
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ●r❛❞✉❛❞❛s
♣❛r❛ ➪❧❣❡❜r❛s ❞❡ ▼❛tr✐③❡s

♣♦r

❙✐r❧❡♥❡ ❚r❛❥❛♥♦ ❆❧✈❡s

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❉✐♦❣♦ ❉✐♥✐③ P❡r❡✐r❛ ❞❛ ❙✐❧✈❛ ❡ ❙✐❧✈❛

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

▼❛rç♦✴✷✵✶✷



■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ●r❛❞✉❛❞❛s
♣❛r❛ ➪❧❣❡❜r❛s ❞❡ ▼❛tr✐③❡s

♣♦r

❙✐r❧❡♥❡ ❚r❛❥❛♥♦ ❆❧✈❡s

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ➪❧❣❡❜r❛

❆♣r♦✈❛❞❛ ♣♦r✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❆♥tô♥✐♦ P❡r❡✐r❛ ❇r❛♥❞ã♦ ❏ú♥✐♦r

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ P❧❛♠❡♥ ❑♦s❤❧✉❦♦✈

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖

Pr♦❢✳ ❉r✳ ❉✐♦❣♦ ❉✐♥✐③ P❡r❡✐r❛ ❞❛ ❙✐❧✈❛ ❡ ❙✐❧✈❛

❖r✐❡♥t❛❞♦r

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

▼❛rç♦✴✷✵✶✷

✐✐



❆❜str❛❝t

❚❤❡ ♠❛✐♥ t❤❡♠❡ ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✐s t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣r❛❞❡❞ ♣♦❧②♥♦♠✐❛❧

✐❞❡♥t✐t✐❡s ♦❢ t❤❡ ❛❧❣❡❜r❛ Mn(K)✳ ❉✐✛❡r❡♥t ♠❡t❤♦❞s ❛r❡ ✉s❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡

❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ✜❡❧❞✿ ✐❢ ❈❤❛r ❑ = 0✱ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s

✐s r❡❞✉❝❡❞ t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐❧✐♥❡❛r ❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s✱ ✇❤❛t ✇❛s ❞♦♥❡ ✐♥

❈❤❛♣t❡r 2✱ ✇❤❡r❡ t❤❡ ✐❞❡♥t✐t✐❡s ♦❢ Mn(K) ❛r❡ ❞❡s❝r✐❜❡❞ ❢♦r ❛ ✇✐❞❡ ❝❧❛ss ♦❢ ❡❧❡♠❡♥t❛r②

❣r❛❞✐♥❣s❀ ✐❢ ❈❤❛r ❑ ❂♣❃✵ ❛♥❞ K ✐s ✐♥✜♥✐t❡✱ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s ✐s

r❡❞✉❝❡❞ t♦ t❤❡ st✉❞② ♦❢ t❤❡ ♠✉❧t✐✲❤♦♠♦❣❡♥❡♦✉s ✐❞❡♥t✐t✐❡s✱ ✇✐❝❤ ♠❛❦❡s ✐t ❤❛r❞❡r✱ ❛♥❞

t❡❝❤♥✐q✉❡s s✉❝❤ ❛s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❣❡♥❡r✐❝ ❛❧❣❡❜r❛s ❛r❡ ♥❡❝❡ss❛r②✳ ■♥ ❈❤❛♣t❡r 3 t❤❡

Z ❛♥❞ Zn✲❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s ♦❢ Mn(K) ❛r❡ ❞❡s❝r✐❜❡❞ ❢♦r ❛♥ ✐♥✜♥✐t❡ ✜❡❧❞ K✳

❑❡②✇♦r❞s✿ ●r❛❞❡❞ ❆❧❣❡❜r❛s✱ ▼❛tr✐① ❆❧❣❡❜r❛s✱ ●✲●r❛❞❡❞ ■❞❡♥t✐t✐❡s✳

✐✐✐



❘❡s✉♠♦

❖ t❡♠❛ ❝❡♥tr❛❧ ❞❡st❛ ❞✐ss❡rt❛çã♦ é ❛ ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ Mn(K)✳ ▼ét♦❞♦s ❞✐❢❡r❡♥t❡s sã♦ ❡♠♣r❡❣❛❞♦s ❝♦♥❢♦r♠❡ ❛

❝❛r❛❝t❡ríst✐❝❛ ❞♦ ❝♦r♣♦✿ s❡ ❈❤❛r ❑ = 0✱ à ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s s❡

r❡❞✉③ ❛ ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s✱ ♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥♦ ❈❛♣ít✉❧♦ 2✱ ♦♥❞❡ sã♦

❞❡s❝r✐t❛s ❛s ✐❞❡♥t✐❞❛❞❡ ❞❡ Mn(K) ❝♦♠ ✉♠❛ ❝❧❛ss❡ ❛♠♣❧❛ ❞❡ ❣r❛❞✉❛çõ❡s ❡❧❡♠❡♥t❛r❡s❀

s❡ ❈❤❛r ❑ ❂♣❃✵ ❡ K é ✐♥✜♥✐t♦✱ ❛ ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s é r❡❞✉③✐❞❛

à ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐✲❤♦♠♦❣ê♥❡❛s✱ q✉❡ t♦r♥❛ ♦ ♣r♦❜❧❡♠❛ ♠❛✐s ❞✐❢í❝✐❧✱ ❡

té❝♥✐❝❛s ❝♦♠♦ ❛ ❝♦♥str✉çã♦ ❞❡ á❧❣❡❜r❛s ❣❡♥ér✐❝❛s sã♦ ♥❡❝❡ssár✐❛s✳ ◆♦ ❈❛♣ít✉❧♦ 3 sã♦

❞❡s❝r✐t❛s ❛s ✐❞❡♥t✐❞❛❞❡s Z ❡ Zn✲❣r❛❞✉❛❞❛s ❞❡ Mn(K) ♣❛r❛ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ➪❧❣❡❜r❛s ●r❛❞✉❛❞❛s✱ ➪❧❣❡❜r❛s ▼❛tr✐❝✐❛✐s✱ ■❞❡♥t✐❞❛❞❡s ●✲

●r❛❞✉❛❞❛s✳

✐✈



❆❣r❛❞❡❝✐♠❡♥t♦s

▼✐♥❤❛ ❡t❡r♥❛ ❣r❛t✐❞ã♦ ❛ ❉❡✉s✱ ♣♦r ♠❡ ❝♦♥❝❡❞❡r ♦ ♠❛r❛✈✐❧❤♦s♦ ❞♦♠ ❞❛ ✈✐❞❛✱ ♣♦r

t♦❞❛s ❛s ♦♣♦rt✉♥✐❞❛❞❡s ❡ ♣❡❧❛ ❢♦rç❛ ♠❛✐♦r q✉❡ ♠❡ ❢❡③ ♣❡rs✐st✐r ❞✐❛♥t❡ ❞♦s ♦❜stá❝✉❧♦s✳

❆♦s ♠❡✉s ♣❛✐s ❙❡✈❡r✐♥❛ ❆❧✈❡s ❡ ❏♦sé ❆❧✈❡s✱ ♣♦r s❡♠♣r❡ ❛❝r❡❞✐t❛r❡♠ ❡♠ ♠✐♠ ❡ ♣♦r

❢❛③❡r❡♠ ♦ ♣♦ssí✈❡❧ ♣❛r❛ ♠❡ ♣r♦♣♦r❝✐♦♥❛r ✉♠❛ ❜♦❛ ❡❞✉❝❛çã♦✱ ♠❡s♠♦ ❡♠ s✉❛s ❧✐♠✐t❛çõ❡s✳

❆s ♠✐♥❤❛s ✐r♠ãs ❙✐♠♦♥❡ ❡ ❙✐❞❡♥❡✱ ♠✐♥❤❛ s♦❜r✐♥❤❛ ❚❤❛♠②s ❡ ♠❡✉ ❝✉♥❤❛❞♦

❆✉❣✉st♦ ♣❡❧♦ ❝❛r✐♥❤♦✳

❆♦ ♠❡✉ ❛♠♦r✱ ❑❡♥♥❡❞② ◆✉♥❡s✱ ♣♦r t❡r s✐❞♦ ♣r❡s❡♥t❡ ♥♦s ♠♦♠❡♥t♦s ❞❡ ❛♥❣✉st✐❛✳

❆♦ Pr♦❢✳ ❉✐♦❣♦ ❉✐♥✐③✱ ♣❡❧♦ ❛♣r❡♥❞✐③❛❞♦ ♥❛s ❞✐s❝✐♣❧✐♥❛s ♠✐♥✐str❛❞❛s✱ ♣❡❧❛

♦r✐❡♥t❛çã♦✱ ♣❛❝✐ê♥❝✐❛✱ ❞❡❞✐❝❛çã♦ ❡ ♣♦r t♦❞❛s ❛s s✉❣❡stõ❡s q✉❡ ❛❥✉❞❛r❛♠ ❛ ♠❡❧❤♦r❛r

❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♦ ♥♦ss♦ tr❛❜❛❧❤♦✳

❆♦s ♣r♦❢❡ss♦r❡s ❞♦ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❞❛ ❯❋❈● q✉❡ ❝♦♥tr✐❜✉ír❛♠

❝♦♠ ♠❡✉ ❛♣r❡♥❞✐③❛❞♦ ♥❡st❡s ❞♦✐s ❛♥♦s✿ ❆♥tô♥✐♦ ❇r❛♥❞ã♦✱ ❇rá✉❧✐♦ ▼❛✐❛✱ ❈❧❛✉❞✐❛♥♦r

❆❧✈❡s✱ ❉❛♥✐❡❧ ❈♦r❞❡✐r♦✱ ❍❡♥r✐q✉❡ ❋❡r♥❛♥❞❡s✱ ❏ú❧✐♦ ❈♦rrê❛ ❡ ▼❛r❝♦ ❆✉ré❧✐♦✳

❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❛ P❛r❛í❜❛✿ ❆❧❞♦ ▼❛❝✐❡❧✱ ❱❛♥❞❡♥❜❡r❣

▲♦♣❡s✱ ❉❛✈✐s ▼❛t✐❛s✱ ❑át✐❛ ❙✉③❛♥❛ ❡ ❙❛♠✉❡❧ ❉✉❛rt❡✱ ♣♦r t♦❞♦ ❛♣r❡♥❞✐③❛❞♦ ❡ ✐♥❝❡♥t✐✈♦✳

❆♦s ♣r♦❢❡ss♦r❡s ❆♥tô♥✐♦ ❇r❛♥❞ã♦ ❡ P❧❛♠❡♥ ❑♦s❤❧✉❦♦✈✱ ♣♦r t❡r❡♠ ❛❝❡✐t♦ ❝♦♠♣♦r

❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛✱ ♣♦r ❛✈❛❧✐❛r❡♠ ♦ tr❛❜❛❧❤♦ ❡ ♣❡❧❛s s✉❣❡stõ❡s ❞❛❞❛s✳

❆ t♦❞♦s ♦s ❝♦❧❡❣❛s ❞❡ ♠❡str❛❞♦ ❡ ❡♠ ❡s♣❡❝✐❛❧✿ ❆ ❚❛tá✱ ♣❡❧❛ ❛♠✐③❛❞❡ ❡ ♣❡❧♦s

♠♦♠❡♥t♦s ✐♥t❡♥s♦s ❞❡ ❡st✉❞♦s q✉❡ t✐✈❡♠♦s ♥♦s ♣r✐♠❡✐r♦s s❡♠❡str❡s ❞♦ ♠❡str❛❞♦✳

❆ ◆❛♥❝② ♠✐♥❤❛ ✧✐r♠ã ❛❝❛❞ê♠✐❝❛✧ ♣❡❧♦ ❝♦♠♣❛♥❤❡r✐s♠♦✱ ❛♠✐③❛❞❡ ❡ ♣❡❧❛ ❛❥✉❞❛ ♥♦s

♠♦♠❡♥t♦s ✜♥❛✐s ❞❡st❡ tr❛❜❛❧❤♦✳ ❆ ❇r✉♥♦ ❋♦♥t❡s✱ ▼❛r❝✐❡❧ ❡ ❛ ▲❡♦♠❛q✉❡s ♣❡❧❛s ót✐♠❛s

❞✐❝❛s✳

❆ ❆♥❞r❡③③❛✱ ❙✉ê♥✐❛✱ ❆♥✐♥❤❛✱ ❉✉✱ ❉❛✈✐✱ ❚♦t✐♥❤❛✱ ❘♦❞r✐❣♦ ❡ ❘❡♥❛t♦ ♦s

❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉▼❊✴❯❋❈● q✉❡ ❝♦♠ t♦❞❛ s✐♠♣❛t✐❛ s❡♠♣r❡ ❡st✐✈❡r❛♠ ❞✐s♣♦st♦s ❛

♠❡ ❛❥✉❞❛r✳

❊ ♣♦r ✜♠✱ ❛ ❈❛♣❡s ♣❡❧♦ ✜♥❛♥❝✐❛♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦✳

✈



❖ ê①✐t♦ ❞❛ ✈✐❞❛ ♥ã♦ s❡ ♠❡❞❡ ♣❡❧♦

q✉❡ ✈♦❝ê ❝♦♥q✉✐st♦✉✱ ♠❛s s✐♠ ♣❡❧❛s

❞✐✜❝✉❧❞❛❞❡s q✉❡ s✉♣❡r♦✉ ♥♦ ❝❛♠✐♥❤♦✳

✭❆❜r❛❤❛♠ ▲✐♥❝♦♥✮

✈✐



❉❡❞✐❝❛tór✐❛

❆ ♠❡✉s ♣❛✐s ❙❡✈❡r✐♥❛ ❆❧✈❡s ❡ ❏♦sé

❆❧✈❡s✳

✈✐✐



❈♦♥t❡ú❞♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶ ❈♦♥❝❡✐t♦s ❇ás✐❝♦s ✶✶

✶✳✶ ➪❧❣❡❜r❛s ❡ ➪❧❣❡❜r❛s ▲✐✈r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✷ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s✱ ❚✲■❞❡❛✐s ❡ ❱❛r✐❡❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✶✳✸ P♦❧✐♥ô♠✐♦s ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s ❡ ♠✉❧t✐❧✐♥❡❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✶✳✹ ➪❧❣❡❜r❛s ●r❛❞✉❛❞❛s ❡ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ●r❛❞✉❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✶✳✺ ■❞❡♥t✐❞❛❞❡s ❊stá✈❡✐s✱ ❊❧❡♠❡♥t♦s ●❡♥ér✐❝♦s ❡ ▼❛tr✐③❡s ●❡♥ér✐❝❛s ✳ ✳ ✳ ✳ ✸✹

✷ ■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ❡♠ Mn(K)✱ charK = 0 ✸✽

✷✳✶ ■❞❡♥t✐❞❛❞❡s ●✲●r❛❞✉❛❞❛s ♣❛r❛ ❛s ♠❛tr✐③❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✷ ■❞❡♥t✐❞❛❞❡s ●✲●r❛❞✉❛❞❛s ❈♦♥❝r❡t❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸ ■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ❡♠ Mn(K)✱ charK = p ✺✹

✸✳✶ ■❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ❞❡ Mn(K) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✸✳✷ ■❞❡♥t✐❞❛❞❡s Z✲❣r❛❞✉❛❞❛s ❞❡ Mn(K) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

❇✐❜❧✐♦❣r❛✜❛ ✻✾



■♥tr♦❞✉çã♦

❆ ❚❡♦r✐❛ ❞❛s P■✲➪❧❣❡❜r❛s ✭❞♦ ✐♥❣❧ês P♦❧②♥♦♠✐❛❧ ■❞❡♥t✐t②✮✱ t❛♠❜é♠ ❝❤❛♠❛❞❛

P■✲❚❡♦r✐❛✱ é ✉♠ r❛♠♦ ❞❛ á❧❣❡❜r❛ q✉❡ ❡st✉❞❛ ❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s q✉❡ s❛t✐s❢❛③❡♠

✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧✱ ✐st♦ é✱ ❛ ❝❧❛ss❡ ❞❛s P■✲á❧❣❡❜r❛s✳ ❆s ♣r✐♥❝✐♣❛✐s ❧✐♥❤❛s ❞❡

♣❡sq✉✐s❛ ❡♥✈♦❧✈❡♠ ❛ ❞❡s❝r✐çã♦ ❞❛ ❡str✉t✉r❛ ❞❡ ✉♠❛ á❧❣❡❜r❛ s❛❜❡♥❞♦ q✉❡ ❡❧❛ s❛t✐s❢❛③

✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧✱ ♦ ❡st✉❞♦ ❞♦s T ✲✐❞❡❛✐s ❡ ✈❛r✐❡❞❛❞❡s ❞❡ á❧❣❡❜r❛s✱ q✉❡ sã♦

❝❧❛ss❡s ❞❡ á❧❣❡❜r❛s ❞❡t❡r♠✐♥❛❞❛s ♣♦r ✉♠ s✐st❡♠❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ ❡ ♦ ❡st✉❞♦

❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s s❛t✐s❢❡✐t❛s ♣♦r ✉♠❛ á❧❣❡❜r❛ A✳

❯♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ✉♠❛ á❧❣❡❜r❛ A é ✉♠ ♣♦❧✐♥ô♠✐♦ f(x1, x2, . . . , xn)

❡♠ ✈❛r✐á✈❡✐s ♥ã♦ ❝♦♠✉t❛t✐✈❛s q✉❡ s❡ ❛♥✉❧❛ q✉❛♥❞♦ ❛✈❛❧✐❛❞♦ ❡♠ q✉❛✐sq✉❡r ❡❧❡♠❡♥t♦s ❞❡

A✱ ❡ s❡ ❡①✐st❡ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♥ã♦ ♥✉❧❛ ❞❡st❛ á❧❣❡❜r❛ ❞✐③❡♠♦s q✉❡ A é ✉♠❛

P■✲á❧❣❡❜r❛✳ ❖ ♣♦❧✐♥ô♠✐♦ f(x1, x2) = x1x2 − x2x1 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛

q✉❛❧q✉❡r á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✱ ♦ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ Sn é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ q✉❛❧q✉❡r

á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ♠❡♥♦r q✉❡ n✱ ❛s á❧❣❡❜r❛s ♥✐❧♣♦t❡♥t❡s s❛t✐s❢❛③❡♠ ✐❞❡♥t✐❞❛❞❡s

❞♦ t✐♣♦ x1 . . . xn ❡ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ [[x1, x2], x3]✱ ♦♥❞❡

[x1, x2] = x1x2 − x2x1✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ❞✉❛s P■✲á❧❣❡❜r❛s ❛✐♥❞❛

é ✉♠❛ P■✲❛❧❣❡❜r❛ ❡ t♦❞❛s ❛s s✉❜á❧❣❡❜r❛s✱ ✐♠❛❣❡♥s ❤♦♠♦♠ór✜❝❛s ❡ ♣r♦❞✉t♦s ❞✐r❡t♦s

❞❡ á❧❣❡❜r❛s q✉❡ s❛t✐s❢❛③❡♠ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ f ❛✐♥❞❛ s❛t✐s❢❛③❡♠ ❛ ♠❡s♠❛ ✐❞❡♥t✐❞❛❞❡✳

❆ss✐♠✱ ❛ ❝❧❛ss❡ ❞❛s P■✲á❧❣❡❜r❛s é ❛♠♣❧❛ ❡ ❡♥❣❧♦❜❛ ❛s á❧❣❡❜r❛s ❝♦♠✉t❛t✐✈❛s✱ á❧❣❡❜r❛s ❞❡

❞✐♠❡♥sã♦ ✜♥✐t❛✱ á❧❣❡❜r❛s ♥✐❧♣♦t❡♥t❡s✱ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✱ ❡♥tr❡ ♦✉tr❛s✳

❍✐st♦r✐❝❛♠❡♥t❡✱ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ❚❡♦r✐❛ ❞❡ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s t❡✈❡

✐♥✐❝✐♦ ♣♦r ✈♦❧t❛ ❞❡ 1930✱ ❡♠❜♦r❛ ❞❡ ❢♦r♠❛ ✐♠♣❧í❝✐t❛✱ ❝♦♠ ♦s tr❛❜❛❧❤♦s ❞♦s ♠❛t❡♠át✐❝♦s

❉❡❤♥ ✭❬✶✷❪✮ ❡ ❲❛❣♥❡r ✭❬✹✻❪✮✱ ♠❛s ❢♦✐ ❛ ♣❛rt✐r ❞❡ 1948 q✉❡ ❡st❛ t❡♦r✐❛ ❞❡s❡♥✈♦❧✈❡✉✲s❡

♠❛✐s ✐♥t❡♥s❛♠❡♥t❡ ❛♣ós ♦ ❛rt✐❣♦ ❞❡ ❑❛♣❧❛♥s❦② ✭❬✷✽❪✮✱ ♦♥❞❡ ♦ ❛✉t♦r ♠♦str♦✉ q✉❡ t♦❞❛



P■✲á❧❣❡❜r❛ ♣r✐♠✐t✐✈❛ é ✉♠❛ á❧❣❡❜r❛ s✐♠♣❧❡s ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❉♦✐s ❛♥♦s ❛♣ós ♦ tr❛❜❛❧❤♦ ❞❡ ❑❛♣❧❛♥s❦②✱ ❆♠✐ts✉r ❡ ▲❡✈✐ts❦✐ ✭❬✶❪✮ ❞❡♠♦♥str❛r❛♠✱

✉s❛♥❞♦ ❛r❣✉♠❡♥t♦s ❝♦♠❜✐♥❛tór✐♦s✱ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ s2n é ✉♠❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ❞❡ ❣r❛✉ ♠í♥✐♠♦ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡ ✉♠ ❝♦r♣♦ K✳

❊st❡ r❡s✉❧t❛❞♦ ♠❛r❝♦✉ ♦ ❝♦♠❡ç♦ ❞❡ ✉♠❛ ♥♦✈❛ ❛❜♦r❞❛❣❡♠ à P■✲t❡♦r✐❛✱ q✉❡ ✈✐s❛ ❞❡s❝r❡✈❡r

❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❛❞❛✱ ❡ ♥♦✈❛s ❞❡♠♦♥str❛çõ❡s ♣❛r❛ ❡st❡ r❡s✉❧t❛❞♦

s✉r❣✐r❛♠ ♥♦s ❛♥♦s s❡❣✉✐♥t❡s✿ ❙✇❛♥ ✭❬✹✸❪✮ ❞❡✉ ✉♠❛ ❞❡♠♦♥str❛çã♦ ✉s❛♥❞♦ t❡♦r✐❛ ❞♦s

❣r❛❢♦s✱ tr❛t❛♥❞♦ ♣r♦❞✉t♦s ♥ã♦ ♥✉❧♦s ❞❡ ♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s ❝♦♠♦ ❝❛♠✐♥❤♦s ❡♠ ❣r❛❢♦s

❊✉❧❡r✐❛♥♦s❀ ❑♦st❛♥t ✭❬✸✶❪✮ r❡❧❛❝✐♦♥♦✉ ♦ t❡♦r❡♠❛ ❞❡ ❆♠✐ts✉r✲▲❡✈✐t③❦✐ ❝♦♠ t❡♦r✐❛ ❞❡

❝♦❤♦♠♦❧♦❣✐❛ ❡ t❡♦r✐❛ ❞❡ ✐♥✈❛r✐❛♥t❡s ❞❡ ♠❛tr✐③❡s n × n❀ ❘❛③♠②s❧♦✈ ✭❬✸✼❪✮ ❞❡✉ ✉♠❛

❞❡♠♦♥str❛çã♦ ✉t✐❧✐③❛♥❞♦ ♦ ❢❛t♦ q✉❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ t❡♦r❡♠❛ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥

♦ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ ✉♠❛ ♠❛tr✐③ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♠ tr❛ç♦ ❡ ❘♦ss❡t ✭❬✹✵❪✮

❞❡✉ ✉♠❛ ♣r♦✈❛ ❡❧❡♠❡♥t❛r ❡♥✈♦❧✈❡♥❞♦ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❡ ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s

❞❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s✳

❖ ❝♦♥❥✉♥t♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ A✱ q✉❡

❞❡♥♦t❛♠♦s ♣♦r T (A)✱ é ✉♠ ✐❞❡❛❧ ❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ K〈X〉 ✐♥✈❛r✐❛♥t❡ ♣♦r

q✉❛❧q✉❡r ❡♥❞♦♠♦r✜s♠♦ ❞❡st❛ á❧❣❡❜r❛✳ ■❞❡❛✐s ❝♦♠ ❡st❛ ♣r♦♣r✐❡❞❛❞❡ sã♦ ❝❤❛♠❛❞♦s

❚✲✐❞❡❛✐s✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ t♦❞♦ ❚✲✐❞❡❛❧ ❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ é ♦ ✐❞❡❛❧

❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ❛❧❣✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱ ❡ ♣♦rt❛♥t♦ ♦ ♣r♦❜❧❡♠❛ ❞❡s❝r❡✈❡r ❛s

✐❞❡♥t✐❞❛❞❡s ❞❡ á❧❣❡❜r❛s é ♦ ♠❡s♠♦ q✉❡ ❞❡s❝r❡✈❡r ♦s ❚✲✐❞❡❛✐s ❞❡ K〈X〉✳ ❊♥tr❡t❛♥t♦ ❛

❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ á❧❣❡❜r❛s ❡ ❚✲✐❞❡❛✐s ♥ã♦ é ❜✐✉♥í✈♦❝❛✱ ✐st♦ é✱ ❡①✐st❡♠ á❧❣❡❜r❛s ♥ã♦✲

✐s♦♠♦r❢❛s ❛ss♦❝✐❛❞❛s ❛♦ ♠❡s♠♦ ❚✲✐❞❡❛❧✱ ♣♦r ✐ss♦ ❛ t❡♦r✐❛ ❞❡ ❚✲✐❞❡❛✐s ❢♦✐ ❧✐❣❛❞❛ à t❡♦r✐❛

❞❡ ✈❛r✐❡❞❛❞❡s ❞❡ á❧❣❡❜r❛s✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s é ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s q✉❡

s❛t✐s❢❛③❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❛❞♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s✳ ❖ ❝♦♥❝❡✐t♦ ❢♦✐ ✐♥tr♦❞✉③✐❞♦ ♣♦r ❇✐r❦❤♦✛

✭❬✾❪✮ ❡ ▼❛❧❝❡✈ ✭❬✸✻❪✮✱ ❡ s❡ t♦r♥♦✉ ❛ ❧✐♥❣✉❛❣❡♠ ♥❛t✉r❛❧ ♥❛ t❡♦r✐❛ ❞❛s ✐❞❡♥t✐❞❛❞❡s✳

❊♠ ✶✾✺✵✱ ♠❡s♠♦ ❛♥♦ ❡♠ q✉❡ ❆♠✐ts✉r ❡ ▲❡✈✐t③❦✐ ♣✉❜❧✐❝❛r❛♠ s❡✉s r❡s✉❧t❛❞♦s✱ ❲✳

❙♣❡❝❤t ✭❬✹✷❪✮ ❝♦♥❥❡❝t✉r♦✉ q✉❡ ♣❛r❛ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ t♦❞♦ ❚✲✐❞❡❛❧ ♣ró♣r✐♦ é

✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❆♦ ❧♦♥❣♦ ❞❛s ♣ró①✐♠❛s ❞é❝❛❞❛s ❛♣❡♥❛s r❡s✉❧t❛❞♦s ♣❛r❝✐❛✐s ❢♦r❛♠

♦❜t✐❞♦s✱ ❡ ❛♣❡♥❛s ❡♠ 1987✱ ❑❡♠❡r ✭❬✷✾❪✮ ❞❡✉ ✉♠❛ r❡s♣♦st❛ ❛✜r♠❛t✐✈❛ ♣❛r❛ ♦ Pr♦❜❧❡♠❛

❞❡ ❙♣❡❝❤t✳ ❆ t❡♦r✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❑❡♠❡r ♥❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t s❡

❜❛s❡✐❛ ❡♠ ✉♠❛ t❡♦r✐❛ ❡str✉t✉r❛❧ ❞❡ ❚✲✐❞❡❛✐s ❡ ❡♥✈♦❧✈❡ ♦ ❡st✉❞♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s Z2✲

❣r❛❞✉❛❞❛s ✭♦✉ s✉♣❡r✐❞❡♥t✐❞❛❞❡s✮ ❡ ❝❡rt♦s ♣r♦❞✉t♦s t❡♥s♦r✐❛✐s ❣r❛❞✉❛❞♦s ❝♦♠ ❛ á❧❣❡❜r❛

✼



❞❡ ●r❛ss♠❛♥♥✱ ❝❤❛♠❛❞♦s ❡♥✈❡❧♦♣❡s ❞❡ ●r❛ss♠❛♥♥✳ ❊st❛ t❡♦r✐❛ é ❤♦❥❡ ✉♠❛ ❞❛s

❢❡rr❛♠❡♥t❛s ❜ás✐❝❛s ♥♦ ❡st✉❞♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❛❞❛✳ ❊♥tr❡t❛♥t♦✱ ♥♦

❝❛s♦ ❞❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛ ❛ ❝♦♥❥❡❝t✉r❛ ❞❡ ❙♣❡❝❤t ♥ã♦ é ✈❡r❞❛❞❡✐r❛✳ ❊♠

1999 ♦s ♠❛t❡♠át✐❝♦s ❇❡❧♦✈ ✭❬✼❪✮ ❡ ●r✐s❤✐♥ ✭❬✷✹❪✮ ❡①✐❜✐r❛♠ ❝♦♥tr❛✲❡①❡♠♣❧♦s ♣❛r❛ ✉♠

❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ 2✳

■❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❡♠ á❧❣❡❜r❛s ❞❡ ♠❛tr✐③❡s tê♠ s✐❞♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ♥❛

t❡♦r✐❛ ❞❛s P■✲á❧❣❡❜r❛s ❞❡s❞❡ s❡✉ ✐♥í❝✐♦ ❡ ♣r♦❜❧❡♠❛s r❡❧❛❝✐♦♥❛❞♦s tê♠ ❡st✐♠✉❧❛❞♦ s❡✉

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❛♦ ❧♦♥❣♦ ❞♦s ❛♥♦s✱ ♦s ❚✲✐❞❡❛✐s ❞❡ á❧❣❡❜r❛s ❞❡ ♠❛tr✐③❡s ❛♣❛r❡❝❡♠ ♥❛

❝❧❛ss✐✜❝❛çã♦ ❢❡✐t❛ ♣♦r ❑❡♠❡r ❡♠ s✉❛ t❡♦r✐❛ ❡str✉t✉r❛❧ ❞♦s ❚✲✐❞❡❛✐s ♥❛ ❧✐st❛ ❞♦s ❚✲✐❞❡❛✐s

❚✲♣r✐♠♦s ❡ sã♦ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥❛ P■✲t❡♦r✐❛✳ ❆ s❡❣✉✐r ❧✐st❛♠♦s ❛❧❣✉♥s ❞♦s

♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❛❝❡r❝❛ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❛s á❧❣❡❜r❛s ❞❡ ♠❛tr✐③❡s✳

❆ ❡①✐stê♥❝✐❛ ❞❡ ❜❛s❡s ✜♥✐t❛s ♣❛r❛ T (Mn(K)) é ❣❛r❛♥t✐❞❛ ♣❡❧♦s r❡s✉❧t❛❞♦s ❞❡

❑❡♠❡r ♥♦ ❝❛s♦ ❞❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❏á ♥♦ ❝❛s♦ ❡♠ q✉❡ K é ✉♠ ❝♦r♣♦ ✜♥✐t♦

❛ ❡①✐stê♥❝✐❛ ❞❡ t❛❧ ❜❛s❡ é ❝♦♥s❡qüê♥❝✐❛ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ❑r✉s❡ ✭❬✸✷❪✮ ❡ ▲✈♦✈

✭❬✸✹❪✮✳ ❈♦♥t✉❞♦✱ s❡ charK > 0 ❡ K é ✐♥✜♥✐t♦✱ ♥ã♦ s❛❜❡♠♦s s❡ Mn(K) ♣♦ss✉✐ t❛❧ ❜❛s❡

♣❛r❛ n ≥ 3✳

❊♠ 1973✱ ❘❛③♠②s❧♦✈ ✭❬✸✼❪✮ ❡①✐❜✐✉ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ 9 ♣♦❧✐♥ô♠✐♦s ❡ ❞❡♠♦♥str♦✉

q✉❡ ♥♦ ❝❛s♦ ❡♠ q✉❡✱ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ 2✱ ❛s

✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ M2(K) sã♦ ❝♦♥s❡q✉ê♥❝✐❛s ❞❡st❡s ♣♦❧✐♥ô♠✐♦s✳ ❈♦♠♦ ♥♦

❝❛s♦ ❞❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ sã♦ ❞❡t❡r♠✐♥❛❞❛s

♣❡❧❛s ✐❞❡♥t✐❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡st❛✱ ♦ r❡s✉❧t❛❞♦ ❞❡ ❘❛③♠②s❧♦✈ r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛

❞❛ ❞❡s❝r✐çã♦ ❞❡ T (M2(K)) ♣❛r❛ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❉r❡♥s❦② ✭❬✶✹❪✮✱ ❡♠

1981✱ ♠❡❧❤♦r♦✉ ❡ss❡ r❡s✉❧t❛❞♦ ❞❡♠♦♥str❛♥❞♦ q✉❡ s4 ❡ [[x1, x2]
2, x3] é ✉♠ ❝♦♥❥✉♥t♦

❣❡r❛❞♦r ♠✐♥✐♠❛❧ ❞❡ T (M2(K))✳ ❑♦s❤❧✉❦♦✈ ✭❬✸✵❪✮ ❡st❡♥❞❡✉ ❡st❡ r❡s✉❧t❛❞♦ ♣❛r❛ ❝♦r♣♦s

❞❡ ❝❛r❛❝t❡ríst✐❝❛ ♠❛✐♦r q✉❡ 3❀ ❡♥tr❡t❛♥t♦ ♣❛r❛ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ 3 ♠❛✐s ✉♠❛

✐❞❡♥t✐❞❛❞❡ é ♥❡❝❡ssár✐❛✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ❞❡s❝r❡✈❡r ♦ ❚✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ Mn(K) q✉❛♥❞♦ K é ✉♠

❝♦r♣♦ ✐♥✜♥✐t♦ ♣❡r♠❛♥❡❝❡ ❡♠ ❛❜❡rt♦ ♣❛r❛ n ≥ 3✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱ ❞❛❞❛ ✉♠❛ á❧❣❡❜r❛

A✱ ❛ ❞❡s❝r✐çã♦ ❞♦ ❚✲✐❞❡❛❧ T (A) é ✉♠ ♣r♦❜❧❡♠❛ ❝♦♠♣❧✐❝❛❞♦ ❡ ❛❧é♠ ❞❛ á❧❣❡❜r❛ M2(K)

❢♦✐ r❡s♦❧✈✐❞♦ ❛♣❡♥❛s ♣❛r❛ ❛❧❣✉♥s ❝❛s♦s✱ ♦s ♣r✐♥❝✐♣❛✐s s❡♥❞♦ ♦s ✐❞❡❛✐s ❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❛s

á❧❣❡❜r❛s✿ ❞❡ ●r❛ss♠❛♥♥ G✱ ♦ q✉❛❞r❛❞♦ t❡♥s♦r✐❛❧ ❞❛ á❧❣❡❜r❛ ❞❡ ●r❛s♠❛♥♥ G ⊗ G ❡ ❛

á❧❣❡❜r❛ Un(K) ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s✳

✽



❆ss✐♠✱ s✉r❣❡ ♦ ✐♥t❡r❡ss❡ ♣♦r ♣❡sq✉✐s❛r ♦✉tr♦s t✐♣♦s ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

❝♦♠♦ ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ♦✉ ❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦✳ ❊st❛s ú❧t✐♠❛s ❢♦r❛♠

❞❡s❝r✐t❛s✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡✱ ♣♦r ❘❛③♠②s❧♦✈ ❡ Pr♦❝❡s✐✱ ❡ tê♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦

♠❡❧❤♦r q✉❡ ❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s✿ ♦ t❡♦r❡♠❛ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥ ♣♦❞❡ s❡r r❡❡s❝r✐t♦

❝♦♠♦ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♠ tr❛ç♦ ♣♦r ♠❡✐♦ ❞❛s ❢ór♠✉❧❛s ❞❡ ◆❡✇t♦♥ ❡ s❡ ❈❤❛rK > 0

❛s ✐❞❡♥t✐❞❛❞❡s ❝♦♠ tr❛ç♦ ❞❡ Mn(K) sã♦ t♦❞❛s ❝♦♥s❡q✉ê♥❝✐❛s ❞❡st❛✳ ❆s ✐❞❡♥t✐❞❛❞❡s

❣r❛❞✉❛❞❛s ❢♦r❛♠ ✉♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s ❢❡rr❛♠❡♥t❛s ✉s❛❞❛s ♣♦r ❑❡♠❡r ♣❛r❛ r❡s♦❧✈❡r

♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t ♣❛r❛ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ á❧❣❡❜r❛s s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡ ❛ ♣❛rt✐r ❞❛í ♦ ❡st✉❞♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s t♦♠♦✉ ✐♠♣✉❧s♦✱

t♦r♥❛♥❞♦✲s❡ ✉♠❛ ❧✐♥❤❛ ❞❡ ♣❡sq✉✐s❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❡ ❛t✐✈❛✳

