
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡
❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛
❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

P■✲❡q✉✐✈❛❧ê♥❝✐❛s ❡♠ ➪❧❣❡❜r❛s
▼❛tr✐❝✐❛✐s

♣♦r

❉❛✈✐❞ ▲❡✈✐ ❞❛ ❙✐❧✈❛ ▼❛❝ê❞♦ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦s

Pr♦❢✳ ❉r✳ ❉✐♦❣♦ ❉✐♥✐③ P❡r❡✐r❛ ❞❛ ❙✐❧✈❛ ❡ ❙✐❧✈❛
Pr♦❢✳ ❉r✳ ❆♥tô♥✐♦ P❡r❡✐r❛ ❇r❛♥❞ã♦ ❏ú♥✐♦r

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙✳
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P■✲❡q✉✐✈❛❧ê♥❝✐❛s ❡♠ ➪❧❣❡❜r❛s
▼❛tr✐❝✐❛✐s

♣♦r

❉❛✈✐❞ ▲❡✈✐ ❞❛ ❙✐❧✈❛ ▼❛❝ê❞♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠

▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡

❡♠ ▼❛t❡♠át✐❝❛✳

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ➪❧❣❡❜r❛

❆♣r♦✈❛❞❛ ♣♦r✿

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❆❣♦st♦✴✷✵✶✺

✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡✱ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r t✉❞♦ q✉❡ t❡♠ ❝♦♥❝❡❞✐❞♦ ❡♠ ♠✐♥❤❛ ✈✐❞❛✳

❆♦s ♠❡✉s ♣❛✐s✱ ▼❛r✐❛ ❏♦sé ❡ ▼❛✉r✐❧♦ ▼❛❝ê❞♦✱ ❡ t♦❞❛ ♠✐♥❤❛ ❢❛♠í❧✐❛✱ q✉❡ ♠❡

❛♣♦✐❛r❛♠ s❡♠♣r❡ ❞❡s❞❡ ♦ ✐♥í❝✐♦ ❞♦s ♠❡✉s ❡st✉❞♦s✳

❊♠ ❡s♣❡❝✐❛❧✱ ❛♦s ♣r♦❢❡ss♦r❡s ❞♦ ♠❡✉ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ ♠é❞✐♦ q✉❡ ❝♦♥tr✐❜✉ír❛♠

♠✉✐t♦ ♣❛r❛ ♠✐♥❤❛ ❢♦r♠❛çã♦✱ t❛♥t♦ ❛❝❛❞ê♠✐❝❛ q✉❛♥t♦ ♣❡ss♦❛❧✳ ❊♠ ❡s♣❡❝✐❛❧✱ ♦s ♣r♦❢❡s✲

s♦r❡s ◆❡t♦✱ ❙❛♠✉❡❧✱ ❙♦❝♦rr♦ ❡ ❱❛❧❞❛✱ ♣♦r t❡r❡♠ ♦r❣❛♥✐③❛❞♦ ✉♠ ❝✉rs✐♥❤♦ ♣ré✲✈❡st✐❜✉❧❛r

♣❛r❛ ♥♦ss❛ t✉r♠❛ ♥❛ é♣♦❝❛ s❡♠ ♥❡♥❤✉♠ r❡t♦r♥♦ ✜♥❛♥❝❡✐r♦✳

❆♦s ♣r♦❢❡ss♦r❡s ❞♦ ❈❈❊❚✲❯❋❘◆ q✉❡ ❝♦♥tr✐❜✉ír❛♠ ❞❡ ❢♦r♠❛ s✐❣♥✐✜❝❛t✐✈❛ ♣❛r❛

♠✐♥❤❛ ❢♦r♠❛çã♦ ❛❝❛❞ê♠✐❝❛ ❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦✳ Pr✐♥❝✐♣❛❧♠❡♥t❡ à ♣r♦❢❡ss♦r❛ ❉é❜♦r❛

q✉❡ ❢♦✐ ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛ ❡♠ ❛❧❣✉♥s tr❛❜❛❧❤♦s ❞❡ ♣❡sq✉✐s❛ ❡ ♠❡ ✐♥✢✉❡♥❝✐♦✉ ❜❛st❛♥t❡

❡♠ ✐♥❣r❡ss❛r ♥♦ ♠❡str❛❞♦✳

❊♠ ❡s♣❡❝✐❛❧✱ ❛♦s ❣r❛♥❞❡s ❛♠✐❣♦s ❞♦ ❣r✉♣♦ P❊❚✲▼❛t❡♠át✐❝❛ ❞❛ ❯❋❘◆✳ ❊♠ ❡s✲

♣❡❝✐❛❧✱ ♦s ❣r❛♥❞❡s ❛♠✐❣♦s ▲é♦✱ ❘✉❛♥ ❡ ❘❛♣❤❛❡❧ ▼♦r❡✐r❛✳

❆♦ ♣r♦❢❡ss♦r ❉✐♦❣♦ ❉✐♥✐③ ♣❡❧❛ ❞✐s♣♦s✐çã♦ ❡ ♣❛❝✐ê♥❝✐❛ ❡♠ ♠✐♥❤❛ ♦r✐❡♥t❛çã♦ ♣♦r

q✉❛s❡ t♦❞♦ ♠❡str❛❞♦ ❡ ♠❡s♠♦ ❧♦♥❣❡ ❝♦♥t✐♥✉❛r ♠❡ ❛❥✉❞❛♥❞♦ ❡ ❝♦♥tr✐❜✉✐♥❞♦ ♣❛r❛ ❡❧❛✲

❜♦r❛çã♦ ❞❛ ♣r❡s❡♥t❡ ❞✐ss❡rt❛çã♦✳

❆♦ ♣r♦❢❡ss♦r ❆♥tô♥✐♦ ❇r❛♥❞ã♦ ♣♦r t❡r ❛❝❡✐t♦ ❝♦♥t✐♥✉❛r ❝♦♠ ♠✐♥❤❛ ♦r✐❡♥t❛çã♦✱

❝♦♠ ❛ ❛✉sê♥❝✐❛ ❞♦ ♣r♦❢❡ss♦r ❉✐♦❣♦✱ ❡ ❡st❛r s❡♠♣r❡ ❛ ❞✐s♣♦s✐çã♦ ♣❛r❛ q✉❛❧q✉❡r ❞ú✈✐❞❛

♦✉ ♣r♦❜❧❡♠❛✱ ❝♦❧❛❜♦r❛♥❞♦ ♣❛r❛ ♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✳

❊♠ ❡s♣❡❝✐❛❧✱ ❛♦s ❛♠✐❣♦s ❞♦ ♠❡str❛❞♦ ❡ ❞♦ ❞♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛✳ ❊♠ ❡s✲

♣❡❝✐❛❧✱ ♦s ❛♠✐❣♦s ❆❧❛♥ ❞❡ ❆r❛ú❥♦✱ ❈❧❛✉❞❡♠✐r ❋✐❞❡❧❡s✱ ❆♥tô♥✐♦ ▼❛r❝♦s ✭P❛❥é✮ ❡ ❏♦sé

▲✉❛♥❞♦✳

❆♦s ♣r♦❢❡ss♦r❡s P❧❛♠❡♥ ❑♦s❤❧✉❦♦✈ ❡ ❉✐♠❛s ❏♦sé ♣♦r ❢❛③❡r❡♠ ♣❛rt❡ ❞❛ ❜❛♥❝❛

❡①❛♠✐♥❛❞♦r❛ ❡ ❞❡✐①❛r❡♠ s✉❛ ❝♦♥tr✐❜✉✐çã♦ ♣❛r❛ ♦ ♥♦ss♦ tr❛❜❛❧❤♦✳

P♦r ✜♠✱ à ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

✐✐✐



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s ▼❛r✐❛ ❏♦sé ❡

▼❛✉r✐❧♦ ▼❛❝ê❞♦ ❡ ♠❡✉ ✐r♠ã♦

❊❢r❛✐♠✳

✐✈



❘❡s✉♠♦

◆❡st❛ ❞✐ss❡rt❛çã♦✱ ❝♦♥s✐❞❡r❛♥❞♦ F ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ sã♦ ❡st❛❜❡❧❡❝✐❞❛s

❜❛s❡s ♣❛r❛ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ Mn(F )✱ Mp,q(E)✱ ♣r♦❞✉t♦s t❡♥s♦r✐❛✐s ❞❛ ❢♦r♠❛

Mp,q(E)⊗Mr,s(E) ♦✉ Mp,q(E)⊗E ❡ ❛❧❣✉♥s ❝❛s♦s ♠❛✐s ♣❛rt✐❝✉❧❛r❡s ❞❛s ❞✉❛s ♣r✐♠❡✐r❛s

á❧❣❡❜r❛s ❝♦♠ n = 2 ❡ p = q = 1✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦s tr❛❜❛❧❤♦s ❞❡ ❑❡♠❡r✱ ❛s ú♥✐❝❛s

á❧❣❡❜r❛s ❚✲♣r✐♠❛s ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ sã♦ Mn(F )✱ Mn(E) ❡ ❛ s✉❜á❧❣❡❜r❛ Mp,q(E)

❞❡ Mp+q(E)✱ ❛s q✉❛✐s✱ ❡♠ ❛❧❣✉♥s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s✱ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s ❛ ✉♠❛ ❞❛s

á❧❣❡❜r❛s E ⊗ E✱ Mp,q(E)⊗ E ❡ Mp,q(E)⊗Mr,s(E)✳ ▼♦str❛♠♦s ❡ss❛s P■✲❡q✉✐✈❛❧ê♥❝✐❛s

✉t✐❧✐③❛♥❞♦ ❛r❣✉♠❡♥t♦s ❞✐❢❡r❡♥t❡s ❞♦s ✉s❛❞♦s ♥❛ t❡♦r✐❛ ❞❡ ❑❡♠❡r✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ P■✲➪❧❣❡❜r❛✱ ➪❧❣❡❜r❛s ●r❛❞✉❛❞❛s✱ ■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s✱

P■✲❡q✉✐✈❛❧ê♥❝✐❛✳



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦✱ ❝♦♥s✐❞❡r✐♥❣ F ❛ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦✱ ✇❡ ❡st❛❜❧✐s❤ ❜❛s❡s t♦ ❣r❛❞❡❞

✐❞❡♥t✐t✐❡s ♦❢Mn(F )✱Mp,q(E)✱ t❡♥s♦r ♣r♦❞✉❝ts ♦❢ ❢♦r♠Mp,q(E)⊗Mr,s(E) ♦rMp,q(E)⊗E

❛♥❞ s♦♠❡ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ t❤❡ ✜rst t✇♦ ❛❧❣❡❜r❛s ✇✐t❤ n = 2 ❛♥❞ p = q = 1✳ ❆s ❛ r❡s✉❧t ♦❢

❑❡♠❡r✬s ✇♦r❦✱ t❤❡ ♦♥❧② ❚✲♣r✐♠❡ ❛❧❣❡❜r❛s ✐♥ ❝❤❛r❛❝t❡r✐st✐❝ ③❡r♦ ❛r❡Mn(F )✱ Mn(E) ❛♥❞

t❤❡ s✉❜❛❧❣❡❜r❛Mp,q(E) ♦❢Mp+q(E)✱ ✇❤✐❝❤✱ ✐♥ s♣❡❝✐✜❝ ❝❛s❡s✱ ❛r❡ P■✲❡q✉✐✈❛❧❡♥t t♦ ♦♥❡ ♦❢

t❤❡ ❛❧❣❡❜r❛s E ⊗E✱ Mp,q(E)⊗E ❛♥❞ Mp,q(E)⊗Mr,s(E)✳ ❚❤✉s✱ t❤❡s❡ P■✲❡q✉✐✈❛❧❡♥❝❡s

❛r❡ s❤♦✇♥ ✐♥ t❤✐s ❞✐ss❡rt❛t✐♦♥✱ ✉s✐♥❣ ❞✐✛❡r❡♥t ❛r❣✉♠❡♥ts ❢r♦♠ t❤❡ ♦♥❡s ✉s❡❞ ✐♥ ❑❡♠❡r✬s

t❤❡♦r②✳

❑❡②✇♦r❞s✿ P■✲❛❧❣❡❜r❛✱ ●r❛❞❡❞ ❆❧❣❡❜r❛s✱ ●r❛❞❡❞ ■❞❡♥t✐t✐❡s✱ P■✲❊q✉✐✈❛❧❡♥❝❡✳



❈♦♥t❡ú❞♦

❘❡s✉♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✈✐✐✐

❆❜str❛❝t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✐①

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶ ❈♦♥❝❡✐t♦s Pr❡❧✐♠✐♥❛r❡s ✶✵

✶✳✶ ➪❧❣❡❜r❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✷ ▼ó❞✉❧♦s s♦❜r❡ ➪❧❣❡❜r❛s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✸ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ Sn ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✶✳✹ ➪❧❣❡❜r❛ ❆ss♦❝✐❛t✐✈❛ ▲✐✈r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✶✳✺ ■❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✶✳✻ P♦❧✐♥ô♠✐♦s ▼✉❧t✐✲❤♦♠♦❣ê♥❡♦s ❡ ▼✉❧t✐❧✐♥❡❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✶✳✼ ➪❧❣❡❜r❛s ●✲❣r❛❞✉❛❞❛s ❡ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ●r❛❞✉❛❞❛s ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷ ■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ♣❛r❛ Mn(F ) ❡ Mp,q(E)⊗ E ✺✵

✷✳✶ ■❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ♣❛r❛ Mn(F ) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✷✳✷ ❖ Tn✲✐❞❡❛❧ ❞❡ Mn(F ) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✷✳✸ ■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ Mp,q(E)⊗ E ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✸ ■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ❞❡ M1,1(E) ✻✹

✸✳✶ ❆❧❣✉♥s ❝♦♥❝❡✐t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✸✳✷ ■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ M2(F ) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✸✳✸ ❖ T2✲✐❞❡❛❧ ❞❡ M1,1(E) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✹ ■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ❞❡ Mp,q(E) ✽✹

✹✳✶ ❆ á❧❣❡❜r❛ Mα(E) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺



✐✐

✹✳✷ ■❞❡♥t✐❞❛❞❡s Zn × Z2✲❣r❛❞✉❛❞❛s ❞❡ Mp,q(E) ❡ Mp,q(E)⊗Mr,s(E) ✳ ✳ ✳ ✳ ✽✼

✹✳✸ ■❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ Mp,q(E) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✹✳✹ ●r❛❞✉❛çõ❡s ♥ã♦ ✐s♦♠♦r❢❛s ♣❛r❛ Mp,q(E) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

❇✐❜❧✐♦❣r❛✜❛ ✶✶✺



■♥tr♦❞✉çã♦

❯♠ ❞♦s ♦❜❥❡t♦s ❞❡ ❡st✉❞♦ ❞❛ á❧❣❡❜r❛ ♠♦❞❡r♥❛ sã♦ ❛s ❝❤❛♠❛❞❛s P■✲➪❧❣❡❜r❛s✱ ♦✉

➪❧❣❡❜r❛s ❝♦♠ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s✱ ❛s q✉❛✐s ❢♦r♠❛♠ ✉♠❛ ❝❧❛ss❡ ❡st✉❞❛❞❛ ♣❡❧❛ P■✲

❚❡♦r✐❛✳ ❆s á❧❣❡❜r❛s ❞❡ ♠❛tr✐③❡s✱ ❛s á❧❣❡❜r❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ á❧❣❡❜r❛s ❝♦♠✉t❛t✐✈❛s

❢❛③❡♠ ♣❛rt❡ ❞❡ss❛ ❝❧❛ss❡ ❡ ♦ ❡st✉❞♦ ❞❡st❛s ❝❧❛ss❡s ❞❡ á❧❣❡❜r❛s é s✐❣♥✐✜❝❛t✐✈♦✱ t❡♥❞♦

❡♠ ✈✐st❛ ❛s ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s ❞❡ss❛s ❡str✉t✉r❛s✳ ❖s ♣r✐♥❝✐♣❛✐s ♦❜❥❡t♦s ❞❡ ❡st✉❞♦ ❞❛

P■✲❚❡♦r✐❛ sã♦ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s s❛t✐s❢❡✐t❛s ♣♦r ✉♠❛ á❧❣❡❜r❛ A✱ ❛ ❡str✉t✉r❛ ❞❡

✉♠❛ á❧❣❡❜r❛ q✉❡ s❛t✐s❢❛③ ✉♠❛ ❝❡rt❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧✱ ♦s ❚✲✐❞❡❛✐s ❡ ❛s ✈❛r✐❡❞❛❞❡s

❞❡ á❧❣❡❜r❛s✳

❉✐③❡♠♦s q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f ❡♠ ✈❛r✐á✈❡✐s ♥ã♦ ❝♦♠✉t❛t✐✈❛s é ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐✲

♥♦♠✐❛❧ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ A s❡ ❡❧❡ ❛♥✉❧❛ ♣❛r❛ q✉❛❧q✉❡r s✉❜st✐t✉✐çã♦ ♣♦r ❡❧❡♠❡♥t♦s

❞❡st❛ á❧❣❡❜r❛✳ ❙❡ ❡①✐st❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ♥ã♦✲♥✉❧♦ q✉❡ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛ á❧❣❡❜r❛ A

❞✐③❡♠♦s q✉❡ A é ✉♠❛ P■✲➪❧❣❡❜r❛✳ ❖ ♣♦❧✐♥ô♠✐♦ f(x, y) = xy − yx é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛

✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✱ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ [[x, y], z]✱ ♦♥❞❡

[x, y] = xy− yx✱ ❡ ♦ ♣♦❧✐♥ô♠✐♦ x1x2 · · · xn é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ A ♥✐❧♣♦t❡♥t❡✱

❝♦♠ An = 0✳ ❙✉❜á❧❣❡❜r❛s✱ ✐♠❛❣❡♥s ❤♦♠♦♠ór✜❝❛s ❡ ♣r♦❞✉t♦s ❞✐r❡t♦s ❞❡ P■✲á❧❣❡❜r❛s

t❛♠❜é♠ sã♦ á❧❣❡❜r❛s ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✳

❆ ♥♦çã♦ ❞❡ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ s✉r❣❡ ♥♦s tr❛❜❛❧❤♦s ❞❡ ❉❡❤♥ ❬✻❪ ❡ ❲❛❣♥❡r ❬✷✼❪✳

▼❛s ❢♦✐ ❛ ♣❛rt✐r ❞❡ ✶✾✹✽✱ ❝♦♠ ♦ ❛rt✐❣♦ ❞❡ ❑❛♣❧❛♥s❦② ❬✶✼❪✱ q✉❡ s❡ t❡✈❡ ✉♠ ✐♥t❡r❡ss❡

❞❡ ❢♦r♠❛ ♠❛✐s ✐♥t❡♥s❛ ♥❛ ár❡❛✳ ❉♦✐s ❛♥♦s ❛♣ós ♦ tr❛❜❛❧❤♦ ❞❡ ❑❛♣❧❛♥s❦②✱ ❆♠✐st✉r ❡

▲❡✈✐ts❦② ♠♦str❛r❛♠ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ st❛♥❞❛r❞ ❞❡ ❣r❛✉ 2n é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ❣r❛✉

♠✐♥✐♠❛❧ ♣❛r❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n ✭✈❡r ❬✶❪✮✳ ❊ss❡ r❡s✉❧t❛❞♦ ❝♦♥tr✐❜✉✐✉ ♣❛r❛

✉♠ ♥♦✈♦ ❝❛♠✐♥❤♦ ❞❡♥tr♦ ❞❛ P■✲t❡♦r✐❛✱ q✉❡ s❡r✐❛ ❞❡s❝r❡✈❡r ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

s❛t✐s❢❡✐t❛s ♣♦r ✉♠❛ ❞❛❞❛ á❧❣❡❜r❛✳



✼

❉❡♥♦t❡ ♣♦r F 〈X〉 ❛ á❧❣❡❜r❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❡♠ ✈❛r✐á✈❡✐s ❛ss♦❝✐❛t✐✈❛s ❡ ♥ã♦ ❝♦♠✉✲

t❛t✐✈❛s ♥♦ ❝♦♥❥✉♥t♦ X s♦❜r❡ ♦ ❝♦r♣♦ F ✱ t❛♠❜é♠ ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡

❡♠ X s♦❜r❡ F ✳ ◗✉❛♥❞♦ ✉♠ ✐❞❡❛❧ ❡♠ F 〈X〉 é ✐♥✈❛r✐❛♥t❡ ♣♦r ❡♥❞♦♠♦r✜s♠♦s ♥❛ á❧❣❡❜r❛

❧✐✈r❡ ❡❧❡ é ❝❤❛♠❛❞♦ ❞❡ ❚✲✐❞❡❛❧✳ ❖ ❝♦♥❥✉♥t♦ ❞❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ ✉♠❛ á❧❣❡❜r❛

A✱ ❞❡♥♦t❛❞♦ ♣♦r T (A)✱ é ✉♠ ❚✲✐❞❡❛❧ ❞❛ á❧❣❡❜r❛ ❧✐✈r❡✱ ❡ t♦❞♦ ❚✲✐❞❡❛❧ ❞❡ F 〈X〉 é ♦ ✐❞❡❛❧

❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ ❛❧❣✉♠❛ á❧❣❡❜r❛✳ P♦rt❛♥t♦✱ ❞❡t❡r♠✐♥❛r ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

❞❡ ✉♠❛ á❧❣❡❜r❛ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❡♥❝♦♥tr❛r ♦ ❚✲✐❞❡❛❧ ❞❡st❛ á❧❣❡❜r❛✳

❆ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ ❚✲✐❞❡❛✐s ❡ á❧❣❡❜r❛s ♥ã♦ é ❜✐❥❡t✐✈❛✱ ♣♦✐s á❧❣❡❜r❛s ♥ã♦

✐s♦♠♦r❢❛s ♣♦❞❡♠ t❡r ♦ ♠❡s♠♦ ✐❞❡❛❧ ❞❡ ✐❞❡♥t✐❞❛❞❡s✱ ♠❛s ❡①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛

❜✐✉♥í✈♦❝❛ ❡♥tr❡ ❚✲✐❞❡❛✐s ❡ ✈❛r✐❡❞❛❞❡s✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ á❧❣❡❜r❛s é ✉♠❛ ❝❧❛ss❡ ❞❡

á❧❣❡❜r❛s q✉❡ s❛t✐s❢❛③❡♠ ✉♠ ❞❛❞♦ ❝♦♥❥✉♥t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s✳ ❊ss❡ ❝♦♥❝❡✐t♦ ❢♦✐ ✐♥tr♦❞✉✲

③✐❞♦ ♣♦r ❇✐r❦❤♦✛ ❬✸❪ ❡ ▼❛❧❝❡✈ ❬✷✵❪✱ ❡ s❡ t♦r♥♦✉ ✉♠❛ ❧✐♥❣✉❛❣❡♠ ♥❛t✉r❛❧ ♥❛ t❡♦r✐❛ ❞❡

✐❞❡♥t✐❞❛❞❡s✳

❯♠ ❞♦s ♣r✐♥❝✐♣❛✐s ❡ ♠❛✐s ❞✐❢í❝❡✐s ♣r♦❜❧❡♠❛s ♥❛ P■✲t❡♦r✐❛ é ❞❡s❝r❡✈❡r ✉♠ ❚✲✐❞❡❛❧✳

◆❡ss❡ s❡♥t✐❞♦✱ ❙♣❡❝❤t✱ ❡♠ ✶✾✺✵ ❬✷✺❪✱ ❝♦♥❥❡❝t✉r♦✉ q✉❡ t♦❞♦ ❚✲✐❞❡❛❧ ♣ró♣r✐♦ ❡♠ F 〈X〉

é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ q✉❛♥❞♦ ♦ ❝♦r♣♦ ❜❛s❡ F t❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳ ❊ss❡ ♣r♦❜❧❡♠❛✱

❝♦♥❤❡❝✐❞♦ ❝♦♠♦ Pr♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❞❡ ❆♠✐st✉r ❡ ▲❡✲

✈✐ts❦②✱ ♠♦t✐✈♦✉ ✉♠ ❣r❛♥❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♥❛ t❡♦r✐❛ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ ♦♥❞❡

✐♥✐❝✐❛❧♠❡♥t❡ s❡ ❝♦♥s✐❞❡r❛✈❛ ❝♦r♣♦s ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

❖ Pr♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t ❢♦✐ r❡s♦❧✈✐❞♦ ❛♣❡♥❛s ❡♠ ✶✾✽✼ ♣♦r ❑❡♠❡r✱ ❝♦♠♦ ♣♦❞❡ s❡r

✈✐st♦ ❡♠ ❬✶✽❪✳ ❙✉❛ ♣r♦✈❛ é ❜❛s❡❛❞❛ ❡♠ ✉♠❛ t❡♦r✐❛ s♦❜r❡ ❚✲✐❞❡❛✐s q✉❡ ❡♥✈♦❧✈❡ ♦s

❝♦♥❝❡✐t♦s ❞❡ s✉♣❡r✐❞❡♥t✐❞❛❞❡s ❡ ❛❧❣✉♥s ♣r♦❞✉t♦s t❡♥s♦r✐❛✐s ❣r❛❞✉❛❞♦s ❝♦♠ ❛ á❧❣❡❜r❛ ❞❡

●r❛ss♠❛♥♥✱ ❝❤❛♠❛❞♦s ❞❡ ❡♥✈❡❧♦♣❡s ❞❡ ●r❛ss♠❛♥♥✳ ◆❡ss❡ tr❛❜❛❧❤♦✱ ❛❧é♠ ❞❛ s♦❧✉çã♦

♣r✐♥❝✐♣❛❧✱ ❑❡♠❡r t❛♠❜é♠ ❝❧❛ss✐✜❝♦✉✱ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❛s á❧❣❡❜r❛s ❣❡r❛❞♦r❛s ❞❡

✈❛r✐❡❞❛❞❡s ♣r✐♠❛s ♥ã♦ tr✐✈✐❛✐s✱ t❛♠❜é♠ ❝❤❛♠❛❞❛s ❞❡ á❧❣❡❜r❛s ❚✲♣r✐♠❛s✳ ❆♣❡s❛r ❞❡ s✉❛

❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛✱ ♦ tr❛❜❛❧❤♦ ❞♦ ❑❡♠❡r ♥♦s ❣❛r❛♥t❡ ❛♣❡♥❛s ✜♥✐t✉❞❡ ❞❛ ❜❛s❡ ❞♦s ❚✲

✐❞❡❛✐s✳ ❆❧é♠ ❞✐ss♦✱ ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ♣♦s✐t✐✈❛✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❙♣❡❝❤t ♥ã♦ é ✈á❧✐❞♦✱ ♣♦✐s

❡①✐st❡♠ ❝♦♥tr❛ ❡①❡♠♣❧♦s ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥♦s tr❛❜❛❧❤♦s ❞❡ ❇❡❧♦✈ ❬✷❪✱ ●r✐s❤✐♥ ❬✶✸❪ ❡

❙❤❝❤✐❣♦❧❡✈ ❬✷✹❪✱ ❜❡♠ ❝♦♠♦ ♥ã♦ t❡♠♦s ✉♠❛ ❝❧❛ss✐✜❝❛çã♦ ♣❛r❛ ❛s á❧❣❡❜r❛s ❚✲♣r✐♠❛s✳

❈♦♠♦ tr❛❜❛❧❤❛r ❝♦♠ ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s q✉❛s❡ s❡♠♣r❡ é ❝♦♠♣❧✐❝❛❞♦✱ ❢♦r❛♠

❞❡s❡♥✈♦❧✈✐❞❛s ♦✉tr❛s ✐❞❡✐❛s ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❝♦♠♦ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐✲

❛✐s ❝♦♠ tr❛ç♦✱ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❝♦♠ ✐♥✈♦❧✉çã♦ ❡ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s
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❣r❛❞✉❛❞❛s✳ ❆ ♣❛rt✐r ❞❡st❛ ú❧t✐♠❛ ♣♦❞❡♠♦s ❡st❛❜❡❧❡❝❡r ✈ár✐♦s r❡s✉❧t❛❞♦s ❛ r❡s♣❡✐t♦ ❞❛s

✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡ ♦s ✐❞❡❛✐s ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡

❞✉❛s á❧❣❡❜r❛s ❝♦✐♥❝✐❞❡♠✱ ❡♥tã♦ ♦ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ ♦s ✐❞❡❛✐s ❞❛s ✐❞❡♥t✐❞❛❞❡s ♦r❞✐♥ár✐❛s✳

❉✉r❛♥t❡ ❡st❡ tr❛❜❛❧❤♦ ✈❛♠♦s ❞❛r ♠❛✐♦r ê♥❢❛s❡ ❛ ❡st❡ ❞❡ t✐♣♦ ❞❡ ✐❞❡♥t✐❞❛❞❡✱ ❝♦♠ r❡❧❛çã♦

às á❧❣❡❜r❛s ♠❛tr✐❝✐❛✐s Mn(F )✱ Mn(E) ❡ Mp,q(E)✱ ♦♥❞❡ E é ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❡

Mp,q(E) sã♦ ❝❡rt❛s s✉❜á❧❣❡❜r❛s ❞❡Mp+q(E) ❞❡s❝r✐t❛s ♥♦ ❈❛♣ít✉❧♦ ✶ ✭✈❡r ❊①❡♠♣❧♦ ✶✳✶✳✶✼

♥❛ ♣á❣✐♥❛ ✶✻✮✱ ♣♦✐s ❡st❛s sã♦ ❛s á❧❣❡❜r❛s q✉❡ ♣♦ss✉❡♠ ♦s ú♥✐❝♦s ❚✲✐❞❡❛✐s ❚✲♣r✐♠♦s ♥ã♦

tr✐✈✐❛✐s ❡♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ♣❡❧♦s r❡s✉❧t❛❞♦s ❞❡ ❑❡♠❡r✳

❉✉❛s á❧❣❡❜r❛s A ❡ B sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s s❡ T (A) = T (B)✱ ❡ ❞❡♥♦t❛♠♦s A ∼

B✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ t❡♦r✐❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ❑❡♠❡r✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s P■✲

❡q✉✐✈❛❧ê♥❝✐❛s✿

✭✶✮ E ⊗ E ∼M1,1(E)❀

✭✷✮ Mp,q(E)⊗ E ∼Mp+q(E)❀

✭✸✮ Mp,q(E)⊗Mr,s(E) ∼Mpr+qs,ps+qr(E)✳

❊♠ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ s❛❜❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❜❛s❡ ✜♥✐t❛ ♣❛r❛ T (Mn(F ))✱ ♣❛r❛

t♦❞♦ n✳ ❈♦♥s✐❞❡r❛♥❞♦ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡s❝r❡✈❡r ✉♠❛ ❜❛s❡ ✜♥✐t❛

♣❛r❛ ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ❞❡ Mn(F ) ❢♦✐ r❡s♦❧✈✐❞♦ ♣♦r ❱❛s✐❧♦✈s❦② ❡♠

❬✷✻❪✱ ♣❛r❛ q✉❛❧q✉❡r n✳ ❊ss❡ ♠❡s♠♦ r❡s✉❧t❛❞♦ ❥á ❤❛✈✐❛ s✐❞♦ r❡s♦❧✈✐❞♦ ♣❛r❛ ♦ ❝❛s♦ n = 2✱

♣♦r ❉✐ ❱✐♥❝❡♥③♦ ❡♠ ❬✼❪✳ ❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ❛r❣✉♠❡♥t♦s s❡♠❡❧❤❛♥t❡s ❛♦s ❞❡ ❱❛s✐❧♦✈s❦②✱

❉✐ ❱✐♥❝❡♥③♦ ❡ ◆❛r❞♦③③❛ ❡♠ ❬✽❪ ❡ ❬✾❪ ❡♥❝♦♥tr❛r❛♠ ❣❡r❛❞♦r❡s ❞♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s

Zn×Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ ❛s á❧❣❡❜r❛sMp,q(E)⊗E ❡Mp,q(E)⊗Mr,s(E)✳ ❆ ❞❡t❡r♠✐♥❛çã♦

❞❡ss❛s ❜❛s❡s ❡ ❞❡♠♦♥str❛çõ❡s ❛❧t❡r♥❛t✐✈❛s ❞❛s P■✲❡q✉✐✈❛❧ê♥❝✐❛s ❛♥t❡r✐♦r❡s sã♦ ♦s ♣r✐♥✲

❝✐♣❛✐s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❛ ❞✐ss❡rt❛çã♦✱ ❛ q✉❛❧ ❝♦♥s✐st❡ ❞❡ ✹ ❝❛♣ít✉❧♦s ❡ ❡stá

♦r❣❛♥✐③❛❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

◆♦ ❈❛♣ít✉❧♦ ✶ ❛♣r❡s❡♥t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❜ás✐❝♦s ♥❡❝❡ssár✐♦s ♥♦s ❝❛♣ít✉❧♦s

s❡❣✉✐♥t❡s✳ ❱❛♠♦s ❛ss✉♠✐r q✉❡✱ ♣♦r ♣❛rt❡ ❞♦ ❧❡✐t♦r✱ sã♦ ❝♦♥❤❡❝✐❞♦s ♦s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧✲

t❛❞♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r ❜ás✐❝❛✳ ■♥✐❝✐❛♠♦s ❝♦♠ ♦ ❝♦♥❝❡✐t♦ ❞❡ á❧❣❡❜r❛ ❡ ❛❧❣✉♥s ❡①❡♠♣❧♦s

q✉❡ s❡rã♦ ✐♠♣♦rt❛♥t❡s ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✳ P♦st❡r✐♦r♠❡♥t❡✱ ❞❡✜♥✐♠♦s ♠ó❞✉❧♦ s♦❜r❡ ✉♠❛

á❧❣❡❜r❛ ❡ ❞❡s❡♥✈♦❧✈❡♠♦s ❛ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❣r✉♣♦s✱ t❛♥t♦ ♣❛r❛ ✉♠ ❣r✉♣♦

q✉❛❧q✉❡r q✉❛♥t♦ ♣❛r❛ ♦ ❣r✉♣♦ Sn✳ Pr♦ss❡❣✉✐♥❞♦✱ ❡st❛❜❡❧❡❝❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡✱ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❡ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s ❡ ♠✉❧t✐❧✐♥❡✲



✾

❛r❡s✳ P♦r ✜♠✱ ❞❡✜♥✐♠♦s ❛s á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s ❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❣r❛❞✉❛❞❛s✱

q✉❡ sã♦ ♦s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❡✐t♦s ✉s❛❞♦s ♥♦s ❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳

◆♦ ❈❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛♠♦s ❛ ❞❡s❝r✐çã♦ ❢❡✐t❛ ♣♦r ❱❛s✐❧♦✈s❦② ❡♠ ❬✷✻❪✱ ❝♦♥s✐❞❡✲

r❛♥❞♦ ✉♠ ❝♦r♣♦ F ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❞❛s ✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ♣❛r❛ ❛ á❧❣❡❜r❛

Mn(F )✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡♥❝♦♥tr❛♠♦s ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s Zn✲

❣r❛❞✉❛❞❛s ❞❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n s♦❜r❡ ♦ ❝♦r♣♦ F ✳ ❆❧é♠ ❞✐ss♦✱ t❛♠❜é♠ ❡♠

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❞❡s❝r❡✈❡♠♦s ✉♠❛ ❜❛s❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s Zn ×Z2✲❣r❛❞✉❛❞❛s ❞❛ á❧❣❡✲

❜r❛Mp,q(E)⊗E ❡ ❞❡t❡r♠✐♥❛♠♦s ❛ s❡❣✉♥❞❛ P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❑❡♠❡r ✭❡q✉✐✈❛❧ê♥❝✐❛ ✭✷✮

♥❛ ♣á❣✐♥❛ ✽✮✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ❉✐ ❱✐♥❝❡♥③♦ ❡ ◆❛r❞♦③③❛

❡♠ ❬✾❪✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ❝♦♥s✐❞❡r❛♥❞♦ F ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✱ ❛♣r❡s❡♥t❛♠♦s

♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ❉✐ ❱✐♥❝❡♥③♦ ❡♠ ❬✼❪ ♣❛r❛ ❛s á❧❣❡❜r❛s M2(F ) ❡ M1,1(E)✱ ♦♥❞❡

❞❡s❝r❡✈❡r❡♠♦s ✉♠❛ ❜❛s❡ ❞♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ❞❡M2(F )✱ ❡ ❝♦♥s❡q✉❡♥✲

t❡♠❡♥t❡✱ ✈✐❛ ✐s♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦✱ ♦❜t❡♠♦s ✉♠❛ ❜❛s❡ ♣❛r❛ ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s

Z2✲❣r❛❞✉❛❞❛s ❞❡M1,1(E)✳ ❈♦♠♦ ❝♦r♦❧ár✐♦ ❞✐st♦ ♦❜t❡♠♦s ❛ ♣r✐♠❡✐r❛ P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❞❡

❑❡♠❡r ✭❡q✉✐✈❛❧ê♥❝✐❛ ✭✶✮ ♥❛ ♣á❣✐♥❛ ✽✮✳

P♦r ✜♠✱ ♥♦ ❈❛♣ít✉❧♦ ✹✱ ❝♦♠ ❜❛s❡ ♥♦s r❡s✉❧t❛❞♦s ❞❡ ❉✐ ❱✐♥❝❡♥③♦ ❡ ◆❛r❞♦③③❛

❡♠ ❬✽❪✱ ❡♥❝♦♥tr❛♠♦s ✉♠❛ ❜❛s❡ ❞❛s ✐❞❡♥t✐❞❛❞❡s Zn × Z2✲❣r❛❞✉❛❞❛s✱ t❛♥t♦ ♣❛r❛ á❧❣❡❜r❛

Mp,q(E)✱ q✉❛♥t♦ ♣❛r❛ ♦ t❡♥s♦r✐❛❧ ❞❡ ❞✉❛s á❧❣❡❜r❛s ❞❡ss❡ t✐♣♦✱ s♦❜r❡ ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝✲

t❡ríst✐❝❛ ③❡r♦✱ ❡ ❞❡t❡r♠✐♥❛♠♦s ❛ t❡r❝❡✐r❛ P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❑❡♠❡r ✭❡q✉✐✈❛❧ê♥❝✐❛ ✭✸✮ ♥❛

♣á❣✐♥❛ ✽✮✱ ❝♦♠ ❛✉①í❧✐♦ ❞❛s á❧❣❡❜r❛s ♠❛tr✐❝✐❛✐s Mα(E)✱ ❡st✉❞❛❞❛s ❛♦ ❧♦♥❣♦ ❞♦ ❝❛♣ít✉❧♦✳

❊♠ s❡❣✉✐❞❛✱ ❞❡✜♥✐♠♦s ❛s ✐❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s tr✐✈✐❛✐s ❡ ❝❧❛ss✐✜❝❛♠♦s ❛s á❧❣❡❜r❛s

❞❛ ❢♦r♠❛ Mα(E) q✉❡ ♥ã♦ ♣♦ss✉❡♠ ✐❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s ♥ã♦ tr✐✈✐❛✐s✳ ❋✐♥❛❧♠❡♥t❡✱

❡st❛❜❡❧❡❝❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❣r❛❞✉❛çõ❡s q✉❛s❡ ❡❧❡♠❡♥t❛r❡s ♥ã♦ ✐s♦♠♦r❢❛s ❞❡ Mp,q(E) ❡

❞❡t❡r♠✐♥❛♠♦s ✉♠❛ ❢ór♠✉❧❛ ♣❛r❛ ❝❛❧❝✉❧❛r ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ss❛s ❣r❛❞✉❛çõ❡s✳



❈❛♣ít✉❧♦ ✶

❈♦♥❝❡✐t♦s Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ s❡rã♦ ❡st❛❜❡❧❡❝✐❞❛s ❛s ♥♦t❛çõ❡s✱ ❞❡✜♥✐çõ❡s✱ ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s

q✉❡ s❡r✈❡♠ ❞❡ ❜❛s❡ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❊♠ t♦❞♦ ♦ ❝❛♣ít✉❧♦✱ ❋ s❡rá

✉♠ ❝♦r♣♦ q✉❛❧q✉❡r✱ ❛ ♠❡♥♦s q✉❡ s❡ ❢❛❧❡ ♦ ❝♦♥trár✐♦✳

✶✳✶ ➪❧❣❡❜r❛s

❉❡✜♥✐çã♦ ✶✳✶✳✶ ❯♠❛ F ✲á❧❣❡❜r❛ ✭á❧❣❡❜r❛ s♦❜r❡ F ♦✉ s✐♠♣❧❡s♠❡♥t❡ á❧❣❡❜r❛✮ ❝♦♥s✐st❡

❞❡ ✉♠ ♣❛r (A, ∗)✱ ♦♥❞❡ A é ✉♠ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ∗ : A× A→ A s❛t✐s❢❛③✿

✐✮ a ∗ (b+ c) = a ∗ b+ a ∗ c❀

✐✐✮ (a+ b) ∗ c = a ∗ c+ b ∗ c❀

✐✐✐✮ (λa) ∗ b = a ∗ (λb) = λ(a ∗ b)✱

♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A ❡ λ ∈ F ✳

◆❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ∗ é ❝❤❛♠❛❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✭♦✉ ♣r♦❞✉t♦✮ ❞❛ á❧❣❡❜r❛ A✳ P❛r❛

s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ❞❡♥♦t❛r❡♠♦s ♦ ♣r♦❞✉t♦ a ∗ b ♣♦r ❥✉st❛♣♦s✐çã♦ ab✱ ♣❛r❛ q✉❛✐s✲

q✉❡r a, b ∈ A✳ ❉❡✜♥✐♠♦s a1a2a3 ❝♦♠♦ s❡♥❞♦ (a1a2)a3 ❡✱ ✐♥❞✉t✐✈❛♠❡♥t❡✱ ♦ ♣r♦❞✉t♦

a1a2 · · · an−1an ❝♦♠♦ s❡♥❞♦ (a1a2 . . . an−1)an✱ ♣❛r❛ ai ∈ A✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ β ❞❡ A é

✉♠❛ ❜❛s❡ ❞❛ á❧❣❡❜r❛ s❡ é ✉♠❛ ❜❛s❡ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ A✱ ❡ ❞❡✜♥✐♠♦s ❛ ❞✐♠❡♥sã♦ ❞❡

A ❝♦♠♦ s❡♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞❡ A ✈✐st♦ ❝♦♠♦ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✳

❉❡✜♥✐çã♦ ✶✳✶✳✷ ❙❡❥❛ A ✉♠❛ F ✲á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡ A é✿



✶✳✶✳ ➪❧❣❡❜r❛s ✶✶

✐✮ ❆ss♦❝✐❛t✐✈❛ s❡ (ab)c = a(bc)✱ ♣❛r❛ q✉❛✐sq✉❡r a, b, c ∈ A❀

✐✐✮ ❈♦♠✉t❛t✐✈❛ s❡ ab = ba✱ ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A❀

✐✐✐✮ ❯♥✐tár✐❛ ✭♦✉ ❝♦♠ ✉♥✐❞❛❞❡✮ s❡ ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ ❡♠ A✱ ❞❡♥♦t❛❞♦ ♣♦r 1A ✭♦✉

s✐♠♣❧❡s♠❡♥t❡ ♣♦r 1✮✱ t❛❧ q✉❡ a1A = 1Aa = a✱ ♣❛r❛ t♦❞♦ a ∈ A✳ ❖ ❡❧❡♠❡♥t♦ 1A é

❝❤❛♠❛❞♦ ❞❡ ✉♥✐❞❛❞❡ ❞❛ á❧❣❡❜r❛ A✳

◆♦ ❝❛s♦ ❡♠ q✉❡ ❛ á❧❣❡❜r❛ A ❢♦r ❛ss♦❝✐❛t✐✈❛ t❡r❡♠♦s t❛♠❜é♠ ✉♠❛ ❡str✉t✉r❛ ❞❡

❛♥❡❧ ♣❛r❛ A✳ ◗✉❛♥❞♦ A ❢♦r ✉♥✐tár✐❛✱ ❞❛❞♦ λ ∈ F ✱ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ♦ ❡❧❡♠❡♥t♦ λ1

❞❡ A ♣♦r λ✳ ❉❡ss❡ ♠♦❞♦ F ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ {λ1 : λ ∈ F}✱ ❞♦♥❞❡ t❡♠♦s

q✉❡ F ❡stá ❝♦♥t✐❞♦ ❡♠ A✳

❆❣♦r❛ s❡rã♦ ❡st❛❜❡❧❡❝✐❞♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s q✉❡ s❡rã♦ ✐♠♣♦rt❛♥t❡s ❛♦ ❧♦♥❣♦ ❞♦

t❡①t♦✳

❊①❡♠♣❧♦ ✶✳✶✳✸ ❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Mn(F ) ❞❛s ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ ♥ s♦❜r❡

♦ ❝♦r♣♦ F ✳ ❚❡♠♦s q✉❡ Mn(F )✱ ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ✉s✉❛❧ ❞❡ ♠❛tr✐③❡s✱ é ✉♠❛ á❧✲

❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ✉♥✐tár✐❛✱ ❝✉❥❛ ✉♥✐❞❛❞❡ é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ In✳ ❙❡❥❛ Eij✱ 1 ≤

i, j ≤ n✱ ❛ ♠❛tr✐③ q✉❡ ♣♦ss✉✐ ❡♥tr❛❞❛ 1 ♥❛ ❝♦♦r❞❡♥❛❞❛ (i, j) ❡ ❛s ❞❡♠❛✐s ❡♥tr❛❞❛s

sã♦ ♥✉❧❛s✳ ❊ss❛s ♠❛tr✐③❡s sã♦ ❝❤❛♠❛❞❛s ❞❡ ❡❧❡♠❡♥t❛r❡s✱ ❡ ❝❧❛r❛♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦

β = {Eij : 1 ≤ i, j ≤ n} é ✉♠❛ ❜❛s❡ ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s Mn(F )✳ ▲♦❣♦✱ ❝♦♠♦ β

♣♦ss✉✐ n2 ❡❧❡♠❡♥t♦s✱ ❛ ❞✐♠❡♥sã♦ ❞❡ Mn(F ) é n2✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ EijEkl = δjkEil✱ ♦♥❞❡

δjk é ♦ ❞❡❧t❛ ❞❡ ❑r♦♥❡❝❦❡r✳

❉❡ ♠♦❞♦ ♠❛✐s ❣❡r❛❧✱ ❞❛❞❛ ✉♠❛ á❧❣❡❜r❛ A✱ ❝♦♥s✐❞❡r❡ Mn(A) ♦ ❡s♣❛ç♦ ❞❛s ♠❛tr✐③❡s

❝♦♠ ❡♥tr❛❞❛s ❡♠ A✳ ❉❡✜♥✐♥❞♦ ♦ ♣r♦❞✉t♦ ❡♠ Mn(A) ❛♥❛❧♦❣❛♠❡♥t❡ ❛♦ ♣r♦❞✉t♦ ❡♠

Mn(F ) t❡♠♦s ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ♣❛r❛ Mn(A)✳

❊①❡♠♣❧♦ ✶✳✶✳✹ ✭➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✮ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡

{e1, e2, e3, . . . }✳ ❆ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✱ ❞❡♥♦t❛❞❛ ♣♦r E✱ é ❞❡✜♥✐❞❛ ❝♦♠♦ ❛ á❧❣❡❜r❛

❛ss♦❝✐❛t✐✈❛ ❝♦♠ ❜❛s❡

{1, ei1ei2ei3 · · · eil : i1 < i2 < i3 < · · · < il, l ≥ 1}

❝✉❥♦ ♣r♦❞✉t♦ é ❞❛❞♦ ♣♦r

e2i = 0 e eiej = −ejei , i, j ∈ N.

P♦❞❡♠♦s ❡s❝r❡✈❡r E = E0 ⊕ E1✱ ♦♥❞❡ E0 ❡ E1 sã♦ ♦s s✉❜❡s♣❛ç♦s ❣❡r❛❞♦s ♣❡❧♦s

❝♦♥❥✉♥t♦s E0 = {1, ei1ei2ei3 · · · eil : l é par} e E1 = {ei1ei2ei3 · · · eik : k é í♠♣❛r}✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❚❡♠♦s q✉❡

(ei1ei2ei3 · · · eil)(ej1ej2ej3 · · · ejk) = (−1)lk(ej1ej2ej3 · · · ejk)(ei1ei2ei3 · · · eil),
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l, k ∈ N✱ ❥á q✉❡ eiej = −ejei ❡ ❞❛í s❡❣✉❡ q✉❡ ax = xa✱ ♣❛r❛ a ∈ E0 ❡ x ∈ E✱ ❡ yz = −zy✱

♣❛r❛ z, y ∈ E1✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ F é ✷✱ t❡♠♦s q✉❡ 1 = −1✱ ❞♦♥❞❡

eiej = ejei ✱ i, j ∈ N✱ ❡ ♣♦rt❛♥t♦ ❊ é ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛✳

❊①❡♠♣❧♦ ✶✳✶✳✺ ❙❡ V é ✉♠ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ❝♦♥s✐❞❡r❡ ♦ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ L(V ) ❞❡

t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❞❡ V ✳ ▼✉♥✐❞♦ ❞❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❢✉♥çõ❡s✱ t❡♠♦s q✉❡ L(V )

é ✉♠❛ F ✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ❝♦♠ ✉♥✐❞❛❞❡✳ ❱❛♠♦s ❞❡♥♦t❛r ❛ ❝♦♠♣♦s✐çã♦ T ◦ S✱ ♣♦r

TS✱ ♣❛r❛ T, S ∈ L(V )✳

❊①❡♠♣❧♦ ✶✳✶✳✻ ✭➪❧❣❡❜r❛ ❞❡ ●r✉♣♦✮ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❡ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

FG ❞❡ t♦❞❛s ❛s s♦♠❛s ❢♦r♠❛✐s
∑

g∈G λgg✱ ♦♥❞❡ λg ∈ F ✳ ❈♦♥s✐❞❡r❡ ❡♠ FG ❛s ♦♣❡r❛çõ❡s

❞❡ s♦♠❛ ❡ ♣r♦❞✉t♦ ♣♦r ❡s❝❛❧❛r

∑

g∈G

λgg +
∑

g∈G

αgg =
∑

g∈G

(λg + αg)g e α(
∑

g∈G

λgg) =
∑

g∈G

αλgg, α ∈ F.

❚❡♠♦s q✉❡ FG ❝♦♠ ❡ss❛s ♦♣❡r❛çõ❡s é ✉♠ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❋✐①❛❞♦ h ∈ G✱ ✐❞❡♥t✐✜q✉❡

h ❝♦♠ ♦ ❡❧❡♠❡♥t♦
∑

g∈G λgg ❞❡ FG✱ ♦♥❞❡

λg =

{

1 , se g = h

0 , se g 6= h
.

❆ss✐♠ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ G ❡stá ❝♦♥t✐❞♦ ❡♠ FG✳ ❆❧é♠ ❞✐ss♦✱ G é ❜❛s❡ ❞❡ FG✳ ❚❡♠♦s

q✉❡ ❛ ♦♣❡r❛çã♦ ❞♦ ❣r✉♣♦ G ✐♥❞✉③ ✉♠❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r ❡♠ FG✱ ❡ ♣♦rt❛♥t♦ t❡♠♦s

✉♠❛ ❡str✉t✉r❛ ❞❡ F ✲á❧❣❡❜r❛ ❡♠ FG✳ ❊ss❛ á❧❣❡❜r❛ é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦✳

❙❡❥❛♠ V ❡W F ✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳ ❈♦♥s✐❞❡r❡ ❡♥tã♦ ♦ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ F (V ×W )✱

❝♦♠ ❜❛s❡ V ×W ✱ ❡ ♦ s✉❜❡s♣❛ç♦ U ❞❡ F (V ×W ) ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s ❞♦ t✐♣♦

(v1 + v2, w)− (v1, w)− (v2, w)

(v, w1 + w2)− (v, w1)− (v, w2)

(λv, w)− λ(v, w)

(v, λw)− λ(v, w),

✭✶✳✶✮

♦♥❞❡ v, v1, v2 ∈ V ✱ w,w1, w2 ∈ W ❡ λ ∈ F ✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉♦❝✐❡♥t❡ F (V ×W )/U

é ❝❤❛♠❛❞♦ ❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ V ❡ W ✱ ❡ ❞❡♥♦t❛♠♦s V ⊗F W ✭♦✉ s✐♠♣❧❡s♠❡♥t❡

V ⊗W ✮✳ ❉❛❞♦ (v, w) ∈ V ×W ✱ ❞❡♥♦t❛♠♦s ♦ ❡❧❡♠❡♥t♦ (v, w) ❞❡ V ⊗F W ♣♦r v ⊗ w✳

❊ss❡s ❡❧❡♠❡♥t♦s sã♦ ❝❤❛♠❛❞♦s ❞❡ t❡♥s♦r❡s✳ ❆ss✐♠✱ V ⊗ W é ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦
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{v ⊗ w : v ∈ V, w ∈ W} ❡ t❡♠♦s

(v1 + v2)⊗ w = (v1 ⊗ w) + (v2 ⊗ w)

v ⊗ (w1 + w2) = (v ⊗ w1) + (v ⊗ w2)

(λv)⊗ w = λ(v ⊗ w)

v ⊗ (λw) = λ(v ⊗ w),

♦♥❞❡ v, v1, v2 ∈ V ✱ w,w1, w2 ∈ W ❡ λ ∈ F ✳ ▲♦❣♦ ♦s ❡❧❡♠❡♥t♦s ❞❡ V ⊗W sã♦ ❞❛ ❢♦r♠❛
∑

(vi ⊗ wi)✱ ❝♦♠ vi ∈ V ✱ wi ∈ W ✳

❚❡♦r❡♠❛ ✶✳✶✳✼ ✭Pr♦♣r✐❡❞❛❞❡ ❯♥✐✈❡rs❛❧✮ ❙❡❥❛♠ V ✱ W ❡ U F ✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❡

f : V ×W → U ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

Tf : V ⊗W → U t❛❧ q✉❡ Tf (v ⊗ w) = f(v, w)✱ ♣❛r❛ q✉❛✐sq✉❡r v ∈ V ❡ w ∈ W ✳

❉❡♠♦♥str❛çã♦✿ ❚❡♠♦s q✉❡ V ×W é ❜❛s❡ ❞❡ F (V ×W )✱ ❡ ❞❛í ❡①✐st❡ ✉♠❛ tr❛♥s❢♦r✲

♠❛çã♦ ❧✐♥❡❛r T : F (V ×W ) → U ✱ t❛❧ q✉❡ T ((v, w)) = f(v, w)✱ ♣❛r❛ q✉❛✐sq✉❡r v ∈ V ❡

w ∈ W ✳ ◆♦t❡ q✉❡ ♦s ❡❧❡♠❡♥t♦s ❡♠ ✭✶✳✶✮ ♣❡rt❡♥❝❡♠ ❛ KerT ✱ ❞♦♥❞❡ U ⊆ KerT ✳ ❉❡✜♥❛

❡♥tã♦

Tf : V ⊗W −→ U

α 7−→ Tf (α) = T (α).

❉❛❞♦s α1 ❡ α2 ❡♠ F (V ×W )✱ ❝♦♠ α1 − α2 ∈ U ✱ t❡♠♦s q✉❡ T (α1) = T (α2)✱ ❡ ♣♦rt❛♥t♦

Tf ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❆❧é♠ ❞✐ss♦ Tf é ❧✐♥❡❛r ❡ s❛t✐s❢❛③ Tf (v ⊗ w) = Tf ((v, w)) =

T ((v, w)) = f(v, w)✳ ❆ ✉♥✐❝✐❞❛❞❡ ❞❡ Tf s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ {v ⊗ w : v ∈ V, w ∈ W} s❡r

✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ V ⊗W ✳ �

❊①❡♠♣❧♦ ✶✳✶✳✽ ✭Pr♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ á❧❣❡❜r❛s✮ ❙❡❥❛♠ V ❡ W á❧❣❡❜r❛s s♦❜r❡ F ✳

❉❛❞♦s v ∈ V ❡ w ∈ W ✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ❛ ❛♣❧✐❝❛çã♦ fv,w : V × W → V ⊗ W

❞❛❞❛ ♣♦r fv,w(x, y) = vx ⊗ wy é ❜✐❧✐♥❡❛r✳ ❆ss✐♠✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ ❡①✐st❡

✉♠❛ ú♥✐❝❛ Tv,w ∈ L(V ⊗W ) t❛❧ q✉❡ Tv,w(x⊗ y) = vx⊗ wy✳ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦

T : V ×W −→ L(V ⊗W )

(v, w) 7−→ T ((v, w)) = Tv,w.

❚❡♠♦s q✉❡ T é ❜✐❧✐♥❡❛r ❡✱ ♥♦✈❛♠❡♥t❡ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛

H : V ⊗W → L(V ⊗W ) t❛❧ q✉❡ H(v ⊗ w) = Tv,w✳ P♦rt❛♥t♦ ♦ ♣r♦❞✉t♦

· : (V ⊗W )× (V ⊗W ) −→ V ⊗W

(α, β) 7−→ α · β = H(α)(β)
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é ❜✐❧✐♥❡❛r✳ ❆❧é♠ ❞✐ss♦

(x1 ⊗ y1) · (x2 ⊗ y2) = H(x1 ⊗ y1)(x2 ⊗ y2) = Tx1,y1(x2 ⊗ y2) = x1x2 ⊗ y1y2

♣❛r❛ q✉❛✐sq✉❡r x1, x2 ∈ V ❡ y1, y2 ∈ W ✳ ▼✉♥✐❞♦ ❞❡st❡ ♣r♦❞✉t♦ t❡♠♦s q✉❡ V ⊗W é

✉♠❛ á❧❣❡❜r❛✳ ❙❡ V ❡ W sã♦ á❧❣❡❜r❛s ❝♦♠ ❜❛s❡s β1 = {vi : i ∈ I} ❡ β2 = {wj : j ∈ J}✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ β = {vi ⊗ wj : i ∈ I, j ∈ J} é ✉♠❛ ❜❛s❡ ❞❡ V ⊗W ✳

❆❧é♠ ❞✐ss♦✱ s❡ V ❡ W ♣♦ss✉ír❡♠ ✉♥✐❞❛❞❡✱ ❡♥tã♦ 1V ⊗ 1W é ❛ ✉♥✐❞❛❞❡ ❞♦ ♣r♦❞✉t♦

t❡♥s♦r✐❛❧✳

❊①❡♠♣❧♦ ✶✳✶✳✾ ❙❡❥❛ F [x] ♦ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞♦s ♣♦❧✐♥ô♠✐♦s ♥❛ ✈❛r✐á✈❡❧ x ❝♦♠ ❝♦✲

❡✜❝✐❡♥t❡s ❡♠ F ✳ ▼✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✉s✉❛❧ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ t❡♠♦s q✉❡ F [x] é ✉♠❛ F ✲

á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱ ❝♦♠✉t❛t✐✈❛ ❡ ✉♥✐tár✐❛✳ ❉❡ ♠♦❞♦ ❣❡r❛❧ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ á❧✲

❣❡❜r❛ F [X] ❞♦s ♣♦❧✐♥ô♠✐♦s ❡♠ ✈ár✐❛s ✈❛r✐á✈❡✐s✳ ◆❡ss❡ s❡♥t✐❞♦ X = {xi : i ∈ I} é

✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s ✭❝♦♠✉t❛t✐✈❛s✮✱ ❡ ♥♦ ❝❛s♦ X = {x1, x2, . . . , xn} ❞❡♥♦t❛♠♦s

F [X] = F [x1, x2, . . . , xn]✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✵ ❙❡❥❛♠ A ✉♠❛ F ✲á❧❣❡❜r❛ ❡ B ✉♠❛ ❜❛s❡ ❞❡ A✳ ❉✐③❡♠♦s q✉❡ B é ✉♠❛

❜❛s❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ♣❛r❛ A s❡ s❛t✐s❢❛③✿

♣❛r❛ q✉❛✐sq✉❡r b1, b2 ∈ B, s❡ b1b2 6= 0 ❡♥tã♦ ❡①✐st❡ c ∈ F t❛❧ q✉❡ cb1b2 ∈ B.

