
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❙♦❧✉çõ❡s ❇❧♦✇✲✉♣ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡
❊q✉❛çõ❡s ❊❧í♣t✐❝❛s

♣♦r

●❡✐③❛♥❡ ▲✐♠❛ ❞❛ ❙✐❧✈❛ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❆♥❣❡❧♦ ❘♦♥❝❛❧❧✐ ❋✉rt❛❞♦ ❞❡ ❍♦❧❛♥❞❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙



❙♦❧✉çõ❡s ❇❧♦✇✲✉♣ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡
❊q✉❛çõ❡s ❊❧í♣t✐❝❛s

♣♦r

●❡✐③❛♥❡ ▲✐♠❛ ❞❛ ❙✐❧✈❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós ●r❛❞✉❛çã♦ ❡♠

▼❡t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ❆♥á❧✐s❡

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆❧❞♦ ❚r❛❥❛♥♦ ▲♦✉rê❞♦ ✲ ❯❊P❇

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❈❧❛✉❞✐❛♥♦r ❖❧✐✈❡✐r❛ ❆❧✈❡s ✲ ❯❋❈●

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆♥❣❡❧♦ ❘♦♥❝❛❧❧✐ ❋✉rt❛❞♦ ❞❡ ❍♦❧❛♥❞❛ ✲ ❯❋❈●

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

▼❛rç♦ ❞❡ ✷✵✶✵

✐✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ❞♦ t✐♣♦ ❜❧♦✇✲✉♣ ♣❛r❛

✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉❛çõ❡s ❡❧í♣t✐❝❛s s❡♠✐❧✐♥❡❛r❡s✳ ❯s❛♠♦s ❛r❣✉♠❡♥t♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♣♦r

❈îrst❡❛ & ❘❛❞✉❧❡s❝✉ ❬✻❪✱ ▲❛✐r & ❲♦♦❞ ❬✷✵❪ ❡ ❛s té❝♥✐❝❛s ❡♠♣r❡❣❛❞❛s sã♦ ♦ ▼ét♦❞♦

❞❡ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çã♦✱ ❚❡♦r❡♠❛s ❞❡ P♦♥t♦ ✜①♦ ❡ ❡♠ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❡①♣❧♦r❛♠♦s ❛

s✐♠❡tr✐❛ r❛❞✐❛❧ ❡ ❛❧❣✉♠❛s ❡st✐♠❛t✐✈❛s ♣❛r❛ ❡q✉❛çõ❡s ❡❧í♣t✐❝❛s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❙✉❜ ❡ s✉♣❡rs♦❧✉çã♦✱ ❙♦❧✉çõ❡s ❇❧♦✇✲✉♣✱ Pr✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦✳



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ st✉❞✐❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❜❧♦✇✲✉♣ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❝❧❛ss

♦❢ s❡♠✐❧✐♥❡❛r ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s✳ ❲❡ ✉s❡❞ ❛r❣✉♠❡♥ts ❞❡✈❡❧♦♣❡❞ ❜② ❈îrst❡❛ & ❘❛❞✉❧❡s❝✉

❬✻❪ ❛♥❞ ❜② ▲❛✐r & ❙❤❛❦❡r ❬✷✵❪ ❛♥❞ t❤❡ t❡❝❤♥✐q✉❡s ✉s❡❞ ❛r❡ t❤❡ ♠❡t❤♦❞ ♦❢ ❙✉❜ ❛♥❞

❙✉♣❡rs♦❧✉t✐♦♥✱ ❋✐①❡❞ ♣♦✐♥t t❤❡♦r❡♠s ❛♥❞ s♦♠❡ r❡s✉❧ts ❡①♣❧♦r❡❞ r❛❞✐❛❧ s②♠♠❡tr② ❛♥❞

s♦♠❡ ❡st✐♠❛t❡s ❢♦r ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s✳

❑❡②✇♦r❞s✿ ❙✉❜ ❛♥❞ s✉♣❡rs♦❧✉t✐♦♥s✱ ❇❧♦✇✲✉♣ s♦❧✉t✐♦♥s✱ ▼❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✳



❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛ ❏❡♦✈á ❉❡✉s✱ ♣♦r t✉❞♦✳

❆♦s ♠❡✉s ♣❛✐s✱ ❇r❛③ ✭✐♥ ▼❡♠♦r✐❛♥✮ ❡ ❩✐♥❛❧✈❛✱ ♣♦r t♦❞♦ ❛♠♦r ❡ ❝❛r✐♥❤♦ ❞❡❞✐❝❛❞♦

❡ ♣❡❧♦s s❛❝r✐❢í❝✐♦s ❢❡✐t♦s ♣❛r❛ ♣♦ss✐❜✐❧✐t❛r ❛ ❡❞✉❝❛çã♦ ❞♦s ✜❧❤♦s✳

❆♦s ♠❡✉s ✐r♠ã♦s✱ ●❡♥✐✈❛❧❞♦✱ ●✐❧✈❛♥✱ ●✐❧✈❛♥❡t❡✱ ❏❛✐s♦♥✱ ❏❛✐r❛♥ ❡ ❏ú♥✐♦r ♣❡❧♦

✐♥❝❡♥t✐✈♦✱ ❝♦♠♣r❡❡♥sã♦ ❡ ❛♠✐③❛❞❡✳

❆s ▼✐♥❤❛s ❛♠✐❣❛s✱ ❏❛♠✐❧❡✱ ■♥❞✐❛r❛✱ ❘✉t❤✱ ❇r✉♥❛ ❡ ◆♦r♠❛ ♣♦r ❛❝r❡❞✐t❛r❡♠ ❡♠

♠✐♠✱ ♣❡❧♦ ❛♣♦✐♦✱ ♣❡❧❛s ♣❛❧❛✈r❛s ❞❡ ✐♥❝❡♥t✐✈♦ ❡ ❝♦♥❢♦rt♦ ♥♦s ♠♦♠❡♥t♦s ❞❡ ❞❡sâ♥✐♠♦✳

❆ ❈❆P❊❙✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

❆ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ❆♥❣❡❧♦ ❘♦♥❝❛❧❧✐✱ ♣❡❧❛ ♦r✐❡♥t❛çã♦✱ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡✱ ♣❛❝✐ê♥❝✐❛ ❡

♣♦r t♦❞❛ ❛❥✉❞❛ ❝♦♥❝❡❞✐❞❛ ♣♦r ♠❡✐♦ ❞♦s ❝♦♥❤❡❝✐♠❡♥t♦s tr❛♥s♠✐t✐❞♦s✳

❆♦s ♣r♦❢❡ss♦r❡s ❆❧❞♦ ❚r❛❥❛♥♦ ▲♦✉rê❞♦ ❡ ❈❧❛✉❞✐❛♥♦r ❆❧✈❡s✱ ♠❡♠❜r♦s ❞❛ ❜❛♥❝❛✱

♣❡❧❛ ❞✐s♣♦s✐çã♦ ♥❛ ❛✈❛❧✐❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳

❆♦s ♣r♦❢❡ss♦r❡s ❞♦ ❉▼❊ ❞❛ ❯❋❈●✱ ❡♠ ❡s♣❡❝✐❛❧ ❛♦ ❉❛♥✐❡❧ ❈♦r❞❡✐r♦✱ ❛♦ ❇r❛ú❧✐♦✱

❛♦ ❋r❛♥❝✐s❝♦ ❏ú❧✐♦✱ ❛♦ ❍❡♥r✐q✉❡ ❋❡r♥❛♥❞❡s✱ ❛♦ ❈❧❛✉❞✐❛♥♦r ❆❧✈❡s ❡ ❛♦ ❆♥❣❡❧♦ ❘♦♥❝❛❧❧✐

♣❡❧❛s ❞✐s❝✐♣❧✐♥❛s ❧❡❝✐♦♥❛❞❛s q✉❡ ❝♦♥tr✐❜✉✐r❛♠ ♥❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❛❝❛❞ê♠✐❝❛✳

❆s ✧❘✐❞í❝✉❧❛s✧✱ ▲❡✐❞♠❛r✱ ❙❤❡✐❧❛ ❡ ❛ ❈❧❛r❛✱ ♣♦r t♦r♥❛r❡♠ ♦s ❡st✉❞♦s ♠❡♥♦s ♣❡✲

s❛❞♦s✱ ❝♦♠ ❜r✐♥❝❛❞❡✐r❛s ❡ ♣✐❛❞❛s ❡♥❣r❛ç❛❞❛s✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ▲❡✐❞♠❛r✱ ♣♦r t♦❞❛ ❛❥✉❞❛

♣r❡st❛❞❛ ♥♦s ♣r✐♠❡✐r♦s s❡♠❡str❡s ❡ ♣❡❧♦ s❡✉ ❜♦♠ ❤✉♠♦r✳

❆♦s ❝♦♠♣❛♥❤❡✐r♦s ❞❛ ♣ós ❣r❛❞✉❛çã♦✱ ❏♦s❡❛♥❡✱ ❘♦❞r✐❣♦✱ ❉❛✈✐❞✱ ❙✉❡♥❡✱ ▲❡♦♠❛q✉❡s✱

❘❛✇❧✐❧s♦♥✱ ❉❡♥✐❧s♦♥✱ ❏♦s❡❧✉✐s✱ ❈❧❛r❛✱ P❛✉❧♦✱ ▼❛r❝✐❡❧✱ ◆❡r❝✐♦♥✐❧❞♦ ❡ ❆❞r✐❛♥♦ ♣❡❧❛ ❛❥✉❞❛

❡ ♦s ❡st✉❞♦s ❝♦♠♣❛rt✐❧❤❛❞♦s✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛ ▲✉❝✐❛♥♦✱ ❏❛❝❦s♦♥✱ ➱❞❡r✱ ❙❛❜r✐♥❛✱ ❙❤❡✐❧❛✱

❏éss②❝❛✱ ◆❛t❛♥ ❡ ❉és✐♦✳



❆♦s ❝♦❧❡❣❛s ❞❡ ●r❛❞✉❛çã♦ ❞❛ ❯❡s❝✱ ❆❧❡①✱ ❏♦✐❝❡✱ ➱r✐❝♦✱ ❈r✐s✱ ❲❡❧t♦♥✱ ❆❧❡①❛♥✲

❞r❡✱ ❑❛❧✐❛♥❛✱ ❑❛r✐♥❡✱ Pr✐s❝✐❧❛✱ ❊❞✐❧ê✐❞❡ ❡ ❛♦ ♣r♦❢❡ss♦r ❈í❝❡r♦✱ ♣❡❧♦ ✐♥❝❡♥t✐✈♦ ❡ ♣❡❧❛

r❡❝♦♠❡♥❞❛çã♦ ❛♦ ♠❡str❛❞♦✳

❆ t♦❞♦s q✉❡ ❢❛③❡♠ ♣❛rt❡ ❞♦ ❉▼❊ ❞❛ ❯❋❈●✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛ ❙❛❧❡t❡✱ ❆r❣❡♥t✐♥❛✱

❙❡✈❡r✐♥❛ ✭❉♦♥❛ ❉ú✮✱ ❙✉❡♥✐❛ ❡ ❙❤✐r❧❡②✳

✈✐



❉❡❞✐❝❛tór✐❛

➚ ♠✐♥❤❛ ♠ã❡✱ ❞♦♥❛ ❩✐✲

♥❛❧✈❛✱ ❛ ♠❡♠ór✐❛ ❞♦

♠❡✉ ♣❛✐ ❇r❛③ ❡ ❛♦ ♠❡✉

s♦❜r✐♥❤♦ ❚❛r❧❡②✳

✈✐✐



✏ ❙❡♠ s♦♥❤♦s✱ ❛ ✈✐❞❛ ♥ã♦ t❡♠

❜r✐❧❤♦✳ ❙❡♠ ♠❡t❛s✱ ♦s s♦♥❤♦s ♥ã♦

tê♠ ❛❧✐❝❡r❝❡s✳ ❙❡♠ ♣r✐♦r✐❞❛❞❡s✱

♦s s♦♥❤♦s ♥ã♦ s❡ t♦r♥❛♠ r❡❛✐s✳✑

❆✉❣✉st♦ ❈✉r②

✈✐✐✐



❈♦♥t❡ú❞♦

◆♦t❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çõ❡s ✶✶

✶✳✶ ❙✉❜ ❡ s✉♣❡rs♦❧✉çã♦ ♣❛r❛ Ω ❧✐♠✐t❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✷ ❙✉❜ ❡ s✉♣❡rs♦❧✉çã♦ ♣❛r❛ Ω = R
N ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷ Pr♦❜❧❡♠❛s ❙❡♠✐❧✐♥❡❛r❡s s♦❜ ❛ ❝♦♥❞✐çã♦ ❞❡ ❑❡❧❧❡r✲❖ss❡r♠❛♥ ✷✺

✷✳✶ ❖ ▲❛♣❧❛❝✐❛♥♦ ♣❛r❛ ❋✉♥çõ❡s ❘❛❞✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✷ ❯♠ Pr♦❜❧❡♠❛ ❆✉①✐❧✐❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✸ ▲❡♠❛s ❚é❝♥✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✹ ❘❡s✉❧t❛❞♦s ❞❡ ❊①✐stê♥❝✐❛ ♣❛r❛ ❉♦♠í♥✐♦s ▲✐♠✐t❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷✳✺ ❘❡s✉❧t❛❞♦s ❞❡ ❊①✐stê♥❝✐❛ ♣❛r❛ ❉♦♠í♥✐♦s ■❧✐♠✐t❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸ Pr♦❜❧❡♠❛s ❙❡♠✐❧✐♥❡❛r❡s✿ ❈❛s♦ ❙✉❜❧✐♥❡❛r ✺✹

✸✳✶ ❘❡s✉❧t❛❞♦s ❞❡ ❊①✐stê♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✸✳✷ ❘❡s✉❧t❛❞♦s ❞❡ ◆ã♦ ❊①✐stê♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

❆ ❊s♣❛ç♦s ❱❡t♦r✐❛✐s ❚♦♣♦❧ó❣✐❝♦s ✽✷

❇ ❘❡s✉❧t❛❞♦s ❯t✐❧✐③❛❞♦s ♥❛ ❞✐ss❡rt❛çã♦ ✽✽

❇✐❜❧✐♦❣r❛✜❛ ✾✽



◆♦t❛çõ❡s

• |A| ✲ ❱♦❧✉♠❡ ✭♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✮ ❞♦ ❝♦♥❥✉♥t♦ A❀

• B(x,R) ✲ ❇♦❧❛ ❛❜❡rt❛ ❞❡ ❝❡♥tr♦ x ❡ r❛✐♦ R❀

• Ck(Ω) ✲ ❊s♣❛ç♦ ❞❛s ❢✉♥çõ❡s k ✈❡③❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ Ω ⊆ R
N ❀

• Ck,α(Ω) ✲ ❊s♣❛ç♦ ❞❛s ❢✉♥çõ❡s k ✈❡③❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ ❝✉❥❛s ❞❡r✐✈❛❞❛s sã♦ ❍ö❧❞❡r

❝♦♥tí♥✉❛s ❝♦♠ ❡①♣♦❡♥t❡ α❀

• Ck,α
loc (Ω) ✲ ❊s♣❛ç♦ ❞❛s ❢✉♥çõ❡s k ✈❡③❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ ❝✉❥❛s ❞❡r✐✈❛❞❛s sã♦ ❧♦❝❛❧✲

♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉❛s ❝♦♠ ❡①♣♦❡♥t❡ α❀

• C∞(Ω) ✲ ❊s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ Ω ⊆ R
N ❀

• < f > ✲ ❱❛❧♦r ♠é❞✐♦ ❞❛ ❢✉♥çã♦ f ❀

• Lp(Ω, µ) ✲ ❊s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡✐s s♦❜r❡ Ω ⊆ R
N ✱ ♣✲✐♥t❡❣rá✈❡✐s✱

❝♦♠ 1 ≤ p ≤ ∞✱ s❡❣✉♥❞♦ ❛ ♠❡❞✐❞❛ µ✳

❙❡ µ ❞❡♥♦t❛ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ♣♦r❡♠♦s Lp(Ω)❀

• W k,p(Ω), H1(Ω) ✲ ❊s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈✱ ❝♦♠ Ω ⊆ R
N ❛❜❡rt♦❀

• r ր R ✲ r ❝♦♥✈❡r❣❡ ♣❛r❛ R ❝♦♠ ✈❛❧♦r❡s r < R❀

• r ց R ✲ r ❝♦♥✈❡r❣❡ ♣❛r❛ R ❝♦♠ ✈❛❧♦r❡s R < r❀

• wN ✲ ❱♦❧✉♠❡ ❞❛ ❡s❢❡r❛ ♥♦ R
n✳



■♥tr♦❞✉çã♦

◆♦s ú❧t✐♠♦s ❛♥♦s ♦s ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s t❡♠ r❡❝❡❜✐❞♦ ❛t❡♥çã♦ ❞♦s ♣❡sq✉✐s❛❞♦r❡s

❡♠ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐❛✐s ♠♦t✐✈❛❞♦s ♣❡❧❛ ❛♠♣❧✐t✉❞❡ ❞❡ s✉❛s ❛♣❧✐❝❛çõ❡s ❡♠

♠♦❞❡❧♦s ❢ís✐❝♦s✱ ♥❛s ❝✐ê♥❝✐❛s ❜✐♦❧ó❣✐❝❛s ❡ ❡♠ ❞✐✈❡rs❛s ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❤✉♠❛♥♦✳

❖s ♠ét♦❞♦s ♠❛t❡♠át✐❝♦s ❡ ♦s ❛r❣✉♠❡♥t♦s ❞❡ ❛♥á❧✐s❡ ♠❛t❡♠át✐❝❛ ❞❡s❡♥✈♦❧✈✐❞♦s✱

❢✉♥❞❛♠❡♥t❛❞♦s ♣❡❧❛ t❡♦r✐❛ ❡❧í♣t✐❝❛✱ ♣♦❞❡♠ s❡r ❛♣❧✐❝❛❞♦s ❡♠ ♠✉✐t♦s ♣r♦❜❧❡♠❛s✳

▼✉✐t❛s ✈❡③❡s✱ ❛ ❜✉s❝❛ ♣♦r s♦❧✉çõ❡s ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ❡❧í♣t✐❝❛s✱

♥ã♦ é s✐♠♣❧❡s✱ s✉r❣❡♠ ❞✐✜❝✉❧❞❛❞❡s✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ❝♦♠ r❡❧❛çã♦ ❛♦ ❞♦♠í♥✐♦ ❡♠ q✉❡

❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦✳ ❯♠ ♣r♦❜❧❡♠❛ ❞✐r❡t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ❞♦♠í♥✐♦✱ é ♦ ❢❛t♦

❞❡st❡ s❡r ❧✐♠✐t❛❞♦ ♦✉ ♥ã♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♦ R
N ✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♥❡st❛ ❞✐ss❡rt❛çã♦✱ ❞❡t❡r❡♠♦s ♥♦ss❛ ❛t❡♥çã♦ ❛♦ ❡st✉❞♦ ❞❛ ❡①✐stê♥❝✐❛

❡ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛






∆u = p(x)f(u) em Ω,

u ≥ 0, u 6= 0 em Ω,
✭P ✮

♦♥❞❡ Ω ⊂ R
N(N ≥ 3) é ✉♠ ❞♦♠í♥✐♦ r❡❣✉❧❛r✳

❯♠ ♥ú♠❡r♦ ❝♦♥s✐❞❡rá✈❡❧ ❞❡ ♣r♦❜❧❡♠❛s ❞♦ t✐♣♦ (P ) ❛♣r❡s❡♥t❛♠ s✐♥❣✉❧❛r✐❞❛❞❡s

s♦❜r❡ ❛ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❜❧♦✇✲✉♣✳ ❯♠❛ s♦❧✉çã♦ ❞❡ (P )✱ s✉❥❡✐t❛ ❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛

s✐♥❣✉❧❛r u(x) → ∞ q✉❛♥❞♦ dist(x, ∂Ω) → 0✱ s❡ Ω 6= R
N é ❧✐♠✐t❛❞♦ ♦✉ ✐❧✐♠✐t❛❞♦ ❝♦♠

❢r♦♥t❡✐r❛ ❝♦♠♣❛❝t❛✱ ♦✉ u(x) → ∞ q✉❛♥❞♦ |x| → ∞✱ ♣❛r❛ Ω = R
N ✱ é ❝❤❛♠❛❞❛ ❞❡

s♦❧✉çã♦ ❞♦ t✐♣♦ ❜❧♦✇✲✉♣ ♦✉ s✐♠♣❧❡s♠❡♥t❡✱ s♦❧✉çã♦ ❜❧♦✇✲✉♣✳

Pr♦❜❧❡♠❛s ❞❡ss❡ t✐♣♦ t✐✈❡r❛♠ ♦r✐❣❡♠ ♥♦s ❡st✉❞♦s ❢❡✐t♦s ♣♦r ❇✐❡❜❡r❜❛❝❤ ❡♠ 1916✱

♠♦t✐✈❛❞♦ ♣♦r ✉♠ ♣r♦❜❧❡♠❛ ❡♠ ●❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛✱ ❡♠ q✉❡ ❝♦♥s✐❞❡r❛ f(u) = eu

✭♠♦❞❡❧♦ ❡①♣♦♥❡♥❝✐❛❧✮ ❡ Ω ⊂ R
N ❝♦♠ N = 2✱ ❡ ❘❛❞❡♠❛❝❤❡r ❡♠ 1943 q✉❡ ❡st✉❞❛ ♦



■♥tr♦❞✉çã♦ ✶✵

♠❡s♠♦ ♣r♦❜❧❡♠❛ ❝♦♠ N = 3✳ ❊♠ 1974✱ ▲♦❡✇♥❡r ❡ ◆✐r❡♠❜❡r❣✱ t❛♠❜é♠ ♠♦t✐✈❛❞♦s ♣♦r

✉♠ ♣r♦❜❧❡♠❛ ❡♠ ●❡♦♠❡tr✐❛ ❘✐❡♠❛♥✐❛♥❛ ❝♦♥s✐❞❡r♦✉ ♦ ❝❛s♦ ❡♠ q✉❡ f(u) = up ✭♠♦❞❡❧♦

♣♦tê♥❝✐❛✮✱ ❝♦♠ p = (N + 2)/(N − 2)✳

■♥✐❝✐❛❧♠❡♥t❡✱ ♥♦ ❈❛♣ít✉❧♦ ✶✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ♠ét♦❞♦ ❝❧áss✐❝♦ ❞❡ r❡s♦❧✉çã♦ ❞❡

❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠ét♦❞♦ ❞❡ s✉❜s♦❧✉çã♦ ❡ s✉♣❡rs♦❧✉çã♦✳

❯s❛♠♦s ❛ té❝♥✐❝❛ ❞❡ ■♥t❡r❛çã♦ ▼♦♥ôt♦♥✐❝❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❋✐❣✉❡✐r❡❞♦ ❡♠ ❬✶✵❪✱ té❝♥✐✲

❝❛s s✐♠✐❧❛r❡s ❛s ❞❡ ◆✐ ❬✷✻❪ ❡ ✉♠ ❛r❣✉♠❡♥t♦ t✐♣♦ ❜♦♦t✲str❛♣✱ ❝♦♥❢♦r♠❡ ▲❛③❡r & ▼❝❦❡♥♥❛

❬✷✷❪✳

❊♠ s❡❣✉✐❞❛✱ ♥♦ ❈❛♣ít✉❧♦ ✷✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❜❧♦✇✲✉♣ ♣❛r❛

♦ ♣r♦❜❧❡♠❛ (P ) q✉❛♥❞♦ Ω é ❧✐♠✐t❛❞♦✱ ✐❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ ❝♦♠♣❛❝t❛ ❡ q✉❛♥❞♦

Ω = R
N ✳ ❯♠❛ ❤✐♣ót❡s❡ ❢✉♥❞❛♠❡t❛❧ é ❛ ❝♦♥❞✐çã♦ ❞❡ ❑❡❧❧❡r✲❖ss❡r♠❛♥✱

∫ ∞

1

[2F (t)]−1/2dt <∞ onde F (t) =

∫ t

0

f(s)ds. ✭KO✮

❯t✐❧✐③❛r❡♠♦s ♣r✐♥❝í♣✐♦s ❞♦ ♠á①✐♠♦ ❡ ♦s ❛r❣✉♠❡♥t♦s ❡ té❝♥✐❝❛s ❞❡s❡♥✈♦❧✈✐❞❛s ♥♦ ❛rt✐❣♦

❞❡ ❈îrst❡❛ ❡ ❘❛❞✉❧❡s❝✉ ❬✻❪✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ t♦♠❛♥❞♦ ♣♦r ❜❛s❡ ♦ ❛rt✐❣♦ ❞❡ ▲❛✐r & ❲♦♦❞ ❬✷✵❪✱ ❝♦♥s✐❞❡r❛♠♦s

✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r q✉❡ é ♦ ♣r♦❜❧❡♠❛ s✉❜❧✐♥❡❛r

∆u = p(x)uγ, x ∈ R
N ,

N ≥ 3 ❡ 0 < γ ≤ 1✳ ◆❡st❡ ❝❛s♦✱ r❡str✐❣✐♠♦s ♦ ♣r♦❜❧❡♠❛ ❛♦ ❝❛s♦ r❛❞✐❛❧ ❡ ♠♦str❛♠♦s

q✉❡
∫ ∞

0

rp(r)dr = ∞

é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❜❧♦✇✲✉♣✳ ▼♦str❛♠♦s

t❛♠❜é♠✱ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ q✉❛♥❞♦ Ω é ❧✐♠✐t❛❞♦✳ ❆q✉✐

✉s❛r❡♠♦s t❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ❙❝❤❛✉❞❡r✲❚②❝❤♦♥♦✛✱ ❛r❣✉♠❡♥t♦s ❡ té❝♥✐❝❛s ❞❡s❡♥✲

✈♦❧✈✐❞❛s ♣♦r ❑✉s❛♥♦ & ❖❤❛r✉ ❡♠ ❬✶✽❪ ❡ ▲❛✐r & ❲♦♦❞ ❡♠ ❬✶✾❪✳

◆♦❆♣ê♥❞✐❝❡ ❆✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ❊s♣❛ç♦s ❱❡t♦r✐❛✐s

❚♦♣♦❧ó❣✐❝♦s q✉❡ sã♦ ✉t✐❧✐③❛❞♦s ♥❛ ❞✐ss❡rt❛çã♦✳ ❆❧é♠ ❞✐ss♦✱ ♠♦str❛♠♦s q✉❡ C([0,∞)) é

✉♠ ❡s♣❛ç♦ ❞❡ ❋ré❝❤❡t✱ ♦ q✉❡ é ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ♣r✐♠❡✐r♦ t❡♦r❡♠❛

❞♦ ❝❛♣ít✉❧♦ ■■■✳

P♦r ✜♠✱ ♥♦ ❆♣ê♥❞✐❝❡ ❇✱ ❡♥✉♥❝✐❛♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ✉t✐❧✐③❛❞♦s ❛♦ ❧♦♥❣♦

❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳



❈❛♣ít✉❧♦ ✶

❙✉❜ ❡ ❙✉♣❡rs♦❧✉çõ❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ♠ét♦❞♦ ❞❡ s✉❜s♦❧✉çã♦ ❡ s✉♣❡rs♦❧✉çã♦✱ q✉❡ s❡rá

út✐❧ ♥♦ ❡st✉❞♦ ❞♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛







∆u = p(x)f(u) em Ω,

u ≥ 0, u 6= 0 em Ω,
✭P ✮

♦♥❞❡ Ω ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❧✐♠✐t❛❞♦ ✭♦✉ ✐❧✐♠✐t❛❞♦✮ ♦✉ Ω = R

N ✳

◆♦ q✉❡ s❡❣✉❡✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s s♦❜r❡ ❛s ❢✉♥çõ❡s p ❡ f ✿

• (P0) p ≥ 0✱ p ∈ C0,α(Ω) s❡ Ω é ❧✐♠✐t❛❞♦ ❡ p ∈ C0,α
loc (Ω) ❝❛s♦ ❝♦♥trár✐♦✱ ♦♥❞❡

0 < α < 1✳

• (F ) f ∈ C1[0,∞), f ′ ≥ 0, f(0) = 0 e f > 0 em (0,∞)✳

❈♦♥s✐❞❡r❡ ❛ ❢❛♠í❧✐❛ ❞❡ ♣r♦❜❧❡♠❛s



















∆u = p(x)f(u) em Ω,

u ≥ 0, u 6= 0 em Ω,

u = g em ∂Ω,

✭Pg✮

♦♥❞❡ g : ∂Ω −→ (0,∞) é ❝♦♥tí♥✉❛✶ ❡ ❛ ❢r♦♥t❡✐r❛ ∂Ω é ✉♠❛ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r ❡♠ R
N ✳

✶❱❡r ❆♣ê♥❞✐❝❡ ❇
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❉❡✜♥✐çã♦ ✶✳✶ ✭❙✉❜s♦❧✉çã♦✮ ❯♠❛ ❢✉♥çã♦ u ∈ C2(Ω) ∩ C(Ω) é ✉♠❛ s✉❜s♦❧✉çã♦ ❞❡

(Pg) s❡



















∆u ≥ p(x)f(u) em Ω,

u ≤ g em ∂Ω,

u ≥ 0, u 6= 0 em Ω.

✭Pg✮

❉❡✜♥✐çã♦ ✶✳✷ ✭❙✉♣❡rs♦❧✉çã♦✮ ❯♠❛ ❢✉♥çã♦ u ∈ C2(Ω) ∩ C(Ω) é ✉♠❛ s✉♣❡rs♦❧✉çã♦

❞❡ (Pg) s❡



















∆u ≤ p(x)f(u) em Ω,

u ≥ g em ∂Ω,

u ≥ 0, u 6= 0 em Ω.

✭Pg✮

✶✳✶ ❙✉❜ ❡ s✉♣❡rs♦❧✉çã♦ ♣❛r❛ Ω ❧✐♠✐t❛❞♦

◆❡st❛ s❡çã♦ ♠♦str❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ q✉❡ s❡rá ✉♠❛ ❢❡rr❛♠❡♥t❛ ❞❡ ❢✉♥❞❛♠❡♥t❛❧

✐♠♣♦rtâ♥❝✐❛ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çã♦✳

▲❡♠❛ ✶✳✶ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ (F ) ❡ p s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦

(P0) ♣❛r❛ Ω ⊂ R
N , (N ≥ 3) ❧✐♠✐t❛❞♦✳ ❙✉♣♦♥❤❛ q✉❡ g ∈ C(∂Ω) ❡ vk é ú♥✐❝❛ s♦❧✉çã♦

♥ã♦ ♥❡❣❛t✐✈❛ ❞❡







∆vk = p(x)f(vk−1) em Ω, com k = 1, 2, . . .

vk = g em ∂Ω,

t❛❧ q✉❡ ❛ s❡q✉ê♥❝✐❛ {vk} é ♠♦♥ót♦♥❛✱ v0 ∈ C2(Ω) ∩ C(Ω) ❡ ❡①✐st❡♠ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s

v, v ∈ Ω t❛✐s q✉❡

0 < v(x) ≤ vk(x) ≤ v(x), x ∈ Ω e k = 1, 2, . . .

❊♥tã♦ ❛ ❢✉♥çã♦ v(x) = lim
k→∞

vk(x) é s♦❧✉çã♦ ❝❧áss✐❝❛ ❞♦ ♣r♦❜❧❡♠❛







∆v = p(x)f(v) em Ω,

v = g em ∂Ω.
✭Pg✮



❈❛♣✳✶ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çõ❡s ✶✸

Pr♦✈❛✳ P❛r❛ ♣r♦✈❛r♠♦s ♦ ❧❡♠❛ ❛❝✐♠❛✱ ✉t✐❧✐③❛r❡♠♦s ✉♠ ❛r❣✉♠❡♥t♦ ❞♦ t✐♣♦ ❜♦♦t✲str❛♣✳

❙❡❥❛ x0 ∈ Ω ⊂ R
N ❡ r > 0✱ ❡s❝♦❧❤✐❞♦ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ B(x0, r) ⊂ Ω✱ ♦♥❞❡ B(x0, r) é

✉♠❛ ❜♦❧❛ ❛❜❡rt❛ ❞❡ r❛✐♦ r✱ ❝❡♥tr❛❞❛ ❡♠ x0✳ ❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦✷ ψ ∈ C∞(RN)✱ ❞❛❞❛

♣♦r

ψ =







1 em B(x0, r/2),

0 em (B(x0, r))
C .

✭⋆✮

❖❜s❡r✈❡ q✉❡

∂(ψvk)

∂xi

= vk
∂ψ

∂xi

+ ψ
∂vk

∂xi

,

∂2(ψvk)

∂xi
2

= vk
∂2ψ

∂xi
2

+ 2
∂ψ

∂xi

∂vk

∂xi

+ ψ
∂2vk

∂xi
2
, com i = 1, 2, . . . , N.

❉❛í✱

∆(ψvk) = 2∇vk∇ψ + qk, ✭✶✳✶✮

♦♥❞❡ qk = vk∆ψ + ψ∆vk✳

❉❡s❞❡ q✉❡✱

|∆vk| = |p(x)f(vk−1)| ≤ max
B(x0,r)

p(x)|f(v)| ≤ C4,

❝♦♠ C4 ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ k✱ t❡♠♦s

|qk| ≤ |vk||∆ψ| + |ψ||∆vk| ≤ C1C2 + C3C4 ≤ C̃,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡✱ ‖qk‖L∞(B(x0,r)) ≤ C̃ ✸✳

❆❧é♠ ❞✐ss♦✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ (1.1) ♣♦r (ψvk)✱ ♦❜t❡♠♦s

ψvk∆(ψvk) = 2vk∇ψ(ψ∇vk) + ψvkqk.

❉❡♥♦t❛♥❞♦

Sk = ψvkqk − vk[∇ψ(2vk∇ψ)]

❡

Ak = 2vk∇ψ,
✷❱❡r ❧✐✈r♦ ❞❡ ❛♥á❧✐s❡ ❞♦ ❊❧♦♥✱ ❬✷✸❪
✸❈♦♠ C̃ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ k✳ ❆s ❞❡♠❛✐s ❢✉♥çõ❡s q✉❡ ♣♦st❡r✐♦r♠❡♥t❡ ❛♣❛r❡❝❡♠ ✐♥❞❡①❛❞❛s ❛ k ❡ q✉❡

❢♦r❡♠ ❧✐♠✐t❛❞❛s t❡rã♦ ♣♦r ❧✐♠✐t❛çã♦ ✉♠❛ ❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ k✳



❈❛♣✳✶ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çõ❡s ✶✹

♦❜t❡♠♦s

ψvk∆(ψvk) = Ak∇(ψvk) + Sk. ✭✶✳✷✮

❉❡s❞❡ q✉❡

|Ak| = 2|vk∇ψ| ≤ 2|vk||∇ψ| ≤ C5,

|Sk| ≤ |ψ||vk||qk| + 2|vk|2|∇ψ|2 ≤ C6.

❚❡♠♦s

‖Ak‖∞ ≤ C5 ❡ ‖Sk‖∞ ≤ C6.

▼♦str❛♥❞♦ q✉❡ Ak ❡ Sk sã♦ ❧✐♠✐t❛❞❛s ❡♠ L∞(B(x0, r))✳

❆❣♦r❛✱ ❢❛③❡♥❞♦ ψvk = u✱ ✉s❛♥❞♦ (⋆) ❡ ❛ ■❞❡♥t✐❞❛❞❡ ❞❡ ●r❡❡♥✱ t❡♠♦s

∫

B(x0,r)

u∆u = −
∫

B(x0,r)

|∇u|2dx, ✭✶✳✸✮

♣♦✐s u = ψvk = 0 ❡♠ ∂B(x0, r)✳

■♥t❡❣r❛♥❞♦ ✭✶✳✷✮ ❡ ✉t✐❧✐③❛♥❞♦ ✭✶✳✸✮✱ ❞❡❞✉③✐♠♦s q✉❡

∫

B(x0,r)

|∇(ψvk)|2dx = −
∫

B(x0,r)

[Ak∇(ψvk) + Sk]dx

≤
∫

B(x0,r)

|Ak∇(ψvk) + Sk|dx

≤
∫

B(x0,r)

|Ak||∇(ψvk)|dx+

∫

B(x0,r)

|Sk|dx

hölder

≤ ‖Ak‖L2(B(x0,r))

(
∫

B(x0,r)

|∇(ψvk)|2dx
)

1
2

+ ‖Sk‖L2(B(x0,r))|B(x0, r)|

≤ C1

(
∫

B(x0,r)

|∇(ψvk)|2dx
)

1
2

+ C̃2.

■st♦ é✱

‖∇(ψvk)‖2
L2(B(x0,r)) − C1‖∇(ψvk)‖L2(B(x0,r)) − C̃2 ≤ 0.

◆♦t❡ q✉❡ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ é ✉♠❛ ❡q✉❛çã♦ ❞♦ 2◦ ❣r❛✉ ♥❛ ✈❛r✐á✈❡❧ ‖∇(ψvk)‖L2(B(x0,r))✱

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡✱

‖∇(ψvk)‖2
L2(B(x0,r)) ≤ C2

1 + 2C̃2 ≤ C.