❆s á❧❣❡❜r❛s E✱ M2(K)✱ M1,1(E) ❡ E ⊗ E ♣♦ss✉❡♠ Z2✲❣r❛❞✉❛çõ❡s ♥❛t✉r❛✐s ❡

♦s ❣❡r❛❞♦r❡s ❞❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ❥á sã♦ ❝♦♥❤❡❝✐❞♦s✳ ❆s ✐❞❡♥t✐❞❛❞❡s

Z2✲❣r❛❞✉❛❞❛s ❞❡ M2(K) ❡ ❞❡ M1,1(E) ❢♦r❛♠ ❞❡s❝r✐t❛s ♣♦r ❉✐ ❱✐♥❝❡♥③♦ ✭❬✶✸❪✮✱

❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡ ♣♦r ❑♦s❤❧✉❦♦✈ ❡ ❆③❡✈❡❞♦ ✭❬✹❪✮✱ ♣❛r❛ ❝♦r♣♦s ✐♥✜♥✐t♦s ❞❡

❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ 2✳

❆ ❞❡s❝r✐çã♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s ❞❡Mn(K) é ❜❡♠ ♠❛✐s s✐♠♣❧❡s✱

❝♦♠♣❛r❛❞❛ ❝♦♠ ❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s✳ ❆ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s q✉❛❞r❛❞❛s ❞❡

♦r❞❡♠ n ♣♦ss✉✐ ❣r❛❞✉❛çõ❡s ♥❛t✉r❛✐s ♣❡❧♦s ❣r✉♣♦s Z ❡ Zn ❡ s✉❛s ✐❞❡♥t✐❞❛❞❡s Z✲

❣r❛❞✉❛❞❛s ❡ Zn✲❣r❛❞✉❛❞❛s ❢♦r❛♠ ❞❡s❝r✐t❛s ♣❛r❛ n q✉❛❧q✉❡r ♣♦r ❱❛s✐❧♦✈s❦② ✭❬✹✹❪✱ ❬✹✺❪✮✱

❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❡ ♣♦r ❆③❡✈❡❞♦✭❬✷❪✱ ❬✸❪✮✱ ♣❛r❛ ❝♦r♣♦s ✐♥✜♥✐t♦s✳ ❊♠ ✭❬✶✻❪✮ ❉r❡♥s❦②

❡ ❇❛❤t✉r✐♥ ♦❜t✐✈❡r❛♠ r❡s✉❧t❛❞♦s s❡♠❡❧❤❛♥t❡s ❛♦s ❞❡ ❱❛s✐❧♦✈s❦②✱ t❛♠❜é♠ ♣❛r❛ ❝♦r♣♦s ❞❡

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❣r❛❞✉❛çõ❡s ❡❧❡♠❡♥t❛r❡s ♣♦r ✉♠ ❣r✉♣♦ ❛r❜✐trár✐♦

G ❡♠ Mn(K) ✭✐st♦ é✱ ❣r❛❞✉❛çõ❡s ❡♠ q✉❡ ❛s ♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s Eij sã♦ ❤♦♠♦❣ê♥❡❛s✮

♦♥❞❡ ❛ ❝♦♠♣♦♥❡♥t❡ ♥❡✉tr❛ (Mn(K))e ✭e ❞❡♥♦t❛ ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞♦ ❣r✉♣♦ G✮ é ♦

s✉❜❡s♣❛ç♦ ❞❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s✳ ❆s ❣r❛❞✉❛çõ❡s ♣❡❧♦s ❣r✉♣♦s Z ❡ Zn ❝♦♥s✐❞❡r❛❞❛s

♣♦r ❱❛s✐❧♦✈s❦② sã♦ ❣r❛❞✉❛çõ❡s ❡❧❡♠❡♥t❛r❡s ❞❡st❡ t✐♣♦✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ ❞✐ss❡rt❛çã♦ é ❛♣r❡s❡♥t❛r ❡st❡s r❡s✉❧t❛❞♦s s♦❜r❡ ❛s ✐❞❡♥t✐❞❛❞❡s

❣r❛❞✉❛❞❛s ❞❡ Mn(K) ♣❛r❛ ❝♦r♣♦s ✐♥✜♥✐t♦s✱ ❜❡♠ ❝♦♠♦ ♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ♥❡❝❡ssár✐♦s

❛♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❡st❡s r❡s✉❧t❛❞♦s✳ ❆ ❞✐ss❡rt❛çã♦ ❝♦♥s✐st❡ ❞❡ 3 ❝❛♣ít✉❧♦s ❡ ❡stá

♦r❣❛♥✐③❛❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳

◆♦ ❈❛♣ít✉❧♦ 1 ❛♣r❡s❡♥t❛♠♦s ♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s✱ ❡ é ❛ss✉♠✐❞♦ ♦ ❝♦♥❤❡❝✐♠❡♥t♦

♣♦r ♣❛rt❡ ❞♦ ❧❡✐t♦r ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r ❜ás✐❝❛✱ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❡ ❝♦♥❝❡✐t♦s r❡❧❛❝✐♦♥❛❞♦s✳

✾



■♥✐❝✐❛♠♦s ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ á❧❣❡❜r❛s ❡ r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s✱ ❡ ❛♣r❡s❡♥t❛♠♦s ❛

❞❡✜♥✐çã♦ ❞❡ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡✱ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ ❚✲✐❞❡❛✐s ❡ ❱❛r✐❡❞❛❞❡s✱

♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s✳ ❊♠ s❡❣✉✐❞❛ ❞❡✜♥✐♠♦s á❧❣❡❜r❛s

❣r❛❞✉❛❞❛s ❡ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s✱ q✉❡ sã♦ ♦s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❡✐t♦s ♥❡st❛ ❞✐ss❡rt❛çã♦✳

P♦r ✜♠✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ♠❛tr✐③❡s ❣❡♥ér✐❝❛s q✉❡ sã♦ ✐♠♣♦rt❛♥t❡s

♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ❈❛♣ít✉❧♦ ✸✳

◆♦ ❈❛♣ít✉❧♦ 2✱ ❝♦♥s✐❞❡r❛♥❞♦ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❛♣r❡s❡♥t❛♠♦s

❛ ❞❡s❝r✐çã♦ ❢❡✐t❛ ♣♦r ❉r❡♥s❦② ❡ ❇❛❤t✉r✐♥ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s ♣❛r❛

á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n ♥♦ ❝❛s♦ ❡♠ q✉❡ t❡♠♦s ✉♠❛ ❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r ♣♦r ✉♠

❣r✉♣♦ ❛r❜✐trár✐♦ ❡ (Mn(K))e ❝♦♥s✐st❡ ❞❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s✳ ❊♠ s❡❣✉✐❞❛✱ ❝♦♥s✐❞❡r❛♥❞♦

❛ á❧❣❡❜r❛ M3(K) ❞❡s❝r❡✈❡r❡♠♦s ✉♠❛ ❜❛s❡ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s S3✲❣r❛❞✉❛❞❛s ❞❡

M3(K) ❡ ♣♦r ✜♠ ❞❡s❝r❡✈❡♠♦s ❛s ✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ❡ Z✲❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛

Mn(K) ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ❉r❡♥s❦② ❡ ❇❛❤t✉r✐♥✳

◆♦ ❈❛♣ít✉❧♦ 3 ❝♦♥strí♠♦s ✉♠ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ♣❛r❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ ❞❛s

♠❛tr✐③❡s✱ ❡ ♣r♦✈❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❜ás✐❝♦s s♦❜r❡ ❡ss❡ ♠♦❞❡❧♦ q✉❡ sã♦ ✉t✐❧✐③❛❞♦s

❛❞✐❛♥t❡✳ ❈♦♠ ♦ ❛✉①í❧✐♦ ❞♦ ♠♦❞❡❧♦ ❣❡♥ér✐❝♦ ❝✐t❛❞♦✱ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s ❞❡

❆③❡✈❡❞♦ q✉❡ ❞❡s❝r❡✈❡♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s ♣♦r ✉♠❛ Z ❡ ✉♠❛ Zn✲

❣r❛❞✉❛çã♦ ♣❛r❛ ❛❧❣é❜r❛ Mn(K)✱ ❝♦♥s✐❞❡r❛♥❞♦ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡r✐st✐❝❛ ♣♦s✐t✐✈❛✱

❡ ❡st❡♥❞❡♠ ♦s r❡s✉❧t❛❞♦s ❞❡ ❱❛s✐❧♦✈s❦②✳
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❈❛♣ít✉❧♦ ✶

❈♦♥❝❡✐t♦s ❇ás✐❝♦s

◆❡st❡ ❝❛♣ít✉❧♦ ❞❡✜♥✐♠♦s ♥♦ss♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ q✉❡ sã♦ ❛s P■✲á❧❣❡❜r❛s ❡

❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❡ r❡s✉❧t❛❞♦s ❞❡ ❣r❛♥❞❡ ✉t✐❧✐❞❛❞❡ ♥♦ ❡st✉❞♦ ❞❛s

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❡ q✉❡ sã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡ ❝♦♠♣r❡❡♥sã♦

❞❡st❡ tr❛❜❛❧❤♦✳ ◆♦ t❡①t♦ K ❞❡♥♦t❛rá ✉♠ ❝♦r♣♦ ❡ ❝♦♥s✐❞❡r❛r❡♠♦s t♦❞❛s ❛s á❧❣❡❜r❛s ❡

❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡✜♥✐❞♦s s♦❜r❡ K✳

✶✳✶ ➪❧❣❡❜r❛s ❡ ➪❧❣❡❜r❛s ▲✐✈r❡s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ á❧❣❡❜r❛✱ s✉❜á❧❣❡❜r❛✱ ❤♦♠♦♠♦r✜s♠♦

❞❡ á❧❣❡❜r❛s ❡ á❧❣❡❜r❛s ❧✐✈r❡s✳ ❊♥✉♥❝✐❛r❡♠♦s ❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ♣r♦❞✉t♦

t❡♥s♦r✐❛❧ q✉❡ s❡rá út✐❧ ♥❛ s❡çã♦ ✶✳✺ ❡ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s r❡❧❡✈❛♥t❡s✳

❉❡✜♥✐çã♦ ✶✳✶✳✶ ❯♠❛ K✲á❧❣❡❜r❛ ✭á❧❣❡❜r❛ s♦❜r❡ K ♦✉ s✐♠♣❧❡s♠❡♥t❡ á❧❣❡❜r❛✮ é ✉♠

♣❛r (A, ∗)✱ ♦♥❞❡ A é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ✧∗✧ é ✉♠❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ ❡♠ A q✉❡ é ✉♠❛

❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r✱ ♦✉ s❡❥❛✱ ∗ : A× A −→ A s❛t✐s❢❛③

✭✐✮ (a+ b) ∗ c = a ∗ c+ b ∗ c;

✭✐✐✮ a ∗ (b+ c) = a ∗ b+ a ∗ c;

✭✐✐✐✮ (λa) ∗ b = a ∗ (λb) = λ(a ∗ b).

♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A ❡ λ ∈ K✳



◆❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ❛ ♦♣❡r❛çã♦ ✧∗✧ é ❝❤❛♠❛❞❛ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦✳ P❛r❛ s✐♠♣❧✐✜❝❛r

❛ ♥♦t❛çã♦✱ ✈❛♠♦s ❞❡♥♦t❛r ✉♠❛ K✲á❧❣❡❜r❛ (A, ∗) ♣♦r A✱ ❡ ❡s❝r❡✈❡r❡♠♦s ab✱ ❡♠ ✈❡③ ❞❡

a ∗ b✱ ♣❛r❛ a, b ∈ A✳

❯♠ s✉❜❝♦♥❥✉♥t♦ β é ✉♠❛ ❜❛s❡ ❞❛ á❧❣❡❜r❛ A s❡ é ✉♠❛ ❜❛s❡ ❞❡ A ❝♦♠♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧✳ ◆❡st❡ ❝❛s♦✱ ❞❡✜♥✐♠♦s ❛ ❞✐♠❡♥sã♦ ❞❛ á❧❣❡❜r❛ A ❝♦♠♦ s❡♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧ A✳

❉❡✜♥✐çã♦ ✶✳✶✳✷ ❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ A é✿

✭✐✮ ❛ss♦❝✐❛t✐✈❛ s❡ (ab)c = a(bc)✱ ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A✳

✭✐✐✮ ❝♦♠✉t❛t✐✈❛ s❡ ab = ba✱ ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A✳

✭✐✐✐✮ ✉♥✐tár✐❛ ✭♦✉ ❝♦♠ ✉♥✐❞❛❞❡✮ s❡ ♦ ♣r♦❞✉t♦ ♣♦ss✉✐ ❡❧❡♠❡♥t♦ ♥❡✉tr♦✱ ✐st♦ é✱ s❡ ❡①✐st❡

✉♠ ❡❧❡♠❡♥t♦ 1A ∈ A✱ ❝❤❛♠❛❞♦ ❞❡ ✉♥✐❞❛❞❡ ❞❡ A✱ t❛❧ q✉❡

1Aa = a1A = a para todo a ∈ A.

✭✐✈✮ á❧❣❡❜r❛ ❞❡ ▲✐❡ s❡ ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A ✈❛❧❡♠

a2 = aa = 0 (anticomutatividade),

(ab)c+ (bc)a+ (ca)b = 0 (identidadedeJacobi).

❖❜s❡r✈❛çã♦ ✶✳✶✳✸ ❙❡❥❛♠ ❆ ✉♠❛ á❧❣❡❜r❛ ❡ ❙ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ ❆ ✭❝♦♠♦

❡s♣❛ç♦ ✈❡t♦r✐❛❧✮✳ ❊♥tã♦✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡✿

✭✐✮ ❆ é ❛ss♦❝✐❛t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ (ab)c = a(bc) ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ S✳

✭✐✐✮❆ é ❝♦♠✉t❛t✐✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ab = ba✱ ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ S✳

✭✐✐✐✮❆ é ✉♥✐tár✐❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s❡ ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ 1A ∈ A t❛❧ q✉❡ 1Aa = a1A =

a para todo a ∈ S✳

❊♠ t♦❞♦ ♦ t❡①t♦ tr❛❜❛❧❤❛♠♦s ❝♦♠ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❡ ✉♥✐tár✐❛s✳ P♦rt❛♥t♦✱

❞❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ♦ t❡r♠♦ á❧❣❡❜r❛ ❞❡✈❡rá s❡r ❡♥t❡♥❞✐❞♦ ❝♦♠♦ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡

✉♥✐tár✐❛✳ ❊♠ t♦❞❛ á❧❣❡❜r❛ A✱ s❡♥❞♦ 1 s✉❛ ✉♥✐❞❛❞❡ ❡ λ ∈ K✱ λ1 s❡rá ✐❞❡♥t✐✜❝❛❞♦

♥❛t✉r❛❧♠❡♥t❡ ❝♦♠ λ ❡ {λ1|λ ∈ K} ❝♦♠ K✳

❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ a, b ∈ A✱ ❞❡✜♥✐♠♦s ♦ ❝♦♠✉t❛❞♦r ❞❡ a✱ b ♣♦r

[a, b] = ab− ba.

▼❛✐s ❣❡r❛❧♠❡♥t❡✱ ❞❡✜♥✐♠♦s ♦ ❝♦♠✉t❛❞♦r ❞❡ ❝♦♠♣r✐♠❡♥t♦ n ❝♦♠♦ s❡♥❞♦

[a1, . . . , an−1, an] = [[a1, . . . , an−1], an]

✶✷



♦♥❞❡ ai ∈ A✳ ❆ ♣❛rt✐r ❞❡ ✉♠ ❝á❧❝✉❧♦ ❞✐r❡t♦✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡

[ab, c] = a[b, c] + [a, c]b para quaisquer a, b, c ∈ A. ✭✶✳✶✮

❱❡r❡♠♦s ❛ s❡❣✉✐r ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ á❧❣❡❜r❛s✿

❊①❡♠♣❧♦ ✶✳✶✳✹ ✭➪❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s✮ P❛r❛ n ∈ N✱ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Mn(K) ❞❛s

♠❛tr✐③❡s n×n ❝♦♠ ❡♥tr❛❞❛s ❡♠ K✱ ♠✉♥✐❞♦ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✉s✉❛❧ ❞❡ ♠❛tr✐③❡s✱ é ✉♠❛

á❧❣❡❜r❛✱ ❝✉❥❛ ❛ ✉♥✐❞❛❞❡ é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ In✳ ❉❡st❛❝❛♠♦s ♥❡st❛ á❧❣❡❜r❛ ❛s ♠❛tr✐③❡s

❡❧❡♠❡♥t❛r❡s✱ ♦♥❞❡ ♣❛r❛ 1 ≤ i, j ≤ n✱ Eij é ❛ ♠❛tr✐③ ❝✉❥❛ ú♥✐❝❛ ❡♥tr❛❞❛ ♥ã♦ ♥✉❧❛ é 1

♥❛ ✐✲és✐♠❛ ❧✐♥❤❛ ❡ ❥✲és✐♠❛ ❝♦❧✉♥❛✳ ❖ ♣r♦❞✉t♦ ❞❡ t❛✐s ♠❛tr✐③❡s é ❞❛❞♦ ♣♦r✿

EijEkl = δjkEil

♦♥❞❡

δjk =

{
0, se j 6= k

1, se j = k
.

➱ ❢á❝✐❧ ✈❡r q✉❡ ❛s ♠❛tr✐③❡s ✉♥✐tár✐❛s ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ Mn(K) ❡ ♣♦rt❛♥t♦ ❛

❞✐♠❡♥sã♦ ❞❡st❛ á❧❣❡❜r❛ é n2✳

▼❛✐s ❣❡r❛❧♠❡♥t❡✱ s❡ A é ✉♠❛ á❧❣❡❜r❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Mn(A) ❞❡

t♦❞❛s ❛s ♠❛tr✐③❡s n×n ❝♦♠ ❡♥tr❛❞❛s ❡♠ A✳ ❖ ♣r♦❞✉t♦ ❡♠ Mn(A) é ❛♥á❧♦❣♦ ❛♦ ♣r♦❞✉t♦

❡♠ Mn(K) ❡ t❡♠♦s q✉❡ Mn(A)✱ ♠✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦✱ é ✉♠❛ á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✶✳✶✳✺ ✭➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✮ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡

{e1, e2, e3, . . .}✳ ❉❡✜♥✐♠♦s ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ✭♦✉ á❧❣❡❜r❛ ❡①t❡r✐♦r✮ ❞❡

V ✱ ❞❡♥♦t❛❞❛ ♣♦r E✱ ❝♦♠♦ s❡♥❞♦ ❛ á❧❣❡❜r❛ ❝♦♠ ❜❛s❡

{1, ei1ei2 . . . eik | i1 < i2 < . . . < ik, k ≥ 1}

❡ ❝✉❥♦ ♣r♦❞✉t♦ é ❞❡✜♥✐❞♦ ♣❡❧❛s r❡❧❛çõ❡s

e2i = 0 ❡ eiej = −ejei ♣❛r❛ q✉❛✐sq✉❡r i, j ∈ N✳

❉❡st❛❝❛♠♦s ❡♠ E ♦s s❡❣✉✐♥t❡s s✉❜❡s♣❛ç♦s ✈❡t♦r✐❛✐s✿

• E0✱ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {1, ei1ei2 . . . eim | m é ♣❛r}❀

• E1✱ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {ei1ei2 . . . eik | k é í♠♣❛r}✳

❈❧❛r❛♠❡♥t❡✱ E = E0 ⊕ E1 ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❉❡s❞❡ q✉❡ eiej = −ejei t❡♠♦s

(ei1 . . . eim)(ej1 . . . ejk) = (−1)mk(ej1 . . . ejk)(ei1 . . . eim) ♣❛r❛ q✉❛✐q✉❡r m, k ∈ N✱ ❡ ❛ss✐♠

♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ax = xa ♣❛r❛ q✉❛✐sq✉❡r a ∈ E0 ❡ x ∈ E✱ ❡ bc = −cb ♣❛r❛

q✉❛✐sq✉❡r b, c ∈ E1✳ ❖❜s❡r✈❛♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ s❡ charK = 2✱ ❡♥tã♦ E é ✉♠❛ á❧❣❡❜r❛

❝♦♠✉t❛t✐✈❛✳

❈♦♥s✐❞❡r❛♥❞♦ E ′ ❛ á❧❣❡❜r❛ ❝♦♠ ❜❛s❡ {ei1ei2 . . . eik | i1 < i2 < . . . < ik, k ≥ 1}✱

t❡♠♦s q✉❡ E ′ ♥ã♦ t❡♠ ✉♥✐❞❛❞❡ ❡ é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❡①t❡r✐♦r s❡♠ ✉♥✐❞❛❞❡✳

✶✸



❊①❡♠♣❧♦ ✶✳✶✳✻ ✭➪❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s✮ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ K[x] ❞♦s ♣♦❧✐♥ô♠✐♦s

♥❛ ✈❛r✐á✈❡❧ ① ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ ❑✱ ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✉s✉❛❧ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ é ✉♠❛

á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✳ ❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ X = {x1, x2, · · · , xn}✱

♣♦❞❡♠♦s ❞❡✜♥✐r ❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❡♠ n ✈❛r✐á✈❡✐s ❡ ❞❡♥♦t❛♠♦s ♣♦r

K[x1, x2, . . . , xn]✳

❊①❡♠♣❧♦ ✶✳✶✳✼ ✭➪❧❣❡❜r❛ ❞❡ ▲✐❡✮ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱ ❛ ♠✉❧t✐♣❧✐❝❛çã♦

❞❛❞❛ ♣♦r [a, b] = ab− ba ❞❡✜♥❡ ❡♠ A ✉♠❛ ♥♦✈❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛✱ q✉❡ ❞❡♥♦t❛r❡♠♦s

♣♦r A(−)✱ ❡ ❝♦♠♦ [a, a] = 0 ❡ [a, b, c] + [b, c, a] + [c, a, b] = 0 ✭✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐✮ ♣❛r❛

q✉❛✐sq✉❡r a, b, c ∈ A✱ s❡❣✉❡ q✉❡ A(−) é ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡✳ ❊♠ ❞❡❝♦rrê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛

❞❡ P♦✐♥❝❛ré✲❇✐r❦❤♦✛✲❲✐tt✱ q✉❡ ✈❡r❡♠♦s ❛❞✐❛♥t❡✱ t♦❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ é s✉❜á❧❣❡❜r❛ ❞❡

✉♠❛ á❧❣❡❜r❛ A(−) ✳

❊①❡♠♣❧♦ ✶✳✶✳✽ ✭❆❞❥✉♥çã♦ ❢♦r♠❛❧ ❞❛ ✉♥✐❞❛❞❡✮ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ s❡♠ ✉♥✐❞❛❞❡✳

❈♦♥s✐❞❡r❡♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧

K ⊕ A = {(λ, a) | λ ∈ K, a ∈ A}

❉❡✜♥✐♠♦s ❡♠ K ⊕ A ♦ s❡❣✉✐♥t❡ ♣r♦❞✉t♦ (λ1, a1)(λ2, a2) = (λ1λ2, λ1a2 + λ2a1 + a1a2)✳

❖ ❝♦♥❥✉♥t♦ K ⊕ A✱ ♠✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦✱ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ ✭♦

❡❧❡♠❡♥t♦ ✭✶✱✵✮✮✳ ❊st❛ ❝♦♥str✉çã♦ é ❝❤❛♠❛❞❛ ❞❡ ❛❞❥✉♥çã♦ ❢♦r♠❛❧ ❞❛ ✉♥✐❞❛❞❡ à

á❧❣❡❜r❛ ❆✳

❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ♦s ❝♦♥❝❡✐t♦s ❞❡ s✉❜á❧❣❡❜r❛ ❡ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧✳

❉❡✜♥✐çã♦ ✶✳✶✳✾ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡✿

✭✐✮ ❯♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ B ❞❡ A é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A s❡ 1 ∈ B ❡ B é

♠✉❧t✐♣❧✐❝❛t✐✈❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ ♦✉ s❡❥❛✱ s❡ b1b2 ∈ B ♣❛r❛ q✉❛✐sq✉❡r b1, b2 ∈ B✳

✭✐✐✮ ❯♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ I ❞❡ A é ✉♠ ✐❞❡❛❧ ✭❜✐❧❛t❡r❛❧✮ ❞❡ A s❡ AI ⊆ I ❡ IA ⊆ I✱ ♦✉

s❡❥❛✱ s❡ ax, xa ∈ I ♣❛r❛ q✉❛✐sq✉❡r a ∈ A ❡ x ∈ I✳

❊①❡♠♣❧♦ ✶✳✶✳✶✵ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛✳ ❖ ❝♦♥❥✉♥t♦ Z(A) = {a ∈ A | ax = xa, ∀x ∈ A}

é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A ❞❡♥♦♠✐♥❛❞❛ ❝❡♥tr♦ ❞❡ A✳ ❯♠ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ ❞❛ ➪❧❣❡❜r❛ ▲✐♥❡❛r

❡❧❡♠❡♥t❛r é q✉❡ ❞❛❞♦ n ∈ N t❡♠✲s❡ Z(Mn(K)) = {λIn | λ ∈ K} ✭♠❛tr✐③❡s ❡s❝❛❧❛r❡s✮✳

❙❡ A = E✭á❧❣❡❜r❛ ❡①t❡r✐♦r✮✱ ❞❡✜♥✐❞❛ ♥♦ ❡①❡♠♣❧♦ ✶✳✶✳✺✱ ❡♥tã♦ Z(E) = E0 ✭charK 6= 2✮✳

❊①❡♠♣❧♦ ✶✳✶✳✶✶ ✭❙✉❜á❧❣❡❜r❛ ❣❡r❛❞❛✮ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ ∅ 6= S ⊆ A✳

❈♦♥s✐❞❡r❡♠♦s ♦ s✉❜❡s♣❛ç♦ BS ❞❡ A ❣❡r❛❞♦ ♣♦r {1, s1s2 . . . sk | k ∈ N, si ∈ S}✳ ❚❡♠♦s

q✉❡ BS é ♠✉❧t✐♣❧✐❝❛t✐✈❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❡ 1 ∈ BS✳ P♦rt❛♥t♦✱ BS é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✱

❝❤❛♠❛❞❛ ❞❡ s✉❜á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r S✳ ❆❧é♠ ❞✐ss♦✱ t♦❞❛ s✉❜á❧❣❡❜r❛ ❞❡ A q✉❡ ❝♦♥té♠

S ❞❡✈❡ ❝♦♥t❡r BS✱ ❡ ❛ss✐♠ BS é ❛ ♠❡♥♦r s✉❜á❧❣❡❜r❛ ❞❡ A ❝♦♥t❡♥❞♦ S✳

❱❛♠♦s ❞❡✜♥✐r ❛ s❡❣✉✐r ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳

✶✹



❉❡✜♥✐çã♦ ✶✳✶✳✶✷ ❙❡❥❛♠ V ❡ W ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❝♦♠ ❜❛s❡s {vi|i ∈ I} ❡ {wj|j ∈ J}

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ V ⊗W ❞❡ V ❡ W é ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡

{vi ⊗ wj|i ∈ I, j ∈ J}✱ ♦♥❞❡ ✈❛❧❡

(
∑

i∈I

αivi)⊗ (
∑

j∈J

βjwj) =
∑

i∈I

∑

j∈J

αiβj(vi ⊗ wj),

♦♥❞❡ ♦s αi, βj ∈ K sã♦ ❡s❝❛❧❛r❡s ❡ ❛s s♦♠❛s sã♦ ✜♥✐t❛s✳

❱❡r❡♠♦s ❛ s❡❣✉✐r q✉❡ ♣❛r❛ ❞❡✜♥✐r ✉♠❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❡♠ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ A✱

❞❡ ♠♦❞♦ ❛ t♦r♥á✲❧♦ ✉♠❛ á❧❣❡❜r❛✱ ❜❛st❛ ❞❡✜♥✐✲❧❛ ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ ❜❛s❡ ❞❡ A✳

P❛r❛ ✐st♦ ✉t✐❧✐③❛♠♦s ❛ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✸ ❙❡ A é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ β ❡ f : β × β → A é ✉♠❛

❢✉♥çã♦ q✉❛❧q✉❡r✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ ❜✐❧✐♥❡❛r F : A×A→ A ❡st❡♥❞❡♥❞♦ f ✳

❉❡♠♦♥str❛çã♦✿ ❉❛❞♦ a ∈ A t❡♠♦s q✉❡ a =
∑

u∈β

αuu✱ ♦♥❞❡ αu ∈ K ❡ ♦ ❝♦♥❥✉♥t♦

{u ∈ β | αu 6= 0} é ✜♥✐t♦✳ ❆ss✐♠✱ ❞❛❞♦s a =
∑

u∈β

αuu✱ b =
∑

v∈β

λvv ∈ A✱ ❞❡✜♥❛

∗ : A× A→ A ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

a ∗ b =
∑

u,v∈β

αuλvf(u, v)

♦❜s❡r✈❡ q✉❡ ∗ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s s❡
∑

v∈β

γvv =
∑

v∈β

γ
′

vv✱ ❝♦♠ γv, γ
′

v ∈ K✱ ❡♥tã♦✱

γv = γ
′

v ♣❛r❛ t♦❞♦ v ∈ β✳ ❚♦♠❛♥❞♦ ❛❣♦r❛ µ ∈ K ❡ a =
∑

u∈β

αuu✱ a1 =
∑

u∈β

α
′

uu✱

b =
∑

v∈β

λvv ∈ A✱ t❡♠♦s✱

(a+ a1) ∗ b =
∑

u∈β

(αu + α
′

u)u ∗
∑

v∈β

λvv

=
∑

u,v∈β

(αu + α
′

u)λvf(u, v)

=
∑

u,v∈β

αuλvf(u, v) +
∑

u,v∈β

α
′

uλvf(u, v)

= (a ∗ b) + (a1 ∗ b)

❡

µ(a ∗ b) =
∑

u,v∈β

µαuλvf(u, v) =
∑

u∈β

(µαu)u ∗
∑

v∈β

λvv

= (µa) ∗ b

✶✺



❆♥❛❧♦❣❛♠❡♥t❡ ♠♦str❛✲s❡ q✉❡ µ(a∗b) = a∗(µb) ❡ q✉❡ a∗(b1+b2) = (a+b1)∗(a+b2)✱

♣❛r❛ q✉❛✐sq✉❡r b1, b2 ∈ A✳ ▲♦❣♦ ∗ é ❜✐❧✐♥❡❛r✳

❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ u1, u2 ∈ β✱ t❡♠♦s q✉❡ u1 =
∑

u∈β

αuu✱ ♦♥❞❡ αu = 1 s❡ u = u1

❡ αu = 0 s❡ u 6= u1✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ u2 =
∑

v∈β

λvv✱ ♦♥❞❡ λv = 1 s❡ v = u2✱ ❡ λv = 0 s❡

v 6= u2✳ ❉❛í✱

u1 ∗ u2 =
∑

u,v∈β

αuλvf(u, v) = αu1λu2f(u1, u2) = f(u1, u2)

❞♦♥❞❡ t❡♠♦s q✉❡ ∗ ❡st❡♥❞❡ f ✳

❘❡st❛ ♠♦str❛r q✉❡ ∗ é ❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❝♦♠ ❡st❛ ♣r♦♣r✐❡❞❛❞❡✳ P❛r❛ ✐st♦

s✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡ ∗1 : A× A→ A ❡st❡♥❞❡♥❞♦ f ✳ ❉❛í ❞❡✈❡♠♦s t❡r

a ∗1 b =
∑

u,v∈β

αuλv(u ∗1 v) =
∑

u,v∈β

αuλvf(u, v) = a ∗ b,

❞♦♥❞❡ ∗ é ✐❣✉❛❧ ❛ ∗1 ❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❙❡❣✉❡ ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ q✉❡ ♣❛r❛ ❞❡✜♥✐r ❡♠ V ⊗W ✉♠❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❜❛st❛

❞❡✜♥✐r ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ v ⊗ w✱ ❝♦♠ v ♥✉♠❛ ❜❛s❡ ❞❡ V ❡ w ♥✉♠❛ ❜❛s❡

❞❡ W ✱ ♣♦r ♦✉tr♦ ❞♦ ♠❡s♠♦ t✐♣♦✱ ❡ ✐st♦ ♣♦❞❡ s❡r ❢❡✐t♦ ♥❛t✉r❛❧♠❡♥t❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ V

❡ W sã♦ á❧❣❡❜r❛s✳ ❆ss✐♠✱ ❞❡✜♥✐♠♦s ❛ s❡❣✉✐r ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ á❧❣❡❜r❛s✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✹ ❙❡ V ❡ W sã♦ á❧❣❡❜r❛s ❝♦♠ ❜❛s❡s ✭❝♦♠♦ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✮ {vi|i ∈

I} ❡ {wj|j ∈ J} r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡♥tã♦ V ⊗W é ✉♠❛ á❧❣❡❜r❛ ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❛❞❛

♣♦r✿

(vi1 ⊗ wj1)(vi2 ⊗ wj2) = (vi1vi2)⊗ (wj1wj2), i1, i2 ∈ I, j1, j2 ∈ J.

❖❜s❡r✈❛çã♦ ✶✳✶✳✶✺ ❊♠ ❬✸✾❪✱ ❘❡❣❡✈ ❡♠♣r❡❣♦✉ ♠ét♦❞♦s q✉❛♥t✐t❛t✐✈♦s ♣❛r❛ r❡s♣♦♥❞❡r

❛✜r♠❛t✐✈❛♠❡♥t❡ ✉♠❛ ♣❡r❣✉♥t❛ ❞❡ ❑❛♣❧❛♥s❦② s❡ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ❞✉❛s P■✲➪❧❣❡❜r❛s

é s❡♠♣r❡ ✉♠❛ P■✲á❧❣❡❜r❛✳ ◆❡st❡ ❛rt✐❣♦ ❘❡❣❡✈ ♠♦str♦✉ q✉❡ ❞❛❞❛ ✉♠❛ P■✲á❧❣❡❜r❛ A

s✉❛ n✲és✐♠❛ ❝♦❞✐♠❡♥sã♦ cn(A) = dim Pn

Pn∩T (A)
é ❧✐♠✐t❛❞❛ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡✱ ✐st♦ é✱

❡①✐st❡ a ∈ N t❛❧ q✉❡ cn(A) ≤ an ♣❛r❛ t♦❞♦ n✳ ❆❧é♠ ❞✐ss♦✱ ❘❡❣❡✈ ♠♦str♦✉ q✉❡

❞❛❞❛s ❞✉❛s P■✲á❧❣❡❜r❛s A ❡ B ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ cn(A ⊗ B) ≤ cn(A) ⊗ cn(B)✳ ❆

❡①✐stê♥❝✐❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♥ã♦ ♥✉❧❛s ♣❛r❛ A ⊗ B s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❡st❡s

r❡s✉❧t❛❞♦s ♣♦✐s ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ s❡❣✉❡ q✉❡ cn(A ⊗ B) < n! ❡ ♣♦rt❛♥t♦

dim Pn ∩ T (A⊗B) > 0✳ ❊st❡ r❡s✉❧t❛❞♦ ❣❛r❛♥t❡ q✉❡ ❛ ❝❧❛ss❡ ❞❛s P■✲á❧❣❡❜r❛s é ❢❡❝❤❛❞❛

♣❛r❛ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❡ ♣❡r♠✐t❡ ♦❜t❡r ♥♦✈♦s ❡①❡♠♣❧♦s ❞❡ P■✲á❧❣❡❜r❛s✳
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❊♥✉♥❝✐❛r❡♠♦s ❛❣♦r❛ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ q✉❛♥❞♦ tr❛t❛♠♦s

❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ á❧❣❡❜r❛s ❡ ❛ ♠❡s♠❛ s❡rá ✉s❛❞❛ ♥❛ s❡çã♦ ✶✳✺✳

❚❡♦r❡♠❛ ✶✳✶✳✶✻ ✭Pr♦♣r✐❡❞❛❞❡ ❯♥✐✈❡rs❛❧✮ ❙❡❥❛♠ V ✱ W ❡ U ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s♦❜r❡

✉♠ ❝♦r♣♦ K ❡ f : V × W → U ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r Tf : V ⊗W → U t❛❧ q✉❡ Tf : (v ⊗ w) = f(v, w) ♣❛r❛ q✉❛✐sq✉❡r

v ∈ V ❡ w ∈ W ✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✵❪✱ ♣á❣✐♥❛ ✻✶✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✼ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ϕ : A −→ B

é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s s❡ ϕ(xy) = ϕ(x)ϕ(y) ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ A ❡

ϕ(1A) = 1B✳

❖ ❝♦♥❥✉♥t♦ Kerϕ = {a ∈ A | ϕ(a) = 0}✱ ❝❤❛♠❛❞♦ ❞❡ ♥ú❝❧❡♦ ❞❡ ϕ é ✉♠ ✐❞❡❛❧ ❞❡

A✱ ❡ ♦ ❝♦♥❥✉♥t♦ Imϕ = {ϕ(a) | a ∈ A}✱ ❝❤❛♠❛❞♦ ❞❡ ✐♠❛❣❡♠ ❞❡ ϕ✱ é ✉♠❛ s✉❜á❧❣❡❜r❛

❞❡ B✳

❉✐③❡♠♦s q✉❡ ϕ é ✉♠ ♠❡r❣✉❧❤♦ ✭♦✉ ♠♦♥♦♠♦r✜s♠♦✮ s❡ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦

✐♥❥❡t✐✈♦✳ ❙❡ ϕ é ❜✐✉♥í✈♦❝❛ ❞✐r❡♠♦s q✉❡ ϕ é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❙❡ A = B ❞✐r❡♠♦s

q✉❡ ϕ é ✉♠ ❡♥❞♦♠♦r✜s♠♦ ❡ s❡ ϕ é ✉♠ ❡♥❞♦♠♦r✜s♠♦ ❜✐✉♥í✈♦❝♦ ❞✐r❡♠♦s q✉❡ ϕ é ✉♠

❛✉t♦♠♦r✜s♠♦✳

❉❡♥♦t❛♠♦s ♣♦r EndA ❡ AutA ♦s ❝♦♥❥✉♥t♦s ❞♦s ❡♥❞♦♠♦r✜s♠♦s ❡ ❛✉t♦♠♦r✜s♠♦s✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛ á❧❣❡❜r❛ A✳ ◗✉❛♥❞♦ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ψ : A −→ B✱ ❞✐③❡♠♦s

q✉❡ ❛s á❧❣❡❜r❛s A ❡ B sã♦ ✐s♦♠♦r❢❛s ❡ ❞❡♥♦t❛♠♦s ♣♦r A ≃ B✳

❆♣r❡s❡♥t❛r❡♠♦s ❛ s❡❣✉✐r ❛❧❣✉♥s ❡①❡♠♣❧♦s ✐♠♣♦rt❛♥t❡s ❞❡ ❤♦♠♦♠♦r✜s♠♦s✳

❊①❡♠♣❧♦ ✶✳✶✳✶✽ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r T : Mn(K) ⊗ A −→

Mn(A) t❛❧ q✉❡ T (Eij ⊗ a) = Eij(a) é ❛ ♠❛tr✐③ ❞❡ Mn(A) q✉❡ t❡♠ a ∈ A ♥❛ ❡♥tr❛❞❛ ij

❡ 0 ♥❛s ❞❡♠❛✐s✱ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳

❉❡ ❢❛t♦✱ ♣r✐♠❡✐r❛♠❡♥t❡ ♥♦t❡ q✉❡ {Eij(a) | 1 ≤ i, j ≤ n, a ∈ β}✱ ♦♥❞❡ β é ✉♠❛ ❜❛s❡

❞❡ A✱ é ✉♠❛ ❜❛s❡ ❞❡ Mn(A) ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ tr❛♥s❢♦r♠❛çã♦

❧✐♥❡❛r

S :Mn(A) −→ Mn(K)⊗ A

Eij(a) 7−→ S(Eij(a)) = Eij ⊗ a .