❊①❡♠♣❧♦ ✶✳✶✳✶✶ ❆ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s Mn(F ) ❡ ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✱ ❝♦♠ s✉❛s

r❡s♣❡❝t✐✈❛s ❜❛s❡s ♥❛t✉r❛✐s β = {Eij : 1 ≤ i, j ≤ n} ❡ E = {1, ei1ei2ei3 · · · eil : i1 < i2 <

i3 < · · · < il, l ≥ 1}, sã♦ ❡①❡♠♣❧♦s ❞❡ á❧❣❡❜r❛s ❝♦♠ ❜❛s❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✷ ❙❡❥❛ A ✉♠❛ F ✲á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡

✐✮ ❯♠ s✉❜❡s♣❛ç♦ S ❞❡ A é ✉♠❛ s✉❜á❧❣❡❜r❛ s❡ é ❢❡❝❤❛❞♦ ❝♦♠ r❡s♣❡✐t♦ à ♠✉❧t✐♣❧✐❝❛çã♦✱

♦✉ s❡❥❛✱ s❡ ❞❛❞♦s a, b ∈ S t❡♠♦s ab ∈ S✳

✐✐✮ ❯♠ s✉❜❡s♣❛ç♦ I ❞❡ A é ✉♠ ✐❞❡❛❧ ✭❜✐❧❛t❡r❛❧✮ ❞❡ A s❡ IA ⊆ I ❡ AI ⊆ I✱ ♦✉ s❡❥❛✱

s❡ ❞❛❞♦s a ∈ I ❡ x ∈ A t❡♠♦s ax, xa ∈ I✳

❖❜s❡r✈❛çã♦ ✶✳✶ ◆♦ ❝❛s♦ ❡♠ q✉❡ I s❛t✐s❢❛③ ❛♣❡♥❛s AI ⊆ I ♦✉ IA ⊆ I✱ ❞✐③❡♠♦s q✉❡ I

é ✐❞❡❛❧ à ❡sq✉❡r❞❛ ♦✉ ✐❞❡❛❧ à ❞✐r❡✐t❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❉❛❞♦s ❞♦✐s ❡❧❡♠❡♥t♦s a ❡ b ❡♠ A

❞✐③❡♠♦s q✉❡ a é ❝♦♥❣r✉❡♥t❡ ❛ b ♠ó❞✉❧♦ I✱ s❡ a−b ∈ I✱ ❡ ❞❡♥♦t❛♠♦s a ≡ b (mod I)✳

❖❜t❡♠♦s ❛ss✐♠ ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱ ❡ ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ a ♠ó❞✉❧♦ I

é ❞❛❞❛ ♣♦r a+ I = {a+ i : i ∈ I}✱ ❛ q✉❛❧ ♣♦❞❡ s❡r ❞❡♥♦t❛❞❛ ♣♦r a✳ ◆♦t❡ q✉❡ s❡ a ∈ I✱

❡♥tã♦ a = 0✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ s❡rá ❞❡♥♦t❛❞♦ ♣♦r A/I✳
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❈♦♥s✐❞❡r❛♥❞♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉♦❝✐❡♥t❡ A/I ❡ ♦ ♣r♦❞✉t♦

· : A/I × A/I −→ A/I

(ā, b̄) 7−→ ā · b̄ = ab

❡♠ A/I✱ ♦❜t❡♠♦s ✉♠❛ ❡str✉t✉r❛ ❞❡ á❧❣❡❜r❛ ♣❛r❛ A/I✱ ❛ q✉❛❧ é ❝❤❛♠❛❞❛ á❧❣❡❜r❛

q✉♦❝✐❡♥t❡ ❞❡ A ♣♦r I✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ s❡ β = {vj : j ∈ J} é ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r

❞❡ A ✭❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✮✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ β′ = {vj + I : j ∈ J} é ✉♠ ❝♦♥❥✉♥t♦

❣❡r❛❞♦r ❞❡ A/I✳

❊①❡♠♣❧♦ ✶✳✶✳✶✸ ❙❡❥❛ UTn(F ) ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s ❝♦♠

❡♥tr❛❞❛s ❡♠ F ✳ ❉❛❞❛s ❞✉❛s ♠❛tr✐③❡s X, Y ∈ UTn(F )✱ é ❢á❝✐❧ ✈❡r q✉❡ XY ∈ UTn(F )✳

▲♦❣♦ UTn(F ) é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ Mn(F )✳

❊①❡♠♣❧♦ ✶✳✶✳✶✹ ✭❙✉❜á❧❣❡❜r❛ ❣❡r❛❞❛✮ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ S ⊆ A

✭♥ã♦✲✈❛③✐♦✮✳ ❉❡✜♥✐♠♦s ❛ s✉❜á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r S✱ ❞❡♥♦t❛❞❛ ♣♦r 〈S〉✱ ❝♦♠♦ s❡♥❞♦ ❛

✐♥t❡rs❡çã♦ ❞❡ t♦❞❛s ❛s s✉❜á❧❣❡❜r❛s ❞❡ A q✉❡ ❝♦♥tê♠ S✳ ❱❡r✐✜❝❛✲s❡ q✉❡ 〈S〉 é ❣❡r❛❞♦✱

❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♣❡❧♦ ❝♦♥❥✉♥t♦ {s1s2 · · · sk : k ∈ N, si ∈ S}✳

❖❜s❡r✈❛çã♦ ✶✳✷ ◗✉❛♥❞♦ ❡st✐✈❡r♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛♣❡♥❛s ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r ✉♠

s✉❜❝♦♥❥✉♥t♦ S ❞❡ ✉♠❛ á❧❣❡❜r❛ A ✈❛♠♦s ✉s❛r ❛ ♥♦t❛çã♦ spanF{S}✳ ❖❜s❡r✈❡ q✉❡

spanF{S} ⊆ 〈S〉✳

❊①❡♠♣❧♦ ✶✳✶✳✶✺ ❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ A ♦ ❝♦♥❥✉♥t♦

Z(A) = {a ∈ A : ax = xa , ∀x ∈ A}

é ❝❤❛♠❛❞♦ ❞❡ ❝❡♥tr♦ ❞❡ A✳ ❚❡♠♦s q✉❡ Z(A) é ✉♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ A ❡✱ ♥♦

❝❛s♦ ❡♠ q✉❡ A é ❛ss♦❝✐❛t✐✈❛✱ Z(A) é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ A✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡✱ ♣❛r❛

n ∈ N✱ Z(Mn(F )) = {λIn : λ ∈ F}✱ ✐st♦ é✱ ♦ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s ❡s❝❛❧❛r❡s✳ ❊ ♣❡❧♦ ♦

q✉❡ ❢♦✐ ❢❡✐t♦ ♥♦ ❊①❡♠♣❧♦ ✶✳✶✳✹✱ t❡♠♦s q✉❡ Z(E) = E0✱ q✉❛♥❞♦ charF 6= 2✱ ❡ Z(E) = E

s❡ charF = 2✱ ♣♦✐s ♥❡st❡ ❝❛s♦ E é ❝♦♠✉t❛t✐✈❛✳

❊①❡♠♣❧♦ ✶✳✶✳✶✻ ❖ ❝♦♥❥✉♥t♦

M1,1(E) =

{(

a b

c d

)

: a, d ∈ E0, c, b ∈ E1

}

❝♦♠ ♦ ♣r♦❞✉t♦ ✉s✉❛❧ ❞❡ ♠❛tr✐③❡s é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ✉♥✐tár✐❛ (✉♠❛ s✉❜á❧❣❡❜r❛

❞❡ M2(E))✳ ❆❧é♠ ❞✐ss♦✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡

Z(M1,1(E)) =

{(

a 0

0 a

)

: a ∈ E0

}
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❊①❡♠♣❧♦ ✶✳✶✳✶✼ ❚♦♠❡ p, q ∈ N ❡ s❡❥❛ n = p+ q✳ ❖ ❝♦♥❥✉♥t♦ Mp,q(E) ❢♦r♠❛❞♦ ♣❡❧❛s

♠❛tr✐③❡s ❞❛ ❢♦r♠❛
(

E0 E1

E1 E0

)

p

q
,

♣ q

♦✉ s❡❥❛✱ ♣♦r ♠❛tr✐③❡s ❞❡ ♦r❞❡♠ n ❡♠ ❜❧♦❝♦s ❝♦♠ ❡♥tr❛❞❛s ❡♠ E0 ❡ E1✱ ❝♦♠ ♦ ♣r♦❞✉t♦

✉s✉❛❧ ❞❡ ♠❛tr✐③❡s é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✳ ❖❜s❡r✈❡ q✉❡ M1,1(E) é ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r

♣❛r❛ p = q = 1✳ ❆❧é♠ ❞✐ss♦✱ Mp,q(E) é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ Mn(E)✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✽ ❙❡❥❛♠ A ❡ B ❞✉❛s á❧❣❡❜r❛s✳ ❉❡✜♥✐♠♦s ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡

á❧❣❡❜r❛s ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ϕ : A → B q✉❡ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❡s♣❛ç♦s

✈❡t♦r✐❛✐s ✭tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r✮ ❡ s❛t✐s❢❛③

ϕ(ab) = ϕ(a)ϕ(b), ∀a, b ∈ A,

♦✉ s❡❥❛✱ ϕ ♣r❡s❡r✈❛ ♣r♦❞✉t♦✳

❖❜s❡r✈❛çã♦ ✶✳✸ ◗✉❛♥❞♦ A ❡ B sã♦ á❧❣❡❜r❛s ❝♦♠ ✉♥✐❞❛❞❡✱ ❡①✐❣✐♠♦s t❛♠❜é♠ q✉❡

ϕ(1A) = 1B ♣❛r❛ q✉❡ ϕ s❡❥❛ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳

◆❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ❞✐③❡♠♦s q✉❡ ϕ é ✉♠ ♠♦♥♦♠♦r✜s♠♦ s❡ ❢♦r ✐♥❥❡t♦r✱ ✉♠

❡♣✐♠♦r✜s♠♦ s❡ ❢♦r s♦❜r❡❥❡t♦r ❡ ✉♠ ✐s♦♠♦r✜s♠♦ q✉❛♥❞♦ ❢♦r ❜✐❥❡t♦r✳ ❙❡ ϕ é ✉♠

❤♦♠♦♠♦r✜s♠♦ ❞❡ A ❡♠ A ❝❤❛♠❛♠♦s ❞❡ ❡♥❞♦♠♦r✜s♠♦✱ ❡ s❡ ❛❧é♠ ❞✐ss♦ ❢♦r ❜✐❥❡t♦r

❝❤❛♠❛♠♦s ❞❡ ❛✉t♦♠♦r✜s♠♦✳ ❖ ❝♦♥❥✉♥t♦ ❞♦s ❡♥❞♦♠♦r✜s♠♦s ❞❡ A é ❞❡♥♦t❛❞♦ ♣♦r

End(A)✳ ❙❡ ❡①✐st✐r ✉♠ ✐s♦♠♦r✜s♠♦ ϕ : A → B ❡♥tr❡ ❛s á❧❣❡❜r❛s A ❡ B✱ ❞✐③❡♠♦s q✉❡

❛s ❞✉❛s sã♦ ✐s♦♠♦r❢❛s ❡ ❞❡♥♦t❛♠♦s ♣♦r A ≃ B✳

❙❡ ϕ : A → B é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦

Ker(ϕ) = {a ∈ A : ϕ(a) = 0}✱ ❝❤❛♠❛❞♦ ❞❡ ♥ú❝❧❡♦ ❞❡ ϕ✱ é ✉♠ ✐❞❡❛❧ ❞❡ A✱ ❡

Im(ϕ) = {ϕ(a) : a ∈ A} ✭✐♠❛❣❡♠ ❞❡ ϕ✮ é ✉♠❛ s✉❜á❧❣❡❜r❛ ❞❡ B✳ ❆❧é♠ ❞✐ss♦✱ ♥ã♦ é

❞✐❢í❝✐❧ ✈❡r q✉❡ ❛ ❛♣❧✐❝❛çã♦

T : A/Ker(ϕ) −→ Im(ϕ)

x 7−→ T (x) = ϕ(x)

❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r s❡ ϕ é ✉♠ ❡♣✐♠♦r✜s♠♦

t❡♠♦s A/Ker(ϕ) ≃ B✳
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❊①❡♠♣❧♦ ✶✳✶✳✶✾ ✭Pr♦❥❡çã♦✮ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ q✉♦❝✐❡♥t❡ A/I✳ ❊①✐st❡ ✉♠ ❡♣✐♠♦r✲

✜s♠♦ ♥❛t✉r❛❧ ❡♥tr❡ A ❡ A/I ❞❛❞♦ ♣♦r

ϕ : A −→ A/I

a 7−→ ā = a+ I

❝❤❛♠❛❞♦ ❞❡ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳

❊①❡♠♣❧♦ ✶✳✶✳✷✵ ❙❡♥❞♦ A ✉♠❛ F ✲á❧❣❡❜r❛✱ t❡♠♦s q✉❡ Mn(F ) ⊗ A ≃ Mn(A)✳ ❉❡

❢❛t♦✱ s❡♥❞♦ β ❜❛s❡ ❞❡ A✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ {Eij ⊗ a : 1 ≤ i, j ≤ n, a ∈ β} é

✉♠❛ ❜❛s❡ ❞❡ Mn(F ) ⊗ A✳ ❆❧é♠ ❞✐ss♦✱ ✈❡♠♦s ❢❛❝✐❧♠❡♥t❡ t❛♠❜é♠ q✉❡ ♦ ❝♦♥❥✉♥t♦

{aEij : 1 ≤ i, j ≤ n, a ∈ β} é ❜❛s❡ ❞❡ Mn(A)✱ ♦♥❞❡ aEij é ❛ ♠❛tr✐③ ❞❡ Mn(A) q✉❡

♣♦ss✉✐ ♦ ✈❛❧♦r a ♥❛ ❡♥tr❛❞❛ (i, j) ❡ 0 ♥❛s ❞❡♠❛✐s ❡♥tr❛❞❛s✳ ❈♦♥s✐❞❡r❡ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦

❜✐❧✐♥❡❛r T : Mn(F ) × A → Mn(A) q✉❡ s❛t✐s❢❛③ T (Eij, a) = aEij✱ a ∈ β✳ ❊♥tã♦✱ ♣❡❧❛

♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ ❡①✐st❡ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

ψ : Mn(F )⊗ A −→ Mn(A)

Eij ⊗ a 7−→ ψ(Eij ⊗ a) = aEij

❈♦♥s✐❞❡r❡ ❡♥tã♦ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

ϕ : Mn(A) −→ Mn(F )⊗ A

aEij 7−→ ϕ(aEij) = Eij ⊗ a
,

♦♥❞❡ a ∈ β✳ ❚❡♠♦s q✉❡

ψ(ϕ(aEij)) = ψ(Eij ⊗ (a)) = aEij

❡

ϕ(ψ(Eij ⊗ a)) = ϕ(aEij) = Eij ⊗ a.

❆ss✐♠✱ ψ = ϕ−1 ❡ ϕ sã♦ ✐s♦♠♦r✜s♠♦s ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳ ❆❣♦r❛ ✈❛♠♦s ♠♦str❛r q✉❡

ϕ é ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❖❜s❡r✈❡ q✉❡

(aEij)(bEkl) =

{

0 , se j 6= k

(ab)Eil , se j = k
.

❆ss✐♠✱ s❡ j 6= k✱ t❡♠♦s

ϕ((aEij)(bEkl)) = ϕ(0) = 0 = 0⊗ (ab) = (EijEkl)⊗ (ab)

= (Eij ⊗ a)(Ekl ⊗ b) = ϕ(aEij)ϕ(bEkl),

❡ s❡ j = k t❡♠♦s

ϕ((aEij)(bEkl)) = ϕ((ab)Eil) = Eil ⊗ (ab) = (EijEkl)⊗ (ab)

= (Eij ⊗ a)(Ekl ⊗ b) = ϕ(aEij)ϕ(bEkl).

▲♦❣♦✱ ♣❡❧❛ ❜✐❧✐♥❡❛r✐❞❛❞❡ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❡♠ Mn(A)✱ s❡❣✉❡ q✉❡ ϕ(XY ) = ϕ(X)ϕ(Y )✱

♣❛r❛ q✉❛✐sq✉❡r X, Y ∈ Mn(A)✳ P♦rt❛♥t♦ t❡♠♦s ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❡♥tr❡

Mn(F )⊗ A ❡ Mn(A)✳
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✶✳✷ ▼ó❞✉❧♦s s♦❜r❡ ➪❧❣❡❜r❛s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉✲

♣♦s

❆❣♦r❛ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ♦s ❝♦♥❝❡✐t♦s ❞❡ ♠ó❞✉❧♦s s♦❜r❡ á❧❣❡❜r❛s ❡ ❞❡ r❡♣r❡s❡♥✲

t❛çõ❡s ❞❡ ❣r✉♣♦s✱ ❛❧é♠ ❞❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ s❡r✈✐rã♦ ❞❡ ❜❛s❡ ♣❛r❛ ♦s ❝❛♣ít✉❧♦s

s❡❣✉✐♥t❡s✳ ❊♠ t♦❞❛ ❡st❛ s❡çã♦ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❡ ❝♦♠ ✉♥✐❞❛❞❡✱

❛ ♠❡♥♦s q✉❡ s❡ ♠❡♥❝✐♦♥❡ ♦ ❝♦♥trár✐♦✳

❉❡✜♥✐çã♦ ✶✳✷✳✶ ❉❛❞❛ ✉♠❛ F ✲á❧❣❡❜r❛ A✱ ❞❡✜♥✐♠♦s ✉♠ A✲♠ó❞✉❧♦ ✭♦✉ ♠ó❞✉❧♦ s♦❜r❡

A✮ ❝♦♠♦ s❡♥❞♦ ✉♠ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ M ✱ ♠✉♥✐❞♦ ❞❡ ✉♠ ♣r♦❞✉t♦ · : A×M →M ✱ ❞❛❞♦

♣♦r (a,m) 7→ a ·m✱ q✉❡ s❛t✐s❢❛③✿

✐✮ (a1 + a2) ·m = (a1 ·m) + (a2 ·m)❀

✐✐✮ a · (m1 +m2) = (a ·m1) + (a ·m2)❀

✐✐✐✮ (λa) ·m = a · (λm) = λ(a ·m)❀

✐✈✮ a1 · (a2 ·m) = (a1a2) ·m❀

✈✮ 1A ·m = m✳

♣❛r❛ q✉❛✐sq✉❡r a, a1, a2 ∈ A✱ m,m1,m2 ∈M ❡ λ ∈ F ✳

❙❡❥❛ G ✉♠ ❣r✉♣♦✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ A = FG ✭á❧❣❡❜r❛ ❞❡ ❣r✉♣♦✮ ❡ M é ✉♠ ♠ó❞✉❧♦

s♦❜r❡ FG✱ ♠✉✐t❛s ✈❡③❡s ✈❛♠♦s ❞✐③❡r q✉❡ M é ❛♣❡♥❛s ✉♠ G✲♠ó❞✉❧♦✱ ♦♠✐t✐♥❞♦✲s❡ ♦

❝♦r♣♦ F ✳

❖❜s❡r✈❛çã♦ ✶✳✹ ❖s ✐t❡♥s ✭✐✮✱✭✐✐✮ ❡ ✭✐✐✐✮ ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ s✐❣♥✐✜❝❛♠ q✉❡ ❛ ♦♣❡r❛✲

çã♦ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ✧·✧ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ✈❛♠♦s

❞❡♥♦t❛r ♦ ♣r♦❞✉t♦ a ·m ♣♦r am✱ ♣❛r❛ a ∈ A ❡ m ∈M ✳

❊①❡♠♣❧♦ ✶✳✷✳✷ ❙❡ A é ✉♠❛ á❧❣❡❜r❛✱ ❡♥tã♦ A é ♥❛t✉r❛❧♠❡♥t❡ ✉♠ ♠ó❞✉❧♦ s♦❜r❡ s✐

♠❡s♠❛✱ ♦♥❞❡ ♦ ♣r♦❞✉t♦ é ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❛ á❧❣❡❜r❛✳ ❉❡♥♦t❛♠♦s ❡ss❡ ♠ó❞✉❧♦ ♣♦r AA✳

❉❡✜♥✐çã♦ ✶✳✷✳✸ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ M ✉♠ ♠ó❞✉❧♦ s♦❜r❡ A✳ ❉✐③❡♠♦s q✉❡✿

✐✮ ❯♠ s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ N ❞❡ M é ✉♠ s✉❜♠ó❞✉❧♦ ✭♦✉ A✲s✉❜♠ó❞✉❧♦✮ ❞❡ M s❡

an ∈ N ✱ ♣❛r❛ t♦❞♦ a ∈ A ❡ n ∈ N ❀

✐✐✮ ❯♠ s✉❜♠ó❞✉❧♦ N ❞❡ M é ♠✐♥✐♠❛❧ s❡ ♥ã♦ ❡①✐st❡ s✉❜♠ó❞✉❧♦ N1 ❞❡ M t❛❧ q✉❡

{0} 6= N1 ( N ❀
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✐✐✐✮ ▼ é ✉♠ A✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ ✭♦✉ s✐♠♣❧❡s✮ s❡ M 6= {0} ❡ s❡✉s ú♥✐❝♦s s✉❜♠ó❞✉❧♦s

sã♦ {0} ❡ M ✳

❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛✱ M ✉♠ A✲♠ó❞✉❧♦ ❡ N ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M ✳ ❉❡ ♠♦❞♦

❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ❞❡ á❧❣❡❜r❛s✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ♣r♦❞✉t♦ ♥♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉♦❝✐❡♥t❡

M/N ✱ ❡ ❛ss✐♠ ♦❜t❡r ♦ A✲♠ó❞✉❧♦ q✉♦❝✐❡♥t❡ M/N ✱ ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ ❛s ❝❧❛ss❡s ❞❡

❡q✉✐✈❛❧ê♥❝✐❛ m = m+N = {m+ n : n ∈ N}✱ m ∈M ✳

❊①❡♠♣❧♦ ✶✳✷✳✹ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❡ ❝♦♥s✐❞❡r❡ ♦ A✲♠ó❞✉❧♦ AA✳ ❚❡♠♦s q✉❡ ♦s s✉❜✲

♠ó❞✉❧♦s ❞❡ AA sã♦ ❥✉st❛♠❡♥t❡ ♦s ✐❞❡❛✐s à ❡sq✉❡r❞❛ ❞❛ á❧❣❡❜r❛ A✳

❊①❡♠♣❧♦ ✶✳✷✳✺ ❙❡ M é ✉♠ A✲♠ó❞✉❧♦ t❡♠♦s q✉❡ ♦s s✉❜♠ó❞✉❧♦s ❞❡ M ♠✐♥✐♠❛✐s sã♦

❡①❛t❛♠❡♥t❡ ❛q✉❡❧❡s q✉❡ sã♦ A✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s✳

❉❡✜♥✐çã♦ ✶✳✷✳✻ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❡ M1✱ M2 A✲♠ó❞✉❧♦s✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦

❧✐♥❡❛r ϕ : M1 → M2 é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s s❡ ϕ(am) = aϕ(m)✱ ♣❛r❛

q✉❛✐sq✉❡r a ∈ A✱ m ∈M1✳

❊①❡♠♣❧♦ ✶✳✷✳✼ ❙❡♥❞♦ A ✉♠❛ á❧❣❡❜r❛ ❡ M ✉♠ A✲♠ó❞✉❧♦✱ ✜①❡ m ∈M ✳ ❆ ❛♣❧✐❝❛çã♦

T : AA −→ M

a 7−→ T (a) = am

é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s✳

❙❡ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ A✲♠ó❞✉❧♦s✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❡ ❤♦♠♦♠♦r✜s♠♦s ❞❡

á❧❣❡❜r❛s✱ t❡♠♦s ❛s ❞❡✜♥✐çõ❡s ❛♥á❧♦❣❛s ♣❛r❛ ♠♦♥♦♠♦r✜s♠♦✱ ❡♣✐♠♦r✜s♠♦✱ ✐s♦♠♦r✜s♠♦

❡ ❡♥❞♦♠♦r✜s♠♦✱ ❡ ♦s ❝♦♥❥✉♥t♦s Ker(ϕ) ❡ Im(ϕ) sã♦ s✉❜♠ó❞✉❧♦s ❞♦ ❞♦♠í♥✐♦ ❡ ❞♦

❝♦♥tr❛❞♦♠í♥✐♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✷✳✽ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ V ✉♠ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❯♠❛ r❡♣r❡s❡♥t❛çã♦

❧✐♥❡❛r ✭♦✉ ✉♠❛ F ✲r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r✮ ❞❡ G ❡♠ V é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s

ϕ : G −→ GL(V )

g 7−→ ϕ(g) = ϕg
,

♦♥❞❡ ●▲✭❱✮ é ♦ ❣r✉♣♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s ✐♥✈❡rtí✈❡✐s ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ✳ ❖

❣r❛✉ ❞❛ r❡♣r❡s❡♥t❛çã♦ é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❱✳

◗✉❛♥❞♦ ϕ ❢♦r ✐♥❥❡t✐✈❛✱ ❞✐③❡♠♦s q✉❡ ❛ r❡♣r❡s❡♥t❛çã♦ é ✜❡❧✳ ◆♦ ❝❛s♦ ❡♠ q✉❡

dimV = n ✜♥✐t❛✱ t❡♠♦s q✉❡ GL(V ) é ✐s♦♠♦r❢♦ ❛ GLn(F )✱ ♦♥❞❡ GLn(F ) é ♦ ❣r✉♣♦ ❞❛s

♠❛tr✐③❡s ✐♥✈❡rtí✈❡✐s n × n ❝♦♠ ❡♥tr❛❞❛s ❡♠ F ✱ ❡ ❞❛í ♣♦❞❡♠♦s ✈❡r ✉♠❛ r❡♣r❡s❡♥t❛çã♦

❞❡ G ❡♠ V ❝♦♠♦ s❡♥❞♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ϕ : G → GLn(F )✳ ❙❡ n = 1 t❡♠♦s GL(V )

✐s♦♠♦r❢♦ ❛ F ∗ = F − {0}✱ ♦ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ❞♦ ❝♦r♣♦ F ✳
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❊①❡♠♣❧♦ ✶✳✷✳✾ ✭❘❡♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧✮ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ V ✉♠ F ✲❡s♣❛ç♦ ✈❡✲

t♦r✐❛❧✱ ❡ ❝♦♥s✐❞❡r❡ ❛ r❡♣r❡s❡♥t❛çã♦

ϕ : G −→ GL(V )

g 7−→ ϕ(g) = IdV
,

♦♥❞❡ IdV é ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❞❡ V ✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ dimV = n✱ ♣♦❞❡♠♦s ✈❡r ❡st❛

r❡♣r❡s❡♥t❛çã♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

ϕ : G −→ GLn(F )

g 7−→ ϕ(g) = In
,

♦♥❞❡ In é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ n× n✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✵ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ V ✉♠ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ϕ : G→ GL(V ) ✉♠❛

r❡♣r❡s❡♥t❛çã♦✳ ❉✐③❡♠♦s q✉❡ ✉♠ s✉❜❡s♣❛ç♦ W ❞❡ V é ϕ✲✐♥✈❛r✐❛♥t❡ s❡ ϕg(W ) ⊆ W ✱

♣❛r❛ t♦❞♦ g ∈ G✳ ◗✉❛♥❞♦ ❡①✐st❡ W s✉❜❡s♣❛ç♦ ϕ✲✐♥✈❛r✐❛♥t❡ ❞❡ V ✱ ❝♦♠ {0V } 6= W 6= V ✱

❞✐③❡♠♦s q✉❡ ❛ r❡♣r❡s❡♥t❛çã♦ é r❡❞✉tí✈❡❧❀ ❝❛s♦ ❝♦♥trár✐♦✱ ❝❤❛♠❛♠♦s ϕ ❞❡ ✐rr❡❞✉tí✈❡❧✳

❉❛❞♦ ✉♠ s✉❜❡s♣❛ç♦W ❞❡ V ϕ✲✐♥✈❛r✐❛♥t❡ ❡ g ∈ G✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ r❡str✐çã♦

❞❡ ϕg ❛ W ✱ ❞❡♥♦t❛❞❛ ♣♦r ϕg|W ✳ ❈♦♠♦ ϕg(W ) ⊆ W ❡ ϕg−1(W ) ⊆ W ✱ t❡♠♦s q✉❡

ϕg(W ) = W ✭♦❜s❡r✈❡ q✉❡ ϕ−1
g = ϕg−1✮✳ ❆❧é♠ ❞✐ss♦✱ ϕg é ✐♥❥❡t✐✈❛✱ ♦✉ s❡❥❛✱ ϕg|W é

❜✐❥❡t♦r ❡ ❛ss✐♠ ❞❡✜♥✐♠♦s ❛ s✉❜✲r❡♣r❡s❡♥t❛çã♦ ϕW ✱ ❝♦♠♦ s❡♥❞♦ ❛ r❡str✐çã♦ ❞❡ ϕ ❛ W ✱

❞❛❞❛ ♣♦r

ϕW : G −→ GL(W )

g 7−→ ϕW (g) = ϕg|W
.

❉❡✜♥✐çã♦ ✶✳✷✳✶✶ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡ ϕ : G→ GL(V ) ✉♠❛ r❡♣r❡s❡♥t❛çã♦✳ ❉✐③❡♠♦s

q✉❡ ϕ é s❡♠✐✲s✐♠♣❧❡s ✭♦✉ ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✮ s❡ ❡①✐st❡♠ s✉❜❡s♣❛ç♦sW1,W2, . . . ,Wr

❞❡ V ϕ✲✐♥✈❛r✐❛♥t❡s t❛✐s q✉❡✿

✐✮ V = W1 ⊕W2 ⊕ · · · ⊕Wr❀

✐✐✮ ❆s r❡str✐çõ❡s ❞❡ ϕ ❛♦s W ′
i s sã♦ ✐rr❡❞✉tí✈❡✐s✳

❊①❡♠♣❧♦ ✶✳✷✳✶✷ ❚♦❞❛ r❡♣r❡s❡♥t❛çã♦ ✐rr❡❞✉tí✈❡❧ é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✳ ❚♦❞❛ r❡✲

♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧ ❞❡ ❣r❛✉ ✜♥✐t♦ é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✳

❚❡♦r❡♠❛ ✶✳✷✳✶✸ ✭❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡✮ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❝✉❥❛ ♦r❞❡♠ ♥ã♦

é ❞✐✈✐sí✈❡❧ ♣❡❧❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ F ✳ ❙❡ ϕ : G → GL(V ) é ✉♠ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r❛✉

✜♥✐t♦ ❡ W ✉♠ s✉❜❡s♣❛ç♦ ϕ✲✐♥✈❛r✐❛♥t❡ ❞❡ V ✱ ❡♥tã♦ ❡①✐st❡ s✉❜❡s♣❛ç♦ W1 ϕ✲✐♥✈❛r✐❛♥t❡ ❞❡

V t❛❧ q✉❡ V = W ⊕W1✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ t❡♠♦s q✉❡ ϕ é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✳



✶✳✷✳ ▼ó❞✉❧♦s s♦❜r❡ ➪❧❣❡❜r❛s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s ✷✶

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✺❪✱ ❚❡♦r❡♠❛ ✶✵✳✽✱ ♣á❣✐♥❛ ✹✶✳ �

❉❡✜♥✐çã♦ ✶✳✷✳✶✹ ❙❡❥❛♠ G ✉♠ ❣r✉♣♦✱ V ❡ W ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❡ ϕ ❡ ψ r❡♣r❡s❡♥t❛çõ❡s

❞❡ G ❡♠ V ❡ W ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡ ❡①✐st❡ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❜✐❥❡t♦r❛ T : V → W

t❛❧ q✉❡ ψgT = Tϕg✱ ♣❛r❛ t♦❞♦ g ∈ G✱ ❞✐③❡♠♦s q✉❡ ❛s r❡♣r❡s❡♥t❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❖❜s❡r✈❛çã♦ ✶✳✺ ❙❡ ❞✉❛s r❡♣r❡s❡♥t❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ❡♥tã♦ dimV = dimW ✱ ♦✉

s❡❥❛✱ ❡❧❛s ❞❡✈❡♠ t❡r ♦ ♠❡s♠♦ ❣r❛✉✳

❆❣♦r❛ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ❛ r❡❧❛çã♦ ❡♥tr❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ✭s♦❜r❡ ✉♠ ❝♦r♣♦ F ✮

❞❡ ✉♠ ❣r✉♣♦ G ❡ ♦s ♠ó❞✉❧♦s s♦❜r❡ FG✳ ❇❛s✐❝❛♠❡♥t❡ ♣♦❞❡♠♦s ♦❜t❡r ✉♠❛ ❡str✉t✉r❛

❞❡ FG✲♠ó❞✉❧♦ ♣❛r❛ ♦ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛ r❡♣r❡s❡♥t❛çã♦✱ ❡ r❡❝✐♣r♦❝❛♠❡♥t❡ ❞❛❞♦ ✉♠

FG✲♠ó❞✉❧♦ é ♣♦ssí✈❡❧ ♦❜t❡r ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❣r✉♣♦ G✱ ❝♦♠♦ ✈❡r❡♠♦s ❛❣♦r❛✳

❙❡❥❛ G ✉♠ ❣r✉♣♦✱ V ✉♠ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ϕ : G→ GL(V ) ✉♠❛ r❡♣r❡s❡♥t❛çã♦

❞❡ G✳ ❉❡✜♥✐♥❞♦ ♦ ♣r♦❞✉t♦ ✭❜✐❧✐♥❡❛r✮ g · v = ϕg(v)✱ ❝♦♠ v ∈ V ❡ g ∈ G✱ t❡♠♦s ✉♠❛

❡str✉t✉r❛ ❞❡ FG✲♠ó❞✉❧♦ ♣❛r❛ V ✳ ❆ss✐♠✱ ❞❛❞♦ ✉♠ s✉❜❡s♣❛ç♦ W ϕ✲✐♥✈❛r✐❛♥t❡ ❞❡ V ✱

t❡♠♦s q✉❡ ϕg(w) ∈ W ✱ ❞♦♥❞❡ g · w ∈ W ✱ ♣❛r❛ q✉❛✐sq✉❡r g ∈ G ❡ w ∈ W ✳ ❈♦♠♦ G é

❜❛s❡ ❞❡ FG✱ t❡♠♦s q✉❡ W é s✉❜♠ó❞✉❧♦ ❞♦ FG✲♠ó❞✉❧♦ V ✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ M é ✉♠ FG✲♠ó❞✉❧♦ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ ψg : M → M ❞❛❞❛

♣♦r ψg(m) = gm é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❞❡ M ✳ ❆❧é♠ ❞✐ss♦✱ ψg1g2 = ψg1ψg2 ✱

♣❛r❛ t♦❞♦ g1, g2 ∈ G✱ ❡ ψe = IdM ✭♦♥❞❡ e é ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞♦ ❣r✉♣♦ G✮✳ ❉❛í

ψgψg−1 = ψg−1ψg = IdM ✱ ❡ ♣♦rt❛♥t♦ ψg ∈ GL(M)✳ ❊♥tã♦ ❛ ❛♣❧✐❝❛çã♦

ψ : G −→ GL(M)

g 7−→ ψ(g) = ψg

é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ G ❡♠ M ✳ ❙❡ N é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M ✱ ❡♥tã♦ an ∈ N ✱ ♣❛r❛

q✉❛✐sq✉❡r a ∈ FG ❡ n ∈ N ✱ ❡♠ ♣❛rt✐❝✉❧❛r gn ∈ N ✱ ❞♦♥❞❡ ψg(n) ∈ N ✱ ♣❛r❛ q✉❛✐sq✉❡r

g ∈ G ❡ n ∈ N ✳ ❆ss✐♠ N é ✉♠ s✉❜❡s♣❛ç♦ ψ✲✐♥✈❛r✐❛♥t❡ ❞❡ M ✳

❆ ♣❛rt✐r ❞❡st❛ ❡q✉✐✈❛❧ê♥❝✐❛✱ ❞❛❞❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ϕ : G → GL(V ) ❞❡ G ❡♠

V ✱ ❞✐③❡♠♦s q✉❡ V é ♦ ♠ó❞✉❧♦ ❞❛ r❡♣r❡s❡♥t❛çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✺ ❙❡❥❛♠ ϕ : G → GL(V ) ❡ ψ : G → GL(W ) r❡♣r❡s❡♥t❛çõ❡s ❞❡ G✳

❊♥tã♦

✐✮ ψ ❡ ϕ sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦s FG✲♠ó❞✉❧♦s ❝♦rr❡s♣♦♥❞❡♥t❡s V ❡ W

sã♦ ✐s♦♠♦r❢♦s❀



✶✳✷✳ ▼ó❞✉❧♦s s♦❜r❡ ➪❧❣❡❜r❛s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s ✷✷

✐✐✮ ϕ é ✐rr❡❞✉tí✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ FG✲♠ó❞✉❧♦ V ❝♦rr❡s♣♦♥❞❡♥t❡ é ✐rr❡❞✉tí✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ✐✮ ❙✉♣♦♥❤❛ q✉❡ ψ ❡ ϕ sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦

❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s T : V → W t❛❧ q✉❡ ψgT = Tϕg✱ ♣❛r❛ t♦❞♦ g ∈ G✳ ❆ss✐♠✱

❝♦♥s✐❞❡r❛♥❞♦ ♦s FG✲♠ó❞✉❧♦s V ❡ W ✱ t❡♠♦s

T (gv) = T (ϕg(v)) = ψg(T (v)) = gT (v),

♣❛r❛ t♦❞♦ g ∈ G ❡ v ∈ V ✳ ❈♦♠♦ G é ❜❛s❡ ❞❡ FG ❡ T é ❧✐♥❡❛r✱ s❡❣✉❡ q✉❡ T (αv) = αT (v)✱

♣❛r❛ q✉❛✐sq✉❡r α ∈ FG ❡ v ∈ V ✳ P♦rt❛♥t♦ T é ✐s♦♠♦r✜s♠♦ ❞❡ FG✲♠ó❞✉❧♦s✳

❆❣♦r❛ s✉♣♦♥❤❛ T ′ : V → W ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ FG✲♠ó❞✉❧♦s✳ ❊♥tã♦ T ′ é ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ❜✐❥❡t♦r❛ t❛❧ q✉❡ T ′(αv) = αT ′(v)✱ ♣❛r❛ q✉❛✐sq✉❡r α ∈ FG ❡ v ∈ V ✳

❆ss✐♠

(T ′ϕg)(v) = T ′(gv) = gT ′(v) = ψg(T
′(v)) = (ψgT

′)(v),

♣❛r❛ t♦❞♦ v ∈ V ❡ g ∈ G✳ ▲♦❣♦ T ′ϕg = ψgT
′✱ ♣❛r❛ t♦❞♦ g ∈ G ❡ ❛ss✐♠ ψ ❡ ϕ sã♦

❡q✉✐✈❛❧❡♥t❡s✳

✐✐✮ P❡❧♦ ♦ q✉❡ ❢♦✐ ✈✐st♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦s s✉❜♠ó❞✉❧♦s ❞♦ FG✲♠ó❞✉❧♦ V ❝♦rr❡s♣♦♥❞❡♠

❛♦s s✉❜❡s♣❛ç♦s ϕ✲✐♥✈❛r✐❛♥t❡s✱ ❞♦♥❞❡ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ �

❈♦♥s✐❞❡r❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r

σ : G −→ GL(FG)

g 7−→ σg
,

♦♥❞❡ σg : FG → FG é ❞❡✜♥✐❞❛ ♣♦r σg(α) = gα✳ ❈❤❛♠❛♠♦s ❡ss❛ r❡♣r❡s❡♥t❛çã♦ ❞❡

r❡♣r❡s❡♥t❛çã♦ r❡❣✉❧❛r à ❡sq✉❡r❞❛ ❞❡ G✳ ❚❡♠♦s q✉❡ σ é ✜❡❧ ❡ é ❛ r❡♣r❡s❡♥t❛çã♦

❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ FG✲♠ó❞✉❧♦ FGFG✳ ❆❧é♠ ❞✐ss♦✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ♦s s✉❜❡s♣❛ç♦s

σ✲✐♥✈❛r✐❛♥t❡s ❞❡ FG sã♦ ♦s ✐❞❡❛✐s à ❡sq✉❡r❞❛ ❞❡ FG✱ ❡ ♦s ✐❞❡❛✐s ♠✐♥✐♠❛✐s à ❡sq✉❡r❞❛

❞❡ FG ✭♦✉ s✉❜♠ó❞✉❧♦s ♠✐♥✐♠❛✐s ❞❡ FGFG✮ ❝♦rr❡s♣♦♥❞❡♠ às s✉❜✲r❡♣r❡s❡♥t❛çõ❡s ✐rr❡✲

❞✉tí✈❡✐s ❞❡ σ✳ ❆ss✐♠✱ s❡ ❛ ♦r❞❡♠ ❞❡ G ♥ã♦ ❞✐✈✐❞❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ F ✱ ♣❡❧♦ ❚❡♦r❡♠❛

❞❡ ▼❛s❝❤❦❡✱ t❡♠♦s q✉❡ FG é s♦♠❛ ❞✐r❡t❛ ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ✐❞❡❛✐s ♠✐♥✐♠❛✐s

à ❡sq✉❡r❞❛✳

❖❜s❡r✈❛çã♦ ✶✳✻ ❉❛❞♦ ✉♠ ❣r✉♣♦ G ✜♥✐t♦ ❝♦♠ charF ♥ã♦ ❞✐✈✐❞✐♥❞♦ ❛ ♦r❞❡♠ ❞❡ G✱ ♦

♥ú♠❡r♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❞❡ G ❛ ♠❡♥♦s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ é ✜♥✐t♦ ❡ ♠❡♥♦r

♦✉ ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛çã♦ ❞♦ ❣r✉♣♦ G ✭✈❡r ❬✶✺❪✱ s❡çã♦ ✺✳✸✮✳



✶✳✷✳ ▼ó❞✉❧♦s s♦❜r❡ ➪❧❣❡❜r❛s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s ✷✸

❉❡✜♥✐çã♦ ✶✳✷✳✶✻ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ϕ : G → GL(V )

✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ❞❡ G ❡♠ V ✳ ❊♥tã♦ ♦ ❝❛r❛❝t❡r ❞❡ ϕ ✭♦✉ G✲❝❛r❛❝t❡r ❞❡ ϕ✮✱

❞❡♥♦t❛❞♦ ♣♦r χϕ ✭♦✉ ❛♣❡♥❛s χ✮✱ é ❞❡✜♥✐❞♦ ❝♦♠♦ χϕ(g) = tr(ϕ(g))✱ ♣❛r❛ g ∈ G✱ ♦♥❞❡

tr(ϕ(g)) é ♦ tr❛ç♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ϕ(g)✳

❉❛❞♦ ✉♠ G✲♠ó❞✉❧♦ V ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ t❡♠♦s ✉♠❛ r❡♣r❡s❡♥t❛çã♦✳ ❊♥tã♦ ♦

❝❛r❛❝t❡r ❞❡ V ✱ ❞❡♥♦t❛❞♦ ♣♦r χ(V )✱ s❡rá ♦ ❝❛r❛❝t❡r ❞❛ r❡♣r❡s❡♥t❛çã♦ ❛ss♦❝✐❛❞❛ ❛ ❡ss❡

♠ó❞✉❧♦✳ ❱❛♠♦s ❞✐③❡r q✉❡ ♦ ❝❛r❛❝t❡r é ✐rr❡❞✉tí✈❡❧ s❡ ❛ r❡♣r❡s❡♥t❛çã♦ é ✐rr❡❞✉tí✈❡❧✳ ◆ã♦

é ❞✐❢í❝✐❧ ✈❡r q✉❡ r❡♣r❡s❡♥t❛çõ❡s ❡q✉✐✈❛❧❡♥t❡s ♣♦ss✉❡♠ ♦ ♠❡s♠♦ ❝❛r❛❝t❡r✳ ❆❧é♠ ❞✐ss♦✱ s❡

e é ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞♦ ❣r✉♣♦ G✱ t❡♠♦s q✉❡ χϕ(e) = tr(IdV ) = dimV ✳ ❉❛❞♦s ❞♦✐s

❡❧❡♠❡♥t♦s g1, g2 ∈ G✱ ❝♦♠ g1 = x−1g2x✱ ♣❛r❛ ❛❧❣✉♠ x ∈ G ✭❡❧❡♠❡♥t♦s ❝♦♥❥✉❣❛❞♦s✮✱

t❡♠♦s q✉❡

χ(g1) = tr(ϕ(g)) = tr(ϕ(x−1)ϕ(g2)ϕ(x)) = tr(ϕ(x)−1ϕ(g2)ϕ(x)) = tr(ϕ(g2)) = χ(g2),

❞♦♥❞❡ ❞✐③❡♠♦s q✉❡ χ é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡✱ ♦✉ s❡❥❛✱ ♦ ✈❛❧♦r ❞♦ ❝❛r❛❝t❡r ❡♠ ❡❧❡♠❡♥t♦s

❝♦♥❥✉❣❛❞♦s é ♦ ♠❡s♠♦✳

❊①❡♠♣❧♦ ✶✳✷✳✶✼ ❙❡❥❛ G ✉♠ ❣r✉♣♦ ❡ ❝♦♥s✐❞❡r❡ ❛ r❡♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧ ϕ0 : G →

GL(V ) ❞❡ ❣r❛✉ ✜♥✐t♦✱ ♦✉ s❡❥❛✱ ϕ0(g) = IdV ✱ ♣❛r❛ t♦❞♦ g ∈ G✳ ❚❡♠♦s q✉❡ χϕ0(g) =

dimV ✱ ♣❛r❛ t♦❞♦ g ∈ G✳ ❙❡ ψ : G → F ∗ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ❞❡ ❣r❛✉ ✶✱ t❡♠♦s

q✉❡ χψ(g) = ψ(g)✳

◆❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ❞❡ ▼❛s❝❤❦❡✱ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ❞❡ ❣r❛✉ ✜♥✐t♦

ϕ : G → GL(V ) é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✱ ♦✉ s❡❥❛✱ ♦ FG✲♠ó❞✉❧♦ ❝♦rr❡s♣♦♥❞❡♥t❡

é ❝♦♠♣❧❡t❛♠❡♥t❡ r❡❞✉tí✈❡❧✳ ❆ss✐♠ ❡①✐st❡♠ W1,W2, . . . ,Wq s✉❜❡s♣❛ç♦s ❞❡ V t❛✐s q✉❡

V = W1 ⊕W2 ⊕ · · · ⊕Wq✱ ❡ ❝❛❞❛ Wi é ϕ✲✐♥✈❛r✐❛♥t❡ ❡ ❛ s✉❜✲r❡♣r❡s❡♥t❛çã♦ ϕi = ϕWi
é

✐rr❡❞✉tí✈❡❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❝❛❞❛ Wi é ✉♠ FG✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧✳ ❚♦♠❛♥❞♦ βi ❜❛s❡ ❞❡

Wi ❡ g ∈ G✱ s❡❥❛ Bi = [ϕi(g)]βi ✱ i = 1, . . . , q✱ t❡♠♦s q✉❡ β = β1 ∪ β2 ∪ · · · ∪ βq é ❜❛s❡

❞❡ V ❡

[ϕ(g)]β =











[ϕ1(g)]β1 0 · · · 0

0 [ϕ2(g)]β2 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · [ϕq(g)]βq











✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ❡♠ ❜❧♦❝♦s✳ ❆ss✐♠ s❡ χi é ♦ ❝❛r❛❝t❡r ❞❡ ϕWi
✱ ❡ χ ♦ ❝❛r❛❝t❡r ❞❡ ϕ✱

t❡♠♦s q✉❡ χ = χ1 + χ2 + · · ·+ χq✳



✶✳✷✳ ▼ó❞✉❧♦s s♦❜r❡ ➪❧❣❡❜r❛s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s ✷✹

❉❡ ♠♦❞♦ ♠❛✐s ❣❡r❛❧✱ ❝♦♠ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦♠♣❧❡t❛♠❡♥t❡

r❡❞✉tí✈❡❧✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✷✳✶✽ ❚♦❞♦ ❝❛r❛❝t❡r ❞❡ ✉♠ ❣r✉♣♦ G é s♦♠❛ ❞❡ ❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✷✸❪✱ ♣á❣✐♥❛ ✷✷✼✳ �

❙✉♣♦♥❤❛ G ✉♠ ❣r✉♣♦ ✜♥✐t♦ ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ F ♥ã♦ ❞✐✈✐❞✐♥❞♦ ❛ ♦r❞❡♠ ❞❡

G✳ ❊♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ G✲❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s t❛♠❜é♠ é ✜♥✐t♦✳ ❙❡❥❛♠ χ1, χ2, . . . , χq

❡ss❡s ❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s✳ ❉❛❞♦ χ ✉♠ ❝❛r❛❝t❡r ❞❡ G✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ❞❡✈❡♠

❡①✐st✐r n1, n2, . . . , nq ✐♥t❡✐r♦s ♥ã♦ ♥❡❣❛t✐✈♦s t❛✐s q✉❡

χ = n1χ1 + n2χ2 + · · ·+ nqχq. ✭✶✳✷✮

❆❣♦r❛ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ♦ ❝♦♥❝❡✐t♦ ❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ✉♠

♠❡s♠♦ ❣r✉♣♦ ❡ ♣❛r❛ ❞♦✐s ❣r✉♣♦s ❞✐❢❡r❡♥t❡s✳

❙❡❥❛♠ G ✉♠ ❣r✉♣♦ ❡

ϕ : G −→ GL(V1)

g 7−→ ϕ(g) = ϕg
e

ψ : G −→ GL(V2)

g 7−→ ψ(g) = ψg

r❡♣r❡s❡♥t❛çõ❡s ❧✐♥❡❛r❡s ❞❡ G✳ ❉❛❞♦ g ∈ G✱ ❞❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦ Fg : V1 × V2 → V1 ⊗ V2

❞❛❞❛ ♣♦r Fg(v1, v2) = ϕg(v1) ⊗ ψg(v2)✳ ❚❡♠♦s q✉❡ Fg ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ❜✐❧✐♥❡❛r✱

♣❡❧❛ ❜✐❧✐♥❡❛r✐❞❛❞❡ ❞♦s t❡♥s♦r❡s ❡ ♣❡❧❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❡ ϕg ❡ ψg✳ ❆ss✐♠✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡

✉♥✐✈❡rs❛❧✱ ❡①✐st❡ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ρg : V1 ⊗ V2 → V1 ⊗ V2 t❛❧ q✉❡ ρg(v1 ⊗ v2) =

ϕg(v1) ⊗ ψg(v2)✳ ❈♦♠♦ ϕg ∈ GL(V1) ❡ ψg ∈ GL(V2) s❡❣✉❡ q✉❡ ρg ∈ GL(V1 ⊗ V2)✳

❉❡✜♥❛ ❡♥tã♦
ρ : G −→ GL(V1 ⊗ V2)

g 7−→ ρ(g) = ρg
.

❱❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ ρ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ❞❡ G ❡♠ V1 ⊗ V2✱ ❛ q✉❛❧ ✈❛♠♦s

❞❡♥♦t❛r ♣♦r ϕ⊗ ψ✳ ❈❤❛♠❛♠♦s ❡ss❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ϕ ❡ ψ✳

❚❡♠♦s q✉❡ χρ = χϕχψ✱ ♦✉ s❡❥❛✱ χρ(g) = χϕ(g)χψ(g)✱ ♣❛r❛ g ∈ G ✭✈❡r ❬✶✺❪✱ ❝❛♣ít✉❧♦ ✺✱

s❡çã♦ ✺✮✳

❆❣♦r❛ ❞❛❞♦s ❞♦✐s ❣r✉♣♦s G1 ❡ G2✱ ❝♦♥s✐❞❡r❡ ♦ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦ G1×G2✳ ❈♦♠ ♦

♣r♦❞✉t♦ ❝♦♦r❞❡♥❛❞❛ ❛ ❝♦♦r❞❡♥❛❞❛✱ t❡♠♦s ✉♠❛ ❡str✉t✉r❛ ♥❛t✉r❛❧ ❞❡ ❣r✉♣♦ ♣❛r❛ G1×G2

✭♣r♦❞✉t♦ ❞✐r❡t♦✮✳ ❆❧é♠ ❞✐ss♦✱ s❡ G1 ❡ G2 tê♠ ♦r❞❡♥s n ❡m✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠♦s q✉❡
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❛ ♦r❞❡♠ ❞❡ G1×G2 é nm ✳ ❙❡❥❛♠ ϕ : G1 → GL(V1) ❡ ψ : G2 → GL(V2) r❡♣r❡s❡♥t❛çõ❡s

❧✐♥❡❛r❡s ❞❡ G1 ❡ G2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦❞❡♠♦s ❞❡✜♥✐r✱ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❛r❣✉♠❡♥t♦

❛♥t❡r✐♦r✱ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ϕ#ψ ❞❡ G1 ×G2 ❡♠ V1 ⊗ V2 ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

(ϕ#ψ)(g1, g2) = ϕg1 ⊗ ψg2 ,

♦♥❞❡ (ϕg1 ⊗ ψg2)(v1 ⊗ v2) = ϕg1(v1) ⊗ ψg2(v2)✱ ♣❛r❛ q✉❛✐sq✉❡r v1 ∈ V1 ❡ v2 ∈ V2✳

❊ss❛ r❡♣r❡s❡♥t❛çã♦ t❛♠❜é♠ é ❝❤❛♠❛❞❛ ❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ϕ ❡ ψ✱ ♠❛s é ✉♠❛

r❡♣r❡s❡♥t❛çã♦ ❞♦ ♣r♦❞✉t♦ ❞✐r❡t♦ ❞♦s ❣r✉♣♦s G1 ❡ G2✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s q✉❡

χϕ#ψ(g1, g2) = χϕ(g1)χψ(g2).

❙❡❥❛ χ ♦ ❝❛r❛❝t❡r ❞♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ϕ ❡ ψ ❞❡ ✉♠ ♠❡s♠♦

❣r✉♣♦✱ ♦✉ ❞❡ ❞♦✐s ❣r✉♣♦s✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s t❡♠♦s χ = χϕχψ✳ ❊♥tã♦ ✈❛♠♦s ❞❡♥♦t❛r

χ = χϕ ⊗ χψ✱ ❡ ✉s❛♥❞♦ ❛ ♥♦t❛çã♦ ❞❡ ♠ó❞✉❧♦s t❡♠♦s χ(V1 ⊗ V2) = χϕ(V1)⊗ χψ(V2)✳

❙❡❥❛♠ ρ : G −→ GL(V ) ✉♠❛ F ✲r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r✱ K ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❝♦r♣♦

F ❡ β ✉♠❛ ❜❛s❡ ❞♦ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ V ✳ ❚❡♠♦s q✉❡ VK = K ⊗F V é ✉♠ ❡s♣❛ç♦

✈❡t♦r✐❛❧ s♦❜r❡ K ❝♦♠ ❜❛s❡ βK = {1⊗ v : v ∈ β} ✭✈❡r ❬✷✶❪✱ ❝❛♣ít✉❧♦ ✾✱ s❡çã♦ ✷✺✮✳ ❉❡✜♥❛

❡♥tã♦ ❛ K✲r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ρK : G −→ GL(VK) ❞❛❞❛ ♣♦r ρK = π ⊗ ρ✱ ♦♥❞❡ π é

❛ K✲r❡♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧ ❞❡ G ❡♠ K✳ ❉✐③❡♠♦s q✉❡ ρK é ❛ r❡♣r❡s❡♥t❛çã♦ ♦❜t✐❞❛ ❞❡ ρ

❡st❡♥❞❡♥❞♦✲s❡ ♦ ❝♦r♣♦ ❜❛s❡ ♣❛r❛ K✳ ◆♦t❡ q✉❡ s❡ U é ✉♠ s✉❜❡s♣❛ç♦ ρ✲✐♥✈❛r✐❛♥t❡ ❞❡ V ✱

❡♥tã♦ UK = K ⊗F U é ✉♠ s✉❜❡s♣❛ç♦ ρK✲✐♥✈❛r✐❛♥t❡ ❞❡ VK ✳ ❆ss✐♠✱ s❡ ρK é ✐rr❡❞✉tí✈❡❧✱

❡♥tã♦ ρ é ✐rr❡❞✉tí✈❡❧✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✾ ❙❡❥❛ ρ : G −→ GL(V ) ✉♠❛ F ✲r❡♣r❡s❡♥t❛çã♦ ❧✐♥❡❛r ✐rr❡❞✉tí✈❡❧✳ ❉✐✲

③❡♠♦s q✉❡✿

✐✮ ρ é ❛❜s♦❧✉t❛♠❡♥t❡ ✐rr❡❞✉tí✈❡❧ s❡ ρK é ✐rr❡❞✉tí✈❡❧ ♣❛r❛ t♦❞❛ ❡①t❡♥sã♦ K ❞♦

❝♦r♣♦ ❜❛s❡ F ❀

✐✐✮ ♦ ❝♦r♣♦ F é ✧s♣❧✐tt✐♥❣ ✜❡❧❞✧ ♣❛r❛ ♦ ❣r✉♣♦ G s❡ t♦❞❛ F ✲r❡♣r❡s❡♥t❛çã♦ ✐rr❡❞✉tí✈❡❧

❞❡ G é ❛❜s♦❧✉t❛♠❡♥t❡ ✐rr❡❞✉tí✈❡❧✳

❈♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ q✉❛♥❞♦ F é ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡

❢❡❝❤❛❞♦ ❡ charF ♥ã♦ ❞✐✈✐❞❡ ❛ ♦r❞❡♠ ❞❡ G1 × G2✱ ♦♥❞❡ G1 ❡ G2 sã♦ ❣r✉♣♦s ✜♥✐t♦s✱

♣♦❞❡♠♦s ❡st❛❜❡❧❡❝❡r ❛ ❝♦♠♣❧❡t❛ r❡❞✉t✐❜✐❧✐❞❛❞❡ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ G1 ×G2✱ ❛ ♣❛rt✐r

❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ G1 ❡ G2✳



✶✳✸✳ ▼ó❞✉❧♦s s♦❜r❡ ➪❧❣❡❜r❛s ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ●r✉♣♦s ✷✻

❚❡♦r❡♠❛ ✶✳✷✳✷✵ ❙❡❥❛♠ G1✱ G2 ❣r✉♣♦s ✜♥✐t♦s ❡ ψ1✱ ψ2 r❡♣r❡s❡♥t❛çõ❡s ❧✐♥❡❛r❡s ❞❡ G1

❡ G2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙✉♣♦♥❤❛ q✉❡ F é ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❡ q✉❡ charF

♥ã♦ ❞✐✈✐❞❡ ❛ ♦r❞❡♠ ❞❡ G1 ×G2✳ ❚❡♠♦s q✉❡✿

✐✮ ❙❡ ψ1 ❡ ψ2 sã♦ ✐rr❡❞✉tí✈❡✐s✱ ❡♥tã♦ ψ1 ⊗ ψ2 é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ✐rr❡❞✉tí✈❡❧ ❞❡

G1 ×G2✳

✐✐✮ ❈❛❞❛ r❡♣r❡s❡♥t❛çã♦ ✐rr❡❞✉tí✈❡❧ ❞❡ G1 × G2 é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦

ψ1 ⊗ ψ2✱ ♦♥❞❡ ψi é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ✐rr❡❞✉tí✈❡❧ ❞❡ Gi✱ i = 1, 2✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✷✸❪✱ ❝❛♣ít✉❧♦ ✽✱ s❡çã♦ ✹✳ �

❉❛❞♦ ✉♠ ❣r✉♣♦ G ❝♦♥s✐❞❡r❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ❧✐♥❡❛r❡s

ψ : G −→ F ∗

g 7−→ ψ(g) = 1
e

ϕ : G −→ GL(V )

g 7−→ ϕ(g) = ϕg
,

♦♥❞❡ ψ é ❛ r❡♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧ ❞❡ ❣r❛✉ ✶✳ ❙❡❥❛♠ ρ = ψ ⊗ ϕ : G → GL(F ⊗ V ) ♦

♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❛s ❞✉❛s r❡♣r❡s❡♥t❛çõ❡s ❛♥t❡r✐♦r❡s ❞♦ ♠❡s♠♦ ❣r✉♣♦ G ❡ β ✉♠❛ ❜❛s❡

❞❡ V ✳ ❉❡✜♥❛ ❡♥tã♦ ❛ tr❛♥s❢♦r♠❛çã♦ ❜✐❧✐♥❡❛r H : F × V → V ❞❛❞❛ ♣♦r H(λ, v) = λv✱

v ∈ β✳ ❆ss✐♠✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✱ ❡①✐st❡ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r T : F ⊗ V → V

❞❛❞❛ ♣♦r T (λ ⊗ v) = λv✳ ❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r T ′ ❞❡ V ❡♠ F ⊗ V

❞❛❞❛ ♣♦r T ′(v) = 1⊗ v✱ v ∈ β✳ ❚❡♠♦s q✉❡

T ′T (λ⊗ v) = T ′(λv) = 1⊗ λv = λ1⊗ v = λ⊗ v

❡

TT ′(λv) = T (1⊗ λv) = 1(λv) = λv,

♣❛r❛ λ ∈ F ❡ v ∈ β✱ ❞❛í T ′ = T−1 ❡ T é ✐s♦♠♦r✜s♠♦ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳ ❆❧é♠ ❞✐ss♦✱

❝♦♥s✐❞❡r❛♥❞♦ ❛ ❡str✉t✉r❛ ❞❡ G✲♠ó❞✉❧♦ ♣❛r❛ F ⊗ V ♦❜t✐❞❛ ❞❡ ρ✱ t❡♠♦s q✉❡

T (g(λ⊗ v)) = T (ρg(λ⊗ v)) = T (ψg(λ)⊗ ϕg(v))

= T (λ⊗ ϕg(v)) = λϕg(v)

= ϕg(λv) = g(λv) = gT (λ⊗ v),

♣❛r❛ q✉❛✐sq✉❡r g ∈ G✱ λ ∈ F ❡ v ∈ V ✳ ▲♦❣♦✱ ❝♦♠♦ {λ⊗ v : v ∈ β, λ ∈ F ∗} ❣❡r❛ F ⊗V ✱

t❡♠♦s q✉❡ T é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ G✲♠ó❞✉❧♦s✳ P♦rt❛♥t♦ ❛s r❡♣r❡s❡♥t❛çõ❡s ρ ❡ ϕ sã♦

❡q✉✐✈❛❧❡♥t❡s ✭✈❡❥❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✺✮✱ ❡ ❞❛í

χϕ = χρ = χψ ⊗ χϕ.