P♦rt❛♥t♦✱ ∇(ψvk) é ❧✐♠✐t❛❞❛ ❡♠ L2(B(x0, r)) ❡ C ✐♥❞❡♣❡♥❞❡ ❞❡ k✳ P♦r (⋆) ❝♦♥❝❧✉í♠♦s

q✉❡ ∇vk é ❧✐♠✐t❛❞♦ ❡♠ L2(B(x0, r/2)).
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❆❣♦r❛✱ ♣❛r❛ k ≥ 1✱ ❞❡✜♥❛ ❛ ❢✉♥çã♦ ψ1 ∈ C(RN) ❞❛❞❛ ♣♦r

ψ1 =







1 em B(x0, r/4),

0 em (B(x0, r/2))C .
✭⋆⋆✮

❖❜s❡r✈❡ q✉❡✱

∆(ψ1vk) = 2∇vk∇ψ1 + q1k, ✭✶✳✹✮

♦♥❞❡ q1k = vk∆ψ1 +ψ1∆vk ❡ q1k é ❧✐♠✐t❛❞♦ ❡♠ L∞(B(x0, r/2)) ♣♦r ✉♠❛ ❝♦♥st❛♥t❡ q✉❡

✐♥❞❡♣❡♥❞❡ ❞❡ k✳

❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛






∆(ψ1vk) = h1k em B(x0, r/2),

ψ1vk = 0 em ∂B(x0, r/2),
✭P1k✮

❝♦♠ h1k = 2∇vk∇ψ1 + q1k e h1k ∈ L2(B(x0, r/2))✳ P♦r r❡❣✉❧❛r✐❞❛❞❡ ❊❧í♣t✐❝❛✹✱ t❡♠♦s

ψ1vk ∈ W 2,2(B(x0, r/2)) e ‖ψ1vk‖ ≤ C̃‖h1k‖ ≤ C

❆ss✐♠✱ vk é ❧✐♠✐t❛❞♦ ❡♠ W 2,2(B(x0, r/4))✱ ❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ ∇vk é ❧✐♠✐t❛❞♦ ❡♠

W 1,2(B(x0, r/4)) ✳

❉❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

W 1,2(B(x0, r/4)) →֒ L2∗(B(x0, r/4)), 2∗ =
2n

n− 2

♦❜t❡♠♦s q✉❡✱ ∇vk é ❧✐♠✐t❛❞♦ ❡♠ L2∗(B(x0, r/4)✳

❙❡❥❛ ψ2 ∈ C∞(RN) ❞❛❞❛ ♣♦r

ψ2 =







1 em B(x0, r/8),

0 em (B(x0, r/4))C .
✭⋆ ⋆ ⋆✮

❚❡♠♦s

∆(ψ2vk) = 2∇vk∇ψ2 + q2k, ✭✶✳✺✮

♦♥❞❡ q2k ❧✐♠✐t❛❞♦ ♥❛ ♥♦r♠❛ L∞(B(x0, r/4))✳

✹❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ❚❡♦r❡♠❛ ❇✳✷✽✳
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◆♦✈❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♣r♦❜❧❡♠❛







∆(ψ2vk) = h2k em B(x0, r/4),

ψ2vk = 0 em ∂B(x0, r/4).
✭P2k✮

♦♥❞❡ h2k = 2∇vk∇ψ2 + q2k é ❧✐♠✐t❛❞♦ ❡♠ L2∗(B(x0, r/4))✳ P♦r r❡❣✉❧❛r✐❞❛❞❡ ❡❧í♣t✐❝❛✱

♦❜t❡♠♦s

ψ2vk ∈ W 2,2∗(B(x0, r/4)) e ‖ψ2vk‖2,2∗,r/4 ≤ C̃‖h2k‖2∗,r/4 ≤ C.

❉❛í✱ vk é ❧✐♠✐t❛❞♦ ❡♠ W 2,2∗(B(x0, r/8))✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ∇vk é ❧✐♠✐t❛❞♦ ❡♠

W 1,2∗(B(x0, r/8))✳

❈♦♥s✐❞❡r❡ ♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

✭✐✮ ❙❡ N < 2∗, isto é, N < 2N
N−2

(N = 3)✱ t❡♠♦s 0 < N
2∗
< 1 ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛s

■♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✺ ♦❜t❡♠♦s

W 2,2∗(B(x0, r/8)) →֒ C1,α(B(x0, r/8)).

P♦rt❛♥t♦✱ vk ∈ C1,α(B(x0, r/8))✳

✭✐✐✮ ❙❡ N ≥ 2∗ ♦❜s❡r✈❛♠♦s q✉❡

P❛r❛ N = 2∗ (N = 4)✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❛s ■♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈ t❡♠♦s

W 1,2∗(B(x0, r/8)) →֒ Lq(B(x0, r/8)),

♣❛r❛ t♦❞♦ q ≥ 2∗✳

P❛r❛ N > 2∗, isto é, N > 2N
N−2

(N = 5, 6, 7, . . .)✱ t❡♠♦s 1 < N
2∗

♣❡❧♦ ❚❡♦r❡♠❛ ❞❛s

■♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✱ ♦❜t❡♠♦s

W 1,2∗(B(x0, r/8)) →֒ Lq(B(x0, r/8)),

♦♥❞❡ 1
q

= 1
2∗

− 1
N

= N−4
2N

✱ ♦✉ s❡❥❛✱ q = 2N
N−4

> 2∗✳ ❙❡❥❛ ψ3 ∈ C∞(RN) ❞❛❞❛ ♣♦r

ψ3 =







1 em B(x0, r/16),

0 em (B(x0, r/8))C .
✭✶✳✻✮

✺❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ❚❡♦r❡♠❛ ❇✳✷✸✳
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❊ ❛r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ❛♥t❡s✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♣r♦❜❧❡♠❛






∆(ψ3vk) = h3k em B(x0, r/8),

ψ3vk = 0 em ∂B(x0, r/8).
✭P3k✮

♦♥❞❡ h3k = 2∇vk∇ψ3 + q3k é ❧✐♠✐t❛❞♦ ❡♠ Lq(B(x0, r/8))✱ t❡♠♦s

ψ3vk ∈ W 2,q(B(x0, r/8)) e ‖ψ3vk‖2,q,r/8 ≤ C̃‖h3k‖q,r/8 ≤ C.

P♦rt❛♥t♦✱ vk é ❧✐♠✐t❛❞♦ ❡♠ W 2,q(B(x0, r/16))✳

P❛r❛ N = 2∗✱ t❡♠♦s q ≥ 2∗ ❛r❜✐trár✐♦✳ ❉❛í✱ t♦♠❛♥❞♦ q ❞❡ ♠❛♥❡✐r❛ q✉❡ N < q✱ ♦❜t❡♠♦s✱

♣♦r ■♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈

W 2,q(B(x0, r/16)) →֒ C1,α(B(x0, r/16)).

▲♦❣♦✱ vk ∈ C1,α(B(x0, r/16)) é ❧✐♠✐t❛❞♦✳

❙❡ N > 2∗ t❡♠♦s ♣❛r❛ q = 2N
N−4

> N, (N = 5) ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

W 2,q(B(x0, r/16)) →֒ C1,α(B(x0, r/16)).

❉❛í✱ vk ∈ C1,α(B(x0, r/16))✳

❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ❡st❡ r❛❝✐♦❝í♥✐♦✱ ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣❛ss♦s✱ ✜①❛❞♦ ✉♠❛

❞✐♠❡♥sã♦ N ✱ ♦❜t❡♠♦s r1 > 0 ❡ q1 > 0✱ t❛✐s q✉❡

W 2,q1(B(x0, r1)) →֒ C1,α(B(x0, r1))

♣❛r❛ q1 > N/(1 − α)✳

❆ss✐♠✱ vk é ❧✐♠✐t❛❞♦ ❡♠ C1,α(B(x0, r1))✳ P♦rt❛♥t♦✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛s✱ ∇vk ∈
C0,α(B(x0, r1))✱ ♣❛r❛ k ✜①❛❞♦✳

❙❡❥❛ ψ̃ ∈ C∞ ✉♠❛ ❢✉♥çã♦✱ t❛❧ q✉❡✱

ψ̃ =







1 em B(x0, r1/2),

0 em (B(x0, r1))
C .

❊♥tã♦

∆(ψ̃vk) = 2∇vk∇ψ̃ + q̂k, ✭✶✳✼✮

❝♦♠ q̂k = vk∆ψ̃+ ψ̃∆vk✳ ❈♦♠♦ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ✭✶✳✼✮ ❝♦♥✈❡r❣❡ ♣♦♥t✉❛❧♠❡♥t❡

❡♠ C0,α(B(x0, r1))✱ ❞♦ ❚❡♦r❡♠❛ ❇✳✷✵✱ t❡♠♦s q✉❡ ψ̃vk ❝♦♥✈❡r❣❡ ❡♠ C2,α(B(x0, r1))✱
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♣♦✐s (ψ̃vk) ∈ C2(Ω) ❡ [2∇vk∇ψ̃ + q̂k] é ❧✐♠✐t❛❞♦ ❡♠ Cα(B(x0, r1)) ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛s

❡st✐♠❛t✐✈❛s ✐♥t❡r✐♦r❡s ♦❜t❡♠♦s✱

‖vk‖2,α,B(x0,r1/2) ≤ K
(

‖ψ̃vk‖∞,B(x0,r1) + ‖2∇vk∇ψ̃ + q̂k‖α,B(x0,r1)

)

.

❙❡♥❞♦ vk ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s q✉❡ ❝♦♥✈❡r❣❡ ♠♦♥♦t♦♥✐❝❛♠❡♥t❡ ♣❛r❛

❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ v ❡♠ (B(x0, r1/2))✱ ♦❜t❡♠♦s vk ❝♦♥✈❡r❣✐♥❞♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠

C2,α(B(x0, r1/2))✳ ❉❡s❞❡ q✉❡

C2,α(B(x0, r1/2)) →֒ C2(B(x0, r1/2)).

❙❡❣✉❡ q✉❡ v ∈ C2(B(x0, r1/2)✱ ❡ ❝♦♠♦ x0 ∈ Ω ❛r❜✐trár✐♦✱ t❡♠♦s q✉❡ v ∈ C2(Ω) é

s♦❧✉çã♦ ❞❡ (Pg)✳

❚❡♦r❡♠❛ ✶✳✸ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ (F ) ❡ p s❛t✐s❢❛③❡♥❞♦ (P0)✳

❙✉♣♦♥❤❛ q✉❡ g ∈ C(∂Ω) ❝♦♠ Ω ⊂ R
N(N ≥ 3)✳❙❡ u ❡ u sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ s✉❜

❡ s✉♣❡rs♦❧✉çã♦ ❞❡ (Pg) t❛✐s q✉❡ u ≤ u ❡♠ Ω✱ ❡♥tã♦ (Pg) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ u ∈
C2(Ω) ∩ C(Ω)✱ t❛❧ q✉❡ u ≤ u ≤ u ❡♠ Ω✳

Pr♦✈❛✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r






∆u− λu = p(x)f(u) − λu em Ω;

u = g em ∂Ω.
✭A1✮

♦♥❞❡ λ > 0 é ✉♠ ♣❛râ♠❡tr♦✱ ❡s❝♦❧❤✐❞♦ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ❢✉♥çã♦

h(t) = p(x)f(t) − λt

s❡❥❛ ♥ã♦ ❝r❡s❝❡♥t❡ ❡♠ t ∈ [M1,M2]✱ ♣❛r❛ M1 = min
Ω
u ❡ M2 = max

Ω
u✳

❖❜s❡r✈❡ q✉❡✱ h ❞❛❞❛ ♣♦r

h(u) = p(x)f(u) − λu,

é ✉♠❛ ❢✉♥çã♦ ❍ö❧❞❡r ❝♦♥tí♥✉❛ ❡♠ Ω ❡ ✉♥✐❢♦r♠❡ ❡♠ x✳

❙❡♥❞♦ (A1) ✉♠ ♣r♦❜❧❡♠❛ ❧✐♥❡❛r✱ ❡①✐st❡ ú♥✐❝❛ u1 ∈ C2(Ω) ∩ C(Ω)✱ s♦❧✉çã♦✻ ❞❡ (A1)✳

❆ss✐♠✱







∆u1 − λu1 = p(x)f(u) − λu em Ω;

u1 = g em ∂Ω.
✭∗✮

✻❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ❚❡♦r❡♠❛ ❇✳✷✶✳
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❆✜r♠❛çã♦ ✶✳✹ u ≤ u1 ≤ u ❡♠ Ω✳

❉❡ ❢❛t♦✱ ❞❡s❞❡ q✉❡ h é ♠♦♥ót♦♥❛






























∆u1 − λu1 = p(x)f(u) − λu

≥ p(x)f(u) − λu

≥ ∆u− λu em Ω,

u1 ≤ u em ∂Ω,

❞♦ ❚❡♦r❡♠❛ ❇✳✷✷ ♦❜t❡♠♦s✱

u1 ≤ u em Ω. ✭✶✳✽✮

P♦r ♦✉tr♦ ❧❛❞♦✱






∆u1 − λu1
(∗)
= p(x)f(u) − λu ≤ ∆u− λu em Ω,

u1 ≥ u em ∂Ω,

◆♦✈❛♠❡♥t❡✱ ❞♦ ❚❡♦r❡♠❛ ❇✳✷✷✱

u ≤ u1 em Ω. ✭✶✳✾✮

❉❡ ✭✶✳✽✮ ❡ ✭✶✳✾✮ s❡❣✉❡ ❛ ❛✜r♠❛çã♦ ❛❝✐♠❛✳

❆❣♦r❛✱ ❞❡✜♥❛






∆u− λu = p(x)f(u1) − λu1 em Ω,

u = g em ∂Ω.
✭A2✮

❖✉tr❛ ✈❡③✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❇✳✷✶✱ t❡♠♦s q✉❡ u2 ∈ C2(Ω) ∩ C(Ω) é s♦❧✉çã♦ ú♥✐❝❛ ❞❡

(A2)✱ ❞❛í






∆u2 − λu2 = p(x)f(u1) − λu1 em Ω,

u2 = g em ∂Ω.
✭∗∗✮

❆✜r♠❛çã♦ ✶✳✺ u ≤ u1 ≤ u2 ≤ u ❡♠ Ω✳

❈♦♠ ❡❢❡✐t♦✱ ❞❡s❞❡ q✉❡ u ≤ u1 ≤ u✱ s❡❣✉❡ ❞❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞❡ h q✉❡


















∆u2 − λu2
(∗∗)
= p(x)f(u1) − λu1 ≥ p(x)f(u) − λu

≥ ∆u− λu em Ω,

u2 ≤ u em ∂Ω.
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P♦rt❛♥t♦✱

u2 ≤ u em Ω. ✭✶✳✶✵✮

❆❧é♠ ❞✐ss♦✱


















∆u2 − λu2
(∗∗)
= p(x)f(u1) − λu1 ≤ p(x)f(u) − λu
(∗)

≤ ∆u1 − λu1 em Ω,

u2 = u1 em ∂Ω,

❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❇✳✷✷✱ ❝♦♥❝❧✉í♠♦s q✉❡

u1 ≤ u2 em Ω. ✭✶✳✶✶✮

❉❡ ✭✶✳✶✵✮✱✭✶✳✶✶✮ ❡ ❞❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✱ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦✳

❙❡❥❛







∆u− λu = p(x)f(u2) − λu2 em Ω,

u = g em ∂Ω.
✭A3✮

❙❛❜❡♠♦s q✉❡ ❡①✐st❡ ú♥✐❝❛ s♦❧✉çã♦ ❞❡ (A3)✱ u3 ∈ C2(Ω) ∩ C(Ω)✱ q✉❡ s❛t✐s❢❛③







∆u3 − λu3 = p(x)f(u2) − λu2 em Ω;

u3 = g em ∂Ω.
✭∗ ∗ ∗✮

❆✜r♠❛çã♦ ✶✳✻ u ≤ u1 ≤ u2 ≤ u3 ≤ u ❡♠ Ω✳

P❡❧❛ ❆✜r♠❛çã♦ ✶✳✺ ❡ ❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞❛ ❢✉♥çã♦ h✱ t❡♠♦s


















∆u3 − λu3
(∗∗∗)
= p(x)f(u2) − λu2 ≥ p(x)f(u) − λu

≥ ∆u− λu em Ω,

u3 ≤ u em ∂Ω.

❆ss✐♠✱

u3 ≤ u em Ω. ✭✶✳✶✷✮

❊ t❛♠❜é♠✱


















∆u3 − λu3
(∗∗∗)
= p(x)f(u2) − λu2 ≤ p(x)f(u1) − λu1

(∗∗)

≥ ∆u2 − λu2 em Ω,

u3 = u2 em ∂Ω,



❈❛♣✳✶ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çõ❡s ✷✶

❉❛í✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❇✳✷✷✱ ♦❜t❡♠♦s

u2 ≤ u3 em Ω. ✭✶✳✶✸✮

❉❡ ✭✶✳✶✷✮✱ ✭✶✳✶✸✮ ❡ ❞❛ ❆✜r♠❛çã♦ ✶✳✺ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

■♥t❡r❛♥❞♦ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦✱ ❡♥❝♦♥tr❛♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ {un}n∈N✱ s❛t✐s❢❛③❡♥❞♦







∆un − λun = p(x)f(un−1) − λun−1 em Ω,

un = g em ∂Ω,
✭An✮

❝♦♠

u ≤ u1 ≤ u2 ≤ . . . ≤ un−1 ≤ un ≤ . . . ≤ u em Ω.

❆ss✐♠✱ ❝♦♥str✉í♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡ ❡ ❧✐♠✐t❛❞❛✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦♥t✉❛❧✲

♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡✳

❙❡❥❛ u(x) = lim
n→∞

un(x)✱ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r ❝♦♥❝❧✉í♠♦s q✉❡

u ∈ C2(Ω) ∩ C(Ω).

P♦r ✜♠✱ ❢❛③❡♥❞♦ n→ ∞ ❡♠ (An)✱ ♦❜t❡♠♦s q✉❡ u é ✉♠❛ s♦❧✉çã♦ ❞❡ (Pg)✱ s❛t✐s❢❛③❡♥❞♦

u ≤ u ≤ u em Ω✳

✶✳✷ ❙✉❜ ❡ s✉♣❡rs♦❧✉çã♦ ♣❛r❛ Ω = R
N

◆❛ ♣r❡s❡♥t❡ s❡çã♦✱ ✐r❡♠♦s ♠♦str❛r ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çã♦✱ ♣❛r❛

Ω = R
N .

❚❡♦r❡♠❛ ✶✳✼ ❙✉♣♦♥❤❛ q✉❡ u é s✉♣❡rs♦❧✉çã♦ ❞❡







∆u = p(x)f(u) em R
N ,

u ≥ 0, u 6= 0 em R
N ,

✭P2✮

♦♥❞❡ p(x)f(u) é ✉♠❛ ❢✉♥çã♦ ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉❛ ❡♠ x ∈ R
N ❡ ❧♦❝❛❧♠❡♥t❡

❧✐♣s❝❤✐t③ ❡♠ u✳

❙❡ u é s✉❜s♦❧✉çã♦ ❞❡ (P2) ❝♦♠ u ≤ u ❡♠ R
N ✳ ❊♥tã♦✱ (P2) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦

u ∈ R
N ❝♦♠ u ∈ C2(RN) e u ≤ u ≤ u em R

N .



❈❛♣✳✶ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çõ❡s ✷✷

Pr♦✈❛✳ ❙❡❥❛ BR ✉♠❛ ❜♦❧❛ ❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠✱ ❝♦♠ r❛✐♦ R > 0✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛

❞❡ ✈❛❧♦r ❞❡ ❢r♦♥t❡✐r❛


















∆u = p(x)f(u) em BR,

u ≥ 0, u 6= 0 em BR,

u = ϕ em ∂BR,

✭P ′
2✮

♦♥❞❡ ϕ : ∂BR −→ (0,∞) é ❝♦♥tí♥✉❛✳

❈♦♠♦ BR ⊂ R
N ✱ t❡♠♦s ♣❛r❛ (P ′

2)✱ q✉❡ u é ✉♠❛ s✉♣❡rs♦❧✉çã♦ ✭♣❛r❛ ❝❛❞❛ R✮ ❡ u

é ✉♠❛ s✉❜s♦❧✉çã♦ ✭♣❛r❛ ❝❛❞❛ R✮ ❝♦♠ u ≤ u ❡♠ BR✳

❉♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ❞❡❝♦rr❡ q✉❡ ♣❛r❛ ❝❛❞❛ R✱ ❡①✐st❡ uR✱ s♦❧✉çã♦ ❞❡ (P ′
2)✱ t❛❧

q✉❡✱ uR ∈ C2(BR) ∩ C(BR)✱ ❝♦♠ u ≤ uR ≤ u em BR✳

❋✐①❡♠♦s ♦s ✐♥t❡✐r♦s R1, R2✱ ❝♦♠ R1 < R2✱ t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ ✐♥t❡✐r♦ n > R2✱

♦❜t❡♠♦s un ∈ C2(Bn) ∩ C(Bn)✱ s❛t✐s❢❛③❡♥❞♦






∆un = p(x)f(un) em Bn,

un = ϕ em ∂Bn,

❡

u ≤ un ≤ u em Bn.

P♦rt❛♥t♦







∆un = p(x)f(un) em BR2 ,

u ≤ un ≤ u em BR2 .
✭P ′

2n✮

❉❡s❞❡ q✉❡✱ pf ∈ C0,α
loc (Bn), Bn é ✉♠ ❞♦♠í♥✐♦ ❞❡ R

N , un ∈ C2(Bn) ❡ BR1 , BR2 ⊂ Bn,

❝♦♠ BR1 ⊂ BR2 ❡ BR2 ⊂ Bn✱ ❝♦♠ BR2 ❝♦♠♣❛❝t♦✱ t❡♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❇✳✷✵✼✱ q✉❡

un ∈ C2,α
loc (BR1), 0 < α < 1,

‖un‖2,α,BR1
≤ M

{

‖un‖∞,BR2
+ ‖p(·)f(un(·))‖0,α,BR2

}

≤ M(R1, R2)

≤ MR1 .

✼❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ❚❡♦r❡♠❛ ❞❛ ❊st✐♠❛t✐✈❛ ✐♥t❡r✐♦r✳



❈❛♣✳✶ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çõ❡s ✷✸

❊♠ r❡s✉♠♦✱ ❢❛③❡♥❞♦ R1 = 1, 2, 3, . . . ❡♥❝♦♥tr❛♠♦s M1,M2,M3, . . . t❛✐s q✉❡

‖un‖2,α,B1 ≤ M1, n ≥ 2

‖un‖2,α,B2 ≤ M2, n ≥ 3

‖un‖2,α,B3 ≤ M3, n ≥ 4 ✭✶✳✶✹✮

✳✳✳

‖un‖2,α,BR1
≤MR1 , n ≥ R1 + 1.

❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ ✐♥t❡✐r♦ i ≥ 1, ❞❡✜♥❛

un
i = un

∣

∣

Bi
, n ≥ i+ 1.

❚❡♠♦s✱ Bi ⊂ Bi+1 ❡ q✉❡ {un
i+1}∞n=i+2 é ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ {un

i+1}∞n=i+1. ❉❡ ✭✶✳✶✹✮ ❡

✉s❛♥❞♦ ❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛✱

C2,α(Bi) →֒ C2(Bi); i = 1, 2 . . .

♦❜t❡♠♦s✱ ui ∈ C2(Bi); i = 1, 2 . . . t❛✐s q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛s✱

u2
1, u

3
1, u

4
1, . . .

C2(B1)−→ u1,

u3
2, u

4
2, u

5
2, . . .

C2(B2)−→ u2,

u4
3, u

5
3, u

6
3, . . .

C2(B3)−→ u3,

✳✳✳

❝♦♠ ui+1

∣

∣

Bi
= ui.

❉❡✜♥✐♥❞♦

u(x) = ui(x) para x ∈ Bi,

t❡♠♦s u ∈ C2✳ ❆❧é♠ ❞✐ss♦✱ ❛ s❡q✉ê♥❝✐❛

Un = u2n
n , n = 2, 3, . . .

✐st♦ é✱ ❛ s❡q✉ê♥❝✐❛ ❞✐❛❣♦♥❛❧

{u4
2, u

6
3, u

8
4, u

10
5 , . . . , u

2n
n , . . .} com n = 2, 3, . . .

✈❡r✐✜❝❛

Un
n−→ u em C2(BR1),

♣❛r❛ ❝❛❞❛ ✐♥t❡✐r♦ R ≥ 1✳



❈❛♣✳✶ ❙✉❜ ❡ ❙✉♣❡rs♦❧✉çõ❡s ✷✹

❆ss✐♠✱ ❞❡ (P ′
2n) ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ BR1 ⊂ BR2 ✱ t❡♠♦s







∆Un = p(x)f(Un) em BR1 ,

u ≤ Un ≤ u em BR1 .

❋✐♥❛❧♠❡♥t❡✱ ❢❛③❡♥❞♦ n → ∞✱ ♦❜t❡♠♦s u ∈ C2(BR1)✳ ❉❡s❞❡ q✉❡ R1 é ❛r❜✐trár✐♦✱

❝♦♥❝❧✉í♠♦s q✉❡ u ∈ C2(Rn) é s♦❧✉çã♦ ❞❡ (P2)✱ ❝♦♠ u ≤ u ≤ u em R
N ✳



❈❛♣ít✉❧♦ ✷

Pr♦❜❧❡♠❛s ❙❡♠✐❧✐♥❡❛r❡s s♦❜ ❛

❝♦♥❞✐çã♦ ❞❡ ❑❡❧❧❡r✲❖ss❡r♠❛♥

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s ❞❡✈✐❞♦ ❛ ❈îrst❡❛ & ❘❛❞✉❧❡s❝✉ ❬✻❪✱ s♦❜r❡

❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛







∆u = p(x)f(u) em Ω,

u ≥ 0, u 6= 0 em Ω,
✭P ✮

♦♥❞❡ Ω ⊂ R
N(N ≥ 3) é ✉♠ ❞♦♠í♥✐♦ r❡❣✉❧❛r ❧✐♠✐t❛❞♦ ✭♦✉ ✐❧✐♠✐t❛❞♦✮ ❝♦♠ ❢r♦♥t❡✐r❛

❝♦♠♣❛❝t❛ ♦✉ Ω = R
N ✳ ❆s ❢✉♥çõ❡s p ❡ f s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s (P0) ❡ (F )✱ r❡s♣❡❝t✐✲

✈❛♠❡♥t❡✳

❱❡r❡♠♦s✱ q✉❡ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s ♦ ♣r♦❜❧❡♠❛ (P ) ♣♦ss✉✐ ❙♦❧✉çã♦ ❇❧♦✇✲✉♣✱ ❝♦♥✲

❢♦r♠❡ ❞❡✜♥✐çã♦ ❛❜❛✐①♦✿

❉❡✜♥✐çã♦ ✷✳✶ ✭❙♦❧✉çã♦ ❇❧♦✇✲✉♣✮ ❯♠❛ ❢✉♥çã♦ u ∈ C2(Ω) é ✉♠❛ ❙♦❧✉çã♦ ❇❧♦✇✲✉♣

❞❡ (P ) s❡✿

• u(x) → ∞ q✉❛♥❞♦ dist(x, ∂Ω) → 0✱ ♣❛r❛ Ω 6= R
N ✳

• u(x) → ∞ q✉❛♥❞♦ |x| → ∞✱ ♣❛r❛ Ω = R
N ✳



❈❛♣✳✷ Pr♦❜❧❡♠❛s ❙❡♠✐❧✐♥❡❛r❡s s♦❜ ❛ ❝♦♥❞✐çã♦ ❞❡ ❑❡❧❧❡r ❖ss❡r♠❛♥ ✷✻

P❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❜❧♦✇✲✉♣ ❞♦ ♣r♦❜❧❡♠❛ (P )✱ ✈❡r❡♠♦s q✉❡ ✉♠❛ ❤✐♣ót❡s❡

❢✉♥❞❛♠❡♥t❛❧ é

∫ ∞

1

[2F (t)]−1/2dt <∞ onde F (t) =

∫ t

0

f(s)ds, ✭KO✮

❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❈♦♥❞✐çã♦ ❞❡ ❑❡❧❧❡r✲❖ss❡r♠❛♥✳

P♦❞❡♠♦s ❝✐t❛r✱ ❝♦♠♦ ❡①❡♠♣❧♦ ❞❡ ❢✉♥çõ❡s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❛❝✐♠❛✱ ❛s

❢✉♥çõ❡s

• f(t) = tp, p > 1, t > 0✱

• f(t) = et, t > 0✳

✷✳✶ ❖ ▲❛♣❧❛❝✐❛♥♦ ♣❛r❛ ❋✉♥çõ❡s ❘❛❞✐❛✐s

❙❡❥❛ v ✉♠❛ ❢✉♥çã♦ r❡❣✉❧❛r✱ r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛✱ ✐st♦ é✱ v(x) = v(|x|) ♦♥❞❡

x = (x1, x2, . . . , xn) e |x| =
√

x2
1 + x2

2 + . . .+ x2
n✳

❈♦♥s✐❞❡r❡ r := |x| ❡ ♦❜s❡r✈❡ q✉❡

∂v

∂xi

= v′(r)
xi

r
com i = 1, 2, . . . , N

❡

∂2v

∂x2
i

=
∂

∂xi

(

∂v

∂xi

)

=
∂

∂xi

(

v′(r)
xi

r

)

= v′′(r)
(xi

r

)2

+ v′(r)

(

r2 − x2
i

r

/

r2

)

= v′′(r)
(xi

r

)2

+ v′(r)

(

1

r
− xi

r3

)

∀ i = 1, 2, . . . N.

❉❡ ♦♥❞❡ s❡❣✉❡ q✉❡

N
∑

i=1

∂2v

∂x2
i

=
N
∑

i=1

[

v′′(r)
(xi

r

)2

+ v′(r)

(

1

r
− xi

r3

)]

= v′′(r) +
N − 1

r
v′(r),

❛ss✐♠✱

∆v = v′′(r) +
N − 1

r
v′(r).
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✷✳✷ ❯♠ Pr♦❜❧❡♠❛ ❆✉①✐❧✐❛r

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ♠♦str❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ q✉❡ ♥♦s ❛✉①✐❧✐❛rá ♥❛ ❞❡♠♦♥str❛çã♦

❞♦ ♣r♦❜❧❡♠❛ (P )✱ ♣❛r❛ t❛♥t♦✱ ❝♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦

∆v = φ(r) em A(r, r) = {x ∈ R
N , r < |x| < r}, ✭Pφ✮

♦♥❞❡

r = inf{τ > 0; ∂B(0, τ) ∩ Ω 6= ∅}, r = sup{τ > 0; ∂B(0, τ) ∩ Ω 6= ∅} e

φ(r) = max
|x|=r

p(x) para r ∈ [r, r].

❉❡s❞❡ q✉❡ ♦ ♦♣❡r❛❞♦r ❧❛♣❧❛❝✐❛♥♦ é ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛♥s❧❛çõ❡s✱ ♣♦❞❡♠♦s s✉♣♦r✱ s❡♠

♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ 0 /∈ Ω✳

❖❜s❡r✈❡ q✉❡

v(r) = 1 +

∫ r

r

(

t1−N

∫ r

0

sN−1φ(s)ds

)

dt, r ∈ [r, r] ✭✷✳✷✮

s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ (Pφ)✳

❉❡ ❢❛t♦✱ ❞❡r✐✈❛♥❞♦ ✭✷✳✷✮ ❝♦♠ r❡❧❛çã♦ r = |x|✒ ♦❜t❡♠♦s

v′(r) = r1−N

∫ r

0

sN−1φ(s)ds,

✐♠♣❧✐❝❛♥❞♦ q✉❡

rN−1v′(r) =

∫ r

0

sN−1φ(s)ds.

❉❡r✐✈❛♥❞♦ ♥♦✈❛♠❡♥t❡✱ t❡♠♦s

(rN−1v′(r))′ = rN−1φ(r), r ∈ [r, r]. ✭✷✳✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱

(rN−1v′(r))′ = (N − 1)rN−2v′(r) + rN−1v′′(r)

= rN−1

[

v′′(r) +
N − 1

r
v′(r)

]

. ✭✷✳✹✮

❉❡ ✭✷✳✸✮ ❡ ✭✷✳✹✮ ❞❡❝♦rr❡

v′′(r) +
N − 1

r
v′(r) = φ(r),

♦✉ s❡❥❛✱

∆v = v′′(r) +
N − 1

r
v′(r) = φ(r).
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Pr♦♣♦s✐çã♦ ✷✳✷ ❙❡❥❛ Ω ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✳ ❆ss✉♠❛ q✉❡ p s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (P0)✱

f s❛t✐s❢❛③ (F ) ❡ g : ∂Ω → (0,∞) é ❝♦♥tí♥✉❛✳ ❊♥tã♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ❞❡ ❝♦♥t♦r♥♦



















∆u = p(x)f(u) em Ω,

u ≥ 0, u 6= 0 em Ω,

u = g em ∂Ω,

✭Pg✮

t❡♠ ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ú♥✐❝❛✱ ❛ q✉❛❧ é ♣♦s✐t✐✈❛✳

Pr♦✈❛✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ♠♦str❛r❡♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ ♣♦ss✉✐ ✉♠❛ s✉❜s♦❧✉çã♦ ❡

✉♠❛ s✉♣❡rs♦❧✉çã♦✳ ❊♠ s❡❣✉✐❞❛✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✸✱ ❡♥❝♦♥tr❛r❡♠♦s ✉♠❛ s♦❧✉çã♦

❞❡ (Pg) ❡ ♣♦r ✜♠✱ ✉t✐❧✐③❛♥❞♦ ♦s ♣r✐♥❝í♣✐♦s ❞❡ ♠á①✐♠♦✱ ❝♦♥❝❧✉ír❡♠♦s q✉❡ t❛❧ s♦❧✉çã♦ é

ú♥✐❝❛✳

❊❳■❙❚✃◆❈■❆

❙✉♣❡rs♦❧✉çã♦ ❞❡ (Pg)

❆ ❢✉♥çã♦ u = n, para n ∈ N ❡s❝♦❧❤✐❞♦ ❛❞❡q✉❛❞❛♠❡♥t❡✱ é ✉♠❛ s✉♣❡rs♦❧✉çã♦

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (Pg)✳ ❉❡ ❢❛t♦✱ s❡♥❞♦ f ❡ p ❢✉♥çõ❡s ♥ã♦ ♥❡❣❛t✐✈❛s ❡♠ Ω✱ t❡♠♦s q✉❡

∆u = 0 ≤ p(x)f(u). ✭✷✳✺✮

❆❧é♠ ❞✐ss♦✱ g ∈ C(∂Ω) ❡ ∂Ω é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✳ ▲♦❣♦✱ ❡①✐st❡ K > 0✱ t❛❧ q✉❡

|g(x)| ≤ K, para todo x ∈ ∂Ω✱ ❞❡ ♦♥❞❡ ❡s❝♦❧❤❡♠♦s n ≥ K ❡ ♦❜t❡♠♦s

u(x) = n ≥ g(x), ∀x ∈ ∂Ω. ✭✷✳✻✮

P♦r (2.5) ❡ (2.6)✱ ❝♦♥❝❧✉í♠♦s q✉❡ u = n é s✉♣❡rs♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ (Pg)✳

❙✉❜s♦❧✉çã♦ ❞❡ (Pg)

❆s ❤✐♣ót❡s❡s s♦❜r❡ ❢ ❡ ❣ ✐♠♣❧✐❝❛♠✿

✭✐✮ g0 = min∂Ω g > 0✳

❉❡ ❢❛t♦✱ s❡♥❞♦ g ❝♦♥tí♥✉❛ ♥❛ ❢r♦♥t❡✐r❛ ✭❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✮✱ g ❛ss✉♠❡ ✉♠ ♠í♥✐♠♦

♣♦s✐t✐✈♦ ❡♠ ∂Ω✳ ❙❡❥❛ g0 t❛❧ ♥ú♠❡r♦✳

✭✐✐✮ limz→0+

∫ g0

z
dt

f(t)
= ∞✳
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❈♦♠ ❡❢❡✐t♦✱ ❝♦♠♦ f ∈ C1([0,∞)) ❡ f ′ ≥ 0, ❡♥tã♦✱ ❡①✐st❡ M > 0✱ t❛❧ q✉❡

0 ≤ f ′(t) ≤M, ∀ t ∈ [z, g0] ⊂ [0,∞).

❖ q✉❡ ✐♠♣❧✐❝❛
1

M
≤ 1

f ′(t)
, s❡ f ′(t) 6= 0. ✭✷✳✼✮

✭✳✮ ❙❡ f é ❝♦♥st❛♥t❡ ❡♠ [z, g0]✱ t❡♠♦s

∫ g0

z

dt

f(t)
=

∫ g0

z

dt

f(z)
=

1

f(z)
(g0 − z)

z→0+

−→ ∞.