◆♦t❡ q✉❡

S(T (Eij ⊗ a)) = S(Eij(a)) = Eij ⊗ a
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❡

T (S(Eij(a))) = T (Eij ⊗ a) = Eij(a) .

❉❛í✱ S = T−1 ❡ ❛ss✐♠ T é ❜✐❥❡t✐✈❛✳ ▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ T é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡

á❧❣❡❜r❛s✳ ◆♦t❡ q✉❡

Eij(a)Est(b) =

{
0, se j 6= s

Eit(ab), se j = s
.

❙❡ j 6= s✱ t❡♠♦s

T ((Eij ⊗ a)(Est ⊗ b)) = T (EijEst ⊗ ab) = T (0⊗ ab) = 0 =

= Eij(a)Est(b) = T (Eij(a))T (Est(b)) .

❙❡ j = s✱ t❡♠✲s❡ q✉❡

T ((Eij ⊗ a)(Est ⊗ b)) = T (EijEst ⊗ ab) = T (Eit ⊗ ab) = Eit(ab) =

= Eij(a)Est(b) = T (Eij(a))T (Est(b)) ,

❡ ♣♦rt❛♥t♦ ❛s á❧❣❡❜r❛s Mn(A) ❡ Mn(K)⊗ A sã♦ ✐s♦♠♦r❢❛s✳

❊①❡♠♣❧♦ ✶✳✶✳✶✾ ❆s á❧❣❡❜r❛s E ✭á❧❣❡❜r❛ ❡①t❡r✐♦r✮ ❡ K ⊕ E ′ ✭❊①❡♠♣❧♦ ✶✳✶✳✽✮ sã♦

✐s♦♠♦r❢❛s✳ ❈♦♠ ❡❢❡✐t♦✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❛ ❛♣❧✐❝❛çã♦ Ψ : K ⊕ E ′ −→ E✱

❞❡✜♥✐❞❛ ♣♦r Ψ(λ, x) = λ+ x é ✉♠ ✐s♦♠♦r✜s♠♦✳

❱❛♠♦s ❛❣♦r❛ ❞❡✜♥✐r á❧❣❡❜r❛s q✉♦❝✐❡♥t❡s✳ ❈♦♥s✐❞❡r❡♠♦s ✉♠❛ á❧❣❡❜r❛ A ❡ I ⊂ A

✉♠ ✐❞❡❛❧ ✭❜✐❧❛t❡r❛❧✮ ❞❡ ❆✳ ❉❡✜♥✐r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❛ r❡❧❛çã♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛ ♠ó❞✉❧♦ ■✿

❉❡✜♥✐çã♦ ✶✳✶✳✷✵ ❙❡❥❛♠ a, b ∈ A✳ ❉✐③❡♠♦s q✉❡ a é ❝♦♥❣r✉❡♥t❡ ❛♦ ❡❧❡♠❡♥t♦ b ♠ó❞✉❧♦

I✱ ❡ ❡s❝r❡✈❡♠♦s a ≡ b (mod I) ♦✉ a ≡I b✱ s❡ a− b ∈ I✳

◆♦t❛çã♦ ✶✳✶✳✷✶ ❆ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ a é ♦ ❝♦♥❥✉♥t♦ {b ∈ A | a ≡ b (mod I)} =

{a+ i | i ∈ I} ❡ s❡rá ❞❡♥♦t❛❞❛ ♣♦r a ♦✉ a+ I✳ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛

s❡rá ❞❡♥♦t❛❞♦ ♣♦r A/I✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✷ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛✱ I ✉♠ ✐❞❡❛❧ ✭❜✐❧❛t❡r❛❧✮ ❞❡ A✱ ❡ ❝♦♥s✐❞❡r❡♠♦s

♥♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉♦❝✐❡♥t❡ A/I ♦ ♣r♦❞✉t♦ (a+ I)(b+ I) = ab+ I ♣❛r❛ a, b ∈ A✳ ❊st❡

♣r♦❞✉t♦ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✱ ♣♦✐s ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞♦s r❡♣r❡s❡♥t❛♥t❡s ❞❛s ❝❧❛ss❡s

❧❛t❡r❛✐s✱ ❡ t♦r♥❛ A/I ✉♠❛ á❧❣❡❜r❛✱ ❝♦♥❤❡❝✐❞❛ ♣♦r á❧❣❡❜r❛ q✉♦❝✐❡♥t❡ ❞❡ A ♣♦r I✳

❆❣♦r❛ ♣♦❞❡♠♦s ❡♥✉♥❝✐❛r ♦ ❚❡♦r❡♠❛ ❞♦s ■s♦♠♦r✜s♠♦s✳ ❆ s✉❛ ❞❡♠♦♥str❛çã♦ é

❛♥á❧♦❣❛ ❛♦ t❡♦r❡♠❛ ♣❛r❛ ❛♥é✐s ❡ ❣r✉♣♦s ❡ s❡rá ♦♠✐t✐❞❛✳
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❚❡♦r❡♠❛ ✶✳✶✳✷✸ ✭❚❡♦r❡♠❛ ❞♦s ■s♦♠♦r✜s♠♦s✮✿ ❙❡❥❛ ϕ : A −→ B ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❊♥tã♦ Ker(ϕ) é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❞❡ A ❡ ❛ á❧❣❡❜r❛

q✉♦❝✐❡♥t❡ A/Ker(ϕ) é ✐s♦♠♦r❢❛ ❛ Im(ϕ)✳

❊①❡♠♣❧♦ ✶✳✶✳✷✹ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❆ ❛♣❧✐❝❛çã♦ π : A −→ A/I✱

❞❡✜♥✐❞❛ ♣♦r π(a) = a✱ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✱ ❝❤❛♠❛❞♦ ❞❡ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳

❉❡✜♥✐r❡♠♦s ❛❣♦r❛ á❧❣❡❜r❛s ❧✐✈r❡s ❡♠ ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s ❡ ❝♦♥str✉✐r❡♠♦s ❛

á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❡ ❝♦♠ ✉♥✐❞❛❞❡✳ ❖s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s

♥❛ t❡♦r✐❛ ❞❛s P■✲á❧❣❡❜r❛s sã♦ ❞❡✜♥✐❞♦s ♥❡st❛s á❧❣❡❜r❛s✿ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

❞❡ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ sã♦ ❡❧❡♠❡♥t♦s ❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❡ ♦s ❝♦♥❥✉♥t♦s

❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✱ ❝❤❛♠❛❞♦s ❞❡ ❚✲✐❞❡❛✐s✱ sã♦ ✐❞❡❛✐s ❞❛ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ✐♥✈❛r✐❛♥t❡s ♣♦r ❡♥❞♦♠♦r✜s♠♦s ❞❡st❛ á❧❣❡❜r❛✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✺ ❙❡❥❛ B ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ F ∈ B é

❧✐✈r❡ ♥❛ ❝❧❛ss❡ B s❡ ❡①✐st❡ X ⊆ F t❛❧ q✉❡ X ❣❡r❛ F ❡ ♣❛r❛ ❝❛❞❛ á❧❣❡❜r❛ A ∈ B ❡

❝❛❞❛ ❛♣❧✐❝❛çã♦ h : X −→ A ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ϕ : F −→ A ❡st❡♥❞❡♥❞♦

h✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❞✐③❡♠♦s q✉❡ F é ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r X✳

❊①❡♠♣❧♦ ✶✳✶✳✷✻ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ ♣♦❧✐♥♦♠✐❛❧ K[x]✱ ❡ ♦❜s❡r✈❡ q✉❡ ❡st❛ á❧❣❡❜r❛ é

❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ {x}✳ ❆❧é♠ ❞✐ss♦✱ s❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ❡ a ∈ A✱ t❡♠♦s q✉❡ ♦

❤♦♠♦♠♦r✜s♠♦ ϕa : K[x] → A✱ ❞❡✜♥✐❞♦ ♣♦r ϕa(f(x)) = f(a)✱ s❛t✐s❢❛③ ϕa(x) = a✳

P♦rt❛♥t♦✱ K[x] é ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❡

✉♥✐tár✐❛s✱ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r {x}✳

❊①❡♠♣❧♦ ✶✳✶✳✷✼ ❆ á❧❣❡❜r❛ M2(K) ♥ã♦ é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s

❝♦♠ ✉♥✐❞❛❞❡✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❡❧❛ é ❧✐✈r❡✳ ❈♦♠♦ ❡st❛ á❧❣❡❜r❛

♥ã♦ é ❝♦♠✉t❛t✐✈❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r t❡♠ ♣❡❧♦ ♠❡♥♦s ❞♦✐s ❡❧❡♠❡♥t♦s ❡ ♣♦rt❛♥t♦

t♦❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❣❡r❛❞❛ ♣♦r ❞♦✐s ❡❧❡♠❡♥t♦s ❞❡✈❡ s❡r ✐♠❛❣❡♠ ❤♦♠♦♠ór✜❝❛

❞❡ M2(K)✳ ❈♦♠♦ ✈✐♠♦s ♥❛ ✐♥tr♦❞✉çã♦ ❡st❛ á❧❣❡❜r❛ é ✉♠❛ P■✲á❧❣❡❜r❛ q✉❡ s❛t✐s❢❛③

❛ ✐❞❡♥t✐❞❛❞❡ f(x1, x2, x3) = [[x1, x2]
2, x3]✱ ❡ ♣♦rt❛♥t♦ t♦❞❛ ✐♠❛❣❡♠ ❤♦♠♦♠ór✜❝❛ ❞❡

M2(K)✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ t♦❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❣❡r❛❞❛ ♣♦r ❞♦✐s ❡❧❡♠❡♥t♦s✱ s❛t✐s❢❛③

❡st❛ ✐❞❡♥t✐❞❛❞❡✳ ❚♦♠❛♥❞♦ ❛❣♦r❛

A =




0 1 0

0 0 1

0 0 0


 ❡ B =




1 0 1

0 1 0

1 0 1




♦❜s❡r✈❛♠♦s q✉❡ [[A,B]2, B] 6= 0✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❥á q✉❡ ❛ s✉❜á❧❣❡❜r❛ ❞❡

M3(K) ❣❡r❛❞❛ ♣♦r S = {A,B} ❞❡✈❡ s❛t✐s❢❛③❡r ❛ ✐❞❡♥t✐❞❛❞❡ f(x1, x2, x3) = [[x1, x2]
2, x3]✳

❈♦♥❝❧✉í♠♦s ♣♦rt❛♥t♦ q✉❡ M2(K) ♥ã♦ é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✳

✶✾



❱❛♠♦s ❛❣♦r❛ ❝♦♥str✉✐r ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s

❛ss♦❝✐❛t✐✈❛s ❝♦♠ ✉♥✐❞❛❞❡✳

❙❡❥❛ X = {x1, x2, . . .} ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❡ ❡♥✉♠❡rá✈❡❧ ❞❡ ✈❛r✐á✈❡✐s ♥ã♦✲

❝♦♠✉t❛t✐✈❛s✳ ❉❡✜♥✐♠♦s ✉♠❛ ♣❛❧❛✈r❛ ❡♠ X ❝♦♠♦ s❡♥❞♦ ✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛

xi1xi2 . . . xin ✱ ♦♥❞❡ n ∈ N ❡ xij ∈ X✳ ❉❡✜♥✐♠♦s ♦ t❛♠❛♥❤♦ ❞❛ ♣❛❧❛✈r❛ xi1xi2 . . . xin ❝♦♠♦

s❡♥❞♦ ♥✳ ◗✉❛♥❞♦ n = 0✱ ✈❛♠♦s ❝❤❛♠❛r ❡st❛ ♣❛❧❛✈r❛ ❞❡ ♣❛❧❛✈r❛ ✈❛③✐❛ q✉❡ ❞❡♥♦t❛r❡♠♦s

♣♦r 1✳ ❉✐③❡♠♦s q✉❡ ❞✉❛s ♣❛❧❛✈r❛s xi1xi2 . . . xin ❡ xj1xj2 . . . xjm sã♦ ✐❣✉❛✐s s❡ n = m ❡

i1 = j1, i2 = j2, . . . , in = jn✳

❈♦♥s✐❞❡r❡♠♦s K〈X〉 ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉❡ t❡♠ ♣♦r ❜❛s❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s

♣❛❧❛✈r❛s ❡♠ X✳ ❉❡ss❛ ❢♦r♠❛✱ ♦s ❡❧❡♠❡♥t♦s ❞❡ K〈X〉✱ q✉❡ ❝❤❛♠❛r❡♠♦s ❞❡ ♣♦❧✐♥ô♠✐♦s✱

sã♦ s♦♠❛s ✭❢♦r♠❛✐s✮ ❞❡ t❡r♠♦s ✭♦✉ ♠♦♥ô♠✐♦s✮ q✉❡ sã♦ ♣r♦❞✉t♦s ✭❢♦r♠❛✐s✮ ❞❡ ✉♠ ❡s❝❛❧❛r

♣♦r ✉♠❛ ♣❛❧❛✈r❛ ❡♠ X✳ ❈♦♥s✐❞❡r❡♠♦s ❡♠ K〈X〉 ❛ s❡❣✉✐♥t❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ❡♠

✉♠❛ ❜❛s❡✿

(xi1 . . . xik)(xj1 . . . xjl) = xi1 . . . xikxj1 . . . xjl onde xit , xjs ∈ X.

❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ K〈X〉✱ ♠✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠

✉♥✐❞❛❞❡✱ q✉❡ é ❛ ♣❛❧❛✈r❛ ✈❛③✐❛✳ ❖❜s❡r✈❡ q✉❡ X ❣❡r❛ K〈X〉 ❝♦♠♦ á❧❣❡❜r❛✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✽ ❆ á❧❣❡❜r❛ K〈X〉 é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s

❝♦♠ ✉♥✐❞❛❞❡✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ B ❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❝♦♠ ✉♥✐❞❛❞❡ ❡ s❡❥❛ A ∈ B

✉♠❛ á❧❣❡❜r❛✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ❛♣❧✐❝❛çã♦ h : X −→ A ❞❛❞❛ ♣♦r h(xi) = ai ♣❛r❛ i ∈ N✳

❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ϕh : K〈X〉 −→ A t❛❧ q✉❡ ϕh(1) = 1A ❡

ϕh(xi1 . . . xin) = ai1 . . . ain ✳ ❚❡♠♦s q✉❡ ϕh é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❡ é ♦ ú♥✐❝♦

q✉❡ s❛t✐s❢❛③ ϕh|X = h✳ P♦rt❛♥t♦ K〈X〉 é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❝♦♠

✉♥✐❞❛❞❡✳

◆♦t❛çã♦ ✶✳✶✳✷✾ ❆ ✐♠❛❣❡♠ ❞❡ h(x1, x2, · · · , xn) ♣❡❧♦ ❤♦♠♦♠♦r✜s♠♦ ϕh s❡rá ❞❡♥♦t❛❞❛

♣♦r h(a1, a2, · · · , an) ❡ ❞✐r❡♠♦s q✉❡ ♦ ❡❧❡♠❡♥t♦ h(a1, a2, · · · , an) é ♦❜t✐❞♦ ♣❡❧❛

s✉❜st✐t✉✐çã♦ ❞❛s ✈❛r✐á✈❡✐s x1, x2, . . . , xn ♣❡❧♦s ❡❧❡♠❡♥t♦s a1, a2, · · · , an ♥♦ ♣♦❧✐♥ô♠✐♦

❛ss♦❝✐❛t✐✈♦ h(x1, x2, · · · , xn)✳

✷✵



✶✳✷ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s✱ ❚✲■❞❡❛✐s ❡ ❱❛r✐❡❞❛❞❡s

❈♦♥s✐❞❡r❡♠♦s X = {x1, x2, . . .} ✉♠ ❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧ ❡ K〈X〉 ❛ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❝♦♠ ✉♥✐❞❛❞❡ ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r X✳

❉❡✜♥✐çã♦ ✶✳✷✳✶ ❙❡❥❛♠ f(x1, x2, . . . , xn) ∈ K〈X〉 ❡ A ✉♠❛ á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡ f é

✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ❛ á❧❣❡❜r❛ A✱ s❡

f(a1, . . . , an) = 0

♣❛r❛ q✉❛✐sq✉❡r a1, . . . , an ∈ A✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✷ ❈♦♥s✐❞❡r❡ f(x1, x2, . . . , xn) ∈ K〈X〉✱ ❡♥tã♦ f = f(x1, . . . , xn) é

✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f ♣❡rt❡♥❝❡ ❛♦s ♥ú❝❧❡♦s ❞❡ t♦❞♦s ♦s

❤♦♠♦♠♦r✜s♠♦s ❞❡ K〈X〉 ❡♠ A✳

❉❡✜♥✐çã♦ ✶✳✷✳✸ ❙❡ ❆ s❛t✐s❢❛③ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♥ã♦ ♥✉❧❛✱ ❡♥tã♦ A é ❞✐t❛

✉♠❛ P■✲á❧❣❡❜r❛ ✭♦✉ á❧❣❡❜r❛ ❝♦♠ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧✮✳

❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡ ❞❛❞❛ ✉♠❛ á❧❣❡❜r❛ A ❞❡♥♦t❛r❡♠♦s ♣♦r T (A) ♦ ❝♦♥❥✉♥t♦ ❞❡

t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ A✳ ❱❡r❡♠♦s ❛❞✐❛♥t❡ q✉❡ ❡st❡s ❝♦♥❥✉♥t♦s sã♦ ✐❞❡❛✐s

❞❡K〈X〉 ✐♥✈❛r✐❛♥t❡s ♣♦r ❡♥❞♦♠♦r✜s♠♦s ✭❝❤❛♠❛❞♦s❚✲✐❞❡❛✐s✮✱ ✐st♦ é✱ ϕ(T (A)) ⊂ T (A)✱

∀ϕ ∈ ❊♥❞K〈X〉✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ ✉♠ ✐❞❡❛❧ I ❞❡ K〈X〉 ✐♥✈❛r✐❛♥t❡ ♣♦r ❡♥❞♦♠♦r✜s♠♦s✱

❡①✐st❡ ✉♠❛ P■✲á❧❣❡❜r❛ B t❛❧ q✉❡ T (B) = I✳ ❊ss❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ❚✲✐❞❡❛✐s ❡ ✐❞❡❛✐s

❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❡ á❧❣❡❜r❛s ♥ã♦ é ❜✐✉♥í✈♦❝❛✳ P♦r ❡①❡♠♣❧♦✱ ♥ã♦ é ❞✐❢í❝✐❧ ❞❡♠♦♥str❛r q✉❡

s❡ K é ✐♥✜♥✐t♦ ❡ A ❡ B sã♦ K✲á❧❣❡❜r❛s ❝♦♠✉t❛t✐✈❛s ❝♦♠ ✉♥✐❞❛❞❡ ❡♥tã♦ T (A) = T (B)✳

❉❡✜♥✐çã♦ ✶✳✷✳✹ ❙❡ A1 ❡ A2 sã♦ á❧❣❡❜r❛s t❛✐s q✉❡ T (A1) = T (A2)✱ ❞✐③❡♠♦s q✉❡ A1 ❡

A2 sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ✐♠♣♦rt❛♥t❡s ❞❡ á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳

❊①❡♠♣❧♦ ✶✳✷✳✺ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✱ ❡♥tã♦ ♦ ♣♦❧✐♥ô♠✐♦ f(x1, x2) =

[x1, x2] = x1x2 − x2x1 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ A✳ P♦rt❛♥t♦✱ t♦❞❛ á❧❣❡❜r❛

❝♦♠✉t❛t✐✈❛ é ✉♠❛ P■✲á❧❣❡❜r❛✳

❊①❡♠♣❧♦ ✶✳✷✳✻ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E é ✉♠❛ P■✲á❧❣❡❜r❛✱ ♣♦✐s ♦ ♣♦❧✐♥ô♠✐♦

[x1, x2, x3] é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ E✳ P❛r❛ ✈❡r ✐st♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡

[a, b] ∈ E0 = Z(E) ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ E✳

✷✶



❊①❡♠♣❧♦ ✶✳✷✳✼ ❖ q✉❛❞r❛❞♦ t❡♥s♦r✐❛❧ ❞❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E ⊗ E é ✉♠❛ P■✲

á❧❣❡❜r❛ ✭♣♦✐s é ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ❞✉❛s P■✲á❧❣❡❜r❛s✮✱ ❡ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡

E ⊗ E s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ [[x1, x2], [x3, x4], x5]✳

❊①❡♠♣❧♦ ✶✳✷✳✽ ❆ á❧❣❡❜r❛ M1,1(E) ❞❛s ♠❛tr✐③❡s ❡♠ M2(E) ≃ M2(K) ⊗ E ❝♦♠

❡♥tr❛❞❛s ♥❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧ ❡♠ E0 ❡ ♥❛ ❞✐❛❣♦♥❛❧ s❡❝✉♥❞ár✐❛ ❡♠ E1 é ✉♠❛ P■✲

á❧❣❡❜r❛✳ ❉❡ ❢❛t♦ M2(K) ⊗ E é ✉♠❛ P■✲á❧❣❡❜r❛ ♣♦✐s é ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ❞✉❛s

á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❡ t♦❞❛ s✉❜á❧❣❡❜r❛ ❞❡st❛✱ ❡♠ ♣❛rt✐❝✉❧❛r M1,1(E)✱

t❛♠❜é♠ é ✉♠❛ P■✲á❧❣❡❜r❛✳ ❖ ❚❡♦r❡♠❛ ❞♦ Pr♦❞✉t♦ ❚❡♥s♦r✐❛❧ ❞❡ ❑❡♠❡r ❣❛r❛♥t❡ q✉❡ ♣❛r❛

❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ M1,1(E) ❡ E⊗E sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✱ ❡ ✉♠❛ ❞❡♠♦♥str❛çã♦

❡❧❡♠❡♥t❛r ❞❡st❡ ❢❛t♦ ✉s❛♥❞♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛

❡♠ ❬✹❪✳

❊①❡♠♣❧♦ ✶✳✷✳✾ ❆ á❧❣❡❜r❛ M2(K) s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ f(x1, x2, x3) = [[x1, x2]
2, x3]✱

❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❍❛❧❧✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡✿

(1) ❙❡ A,B ∈M2(K)✱ ❡♥tã♦ tr([A,B]) = 0❀

(2) ❙❡ A ∈ M2(K) ❡ tr(A) = 0✱ ❡♥tã♦ A2 = λI2✱ ♦♥❞❡ I2 é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡

❞❡ M2(K)✱ ❡ ❡st❡ ❢❛t♦ ❞❡❝♦rr❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❈❛②❧❡②✲❍❛♠✐❧t♦♥✳

❊①❡♠♣❧♦ ✶✳✷✳✶✵ ❈♦♥s✐❞❡r❡ ♦ ♣♦❧✐♥ô♠✐♦

sn(x1, . . . , xn) =
∑

σ∈Sn

(−1)σxσ(1) . . . xσ(n),

♦♥❞❡ Sn é ♦ ❣r✉♣♦ s✐♠étr✐❝♦ ❞❛s ♣❡r♠✉t❛çõ❡s ❞❡ {1, 2, . . . , n} ❡ (−1)σ é ♦ s✐♥❛❧ ❞❛

♣❡r♠✉t❛çã♦ σ✳ ❖ ♣♦❧✐♥ô♠✐♦ sn é ❝❤❛♠❛❞♦ ❞❡ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ ❞❡ ❣r❛✉ n✳

❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ dimA < n✱ t❡♠♦s q✉❡ ❛ á❧❣❡❜r❛ A s❛t✐s❢❛③ ♦

♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ sn✳ ❊♠ 1950 ❆♠✐ts✉r ❡ ▲❡✈✐t③❦✐ ❬✶❪ ♣r♦✈❛r❛♠ q✉❡ s2n(x1, . . . , x2n)

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛Mn(K)✱ ❢❛t♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♦r❡♠❛ ❞❡ ❆♠✐ts✉r✲

▲❡✈✐t③❦✐✳

❊①❡♠♣❧♦ ✶✳✷✳✶✶ ❙❡♥❞♦ R ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ s♦❜r❡ ✉♠ ❝♦r♣♦ ✜♥✐t♦

♠♦str❛r❡♠♦s q✉❡ R s❛t✐s❢❛③ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♥ã♦ tr✐✈✐❛❧ ❡♠ ✉♠❛ ✈❛r✐á✈❡❧✳

❉❡ ❢❛t♦✱ é ✐♠❡❞✐❛t♦ q✉❡ ❛ á❧❣❡❜r❛ R é ✜♥✐t❛ ❡ ♣♦rt❛♥t♦ ♣❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ r ∈ R

❡①✐st❡♠ k > l t❛✐s q✉❡ rk = rl✱ ✐st♦ é✱ ❞❡✜♥✐♥❞♦ fr(x) = xk − xl✱ t❡♠♦s fr(r) = 0✳

❈♦♠♦ R é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ♣♦❞❡♠♦s ❞❡✜♥✐r g(x) =
∏

r∈R fr(x) q✉❡ ❝❧❛r❛♠❡♥t❡ é

✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ R✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✷ ❙❡❥❛ I ✉♠ ✐❞❡❛❧ ❞❡ K〈X〉✳ ❉✐③❡♠♦s q✉❡ I é ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉

s❡ φ(I) ⊆ I ♣❛r❛ t♦❞♦ φ ∈ EndK〈X〉✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ s❡ f(g1, . . . , gn) ∈ I ♣❛r❛

q✉❛✐sq✉❡r f(x1, . . . , xn) ∈ I ❡ g1, . . . , gn ∈ K〈X〉✳

✷✷



❆ s❡❣✉✐r ❞❡♠♦♥str❛r❡♠♦s ✉♠ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ q✉❡ ❣❛r❛♥t❡ q✉❡ ♦ ❝♦♥❥✉♥t♦

❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ ✉♠❛ á❧❣❡❜r❛ é ✉♠ ❚✲✐❞❡❛❧✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✸ ❖ ❝♦♥❥✉♥t♦ T (A) ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ A é ✉♠ ❚✲✐❞❡❛❧

❞❡ K〈X〉✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ I é ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✱ ❡♥tã♦ ❡①✐st❡ ❛❧❣✉♠❛ á❧❣❡❜r❛ B

t❛❧ q✉❡ T (B) = I✳

❉❡♠♦♥str❛çã♦✿ ➱ ❢á❝✐❧ ✈❡r q✉❡ T (A) é ✉♠ ✐❞❡❛❧ ❞❡ K〈X〉✳ ❙❡❥❛♠

f(x1, . . . , xn) ∈ T (A) ❡ ϕ ∈ End K〈X〉✱ ❛r❜✐trár✐♦s✳ ❙❡ ψ : K〈X〉 → A é ✉♠

❤♦♠♦♠♦r✜s♠♦ q✉❛❧q✉❡r✱ ❡♥tã♦ ψ(ϕ(f)) = (ψ ◦ϕ)(f) = 0✱ ♣♦✐s ψ ◦ϕ : K〈X〉 → A é ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❡ f ∈ T (A)✳ ❉❛í✱ ϕ(f) ∈ Ker(ψ) ❡ ♣♦rt❛♥t♦ ϕ(f) ∈ T (A)✳

❙❡❥❛ I ✉♠ T ✲✐❞❡❛❧ ❞❡ K〈X〉✳ ❚♦♠❡♠♦s ❛ á❧❣❡❜r❛ q✉♦❝✐❡♥t❡ B = K〈X〉/I ❡

❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ π : K〈X〉 −→ K〈X〉/I✳ ❙❡ f ∈ T (B)✱ ❡♥tã♦ f ∈ Ker(π)✳

❈♦♠♦ Ker(π) = I✱ t❡♠♦s T (B) ⊆ I✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ f(x1, . . . , xn) ∈ I ❡

g1, . . . , gn ∈ K〈X〉✱ ❡♥tã♦ f(g1, . . . , gn) ∈ I ❡ ❞❛í f(g1, . . . , gn) = f(g1, . . . , gn) = 0✳

▲♦❣♦✱ f ∈ T (B)✱ ♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ❛ ✐♥t❡rs❡❝çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ q✉❛❧q✉❡r ❞❡ ❚✲✐❞❡❛✐s é ❛✐♥❞❛

✉♠ ❚✲✐❞❡❛❧✳ ❙❡❣✉❡ ❡♥tã♦ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✹ ❙❡❥❛ S ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ K〈X〉✳ ❉❡✜♥✐♠♦s ♦ ❚✲✐❞❡❛❧ ❣❡r❛❞♦

♣♦r S✱ ❞❡♥♦t❛❞♦ ♣♦r 〈S〉T ✱ ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s ❚✲✐❞❡❛✐s ❞❡ K〈X〉 q✉❡

❝♦♥té♠ S✳ ❉❡ss❛ ❢♦r♠❛✱ 〈S〉T é ♦ ♠❡♥♦r ❚✲✐❞❡❛❧ ❝♦♥t❡♥❞♦ S✳

❯♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❝♦♥str✉t✐✈❛ ❞♦ ❚✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S é q✉❡ ❡st❡ ❝♦✐♥❝✐❞❡ ❝♦♠

♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

{h1f(g1, . . . , gn)h2 | f ∈ S, h1, h2, g1, . . . , gn ∈ K〈X〉}.

❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ❡ S ⊆ T (A) t❛❧ q✉❡ T (A) = 〈S〉T ❞✐③❡♠♦s q✉❡ S é ✉♠❛

❜❛s❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ A✳ ❙❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f(x1, . . . , xn) ∈ 〈S〉T ❞✐③❡♠♦s q✉❡ f

s❡❣✉❡ ❞❡ S✱ ♦✉ q✉❡ f é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ S✳

❙❡ ❡①✐st❡ S ✜♥✐t♦ t❛❧ q✉❡ T (A) = 〈S〉T ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ ❆✱ ❞✐③❡♠♦s q✉❡ ❆

♣♦ss✉✐ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❜❛s❡ ✜♥✐t❛ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s✳ ❆ q✉❡stã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ❜❛s❡

✜♥✐t❛ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✜❝♦✉ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡
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❙♣❡❝❤t✱ ❡ ❑❡♠❡r ❬✷✾❪ ❞❡✉ ✉♠❛ r❡s♣♦st❛ ♣♦s✐t✐✈❛ ♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ s♦❜r❡ ❝♦r♣♦s ❞❡

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

❱❡❥❛♠♦s ❛❣♦r❛ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❜❛s❡s ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ ❛❧❣✉♠❛s á❧❣❡❜r❛s

✐♠♣♦rt❛♥t❡s✳

❊①❡♠♣❧♦ ✶✳✷✳✶✺ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ ❡ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✱

❡♥tã♦ T (A) = 〈[x1, x2]〉
T ✳

❊①❡♠♣❧♦ ✶✳✷✳✶✻ ❙❡♥❞♦ E ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❡ K ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❞❡

❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ 2✱ ❡♥tã♦ T (E) = 〈[x1, x2, x3]〉
T ✭❱❡❥❛ ❬✷✶❪ ❡ ❬✸✸❪✮✳

❊①❡♠♣❧♦ ✶✳✷✳✶✼ ❊♠ 1973 ❘❛③♠②s❧♦✈ ❬✸✼❪ ♣r♦✈♦✉ q✉❡ T (M2(K)) é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦

♣❛r❛ charK = 0✱ ❞❡t❡r♠✐♥❛♥❞♦ ✉♠❛ ❜❛s❡ ❝♦♠ 9 ✐❞❡♥t✐❞❛❞❡s✳ P♦st❡r✐♦r♠❡♥t❡✱

❉r❡♥s❦② ❬✶✹❪ ♠♦str♦✉ q✉❡ T (M2(K)) = 〈s4(x1, x2, x3, x4), [[x1, x2]
2, x3]〉

T ✱ t❛♠❜é♠

q✉❛♥❞♦ charK = 0✳ ❊♠ 2001 ❑♦s❤❧✉❦♦✈ ❬✸✵❪ ❣❡♥❡r❛❧✐③♦✉ ❡st❡ r❡s✉❧t❛❞♦ ❞❡ ❉r❡♥s❦②

♣❛r❛ K ✐♥✜♥✐t♦ ❡ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ 2 ❡ 3✳ P❛r❛ charK = 2 ♦ ♣r♦❜❧❡♠❛

❛✐♥❞❛ ❡♥❝♦♥tr❛✲s❡ ❡♠ ❛❜❡rt♦✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✽ ❙❡❥❛ S ⊂ K〈X〉 ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❞❡ ♣♦❧✐♥ô♠✐♦s✳ ❆ ❝❧❛ss❡ B

❞❡ t♦❞❛s ❛s á❧❣❡❜r❛s A t❛✐s q✉❡ f = 0 ❡♠ A ♣❛r❛ t♦❞♦ f ∈ S é ❝❤❛♠❛❞❛ ✈❛r✐❡❞❛❞❡

V = V(S) ❞❡t❡r♠✐♥❛❞❛ ♣♦r S✳

❖❜s❡r✈❡ q✉❡ ❞❛❞♦ S ⊂ K〈X〉 ❡ ✉♠❛ á❧❣❡❜r❛ A t❡♠♦s S ⊂ T (A) s❡✱ ❡ s♦♠❡♥t❡

s❡✱ 〈S〉T ⊂ T (A)✱ ❡ ♣♦rt❛♥t♦ ❛ ✈❛r✐❡❞❛❞❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r S é ❛ ♠❡s♠❛ ✈❛r✐❡❞❛❞❡

❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦ ❚✲✐❞❡❛❧ 〈S〉T ✱ ♦✉ s❡❥❛

V(S) = V(〈S〉T ).