✶✳✸✳ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ Sn ✷✼

✶✳✸ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ Sn

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡s❡♥✈♦❧✈❡r ❛ ❚❡♦r✐❛ ❞❡ ❨♦✉♥❣✱ ❛ q✉❛❧ s❡rá ✐♠♣♦rt❛♥t❡ ♣❛r❛

s❡ ♦❜t❡r ♦s Sn✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s✱ ❡ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s

❞♦ ❣r✉♣♦ s✐♠étr✐❝♦ Sn✳

❊♠ t♦❞❛ s❡çã♦ ✈❛♠♦s ❞❡♥♦t❛r In = {1, 2, . . . , n}✱ n ∈ N✱ ❡ F s❡rá ✉♠ ❝♦r♣♦ ❞❡

❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

❉❡✜♥✐çã♦ ✶✳✸✳✶ ❉❛❞♦ n ∈ N✱ ❞❡✜♥✐♠♦s ✉♠❛ ♣❛rt✐çã♦ ❞❡ n ❝♦♠♦ s❡♥❞♦ ✉♠❛ r✲✉♣❧❛

(n1, n2, . . . , nr)✱ ❝♦♠ ni ∈ N✱ t❛❧ q✉❡ n1 ≥ n2 ≥ · · · ≥ nr ❡ n1 + n2 + · · ·+ nr = n✳

❱❛♠♦s ✉s❛r ❛ ♥♦t❛çã♦ (n1, n2, . . . , nr) ⊢ n ♣❛r❛ ❞✐③❡r q✉❡ λ = (n1, n2, . . . , nr) é

✉♠❛ ♣❛rt✐çã♦ ❞❡ n✱ ❡ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣❛rt✐çõ❡s ❞❡ n s❡rá ❞❡♥♦t❛❞♦ ♣♦r p(n)✳ ❯♠

❢❛t♦ ❝♦♥❤❡❝✐❞♦ é q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞❡ n ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s

❞❡ ❝♦♥❥✉❣❛çõ❡s ❞♦ ❣r✉♣♦ Sn✳ ❙❡ λ1 = (n1, n2, . . . , nr) ❡ λ2 = (m1,m2, . . . ,ms) sã♦

♣❛rt✐çõ❡s ❞❡ n✱ ✈❛♠♦s ♦r❞❡♥á✲❧❛s ♣❡❧❛ ♦r❞❡♠ ❧❡①✐❝♦❣rá✜❝❛✱ ♦✉ s❡❥❛✱ ❞✐r❡♠♦s q✉❡ λ1 > λ2

s❡ nk > mk✱ ♦♥❞❡ k = min{i ∈ N : ni 6= mi}✳

❱❛♠♦s ❛ss♦❝✐❛r ❛ ✉♠❛ ♣❛rt✐çã♦ λ = (n1, n2, . . . , nr) ⊢ n ✉♠ ❞✐❛❣r❛♠❛ Dλ✱ ❝❤❛✲

♠❛❞♦ ❞❡ ❞✐❛❣r❛♠❛ ❞❡ ❨♦✉♥❣✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❝♦♥❥✉♥t♦ Dλ = {(i, j) ∈ N × N :

1 ≤ i ≤ r, 1 ≤ j ≤ ni}✳ ❚❡♠♦s ❡♥tã♦ q✉❡ Dλ ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ n q✉❛❞r❛❞♦s✱ ♦s q✉❛✐s

✈❛♠♦s ❝❤❛♠❛r ❞❡ ❝é❧✉❧❛s✱ ❞✐s♣♦st♦s ❡♠ r ✜❧❛s ❤♦r✐③♦♥t❛✐s✱ ❝❤❛♠❛❞❛s ❞❡ ❧✐♥❤❛s✱ ❡♠

q✉❡ ❛ i✲és✐♠❛ ❧✐♥❤❛ ♣♦ss✉✐ ni q✉❛❞r❛❞♦s✳ ❆ss✐♠ t❡r❡♠♦s t❛♠❜é♠ ✜❧❛s ✈❡rt✐❝❛✐s q✉❡

❝❤❛♠❛r❡♠♦s ❞❡ ❝♦❧✉♥❛s✳ ❈♦♠♦ ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❛♥❞♦ n = 10 ❡ λ = (5, 2, 2, 1) ⊢ n✱

t❡♠♦s

Dλ = .

❉❡✜♥✐çã♦ ✶✳✸✳✷ ❙❡❥❛♠ n ∈ N ❡ λ = (n1, n2, . . . , nr) ⊢ n✳ ❉❡✜♥✐♠♦s ✉♠❛ t❛❜❡❧❛ ❞❡

❨♦✉♥❣ ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❜✐❥❡çã♦ Tλ : Dλ → In✳ ❉✐③❡♠♦s q✉❡ Tλ é st❛♥❞❛r❞ s❡

✐✮ T (i, j) < T (i, j + 1) ♣❛r❛ 1 ≤ i ≤ r ❡ 1 ≤ j < ni;

✐✐✮ T (i, j) < T (i+ 1, j) ♣❛r❛ 1 ≤ i < r ❡ 1 ≤ j ≤ ni+1.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❞❛❞❛ λ ✉♠❛ ♣❛rt✐çã♦ ❞❡ n ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ T s❡rá ♦

❞✐❛❣r❛♠❛Dλ ♣r❡❡♥❝❤✐❞♦ ❝♦♠ ♦ ✈❛❧♦r T (i, j) ∈ In ♥❛ ♣♦s✐çã♦ (i, j)✱ ♣❛r❛ ❝❛❞❛ (i, j) ∈ Dλ✳
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❯♠❛ t❛❜❡❧❛ st❛♥❞❛r❞ T s❡rá ✉♠❛ t❛❜❡❧❛ ♦♥❞❡ ♦s ✈❛❧♦r❡s ❝r❡s❝❡♠ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛

❞✐r❡✐t❛✱ ❡♠ ❝❛❞❛ ❧✐♥❤❛✱ ❡ ❞❡ ❝✐♠❛ ♣❛r❛ ❜❛✐①♦✱ ❡♠ ❝❛❞❛ ❝♦❧✉♥❛✳

❖❜s❡r✈❛çã♦ ✶✳✼ ❉❛❞♦ α ∈ Sn ❞❡✜♥✐♠♦s αT ❝♦♠♦ s❡♥❞♦ ❛ ❝♦♠♣♦s✐çã♦ α ◦ T ✳ ❆ss✐♠

❞❛❞❛s ❞✉❛s t❛❜❡❧❛s T1 ✱T2 ❛ss♦❝✐❛❞❛s ❛♦ ♠❡s♠♦ ❞✐❛❣r❛♠❛✱ ❡①✐st❡ α ∈ Sn t❛❧ q✉❡ T2 =

αT1✳

❉❡✜♥✐çã♦ ✶✳✸✳✸ ❉❛❞❛ ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣ T : Dλ → In✱ ♣❛r❛ λ ⊢ n✱ ❞❡✜♥✐♠♦s✿

✐✮ RT = {α ∈ Sn : α(L) = L✱ ♣❛r❛ t♦❞❛ ❧✐♥❤❛ L ❞❡ T}✱ ❝❤❛♠❛❞♦ ❞❡ ❣r✉♣♦s ❞❛s

♣❡r♠✉t❛çõ❡s ❧✐♥❤❛❀

✐✐✮ CT = {α ∈ Sn : α(U) = U ✱ ♣❛r❛ t♦❞❛ ❝♦❧✉♥❛ U ❞❡ T}✱ ❝❤❛♠❛❞♦ ❞❡ ❣r✉♣♦s ❞❛s

♣❡r♠✉t❛çõ❡s ❝♦❧✉♥❛❀

✐✐✐✮ RT =
∑

σ∈RT
σ , CT =

∑

π∈CT
(−1)ππ e ET = RTCT =

∑

σ∈RT

∑

π∈CT
(−1)πσπ

✭❡❧❡♠❡♥t♦s ❞❛ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦ FSn✮✱ ♦♥❞❡ (−1)π ❞❡♥♦t❛ ♦ s✐♥❛❧ ❞❛ ♣❡r♠✉t❛çã♦

π✳

❊①❡♠♣❧♦ ✶✳✸✳✹ ❙❡ λ = (3, 2) ⊢ 5 ❡

T = 1 3 5
2 4

,

t❡♠♦s

RT = {IdSn , (13), (15), (35), (135), (153), (24),

(13)(24), (15)(24), (35)(24), (135)(24), (153)(24)}

❡

CT = {IdSn , (12), (34), (12)(34)}.

▲❡♠❛ ✶✳✸✳✺ ❙❡❥❛♠ α ∈ Sn✱ λ ♣❛rt✐çã♦ ❞❡ n ❡ T : Dλ → In ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣✳

❊♥tã♦ ❡①✐st❡ γ ∈ F t❛❧ q✉❡ ETαET = γET ✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✺❪✱ ❝❛♣ít✉❧♦ ✺✱ s❡çã♦ ✹✳ �

❉❛❞♦ α ∈ FSn✱ ❞❡✜♥❛

Fα : FSn −→ FSn

x 7−→ Fα(x) = xα
.

❚❡♠♦s q✉❡ Fα ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ é ❧✐♥❡❛r✳ ❆❧é♠ ❞✐ss♦✱ s❡♥❞♦ α =
∑

ρ∈Sn
γρρ✱ ❝♦♠

γρ ∈ F ✱ t❡♠♦s Fα =
∑

ρ∈Sn
γρFρ✱ ❡ ❞❛í tr(Fα) =

∑

ρ∈Sn
γρtr(Fρ)✳ ➱ ❢á❝✐❧ ✈❡r q✉❡✱ ❞❛❞♦
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ρ ∈ Sn✱ tr(Fρ) = 0✱ s❡ ρ 6= IdSn ✱ ❡ tr(Fρ) = n!✱ s❡ ρ = IdSn ✳ P♦rt❛♥t♦ tr(Fα) =

γIdSn
n! 6= 0✳

❆ss✐♠✱ s❡ T é ✉♠❛ t❛❜❡❧❛ ❞❡ ❨♦✉♥❣✱ t❡♠♦s

tr(FET
) =

∑

σ∈RT
µ∈CT

(−1)µtr(Fσµ) = n! 6= 0,

♣♦✐s RT ∩ CT = {IdSn}✳

❚♦♠❛♥❞♦ α = IdSn ♥♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡ ❡①✐st❡ a ∈ F t❛❧ q✉❡ E2
T =

aET ✳ ❙❡ a = 0✱ ❡♥tã♦ E2
T = 0✱ ❞♦♥❞❡ F 2

ET
= 0✱ ♦✉ s❡❥❛✱ FET

é ♥✐❧♣♦t❡♥t❡✱ ✉♠❛

❝♦♥tr❛❞✐çã♦✱ ♣♦✐s tr(FEt) = n! 6= 0✳ ▲♦❣♦ a 6= 0✳ ❉❡✜♥❛ ❡♥tã♦ eT = a−1ET ✳ ❚❡♠♦s q✉❡

e2T = a−2E2
T = a−1ET = eT ✱ ❡ MT = FSnET = {αET : α ∈ FSn} = FSneT é ✉♠ ✐❞❡❛❧

à ❡sq✉❡r❞❛ ❞❡ FSn✳

❚❡♦r❡♠❛ ✶✳✸✳✻ ❙❡❥❛♠ n ∈ N✱ λ✱ λ1✱ λ2 ⊢ n✱ T, T1, T2 t❛❜❡❧❛s ❞❡ ❨♦✉♥❣ ❝♦rr❡s♣♦♥❞❡♥✲

t❡s ❛♦s ❞✐❛❣r❛♠❛s Dλ✱ Dλ1✱ Dλ2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ MT = FSnET ✳ ❊♥tã♦

✐✮ MT é ✉♠ FSn✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧❀

✐✐✮ MT1 ❡ MT2 sã♦ ✐s♦♠♦r❢♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ λ1 = λ2✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✺❪✱ ❝❛♣ít✉❧♦ ✺✱ s❡çã♦ ✹✳ �

❙❡ λ1✱ λ2✱ ✳ ✳ ✳ ✱ λp(n) sã♦ t♦❞❛s ❛s ♣❛rt✐çõ❡s ❞❡ n ∈ N ❡ T1✱ T2✱ ✳ ✳ ✳ ✱ Tp(n) sã♦ t❛❜❡❧❛s

❞❡ ❨♦✉♥❣ st❛♥❞❛r❞ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ❞✐❛❣r❛♠❛s Dλ1 ✱ Dλ2 ✱ ✳ ✳ ✳ ✱ Dλp(n)
✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✱ ❡♥tã♦✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡MT1 ✱ MT2 ✱ ✳ ✳ ✳ ✱ MTp(n)
sã♦ Sn✲♠ó❞✉❧♦s

✐rr❡❞✉tí✈❡✐s ❞♦✐s ❛ ❞♦✐s ♥ã♦✲✐s♦♠♦r❢♦s✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rt✐çõ❡s ❞❡ n

é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ❞❡ ❝♦♥❥✉❣❛çã♦ ❞♦ ❣r✉♣♦ Sn✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✻✱ s❡❣✉❡

q✉❡ ❡①✐st❡♠ ♥♦ ♠á①✐♠♦ p(n) Sn✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s✱ ❞♦✐s ❛ ❞♦✐s ♥ã♦ ✐s♦♠♦r❢♦s✳ ❆ss✐♠

MT1 ✱ MT2 ✱ ✳ ✳ ✳ ✱ MTp(n)
sã♦ ❡①❛t❛♠❡♥t❡ t♦❞♦s ♦s Sn✲♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s✱ ❛ ♠❡♥♦s ❞❡

✐s♦♠♦r✜s♠♦✳

❊①❡♠♣❧♦ ✶✳✸✳✼ ❉❛❞♦ n ∈ N✱ ❝♦♠ n ≥ 2✱ ❝♦♥s✐❞❡r❡ ❛s t❛❜❡❧❛s

T = 1 2 · · · n T2 =

1

2
✳✳✳

n

.



✶✳✸✳ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ Sn ✸✵

❚❡♠♦s RT1 = CT2 = Sn ❡ CT1 = RT2 = {Id}✱ ❞❛í

ET1 = RT1 =
∑

σ∈Sn

σ e ET2 = CT2 =
∑

π∈CT

(−1)ππ.

❆ss✐♠ αET1 = ET1 ❡ αET2 = (−1)αET2✱ ♣❛r❛ t♦❞♦ α ∈ Sn✱ ❞♦♥❞❡ MT1 = 〈ET1〉 ❡

MT2 = 〈ET2〉✳ ❚♦♠❛♥❞♦
ψ : Sn −→ GL(MT1)

α 7−→ ψα
,

♦♥❞❡ ψα(x) = αx✱ x ∈ MT1✱ t❡♠♦s q✉❡ ψα(aET1) = aET1✱ ❝♦♠ a ∈ F ✳ P♦rt❛♥t♦

ψα = IdMT1
✱ ♣❛r❛ t♦❞♦ α ∈ Sn✳ ▲♦❣♦ ψ é ❛ r❡♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧✳ ❆♥❛❧♦❣❛♠❡♥t❡✱

t♦♠❛♥❞♦
ϕ : Sn −→ GL(MT2)

α 7−→ ϕα
,

♦♥❞❡ ϕα(x) = αx✱ x ∈MT2✱ t❡♠♦s q✉❡ ϕα(aET2) = aαET2 = a(−1)αET2 = (−1)αaET2✱

❝♦♠ a ∈ F ✳ P♦rt❛♥t♦ ϕα = (−1)αIdMT2
✱ ♣❛r❛ t♦❞♦ α ∈ Sn✳ P♦rt❛♥t♦ ❛ ♣❛rt✐çã♦ (n) ⊢ n

❝♦rr❡s♣♦♥❞❡ à r❡♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧ ❞❡ Sn ❡ ❛ ♣❛rt✐çã♦ (1, 1, . . . , 1) ⊢ n ❝♦rr❡s♣♦♥❞❡ ❛

r❡♣r❡s❡♥t❛çã♦ s✐♥❛❧✳ ❱❛♠♦s ❞❡♥♦t❛r (1, 1, . . . , 1) ♣♦r (1n)✳

❉❛❞❛ λ ✉♠❛ ♣❛rt✐çã♦ ❞❡ n✱ t❡♠♦s ❡♥tã♦ ✉♠ Sn✲♠ó❞✉❧♦ ✐rr❡❞✉tí✈❡❧ Mλ✱ ❡ ❝♦♥s❡✲

q✉❡♥t❡♠❡♥t❡ ✉♠ ❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧ χλ✳ ❱❛♠♦s ❞❡♥♦t❛r ❡ss❡ ❝❛r❛❝t❡r ♣♦r [λ]✳ ❈♦♠♦

Sn é ✜♥✐t♦ t❡♠♦s✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✶✳✷✮✱ q✉❡ s❡ χ é ♦ ❝❛r❛❝t❡r ❞❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡

Sn✱ ❡♥tã♦

χ =
∑

λ⊢n

mλχλ =
∑

λ⊢n

mλ[λ].

❖❜s❡r✈❛çã♦ ✶✳✽ ❉❛❞♦s n,m ∈ N✱ q✉❛❧q✉❡r ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ é s♣❧✐tt✐♥❣

✜❡❧❞ ♣❛r❛ Sn ❡ Sn × Sm ✭✈❡❥❛ ❬✶✺❪✱ ❝❛♣ít✉❧♦ ✺✱ s❡çõ❡s ✸ ❡ ✹✮✳

❚♦♠❡K ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ ❝♦♥t❡♥❞♦ F ✳ ❙❡ ρ é ✉♠❛ F ✲r❡♣r❡s❡♥t❛çã♦

✐rr❡❞✉tí✈❡❧ ❞❡ Sn × Sm✱ ❡♥tã♦ ρK é ✉♠❛ K✲r❡♣r❡s❡♥t❛çã♦ ✐rr❡❞✉tí✈❡❧ ❞❡ Sn × Sm✱ ♣❡❧❛

❖❜s❡r✈❛çã♦ ✶✳✽✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✷✵✱ ρK é ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ✐r✲

r❡❞✉tí✈❡✐s ❞❡ Sn ❡ Sm✱ ❡ ❞❛í✱ ❢❛③❡♥❞♦ ❛ r❡str✐çã♦ ❞❡ ❡s❝❛❧❛r❡s✱ ρ é ♣r♦❞✉t♦ t❡♥s♦r✐❛❧

❞❡ r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❞❡ Sn ❡ Sm ✭s♦❜r❡ ♦ ❝♦r♣♦ F ✮✳ ❆ss✐♠✱ s❡ ψ é ✉♠❛

r❡♣r❡s❡♥t❛çã♦ ❞❡ Sn × Sm ❡ χψ s❡✉ ❝❛r❛❝t❡r✱ t❡♠♦s

χψ =
∑

λ⊢n
µ⊢m

mλ,µχλ,µ =
∑

λ⊢n
µ⊢m

mλ,µ[λ]⊗ [µ], ✭✶✳✸✮

♦♥❞❡ χλ,µ é ✉♠ ❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧ ❞❡ ψ✱ ♦ q✉❛❧ é ♣r♦❞✉t♦ ❞❡ ❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s

❞❡ r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❞❡ Sn ❡ Sm✱ ❡ ❡st❛♠♦s ❞❡♥♦t❛♥❞♦✲♦ ♣♦r [λ]⊗ [µ]✳
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❖❜s❡r✈❛çã♦ ✶✳✾ ❈♦♠♦ ♣❛r❛ ❝❛❞❛ ♣❛rt✐çã♦ λ ❞❡ n ∈ N t❡♠♦s ✉♠ ❞✐❛❣r❛♠❛ Dλ✱ ♣♦❞❡✲

♠♦s ❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ✭✶✳✸✮ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

∑

λ⊢n
µ⊢m

mλ,µ[λ]⊗ [µ] =
∑

λ⊢n
µ⊢m

mλ,µ ⊗ ✱

s✉❜st✐t✉✐♥❞♦ ♦s ❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s ♣❡❧♦s s❡✉s r❡s♣❡❝t✐✈♦s ❞✐❛❣r❛♠❛s✳

❉❡✜♥✐çã♦ ✶✳✸✳✽ ❙❡❥❛ λ ✉♠❛ ♣❛rt✐çã♦ ❞❡ n ❡ Dλ ♦ s❡✉ ❞✐❛❣r❛♠❛✳ ❉❡✜♥✐♠♦s ♦ ❞✐❛✲

❣r❛♠❛ ❝♦♥❥✉❣❛❞♦ ❞❡ Dλ✱ ❝♦♠♦ s❡♥❞♦ ♦ ❞✐❛❣r❛♠❛ Dλ′ ♦❜t✐❞♦ tr♦❝❛♥❞♦✲s❡ ❛s ❧✐♥❤❛s ❞❡

Dλ ♣♦r s✉❛s ❝♦❧✉♥❛s✱ ❡ ❛s s✉❛s ❝♦❧✉♥❛s ♣♦r s✉❛s ❧✐♥❤❛s✳ ❆ ♣❛rt✐çã♦ ❝♦♥❥✉❣❛❞❛ ❞❡ λ s❡rá

❛ ♣❛rt✐çã♦ λ′ ❞♦ ❞✐❛❣r❛♠❛ Dλ′✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✾ ❙❡❥❛♠ µ ❡ (1n) = (1, 1, . . . , 1) ♣❛rt✐çõ❡s ❞❡ n ∈ N✳ ❊♥tã♦ [µ] ⊗

[1n] = [µ′]✱ ♦♥❞❡ µ′ é ❛ ♣❛rt✐çã♦ ❝♦♥❥✉❣❛❞❛ ❞❡ µ✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✻❪✱ ❚❡♦r❡♠❛ ✻✳✼✳ �

❉❛❞♦s n ∈ N ❡ λ ⊢ n✱ s❡❥❛ ST (λ) ♦ ♥ú♠❡r♦ ❞❡ t❛❜❡❧❛s st❛♥❞❛r❞ ❞♦ ❞✐❛❣r❛♠❛ Dλ✱

❡ T1, . . . , TST (λ) ❡ss❛s t❛❜❡❧❛s✳ ❙❡ MT é ♦ Sn✲♠ó❞✉❧♦ ❛ss♦❝✐❛❞♦ ❛ ♣❛rt✐çã♦ λ✱ t❡♠♦s q✉❡

❛ ❞✐♠❡♥sã♦ ❞❡ MT é ❥✉st❛♠❡♥t❡ ST (λ)✱ ♦✉ s❡❥❛✱ dimFMT é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ t❛❜❡❧❛s

st❛♥❞❛r❞ ❞♦ ❞✐❛❣r❛♠❛ Dλ ✭✈❡r ❬✹❪✱ ❚❡♦r❡♠❛ ✹✳✻✮✳ ◆❡ss❡ s❡♥t✐❞♦✱ ✈❛♠♦s ❞❡s❝r❡✈❡r ✉♠❛

❢ór♠✉❧❛ ♣❛r❛ s❡ ❝❛❧❝✉❧❛r ♦ ✈❛❧♦r ST (λ)✱ ♣❛r❛ ✉♠❛ ♣❛rt✐çã♦ λ ❞❡ n✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✵ ❙❡❥❛♠ λ = (n1, n2, . . . , nr) ⊢ n ❡ (i0, j0) ∈ Dλ✳ ❉❡✜♥✐♠♦s ♦ ❣❛♥❝❤♦

❞❡ (i0, j0) ❡♠ Dλ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

{(i0, j) : j0 ≤ j ≤ ni0} ∪ {(i, j0) : i0 ≤ i ≤ cj0},

♦♥❞❡ cj0 é ♦ ♥ú♠❡r♦ ❞❡ ❝é❧✉❧❛s ❞❛ ❝♦❧✉♥❛ j0✳

❆ss✐♠✱ ♦ ❣❛♥❝❤♦ ❞❡ (i0, j0) ❡♠ Dλ sã♦ ❛s ❝é❧✉❧❛s q✉❡ ❡stã♦ à ❞✐r❡✐t❛ ❡ ♥❛ ♠❡s♠❛

❧✐♥❤❛ ❞❡ (i0, j0)✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s ❝é❧✉❧❛s q✉❡ ❡stã♦ ❛❜❛✐①♦ ❡ ♥❛ ♠❡s♠❛ ❝♦❧✉♥❛ ❞❡

(i0, j0)✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❝é❧✉❧❛s ❞♦ ❣❛♥❝❤♦ ❞❡ (i0, j0) ❡♠ Dλ é

hi0j0 = nj0 + cj0 − i0 − j0 + 1.

❚❡♦r❡♠❛ ✶✳✸✳✶✶ ✭❋ór♠✉❧❛ ❞♦ ●❛♥❝❤♦✮ ❉❛❞♦ n ∈ N✱ s❡❥❛ λ = (n1, n2, . . . , nr) ⊢ n✳

❖ ♥ú♠❡r♦ ST (λ) ❞❡ t❛❜❡❧❛s ❙t❛♥❞❛r❞ ❞♦ ❞✐❛❣r❛♠❛ Dλ é ❞❛❞♦ ♣♦r

ST (λ) =
n!

∏

(i,j)∈Dλ
hij
.



✶✳✹✳ ➪❧❣❡❜r❛ ❆ss♦❝✐❛t✐✈❛ ▲✐✈r❡ ✸✷

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✻❪ ✱ ❚❡♦r❡♠❛ ✷✵✳✶✳ �

❊①❡♠♣❧♦ ✶✳✸✳✶✷ ❉❛❞♦ n ∈ N✱ ❝♦♥s✐❞❡r❡ ❛ ♣❛rt✐çã♦ (n − r, r) ⊢ n✱ ♣❛r❛ ❛❧❣✉♠ r ∈

{1, . . . , n} t❛❧ q✉❡ 2r ≤ n✳ ❊♥tã♦

Dλ =

✛ n− r ✲

✛ r ✲
✳

❱❛♠♦s ❝❛❧❝✉❧❛r hij ❡♠ Dλ ♣❛r❛ i ∈ {1, 2} ❡ j ∈ {1, . . . , ni}✱ ♦♥❞❡ n1 = n− r ❡ n2 = r✳

❚❡♠♦s ♥❛ s❡❣✉♥❞❛ ❧✐♥❤❛ q✉❡

h21 = r , h22 = r − 1 , h23 = r − 2 , . . . , h2r = 1,

❡ ❞❛í
∏r

j=1 h2j = r!✳ ❆❣♦r❛ ❝❛❧❝✉❧❛♥❞♦ ♦s ❣❛♥❝❤♦s ❞❛ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❛té ❛ ❝♦❧✉♥❛ r✱

t❡♠♦s

h11 = n−r+1 , h12 = (n−r+1)−1 , h13 = (n−r+1)−2 , . . . , h1r = (n−r+1)−(r−1)

❡ ♣❛r❛ ❛s ❝é❧✉❧❛s ❞❡♣♦✐s ❞❛ ❝♦❧✉♥❛ r t❡♠♦s

h1,r+1 = (n−r+1)−(r+1), h1,r+2 = (n−r+1)−(r+2), . . . , h1,n−r = (n−r+1)−(n−r) = 1.

❉❛í
n−r∏

j=1

h1j =
(n− r + 1)!

(n− r + 1)− r
.

P♦rt❛♥t♦✱ ♣❡❧❛ ❢ór♠✉❧❛ ❞♦ ❣❛♥❝❤♦✱ t❡♠♦s

ST (λ) =
n!

∏r
j=1 h2j

∏n−r
j=1 h1j

=
n!

r! (n−r+1)!
(n−r+1)−r

=
n!(n− 2r + 1)

r!(n− r + 1)!
=

n!(n+ 1)

r!(n− r + 1)!
−

n!2r(n+ 1)

r!(n− r + 1)!(n+ 1)

=

(
n+ 1

r

)(

1−
2r

n+ 1

)

.

✶✳✹ ➪❧❣❡❜r❛ ❆ss♦❝✐❛t✐✈❛ ▲✐✈r❡

◆❡st❛ s❡çã♦ s❡rá ✐♥tr♦❞✉③✐❞❛ ❛ ✐❞❡✐❛ ❞❡ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡✱ ❛ q✉❛❧ é ❞❡

❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ q✉❡ é ✉♠ ❞♦s

♣r✐♥❝✐♣❛✐s ♦❜❥❡t♦s ❞❡ ❡st✉❞♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❆ ♣❛rt✐r ❞❡st❛ s❡çã♦ t♦❞❛s ❛s á❧❣❡❜r❛s

s❡rã♦ ❛ss♦❝✐❛t✐✈❛s✳
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❉❡✜♥✐çã♦ ✶✳✹✳✶ ❙❡❥❛♠ B ✉♠❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s ❡ Q ∈ B ✉♠❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r ✉♠

❝♦♥❥✉♥t♦ X✳ ❉✐③❡♠♦s q✉❡ ❛ á❧❣❡❜r❛ Q é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ B ❧✐✈r❡♠❡♥t❡ ❣❡r❛❞❛ ♣♦r X s❡

♣❛r❛ ❝❛❞❛ á❧❣❡❜r❛ A ∈ B ❡ ❝❛❞❛ ❛♣❧✐❝❛çã♦ h : X → A✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦

ϕ : Q → A ❡st❡♥❞❡♥❞♦ h✳ ❆ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ X é ❝❤❛♠❛❞♦ ❞❡ ♣♦st♦ ❞❡ Q✳

❊①❡♠♣❧♦ ✶✳✹✳✷ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ F [X] ❞♦ ❊①❡♠♣❧♦ ✶✳✶✳✾✳ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛

✉♥✐tár✐❛✱ ❛ss♦❝✐❛t✐✈❛ ❡ ❝♦♠✉t❛t✐✈❛✱ ❡ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ h : X → A ❞❛❞❛ ♣♦r h(xi) =

ai ∈ A✱ i = 1, . . . , n✳ ❚❡♠♦s q✉❡ ϕ : F [X] → A ❞❛❞❛ ♣♦r ϕ(f(x1, x2, . . . , xn)) =

f(a1, a2, . . . , an) é ♦ ú♥✐❝♦ ❤♦♠♦♠♦r✜s♠♦ q✉❡ ❡st❡♥❞❡ h✳ ▲♦❣♦ F [X] é ✉♠❛ á❧❣❡❜r❛

❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s✱ ❝♦♠✉t❛t✐✈❛s ❡ ❝♦♠ ✉♥✐❞❛❞❡✳

❈♦♥s✐❞❡r❡ ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ X = {xi : i ∈ I}✱ ❝✉❥♦s ❡❧❡♠❡♥t♦s ❝❤❛♠❛r❡♠♦s

❞❡ ✈❛r✐á✈❡✐s✳ ❯♠❛ ♣❛❧❛✈r❛ s❡rá ✉♠ s❡q✉ê♥❝✐❛ ❞♦ t✐♣♦ xi1xi2 · · · xin ✱ ♦♥❞❡ n ∈ N∪ {0}✱

xij ∈ X✳ ❖ ✈❛❧♦r n é ♦ t❛♠❛♥❤♦ ❞❛ ♣❛❧❛✈r❛ ❡✱ ♥♦ ❝❛s♦ n = 0✱ t❡r❡♠♦s ❛ ♣❛❧❛✈r❛

✈❛③✐❛✱ ❞❡♥♦t❛❞❛ ♣♦r 1✳ ❙❡❥❛ F 〈X〉 ♦ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ t❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❡ss❛s

♣❛❧❛✈r❛s ❝♦♠♦ ❜❛s❡✱ ❡ ❝♦♥s✐❞❡r❡ ♦ ♣r♦❞✉t♦ ✭❜✐❧✐♥❡❛r✮ ❡♠ F 〈X〉 t❛❧ q✉❡

(xi1xi2 · · · xin)(xj1xj2 · · · xjm) = xi1xi2 · · · xinxj1xj2 · · · xjm ,

❝❤❛♠❛❞♦ ❞❡ ❝♦♥❝❛t❡♥❛çã♦✳ ❚❡♠♦s q✉❡ F 〈X〉 ❝♦♠ ❡ss❡ ♣r♦❞✉t♦ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦✲

❝✐❛t✐✈❛ ✉♥✐tár✐❛✱ ❣❡r❛❞❛ ♣❡❧♦ ❝♦♥❥✉♥t♦ X✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ F 〈X〉 sã♦ ❝❤❛♠❛❞♦s ❞❡

♣♦❧✐♥ô♠✐♦s✳ ❆ss✐♠ ✉♠ ♣♦❧✐♥ô♠✐♦ é ✉♠❛ s♦♠❛ ✭❢♦r♠❛❧✮ ❞❡ t❡r♠♦s ✭♠♦♥ô♠✐♦s✮✱ q✉❡

♣♦r s✉❛ ✈❡③ sã♦ ♣r♦❞✉t♦s ✭❢♦r♠❛✐s✮ ❞❡ ✉♠ ❡s❝❛❧❛r ♣♦r ✉♠❛ ♣❛❧❛✈r❛✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✸ ❆ á❧❣❡❜r❛ F 〈X〉 é ❧✐✈r❡ ♥❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ✉♥✐tá✲

r✐❛s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ R ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡ ❡ h : X → R ✉♠❛

❛♣❧✐❝❛çã♦✳ P❛r❛ ❝❛❞❛ i ∈ N✱ s❡❥❛ h(xi) = ai✱ ♦♥❞❡ ai ∈ R✳ ❚❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦

❧✐♥❡❛r ϕ : F 〈X〉 → R t❛❧ q✉❡ ϕ(xi1xi2 · · · xin) = ai1ai2 · · · ain ✱ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡

á❧❣❡❜r❛s✱ ❡ é ♦ ú♥✐❝♦ q✉❡✱ r❡str✐t♦ ❛ X✱ é ✐❣✉❛❧ ❛ h✳ �

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s ♦ s✉❜❡s♣❛ç♦ ❞❡ F 〈X〉 ❣❡r❛❞♦ ♣❡❧❛s ♣❛❧❛✈r❛s ❞❡

t❛♠❛♥❤♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ✶✱ t❡♠♦s ♦ ✐❞❡❛❧ ❞❡ F 〈X〉 ❣❡r❛❞♦ ♣♦r X✳

✶✳✺ ■❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s

◆❡st❛ s❡çã♦ s❡rá ❡st❛❜❡❧❡❝✐❞❛ ❛ ♥♦çã♦ ❞❡ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ✉♠❛ á❧✲

❣❡❜r❛✱ ✉♠ ❞♦s ♣r✐♥❝✐♣❛✐s ♦❜❥❡t♦s ❞❡ ❡st✉❞♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱
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X = {x1, x2, . . . } ❞❡♥♦t❛rá ✉♠ ❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧ ❡ ✐♥✜♥✐t♦✱ ❛ ♠❡♥♦s q✉❡ s❡ ♠❡♥❝✐♦♥❡

♦ ❝♦♥trár✐♦✳

❉❡✜♥✐çã♦ ✶✳✺✳✶ ❙❡❥❛ f = f(x1, x2, . . . , xn) ∈ F 〈X〉 ❡ A ✉♠❛ á❧❣❡❜r❛✳ ❉✐③❡♠♦s q✉❡

f = f(x1, x2, . . . , xn) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ✭♦✉ ❛♣❡♥❛s ✐❞❡♥t✐❞❛❞❡✮ ♣❛r❛ ❛

á❧❣❡❜r❛ A✱ s❡

f(a1, a2, . . . , an) = 0, ∀ a1, a2, . . . , an ∈ A.

▼✉✐t❛s ✈❡③❡s ❞✐③❡♠♦s q✉❡ A s❛t✐s❢❛③ f ♦✉ q✉❡ f ≡ 0 ❡♠ A✳

❆ss✐♠✱ ✉♠❛ á❧❣❡❜r❛ A s❡rá ❝❤❛♠❛❞❛ ❞❡P■✲á❧❣❡❜r❛ s❡ ❡①✐st❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f 6= 0✱

❡♠ F 〈X〉✱ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✱ ♦✉ s❡❥❛✱ f ≡ 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡

♣❛r❛ A✳ ❆❧é♠ ❞✐ss♦✱ ✉♠ ♣♦❧✐♥ô♠✐♦ f ∈ F 〈X〉 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A s❡✱ ❡ s♦♠❡♥t❡

s❡✱ f ♣❡rt❡♥❝❡ ❛♦ ♥ú❝❧❡♦ ❞❡ q✉❛❧q✉❡r ❤♦♠♦♠♦r✜s♠♦ ϕ : F 〈X〉 → A✳

❊①❡♠♣❧♦ ✶✳✺✳✷ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❡ f(x1, x2) = x1x2 − x2x1✳ ❖ ♣♦✲

❧✐♥ô♠✐♦ f é ❝❤❛♠❛❞♦ ❞❡ ❝♦♠✉t❛❞♦r✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r [x1, x2]✳ ❈♦♠♦ ❛ á❧❣❡❜r❛ A

é ❝♦♠✉t❛t✐✈❛✱ t❡♠♦s ab = ba✱ ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ A✱ ❡ ❞❛í ab − ba = 0✳ ▲♦❣♦

[x1, x2] = x1x2 − x2x1 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛ á❧❣❡❜r❛ A✳ P♦rt❛♥t♦✱ t♦❞❛ á❧❣❡❜r❛

❝♦♠✉t❛t✐✈❛ é ✉♠❛ P■✲á❧❣❡❜r❛✳

❉❡✜♥✐♠♦s ✐♥❞✉t✐✈❛♠❡♥t❡✱ ♦ ❝♦♠✉t❛❞♦r ❞❡ t❛♠❛♥❤♦ n ∈ N✱ ❝♦♠♦ s❡♥❞♦

[x1, x2, x3, . . . , xn] = [[x1, x2, . . . , xn−1], xn].

❊①❡♠♣❧♦ ✶✳✺✳✸ ❆ ➪❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡

[x1, x2, x3] = [[x1, x2], x3] ≡ 0.

❇❛st❛ ♦❜s❡r✈❛r q✉❡ [a, b] ∈ E0✱ ♣❛r❛ q✉❛✐sq✉❡r a, b ∈ E✳

❉❡✜♥✐çã♦ ✶✳✺✳✹ ❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ A✱ ✉♠ ♣♦❧✐♥ô♠✐♦ f = f(x1, . . . , xn) ∈ F 〈X〉 é ❞✐t♦

❝❡♥tr❛❧ ♣❛r❛ A s❡ f t❡♠ t❡r♠♦ ❝♦♥st❛♥t❡ ✭♦✉ s❡❥❛✱ ♠♦♥ô♠✐♦ ♥❛ ♣❛❧❛✈r❛ ✈❛③✐❛✮ ♥✉❧♦ ❡

f(a1, . . . , an) ∈ Z(A)✱ ♣❛r❛ q✉❛✐sq✉❡r a1, . . . , an ∈ A✳

❖❜s❡r✈❛çã♦ ✶✳✶✵ ❙❡❥❛ f = f(x1, . . . , xn) ∈ F 〈X〉 ✉♠ ♣♦❧✐♥ô♠✐♦ ❝❡♥tr❛❧ ♣❛r❛ ✉♠❛ á❧✲

❣❡❜r❛ A✳ ❊♥tã♦ [f, g] é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A✱ ♣❛r❛ t♦❞♦ g ∈ F 〈X〉✳ ❉❛❞♦ ✉♠ ❝♦♠✉t❛✲

❞♦r g(x1, . . . , xn) = [x1, x2, x3, . . . , xn] ❞❡ t❛♠❛♥❤♦ n✱ t❡♠♦s q✉❡ s❡ x1 = a1, . . . , xn = an

é ✉♠❛ s✉❜st✐t✉✐çã♦ ❡♠ ✉♠ á❧❣❡❜r❛ A t❛❧ q✉❡ ai ∈ Z(A)✱ ♣❛r❛ ❛❧❣✉♠ i ∈ {1, . . . , n}✱ ❡♥✲

tã♦ g(a1, . . . , an) = 0✳
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❊①❡♠♣❧♦ ✶✳✺✳✺ ❈❧❛r❛♠❡♥t❡ ❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ❞❡ ✉♠❛ á❧❣❡❜r❛ A sã♦ ♣♦❧✐♥ô✲

♠✐♦s ❝❡♥tr❛✐s✱ ♦s q✉❛✐s sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣♦❧✐♥ô♠✐♦s ❝❡♥tr❛✐s tr✐✈✐❛✐s✳

❊①❡♠♣❧♦ ✶✳✺✳✻ ❖ ♣♦❧✐♥ô♠✐♦ [x1, x2]
2 é ❝❡♥tr❛❧ ♣❛r❛ á❧❣❡❜r❛ M2(F )✳ ❉❡ ❢❛t♦✱ ❞❛❞❛

✉♠❛ ♠❛tr✐③ A ∈ M2(F ) t❡♠♦s q✉❡ A2 − tr(A) + det(A)I2 = 0✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦s

X1, X2 ∈ M2(F )✱ t❡♠♦s q✉❡ tr([X1, X2]) = 0✳ P♦rt❛♥t♦ [X1, X2]
2 = −det(A)I2 ∈

Z(M2(F ))✳

❉❛❞❛ ✉♠❛ á❧❣❡❜r❛✱ ✉♠ ❞♦s ♣r✐♥❝✐♣❛✐s ♣♦♥t♦s ❞❡ ❡st✉❞♦ é ❡st❛❜❡❧❡❝❡r ♦ ❝♦♥❥✉♥t♦

❞❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ss❛ á❧❣❡❜r❛✱ ❡ t❡♥t❛r ❡♥❝♦♥tr❛r ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞❡ss❛s

✐❞❡♥t✐❞❛❞❡s✳ ◆❡ss❡ s❡♥t✐❞♦ s❡rã♦ ❡st❛❜❡❧❡❝✐❞❛s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s✳

❉❡✜♥✐çã♦ ✶✳✺✳✼ ❯♠ ✐❞❡❛❧ I ❞❡ F 〈X〉 é ❝❤❛♠❛❞♦ ❞❡ ❚✲✐❞❡❛❧ s❡ é ✐♥✈❛r✐❛♥t❡ ♣♦r ❡♥✲

❞♦♠♦r✜s♠♦s ❞❡ F 〈X〉✱ ♦✉ s❡❥❛✱ ϕ(I) ⊆ I✱ ♣❛r❛ t♦❞♦ ϕ ∈ End(F 〈X〉)✳

❆ss✐♠ ❞❛❞❛ ✉♠❛ á❧❣❡❜r❛ A✱ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

T (A) = {f ∈ F 〈X〉 : f ≡ 0 em A}

❞❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❞❡ A✱ t❛♠❜é♠ ❞❡♥♦t❛❞♦ ♣♦r Id(A)✳ ❚❡♠♦s q✉❡ s❡ f ∈ Id(A)

❡♥tã♦ f(g1, g2, . . . , gn) ∈ T (A)✱ ♣❛r❛ q✉❛✐sq✉❡r g1, g2, . . . , gn ∈ F 〈X〉 ✱ ❡ q✉❛❧q✉❡r ❡♥❞♦✲

♠♦r✜s♠♦ ❞❡ F 〈X〉 é ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ❛♣❧✐❝❛çã♦ xi → gi✱ xi ∈ X✱ gi ∈ F 〈X〉✳ ▲♦❣♦✱

T (A) é ✉♠ ❚✲✐❞❡❛❧✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ❞❛❞♦ ✉♠ ❚✲✐❞❡❛❧ ❞❡ F 〈X〉✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠ á❧❣❡❜r❛ ❝♦r✲

r❡s♣♦♥❞❡♥t❡ ❛ ❡ss❡ ❚✲✐❞❡❛❧✳

Pr♦♣♦s✐çã♦ ✶✳✺✳✽ ❙❡ I é ✉♠ ❚✲✐❞❡❛❧ ❞❡ F 〈X〉✱ ❡♥tã♦ Id(F 〈X〉/I) = I✳

❉❡♠♦♥str❛çã♦✿ ❉❛❞♦s f(x1, x2, . . . , xn) ∈ I ❡ g1, g2, . . . , gn ∈ F 〈X〉/I✱ t❡♠♦s q✉❡

f(g1, g2, . . . , gn) = f(g1, g2, . . . , gn) = 0,

♣♦✐s f(g1, g2, . . . , gn) ∈ I✱ ❥á q✉❡ I é ✉♠ ❚✲✐❞❡❛❧✳ ▲♦❣♦ f ∈ Id(F 〈X〉/I)✱ ❞♦♥❞❡

I ⊆ Id(F 〈X〉/I)✳

❆❣♦r❛ t♦♠❡ f ′ ∈ Id(F 〈X〉/I)✳ ❊♥tã♦

0 = f ′(x1, x2, . . . , xn) = f ′(x1, x2, . . . , xn), ♣❛r❛ q✉❛✐sq✉❡r x1, x2, . . . , xn ∈ F 〈X〉/I.

▲♦❣♦ f ′(x1, x2, . . . , xn) ∈ I✳ P♦rt❛♥t♦ Id(F 〈X〉/I) ⊆ I✳ ❉❛ ❞✉♣❧❛ ✐♥❝❧✉sã♦ t❡♠♦s ♦

r❡s✉❧t❛❞♦✳ �



✶✳✻✳ P♦❧✐♥ô♠✐♦s ▼✉❧t✐✲❤♦♠♦❣ê♥❡♦s ❡ ▼✉❧t✐❧✐♥❡❛r❡s ✸✻

➱ ❢á❝✐❧ ✈❡r q✉❡ ❛ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❚✲✐❞❡❛✐s é ✉♠ ❚✲✐❞❡❛❧✳ ❆ss✐♠✱ ❞❛❞♦

S ⊆ F 〈X〉✱ S ♥ã♦✲✈❛③✐♦✱ ❞❡✜♥✐♠♦s ♦ ❚✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦

❞❡ t♦❞♦s ♦s ❚✲✐❞❡❛✐s ❞❡ F 〈X〉 q✉❡ ❝♦♥tê♠ S✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r 〈S〉T ✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛

❞❡✜♥✐çã♦ 〈S〉T é ♦ ♠❡♥♦r ❚✲✐❞❡❛❧ ❞❡ F 〈X〉 q✉❡ ❝♦♥té♠ S✱ ❡ ❞❛❞♦ f ∈ 〈S〉T ✱ ❞✐③❡♠♦s

q✉❡ f é ❝♦♥s❡q✉ê♥❝✐❛ ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ S✳ ❉❛❞♦ S1 ⊆ F 〈X〉✱ S1 ♥ã♦✲✈❛③✐♦✱ ❝♦♠

〈S〉T = 〈S1〉T ✱ ❞✐③❡♠♦s q✉❡ S ❡ S1 sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❖❜s❡r✈❛çã♦ ✶✳✶✶ ❖ ❚✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r ❙ é ♦ s✉❜❡s♣❛ç♦ ❞❡ F 〈X〉 ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

{h1f(g1, . . . , gn)h2 : f ∈ S, h1, h2, g1, . . . , gn ∈ F 〈X〉}.

❊①❡♠♣❧♦ ✶✳✺✳✾ ❙❡❥❛ A ✉♠❛ F ✲á❧❣❡❜r❛ ❝♦♠✉t❛t✐✈❛ ❝♦♠ ✉♥✐❞❛❞❡✳ ❙❡ F é ✐♥✜♥✐t♦✱ ❡♥tã♦

T (A) = 〈[x1, x2]〉T .

❉❡✜♥✐çã♦ ✶✳✺✳✶✵ ❉✉❛s P■✲á❧❣❡❜r❛s A ❡ B sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s s❡ s❛t✐s❢❛③❡♠ ❛s ♠❡s✲

♠❛s ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ ♦✉ s❡❥❛✱ T (A) = T (B)✳

✶✳✻ P♦❧✐♥ô♠✐♦s ▼✉❧t✐✲❤♦♠♦❣ê♥❡♦s ❡ ▼✉❧t✐❧✐♥❡❛r❡s

◆❡st❛ s❡çã♦ s❡rã♦ ❞❡✜♥✐❞♦s ♦ q✉❡ sã♦ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐✲❤♦♠♦❣ê♥❡♦s ❡ ♠✉❧t✐❧✐♥❡❛r❡s

❡ ✈❛♠♦s ✈❡r q✉❡✱ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s s♦❜r❡ ♦ ❝♦r♣♦ F ✱ s❡rá s✉✜❝✐❡♥t❡ tr❛❜❛❧❤❛r ❝♦♠

✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s ♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡✜♥✐çã♦ ✶✳✻✳✶ ❈♦♥s✐❞❡r❡ ♦s ❡❧❡♠❡♥t♦s m = αxi1xi2 · · · xin ❡ f = f(x1, x2, . . . , xn)

❞❡ F 〈X〉✳ ❉❡✜♥✐♠♦s

✐✮ ❖ ❣r❛✉ ❞♦ ♠♦♥ô♠✐♦ m✱ ❞❡♥♦t❛❞♦ ♣♦r deg m✱ ❝♦♠♦ s❡♥❞♦ ♦ t❛♠❛♥❤♦ ❞❛ ♣❛❧❛✈r❛

xi1xi2 · · · xin✳ ◆❡st❡ ❝❛s♦ deg m = n❀

✐✐✮ ❖ ❣r❛✉ ❞♦ ♠♦♥ô♠✐♦ m ❡♠ xi✱ ❞❡♥♦t❛❞♦ ♣♦r degxim✱ ❝♦♠♦ s❡♥❞♦ ♦ ♥ú♠❡r♦

❞❡ ✈❡③❡s ❡♠ q✉❡ ❛♣❛r❡❝❡ ❛ ✈❛r✐á✈❡❧ xi ❡♠ m❀

✐✐✐✮ ❖ ❣r❛✉ ❞♦ ♣♦❧✐♥ô♠✐♦ f ✱ ❞❡♥♦t❛❞♦ ♣♦r deg f ✱ ❝♦♠♦ s❡♥❞♦ ♦ ♠❛✐♦r ❞♦s ❣r❛✉s

❞♦s ♠♦♥ô♠✐♦s ❞❡ f ❀

✐✈✮ ❖ ❣r❛✉ ❞♦ ♣♦❧✐♥ô♠✐♦ f ❡♠ xi✱ ❞❡♥♦t❛❞♦ ♣♦r degxif ✱ ❝♦♠♦ s❡♥❞♦ ♦ ♠❛✐♦r ✈❛❧♦r

❞❡ degxim✱ ♦♥❞❡ m é ♠♦♥ô♠✐♦ ❞❡ f ✳

❊①❡♠♣❧♦ ✶✳✻✳✷ ❙❡❥❛ f(x1, x2, x3) = x31x2x
2
3x2 − x1x3 + x23x

3
1 − x1✱ ❡♥tã♦

degx1f = 3, degx2f = 2 e degx3f = 2.
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❉❡✜♥✐çã♦ ✶✳✻✳✸ ❯♠ ♣♦❧✐♥ô♠✐♦ f = f(x1, . . . , xn) ∈ F 〈X〉 é ❞✐t♦ ❤♦♠♦❣ê♥❡♦ ♥❛

✈❛r✐á✈❡❧ xi s❡✱ ❡♠ ❝❛❞❛ ♠♦♥ô♠✐♦ ❞❡ f ✱ xi ❛♣❛r❡❝❡ ❝♦♠ ♦ ♠❡s♠♦ ❣r❛✉✳ ❉❛❞♦ m =

m(x1, x2, . . . , xn) ∈ F 〈X〉 ❞❡✜♥✐♠♦s ♦ ♠✉❧t✐❣r❛✉ ❞❡ m ❝♦♠♦ s❡♥❞♦ ❛ n✲✉♣❧❛

(a1, a2, . . . , an)✱ ♦♥❞❡ ai = degxim✳ ❈❤❛♠❛♠♦s ❞❡ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦♠♦❣ê♥❡❛ ❞❡

f ∈ F 〈X〉 ❛ s♦♠❛ ❞❡ t♦❞♦s ♦s ♠♦♥ô♠✐♦s ❞❡ f ❝♦♠ ✉♠❛ ❞❛❞♦ ♠✉❧t✐❣r❛✉✳ ◗✉❛♥❞♦ f é

❤♦♠♦❣ê♥❡♦ ❡♠ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ✭♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝♦♠♣♦♥❡♥t❡

♠✉❧t✐❤♦♠♦❣ê♥❡❛✮ ❞✐③❡♠♦s q✉❡ f é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳

❊①❡♠♣❧♦ ✶✳✻✳✹ ❈♦♥s✐❞❡r❡ ♦s ♣♦❧✐♥ô♠✐♦s

f(x1, x2) = x21x2x1 + x2x
3
1 e g(x1, x2) = x1x2 + x1x

2
2.

❚❡♠♦s q✉❡ f é ❤♦♠♦❣ê♥❡♦ ❡♠ x1 ❡ x2✱ ❞♦♥❞❡ é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✱ ❡ g é ❤♦♠♦❣ê♥❡♦

❛♣❡♥❛s ❡♠ x1✱ ❡ ♣♦rt❛♥t♦ ♥ã♦ é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳

❚❡♦r❡♠❛ ✶✳✻✳✺ ❙❡❥❛ F ✉♠ ❝♦r♣♦ ✐♥✜♥✐t♦✳ ❙❡ f ≡ 0 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛ á❧❣❡❜r❛

A✱ ❡♥tã♦ t♦❞❛ ❝♦♠♣♦♥❡♥t❡ ♠✉❧t✐❤♦♠♦❣ê♥❡❛ ❞❡ f é t❛♠❜é♠ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A✳

❆ss✐♠✱ t♦❞♦ ❚✲✐❞❡❛❧ ❞❡ F 〈X〉 é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✷❪✱ ❚❡♦r❡♠❛ ✶✳✸✳✷✱ ♣á❣✐♥❛ ✻✳ �

❊①❡♠♣❧♦ ✶✳✻✳✻ ❙❡❥❛ f(x1, x2) = x21x2 + x1x
2
2 ≡ 0 ❡♠ A✳ ❉❛❞♦s α1 6= α2 ❡♠ F ✱ ❡ ♥ã♦

♥✉❧♦s✱ t❡♠♦s q✉❡
f(α1x1, x2) = α2

1x
2
1x2 + α1x1x

2
2 ≡ 0

f(α2x1, x2) = α2
2x

2
1x2 + α2x1x

2
2 ≡ 0

❡♠ A✳ ❆❧é♠ ❞✐ss♦

0 ≡ α2f(α1x1, x2)− α1f(α2x1, x2) = (α1α2(α1 − α2))x
2
1x2.

▲♦❣♦✱ ❝♦♠♦ α1α2(α1 − α2) 6= 0✱ x21x2 ≡ 0 ❡♠ A✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ x1x22 ≡ 0 ❡♠ A✳

❉❡✜♥✐çã♦ ✶✳✻✳✼ ❉✐③❡♠♦s q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ f é ❧✐♥❡❛r ♥❛ ✈❛r✐á✈❡❧ xi s❡ f é ❤♦♠♦✲

❣ê♥❡♦ ❡♠ xi ❡ degxif = 1✳ ◗✉❛♥❞♦ f é ❧✐♥❡❛r ❡♠ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ❞✐③❡♠♦s q✉❡ f é

♠✉❧t✐❧✐♥❡❛r✳

❖❜s❡r✈❛çã♦ ✶✳✶✷ ❙❡ f(x1, . . . , xn) é ♠✉❧t✐❧✐♥❡❛r ❡♥tã♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

f(x1, . . . , xn) =
∑

σ∈Sn

ασxσ(1)xσ(2) · · · xσ(n),

♦♥❞❡ ασ ∈ F ❡ Sn é ♦ ❣r✉♣♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❞❡ {1, . . . , n}✳ ❙❡ f é ❧✐♥❡❛r ♥❛ ✈❛r✐á✈❡❧

x1✱ ❡♥tã♦

f
(∑

αiyi, x2, . . . , xn

)

=
∑

αif(yi, x2, . . . , xn),

♣❛r❛ t♦❞♦ αi ∈ F ✱ yi ∈ F 〈X〉✳



✶✳✻✳ P♦❧✐♥ô♠✐♦s ▼✉❧t✐✲❤♦♠♦❣ê♥❡♦s ❡ ▼✉❧t✐❧✐♥❡❛r❡s ✸✽

❖❜s❡r✈❛çã♦ ✶✳✶✸ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❣❡r❛❞❛ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ B ❝♦♠♦ ❡s♣❛ç♦ ✈❡✲

t♦r✐❛❧ ❡ f(x1, x2, . . . , xn) ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ f ≡ 0 ❡♠ A

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f(b1, b2, . . . , bn) = 0✱ ♣❛r❛ q✉❛✐sq✉❡r b1, b2, . . . , bn ∈ B✳

❉❡✜♥✐çã♦ ✶✳✻✳✽ P❛r❛ ✉♠ ♠♦♥ô♠✐♦ m = m(x1, x2, . . . , xn) = x1 · · · xn ❡ ❞♦✐s ✐♥t❡✐r♦s

1 ≤ p, q ≤ n✱ ❞❡✜♥❛ ♣♦r m[p,q] ❛ s✉❜♣❛❧❛✈r❛ ♦❜t✐❞❛ ❞❡ m ❡❧✐♠✐♥❛♥❞♦ ❛s p− 1 ♣r✐♠❡✐r❛s

❡ ❛s n− q ú❧t✐♠❛s ✈❛r✐á✈❡✐s✱ ♦✉ s❡❥❛✱

m[p,q] = xpxp+1 · · · xq−1xq.

❙❡❥❛ f(x1, x2, . . . , xn) ∈ F 〈X〉 ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳ ❙✉♣♦♥❤❛ q✉❡ f

♥ã♦ é ♠✉❧t✐❧✐♥❡❛r✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ❛❧❣✉♠❛ ✈❛r✐á✈❡❧ ❡♠ f ❝♦♠ ❣r❛✉ ♠❛✐♦r q✉❡ 1✱ ❞✐❣❛♠♦s

degx1f > 1✳ ❈♦♥s✐❞❡r❡ ♦ ♣♦❧✐♥ô♠✐♦

h(y1, y2, x2, . . . , xn) = f(y1 + y2, x2, . . . , xn)− f(y1, x2, . . . , xn)− f(y2, x2, . . . , xn).

❚❡♠♦s q✉❡ s❡ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛ á❧❣❡❜r❛ A✱ ❡♥tã♦ h ≡ 0 ❡♠ A✳ ❯s❛♥❞♦ q✉❡

degx1f > 1✱ ♠♦str❛✲s❡ q✉❡ h é ✉♠ ♣♦❧✐♥ô♠✐♦ ♥ã♦✲♥✉❧♦ ❡✱ ❛❧é♠ ❞✐ss♦✱ degy1h é ♠❡♥♦r

q✉❡ degx1f ✳ ■♥❞✉t✐✈❛♠❡♥t❡ ♣♦❞❡♠♦s r❡♣❡t✐r ❡ss❡ ♣r♦❝❡ss♦ ❛té q✉❡ ❛ ♣r✐♠❡✐r❛ ✈❛r✐á✈❡❧

t❡♥❤❛ ❣r❛✉ ✶✳ ❋❛③❡♥❞♦ ✐st♦ ♣❛r❛ t♦❞❛s ❛s ✈❛r✐á✈❡✐s ♦❜t❡♠♦s ✉♠ ♣♦❧✐♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r

q✉❡ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ f ✱ ❡ ❝♦♥t✐♥✉❛ s❡♥❞♦ ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛ á❧❣❡❜r❛ A✳ ❊ss❡

♣r♦❝❡ss♦ é ❝❤❛♠❛❞♦ ❞❡ ♠✉❧t✐❧✐♥❡❛r✐③❛çã♦✳

❊①❡♠♣❧♦ ✶✳✻✳✾ ❙❡ f(x1) = x21✱ ❡♥tã♦

g(x1, x2) = f(x1 + x2)− f(x1)− f(x2) = x1x2 + x2x1,

q✉❡ é ♠✉❧t✐❧✐♥❡❛r✳

❚❡♦r❡♠❛ ✶✳✻✳✶✵ ❙❡ charF = 0✱ ❡♥tã♦ t♦❞♦ ♣♦❧✐♥ô♠✐♦ ♥ã♦✲♥✉❧♦ f ∈ F 〈X〉 é ❡q✉✐✈❛✲

❧❡♥t❡ ❛ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳ ❆ss✐♠✱ s❡ I é ✉♠ ❚✲✐❞❡❛❧ ❞❡

F 〈X〉✱ ❡♥tã♦ I é ❣❡r❛❞♦ ♣♦r s❡✉s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✻✳✺✱ f é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦❧✐♥ô♠✐♦s

♠✉❧t✐❤♦♠♦❣ê♥❡♦s✱ ❡ ❞❛í é s✉✜❝✐❡♥t❡ ♠♦str❛r ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ f é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳

❆ss✐♠ s✉♣♦♥❤❛ q✉❡ f = f(x1, x2, . . . , xn) é ♠✉❧t✐❤♦♠♦❣ê♥❡♦✳ ❱❛♠♦s ❛♣❧✐❝❛r ♦ ♣r♦❝❡ss♦

❞❡ ♠✉❧t✐❧✐♥❡❛r✐③❛çã♦ ❡♠ f ✳ ❙❡ degx1f = d > 1 ❡s❝r❡✈❛

f = f(y1 + y2, x2, . . . , xn) =
d∑

i=0

gi(y1, y2, x2, . . . , xn),



✶✳✼✳ ➪❧❣❡❜r❛s ●✲❣r❛❞✉❛❞❛s ❡ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ●r❛❞✉❛❞❛s ✸✾

♦♥❞❡ degy1gi = i✱ degy2gi = d − i ❡ degxjgi = degxjf ✱ ♣❛r❛ j = 2, . . . , n✳ ❉❡ss❡ ♠♦❞♦✱

t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s gi(y1, y2, x2, . . . , xn)✱ ❝♦♠ i = 1, . . . , d− 1✱ sã♦ ❝♦♥s❡q✉ê♥❝✐❛s ❞❡ f

✭♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✻✳✺✮✳ ◆♦t❡ q✉❡✱ ♣❛r❛ t♦❞♦ i✱

gi(y1, y1, x2, . . . , xn) =

(
d

i

)

f(y1, x2, . . . , xn).