✭✳✳✮ ❙❡ f ♥ã♦ é ❝♦♥st❛♥t❡✱ ❡①✐st❡ t0 ∈ [z, g0]✱ t❛❧ q✉❡ f ′(t0) 6= 0✳ ❆ss✐♠✱ ♦❜t❡♠♦s [z0, z1]✱

❝♦♠ t0 ∈ [z0, z1]✱ t❛❧ q✉❡ f ′(t) 6= 0, ∀ t ∈ [z0, z1] ⊂ [z, g0]✳

❉❛í✱
∫ g0

z

dt

f(t)
≥
∫ z1

z0

dt

f(t)
=

∫ z1

z0

f ′(t)dt

f ′(t)f(t)
. ✭✷✳✽✮

P♦r ✭✷✳✼✮ ❡ ✭✷✳✽✮✱
∫ g0

z

dt

f(t)
≥ 1

M

∫ z1

z0

f ′(t)

f(t)
dt =

1

M
[ln f(z1) − ln f(z0)].

◆♦t❡ q✉❡✱ s❡ z0 → 0+✱ ❡♥tã♦ z → 0+✱ ✈✐st♦ q✉❡✱ 0 < z ≤ z0 ≤ z1 ≤ g0✳ P♦rt❛♥t♦✱

lim
z→0+

∫ g0

z

dt

f(t)
≥ lim

z0→0+

[

1

M
(ln f(z1) − ln f(z0))

]

= ∞

♦✉ s❡❥❛✱

lim
z→0+

∫ g0

z

dt

f(t)
= ∞.

❈♦♠♦ ✭✐✐✮ ♦❝♦rr❡✱ ❡①✐st❡✶ c > 0✱ t❛❧ q✉❡
∫ g0

c

dt

f(t)
= K = max

∂Ω
v. ✭✷✳✾✮

❆❣♦r❛✱ ❞❡✜♥❛ u ✐♠♣❧✐❝✐t❛♠❡♥t❡ ♣♦r

v(x) =

∫ u(x)

c

dt

f(t)
, x ∈ Ω. ✭✷✳✶✵✮

❉❡❝♦rr❡ ❞❡ ✭✷✳✾✮✱ ✭✷✳✶✵✮ ❡ ❞♦ ♣rí♥❝✐♣✐♦ ❞❡ ♠á①✐♠♦ q✉❡
∫ g0

c

dt

f(t)
≥
∫ u(x)

c

dt

f(t)
.

✶❈♦♥s✐❞❡r❡ h(b) =

∫ g0

b

dt

f(t)
❡ ♦❜s❡r✈❡ q✉❡ lim

b→0+
h(b) = ∞ ❡ lim

b→g0
−

h(b) = 0✱ ❛ss✐♠✱ ♣❡❧♦ t❡♦r❡♠❛

❞♦ ❱❛❧♦r ■♥t❡r♠❡❞✐ár✐♦✱ ❡①✐st❡ ✉♠ c > 0✱ t❛❧ q✉❡ h(c) = K.
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▲♦❣♦✱

g0 ≥ u(x),

❥á q✉❡ f é ♥ã♦ ♥❡❣❛t✐✈❛✳ ❉❛í✱

g(x) ≥ min
∂Ω

g(x) = g0(x) ≥ u(x), x ∈ ∂Ω. ✭✷✳✶✶✮

❆❧é♠ ❞✐ss♦✱

∆v = φ(r) = max
|x|=r

p(x) ≥ p(x), x ∈ Ω. ✭✷✳✶✷✮

P♦r ✭✷✳✶✵✮✱ ❞❡❞✉③✐♠♦s q✉❡

∂v(x)

∂xi

=
1

f(u(x))

∂(u(x))

∂xi

❡

∂2v(x)

∂xi
2

=
∂

∂xi

[

1

f(u(x))

∂(u(x))

∂xi

]

=
∂2(u(x))

∂xi
2

1

f(u(x))
+

(

1

f

)′

(u(x))

(

∂u(x)

∂xi

)2

.

P♦rt❛♥t♦✱

∆v = ∆u(x)
1

f(u(x))
− f ′(u(x))

f(u(x))2
|∇u(x)|2

❡

∆v ≤ ∆u(x)
1

f(u(x))
.

❯s❛♥❞♦ ✭✷✳✶✷✮ ❡ ✭✷✳✶✶✮✱






∆u(x) ≥ ∆vf(u(x)) ≥ p(x)f(u(x)) em Ω,

u(x) ≤ g(x) em ∂Ω.

❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ u ∈ C2(Ω) ∩ C(Ω), ♣❛r❛ ❝♦♥❝❧✉✐r♠♦s q✉❡ u é ✉♠❛

s✉♣❡rs♦❧✉çã♦ ❞❡ (Pg)✳

❉❡s❞❡ q✉❡ v ∈ C2(Ω) ∩ C(Ω)✱ ❡♥tã♦✱ ❞❛❞♦ ǫ > 0✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡✱

x, y ∈ Ω; ‖x− y‖ < δ temos |v(x) − v(y)| ≤ ǫ

T
, ✭✷✳✶✸✮

♦♥❞❡ T = max
t∈[c,g0]

f(t) ❝♦♠ g0 = max
∂Ω

g✳ ❙❡❣✉❡ q✉❡

|v(x) − v(y)| =
∣

∣

∣

∫ u(x)

c

dt

f(t)
−
∫ u(y)

c

dt

f(t)

∣

∣

∣
=
∣

∣

∣

∫ u(x)

u(y)

dt

f(t)

∣

∣

∣
. ✭✷✳✶✹✮

❉❡ ✭✷✳✶✸✮ ❡ ✭✷✳✶✹✮✱ ♦❜t❡♠♦s

ǫ

T
≥ |v(x) − v(y)| ≥ 1

T

∣

∣

∣

∫ u(x)

u(y)

dt
∣

∣

∣
≥ 1

T
|u(x) − u(y)|.
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P♦rt❛♥t♦✱ ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ Ω✱ ✈❛❧❡

|u(x) − u(y)| < ǫ, sempre que ‖x− y‖ < δ, ou seja, u ∈ C(Ω).

❙❡❣✉❡ ❞❛ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ f ❡ v q✉❡ u ∈ C2(Ω)✳ ❉❡ ❢❛t♦✱

∂v

∂xi

(x) =
1

f(u(x))

∂u

∂xi

(x), x ∈ Ω e i = 1, 2, . . . N.

▲♦❣♦
∂u

∂xi

(x) =
∂v

∂xi

(x)f(u(x)) ∈ C(Ω).

■♠♣❧✐❝❛♥❞♦ q✉❡

u ∈ C1(Ω).

P♦r ♦✉tr♦ ❧❛❞♦✱

∂2u

∂xj∂xi

(x) =
∂2v

∂xj∂xi

(x)f(u(x)) +
∂v

∂xi

(x)
∂u

∂xi

(x)f ′(u(x)) ∈ C(Ω).

P♦rt❛♥t♦
∂2u

∂xj∂xi

∈ C(Ω),

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ u ∈ C2(Ω) ∩ C(Ω) é ✉♠❛ s✉❜s♦❧✉çã♦ ❞❡ (Pg)✱ s❛t✐s❢❛③❡♥❞♦

u ≤ u ❡♠ Ω.

❆❧é♠ ❞✐ss♦✱ p(x)f(u) é ✉♠❛ ❢✉♥çã♦ ❍ö❧❞❡r ❝♦♥tí♥✉❛ ❡♠ Ω ❝♦♠ (x, u) ∈ Ω×[0,∞)✳

❉❡ ❢❛t♦✱ s❡♥❞♦ p ∈ C0,α(Ω) ❝♦♠ 0 < α < 1 ❡ f ❞❡ ❝❧❛ss❡ C1[0,∞)✱ s❡❣✉❡ q✉❡

|p(x)f(u) − p(y)f(u)| ≤ |f(u)||p(x) − p(y)|

≤ C1C2|x− y|α

≤ C|x− y|α.

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✸✱ ❝♦♥❝❧✉í♠♦s q✉❡ (Pg) t❡♠ ✉♠❛ s♦❧✉çã♦ u ∈ C2(Ω)∩C(Ω)✱

✈❡r✐✜❝❛♥❞♦ u ≤ u ≤ u em Ω.
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❯◆■❈■❉❆❉❊

❙❡❥❛♠ u1 ❡ u2 s♦❧✉çõ❡s ❛r❜✐trár✐❛s ❞❡ (Pg)✳ ▼♦str❛r❡♠♦s q✉❡ u1 ≥ u2✳

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡ x0 ∈ Ω✱ t❛❧ q✉❡ u1(x0) < u2(x0).

❈♦♥s✐❞❡r❡

ω = {x ∈ Ω; u1 < u2} 6= ∅.

❙❡♥❞♦ f ♥ã♦ ❞❡❝r❡s❝❡♥t❡ ❡ f(0) = 0✱ t❡♠♦s f(u1(x)) − f(u2(x)) ≤ 0✳ ❉❛í✱ ♦❜t❡♠♦s

∆ũ = ∆(u1 − u2) = ∆u1 − ∆u2 = p(x)(f(u1(x)) − f(u2(x))) ≤ 0,

✐♠♣❧✐❝❛♥❞♦ q✉❡ ❛ ❢✉♥çã♦ ũ = u1 − u2 < 0✱ s❛t✐s❢❛③






∆ũ < 0 em ω,

ũ = 0 em ∂ω.

▲♦❣♦✱ ũ é ✉♠❛ ❢✉♥çã♦ s✉♣❡r❤❛r♠ô♥✐❝❛✷✱ q✉❡ s❡ ❛♥✉❧❛ ♥❛ ❢r♦♥t❡✐r❛ ❞❡ ω✱ ❥á q✉❡

∂ω = {x ∈ Ω; u1 = u2}.

❙❡❣✉❡✱ ❞♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦✸✱ q✉❡

ũ ≥ inf
ω
ũ = inf

∂ω
ũ = 0

❆ss✐♠✱ ũ = 0 ♦✉ ũ > 0 ❡♠ ω✳

❙❡ ũ = 0 ❡♥tã♦ u1 = u2 ❡♠ ω.

❙❡ ũ > 0 ❡♥tã♦ u1 > u2 ❡♠ ω, ❝♦♥tr❛r✐❛♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡✱ u1 < u2 ❡♠ ω✳ P♦rt❛♥t♦

u1 ≥ u2 em Ω.

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ♣r♦✈❛✲s❡ q✉❡

u1 ≤ u2 em Ω.

❉❡ ♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ (Pg) t❡♠ ú♥✐❝❛ s♦❧✉çã♦ u✱ ♣♦s✐t✐✈❛✳

✷❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ❉❡✜♥✐çã♦ ❇✳✹✳
✸❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ❚❡♦r❡♠❛ ❇✳✶✽✳
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✷✳✸ ▲❡♠❛s ❚é❝♥✐❝♦s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s ❧❡♠❛s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦

❞♦s r❡s✉❧t❛❞♦s ♣♦st❡r✐♦r❡s ❞♦ ♣r❡s❡♥t❡ ❈❛♣ít✉❧♦✳

▲❡♠❛ ✷✳✶ ❙❡❥❛ f s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s (F ) e (KO)✳ ❙✉♣♦♥❤❛ q✉❡ u é ❛ ú♥✐❝❛

s♦❧✉çã♦ ❞❡

∆u = f(u) em Ω,

♦♥❞❡ Ω ⊂ R
N é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✱ ❝♦♠ N ≥ 3✳

❊♥tã♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ♥ã♦✲❝r❡s❝❡♥t❡ µ : R+ −→ R+ t❛❧ q✉❡

u(x) ≤ µ((R(x)), ✭✷✳✶✺✮

♦♥❞❡ R(x) = dist(x, ∂Ω), x ∈ Ω.

❆ ❢✉♥çã♦ µ(R) t❡♠ ♦s s❡❣✉✐♥t❡s ❧✐♠✐t❡s

µ(R) −→ ∞ quando R → 0, ✭✷✳✶✻✮

µ(R) −→ −∞ quando R → ∞. ✭✷✳✶✼✮

Pr♦✈❛✳ ❖❜s❡r✈❡ q✉❡ ❝❛❞❛ x ∈ Ω é ❝❡♥tr♦ ❞❡ ✉♠❛ ❜♦❧❛ ❞❡ r❛✐♦ R = R(x) > 0✱

✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞❛ ❡♠ Ω✳ P♦r tr❛♥s❧❛çã♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r x ❝♦♠♦ s❡♥❞♦ ❛ ♦r✐❣❡♠✳

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ u é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛







∆u = f(u) em B(0, R),

u = α em ∂B(0, R),
✭B′

1✮

♦♥❞❡ α ∈ R é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳

❆ ❡①✐stê♥❝✐❛ ❡ ❛ ✉♥✐❝✐❞❛❞❡ ❞❛ s♦❧✉çã♦ u✱ é ❛ss❡❣✉r❛❞❛ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✱ ❛❧é♠

❞✐ss♦✱ u ❝r❡s❝❡ ❝♦♠ α✱ ♦✉ s❡❥❛✱

se α1 < α2, então uα1 < uα2 .

❆❣♦r❛✱ ❞❡✜♥❛ ❛ ❢✉♥çã♦ µ(R) ♣♦r

µ(R(x)) = lim
α→∞

(uα(x)) ✭✷✳✶✽✮

✐st♦ é✱

uα1(x) ≤ uα2(x) ≤ . . . ≤ uαn(x) −→ µ(Rx) ∀ n ∈ N.
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❆ss✐♠✱ ♣❛r❛ t♦❞♦ α✱

u = uα ≤ µ(R).

❈♦♥t✐♥✉❛♥❞♦ ❛ ❞❡♠♦str❛çã♦✱ ♠♦str❛r❡♠♦s q✉❡ µ(R) é ✜♥✐t♦✳ ❆♥t❡s ♣♦ré♠✱ ❛✜r♠❛♠♦s

q✉❡ u é ✉♠❛ ❢✉♥çã♦ r❛❞✐❛❧✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ ♦❜t❡rí❛♠♦s ❞✐❢❡r❡♥t❡s s♦❧✉çõ❡s ♣❛r❛

(B′
1)✱ ❝♦♥tr❛r✐❛♥❞♦ ❛ ✉♥✐❝✐❞❛❞❡✹✳

❙❡♥❞♦ u s♦❧✉çã♦ r❛❞✐❛❧✱ s❡❣✉❡ q✉❡

u′′(r) +
N − 1

r
u′(r) = f(u) em B(0, R), ✭✷✳✶✾✮

u′(0) = 0, ✭✷✳✷✵✮

u(R) = α em ∂B(0, R). ✭✷✳✷✶✮

❆ ✐❣✉❛❧❞❛❞❡ ✭✷✳✷✵✮ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ u ❡♠ r = 0✱ ♣♦✐s

u′(r) = r1−N

∫ r

0

sN−1f(u(s))ds,

❞❛í✱

lim
r→0

u′(r) = u′(0). ✭✷✳✷✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱

lim
r→0

u′(r) = lim
r→0

∫ r

0
sN−1f(u(s))ds

rN−1

∗1
= lim

r→0

rN−1f(u(r))

(N − 1)rN−2

= lim
r→0

rf(u(r))

(N − 1)
= 0,

✉s❛♠♦s ❛ r❡❣r❛ ❞❡ ▲✬❍ô♣✐t❛❧ ❡♠ (∗1) ❡ ❝♦♥❝❧✉í♠♦s q✉❡

u′(0) = 0.

❚♦❞♦ ♥ú♠❡r♦ r❡❛❧ α é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦ ♣♦r uα(0) = u(0)✱ ♦ q✉❛❧ ❞❡t❡r♠✐♥❛

✉♠❛ s❡q✉ê♥❝✐❛ ♠♦♥ót♦♥❛ q✉❡ ❝r❡s❝❡ ❝♦♠ α✳ ■st♦ ♥♦s ♣❡r♠✐t❡ s✉❜st✐t✉✐r (2.21) ♣♦r

u(0) = u0.

❉❡ ❢❛t♦✱ ❞❛❞♦ α ∈ R✱ ❡①✐st❡ ú♥✐❝❛ s♦❧✉çã♦ uα ❞❡ (B′
1)✱ ♦♥❞❡ uα(0) = u0✳ ❙❡ ❡①✐st❡ ✉♠❛

ũ s❛t✐s❢❛③❡♥❞♦ ❛ ❡q✉❛çã♦ ❡♠ (B′
1) ❡ ũ(0) = u0✱ ❡♥tã♦

ũ(R) = α = uα(R).

✹❱❡r ♦❜s❡r✈❛çã♦ ✷✳✶✳
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P♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ s❡ ũ(R) 6= uα(R)✱ ♣♦r ❡①❡♠♣❧♦✱ s✉♣♦♥❞♦

ũ(R) = α̃ < α = uα(R),

♦❜t❡♠♦s✱

u0 = ũ(0) = uα̃(0) < uα(0) = u0.

❖ q✉❡ é ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s s✉❜st✐t✉✐r ❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ u(R) = α ♣❡❧❛

❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ u(0) = u0✳

➱ ❝♦♥✈❡♥✐❡♥t❡ r❡❡s❝r❡✈❡r♠♦s ✭✷✳✶✾✮ ♥❛ ❢♦r♠❛

(rN−1u′(r))′ = rN−1f(u). ✭✷✳✷✸✮

■♥t❡❣r❛♥❞♦ ✭✷✳✷✸✮ ❞❡ 0 ❛ r t❡♠♦s

u′(r) = r1−N

∫ r

0

xN−1f [u(x)]dx.

❉❛í✱ ♦❜s❡r✈❛♠♦s q✉❡ u′ ≥ 0✳ P♦rt❛♥t♦✱ u é ✉♠❛ ❢✉♥çã♦ ♥ã♦ ❞❡❝r❡s❝❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱

u′(r) ≤ r1−Nf [u(r)]

∫ r

0

xN−1dx =
r

N
f [u(r)]. ✭✷✳✷✹✮

■♥s❡r✐❞♦ ✭✷✳✷✹✮ ❡♠ ✭✷✳✶✾✮✱ t❡♠♦s

u′′(r) = f(u(r)) +

(

1 −N

r

)

u′(r) ≥ f(u(r)) +

(

1 −N

N

)

f(u(r)) =
1

N
f(u(r))

P♦rt❛♥t♦✱

u′′(r) ≥ f [u(r)]

N
. ✭✷✳✷✺✮

❚❛♠❜é♠✱

u′′(r) = f [u(r)] − u′(r)
N − 1

r
≤ f [u(r)]

❥á q✉❡ u′(r) ≥ 0✳ ❈♦♠❜✐♥❛♥❞♦ ❝♦♠ ✭✷✳✷✺✮ ❞❡❞✉③✐♠♦s

f [u(r)] ≥ u′′(r) ≥ f [u(r)]

N
. ✭✷✳✷✻✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✷✳✷✻✮ ♣♦r u′(r)✱ t❡♠♦s

f [u(r)]u′(r) ≥ u′′(r)u′(r) ≥ f [u(r)]

N
u′(r). ✭✷✳✷✼✮

■♥t❡❣r❛♥❞♦ ✭✷✳✷✼✮ ❞❡ 0 ❛ r✱ ❢❛③❡♥❞♦ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ ♦❜t❡♠♦s
∫ u(r)

u0

f(z)dz ≥
∫ u′(r)

u′(0)

s ds ≥ 1

N

∫ u(r)

u0

f(z)dz.
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❋❛③❡♥❞♦ H(u(r), u0) = 2
∫ u(r)

u0
f(z)dz✱ ✜❝❛♠♦s ❝♦♠

H(u(r), u0) ≥ (u′(r))2 ≥ 1

N
H(u(r), u0). ✭✷✳✷✽✮

❊①tr❛✐♥❞♦ ❛ r❛✐③ q✉❛❞r❛❞❛ ❞❡ ❝❛❞❛ t❡r♠♦ ❡♠ ✭✷✳✷✽✮ ❡ t♦♠❛♥❞♦ ♦ ✐♥✈❡rs♦✱ t❡♠♦s

[H(u(r), u0)]
−1/2 ≤ [u′(r)]−1 ≤

√
N [H(u(r), u0)]

−1/2.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ✐♥❡q✉❛çã♦ ❛❝✐♠❛ ♣♦r u′(r)✱ ❢❛③❡♥❞♦ z = u(r) ❡ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ r✱

❞❡❞✉③✐♠♦s q✉❡
∫ u(r)

u0

H−1/2(z, u0)dz ≤ r ≤
√
N

∫ u(r)

u0

H−1/2(z, u0)dz. ✭✷✳✷✾✮

❖❜s❡r✈❛♠♦s q✉❡ ❛ ✐♥t❡❣r❛❧ ❡♠ ✭✷✳✷✾✮ ❝♦♥✈❡r❣❡ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ♣♦s✐t✐✈♦ ❞❡ u0✱

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

R(u0) ≤ r ≤
√
NR(u0), ✭✷✳✸✵✮

♦♥❞❡

R(u0) = lim
u→∞

∫ u

u0

H−1/2(z, u0)dz =

∫ ∞

u0

H−1/2(z, u0)dz. ✭✷✳✸✶✮

❆ ❢✉♥çã♦ R(u0) é ❝♦♥tí♥✉❛ ❡ ♥ã♦ ❝r❡s❝❡♥t❡ ❡ s❛t✐s❢❛③

R(u0) → +∞ quando u0 → −∞

R(u0) → 0 quando u0 → +∞.

❆❣♦r❛✱ ❞❡✜♥✐♠♦s µ(R) ❝♦♠♦ ♦ ✐♥✈❡rs♦ ❞❡ R(u0)✱ ✐st♦ é

µ(R) = {u0|R(u0) = R}.

❊st❛ ❢✉♥çã♦ é ❛ ❢✉♥çã♦ ❞❡s❡❥❛❞❛ µ(R) ❞♦ ▲❡♠❛ ✷✳✷✱ ❛ q✉❛❧ é ❞❡❝r❡s❝❡♥t❡ ❡ s❛t✐s❢❛③

✭✷✳✶✻✮ ❡ ✭✷✳✶✼✮✳ ❖ q✉❡ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ❞♦ ❧❡♠❛✳

❖❜s❡r✈❛çã♦ ✷✳✶ ❙❡ u ♥ã♦ é r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛✱ ❡♥tã♦ ♦❜t❡♠♦s

u(x) 6= u(y) := v(x), ∀ x ∈ R
N ,

♦♥❞❡ y = y(x) é ♦❜t✐❞♦ ❞❡ x✱ ♣❡❧❛ r♦t❛çã♦ ❞❡ ✉♠ ❝❡rt♦ â♥❣✉❧♦ θ✳

❙❡♥❞♦ ♦ ▲❛♣❧❛❝✐❛♥♦ ✐♥✈❛r✐❛♥t❡ ♣♦r r♦t❛çõ❡s ♦❜t❡♠♦s

∆u(x) = ∆v(x),
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❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡







∆v(x) = h(v(x)) em B(0, R),

v(x) = α em ∂B(0, R),
✭✷✳✸✷✮

♦ q✉❡ ❝♦♥tr❛r✐❛ ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦✳

▲❡♠❛ ✷✳✷ ❆ss✉♠❛ q✉❡ ❛s ❝♦♥❞✐çõ❡s (F ) ❡ (KO) sã♦ s❛t✐s❢❡✐t❛s✳ ❊♥tã♦

∫ ∞

1

dt

f(t)
<∞.

Pr♦✈❛✳ ❋✐①❛❞♦ R > 0✱ ❝♦♥s✐❞❡r❡ B = B(0, R)✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷ q✉❡



















∆u = f(u) em B,

u ≥ 0, u 6= 0 em B,

u = n em ∂B,

✭P ′
1✮

t❡♠ ú♥✐❝❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛✱ un ∈ C2(Ω) ∩ C(Ω)✱ ♣❛r❛ ❝❛❞❛ n ∈ N✳

❯t✐❧✐③❛♥❞♦ ♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❡ ♦ ❢❛t♦ ❞❡ f s❡r ♥ã♦ ❞❡❝r❡s❝❡♥t❡✱ ♠♦str❛r❡♠♦s

q✉❡ un ❝r❡s❝❡ ❝♦♠ n✳

❉❡ ❢❛t♦✱ s✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡ x0 ∈ B t❛❧ q✉❡ un+1(x0) < un(x0)✳

❈♦♥s✐❞❡r❡ ω = {x ∈ B;un+1(x) < un(x)} 6= ∅✳ ❉❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞❡ f t❡♠♦s

f(un+1) ≤ f(un) em ω✳ ❉❛í✱ ♣❛r❛ w = un+1 − un t❡♠♦s






∆w = ∆un+1 − ∆un = f(un+1) − f(un) ≤ 0 em ω,

w = 0 em ∂ω.

■st♦ é✱ w é ✉♠❛ ❢✉♥çã♦ s✉♣❡r❤❛r♠ô♥✐❝❛ ❡♠ ω✳ ▲♦❣♦

0 = inf
∂ω
w = inf

ω
w ≤ w < 0.

❖ q✉❡ é ✉♠ ❛❜s✉r❞♦✦ P♦rt❛♥t♦ un(x) ≤ un+1(x)✱ ♣❛r❛ ❝❛❞❛ x ∈ B✳

Pr♦ss❡❣✉✐♥❞♦✱ ✈❡r❡♠♦s q✉❡ un é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛ ❡♠ t♦❞♦ s✉❜❞♦♠í♥✐♦

❝♦♠♣❛❝t♦ ❞❡ B✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ K ⊂ B ✉♠ ❝♦♠♣❛❝t♦ ❡ d = dist(K, ∂B)✳ ❊♥tã♦

0 < d ≤ dist(x, ∂B) ∀ x ∈ K. ✭✷✳✸✸✮
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P❡❧♦ ▲❡♠❛ ✷✳✶✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ♥ã♦ ❝r❡s❝❡♥t❡

µ : R+ −→ R+, tal que

0 < un(x) ≤ µ (dist(x, ∂B)) , ∀ x ∈ K e n ∈ N.

▲♦❣♦✱ ❞❡ ✭✷✳✸✸✮ ♦❜t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ un ❝♦♠

0 ≤ u1(x) ≤ u2(x) ≤ . . . ≤ un(x) ≤ µ (dist(x, ∂B)) ≤ µ(d).

▼♦str❛♥❞♦ q✉❡ un é ✉♠❛ s❡q✉ê♥❝✐❛ ✉♥✐❢♦r♠❡♥t❡ ❧✐♠✐t❛❞❛✳

❈♦♠♦ t♦❞❛ s❡q✉ê♥❝✐❛ ♠♦♥ót♦♥❛ ❡ ❧✐♠✐t❛❞❛ é ❝♦♥✈❡r❣❡♥t❡✱ ♣❛r❛ ❝❛❞❛ x ∈ B✱ ❞❡✜♥❛

lim
n→∞

un(x) = u(x).

❆❣♦r❛ ♠♦str❛r❡♠♦s q✉❡ u é ✉♠❛ ❙♦❧✉çã♦ ❇❧♦✇✲✉♣ ❞♦ ♣r♦❜❧❡♠❛

∆u = f(u) em B. ✭✷✳✸✹✮

❯s❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞♦ ▲❡♠❛ ✶✳✶✱ ♦❜t❡♠♦s un ❝♦♥✈❡r❣✐♥❞♦ ❡♠ C2,α(B(x0, r1))✱

♣❛r❛ ❛❧❣✉♠ r1 > 0✳ ❉❡s❞❡ q✉❡ x0 ∈ B é ❛r❜✐trár✐♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ u ∈ C2(B) é s♦❧✉çã♦

♣♦s✐t✐✈❛ ❞❡ ✭✷✳✸✹✮ ❡ ♣♦r ●✐❞❛s✲◆✐✲◆✐r❡♠❜❡r❣✺ u é ✉♠❛ s♦❧✉çã♦ r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛

❡♠ B✳ ◆❡st❡ ❝❛s♦✱ u(x) = u(r), r = |x|.
❆ss✐♠✱

∆u = u′′(r) + u′(r)
N − 1

r
.

P♦r ✭✷✳✸✹✮ t❡♠♦s✱

u′′(r) + u′(r)
N − 1

r
= f(u(r)), 0 < r < R.

❊st❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

(rN−1u′(r))′ = rN−1f(u(r)), 0 < r < R.

■♥t❡❣r❛♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♥♦ ✐♥t❡r✈❛❧♦ (0, r)✱ ♦❜t❡♠♦s

∫ r

0

(sN−1u′(s))′ds =

∫ r

0

sN−1f(u(s))ds, 0 < r < R.

✺❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ❚❡♦r❡♠❛ ❇✳✷✼✳
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P♦rt❛♥t♦

u′(r) = r1−N

∫ r

0

sN−1f(u(s))ds > 0, 0 < r < R,

♠♦str❛♥❞♦ q✉❡ u é ✉♠❛ ❢✉♥çã♦ ♥ã♦ ❞❡❝r❡s❝❡♥t❡✳ ▲♦❣♦✱ u(s) ≤ u(r), para todo s ∈
(0, r) ❡ ❞❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞❡ f t❡♠♦s

f(u(s)) ≤ f(u(r)), 0 < r < R.

❉❛í✱

u′(r) = r1−N

∫ r

0

sN−1f(u(s))ds ≤ r1−N

∫ r

0

sN−1f(u(r))ds

≤ f(u(r))r1−N

∫ r

0

sN−1ds

≤ f(u(r))
r

N
, 0 < r < R. ✭✷✳✸✺✮

❈♦♥t✐♥✉❛♥❞♦✱ ♠♦str❛r❡♠♦s q✉❡ u é ✉♠❛ s♦❧✉çã♦ ❇❧♦✇✲✉♣ ❞❡ ✭✷✳✸✹✮✱ ✐st♦ é✱

u(r) → ∞ quando r ր R.

❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡ D > 0✱ t❛❧ q✉❡

u(r) < D, quando 0 ≤ r < R.

❋✐①❡ N1 ∈ N✱ ❞❡ ♠♦❞♦ q✉❡

lim
rրR

uN1(r) = N1 ≥ 2D.

■st♦ é✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡ δ > 0✱ t❛❧ q✉❡

R− r ≤ δ ⇒ |uN1(r) −N1| < ε

❋❛③❡♥❞♦ r1 = R− δ✱ ♦❜t❡♠♦s r1 = R− δ ≤ r < R✳ ❆ss✐♠✱ N1 − ε ≤ uN1(r) ≤ N1 + ε✱

♣❛r❛ t♦❞♦ r ∈ [r1, R)✳ ❊s❝♦❧❤❛ 0 < ε < D✱ ❞❡ ♠♦❞♦ q✉❡

uN1(r) ≥ N1 − ε > D,

♦❜t❡♠♦s

uN1(r) > D, ∀ r ∈ [r1, R).

❉❡s❞❡ q✉❡ un ❝r❡s❝❡ ❝♦♠ n✱ t❡♠♦s

D < uN1(r) ≤ uN+1(r) ≤ . . . ≤ un(r) ≤ un+1(r) . . . ∀ n ≥ N1, ∀ r ∈ [r1, R).
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P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ n→ ∞✱ ♦❜t❡♠♦s

u(r) ≥ D, ∀ r ∈ [r1, R).

❖ q✉❡ ❝♦♥tr❛r✐❛ ❛ ♥♦ss❛ ❤✐♣ót❡s❡✳

❱♦❧t❛♥❞♦ ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✷✳✸✺✮✱ t❡♠♦s

0 ≤ u′(r)

f(u(r))
≤ r

N
.

P♦r ✐♥t❡❣r❛çã♦✱ ♦❜t❡♠♦s
∫ u(r)

0

dt

f(t)
=

∫ r

0

u′(s)

f(u(s))
ds ≤

∫ r

0

s

N
ds,

♦♥❞❡ t = u(s) ❡ dt = u′(s)ds✳

❙❡♥❞♦ u s♦❧✉çã♦ ❞♦ t✐♣♦ ❜❧♦✇✲✉♣✱ s❡ r ր R✱ ❡♥tã♦ u(r) → ∞✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡
∫ ∞

0

dt

f(t)
≤
∫ R

0

s

N
ds =

s2

2N

∣

∣

∣

R

0
=
R2

2N
.

P♦rt❛♥t♦
∫ ∞

0

dt

f(t)
≤ R2

2N
<∞.

✷✳✹ ❘❡s✉❧t❛❞♦s ❞❡ ❊①✐stê♥❝✐❛ ♣❛r❛ ❉♦♠í♥✐♦s ▲✐♠✐t❛✲

❞♦s

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r♠♦s ♦ r❡s✉❧t❛❞♦ ❞❡ ❡①✐stê♥❝✐❛✱ ❢❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦✳

❖❜s❡r✈❛çã♦ ✷✳✷ ❙❡ p > 0 ❡♠ ∂Ω✱ ❡♥tã♦

(P1) ∀ x0 ∈ Ω ❝♦♠ p(x0) = 0✱ ❡①✐st❡ ✉♠ ❞♦♠í♥✐♦ Ω0 ∋ x0✱ t❛❧ q✉❡ Ω0 ⊂ Ω ❡ p > 0 ❡♠

∂Ω0 é s❛t✐s❢❡✐t♦✳

❉❡ ❢❛t♦✱ ❞❡s❞❡ q✉❡ p é ❝♦♥tí♥✉❛ ❡ ∂Ω ❝♦♠♣❛❝t❛✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠ ζ > 0✱ t❛❧

q✉❡

p(y) ≥ ζ > 0, para todo y ∈ ∂Ω.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ ε = ζ/2✱ ❡①✐st❡ δ > 0✱ t❛❧ q✉❡ ♣❛r❛ x ∈ Ω, y ∈ ∂Ω,

com ‖x− y‖ < δ✱ ❡♥tã♦

|p(x) − p(y)| < ε.
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❆ss✐♠✱

p(x) > p(y) − ε > ζ − ζ

2
> 0.

P♦rt❛♥t♦✱ p > 0 ❡♠ Ωδ✱ ♦♥❞❡

Ωδ = {x ∈ Ω; dist(x, ∂Ω) ≤ δ}.

▲♦❣♦✱ t♦❞♦s ♦s ③❡r♦s ❞❡ p ❡stã♦ ✐♥❝❧✉í❞♦s ❡♠ Ω0 = Ω\Ωδ ⊂⊂ Ω ❡ ❝♦♠♦ p > 0 ❡♠ ∂Ω0✱

s❡❣✉❡ q✉❡ (p1) é s❛t✐s❢❡✐t♦✳

❚❡♦r❡♠❛ ✷✳✸ ❙✉♣♦♥❞♦ Ω ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡ p s❛t✐s❢❛③❡♥❞♦ (P1)✳ ❊♥tã♦✱ ♦ ♣r♦✲

❜❧❡♠❛ (P ) t❡♠ ❙♦❧✉çã♦ ❇❧♦✇✲✉♣ ♣♦s✐t✐✈❛✳

Pr♦✈❛✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ❞❡ ❝♦♥t♦r♥♦



















∆vn = p(x)f(vn) em Ω,

vn ≥ 0 em Ω,

vn = n em ∂Ω.

✭A′
1✮

❖❜s❡r✈❡ q✉❡ vn é ✉♠❛ s❡q✉ê♥❝✐❛ ♠♦♥ót♦♥❛✱ q✉❡ ❝r❡s❝❡ ❝♦♠ n✱ ♣❛r❛ x ∈ Ω ✜①❛❞♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✶✱ t❡♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛


















∆ξ = ‖p‖∞f(ξ) em Ω,

ξ > 0 em Ω,

ξ = 1 em ∂Ω,

t❡♠ s♦❧✉çã♦ ú♥✐❝❛ ❡ ♣♦s✐t✐✈❛✳

❖❜s❡r✈❡ q✉❡ ξ ≤ v1✳ ❉❡ ❢❛t♦✱ ♣♦✐s ❞♦ ❝♦♥trár✐♦✱ ❡①✐st❡ x0 ∈ Ω✱ t❛❧ q✉❡

v1(x0) < ξ(x0) ❡♠ Ω✳ ❈♦♠ ✐ss♦✱






∆(v1 − ξ) = p(x)f(v1) − ‖p‖∞f(ξ) ≤ 0 em ω1,

v1 − ξ = 0 em ∂ω1,

♦♥❞❡ ω1 = {x ∈ Ω; v1(x) < ξ(x)} 6= ∅✳
P❡❧♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦✱

v1 < ξ ≤ v1 em Ω.

❖ q✉❡ é ❝♦♥tr❛❞✐çã♦✳
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❆❣♦r❛✱ ♦❜s❡r✈❡♠♦s q✉❡

✭❆✮ P❛r❛ t♦❞♦ x0 ∈ Ω✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ O ⊂⊂ Ω ❝♦♥t❡♥❞♦ x0

❡ M0(x0) = M0 > 0✱ t❛❧ q✉❡ vn ≤M0 ❡♠ O✱ ♣❛r❛ t♦❞♦ n ≥ 1✳

■ss♦ ♠♦str❛ q✉❡ ❛ s❡q✉ê♥❝✐❛ {vn} é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛ ❡♠ t♦❞♦ s✉❜❝♦♥❥✉♥t♦

❝♦♠♣❛❝t♦ ❞❡ Ω✳

P❛r❛ ♠♦str❛r♠♦s ✭❆✮ ❝♦♥s✐❞❡r❡♠♦s ❞♦✐s ❝❛s♦s✿

❈❛s♦ ✶ ✲ p(x0) > 0

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ p✱ ❡①✐st❡ ✉♠❛ ❜♦❧❛ B = B(x0, r) ⊂⊂ Ω✱ t❛❧ q✉❡

m0 = min
B
p(x) > 0.

❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❇✳✷✻✻ q✉❡ ♦ ♣r♦❜❧❡♠❛






∆w = m0f(w) em B,

w(x) → ∞ quando d(x, ∂B) → 0,

t❡♠ s♦❧✉çã♦ w✱ ❝❧áss✐❝❛ ❡ ♣♦s✐t✐✈❛✳

❆✜r♠❛çã♦ ✷✳✹ vn ≤ w ❡♠ B

❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡ ✉♠ x0 ∈ B✱ t❛❧ q✉❡ w(x0) < vn(x0)✱

❡♥tã♦

∆w − ∆vn = m0f(w) − p(x)f(vn) ≤ p(x)f(vn) − p(x)f(vn) = 0 em ω2,

vn = n < w em ∂ω2,

❛ss✐♠✱






∆(vn − w) > 0 em ω2,

vn − w = 0 em ∂ω2,

♦♥❞❡ ω2 = {x ∈ Ω;w(x) < vn(x)} 6= ∅.
P❡❧♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ✱ s❡❣✉❡✲s❡ q✉❡

0 < (vn − w) < max
ω2

(vn − w) = max
∂ω2

(vn − w) = 0.

❆❜s✉r❞♦✦
✻❱❡r ❆♣ê♥❞✐❝❡ ❇✳
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❆❧é♠ ❞✐ss♦✱ s❡♥❞♦ w s♦❧✉çã♦ ❝❧áss✐❝❛✱ ♦❜t❡♠♦s w ❧✐♠✐t❛❞❛ ❡♠ B(x0, r/2) ❡ ♣♦❞❡✲

♠♦s ❞❡✜♥✐r ♦ s✉♣r❡♠♦ ❞❡ w ❝♦♠♦ M0 = sup
O
w, ♦♥❞❡ O = B(x0, r/2)✳ ❉❡❞✉③✐♠♦s ❞❛

❆✜r♠❛çã♦ ✷✳✹✱ q✉❡

vn ≤ w(x) ≤M0 em O, para todo n ≥ 1.

❈❛s♦ ✷ ✲ p(x0) = 0

◆♦ss❛ ❤✐♣ót❡s❡ (P1) ❡ ❛ ❧✐♠✐t❛çã♦ ❞❡ Ω ✐♠♣❧✐❝❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❞♦♠í♥✐♦ O ⊂⊂ Ω✱

❝♦♥t❡♥❞♦ x0✱ t❛❧ q✉❡ p > 0 ❡♠ ∂O✳

❈♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✱ s❡❣✉❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ x ∈ ∂O✱ ❡①✐st❡ ✉♠❛ ❜♦❧❛ B(x, rx)✱

❡str✐t❛♠❡♥t❡ ❝♦♥t✐❞❛ ❡♠ Ω ❡ ✉♠❛ ❝♦♥st❛♥t❡ Mx > 0✱ t❛❧ q✉❡ vn ≤Mx em B(x, rx/2)✱

♣❛r❛ t♦❞♦ n ≥ 1✳ ❉❡s❞❡ q✉❡ ∂O é ❝♦♠♣❛❝t❛✱ ♣♦❞❡♠♦s ❝♦❜r✐✲❧á ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦

❞❡ ❜♦❧❛s✳ ❙❡❥❛♠✱

B(xi, rxi/2) i = 1, . . . , K0.

❈♦♥s✐❞❡r❛♥❞♦ M0 = max{Mx1 , . . . ,Mxk0
}✱ t❡♠♦s vn ≤ M0 ❡♠ ∂O✱ ♣❛r❛ ❛❧❣✉♠ n ≥ 1✳

❆♣❧✐❝❛♥❞♦ ♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦✱ ♦❜t❡♠♦s vn ≤M0 ❡♠ O✳ ❉❡♠♦♥str❛♥❞♦ ✭❆✮✳

❉❡st❛ ♠❛♥❡✐r❛✱

0 < vn ≤M0 em Ω.

❊ ❞❡✜♥✐♥❞♦ v(x) = lim
n→∞

vn✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✶✳✶ q✉❡ v é s♦❧✉çã♦ ❞❡ ✭P✮✳

P❛r❛ ❝♦♥❝❧✉✐r ❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛✱ r❡st❛✲♥♦s ♠♦str❛r

✭❇✮ lim
x→∂Ω

v(x) = ∞✳

❙❡❥❛



















−∆z = p(x) em Ω,

z ≥ 0, z 6= 0 em Ω,

z = 0 em ∂Ω.

✭A′
2✮

❙❡❣✉❡✲s❡ q✉❡ (A′
2)

✼ t❡♠ s♦❧✉çã♦ ú♥✐❝❛ ❡ ♣♦s✐t✐✈❛ ❡♠ Ω✳

❖❜s❡r✈❡ ✐♥✐❝✐❛❧♠❡♥t❡✱ q✉❡ ♣❛r❛ ♣r♦✈❛r♠♦s ✭❇✮ é s✉✜❝✐❡♥t❡ ♠♦str❛r♠♦s q✉❡

∫ ∞

v(x)

dt

f(t)
≤ z(x), para todo x ∈ Ω, ✭✷✳✸✻✮

✼❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ❚❡♦r❡♠❛ ❇✳✷✺ ✭▲❛①✲▼✐❧❣r❛♥✮✳



❈❛♣✳✷ Pr♦❜❧❡♠❛s ❙❡♠✐❧✐♥❡❛r❡s s♦❜ ❛ ❝♦♥❞✐çã♦ ❞❡ ❑❡❧❧❡r ❖ss❡r♠❛♥ ✹✹

♣♦✐s✱ s❡ x ∈ ∂Ω✱ ❡♥tã♦ z = 0✳ ▲♦❣♦

∫ ∞

v(x)

dt

f(t)
= 0 ⇔ v(x) = ∞, ou seja, lim

x→∂Ω
v(x) = ∞.

❙❡♥❞♦ vn ≥ 1✱ s❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✷ q✉❡

∫ ∞

v(x)

dt

f(t)
≤
∫ ∞

1

dt

f(t)
<∞.

❉❛í✱ ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡ ✭✷✳✸✻✮ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡♠ Ω✳

❉❡s❞❡ q✉❡ vn = n ❡♠ ∂Ω✱ ✜①❛❞♦ ε > 0✱ ❡①✐st❡ n1 = n1(ε), t❛❧ q✉❡

lim
n→∞

∫ ∞

n

dt

f(t)
= lim

n→∞

∫ ∞

vn

dt

f(t)
= 0, ∀ x ∈ ∂Ω, ∀ n ≥ n1,

♠❛s ❝♦♠♦ z ≥ 0✱ t❡♠♦s

∫ ∞

vn

dt

f(t)
≤ ε(1 +R2)−1/2 ≤ z(x) + ε(1 + |x|2)−1/2 ∀ x ∈ ∂Ω, ∀ n ≥ n1, ✭✷✳✸✼✮

♦♥❞❡ R > 0 é ❡s❝♦❧❤✐❞♦ ❞❡ ♠♦❞♦ q✉❡ Ω ⊂ B(0, R)✳

P❛r❛ ♠♦str❛r♠♦s ✭✷✳✸✻✮✱ ❜❛st❛ ♣r♦✈❛r♠♦s q✉❡

∫ ∞

vn

dt

f(t)
≤ z(x) + ε(1 + |x|2)−1/2 ∀ x ∈ Ω, ∀ n ≥ n1. ✭✷✳✸✽✮

❘❡❛❧♠❡♥t❡✱ ❢❛③❡♥❞♦ n → ∞ ❡♠ ✭✷✳✸✽✮ ❞❡❞✉③✐♠♦s ✭✷✳✸✻✮✱ ❥á q✉❡ ε > 0 é ❡s❝♦❧❤✐❞♦

❛r❜✐tr❛r✐❛♠❡♥t❡✳ ❆ss✉♠❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ✭✷✳✸✽✮ ♥ã♦ é ✈á❧✐❞♦✳ ❊♥tã♦

∫ ∞

vn

dt

f(t)
− z(x) − ε(1 + |x|2)−1/2 > 0, para algum x ∈ Ω e algum n ≥ n1,

❞❛í✱

max
x∈Ω

{
∫ ∞

vn

dt

f(t)
− z(x) − ε(1 + |x|2)−1/2

}

> 0.

❉❡ ✭✷✳✸✼✮ ❞❡❞✉③✐♠♦s q✉❡ ♦ ♠á①✐♠♦ é ❛t✐♥❣✐❞♦ ♥♦ ✐♥t❡r✐♦r ❞❡ Ω✳ ❙❡❥❛ x0 t❛❧ ♣♦♥t♦ ❞❡

♠á①✐♠♦✱ t❡♠♦s

0 ≥ ∆

(
∫ ∞

vn

dt

f(t)
− z(x) − ε(1 + |x|2)−1/2

)

|x=x0

=

(

n
∑

i=1

− ∂

∂xi

(

1

f(vn)

∂vn

∂xi

)

− ∆z(x) − ε∆(1 + |x|2)−1/2

)

|x=x0

=

(

− 1

f(vn)
∆vn −

(

1

f

)′

(vn)|∇vn|2 − ∆z(x) − ε∆(1 + |x|2)−1/2

)

|x=x0

✭✷✳✸✾✮
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P♦r (A′
1) ❡ (A′

2)✱
1

f(vn)
∆vn = p(x) e − ∆z(x) = p(x). ✭✷✳✹✵✮

❉❡ ✭✷✳✸✾✮ ❡ ✭✷✳✹✵✮✱ t❡♠♦s

0 ≥
(

−p(x) −
(

1

f

)′

(vn)|∇vn|2 + p(x) − ε∆(1 + |x|2)−1/2

)

|x=x0

. ✭✷✳✹✶✮

◆♦t❡ q✉❡✱

∆(1 + |x|2)−1/2 =
n
∑

i=1

∂2(1 + |x|2)−1/2

∂xi
2

=
n
∑

i=1

∂

∂xi

[

−(1 + |x|2)−3/2

n
∑

i=1

xi

]

=

(

3(1 + |x|2)−5/2

n
∑

i=1

xi

n
∑

i=1

xi

)

− n(1 + |x|2)−3/2

= 3(1 + |x|2)−5/2|x|2 − n(1 + |x|2)−3/2

= 3(1 + |x|2)−5/2|x|2 + 3(1 + |x|2)−5/2 − n(1 + |x|2)−3/2 − 3(1 + |x|2)−5/2

= 3(1 + |x|2)−5/2(|x|2 + 1) − n(1 + |x|2)−3/2 − 3(1 + |x|2)−5/2

= (3 − n)(1 + |x|2)−3/2 − 3(1 + |x|2)−5/2,

❡
(

1

f

)′

(vn) = − f ′(vn)

(f(vn))2
.

❉❛í ❡ ❞❡ ✭✷✳✹✶✮✱

0 ≥
(

f ′(vn)

(f(vn))2
|∇vn|2 + ε(n− 3)(1 + |x|2)−3/2 + 3ε(1 + |x|2)−5/2

)

|x=x0

> 0.

❖ q✉❡ é ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ ✭✷✳✸✻✮ é ✈á❧✐❞♦✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ✭❇✮ ❡stá ♣r♦✈❛❞♦ ❡

❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ❡st❛ ❝♦♠♣❧❡t❛✳



❈❛♣✳✷ Pr♦❜❧❡♠❛s ❙❡♠✐❧✐♥❡❛r❡s s♦❜ ❛ ❝♦♥❞✐çã♦ ❞❡ ❑❡❧❧❡r ❖ss❡r♠❛♥ ✹✻

✷✳✺ ❘❡s✉❧t❛❞♦s ❞❡ ❊①✐stê♥❝✐❛ ♣❛r❛ ❉♦♠í♥✐♦s ■❧✐♠✐t❛✲

❞♦s

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❜❧❡♠❛ (P ) q✉❛♥❞♦ Ω = R
N ✳

❖❜s❡r✈❛çã♦ ✷✳✸ ❆ s♦❧✉çã♦ ❇❧♦✇✲✉♣ ❞❡ (P )✱ ❝❛s♦ ❡①✐st❛✱ é ♣♦s✐t✐✈❛✳

❈♦♠ ❡❢❡✐t♦✱ ✈❛♠♦s ❛ss✉♠✐r q✉❡ ❡①✐st❡ x0 ∈ R
N ✱ t❛❧ q✉❡ u(x0) = 0. ❙❡♥❞♦ u ✉♠❛

s♦❧✉çã♦ ❇❧♦✇✲✉♣ ❞❡ (P )✱ s❡❣✉❡ q✉❡✱ ❡①✐st❡ R > 0✱ t❛❧ q✉❡ |x0| < R✱ ♦♥❞❡ u > 0 ❡♠

∂B(0, R)✳

❖ ♣r♦❜❧❡♠❛



















∆ξ = p(x)f(u) em B(0, R),

ξ ≥ 0 em B(0, R),

ξ = u em ∂B(0, R),

✭A′
3✮

t❡♠ s♦❧✉çã♦ ❝❧áss✐❝❛ ú♥✐❝❛✱ ❛ q✉❛❧ é ♣♦s✐t✐✈❛✽✳ ❉❛í✱ s❡❣✉❡ q✉❡ ξ = u✱ ♦ q✉❡ ❝♦♥tr❛❞✐③

♦ ❢❛t♦ ❞❡ u(x0) = 0✱ ❝♦♠ x0 ∈ R
N ✱ ♣♦✐s ξ = u > 0❀ ■♠♣❧✐❝❛♥❞♦ q✉❡ u ♥ã♦ s❡ ❛♥✉❧❛ ♥♦

R
N .

❚❡♦r❡♠❛ ✷✳✺ ❆ss✉♠❛ q✉❡ Ω = R
N ❡ q✉❡ ♦ ♣r♦❜❧❡♠❛ (P ) t❡♠ ❛♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦✳

❙✉♣♦♥❤❛ q✉❡ ❛ ❢✉♥çã♦ p s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦

• (P1)
′ ❊①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❞♦♠í♥✐♦s✾ r❡❣✉❧❛r❡s ❧✐♠✐t❛❞♦s (Ωn)n≥1✱ t❛❧ q✉❡

Ωn ⊆ Ωn+1, R
N =

⋃∞
n=1 Ωn, ❡ (P1) é ✈á❧✐❞♦ ❡♠ Ωn✱ ♣❛r❛ t♦❞♦ n ≥ 1✳

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❙♦❧✉çã♦ ❝❧áss✐❝❛ ▼❛①✐♠❛❧✶✵ U ❞❡ (P )✳

❙❡ ❛ ❢✉♥çã♦ p ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ ❛❞✐❝✐♦♥❛❧

• (P2)
∫∞

0
rφ(r)dr <∞, onde φ(r) = max

|x|=r
p(x).

❊♥tã♦ U é ✉♠❛ ❙♦❧✉çã♦ ❇❧♦✇✲✉♣ ❡♠ R
N ✳

❖❜s❡r✈❛çã♦ ✷✳✹ ◆♦s ♣♦♥t♦s ❡①t❡r♥♦s✱ ❛ s♦❧✉çã♦ U ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞♦s ❞♦♠í♥✐♦s

Ωn ❡ ❞♦ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ (P )✳ ■st♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞❛

s♦❧✉çã♦ ♠❛①✐♠❛❧✳

✽❙❡❣✉❡✲s❡ ❞❛ Pr♦♣♦s✐çã♦ 2.2✳
✾P♦r ❡①❡♠♣❧♦✱ ❛s ❜♦❧❛s ❝❡♥tr❛❞❛s ♥❛ ♦r✐❣❡♠✱ ❞❡ r❛✐♦ ♥❛t✉r❛❧
✶✵➱ ♠❛①✐♠❛❧ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡✱ q✉❛❧q✉❡r ♦✉tr❛ s♦❧✉çã♦ u ❞❡ (P )✱ ✈❛✐ ❡stá ❛❜❛✐①♦ ❞❡ U ✱ ✐st♦ é✱ u ≤ U.
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❖❜s❡r✈❡ ❛❣♦r❛ q✉❡ s❡ p(x) > 0 ♣❛r❛ |x| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❡♥tã♦ (P1)
′ é

s❛t✐s❢❡✐t♦✳ P♦rt❛♥t♦✱ é ♥❛t✉r❛❧ q✉❡ s❡ q✉❡st✐♦♥❡✱ s❡ ❡①✐st❡ p > 0✱ ❞❡ ♠♦❞♦ q✉❡ s❡❥❛♠

s❛t✐s❢❡✐t❛s ❛s ❝♦♥❞✐çõ❡s (P1)
′ ❡ (P2)✱ ❝♦♠ p(x) = 0 q✉❛♥❞♦ |x| → ∞✳

❆ r❡s♣♦st❛ é ♣♦s✐t✐✈❛✱ ❝♦♠♦ ♠♦str❛ ♦ s❡❣✉✐♥t❡ ❡①❡♠♣❧♦✳

❊①❡♠♣❧♦ ✶ ❆ss✉♠✐♥❞♦ p(r) = 0 ♣❛r❛ r = |x| ∈ [n − 1
3
, n + 1

3
], n ≥ 1 ❡ p(r) > 0 ❡♠

R+\
⋃∞

n=1[n− 1
3
, n+ 1

3
]✱ ❝♦♠ p ∈ C1[0,∞) ❡ max

[n,n+1]
p(x) =

2

n2(2n+ 1)
.

❈❧❛r♦ q✉❡ (P1)
′ é s❛t✐s❢❡✐t♦✱ ♣❛r❛ Ωn = B(0, n + 1

2
)✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❝♦♥❞✐çã♦ (P2)

é t❛♠❜é♠ s❛t✐s❢❡✐t❛✱ ✈✐st♦ q✉❡
∫ ∞

1

rφ(r)dr =
∞
∑

n=1

∫ n+1

n

rp(r)dr

≤
∞
∑

n=1

∫ n+1

n

2

n2(2n+ 1)
rdr

≤
∞
∑

n=1

1

n2

< ∞.

Pr♦✈❛✭❚❡♦r❡♠❛ ✷✳✺✮✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✸✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ❞❡ ❝♦♥t♦r♥♦



















∆vn = p(x)f(vn) em Ωn,

vn > 0 em Ωn,

vn(x) → ∞ quando ❞(x, ∂Ωn) → 0,

✭P ′
3✮

t❡♠ ❙♦❧✉çã♦ ❇❧♦✇✲✉♣ ❡ ♣♦s✐t✐✈❛✳

❉❡s❞❡ q✉❡ Ωn ⊂ Ωn+1✱ ♥ós ❛♣❧✐❝❛♠♦s ♣❛r❛ ❝❛❞❛ n ≥ 1✱ ♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❡

❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛ ❝♦♠♦ ♥❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✱ t❡♠♦s ❛ ✉♥✐❝✐❞❛❞❡ ❞❛ s♦❧✉çã♦✳

❙❡❣✉❡ ❞♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦✱ q✉❡ vn ≥ vn+1 ❡♠ Ωn✳

P♦r ♦✉tr♦ ❧❛❞♦✱ R
N = ∪∞

n=1Ωn ❡ Ωn ⊂ Ωn+1✱ ❛ss✐♠ ∀ x0 ∈ R
N ✱ ❡①✐st❡ n0 = n0(x0)

t❛❧ q✉❡ x0 ∈ Ωn, ♣❛r❛ t♦❞♦ n ≥ n0✳

❊♠ ✈✐st❛ ❞❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞❛ s❡q✉ê♥❝✐❛ {vn(x0)}n≥n0 ❡ ♣❡❧♦ ❢❛t♦ ❞❡

0 < . . . ≤ vn(x0) ≤ . . . ≤ v2(x0) ≤ v1(x0) < M,

♣♦✐s v1 é ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❞❡ (P ′
3)✱ ❞❡✜♥✐♠♦s

U(x0) = lim
n→∞

vn(x0).
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❆♣❧✐❝❛♥❞♦ ♦ ❛r❣✉♠❡♥t♦ ♣❛❞rã♦ ❜♦♦t✲str❛♣✶✶✱ t❡♠♦s U ∈ C2,α
loc (RN) ❡ ∆U =

p(x)f(U) ❡♠ Ω✳

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ U é ❛ s♦❧✉çã♦ ♠❛①✐♠❛❧ ❞♦ ♣r♦❜❧❡♠❛ (P )✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ u ✉♠❛ s♦❧✉çã♦ ❛r❜✐trár✐❛ ❞❡ (P )✳ ❆♣❧✐❝❛♥❞♦ ♦ ♣r✐♥❝í♣✐♦ ❞♦

♠á①✐♠♦✱ ♦❜t❡♠♦s vn ≥ u ❡♠ Ωn✱ ♣❛r❛ t♦❞♦ n ≥ 1✳

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ U ✱ t❡♠♦s

u(x0) ≤ vn(x0), implicando que, u(x0) ≤ lim
n→∞

vn(x0) = U(x0),

❞❡s❞❡ q✉❡ x0 ∈ R
N é ❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡ u ≤ U ❡♠ R

N ✳

❆❣♦r❛✱ s✉♣♦♥❞♦ q✉❡ p s❛t✐s❢❛③ (P2)✱ ♣r♦✈❛r❡♠♦s q✉❡ U t❡♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦

❡①♣❧♦s✐✈♦ q✉❛♥❞♦ |x| → ∞✳ P❛r❛ ❡st❡ ♣r♦♣ós✐t♦✱ é s✉✜❝✐❡♥t❡ ❡♥❝♦♥tr❛r♠♦s ✉♠❛ ❢✉♥çã♦

♣♦s✐t✐✈❛ W ∈ C(RN)✱ t❛❧ q✉❡ U ≥ W ❡♠ R
N ❡ W (x) → ∞ q✉❛♥❞♦ |x| → ∞✳

■♥✐❝✐❛❧♠❡♥t❡✱ ♦❜s❡r✈❛♠♦s q✉❡

k =

∫ ∞

0

r1−N

(
∫ r

0

sN−1φ(s)ds

)

dr <∞. ✭✷✳✹✷✮

◆♦t❡ q✉❡✱ ✭✷✳✹✷✮ é s✐♠♣❧❡s ❝♦♥s❡q✉ê♥❝✐❛✶✷ ❞♦ ❢❛t♦ q✉❡✱ ♣❛r❛ t♦❞♦ R > 0✱ t❡♠♦s
∫ R

0

r1−N

(
∫ r

0

sN−1φ(s)ds

)

dr =
1

2 −N

∫ R

0

d

dr
(r2−N)

(
∫ r

0

sN−1φ(s)ds

)

dr

=
R2−N

2 −N

∫ r

0

sN−1φ(s)ds− 1

2 −N

∫ R

0

rφ(r)dr

=
1

N − 2

∫ R

0

rφ(r)dr − R2−N

N − 2

∫ r

0

sN−1φ(s)ds

≤ 1

N − 2

∫ ∞

0

rφ(r)dr <∞.

P♦r ✭✷✳✹✷✮ ❡ ♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛






−∆z = φ(r), r = |x| <∞,

z(|x|) → 0, quando |x| → ∞

t❡♠ ú♥✐❝❛ s♦❧✉çã♦ r❛❞✐❛❧✶✸ ♣♦s✐t✐✈❛✱ ❛ q✉❛❧ é ❞❛❞❛ ♣♦r

z(r) = k −
∫ r

0

s1−N

(
∫ s

0

tN−1φ(t)dt

)

ds ∀ r ≥ 0.

✶✶❱❡r ❈❛♣ít✉❧♦ ■✱ ▲❡♠❛ ✶✳✶✳
✶✷◆❡st❛ ✐♥❡q✉❛çã♦ ✉s❛♠♦s ■♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✳
✶✸❱❡r ❙❡çã♦✿ ❯♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r✳
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❙❡❥❛ w ❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ ✐♠♣❧✐❝✐t❛♠❡♥t❡ ♣♦r

z(x) =

∫ ∞

w(x)

dt

f(t)
∀ x ∈ R

N . ✭✷✳✹✸✮

❉❡s❞❡ q✉❡ z(x) −→ 0 quando |x| → ∞✱ ❡♥tã♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ✭✷✳✹✸✮✱

w(x) −→ ∞ quando |x| → ∞.

❆ss✉♠✐♥❞♦ (F ) ❡ ✉s❛♥❞♦ ❛ r❡❣r❛ ❞❡ ▲✬ ❍ô♣✐t❛❧✱ ♦❜t❡♠♦s

lim
tց0

f(t)

t
= lim

tց0
f ′(t) = f ′(0) ∈ [0,∞),

✐♠♣❧✐❝❛♥❞♦✱ q✉❡ ❡①✐st❡ ❛❧❣✉♠ δ > 0✱ t❛❧ q✉❡

f(t)

t
− f ′(0) < 1 para todo 0 < t < δ.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱
1

t[f ′(0) + 1]
<

1

f(t)
.

❆ss✐♠✱ ♣❛r❛ t♦❞♦ s ∈ (0, δ)✱ t❡♠♦s

∫ δ

s

dt

f(t)
>

1

f ′(0) + 1

∫ δ

s

dt

t
=

1

f ′(0) + 1
[ln δ − ln s],

❢❛③❡♥❞♦ sց 0✱ s❡❣✉❡✲s❡ q✉❡

lim
sց0

∫ δ

s

dt

f(t)
= ∞.

❊ ✐st♦ ♣♦ss✐❜✐❧✐t❛ ❞❡✜♥✐r♠♦s w ❝♦♠♦ ❡♠ ✭✷✳✹✸✮✳

❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r q✉❡

w ≤ vn em Ωn, para todo n ≥ 1. ✭✷✳✹✹✮

❈❧❛r❛♠❡♥t❡✱ t❡♠♦s

w ≤ vn em ∂Ωn, para todo n ≥ 1,

❥á q✉❡ w(x) −→ ∞ quando |x| → ∞ ❡ vn(x) −→ ∞ quando d(x, ∂Ωn) −→ 0✳

❆ ✜♠ ❞❡ ♠♦str❛r♠♦s q✉❡ ✭✷✳✹✹✮ é ✈á❧✐❞♦✱ é s✉✜❝✐❡♥t❡ ❞❡♠♦♥str❛r♠♦s q✉❡

w ≤ vn + ε(1 + |x|2)−1
2 em Ωn, para todo n ≥ 1,

♣❛r❛ ε > 0 ✜①❛❞♦✳
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❈♦♠ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✸✽✮✶✹✱

♥♦ ❚❡♦r❡♠❛ ✷✳✹✱ ♦❜t❡♠♦s ✭✷✳✹✹✮✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ U ≥ w ❡ ♣♦r ✭✷✳✹✸✮✱

w(x) −→ ∞ quando |x| → ∞.

■st♦ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✷✳✻ ❙✉♣♦♥❤❛ q✉❡ Ω 6= R
N é ✐❧✐♠✐t❛❞♦ ❡ q✉❡ ♦ ♣r♦❜❧❡♠❛ (P ) t❡♥❤❛ ❛♦ ♠❡♥♦s

✉♠❛ s♦❧✉çã♦✳ ❆ss✉♠❛ q✉❡ p s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (P1)
′ ❡♠ Ω✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❙♦❧✉çã♦

▼❛①✐♠❛❧ ❝❧áss✐❝❛ U ❞♦ ♣r♦❜❧❡♠❛ (P )✳

❙❡ Ω = R
N\B(0, R) ❡ p s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❛❞✐❝✐♦♥❛❧ (P2) ❝♦♠ φ(r) = 0 ♣❛r❛

r ∈ [0, R], ❡♥tã♦ ❛ ❙♦❧✉çã♦ ▼❛①✐♠❛❧ U é ✉♠❛ ❙♦❧✉çã♦ ❇❧♦✇✲✉♣ q✉❡ ❡①♣❧♦❞❡ ♥♦ ✐♥✜♥✐t♦✳

Pr♦✈❛✳ ❯s❛r❡♠♦s ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✺✱ ❝♦♠ ❛❧❣✉♠❛s ❡s❝♦❧❤❛s

❞✐❢❡r❡♥t❡s✱ ❧❡♠❜r❛♥❞♦ q✉❡ Ω 6= R
N ✳

❙❡❥❛ (Ωn)n≥1 s❡q✉ê♥❝✐❛ ❞❡ ❞♦♠í♥✐♦s ❧✐♠✐t❛❞♦s✱ s✉❛✈❡s✱ q✉❡ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦

(P1)
′✳ P❛r❛ n ≥ 1 ✜①❛❞♦✱ ❝♦♥s✐❞❡r❡ vn✱ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛ (P ′

3) ❡ r❡❝♦r❞❡ q✉❡

vn ≥ vn+1 ❡♠ Ωn✳

❋❛③❡♥❞♦

U(x) = lim
n→∞

vn(x), para todo x ∈ Ω

❡ ✉t✐❧✐③❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✻✱ ♦❜t❡♠♦s q✉❡ U é s♦❧✉çã♦

❝❧áss✐❝❛ ❞❡ (P ) ❡ q✉❡ U é ✉♠❛ s♦❧✉çã♦ ♠❛①✐♠❛❧✳

❉❡st❡ ♠♦❞♦✱ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ t❡♦r❡♠❛ ❡st❛ ♣r♦✈❛❞❛✳

P❛r❛ ❛ s❡❣✉♥❞❛ ♣❛rt❡✱ ♦♥❞❡ Ω = R
n\B(0, R)✱ s✉♣♦♥❞♦ q✉❡ ❛ ❤✐♣ót❡s❡ (P2) é

s❛t✐s❢❡✐t❛✱ ❝♦♠ φ(r) = 0 ♣❛r❛ r ∈ [0, R].

■♥✐❝✐❛❧♠❡♥t❡✱ ♣❛r❛ ❞❡♠♦♥str❛r q✉❡ U é ✉♠❛ s♦❧✉çã♦✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡

✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ w ∈ C(RN\B(0, R)✱ t❛❧ q✉❡ U ≥ w ❡♠ R
N\B(0, R) ❡ w(x) → ∞

q✉❛♥❞♦ |x| → ∞ ❡ q✉❛♥❞♦ |x| ց R✳ ❖ q✉❡ é ♦❜t✐❞♦✱ q✉❛♥❞♦ ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✻✱

❛ ❢✉♥çã♦ z ❞❛❞❛ ❛❣♦r❛ é ú♥✐❝❛ s♦❧✉çã♦ r❛❞✐❛❧ ♣♦s✐t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛


















−∆z = φ(r), |x| = r > R

z(|x|) → 0 quando |x| → ∞,

z(|x|) → 0 quando |x| ց R.

✶✹❈♦♠ Ω s✉❜st✐t✉í❞♦ ♣♦r Ωn✳
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❆ ✉♥✐❝✐❞❛❞❡ ❞❡ z✱ s❡❣✉❡✲s❡ ❞♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦✳ ❆❧é♠ ❞✐ss♦✱

z(r) =

(

1

RN−2
− 1

rN−2

)
∫ ∞

R

s1−N

(
∫ s

0

tN−1φ(t)dt

)

ds

− 1

RN−2

∫ r

R

s1−N ×
(
∫ s

0

tN−1φ(t)dt

)

ds.

■st♦ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛✳

❚❡♦r❡♠❛ ✷✳✼ ❆ss✉♠❛ q✉❡ p ∈ C(RN) é ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛✱ ♥ã♦ tr✐✈✐❛❧ q✉❡

s❛t✐s❢❛③ (P2)✳ ❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ (F )✳ ❊♥tã♦ ❛ ❝♦♥❞✐çã♦

∫ ∞

1

dt

f(t)
<∞ ✭✷✳✹✺✮

é ♥❡❝❡ssár✐❛ ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❙♦❧✉çõ❡s ❞♦ t✐♣♦ ❇❧♦✇✲✉♣ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P ) ♥♦ R
N ✳

Pr♦✈❛✳ ❙❡❥❛ u ✉♠❛ s♦❧✉çã♦ ❇❧♦✇✲✉♣ ❞♦ ♣r♦❜❧❡♠❛ (P )✳ ❙❡❥❛ û ❞❛❞❛ ♣♦r

û(r) =
1

wNrN−1

∫

|x|=r

(

∫ u(x)

a

dt

f(t)

)

ds.

❯s❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ✈ár✐❛✈❡❧✶✺

∫

h(x)

f(y)dy =

∫

x

f(h(x)).| deth′(x)|dx,

❝♦♠

h : R
N−1 −→ R

N−1

x  h(x) = rξ = (rξ1, rξ2, . . . , rξN−1)

❡ ❢❛③❡♥❞♦

x = rξ ⇒ ‖x‖ = ‖rξ‖ = r‖ξ‖ ⇒ ‖ξ‖ =
‖x‖
r

= 1,

♦❜t❡♠♦s

û(r) =
1

wNrN−1

∫

|ξ|=1

(

∫ u(ξr)

a

dt

f(t)

)

|h′(x)|ds.

❉❡s❞❡ q✉❡

h′(x) =

















r 0 · · · 0

0 r · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · r

















✶✺❱❡r ❆♣ê♥❞✐❝❡ ❇✳
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t❡♠♦s | deth′(x)| = rN−1. P♦rt❛♥t♦✱

û(r) =
1

wN

∫

|ξ|=1

(

∫ u(ξr)

a

dt

f(t)

)

ds,

♦♥❞❡ wN ❞❡♥♦t❛ ❛ ár❡❛ ❞❛ s✉♣❡r❢í❝✐❡ ❡s❢ér✐❝❛ ✉♥✐tár✐❛ ♥♦ R
N ❡ a é ❡s❝♦❧❤✐❞♦ ❞❡ ♠❛♥❡✐r❛

q✉❡ a ∈ (0, u0) e u0 = inf u > 0. ❆ss✐♠

û′(r) =
1

wN

∫

|ξ|=1

1

f(u(rξ))
∇(u(rξ))ξds.

◆♦✈❛♠❡♥t❡✱ ❢❛③❡♥❞♦ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧✱ ♣❛r❛ y = rξ✱ t❡♠♦s ξ = y
r

= h(y)✳ ❉❛í

h : R
N−1 −→ R

N−1

y  h(y) =
y

r
.

▲♦❣♦✱ | deth′(x)| = 1
rN−1 , ❡

û′(r) =
1

wNrN−1

∫

|y|=r

1

f(u(y))
∇(u(y))

y

r
ds

=
1

wNrN

∫

|y|=r

1

f(u(y))
∇(u(y))yds

=
1

wNrN

∫

|y|=r

∇
(

∫ u(y)

a

dt

f(t)

)

yds

=
1

wNrN−1

∫

|y|=r

∂

∂ν

(

∫ u(y)

a

dt

f(t)

)

ds

=
1

wNrN−1

∫

B(0,r)

∆

(

∫ u(x)

a

dt

f(t)

)

dx ✭✷✳✹✻✮

♦♥❞❡ ✉t✐❧✐③❛♠♦s ❡♠ ✭✷✳✹✻✮ ❛ ■❞❡♥t✐❞❛❞❡ ❞❡ ●r❡❡♥✶✻✳

❙❡♥❞♦ u s♦❧✉çã♦ ❝❧áss✐❝❛ ♣♦s✐t✐✈❛✱ s❡❣✉❡ q✉❡

|û′(r)| ≤ Cr → 0 quando r → 0.

P♦r ♦✉tr♦ ❧❛❞♦✱

wN(RN−1û′(R) − rN−1û′(r)) =

∫

D

∆

(

∫ u(x)

a

dt

f(t)

)

dx

=

∫ R

r

[

∫

|x|=z

∆

(

∫ u(x)

a

dt

f(t)

)

ds

]

dz,

✶✻❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ❚❡♦r❡♠❛ ❇✳✻✳
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♦♥❞❡ D = {x ∈ R
N ; r < |x| < R}✳ ❉✐✈✐❞✐♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♣♦r R−r ❡ ❢❛③❡♥❞♦

R → r✱ t❡♠♦s

wN(rN−1û′(r))′ =

∫

|x|=r

∆

(

∫ u(x)

a

dt

f(t)

)

ds

=

∫

|x|=r

div

(

1

f(u(x))
∇u(x)

)

ds

=

∫

|x|=r

[(

1

f(u(x))

)′

|∇u(x)|2 +
1

f(u(x))
∆u(x)

]

ds

≤
∫

|x|=r

p(x)f(u(x))

f(u(x))
ds ≤ wNr

N−1 max p(x)|x|=r = wNr
N−1φ(r).

■♥t❡❣r❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s

û(r) ≤ û(0) +

∫ r

0

s1−N

(
∫ s

0

tN−1φ(t)dt

)

ds, para todo r ≥ 0.

❈♦♠♦ (P2) ✐♠♣❧✐❝❛ ❡♠ ✭✷✳✹✷✮✱ s❡❣✉❡✲s❡ q✉❡

û(r) ≤ û(0) +K, ∀ r ≥ 0.

