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❆❣r❛❞❡❝✐♠❡♥t♦s

➚ ❉❡✉s P❛✐ ❚♦❞♦ P♦❞❡r♦s♦✱ q✉❡ ♠❡ ❞❡✉ s❛ú❞❡ ❡ ♣❡rs❡✈❡r❛♥ç❛ ♣❛r❛ ❝❤❡❣❛r ❛té ❛q✉✐✳

❆♦s ♠❡✉s ♣❛✐s✱ ♠❡✉ ✐r♠ã♦ ❡ ♠❡✉s ❛✈ós✱ ❛s ♣❡ss♦❛s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞❡ ♠✐♥❤❛ ✈✐❞❛✳

❆❣r❛❞❡ç♦ à Pr♦❢❡ss♦r❛ ●❡✉s❛ ▼❛rq✉❡s✱ ♣❡❧❛ s✉❛ ♣❛❝✐ê♥❝✐❛ ❡ ❞❡❞✐❝❛çã♦ ♥❛ ♦r✐❡♥t❛çã♦ ❞❡st❡

tr❛❜❛❧❤♦✳

❆♦ Pr♦❢❡ss♦r ❱❛❧❞✐r ❇❡③❡rr❛✱ ♦ q✉❛❧ ❢♦✐ ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡

▼❡str❛❞♦✳

❆ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❞❡st❡ ❞❡♣❛rt❛♠❡♥t♦✱ ❡ t❛♠❜é♠ ❞❛ ❯❋P❇ q✉❡ ❝♦♠♣❛rt✐❧❤❛r❛♠

❝♦♠✐❣♦ s❡✉s ❝♦♥❤❡❝✐♠❡♥t♦s ❛♦ ❧♦♥❣♦ ❞♦ ❝✉rs♦✳

❆♦ ❛♠✐❣♦ ❏✉st✐♥♦✱ ♦ q✉❛❧ ♠❡ ❛❝♦♠♣❛♥❤♦✉ ❞✉r❛♥t❡ q✉❛s❡ t♦❞❛ ✈✐❞❛ ❛❝❛❞ê♠✐❝❛✳

❆♦s ❞❡♠❛✐s ❝♦❧❡❣❛s ❡ ❛♠✐❣♦s✱ q✉❡ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ❝♦♥tr✐❜✉ír❛♠ ♥❡st❛ ❝❛♠✐♥❤❛❞❛✳

❊ ❛♦s ❞❡♣❛rt❛♠❡♥t♦s ❞❡ ❋ís✐❝❛ ❞❛ ❯❋❈● ❡ ❯❋P❇✱ ♥♦s q✉❛✐s ♠❡ ❞❡r❛♠ s✉♣♦rt❡ ♣❛r❛

r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳



✑❆ ♥❛t✉r❡③❛ é ❡①❛t❛♠❡♥t❡ s✐♠♣❧❡s✱
s❡ ❝♦♥s❡❣✉✐r♠♦s ❡♥❝❛rá✲❧❛ ❞❡ ♠♦❞♦
❛♣r♦♣r✐❛❞♦✳ ❊ss❛ ❝r❡♥ç❛ t❡♠✲♠❡
❛✉①✐❧✐❛❞♦✱ ❞✉r❛♥t❡ t♦❞❛ ❛ ♠✐♥❤❛
✈✐❞❛✱ ❛ ♥ã♦ ♣❡r❞❡r ❛s ❡s♣❡r❛♥ç❛s✱
q✉❛♥❞♦ s✉r❣❡♠ ❣r❛♥❞❡s ❞✐✜❝✉❧❞❛❞❡s
❞❡ ✐♥✈❡st✐❣❛çã♦✑✳

❆❧❜❡rt ❊✐♥st❡✐♥



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ é ❢❡✐t♦ ♦ ❡st✉❞♦ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ♥❛ ♣r❡s❡♥ç❛ ❞♦ ♠♦♥♦♣♦❧♦

❣❧♦❜❛❧✱ ❡ ❞♦s ❡❢❡✐t♦s q✉❡ ❡st❡ t✐♣♦ ❞❡ ❞❡❢❡✐t♦ t♦♣♦❧ó❣✐❝♦ tr❛③ ♣❛r❛ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✳

■♥✐❝✐❛❧♠❡♥t❡✱ ❝♦♠ ❛ ♦❜t❡♥çã♦ ❞❛ ♠étr✐❝❛ q✉❡ ❞❡s❝r❡✈❡ ❡st❡ ❡s♣❛ç♦✲t❡♠♣♦✱ ♠♦str❛r❡♠♦s ❝♦♠♦

♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧ ❛❢❡t❛ ♦ ❞❡s✈✐♦ ❞❛ ór❜✐t❛ ❞♦ ♣❧❛♥❡t❛ ▼❡r❝úr✐♦✱ ❡ ❛✐♥❞❛ ❛♥❛❧✐s❛r❡♠♦s ❛

❡st❛❜✐❧✐❞❛❞❡ ❞❛s ór❜✐t❛s ❝♦♠ ❜❛s❡ ♥♦ ❝á❧❝✉❧♦ ❞♦s ♣♦t❡♥❝✐❛✐s✳ ❊♠ s❡❣✉✐❞❛ ❝♦♥s✐❞❡r❛r❡♠♦s q✉❡

♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧ ♣♦ss✉✐ ❡♠ s✉❛s ✈✐③✐♥❤❛♥ç❛s ❛ q✉✐♥t❡ssê♥❝✐❛ ❡ ❛ ♣❛rt✐r ❞❛ ♠étr✐❝❛ ♦❜t✐❞❛✱

❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ♦s ❜✉r❛❝♦s ♥❡❣r♦s ❡♠✐t❡♠ ♠♦❞♦s ❞❡ ✈✐❜r❛çã♦ ❝❛r❛❝t❡ríst✐❝♦s✱ ❝❛❧❝✉❧❛r❡♠♦s

♦s ❝❤❛♠❛❞♦s ♠♦❞♦s q✉❛s❡✲♥♦r♠❛✐s ❞❡ ✈✐❜r❛çã♦ ❡ ❛s ❢r❡q✉ê♥❝✐❛s ❛ss♦❝✐❛❞❛s✳ P♦r ú❧t✐♠♦✱ ❛✐♥❞❛

♥❡st❡ ❝♦♥t❡①t♦✱ ❢❛r❡♠♦s ♦ ❡st✉❞♦ ❞❛ t❡r♠♦❞✐♥â♠✐❝❛ ❞♦s ❜✉r❛❝♦s ♥❡❣r♦s✱ ❜✉s❝❛♥❞♦ ♦❜t❡r ❧❡✐s

♠❡❝â♥✐❝❛s✱ ❛♥á❧♦❣❛s às ❧❡✐s ❝❧áss✐❝❛s ❞❛ t❡r♠♦❞✐♥â♠✐❝❛ ✉s✉❛❧✳



❆❜str❛❝t

■♥ t❤✐s ♣❛♣❡r ✐s st✉❞✐❡❞ t❤❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❜❧❛❝❦ ❤♦❧❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❣❧♦❜❛❧ ♠♦♥♦♣♦❧❡✱

❛♥❞ t❤❡ ❡✛❡❝ts t❤❛t t❤✐s ❦✐♥❞ ♦❢ t♦♣♦❧♦❣✐❝❛❧ ❞❡❢❡❝t ❜r✐♥❣s t♦ t❤❡ s♣❛❝❡t✐♠❡ ❣❡♦♠❡tr②✳ ■♥✐t✐❛❧❧②✱

✉s✐♥❣ t❤❡ ♠❡tr✐❝ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤✐s s♣❛❝❡✲t✐♠❡✱ ✇❡ s❤♦✇ ❤♦✇ t❤❡ ❣❧♦❜❛❧ ♠♦♥♦♣♦❧❡ ❛✛❡❝ts

t❤❡ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ♦r❜✐t ♦❢ t❤❡ ▼❡r❝✉r② ♣❧❛♥❡t ✱ ❛♥❞ ❛❧s♦ ❛♥❛❧②③❡ t❤❡ st❛❜✐❧✐t② ♦❢ ♦r❜✐ts

❜❛s❡❞ ♦♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ♣♦t❡♥t✐❛s✳ ❚❤❡♥✱ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ❣❧♦❜❛❧ ♠♦♥♦♣♦❧❡ ❤❛s

✐♥ t❤❡✐r ♥❡✐❣❤❜♦r❤♦♦❞s t❤❡ q✉✐♥t❡ss❡♥❝❡ ❛♥❞ ❢♦r♠ t❤❡ ♠❡tr✐❝ ♦❜t❛✐♥❡❞✱ ❜② ❛ss✉♠✐♥❣ t❤❛t

t❤❡ ❜❧❛❝❦ ❤♦❧❡s ❡♠✐t ❝❤❛r❛❝t❡r✐st✐❝ ✈✐❜r❛t✐♦♥ ♠♦❞❡s✱ ✇❡ ❝❛❧❝✉❧❛t❡ t❤❡ s♦✲❝❛❧❧❡❞ q✉❛s✐✲♥♦r♠❛❧

♠♦❞❡s ♦❢ ✈✐❜r❛t✐♦♥ ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❢r❡q✉❡♥❝✐❡s✳ ❋✐♥❛❧❧②✱ ❡✈❡♥ ✐♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ st✉❞② t❤❡

t❤❡r♠♦❞②♥❛♠✐❝s ♦❢ ❜❧❛❝❦ ❤♦❧❡s✱ tr②✐♥❣ t♦ ❣❡t ♠❡❝❤❛♥✐❝❛❧ ❧❛✇s✱ s✐♠✐❧❛r t♦ t❤❡ ✉s✉❛❧ ❝❧❛ss✐❝❛❧

t❤❡r♠♦❞②♥❛♠✐❝ ❧❛✇s✳



❈♦♥t❡ú❞♦
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✷✳✷ ❊q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✷✳✸ ❙♦❧✉çã♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ♥❛ ♣r❡s❡♥ç❛ ❞♦ ▼♦♥♦♣♦❧♦ ❣❧♦❜❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✷✳✸✳✶ Pr❡❝❡ssã♦ ❞♦ P❡r✐é❧✐♦ ❞❡ ▼❡r❝úr✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✸✳✷ ❊st❛❜✐❧✐❞❛❞❡ ❞❛s ór❜✐t❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✸ ❇✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ♥❛ ♣r❡s❡♥ç❛ ❞♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧ ♠❛✐s

◗✉✐♥t❡ssê♥❝✐❛ ✷✾

✸✳✶ ❊q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✷ ▼♦❞♦s ◆♦r♠❛✐s ❞❡ ✈✐❜r❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✸✳✷✳✶ ❆♣r♦①✐♠❛çã♦ ❲❑❇ ♣❛r❛ ♠♦❞♦s ♥♦r♠❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✷✳✷ ❆♣r♦①✐♠❛çã♦ ❛ss✐♥tót✐❝❛ ♣❛r❛ ❛ s♦❧✉çã♦ ✐♥t❡r✐♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✐



✸✳✷✳✸ ❊q✉❛çã♦ ♣❛r❛ ❛s ❢r❡q✉ê♥❝✐❛s ❞♦s ♠♦❞♦s ♥♦r♠❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✹ ❚❡r♠♦❞✐♥â♠✐❝❛ ❞♦ ❇✉r❛❝♦ ◆❡❣r♦ ❝♦♠ q✉✐♥t❡ssê♥❝✐❛ ✹✷

✹✳✶ ❋♦r♠✉❧❛çã♦ ❞❛ ❚❡r♠♦❞✐♥â♠✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✹✳✶✳✶ ▲❡✐s ❞❛ ❚❡r♠♦❞✐♥â♠✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✹✳✷ ❖s ❇✉r❛❝♦s ◆❡❣r♦s ❡ ❛ ❚❡r♠♦❞✐♥â♠✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✹✳✷✳✶ ▲❡✐s ❞❛ ❚❡r♠♦❞✐♥â♠✐❝❛ ♣❛r❛ ❜✉r❛❝♦s ♥❡❣r♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✹✳✸ ❈❛♣❛❝✐❞❛❞❡ ❚ér♠✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✺ ❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s ✺✼

❇✐❜❧✐♦❣r❛✜❛ ✺✾

✐✐



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ P♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ V ❡♠ ❢✉♥çã♦ ❞❡ r✱ ♣❛r❛ L = 0, b, 2b, 2b
√

3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✷ P♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ V ❡♠ ❢✉♥çã♦ ❞❡ r✱ ♣❛r❛ L = 4b, 7b, 10b✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✶ ❇❛rr❡✐r❛ ❞❡ ♣♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✹✳✶ ❱❛r✐❛çã♦ ❞♦ r❛✐♦ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ❝♦♠ ❛ ♠❛ss❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✹✳✷ ❈❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ♣❛r❛ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❡♠ ❢✉♥çã♦ ❞❡ M ✳ ✳ ✺✺

✹✳✸ ❈❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ♣❛r❛ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❝♦♠ ♠♦♥♦♣♦❧♦ ❡

q✉✐♥t❡ssê♥❝✐❛ ❡♠ ❢✉♥çã♦ ❞❡ M ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✐✐✐



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❆ t❡♦r✐❛ r❡❧❛t✐✈íst✐❝❛ ❞❛ ❣r❛✈✐t❛çã♦ ❛♣r❡s❡♥t❛✲s❡ ❝♦♠♦ ✉♠❛ ❞❛s ♠❛✐s ❜❡❧❛s ❡ r❡✈♦❧✉❝✐♦♥ár✐❛s

❝♦♥❝❡♣çõ❡s ❞❛ ❈✐ê♥❝✐❛ ▼♦❞❡r♥❛✱ ❛♦ s✉❣❡r✐r q✉❡ ❛ ❣r❛✈✐❞❛❞❡ s❡ ❞❡✈❡ à ❣❡♦♠❡tr✐❛ ❞❡ ✉♠ ❡s♣❛ç♦✲

t❡♠♣♦ ❝✉r✈♦ q✉❛❞r✐❞✐♠❡♥s✐♦♥❛❧✳ ❏✉♥t❛♠❡♥t❡ ❝♦♠ ❛ t❡♦r✐❛ q✉â♥t✐❝❛✱ ❛ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧ é

✉♠ ❞♦s ♠❛✐s ♣r♦❢✉♥❞♦s ❞❡s❡♥✈♦❧✈✐♠❡♥t♦s ❞❛ ❋ís✐❝❛ ♥♦ sé❝✉❧♦ ❳❳ ❬✶❪✳

❈✉✐❞❛❞♦s❛♠❡♥t❡ t❡st❛❞❛✱ ❛ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧ ♥♦s ❢♦r♥❡❝❡ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ ❯♥✐✈❡rs♦

❡♠ ❣r❛♥❞❡s ❡s❝❛❧❛s ❞❡ ❞✐stâ♥❝✐❛ ❡ é ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ❡①♣❧❛♥❛çã♦ ❞❡ ❢❡♥ô♠❡♥♦s ❝♦♠♦ ♦ ❝♦❧❛♣s♦

❣r❛✈✐t❛❝✐♦♥❛❧✱ ♥♦ ❡st✉❞♦ ❞❡ ❜✉r❛❝♦s ♥❡❣r♦s✱ ❡str❡❧❛s ❞❡ ♥ê✉tr♦♥s✱ ♦♥❞❛s ❣r❛✈✐t❛❝✐♦♥❛✐s ❡ ♦

❇✐❣✲❜❛♥❣✳

◆❡ss❡ ❝♦♥t❡①t♦✱ ❛ t❡♦r✐❛ r❡❧❛t✐✈íst✐❝❛ ♣r❡❞✐③ q✉❡ ❤❛✈❡rá ❛ ❢♦r♠❛çã♦ ❞❡ ❜✉r❛❝♦s ♥❡❣r♦s✱

s❡♠♣r❡ q✉❡ ❛ ♠❛ss❛ ❞❡st❡ ❢♦r ❝♦♠♣r✐♠✐❞❛ ❡♠ ✉♠ ✈♦❧✉♠❡ ♠❡♥♦r q✉❡ ♦ ❝❤❛♠❛❞♦ r❛✐♦

❣r❛✈✐t❛❝✐♦♥❛❧✱ ♦ q✉❛❧ é ♣❡q✉❡♥♦ ♦ s✉✜❝✐❡♥t❡✱ ♣❛r❛ q✉❡ ❛ ❢♦rç❛ ❣r❛✈✐t❛❝✐♦♥❛❧ ♥❛ s✉♣❡r❢í❝✐❡

♥ã♦ ♣❡r♠✐t❛ q✉❡ ♥❛❞❛ ❡s❝❛♣❡✱ ✐♥❝❧✉s✐✈❡ ❛ ❧✉③✳ ■ss♦ ✐♠♣❧✐❝❛ q✉❡ ❛ ✈❡❧♦❝✐❞❛❞❡ ♥❡❝❡ssár✐❛ ♣❛r❛

❞❡✐①❛r ❛s ✈✐③✐♥❤❛♥ç❛s ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ ♦✉ s❡❥❛✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❡s❝❛♣❡✱ é ✐❣✉❛❧ ❛ ✈❡❧♦❝✐❞❛❞❡

❞❛ ❧✉③✳ ❙❡♥❞♦ ❡st❛ ❛ ✈❡❧♦❝✐❞❛❞❡ ❧✐♠✐t❡ ❞❡ ♣r♦♣❛❣❛çã♦ ♥❛ ♥❛t✉r❡③❛✱ ♦ r❡s✉❧t❛❞♦ é q✉❡ ♥❡♥❤✉♠

s✐♥❛❧ ♦✉ ♣❛rtí❝✉❧❛ ♣♦❞❡ ❞❡✐①❛r ❛ r❡❣✐ã♦ ✐♥t❡r♥❛ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✳

❉❛❞♦ q✉❡ s✐♥❛✐s ♥ã♦ ♣♦❞❡♠ ❡s❝❛♣❛r ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ à ♠❡❞✐❞❛ q✉❡ ♦❜❥❡t♦s ❢ís✐❝♦s ❡

✶



r❛❞✐❛çã♦ ❝❛❡♠ ♥❡st❛ r❡❣✐ã♦✱ ❛ s✉♣❡r❢í❝✐❡ ❧✐♠✐t❡ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ ❝❤❛♠❛❞❛ ❤♦r✐③♦♥t❡ ❞❡

❡✈❡♥t♦s✱ é ✉♠❛ s✉♣❡r❢í❝✐❡ t✐♣♦✲❧✉③✳ ❆ ❝r✐❛çã♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ s✐❣♥✐✜❝❛ ❛ ❢♦r♠❛çã♦ ❞❡

✉♠❛ ❡str✉t✉r❛ ❝❛✉s❛❧ ♥ã♦✲tr✐✈✐❛❧ ♥♦ ❡s♣❛ç♦✲t❡♠♣♦✳ ❉✐❛♥t❡ ❞❡ss❛s ❝❛r❛❝t❡ríst✐❝❛s ❡s♣❡❝í✜❝❛s✱

♥♦✈♦s ♠ét♦❞♦s ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞♦s ♣❛r❛ ❛♥❛❧✐s❛r ❛ ✐♥t❡r❛çã♦ ❞❡ ❜✉r❛❝♦s ♥❡❣r♦s ❝♦♠ ❝❛♠♣♦s

❡ ♠❛tér✐❛✱ ❡ t❛♠❜é♠ ❝♦♠ ♦✉tr♦s ❜✉r❛❝♦s ♥❡❣r♦s✳

❊♠❜♦r❛ ♦ t❡r♠♦ ❜✉r❛❝♦ ♥❡❣r♦ t❡♥❤❛ s✐❞♦ ✐♥tr♦❞✉③✐❞♦ ♣♦r ❲❤❡❡❧❡r ❡♠ ✶✾✻✼✱ s❡✉ ❡st✉❞♦

t❡ór✐❝♦ ❥á t❡♠ ✉♠❛ ❧♦♥❣❛ ❤✐stór✐❛✳ ❆ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ t❛✐s ♦❜❥❡t♦s✱ ❢♦✐

✐♥✐❝✐❛❧♠❡♥t❡ ❞✐s❝✉t✐❞❛ ♣♦r ▼✐❝❤❡❧❧ ❡ ▲❛♣❧❛❝❡ ♥♦ â♠❜✐t♦ ❞❛ t❡♦r✐❛ ◆❡✇t♦♥✐❛♥❛ ♥♦ ✜♥❛❧ ❞♦

sé❝✉❧♦ ❳❱■■■ ❬✷❪✳ ◆❛ r❡❧❛t✐✈✐❞❛❞❡ ❣❡r❛❧✱ ♦ ♣r♦❜❧❡♠❛ s✉r❣❡ ✉♠ ❛♥♦ ❛♣ós ❛ t❡♦r✐❛ t❡r s✐❞♦

❞❡s❡♥✈♦❧✈✐❞❛✱ q✉❛♥❞♦ ❙❝❤✇❛r③s❝❤✐❧❞ ♦❜t❡✈❡ ❛ ♣r✐♠❡✐r❛ s♦❧✉çã♦ ❡①❛t❛ ❞❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥

♥♦ ✈á❝✉♦✳

❯♠ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ♣❛rt✐❝✉❧❛r ✐♥t❡rr❡s❡✱ ❛ ♣❛rt✐r ❞♦ q✉❛❧ ♣♦❞❡ s❡r ❛♥❛❧✐s❛❞♦ s✉❛

✐♥t❡r❛çã♦ ❝♦♠ ♦s ❜✉r❛❝♦s ♥❡❣r♦s✱ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧✳ ❊st❡ é ✉♠ t✐♣♦ ❞❡

❞❡❢❡✐t♦ t♦♣♦❧ó❣✐❝♦✱ ♦✉ s❡❥❛✱ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❡stá✈❡❧ ❞❡ ♠❛tér✐❛✱ q✉❡ ♣♦❞❡ t❡r s✐❞♦ ♦r✐❣✐♥❛❞♦

❡♠ tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ♥♦ ✉♥✐✈❡rs♦ ♣r✐♠♦r❞✐❛❧✳ ▼❡s♠♦ ♥ã♦ ❤❛✈❡♥❞♦ ♥❡♥❤✉♠❛ ❡✈✐❞ê♥❝✐❛

❡①♣❡r✐♠❡♥t❛❧✱ ❛❝❡r❝❛ ❞❡ss❡ t✐♣♦ ❞❡ ❡str✉t✉r❛ ❢ís✐❝❛✱ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ♦ ❡st✉❞♦ ❞♦s

♠♦♥♦♣♦❧♦s ❣❧♦❜❛✐s✱ tr❛③ ♥♦✈❛s ✐❞❡✐❛s ♣❛r❛ ❛ r❡❧❛t✐✈✐❞❛❞❡ ❣❡r❛❧✳

◆❡st❡ tr❛❜❛❧❤♦✱ ♣♦rt❛♥t♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛ s♦❧✉çã♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✱ ❛❞♠✐t✐♥❞♦ q✉❡ ♦

❜✉r❛❝♦ ♥❡❣r♦ ❡stá ♥❛ ♣r❡s❡♥ç❛ ❞♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧✱ ❡ ❛ ♣❛rt✐r ❞♦ ❞❛ ♠étr✐❝❛ ♦❜t✐❞❛ ♣❛r❛

❡ss❡ ❡s♣❛ç♦✲t❡♠♣♦✱ ❛♥❛❧✐s❛r❡♠♦s ❛❧❣✉♥s ❡❢❡✐t♦s ♣r♦✈❡♥✐❡♥t❡s ❞❡ss❛ ✐♥t❡r❛çã♦✳ ❖ ❝♦♥t❡ú❞♦ ❡stá

♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♥♦ ❝❛♣ít✉❧♦ ✷✱ é ❢❡✐t❛ ✉♠❛ r❡✈✐sã♦ ❞❛ ❚❡♦r✐❛ ❞❛ ❘❡❧❛t✐✈✐❞❛❞❡

●❡r❛❧✱ ❞✐s❝✉t✐♥❞♦ s❡✉s ❢✉♥❞❛♠❡♥t♦s ❡ ♦ ♣r♦❝❡ss♦ ❞❡ ♦❜t❡♥çã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥✳ ◆❡st❡

♠❡s♠♦ ❝❛♣ít✉❧♦✱ ♦❜t❡♠♦s ❛ s♦❧✉çã♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❝♦♠ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧✱ ❡ ❞✐s❝✉t✐♠♦s

❛❧❣✉♥s ❡❢❡✐t♦s ✐♥❡r❡♥t❡s à ♠étr✐❝❛ ❞❡ss❡ ❡s♣❛ç♦✲t❡♠♣♦✳ ◆♦ ❝❛♣ít✉❧♦ ✸✱ ❢❛③❡♠♦s ❛ ❝♦♥s✐❞❡r❛çã♦

q✉❡ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤❛r③s❝❤✐❧❞ ❝♦♠ ♠♦♥♦♣♦❧♦ ❡stá ♥❛ ♣r❡s❡♥ç❛ ❞❛ q✉✐♥t❡ssê♥❝✐❛ ❡

✷



❝❛❧❝✉❧❛♠♦s ♦s ♠♦❞♦s ♥♦r♠❛✐s ❞❡ ✈✐❜r❛çã♦ ❡♠✐t✐❞♦s ♣♦r ❡st❡s✱ ✈✐❛ ❛♣r♦①✐♠❛çã♦ ❲❑❇✳ ◆♦

❝❛♣ít✉❧♦ s❡❣✉✐♥t❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ❡st❡ ♠❡s♠♦ ❡s♣❛ç♦✲t❡♠♣♦✱ ❡st✉❞❛♠♦s ❛ t❡r♠♦❞✐♥â♠✐❝❛ ❞♦s

❜✉r❛❝♦s ♥❡❣r♦s✱ ❡♠ ❛♥❛❧♦❣✐❛ ❝♦♠ ❛ t❡r♠♦❞✐♥â♠✐❝❛ ✉s✉❛❧✳ P♦r ú❧t✐♠♦✱ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛s

❝♦♥❝❧✉sõ❡s✳

✸



❈❛♣ít✉❧♦ ✷

❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧

✷✳✶ ❋✉♥❞❛♠❡♥t♦s ❞❛ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧

❆ ❚❡♦r✐❛ ❞❛ ❘❡❧❛t✐✈✐❞❛❞❡ ❘❡str✐t❛ ♦✉ ❊s♣❡❝✐❛❧✱ ❡❧❛❜♦r❛❞❛ ♣♦r ❆❧❜❡rt ❊✐♥st❡✐♥ ♥♦ ✐♥í❝✐♦ ❞♦

sé❝✉❧♦ ♣❛ss❛❞♦✱ ♣r♦✈♦❝♦✉ ♠♦❞✐✜❝❛çõ❡s ♣r♦❢✉♥❞❛s ♥♦s ❝♦♥❝❡✐t♦s ❡ ✐❞é✐❛s ❛❝❡r❝❛ ❞❛ ❡str✉t✉r❛

❞♦ ❯♥✐✈❡rs♦✱ ❝✉❥❛s ❝♦♥s❡q✉ê♥❝✐❛s ❛✐♥❞❛ ❡stã♦ ❧♦♥❣❡ ❞❡ s❡r❡♠ ❡s❣♦t❛❞❛s✳ ❊ss❛ t❡♦r✐❛ ♠♦str♦✉

q✉❡ t❡♠♣♦ ❡ ❡s♣❛ç♦ ♥ã♦ sã♦ ♠❛✐s ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❡①✐st✐♥❞♦ ❛❣♦r❛ ✉♠ r❡❧❛çã♦ ✐♥trí♥s❡❝❛ ❡♥tr❡

❡ss❡s ❞♦✐s ❝♦♥❝❡✐t♦s✳ ❈❧❛ss✐❝❛♠❡♥t❡ ♦ ❡s♣❛ç♦ é ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ t❡♥❞♦ três ❞✐♠❡♥sõ❡s✱ s❡♥❞♦

♦ t❡♠♣♦ ✉♠❛ q✉❛rt❛ ❞✐♠❡♥sã♦ t♦t❛❧♠❡♥t❡ ❞❡s❝♦♥❡①❛ ❞♦ ❡s♣❛ç♦ ❬✸❪✳ ❈♦♠ ❛ ❘❡❧❛t✐✈✐❞❛❞❡

❡s♣❛ç♦ ❡ t❡♠♣♦ s❡ ♠✐st✉r❛♠✱ ❡ ❡st❛ ✐♥t❡r❞❡♣❡♥❞ê♥❝✐❛ é ♠❛t❡♠❛t✐❝❛♠❡♥t❡ r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛s

tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▲♦r❡♥t③ ✶✳ ❚ê♠✲s❡ ❡♥tã♦✱ ✉♠ ♥♦✈♦ ❝♦♥❝❡✐t♦✱ ♦ ❞❡ ❡s♣❛ç♦✲t❡♠♣♦✱ ✉♠❛