➱ ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r q✉❡ 〈S〉T = ∩A∈VT (A) ❡ ❛ss✐♠ ❛ ❝❛❞❛ ✈❛r✐❡❞❛❞❡ V ❝♦rr❡s♣♦♥❞❡

✉♠ ❚✲✐❞❡❛❧✱ q✉❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r T (V)✳ ❉✐❢❡r❡♥t❡♠❡♥t❡ ❞❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡

á❧❣❡❜r❛s ❡ ❚✲✐❞❡❛✐s✱ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ á❧❣❡❜r❛ ♦ ❚✲✐❞❡❛❧ T (A)✱ ❡st❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛

❡♥tr❡ ❚✲✐❞❡❛✐s ❡ ✈❛r✐❡❞❛❞❡s é ❜✐✉♥í✈♦❝❛ ❝♦♥❢♦r♠❡ ♣♦❞❡♠♦s ✈❡r ♥♦ t❡♦r❡♠❛ ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ✶✳✷✳✶✾ ❊①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❡♥tr❡ ❚✲✐❞❡❛✐s ❞❡ K〈X〉 ❡

✈❛r✐❡❞❛❞❡s ❞❡ á❧❣❡❜r❛s✳ ◆❡st❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛✱ à ✈❛r✐❡❞❛❞❡ V ❝♦rr❡s♣♦♥❞❡ ♦ ❚✲✐❞❡❛❧ ❞❡

✐❞❡♥t✐❞❛❞❡s T (V) ❡ ❛♦ ❚✲✐❞❡❛❧ I ❝♦rr❡s♣♦♥❞❡ ❛ ✈❛r✐❡❞❛❞❡ V(I)✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✷✸✱ ❚❡♦r❡♠❛ ✶✳✷✳✺✱ ♣á❣✐♥❛ ✺❪✳
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◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ ✈❛r✐❡❞❛❞❡s sã♦ ❢❡❝❤❛❞❛s ♣❛r❛ ♣r♦❞✉t♦s ❞✐r❡t♦s✱ ✐♠❛❣❡♥s

❤♦♠♦♠ór✜❝❛s ❡ s✉❜á❧❣❡❜r❛s✳ ❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❣❛r❛♥t❡ q✉❡ ❡st❛s ♣r♦♣r✐❡❞❛❞❡s

❝❛r❛❝t❡r✐③❛♠ ✉♠❛ ✈❛r✐❡❞❛❞❡✳

❚❡♦r❡♠❛ ✶✳✷✳✷✵ ✭❇✐r❦❤♦✛✮ ❯♠❛ ❝❧❛ss❡ ♥ã♦✲✈❛③✐❛ ❞❡ á❧❣❡❜r❛s B é ✉♠❛ ✈❛r✐❡❞❛❞❡

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ é ❢❡❝❤❛❞❛ ❛ ♣r♦❞✉t♦s ❞✐r❡t♦s✱ s✉❜á❧❣❡❜r❛s ❡ á❧❣❡❜r❛s q✉♦❝✐❡♥t❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✺❪✱ ♣á❣✐♥❛ ✷✹✳

❉❡✜♥✐çã♦ ✶✳✷✳✷✶ ❙❡❥❛ V ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s✳ ❆ á❧❣❡❜r❛ F ∈ V é ✉♠❛ á❧❣❡❜r❛

r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡ V✱ s❡ F é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ V ✭❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r Y ✱ ✈❡❥❛

❉❡✜♥✐çã♦ ✶✳✶✳✷✺✮✳ ❆ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ Y é ❝❤❛♠❛❞❛ ♦ ♣♦st♦ ❞❡ F ✳

❚❡♦r❡♠❛ ✶✳✷✳✷✷ ❚♦❞❛ ✈❛r✐❡❞❛❞❡ V ✭♥ã♦✲tr✐✈✐❛❧✮ ♣♦ss✉✐ ❛❧❣✉♠❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡

❧✐✈r❡✳ ❆❧é♠ ❞✐ss♦✱ ❞✉❛s á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❞❡ ♠❡s♠♦ ♣♦st♦ ❡♠ V sã♦

✐s♦♠♦r❢❛s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ T (V) =
⋂

R∈V
T (R) ❡ ❝♦♥s✐❞❡r❡ π : K〈X〉 −→ K〈X〉/T (V) ❛

♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❙❡❥❛♠ x1 ❡ x2 ❞♦✐s ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❞❡ X t❛✐s q✉❡ π(x1) = π(x2)✳

❈♦♥s✐❞❡r❡♠♦s ✉♠❛ á❧❣❡❜r❛ ♥ã♦✲♥✉❧❛ A ❞❡ V ❡ ✉♠ ❡❧❡♠❡♥t♦ ♥ã♦✲♥✉❧♦ a ∈ A✳ ❊♥tã♦

❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ψ : K〈X〉 −→ A t❛❧ q✉❡ ψ(x1) = a ❡ ψ(x2) = 0✳ ❈♦♠♦

T (V) ⊆ Kerψ✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ φ : K〈X〉/T (V) −→ A t❛❧ q✉❡ φ ◦ π = ψ✳

▼❛s✱ a = ψ(x1) = (φ ◦ π)(x1) = (φ ◦ π)(x2) = ψ(x2) = 0✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

▲♦❣♦✱ π|X é ✐♥❥❡t♦r❛ ❡ ♣♦rt❛♥t♦ π(X) é ❡♥✉♠❡rá✈❡❧✳

❆ á❧❣❡❜r❛ K〈X〉/T (V) é ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ π(X) ❡ ♣❡rt❡♥❝❡ ❛ V ✱ ♣♦✐s s❛t✐s❢❛③

t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ T (V)✳ ❱❛♠♦s ♠♦str❛r q✉❡ ❡st❛ á❧❣❡❜r❛ é ❧✐✈r❡ ❡♠ V ✱ ❧✐✈r❡♠❡♥t❡

❣❡r❛❞❛ ♣♦r π(X)✳ ❙❡❥❛♠ A ∈ V ❡ σ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ π(X) ❡♠ A✳ ❈♦♠♦ K〈X〉 é ❛

á❧❣❡❜r❛ ❧✐✈r❡ ❝♦♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r X✱ ❛ ❛♣❧✐❝❛çã♦ σ ◦ π : X −→ A ❡st❡♥❞❡✲s❡ ❛ ✉♠

❤♦♠♦♠♦r✜s♠♦ θ : K〈X〉 −→ A✳ ❊①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ρ : K〈X〉/T (V) −→ A ♣❛r❛

♦ q✉❛❧ ρ ◦ π = θ✱ ♣♦✐s T (V) ⊆ Kerθ✳ ❙❡ x ∈ X✱ t❡♠♦s q✉❡ ρ(π(x)) = (ρ ◦ π)(x) =

θ(x) = (σ ◦ π)(x) = σ(π(x))✱ ♦✉ s❡❥❛✱ ♦ ❤♦♠♦♠♦r✜s♠♦ ρ ❡st❡♥❞❡ ❛ ❛♣❧✐❝❛çã♦ σ✳ ❆❧é♠

❞✐ss♦✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ ρ ❡st❡♥❞❡ ❛ ❛♣❧✐❝❛çã♦ σ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛✳ P♦rt❛♥t♦✱

K〈X〉/T (V) é ✉♠❛ á❧❣❡❜r❛ ❧✐✈r❡ ♥❛ ✈❛r✐❡❞❛❞❡ V ✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ F1 ❡ F2 á❧❣❡❜r❛s r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡s ❞❡ ♠❡s♠♦ ♣♦st♦ ❡♠ V ✳

❙❡♥❞♦ F1 ❡ F2 ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛s ♣♦r Y1 ❡ Y2 r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t♦♠❡♠♦s ✉♠❛ ❜✐❥❡çã♦

g : Y1 −→ Y2✳ ❚❡♠♦s ❡♥tã♦ q✉❡ ❡①✐st❡♠ ❤♦♠♦♠♦r✜s♠♦s ❞❡ á❧❣❡❜r❛s ϕ1 : F1 −→ F2
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❡ ϕ2 : F2 −→ F1 ❡st❡♥❞❡♥❞♦ g ❡ g−1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▲♦❣♦✱ (ϕ2 ◦ ϕ1)(y) = y ❡

(ϕ1 ◦ ϕ2)(z) = z✱ ♣❛r❛ q✉❛✐sq✉❡r y ∈ Y1 ❡ z ∈ Y2✳ ❙❡❣✉❡ ❡♥tã♦ q✉❡ ϕ2 ◦ ϕ1 = IdF1 ❡

ϕ1 ◦ ϕ2 = IdF2 ✱ ❡ ♣♦rt❛♥t♦ ϕ1 ❡ ϕ2 sã♦ ✐s♦♠♦r✜s♠♦s✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✷✸ ◆❡♠ t♦❞❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s ♣♦ss✉✐ ✉♠❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡

❧✐✈r❡✳ ➱ ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❡ ❛ ❝❧❛ss❡ ❞❛s P■✲á❧❣❡❜r❛s ♥ã♦ ♣♦ss✉✐ á❧❣❡❜r❛

r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✷✹ ❆ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡t❡r♠✐♥❛❞❛

♣❡❧♦ ❝♦♥❥✉♥t♦ ✈❛③✐♦ ❞❡ ♣♦❧✐♥ô♠✐♦s✳ ❆ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❝♦♠✉t❛t✐✈❛s é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❡

❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡ ♣♦st♦ n é ❛ á❧❣❡❜r❛ K[x1, x2, . . . , xn] ❞♦s ♣♦❧✐♥ô♠✐♦s ❡♠

n ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s✳ ❆❧é♠ ❞❡ss❡s ❡①❡♠♣❧♦s✱ ❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❞❡ ▲✐❡ t❛♠❜é♠

♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠❛ ✈❛r✐❡❞❛❞❡ ✭❞❡✜♥✐❞❛ ❡♠ t❡r♠♦s ❞❛ á❧❣❡❜r❛ ❧✐✈r❡✱ q✉❡ ♥ã♦ é

❛ss♦❝✐❛t✐✈❛✮ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❞✉❛s ✐❞❡♥t✐❞❛❞❡s✱ ❛ ❛♥t✐✲❝♦♠✉t❛t✐✈✐❞❛❞❡ ❡ ❛ ✐❞❡♥t✐❞❛❞❡

❞❡ ❏❛❝♦❜✐✳

P♦❞❡♠♦s ❞❡✜♥✐r ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♥♦ ❝♦♥t❡①t♦ ❞❛s á❧❣❡❜r❛s ❞❡ ▲✐❡✱

❡♥tr❡t❛♥t♦ t❛✐s ✐❞❡♥t✐❞❛❞❡s sã♦ ❡❧❡♠❡♥t♦s ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❧✐✈r❡ q✉❡ é ❛ á❧❣❡❜r❛

r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡ ♣♦st♦ ❡♥✉♠❡rá✈❡❧ ♥❡st❛ ✈❛r✐❡❞❛❞❡✳ ❆ s❡❣✉✐r ❢❛③❡♠♦s ✉♠

❜r❡✈❡ ❞❡s✈✐♦ ❡♠ ♥♦ss♦ t❡①t♦ ❡✱ ♣♦r ❝♦♠♣❧❡t✉❞❡✱ ❝♦♥str✉✐♠♦s ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❧✐✈r❡

❡ ❞❡✜♥✐♠♦s ✉♠❛ ❝❧❛ss❡ ✐♠♣♦rt❛♥t❡ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ ❝❤❛♠❛❞♦s ♣♦❧✐♥ô♠✐♦s ♣ró♣r✐♦s✱ q✉❡

tê♠ ❛♣❧✐❝❛çõ❡s ✐♠♣♦rt❛♥t❡s ♥❛ P■✲t❡♦r✐❛✳ ❊st❡s r❡s✉❧t❛❞♦s ♥ã♦ s❡rã♦ ✉s❛❞♦s ♥♦ ❞❡❝♦rr❡r

❞♦ t❡①t♦ ❡ s✉❛ ❧❡✐t✉r❛ ♣♦❞❡ s❡r ♦♠✐t✐❞❛✳ ▲❡♠❜r❛♠♦s q✉❡✱ s❡ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱

❝♦♥s✐❞❡r❛♥❞♦ ❡♠ A ♦ ♣r♦❞✉t♦ [a, b] = ab − ba✱ ♣❛r❛ a, b ∈ A✱ t❡♠♦s ❡♠ A ✉♠❛ ♥♦✈❛

❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r A(−) ❡✱ ❝♦♥❢♦r♠❡ ✈✐♠♦s ♥♦ ❡①❡♠♣❧♦ ✶✳✶✳✼✱ é

✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡✳

❉❡✜♥✐çã♦ ✶✳✷✳✷✺ ❙❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ L é ✐s♦♠♦r❢❛ ❛ ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A(−)✱

❞✐③❡♠♦s q✉❡ A é ✉♠❛ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ ▲✳

❊①❡♠♣❧♦ ✶✳✷✳✷✻ ❙❡❥❛ L ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❝♦♠ ❜❛s❡ {u, v} t❛❧ q✉❡ u ∗ v = v✳ ❆

á❧❣❡❜r❛ M2(K) é ✉♠❛ á❧❣❡❜r❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ L✱ ♣♦✐s ♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ❞❡ M2(K)

❣❡r❛❞♦ ♣♦r {E11, E12} é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ M2(K)(−) ❡ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ϕ : L −→ V

q✉❡ s❛t✐s❢❛③ ϕ(u) = E11 ❡ ϕ(v) = E12 é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳

❉❡✜♥✐çã♦ ✶✳✷✳✷✼ ❙❡❥❛ L ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ U

é ✉♠❛ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈♦❧✈❡♥t❡ ❞❡ L✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r U = U(L)✱ s❡ L é ✉♠❛
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s✉❜á❧❣❡❜r❛ ❞❡ U (−) ❡ U s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✿ ♣❛r❛ q✉❛❧q✉❡r á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ R ❡ q✉❛❧q✉❡r ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡ ϕ : L → R(−)✱ ❡①✐st❡ ✉♠

ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ψ : U → R q✉❡ ❡st❡♥❞❡ ϕ✱ ♦✉ s❡❥❛✱ t❛❧

q✉❡ ψ|L = ϕ✳

❖s t❡♦r❡♠❛s q✉❡ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ❛ s❡❣✉✐r ♥♦s ❛❥✉❞❛rã♦ ❛ ❞❡t❡r♠✐♥❛r ✉♠❛ ❜❛s❡

❞❡ K〈X〉 ❛ ♣❛rt✐r ❞❡ ✉♠❛ ❜❛s❡ ❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❧✐✈r❡✳

❚❡♦r❡♠❛ ✶✳✷✳✷✽ ✭P♦✐♥❝❛ré✱ ❇✐r❦❤♦✛✱ ❲✐tt✮ ❚♦❞❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ L ♣♦ss✉✐ ✉♠❛

ú♥✐❝❛ ✭❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦s✮ á❧❣❡❜r❛ ✉♥✐✈❡rs❛❧ ❡♥✈♦❧✈❡♥t❡ U(L)✳ ❙❡ L t❡♠ ✉♠❛

❜❛s❡ {ei | i ∈ I} ♦♥❞❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐❝❡s I é ♦r❞❡♥❛❞♦✱ ❡♥tã♦ U(L) t❡♠ ✉♠❛ ❜❛s❡

❞❛❞❛ ♣♦r

ei1 . . . eip , i1 ≤ . . . ≤ ip, ik ∈ I, p = 0, 1, 2, . . .

♦♥❞❡ p = 0 ♥♦s ❞á ❛ ✉♥✐❞❛❞❡ ❞❡ U(L)✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✺❪✱ ♣á❣✐♥❛ ✶✶✳

❙❡♥❞♦ X = {x1, x2, . . .}✱ ❝♦♥s✐❞❡r❡♠♦s

ComX = {[xi1 , xi2 , . . . , xik ] | k ≥ 2, xij ∈ X}.

❙❡❥❛♠ B(X) ❛ s✉❜á❧❣❡❜r❛ ✭❝♦♠ ✉♥✐❞❛❞❡✮ ❞❡ K〈X〉 ❣❡r❛❞❛ ♣♦r ComX ❡ L(X)

♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r X ∪ ComX✳ ❖s ♣♦❧✐♥ô♠✐♦s ❞❡ B(X) sã♦

❝❤❛♠❛❞♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ♣ró♣r✐♦s✳ ❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ K〈X〉(−)✳

▼♦str❛✲s❡ q✉❡ s❡ u, v ∈ X ∪ ComX✱ ❡♥tã♦ [u, v] ∈ L(X)✳ P♦rt❛♥t♦✱ L(X) é ✉♠❛

s✉❜á❧❣❡❜r❛ ❞❡ ▲✐❡ ❞❡ K〈X〉(−)✳

❚❡♦r❡♠❛ ✶✳✷✳✷✾ ✭❲✐tt✮ U(L(X)) = K〈X〉✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ❛ ✐♥❝❧✉sã♦ i : L(X) → K〈X〉(−)✳ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ q✉❛❧q✉❡r ❡ φ : L(X) → A(−) ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❞❡ ▲✐❡✱ ❝♦♥s✐❞❡r❡

❛ r❡str✐çã♦ φ0 : X → A ❞❡ φ ❛ X ❡ ♦ ❤♦♠♦♠♦r✜s♠♦ ϕ : K〈X〉 → A q✉❡ ❡st❡♥❞❡ φ0✳

❉❛❞♦s xi1 , . . . , xin ∈ X t❡♠♦s✿

ϕ([xi1 , . . . , xin ]) = [ϕ(xi1), . . . , ϕ(xin)] = [φ(xi1), . . . , φ(xin)] = φ([xi1 , . . . , xin ]) ❡ ❛ss✐♠

ϕ ❝♦✐♥❝✐❞❡ ❝♦♠ φ ❡♠ L(X)✳ ❉❛í✱ U(L(X)) = K〈X〉✳
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P♦❞❡ s❡r ❞❡♠♦♥str❛❞♦ q✉❡ ❛ á❧❣❡❜r❛ L(X) é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❞❡ ▲✐❡✳

❉❡ ❢❛t♦✱ s❡❥❛♠ L ✉♠❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❡ h : X −→ L ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❛❧q✉❡r✳ P♦r

K〈X〉 s❡r ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r X✱ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ϕ : K〈X〉 −→ U(L)

❡st❡♥❞❡♥❞♦ h✳ ❚❡♠♦s q✉❡ ϕ([xi1 , xi2 , . . . , xik ]) = [ϕ(xi1), ϕ(xi2), . . . , ϕ(xik)] ♣❛r❛ k ≥ 2✱

❡ ❛ss✐♠ ϕ(L(X)) ⊆ L✱ ❛❧é♠ ❞✐ss♦✱ é ✐♠❡❞✐❛t♦ ✈❡r q✉❡ s❡ f1, f2 ∈ L(X)✱ ❡♥tã♦

ϕ([f1, f2]) = [ϕ(f1), ϕ(f2)]✳ ▲♦❣♦✱ ϕ|L(X) : L(X) −→ L é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s

❞❡ ▲✐❡ q✉❡ ❡st❡♥❞❡ h✳ ❉✐③❡♠♦s ❡♥tã♦ q✉❡ L(X) é ❛ á❧❣❡❜r❛ ❞❡ ▲✐❡ ❧✐✈r❡✱ ❧✐✈r❡♠❡♥t❡

❣❡r❛❞❛ ♣♦r X✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ✉♠❛ ❜❛s❡ ♦r❞❡♥❛❞❛ ❞❡ L(X) ❝♦♥s✐st✐♥❞♦ ❞♦s ❡❧❡♠❡♥t♦s

x1, x2, . . . , xn, . . . , u1, u2, . . . , um, . . .

♦♥❞❡ {u1, u2, . . .} ⊆ ComX é ✉♠❛ ❜❛s❡ ❞❡ [L(X), L(X)]✱ ♦ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ L(X)

❣❡r❛❞♦ ♣♦r ComX✳ ❉♦s t❡♦r❡♠❛s ✶✳✷✳✷✽ ❡ ✶✳✷✳✷✾ s❡❣✉❡ q✉❡ K〈X〉 ♣♦ss✉✐ ✉♠❛ ❜❛s❡

❢♦r♠❛❞❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s

xn1
i1
xn2
i2
. . . xnk

ik
uj1uj2 . . . ujq , k, q, ni ≥ 0 ✭✶✳✷✮

♦♥❞❡ i1 < i2 < . . . < ik✱ j1 ≤ j2 ≤ . . . ≤ jq✳ ◆♦t❡ q✉❡ ♦s ❡❧❡♠❡♥t♦s ❝♦♠ k = 0 ❢♦r♠❛♠

✉♠❛ ❜❛s❡ ♣❛r❛ B(X) ❡ q✉❡ s❡ f(x1, x2, . . . , xn) ∈ K〈X〉✱ ❡♥tã♦

f(x1, x2, . . . , xn) =
∑

a

αax
a1
1 x

a2
2 . . . xann ga, ✭✶✳✸✮

♦♥❞❡ a = (a1, a2, . . . , an)✱ ai ≥ 0✱ αa ∈ K ❡ ga ∈ B(X)✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛

❞♦s ❡❧❡♠❡♥t♦s ❡♠ ✶✳✷✱ t❡♠♦s q✉❡ ❡st❛ ♠❛♥❡✐r❛ ❞❡ s❡ ❡①♣r❡ss❛r f é ú♥✐❝❛✳

✶✳✸ P♦❧✐♥ô♠✐♦s ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s ❡ ♠✉❧t✐❧✐♥❡❛r❡s

◆❡st❛ s❡çã♦ ❞❡✜♥✐r❡♠♦s ❞♦✐s t✐♣♦s ❞❡ ♣♦❧✐♥ô♠✐♦s q✉❡ tê♠ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛

♥❛ ❞❡s❝r✐çã♦ ❞❡ ❚✲✐❞❡❛✐s ❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❡ ✉♠❛ á❧❣❡❜r❛✱ ❛ s❛❜❡r✱ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐✲

❤♦♠♦❣ê♥❡♦s ❡ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡✜♥✐çã♦ ✶✳✸✳✶ ❯♠ ♠♦♥ô♠✐♦ m t❡♠ ❣r❛✉ k ❡♠ xi s❡ ❛ ✈❛r✐á✈❡❧ xi ♦❝♦rr❡ ❡♠ m

❡①❛t❛♠❡♥t❡ k ✈❡③❡s✳ ❯♠ ♣♦❧✐♥ô♠✐♦ é ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉ k ❡♠ xi s❡ t♦❞♦s ♦s s❡✉s

♠♦♥ô♠✐♦s tê♠ ❣r❛✉ k ❡♠ xi✱ ❡ ❞❡♥♦t❛♠♦s ❡st❡ ❢❛t♦ ♣♦r degxi
f = k✳ ❙❡ ♣❛r❛ ❝❛❞❛

✈❛r✐á✈❡❧ xi t♦❞♦s ♦s s❡✉s ♠♦♥ô♠✐♦s tê♠ ♦ ♠❡s♠♦ ❣r❛✉ ❡♠ xi ♦ ♣♦❧✐♥ô♠✐♦ é ♠✉❧t✐✲

❤♦♠♦❣ê♥❡♦✳ ❯♠ ♣♦❧✐♥ô♠✐♦ ❧✐♥❡❛r ❡♠ xi é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ 1 ❡♠ xi❀ s❡ ♦

♣♦❧✐♥ô♠✐♦ é ❧✐♥❡❛r ❡♠ ❝❛❞❛ ✈❛r✐á✈❡❧ q✉❡ ♦❝♦rr❡ ❡♠ f ❞✐③❡♠♦s q✉❡ ❡❧❡ é ♠✉❧t✐❧✐♥❡❛r✳

✷✽



❙❡ m(x1, x2, . . . , xk) é ✉♠ ♠♦♥ô♠✐♦ ❞❡ K〈X〉✱ ♦ ♠✉❧t✐❣r❛✉ ❞❡ m é ❛ k✲✉♣❧❛

(a1, a2, . . . , ak) ♦♥❞❡ ai = degxi
m✳ ❆ s♦♠❛ ❞❡ t♦❞♦s ♦s ♠♦♥ô♠✐♦s ❞❡ f ∈ K〈X〉 ❝♦♠

✉♠ ❞❛❞♦ ♠✉❧t✐❣r❛✉ é ❞✐t❛ s❡r ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐✲❤♦♠♦❣ê♥❡❛ ❞❡ f ✳ ◆♦t❡♠♦s

❛✐♥❞❛ q✉❡ f ∈ K〈X〉 é ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝♦♠♣♦♥❡♥t❡

♠✉❧t✐✲❤♦♠♦❣ê♥❡❛✳ ❆❧é♠ ❞✐ss♦✱ f(x1, x2, . . . , xk) ∈ K〈X〉 é ♠✉❧t✐❧✐♥❡❛r s❡ é ♠✉❧t✐✲

❤♦♠♦❣ê♥❡♦ ❝♦♠ ♠✉❧t✐❣r❛✉ (1, 1, . . . , 1)✳ ◆❡st❡ ❝❛s♦ f ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦✿

∑

σ∈Sk

aσxσ(1)xσ(2) . . . xσ(k), aσ ∈ K.

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ♥♦s ❞❛rã♦ ✉♠❛ ✐♠♣♦rt❛♥t❡ ❢❡rr❛♠❡♥t❛ ♥♦ tr❛❜❛❧❤♦ ❞❡

❞❡t❡r♠✐♥❛r ❣❡r❛❞♦r❡s ♣❛r❛ ❚✲✐❞❡❛✐s s♦❜r❡ ❝♦r♣♦s ✐♥✜♥✐t♦s ❡ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛

③❡r♦✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✷ ❙❡❥❛♠ I ✉♠ ❚✲✐❞❡❛❧ ❞❡ K〈X〉 ❡ f(x1, x2, . . . , xk) ∈ I✳ ❙❡

K é ✐♥✜♥✐t♦✱ ❡♥tã♦ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐✲❤♦♠♦❣ê♥❡❛ ❞❡ f ♣❡rt❡♥❝❡ ❛ I✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ I é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ n ♦ ♠❛✐♦r ❣r❛✉ ❡♠ x1 ❞❡ ❛❧❣✉♠ ♠♦♥ô♠✐♦ ❞❡ f ✳ P❛r❛ ❝❛❞❛

i = 0, 1, . . . , n✱ ❝♦♥s✐❞❡r❡♠♦s fi(x1, x2, . . . , xk) ❝♦♠♦ s❡♥❞♦ ❛ s♦♠❛ ❞❡ t♦❞♦s ♦s ♠♦♥ô♠✐♦s

q✉❡ tê♠ ❣r❛✉ i ❡♠ x1 ✭❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❣r❛✉ i ❡♠ x1✮✳ ❚❡♠♦s ❝❧❛r❛♠❡♥t❡ q✉❡

f = f0 + f1 + . . . + fn✳ ❈♦♠♦ K é ✐♥✜♥✐t♦✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r n + 1 ❡❧❡♠❡♥t♦s

❞✐st✐♥t♦s α0, . . . , αn ∈ K✳ P❛r❛ ❝❛❞❛ j = 0, 1, 2, . . . , n t❡♠♦s gj = f(αjx1, x2, . . . , xk) =

f0 + αjf1 + . . .+ αn
j fn ❡ ❛ss✐♠




1 α0 . . . αn
0

1 α1 . . . αn
1

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

1 αn . . . αn
n







f0

f1
✳✳✳

fn




=




g0

g1
✳✳✳

gn




❖❜s❡r✈❡ q✉❡ g0, g1, . . . , gn ∈ I✱ ♣♦✐s I é ✉♠ ❚✲✐❞❡❛❧✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♣r✐♠❡✐r❛

♠❛tr✐③ ♥❛ ✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r é ✉♠❛ ♠❛tr✐③ ❞❡ ❱❛♥❞❡r♠♦♥❞❡ ✐♥✈❡rtí✈❡❧✳ ▲♦❣♦✱ ❞❡✈❡♠♦s

t❡r f0, f1, . . . , fn ∈ I✳

❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ i = 0, 1, . . . , n ❡ ❝❛❞❛ t = 0, 1, 2, . . .✱ t♦♠❡♠♦s fit ❝♦♠♦

s❡♥❞♦ ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❡♠ fi ❞❡ ❣r❛✉ t ❡♠ x2✳ ❯s❛♥❞♦ ❡♥tã♦ ♦s ♠❡s♠♦s

✷✾



❛r❣✉♠❡♥t♦s ❛♥t❡r✐♦r❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡ fit ∈ I ❡ ❛ss✐♠✱ r❡♣❡t✐♥❞♦ ♦ ♣r♦❝❡ss♦ ♣❛r❛ ❝❛❞❛

✈❛r✐á✈❡❧✱ t❡♠♦s ❛ ♣r✐♠❡✐r❛ ❛✜r♠❛çã♦✳ ❋✐♥❛❧♠❡♥t❡✱ ♦❜s❡r✈❛♥❞♦ q✉❡ f é ❛ s♦♠❛ ❞❡ s✉❛s

❝♦♠♣♦♥❡♥t❡s ♠✉❧t✐✲❤♦♠♦❣ê♥❡❛s✱ ❝♦♥❝❧✉í♠♦s q✉❡ I é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐✲

❤♦♠♦❣ê♥❡♦s✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✸ ❙❡ I é ✉♠ ❚✲✐❞❡❛❧ ❞❡ K〈X〉 ❡ charK = 0✱ ❡♥tã♦ I é ❣❡r❛❞♦ ♣♦r

s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ charK = 0✱ t❡♠♦s q✉❡ K é ✐♥✜♥✐t♦ ❡ ♣♦rt❛♥t♦✱ ♣❡❧❛

♣r♦♣♦s✐çã♦ ✶✳✸✳✷✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ f(x1, x2, . . . , xn) ∈ I é ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐✲

❤♦♠♦❣ê♥❡♦✳ ❙❡❥❛ n = degx1f ✳ ❚♦♠❛♥❞♦ y1 ❡ y2 ✈❛r✐á✈❡✐s ❞❡ X ❞✐st✐♥t❛s ❞❡

x1, x2, . . . , xn✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦ h(y1, y2, x2, . . . , xn) = f(y1 + y2, x2, . . . , xn)✳

❙❡♥❞♦ h1(y1, y2, x2, . . . , xk) ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ h(y1, y2, x2, . . . , xk) ❞❡ ❣r❛✉ 1

❡♠ y1✱ t❡♠♦s q✉❡ degy2h1 = n − 1 ❡ q✉❡ h1(x1, x1, x2, . . . , xk) = nf(x1, x2, . . . , xk)✳

P♦r charK = 0✱ s❡❣✉❡ q✉❡ f é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ h1(y1, y2, . . . , xk)✳ ◆♦t❡♠♦s q✉❡

degy2h1 = n − 1 ❡ ❛ss✐♠✱ ❝❛s♦ s❡❥❛ ♥❡❝❡ssár✐♦✱ r❡♣❡t✐♠♦s ♦ ❛r❣✉♠❡♥t♦ ♣❛r❛ ❛s

✈❛r✐á✈❡✐s y2, x2, . . . , xk ❡♠ h1✳ ❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ❡st❡ ♣r♦❝❡ss♦ ✭❝❤❛♠❛❞♦ ❞❡ ♣r♦❝❡ss♦

❞❡ ❧✐♥❡❛r✐③❛çã♦ ♦✉ ♣♦❧❛r✐③❛çã♦✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ f é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ❛❧❣✉♠ ♣♦❧✐♥ô♠✐♦

♠✉❧t✐❧✐♥❡❛r ❞❡ I ❡ ❛ss✐♠ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

✶✳✹ ➪❧❣❡❜r❛s ●r❛❞✉❛❞❛s ❡ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s

●r❛❞✉❛❞❛s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❡ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ ❡ ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s✳ ❊st❛s ✐❞❡✐❛s s❡rã♦ ❢✉♥❞❛♠❡♥t❛✐s ♥♦

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ r❡st❛♥t❡ ❞♦ t❡①t♦✳ ◆♦ q✉❡ s❡❣✉❡✱ G ❞❡♥♦t❛rá ✉♠ ❣r✉♣♦✳

❉❡✜♥✐çã♦ ✶✳✹✳✶ ❆ á❧❣❡❜r❛ A é G✲❣r❛❞✉❛❞❛ s❡ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ✉♠❛ s♦♠❛ ❞✐r❡t❛

❞❡ s✉❜❡s♣❛ç♦s ❞❡ A

A =
⊕

g∈G

Ag de modo que AgAh ⊆ Agh

♣❛r❛ q✉❛✐sq✉❡r g, h ∈ G✳ ❖ s✉❜❡s♣❛ç♦ Ag é ❝❤❛♠❛❞♦ ❞❡ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡

❣r❛✉ g ❡ ♦s s❡✉s ❡❧❡♠❡♥t♦s ❞❡ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s ❞❡ ❣r❛✉ g✳ ❉✐③❡♠♦s q✉❡ ✉♠

s✉❜❡s♣❛ç♦ B ❞❡ A é ❤♦♠♦❣ê♥❡♦ ♥❛ ●✲❣r❛❞✉❛çã♦ ❞❡ A s❡

B =
⊕

g∈G

(B ∩ Ag),
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❡ ♥❡st❡ ❝❛s♦ ♦s s✉❜❡s♣❛ç♦s B ∩ Ag s❡rã♦ ❞❡♥♦♠✐♥❛❞♦s ❞❡ s✉❜❡s♣❛ç♦s ❤♦♠♦❣ê♥❡♦s ❞❡

❣r❛✉ g✳ ❙❡♥❞♦ I ✉♠ ✐❞❡❛❧ ❞❡ A✱ é ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r q✉❡ A/I é ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✱

♦♥❞❡ Ag = (Ag + I)/I é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❡s♣❛ç♦s ❞❡ A/I ❡ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ❛♦

❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✐❞❡❛❧ ❤♦♠♦❣ê♥❡♦ ❞❡ A✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✷ ❙❡ A é ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❝♦♠ ✉♥✐❞❛❞❡✱ ❡♥tã♦ 1 ∈ Ae✳

❆ s❡❣✉✐r ❞❛r❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s✳

❊①❡♠♣❧♦ ✶✳✹✳✸ ❚♦❞❛ á❧❣❡❜r❛ A ❛❞♠✐t❡ ✉♠❛ G✲❣r❛❞✉❛çã♦✳ ❇❛st❛ ❝♦♥s✐❞❡r❛r Ae = A

❡ Ag = {0} ♣❛r❛ t♦❞♦ g ∈ G− {e}✱ s❡♥❞♦ e ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ G✳ ❊st❛ ❣r❛❞✉❛çã♦ é

❝❤❛♠❛❞❛ ❞❡ ❣r❛❞✉❛çã♦ tr✐✈✐❛❧✳

❊①❡♠♣❧♦ ✶✳✹✳✹ ❆ á❧❣❡❜r❛ ❡①t❡r✐♦r E ♣♦ss✉✐ ✉♠❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ❞❛❞❛ ♣♦r

E = E0 ⊕ E1✱ ♦♥❞❡ E0 ❡ E1 sã♦ ♦s s✉❜❡s♣❛ç♦s ❞❡✜♥✐❞♦s ♥♦ ❡①❡♠♣❧♦ ✶✳✶✳✺✳ ➱ ♣♦ssí✈❡❧

❞❡♠♦♥str❛r q✉❡ ♥ã♦ ❡①✐st❡ Z3✲❣r❛❞✉❛çã♦ ♣❛r❛ ❛ á❧❣❡❜r❛ E✳

❊①❡♠♣❧♦ ✶✳✹✳✺ ❈♦♥s✐❞❡r❡ n ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡ A = Mn(K)✳ P❛r❛ ❝❛❞❛ γ ∈ Zn✱

t♦♠❡♠♦s ♦ s✉❜❡s♣❛ç♦ Mγ = 〈Eij | j − i = γ〉✳ P❛r❛ ❝❛❞❛ k ∈ Z✱ ❝♦♥s✐❞❡r❡♠♦s

Mk =

{
{0}, se |k| ≥ n

〈Eij | j − i = k〉, se |k| < n
.

❖❜s❡r✈❡ q✉❡ M0 = M0 é ❡①❛t❛♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s✳ ❉♦ ❢❛t♦ ❞♦

❝♦♥❥✉♥t♦ {Eij | 1 ≤ i, j ≤ n} s❡r ✉♠❛ ❜❛s❡ ❞❡ A s❡❣✉❡ q✉❡

A =
⊕

γ∈Zn

Mγ e A =
⊕

k∈Z

Mk.