❆ss✐♠ û é ❧✐♠✐t❛❞❛✳ P♦rt❛♥t♦✱ s❡ ❛ss✉♠✐r♠♦s q✉❡ (2.45) ♥ã♦ ♦❝♦rr❡✱ ♦❜t❡♠♦s q✉❡ u

♥ã♦ é s♦❧✉çã♦ ❞♦ t✐♣♦ ❜❧♦✇✲✉♣✳



❈❛♣ít✉❧♦ ✸

Pr♦❜❧❡♠❛s ❙❡♠✐❧✐♥❡❛r❡s✿ ❈❛s♦

❙✉❜❧✐♥❡❛r

◆❡st❡ ❝❛♣ít✉❧♦ ❛❜♦r❞❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥♦ ❛rt✐❣♦ ❞❡ ▲❛✐r & ❙❤❛❦❡r

❬✷✵❪✳ ❊st❛❜❡❧❡❝❡r❡♠♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛ ❡ ♥ã♦ ❡①✐stê♥❝✐❛ ♣❛r❛ ♦ s❡❣✉✐♥t❡ ♣r♦✲

❜❧❡♠❛

△u = p(x)uγ, x ∈ R
N , ✭P2✮

♦♥❞❡ 0 < γ ≤ 1, p(x) ≥ 0 ❡ N ≥ 3✳

❊♠ ❛❧❣✉♥s ❝❛s♦✱ ♠♦str❛♠♦s q✉❡ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ (P2)✱ é ❞♦ t✐♣♦ ❜❧♦✇✲✉♣

❡♠ R
n✱ ✐st♦ é✱ u(x) → +∞ q✉❛♥❞♦ |x| → +∞.

✸✳✶ ❘❡s✉❧t❛❞♦s ❞❡ ❊①✐stê♥❝✐❛

◆♦ ❝❛s♦ ❡♠ q✉❡ p(x) é r❛❞✐❛❧✱ ✐st♦ é✱ p(x) = p(|x|), x ∈ R
N ✱ t❡♠♦s ♦ s❡❣✉✐♥t❡

r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✸✳✶ ❙✉♣♦♥❤❛ q✉❡ 0 < γ ≤ 1 ❡ p é ✉♠❛ ❢✉♥çã♦ r❛❞✐❛❧✱ ❝♦♥tí♥✉❛ ❡ ♥ã♦✲

♥❡❣❛t✐✈❛ ❡♠ R
N ✳ ❊♥tã♦ ♦ ♣r♦❜❧❡♠❛ (P2) t❡♠ ✉♠❛ s♦❧✉çã♦ ❜❧♦✇✲✉♣ ❡ ♣♦s✐t✐✈❛ ❡♠ R

N

s❡✱ ❡ s♦♠❡♥t❡ s❡
∫ ∞

0

rp(r)dr = ∞. ✭✸✳✶✮
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Pr♦✈❛✳ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡
∫ ∞

0

rp(r)dr < +∞. ✭✸✳✷✮

◆❡st❛s ❝♦♥❞✐çõ❡s✱ ♠♦str❛r❡♠♦s q✉❡

❆✜r♠❛çã♦ ✸✳✷ ❖ Pr♦❜❧❡♠❛ (P2) ♥ã♦ t❡♠ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞♦ t✐♣♦ ❜❧♦✇✲✉♣✳

❈♦♠ ❡❢❡✐t♦✱ ❝♦♥s✐❞❡r❡ u(x) ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❡ (P2) ❡ ❞❡✜♥❛ û ❝♦♠♦ s❡♥❞♦

û(r) =
1

wNrN−1

∫

|x|=r

u(x)dσr =

∫

|x|=r

u(x)dσ, ✭✸✳✸✮

♦♥❞❡ wN é ♦ ✈♦❧✉♠❡ ❞❛ ❡s❢❡r❛ ❞❡ (N − 1) ❞✐♠❡♥sã♦ ❡ σr é ❛ ♠❡❞✐❞❛ ❞❛ ❡s❢❡r❛✳

❉❡s❞❡ q✉❡ û é r❛❞✐❛❧✱

û′′ +
N − 1

r
û′ = △û ✸✳✸

=

∫

|x|=r

△u dσ ✭P2✮
=

∫

|x|=r

p(|x|)uγ dσ =

= p(r)

∫

|x|=r

uγ dσ
B.4

≤ p(r)

[
∫

|x|=r

u dσ

]γ

= p(r)ûγ(r),

♦♥❞❡ ✉t✐❧✐③❛♠♦s ❡♠ B.4 ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♥✶✳

❉❛í✱ ♦❜t❡♠♦s

û′′ +
N − 1

r
û′ ≤ p(r)ûγ(r). ✭✸✳✹✮

❈♦♠♦

(rN−1û′(r))′ = rN−1

(

û′′(r) +
N − 1

r
û′(r)

)

,

s❡❣✉❡ ❞❡ ✭✸✳✹✮ q✉❡

(rN−1û′(r))′ ≤ rN−1p(r)ûγ(r). ✭✸✳✺✮

■♥t❡❣r❛♥❞♦ ✭✸✳✺✮ ♥♦ ✐♥t❡r✈❛❧♦ [0, s]✱ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ û′(0) = 0✱ ♦❜t❡♠♦s
∫ s

0

(rN−1û′(r))′dr ≤
∫ s

0

tN−1p(t)ûγ(t)dt

❞♦♥❞❡

sN−1û′(s) ≤
∫ s

0

tN−1p(t)ûγ(t)dt,

✶❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ❚❡♦r❡♠❛ ❇✳✶✵✳
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✐st♦ é✱

û′(s) ≤ s1−N

∫ s

0

tN−1p(t)ûγ(t)dt. ✭✸✳✻✮

■♥t❡❣r❛♥❞♦ ✭✸✳✻✮✱ ♥♦ ✐♥t❡r✈❛❧♦ [r0, r] t❡♠♦s

û(r) − û(r0) ≤
∫ r

r0

(

s1−N

∫ s

0

tN−1p(t)ûγ(t)dt

)

ds para r ≥ r0 ≥ 0.

❉❡s❞❡ q✉❡ û′ ≥ 0✱ s❡❣✉❡ q✉❡ û é ❝r❡s❝❡♥t❡✳ ❆ss✐♠✱ 0 ≤ s ≤ t ⇒ ûγ(s) ≤ ûγ(t) ✳

❉❛í ♣❛r❛ r ≥ r0 ≥ 0 t❡♠♦s

û(r) ≤ û(r0) +

∫ r

r0

(

sN−1

∫ s

0

tN−1p(t)ûγ(t)dt

)

ds

≤ û(r0) +

∫ r

r0

(

sN−1ûγ(s)

∫ s

0

tN−1p(t)dt

)

ds,

❡ ✐st♦ ✐♠♣❧✐❝❛ q✉❡

û(r) ≤ û(r0) + ûγ(r)

∫ r

r0

(

sN−1

∫ s

0

tN−1p(t)dt

)

ds

≤ û(r0) + ûγ(r)

∫ ∞

r0

(

sN−1

∫ s

0

tN−1p(t)dt

)

ds. ✭✸✳✼✮

❆❣♦r❛✱ ✐r❡♠♦s ♠♦str❛r q✉❡✿

• ✭✐✮
∫ r

0

(

sN−1

∫ s

0

tN−1p(t)dt

)

ds =
1

N − 2

[
∫ r

0

tp(t)dt− r2−N

∫ r

0

tN−1p(t)dt

]

.

• ✭✐✐✮

ûγ(r) ≤ 1 + û(r), 0 < γ ≤ 1.

❱❡r✐✜❝❛çã♦ ❞❡ ✭✐✮

❈♦♥s✐❞❡r❡ f(s) = s2−N ❡ g(s) =
∫ s

0
tN−1p(t)dt✱ ♦❜s❡r✈❡ q✉❡

f ′(s) = (2 −N)s1−N g′(s) = sN−1p(s)

■♥t❡❣r❛♥❞♦ (fg(s))′ = f ′(s)g(s) + f(s)g′(s) ♥♦ ✐♥t❡r✈❛❧♦ [0, r]✱ t❡♠♦s

[f(s)g(s)]
∣

∣

r

0
=

∫ r

0

f ′(s)g(s) ds+

∫ r

0

f(s)g′(s) ds.



❈❛♣✳✸ Pr♦❜❧❡♠❛s ❙❡♠✐❧✐♥❡❛r❡s✿ ❈❛s♦ ❙✉❜❧✐♥❡❛r ✺✼

▲♦❣♦✱

[

s2−N

∫ s

0

tN−1p(t)dt

]

∣

∣

∣

∣

∣

r

0

=

∫ r

0

(

(2 −N)s1−N

∫ s

0

tN−1p(t)dt

)

ds+

∫ r

0

s2−NsN−1p(s)ds⇔

⇔ r2−N

∫ r

0

tN−1p(t)dt = (2 −N)

∫ r

0

(

s1−N

∫ s

0

tN−1p(t)dt

)

ds+

∫ r

0

sp(s)ds⇔

⇔ (N − 2)

∫ r

0

(

s1−N

∫ s

0

tN−1p(t)dt

)

ds =

∫ r

0

tp(t)dt− r2−N

∫ r

0

tN−1p(t)dt.

P♦rt❛♥t♦✱

∫ r

0

(

s1−N

∫ s

0

tN−1p(t)dt

)

ds =
1

N − 2

[
∫ r

0

tp(t)dt− r2−N

∫ r

0

tN−1p(t)dt

]

. ✭✸✳✽✮

Pr♦✈❛♥❞♦ ✭✐✮✳

❱❡r✐✜❝❛çã♦ ❞❡ ✭✐✐✮

❉❡ ❢❛t♦✱ ♣❛r❛ a ∈ R✱ t❡♠♦s aα ≤ 1 + a

❙❡ a ≤ 1, ❡♥tã♦ aα ≤ 1 ≤ 1 + a.

❙❡ a > 1, ❡♥tã♦ aα < a⇒ aα < 1 + a.

❆ss✐♠✱ s❡❣✉❡ ❞❡ ✭✐✐✮ ❡ ❞❡ ✭✸✳✼✮✱ q✉❡ ♣❛r❛ t♦❞♦ r ≥ r0✱

û(r) ≤ û(r0) + (1 + û(r)) β

≤ û(r0) + β + βû(r),

✐st♦ é✱

(1 − β)û(r) ≤ û(r0) + β,

❧♦❣♦✱

û(r) ≤ [û(r0) + β](1 − β)−1 ∀ r ≥ r0.

▼♦str❛♥❞♦ ❛ss✐♠✱ q✉❡ û é ❧✐♠✐t❛❞❛✱ ❡ ♣♦rt❛♥t♦ u ♥ã♦ ♣♦❞❡ s❡r ✉♠❛ s♦❧✉çã♦ ❜❧♦✇✲✉♣ ❞❡

(P2)✳ ❉❡st❛ ♠❛♥❡✐r❛✱ ♠♦str❛♠♦s ❛ ❛✜r♠❛çã♦ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦

t❡♦r❡♠❛✳

P❛r❛ ❞❡♠♦♥str❛r♠♦s ❛ r❡❝í♣r♦❝❛ ❞♦ ❚❡♦r❡♠❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ ❛ ❡q✉❛çã♦

△v = p(r)vγ = v′′(r) +
N − 1

r
v′(r)
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t❡♠ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛✱ ❛ q✉❛❧ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ s✐♥❣✉❧❛r v(r) → +∞
q✉❛♥❞♦ r → ∞✳

❙❛❜❡♠♦s q✉❡
(

u′(r)rN−1
)′

= rN−1

(

u′′(r)
N − 1

r
+ u′(r)

)

,

❛ss✐♠✱
(

u′(s)sN−1
)′

= sN−1 (p(s)uγ) . ✭✸✳✾✮

■♥t❡❣r❛♥❞♦ ✭✸✳✾✮ ♥♦ ✐♥t❡r✈❛❧♦ [0, t] ❝♦♠ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ u′(0) = 0

u′(t)tN−1 =

∫ t

0

sN−1p(s)uγ(s)ds,

✐st♦ é✱

u′(t) = t1−N

∫ t

0

sN−1p(s)uγ(s)ds

■♥t❡❣r❛♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♥♦ ✐♥t❡r✈❛❧♦ [0, r]✱ ❝♦♠ ❛s ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ u(0) = C✱

♦❜t❡♠♦s✿

u(r) = C +

∫ r

0

(

s1−N

∫ s

0

tN−1p(t)uγ(t)dt

)

ds,

≥ C + Cγ

∫ r

0

(

s1−N

∫ s

0

tN−1p(t)dt

)

ds, ✭✸✳✶✵✮

♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳

❆ss✐♠✱ ❝♦♥s✐❞❡r❡ ♦ ♦♣❡r❛❞♦r T : C([0,∞)) −→ C([0,∞))✱

T (u(r)) = C +

∫ r

0

(

s1−N

∫ s

0

tN−1p(t)uγ(t)dt

)

ds.

▼♦str❛r❡♠♦s q✉❡ T t❡♠ ✉♠ ♣♦♥t♦ ✜①♦ ❡♠ C([0,∞)) ❡ ❝♦♠ ✐ss♦ ♣r♦✈❛♠♦s q✉❡ u

é s♦❧✉çã♦ ❞❡ (P2)✳

■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s s✉♣♦r q✉❡ t❛❧ ♣♦♥t♦ ✜①♦✱ u✱ ❡①✐st❡ ❡ ♣r♦✈❛r❡♠♦s q✉❡

u(r) −→ ∞ quando r −→ ∞.

❙✉♣♦♥❞♦ q✉❡ ❛ ✐❣✉❛❧❞❛❞❡
∫ ∞

0

rp(r)dr = ∞,

é s❛t✐s❢❡✐t❛✱ ♦❜t❡♠♦s
∫ ∞

0

(

s1−N

∫ s

0

tN−1p(t)dt

)

ds = ∞. ✭✸✳✶✶✮
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❉❡ ❢❛t♦✱ ❝♦♠♦
∫ r

0

tp(t)dt− r2−N

∫ r

0

tN−1p(t)dt =

[∫ r

0
rN−2tp(t)dt−

∫ r

0
tN−1p(t)dt

]

rN−2

=
1

rN−2

∫ r

0

(rN−2 − tN−2)tp(t)dt.

P❛r❛ 0 < t ≤ r✱ s❡❣✉❡ q✉❡ (rN−2 − tN−2) ≥ 0✱ ❛ss✐♠
∫ r

0

tp(t)dt− r2−N

∫ r

0

tN−1p(t)dt ≥ 1

rN−2

∫ r
2

0

(rN−2 − tN−2)tp(t)dt

≥ 1

rN−2

[

rN−2 −
(r

2

)N−2
]
∫ r

2

0

tp(t)dt

≥
[

1 −
(

1

2

)N−2
]

∫ r
2

0

tp(t)dt. ✭✸✳✶✷✮

P♦r ✭✸✳✶✷✮ ❡ ✭✐✮✱
∫ r

0

(

sN−1

∫ s

0

tN−1p(t)dt

)

ds ≥ 1

N − 2

[

1 −
(

1

2

)N−2
]

∫ r
2

0

tp(t)dt. ✭✸✳✶✸✮

❋❛③❡♥❞♦ r −→ ∞ ❡♠ ✭✸✳✶✸✮✱ ♦❜t❡♠♦s
∫ ∞

0

(

sN−1

∫ s

0

tN−1p(t)dt

)

ds = ∞,

❧♦❣♦✱ ♣♦r ✭✸✳✶✵✮ t❡♠♦s

u(r) −→ +∞ quando r −→ +∞.

❆❣♦r❛✱ ♠♦str❛r❡♠♦s q✉❡ T t❡♠ ✉♠ ♣♦♥t♦ ✜①♦ ❡♠ C([0,∞))✳ P❛r❛ ✐ss♦✱ ♣r✐♠❡✐r♦

❡st❛❜❡❧❡❝❡r❡♠♦s ✉♠ ♣♦♥t♦ ✜①♦ ❡♠ C([0, R])✱ ♣❛r❛ R > 0 ❛r❜✐trár✐♦✳

❙❡❥❛ u0 = C ❡ ❞❡✜♥❛ uk+1 = Tuk ♣❛r❛ k = 0, 1, 2, . . .✳ ◆♦t❛✲s❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ T ✱ q✉❡

C ≤ uk ♣❛r❛ k = 0, 1, 2, . . .✱ ❛❧é♠ ❞✐ss♦

u′k(r) = r1−N

∫ r

0

tN−1p(t)uk−1
γ(t)dt ≥ 0,

♣♦rt❛♥t♦ uk é ❝r❡s❝❡♥t❡✳

❆ss✐♠✱ ♣❛r❛ 0 < γ < 1✱

uk+1(r) = C +

∫ r

0

(

sN−1

∫ s

0

tN−1p(t)uk
γ(t)dt

)

ds

≤ C +

∫ r

0

(

uk
γ(s)sN−1

∫ s

0

tN−1p(t)dt

)

ds

≤ C + uk
γ(r)

∫ r

0

(

sN−1

∫ s

0

tN−1p(t)dt

)

ds.
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▲♦❣♦

uk+1(r) ≤ C + uk
γ(r)H(r), ✭✸✳✶✹✮

♦♥❞❡ H(r) =
∫ r

0
sN−1

(∫ s

0
tN−1p(t)dt

)

ds.

❉❡ ♦♥❞❡ s❡❣✉❡ q✉❡

uk+1(r) ≤ C + γuk(r) + (1 − γ)H
1

1−γ (r). ✭✸✳✶✺✮

P❛r❛ ♠♦str❛r♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ✉s❛r❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ❢✉♥çã♦ ❝♦♥✈❡①❛✷✳ ❙❛❜❡✲

s❡ q✉❡ ✉♠❛ ❢✉♥çã♦ f é ❝♦♥✈❡①❛✱ s❡ ♣❛r❛ t♦❞♦ 0 ≤ γ ≤ 1✱ t❡♠✲s❡

f(γx+ (1 − γ)y) ≤ γf(t) + (1 − γ)f(y), para x, y ≥ 0.

❉❡s❞❡ q✉❡ ❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ é ❝♦♥✈❡①❛✱ t❡♠♦s

eγx+(1−γ)y ≤ γex + (1 − γ)ey para x, y ≥ 0. ✭✸✳✶✻✮

❙❡♥❞♦ uk(r) ❡ H
1

1−γ (r) ✈❛❧♦r❡s ♣♦s✐t✐✈♦s✱ ❢❛③❡♥❞♦ x = lnuk(r) ❡ y = lnH
1

1−γ (r) ❡♠

✭✸✳✶✻✮✱ ♦❜t❡♠♦s

eγ ln uk(r)+(1−γ) ln H
1

1−γ (r) ≤ γeln uk(r) + (1 − γ)eln H
1

1−γ (r),

♦✉ s❡❥❛✱

eln(uγ
k
(r)H(r)) ≤ γuk(r) + (1 − γ)H

1
1−γ (r).

▲♦❣♦✱

uγ
k(r)H(r) ≤ γuk(r) + (1 − γ)H

1
1−γ (r). ✭✸✳✶✼✮

❉❡ ✭✸✳✶✹✮ ❡ ✭✸✳✶✼✮ ❞❡❝♦rr❡ ✭✸✳✶✺✮✳

❯s❛♥❞♦ ♦ ♣r✐♥❝í♣✐♦ ❞❡ ■♥❞✉çã♦ ♠❛t❡♠át✐❝❛✱ ♠♦str❛r❡♠♦s q✉❡

uk(r) ≤
C

1 − γ
+H

1
1−γ (r) ≡Mr para todo k ∈ N. ✭✸✳✶✽✮

✐✮ P❛r❛ k = 0✱ t❡♠♦s

u0 = C ≤ C

1 − γ
≤ C

1 − γ
+H

1
1−γ (r)

❝♦♠ 0 < γ < 1✳

✷❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ❉❡✜♥✐çã♦ ❇✳✽✳
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✐✐✮ ❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ ✸✳✶✽ s❡❥❛ ✈á❧✐❞♦ ♣❛r❛ k✳

✐✐✐✮ ▼♦str❛r❡♠♦s q✉❡ ✭✸✳✶✽✮ é ✈á❧✐❞♦ ♣❛r❛ k + 1✳

❉❡ ❢❛t♦✱ ❥á ✈✐♠♦s q✉❡

uk+1(r) ≤ C + γuk(r) + (1 − γ)H
1

1−γ (r).

P♦r ✭✸✳✶✽✮✱

uk+1(r) ≤ C + γ

(

C

1 − γ
+H

1
1−γ (r)

)

+ (1 − γ)H
1

1−γ (r)

≤ C +
γC

1 − γ
+H

1
1−γ (r) =

C

1 − γ
+H

1
1−γ (r).

P♦rt❛♥t♦✱

uk+1(r) ≤
C

1 − γ
+H

1
1−γ (r) ∀ k ∈ N,

❞❡ ♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❉❡st❡ ♠♦❞♦

C ≤ uk(r) ≤Mr ≤MR, para todo r ∈ [0, R], ✭✸✳✶✾✮

✈✐st♦ q✉❡ H(r) =
∫ r

0

(

sN−1
∫ s

0
tN−1p(t)dt

)

ds.

❖ q✉❡ ✐♠♣❧✐❝❛

H ′(r) = r1−N

∫ r

0

tN−1p(t)dt ≥ 0.

■ss♦ ♠♦str❛ q✉❡ H é ❝r❡s❝❡♥t❡✱ ❧♦❣♦✱ s❡ r ≤ R✱ ❡♥tã♦Mr ≤MR✱ ♣♦✐sM(r) = M(H(r))✳

❆✜r♠❛çã♦ ✸✳✸ u′k é ❧✐♠✐t❛❞♦✳

❉❡ ❢❛t♦✱ ♣❛r❛ t♦❞♦ 0 ≤ r ≤ R✱

u′k(r) = r1−N

∫ r

0

tN−1p(t)uγ
k−1(t)dt

≤ r1−Nuγ
k−1(r)

∫ r

0

tN−1p(t)dt,

♣♦r ✭✸✳✶✾✮✱

u′k(r) ≤ Mγ
r r

1−N

∫ r

0

tN−1p(t)dt ≤Mγ
r r

1−NrN−1

∫ r

0

p(t)dt

≤ Mγ
r

∫ R

0

p(t)dt ≤Mγ
r

∫ R

0

max p(t)dt

≤ Mγ
r max

0≤t≤r
p(t)R ≡MR,

♦♥❞❡ ✉s❛♠♦s ♦ ❢❛t♦ q✉❡ p é ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❈♦♥tí♥✉❛ ❡♠ R
N ✳ ❊ ♣♦rt❛♥t♦ 0 ≤

u′k(r) ≤MR✳
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❆ss✐♠✱ ♣❛r❛ 0 < γ < 1✱ ❛ s❡q✉ê♥❝✐❛ {uk} é ❧✐♠✐t❛❞❛ ❡ ❡q✉✐❝♦♥tí♥✉❛✸ ❡♠ [0, R]✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❆r③❡❧❛✲❆s❝♦❧✐✹✱ {uk} t❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠ [0, R]✳

❉❡s❞❡ q✉❡ {ukj} é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s✱ ❡ ukj → u ❡♠ [0, R]✱ s❡❣✉❡

q✉❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ukj → u é ✉♥✐❢♦r♠❡ ♥♦ ❝♦♠♣❛❝t♦ [0, R] ❡ ♣♦rt❛♥t♦

u ∈ C([0, R])❀ ❆❧é♠ ❞✐ss♦✱ Tu = u✱ ✐st♦ é✱

u(r) = limuk+1(r) = C + lim
k→0

∫ r

0

(

s1−N

∫ S

0

tN−1p(t)uγ
kj(t)dt

)

ds

= C +

∫ r

0

(

s1−N

∫ S

0

tN−1p(t)uγ(t)dt

)

ds = T (u(r)).

❉❡ ❢❛t♦✱ ♥♦t❡ q✉❡ s❡ ukj → u✱ ❡♥tã♦✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡ j0 ∈ N✱ t❛❧ q✉❡ ∀ j > j0✱

t❡♠♦s ∀ t ∈ [0, R]

|uγ
kj(t) − uγ(t)| ≤ ε

P0R2
,

♦♥❞❡ P0 = max
t∈[0,R]

p(t)✳

❆ss✐♠✱
∣

∣

∣

∣

∣

∫ r

0

s1−N

(
∫ s

0

tN−1p(t)uγ
kj(t)dt

)

ds−
∫ r

0

s1−N

(
∫ s

0

tN−1p(t)uγ(t)dt

)

ds

∣

∣

∣

∣

∣

=

=

∣

∣

∣

∣

∣

∫ r

0

s1−N

(
∫ s

0

tN−1p(t)(uγ
kj(t) − uγ(t))dt

)

ds

∣

∣

∣

∣

∣

≤
∫ r

0

s1−N

(
∫ s

0

tN−1p(t)
∣

∣uγ
kj(t) − uγ(t)

∣

∣dt

)

ds

≤ ε

P0R2

∫ r

0

(

s1−NsN−1

∫ s

0

p(t)dt

)

ds ≤ εP0

P0R2

∫ r

0

(
∫ s

0

p(t)dt

)

ds ≤ ε;

❧♦❣♦

Tu = u ∀ u ∈ C([0, R]).

P❛r❛ ♣r♦✈❛r♠♦s q✉❡ T t❡♠ ✉♠ ♣♦♥t♦ ✜①♦ ❡♠ C([0,∞))✱ ❝♦♥s✐❞❡r❡♠♦s {wk}
❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

Twk = wk em [0, k]; wk ∈ C([0, k]).

✸❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ❉❡✜♥✐çã♦ ❇✳✶✷✳
✹❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ❚❡♦r❡♠❛ ❇✳✶✻✳
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❱✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ q✉❡ uk é ✉♠❛ s❡q✉ê♥❝✐❛ ❡q✉✐❝♦♥tí♥✉❛ ❡ ❧✐♠✐t❛❞❛ ❡♠ [0, R]✱

❞♦♥❞❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ {wk} é ❧✐♠✐t❛❞❛ ❡ ❡q✉✐❝♦♥tí♥✉❛ ❡♠ [0, 1]✱ ❥á q✉❡

w1 = Tw1 em [0, 1], w1 ∈ C([0, 1])

w2 = Tw2 em [0, 2], w2 ∈ C([0, 2])

w3 = Tw3 em [0, 3], w3 ∈ C([0, 3])

✳✳✳

wk = Twk em [0, k]; wk ∈ C([0, k]).

▲♦❣♦ {wk} t❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✺ {w1
k}✱ ❛ q✉❛❧ ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [0, 1]✳

❙❡❥❛ w1
k → v1 em [0, 1], quando k → ∞. ❖❜s❡r✈❡✱ q✉❡ ❛ s❡q✉ê♥❝✐❛ {w1

k} é

❧✐♠✐t❛❞❛ ❡ ❡q✉✐❝♦♥tí♥✉❛ ❡♠ [0, 2]✱ ❧♦❣♦✱ t❡♠♦s ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ {w2
k}✱ ❛ q✉❛❧ ❝♦♥✈❡r❣❡

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [0, 2]✳

❈♦♥s✐❞❡r❡ w2
k → v2 em [0, 2] quando k → ∞. ◆♦t❡ q✉❡✱ w2

k → v1 em [0, 1]✱

♣♦✐s {w2
k} é ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ {w1

k}✳ ❉❛í✱ v2 = v1 ❡♠ [0, 1]✳

❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ♦ r❛❝✐♦❝í♥✐♦✱ ♥♦s ♦❜t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ {vk}✱ ❛ q✉❛❧ t❡♠ ❛

s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ {vk} ∈ C([0, k]) k = 1, 2, . . . ✱ ♣♦✐s

wj
k → vj em [0, j] quando k → ∞

❆❧é♠ ❞✐ss♦✱ ❡st❛ ❝♦♥✈❡r❣ê♥❝✐❛ é ✉♥✐❢♦r♠❡ ♥✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ [0, j]✱ ❧♦❣♦

vj ∈ C([0, j]) com j = 1, 2 . . . ❡

vk(r) = v1(r), ∀ r ∈ [0, 1]

vk(r) = v2(r), ∀ r ∈ [0, 2]

✳✳✳

vk(r) = vk−1(r), ∀ r ∈ [0, k − 1].

✺❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ❉❡✜♥✐çã♦ ❇✳✶✹✳
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❉❡✜♥✐♥❞♦

v1(r) = v(r) se r ∈ [0, 1]

v2(r) = v(r) se r ∈ [0, 2]

✳✳✳

vk(r) = v(r), para todo r ∈ [0, k].

❖❜t❡♠♦s

vk+j(r) = . . . = vk(r) = vk−1(r) = vk−2 = . . . = v2(r) = v1(r), r ∈ [0, 1].

▼♦str❛♥❞♦ q✉❡ {vk}✻ ❝♦♥✈❡r❣❡ ♣❛r❛ v✱ ❡ ❡st❛ ❝♦♥✈❡r❣ê♥❝✐❛ é ✉♥✐❢♦r♠❡ ❡♠ ❝♦♥❥✉♥t♦s

❝♦♠♣❛❝t♦s✼✳

P♦rt❛♥t♦ vk → v ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [0, k] e v ∈ C([0, k])✳ ❋❛③❡♥❞♦ k → ∞✱

t❡♠♦s vk → v ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ [0,∞) ❡ v ∈ C([0,∞)) s❛t✐s❢❛③

Tv = v se 0 < γ < 1.

❆ss✐♠✱ ♠♦str❛♠♦s ♦ ♣r✐♠❡✐r♦ ❈❛s♦✳

P❛r❛ ♦ ❝❛s♦ γ = 1✱ ❛ ♣r♦✈❛ é ✐❞ê♥t✐❝❛ ❛ ❛♥t❡r✐♦r✱ ❡①❝❡t♦ q✉❡ ❛ ❧✐♠✐t❛çã♦ ❞❡ uk

❞❛❞❛ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡

uk(r) ≤
C

1 − γ
+H(r)

1
1−γ ≡Mr ∀ k ∈ N

♥ã♦ é ✈á❧✐❞❛✳

❯s❛r❡♠♦s ❛ ❡①♣r❡ssã♦✽ ❛❜❛✐①♦✱ ♣❛r❛ ♠♦str❛r♠♦s ✉♠❛ ❧✐♠✐t❛çã♦ ♣❛r❛ u✳

∫ r

0

(

sN−1

∫ s

0

tN−1p(t)uk(t)dt

)

ds =
1

N − 2

[
∫ r

0

tp(t)uk(t)dt− r2−N

∫ r

0

tN−1p(t)uk(t)dt

]

,

✭✸✳✷✵✮

✻{vk} é ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♥st❛♥t❡✳
✼❆ ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡✱ ❞❡✈❡✲s❡ ❛ ❝♦♥str✉çã♦ ❞❛ s❡q✉ê♥❝✐❛ vk✳
✽❊st❛ ❡①♣r❡ssã♦ é ❢❛❝✐❧♠❡♥t❡ ❡♥❝♦♥tr❛❞❛✱ s❡ ✐♥t❡❣r❛r♠♦s ♣♦r ♣❛rt❡s✱ ❛s ❢✉♥çõ❡s f(s) = sN−2 ❡

g(s) =
∫ s

0
tN−1p(t)uk(t)dt ♥♦ ✐♥t❡r✈❛❧♦ [0, r]✳
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❙❡♥❞♦ γ = 1✱ t❡♠♦s

uk+1(r) = C +

∫ r

0

(

sN−1

∫ s

0

tN−1p(t)uk(t)dt

)

ds

3.20
= C +

1

N − 2

[
∫ r

0

tp(t)uk(t)dt− r2−N

∫ r

0

tN−1p(t)uk(t)dt

]

≤ C +
1

N − 2

∫ r

0

tp(t)uk(t)dt

≤ C +

∫ r

0

1

N − 2
tp(t)uk(t),

❧♦❣♦

uk+1(r) ≤ C +

∫ r

0

h(t)uk(t)dt,

♦♥❞❡ h(t) = 1
N−2

tp(t)✳

❆❣♦r❛✱ ♠♦str❛r❡♠♦s q✉❡

uk(r) ≤ Ce
∫ r
0 h(t)dt, ∀ k ∈ N. ✭✸✳✷✶✮

❉❡ ❢❛t♦✱ s❡ k = 0

u0 = C = Ce0 ≤ ce
∫ r
0 h(t)dt.

❙✉♣♦♥❤❛ q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ ✭✸✳✷✶✮ s❡❥❛ ✈á❧✐❞❛ ❡ ♦❜s❡r✈❡ q✉❡

uk+1(r) ≤ C +

∫ r

0

h(t)uk(t)dt

3.21

≤ C +

∫ r

0

h(t)Ce
∫ r
0 h(t)dt

❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧✾✱

uk+1(r) ≤ Ce
∫ r
0 h(t)dt.

❆ss✐♠✱

uk(r) ≤ Ce
∫ r
0 h(t)dt, ∀ k ∈ N.

❖ r❡st❛♥t❡ ❞❛ ♣r♦✈❛✱ é ❢❡✐t♦ ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛ q✉❡ ♣❛r❛ 0 < γ < 1✳

✾❱❡r ❆♣ê♥❞✐❝❡ ❇✱ ▲❡♠❛ ❇✳✶✳
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❖❜s❡r✈❛çã♦ ✸✳✶ ◆♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ p(x) = |x|α✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ α ≥ 0❀

❆ ❡q✉❛çã♦

∆u = p(x)uγ, x ∈ R
N ✭✸✳✷✷✮

t❡♠ ✉♠❛ s♦❧✉çã♦ u✱ ❞❛❞❛ ♣♦r u(x) = c|x|β✱ ♦♥❞❡ β = α+2
1−γ

❡

c1−γ =
1

(N + γ + βγ)(α+ βγ + 2)
.

❈♦♠ ❡❢❡✐t♦✱ s❡ u(x) = c|x|β✱ ❡♥tã♦

∂u(x)

∂xi

= cβ|x|β−1 xi

|x| = cβxi|x|β−2

∂2u(x)

∂x2
i

= cβ(β − 2)|x|β−3 x
2
i

|x| + cβ|x|β−2

▲♦❣♦✱
N
∑

i=1

∂2u(x)

∂x2
i

= cβ(β − 2)|x|β−4|x|2 +Ncβ|x|β−2,

❞❛í✱

∆u = βc|x|β−2(N + β − 2).

P♦r ♦✉tr♦ ❧❛❞♦✱

∆u = p(x)uγ = cγ|x|α+βα.

❆ss✐♠✱ ♣❛r❛ ♠♦str❛r♠♦s ❛ ♦❜s❡r✈❛çã♦✱ ❜❛st❛ q✉❡

βc|x|β−2(N + β − 2) = cγ|x|α+βα. ✭✸✳✷✸✮

P❛r❛ t❛♥t♦✱ ♥♦t❡ q✉❡ s❡

c1−γ =
1

(N + γ + βγ)(α+ βγ + 2)
e β =

α+ 2

1 − γ

❡♥tã♦

c = [(N + γ + βγ)(α+ βγ + 2)]
1

1−γ =

[

2α+ 2N + 4γ + α2 + αN + 2αγ −Nαγ − 2Nγ

1 − γ2

]
1

γ−1

.

❋❛③❡♥❞♦ ❛s ❞❡✈✐❞❛s s✉❜st✐t✉✐çõ❡s ♥♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡ ✭✸✳✷✸✮✱ t❡♠♦s

βc|x|β−2(N+β−2) = |x|
α+2γ
1−γ

(γ + 2)

(1 − γ)

[

2α+ 2N + 4γ + α2 + αN + 2αγ −Nαγ − 2Nγ

1 − γ2

]
1

γ−1

= |x|
α+2γ
1−γ

(α+ 2)(N −Nγ + α+ 2γ)

(1 − γ)2

[

2α+ 2N + 4γ + α2 + αN + 2αγ −Nαγ − 2Nγ

1 − γ2

]
1

γ−1



❈❛♣✳✸ Pr♦❜❧❡♠❛s ❙❡♠✐❧✐♥❡❛r❡s✿ ❈❛s♦ ❙✉❜❧✐♥❡❛r ✻✼

= |x|
α+2γ
1−γ

[

2α+ 2N + 4γ + α2 + αN + 2αγ −Nαγ − 2Nγ

1 − γ2

]

×
[

2α+ 2N + 4γ + α2 + αN + 2αγ −Nαγ − 2Nγ

1 − γ2

]
1

γ−1

,

❧♦❣♦✱

βc|x|β−2(N + β − 2) = |x|
α+2γ
1−γ

[

2α+ 2N + 4γ + α2 + αN + 2αγ −Nαγ − 2Nγ

1 − γ2

]

γ
γ−1

.

✭✸✳✷✹✮

❙✉❜st✐t✉✐♥❞♦ ♥♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ ✭✸✳✷✸✮✱ ♦s ✈❛❧♦r❡s ❞❡ c ❡ β✱ ♦❜t❡♠♦s

cγ|x|α+βα = |x|
α+2γ
1−γ

[

2α+ 2N + 4γ + α2 + αN + 2αγ −Nαγ − 2Nγ

1 − γ2

]

γ
γ−1

✭✸✳✷✺✮

❉❡ ✭✸✳✷✹✮ ❡ ✭✸✳✷✺✮ ❞❡❝♦rr❡ ✭✸✳✷✸✮✳

❖ ❡①❡♠♣❧♦ ❛❜❛✐①♦ ♠♦str❛ q✉❡ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ♥ã♦ r❛❞✐❛❧ ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✸✳✷✷✮✳

❊①❡♠♣❧♦ ✷ ❈♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦

∆u = p(x)
√
u, x ∈ R

3, ✭✸✳✷✻✮

♦♥❞❡ p(x) = 8/(
√

2x2 + y2 + z2 + 1).