❈♦♠♦ charF = 0✱ s❡❣✉❡ q✉❡
(
d
i

)
6= 0✱ ❞♦♥❞❡ f é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ t♦❞♦ gi✱ i = 1, . . . , d−1✳

❆♣❧✐❝❛♥❞♦ ✐♥❞✉çã♦ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ �

✶✳✼ ➪❧❣❡❜r❛s ●✲❣r❛❞✉❛❞❛s ❡ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s

●r❛❞✉❛❞❛s

❆♦ ❧♦♥❣♦ ❞❛ s❡çã♦ s❡rá ✐♥tr♦❞✉③✐❞❛ ❛ ♥♦çã♦ ❞❡ ❣r❛❞✉❛çã♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ s♦❜r❡

✉♠ ❣r✉♣♦ ❡ ❛❧❣✉♥s ❡①❡♠♣❧♦s q✉❡ s❡rã♦ ✐♠♣♦rt❛♥t❡s ♥♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✳ ❱❛♠♦s

❞❡♥♦t❛r ♣♦r G ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦✱ ❝♦♠ ♥♦t❛çã♦ ❛❞✐t✐✈❛✳

❉❡✜♥✐çã♦ ✶✳✼✳✶ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ s♦❜r❡ F ❡ G ✉♠ ❣r✉♣♦✳ ❉✐③❡♠♦s q✉❡ A é

●✲❣r❛❞✉❛❞❛ ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ ❣r❛❞✉❛❞❛✮ s❡ A ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡

s✉❜❡s♣❛ç♦s A = ⊕g∈GA
(g)✱ ♦♥❞❡ A(g)A(h) ⊆ A(g+h)✱ ♣❛r❛ t♦❞♦ g, h ∈ G✳

P❡❧❛ ❞❡✜♥✐çã♦✱ ✉♠ ❡❧❡♠❡♥t♦ a ∈ A é ❡s❝r✐t♦ ❞❡ ❢♦r♠❛ ú♥✐❝❛ ❝♦♠♦ s♦♠❛ ✜♥✐t❛

a =
∑

g∈G ag✱ ♦♥❞❡ ag ∈ A(g)✳ ❖s s✉❜❡s♣❛ç♦s A(g) sã♦ ❝❤❛♠❛❞♦s ❞❡ ❝♦♠♣♦♥❡♥t❡s

❤♦♠♦❣ê♥❡❛s ❞❡ A ❡ ✉♠ ❡❧❡♠❡♥t♦ a ∈ A é ❤♦♠♦❣ê♥❡♦ ✭♦✉ ❤♦♠♦❣ê♥❡♦ ❞❡ ❣r❛✉

g✮ s❡ a ∈ A(g)✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r |a|G = g ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ ♣♦r |a| = g✮✳ ❙❡ A ♣♦ss✉✐

✉♥✐❞❛❞❡✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ 1A ∈ A(0)✱ ♦♥❞❡ 0 é ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❡ G✳

❉❡✜♥✐çã♦ ✶✳✼✳✷ ❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ A = ⊕g∈GA
(g) G✲❣r❛❞✉❛❞❛ ❡ β ✉♠❛ ❜❛s❡ ❞❡ A✱

❞✐③❡♠♦s q✉❡✿

✐✮ ❯♠ s✉❜❡s♣❛ç♦ B ⊆ A é ❤♦♠♦❣ê♥❡♦ s❡ B = ⊕g∈G(B ∩ A(g))✳

✐✐✮ ❆ ❜❛s❡ β é ❤♦♠♦❣ê♥❡❛ ✭♦✉ G✲❤♦♠♦❣ê♥❡❛✮ s❡ t♦❞♦s ♦s s❡✉s ❡❧❡♠❡♥t♦s sã♦ ❤♦♠♦✲

❣ê♥❡♦s✳

◆❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✱ q✉❛♥❞♦ B é ✉♠❛ s✉❜á❧❣❡❜r❛ ❤♦♠♦❣ê♥❡❛ ❞❡ A✱ ✈❡♠♦s ❢❛❝✐❧✲

♠❡♥t❡ q✉❡ (B ∩ A(g))(B ∩ A(h)) ⊆ (B ∩ A(g+h))✱ ♣❛r❛ q✉❛✐sq✉❡r g, h ∈ G✱ ❡ ❞❛í t❡♠♦s

✉♠❛ G✲❣r❛❞✉❛çã♦ ♣❛r❛ B ❛ ♣❛rt✐r ❞❛ G✲❣r❛❞✉❛çã♦ ❞❡ A✱ ❡ ❞✐③❡♠♦s q✉❡ B ❤❡r❞❛ ❛

G✲❣r❛❞✉❛çã♦ ❞❡ A✳
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❊①❡♠♣❧♦ ✶✳✼✳✸ ✭●r❛❞✉❛çã♦ ❚r✐✈✐❛❧✮ ❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ A ❡ ✉♠ ❣r✉♣♦ G✱ ❝♦♥s✐❞❡r❡

♦s s✉❜❡s♣❛ç♦s A0 = A ❡ A(g) = {0}✱ ♣❛r❛ g 6= 0✳ ❆ss✐♠ t❡♠♦s ✉♠❛ ❣r❛❞✉❛çã♦ ♣❛r❛ A✱

❝❤❛♠❛❞❛ ❞❡ ❣r❛❞✉❛çã♦ tr✐✈✐❛❧✳ P♦rt❛♥t♦ q✉❛❧q✉❡r á❧❣❡❜r❛ ♣♦ss✉✐ ✉♠❛ ●✲❣r❛❞✉❛çã♦✳

❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❝♦♠ ❜❛s❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ B✳ ❙❡ ❢♦r ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠❛ ❛♣❧✐✲

❝❛çã♦ | · | : B → G✱ t❛❧ q✉❡

b1b2 6= 0 ✐♠♣❧✐❝❛ |b1b2| = |b1|+ |b2|, ♣❛r❛ q✉❛✐sq✉❡r b1, b2 ∈ B, ✭✶✳✹✮

❡♥tã♦ ♦❜t❡♠♦s ✉♠❛ G✲❣r❛❞✉❛çã♦ ♣❛r❛ A✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ g ∈ G✱ s❡❥❛ A(g) ♦ s✉❜❡s♣❛ç♦

❞❡ A ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {b ∈ B : |b| = g}✳ ❆ss✐♠✱ A =
∑

g∈GA
(g)✱ ♣♦✐s B é ❜❛s❡

❞❡ A✱ ❡ ❝♦♠♦ ❡st❛♠♦s ❞✐✈✐❞✐♥❞♦ B ❡♠ s✉❜❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s✱ s❡❣✉❡ q✉❡ ❛ s♦♠❛ é

❞✐r❡t❛✱ ♦✉ s❡❥❛✱ A = ⊕g∈GA
(g)✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r ✭✶✳✹✮✱ t❡♠♦s q✉❡ A(g)A(h) ⊆ A(g+h)✱

♣❛r❛ q✉❛✐sq✉❡r g, h ∈ G✳ ◆❡st❡ ❝❛s♦✱ t❡♠♦s q✉❡ B é G✲❤♦♠♦❣ê♥❡❛ ❡ ✈❛♠♦s ❝❤❛♠á✲❧❛

❞❡ ❜❛s❡ G✲♠✉❧t✐♣❧✐❝❛t✐✈❛ ❞❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ A✳

❈♦♠ ❜❛s❡ ♥❛ ✐❞❡✐❛ ❛♥t❡r✐♦r✱ ♦♥❞❡ ♦❜t❡♠♦s ✉♠❛ G✲❣r❛❞✉❛çã♦ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛

A ❝♦♠ ❜❛s❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ B✱ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ❣r❛❞✉❛çõ❡s ♣❛r❛ ❛❧❣✉♠❛s á❧❣❡❜r❛s q✉❡

s❡rã♦ ✐♠♣♦rt❛♥t❡s ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦✳

❊①❡♠♣❧♦ ✶✳✼✳✹ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ Mn(F )✳ ❚♦❞❛ ♣❡r♠✉t❛çã♦ µ ∈ Sn ✐♥❞✉③ ✉♠❛

Zn✲❣r❛❞✉❛çã♦ ♣❛r❛ Mn(F )✳ ❉❡ ❢❛t♦✱ ♦ ❝♦♥❥✉♥t♦ β = {Eij : 1 ≤ i, j ≤ n} é ✉♠❛ ❜❛s❡

♠✉❧t✐♣❧✐❝❛t✐✈❛ ♣❛r❛ Mn(F ) ❡ ❝❧❛r❛♠❡♥t❡ ❛ ❛♣❧✐❝❛çã♦ | · |µ : β → Zn✱ ❞❛❞❛ ♣♦r

|Eij|µ = µ(j)− µ(i) ∈ Zn,

♦♥❞❡ i, j ∈ {1, . . . , n}✱ s❛t✐s❢❛③ ✭✶✳✹✮✳ ❊ss❛ ❣r❛❞✉❛çã♦ é ❝❤❛♠❛❞❛ ❞❡ Zn✲❣r❛❞✉❛çã♦

❡❧❡♠❡♥t❛r ✐♥❞✉③✐❞❛ ♣♦r µ✳

❈♦♥s✐❞❡r❡ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ µ = IdSn✳ ❉❡♥♦t❡ ♣♦r Mn(F )
(α) ❝❛❞❛ ❝♦♠♣♦✲

♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❛ Zn✲❣r❛❞✉❛çã♦ ❡♠ Mn(F )✱ ❝♦♠ α ∈ Zn✳ ❊♥tã♦ M (α)
n é ♦ s✉❜❡s♣❛ç♦

❞❡ Mn(F ) ❣❡r❛❞♦ ♣❡❧❛ ♠❛tr✐③❡s ✉♥✐tár✐❛s Eij t❛✐s q✉❡ j − i = α✳ ❆ss✐♠ M
(0)
n sã♦ ❛s

♠❛tr✐③❡s ❞❛ ❢♦r♠❛








a1,1

a2,2
✳ ✳ ✳

an,n









, a1,1, a2,2, . . . , an,n ∈ F, ✭✶✳✺✮
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❡ ♣❛r❛ 0 < t ≤ n− 1✱ M (t)
n sã♦ ❛s ♠❛tr✐③❡s ❞❛ ❢♦r♠❛

















0 · · · 0 a1,t+1 · · · · · · 0
✳✳✳

✳✳✳
✳✳✳ a2,t+2

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

0 · · · 0 0 · · · · · · an−t,n

an−t+1,1 · · · 0 0 · · · · · · 0
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
✳✳✳

0 · · · an,t 0 · · · · · · 0

















, ✭✶✳✻✮

♦♥❞❡ a1,t+1, a2,t+2, . . . , an−t,n, an−t+1,1, . . . , an,t ∈ F ✳

❊①❡♠♣❧♦ ✶✳✼✳✺ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r n = 2 ♥♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ t❡♠♦s

✉♠❛ Z2✲❣r❛❞✉❛çã♦ ♣❛r❛ M2(F ) =M2(F )0̄ ⊕M2(F )1̄ ♦♥❞❡

M2(F )0̄ =

{(

a 0

0 d

)

: a, d ∈ F

}

e M2(F )1̄ =

{(

0 b

c 0

)

: b, c ∈ F

}

;

❉❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡✱ ❝♦♥s❡❣✉✐♠♦s ✉♠❛ Z2✲❣r❛❞✉❛çã♦ ♣❛r❛ M1,1(E) =

M1,1(E)0̄ ⊕M1,1(E)1̄✱ ♦♥❞❡

M1,1(E)0̄ =

{(

a 0

0 d

)

: a, d ∈ E0

}

e M1,1(E)1̄ =

{(

0 b

c 0

)

: b, c ∈ E1

}

.

❆❧é♠ ❞✐ss♦✱ t❛♠❜é♠ t❡♠♦s ✉♠❛ Z2 × Z2✲❣r❛❞✉❛çã♦ ♣❛r❛

M1,1(E) =M(0,0) ⊕M(0,1) ⊕M(1,0) ⊕M(1,1),

♦♥❞❡

M(0,0) =

{(

a 0

0 a

)

: a ∈ E0

}

, M(0,1) =

{(

−b 0

0 b

)

: a ∈ E0

}

,

M(1,0) =

{(

0 c

c 0

)

: c ∈ E1

}

, M(1,1) =

{(

0 −d

d 0

)

: d ∈ E1

}

.

❆❣♦r❛ s❡❥❛ E = E0⊕E1 ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❝♦♠ s✉❛ Z2✲❣r❛❞✉❛çã♦✳ P♦❞❡♠♦s

❡s❝r❡✈❡r ❛ ❜❛s❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ♥❛t✉r❛❧ ❞❡ E ♥❛ ❢♦r♠❛ E = E0 ∪ E1✱ ♦♥❞❡ E0 ❡ E1 sã♦

❛s ❜❛s❡s ✉s✉❛✐s ❞❡ E0 ❡ E1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❊①❡♠♣❧♦ ✶✳✶✳✷✵✱ t❡♠♦s

q✉❡ Mn(F ) ⊗ E ≃ Mn(E)✳ ❆ss✐♠✱ ❛ ♣❛rt✐r ❞❛s ❣r❛❞✉❛çõ❡s ❞❡ Mn(F ) ❡ E✱ ✈❛♠♦s

❡st❛❜❡❧❡❝❡r ✉♠❛ Zn × Z2✲❣r❛❞✉❛çã♦ ♣❛r❛ Mn(E)✳
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❊①❡♠♣❧♦ ✶✳✼✳✻ ❙❡❥❛ Λ = {aEij : 1 ≤ i, j ≤ n, a ∈ E}✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ Λ é ✉♠❛

❜❛s❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ♣❛r❛ Mn(E)✳ ❆ss✐♠✱ ❞❛❞♦ µ ∈ Sn✱ ❞❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦

|aEij|
µ = (|Eij|µ, |a|2) ∈ Zn × Z2,

♦♥❞❡ a ∈ E✱ i, j ∈ {1, . . . , n} ❡

|a|2 =

{

0, s❡ a ∈ E0

1, s❡ a ∈ E1
.

❚❡♠♦s q✉❡ | · |µ s❛t✐s❢❛③ ✶✳✹✱ ♣♦✐s

|ab|2 = |a|2 + |b|2

♣❛r❛ q✉❛✐sq✉❡r a, b ∈ E✱ ❡ ❞❛❞♦s i, j, k ∈ {1, . . . , n}✱ t❡♠♦s

|EijEjk|µ = µ(k)− µ(i) = µ(k)− µ(j) + µ(j)− µ(i) = |Eij|µ + |Ejk|µ.

❆ss✐♠✱ µ ✐♥❞✉③ ✉♠❛ Zn × Z2✲❣r❛❞✉❛çã♦ ❡♠ Mn(E)✱ ❛ q✉❛❧ ❞❡♥♦t❛♠♦s ♣♦r (Mn(E), µ)

❡ ❝❤❛♠❛♠♦s ❞❡ ❣r❛❞✉❛çã♦ q✉❛s❡ ❡❧❡♠❡♥t❛r ❞❡ Mn(E)✳

❉❛❞♦s p, q ∈ N✱ s❡❥❛ n = p + q ❡ ❝♦♥s✐❞❡r❡ ❛ s✉❜á❧❣❡❜r❛ Mp,q(E) ❞❡ Mn(E)✳

❉❡✜♥❛ η : {1, . . . , n} → Z2✱ ❞❛❞❛ ♣♦r

η(i) =

{

0, s❡ i ≤ p

1, s❡ i > p
. ✭✶✳✼✮

❡ Bp = {aEij : 1 ≤ i, j ≤ n, a ∈ Eη(i)+η(j)}✳ ❚❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ Bp é ✉♠❛ ❜❛s❡ Zn×

Z2✲♠✉❧t✐♣❧✐❝❛t✐✈❛ ❞❡ Mp,q(E)✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ Mp,q(E) é s✉❜á❧❣❡❜r❛ ❤♦♠♦❣ê♥❡❛ ❞❡

Mn(E)✱ ❞❛í Mp,q(E) ❤❡r❞❛ ❛ Zn×Z2✲❣r❛❞✉❛çã♦ q✉❛s❡ ❡❧❡♠❡♥t❛r ❞❡ (Mn(E), µ)✱ ❛ q✉❛❧

❞❡♥♦t❛♠♦s ♣♦r (Mp,q(E), µ)✱ ❡ ♣♦rt❛♥t♦ µ t❛♠❜é♠ ✐♥❞✉③ ✉♠❛ ❣r❛❞✉❛çã♦ ❡♠ Mp,q(E)✳

❙❡♥❞♦ Mp,q(E)
(t,λ) ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❤♦♠♦❣ê♥❡❛ ❞❡ss❛ ❣r❛❞✉❛çã♦✱ ♣❛r❛ (t, λ) ∈ Zn×Z2✱

t❡♠♦s q✉❡ Mp,q(E)
(t,λ) = spanF 〈aEij : µ(j)− µ(i) = t, a ∈ Eη(i)+η(j), η(i) + η(j) = λ〉✳

❊①❡♠♣❧♦ ✶✳✼✳✼ ❉❛❞♦s p, q, r, s ∈ N✱ t♦♠❡ n = p + q✱ m = r + s✱ µ ∈ Sn ❡ ν ∈ Sm✳

❈♦♥s✐❞❡r❡ ❛s á❧❣❡❜r❛s Mp,q(E) ❡ Mr,s(E)✱ ❡ ♣❛r❛ (aEij, bEuv) ∈ Bp × Br✱ ❞❡✜♥❛

|aEij ⊗ bEuv| = (m(µ(j)− µ(i)) + (ν(v)− ν(u)), |a|2 + |b|2) ∈ Znm × Z2.

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ | · | s❛t✐s❢❛③ ✭✶✳✹✮✱ ❡ q✉❡ {x ⊗ y : x ∈ Bp, y ∈ Br} é ✉♠❛ ❜❛s❡

♠✉❧t✐♣❧✐❝❛t✐✈❛ ♣❛r❛ Mp,q(E)⊗Mr,s(E)✳ P♦rt❛♥t♦ t❡♠♦s ✉♠❛ Znm ×Z2✲❣r❛❞✉❛çã♦ ♣❛r❛

♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ Mp,q(E) ♣♦r Mr,s(E)✳

❊①❡♠♣❧♦ ✶✳✼✳✽ ❉❛❞♦ G ✉♠ ❣r✉♣♦ ✜♥✐t♦✱ ❛ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦ FG t❡♠ ✉♠❛ G✲❣r❛❞✉❛çã♦

♥❛t✉r❛❧ ❞❛❞❛ ♣♦r

FG =
⊕

g∈G

Ag ,

♦♥❞❡ Ag = 〈g〉 = {λg : λ ∈ F}✳
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❊①❡♠♣❧♦ ✶✳✼✳✾ ❙❡❥❛ E = E0 ⊗ E1 ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❝♦♠ s✉❛ Z2✲❣r❛❞✉❛çã♦

♥❛t✉r❛❧✳ ❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ A = A0 ⊕A1 Z2✲❣r❛❞✉❛❞❛✱ t❡♠♦s ❡♥tã♦ ✉♠❛ Z2✲❣r❛❞✉❛çã♦

♣❛r❛ ❛ á❧❣❡❜r❛ B = (A0 ⊗ E0)⊕ (A1 ⊗ E1)✳ ❊ss❛ á❧❣❡❜r❛ é ❝❤❛♠❛❞❛ ❞❡ ♣r♦❞✉t♦ t❡♥✲

s♦r✐❛❧ ❣r❛❞✉❛❞♦ ❞❡ A ♣❡❧❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E✱ ♦✉ ❡♥✈♦❧tór✐❛ ❞❡ ●r❛ss♠❛♥♥

❞❡ A✳

❊①❡♠♣❧♦ ✶✳✼✳✶✵ ❙❡❥❛ E ❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ ❡ ❝♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ E ⊗ E✳ ❆

♣❛rt✐r ❞❛ Z2✲❣r❛❞✉❛çã♦ ❞❛ á❧❣❡❜r❛ E✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ E ⊗ E = A0 ⊕ A1✱ ♦♥❞❡

A0 = (E0 ⊗ E0)⊕ (E1 ⊗ E1) e A1 = (E0 ⊗ E1)⊕ (E1 ⊗ E0)

é ✉♠❛ Z2✲❣r❛❞✉❛çã♦ ❞❡ E ⊗ E✳

❉❡✜♥✐çã♦ ✶✳✼✳✶✶ ❙❡❥❛♠ A = ⊕g∈GA
(g) ❡ B = ⊕g∈GB

(g) ❞✉❛s á❧❣❡❜r❛s G✲❣r❛❞✉❛❞❛s✳

❉✐③❡♠♦s q✉❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ϕ : A → B é ✉♠ ❤♦♠♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦

s❡ ϕ(A(g)) ⊆ B(g)✱ ♣❛r❛ t♦❞♦ g ∈ G✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡✜♥✐♠♦s ♠♦♥♦♠♦r✜s♠♦✱ ❡♣✐✲

♠♦r✜s♠♦✱ ✐s♦♠♦r✜s♠♦✱ ❡♥❞♦♠♦r✜s♠♦ ❡ ❛✉t♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦✳ ◗✉❛♥❞♦ ϕ é ✉♠

✐s♦♠♦r✜s♠♦ G✲❣r❛❞✉❛❞♦✱ ❞❡♥♦t❛♠♦s A ≃G B✱ t❡♠♦s q✉❡ ϕ(A(g)) = B(g)✱ ♣❛r❛ t♦❞♦

g ∈ G✱ ❡ ❞✐③❡♠♦s q✉❡ ❛s ❣r❛❞✉❛çõ❡s ❡♠ A ❡ B sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❊①❡♠♣❧♦ ✶✳✼✳✶✷ ❉❛❞❛ ✉♠❛ á❧❣❡❜r❛ A = ⊕g∈GA
(g) G✲❣r❛❞✉❛❞❛ ❡ ✉♠ ❡❧❡♠❡♥t♦ ✐♥✈❡r✲

sí✈❡❧ a ∈ A✱ ❞❡✜♥❛
T : A −→ A

x 7−→ T (x) = a−1xa
.

❱❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ T é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❙❡ a−1 ∈ A(h) ❡ a ∈ A(g)✱

g, h ∈ G✱ ❡♥tã♦ a−1a ∈ A(g+h)✳ ❉❛í✱ ❝♦♠♦ a−1a = 1A ∈ A(0)✱ t❡♠♦s a−1a ∈ A(0) ∩

A(g+h)✳ ❙❡♥❞♦ ❛ s♦♠❛ ❞✐r❡t❛ ❡ a−1a = 1A 6= 0A✱ ❞❡✈❡♠♦s t❡r g + h = h+ g = 0✱ ❞♦♥❞❡

h = −g✳ ❆ss✐♠✱ ❞❛❞♦ x ∈ A✱ ❝♦♠ |x| = g′ ∈ G✱ t❡♠♦s q✉❡

|T (x)| = |a−1xa| = h+ g′ + g = −g + g′ + g = g′ = |x|,

❡ ♣♦rt❛♥t♦ T é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦✱ ❝❤❛♠❛❞♦ ❞❡ ❛✉t♦♠♦r✜s♠♦ ●✲❣r❛❞✉❛❞♦

✐♥❞✉③✐❞♦ ♣♦r ❛✳

P❛r❛ ❞❡✜♥✐r ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ✉♠❛ ❣r❛❞✉❛çã♦ ♥❛t✉r❛❧ ♣❛r❛

❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ F 〈X〉✳

❙❡❥❛♠ F 〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ ❡ G ✉♠ ❣r✉♣♦ ✜♥✐t♦✳ ❊s❝r❡✈❡♠♦s X =

∪g∈GX
(g)✱ ♦♥❞❡ X(g) sã♦ ❝♦♥❥✉♥t♦s ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s✳ ❙❡ ✉♠❛ ✈❛r✐á✈❡❧ x ♣❡rt❡♥❝❡ ❛

X(g)✱ ❞✐③❡♠♦s q✉❡ x é ❤♦♠♦❣ê♥❡❛ ❞❡ ❣r❛✉ g✱ ❡ ❡s❝r❡✈❡♠♦s |x| = g ♦✉ ❞❡♥♦t❛♠♦s x ♣♦r

xg✳ ❖s ♠♦♥ô♠✐♦s

{xi1xi2 · · · xik : k ∈ N , xi1 , xi2 , . . . , xik ∈ X}
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❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ F 〈X〉 ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❙❡ m = xi1xi2 · · · xin ∈ F 〈X〉 é ✉♠

♠♦♥ô♠✐♦✱ ❞❡✜♥✐♠♦s ♦G✲❣r❛✉ ❤♦♠♦❣ê♥❡♦ ❞❡m ❝♦♠♦ s❡♥❞♦ |m| = |xi1 |+|xi2 |+· · ·+|xin |✳

❉❛❞♦ g ∈ G✱ ❞❡♥♦t❡ ♣♦r F 〈X〉(g) ♦ s✉❜❡s♣❛ç♦ ❞❡ F 〈X〉 ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s ♠♦♥ô♠✐♦s

q✉❡ tê♠ G✲❣r❛✉ ❤♦♠♦❣ê♥❡♦ g✳ ❚❡♠♦s q✉❡ F 〈X〉(g)F 〈X〉(h) ⊆ F 〈X〉(g+h)✱ ♣❛r❛ g, h ∈ G✳

P♦rt❛♥t♦

F 〈X〉 =
⊕

g∈G

F 〈X〉(g)

é ✉♠❛ G✲❣r❛❞✉❛çã♦ ♣❛r❛ F 〈X〉✳ ❈❤❛♠❛♠♦s F 〈X〉✱ ❝♦♠ ❡st❛ G✲❣r❛❞✉❛çã♦✱ ❞❡ á❧❣❡✲

❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ G✲❣r❛❞✉❛❞❛✱ ❛ q✉❛❧ ❞❡♥♦t❛♠♦s ♣♦r F 〈X|G〉✳ ❖s ❡❧❡♠❡♥t♦s

❞❛ á❧❣❡❜r❛ F 〈X|G〉 sã♦ ❝❤❛♠❛❞♦s ❞❡ ♣♦❧✐♥ô♠✐♦s G✲❣r❛❞✉❛❞♦s ♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ ❞❡

♣♦❧✐♥ô♠✐♦s ❣r❛❞✉❛❞♦s✳

❉❡✜♥✐çã♦ ✶✳✼✳✶✸ ❙❡❥❛ A = ⊕g∈GA
(g) ✉♠❛ á❧❣❡❜r❛ ●✲❣r❛❞✉❛❞❛✳ ❯♠ ♣♦❧✐♥ô♠✐♦ f =

f(x1, x2, . . . , xn) ∈ F 〈X〉 é ❝❤❛♠❛❞♦ ❞❡ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❣r❛❞✉❛❞❛ ❞❛ á❧❣❡❜r❛

G✲❣r❛❞✉❛❞❛ A s❡

f(a1, a2, . . . , an) = 0, ∀ a1, a2, . . . , an ∈
⋃

g∈G

A(g),

♦♥❞❡ as ∈ A(|xs|)✱ s = 1, 2, . . . , n✳

❈♦♠♦ ♥♦ ❝❛s♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣♦❧✐♥♦♠✐❛✐s✱ t❛♠❜é♠ t❡♠♦s ♥❡ss❡ ❝♦♥t❡①t♦ ❛ ✐❞❡✐❛

❞❡ T ✲✐❞❡❛❧✱ ♦ q✉❛❧ s❡rá ❝❤❛♠❛❞♦ ❞❡ TG✲✐❞❡❛❧✳

❉❡✜♥✐çã♦ ✶✳✼✳✶✹ ❙❡❥❛ F 〈X〉 ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ G✲❣r❛❞✉❛❞❛✳ ❯♠ ✐❞❡❛❧ I ❞❡

F 〈X〉 é ❞✐t♦ ✉♠ TG✲✐❞❡❛❧ s❡ é ✐♥✈❛r✐❛♥t❡ ♣♦r ❡♥❞♦♠♦r✜s♠♦s G✲❣r❛❞✉❛❞♦s✳ ❉❛❞♦ S ⊆

F 〈X〉✱ S ♥ã♦✲✈❛③✐♦✱ ❞❡✜♥✐♠♦s ♦ TG✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r S ❝♦♠♦ s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡

t♦❞♦s ♦s TG✲✐❞❡❛✐s ❞❡ F 〈X〉 q✉❡ ❝♦♥tê♠ S✳

❖ ❝♦♥❥✉♥t♦ TG(A) ❞❡ t♦❞❛s ❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛

A é ✉♠ TG✲✐❞❡❛❧ ❞❡ F 〈X〉✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ ✉♠ ✐❞❡❛❧ I é ✉♠ TG✲✐❞❡❛❧ ❞❡ F 〈X〉 s❡✱ ❡

s♦♠❡♥t❡ s❡✱ f(g1, g2, . . . , gn) ∈ I✱ ♣❛r❛ q✉❛✐sq✉❡r f(x1, x2, . . . , xn) ∈ I ❡ gi ∈ F 〈X〉(|xi|)✳

◆♦ ❝❛s♦ ❡♠ q✉❡ G = Zn✱ ❞❡♥♦t❛r❡♠♦s TG(A) ♣♦r Tn(A) ❡ ❝❤❛♠❛r❡♠♦s ✉♠ TG✲

✐❞❡❛❧ ❞❡ Tn✲✐❞❡❛❧✳

❖❜s❡r✈❛çã♦ ✶✳✶✹ ❆s ❞❡✜♥✐çõ❡s ❡ ♦❜s❡r✈❛çõ❡s ❞❡ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❤♦♠♦❣ê♥❡♦s ❡ ♠✉❧✲

t✐❧✐♥❡❛r❡s sã♦ ❛s ♠❡s♠❛s ♣❛r❛ ♦ ❝❛s♦ ❞❡ ♣♦❧✐♥ô♠✐♦s G✲❣r❛❞✉❛❞♦s✱ ❡ ♦s r❡s✉❧t❛❞♦s ❞♦s

❚❡♦r❡♠❛s ✶✳✻✳✺ ❡ ✶✳✻✳✶✵ sã♦ ❛♥á❧♦❣♦s ♣❛r❛ ♦ ❝❛s♦ ❞❡ TG✲✐❞❡❛✐s✳
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Pr♦♣♦s✐çã♦ ✶✳✼✳✶✺ ❉❛❞❛s ❞✉❛s á❧❣❡❜r❛s G✲❣r❛❞✉❛❞❛s A = ⊕g∈GAg ❡ B = ⊕g∈GBg

t❛✐s q✉❡ TG(A) ⊆ TG(B)✱ ❡♥tã♦ T (A) ⊆ T (B)✳ ❆❧é♠ ❞✐ss♦✱ s❡ TG(A) = TG(B)✱ ❡♥tã♦

T (A) = T (B)✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ❛s á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❧✐✈r❡s F 〈X〉 ❡ F 〈Y 〉✱ ♦♥❞❡ X =

{x1, x2, x3, . . . } ❡ Y = {y1, y2, y3, . . . }✱ ❡ t♦♠❡ f(y1, y2, . . . , yn) ∈ T (A)✳ ❉❛❞♦s b1, b2, . . . ,

bn ∈ B✱ s❡❥❛ big ∈ Bg✱ i = {1, . . . , n} ❡ g ∈ G✱ t❛✐s q✉❡ bi =
∑

g∈G big ✳ P❛r❛ ❝❛❞❛ big 6= 0✱

❝♦♥s✐❞❡r❡ ❛ ✈❛r✐á✈❡❧ xig ∈ X ❡ ♦ ♣♦❧✐♥ô♠✐♦ f1 = f(
∑

g∈G x1g , . . . ,
∑

g∈G xng) ❡♠ F 〈X〉✳

❖❜s❡r✈❡ q✉❡ f1 é ✉♠ ♣♦❧✐♥ô♠✐♦ ❣r❛❞✉❛❞♦✱ ❡ ❝♦♠♦ f ∈ T (A)✱ s❡❣✉❡ q✉❡ f1 ∈ TG(A) ❡

❞❛í f1 ∈ TG(B)✳ ❊♥tã♦✱ s✉❜st✐t✉✐♥❞♦ xig = big✱ ♣❛r❛ i = {1, . . . , n} ❡ g ∈ G✱ t❡♠♦s

f(b1, b2, . . . , bn) = f(
∑

g∈G

b1g ,
∑

g∈G

b2g , . . . ,
∑

g∈G

bng) = 0

❡ ♣♦rt❛♥t♦ f ∈ T (B)✳

❙✉♣♦♥❞♦ TG(A) = TG(B)✱ t❡♠♦s ❛ ✐♥❝❧✉sã♦ TG(B) ⊆ TG(A)✱ ❡ ❞❛í ❛♥❛❧♦❣❛♠❡♥t❡

♦❜t❡♠♦s T (B) ⊆ T (A)✱ ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳ �

❉❡✜♥✐çã♦ ✶✳✼✳✶✻ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❡ β ✉♠❛ ❜❛s❡ ❤♦♠♦❣ê♥❡❛ ❞❡ A✳

❚♦♠❡ f = f(x1, . . . , xn) ∈ F 〈X|G〉✳ ❯♠❛ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ ♥❛ ❜❛s❡ β ✭♦✉ ❡♠

A✮ é ✉♠❛ s✉❜st✐t✉✐çã♦ S ❞❛ ❢♦r♠❛

x1 = b1, x2 = b2, . . . , xn = bn

♦♥❞❡ bi ∈ β ❡ |xi| = |bi|✱ i = 1, . . . , n✳

◆❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✱ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r f |S ♦ ✈❛❧♦r ❞❡ f ❝♦rr❡s♣♦♥❞❡♥t❡ à s✉❜s✲

t✐t✉✐çã♦ S✳ ❈♦♠♦ β ❣❡r❛ A✱ s❡ f é ✉♠ ♣♦❧✐♥ô♠✐♦ ❣r❛❞✉❛❞♦ ♠✉❧t✐❧✐♥❡❛r t❛❧ q✉❡ f |S = 0✱

♣❛r❛ t♦❞❛ s✉❜st✐t✉✐çã♦ S✱ ❡♥tã♦ f é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ A✳ ❆❧é♠ ❞✐ss♦✱ s❡ β

é ✉♠❛ ❜❛s❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❡ f é ✉♠ ♠♦♥ô♠✐♦✱ ❡♥tã♦ f |S = 0 ♦✉ cf |S ∈ β✱ ♣❛r❛ ❛❧❣✉♠

c ∈ F ✳

❱❛♠♦s ❞❡♥♦t❛r ♣♦r M ♦ ❝♦♥❥✉♥t♦ ❞♦s ♠♦♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❡♠ F 〈X|G〉✱ ♣❛r❛

q✉❛❧q✉❡r ❣r✉♣♦ G✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ s❡rá ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✱

♣♦✐s ♥♦s ♣❡r♠✐t✐rá ❡♥❝♦♥tr❛r ❣❡r❛❞♦r❡s ❞❡ TG✲✐❞❡❛✐s ❞❡ ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ ❛❧❣✉♥s t✐♣♦s

❞❡ á❧❣❡❜r❛s ♠❛tr✐❝✐❛✐s✳
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Pr♦♣♦s✐çã♦ ✶✳✼✳✶✼ ❈♦♥s✐❞❡r❡ charF = 0✳ ❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ G✲❣r❛❞✉❛❞❛ ❝♦♠

❜❛s❡ ❤♦♠♦❣ê♥❡❛ ❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ B✱ N ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ A ❡ I

♦ TG✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r N ✳ ❆❧é♠ ❞✐ss♦✱ s✉♣♦♥❤❛ q✉❡ ♣❛r❛ q✉❛✐sq✉❡r h, h′ ∈ M \ TG(A)✱

❡①✐st❡ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ S ❡ 0 6= c ∈ F t❛❧ q✉❡

0 6= h|s = ch′|s ⇔ h ≡ ch′(mod I).

❊♥tã♦ TG(A) é ♦ TG✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r I ′ = N ∪ (M∩ TG(A))✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ J ♦ TG✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r I ′✳ ❈❧❛r❛♠❡♥t❡ t❡♠♦s I ⊆ J ⊆ TG(A)✳

❆❣♦r❛ s✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡ f = f(x1, . . . , xn) ❡♠ TG(A)✱ ♠❛s f /∈ J ✳

❈♦♠♦ charF = 0✱ ♣♦❞❡♠♦s s✉♣♦r f ♠✉❧t✐❧✐♥❡❛r✳ ❙❡❥❛ ∆ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s

♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❝♦♥❣r✉❡♥t❡s ❛ f ♠ó❞✉❧♦ J ✳ ❚❡♠♦s q✉❡ ∆ 6= ∅✱ ♣♦✐s f ∈ ∆✱ ❡

❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ ∆ é ❞❛ ❢♦r♠❛
r∑

i=1

aimi = f + g,

♦♥❞❡ mi ∈ M✱ 0 6= ai ∈ F ✱ r ∈ N ❡ g ∈ J ✳ ❆ss✐♠ t♦♠❡ ♦ ♠❡♥♦r r t❛❧ q✉❡

f ≡
r∑

i=1

aimi (mod J). ✭✶✳✽✮

◆♦t❡ q✉❡ r > 1✱ ♣♦✐s s❡ r = 1✱ ❡♥tã♦ m1 ∈ M ∩ TG(A) ⊆ J ✱ ❡ ❞❛í f ∈ J ✱ ♦ q✉❡ ♥ã♦

♣♦❞❡ ♦❝♦rr❡r✳ ❆❧é♠ ❞✐ss♦✱ s❡ m1 ∈ TG(A)✱ ❡♥tã♦ a1m1 ≡ 0 (mod J)✱ ❡ ❞❛í

f ≡
r∑

i=1

aimi = a1m1 +
r∑

i=2

aimi ≡
r∑

i=2

aimi (mod J),

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ r✳ P♦rt❛♥t♦ m1 /∈ TG(A)✱ ❞♦♥❞❡ ❡①✐st❡ s✉❜st✐t✉✐çã♦

st❛♥❞❛r❞ S t❛❧ q✉❡ m1|S 6= 0✱ ❝♦♠ f |S = 0✳ ❆ss✐♠ ♣♦r ✭✶✳✽✮✱ t❡♠♦s

r∑

i=1

aimi|S = 0✱ ♦✉ s❡❥❛✱ −
r∑

i=2

aimi|S = a1m1|S 6= 0,

❡ ❞❛í✱ ❝♦♠♦ mi|S = 0 ♦✉ a′imi|S ∈ B✱ ♦♥❞❡ 0 6= a′i ∈ F ✱ i = 1, . . . , r✱ ❡ ♦s ❡❧❡♠❡♥t♦s ❞❡

B sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❡①✐st❡ ❛❧❣✉♠ j ∈ {2, . . . , r}✱ ❞✐❣❛♠♦s j = 2✱ t❛❧ q✉❡

m1|S = cm2|S 6= 0✱ ♣❛r❛ ❛❧❣✉♠ 0 6= c ∈ F ✳ ▲♦❣♦✱ ♣♦r ❤✐♣ót❡s❡✱ m1 ≡ cm2 (mod I)✱

♠❛s I ⊆ J ✱ ❡ ❡♥tã♦ m1 ≡ cm2 (mod J)✳ P♦rt❛♥t♦✱ ♣♦r ✭✶✳✽✮✱ t❡♠♦s

f ≡ a1m1 + a2m2 +
r∑

i=3

aimi ≡ (a1c+ a2)m2 +
r∑

i=3

aimi (mod J),

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ r✳ ▲♦❣♦ f ∈ J ❡ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ �
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❊①❡♠♣❧♦ ✶✳✼✳✶✽ ❈♦♥s✐❞❡r❡ ❛s á❧❣❡❜r❛s M2(F ) ❡ M1,1(E) ❝♦♠ s✉❛s Z2✲❣r❛❞✉❛çõ❡s ❞♦

❊①❡♠♣❧♦ ✶✳✼✳✺✳ P❛r❛ G = Z2 ♦❜t❡♠♦s ❛ Z2✲❣r❛❞✉❛çã♦ F 〈X〉 = F 〈X〉(0) ⊕ F 〈X〉(1) ❞❛

á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡✳ ❈♦♥s✐❞❡r❡ ♦s ♣♦❧✐♥ô♠✐♦s Z2✲❣r❛❞✉❛❞♦s f = f(y1, y2) = y1y2−

y2y1✱ ❝♦♠ y1, y2 ∈ F 〈X〉(0)✱ g = g(z1, z2, z3) = z1z2z3−z3z2z1✱ ❝♦♠ z1, z2, z3 ∈ F 〈X〉(1)✱

❡ h = h(z1, z2, z3) = z1z2z3 + z3z2z1✱ ❝♦♠ z1, z2, z3 ∈ F 〈X〉(1)✳ ❖s ♣♦❧✐♥ô♠✐♦s f ❡ g

sã♦ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ M2(F ) ❡ ♦s ♣♦❧✐♥ô♠✐♦s f ❡ h sã♦ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s

❞❡ M1,1(E)✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ❡♠ M2(F ) ❝♦♠✉t❛♠✱ ❜❡♠

❝♦♠♦ ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ❝♦♠ ❡♥tr❛❞❛s ❡♠ E0 ❝♦♠✉t❛♠✱ ❡ ❞❛❞♦s x, y, z ∈ E1✱ t❡♠♦s

q✉❡ xyz = −zyx✳

❊①❡♠♣❧♦ ✶✳✼✳✶✾ ❙❡❥❛ E ⊗ E = A0 ⊕ A1 ❝♦♠ Z2✲❣r❛❞✉❛çã♦ ❞♦ ❊①❡♠♣❧♦ ✶✳✼✳✶✵✳ ❖s

♣♦❧✐♥ô♠✐♦s Z2✲❣r❛❞✉❛❞♦s f(y1, y2) = y1y2−y2y1✱ ❝♦♠ y1, y2 ∈ F 〈X〉(0)✱ ❡ g(z1, z2, z3) =

z1z2z3+z3z2z1✱ ❝♦♠ z1, z2, z3 ∈ F 〈X〉(1)✱ sã♦ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ E⊗E✳ ❉❡ ❢❛t♦✱

❞❛❞♦s vi = ai⊗bi+ci⊗di✱ i = 1, 2✱ ❡♠ A0 = (E0⊗E0)⊕(E1⊗E1)✱ ❡ wj = aj⊗bj+cj⊗dj✱

j = 3, 4, 5✱ ❡♠ A1 = (E0 ⊗ E1) ⊕ (E1 ⊗ E0)✱ t❡♠♦s✱ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡❧❡♠❡♥t♦s

❞❡ E0 ❡ E1✱ q✉❡

v1v2 = (a1 ⊗ b1 + c1 ⊗ d1)(a2 ⊗ b2 + c2 ⊗ d2)

= a1a2 ⊗ b1b2 + a1c2 ⊗ b1d2 + c1a2 ⊗ d1b2 + c1c2 ⊗ d1d2

= a2a1 ⊗ b2b1 + c2a1 ⊗ d2b1 + a2c1 ⊗ b2d1 + (−c2c1)⊗ (−d2d1)

= a2a1 ⊗ b2b1 + c2a1 ⊗ d2b1 + a2c1 ⊗ b2d1 + c2c1 ⊗ d2d1

= (a2 ⊗ b2 + c2 ⊗ d2)(a1 ⊗ b1 + c1 ⊗ d1) = v2v1

❡

w3w4w5 = (a3 ⊗ b3 + c3 ⊗ d3)(a4 ⊗ b4 + c4 ⊗ d4)(a5 ⊗ b5 + c5 ⊗ d5)

= (a3a4 ⊗ b3b4 + a3c4 ⊗ b3d4 + c3a4 ⊗ d3b4 + c3c4 ⊗ d3d4)(a5 ⊗ b5 + c5 ⊗ d5)

= a3a4a5 ⊗ b3b4b5 + a3c4a5 ⊗ b3d4b5 + c3a4a5 ⊗ d3b4b5 + c3c4a5 ⊗ d3d4b5 +

+a3a4c5 ⊗ b3b4d5 + a3c4c5 ⊗ b3d4d5 + c3a4c5 ⊗ d3b4d5 + c3c4c5 ⊗ d3d4d5

= a5a4a3 ⊗ (−b3b4b5) + a5c4a3 ⊗ (−b5d4b3) + a5a4c3 ⊗ (−b5b4d3) +

+(−a5c4c3)⊗ b5d4d3 + c5a4a3 ⊗ (−d5b4b3) + (−c5c4a3)⊗ d5d4b3 +

+(−c5a4c3)⊗ d5b4d3 + (−c5c4c3)⊗ d5d4d3

= −(a5 ⊗ b5 + c5 ⊗ d5)(a4 ⊗ b4 + c4 ⊗ d4)(a3 ⊗ b3 + c3 ⊗ d3) = −w5w4w3

❞❛í f(v1, v2) = v1v2 − v2v1 = 0 ❡ g(w3, w4, w5) = w3w4w5 + w5w3w4 = −w5w3w4 +

w5w3w4 = 0✳ ❈♦♠♦ f ❡ g sã♦ ♠✉❧t✐❧✐♥❡❛r❡s ❡ ♦s ❡s♣❛ç♦s A0 ❡ A1 sã♦ ❣❡r❛❞♦s✱ ❝♦♠♦

❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ ♣❡❧♦s ❝♦♥❥✉♥t♦s {a0 ⊗ b0 + c1 ⊗ d1 : a0, b0 ∈ E0, c1, d1 ∈ E1} ❡

{a0 ⊗ c1 + d1 ⊗ b0 : a0, b0 ∈ E0, c1, d1 ∈ E1}✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ ❛✜r♠❛çã♦ s❡❣✉❡✳



✶✳✼✳ ➪❧❣❡❜r❛s ●✲❣r❛❞✉❛❞❛s ❡ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ●r❛❞✉❛❞❛s ✹✽

❊①❡♠♣❧♦ ✶✳✼✳✷✵ ❙✉♣♦♥❤❛ charF 6= 2✳ ❊♥tã♦ ❛ á❧❣❡❜r❛ M1,1(E) s❛t✐s❢❛③ ❛s ✐❞❡♥t✐❞❛✲

❞❡s

f = f(x1, x2, x3, x4, x5) = [x1, x2, [x3, x4], x5] e g = g(x1, x2) = [[x1, x2]
2, x2].

❉❡ ❢❛t♦✱ t❡♠♦s q✉❡ f é ♠✉❧t✐❧✐♥❡❛r✱ ❡ ❞❛í✱ ❝♦♠♦ M1,1(E) = M1,1(E)0̄ ⊕ M1,1(E)1̄✱

❜❛st❛ s✉❜st✐t✉✐r ♣♦r ❡❧❡♠❡♥t♦s ❡♠ M1,1(E)0̄ ♦✉ M1,1(E)1̄✳ ❱❛♠♦s ❛♥❛❧✐s❛r ♦ ♣♦❧✐♥ô♠✐♦

h = h(x1, x2, x3, x4) = [[x1, x2], [x3, x4]]✳ ❈♦♥s✐❞❡r❡ ❛s s✉❜st✐t✉✐çõ❡s ❤♦♠♦❣ê♥❡❛s

x1 = X1, x2 = X2, x3 = X3, x4 = X4 ✭✶✳✾✮

❡♠ M1,1(E)✳ ❉❛❞❛s ❞✉❛s ♠❛tr✐③❡s A ❡ B ❡♠ M1,1(E) ❝♦♠ ♠❡s♠♦ ❣r❛✉ ❤♦♠♦❣ê♥❡♦✱

✈❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ [A,B] = 0 ♦✉ [A,B] ∈ Z(M1,1(E))✱ ❡ ❞❛í s❡ |X1| = |X2| ♦✉

|X3| = |X4|✱ ❡♥tã♦ h s❡ ❛♥✉❧❛ ❡♠ ✭✶✳✾✮ ✭✈❡r ♦❜s❡r✈❛çã♦ ✶✳✶✵✮✳ ❙✉♣♦♥❤❛ |X1| = |X3| = 0

❡ |X2| = |X4| = 1 ❡ s❡❥❛♠

X1 =

(

x 0

0 w

)

, X2 =

(

0 y

z 0

)

, X3 =

(

a 0

0 d

)

, X4 =

(

0 b

c 0

)

,

♦♥❞❡ a, d, x, w ∈ E0 ❡ b, c, y, z ∈ E1✳ ❚❡♠♦s q✉❡

[X1, X2] =

(

0 y(x− w)

z(w − x) 0

)

e [X3, X4] =

(

0 b(a− d)

c(d− a) 0

)

,

❞❛í

[[X1, X2], [X3, X4]] =

(

A1 0

0 A2

)

, ✭✶✳✶✵✮

♦♥❞❡

A1 = bz(a− d)(w−x)− yc(x−w)(d−a) e A2 = cy(d−a)(x−w)− zb(w−x)(a− d).

P❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✱ ♦❜t❡♠♦s A1 = A2 ❡ ♣♦rt❛♥t♦

[[X1, X2], [X3, X4]] ∈ Z(M1,1(E))✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♣❛r❛ |X1| = |X3| = 1 ❡ |X2| =

|X4| = 0✱ t❛♠❜é♠ t❡♠♦s [[X1, X2], [X3, X4]] ∈ Z(M1,1(E))✳ ▲♦❣♦✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✶✳✶✵✱

s❡❣✉❡ q✉❡ f é ✐❞❡♥t✐❞❛❞❡ ❞❡ M1,1(E)✳

❆❣♦r❛✱ ♣❛r❛ ❞❡t❡r♠✐♥❛r g ❝♦♠♦ ✐❞❡♥t✐❞❛❞❡ ❞❡ M1,1(E)✱ ❝♦♥s✐❞❡r❡ ❛ ❞❡❝♦♠♣♦s✐çã♦

M1,1(E) =M(0,0) ⊕M(0,1) ⊕M(1,0) ⊕M(1,1)

❞♦ ❊①❡♠♣❧♦ ✶✳✼✳✺ ❡

x1 = X1 = A+B + C +D e x2 = X2 = X + Y + Z +W



✶✳✼✳ ➪❧❣❡❜r❛s ●✲❣r❛❞✉❛❞❛s ❡ ■❞❡♥t✐❞❛❞❡s P♦❧✐♥♦♠✐❛✐s ●r❛❞✉❛❞❛s ✹✾

s✉❜st✐t✉✐çõ❡s q✉❛✐sq✉❡r ❡♠ M1,1(E)✱ ♦♥❞❡ A,X ∈ M(0,0)✱ B, Y ∈ M(0,1)✱ C,Z ∈ M(1,0)

❡ D,W ∈ M(1,1)✳ ❖❜s❡r✈❡ q✉❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❤♦♠♦❣ê♥❡❛s ❞❡ X1 ❡ X2 ❝♦♠✉t❛♠ ♦✉

❛♥t✐❝♦♠✉t❛♠ ❡♥tr❡ s✐ ❡ ❡❧❡♠❡♥t♦s ❤♦♠♦❣ê♥❡♦s q✉❡ ❛♥t✐❝♦♠✉t❛♠ tê♠ q✉❛❞r❛❞♦ ♥✉❧♦✱

♣♦✐s charF 6= 2✳ ❚❡♠♦s q✉❡

[X1, X2] = 2(BZ +BW + CY + CZ +DY +DW ) = 2(H + I + J)

♦♥❞❡ H = BZ + CY ✱ I = BW + DY ❡ J = CZ + DW ✳ ◆♦t❡ q✉❡ |H| = (1, 1)✱

|I| = (1, 0) ❡ |J | = (0, 0)✳ ❆ss✐♠

[X1, X2]
2 = 4(H2 + I2 + J2 +HI +HJ + IH + IJ + JH + JI)

= 4(J2 + 2HI + 2HJ + 2IJ)

= 4(−C2Z2 + 2CZDW −D2W 2 + 2HI

+2(BZ + CY )(CZ +DW ) + 2(BW +DY )(CZ +DW ))

= 8(CZDW +HI + (BZ + CY )DW + (BW +DY )CZ)

= 8(CZDW +HI +HDW + ICZ).

❊♥tã♦

[X1, X2]
2X2 = 8(CZDWY +HIY +HDWY + ICZY

+CZDWZ +HIZ +HDWZ + ICZ2

+CZDW 2 +HIW +HDW 2 + ICZW )

= 8(CZDWY +HIY +HDWY + ICZY

+HI(Z +W ) +HDWZ + ICZW )

❡

X2[X1, X2]
2 = 8(Y CZDW + Y HI + Y HDW + Y ICZ

+ZHI + ZHDW +WHI +WICZ),

❞♦♥❞❡

[[X1, X2]
2, X2] = 8(2HDWY + 2ICZY + 2HI(Z +W )).

▲♦❣♦✱ ❛tr✐❜✉✐♥❞♦ ♦s ✈❛❧♦r❡s ❞❡ H ❡ I✱ s❡❣✉❡ ❢❛❝✐❧♠❡♥t❡ q✉❡ [[X1, X2]
2, X2] = 0✳ P♦rt❛♥t♦

g é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ M1,1(E)✳



❈❛♣ít✉❧♦ ✷

■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ♣❛r❛ Mn(F ) ❡

Mp,q(E)⊗ E

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ Zn✲❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r ✐♥❞✉③✐❞❛ ♣♦r µ =

IdSn ♣❛r❛ ❛ á❧❣❡❜r❛ Mn(F )✱ ❞❛s ♠❛tr✐③❡s n × n s♦❜r❡ ✉♠ ❝♦r♣♦ F ✳ ❊st❛❜❡❧❡❝❡r❡♠♦s

❞✉❛s ✐❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ♣❛r❛ Mn(F )✱ ❡ ♣♦st❡r✐♦r♠❡♥t❡ ♠♦str❛r❡♠♦s q✉❡ ♦ Tn✲

✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❞❡st❛ á❧❣❡❜r❛ t❡♠ ❝♦♠♦ ❜❛s❡ ❡ss❛s ✐❞❡♥t✐❞❛❞❡s✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛

❞♦ r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ❱❛s✐❧♦✈s❦② ❡♠ ❬✷✻❪✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠ ❜❛s❡ ♥♦ ❛rt✐❣♦ ❞❡ ❉✐

❱✐♥❝❡♥③♦ ❡ ◆❛r❞♦③③❛ ❬✾❪✱ s❡rá ♦❜t✐❞❛ ✉♠❛ Zp+q×Z2✲❣r❛❞✉❛çã♦ ♣❛r❛ á❧❣❡❜r❛Mp,q(E)⊗

E✱ p, q ∈ N✱ ❡ ❞❛í s❡rá ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ❣❡r❛❞♦r❡s ♣❛r❛ TZp+q×Z2(Mp,q(E)⊗E)✳ ❆ss✐♠

✈❛♠♦s ❡st❛❜❡❧❡❝❡r ❛ P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ Mp,q(E)⊗ E ❡ Mp+q(E)✳

❊♠ t♦❞♦ ❝❛♣ít✉❧♦✱ Zn ❞❡♥♦t❛rá ♦ ❣r✉♣♦ ❞♦s ✐♥t❡✐r♦s ♠ó❞✉❧♦ n✱ ❡s❝r✐t♦ ❛❞✐t✐✈❛✲

♠❡♥t❡✱ ❡ F s❡rá ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

✷✳✶ ■❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ♣❛r❛ Mn(F )

◆♦ ❊①❡♠♣❧♦ ✶✳✼✳✹ ❡st❛❜❡❧❡❝❡♠♦s ❛ Zn✲❣r❛❞✉❛çã♦ ❡❧❡♠❡♥t❛r ✐♥❞✉③✐❞❛ ♣❡❧❛ ✐❞❡♥t✐✲

❞❛❞❡ ❡♠ Sn ♣❛r❛ ❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s✱ ❞❛❞❛ ♣♦r

Mn(F ) =
⊕

α∈Zn

M (α)
n ,

♦♥❞❡ ♦s ❡❧❡♠❡♥t♦s ❞♦s s✉❜❡s♣❛ç♦s M (α)
n ✱ α ∈ Zn✱ sã♦ ♠❛tr✐③❡s ❞❛s ❢♦r♠❛s ✭✶✳✺✮ ❡ ✭✶✳✻✮✳

❊♠ t♦❞♦ ❝❛♣ít✉❧♦ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❡ss❛ ❣r❛❞✉❛çã♦ ♣❛r❛Mn(F )✱ ❞❡♥♦t❛♥❞♦Mn(F ) ♣♦r



✷✳✶✳ ■❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ♣❛r❛ Mn(F ) ✺✶

Mn ❡ ❛ á❧❣❡❜r❛ ❧✐✈r❡ Zn✲❣r❛❞✉❛❞❛ ♣♦r F 〈X〉✳ ❆ss✐♠✱ ❞❛❞♦ m = m(x1, x2, . . . , xk) =

x1x2 · · · xk ✉♠ ♠♦♥ô♠✐♦ ❡♠ F 〈X〉✱ s❡✉ ❣r❛✉ ❤♦♠♦❣ê♥❡♦ s❡rá |m| = |x1|+|x2|+· · ·+|xk|✳

❈♦♥s✐❞❡r❡ ♦s ♣♦❧✐♥ô♠✐♦s Zn✲❣r❛❞✉❛❞♦s

x1x2 − x2x1 , |x1| = |x2| = 0 ✭✷✳✶✮

❡

x1xx2 − x2xx1 , |x1| = |x2| = −|x| = t ∈ Zn. ✭✷✳✷✮

▲❡♠❛ ✷✳✶✳✶ ❚♦♠❡ Ei1j1✱ Ei2j2 ❡ Eij ❡♠ Mn✱ ❝♦♠

|Ei1j1 | = |Ei2j2 | = −|Eij| = t ∈ Zn.

❊♥tã♦

Ei1j1EijEi2j2 6= 0 ⇔ j1 = i = j2 e i1 = j = i2 ⇔ Ei2j2EijEi1j1 6= 0.

◆❡st❡ ❝❛s♦ Ei1j1EijEi2j2 = Eji = Ei2j2EijEi1j1✳

❉❡♠♦♥str❛çã♦✿ ❚❡♠♦s Ei1j1 , Ei2j2 ∈M
(t)
n ✱ Eij ∈M

(n−t)
n ✳ ❆ss✐♠✱ ♣♦r ✭✶✳✻✮✱ s❡❣✉❡ q✉❡

j1 =







i1 + t , i1 + t ≤ n

i1 + t− n , i1 + t > n
,

i2 =







j2 − t , j2 − t ≥ 1

j2 − t+ n , j2 − t < 1
,

i =







j + t , j + t ≤ n

j + t− n , j + t > n
.

❚❡♠♦s q✉❡

Ei1j1EijEi2j2 6= 0 ⇔ j1 = i e j = i2

❡ ✈❛♠♦s ❛♥❛❧✐s❛r ♦s ❝❛s♦s ♣♦ssí✈❡✐s ♣❛r❛ ♦s ✈❛❧♦r❡s ❞❡ j1✿

• ❙❡ j1 = i1 + t ❡ i = j + t− n✱ ❡♥tã♦✱ ❞❡ j1 = i✱ t❡♠♦s

i1 + t = j1 = i = j + t− n

❡ ❞❛í i1 = j − n✱ ♦ q✉❡ é ✐♠♣♦ssí✈❡❧✱ ♣♦✐s j < n ❡ i1 > 0✳



✷✳✷✳ ■❞❡♥t✐❞❛❞❡s Zn✲❣r❛❞✉❛❞❛s ♣❛r❛ Mn(F ) ✺✷

• ❙❡ j = i− t ✭i = j + t✮ ❡ i2 = j2 − t+ n✱ ❡♥tã♦✱ ❞❡ i2 = j✱ t❡♠♦s

j2 − t+ n = i2 = j = i− t,

❡ ❞❛í j2 = i− n✱ ♦ q✉❡ é ✐♠♣♦ssí✈❡❧✱ ♣♦✐s i < n ❡ j2 > 0✳

❊♥tã♦✱ q✉❛♥❞♦ j1 = i1 + t✱ t❡♠♦s i = j + t✱ ♦ q✉❡ ✐♠♣❧✐❝❛ i2 = j2 − t✱ ❡ ❞❛í

i2 = j = i− t = j1 − t = i1 e i = j1 = i1 + t = i2 + t = j2.

❆♥❛❧♦❣❛♠❡♥t❡✱ q✉❛♥❞♦ j1 = i1 + t− n✱ t❡♠♦s i = j + t− n ❡ i2 = j2 − t+ n✱ ❡ ❞❛í

i2 = j = i− t+ n = j1 − t+ n = i1 e i = j1 = i1 + t− n = i2 + t− n = j2.

