥❡r❣✐❛s ❡♥✈♦❧✈✐❞❛s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ✉♠

ú♥✐❝♦ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❡①♣❛♥sã♦ ❞❡ ❚❛②❧♦r ❛té ♦ s❡❣✉♥❞♦ t❡r♠♦ ♥❛ ❡q✉❛çã♦ ✭✹✳✶✳✹✮✱ ❛ ❡♥❡r❣✐❛

♣♦t❡♥❝✐❛❧ ❞❡ ✉♠❛ ✈✐❣❛ ❞❡❧❣❛❞❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ✉♠ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡

❝♦♠♦

κ(z)X2(z, t)

2
+

α(z)X4(z, t)

4
≈ EI

2

∫ ℓ0

0

(

∂2X(z′, t)

∂z′2

)2
[

1− 5

2

(

∂X(z′, t)

∂z′

)2
]

dz′.
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❚❛❜❡❧❛ ✺ ✕ ❋r❡q✉ê♥❝✐❛s ❞❡ ♦s❝✐❧❛çõ❡s ❞♦s três ♣r✐♠❡✐r♦s ♠♦❞♦s ♥♦r♠❛✐s ❞❛ ❤❛st❡ ❡♥s❛✐❛❞❛
❝♦♠ E ≈ 220 ●P❛ ❡ ρv ≈ 7.8× 103 ❑❣·♠−3✳

❊st✐♠❛t✐✈❛s t❡ór✐❝❛s ❞♦s ♠♦❞♦s ♥♦r♠❛✐s

❈♦♠♣r✐♠❡♥t♦ ❧✐✈r❡✱ ℓ0 ✭♠♠✮ ✾✶✳✸✵ ✾✷✳✺✵ ✾✸✳✸✵ ✾✹✳✶✵

❋r❡q✉ê♥❝✐❛ ♥♦ ♣r✐♠❡✐r♦ ♠♦❞♦ ♥♦r♠❛❧ ✭❍③✮ ✸✵✳✸✾ ✷✾✳✾✾ ✷✾✳✹✽ ✷✽✳✾✽

❋r❡q✉ê♥❝✐❛ ♥♦ s❡❣✉♥❞♦ ♠♦❞♦ ♥♦r♠❛❧ ✭❍③✮ ✶✾✵✳✹✺ ✶✽✼✳✾✾ ✶✽✹✳✼✽ ✶✽✶✳✻✺

❋r❡q✉ê♥❝✐❛ ♥♦ t❡r❝❡✐r♦ ♠♦❞♦ ♥♦r♠❛❧ ✭❍③✮ ✺✸✸✳✷✼ ✺✷✻✳✸✽ ✺✶✼✳✸✾ ✺✵✽✳✻✸

❈♦♥s✐❞❡r❛♥❞♦ ❛s ❝♦♥❞✐çã♦ ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❞♦s t❡r♠♦s ❞❡ ❡①♣❛♥sã♦ ❞❡ ❋♦✉r✐❡r✱ ❝♦s(nω0t)✱

❡ s❛❜❡♥❞♦ q✉❡

❝♦s2(ω0t) =
1 + ❝♦s(2ω0t)

2

❡

❝♦s4(ω0t) =
3

8
+

1

2
❝♦s(2ω0t) +

1

8
❝♦s(4ω0t),

♦❜t❡♠♦s
κ(z)X2(z, t)

2
≈ EI

2

∫ ℓ0

0

(

∂2X(z′, t)

∂z′2

)2

dz′ ✭✹✳✹✳✶✹✮

❡
α(z)X4(z, t)

4
≈ −5EI

4

∫ ℓ0

0

[(

∂2X(z′, t)

∂z′2

)(

∂X(z′, t)

∂z′

)]2

dz′. ✭✹✳✹✳✶✺✮

❯t✐❧✐③❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ♥❛ ❡①♣r❡ssã♦ ✭✹✳✹✳✶✹✮✱ ✜❝❛♠♦s ❝♦♠

κ(z)X2(z, t) = EI

{

[(

∂2X(z′, t)

∂z′2

)(

∂X(z′, t)

∂z′

)

−
(

∂3X(z′, t)

∂z′3

)

X(z′, t)

]∣

∣

∣

∣

z′=ℓ0

z′=0

+

+

∫ ℓ0

0

[

X(z′, t)

(

∂4X(z′, t)

∂z′4

)]

dz′
}

.

❙✉♣♦♥❞♦ q✉❡ ❛ ✈✐❣❛ ✈✐❜r❛ ♥♦ ♠♦❞♦ ❢✉♥❞❛♠❡♥t❛❧✱ X(z, t) = X0(z)❝♦s(ω0t)✱ ✉t✐❧✐③❛♥❞♦ ❛s

❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞❡st❡ ♠♦❞❡❧♦✱ X0(0) = X ′
0(0) = X ′′

0 (ℓ0) = X ′′′
0 (ℓ0) = 0✱ ❡ s❛❜❡♥❞♦

q✉❡ X ′′′′
0 (z′) = k4

0X0(z
′) ❡ k0 =

(

µω2

0

EI

) 1

4

✱ ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❡ ❡q✉❛çã♦ ✭✹✳✹✳✶✺✮✱ ❛❝❤❛♠♦s

κ(z) =
µω2

0

X2
0 (z)

∫ ℓ0

0

X2
0 (z

′)dz′ ✭✹✳✹✳✶✻✮

❡

α(z) = − 5EI

X4
0 (z)

∫ ℓ0

0

(X ′′
0 (z

′)X ′
0(z

′))2dz′, ✭✹✳✹✳✶✼✮
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Ú◆■❈❖ ●❘❆❯ ❉❊ ▲■❇❊❘❉❆❉❊ ✹✺

♦♥❞❡ κ(z) é ❛ ❝♦♥st❛t❡ ❡❧ást✐❝❛ ❡❢❡t✐✈❛ ❞❛ ✈✐❣❛ ♥❛ ❛❧t✉r❛ z ❡ α(z) ❛ ❝♦♥st❛♥t❡ q✉❡ r❡♣r❡s❡♥t❛

♦ ❡♥❞✉r❡❝✐♠❡♥t♦✴❛♠♦❧❡❝✐♠❡♥t♦ ❞❡ ♠♦❧❛ ❞❛ ✈✐❣❛ ♥❛ ❛❧t✉r❛ z✱ ❡♠ q✉❡ 0 ≤ z ≤ ℓ0✳

❊s❝r❡✈❡♥❞♦ ❛❣♦r❛ ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❞❡st❛ ♠❡s♠❛ ✈✐❣❛ ❞✉r❛♥t❡ s✉❛s ♦s❝✐❧❛çõ❡s ♥❛

❛♣r♦①✐♠❛çã♦ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ ú♥✐❝♦ ❞❡ ❧✐❜❡r❞❛❞❡✱ ❛❝❤❛♠♦s q✉❡

m(z)

2

(

∂X(z, t)

∂t

)2

≈ µ

2

∫ ℓ0

0

(

∂X(z′, t)

∂t

)2

dz′.

❙✉♣♦♥❞♦ q✉❡ ❛ ✈✐❣❛ ✈✐❜r❛ ♥♦ ♠♦❞♦ ❢✉♥❞❛♠❡♥t❛❧ X(z, t) = X0(z)❝♦s(ω0t)✱ ♦❜t❡♠♦s

m(z) =
µ

X2
0 (z)

∫ ℓ0

0

X2
0 (z

′)dz′, ✭✹✳✹✳✶✽✮

♦♥❞❡ m(z) é ❛ ♠❛ss❛ ❡❢❡t✐✈❛ ❞❛ ✈✐❣❛ ♥❛ ❛❧t✉r❛ z ❡♠ q✉❡ 0 ≤ z ≤ ℓ0✳ P❧♦t❛♠♦s ♥❛

✜❣✉r❛ ✹✳✷✱ ❛ ✈❛r✐❛çã♦ t❡ór✐❝❛ ❞❛ ♠❛ss❛ ❡❢❡t✐✈❛ ❞❡ ✉♠❛ ❤❛st❡ ❡♥❣❛st❛❞❛ ❛♦ ❧♦♥❣♦ ❞❡ z
ℓ0
✳

❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✹✳✶✽✮ ♥❛ ❡q✉❛çã♦ ✭✹✳✹✳✶✻✮✱ ❞❡✜♥✐♠♦s q✉❡

❋✐❣✉r❛ ✹✳✷ ✕ ❱❛r✐❛çã♦ ❞❛ ♠❛ss❛ ❡❢❡t✐✈❛ ❞❡ ✉♠❛ ✈✐❣❛ ❡♥❣❛st❛❞❛ ♥♦ ♣r✐♠❡✐r♦ ♠♦❞♦ ♥♦r♠❛❧❀
❝✉r✈❛ ✈❡r♠❡❧❤❛ r❡♣r❡s❡♥t❛ ❛ ✈❛r✐❛çã♦ ❞❛ ♠❛ss❛ ❡❢❡t✐✈❛ ❞❡st❛ ❤❛st❡ ❛♦ ❧♦♥❣♦
❞❡ z

ℓ0
✳ ❈♦♠ ♦ ❝♦♠♣r✐♠❡♥t♦ ❧✐✈r❡✱ ℓ0✱ ✾✷✳✺✵ ♠♠✱ ❛ r❡t❛ ❛③✉❧ ♣♦♥t✐❧❤❛❞❛

❝♦rr❡s♣♦♥❞❡ ❛♦ ✈❛❧♦r ❞❛ ♠❛ss❛ ❧✐✈r❡ ❞❛ ❤❛st❡ ❡♥s❛✐❛❞❛✱ µℓ0❀ r❡t❛ ❛♠❛r❡❧❛
tr❛❝❡❥❛❞❛ ❝♦rr❡s♣♦♥❞❡ ❛♦ ✈❛❧♦r ❞❛ ♠❛ss❛ ❡❢❡t✐✈❛ ♥❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡ ❞❛
❤❛st❡✱ 0.24µℓ0✳

ω2
0 =

κ(z)

m(z)
. ✭✹✳✹✳✶✾✮
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❆ ❡q✉❛çã♦ ✭✹✳✹✳✶✾✮ ❝♦rr❡s♣♦♥❞❡ ❛ ❢r❡q✉ê♥❝✐❛ ♥❛t✉r❛❧✴❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠❛ ✈✐❣❛ ❡♥❣❛st❛

✈✐❜r❛♥❞♦ ❧✐✈r❡♠❡♥t❡✳

✹✳✺ ❱✐❜r❛çõ❡s ✢❡①✉r❛✐s ♥ã♦✲❧✐♥❡❛r❡s ❞❡ ✉♠❛ ✈✐❣❛ ❡♥❣❛st❛❞❛

❈♦♠ ❛s ❡q✉❛çõ❡s ✭✹✳✹✳✶✻✮✱ ✭✹✳✹✳✶✼✮ ❡ ✭✹✳✹✳✶✽✮✱ ♣♦❞❡♠♦s ❛❣♦r❛ ❡s❝r❡✈❡r ♦ ❍❛♠✐❧t♦♥✐❛♥♦

♥❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ✉♠ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ❝♦♠♦

H =
m(z)

2

(

∂X(z, t)

∂t

)2

+
κ(z)X2(z, t)

2
+

α(z)X4(z, t)

4
.

❙❛❜❡♥❞♦ q✉❡ ❡ss❡ s✐st❡♠❛ é ❝♦♥s❡r✈❛t✐✈♦✱ ❛♦ ❞✐❢❡r❡♥❝✐❛r♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡♠ r❡❧❛çã♦ ❛♦

t❡♠♣♦✱ ❡♥❝♦♥tr❛♠♦s

m(z)

(

∂X(z, t)

∂t

)(

∂2X(z, t)

∂t2

)

+κ(z)X(z, t)

(

∂X(z, t)

∂t

)

+α(z)X3(z, t)

(

∂X(z, t)

∂t

)

= 0.

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

∂2X(z, t)

∂t2
+

κ(z)

m(z)
X(z, t) +

α(z)

m(z)
X3(z, t) = 0. ✭✹✳✺✳✷✵✮

♦♥❞❡ κ(z)✱ α(z) ❡ m(z) sã♦ ❞❛❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥❛s ❡q✉❛çõ❡s ✭✹✳✹✳✶✻✮✱ ✭✹✳✹✳✶✼✮ ❡

✭✹✳✹✳✶✽✮✳

❆ ❡q✉❛çã♦ ✭✹✳✺✳✷✵✮ r❡♣r❡s❡♥t❛ ❛ ❞✐♥â♠✐❝❛ ✈✐❜r❛❝✐♦♥❛❧ ❧✐✈r❡ s❡♠ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ✉♠❛

✈✐❣❛ ♥ã♦✲❧✐♥❡❛r✳ ❊ss❛ ❡q✉❛çã♦ ❞❡s❝r❡✈❡ ♦ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ ♥ã♦ ❛♠♦rt❡❝✐❞♦✳

✹✳✻ ❊①♣❡r✐♠❡♥t♦ ❞✐♥â♠✐❝♦✱ r❡s✉❧t❛❞♦s ❡ ❞✐s❝✉ssã♦

◆❛s s❡çõ❡s ❛♥t❡r✐♦r❡s ❢♦r❛♠ ❛♣r❡s❡♥t❛❞❛s ❢♦r♠✉❧❛çõ❡s ♠❛t❡♠át✐❝❛s ❝❛♣❛③❡s ❞❡ ♠♦❞❡❧❛r

à ❤❛st❡ ❡♥❣❛st❛❞❛ ❡♠ ❝♦♥❞✐çõ❡s ❞✐♥â♠✐❝❛s ❧✐♥❡❛r❡s✳ ❆❣♦r❛ ❡①♣❧✐❝❛r❡♠♦s ♦ ❡①♣❡r✐♠❡♥t♦

❞✐♥â♠✐❝♦ q✉❡ ❢♦✐ r❡❛❧✐③❛❞♦ ♥❛ ❤❛st❡ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✷✳ ❚❛♠❜é♠ ❛♣r❡s❡♥t❛r❡♠♦s

♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❡ ♦s ❞✐s❝✉t✐♠♦s✳

✹✳✻✳✶ ❙ér✐❡ t❡♠♣♦r❛❧ ❞❛ ❤❛st❡ ❧✐♥❡❛r

◆❡st❡ ❡①♣❡r✐♠❡♥t♦ ♦❜t✐✈❡♠♦s ❛ sér✐❡ t❡♠♣♦r❛❧ ❞❛ ❤❛st❡ s❡♠ ❛ ❛çã♦ ♠❛❣♥ét✐❝❛ ❞♦s

í♠ãs ✭❧✐♥❡❛r✮✳ ❈♦♠ ❡❧❛ ❡♥❝♦♥tr❛♠♦s ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ❤❛st❡ ❧✐♥❡❛r s❡♠ ❡
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❝♦♠ ♦ í♠ã ❛❝♦♣❧❛❞♦ ❡♠ s✉❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡✳ P❛r❛ r❡❛❧✐③❛r ❡st❡ ❡①♣❡r✐♠❡♥t♦ ✉t✐❧✐③❛♠♦s

♦ s❡♥s♦r ó♣t✐❝♦ ❡ ♦s❝✐❧♦s❝ó♣✐♦✳ ❆❞♦t❛♠♦s ♦ s❡❣✉✐♥t❡ ♠ét♦❞♦✿

✶✳ ■♥✐❝✐❛❧♠❡♥t❡ ❡♥❣❛st❛♠♦s ❛ ❤❛st❡ ♥❛ ❜❛s❡ ❞❡ ❡♥❣❛st❡ ❡ ❛❧✐♥❤❛❞❛ ❡♠ r❡❧❛çã♦ ❛♦ s❡♥s♦r

ó♣t✐❝♦❀

✷✳ ❈♦♠ ❛ ❤❛st❡ ❡♠ ❝♦♥❞✐çõ❡s ❧✐♥❡❛r❡s ✭s❡♠ ❛ ❛çã♦ ❞❛ ❢♦rç❛ r❡♣✉❧s✐✈❛ ♠❛❣♥ét✐❝❛✮ ❡ ❡♠

r❡♣♦✉s♦✱ ❝❛❧✐❜r❛♠♦s ♦ s❡♥s♦r ó♣t✐❝♦ ❡♠ r❡❧❛çã♦ ❡❧❛✱ ❞❡ ❢♦r♠❛ q✉❡ ♥♦ ❧❡✐t♦r ❞♦ s❡♥s♦r

❡st❛✈❛ ♠❛r❝❛♥❞♦ ❛ ♣♦s✐çã♦ ”0, 00”❀

✸✳ ❊♠ s❡❣✉í❞❛ ♣❡rt✉r❜❛♠♦s ❛ ❤❛st❡ ❝♦♠ ✉♠ ♣❡q✉❡♥♦ ✐♠♣❛❝t♦✱ ❢❛③❡♥❞♦ ❝♦♠ ❡❧❛ ✈✐✲

❜r❛ss❡❀

✹✳ ❖ s❡♥s♦r ó♣t✐❝♦ ❡♥tã♦ ❝❛♣t♦✉ ❡ss❛s ♦s❝✐❧❛çõ❡s ❡ ❛s tr❛♥s♠✐t✐✉ ♣❛r❛ ♦ ♦s❝✐❧♦s❝ó♣✐♦ ❡♠

❢♦r♠❛ ❞❡ s✐♥❛❧❀

✺✳ ◆♦ ♦s❝✐❧♦s❝ó♣✐♦ ❡ss❡s ❞❛❞♦s ❢♦r❛♠ ❧✐❞♦s✱ ❛r♠❛③❡♥❛❞♦s ❡ tr❛♥s❢❡r✐❞♦s ♣❛r❛ ✉♠ ❝♦♠✲

♣✉t❛❞♦r✳

✹✳✻✳✷ ❘❡s✉❧t❛❞♦s ❡ ❞✐s❝✉ssã♦

◆❛ t❛❜❡❧❛ ✻ ❛♣r❡s❡♥t❛♠♦s ❛s ❢r❡q✉ê♥❝✐❛s ❢✉♥❞❛♠❡♥t❛✐s ❞❛ ❤❛st❡ ♣❛r❛ ✈ár✐♦s ❝♦♠♣r✐✲

♠❡♥t♦s ❧✐✈r❡s✳ P❛r❛ ♦❜tê✲❧❛s ❝♦♥✈❡rt❡♠♦s ❛s sér✐❡s t❡♠♣♦r❛✐s ❡♠ ✉♠❛ tr❛♥s❢♦r♠❛❞❛ ❞❡

❋♦✉r✐❡r ✉t✐❧✐③❛♥❞♦ ✉♠ s❝r✐♣t ❡s❝r✐t♦ ❡♠ P②t❤♦♥ ❝♦♠ ♦ ♣❛❝♦t❡ ✧✛t♣❛❝❦✧❡ ❝♦♠❛♥❞♦ ✧✛t✲

❢r❡q✧✳ ◆❛ ❝✉r✈❛ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ✐❞❡♥t✐✜❝❛♠♦s ❢r❡q✉ê♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛

❤❛st❡ ❡♥❣❛st❛❞❛✳ ◆❛ ✜❣✉r❛ ✹✳✸ ♣❧♦t❛♠♦s ❛ ✈❛r✐❛çã♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ ❢✉♥✲

çã♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❧✐✈r❡ ℓ0✳ ❘❡♣r❡s❡♥t❛♠♦s ✉♠❛ ❞❛s sér✐❡s t❡♠♣♦r❛✐s ❡ s✉❛ r❡s♣❡❝t✐✈❛

tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ♥❛ ✜❣✉r❛ ✹✳✹✳

❯t✐❧✐③❛♥❞♦ ❛s ❢r❡q✉ê♥❝✐❛s ❢✉♥❞❛♠❡♥t❛✐s ❛♣r❡s❡♥t❛❞♦s ♥❛ t❛❜❡❧❛ ✻ ❡ ❛ ❡q✉❛çã♦ ✭✹✳✸✳✶✸✮✱

❞❡t❡r♠✐♥❛♠♦s ♦ ♠ó❞✉❧♦ ❞❡ ❨♦✉♥❣ ❞❡ss❛ ❤❛st❡ é ✷✷✶ ± ✷ ●♣❛✳ ❙❛❜❡♠♦s q✉❡ ♦ ♠ó❞✉❧♦

❞❡ ❨♦✉♥❣ ❞♦ ❛ç♦ ❡st❛ ❡♥tr❡ ✶✾✵ ❡ ✷✷✵ ●P❛✳ ❈♦♠♣r♦✈❛♠♦s ❛ss✐♠ q✉❡ ❛ t❡♦r✐❛ ❞❡ ❊✉❧❡r✲

❇❡r♥♦✉❧❧✐ ♣r♦♣♦r❝✐♦♥❛ r❡s✉❧t❛❞♦s ❝♦♥❞✐③❡♥t❡s ❝♦♠ ♦s ♦❜t✐❞♦s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✳



✹✽ ❈❆P❮❚❯▲❖ ✹✳ ❆◆➪▲■❙❊ ❉■◆➶▼■❈❆

❚❛❜❡❧❛ ✻ ✕ Pr✐♠❡✐r♦ ♠♦❞♦ ♥♦r♠❛❧ ♠❡❞✐❞♦ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ♣❛r❛ ✈ár✐♦s ❝♦♠♣r✐♠❡♥t♦
❧✐✈r❡s ❞❛ ❤❛st❡✳

❋r❡q✉ê♥❝✐❛s ❢✉♥❞❛♠❡♥t❛✐s ❡①♣❡r✐♠❡♥t❛✐s

❈♦♠♣r✐♠❡♥t♦ ❧✐✈r❡✱ ℓ0 ✭♠♠✮ ✾✶✳✸✵ ✾✷✳✺✵ ✾✸✳✸✵ ✾✹✳✶✵

❋r❡q✉ê♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❤❛st❡ s❡♠ ♦ í♠ã ✭❍③✮ ✸✵✳✺✶ ✸✵✳✶✷ ✷✾✳✸✷ ✷✾✳✶✵

❋✐❣✉r❛ ✹✳✸ ✕ ❱❛r✐❛çã♦ ❞❛ ❢r❡q✉ê♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ ❢✉♥çã♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❧✐✈r❡✱ ℓ0✱
t❡ór✐❝♦ ❝♦♠ E❂✷✷✶ ●P❛ ❡ ❡①♣❡r✐♠❡♥t❛❧✳

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♦❜t✐✈❡♠♦s ❛ t❡♠♣♦r❛❧ ❞❛ ❤❛st❡ ❝♦♠ ♦ í♠ã ❛❝♦♣❧❛❞♦ ♥❛ ❡①tr❡♠✐❞❛❞❡

❧✐✈r❡ ♥♦ ❝♦♠♣r✐♠❡♥t♦ ❧✐✈r❡ ℓ0❂✾✷✳✺✵♠♠✳ ❆♣r❡s❡♥t❛♠♦s ❛ s✉❛ sér✐❡ t❡♠♣♦r❛❧ ❡ tr❛♥s❢♦r✲

♠❛❞❛ ❞❡ ❋♦✉r✐❡r ♥❛ ✜❣✉r❛ ✹✳✺✳ ◆❡st❛ s✐t✉❛çã♦ ♦❜t✐✈❡♠♦s ❛ ❢r❡q✉ê♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛❞❛

♣♦r f❂✶✵✳✺✾ ❍③✳ ❆ ♠❛ss❛ t♦t❛❧ ❞♦ í♠ã ❞❡ ♥❡♦❞í♠✐♦ ❝♦♠ ❛ ❧✉✈❛ ❞❡ ♣♦❧✐❡t✐❧❡♥♦✱ m0✱ é ❞❡

❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✶✷ ❣✳ ❈♦♠♦ ❡st❛ ♠❛ss❛ ❡stá ❛❝♦♣❧❛❞❛ ♣♦♥t✉❛❧♠❡♥t❡ ♥❛ ❡①tr❡♠✐❞❛❞❡

❧✐✈r❡ ❞❛ ❤❛st❡✱ ❛ ♠❛ss❛ ❡❢❡t✐✈❛ ❞❛ ❤❛st❡ é ❞❛❞❛ ♣♦r mt(z) = m(x) +m0✳ ❉❡ ❛❝♦r❞♦ ❝♦♠

❛ ❡q✉❛çã♦ ✭✹✳✹✳✶✾✮✱ ❛ ❢r❡q✉ê♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❤❛st❡ s❡♠ ♦ í♠ã ❡♠ r❡❧❛çã♦ ❛ ❢r❡q✉ê♥❝✐❛

❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❤❛st❡ ❝♦♠ ♦ í♠ã✱ ❞❡✈❡rá s❡r ♠❛✐♦r ❡♠ ✉♠❛ r❛③ã♦ ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡

✷✳✻✺✳ ❊①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❡st❛ r❛③ã♦ ❢♦✐ ♦❜s❡r✈❛❞♦✳ ▲♦❣♦✱ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ✉♠ ú♥✐❝♦