❙❡♥❞♦ u = 2x2 + y2 + z2 + 1 t❡♠♦s

∂u

∂x
= 4x

∂u

∂y
= 2y

∂u

∂z
= 2z

❡
∂2u

∂x2
= 4

∂2u

∂y2
= 2

∂2u

∂z2
= 2

✐♠♣❧✐❝❛♥❞♦

∆u = 8.

P♦r ♦✉tr♦ ❧❛❞♦

p(X)
√
u =

8

(
√

2x2 + y2 + z2 + 1)

√
u = 8.

▼♦str❛♥❞♦ q✉❡ ✉ é s♦❧✉çã♦ ❞❡ ✭✸✳✷✻✮✱ ❛♣❡s❛r ❞❡ ♥ã♦ s❡r ✉♠❛ s♦❧✉çã♦ r❛❞✐❛❧✳

❉❡st❛ ♠❛♥❡✐r❛✱ ♥♦t❛♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❡♠ ❛❜❡rt♦✿

❆ ❡q✉❛çã♦ ✭✸✳✷✷✮ t❡♠ ✉♠❛ ❙♦❧✉çã♦ ❞♦ t✐♣♦ ❇❧♦✇✲✉♣✱ ✐♥t❡✐r❛ ❡ ♣♦s✐t✐✈❛ s❡ p é ♥ã♦ r❛❞✐❛❧

❡ s❛t✐s❢❛③
∫ ∞

0

rψ(r)dr = ∞ onde ψ(r) = min
|x|=r

p(x)?



❈❛♣✳✸ Pr♦❜❧❡♠❛s ❙❡♠✐❧✐♥❡❛r❡s✿ ❈❛s♦ ❙✉❜❧✐♥❡❛r ✻✽

✸✳✷ ❘❡s✉❧t❛❞♦s ❞❡ ◆ã♦ ❊①✐stê♥❝✐❛

❚❡♦r❡♠❛ ✸✳✹ ❙✉♣♦♥❤❛ Ω ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡♠ R
N (N ≥ 2) ❡ p é ✉♠❛ ❢✉♥çã♦

❝♦♥tí♥✉❛ ❡♠ Ω✳ ❙❡ 0 < γ ≤ 1✱ ❡♥tã♦

∆u = p(x)uγ; x ∈ Ω, ✭Pγ✮

♥ã♦ t❡♠ ✉♠❛ ❙♦❧✉çã♦ ❞♦ t✐♣♦ ❜❧♦✇✲✉♣ ❡♠ Ω✳

Pr♦✈❛✳ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❛ ✉♠❛ ❙♦❧✉çã♦ ❇❧♦✇✲✉♣✱ u ❡♠ Ω✱ ♣❛r❛

❛ ❡q✉❛çã♦ ❛❝✐♠❛✳ ❈♦♥s✐❞❡r❡

v(x) = log (1 + u(x)).

❖❜s❡r✈❡ q✉❡✱
∂v(x)

∂xi

= (1 + u(x))−1 ∂u(x)

∂xi

∂2v(x)

∂xi
2

= (1 + u(x))−1 ∂2u(x)

∂x2
i

− (1 + u(x))−2

(

∂u(x)

∂xi

)2

❡

∆v =
n
∑

i=1

∂2v(x)

∂xi
2

= (1 + u(x))−1

n
∑

i=1

∂2u(x)

∂xi
2

−
n
∑

i=1

(

∂u(x)

∂xi

)2

(1 + u(x))−2

= (1 + u(x))−1∆u− |∇u|2(1 + u(x))−2

❆ss✐♠✱

∆v ≤ (1 + u(x))−1∆u =
uγ

1 + u(x)
p(x).

❉❛í ❡ ♣♦r ✭✐✐✮✱

∆v ≤ p(x) ≤ max
x∈Ω̄

p(x) = K. ✭✸✳✷✼✮

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ p é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ♥♦ ❝♦♠♣❛❝t♦ Ω̄✱ ♦❜t❡♠♦s q✉❡ ♣ ❛t✐♥❣❡ ✉♠

♠á①✐♠♦✳

❆❧é♠ ❞✐ss♦ ∆(|x|2) = 2N ✱ ❞❛í ❡ ❞❡ ✭✸✳✷✼✮✱

∆(v −K|x|2) = ∆v −K∆(|x|2)

≤ K − 2NK

≤ K(1 − 2N) < 0.

✭✸✳✷✽✮
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P♦rt❛♥t♦✱

∆(v −K|x|2) < 0, para todo x ∈ Ω.

❆❣♦r❛✱ ❞❡✜♥❛ w(x) = v(x) − K|x|2✳ ❏á ✈✐♠♦s q✉❡ ∆w < 0, para todo x ∈ Ω✱

❛❧é♠ ❞✐ss♦✱ K|x|2 é ❧✐♠✐t❛❞❛✶✵✳

❆ss✐♠✱

w → ∞, sempre que d(x, ∂Ω) → 0.

❉❡ ❢❛t♦✱ ♣❛r❛ d(x, ∂Ω) → 0 t❡♠♦s u(x) → ∞✱ ❞❛í log(1+u(x)) → ∞✳ ❉❡s❞❡ q✉❡ K|x|2

é ✉♠❛ ❢✉♥çã♦ ❧✐♠✐t❛❞❛✱ t❡♠♦s

w(x) = v(x) −K|x|2 → ∞, quando d(x, ∂Ω) → 0

❆✜r♠❛çã♦ ✸✳✺ w → ∞ q✉❛♥❞♦ d(x, ∂Ω) → 0✱ ♥ã♦ ♣♦❞❡ ♦❝♦rr❡✱ ❛ ♥ã♦ s❡r q✉❡ w ≡ ∞✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ x0 ∈ Ω ❡ M > 0✳ Pr♦✈❛r❡♠♦s q✉❡ w(x0) > M ✳

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ w(x0) ≤M ✳ ❊s❝♦❧❤❛ δ > 0 t❛❧ q✉❡ w(x) > M ✱ ♣❛r❛

t♦❞♦ x ✈❡r✐✜❝❛♥❞♦ d(x, ∂Ω) ≤ δ✳

❈♦♥s✐❞❡r❡ Ωδ = {x ∈ Ω / d(x, ∂Ω) > δ} ❡ ♦❜s❡r✈❡ q✉❡ x0 ∈ Ωδ✱ ❥á q✉❡ w(x0) ≤ M ✳

❙❡♥❞♦ ∂Ωδ = {x ∈ Ω / d(x, ∂Ω) = δ}✱ s❡❣✉❡ q✉❡ w(x) > M, ∀ x ∈ ∂Ωδ.

❈♦♠♦ ♣♦r ❤✐♣ót❡s❡✱ w(x0) ≤M t❡♠♦s q✉❡✱ M − w(x0) ≥ 0 com x0 ∈ Ωδ✳

❋❛ç❛ M − w(x̄) = maxΩ̄δ(M − w) ❡ ♥♦t❡ q✉❡✱

M − w(x̄) = max
Ω̄δ

(M − w) ≥M − w(x0) ≥ 0

P♦rt❛♥t♦ M ≥ w(x̄) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x̄ ∈ Ωδ ⊂ Ω̄δ.

▼❛s✱ s❡♥❞♦ M − w(x̄) ♣♦♥t♦ ❞❡ ♠á①✐♠♦✱

∆[M − w(x̄)] ≤ 0,

❧♦❣♦✱

∆w(x̄) ≥ 0, com x̄ ∈ Ω.

❖ q✉❡ ❝♦♥tr❛r✐❛ ♦ ❢❛t♦ ❞❡ ∆w < 0, para todo x ∈ Ω✳

▼♦str❛♠♦s q✉❡ s❡ ✉♠❛ ❢✉♥çã♦ ✈❡r✐✜❝❛ ∆w < 0 em Ω e w → ∞, ❡st❛ ❞❡✈❡ s❡r

w ≡ ∞✳ ▼❛s ❛ ❢✉♥çã♦ w(x) = v(x) −K|x|2 6= ∞✳

❖ ❛❜s✉r❞♦ s❡ ❞❡✉✱ ❛♦ s✉♣♦r q✉❡ ❡①✐st✐❛ ✉♠❛ s♦❧✉çã♦ u ❞♦ t✐♣♦ ❜❧♦✇✲✉♣✳

✶✵❱✐st♦ q✉❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✳



❈❛♣✳✸ Pr♦❜❧❡♠❛s ❙❡♠✐❧✐♥❡❛r❡s✿ ❈❛s♦ ❙✉❜❧✐♥❡❛r ✼✵

❖❜s❡r✈❛çã♦ ✸✳✷ ■st♦ é ✐♥t❡r❡ss❛♥t❡ ♣❛r❛ ♠♦str❛r♠♦s q✉❡✱ ♣❛r❛ ♦ ❝❛s♦ s✉♣❡r❧✐♥❡❛r✱

γ > 1✱ ❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❞❛ ❡q✉❛çã♦ (3.22) ❡♠ ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✱ ❡①✐st❡✱ ❝♦♥t❛♥t♦

q✉❡ ❛ ❢✉♥çã♦ p(x) s❡❥❛ s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r✳ ❬❱❡r ❬✶❪❪

❚❡♦r❡♠❛ ✸✳✻ ❙✉♣♦♥❤❛ q✉❡ p é ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉❛ ❡♠ R
N ❡ s❛t✐s❢❛③

∫ ∞

0

tφ(t)dt <∞, onde φ(t) = max
|x|=t

p(t). ✭✸✳✷✾✮

❊♥tã♦✱

✭❛✮ ❆ ❡q✉❛çã♦

∆u = p(x)uγ; 0 < γ ≤ 1; N ≥ 3, ✭✸✳✸✵✮

t❡♠ ✉♠❛ s♦❧✉çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ ❡ ❧✐♠✐t❛❞❛ ❡♠ R
N ✳

✭❜✮ ❙❡ p s❛t✐s❢❛③ ❛ ❡q✉❛çã♦✱
∫ ∞

0

tψ(t)dt = ∞, onde ψ(t) = min
|x|=t

p(t). ✭✸✳✸✶✮

❊♥tã♦ ✭✸✳✸✵✮ ♥ã♦ t❡♠ s♦❧✉çã♦ ❧✐♠✐t❛❞❛ ❡ ♥ã♦ ♥❡❣❛t✐✈❛ ❡♠ R
N ✳

Pr♦✈❛ ❞❡ ✭❛✮✳ ❉✐✈✐❞✐r❡♠♦s ❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ❡♠ ❞♦✐s ❝❛s♦s✿

1◦ ❈❛s♦✳ 0 < γ < 1

P❛r❛ r❡s♦❧✈❡r ❡st❡ ♣r♦❜❧❡♠❛✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r

∆u = −f(x, u), x ∈ R
N , N ≥ 3, ✭✸✳✸✷✮

♦ q✉❛❧ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛ ✐♥✐❝✐❛❧ ✭✸✳✸✵✮✳

❙✉♣♦♥❤❛♠♦s✱ q✉❡ ❛❧é♠ ❞❛ ❝♦♥❞✐çã♦ ✭✸✳✷✾✮ ✈❛❧❤❛♠ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭❆✮ ❆ ❢✉♥çã♦ f(x, u)✱ ❞❡✜♥✐❞❛ ❡♠ R
N × (0,∞)✱ é ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉❛ ❡♠ x ❡

❧♦❝❛❧♠❡♥t❡ ❝♦♥tí♥✉❛ ❧✐♣s❝❤✐t③ ❡♠ u❀

✭❇✮ ❊①✐st❡ ✉♠❛ ❢✉♥çã♦ ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉❛ φ(r) ≥ 0 ❡♠ [0,∞) ❡ ✉♠❛ ❢✉♥çã♦

❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③ F (u) > 0 ❡♠ [0,∞)✱ t❛❧ q✉❡

|f(x, u)| ≤ φ(|x|)F (u) para (x, u) ∈ R
N × (0,∞);

✭❈✮ ❊①✐st❡ ✉♠❛ u2 > 0✱ t❛❧ q✉❡ F (u) é ♥ã♦ ❞❡❝r❡s❝❡♥t❡ ♣❛r❛ u > u2 ❡

lim
u→∞

F (u)

u
= 0.

❖❜s❡r✈❡ q✉❡ ♦ ♥♦ss♦ ♣r♦❜❧❡♠❛ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✳
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❈♦♥❞✐çã♦ ✭❆✮

P❛r❛ f(x, u) = p(x)uγ✱ t❡♠♦s

|f(x, u1) − f(x, u2)| = |p(x)uγ
1 − p(x)uγ

2 | ≤ |p(x)||uγ
1 − uγ

2 |
(i)

≤ p(x)|u1 − u2| ≤ k|u1 − u2|,

♦ q✉❡ ♠♦str❛ q✉❡ f(x, u) é ❧✐♣s❝❤✐t③ ♥❛ ✈❛r✐á✈❡❧ u✳

❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ F (x) = xγ, 0 < γ < 1 é ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉❛✳

❙❡❥❛ K ⊂ [0,+∞) ✉♠ ❝♦♠♣❛❝t♦✱ ♥♦t❡ q✉❡ ♣❛r❛ x 6= y✱ ♦❜t❡♠♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡✶✶

(B.9)

|F (x) − F (y)| = |xγ − yγ| ≤ C(γ)|x− y|.

❈♦♥s✐❞❡r❡♠♦s ❞♦✐s ❝❛s♦s

✭✐✮ ❙❡ 0 < |x− y| ≤ 1✱ ❡♥tã♦

|F (x) − F (y)|
B.8

≤ C(γ)|x− y| ≤ C1(γ)|x− y|γ + C2(γ)|x− y|γ ≤ C̃(γ)|x− y|γ

✭✐✐✮ ❙❡ |x− y| ≤ |x| + |y| ≤ 2C✱ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C ∈ R✳ ❊♥tã♦✱

|F (x) − F (y)|
B.8

≤ C(γ)|x− y| = C(γ)|x− y|γ|x− y|1−γ

≤ C(γ)(2C)1−γ|x− y|γ = C1(γ)|x− y|γ

P♦rt❛♥t♦✱ ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ K, x 6= y✱ t❡♠♦s

|F (x) − F (y)| ≤ C̃(γ)|x− y|γ.

■♠♣❧✐❝❛♥❞♦ q✉❡ F ∈ C0,γ
loc ([0,+∞)).

❉❡s❞❡ q✉❡ f(x, u) = p(x)F (u) ❡ ♣r♦❞✉t♦ ❞❡ ❢✉♥çõ❡s ❍ö❧❞❡r ❝♦♥tí♥✉❛s é ❛✐♥❞❛

❍ö❧❞❡r ❝♦♥tí♥✉❛✱ s❡❣✉❡ q✉❡ f(x, u) é ❧♦❝❛❧♠❡♥t❡ ❍ö❧❞❡r ❝♦♥tí♥✉❛ ❡♠ x✳

❈♦♠ ❡❢❡✐t♦✱

|f(x, u) − f(y, u)| = |p(x)u(x)γ − p(y)u(y)γ|

≤ |p(x)u(x)γ − p(x)u(y)γ| + |p(x)u(y)γ − p(y)u(y)γ|

≤ |p(x)||u(x)γ − u(y)γ| + |u(y)γ||p(x) − p(y)|

≤ C3|x− y|γ + C4|x− y|γ

≤ Ĉ|x− y|γ.

▼♦str❛♥❞♦ ❛ss✐♠✱ q✉❡ f(x, u) ∈ C0,γ
loc ([0,+∞)) ❡♠ x✳

✶✶❱❡r ❛♣ê♥❞✐❝❡ ❇✳
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❈♦♥❞✐çã♦ ✭❇✮

❈♦♥s✐❞❡r❡ φ(|t|) = max
|x|=t

p(t) ≥ 0✱ ♦❜s❡r✈❡ q✉❡

|f(x, u)| = |p(x)uγ| ≤ φ(t)uγ = φ(t)F (u), para (x, u) ∈ R
n × (0,∞).

❈♦♥❞✐çã♦ ✭❈✮

❉❡s❞❡ q✉❡ 0 < γ < 1✱

lim
u→∞

F (u)

u
= lim

u→∞

uγ

u
= lim

u→∞

1

u1−γ
= 0.

▼♦str❛r❡♠♦s✱ ❝♦♠ ❡ss❛s ❝♦♥❞✐çõ❡s✱ q✉❡ ❛ ❡q✉❛çã♦ ✭✸✳✸✷✮ ♣♦ss✉✐ ✐♥✜♥✐t❛s s♦❧✉çõ❡s

✐♥t❡✐r❛s✱ ♣♦s✐t✐✈❛s ❡ ❧✐♠✐t❛❞❛s✳

■♥✐❝✐❛❧♠❡♥t❡✱ ✐r❡♠♦s ❝♦♥str✉✐r ✉♠❛ s✉♣❡rs♦❧✉çã♦✱ v(x) = y(|x|) ❞❡ ✭✸✳✸✵✮✳ ❆ q✉❛❧

r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧







y′′ + N−1
r

y′ + φ(r)F (y) = 0, r > 0,

y(0) = α, y′(0) = 0.
✭PF ✮

P❛r❛ ✐ss♦✱ é s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r♠♦s ❛ s♦❧✉çã♦ y(r) ❞❛ ❡q✉❛çã♦ ✐♥t❡❣r❛❧

y(r) = α− 1

N − 2

∫ r

0

[

1 −
(s

r

)N−2
]

sφ(s)F (y(s))ds r ≥ 0, ✭✸✳✸✸✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ α✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❞❡ ♠♦❞♦ q✉❡

2F (α)

(N − 2)α

∫ ∞

0

rφ(r)dr ≤ 1 ✭✸✳✸✹✮

é s❛t✐s❢❡✐t♦✶✷✳

❈♦♠ ❡st❛ ❡s❝♦❧❤❛ ❞❡ α✱ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

Y =
{

y ∈ C([0,∞));
α

2
≤ y(r) ≤ α; para r ≥ 0

}

, ✭✸✳✸✺✮

♦♥❞❡ C([0,∞)) é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♥✈❡①♦✶✸✱ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛

❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✉♥✐❢♦r♠❡ ❡♠ ❝❛❞❛ s✉❜✐♥t❡r✈❛❧♦ ❝♦♠♣❛❝t♦ Kn = [0, n] ⊂ [0,∞)✳

✶✷❖ q✉❡ é ♣♦ssí✈❡❧✱ ❥á q✉❡ ♣♦r ❤✐♣ót❡s❡ ✭✸✳✷✾✮ ♦❝♦rr❡✳
✶✸❱❡r ❆♣ê♥❞✐❝❡ ❆✱ ❉❡✜♥✐çã♦ ❆✳✾✳
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✭✐✮ ❨ é ❝♦♥✈❡①♦✳

❉❡ ❢❛t♦✱ s❡❥❛♠ y1 e y2 ∈ Y ✱ ❡♥tã♦

α

2
≤ y1(r) ≤ α para r ≥ 0,

α

2
≤ y2(r) ≤ α para r ≥ 0.

▲♦❣♦✱ ♣❛r❛ t ∈ [0, 1] t❡♠♦s

α

2
≤ ty1(r) + (1 − t)y2(r) ≤ α; para r ≥ 0,

✐♠♣❧✐❝❛♥❞♦ q✉❡ Y é ❝♦♥✈❡①♦✳

✭✐✐✮ ❨ é ❢❡❝❤❛❞♦✳

❙❡❥❛ {yj}j∈N ⊂ Y, t❛❧ q✉❡ d(yj, y0) → 0✱ q✉❛♥❞♦ j → ∞✱ ❝♦♠ y0 ∈ C([0,∞)).

❚❡♠♦s

d(yj, y0) =
∞
∑

n=1

2−npn(yj − y0)

1 + pn(yj − y0)
→ 0 quando j → ∞, n ∈ N,

❛ss✐♠✱
2−npn(yj − y0)

1 + pn(yj − y0)
−→ 0 quando j → ∞, n ∈ N.

▲♦❣♦

pn(yj − y0) → 0 quando j → 0, n ∈ N.

❉❛í✱

yj(r) → y0(r) quando j → 0, em Kn = [0, n], n ∈ N

❡ ❝♦♠♦

α

2
≤ yj(r) ≤ α para r ≥ 0 então

α

2
≤ y0(r) ≤ α, para r ≥ 0

❞❡ ♦♥❞❡ ❞❡❞✉③✐♠♦s q✉❡ y0 ∈ Y ✳ P♦rt❛♥t♦✱ Y é ❢❡❝❤❛❞♦✳

❆ss✐♠ Y é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❡ ❢❡❝❤❛❞♦ ❞♦ ❡s♣❛ç♦ t♦♣ó❧♦❣✐❝♦ ❧♦❝❛❧♠❡♥t❡

❝♦♥✈❡①♦ C([0,∞))✳

❆❣♦r❛✱ ❞❡✜♥❛♠♦s ♦ ♦♣❡r❛❞♦r ✐♥t❡❣r❛❧

F : Y −→ Y

y ֌ F(y),
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♦♥❞❡

F(y) = α− 1

N − 2

∫ r

0

[

1 −
(s

r

)N−2
]

sφ(s)F (y(s))ds, r ≥ 0

❡ α é ❡s❝♦❧❤✐❞♦ ❞❡ ♠♦❞♦ q✉❡ ✭✸✳✸✹✮ s❡❥❛ s❛t✐s❢❡✐t♦✳

❈♦♠♦ ✐r❡♠♦s ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ❙❝❤❛✉❞❡r✲❚②❝❤♦♥♦✛✱ ✈❡❥❛♠♦s q✉❡✿

✭■✮ F ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

P♦r ❞❡✜♥✐çã♦✱ F(y(r)) ≤ α, r ≥ 0✳ ❆❧é♠ ❞✐ss♦✱

F(y(r)) ≥ α− 1

N − 2

∫ r

0

sφ(s)F (y(s))ds.

❙❡♥❞♦ F ♥ã♦ ❞❡❝r❡s❝❡♥t❡ ❡ α ❣r❛♥❞❡✱ t❛❧ q✉❡ y(s) ≤ α, ∀ 0 ≤ s ≤ r✱ t❡♠♦s

F (y(s)) ≤ F (α) ⇒ −F (y(s)) ≥ −F (α).

❉❛í✱

F(y(r)) ≥ α− F (α)

N − 2

∫ r

0

sφ(s)ds

≥ α− F (α)

N − 2

∫ ∞

0

sφ(s)ds. ✭✸✳✸✻✮

❉❡ ✭✸✳✸✹✮✱

− F (α)

N − 2

∫ ∞

0

sφ(s)ds ≥ −α
2
. ✭✸✳✸✼✮

P♦r ✭✸✳✸✻✮ ❡ ✭✸✳✸✼✮ ❝♦♥❝❧✉✐✲s❡

α

2
≤ F(y(r)) ≤ α, r ≥ 0 ⇒ F(Y ) ⊂ Y.

✭■■✮ F é ❝♦♥tí♥✉❛✳

❙❡❥❛ {yk} ⊂ y ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ y ∈ Y ✱ ♥❛ t♦♣♦❧♦❣✐❛ C([0,∞))✳

❊♥tã♦✱ t❡♠♦s d(yk, y) −→ 0✳ ▲♦❣♦

|F(yk(r)) − F(yr)| =

=
∣

∣

∣

1

N − 2

∫ r

0

sφ(s) (F (yk(s)) − F (y(s))) ds− 1

N − 2

∫ r

0

(s

r

)N−2

sφ(s) (F (yk(s)) − F (y(s))) ds
∣

∣

∣

≤ 1

N − 2

∫ r

0

sφ(s)
∣

∣F (yk(s)) − F (y(s))
∣

∣ds,

♣♦rt❛♥t♦

|F(yk(r)) − F(yr)| ≤
1

N − 2

∫ r

0

sφ(s)
∣

∣F (yk(s)) − F (y(s))
∣

∣ds. ✭✸✳✸✽✮
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◆♦t❡ q✉❡✱ φk(s) é ❞♦♠✐♥❛❞❛ ♣♦r ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧✱ ✐st♦ é✱

φk(s) = sφ(s)
∣

∣F (yk(s)) − F (y(s))
∣

∣

≤ sφ(s)|F (yk(s))| + sφ(s)|F (y(s))|

≤ 2sφ(s)F (α).

❆❧é♠ ❞✐ss♦✱ φk(s) → 0✱ ❥á q✉❡ F é ❝♦♥tí♥✉❛ ❡ yk → y q✉❛♥❞♦ k → ∞✳ P❡❧♦ ❚❡♦r❡♠❛

❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ♦❜t❡♠♦s q✉❡

F(yk) −→ F(y) quando k → ∞, em Kn, n = 1, 2, . . .

❉❛í✱

pn(F(yk) − F(y))
unif−→ 0 quando k → ∞, n ∈ N

❡
pn(F(yk) − F(y))

1 + pn(F(yk) − F(y))
≤ pn(F(yk) − F(y))

unif−→ 0 quando K → ∞, n ∈ N.

❊♥tã♦✱ ❞❛❞♦ ε > 0, ❡①✐st❡ M ∈ N t❛❧ q✉❡

∞
∑

n=1

2−npn(F(yk) − F(y))

1 + pn(F(yk) − F(y))
≤

∞
∑

n=1

2−nε ≤ ε.

P♦rt❛♥t♦✱ d(F(yk),F(y))
k→∞−→ 0✳

▼♦str❛♥❞♦ q✉❡ F é ❝♦♥tí♥✉❛ ❡♠ (C([0,∞)), d)✳

✭■■■✮ F(Y ) é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦✳

✭✐✮F(Y ) é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦✳

❉❡ ❢❛t♦✱

d(F(y1),F(y2)) =
∞
∑

n=1

2−npn(F(yk) − F(y))

1 + pn(F(yk) − F(y))
≤ 1

✭✐✐✮ ❱❛♠♦s ♠♦str❛r ❛ ❡q✉✐❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ F(Y )✳

❖❜s❡r✈❡ q✉❡

|(F(y))′(r)| =
∣

∣

∣
r1−N

∫ r

0

sN−1φ(s)F (y(s))ds
∣

∣

∣

=
∣

∣

∣

∫ r

0

(s

r

)N−1

φ(s)F (y(s))ds
∣

∣

∣

≤ F (α)

∫ r

0

φ(s)ds

≤ F (α)

∫ ∞

0

φ(s)ds.
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❈♦♥❝❧✉í♠♦s q✉❡ F(Y ) é ❡q✉✐❝♦♥tí♥✉♦✶✹✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❆r③❡❧❛✲❆s❝♦❧✐✱ ❞❡❞✉③✐♠♦s q✉❡ F(Y ) é r❡❧❛t✐✈❛♠❡♥t❡ ❡ ❝♦♠♣❛❝t♦

❡♠ ❝❛❞❛ Kn ⊂ [0,∞), com n ∈ N.

❈♦♥s✐❞❡r❡ ❛❣♦r❛

F({uj})j≥1 ⊂ F(Y ) ⊂ C([0,∞)).

◆❡st❡ ❝❛s♦✱ (F({uj})) ⊂ F(Y ) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s q✉❡ ❝♦♥tê♠ s✉❜s❡q✉ê♥✲

❝✐❛s ❝♦♥✈❡r❣❡♥t❡s ❡♠ ❝❛❞❛ Kn = [0, n], n ∈ N. ❉❡✜♥❛

F({un
j }) = F({uj})

∣

∣

[0,n]
, n ∈ N.

P❛r❛ n = 1✱ t❡♠♦s q✉❡ ❡①✐st❡ (F(u1
jk) ⊂ (F(uj)

1)✱ t❛❧ q✉❡

F(ujk)
1 −→ F(u1).

P❛r❛ n = 2✱ ❡①✐st❡ (F(u2
jk) ⊂ (F(uj)

1)✱ ❞❡ ♠♦❞♦ q✉❡

F(ujk)
2 −→ F(u2).

❈♦♠ ❡st❡ ❛r❣✉♠❡♥t♦ r❡♣❡t✐t✐✈♦✱ ❝♦♥str✉í♠♦s ❛ s❡q✉ê♥❝✐❛ ✏❞✐❛❣♦♥❛❧✑ (F(ujk)
k)✱ t❛❧ q✉❡

F(ujk)
k −→ F(u) ❡♠ ❝❛❞❛ Kn, n ∈ N.

❉❛í (F(ujk)
k) ⊂ (F(uj))✱ ✈❡r✐✜❝❛ d(F(ujk)

k,F(uj)) −→ 0 q✉❛♥❞♦ k −→ ∞✳

▼♦str❛♥❞♦ ❛ss✐♠ q✉❡ F(Y ) é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ♥❛ t♦♣♦❧♦❣✐❛ C([0,∞))✳

❘❡❝♦r❞❡ q✉❡ Y é ❢❡❝❤❛❞♦✱ ❝♦♥✈❡①♦ ❡ q✉❡ F(Y ) ⊂ Y ✳ ❊♥tã♦✱

F(Y ) ⊂ Y = Y ⇒ F(Y ) ⊂ Y ❡

Ỹ = conv(F(Y )) ⊂ conv(Y )✶✺ = Y.

❉❡s❞❡ q✉❡ (C([0,∞)), d) é ❝♦♠♣❧❡t♦ ❡ F(Y ) ⊂ C([0,∞)) é ❝♦♠♣❛❝t♦❀ ❖❜t❡♠♦s

q✉❡ Ỹ é ❝♦♠♣❛❝t♦ ❡ ❡stá ❝♦♥t✐❞♦ ❡♠ Y ✭❚❡♦r❡♠❛ ❞❡ ▼❛③✉r✮✳

❆❧é♠ ❞✐ss♦✱

Ỹ ⊂ F(Y ) ⊂ F(Y ) ⊂ Y

✶✹❱❡r ❆♣ê♥❞✐❝❡ ❇✱ t❡♦r❡♠❛ ❇✳✶✺✳
✶✺❖♥❞❡ conv(Y ) é ❛ ❡♥✈♦❧tór✐❛ ❝♦♥✈❡①❛ ❞♦ ❝♦♥❥✉♥t♦ Y ✳
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❆❣♦r❛✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ❙❝❤❛✉❞❡r✲❚②❝❤♦♥♦✛ ❡ ❝♦♥❝❧✉✐r

q✉❡ F t❡♠ ✉♠ ♣♦♥t♦ ✜①♦✱ ✐st♦ é✱

F(y(r)) = y(r).

❊st❡ ♣♦♥t♦ ✜①♦ y = y(r) é ✉♠❛ s♦❧✉çã♦ ❞❡ PF ✳ ❆ss✐♠✱ ♥ós ♦❜t❡♠♦s ✉♠❛ s✉♣❡r✲

s♦❧✉çã♦ v(x) ❞❡ ✭✸✳✸✵✮ ❡♠ R
n✱ ❞❡✜♥✐❞❛ ♣♦r v(x) = y(|x|)✱ ✈✐st♦ q✉❡

∆v = −φ(r)F (v) ≤ f(x, v).

❉❛ ♠❡s♠❛ ♠❛♥❡✐r❛✱ ♥ós ❝♦♥s✐❞❡r❛♠♦s ✉♠❛ s✉❜s♦❧✉çã♦ w(x) ❞❡ ✭✸✳✸✵✮ ❡♠ R
N ❀

♦♥❞❡ z é ✉♠ ♣♦♥t♦ ✜①♦ ❞♦ ♦♣❡r❛❞♦r G : Z −→ Z✱ ❞❡✜♥✐❞♦ ♣♦r

G(z(r)) = β +
1

N − 2

∫ r

0

[

1 −
(s

r

)N−2
]

sφ(s)F (z(s))ds, r ≥ 0, ✭✸✳✸✾✮

❡♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❡ ❢❡❝❤❛❞♦ ❞❡ C([0,∞))✱

Z = {z ∈ C([0,∞)); β ≤ z(r) ≤ 2β; para r ≥ 0} , ✭✸✳✹✵✮

♦♥❞❡ ❡s❝♦❧❤❡♠♦s ✉♠❛ ❝♦♥st❛♥t❡ β✱ t❛❧ q✉❡

F (2β)

(N − 2)β

∫ ∞

0

rφ(r)dr ≤ 1, ✭✸✳✹✶✮

s❡❥❛ s❛t✐s❢❡✐t♦✳

❖ ♣♦♥t♦ ✜①♦ z = z(r) ❞❡ G s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ✐♥t❡❣r❛❧

z(r) = β +
1

N − 2

∫ r

0

[

1 −
(s

r

)N−2
]

sφ(s)F (z(s))ds, r ≥ 0. ✭✸✳✹✷✮

❊ ❛ss✐♠ é ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧







z′′ + N−1
r

z′ − φ(r)F (z) = 0 r > 0

z(0) = β, z′(0) = 0.
✭PG✮

■st♦ ♥♦s ❞á ✉♠❛ s✉❜s♦❧✉çã♦ ❞❡ ✭✸✳✸✵✮ ❡♠ R
N ✳

❙❡ 2β ≤ α

2
✱ ❡♥tã♦ ❛ ❢✉♥çã♦ v(|x|) ❡ w(|x|) s❛t✐s❢❛③

β ≤ z(r) ≤ 2β ≤ α

2
≤ y(r) ≤ α

P♦rt❛♥t♦✱ z(r) ≤ y(r) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ w(x) ≤ v(x) ∀ x ∈ R
N ✳
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❖ ❚❡♦r❡♠❛ ✶✳✼✱ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ✐♥t❡✐r❛ ♣♦s✐t✐✈❛ u(x) s❛t✐s✲

❢❛③❡♥❞♦

w(x) ≤ u(x) ≤ v(x) com x ∈ R
N .

▼♦str❛♠♦s q✉❡ ❞❛❞♦s α, β ∈ (0,∞) ❝♦♠ α ≥ 4β✱ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ u(x) ❞❡

✭✸✳✸✵✮✱ s❛t✐s❢❛③❡♥❞♦ u(x) ∈ [β, α], ❥á q✉❡ β ≤ w(x) ≤ u(x) ≤ v(x) ≤ α✱ ❝♦♠ x ∈ R
N ❡

α ❡ β ❡s❝♦❧❤✐❞♦s ❝♦♠♦ ❡♠ ✭✸✳✸✹✮ ❡ ✭✸✳✹✶✮✳

2◦ ❈❛s♦✳ γ = 1

❉♦ ♠❡s♠♦ ♠♦❞♦ ❡♠ q✉❡ ♠♦str❛♠♦s✱ ♣❛r❛ ❛ ♣r♦✈❛ ❞❡ s✉✜❝✐ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✱

♠♦str❛✲s❡ q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ w✱ ♥ã♦ ♥❡❣❛t✐✈❛ ❡♠ C([0,∞))✱ t❛❧ q✉❡

w(r) = 1 +

∫ r

0

(

t1−N

∫ t

0

sN−1φ(s)w(s)ds

)

dt ∀ r ≥ 0

♦♥❞❡ T : C([0,∞)) −→ C([0,∞)) ❡

Tw(r) = 1 +

∫ r

0

(

t1−N

∫ t

0

sN−1φ(s)w(s)ds

)

dt ∀ r ≥ 0.

❙❡❣✉❡ ❞❡ ✭✐✐✮✶✻ q✉❡

w(r) ≤ 1 +
1

N − 2

∫ r

0

tφ(t)w(t)dt,

✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ ♦❜t❡♠♦s

w(r) ≤ e
∫ r
0
tφ(t)
N−2

dt ≤ e
∫

∞

0
tφ(t)
N−2

dt
3.29

≤ M, ✭✸✳✹✸✮

♠♦str❛♥❞♦ q✉❡ w é ❧✐♠✐t❛❞❛✳ ❆ss✐♠ w(|x|) é s♦❧✉çã♦ ❧✐♠✐t❛❞❛✱ ♣♦s✐t✐✈❛✭r❛❞✐❛❧✮ ❞❡

∆w = φ(|x|)w; x ∈ R
N .

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ v ✉♠❛ s♦❧✉çã♦ ♥ã♦ ♥❡❣❛t✐✈❛✱ ❞❡✜♥✐❞❛ ♣♦r

v(r) = M +

∫ r

0

(

t1−N

∫ t

0

sN−1ψ(s)ds

)

dt ∀ r ≥ 0, ✭✸✳✹✹✮

♦♥❞❡ M é ❛ ♠❡s♠❛ ❝♦♥st❛♥t❡ ❞❛ ✐♥❡q✉❛çã♦ ✭✸✳✹✸✮✳

❊♥tã♦✱ v(|x|) é ✉♠❛ s♦❧✉çã♦ ❧✐♠✐t❛❞❛✱ ♣♦s✐t✐✈❛ ✭r❛❞✐❛❧✮ ❞❡

∆v = ψ(|x|)v; x ∈ R
N .

P♦r ✭✐✐✮ ❡ ✭✸✳✹✹✮✱

v(r) ≤M +
1

N − 2

∫ r

0

tψ(t)v(t)dt,

✶✻❱❡r ❙❡çã♦ ✲ ❘❡s✉❧t❛❞♦s ❞❡ ❊①✐stê♥❝✐❛✳
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❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧✱

v(r) ≤Me
∫ r
0
tψ(t)
N−2

dt.