❆ss✐♠✱ t❛♥t♦ ♣❛r❛ j1 = i1 + t✱ q✉❛♥t♦ ♣❛r❛ j1 = i1 + t− n✱ t❡♠♦s

Ei1j1EijEi2j2 6= 0 ⇔ j1 = i = j2 e i1 = j = i2. ✭✷✳✸✮

❈♦♠ ✉♠ ❛r❣✉♠❡♥t♦ ❛♥á❧♦❣♦✱ ✉s❛♥❞♦ q✉❡

Ei2j2EijEi1j1 6= 0 ⇔ j2 = i e j = i1

❡ ❛♥❛❧✐s❛♥❞♦ ♦s ♣♦ssí✈❡✐s ✈❛❧♦r❡s ❞❡ j2✱ s❡❣✉❡ q✉❡

Ei2j2EijEi1j1 6= 0 ⇔ j1 = i = j2 e i1 = j = i2. ✭✷✳✹✮

❉❡ ✭✷✳✸✮ ❡ ✭✷✳✹✮ ♦ ❧❡♠❛ s❡❣✉❡✳ �

▲❡♠❛ ✷✳✶✳✷ ❆ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ Mn s❛t✐s❢❛③ ✭✷✳✶✮ ❡ ✭✷✳✷✮✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ❡♠ ✭✷✳✶✮ t❡♠♦s |x1| = |x2| = 0✱ ❡ ❛s ♠❛tr✐③❡s ❡♠ M
(0)
n sã♦

❞✐❛❣♦♥❛✐s✱ ❛s q✉❛✐s ❝♦♠✉t❛♠✱ s❡❣✉❡ q✉❡ ✭✷✳✶✮ é s❛t✐s❢❡✐t❛✳ ❚❡♠♦s q✉❡ ✭✷✳✷✮ é ♠✉❧t✐❧✐✲

♥❡❛r✳ ▲♦❣♦✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✶✹✱ ❜❛st❛ s✉❜st✐t✉✐r ♣♦r ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ ❜❛s❡ ❞❡ ❝❛❞❛

❝♦♠♣♦♥❡♥t❡✱ ♦✉ s❡❥❛✱ ♣❛r❛

x1 = Ei1j1 , x2 = Ei2j2 e x = Eij,

♦♥❞❡ Ei1j1 , Ei2j2 ∈ M
(t)
n ✱ Eij ∈ M

(n−t)
n ✱ 0 < t ≤ n − 1✱ ❥á q✉❡ |x1| = |x2| = −|x|✳ P❡❧♦

▲❡♠❛ ✷✳✶✳✶✱ t❡♠♦s q✉❡ Ei1j1EijEi2j2 ❡ Ei2j2EijEi1j1 sã♦ ❛♠❜♦s ♥✉❧♦s ♦✉ Ei1j1EijEi2j2 =

Eji = Ei2j2EijEi1j1 ✳ ❊♠ q✉❛❧q✉❡r ❝❛s♦✱ ✭✷✳✷✮ s❡ ❛♥✉❧❛ ❡ ♦ ❧❡♠❛ s❡❣✉❡✳

�
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✷✳✷ ❖ Tn✲✐❞❡❛❧ ❞❡ Mn(F )

◆❡st❛ s❡çã♦✱ ❛ ♣❛rt✐r ❞❛s ✐❞❡♥t✐❞❛❞❡s ❡♥❝♦♥tr❛❞❛s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ s❡rã♦ ❡st❛✲

❜❡❧❡❝✐❞❛s ❛❧❣✉♠❛s ♥♦t❛çõ❡s✱ ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s✱ ♦s q✉❛✐s s❡rã♦ ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛

❞❡t❡r♠✐♥❛r ♦ Tn✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ Mn(F )✳

❱❛♠♦s ❞❡♥♦t❛r ♣♦r In ♦ Tn✲✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ✭✷✳✶✮ ❡ ✭✷✳✷✮✳

❉❛❞♦ k ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✱ s❡❥❛ Sk ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ♣❡r♠✉t❛çõ❡s ❞♦ ❝♦♥❥✉♥t♦

{1, 2, . . . , k}✳

❉❡✜♥✐çã♦ ✷✳✷✳✶ P❛r❛ x1, x2, . . . , xk ∈ X ❡ σ ∈ Sk✱ ❞❡✜♥❛

mσ = mσ(x1, x2, . . . , xk) = xσ(1)xσ(2) · · · xσ(k).

❖ ♠♦♥ô♠✐♦ ❝♦rr❡s♣♦♥❞❡♥t❡ à ♣❡r♠✉t❛çã♦ ✐❞❡♥t✐❞❛❞❡ ✭σ = IdSk
✮ s❡rá ❞❡♥♦t❛❞♦

♣♦r

m = m(x1, x2, . . . , xk) = x1x2 · · · xk.

❈❧❛r❛♠❡♥t❡✱ t❡♠♦s |m| = |x1|+|x2|+· · ·+|xk| = |mσ|✳ ❆❧é♠ ❞✐ss♦✱ t♦❞♦ ♣♦❧✐♥ô♠✐♦

❣r❛❞✉❛❞♦ ♠✉❧t✐❧✐♥❡❛r f = f(x1, x2, . . . , xk) ♣♦❞❡ s❡r ❡①♣r❡ss♦ ❝♦♠♦

f =
∑

σ∈Sk

aσmσ,

♦♥❞❡ aσ ∈ F ✳

❈♦♥s✐❞❡r❡ β = {Eij : 1 ≤ i, j ≤ n} ❜❛s❡ ❞❡ Mn✱ ❡ t♦♠❡ f = f(x1, . . . , xn)

✉♠ ♣♦❧✐♥ô♠✐♦ Zn✲❣r❛❞✉❛❞♦✳ ◆♦ q✉❡ s❡❣✉❡ ♥❡st❛ s❡çã♦ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r S ✉♠❛

s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ ♥❛ ❜❛s❡ β✱ ♦✉ s❡❥❛✱ ✉♠❛ s✉❜st✐t✉✐çã♦ ❞♦ t✐♣♦

x1 = Ei1j1 , x2 = Ei2j2 , . . . , xk = Eikjk , ✭✷✳✺✮

♦♥❞❡ js − is = |xs|✱ ❞❡ ♠♦❞♦ q✉❡ Eisjs ∈M
(|xs|)
n ✱ s = 1, . . . , k✳

❖❜s❡r✈❛çã♦ ✷✳✶ P❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♠❛tr✐③❡s ✉♥✐tár✐❛s t❡♠♦s

mσ|S = Eiσ(1)jσ(1)
Eiσ(2)jσ(2)

· · ·Eiσ(k)jσ(k)
6= 0 ⇔ ✭✷✳✻✮

jσ(1) = iσ(2) , jσ(2) = iσ(3) , . . . , jσ(k−1) = iσ(k)

❡ ♥❡st❡ ❝❛s♦ mσ|S = Eiσ(1)jσ(k)
✳

❖ ♣ró①✐♠♦ ❧❡♠❛ ❣❛r❛♥t❡ q✉❡ ♥❡♥❤✉♠ ♠♦♥ô♠✐♦ ♣♦❞❡ s❡r ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛

♣❛r❛ Mn(F )✱ ♦✉ s❡❥❛✱ M∩ Tn(Mn) = ∅✳
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▲❡♠❛ ✷✳✷✳✷ P❛r❛ t♦❞❛ σ ∈ Sk✱ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ S t❛❧ q✉❡

mσ(x1, x2, . . . , xk)|S 6= 0✳

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ❞❡♠♦♥str❛r ♦ ❧❡♠❛ ♣♦r ✐♥❞✉çã♦ ❡♠ k✳ ◆♦ ❝❛s♦ k = 1✱ t❡♠♦s

❛♣❡♥❛s ❛ ♣❡r♠✉t❛çã♦ ✐❞❡♥t✐❞❛❞❡✱ ❡ ❞❛í ❜❛st❛ t♦♠❛r ✉♠❛ ♠❛tr✐③ ✉♥✐tár✐❛ ♥ã♦ ♥✉❧❛ ❡♠

M
(|x1|)
n ✱ ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳ ❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ k > 1 ❡ q✉❡ ♦ r❡s✉❧t❛❞♦ é ✈❛❧✐❞♦ ♣❛r❛

k − 1✳ ❙❡❥❛ |xk| = t✱ ♣❛r❛ ❛❧❣✉♠ t ∈ {0, . . . , n − 1}✳ P♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ ❝♦♠♦

m
[1,k−1]
σ ✭✈❡r ❉❡✜♥✐çã♦ ✶✳✻✳✽✮ ♣♦ss✉✐ k − 1 ✈❛r✐á✈❡✐s✱ ❡①✐st❡ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ S

xσ(1) = Ei1j1 , xσ(2) = Ei2j2 , . . . , xσ(k−1) = Eik−1jk−1
, ✭✷✳✼✮

t❛❧ q✉❡ 0 6= m
[1,k−1]
σ |S = Ei1jk−1

✳ ❊♥tã♦ ❝♦♠♣❧❡t❡ ✭✷✳✼✮ ❝♦♠ xσ(k) = Ejk−1jk ✱ ♦♥❞❡✱ ❞❡

|xk| = t✱ t❡♠♦s

jk =







jk−1 + t , jk−1 + t ≤ n

jk−1 + t− n , jk−1 + t > n
.

❆ss✐♠

mσ(x1, x2, . . . , xk)|S = Ei1j1 · · ·Eik−1jk−1
Ejk−1jk = Ei1jk−1

Ejk−1jk = Ei1jk 6= 0,

♦ q✉❡ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦✳ �

▲❡♠❛ ✷✳✷✳✸ ❙❡ mσ(x1, x2, . . . , xk)|S 6= 0✱ ♦♥❞❡ S = {Ei1j1 , . . . , Eikjk}✱ ❡♥tã♦✱ ♣❛r❛

q✉❛✐sq✉❡r 1 ≤ p ≤ q ≤ k✱

|m[p,q]
σ | = jσ(q) − iσ(p).

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ mσ|S 6= 0✱ t❡♠♦s q✉❡

jσ(1) = iσ(2) , jσ(2) = iσ(3) , . . . , jσ(k−2) = iσ(k−1) , jσ(k−1) = iσ(k).

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ 1 ≤ p ≤ q ≤ k✱ t❡♠♦s

jσ(p) = iσ(p+1) , jσ(p+1) = iσ(p+2) , . . . , jσ(q−2) = iσ(q−1) , jσ(q−1) = iσ(q).

❆ss✐♠

|m[p,q]
σ | = |xσ(p)xσ(p+1) · · · xσ(q−1)xσ(q)|

= |xσ(q)|+ |xσ(q−1)|+ · · ·+ |xσ(p+1)|+ |xσ(p)|

= jσ(q) − iσ(q) + jσ(q−1) − iσ(q−1) + · · ·+ jσ(p+1) − iσ(p+1) + jσ(p) − iσ(p)

= jσ(q) − iσ(p).
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�

▲❡♠❛ ✷✳✷✳✹ ❙❡ ♣❛r❛ ✉♠❛ ♣❡r♠✉t❛çã♦ σ ∈ Sk ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ S t❛❧

q✉❡

mσ(x1, x2, . . . , xk)|S = m(x1, x2, . . . , xk)|S 6= 0, ✭✷✳✽✮

❡♥tã♦

mσ(x1, x2, . . . , xk) ≡ x1n(x2, . . . , xk)(mod In), ✭✷✳✾✮

♣❛r❛ ❛❧❣✉♠ ♠♦♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r n(x2, . . . , xk) = xl2xl3 · · · xlk ✳

❉❡♠♦♥str❛çã♦✿ ❙❡ σ é ❛ ♣❡r♠✉t❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❜❛st❛ t♦♠❛r n(x2, . . . , xk) = x2 · · · xk

❡ ❡stá ♣r♦✈❛❞♦✳ ❊♥tã♦ s✉♣♦♥❤❛ σ 6= IdSk
❡ ❛ss✐♠ σ(j) 6= j✱ ♣❛r❛ ❛❧❣✉♠ j ∈ {1, . . . , k}✳

P♦❞❡♠♦s s✉♣♦r ♣❛r❛ j = 1✱ ♦✉ s❡❥❛✱ σ(1) 6= 1✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ ❜❛st❛ r❡♥♦♠❡❛r ❛s

✈❛r✐á✈❡✐s✳ ◆♦t❡ q✉❡ 1 = σ−1(1) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ σ(1) = 1✱ ❞♦♥❞❡

σ−1(σ(1)) = 1 < σ−1(1).

P♦❞❡♠♦s t♦♠❛r ❡♥tã♦ t ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡

1 ≤ σ−1(t+ 1) < σ−1(1). ✭✷✳✶✵✮

❙❡ σ−1(1) > σ−1(t) = σ−1((t− 1)+1)✱ ❡①✐st❡ s = t− 1 < t t❛❧ q✉❡ σ−1(s+1) < σ−1(1)✱

♦ q✉❡ ❝♦♥tr❛r✐❛ ❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ t✳ ▲♦❣♦✱ σ−1(1) ≤ σ−1(t)✱ ❡ ❥✉♥t❛♥❞♦ ✐ss♦ ❝♦♠ ✭✷✳✶✵✮

t❡♠♦s

1 ≤ σ−1(t+ 1) < σ−1(1) ≤ σ−1(t). ✭✷✳✶✶✮

P♦r ❤✐♣ót❡s❡ t❡♠♦s

Ei1j1Ei2j2 · · ·Eikjk = Eiσ(1)jσ(1)
Eiσ(2)jσ(2)

· · ·Eiσ(k)jσ(k)
6= 0, ✭✷✳✶✷✮

♦ q✉❡ ✐♠♣❧✐❝❛ Ei1jk = Eiσ(1)jσ(k)
6= 0✱ ❡ ❞❛í i1 = iσ(1)✱ jt = it+1 ❡✱ ♣❛r❛ s > 1✱ jσ(s−1) =

iσ(s)✳ ❙❡❥❛

p = σ−1(t+ 1) , q = σ−1(1) e r = σ−1(t).

❊♥tã♦✱ ♣♦r ✭✷✳✶✶✮✱ t❡♠♦s 1 ≤ p < q ≤ r ❝♦♠

jσ(q−1) = iσ(q) = i1 = iσ(1) , jσ(r) = jt = it+1 = iσ(p)

❡✱ ♣❛r❛ p > 1✱ jσ(p−1) = iσ(p)✳
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❙❡ p > 1 t❡♠♦s

jσ(r) = iσ(p) = jσ(p−1) e iσ(q) = jσ(q−1) = iσ(1),

❡ ❞❛í

jσ(p−1) − iσ(1) = iσ(p) − jσ(q−1) = jσ(r) − iσ(q) = t0 ∈ Z.

P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ t❡♠♦s

|m[1,p−1]
σ | = jσ(p−1) − iσ(1) = t0;

|m[p,q−1]
σ | = jσ(q−1) − iσ(p) = −t0;

|m[q,r]
σ | = jσ(r) − iσ(q) = t0.

❊♥tã♦✱ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ ✭✷✳✷✮✱ t❡♠♦s

m[1,p−1]
σ m[p,q−1]

σ m[q,r]
σ −m[q,r]

σ m[p,q−1]
σ m[1,p−1]

σ ≡ 0 (mod In),

❞♦♥❞❡

mσ = m[1,p−1]
σ m[p,q−1]

σ m[q,r]
σ m[r+1,k]

σ ≡ m[q,r]
σ m[p,q−1]

σ m[1,p−1]
σ m[r+1,k]

σ

= xσ(q)xl2xl3 · · · xlk = x1xl2xl3 · · · xlk(mod In).

P❛r❛ ♦ ❝❛s♦ p = 1 t❡♠♦s

jσ(q−1) = iσ(q) = i1 = iσ(1) = iσ(p) = jσ(r),

❞❛í✱ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱

|m[1,q−1]
σ | = jσ(q−1) − iσ(1) = 0;

|m[q,r]
σ | = jσ(r) − iσ(q) = 0.

❊♥tã♦✱ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ ✭✷✳✶✮✱ t❡♠♦s

m[1,q−1]
σ m[q,r]

σ −m[q,r]
σ m[1,q−1]

σ ≡ 0 (mod In),

❞♦♥❞❡

mσ = m[1,q−1]
σ m[q,r]

σ m[r,k]
σ ≡ m[q,r]

σ m[1,q−1]
σ m[r,k]

σ

= xσ(q)xl2xl3 · · · xlk = x1xl2xl3 · · · xlk(mod In).

❖ q✉❡ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦✳ �
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▲❡♠❛ ✷✳✷✳✺ ❙❡✱ ♣❛r❛ ✉♠❛ ♣❡r♠✉t❛çã♦ σ ∈ Sk✱ ❡①✐st❡ ✉♠❛ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ S t❛❧

q✉❡

mσ(x1, x2, . . . , xk)|S = m(x1, x2, . . . , xk)|S 6= 0,

❡♥tã♦

mσ(x1, x2, . . . , xk) ≡ m(x1, x2, . . . , xk)(mod In).

❉❡♠♦♥str❛çã♦✿ ❊st❛♠♦s ❝♦♠ ❛s ❤✐♣ót❡s❡s ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ❡♥tã♦

mσ(x1, x2, . . . , xk) ≡ x1n(x2, . . . , xk)(mod In),

♣❛r❛ ❛❧❣✉♠ ♠♦♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r n(x2, . . . , xk) = xl2xl3 · · · xlk ✳ ❆ss✐♠ ♣♦❞❡♠♦s t♦♠❛r

r ♦ ♠❛✐♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡

mσ(x1, x2, . . . , xk) ≡ x1x2 · · · xrn(xr+1, . . . , xk)(mod In), ✭✷✳✶✸✮

♣❛r❛ ❛❧❣✉♠ ♠♦♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r n(xr+1, . . . , xk)✳ ❱❛♠♦s ♠♦str❛r q✉❡ r = k✳ ❙✉♣♦♥❤❛

q✉❡ r < k✳ ❚❡♠♦s q✉❡ r < k − 1✱ ♣♦✐s s❡ r = k − 1 t❡rí❛♠♦s

mσ(x1, x2, . . . , xk) ≡ x1x2 · · · xk−1n(xk)(mod In)

❡ ❞❛í✱ ❝♦♠♦ n(xk) é ♠✉❧t✐❧✐♥❡❛r✱ n(xk) = xk ❡ r = k✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❊♥tã♦ r ≤ k−2✳

❆❣♦r❛✱ ❞❛❞❛ ✉♠❛ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ S t❛❧ q✉❡ mσ|S = m|S 6= 0✱ ♣♦r ✭✷✳✶✸✮✱ t❡♠♦s

mσ(x1, x2, . . . , xk) = x1x2 · · · xrn(xr+1, . . . , xk) + f , f ∈ In,

❡ ❞❛í mσ|S = (x1x2 · · · xrn(xr+1, . . . , xk))|S✳ ❆ss✐♠✱

(x1x2 · · · xrn(xr+1, . . . , xk))|S = mσ|S = m|S 6= 0.

❈♦♠❜✐♥❛♥❞♦ ✐st♦ ❝♦♠

(x1x2 · · · xrn(xr+1, . . . , xk))|S = Ei1j1Ei2j2 · · ·Eirjr(n(xr+1, . . . , xk))|S

= Ei1jr(n(xr+1, . . . , xk))|S

❡

m|S = Ei1j1Ei2j2 · · ·Eirjr(xr+1 · · · xk)|S = Ei1jr(xr+1 · · · xk)|S,

s❡❣✉❡ q✉❡

n(xr+1, . . . , xk)|S = xr+1 · · · xk|S 6= 0.
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P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ❡①✐st❡ n′(xr+2, . . . , xk) ♠✉❧t✐❧✐♥❡❛r t❛❧ q✉❡

n(xr+1, . . . , xk) ≡ xr+1n
′(xr+2, . . . , xk)(mod In),

❡ ❞❛í

mσ ≡ x1x2 · · · xrn(xr+1, . . . , xk) ≡ x1x2 · · · xrxr+1n
′(xr+2, . . . , xk)(mod In),

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ r✳ ▲♦❣♦ r = k ❡ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ �

❈♦r♦❧ár✐♦ ✷✳✷✳✻ ❙❡✱ ♣❛r❛ σ, τ ∈ Sk✱ ❡①✐st❡ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ S t❛❧ q✉❡

mσ(x1, x2, . . . , xk)|S = mτ (x1, x2, . . . , xk)|S 6= 0,

❡♥tã♦

mσ(x1, x2, . . . , xk) ≡ mτ (x1, x2, . . . , xk)(mod In).

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ❢❛③❡r ❛ s✉❜st✐t✉✐çã♦ x′l = xτ(l)✱ 1 ≤ l ≤ k✳ ❚❡♠♦s

mτ−1σ(x
′
1, x

′
2, . . . , x

′
k) = x′τ−1σ(1)x

′
τ−1σ(2) · · · x

′
τ−1σ(k)

= xτ(τ−1σ(1))xτ(τ−1σ(2)) · · · xτ(τ−1σ(k))

= xσ(1)xσ(2) · · · xσ(k) = mσ(x1, x2, . . . , xk)

❡

m(x′1, x
′
2, . . . , x

′
k) = x′1x

′
2 · · · x

′
k = xτ(1)xτ(2) · · · xτ(k) = mτ (x1, x2, . . . , xk).

❈♦♠♦ mσ(x1, x2, . . . , xk)|S = mτ (x1, x2, . . . , xk)|S 6= 0 t❡♠♦s

mτ−1σ(x
′
1, x

′
2, . . . , x

′
k)|S = m(x′1, x

′
2, . . . , x

′
k)|S 6= 0

❡✱ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱

mτ−1σ(x
′
1, x

′
2, . . . , x

′
k) ≡ m(x′1, x

′
2, . . . , x

′
k)(mod In).

P♦rt❛♥t♦

mσ(x1, x2, . . . , xk) ≡ mτ (x1, x2, . . . , xk)(mod In).

�

❈♦♠ ❡ss❡s ❧❡♠❛s ❡st❛❜❡❧❡❝✐❞♦s ♣♦❞❡♠♦s ♦❜t❡r ♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❛ s❡çã♦✳
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❚❡♦r❡♠❛ ✷✳✷✳✼ ❚♦❞❛ ✐❞❡♥t✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❣r❛❞✉❛❞❛ ❞❛ á❧❣❡❜r❛ Zn✲❣r❛❞✉❛❞❛ Mn s❡✲

❣✉❡ ❞❡ ✭✷✳✶✮ ❡ ✭✷✳✷✮✱ ♦✉ s❡❥❛✱ Tn(Mn) = In✳

❉❡♠♦♥str❛çã♦✿ ❚❡♠♦s q✉❡ β = {Eij : 1 ≤ i, j ≤ n} é ✉♠❛ ❜❛s❡ ❤♦♠♦❣ê♥❡❛ ❡

♠✉❧t✐♣❧✐❝❛t✐✈❛ ♣❛r❛ Mn✱ ❡ ✭✷✳✶✮ ❡ ✭✷✳✷✮ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡st❛

á❧❣❡❜r❛✳ ❆ss✐♠✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✷✳✻✱ ❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✼✳✶✼ sã♦ s❛t✐s❢❡✐t❛s

♣❛r❛ ❛ á❧❣❡❜r❛Mn✳ P♦rt❛♥t♦ Tn(Mn) é ♦ Tn✲✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧❛s ✐❞❡♥t✐❞❛❞❡s ✭✷✳✶✮ ❡ ✭✷✳✷✮

❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦s ♠♦♥ô♠✐♦s q✉❡ sã♦ ✐❞❡♥t✐❞❛❞❡s ❞❡ Mn✳ ▼❛s✱ M∩Tn(Mn) = ∅✱ ♣❡❧♦

▲❡♠❛ ✷✳✷✳✷✱ ❡ ♣♦rt❛♥t♦ Tn(Mn) = In✳

�
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❆♦ ❧♦♥❣♦ ❞❡st❛ s❡çã♦ ✈❛♠♦s ❞❡t❡r♠✐♥❛r ✉♠❛ Zn × Z2✲❣r❛❞✉❛çã♦ ♣❛r❛ ❛ á❧❣❡✲

❜r❛ Mp,q(E) ⊗ E✱ p, q ∈ N✱ ❡ ♣♦st❡r✐♦r♠❡♥t❡ ❡♥❝♦♥tr❛r ❣❡r❛❞♦r❡s ♣❛r❛ ♦ ✐❞❡❛❧ ❞❛s

s✉❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s✳ ❆ss✐♠✱ ♣♦❞❡r❡♠♦s ❡st❛❜❡❧❡❝❡r ❛ P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡

Mp,q(E)⊗ E ❡ Mp+q(E)✳

❉❛❞♦s p, q ∈ N✱ ✈❛♠♦s s❡♠♣r❡ ❝♦♥s✐❞❡r❛r η ❝♦♠♦ s❡♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❡♠ ✭✶✳✼✮ ❡ ❛

á❧❣❡❜r❛ Mp,q(E) ❝♦♠ s✉❛ ❜❛s❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ Bp = {aEij : 1 ≤ i, j ≤ n, a ∈ Eη(i)+η(j)}✱

n = p+ q✳✳ ❈♦♠❜✐♥❛♥❞♦ Bp ❝♦♠ ❛ ❜❛s❡ ♥❛t✉r❛❧ E = E0 ∪ E1 ❞❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥✱

t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦

B = {aEij ⊗ b : 1 ≤ i, j ≤ n, a ∈ Eη(i)+η(j), b ∈ E}

é ✉♠❛ ❜❛s❡ ♣❛r❛Mp,q(E)⊗E✳ ❆♦ ❧♦♥❣♦ ❞❛ s❡çã♦ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r aλ s❡ ✉♠ ❡❧❡♠❡♥t♦

a ∈ Eλ✱ λ ∈ Z2✱ ❡ ♣♦r S ✉♠❛ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ ♥❛ ❜❛s❡ B✳

▲❡♠❛ ✷✳✸✳✶ ❚♦♠❡

As = aη(is)+η(js)s Eisjs ⊗ bλs+η(is)+η(js)s ∈ B, s = 1, 2.

❙❡ A1A2 6= 0✱ ❡♥tã♦ ❡①✐st❡ c ∈ {1,−1} t❛❧ q✉❡ cA1A2 ∈ B✳ ❊♠ ♣❛rt✐❝✉❧❛r t❡♠♦s

j1 = i2 e η(i1) + η(j1) + η(i2) + η(j2) = η(i1) + η(j2).

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ η1 = η(i1) + η(j1) ❡ η2 = η(i2) + η(j2)✳ ❙✉♣♦♥❤❛ q✉❡

0 6= A1A2 = a
η(i1)+η(j1)
1 a

η(i2)+η(j2)
2 Ei1j1Ei2j2 ⊗ b

λ1+η(i1)+η(j1)
1 b

λ2+η(i2)+η(j2)
2 ,
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❡♥tã♦ j1 = i2 ❡ ❞❛í

η1 + η2 = η(i1) + η(i2) + η(i2) + η(j2) = η(i1) + η(j2).

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ♥♦ q✉❛❧ ♦❜t❡♠♦s ❛ ❜❛s❡ ❞❛ á❧❣❡❜r❛

❞❡ ●r❛ss♠❛♥♥ E✱ ✈❛♠♦s ❞❡♥♦t❛r

a1 = el1el2 · · · elr e a2 = em1em2 · · · emt ,

♦♥❞❡ ♦s l1 < l2 < · · · < lr ❡ m1 < m2 < · · · < mt✳ ❚❡♠♦s q✉❡ ♦s ❡❧❡♠❡♥t♦s

el1 , el2 , . . . , elr , em1 , em2 , · · · , emt sã♦ ❞♦✐s ❛ ❞♦✐s ❞✐st✐♥t♦s✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ ✉s❛♥❞♦ ♦

♣r♦❞✉t♦ ❡♠ E✱ t❡rí❛♠♦s a1a2 = 0✱ ♦ q✉❡ ❝♦♥tr❛r✐❛ A1A2 6= 0✳ ◆♦t❡ q✉❡ a1a2 ∈ Eη1+η2 =

Eη(i1)+η(j2)✳ ❆ss✐♠✱ ♣♦❞❡♠♦s r❡♦r❞❡♥❛r ❛ ♣❛❧❛✈r❛ a1a2 ❡ ♦❜t❡r ✉♠ ❡❧❡♠❡♥t♦ ❡♠ Eη(i1)+η(j2)

q✉❡ é ✐❣✉❛❧ ❛ a1a2 ♦✉ −a1a2✳ ❋❛③❡♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ♣❛r❛ b1b2 ∈ Eλ1+λ2+η(i1)+η(j2)✱

t❡♠♦s q✉❡ A1A2 ∈ B ♦✉ −A1A2 ∈ B ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳ �

❖ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ♠♦str❛ q✉❡ B é ✉♠❛ ❜❛s❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❞❡ Mp,q(E) ⊗ E✳

❉❡✜♥❛ ❡♥tã♦ | · | : B → Zn × Z2 ❞❛❞❛ ♣♦r

|aEij ⊗ b| = (j − i, |a|2 + |b|2).

❖❜s❡r✈❡ q✉❡ ❞❛❞♦s a ∈ Eλ1 ✱ b ∈ Eλ2 ❡ i, j, k, l ∈ {1, . . . , n}✱ t❡♠♦s ab ∈ Eλ1+λ2 ❡ s❡

j = k✱ ❡♥tã♦

η(i) + η(j) + η(k) + η(l) = η(i) + η(l) e l − i = l − k + j − i,

❡ ❞❛í ✈❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ | · | s❛t✐s❢❛③ ✭✶✳✹✮✱ ❞♦♥❞❡ t❡♠♦s ✉♠❛ Zn×Z2✲❣r❛❞✉❛çã♦ ♣❛r❛

Mp,q(E)⊗ E ❞❛ ❢♦r♠❛

Mp,q(E)⊗ E =
⊕

(t,λ)∈Zn×Z2

(Mp,q(E)⊗ E)(t,λ), ✭✷✳✶✹✮

♦♥❞❡ (Mp,q(E)⊗E)(t,λ) é ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {aη(i)+η(j)Eij⊗ bλ+η(i)+η(j) :

j − i = t}✱ (t, λ) ∈ Zn × Z2✱ ❡ B é ✉♠❛ ❜❛s❡ ❤♦♠♦❣ê♥❡❛✳ ◆❡st❛ ❣r❛❞✉❛çã♦✱ ❝♦♠ ❛

♥♦t❛çã♦ ❞♦ ▲❡♠❛ ✷✳✸✳✶✱ t❡♠♦s q✉❡ |A1A2| = (j2 − i1, λ1 + λ2)✱ q✉❛♥❞♦ A1A2 6= 0✳

❙❡❥❛ N ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦❧✐♥ô♠✐♦s Zn × Z2✲❣r❛❞✉❛❞♦s

[x
(0,0)
1 , x

(0,0)
2 ] , [x

(0,1)
1 , x

(0,0)
2 ] , x

(0,1)
1 ◦ x(0,1)2 ,

x
(t,0)
1 x(−t,0)x

(t,0)
2 − x

(t,0)
2 x(−t,0)x

(t,0)
1 , x

(t,1)
1 x(−t,0)x

(t,0)
2 − x

(t,0)
2 x(−t,0)x

(t,1)
1 ,

x
(t,0)
1 x(−t,1)x

(t,0)
2 − x

(t,0)
2 x(−t,1)x

(t,0)
1 , x

(t,1)
1 x(−t,0)x

(t,1)
2 + x

(t,1)
2 x(−t,0)x

(t,1)
1 ,

x
(t,1)
1 x(−t,1)x

(t,0)
2 + x

(t,0)
2 x(−t,1)x

(t,1)
1 , x

(t,1)
1 x(−t,1)x

(t,1)
2 + x

(t,1)
2 x(−t,1)x

(t,1)
1 ,
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♦♥❞❡ t ∈ Zn ❡ a◦b ❞❡♥♦t❛ ♦ ♣r♦❞✉t♦ a◦b = ab+ba✳ ❱❛♠♦s ❞❡♥♦t❛r ♣♦r I ♦ TZn×Z2✲✐❞❡❛❧

❣❡r❛❞♦ ♣♦r N ✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✷ ❖s ♣♦❧✐♥ô♠✐♦s ❡♠ N sã♦ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ♣❛r❛ Mp,q(E)⊗E✱

♦✉ s❡❥❛✱ I ⊆ TZn×Z2(Mp,q(E)⊗ E)✳

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ♦s ♣♦❧✐♥ô♠✐♦s ❡♠ N sã♦ ♠✉❧t✐❧✐♥❡❛r❡s✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r ✉♠❛

s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ S ♥❛ ❜❛s❡ B✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❡ ✉♠❛ s✉❜st✐t✉✐çã♦ q✉❛❧q✉❡r ♣❛r❛

♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ ✸ ❞❛ ❢♦r♠❛

As = aη(is)+η(js)s Eisjs ⊗ bλs+η(is)+η(js)s e A = aη(i)+η(j)Eij ⊗ bλ+η(i)+η(j), s = 1, 2,

♦♥❞❡ |Ei1j1 | = |Ei2j2 | = −|Eij| = t ∈ Zn ♥❛ á❧❣❡❜r❛ Zn✲❣r❛❞✉❛❞❛ Mn✳ ▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛

✷✳✶✳✶✱ ♦s ♣r♦❞✉t♦s Ei1j1EijEi2j2 ❡ Ei2j2EijEi1j1 sã♦ ❛♠❜♦s ✐❣✉❛✐s ❛ ③❡r♦✱ ❡ ♥❡st❡ ❝❛s♦ ♦s

♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ ✸ s❡ ❛♥✉❧❛♠✱ ♦✉ i1 = i2 = j ❡ j1 = j2 = i✱ ❡ ♥❡st❡ ❝❛s♦ sã♦ ❛♠❜♦s

✐❣✉❛✐s ❛ Eji ❡ η(i1) + η(j1) = η(i2) + η(j2) = η(i) + η(j) = η ∈ Z2✳ ❊♥tã♦

A1 = aη1Eji ⊗ bλ1+η1 , A2 = aη2Eji ⊗ bλ2+η2 e A = aηEij ⊗ bλ+η.

❱❛♠♦s ✈❡r✐✜❝❛r ♣❛r❛ ✉♠ ❞♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ ✸ ❡ ♦s ♦✉tr♦s s❡❣✉❡♠ ❞❡ ❢♦r♠❛ s❡✲

♠❡❧❤❛♥t❡✳ ❈♦♥s✐❞❡r❡ x(t,1)1 x(−t,1)x
(t,0)
2 + x

(t,0)
2 x(−t,1)x

(t,1)
1 ✳ ❊♥tã♦ 1 = λ1 = λ ❡ λ2 = 0✳

❯s❛♥❞♦ ♦ ♣r♦❞✉t♦ ❡♠ E✱ t❡♠♦s q✉❡ s❡ η = 0✱ ❡♥tã♦

A2AA1 = a02a
0a01Eji ⊗ b02b

1b11 = a01a
0a02Eji ⊗ (−b11b

1b02) = −A1AA2,

❡ s❡ η = 1✱ ❡♥tã♦

A2AA1 = a12a
1a11Eji ⊗ b12b

0b01 = −a11a
1a12Eji ⊗ b01b

1b12 = −A1AA2.

P♦rt❛♥t♦ ♦ ♣♦❧✐♥ô♠✐♦ ❝♦♥s✐❞❡r❛❞♦ é ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ Mp,q(E)⊗E✳ P❛r❛ ♦s ♣♦❧✐♥ô♠✐♦s

❞❡ ❣r❛✉ ✷✱ ❝♦♥s✐❞❡r❡ ♦s ❡❧❡♠❡♥t♦s A1 ❡ A2 ❞♦ ❝❛s♦ ❛♥t❡r✐♦r✳ ❖❜s❡r✈❡ q✉❡ i1 = j1 ❡

i2 = j2✳ ❱❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ Ei1j1Ei2j2 ❡ Ei2j2Ei1j1 sã♦ ❛♠❜♦s ✐❣✉❛✐s ❛ ③❡r♦✱ ❡ ♥❡st❡

❝❛s♦ ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ ✷ s❡ ❛♥✉❧❛♠✱ ♦✉ i1 = i2 = j1 = j2✱ ❡ ♥❡st❡ ❝❛s♦ sã♦ ❛♠❜♦s

✐❣✉❛✐s ❛ Ei1i1 ❡ η(i1) + η(j1) = η(i2) + η(j2) = 0. ❊♥tã♦

A1 = a01Ei1i1 ⊗ bλ11 e A2 = a02Ei1i1 ⊗ bλ22 .

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ s❡ λ1 = λ2 = 0 ♦✉ λ1 = 0 ❡ λ2 = 1✱ t❡♠♦s A1A2 =

A2A1✱ ❡ s❡ λ1 = λ2 = 1✱ t❡♠♦s A1A2 = −A2A1✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉

✷ s❡ ❛♥✉❧❛♠ ♣❛r❛ ❡st❛s s✉❜st✐t✉✐çõ❡s✱ ❡ ♣♦rt❛♥t♦ sã♦ ✐❞❡♥t✐❞❛❞❡s ♣❛r❛ Mp,q(E)⊗E✳ �
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❖❜s❡r✈❛çã♦ ✷✳✷ ❉❛❞♦s p, q ∈ N ❡ i, j, k, l ∈ {1, . . . , p + q} s❡♠♣r❡ ♣♦❞❡♠♦s ♦❜t❡r

❡❧❡♠❡♥t♦s a ∈ Eη(i)+η(j) ❡ b ∈ Eη(k)+η(l) ❝♦♠ ab 6= 0✳ ❉❛í s❡❣✉❡ ❞❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ ❛♦

r❡s✉❧t❛❞♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r ♣❛r❛ á❧❣❡❜r❛ Mn q✉❡ ♥❡♥❤✉♠ ♠♦♥ô♠✐♦ Zn × Z2✲❣r❛❞✉❛❞♦

♣♦❞❡ s❡r ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ Mp,q(E)⊗E✱ ♦✉ s❡❥❛✱ M∩ (TZn×Z2(Mp,q(E)⊗E)) =

∅✳

❖ ♣ró①✐♠♦ ❧❡♠❛ é ✉♠ r❡s✉❧t❛❞♦ ❡q✉✐✈❛❧❡♥t❡ ❛♦ ▲❡♠❛ ✷✳✷✳✸ ♣❛r❛ ❛ á❧❣❡❜r❛

Mp,q(E)⊗ E✳

▲❡♠❛ ✷✳✸✳✸ ❚♦♠❡ σ ∈ Sk ❡ s❡❥❛ S ❛ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ ❞❛❞❛ ♣♦r

xs = As = aη(is)+η(js)s Eisjs ⊗ bλs+η(is)+η(js)s ,

♦♥❞❡ |xs| = |As| = (js − is, λs)✱ s = 1, . . . , k✳ ❙❡

mσ|S = Aσ(1)Aσ(2) · · ·Aσ(k) 6= 0,

❡♥tã♦ ❡①✐st❡ A ∈ B ❡ c ∈ {−1, 1} t❛✐s q✉❡ mσ|S = cA✳ ❆❧é♠ ❞✐ss♦✱ mσ|S 6= 0 s❡✱ ❡

s♦♠❡♥t❡ s❡✱ ♣❛r❛ q✉❛✐sq✉❡r p, q✱ ❝♦♠ 1 ≤ p ≤ q ≤ k✱ t❡♠♦s m[p,q]
σ |S 6= 0✱ ❡ ♥❡st❡ ❝❛s♦

|m[p,q]
σ | = (jσ(q) − iσ(p), λσ(p) + · · ·+ λσ(q)),

❝♦♠♦ ♠♦♥ô♠✐♦ Zn × Z2✲❣r❛❞✉❛❞♦✳

❉❡♠♦♥str❛çã♦✿ ❆ ♣r✐♠❡✐r❛ ❛✜r♠❛çã♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ▲❡♠❛ ✷✳✸✳✶✳ ❙✉♣♦♥❞♦

mσ|S 6= 0✱ é ❝❧❛r♦ q✉❡ q✉❛❧q✉❡r ♣r♦❞✉t♦ Aσ(p) · · ·Aσ(q) é ♥ã♦ ♥✉❧♦✱ ❡ r❡❝✐♣r♦❝❛♠❡♥t❡

❜❛st❛ t♦♠❛r p = 1 ❡ q = k ❡ t❡♠♦s mσ|S 6= 0✳ ◆❡st❡ ❝❛s♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✸✳✶✱ t❡♠♦s

jσ(l) = iσ(l+1)✱ ♣❛r❛ l = 1, . . . , k − 1✱ ❡ ❞❛í

|m[p,q]
σ | = |xσ(q)|+ |xσ(q−1)|+ · · · |xσ(p+1)|+ |xσ(p)|

= (jσ(q) − iσ(q) + jσ(q−1) − iσ(q−1) + · · ·+ jσ(p) − iσ(p), λσ(p) + · · ·+ λσ(q))

= (jσ(q) − iσ(p), λσ(p) + · · ·+ λσ(q)).

�

❆ ♠❡♥♦s ❞❡ ✉♠❛ ❝♦♥st❛♥t❡ c ∈ {−1, 1} ♥❛ ❝♦♥❣r✉ê♥❝✐❛ ♠ó❞✉❧♦ I✱ ✉s❛♥❞♦ ♦

❧❡♠❛ ❛♥t❡r✐♦r ❡ ❛s ✐❞❡♥t✐❞❛❞❡s ♥♦ ❝♦♥❥✉♥t♦ N ♦❜t❡♠♦s ❞❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ ♦ ♠❡s♠♦

r❡s✉❧t❛❞♦ ❞♦ ▲❡♠❛ ✷✳✷✳✹ ♣❛r❛ Mp,q(E) ⊗ E✳ ❉❛í✱ ❛r❣✉♠❡♥t❛♥❞♦ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱

❛♣❡♥❛s ❝♦♠ ❛s ♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s ❞♦s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ B✱ ♦❜t❡♠♦s t❛♠❜é♠ ♦ ▲❡♠❛
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✷✳✷✳✺ ❡ s❡✉ ❈♦r♦❧ár✐♦ ✷✳✷✳✻ ♣❛r❛ ♦ t❡♥s♦r ❞❡ Mp,q(E) ❡ E✱ ♦✉ s❡❥❛✱ s❡ ♣❛r❛ σ, τ ∈ Sk✱

❡①✐st❡ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ S ❡♠ B t❛❧ q✉❡

mσ(x1, x2, . . . , xk)|S = cmτ (x1, x2, . . . , xk)|S 6= 0,

❡♥tã♦

mσ(x1, x2, . . . , xk) ≡ cmτ (x1, x2, . . . , xk)(mod I),

♣❛r❛ ❛❧❣✉♠ c ∈ {−1, 1}✳ ▲♦❣♦✱ s❡♥❞♦ B ✉♠❛ ❜❛s❡ ❤♦♠♦❣ê♥❡❛ ❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛✱ ❛s ❤✐♣ó✲

t❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✼✳✶✼ sã♦ s❛t✐s❢❡✐t❛s ♣❛r❛ ❛ á❧❣❡❜r❛ Zn × Z2✲❣r❛❞✉❛❞❛

Mp,q(E)⊗E✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✷✱ t❡♠♦s M∩ (TZn×Z2(Mp,q(E)⊗E)) = ∅✳

❉❡ss❛ ❢♦r♠❛✱ ♦❜t❡♠♦s ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✷✳✸✳✹ ❙❡❥❛ n = p + q✱ p, q ∈ N✳ ❊♥tã♦ ♦ ❝♦♥❥✉♥t♦ N = N ∪ (M ∩

TZn×Z2(Mp,q(E)⊗E)) ❣❡r❛ ♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ Mp,q(E)⊗E✱ ♦✉ s❡❥❛✱

I = TZn×Z2(Mp,q(E)⊗ E).

❚❡♦r❡♠❛ ✷✳✸✳✺ ❉❛❞♦ n ∈ N✱ ❝♦♥s✐❞❡r❡ ❛ Zn × Z2✲❣r❛❞✉❛çã♦ ♣❛r❛ Mn(E) ✐♥❞✉③✐❞❛

♣♦r µ = IdSn ✭✈❡❥❛ ❊①❡♠♣❧♦ ✶✳✼✳✻✮✳ ❚❡♠♦s q✉❡ TZn×Z2(Mn(E)) é ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

N ✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✵❪✱ ❈♦r♦❧ár✐♦ ✶✷✳ �

❈♦r♦❧ár✐♦ ✷✳✸✳✻ ❚♦♠❡ n = p+q✱ p, q ∈ N✳ ❆s á❧❣❡❜r❛s Mn(E) ❡ Mp,q(E)⊗E sã♦ P■✲

❡q✉✐✈❛❧❡♥t❡s ❝♦♠♦ á❧❣❡❜r❛s Zn×Z2✲❣r❛❞✉❛❞❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❡❧❛s sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

❉❡♠♦♥str❛çã♦✿ ❆ P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❝♦♠♦ á❧❣❡❜r❛s ❣r❛❞✉❛❞❛s s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦s t❡✲

♦r❡♠❛s ❛♥t❡r✐♦r❡s✱ ❞❛í ❜❛st❛ ❛♣❧✐❝❛r ❛ Pr♦♣♦s✐çã♦ ✶✳✼✳✶✺ ❡ t❡♠♦s T (Mn(E)) =

T (Mp,q(E)⊗ E)✳ �



❈❛♣ít✉❧♦ ✸

■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ❞❡ M1,1(E)

◆❡st❡ ❝❛♣ít✉❧♦✱ t❡r❡♠♦s ❝♦♠♦ ❜❛s❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ❉✐ ❱✐♥❝❡♥③♦ ❡♠ ❬✼❪✳

❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ Z2✲❣r❛❞✉❛çã♦ ♣❛r❛ ❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❧✐✈r❡ F 〈X〉✱ ✈❛♠♦s ❞❡✜♥✐r

♦ Sn× Sm✲❝❛r❛❝t❡r✱ ❞❡♥♦t❛❞♦ ♣♦r χn,m✱ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛✳ ❈♦♥s✐❞❡r❛♥❞♦

❛ á❧❣❡❜r❛ M2(F )✱ ✈❛♠♦s ♦❜t❡r ♦ ✈❛❧♦r ❞❡ χn,m✱ ❡ ❛ ♣❛rt✐r ❞✐ss♦ ❡♥❝♦♥tr❛r❡♠♦s ✉♠ ✈❛❧♦r

s❡♠❡❧❤❛♥t❡ ❞♦ ❝❛r❛❝t❡r ♣❛r❛ ❛ á❧❣❡❜r❛ M1,1(E)✱ ❛❧é♠ ❞❡ ❞❡t❡r♠✐♥❛r ♦ T2✲✐❞❡❛❧ ❞❛s

✐❞❡♥t✐❞❛❞❡s Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ ❡st❛ á❧❣❡❜r❛✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ❛

P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ E ⊗ E ❡ M1,1(E)✳

❊♠ t♦❞♦ ♦ ❝❛♣ít✉❧♦✱ F s❡rá ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦✳

✸✳✶ ❆❧❣✉♥s ❝♦♥❝❡✐t♦s

◆❡st❛ s❡çã♦ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ❞❡✜♥✐çõ❡s ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ s❡r✈✐rã♦ ❞❡ ❜❛s❡

♣❛r❛ ❛s ❞❡♠♦♥str❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ❞❡st❡ ❝❛♣ít✉❧♦✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ à

❙❡çã♦ ✶✳✼✱ ♣❛r❛ ♦ ❣r✉♣♦ G = Z2✱ ✈❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ♦❜t❡r ✉♠❛ Z2✲❣r❛❞✉❛çã♦ ♣❛r❛

á❧❣❡❜r❛ ❧✐✈r❡ F 〈X〉✱ ❣❡r❛❞❛ ♣♦r X✳

P♦❞❡♠♦s r❡♣r❡s❡♥t❛r X ❞❛ ❢♦r♠❛ X = Y ∪Z✱ ♦♥❞❡ Y ❡ Z sã♦ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s

❡ ❝♦rr❡s♣♦♥❞❡♠ ❛s ✈❛r✐á✈❡✐s ❞❡ ❣r❛✉ 0 ❡ 1 ❡♠ Z2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ss✐♠✱ s❡❥❛♠ F0 ❡

F1 ♦s s✉❜❡s♣❛ç♦s ❞❡ F 〈X〉 ❣❡r❛❞♦s ♣❡❧♦s ♠♦♥ô♠✐♦s q✉❡ tê♠ Z2✲❣r❛✉ ❤♦♠♦❣ê♥❡♦ 0 ❡ 1✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❚❡♠♦s q✉❡

F 〈X〉 = F0 ⊕F1



✸✳✶✳ ❆❧❣✉♥s ❝♦♥❝❡✐t♦s ✻✺

é ✉♠❛ Z2✲❣r❛❞✉❛çã♦ ♣❛r❛ á❧❣❡❜r❛ ❧✐✈r❡ F 〈X〉✱ ❡ ✉♠ ✐❞❡❛❧ I ❞❡ F 〈X〉 é ✉♠ T2✲✐❞❡❛❧ s❡

é ✐♥✈❛r✐❛♥t❡ ♣❡❧♦s ❡♥❞♦♠♦r✜s♠♦s ψ ❞❡ F 〈X〉 t❛✐s q✉❡ ψ(F0) ⊆ F0 ❡ ψ(F1) ⊆ F1✱ ♦✉

s❡❥❛✱ ♣❡❧♦s ❡♥❞♦♠♦r✜s♠♦s Z2✲❣r❛❞✉❛❞♦s✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞❛ ✉♠❛ á❧❣❡❜r❛ A = A0 ⊕ A1

Z2✲❣r❛❞✉❛❞❛✱ ♦ ❝♦♥❥✉♥t♦ I = T2(A) ❞❡ t♦❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ A é ✉♠ T2✲✐❞❡❛❧

❞❡ F 〈X〉✳

❈♦♠♦ ❡st❛♠♦s s♦❜ ❛ ❤✐♣ót❡s❡ ❞❡ charF = 0✱ ♣♦❞❡♠♦s tr❛❜❛❧❤❛r ❛♣❡♥❛s ❝♦♠

♣♦❧✐♥ô♠✐♦s ❣r❛❞✉❛❞♦s ♠✉❧t✐❧✐♥❡❛r❡s ✭✈❡r ❖❜s❡r✈❛çã♦ ✶✳✶✹✮✳ ❆ss✐♠✱ s❡❥❛ Pn,m ♦ ❝♦♥❥✉♥t♦

❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ ❣r❛✉ n+m ♥❛s ✈❛r✐á✈❡✐s y1, . . . , yn, z1, . . . , zm✱

♦♥❞❡ ♦s y′is ❡ ♦s z′js ♣❡rt❡♥❝❡♠ ❛ F0 ❡ F1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❛çã♦ ❞♦

❣r✉♣♦ Sn × Sm ❡♠ Pn,m✱ ❞❛❞❛ ♣♦r

(σ, π)f(y1, . . . , yn, z1, . . . , zm) = f(yσ(1), . . . , yσ(n), zπ(1), . . . , zπ(m)),

♦♥❞❡ (σ, π) ∈ Sn × Sm ❡ f(y1, . . . , yn, z1, . . . , zm) ∈ Pn,m✱ ♦❜t❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ Pn,m

é ✉♠ Sn × Sm✲♠ó❞✉❧♦✳

❖❜s❡r✈❛çã♦ ✸✳✶ ❖ ❝♦♥❥✉♥t♦ {u1zσ(1)u2zσ(2)u3 · · · zσ(m)um+1 : σ ∈ Sm}✱ ♦♥❞❡ ♦s u′is

sã♦ ♠♦♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✱ ♣♦ss✐✈❡❧♠❡♥t❡ ✐❣✉❛✐s ❛ 1✱ ♥❛s ✈❛r✐á✈❡✐s y1, . . . , yn✱ ❡ ui✱ uj
♥ã♦ ♣♦ss✉❡♠ ✈❛r✐á✈❡✐s ❡♠ ❝♦♠✉♠✱ ♣❛r❛ i 6= j✱ é ✉♠❛ ❜❛s❡ ♣❛r❛ Pn,m✳

❖❜s❡r✈❛çã♦ ✸✳✷ ❙❡❥❛♠ λ1 ⊢ n✱ λ2 ⊢ m ❡ T1✱ T2 t❛❜❡❧❛s ❞❡ ❨♦✉♥❣ st❛♥❞❛r❞ ❞♦s

❞✐❛❣r❛♠❛s Dλ1 ❡ Dλ2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❛❞❛s ❞✉❛s ♣❡r♠✉t❛çõ❡s σ ∈ Sn ❡ π ∈ Sm✱

♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r σ ❝♦♠ (σ, IdSm)✱ ❡ π ❝♦♠ (IdSn , π) ♥♦ ❣r✉♣♦ Sn×Sm✱ ❞❛í ♦❜t❡♠♦s

σπ = πσ✳ ❆ss✐♠

ET1ET2 =




∑

σ∈RT1

∑

π∈CT1

(−1)πσπ








∑

σ′∈RT2

∑

π′∈CT2

(−1)π
′

σ′π′





=
∑

σ∈RT1
π∈CT1

∑

σ′∈RT2
π′∈CT2

(−1)π(−1)π
′

σπσ′π′ =
∑

σ∈RT1
π∈CT1

∑

σ′∈RT2
π′∈CT2

(−1)π(−1)π
′

σσ′ππ′

=




∑

σ∈RT1

σ








∑

σ′∈RT2

σ′








∑

π∈CT1

(−1)ππ








∑

π′∈CT2

(−1)π
′

π′





= RT1RT2CT1CT2

♥❛ á❧❣❡❜r❛ ❞❡ ❣r✉♣♦ F (Sn × Sm)✳

❙❡ A = A0 ⊕A1 é ✉♠❛ P■✲á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ ❡ I = T2(A)✱ ❡♥tã♦ ❞❡✜♥❛ In,m =

I ∩Pn,m✳ ❈❧❛r❛♠❡♥t❡ In,m é ✉♠ Sn×Sm✲s✉❜♠ó❞✉❧♦ ❞❡ Pn,m✱ ❡ ❞❛í ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r



✸✳✷✳ ■❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ M2(F ) ✻✻

♦ Sn × Sm✲♠ó❞✉❧♦ Pn,m/In,m✳ ❱❛♠♦s ❞❡♥♦t❛r ♣♦r χn,m(I) ✭♦✉ χn,m(A)✮ ♦ ❝❛r❛❝t❡r ❞♦

Sn × Sm✲♠ó❞✉❧♦ Pn,m/In,m✱ ❡ ♣♦r cn,m(I) ✭♦✉ cn,m(A)✮ s✉❛ ❞✐♠❡♥sã♦ s♦❜r❡ F ✳

P❡❧❛ ❡q✉❛çã♦ ✭✶✳✸✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

χn,m(I) = χn,m(A) =
∑

λ⊢n
µ⊢m

mλ,µ[λ]⊗ [µ], ✭✸✳✶✮

♦♥❞❡ [λ] ❡ [µ] sã♦ ❝❛r❛❝t❡r❡s ✐rr❡❞✉tí✈❡✐s ❞♦s ❣r✉♣♦s Sn ❡ Sm ❛ss♦❝✐❛❞♦s ❛s ♣❛rt✐çõ❡s ❞❡

n ❡ m✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❚❡♦r❡♠❛ ✸✳✶✳✶ ❙❡❥❛ A ✉♠❛ P■✲á❧❣❡❜r❛ ❝♦♠ ❝❛r❛❝t❡r χn,m(A) ❞❛❞♦ ❡♠ ✭✸✳✶✮✳ P❛r❛

♣❛rt✐çõ❡s λ ⊢ n ❡ µ ⊢ m✱ mλ,µ = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ q✉❛✐sq✉❡r t❛❜❡❧❛s ❞❡ ❨♦✉♥❣

Tλ ❡ Tµ ❡ t♦❞♦ ♣♦❧✐♥ô♠✐♦ f = f(y1, . . . , yn, z1, . . . , zm) ∈ Pn,m✱ ❛ á❧❣❡❜r❛ A s❛t✐s❢❛③

❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ETλETµf ≡ 0✱ ♦♥❞❡ ETλ ❡ ETµ sã♦ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❉❡✜♥✐çã♦

✶✳✸✳✸✳

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ♦❜s❡r✈❛r ❛ r❡❧❛çã♦ ❡♥tr❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❞❡

Sn × Sm ❡ ❛s r❡♣r❡s❡♥t❛çõ❡s ✐rr❡❞✉tí✈❡✐s ❞❡ Sn ❡ Sm✱ ♦❜t✐❞❛ ♥♦ ❚❡♦r❡♠❛ ✶✳✷✳✷✵✱ ❡

♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❛♥❛❧♦❣❛♠❡♥t❡ à ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✹✳✺✱ ♣á❣✐♥❛ ✺✺✱ ❡♠ ❬✶✷❪✳

�
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❆s á❧❣❡❜r❛s M1,1(E) ❡ M2(F ) ♣♦ss✉❡♠ ✉♠❛ ❝❡rt❛ r❡❧❛çã♦ ✈✐❛ ✐s♦♠♦r✜s♠♦ ❣r❛❞✉✲

❛❞♦✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♦ ❞✉❛❞♦ ❞❡ M2(F ) ♣❡❧❛ á❧❣❡❜r❛ ❞❡ ●r❛ss♠❛♥♥ E é ✐s♦♠♦r❢♦ ❛

M1,1(E)✱ ❝♦♠♦ ✈❡r❡♠♦s ♣♦st❡r✐♦r♠❡♥t❡✳ ◆❡st❛ s❡çã♦ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ❛❧❣✉♥s r❡s✉❧t❛✲

❞♦s ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ♣❛r❛ M2(F ) ❡ ♦❜t❡r ♦ ✈❛❧♦r ❞❡ χn,m ♣❛r❛ ❡st❛ á❧❣❡❜r❛✳

❊♠ t♦❞❛ s❡çã♦ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r A ❛ á❧❣❡❜r❛ M2(F )✱ ❝♦♠ Z2✲❣r❛❞✉❛çã♦

A0 =










a 0

0 b



 ; a, b ∈ F






e A1 =










0 c

d 0



 ; c, d ∈ F






✭✸✳✷✮

❡ I ♦ T2✲✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡st❛ á❧❣❡❜r❛✳ ❖❜s❡r✈❡ q✉❡ A0 ❡ A1 sã♦ ❣❡r❛✲

❞♦s✱ ❝♦♠♦ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ ♣❡❧❛s ♠❛tr✐③❡s {E11, E22} ❡ {E12, E21}✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

P❛r❛ m > 0✱ s❡❥❛ (j) = {j1, j2, . . . , jm/2} ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ {1, 2, . . . ,m} ❞❡

♦r❞❡♠ m/2 ✭❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛♣❡♥❛s ❛ ♣❛rt❡ ✐♥t❡✐r❛ ❞❡ m/2✮✱ ❝♦♠ j1 < j2 <
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· · · < jm/2✱ ❡ s❡❥❛ (i) = {i1, i2, . . . } ♦ s❡✉ ❝♦♠♣❧❡♠❡♥t♦ ❡♠ {1, 2, . . . ,m}✱ ❝♦♠ i1 <

i2 < · · · ✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ n ≥ 0✱ ♣❛r❛ q ∈ {0, 1, . . . , n}✱ s❡❥❛ (t) = {t1, t2, . . . , tq}

✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ {1, 2, . . . , n} ❞❡ ♦r❞❡♠ q✱ ❝♦♠ t1 < t2 < · · · < tq✱ ❡ s❡❥❛ (s) =

{s1, s2, . . . , sn−q} ♦ s❡✉ ❝♦♠♣❧❡♠❡♥t♦ ❡♠ {1, 2, . . . , n}✱ ❝♦♠ s1 < s2 < · · · < sn−q✳ ◆♦t❡

q✉❡ s❡ m é ♣❛r ♦s ❝♦♥❥✉♥t♦s (j) ❡ (i) ♣♦ss✉❡♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s✱ ❡ s❡ m

é í♠♣❛r ♦ ❝♦♥❥✉♥t♦ (i) ♣♦ss✉✐ m/2 + 1 ❡❧❡♠❡♥t♦s✳

❈♦♠♦ ✈✐st♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ♠ó❞✉❧♦ q✉♦❝✐❡♥t❡ Pn,m/In,m✱

♦♥❞❡ In,m = I ∩ Pn,m✳ ❆ss✐♠✱ ❞❛❞♦s (j) ❡ (t)✱ s❡❥❛

M(t),(j) =M(t),(j)(y1, . . . , yn, z1, . . . , zm) =

=







yt1yt2 · · · ytqzi1ys1 · · · ysn−qzj1zi2zj2 · · · zim/2
zjm/2

, s❡ m é ♣❛r

yt1yt2 · · · ytqzi1ys1 · · · ysn−qzj1zi2zj2 · · · zim/2+1, s❡ m é í♠♣❛r

✉♠ ❡❧❡♠❡♥t♦ ❞❡ Pn,m✳ ❚❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ s✉❜❝♦♥❥✉♥t♦s (j)✱ ❝♦♠ m/2 ❡❧❡✲

♠❡♥t♦s✱ ❡ (t) ❞❡ {1, 2, . . . ,m} ❡ {1, 2, . . . , n}✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦❜t❡♠♦s ✉♠ ❡❧❡♠❡♥t♦

M(t),(j)✳ ❆ss✐♠✱ ❛♦ t♦❞♦ t❡♠♦s 2n
(
m
m/2

)
♠♦♥ô♠✐♦s M(t),(j)✳

▲❡♠❛ ✸✳✷✳✶ ❖s 2n
(
m
m/2

)
❡❧❡♠❡♥t♦sM(t),(j) sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ♠ó❞✉❧♦ In,m✳

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s s✉♣♦r q✉❡ m é ♣❛r✱ ♣♦✐s ♦ ❝❛s♦ m í♠♣❛r é ❛♥á❧♦❣♦✳ ❙❡❥❛

f =
∑

(t),(j)

A(t),(j)M(t),(j)(y1, . . . , yn, z1, . . . , zm), A(t),(j) ∈ F,

❡ s✉♣♦♥❤❛ q✉❡ f é ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ❞❡ A✱ ♦✉ s❡❥❛✱ ❡st❛♠♦s t♦♠❛♥❞♦ ✉♠❛ ❝♦♠❜✐✲

♥❛çã♦ ❧✐♥❡❛r ❞♦s M(t),(j) ♥✉❧❛ ❡♠ Pn,m/In,m✳ ❈♦♠♦ yi ∈ F0 ❡ zj ∈ F1✱ i = 1, . . . , n✱

j = 1, . . . ,m✱ ✐❞❡♥t✐✜q✉❡ ❝❛❞❛ yi ❝♦♠ yi ❡ zj ❝♦♠ zj✱ ♣❡❧❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✱ ❡ ❝♦♥s✐❞❡r❡

❛s s✉❜st✐t✉✐çõ❡s ❣r❛❞✉❛❞❛s q✉❛✐sq✉❡r

yi = αiE11 + βiE22 e zj = ajE12 + bjE21,

❝♦♠ αi✱ βi✱ aj✱ bj ∈ F ✳ P❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s✱ t❡♠♦s q✉❡

yi yj = (αiE11 + βiE22)(αjE11 + βjE22) = αiαjE11 + βiβjE22,

yi zj = (αiE11 + βiE22)(ajE12 + bjE21) = αiajE12 + βibjE21,

zi zj = (aiE12 + biE21)(ajE12 + bjE21) = aibjE11 + biajE22,
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❡ ❞❛í

yt1 yt2 · · · ytq zi1 ys1 · · · ysn−q = (αt1 · · ·αtqE11 + βt1 · · · βtqE22) ·

(ai1E12 + bi1E21)(αs1 · · ·αsn−qE11 + βs1 · · · βsn−qE22)

= (αt1 · · ·αtqai1E12 + βt1 · · · βtqbi1E21) ·

(αs1 · · ·αsn−qE11 + βs1 · · · βsn−qE22)

= αt1 · · ·αtqβs1 · · · βsn−qai1E12

+αs1 · · ·αsn−qβt1 · · · βtqbi1E21

❡

zj1 zi2 zj2 · · · zim/2
zjm/2

= aj1bi2aj2 · · · bim/2
ajm/2

E12 + bj1ai2bj2 · · · aim/2
bjm/2

E21.