✹✳✻✳ ❊❳P❊❘■▼❊◆❚❖ ❉■◆➶▼■❈❖✱ ❘❊❙❯▲❚❆❉❖❙ ❊ ❉■❙❈❯❙❙➹❖ ✹✾

✭❛✮

✭❜✮

❋✐❣✉r❛ ✹✳✹ ✕ ✭❛✮ ❙ér✐❡ t❡♠♣♦r❛❧ ❞❛s ♦s❝✐❧❛çõ❡s ❛♠♦rt❡❝✐❞❛s ❞❛ ❤❛st❡ s❡♠ ♦ í♠ã ❝♦♠ ❝♦♠✲
♣r✐♠❡♥t♦ ❧✐✈r❡✱ ℓ0✱ ❞❡ ✾✷✳✺✵ ♠♠✳ ✭❜✮ ❈♦rr❡s♣♦♥❞❡ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r
❞♦ ♠❡❧❤♦r ❛❥✉st❡ ❞❛ ❝✉r✈❛ ❞❡ r❡ss♦♥â♥❝✐❛✳ ❖❜t❡♠♦s q✉❡ γ é ✵✳✹✾ s−1 ❡ f0 é
✸✵✳✶✷ ❍③✱ ❝♦♠ ✉♠ ❢❛t♦r ❞❡ q✉❛❧✐❞❛❞❡ Q❂✸✽✹✳✻✳



✺✵ ❈❆P❮❚❯▲❖ ✹✳ ❆◆➪▲■❙❊ ❉■◆➶▼■❈❆

❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ é ✈á❧✐❞❛✳

✭❛✮

✭❜✮

❋✐❣✉r❛ ✹✳✺ ✕ ✭❛✮ ❙ér✐❡ t❡♠♣♦r❛❧ ❞❛s ♦s❝✐❧❛çõ❡s ❛♠♦rt❡❝✐❞❛s ❞❛ ❤❛st❡ ❝♦♠ ♦ í♠ã ❝♦♠ ❝♦♠✲
♣r✐♠❡♥t♦ ❧✐✈r❡✱ ℓ0✱ ❞❡ ✾✷✳✺✵ ♠♠✳ ✭❜✮ ❈♦rr❡s♣♦♥❞❡ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r
❞♦ ♠❡❧❤♦r ❛❥✉st❡ ❞❛ ❝✉r✈❛ ❞❡ r❡ss♦♥â♥❝✐❛✳ ❖❜t❡♠♦s q✉❡ γ é ✵✳✵✽ s−1 ❡ f0 é
✶✵✳✺✾ ❍③✱ ❝♦♠ ✉♠ ❢❛t♦r ❞❡ q✉❛❧✐❞❛❞❡ Q❂✽✸✼✳✽✳



Capı́tulo 5

❖ ❘❡ss♦♥❛❞♦r ▼❡❝â♥✐❝♦ ❞❡ ❉✉✣♥❣

◆❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛♠♦s ✈✐❜r❛çõ❡s ♥ã♦✲❧✐♥❡❛r❡s ♥♦ r❡ss♦♥❛❞♦r ♠❡❝â♥✐❝♦ ❝❛♥t✐❧é✈❡r✳

❱❛♠♦s ✐♥✈❡st✐❣❛r ♥ã♦ só ♦s❝✐❧❛çõ❡s ❛♠♦rt❡❝✐❞❛s ♠❛s t❛♠❜é♠ ♦s❝✐❧❛çõ❡s ❡st❛❝✐♦♥ár✐❛s s❡✲

♥♦✐❞❛❧♠❡♥t❡ ❡st✐♠✉❧❛❞❛s ❡ ♦ r❡❣✐♠❡ ❝❛ót✐❝♦ ❛♣r❡s❡♥t❛❞♦ ♣♦r s✐st❡♠❛s ♥ã♦✲❧✐♥❡❛r❡s✳ ❆❧é♠

❞✐ss♦✱ ♥❡st❡ ❝❛♣ít✉❧♦ ✈❡♠♦s ❝♦♠♦ ❝❛r❛❝t❡r✐③❛r ❡ss❡ r❡ss♦♥❛❞♦r ♥ã♦✲❧✐♥❡❛r ♥❛ ❛♣r♦①✐♠❛çã♦

❞❡ ✉♠ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡✱ ♦✉ s❡❥❛✱ ❝♦♠♦ ♦❜t❡r t♦❞♦s ♦s ♣❛râ♠❡tr♦s ❞♦ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣✳

❙❛❜❡♠♦s q✉❡ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ✐♥trí♥s❡❝❛ ❞❛ ❤❛st❡✱ ❝♦♠♦ ♦❜t❡♠♦s ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱

♥ã♦ é ♠✉✐t♦ ❣r❛♥❞❡✱ ♦ q✉❡ t♦r♥❛ ❞✐❢í❝✐❧ ❛ ❡①❝✐t❛çã♦ ❞❡ ❡❢❡✐t♦s ♥ã♦✲❧✐♥❡❛r❡s ❡①♣❡r✐♠❡♥t❛❧✲

♠❡♥t❡✳ ❉❡✈✐❞♦ ❛ ❡ss❛ ❞✐✜❝✉❧❞❛❞❡✱ ❞❡❝✐❞✐♠♦s ✉t✐❧✐③❛r ❛ ❢♦rç❛ ♠❛❣♥ét✐❝❛ ❡♥tr❡ ❞♦✐s í♠ãs

♣❡r♠❛♥❡♥t❡s ❝♦♠ ♣♦❧❛r✐③❛çõ❡s ♦♣♦st❛s ♣❛r❛ ❢❛❝✐❧✐t❛r ❛ t❛r❡❢❛ ❞❡ ❣❡r❛çã♦ ❞❡ ❡❢❡✐t♦s ♥ã♦✲

❧✐♥❡❛r❡s✳ ❈♦❧❛♠♦s ✉♠ í♠ã à ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡ ❞❛ ❤❛st❡ ❡ ✉♠ s❡❣✉♥❞♦ í♠ã é ♠❛♥t✐❞♦ ✜①♦

✉♠ ♣♦✉❝♦ ❛❝✐♠❛ ❞❛ ❤❛st❡✳ ❉❡ss❛ ❢♦r♠❛ ❝r✐❛r♠♦s ✉♠ ♣♦t❡♥❝✐❛❧ ❡♠ ❢♦r♠❛ ❞❡ ♣♦ç♦ ❞✉♣❧♦

♣❛r❛ ♦ ♦s❝✐❧❛❞♦r✳ ◆♦✈❛♠❡♥t❡✱ ♦❜t❡♠♦s ✉♠ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣✱ só q✉❡ ❝♦♠ ✉♠ ♣♦✉❝♦ ❞❡

❛ss✐♠❡tr✐❛ ❡ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ♥ã♦✲❧✐♥❡❛r❡s ❜❡♠ ♠❛✐♦r❡s ❞♦ q✉❡ ♦❜t❡rí❛♠♦s s♦♠❡♥t❡ ❝♦♠

❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ✐♥trí♥s❡❝❛ ❞❛ ❤❛st❡✳ ❈♦♠ ♦s r❡s✉❧t❛❞♦s q✉❡ ❢♦r❛♠ ♦❜t✐❞♦s ❡①♣❡r✐♠❡♥✲

t❛❧✱ ❝♦♥s❡❣✉í♠♦s ❞❡✜♥✐r t♦❞♦s ♦s ♣❛râ♠❡tr♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❝❛r❛❝t❡r✐③❛r ♦ ♦s❝✐❧❛❞♦r ❞❡

❉✉✣♥❣ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♠♦❞❡❧❛r s✉❛ ❞✐♥â♠✐❝❛✳

◆❛ s❡çã♦ ✺✳✶ ❡st✉❞❛♠♦s ❛s ♦s❝✐❧❛çõ❡s ❡st❛❝✐♦♥ár✐❛s ♥♦ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ ❢♦rç❛❞♦ ❡

❛♠♦rt❡❝✐❞♦✳ ❯t✐❧✐③❛♠♦s ♦ ♠ét♦❞♦ ♣❡rt✉r❜❛t✐✈♦ ❞♦ ❜❛❧❛♥ç♦ ❤❛r♠ô♥✐❝♦ ♣❛r❛ ♦❜t❡r♠♦s ❛

r❡s♣♦st❛ ❞♦ ♦s❝✐❧❛❞♦r ❛ ✉♠❛ ❢♦rç❛ ❡①t❡r♥❛ s❡♥♦✐❞❛❧✳ ◆❛ s❡çã♦ ✺✳✷ ❛ ❝✉r✈❛ ❞❡ ❤✐st❡r❡s❡ ❞❛

❢r❡q✉ê♥❝✐❛✳ ◆❛ s❡çã♦ ✺✳✸ ♠♦❞❡❧❛♠♦s ✉♠❛ ❤❛st❡ ♥ã♦✲❧✐♥❡❛r ✈✐❜r❛♥t❡ ❜❛s❡❛❞❛ ♥♦ ♦s❝✐❧❛❞♦r
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❛ss✐♠étr✐❝♦ ❞❡ ❉✉✣♥❣ ❡ ❛❜♦r❞❛♠♦s ❝♦♠♦ ❢♦✐ ❢❡✐t❛ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s s❡✉s ♣❛râ♠❡tr♦s

❡①♣❡r✐♠❡♥t❛❧✳ P♦r ✜♠✱ ♥❛ s❡çã♦ ✹✳✻ ❡①♣❧✐❝❛♠♦s ♦s ❡①♣❡r✐♠❡♥t♦s q✉❡ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♣❛r❛

❝❛r❛❝t❡r✐③❛r ❛ ❤❛st❡ ♥ã♦✲❧✐♥❡❛r ❡ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳

✺✳✶ ❖s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣

◆❛ ❛✈❛❧✐❛çã♦ ❞❡ ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❡♠ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡s✱ ❝♦♠✉♠❡♥t❡ ❡♠♣r❡❣❛✲s❡

♦ ♠♦❞❡❧♦ ♣r♦♣♦st♦ ♣♦r ●❡♦r❣ ❉✉✣♥❣✳ ❆ss✐♠ ❝♦♠♦ ♥❛ ❛♥á❧✐s❡ ❢❡✐t❛ ♥❛ s❡çã♦ ✹✳✺✱ ❡st❡

♠♦❞❡❧♦ ❝♦♥s✐❞❡r❛ ✉♠❛ ❝♦♥st❛t❡ q✉❡ ♠✉❧t✐♣❧✐❝❛ t❡r♠♦ ❝ú❜✐❝♦✳ ❋✐s✐❝❛♠❡♥t❡ ❡st❛ ❝♦♥st❛♥t❡

tr❛❞✉③ ♦s ❡❢❡✐t♦s ❞♦ ❢❡♥ô♠❡♥♦ ❞♦ ❛♠♦❧❡❝✐♠❡♥t♦ ♦✉ ❡♥❞✉r❡❝✐♠❡♥t♦ ❞❡ ♠♦❧❛ ❛♣r❡s❡♥t❛❞♦

♣♦r ❡str✉t✉r❛s ❞✐♥â♠✐❝❛s ♥ã♦✲❧✐♥❡❛r❡s ❬✶✷❪✳ ◗✉❛♥❞♦ s✉❥❡✐t♦ ❛ ❡st❡ ❢❡♥ô♠❡♥♦✱ ♦s s✐st❡♠❛s

❢ís✐❝♦s ❡ ♠❡❝â♥✐❝♦s ♥ã♦✲❧✐♥❡❛r❡s ♣♦❞❡♠ ❛♣r❡s❡♥t❛r ✐♥st❛❜✐❧✐❞❛❞❡s ❡ ❛♣❡r✐♦❝✐❞❛❞❡s ❞✉r❛♥t❡

♦ s❡✉ ♠♦✈✐♠❡♥t♦✳

❈♦♠ ❡st❡ ♠♦❞❡❧♦ é ♣♦ssí✈❡❧ ❝♦♠♣r❡❡♥❞❡r s✐st❡♠❛s ♥ã♦✲❛✉tô♥♦♠♦s ✐♥stá✈❡✐s q✉❡ s♦❢r❡♠

✐♥❡✈✐tá✈❡✐s ❛tr❛s♦s ❞♦ t❡♠♣♦ ❬✸✶❪❀ ✈✐❜r❛çõ❡s ✐♥❞✉③✐❞❛s ♣♦r ✢✉✐❞♦s ❡♠ ❡str✉t✉r❛s ✭♣♦♥t❡s

❡ r✐s❡rs ❞❡ ♣❡tró❧❡♦ s✉❥❡✐t♦s à ❝♦rr❡♥t❡ ♠❛rít✐♠❛s✱ ♣ré❞✐♦s ❛❧t♦s ❡①♣♦st♦s ❛ ❝♦rr❡♥t❡s ❞❡

❛r✱ ❡str✉t✉r❛s ❡♠ ár❡❛s s✉s❝❡tí✈❡✐s à t❡rr❡♠♦t♦s✱ ❡♥tr❡ ♦✉tr❛s✮ ❬✸✷✱ ✸✸❪❀ ♦s ❡❢❡✐t♦s ❞❛

r❡ss♦♥â♥❝✐❛ ♥♦s ❡q✉✐♣❛♠❡♥t♦s ❡ ❡str✉t✉r❛s ❬✸✷❪❀ ❞❡♥tr❡ ♦✉tr❛s✳

❆♣❡s❛r ❞❡ s✐♠♣❧❡s ❡ ♠✉✐t♦ ♣rát✐❝♦✱ ❡st❡ ♠♦❞❡❧♦ ♣r♦♣♦r❝✐♦♥❛ r❡s✉❧t❛❞♦s r❡❛❧íst✐❝♦s

❞❡s❞❡ ♦s ❞♦s ♣r♦❜❧❡♠❛s ❞✐♥â♠✐❝♦s ♠❛✐s s✐♠♣❧❡s✱ ♦s❝✐❧❛çõ❡s ❧✐✈r❡✱ ❛té ♦s ♠❛✐s ❝♦♠♣❧❡①♦s✱

♦s❝✐❧❛çõ❡s ❝❛ót✐❝❛s ❬✶✷✱ ✸✹❪✳

✺✳✶✳✶ ❊q✉❛çã♦ ❞❡ ❉✉✣♥❣

❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛ q✉❡ r❡♣r❡s❡♥t❛♠♦s ♥❛ ✜❣✉r❛ ✺✳✶✱ ❡♠ q✉❡ ✉♠ ❝♦r♣♦ ❞❡ ♠❛ss❛✱

m✱ ❡stá ♣r❡s♦ ❛ ✉♠❛ ♠♦❧❛ ♣♦s✐❝✐♦♥❛❞❛ ❤♦r✐③♦♥t❛❧♠❡♥t❡ q✉❡ ❡stá ✜①❛ ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡

✈❡rt✐❝❛❧✳ ◗✉❛♥❞♦ ❡st❡ ❝♦r♣♦ s♦❢r❡ ❛çã♦ ❞❡ ✉♠❛ ❢♦rç❛ ❡①t❡r♥❛ ♣❡r✐ó❞✐❝❛✱ Fe❝♦s(ωt)✱ ❡❧❡

❞❡s❧♦❝❛✲s❡ ♣❡r✐♦❞✐❝❛♠❡♥t❡ ♥❛ ❞✐r❡çã♦ ❞❡ x ❡♠ q✉❛❧q✉❡r ✉♠ ❞♦s ❞♦✐s s❡♥t✐❞♦s✳ ❈♦♠♦ ♦

❝♦r♣♦ ♥ã♦ ❡stá ♥♦ ✈á❝✉♦✱ ❞✉r❛♥t❡ ♦ s❡✉ ♠♦✈✐♠❡♥t♦ ♣❡r✐ó❞✐❝♦ ❤á ♣❡r❞❛s ❡♥❡r❣ét✐❝❛s ♣❛r❛

♠❡✐♦ ✢✉✐❞♦ ❛♦ q✉❛❧ ❞❡s❝♦❧❛✲s❡✳ ❆❧é♠ ❞✐ss♦✱ ♥ã♦ ❤á ♣❡r❞❛s s✐❣♥✐✜❝❛t✐✈❛s ❡♥tr❡ ❛s r♦❞❛s ❞♦



✺✳✶✳ ❖❙❈■▲❆❉❖❘ ❉❊ ❉❯❋❋■◆● ✺✸

❝♦r♣♦ ❡ ❛ s✉♣❡r❢í❝✐❡ ❤♦r✐③♦♥t❛❧✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ à s❡❣✉♥❞❛ ❧❡✐ ❞❡ ◆❡✇t♦♥✱ ♦ ♠♦✈✐♠❡♥t♦

m

x

kΓ

Fe cos(ωt)

❋✐❣✉r❛ ✺✳✶ ✕ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠ s✐st❡♠❛ ♠❛ss❛✲♠♦❧❛ s♦❜r❡ ❛çã♦ ❞❡ ✉♠❛ ❢♦rç❛ ❡①t❡r♥❛
❝♦♠ ♠♦✈✐♠❡♥t♦ r❡str✐t♦ ❛♣❡♥❛s ❛ ❞✐r❡çã♦ ❞❡ x✱ ♦♥❞❡ Γ é ❛ ❝♦♥st❛♥t❡ ❞❡
❛♠♦rt❡❝✐♠❡♥t♦ ♣r♦✈❡♥✐❡♥t❡ ❞♦ ❛tr✐t♦ ✈✐s❝♦s♦ ❞♦ ♠❡✐♦ ❝♦♠ ❛s s✉♣❡r❢í❝✐❡s ❞♦
❝♦r♣♦✱ k é ❛ ❝♦♥st❛♥t❡ ❡❧ást✐❝❛ ❞❛ ♠♦❧❛✱ Fe ❡ ω sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛
❛♠♣❧✐t✉❞❡ ❡ ❢r❡q✉ê♥❝✐❛ ❞❛ ❢♦rç❛ ❡①t❡r♥❛ ♣❡r✐ó❞✐❝❛ ❡ t é ♦ t❡♠♣♦✳

❞❡st❡ ❝♦r♣♦ é ❞❡s❝r✐t♦ ♣♦r

m
d2x(t)

dt2
= Fex + Fel + Fd,

♦♥❞❡ Fex✱ Fel ❡ Fd sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛s ❢♦rç❛s ❡①t❡r♥❛✱ ❡❧ást✐❝❛ ❞❛ ♠♦❧❛ ❡ ❞✐ss✐♣❛t✐✈❛✳

❈♦♠ Fex = Fe❝♦s(ωt)✱ Fel = −kx(t)− αx3(t) ❡ Fd = Γdx(t)
dt

✳ ❆ss✐♠ ♦❜t❡♠♦s

m
d2x(t)

dt2
= −Γ

dx(t)

dt
− kx(t)− αx3(t) + Fe❝♦s(ωt),

♦♥❞❡ Γ é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐ss✐♣❛çã♦✱ k é ❛ ❝♦♥st❛♥t❡ ❡❧ást✐❝❛✱ ❡ α é ♦ ❝♦❡✜❝✐❡♥t❡ ♥ã♦ ❧✐♥❡❛r✳

❙❡ α < 0 ❛ ♠♦❧❛ ✜❝❛ ♠❛✐s ♠♦❧❡ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ ❞❡✢❡①ã♦✱ ❡♥q✉❛♥t♦ s❡ α > 0✱ ❛ ♠♦❧❛ ✜❝❛

♠❛✐s rí❣✐❞❛ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ ❞❡✢❡①ã♦✳ P♦❞❡♠♦s ❞✐♠✐♥✉✐r ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❛râ♠❡tr♦s

❛♦ ❞✐✈✐❞✐r ❡ss❛ ❡q✉❛çã♦ ♣❡❧❛ ♠❛ss❛ m✳ ❖❜t❡♠♦s ❡♥tã♦

ẍ(t) = −γẋ(t)− ω2
0x(t)− βx3(t) + fe❝♦s(ωt), ✭✺✳✶✳✶✮

♦♥❞❡ ω0 é ❛ ❢r❡q✉ê♥❝✐❛ ♥❛t✉r❛❧ ❞♦ s✐st❡♠❛ ❞❛❞❛ ♣♦r ω0 =
√

m
k
✱ γ = Γ

m
✱ β = α

m
✱ fe = Fe

m
✳

❆ ❡q✉❛çã♦ ✭✺✳✶✳✶✮ ❝♦rr❡s♣♦♥❞❡ ❛ ❡q✉❛çã♦ ❞♦ ♦s❝✐❧❛❞♦r ❉✉✣♥❣ ❛♠♦rt❡❝✐❞♦✳ ❆❧é♠ ❞✐ss♦✱

❝❛s♦ ♦ s✐st❡♠❛ ❞❛ ✜❣✉r❛ ✺✳✶ ❡st✐✈❡ss❡ ♥♦ ✈á❝✉♦ ❡ s❡♠ ❛çã♦ ❞❡ ❢♦rç❛s ❡①t❡r♥❛s✱ ♦❜t❡rí❛♠♦s

❛ ❡q✉❛çã♦ ✭✹✳✺✳✷✵✮ ❝♦♠ ✉♠ ❣r❛✉ ú♥✐❝♦ ❞❡ ❧✐❜❡r❞❛❞❡✳
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✺✳✶✳✷ ❙♦❧✉çã♦ ❡st❛❝✐♦♥ár✐❛ ❞♦ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ ❢♦rç❛❞♦

P❛r❛ ❞❡t❡r♠✐♥❛r♠♦s ✉♠❛ s♦❧✉çã♦ ❡st❛❝✐♦♥ár✐❛ ❛♣r♦①✐♠❛❞❛ ❞❛ ❡q✉❛çã♦ ✭✺✳✶✳✶✮✱ ✉t✐❧✐✲

③❛♠♦s ♦ ♠ét♦❞♦ ♣❡rt✉r❜❛t✐✈♦ ❞♦ ❜❛❧❛♥ç♦ ❤❛r♠ô♥✐❝♦✳ ◆❡❧❡ ❛ s♦❧✉çã♦ é ❛♣r♦①✐♠❛❞❛ ♣♦r

✉♠❛ sér✐❡s ❞❡ ❋♦✉r✐❡r✱ ❝✉❥♦s ❝♦❡✜❝✐❡♥t❡s s❡rã♦ ❞❡t❡r♠✐♥❛❞♦s ♣♦r ❡q✉❛çõ❡s ❛❧❣é❜r✐❝❛s ❬✸✺❪✳

◗✉❛♥t♦ ♠❛✐s t❡r♠♦s t✐✈❡r♠♦s ♥❛ sér✐❡✱ ♠❛✐s ❛❧t❛ é ❛ ♦r❞❡♠ ❞❛ ❛♣r♦①✐♠❛çã♦✳ ◆♦ ❝❛s♦

❣❡r❛❧ t❡♠♦s ❬✶✹❪

x(t) = a0 +
N
∑

n=1

[an❝♦s(nωt) + bn s❡♥(nωt)].

◆♦ ♠ét♦❞♦ ❞♦ ❜❛❧❛♥ç♦ ❤❛r♠ô♥✐❝♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❛ s♦❧✉çã♦ ❡st❛❝✐♦♥ár✐❛ ♣❡r✐ó❞✐❝❛ ❞❛

❡q✉❛çã♦ ✭✺✳✶✳✶✮ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ♦ s✐st❡♠❛ é ❢♦rç❛❞♦ ❡ ❛♠♦rt❡❝✐❞♦✱ é ❞❛❞❛ ♣♦r ❬✸✻❪

x(t) = a0 + a1❝♦s(ωt) + b1s❡♥(ωt), ✭✺✳✶✳✷✮

♦♥❞❡ a0✱ a1 ❡ b1 sã♦ ❝♦♥st❛♥t❡s ❛ s❡r❡♠ ❞❡t❡r♠✐♥❛❞❛s✳

❙✉❜st✐t✉✐♥❞♦ ✭✺✳✶✳✷✮ ♥❛ ❡q✉❛çã♦ ✭✺✳✶✳✶✮ ❡ ❝❛❧❝✉❧❛♥❞♦ ♦s t❡r♠♦s ❝♦♥st❛♥t❡s ♥♦ t❡♠♣♦✱

❡♥❝♦♥tr❛♠♦s q✉❡

0 = −ω2
0a0 − β

[

a30 + 3a0

(

a21
2

+
b21
2

)]

,

q✉❡ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦

a0

{

ω2
0 + β

[

a20 +
3

2

(

a21 + b21
)

]}

= 0.