P♦rt❛♥t♦

M ≤ v(r) ≤ e
∫ r
0
tψ(t)
N−2

dt. ✭✸✳✹✺✮

❈♦♠♦

φ(t) = max
|x|=t

p(x) e ψ(t) = min
|x|=t

p(x),

t❡♠♦s

∆w = φ(|x|)w ≥ p(|x|)w em R
N ,

∆v = ψ(|x|)v ≤ p(|x|)v em R
N .

❙❡❣✉❡ ❞❡ ✭✸✳✹✸✮ ❡ ✭✸✳✹✺✮ q✉❡

w(r) ≤M ≤ v(r) em R
N .

❉❛í✱ w é s✉❜s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✸✵✮ ❡ v é s✉♣❡rs♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✸✵✮✱ ❝♦♠ γ = 1✳

❉❡st❛ ❢♦r♠❛✱ ❛ ❡q✉❛çã♦ ✭✸✳✸✵✮ t❡♠ ✉♠❛ s♦❧✉çã♦ u✱ s❛t✐s❢❛③❡♥❞♦ w ≤ u ≤ v ❡♠

R
N , ❞❡s❞❡ q✉❡✱ w e v sã♦ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ❡ ❧✐♠✐t❛❞❛s✱ ♦❜t❡♠♦s ❛ s♦❧✉çã♦ ❞❡s❡❥❛❞❛

♣❛r❛ γ = 1✳

Pr♦✈❛ ❞❡ ✭❜✮✳

❙✉♣♦♥❤❛ ❛❣♦r❛✱ q✉❡ ❛ ❡q✉❛çã♦ ✭✸✳✸✶✮ é ✈á❧✐❞❛ ❡ s✉♣♦♥❤❛ q✉❡ ❛ ❝♦♥❝❧✉sã♦ é ❢❛❧s❛✱

✐st♦ é✱ s✉♣♦♥❤❛ q✉❡ u✱ ♥ã♦ ♥❡❣❛t✐✈❛✱ ♥ã♦ tr✐✈✐❛❧ é s♦❧✉çã♦ ✐♥t❡✐r❛ ❞❛ ❡q✉❛çã♦ ✭✸✳✸✵✮ ❝♦♠

0 ≤ u ≤M ✳

❈♦♥s✐❞❡r❡

û(r) ≡ 1

wNrN−1

∫

|x|=r

u(x)dσr ≡
∫

|x|=r

u(x)dσ.

❊♥tã♦✱

∆û =

∫

|x|=r

∆u =

∫

|x|=r

puγdσ.

❉❡s❞❡ q✉❡ û é r❛❞✐❛❧✱

∆û = (û(r)′rN−1)′r1−N =

∫

|x|=r

puγdσ,

❞❛í✱

û(r)′rN−1 =

∫ r

0

(

sN−1

∫

|x|=r

puγdσ

)

ds,
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❛ss✐♠

û′(r) = r1−N

∫ r

0

(

sN−1

∫

|x|=r

puγdσ

)

ds ≥ 0,

✐♠♣❧✐❝❛♥❞♦ q✉❡ û é ✉♠❛ ❢✉♥çã♦ ♥ã♦ ❞❡❝r❡s❝❡♥t❡✳

❆❧é♠ ❞✐ss♦✱ u é ♥ã♦ ♥❡❣❛t✐✈❛ ❡ ♥ã♦ tr✐✈✐❛❧✱ ❧♦❣♦ ❡①✐st❡♠ R > 0 ❡ ε > 0✱ t❛✐s q✉❡

û ≥ ε ✱ ♣❛r❛ t♦❞♦ r ≥ R✱ ❞✐ss♦ t❡♠♦s

û(r) =
1

wNrN−1

∫

|x|=r

u(x)dσr ≤
1

wNrN−1

∫

|x|=r

dσr = u(r) ≤M

▲♦❣♦

M ≥ û(r) = û(0) +

∫ r

0

[

t1−N

∫ t

0

sN−1

(
∫

|x|=r

puγdσ

)

ds

]

dt

≥ û(0) +

∫ r

0

[

t1−n

∫ t

0

sN−1ψ(s)

(
∫

|x|=r

uγdσ

)

ds

]

dt. ✭✸✳✹✻✮

▼❛s

u = uγu1−γ ≤ uγM1−γ, implicando que uγ ≥ uMγ−1.

❆ss✐♠✱

∫

|x|=r

uγdσ ≥Mγ−1

∫

|x|=r

udσ = Mγ−1ū(s) ≥ εMγ−1 se s ≥ R. ✭✸✳✹✼✮

❉❡ ✭✸✳✹✻✮ ❡ ✭✸✳✹✼✮✱

û(r) ≥ û(0) + εMγ−1

∫ r

0

(

t1−N

∫ t

0

sN−1ψ(s)ds

)

dt

≥ εMγ−1

∫ r

0

(

t1−N

∫ t

0

sN−1ψ(s)ds

)

dt,

♦♥❞❡ ✉s❛♠♦s ♦ ❢❛t♦ ❞❡ û(0) ≥ 0✳

P♦rt❛♥t♦

M ≥ û(r) ≥ εMγ−1

∫ r

0

(

t1−N

∫ t

0

sN−1ψ(s)ds

)

dt. ✭✸✳✹✽✮

❈♦♠♦ ♣♦r ❤✐♣ót❡s❡
∫ ∞

0

rψ(r)dr = ∞,

❢❛③❡♥❞♦ r → ∞ ❡♠ ✭✸✳✹✽✮✱ ♦❜t❡♠♦s

M ≥ û(r) ≥ ∞.

■ss♦ é ❛❜s✉r❞♦✦ ▲♦❣♦✱ é ✐♠♣♦ssí✈❡❧ ❛ ❡①✐stê♥❝✐❛ ❞❡ t❛❧ s♦❧✉çã♦ u✳ �
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❖❜s❡r✈❛çã♦ ✸✳✸ ❖❜s❡r✈❛♠♦s q✉❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ✐♥t❡✐r❛✱ ❧✐♠✐t❛❞❛✱ ♣♦s✐t✐✈❛

❞❛ ❡q✉❛çã♦ ✭✸✳✸✵✮✱ é ✉♠ ♣r♦❜❧❡♠❛ ❛❜❡rt♦✱ s❡ p s❛t✐s❢❛③

∫ ∞

0

tφ(t)dt = ∞ e

∫ ∞

0

tψ(t)dt <∞.
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❊s♣❛ç♦s ❱❡t♦r✐❛✐s ❚♦♣♦❧ó❣✐❝♦s

❆❣♦r❛✱ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s t♦♣♦❧ó❣✐✲

❝♦s✱ q✉❡ s❡rã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ t❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ❙❝❤❛✉❞❡r✲

❚②❝❤♦♥♦✛✱ ♦ q✉❛❧ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ❜ás✐❝❛ ♥❛ ❞❡♠♦str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳✷ ✭❈❛♣ít✉❧♦

✷✮✱ ♥♦ ❝❛s♦ ❡♠ q✉❡ 0 < γ < 1✳

❉❡✜♥✐çã♦ ❆✳✶ ✭❚♦♣♦❧♦❣✐❛✮ ❬❱❡r ❬✷✼❪✱ ♣✳✻❪ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦✳ ❯♠❛

❝♦❧❡çã♦ ℑ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ X é ✉♠❛ t♦♣♦❧♦❣✐❛ ❡♠ X s❡

✭✐✮ ∅, X ∈ ℑ❀

✭✐✐✮ ❙❡ V1, V2 ∈ ℑ ❡♥tã♦ V1 ∩ V2 ∈ ℑ❀

✭✐✐✐✮ ❙❡ {Vi}i∈I ∈ ℑ ❡♥tã♦
⋃

i∈I

Vi ∈ ℑ✳

◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ (X,ℑ) é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡ ♦s Vi sã♦ ♦s ❛❜❡rt♦s ❞❡ ℑ✳

❉❡✜♥✐çã♦ ❆✳✷ ✭❱✐③✐♥❤❛♥ç❛✮ ❬❱❡r ❬✷✼❪✱ ♣✳✼❪ ❯♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ♣♦♥t♦ p ∈ X é

q✉❛❧q✉❡r ❛❜❡rt♦ q✉❡ ❝♦♥té♠ p✳

❉❡✜♥✐çã♦ ❆✳✸ ✭❇❛s❡✮❬❱❡r ❬✷✼❪✱ ♣✳✼❪ ❯♠❛ ❝♦❧❡çã♦ ℑ′ ⊂ ℑ é ✉♠❛ ❜❛s❡ ♣❛r❛ ℑ s❡ ❞❛❞♦

V ∈ ℑ ❡♥tã♦ V =
⋃

Vi∈ℑ′

Vi.
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❉❡✜♥✐çã♦ ❆✳✹ ✭❇❛s❡ ▲♦❝❛❧✮ ❬❱❡r ❬✷✼❪✱ ♣✳✼❪ ❯♠❛ ❝♦❧❡çã♦ τ ❞❡ ✈✐③✐♥❤❛♥ç❛s ❞❡ ✉♠

♣♦♥t♦ p ∈ X é ✉♠❛ ❜❛s❡ ❧♦❝❛❧ ❞❡ p✱ s❡ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ ❞❡ p ❝♦♥té♠ ✉♠ ♠❡♠❜r♦ ❞❡

τ ✳ ■st♦ é✱ s❡ τ = {Vi}, Vi ∈ ℑ ❡♥tã♦

✭✐✮ p ∈ Vi, ∀ Vi ∈ τ ❀

✭✐✐✮ ❙❡ V ∈ ℑ ❝♦♥té♠ p✱ ❡①✐st❡ Vi ∈ τ t❛❧ q✉❡ p ∈ Vi ⊂ V ✳

❖❜s❡r✈❛çã♦ ❆✳✶ ❆ ❝♦❧❡çã♦ ❞♦s ❛❜❡rt♦s ❞❡ ✉♠ ❊s♣❛ç♦ ♠étr✐❝♦ (X, d) s❛t✐s❢❛③ ♦s ❛①✐♦✲

♠❛s ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱ ❛ss✐♠ ♦❜t❡♠♦s ✉♠❛ t♦♣♦❧♦❣✐❛ ❞❡♥♦♠✐♥❛❞❛ t♦♣♦❧♦✲

❣✐❛ ✐♥❞✉③✐❞❛ ♣❡❧❛ ♠étr✐❝❛ d✳

❉❡✜♥✐çã♦ ❆✳✺ ✭❊s♣❛ç♦ ▼❡tr✐③á✈❡❧✮ ❬❱❡r ❬✷✼❪✱ ♣✳✽❪ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ (X,ℑ) s❡

❞✐③ ♠❡tr✐③á✈❡❧ s❡ ❡①✐st❡ ✉♠❛ ♠étr✐❝❛ d ❡♠ X t❛❧ q✉❡ ❛ ❝♦❧❡çã♦ ❞♦s ❛❜❡rt♦s ❞❡ (X, d)

❝♦✐♥❝✐❞❡ ❝♦♠ ℑ✳

❉❡✜♥✐çã♦ ❆✳✻ ✭❋✉♥çã♦ ❈♦♥tí♥✉❛✮ ❬❱❡r ❬✷✼❪✱ ♣✳✶✸❪❙❡❥❛♠ X1, X2 ❡s♣❛ç♦s t♦♣♦❧ó❣✐✲

❝♦s✳ ❯♠❛ ❢✉♥çã♦ f : X1 −→ X2 é ❝♦♥tí♥✉❛ ❡♠ p ∈ X1 s❡ ❞❛❞♦ ✉♠ ❛❜❡rt♦ V2 ❞❡ X2✱

❝♦♠ f(p) ∈ V2✱ ❡①✐st❡ ✉♠ ❛❜❡rt♦ V1 ❞❡ X1 t❛❧ q✉❡ p ∈ V1 e f(V1) ⊂ V2.

❉✐③❡♠♦s q✉❡ f é ❝♦♥tí♥✉❛✱ q✉❛♥❞♦ é ❝♦♥tí♥✉❛ ❡♠ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ X1✳

❉❡✜♥✐çã♦ ❆✳✼ ✭❊s♣❛ç♦s ❱❡t♦r✐❛✐s ❚♦♣♦❧ó❣✐❝♦s✮ ❬❱❡r ❬✷✼❪✱ ♣✳✼❪ ❙✉♣♦♥❤❛ q✉❡ X é

✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ℑ ✉♠❛ t♦♣♦❧♦❣✐❛ ❡♠ X t❛❧ q✉❡

✭✐✮ ❚♦❞♦ ♣♦♥t♦ ❞❡ X é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦❀

✭✐✐✮ ❆s ♦♣❡r❛çõ❡s ❞❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ sã♦ ❝♦♥tí♥✉❛s ❝♦♠ r❡❧❛çã♦ ❛ ℑ✳

◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ X = (X,ℑ) é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❚♦♣♦❧ó❣✐❝♦✳

❊♠ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦ X ✱ ❞✐③❡♠♦s q✉❡ V ⊂ X é ❛❜❡rt♦ s❡✱ ❡ só s❡

a + V é ❛❜❡rt♦ ♣❛r❛ ❝❛❞❛ a ❡♠ X✳ P♦rt❛♥t♦✱ q✉❛❧q✉❡r t♦♣♦❧♦❣✐❛ ✜❝❛ ❝♦♠♣❧❡t❛♠❡♥t❡

❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♠❛ ❜❛s❡ ❧♦❝❛❧✳ ◆❡st❡ ❝♦♥t❡①t♦✱ ❜❛s❡ ❧♦❝❛❧ s❡rá ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦

❜❛s❡ ❧♦❝❛❧ ❡♠ 0✳

❉❡✜♥✐çã♦ ❆✳✽ ✭▼étr✐❝❛ ■♥✈❛r✐❛♥t❡✮ ❬❱❡r ❬✷✼❪✱ ♣✳✽❪ ❯♠❛ ♠étr✐❝❛ d s♦❜r❡ ✉♠ ❡s♣❛ç♦

✈❡t♦r✐❛❧ X é ✐♥✈❛r✐❛♥t❡ s❡

d(x+ z, y + z) = d(x, y) ∀ x, y, z ∈ X.
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❉❡✜♥✐çã♦ ❆✳✾ ✭❊s♣❛ç♦ ▲♦❝❛❧♠❡♥t❡ ❈♦♥✈❡①♦✮ ❬❱❡r ❬✷✼❪✱ ♣✳✽❪ ❯♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

t♦♣♦❧ó❣✐❝♦ é ❧♦❝❛❧♠❡♥t❡ ❝♦♥✈❡①♦ s❡ ❡①✐st✐r ✉♠❛ ❜❛s❡ ❧♦❝❛❧ β ❢♦r♠❛❞❛ ♣♦r ❝♦♥❥✉♥t♦s ❝♦♥✲

✈❡①♦s✳

❉❡✜♥✐çã♦ ❆✳✶✵ ✭❊s♣❛ç♦ ❞❡ ❋ré❝❤❡t✮ ❬❱❡r ❬✷✼❪✱ ♣✳✽❪ ❯♠ ❡s♣❛ç♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♥✈❡①♦

é ✉♠ ❡s♣❛ç♦ ❞❡ ❋ré❝❤❡t s❡ s✉❛ t♦♣♦❧♦❣✐❛ ℑ é ✐♥❞✉③✐❞❛ ♣♦r ✉♠❛ ♠étr✐❝❛ ✐♥✈❛r✐❛♥t❡ ❡

❡♠ r❡❧❛çã♦ ❛ ❡st❛ ♠étr✐❝❛ ♦ ❡s♣❛ç♦ é ❝♦♠♣❧❡t♦✳

❚❡♦r❡♠❛ ❆✳✶✶ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦ ❝♦♠ ✉♠❛ ❜❛s❡ ❧♦❝❛❧ ❡♥✉♠❡rá✈❡❧✱

❡♥tã♦ X é ♠❡tr✐③á✈❡❧✳

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ ❚❡♦r❡♠❛ ✶✳✷✹ ❡♠ ❬✷✼❪ ♣✳✶✽✳

❉❡✜♥✐çã♦ ❆✳✶✷ ✭❈♦♥❥✉♥t♦ ❊q✉✐❧✐❜r❛❞♦✮ ❬❱❡r ❬✷✼❪✱ ♣✳✻❪ ❯♠ ❝♦♥❥✉♥t♦ E ⊂ X é ❞✐t♦

❡q✉✐❧✐❜r❛❞♦ s❡ αE ⊂ E ∀α ∈ R; |α| ≤ 1.

❉❡✜♥✐çã♦ ❆✳✶✸ ✭❈♦♥❥✉♥t♦ ▲✐♠✐t❛❞♦✮ ❬❱❡r ❬✷✼❪✱ ♣✳✽❪ ❙❡❥❛ X ❡s♣❛ç♦ ✈❡t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦✳

❯♠ ❝♦♥❥✉♥t♦ E ⊂ X é ❧✐♠✐t❛❞♦ s❡ ♣❛r❛ t♦❞❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ ✧0✧❡♠ X✱ ❝♦rr❡s♣♦♥❞❡

s > 0, s ∈ R t❛❧ q✉❡ E ⊂ tV ♣❛r❛ t♦❞♦ t > s.

❉❡✜♥✐çã♦ ❆✳✶✹ ✭❙❡♠✐♥♦r♠❛✮ ❬❱❡r ❬✷✼❪✱ ♣✳✷✹❪❯♠❛ s❡♥✐♥♦r♠❛ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ✈❡✲

t♦r✐❛❧ X é ✉♠❛ ❢✉♥çã♦ p : X −→ R✱ t❛❧ q✉❡

✭✐✮ p(x+ y) ≤ p(x) + p(y), ∀ x, y ∈ X❀

✭✐✐✮ p(αx) = |α|p(x), ∀ α ∈ R, x ∈ X✳

❉❡✜♥✐çã♦ ❆✳✶✺ ✭❋❛♠í❧✐❛ ❙❡♣❛r❛❞❛✮ ❬❱❡r ❬✷✼❪✱ ♣✳✷✹❪ ❯♠❛ ❢❛♠í❧✐❛ ❞❡ s❡♠✐♥♦r♠❛s

s♦❜r❡ X é ❞✐t❛ s❡♣❛r❛❞❛ s❡ ♣❛r❛ ❝❛❞❛ x 6= 0 ❝♦rr❡s♣♦♥❞❡ ♣❡❧♦ ♠❡♥♦s ✉♠ p ∈ ℘ t❛❧ q✉❡

p(x) 6= 0✱ ♦♥❞❡ ℘ ❞❡♥♦t❛ ❛ ❢❛♠í❧✐❛ ❞❡ s❡♠✐♥♦r♠❛s✳

❉❡✜♥✐çã♦ ❆✳✶✻ ✭❊s♣❛ç♦ ◆♦r♠á✈❡❧✮ ❬❱❡r ❬✷✼❪✱ ♣✳✽❪ ❯♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ t♦♣ó❧♦❣✐❝♦

X = (X,ℑ) é ♥♦r♠á✈❡❧ s❡ ❡①✐st✐r ✉♠❛ ♥♦r♠❛ ❡♠ X t❛❧ q✉❡ ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ♣❡❧❛

♥♦r♠❛ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ℑ✳
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❚❡♦r❡♠❛ ❆✳✶✼ ❯♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ t♦♣♦❧ó❣✐❝♦ X = (X,ℑ) é ♥♦r♠á✈❡❧ s❡✱ ❡ s♦♠❡♥t❡

s❡✱ s✉❛ ♦r✐❣❡♠ t❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❝♦♥✈❡①❛ ❡ ❧✐♠✐t❛❞❛✳

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ t❡♦r❡♠❛ ✶✳✸✾ ❡♠ ❬✷✼❪✱ ♣✳✷✽✳

❚❡♦r❡♠❛ ❆✳✶✽ ❙❡❥❛ ℘ ✉♠❛ ❢❛♠í❧✐❛ s❡♣❛r❛❞❛ ❞❡ s❡♠✐♥♦r♠❛s ❡♠ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

x✳ ❉❛❞♦ p ∈ ℘ ❡ n ∈ N ❞❡✜♥❛

V (p, n) =

{

x ∈ X / p(x) <
1

n

}

.

❙❡❥❛ β ❛ ❝♦❧❡çã♦ ❞❡ t♦❞❛s ❛s ✐♥t❡rs❡❝çõ❡s ✜♥✐t❛s ❞♦s ❝♦♥❥✉♥t♦s V (p, n)✳ ❊♥tã♦

β é ✉♠❛ ❜❛s❡ ❧♦❝❛❧ ❡q✉✐❧✐❜r❛❞❛ ♣❛r❛ ✉♠❛ t♦♣♦❧♦❣✐❛ ℑ ❞❡ X q✉❡ t♦r♥❛ X ✉♠ ❡s♣❛ç♦

❧♦❝❛❧♠❡♥t❡ ❝♦♥✈❡①♦ t❛❧ q✉❡

✭✐✮ ◗✉❛❧q✉❡r p ∈ ℘ é ❝♦♥tí♥✉❛❀

✭✐✐✮ ❯♠ ❝♦♥❥✉♥t♦ E ⊂ X é ❧✐♠✐t❛❞♦ s❡✱ ❡ só s❡✱ t♦❞♦ p ∈ ℘ é ❧✐♠✐t❛❞♦ ❡♠ E✳

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ t❡♦r❡♠❛ ✶✳✸✼ ❡♠ ❬✷✼❪✱ ♣✳✷✻✳

❖❜s❡r✈❛çã♦ ❆✳✷ ❙❡ ℘ = {pi, i = 1, 2, . . .} é ✉♠❛ ❢❛♠í❧✐❛ ❡♥✉♠❡rá✈❡❧ ❡ s❡♣❛r❛❞❛ ❞❡

s❡♠✐♥♦r♠❛s ❡♠ X✱ ♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ ♠♦str❛ q✉❡ ℘ ✐♥❞✉③ ✉♠❛ t♦♣♦❧♦❣✐❛ ℑ ❝♦♠ ✉♠❛

❜❛s❡ ❧♦❝❛❧ ❡♥✉♠❡rá✈❡❧✳ ❉♦ t❡♦r❡♠❛ ❇✳✵✳✶✼ ♦❜t❡♠♦s q✉❡ ℑ é ♠❡tr✐③á✈❡❧✳

❯♠❛ ♠étr✐❝❛ ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛♥s❧❛çã♦✱ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ℑ ❣❡r❛❞❛ ♣♦r

℘ é ❞❛❞❛ ♣♦r

d(x, y) =
∞
∑

i=1

2−ipi(x− y)

1 + pi(x− y)
.

P❛r❛ ♣r♦✈❛r q✉❡ d é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ℑ✱ ❜❛st❛ ♠♦str❛r q✉❡ ❛s ❜♦❧❛s

Br(0) = {x / d(x, 0) < r}

❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ❧♦❝❛❧ ♣❛r❛ ℑ✳
❉❡s❞❡ q✉❡ ❝❛❞❛ pi é ℑ✲❝♦♥tí♥✉❛ s❡❣✉❡ q✉❡ d é ❝♦♥tí♥✉❛ ♥❛ t♦♣♦❧♦❣✐❛ ♣r♦❞✉t♦✳

❊♥tã♦

Br(0) = {x / d(x, 0) < r} = d−1(−∞, r) × {y = 0}
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é ❛❜❡rt♦ ❡♠ ℑ✳ ❙❡❥❛ W ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ 0✱ ❧♦❣♦ W ⊃ V (p1, n1) ∩ . . . ∩ V (pk, nk). ❙❡

x ∈ Br(0)
∞
∑

i=1

2−ipi(x)

1 + pi(x)
< r ⇒ pi(x)

1 + pi(x)
< 2ir.

❚♦♠❡ r < 2−i

1+ni
, i = 1, . . . k. ❉❛í pi(x)

1+pi(x)
<

1
ni

1+ 1
ni

⇒ pi(x) <
1

ni

⇒ x ∈ W ⊃ V (p1, n1) ∩ . . . ∩ V (pk, nk) ⇒ x ∈ W.

P♦rt❛♥t♦ Br(0) ⊂ W ✱ é ❜❛s❡ ❧♦❝❛❧✳

❊①❡♠♣❧♦ ✸ ❬❱❡r ❬✷✼❪✱ ♣✳✸✶❪✿ ❖ ❡s♣❛ç♦ C([0,∞)) é ✉♠ ❡s♣❛ç♦ ❞❡ ❋ré❝❤❡t✳

❉❡ ❢❛t♦✱ ♥♦t❡ q✉❡

[0,∞) =
⋃

n≥1

Kn,

♦♥❞❡ ❝❛❞❛ Kn = [0, n] é ❝♦♠♣❛❝t♦ ❡ Kn ⊂ Kn+1 ∀ n.
❉❡✜♥❛ pn : C([0,∞)) −→ R ♣♦r

pn(y) = max
r∈Kn

|y(r)| n = 1, 2, . . .

❆✜r♠❛çã♦ ❆✳✶✾ pn é s❡♠✐♥♦r♠❛ ❡ ❝♦♠♣õ❡ ✉♠❛ ❢❛♠í❧✐❛ s❡♣❛r❛❞❛✳

❈♦♠ ❡❢❡✐t♦✱ ❞❛❞♦s x, y ∈ C([0,∞)) t❡♠♦s

(i)pn(x+ y) = max
r∈Kn

|(y + x)(r)| ≤ max
r∈Kn

{|y(r)| + |x(r)|}

≤ max
r∈Kn

|y(r)| + max
r∈Kn

|x(r)| ≤ pn(x) + pn(y)

(ii)pn(αx) = max
r∈Kn

|αx(r)| = |α|max
r∈Kn

|x(r)| = |α|p(x)

❙❡ y 6= 0✱ ❡①✐st❡ r0 ∈ Kn0 t❛❧ q✉❡ y(r0) 6= 0✱ ❧♦❣♦

pn0(y) = max
r∈kn0

{|y(r)|} ≥ |y(r0)| > 0.

P♦rt❛♥t♦ ℘ = {pn} é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s❡♠✐♥♦r♠❛s s❡♣❛r❛❞❛ ❡ ❡♥✉♠❡rá✈❡❧✳

❉♦ t❡♦r❡♠❛ ❇✳✵✳✷✹✱ s❡❣✉❡ q✉❡ ℘ ✐♥❞✉③ ✉♠❛ t♦♣♦❧♦❣✐❛ ℑ ❧♦❝❛❧♠❡♥t❡ ❝♦♥✈❡①❛ ❡♠

C([0,∞))✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ p1 ≤ p2 ≤ p3 . . . t❡♠♦s q✉❡ ♦s ❝♦♥❥✉♥t♦s

βn =

{

y ∈ C([0,∞)) / pn(y) <
1

n

}

,

❞❡t❡r♠✐♥❛ ✉♠❛ ❜❛s❡ ❧♦❝❛❧ ❝♦♥✈❡①❛ ❡ ❡♥✉♠❡rá✈❡❧✳
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▲♦❣♦ C([0,∞)) = (C([0,∞),ℑ) é ♠❡tr✐③á✈❡❧✱ ❡ ❛ t♦♣♦❧♦❣✐❛ ♦❜t✐❞❛ ❞❡ βn é ❝♦♠✲

♣❛tí✈❡❧ ❝♦♠ ❛ ♠étr✐❝❛

d(y1, y2) =
∞
∑

n=1

2−npn(y1 − y2)

1 + pn(y1 − y2)
.

❆✜r♠❛çã♦ ❆✳✷✵ (C([0,∞)), d) é ❝♦♠♣❧❡t♦✳

❙❡❥❛♠ {yi} ⊂ (C([0,∞)), d) s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②

⇒ d(yi, yj)
i,j→∞−→ 0 ⇒ pn(yi − yj)

i,j→∞−→ 0

⇒ |yi(x) − yj(x)| i,j→∞−→ 0 em Kn, n = 1, 2, . . .

⇒ yi −→ wn, uniformemente em Kn, n = 1, 2, . . .

❆❣♦r❛ ❞❡✜♥❛ w : C([0,∞)) −→ R t❛❧ q✉❡ w|kn = wn✳ ❙❡❣✉❡ q✉❡ yi → w

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ Kn, n = 1, 2, . . . com w ∈ C([0,∞))

⇒ pn(yi − w) −→ 0, n = 1, 2, . . .

⇒ d(yi, w) −→ 0

❧♦❣♦ d é ✉♠❛ ♠étr✐❝❛ ❝♦♠♣❧❡t❛✳

P♦rt❛♥t♦ C([0,∞)) = (C([0,∞)), d) é ✉♠ ❡s♣❛ç♦ ❞❡ ❋ré❝❤❡t✳

❊①❡♠♣❧♦ ✹ ✿ C([0,∞)) é ♥ã♦ ♥♦r♠á✈❡❧✳

❖❜s❡r✈❡ q✉❡ ❡♠ ❝❛❞❛ Vn ♣♦❞❡♠♦s t♦♠❛r y t❛❧ q✉❡ pn+1(y) s❡❥❛ tã♦ ❣r❛♥❞❡ q✉❛♥t♦

❞❡s❡❥❛r♠♦s✳ ❙❡❣✉❡ ❞♦ ✐t❡♠ ✭✐✐✮ ❞♦ t❡♦r❡♠❛ ❇✳✵✳✷✾ q✉❡ ♥❡♥❤✉♠❛ ✈✐③✐♥❤❛♥ç❛ Vn é ❧✐♠✐t❛❞❛

❡♠ C([0,∞))✱ ❛ss✐♠ ❞❡❞✉③✐♠♦s ❞♦ t❡♦r❡♠❛ ❇✳✵✳✷✽ q✉❡ C([0,∞)) é ♥ã♦ ♥♦r♠á✈❡❧✳

❚❡♦r❡♠❛ ❆✳✷✶ ✭❆✳ ❚②❝❤♦♥♦✛✮ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♥✈❡①♦ ❡

s❡❥❛ Y ⊂ X ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❡ ❝♦♥✈❡①♦✳ ❙❡ f : Y −→ Y é ❝♦♥tí♥✉❛ ❡♥tã♦

t❡♠ ✉♠ ♣♦♥t♦ ✜①♦✳

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ t❡♦r❡♠❛ ✷✳✷ ❡♠ ❬✽❪✱ ♣✳✹✶✹✳

❚❡♦r❡♠❛ ❆✳✷✷ ✭❏✳ ❙❝❤❛✉❞❡r✮ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ s❡❥❛ Y ⊂ X ✉♠

s✉❜❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❡ ❢❡❝❤❛❞♦ ❡ f : Y −→ Y ❝♦♥tí♥✉❛✳ ❙❡ f(Y ) é ❝♦♠♣❛❝t♦✱ ❡♥tã♦ f

t❡♠ ✉♠ ♣♦♥t♦ ✜①♦✳

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ t❡♦r❡♠❛ ✸✳✷ ❡♠ ❬✽❪✱ ♣✳✹✶✺✳
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❘❡s✉❧t❛❞♦s ❯t✐❧✐③❛❞♦s ♥❛ ❞✐ss❡rt❛çã♦

◆❡st❡ ❛♣ê♥❞✐❝❡ ❡♥✉♥❝✐❛r❡♠♦s ❛s ♣r✐♥❝✐♣❛✐s ❞❡✜♥✐çõ❡s ❡ t❡♦r❡♠❛s ✉t✐❧✐③❛❞♦s ♥♦

❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✳

❚❡♦r❡♠❛ ❇✳✶ ✭❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✮ ❙❡❥❛ {fn}
✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ✐♥t❡❣rá✈❡✐s q✉❡ ❝♦♥✈❡r❣❡ ❡♠ q✉❛s❡ t♦❞❛ ❛ ♣❛rt❡ ♣❛r❛ ✉♠❛

❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ f ✳ ❙❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ g t❛❧ q✉❡

|f | ≤ g para todo n ∈ N,

❡♥tã♦ f é ✐♥t❡❣rá✈❡❧ ❡
∫

fdµ = lim

∫

fndµ.

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ t❡♦r❡♠❛ ✺✳✻ ❡♠ ❬✸❪✱ ♣✳✹✹✳

❚❡♦r❡♠❛ ❇✳✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✮ ❙❡❥❛♠ f ∈ Lp(Ω) ❡ g ∈ Lq(Ω)✱ ♦♥❞❡

1 ≤ p <∞ ❡ 1
p

+ 1
q

= 1✳ ❊♥tã♦

fg ∈ L1(Ω) e |fg|L1(Ω) ≤ |f |Lp(Ω)|g|Lg(Ω).

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ t❡♦r❡♠❛ ✼ ❡♠ ❬✷❪✱ ♣✳ ✶✶✺✳



❆♣ê♥❞✐❝❡ ❇ ✽✾

❚❡♦r❡♠❛ ❇✳✸ ✭❚❡♦r❡♠❛ ❞❡ ❘✐❡s③✲❋ré❝❤❡t✮ ❚♦❞♦ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r f s♦❜r❡ ✉♠ ❡s✲

♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ❡♠ t❡r♠♦s ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦✱ ✐st♦ é✱

f(x) = 〈z, x〉,

♦♥❞❡ z é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦ ❡ ✈❡r✐✜❝❛

‖f‖ = ‖z‖.

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ t❡♦r❡♠❛ ❱✳✺ ❡♠ ❬✹❪✱ ♣✳ ✽✶✳

❉❡✜♥✐çã♦ ❇✳✹ ✭❋✉♥çõ❡s ❝♦♥tí♥✉❛s ❡♠ s✉♣❡r❢í❝✐❡s✮ ✭❱❡r ❬✷✹❪✱ ♣✳✸✵✾✮ ❉✐③❡♠♦s q✉❡

✉♠❛ ❛♣❧✐❝❛çã♦ g : (∂Ω) −→ (0,∞) é ❝♦♥tí♥✉❛ q✉❛♥❞♦✱ ♣❛r❛ ❝❛❞❛ x ∈ ∂Ω✱ ❡①✐st❡ ✉♠❛

♣❛r❛♠❡tr✐③❛çã♦ Φ : V0 ⊂ R
N −→ V ⊂ ∂Ω✱ ❝♦♠ x ∈ V ✱ t❛❧ q✉❡ g ◦ Φ : V0 −→ R é

❝♦♥tí♥✉❛✳

❉❡✜♥✐çã♦ ❇✳✺ ✭❋✉♥çã♦ ❍❛r♠ô♥✐❝❛✮ ✭❱❡r ❬✶✸❪✱ ♣✳✶✸✮ ❙❡❥❛ Ω ✉♠ ❞♦♠í♥✐♦ ❡♠ R
N

❡ u : Ω −→ R ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C2✳ ❆ ❢✉♥çã♦ u é ❞✐t❛ ❤❛r♠ô♥✐❝❛ ✭s✉❜✲

❤❛r♠ô♥✐❝❛❀ s✉♣❡r✲❤❛r♠ô♥✐❝❛✮ ❡♠ Ω s❡ s❛t✐s❢❛③

∆u = 0 em Ω (∆u ≥ 0; ∆u ≤ 0),

♦♥❞❡ ∆u ❞❡♥♦t❛ ♦ ▲❛♣❧❛❝✐❛♥♦ ❞❡ ✉✱ ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦

∆u =
N
∑

i=j

∂2u

∂x2
i

.

❚❡♦r❡♠❛ ❇✳✻ ✭❚❡♦r❡♠❛ ❞❛ ❉✐✈❡r❣ê♥❝✐❛✮ ❙❡❥❛ Ω ⊂ R
N ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✱

∂Ω ∈ C1 ❡ s❡❥❛ ν ❛ ♥♦r♠❛❧ ✉♥✐tár✐❛ ❡①t❡r✐♦r ❛ ∂Ω✳ P❛r❛ ✉♠❛ ❢✉♥çã♦ ✈❡t♦r✐❛❧ F ❡♠

C0(Ω) ∩ C1(Ω) t❡♠♦s
∫

Ω

divFdx =

∫

∂Ω

F · νds

♦♥❞❡ divF = ∇F =
N
∑

i=1

∂Fi

∂xi

❡ ds ✐♥❞✐❝❛ ♦ ❡❧❡♠❡♥t♦ ❞❡ ár❡❛ ❞❡ ❞✐♠❡♥sã♦ N−1 ❡♠ ∂Ω.