❆❣♦r❛ ♣❛r❛ ✈❡r q✉❡ ❡st❛s ❞❡❝♦♠♣♦s✐çõ❡s ❞❡✜♥❡♠ ✉♠❛ Zn✲❣r❛❞✉❛çã♦ ❡ ✉♠❛ Z✲❣r❛❞✉❛çã♦✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♠ Mn(K)✱ ❜❛st❛ ♥♦t❛r♠♦s q✉❡

EijEkl =

{
0, se j 6= k

Eil, se j = k

❞♦♥❞❡ s❡❣✉❡ q✉❡ Mγ1Mγ2 ⊆ Mγ1+γ2 ♣❛r❛ γ1, γ2 ∈ Zn ❡ Mk1Mk2 ⊆ Mk1+k2 ♣❛r❛

k1, k2 ∈ Z✳

❆s ❣r❛❞✉❛çõ❡s ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r sã♦ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ ✉♠ t✐♣♦ ❞❡ ❣r❛❞✉❛çã♦

❡♠ Mn(K) ❝❤❛♠❛❞❛ ❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r q✉❡ é ❞❡✜♥✐❞❛ ❛ s❡❣✉✐r✳

❙❡❥❛ G ✉♠ ❣r✉♣♦ q✉❛❧q✉❡r ❡ ❝♦♥s✐❞❡r❡Gn = G×. . .×G✳ ❋✐①❛❞♦ g = (g1, . . . , gn) ∈

Gn✱ ❞❡✜♥✐r❡♠♦s ✉♠❛ ❣r❛❞✉❛çã♦ ❡♠ Mn(K) ❛ss♦❝✐❛❞❛ ❛ g t♦♠❛♥❞♦ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡
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❤♦♠♦❣ê♥❡❛ Ag ❝♦♠♦ ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧❛s ♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s Eij, 1 ≤ i, j ≤ n✱

t❛✐s q✉❡ g−1
i gj = g✱ ♦✉ s❡❥❛✿

Eij ∈ Ag ⇔ g = g−1
i gj . ✭✶✳✹✮

❙❛❜❡♠♦s q✉❡ ❛s ♠❛tr✐③❡s Eij ❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Mn(K)

❡ ❝❛❞❛ Eij ♣❡rt❡♥❝❡ à ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ Ag✱ ♦♥❞❡ g = g−1
i gj✳ ❊ ❝♦♥❢♦r♠❡

✐♠♣❧✐❝❛çã♦ ❛❝✐♠❛✱ ♣❛r❛ ❝❛❞❛ g ∈ G ✜①❛❞♦ t❡♠♦s Ag = 0 ♦✉ Ag = ⊕g=g−1
r gs

[Ers]✱ ❡

❡♥tã♦ Mn(K) = ⊕n
i,j=1[Eij] = ⊕g∈GAg✳

▼♦str❛r❡♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ ✶✳✹ r❡❛❧♠❡♥t❡ ❞❡✜♥❡ ✉♠❛ ❣r❛❞✉❛çã♦ ❞❡ Mn(K)✳ ❉❡

❢❛t♦✱ s❡❥❛♠ Eij ∈ Ag ❡ Ekl ∈ Ah✱ ❡♥tã♦ EijEkl = 0 s❡ j 6= k✱ ❡ s❡ j = k t❡♠♦s

EijEkl = Eil ∈ Ax✱ ♦♥❞❡ x = g−1
i gl = g−1

i gjg
−1
j gl = gh✱ ♣♦✐s g = g−1

i gj ❡ h = g−1
j gl✳

P♦rt❛♥t♦ AgAh ⊆ Agh✳

❉❡✜♥✐çã♦ ✶✳✹✳✻ ❆ ●✲❣r❛❞✉❛çã♦ ❡♠ Mn(K)✱ ❞❡✜♥✐❞❛ ❛❝✐♠❛✱ é ❛ ❣r❛❞✉❛çã♦

❡❧❡♠❡♥t❛r ✐♥❞✉③✐❞❛ ♣❡❧❛ n✲✉♣❧❛ g = (g1, · · · , gn)✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✼ ❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r ❡♠ Mn(K) ♣♦❞❡♠♦s

♣r♦✈❛r q✉❡ Mn(K) é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ ❞♦s ❡♥❞♦♠♦r✜s♠♦s ❣r❛❞✉❛❞♦s ❞♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧ ●✲❣r❛❞✉❛❞♦ V =
⊕

g∈G Vg✱ ❝♦♠ ❜❛s❡ v1, . . . , vn ♦♥❞❡ α(vj) = gj✱ j = 1, . . . , n✳

❆ss✐♠✱ t♦♠❛♥❞♦ ❝❛❞❛ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦r♣♦ K✱ ♣♦❞❡♠♦s ♣r♦✈❛r q✉❡ ❛s

❣r❛❞✉❛çõ❡s ❡❧❡♠❡♥t❛r❡s ♣r♦✈ê♠ ❞❡ ❣r❛❞✉❛çõ❡s ❡♠ Kn✳

❯♠ ❢❛t♦ ✐♥t❡r❡ss❛♥t❡ q✉❡ ❢♦✐ ♣r♦✈❛❞♦ ❡♠ 1999 ♣♦r ■♦♥ ❡ ♦✉tr♦s✭❬✶✶❪✮ ❣❛r❛♥t❡

q✉❡ ✉♠❛ G✲ ❣r❛❞✉❛çã♦ ❞❡ Mn(K) é ❡❧❡♠❡♥t❛r s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞❛s ❛s ♠❛tr✐③❡s

❡❧❡♠❡♥t❛r❡s Eij sã♦ ❤♦♠♦❣ê♥❡❛s✳

❉❡✜♥✐çã♦ ✶✳✹✳✽ ❙❡❥❛♠ A ❡ B á❧❣❡❜r❛s G✲❣r❛❞✉❛❞❛s✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ψ : A −→ B é

❞✐t❛ s❡r ✉♠ ❤♦♠♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦ s❡ ψ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s q✉❡

s❛t✐s❢❛③ ψ(Ag) ⊆ Bg ♣❛r❛ t♦❞♦ g ∈ G✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ❞❡✜♥✐♠♦s ❡♥❞♦♠♦r✜s♠♦✱

❛✉t♦♠♦r✜s♠♦ ❡ ✐s♦♠♦r✜s♠♦ ●✲❣r❛❞✉❛❞♦✳

❱❛♠♦s tr❛t❛r ❛❣♦r❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s G✲❣r❛❞✉❛❞❛s✳ ❆♥t❡s ♣r❡❝✐s❛r❡♠♦s ❞♦ ❝♦♥❝❡✐t♦

❞❡ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ G✲❣r❛❞✉❛❞❛✳ P❛r❛ ❞❡✜♥í✲❧❛✱ ❝♦♥s✐❞❡r❡♠♦s ✉♠❛ ❢❛♠í❧✐❛

{Xg | g ∈ G} ❞❡ ❝♦♥❥✉♥t♦s ❡♥✉♠❡rá✈❡✐s ❡ ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s✳ ❚♦♠❡♠♦s ❡♥tã♦

X =
⋃

g∈GXg ❡ ❝♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ✉♥✐tár✐❛ K〈X〉✳ ❉❡✜♥✐♠♦s

❛❣♦r❛

α(1) = e e α(x1x2 . . . xm) = α(x1)α(x2) . . . α(xm)

✸✷



♦♥❞❡ α(xi) = g s❡ xi ∈ Xg✳ ❙❡♥❞♦ ❡♥tã♦ m ✉♠ ♠♦♥ô♠✐♦ ❞❡ K〈X〉✱ ❞✐③❡♠♦s q✉❡ α(m)

é ♦ G✲❣r❛✉ ❞❡ m✳ ❚♦♠❛♥❞♦ ♣❛r❛ ❝❛❞❛ g ∈ G

K〈X〉g = 〈m | m é ♠♦♥ô♠✐♦ ❞❡ K〈X〉✱ ω(m) = g〉

t❡♠♦s

K〈X〉 =
⊕

g∈G

K〈X〉g e K〈X〉gK〈X〉h ⊆ K〈X〉gh

♣❛r❛ q✉❛✐sq✉❡r g, h ∈ G✱ ❡ ❛ss✐♠ K〈X〉 é ❝❤❛♠❛❞❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ G✲

❣r❛❞✉❛❞❛✳ ❙❡ f ∈ K〈X〉g✱ ❞✐③❡♠♦s q✉❡ f é ❤♦♠♦❣ê♥❡♦ ❞❡ G✲❣r❛✉ g ❡ ✉s❛♠♦s ❛

♥♦t❛çã♦ α(f) = g✳

❉❡✜♥✐çã♦ ✶✳✹✳✾ ❙❡❥❛ A =
⊕

g∈GAg ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✳ ❉✐③❡♠♦s q✉❡ ✉♠

♣♦❧✐♥ô♠✐♦ f = f(x1, . . . , xn) ∈ K〈X〉 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ G✲❣r❛❞✉❛❞❛

♣❛r❛ A s❡ f(a1, . . . , an) = 0 ♣❛r❛ q✉❛✐sq✉❡r ai ∈ Aα(xi) ❝♦♠ i = 1, 2, . . . , n✳

◆♦ ❡st✉❞♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❚✲✐❞❡❛❧ é ❞❡ ❡①tr❡♠❛

✐♠♣♦rtâ♥❝✐❛✳ P❛r❛ ♦ ❝❛s♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s G✲❣r❛❞✉❛❞❛s t❡♠♦s ✉♠ ❝♦♥❝❡✐t♦ ❛♥á❧♦❣♦✱

❛ s❛❜❡r✱ ♦ ❞❡ TG✲✐❞❡❛❧✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✵ ❙❡❥❛ K〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ G✲❣r❛❞✉❛❞❛✳ ❯♠ ✐❞❡❛❧ I ❞❡

K〈X〉 é ❞✐t♦ s❡r ✉♠ TG✲✐❞❡❛❧ s❡ ϕ(I) ⊆ I ♣❛r❛ t♦❞♦ ❡♥❞♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦ ϕ ❞❡

K〈X〉✳ ❉❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ S ❞❡ K〈X〉 ❞❡✜♥✐♠♦s ♦ TG✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r ❙ ❝♦♠♦

s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s TG✲✐❞❡❛✐s ❞❡ K〈X〉 q✉❡ ❝♦♥tê♠ S✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✶✶ ◗✉❛♥❞♦ G = Zn ♦ TG✲✐❞❡❛❧ s❡rá ❞❡♥♦t❛❞♦ ♣♦r Tn✳

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ I é ✉♠ TG✲✐❞❡❛❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f(g1, . . . , gn) ∈ I✱ ♣❛r❛

q✉❛✐sq✉❡r f(x1, . . . , xn) ∈ I ❡ gi ∈ K〈X〉α(xi)✳

❙❡ A é ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ TG(A) ❞❛s ✐❞❡♥t✐❞❛❞❡s G✲

❣r❛❞✉❛❞❛s ❞❡ A é ✉♠ TG✲✐❞❡❛❧ ❞❡ K〈X〉✳ ❆s ♣r♦♣♦s✐çõ❡s ✶✳✸✳✷ ❡ ✶✳✸✳✸ t❛♠❜é♠ sã♦

✈á❧✐❞❛s ♥♦ ❝❛s♦ ❞❡ TG✲✐❞❡❛❧✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♠♦str❛ ✉♠❛ ✐♠♣♦rt❛♥t❡ r❡❧❛çã♦ ❡♥tr❡ ♦s ❝♦♥❝❡✐t♦s ❞❡

✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s ❡ ❣r❛❞✉❛❞❛s✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✶✷ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s✳ ❙❡ A ❡ B ♣♦ss✉❡♠ G✲❣r❛❞✉❛çõ❡s

t❛✐s q✉❡ TG(A) ⊆ TG(B)✱ ❡♥tã♦ T (A) ⊆ T (B)✳ ❆❞❡♠❛✐s✱ s❡ TG(A) = TG(B)✱ ❡♥tã♦

T (A) = T (B)✳

✸✸



❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ K〈Y 〉✱ ♦♥❞❡

Y = {y1, y2, . . .}✱ ❡ s❡❥❛ f(y1, y2, . . . , yn) ∈ T (A)✳ ❉❛❞♦s b1, b2, . . . , bn ∈ B✱ t♦♠❡♠♦s

big ∈ Bg✱ ♣❛r❛ i = 1, . . . , n ❡ g ∈ G✱ t❛✐s q✉❡ bi =
∑

g∈G big ✳ P❛r❛ ❝❛❞❛ big 6= 0✱ t♦♠❡♠♦s

xig ∈ Xg ❡ ❝♦♥s✐❞❡r❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦ f1 = f(
∑

g∈G x1g , . . . ,
∑

g∈G xng
) ∈ K〈X〉. ❈♦♠♦

f ∈ T (A)✱ t❡♠♦s f1 ∈ TG(A) ❡ ❞❛í f1 ∈ TG(B)✳ ❋❛③❡♥❞♦ ❡♥tã♦ ❛s s✉❜st✐t✉✐çõ❡s

xig = big ✱ ♣❛r❛ i = 1, . . . , n ❡ g ∈ G✱ t❡♠♦s

f(b1, b2, . . . , bn) = f

(∑

g∈G

b1g ,
∑

g∈G

b2g , . . . ,
∑

g∈G

bng

)
= 0

❡ ❛ss✐♠ f ∈ T (B)✳

❙❡ TG(A) = TG(B)✱ ❡♥tã♦ TG(A) ⊆ TG(B) ❡ TG(B) ⊆ TG(A)✱ ❞♦♥❞❡ t❡♠♦s ❛

ú❧t✐♠❛ ❛✜r♠❛çã♦✳

➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ❛ r❡❝í♣r♦❝❛ ❞♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛ é ❢❛❧s❛✳ ❈♦♥s✐❞❡r❡

♥❛ á❧❣❡❜r❛ ❡①t❡r✐♦r E ❛ Z2✲❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ E = E0 ⊕ E1 ❡ ❛ Z2✲❣r❛❞✉❛çã♦ tr✐✈✐❛❧

E = E ⊕ {0}✳ ❚❡♠♦s q✉❡ f(y1, y2) = [y1, y2]✱ ❝♦♠ α(y1) = α(y2) = 0✱ é ✐❞❡♥t✐❞❛❞❡

Z2✲❣r❛❞✉❛❞❛ ❞❡ E ❝♦♠ r❡s♣❡✐t♦ à ♣r✐♠❡✐r❛ ❣r❛❞✉❛çã♦✱ ♠❛s ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛

❝♦♠ r❡s♣❡✐t♦ à ❣r❛❞✉❛çã♦ tr✐✈✐❛❧✳

✶✳✺ ■❞❡♥t✐❞❛❞❡s ❊stá✈❡✐s✱ ❊❧❡♠❡♥t♦s ●❡♥ér✐❝♦s ❡

▼❛tr✐③❡s ●❡♥ér✐❝❛s

◆❡st❛ s❡çã♦ ❢❛r❡♠♦s ✉♠ ❜r❡✈❡ ❡st✉❞♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❡stá✈❡✐s✱ ❡❧❡♠❡♥t♦s ❣❡♥ér✐❝♦s

❡ ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s✱ ❡ ❡♥✉♥❝✐❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ❞❡ ❢✉♥❞❛♠❡♥t❛❧

✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ❝❛♣ít✉❧♦ ✸✳

❙❡ A é ✉♠❛ á❧❣❡❜r❛✱ ❡♥tã♦ ❡st❡♥❞❡♥❞♦ ♦s ❡s❝❛❧❛r❡s ♣♦❞❡♠♦s ♦❜t❡r ✉♠❛ ♥♦✈❛

á❧❣❡❜r❛ ❝✉❥❛s ✐❞❡♥t✐❞❛❞❡s sã♦ s❛t✐s❢❡✐t❛s ♣♦r A✳

❈♦♥s✐❞❡r❡ C ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❡ ❛ á❧❣❡❜r❛ A⊗C✳ ❆❧❣✉♠❛s ❞❛s ✐❞❡♥t✐❞❛❞❡s

♣♦❧✐♥♦♠✐❛✐s ❞❡ A ♣♦❞❡♠ ❞❡s❛♣❛r❡❝❡r ❡♠ A⊗C✳ ➚s ✐❞❡♥t✐❞❛❞❡s q✉❡ ♣❡r♠❛♥❡❝❡♠ ❞❛♠♦s

✉♠ ♥♦♠❡ ❡s♣❡❝✐❛❧✳

❉❡✜♥✐çã♦ ✶✳✺✳✶ ❙❡❥❛ f ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❞❛ á❧❣❡❜r❛ A✳ ❉✐③❡♠♦s q✉❡ f é ✉♠❛

✐❞❡♥t✐❞❛❞❡ ❡stá✈❡❧ ❞❡ A s❡ ♣❛r❛ ❝❛❞❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ C✱ f ❛✐♥❞❛ é ✐❞❡♥t✐❞❛❞❡

❞❡ A⊗ C✳
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➱ ❝❧❛r♦ q✉❡ s❡ K é ✉♠ ❝♦r♣♦ ✜♥✐t♦ ♥❡♠ t♦❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ K sã♦ ❡stá✈❡✐s✳

P♦r ❡①❡♠♣❧♦✱ s❡ | K |= q✱ ❡♥tã♦ xq − x ≡ 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ K✱ ♠❛s ♥ã♦ é ✉♠❛

✐❞❡♥t✐❞❛❞❡ ♣❛r❛ q✉❛❧q✉❡r ❡①t❡♥sã♦ ♣ró♣r✐❛ ❞❡ K✳

▲❡♠❛ ✶✳✺✳✷ ❙❡ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ ❡ A é ✉♠❛ á❧❣❡❜r❛✱ ❡♥tã♦ t♦❞❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ❞❡ A é ❡stá✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f(x1, . . . , xn) ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ A✱ ❡ s❡❥❛♠ C ✉♠❛

á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❡ A = A ⊗ C✳ ❈♦♠♦ K é ✐♥✜♥✐t♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ f é

♠✉❧t✐❤♦♠♦❣ê♥❡♦ ❞❡ ♠✉❧t✐❣r❛✉ (m1, . . . ,mn)✳

P❛r❛ a1, . . . , an ∈ A ❞❡✈❡♠♦s ♣r♦✈❛r q✉❡ f(a1, . . . , an) = 0✳ ❙✉♣♦♥❤❛♠♦s

♣r✐♠❡✐r❛♠❡♥t❡ q✉❡ a1 = a1 ⊗ c1, . . . , an = an ⊗ cn✱ ❡♥tã♦

f(a1, . . . , an) = f(a1, . . . , an)⊗ cm1
1 . . . cmn

n = 0

❡ ✜❝❛ ❞❡♠♦♥str❛❞♦ ♥❡st❡ ❝❛s♦✳

❆❣♦r❛ s❡♥❞♦ a1 = b1 ⊗ d1 + b2 ⊗ d2✱ a2 = a2 ⊗ c2, . . . , an = an ⊗ cn✱ ❡♥tã♦

f(a1, . . . , an) = f(b1 ⊗ d1, a2 ⊗ c2, . . . , an ⊗ cn) + f(b2 ⊗ d2, a2 ⊗ c2, . . . , an ⊗ cn)

+

m1−1∑

i=1

fi(b1 ⊗ d1, b2 ⊗ d2, a2 ⊗ c2, . . . , an ⊗ cn)

♦♥❞❡

f(x1 + y1, x2, . . . , xn)− f(x1, . . . , xn)− f(y1, x2, . . . , xn) =

m1−1∑

i=1

fi(x1, y1, x2, . . . , xn)

✭✶✳✺✮

❡ degx1fi = i✳ ❈♦♠♦ t♦❞♦ ♣♦❧✐♥ô♠✐♦ fi ❡♠ ✶✳✺ é ❝♦♥s❡q✉ê♥❝✐❛ ♠✉❧t✐✲❤♦♠♦❣ê♥❡❛ ❞❡ f ✱

s❡❣✉❡ ❞♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r q✉❡ f(a1, . . . , an) = 0✳

●❡♥❡r❛❧✐③❛♥❞♦ ❡st❡ ❛r❣✉♠❡♥t♦ ♣❛r❛ a1 =
∑
a1j ⊗ c1j , . . . , an =

∑
anj

⊗ cnj
∈ A ❡

cij ∈ C ❛r❜✐trár✐♦s ❡s❝r❡✈❡♠♦s f(a1, . . . , an) ❝♦♠♦ ✉♠❛ s♦♠❛ ❞❡ ❡①♣r❡ssõ❡s ❞❛ ❢♦r♠❛✿

g = g(ai1j1 ⊗ ci1j1 , . . . , aikjk ⊗ cikjk)

♦♥❞❡ g = g(x1, . . . , xk) é ❤♦♠♦❣ê♥❡♦ ❡ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ f ✳ ◆♦✈❛♠❡♥t❡ ♣❡❧♦ ♣r✐♠❡✐r♦

❛r❣✉♠❡♥t♦ ♦❜t❡♠♦s g = 0✳
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❈♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r ❡♥❝♦♥tr❛r❡♠♦s ✉♠❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ út✐❧

♣❛r❛ ❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❣❡r❛❞❛ ♣♦r ✉♠❛ á❧❣❡❜r❛ ❞❡

❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❊st❛ á❧❣❡❜r❛ s❡rá ❣❡r❛❞❛ ♣♦r ✧❡❧❡♠❡♥t♦s ❣❡♥ér✐❝♦s✧✳

❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K✳ ❈♦♥s✐❞❡r❡

dimA = n ❡ {u1, . . . , un} ✉♠❛ ❜❛s❡ ❞❡ A✳

❙❡❥❛♠ y
(k)
i , i ∈ N, 1 ≤ k ≤ n✱ ✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s ❡ K[y

(k)
i /i ∈ N, 1 ≤ k ≤ n] ♦

❛♥❡❧ ❞♦s ♣♦❧✐♥ô♠✐♦s s♦❜r❡ K ♥❡st❛s ✈❛r✐á✈❡✐s✳ ❈♦♥str✉✐♠♦s B = A ⊗ K[y
(k)
i ] q✉❡ é ❛

á❧❣❡❜r❛ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ A ❡ K[y
(k)
i ]✳

❉❡✜♥✐çã♦ ✶✳✺✳✸ ❖ ❡❧❡♠❡♥t♦✿

y(i) =
n∑

k=1

uk ⊗ y
(k)
i , i = 1, 2, . . .

é ❝❤❛♠❛❞♦ ❡❧❡♠❡♥t♦ ❣❡♥ér✐❝♦✳ ❆ s✉❜á❧❣❡❜r❛ Ã ❞❡ B ❣❡r❛❞❛ ♣♦r y(1), y(2), . . . s♦❜r❡

K é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❞♦s ❡❧❡♠❡♥t♦s ❣❡♥ér✐❝♦s✳

❚❡♦r❡♠❛ ✶✳✺✳✹ ❙❡ K é ✐♥✜♥✐t♦✱ ❡♥tã♦ ❛ á❧❣❡❜r❛ Ã é ✉♠❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡

♣♦st♦ ❡♥✉♠❡rá✈❡❧ ♥❛ ✈❛r✐❡❞❛❞❡ var(A)✱ ✐st♦ é✱ Ã ∼= K〈X〉/T (A)✱ ♦♥❞❡ X é ❡♥✉♠❡rá✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ X = {x1, x2, . . .} ❡♥✉♠❡rá✈❡❧ ❡ s❡❥❛ ψ : K〈X〉 → Ã ♦

❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♣❡❧❛ ❛♣❧✐❝❛çã♦ xi → y(i), i ∈ N✳ Pr♦✈❛r❡♠♦s q✉❡ kerψ = T (A)✳

P❡❧♦ ❧❡♠❛ ❛♥t❡✐♦r✱ T (A ⊗ K[y
(k)
i ]) = T (A)✱ ❡ ❞❛í kerψ ⊇ T (A)✳ ❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡

g = g(x1, . . . , xm) ∈ kerψ✱ ✐st♦ é✱ g = g(y(1), . . . , y(m)) = 0 ❡♠ Ã ❡ s❡❥❛♠ a1, . . . , an

❡❧❡♠❡♥t♦s ❛r❜✐trár✐♦s ❞❡ A✳

❊s❝r❡✈❛ ❝❛❞❛ ai ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❛ ❜❛s❡ {u1, . . . , un} ❞❡ A✿

ai =
n∑

k=1

λki uk

❝♦♠ λk1, . . . , λ
k
m ∈ K✳ ❈♦♠♦K[y

(k)
i ] é ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❧✐✈r❡ ❞❡ ♣♦st♦ ❡♥✉♠❡rá✈❡❧

q✉❛❧q✉❡r ❛♣❧✐❝❛çã♦ y(k)i → λki s❡ ❡st❡♥❞❡ ❛ ✉♠ ❤♦♠♦♠♦r✜s♠♦ K[y
(k)
i ] → K✳ ❆ss✐♠✱

❞❡✈✐❞♦ à ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧✱ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s

ϕ : A⊗K[y
(k)
i ] → A ♦♥❞❡ ϕ(y(i)) = ai, i = 1, . . . ,m, ❡st❡♥❞❡ ❛ ❛♣❧✐❝❛çã♦✿

a⊗ y
(k)
i → λki a, a ∈ A, k = 1, . . . , n, i = 1, . . . ,m.

❆ss✐♠✱

0 = ϕ(g(y(1), . . . , y(m))) = g(ϕ(y(1)), . . . , ϕ(y(m))) = g(a1, . . . , am).

✸✻



❈♦♠♦ a1, . . . , an sã♦ ❡❧❡♠❡♥t♦s ❛r❜✐trár✐♦s ❞❡ A✱ g(x1, . . . , xm) ≡ 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡

❞❡ A ❡ kerψ = T (A)✳

❯♠ ❝❛s♦ ✐♥t❡r❡ss❛♥t❡ é q✉❛♥❞♦ A é ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s n×n s♦❜r❡K✳ ❱❡❥❛♠♦s✿

♣❛r❛ ✉♠ ✐♥t❡✐r♦ n ≥ 2✱ ✜①❛r❡♠♦s ❛ ♥♦t❛çã♦ Ωn ♣❛r❛ ❛ K✲á❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❡♠

✈❛r✐á✈❡✐s ❝♦♠✉t❛t✐✈❛s

Ωn = K[y(i)pq | p, q = 1, . . . , n, i = 1, 2, . . .].

❉❡✜♥✐çã♦ ✶✳✺✳✺ ❆s ♠❛tr✐③❡s ❞❡ Mn(Ωn)

yi =
n∑

p,q=1

y(i)pqEpq, i = 1, 2, . . .

sã♦ ❝❤❛♠❛❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s n× n✳ ❆ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s yi✱

i = 1, 2, . . .✱ ❞❡♥♦t❛❞❛ ♣♦r Rn✱ é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❞❡ ♦r❞❡♠

n✳ ◆ós ❞❡♥♦t❛r❡♠♦s ♣♦r Rn,m ❛ s✉❜á❧❣❡❜r❛ ❞❡ Rn ❣❡r❛❞❛ ♣❡❧❛s m ♣r✐♠❡✐r❛s ♠❛tr✐③❡s

❣❡♥ér✐❝❛s y1, y2, . . . , ym✳

❊①❡♠♣❧♦ ✶✳✺✳✻ P❛r❛ n = m = 2✱ tr♦❝❛♥❞♦ ❛ ♥♦t❛çã♦ ❡ ❛ss✉♠✐♥❞♦ q✉❡ y(1)pq = xpq ❡

y
(2)
pq = ypq✱ ❛ á❧❣❡❜r❛ R2,2 é ❣❡r❛❞❛ ♣♦r

x =

(
x11 x12

x21 x22

)
e y =

(
y11 y12

y21 y22

)
.

❙❡♥❞♦ C ✉♠❛ K✲á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✱ ❛s ♠❛tr✐③❡s n × n ❝♦♠ ❡♥tr❛❞❛s ❡♠ C

♣♦❞❡♠ s❡r ♦❜t✐❞❛s ♣♦r ❡s♣❡❝✐❛❧✐③❛çõ❡s ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s✱ ✐st♦ é✱ α =
∑n

p,q=1 γpqEpq,

❝♦♠ γpq ∈ C✱ é ♦❜t✐❞❛ ❞❡ y1 =
∑n

p,q=1 y
(1)
pq Epq tr♦❝❛♥❞♦✲s❡ ❛s ✈❛r✐á✈❡✐s y(1)pq ♣♦r γpq✳

❙❡❣✉❡ ❞♦ t❡♦r❡♠❛ ✶✳✺✳✹ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❈♦r♦❧ár✐♦ ✶✳✺✳✼ ❆ á❧❣❡❜r❛ Rn ❞❛s ♠❛tr✐③❡s ❣❡♥ér✐❝❛s n×n s♦❜r❡ ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦ K

é ✉♠❛ á❧❣❡❜r❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ ❞❡ ♣♦st♦ ❡♥✉♠❡rá✈❡❧ ♥❛ ✈❛r✐❡❞❛❞❡ ❣❡r❛❞❛ ♣♦r Mn(K)✳

✸✼



❈❛♣ít✉❧♦ ✷

■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ❡♠ Mn(K)✱

charK = 0

◆❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛r❡♠♦s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ Mn(K) ❝♦♠ r❡s♣❡✐t♦

❛ ❣r❛❞✉❛çõ❡s ❡❧❡♠❡♥t❛r❡s s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡r✐st✐❝❛ ③❡r♦✳ ❈♦♥s✐❞❡r❛♥❞♦

G ✉♠ ❣r✉♣♦ ❛r❜✐trár✐♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❞❡s❝r✐çã♦✱ ❢❡✐t❛ ♣♦r ❇❛❤t✉r✐♥ ❡ ❉r❡♥s❦②

✭❬✶✻❪✮ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K) ❡ ❡♥❝♦♥tr❛r❡♠♦s ✉♠❛ ❜❛s❡

❞❡ ✐❞❡♥t✐❞❛❞❡s G✲❣r❛❞✉❛❞❛s ❞❡ Mn(K) ❝♦♠ ✉♠❛ ❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r t❛❧ q✉❡ ❛

❝♦♠♣♦♥❡♥t❡ ✐❞❡♥t✐❞❛❞❡ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ s✉❜❡s♣❛ç♦ ❞❡ Mn(K) ❞❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s✳

❆♥❛❧✐s❛r❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ♣❛rt✐❝✉❧❛r❡s ❝♦♠♦ ❛ ❞❡s❝r✐çã♦ ❞❡ ✉♠❛ ❜❛s❡ ❞❡

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s S3✲❣r❛❞✉❛❞❛s ❞❡ M3(K)✱ ❡ ❜❛s❡ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

Zn✲❣r❛❞✉❛❞❛s ❡ Z✲❣r❛❞✉❛❞❛s ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K)✳

✷✳✶ ■❞❡♥t✐❞❛❞❡s ●✲●r❛❞✉❛❞❛s ♣❛r❛ ❛s ♠❛tr✐③❡s

❆♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ✉s❛❞♦s ♥❛

❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✭✷✳✶✳✽✮✱ q✉❡ ❞❡s❝r❡✈❡ ❛s ✐❞❡♥t✐❞❛❞❡s G✲❣r❛❞✉❛❞❛s ♣❛r❛ ❛

á❧❣❡❜r❛ Mn(K)✳

❉❡✜♥✐çã♦ ✷✳✶✳✶ ❉❡✜♥✐♠♦s ♦ s✉♣♦rt❡ ❞❛ ●✲❣r❛❞✉❛çã♦ ❞❡ Mn(K)✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r

G0✱ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s g ∈ G t❛✐s q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡

❣r❛✉ g é ♥ã♦ ♥✉❧❛✱ ✐st♦ é✱

G0 = {g ∈ G|(Mn(K))g 6= 0}.



❖❜s❡r✈❛çã♦ ✷✳✶✳✷ ❆ q✉❛♥t✐❞❛❞❡ ❞❡ ❡❧❡♠❡♥t♦s ❞♦ s✉♣♦rt❡ ❞❛ ●✲❣r❛❞✉❛çã♦ ❞❡ Mn(K)

é ❧✐♠✐t❛❞❛ ♣♦r n2✱ ✐st♦ é✱ |G0| ≤ n2✳

❙❡♥❞♦ G ✉♠ ❣r✉♣♦ ❛r❜✐trár✐♦✱ ❞❡♥♦t❛r❡♠♦s ♣♦r K〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡

G✲❣r❛❞✉❛❞❛✱ ♦♥❞❡ X =
⋃

γ∈GXγ✱ ❡ Mn(K) ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s ❝♦♠ ✉♠❛ G✲

❣r❛❞✉❛çã♦✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛s ♥♦t❛çõ❡s ✐♥tr♦❞✉③✐❞❛s ♥❛ s❡çã♦ ✶✳✹✱ ❞❡♥♦t❛♠♦s ♣♦r

TG ♦ ❝♦♥❥✉♥t♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ●✲❣r❛❞✉❛❞❛s ❞❡ Mn(K)✳

❋✐①❡♠♦s ✉♠❛ ●✲❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r ❞❡ Mn(K) ✐♥❞✉③✐❞❛ ♣♦r g =

(g1, g2, · · · , gn) ∈ Gn✱ ♦♥❞❡ g1, g2, · · · , gn sã♦ ❞✉❛s ❛ ❞✉❛s ❞✐st✐♥t❛s✳

❉❡♥♦t❛r❡♠♦s ♣♦r U ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s G✲❣r❛❞✉❛❞❛s ❡♠ K〈X〉 ❣❡r❛❞♦ ♣❡❧❛s

✐❞❡♥t✐❞❛❞❡s✿

xeye − yexe = 0 ✭✷✳✶✮

xgyg−1zg − zgyg−1xg = 0 se e 6= g ∈ G0 ✭✷✳✷✮

xg = 0 se g /∈ G0 ✭✷✳✸✮

♦♥❞❡ ♦ í♥❞✐❝❡ ❞❡♥♦t❛ ♦ ❣r❛✉ ❞❛ ✈❛r✐á✈❡❧✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✸ ◆❡st❡ ❝❛♣ít✉❧♦ ❛s ♠❛tr✐③❡s ✉♥✐tár✐❛s s❡rã♦ ❞❡♥♦t❛❞❛s ♣♦r Eaibj ✱

❝♦♠ 1 ≤ i, j ≤ n✱ ❡ ❞❡✜♥✐❞❛s ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛ ❞♦ ❡①❡♠♣❧♦ ✶✳✶✳✹✳

▲❡♠❛ ✷✳✶✳✹ ❆ á❧❣❡❜r❛ Mn(K) s❛t✐s❢❛③ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ●✲❣r❛❞✉❛❞❛s ❞♦ TG✲

✐❞❡❛❧ U ✳

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ s❡ A ∈ Mn(K)e✱ ❡♥tã♦ A é ✉♠❛ ♠❛tr✐③

❞✐❛❣♦♥❛❧✱ ❥á q✉❡ t♦❞♦s ♦s g′is ♥❛ ❞❡✜♥✐çã♦ ❞❛ ❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r ❞❡ Mn(K) sã♦

❞✐st✐♥t♦s✳ ❉❡s❞❡ q✉❡ ❞✉❛s ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ❝♦♠✉t❛♠✱ t❡♠♦s q✉❡ Mn(K) s❛t✐s❢❛③

❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ✭✷✳✶✮✳ ❈❧❛r❛♠❡♥t❡✱ Mn(K) t❛♠❜é♠ s❛t✐s❢❛③ ✭✷✳✸✮✳ P♦r ♦✉tr♦

❧❛❞♦✱ ❛s ✐❞❡♥t✐❞❛❞❡s ✭✷✳✷✮ sã♦ ♠✉❧t✐❧✐♥❡❛r❡s✱ ❧♦❣♦ ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡ ❛s ✐❞❡♥t✐❞❛❞❡s

❡♠ ✭✷✳✷✮ sã♦ s❛t✐s❢❡✐t❛s ♣❛r❛

xg = Ea1b1 , yg−1 = Ea2b2 , zg = Ea3b3 ,

♦♥❞❡ Ea1b1 , Ea3b3 ∈ (Mn(K))g ❡ Ea2b2 ∈ (Mn(K))g−1 ✱ ❝♦♠ g = g−1
a1
gb1 = g−1

a3
gb3 ✱

g−1 = g−1
a2
gb2 ✳ ◆♦t❡♠♦s q✉❡ Ea1b1Ea2b2Ea3b3 6= 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱

b1 = a2 e b2 = a3. ✭✷✳✹✮

✸✾



❡ ❞❛í

g = g−1
a1
ga2 = g−1

b2
gb3 = (g−1

a2
gb2)

−1 = g−1
b2
ga2 .

❆ss✐♠✱ ga1 = gb2 ✱ ga2 = gb3 ❡ t❡♠♦s q✉❡ a1 = b2 = a3 ❡ b1 = a2 = b3✳ P♦rt❛♥t♦

Ea1b1 = Ea3b3 ❡ s❡❣✉❡ q✉❡ Ea1b1Ea2b2Ea3b3 = Ea3b3Ea2b2Ea1b1 .