❙❡ β > 0✱ ♥ã♦ ❤á ❝♦♠♦ ♦s t❡r♠♦s ❞❡♥tr♦ ❝❤❛✈❡s s❡r❡♠ ≤ 0✳ ▲♦❣♦✱ a0 = 0✳

❙✉❜st✐t✉✐♥❞♦ ❛❣♦r❛ ❛ ❡q✉❛çã♦ ✭✺✳✶✳✷✮ ❡ s✉❛s ❞❡r✐✈❛❞❛s ♥❛ ❡q✉❛çã♦ ✭✺✳✶✳✶✮✱ ❝♦♥s✐❞❡r❛♥❞♦

q✉❡ β > 0✱ ❡♥❝♦♥tr❛♠♦s

[−a1ω
2❝♦s(ωt)− b1ω

2s❡♥(ωt)] + γ[−a1ωs❡♥(ωt) + b1ω❝♦s(ωt)]+

+ω0
2[a1❝♦s(ωt) + b1s❡♥(ωt)] + β[a1❝♦s(ωt) + b1s❡♥(ωt)]3 = fe❝♦s(ωt).

❈♦♥s✐❞❡r❛♥❞♦ ❛s r❡❧❛çõ❡s tr✐❣♦♥♦♠étr✐❝❛s

❝♦s2(ωt)s❡♥(ωt) =
1

4
s❡♥(3ωt) +

1

4
s❡♥(ωt),

❝♦s(ωt)s❡♥2(ωt) =
1

4
❝♦s(ωt)− 1

4
❝♦s(3ωt),
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❝♦s3(ωt) =
1

4
❝♦s(3ωt) +

3

4
❝♦s(ωt),

s❡♥3(ωt) =
3

4
s❡♥(ωt)− 1

4
s❡♥(3ωt),

❡ ❞❡s♣r❡③❛♥❞♦ ♦s s❡✉s t❡r♠♦s ❝♦♠ 3ωt✱ ♦❜t❡♠♦s

−a1ω
2❝♦s(ωt)− b1ω

2s❡♥(ωt)−a1γωs❡♥(ωt)+ b1γω❝♦s(ωt)+a1ω0
2❝♦s(ωt)+ b1ω0

2s❡♥(ωt)+

+a31β
3

4
❝♦s(ωt) + b31β

3

4
s❡♥(ωt) + a1b

2
1β

3

4
❝♦s(ωt) + a21b1β

3

4
s❡♥(ωt) = fe❝♦s(ωt).

❈♦♠♦ ❛s ❢✉♥çõ❡s s❡♥♦ ❡ ❝♦ss❡♥♦ sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❝❤❡❣❛♠♦s ♥♦ s❡❣✉✐♥t❡

s✐st❡♠❛ ❛❧❣é❜r✐❝♦
{

Ωa1 + ωγb1 +
3
4
β(a21 + b21)a1 = fe,

Ωb1 − ωγa1 +
3
4
β(a21 + b21)b1 = 0,

♦♥❞❡ Ω = ω2
0−ω2✳ ▼✉❧t✐♣❧✐❝❛♠♦s ❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛ ❛❝✐♠❛ ♣♦r b1 ❡ ❛ s❡❣✉♥❞❛

♣♦r −a1✱ ❡♠ s❡❣✉✐❞❛ s♦♠❛♠♦s ❡ss❛s ❞✉❛s ♣❛r❝❡❧❛s ❡ ❝❤❡❣❛♠♦s ❛

ωγ(b21 + a21) = feb1. ✭✺✳✶✳✸✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛❣♦r❛ ❛ ♣r✐♠❡✐r❛ ❡①♣r❡ssã♦ ❞♦ s✐st❡♠❛ ♣♦r a1 ❡ ❛ s❡❣✉♥❞❛ ♣♦r b1✱ ♦❜t❡♠♦s

(a21 + b21)

[

Ω +
3

4
β(a21 + b21)

]

= fea1. ✭✺✳✶✳✹✮

❙❛❜❡♥❞♦ q✉❡ a1 = r(ω)❝♦sφ(ω) ❡ b1 = r(ω)s❡♥φ(ω)✱ ❛s ❡q✉❛çõ❡s ✭✺✳✶✳✸✮ ❡ ✭✺✳✶✳✹✮ r❡s✉❧t❛♠

❡♠

s❡♥φ =
ωγr

fe
✭✺✳✶✳✺✮

❡

❝♦sφ =
r

fe

(

Ω +
3

4
βr2
)

. ✭✺✳✶✳✻✮

❉✐✈✐❞✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✶✳✺✮ ♣❡❧❛ ❡q✉❛çã♦ ✭✺✳✶✳✻✮✱ ❡♥❝♦♥tr❛♠♦s q✉❡

φ = arctan

(

4ωγ

4Ω + 3βr2

)

. ✭✺✳✶✳✼✮

❆❧é♠ ❞✐ss♦✱ s✉❜st✐t✉✐♥❞♦ ❛s ❡q✉❛çõ❡s ✭✺✳✶✳✺✮ ❡ ✭✺✳✶✳✻✮ ♥❛ r❡❧❛çã♦ tr✐❣♦♥♦♠étr✐❝❛ s❡♥2φ +

❝♦s2φ = 1✱ ♦❜t❡♠♦s q✉❡

r2[16ω2γ2 + 16Ω2 + r2(24Ωβ + 9β2r2)] = 16f 2
e ,
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q✉❡ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦

r2

[

(γω)2 +

(

Ω +
3

4
βr2
)2
]

= f 2
e . ✭✺✳✶✳✽✮

❈♦♠ a1 = r(ω)❝♦sφ(ω) ❡ b1 = r(ω)s❡♥φ(ω)✱ ❛ ❡q✉❛çã♦ ✭✺✳✶✳✷✮ r❡s✉❧t❛ ❡♠

x(t) = r(ω)❝♦s(ωt− φ(ω)). ✭✺✳✶✳✾✮

❆ ❡q✉❛çã♦ ✭✺✳✶✳✾✮ é ❛ s♦❧✉çã♦ ❡st❛❝✐♦♥ár✐❛ ❛♣r♦①✐♠❛❞❛ ❞♦ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ ❜❛s❡❛❞❛

♥♦ ♠ét♦❞♦ ❞♦ ❜❛❧❛♥ç♦ ❤❛r♠ô♥✐❝♦ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ P❛r❛ ❞❡t❡r♠✐♥❛r ♦ r❡s✉❧t❛❞♦ ❞❡ r

❞❡✈❡♠♦s r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❝ú❜✐❝❛ ❡♠ r2✱ ❡q✉❛çã♦ ✭✺✳✶✳✽✮✱ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ♦✉ ♣❡❧♦ ♠ét♦❞♦

♥✉♠ér✐❝♦ ❞❛ ❜✐ss❡❝çã♦✳

✺✳✷ ❈✉r✈❛ ❞❡ ❜✐❡st❛❜✐❧✐❞❛❞❡

❆ r❡s♣♦st❛ ❡♠ ❢r❡q✉ê♥❝✐❛ ♦✉ ❝✉r✈❛ ❞❡ ❜✐✲❡st❛❜✐❧✐❞❛❞❡✱ ❝♦♠♦ t❛♠❜é♠ é ❝♦♥❤❡❝✐❞❛✱ tr❛t❛✲

s❡ ❞❡ ✉♠❛ ❝✉r✈❛ q✉❡ ❞❡s❝r❡✈❡ ❛ ✈❛r✐❛çã♦ ❞❛ ❛♠♣❧✐t✉❞❡ r ❡♠ r❡❧❛çã♦ ❛ ✈❛r✐❛çã♦ ❢r❡q✉ê♥❝✐❛

❞❡ ❡①❝✐t❛çã♦ ω ❡♠ r❡❣✐♠❡ ❡st❛❝✐♦♥ár✐♦ ❬✶✷✱ ✸✼❪✳ ❊st❛ ❝✉r✈❛ ❞❡s❝r❡✈❡ ♦ ❢❡♥ô♠❡♥♦ ❞♦s s❛❧t♦s

q✉❡ ♦❝♦rr❡ ❡♠ s✐st❡♠❛s ♥ã♦✲❧✐♥❡❛r❡s s✉❥❡✐t♦s ❛♦ ❛♠♦❧❡❝✐♠❡♥t♦✴❡♥❞✉r❡❝✐♠❡♥t♦ ❞❡ ♠♦❧❛

❬✸✼❪✳

❆ ❝✉r✈❛ ❞❡ ❜✐✲❡st❛❜✐❧✐❞❛❞❡ ♣♦❞❡ s❡ ❝♦♠♣♦rt❛r ❞❡ três ❢♦r♠❛s ❞✐st✐♥t❛s ❞❡♣❡♥❞❡♥❞♦ ❞♦

✈❛❧♦r q✉❡ β ❛ss✉♠✐ ♥♦ s✐st❡♠❛✳ ◗✉❛♥❞♦✿

✶✳ β = 0 ✲ ◆❡st❡ ❝❛s♦ ❛ ❡q✉❛çã♦ ✭✺✳✶✳✶✮ t❡♠ ❛♣❡♥❛s t❡r♠♦s ❧✐♥❡❛r❡s✳ ▲♦❣♦✱ ♦ s✐st❡♠❛

é ❧✐♥❡❛r✳ ❆ ✜❣✉r❛ ✺✳✷❛ r❡♣r❡s❡♥t❛ ❛ r❡s♣♦st❛ ❡♠ ❢r❡q✉ê♥❝✐❛ ❞❡ ✉♠ s✐st❡♠❛ q✉❛❧q✉❡r

❝♦♠ β = 0❀

✷✳ β > 0 ✲ ❈♦♠♦ β é ♣♦s✐t✐✈♦✱ ❡♠ r❡❧❛çã♦ ❛ q✉❛♥❞♦ β = 0✱ ❤á ✉♠ ❛✉♠❡♥t♦ ♥❛ ❡♥❡r❣✐❛

♣♦t❡♥❝✐❛❧ ❡❧ást✐❝❛ s✐st❡♠❛✳ ◆❡st❛ s✐t✉❛çã♦ ♦ s✐st❡♠❛ é t✐❞♦ ❝♦♠♦ ♥ã♦✲❧✐♥❡❛r ❝♦♠

❡♥❞✉r❡❝✐♠❡♥t♦ ♥❛ ♠♦❧❛✳ ❆ r❡s♣♦st❛ ❡♠ ❢r❡q✉ê♥❝✐❛ ❞❡st❛ s✐t✉❛çã♦ ❡stá r❡♣r❡s❡♥t❛❞❛

♥❛ ✜❣✉r❛ ✺✳✷❜❀

✸✳ β < 0 ✲ ◆❡st❛ s✐t✉❛çã♦ β ❛ss✉♠✐ ❛♣❡♥❛s ✈❛❧♦r ♥❡❣❛t✐✈♦✳ ❙❡♥❞♦ ❛ss✐♠✱ ❞✐❢❡r❡♥t❡ ❞♦

❝❛s♦ ❡♠ q✉❡ β > 0✱ ❡♠ r❡❧❛çã♦ ❛ q✉❛♥❞♦ β = 0✱ ❤á ✉♠❛ r❡❞✉çã♦ ♥❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧
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❡❧ást✐❝❛ ❞♦ s✐st❡♠❛✳ ◆❡st❡ ❝❛s♦✱ ❝♦♥s✐❞❡r❛✲s❡ q✉❡ ❤á ✉♠ ❛♠♦❧❡❝✐♠❡♥t♦ ❞❡ ♠♦❧❛ ♥♦

s✐st❡♠❛✳ ❆ ❝✉r✈❛ ❞❛ ❜✐✲❡st❛❜✐❧✐❞❛❞❡ ♣❛r❛ ❡st❡ ❝❛s♦ é ♠♦str❛❞❛ ♥❛ ✜❣✉r❛ ✺✳✷❝✳

✭❛✮

✭❜✮ ✭❝✮

❋✐❣✉r❛ ✺✳✷ ✕ ❘❡s♣♦st❛ ❡♠ ❢r❡q✉ê♥❝✐❛ ❞❛ ❡q✉❛çã♦ ✭✺✳✶✳✽✮ q✉❛♥❞♦ ✭❛✮ β = 0✱ ✭❜✮ β > 0 ❡
✭❝✮ β < 0✳ ❋♦♥t❡✿ ❬✸✼❪ ♠♦❞✐✜❝❛❞❛✳

❈♦♥s✐❞❡r❡ ✉♠ s✐st❡♠❛s ♥ã♦✲❧✐♥❡❛r q✉❛❧q✉❡r s✉❥❡✐t♦ ❛♦ ❡♥❞✉r❡❝✐♠❡♥t♦ ❞❡ ♠♦❧❛ ✭β > 0✮✳

❱❛♠♦s ❡♥tã♦ ❛✈❛❧✐❛r ❛ ❛♠♣❧✐t✉❞❡ r(ω) ♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ❢r❡q✉ê♥❝✐❛s ωi ≤ ω ≤ ωf ✱ ❡♠ q✉❡♠

ω0 ∈ ω ❡ ωi < ωf ✳ P❛r❛ ❝♦♥str✉✐r ❛ ❝✉r✈❛ ❞❛ ❜✐✲❡st❛❜✐❧✐❞❛❞❡ ❞❡st❡ ♣r♦❜❧❡♠❛✱ ✜❣✉r❛ ✺✳✷❜✱

♣♦❞❡♠♦s r❡❞✉③✐r ω ❣r❛❞❛t✐✈❛✱ ♦✉ s❡❥❛✱ ♣❛rt✐♠♦s ❞❡ ωf ❛té ωi✱ ♦✉ ❛✉♠❡♥t❛✲❧♦ ❛♦s ♣♦✉❝♦s✱

♦✉ s❡❥❛✱ ❝♦♠❡ç❛♠♦s ❡♠ ωi ❡ ✜♥❛❧✐③❛♠♦s ❡♠ ωf ✳

❚❡♥❞♦ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ❛ ✜❣✉r❛ ✺✳✷❜✱ s❡ r❡❞✉③✐r♠♦s s✉❛✈❡♠❡♥t❡ ♦ ✈❛❧♦r ❞❡ ω✱ ♦❜t❡♠♦s ❛

❝✉r✈❛ ❆❇❈❉❀ ❥á ❛✉♠❡♥t❛r♠♦s ❣r❛❞❛t✐✈❛♠❡♥t❡ ω✱ ♦❜t❡♠♦s ❛ ❝✉r✈❛ ❉❈❊❋✳ ❉❡ ❛❝♦r❞♦ ❝♦♠

❛ ❝✉r✈❛ ❆❇❈❉✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ♦ ✐♥t❡r✈❛❧♦ ❇❈✱ ♣❡r❝❡❜❡♠♦s q✉❡ ♦ ✈❛❧♦r ❞❡ r(ω) ❛✉♠❡♥t❛

♠✉✐t♦ ❝♦♠ ✉♠❛ ♣❡q✉❡♥❛ ✈❛r✐❛çã♦ ❞❡ ω✱ ♦✉ s❡❥❛✱ r(ω) ✧s❛❧t❛ ♣❛r❛ ❝✐♠❛✧✳ ❏á ❞❡ ❛❝♦r❞♦ ❝♦♠
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❛ ❝✉r✈❛ ❉❈❊❋✱ ❛t❡♥t❛♥❞♦ ♣❛r❛ ♦ ✐♥t❡r✈❛❧♦ ❊❋✱ ♥♦t❛♠♦s q✉❡ ♦ ✈❛❧♦r ❞❡ r(ω) r❡❞✉③ ♠✉✐t♦

r❛♣✐❞❛♠❡♥t❡ ♣❛r❛ ✉♠❛ ♣❡q✉❡♥❛ ✈❛r✐❛çã♦ ❞❡ ω✱ ♦✉ s❡❥❛✱ r(ω) ✧s❛❧t❛ ♣❛r❛ ❜❛✐①♦✧✳ ❊ss❡s

s❛❧t♦s ❝❛r❛❝t❡r✐③❛♠ ♦ ❢❡♥ô♠❡♥♦ ✧❏✉♠♣✧✳ ❚r❛t❛✲s❡ ❞❡ ✉♠ ❛✉♠❡♥t♦ ♦✉ r❡❞✉çã♦ r❡♣❡♥t✐♥❛

❞❛ ❛♠♣❧✐t✉❞❡ ❞❛ r❡s♣♦st❛ ❞♦ s✐st❡♠❛✳ ➱ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❢❡♥ô♠❡♥♦ ❞❛ ❜✐❢✉r❝❛çã♦✳

❆❧é♠ ❞✐ss♦✱ ❛s ❝✉r✈❛s ❆❇❈❉ ❡ ❉❈❊❋ ♥ã♦ sã♦ ✐❣✉❛✐s ♣♦✐s ♥❡ss❡s ♣r♦❜❧❡♠❛s ❤á ♣❡r❞❛s

❡♥❡r❣ét✐❝❛s ♣♦r ❤✐st❡r❡s❡✳

✺✳✸ ❍❛st❡ ♥ã♦✲❧✐♥❡❛r ❡♥❣❛st❛❞❛✿ ♠♦❞❡❧❛❣❡♠ ❡ ❝❛r❛❝t❡r✐③❛çã♦ ❡①✲

♣❡r✐♠❡♥t❛❧

❈♦♥s✐❞❡r❡ ✉♠❛ ❤❛st❡ ♥ã♦✲❧✐♥❡❛r ❡♥❣❛st❛❞❛ q✉❡ ♣♦ss✉✐ três ♣♦♥t♦s ❞❡ ❡q✉✐❧í❜r✐♦✱ s❡♥❞♦

❞♦✐s ❡stá✈❡✐s ✭♣♦ç♦ ❡sq✉❡r❞♦ ❡ ❞✐r❡✐t♦✮ ❡ ✉♠ ✐♥stá✈❡❧ ✭♣♦ç♦ ❧✐♥❡❛r✮✱ ❝♦♠♦ ❛ q✉❡ r❡♣r❡s❡♥t❛✲

♠♦s ♥❛ ✜❣✉r❛ ✺✳✸✳ ❆♦ s✉❜♠❡t❡r♠♦s ❡st❛ ❤❛st❡ ❛ ✉♠❛ ❢♦rç❛ ❡①t❡r♥❛ ♣❡r✐ó❞✐❝❛✱ Fe❝♦s(ωt)✱

♦ s✐st❡♠❛ ♣❛ss❛ ❛ ♦s❝✐❧❛r ♣❡r✐♦❞✐❝❛♠❡♥t❡✳ ◆❡st❛ s✐t✉❛çã♦ s✉❛ ❞✐♥â♠✐❝❛ ❡q✉✐✈❛❧❡♥t❡ ❛ ❞♦

s✐st❡♠❛ ♠❛ss❛✲♠♦❧❛ ❡♠ ♠♦✈✐♠❡♥t♦ ❛♥❛❧✐s❛❞♦ ♥❛ s✉❜s❡çã♦ ✺✳✶✳✶✳ P♦rt❛♥t♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠

❛ ❡q✉❛çã♦ ✭✺✳✶✳✶✮ ❡ s❛❜❡♥❞♦ q✉❡ Fel

m
= fel = −du(x)

dx
✱ ❡♥❝♦♥tr❛♠♦s

ẍ(t) + γẋ(t) +
du(x)

dx
= fe❝♦s(ωt). ✭✺✳✸✳✶✵✮

◆❛ s❡çã♦ ✺✳✶ ❛❜♦r❞❛♠♦s ♦ ♦s❝✐❧❛❞♦r s✐♠étr✐❝♦ ❞❡ ❉✉✣♥❣✳ ❚r❛t❛✲s❡ ❞❡ ✉♠❛ ❛❜♦r❞❛❣❡♠

♣✉r❛♠❡♥t❡ t❡ór✐❝❛✱ t❡♥❞♦ ❡♠ ✈✐st❛ q✉❡ ❛ s✐♠❡tr✐❛ ❢ís✐❝❛ ❞♦s s✐st❡♠❛s é ❛❧❣♦ ✐♥❛t✐♥❣í✈❡❧✱

♣❡❧♦ ♠❡♥♦s ❛té ❡ss❡ ♠♦♠❡♥t♦✳ ❉❡ss❛ ❢♦r♠❛✱ ❝♦♠♦ ❝❛r❛❝t❡r✐③❛r❡♠♦s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡

❛ ❤❛st❡✱ ❞❡✈❡♠♦s ❛❞♦t❛r ♦ ♦s❝✐❧❛❞♦r ❛ss✐♠étr✐❝♦ ❉✉✣♥❣✳ ❉✐❢❡r❡♥t❡ ❞❛ s✐t✉❛çã♦ ❛♥t❡r✐♦r✱

♥❡st❛ ♦ ♣♦t❡♥❝✐❛❧ ❡s♣❡❝í✜❝♦ ❞❛ ❤❛st❡ é ❞❛❞♦ ♣♦r

u(x) =
E

4
x4 +

F

3
x3 +

G

2
x2 +Hx.

❆ ❡q✉❛çã♦ ✭✺✳✸✳✶✵✮ ❞❡s❝r❡✈❡ ♦ ♠♦✈✐♠❡♥t♦ ♦s❝✐❧❛tór✐♦ ❞❡ ✉♠❛ ❤❛st❡ ♥ã♦✲❧✐♥❡❛r ❡♥❣❛st❛❞❛

s✉❥❡✐t❛ ❛ ✉♠❛ ❢♦rç❛ ❡①t❡r♥❛ ♣❡r✐ó❞✐❝❛✱ Fe❝♦s(ωt)✳
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x

z

Poço esquerdo Poço direito

❋✐❣✉r❛ ✺✳✸ ✕ ❍❛st❡ ♥ã♦✲❧✐♥❡❛r ❡♥❣❛st❛❞❛ ❡♠ ✉♠❛ ❡①tr❡♠✐❞❛❞❡ ❡ ❧✐✈r❡ ♥❛ ♦✉tr❛✱ ♦s❝✐❧❛♥❞♦
❡♠ s❡✉s ❞♦✐s ♣♦ssí✈❡✐s ♣♦♥t♦s ❞❡ ❡q✉✐❧í❜r✐♦ ❡stá✈❡✐s ✭♣♦ç♦ ❡sq✉❡r❞♦ ❡ ❞✐r❡✐t♦✮✳

✺✳✸✳✶ ❈♦♥st❛♥t❡ ❞❡ ❞✐ss✐♣❛çã♦ ❡♥❡r❣ét✐❝❛

❉✉r❛♥t❡ ❛s ♦s❝✐❧❛çõ❡s ❞❛ ❤❛st❡✱ ❤á ♣❡r❞❛s ❡♥❡r❣ét✐❝❛s ♣❛r❛ ♦ ♠❡✐♦✱ r❡s✉❧t❛❞♦ ❞♦ ❛tr✐t♦

✈✐s❝♦s♦ ❡♥tr❡ ♦ ❛r ❡ ❛ ❤❛st❡✱ ♣❡❧❛ ❢r✐❝çã♦ ✐♥t❡r♥❛✱ r❡s✉❧t❛❞♦ ❞♦ ❛tr✐t♦ ❡♥tr❡ ❛s ❡str✉t✉r❛s

❝r✐st❛❧✐♥❛s ❞❛ ❤❛st❡✱ ❡ ♣❛r❛ ❛ ❜❛s❡ ❞❡ ❡♥❣❛st❡✳ ◆❡st❡ s✐st❡♠❛ ❛ ❞✐ss✐♣❛çã♦ é ❝❧❛ss✐✜❝❛❞❛

❝♦♠♦ s✉❜✲❛♠♦rt❡❝✐❞♦ ❬✶✹✱ ✸✽❪✳ ❙❡♥❞♦ ❛ss✐♠✱ ❛ ❝✉r✈❛ ❡♥✈❡❧♦♣❡ ❡①♣♦♥❡♥❝✐❛❧ q✉❡ ❡♥✈♦❧✈❡ ❛

t❡♠♣♦r❛❧ ❞✉r❛♥t❡ ♦ ❞❡❝❛✐♠❡♥t♦ ❞❛ ❛♠♣❧✐t✉❞❡ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞❛ ❤❛st❡ é ❞❛❞♦ ♣♦r

ft(t) = Ze−
γ
2
t,
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♦♥❞❡ Z é ❛ ❛♠♣❧✐t✉❞❡ ♠á①✐♠❛ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦✳

❉❡t❡r♠✐♥❛♠♦s ♦ ✈❛❧♦r ❞❡ γ ✉t✐❧✐③❛♥❞♦ ❛ sér✐❡ t❡♠♣♦r❛❧ ❞❡ ❝❛❞❛ ✉♠ ❞♦s ♣♦ç♦s ❡stá✈❡✐s✳

❈♦♥t✉❞♦✱ ❛❥✉st❛♠♦s ✉♠❛ ❝✉r✈❛ ❡♥✈❡❧♦♣❡ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ♥❛ sér✐❡ t❡♠♣♦r❛❧ ❡

❡♥tã♦ ✐❞❡♥t✐✜❝❛♠♦s ♦ ✈❛❧♦r ❞❡ γ✳ ❖ ❡①♣❡r✐♠❡♥t♦ ♣❛r❛ ♦❜t❡r ❛ sér✐❡ t❡♠♣♦r❛❧ ❞❡ ❝❛❞❛ ♣♦ç♦

s❡rá ❛♣r❡s❡♥t❛❞♦ ♥❛ s✉❜s❡çã♦ ✺✳✹✳✶✳

✺✳✸✳✷ P♦t❡♥❝✐❛❧ ❛ss✐♠étr✐❝♦

P❛r❛ ❞❡t❡r♠✐♥❛r♠♦s ♦ r❡s✉❧t❛❞♦ ❞❡ E✱ F ✱ G ❡ H✱ ♣r❡❝✐s❛r❡♠♦s ❞❡ q✉❛tr♦ ❡q✉❛çõ❡s ❡

q✉❛tr♦ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✳ ❙❛❜❡♠♦s q✉❡✱ F (x)
m

= f(x) = −du(x)
dx

✱ ❧♦❣♦

f(x) = −(Ex3 + Fx2 +Gx+H).