❡str✉t✉r❛ q✉❛❞r✐❞✐♠❡♥s✐♦♥❛❧✱ ❝♦♠ três ❞✐♠❡♥sõ❡s ❡s♣❛❝✐❛✐s ❡ ✉♠❛ t❡♠♣♦r❛❧✳

◆♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ à ❚❡♦r✐❛ ❞❛ ❘❡❧❛t✐✈✐❞❛❞❡ ❊s♣❡❝✐❛❧✱ ❡st❛ ❛✜r♠❛ q✉❡ ❛s ❧❡✐s ❢ís✐❝❛s sã♦ ❛s

♠❡s♠❛s ❡♠ t♦❞♦s ♦s r❡❢❡r❡♥❝✐❛✐s ✐♥❡r❝✐❛✐s✱ ♥ã♦ ❡①✐st✐♥❞♦ ♥❡♥❤✉♠ r❡❢❡r❡♥❝✐❛❧ ♣r❡❢❡r❡♥❝✐❛❧ ❬✼❪✳

■st♦ ✐♠♣❧✐❝❛✱ q✉❡ ❛♦ s❡ ❝♦♥s✐❞❡r❛r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡♥tr❡ ❞♦✐s r❡❢❡r❡♥❝✐❛✐s

✐♥❡r❝✐❛✐s✱ ❛s ❧❡✐s ❢ís✐❝❛s s❡rã♦ ✐♥✈❛r✐❛♥t❡s s♦❜ ❡ss❛ tr❛♥s❢♦r♠❛çã♦✳ P❛r❛ ❛ ❝♦♥str✉çã♦ ❞❛ ❚❡♦r✐❛

❞❛ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧✱ ❞❡✈❡✲s❡ ❝♦♥s✐❞❡r❛r ✉♠ ♣r✐♥❝í♣✐♦ ❡q✉✐✈❛❧❡♥t❡✱ ♣♦ré♠ ❞❡ ✉♠❛ ❢♦r♠❛ ♠❛✐s

✶❊q✉❛çõ❡s q✉❡ r❡❧❛❝✐♦♥❛♠ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❡♠ ❞♦✐s r❡❢❡r❡♥❝✐❛✐s ✐♥❡r❝✐❛✐s✳

✹



❛♠♣❧❛✱ ✐♥❝❧✉✐♥❞♦ q✉❛✐sq✉❡r tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡♥tr❡ r❡❢❡r❡♥❝✐❛✐s ❛r❜✐trár✐♦s✳

❯♠ ♦✉tr♦ ♣r✐♥❝í♣✐♦ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❛ ❡❧❛❜♦r❛çã♦ ❞❛ ❚❡♦r✐❛ ❞❛ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧✱ é

♦ ♣r✐♥❝✐♣✐♦ ❞❛ ❡q✉✐✈❛❧ê♥❝✐❛✱ ♦ q✉❛❧ ❛✜r♠❛ q✉❡✿ ✧❊♠ ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❞❡ ✉♠ ❝❛♠♣♦

❣r❛✈✐t❛❝✐♦♥❛❧ ❛r❜✐trár✐♦✱ é ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧♠❡♥t❡ ✐♥❡r❝✐❛❧✱ t❛❧

q✉❡ ♥✉♠❛ r❡❣✐ã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛ ❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦ ❡♠ q✉❡stã♦✱ ❛s ❧❡✐s ❞❛ ◆❛t✉r❡③❛

♣♦ss✉❡♠ ❛s ♠❡s♠❛s ❢♦r♠❛s ❝♦♠♦ ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s✱ ♥ã♦ ❛❝❡❧❡r❛❞♦s

♥❛ ❛✉sê♥❝✐❛ ❞❡ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧✧❬✽❪✳

◆❛ ♣rát✐❝❛✱ ❡ss❡ ♣rí♥❝✐♣✐♦ ✐♠♣❧✐❝❛ q✉❡ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ♦✉ ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦

♣❛r❛ ❛s ❧❡✐s ❞❛ ◆❛t✉r❡③❛✱ ❞❡✈❡♠ s❡r ❝♦rr❡s♣♦♥❞❡♥t❡s às ❡q✉❛çõ❡s ❞❛ ❘❡❧❛t✐✈✐❞❛❞❡ ❊s♣❡❝✐❛❧✱

❛♦ s❡ ♣❛ss❛r ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧♠❡♥t❡ ✐♥❡r❝✐❛❧✱ ♦✉ s❡❥❛✱ ✉♠ r❡❢❡r❡♥❝✐❛❧ ❡♠

q✉❡❞❛ ❧✐✈r❡✳

❉❡st❛ ❢♦r♠❛✱ ✉♠ ♣r✐♠❡✐r♦ ♣❛ss♦ ♣❛r❛ s❡ ❝♦♥str✉✐r ❛ ❚❡♦r✐❛ ❞❛ ❘❡❧❛t✐✈✐❞❛❞❡ ●❡r❛❧✱ é ❞❡✐①❛r

❞❡ ❧❛❞♦ ♦ ❡s♣❛ç♦ ❊✉❝❧✐❞❡❛♥♦ ❡ ♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s✱ ❡ ❛❞♦t❛r ✉♠❛ ❡str✉t✉r❛

♠❛✐s ❛❜r❛♥❣❡♥t❡✱ ♦✉ s❡❥❛✱ ❛ ❡str✉t✉r❛ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✳ P❛r❛ ✐ss♦✱ s❡ ❢❛③

♥❡❝❡ssár✐♦ ♦ ✉s♦ ❞❡ ✉♠ ❢❡rr❛♠❡♥t❛❧ ♠❛t❡♠át✐❝♦ q✉❡ ♣♦ss❛ ❞❡s❝r❡✈❡r ❡ss❛ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ é

❛ ❣❡♦♠❡tr✐❛ ❞✐❢❡r❡♥❝✐❛❧ ❬✹❪✳

❯♠ ❞♦s ❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❛ t❡♦r✐❛ ❞♦s t❡♥s♦r❡s é ♦ ❞❡ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s✱ ❡♠ ✉♠ s✐st❡♠❛ ❝✉r✈✐❧í♥❡♦✱ ❛ ❞✐❢❡r❡♥❝✐❛❧

❞❡ ✉♠ ✈❡t♦r ♥ã♦ é ✉♠ ✈❡t♦r ❡ ❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ♥ã♦ é ✉♠ t❡♥s♦r ♣♦r tr❛♥s❢♦r♠❛çõ❡s ❣❡r❛✐s

❞❡ ❝♦♦r❞❡♥❛❞❛s✳ ■st♦ ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❞✐❢❡r❡♥❝✐❛❧ é ❝❛❧❝✉❧❛❞❛ ❧❡✈❛♥❞♦✲s❡ ❡♠ ❝♦♥t❛

❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❞♦✐s ✈❡t♦r❡s✱ ❡♠ ♣♦♥t♦s ✐♥✜♥✐t❡s✐♠❛❧♠❡♥t❡ s❡♣❛r❛❞♦s ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✱ ❡

q✉❡ ❛s ❧❡✐s ❞❡ tr❛♥s❢♦r♠❛çã♦ ♣❛r❛ ✈❡t♦r❡s ❞❡♣❡♥❞❡♠ ❞❛ ♣♦s✐çã♦✳ ❙❡♥❞♦ ❛ss✐♠✱ ❛ ❞❡r✐✈❛❞❛

❝♦✈❛r✐❛♥t❡ ✜❝❛ ❞❡✜♥✐❞❛ ❝♦♠♦✱

∇µV
ν = ∂µV

ν + Γν
µλV

λ, ✭✷✳✶✮

✺



♦♥❞❡ Γν
µλ sã♦ ♦s sí♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧✳ ◆♦ ❝❛s♦ ❞❡ ✉♠ t❡♥s♦r ❞❡ ♦r❞❡♠ ❛r❜✐trár✐❛✱ ❡ss❛

❞❡✜♥✐çã♦ ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞❛✱ ❡s❝r❡✈❡♥❞♦✲s❡

∇ρT
µ1µ2...µl

ν1ν2...νl
= ∂ρT

µ1µ2...µl
ν1ν2...νl

+ Γµ1

ρλT
λµ2...µl

ν1ν2...νl
+

+Γµ2

ρλT
µ1λ...µl

ν1ν2...νl
+ ...− Γλ

ρν1
T µ1µ2...µl

λν2...νl
− Γλ

ρν2
T µ1µ2...µl

ν1λ...νl
− ....

P❛r❛ ✉♠❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞❛s ❞❡r✐✈❛❞❛s ❝♦✈❛r✐❛♥t❡s✱ s❡ ❢❛③ ♥❡❝❡ssár✐♦ ❡♥t❡♥❞❡r ♦

❝♦♥❝❡✐t♦ ❞❡ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦✳ ❙❛❜❡✲s❡ q✉❡ ♥❛ ❘❡❧❛t✐✈✐❞❛❞❡ ❊s♣❡❝✐❛❧ ❤á ✉♠❛ ❝♦♠♣r❡❡♥sã♦

❜❛st❛♥t❡ ❝❧❛r❛ ❞♦ q✉❡ ✈❡♠ ❛ s❡r ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❝♦♥st❛♥t❡✱ q✉❡ é ❛q✉❡❧❡ ❝✉❥❛s ❝♦♠♣♦♥❡♥t❡s

♥ã♦ ♠✉❞❛♠ ❞❡ ✉♠ ❧✉❣❛r ♣❛r❛ ♦✉tr♦✳ P♦ré♠✱ ❡st❡ ❝♦♥❝❡✐t♦ ♥ã♦ é ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛♥s❢♦r♠❛çõ❡s

❣❡r❛✐s ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❡ ♦♥❞❡ ♥ã♦ ❤á ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣r❡❢❡r❡♥❝✐❛❧✱ ❛ ✐❞é✐❛ ❞❡ ✉♠

❝❛♠♣♦ ✈❡t♦r✐❛❧ ❝♦♥st❛♥t❡ ♥ã♦ t❡♠ s❡♥t✐❞♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ é ✐♥t✉✐t✐✈❛♠❡♥t❡ ❝❧❛r♦ q✉❡ ✉♠

♦❜s❡r✈❛❞♦r✱ ❛♦ s❡ ❞❡s❧♦❝❛r ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❝✉r✈❛ ❛r❜✐trár✐❛✱ ♣♦❞❡ tr❛♥s♣♦rt❛r ✉♠ ✈❡t♦r

❝♦♥st❛♥t❡ ❛♦ ❧♦♥❣♦ ❞❡ss❛ ❝✉r✈❛✳ ❊ss❡ ♣r♦❝❡ss♦ é ❝❤❛♠❛❞♦ ❞❡ tr❛♥s♣♦rt❡ ♣❛r❛❧❡❧♦✳ ❈♦♠♦

❝♦♥s❡q✉ê♥❝✐❛ ❞❡ss❡ ♣r♦❝❡ss♦ ♣♦❞❡✲s❡ ❞❡✜♥✐r ✉♠❛ q✉❛♥t✐❞❛❞❡ ❣❡♦♠étr✐❝❛ ❝❤❛♠❛❞❛ t❡♥s♦r ❞❡

❝✉r✈❛t✉r❛ ♦✉ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥ ❬✺✱ ✻❪ ❞❛❞♦ ♣♦r

Rρ
λµν = ∂µΓρ

νλ − ∂νΓ
ρ
µλ + Γρ

µσΓσ
νλ − Γρ

νσΓσ
µλ. ✭✷✳✷✮

❆s ♣r♦♣r✐❡❞❛❞❡s ❛❧❣é❜r✐❝❛s ❞♦ t❡♥s♦r ❞❡ ❝✉r✈❛t✉r❛✱ s❡ t♦r♠❛♠ ♠❛✐s ❝❧❛r❛s✱ ❛♦ s❡ ❝♦♥s✐❞❡r❛r

❛ ❢♦r♠❛ ❝♦✈❛r✐❛♥t❡ ❞❡ Rρ
λµν q✉❡ é ❞❡✜♥✐❞❛ ♣♦r

Rρλµν ≡ gρσR
σ
λµν . ✭✷✳✸✮

❆ ♣❛rt✐r ❞❡ss❛ ❞❡✜♥✐çã♦✱ ♣♦❞❡✲s❡ ♠♦str❛r q✉❡ ♦ t❡♥s♦r ❞❡ ❝✉r✈❛t✉r❛ é s✐♠étr✐❝♦ ♣❡❧❛ tr♦❝❛

❞♦ ♣r✐♠❡✐r♦ ❝♦♠ ♦ s❡❣✉♥❞♦ ♣❛r ❞❡ í♥❞✐❝❡s✱ ♦✉ s❡❥❛✱ Rρλµν = Rµνρλ ❡ ❛♥t✐✲s✐♠étr✐❝♦ ♣❡❧❛ tr♦❝❛

❞❡ q✉❛❧q✉❡r ✉♠ ❞♦s í♥❞✐❝❡s ❞❡ss❡s ♣❛r❡s✱ Rρλµν = −Rλρµν ✳ ❯♠❛ ♦✉tr❛ ♣r♦♣r✐❡❞❛❞❡ ✐♠♣♦rt❛♥t❡

❞♦ t❡♥s♦r ❞❡ ❝✉r✈❛t✉r❛✱ é q✉❡ ❛ s♦♠❛ ❞❛s ♣❡r♠✉t❛çõ❡s ❝í❝❧✐❝❛s ❞♦s três ú❧t✐♠♦s í♥❞✐❝❡s é ✐❣✉❛❧

✻



❛ ③❡r♦✱ ♣♦❞❡♥❞♦✲s❡ ❡s❝r❡✈❡r

Rρλµν +Rρµνλ +Rρνλµ = 0. ✭✷✳✹✮

❖ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥ t❛♠❜é♠ s❛t✐s❢❛③ ❛ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❡♥✈♦❧✈❡♥❞♦ ❞❡r✐✈❛❞❛s✱ ❝♦♥❤❡❝✐❞❛

❝♦♠♦ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❇✐❛♥❝❤✐✱ ❞❛❞❛ ♣♦r

∇σRρλµν + ∇λRσρµν + ∇ρRλσµν = 0. ✭✷✳✺✮

❚♦♠❛♥❞♦✲s❡ ♦ tr❛ç♦ ❞♦ t❡♥s♦r ❞❡ ❘✐❡♠❛♥♥✱ tê♠✲s❡ ♦ t❡♥s♦r ❞❡ ❘✐❝❝✐✱ ❡s❝r✐t♦ ❝♦♠♦

Rµν = gρσRρµσν ⇒ Rµν = Rσ
µσν ✭✷✳✻✮

❡ ❝♦♥tr❛✐♥❞♦ ❞♦ t❡♥s♦r ❞❡ ❘✐❝❝✐✱ ♦❜té♠✲s❡ ♦ ❡s❝❛❧❛r ❞❡ ❝✉r✈❛t✉r❛✱ ❞❛❞♦ ♣♦r

R = Rµ
µ = gµρRµρ. ✭✷✳✼✮

❙❡♥❞♦ ❛ss✐♠✱ ❝♦♠ ❛ ✐♥tr♦❞✉çã♦ ❞♦ t❡♥s♦r ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ❘✐❡♠❛♥♥✱ ♠♦t✐✈❛❞❛ ♣❡❧❛

♥❡❝❡ss✐❞❛❞❡ ❞♦ s❡✉ ✉s♦ ♥❛ ❝♦♥str✉çã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧✱ ❢♦✐ ♣♦ssí✈❡❧

❞❡s❡♥✈♦❧✈❡r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡q✉❛çõ❡s ❝❛♣❛③❡s ❞❡ ❞❡s❝r❡✈❡r ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ❛ ❡str✉t✉r❛

❞♦ ❡s♣❛ç♦✲t❡♠♣♦✳ ❊ss❛s ❡q✉❛çõ❡s sã♦ ❛s ❝❤❛♠❛❞❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥✱ ❛s q✉❛✐s s❡rã♦✱ ❞❡

❢♦r♠❛ ❣❡r❛❧✱ ❞❡❞✉③✐❞❛s ❛ s❡❣✉✐r✳

✷✳✷ ❊q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥

❆s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ♥❡❝❡ss✐t❛♠ ♣❛r❛ s✉❛ ❞❡❞✉çã♦ q✉❡ s❡❥❛♠ ❡st❛❜❡❧❡❝✐❞♦s

❛❧❣✉♥s ❛①✐♦♠❛s ❜❛s❡❛❞♦s ❡♠ ♣r✐♥❝í♣✐♦s ❢ís✐❝♦s✳ ❊ss❡s ❛①✐♦♠❛s ❞❡♣❡♥❞❡♠ ❞♦ t✐♣♦ ❞❡ ❡q✉❛çã♦

q✉❡ s❡ ❞❡s❡❥❛ ♦❜t❡r✳ ❉❡ ♣♦ss❡ ❞❡ss❛s ❡q✉❛çõ❡s✱ ❢❛③✲s❡ ♦ ❝♦♥❢r♦♥t♦ ❝♦♠ ♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s

❡ é ✈❡r✐✜❝❛❞♦ s❡ ❤á ❝♦♥❝♦r❞â♥❝✐❛ ❝♦♠ ❡st❡s ♦✉ ♥ã♦✳ ❈❛s♦ ♦ r❡s✉❧t❛❞♦ ♥ã♦ s❡❥❛ s❛t✐s❢❛tór✐♦✱

♦✉tr❛s ❤✐♣ót❡s❡s sã♦ ❧❛♥ç❛❞❛s✳

P❛r❛ ❛ ❞❡❞✉çã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥✱ sã♦ ❡s❝♦❧❤✐❞♦s ♦s s❡❣✉✐♥t❡s ❛①✐♦♠❛s✿

✼



• ❛ ❣r❛✈✐t❛çã♦ ❞❡✈❡ s❡r ❞❡s❝r✐t❛ ♣♦r ✉♠❛ ♠étr✐❝❛ ▲♦r❡♥t③✐❛♥❛✱ s♦❜r❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛

✈❛r✐❡❞❛❞❡❀

• ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ❛ ♠étr✐❝❛ ❞❡✈❡♠ ♣♦ss✉✐r ❛♣❡♥❛s ❞❡♣❡♥❞ê♥❝✐❛ ❞♦

❝♦♥t❡ú❞♦ ❞❡ ♠❛tér✐❛ ❞❡ t♦❞♦s ♦s ❝❛♠♣♦s ♥♦ ❡s♣❛ç♦✲t❡♠♣♦❀

• ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❞❡✈❡♠ s❡r ❝♦✈❛r✐❛♥t❡s s♦❜ tr❛♥s❢♦r♠❛çõ❡s ❣❡r❛✐s ❞❡

❝♦♦r❞❡♥❛❞❛s ❡✱ ♣♦rt❛♥t♦✱ ❞❡✈❡♠ t❡r ❝❛rát❡r t❡♥s♦r✐❛❧❀

• ♦ t❡♥s♦r ❡♥❡r❣✐❛✲♠♦♠❡♥t♦ T µν ✱ ❞❡✈❡ s❛t✐s❢❛③❡r ❛ r❡❧❛çã♦ ∇µT
µν = 0✱ s✐❣♥✐✜❝❛♥❞♦ q✉❡ ♦

❝♦♥t❡ú❞♦ ❞❡ ❡♥❡r❣✐❛✲♠♦♠❡♥t♦ ❞♦s ❝❛♠♣♦s ❞❡ ♠❛tér✐❛✱ ❞❡✈❡ s❡r ❝♦♥s❡r✈❛❞♦ ❧♦❝❛❧♠❡♥t❡❀

• ❛ ♠❛tér✐❛ ❞❡✈❡ t❡r ❝♦♠♣♦rt❛♠❡♥t♦ ❝❛✉s❛❧✱ ♦✉ s❡❥❛✱ ❡st❛ ♥ã♦ ♣♦❞❡ ✈✐❛❥❛r ❝♦♠ ✈❡❧♦❝✐❞❛❞❡

s✉♣❡r✐♦r à ❞❛ ❧✉③❀

• ♥♦ ❧✐♠✐t❡ ❞❡ ❝❛♠♣♦s ❢r❛❝♦s✱ ❛ ❣r❛✈✐t❛çã♦ ❞❡ ◆❡✇t♦♥ ❞❡✈❡ s❡r ✈á❧✐❞❛❀

• ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ❞❡✈❡♠ ❝♦♥t❡r✱ ♥♦ ♠á①✐♠♦✱ ❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳

❊st❛ ú❧t✐♠❛ ❝♦♥❞✐çã♦✱ ❛♦ r❡str✐♥❣✐r ❛s ❞❡r✐✈❛❞❛s ❛♣❡♥❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✱ ❞❡✐①❛ ❞❡ ❧❛❞♦

♦ ♣r♦❜❧❡♠❛ q✉❡ s❡r✐❛ ♦ ❞❡ ❡s❝♦❧❤❡r ✐♥✜♥✐t❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦✳ ❆❧é♠ ❞♦ ♠❛✐s✱ ❡q✉❛çõ❡s ❝♦♠

❞❡r✐✈❛❞❛s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ❛ 2✱ ♥❡❝❡ss✐t❛♠ q✉❡ s❡❥❛♠ ✐♠♣♦st❛s ♦✉tr❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ♣❛r❛

s❡ ❞❡t❡r♠✐♥❛r ❛ ❡✈♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ❝❛♠♣♦s✳

❯♠ ♦✉tr♦ ❛①✐♦♠❛ q✉❡ ♣♦❞❡r✐❛ ❛✐♥❞❛ s❡r ❝♦♥s✐❞❡r❛❞♦✱ é q✉❡ ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ❞❡✈❡♠

s❡r ♦❜t✐❞❛s ❛♣❛rt✐r ❞❡ ✉♠ ♣r✐♥❝í♣✐♦ ❞❡ ♠í♥✐♠❛ ❛çã♦✱ ♥❛ ❢♦r♠❛ ❝♦✈❛r✐❛♥t❡ ❣❡r❛❧✳

▲❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ t❡♠✲s❡ ❞❛ ❝♦♥s❡r✈❛çã♦ ❞♦ t❡♥s♦r ❡♥❡r❣✐❛✲♠♦♠❡♥t♦

q✉❡

∇µT
µν = 0, ✭✷✳✽✮

✽



❛ q✉❛❧ ♦❜r✐❣❛ ❛ t❡r ✉♠❛ q✉❛♥t✐❞❛❞❡ ❣❡♦♠étr✐❝❛ ❝♦✈❛r✐❛♥t❡✱ ❝♦♥t❡♥❞♦ ❞❡r✐✈❛❞❛ ❛té 2a ♦r❞❡♠ ❡

❝♦♠ ❞✐✈❡r❣ê♥❝✐❛ ♥✉❧❛✳ ❙❡♥❞♦ ❛ss✐♠✱ ❛ ú♥✐❝❛ ♣♦ss✐❜✐❧✐❞❛❞❡ é

(Gµν + Λgµν) = aTµν ✭✷✳✾✮

s❡♥❞♦ Gµν = Rµν
1
2
Rgµν ❡ Λ ❡ a ❝♦♥st❛♥t❡s ❛ s❡r❡♠ ❞❡t❡r♠✐♥❛❞❛s✳

❖ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✾✮ ♣♦ss✉✐ ❞✐✈❡r❣ê♥❝✐❛ ♥✉❧❛ ♣♦✐s ∇λgµν = 0✳ P❛r❛ ♠♦str❛r

q✉❡ ∇µG
µ
ν = 0✱ t❡♠♦s ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❇✐❛♥❝❤✐ q✉❡

∇[λRρσ]µν ≡ 0 ✭✷✳✶✵✮

❛ q✉❛❧ ❢♦r♥❡❝❡

gµλ(∇λRρσµν + ∇σRλρµν + ∇ρRσλµν) ≡ 0 ✭✷✳✶✶✮

∇µR
µ
νρσ + ∇σRρν −∇ρRσν = 0 ✭✷✳✶✷✮

∇µR
µ
νρσ = 2∇[ρRσ]ν ✭✷✳✶✸✮

❈♦♥tr❛✐♥❞♦ ❡st❛ ❡①♣r❡ssã♦ ❝♦♠ gνσ✱ ♦❜té♠✲s❡

∇µR
µ
ρ =

1

2
∇ρR ✭✷✳✶✹✮

❆♣❧✐❝❛♥❞♦ ∇µ ❛ Gµν ✱ t❡♠✲s❡

∇µGµν = ∇µ(Rµν −
1

2
Rgµν) =

1

2
∇νR− 1

2
∇νR ✭✷✳✶✺✮

♦ q✉❡ ✐♠♣❧✐❝❛

∇µGµν = 0 ✭✷✳✶✻✮

♦✉ s❡❥❛✱ Gµν ♣♦ss✉✐ ❞✐✈❡r❣ê♥❝✐❛ ♥✉❧❛✳

P❛r❛ q✉❡ ❛ ❡q✉❛çã♦ ✭✷✳✾✮ ❡st❡❥❛ ❞✐♠❡♥s✐♦♥❛❧♠❡♥t❡ ❝♦♠♣❛tí✈❡❧✱ ❛ ❝♦♥st❛♥t❡ Λ ❞❡✈❡ t❡r

❞✐♠❡♥sõ❡s ❞❡ [L−2]✳ ❈♦♠♦ Tµν t❡♠ ❞✐♠❡♥sõ❡s ❞❡ [ML2T−2L−3] ❛ ❝♦♥st❛♥t❡ a ❞❡✈❡ t❡r

✾



❞✐♠❡♥sõ❡s ❞❡ [M−1L−1T 2]✳ ❙❡♥❞♦ G ❛ ❝♦♥st❛♥t❡ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ◆❡✇t♦♥✱ ❝✉❥❛s ❞✐♠❡♥sõ❡s

sã♦ ❞❡ [M−1L3T−2] ❡ c ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❧✉③ ❞❡ ❞✐♠❡♥sõ❡s [LT−1]✱ ❛ ❝♦♥st❛♥t❡ a ♣♦❞❡ s❡r ❞❛❞❛

❡♠ t❡r♠♦s ❞❡ss❛s ❝♦♥st❛♥t❡s✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ✜q✉❡ ❞✐♠❡♥s✐♦♥❛❧♠❡♥t❡ ❝♦♠♣❛tí✈❡❧✳ ❙❡♥❞♦

❛ss✐♠✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r q✉❡

a =
κG

c4
✭✷✳✶✼✮

s❡♥❞♦ κ ✉♠❛ ❝♦♥st❛♥t❡ ❛❞✐♠❡♥s✐♦♥❛❧✱ ❝✉❥♦ ✈❛❧♦r é 8π✱ ♦❜t✐❞♦ ♣❡❧❛ ✐♠♣♦s✐çã♦ ❞❡ q✉❡ ♥♦ ❧✐♠✐t❡

❞❡ ❝❛♠♣♦ ❢r❛❝♦ ❞❡✈❡♠♦s ♦❜t❡r ♦ r❡s✉❧t❛❞♦ ◆❡✇t♦♥✐❛♥♦✳

❆ ❝♦♥st❛♥t❡ Λ é ✉♠ ♣❛râ♠❡tr♦ ❞❛ t❡♦r✐❛ q✉❡ ❞❡✈❡ s❡r ♠❡❞✐❞♦ ❡ é ❝❤❛♠❛❞❛ ❞❡ ❝♦♥st❛♥t❡

❝♦s♠♦❧ó❣✐❝❛✳

❉❡ss❛ ❢♦r♠❛ ❛ ❡q✉❛çã♦ ✭✷✳✾✮ ♣❛ss❛rá ❛ s❡r ❡s❝r✐t❛ ❝♦♠♦

Rµν −
1

2
Rgµν + Λgµν =

8πGTµν

c4
✭✷✳✶✽✮

❊st❛ ❡q✉❛çã♦ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❡q✉❛çã♦ ❞❡ ❊✐♥st❡✐♥ ❝♦♠ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛✳ ◆♦ ✈á❝✉♦✱

♦ ❝♦♥t❡ú❞♦ ❞❡ ♠❛ss❛✲❡♥❡r❣✐❛ é ♥✉❧♦✱ ❡ ♣♦rt❛♥t♦ Tµν❂✵✳ P❛r❛ ❡st❡ ❝❛s♦✱ ❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥

s❡ r❡❞✉③❡♠ ❛

Rµν = Λgµν ✭✷✳✶✾✮

❡ q✉❛♥❞♦ ❛ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛ é ♥✉❧❛✱

Rµν = 0 ✭✷✳✷✵✮

❖ t❡r♠♦ Λgµν ❢♦✐ ✐♥tr♦❞✉③✐❞♦ ♣♦r ❊✐♥st❡✐♥ ❞❡ ♠♦❞♦ ❛ ❛❧t❡r❛r s✉❛s ❡q✉❛çõ❡s✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡

♦❜t❡r ✉♠❛ s♦❧✉çã♦ ❝♦s♠♦❧ó❣✐❝❛ q✉❡ ❞❡s❝r❡✈❡ss❡ ✉♠ ✉♥✐✈❡rs♦ ❤♦♠♦❣ê♥❡♦✱ ✐s♦tró♣✐❝♦ ❡ ❡stát✐❝♦✳

✶✵



✷✳✸ ❙♦❧✉çã♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ♥❛ ♣r❡s❡♥ç❛ ❞♦ ▼♦♥♦♣♦❧♦

❣❧♦❜❛❧

❚r❛♥s✐çõ❡s ❞❡ ❢❛s❡ ♥♦ ❯♥✐✈❡rs♦ ♣r✐♠✐t✐✈♦✱ ♣♦❞❡♠ t❡r ❞❛❞♦ ♦r✐❣❡♠ ❛ ❞✐✈❡rs♦s t✐♣♦s ❞❡

❞❡❢❡✐t♦s t♦♣ó❧♦❣✐❝♦s✱ ❞❡♥tr❡ ♦s q✉❛✐s ♣♦❞❡✲s❡ ❝✐t❛r ♦s ♠♦♥♦♣♦❧♦s ❣❧♦❜❛✐s✱ ❛ ❝♦r❞❛ ❝ós♠✐❝❛ ❡

❛s ♣❛r❡❞❡s ❞❡ ❞♦♠í♥✐♦ ❬✾✱ ✶✵❪✳ ◆♦ ❝❛s♦ ❞♦s ♠♦♥♦♣♦❧♦s ❣❧♦❜❛✐s✱ ❡ss❡s sã♦ ❢♦r♠❛❞♦s ❞❡✈✐❞♦

❛ ✉♠❛ q✉❡❜r❛ ❡s♣♦♥tâ♥❡❛ ❞❡ s✐♠❡tr✐❛ ❣❧♦❜❛❧ ❞❡ ❣❛✉❣❡ ❡ ❛ ♠❛✐♦r ♣❛rt❡ ❞❛ s✉❛ ❡♥❡r❣✐❛ ❡stá

❝♦♥❝❡♥tr❛❞❛ ❡♠ ✉♠❛ ♣❡q✉❡♥❛ r❡❣✐ã♦✱ ♣ró①✐♠❛ ❛♦ ♥ú❝❧❡♦✳ ❯♠❛ ❝♦♥✜❣✉r❛çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡

❛♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧ ❢♦✐ ♣r♦♣♦st❛ ♣♦r ❇❛rr✐♦❧❛ ❡ ❱✐❧❡♥❦✐♥ ❬✶✶❪✳ ❊st❡ ♠♦❞❡❧♦ s❡ ❝♦♥st✐t✉✐ ❞❡ ✉♠

✐s♦✲tr✐♣❧❡t♦ ❞❡ ❝❛♠♣♦ ❡s❝❛❧❛r φa✱ ❝✉❥❛ s✐♠❡tr✐❛ ❣❧♦❜❛❧ ❖✭✸✮ é ❡s♣♦♥t❛♥❡❛♠❡♥t❡ q✉❡❜r❛❞❛ ♣❛r❛

❯✭✶✮✳ P❛r❛ s❡ ❡st✉❞❛r ♦s ♠♦♥♦♣♦❧♦s ❣❧♦❜❛✐s✱ ❞❡✈❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ❛ s❡❣✉✐♥t❡ ❞❡♥s✐❞❛❞❡ ❞❡

▲❛❣r❛♥❣✐❛♥❛✿

L =
1

2
∂µφ

a∂µφa − 1

4
λ(φaφa − η2)2, ✭✷✳✷✶✮

s❡♥❞♦ φa ♦ tr✐♣❧❡t♦ ❞❡ ❝❛♠♣♦s ✐s♦❡s❝❛❧❛r❡s✱♦ q✉❛❧ é ❞❛❞♦ ♣♦r φa = ηf(r)xa

r
✱ ❝♦♠ a = 1, 2, 3

❡ η é ✉♠ ♣❛râ♠❡tr♦ q✉❡ ❡stá ❛ss♦❝✐❛❞♦ ❝♦♠ ❛ ❡s❝❛❧❛ ❞❡ ❡♥❡r❣✐❛ ♥❛ q✉❛❧ ♦❝♦rr❡✉ ❛ q✉❡❜r❛

❡s♣♦♥tâ♥❡❛ ❞❛ s✐♠❡tr✐❛✳

P❛r❛ ✉♠ ♠♦♥♦♣♦❧♦ ✐s♦❧❛❞♦ ❡ ❡stát✐❝♦✱ ❛ ♠étr✐❝❛ ♠❛✐s ❣❡r❛❧ q✉❡ ♣♦ss✉✐ s✐♠❡tr✐❛ ❡s❢ér✐❝❛

♣♦❞❡ s❡r ❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ds2 = −c2A(r)dt2 +B(r)dr2 + r2dθ2 + r2sen2θdϕ2 ✭✷✳✷✷✮

❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ♦ ♦♣❡r❛❞♦r ❞❵❆❧❡♠❜❡rt✐❛♥♦ q✉❡ é ❞❛❞♦ ♣♦r

✷ =
1√−g∂µ(

√−ggµν∂ν), ✭✷✳✷✸✮

♥❡ss❡ ❡s♣❛ç♦✲t❡♠♣♦ ❡❧❡ ❛❞q✉✐r❡ ❛ ❢♦r♠❛

✷ = − 1

c2A
∂2

t +

[
A

′

2AB
− B

′

B2
+

B
′

2B2
+

2

Br

]
∂r +

1

B
∂2

r +
cotgθ

r2
∂θ +

1

r2
∂2

θ +
1

r2sen2θ
∂2

ϕ ✭✷✳✷✹✮

✶✶



♦♥❞❡ ♦♠✐t✐✉✲s❡ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡♠ r ❞❡ A ❡ B ♣♦r q✉❡stõ❡s ❞❡ s✐♠♣❧✐❝✐❞❛❞❡✳

❆❣♦r❛✱ é ♥❡❝❡ssár✐♦ r❡s♦❧✈❡r ❛s ❡q✉❛çõ❡s ❞❡ ❝❛♠♣♦ ♣❛r❛ φa✳ ❉❡st❛ ❢♦r♠❛✱ s❡♥❞♦

φa = ηf(r)
xa

r
✭✷✳✷✺✮

t❡♠✲s❡

φ2 = φaφa = ηf(r)
xa

r
ηf(r)

xa

r
✭✷✳✷✻✮

φ2 = η2f 2(r)
xaxa

r2
✭✷✳✷✼✮

φ2 = η2f 2(r) ✭✷✳✷✽✮

❥á q✉❡ xaxa = r2✳ ❙❡♥❞♦ ❛ss✐♠ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ s❡rã♦✿

λ(φ2 − η2)φa + ✷φa = 0. ✭✷✳✷✾✮

P❛r❛ a = 1✱ ♦❜té♠✲s❡

φ1 = ηf(r)
x1

r
= ηf(r)senθcosϕ ✭✷✳✸✵✮

❈♦♠ ♦ ✉s♦ ❞❡st❛ ❡q✉❛çã♦✱ ♦ ♦♣❡r❛❞♦r ❞✬❆❧❛♠❜❡rt✐❛♥♦ ❛t✉❛♥❞♦ ❡♠ φ1 s❡rá✿

✷φ1 =

(
− 1

c2A
∂2

t +

[
A

′

2AB
− B

′

B2
+

B
′

2B2
+

2

Br

]
∂r +

1

B
∂2

r +
cotgθ

r2
∂θ+

+
1

r2
∂2

θ +
1

r2sen2θ
∂2

ϕ

)
ηf(r)senθcosϕ ✭✷✳✸✶✮

✷φ1 =

[
A

′

2AB
− B

′

B2
+

B
′

2B2
+

2

Br

]
ηf ′(r)senθcosϕ+

1

B
ηf ′′(r)senθcosϕ+

+
cotgθ

r2
ηf(r)cosθcosϕ− 1

r2
ηf(r)senθcosϕ− 1

r2sen2θ
ηf(r)senθcosϕ ✭✷✳✸✷✮

❉❡st❛ ❢♦r♠❛ ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ✭✷✳✷✾✮ ♣❛r❛ φ1 s❡rá ❡s❝r✐t❛ ❝♦♠♦✿

[
A

′

2AB
− B

′

B2
+

B
′

2B2
+

2

Br

]
ηf ′(r)senθcosϕ+

1

B
ηf ′′(r)senθcosϕ+

cotgθ

r2
ηf(r)cosθcosϕ−

✶✷



− 1

r2
ηf(r)senθcosϕ− 1

r2sen2θ
ηf(r)senθcosϕ + λ[η2f 2(r) − η2]ηf(r)senθcosϕ = 0 ✭✷✳✸✸✮

q✉❡ ❞✐✈✐❞✐❞❛ ♣♦r ηsenθcosϕ r❡s✉❧t❛ ❡♠

[
A

′

2AB
− B

′

B2
+

B
′

2B2
+

2

Br

]
f ′(r) +

1

B
f ′′(r) − 2

r2
f(r) + λη2f(r)[f 2(r) − 1] = 0 ✭✷✳✸✹✮

❡ ❛✐♥❞❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

1

B
f ′′(r) +

[
2

Br
+

1

2A

(
A

B

)′]
f ′(r) − 2

r2
+ λη2f(r)[f 2(r) − 1] = 0 ✭✷✳✸✺✮

❘❡s♦❧✈❡♥❞♦ ❛❣♦r❛ ♣r❛ a = 2 t❡♠♦s

φ2 = ηf(r)
x2

r
= ηf(r)senθsenϕ ✭✷✳✸✻✮

q✉❡ ❢♦r♥❡❝❡

✷φ2 =

(
− 1

c2A
∂2

t +

[
A

′

2AB
− B

′

B2
+

B
′

2B2
+

2

Br

]
∂r +

1

B
∂2

r +
cotgθ

r2
∂θ+

+
1

r2
∂2

θ +
1

r2sen2θ
∂2

ϕ

)
ηf(r)senθsenϕ ✭✷✳✸✼✮

❡ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛ ❛♥t❡r✐♦r✱ ♦❜té♠✲s❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

1

B
f ′′(r) +

[
2

Br
+

1

2A

(
A

B

)′]
f ′(r) − 2

r2
+ λη2f(r)[f 2(r) − 1] = 0 ✭✷✳✸✽✮

P❛r❛ φ3✱ ♦ r❡s✉❧t❛❞♦ s❡rá

✷φ3 =

(
− 1

c2A
∂2

t +

[
A

′

2AB
− B

′

B2
+

B
′

2B2
+

2

Br

]
∂r +

1

B
∂2

r +
cotgθ

r2
∂θ+

+
1

r2
∂2

θ +
1

r2sen2θ
∂2

ϕ

)
ηf(r)cosθ ✭✷✳✸✾✮

q✉❡ t❛♠❜é♠ r❡s✉❧t❛ ❡♠

1

B
f ′′(r) +

[
2

Br
+

1

2A

(
A

B

)′]
f ′(r) − 2

r2
+ λη2f(r)[f 2(r) − 1] = 0 ✭✷✳✹✵✮

✶✸



❆ss✐♠ ❛s ❡q✉❛çõ❡s ✭✷✳✸✺✮✱ ✭✷✳✸✽✮ ❡ ✭✷✳✹✵✮✱ ♠♦str❛♠ q✉❡ ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ♣♦❞❡ s❡r

❡s❝r✐t❛ ❝♦♠♦

1

B
f ′′(r) +

[
2

Br
+

1

2A

(
A

B

)′]
f ′(r) − 2

r2
+ λη2f(r)[f 2(r) − 1] = 0 ✭✷✳✹✶✮

P❛r❛ r❡s♦❧✈❡r ❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥✱ ✐♥✐❝✐❛❧♠❡♥t❡ s❡rá ❢❡✐t♦ ♦ ❝á❧❝✉❧♦ ❞♦ t❡♥s♦r ❡♥❡r❣✐❛✲

♠♦♠❡♥t♦✱ ♦ q✉❛❧ é ❞❛❞♦ ♣♦r

Tµν = (∂µφ
a)(∂νφ

a) − gµνL ✭✷✳✹✷✮

q✉❡ ❝♦♠ ❛ ▲❛❣r❛♥❣✐❛♥❛ ❞❛❞❛ ♣♦r ✭✷✳✷✶✮ ✜❝❛

Tµν = (∂µφ
a)(∂νφ

a) − gµν

[
1

2
∂µφ

a∂µφa − 1

4
λ(φaφa − η2)2

]
✭✷✳✹✸✮

❈❛❧❝✉❧❛♥❞♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ t❡♥s♦r ❡♥❡r❣✐❛✲♠♦♠❡♥t♦✱ s❡rá ♦❜t✐❞♦ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

T00 = −A(r)η2

2

[
f ′2(r)

B(r)
+

2f(r)2

r2

]
+ A(r)

λ

4
η4[f 2(r) − 1]2 ✭✷✳✹✹✮

T11 =
1

2
η2f ′2(r) − B(r)

r2
η2f 2(r) − B(r)

4
λη4[f 2(r) − 1]2 ✭✷✳✹✺✮

T22 = − 1

2B(r)
η2r2f ′2(r) − λ

4
r2η4[f 2(r) − 1]2 ✭✷✳✹✻✮

T33 = − 1

2B(r)
η2r2f ′2(r)sen2θ − λ

4
r2η4sen2θ[f 2(r) − 1]2 ✭✷✳✹✼✮

❊ ♣❛r❛ ♦ t❡♥s♦r ❞❡ ❘✐❝❝✐✱ ❛s ❝♦♠♣♦♥❡♥t❡s ♥ã♦✲♥✉❧❛s sã♦✿

R00 = −A′′

2B
+

1

4

(
A′

B

)(
B′

B
+
A′

A

)
− 1

r

(
A′

B

)
✭✷✳✹✽✮

R11 =
A′′

2A
− 1

4

(
A′

A

)(
B′

B
+
A′

A

)
− 1

r

(
B′

B

)
✭✷✳✹✾✮

✶✹



R22 = 1 − r

2B

(
−B

′

B
+
A′

A

)
− 1

B
✭✷✳✺✵✮

R33 = sen2θRθθ ✭✷✳✺✶✮

❊♠ r❡❣✐õ❡s ❞✐st❛♥t❡s ❞♦ ♥ú❝❧❡♦✱ t❡♠♦s q✉❡ f(r) → 1 ❞❡ ❛❝♦r❞♦ ❝♦♠ ❬✾❪✳ ❆ss✐♠ ❛s

❝♦♠♣♦♥❡♥t❡s ❞♦ t❡♥s♦r ❡♥❡r❣✐❛✲♠♦♠❡♥t♦ ❛ss♦❝✐❛❞♦ à ❝♦♥✜❣✉r❛çã♦ ❞♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧✱ s❡rã♦

❞❛❞❛s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♣♦r✿

T t
t = T r

r = −η
2

r2
T θ

θ = Tϕ
ϕ = 0 ✭✷✳✺✷✮

❆ss✐♠✱ s❛❜❡♥❞♦✲s❡ q✉❡

T = T 0
0 + T 1

1 + T 2
2 + T 3

3 ✭✷✳✺✸✮

♣❛r❛ ♦ ♠♦♥♦♣♦❧♦✱ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ t❡♥s♦r ❡♥❡r❣✐❛✲♠♦♠❡♥t♦ s❡rã♦

T = −2η2

r2
✭✷✳✺✹✮

❉❡st❛ ❢♦r♠❛✱ ❧❡✈❛♥❞♦ ❡ss❡s r❡s✉❧t❛❞♦s às ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥✱ s❡rã♦ ♦❜t✐❞❛s ❛s s❡❣✉✐♥t❡s

❡①♣r❡ssõ❡s✿

−A′′

2B
+

1

4

(
A′

B

)(
B′

B
+
A′

A

)
− 1

r

(
A′

B

)
= 0 ✭✷✳✺✺✮

A′′

2A
− 1

4

(
A′

A

)(
B′

B
+
A′

A

)
− 1

r

(
B′

B

)
= 0 ✭✷✳✺✻✮

1 − r

2B

(
−B

′

B
+
A′

A

)
− 1

B
=

8πGη2

c4
✭✷✳✺✼✮

[
1 − r

2B

(
−B

′

B
+
A′

A

)
− 1

B

]
sen2θ =

8πGη2sen2θ

c4
✭✷✳✺✽✮

✶✺



▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✺✺✮ ♣♦r 1/A ❡ ✭✷✳✺✻✮ ♣♦r 1/B✱ ♦❜té♠✲s❡

− A′′

2AB
+

1

4A

(
A′

B

)(
B′

B
+
A′

A

)
− 1

rA

(
A′

B

)
= 0 ✭✷✳✺✾✮

A′′

2AB
− 1

4B

(
A′

A

)(
B′

B
+
A′

A

)
− 1

rB

(
B′

B

)
= 0 ✭✷✳✻✵✮

❡ s♦♠❛♥❞♦ ❡ss❛s ❞✉❛s ❡q✉❛çõ❡s t❡♠✲s❡

1

rB

[
A′(r)

A(r)
+
B′(r)

B(r)

]
= 0 ✭✷✳✻✶✮

❞❛ q✉❛❧ s❡ ♣♦❞❡ ❝♦♥❝❧✉✐r q✉❡

A′

A
+
B′

B
= 0 ✭✷✳✻✷✮

❛ q✉❛❧ ✐♠♣❧✐❝❛ ❡♠

d

dr
lnA(r) = − d

dr
lnB(r) ✭✷✳✻✸✮

❝✉❥❛ s♦❧✉çã♦ é

A(r) =
C

B(r)
✭✷✳✻✹✮

♥❛ q✉❛❧ C é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ✐♥t❡❣r❛çã♦✳ ❙✉❜st✐t✉✐♥❞♦ ❡ss❛ r❡❧❛çã♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✺✼✮✱ ♦

s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ s❡rá ♦❜t✐❞♦

1 − r

2B

(
−B

′

B
− BB

′

B2

)
− 1

B
=

8πGη2

c4
✭✷✳✻✺✮

❞❛ q✉❛❧ s❡ ♦❜té♠

ln

(
B

[(8πGη2)/c4 − 1]B + 1

)
= lnr + C

′

✭✷✳✻✻✮

s❡♥❞♦

C
′

= ln |κ| ✭✷✳✻✼✮

❉❡ss❛ ❢♦r♠❛ ❛ s♦❧✉çã♦ ❞❡ ✭✷✳✻✻✮ s❡rá✿

1

B
= 1 − 8πGη2

c4
+

1

κr
✭✷✳✻✽✮

✶✻



❉❛ r❡❧❛çã♦ ✭✷✳✻✹✮✱ ❢❛③❡♥❞♦✲s❡ C = 1✱ r❡s✉❧t❛ ❡♠

A =
1

B
= 1 − 8πGη2

c4
+

1

κr
✭✷✳✻✾✮

❈♦♥s✐❞❡r❛♥❞♦ 1/κ = −2mG/c2✱ ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❝❛♠♣♦ ❢r❛❝♦✱ ♦♥❞❡ m é ❛

♠❛ss❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✱ t❡♠✲s❡

A =
1

B
= 1 − 8πGη2

c4
− 2mG

c2r
✭✷✳✼✵✮

❋✐♥❛❧♠❡♥t❡✱ ❧❡✈❛♥❞♦ ❡ss❡ r❡s✉❧t❛❞♦ à ♠étr✐❝❛ ❞❛❞❛ ♣♦r ✭✷✳✷✷✮✱ ❛ s♦❧✉çã♦ s❡rá ❡s❝r✐t❛ ❝♦♠♦

ds2 = −c2
(

1 − 2Gm

c2r
− 8πGη2

c4

)
dt2 +

(
1 − 2Gm

c2r
− 8πGη2

c4

)−1

dr2 + r2(dθ2 + sen2θdϕ2).

✭✷✳✼✶✮

❈♦♥s✐❞❡r❛♥❞♦ ❛s r❡❞❡✜♥✐çõ❡s ❛❜❛✐①♦

t =
T

b
✭✷✳✼✷✮

r = bR ✭✷✳✼✸✮

m = b3M ✭✷✳✼✹✮

♦♥❞❡

b2 =

(
1 − 8πGη2

c4

)
✭✷✳✼✺✮

♦❜t❡♠♦s q✉❡ ❛ ♠étr✐❝❛ ❞❛❞❛ ♣♦r ✭✷✳✼✶✮ ❛ss✉♠❡ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ds2 = −c2
(

1 − 2GM

c2R

)
dT 2 +

(
1 − 2GM

c2R

)−1

dR2 + b2R2(dθ2 + sen2θdϕ2) ✭✷✳✼✻✮

❛ q✉❛❧ r❡♣r❡s❡♥t❛ ❛ s♦❧✉çã♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ♥❛ ♣r❡s❡♥ç❛ ❞♦ ▼♦♥♦♣♦❧♦ ❣❧♦❜❛❧✳

✶✼



✷✳✸✳✶ Pr❡❝❡ssã♦ ❞♦ P❡r✐é❧✐♦ ❞❡ ▼❡r❝úr✐♦

P❛r❛ ♦ ❡st✉❞♦ ❞♦ ♠♦✈✐♠❡♥t♦ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❞❡ t❡st❡ q✉❡ s❡ ♠♦✈❡ ❡♠ t♦r♥♦ ❞❡ ✉♠❛

❡str❡❧❛✱ ❞❡✈❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ ❛ ▲❛❣r❛♥❣✐❛♥❛✱ ❛ q✉❛❧ é ❞❛❞❛ ♣♦r✿

L =
1

2
gµν

dxµ

dλ

dxν

dλ
✭✷✳✼✼✮

♦♥❞❡ λ é ♦ ♣❛râ♠❡tr♦ ❛✜♠ ❞❛ ❝✉r✈❛✳ ❯s❛♥❞♦ ❛ ♠étr✐❝❛ ❞❛❞❛ ♣♦r ✭✷✳✼✻✮✱ ❛ ▲❛❣r❛♥❣✐❛♥❛ ♣❛ss❛

❛ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

L =
1

2

[
−c2

(
1 − 2GM

c2R

)(
dT

dλ

)2

+

(
1 − 2GM

c2R

)−1(
dR

dλ

)2

+

+b2R2

(
dθ

dλ

)2

+ b2R2sen2θ

(
dϕ

dλ

)2
]

✭✷✳✼✽✮

❡ ❛s ❡q✉❛çõ❡s ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ q✉❡ sã♦ ❞❛❞❛s ♣♦r

d

dλ

∂L
∂ẋµ

− ∂L
∂xµ

= 0 ✭✷✳✼✾✮

❢♦r♥❡❝❡♠ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

d

dλ

[
−c
(

1 − 2GM

c2R

)
dT

dλ

]
= 0 ✭✷✳✽✵✮

d

dλ

(
b2R2 dθ

dλ

)
− b2R2senθcosθ

(
dϕ

dλ

)2

= 0 ✭✷✳✽✶✮

d

dλ

(
b2R2sen2θ

dϕ

dλ

)
= 0 ✭✷✳✽✷✮

❉❛ ❡q✉❛çã♦ ✭✷✳✽✵✮ s❡❣✉❡ q✉❡✿

c

(
1 − 2GM

c2R

)
dT

dλ
= E ✭✷✳✽✸✮

♦♥❞❡ E é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ♠♦✈✐♠❡♥t♦✳ ◆♦ ❧✐♠✐t❡ ◆❡✇t♦♥✐❛♥♦✱ E ❝♦rr❡s♣♦♥❞❡ à ❡♥❡r❣✐❛

r❡❧❛t✐✈íst✐❝❛ ❞❛ ♣❛rtí❝✉❧❛✳

✶✽



❚♦♠❛♥❞♦ θ = π
2

r❛❞✐❛♥♦s✱ ♦✉ s❡❥❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♣❧❛♥♦ ❡q✉❛t♦r✐❛❧✱ ❛ ❡q✉❛çã♦ ✭✷✳✽✶✮

❢♦r♥❡❝❡ q✉❡ d2θ
dλ2 = 0✱ ❡ ❛ ❡q✉❛çã♦ ✭✷✳✽✷✮ q✉❡✿

b2R2dϕ

dλ
= L ✭✷✳✽✹✮

s❡♥❞♦ L ✉♠❛ ❝♦♥st❛♥t❡✱ r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r✳

P❛r❛ ❛ ♦❜t❡♥çã♦ ❞❛ ❡q✉❛çã♦ r❛❞✐❛❧ ♦❜s❡r✈❛♠♦s q✉❡

L =
1

2
gµν

dxµ

dλ

dxν

dλ
= gµνP

µP µ = PµP
µ = −m

2
0c

2

2
✭✷✳✽✺✮

♦♥❞❡ m0 é ❛ ♠❛ss❛ ❞❡ r❡♣♦✉s♦ ❞❛ ♣❛rtí❝✉❧❛✳ ❖ ♣❛râ♠❡tr♦ λ ♣♦❞❡ s❡r ❛❥✉st❛❞♦ ❞❡ t❛❧ ❢♦r♠❛

q✉❡ t❡r❡♠♦s −2L = m0c
2✳ ■ss♦ é ♦❜t✐❞♦ ❛tr❛✈és ❞❛ r❡❧❛çã♦

λ =
τ

m0

✭✷✳✽✻✮

s❡♥❞♦ τ ♦ t❡♠♣♦ ♣ró♣r✐♦ ❞❛ ♣❛rtí❝✉❧❛✳ ❉❡st❛ ❢♦r♠❛✱ ❝♦♠ ❡ss❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ❡ ❝♦♥s✐❞❡r❛♥❞♦

m0 = 1✱ ❛ ▲❛❣r❛♥❣✐❛♥❛ ❢♦r♥❡❝❡✿

−c2
(

1 − 2GM

c2R

)(
dT

dλ

)2

+

(
1 − 2GM

c2R

)−1(
dR

dλ

)2

+

+b2R2

(
dθ

dλ

)2

+ b2R2sen2θ

(
dϕ

dλ

)2

= −c2 ✭✷✳✽✼✮

❈♦♠ ♦ ✉s♦ ❞❛s ❡q✉❛çõ❡s ✭✷✳✽✸✮ ❡ ✭✷✳✽✹✮✱ ❛ ❡q✉❛çã♦ ❛♥t❡r✐♦r ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

1

2

(
dR

dλ

)2

+
L2

2b2R2
+
c2

2
− GML2

c2b2R3
− GM

R
=

1

2
E2 ✭✷✳✽✽✮

♦♥❞❡ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ θ = π
2
✳

❈♦♥s✐❞❡r❛♥❞♦ R = R(ϕ)✱ ❡ ❢❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s R = 1
u
✱ ❛ ❡q✉❛çã♦ ❛♥t❡r✐♦r

♣❛ss❛ ❛ s❡r ❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

d2u

dϕ2
+ b2u =

GMb4

L2
+

3GMb2u2

c2
✭✷✳✽✾✮

✶✾



❊st❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r r❡s♦❧✈✐❞❛ ❛tr❛✈és ❞❡ ✉♠ ♠ét♦❞♦ ♣❡rt✉r❜❛t✐✈♦✳ P❛r❛ ✐ss♦ é ❞❡✜♥✐❞♦ ♦

s❡❣✉✐♥t❡ ♣❛râ♠❡tr♦ ❞❡ ♣❡rt✉r❜❛çã♦✿

ǫ =
3G2M4

L2c2
✭✷✳✾✵✮

❙❡♥❞♦ ❛ss✐♠ ❛ ❡q✉❛çã♦ ✭✷✳✽✾✮ ♣❛ss❛ ❛ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

d2u

dϕ2
+ b2u =

GMb4

L2
+ ǫ

(
L2b2u2

GM 3

)
✭✷✳✾✶✮

❆ss✉♠✐♥❞♦ ✉♠❛ s♦❧✉çã♦ ❞❛ ❢♦r♠❛

u = u0 + ǫu1 +O(ǫ2) ✭✷✳✾✷✮

❡ ❛❞♦t❛♥❞♦ ❛ ❝♦♥✈❡♥çã♦ ❞❡ q✉❡ ♦ í♥❞✐❝❡ ′ r❡♣r❡s❡♥t❛ ❛ ❞❡r✐✈❛❞❛ ♣r✐♠❡✐r❛ ❡ ♦ í♥❞✐❝❡ ′′ r❡♣r❡s❡♥t❛

❛ ❞❡r✐✈❛❞❛ s❡❣✉♥❞❛✱ t❡♠✲s❡ ❞❛ ❡q✉❛çã♦ ✭✷✳✾✶✮ q✉❡✿

(
u

′′

0 + b2u0 −
GMb4

L2

)
+ ǫ

(
u

′′

1 + u1b
2 − L2b2u2

0

GM 3

)
+O(ǫ2) = 0 ✭✷✳✾✸✮

■❣✉❛❧❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❝❛❞❛ ♣♦tê♥❝✐❛ ❞❡ ǫ ❛ ③❡r♦✱ ❡♥❝♦♥tr❛✲s❡ q✉❡ ❛ s♦❧✉çã♦ ❞❡ ♦r❞❡♠