❙✐♠✐❧❛r♠❡♥t❡✱ s❡ Ea3b3Ea2b2Ea1b1 6= 0✱ ❡♥tã♦ Ea1b1 = Ea3b3 ❡ s❡ Ea1b1Ea2b2Ea3b3 =

0✱ Ea3b3Ea2b2Ea1b1 = 0✱ ♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

❆ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡ ❣❛r❛♥t❡ q✉❡ ✐❞❡♥t✐❞❛❞❡s ❞♦ t✐♣♦ ♠♦♥ô♠✐♦ ❛♣❛r❡❝❡♠ ❡♠

q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❡♠ ✉♠❛ ❜❛s❡ ❞❛s ✐❞❡♥t✐❞❛❞❡sG✲❣r❛❞✉❛❞❛s ❞❡Mn(K)✳ ❊st❛ ❛✜r♠❛çã♦

s❡rá út✐❧ ♣❛r❛ ♦❜t❡r♠♦s r❡s✉❧t❛❞♦s s✐♠✐❧❛r❡s ❛♦s ♦❜t✐❞♦s ♣♦r ❱❛s✐❧♦✈s❦②✭❬✹✹❪✱ ❬✹✺❪✮ ❡♠

✉♠ ❝♦♥t❡①t♦ ♠❛✐s ❣❡r❛❧✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✺ ❙❡❥❛♠ G0 ♦ s✉♣♦rt❡ ❞❛ ●✲❣r❛❞✉❛çã♦ ❞❡ Mn(K) ❡ I ♦ ❝♦♥❥✉♥t♦ ❞❡

t♦❞❛s s❡q✉ê♥❝✐❛s ✜♥✐t❛s h = (h1, h2, . . . , hn) ❞❡ ❡❧❡♠❡♥t♦s ❞❡ G0 t❛✐s q✉❡ xh11 . . . xhnn =

0 é ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ●✲❣r❛❞✉❛❞❛ ❞❡ Mn(K)✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n0

t❛❧ q✉❡ xh11 . . . xhnn = 0 é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❝♦♠♦ ✭✷✳✶✮✲✭✷✳✸✮

❥✉♥t❛♠❡♥t❡ ❝♦♠ xh11 . . . xhmm = 0✱ ♦♥❞❡ h = (h1, h2, . . . , hm) ∈ I ❡ m ≤ n0✳

❉❡♠♦♥str❛çã♦✿

❙❡❥❛ |G0| = s ≤ n2 ❡ ❝♦♥s✐❞❡r❡♠♦s n0 = 4s2s+2 ✭❝♦♠♦ ✈❡r❡♠♦s ❛❞✐❛♥t❡✱

♥❛ s❡çã♦ ✷✳✷✱ ❡st❛ ♥ã♦ é ❛ ♠❡❧❤♦r ❡st✐♠❛t✐✈❛ ♣❛r❛ n0✮✳ ❈♦♥s✐❞❡r❡♠♦s J ♦ TG✲

✐❞❡❛❧ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ ❢♦r♠❛ ✭✷✳✶✮✲✭✷✳✸✮✱ ❡ ♣♦r ✉♠❛ q✉❛♥t✐❞❛❞❡

✜♥✐t❛ ❞❡ ♠♦♥ô♠✐♦s✱ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❧✐♠✐t❛❞♦ ♣♦r n0✱ ❞❛ ❢♦r♠❛ xh11 . . . xhmm✱ ♦♥❞❡

h = (h1, h2, . . . , hn) ∈ I✳ ❉❡♠♦♥str❛r❡♠♦s q✉❡ t♦❞❛ ✐❞❡♥t✐❞❛❞❡ xh11 · · · xhnn = 0

♣❡rt❡♥❝❡♠ ❛ J ✱ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ n✳

❙❡❥❛ n > n0 ❡ s❡❥❛ h = (h1, h2, . . . , hn) ∈ I ✉♠❛ s❡q✉ê♥❝✐❛ ✜①❛❞❛ ❡ ❝♦♥s✐❞❡r❡

2ts2s+2 < n ≤ 2(t + 1)s2s+2, t ≥ 2✱ ♦✉ s❡❥❛ t < n
2s2s+2 ≤ t + 1✳ ❈♦♥s✐❞❡r❡ t❛♠❜é♠ ♦s

♣r♦❞✉t♦s kr = h1 . . . hr✱ ♦♥❞❡ r = 1, . . . , n✳

❙❡ ❛❧❣✉♠ kr ♥ã♦ ♣❡rt❡♥❝❡ ❛ G0✱ ❡♥tã♦ xkr = 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ●✲❣r❛❞✉❛❞❛

♣❛r❛ Mn(K) ❡ xkr = 0 ∈ J ✳ ❯♠❛ ✈❡③ q✉❡ xh11 . . . xhrr ∈ (K〈X〉)kr ∈ J ♦❜t❡♠♦s q✉❡

xh11 . . . xhrr = 0 é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ xkr = 0✳ ❉❛í xh11 . . . xhrr ∈ J ❡ xh11 . . . xhnn ∈ J ✳

P♦rt❛♥t♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ t♦❞♦ kr ♣❡rt❡♥❝❡ ❛ G0✳

❈♦♠♦ |G0| = s✱ ✉s❛♥❞♦ ♦ ♣r✐♥❝í♣✐♦ ❞❛ ❝❛s❛ ❞❡ ♣♦♠❜♦s✱ ♦❜t❡♠♦s q✉❡ ❡①✐st❡♠

♣❡❧♦ ♠❡♥♦s n
s
> 2ts2s+1 ✈❛❧♦r❡s ❞❡ r ♦♥❞❡ ♦s kr ❝♦rr❡s♣♦♥❞❡♥t❡s sã♦ ✐❣✉❛✐s✱ ✐st♦ é✱

✹✵



❡①✐st❡♠ mi✱ ♣❛r❛ i = 1, . . . , 2ts2s+1 + 1✱ t❛✐s q✉❡ km1 = km2 = . . . = km2ts2s+1+1
, kmi

=

kmi+1
♦♥❞❡ h1 . . . hmi

= h1 . . . hmi
(hmi+1 . . . hmi+1

)✳ P♦rt❛♥t♦ hmi+1 . . . hmi+1
= 1, i =

1, . . . , 2ts2s+1, t ≥ 2 ✳

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ ♣❡❧♦ ♠❡♥♦s s2s+1 ♣r♦❞✉t♦s (hmi+1 · · ·hmi+1
) tê♠

❝♦♠♣r✐♠❡♥t♦ < 2s✳

❉❡ ❢❛t♦✱ s❡ ♣❡❧♦ ♠❡♥♦s (2t − 1)s2s+1 ♣r♦❞✉t♦s (hmi+1 . . . hmi+1
) t✐✈❡ss❡♠

❝♦♠♣r✐♠❡♥t♦ ♠❛✐♦r ❞♦ q✉❡ 2s ❡♥tã♦

(2t+ 2)s2s+2 ≥ n ≥ (2s+ 1)(2t− 1)s2s+1,

(2t+ 2)s ≥ (2s+ 1)(2t− 1), 2(s+ 1)t ≤ 4s+ 1

❡✱ ❝♦♠♦ t ≥ 2✱ t❡rí❛♠♦s q✉❡ 4(s+1) ≤ 4s+1✱ ♦ q✉❡ é ✐♠♣♦ssí✈❡❧✳ ❉❡st❛ ❢♦r♠❛✱ ♠❡♥♦s

❞❡ (2t−1)s2s+1 ♣r♦❞✉t♦s (hmi+1 . . . hmi+1
) sã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ > 2s ❡ ♣❡❧♦ ♠❡♥♦s s2s+1

tê♠ ❝♦♠♣r✐♠❡♥t♦ ≤ 2s ✳

❆✜r♠❛♠♦s q✉❡ ❡①✐st❡♠ i ❡ j t❛✐s q✉❡ ❛s s❡q✉ê♥❝✐❛s (hmi+1, . . . , hmi+1
) ❡

(hmj+1, . . . , hmj+1
) sã♦ ✐❣✉❛✐s✳

❉❡ ❢❛t♦✱ ❝♦♠♦ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ s❡q✉ê♥❝✐❛s (ht1 , . . . , htk) ∈ I, k ≤ 2s✱ é

❞❡❧✐♠✐t❛❞❛ ♣♦r 1 + s+ s2 + . . .+ s2s < s2s+1✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡♠ ❞✉❛s s❡q✉ê♥❝✐❛s

(hmi+1, . . . , hmi+1
) ❡ (hmj+1, . . . , hmj+1

) ✐❣✉❛✐s✳ ❊ ✉s❛♥❞♦ ✭✷✳✶✮ ♣♦❞❡♠♦s ❛❞♠✐t✐r✱ s❡♠

♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ i = 1 ❡ j = 2✳

❈♦♥s✐❞❡r❡♠♦s ❛ s❡q✉ê♥❝✐❛ h
′

= (h1, · · · , hm1 , hm2+1 · · ·hn) ♦❜t✐❞❛ ❞❡ h =

(h1, . . . , hn) r❡♠♦✈❡♥❞♦ (hm1+1, · · · , hm2)✳

❙❡ ❛ s❡q✉ê♥❝✐❛ h
′

∈ I✱ t❡♠♦s ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ q✉❡

xh11 · · · xhm1m1(yexhm2+1,m2+1) · · · xhnn ∈ J ❡ s✉❜st✐t✉✐♥❞♦ ye ♣♦r xhm1+1,m1+1 · · · xhm2 ,m2

♦❜t❡♠♦s q✉❡ xh11 · · · xhnn t❛♠❜é♠ ♣❡rt❡♥❝❡ ❛ J ✳

P♦r ♦✉tr♦ ❧❛❞♦✱ h
′

/∈ I s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡♠ ♠❛tr✐③❡s ✉♥✐tár✐❛s vi ∈ (Mn(K))hi

t❛✐s q✉❡✿

(v1 · · · vm1)(vm2+1 · · · vm3)(vm3+1 · · · vn) 6= 0

♠❛s vm2+1 · · · vm3 ∈ (Mn(K))e✱ ❡ ❛ss✐♠ v = vm2+1 · · · vm3 = Eqq ♣❛r❛ ❛❧❣✉♠ q =

1, · · · , n ❡ ❞❛í v2 = v✳

❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡ s❡ s✉❜st✐t✉✐r♠♦s ❡♠ xh11 · · · xhnn ❛ ✈❛r✐á✈❡❧ xhii ♣♦r vi ♣❛r❛

i = 1, · · · ,m1 ❡ ♣❛r❛ i = m2 + 1, · · · , n ❡ xhm1+1,m1+1, · · · xhm2 ,m2 ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❝♦♠

✹✶



vm1+1 = vm2+1, · · · vm2 = vm3 ♦❜t❡♠♦s q✉❡✿

v1 · · · vn = v1 · · · vm1(vm2+1 · · · vm3)
2vm3+1 · · · vn

= v1 · · · vm1(vm2+1 · · · vm3)vm3+1 · · · vn 6= 0.

▲♦❣♦✱ h /∈ I✱ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ❡ ❝♦♠♣❧❡t❛♠♦s ♦ ❛r❣✉♠❡♥t♦ ❞❡ ✐♥❞✉çã♦✳

▲❡♠❛ ✷✳✶✳✻ ❙❡❥❛♠ vi = Eaibi ∈Mn(K)hi
✱ hi = g−1

ai
gbi , i = 1, · · · ,m ♠❛tr✐③❡s ✉♥✐tár✐❛s

t❛✐s q✉❡ v1 · · · vm 6= 0✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ i ≤ j ♦ ♣r♦❞✉t♦ vi · · · vj ♣❡rt❡♥❝❡ ❛ Mn(K)h ✱

❝♦♠ h = g−1
ai
gbj ✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ♣♦r ❤✐♣ót❡s❡ v1 · · · vm 6= 0✱ ♦♥❞❡ vi = Eaibi ∈ Mn(K)hi
✱

❞❡✈❡♠♦s t❡r b1 = a2, b2 = a3, . . . , bm−1 = am✳ P♦rt❛♥t♦ ♣❛r❛ t♦❞♦ i ≤ j t❡♠♦s✿

vi · · · vj = Eaibi . . . Eajbj = Eaibj ∈Mn(K)h

♦♥❞❡ h = g−1
ai
gbj ✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✼ ❙❡❥❛ k = (k1, · · · , km) ∈ Gm ❡ s❡❥❛♠ σ ❡ τ ❞✉❛s ♣❡r♠✉t❛çõ❡s ❞❡

Sn t❛✐s q✉❡✿

xkσ(1)σ(1) · · · xkσ(m)σ(m) = 0 e xkτ(1)τ(1) · · · xkτ(m)τ(m) = 0

♥ã♦ sã♦ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ●✲ ❣r❛❞✉❛❞❛s ❞❡Mn(K)✳ ❙❡ ❡①✐st❡♠ ♠❛tr✐③❡s ✉♥✐tár✐❛s

vi ∈Mn(K)ki , i = 1, · · · ,m✱ t❛✐s q✉❡ vσ(1) · · · vσ(m) = vτ(1) · · · vτ(m) 6= 0 ❡♥tã♦✿

xkσ(1)σ(1) · · · xkσ(m)σ(m) = xkτ(1)τ(1) · · · xkτ(m)τ(m)

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❣r❛❞✉❛❞❛ ❞❡ Mn(K)✱ ❛ q✉❛❧ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✭✷✳✶✮✲✭✷✳✸✮

❡ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❛ ❢♦r♠❛ xh11 · · · xhmm = 0✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ J ♦ TG✲✐❞❡❛❧ ❞❡K〈X〉 ❝♦♥s✐❞❡r❛❞♦ ♥❛ ♣r♦♣♦s✐çã♦ ✷✳✶✳✺✳ ❉❡✈❡♠♦s

♠♦str❛r q✉❡

xkσ(1)σ(1) . . . xkσ(m)σ(m) ≡ xk11 . . . xkmm(mod J).

➱ s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r♠♦s s♦♠❡♥t❡ ♦s ❝❛s♦s σ 6= e ❡ τ = e✳

❙❡❥❛♠ vi = Eaibi ✱ i = 1, . . . ,m✱ ❡ σ(1) = 1, . . . , σ(c) = c✱ σ(c + 1) 6= c + 1 ✳

❈❧❛r❛♠❡♥t❡ c ≤ m− 2 ✭❥á q✉❡ c = m ♦✉ c = m− 1 ✐♠♣❧✐❝❛ σ = id✮ ❡ c+1 = σ(r) ♣❛r❛

❛❧❣✉♠ r > c+ 1✳

❊s❝♦❧❤❛♠♦s t ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ q✉❡ s❛t✐s❢❛③ t ≥ c + 1 ❡ σ−1(t + 1) < r✳

❙❡❥❛ q = σ−1(t + 1)✱ t = σ(s)✳ ❊♥tã♦ c + 1 ≤ q < r ≤ σ−1(t) = s✳ ❯♠❛ ✈❡③

✹✷



q✉❡ vσ(1) . . . vσ(m) = v1 . . . vm = Ea1bm 6= 0✱ ♦❜t❡♠♦s q✉❡ bi = ai+1✱ bσ(i) = aσ(i+1)✱

a1 = aσ(1)✱ bm = bσ(m)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ aσ(c+1) = ac+1 = aσ(r)✱ bσ(s) = bt = at+1 = aσ(q)✳

❈♦♥s✐❞❡r❛r❡♠♦s ❞♦✐s ❝❛s♦s✿

❈❛s♦ ✶✿ q > c+ 1✳

❙❡♥❞♦ q > c+ 1✱ ♣❡❧♦ ❧❡♠❛ 2.1.6✿

w1 = vσ(c+1) . . . vσ(q−1) = Eaσ(c+1)bσ(q−1)
= Eaσ(c+1)aσ(q)

=

= Eac+1bt ∈ (Mn(K))h1 para h1 = g−1
ac+1

gbt

w2 = vσ(q) . . . vσ(r−1) = Eaσ(q)bσ(r−1)
= Eaσ(q)aσ(r)

=

= Ebtac+1 ∈ (Mn(K))h2 para h1 = g−1
bt
gac+1

w3 = vσ(r) . . . vσ(s) = Eaσ(r)bσ(s)
= Eac+1bt ∈ (Mn(K))h1 .

❉❛í✱

xhσ(c+1)σ(c+1) . . . xhσ(q−1)σ(q−1), xhσ(r)σ(r) . . . xhσ(s)σ(s) ∈ (K〈X〉)h1 ,

xhσ(q)σ(q) . . . xhσ(r−1)σ(r−1) ∈ (K〈X〉)h−1
1

❡ ❛♣❧✐❝❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ 2.2 ♦❜t❡♠♦s✿

(xhσ(c+1)σ(c+1) . . . xhσ(q−1)σ(q−1))(xhσ(q)σ(q) . . . xhσ(r−1)σ(r−1))(xhσ(r)σ(r) . . . xhσ(s)σ(s)) ≡

≡ (xhσ(r)σ(r) . . . xhσ(s)σ(s))(xhσ(q)σ(q) . . . xhσ(r−1)σ(r−1))(xhσ(c+1)σ(c+1) . . . xhσ(q−1)σ(q−1))(mod J).

❈♦♠♦ σ(r) = c+ 1✱ ♦❜t❡♠♦s✿

xhσ(1)σ(1) . . . xhσ(m)σ(m) = xh11 . . . xhcc(xhσ(c+1)σ(c+1) . . . xhσ(s)σ(s))(xhσ(s+1)σ(s+1) . . . xhσ(m)σ(m)) ≡

≡ (xh11 . . . xhc+1c+1)(xhρ(c+2)ρ(c+2) . . . xhρ(s)ρ(s))(xhρ(s+1)ρ(s+1) . . . xhρ(m)ρ(m))(mod J)

♦♥❞❡ ρ ∈ Sn é t❛❧ q✉❡ ρ(i) = i, i = 1, . . . , c+ 1✱ ❡ ρ(i) = σ(i) ♣❛r❛ i = s+ 1, . . . ,m✳

❈❛s♦ ✷✿ q = c+ 1✳

❙✐♠✐❧❛r♠❡♥t❡ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ s❡ q = c+ 1✱ ❡♥tã♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ❞❡ w1, w2, w3

♦❜t❡♠♦s q✉❡ aσ(q) = ac+1 = bσ(s) = bt ❡ w1 = 1✱ w2 = w3 = Eac+1ac+1 ✳ ❆ss✐♠✱

(xhσ(r)σ(r) . . . xhσ(s)σ(s)), (xhσ(q)σ(q) . . . xhσ(r−1)σ(r−1)) ∈ (K〈X〉)e,

❡ ❛♣❧✐❝❛♠♦s ❛ ✐❞❡♥t✐❞❛❞❡ 2.1 ♣❛r❛ ♦❜t❡r♠♦s ♥♦✈❛♠❡♥t❡

xhσ(1)σ(1) . . . xhσ(m)σ(m) ≡ xh11 . . . xhc+1,c+1(xhρ(c+2)ρ(c+2) . . . xhρ(m)ρ(m))(mod J).

✹✸



❉❡st❛ ❢♦r♠❛ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ✐♥❞✉çã♦ ❡♠ c ❡ ♦❜t❡♠♦s q✉❡ ♠ó❞✉❧♦ J

xhσ(1)σ(1) . . . xhσ(m)σ(m) ≡ xh11 . . . xhmm.

❆ s❡❣✉✐r ✈❡r❡♠♦s ♦ ♣r✐♥❝✐♣❛❧ t❡♦r❡♠❛ ❞❡st❛ s❡çã♦✳

❚❡♦r❡♠❛ ✷✳✶✳✽ ❈♦♥s✐❞❡r❡ G ✉♠ ❣r✉♣♦ q✉❛❧q✉❡r ❡ ❛ ♥✲✉♣❧❛ g = (g1, · · · , gn) ∈ Gn q✉❡

✐♥❞✉③ ❛ ●✲❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r ❞❡ Mn(K)✱ ❝♦♠ g1, · · · , gn ❞✐st✐♥t♦s✳ ❊♥tã♦ ✉♠❛ ❜❛s❡

❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s ❞❡ Mn(K) ❝♦♥s✐st❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ✭✷✳✶✮✲✭✷✳✸✮ ❡

✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❛ ❢♦r♠❛ xh11 · · · xhmm = 0,m ≥ 2✱ ♦♥❞❡ ♦ ❣r❛✉

m é ❧✐♠✐t❛❞♦ ♣♦r ✉♠❛ ❢✉♥çã♦ ❞❡ n✳

❉❡♠♦♥str❛çã♦✿ ❖ ❧❡♠❛ ✭✷✳✶✳✹✮ ♥♦s ❣❛r❛♥t❡ q✉❡ Mn(K) s❛t✐s❢❛③ ❛s ✐❞❡♥t✐❞❛❞❡s ✭✷✳✶✮✲

✭✷✳✸✮✳

❙❡❥❛ J ♦ TG✲ ✐❞❡❛❧ ❞❡ K〈X〉 ❣❡r❛❞♦ ♣♦r ✭✷✳✶✮✲✭✷✳✸✮✱ xh11 · · · xhmm, h =

(h1, · · · , hm) ∈ I✱ ♦♥❞❡ I é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s❡q✉ê♥❝✐❛s ✜♥✐t❛s h = (h1, · · · , hm)

❞❡ ❡❧❡♠❡♥t♦s ❞❡ G0 t❛✐s q✉❡ xh11 · · · xhmm = 0 é ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ●✲❣r❛❞✉❛❞❛ ❞❡

Mn(K)✳

P❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✶✳✺ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n0 t❛❧ q✉❡ é s✉✜❝✐❡♥t❡ ✐♥❝❧✉✐r

♥♦ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ U s♦♠❡♥t❡ xh11 · · · xhmm = 0 ❝♦♠ m ≤ n0✳ P♦❞❡♠♦s ✜①❛r

n0 = 4s2s+2 ❡ ❝♦♠♦ |G0| ≤ n2 ♣♦❞❡♠♦s ❡s❝♦❧❤❡r n0 ❞❡♣❡♥❞❡♥❞♦ s♦♠❡♥t❡ ❞❡ n✳

❉❡✈❡♠♦s ♠♦str❛r q✉❡ t♦❞❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❣r❛❞✉❛❞❛ ❞❡ Mn(K) ♣❡rt❡♥❝❡

❛ J ✳

❙✉♣♦♥❤❛ ♣♦r ❛❜s✉r❞♦ q✉❡

∑

σ∈Sn

ασxhσ(1)σ(1) · · · xhσ(m)σ(m) = 0, ασ ∈ K ✭✷✳✺✮

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ●✲❣r❛❞✉❛❞❛ ❞❡ Mn(K) t❛❧ q✉❡

f(xh11, · · · , xhmm) =
∑

σ∈Sn

ασxhσ(1)σ(1) · · · xhσ(m)σ(m) /∈ J ✭✷✳✻✮

❊s❝♦❧❤❛♠♦s ♦ ♣♦❧✐♥ô♠✐♦ ✭✷✳✺✮ ❝♦♠ ♦ ♥ú♠❡r♦ ♠í♥✐♠♦ ♣♦ssí✈❡❧ ❞❡ ❝♦❡✜❝✐❡♥t❡s ασ

♥ã♦ ♥✉❧♦s✳ ❋✐①❡♠♦s σ ∈ Sn ❝♦♠ ασ 6= 0✱ ❡♠ ✭✷✳✻✮✱ ❡ ♠❛tr✐③❡s ❝♦rr❡s♣♦♥❞❡♥t❡s v1, · · · , vm

t❛❧ q✉❡ vσ(1) · · · vσ(m) 6= 0✳

✹✹



P❛r❛ q✉❛❧q✉❡r τ ∈ Sn ♦✉ vτ(1) · · · vτ(m) = 0 ♦✉ vτ(1) · · · vτ(m) = Ers ♣❛r❛ ❛❧❣✉♠

r, s✳ ❉❛í✱ ❡①✐st❡ ✉♠ τ ∈ Sn t❛❧ q✉❡ τ 6= σ ❡ ατ 6= 0✱ ❡

vτ(1) · · · vτ(m) = vσ(1) · · · vσ(m) 6= 0.

P❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✶✳✼

xhσ(1)σ(1), · · · , xhσ(m)σ(m) − xhτ(1)τ(1) · · · xhτ(m)τ(m) ∈ J.

❙✉❜st✐t✉✐♥❞♦ ❡♠ ✭✷✳✻✮ ♦ ♣♦❧✐♥ô♠✐♦ f(xh11, · · · , xhmm) ♣♦r✿

f(xh11, · · · , xhmm)− ασ(xhσ(1)σ(1) · · · xhσ(m)σ(m) − xhτ(1)τ(1) · · · xhτ(m)τ(m)) ✭✷✳✼✮

♦❜t❡♠♦s ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ❞❛ ❢♦r♠❛ ✭✷✳✺✮ q✉❡ é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡

t❛♠❛♥❤♦ ♠❡♥♦r q✉❡ f(xh11, · · · , xhmm) = 0✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♥♦ss❛ ❡s❝♦❧❤❛ ❞❡ f ✳

❈♦r♦❧ár✐♦ ✷✳✶✳✾ ❙❡ G é ✉♠ ❣r✉♣♦ ❡ ❛ G✲❣r❛❞✉❛çã♦ ❞❡ Mn(K) é t❛❧ q✉❡ ❛s ♠❛tr✐③❡s

✉♥✐tár✐❛s sã♦ ❤♦♠♦❣ê♥❡❛s ❡ ❛ ❝♦♠♣♦♥❡♥t❡ ✐❞❡♥t✐❞❛❞❡ ❞❡ Mn(K) ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❞✐❛❣♦✲

♥❛❧ KE11 + . . . +KEpp✱ ❡♥tã♦ ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ Mn(K) sã♦ ❝♦♥s❡q✉ê♥❝✐❛s

❞❛s ✐❞❡♥t✐❞❛❞❡s ✭✷✳✶✮✲✭✷✳✸✮ ❡ ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❛ ❢♦r♠❛

xh11 . . . xhmm = 0,m ≥ 2.

✷✳✷ ■❞❡♥t✐❞❛❞❡s ●✲●r❛❞✉❛❞❛s ❈♦♥❝r❡t❛s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛s ●✲

❣r❛❞✉❛❞❛s✳

❈♦♥s✐❞❡r❛♥❞♦ ❛ á❧❣❡❜r❛ M3(K) ❡ s❡♥❞♦ G ♦ ❣r✉♣♦ ❞❡ ♣❡r♠✉t❛çõ❡s S3✱

❞❡s❝r❡✈❡r❡♠♦s ✉♠❛ ❜❛s❡ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s S3✲❣r❛❞✉❛❞❛s ❞❡ M3(K)✳ ❊st❡

r❡s✉❧t❛❞♦ ♠♦str❛ ❝♦♠♦ ♦ ❚❡♦r❡♠❛ ✷✳✶✳✽ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦ ♥♦ ❝❛s♦ ❞❡ ✉♠❛

❣r❛❞✉❛çã♦ ❝♦♥❝r❡t❛✳ ❉❡s❝r❡✈❡r❡♠♦s t❛♠❜é♠ ❛s ✐❞❡♥t✐❞❛❞❡s Z✲❣r❛❞✉❛❞❛s ❡ Zn✲

❣r❛❞✉❛❞❛s ❞❡Mn(K) q✉❡✱ ❛♣❡s❛r ❞❡ ❤✐st♦r✐❝❛♠❡♥t❡ t❡r❡♠ s✐❞♦ ❡st✉❞❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡

às ✐❞❡♥t✐❞❛❞❡s G✲❣r❛❞✉❛❞❛s✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡rá✲❧❛s ❝♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦s

r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ s❡çã♦ ✷✳✶✳

❚❡♦r❡♠❛ ✷✳✷✳✶ ❆s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s

xeye − yexe = 0

xσyσ−1zσ − zσyσ−1xσ = 0, σ ∈ S3, σ 6= e, (12)

x(12) = 0, x(123)y(123) = 0, x(132)y(132) = 0

✹✺



❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ M3(K) ❝♦♠ r❡s♣❡✐t♦ à S3✲❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r

✐♥❞✉③✐❞❛ ♣♦r g = ((12), (23), (123))✳

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡✿

• (M3(K))e = KE11 +KE22 +KE33 ⇒ E11, E22, E33 ∈ (M3(K))e,

• (M3(K))(12)−1(23) = (M3(K))(123) = KE12 ⇒ E12 ∈ (M3(K))(123),

• (M3(K))(23)−1(12) = (M3(K))(132) = KE21 ⇒ E21 ∈ (M3(K))(132),

• (M3(K))(12)−1(123) = (M3(K))(23)−1(123) = (M3(K))(23) = KE13 + KE31 ⇒

E13, E31 ∈ (M3(K))(23),

• (M3(K))(23)−1(123) = (M3(K))(123)−1(23) = (M3(K))(13) = KE23 + KE32 ⇒

E23, E32 ∈ (M3(K))(13).

❈♦♠♦ (M3(K))(12) = 0✱ t❡♠♦s q✉❡ x(12) = 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ S3✲❣r❛❞✉❛❞❛ ❞❡ (M3(K))✳

❆❧é♠ ❞✐ss♦

0 = (KE12)
2 = (M3(K))2(123) ⊂ (M3(K))(123)2 = (M3(K))(132) 6= 0,

❡ ❛ss✐♠ ♦❜t❡♠♦s q✉❡ x(123)y(123) = 0 é ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛✳ ❙✐♠✐❧❛r♠❡♥t❡ x(132)y(132) =

0 t❛♠❜é♠ é ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛✳ ❖❜s❡r✈❡ q✉❡ s❡

(M3(K))(123)(M3(K))h1 6= 0, (M3(K))h1(M3(K))h2 6= 0

♣❛r❛ h1, h2 ∈ S3✱ ❡♥tã♦

(M3(K))(123)(M3(K))h1(M3(K))h2 = (M3(K))(123)(M3(K))h1h2

❡

(M3(K))h1(M3(K))h2(M3(K))(123) = (M3(K))h1h2(M3(K))(123).

❉❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡✱ ❛ ♦❜s❡r✈❛çã♦ ❛❝✐♠❛ t❛♠❜é♠ é ✈á❧✐❞❛ ♣❛r❛ ❛ ♣❡r♠✉t❛çã♦

(132)✳

❙❡❥❛ xh11 · · · xhmm = 0 ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ S3✲❣r❛❞✉❛❞❛ ❞❡ M3(K) q✉❡

♥ã♦ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ s❡♠❡❧❤❛♥t❡ ❞❡ ❣r❛✉ ♠❡♥♦r✳ ❆ss✐♠✱ ♣❛r❛ ❛❧❣✉♠

1 ≤ i ≤ j ≤ m✱ ❛ ✐❣✉❛❧❞❛❞❡ (M3(K))hi
· · · (M3(K))hj

= 0 ✐♠♣❧✐❝❛ q✉❡ i = 1 ❡ j = m✳

✹✻



❙❡ hi = e ♣❛r❛ i = 1, · · · ,m✱ ❡♥tã♦ Mn(K)eMn(K)h =Mn(K)h✱ ❡ ❞❛í

0 = Mn(K)h1 · · ·Mn(K)hi−1
Mn(K)eMn(K)hi+1

· · ·Mn(K)hm
=

= Mn(K)h1 · · ·Mn(K)hi−1
Mn(K)hi+1

· · ·Mn(K)hm

❡ xh11 · · · xhi−1,i−1(xe,ixhi+1,i+1) · · · xhm,m = 0 é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛

xh11 · · · xhi−1,i−1xhi+1,i+1 · · · xhmm = 0 ❞❡ M3(K)✱ ♦ q✉❡ é ✐♠♣♦ssí✈❡❧ ♣❡❧❛ ♥♦ss❛ ❡s❝♦❧❤❛

❞❛ ✐❞❡♥t✐❞❛❞❡✳ P♦rt❛♥t♦ hi 6= e✳

P❛r❛ t♦❞♦ 1 ≤ i ≤ j ≤ m t❛♠❜é♠ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ hi · · ·hj 6= (12) ♣♦✐s

x(12) = 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛✳

❖❜s❡r✈❡ q✉❡ ♣❛r❛ m = 2 t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s xh1xh2 = 0 sã♦

❝♦♥s❡q✉ê♥❝✐❛s ❞❛s ✐❞❡♥t✐❞❛❞❡s x(12) = 0, x(123)y(123) = 0, x(132)y(132) = 0✳

❙❡ m ≥ 3✱ ❛ss✉♠✐r❡♠♦s q✉❡ h1 6= (123)✳ ❙❡♥ã♦

(M3(K))(123)(M3(K))h2 · · · (M3(K))hm
= 0,

(M3(K))(123)(M3(K))h2(M3(K))h3 = M3(K)(123)(M3(K))h2h3

❡ t❡rí❛♠♦s q✉❡ xh(123),1xh22xh33 · · · xhmm = 0 é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ xh(123),1xh2h3 · · · xhm
= 0✱

♦ q✉❡ é ✐♠♣♦ssí✈❡❧✱ ♣♦✐s ❝♦♥s✐❞❡r❛♠♦s q✉❡ ✐❞❡♥t✐❞❛❞❡s ❞❡M3(K) ♥ã♦ sã♦ ❝♦♥s❡q✉ê♥❝✐❛s

❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❡ ❣r❛✉ ♠❡♥♦r✳ ❙✐♠✐❧❛r♠❡♥t❡ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ h1 6= (132)✱

hm 6= (123), (132)✳

❙❡ m ≥ 4✱ ❡♥tã♦ hi 6= (123), (132) ♣❛r❛ t♦❞♦ ✐✳ ❊ t❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s

❛ ❝♦♥s✐❞❡r❛r✿ ♣❛r❛ t♦❞♦ ✐ t❡♠♦s hi ∈ {(13), (23)}✱ ♦✉ m = 3 ❡ h2 = {(123), (132)}✳

❙❡ (M3(K))h1(M3(K))(123)(M3(K))h3 = 0✱ h1, h3 = (13), (23) ❡ h1(123) 6= (12)✱

h1(123) 6= (12)✱ ❡♥tã♦

h1 6= (12)(123)−1 = (13) ⇒ h1 = (23)✱ h3 6= (123)−1(12) = (23) ⇒ h3 = (13)

♠❛s (M3(K))(23)(M3(K))(123)(M3(K))(13) = KE32 6= 0✳ ❙✐♠✐❧❛r♠❡♥t❡ ♣❛r❛ h2 = (132)✳

❆ss✐♠ ❛s ú♥✐❝❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛ ❝♦♥s✐❞❡r❛r sã♦ xh11 · · · xhmm = 0 ♦♥❞❡

xhi
= (13), (23)✳

❙❡ m ≥ 3 ❡ hi 6= hi+1 ♣❛r❛ ❛❧❣✉♠ i✱ ❡♥tã♦ hihi+1 = (13)(23) = (132) ♦✉

hihi+1 = (23)(13) = (123)✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ❝♦♠♦ (M3(K))(123) ❡ (M3(K))(132)

sã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛✐s ♣♦❞❡♠♦s ♦❜t❡r q✉❡✿

(M3(K))hi
(M3(K))hi+1

= (M3(K))hihi+1
,

(M3(K))h1 · · · (M3(K))hi
(M3(K))hi+1

· · · (M3(K))hm
= 0

✹✼



❞❛ ♠❡s♠❛ ❢♦r♠❛ xh11 · · · xhihi+1,ixhmm = 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ❞❡ M3(K) q✉❡ é

❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❣r❛✉ ♠❡♥♦r✳

❙❡ hi = hi+1 ♣❛r❛ t♦❞♦ i✱ ♣♦r ❡①❡♠♣❧♦✱ hi = (13) ❡♥tã♦ ✉s❛♥❞♦ q✉❡

(Mn(K))3(13) = (Mn(K))(13) 6= 0

♦❜t❡♠♦s q✉❡ xh11 · · · xhmm = 0 ♥ã♦ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ❞❡ M3(K)✳

❖❜s❡r✈❡ q✉❡ ♣❛r❛ ♦ ❝❛s♦ ❞❡s❝r✐t♦ ❛❝✐♠❛✱ s❡ ❧✐♠✐táss❡♠♦s ♦ ❣r❛✉ m ❞♦s ♠♦♥ô♠✐♦s

xh11 . . . xhmm = 0✱ q✉❡ sã♦ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♣❛r❛M3(K)✱ ♣❡❧♦ n0 ❛♣r❡s❡♥t❛❞♦ ♥❛

♣r♦♣♦s✐çã♦ ✭✷✳✶✳✺✮✱ t❡rí❛♠♦s q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❡st❛ ❢♦r♠❛ s❡r✐❛ ♠❡♥♦r

q✉❡ n0 = 4s2s+2 = 976.562.500✱ ❡ ♥❛ ✈❡r❞❛❞❡ ❛♣❡♥❛s 2 ♠♦♥ô♠✐♦s sã♦ ♥❡❝❡ssár✐♦s ♥♦

❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞♦ TG✲✐❞❡❛❧ ❡♠ q✉❡stã♦✳ P♦rt❛♥t♦✱ ❛ ❡st✐♠❛t✐✈❛ ❛♣r❡s❡♥t❛❞❛ ♥ã♦ é ❛

♠❡❧❤♦r✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✷ ❆ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s t❡♠ ✉♠❛ ❣r❛❞✉çã♦ ♥❛t✉r❛❧ ♣❛r❛ ♦ s❡♠✐✲

❣r✉♣♦ G ❝♦♠ ✉♥✐❞❛❞❡ ❛ss♦❝✐❛❞♦ ❛♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s✳ ❖s ❡❧❡♠❡♥t♦s

❞❡ G sã♦ 0 ❡ t♦❞♦s ♦s ♣❛r❡s (i, j), 1 ≤ i, j ≤ n✱ ❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ é ❞❛❞❛ ♣♦r✿

0.(i, j) = (i, j).0 = 0

(i, j).(k, l) = (i, l) se j = k

(i, j).(k, l) = 0 se j 6= k

❊♥tã♦✱ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ ❢❡✐t♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r

á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s ♣♦r s❡♠✐✲❣r✉♣♦s ❡ ❞❡s❝r❡✈❡r ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s

❞❡ Mn(K) ❣r❛❞✉❛❞❛s ♣♦r ✉♠ s❡♠✐✲❣r✉♣♦ ❛ss♦❝✐❛t✐✈♦✳

P♦❞❡♠♦s ❞❡s❝r❡✈❡r ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s Zn✲❣r❛❞✉❛❞❛s ❡ Z✲❣r❛❞✉❛❞❛s ✭❱❡r

❡①❡♠♣❧♦ ✶✳✹✳✺✮ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K) ✉t✐❧✐③❛♥❞♦ ❛s ✐❞❡✐❛s ❛♣r❡s❡♥t❛❞❛s ♥♦ t❡♦r❡♠❛

✷✳✶✳✽✳

❚❡♦r❡♠❛ ✷✳✷✳✸ ❬✹✺❪ ❚♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❛ á❧❣❡❜r❛ Zn✲❣r❛❞✉❛❞❛ Mn(K)

s❡❣✉❡♠ ❞❡

x1x2 − x2x1 = 0 , α(x1) = α(x2) = 0;

x1x2x3 − x3x2x1 = 0 , α(x1) = α(x3) = −α(x2).