❆ss✐♠

M(t),(j)(y1, . . . , yn, z1, . . . , zm) = yt1 yt2 · · · ytq zi1 ys1 · · · ysn−q ·

zj1 zi2 zj3 · · · zim/2
zjm/2

= αt1 · · ·αtqβs1 · · · βsn−qai1bj1 · ✭✸✳✸✮

ai2bj2 · · · aim/2
bjm/2

E11 +

+αs1 · · ·αsn−qβt1 · · · βtqbi1 ·

aj1bi2aj2 · · · bim/2
ajm/2

E22.

❆❣♦r❛ ✜①❛❞♦ (j) = {j1, j2, . . . , jm/2}✱ t♦♠❡♠♦s ✉♠❛ s✉❜st✐t✉✐çã♦

ai1 = · · · = aim/2
= bj1 = · · · = bjm/2

= 1

❡

bi1 = · · · = bim/2
= aj1 = · · · = ajm/2

= 0.

❈♦♠❜✐♥❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✸✮ ❡ ♦ ❢❛t♦ ❞❡ f s❡r ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛✱ t❡♠♦s q✉❡✱ ♣❛r❛

q✉❛✐sq✉❡r α1, . . . , αn, β1, . . . , βm ∈ F ✱

∑

(t)

A(t),(j)αt1 · · ·αtqβs1 · · · βsn−qE11 = 0,

❡ ❞❛í✱ t♦♠❛♥❞♦ s✉❜st✐t✉✐çõ❡s ❛❞❡q✉❛❞❛s ♣❛r❛ α1, . . . , αn, β1, . . . , βm ∈ F ✱ ♦❜t❡♠♦s

A(t),(j) = 0✱ ♣❛r❛ t♦❞♦ (t)✳ ❋❛③❡♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦
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(j)✱ ♦❜t❡♠♦s A(t),(j) = 0✱ ♣❛r❛ t♦❞♦ (t) ❡ (j)✳ P♦rt❛♥t♦ ♦s ❡❧❡♠❡♥t♦s M(t),(j) sã♦ ❧✐♥❡❛r✲

♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ♠ó❞✉❧♦ In,m✳ �

▲❡♠❛ ✸✳✷✳✷ ❖ T2✲✐❞❡❛❧ I é ❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s ❣r❛❞✉❛❞♦s

y1y2 − y2y1, ✭✸✳✹✮

z1z2z3 − z3z2z1. ✭✸✳✺✮

❆❧é♠ ❞✐ss♦✱ cn,0(I) = 1 ❡ cn,m(I) = 2n
(
m
m/2

)
✱ ♣❛r❛ n ≥ 0✱ m > 0✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ J ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r ✭✸✳✹✮ ❡ ✭✸✳✺✮✳ P❡❧♦ ❊①❡♠♣❧♦ ✶✳✼✳✶✽✱ ❡ss❡s

♣♦❧✐♥ô♠✐♦s sã♦ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ A✳ ❉❛í J ⊆ I✱ ❡ t❡♠♦s Jn,m ⊆ In,m✱ ♣❛r❛

t♦❞♦ n,m ≥ 0✳ ❆ss✐♠

cn,m(J) = dim(Pn,m/Jn,m) ≥ dim(Pn,m/In,m) = cn,m(I).

P❛r❛ ♦ ❝❛s♦ m = 0 ❥á ♦❜t❡♠♦s Jn,0 ⊆ In,0✳ ❆❣♦r❛ t♦♠❡ f = f(y1, . . . , yn) ∈ In,0 ❡

s✉♣♦♥❤❛ q✉❡ f /∈ Jn,0✳ ❊s❝r❡✈❛

f =
∑

σ∈Sn

aσyσ(1) · · · yσ(n), aσ ∈ F.

P❡❧❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✹✮✱ ♣♦❞❡♠♦s ❝♦♠✉t❛r ❛s ✈❛r✐á✈❡✐s ♥❛ ❝♦♥❣r✉ê♥❝✐❛✱ ❡ ❞❛í

f =
∑

σ∈Sn

aσyσ(1) · · · yσ(n) ≡

(
∑

σ∈Sn

aσ

)

y1 · · · yn ≡ αy1 · · · yn(mod Jn,0),

❝♦♠ α =
∑

σ∈Sn
aσ 6= 0✱ ♣♦✐s f /∈ Jn,0✳ P♦rt❛♥t♦ αy1 · · · yn é ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ❞❡

A✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s A0 ♣♦ss✉✐ ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s q✉❡ ♥ã♦ sã♦ ♥✐❧♣♦t❡♥t❡s✳ ▲♦❣♦

f ∈ Jn,0 ❡ t❡♠♦s In,0 = Jn,0✳ ❆❣♦r❛✱ s❡♥❞♦ {yσ(1) · · · yσ(n) : σ ∈ Sn} ❜❛s❡ ❞❡ Pn,0✱ ❡♥tã♦

β = {yσ(1) · · · yσ(n) + Jn,0 : σ ∈ Sn} é ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛❞♦r ❞♦ q✉♦❝✐❡♥t❡ Pn,0/Jn,0✳ P❡❧❛

✐❞❡♥t✐❞❛❞❡ ✭✸✳✹✮✱ ♦❜t❡♠♦s β = {y1 · · · yn + Jn,0}✱ ❝♦♠ ❛♣❡♥❛s ✉♠ ❡❧❡♠❡♥t♦✳ ❏✉♥t❛♥❞♦

✐st♦ ❝♦♠ ❛ ✐❣✉❛❧❞❛❞❡ In,0 = Jn,0✱ ♦❜t❡♠♦s

cn,0(I) = dim(Pn,0/In,0) = dim(Pn,0/Jn,0) = 1.

❆❧é♠ ❞✐ss♦✱ ❛♦ ♠ó❞✉❧♦ Pn,0/In,0 ❝♦rr❡s♣♦♥❞❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❣r❛✉ 1 ❞♦ ❣r✉♣♦

Sn✱ ❛ q✉❛❧ é ❛ r❡♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ σ(y1 · · · yn + Jn,0) =
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yσ(1) · · · yσ(n) + Jn,0 = y1 · · · yn + Jn,0✱ ♣❛r❛ t♦❞❛ σ ∈ Sn✳ ▲♦❣♦✱ ♦ ❝❛r❛❝t❡r ❞❡ Pn,0/Jn,0

é ♦ tr✐✈✐❛❧✱ ♦✉ s❡❥❛✱ ♦ ❝❛r❛❝t❡r ❝♦rr❡s♣♦♥❞❡♥t❡ à ♣❛rt✐çã♦ (n) ⊢ n✱ ♣❡❧♦ ❊①❡♠♣❧♦ ✶✳✸✳✼✱

❞❡♥♦t❛❞♦ ♣♦r [(n)]✳

❆❣♦r❛ s✉♣♦♥❤❛ m > 0✳ P❡❧❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✹✮ ❡ ♦ ❢❛t♦ ❞❡ J s❡r T2✲✐❞❡❛❧✱ t❡✲

♠♦s q✉❡ yiM − Myi ∈ J ✱ ♣❛r❛ q✉❛❧q✉❡r ♠♦♥ô♠✐♦ M q✉❡ ♣♦ss✉❛ ✉♠ ♥ú♠❡r♦ ♣❛r

❞❡ ✈❛r✐á✈❡✐s z′js✳ ❆ss✐♠✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✸✳✶✱ Pn,m/Jn,m é ❣❡r❛❞♦ ♣♦r ♠♦♥ô♠✐♦s ❞♦

t✐♣♦ u0(y)zi1u1(y)zi2 · · · zim ✱ ♦♥❞❡ u0(y) ❡ u1(y) sã♦ ♠♦♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s✱ ♣♦ss✐✈❡❧✲

♠❡♥t❡ ✐❣✉❛✐s ❛ 1✱ ♥❛s ✈❛r✐á✈❡✐s y1, . . . , yn✱ ❡ ♦s y′is ❡stã♦ ♦r❞❡♥❛❞♦s ❝r❡s❝❡♥t❡♠❡♥t❡ ❡♠

❝❛❞❛ ui(y)✱ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ ✭✸✳✹✮✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ (3.5)✱ ♣♦❞❡♠♦s s✉♣♦r

i1 < i3 < i5 < · · · ❡ i2 < i4 < i6 < · · · ✳ ❆ss✐♠✱ Pn,m/Jn,m é ❣❡r❛❞♦ ✭❝♦♠♦ ❡s♣❛ç♦

✈❡t♦r✐❛❧✮ ♣❡❧♦s ♠♦♥ô♠✐♦s M(t),(j)✱ ❡ ❞❛í

cn,m(J) = dim(Pn,m/Jn,m) ≤ 2n
(
m

m/2

)

.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ t❡♠♦s 2n
(
m
m/2

)
≤ dim(Pn,m/In,m) = cn,m(I)✳

▲♦❣♦✱ ♣❡❧♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥♦ ✐♥í❝✐♦ ❞❛ ❞❡♠♦♥str❛çã♦✱

2n
(
m

m/2

)

≤ cn,m(I) ≤ cn,m(J) ≤ 2n
(
m

m/2

)

,

❡ ♣♦rt❛♥t♦ cn,m(I) = cn,m(J) = 2n
(
m
m/2

)
✱ ❞♦♥❞❡ In,m = Jn,m✱ ♣♦✐s Jn,m ⊆ In,m✱ ♣❛r❛

q✉❛✐sq✉❡r n,m ≥ 0✳ ❆ss✐♠✱ ❝♦♠♦ I ❡ J sã♦ T2✲✐❞❡❛✐s ❞❡ F 〈X〉 ❡ ❛s ✐❣✉❛❧❞❛❞❡s ✈❛❧❡♠

♣❛r❛ ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❣r❛❞✉❛❞♦s✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✶✹ ♦❜t❡♠♦s J = I✱ ♦ q✉❡

❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦✳ �

❖❜s❡r✈❡ q✉❡ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦s ❣❡r❛❞♦r❡s ❞♦ T2✲✐❞❡❛❧ I é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦

❚❡♦r❡♠❛ ✷✳✷✳✼ ♣❛r❛ n = 2✳

❆ ♣❛rt✐r ❞♦s ❞♦✐s ú❧t✐♠♦s r❡s✉❧t❛❞♦s✱ s❡❣✉❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ {M(t),(j) + In,m} é

✉♠❛ ❜❛s❡ ♣❛r❛ ♦ q✉♦❝✐❡♥t❡ Pn,m/In,m✱ q✉❛♥❞♦ n ≥ 0 ❡ m > 0✳ ❆❣♦r❛ ✜①❛❞♦ q ❝♦♠

0 ≤ q ≤ n✱ ♣❛r❛ m > 0✱ s❡❥❛ Wq ♦ Sn × Sm✲s✉❜♠ó❞✉❧♦ ❞❡ Pn,m/In,m ❣❡r❛❞♦ ♣♦r

y1y2 · · · yqz1yq+1 · · · ynz2z3 · · · zm+In,m✳ ❖❜s❡r✈❡ q✉❡✱ ❝♦♠♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ F ✱ Wq

é ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {yσ(1)yσ(2) · · · yσ(q)zπ(1)yσ(q+1) · · · yσ(n)zπ(2)zπ(3) · · · zπ(m) + In,m :

(σ, π) ∈ Sn × Sm}✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ Wq é ✉♠ Sn × Sm✲♠ó❞✉❧♦✱ ♣♦❞❡♠♦s ♣❡♥s❛r ♥♦

s❡✉ ❝❛r❛❝t❡r✱ ❞❡♥♦t❛❞♦ ♣♦r χ(Wq)✱ ♦ q✉❛❧ ♣♦❞❡ s❡r ❡①♣r❡ss♦ ❝♦♠♦ s♦♠❛ ❞❡ ❝❛r❛❝t❡r❡s

✐rr❡❞✉tí✈❡✐s✳ ◆❡ss❡ s❡♥t✐❞♦✱ ♦s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ✈ã♦ ♥♦s ❣❛r❛♥t✐r ❡ss❛ ❞❡❝♦♠♣♦s✐çã♦✱

✐❞❡♥t✐✜❝❛♥❞♦ ❝❛❞❛ ❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧ ❝♦♠ ♦ s❡✉ r❡s♣❡❝t✐✈♦ ❞✐❛❣r❛♠❛✳
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▲❡♠❛ ✸✳✷✳✸ P❛r❛ q✉❛✐sq✉❡r s, t ∈ N ❝♦♠ 0 ≤ t ≤ q∗ = min{q, n− q} ❡ 0 ≤ s ≤ m/2✱

♦ Sn × Sm✲❝❛r❛❝t❡r ✐rr❡❞✉tí✈❡❧
✛ n− t ✲

✛ t ✲
⊗

✛ m− s ✲

✛ s ✲

é ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ χ(Wq)✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ❝♦♥tr❛✲♣♦s✐t✐✈❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳✶✱ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ ❝❛❞❛ ❝❛✲

r❛❝t❡r ❞❛ ❢♦r♠❛ ❞♦ ❧❡♠❛ s❡rá ♥ã♦ ♥✉❧❛ s❡ ❡①✐st✐r ✉♠ ♠♦♥ô♠✐♦ M ∈ Pn,m ❡ t❛❜❡❧❛s ❞❡

❨♦✉♥❣ T1 ❡ T2 ❞♦s ❞✐❛❣r❛♠❛s
✛ n− t ✲

✛ t ✲
❡

✛ m− s ✲

✛ s ✲

t❛✐s q✉❡ ET1ET2M ∈ Pn,m ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ❞❡ A✳ ❱❛♠♦s t♦♠❛r ❡♥tã♦ M =

y1y2 · · · yqz1yq+1 · · · ynz2z3 · · · zm ∈ Pn,m ❡ ♠♦str❛r q✉❡

(ET1ET2)y1y2 · · · yqz1yq+1 · · · ynz2z3 · · · zm

♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ❞❡ A✱ ♣❛r❛ t❛❜❡❧❛s ❛❞❡q✉❛❞❛s T1 ❡ T2✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❛

♥♦t❛çã♦✱ s✉♣♦♥❤❛ q = q∗ ❡ q✉❡ m é ♣❛r ✭♦ ❝❛s♦ m í♠♣❛r é ❛♥á❧♦❣♦✮✳ P❛r❛ t ≤ q ❡

s ≤ m/2✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛s t❛❜❡❧❛s ❞❡ ❨♦✉♥❣

T1 =
q + 1

1

q + 2

2

· · · · · ·

· · ·

· · ·q + t

t

t+ 1 q q + t+ 1 n

✛ n− t ✲

✛ t ✲

✱

T2 =
1

2

3

4

· · · · · ·

· · ·

2s− 1

2s

2s+ 1 m

✛ m− s ✲

✛ s ✲

✱

❡ ♦s ❡❧❡♠❡♥t♦s RTi =
∑

σ∈RTi
σ ❡ CTi =

∑

π∈CTi
(−1)ππ✱ ♣❛r❛ i = 1, 2✳ ❙❡❥❛♠

M = M(y, z) = y1y2 · · · yqz1yq+1 · · · ynz2z3 · · · zm,

M1 = M1(y, z) = y1y2 · · · yqz1yq+1 · · · ynz2,

M2 = M2(y, z) = y1y2 · · · yqz2yq+1 · · · ynz1,

f(z) = [z3, z4][z5, z6] · · · [z2s−1, z2s]z2s+1z2s+2 · · · zm.
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❉❛❞❛ ✉♠❛ ♣❡r♠✉t❛çã♦ π ∈ CT2 ✱ ♣❡❧❛ t❛❜❡❧❛ T2✱ t❡♠♦s q✉❡ π = (i1 i1+1) · · · (ik ik+1)✱

♦♥❞❡ il ∈ {1, 3, . . . , 2s− 1}✱ ❡ ❞❛í

M1f(z)−M2f(z) = y1y2 · · · yqz1yq+1 · · · ynz2[z3, z4][z5, z6] · · · [z2s−1, z2s]z2s+1 · · · zm

− y1y2 · · · yqz2yq+1 · · · ynz1[z3, z4][z5, z6] · · · [z2s−1, z2s]z2s+1 · · · zm

=
∑

π∈CT2

(−1)ππM = CT2M.

❆❣♦r❛✱ ♣❡❧❛ t❛❜❡❧❛ T1✱ ❞❛❞❛ σ ∈ CT1 t❡♠♦s q✉❡ σ = (i1 q+i1)(i2 q+i2) · · · (ir q+ir)✱ ♦♥❞❡

{i1, . . . , ir} ⊆ {1, . . . , t} é ✉♠ s✉❜❝♦♥❥✉♥t♦ ♦r❞❡♥❛❞♦ ❞❛ s❡❣✉♥❞❛ ❧✐♥❤❛ ❞❡ T1✳ ❖❜s❡r✈❡

q✉❡ (−1)σ = (−1)r✳ ❆ss✐♠✱ t❡♠♦s q✉❡ (−1)σσM1(y, z)f(z) é ❝♦♥❣r✉❡♥t❡ ♠ó❞✉❧♦ In,m

❛

(−1)ryj1 · · · yjvyt+1 · · · yqyq+i1 · · · yq+irz1yi1 · · · yiryq+j1 · · · yq+jvyq+t+1 · · · ynz2f(z) ✭✸✳✻✮

♦♥❞❡ {j1, . . . , jv} sã♦ ♦s ✈❛❧♦r❡s ♥ã♦ ❝♦♠✉t❛❞♦s ♣♦r σ✱ ♦✉ s❡❥❛✱ {j1, . . . , jv} = {1, . . . , t}−

{i1, . . . , ir}✱ ❡ j1 < · · · < jv✳ ❖❜s❡r✈❡ q✉❡ ♦s í♥❞✐❝❡s ❡♠ (3.6) ❢♦r❛♠ ♦r❞❡♥❛❞♦s ♣❡❧❛

✐❞❡♥t✐❞❛❞❡ (3.4)✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ t❡♠♦s q✉❡ (−1)σσM2(y, z)f(z) é ❝♦♥❣r✉❡♥t❡ ♠ó❞✉❧♦

In,m ❛

(−1)ryj1 · · · yjvyt+1 · · · yqyq+i1 · · · yq+irz2yi1 · · · yiryq+j1 · · · yq+jvyq+t+1 · · · ynz1f(z).

P❛r❛ ❝❛❞❛ σ ∈ CT1 ♦❜t❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ {i1, . . . , ir} ❝♦♠ r ❡❧❡♠❡♥t♦s✱ ♦♥❞❡

0 ≤ r ≤ t ❡ i1 < · · · < ir✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ♣❡r♠✉t❛çõ❡s σ1 ❡ σ2 ❡♠ CT1 ♣♦❞❡♠♦s t❡r ♦

♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❝♦♠✉t❛❞♦s✱ ♠❛s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦✳

❉❛í✱ ♣❡❧❛s ❝♦♥❣r✉ê♥❝✐❛s ❛♥t❡r✐♦r❡s✱ t❡♠♦s q✉❡ CT1CT2M = CT1(M1f(z) −M2f(z)) é

❝♦♥❣r✉❡♥t❡ ♠ó❞✉❧♦ In,m ❛

g = g(y1, . . . , yn, z1, . . . , zm) =
∑

π∈CT1

(−1)ππ(M1f(z)−M2f(z))

=
t∑

r=0

∑

1≤i1<···<ir≤t

(−1)r((yj1 · · · yjvyt+1 · · · yqyq+i1 · · ·

· · · yq+irz1yi1 · · · yiryq+j1 · · · yq+jvyq+t+1 · · · ynz2)−

−(yj1 · · · yjvyt+1 · · · yqyq+i1 · · · yq+irz2yi1 · · ·

· · · yiryq+j1 · · · yq+jvyq+t+1 · · · ynz1))f(z),

♦♥❞❡ {j1, . . . , jv} = {1, . . . , t} − {i1, . . . , ir} ❡ j1 < · · · < jv✳ ■❞❡♥t✐✜❝❛♥❞♦ y1 = y2 =

· · · = yt✱ yt+1 = yt+2 = · · · = yn✱ z2 = z4 = · · · = z2s ❡ z1 = z3 = · · · = z2s−1 = z2s+1 =
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z2s+2 = · · · = zm✱ s❡❣✉❡ q✉❡

f(z) = [z3, z4][z5, z6] · · · [z2s−1, z2s]z2s+1z2s+2 · · · zm

= [z1, z2][z1, z2] · · · [z1, z2]z1z1 · · · z1 = [z1, z2]
s−1zm−2s

1 ,

❡ ❛ ♣❛rt✐r ❞❡ g(y1, . . . , yn, z1, . . . , zm) ♦❜t❡♠♦s ♦ ♣♦❧✐♥ô♠✐♦

gT1T2 = gT1T2(y1, yt+1, z1, z2) =
t∑

r=0

(
t

r

)

(−1)r(yt−r1 yq+r−tt+1 z1y
r
1y

n−q−r
t+1 z2 −

−yt−r1 yq+r−tt+1 z2y
r
1y

n−q−r
t+1 z1)[z1, z2]

s−1zm−2s
1 .

❱❛♠♦s ♠♦str❛r q✉❡ s❡ ET1ET2M ∈ In,m✱ ❡♥tã♦ gT1T2 ∈ I✳ ❉❡ ❢❛t♦✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦

✸✳✷✱ t❡♠♦s q✉❡

ET1ET2M = RT1RT2CT1CT2M.

❙✉♣♦♥❤❛ q✉❡ ET1ET2M ∈ In,m✳ ❚❡♠♦s q✉❡ CT1CT2M ≡ g (mod In,m) ❡ ❝♦♠♦ In,m é

✉♠ Sn × Sm✲♠ó❞✉❧♦ ♦❜t❡♠♦s

0 ≡ ET1ET2M = RT1RT2CT1CT2M ≡ RT1RT2g (mod In,m),

♦✉ s❡❥❛✱ RT1RT2g ∈ In,m✳ P❡❧♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦ ♣♦❧✐♥ô♠✐♦ gT1T2 ❢♦✐ ♦❜t✐❞♦

♣♦r ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ✈❛r✐á✈❡✐s ❡♠ g✳ ❉❛í✱ ❝♦♠♦ I é T2✲✐❞❡❛❧✱ s❡❣✉❡ q✉❡ (RT1RT2g)T1T2 ∈

I ✭◆♦t❡ q✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❛s ✈❛r✐á✈❡✐s ❡♠ RT1RT2g✮✳ ❖❜s❡r✈❡

❛❣♦r❛ q✉❡ ❛s ♣❡r♠✉t❛çõ❡s ❡♠ RT1 ❡ RT2 ♣❡r♠✉t❛♠ ❛♣❡♥❛s ❛s ✈❛r✐á✈❡✐s q✉❡ ❢♦r❛♠

t♦♠❛❞❛s ✐❣✉❛✐s✱ ❡ ❛ss✐♠ (RT1RT2g)T1T2 = αgT1T2 ∈ I✱ ❝♦♠ 0 6= α ∈ F ✱ ❞♦♥❞❡ gT1T2 ∈ I✳

P♦rt❛♥t♦✱ ♣❛r❛ ♠♦str❛r q✉❡ ET1ET2M /∈ In,m ❜❛st❛ ♠♦str❛r q✉❡ gT1T2 /∈ I✳ ❆ss✐♠✱

✐❞❡♥t✐✜q✉❡ y1 ❝♦♠ y1✱ yt+1 ❝♦♠ yt+1 ❡ zi ❝♦♠ zi✳ ❈♦♥s✐❞❡r❡ ❛s s✉❜st✐t✉✐çõ❡s ❣r❛❞✉❛❞❛s

q✉❛✐sq✉❡r

y1 = α1E11 + β1E22 , yt+1 = α2E11 + β2E22 e zi = aiE12 + biE21, i = 1, 2.

❚❡♠♦s q✉❡

[z1, z2] = (a1b2 − a2b1)E11 + (b1a2 − b2a1)E22.
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❆❧é♠ ❞✐ss♦✱

y1
t−ryt+1

q+r−tz1 y1
ryt+1

n−q−rz2 = (αt−r1 E11 + βt−r1 E22)(α
q+r−t
2 E11 + βq+r−t2 E22)z1 ·

(αr1E11 + βr1E22)(α
n−q−r
2 E11 + βn−q−r2 E22)z2

= (αt−r1 αq+r−t2 E11 + βt−r1 βq+r−t2 E22)(a1E12 + b1E21) ·

(αr1α
n−q−r
2 E11 + βr1β

n−q−r
2 E22)(a2E12 + b2E21)

= (αt−r1 αq+r−t2 a1E12 + βt−r1 βq+r−t2 b1E21) ·

(αr1α
n−q−r
2 a2E12 + βr1β

n−q−r
2 b2E21)

= αt−r1 αq+r−t2 βr1β
n−q−r
2 a1b2E11 +

+βt−r1 βq+r−t2 αr1α
n−q−r
2 b1a2E22

❡ ❛♥❛❧♦❣❛♠❡♥t❡

y1
t−ryt+1

q+r−tz2 y1
ryt+1

n−q−rz1 = αt−r1 αq+r−t2 βr1β
n−q−r
2 a2b1E11 +

+βt−r1 βq+r−t2 αr1α
n−q−r
2 b2a1E22,

❞❛í

gT1T2(y1, yt+1, z1, z2) =
t∑

r=0

(
t

r

)

(−1)r(αt−r1 αq+r−t2 βr1β
n−q−r
2 (a1b2 − a2b1)E11 +

+βt−r1 βq+r−t2 αr1α
n−q−r
2 (b1a2 − b2a1)E22)[z1, z2]

s−1z1
m−2s

=
t∑

r=0

(
t

r

)

(−1)r(αt−r1 αq+r−t2 βr1β
n−q−r
2 E11 +

+βt−r1 βq+r−t2 αr1α
n−q−r
2 E22)[z1, z2]

sz1
m−2s.

❚♦♠❛♥❞♦ z1 = E12+E21 ❡ z2 = E21✱ ♦❜t❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ B = [z1, z2]
sz1

m−2s é

✉♠❛ ♠❛tr✐③ ✐♥✈❡rtí✈❡❧ ❡♠ A✳ ❆ss✐♠✱ s❡ gT1T2(y1, yt+1, z1, z2) = 0✱ ♣❡❧❛ ❡q✉❛çã♦ ❛♥t❡r✐♦r

❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣❡❧❛ ✐♥✈❡rs❛ ❞❡ B✱ ♦❜t❡♠♦s q✉❡

t∑

r=0

(
t

r

)

(−1)rαt−r1 αq+r−t2 βr1β
n−q−r
2 = 0,

♣❛r❛ q✉❛✐sq✉❡r αi, βi ∈ F ✳ ❆ss✐♠✱ t♦♠❛♥❞♦ s✉❜st✐t✉✐çõ❡s ❛❞❡q✉❛❞❛s ♣❛r❛ ♦s α′
is ❡ β′

js✱

t❡♠♦s
(
t
r

)
= 0✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s charF = 0✳ ▲♦❣♦✱ gT1T2 ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ❞❡ A✱

♦✉ s❡❥❛✱ gT1T2 /∈ I✱ ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳ �
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▲❡♠❛ ✸✳✷✳✹ ❖ ❝❛r❛❝t❡r ❞❡ Wq é ❞❛❞♦ ♣♦r

χn,m(Wq) =

q∗
∑

t=0

m/2
∑

s=0

✛ n− t ✲

✛ t ✲
⊗

✛ m− s ✲

✛ s ✲
✱

♦♥❞❡ q∗ = min{q, n− q}✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ d ♦ ❣r❛✉ ❞❛ Sn × Sm✲r❡♣r❡s❡♥t❛çã♦ ❛ss♦❝✐❛❞❛ ❛

χ′ =

q∗
∑

t=0

m/2
∑

s=0

✛ n− t ✲

✛ t ✲
⊗

✛ m− s ✲

✛ s ✲
.

P❡❧♦ ❊①❡♠♣❧♦ ✶✳✸✳✶✷✱ ♦ ❣r❛✉ ❞❛ r❡♣r❡s❡♥t❛çã♦ ❛ss♦❝✐❛❞❛ ❛ ✉♠ ❞✐❛❣r❛♠❛ ❞♦ t✐♣♦

✛ N −R ✲

✛ R ✲
✱

❝♦♠ N,R ∈ N ❡ 2R ≤ N ✱ é
(
N+1
R

) (
1− 2R

N+1

)
✳ ❆❧é♠ ❞✐ss♦✱ ❛♣❧✐❝❛♥❞♦ ✐♥❞✉çã♦ ❡♠

p = 0, . . . , N ✱ s❡❣✉❡ q✉❡
∑p

R=0

(
N+1
R

) (
1− 2R

N+1

)
=
(
N
p

)
✳ P♦rt❛♥t♦ d =

(
n
q∗

)(
m
m/2

)
✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ Wq é ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦

{yσ(1)yσ(2) · · · yσ(q)zπ(1)yσ(q+1) · · · yσ(n)zπ(2)zπ(3) · · · zπ(m) + In,m : (σ, π) ∈ Sn × Sm},

❡✱ ♣❡❧❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✷✳✷✱ ❝❛❞❛ ✉♠ ❞❡ss❡s ❡❧❡♠❡♥t♦s é ✐❣✉❛❧ ❛ ✉♠ ❞♦s

M(t)(j) + In,m✱ ❝♦♠ q ✜①♦ ❡ (t) = {t1, . . . , tq}✳ ❈♦♠♦ ❡ss❡s ❡❧❡♠❡♥t♦s sã♦ ❧✐♥❡❛r♠❡♥t❡

✐♥❞❡♣❡♥❞❡♥t❡s✱ s❡❣✉❡ q✉❡ ❡❧❡s ❢♦r♠❛♠ ✉♠ ❜❛s❡ ❞❡ Wq ✭❝♦♠♦ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✮✱ ❡

♣♦rt❛♥t♦ dimWq =
(
n
q

)(
m
m/2

)
✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦

(
n
q

)
=
(
n
n−q

)
❡ q∗ = min{q, n − q}✱

s❡❣✉❡ q✉❡ dimWq = d✳ P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ t♦❞♦s ♦s t❡r♠♦s ❡♠ χ′ sã♦ ❝♦♠♣♦♥❡♥t❡s ❞♦

❝❛r❛❝t❡r ❞❡ Wq✱ ❡ ❞❛í χn,m(Wq) é ✐❣✉❛❧ ❛ ❡ss❛s ❝♦♠♣♦♥❡♥t❡s ♠❛✐s ❛❧❣✉♥s t❡r♠♦s✳ ▼❛s✱

dimWq = d✱ ♦♥❞❡ d é ♦ ❣r❛✉ ❞❛ r❡♣r❡s❡♥t❛çã♦ ❛ss♦❝✐❛❞❛ ❛ χ′✳ P♦rt❛♥t♦ χn,m(Wq) = χ′

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳ �

P❡❧❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ✉♠❛ ❜❛s❡ ❞❡ Wq✱ ❝♦♠ q ✜①♦✱ é ❢♦r♠❛❞❛

♣♦r ❛❧❣✉♥s ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ ❜❛s❡ ❞❡ Pn,m/In,m✳ ❋❛③❡♥❞♦ q = 0, 1, . . . , n✱ ❞✐✈✐❞✐♠♦s

❡st❛ ❜❛s❡ ❞❡ Pn,m/In,m ❡♠ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s✱ ♦s q✉❛✐s sã♦ ❜❛s❡ ❞❡ ❝❛❞❛ Wq✱ ❝♦♠

q = 0, 1, . . . , n✳ P♦rt❛♥t♦✱ Pn,m/In,m =
⊕n

q=0Wq✳
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▲❡♠❛ ✸✳✷✳✺ ❙❡❥❛ A =M2(F ) ❝♦♠ Z2✲❣r❛❞✉❛çã♦ ❝♦♠♦ ❡♠ (3.2)✳ ❊♥tã♦

χn,0(A) =
✛ n

· · ·
✲

❡✱ ♣❛r❛ m > 0✱

χn,m(A) =

n/2
∑

r=0

m/2
∑

s=0

(n+ 1− 2r)

✛ n− r ✲

✛ r ✲
⊗

✛ m− s ✲

✛ s ✲
✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ▲❡♠❛ ✸✳✷✳✷✱ Pn,0/In,0 t❡♠ ❞✐♠❡♥sã♦ 1 ❝♦♠ ❝❛r❛❝t❡r

χn,0(A) =
✛ n

· · ·
✲

✳

❆❣♦r❛✱ ♣❛r❛ m > 0✱ t❡♠♦s Pn,m/In,m =
⊕n

q=0Wq✳ ❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✹✱ t❡♠♦s

χn,m(A) =
n∑

q=0

q∗
∑

r=0

m/2
∑

s=0

✛ n− r ✲

✛ r ✲
⊗

✛ m− s ✲

✛ s ✲
✱ ✭✸✳✼✮

♦♥❞❡ q∗ = min{q, n−q}✳ ❖❜s❡r✈❡ q✉❡ q∗ ≤ n/2 ❡✱ ♣❛r❛ r ✜①♦✱ ❝♦♠ 0 ≤ r ≤ n/2✱ ❡①✐st❡♠

❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ q✱ ❝♦♠ q ∈ {0, . . . , n}✱ ♣❛r❛ ♦s q✉❛✐s r ≤ q∗ = min{q, n−q}✳ ❱❛♠♦s

❞❡t❡r♠✐♥❛r t♦❞♦s ❡ss❡s ✈❛❧♦r❡s✳ ❈♦♠♦ sã♦ t♦❞♦s ♦s ✈❛❧♦r❡s✱ t❡♠♦s r ≤ q ❡ r ≤ n − q✱

❡ ❡♥tã♦ r ≤ q ≤ n − r✳ ❉❛í t❡♠♦s n − r − r + 1 = n − 2r + 1 ✈❛❧♦r❡s✳ ❊ss❡s ✈❛❧♦r❡s

❝♦rr❡s♣♦♥❞❡♠ ❛ t❡r♠♦s r❡♣❡t✐❞♦s ♥❛ ❡q✉❛çã♦ ✭✸✳✼✮✱ ❡ ❡♥tã♦✱ ♣❛r❛ m > 0✱ ♣♦❞❡♠♦s

r❡❡s❝r❡✈ê✲❧❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

χn,m(A) =

n/2
∑

r=0

m/2
∑

s=0

(n+ 1− 2r)

✛ n− r ✲

✛ r ✲
⊗

✛ m− s ✲

✛ s ✲
✳

�

✸✳✸ ❖ T2✲✐❞❡❛❧ ❞❡ M1,1(E)

◆❡st❛ s❡çã♦ ✉s❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛♥t❡r✐♦r♠❡♥t❡ ♥❛ á❧❣❡❜r❛M2(F ) ♣❛r❛

❡st❛❜❡❧❡❝❡r r❡s✉❧t❛❞♦s ❛♥á❧♦❣♦s ♥❛ á❧❣❡❜r❛ M1,1(E) s♦❜r❡ ♦ ❝❛r❛❝t❡r ❡ ❛ ❞✐♠❡♥sã♦ ❞♦

Sn × Sm✲♠ó❞✉❧♦ Pn,m/In,m✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ✈❛♠♦s ♦❜t❡r ❛ P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡

❛s á❧❣❡❜r❛s M1,1(E) ❡ E ⊗ E✳
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❉❡✜♥✐çã♦ ✸✳✸✳✶ ✭❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❑❡♠❡r✱ ❬✶✽❪✮ ❙❡❥❛♠ F 〈X〉 = F0⊕F1 ❛ á❧❣❡❜r❛

❧✐✈r❡ ❝♦♠ Z2✲❣r❛❞✉❛çã♦ ❡ Pn,m ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ ❣r❛✉ n+m✱

♥❛s ✈❛r✐á✈❡✐s y1, . . . , yn ∈ F0 ❡ z1, . . . , zm ∈ F1✳ ❉❛❞♦ f ∈ Pn,m✱ ❡s❝r❡✈❡♠♦s

f =
∑

u

∑

σ∈Sm

ασ,uu1zσ(1)u2zσ(2)u3 · · · umzσ(m)um+1,

♦♥❞❡ ui sã♦ ♠♦♥ô♠✐♦s ♥❛s ✈❛r✐á✈❡✐s y′is✱ u = (u1, . . . , um+1) ❡ ασ,u ∈ F ✳ ❉❡✜♥❛

f ∗ =
∑

u

∑

σ∈Sm

(−1)σασ,uu1zσ(1)u2zσ(2)u3 · · · umzσ(m)um+1.

❖❜s❡r✈❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ∗ é ❧✐♥❡❛r ❡✱ ❛❧é♠ ❞✐ss♦✱ s❡ I é ✉♠ T2✲✐❞❡❛❧✱ ❞❡♥♦t❛♠♦s

♣♦r I∗ ♦ T2✲✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ (I ∩ P )∗✱ ♦♥❞❡ P é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s

♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ F 〈X〉✳

Pr♦♣♦s✐çã♦ ✸✳✸✳✷ ❙❡❥❛♠ A = A0 ⊕ A1 ✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ ❡ I1 = T2(A)✳ ❈♦♥✲

s✐❞❡r❛♥❞♦ ❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ B = (A0 ⊗ E0) ⊕ (A1 ⊗ E1) ❡ I2 = T2(B) ✭♣r♦❞✉t♦

t❡♥s♦r✐❛❧ ❣r❛❞✉❛❞♦ ❞❡ A ♣♦r E✮✱ t❡♠♦s✿

✐✮ I∗1 ∩ Pn,m = (I1 ∩ Pn,m)
∗ ❀

✐✐✮ I2 = I∗1 ✳

❉❡♠♦♥str❛çã♦✿ ❱❡❥❛ ❬✶✽❪✱ ❝❛♣ít✉❧♦ ✶✱ s❡çã♦ ✷✳ �

❙❡❥❛♠ M = M(y1, . . . , yn, z1, . . . , zm) ✉♠ ♠♦♥ô♠✐♦ ❡♠ Pn,m ❡ zi1 , zi2 , . . . , zim ❛

♦r❞❡♠ ❞❛s ✈❛r✐á✈❡✐s z′is ❡♠ M ✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ∗✱ t❡♠♦s q✉❡ M∗ = (−1)σM ✱ ♦♥❞❡ σ

é ❛ ♣❡r♠✉t❛çã♦
(

1 ··· m
i1 ··· im

)
✳ ❊s❝r❡✈❛ M = u1zσ(1)u2zσ(2)u3 · · · umzσ(m)um+1✱ ♦♥❞❡ ♦s u′is

sã♦ ♠♦♥ô♠✐♦s ♥❛s ✈❛r✐á✈❡✐s y′js✱ ❡ t♦♠❡ (π, τ) ∈ Sn × Sm✳ ❚❡♠♦s q✉❡

((π, τ)M)∗ = (uπ(1)zτσ(1)uπ(2)zτσ(2)uπ(3) · · · uπ(m)zτσ(m)uπ(m+1))
∗

= (−1)τ (π, τ)(−1)σM = (−1)τ (π, τ)M∗,

♦♥❞❡ uπ(i) é ❛ ❛çã♦ ❞❡ π ♥❛s ✈❛r✐á✈❡✐s y′js ❞❡ ui✱ i = {1, . . . ,m + 1}✳ ❆❧é♠ ❞✐ss♦✱

✐❞❡♥t✐✜❝❛♥❞♦ τ ∈ Sm ❝♦♠ (IdSn , τ) ∈ Sn × Sm✱ t❡♠♦s (τM)∗ = ((IdSn , τ)M)∗ =

(−1)τ (IdSn , τ)M
∗ = (−1)ττM∗✳

❖❜s❡r✈❛çã♦ ✸✳✸ ❙❡ a é ✉♠ ♠♦♥ô♠✐♦ ♦r❞❡♥❛❞♦ ♥❛s s✉❛s ✈❛r✐á✈❡✐s {zi1 , . . . , zir}✱ ❡♥✲

tã♦ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ a∗ = a✳ ❆ss✐♠✱ ❞❛❞♦s ❞♦✐s ♠♦♥ô♠✐♦s a ❡ b ♦r❞❡♥❛❞♦s ♥♦s

❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s {zi1 , . . . , zir}✱ {zj1 , . . . , zjs}✱ t❡♠♦s (ab)∗ = (−1)σ(ab) = (−1)σa∗b∗✱
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♦♥❞❡ σ é ❛ ♣❡r♠✉t❛çã♦
(
t1 ··· tr tr+1 ··· tr+s

i1 ··· ir j1 ··· js

)
✱ ❡ t1, . . . , tr, tr+1, . . . , tr+s sã♦ ♦s ✐♥t❡✐r♦s

i1, . . . , ir, j1, . . . , js ❡♠ ♦r❞❡♠ ❝r❡s❝❡♥t❡✳

❆❣♦r❛✱ s❡ a′ ❡ b′ sã♦ ♠♦♥ô♠✐♦s ♥ã♦ ♦r❞❡♥❛❞♦s ♥❛s ✈❛r✐á✈❡✐s z′js✱ ♣♦❞❡♠♦s t♦♠❛r

a ❡ b ♠♦♥ô♠✐♦s ♦r❞❡♥❛❞♦s✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ❡ γ, β ∈ Sm✱ t❛✐s q✉❡ a′ = βa ❡

b′ = γb✳ ❆ss✐♠

(a′b′)∗ = ((βγ)ab)∗ = (−1)βγβγ(ab)∗ = (−1)βγ(−1)σβγa∗b∗

= (−1)σ(−1)ββa∗(−1)γγb∗ = (−1)σ(a′)∗(b′)∗,

♦♥❞❡ σ é ❛ ♣❡r♠✉t❛çã♦ ❞♦ ❝❛s♦ ❛♥t❡r✐♦r ♣❛r❛ a ❡ b✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛ ♠♦♥ô✲

♠✐♦s a✱ b ❡ c ♦r❞❡♥❛❞♦s ♦✉ ♥ã♦ ♥♦s ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s {zi1 , . . . , zir}✱ {zj1 , . . . , zjs}

❡ {zv1 , . . . , zvu}✱ t❡♠♦s (abc)∗ = (−1)σa∗b∗c∗✱ ♣❛r❛ ❛❧❣✉♠❛ ♣❡r♠✉t❛çã♦ σ ❞❛ ❢♦r♠❛
(

t1 · · · tr tr+1 · · · tr+s tr+s+1 · · · tr+s+u

i1 · · · ir j1 · · · js v1 · · · vu

)

. ✭✸✳✽✮

▲❡♠❛ ✸✳✸✳✸ ❙❡❥❛ ∆ ♦ Sn × Sm✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✶ ❛ss♦❝✐❛❞♦ à r❡♣r❡s❡♥t❛çã♦ ψ

❞❡ Sn × Sm ❞❛❞❛ ♣♦r (σ, τ) 7→ (−1)τ ✭t❡♥s♦r✐❛❧ ❞❛ r❡♣r❡s❡♥t❛çã♦ tr✐✈✐❛❧ ❞❡ Sn ❝♦♠

❛ r❡♣r❡s❡♥t❛çã♦ s✐♥❛❧ ❞❡ Sm✮✳ ❉❛❞♦ ✉♠ Sn × Sm✲s✉❜♠ó❞✉❧♦ N ❞❡ Pn,m✱ s❡❥❛ ϕ ❛

r❡♣r❡s❡♥t❛çã♦ ❛ss♦❝✐❛❞❛ ❛ ❡ss❡ ♠ó❞✉❧♦✳ ❚❡♠♦s

✐✮ N∗ é ✉♠ Sn × Sm✲s✉❜♠ó❞✉❧♦ ❞❡ Pn,m❀

✐✐✮ N∗ ≃ N ⊗∆ ❝♦♠♦ Sn × Sm✲♠ó❞✉❧♦s✱ ♦♥❞❡ N ⊗∆ é ♦ ♠ó❞✉❧♦ ❝♦rr❡s♣♦♥❞❡♥t❡ à

r❡♣r❡s❡♥t❛çã♦ ρ = ϕ⊗ ψ ❞❡ Sn × Sm✳

❉❡♠♦♥str❛çã♦✿ ✐✮ ❉❛❞♦s (σ, τ) ∈ Sn × Sm✱ M∗
1 ❡ M∗

2 ♠♦♥ô♠✐♦s ❡♠ N∗ ❡ λ ∈ F ✱

t❡♠♦s

M∗
1 +M∗

2 = (M1 +M2)
∗ e λM∗

1 = (λM1)
∗

❡ ❞❛í N∗ é s✉❜❡s♣❛ç♦ ❞❡ Pn,m✳ ❆❧é♠ ❞✐ss♦

(−1)τ (σ, τ)M∗
1 = ((σ, τ)M1)

∗ ∈ N∗

❡ ❞❛í✱ s❡♥❞♦ N∗ s✉❜❡s♣❛ç♦✱ t❡♠♦s (σ, τ)M∗
1 ∈ N∗✳ ❈♦♠♦ ∗ é ❧✐♥❡❛r✱ ♦ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛

q✉❛❧q✉❡r ♣♦❧✐♥ô♠✐♦ ❡♠ N∗✱ ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳

✐✐✮ ❙❡❥❛ ∆ = 〈d〉 ❡ t♦♠❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

T : N ⊗∆ −→ N∗

f ⊗ λd 7−→ λf ∗.
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❖❜s❡r✈❡ q✉❡ ❞❛❞♦ M ✉♠ ♠♦♥ô♠✐♦ ❡♠ N ✱ t❡♠♦s T (M ⊗ d) = M∗✳ ▲♦❣♦ T ❧❡✈❛ ❜❛s❡

❡♠ ❜❛s❡✱ ❡ ♣♦rt❛♥t♦ é ✐s♦♠♦r✜s♠♦ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✳ ❆❧é♠ ❞✐ss♦✱

T ((σ, τ)(M ⊗ d)) = T (ρ(σ,τ)(M ⊗ d)) = T (ϕ(σ,τ)(M)⊗ ψ(σ,τ)(d))

= T ((σ, τ)M ⊗ (σ, τ)d) = T ((σ, τ)M ⊗ (−1)τd))

= (−1)τ ((σ, τ)M)∗ = (−1)τ (−1)τ (σ, τ)M∗

= (σ, τ)M∗ = (σ, τ)T (M ⊗ d),

♦♥❞❡ (σ, τ) ∈ Sn × Sm✳ ❆ss✐♠✱ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❡ ❧✐♥❡❛r✐❞❛❞❡

❞❡ T ✱ t❡♠♦s q✉❡

T ((σ, τ)(f ⊗ λd)) = (σ, τ)T (f ⊗ λd)),

♣❛r❛ t♦❞♦ (σ, τ) ∈ Sn × Sm ❡ t♦❞♦ (f ⊗ λd) ∈ N ⊗ ∆✳ P♦rt❛♥t♦ T é ✐s♦♠♦r✜s♠♦ ❞❡

Sn × Sm✲♠ó❞✉❧♦s✳ �

❖❜s❡r✈❛çã♦ ✸✳✹ ❙❡❥❛♠ λ, (n) ⊢ n ❡ µ, 1m ⊢ m✱ n,m ∈ N✱ ❡ t♦♠❡ ♦s Sn × Sm✲

❝❛r❛❝t❡r❡s χλ,µ = [λ]⊗[µ] ❡ χ(n),1m = [(n)]⊗[1m] ♦❜t✐❞♦s ❞❡ t❡♥s♦r✐❛✐s ❞❡ r❡♣r❡s❡♥t❛çõ❡s

❞♦s ❣r✉♣♦s Sn ❡ Sm✳ ❈♦♥s✐❞❡r❡ χ = χλ,µ⊗χ(n),1m ♦ Sn×Sm✲❝❛r❛❝t❡r ♦❜t✐❞♦ ❞♦ t❡♥s♦r✐❛❧

❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ Sn×Sm ❛ss♦❝✐❛❞❛s ❛ χλ,µ ❡ χ(n),1m✳ ❉❛❞♦ (σ, τ) ∈ Sn×Sm t❡♠♦s

χ(σ, τ) = χλ,µ(σ, τ)χ(n),1m(σ, τ) = χλ(σ)χµ(τ)χ(n)(σ)χ1m(τ)

= χλ(σ)χ(n)(σ)χµ(τ)χ1m(τ)

= χλ,(n)(σ)χµ,1m(τ) = (χλ,(n) ⊗ χµ,1m)(σ, τ),

♦♥❞❡ χλ,(n) é ♦ Sn✲❝❛r❛❝t❡r ❞♦ t❡♥s♦r ❞❛s Sn✲r❡♣r❡s❡♥t❛çõ❡s ❛ss♦❝✐❛❞❛s ❛s ♣❛rt✐çõ❡s

λ, (n) ⊢ n✱ ❡ χµ,1m é ♦ Sm✲❝❛r❛❝t❡r ❞♦ t❡♥s♦r ❞❛s Sm✲r❡♣r❡s❡♥t❛çõ❡s ❛ss♦❝✐❛❞❛s ❛s

♣❛rt✐çõ❡s µ, 1m ⊢ m✳ ❆ss✐♠✱ t❡♠♦s χ = χλ,(n) ⊗ χµ,1m✱ ♦✉ s❡❥❛✱

([λ]⊗ [µ])⊗ ([(n)]⊗ [1m]) = ([λ]⊗ [(n)])⊗ ([µ]⊗ [1m]).

▲❡♠❛ ✸✳✸✳✹ ❙❡❥❛♠ A = A0⊕A1 ✉♠❛ á❧❣❡❜r❛ Z2✲❣r❛❞✉❛❞❛ ❡ B = (A0⊗E0)⊕(A1⊗E1) ♦

♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❣r❛❞✉❛❞♦ ❞❡ A ♣♦r E✳ ❙❡ χn,m(A) =
∑
mλ,µ[λ]⊗[µ]✱ ❡♥tã♦ χn,m(B) =

∑
mλ,µ[λ]⊗ [µ′]✱ ♦♥❞❡ µ′ é ❛ ♣❛rt✐çã♦ ❝♦♥❥✉❣❛❞❛ ❞❡ µ✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ I = T2(A) ❡ J = T2(B)✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✶✸✱ ❞❡❝♦♠♣♦♠♦s

Pn,m = In,m ⊕N ✱ ♦♥❞❡ N é ❛❧❣✉♠ s✉❜♠ó❞✉❧♦ ❞❡ Pn,m✳ P❡❧❛ ❞❡✜♥✐çã♦ ❡ ❧✐♥❡❛r✐❞❛❞❡ ❞❡

∗✱ t❡♠♦s q✉❡ Pn,m = P ∗
n,m ❡ Pn,m = P ∗

n,m = I∗n,m ⊕ N∗✱ ❡ ❞❛í✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✷✱

t❡♠♦s

I∗n,m = (I ∩ Pn,m)
∗ = I∗ ∩ Pn,m = J ∩ Pn,m = Jn,m.
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❆ss✐♠

Pn,m/Jn,m = (I∗n,m ⊕N∗)/I∗n,m ≃ N∗,

❞♦♥❞❡ χn,m(B) = χn,m(N
∗)✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s q✉❡

Pn,m/In,m = (In,m ⊕N)/In,m ≃ N,

❡ ❞❛í χn,m(A) = χn,m(N)✳ ▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸✳✸✱ ❖❜s❡r✈❛çã♦ ✸✳✹ ❡ Pr♦♣♦s✐çã♦ ✶✳✸✳✾✱

t❡♠♦s

χn,m(B) = χn,m(N
∗) = χn,m(N ⊗∆) = χn,m(N)⊗ χn,m(∆)

= (
∑

mλ,µ[λ]⊗ [µ])⊗ ([(n)]⊗ [1m])

=
∑

mλ,µ([λ]⊗ [(n)])⊗ ([µ]⊗ [1m])

=
∑

mλ,µ[λ]⊗ [µ′],

♦♥❞❡ ∆ é ♦ Sn × Sm✲♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ✶ ❛ss♦❝✐❛❞♦ à r❡♣r❡s❡♥t❛çã♦ (σ, τ) 7→ (−1)τ ✱

❡ µ′ é ❛ ♣❛rt✐çã♦ ❝♦♥❥✉❣❛❞❛ ❞❡ µ✳ �

❚❡♦r❡♠❛ ✸✳✸✳✺ ❙❡❥❛ J = T2(M1,1(E))✱ ❡♥tã♦

✐✮ J é ❣❡r❛❞♦ ♣♦r

y1y2 − y2y1, ✭✸✳✾✮

z1z2z3 + z3z2z1. ✭✸✳✶✵✮

✐✐✮ cn,0(J) = 1 ❡ cn,m(J) = 2n
(
m
m/2

)
✱ ♣❛r❛ n ≥ 0 ❡ m > 0❀

✐✐✐✮ χn,0(J) =
✛ n

· · ·
✲

❡✱ ♣❛r❛ m > 0✱

χn,m(J) =

n/2
∑

r=0

m/2
∑

s=0

(n+ 1− 2r)

✛ n− r ✲

✛ r ✲
⊗ ✻

m− s

❄

✻

s

❄

✳



✸✳✸✳ ❖ T2✲✐❞❡❛❧ ❞❡ M1,1(E) ✽✶

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ A =M2(F ) ❝♦♠ ❣r❛❞✉❛çã♦ ❝♦♠♦ ❡♠ ✭✸✳✷✮ ❡ I = T2(A)✳ ❈♦♥s✐✲

❞❡r❡ ❛ á❧❣❡❜r❛ M1,1(E) ❝♦♠ s✉❛ Z2✲❣r❛❞✉❛çã♦ ♦❜t✐❞❛ ♥♦ ❊①❡♠♣❧♦ ✶✳✼✳✺✱ ❞❛❞❛ ♣♦r

M1,1(E)0̄ =










a 0

0 d



 ; a, d ∈ E0






e M1,1(E)1̄ =










0 b

c 0



 ; b, c ∈ E1






.

P❡❧♦ ❊①❡♠♣❧♦ ✶✳✶✳✷✵✱ t❡♠♦s A0 ⊗ E0 ≃ M1,1(E)0̄ ❡ A1 ⊗ E1 ≃ M1,1(E)1̄✱ ❡ ❞❛í

M1,1(E) ≃ B = (A0 ⊗ E0) ⊕ (A1 ⊗ E1)✳ ❆ss✐♠✱ ❜❛st❛ ♠♦str❛r♠♦s ✭✐✮✱✭✐✐✮ ❡ ✭✐✐✐✮

♣❛r❛ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❣r❛❞✉❛❞♦ ❞❡ A ♣♦r E✳ P❡❧♦s ▲❡♠❛s ✸✳✷✳✺ ❡ ✸✳✸✳✹✱ t❡♠♦s ✭✐✐✐✮

❡ ❞❛í cn,0(J) = 1✱ ♣♦✐s ♦ ♠ó❞✉❧♦ ❛ss♦❝✐❛❞♦ ❛♦ ❝❛r❛❝t❡r tr✐✈✐❛❧ t❡♠ ❞✐♠❡♥sã♦ ✶ ✳ ❖❜✲

s❡r✈❡ q✉❡ ❞✐❛❣r❛♠❛s ❝♦♥❥✉❣❛❞♦s ♣♦ss✉❡♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ t❛❜❡❧❛s st❛♥❞❛r❞✱ ❡ ❞❛í

❛s ❞✐♠❡♥sõ❡s ❞♦s ♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s ❛ss♦❝✐❛❞♦s ❛ ❞✐❛❣r❛♠❛s ❝♦♥❥✉❣❛❞♦s sã♦ ✐❣✉❛✐s✳

❆ss✐♠✱ ❝♦♠♦ χn,m(A) ❡ χn,m(B) ♣♦ss✉❡♠ ♦s ♠❡s♠♦s ♥ú♠❡r♦ ❞❡ t❡r♠♦s✱ ❛ ♠❡♥♦s ❞❡

❝♦♥❥✉❣❛çã♦ ❞❡ ❞✐❛❣r❛♠❛s✱ ♦s ♠ó❞✉❧♦s Pn,m/In,m ❡ Pn,m/Jn,m ❞❡❝♦♠♣õ❡♠✲s❡ ❡♠ s♦♠❛

❞♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ♠ó❞✉❧♦s ✐rr❡❞✉tí✈❡✐s✱ ♦s q✉❛✐s ♣♦ss✉❡♠ ❛s ♠❡s♠❛s ❞✐♠❡♥sõ❡s✳

▲♦❣♦ cn,m(J) = cn,m(I) = 2n
(
m
m/2

)
✱ ♣❛r❛ m > 0✱ ❡ t❡♠♦s ✭✐✐✮✳

❆❣♦r❛✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✸✳✷ s❡❣✉❡ q✉❡ J = I∗✱ ♦♥❞❡ I∗ é ♦ T2✲✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧♦s

♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s f ∗✱ ❝♦♠ f ∈ I✳ P❡❧♦ ▲❡♠❛ ✸✳✷✳✷✱ I é ❣❡r❛❞♦ ♣♦r y1y2 − y2y1 ❡

z1z2z3 − z3z2z1✳ ❆ss✐♠ ❞❛❞♦ f ∈ I✱ t❡♠♦s q✉❡ f é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡❧❡♠❡♥t♦s ❞♦

t✐♣♦

a0(a1a2 − a2a1)a3 e b0(b1b2b3 − b3b2b1)b4,

♦♥❞❡ ai ❡ bj sã♦ ♠♦♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❡♠ F 〈X〉✱ ❝♦♠ ai ∈ F0✱ bj ∈ F1✱ ♣❛r❛ i = 1, 2

❡ j = 1, 2, 3✱ ♦✉ s❡❥❛✱ a1 ❡ a2 ♣♦ss✉❡♠ ✉♠ ♥ú♠❡r♦ ♣❛r ❞❡ ✈❛r✐á✈❡✐s z′js ❡ b1✱ b2 ❡ b3

♣♦ss✉❡♠ ✉♠ ♥ú♠❡r♦ í♠♣❛r ❞❡ ✈❛r✐á✈❡✐s z′js✳

P❡❧❛ ❖❜s❡r✈❛çã♦ ✸✳✸✱ ❞❛❞♦s ♠♦♥ô♠✐♦s a✱ b ❡ c ❡♠ F 〈X〉✱ ❧✐♥❡❛r❡s ♥♦s ❝♦♥❥✉♥✲

t♦s ❞✐s❥✉♥t♦s ♦r❞❡♥❛❞♦s {zi1 , . . . , zir}✱ {zj1 , . . . , zjs} ❡ {zv1 , . . . , zvu}✱ t❡♠♦s q✉❡ (ab)∗ =

(−1)σa∗b∗✱ ♣❛r❛ ❛❧❣✉♠❛ ♣❡r♠✉t❛çã♦ σ ❞♦ t✐♣♦
(
t1 ··· tr tr+1 ··· tr+s

i1 ··· ir j1 ··· js

)
✱ ❡ (abc)∗ = (−1)τa∗b∗c∗✱

♣❛r❛ ❛❧❣✉♠❛ ♣❡r♠✉t❛çã♦ τ ❝♦♠♦ ❡♠ ✭✸✳✽✮✳

❖❜s❡r✈❡ q✉❡ s❡ r ❡ s sã♦ ♣❛r❡s✱ ❡♥tã♦ ❛s ♣❡r♠✉t❛çõ❡s



t1 · · · tr tr+1 · · · tr+s

i1 · · · ir j1 · · · js



 e




t1 · · · ts ts+1 · · · tr+s

j1 · · · js i1 · · · ir





tê♠ ♦ ♠❡s♠♦ s✐♥❛❧✱ ♣♦✐s ❛ s❡❣✉♥❞❛ ♣❡r♠✉t❛çã♦ é ❛ ♣r✐♠❡✐r❛ ♣❡r♠✉t❛çã♦ ❝♦♠♣♦st❛

❝♦♠ ✉♠ ♥ú♠❡r♦ ♣❛r ❞❡ tr❛♥s♣♦s✐çõ❡s✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ r✱ s ❡ u sã♦ í♠♣❛r❡s✱ ❡♥tã♦ ❛s



✸✳✸✳ ❖ T2✲✐❞❡❛❧ ❞❡ M1,1(E) ✽✷

♣❡r♠✉t❛çõ❡s



t1 · · · tr tr+1 · · · tr+s tr+s+1 · · · tr+s+u

i1 · · · ir v1 · · · vs j1 · · · ju





❡ 


t1 · · · tu tu+1 · · · tu+s tu+s+1 · · · tu+s+r

j1 · · · ju v1 · · · vs i1 · · · ir





tê♠ s✐♥❛✐s ♦♣♦st♦s✳

❆ss✐♠

(a1a2)
∗ = (−1)σa∗1a

∗
2 e (a2a1)

∗ = (−1)τa∗2a
∗
1,

❝♦♠ (−1)σ = (−1)τ ✱ ❡

(b1b2b3)
∗ = (−1)πb∗1b

∗
2b

∗
3 e (b3b2b1)

∗ = (−1)γb∗3b
∗
2b

∗
1

❝♦♠ (−1)π = −(−1)γ✳ ▲♦❣♦

(a0(a1a2 − a2a1)a3)
∗ = (a0(a1a2)a3)

∗ − (a0(a2a1)a3)
∗

= ±((a∗0(a
∗
1a

∗
2)a

∗
3)− (a∗0(a

∗
2a

∗
1)a

∗
3)) = ±(a∗0(a

∗
1a

∗
2 − a∗2a

∗
1)a

∗
3)

❡

(b0(b1b2b3 − b3b2b1)b4)
∗ = (b0(b1b2b3)b4)

∗ − (b0(b3b2b1)b4)
∗

= ±(b∗0(b
∗
1b

∗
2b

∗
3)b

∗
4 + b∗0(b

∗
3b

∗
2b

∗
1)b

∗
4) = ±(b∗0(b

∗
1b

∗
2b

∗
3 + b∗3b

∗
2b

∗
1)b

∗
4).

❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♦ ∗ é ❧✐♥❡❛r✱ ❞❛❞♦ f ∗ ∈ I∗✱ s❡❣✉❡ q✉❡ f ∗ ♣❡rt❡♥❝❡ ❛♦ T2✲✐❞❡❛❧

❣❡r❛❞♦ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s y1y2 − y2y1 ❡ z1z2z3 + z3z2z1✱ ❡ t❡♠♦s J = I∗ ❝♦♥t✐❞♦ ♥♦ ✐❞❡❛❧

❣❡r❛❞♦ ♣♦r ❡ss❡s ❡❧❡♠❡♥t♦s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❡ss❡s ♣♦❧✐♥ô♠✐♦s sã♦ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s

❞❡ M1,1(E) ✭✈❡r ❊①❡♠♣❧♦ ✶✳✼✳✶✽✮✱ ❞♦♥❞❡ t❡♠♦s ✭✐✮✳ �

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ú❧t✐♠♦ t❡♦r❡♠❛✱ ♣♦❞❡♠♦s ❡st❛❜❡❧❡❝❡r ❛ P■✲❡q✉✐✈❛❧ê♥❝✐❛

❡♥tr❡ M1,1(E) ❡ E ⊗ E✳

❚❡♦r❡♠❛ ✸✳✸✳✻ ❆s á❧❣❡❜r❛s M1,1(E) ❡ E ⊗ E sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ P = T (M1,1(E)) ❡ Q = T (E ⊗ E)✳ P♦r ❬✷✷❪✱ t❡♠♦s q✉❡ Q

é ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {[x1, x2, [x3, x4], x5], [[x1, x2]
2, x2]}✳ ❈♦♠♦ ❡ss❡s ♣♦❧✐♥ô♠✐♦s sã♦

✐❞❡♥t✐❞❛❞❡s ❞❡ M1,1(E) ✭✈❡❥❛ ❊①❡♠♣❧♦ ✶✳✼✳✷✵✮✱ s❡❣✉❡ q✉❡ Q ⊆ P ✳



✸✳✸✳ ❖ T2✲✐❞❡❛❧ ❞❡ M1,1(E) ✽✸

P❛r❛ ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✱ ❝♦♥s✐❞❡r❡ ❛ Z2✲❣r❛❞✉❛çã♦ ❞❛ á❧❣❡❜r❛ E⊗E = A0⊕A1✱

❞♦ ❊①❡♠♣❧♦ ✶✳✼✳✶✵✱ ❞❛❞❛ ♣♦r

A0 = (E0 ⊗ E0)⊕ (E1 ⊗ E1) e A1 = (E0 ⊗ E1)⊕ (E1 ⊗ E0).

❈♦♠ ❡st❛ ❣r❛❞✉❛çã♦✱ t❡♠♦s q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s (3.9) ❡ (3.10) sã♦ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s

❞❡ E⊗E ✭✈❡r ❡①❡♠♣❧♦ ✶✳✼✳✶✾✮✱ ❡ ❞❛í✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r✱ s❡❣✉❡ q✉❡ T2(M1,1(E)) ⊆

T2(E⊗E)✳ ▲♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✼✳✶✺✱ t❡♠♦s P ⊆ Q ❡✱ ❞❛ ❞✉♣❧❛ ✐♥❝❧✉sã♦✱ ♦ r❡s✉❧t❛❞♦

s❡❣✉❡✳ �



❈❛♣ít✉❧♦ ✹

■❞❡♥t✐❞❛❞❡s ●r❛❞✉❛❞❛s ❞❡ Mp,q(E)

❊st❡ ❝❛♣ít✉❧♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❡st❛❜❡❧❡❝❡r ❛ P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❛s á❧❣❡❜r❛s

Mp,q(E) ⊗ Mr,s(E) ❡ Mpr+qs,ps+qr(E)✱ p, q, r, s ∈ N✱ ❝♦♠ ❜❛s❡ ♥♦s r❡s✉❧t❛❞♦s ❞❡ ❉✐

❱✐♥❝❡♥③♦ ❡ ◆❛r❞♦③③❛ ❡♠ ❬✽❪✳ P❛r❛ ✐ss♦✱ ✉s❛♥❞♦ ❛s ❣r❛❞✉❛çõ❡s ❥á ♦❜t✐❞❛s ♣❛r❛ ❡st❛s

á❧❣❡❜r❛s✱ ✈❡r❡♠♦s q✉❡ ♦s ✐❞❡❛✐s ❞❛s s✉❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❝♦✐♥❝✐❞❡♠✳ ❆❧é♠ ❞✐ss♦✱

✈❛♠♦s ❞❡✜♥✐r ♦ q✉❡ s❡r✐❛♠ ✐❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s tr✐✈✐❛✐s ❡♠ ✉♠❛ á❧❣❡❜r❛ ❣r❛❞✉❛❞❛ ❡

✈❡r❡♠♦s q✉❛tr♦ t✐♣♦s ❞❡ á❧❣❡❜r❛s ♠❛tr✐❝✐❛✐s q✉❡ ♥ã♦ ♣♦ss✉❡♠ ✐❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s

♥ã♦ tr✐✈✐❛✐s✳ P♦r ✜♠✱ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❣r❛❞✉❛çõ❡s q✉❛s❡ ❡❧❡♠❡♥t❛r❡s

♥ã♦ ✐s♦♠♦r❢❛s ❞❡ Mp,q(E) ❡ ❝❛❧❝✉❧❛r ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ss❛s ❣r❛❞✉❛çõ❡s✱ ❝♦♠ ❜❛s❡ ♥♦s

✈❛❧♦r❡s ❞❡ p, q ∈ N✳

❉❛❞♦s p, q ∈ N ❡ n = p+ q✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛s á❧❣❡❜r❛s Mn(E) ❡ Mp,q(E) ❝♦♠

s✉❛s Zn×Z2✲❣r❛❞✉❛çõ❡s q✉❛s❡ ❡❧❡♠❡♥t❛r❡s ✐♥❞✉③✐❞❛s ♣♦r ✉♠❛ ♣❡r♠✉t❛çã♦ µ ∈ Sn✱ ❞❡✲

♥♦t❛❞❛s ♣♦r (Mn(E), µ) ❡ (Mp,q(E), µ)✱ η ❛ ❛♣❧✐❝❛çã♦ ❡♠ ✶✳✼ ❡ Bp = {aEij : 1 ≤ i, j ≤ n,

a ∈ Eη(i)+η(j)} ❛ ❜❛s❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ✉s✉❛❧ ❞❡ Mp,q(E)✳ ❖ ❣r❛✉ ❤♦♠♦❣ê♥❡♦ ❞❡ ✉♠ ❡❧❡✲

♠❡♥t♦ ♥❛ ❜❛s❡ Λ ❞❡ Mn(E) ♦✉ ❡♠ Bp é ❞❛❞♦ ♣♦r |aEij|µ = (|Eij|µ, |a|2) ✭✈❡❥❛ ❊①❡♠♣❧♦

✶✳✼✳✻✮✳

❊♠ t♦❞♦ ♦ ❝❛♣ít✉❧♦✱ F s❡rá ✉♠ ❝♦r♣♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛ ③❡r♦ ❡ G ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦

❡s❝r✐t♦ ❛❞✐t✐✈❛♠❡♥t❡✳ P❛r❛ n ∈ N s❡❥❛♠

[n] = {1, 2, . . . , n}

❡ ι ❛ ♣❡r♠✉t❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❡♠ Sn✳



✹✳✶✳ ❆ á❧❣❡❜r❛ Mα(E) ✽✺

✹✳✶ ❆ á❧❣❡❜r❛ Mα(E)

◆❡st❛ s❡çã♦ ✈❡r❡♠♦s q✉❡ ♣❛r❛ q✉❛❧q✉❡r ♣❡r♠✉t❛çã♦ µ ∈ Sn ❛ ❣r❛❞✉❛çã♦ ✐♥❞✉③✐❞❛

♣♦r µ ❡♠ Mn(E) é ❛ ♠❡s♠❛✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦✱ ♣♦ré♠ ♦ ♠❡s♠♦ ♥ã♦

✈❛❧❡ ♣❛r❛ ❛ á❧❣❡❜r❛Mp,q(E) ⊆Mn(E)✳ ❆ss✐♠✱ ♣♦❞❡r❡♠♦s ❝♦♥s✐❞❡r❛r ❛♣❡♥❛s (Mn(E), ι)

❡ ✈❛♠♦s ❞❡✜♥✐r ❛ s✉❜á❧❣❡❜r❛Mα(E) ❞❡ (Mn(E), ι) q✉❡ s❡rá ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛

♣❛r❛ ❛s ♣ró①✐♠❛s s❡çõ❡s✱ ♣❡❧♦ ✐s♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦ q✉❡ ♦❜t❡r❡♠♦s ❡♥tr❡ ❡st❛ á❧❣❡❜r❛

❡ Mp,q(E)✳

❖❜s❡r✈❛çã♦ ✹✳✶ ❉❛❞❛s µ, σ ∈ Sn✱ ❝♦♥s✐❞❡r❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

T : (Mn(E), µ) −→ (Mn(E), σ)

aEij 7−→ T (aEij) = aEσ−1µ(i),σ−1µ(j)

.

♦♥❞❡ i, j ∈ [n]✱ a ∈ E✳ ❚❡♠♦s q✉❡ T ❧❡✈❛ ❜❛s❡ ❡♠ ❜❛s❡✱ ❞♦♥❞❡ é ✉♠ ✐s♦♠♦r✜s♠♦

❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ ❡ ✈❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ T ♣r❡s❡r✈❛ ♣r♦❞✉t♦✳ P♦rt❛♥t♦✱ T é ✉♠

✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ i, j ∈ [n]✱ t❡♠♦s

|T (aEij)|
σ = |aEσ−1µ(i),σ−1µ(j)|

σ = (|Eσ−1µ(i),σ−1µ(j)|σ, |a|2)

= (σσ−1µ(j)− σσ−1µ(i), |a|2)

= (µ(j)− µ(i), |a|2) = |aEij|
µ

❡ ❞❛í T é ✉♠ ✐s♦♠♦r✜s♠♦ Zn × Z2✲❣r❛❞✉❛❞♦✳ ❆ss✐♠ (Mn(E), µ) ≃Zn×Z2 (Mn(E), σ)✱

♣❛r❛ q✉❛✐sq✉❡r µ, σ ∈ Sn✳ ❆✜r♠❛♠♦s q✉❡ ♦ ♠❡s♠♦ ♥ã♦ é ✈á❧✐❞♦ ♣❛r❛ ❛ s✉❜á❧❣❡❜r❛

Mp,q(E) ❞❡ Mn(E)✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ n = 4✱ p = q = 2 ❡ σ = (2 3) ∈ S4✱ ❡ s❡❥❛♠

(M2,2(E), σ) = R =
⊕

(t,δ)∈Z4×Z2

R(t,δ),

(M2,2(E), ι) =M =
⊕

(t,δ)∈Z4×Z2

M(t,δ),

❛s Z4 × Z2✲❣r❛❞✉❛çõ❡s ❡♠ M2,2(E) ✐♥❞✉③✐❞❛s ♣♦r ι ❡ σ✳ ❙✉♣♦♥❤❛ q✉❡ R(1,0) 6= {0}✳

❊♥tã♦ ❡①✐st❡♠ a ∈ E0 ❡ i, j ∈ [4] t❛✐s q✉❡ aEij ∈ B2∩R(1,0)✱ ❡ ❞❛í 0 = |a|2 = η(i)+η(j)

(η(i) = η(j)) ❡ σ(j)− σ(i) = 1✳ ❆ss✐♠✱ s❡ i = 1✱ t❡♠♦s

i = 1 ⇒ σ(j)− σ(1) = 1 ⇒ σ(j)− 1 = 1 ⇒ σ(j) = 2 ⇒ j = 3,

❞♦♥❞❡

0 = η(1) = η(i) = η(j) = η(3) = 1,

✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❆♥❛❧♦❣❛♠❡♥t❡ ♣❛r❛ i = 2, 3 ❡ 4 ♦❜t❡♠♦s ❛ ♠❡s♠❛ ❝♦♥tr❛❞✐çã♦✳

▲♦❣♦ R(1,0) = {0}✳ ❆❣♦r❛ ♥♦t❡ q✉❡ ❞❛❞♦ q✉❛❧q✉❡r a ∈ Eη(1)+η(2) = E0✱ t❡♠♦s aE12 ∈

B2 ∩M(1,0)✱ ❡ ❞❛í ♦ ❡s♣❛ç♦ M(1,0) ♣♦ss✉✐ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳



✹✳✶✳ ❆ á❧❣❡❜r❛ Mα(E) ✽✻

❉❡st❛ ❢♦r♠❛✱ s❡ ψ : (M2,2(E)), σ) → (M2,2(E)), ι) é ✉♠ ✐s♦♠♦r✜s♠♦ Z4 × Z2✲

❣r❛❞✉❛❞♦✱ ❡♥tã♦ ψ(R(1,0)) =M(1,0)✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s R(1,0) = {0} ❡ dim(M(1,0)) =

∞✱ ❡ ❛ ❛✜r♠❛çã♦ s❡❣✉❡✳

P❡❧❛ ❢♦r♠❛ ❞♦ ❣r❛✉ ❡♠ Zn✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛♣❡♥❛s ❛ á❧❣❡❜r❛ (Mn(E), ι)✱ ♣♦✐s

(Mn(E), σ) ≃Zn×Z2 (Mn(E), ι)✱ ♣❛r❛ q✉❛❧q✉❡r σ ∈ Sn✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❡ ✐s♦♠♦r✜s♠♦

♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ é ✈á❧✐❞♦ ♣❛r❛ ❛ s✉❜á❧❣❡❜r❛ Mp,q(E) ❞❡ (Mn(E), ι)✱ ♦✉ s❡❥❛✱ ❞❛❞❛

µ ∈ Sn✱ ♥❡♠ s❡♠♣r❡ t❡♠♦s ✉♠ ✐s♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦ ❡♥tr❡ (Mp,q(E), µ) ❡ (Mp,q(E), ι)✳

◆❡ss❡ s❡♥t✐❞♦✱ ❝♦♥s✐❞❡r❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

ϕµ : (Mp,q(E), µ) −→ (Mn(E), ι)

aEij 7−→ ϕµ(aEij) = aEµ(i),µ(j)
.

❱❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ ϕµ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❡ é ✐♥❥❡t✐✈♦✱ ♣♦✐s ❧❡✈❛ Bp ❡♠

✉♠ ❝♦♥❥✉♥t♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱

|aEµ(i),µ(j)|
ι = (ιµ(j)− ιµ(i), |a|2) = (µ(j)− µ(i), |a|2) = |aEij|

µ,

❡ ♣♦rt❛♥t♦ ϕµ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t✐✈♦ Zn × Z2✲❣r❛❞✉❛❞♦✱ ♦✉ s❡❥❛✱ ♦❜t❡♠♦s ❛

s✉❜á❧❣❡❜r❛ ϕµ(Mp,q(E)) ❞❡ (Mn(E), ι) q✉❡ é ✐s♦♠♦r❢❛ ✭✐s♦♠♦r✜s♠♦ Zn×Z2✲❣r❛❞✉❛❞♦✮

❛ (Mp,q(E), µ) ❡ ♣♦ss✉✐ ❣r❛❞✉❛çã♦ ✐♥❞✉③✐❞❛ ♣♦r ι✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ ϕµ(Bp) ❝♦♥st✐t✉❡♠

✉♠❛ ❜❛s❡ Zn × Z2✲♠✉❧t✐♣❧✐❝❛t✐✈❛ ♣❛r❛ ϕµ(Mp,q(E))✳

❖❜s❡r✈❛çã♦ ✹✳✷ ❈♦♥s✐❞❡r❡ ❛ s✉❜á❧❣❡❜r❛ ϕµ(Mp,q(E)) ❞❡ (Mn(E), ι)✱ ♣❛r❛ ❛❧❣✉♠ µ ∈

Sn✳ ❙❡❥❛♠ Pµ = {µ(1), . . . , µ(p)} ⊆ [n] ❡ α : [n] → Z2 ❞❛❞❛ ♣♦r

α(i) =

{

0, s❡ i ∈ Pµ

1, s❡ i /∈ Pµ
.

❉❡✜♥❛ Mα(E) ❝♦♠♦ s❡♥❞♦ ♦ F ✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡ Γα = {aEij : a ∈ Eα(i)+α(j)}✳

◆♦t❡ q✉❡ α(µ(i)) = η(i)✱ ♣❛r❛ t♦❞♦ i ∈ [n]✳ ❆ss✐♠✱ ❞❛❞♦ aEij ∈ Bp✱ t❡♠♦s q✉❡

a ∈ Eη(i)+η(j) = Eα(µ(i))+α(µ(j)) = Eα(k)+α(l),

♦♥❞❡ k = µ(i) ❡ l = µ(j)✱ ❡ ❞❛í

ϕµ(aEij) = aEµ(i),µ(j) = aEkl ∈ Γα.

▲♦❣♦ ϕµ(Bp) ⊆ Γα✳ ❉❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡ ♦❜t❡♠♦s ❛ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛✳ P♦rt❛♥t♦

ϕµ(Mp,q(E)) =Mα(E)✳



✹✳✷✳ ■❞❡♥t✐❞❛❞❡s Zn × Z2✲❣r❛❞✉❛❞❛s ❞❡ Mp,q(E) ❡ Mp,q(E)⊗Mr,s(E) ✽✼

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡ ✉♠❛ ❛♣❧✐❝❛çã♦ α : [n] → Z2 ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥✲

t♦s i ∈ [n] t❛✐s q✉❡ α(i) = 0 ✭♦✉ α(i) = 1✮ é ✐❣✉❛❧ ❛ p✳ ❙❡❥❛♠ i1, . . . , ip ❡ss❡s ❡❧❡♠❡♥t♦s

❡ {j1, . . . , jq} = [n]\{i1, . . . , ip}✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♣❡r♠✉t❛çã♦

µ =

(

1 2 · · · p p+ 1 · · · n

i1 i2 · · · ip j1 · · · jq

)

∈ Sn,

t❡♠♦s q✉❡ α(µ(i)) = η(i)✱ ♣❛r❛ ♦ ❝❛s♦ α(i) = 0✱ ❡ α(µ(i)) = η(i) + 1✱ ♣❛r❛ ♦ ❝❛s♦

α(i) = 0✱ ♣❛r❛ t♦❞♦ i ∈ [n]✱ ❡ ❞❛í ❡♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ❝♦♠ ✉♠❛ ❛r❣✉♠❡♥t♦ ❛♥á❧♦❣♦ ❛♦

❞♦ ✐♥í❝✐♦ ❞❛ ♦❜s❡r✈❛çã♦✱ s❡❣✉❡ q✉❡ (Mp,q(E), µ) ≃Zn×Z2 Mα(E)✳

❉❡st❛ ❢♦r♠❛ ❡st✉❞❛r ❛ á❧❣❡❜r❛ Zn × Z2✲❣r❛❞✉❛❞❛ (Mp,q(E), µ) é ❡q✉✐✈❛❧❡♥t❡ ❛

❡st✉❞❛r ❛ s✉❜á❧❣❡❜r❛ Mα(E) ❞❡ (Mn(E), ι)✳

❉❡ ❢♦r♠❛ s✐♠✐❧❛r ❛♦ ❝❛s♦ ❞❛ á❧❣❡❜r❛Mp,q(E) ♥❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❛♥❞♦

❛ Znm × Z2✲❣r❛❞✉❛çã♦ ♣❛r❛ ♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ Mp,q(E) ♣♦r Mr,s(E) ❞♦ ❊①❡♠♣❧♦

✶✳✼✳✼✱ ♦❜t❡♠♦s q✉❡ Mp,q(E) ⊗Mr,s(E) ≃Znm×Z2 Mα(E) ⊗Mβ(E)✱ ♣❛r❛ ❞❡t❡r♠✐♥❛❞❛s

❛♣❧✐❝❛çõ❡s α : [n] → Z2 ❡ β : [m] → Z2✱ p, q, r, s ∈ N✱ ❝♦♠ n = p + q ❡ m = r + s✳

❈♦♠❜✐♥❛♥❞♦ ❛s ❜❛s❡s Γα ❡ Γβ ♦❜t❡♠♦s ❛ ❜❛s❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ B = {aEij⊗ bEuv : aEij ∈

Γα, aEuv ∈ Γβ} ❞❡ Mα(E)⊗Mβ(E)✳ ❖ ❣r❛✉ ❤♦♠♦❣ê♥❡♦ ❞❡ ❡❧❡♠❡♥t♦s ❡♠ B é ❞❛❞♦ ♣♦r

|aEij ⊗ bEuv| = (m(j − i) + (v − u), |a|2 + |b|2) ∈ Znm × Z2,

❡ ♣❛r❛ ❛ á❧❣❡❜r❛ Mα(E) ♣♦r

|aEij|ι,α = (j − i, |a|2) = (j − i, α(i) + α(j)) ∈ Zn × Z2,

♣❡❧❛ ❢♦r♠❛ ❞♦ ❣r❛✉ ❤♦♠♦❣ê♥❡♦ ♥❛s á❧❣❡❜r❛s Mp,q(E) ⊗Mr,s(E) ❡ Mp,q(E) ❡ ♣❡❧❛ ❖❜✲

s❡r✈❛çã♦ ✹✳✷✳

✹✳✷ ■❞❡♥t✐❞❛❞❡s Zn×Z2✲❣r❛❞✉❛❞❛s ❞❡Mp,q(E) ❡Mp,q(E)⊗

Mr,s(E)

◆❡st❛ s❡çã♦ ✈❛♠♦s ❡♥❝♦♥tr❛r ❣❡r❛❞♦r❡s ♣❛r❛ ♦s ✐❞❡❛✐s ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s

❞❡ Mα(E)⊗Mβ(E) ❡ Mα(E)✱ ♦♥❞❡ α ❡ β sã♦ ❛♣❧✐❝❛çõ❡s ❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ ✹✳✷✳ ❈♦♠

✐ss♦✱ s❡rá ♣♦ssí✈❡❧ ❡st❛❜❡❧❡❝❡r ❛ P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❛s á❧❣❡❜r❛s Mp,q(E)⊗Mr,s(E) ❡

Mpr+qs,ps+qr(E)✱ ♦♥❞❡ p, q, r, s ∈ N✳

◆♦ q✉❡ s❡❣✉❡ ♥❡st❛ s❡çã♦ s❡❥❛

A =Mα(E)⊗Mβ(E) =
⊕

(t,δ)∈Znm×Z2

A(t,δ),
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❝♦♠ s✉❛ Znm×Z2✲❣r❛❞✉❛çã♦ ♦❜t✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡ ✈✐❛ ✐s♦♠♦r✜s♠♦s ❣r❛❞✉❛❞♦s ❡ ❛ ❜❛s❡

Znm × Z2✲♠✉❧t✐♣❧✐❝❛t✐✈❛

B = {aEij ⊗ bEuv : i, j ∈ [n], u, v ∈ [m], a ∈ Eα(i)+α(j), b ∈ Eβ(u)+β(v)}.

❉❡♥♦t❡ ♦ Znm × Z2✲❣r❛✉ ❤♦♠♦❣ê♥❡♦ ♣❛r❛ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ A ♣♦r | · | ❡ ♦ s❡✉ Znm✲❣r❛✉

❤♦♠♦❣ê♥❡♦ ♣♦r | · |nm✳

❖❜s❡r✈❛çã♦ ✹✳✸ ❉❛❞♦s i, j ∈ [n]✱ u, v ∈ [m] ❝♦♠

m(j − i) = u− v, ✭✹✳✶✮

❡♥tã♦ i = j ❡ u = v✳ ❉❡ ❢❛t♦✱ s❡ i 6= j✱ ❡♥tã♦ m(j − i) ≥ m ♦✉ m(j − i) ≤ −m ❡✱ ❡♠

q✉❛❧q✉❡r ✉♠ ❞♦s ❝❛s♦s✱ ✭✹✳✶✮ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✱ ♣♦✐s −m < u − v < m✳ ❆ss✐♠✱ i = j✱

❞♦♥❞❡ u = v✱ ♣♦r ✭✹✳✶✮✳

❖❜s❡r✈❛çã♦ ✹✳✹ ❉❛❞♦s i, j ∈ [n]✱ u, v ∈ [m] ❡ a, b ∈ E✱ t❡♠♦s q✉❡ |aEij⊗bEuv|nm = 0

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ i = j ❡ u = v✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ m(j − i) + (v − u) = 0✳ ❚❡♠♦s

q✉❡ −nm < m(j − i) + (v − u) < nm✱ ♣♦✐s 1− n ≤ j − i ≤ n− 1 ❡ −m < v − u < m✱

❞❛í

m(j − i) + (v − u) = 0 ⇔ m(j − i)− (u− v) = 0 ⇔ m(j − i) = u− v.

❊♥tã♦ i = j ❡ u = v✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✸✳ ❆ ✐♠♣❧✐❝❛çã♦ ❝♦♥trár✐❛ é ó❜✈✐❛✳

❆ss✐♠✱ ❞❛❞♦s i ∈ [n] ❡ u ∈ [m] t❡♠♦s q✉❡ |aEii⊗bEuu|nm = 0✱ ❝♦♠ a ∈ Eα(i)+α(i) =

E0 ❡ b ∈ Eβ(u)+β(u) = E0✱ ❞♦♥❞❡ |aEii⊗bEuu| = (0, 0)✳ ❙❡ A(0,1) 6= {0}✱ ❡①✐st❡♠ i, j ∈ [n]✱

u, v ∈ [m] ❡ a, b ∈ E t❛✐s q✉❡ x = aEij⊗bEuv ∈ A(0,1)✱ ♦✉ s❡❥❛✱ |x|nm = 0 ❡ |a|2+|b|2 = 1✱

❡ ❞❛í✱ ♣❡❧♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ i = j ❡ u = v✱ ❞♦♥❞❡ |a|2 + |b|2 = 0✱ ✉♠❛

❝♦♥tr❛❞✐çã♦✳ ❊♥tã♦ A(0,1) = {0}✳ ❆ss✐♠✱ t♦❞♦ ♠♦♥ô♠✐♦ ❡♠ F 〈X|Znm × Z2〉 ❝♦♠ ❣r❛✉

❤♦♠♦❣ê♥❡♦ (0, 1) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A✳

❙❡❥❛ N ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦❧✐♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ❣r❛❞✉❛❞♦s

x1x2 − x2x1, |x1| = |x2| = (0, 0) ∈ Znm × Z2, ✭✹✳✷✮

x1xx2 − x2xx1, |x1| = |x2| = −|x| = (t, 0) ∈ Znm × Z2, ✭✹✳✸✮

x1xx2 + x2xx1, |x1| = |x2| = −|x| = (t, 1) ∈ Znm × Z2. ✭✹✳✹✮

▲❡♠❛ ✹✳✷✳✶ ❖s ♣♦❧✐♥ô♠✐♦s ❡♠ N sã♦ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ A✱ ♦✉ s❡❥❛✱ N ⊆

TZnm×Z2(A)✳



✹✳✷✳ ■❞❡♥t✐❞❛❞❡s Zn × Z2✲❣r❛❞✉❛❞❛s ❞❡ Mp,q(E) ❡ Mp,q(E)⊗Mr,s(E) ✽✾

❉❡♠♦♥str❛çã♦✿ ❖ ♣♦❧✐♥ô♠✐♦ (4.2) é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ A✱ ♣♦✐s ♦s ❡❧❡♠❡♥t♦s ♥❛

❝♦♠♣♦♥❡♥t❡ (0, 0) sã♦ ♠❛tr✐③❡s ❞✐❛❣♦♥❛✐s ❝♦♠ ❡♥tr❛❞❛s ❡♠ E0 = Z(E)✱ ❛s q✉❛✐s ❝♦♠✉✲

t❛♠✳ ❈♦♠♦ ♦s ♣♦❧✐♥ô♠✐♦s ❡♠ N sã♦ ♠✉❧t✐❧✐♥❡❛r❡s✱ ❜❛st❛ s✉❜st✐t✉✐r ♣♦r ❡❧❡♠❡♥t♦s ❞❡

B✳ ❆ss✐♠✱ s❡❥❛

wh = ahEihjh ⊗ bhEuhvh ∈ B, h = 1, 2, 3,

❝♦♠ |w1| = |w3| = −|w2|✳ ❙❡ w1w2w3 6= 0✱ ❡♥tã♦

0 6= w1w2 = a1a2Ei1j1Ei2j2 ⊗ b1b2Eu1v1Eu2v2 ,

❞♦♥❞❡ j1 = i2✱ v1 = u2 ❡ w1w2 = a1a2Ei1j2 ⊗ b1b2Eu1v2 ✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s

|w1| = −|w2| ⇒ m(j1 − i1) + (v1 − u1) = −(m(j2 − i2) + (v2 − u2))

⇒ m(j1 − i1 + j2 − i2) + (v1 − u1 + v2 − u2) = 0

⇒ 0 = m(j2 − i1) + (v2 − u1) = |w1w2|nm,

❞❛í✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✹✱ s❡❣✉❡ q✉❡ i1 = j2 ❡ u1 = v2✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ✉s❛♥❞♦ q✉❡

w2w3 6= 0✱ ♦❜t❡♠♦s j2 = i3✱ v2 = u3✱ j3 = i2 ❡ v3 = u2✱ ♦✉ s❡❥❛✱ w3w2w1 6= 0✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❞♦ w3w2w1 6= 0✱ ❞❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ ❛♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r✱

♦❜t❡♠♦s q✉❡ w1w2w3 6= 0✳ ❆ss✐♠✱ ♣♦r ❝♦♥tr❛✲♣♦s✐t✐✈❛✱ w1w2w3 = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱

w3w2w1 = 0✱ ❞♦♥❞❡ ✭✹✳✸✮ ❡ ✭✹✳✹✮ ❛♥✉❧❛♠✲s❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ ♣r♦❞✉t♦ ❞♦s w′
is é ♥✉❧♦✳

❆❣♦r❛ s❡ w1w2w3 6= 0✱ s❡❥❛♠ i = i1✱ j = j1✱ u = u1 ❡ v = v1✳ P❡❧♦ q✉❡ ❢♦✐ ❢❡✐t♦✱ t❡♠♦s

w1 = a1Ei1j1 ⊗ b1Eu1v1 = a1Eij ⊗ b1Euv,

w2 = a2Ei2j2 ⊗ b2Eu2v2 = a2Eji ⊗ b2Evu,

w3 = a3Ei3j3 ⊗ b3Eu3v3 = a3Eij ⊗ b3Euv,

❡ ❞❛í

w1w2w3 = a1a2a3Eij ⊗ b1b2b3Euv,

w3w2w1 = a3a2a1Eij ⊗ b3b2b1Euv.

❊♠ ✭✹✳✸✮ t❡♠♦s |ah|2 = |bh|2✱ h = 1, 2, 3✱ ❡ ❞❛í s❡ a1a2a3 = −a3a2a1✱ ❡♥tã♦ b1b2b3 =

−b3b2b1✱ ❡ s❡ a1a2a3 = a3a2a1✱ ❡♥tã♦ b1b2b3 = b3b2b1✱ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡❧❡♠❡♥t♦s

❡♠ E0 ❡ E1✳ ❆ss✐♠✱ t❡♠♦s w1w2w3 = w3w2w1 ❡ ✭✹✳✸✮ s❡ ❛♥✉❧❛✳ ❆❣♦r❛✱ ❡♠ ✭✹✳✹✮✱ t❡♠♦s

|ah|2 = 1 + |bh|2✱ h = 1, 2, 3✱ ❞❛í s❡ a1a2a3 = −a3a2a1✱ ❡♥tã♦ b1b2b3 = b3b2b1✱ ❡ s❡
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a1a2a3 = a3a2a1✱ ❡♥tã♦ b1b2b3 = −b3b2b1✱ ❞♦♥❞❡ w1w2w3 = −w3w2w1 ❡ ✭✹✳✹✮ t❛♠❜é♠

s❡ ❛♥✉❧❛✳ ❉❡st❛ ❢♦r♠❛ ♦s ♣♦❧✐♥ô♠✐♦s ❡♠ N sã♦ ✐❞❡♥t✐❞❛❞❡s ❞❡ A✳ �

❱❛♠♦s ❞❡♥♦t❛r ♣♦r I ♦ TZnm×Z2✲✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ N ❡✱ ❞❛❞♦ w ✉♠

❡❧❡♠❡♥t♦ ❤♦♠♦❣ê♥❡♦ ❡♠ ✉♠❛ á❧❣❡❜r❛ Znm × Z2✲❣r❛❞✉❛❞❛✱ s❡❥❛ δ(w) ∈ Z2 ❛ s❡❣✉♥❞❛

❝♦♠♣♦♥❡♥t❡ ❞♦ s❡✉ Znm × Z2✲❣r❛✉✳

▲❡♠❛ ✹✳✷✳✷ ❙❡❥❛♠ f ❡ f ′ ♠♦♥ô♠✐♦s ♠✉❧t✐❧✐♥❡❛r❡s ♥❛s ♠❡s♠❛s ✈❛r✐á✈❡✐s ❡ S ✉♠❛

s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ ♥❛ ❜❛s❡ B t❛❧ q✉❡ f ′|S = cf |S 6= 0✱ ♣❛r❛ ❛❧❣✉♠ c ∈ F ✳ ❊♥tã♦

f ′ ≡ cf (mod I)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ f = x1 · · · xd ❡ f ′ = fσ = xσ(1) · · · xσ(d)✱ ♦♥❞❡ σ ∈ Sd✳ ❱❛♠♦s

❛♣❧✐❝❛r ✐♥❞✉çã♦ ❡♠ d✳ ❙❡ d = 1 ♦ r❡s✉❧t❛❞♦ é ✈á❧✐❞♦✱ ♣♦✐s f = f ′✳ ❊♥tã♦ s✉♣♦♥❤❛ q✉❡

d > 1✳ ❙❡ σ = IdSd
t❡♠♦s f = f ′ ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳ ❊♥tã♦ s✉♣♦♥❤❛ q✉❡ σ(j) 6= j✱

♣❛r❛ ❛❧❣✉♠ j ∈ {1, . . . , d}✱ ❞✐❣❛♠♦s ♣❛r❛ j = 1✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❜❛st❛ r❡♥♦♠❡❛r ❛s

✈❛r✐á✈❡✐s✳

❙❡❥❛

wh = ahEihjh ⊗ bhEuhvh ∈ B, h = 1, . . . , d,

❛ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ S✳ ❈♦♠♦ f ′|S = cf |S 6= 0✱ s❡❣✉❡ q✉❡

jp−1 = ip, jσ(p−1) = iσ(p), vp−1 = up, e vσ(p−1) = uσ(p), p = 2, . . . , d,

i1 = iσ(1) ❡ u1 = uσ(1).
✭✹✳✺✮

❚❡♠♦s q✉❡ σ(1) 6= (1)✱ ❞♦♥❞❡ σ−1(1) > 1✳ ❆ss✐♠✱ t♦♠❡

t = min{k′ ≤ d : σ−1(k′) < σ−1(1)}.

◆♦t❡ q✉❡ t > 1✱ ♣♦✐s 1 /∈ {k′ ≤ d : σ−1(k′) < σ−1(1)}❀ ❡ σ−1(1) > σ−1(t− 1) ❝♦♥tr❛r✐❛

❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ t✱ ❞♦♥❞❡ σ−1(1) ≤ σ−1(t− 1)✳ ❙❡❥❛♠

l = σ−1(t), h = σ−1(1) e k = σ−1(t− 1).

❙✉♣♦♥❤❛ l = 1✳ ❚❡♠♦s

|f [1,h−1]
σ |nm = |wσ(1) · · ·wσ(h−1)|nm = m(jσ(h−1) − iσ(1)) + (vσ(h−1) − uσ(1)),

|f [h,k]
σ |nm = |wσ(h) · · ·wσ(k)|nm = m(jσ(k) − iσ(h)) + (vσ(k) − uσ(h)),
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❡✱ ♣♦r ✭✹✳✺✮✱ t❡♠♦s

jσ(h−1) − iσ(1) = iσ(h) − i1 = i1 − i1 = 0,

vσ(h−1) − uσ(1) = uσ(h) − u1 = u1 − u1 = 0,

jσ(k) − iσ(h) = jt−1 − i1 = it − i1 = iσ(l) − i1 = iσ(1) − i1 = i1 − i1 = 0,

vσ(k) − uσ(h) = vt−1 − u1 = ut − u1 = uσ(l) − u1 = uσ(1) − u1 = u1 − u1 = 0,

❞♦♥❞❡ |f [1,h−1]
σ |nm = |f [h,k]

σ |nm = 0✳ ❆❧é♠ ❞✐ss♦✱ δ(f [1,h−1]
σ ) = δ(f

[h,k]
σ ) = 0✱ ♣♦✐s✱ ❝❛s♦

❝♦♥trár✐♦✱ t❡rí❛♠♦s q✉❡ ❡ss❡s ♠♦♥ô♠✐♦s s❡r✐❛♠ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ A ✭A(0,1) =

{0}✮✱ ♦ q✉❡ ♥ã♦ ♦❝♦rr❡✱ ♣♦✐s f [1,h−1]
σ |S 6= 0 ❡ f [h,k]

σ |S 6= 0✳ ❆ss✐♠✱

|f [1,h−1]
σ | = |f [h,k]

σ | = (0, 0).

❈♦♠♦ I ❝♦♥té♠ ✭✹✳✷✮✱ ♣♦❞❡♠♦s ❝♦♠✉t❛r ❡❧❡♠❡♥t♦s ❞❡ ❣r❛✉ (0, 0) ♠ó❞✉❧♦ I✱ ❡ ❞❛í

f ′ = f [1,h−1]
σ f [h,k]

σ f [k+1,d]
σ ≡ f [h,k]

σ f [1,h−1]
σ f [k+1,d]

σ (mod I),

❡ f [h,k]
σ = xσ(h) · · · xσ(k) = x1xσ(h+1) · · · xσ(k)✱ ♦✉ s❡❥❛✱

f ′ ≡ x1f
′′(x2, . . . , xd) (mod I),

♦♥❞❡ f ′′(x2, . . . , xd) = xσ(h+1) · · · xσ(k)f
[1,h−1]
σ f

[k+1,d]
σ ∈ M✳

❙❡ l > 1✱ ❞❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ ❛♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r ❡ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛

✷✳✷✳✹✱ ♦❜t❡♠♦s |f [1,l−1]
σ |nm = −|f [l,h−1]

σ |nm = |f [h,k]
σ |nm ❡✱ ♣♦r ✭✹✳✺✮✱ t❡♠♦s

α(iσ(1)) + α(jσ(l−1)) + β(uσ(1)) + β(vσ(l−1))=α(jσ(h−1)) + α(iσ(l)) + β(vσ(h−1)) + β(uσ(l))

= α(iσ(h)) + α(jσ(k)) + β(uσ(h)) + β(vσ(k)).

▲♦❣♦ δ = δ(f
[1,l−1]
σ ) = δ(f

[l,h−1]
σ ) = δ(f

[h,k]
σ )✳ ❆ss✐♠✱ ♣♦r ✭✹✳✸✮ ❡ ✭✹✳✹✮✱

f [1,l−1]
σ f [l,h−1]

σ f [h,k]
σ ≡ ±f [h,k]

σ f [l,h−1]
σ f [1,l−1]

σ (mod I);

❞❡♣❡♥❞❡♥❞♦ ❞♦ ✈❛❧♦r ❞❡ δ✳ P♦rt❛♥t♦

f ′ = f [1,l−1]
σ f [l,h−1]

σ f [h,k]
σ f [k,d]

σ ≡ c′f [h,k]
σ f [l,h−1]

σ f [1,l−1]
σ f [k,d]

σ (mod I),

♦♥❞❡ c′ ∈ {−1, 1}✱ ❡ f [h,k]
σ ✐♥✐❝✐❛ ❝♦♠ x1✳ ❊♥tã♦✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ✈❛❧♦r ❞❡ l✱

f ′ ≡ c′x1f
′′(x2, . . . , xd) (mod I),
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♦♥❞❡ f ′′(x2, . . . , xd) ∈ M✱ c′ ∈ F ✱ ❡ ❞❛í

c′w1f
′′(w2, . . . , wd) = f ′|S = cf |S = cw1w2 · · ·wd 6= 0.

P♦rt❛♥t♦ w1(c
′f ′′(w2, . . . , wd)− cw2 · · ·wd) = 0 ❡✱ ❝♦♠♦ cf |S 6= 0✱ s❡❣✉❡ q✉❡

c′f ′′(w2, . . . , wd) = cw2 · · ·wd 6= 0.

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ✐♥❞✉çã♦ ♥♦s ♠♦♥ô♠✐♦s f ′′ = f ′′(x2, · · · , xd) ❡ x2 · · · xd✱ s❡❣✉❡ q✉❡

f ′′ ≡ c′′x2 · · · xd (mod I), ♦♥❞❡ c′′ =
c

c′
,

❡ ❡♥tã♦

f ′ ≡ c′x1f
′′(x2, . . . , xd) ≡ c′

c

c′
x1x2 · · · xd ≡ cf (mod I).

�

❚❡♦r❡♠❛ ✹✳✷✳✸ ❙❡❥❛ G = Znm × Z2✳ ❊♥tã♦ TG(A) é ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r N ∪ (M ∩

TG(A))✱ ♦✉ s❡❥❛✱ ♣❡❧♦s ♣♦❧✐♥ô♠✐♦s ❡♠ N ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦s ♠♦♥ô♠✐♦s q✉❡ sã♦ ✐❞❡♥t✐✲

❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ A✳

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ▲❡♠❛ ✹✳✷✳✶✱ ♦s ♣♦❧✐♥ô♠✐♦s ❡♠ N sã♦ ✐❞❡♥t✐❞❛❞❡s ❞❡ A ❡✱ ♣♦r

✹✳✷✳✷ ❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✼✳✶✼ sã♦ s❛t✐s❢❡✐t❛s ♣❛r❛ A ❝♦♠ s✉❛ Znm × Z2✲

❣r❛❞✉❛çã♦ ❡ ❜❛s❡ ❤♦♠♦❣ê♥❡❛ ❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ B✱ ❞♦♥❞❡ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ �

❆ss✐♠✱ ♣❡❧♦s ✐s♦♠♦r✜s♠♦s ❣r❛❞✉❛❞♦s ❥á ♠❡♥❝✐♦♥❛❞♦s✱ ♦❜t❡♠♦s ♦s ❣❡r❛❞♦r❡s ❞♦

✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s Znm × Z2✲❣r❛❞✉❛❞❛s ♣❛r❛ ❛ á❧❣❡❜r❛ Mp,q(E) ⊗ Mr,s(E)✱ ❝♦♠

p, q, r, s ∈ N ❡ n = p+ q✱ m = r + s✳

❚❡♦r❡♠❛ ✹✳✷✳✹ ❙❡❥❛♠ G = Zp+q × Z2 ❡ N ′ ♦s ♠❡s♠♦s ♣♦❧✐♥ô♠✐♦s ❣r❛❞✉❛❞♦s ❡♠

N ✱ ♣♦ré♠ ❝♦♠ ❣r❛❞✉❛çã♦ ❡♠ G✳ ❈♦♥s✐❞❡r❡ Mp,q(E) ❝♦♠ s✉❛ G✲❣r❛❞✉❛çã♦ ❤❡r❞❛❞❛

❞❡ Mn(E)✱ n = p + q ∈ N✳ ❊♥tã♦ ♦ ✐❞❡❛❧ ❞❛ ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s ❞❡ Mp,q(E) é

❣❡r❛❞♦ ♣♦r N ′ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦s ♠♦♥ô♠✐♦s q✉❡ sã♦ ✐❞❡♥t✐❞❛❞❡s ❞❡ Mp,q(E)✱ ♦✉ s❡❥❛✱

TG(Mp,q(E)) é ♦ TG✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r N ′ ∪ (M∩ TG(Mp,q(E)))✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ A =Mα(E)✱ N = N ′ ❡ I ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r N ′ ♥♦s ▲❡♠❛s

✹✳✷✳✶ ❡ ✹✳✷✳✷✳ ❆ss✐♠✱ ❞❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ às s✉❛s ❞❡♠♦♥str❛çõ❡s ❝♦♠

wh = ahEihjh ∈ Γα, h = 1, . . . , d
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❡st❡s ❧❡♠❛s t❛♠❜é♠ sã♦ ✈á❧✐❞♦s ♣❛r❛ ❛ á❧❣❡❜r❛ Mα(E)✳ ▲♦❣♦✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞❛

Pr♦♣♦s✐çã♦ ✶✳✼✳✶✼ ❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ Mα(E) ≃Zn×Z2 Mp,q(E)✳ �

❖❜s❡r✈❛çã♦ ✹✳✺ ❙❡❥❛♠ α : [n] → Z2✱ β : [m] → Z2 ❡ ǫ : [nm] → Z2 ❛♣❧✐❝❛çõ❡s

❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ ✹✳✷✳ ❊♥tã♦ ❛s á❧❣❡❜r❛s Mα(E) ⊗Mβ(E) ❡ Mǫ(E) ♣♦ss✉❡♠ ✉♠❛

Znm × Z2✲❣r❛❞✉❛çã♦ ❝♦♠♦ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✳ ❆ss✐♠✱ ♣❡❧♦s t❡♦r❡♠❛s ❛♥t❡r✐♦r❡s✱

t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ N ❢❛③ ♣❛rt❡ ❞♦s ❣❡r❛❞♦r❡s ❞♦ ✐❞❡❛❧ ❞❛s ✐❞❡♥t✐❞❛❞❡s ❣r❛❞✉❛❞❛s

t❛♥t♦ ❞❡ Mα(E)⊗Mβ(E)✱ q✉❛♥t♦ ❞❡ Mǫ(E)✳

❖❜s❡r✈❛çã♦ ✹✳✻ ❉❛❞♦s n,m ∈ N✱ ♣❛r❛ t♦❞♦ t ∈ [nm] ❡①✐st❡ ✉♠ ú♥✐❝♦ ♣❛r (i, u) ∈

[n] × [m]✱ t❛❧ q✉❡ t = m(i − 1) + u✳ ❉❡ ❢❛t♦✱ ❝♦❧♦❝❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ [nm] ❝♦♠♦ ✉♠❛

s❡q✉ê♥❝✐❛✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡

[nm] = 1 2 · · ·m
︸ ︷︷ ︸

m

m(2− 1) + 1 · · ·m(2− 1) +m
︸ ︷︷ ︸

m

· · ·m(n− 1) + 1 · · ·m(n− 1) +m
︸ ︷︷ ︸

m

♣♦❞❡ s❡r ❞✐✈✐❞✐❞♦ ❡♠ n ♣❡❞❛ç♦s ❞❡ t❛♠❛♥❤♦ m ❝❛❞❛ ✉♠✱ ❡ ❝❛❞❛ t❡r♠♦ é ❞❛❞♦ ♣♦r

m(i− 1) + u✱ ❝♦♠ i ∈ [n]✱ u ∈ [m]✳ ❉❛❞♦s t ∈ [nm] ❡ ❞♦✐s ♣❛r❡s (i1, u1)✱ (i2, u2)✱ ❝♦♠

m(i1 − 1) + u1 = t = m(i2 − 1) + u2✱ t❡♠♦s q✉❡ m(i1 − i2) = u2 − u1✱ ❡ ❞❛í i1 = i2 ❡

u1 = u2✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✸✱ ❞♦♥❞❡ s❡❣✉❡ ❛ ✉♥✐❝✐❞❛❞❡✳

❉❛❞❛s ❞✉❛s ❛♣❧✐❝❛çõ❡s α : [n] → Z2 ❡ β : [m] → Z2 ❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ ✹✳✷✱ ❝♦♠

n = p+q ❡ m = r+s✱ ❝♦♥s✐❞❡r❡ ❛s á❧❣❡❜r❛sMα(E) ⊆Mn(E) ❡Mβ(E) ⊆Mm(E)✳ P❡❧❛

♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r✱ ❞❛❞♦ t ∈ [nm] ❡①✐st❡ ✉♠ ú♥✐❝♦ ♣❛r (i, u) ∈ [n] × [m] s❛t✐s❢❛③❡♥❞♦

t = m(i− 1) + u✳ ❊♥tã♦ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❛♣❧✐❝❛çã♦

ǫ : [nm] −→ Z2

t 7−→ ǫ(t) = α(i) + β(u)
,

❛ q✉❛❧✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✷✱ ❞❡✜♥❡ ✉♠❛ s✉❜á❧❣❡❜r❛ Mǫ(E) ❞❡ Mnm(E)✳ ❚❡♠♦s q✉❡

α(i) = 0 ♣❛r❛ p ✈❛❧♦r❡s ❞❡ i ∈ [n]✱ β(u) = 0 ♣❛r❛ r ✈❛❧♦r❡s ❞❡ u ∈ [m] ❡ ❞❛í

α(i) = β(u) = 0 ♣❛r❛ pr ♣❛r❡s (i, u) ∈ [n] × [m]✳ ❆❧é♠ ❞✐ss♦✱ α(i) = 1 ♣❛r❛ q ✈❛✲

❧♦r❡s ❞❡ i ∈ [n] ❡ β(u) = 1 ♣❛r❛ s ✈❛❧♦r❡s ❞❡ u ∈ [m]✱ ❞♦♥❞❡ α(i) = β(u) = 1 ♣❛r❛ qs

♣❛r❡s (i, u) ∈ [n] × [m]✳ ▲♦❣♦✱ α(i) = β(u) ♣❛r❛ pr + qs ♣❛r❡s ❡♠ [n] × [m]✳ ❈♦♠♦

ǫ(t) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ α(i) = β(u)✱ ♦❜t❡♠♦s q✉❡ ǫ(t) = 0 ♣❛r❛ pr + qs ✈❛❧♦r❡s

t ∈ [nm]✳ ❙❡♥❞♦ nm = (pr + qs) + (ps + qr)✱ t❡♠♦s q✉❡ ǫ(t) = 1 ♣❛r❛ ps + qr ✈❛❧♦r❡s

❡♠ [nm] ❡✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✷✱ ❛ á❧❣❡❜r❛ Mǫ(E) é ✐s♦♠♦r❢❛ ❛ Mpr+qs,ps+qr(E)✳

❉❡ss❛ ❢♦r♠❛✱ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ❛ P■✲❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❛s á❧❣❡❜r❛s

A = Mα(E) ⊗ Mβ(E) ❡ Mǫ(E)✱ ❡ ❛ss✐♠ t❡r❡♠♦s ✈✐❛ ✐s♦♠♦r✜s♠♦s ❣r❛❞✉❛❞♦s ❛ P■✲

❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ Mp,q(E)⊗Mr,s(E) ❡ Mpr+qs,ps+qr(E)✳
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❚❡♦r❡♠❛ ✹✳✷✳✺ ❆s á❧❣❡❜r❛s A =Mα(E)⊗Mβ(E) ❡ Mǫ(E) sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s ❝♦♠♦

á❧❣❡❜r❛s Znm × Z2✲❣r❛❞✉❛❞❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳

❉❡♠♦♥str❛çã♦✿ ❱❛♠♦s ♠♦str❛r q✉❡ M∩TZnm×Z2(A) = M∩TZnm×Z2(Mǫ(E))✳ ❚♦♠❡

f = f(x1, . . . , xd) = x1 · · · xd ∈ M✱ ❝♦♠ f /∈ TZnm×Z2(A)✱ ❡♥tã♦ ❡①✐st❡♠ ❡❧❡♠❡♥t♦s

wl = alEiljl ⊗ blEulvl ∈ B, l = 1, . . . , d,

t❛✐s q✉❡ 0 6= f(w1, . . . , wd) = w1 · · ·wd✱ ❝♦♠ |xl| = |wl|✳ P❛r❛ ❝❛❞❛ l ∈ {1, . . . , d}✱ s❡❥❛

❡♥tã♦ hl = m(il − 1) + ul ❡ kl = m(jl − 1) + vl ❡ ❞❡✜♥❛ zl = Ehljl ∈ Mnm(F )✳ ❆❧é♠

❞✐ss♦✱ t♦♠❡ c1, . . . , cd ∈ E✱ ❝♦♠ cl ∈ Eǫ(hl)+ǫ(kl) ❡ c1 · · · cd 6= 0✱ ❡ ❝♦♥s✐❞❡r❡ yl = clEhlkl ∈

Mǫ(E)✳ ❈♦♠♦ w1 · · ·wd 6= 0✱ t❡♠♦s jl = il+1 ❡ vl = ul+1✱ ♣❛r❛ l = 1, . . . , d− 1✱ ❡ ❞❛í

kl = m(jl − 1) + vl = m(il+1 − 1) + ul+1 = hl+1, l = 1, . . . , d− 1.

❆ss✐♠

z1z2 · · · zd = Eh1k1Eh2k2 · · ·Ehdkd = Eh1kd 6= 0.

❚❡♠♦s

|cl|2 = ǫ(hl) + ǫ(kl) = α(il) + β(jl) + α(vl) + β(ul) = |al|2 + |bl|2 = δ(wl) = δ(xl),

❡

kl − hl = m(jl − 1) + vl − (m(il − 1) + ul) = m(jl − il) + (vl − ul) = |wl|mn = |xl|mn.

❡ ❞❛í |clEhlkl | = |xl|✱ l = 1, . . . , d✳ ❊♥tã♦ ♣♦❞❡♠♦s s✉❜st✐t✉✐r ❡♠ f ✱ ❞♦♥❞❡ ♦❜t❡♠♦s

f(y1, . . . , yd) = c1 · · · cdEh1k1 · · ·Ehdkd = c1 · · · cdEh1kd 6= 0.

P♦rt❛♥t♦✱ f /∈ TZnm×Z2(Mǫ(E))✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ f = f(x1, . . . , xd) = x1 · · · xd /∈ TZnm×Z2(Mǫ(E))✱ ❡♥tã♦ ❡①✐s✲

t❡♠ z1, . . . , zd ♥❛ ❜❛s❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❞❡ Mǫ(E)✱ ❝♦♠ 0 6= f(z1, . . . , zd) = z1 · · · zd

❡ |zl| = |xl|✱ l = 1, . . . , d✱ ❞✐❣❛♠♦s zl = clEhlkl ✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✻✱ ♣❛r❛ ❝❛❞❛

l = 1, . . . , d✱ ❡①✐st❡♠ il, jl ∈ [n] ❡ ul, vl ∈ [m]✱ t❛✐s q✉❡ hl = m(il − 1) + ul ❡

kl = m(jl − 1) + vl✳ ❉❡✜♥❛ ❡♥tã♦

wl = alEiljl ⊗ blEulvl ∈ B,
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❝♦♠ al ∈ Eα(il)+α(jl)✱ bl ∈ Eβ(ul)+β(vl) ❡ a1 · · · adb1 · · · bd 6= 0✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦

❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r✱ ♦❜t❡♠♦s |wl| = |xl|✱ ♣❛r❛ ❝❛❞❛ l = 1, . . . , d✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦

z1 · · · zd 6= 0✱ t❡♠♦s kl = hl+1✱ ♣❛r❛ l = 1, . . . , d− 1✳ P♦r ♦✉tr♦ ❧❛❞♦✱

kl = hl+1 ⇒ m(jl − 1) + vl = m(il+1 − 1) + ul+1

⇒ m(jl − il+1) = ul+1 − vl, ✭✹✳✻✮

❡ ❞❛í jl = il+1 ❡ ul+1 = vl✱ ♣❛r❛ l = 1, . . . , d− 1✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✸✳ ❆ss✐♠✱

w1 · · ·wd = a1 · · · adEi1j1 · · ·Eidjd ⊗ b1 · · · bdEu1v1 · · ·Eudvd

= a1 · · · adb1 · · · bdEi1jdEu1vd 6= 0.

P♦rt❛♥t♦ f(w1, . . . , wd) 6= 0 ❡ f /∈ TZnm×Z2(A)✳

P♦r ❝♦♥tr❛✲♣♦s✐t✐✈❛✱ ♦❜t❡♠♦s q✉❡ ❛s ✐❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s ❞❡ A ❡ Mǫ(E)

sã♦ ❛s ♠❡s♠❛s✳ ❈♦♠❜✐♥❛♥❞♦ ✐st♦ ❝♦♠ ❛ ❖❜s❡r✈❛çã♦ ✹✳✺✱ ♦❜t❡♠♦s TZnm×Z2(A) =

TZnm×Z2(Mǫ(E))✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✼✳✶✺✱ t❡♠♦s T (A) = T (Mǫ(E))✱

♦✉ s❡❥❛✱ ❛s á❧❣❡❜r❛s Mα(E)⊗Mβ(E) ❡ Mǫ(E) sã♦ P■✲❡q✉✐✈❛❧❡♥t❡s✳ �
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❉✉r❛♥t❡ ❡st❛ s❡çã♦ ✈❛♠♦s ❡♥❢❛t✐③❛r ❛ á❧❣❡❜r❛Mp,q(E)✱ n = p+q✱ ❝♦♠ s✉❛ Zn×Z2✲

❣r❛❞✉❛çã♦ ♦❜t✐❞❛ ♥♦ ❊①❡♠♣❧♦ ✶✳✼✳✻✳ ❆r❣✉♠❡♥t❛♥❞♦ ❞❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡ à ❖❜s❡r✈❛çã♦

✹✳✹✱ ✈❡♠♦s q✉❡ s❡ m é ✉♠ ♠♦♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r ❡♠ F 〈X|Zn × Z2〉✱ ❝♦♠ |m| = (0, 1)✱

❡♥tã♦ m é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ♣❛r❛ Mp,q(E)✳ P♦rt❛♥t♦✱ Mp,q(E) ♣♦ss✉✐ ✐❞❡♥t✐✲

❞❛❞❡s ♠♦♥♦♠✐❛✐s ♠✉❧t✐❧✐♥❡❛r❡s ❣r❛❞✉❛❞❛s✱ ♦ q✉❡ ♥ã♦ ♦❝♦rr❡ ❝♦♠ ❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s

Zn✲❣r❛❞✉❛❞❛ Mn(F ) ✭✈❡r ❝❛♣ít✉❧♦ ✷✮✳ ❖❜s❡r✈❡♠♦s q✉❡ ✉♠❛ ✐♥❞❡t❡r♠✐♥❛❞❛ x ∈ X é

✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♠♦♥♦♠✐❛❧ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ A = ⊕g∈GAg G✲❣r❛❞✉❛❞❛ s❡✱ ❡ s♦♠❡♥t❡

s❡✱ ❛ ❝♦♠♣♦♥❡♥t❡ A|x| é ♥✉❧❛✳

◆❡ss❡ s❡♥t✐❞♦✱ ✈❛♠♦s ❞❡✜♥✐r ♦ q✉❡ sã♦ ✐❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s tr✐✈✐❛✐s ❡ ❞❡t❡r♠✐♥❛r

s♦❜ q✉❡ ❝♦♥❞✐çõ❡s ♥❛ ❛♣❧✐❝❛çã♦ α : [n] → Z2 ❛ á❧❣❡❜r❛ Mα(E) ✭✐s♦♠♦r❢❛ ❛ Mp,q(E)✮

♣♦ss✉✐ ✐❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s tr✐✈✐❛✐s✳

❉❛❞❛ ✉♠❛ ❛♣❧✐❝❛çã♦ α : [n] → Z2✱ ❞❡♥♦t❡ α = α(1)α(2) · · ·α(n) ❝♦♠♦ ✉♠❛

s❡q✉ê♥❝✐❛✳
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❉❡✜♥✐çã♦ ✹✳✸✳✶ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ ❧✐✈r❡ F 〈X|G〉✳ ❙❡❥❛♠ A = ⊕g∈GAg ✉♠❛ á❧❣❡❜r❛

G✲❣r❛❞✉❛❞❛✱ I0 = {x ∈ X : A|x| = 0} ❡ I0 ♦ TG✲✐❞❡❛❧ ❣❡r❛❞♦ ♣♦r I0✳ ❉❡✜♥❛

M0 = M∩ I0.