③❡r♦ é ❞❛❞❛ ♣♦r

u0 =
GMb2

L2
[1 + ecos(bϕ− ϕ0)] ✭✷✳✾✹✮

♦♥❞❡ e = DL2

GMb2
✱ s❡♥❞♦ ϕ0 ❡ D ❝♦♥st❛♥t❡s✳ ❊st❛ ❡q✉❛çã♦ t❛♠❜é♠ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ t❡r♠♦s

❞❡ R ❢♦r♥❡❝❡♥❞♦✿

l

R
= 1 + ecos(bϕ− ϕ0) ✭✷✳✾✺✮

♦♥❞❡ l = L2

GMb2
✳

❆ ❡q✉❛çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ é ❞❛❞❛ ♣♦r✿

u
′′

1 + u1b
2 − L2b2

GM 3
u2

0 = 0 ✭✷✳✾✻✮

❛ q✉❛❧ s✉❜st✐t✉✐♥❞♦ u0 ❞❛ ❡q✉❛çã♦ ✭✷✳✾✹✮ ❝♦♠ ϕ0 = 0 r❡s✉❧t❛ ❡♠✿

u
′′

1 + u1b
2 =

Gb6

ML2

(
1 +

e2

2

)
+

2eGb6

ML2
cos(bϕ) +

e2Gb6

2ML2
cos(2bϕ) ✭✷✳✾✼✮

✷✵



❉❡✜♥✐♥❞♦

A ≡ Gb4

ML2

(
1 +

e2

2

)
✭✷✳✾✽✮

B ≡ Geb4

ML2
✭✷✳✾✾✮

C ≡ −Ge2b4

6ML2
✭✷✳✶✵✵✮

❛ ❡q✉❛çã♦ ✭✷✳✾✼✮ ❛❞q✉✐r❡ ❛ ❢♦r♠❛

u
′′

1 + u1b
2 = Ab2 + 2Bb2cos(bϕ) − 3Cb2cos(2bϕ) ✭✷✳✶✵✶✮

❝✉❥❛ s♦❧✉çã♦ s❡rá

u1 = A+Bbϕsen(bϕ) + Ccos(2bϕ) ✭✷✳✶✵✷✮

❆ss✐♠ ❛ s♦❧✉çã♦ ❣❡r❛❧ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♣❛r❛ ✭✷✳✾✶✮ s❡rá

u ≈ GMb2

L2

[
1 + ecos(ϕ

′

)
]

+
ǫGb4

ML2

[
1 + eϕ

′

sen(ϕ
′

) + e2
(

1

2
− 1

6
cos(2ϕ

′

)

)]
✭✷✳✶✵✸✮

♦♥❞❡ ❞❡✜♥✐♠♦s bϕ = ϕ′✳

❆ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❝♦rr❡çã♦ ♣❛r❛ u0 é ♦ t❡r♠♦ q✉❡ ❡♥✈♦❧✈❡ ϕ
′

sen(ϕ
′

)✱ ♣♦✐s ❛ ❝❛❞❛ r❡✈♦❧✉çã♦

❡❧❡ s❡ t♦r♥❛ ❝❛❞❛ ✈❡③ ♠❛✐♦r✳ ❙❡♥❞♦ ❛ss✐♠✱ ❞❡s♣r❡③❛♥❞♦✲s❡ ♦s ❞❡♠❛✐s t❡r♠♦s✱ ♥❛ s♦❧✉çã♦ ❞❛❞❛

♣❡❧❛ ❡q✉❛çã♦ ❛♥t❡r✐♦r✱ ♦ r❡s✉❧t❛❞♦ é

u =
GMb2

L2

[
1 + ecos(ϕ

′

) +
3M2G2b2

c2L2
eϕ

′

sen(ϕ
′

)

]
✭✷✳✶✵✹✮

❋❛③❡♥❞♦ χ = 3G2M2b2

c2L2 ϕ
′

✱ ❡st❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

u =
GMb2

L2
[1 + ecos(ϕ

′

) + χesen(ϕ
′

)] ✭✷✳✶✵✺✮

❙❡ ❝♦♥s✐❞❡r❛r♠♦s χ≪ 1✱ ❡st❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛

u =
GMb2

L2
[1 + ecos(ϕ

′ − χ)] ✭✷✳✶✵✻✮

✷✶



❙❡♥❞♦ ♦ ♣❡r✐é❧✐♦ ❛ ♠❡♥♦r ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦ ♣❧❛♥❡t❛ ❡ ♦ s♦❧✱ u ❞❡✈❡ t❡r s❡✉ ✈❛❧♦r ♠á①✐♠♦✱

❥á q✉❡ u = 1/R✳ ❆ss✐♠✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✷✳✶✵✻✮✱ t❡♠♦s

cos(ϕ
′ − χ) = 1 ✭✷✳✶✵✼✮

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

ϕ
′ − χ = 2π ✭✷✳✶✵✽✮

❛ q✉❛❧✱ r❡s♦❧✈❡♥❞♦ ♣❛r❛ ϕ
′

✱ ♥♦s ❞á

ϕ
′

= 2π

(
1 − 3G2M2b2

L2c2

)−1

✭✷✳✶✵✾✮

q✉❡ ❡①♣❛♥❞✐♥❞♦ ❡♠ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❢♦r♥❡❝❡

ϕ
′ ≈ 2π

(
1 +

3G2M2b2

L2c2

)
✭✷✳✶✶✵✮

❆ss✐♠✱ ♣❛r❛ ✉♠❛ ✈♦❧t❛ ❝♦♠♣❧❡t❛✱ ♦ ❞❡s✈✐♦ ❞❛ ór❜✐t❛ s❡rá ❞❛❞♦ ♣♦r

∆ϕ = ϕ
′ − 2π, ✭✷✳✶✶✶✮

r❡s✉❧t❛♥❞♦ ❡♠

∆ϕ =

(
6πG2M2b2

L2c2

)
. ✭✷✳✶✶✷✮

P❛r❛ ❝♦♥✈❡rt❡r ♦ ♠♦♠❡♥t♦ ❛♥❣✉❧❛r L ❡♠ q✉❛♥t✐❞❛❞❡s ♠❛✐s ❝♦♥✈❡♥❝✐♦♥❛✐s✱ ♣♦❞❡♠ s❡r

✉s❛❞❛s ❡①♣r❡ssõ❡s ✈á❧✐❞❛s ♣❛r❛ ór❜✐t❛s ◆❡✇t♦♥✐❛♥❛s✱ ❥á q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ♣r♦❝✉r❛❞❛ é ✉♠❛

♣❡q✉❡♥❛ ♣❡rt✉r❜❛çã♦✳ ❈♦♥s✐❞❡r❛♥❞♦✱ ♣♦rt❛♥t♦✱ q✉❡ ✉♠❛ ❡❧✐♣s❡ ♥❡st❡ ❝♦♥t❡①t♦ s❛t✐s❢❛③

R =
(1 − e2)a

1 + ecos(ϕ′)
✭✷✳✶✶✸✮

♦♥❞❡ a é ♦ s❡♠✐✲❡✐①♦ ♠❛✐♦r ❞❛ ❡❧✐♣s❡ ❡ e ❛ ❡①❝❡♥tr✐❝✐❞❛❞❡✳

❡ ❝♦♠♣❛r❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✶✶✸✮ ❝♦♠ ✭✷✳✾✺✮ ❡♥❝♦♥tr❛✲s❡ q✉❡

L2 = GMb2(1 − e2)a ✭✷✳✶✶✹✮

✷✷



q✉❡ s✉❜st✐t✉✐♥❞♦ ❡♠ ✭✷✳✶✶✷✮ r❡s✉❧t❛ ❡♠

∆ϕ0b =
6πGM

c2(1 − e2)a
✭✷✳✶✶✺✮

▲❡♠❜r❛♥❞♦ q✉❡ M = m
b3

❛ ❡q✉❛çã♦ q✉❡ ❢♦r♥❡❝❡ ♦ ❞❡s✈✐♦ ❞❛ ór❜✐t❛ ♣❛ss❛ ❛ s❡r ❡s❝r✐t❛ ❡♥tã♦ ♥❛

s❡❣✉✐♥t❡ ❢♦r♠❛

∆ϕ0b =
6πGm

c2b3(1 − e2)a
✭✷✳✶✶✻✮

❈❛❧❝✉❧❛♥❞♦ ♦ ✈❛❧♦r ❞❡ss❡ ❞❡s✈✐♦ ♣❛r❛ ♦ ♠♦✈✐♠❡♥t♦ ❞♦ ♣❧❛♥❡t❛ ▼❡r❝úr✐♦ ❡♠ t♦r♥♦ ❞♦ s♦❧✱

s❛❜❡♥❞♦✲s❡ q✉❡ η ≈ 10−5 ❬✾❪✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ b ≈ 0, 99999✱ ❡♥❝♦♥tr❛✲s❡✿

∆ϕ0b = 42, 9419
′′

/século ✭✷✳✶✶✼✮

❙❡♠ ❛ ♣r❡s❡♥ç❛ ❞♦ ❢❛t♦r b3✱ q✉❡ ❝❛r❛❝t❡r✐③❛ ♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧✱ ♦ r❡s✉❧t❛❞♦ ♣❛r❛ ♦ ❞❡s✈✐♦

s❡r✐❛ ❞❡ ❬✶✺❪

∆ϕ0 = 42, 9411
′′

/século ✭✷✳✶✶✽✮

❖ ✈❛❧♦r ♦❜s❡r✈❛❞♦ ♣❛r❛ ♦ ❞❡s✈✐♦ ❞❛ ór❜✐t❛ ❞❡ ▼❡r❝úr✐♦ é ❞❡ 43, 11±0, 45✳ P♦rt❛♥t♦ ♦ ✈❛❧♦r

♣r❡✈✐st♦ ♣❡❧❛ t❡♦r✐❛ ❡stá ❞❡♥tr♦ ❞❡ss❡ ✐♥t❡r✈❛❧♦✳

✷✳✸✳✷ ❊st❛❜✐❧✐❞❛❞❡ ❞❛s ór❜✐t❛s

❙❡rá ❝♦♥s✐❞❡r❛❞♦ ❛❣♦r❛✱ ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❞❡ t❡st❡ ♥♦ ❡s♣❛ç♦ t❡♠♣♦ ❞♦

♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧✱ ♦♥❞❡ ❛tr❛✈és ❞❡ ❛♥á❧✐s❡s q✉❛❧✐t❛t✐✈❛s✱ s❡rá ❞❡s❝r✐t♦ ❛s ❝♦♥❞✐çõ❡s q✉❡

❞❡t❡r♠✐♥❛♠ ór❜✐t❛s ❡stá✈❡✐s ❡♠ t♦r♥♦ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✳

■♥✐❝✐❛❧♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✽✽✮✱ ♦❜s❡r✈❛✲s❡ q✉❡ ❡st❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛

s❡❣✉✐♥t❡ ❢♦r♠❛

Ṙ2 + V 2(R) = E2 ✭✷✳✶✶✾✮

♦♥❞❡ ❢♦✐ ✉s❛❞❛ ❛ ♥♦t❛çã♦ Ṙ = dR/dλ ❡ V 2(R) é ✉♠ ♣♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ ❞❛❞♦ ♣♦r✿

V 2(R) =
L2

b2R2
+ 1 − 2MGL2

c2b2R3
− 2MG

c2R
✭✷✳✶✷✵✮

✷✸



■s♦❧❛♥❞♦ ♦ t❡r♠♦ Ṙ2 ♥❛ ❡q✉❛çã♦ ✭✷✳✶✶✾✮✱ t❡♠✲s❡ q✉❡

Ṙ2 = E2 − V 2(R) ✭✷✳✶✷✶✮

❡ s❡♥❞♦ ❛ss✐♠ ♦ ♣♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ ♣❛ss❛ ❛ s❡r ❡s❝r✐t♦ ❝♦♠♦✿

V (R) =

√(
1 − 2GM

c2R

)(
1 +

L2

b2R2

)
✭✷✳✶✷✷✮

❆ ❡s❝♦❧❤❛ ❞❛ r❛✐③ q✉❛❞r❛❞❛ ♣♦s✐t✐✈❛ ♣❛r❛ Ṙ2 ❡ V (R)✱ ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❡ ❡st❛r✲s❡ ❝♦♥s✐❞❡r❛♥❞♦

♣♦s✐t✐✈❛ ❛ ❡♥❡r❣✐❛ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ✈✐♥❞❛ ❞❡ R ≥ 2GM/c2✳ ❆ss✐♠ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r

Ṙ =
√
E2 − V 2(R) ✭✷✳✶✷✸✮

❆♣❛rt✐r ❞❡ss❛ ❡q✉❛çã♦✱ é ♣♦ssí✈❡❧ ❡st✉❞❛r q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛

♥♦ ❡s♣❛ç♦✲t❡♠♣♦ ❞♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧✱ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ ♣ró♣r✐❛ ♦✉ ❞❡ ✉♠ ♦❜s❡r✈❛❞♦r

♠♦✈❡♥❞♦✲s❡ ❥✉♥t♦ ❝♦♠ ❡❧❛✱ ❡♠ t❡r♠♦s ❞❡ R✱ E ❡ L✳

■♥✐❝✐❛❧♠❡♥t❡ é ♦❜s❡r✈❛❞♦ q✉❡ ♥♦ ❧✐♠✐t❡ R → ∞ ♦ ♣♦t❡♥❝✐❛❧ V ❢♦r♥❡❝❡

lim
R→∞

√(
1 − 2GM

c2R

)(
1 +

L2

b2R2

)
= 1 ✭✷✳✶✷✹✮

♣♦ré♠ s❡♠♣r❡ ♠❡♥♦r q✉❡ ✶✱ ❞❡✈✐❞♦ ❛♦ t❡r♠♦ R−1 ❞❡♥tr♦ ❞❛ r❛✐③ s❡r ♥❡❣❛t✐✈♦✳ ❖❜s❡r✈❛✲s❡

t❛♠❜é♠ q✉❡

V (R = 2GM/c2) = 0 ✭✷✳✶✷✺✮

♦ q✉❛❧ ♥ã♦ ❡stá ❞❡✜♥✐❞♦ ♣❛r❛ R < 2GM/c2✳

❉❡t❡r♠✐♥❛❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞♦ ♣♦t❡♥❝✐❛❧✱ ♣♦❞❡✲s❡ ❛❣♦r❛ ✐♥✈❡st✐❣❛r s❡✉s

❡①tr❡♠♦s✳ P❛r❛ ✐ss♦✱ t♦♠❛♥❞♦ ❛ ❞❡r✐✈❛❞❛ ❞♦ ♣♦t❡♥❝✐❛❧ ❝♦♠ r❡❧❛çã♦ ❛ R✱ t❡♠✲s❡

dV

dR
=

1

R2

GM
c2

− L2

b2R
+ 3GML2

b2c2R2√(
1 − 2GM

c2R

) (
1 + L2

b2R2

) ✭✷✳✶✷✻✮

q✉❡ ✐❣✉❛❧❛♥❞♦ ❛ ③❡r♦✱ ♣❡r♠✐t❡ ❛❝❤❛r ♦s ♠á①✐♠♦s ❡ ♠í♥✐♠♦s✳ ❙❡♥❞♦ ❛ss✐♠✱

dV

dR
= 0 ⇒ GM

c2
− L2

b2R
+

3GML2

b2c2R2
= 0 ✭✷✳✶✷✼✮

✷✹



❝✉❥❛s s♦❧✉çõ❡s sã♦ ❞❛❞❛s ♣♦r

R1 =
6MG

c2
(

1 +
√

1 − 12G2M2b2

L2c4

) ✭✷✳✶✷✽✮

❡

R2 =
6MG

c2
(

1 −
√

1 − 12G2M2b2

L2c4

) ✭✷✳✶✷✾✮

P❛r❛ s❛❜❡r s❡ ❡ss❡s ♣♦♥t♦s sã♦ ♠á①✐♠♦s ♦✉ ♠í♥✐♠♦s✱ é ♥❡❝❡ssár✐♦ ❝❛❧❝✉❧❛r ❛ ❞❡r✐✈❛❞❛

s❡❣✉♥❞❛ ❞♦ ♣♦t❡♥❝✐❛❧ ❝♦♠ r❡❧❛çã♦ ❛ R✳ ❋❛③❡♥❞♦ ✐st♦✱ ❡♥❝♦♥tr❛✲s❡ q✉❡✱

d2V

dR2
=

−2GM
c2R3 + 3L2

b2R4 − 12GML2

b2c2R5√(
1 − 2GM

c2R

) (
1 + L2

b2R2

) −

(
GM
c2R2 − L2

b2R3 + 3GML2

b2c2R4

)2

[(
1 − 2GM

c2R

) (
1 + L2

b2R2

)]3/2
✭✷✳✶✸✵✮

P❛r❛ R = R1✱ ❛ ❞❡r✐✈❛❞❛ s❡❣✉♥❞❛ é ♥❡❣❛t✐✈❛✱ ✐♥❞✐❝❛♥❞♦ ♣♦rt❛♥t♦ q✉❡ R1 é ✉♠ ♣♦♥t♦ ❞❡

♠á①✐♠♦ ❞❡ V ✳ ◆♦ ❝❛s♦ ❡♠ q✉❡R = R2✱ ❛ ❞❡r✐✈❛❞❛ é ♣♦s✐t✐✈❛✱ ❡ ❛ss✐♠R2 é ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦

❞❡ V ✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ s❡rá ❝♦♥s✐❞❡r❛❞♦ ❞❛q✉✐ ♣♦r ❞✐❛♥t❡ q✉❡ L ≥ 0✱ ❡ ❞❡ss❛

❢♦r♠❛✱ ♦s ♠á①✐♠♦s ❡ ♠í♥✐♠♦s só ❡①✐st❡♠ ♣❛r❛ L ≥ 2GMb
√

3/c2✳ ◗✉❛♥❞♦ L = 2GMb
√

3/c2✱

R1 = R2 = 6GM/c2 ❡ d2V/dR2 = 0✱ ✐♥❞✐❝❛♥❞♦ ❛ss✐♠ ✉♠ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ ♥♦ ❣rá✜❝♦ ❞❡ V

❡♠ ❢✉♥çã♦ ❞❡ R✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ R = 6GM/c2✱ ♦ ♣♦t❡♥❝✐❛❧ ♣♦ss✉✐ ♦ s❡❣✉✐♥t❡ ✈❛❧♦r

V (R = 6GM/c2) =

√
8

9
✭✷✳✶✸✶✮

P❛r❛ R = R1 ❡ R = R2✱ ♦s ✈❛❧♦r❡s ❞♦ ♣♦t❡♥❝✐❛❧ sã♦

V (R1) =

√√√√1

3

[
2 −

√
1 − 12G2M2b2

L2c4

][
2

3
+

L2c4

18b2G2M2

(
1 +

√
1 − 12G2M2b2

L2c4

)]
✭✷✳✶✸✷✮

❡

V (R2) =

√√√√1

3

[
2 +

√
1 − 12G2M2b2

L2c4

][
2

3
+

L2c4

18b2G2M2

(
1 −

√
1 − 12G2M2b2

L2c4

)]
✭✷✳✶✸✸✮

❆♣❛rt✐r ❞❡ss❡s ✈❛❧♦r❡s✱ ♦❜s❡r✈❛✲s❡ q✉❡ ♣❛r❛ L = 4GMb/c2✱ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞♦ ♣♦t❡♥❝✐❛❧ s❡rá

V (R1) = 1✱ ❡①❝❡❞❡♥❞♦ ❡ss❡ ✈❛❧♦r s❡ L > 4GMb/c2✳

✷✺



❆ s❡❣✉✐r sã♦ ♠♦str❛❞♦s ❣rá✜❝♦s ❞♦ ♣♦t❡♥❝✐❛❧ V ❡♠ ❢✉♥çã♦ ❞❡ R✳ ❆❞♠✐t✐♠♦s ♣♦r q✉❡stõ❡s

❞❡ s✐♠♣❧✐❝✐❞❛❞❡ q✉❡ G = c = M = 1✳

❋✐❣✉r❛ ✷✳✶✿ P♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ V ❡♠ ❢✉♥çã♦ ❞❡ r✱ ♣❛r❛ L = 0, b, 2b, 2b
√

3✳

❙❛❜❡♠♦s q✉❡ ♦s t✐♣♦s ❞❡ ♠♦✈✐♠❡♥t♦ ❞❡♣❡♥❞❡rã♦ ❞♦s ✈❛❧♦r❡s ❞❡ L ❡ E✳ ❙❡♥❞♦ ❛ss✐♠✱ ❤á

✈ár✐♦s ❝❛s♦s ❛ ❛♥❛❧✐s❛r✿ L < 2Gm
√

3
b2c2

;L = 2Gm
√

3
b2c2

; 2Gm
√

3
b2c2

< L < 4Gm
b2c2

❡ L > 4Gm
b2c2

✳

◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ L < 2Gm
√

3
b2c2

✱ ✈❡♠♦s ♣❡❧♦s ❣rá✜❝♦s q✉❡ ♦ ♣♦t❡♥❝✐❛❧ ♥ã♦ ♣♦ss✉✐ ✉♠ ♠á①✐♠♦

❧♦❝❛❧✱ ✐♥❞✐❝❛♥❞♦ q✉❡ q✉❛❧q✉❡r q✉❡ s❡❥❛ ❛ ❡♥❡r❣✐❛ E ❞❛ ♣❛rtí❝✉❧❛ ❡st❛ ❝❛✐ ♥♦ ❜✉r❛❝♦ ♥❡❣r♦✱

❤❛✈❡♥❞♦ ♣♦rt❛♥t♦✱ ❛♣❡♥❛s ✉♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♠♦✈✐♠❡♥t♦✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ L = 2Gm
√

3
b2c2

✱

✈✐♠♦s q✉❡ E =
√

8
9
✱ ✐♥❞✐❝❛♥❞♦ ♦ ú♥✐❝♦ ✈❛❧♦r ♣❛r❛ ♦ q✉❛❧ ❛ ♣❛rtí❝✉❧❛ ♥ã♦ é ❝❛♣t✉r❛❞❛ ♣❡❧♦

❜✉r❛❝♦ ♥❡❣r♦✳ ❊st❛ ❡♥❡r❣✐❛ ❝♦rr❡s♣♦♥❞❡ à ♣❛rtí❝✉❧❛ ❡stá ❧♦❝❛❧✐③❛❞❛ ❡♠ r = 6Gm
b3c2

✳ ❚❡♠♦s ❛ss✐♠

✉♠ ♠♦✈✐♠❡♥t♦ ✐♥stá✈❡❧ ❡♠ ✈♦❧t❛ ❞♦ ❜✉r❛❝♦✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛ ♠❡♥♦r ♣❡rt✉r❜❛çã♦ ❛ ❧❛♥ç❛

♥❛ ❞✐r❡çã♦ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✳

✷✻



❋✐❣✉r❛ ✷✳✷✿ P♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ V ❡♠ ❢✉♥çã♦ ❞❡ r✱ ♣❛r❛ L = 4b, 7b, 10b✳

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ 2Gm
√

3
b2c2

< L < 4Gm
b2c2

✱ ✈❡♠♦s ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ♠á①✐♠♦ ❡ ✉♠ ♠í♥✐♠♦

❞✐st✐♥t♦s ♣❛r❛ V ✱ s❡♥❞♦ ♣♦ré♠ ♦ ♠á①✐♠♦ ♠❡♥♦r q✉❡ ✶✱ ✈❛❧♦r ❞♦ ♣♦t❡♥❝✐❛❧ q✉❛♥❞♦ r → ∞✳

❆ss✐♠✱ ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ ✈✐♥❞❛ ❞♦ ✐♥✜♥✐t♦✱ ❝♦♠ ❡♥❡r❣✐❛ s✉♣❡r✐♦r ❛♦ ♠á①✐♠♦ ❞❡ V ❡st❛ ❝❛✐rá

♥♦ ❜✉r❛❝♦ ❡♠ r = 2GM/c2✳ ❙❡ ❛ ❡♥❡r❣✐❛ ❢♦r ✐❣✉❛❧ ❛♦ ♠á①✐♠♦ ❞❡ V ✱ ❡❧❛ ❛♣r❡s❡♥t❛ ✉♠❛ ór❜✐t❛

❝✐r❝✉❧❛r ✐♥stá✈❡❧✱ ❡♠ r = r1✳ P♦r ♠❡♥♦r q✉❡ s❡❥❛ ❛ ♣❡rt✉r❜❛çã♦✱ ❡st❛ ♣♦❞❡ ❧❡✈❛r ❛ ♣❛rtí❝✉❧❛ ❡♠

❞✐r❡çã♦ ❛♦ ❜✉r❛❝♦ ♥❡❣r♦✱ s❡ s✉❛ ❡♥❡r❣✐❛ ❢♦r ❡❧❡✈❛❞❛✱ ♦✉ ❧❡✈á✲❧❛ ♣❛r❛ ór❜✐t❛s ❡stá✈❡✐s✱ ❝❛s♦ ❤❛❥❛

❞✐♠✐♥✉✐çã♦ ❞❛ ❡♥❡r❣✐❛✳ ❙❡ ❛ ❡♥❡r❣✐❛ E ❡st✐✈❡r ❡♥tr❡ ♦ ♠á①✐♠♦ ❡ ♦ ♠í♥✐♠♦ ❞❡ V ✱ ❛ ♣❛rtí❝✉❧❛

❡st❛rá ❞❡s❝r❡✈❡♥❞♦ ór❜✐t❛s ❧✐♠✐t❛❞❛s✱ ❝♦♠ ❞♦✐s ♣♦♥t♦s ❞❡ r❡t♦r♥♦✳ ❏á s❡ E ❢♦r ✐❣✉❛❧ ❛♦ ♠í♥✐♠♦

❞❡ V ✱ ❛ ór❜✐t❛ s❡rá ❝✐r❝✉❧❛r ❡ ❡stá✈❡❧ ❡♠ r = r2✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ L = 4GM/b2c2✱ ❛ ❛♥á✐s❡ é

s❡♠❡❧❤❛♥t❡ à ❛♥t❡r✐♦r✱ s❡♥❞♦ q✉❡ ❛❣♦r❛ t❡r❡♠♦s ❛ ór❜✐t❛ ❝✐r❝✉❧❛r ✐♥stá✈❡❧ ♣❛r❛ ♣❛rtí❝✉❧❛s ❝♦♠

E = 1✱ ♥♦ ♣♦♥t♦ r = 4Gm/b2c2✱ ❡ ❛ ❝❛♣t✉r❛ ♦❝♦rr❡ ❡♠ r = 2Gm/b2c2✱ ❝❛s♦ E > 1✳

✷✼



P❛r❛ ♦ ú❧t✐♠♦ ❝❛s♦ ❡♠ q✉❡ L > 4Gm
b2c2

✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s s✐t✉❛çõ❡s✿ ❙❡ E ❢♦r ✐❣✉❛❧ ❛♦

♠í♥✐♠♦ ❞❡ V ✱ ❛ ór❜✐t❛ s❡rá ❝✐r❝✉❧❛r ❡ ❡stá✈❡❧ ❡♠ r = r2❀ ♣❛r❛ E ✐❣✉❛❧ ❛♦ ♠á①✐♠♦ ❞❡ V ✱

❛ ór❜✐t❛ s❡rá ❝✐r❝✉❧❛r ✐♥stá✈❡❧ ❡ ❛ ♠❡♥♦r ♣❡rt✉r❜❛çã♦ ❛rr❛st❛rá ❛ ♣❛rtí❝✉❧❛ ♣❛r❛ ❞❡♥tr♦ ♦✉

♣❛r❛ ❧♦♥❣❡ ❞♦ ❜✉r❛❝♦✳ P♦ré♠ s❡ E ✉❧tr❛♣❛ss❛r ♦ ♠á①✐♠♦ ❞♦ ♣♦t❡♥❝✐❛❧✱ ❛ ♣❛rtí❝✉❧❛ ❝❛✐ ❡♠

r = 2Gm/b2c2✳

✷✽



❈❛♣ít✉❧♦ ✸

❇✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ♥❛

♣r❡s❡♥ç❛ ❞♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧ ♠❛✐s

◗✉✐♥t❡ssê♥❝✐❛

❖❜s❡r✈❛çõ❡s ❛str♦♥ô♠✐❝❛s r❡❝❡♥t❡s ❬✶✻❪✱ ♠♦str❛♠ ❞❡ ♠❛♥❡✐r❛ ❝♦♥✈✐♥❝❡♥t❡✱ q✉❡ ♦ ❯♥✐✈❡rs♦