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ♣r♦✈❛r q✉❡ ♥ã♦ sã♦ s❛t✐s❢❡✐t❛s ✐❞❡♥t✐❞❛❞❡s ❞❛ ❢♦r♠❛

xh11 · · · xhkk = 0, hi ∈ Zn✳ ❉❡ ❢❛t♦✱ ❛♣❧✐❝❛♥❞♦ ✐♥❞✉çã♦ s♦❜r❡ k t❡♠♦s q✉❡ ♥♦

✹✽



❝❛s♦ k = 1 é tr✐✈✐❛❧✱ ❜❛st❛♥❞♦ ❝♦♥s✐❞❡r❛r xh11 = Ea1b1 t❛❧ q✉❡ b1 − a1 = α(xh11)✳

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ q✉❡ ♣❛r❛ q✉❛❧q✉❡r ♠♦♥ô♠✐♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦

k − 1✱ xh11 · · · xhk−1,k−1 ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦

xh11 = Ea1b1 , xh22 = Ea2b2 , . . . , xhk−1k−1 = Eak−1bk−1
, ✭✷✳✽✮

t❛❧ q✉❡

xh11xh22 . . . xhk−1k−1 = Ea1b1Ea2b2 . . . Eak−1bk−1
= Ea1bk−1

6= 0. ✭✷✳✾✮

❙❡❥❛ xh11 · · · xhkk ✉♠ ♠♦♥ô♠✐♦ ❡ s✉♣♦♥❤❛♠♦s q✉❡ α(xhk
) = hk = t✳ ❈♦♥s✐❞❡r❡♠♦s

❛❣♦r❛ ❛ s✉❜st✐t✉✐çã♦ ❢♦r♠❛❞❛ ♣❡❧♦s ❡❧❡♠❡♥t♦s ✭✷✳✽✮ ❡ xhk
= Ebk−1ak ✱ ♦♥❞❡

ak =





bk−1 + t, se bk−1 + t ≤ n,

bk−1 + t− n, se bk−1 + t > n.

▲♦❣♦✱ ♣♦r ✷✳✾

xh11 · · · xhkk = Ea1bk−1
Ebk−1bk = Ea1bk 6= 0.

❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ♦ ❢❛t♦ ❞❡ q✉❡ ♦ s✉♣♦rt❡ ❞❛ Zn✲❣r❛❞✉❛çã♦ ❞❡ Mn(K) é t♦❞♦

♦ Zn✱ s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦ t❡♦r❡♠❛ ✷✳✶✳✽ ♦ r❡s✉❧t❛❞♦✳

❉❡s❝r❡✈❡r❡♠♦s ❛❣♦r❛ ❛s ✐❞❡♥t✐❞❛❞❡s Z✲❣r❛❞✉❛❞❛ ❞❡ Mn(K) ✉t✐❧✐③❛♥❞♦ ❛s ✐❞❡✐❛s

❞♦ t❡♦r❡♠❛ ✷✳✶✳✽✳

❚❡♦r❡♠❛ ✷✳✷✳✹ ❬✹✹❪ ❚♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❛ á❧❣❡❜r❛ Z✲❣r❛❞✉❛❞❛ Mn(K)

s❡❣✉❡♠ ❞❡

x1x2 − x2x1 = 0 , α(x1) = α(x2) = 0; ✭✷✳✶✵✮

x1x2x3 − x3x2x1 = 0 , α(x1) = α(x3) = −α(x2); ✭✷✳✶✶✮

x = 0 , |α(x)| ≥ n. ✭✷✳✶✷✮

Pr✐♠❡✐r❛♠❡♥t❡ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s q✉❡ s❡rã♦

✉t✐❧✐③❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛✳

❯♠❛ s✉❜st✐t✉✐çã♦ S ❞♦ t✐♣♦

xh11 = Ea1b1 , xh22 = Ea2b2 , . . . , xhkk = Eakbk , ✭✷✳✶✸✮

♦♥❞❡

bs − as = hs, s = 1, 2, . . . , k ✭✷✳✶✹✮

✹✾



é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞✳

P❛r❛ ✉♠ ♠♦♥ô♠✐♦ m = xh11xh22 . . . xhkk ❡ ❞♦✐s ✐♥t❡✐r♦s 1 ≤ p ≤ q ≤ k✱

❞❡♥♦t❛r❡♠♦s ♣♦r m[p,q] ❛ s✉❜♣❛❧❛✈r❛ ♦❜t✐❞❛❞❛ ❞❡ m ❞❡s❝❛rt❛♥❞♦ ♦s p − 1 ♣r✐♠❡✐r♦s

❡ ♦s ú❧t✐♠♦s k − q ❢❛t♦r❡s✱ ♦✉ s❡❥❛✱

m[p,q] = xhppxhp+1p+1 . . . xhqq.

▲❡♠❛ ✷✳✷✳✺ ❙❡❥❛

xh11 = Ea1b1 , xh22 = Ea2b2 , . . . , xhkk = Eakbk , ✭✷✳✶✺✮

✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ t❛❧ q✉❡ max{a1, b1, a2, b2, . . . , ak, bk} = n − t✱ ♦♥❞❡ t ≥ 1

✭r❡s♣❡❝t✐✈❛♠❡♥t❡ min{a1, b1, a2, b2, . . . , ak, bk} = 1 + r✱ ♦♥❞❡ r ≥ 1✮✳

✭✐✮ ❙❡ m(xh11, xh22, . . . , xhkk)|(2.15) = 0✱ ❡♥tã♦ q✉❛♥❞♦ ❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞

xh11 = Ea′1b
′

1
, xh22 = Ea′2b

′

2
, . . . , xhkk = Ea′

k
b′
k
, ✭✷✳✶✻✮

❝♦♠ a′s = as + t ❡ b′s = bs + t ✭r❡s♣✳ a′s = as − r ❡ a′s = bs − r✮✱ s = 1, 2, . . . , k✱ é

❢❡✐t❛✱ t❡♠♦s

m(xh11, xh22, . . . , xhkk)|(2.16) = 0

✭✐✐✮ ❙❡ m(xh11, xh22, . . . , xhkk)|(2.15) = Ea1bk ✱ ❡♥tã♦ m(xh11, xh22, . . . , xhkk)|(2.16) =

Ea′1b
′

k
✳

❉❡♠♦♥str❛çã♦✿

✭✐✮ ❉❛ ✐❣✉❛❧❞❛❞❡

m|(2.15) = Ea1b1Ea2b2 . . . Eakbk = 0,

t❡♠♦s q✉❡ bs 6= as+1 ♣❛r❛ ❛❧❣✉♠ s ∈ {1, 2, . . . , k − 1}✳ ❊♥tã♦

b′s = bs + t 6= as+1 + t = a′s+1 (resp. b′s = bs − r 6= as+1 − r = a′s+1).

P♦rt❛♥t♦✱ m|(2.16) = 0✳

✭✐✐✮ P❛r❛ s = 1, . . . , k − 1✱ ❛ ✐❣✉❛❧❞❛❞❡ bs = as+1✱ ♥♦s ❞á b′s = a′s+1✳ P♦rt❛♥t♦✱

m|(2.16) = Ea′1b
′

1
Ea′2b

′

2
. . . Ea′

k
b′
k
= Ea′1b

′

k
,

❝♦♥❝❧✉✐♥❞♦ ❛ss✐♠ ❛ ❞❡♠♦♥str❛çã♦✳

P❛r❛ ✉♠ ♠♦♥ô♠✐♦ ❣r❛❞✉❛❞♦ m(xh11, xh22, . . . , xhkk) = xi1xi2 . . . xik ❡ 1 ≤ p ≤

q ≤ k✱ ❞❡♥♦t❛r❡♠♦s ♣♦r |α(m[p,q])| ♦ ✈❛❧♦r ❛❜s♦❧✉t♦ ❞♦ ❣r❛✉ ❞❛ s✉❜♣❛❧❛✈r❛ m
[p,q]✳

❈♦♥s✐❞❡r❡♠♦s

α̂(m) = max{|α(m[p,q])| / 1 ≤ p ≤ q ≤ k}.

✺✵



▲❡♠❛ ✷✳✷✳✻ ❙❡

xh00xh11xh22 . . . xhkk = 0,

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ❞❡ Mn(K)✱ ❝♦♠ α̂(xh00m) ≤ n − 1✱ ♦♥❞❡ m =

xh11xh22 . . . xhkk✱ ❡♥tã♦ xh11xh22 . . . xhkk = 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ q✉❡ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s

✐❞❡♥t✐❞❛❞❡s ✭✷✳✶✷✮✳

❉❡♠♦♥str❛çã♦✿

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S t❛❧ q✉❡

m|S = Ea1bk 6= 0.

❆♥❛❧✐s❛r❡♠♦s ❞♦✐s ❝❛s♦s✳

❈❛s♦ ✶✿ α(xh00) = h0 ≥ 0✳

P♦❞❡♠♦s s✉♣♦r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡

max{a1, b1, a2, b2, . . . , ak, bk} = n,

♣♦✐s s❡ max{a1, b1, a2, b2, . . . , ak, bk} = n − t ❝♦♠ t ≥ 1✱ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✷✳✺✱ ❛

s✉❜st✐t✉✐çã♦ S ′ ❞❛ ❢♦r♠❛ xs = Ea′sb
′

s
✱ ❝♦♠ a′s = as + t ❡ b′s = bs + t✱ s = 1, 2, . . . , k é t❛❧

q✉❡ max{a′1, b
′
1, a

′
2, b

′
2, . . . , a

′
k, b

′
k} = n ❡ m|

S
′ 6= 0.

❈♦♠♦ m|S 6= 0 t❡♠♦s q✉❡

b1 = a2, . . . .bk−1 = ak. ✭✷✳✶✼✮

❊♥tã♦✱ s❡ max{b1, b2, . . . , bk} < n✱ t❡♠✲s❡ a1 = n✳ ▲♦❣♦✱

n− h0 ≤ n, ❞❡ ♦♥❞❡, a1 − h0 ≤ n.

❆❧é♠ ❞✐ss♦✱

h0 = |h0| ≤ α̂(xh00m) ≤ n− 1, ♦✉ s❡❥❛, 1 ≤ a1 − h0.

P♦rt❛♥t♦✱ 1 ≤ a1 − h0 ≤ n✳

❆❣♦r❛ ✈❛♠♦s s✉♣♦r q✉❡ max{b1, b2, . . . , bk} = n ❡ ❝♦♥s✐❞❡r❡♠♦s n = br✱ ♣❛r❛

❛❧❣✉♠ 1 ≤ r ≤ k✳ ❚❡♠♦s

α(xh00m
[1,r]) = α(xh00) + br − a1 = h0 + n− a1.

❈♦♠❜✐♥❛♥❞♦ ✐st♦ ❝♦♠ α(xh00m
[1,r]) ≤ |α(xh00m

[1,r])| ≤ α̂(xh00m) ≤ n− 1✱ ♦❜t❡♠♦s q✉❡

h0 + n− a1 ≤ n− 1, ✐st♦ é, 1 ≤ a1 − h0.

✺✶



❆❧é♠ ❞✐ss♦✱ a1 ≤ n ≤ h0 + n✱ ✐st♦ é✱ a1 − h0 ≤ n ✳ ❉❛í✱ 1 ≤ a1 − h0 ≤ n✳

❈❛s♦ ✷✿ α(xh00) = h0 < 0✳

❉❡ ♠❛♥❡✐r❛ s❡♠❡❧❤❛♥t❡ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ t❛♠❜é♠ ♣♦❞❡♠♦s s✉♣♦r q✉❡

min{a1, b1, a2, b2, . . . , ak, bk} = 1✳

❊♠ ✈✐rt✉❞❡ ❞❡ ✭✷✳✶✼✮ s❡ min{b1, b2, . . . , bk} > 1✱ ❡♥tã♦ a1 = 1 ♣❛r❛ m|S 6= 0✳ ❉❛í✱

1 = a1 < a1 − h0.

❆❧é♠ ❞♦ ♠❛✐s✱ ♣♦r −h0 = |h0| ≤ α̂(xh00m) ≤ n− 1✱ t❡♠♦s q✉❡ a1 − h0 = 1− h0 ≤ n✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ min{b1, b2, . . . , bk} = 1 ❡ t♦♠❡ r ∈ {1, 2, . . . , k} t❛❧ q✉❡

1 = br✳ ❚❡♠♦s

α(xh00m
[1,r]) = α(xh00) + br − a1 = h0 + 1− a1.

❈♦♠❜✐♥❛♥❞♦ ✐st♦ ❝♦♠

−α(xh00m
[1,r]) ≤ |α(xh00m

[1,r])| ≤ α̂(xh00m) ≤ n− 1,

♦❜t❡♠♦s q✉❡ −h0 − 1 + a1 ≤ n− 1✱ ✐st♦ é✱ a1 − h0 ≤ n✳ P♦r ♦✉tr♦ ❧❛❞♦✱

1 ≤ a1 < a1 − h0, ♦✉ s❡❥❛, 1 ≤ a1 − h0.

▲♦❣♦✱ 1 ≤ a1 − h0 ≤ n✳

❋✐♥❛❧♠❡♥t❡✱ ❡s❝♦❧❤❛ a0 = a1 − h0, b0 = a1 ❡ ♣❡❧♦ q✉❡ ❢♦✐ ❡①♣♦st♦ ❛♥t❡r✐♦r♠❡♥t❡✱

❞❡ ❢❛t♦ 1 ≤ a0 ≤ n✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ s✉❜st✐t✉✐çã♦ ❙t❛♥❞❛r❞ S ′ ❢♦r♠❛❞❛ ♣♦r S ❡

xh00 = Ea0,b0 ✱ t❡♠♦s q✉❡

(xh00m)|S′ = Ea0,b0Ea1bk = Ea0,bk 6= 0,

❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❤✐♣ót❡s❡ ❞♦ ▲❡♠❛✳

❉❡♠♦♥str❛çã♦✿ ✭❉♦ t❡♦r❡♠❛ ✷✳✷✳✹✮

P❡❧♦ ❝♦r♦❧ár✐♦ ✭✷✳✶✳✾✮✱ ❜❛st❛ ❞❡♠♦♥str❛r q✉❡ t♦❞❛ ✐❞❡♥t✐❞❛❞❡ ❞♦ t✐♣♦

xh11xh22 . . . xhkk é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❞❛ ❢♦r♠❛ xh00✳

❈♦♠ ❡❢❡✐t♦✱ s❡ | α̂(xh11xh22 . . . xhkk) |≤ n− 1✱ ❡♥tã♦✱ ✉s❛♥❞♦ ♦ ▲❡♠❛✭✷✳✷✳✻✮ ✈ár✐❛s

✈❡③❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡ (xhkk) é ✐❞❡♥t✐❞❛❞❡✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✦

P♦rt❛♥t♦✱

| α̂(xh11xh22 . . . xhkk) |≥ n

✺✷



❡ ❡①✐st❡♠ i, j t❛✐s q✉❡ h0 = α(xhii . . . xhjj) t❡♠ ♠ó❞✉❧♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ n✳ ❆ss✐♠

xh11xh22 . . . xhkk ♣♦❞❡ s❡r ♦❜t✐❞♦ ❞❡

xh11xh22 . . . xhi−1i−1xh00xhi+1i+1 . . . xhkk

s✉❜st✐t✉✐♥❞♦ xh00 ♣♦r xhii . . . xhjj✳ ▼❛s✱ ❡st❡ ú❧t✐♠♦ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ xh00✱ ❝♦♥❝❧✉✐♥❞♦

❛ss✐♠ ♥♦ss❛ ❞❡♠♦♥str❛çã♦✳

✺✸



❈❛♣ít✉❧♦ ✸

■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ❡♠ Mn(K)✱

charK = p

◆♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❞❡s❝r❡✈❡♠♦s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s ♣❛r❛ ❛

á❧❣❡❜r❛ Mn(K) ❝♦♥s✐❞❡r❛♥❞♦ K ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡r✐st✐❝❛ ③❡r♦ ❝♦♠ ✉♠❛ ❣r❛❞✉❛çã♦

❡❧❡♠❡♥t❛r✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ❜❛s❡❛❞♦s ♥♦s ❛rt✐❣♦s ❬✷❪ ❡ ❬✸❪✱ tr❛t❛r❡♠♦s ❞❛s ✐❞❡♥t✐❞❛❞❡s

❣r❛❞✉❛❞❛s ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(K) s♦❜r❡ ❝♦r♣♦s ✐♥✜♥✐t♦s✱ ❣❡♥❡r❛❧✐③❛♥❞♦ ♦s tr❛❜❛❧❤♦s ❞❡

❱❛s✐❧♦✈s❦② ❬✹✹❪ ❡ ❬✹✺❪✱ ❡ ❞❡s❝r❡✈❡r❡♠♦s ❛s ✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ❡ Z✲❣r❛❞✉❛❞❛s ♣❛r❛

❛ á❧❣❡❜r❛ Mn(K)✳

❆té ♦ ✜♥❛❧ ❞❡st❡ ❝❛♣ít✉❧♦ ❝♦♥s✐❞❡r❛r❡♠♦s q✉❡ K é ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✳

✸✳✶ ■❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ❞❡ Mn(K)

❱❛s✐❧♦✈s❦② ❬✹✺❪ ♣r♦✈♦✉ q✉❡ q✉❛♥❞♦ K é ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ 0 t♦❞❛s ❛s

✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ Mn(K) s❡❣✉❡♠ ❞❛s ✐❞❡♥t✐❞❛❞❡s

x1x2 = x2x1, α(x1) = α(x2) = 0

x1x2x3 = x3x2x1, α(x1) = −α(x2) = α(x3).

❯t✐❧✐③❛♥❞♦ ♠❛tr✐③❡s ❣❡♥ér✐❝❛s ❢♦✐ ♣r♦✈❛❞♦ ♣♦r ❆③❡✈❡❞♦ ❬✸❪ q✉❡ ❡st❡s r❡s✉❧t❛❞♦s ❛✐♥❞❛

sã♦ ✈á❧✐❞♦s ♣❛r❛ ❝♦r♣♦s ✐♥✜♥✐t♦s✳

❈♦♠ ❜❛s❡ ♥❛ ♥♦t❛çã♦ ❥á ❡st❛❜❡❧❡❝✐❞❛ ♥♦ ❝❛♣ít✉❧♦ ✶✱ ♣♦❞❡♠♦s ❞❡s❝r❡✈❡r ✉♠❛ Zn✲

❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ♣❛r❛ Mn(K)✱ ♦♥❞❡ Mn(K)0 ❝♦♥s✐st❡ ❞❛s ♠❛tr✐③❡s ❞❛ ❢♦r♠❛






a1,1 0 · · · 0

0 a2,2 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · an,n




✱ a1,1, a2,2, . . . , an,n ∈ K

❡✱ ♣❛r❛ 0 < t ≤ n− 1✱ Mn(K)t ❝♦♥s✐st❡ ❞❛s ♠❛tr✐③❡s




0 · · · 0 a1,t+1 0 · · · 0

0 · · · 0 0 a2,t+2 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · 0 0 0 · · · an−t,n

an−t+1,1 · · · 0 0 0 · · · 0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 · · · an,t 0 0 · · · 0




♦♥❞❡ a1,t+1, a2,t+2, . . . , an−t,n, an−t+1,1, . . . , an,t ∈ K✳ ❊ ❝♦♠♦ ❥á ✈✐♠♦s ♥♦ ❡①❡♠♣❧♦ ✶✳✹✳✺✱

♦s s✉❜❡s♣❛ç♦s ❛❝✐♠❛ ❞❡✜♥❡♠ ✉♠❛ Zn✲❣r❛❞✉❛çã♦ ♣❛r❛ á❧❣❡❜r❛ Mn(K)✳

❙❡❥❛ I ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧❛s ✐❞❡♥t✐❞❛❞❡s

❣r❛❞✉❛❞❛s x1x2 = x2x1✱ ❝♦♠ α(x1) = α(x2) = 0✱ ❡ x1x2x3 = x3x2x1✱ ❝♦♠ α(x1) =

−α(x2) = α(x3)✳

▲❡♠❛ ✸✳✶✳✶ ❆ á❧❣❡❜r❛ Zn✲❣r❛❞✉❛❞❛ Mn(K) s❛t✐s❢❛③ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞♦

Tn✲✐❞❡❛❧ I✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ é ❢❡✐t❛ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❧❡♠❛ ✷✳✶✳✹✳

❙❡❥❛ Ω = K[yαi | i ∈ N, α ∈ Zn] ❛ á❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝♦♠✉t❛t✐✈♦s ❣❡r❛❞❛

♣❡❧❛s ✈❛r✐á✈❡✐s yαi ✳ P❛r❛ ❝❛❞❛ α ∈ Zn✱ s❡❥❛ Mn(Ω)α ♦ s✉❜❡s♣❛ç♦ ❞❡ Mn(Ω) q✉❡ ❝♦♥s✐st❡

❞❡ ♠❛tr✐③❡s ❞❛ ❢♦r♠❛

✺✺






0 · · · 0 f1 0 · · · 0

0 · · · 0 0 f2 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · 0 0 0 · · · fn−i

fn−i+1 · · · 0 0 0 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · fn 0 0 · · · 0




♦♥❞❡ f1, . . . , fn ∈ Ω ❡ i = α✳ ❖ ♣ró①✐♠♦ ❧❡♠❛ ♠♦str❛ q✉❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❛❝✐♠❛ ❞❡✜♥❡

✉♠❛ Zn✲ ❣r❛❞✉❛çã♦ ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(Ω)✳

▲❡♠❛ ✸✳✶✳✷ ❙❡❥❛♠

A =




0 · · · 0 a1 0 · · · 0

0 · · · 0 0 a2 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · 0 0 0 · · · an−i

an−i+1 · · · 0 0 0 · · · 0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 · · · an 0 0 · · · 0




B =




0 · · · 0 b1 0 · · · 0

0 · · · 0 0 b2 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · 0 0 0 · · · bn−j

bn−j+1 · · · 0 0 0 · · · 0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 · · · bn 0 0 · · · 0




♠❛tr✐③❡s ❞❡ Mn(Ω)✱ ♦♥❞❡ 0 ≤ i, j ≤ n− 1✳ ❊♥tã♦

✺✻



AB =




0 · · · 0 a1bi1 0 · · · 0

0 · · · 0 0 a2bi2 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · 0 0 0 · · · axbix
ax+1bix+1 · · · 0 0 0 · · · 0

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 · · · anbin 0 0 · · · 0




♦♥❞❡ ik = (i+ k − 1) mod n+ 1 ❡ x = n− (i+ j) mod n✳

❉❡♠♦♥str❛çã♦✿ ❖ ❡❧❡♠❡♥t♦ a1 ❡stá ♥❛ ♣♦s✐çã♦ (1, i + 1) ❞❛ ♠❛tr✐③ A✳ ▲♦❣♦✱ ❝♦♠♦

k = 1✱ t❡♠♦s q✉❡ i1 = i+ 1 = (i+ k − 1) mod n+ 1✳

P❛r❛ k ≥ 2✱ ❛ ♣♦s✐çã♦ ❞♦ ❡❧❡♠❡♥t♦ ak é (k, i + k) s❡ i + k ≤ n ♦✉✱ (k, i + k − n)

s❡ i + k > n✳ ▲♦❣♦✱ ❛ ♣♦s✐çã♦ ❞❡ ak é (k, (i + k − 1) mod n + 1)✳ P♦rt❛♥t♦✱

ik = (i+ k − 1) mod n+ 1 ✳

❖ ❡❧❡♠❡♥t♦ axbix ❡stá ♥❛ ú❧t✐♠❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ AB✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦

bn−j ❡stá ♥❛ ú❧t✐♠❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ B✱ s❛❜❡♠♦s q✉❡ n − j = ix✳ P♦rt❛♥t♦✱

n− j = (i+ x− 1) mod n+ 1✳ ❍á ❞♦✐s ♣♦ssí✈❡✐s ❝❛s♦s✿

❙❡ 0 ≤ i+x−1 < n✱ ❡♥tã♦ n− j = i+x✱ ❞♦♥❞❡ x = n− (i+ j)✳ ❈♦♠♦ 1 ≤ x ≤ n✱

t❡♠♦s q✉❡ 0 ≤ i+ j ≤ n− 1✳ ▲♦❣♦ x = n− (i+ j) mod n✳

P♦r ♦✉tr♦ ❧❛❞♦ s❡ n ≤ i + x − 1 ≤ 2n − 2✱ ❡♥tã♦ n − j = i + x − n✱ ❞♦♥❞❡

x = n − (i + j − n)✳ ❈♦♠♦ 1 ≤ x ≤ n✱ t❡♠♦s q✉❡ 0 ≤ i + j − n ≤ n − 1✳ ▲♦❣♦

x = n− (i+ j − n) mod n = n− (i+ j) mod n✳

❉❡♥♦t❡ ♣♦r F ❛ s✉❜á❧❣❡❜r❛ Zn✲❣r❛❞✉❛❞❛ ❞❡ Mn(Ω) ❣❡r❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s

Ai =




0 · · · 0 y
(0)
i 0 · · · 0

0 · · · 0 0 y
(1)
i · · · 0

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 · · · 0 0 0 · · · y
(−α(xi)−1)
i

y
(−α(xi))
i · · · 0 0 0 · · · 0

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 · · · y
(n−1)
i 0 0 · · · 0




♦♥❞❡ Ai ∈Mn(Ω)α(xi)✱ ♣❛r❛ i ∈ N✳

✺✼



▲❡♠❛ ✸✳✶✳✸ ❆ á❧❣❡❜r❛ Zn✲❣r❛❞✉❛❞❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ K〈X〉/Tn(Mn(K)) é ✐s♦♠♦r❢❛

à á❧❣❡❜r❛ F ✳

❉❡♠♦♥str❛çã♦✿ ❆ ❛♣❧✐❝❛çã♦ φ : K〈X〉 → F ❞❡✜♥✐❞❛ ♣♦r φ(f(x1, . . . , xm)) =

f(A1, . . . , Am) é ✉♠ ❤♦♠♦♠♦r✜s♠♦ Zn✲❣r❛❞✉❛❞♦✳ ❈❧❛r❛♠❡♥t❡✱ φ é s♦❜r❡❥❡t✐✈❛✳ ❆❧é♠

❞✐ss♦✱ kerφ = Tn(Mn(K)) ❡ φ ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✹ ❙❡❥❛ f(x1, . . . , xm) ∈ K〈X〉✳ ❚❡♠♦s q✉❡ Ai ∈ Mn(Ω)α(xi) ❡

f(A1, A2, . . . , Am) = (Fij)n×n✱ ♦♥❞❡ Fij ∈ Ω✳ ❉❡ K s❡r ✐♥✜♥✐t♦ s❡❣✉❡ q✉❡ Fij s❡

❛♥✉❧❛ ♣❛r❛ q✉❛✐sq✉❡r ✈❛❧♦r❡s ❞❡ yαi ❡♠ K s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Fij é ♦ ♣♦❧✐♥ô♠✐♦ ♥✉❧♦✳

▲♦❣♦✱ f ∈ I s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f(A1, A2, . . . , Am) = 0✳

▲❡♠❛ ✸✳✶✳✺ P❛r❛ t♦❞♦ ♠♦♥ô♠✐♦ 0 6= m(x1, . . . , xm) ∈ K〈X〉 ❞❡ ❝♦♠♣r✐♠❡♥t♦ q✱

❡①✐st❡♠ ✐♥t❡✐r♦s 1 ≤ i1 ≤ . . . ≤ iq ≤ m ❡ ❡❧❡♠❡♥t♦s α1, . . . , αn ❞❡ Zn t❛✐s q✉❡

m(A1, . . . , Am) =




0 · · · 0 ω0 0 · · · 0

0 · · · 0 0 ω1 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · 0 0 0 · · · ω−α(xi)−1

ω−α(xi) · · · 0 0 0 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · ωn−1 0 0 · · · 0




♦♥❞❡ ωδ = y
(α1+δ)
i1

. . . y
(αq+δ)
iq

✳

❉❡♠♦♥str❛çã♦✿ ❯s❛♠♦s ✐♥❞✉çã♦ s♦❜r❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ m✳ ❙❡ q = 1✱ ♦❜✈✐❛♠❡♥t❡

t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ ❙❡ q > 1✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ♠♦♥ô♠✐♦ 0 6= n(x1, . . . , xm) ∈ K〈X〉 ❞❡

❝♦♠♣r✐♠❡♥t♦ q − 1 t❛❧ q✉❡ m(x1, . . . , xm) = n(x1, . . . , xm)xi✱ ♦♥❞❡ 1 ≤ i ≤ m✳ P❡❧❛

❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ❡ ♦ ▲❡♠❛ ✭✸✳✶✳✷✮✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ❛ ❞❡♠♦♥str❛çã♦✳

▲❡♠❛ ✸✳✶✳✻ ❙❡❥❛♠ m(x1, . . . , xm) ❡ n(x1, . . . , xm) ❞♦✐s ♠♦♥ô♠✐♦s ❞❡ K〈X〉✳ ❙❡ ❛s

♠❛tr✐③❡s m(A1, . . . , Am) ❡ n(A1, . . . , Am) tê♠ ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❛ ♠❡s♠❛ ❡♥tr❛❞❛ ♥ã♦✲

♥✉❧❛✱ ❡♥tã♦ m(A1, . . . , Am) = n(A1, . . . , Am)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦ ▲❡♠❛✭✸✳✶✳✺✮✳

▲❡♠❛ ✸✳✶✳✼ ❙❡❥❛♠ m(x1, . . . , xm) ❡ n(x1, . . . , xm) ❞♦✐s ♣♦❧✐♥ô♠✐♦s ❞❡ K〈X〉✳ ❙❡

m(A1, . . . , Am) = n(A1, . . . , Am)✱ ❡♥tã♦ m(x1, . . . , xm) ≡ n(x1, . . . , xm)(mod I)✳

✺✽



❉❡♠♦♥str❛çã♦✿ ❙❡ m(A1, . . . , Am) ❡ n(A1, . . . , Am) tê♠ ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❛ ♠❡s♠❛

❡♥tr❛❞❛ ♥ã♦✲♥✉❧❛✱ ✈✐♠♦s ♣❡❧♦ ❧❡♠❛ ✭✸✳✶✳✺✮ q✉❡ m(A1, . . . , Am) = n(A1, . . . , Am)✳

❙❡❥❛ q ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ m✳ ❯s❛r❡♠♦s ✐♥❞✉çã♦ s♦❜r❡ q✳ ❙❡ q = 1✱ ♦❜✈✐❛♠❡♥t❡

t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ ❙✉♣♦♥❤❛♠♦s ❡♥tã♦ q✉❡ q > 1✳

❆✜r♠❛♠♦s q✉❡ s❡ xp é ✉♠❛ ✈❛r✐á✈❡❧ ❞❡ m(x1, . . . , xk) ❡ m1, . . . ,ml sã♦ ♠♦♥ô♠✐♦s

❞❡ K〈X〉 t❛✐s q✉❡ m = m1xpm2xpm3 . . .ml−1xpml✱ ❡♥tã♦ ❡①✐st❡♠ ♠♦♥ô♠✐♦s n1, . . . , nl

❡♠ K〈X〉 ❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ϕ : {1, . . . , l} → {1, . . . , l} t❛✐s q✉❡

n = n1xpn2xpn3 . . . nl−1xpnl ❡ α(m1xpm2 . . .mt) = α(n1xpn2 . . . nϕ(t))✳

❙✉♣♦♥❤❛♠♦s q✉❡ xp é ✉♠❛ ✈❛r✐á✈❡❧ ❞❡m(x1, . . . , xk) ❡m1 ❡m2 sã♦ ❞♦✐s ♠♦♥ô♠✐♦s

❞❡ K〈X〉 t❛✐s q✉❡ m = m1xpm2✳ P❡❧♦ ▲❡♠❛ ✭✸✳✶✳✺✮✱ s❛❜❡♠♦s q✉❡ ❡①✐st❡♠ ♠♦♥ô♠✐♦s

ω1, . . . , ωn, η1, . . . , ηn✱ ❞❡ Ω ❡ ✐♥t❡✐r♦s 0 ≤ i, j ≤ n− 1 t❛✐s q✉❡

m1(A1, . . . , Ak) =




0 · · · 0 ω1 0 · · · 0

0 · · · 0 0 ω2 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · 0 0 0 · · · ωn−i

ωn−i+1 · · · 0 0 0 · · · 0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳

0 · · · ωn 0 0 · · · 0




❡

m2(A1, . . . , Ak) =




0 · · · 0 η1 0 · · · 0

0 · · · 0 0 η2 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · 0 0 0 · · · ηn−j

ηn−j+1 · · · 0 0 0 · · · 0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳

0 · · · ηn 0 0 · · · 0




♦❜s❡r✈❡ q✉❡ ♦s ❣r❛✉s ❤♦♠♦❣ê♥❡♦s ❞❡ m1(A1, . . . , Ak) ❡ m2(A1, . . . , Ak) ❡♠ F sã♦

r❡s♣❡❝t✐✈❛♠❡♥t❡ i ❡ j✳ P❡❧♦ ▲❡♠❛ ✭✸✳✶✳✷✮✱ t❡♠♦s q✉❡ m1(A1, . . . , Ak)Ap é ✐❣✉❛❧ ❛

✺✾






0 · · · 0 ω1y
(α1)
p 0 · · · 0

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 · · · 0 0 0 · · · ωxy
(αx)
p

ωx+1y
(αx+1)
p · · · 0 0 0 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · ωny
(αn)
p 0 0 · · · 0




♦♥❞❡ αr = (i+ r − 1) ❡ x = n − (i + ap) mod n✱ s❡♥❞♦ α(xp) = ap ✳ ▲♦❣♦ ❛ ♠❛tr✐③

m(A1, . . . , Ak) = m1(A1, . . . , Ak)Apm2(A1, . . . , Ak) é ✐❣✉❛❧ ❛




0 · · · 0 ω1y
(i1)
p ηj1 0 · · · 0

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 · · · 0 0 0 · · · ωyy
(iy)
p ηjy

ωy+1y
(iy+1)
p · · · 0 0 0 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · ωny
(in)
p ηjn 0 0 · · · 0




♦♥❞❡ js = (n−x+ s−1) mod n+1 ❡ y = n− (n−x+ j) mod n✳ ❆ss✐♠ ❛ ✈❛r✐á✈❡❧ y(α1)
p

❞❡✈❡ ❛♣❛r❡❝❡r ♣❡❧♦ ♠❡♥♦s ✉♠❛ ✈❡③ ♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❡ n(A1, . . . , Ak)✳ ❆♣❧✐❝❛♥❞♦ ♦

♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❛ n✱ ❡①✐st❡♠ ❞♦✐s ♠♦♥ô♠✐♦s n1 ❡ n2 ❡♠ K〈X〉 t❛✐s q✉❡ n = n1xpn2 ❡

n1(A1, . . . , Ak) t❡♠ ❣r❛✉ i ❡♠ F ✱ ♣♦rq✉❡ ❝❛s♦ ❝♦♥trár✐♦ ❛ ✈❛r✐á✈❡❧ y(α1)
p ♥ã♦ ❛♣❛r❡❝❡r✐❛

♥❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❞❡ n(A1, . . . , Ak)✳ ❯♠❛ ✈❡③ q✉❡ m1(A1, . . . , Ak) ❡ n1(A1, . . . , Ak)

tê♠ ♦ ♠❡s♠♦ ❣r❛✉ ❡♠ F t❡♠♦s q✉❡ α(m1) = α(n1) ❡ ❛ss✐♠ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ♥♦ss❛

❛✜r♠❛çã♦✳

❙❡❥❛ xi ❛ ♣r✐♠❡✐r❛ ✈❛r✐á✈❡❧ ❞❡ m✳ ▲♦❣♦ ❡①✐st❡♠ ❞♦✐s ♠♦♥ô♠✐♦s n1 ❡ n2 ❞❡ K〈X〉

t❛✐s q✉❡ n = n1xin2 ❡ α(n1) = 0✳ ❚❡♠♦s três ❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✿

❈❛s♦ ✶✿ ❊①✐st❡♠ ❞♦✐s ♠♦♥ô♠✐♦s m1 ❡ m2 ❡♠ K〈X〉 t❛✐s q✉❡ m = xim1xim2

❡ α(xim1) = 0✳ ❊♥tã♦ ❡①✐st❡♠ três ♠♦♥ô♠✐♦s n3, n4, n5 ❡♠ K〈X〉 t❛✐s q✉❡ n =

n3xin4xin5✱ α(n3) = 0 ❡ α(n3xin4) = 0✳

❈❛s♦ ✷✿ ❊①✐st❡♠ ❞✉❛s ✈❛r✐á✈❡✐s xa ❡ xb✱ ❡ s❡✐s ♠♦♥ô♠✐♦s m1,m2, n3, n4, n5, n6 ❡♠

K〈X〉 t❛✐s q✉❡ m = m1xaxbm2✱ n = n3xan4xin5xbn6✱ n1 = n3xan4✱ α(m1) = α(n3) ❡

α(m1xa) = α(n3xan4xin5)✳ ❊♥tã♦ ❝♦♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s ✈❡r✐✜❝❛♠♦s q✉❡ α(n4xin5) = 0✳

✻✵



❈❛s♦ ✸✿ ◆ã♦ ♦❝♦rr❡ ♥❡♥❤✉♠ ❞♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✳ ❈♦♥s✐❞❡r❡ m = xi1 . . . xiq ✳

❙❡❥❛ r ✉♠ ✐♥t❡✐r♦ ❞❡ {1, . . . , q − 1} ❡ s❡❥❛♠ n3, n4, n5, n6 ♠♦♥ô♠✐♦s ❞❡ K〈X〉 t❛✐s

q✉❡ n1 = n3xirn4✱ α(n3) = α(xi1 , . . . , xir−1)✱ n = n5xir+1n6✱ α(n5) = α(xi1 . . . xir)✳

❊♥tã♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ n5 é ♠❡♥♦r q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ n1✱ ♣❛r❛ q✉❡ ♥ã♦

♦❝♦rr❛♠ ♦s ❝❛s♦s ❛♥t❡r✐♦r❡s ✭s❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ n5 é ✐❣✉❛❧ ❛♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

n1 ❡♥tã♦ ♦❝♦rr❡ ♦ ❝❛s♦ 1✱ s❡ é ♠❛✐♦r ♦❝♦rr❡ ♦ ❝❛s♦ 2✮✳ ❆♣❧✐❝❛♥❞♦ ❛ ♠❡s♠❛ ✐❞❡✐❛ ❛

r + 1, r + 2, . . . , ❝♦♥❝❧✉✐♠♦s q✉❡ ❡①✐st❡ r0 ∈ {1, . . . , q} t❛❧ q✉❡ ♣❛r❛ r ≥ r0✱ t♦❞♦ xir

❛♣❛r❡❝❡ ❡♠ n1 ❡stá ❡♠ xir0xir0+1 . . . xiq ✳ ▲♦❣♦ n1 ❡ xir0xir0+1 . . . xiq ♣♦ss✉❡♠ ♦ ♠❡s♠♦

♠✉❧t✐❣r❛✉✳ ❙❡❥❛♠ m3,m4,m5 ♠♦♥ô♠✐♦s ❞❡ K〈X〉 t❛✐s q✉❡ m = m3m4xjm5 ♦♥❞❡

xj é ❛ ♣r✐♠❡✐r❛ ✈❛r✐á✈❡❧ ❞❡ n✱ α(m3m4) = 0 ❡ m4xjm5 = xir0xir0+1 . . . xiq ✱ ♣♦rt❛♥t♦

α(m4xjm5) = α(xir0xir0+1 . . . xiq) = α(n1) = 0✳

❚r♦❝❛♥❞♦ ❛s ❧❡tr❛s m ❡ n s❡ ♦❝♦rr❡ ♦ ❝❛s♦ 3✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❡①✐st❡♠

q✉❛tr♦ ♠♦♥ô♠✐♦s n7, n8, n9, n10 ❡♠ K〈X〉 t❛✐s q✉❡ n = n7n8xin9n10✱ α(n7n8) = 0 ❡

α(n8xin9) = 0✳ ❉❡✜♥✐♠♦s✿

w(x1, . . . , xk) =





xin9n7n8n10, se α(n8) = 0,

xin9n8n7n10, se α(n8) 6= 0.