❆❧é♠ ❞✐ss♦✱ ❛ ♣r✐♠❡✐r❛ ❞❡r✐✈❛❞❛ ❞❡st❡ ♣♦t❡♥❝✐❛❧ r❡s✉❧t❛ ❡♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❡ ❞❡ss❛ ❢♦r♠❛✱

❛ ❞❡r✐✈❛♥❞♦ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❡♠ r❡❧❛çã♦ ❛ x✱ ❡♥❝♦♥tr❛♠♦s q✉❡

Ex3 + Fx2 +Gx+H = 0. ✭✺✳✸✳✶✶✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❧❡✐ ❞❡ ❍♦♦❦❡✱ f(x) = −kx
m
✱ ♥❛ ③♦♥❛ ❞❡ ❞❡❢♦r♠❛çã♦ ❡❧ást✐❝❛✱ ❡ ❞❡ss❛

❢♦r♠❛✱ d2u(x)
dx2 = k

m
= ω2

0✳ ❉❡r✐✈❛♥❞♦ ♦ ♣♦t❡♥❝✐❛❧ ❞♦ s✐st❡♠❛ ❞✉❛s ✈❡③❡s ❡♠ r❡❧❛çã♦ ❛ x✱

❛❝❤❛♠♦s

3Ex2 + 2Fx+G = ω2
0, ✭✺✳✸✳✶✷✮

♦♥❞❡ ω2
0 é ❛ ❢r❡q✉ê♥❝✐❛ ♥❛t✉r❛❧ ❞♦ ♣♦ç♦ ❛♥❛❧✐s❛❞♦✳

❈❛❞❛ ♣♦ç♦ ❡stá✈❡❧ ♥♦s ❢♦r♥❡❝❡ ❞✉❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ❞❡✢❡①ã♦ ♠á①✐♠❛ ❡ ❢r❡q✉ê♥✲

❝✐❛ ♥❛t✉r❛❧ ❞♦ ♣♦ç♦✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐s✉❛❧✐③❛❞❛s ♥❛ ✜❣✉r❛ ✺✳✹✳ ❯t✐❧✐③❛♥❞♦ ❛s ❡q✉❛çõ❡s

✭✺✳✸✳✶✶✮ ❡ ✭✺✳✸✳✶✷✮ ❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞❛ ✜❣✉r❛ ✺✳✹✱ ❡♥❝♦♥tr❛♠♦s






















x+
3E + x+

2F + x+G+H = 0

x−
3E + x−

2F + x−G+H = 0

3x+
2E + 2x+F +G = ω+

2

3x−
2E + 2x−F +G = ω−

2

✭✺✳✸✳✶✸✮

♦♥❞❡ x+ ❡ ω+ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ ❞❡✢❡①ã♦ ♠á①✐♠❛ ❡ ❢r❡q✉ê♥❝✐❛ ♥❛t✉r❛❧ ♥♦ ♣♦ç♦ ♠❛✐s

❞✐st❛♥t❡ ❞❛ ❜♦❜✐♥❛ ❡ x− ❡ ω−✱ ❛ ❞❡✢❡①ã♦ ♠á①✐♠❛ ❡ ❢r❡q✉ê♥❝✐❛ ♥❛t✉r❛❧ ♥♦ ♣♦ç♦ ♠❛✐s



✺✳✸✳ ❍❆❙❚❊ ◆➹❖✲▲■◆❊❆❘ ❊◆●❆❙❚❆❉❆✿ ▼❖❉❊▲❆●❊▼ ❊ ❈❆❘❆❈❚❊❘■❩❆➬➹❖
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x

z

x+x−

ω− ω+

❋✐❣✉r❛ ✺✳✹ ✕ ❈♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞❡ ✉♠❛ ❤❛st❡ ♥ã♦✲❧✐♥❡❛r ❡♥❣❛st❛❞❛✱ ♦♥❞❡ x− ❡ x+✱ sã♦
❛s ❞❡✢❡①õ❡s ♠á①✐♠❛s ❞❡ ❝❛❞❛ ♣♦ç♦ ❡ ω− ❡ ω+✱ s✉❛s r❡s♣❡❝t✐✈❛s ❢r❡q✉ê♥❝✐❛s
♥❛t✉r❛✐s✳

♣ró①✐♠♦ ❞❛ ❜♦❜✐♥❛✳ ❖s ✈❛❧♦r ❞❡ x+✱ x−✱ ω+ ❡ ω−✱ sã♦ ❢❛❝✐❧♠❡♥t❡ ❞❡✜♥✐❞♦s ❡①♣❡r✐♠❡♥t❛❧✲

♠❡♥t❡✳

P❛r❛ ❞❡✜♥✐r ❛ ❢r❡q✉ê♥❝✐❛ ♥❛t✉r❛❧ ❞❡ ❝❛❞❛ ♣♦ç♦✱ ❝♦♥✈❡rt❡♠♦s ❛ sér✐❡ t❡♠♣♦r❛❧ ❞♦ ♣♦ç♦

❡♠ ✉♠❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❡ ❞❡❧❛s ✐❞❡♥t✐✜❝❛♠♦s ❛ ❢r❡q✉ê♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❝❛❞❛

♣♦ç♦✳ P❛r❛ ✐ss♦✱ ✉t✐❧✐③❛♠♦s ✉♠ s❝r✐♣t ❡s❝r✐t♦ ❡♠ P②t❤♦♥ ❝♦♠ ♦ ♣❛❝♦t❡ ✧✛t♣❛❝❦✧❡ ❝♦♠❛♥❞♦

✧✛t❢r❡q✧✳ ❖ ❡①♣❡r✐♠❡♥t♦ ♣❛r❛ ♦❜t❡r ❛ ❞❡✢❡①ã♦ ♠á①✐♠❛ ❞❡ ❝❛❞❛ ♣♦ç♦ ❢♦✐ ❛♣r❡s❡♥t❛❞♦



✻✷ ❈❆P❮❚❯▲❖ ✺✳ ❖ ❘❊❙❙❖◆❆❉❖❘ ▼❊❈➶◆■❈❖ ❉❊ ❉❯❋❋■◆●

♥❛ s✉❜s❡çã♦ ✸✳✸✳✷ ❡ ♦ q✉❡ s❡rá ❢❡✐t♦ ♣❛r❛ ♦❜t❡r ❛ ❢r❡q✉ê♥❝✐❛ ♥❛t✉r❛❧ ❞❡ ❝❛❞❛ ♣♦ç♦ s❡rá

❛♣r❡s❡♥t❛❞♦ s✉❜s❡çã♦ ✺✳✹✳✶

✺✳✸✳✸ ❆♠♣❧✐t✉❞❡ ❞❛ ❢♦rç❛ ❡①t❡r♥❛

P❛r❛ ❞❡t❡r♠✐♥❛r ♦ ✈❛❧♦r ❞❛ ❛♠♣❧✐t✉❞❡ ❞❛ ❢♦rç❛ ❡①t❡r♥❛ ❡①♣❡r✐♠❡♥t❛❧✱ ❞❡✈❡♠♦s ❝♦♥❤❡❝❡r

♦s r❡s✉❧t❛❞♦s ❞❡ γ ❡ u(x)✱ ❡ ❥á t❡r ❝♦♥❢❡❝❝✐♦♥❛❞♦ ❛ ❝✉r✈❛ ❞❛ ❜✐✲❡st❛❜✐❧✐❞❛❞❡ ❡①♣❡r✐♠❡♥t❛❧

❞❡ ❝❛❞❛ ♣♦ç♦✳ ❯t✐❧✐③❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ❞❡ γ ❡ u(x) ♥❛ ❡q✉❛çã♦ ✭✺✳✸✳✶✵✮✱ ❞❡t❡r♠✐♥❛♠♦s

fe ♣♦r ✐♥t❡❣r❛çã♦ ♥✉♠ér✐❝❛ ✈✐❛ s❝r✐♣t ❡s❝r✐t♦ ❡♠ P②t❤♦♥ ❛tr❛✈és ❞♦ ♣❛❝♦t❡ ✧✐♥t❡❣r❛t❡✧❡

❝♦♠❛♥❞♦ ✧♦❞❡✐♥t✧✳

■♥✐❝✐❛❧♠❡♥t❡ ❛❞♦t❛♠♦s ✉♠ ✈❛❧♦r q✉❛❧q✉❡r ♣❛r❛ fe ❡✱ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❢r❡q✉ê♥❝✐❛s

♣ré✲❞❡✜♥✐❞❛s✱ ❛✈❛❧✐❛♠♦s ♥✉♠❡r✐❝❛♠❡♥t❡ ❛ r❡s♣♦st❛ ❡♠ ❢r❡q✉ê♥❝✐❛ ❞❛ ❡q✉❛çã♦ ✭✺✳✸✳✶✵✮

♥❡st❡ ✐♥t❡r✈❛❧♦✳ ❊ss❛ ❝✉r✈❛ ❢♦✐ ❝♦♠♣❛r❛❞❛ ❝♦♠ ❛ ❝✉r✈❛ ♦❜t✐❞❛ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✱ ♦♥❞❡

♦❜s❡r✈❛♠♦s s❡ ❡❧❛s ❝♦✐♥❝✐❞✐❛♠✳ ❈♦✐♥❝✐❞✐♥❞♦✱ ♦ ✈❛❧♦r ❞❡ fe ❛❞♦t❛❞♦ ❝♦rr❡s♣♦♥❞❡ ❛♦ ✈❛❧♦r ❞❛

❛♠♣❧✐t✉❞❡ ❞❛ ❢♦rç❛ ❡①t❡r♥❛ ♣❡r✐ó❞✐❝❛ q✉❡ ❛t✉♦✉ ♥♦ s✐st❡♠❛✳ ❈❛s♦ ♥ã♦ ❝♦✐♥❝✐❞✐ss❡✱ ❜❛st❛✈❛

❛❞♦t❛r ✉♠ ♥♦✈♦ ✈❛❧♦r ❞❡ fe ❡ r❡❢❛③❡r ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛té q✉❡ ❛s ❞✉❛s ❝✉r✈❛s ❝♦✐♥❝✐❞✐ss❡♠✳

❖ ❡①♣❡r✐♠❡♥t♦ ♣❛r❛ ❞❡✜♥✐r ❛ ❝✉r✈❛ ❞❡ ❜✐✲❡st❛❜✐❧✐❞❛❞❡ ❞❡ ❝❛❞❛ ♣♦ç♦ s❡rá ❛♣r❡s❡♥t❛❞♦ ♥❛

s✉❜s❡çã♦ ✺✳✹✳✷✳

✺✳✹ ❊①♣❡r✐♠❡♥t♦ ❞♦ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ ❡ r❡s✉❧t❛❞♦s

◆❛s s❡çõ❡s ❛♥t❡r✐♦r❡s ❢♦r❛♠ ❛♣r❡s❡♥t❛❞❛s ❢♦r♠✉❧❛çõ❡s ♠❛t❡♠át✐❝❛s ❝❛♣❛③❡s ❞❡ ♠♦✲

❞❡❧❛r à ❤❛st❡ ❡♥❣❛st❛❞❛ ❡♠ ❝♦♥❞✐çõ❡s ❞✐♥â♠✐❝❛s ♥ã♦✲❧✐♥❡❛r❡s✳ ❆❣♦r❛ ❡①♣❧✐❝❛r❡♠♦s ♦s

❡①♣❡r✐♠❡♥t♦s q✉❡ ❢♦r❛♠ r❡❛❧✐③❛❞♦ ♥❛ ❤❛st❡ ❛♣r❡s❡♥t❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✷ ♣❛r❛ ❝❛r❛❝t❡r✐③❛✲❧❛

❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ ❞❡ ❉✉✣♥❣✳ ❚❛♠❜é♠ ❛♣r❡s❡♥t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳

✺✳✹✳✶ ❙ér✐❡ t❡♠♣♦r❛❧ ❞❛ ❤❛st❡ ♥ã♦✲❧✐♥❡❛r

❊st❡ ❡①♣❡r✐♠❡♥t♦ é ♠✉✐t♦ ♣❛r❡❝✐❞♦ ❝♦♠ ♦ q✉❡ ❢♦✐ r❡❛❧✐③❛❞♦ ♥❛ s✉❜s❡çã♦ ✹✳✻✳✶✳ ❉❡❧❡

♦❜t✐✈❡♠♦s ❛ ❝✉r✈❛ t❡♠♣♦r❛❧ ❞❡ ❝❛❞❛ ♣♦ç♦ ❡ ❞❡❧❛s ✈❛♠♦s ❡①tr❛✐r ❛ ❢r❡q✉ê♥❝✐❛ ♥❛t✉r❛❧

❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ❡ ❛ ❝♦♥st❛♥t❡ ❞❡ ❞✐ss✐♣❛çã♦✳ ❚❛♠❜é♠ ✉t✐❧✐③❛♠♦s ♦ s❡♥s♦r ó♣t✐❝♦ ❡
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♦s❝✐❧♦s❝ó♣✐♦✳ ❊❧❡ ❢♦✐ ❡①❡❝✉t❛❞♦ ❡♠ ❝❛❞❛ ✉♠ ❞♦s ♣♦ç♦s ❞❛ ❤❛st❡ ♥ã♦✲❧✐♥❡❛r✳ ❆❞♦t❛♠♦s ♦

s❡❣✉✐♥t❡ ♠ét♦❞♦✿

✶✳ ■♥✐❝✐❛❧♠❡♥t❡ ❡♥❣❛st❛♠♦s ❛ ❤❛st❡ ♥❛ ❜❛s❡ ❞❡ ❡♥❣❛st❡ ❡ ❛❧✐♥❤❛❞❛ ❡♠ r❡❧❛çã♦ ❛♦ s❡♥s♦r

ó♣t✐❝♦❀

✷✳ ❈♦♠ ❛ ❤❛st❡ ❡♠ ❝♦♥❞✐çõ❡s ❧✐♥❡❛r❡s ✭s❡♠ ❛ ❛çã♦ ❞❛ ❢♦rç❛ r❡♣✉❧s✐✈❛ ♠❛❣♥ét✐❝❛✮✱ ❝❛✲

❧✐❜r❛♠♦s ♦ s❡♥s♦r ó♣t✐❝♦ ❡♠ r❡❧❛çã♦ ❡❧❛ ❞❡ ❢♦r♠❛ q✉❡ ♥♦ ❧❡✐t♦r ❞♦ s❡♥s♦r ❡st❛✈❛

♠❛r❝❛♥❞♦ ❛ ♣♦s✐çã♦ ”0, 00”❀

✸✳ ❊♠ s❡❣✉✐❞❛ r❡❞✉③✐♠♦s ❧❡♥t❛♠❡♥t❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s í♠ãs ❛té ✉♠❛ ❞✐stâ♥❝✐❛ d✱ ❞❡

❢♦r♠❛ q✉❡ d < d1❀

• ◆❡st❛ ❞✐stâ♥❝✐❛✱ d✱ ❛ ❤❛st❡ ♦❜r✐❣❛t♦r✐❛♠❡♥t❡ ❞❡✈❡ ❢♦r♠❛r ❞♦✐s ♣♦ç♦s ♥♦ s✐st❡♠❛❀

✹✳ ◆❛ s❡q✉ê♥❝✐❛ ♣♦s✐❝✐♦♥❛♠♦s ❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡ ❞❛ ❤❛st❡ ❡♠ ❞♦s ❞♦✐s ♣♦ç♦s❀

✺✳ P❡rt✉r❜❛♠♦s ❛ ❤❛st❡ ❝♦♠ ✉♠ ♣❡q✉❡♥♦ ✐♠♣❛❝t♦✱ ❢❛③❡♥❞♦ ❝♦♠ ❡❧❛ ✈✐❜r❛ss❡❀

• ❊st❡ ✐♠♣❛❝t♦ ❢♦✐ ❢♦rt❡ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❢❛③❡r ❛ ❤❛st❡ ♦s❝✐❧❛r✱ ♠❛s ❢r❛❝♦ ♦ ❜❛s✲

t❛♥t❡ ♣❛r❛ ♥ã♦ r❡s✉❧t❛r ❡♠ ✉♠❛ ♠✐❣r❛çã♦ ❞❡ ♣♦ç♦s❀

✻✳ ❖ s❡♥s♦r ó♣t✐❝♦ ❡♥tã♦ ❝❛♣t♦✉ ❛s ♦s❝✐❧❛çõ❡s ❞❛ ❤❛st❡ ❡ ♦s tr❛♥s♠✐t✐✉ ♣❛r❛ ♦ ♦s❝✐❧♦s✲

❝ó♣✐♦ ❡♠ ❢♦r♠❛ ❞❡ s✐♥❛❧❀

✼✳ ◆♦ ♦s❝✐❧♦s❝ó♣✐♦ ❡ss❡s ❞❛❞♦s ❢♦r❛♠ ❧✐❞♦s✱ ❛r♠❛③❡♥❛❞♦s ❡ tr❛♥s❢❡r✐❞♦s ♣❛r❛ ✉♠ ❝♦♠✲

♣✉t❛❞♦r❀

✽✳ ❘❡♣❡t✐♠♦s ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞♦ ♣❛ss♦ ✹ ❛♦ ✼ ♥♦ ♣♦ç♦ r❡st❛♥t❡✳

✺✳✹✳✷ ❈✉r✈❛ ❞❛ ❜✐✲❡st❛❜✐❧✐❞❛❞❡

◆❡st❡ ❡①♣❡r✐♠❡♥t♦ ♦❜t✐✈❡♠♦s ❛ ❝✉r✈❛ ❞❛ ❜✐✲❡st❛❜✐❧✐❞❛❞❡ ❞❡ ❝❛❞❛ ✉♠ ♣♦ç♦s✳ ❈♦♠

❡❧❛ ❡♥❝♦♥tr❛♠♦s ♦ r❡s✉❧t❛❞♦ ❞❛ ❛♠♣❧✐t✉❞❡ ❞❛ ❢♦rç❛ ❡①t❡r♥❛ ♣❡r✐ó❞✐❝❛✳ P❛r❛ r❡❛❧✐③❛✲❧♦

✉t✐❧✐③❛♠♦s t♦❞♦s ♦s ❝♦♠♣♦♥❡♥t❡s ❡❧❡tr♦✲❡❧❡trô♥✐❝♦s ❞✐s♣♦♥í✈❡✐s ✭s❡♥s♦r ó♣t✐❝♦✱ ♦s❝✐❧♦s❝ó♣✐♦
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❡ ❣❡r❛❞♦r ❞❡ ❢✉♥çõ❡s✮✳ ❊❧❡ ❢♦✐ r❡❛❧✐③❛❞♦ ❡♠ ❝❛❞❛ ♣♦ç♦ ❞❛ ❞♦ s✐st❡♠❛✳ Pr♦❝❡❞❡♠♦s ❞❛

s❡❣✉✐♥t❡ ❢♦r♠❛✿

✶✳ ❘❡❢❛③❡♠♦s ❞♦ ♣❛ss♦ ✶ ❛♦ ✹ ❛♣r❡s❡♥t❛❞♦ ♥❛ s✉❜s❡çã♦ ✺✳✹✳✶❀

✷✳ ❊♠ s❡❣✉í❞❛ ♣r♦❣r❛♠❛♠♦s ❛ ❜♦❜✐♥❛ ♣❛r❛ ❡♠✐t✐♥❞♦ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞❡ s✐♥❛❧ ❡

❢r❡q✉ê♥❝✐❛ ✈❛r✐á✈❡✐s❀

• ❈♦♠♦ ❛ ❜♦❜✐♥❛ ❡stá ❧✐❣❛❞❛ ❛♦ ❣❡r❛❞♦r ❞❡ ❢✉♥çõ❡s✱ ♣r♦❣r❛♠❛♠♦s ❡❧❡ ♣❛r❛ ❡♠✐t✐r

❝♦rr❡♥t❡s ❡❧étr✐❝❛s ❛❧t❡r♥❛❞❛s ✭s❡♥♦✐❞❛✐s✮ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❢r❡q✉ê♥❝✐❛s ♣r❡✲

❞❡✜♥✐❞❛s ✭ωi ≤ ω ≤ ωf ✮ ❡ ❞❡ss❛ ❢♦r♠❛✱ ❛ ❜♦❜✐♥❛ ❢♦✐ ❡♥❡r❣✐③❛❞❛ ❡ ❣❡r♦✉ ♦ ❝❛♠♣♦

♠❛❣♥ét✐❝♦ s❡♥♦✐❞❛❧❀

• ❆ ❢r❡q✉ê♥❝✐❛ ♥❛t✉r❛❧ ❞♦ ♣♦ç♦ ❛♥❛❧✐s❛❞♦✱ ♦❜r✐❣❛t♦r✐❛♠❡♥t❡✱ ♣❡rt❡♥❝❡ ❛ ❡ss❡ ✐♥✲

t❡r✈❛❧♦ ❞❡ ❢r❡q✉ê♥❝✐❛s ✭ωi ≤ ω ≤ ωf ❡ ω0 ∈ ω✮❀

• ❊ss❛ ✈❛rr❡❞✉r❛ ❞❡ ❢r❡q✉ê♥❝✐❛ ❛❝♦♥t❡❝❡✉ ♥♦s ❞♦✐s s❡♥t✐❞♦s✱ ♦✉ s❡❥❛✱ ✐♥✐❝✐❛❧♠❡♥t❡

✐♥✐❝✐❛♠♦s ❡♠ ωi ❡ ❢♦♠♦s ❛té ωf ❡ ❞❡♣♦✐s ❞❡ ωf ❛té ωi❀

• ❊ss❛ ♠✉❞❛♥ç❛ ❞❡ ❢r❡q✉ê♥❝✐❛ ♦❝♦rr❡✉ ❡♠ ✉♠ ♣❡rí♦❞♦ ❞❡✜♥✐❞♦❀

• ❆ ❛♠♣❧✐t✉❞❡ ❞❛s ♦♥❞❛s s❡♥♦✐❞❛✐s ✜❝❛ ❛ ❝r✐tér✐♦ ❞❡ q✉❡♠ r❡❛❧✐③❛ ♦s ❡①♣❡r✐♠❡♥t♦s❀

• ❈♦♠♦ ❛ ❤❛st❡ é ❢❡✐t❛ ❞❡ ♠❛t❡r✐❛❧ ❢❡rr♦♠❛❣♥ét✐❝♦✱ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❣❡r❛❞♦

♣❡❧❛ ❜♦❜✐♥❛ ❢❡③ ❛ ❤❛st❡ s♦❢r❡r✱ ❛❧t❡r♥❛❞❛♠❡♥t❡✱ ❛tr❛çã♦ ❡ r❡♣✉❧sã♦ ♠❛❣♥ét✐❝❛

❛ ❝❛❞❛ ♣❡rí♦❞♦ ❞❡ ♦s❝✐❧❛çã♦✱ ❢❛③❡♥❞♦ ❡❧❛ ✈✐❜r❛r❀

✸✳ ❖ s❡♥s♦r ó♣t✐❝♦ ❡♥tã♦ ❝❛♣t✉r♦✉ ❛s ♦s❝✐❧❛çõ❡s ❞❛ ❤❛st❡ ❡ ❡♠ ❢♦r♠❛ ❞❡ s✐♥❛❧ ♦s ❡♥✈✐♦✉

❛♦ ♦s❝✐❧♦s❝ó♣✐♦ q✉❡ ❝❛♣t✉r♦✉✱ ❧❡✉ ❡ tr❛❞✉③✐✉ ♦s ❞❛❞♦s ❡♠ ❣rá✜❝♦s❀

✹✳ ❊ss❛s ✐♥❢♦r♠❛çõ❡s ❢♦r❛♠ tr❛♥s❢❡r✐❞❛s ♣❛r❛ ✉♠ ❝♦♠♣✉t❛❞♦r✱ ✈✐❛ ❝❛❜♦ ❡t❤❡r♥❡t ♣❡❧♦