❡stá ❡♠ ❡①♣❛♥sã♦ ❛❝❡❧❡r❛❞❛✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ♥❛ ❝♦♥tr✐❜✉✐çã♦ ❞❛ ♠❛tér✐❛ ❝♦♠ ♣r❡ssã♦ ♥❡❣❛t✐✈❛✳

❊ss❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ♣r❡ssã♦ ♣♦❞❡ s❡r tr❛❞✉③✐❞❛ ❡♠ t❡r♠♦s ❞❡ ❞♦✐s ❢❛t♦r❡s✿ ♦ ♣r✐♠❡✐r♦

❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ t❡r♠♦ ❞❡ ❝♦♥st❛♥t❡ ❝♦s♠♦❧ó❣✐❝❛✱ ❡ ♦ s❡❣✉♥❞♦ s❡ ❞❡✈❡ ❛ ❝❤❛♠❛❞❛

q✉✐♥t❡ssê♥❝✐❛ ❬✶✼❪✱ ❝♦♠ ❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ ❞❛❞❛ ♣❡❧❛ r❡❧❛çã♦ ❡♥tr❡ ❛ ♣r❡ssã♦ pq ❡ ❛ ❞❡♥s✐❞❛❞❡

❞❡ ❡♥❡r❣✐❛ ρq✱ ♥❛ ❢♦r♠❛ pq = ωqρq✱ ❝♦♠ ♦ ♣❛râ♠❡tr♦ ωq ✈❛r✐❛♥❞♦ ♥♦ ✐♥t❡r✈❛❧♦ −1 < ωq < −1
3
✱

❡①✐❣ê♥❝✐❛ ♣❛r❛ ❛ ❛❝❡❧❡r❛çã♦ ❝ós♠✐❝❛✳

✸✳✶ ❊q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦

P❛r❛ ❡ss❡ ♠♦❞❡❧♦ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ ▲❛❣r❛♥❣✐❛♥❛✱ ♥❛ s❡❣✉✐♥t❡ ❢♦r♠❛

L =
1

2
∂µφ

a∂µφa −
1

4
λ(φaφa − η2)2 ✭✸✳✶✮

✷✾



♦♥❞❡✱ ❝♦♠♦ ❥á ✈✐st♦✱ φa é ♦ tr✐♣❧❡t♦ ❞❡ ❝❛♠♣♦s ✐s♦❡s❝❛❧❛r❡s✱ ❝♦♠ a = 1, 2, 3✳ P❛r❛ ❡st❡ ❝❛s♦ φa

é ❡s❝r✐t♦ ❝♦♠♦

φa = ηf(r)
xa

r
, ✭✸✳✷✮

❝♦♠ xaxa = r2✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ♠étr✐❝❛ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛ ♠❛✐s ❣❡r❛❧✱ ❛ q✉❛❧ ♣♦❞❡ s❡r

❡s❝r✐t❛ ♥❛ ❢♦r♠❛

ds2 = −c2A(r)dt2 +B(r)dr2 + r2dθ2 + r2sen2θdϕ2, ✭✸✳✸✮

♦♥❞❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❡s❢ér✐❝❛s r, θ, ϕ ♣♦ss✉❡♠ ❛s r❡❧❛çõ❡s ✉s✉❛✐s ❝♦♠ ❛s ❝♦♦r❞❡♥❛❞❛s

❝❛rt❡s✐❛♥❛s xa✳

❆ss✐♠ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ s❡rã♦ ❞❛❞❛s ♣♦r

1

B
f ′′(r) +

[
2

Br
+

1

2A

(
A

B

)′]
− 2

r2
+ λη2f(r)[f 2(r) − 1] = 0 ✭✸✳✹✮

P❛r❛ r❡s♦❧✈❡r ❞❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥✱ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r ♦ t❡♥s♦r ❡♥❡r❣✐❛✲♠♦♠❡♥t♦ ❞❛

q✉✐♥t❛ ❡ssê♥❝✐❛ τµν ✳ ❉❡st❛ ❢♦r♠❛ ❡st❛s ♣❛ss❛♠ ❛ s❡r ❡s❝r✐t❛s ❝♦♠♦

Gµν = 8πG(Tµν + τµν) ✭✸✳✺✮

◆♦ ❝❛s♦ ❡stát✐❝♦ ❡ ❡s❢❡r✐❝❛♠❡♥t❡ s✐♠étr✐❝♦✱ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ t❡♥s♦r ❡♥❡r❣✐❛✲♠♦♠❡♥t♦ ❞❛

q✉✐♥t❡ssê♥❝✐❛ sã♦ ❞❛❞❛s ♣♦r ❬✶✽❪

τ t
t = τ r

r = ρq(r) ✭✸✳✻✮

❡

τ θ
θ = τϕ

ϕ = −1

2
ρq(r)(3ωq + 1) ✭✸✳✼✮

♦♥❞❡

ρq(r) =
c

2

3ωq

r3(1+ωq)
✭✸✳✽✮

s❡♥❞♦ c ✉♠ ❢❛t♦r ❝♦♥st❛♥t❡ ❡ ωq é ✉♠ ♣❛râ♠❡tr♦ ❧✐✈r❡ ❞❡✜♥✐❞♦ ♥♦ ✐♥t❡r✈❛❧♦ −1 < ωq < −1
3
✳
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❙❡♥❞♦ ❛ss✐♠✱ ♦❜t❡♠♦s q✉❡ ❛ ♠étr✐❝❛ ❞❛❞❛ ♣♦r ✭✹✳✹✸✮✱ t❡rá ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ds2 = −c2
(

1 − ǫ2 − 2GM

c2r
+

ǫ2ρ0

η23ωqr3ωq+1

)
dt2 +

(
1 − ǫ2 − 2GM

c2r
+

ǫ2ρ0

η23ωqr3ωq+1

)−1

dr2+

+r2(dθ2 + sen2θdϕ2) ✭✸✳✾✮

♦♥❞❡ ǫ2 = 8πGη2/c4✱ ρ0 é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ❞❛ q✉✐♥t❡ssê♥❝✐❛ ❡♠ r = 1✳

❱❛♠♦s ❛❣♦r❛ ❝♦♥s✐❞❡r❛r ❛ ❡q✉❛çã♦ ❞❡ ❑❧❡✐♥✲●♦r❞♦♥ ♣❛r❛ ✉♠ ❝❛♠♣♦ ♠❛ss✐✈♦✱ ❛ q✉❛❧ é

❞❛❞❛ ♣♦r✿

(✷ +m2)ψ = 0 ✭✸✳✶✵✮

❯t✐❧✐③❛♥❞♦ ♦ ❛♥s❛t③✱

ψ(t, r, θ, ϕ) = e−iωtR(r)

r
Ylm(θ, φ), ✭✸✳✶✶✮

❛ ❡q✉❛çã♦ ✭✸✳✾✮ t♦♠❛ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛

(
d2

dr2
∗

+ ω2 − V (r)

)
R(r) = 0, ✭✸✳✶✷✮

♦♥❞❡ r∗ é ❛ ❝♦♦r❞❡♥❛❞❛ t❛rt❛r✉❣❛✱ ❞❡✜♥✐❞❛ ❝♦♠♦

dr∗ =
dr(

1 − ǫ2 − 2GM
c2r

+ ǫ2ρ0

η23ωqr3ωq+1

) ✭✸✳✶✸✮

❡ V (r) é ♦ ♣♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ ❞❛❞♦ ♣♦r

V (r) =
l(l + 1)f(r)

r2
−m2f(r) +

f(r)f
′

(r)

r
, ✭✸✳✶✹✮

s❡♥❞♦ f(r) =
(
1 − ǫ2 − 2GM

c2r
+ ǫ2ρ0

η23ωqr3ωq+1

)
❡ f

′

(r) s✉❛ ❞❡r✐✈❛❞❛ ❝♦♠ r❡s♣❡✐t♦ ❛ r✳

❙❛❜❡✲s❡ q✉❡ ❛ ❞✐♥â♠✐❝❛ ❞❛ ❡✈♦❧✉çã♦ ❞♦ ❝❛♠♣♦✱ ❡♠ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ é ❝♦♥st✐t✉í❞❛ ❞❡

três ❡stá❣✐♦s✳ ❖ ♣r✐♠❡✐r♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ✉♠❛ ♦♥❞❛✱ ✈✐♥❞❛ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❢♦♥t❡

❞❡ ♣❡rt✉r❜❛çã♦✱ ❡ é ❞❡♣❡♥❞❡♥t❡ ❞❛ ❢♦r♠❛ ❞♦ ❝❛♠♣♦ ❞❛ ♦♥❞❛ ✐♥✐❝✐❛❧✳ ❖ s❡❣✉♥❞♦ ❡♥✈♦❧✈❡

❛s ♦s❝✐❧❛çõ❡s ❛♠♦rt❡❝✐❞❛s✱ ♦✉ s❡❥❛✱ ♦s ♠♦❞♦s q✉❛s❡♥♦r♠❛✐s✱ ♦s q✉❛✐s ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞❛
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❡str✉t✉r❛ ❞♦ ❡s♣❛ç♦✲t❡♠♣♦✱ ✐♥❞❡♣❡♥❞❡♥❞♦ ❞❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✳ ❖ t❡r❝❡✐r♦ é ✉♠❛ ❧❡✐ ❞❡

♣♦tê♥❝✐❛✱ r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ♦♥❞❛s✱ ❝❛✉s❛❞♦ ♣❡❧♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞♦ ❝❛♠♣♦

❣r❛✈✐t❛❝✐♦♥❛❧✳

❖s ♠♦❞♦s q✉❛s❡♥♦r♠❛✐s ♣♦ss✉❡♠ ❝❡rt❛s ❢r❡q✉ê♥❝✐❛s ❝♦♠♣❧❡①❛s ❝❛r❛❝t❡ríst✐❝❛s✱ ❛s

❝❤❛♠❛❞❛s ❢r❡qê♥❝✐❛s q✉❛s❡♥♦r♠❛✐s✳ ❊ss❡s ♠♦❞♦s✱ ❝❛r❛❝t❡ríst✐❝♦s ❞♦s ❜✉r❛❝♦s ♥❡❣r♦s✱

❝♦rr❡s♣♦♥❞❡♠ à ♦s❝✐❧❛çõ❡s q✉❡ ❞❡❝❛❡♠ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡✱ ❞❡✈✐❞♦ ❛♦ ❜✉r❛❝♦ ♥❡❣r♦ ❡♠✐t✐r

r❛❞✐❛çã♦ ♣❛r❛ ♦ ✐♥✜♥✐t♦✱ ❡ s✉❛s ❢r❡q✉ê♥❝✐❛s s❡r❡♠ r❡♣r❡s❡♥t❛❞❛s ♣♦r ❢✉♥çõ❡s ❝♦♠♣❧❡①❛s✱ ❝♦♠ ❛

♣❛rt❡ r❡❛❧ r❡♣r❡s❡♥t❛♥❞♦ ❛ ✈❡r❞❛❞❡✐r❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ♦s❝✐❧❛çã♦ ❡ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ r❡s♣♦♥sá✈❡❧

♣❡❧❛ t❛①❛ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦✳ ❊ss❡s ♠♦❞♦s s❛t✐s❢❛③❡♠ às ❡q✉❛çõ❡s ❞❡ ♣❡rt✉r❜❛çã♦✱ ❝♦♠ ❛s

❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❛♣r♦♣r✐❛❞❛s ♣❛r❛ ❛s ♦♥❞❛s q✉❡ ✐♥❝✐❞❡♠ ♥♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ❡ ♣❛r❛

❛s ♦♥❞❛s q✉❡ ❡♠❡r❣❡♠ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ♣❛r❛ ♦ ✐♥✜♥✐t♦ ❬✶✾❪✳

✸✳✷ ▼♦❞♦s ◆♦r♠❛✐s ❞❡ ✈✐❜r❛çã♦

P❛r❛ ❡♥❝♦♥tr❛r ♦s ♠♦❞♦s ♥♦r♠❛✐s ♦✉ s♦❧✉çõ❡s r❡ss♦♥❛♥t❡s ♣❛r❛ ❛ ❡q✉❛çã♦ r❛❞✐❛❧ ✭✸✳✶✷✮✱

✈❛♠♦s ✉s❛r ❛ ♣r♦①✐♠❛çã♦ ❲❑❇ ❬✷✵✱ ✷✶❪✱ ♠♦t✐✈❛❞♦s ♣❡❧❛ s✐♠✐❧❛r✐❞❛❞❡ ❡♥tr❡ ❛s ❡q✉❛çõ❡s ♣❛r❛

❜✉r❛❝♦s ♥❡❣r♦s ❡♠ t❡♦r✐❛ ❞❡ ♣❡rt✉r❜❛çã♦ ❡ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤r♦♥❞✐♥❣❡r ♣❛r❛ ✉♠ ♣♦t❡♥❝✐❛❧

❜❛rr❡✐r❛✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s ❛ ❡q✉❛çã♦ ❣❡r❛❧ ♣♦ss✉✐ ❛ ❢♦r♠❛

d2ψ

dx2
+Q(x)ψ(x) = 0 ✭✸✳✶✺✮

♦♥❞❡ ♣❛r❛ ♥♦ss♦ ❝❛s♦ ψ r❡♣r❡s❡♥t❛ ❛ ♣❛rt❡ r❛❞✐❛❧ ❞❛ ✈❛r✐á✈❡❧ ❞❡ ♣❡rt✉r❜❛çã♦ ❡ Q(x) s❡rá

❡q✉✐✈❛❧❡♥t❡ à Q(r)✱ ♦ q✉❛❧ é ❞❛❞♦ ♣♦r Q(r) = ω2 − V (r)✳ ❆ ❝♦♦r❞❡♥❛❞❛ x ❡stá r❡❧❛❝✐♦♥❛❞❛

❝♦♠ ❛ ❝♦♦r❞❡♥❛❞❛ t❛rt❛r✉❣❛ r∗✱ ✈❛r✐❛♥❞♦ ❞❡ −∞ ♥♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ❛ +∞ ♥♦ ✐♥✜♥✐t♦✳

P♦❞❡♠♦s r❡♣r❡s❡♥t❛r ♦ ♣♦t❡♥❝✐❛❧ Q(x) ❣r❛✜❝❛♠❡♥t❡ ♣❛r❛ s❡ t❡r ✉♠❛ ✐❞❡✐❛ ❞❡ s❡✉

❝♦♠♣♦rt❛♠❡♥t♦✿

✸✷



❋✐❣✉r❛ ✸✳✶✿ ❇❛rr❡✐r❛ ❞❡ ♣♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦

❊♠ ❛♥❛❧♦❣✐❛ ❝♦♠ ♦ ❝❛s♦ q✉â♥t✐❝♦✱ ♦ ❝❛♠♣♦ ψ ♥❛s r❡❣✐õ❡s I ❡ III ❞❛ ✜❣✉r❛✱ é

❞❛❞♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♣♦r ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞❛s ❢✉♥çõ❡s ❞❡ ♦♥❞❛ ✐♥❝✐❞❡♥t❡s ❡ ♦♥❞❛s

❡♠❡r❣❡♥t❡s✱ ❛s q✉❛✐s ❞❡✈❡♠ s❡ ❝♦♥❡❝t❛r ❝♦♠ ❛ r❡❣✐ã♦ ■■✱ ♦♥❞❡ ♦❝♦rr❡ ♦ ♣✐❝♦ ❞♦ ♣♦t❡♥❝✐❛❧

❡❢❡t✐✈♦✳ P❛r❛ ❡ss❛ r❡❣✐ã♦ ❢❛③❡♠♦s ✉♠❛ ❡①♣❛♥sã♦ ❞❡ Q(x) ❡♠ sér✐❡ ❞❡ ❚❛②❧♦r ❡♠ t♦r♥♦ ❞♦ s❡✉

✈❛❧♦r ♠á①✐♠♦ ❡♠ x = x0 ✐♥❝❧✉✐♥❞♦ t❡r♠♦ ❞❡ ♦r❞❡♠ (x−x0)
6✱ q✉❡ ❞❡✈❡ ❡♥tã♦ s❡ ❝♦♥❡❝t❛r ❝♦♠

❛ r❡❣✐ã♦ ❡①t❡r✐♦r✳

✸✳✷✳✶ ❆♣r♦①✐♠❛çã♦ ❲❑❇ ♣❛r❛ ♠♦❞♦s ♥♦r♠❛✐s

❖ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❡♥❝♦♥tr❛r ♦s ♠♦❞♦s ♥♦r♠❛✐s ❞❛ ❡q✉❛çã♦ ♣❛❞rã♦ ✭✸✳✶✺✮✱ ❝♦♥s✐st❡ ❡♠

✉s❛r ❛ ❛♣r♦①✐♠❛çã♦ ❲❑❇✱ s❡❣✉✐♥❞♦ ♦ ♠ét♦❞♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ❬✷✷❪✳ ❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r

❡s❝r❡✈❡♠♦s ❛ ❡q✉❛çã♦ ♣❛❞rã♦ ♥❛ ❢♦r♠❛ ❣❡♥ér✐❝❛✿

ǫ2
d2ψ

dx2
+Q(x)ψ(x) = 0 ✭✸✳✶✻✮

s❡♥❞♦ ǫ ✉♠ ♣❛râ♠❡tr♦ ✐♥tr♦❞✉③✐❞♦ ♣❛r❛ ✐♥❞✐❝❛r ❛ ♦r❞❡♠ ♥❛ ❛♣r♦①✐♠❛çã♦ ❲❑❇✳ ❉❡✜♥✐♠♦s✱

❡♥tã♦✱ ❛ ❛♣r♦①✐♠❛çã♦ ❛ss✐♥tót✐❝❛ ❝♦♠♦

ψ ∼ eS(x)/ǫ, ✭✸✳✶✼✮

♦♥❞❡ S(x) é ❡①♣❛♥❞✐❞♦ ❡♠ ♣♦tê♥❝✐❛s ❞♦ ♣❛râ♠❡tr♦ ǫ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

S(x) =
∞∑

n=0

ǫnSn(x). ✭✸✳✶✽✮

✸✸



❙✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✻✮✱ ❛té t❡r❝❡✐r❛ ♦r❞❡♠✱ ♦ r❡s✉❧t❛❞♦ é ♦ s❡❣✉✐♥t❡✿

S0(x) = ±i
∫ x

[Q(η)]1/2dη ✭✸✳✶✾❛✮

S1(x) = −1

4
lnQ(x) ✭✸✳✶✾❜✮

S2(x) = ∓ i

8

∫ x [ Q′′

Q3/2
− 5

4

Q
′2

Q5/2

]
dη ✭✸✳✶✾❝✮

S3(x) =
1

16

[
Q

′′

Q2
− 5

4

Q
′2

Q3

]
✭✸✳✶✾❞✮

❱❛♠♦s ❝♦♥✈❡♥❝✐♦♥❛r q✉❡ ♦♥❞❛s ✈✐♥❞♦ ❞♦ ✐♥✜♥✐t♦ ❡♠ ❞✐r❡çã♦ ❛♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s t❡♠

s✐♥❛❧ ♣♦s✐t✐✈♦✱ ❡ ♦♥❞❛s s❡ ❛❢❛st❛♥❞♦✱ ✐♥❞♦ ♣❛r❛ ♦ ✐♥✜♥✐t♦ t❡♠ s✐♥❛❧ ♥❡❣❛t✐✈♦✳ ❉❡ss❛ ❢♦r♠❛✱

❡s❝r❡✈❡♠♦s q✉❡ ❛ s♦❧✉çã♦ ❣❡r❛❧ ♣❛r❛ ❛s r❡❣✐õ❡s I ❡ III ❞❛ ✜❣✉r❛ ✸✳✶✱ sã♦ ❞❛❞❛s r❡s♣❡❝t✐✈❛♠❡♥t❡

♣♦r✿

ψ ≈ ZI
imψ

I
− + ZI

emψ
I
+ ✭✸✳✷✵✮

ψ ≈ ZIII
im ψIII

+ + ZIII
em ψIII

− ✭✸✳✷✶✮

♦♥❞❡ Zim r❡♣r❡s❡♥t❛ ❛ ❛♠♣❧✐t✉❞❡ ❞❛ ♦♥❞❛ ✐♠❡r❣❡♥t❡ ❡ Zem ❛ ❛♠♣❧✐t✉❞❡ ❞❛ ♦♥❞❛ ❡♠❡r❣❡♥t❡✳

❉❡✈❡✲s❡ ♥♦t❛r q✉❡ ♥♦ ❝❛s♦ ❞♦s ❜✉r❛❝♦s ♥❡❣r♦s ZIII
em = 0✳

➱ ♥❡❝❡ssár✐♦ ❛❣♦r❛ ❞❡t❡r♠✐♥❛r ❛s ❢ór♠✉❧❛s q✉❡ r❡❧❛❝✐♦♥❛♠ ❛s ❛♠♣❧✐t✉❞❡s ❞❛s ♦♥❞❛s

❡♠❡r❣❡♥t❡s ❝♦♠ ❛s ❛♠♣❧✐t✉❞❡s ❞❛s ♦♥❞❛s ✐♠❡r❣❡♥t❡s✳ ➱ ♣r❡❝✐s♦✱ ♣♦rt❛♥t♦✱ ❞❡t❡r♠✐♥❛r ♦s

❝♦❡✜❝✐❡♥t❡s ❞❛ r❡❧❛çã♦ ❧✐♥❡❛r ❞❛❞❛ ♣♦r

[
ZIII

em

ZIII
im

]
≡
[
M11 M12

M21 M22

] [
ZI

em

ZI
im

]
✭✸✳✷✷✮

❆ss✐♠ ✈❛♠♦s ❛❣♦r❛ ❝♦♥s✐❞❡r❛r ❛ s♦❧✉çã♦ ♥❛ r❡❣✐ã♦ II✳

✸✹



✸✳✷✳✷ ❆♣r♦①✐♠❛çã♦ ❛ss✐♥tót✐❝❛ ♣❛r❛ ❛ s♦❧✉çã♦ ✐♥t❡r✐♦r

◆❛ r❡❣✐ã♦ II ♦ ♣♦t❡♥❝✐❛❧ Q(x) ❞❡✈❡ s❡r ❡①♣❛♥❞✐❞♦ ❡♠ sér✐❡ ❞❡ ❚❛②❧♦r ❛té t❡r♠♦s ❞❡ s❡①t❛

♦r❞❡♠ ❡♠ s✉❛ ❞❡r✐✈❛❞❛✳ ❈♦♠ ❛ ❛♣r♦①✐♠❛çã♦ ❛ss✐♥tót✐❝❛ ♣❛r❛ ❛ s♦❧✉çã♦ ✐♥t❡r✐♦r✱ ✉s❛r❡♠♦s

❡st❛ ♣❛r❛ ❢❛③❡r ❛ ❝♦♥❡①ã♦ ❝♦♠ ❛s s♦❧✉çõ❡s ❲❑❇✳ ❘❡❛❧✐③❛♥❞♦✱ ❡♥tã♦✱ ❛ ❡①♣❛♥sã♦ ❞❡ ◗✭①✮ ❡♠

t♦r♥♦ ❞♦ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ x0✱ ♦❜t❡♠♦s✿

Q(x) = Q0 +
1

2
Q

′′

0z
2 +

1

6
Q

′′′

0 z
3 +

1

24
Q

(4)
0 z4 +

1

120
Q

(5)
0 z5 +

1

720
Q

(6)
0 z6 ✭✸✳✷✸✮

♦♥❞❡ z ≡ x− x0✳ ❆ss✐♠✱ ❛ ❡q✉❛çã♦ ✭✸✳✶✻✮ ❛❞q✉✐r❡ ❛ ❢♦r♠❛

ǫ2
d2ψ

dz2
+ k(−z2

0 + z2 + bz3 + cz4 + dz5 + fz6)ψ = 0 ✭✸✳✷✹✮

♥❛ q✉❛❧

k ≡ 1

2
Q

′′

0 z2
0 ≡ −2Q0

Q
′′

0

b ≡ Q
′′′

0

3Q
′′

0

c ≡ Q
(4)
0

12Q
′′

0

✭✸✳✷✺✮

d ≡ Q
(5)
0

60Q
′′

0

f ≡ Q
(6)
0

360Q
′′

0

❉❡✜♥✐♥❞♦ ✉♠❛ ♥♦✈❛ ✈❛r✐á✈❡❧ t ∝ ǫ1/2✱ ❛ q✉❛❧ ❞❡✈❡ ❡①♣r❡ss❛r ❛ s♦❧✉çã♦ ❛ss✐♥tót✐❝❛ ✐♥t❡r✐♦r✱ ❡

t❛♠❜é♠ ❞❡✜♥✐♥❞♦ ❛s ❝♦♥st❛♥t❡s ν✱ Λ ❡ Ω✱ r❡❧❛❝✐♦♥❛❞❛s ❛ z0 ❡ r❡❡s❝❛❧❛❞❛s ❝♦♠ ♦s ♣❛râ♠❡tr♦s

b✱ c✱ d ❡ f ❝♦♠♦

t ≡ (4k)1/4e−iπ/4z

ǫ1/2
✭✸✳✷✻❛✮

ν +
1

2
≡ −ik

1/2z2
0

2ǫ
− ǫΛ − ǫ2ω ✭✸✳✷✻❜✮

✸✺



b ≡ 1

4
b(4k)−1/4eiπ/4 c ≡ 1

4
c(4k)−1/2eiπ/2 ✭✸✳✷✻❝✮

d ≡ 1

4
d(4k)−3/4e3iπ/4 f ≡ 1

4
f(4k)−1eiπ ✭✸✳✷✻❞✮

❉❡ss❛ ❢♦r♠❛ ❛ ❡q✉❛çã♦✭✸✳✷✹✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

ψ̈ +

[
ν +

1

2
− 1

4
t2 − ǫ1/2bt3 + ǫ(Λ − ct4) − ǫ3/2dt5 + ǫ2(Ω − ft6)

]
ψ = 0 ✭✸✳✷✼✮

♦♥❞❡ ♦ ♣♦♥t♦ r❡♣r❡s❡♥t❛ ❛ ❞❡r✐✈❛❞❛ ❝♦♠ r❡s♣❡✐t♦ ❛ t✳ ❙❡♠ ❛ ♣r❡s❡♥ç❛ ❞♦s t❡r♠♦s ♣r♣♦r❝✐♦♥❛✐s

à ♣♦tê♥❝✐❛s ❞❡ ǫ✱ ❛s s♦❧✉çõ❡s ♣❛r❛ ❡st❛ ❡q✉❛çã♦ sã♦ ❢✉♥çõ❡s ❝✐❧í♥❞r✐❝❛s ♣❛r❛❜ó❧✐❝❛s Dν(t)

❡ D−ν−1(it) ❬✷✷❪✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦s t❡r♠♦s ❞❡ ǫ ❛ s♦❧✉çã♦ ♣❛r❛ ❡st❛ ❡q✉❛çã♦ ❞❡✈❡ s❡r ❞❛

❢♦r♠❛ f(t)Dν [g(t)]✱ ♦♥❞❡ Dν sã♦ ❢✉♥çõ❡s ❝✐❧í♥❞r✐❝❛s ♣❛r❛❜ó❧✐❝❛s✳ ❙✉❜st✐t✉✐♥❞♦ ❡ss❛ s♦❧✉çã♦ ♥❛

❡q✉❛çã♦ ❛♥t❡r✐♦r✱ ❡ ❞❡✜♥✐♥❞♦ Q(t) ❝♦♠♦ s❡♥❞♦ ♦ ♣♦❧✐♥ô♠✐♦ ❡♥tr❡ ❝♦❧❝❤❡t❡s✱ ♦❜t❡♠♦s
[
−fġ2(ν +

1

2
− 1

4
g2) + f̈ +Qf

]
Dν + (2ḟ ġ + fg̈)Ḋν = 0 ✭✸✳✷✽✮

❋❛③❡♥❞♦ ❛ ❡s❝♦❧❤❛ f = ġ−1/2✱ ♣♦❞❡♠♦s ❡❧✐♠✐♥❛r ❛ ♣r✐♠❡✐r❛ ❞❡r✐✈❛❞❛ ❞❡ Dν ✳ ❙❡♥❞♦ ❛ss✐♠✱

✐❣✉❛❧❛♥❞♦ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ Dν ❛ ③❡r♦✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ♣❛r❛ g(t)✿