❙❡ α(n8) = 0 ❡♥tã♦ α(xin9) = 0 ❡✱ ✉s❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ x1x2 = x2x1 ❝♦♠ α(x1) =

α(x2) = 0✱ t❡♠♦s q✉❡ w(x1, . . . , xk) ≡ n(x1, . . . , xk)(mod I)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡

α(n8) 6= 0 ❡♥tã♦ α(n7) = α(xin9) = −α(n8) ❡✱ ✉s❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ x1x2x3 = x3x2x1

❝♦♠ α(x1) = −α(x2) = α(x3)✱ t❡♠♦s q✉❡ w(x1, . . . , xk) ≡ n(x1, . . . , xk)(mod I)✳

❈♦♠♦

w(x1, . . . , xk)− n(x1, . . . , xk) ∈ I ⊆ Tn(Mn(K)) = Tn(R),

t❡♠♦s q✉❡

w(A1, . . . , Ak) = n(A1, . . . , Ak) = m(A1, . . . , Ak).

❙❡ w0 ❡ m0 sã♦ ♠♦♥ô♠✐♦s ❞❡ K〈X〉 t❛✐s q✉❡ w = xiw0 ❡ m = xim0 ❡♥tã♦ ✉s❛♥❞♦

♦ ❢❛t♦ q✉❡ ❛ á❧❣❡❜r❛ Zn✲❣r❛❞✉❛❞❛ Mn(K) s❛t✐s❢❛③ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s

❞♦ Tn✲✐❞❡❛❧ I é ❢á❝✐❧ ✈❡r q✉❡ w0(A1, . . . , Ak) = m0(A1, . . . , Ak)✳ P❡❧❛ ❤✐♣ót❡s❡ ❞❡

✐♥❞✉çã♦✱ t❡♠♦s q✉❡ w0(x1, . . . , xk) ≡ m0(x1, . . . , xk)(mod I)✱ ♣♦rt❛♥t♦ w(x1, . . . , xk) ≡

m(x1, . . . , xk)(mod I)✳

✻✶



❚❡♦r❡♠❛ ✸✳✶✳✽ ❚♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ Zn✲❣r❛❞✉❛❞❛

Mn(K) s❡❣✉❡♠ ❞❡✿

x1x2 = x2x1, α(x1) = α(x2) = 0

x1x2x3 = x3x2x1, α(x1) = −α(x2) = α(x3).

❉❡♠♦♥str❛çã♦✿

❙❛❜❡♠♦s q✉❡ I ⊆ Tn(Mn(K))✳ P♦r ✐ss♦✱ ❜❛st❛ ♠♦str❛r♠♦s ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✳

❈♦♠♦ ♦ ❝♦r♣♦K é ✐♥✜♥✐t♦ ♣r❡❝✐s❛♠♦s ❛♣❡♥❛s ♣r♦✈❛r q✉❡ q✉❛❧q✉❡r ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

❣r❛❞✉❛❞❛ ♠✉❧t✐✲❤♦♠♦❣ê♥❡❛ f(x1, . . . , xm) = 0 ❞❡ Mn(K) ♣❡rt❡♥❝❡ ❛ I✳ ❙❡❥❛ r ♦ ♠❡♥♦r

✐♥t❡✐r♦ ♥ã♦✲♥❡❣❛t✐✈♦ ♣❛r❛ ♦ q✉❛❧ ♦ ♣♦❧✐♥ô♠✐♦ f ♣♦❞❡ s❡r ❡①♣r❡ss♦ ♠ó❞✉❧♦ I ❝♦♠♦ ✉♠❛

❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ r ♠♦♥ô♠✐♦s ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s✿

f ≡
r∑

q=1

aqmq (mod I)

♦♥❞❡ 0 6= aq ∈ K,m1,m2, . . . ,mr ∈ K〈X〉✳ ▼♦str❛r❡♠♦s q✉❡ r = 0✳ ❙✉♣♦♥❤❛♠♦s✱ ♣❡❧♦

❝♦♥trár✐♦✱ q✉❡ r > 0✳ P❡❧♦ ▲❡♠❛ ✭✸✳✶✳✸✮✱ s❛❜❡♠♦s q✉❡ f ∈ Tn(F )✳ ❈♦♠♦

a1m1(A1, A2, . . . , Am) = −
r∑

q=2

aqmq(A1, . . . , Am)

s❡❣✉❡ q✉❡ ❡①✐st❡ p ∈ {2, 3, . . . , r} t❛❧ q✉❡ m1(A1, . . . , Am) ❡ mp(A1, . . . , Am) tê♠ ♥❛

♣r✐♠❡✐r❛ ❧✐♥❤❛ ❛ ♠❡s♠❛ ❡♥tr❛❞❛ ♥ã♦✲♥✉❧❛✳ ❊♥tã♦✱ ♣❡❧♦s ▲❡♠❛s ✭✸✳✶✳✻✮ ❡ ✭✸✳✶✳✼✮✱

m1 ≡ mp (mod I) ❡

f ≡ (a1 + ap)m1 +

p−1∑

q=2

aqmq +
r∑

q=p+1

aqmq (mod I)

P♦rt❛♥t♦ f ♣♦❞❡ s❡r ❡①♣r❡ss♦ ♠ó❞✉❧♦ I ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♥♦ ♠á①✐♠♦

r − 1 ♠♦♥ô♠✐♦s ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♥♦ss❛ ❡s❝♦❧❤❛ ❞♦ ♥ú♠❡r♦ r✳

✸✳✷ ■❞❡♥t✐❞❛❞❡s Z✲❣r❛❞✉❛❞❛s ❞❡ Mn(K)

❆♦ t❡♥t❛r ❞❡s❝r❡✈❡r ❛s ✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ Mn(K)✱ ❱❛s✐❧♦✈s❦②

❬✹✺❪ ❡♥❝♦♥tr♦✉ ✉♠❛ ❜❛s❡ ♣❛r❛ ❛s ✐❞❡♥t✐❞❛❞❡s Z✲❣r❛❞✉❛❞❛s ❞❡ss❛ á❧❣❡❜r❛ s♦❜r❡ ✉♠ ❝♦r♣♦

❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❊ss❡ r❡s✉❧t❛❞♦ t❛♠❜é♠ ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞♦ ♣❛r❛ ♦s ❝♦r♣♦s

✐♥✜♥✐t♦s✱ ❝♦♥❢♦r♠❡ ❢♦✐ ♣r♦✈❛❞♦ ♣♦r ❆③❡✈❡❞♦ ❬✸❪✳

✻✷



P❛r❛ ❝❛❞❛ α ∈ Z✱ s❡❥❛ Mn(K)α ♦ s✉❜❡s♣❛ç♦ ❞❡ Mn(K) ❣❡r❛❞♦ ♣♦r t♦❞❛s ❛s

♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s Eij t❛✐s q✉❡ j − i = α✳ ❆ss✐♠✱ Mn(K)0 ❝♦♥s✐st❡ ❞❛s ♠❛tr✐③❡s ❞❛

❢♦r♠❛ 


a1 0 · · · 0

0 a2 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · an




✱ a1, a2, . . . , an ∈ K

❡✱ ♣❛r❛ 0 < α ≤ n− 1✱ Mn(K)α ❝♦♥s✐st❡ ❞❛s ♠❛tr✐③❡s ❞❛ ❢♦r♠❛




0 · · · 0 a1 0 · · · 0

0 · · · 0 0 a2 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · 0 0 0 · · · an−α

0 · · · 0 0 0 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · 0 0 0 · · · 0




✱ a1, a2, . . . , an−α ∈ K,

❡♥q✉❛♥t♦ Mn(K)−α ❝♦♥s✐st❡ ❞❛s ♠❛tr✐③❡s ❞❛ ❢♦r♠❛




0 0 · · · 0 0 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

0 0 · · · 0 0 · · · 0

a1 0 · · · 0 0 · · · 0

0 a2 · · · 0 0 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

✳✳✳

0 0 · · · an−α 0 · · · 0




✱ a1, a2, . . . , an−α ∈ K.

❋✐♥❛❧♠❡♥t❡✱ Mn(K)α = 0 ♣❛r❛ | α |≥ n✳ ❈♦♠♦ EijEjs = Eis s❡ j = r✱ ❡ EijErs = 0 s❡

j 6= r✱ s❡❣✉❡ q✉❡ Mn(K)αMn(K)β ⊆Mn(K)α+β ♣❛r❛ α, β ∈ Z✱ ♣♦rt❛♥t♦ ♦s s✉❜❡s♣❛ç♦s

❛❝✐♠❛ ❞❡✜♥❡♠ ✉♠❛ Z✲❣r❛❞✉❛çã♦ ♣❛r❛ á❧❣❡❜r❛ Mn(K)✳

❙❡❥❛ Ω = K[y
(k)
i | i ∈ N, 1 ≤ k ≤ n] ❛ á❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❝♦♠✉t❛t✐✈♦s ❣❡r❛❞❛

♣❡❧❛s ✈❛r✐á✈❡✐s y(k)i ✳ ❙❡ 0 ≤ α ≤ n− 1✱ ❡♥tã♦ Mn(Ω)α ❝♦♥s✐st❡ ❞❡ t♦❞❛s ❛s ♠❛tr✐③❡s ❞❛

✻✸



❢♦r♠❛ 


0 · · · 0 f1 0 · · · 0

0 · · · 0 0 f2 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 · · · 0 0 0 · · · fn−α

0 · · · 0 0 0 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

0 · · · 0 0 0 · · · 0




♦♥❞❡ f1, . . . , fn−α ∈ Ω✳ ❆♥❛❧♦❣❛♠❡♥t❡ Mn(K)−α ❝♦♥s✐t❡ ❞❛s ♠❛tr✐③❡s ❞❛ ❢♦r♠❛




0 0 · · · 0 0 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

0 0 · · · 0 0 · · · 0

f1 0 · · · 0 0 · · · 0

0 f2 · · · 0 0 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

✳✳✳

0 0 · · · fn−α 0 · · · 0




❝♦♠ f1, . . . , fn−α ∈ Ω✳ ❙❡ | α |≥ n✱ ❡♥tã♦ Mn(Ω)α = 0✳

❉❡♥♦t❡ ♣♦r F ❛ s✉❜á❧❣❡❜r❛ Z✲❣r❛❞✉❛❞❛ ❞❡ Mn(Ω) ❣❡r❛❞❛ ♣❡❧❛s ♠❛tr✐③❡s

Ai =




0 · · · 0 y
(1)
i 0 · · · 0

0 · · · 0 0 y
(2)
i · · · 0

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 · · · 0 0 0 · · · y
(n−α(xi))
i

0 · · · 0 0 0 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

0 · · · 0 0 0 · · · 0




♦♥❞❡ 0 ≤ α(xi) ≤ n− 1✱
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Ai =




0 0 · · · 0 0 · · · 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

0 0 · · · 0 0 · · · 0

y
(1)
i 0 · · · 0 0 · · · 0

0 y
(2)
i · · · 0 0 · · · 0

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

0 0 · · · y
(n+α(xi))
i 0 · · · 0




♦♥❞❡ −n+ 1 ≤ α(xi) ≤ −1✱ ❡ Ai = 0 s❡ | α(xi) |≥ n✳

▲❡♠❛ ✸✳✷✳✶ ❆ á❧❣❡❜r❛ Z✲❣r❛❞✉❛❞❛ r❡❧❛t✐✈❛♠❡♥t❡ ❧✐✈r❡ K〈X〉/TZ(Mn(K)) é ✐s♦♠♦r❢❛

à á❧❣❡❜r❛ F ✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ é ❢❡✐t❛ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ à ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛

✸✳✶✳✸✳

❙❡❥❛ I ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s Z✲❣r❛❞✉❛❞❛s ❞❡ K〈X〉 ❣❡r❛❞♦ ♣❡❧❛s ✐❞❡♥t✐❞❛❞❡s

❣r❛❞✉❛❞❛s

x1 = 0 , |α(x1)| ≥ n;

x1x2 − x2x1 = 0 , α(x1) = α(x2) = 0;

x1x2x3 − x3x2x1 = 0 , α(x1) = α(x3) = −α(x2),

▲❡♠❛ ✸✳✷✳✷ ❆ á❧❣❡❜r❛ Z✲❣r❛❞✉❛❞❛ Mn(K) s❛t✐s❢❛③ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞♦

TZ✲✐❞❡❛❧ I✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ é ❢❡✐t❛ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ à ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛

✭✷✳✶✳✹✮

▲❡♠❛ ✸✳✷✳✸ ❙❡❥❛ m = xi1 . . . xiq ✉♠ ♠♦♥ô♠✐♦ ❞❡ ❣r❛✉ α✳ ❙❡ Ai1 . . . Aiq 6= 0✱ ❡♥tã♦

❡①✐st❡♠ 1 ≤ s ≤ t ≤ n ∈ N t❛✐s q✉❡ Ai1 . . . Aiq =
∑t

i=s ωiei,i+α ♦♥❞❡ ωi = y
(h1,i)
i1

. . . y
(hq ,i)
iq

❡ hj,i+1 = hj,i + 1 ♣❛r❛ t♦❞♦ s ≤ i ≤ t− 1✱ 1 ≤ j ≤ q✳

❉❡♠♦♥str❛çã♦✿ ❯s❛r❡♠♦s ✐♥❞✉çã♦ s♦❜r❡ q✳ ❙❡ q = 1✱ é tr✐✈✐❛❧✳ ❙✉♣♦♥❞♦ q > 1 ❡

❛♣❧✐❝❛♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ♣❛r❛ ♦ ♠♦♥ô♠✐♦ xil . . . xiq−1 ❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛s ♠❛tr✐③❡s

Ai1 . . . Aiq−1 ❡ Aiq t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

✻✺



▲❡♠❛ ✸✳✷✳✹ ❙❡❥❛ m(x1, . . . , xm) ✉♠ ♠♦♥ô♠✐♦ ❞❡ K〈X〉✳ ❙❡ m = 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ Z✲❣r❛❞✉❛❞❛ ❞❡ Mn(K)✱ ❡♥tã♦ m ♣❡rt❡♥❝❡ ❛♦ ✐❞❡❛❧ I✳

❉❡♠♦♥str❛çã♦✿ ❙❡ m = xi1 . . . xiq ✱ s❡❥❛ n = xj1 . . . xjq ✉♠ ♠♦♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r

t❛❧ q✉❡ α(xjm) = α(xim)✳ ❈❛❞❛ ❡♥tr❛❞❛ ❞❛ ♠❛tr✐③ Ai1 . . . Aiq ♦✉ é ♥✉❧❛ ♦✉ é ✉♠

♠♦♥ô♠✐♦ ❞❛ ❢♦r♠❛ y(α1)
i1

. . . y
(αq)
iq

♣❛r❛ α1, . . . , αq ∈ {1, . . . , n}✳ ❆s ♠❛tr✐③❡s Aim ❡ Ajm

t❡♠ ❡♥tr❛❞❛s ♥✉❧❛s ♥❛s ♠❡s♠❛s ♣♦s✐çõ❡s✱ ❡ ❡♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦s✐çã♦ ❞❛ ♠❛tr✐③ Aim

s❡rá y(α)im
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ Ajm ❢♦r y(α)jm

✳ P♦rt❛♥t♦✱ ♦♥❞❡ ❛ ♠❛tr✐③ Ai1 . . . Aiq ❢♦r 0 ❛

♠❛tr✐③ Aj1 . . . Ajq t❛♠❜é♠ s❡rá 0✱ ❡ ♦♥❞❡ ❛ ♠❛tr✐③ Ai1 . . . Aiq ❢♦r y(α1)
i1

. . . y
(αq)
iq

❛ ♠❛tr✐③

Aj1 . . . Ajq t❛♠❜é♠ s❡rá y(α1)
j1

. . . y
(αq)
jq

✳ ❆ss✐♠✱ m ∈ TZ(Mn(K)) = TZ(F )✭▲❡♠❛ ✸✳✷✳✶✮ ❡

t❡♠♦s q✉❡ Ai1 . . . Aiq = 0 ✐♠♣❧✐❝❛ q✉❡ Aj1 . . . Ajq = 0✳ P♦r ✐ss♦ n = 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ Z✲ ❣r❛❞✉❛❞❛ ❞❡ Mn(K) ❡ n ∈ I✳ ❙✉❜st✐t✉✐♥❞♦ ❛ ✈❛r✐á✈❡❧ xjm 7→ xim s❡❣✉❡

q✉❡ m ∈ I✱ ♣♦✐s I é ✉♠ TZ✲✐❞❡❛❧✳

▲❡♠❛ ✸✳✷✳✺ ❙❡❥❛♠ m(x1, . . . , xm) ❡ n(x1, . . . , xm) ♠♦♥ô♠✐♦s ❞❡ K〈X〉✳ ❙❡ ❛s

♠❛tr✐③❡s m(A1, . . . , Am) ❡ n(A1, . . . , Am) tê♠ ♥❛ ♠❡s♠❛ ♣♦s✐çã♦ ❛ ♠❡s♠❛ ❡♥tr❛❞❛

♥ã♦✲♥✉❧❛ ❡♥tã♦ m(x1, . . . , xm) = n(x1, . . . , xm) (mod I)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ (h, k) ❛ ♣♦s✐çã♦ ♦♥❞❡ ❛s ♠❛tr✐③❡s m(x1, . . . , xm) ❡ n(x1, . . . , xm)

tê♠ ❛ ♠❡s♠❛ ❡♥tr❛❞❛ ♥ã♦✲♥✉❧❛✳ ❙❡❥❛ q ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ m✳ ❯s❛r❡♠♦s ✐♥❞✉çã♦ s♦❜r❡

q✳ ❙❡ q = 1✱ ♦ r❡s✉❧t❛❞♦ é ó❜✈✐♦✳ ❙✉♣♦♥❤❛ q✉❡ q > 1✳

❙✉♣♦♥❤❛♠♦s q✉❡ xp é ✉♠❛ ✈❛r✐á✈❡❧ ❞❡m(x1, . . . , xk) ❡m1 ❡m2 sã♦ ❞♦✐s ♠♦♥ô♠✐♦s

❞❡ K〈X〉 t❛✐s q✉❡ m = m1xpm2✳ ❉❡♥♦t❡ ♣♦r r = α(m1)✱ s = α(xp)✱ t = α(m2)✳ P❡❧♦

▲❡♠❛ ✭✸✳✷✳✸✮ ❛ (h, k)✲❡♥tr❛❞❛ ❞❡ m(x1, . . . , xm) é ♦❜t✐❞❛ ♣❡❧♦ ♣r♦❞✉t♦✿

(ω
′

heh,h+r)y
(i)
p eh+r,k−t(ω

′′

k−tek−t,k)

♦♥❞❡ i = h + r s❡ α(xp) ≥ 0✱ ❝❛s♦ ❝♦♥trár✐♦ i = k − t✳ ❉❛í xp ♦❝♦rr❡ ❡♠ n✱ ❡ Ap ❡♠

n(A1, . . . , Am)✳ ❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❝❛❞❛ ♣r♦❞✉t♦ B := Aj1 . . . Ajq ♥ã♦✲♥✉❧♦ ❞❡ ♠❛tr✐③❡s

❣❡♥ér✐❝❛s✱ ❝❛❞❛ ♠❛tr✐③ Al ❝♦♥tr✐❜✉✐ ❝♦♠ ✉♠❛ ❡♥tr❛❞❛ ♥ã♦✲♥✉❧❛ ❡♠ B ❡①❛t❛♠❡♥t❡ ✉♠❛

✈❡③ ❝♦♠ ✉♠❛ ✈❛r✐á✈❡❧ ❛❞❡q✉❛❞❛✱ ❛ s❛❜❡r yel ✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ❡①✐st❡♠

s✉❜♣❛❧❛✈r❛s n1✱ n2 ❞❡ n t❛✐s q✉❡ n = n1xpn2 ❡ Ap q✉❡ ❝♦♥tr✐❜✉❡♠ ❝♦♠ y
(i)
p ♣❛r❛ ♦ ❝á❧❝✉❧♦

❞❛ (h, k)✲ ❡♥tr❛❞❛ ❞❡ n(A1, . . . , Am)✳ ✭♦❜s❡r✈❡ q✉❡ s❡ n1 = 1 ❡♥tã♦ n1(A1, . . . , Am) é

✉♠❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✮✳ ❯s❛♥❞♦ ♦ ▲❡♠❛ ✭✸✳✷✳✸✮ ♠❛✐s ✉♠❛ ✈❡③✱ s❛❜❡♠♦s q✉❡ ❛ (h, k)✲

❡♥tr❛❞❛ ❞❡ n(A1, . . . , Am) é ♦❜t✐❞❛ ♣❡❧♦ ♣r♦❞✉t♦✿

(η
′

heh,h+r)y
(i)
p eh+r,k−t(η

′′

k−tek−t,k)

✻✻



♦♥❞❡ η
′

h é ❛ (h, h + r)✲❡♥tr❛❞❛ ❞❡ n1(A1, . . . , Am) ❡ η
′′

k−t é ❛ (k − t, k)✲❡♥tr❛❞❛ ❞❡

n2(A1, . . . , Am)✳ ❖❜s❡r✈❡ q✉❡ η
′

h é ♥ã♦✲♥✉❧❛ ♣♦✐s ❛ (h, k)✲❡♥tr❛❞❛ ❞❡ n(A1, . . . , Am)

é ♥ã♦✲♥✉❧❛✱ ❡♥tã♦ n1(A1, . . . , Am) t❡♠ ✉♠❛ ❡♥tr❛❞❛ ♥ã♦✲♥✉❧❛ ♥❛ ♣♦s✐çã♦ (h, h + r)✳

❉❛í ♦ Z✲❣r❛✉ ❞❡ n1(A1, . . . , Am) ❡♠ F é r ❡ α(n1) = r = α(m1)✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s

❝♦♥❝❧✉✐r q✉❡ s❡ xp é ✉♠❛ ✈❛r✐á✈❡❧ ❞❡ m(x1, . . . , xm) ❡ m1, . . . ,ml sã♦ ♠♦♥ô♠✐♦s ❞❡

K〈X〉 t❛✐s q✉❡ m = m1xpm2xpm3 . . .ml−1xpml✱ ❡♥tã♦ ❡①✐st❡♠ ♠♦♥ô♠✐♦s n1, . . . ,nl

❡♠ K〈X〉 ❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ϕ : {1, . . . , l} → {1, . . . , l} t❛✐s q✉❡

n = n1xpn2xpn3 . . .nl−1xpnl ❡ α(m1xpm2 . . .mt) = α(n1xpn2 . . .nϕ(t))✳

▼♦str❛r❡♠♦s q✉❡ ❡①✐st❡♠ ♠♦♥ô♠✐♦s ω1✱ ω2 t❛❧ q✉❡ m ≡ ω1(mod I)✱ n ≡

ω2(mod I) ❡ ω1✱ ω2 ❝♦♠❡ç❛♠ ❝♦♠ ❛ ♠❡s♠❛ ✈❛r✐á✈❡❧✳ ❙❡❥❛ xi ❛ ♣r✐♠❡✐r❛ ✈❛r✐á✈❡❧ ❞❡

m✳ ▲♦❣♦ ❡①✐st❡♠ ❞♦✐s ♠♦♥ô♠✐♦s n1 ❡ n2 ❞❡ K〈X〉 t❛✐s q✉❡ n = n1xin2 ❡ α(n1) = 0✳

❚❡♠♦s três ❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✿

❈❛s♦ ✶✿ ❊①✐st❡♠ ❞♦✐s ♠♦♥ô♠✐♦s m1 ❡ m2 ❡♠ K〈X〉 t❛✐s q✉❡ m = xim1xim2

❡ α(xim1) = 0✳ ❊♥tã♦ ❡①✐st❡♠ três ♠♦♥ô♠✐♦s n3,n4,n5 ❡♠ K〈X〉 t❛❧ q✉❡ n =

n3xin4xin5✱ α(n3) = α(n3xin4) = 0✳ ▲♦❣♦✱ α(xin4) = 0 ❡ ♣♦rt❛♥t♦ n ≡

xin4n3xin5 (mod I)✳

❈❛s♦ ✷✿ ❊①✐st❡♠ ❞✉❛s ✈❛r✐á✈❡✐s xa ❡ xb✱ ❡ s❡✐s ♠♦♥ô♠✐♦sm1,m2,n3,n4,n5,n6 ❡♠

K〈X〉 t❛✐s q✉❡ m = m1xaxbm2✱ n = n3xan4xin5xbn6✱ n1 = n3xan4✱ α(m1) = α(n3) ❡

α(m1xa) = α(n3xan4xin5)✳ ❊♥tã♦ ❝♦♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s ✈❡r✐✜❝❛♠♦s q✉❡ α(n4xin5 = 0)✳

❈❛s♦ ✸✿ ◆ã♦ ♦❝♦rr❡ ♥❡♥❤✉♠ ❞♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✳ ❈♦♥s✐❞❡r❡ m = xi1 . . . xiq ✳

❙❡❥❛ xl ❛ ✈❛r✐á✈❡❧ q✉❡ ♦❝♦rr❡ ❡♠ n1✱ ✐st♦ é✱ n1 = n3xln4✳ ❊♥tã♦ ❡①✐st❡ r ∈ {1, . . . , q} t❛❧

q✉❡ xl = xir ❡ α(n3) = α(xi1 . . . xir−1)✳ ❆ss✉♠❛ q✉❡ r 6= q ❡ s❡❥❛ n5 ❡ n6 ❞♦✐s ♠♦♥ô♠✐♦s

t❛✐s q✉❡ n = n5xir+1n6 ❡ α(n5) = α(xi1 . . . xir)✳ ❊♥tã♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ n5 é ♠❡♥♦r

q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ n1✱ ♣❛r❛ q✉❡ ♦s ❝❛s♦s ❛♥t❡r✐♦r❡s ♥ã♦ ❛❝♦♥t❡ç❛ ✭s❡ ♦ ❝♦♠♣r✐♠❡♥t♦

❞❡ n5 é ✐❣✉❛❧ ❛♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ n1 ❡♥tã♦ t❡r❡♠♦s ♦ ❝❛s♦ 1✱ s❡ ♦ ❝♦♠♣r✐♠❡♥t♦ é ♠❛✐♦r

t❡♠♦s ♦ ❝❛s♦ 2✮✳ ❉❡st❡ ♠♦❞♦ xir+1 t❛♠❜é♠ ❛♣❛r❡❝❡ ❡♠ n1✳ ❈♦♥❝❧✉✐♠♦s q✉❡ ❡①✐st❡

r0 ∈ {1, . . . , q} t❛❧ q✉❡ ♦s ♠♦♥ô♠✐♦s n1 ❡ xir0xir0+1 . . . xiq sã♦ ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s✳ ❙❡❥❛

xj ❛ ♣r✐♠❡✐r❛ ✈❛r✐á✈❡❧ ❞❡ n ✱ ❡♥tã♦ ❡①✐st❡♠ ♠♦♥ô♠✐♦s m3,m4,m5 ♠♦♥ô♠✐♦s t❛❧ q✉❡

m = m3m4xjm5✱ α(m3m4) = 0 ❡ m4xjm5 = xir0xir0+1 . . . xiq ✳ P♦rt❛♥t♦ α(m4xjm5) =

α(xir0xir0+1 . . . xiq) = α(n1) = 0✳ ❊♥tã♦ s❡❣✉❡ q✉❡ α(m3) = −α(m4) = α(xjm5) ❡

m ≡ xjm5m4m3(mod I) q✉❡ ❝♦♠❡ç❛ ❝♦♠♦ n✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ x ❛ ♣r✐♠❡✐r❛ ✈❛r✐á✈❡❧ ❞❡ ω1 ❡ ω2✱ ❡ s❡❥❛♠ ω
′

1
❡ ω

′

2
❞♦✐s ♠♦♥ô♠✐♦s

✻✼



t❛✐s q✉❡ ω1 = xω
′

1
❡ ω2 = xω

′

2
✳ ❈♦♠♦ m − ω1 ❡ n − ω2 ♣❡rt❡♥❝❡♠ ❛ I ⊆

TZ(Mn(K)) = TZ(F )✱ t❡♠♦s q✉❡ m(A1, . . . , Am) = ω1(A1, . . . , Am) ❡ n(A1, . . . , Am) =

ω2(A1, . . . , Am)✳ ❊♥tã♦ ❛s ♠❛tr✐③❡s ω
′

1
(A1, . . . , Am) ❡ ω

′

2
(A1, . . . , Am) t❡♠ ♥❛ ♠❡s♠❛

♣♦s✐çã♦ ❛ ♠❡s♠❛ ❡♥tr❛❞❛ ♥ã♦✲♥✉❧❛✱ ♣♦rq✉❡ ❛❝♦♥t❡❝❡ ♦ ♠❡s♠♦ ❝♦♠ ω1(A1, . . . , Am)

❡ ω2(A1, . . . , Am)✳ P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ t❡♠♦s ω
′

1
≡ ω

′

2
(mod I)✱ ♣♦rt❛♥t♦

ω1 ≡ ω2(mod I)✱ ♦ q✉❡ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳

❚❡♦r❡♠❛ ✸✳✷✳✻ ❚♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ Z✲ ❣r❛❞✉❛❞❛

Mn(K) s❡❣✉❡♠ ❞❡

x1 = 0 , |α(x1)| ≥ n;

x1x2 − x2x1 = 0 , α(x1) = α(x2) = 0;

x1x2x3 − x3x2x1 = 0 , α(x1) = α(x3) = −α(x2),

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ▲❡♠❛ ✭✸✳✷✳✷✮✱ s❛❜❡♠♦s q✉❡ I ⊆ TZ(Mn(K))✳ P♦r ✐ss♦✱ ❜❛st❛

♠♦str❛r♠♦s ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✳ ❈♦♠♦ ♦ ❝♦r♣♦ K é ✐♥✜♥✐t♦ ♣r❡❝✐s❛♠♦s ❛♣❡♥❛s ♣r♦✈❛r

q✉❡ q✉❛❧q✉❡r ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❣r❛❞✉❛❞❛ ♠✉❧t✐✲❤♦♠♦❣ê♥❡❛ f(x1, . . . , xm) = 0 ❞❡

Mn(K) ♣❡rt❡♥❝❡ ❛ I✳ ❙❡❥❛ r ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♥ã♦✲♥❡❣❛t✐✈♦ ♣❛r❛ ♦ q✉❛❧ ♦ ♣♦❧✐♥ô♠✐♦

f ♣♦❞❡ s❡r ❡①♣r❡ss♦ ♠ó❞✉❧♦ I ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ r ♠♦♥ô♠✐♦s ♠✉❧t✐✲

❤♦♠♦❣ê♥❡♦s✿

f ≡
r∑

q=1

aqmq (mod I)

♦♥❞❡ 0 6= aq ∈ K✱ m1,m2, . . . ,mr ∈ K〈X〉✳ ❖❜s❡r✈❡ q✉❡ |α(mi)| < n ♣❛r❛ t♦❞♦

i ∈ {1, . . . , r}✱ ♣♦✐s s❡♥ã♦ mi ∈ I✳ ▼♦str❛r❡♠♦s q✉❡ r = 0✳ ❙✉♣♦♥❤❛♠♦s ♣❡❧♦ ❝♦♥trár✐♦

q✉❡ r > 0✳ P❡❧♦ ▲❡♠❛ ✭✸✳✷✳✶✮✱ s❛❜❡♠♦s q✉❡ f ∈ TZ(F )✳ ❈♦♠♦✿

a1m1(A1, A2, . . . , Am) = −
r∑

q=2

aqmq(A1, . . . , Am)

s❡❣✉❡ q✉❡ ❡①✐st❡ p ∈ {2, 3, . . . , r} t❛❧ q✉❡ m1(A1, . . . , Am) ❡ mp(A1, . . . , Am) tê♠ ♥❛

♣r✐♠❡✐r❛ ❧✐♥❤❛ ❛ ♠❡s♠❛ ❡♥tr❛❞❛ ♥ã♦✲♥✉❧❛✳ ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✭✸✳✷✳✺✮✱ m1 ≡ mp (mod I)

❡

f ≡ (a1 + ap)m1 +

p−1∑

q=2

aqmq +
r∑

q=p+1

aqmq (mod I)

P♦rt❛♥t♦ f ♣♦❞❡ s❡r ❡①♣r❡ss♦ ♠ó❞✉❧♦ I ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♥♦ ♠á①✐♠♦

r − 1 ♠♦♥ô♠✐♦s ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♥♦ss❛ ❡s❝♦❧❤❛ ❞♦ ♥ú♠❡r♦ r✳

✻✽



❇✐❜❧✐♦❣r❛✜❛

❬✶❪ ❙✳ ❆✳ ❆♠✐ts✉r✱ ❏✳ ▲❡✈✐t③❦✐✱ ▼✐♥✐♠❛❧ ✐❞❡♥t✐t✐❡s ❢♦r ❛❧❣❡❜r❛s✱ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳

❙♦❝✳ ✶✱ ✹✹✾✕✹✻✸✱ ✶✾✺✵✳

❬✷❪ ❙✳ ❙✳ ❆③❡✈❡❞♦✱ ●r❛❞❡❞ ✐❞❡♥t✐t✐❡s ❢♦r t❤❡ ♠❛tr✐① ❛❧❣❡❜r❛ ♦❢ ♦r❞❡r ♥ ♦✈❡r ❛♥ ✐♥✜♥✐t❡

✜❡❧❞✱ ❈♦♠♠✳ ❆❧❣❡❜r❛ ✸✵✱ ✺✽✹✾✕✺✽✻✵✱ ✶✷ ✭✷✵✵✷✮✳

❬✸❪ ❙✳ ❙✳ ❆③❡✈❡❞♦✱ ❆ ❜❛s✐s ❢♦r Z✲❣r❛❞❡❞ ✐❞❡♥t✐t✐❡s ♦❢ ♠❛tr✐❝❡s ♦✈❡r ✐♥✜♥✐t❡ ✜❡❧❞s✱
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