♣r♦t♦❝♦❧♦ ❚❊▲◆❊❚✱ ♣❛r❛ ❛♥❛❧✐s❡ ❡ ❝♦♥❢❡❝çã♦ ❞❛ ❝✉r✈❛ ❞❛ ❜✐✲❡st❛❜✐❧✐❞❛❞❡ ❞♦ ♣♦ç♦

❡♠ q✉❡stã♦❀

✺✳ ❘❡❢❛③❡♠♦s ❞♦ ♣❛ss♦ ✹ ❛♦ ✼ ♣❛r❛ ♥♦ ♣♦ç♦ r❡st❛♥t❡✳

❯t✐❧✐③❛♠♦s ✉♠ s❝r✐♣t ❡♠ P②t❤♦♥ ♣❛r❛ ❛✉t♦♠❛t✐③❛r ♦ ♣r♦❝❡ss♦ ❞♦ ♣♦♥t♦ ✺ ❛♦ ✼✳
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✺✳✹✳✸ ❘❡s✉❧t❛❞♦s ❡ ❞✐s❝✉ssã♦

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦s ❡①♣❡r✐♠❡♥t♦s ❛♣r❡s❡♥t❛❞♦s ❡ ❛s ❛♥á❧✐s❡s ❛♥❛❧ít✐❝❛s✱ ❝♦♥s❡❣✉✐♠♦s

❝❛r❛❝t❡r✐③❛r ❛ ❞✐♥â♠✐❝❛ ♦s❝✐❧❛tór✐❛ ♥ã♦✲❧✐♥❡❛r ❞❡ss❡ r❡ss♦♥❛❞♦r✳ ❆♣r❡s❡♥t❛♠♦s ✉♠ ❞♦s

r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ t❛❜❡❧❛ ✼✱ ♣❛r❛ ✉♠ ❝♦♠♣r✐♠❡♥t♦ ℓ0❂✾✷✳✺✵ ♠♠ ❡ d❂✾✳✽✵ ♠♠✳ ❆s

✜❣✉r❛s ✺✳✺✱ ✺✳✻✱ ✺✳✼ ❡ ✺✳✽✱ r❡♣r❡s❡♥t❛♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦ ♣♦t❡♥❝✐❛❧ ❞❛ ❤❛st❡✱ ❛ sér✐❡

t❡♠♣♦r❛❧ ❡ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ♥♦ ♣♦ç♦ ♠❛✐s ❞✐st❛♥t❡s ❞❛ ❜♦❜✐♥❛ ❡ ♥♦ ♣♦ç♦ ♠❛✐s

♣ró①✐♠♦ ❞❛ ❜♦❜✐♥❛ ❡ ❛ ❝✉r✈❛ ❞❡ ❜✐❡st❛❜✐❧✐❞❛❞❡ ❞❡ ❝❛❞❛ ♣♦ç♦✳

❚❛❜❡❧❛ ✼ ✕ P❛râ♠❡tr♦s ❡ r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞♦ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣✳

P❛râ♠❡tr♦s ❞♦ ❡①♣❡r✐♠❡♥t♦

❈♦♠♣r✐♠❡♥t♦ ❧✐✈r❡ ✭♠♠✮ ✾✷✳✺✵ ± ✵✳✵✺

❉✐stâ♥❝✐❛ ❡♥tr❡ ❛s ❢❛❝❡s ❞♦ í♠ãs ✭♠♠✮ ✾✳✽✵ ± ✵✳✵✺

❘❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s

x+ ✭♠♠✮ ✷✳✸✻ ± ✵✳✵✺

x− ✭♠♠✮ ✲✷✳✸✺ ± ✵✳✵✺

ω+ ✭❍③✮ ✻✳✼✶ ± ✵✳✵✶

ω− ✭❍③✮ ✺✳✽✼ ± ✵✳✵✷

γ ✭s−1✮ ✵✳✶✻✺ ± ✵✳✵✵✺

❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥✉♠❡r✐❝❛♠❡♥t❡

(fe)+ ✭◆✴❦❣✮ ✵✳✵✷✶✺

(fe)− ✭◆✴❦❣✮ ✵✳✵✹✻✻

u(x) ✭♠♠2✴s2✮ 139.9x4 + 43.5x3 − 776.5x2 − 249.1x
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❋✐❣✉r❛ ✺✳✺ ✕ P♦t❡♥❝✐❛❧ ❞❛ ❤❛st❡ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ❧✐✈r❡ ❞❡ ℓ0❂✾✷✳✺✵ ♠♠ ❛s ❞❡✢❡①õ❡s
x+❂✷✳✸✻ ♠♠ ❡ x−❂✲✷✳✸✺ ♠♠ ❡ ❢r❡q✉ê♥❝✐❛s ❢✉♥❞❛♠❡♥t❛✐s ω+❂✻✳✼✶ ❍③ ❡
ω−❂✺✳✽✻ ❍③✱ ♦♥❞❡ ❞❡✜♥✐♠♦s q✉❡ E❂✶✸✾✳✾ ♠♠−2s−2✱ F❂✹✸✳✺ ♠♠−1s−2✱ G❂✲
✼✼✻✳✺ s−2 ❡H❂✲✷✹✾✳✶ ♠♠·s−2✱ ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ✺✳✸✳✶✸✱
✉t✐❧✐③❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ♠❡♥❝✐♦♥❛❞❛s ❛❝✐♠❛✳
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(a) Série temporal, Q= 249.6
Dados experimentais
f(t) =  0.0375 + 0.17819e 0.0844274t
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(b) Transformada de Fourier
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❋✐❣✉r❛ ✺✳✻ ✕ ✭❛✮ ❙ér✐❡ t❡♠♣♦r❛❧ ❞❛s ♦s❝✐❧❛çõ❡s ❛♠♦rt❡❝✐❞❛s ❡♠ t♦r♥♦ ❞♦ ♣♦ç♦ ♠❛✐s ♣ró✲
①✐♠♦ ❞♦ s❡♥s♦r✱ q✉❡ ❡stá à ❞✐r❡✐t❛ ♥❛ ✜❣✉r❛ ✺✳✺ ❡ ❝✉❥♦ ♦ ♠í♥✐♠♦ ❡♥❝♦♥tr❛✲s❡
❡♠ x+❂✷✳✸✻ ♠♠✳ ✭❜✮ ❈♦rr❡s♣♦♥❞❡ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞♦ ♠❡❧❤♦r
❛❥✉st❡ ❞❛ ❝✉r✈❛ ❞❡ r❡ss♦♥â♥❝✐❛✳ ❖❜t❡♠♦s γ é ✵✳✶✼ s−1✱ ω+ é ✻✳✼✶ ❍③✱ ❝♦♠
✉♠ ❢❛t♦r ❞❡ q✉❛❧✐❞❛❞❡ Q❂✷✹✾✳✻✳
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Dados experimentais
f(t) =  0.020625 + 0.214424e 0.0783981t
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❋✐❣✉r❛ ✺✳✼ ✕ ✭❛✮ ❙ér✐❡ t❡♠♣♦r❛❧ ❞❛s ♦s❝✐❧❛çõ❡s ❛♠♦rt❡❝✐❞❛s ❡♠ t♦r♥♦ ❞♦ ♣♦ç♦ ♠❛✐s ❞✐st❛♥t❡
❞♦ s❡♥s♦r✱ q✉❡ ❡stá à ❡sq✉❡r❞❛ ♥❛ ✜❣✉r❛ ✺✳✺ ❡ ❝✉❥♦ ♦ ♠í♥✐♠♦ ❡♥❝♦♥tr❛✲s❡ ❡♠
x+❂✲✷✳✸✺ ♠♠✳ ✭❜✮ ❈♦rr❡s♣♦♥❞❡ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞♦ ♠❡❧❤♦r ❛❥✉st❡
❞❛ ❝✉r✈❛ ❞❡ r❡ss♦♥â♥❝✐❛✳ ❖❜t❡♠♦s γ é ✵✳✶✻ s−1✱ ω+ é ✺✳✽✼ ❍③✱ ❝♦♠ ✉♠ ❢❛t♦r
❞❡ q✉❛❧✐❞❛❞❡ Q❂✷✸✺✳✷



✺✳✹✳ ❊❳P❊❘■▼❊◆❚❖ ❉❖ ❖❙❈■▲❆❉❖❘ ❉❊ ❉❯❋❋■◆● ❊ ❘❊❙❯▲❚❆❉❖❙ ✻✾

✭❛✮

✭❜✮

❋✐❣✉r❛ ✺✳✽ ✕ ❉❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❡ ❛❥✉st❡s ♥✉♠ér✐❝♦s ❞❛ r❡s♣♦st❛ ❡♠ ❢r❡q✉ê♥❝✐❛ ❞❡ ❝❛❞❛
♣♦ç♦ ❞♦ s✐st❡♠❛ ❡♠ q✉❡ ✭❛✮ r❡♣r❡s❡♥t❛ ❡ss❡s r❡s✉❧t❛❞♦s ♥♦ ♣♦ç♦ ♠❛✐s ❞✐st❛♥t❡
❞❛ ❜♦❜✐♥❛ ❝♦♠ ✉♠❛ ❞❡✢❡①ã♦ ❞❡ x+❂✷✳✸✻ ♠♠ ❡ ✭❜✮ ♣❛r❛ ♦ ♣♦ç♦ ♠❛✐s ♣ró①✐♠♦
❞❛ ❜♦❜✐♥❛ ❝♦♠ ✉♠❛ ❞❡✢❡①ã♦ ❞❡ x−❂✲✷✳✸✺ ♠♠❀ ❝♦♠♦ ❡①♣❧✐❝❛♠♦s ♥❛ s✉❜s❡çã♦
✺✳✸✳✸✱ ❞❡✜♥✐♠♦s✱ ❛ ♣❛rt✐r ❞♦ ❛❥✉st❡ ♥✉♠ér✐❝♦ ❡ ❝♦♠♣❛r❛t✐✈♦ ❝♦♠ ♦s ❞❛❞♦s
❡①♣❡r✐♠❡♥t❛✐s✱ q✉❡ (fe)+❂✵✳✵✷✶✺ ◆✴❦❣ ❡ (fe)−❂✵✳✵✹✻✻ ◆✴❦❣✳



Capı́tulo 6

❊♠ ❇✉s❝❛ ❞♦ ❈❛♦s ❉❡t❡r♠✐♥íst✐❝♦

◆❡ss❡ ❝❛♣ít✉❧♦ ❡st✉❞❛♠♦s ❛ t❡♦r✐❛ ❞♦ ❝❛♦s✳ ■♥✈❡st✐❣❛♠♦s ♦ ❝❛♦s ❞❡t❡r♠✐♥íst✐❝♦ ❡ ❛

❞✐♥â♠✐❝❛ ❝❛ót✐❝❛ ❛♣r❡s❡♥t❛❞❛ ♣♦r s✐st❡♠❛s ♥ã♦✲❧✐♥❡❛r❡s✳ ❆✈❛❧✐❛♠♦s ♦ ❛tr❛t♦r ❡str❛♥❤♦

❝❛ót✐❝♦✳ ■♥tr♦❞✉③✐♠♦s ♦s ❞✐❛❣r❛♠❛s ❜✐❞✐♠❡♥s✐♦♥❛✐s ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❡ ♠❛♣❛ ❞❡ P♦✐♥❝❛ré✳

❈♦♠✉♠❡♥t❡ ❡❧❡s sã♦ ✉t✐❧✐③❛❞♦s ♥❛ ✈✐s✉❛❧✐③❛çã♦ ❣rá✜❝❛ ❞❡st❡ ❢❡♥ô♠❡♥♦✳

❘❡❛❧✐③❛♠♦s ❡①♣❡r✐♠❡♥t♦s ❝❛ót✐❝♦s ♥❛ ❜❛♥❝❛❞❛ ❡①♣❡r✐♠❡♥t❛❧ ❝♦♠ ♦s r❡ss♦♥❛❞♦r❡s ❝♦♥s✲

tr✉í❞♦s ❡ ❛✈❛❧✐❛♠♦s ❣r❛✜❝❛♠❡♥t❡ ♦s ❞❛❞♦s ♦❜t✐❞♦s✳ ❊st❡ ❡①♣❡r✐♠❡♥t♦ ❢♦✐ ♠✉✐t♦ ♣❛r❡❝✐❞♦

❝♦♠ ♦ q✉❡ ❢♦✐ r❡❛❧✐③❛❞♦ ♣❛r❛ ♦❜t❡r ❛ ❝✉r✈❛ ❞❛ ❜✐✲❡st❛❜✐❧✐❞❛❞❡✳ P✉❞❡♠♦s ✈❡r✐✜❝❛r ♥✉♠❡r✐✲

❝❛♠❡♥t❡ q✉❡ é✱ ❡♠ ♣r✐♥❝í♣✐♦✱ ♣♦ssí✈❡❧ ♦❜t❡r♠♦s ❝❛♦s ❡♠ ♥♦ss♦ s✐st❡♠❛✳ ❘❡st❛ s❛❜❡r♠♦s

❛✐♥❞❛ s❡ ♣♦❞❡r❡♠♦s ❡st✐♠✉❧❛r ❛s ✈✐❜r❛çõ❡s ✢❡①✉r❛✐s ❢♦rt❡ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ♦❜s❡r✈❛r♠♦s

❡ss❡ ❢❡♥ô♠❡♥♦ ❞❡ ❢♦r♠❛ ✐♥❡q✉í✈♦❝❛✳

◆❛ s❡çã♦ ✻✳✶ ✐♥tr♦❞✉③✐♠♦s ♦ ❝♦♥❝❡✐t♦ ❞♦ r❡❣✐♠❡ ❝❛ót✐❝♦ ❞❡t❡r♠✐♥íst✐❝♦✳ ❏á ♥❛ s❡çã♦

✻✳✷ ❡st✉❞❛♠♦s ❞♦✐s ❞✐❛❣r❛♠❛s ❜✐❞✐♠❡♥s✐♦♥❛✐s ✉t✐❧✐③❛❞♦s ♣❛r❛ ✈✐s✉❛❧✐③❛r ♦s r❡❣✐♠❡s ❝❛ót✐✲

❝♦s✳ ◆❛ s❡çã♦ ✻✳✸ ❡st✉❞❛♠♦s ♦s ❛tr❛t♦r❡s ❡str❛♥❤♦s✳ P♦r ✜♠✱ ♥❛ s❡çã♦ ✻✳✹ ❡①♣❧✐❝❛♠♦s ♦

❡①♣❡r✐♠❡♥t♦ q✉❡ ❢♦✐ ❡①❡❝✉t❛❞♦ ♥♦s ❡♥s❛✐♦s ❝❛ót✐❝♦s ❡ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳

✻✳✶ ❘❡❣✐♠❡ ❝❛ót✐❝♦

❯♠ ❛❧❣✉♠ ♠♦♠❡♥t♦ ♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s ♥ã♦✲❧✐♥❡❛r❡s ♣♦❞❡♠ ❛♣r❡s❡♥t❛r ✐♥st❛❜✐❧✐✲

❞❛❞❡s ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ r❡❣✐♠❡ ❝❛ót✐❝♦✳ ◗✉❛♥❞♦ ✉♠ s✐st❡♠❛ ❡stá s✉❥❡✐t♦ ❛ ❞✐♥â♠✐❝❛

❝❛ót✐❝❛✱ ❡❧❡ é ❡①tr❡♠❛♠❡♥t❡ s❡♥sí✈❡❧ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞♦ ♣r♦❜❧❡♠❛❬✶✷❪✳ ▲♦❣♦✱ q✉❛❧✲

q✉❡r t✐♣♦ ❞❡ ✐♥t❡r❢❡rê♥❝✐❛ q✉❡ r❡s✉❧t❡ ♥❛ ♠✉❞❛♥ç❛ ❞❛s ❝♦♥❞✐çõ❡s ❞♦ s✐st❡♠❛✱ r❡s✉❧t❛♥❞♦



✻✳✷✳ ❆◆➪▲■❙❊ ❈❆Ó❚■❈❆ ✼✶

❡♠ ❞rást✐❝❛s ❡ ❛❜r✉♣t❛s ♠✉❞❛♥ç❛s ♥♦ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ❬✺❪✳ ❙✐st❡♠❛s s✉❥❡✐t♦s ❛ r❡❣✐♠❡s

❝❛ót✐❝♦s sã♦ ❞❡t❡r♠✐♥íst✐❝♦s ❛ ❝✉rt♦ ♣r❛③♦✱ s✉❛s ❡♥tr❛❞❛s sã♦ ❝♦♥❤❡❝✐❞❛s✱ ♣♦ré♠ r❡s♣♦♥✲

❞❡♠ ❞❡ ❢♦r♠❛ ✧✐♠♣r❡✈✐sí✈❡✐s✧❡ ❛♣❡r✐ó❞✐❝❛ ❛ ❧♦♥❣♦ ♣r❛③♦ ❬✸✾❪✳ ❈♦♠♦ ♥ã♦ é ♣♦ssí✈❡❧ ❞❡✜♥✐r

❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❝♦♠ ♣r❡❝✐sã♦ ✐♥✜♥✐t❛ ❞♦s s✐st❡♠❛s ♥ã♦✲❧✐♥❡❛r❡s✱ ❡❧❡s ❛♣r❡s❡♥t❛♠ ❡ss❛

✐♥st❛❜✐❧✐❞❛❞❡✳

P❛r❛ ❛✈❛❧✐❛r ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ s✐st❡♠❛✱ s✉❥❡✐t♦ ♦✉ ♥ã♦ ❛♦ r❡❣✐♠❡ ❝❛ót✐❝♦✱ ♣♦❞❡♠♦s

❡♠♣r❡❣❛r ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♠❛♣❛ ❞❡ P♦✐♥❝❛ré ❡ ▲♦r❡♥③✱ ❞✐❛❣r❛♠❛ ❞❡ ❜✐❢✉r❝❛çã♦✱ ❞❡tr❡

♦✉tr♦s✳ ❚r❛t❛♠✲s❡ ❞❡ ❞✐❛❣r❛♠❛s ❜✐❞✐♠❡♥s✐♦♥❛✐s q✉❡ ❝♦♥s✐❞❡r❛♠ ❡♠ s❡✉s ❡✐①♦s ✈❛r✐á✈❡✐s

❞✐♥â♠✐❝❛s ❞♦ s✐st❡♠❛✳ ❈♦♠ ❡❧❡s ♥ós ❝♦♥s❡❣✉í♠♦s ❛✈❛❧✐❛r ❛♣❡♥❛s ❞❡ ❢♦r♠❛ q✉❛❧✐t❛t✐✈❛ ♦

❝♦♠♣♦rt❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞♦s s✐st❡♠❛s✳ ❈❛❞❛ ✉♠ ❞❡❧❡s ❝♦♥s✐❞❡r❛♠ ❝♦♥❞✐çõ❡s ♣❛rt✐❝✉❧❛r❡s

♣❛r❛ s❡r❡♠ ❡♠♣r❡❣❛❞♦s✱ ♠❛s ♥❛❞❛ ✐♠♣❡❞❡ q✉❡ t♦❞♦s s❡❥❛♠ ✉t✐❧✐③❛❞♦s ❡♠ ✉♠❛ ú♥✐❝❛

❛♥á❧✐s❡✳ ❆❜♦r❞❛r❡♠♦s ❛❧❣✉♥s ❞❡❧❡s ❛ s❡❣✉✐r✳

❱❛❧❡ r❡ss❛❧t❛r q✉❡ ❛ ❛♥á❧✐s❡ ✈✐s✉❛❧ ❞❡ss❡s ❞✐❛❣r❛♠❛s ❡ ❞❛s sér✐❡s t❡♠♣♦r❛✐s✱ ♥ã♦ sã♦

s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ❛❞♠✐t✐r♠♦s q✉❡ ♦ s✐st❡♠❛ ❞❡ ❢❛t♦ ❡stá ♦s❝✐❧❛♥❞♦ ❡♠ r❡❣✐♠❡ ❝❛ót✐❝♦✳

❯t✐❧✐③❛♥❞♦ ❛♣❡♥❛s ❛ ✐♥s♣❡çã♦ ✈✐s✉❛❧ ❞❡ss❡s ❣rá✜❝♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ ♣r❡s❡♥ç❛ ❞❡ ❝❛♦s✱

❛♣❡s❛r ❞❡ ❜❛st❛♥t❡ ✐♥t✉✐t✐✈♦✱ t❡ór✐❝❛ ❡ t❡❝♥✐❝❛♠❡♥t❡✱ t♦r♥❛ ❛ ❝♦♥❝❧✉sã♦ ♠✉✐t♦ ✈❛❣❛ ❬✸✾❪✳

❊♠ ❛❧❣✉♠❛s s✐t✉❛çã♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ r❡s♣♦st❛ ❛♣❡r✐ó❞✐❝♦ ❞♦ s✐st❡♠❛ ♣♦❞❡ s❡ tr❛t❛r ❛♣❡♥❛s

❞❡ ✉♠ r❡❣✐♠❡ tr❛♥s✐❡♥t❡ ❧♦♥❣♦✳

✻✳✷ ❆♥á❧✐s❡ ❝❛ót✐❝❛

P❛r❛ ❛✈❛❧✐❛r ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ s✐st❡♠❛✱ s✉❥❡✐t♦ ♦✉ ♥ã♦ ❛♦ r❡❣✐♠❡ ❝❛ót✐❝♦✱ ♣♦❞❡♠♦s

❡♠♣r❡❣❛r ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♠❛♣❛ ❞❡ P♦✐♥❝❛ré ❡ ▲♦r❡♥③✱ ❞✐❛❣r❛♠❛ ❞❡ ❜✐❢✉r❝❛çã♦✱ ❞❡tr❡

♦✉tr♦s✳ ❚r❛t❛♠✲s❡ ❞❡ ❞✐❛❣r❛♠❛s ❜✐❞✐♠❡♥s✐♦♥❛✐s q✉❡ ❝♦♥s✐❞❡r❛♠ ❡♠ s❡✉s ❡✐①♦s ✈❛r✐á✈❡✐s

❞✐♥â♠✐❝❛s ❞♦ s✐st❡♠❛✳ ❈♦♠ ❡❧❡s ♥ós ❝♦♥s❡❣✉í♠♦s ❛✈❛❧✐❛r ❛♣❡♥❛s ❞❡ ❢♦r♠❛ q✉❛❧✐t❛t✐✈❛ ♦

❝♦♠♣♦rt❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞♦s s✐st❡♠❛s✳ ❈❛❞❛ ✉♠ ❞❡❧❡s ❝♦♥s✐❞❡r❛♠ ❝♦♥❞✐çõ❡s ♣❛rt✐❝✉❧❛r❡s

♣❛r❛ s❡r❡♠ ❡♠♣r❡❣❛❞♦s✱ ♠❛s ♥❛❞❛ ✐♠♣❡❞❡ q✉❡ t♦❞♦s s❡❥❛♠ ✉t✐❧✐③❛❞♦s ❡♠ ✉♠❛ ú♥✐❝❛

❛♥á❧✐s❡✳ ❆✈❛❧✐❛♠♦s ❞♦✐s ❞❡❧❡s✱ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡s ❡ ♠❛♣❛ ❞❡ P♦✐♥❝❛ré✳

❱❛❧❡ r❡ss❛❧t❛r q✉❡ ❛ ❛♥á❧✐s❡ ✈✐s✉❛❧ ❞❡ss❡s ❞✐❛❣r❛♠❛s ❡ ❞❛s sér✐❡s t❡♠♣♦r❛✐s✱ ♥ã♦ sã♦



✼✷ ❈❆P❮❚❯▲❖ ✻✳ ❊▼ ❇❯❙❈❆ ❉❖ ❈❆❖❙ ❉❊❚❊❘▼■◆❮❙❚■❈❖

s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ❛❞♠✐t✐r♠♦s q✉❡ ♦ s✐st❡♠❛ ❞❡ ❢❛t♦ ❡stá ♦s❝✐❧❛♥❞♦ ❡♠ r❡❣✐♠❡ ❝❛ót✐❝♦✳

❆❧é♠ ❞✐ss♦✱ ✉t✐❧✐③❛♥❞♦ ❛♣❡♥❛s ❛ ✐♥s♣❡çã♦ ✈✐s✉❛❧ ❞❡ss❡s ❣rá✜❝♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ ♣r❡s❡♥ç❛

❞❡ ❝❛♦s✱ ❛♣❡s❛r ❞❡ ❜❛st❛♥t❡ ✐♥t✉✐t✐✈♦✱ t❡ór✐❝❛ ❡ t❡❝♥✐❝❛♠❡♥t❡✱ t♦r♥❛ ❛ ❝♦♥❝❧✉sã♦ ♠✉✐t♦ ✈❛❣❛