ġ2

(
ν +

1

2
− 1

4
g2

)
+

✳✳✳
g 2

2ġ
− 3g̈2

4ġ2
−Q(t) = 0 ✭✸✳✷✾✮

❈♦♥s✐❞❡r❛♥❞♦ Q(t) ✉♠❛ ❡①♣❛♥sã♦ ❞❛ ❢♦r♠❛

Q(t) = ν +
1

2
− 1

4
t2 +

∞∑

n=1

ǫn/2Qn(t) ✭✸✳✸✵✮

♦♥❞❡ Qn(t) é ✉♠ ♣♦❧✐♥ô♠✐♦✱ t❛❧ q✉❡ t❡♠♦s ✉♠❛ ❡①♣❛♥sã♦ s✐♠✐❧❛r ♣❛r❛ g(t)✿

g(t) = t+
∞∑

n=1

ǫn/2An(t) ✭✸✳✸✶✮

s❡♥❞♦ An(t) ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ t✳ ❙✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✷✾✮✱ ✐❣✉❛❧❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡

❝❛❞❛ ♣♦tê♥❝✐❛ ❞❛ ♦r❞❡♠ ǫ1/2 ❡ ❞❡✜♥✐♥❞♦ ♦ ♦♣❡r❛❞♦r Lt ♣♦r

Lt =
d3

dt3
+ 4

(
ν +

1

2
− 1

4
t2
)
d

dt
− t ✭✸✳✸✷✮

✸✻



é ♦❜t✐❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❡q✉❛çõ❡s ♣❛r❛ An(t) ♦♥❞❡ ❝❛❞❛ ♣♦❧✐♥ô♠✐♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛

An(t) =
∞∑

i=0

an
2it

n+1−2i ❝♦♠ (n+ 1 − 2i) ≥ 0 ✭✸✳✸✸✮

P❛r❛ ✈❛❧♦r❡s ❞❡ n í♠♣❛r✱ ♦ ♥ú♠❡r♦ ❞❡ ♣♦tê♥❝✐❛s ❞✐st✐♥t❛s ❞❡ t é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s

an
2i✳ ❆ss✐♠ ♣♦❞❡♠♦s r❡s♦❧✈❡r ♣❛r❛ ❡st❡s ❝♦❡✜❝✐❡♥t❡s ✐❣✉❛❧❛♥❞♦ ❝❛❞❛ ❝♦❡✜❝✐❡♥t❡ ❞❡ t ✐❣✉❛❧ ❛

③❡r♦✳ ❏á ♣❛r❛ ✈❛❧♦r❡s ❞❡ n ♣❛r✱ ♦ ♥ú♠❡r♦ ❞❡ ♣♦tê♥❝✐❛s ❞✐st✐♥t❛s ❞❡ t✱ ❡①❝❡❞❡ ❡♠ ✉♠ ♦ ♥ú♠❡r♦

❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡s❝♦♥❤❡❝✐❞♦s✳ P❛r❛ ❡st❡ ❝❛s♦ ♣♦ré♠✱ ❛♣❛r❡❝❡♠ ❛s ❝♦♥st❛♥t❡s Λ ❡ Ω✱ ❛s q✉❛✐s

♣♦❞❡♠ s❡r ❡s❝♦❧❤✐❞❛s ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ ♣❛r❛ ❢♦r♥❡❝❡r s♦❧✉çõ❡s ❝♦♥s✐st❡♥t❡s✳ ❉❡ss❛ ❢♦r♠❛✱

♦❜t❡♠♦s ♣❛r❛ ❡ss❛s ❝♦♥st❛♥t❡s✿

Λ =
1

2
(3c− 7b

2
) +

(
ν +

1

2

)2

(6c− 30b
2
) ✭✸✳✸✹❛✮

Ω = −
(
ν +

1

2

)
(1155b

4 − 918b
2
c+ 67c2 + 190bd− 25f) +

−
(
ν +

1

2

)3

(2820b
4 − 1800b

2
c+ 68c2 + 280bd− 20f) ✭✸✳✸✹❜✮

P❛r❛ ❛ r❡❣✐ã♦ II✱ ❛ s♦❧✉çã♦ ❣❡r❛❧ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

ψ ≈ ġ−1/2[ADν(g(t)) +BD−ν−1(ig(t))] ✭✸✳✸✺✮

q✉❡ ✉s❛♥❞♦ ❢♦r♠❛s ❛ss✐♥tót✐❝❛s ❛♣r♦♣r✐❛❞❛s ❞❛s ❢✉♥çõ❡s ❝✐❧í♥❞r✐❝❛s ♣❛r❛❜ó❧✐❝❛s ❬✷✷❪✱ ♦❜t❡♠♦s

ψ ≈ ġ−1/2

{
Agνe−g2/4

[
1 − ν(ν − 1)

2g2
+
ν(ν − 1)(ν − 2)(ν − 3)

8g4
− ...

]
+

+B(ig)ν−1eg
2/4

[
1 +

(ν + 1)(ν + 2)

2g2
+

(ν + 1)(ν + 2)(ν + 3)(ν + 4)

8g4
+ ...

]}
✭✸✳✸✻❛✮

♣❛r❛ x/ǫ1/2 → ∞✱ ❡

ψ ≈ ġ−1/2

{[
A+B

(2π)1/2e−iπν/2

(ν + 1)

]
gνe−g2/4

[
1 − ν(ν − 1)

2g2
+ ...

]
+

+

[
Be3iπ(ν+1)/2 −A

(2π)1/2eiπν

Γ(−ν)

]
gν−1eg

2/4

[
1 +

(ν + 1)(ν + 2)

2g2
+ ...

]}
✭✸✳✸✻❜✮

✸✼



q✉❛♥❞♦ x/ǫ1/2 → −∞✳

P❛r❛ ❢❛③❡r ❛ ❝♦♥❡①ã♦ ❝♦♠ ❛ s♦❧✉çã♦ ✐♥t❡r✐♦r✱ ❞❡✈❡♠♦s ❡st❛❜❡❧❡❝❡r ♦s ③❡r♦s ❞❛ ❢✉♥çã♦ Q(z)✱

q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r z ❡ q✉❡ sã♦ ❞❛❞♦s ♣♦r✿

z = ±z0 +
1

2
bz2

0 ±
1

8
(5b2 − 4c)z3

0 −
1

2
(2b3 − 3bc+ d)z4

0 ±
1

128
(231b4 − 504b2c+ 224bd+ 112c2 − 64f)z5

0 ✭✸✳✸✼✮

P♦❞❡♠♦s ❛❣♦r❛✱ ❡♥tã♦ ❡s❝r❡✈❡r ◗✭③✮ ♥❛ ❢♦r♠❛

Q(z) = k[−z2 + z2 + b(z3 − z3) + c(z4 − z4) + d(z5 − z5) + f(z6 − z6)] ✭✸✳✸✽✮

P❛r❛ ❛ ♠❡♥♦r ♦r❞❡♠ ❞❡ ❛♣r♦①✐♠❛çã♦✱ ♣ró①✐♠♦ ❞❡ z0✱ ♣♦❞❡♠♦s ❛♣r♦①✐♠❛r z = z0 ❡

Q(z) = k(z2 − z2
0)✳ ❆ss✐♠ t❡r❡♠♦s

S0

ǫ
≈ ±ik

1/2z2

2ǫ
±
(
ν +

1

2

)
±
(
ν +

1

2

)
ln

(
2z

z0

)
, S1 ≈ −1

4
ln(kz2), ♣❛r❛ z ≥ z0

✭✸✳✸✾✮

S0

ǫ
≈ ∓ik

1/2z2

2ǫ
∓
(
ν +

1

2

)
∓
(
ν +

1

2

)
ln

(
−2z

z0

)
, S1 ≈ −1

4
ln(kz2), ♣❛r❛ z ≤ −z0

✭✸✳✹✵✮

❙✉❜st✐t✉✐♥❞♦ ❡ss❡s r❡s✉❧t❛❞♦s ♥❛s ❡q✉❛çõ❡s ✭✸✳✶✼✮✲✭✸✳✷✶✮✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

ψ ≈
[
ZI

ime−ik1/2z2/2ǫ(z/ǫ1/2)−(ν−1)(4k)−(ν−1)/4eiπ(ν+1)/4R +

+ZI
emeik

1/2z2/2ǫ(z/ǫ1/2)ν(4k)ν/4e−1πν/4R−1
]
(4/ǫ2keiπ)1/8, ♣❛r❛ z ≥ z0 ✭✸✳✹✶✮

❡

ψ ≈
[
ZIII

im e−ik1/2z2/2ǫ(−z/ǫ1/2)−(ν−1)(4k)−(ν−1)/4eiπ(ν+1)/4R +

+ZIII
em eik1/2z2/2ǫ(−z/ǫ1/2)ν(4k)ν/4e−1πν/4R−1

]
(4/ǫ2keiπ)1/8, ♣❛r❛ z ≤ z0 ✭✸✳✹✷✮

✸✽



♦♥❞❡

R = (ν + 1/2)(ν+1/2)/2e−(ν+1/2)/2 ✭✸✳✹✸✮

❙✉❜st✐t✉✐♥❞♦ g(t) ♣❛r❛ ❛ ♠❡♥♦r ♦r❞❡♠ ♥❛s ❡q✉❛çõ❡s ✭✸✳✸✻❛✮ ❡ ✭✸✳✸✻❜✮✱ t❡♠♦s

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❛r❛ z ≥ z0 ❡ z ≤ z0✱ ❛s s❡❣✉✐♥t❡s s♦❧✉çõ❡s

ψ ∼ Aeik1/2z2/2ǫ(z/ǫ1/2)ν(4k)ν/4e−iπν/4 +

+Beik1/2z2/2ǫ(z/ǫ1/2)−(ν+1)(4k)−(ν+1)/4e−iπ(ν+1)/4 ✭✸✳✹✹✮

❡

ψ ∼
[
A+B

(2π)1/2e−iπν/2

Γ(ν + 1)

]
eik1/2z2/2ǫ(−z/ǫ1/2)ν(4k)ν/4e3iπν/4 +

+

[
Be3iπ(ν+1)/2 − A

(2π)1/2eiπν

Γ(−ν)

]
e−ik1/2z2/2ǫ(−z/ǫ1/2)−(ν+1)(4k)−(ν+1)/4e−3iπν/4 ✭✸✳✹✺✮

■❣✉❛❧❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛s ❡q✉❛çõ❡s ✭✸✳✹✷✮ ❡ ✭✸✳✹✹✮ ❡ t❛♠❜é♠ ❞❡ ✭✸✳✹✸✮ ❡ ✭✸✳✹✺✮✱ ♦❜t❡♠♦s

[
ZIII

em

ZIII
im

]
≡
[

eiπν iR2eiπν(2π)1/2/Γ(ν + 1)
R−2(2π)1/2/Γ(−ν) −eiπν

] [
ZI

em

ZI
im

]
✭✸✳✹✻✮

q✉❡ ♥♦s ❢♦r♥❡❝❡ ❛s r❡❧❛çõ❡s ❡♥tr❡ ❛s ❛♠♣❧✐t✉❞❡s ❞❛s ♦♥❞❛s ♥❛s r❡❣✐õ❡s I ❡ III ❞❛ ✜❣✉r❛ ✸✳✶✳

✸✳✷✳✸ ❊q✉❛çã♦ ♣❛r❛ ❛s ❢r❡q✉ê♥❝✐❛s ❞♦s ♠♦❞♦s ♥♦r♠❛✐s

P♦❞❡♠♦s ✉s❛r ❛❣♦r❛ ❛ ❡q✉❛çã♦ ✭✸✳✹✻✮✱ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛s ❢ór♠✉❧❛s ❞❛s ❢r❡q✉ê♥❝✐❛s ♥♦r♠❛✐s

♣❛r❛ ❜✉r❛❝♦s ♥❡❣r♦s✱ ❛ss✉♠✐♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❥á ✐♠♣♦st❛s✳ ◆♦ ❝❛s♦ ❞❡ ❜✉r❛❝♦s

♥❡❣r♦s✱ ❞❡✈❡♠♦s t❡r ❛ ❝♦♥❞✐çã♦ ZIII
im = 0✱ ❡ ♣❛r❛ ♦s ♠♦❞♦s ♥♦r♠❛✐s ZI

im = 0✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛

❡q✉❛çã♦ ✭✸✳✹✻✮✱ ❡st❛s ❝♦♥❞✐çõ❡s sã♦ s❛t✐s❢❡✐t❛s ❛♣❡♥❛s q✉❛♥❞♦ Γ(−ν) = ∞✳■ss♦ ✐♠♣❧✐❝❛ q✉❡ ν

❞❡✈❡ s❡r ✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦✱ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❢r❡q✉ê♥❝✐❛s ❝♦♠ ❛ ♣❛rt❡ r❡❛❧ ♣♦s✐t✐✈❛✳ P❛r❛ ❛s

❢r❡q✉ê♥❝✐❛s ❝♦♠ ❛ ♣❛rt❡ r❡❛❧ ♥❡❣❛t✐✈❛✱ t❡r❡♠♦s ❛❣♦r❛ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ZIII
em = ZI

im = 0✳

■ss♦ só ♣♦❞❡ s❡r s❛t✐s❢❡✐t♦ q✉❛♥❞♦ Γ(ν+1) = ∞✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ν ❛ss✉♠✐rá ✈❛❧♦r❡s ✐♥t❡✐r♦s

♥❡❣❛t✐✈♦s✳

✸✾



❆♣❛rt✐r ❞❡ss❛s ❝♦♥❞✐çõ❡s ♣♦❞❡♠♦s ❡s❝r❡✈❡r ✭✸✳✷✻❜✮ ❝♦♠♦

n+
1

2
≡ −ik

1/2z2
0

2ǫ
− ǫΛ − ǫ2ω ✭✸✳✹✼✮

♦♥❞❡

n = 0, 1, 2, ... para Re ω > 0 e n = −1,−2, ... para Re ω < 0 ✭✸✳✹✽✮

❋❛③❡♥❞♦ ǫ = 1 ❡ s✉❜st✐t✉✐♥❞♦ ❛s ❡q✉❛çõ❡s ✭✸✳✷✺✮✱ ✭✸✳✷✻✮ ❡ ✭✸✳✸✹✮ ❡♠ ✭✸✳✹✼✮✱ ♦❜t❡♠♦s

i
Q0

(2Q
′′

0)
1/2

− Λ(n) − Ω(n) = n+
1

2
✭✸✳✹✾✮

❙❡♥❞♦ Q ✉♠❛ ❢✉♥çã♦ ❞❛ ❢♦r♠❛ Q = ω2 − V0✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

i
ω2 − V0

(−2V
′′

0 )1/2
− Λ(n) − Ω(n) = n+

1

2

q✉❡ r❡s✉❧t❛ ❡♠

ω2 = V0 − i(−2V
′′

0 )1/2

[
Λ(n) + Ω(n) +

(
n+

1

2

)]
✭✸✳✺✵✮

❞❡✜♥✐♥❞♦ ❛❣♦r❛

Λ̃ ≡ Λ

i
e Ω̃ ≡ Ω

n+ 1/2
✭✸✳✺✶✮

♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛s ❢r❡q✉ê♥❝✐❛s ♥♦r♠❛✐s ♥❛ ❢♦r♠❛

ω2 = [V0 + (−2V
′′

0 )1/2Λ̃(n)] − i(n+ 1/2)(−2V
′′

0 )1/2[1 + Ω̃(n)] ✭✸✳✺✷✮

♦♥❞❡

Λ(n) =
1

(−2Q
′′

0)
1/2

{
1

8

[
Q

(4)
0

Q
′′

0

] [
1

4
+ α2

]
− 1

288

[
Q

′′′

0

Q
′′

0

]2

(7 + 60α2)

}
✭✸✳✺✸✮

❡

Ω(n) =
n+ 1/2

2Q
′′

0

{
5

6912

[
Q

′′′

0

Q
′′

0

]4

(77 + 188α2) − 1

384

[
Q

′′′2
0 Q

(4)
0

Q
′′3
0

]
(51 + 100α2) +

+
1

2304

[
Q

(4)
0

Q
′′

0

]2

(67 + 68α2) +
1

288

[
Q

′′′

0 Q
(5)
0

Q
′′2
0

]
(19 + 28α2) − 1

288

[
Q6

0

Q
′′

0

]
(5 + 4α2)



 ✭✸✳✺✹✮
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s❡♥❞♦ α = n+ 1
2
✳

❆ ❡q✉❛çã♦ ✭✸✳✺✶✮ s❡ ❛♣❧✐❝❛ ❛ q✉❛❧q✉❡r ♣r♦❜❧❡♠❛ ❢ís✐❝♦ ❣♦✈❡r♥❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✺✮✱ ❝♦♠

❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❛♣r♦♣r✐❛❞❛s ♣❛r❛ ♦s ♠♦❞♦s ♥♦r♠❛✐s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡st❛ s❡ ❛♣❧✐❝❛ à

❞❡t❡r♠✐♥❛çã♦ ❞❡ r❡ss♦♥â♥❝✐❛s ♣ró①✐♠❛s ❛♦ ♣✐❝♦ ❞❡ ✉♠❛ ❜❛rr❡✐r❛ ❞❡ ♣♦t❡♥❝✐❛❧✳

✹✶



❈❛♣ít✉❧♦ ✹

❚❡r♠♦❞✐♥â♠✐❝❛ ❞♦ ❇✉r❛❝♦ ◆❡❣r♦ ❝♦♠

q✉✐♥t❡ssê♥❝✐❛

✹✳✶ ❋♦r♠✉❧❛çã♦ ❞❛ ❚❡r♠♦❞✐♥â♠✐❝❛

❖ ❡st✉❞♦ ❞❛ ❚❡r♠♦❞✐♥â♠✐❝❛ t❡✈❡ ✐♥í❝✐♦ ❝♦♠ ❛ ♦❜s❡r✈❛çã♦ ❞❡ q✉❡ ❛ ♠❛tér✐❛ ❛❣r❡❣❛❞❛ ♣♦❞❡

❡①✐st✐r ❡♠ ❡st❛❞♦s ♠❛❝r♦s❝ó♣✐❝♦s ❡stá✈❡✐s q✉❡ ♥ã♦ ♠✉❞❛♠ ♥♦ t❡♠♣♦ ❬✷✸❪✳ ❊st❡s ❡st❛❞♦s ❞❡

❡q✉✐❧í❜r✐♦ sã♦ ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r ♣r♦♣r✐❡❞❛❞❡s ♠❡❝â♥✐❝❛s ❞❡✜♥✐❞❛s✱ t❛✐s ❝♦♠♦ ❝♦r✱ t❛♠❛♥❤♦

❡ t❡①t✉r❛ q✉❡ ✈❛r✐❛♠ q✉❛♥❞♦ ❤á ✈❛r✐❛çã♦ ❞❡ t❡♠♣❡r❛t✉r❛✳ ◆♦ ❡♥t❛♥t♦✱ q✉❛❧q✉❡r ❡st❛❞♦

❞❡ ❡q✉✐❧í❜r✐♦ ♣♦❞❡ s❡r r❡♣r♦❞✉③✐❞♦✱ tr❛③❡♥❞♦ ❛ s✉❜stâ♥❝✐❛ ❛♦ ♠❡s♠♦ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦✳

❊st❛♥❞♦ ♥❡ss❡ ❡st❛❞♦✱ t♦❞❛s ❛s ✈❛r✐❛çõ❡s ❝❡ss❛♠ ❡ ♦ s✐st❡♠❛ ✐rá ♣❡r♠❛♥❡❝❡r ♣❛r❛ s❡♠♣r❡

♥❡ss❡ ❡st❛❞♦✱ ❞❡s❞❡ q✉❡ ♥ã♦ ❤❛❥❛ ❛ ✐♥✢✉ê♥❝✐❛ ❞❡ ✉♠ ❛❣❡♥t❡ ❡①t❡r♥♦✳ ❊st❛ ❡st❛❜✐❧✐❞❛❞❡ ❡ ❛

♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ r❡♣r♦❞✉çã♦ ❞♦s ❡st❛❞♦s ❞❡ ❡q✉✐❧í❜r✐♦ é ♦❜s❡r✈❛❞❛ ❡♠ t♦❞♦s ♦s s✐st❡♠❛s q✉❡

❢❛③❡♠ ♣❛rt❡ ❞♦ ♠✉♥❞♦ ❡♠ ♥♦ss❛ ✈♦❧t❛✳ ❉❡st❛ ❢♦r♠❛ ❛ ❚❡r♠♦❞✐♥â♠✐❝❛ t❡♠ s✐❞♦ ❝❛♣❛③ ❞❡

❞❡s❝r❡✈❡r✱ ❝♦♠ ♥♦tá✈❡❧ ♣r❡❝✐sã♦✱ ✉♠❛ ❣r❛♥❞❡ ✈❛r✐❡❞❛❞❡ ❞❡ s✐st❡♠❛s ❡♠ t♦❞♦ ♦ ✐♥t❡r✈❛❧♦ ❞❡

t❡♠♣❡r❛t✉r❛s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ❛❝❡ssí✈❡✐s✱ ✈❛r✐❛♥❞♦ ❞❡ 10−4K ❛ 106K✱ s❡♥❞♦ ❝♦♥s✐❞❡r❛❞❛

✉♠❛ t❡♦r✐❛ ✉♥✐✈❡rs❛❧ ❞❛ ♠❛tér✐❛✳

❆ ❚❡r♠♦❞✐♥â♠✐❝❛ s❡ ❜❛s❡✐❛ ❡♠ q✉❛tr♦ ❧❡✐s ❬✷✹❪✱ ❛s q✉❛✐s ♣❛r❛ s❡r❡♠ ♠❡❧❤♦r ❝♦♠♣r❡❡♥❞✐❞❛s✱

❞❡✈❡♠♦s ✐♥tr♦❞✉③✐r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s✳

✹✷



❯♠ s✐st❡♠❛ ❡stá ❡♠ ❡q✉✐❧í❜r✐♦ t❡r♠♦❞✐♥â♠✐❝♦ s❡ ❛s ✈❛r✐á✈❡✐s ♠❡❝â♥✐❝❛s ♥ã♦ ♠✉❞❛♠ ♥♦

t❡♠♣♦ ❡ s❡ ♥ã♦ ❡①✐st❡ ♥❡♥❤✉♠ ♣r♦❝❡ss♦ ♠❛❝r♦s❝ó♣✐❝♦ ❞❡ ❝❛❧♦r ♣r❡s❡♥t❡✳ ❊ss❡ s✐st❡♠❛ ♣♦❞❡

s❡ ❡♥❝♦♥t❛r s❡♣❛r❛❞♦ ❞❡ ♦✉tr♦ ♣♦r ✉♠❛ ♣❛r❡❞❡ ✜①❛ ❡ ❛❞✐❛❜át✐❝❛✱ ♦✉ s❡❥❛✱ q✉❡ ♥ã♦ ♣❡r♠✐t❡

❛ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ♠❛tér✐❛✱ ❝❛❧♦r ❡ tr❛❜❛❧❤♦ ♠❡❝â♥✐❝♦ ❡♥tr❡ ♦s s✐st❡♠❛s✳ ❙❡ ❛ ♣❛r❡❞❡ ❢♦r

❝♦♥❞✉t♦r❛✱ ♠✉❞❛♥ç❛s ♥❛s ✈❛r✐á✈❡✐s ❞❡ ❡st❛❞♦ ❞❡ ✉♠ s✐st❡♠❛ ❝❛✉s❛rã♦ ♠✉❞❛♥ç❛s ♥❛s ✈❛r✐á✈❡✐s

❞❡ ❡st❛❞♦ ❞♦ ♦✉tr♦ s✐st❡♠❛✱ ♣♦✐s ❡st❛ ♣❛r❡❞❡ ♣❡r♠✐t❡ ❛ tr♦❝❛ ❞❡ ❝❛❧♦r✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞❛

♣❛r❡❞❡ ❛❞✐❛❜át✐❝❛✳

❊♥tr❡ ♦s s✐st❡♠❛s t❡r♠♦❞✐♥â♠✐❝♦s✱ é út✐❧ ❞✐st✐♥❣✉✐r três t✐♣♦s ❞❡ s✐st❡♠❛s✿ ✉♠ s✐st❡♠❛

✐s♦❧❛❞♦ é ❛q✉❡❧❡ q✉❡ é ❡♥✈♦❧t♦ ♣♦r ✉♠❛ ♣❛r❡❞❡ ✜①❛ ❡ ✐♠♣❡r♠❡á✈❡❧✱ q✉❡ ♥ã♦ ♣❡r♠✐t❡ tr♦❝❛

❞❡ ❝❛❧♦r ♦✉ ♠❛tér✐❛ ❝♦♠ ❛s ✈✐③✐♥❤❛♥ç❛s✳ ❯♠ s✐st❡♠❛ ❢❡❝❤❛❞♦ é ❡♥✈♦❧t♦ ♣♦r ✉♠❛ ♣❛r❡❞❡

❝♦♥❞✉t♦r❛✱ ❛tr❛✈és ❞❛ q✉❛❧ ❝❛❧♦r ♣♦❞❡ s❡r tr♦❝❛❞♦ ❝♦♠ ♦ ♠❡✐♦ ❡①t❡r♥♦✱ ♣♦ré♠ ♠❛tér✐❛ ♥ã♦✳

❏á ♦ s✐st❡♠❛ ❛❜❡rt♦ é ❛q✉❡❧❡ ♥♦ q✉❛❧ ❝❛❧♦r ❡ ♠❛tér✐❛ ♣♦❞❡♠ s❡r tr♦❝❛❞♦s ❝♦♠ ♦ ♠❡✐♦ ❡①t❡r♥♦✳

❈♦♠ r❡❧❛çã♦ às ♠✉❞❛♥ç❛s ❞❡ ✉♠ ❡st❛❞♦ ❞❡ ❡q✉❧í❜r✐♦ ❛ ♦✉tr♦✱ ❡st❛s ♣♦❞❡♠ ♦❝♦rr❡r ❞❡ ❢♦r♠❛

r❡✈❡rsí✈❡❧ ♦✉ ✐rr❡✈❡rsí✈❡❧✳ ❯♠❛ ♠✉❞❛♥ç❛ r❡✈❡rsí✈❡❧ é ❛q✉❡❧❛ ❡♠ q✉❡ ♦ s✐st❡♠❛ ♣❡r♠❛♥❡❝❡

✐♥✜♥✐t❡s✐♠❛❧♠❡♥t❡ ♣ró①✐♠♦ ❞♦ ❡q✉✐❧í❜r✐♦ t❡r♠♦❞✐♥â♠✐❝♦✱ ❡ ❡st❛ ♦❝♦rr❡ q✉❛s❡✲❡st❛t✐❝❛♠❡♥t❡✳

❚❛✐s ♠✉❞❛♥ç❛s ♣♦❞❡♠ s❡♠♣r❡ s❡r r❡✈❡rt✐❞❛s s❡♠ ❝❛✉s❛r q✉❛❧q✉❡r ❛❧t❡r❛çã♦ ♥♦s ❡st❛❞♦s

t❡r♠♦❞✐♥â♠✐❝♦s ❞♦ ✉♥✐✈❡rs♦✳ ❏á ❛ ♠✉❞❛♥ç❛ ✐rr❡✈❡rsí✈❡❧ ♦✉ ❡s♣♦♥tâ♥❡❛✱ ♦❝♦rr❡ s❡♠♣r❡ ❞❡ ❢♦r♠❛

rá♣✐❞❛ ❡ ♥❛ ♠❛✐♦r✐❛ ❞❛s ✈❡③❡s ❞á ♦r✐❣❡♠ ❛ ✢✉①♦s ❡ ❡❢❡✐t♦s ❞❡ ❛tr✐t♦✳ ❆♣ós ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ss❡

t✐♣♦ ♦ s✐st❡♠❛ ♥ã♦ ♣♦❞❡ r❡t♦r♥❛r ❛ s❡✉ ❡st❛❞♦ t❡r♠♦❞✐♥â♠✐❝♦ ♦r✐❣✐♥❛❧ s❡♠ ❛❧t❡r❛r ♦ ❡st❛❞♦

t❡r♠♦❞✐♥â♠✐❝♦ ❞♦ ✉♥✐✈❡rs♦✳

❆ss✐♠✱ ♣♦❞❡♠♦s ❛❣♦r❛ ❡♥✉♥❝✐❛r ❛s ❧❡✐s ❞❛ t❡r♠♦❞✐♥â♠✐❝❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

• ▲❡✐ ❩❡r♦✿ ❞♦✐s ❝♦r♣♦s✱ ❝❛❞❛ ✉♠ ❡♠ ❡q✉✐❧í❜r✐♦ t❡r♠♦❞✐♥â♠✐❝♦ ❝♦♠ ✉♠ t❡r❝❡✐r♦ ❝♦r♣♦✱

❡stã♦ t❛♠❜é♠ ❡♠ ❡q✉✐❧✐❜r✐♦ t❡r♠♦❞✐♥â♠✐❝♦ ✉♠ ❝♦♠ ♦ ♦✉tr♦✳

• Pr✐♠❡✐r❛ ▲❡✐✿ ❛ ❡♥❡r❣✐❛ é ❝♦♥s❡r✈❛❞❛✳
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• ❙❡❣✉♥❞❛ ▲❡✐✿ ♣❛r❛ ✉♠ s✐st❡♠❛ ✐s♦❧❛❞♦ ❛ ❡♥tr♦♣✐❛ ♥✉♥❝❛ ❞✐♠✐♥✉✐✳

• ❚❡r❝❡✐r❛ ▲❡✐✿ ❛ ❡♥tr♦♣✐❛ é ♠í♥✐♠❛ ♥♦ ❧✐♠✐t❡ ❚→ 0.