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ ❬✼❪

❚❡♦r❡♠❛ ❇✳✼ ✭■❞❡♥t✐❞❛❞❡s ❞❡ ●r❡❡♥✮ ❙❡❥❛ Ω ⊂ R
N ✉♠ ❞♦♠í♥✐♦ ♦♥❞❡ ✈❛❧❡ ♦ t❡♦✲

r❡♠❛ ❞❛ ❞✐✈❡r❣ê♥❝✐❛ ❡ s❡❥❛♠ u, v ∈ C1(Ω) ∩ C2(Ω)✳ ❊♥tã♦



❆♣ê♥❞✐❝❡ ❇ ✾✵

✭■✮ Pr✐♠❡✐r❛ ■❞❡♥t✐❞❛❞❡ ❞❡ ●r❡❡♥
∫

Ω

v∆udx+

∫

Ω

∇u∇vdx =

∫

∂Ω

v
∂u

∂ν
ds

✭■■✮ ❙❡❣✉♥❞❛ ■❞❡♥t✐❞❛❞❡ ❞❡ ●r❡❡♥
∫

Ω

(v∆u− u∆v)dx =

∫

∂Ω

(

v
∂u

∂ν
− u

∂v

∂ν

)

ds

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ ❬✼❪

❉❡✜♥✐çã♦ ❇✳✽ ✭❋✉♥çã♦ ❈♦♥✈❡①❛✮ ✭❱❡r ❬✷✶❪✱ ♣✳✹✹✮ ❯♠ ❝♦♥❥✉♥t♦ K ⊂ R
N é ❞✐t♦

❝♦♥✈❡①♦ s❡ λx + (1 − λ)y ∈ K ♣❛r❛ t♦❞♦ x ❡ y ∈ K ❡ t♦❞♦ 0 ≤ λ ≤ 1✳ ❯♠❛ ❢✉♥çã♦

f : K −→ R✱ é ❞✐t❛ ❢✉♥çã♦ ❝♦♥✈❡①❛ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ K ⊂ R
N s❡ é ✉♠❛ ❢✉♥çã♦ ❞❡

✈❛❧♦r r❡❛❧ s❛t✐s❢❛③❡♥❞♦✿

f(λx+ (1 − λ)y) ≤ λf(x) + (1 − λ)f(y) ✭❇✳✶✮

♣❛r❛ t♦❞♦ x, y ∈ K ❡ t♦❞♦ 0 ≤ λ ≤ 1✳ ❙❡ ❛ ✐❣✉❛❧❞❛❞❡ ♥ã♦ ♦❝♦rr❡ ❡♠ B.1 q✉❛♥❞♦ x 6= y

❡ 0 < λ < 1 ❡♥tã♦ f é ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛✳ ▼❛s ❣❡r❛❧♠❡♥t❡✱ ♥ós ❞✐③❡♠♦s q✉❡

f é ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛ ❡♠ ✉♠ ♣♦♥t♦ x ∈ K s❡ f(x) < λf(y) + (1 + λ)f(z) ♦♥❞❡

x = λy + (1 − λ)z ♣❛r❛ 0 < λ < 1 ❡ y 6= z✳ ❙❡ t❡♠♦s ❛ ✐♥❡q✉❛çã♦ B.1 ❛♦ ❝♦♥trár✐♦✱ f

é ❞✐t❛ ❝♦♥✈❡①❛ ✭❛❧t❡r♥❛t✐✈❛♠❡♥t❡✱ f é ❝ô♥❝❛✈❛ ⇔ −f é ❝♦♥✈❡①❛✮✳ ❆❧é♠ ❞✐ss♦✱ s❡ k é

✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✱ ❡♥tã♦ ❛ ❢✉♥çã♦ ❝♦♥✈❡①❛ é ❝♦♥tí♥✉❛✳

❚❡♦r❡♠❛ ❇✳✾ ❙❡❥❛ f : I −→ R ❞✉❛s ✈❡③❡s ❞❡r✐✈á✈❡❧ ♥♦ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ I✳ P❛r❛ q✉❡

❢ s❡❥❛ ❝♦♥✈❡①❛ é ♥❡❝❡ssár✐♦ ❡ s✉✜❝✐❡♥t❡ q✉❡ f ′(x) ≥ 0✱ ♣❛r❛ t♦❞♦ x ∈ I✳

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ t❡♦r❡♠❛ ✶✶ ❡♠ ❬✷✸❪ ✱ ♣✳ ✷✽✼✳

❚❡♦r❡♠❛ ❇✳✶✵ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♥✮ ❙❡❥❛♠ J : R −→ R ✉♠❛ ❢✉♥çã♦ ❝♦♥✲

✈❡①❛ ❡ f ✉♠❛ ❢✉♥çã♦ r❡❛❧ ❞❡✜♥✐❞❛ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ Ω✱ ♠❡♥s✉rá✈❡❧✳ ❉❡s❞❡ q✉❡ ❏ é

❝♦♥✈❡①❛✱ ❡❧❛ é ❝♦♥tí♥✉❛ ❡ (J ◦ f)(x) = J(f(x)) é ♠❡♥s✉rá✈❡❧ ❡♠ Ω✳

❆ss✉♠❛ q✉❡ µ(Ω) =
∫

Ω
µ dx é ✜♥✐t❛ ❡ s✉♣♦♥❤❛ q✉❡ f ∈ L1(Ω)✱ ♦♥❞❡ 〈f〉 é ✈❛❧♦r

♠é❞✐♦ ❞❡ f ✱ ✐st♦ é✱

〈f〉 =
1

µ(Ω)

∫

Ω

f dµ.

❊♥tã♦

〈J ◦ f〉 ≥ J(〈f〉).

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ t❡♦r❡♠❛ ✷✳✷ ❡♠ ❬✷✶❪✱ ♣✳✹✺✳



❆♣ê♥❞✐❝❡ ❇ ✾✶

❈❛s♦ ❇✳✶✶ ❈♦♥s✐❞❡r❡ J(t) = −tγ ❝♦♠ 0 < γ ≤ 1.

◆♦t❡ q✉❡ J é ❝♦♥✈❡①❛✱ ♣♦✐s

J ′(t) = −γtγ−1 ; J ′′(t) = −γ(γ − 1)tγ−2 ≥ 0,

✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ γ − 1 ≤ 0✳

P♦rt❛♥t♦

J ′′(t) ≥ 0, ∀ t > 0.

❉❡✜♥✐♥❞♦ f(t) = t✱ t❡♠♦s

J(〈f(t)〉) = J(〈t)〉) = J

[

1

v0(SN−1r)

∫

|x|=r

tdσr

]

= −
[

1

v0(SN−1r)

∫

|x|=r

tdσr

]γ

✭❇✳✷✮

♦♥❞❡ v0(S
N−1r) ❞❡♥♦t❛ ♦ ✈♦❧✉♠❡ ❞❛ ❡s❢❡r❛ ❞❡ (N − 1) ❞✐♠❡♥sã♦ ❡ σr é ❛ ♠❡❞✐❞❛ ❞❛

❡s❢❡r❛✳

P♦r ♦✉tr♦ ❧❛❞♦✱

〈J ◦ f(t)〉 = 〈J(t)〉 =
1

v0(SN−1r)

∫

|x|=r

−tγdσ = − 1

v0(SN−1r)

∫

|x|=r

tγdσ, ✭❇✳✸✮

❉❡ ✭❇✳✷✮✱ ✭❇✳✸✮ ❡ ❛♣❧✐❝❛♥❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ s❡❣✉❡ q✉❡

1

v0(SN−1r)

∫

|x|=r

tγdσr ≤
[

1

v0(SN−1r)

∫

|x|=r

tdσr

]γ

,

✐st♦ é✱
∫

|x|=r

tγdσ ≤
[
∫

|x|=r

tdσ

]γ

. ✭❇✳✹✮

❉❡✜♥✐çã♦ ❇✳✶✷ ✭❱❡r ❬✾❪✱ ♣✳✷✷✻✮ ❙❡❥❛ fn : [a, b] −→ R ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s

❝♦♥tí♥✉❛s✱ ❞❡✜♥✐❞❛s ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ [a, b]✳ ❉✐③❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ fn é✿

• ❊q✉✐❝♦♥tí♥✉❛ ✲❙❡ ❞❛❞♦ ε > 0✱ ❡①✐st❡ δ > 0✱ t❛❧ q✉❡ |fn(x) − fn(y)| ≤ ε✱ ♣❛r❛

t♦❞♦ n ∈ N ❡ t♦❞♦ x ❡ y ∈ [a, b] ❝♦♠ |x− y| ≤ δ✳

• ❊q✉✐❧✐♠✐t❛❞❛✭♦✉ ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛✮ ✲ ❙❡ ❡①✐st❡ C > 0✱ t❛❧ q✉❡

|fn(t)| ≤ C, ∀t ∈ [a, b] e ∀ n ∈ N

❙❡❥❛ h ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ C1 ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ X✱ ❡ f : h(X) → R

✐♥t❡❣rá✈❡❧✳ ❆ ❢ór♠✉❧❛ ❞❡ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s ♣❛r❛ ✐♥t❡❣r❛✐s ♠ú❧t✐♣❧❛s✱ é ❞❛❞❛ ♣♦r
∫

h(X)

f(y)dy =

∫

X

f(h(x))| deth′(x)|dx.



❆♣ê♥❞✐❝❡ ❇ ✾✷

❉❡✜♥✐çã♦ ❇✳✶✸ ✭❋✉♥çã♦ ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✐❛♥❛✮ ✭❱❡r ❬✷✹❪✱ ♣✳✸✺✻✮ ❯♠❛ ❛♣❧✐✲

❝❛çã♦ f : X → R
N ✱ ❞❡✜♥✐❞❛ ♥✉♠ ❝♦♥❥✉♥t♦ X ⊂ R

M , ❞✐③✲s❡ ❧♦❝❛❧♠❡♥t❡ ▲✐♣s✲

❝❤✐t③✐❛♥❛ q✉❛♥❞♦✱ ♣❛r❛ t♦❞♦ x ∈ X✱ ❡①✐st❡♠ Vx ⊂ R
M ❛❜❡rt♦ ❝♦♥t❡♥❞♦ x ❡ kx > 0

t❛✐s q✉❡ y, z ∈ Vx ⇒ |f(y) − f(z)| ≤ kx|y − z|. ◆♦✉tr❛s ♣❛❧❛✈r❛s✱ ❡①✐st❡ ✉♠❛ ❝♦❜❡rt✉r❛

❛❜❡rt❛ X ⊂ ∪Vx t❛❧ q✉❡ ❝❛❞❛ r❡str✐çã♦ f
∣

∣(Vx ∩X) é ▲✐♣s❝❤✐t③✐❛♥❛✳

❉❡✜♥✐çã♦ ❇✳✶✹ ✭❈r✐tér✐♦ ❞❡ ❈♦♠♣❛❝✐❞❛❞❡✮ ✭❱❡r ❬✶✼❪✮ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ♥♦r✲

♠❛❞♦s✳ ❯♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r T : X → Y é ❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞❛ s❡q✉ê♥❝✐❛

❧✐♠✐t❛❞❛ {xn} ⊂ X t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ {T (xn)} ⊂ Y ♣♦ss✉✐ ✉♠❛ s✉❜✲

s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✳

❚❡♦r❡♠❛ ❇✳✶✺ ❙❡❥❛ {fn} ✉♠❛ s✉❝❡ssã♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡ ❞❡ ❢✉♥çõ❡s ❝♦♥✲

tí♥✉❛s ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ [a, b]✳ ❊♥tã♦✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ {fn} ❢♦r♠❛♠ ✉♠ ❝♦♥✲

❥✉♥t♦ ❡q✉✐❝♦♥tí♥✉♦ ❞❡ ❢✉♥çõ❡s✳

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ t❡♦r❡♠❛ ✾✳✶✺ ❡♠ ❬✾❪✱ ♣✳✷✷✻✳

❚❡♦r❡♠❛ ❇✳✶✻ ✭❚❡♦r❡♠❛ ❞❡ ❆r③❡❧❛✲❆s❝♦❧✐✮ ❙❡ fn : [a, b] −→ R é ✉♠❛ s❡q✉ê♥✲

❝✐❛ ❞❡ ❢✉♥çõ❡s ❡q✉✐❧✐♠✐t❛❞❛ ❡ ❡q✉✐❝♦♥tí♥✉❛✳❊♥tã♦✱ {fn} ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛

❝♦♥✈❡r❣❡♥t❡ ❡♠ [a, b]✳

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ t❡♦r❡♠❛ ✾✳✶✻ ❡♠ ❬✾❪✱ ♣✳✷✷✼✳

▲❡♠❛ ❇✳✶ ✭▲❡♠❛ ❞❡ ●r♦♥✇❛❧❧✮ ❙❡❥❛♠ α, β ❡ δ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡♠ ✉♠ ✐♥t❡r✈❛❧♦

(a, b)✱ t❛✐s q✉❡ β ≥ 0 ❡

δ(x) ≤ α(x) +

∫ x

x0

β(s)δ(s) ds. ✭❇✳✺✮

❊♥tã♦

δ(x) ≤ α(x) +

∫ x

x0

β(s)α(s)e
∫ x
s

β(u)du ds. ✭❇✳✻✮

❊♠ ♣❛rt✐❝✉❧❛r s❡ α(x) = K =❝♦♥st✱ t❡♠♦s

δ(x) ≤ Ke
∫ x
x0

β(s)ds
. ✭❇✳✼✮

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ ▲❡♠❛ ✸✳✾ ❡♠ ❬✶✶❪✱ ♣✳ ✻✶✳



❆♣ê♥❞✐❝❡ ❇ ✾✸

❆❣♦r❛✱ ❞❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ Prí♥❝✐♣✐♦

❞♦ ▼á①✐♠♦ ❋♦rt❡✳✭❱❡r ❬✶✸❪✮

❈♦♥s✐❞❡r❡ ♦♣❡r❛❞♦r ❞✐❢❡r❡♥❝✐❛❧ ❡❧í♣t✐❝♦ ❧✐♥❡❛r ❞❛ ❢♦r♠❛

Lu = aij(x)Diju+ bi(x)Diu+ c(x)u, aij = aji, i, j = 1, 2, . . . N e aij, b
iec ∈ C(Ω̄)

♦♥❞❡ x = (x1, . . . , xn) ❡stá ❡♠ ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ Ω ⊂ R
N ♣❛r❛ N ≥ 2✳

❉✐③❡♠♦s q✉❡ ▲ é ✉♠ ♦♣❡r❛❞♦r ❡❧í♣t✐❝♦ ♥✉♠ ♣♦♥t♦ x ∈ Ω s❡ ❛ ♠❛tr✐③ [aij(x)] é

♣♦s✐t✐✈❛❀ ✐st♦ é✱ s❡ α(x) e A(x) ❞❡♥♦t❛♠ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦ ♠í♥✐♠♦ ❡ ♦ ♠á①✐♠♦ ❞♦s

❛✉t♦✈❛❧♦r❡s ❞❡ [aij(x)]✱ ❡♥tã♦

0 < α(x)|ξ|2 ≤ aij(x)ξiξj ≤ A(x)|ξ|2

♣❛r❛ t♦❞♦ ξ = (ξ1, . . . , ξn) ∈ R
N\0✳ ❙❡ A/α é ❧✐♠✐t❛❞♦ ❡♠ Ω ❞✐③❡♠♦s q✉❡ L é ✉♥✐❢♦r♠❡✲

♠❡♥t❡ ❡❧í♣t✐❝♦✳

❊①❡♠♣❧♦ ✺ ❖ ♦♣❡r❛❞♦r ▲❛♣❧❛❝✐❛♥♦ ∆ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❡❧í♣t✐❝♦✳

❉❡ ❢❛t♦✱ ♣♦r ❞❡✜♥✐çã♦

∆u =
N
∑

i=1

∂2u

∂xi
2
i = 1, 2, . . . N.

◆♦t❡ q✉❡ ❡ss❡ ♦♣❡r❛❞♦r é ❞❛ ❢♦r♠❛

aij =







1 , se i = j

0 , se i 6= j

❡ b = c = 0, ∀ x ∈ Ω ⊂ R
N .

❊♥tã♦ ❞❛❞♦ ξ ∈ R
N q✉❛❧q✉❡r✱ ♦♥❞❡ ξ = (ξ1, ξ2, . . . , ξN)✱ t❡♠♦s

N
∑

i,j=1

aijξiξj =
N
∑

i=1

ξi
2 = ‖ξ‖2,

❢❛③❡♥❞♦ θ = 1 ♦❜t❡♠♦s
N
∑

i,j=1

aijξiξj ≥ θ‖ξ‖2.

P♦rt❛♥t♦✱ ∆ é ✉♠ ♦♣❡r❛❞♦r ✉♥✐❢♦r♠❡♠❡♥t❡ ❡❧í♣t✐❝♦✳



❆♣ê♥❞✐❝❡ ❇ ✾✹

❚❡♦r❡♠❛ ❇✳✶✼ ✭Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ❋♦rt❡ ❞❡ ❍♦♣❢✮ ❙❡❥❛♠✱ ∆u ≥ 0 (∆u ≤
0✮ ♥✉♠ ❞♦♠í♥✐♦ Ω ✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❧✐♠✐t❛❞♦✮✳ ❊♥tã♦ s❡ u ❛t✐♥❣❡ ♦ s❡✉ ♠á①✐♠♦

✭♠í♥✐♠♦✮ ♥♦ ✐♥t❡r✐♦r ❞❡ Ω✱ u é ✉♠❛ ❝♦♥st❛♥t❡✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❢✉♥çã♦ ❤❛r♠ô♥✐❝❛

♥ã♦ ♣♦❞❡ ❛t✐♥❣✐r ✉♠ ♠á①✐♠♦ ♥ã♦ ♥❡❣❛t✐✈♦ ✭♠í♥✐♠♦ ♥ã♦ ♣♦s✐t✐✈♦✮ ♥♦ ✐♥t❡r✐♦r ❞❡ Ω ❛

♠❡♥♦s q✉❡ s❡❥❛ ❝♦♥st❛♥t❡✳

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ ❚❡♦r❡♠❛ ✷✳✷ ❡♠ ❬✶✸❪✱ ♣✳ ✶✺✳

❚❡♦r❡♠❛ ❇✳✶✽ ✭Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ❋r❛❝♦✮

❙✉♣♦♥❤❛ q✉❡ u ∈ C2(Ω) ∩ C(Ω̄)✱ ❡ Ω ❧✐♠✐t❛❞♦✳ ❊♥tã♦

✭✐✮ ❙❡ ∆u ≥ 0 ❡♠ Ω, max
Ω

u = max
∂Ω

u

✭✐✐✮ ❙❡ ∆u ≤ 0 ❡♠ Ω, min
Ω
u = min

∂Ω
u

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ ❚❡♦r❡♠❛ ✷✳✸ ❡♠ ❬✶✸❪✱ ♣✳ ✶✺✳

❉❡✜♥✐çã♦ ❇✳✶✾ ✭❋✉♥çã♦ ❍ö❧❞❡r ❈♦♥tí♥✉❛✮ ✭❱❡r ❬✶✵❪✮ ❯♠❛ ❢✉♥çã♦ u : Ω̄ −→ R

é ❍ö❧❞❡r ❝♦♥tí♥✉❛ ❞❡ ❡①♣♦❡♥t❡ α, 0 < α < 1✱ s❡

Hα[u] = sup
x6=y

|u(x) − u(y)|
|x− y|α <∞.

❚❡♦r❡♠❛ ❇✳✷✵ ✭❊st✐♠❛t✐✈❛ ■♥t❡r✐♦r✮ ❙❡❥❛♠ Ω ✉♠ ❞♦♠í♥✐♦ ❞❡ R
N ❡ u ∈ C2(Ω)✱

f ∈ C0,ν
loc (Ω) t❛❧ q✉❡ ∆u = f ❡♠ Ω✳ ❊♥tã♦ u ∈ C2,ν

loc (Ω)✱ ❡ ♣❛r❛ Ω0✱ Ω1 ⊂ Ω ✱ ❝♦♠

Ω0 ⊂ Ω1,Ω1 ⊂ Ω ❡ Ω1 ❝♦♠♣❛❝t♦✱ t❡♠♦s

‖u‖2,ν,Ω0 ≤ K (‖u‖∞,Ω1 + ‖f‖0,ν,Ω1) ,

♦♥❞❡ K = K(Ω0,Ω1)✳

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ ❚❡♦r❡♠❛ ✹✳✻ ❡♠ ❬✶✸❪✱ ♣✳ ✻✵ ❡ ❚❡♦r❡♠❛ ✶✳✼ ❡♠ ❬✶✵❪✱ ♣✳✶✶✳

❚❡♦r❡♠❛ ❇✳✷✶ ❙❡❥❛ c ≥ 0✱ ❝♦♥st❛♥t❡✳ ❙❡ f ∈ C0,ν
loc (Ω) ❡ ϕ ∈ C(∂Ω) ❡♥tã♦







∆u− cu = f em Ω,

u = ϕ em ∂Ω.

t❡♠ s♦❧✉çã♦ ú♥✐❝❛ u ∈ C2(Ω) ∩ C(Ω)✳

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ ❚❡♦r❡♠❛ ✻✳✶✸ ❡♠ ❬✶✸❪✱ ♣✳ ✶✵✻✳



❆♣ê♥❞✐❝❡ ❇ ✾✺

❚❡♦r❡♠❛ ❇✳✷✷ ❙✉♣♦♥❤❛ q✉❡ u ❡ v ∈ C2(Ω) ∩ C(Ω) ❡ c ≥ 0✱ ❝♦♥st❛♥t❡✳ ❙❡







∆u− cu ≥ ∆v − cv em Ω,

u ≤ v em ∂Ω,

❡♥tã♦ u ≤ v ❡♠ Ω✳

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ ❚❡♦r❡♠❛ ✸✳✸ ❡♠ ❬✶✸❪✱ ♣✳ ✸✸✳

❚❡♦r❡♠❛ ❇✳✷✸ ✭■♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✮ ❙❡❥❛♠ Ω ⊂ R
N ❞♦♠í♥✐♦ ❞❡ ❝❧❛ss❡ C1✱ m ∈

N ❡ 1 ≤ p <∞. ❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r j ∈ N t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s✿

✭✐✮ ❙❡ m <
N

p
, ❡♥tã♦

W j+m,p(Ω) →֒ W j,q(Ω), ∀q ∈ [p, p∗], onde
1

p∗
=

1

p
− m

N
, ou seja p∗ =

2N

N − 2m
;

✭✐✐✮ ❙❡ m =
N

p
, ❡♥tã♦

W j+m,p(Ω) →֒ W j,q(Ω), ∀q ∈ [p,∞);

✭✐✐✐✮ ❙❡ m >
N

p
, ❡♥tã♦

W j+m,p(Ω) →֒ Cj
B(Ω).

❖♥❞❡ Cj
B(Ω) é ♦ s✉❜❡s♣❛ç♦ ❞❡ Cj(Ω) ❢♦r♠❛❞♦ ♣❡❧❛s ❢✉♥çõ❡s q✉❡ ❥✉♥t❛♠❡♥t❡ ❝♦♠

❛s s✉❛s ❞❡r✐✈❛❞❛s ❛té ❛ ♦r❞❡♠ j sã♦ ❧✐♠✐t❛❞❛s ❡♠ Ω✳ ◆❡st❡ ❡s♣❛ç♦ ✉s❛♠♦s ❛

♥♦r♠❛

‖u‖Cj
b
(Ω) = max sup

0≤|α|≤j

|Dαu(x)|

✭✐✈✮ ❙❡ m >
N

p
> m− 1, ❡♥tã♦

W j+m,p(Ω) →֒ Cj,α(Ω), 0 < α ≤ m− N

p
.

Pr♦✈❛✳ ❱❡r ❬✶✵❪✳



❆♣ê♥❞✐❝❡ ❇ ✾✻

▲❡♠❛ ❇✳✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❡♥tr❡ ❛s ♠é❞✐❛s ❛r✐t♠ét✐❝❛ ❡ ❣❡♦♠étr✐❝❛✮ ❙❡ ai > 0

❡ pi > 0 sã♦ ♥ú♠❡r♦s r❡❛✐s✱ ❝♦♠ i = 1, 2, . . . , n ❡
n
∑

i=1

pi = 1 ❡♥tã♦

n
∏

i=1

api
i ≤

n
∑

i=1

piai,

✐st♦ é✱

ap1

1 a
p2

2 . . . apn
n ≤ p1a1 + p2a2 + . . .+ pnan.

Pr♦✈❛✳ ❱❡r ❬✾❪✳

❈❛s♦ ❇✳✷✹ ❯♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✿

❙❡ a, b > 0, α, β ≥ 0 e α+ β = 1✱ ❡♥tã♦✱

aαbβ ≤ αa+ βb, ♦♥❞❡ β = 1 − α; 0 ≤ β ≤ 1.

❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ t❡♠♦s

aα ≤ (αa+ βb)b−β

= [αa+ (1 − α)b]bα−1

≤ αabα−1 + bα − αbbα−1.

❉❛í✱

aα − bα ≤ αbα−1(a− b), 0 ≤ α ≤ 1.

❉❡ ♦♥❞❡ s❡❣✉❡✱ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C = C(α) > 0✱ t❛❧ q✉❡

|aα − bα| ≤ C(α)|a− b|. ✭❇✳✽✮

❚❡♦r❡♠❛ ❇✳✷✺ ✭▲❛①✲▼✐❧❣r❛♥✮ ❙❡❥❛ H ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ a : H × H −→ R

✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❜✐❧✐♥❡❛r✱ ❝♦♥tí♥✉❛ ❡ ❝♦❡r❝✐✈❛✳ ■st♦ é✱

✭✐✮ ❈♦♥tí♥✉❛✱ s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ❈✱ t❛❧ q✉❡

|a(u, v)| ≤ C|u||v| ∀ u, v ∈ H,

✭✐✐✮ ❈♦❡r❝✐✈❛✱ s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ α > 0 t❛❧ q✉❡

a(u, v) ≥ α|v|2 ∀ v ∈ H.

❊♥tã♦✱ ♣❛r❛ t♦❞❛ ϕ ∈ H ′✱ ❡①✐st❡ ú♥✐❝♦ u ∈ H t❛❧ q✉❡

ϕ(v) = a(u, v) ∀ v ∈ H.

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ t❡♦r❡♠❛ ❱✳✻ ❡ ❈♦r♦❧ár✐♦ ❱✳✽ ❡♠ ❬✹❪✱ ♣✳ ✽✷✲✽✹✳



❆♣ê♥❞✐❝❡ ❇ ✾✼

❚❡♦r❡♠❛ ❇✳✷✻ ❙❡ ❢✭✉✮ é ♥ã♦ ❞❡❝r❡s❝❡♥t❡ ❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s (F ) e (KO)✱ ✐st♦ é✱

• (F ) f ∈ C1[0,∞), f ′ ≥ 0, f(0) = 0 e f > 0 em (0,∞)

❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❑❡❧❧❡r✲❖ss❡r♠❛♠

• (KO)
∫ ∞

1

[2F (t)]−1/2dt <∞ onde F (t) =

∫ t

0

f(s)ds.

❊♥tã♦✱ ❡♠ ❛❧❣✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ Ω ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ❞❡






∆u = f(u) em Ω,

u(x) → ∞ quando x→ ∂Ω.

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ ❚❡♦r❡♠❛ ■■■ ❡♠ ❬✶✻❪✱ ♣✳✺✵✹✳

❚❡♦r❡♠❛ ❇✳✷✼ ◆❛ ❜♦❧❛ Ω : |x| < R em R
N , ❝♦♥s✐❞❡r❡ u > 0 ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛

❡♠ C2(Ω) ❞❡






∆u = −f(u) quando |x| < R,

u = 0 quando |x| = R.

❙❡ f é ❞❡ ❝❧❛ss❡ C1✳ ❊♥tã♦ u ❡ r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛ ❡

∂u

∂r
< 0, para 0 < r < R.

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ ❚❡♦r❡♠❛ ✶ ❡♠ ❬✶✷❪✱ ♣✳✷✵✾✳

❚❡♦r❡♠❛ ❇✳✷✽ ❙❡❥❛ f ∈ Lp(Ω) ❝♦♠ 1 < p <∞✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛

u ∈ W 2,p(Ω) ∩W 1,2
0 (Ω) t❛❧ q✉❡







−∆u = f em Ω,

u = 0 em ∂Ω,

❛❧é♠ ❞✐ss♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ f ❡ u t❛❧ q✉❡

‖u‖2,p,Ω ≤ C‖f‖p,Ω.

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ p > N
2

❡ ϕ ∈ C(Ω)✱ ❡♥tã♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛







−∆u = f em Ω,

u = ϕ em ∂Ω,

Pr♦✈❛✳ ❈♦♥❢♦r♠❡ ❚❡♦r❡♠❛ ✶✶✳✸ ❡♠ ❬✶✺❪✱ ♣✳✹✷✳



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❇❆◆❉▲❊✱ ❈✳ & ▼❛r❝✉s✱ ▼✳✱ ▲❛r❣❡ ❙♦❧✉t✐♦♥s ♦❢ s❡♠✐❧✐♥❡❛r ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s✿ ❡①✲

✐st❡♥❝❡✱ ✉♥✐q✉❡♥❡ss ❛♥❞ ❛ss②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r✱ ❏✳ ❆♥❛❧✳ ▼❛t❤✳ ✺✽ ✭✶✾✾✷✮✱ ✾✲✷✹✳

❬✷❪ ❇❆❘❘❆✱ ●✳ ❞❡✱✳ ▼❡❛s✉r❡ t❤❡♦r② ❡ ■♥t❡❣r❛t✐♦♥✳ ◆❡✇ ❨♦r❦✿ ❏♦❤♥ ❲✐❧❡②✱ ♣✳ ✷✸✾✱ ❬

✶✾✽✶❪✳

❬✸❪ ❇❆❘❚▲❊✱ ❘♦❜❡rt ●❛r❞♥❡r✱✳ ❚❤❡ ❡❧❡♠❡♥ts ♦❢ ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡✳

❬✶st ❡❞✳❪ ◆❡✇ ❨♦r❦✿ ❏♦❤♥ ❲✐❧❡②✱ ♣✳ ✶✼✾✱ ❬✶✾✺✺❪✳

❬✹❪ ❇❘➱❩■❙✱ ❍✳ ❆♥❛❧②s❡ ❢♦♥❝t✐♦♥♥❡❧❧❡ ✿ t❤é♦r✐❡ ❡t ❛♣♣❧✐❝❛t✐♦♥s ✳ P❛r✐s✿ ▼❛ss♦♥✱ ♣✳

✷✸✸✱ ❬✶✾✽✸❪✳

❬✺❪ ❈❍❊◆●✱ ❑✲❙✳✱ & ◆■✱ ❲❡✐✲▼✐♥❣✱ ❖♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❝♦♥❢♦r♠❛❧ s❝❛❧❛r ❝✉r✈❛t✉r❡

❡q✉❛t✐♦♥ ♦♥ R
N ✱ ■♥❞✐❛♥❛ ❯♥✐✈✳ ▼❛t❤✳ ❏✳ ✹✶ ✭✶✾✾✷✮✱ ✷✻✶✲✷✼✽✳

❬✻❪ ❈❰❘❙❚❊❆✱ ❋❧♦r✐❝❛ ❙t✳✱ & ❘❆❉❯▲❊❙❈❯✱ ❱✐❝❡♥t✐✉ ❉✳✱ ❇❧♦✇✲✉♣ ❜♦✉♥❞❛r② s♦❧✉t✐♦♥s

♦❢ s❡♠✐❧✐♥❡❛r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s✱ ◆♦♥❧✐♥❡❛r ❆♥❛❧✳ ✹✽ ✭✷✵✵✷✮✱ ✺✷✶✲✺✸✹✳

❬✼❪ ❊❱❆◆❙✱ ▲✳ ❈✳P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱

❬✶✾✾✽❪✳

❬✽❪ ❉❯●❯◆❉❏■✱ ❏❛♠❡s✳ ❚♦♣♦❧♦❣②✳ ❇♦st♦♥✿ ❆❧❧②♥ ❛♥❞ ❇❛❝♦♥✱ ■♥❝✳ ♣✳ ✹✹✼✱ ❬✶✾✻✻❪✳

❬✾❪ ❋■●❯❊■❘❊❉❖✱ ❉❥❛✐r♦ ●✳ ❆♥á❧✐s❡ ■✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ▲✐✈r♦s ❚é❝♥✐❝♦s ❡ ❈✐❡♥tí✜❝♦s

❙✳❆✳ ♣✳ ✷✺✻✱ ❬✶✾✾✻❪✳ ❏❛♥❡✐r♦ ✲ ❘❏✳

❬✶✵❪ ❋■●❯❊■❘❊❉❖✱ ❉❥❛✐r♦ ●✳✱ ❊q✉❛çõ❡s ❊❧í♣t✐❝❛s ♥ã♦ ▲✐♥❡❛r❡s✳ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠á✲

t✐❝❛ P✉r❛ ❡ ❆♣❧✐❝❛❞❛ ❞♦ ❈✳◆✳Pq✱ ✭■▼P❆✮✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦ ✲ ❘❏✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✾✾

❬✶✶❪ ❋■●❯❊■❘❊❉❖✱ ❉❥❛✐r♦ ●✳✱ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ❆♣❧✐❝❛❞❛s ✭ ✷✳ ❊❞✐çã♦✮✳ ■♥st✐t✉t♦

❞❡ ▼❛t❡♠át✐❝❛ P✉r❛ ❡ ❆♣❧✐❝❛❞❛ ❞♦ ❈✳◆✳Pq✱ ✭■▼P❆✮✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ♣✳ ✻✶✲✻✷✱

❬✷✵✵✷❪✳

❬✶✷❪ ●■❉❆❙ ❇✳✱ ◆■✱ ❲✳ ▼✳ & ◆■❘❊◆❇❊❘●✱ ▲✳✱ ❙②♠♠❡tr② ❛♥❞ r❡❧❛t❡❞ ♣r♦♣❡rt✐❡s ✈✐❛

t❤❡ ♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡✱ ❈♦♠♠✳ ▼❛t❤✳ P❤②s✳✱ ✻✽ ✭✶✾✼✾✮ ✱ ♣✳ ✷✵✾✲✷✹✸✱ ❬✶✾✼✷❪✳

❬✶✸❪ ●■▲❇❆❘❉✱ ❉✳ & ❚❘❯❉■◆●❊❘✱ ◆✳❙✳ ❊❧❧✐♣t✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ♦❢ s❡❝✲

♦♥❞ ♦r❞❡r✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ❇❡r❧✐♥✳ ♣✳ ✺✶✼✱❬✶✾✾✽❪✳

❬✶✹❪ ❍❖▲❆◆❉❆✱ ❆♥❣❡❧♦ ❘♦❝❛❧❧✐ ❋✉rt❛❞♦ ❞❡✳ ❙♦❧✉çõ❡s P♦s✐t✐✈❛s ❞❡ Pr♦❜❧❡♠❛s ❙✐♥❣✉✲

❧❛r❡s t✐♣♦ ❇❧♦✇✲✉♣✳ ❇r❛sí❧✐❛✲❉❋✿ ❯◆❇✱ ❬✷✵✵✺❪✳

❬✶✺❪ ❑❆❱■❆◆✱ ❖✳✱ ■♥tr♦❞✉❝t✐♦♥ à ❧❛ t❤é♦r✐❡ ❞❡s ♣♦✐♥ts ❝r✐t✐q✉❡s ❡t ❛♣♣❧✐❝❛t✐♦♥s ❛✉①

♣r♦❜❧è♠❡s ❡❧❧✐♣t✐q✉❡s ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ❬✶✾✾✸❪✳

❬✶✻❪ ❑❊▲▲❊❘✱ ❏✳ ❇✳✱ ❖♥ ❙♦❧✉t✐♦♥ ♦❢ ∆u = f(u)✱ ❈♦♠♠♠✳ P✉r❡✳ ❆♣♣❧✳ ▼❆t❤✳ ✶✵✭✶✾✺✼✮✱

✺✵✸✲✺✶✵✳

❬✶✼❪ ❑❘❊❨❙❩■●✱ ❊r✇✐♥✳ ■♥tr♦❞✉❝t♦r② ❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s✳ ◆❡✇ ❨♦r❦✿

❲✐❧❡②✱ ♣✳ ✻✽✽✱ ❬✶✾✼✽❪✳

❬✶✽❪ ❑❯❙❆◆❖✱ ❚❛❦❛ŝ✐ & ❖❍❆❘❯✱ ❙❤✐♥♥♦s✉❦❡✱ ❇♦✉♥❞❡❞ ❡♥t✐r❡ s♦❧✉t✐♦♥s ♦❢ s❡❝♦♥❞✲

♦r❞❡r s❡♠✐❧✐♥❡❛r ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s ✇✐tt❤ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛ ♣❛r❛❜♦❧✐❝ ✐♥✐t✐❛❧ ✈❛❧✉❡

♣r♦❜❧❡♠✱ ■♥❞✐❛♥❛ ❯♥✐✈✳ ▼❛t❤✳ ❏✳ ✸✹ ✭✶✮✭✶✾✽✺✮ ✽✺✲✾✺✳

❬✶✾❪ ▲❆■❘✱ ❆❧❛♥ ❱✳ & ❙❍❆❑❊❘✱ ❆✐❤✉❛ ❲✳✱ ❈❧❛ss✐❝❛❧ ❆♥❞ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ ❛ s✐♥❣✉❧❛r

s❡♠✐❧✐♥❡❛r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠✱ ❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳ ✷✶✶ ✭✶✾✾✼✮ ✸✼✶✲✸✽✺✳

❬✷✵❪ ▲❆■❘✱ ❆❧❛♥ ❱✳ & ❙❍❆❑❊❘✱ ❆✐❤✉❛ ❲✳✱ ▲❛r❣❡ s♦❧✉t✐♦♥s ♦❢ s✉❜❧✐♥❡❛r ❡❧❧✐♣t✐❝ ❡q✉❛✲

t✐♦♥s✱ ◆♦♥❧✐♥❡❛r ❆♥❛❧✳ ✸✾✭✷✵✵✵✮✱ ✼✹✺✲✼✺✸✳

❬✷✶❪ ▲■❊❇✱ ❊❧❧✐♦tt ❍✳ ❘❡❛❧ ❛♥❛❧②s✐s✳ Pr♦✈✐❞❡♥❝❡✱ ❘❤♦❞❡ ■s❧❛♥❞✿ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧
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