❬✸✾❪✳ ❊♠ ❛❧❣✉♠❛s s✐t✉❛çã♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ r❡s♣♦st❛ ❛♣❡r✐ó❞✐❝♦ ❞♦ s✐st❡♠❛ ♣♦❞❡ s❡ tr❛t❛r

❛♣❡♥❛s ❞❡ ✉♠ r❡❣✐♠❡ tr❛♥s✐❡♥t❡ ❧♦♥❣♦✳

✻✳✷✳✶ ❊s♣❛ç♦ ❞❡ ❢❛s❡

❊s♣❛ç♦ ❞❡ ❢❛s❡s é ✉♠ ❞✐❛❣r❛♠❛ ♥♦ q✉❛❧ ❝❛❞❛ ❝♦♦r❞❡♥❛❞❛ ❞♦ ❣rá✜❝♦ ❝♦rr❡s♣♦♥❞❡ ❛

✉♠❛ ✈❛r✐á✈❡❧ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ❡ ♥❡❧❛✱ ✉♠ ♣♦♥t♦ ✢✉t✉❛✱ ❞❡ ❢♦r♠❛ ✐♠♣r❡✈✐sí✈❡❧ ♦✉ ♥ã♦

❬✺❪✳ ❋♦✐ ❝r✐❛❞♦ ♣❡❧♦s ♠❛t❡♠át✐❝♦s ❲✳ ❍❛♠✐❧t♦♥ ❡ ❑✳ ❏❛❝♦❜✐✱ ♥❛ t❡♥t❛t✐✈❛ ❞❡ ❝♦♠♣r❡❡♥❞❡r✱

q✉❛❧✐t❛t✐✈❛♠❡♥t❡✱ à ❞✐♥â♠✐❝❛ ♥ã♦✲❧✐♥❡❛r ❬✹✵❪✳ ❆♣❡s❛r ❞❡ t❡r s✐❞♦ ❝r✐❛❞♦ ♣❛r❛ ❝♦♠♣r❡❡♥❞❡r

❛ ❞✐♥â♠✐❝❛ ♥ã♦✲❧✐♥❡❛r✱ ♣♦❞❡ t❛♠❜é♠ s❡r ❡♠♣r❡❣❛❞♦ ❡♠ s✐st❡♠❛s ❧✐♥❡❛r❡s✳ ❈♦♠ ❡❧❡✱ ❛

s♦❧✉çã♦ ❛♥❛❧ít✐❝❛ é s✉❜st✐t✉í❞❛ ♣♦r ✉♠ ♣♦♥t♦ q✉❡ s❡ ♠♦✈❡ ❡♠ ✉♠❛ ❝✉r✈❛✱ ❝r✐❛♥❞♦ ✉♠❛

❡s♣é❝✐❡ ❞❡ ✧ór❜✐t❛✧❬✺❪✳

✻✳✷✳✷ ▼❛♣❛ ❞❡ P♦✐♥❝❛ré

❊♠ ❧✐♥❤❛s ❣❡r❛✐s✱ ♦ ♠❛♣❡❛♠❡♥t♦ ❞❡ P♦✐♥❝❛ré r❡♣r❡s❡♥t❛ ✧❬✳✳✳❪ ♦ ✢✉①♦ ❞❛ s♦❧✉çã♦ ♥♦

❡s♣❛ç♦ ❞❡ ❢❛s❡✳ ❊st❛ té❝♥✐❝❛ ❝♦♥s✐st❡ ❡♠ ✈❡r✐✜❝❛r ❛ ♣♦s✐çã♦ ❡ ✈❡❧♦❝✐❞❛❞❡ ❞♦s n ❣r❛✉s

❞❡ ❧✐❜❡r❞❛❞❡ ❡♠ ✐♥t❡r✈❛❧♦s ❞❡ t❡♠♣♦ ✐❣✉❛❧♠❡♥t❡ ❡s♣❛ç❛❞♦s✳ ❬✳✳✳❪✧❬✸✻❪✳ P❡♥s❡ ❡♠ ✉♠

❡str♦❜♦s❝ó♣✐♦ q✉❡ só é ❝❛♣❛③ ❞❡ ❝❛♣t❛ ♠❡❞✐❞❛s ❛ ✉♠ ❞❛❞♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ❝♦♥st❛♥t❡✳

❉❛ ♠❡s♠❛ ❢♦r♠❛ ♦ ♠❛♣❡❛♠❡♥t♦ ❞❡ P♦✐♥❝❛ré ❝♦♥s✐❞❡r❛ ♠❡❞✐❞❛s ❛♣❡♥❛s ❡♠ ✉♠ ✐♥t❡r✈❛❧♦

❞❡ t❡♠♣♦ ❝♦♥st❛♥t❡✳ ❈♦♥s✐❞❡r❡ ❛ ✜❣✉r❛ ✻✳✶✱ ♦♥❞❡ x1 ❡ x2 r❡♣r❡s❡♥t❛♠ s♦❧✉çõ❡s ❞❡ ✉♠

♣r♦❜❧❡♠❛✳ P❛r❛ ❝♦♥❢❡❝❝✐♦♥❛r ❡st❡ ❞✐❛❣r❛♠❛ ✜①❛♠♦s ✉♠ t❡♠♣♦ ✐♥✐❝✐❛❧ t0 ❡ r❡❛❧✐③❛♠♦s ❛

♠❡❞✐çã♦ ❞❡ x1 ❡ x2 ♥❡ss❡ t❡♠♣♦✳ ❊♠ s❡❣✉í❞❛ ✉♠❛ s❡❣✉♥❞❛ ♠❡❞✐❞❛ é ❢❡✐t❛ ❡♠ t0 + T ✳

❊♥tã♦ ♠❡❞✐♠♦s ♥♦✈❛♠❡♥t❡ x1 ❡ x2 ❡♠ t0+2T ❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡ ❛té ♦ t❡♠♣♦ t0+nT ✱

♦♥❞❡ n ∈ N ❡ ✜❝❛ ❛ ❝r✐tér✐♦ ❞❡ q✉❡♠ r❡❛❧✐③❛ ❛s ♠❡❞✐❞❛s✳ ◗✉❛♥❞♦ ♦ s✐st❡♠❛ ❡st✐✈❡r ❡♠

r❡❣✐♠❡ ❝❛ót✐❝❛s ♦✉ q✉❛s❡ ♣❡r✐ó❞✐❝❛s✱ ❛s ♠❡❞✐❞❛s r❡❛❧✐③❛❞❛s ❛ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ♥ã♦

❞❡✈❡♠ s❡r ✐❣✉❛✐s✱ ❝♦♥st❛t❛♥❞♦✱ q✉❛❧✐t❛t✐✈❛♠❡♥t❡✱ ♦ ❝❛♦s✳



✻✳✸✳ ❆❚❘❆❚❖❘ ❊❙❚❘❆◆❍❖ ✼✸

❋✐❣✉r❛ ✻✳✶ ✕ ❊sq✉❡♠❛t✐③❛çã♦ ❞❡ ❝♦♠♦ ❞❡✈❡♠ s❡r ❢❡✐t❛s ❛ ♠❡❞✐❞❛s ♣❛r❛ ❝♦♥❢❡❝çã♦ ❞♦ ♠❛♣❛
❞❡ P♦✐♥❝❛ré✳ ❋♦♥t❡✿ ❬✹✶❪✳

✻✳✷✳✸ ❊①❡♠♣❧♦s ❞❡ ❡s♣❛ç♦s ❞❡ ❢❛s❡s ❡ ♠❛♣❛ ❞❡ P♦✐♥❝❛ré

❈♦♥s✐❞❡r❛♥❞♦ ✉♠ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✺✳✶✳✶✮ ❝♦♠ γ = 0.2✱

ω0
2 = −1.0✱ ω = 1.0✱ β = 1.0✳ P❛r❛ fe = 0.5✱ ❡st❡ s✐st❡♠❛ r❡s♣♦♥❞❡ ♣❡r✐♦❞✐❝❛♠❡♥t❡ ❝♦♠♦

♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✻✳✷❛✳ ❏á q✉❛♥❞♦ fe = 0.3✱ ❛ r❡s♣♦st❛ s❡rá ❝❛ót✐❝❛ ❝♦♠♦ ♠♦str❛❞♦ ♥❛

✜❣✉r❛ ✻✳✷❜✳ ❘❡♣r❡s❡♥t❛♠♦s t❛♠❜é♠ ♦s r❡s♣❡❝t✐✈♦s ❞✐❛❣r❛♠❛s ❞❡ ❢❛s❡ ❞❡ ❝❛❞❛ s✐t✉❛çã♦ ❡

♦ ♠❛♣❛ ❞❡ P♦✐♥❝❛ré ❞♦ r❡❣✐♠❡ ❝❛ót✐❝♦ ♥❛s ✜❣✉r❛s ✻✳✸ ❡ ✻✳✹✳

✻✳✸ ❆tr❛t♦r ❊str❛♥❤♦

◗✉❛♥❞♦ s❡ ❛✈❛❧✐❛ ❣r❛✜❝❛♠❡♥t❡ ♦ r❡❣✐♠❡ ❝❛ót✐❝❛✱ ❛♣❡s❛r ❞❛ ❞✐♥â♠✐❝❛ s❡r ❛♣❡r✐ó❞✐❝♦✱

❡①✐st❡ ✉♠❛ r❡❣✐ã♦ ♥❛ q✉❛❧ t♦❞❛s ❛s s♦❧✉çõ❡s s❡ ❛♣r♦①✐♠❛♠ ❞❡ ❢♦r♠❛ ❝♦♥✈❡r❣❡♥t❡ ❝♦♠ ♦

t❡♠♣♦ ❬✶✸❪✳ ❊ss❛ r❡❣✐ã♦ ✜❝♦✉ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛tr❛t♦r ❡str❛♥❤♦ ❝❛ót✐❝♦✳ ❋♦✐ ♦❜s❡r✈❛❞❛ ♣❡❧❛

♣r✐♠❡✐r❛ ✈❡③ ♣♦r ❊❞✇❛r❞ ▲♦r❡♥③ ❛♦ ❡st✉❞❛r ❛ ❝♦♥✈❡❝çã♦ tér♠✐❝❛ ❞❛ ❛t♠♦s❢❡r❛ ❬✶✶❪✳ ❙❡✉

❡st✉❞♦ ✜❝♦✉ r❡str✐t♦ ❛s ❛♥á❧✐s❡s t❡ór✐❝❛s✳ ❊①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❢♦✐ ♦❜s❡r✈❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛

✈❡③ ♣♦r ▼♦♦♥ ❡ ❍♦❧♠❡s ❬✶✸❪✳

❙❡❣✉♥❞♦ ❙tr♦❣❛t③ ❬✺❪✱ ❛ ♠❡❞✐❞❛ q✉❡ ❛ tr❛❥❡tór✐❛ ❞♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ❡✈♦❧✉✐ ❝♦♠ ♦

t❡♠♣♦✱ ❡♠ ❛❧❣✉♠❛s s✐t✉❛çõ❡s ❡ss❡ ❝❛♠✐♥❤♦ é ❛tr❛í❞❛ ♣❛r❛ ✉♠ ♦❜❥❡t♦ ✧❡str❛♥❤♦✧✳ ❊ss❡

♦❜❥❡t♦✱ ♣❡❧♦ q✉❛❧ ♦ ♣❡r❝✉rs♦ é ❛tr❛í❞♦✱ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❛tr❛t♦r ❡str❛♥❤♦✳ ❆✐♥❞❛ s❡❣✉♥❞♦
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✭❛✮

✭❜✮

❋✐❣✉r❛ ✻✳✷ ✕ ❈✉r✈❛ t❡♠♣♦r❛❧ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✉✣♥❣ ❝♦♠ γ = 0.2✱ ω0
2 = −1.0✱ ω = 1.0 ❡

β = 1.0✱ q✉❛♥❞♦ ✭❛✮ fe = 0.5 ❡ ✭❜✮ fe = 0.3✳

❡❧❡✱ ❡ss❡ ♦❜❥❡t♦ é ❡①tr❡♠❛♠❡♥t❡ s❡♥sí✈❡❧ ❛s ❝♦♥❞✐çõ❡s ✐♥❝✐❛✐s ❞♦ ♣r♦❜❧❡♠❛✱ t♦r♥❛♥❞♦✱ ❛

❧♦♥❣♦ ♣r❛③♦✱ ♦ ♠♦✈✐♠❡♥t♦ ✐♠♣r❡✈✐sí✈❡❧✳ ❊❧❡ t❛♠❜é♠ ♣♦❞❡ s❡r ❡♥t❡♥❞✐♦ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦
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✭❛✮

✭❜✮

❋✐❣✉r❛ ✻✳✸ ✕ ❉✐❛❣r❛♠❛s ❞❡ ❢❛s❡ ❞❛ ❡q✉❛çã♦ ❞❡ ❉✉✣♥❣ ❝♦♠ γ = 0.2✱ ω0
2 = −1.0✱ ω = 1.0

❡ β = 1.0✱ q✉❛♥❞♦ ✭❛✮ fe = 0.5 ❡ ✭❜✮ fe = 0.3✳

❞❡ ♣♦♥t♦s ✜♥❛✐s ❞❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛✱ ♦✉ s❡❥❛✱ ❛ tr❛❥❡tór✐❛✱ ❛♣❡s❛r ❞❡ ❛♣❡r✐ó❞✐❝❛ ❡

s❡♥sí✈❡❧ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✱ ♦s❝✐❧❛rá ❛♦ r❡❞♦r ❞❡ ✉♠❛ ór❜✐t❛ q✉❛❧q✉❡r ❡♠ t♦r♥♦ ❞❡ss❡



✼✻ ❈❆P❮❚❯▲❖ ✻✳ ❊▼ ❇❯❙❈❆ ❉❖ ❈❆❖❙ ❉❊❚❊❘▼■◆❮❙❚■❈❖

❋✐❣✉r❛ ✻✳✹ ✕ ▼❛♣❛ ❞❡ P♦✐♥❝❛ré ❞❛ ❡q✉❛çã♦ ❞❡ ❉✉✣♥❣ ❝♦♠ γ = 0.2✱ ω0
2 = −1.0✱ ω = 1.0

❡ β = 1.0✱ q✉❛♥❞♦ ✭❛✮ fe = 0.5 ❡ ✭❜✮ fe = 0.3✱ ♦♥❞❡ 0 ≤ n ≤ 1024✱ t0 = 0 s
❡ T = 6.28 s✳

❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❬✸✾❪✳

❖ t❡r♠♦ ✧❡str❛♥❤♦✧♣r♦✈❡♠ ❞♦ ❢❛t♦ ❞❛ ❞✐♠❡♥sã♦ ❞❡ss❡ t✐♣♦ ❞❡ ❛tr❛t♦r s❡r t✐♣✐❝❛♠❡♥t❡

❢r❛❝t❛❧✱ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ s✉❛ ❣❡♦♠❡tr✐❛ t♦r❝✐❞❛✳ ❆❧é♠ ❞✐ss♦✱ q✉❛♥❞♦ ♦ s✐st❡♠❛ ♣♦ss✉✐ três

♣♦♥t♦s ❞❡ ❡q✉✐❧í❜r✐♦✱ s❡♥❞♦ ❞♦✐s ❡stá✈❡✐s ❡ ✉♠ ✐♥stá✈❡❧✱ ❝♦♠♦ é ❝❛s♦ ❞❛s ❛♥á❧✐s❡s ❢❡✐t❛s

♥❡st❛ ❞✐ss❡rt❛çã♦✱ ♦ ❛tr❛t♦r ❡str❛♥❤♦ é ❞✐t♦ ❝♦♠♦ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❬✹✷❪✳

❉❡ ♠❛♥❡✐r❛ ❜❡♠ ♦❜❥❡t✐✈❛ ❡ r❡s✉♠✐❞❛✱ ♣♦❞❡✲s❡ ❝♦♥s✐❞❡r❛r q✉❡✱ q✉❛♥❞♦ s✐st❡♠❛s ❡stã♦

s✉❥❡✐t♦s ❛ ❛tr❛t♦r❡s ❡str❛♥❤♦s✱ ❡❧❡s ♦s❝✐❧❛♠ ❞❡ ❢♦r♠❛ ✐♠♣r❡✈✐sí✈❡❧✱ ♣♦ré♠ ♥ã♦✲❛❧❡❛tór✐❛✱ ❛♦

❧♦♥❣♦ ❞❡ ór❜✐t❛s ✜①❛s ❞❡ ♦❜❥❡t♦s ❢r❛❝t❛✐s✳ ❋r❛❝t❛❧ é ✉♠ t❡r♠♦ ❡♠♣r❡❣❛❞♦ ♥❛ ♠❛t❡♠át✐❝❛

q✉❡ ❞❡♥♦t❛ q✉❡ ✉♠ ♦❜❥❡t♦ t❡♠ ❣❡♦♠❡tr✐❛s ❡ ❞✐♠❡♥sõ❡s ✐rr❡❣✉❧❛r❡s ❬✹✵❪✳ ❖ ❢❛t♦ ❞♦ ❛tr❛t♦r

❡str❛♥❤♦ s❡r ❢r❛❝t❛❧ ❥á ❢♦✐✱ ✐♥❝❧✉s✐✈❡✱ ✉♠ ❞♦s ♣r✐♥❝✐♣❛✐s ♣❛râ♠❡tr♦s ♣❛r❛ ❞❡✜♥✐r s❡ ♦ r❡❣✐♠❡

❞♦ s✐st❡♠❛ é ❝❛ót✐❝♦ ♦✉ ❛❧❡❛tór✐♦ ❬✸✾❪✳



✻✳✹✳ ❊◆❙❆■❖ ❈❆Ó❚■❈❖ ❊ ❘❊❙❯▲❚❆❉❖❙ ✼✼

✻✳✹ ❊♥s❛✐♦ ❝❛ót✐❝♦ ❡ r❡s✉❧t❛❞♦s

◆❛s s❡çõ❡s ❛♥t❡r✐♦r❡s ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ❝♦♥❝❡✐t♦s ❡ ❞✐❛❣r❛♠❛s ❝❛♣❛③❡s ❞❡ q✉❛❧✐✜❝❛r

♦ r❡❣✐♠❡ ❝❛ót✐❝♦✳ ❆❣♦r❛ ❡①♣❧✐❝❛r❡♠♦s ♦ ❡①♣❡r✐♠❡♥t♦ ❝❛ót✐❝♦ q✉❡ ❢♦✐ r❡❛❧✐③❛❞♦ ♥❛ ❤❛st❡

❛♣r❡s❡♥t❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✷✳ ❚❛♠❜é♠ ❛♣r❡s❡♥t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳

✻✳✹✳✶ ❊♥s❛✐♦ ❝❛ót✐❝♦

◆❡st❡ ❡①♣❡r✐♠❡♥t♦ ✈❛rr❡r❡♠♦s ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❢r❡q✉ê♥❝✐❛ ❛té ♦❜t❡r ✉♠❛ q✉❡ r❡s✉❧t❛ss❡

♥❛s ♦s❝✐❧❛çõ❡s ❝❛ót✐❝❛ ❞❛s ❤❛st❡s ✭t❡♥t❛t✐✈❛ ❡ ❡rr♦✮✳ ❚r❛t❛✲s❡ ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ ♠✉✐t♦

♣❛r❡❝✐❞♦ ❝♦♠ q✉❡ ♦ ❢♦✐ ✉t✐❧✐③❛❞♦ ♣❛r❛ ♦❜t❡r ❛ ❝✉r✈❛ ❞❛ ❜✐✲❡st❛❜✐❧✐❞❛❞❡✱ ♣♦ré♠ ❛q✉✐ ❢♦✐

r❡❛❧✐③❛❞♦ ♠❛♥✉❛❧♠❡♥t❡✳ ❈♦♥t✉❞♦✱ ❝♦♥✈❡rt❛♠♦s ♦s ❞❛❞♦s ♦❜t✐❞♦s ❡♠ ✉♠❛ sér✐❡ t❡♠♣♦r❛❧✳

❯t✐❧✐③❛♠♦s t♦❞♦s ♦s ❝♦♠♣♦♥❡♥t❡s ❡❧❡tr♦✲❡❧❡trô♥✐❝♦s ❞✐s♣♦♥í✈❡✐s ✭s❡♥s♦r ó♣t✐❝♦✱ ♦s❝✐❧♦s❝ó♣✐♦

❡ ❣❡r❛❞♦r ❞❡ ❢✉♥çõ❡s✮✳ ❊❧❡ ❢♦✐ r❡❛❧✐③❛❞♦ ❡♠ ❝❛❞❛ ♣♦ç♦ ❞❛ ❞♦ s✐st❡♠❛✳ ❆❞♦t❛♠♦s ♦ s❡❣✉✐♥t❡

♠ét♦❞♦✿

✶✳ ❘❡❢❛③❡♠♦s ❞♦ ♣❛ss♦ ✶ ❛♦ ✹ ❛♣r❡s❡♥t❛❞♦ ♥❛ s✉❜s❡çã♦ ✺✳✹✳✶❀

✷✳ Pr♦❣r❛♠❛♠♦s ❛ ❜♦❜✐♥❛ ♣❛r❛ ❡♠✐t✐♥❞♦ ✉♠ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❞❡ s✐♥❛❧ ✈❛r✐á✈❡❧ ❡♠

✉♠ ❞❛❞♦ ✐♥t❡r✈❛❧♦ ❞❡ ❢r❡q✉ê♥❝✐❛s✱ ωi ≤ ω ≤ ωf ✱ ❛té q✉❡ ✉♠❛ ❞❡❧❛s r❡s✉❧t❛ss❡ ♥❛s

♦s❝✐❧❛çõ❡s ❝❛ót✐❝❛s ❞❛ ❤❛st❡❀

• ❊ss❛ ✈❛rr❡❞✉r❛ ❞❡ ❢r❡q✉ê♥❝✐❛ ❢♦✐ ❢❡✐t❛ ♥♦s ❞♦✐s s❡♥t✐❞♦s✱ ♦✉ s❡❥❛✱ ✐♥✐❝✐❛❧♠❡♥t❡

✐♥✐❝✐❛♠♦s ❡♠ ωi ❡ ❢♦♠♦s ❛té ωf ❡ ❞❡♣♦✐s ❞❡ ωf ❛té ωi❀

• ❈♦♠♦ ❛ ❤❛st❡ é ❢❡✐t❛ ❞❡ ♠❛t❡r✐❛❧ ❢❡rr♦♠❛❣♥ét✐❝♦✱ ♦ ❝❛♠♣♦ ♠❛❣♥ét✐❝♦ ❣❡r❛❞♦

♣❡❧❛ ❜♦❜✐♥❛ ❢❡③ ❛ ❤❛st❡ s♦❢r❡r✱ ❛❧t❡r♥❛❞❛♠❡♥t❡✱ ❛tr❛çã♦ ❡ r❡♣✉❧sã♦ ♠❛❣♥ét✐❝❛

❛ ❝❛❞❛ ♣❡rí♦❞♦ ❞❡ ♦s❝✐❧❛çã♦✱ ❢❛③❡♥❞♦ ❡❧❛ ✈✐❜r❛r✳

✸✳ ❖ s❡♥s♦r ó♣t✐❝♦ ❡♥tã♦ ❝❛♣t✉r♦✉ ❛s ✈✐❜r❛çõ❡s ❝❛ót✐❝❛s ❞❛ ❤❛st❡ ❡ ❡♠ ❢♦r♠❛ ❞❡ s✐♥❛❧

♦s ❡♥✈✐♦✉ ❛♦ ♦s❝✐❧♦s❝ó♣✐♦ q✉❡ ❝❛♣t✉r♦✉✱ ❧❡✉ ❡ tr❛❞✉③✐✉ ♦s ❞❛❞♦s ❡♠ ❣rá✜❝♦s❀

✹✳ P♦r ✜♠✱ ❡ss❛s ✐♥❢♦r♠❛çõ❡s ❢♦r❛♠ tr❛♥s❢❡r✐❞❛s ♣❛r❛ ✉♠ ❝♦♠♣✉t❛❞♦r✱ ♦♥❞❡ ❛♥❛❧✐s❛♠♦s

❡ ❝♦♥❢❡❝❝✐♦♥❛♠♦s ❛s ❝✉r✈❛s ❡ r❡s♣❡❝t✐✈♦s ❞✐❛❣r❛♠❛s✳
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✻✳✹✳✷ ❘❡s✉❧t❛❞♦s ❡ ❞✐s❝✉ssã♦

◆❡st❡ ♠♦♠❡♥t♦ ♥ós só ❞✐s♣♦♠♦s ❛♣❡♥❛s ❞❡ ✉♠ ❞❡t❡❝t♦r ❞❡ ❞❡s❧♦❝❛♠❡♥t♦✳ ❉❡ss❛ ❢♦r♠❛✱

só ❝♦♥s❡❣✉í♠♦s ❝❛♣t❛r ✐♥❢♦r♠❛çõ❡s ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛✳ P❛r❛ ❝♦♥str✉✐r