❆❜❛✐①♦ ❞✐s❝✉t✐r❡♠♦s ✉♠ ♣♦✉❝♦ ♠❛✐s s♦❜r❡ ❝❛❞❛ ✉♠❛ ❞❡st❛s ❧❡✐s✳

✹✳✶✳✶ ▲❡✐s ❞❛ ❚❡r♠♦❞✐♥â♠✐❝❛

▲❡✐ ❩❡r♦

❊st❛ ❧❡✐ é ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❛ t❡r♠♦❞✐♥â♠✐❝❛ ❡①♣❡r✐♠❡♥t❛❧✱ ♣♦✐s ♣❡r♠✐t✐✲

♥♦s ✐♥tr♦❞✉③✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ t❡r♠ô♠❡tr♦ ♣❛r❛ ♠❡❞✐r ❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✈ár✐♦s s✐st❡♠❛s ❞❡ ❢♦r♠❛

r❡♣r♦❞✉tí✈❡❧ ❬✷✸❪✳ ❱❡r✐✜❝❛✲s❡ q✉❡ ❛♦ ❝♦❧♦❝❛r ✉♠ t❡r♠ô♠❡tr♦ ❡♠ ❝♦♥t❛t♦ ❝♦♠ ✉♠ s✐st❡♠❛ ❞❡

r❡❢❡rê♥❝✐❛✱ ❝♦♠♦ ❛ á❣✉❛ ♥♦ ♣♦♥t♦ trí♣❧✐❝❡ ✶✱ ❛s ✈❛r✐á✈❡✐s ♠❡❝â♥✐❝❛s q✉❡ ❞❡s❝r❡✈❡♠ ♦ ❡st❛❞♦

t❡r♠♦❞✐♥â♠✐❝♦ ❞♦ t❡r♠ô♠❡tr♦ ❛ss✉♠❡♠ ♦s ♠❡s♠♦s ✈❛❧♦r❡s✳ ❙❡ ❡♠ s❡❣✉✐❞❛ ♦ t❡r♠ô♠❡tr♦

é ❝♦❧♦❝❛❞♦ ❡♠ ❝♦♥t❛t♦ ❝♦♠ ✉♠ t❡r❝❡✐r♦ ❝♦r♣♦ ❡ ❛s ✈❛r✐á✈❡✐s ♠❡❝â♥✐❝❛s ♥ã♦ ♠✉❞❛♠✱ ❡♥tã♦

❞✐③❡♠♦s q✉❡ ♦ t❡r❝❡✐r♦ s✐st❡♠❛✱ ♦ t❡r♠ô♠❡tr♦ ❡ ❛ á❣✉❛ ❡stã♦ ❛ ♠❡s♠❛ t❡♠♣❡r❛t✉r❛✳

Pr✐♠❡✐r❛ ▲❡✐

❆ ♣r✐♠❡✐r❛ ❧❡✐ ♥♦s ❞✐③ q✉❡ ❡①✐st❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ ♥♦ s✐st❡♠❛✱ ❝❤❛♠❛❞❛ ❡♥❡r❣✐❛

✐♥t❡r♥❛ E✱ q✉❡ ♣♦❞❡ ✈❛r✐❛r ❞❡✈✐❞♦ ❛ r❡❛❧✐③❛çã♦ ❞❡ tr❛❜❛❧❤♦ ♣❡❧♦ s✐st❡♠❛ ♦✉ ❛❜s♦rçã♦ ❞❡ ❝❛❧♦r

❬✷✸❪✳ ❙❡♥❞♦ ❛ss✐♠✱ ❛ ✈❛r✐❛çã♦ ♥❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛ ❞❡✈✐❞♦ ❛ ❡ss❡s ♣r♦❝❡ss♦s✱ ♣♦❞❡ s❡r ❡s❝r✐t❛

❝♦♠♦

dE = dQ− dW ✭✹✳✶✮

❖ tr❛❜❛❧❤♦ dW ♣♦❞❡ s❡r r❡❛❧✐③❛❞♦ ❞❡✈✐❞♦ ❛ ♠✉❞❛♥ç❛s ❡♠ q✉❛❧q✉❡r ✈❛r✐á✈❡❧ ❡①t❡♥s✐✈❛ ♠❡❝â♥✐❝❛

♦✉ ✈❛r✐á✈❡✐s q✉í♠✐❝❛s✳

✶P♦♥t♦ ♥♦ q✉❛❧ ❛ á❣✉❛ ❝♦❡①✐st❡ ♥♦s ❡st❛❞♦s só❧✐❞♦✱ ❧íq✉✐❞♦ ❡ ❣❛s♦s♦✳

✹✹



❙❡❣✉♥❞❛ ▲❡✐

❊ss❛ ❧❡✐ ❛✜r♠❛ q✉❡ ❛ ✈❛r✐❛çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ✉♠ s✐st❡♠❛ ❡ s✉❛s ✈✐③✐♥❤❛♥ç❛s✱ é ♣♦s✐t✐✈❛

❡ t❡♥❞❡ ❛ ③❡r♦ ♣❛r❛ ♣r♦❝❡ss♦s q✉❡ s❡ ❛♣r♦①✐♠❛♠ ❞❛ r❡✈❡rs✐❜✐❧✐❞❛❞❡ ❬✷✸❪✳ ❆tr❛✈és ❞❛ s❡❣✉♥❞❛

❧❡✐✱ ✐♥tr♦❞✉③✐♠♦s ✉♠❛ ♥♦✈❛ ✈❛r✐á✈❡❧ ❞❡ ❡st❛❞♦✱ ❛ ❡♥tr♦♣✐❛ S✳ ❆ ❡♥tr♦♣✐❛ ♥♦s ❞á ❛ ♠❡❞✐❞❛ ❞♦

❣r❛✉ ❞❡ ❞❡s♦r❞❡♠ ❞❡ ✉♠ s✐st❡♠❛ ❡ t❛♠❜é♠ ♥♦s ❞á ✉♠ ♠❡✐♦ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞♦s

❡s❛❞♦s t❡r♠♦❞✐♥â♠✐❝♦s✳ ❊❧❛ ❛✐♥❞❛ ❢♦r♥❡❝❡ ✉♠❛ ✐♠♣♦rt❛♠t❡ ❧✐❣❛çã♦ ❡♥tr❡ ♣r♦❝❡ss♦s r❡✈❡rsí✈❡✐s

❡ ♣r♦❝❡ss♦s ✐rr❡✈❡rsí✈❡✐s✳

◆♦ ❝❛s♦ ❡♠ q✉❡ ♦s ♣r♦❝❡ss♦s sã♦ r❡✈❡rsí✈❡✐s ❛ ✈❛r✐❛çã♦ ♥❛ ❡♥tr♦♣✐❛ é ❞❛❞❛ ♣♦r

dS =
dQ

T
✭✹✳✷✮

q✉❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✹✳✶✮✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ s❡❣✉✐♥t❡ ❢♦r♠❛

TdS = dE + dW ✭✹✳✸✮

❚❡r❝❡✐r❛ ▲❡✐

❆ t❡r❝❡✐r❛ ❧❡✐ ❛✜r♠❛ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❡♥tr♦♣✐❛ ❡♥tr❡ ❡st❛❞♦s ❝♦♥❡❝t❛❞♦s ♣♦r ♣r♦❝❡ss♦s

r❡✈❡rsí✈❡✐s t❡♥❞❡ ❛ ③❡r♦ q✉❛♥❞♦ ❛ t❡♠♣❡r❛t✉r❛ s❡ ❛♣r♦①✐♠❛ ❞❡ ③❡r♦ ❬✷✸❪✳ ❆ss✐♠ ✉♠ s✐st❡♠❛ ♥♦

③❡r♦ ❛❜s♦❧✉t♦ t❡♥❞❡ ❛ s❡✉ ❡st❛❞♦ q✉â♥t✐❝♦ ♠❛✐s ❜❛✐①♦ ❡ ♥❡ss❡ s❡♥t✐❞♦ t♦r♥❛✲s❡ ❝♦♠♣❧❡t❛♠❡♥t❡

♦r❞❡♥❛❞♦✳ ❙❡♥❞♦ ❛ ❡♥tr♦♣✐❛ ❝♦♥s✐❞❡r❛❞❛ ❛ ♠❡❞✐❞❛ ❞❛ ❞❡s♦r❞❡♠✱ ❡♠ T = 0 ❡st❛ ❞❡✈❡ t❡r s❡✉

✈❛❧♦r ♠❛✐s ❜❛✐①♦✳

✹✳✷ ❖s ❇✉r❛❝♦s ◆❡❣r♦s ❡ ❛ ❚❡r♠♦❞✐♥â♠✐❝❛

❆ s❡♠❡❧❤❛♥ç❛ ❡♥tr❡ ❛s ❧❡✐s t❡r♠♦❞✐♥â♠✐❝❛s ❡ ❛s ❧❡✐s ❢ís✐❝❛s ❞♦s ❜✉r❛❝♦s ♥❡❣r♦s✱ ♠♦t✐✈♦✉

❇❡❦❡♥st❡✐♥ ❬✷✺❪ ❡ ❙t❡♣❤❡♥ ❍❛✇❦✐♥❣ ❬✷✻❪ ❛ ❡st❛❜❡❧❡r ❛♥❛❧♦❣✐❛s ❡♥tr❡ ❡ss❛s ❧❡✐s✳P❛r❛ q✉❡ s❡ ♣♦ss❛

❡st❛❜❡❧❡❝❡r ✉♠❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❛s ❧❡✐s ❞❛ ❚❡r♠♦❞✐♥â♠✐❝❛ ❡ ❛s ❧❡✐s ♠❡❝â♥✐❝❛s q✉❡ ❞❡s❝r❡✈❡♠

✹✺



♦s ❜✉r❛❝♦s ♥❡❣r♦s✱ ♣r❡❝✐s❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❝❛❧❝✉❧❛r ❛ ár❡❛ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s✳ ❙❛❜❡♠♦s

q✉❡ ❡st❛ é ❞❛❞❛ ♣♦r ❬✷✼❪

A =

∫

R=rH

(
√
g)dθdϕ ✭✹✳✹✮

s❡♥❞♦ g ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♣❛rt❡ ❛♥❣✉❧❛r ❞❛ ♠étr✐❝❛✳

❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛ ✉♠❛ ♠étr✐❝❛ ❝♦♠ s✐♠❡tr✐❛ ❡s❢ér✐❝❛✱ t❡♠♦s q✉❡ g é ❞❛❞♦ ♣♦r g = r4sen2θ✳

❆ss✐♠ t❡♠♦s q✉❡ ❛ ár❡❛ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ❬✷✻❪ s❡rá

A =

∫ 2π

0,R=rH

dϕ

∫ π

0

r2
Hsenθdθ ✭✹✳✺✮

♦♥❞❡✱ ❡st❛♠♦s ❛q✉✐ ❞❡✜♥✐♥❞♦ r ≡ rH ✳ ❖ r❡s✉❧t❛❞♦ é ❡♥tã♦

A = 4πr2
H ✭✹✳✻✮

P❛r❛ ❛ s♦❧✉çã♦ ❞❡ ❙❝❤✇❛rs❝❤✐❧❞✱ t❡♠♦s q✉❡ ♦ r❛✐♦ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s é ❞❛❞♦ ♣♦r

rH = 2GM/c2✳ ❆ss✐♠ ❛ ár❡❛ ❞♦ ❤♦r✐③♦♥t❡ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

A =
16πG2M2

c4
✭✹✳✼✮

❡ s❡ ❝♦♥s✐❞❡r❛r♠♦s ♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧✱ ❝♦♠ ♦ r❛✐♦ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s rH = 2Gm/b2c2✱

❞❡ ❛❝♦r❞♦ ❛ ♠étr✐❝❛ ✭✷✳✼✻✮✱ ❡st❛ s❡rá ❞❛❞❛ ♣♦r

A =
16πG2m2

b4c4
✭✹✳✽✮

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❤á ❛ ♣r❡s❡♥ç❛ ❞❛ q✉✐♥t❡ssê♥❝✐❛✱ ♣r❡❝✐s❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❡♥❝♦♥tr❛r ♦

r❛✐♦ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s rH ✳ ❙❛❜❡♠♦s q✉❡ ❡st❡ é ❞❛❞♦ ♣♦r

gtt(r = rH) = 0 ✭✹✳✾✮

♦✉ s❡❥❛

1 − ǫ2 − 2MG

c2rH

− ǫ2ρ0rH

2η2
= 0. ✭✹✳✶✵✮

✹✻



❖❜s❡r✈❡ ❞❛ ❡q✳ ✭✹✳✶✵✮ q✉❡ ♥❛ ❛✉sê♥❝✐❛ ❞❛ q✉✐♥t❡ssê♥❝✐❛ ✭ρ0 = 0✮ ❡ ❛✉sê♥❝✐❛ ❞♦ ♠♦♥♦♣♦❧♦

✭η = 0✮✱ ♦ r❛✐♦ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s rH é ✐❣✉❛❧ ❛ 2MG
c2

❝♦♠♦ ❥á é ❜❡♠ ❝♦♥❤❡❝✐❞♦ ♣❛r❛ ♦ r❛✐♦

❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❬✷✻❪✳

P❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ✭✹✳✶✵✮✱ ❡ ♦❜t❡r ♦ r❛✐♦ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s rH ✱ ♦❜s❡r✈❛♠♦s

✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ❡st❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

ǫ2ρ0

2η2
r2
H −

(
1 − ǫ2

)
rH +

2GM

c2
= 0 ✭✹✳✶✶✮

❝✉❥❛ s♦❧✉çã♦ é

rH =
(1 − ǫ2) ±

√
(1 − ǫ2)2 − 4ǫ2ρ0MG

c2η2

ǫ2ρ0

η2

. ✭✹✳✶✷✮

❛ q✉❛❧ é ✈á❧✐❞❛✱ ❛♣❡♥❛s ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ǫ2ρ0

2η2 6= 0✳

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❛♥❛❧✐s❛r♠♦s q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ❡ss❡ r❡s✉❧t❛❞♦✱ ❝♦♥s✐❞❡r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡

q✉❡ ♦ t❡r♠♦ s♦❜ ❛ r❛✐③✱ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

√
(1 − ǫ2)2 − 32πG2Mρ0

c6
✭✹✳✶✸✮

♦♥❞❡ ✉s❛♠♦s ♦ ❢❛t♦ q✉❡ ǫ2 = 8πGη2/c4✳

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r 0 < ρ0 << 1✱ t❛❧ q✉❡

32πG2Mρ0

c6
<< (1 − ǫ2)2.

❆ss✐♠ ❡s❝r❡✈❡♠♦s

√
(1 − ǫ2)2 − 32πG2Mρ0

c6
= (1 − ǫ2)

(
1 − 32πG2Mρ0

c6(1 − ǫ2)2

)1/2

✭✹✳✶✹✮

♦ q✉❛❧✱ ❡①♣❛♥❞✐♥❞♦ ❛té s❡❣✉♥❞❛ ♦r❞❡♠✱ ❢♦r♥❡❝❡

√
(1 − ǫ2)2 − 32πG2Mρ0

c6
≈ (1 − ǫ2)

(
(1 − 16πG2Mρ0

c6(1 − ǫ2)2
− 128π2G4M2ρ2

0

c12(1 − ǫ2)4

)
✭✹✳✶✺✮

✹✼



❙✉❜st✐t✉✐♥❞♦ ❡ss❡ r❡s✉❧t❛❞♦ ♥❛ ❡q✉❛çã♦ ✭✹✳✶✷✮✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ ♦ s✐♥❛❧ ♥❡❣❛t✐✈♦✱ ❥á q✉❡ ❡st❡

❢♦r♥❡❝❡ ❛s s♦❧✉çõ❡s ♣❛rt✐❝✉❧❛r❡s✱ ♦❜t❡♠♦s

rH ≈ 2MG

c2

[
1 +

8πG2M

c6
ρ0(1 − ǫ2)−2

]
(1 − ǫ2)−1, ✭✹✳✶✻✮

q✉❡ é ♦ r❛✐♦ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ♣❛r❛ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦✱ ♥❛ ♣r❡s❡♥ç❛ ❞♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧

❡ q✉✐♥t❡ssê♥❝✐❛✳

P♦❞❡♠♦s t❡r ✉♠❛ ✐❞❡✐❛ ❞❛ ✐♥❧✉ê♥❝✐❛ ❞❛ q✉✐♥t❡ssê♥❝✐❛ ♥❛ ❛❧t❡r❛çã♦ ❞♦ r❛✐♦ ❞♦ ❤♦r✐③♦♥t❡ ❞❡

❡✈❡♥t♦s✱ ❛♥❛❧✐s❛♥❞♦ ♦ ❣rá✜❝♦ ❛❜❛✐①♦✿

❋✐❣✉r❛ ✹✳✶✿ ❱❛r✐❛çã♦ ❞♦ r❛✐♦ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ❝♦♠ ❛ ♠❛ss❛

♦♥❞❡ ❛ ❧✐♥❤❛ ❝♦♥tí♥✉❛ ❝♦rr❡s♣♦♥❞❡ ❛♦ r❛✐♦ ❞❡ ❙❤✇❛r③s❝❤✐❧❞ ❡ ❛ tr❛❝❡❥❛❞❛ ❝♦♠ ❛ ♣r❡s❡♥ç❛

❞❛ q✉✐♥t❡ssê♥❝✐❛✳ ❖❜s❡r✈❛♠♦s ❡♥tã♦✱ ❛ ♣❛rt✐r ❞❡st❡ ❣rá✜❝♦✱ q✉❡ ♦ r❛✐♦ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s

❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ✱ ♣❛r❛ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ♠❛ss❛✱ é s❡♠♣r❡ ♠❛✐♦r q✉❛♥❞♦

❝♦♥s✐❞❡r❛♠♦s ♦ t❡r♠♦ ❞❡ q✉✐♥t❡ssê♥❝✐❛✳ ■ss♦ ✐♠♣❧✐❝❛ q✉❡ ❛ q✉✐♥t❡ssê♥❝✐❛ ❛❧t❡r❛ ❛ ❣❡♦♠❡tr✐❛

❞♦ ❡s♣❛ç♦✲t❡♠♣♦ ❛ s✉❛ ✈♦❧t❛✳

❈❛❧❝✉❧❛♥❞♦ ❛❣♦r❛✱ ❛ ár❡❛ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s✱ ♣❛r❛ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❝♦♠ ♠♦♥♦♣♦❧♦

❣❧♦❜❛❧ ❡ q✉✐♥t❡ssê♥❝✐❛✱ ❡♥❝♦♥tr❛♠♦s

A =
16πM 2G2

c4

[
1 +

8πG2M

c6
ρ0(1 − ǫ2)−2

]2

(1 − ǫ2)−2, ✭✹✳✶✼✮

❊♠ ✶✾✼✶ ❙t❡♣❤❡♥ ❍❛✇❦✐♥❣ ❡st❛❜❡❧❡❝❡✉ q✉❡ ❛ ár❡❛ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s A ❞❡ ✉♠

❜✉r❛❝♦ ♥❡❣r♦ ♥✉♥❝❛ ❞✐♠✐♥✉✐ ❡♠ q✉❛❧q✉❡r ♣r♦❝❡ss♦ ❢ís✐❝♦✱ ♣♦❞❡♥❞♦ ♥♦ ❡♥t❛♥t♦✱ ❛✉♠❡♥t❛r ♦✉

✹✽



♣❡r♠❛♥❡❝❡r ❝♦♥st❛♥t❡ ❞✉r❛♥t❡ ♦ ♣r♦❝❡ss♦✳ ❉❡ss❛ ❢♦r♠❛ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡✿

∆A ≥ 0 ✭✹✳✶✽✮

P♦❞❡♠♦s ❛❣♦r❛ ❡st❛❜❡❧❡❝❡r ❛s ❧❡✐s ❞❛ t❡r♠♦❞✐♥â♠✐❝❛ ♣❛r❛ ❜✉r❛❝♦s ♥❡❣r♦s ❡♠ ♣❛r❛❧❡❧♦ ❝♦♠

❛s ✉s✉❛✐s ❧❡✐s ❞❛ t❡r♠♦❞✐♥â♠✐❝❛✳ ❊ss❛ r❡❧❛çã♦ é ❢❡✐t❛ ❛ s❡❣✉✐r✳

✹✳✷✳✶ ▲❡✐s ❞❛ ❚❡r♠♦❞✐♥â♠✐❝❛ ♣❛r❛ ❜✉r❛❝♦s ♥❡❣r♦s

❆tr❛✈és ❞❡ ♣❛râ♠❡tr♦s ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✱ ❝♦♠♦ ❛ ❣r❛✈✐❞❛❞❡ ❞❡ s✉♣❡r❢í❝✐❡ κ✱ ❛ ♠❛ss❛ m ❡ ❛

ár❡❛ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s A✱ sã♦ ❡st❛❜❡❧❡❝✐❞❛s q✉❛tr♦ ❧❡✐s ♠❡❝â♥✐❝❛s ❡♠ ♣❛r❛❧❡❧♦ ❝♦♠ ❛s

❧❡✐s ❞❛ t❡r♠♦❞✐♥â♠✐❝❛✿

▲❡✐ ❩❡r♦

❖ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s é ❞❡s❝r✐t♦ ♣♦r ✉♠❛ q✉❛♥t✐❞❛❞❡ κ ❬✷✻✱ ✷✽❪✱ ❛ ❣r❛✈✐❞❛❞❡ ❞❡ s✉♣❡r❢í❝✐❡✱

q✉❡ é ❛ ❛❝❡❧❡r❛çã♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❡①♣❡r✐♠❡♥t❛❞❛ ♣♦r ✉♠❛ ♣❛rtí❝✉❧❛ ❞❡ t❡st❡ ❡♠ s✉❛ s✉♣❡r❢í❝✐❡✱

❛ q✉❛❧✱ ♣♦ss✉✐ ♦ ♠❡s♠♦ ✈❛❧♦r s♦❜r❡ ♦ t♦❞♦ ♦ ❤♦r✐③♦♥t❡✳ ❊ss❛ ❝♦♥st❛♥t❡ κ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠

❛ t❡♠♣❡r❛t✉r❛ ❢ís✐❝❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ TH ♣♦r

TH =
~c

kB

κ

2π
=

~c

4πkB

∣∣∣∣
d

dr
gtt(r = rH)

∣∣∣∣ ✭✹✳✶✾✮

♦♥❞❡ κ é ❞❡✜♥✐❞❛ ❝♦♠♦

κ = −1

2

√
grr

−gtt

dgtt

dr
|r=rH

✭✹✳✷✵✮

❡ kB é ❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥✳ P❛r❛ ❝❛❧❝✉❧❛r♠♦s q✉❛♥t✐t❛t✐✈❛♠❡♥t❡ ❛ t❡♠♣❡r❛t✉r❛ TH ✱ ❝♦♠

❛ ♠étr✐❝❛ ❞❛❞❛ ♣♦r ✭✸✳✾✮✱ s❛❜❡♥❞♦ q✉❡ ♦ ♣❛râ♠❡tr♦ ωq ♣❡rt❡♥❝❡ ❛♦ ✐♥t❡r✈❛❧♦ −1 < ωq < −1
3
✱

✈❛♠♦s ❝♦♥s✐❞❡r❛r✱ ♣❛r❛ ❡❢❡✐t♦ ❞❡ ❛♥á❧✐s❡ ωq = −2
3
✳

▲♦❣♦ ❛ t❡♠♣❡r❛t✉r❛ TH s❡rá ❞❛❞❛ ♣♦r

TH =
~

4πkBc

(
2GM

r2
H

+
ǫ2ρ2

0c
2

2η2

)
✭✹✳✷✶✮

✹✾



♦♥❞❡ rH é ❞❛❞♦ ♣❡❧❛ ❡q✳ ✭✹✳✶✻✮✳ ❖❜s❡r✈❡ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ TH ❞❡♣❡♥❞❡ ❞❡ ρ0 ❡ ❞❡ η✱

❡ q✉❛♥❞♦ ❢❛③❡♠♦s ❡ss❡s ❞♦✐s ♣❛râ♠❡tr♦s ✐r❡♠ ❛ ③❡r♦✱ ♦✉ s❡❥❛✱ ♥❛ ❛✉sê♥❝✐❛ ❞♦ ♠♦♥♦♣♦❧♦

❣❧♦❜❛❧ ❡ ❞❛ q✉✐♥t❡ssê♥❝✐❛✱ r❡❝✉♣❡r❛♠♦s ♦ r❡s✉❧t❛❞♦ ❥á ❜❡♠ ❝♦♥❤❡❝✐❞♦ ♣❛r❛ ♦ ❜✉r❛❝♦ ♥❡❣r♦

❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❬✷✻❪✳

Pr✐♠❡✐r❛ ▲❡✐

❊ss❛ ❧❡✐ ♥♦s ❞á ❛ ✈❛r✐❛çã♦ ❞❛ ♠❛ss❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✱ q✉❛♥❞♦ ❡st❡ ✈❛✐ ❞❡ ✉♠❛ ❡st❛❞♦

❡st❛❝✐♦♥ár✐♦ ❛ ♦✉tr♦✳ P♦❞❡ s❡r ❡①♣r❡ss❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ❬✶✻❪✿

c2dM =
( κ

8π

)
dA+ termos de trabalho ✭✹✳✷✷✮

❉❡✜♥✐♥❞♦

Sbn =
AkBc

3

4~G
✭✹✳✷✸✮

♦♥❞❡ kB é ❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥ ❡ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✶✾✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ s❡❣✉♥❞❛

❧❡✐ ❝♦♠♦

c2dM = THdSbn + termos de trabalho, ✭✹✳✷✹✮

q✉❡ é ❛♥á❧♦❣❛ ❛ ♣r✐♠❡✐r❛ ❧❡✐ ❞❛ t❡r♠♦❞✐♥â♠✐❝❛

dE = TdS + termos de trabalho ✭✹✳✷✺✮

❆ss✐♠ ❞❛ ❡q✉❛çã♦ ✭✹✳✷✹✮ ✐❞❡♥t✐✜❝❛♠♦s ♦ t❡r♠♦ dSbh✱ ❝♦♠♦ ❛ ✈❛r✐❛çã♦ ♥❛ ❡♥tr♦♣✐❛ ❞♦ ❜✉r❛❝♦

♥❡❣r♦✱ ❛ q✉❛❧ é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✷✸✮✳ ❉❡ss❛ ❢♦r♠❛✱ ✈❡♠♦s q✉❡ ❡♥tr♦♣✐❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦

é ✐❣✉❛❧ ❛ ✉♠ q✉❛rt♦ ❞❛ ár❡❛ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s✳

❊①♣r❡ss❛♥❞♦ ❛ ❡♥tr♦♣✐❛ Sbn ♥❛ ❢♦r♠❛ ❞✐♠❡♥s✐♦♥❛❧♠❡♥t❡ ❝♦rr❡t❛✱ ❛ ❡q✉❛çã♦ ✭✹✳✷✸✮ ❢♦r♥❡❝❡

Sbn =
kBc

3A

4G~
= CHawkingA ✭✹✳✷✻✮

♦♥❞❡ CHawking é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❝♦♥st❛♥t❡ ❞❡ ❍❛✇❦✐♥❣ ❬✷✾❪✳ ❈♦♠ ❛ ár❡❛ ❞❛❞❛ ♣♦r ✭✹✳✻✮✱

♦❜t❡♠♦s ❛ ❡♥tr♦♣✐❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❝♦♠ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧✱

Sbn =
4πkBGm

2

~b4c
✭✹✳✷✼✮

✺✵



❡ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❝♦♥s✐❞❡r❛♠♦s ❛ q✉✐♥t❡ssê♥❝✐❛✱ ❛ ❡♥tr♦♣✐❛ é ❞❛❞❛ ♣♦r

Sbn =
4πKBM

2G

~c

[
1 +

8πG2M

c6
ρ0(1 − ǫ2)−2

]2

(1 − ǫ2)−2, ✭✹✳✷✽✮

❊ss❛ r❡❧❛çã♦ ❡♥tr❡ ❛ ❡♥tr♦♣✐❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❡ ❛ ár❡❛ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s✱ ❢♦✐ ❞❡ ❢❛t♦