♦s ❞✐❛❣r❛♠❛s ❛♣r❡s❡♥t❛❞♦s ♥❛ s❡çã♦ ✻✳✶✱ sã♦ ♥❡❝❡ssár✐♦s ♣❡❧♦ ♠❡♥♦s ❞♦✐s ❞❡t❡❝t♦r❡s✱ ❡♠

q✉❡ ❝❛❞❛ ✉♠ ❞❡t❡❝t❛rá ✉♠❛ ✈❛r✐á✈❡❧ ❞✐♥â♠✐❝❛ ❞✐st✐♥t❛ ❞♦ s✐st❡♠❛✳ ◆❡st❡ ♠♦♠❡♥t♦ ♥ós ❥á

❡st❛♠♦s ♥♦s ❞❡❞✐❝❛♥❞♦ ❡♠ ❝♦♠♦ ❝❛♣t❛r ♦s ❞❛❞♦s ❞❡st❛ s❡❣✉♥❞❛ ✈❛r✐á✈❡❧ ❡ t♦r♥❛r ♣♦ssí✈❡❧

❛ ❝♦♥❢❡❝çã♦ ❞♦s ❞✐❛❣r❛♠❛s ❝❛ót✐❝♦s✱ ❛ ✜♠ ❞❡ ❝❛r❛❝t❡r✐③❛r ♦ r❡❣✐♠❡ ❝❛ót✐❝♦ ❛ q✉❛❧ ♦s

r❡ss♦♥❛❞♦r❡s ❡stã♦ s✉❥❡✐t♦s✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦s ❞❛❞♦s ♦❜t✐❞♦s✱ ✐♥t✉✐t✐✈❛♠❡♥t❡

♣♦❞❡♠♦s ❝❧❛ss✐✜❝❛r ♦ r❡❣✐♠❡ ❞♦s r❡ss♦♥❛❞♦r❡s ❝♦♠♦ ❝❛ót✐❝♦✳ ❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❢ís✐❝♦ ❡

♠❛t❡♠át✐❝♦✱ ❛✐♥❞❛ ♥ã♦ ♣♦❞❡♠♦s t✐r❛r ❡ss❛ ❝♦♥❝❧✉sã♦✳ ◆❛ t❛❜❡❧❛ ✽ ❛♣r❡s❡♥t❛♠♦s ♦s ❞❛❞♦s

❡①♣❡r✐♠❡♥t❛✐s ❞♦ ❡♥s❛✐♦ ❝❛ót✐❝♦✳ ◆❛s ✜❣✉r❛s ✻✳✺ ❡ ✻✳✻ ❡①♣♦♠♦s ❛s sér✐❡s t❡♠♣♦r❛✐s ❡

tr❛♥s❢♦r♠❛❞❛s ❞❡ ❋♦✉r✐❡s ♣❛r❛ ❛s r❡s♣♦st❛s t✐♣✐❝❛♠❡♥t❡ ❝❛ót✐❝❛s✳

❚❛❜❡❧❛ ✽ ✕ P❛râ♠❡tr♦s ❡ r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❛ ❞✐♥â♠✐❝❛ ❝❛ót✐❝❛✳

P❛râ♠❡tr♦s ❞♦ ❡①♣❡r✐♠❡♥t♦

❈♦♠♣r✐♠❡♥t♦ ❧✐✈r❡ ✭♠♠✮ ✾✷✳✺✵ ± ✵✳✵✺

❉✐stâ♥❝✐❛ ❡♥tr❡ ❛s ❢❛❝❡s ❞♦ í♠ãs ✭♠♠✮ ✾✳✽✵ ± ✵✳✵✺

❋r❡q✉ê♥❝✐❛ ✶ ❞❛ ❢♦rç❛ ❡①t❡r♥❛ ✭❍③✮ ✶✳✽✸

❋r❡q✉ê♥❝✐❛ ✷ ❞❛ ❢♦rç❛ ❡①t❡r♥❛ ✭❍③✮ ✷✳✻✵

❘❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s

❘❡❣✐♠❡ ❝❛ót✐❝♦ ✶ ✻✳✺

❘❡❣✐♠❡ ❝❛ót✐❝♦ ✷ ✻✳✻



✻✳✹✳ ❊◆❙❆■❖ ❈❆Ó❚■❈❖ ❊ ❘❊❙❯▲❚❆❉❖❙ ✼✾

✭❛✮

✭❜✮

❋✐❣✉r❛ ✻✳✺ ✕ ✭❛✮ ❙ér✐❡ t❡♠♣♦r❛❧ ❝❛ót✐❝❛ ❞❛ ❤❛st❡ ❞❡ ✵✳✷✻ ♠♠✱ q✉❛♥❞♦ s✉❥❡✐t❛ ❛ ✉♠❛ ❢♦rç❛
♠❛❣♥ét✐❝❛ s❡♥♦✐❞❛❧ ♥❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ✶✳✽✸ ❍③ ✭❜✮ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❛
sér✐❡ t❡♠♣♦r❛❧ ♠♦str❛❞❛ ♥❛ ✜❣✉r❛ ✭❛✮✳



✽✵ ❈❆P❮❚❯▲❖ ✻✳ ❊▼ ❇❯❙❈❆ ❉❖ ❈❆❖❙ ❉❊❚❊❘▼■◆❮❙❚■❈❖

✭❛✮

✭❜✮

❋✐❣✉r❛ ✻✳✻ ✕ ✭❛✮ ❙ér✐❡ t❡♠♣♦r❛❧ ❝❛ót✐❝❛ ❞❛ ❤❛st❡ ❞❡ ✵✳✷✻ ♠♠✱ q✉❛♥❞♦ s✉❥❡✐t❛ ❛ ✉♠❛ ❢♦rç❛
♠❛❣♥ét✐❝❛ s❡♥♦✐❞❛❧ ♥❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ✷✳✻✵ ❍③ ✭❜✮ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❛
sér✐❡ t❡♠♣♦r❛❧ ♠♦str❛❞❛ ♥❛ ✜❣✉r❛ ✭❛✮✳



✻✳✹✳ ❊◆❙❆■❖ ❈❆Ó❚■❈❖ ❊ ❘❊❙❯▲❚❆❉❖❙ ✽✶

❋✐❣✉r❛ ✻✳✼ ✕ ■♠❛❣❡♠ ❞❛ t❡❧❛ ❞♦ ♦s❝✐❧♦s❝ó♣✐♦ ❞✉r❛♥t❡ ❛ r❡❛❧✐③❛çã♦ ❞♦s ❡①♣❡r✐♠❡♥t♦s ❝❛ó✲
t✐❝♦s✳



Capı́tulo 7

❈♦♥❝❧✉sã♦

❆♦ ❧♦♥❣♦ ❞❡st❛ ❞✐ss❡rt❛çã♦ ❝♦♥str✉í♠♦s ✉♠❛ ❜❛♥❝❛❞❛ ❡①♣❡r✐♠❡♥t❛❧ ❡ r❡ss♦♥❛❞♦r❡s ♠❡✲

❝â♥✐❝♦s ♣❛r❛ r❡❛❧✐③❛r ❡ ♠❡❞✐r ✈✐❜r❛çõ❡s ✢❡①✉r❛✐s ❡♠ ❤❛st❡s ✭❝❛♥t✐❧é✈❡r❡s✮ ❞❡ ❛ç♦ ❞❡❧❣❛❞♦s✳

❈❛r❛❝t❡r✐③❛♠♦s ❡ss❡s r❡ss♦♥❛❞♦r❡s ♠❡❝â♥✐❝♦s t❛♥t♦ ❞❡ ❢♦r♠❛ ❡stát✐❝❛ q✉❛♥t♦ ❞✐♥â♠✐❝❛✳

◆❛ ❝♦♥❞✐çã♦ ❡stát✐❝❛✱ ❡st✉❞❛♠♦s ❛ ✢❛♠❜❛❣❡♠ q✉❡ ❡❧❛s s♦❢r❡♠ ❛♦ s❡r❡♠ s✉❜♠❡t✐❞❛s ❛ ✉♠❛

❢♦rç❛ ♣✉r❛♠❡♥t❡ ❛①✐❛❧✳ ❏á ♥❛ ❞✐♥â♠✐❝❛ ✐♥✈❡st✐❣❛♠♦s ❛s ✈✐❜r❛çõ❡s ✢❡①✉r❛✐s ❛♠♦rt❡❝✐❞❛s ❡

❛s ❢♦rç❛❞❛s✳ ■♥✈❡st✐❣❛♠♦s t❛♥t♦ ♣❡q✉❡♥❛s ✈✐❜r❛çõ❡s ♥♦ ❧✐♠✐t❡ ❧✐♥❡❛r✱ q✉❛♥t♦ ✈✐❜r❛çõ❡s ❞❡

❣r❛♥❞❡ ❛♠♣❧✐t✉❞❡ ♥♦ ❧✐♠✐t❡ ♥ã♦ ❧✐♥❡❛r✳ ■♥✐❝✐❛♠♦s ♥♦ss❛ ❛♥á❧✐s❡ t❡ór✐❝❛ ✉t✐❧✐③❛♥❞♦ ❛ t❡♦r✐❛

❞❛ ❡❧❛st✐❝✐❞❛❞❡ ♣❛r❛ ❤❛st❡s ❞❡❧❣❛❞❛s ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✱ t❛♥t♦ ♥♦ ❞♦♠í♥✐♦ ❡stát✐❝♦ q✉❛♥t♦

♥♦ ❞♦♠í♥✐♦ ❞✐♥â♠✐❝♦✳ ▼♦str❛♠♦s ❝♦♠♦ ♦❜t❡r ✉♠ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ ♠❡❝â♥✐❝♦ ♣♦r ♠❡✐♦

❞❛ ✐♥t❡r❛çã♦ r❡♣✉❧s✐✈❛ ❡♥tr❡ ✉♠ í♠ã ✜①❛❞♦ ♥❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡ ❞❛ ❤❛st❡ ❡ ♦✉tr♦ í♠ã✱ ❞♦

♠❡s♠♦ t✐♣♦✱ ✜①♦ ♥❛ ❜❛♥❝❛❞❛ ✉♠ ♣♦✉❝♦ ❛❝✐♠❛ ❞♦ r❡ss♦♥❛❞♦r✳ ➚ ♠❡❞✐❞❛ q✉❡ ♦❜t❡♠♦s ♦s

r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✱ ♥ós ♦s ✈❛❧✐❞❛♠♦s t❡♦r✐❝❛♠❡♥t❡✳

◆♦ ❝❛♣ít✉❧♦ ✷✱ ❛♣r❡s❡♥t❛♠♦s ❛ ❜❛♥❝❛❞❛ ❡①♣❡r✐♠❡♥t❛❧ q✉❡ ❢♦✐ ❝♦♥str✉í❞❛ ❞✉r❛♥t❡ ♦ ❞❡✲

s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✳ ❊①♣❧✐❝❛♠♦s s❡✉s ♣r✐♥❝✐♣❛✐s s✉❜s✐st❡♠❛s✱ ♦s r❡ss♦♥❛❞♦r❡s

❡♥s❛✐❛❞♦s ❡ ♦ ❛♣❛r❛t♦ ♦♣t♦✲❡❧❡tr♦✲❡❧❡trô♥✐❝♦ ♥❡❝❡ssár✐♦ ♣❛r❛ s❡✉ ❢✉♥❝✐♦♥❛♠❡♥t♦✳ ❉❡s❝r❡✈❡✲

♠♦s ❝♦♠♦ ❝❛❞❛ s✉❜s✐st❡♠❛ ❛t✉❛ ♥❛ ❜❛♥❝❛❞❛ ❡ ❝♦♠♦ ❡❧❡s ❢✉♥❝✐♦♥❛♠✳ ◆ós ❛ ♣r♦❥❡t❛♠♦s ♣❛r❛

❡①❡❝✉t❛r t♦❞♦s ♦s ❡①♣❡r✐♠❡♥t♦s ❛q✉✐ ❞❡s❝r✐t♦s✳ ❆♣❡s❛r ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡st❡ s✐st❡♠❛✱

♣♦✐s ❡♥✈♦❧✈❡ ❞✐✈❡rs♦s ❞♦♠í♥✐♦s ❞❛ ❢ís✐❝❛ t❛✐s ❝♦♠♦ ♠❡❝â♥✐❝❛✱ ♠❛❣♥❡t✐s♠♦✱ ❡ ❡❧❡trô♥✐❝❛ ❡

ó♣t✐❝❛✱ ❝♦♠ ❡❧❛ ♦❜t✐✈❡♠♦s ❡①❝❡❧❡♥t❡s r❡s✉❧t❛❞♦s✳ ❊♠ ♣r❛t✐❝❛♠❡♥t❡ t♦❞♦s ♦s ❡①♣❡r✐♠❡♥t♦s

♦❜t✐✈❡♠♦s r❡s✉❧t❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ♠♦❞❡❧♦s t❡ór✐❝♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ♠♦❞❡❧á✲❧♦s✳



✽✸

◆♦ ❝❛♣ít✉❧♦ ✸✱ r❡✈✐s❛♠♦s ❛ t❡♦r✐❛ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ❡stát✐❝❛ ♣❛r❛ ✈✐❣❛s ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐

❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ♦❜t❡r♠♦s ❛ ❢♦r♠❛ ❞❛ ✈✐❣❛ ✉♠❛ ✈❡③ q✉❡ ❛♣❧✐q✉❡♠♦s ❢♦rç❛s ❡①t❡r♥❛s ❝♦✲

♥❤❡❝✐❞♦s✳ ◆♦ ❝❛s♦ ❡st✉❞❛❞♦✱ ❛s ❢♦rç❛s ❡①t❡r♥❛s ❡stát✐❝❛s sã♦ ❞❡✈✐❞❛s à ❢♦rç❛ ♠❛❣♥ét✐❝❛

r❡♣✉❧s✐✈❛s ❡♥tr❡ í♠ãs ❝✐❧í♥❞r✐❝♦s ♣❡r♠❛♥❡♥t❡s ❝♦♠ ♠❛❣♥❡t✐③ã♦ ✉♥✐❢♦r♠❡ ❡ ❛①✐❛❧♠❡♥t❡ ♦r✐✲

❡♥t❛❞♦s✳ ❆♣r❡s❡♥t❛♠♦s ❛s ❝♦♥❞✐çõ❡s ❡ ❤✐♣ót❡s❡s ❞♦ ♠♦❞❡❧♦ ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐✳ ❇❛s❡❛❞♦

♥❡❧❛s ❡♥❝♦♥tr❛♠♦s ❛s ❡q✉❛çõ❡s q✉❡ ♠♦❞❡❧❛♠ ✉♠❛ ✈✐❣❛ ❡stát✐❝❛ s✉❥❡✐t❛ ❛ ✉♠❛ ❢♦rç❛ q✉❛❧✲

q✉❡r✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❡st❡ ❡st✉❞♦✱ ❛✈❛❧✐❛♠♦s ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛s ✈✐❣❛s ❡♥❣❛st❛❞❛s s✉❥❡✐t❛s

❛ ✉♠❛ ❢♦rç❛ ♣✉r❛♠❡♥t❡ ❛①✐❛❧ ❡♠ s✉❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡ ❡ ❞❡✜♥✐♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❢♦rç❛

❝rít✐❝❛ ❞❡ ✢❛♠❜❛❣❡♠✳ ❆❧é♠ ❞✐ss♦✱ ❞❡✜♥✐♠♦s✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ❛ ❢♦rç❛ ❞❡ r❡♣✉❧sã♦ ♠❛❣✲

♥ét✐❝❛ ❣❡r❛❞❛ ❡♥tr❡ ❞♦✐s í♠ãs ♣❡r♠❛♥❡♥t❡s ❝✐❧í♥❞r✐❝♦s✳ ◆❡st❛ ❛♥á❧✐s❡ ❝♦♥s✐❞❡r❛♠♦s q✉❡

♦s í♠ãs ❡st❛✈❛♠ ❝♦♠ s❡✉s ❡✐①♦s ❛❧✐♥❤❛❞♦s ❡ ♣♦ss✉í❛♠ ♠❛❣♥❡t✐③❛çõ❡s ♦♣♦st❛s ❛①✐❛❧♠❡♥t❡

♦r✐❡♥t❛❞❛s✳ ❖❜t✐✈❡♠♦s ✉♠❛ ❡①♣r❡ssã♦ ❛♥❛❧ít✐❝❛ ❝❛♣❛③ ❞❡ ❡st✐♠❛r ❡st❛ ❢♦rç❛✳ ❊st❛s ❞✉❛s

❛♥á❧✐s❡s ♥♦s ♣❡r♠✐t✐rá ❝❛❧❝✉❧❛r✱ ❞❡ ❢♦r♠❛ ❛♣r♦①✐♠❛❞❛✱ q✉❛❧ ❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ❡♥tr❡ ♦s

í♠ãs ❞❡ ♥❡♦❞í♠✐♦ ♣❛r❛ q✉❡ ❛ ❤❛st❡ ❞❡✢✐t❛✱ ❢♦r♠❛♥❞♦ ♦s ❞♦✐s ♣♦ç♦s ❞♦ s✐st❡♠❛✳ ❊st❛♠♦s

❛✈❛❧✐❛♥❞♦ ❛ ♠❡❧❤♦r ❢♦r♠❛ ❞❡ ♠❡♥s✉r❛r ♦ ✈❛❧♦r ❞❛ ♠❛❣♥❡t✐③❛çã♦✱ M0✱ ❞♦s í♠ãs✳ ❉✉r❛♥t❡

❡st❛ ❛♥á❧✐s❡ ❡①♣❡r✐♠❡♥t❛❧✱ ❛ ♠❛✐♦r ❞✐✜❝✉❧❞❛❞❡ ❡♥❝♦♥tr❛❞❛ ❢♦✐ ❛❧✐♥❤❛r ♦s ❡✐①♦s ❞♦s ❞♦✐s

í♠ãs✳

◆♦ ❝❛♣ít✉❧♦ ✹✱ ✐♥✈❡st✐❣❛♠♦s ♦ ♠♦❞❡❧♦ ❞✐♥â♠✐❝♦ ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐ ♣❛r❛ ✈✐❣❛s ❞❡❧❣❛❞❛s

❡ ❡♥❣❛st❛❞❛s✳ ❈♦♠ ❡ss❡ ♠♦❞❡❧♦ ♦❜t✐✈❡♠♦s ♦s ♠♦❞♦s ♥♦r♠❛✐s ❞❡ ✈✐❜r❛çõ❡s ✢❡①✉r❛✐s ❞❛

❤❛st❡✳ ❈♦♠ ❜❛s❡ ♥♦s ♠♦❞♦s ♥♦r♠❛✐s ❡ ❡♠ s✉❛s ❢r❡q✉ê♥❝✐❛s ♦❜t✐✈❡♠♦s ❡st✐♠❛t✐✈❛s ♣❛r❛ ❛

♠❛ss❛ ❡❢❡t✐✈❛ ❡ ❛ ❝♦♥st❛♥t❡ ❡❧ást✐❝❛ ❛♦ ❧♦♥❣♦ ❞❛ ❤❛st❡✳ ❊ss❡s ♣❛râ♠❡tr♦s ❢♦r❛♠ ✉s❛❞♦s ❡♠

s❡❣✉✐❞❛ ♣❛r❛ ♦❜t❡r♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ❣r❛✉ ú♥✐❝♦ ❞❡ ❧✐❜❡r❞❛❞❡ ♣❛r❛ ❛s ✈✐❜r❛çõ❡s ✢❡①✉r❛✐s✳

❊①♣❡r✐♠❡♥t❛❧♠❡♥t❡✱ ♦❜t✐✈❡♠♦s sér✐❡s t❡♠♣♦r❛✐s ❞❡ ✈✐❜r❛çõ❡s ❛♠♦rt❡❝✐❞❛s ❞❛ ❤❛st❡✱ ❝♦♠

❡ s❡♠ í♠ã ❛❝♦♣❧❛❞♦ ♥❛ ❡①tr❡♠✐❞❛❞❡ ❧✐✈r❡✳ ❉❡st❛s ❝✉r✈❛s ♦❜t✐✈❡♠♦s ❛ ❢r❡q✉ê♥❝✐❛ ❢✉♥❞❛✲

♠❡♥t❛❧ ❞❡ ❝❛❞❛ s✐t✉❛çã♦✳ ❊♥❝♦♥tr❛♠♦s ✉♠❛ ❜♦❛ ❝♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ ♦s r❡s✉❧t❛❞♦s t❡ór✐❝♦s

❡ ❡①♣❡r✐♠❡♥t❛✐s✳ ❱✐❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❛s sér✐❡s t❡♠♣♦r❛✐s ❞❡ ♦s❝✐❧❛çõ❡s ❛♠♦rt❡✲

❝✐❞❛s t❛♠❜é♠ ♦❜t✐✈❡♠♦s ❛ t❛①❛ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦✳ ◆♦ ❡♥t❛♥t♦✱ ❛✐♥❞❛ ♥ã♦ ❞❡s❡♥✈♦❧✈❡♠♦s

✉♠ ♠♦❞❡❧♦ t❡ór✐❝♦ ♣❛r❛ ❛ ♣❡r❞❛ ❞❡ ❡♥❡r❣✐❛ ❞❛s ✈✐❜r❛çõ❡s✱ ♣♦✐s ✐ss♦ ♥ã♦ é ✉♠ ♣r♦❜❧❡♠❛



✽✹ ❈❆P❮❚❯▲❖ ✼✳ ❈❖◆❈▲❯❙➹❖

s✐♠♣❧❡s t❡♥❞♦ três ❞✐❢❡r❡♥t❡s ♦r✐❣❡♥s✳ ❆ s❛❜❡r✱ ♣❡r❞❛s ❞❡ ✈✐❜r❛çã♦ ❞❛ ❜❛s❡ ❞❡ ❡♥❣❛st❡✱

♣❡r❞❛s ♣♦r ❛tr✐t♦ ✈✐s❝♦s♦ ❝♦♠ ♦ ❛r ❡ ♣❡r❞❛s ❞❡✈✐❞❛s ❛♦ ❛tr✐t♦ ✐♥t❡r♥♦ ❞❛ ❤❛st❡✳ ❙❛❜❡♥❞♦

q✉❡ ♦ í♠ã ❢♦✐ ❛❝♦♣❧❛❞♦ à ❡①tr❡♠✐❞❛❞❡ ❞❛ ❤❛st❡✱ ♣✉❞❡♠♦s ❡st✐♠❛r ❝♦♠ ❜♦❛ ♣r❡❝✐s❛ ❛ ♥♦✈❛

❢r❡q✉ê♥❝✐❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ r❡ss♦♥❛❞♦r ♠❡❝â♥✐❝♦✳ ❆❧é♠ ❞❡ss❛ ❛♥á❧✐s❡ ❧✐♥❡❛r✱ ✜③❡♠♦s t❛♠✲

❜é♠ ✉♠❛ ❛♥á❧✐s❡ ♥ã♦✲❧✐♥❡❛r ♣❛r❛ ♦❜t❡r♠♦ ❡st✐♠❛t✐✈❛s ♣❛r❛ ♦s ❝♦❡✜❝✐❡♥t❡s ❞♦s t❡r♠♦s ♥ã♦

❧✐♥❡❛r❡s ❞❛ ❢♦rç❛ ❡❧ást✐❝❛ ❞❡ r❡st✐t✉✐çã♦ ❞❛ ❤❛st❡✳

◆♦ ❝❛♣ít✉❧♦ ✺✱ ❡st✉❞❛♠♦s ✉♠ ♦s❝✐❧❛❞♦r ❞♦ t✐♣♦ ❉✉✣♥❣ ❛♠♦rt❡❝✐❞♦ ❡ ❢♦rç❛❞♦✳ ❇❛s❡❛❞♦

♥❡st❡ ♠♦❞❡❧♦ t❡ór✐❝♦✱ ❞❡t❡r♠✐♥❛♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞♦s r❡ss♦♥❛❞♦r❡s ❡♠ ❝♦♥✲

❞✐çõ❡s ♥ã♦✲❧✐♥❡❛r❡s✳ ❉❡t❡r♠✐♥❛♠♦s ♦s ♣❛râ♠❡tr♦s ❞❡ ✉♠ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ ❛ss✐♠étr✐❝♦

✈✐❛ q✉❛tr♦ ♠❡❞✐❞❛s ❡①♣❡r✐♠❡♥t❛✐s✿ ❛s ♣♦s✐çõ❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦ r❡ss♦♥❛❞♦r ❡♠ ❝❛❞❛ ♣♦ç♦

❞♦ ♣♦t❡♥❝✐❛❧ ❞✉♣❧♦ ❡ s✉❛s r❡s♣❡❝t✐✈❛s ❢r❡q✉ê♥❝✐❛s ❞❡ ♦s❝✐❧❛çõ❡s ❛♠♦rt❡❝✐❞❛s ❞❡ ♣❡q✉❡♥❛

❛♠♣❧✐t✉❞❡✳ ❯♠❛ ✈❡③ t❡♥❞♦ ♦❜t✐❞♦ ❡ss❡s ♣❛râ♠❡tr♦s✱ ♣✉❞❡♠♦s ❛❥✉st❛r ❛ ❝✉r✈❛ ❞❡ ❜✐❡st❛❜✐✲

❧✐❞❛❞❡ ❡♠ ❝❛❞❛ ♣♦ç♦ ❞♦ ♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ ❢♦rç❛❞♦✳ ◆♦ ❡①♣❡r✐♠❡♥t♦ q✉❡ r❡❛❧✐③❛♠♦s ♣❛r❛

♦❜t❡r ❛ ❝✉r✈❛ ❞❛ ❜✐✲❡st❛❜✐❧✐❞❛❞❡ ❞❡ ❝❛❞❛ ♣♦ç♦✱ ❛✉t♦♠❛t✐③❛♠♦s t♦❞♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡

♦❜t❡♥çã♦ ❞❡ ❞❛❞♦s ♣♦r ♠❡✐♦ ❞❡ ✉♠ s❝r✐♣t ❡s❝r✐t♦ ❡♠ P②t❤♦♥ ♣❛r❛ ❝♦♠✉♥✐❝❛çã♦✱ ❝♦♥tr♦❧❡ ❡

♦❜t❡♥çã♦ ❞❡ ❞❛❞♦s ❞♦s ✐♥str✉♠❡♥t♦s ❡❧❡trô♥✐❝♦s ❞❛ ❜❛♥❝❛❞❛ ❡①♣❡r✐♠❡♥t❛❧✳ ❈♦♥s✐❞❡r❛♥❞♦

❛ ❛♣r♦①✐♠❛çã♦ ❡♠ ú♥✐❝♦ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ q✉❡ ✉t✐❧✐③❛♠♦s ❡ ♦ ❜❛✐①♦ ❝✉st♦ q✉❡ t✐✈❡♠♦s ♥❛

❝♦♥str✉çã♦ ❞❛ ♠❡s❛ ✐♥✈❡r❝✐❛❧✱ ❛❝r❡❞✐t❛♠♦s q✉❡ ♦s r❡s✉❧t❛❞♦s ❢♦r❛♠ ♠✉✐t♦ ❜♦♥s✱ s✉♣❡r❛♥❞♦

t♦❞❛s ❛s ❡①♣❡❝t❛t✐✈❛s q✉❡ tí♥❤❛♠♦s✳

◆♦ ❝❛♣ít✉❧♦ ✻ ❛♣r❡s❡♥t❛♠♦s ♥♦ss❛ t❡♥t❛t✐✈❛ ❞❡ ♦❜t❡r♠♦s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ✉♠❛ ❞✐✲

♥â♠✐❝❛ ❝❛ót✐❝❛ ♥❛s ✈✐❜r❛çõ❡s ✢❡①✉r❛✐s ❞♦ r❡ss♦♥❛❞♦r ♠❡❝â♥✐❝♦✳ ❈♦♥s❡❣✉✐♠♦s ♦❜t❡r sér✐❡s

t❡♠♣♦r❛✐s ❞❡ ✈✐❜r❛çõ❡s ✢❡①✉r❛✐s ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛s ❝❛ót✐❝❛s ♥❛ ❜❛♥❝❛❞❛ ❡①♣❡r✐♠❡♥t❛❧✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ss❛s ✈✐❜r❛çõ❡s ♣❛r❡❝❡ ❜❡♠ ✐♠♣r❡✈✐sí✈❡❧ ❡ ♦ ❡s♣❡❝tr♦ ❞❡ ❋♦✉r✐❡r ❞❡

✉♠❛ sér✐❡ t❡♠♣♦r❛❧ ❛♣r❡s❡♥t❛ ♣✐❝♦s ❞✐str✐❜✉í❞♦s ❝♦♠ ✉♠❛ ❢❛✐①❛ ❧❛r❣❛ ❞❡ ❜❛✐①❛ ❢r❡q✉ê♥❝✐❛✳

◆♦ ❡♥t❛♥t♦✱ ❛✐♥❞❛ ♥ã♦ ♣♦❞❡♠♦s ❛✜r♠❛r ❝❛t❡❣♦r✐❝❛♠❡♥t❡ q✉❡ ♦ q✉❡ ♦❜s❡r✈❛♠♦s ♣♦❞❡ s❡r

❝❛r❛❝t❡r✐③❛❞♦ ❝♦♠♦ ❝❛♦s ❞❡t❡r♠✐♥íst✐❝♦✳ ◆ã♦ ❝♦♥s❡❣✉✐♠♦s ❛✐♥❞❛ ♦❜t❡r ❛ ❢✉♥çã♦ ♠❛♣❛ ❞❡

▲♦r❡♥③ ❬✺❪ ❞❛s sér✐❡s t❡♠♣♦r❛✐s ❛♣❛r❡♥t❡♠❡♥t❡ ❝❛ót✐❝❛s✳ ❚❛♠❜é♠ ♥ã♦ ❝♦♥s❡❣✉✐♠♦s ♦❜✲

t❡r ✉♠ ❛tr❛t♦r ❡str❛♥❤♦ ✉t✐❧✐③❛♥❞♦ ♦ ♠❛♣❛ ❞❡ P♦✐♥❝❛ré✳ ■ss♦ ♣♦r q✉❡ s♦♠❡♥t❡ ♠❡❞✐♠♦s
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✉♠❛ ✈❛r✐á✈❡❧ ❞✐♥â♠✐❝❛ ❡♠ ♥♦ss♦ ❡①♣❡r✐♠❡♥t♦✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠ ❜❛s❡ ♥❛s ❡q✉❛çõ❡s ❞♦

♦s❝✐❧❛❞♦r ❞❡ ❉✉✣♥❣ ❛ss✐♠étr✐❝♦ ❝❛r❛❝t❡r✐③❛❞❛ ♥♦ ❝❛♣ít✉❧♦ ✺✱ ♣✉❞❡♠♦s ♣r❡✈❡r r❡❣✐õ❡s ❝♦♠

❝♦♠♣♦rt❛♠❡♥t♦ ❝❛ót✐❝♦ ❞❡ ❢♦r♠❛ ♥✉♠ér✐❝❛✳ ❖ q✉❡ ♣❛r❡❝❡ ♣r♦♠✐ss♦r ♣❛r❛ ❣✉✐❛r ❢✉t✉r♦s

❡①♣❡r✐♠❡♥t♦s✳

◆❡ss❛ ❞✐ss❡rt❛çã♦ ❛t✐♥❣✐♠♦s q✉❛s❡ t♦❞♦s ♦s ♦❜❥❡t✐✈♦s ❞❡❧✐♥❡❛❞♦s ♥♦ ✐♥í❝✐♦ ❞❡ ♥♦ss♦s

tr❛❜❛❧❤♦s✳ P❛r❛ ♦ ❢✉t✉r♦ ♠❛✐s ✐♠❡❞✐❛t♦ t❡♥t❛r❡♠♦s ♣r♦✈❛r q✉❡ é ♣♦ssí✈❡❧ ❛t✐♥❣✐r ❛ ❞✐♥â♠✐❝❛

❝❛ót✐❝❛✳ P❛r❛ ✐ss♦ t❡r❡♠♦s q✉❡ ♠♦str❛r q✉❡ ♦❜t❡♠♦s ✉♠❛ r♦t❛ ❞❡ ❞♦❜r❛♠❡♥t♦s ❞❡ ♣❡rí♦❞♦

♣❛r❛ ♦ ❝❛♦s ❬✹✸❪ ♦✉ ❛ r♦t❛ ❞❡ ❘✉❡❧❧❡✲❚❛❦❡♥s ✈✐❛ s✉❝❡ss✐✈❛s ❜✐❢✉r❝❛çõ❡s ❞❡ ❍♦♣❢ ❬✹✹❪✳ ❆

r♦t❛ ❞❛ ✐♥t❡r♠✐tê♥❝✐❛ ❝❛ót✐❝❛ ❬✹✺❪ t❛♠❜é♠ é ✉♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❛ s❡r ✐♥✈❡st✐❣❛❞❛✳ ❯♠❛

ú❧t✐♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ é ❛ r♦t❛ ❞❡ ❝r✐s❡s ♣r❡✈✐st❛ ♣♦r ●r❡❜♦❣✐✱ ❖tt ❡ ❨♦r❦❡ ❬✹✻❪✳ ❆❧é♠ ❞✐ss♦

♣r❡t❡♥❞❡♠♦s ❛❞✐❝✐♦♥❛r ♠❛✐s ✉♠❛ s❡♥s♦r✱ ✉♠ ♣✐❡③♦❡❧étr✐❝♦ ♦✉ ✉♠❛ ❜♦❜✐♥❛ ♣✐❝❦✉♣✱ ♣❛r❛

t❡r♠♦s ✉♠ ❝❛♥❛❧ ❞❡ ❞❛❞♦s ❞❛s ✈✐❜r❛çõ❡s ❡ ❛ss✐♠ ♣♦❞❡r♠♦s ✈✐s✉❛❧✐③❛r ✉♠ ❛tr❛t♦r ❡str❛♥❤♦✳

❖✉tr♦ ♦❜❥❡t✐✈♦ ❢✉t✉r♦ é ❡st✉❞❛r ♦ ❡❢❡✐t♦ ❞❡ r✉í❞♦ ✭♠❡❝â♥✐❝♦ ❡ ♠❛❣♥ét✐❝♦✮ s♦❜r❡ ❛ ❞✐♥â✲

♠✐❝❛ ❞❡ss❡ s✐st❡♠❛✳ ❯♠ ❢❡♥ô♠❡♥♦ ✐♥t❡r❡ss❛♥t❡ ❛ s❡ ♦❜s❡r✈❛r é ♦ ❞❛ r❡ss♦♥â♥❝✐❛ ❡st♦❝ást✐❝❛

❬✹✼❪✳ P♦r ú❧t✐♠♦✱ ♦❜s❡r✈❛♠♦s q✉❡ ❛ t❡♦r✐❛ ❡ ❛❧❣✉♥s ♠ét♦❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❡s❡♥✈♦❧✈✐❞♦s

❡ ❡st✉❞❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦ ♣♦❞❡♠ s❡r ❛♣❧✐❝❛❞♦s ❛ s✐st❡♠❛s ❢ís✐❝♦s ❞❡ ❞✐♠❡♥sõ❡s ♠✉✐t♦

♠❡♥♦r❡s ❞♦ q✉❡ ♦s r❡ss♦♥❛❞♦r❡s ♠❡❝â♥✐❝♦s ❛q✉✐ ❡st✉❞❛❞♦s✳ P♦r ❡①❡♠♣❧♦✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r

❡ss❡s ♠ét♦❞♦s ❛♦ ❡st✉❞♦ ❞❛ ❞✐♥â♠✐❝❛ ❞❡ ❤❛st❡s ❞❡ ♠✐❝r♦s❝ó♣✐♦s ❞❡ ❢♦rç❛ ❛tô♠✐❝❛ ♦✉ ❛

r❡ss♦♥❛❞♦r❡s ❢❡✐t♦s ❞❡ ♥❛♥♦t✉❜♦s ❞❡ ❝❛r❜♦♥♦✳
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❬✶❪ ▲✳ ❊✉❧❡r✳ ▼❡t❤♦❞✉s ■♥✈❡♥✐❡♥❞✐ ▲✐♥❡❛s ❈✉r✈❛s ▼❛①✐♠✐ ▼✐♥✐♠✐✈❡ Pr♦♣r✐❡t❛t❡ ●❛✉✲

❞❡♥t❡s✳ ❊✉❧❡r ❆r❝❤✐✈❡✲❆❧❧ ❲♦r❦s✳ ✻✺✱ ✶✼✹✹✳

❬✷❪ ❆✳ ❊✳ ❍✳ ▲♦✈❡✳ ❆ ❚r❡❛t✐s❡ ♦♥ t❤❡ ▼❛t❤❡♠❛t✐❝❛❧ ❚❤❡♦r② ♦❢ ❊❧❛st✐❝✐t②✳ ❉♦✈❡r✱ ✶✾✹✹✳

❬✸❪ ❆✳ ❆✳ ❇❛t✐st❛✱ ❈✳ ❊✳ ❘✳ ❞❛ ❙✐❧✈❛✱ ❛♥❞ ❆✳ ❆✳ ▲✳ ❞❡ ❙♦✉③❛✳ ❋❧❡①✉r❛❧ ✈✐❜r❛t✐♦♥s ♦❢ ❛ t❤✐♥

❝❧❛♠♣❡❞ st❡❡❧ ❜❛r✳ ❊✉r✳ ❏✳ P❤②s✳✱ ✸✾✱ ✷✵✶✽✳

❬✹❪ ●✳ ❉✉✣♥❣✳ ❊r③✇✉♥❣❡♥❡ s❝❤✇✐♥❣✉♥❣❡♥ ❜❡✐ ✈❡rä♥❞❡r❧✐❝❤❡r ❡✐❣❡♥❢r❡q✉❡♥③✳ ❱✐❡✇❡❣ ❯✳

❙♦❤♥✱ ❇r❛✉♥s❝❤✇❡✐❣✱ ✼✱ ✶✾✶✽✳

❬✺❪ ❙✳ ❍✳ ❙tr♦❣❛t③✳ ◆♦♥❧✐♥❡❛r ❉②♥❛♠✐❝s ❛♥❞ ❈❤❛♦s✿ ❲✐t❤ ❆♣♣❧✐❝❛t✐♦♥s t♦ P❤②s✐❝s✱ ❇✐♦✲

❧♦❣②✱ ❈❤❡♠✐str②✱ ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣✳ ❈❘❈ Pr❡ss✱ ✷✵✶✽✳

❬✻❪ ❇✳ ❱❛♥ ❞❡r P♦❧✳ ❆ t❤❡♦r② ♦❢ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ❢r❡❡ ❛♥❞ ❢♦r❝❡❞ tr✐♦❞❡ ✈✐❜r❛t✐♦♥s✳ ❘❛❞✐♦

❘❡✈✐❡✇✱ ✶✱ ✶✾✷✵✳

❬✼❪ ❇✳ ✈❛♥ ❞❡r P♦❧ ❛♥❞ ❏✳ ❱❛♥ ❉❡r ▼❛r❦✳ ❚❤❡ ❤❡❛rt❜❡❛t ❝♦♥s✐❞❡r❡❞ ❛s ❛ r❡❧❛①❛t✐♦♥

♦s❝✐❧❧❛t✐♦♥✱ ❛♥❞ ❛♥ ❡❧❡❝tr✐❝❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ❤❡❛rt✳ ❚❤❡ ▲♦♥❞♦♥✱ ❊❞✐♥❜✉r❣❤✱ ❛♥❞ ❉✉❜❧✐♥

P❤✐❧♦s♦♣❤✐❝❛❧ ▼❛❣❛③✐♥❡ ❛♥❞ ❏♦✉r♥❛❧ ♦❢ ❙❝✐❡♥❝❡✱ ✻✱ ✶✾✷✽✳

❬✽❪ ❇✳ ❱❛♥ ❞❡r P♦❧✳ ❚❤❡ ♥♦♥❧✐♥❡❛r t❤❡♦r② ♦❢ ❡❧❡❝tr✐❝ ♦s❝✐❧❧❛t✐♦♥s✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡

■♥st✐t✉t❡ ♦❢ ❘❛❞✐♦ ❊♥❣✐♥❡❡rs✱ ✷✷✱ ✶✾✸✹✳

❬✾❪ ❏✳ ❲✳ ❙tr✉tt✳ ❖♥ ♠❛✐♥t❛✐♥❡❞ ✈✐❜r❛t✐♦♥s✳ ❚❤❡ ▲♦♥❞♦♥✱ ❊❞✐♥❜✉r❣❤✱ ❛♥❞ ❉✉❜❧✐♥ P❤✐❧♦✲

s♦♣❤✐❝❛❧ ▼❛❣❛③✐♥❡ ❛♥❞ ❏♦✉r♥❛❧ ♦❢ ❙❝✐❡♥❝❡✱ ✶✺✱ ✶✽✽✸✳
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❬✶✵❪ ❏✳ ❲✳ ❙tr✉tt✳ ❚❤❡ ❚❤❡♦r② ♦❢ ❙♦✉♥❞✱ ✈♦❧✉♠❡ ✶✳ ❉♦✈❡r✱ ✶✾✹✺✳

❬✶✶❪ ❊✳ ◆✳ ▲♦r❡♥③✳ ❉❡t❡r♠✐♥✐st✐❝ ♥♦♥♣❡r✐♦❞✐❝ ✢♦✇✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆t♠♦s♣❤❡r✐❝ ❙❝✐❡♥❝❡s✱

✷✵✱ ✶✾✻✸✳

❬✶✷❪ ❏✳ ●✉❝❦❡♥❤❡✐♠❡r ❛♥❞ P✳ ❍♦❧♠❡s✳ ◆♦♥❧✐♥❡❛r ❖s❝✐❧❧❛t✐♦♥s✱ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✱ ❛♥❞

❇✐❢✉r❝❛t✐♦♥s ♦❢ ❱❡❝t♦r ❋✐❡❧❞s✳ ❙♣r✐♥❣❡r✱ ◆❡✇ ❨♦r❦✱ ✷✵✵✷✳

❬✶✸❪ ❋✳ ❈✳ ▼♦♦♥ ❛♥❞ P✳ ❏✳ ❍♦❧♠❡s✳ ❆ ♠❛❣♥❡t♦❡❧❛st✐❝ str❛♥❣❡ ❛ttr❛❝t♦r✳ ❏♦✉r♥❛❧ ♦❢ ❙♦✉♥❞

❛♥❞ ❱✐❜r❛t✐♦♥✱ ✻✺✱ ✶✾✼✾✳

❬✶✹❪ ❙✳ ❙✳ ❘❛♦ ❛♥❞ ❋✳ ❋✳ ❨❛♣✳ ▼❡❝❤❛♥✐❝❛❧ ❱✐❜r❛t✐♦♥s✳ Pr❡♥t✐❝❡ ❤❛❧❧ ❯♣♣❡r ❙❛❞❞❧❡ ❘✐✈❡r✱

✷✵✶✶✳

❬✶✺❪ ❘✳ ▲✳ ❍❛r♥❡ ❛♥❞ ❑✳ ❲✳ ❲❛♥❣✳ ❆ r❡✈✐❡✇ ♦❢ t❤❡ r❡❝❡♥t r❡s❡❛r❝❤ ♦♥ ✈✐❜r❛t✐♦♥ ❡♥❡r❣②

❤❛r✈❡st✐♥❣ ✈✐❛ ❜✐st❛❜❧❡ s②st❡♠s✳ ❙♠❛rt ♠❛t❡r✐❛❧s ❛♥❞ str✉❝t✉r❡s✱ ✷✷✱ ✷✵✶✸✳

❬✶✻❪ ❈✳ ❲❡✐ ❛♥❞ ❳✳ ❏✐♥❣✳ ❆ ❝♦♠♣r❡❤❡♥s✐✈❡ r❡✈✐❡✇ ♦♥ ✈✐❜r❛t✐♦♥ ❡♥❡r❣② ❤❛r✈❡st✐♥❣✿ ▼♦✲

❞❡❧❧✐♥❣ ❛♥❞ r❡❛❧✐③❛t✐♦♥✳ ❘❡♥❡✇❛❜❧❡ ❛♥❞ ❙✉st❛✐♥❛❜❧❡ ❊♥❡r❣② ❘❡✈✐❡✇s✱ ✼✹✱ ✷✵✶✼✳

❬✶✼❪ ▼✳ ■✳ ❋r✐s✇❡❧❧✱ ❙✳ ❋✳ ❆❧✐✱ ❖✳ ❇✐❧❣❡♥✱ ❙✳ ❆❞❤✐❦❛r✐✱ ❆✳ ❲✳ ▲❡❡s✱ ❛♥❞ ●✳ ▲✐t❛❦✳ ◆♦♥✲

❧✐♥❡❛r ♣✐❡③♦❡❧❡❝tr✐❝ ✈✐❜r❛t✐♦♥ ❡♥❡r❣② ❤❛r✈❡st✐♥❣ ❢r♦♠ ❛ ✈❡rt✐❝❛❧ ❝❛♥t✐❧❡✈❡r ❜❡❛♠ ✇✐t❤

t✐♣ ♠❛ss✳ ❏♦✉r♥❛❧ ♦❢ ■♥t❡❧❧✐❣❡♥t ▼❛t❡r✐❛❧ ❙②st❡♠s ❛♥❞ ❙tr✉❝t✉r❡s✱ ✷✸✱ ✷✵✶✷✳

❬✶✽❪ ❙✳ ▼✳ ❍❛♥✱ ❍✳ ❇❡♥❛r♦②❛✱ ❛♥❞ ❚✳ ❲❡✐✳ ❉②♥❛♠✐❝s ♦❢ tr❛♥s✈❡rs❡❧② ✈✐❜r❛t✐♥❣ ❜❡❛♠s

✉s✐♥❣ ❢♦✉r ❡♥❣✐♥❡❡r✐♥❣ t❤❡♦r✐❡s✳ ❏♦✉r♥❛❧ ♦❢ ❙♦✉♥❞ ❛♥❞ ✈✐❜r❛t✐♦♥✱ ✷✷✺✱ ✶✾✾✾✳

❬✶✾❪ ▼✳ ❑✳ ●✐❛r❡t❛✳ ❱✐❜r❛çõ❡s ❢♦rç❛❞❛s ❝♦♠ ❢♦rç❛ ❛①✐❛❧ ♥✉♠ ♠♦❞❡❧♦ ❞❡ ❊✉❧❡r✲❇❡r♥♦✉❧❧✐

♣❛r❛ ✈✐❣❛s✳ ▼❛st❡r✬s t❤❡s✐s✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ❘✐♦ ●r❛♥❞❡ ❞♦ ❙✉❧✱ ✷✵✵✶✳

❬✷✵❪ ▲✳ ❉✳ ▲❛♥❞❛✉ ❛♥❞ ❊✳ ▼✳ ▲✐❢s❤✐t③✳ ❚❤❡♦r② ♦❢ ❊❧❛st✐❝✐t②✳ P❡r❣❛♠♦♥ Pr❡ss✱ ✶✾✼✵✳

❬✷✶❪ ❉✳ ❍❛❧❧✐❞❛②✱ ❘✳ ❘❡s♥✐❝❦✱ ❏✳ ❲❛❧❦❡r✱ ❛♥❞ ❏✳ ❍✳ ❘♦♠♦✳ ❋✉♥❞❛♠❡♥t♦s ❞❡ ❢ís✐❝❛✳ ❈♦♠✲

♣❛♥í❛ ❊❞✐t♦r✐❛❧ ❈♦♥t✐♥❡♥t❛❧✱ ✶✾✽✻✳

❬✷✷❪ ❉✳ ❏✳ ●r✐✣t❤s✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❡❧❡❝tr♦❞②♥❛♠✐❝s✳ Pr❡♥t✐❝❡ ❍❛❧❧ ◆❡✇ ❏❡rs❡②✱ ✶✾✻✷✳
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❬✷✸❪ P✳ ❆✳ ❚✐♣❧❡r ❛♥❞ ●✳ ▼♦s❝❛✳ ❋ís✐❝❛ ♣❛r❛ ❝✐❡♥t✐st❛s ❡ ❡♥❣❡♥❤❡✐r♦s✳ ▲✐✈r♦s ❚é❝♥✐❝♦s ❡

❈✐❡♥tí✜❝♦s✱ ✷✵✵✾✳

❬✷✹❪ ❲✳ ●r❡✐♥❡r✳ ❈❧❛ss✐❝❛❧ ❡❧❡❝tr♦❞②♥❛♠✐❝s✳ ❙♣r✐♥❣❡r ❙❝✐❡♥❝❡ ✫ ❇✉s✐♥❡ss ▼❡❞✐❛✱ ✷✵✶✷✳

❬✷✺❪ ❏✳ ❉✳ ❏❛❝❦s♦♥✳ ❈❧❛ss✐❝❛❧ ❡❧❡❝tr♦❞②♥❛♠✐❝s✳ ❲✐❧❡②✱ ✶✾✼✺✳

❬✷✻❪ ❘✳ ❈✳ ❍✐❜❜❡❧❡r✳ ▼❡❝❤❛♥✐❝s ♦❢ ▼❛t❡r✐❛❧s✳ P❡❛rs♦♥ ❊❞✉❝❛❝✐ó♥✱ ✷✵✶✵✳
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