❡♥❝♦♥tr❛❞❛ ♣♦r ❍❛✇❦✐♥❣✱ ❢❡✐t❛ ❝♦♠ ❜❛s❡ ♥❛ ❛♣❧✐❝❛çã♦ ❞❛ t❡♦r✐❛ q✉â♥t✐❝❛ ❞❡ ❝❛♠♣♦s✳ ❊st❛

♠♦str❛ q✉❡ ♦s ❜✉r❛❝♦s ♥❡❣r♦s ❛❜s♦r✈❡♠ ♦✉ ❡♠✐t❡♠ ♣❛rtí❝✉❧❛s ❝♦♠♦ s❡ ❢♦ss❡♠ ❝♦r♣♦s tér♠✐❝♦s

❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ ❍❛✇❦✐♥❣✱ TH ✳

❙❡❣✉♥❞❛ ▲❡✐

❉❡ss❛ ❧❡✐ t❡♠♦s q✉❡✱ ❡♠ ♣r♦❝❡ss♦ ❝❧áss✐❝♦ ❛ ár❡❛ ❞♦ ❤♦r✐③♦♥t❡s ❞❡ ❡✈❡♥t♦s ♥✉♥❝❛ ❞✐♠✐♥✉✐✱

♦✉ s❡❥❛✱

dA ≥ 0, ✭✹✳✷✾✮

♦ q✉❡ t❛♠❜é♠ s❡ ❛♣❧✐❝❛ à ❡♥tr♦♣✐❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✳

❖❜s❡r✈❛✲s❡ ♣♦ré♠✱ q✉❡ ❛ s❡❣✉♥❞❛ ❧❡✐ ♣❛r❛ ❜✉r❛❝♦s ♥❡❣r♦s ♣♦❞❡ s❡r ✈✐♦❧❛❞❛✱ q✉❛♥❞♦

❡❢❡✐t♦s q✉â♥t✐❝♦s sã♦ ❝♦♥s✐❞❡r❛❞♦s ❬✸✵❪✳ ❈❧❛ss✐❝❛♠❡♥t❡✱ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ só ❡♠✐t❡ ♦♥❞❛s

❣r❛✈✐t❛❝✐♦♥❛✐s ♦ q✉❡ ❝♦rr❡s♣♦♥❞❡r✐❛ ❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ♥✉❧❛✳ ◆♦ ❡♥t❛♥t♦✱ ❛♣ós ❛ ❧❡✐ ❞❛s ár❡❛s

s❡r ❡st❛❜❡❧❡❝✐❞❛ ❙t❤❡♣❤❡♥ ❍❛✇❦✐♥❣ ❝♦♥st❛t♦✉ ❛tr❛✈és ❞❛ t❡♦r✐❛ q✉â♥t✐❝❛ ❞❡ ❝❛♠♣♦s q✉❡ ♦s

❜✉r❛❝♦s ♥❡❣r♦s ❡♠✐t❡♠ r❛❞✐❛çã♦✱ ♠❡s♠♦ ❛q✉❡❧❡s q✉❡ ♥ã♦ ♣♦ss✉❡♠ ❝❛r❣❛ ❡ ♥❡♠ r♦t❛çã♦✳ ❋♦✐

❝♦♥st❛t❛❞♦ q✉❡ ❡st❡s ✐rr❛❞✐❛♠ ❜ós♦♥s ❡ ❢ér♠✐♦♥s ❝♦♠ ❡s♣❡❝tr♦ tér♠✐❝♦ ❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ T ✳

❊ss❛ r❛❞✐❛çã♦ ✜❝♦✉ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ r❛❞✐❛çã♦ ❍❛✇❦✐♥❣✳

❯♠ ♦✉tr♦ ♣♦♥t♦ q✉❡ ❞❡✈❡ s❡r ❝♦♥s✐❞❡r❛❞♦ é q✉❡ ❛ ❧❡✐ ❞❛s ár❡❛s é ♠❛✐s ❡str✐t❛ ❞♦ q✉❡ ❛

s❡❣✉♥❞❛ ❧❡✐ ❞❛ t❡r♠♦❞✐♥â♠✐❝❛✳ P❛r❛ ✉♠ s✐st❡♠❛ ❝♦♥t❡♥❞♦ ✈ár✐♦s ❜✉r❛❝♦s ♥❡❣r♦s✱ ❛ ❧❡✐ ❞❛s

ár❡❛s t❛♥t♦ é ✈á❧✐❞❛ ♣❛r❛ ♦ s✐st❡♠❛ ❝♦♠♦ ✉♠ t♦❞♦✱ ❝♦♠♦ ♣❛r❛ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ t♦♠❛❞♦

✐s♦❧❛❞❛♠❡♥t❡✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ tr❛♥s❢❡r✐r ár❡❛ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ♣❛r❛ ♦✉tr♦✳

✺✶



◆♦ ❝❛s♦ ❞❛ t❡r♠♦❞✐♥â♠✐❝❛✱ ♣❛r❛ ✉♠ s✐st❡♠❛ ❢❡❝❤❛❞♦ ❛ ❡♥tr♦♣✐❛ ♥✉♥❝❛ ❞✐♠✐♥✉✐✱ ♣♦ré♠ ♣♦❞❡

❤❛✈❡r tr❛♥s❢❡rê♥❝✐❛ ❞❡st❛ q✉❛♥t✐❞❛❞❡ ❡♥tr❡ ♦s s✉❜s✐st❡♠❛s✳

❆✐♥❞❛ t❡♠♦s ❛ q✉❡stã♦ ❞❛ ❡✈❛♣♦r❛çã♦ ❞♦s ❜✉r❛❝♦s ♥❡❣r♦s✱ ♦✉tr♦ ❢❛t♦ q✉❡ ♣♦❞❡ ❝♦♥tr❛❞✐③❡r

❛ ❧❡✐ ❞❛s ár❡❛s✱ ♣♦✐s ♣❡r♠✐t✐r✐❛ q✉❡ ♦s ❜✉r❛❝♦s ♥❡❣r♦s ❞❡s❛♣❛r❡❝❡ss❡♠✳ P❛r❛ ❛♥❛❧✐s❛r ❡ss❡

❢❛t♦ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ❝♦♠♦ s❡♥❞♦ ✉♠ ❛❜s♦r✈❡❞♦r ♣❡r❢❡✐t♦✱ ♦✉ s❡❥❛✱ ❝♦♠

❛❜s♦r♣t✐✈✐❞❛❞❡ ✶✱ ❝♦♠ t❡♠♣❡r❛t✉r❛ ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✶✾✮✳ ❊ t❛♠❜é♠ ✈❛♠♦s ❝♦♥s✐❞❡r❛r

♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ tr❛♥s♠✐ssã♦ ❞♦ ♣♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ ❝♦♠♦ s❡♥❞♦ ✶✱ ♦✉ s❡❥❛✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ss❛

r❛❞✐❛çã♦ s❡ ❝♦♠♣♦rt❛ ❝♦♠♦ ✉♠ ❝♦r♣♦ ♥❡❣r♦ ❬✷✻❪✳ ❙❛❜❡♥❞♦✲s❡ q✉❡ ❛ ♣♦tê♥❝✐❛ ✐rr❛❞✐❛❞❛ ♣♦r ✉♠

❝♦r♣♦ ♥❡❣r♦ é ♣r♦♣♦r❝✐♦♥❛❧ à q✉❛rt❛ ♣♦tê♥❝✐❛ ❞❡ T ✱ t❡♠♦s ❛ ❧❡✐ ❞❡ ❙t❡❢❛♥✲❇♦❧t③♠❛♥♥ ♣❛r❛ ❛

♣♦tê♥❝✐❛ ✐rr❛❞✐❛❞❛ ♣♦r ✉♥✐❞❛❞❡ ❞❡ ár❡❛✱ ❝♦♠♦ s❡♥❞♦

j = σT 4, ✭✹✳✸✵✮

♦♥❞❡ σ = 5, 67.10−8W/m2 é ❛ ❝♦♥st❛♥t❡ ❞❡ ❙t❡❢❛♥✲❇♦❧t③♠❛♥♥✳ ❊①♣❧í❝✐t❛♠❡♥t❡ ❡ss❛ ❧❡✐ ♣♦❞❡

s❡r ❡s❝r✐t❛ ❝♦♠♦

j =
π2k4

B

60c2~3
T 4 ✭✹✳✸✶✮

s❡♥❞♦ kB = 1, 38.10−23J/K ❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥✱ ~ = 1, 05.10−34J.s ❛ ❝♦♥st❛♥t❡ ❞❡

P❧❛♥❝❦ ♥♦r♠❛❧✐③❛❞❛ ❡ c ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❧✉③✳

❉❡ss❛ ❢♦r♠❛ ❛ ♣♦tê♥❝✐❛ t♦t❛❧ ✐rr❛❞✐❛❞❛ ♣❡❧♦ ❜✉r❛❝♦ ♥❡❣r♦ é ❞❛❞❛ ♠✉❧t✐♣❧✐❝❛♥❞♦✲s❡ j ♣❡❧❛

ár❡❛ ❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s ❞❛❞❛ ♣♦r ✭✹✳✻✮✳ ❋❛③❡♥❞♦ ✐st♦ ♦❜t❡♠♦s

P =
~c6

15360πG2M2
✭✹✳✸✷✮

❙❡♥❞♦ E = Mc2 ❛ ❡♥❡r❣✐❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ t❡♠♦s

dE

dt
= c2

dM

dt
⇒ dE

dt
= −P = −a 1

M2
✭✹✳✸✸✮

♦♥❞❡

a =
~c6

15360πG2
✭✹✳✸✹✮

✺✷



q✉❡ ✐♥t❡❣r❛♥❞♦ ♦❜t❡♠♦s

M3 = −3ac−2t+ d = −3βt+ d ✭✹✳✸✺✮

♦♥❞❡ d é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ✐♥t❡❣r❛çã♦ ❡ β = ac−2✳ ❯s❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ q✉❡ ❡♠ t = 0✱

M = M0✱ ♦❜t❡♠♦s

M(t) = (M3
0 − 3βt)1/3, ✭✹✳✸✻✮

♦ q✉❡ ♥♦s ❢♦r♥❡❝❡ ♦ t❡♠♣♦ ♥❡❝❡ssár✐♦ ♣❛r❛ ❛ ❡✈❛♣♦r❛çã♦ ❝♦♠♣❧❡t❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦

t =
M3

0

3β
. ✭✹✳✸✼✮

◆♦ ❝❛s♦ ❞❡ ✉♠ ❜✉r❛❝♦ ♥❡❣r♦ ❝♦♠ ♠❛ss❛ ✐♥✐❝✐❛❧ M0 = MS✱ ♦♥❞❡ MS é ❛ ♠❛ss❛ ❞♦ s♦❧✱

♣♦❞❡♠♦s ❡st✐♠❛r q✉❡ ♦ t❡♠♣♦ ♥❡❝❡ssár✐♦ ♣❛r❛ s✉❛ ❡✈❛♣♦r❛çã♦ s❡rá ❞❡

t = 2, 1011.1067anos ✭✹✳✸✽✮

❈♦♥s✐❞❡r❛♥❞♦✱ q✉❡ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❡stá ♥❛ ♣r❡s❡♥ç❛ ❞♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧✱ t❡♠♦s q✉❡ ❛

♣♦tê♥❝✐❛ t♦t❛❧ ✐rr❛❞✐❛❞❛ s❡rá ❞❛❞❛ ♣♦r

P =
~c6b12

15360πG2m2
✭✹✳✸✾✮

❡ ❝♦♠ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❛♥á❧♦❣♦ ❛♦ ❛♥t❡r✐♦r✱ ❡♥❝♦♥tr❛♠♦s q✉❡ ♦ t❡♠♣♦ ❞❡ ❡✈❛♣♦r❛çã♦ ❞♦ ❜✉r❛❝♦

♥❡❣r♦✱ ♥❡ss❡ ❝❛s♦✱ s❡rá ❞❡

t = 2, 1013.1067anos ✭✹✳✹✵✮

❖s ✈❛❧♦r❡s ❡♥❝♦♥tr❛❞♦s sã♦ ♣♦rt❛♥t♦✱ ♠✉✐t❛s ♦r❞❡♥s ❞❡ ❣r❛♥❞❡③❛ s✉♣❡r✐♦r❡s ❛♦ ✈❛❧♦r

❡st✐♠❛❞♦ ♣❛r❛ ❛ ✐❞❛❞❡ ❞♦ ❯♥✐✈❡rs♦✱ ❞♦ q✉❛❧ s❡ ♣♦❞❡ ❝♦♥❝❧✉✐r q✉❡ ❡st❡s ❜✉r❛❝♦s ♥ã♦ t✐✈❡r❛♠

t❡♠♣♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ❡✈❛♣♦r❛r❡♠ ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ s✉❛ ár❡❛ ♥ã♦ s♦❢r❡✉ ✉♠❛ ✈❛r✐❛çã♦

s✐❣♥✐✜❝❛t✐✈❛✳

✺✸



❚❡r❝❡✐r❛ ▲❡✐

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ t❡r❝❡✐r❛ ❧❡✐✱ é ✐♠♣♦ssí✈❡❧ ❛t✐♥❣✐r✱ ❡♠ ✉♠ t❡♠♣♦ ✜♥✐t♦✱ ♦ ❧✐♠✐t❡ κ = 0✳

Pr❛ ❡ss❡ ✈❛❧♦r✱ t❡♠♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✹✳✶✾✮✱ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦

s❡rá ♥✉❧❛✱ ♣♦ré♠ ❛ ❡♥tr♦♣✐❛ ♥ã♦✳

✹✳✸ ❈❛♣❛❝✐❞❛❞❡ ❚ér♠✐❝❛

❆ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❡stá ✐♥❝❧✉í❞❛ ♥♦ ❣r✉♣♦ ❞❛s ❝❤❛♠❛❞❛s ❢✉♥çõ❡s r❡s♣♦st❛✱ ❡♠

t❡r♠♦❞✐♥â♠✐❝❛✱ ❛s q✉❛✐s sã♦ q✉❛♥t✐❞❛❞❡s ♠❛✐s ❛❝❡ssí✈❡✐s ❛♦ ❡①♣❡r✐♠❡♥t♦✳ ❆tr❛✈és ❞❡st❛s✱

♣♦❞❡♠ s❡r ♦❜t✐❞❛s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❝♦♠♦ ✉♠❛ ✈❛r✐á✈❡❧ ❞❡ ❡st❛❞♦ ❡s♣❡❝í✜❝❛ s♦❢r❡ ❛❧t❡r❛çã♦✱

q✉❛♥❞♦ ❝❡rt♦s ♣❛râ♠❡tr♦s sã♦ ♠❛♥t✐❞♦s ✜①♦s✳ ❚❛♠❜é♠ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ ♠❡❞✐❞❛ ❞♦

t❛♠❛♥❤♦ ❞❛s ✢✉t✉❛çõ❡s ❞❡ ✉♠ s✐st❡♠❛ t❡r♠♦❞✐♥â♠✐❝♦✳

P❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❞❡ ❜✉r❛❝♦s ♥❡❣r♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❡♠♦s ❛

❡q✉❛çã♦ ✭✹✳✷✹✮✱ ♦✉ s❡❥❛✱ ❛ s❡❣✉♥❞❛ ❧❡✐ ❞❛ t❡r♠♦❞✐♥â♠✐❝❛ ♣❛r❛ ❜✉r❛❝♦s ♥❡❣r♦s✳ ❆♣❛rt✐r

❞❡st❛ ❡q✉❛çã♦ ✐❞❡♥t✐✜❝❛♠♦s q✉❡ ♦ t❡r♠♦ ❞❡ ♠❛ss❛✱ é ♦ ❡q✉✐✈❛❧❡♥t❡ ❛♦ t❡r♠♦ ❞❡ ❡♥tr♦♣✐❛

❞❛ t❡r♠♦❞✐♥â♠✐❝❛ ✉s✉❛❧✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣♦❞❡♠♦s ❡①♣r❡ss❛r ❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛

C =
∂E

∂T
=⇒ C = c2

∂M

∂T
✭✹✳✹✶✮

s❡♥❞♦ M ❛ ♠❛ss❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❡ T s✉❛ t❡♠♣❡r❛t✉r❛✳

■♥✐❝✐❛❧♠❡♥t❡ ✉s❛♥❞♦ ❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ t❡♠♣❡rt❛✉r❛ ❞♦ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞

❬✶✽❪✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r s✉❛ ♠❛ss❛ ❝♦♠♦

M =
~c3

8πkBGT
✭✹✳✹✷✮

❈❛❧❝✉❧❛♥❞♦ ❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ♦❜t❡♠♦s

C = − ~c3

8πkBGT 2
✭✹✳✹✸✮

✺✹



q✉❡ ♣♦❞❡ s❡r ❡s❝r✐t❛ ♥❛ ❢♦r♠❛

C = −8πkBGM
2

~c3
✭✹✳✹✹✮

❖❜s❡r✈❛♥❞♦ ❡ss❛ ❡q✉❛çã♦✱ ♣♦❞❡♠♦s ✈❡r q✉❡ ❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ s❡♠♣r❡ s❡rá ♥❡❣❛t✐✈❛ ❡

q✉❡ s❡ M → ∞✱ C → −∞✳ ❈❧❛ss✐❝❛♠❡♥t❡✱ ✉♠❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ♥❡❣❛t✐✈❛ s✐❣♥✐✜❝❛ q✉❡ ♦

s✐st❡♠❛ é t❡r♠♦❞✐♥❛♠✐❝❛♠❡♥t❡ ✐♥stá✈❡❧✱ ♦✉ s❡❥❛ ♣r❡st❡s ❛ ❝♦❧❛♣s❛r✳

❆❜❛✐①♦ t❡♠♦s ❛ ✈❛r✐❛çã♦ ❞❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❡♠ ❢✉♥çã♦ ❞❛ ♠❛ss❛ M ♣❛r❛ ✉♠ ❜✉r❛❝♦

♥❡❣r♦ ❞❡ ❙❝❤✇❛rs❝❤✐❧❞✿

❋✐❣✉r❛ ✹✳✷✿ ❈❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ♣❛r❛ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❡♠ ❢✉♥çã♦ ❞❡ M

■♥❝❧✉✐♥❞♦ ❛❣♦r❛✱ ♦s t❡r♠♦s ❞♦ ♠♦♥♦♣♦❧♦ ❡ q✉✐♥t❡ssê♥❝✐❛ ♣❛r❛ ❛ ❡①♣r❡ssã♦ ❞❛ t❡♠♣❡r❛t✉r❛✱

♦✉ s❡❥❛ ❛ ❡q✉❛çã♦ ✭✹✳✷✶✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡ s✉❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ s❡rá ❞❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡

❡①♣r❡ssã♦

C = −c2




~c5(1 − ǫ2)

8πGkBM2
(
1 + 8πG2Mρ0

(1−ǫ2)c6

)2 +
2~cGρ0(1 − ǫ2)

kBM
(
1 + 8πG2Mρ0

(1−ǫ2)c6

)3




−1

✭✹✳✹✺✮

❆♣❛rt✐r ❞❡ss❛ ❡①♣r❡ssã♦✱ ♦❜s❡r✈❛♠♦s ❝♦♠♦ ♥♦ ❝❛s♦ ❞❡ ❙❤✇❛r③s❝❤✐❧❞✱ q✉❡ ❛ ❝❛♣❛❝✐❞❛❞❡

tér♠✐❝❛ s❡♠♣r❡ ❛ss✉♠✐rá ✈❛❧♦r❡s ♥❡❣❛t✐✈♦s✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ M → ∞✱ C → −∞✳ ◗✉❛♥❞♦

ρ0 = 0 ❡ ǫ = 0✱ ❛ ❡①♣r❡ssã♦ s❡ r❡❞✉③ à ❡q✉❛çã♦ ✭✹✳✹✹✮✱ ❝♦♠♦ ❡r❛ ❞❡ s❡ ❡s♣❡r❛r✳

❖ ❣rá✜❝♦ ❛ s❡❣✉✐r ♠♦str❛ ❛ ✈❛r✐❛çã♦ ❞❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛✳ ❆ss✉♠✐♠♦s

✺✺



q✉❡ ρ0 = 0, 1 ❡ ǫ = 0.001✳

❋✐❣✉r❛ ✹✳✸✿ ❈❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ♣❛r❛ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞ ❝♦♠ ♠♦♥♦♣♦❧♦ ❡
q✉✐♥t❡ssê♥❝✐❛ ❡♠ ❢✉♥çã♦ ❞❡ M

❱❡♠♦s q✉❡ ❛ ♣r❡s❡♥ç❛ ❞❛ q✉✐♥t❡ssê♥❝✐❛ ❢❛③ ❝♦♠ q✉❡ ❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❞✐♥✐♥✉❛ ♠❛✐s

r❛♣✐❞❛♠❡♥t❡ ❞♦ q✉❡ ♥♦ ❝❛s♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✳ P♦rt❛♥t♦✱ ❝♦♥tr✐❜✉✐ ♣❛r❛ ❛❧t❡r❛r ❛s q✉❛♥t✐❞❛❞❡s

t❡r♠♦❞✐♥â♠✐❝❛s ❞♦ ❜✉r❛❝♦ ♥❡❣r♦✳

✺✻



❈❛♣ít✉❧♦ ✺

❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s

◆❡st❡ tr❛❜❛❧❤♦ ❛♥❛❧✐s❛♠♦s ❛❧❣✉♥s ❡❢❡✐t♦s q✉❡ ♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧ tr❛③ ♣❛r❛ ❛ ♠étr✐❝❛ ❞♦

❡s♣❛ç♦✲t❡♠♣♦ ❣❡r❛❞❛ ♣❡❧♦ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❝❤✇❛r③s❝❤✐❧❞✳ P❛rt✐♥❞♦ ❞❛ ❝♦♥s✐❞❡r❛çã♦ q✉❡ ❡st❡

t✐♣♦ ❞❡ ❞❡❢❡✐t♦ t♦♣♦❧ó❣✐❝♦ ♣♦❞❡ t❡r s✉r❣✐❞♦ ❡♠ tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ❞❡ ✉♠ ❯♥✐✈❡rs♦ ♣r✐♠✐t✐✈♦✱

r❡s♦❧✈❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❛s ❡q✉❛çõ❡s ❞❡ ❊✐♥st❡✐♥ ❡ ❢♦✐ ❡♥tã♦ ♦❜t✐❞❛ ❛ ♠étr✐❝❛ q✉❡ ❞❡s❝r❡✈❡ ❡st❡

❝❡♥ár✐♦✳ ❆ ♣❛rt✐r ❞❛í ♣♦❞❡✲s❡ ✈❡r✐✜❝❛r ❛s ❛❧t❡r❛çõ❡s q✉❡ s✉r❣❡♠ ♥♦ ❝á❧❝✉❧♦s ❞♦s ♣♦t❡♥❝✐❛✐s

❡❢❡t✐✈♦s ❡ ❛ ❝♦♥s❡q✉❡♥t❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❛s ór❜✐t❛s✱ ❛ss✐♠ ❝♦♠♦ ❛ ❛❧t❡r❛çã♦ ♥♦ ❞❡s✈✐♦ ❞♦ ♣❡r✐é❧✐♦

❞♦ ♣❧❛♥❡t❛ ▼❡r❝úr✐♦✳ ❊♠ s❡❣✉✐❞❛✱ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ♦ ❜✉r❛❝♦ ♥❡❣r♦ ❞❡ ❙❤✇❛r③s❝❤✐❧❞✱ ❛❧é♠

❞❡ ❡st❛r ♥❛ ♣r❡s❡♥ç❛ ❞♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧✱ ♣♦ss✉✐ ❡♠ s✉❛s ✈✐③✐♥❤❛♥ç❛s ❛ q✉✐♥t❡ssê♥❝✐❛✳ ❈♦♠

❛ ❛❧t❡r❛çã♦ ❞❛ ♠étr✐❝❛✱ ♣r♦❞✉③✐❞❛ ♣♦r ❡ss❛ ♥♦✈❛ ❢♦♥t❡ ❞❡ ❡♥❡r❣✐❛✱ ♣r♦❝❡❞❡♠♦s ❛♦ ❝á❧❝✉❧♦ ❞♦s

♠♦❞♦s ♥♦r♠❛✐s ❞❡ ✈✐❜r❛çã♦✱ ♦✉ s❡❥❛✱ ✈✐❜r❛çõ❡s ❝❛r❛❝t❡ríst✐❝❛s ❡♠✐t✐❞❛s ♣❡❧♦s ❜✉r❛❝♦s ♥❡❣r♦s✳

P♦r ú❧t✐♠♦✱ ❝♦♠ ❛ ❛♥❛❧♦❣✐❛ ❡st❛❜❡❧❡❝✐❞❛ ❡♥tr❡ ❛s ❧❡✐s ♠❡❝â♥✐❝❛s q✉❡ ❞❡s❝r❡✈❡♠ ♦s ❜✉r❛❝♦s

♥❡❣r♦s ❡ ❛s ❧❡✐s t❡r♠♦❞✐♥â♠✐❝❛s ✉s✉❛✐s✱ ❝❛❧❝✉❧❛♠♦s ❛❧❣✉♠❛s q✉❛♥t✐❞❛❞❡s ❢ís✐❝❛s ❞❡ ✐♥t❡r❡ss❡

t❡r♠♦❞✐♥â♠✐❝♦✳

❖❜s❡r✈❛♠♦s ♥❛ s❡❝çã♦ ✭✷✳✸✳✶✮✱ q✉❡ ♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧ ✐♥tr♦❞✉③ ✉♠❛ ♣❡q✉❡♥❛ ❝♦rr❡çã♦ ♥♦

❞❡s✈✐♦ ❞❛ ór❜✐t❛ ❞♦ ♣❧❛♥❡t❛ ▼❡r❝úr✐♦✱ ♣♦ré♠ ♦ r❡s✉❧t❛❞♦ ❛✐♥❞❛ ❡stá ♥♦ ✐♥t❡r✈❛❧♦ ❞❡ ✈❛r✐❛çã♦

✺✼



♣r❡✈✐st♦ ♣❡❧❛ t❡♦r✐❛✳ ❈♦♠ r❡❧❛çã♦ à ❡st❛❜✐❧✐❞❛❞❡ ❞❛s ór❜✐t❛s✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ s❡❝çã♦ ✭✷✳✸✳✷✮✱

♦ r❡s✉❧t❛❞♦ ♣❛r❛ ♦s ♣♦t❡♥❝✐❛✐s ❡❢❡t✐✈♦s t❛♠❜é♠ sã♦ ❛❧t❡r❛❞♦s✳ ◆❡st❡ ❡s♣❛ç♦✲t❡♠♣♦✱ ❡st❡s ❛❣♦r❛

♣❛ss❛♠ ❛ ❞❡♣❡♥❞❡r ❞♦ ♣❛râ♠❡tr♦ b✱ ❝❛r❛❝t❡ríst✐❝♦ ❞♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧✳ ◆♦ ❝❛♣ít✉❧♦ ✸✱ ❝♦♠

♦ ❝á❧❝✉❧♦ ❞♦s ♠♦❞♦s ♥♦r♠❛✐s ❞❡ ✈✐❜r❛çã♦ ❡♠✐t✐❞♦s ♣❡❧♦s ❜✉r❛❝♦s ♥❡❣r♦s✱ ✈✐♠♦s q✉❡ ❡st❡s

❞❡♣❡♥❞❡♥❞♦ ❞✐r❡t❛♠❡♥t❡ ❞♦s ♣♦t❡♥❝✐❛s✱ t❛♠❜é♠ sã♦ ❛❢❡t❛❞♦s ♣❡❧♦s ♣❛râ♠❡tr♦s r❡❧❛❝✐♦♥❛❞♦s

❛♦ ♠♦♥♦♣♦❧♦ ❣❧♦❜❛❧ ❡ à ♣r❡s❡♥ç❛ ❞❛ q✉✐♥t❡ssê♥❝✐❛✳ P♦r ú❧t✐♠♦✱ ♥♦ ❝❛♣ít✉❧♦ ✹✱ ❝♦♠ ♦ ❡st✉❞♦

❞❛ t❡r♠♦❞✐♥â♠✐❝❛ ❞♦s ❜✉r❛❝♦s ♥❡❣r♦s✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦ t❡r♠♦ ❞❡ q✉✐♥t❡ssê♥❝✐❛✱ ❛❧t❡r❛ ♦ r❛✐♦

❞♦ ❤♦r✐③♦♥t❡ ❞❡ ❡✈❡♥t♦s✱ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ❡st❡ t❡♥❤❛ ✉♠❛ ♠❛✐♦r ❞✐♠❡♥sã♦ ❡♠ r❡❧❛çã♦ ❛♦ r❛✐♦
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