❖s ❡❧❡♠❡♥t♦s ❡♠ M0 sã♦ ❝❤❛♠❛❞♦s ❞❡ ✐❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s tr✐✈✐❛✐s✳

◆❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✱ s❡♥❞♦ I ′
0 = {f ∈ F 〈X|G〉 : A|f | = 0}✱ ❡♥tã♦ I0 é ♦ ❡s♣❛ç♦ ✈❡✲

t♦r✐❛❧ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ {h1fh2 : f ∈ I ′
0, h1, h2 ∈ F 〈X|G〉}✳ ❆ss✐♠✱ s❡m(x1, . . . , xn)

é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♠♦♥♦♠✐❛❧ ♥ã♦ tr✐✈✐❛❧✱ ❡♥tã♦ A|xi| 6= 0✱ ♣❛r❛ ❝❛❞❛ i = 1, . . . , n✳

❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ Zn × Z2✲❣r❛❞✉❛❞❛ Mα(E) ⊆ Mn(E) ❡ ❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s

❞❡ ♦r❞❡♠ n ❝♦♠ s✉❛ ❜❛s❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ♥❛t✉r❛❧ β = {Eij : 1 ≤ i, j ≤ n}✳ ❉❡✜♥✐♥❞♦ ❛

❛♣❧✐❝❛çã♦ | · |ι×α : β → Z2 ❞❛❞❛ ♣♦r

|Eij|ι×α = (j − i, α(i) + α(j)) ∈ Zn × Z2, ✭✹✳✼✮

♦❜t❡♠♦s ✉♠❛ Zn×Z2✲❣r❛❞✉❛çã♦ ♣❛r❛Mn(F )✱ ♣♦✐s | · |ι×α s❛t✐s❢❛③ ✭✶✳✹✮✳ ❱❛♠♦s ❞❡♥♦t❛r

Mn(F ) ❝♦♠ ❡ss❛ ❣r❛❞✉❛çã♦ ♣♦r (Mn(F ), ι× α)✳

❖❜s❡r✈❛çã♦ ✹✳✼ ❈♦♥s✐❞❡r❡ Mα(E) ❡ s✉❛ ❜❛s❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ Γα✳ ❉❛❞♦ aEij ∈ Γα✱

t❡♠♦s

|aEij|ι,α = (j − i, |a|2) = (j − i, α(i) + α(j)) = |Eij|ι×α ✭✹✳✽✮

❡♠ (Mn(F ), ι × α)✳ ❙❡❥❛ m = m(x1, . . . , xr) = x1 · · · xr✱ r ∈ N✱ ✉♠ ♠♦♥ô♠✐♦ ❡♠

F 〈X|Zn × Z2〉✳ ❙✉♣♦♥❤❛ q✉❡ m ≡ 0 ❡♠ (Mn(F ), ι× α) ❡ s❡❥❛

x1 = a1Ei1j1 , . . . , xr = arEirjr

✉♠❛ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ ❙ ♥❛ ❜❛s❡ Γα✳ P♦r s❡r s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ ❡ ♣♦r ✭✹✳✽✮✱

t❡♠♦s q✉❡ |xl| = |alEiljl |ι,α = |Eiljl |ι×α✱ l = 1, . . . , r✱ ❡ ❞❛í ♣♦❞❡♠♦s ❢❛③❡r ❛ s✉❜st✐t✉✐çã♦

x1 = Ei1j1 , . . . , xr = Eirjr .

❈♦♠♦ m é ✐❞❡♥t✐❞❛❞❡ ❞❡ (Mn(F ), ι × α)✱ s❡❣✉❡ q✉❡ m(Ei1j1 , . . . , Eirjr) = 0✳ ❆ss✐♠✱

t❡♠♦s q✉❡

m(a1Ei1j1 , . . . , arEirjr) = a1 · · · arEi1j1 · · ·Eirjr = 0.

▲♦❣♦✱ ❝♦♠♦ S é ❛r❜✐trár✐❛✱ s❡❣✉❡ q✉❡ m ≡ 0 ❡♠ Mα(E)✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡m ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ❞❡ (Mn(F ), ι×α)✱ ❡①✐st❡♠ Ei1j1 , . . . , Eirjr ∈

β✱ ❝♦♠ |Eiljl |ι×α = |xl|✱ t❛✐s q✉❡

m(Ei1j1 , . . . , Eirjr) = Ei1j1 · · ·Eirjr 6= 0.
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❆ss✐♠✱ ♣❛r❛ l = 1, . . . , r✱ t♦♠❡ al ∈ Eα(il)+α(jl) ❝♦♠ a1 · · · ar 6= 0✱ ❡ ❞❛í |xl| = |Eiljl |ι×α =

|alEiljl |ι,α ❡

m(a1Ei1j1 , . . . , arEirjr) = a1 · · · arEi1j1 · · ·Eirjr 6= 0,

♦✉ s❡❥❛✱ ♣♦r ❝♦♥tr❛✲♣♦s✐t✐✈❛✱ s❡ m ≡ 0 ❡♠Mα(E)✱ ❡♥tã♦ (Mn(F ), ι×α) t❛♠❜é♠ s❛t✐s❢❛③

m✳

❉❡st❛ ❢♦r♠❛✱ ❛s ✐❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s Zn × Z2✲❣r❛❞✉❛❞❛s ❞❡ Mα(E) ❡

(Mn(F ), ι× α) sã♦ ❛s ♠❡s♠❛s✳

◆♦ q✉❡ s❡❣✉❡ ♥❛ s❡çã♦✱ s❡❥❛

A = (Mn(F ), ι× α) =
⊕

(k,γ)∈Zn×Z2

A(k,γ) ✭✹✳✾✮

❝♦♠ ❣r❛❞✉❛çã♦ ♦❜t✐❞❛ ❞❡ ✭✹✳✼✮✱ ♣❛r❛ ❛❧❣✉♠❛ α : [n] → Z2✱ ❡ ❞❡✜♥❛

a = E12 + E23 + E34 + · · ·+ En−1,n + En1 ∈Mn(F ).

❊♥tã♦

a2 = E13 + E24 + E35 + · · ·+ En−2,n + En−1,1 + En2 ∈Mn(F ).

❖❜s❡r✈❛çã♦ ✹✳✽ ❱❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡

det(a) =

{

1, s❡ ♥ é í♠♣❛r

−1, s❡ ♥ é ♣❛r
,

❡ ❞❛í ❞❡t(as) = (±1)s 6= 0✳ ❆ss✐♠✱ as é ✐♥✈❡rtí✈❡❧✱ ♣❛r❛ q✉❛❧q✉❡r s ∈ N✳ ❆❧é♠ ❞✐ss♦✱

♣❛r❛ n ♣❛r✱ ❞❡t(a2) = (−1)(−1) = 1✱ ❡ ❞❛í a−2 = (1/det(a2))a2 = a2✱ ♦♥❞❡ a2 é ❛

♠❛tr✐③ ❛❞❥✉♥t❛ ❞❡ a2✳ ▲♦❣♦✱ ♦❜s❡r✈❛♥❞♦ q✉❡ ❛ ♠❛tr✐③ ❞♦s ❝♦❢❛t♦r❡s ❞❡ a2 é ❡❧❛ ♠❡s♠❛✱

s❡❣✉❡ q✉❡

a−2 = a2 = (a2)t = E31 + E42 + E53 + · · ·+ En,n−2 + E1,n−1 + E2n,

♦♥❞❡ (a2)t é ❛ ♠❛tr✐③ tr❛♥s♣♦st❛ ❞❡ a2✳

❆s ❞✉❛s ♣ró①✐♠❛s ♣r♦♣♦s✐çõ❡s tê♠ ❞❡♠♦♥str❛çõ❡s s❡♠❡❧❤❛♥t❡s✱ ❡♥tã♦ ❢❛r❡♠♦s

✉♠❛ ú♥✐❝❛ ♣r♦✈❛ ♣❛r❛ ♦s ❞♦✐s r❡s✉❧t❛❞♦s✳

Pr♦♣♦s✐çã♦ ✹✳✸✳✷ P❛r❛ t♦❞♦ n ≥ 1 ❛ á❧❣❡❜r❛ Mω(E) ⊆ Mn(E)✱ ♦♥❞❡ ω : [n] → Z2 é

❞❛❞❛ ♣♦r ω(i) = 0 ✭♦✉ ω(i) = 1✮✱ ♣❛r❛ t♦❞♦ i ∈ Zn✱ ♥ã♦ ♣♦ss✉✐ ✐❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s

♥ã♦ tr✐✈✐❛✐s✳

Pr♦♣♦s✐çã♦ ✹✳✸✳✸ ❙❡❥❛♠ n ≡ 0 (mod 2) ❡ π = π(1)π(2) · · · π(n) = 0101 · · · 01✳ ❊♥tã♦

Mπ(E) ⊆Mn(E) ♥ã♦ ♣♦ss✉✐ ✐❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s ♥ã♦ tr✐✈✐❛✐s✳
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❉❡♠♦♥str❛çã♦✿ Pr✐♠❡✐r♦ ♦❜s❡r✈❡ q✉❡ s❡ n = 1 ♥❛ Pr♦♣♦s✐çã♦ ✹✳✸✳✷✱ ❡♥tã♦ Mω(E) ≃

M1,0(E) ≃ E0✱ ❡ ❞❛í ❡st❛ á❧❣❡❜r❛ ♥ã♦ ♣♦ss✉✐ ✐❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s✱ ✐♥❝❧✉s✐✈❡ ❛s ♥ã♦

tr✐✈✐❛✐s✳ ❙✉♣♦♥❤❛ n ≥ 2✳ ❙❡❥❛♠ α ∈ {ω, π} ❡ δ = α(2) ∈ Z2✱ ❡ ❝♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛

❣r❛❞✉❛❞❛ A = (Mn(F ), ι× α)✳ ❚❡♠♦s q✉❡

2− 1 = 3− 2 = 4− 3 = · · · = n− (n− 1) = 1− n = 1. ✭✹✳✶✵✮

• ❙❡ α = π✱ ❡♥tã♦ δ = π(2) = 1✳ ❆❧é♠ ❞✐ss♦✱

π(j − 1) + π(j) = 1 = δ, j = 2, . . . , n

❡ π(n)+π(1) = 1 = δ✳ ❈♦♠❜✐♥❛♥❞♦ ✐st♦ ❝♦♠ ✭✹✳✶✵✮ t❡♠♦s q✉❡ ♦ ❣r❛✉ ❤♦♠♦❣ê♥❡♦

❞❡ ❝❛❞❛ s♦♠❛♥❞♦ ❞❡ a é (1, δ)✱ ❞♦♥❞❡ a ∈ A(1,δ)✳

• ❙❡ α = ω✱ ❡♥tã♦ δ = ω(2) = 0✳ ❆❧é♠ ❞✐ss♦✱

ω(j − 1) + ω(j) = 0 + 0 = 0 = δ, j = 2, . . . , n

❡ ω(n) + ω(1) = 0 = δ✳ ▲♦❣♦ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r s❡❣✉❡ q✉❡

a ∈ A(1,δ)✳

❊♠ ❛♠❜♦s ♦s ❝❛s♦s a ∈ A(1,δ)✳ ❆❧é♠ ❞✐ss♦✱ s❡ A(1,δ+1) 6= {0}✱ ❡①✐st❡ Eij ∈ A(1,δ+1)✱

❝♦♠ i, j ∈ [n] ❡ j − i = 1✳ ▲♦❣♦✱ Eij é ✉♠❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ a✱ ❡ ❞❛í Eij ♣❡rt❡♥❝❡

❛ A(1,δ)✳ ❆ss✐♠✱ Eij ∈ A(1,δ) ∩A(1,δ+1)✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s ❝♦♠♦ ❛ s♦♠❛ é ❞✐r❡t❛ ❡♠

✭✹✳✾✮ t❡♠♦s A(1,δ) ∩ A(1,δ+1) = {0}✳ P♦rt❛♥t♦ A(1,δ+1) = {0}✳

❉❛❞♦ s ∈ N✱ t❡♠♦s q✉❡ as ∈ A(s,sδ)✱ ♣♦✐s ✭✹✳✾✮ é ✉♠❛ ❣r❛❞✉❛çã♦✱ ❡ ❝♦♠ ♦ ♠❡s♠♦

❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r ♦♥❞❡ ♠♦str❛♠♦s q✉❡ A(1,δ+1) = {0}✱ ♦❜t❡♠♦s A(s,sδ+1) = {0}✳

❆❣♦r❛ s✉♣♦♥❤❛ q✉❡ ❡①✐st❡ m(x1, . . . , xp) = x1 · · · xp ✐❞❡♥t✐❞❛❞❡ ♠♦♥♦♠✐❛❧ ♥ã♦

tr✐✈✐❛❧ ♣❛r❛ (Mn(F ), ι × α)✳ ❊♥tã♦✱ A|xi| 6= {0}✱ ♣❛r❛ ❝❛❞❛ i = 1, . . . , p✳ ❱❛r✐❛♥❞♦

s ∈ {0, 1, . . . , n − 1}✱ ♦s ❡s♣❛ç♦s A(s,sδ) 6= 0 ❡ A(s,sδ+1) = 0 ❝♦❜r❡♠ t♦❞❛s ❛s ❝♦♠✲

♣♦♥❡♥t❡s ❤♦♠♦❣ê♥❡❛s ❞❡ A✱ ♦✉ s❡❥❛✱ ❞❛❞❛ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ A(k,γ) ❡♠ ✭✹✳✾✮✱ ❡①✐st❡

s ∈ {0, 1, . . . , n − 1} t❛❧ q✉❡ A(k,γ) é ✐❣✉❛❧ ❛ A(s,sδ) 6= {0} ♦✉ ✐❣✉❛❧ ❛ A(s,sδ+1) = {0}✳

❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ i = 1, . . . , p✱ ❡①✐st❡ si ∈ {0, 1, . . . , n−1} t❛❧ q✉❡ A|xi| = A(si,siδ) 6= {0}

♦✉ ❛ A(si,siδ+1) = {0}✳ ▼❛s A|xi| 6= {0}✱ ❡ ❡♥tã♦ A|xi| = A(si,siδ)✳ ❚♦♠❛♥❞♦ ❡♥tã♦ ❛s

♠❛tr✐③❡s asi ∈ A|xi| ❞❡✈❡♠♦s t❡r

0 = m(as1 , . . . , asp) = as1 · · · asp ,
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✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s ❝❛❞❛ asi é ✐♥✈❡rtí✈❡❧✳ P♦rt❛♥t♦✱ ♥ã♦ ❡①✐st❡ ✐❞❡♥t✐❞❛❞❡ ♠♦♥♦♠✐❛❧

♥ã♦ tr✐✈✐❛❧ ♣❛r❛ (Mn(F ), ι × α)✱ ❡ ♦ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ Mα(E)✱ ❝♦♠ α = ω ♦✉ α = π✱

♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✼✳ �

❖❜s❡r✈❛çã♦ ✹✳✾ ❉❛❞❛s α1, α2 : [n] → Z2 t❛✐s q✉❡ α1(i) = α2(i + 1)✱ ♣❛r❛ t♦❞♦ i ∈

{1, . . . , n − 1}✱ ❡ α1(n) = α2(1)✱ t❡♠♦s q✉❡ Mα1(E) ≃Zn×Z2 Mα2(E)✳ ❉❡ ❢❛t♦✱ t♦♠❡

σ = (1 2 · · · n) ∈ Sn ❡ ❝♦♥s✐❞❡r❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

T : Mα1(E) −→ Mα2(E)

aEij 7−→ T (aEij) = aEσ(i)σ(j)
.

❱❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ T é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s

|aEσ(i)σ(j)|ι,α2 = (σ(j)− σ(i), α2(σ(i)) + α2(σ(j)))

= (j + 1− (i+ 1), α2(i+ 1) + α2(j + 1))

= (j − i, α1(i) + α1(j)) = |aEij|ι,α1 ,

♣❛r❛ q✉❛✐sq✉❡r i, j ∈ {1, . . . , n − 1}✱ ❡ ♣❛r❛ i ♦✉ j ✐❣✉❛✐s ❛ n✱ ✉s❛♥❞♦ q✉❡ σ(n) = 1✱

t❛♠❜é♠ t❡♠♦s |aEσ(i)σ(j)|ι,α2 = |aEij|ι,α1✱ ❞♦♥❞❡ T é ✉♠ ✐s♦♠♦r✜s♠♦ Zn×Z2✲❣r❛❞✉❛❞♦✳

Pr♦♣♦s✐çã♦ ✹✳✸✳✹ ❙❡❥❛♠ 0 < n ≡ 0 (mod 4) ❡

ρ1 = ρ1(1) · · · ρ1(n) = 0110
︸︷︷︸

0110
︸︷︷︸

· · · 0110
︸︷︷︸

(n/4 blocos),

ρ2 = ρ2(1) · · · ρ2(n) = 0011
︸︷︷︸

0011
︸︷︷︸

· · · 0011
︸︷︷︸

(n/4 blocos).

❆s á❧❣❡❜r❛s Mρ1(E) ❡ Mρ2(E) ♥ã♦ ♣♦ss✉❡♠ ✐❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s ♥ã♦ tr✐✈✐❛✐s✳

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡ ρ1(i) = ρ2(i + 1)✱ ♣❛r❛ t♦❞♦ i ∈ {1, . . . , n − 1}✱ ❡ ρ1(n) =

ρ2(1)✱ ❡ ❞❛í Mρ1(E) ≃Zn×Z2 Mρ2(E)✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✾✳ ❆ss✐♠✱ ❜❛st❛ ♠♦str❛r q✉❡

Mρ1(E) ♥ã♦ ♣♦ss✉✐ ✐❞❡♥t✐❞❛❞❡s ♠♦♥♦♠✐❛✐s ♥ã♦ tr✐✈✐❛✐s✳ ❈♦♥s✐❞❡r❡ ❡♥tã♦ ❛ á❧❣❡❜r❛

❣r❛❞✉❛❞❛ A = (Mn(F ), ι× ρ1) ❡ s❡❥❛ β s✉❛ ❜❛s❡ ♥❛t✉r❛❧✳

❙✉♣♦♥❤❛ q✉❡ A ♣♦ss✉✐ ✐❞❡♥t✐❞❛❞❡ ♠♦♥♦♠✐❛❧ ♥ã♦ tr✐✈✐❛❧✳ ❉❡♥tr❡ ♦s ♠♦♥ô♠✐♦s q✉❡

sã♦ ✐❞❡♥t✐❞❛❞❡s ♥ã♦ tr✐✈✐❛✐s t♦♠❡

f = f(x1, . . . , xt) = x1x2 · · · xt−1xt = x1f
′xt,

❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ♠í♥✐♠♦✱ ♦✉ s❡❥❛✱ ❝♦♠ ♦ ♠❡♥♦r t ♣♦ssí✈❡❧✱ ♦♥❞❡ f ′ = x2 · · · xt−1✳ ◆♦t❡

q✉❡ t ≥ 2✱ ♣♦✐s s❡ t = 1 t❡rí❛♠♦s q✉❡ f = x1 s❡r✐❛ ✉♠❛ ✈❛r✐á✈❡❧✱ ❡ ❞❛í✱ s❡♥❞♦ ✐❞❡♥t✐❞❛❞❡✱

❞❡✈❡rí❛♠♦s t❡r A|f | = 0✱ ❡ f s❡r✐❛ tr✐✈✐❛❧✳
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❙❡❥❛ (hi, ǫi) = |xi|✱ i = 1, . . . , t✳ ❱❛♠♦s ❡s❝r❡✈❡r a ≡ b ♣❛r❛ ❞❡♥♦t❛r a ≡ b (mod 4)

❡ (a, γ) ≡ (b, γ) ♣❛r❛ ❞❡♥♦t❛r (a, γ) = (b, γ) ❝♦♠ a ≡ b (mod 4)✱ γ ∈ Z2✳ ◆♦t❡ q✉❡ s❡

a ≡ b (mod n)✱ ❡♥tã♦ a ≡ b✱ ♣♦✐s n ≡ 0✳ ❉❡ss❡ ♠♦❞♦✱ ❞❛❞♦ Eij ∈ β ∩ A(k,γ) t❡♠♦s q✉❡

j − i = k✱ ❞♦♥❞❡ j − i ≡ k (mod n) ❡ ❞❛í j − i ≡ k✱ ❡ ρ1(i) + ρ1(j) = γ✳

P❡❧❛ ❢♦r♠❛ ❞❡ ρ1✱ ❞❛❞♦ k ∈ [n] t❡♠♦s q✉❡ s❡ k ≡ 0 ≡ 4 ♦✉ k ≡ 1✱ ❡♥tã♦ ρ1(k) = 0✱

❡ s❡ k ≡ 2 ♦✉ k ≡ 3✱ ❡♥tã♦ ρ1(k) = 1✱ ♦✉ s❡❥❛✱ ♦ ✈❛❧♦r ❞❡ ρ1(k) ✜❝❛ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛

❝♦♥❣r✉ê♥❝✐❛ ❞❡ k ❝♦♠ ♦s ✈❛❧♦r❡s ❞❡ 1 ❛ 4✳ ❆ss✐♠✱ ❞❛❞♦s i, j ∈ [n]✱ t❡♠♦s

s❡ ρ1(i) = ρ1(j) =







0, ❡♥tã♦







i ≡ 1 ou i ≡ 4

j ≡ 1 ou j ≡ 4

1, ❡♥tã♦







i ≡ 2 ou i ≡ 3

j ≡ 2 ou j ≡ 3

. ✭✹✳✶✶✮

❱❛♠♦s ❛♥❛❧✐s❛r ♦s ♣♦ssí✈❡✐s ❝❛s♦s ♣❛r❛ k ∈ [n]✳

✭✶✮ ❙❡❥❛ k ≡ 2✳ ❙✉♣♦♥❞♦ q✉❡ A(k,0) 6= {0}✱ ❡♥tã♦ ❡①✐st❡♠ i, j ∈ [n] t❛✐s q✉❡

Eij ∈ A(k,0)✳ ❆ss✐♠ j − i ≡ k (mod n)✱ ❞♦♥❞❡ j − i ≡ k ≡ 2✱ ❡ ❞❡

ρ1(i) + ρ1(j) = 0 ⇒ ρ1(i) = ρ1(j),

t❡♠♦s ♦s ♣♦ssí✈❡✐s ✈❛❧♦r❡s ❞❡ i ❡ j ❡♠ ✭✹✳✶✶✮✳ P❛r❛ i, j ≡ 1✱ ♣♦r ❡①❡♠♣❧♦✱ t❡♠♦s

2 ≡ j − i ≡ 1− 1 = 0,

✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❉❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡✱ ♥♦s ♦✉tr♦s ❝❛s♦s t❛♠❜é♠ ♦❜t❡♠♦s ❝♦♥tr❛✲

❞✐çõ❡s✱ ❡ ❧♦❣♦ A(k,0) = {0}✳ ❈♦♠♦ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ρ1 t❡♠♦s

a ∈ A(1,0) ⊕ A(1,1)✳ ❊♥tã♦ ❡s❝r❡✈❡♥❞♦ a = x + y✱ ❝♦♠ x ∈ A(1,0) ❡ y ∈ A(1,1)✱

t❡♠♦s q✉❡

aa = x2 + xy + yx+ y2 ∈ A(2,0) ⊕ A(2,1),

♣♦✐s x2, y2 ∈ A(2,0) ❡ xy, yx ∈ A(2,1)✳ ■♥❞✉t✐✈❛♠❡♥t❡✱ ♦❜t❡♠♦s q✉❡ ak ∈ A(k,0) ⊕

A(k,1) = A(k,1)✳ ✭A(k,0) = {0}✮✳

✭✷✮ ❙❡ k ≡ 0✱ ♦❜t❡♠♦s ❞❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r q✉❡ A(k,1) = 0 ❡

ak ∈ A(k,0) ⊕ A(k,1) = A(k,0)✳
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✭✸✮ ❙❡ k ≡ 1 ♦✉ k ≡ 3✱ t❡♠♦s q✉❡ [n] = {i ∈ [n] : ∃j ∈ [n] t❛❧ q✉❡ Eij ∈ A(k,δ)}∪{j ∈

[n] : ∃i ∈ [n] t❛❧ q✉❡ Eij ∈ A(k,δ)} = Θ✱ ♣❛r❛ ❛❧❣✉♠ δ ∈ Z2✳ ❉❡ ❢❛t♦✱ t♦♠❡ s ∈ [n]

❡ δ ∈ Z2✳ ❙❡❥❛♠

i =







s− k ✱ s❡ s > k

s− k + n, ✱ s❡ s ≤ k
e j =







s+ k, ✱ s❡ s+ k ≤ n

s+ k − n ✱ s❡ s+ k > n
.

❚❡♠♦s q✉❡ j − i ≡ 2k (mod n) ❡ ❞❛í✱ ❝♦♠♦ n ≡ 0 ❡ k ≡ 1 ♦✉ k ≡ 3✱ s❡❣✉❡

q✉❡ j − i ≡ 2k ≡ 2✳ ❆ss✐♠✱ ♣❡❧❛ ❢♦r♠❛ ❞❡ ρ1✱ t❡♠♦s q✉❡ ρ1(i) 6= ρ1(j) ❡ ❞❛í

ρ1(s)+ ρ1(i) = δ ♦✉ ρ1(s)+ ρ1(j) = δ✳ ▲♦❣♦ ♦❜t❡♠♦s Eis ∈ A(k,δ) ♦✉ Esj ∈ A(k,δ)✱

❞♦♥❞❡ s ∈ Θ ❡ ♣♦rt❛♥t♦ [n] ⊆ Θ✳ ❆ ✐♥❝❧✉sã♦ ❝♦♥trár✐❛ é ó❜✈✐❛✱ ❡♥tã♦ [n] = Θ✳

❙✉♣♦♥❤❛ h1, ht ≡ 2✳ ❚❡♠♦s q✉❡ |x1| = (h1, ǫ1) ❡ |xt| = (ht, ǫt)✳ ❙❡ ǫ1 = ǫt = 1✱

♣♦r (1)✱ ♣♦❞❡♠♦s s✉❜st✐t✉✐r x1 ❡ xt ♣♦r ♠❛tr✐③❡s ✐♥✈❡rtí✈❡✐s✱ ❡ ❞❛í f ′ é ✉♠❛ ✐❞❡♥t✐❞❛❞❡

♠♦♥♦♠✐❛❧ ♥ã♦ tr✐✈✐❛❧ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠❡♥♦r q✉❡ t✱ ♦ q✉❡ ❝♦♥tr❛r✐❛ ❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡

t✳ P❛r❛ ǫ1 = 0 ♦✉ ǫt = 0✱ ♣♦r (1)✱ t❡♠♦s q✉❡ A(h1,ǫ1)
= {0} ♦✉ A(ht,ǫt)

= {0}✱ ❞♦♥❞❡ f é

tr✐✈✐❛❧✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ s✉♣♦♥❞♦ h1, ht ≡ 0 ❡ ✉s❛♥❞♦ (2) ❝❤❡❣❛♠♦s

❡♠ ❝♦♥tr❛❞✐çõ❡s✳ P♦rt❛♥t♦✱ h1 ❡ ht ♥ã♦ ♣♦❞❡♠ s❡r ❝♦♥❣r✉❡♥t❡s ❛ 0 ♦✉ ❛ 2 ♠ó❞✉❧♦ 4✳

❉❡ ✭✸✮ t❡♠♦s q✉❡ ♥❡♥❤✉♠❛ ❝♦♠♣♦♥❡♥t❡ A(k,γ) é ♥✉❧❛✱ ♣❛r❛ k ≡ 1, 3✱ γ ∈ Z2✱ ❡

❞❛í✱ ❛♥❛❧✐s❛♥❞♦ ♦s ❡❧❡♠❡♥t♦s Eij ∈ β ❞❡ss❛s ❝♦♠♣♦♥❡♥t❡s✱ ♦❜t❡♠♦s ❞❡ ✭✹✳✶✶✮ ❛ t❛❜❡❧❛

k γ i j

k ≡ 1 (mod 4✮ ✵ ♣❛r í♠♣❛r

k ≡ 1 (mod 4✮ ✶ í♠♣❛r ♣❛r

k ≡ 3 (mod 4) ✵ í♠♣❛r ♣❛r

k ≡ 3 (mod 4) ✶ ♣❛r í♠♣❛r

✭✹✳✶✷✮

♦♥❞❡ ✉s❛♠♦s q✉❡ s❡ i, j ≡ 1, 3 ♦✉ i, j ≡ 2, 4✱ ❡♥tã♦ i ❡ j sã♦ ❛♠❜♦s í♠♣❛r❡s ♦✉ ♣❛r❡s✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ss✐♠✱ ♣❛r❛ k ≡ 1✱ ❛s ❝♦♠♣♦♥❡♥t❡s A(k,0) ❡ A(k,1) sã♦ ❣❡r❛❞❛s ❝♦♠♦

❡s♣❛ç♦s ✈❡t♦r✐❛✐s ♣❡❧♦s ❝♦♥❥✉♥t♦s

β1 = {E2,k+2, E4,k+4, . . . , En−k−1,n−1, En−k+1,1, En−k+3,3, . . . , En−2,k−2, En,k},

β2 = {E1,k+1, E3,k+3, . . . , En−k−2,n−2, En−k,n, En−k+2,2, . . . , En−3,k−3, En−1,k−1},

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ♣❛r❛ k ≡ 3✱ β2 ❣❡r❛ A(k,0) ❡ β1 ❣❡r❛ A(k,1)✳
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❚❡♠♦s q✉❡ a2 é ✐♥✈❡rsí✈❡❧ ❝♦♠ a−2 = (a2)t ✭✈❡r ❖❜s❡r✈❛çã♦ ✹✳✼✮✳ ❆ss✐♠ s❡❥❛

ψ : A −→ A

x 7−→ ψ(x) = a−2xa2 = (a2)txa2

♦ ❛✉t♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦ ✐♥❞✉③✐❞♦ ♣♦r a2✳ ❉❛❞♦s i, j ∈ [n]✱ ♣❡❧❛ ❢♦r♠❛ ❞❡ a2 ❡ a−2✱

❡①✐st❡♠ k, l ∈ [n]✱ t❛✐s q✉❡

ψ(Eij) = a−2Eija
2 = EkiEijEjl = Ekl 6= 0,

❡ ♣♦❞❡♠♦s ✈❡r ψ ❝♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡ ❧❡✈❛ i ❡♠ k ❡ j ❡♠ l✱ ♦✉ s❡❥❛✱ ❝♦♠ ❛❜✉s♦ ❞❡ ♥♦✲

t❛çã♦ ❞❡♥♦t❛♠♦s ψ(Eij) = Eψ(i)ψ(j)✱ ❡ ψ ∈ Sn✳ ❆✈❛❧✐❛♥❞♦ ψ ♥♦ ❝♦♥❥✉♥t♦

{E12, E34, E56, . . . , En−1,n, En1}✱ ✈❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ ψ = (135 · · ·n − 1)(246 · · ·n) ∈

Sn✳ ▲♦❣♦✱ q✉❛♥❞♦ k ≡ 1, 3✱ ❞❛❞♦s Eij, Epl ∈ βm✱ m = 1, 2 ✱ ❜❛st❛ ❝♦♠♣♦r ♦ ❛✉t♦♠♦r✲

✜s♠♦ ψ ❝♦♠ ❡❧❡ ♠❡s♠♦ ✉♠ ♥ú♠❡r♦ ❝♦♥✈❡♥✐❡♥t❡ ❞❡ ✈❡③❡s ❡ ♦❜t❡♠♦s ✉♠ ❛✉t♦♠♦r✜s♠♦

θ ❞❡ A t❛❧ q✉❡ θ(Eij) = Epl✳

P❡❧❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ t✱ ♦ ♠♦♥ô♠✐♦ x1f ′ ♥ã♦ ♣♦❞❡ s❡r ✐❞❡♥t✐❞❛❞❡✳ ❊♥tã♦ ❡①✐st❡

s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ S ❞❛ ❢♦r♠❛

x1 = Eij1 , x2 = Ei2j2 , . . . , xt−1 = Eit−1j

❡♠ β t❛❧ q✉❡ (x1f
′)|S = Eij 6= 0✱ ❝♦♠ |Eij| = |x1f

′|✱ i, j ∈ [n]✳ ◆♦t❡ q✉❡ ❞❛❞♦

q✉❛❧q✉❡r ♠♦♥ô♠✐♦ ♠✉❧t✐❧✐♥❡❛r Zn × Z2✲❣r❛❞✉❛❞♦ M ✱ t❡♠♦s q✉❡ |M | ≡ (k, γ)✱ ♦♥❞❡

(k, γ) ∈ {(r, s) : r = 0, 1, 2, 3, s ∈ Z2}✳ ❆ss✐♠ ✈❛♠♦s ❛♥❛❧✐s❛r ♦s ♣♦ssí✈❡✐s ❝❛s♦s ♣❛r❛

M = x1f
′✳

❙❡ |x1f ′| ≡ (2, 0) ♦✉ (0, 1)✱ ❡♥tã♦ ♣♦r (1) ❡ (2) t❡♠♦s x1f ′ tr✐✈✐❛❧✱ ♦ q✉❡ ♥ã♦ ♣♦❞❡

♦❝♦rr❡r ❡ ❡ss❡s ❞♦✐s ❝❛s♦s ♥ã♦ sã♦ ♣♦ssí✈❡✐s✳

❙❡ |x1f
′| ≡ (1, 0) ♦✉ (3, 1)✱ ❡♥tã♦ j é í♠♣❛r ✭✈❡r t❛❜❡❧❛ ✭✹✳✶✷✮✮ ❡ |xt| ≡ (1, 1)

♦✉ (3, 0)✱ ♣♦✐s ht ♥ã♦ ♣♦❞❡ s❡r ❝♦♥❣r✉❡♥t❡ ❛ 0 ♦✉ 2✱ ❡ s❡ |xt| ≡ (1, 0) ♦✉ (3, 1)✱ t❡♠♦s

|x1f
′xt| ≡ (2, 0) ♦✉ (0, 1) ❡ ❞❛í✱ ♣♦r ✭✶✮ ❡ ✭✷✮✱ f = x1f

′xt s❡r✐❛ tr✐✈✐❛❧✳ ❆♥❛❧♦❣❛♠❡♥t❡✱

s❡ |x1f
′| ≡ (1, 1) ♦✉ (3, 0)✱ ❡♥tã♦ j é ♣❛r ❡ |xt| ≡ (1, 0) ♦✉ (3, 1)✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s

♦❜t❡♠♦s ✉♠ ❡❧❡♠❡♥t♦ Eju ∈ A(ht,ǫt)
✱ ♦♥❞❡ Eju ∈ β2 ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ❝❛s♦ ❡ Eju ∈ β1 ♥♦

s❡❣✉♥❞♦ ❝❛s♦✱ ❥á q✉❡ ♦s ♣r✐♠❡✐r♦s í♥❞✐❝❡s ❞❛s ♠❛tr✐③❡s ❡♠ β1 sã♦ í♠♣❛r❡s ❡ ❡♠ β2 sã♦

♣❛r❡s✱ ❡ ❝♦❜r❡♠ t♦❞♦s ♦s ✈❛❧♦r❡s ❡♠ [n]✳ ❆ss✐♠✱ ❜❛st❛ t♦♠❛r S ′ ❛ s✉❜st✐t✉✐çã♦ S ❝♦♠

xt = Eju ❡ t❡♠♦s

f |S′ = EijEju = Eiu 6= 0,
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❞♦♥❞❡ f ♥ã♦ é ✐❞❡♥t✐❞❛❞❡✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

◆♦ ❝❛s♦ ❡♠ q✉❡ |x1f
′| ≡ (2, 1) ♦✉ (0, 0)✱ t❡♠♦s q✉❡ t > 2✱ ♣♦✐s s❡ t = 2✱ ❡♥tã♦

x1f
′ = x1✱ ❡ ❞❛í h1 ≡ 2 ♦✉ 0✱ ♦ q✉❡ ♥ã♦ ♣♦❞❡ ♦❝♦rr❡r✳ ❚❡♠♦s f ′|S = Ej1j ❡ s❡❥❛

|f ′| = (h, ǫ)✳ ❊♥tã♦ h1+h ≡ 2 ♦✉ 0✱ ❞♦♥❞❡ h ≡ 1 ♦✉ 3✱ ♣♦✐s h1 ♥ã♦ ♣♦❞❡ s❡r ❝♦♥❣r✉❡♥t❡

❛ 0 ♦✉ 2✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ f ′xt ♥ã♦ ♣♦❞❡ s❡r ✐❞❡♥t✐❞❛❞❡✱ ♣❡❧❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡

t✱ ❡①✐st❡ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ S∗ ❡♠ β t❛❧ q✉❡ (f ′xt)|S∗ = Epq 6= 0✱ p, q ∈ [n]✱ ❡ ❞❛í

❡①✐st❡ ❛❧❣✉♠ r ∈ [n] t❛❧ q✉❡ f ′|S∗ = Epr ❡ |Epr| = |f ′| = |Ej1j| = (h, ǫ)✳ ❆ss✐♠✱ ❝♦♠♦

h ≡ 1, 3✱ ♣❡❧♦ q✉❡ ❢♦✐ ❝♦♠❡♥t❛❞♦ ❛❝✐♠❛✱ ❡①✐st❡ ❛✉t♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦ θ ❞❡ A t❛❧ q✉❡

θ(Ej1j) = Epr ✭θ(j1) = p ❡ θ(j) = r✮✳ ❈♦♥s✐❞❡r❡ ❡♥tã♦ ❛ s✉❜st✐t✉✐çã♦ st❛♥❞❛r❞ S ′′ ❞❛❞❛

♣♦r

x1 = θ(Eij1), x2 = θ(Ei2j2), . . . , xt−1 = θ(Eit−1j), xt = Erq.

❚❡♠♦s

f |S′′ = θ(Eij1)θ(Ej1j)Erq = Eθ(i)θ(j1)Eθ(j1)θ(j)Erq = Eθ(i)rErq = Eθ(i)q 6= 0,

❡ ♣♦rt❛♥t♦ f ♥ã♦ é ✐❞❡♥t✐❞❛❞❡✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❉❡st❛ ❢♦r♠❛ (Mn(F ), ι × ρ1) ♥ã♦ ♣♦ss✉✐ ✐❞❡♥t✐❞❛❞❡ ♠♦♥♦♠✐❛❧ ♥ã♦ tr✐✈✐❛❧✱ ❡ ♦

♠❡s♠♦ ✈❛❧❡ ♣❛r❛ Mρ1(E)✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✼✳ �

❖❜s❡r✈❛çã♦ ✹✳✶✵ ❚♦♠❡ α : [n] → Z2 ❡ s❡❥❛ β = α + 1 : [n] → Z2 ❞❛❞❛ ♣♦r β(i) =

α(i) + 1✱ i ∈ Zn✳ ❚❡♠♦s q✉❡

Γβ = {aEij : a ∈ Eβ(i)+β(j)} = {aEij : a ∈ Eα(i)+1+α(j)+1} = {aEij : a ∈ Eα(i)α(j)} = Γα

❡ ❞❛í α ❡ β ❞❡t❡r♠✐♥❛♠ ❛ ♠❡s♠❛ s✉❜á❧❣❡❜r❛ ❞❡ (Mn(E), ι)✳

❱❡r❡♠♦s ❛❣♦r❛ q✉❡ ❛s ú♥✐❝❛s á❧❣❡❜r❛s ❞❛ ❢♦r♠❛ Mα(E) q✉❡ ♥ã♦ ♣♦ss✉❡♠ ✐❞❡♥t✐✲

❞❛❞❡s ♠♦♥♦♠✐❛✐s ♥ã♦ tr✐✈✐❛✐s sã♦ ❛s ❞❡t❡r♠✐♥❛❞❛s ♥❛s ♣r♦♣♦s✐çõ❡s ❛♥t❡r✐♦r❡s✳

❚❡♦r❡♠❛ ✹✳✸✳✺ ❙❡❥❛ n ≥ 1 ❡ s✉♣♦♥❤❛ q✉❡ Mα(E) ⊆ Mn(E) ♥ã♦ ♣♦ss✉✐ ✐❞❡♥t✐❞❛❞❡s

♠♦♥♦♠✐❛✐s ♥ã♦ tr✐✈✐❛✐s✳ ❊♥tã♦

✐✮ Mα(E) =Mω(E) ♦✉

✐✐✮ Mα(E) =Mπ(E) ❡ n ≡ 0 (mod 2) ♦✉

✐✐✐✮ Mα(E) ∈ {Mρ1(E),Mρ2(E)} ❡ n ≡ 0 (mod 4),

♦♥❞❡ ω✱ π✱ ρ1 ❡ ρ2 sã♦ ❛s ♠❡s♠❛s ❛♣❧✐❝❛çõ❡s ❞❛s Pr♦♣♦s✐çõ❡s ✹✳✸✳✷✱ ✹✳✸✳✸ ❡ ✹✳✸✳✹✳
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❉❡♠♦♥str❛çã♦✿ ❙❡❥❛

R =Mα(E) =
⊕

(k,γ)∈Zn×Z2

R(k,γ), ✭✹✳✶✸✮

❝♦♠ Zn × Z2✲❣r❛❞✉❛çã♦ ❤❡r❞❛❞❛ ❞❡ (Mn(E), ι)✳ P♦❞❡♠♦s s✉♣♦r α(1) = 0✱ ♣♦✐s α ❡

β = α + 1 ❞❡t❡r♠✐♥❛♠ ❛ ♠❡s♠❛ s✉❜á❧❣❡❜r❛ ❞❡ (Mn(E), ι)✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✶✵✱ ❡

α(1) = 0 ♦✉ β(1) = 0✳

❙❡ α = ω✱ ❡♥tã♦ R = Mω(E) ❡ t❡♠♦s (i) ✳ ❙✉♣♦♥❤❛ α 6= ω✳ ❊♥tã♦ ♦❜s❡r✈❛♥❞♦ ❛

á❧❣❡❜r❛ Mp,q(E)✱ n = p + q✱ ✐s♦♠♦r❢❛ ❛ R✱ ✈❡♠♦s q✉❡ q ≥ 1✱ ♣♦✐s s❡ q = 0✱ t❡rí❛♠♦s

p = n ❡ α(i) = 0✱ ♣❛r❛ t♦❞♦ i ∈ [n]✱ ❞♦♥❞❡ α = ω✳ ▲♦❣♦ ♦ ❡❧❡♠❡♥t♦ aEn1 ∈ Mp,q(E)✱

a ∈ E ✱ ❞❡✈❡ t❡r ❣r❛✉ ❤♦♠♦❣ê♥❡♦ (1− n, 1) = (1, 1)✱ ❡ ❞❛í s✉❛ ✐♠❛❣❡♠ ♣❡❧♦ ✐s♦♠♦r✜s♠♦

❣r❛❞✉❛❞♦ q✉❡ ❡①✐st❡ ❡♥tr❡ Mp,q(E) ❡ R ✭✈❡❥❛ ♦❜s❡r✈❛çã♦ ✹✳✷✮ ♣❡rt❡♥❝❡ ❛ R(1,1)✱ ♦✉ s❡❥❛✱

R(1,1) 6= {0}✳ ❈♦♠♦ ✭✹✳✶✸✮ é ❣r❛❞✉❛çã♦ t❡♠♦s q✉❡ EiiREjj ⊆ R((j−i),α(i)+α(j))✱ ♣❛r❛

q✉❛✐sq✉❡r i, j ∈ [n]✱ ❡ ❞❛í s❡❣✉❡ ❢❛❝✐❧♠❡♥t❡ q✉❡

R1 := R(1,0) ⊕R(1,1) = E11RE22 ⊕E22RE33 ⊕ · · · ⊕En−1,n−1REnn ⊕EnnRE11. ✭✹✳✶✹✮

❙❡ R(1,0) = {0}✱ ❡♥tã♦ R1 = R(1,1)✱ ❡ ❞❛í✱ ♣♦r ✭✹✳✶✹✮✱ t❡♠♦s α(i) + α(i + 1) = 1✱

♣❛r❛ i = 1, . . . , n− 1 ❡ α(1) + α(n) = 1✳ ❆ss✐♠✱ ❞❡ α(1) + α(2) = 1 ♦❜t❡♠♦s α(2) = 1✱

♣♦✐s α(1) = 0❀ ❞❛í✱ ❞❡ α(2) + α(3) = 1✱ s❡❣✉❡ q✉❡ α(3) = 0✱ ❡ s❡❣✉✐♥❞♦ ❝♦♠ ♦ ♣r♦❝❡ss♦

♦❜t❡♠♦s

α(i) =







0, s❡ i é í♠♣❛r

1, s❡ i é ♣❛r
.

❆❧é♠ ❞✐ss♦✱ α(n) = α(1) + α(n) = 1 ❡ n é ♣❛r✳ P♦rt❛♥t♦ R(1,0) = {0} ✐♠♣❧✐❝❛ α =

α(1) · · ·α(n) = 0101 · · · 01 = π ❡ n ♣❛r✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ α = π ❡ n é ♣❛r✱ t❡♠♦s

α(i) + α(i + 1) = 1✱ ♣❛r❛ i = 1, . . . , n − 1✱ ❡ α(1) + α(n) = 1✱ ❞♦♥❞❡ ♥ã♦ ❡①✐st❡♠

i, j ∈ [n] t❛✐s q✉❡ Eij ∈ R(1,0)✱ ❡ ♣♦rt❛♥t♦ R(1,0) = {0}✳ ▲♦❣♦✱ R(1,0) = {0} s❡✱ ❡ s♦♠❡♥t❡

s❡✱ α = π ❡ n é ♣❛r✱ ❞♦♥❞❡ t❡♠♦s ✭✐✐✮✳

❆❣♦r❛ s✉♣♦♥❤❛ α 6= ω, π✱ ♦✉ s❡❥❛✱ R(1,0) 6= {0}✱ ❡ ❝♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛

α(1) + α(2), α(2) + α(3), . . . , α(n− 1) + α(n), α(n) + α(1) ✭✹✳✶✺✮

❛ q✉❛❧ é ♥ã♦ ❝♦♥st❛♥t❡✱ ♣♦✐s ❝♦♠♦ α 6= ω✱ ❛ ♠❡s♠❛ ♥ã♦ é ❢♦r♠❛❞❛ ❛♣❡♥❛s ♣♦r ③❡r♦s✱ ❡

❞❡ α 6= π ❡①✐st❡ i ∈ [n] t❛❧ q✉❡ α(i) = α(i+1)✳ ❊♠ ✭✹✳✶✺✮✱ s❡❥❛ t ♦ ♠❛✐♦r ❝♦♠♣r✐♠❡♥t♦

❞❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♠♣♦st❛ ❛♣❡♥❛s ♣♦r ③❡r♦s ❝♦♥s❡❝✉t✐✈♦s ✭❝♦♥s✐❞❡r❛♥❞♦ ♦ ❝✐❝❧♦✮✳

P♦r ❡①❡♠♣❧♦✱ s❡ n = 5 ❡ α = 00110 ❡♥tã♦ ❛ s❡q✉ê♥❝✐❛ é 01010 ❡ t = 2✳ ❚❡♠♦s q✉❡
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R(k,0) 6= {0}✱ ♣❛r❛ k ∈ {1, . . . , t}✳ ❉❡ ❢❛t♦✱ t♦♠❡ k ∈ {1, . . . , t}✳ ❯s❛♥❞♦ ♦s í♥❞✐❝❡s ❞♦s

k ♣r✐♠❡✐r♦s t❡r♠♦s ❞❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♠♣♦st❛ ♣♦r ③❡r♦s ❞❡ t❛♠❛♥❤♦ t✱ ♣♦❞❡♠♦s t♦♠❛r

k ❡❧❡♠❡♥t♦s ♣❡rt❡♥❝❡♥t❡s ❛ R(1,0) t❛✐s q✉❡ ♦ ♣r♦❞✉t♦ é ♥ã♦ ♥✉❧♦ ❡ ♣❡rt❡♥❝❡ ❛ R(k,0)✱ ♣♦✐s

✭✹✳✶✸✮ é ✉♠❛ ❣r❛❞✉❛çã♦✳

❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ α ❞❡ ❢♦r♠❛ ❝í❝❧✐❝❛✱ ♦✉ s❡❥❛✱ s❡ k > n ❡♥tã♦ α(k) = α(l)✱

♦♥❞❡ l = k ❡ l ∈ {1, . . . , n}✳

❆✜r♠❛♠♦s q✉❡ m = m(x1, . . . , xt+1) = x1x2 · · · xtxt+1 é ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ❡♠

Mα(E)✱ ♦♥❞❡ |xl| = (1, 0)✱ l = 1, . . . , t + 1✳ ❙✉♣♦♥❞♦ ♦ ❝♦♥trár✐♦✱ ❡①✐st❡♠ alEiljl ∈ Γα

t❛✐s q✉❡

m(a1Ei1j1 , . . . , atEit+1jt+1) = a1a2 · · · atat+1Ei1j1Ei2j2 · · ·EitjtEit+1jt+1 6= 0,

♦♥❞❡

|aEiljl |ι,α = (jl − il, α(il) + α(jl)) = |xl| = (1, 0), l = 1, . . . , t+ 1.

❊♥tã♦ il+1 = jl✱ ♣❛r❛ l = 1, . . . , t✱ ❡ t❛♠❜é♠ jl ≡ il + 1 (mod n) ❞♦♥❞❡

0 = α(il) + α(jl) = α(il) + α(il + 1), l = 1, . . . , t+ 1,

♣♦✐s ❡❧❡♠❡♥t♦s ❡♠ ✉♠❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡ Zn ♣♦ss✉❡♠ ♦ ♠❡s♠♦ ✈❛❧♦r ♣❡❧❛ ❛♣❧✐❝❛çã♦ α✳

❆ss✐♠ ♦❜t❡♠♦s ❛ s✉❜s❡q✉ê♥❝✐❛

α(i1) + α(j1), α(i2) + α(j2), . . . , α(it) + α(jt), α(it+1) + α(jt+1) =

= α(i1) + α(i1 + 1), α(i2) + α(i2 + 1), . . . , α(it) + α(it + 1), α(it+1) + α(it+1 + 1)

= α(i1)+α(i1+1), α(i1+1)+α(i1+2), . . . , α(i1+t−1)+α(i1+t), α(i1+t)+α(i1+t+1)

❞❡ ✭✹✳✶✺✮ ❢♦r♠❛❞❛ ♣♦r t+ 1 ③❡r♦s✱ ♦ q✉❡ ❝♦♥tr❛r✐❛ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ t✱ ❡ ❛ ❛✜r♠❛çã♦

s❡❣✉❡✳

❚❡♠♦s q✉❡ |m| = (t+ 1, 0)✱ ❡ ❞❛í s❡ R(t+1,0) 6= {0} ♦❜t❡♠♦s ✉♠❛ ✐❞❡♥t✐❞❛❞❡

♠♦♥♦♠✐❛❧ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ Mα(E)✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦ R(t+1,0) = {0}✳ ❱❛♠♦s

s✉♣♦r ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ ✭✹✳✶✺✮ é ❞❛ ❢♦r♠❛

0 · · · 0
︸ ︷︷ ︸

t

1 δ1 δ2 · · · 1, ✭✹✳✶✻✮
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❛ q✉❛❧ t❡r♠✐♥❛ ❝♦♠ ✶ ♣❡❧❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ t✳ ❆ss✐♠

α(1) = 0 e α(1) + α(2) = 0 ⇒ α(2) = 0,

α(2) = 0 e α(2) + α(3) = 0 ⇒ α(3) = 0,

✳✳✳
✳✳✳

✳✳✳

α(t) = 0 e α(t) + α(t+ 1) = 0 ⇒ α(t+ 1) = 0,

❞❛í✱ ❝♦♠♦ R(t+1,0) = {0}✱ ❞❡✈❡♠♦s t❡r

α(1) + α(t+ 2) = 1 ⇒ α(t+ 2) = 1,

α(2) + α(t+ 3) = 1 ⇒ α(t+ 3) = 1,

α(3) + α(t+ 4) = 1 ⇒ α(t+ 4) = 1,

✳✳✳
✳✳✳

✳✳✳

α(t) + α(t+ t+ 1) = 1 ⇒ α(t+ t+ 1) = 1,

α(t+ 1) + α(t+ t+ 2) = 1 ⇒ α(t+ t+ 2) = 1,

♣♦✐s s❡ i, j ∈ [n] sã♦ t❛✐s q✉❡ α(i)+α(j) = 0 ❡ j − i = t+ 1✱ ♦❜t❡♠♦s 0 6= Eij ∈ R(t+1,0)✳

P♦rt❛♥t♦
δ1 = α(t+ 2) + α(t+ 3) = 1 + 1 = 0,

δ2 = α(t+ 3) + α(t+ 4) = 1 + 1 = 0,
✳✳✳

✳✳✳
✳✳✳

✳✳✳

δt = α(t+ t) + α(t+ t+ 1) = 1 + 1 = 0.

▲♦❣♦✱ ❛ s❡q✉ê♥❝✐❛ ✭✹✳✶✺✮ t❡♠ ❛ ❢♦r♠❛

0 · · · 0
︸ ︷︷ ︸

t

1 0 · · · 0
︸ ︷︷ ︸

t

1 · · · 0 · · · 0
︸ ︷︷ ︸

t

1, ✭✹✳✶✼✮

❡ ❞❛í x1x2 é ✐❞❡♥t✐❞❛❞❡ ❞❡ Mα(E)✱ ❝♦♠ |x1| = |x2| = (1, 1)✱ ♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱

❛r❣✉♠❡♥t❛♥❞♦ ❞❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ à ❛✜r♠❛çã♦ q✉❡ m é ✐❞❡♥t✐❞❛❞❡✱ ♦❜t❡♠♦s i ∈ [n]

t❛❧ q✉❡ α(i)+α(i+1) = 1 ❡ α(i+1)+α(i+2) = 1✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ♣♦r ✭✹✳✶✼✮✳

❆ss✐♠ R(2,0) = {0}✱ ♣♦✐s s❡ R(2,0) 6= {0} t❡♠♦s q✉❡ x1x2 é ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♠♦♥♦♠✐❛❧

♥ã♦ tr✐✈✐❛❧ ✭|x1x2| = (2, 0)✮✳

❙❡ ❛ s❡q✉ê♥❝✐❛ ✭✹✳✶✺✮ ♥ã♦ t✐✈❡r ❛ ❢♦r♠❛ ✭✹✳✶✻✮✱ ❜❛st❛ ✉s❛r ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s

❛♥t❡r✐♦r❡s s✉❜st✐t✉✐♥❞♦ ♦s t ♣r✐♠❡✐r♦s t❡r♠♦s ♣❡❧♦s t❡r♠♦s ❞❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡

❝♦♠♣r✐♠❡♥t♦ t ❢♦r♠❛❞❛ ♣♦r ③❡r♦s✱ ❡ ❛ss✐♠ ♦❜t❡♠♦s ♦ ♠❡s♠♦ ❢♦r♠❛t♦ ❡♠ ✭✹✳✶✼✮✱ ♠❛s
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♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❛ s❡q✉ê♥❝✐❛ ✐♥✐❝✐❛ ❝♦♠ ③❡r♦ ♦✉ t❡r♠✐♥❛ ❝♦♠ ✶✱ ❡ ♣♦❞❡ ♦❝♦rr❡r ❞❡

✉♠❛ ❞❛s s✉❜s❡q✉ê♥❝✐❛s ❞❡ ③❡r♦s ❡st❛r ❞✐✈✐❞✐❞❛ ❡♥tr❡ ♦ ✜♥❛❧ ❞❡ t♦❞❛ ❛ s❡q✉ê♥❝✐❛ ❡ ♦

✐♥í❝✐♦ ❞❛ ♠❡s♠❛ ❞❡ ❢♦r♠❛ ❝í❝❧✐❝❛✳

❱❛♠♦s ❛♥❛❧✐s❛r ♦s ❞♦✐s ♣♦ssí✈❡✐s ✈❛❧♦r❡s ♣❛r❛ α(1) + α(2)✳

• ❙❡❥❛ α(1) + α(2) = 1✳ ❈♦♠♦ R(2,0) = {0} ❞❡✈❡♠♦s t❡r α(i) + α(i + 2) = 1✱ ♣❛r❛

i = 1, . . . , n− 2✱ α(n− 1) + α(1) = 1 ❡ α(n) + α(2) = 1✳ ❉❛í

α(2) + α(3) = α(1) + α(2) + α(1) + α(3) = 1 + 1 = 0,

α(3) + α(4) = α(2) + α(3) + α(2) + α(4) = 0 + 1 = 1,

α(4) + α(5) = α(3) + α(4) + α(3) + α(5) = 1 + 1 = 0,

α(5) + α(6) = α(4) + α(5) + α(4) + α(6) = 0 + 1 = 1,

❡ ♥♦ ✜♥❛❧ ❞❛ s❡q✉ê♥❝✐❛ ♦❜t❡♠♦s

α(n) + α(1) = α(n) + α(2) + α(1) + α(2) = 1 + 1 = 0,

α(n− 1) + α(n) = α(n− 1) + α(1) + α(n) + α(1) = 1 + 0 = 1.

P♦rt❛♥t♦ ❛ s❡q✉ê♥❝✐❛ ✭✹✳✶✺✮ t❡♠ ❛ ❢♦r♠❛ 1010 · · · 10✳

• ❙❡ α(1) + α(2) = 0✱ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ✉s❛♥❞♦ q✉❡ R(2,0) = {0}✱

♦❜t❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ ✭✹✳✶✺✮ t❡♠ ❛ ❢♦r♠❛ 0101 · · · 01✳

◆♦s ♣r✐♠❡✐r♦ ❡ s❡❣✉♥❞♦ ❝❛s♦s t❡♠♦s

α = ρ1 = 0110
︸︷︷︸

0110
︸︷︷︸

· · · 0110
︸︷︷︸

e α = ρ2 = 0011
︸︷︷︸

0011
︸︷︷︸

· · · 0011
︸︷︷︸

,

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦rt❛♥t♦ Mα(E) = Mρ1(E) ♦✉ Mρ2(E) ❡ ❝❧❛r❛♠❡♥t❡ n ≡ 0 (mod 4)✱

♦ q✉❡ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦✳ �

✹✳✹ ●r❛❞✉❛çõ❡s ♥ã♦ ✐s♦♠♦r❢❛s ♣❛r❛ Mp,q(E)

❋✐①❛❞♦s p, q ∈ N ❡ n = p+q✱ t❡♠♦s q✉❡ ♣❛r❛ ❞❡t❡r♠✐♥❛❞❛s ❛♣❧✐❝❛çõ❡s α, β : [n] →

Z2✱ ❝♦♠ α 6= β✱ ❛s ❣r❛❞✉❛çõ❡s ❡♠ Mp,q(E) ♦❜t✐❞❛s ❞❡ α ❡ β✱ ❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ ✹✳✷✱

♣♦❞❡♠ ♥ã♦ s❡r ❡q✉✐✈❛❧❡♥t❡s ✭✈❡❥❛ ❖❜s❡r✈❛çã♦ ✹✳✶✮✳ ◆❡ss❡ ❝❛s♦ ✈❛♠♦s ❞✐③❡r q✉❡ α ❡ β

❝♦rr❡s♣♦♥❞❡♠ ❛ ❣r❛❞✉❛çõ❡s ♥ã♦ ✐s♦♠♦r❢❛s ♣❛r❛Mp,q(E)✳ ◆❡ss❡ s❡♥t✐❞♦✱ ♥♦ss♦ ♣r✐♥❝✐♣❛❧

♦❜❥❡t✐✈♦ é ❞❡t❡r♠✐♥❛r ♦ ♥ú♠❡r♦ ❞❡ ❣r❛❞✉❛çõ❡s ♥ã♦ ✐s♦♠♦r❢❛s ♣❛r❛ Mp,q(E)✱ p, q ∈ N✳



✹✳✹✳ ●r❛❞✉❛çõ❡s ♥ã♦ ✐s♦♠♦r❢❛s ♣❛r❛ Mp,q(E) ✶✵✽

❊♠ t♦❞❛ s❡çã♦ ✈❛♠♦s ❝♦♥s✐❞❡r❛r n = p + q✱ p, q ∈ N✱ ❝♦♠ 1 ≤ q ≤ p ❡

α, β : [n] → Z2 ❛♣❧✐❝❛çõ❡s ❞❡♣❡♥❞❡♥❞♦ ❞❡ p ❡ q ❝♦♠♦ ♥❛ ❖❜s❡r✈❛çã♦ ✹✳✷✳ ❖❜s❡r✈❡

q✉❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ q ♦✉ p sã♦ ✐❣✉❛✐s ❛ ✵✱ ❡♥tã♦ α é ❛ ❛♣❧✐❝❛çã♦ ♥✉❧❛ ♦✉ α(i) = 1✱

♣❛r❛ t♦❞♦ i ∈ [n]✱ ❡ ❞❛í s❡ β ❞❡t❡r♠✐♥❛ ❛ ♠❡s♠❛ á❧❣❡❜r❛ Mp,q(E) q✉❡ α ❞❡✈❡♠♦s t❡r

α = β✱ ❡ ♣♦rt❛♥t♦ ♥ã♦ t❡♠♦s ✐s♦♠♦r✜s♠♦ ♥ã♦ ❣r❛❞✉❛❞♦✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❛s ♥♦t❛çõ❡s

✈❛♠♦s ❝♦♥s✐❞❡r❛r [n] ❝✐❝❧✐❝❛♠❡♥t❡✱ ♦✉ s❡❥❛✱ ✈❛♠♦s ❡s❝r❡✈❡r Zn ❡♠ ✈❡③ ❞❡ [n]✳ ❆ss✐♠ ❛s

♠❛tr✐③❡s ❡❧❡♠❡♥t❛r❡s ✈ã♦ t❡r ❛ ❢♦r♠❛ E00, E01, . . . ❡ ❞❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ ❡s❝r❡✈❡♠♦s

α : Zn → Z2 ❡ |aEij|ι,α = (j − i, α(i) + α(j))✳

❙❡❥❛

Ω = Zn2 = Z2 × Z2 × · · · × Z2
︸ ︷︷ ︸

n vezes

.

❉❡♥♦t❛♥❞♦ ❝❛❞❛ α : Zn → Z2 ❝♦♠♦ ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠ n ❝♦♦r❞❡♥❛❞❛s✱ ✈❡♠♦s ❢❛❝✐❧✲

♠❡♥t❡ q✉❡ Ω ≃ {α : α é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ Zn ❡♠ Z2}✳ ❈♦♠♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ Ω ❞❡✜♥❛

Ωp = {α ∈ Ω : 0 ♦❝♦rr❡ p ✈❡③❡s ❡♠ α}✳

❉❛❞♦s g ∈ Zn✱ (g, δ) ∈ Zn × Z2 ❡ α ∈ Ωp✱ ❞❡✜♥❛ g · α ❡ (g, δ) · α ❝♦♠♦ s❡♥❞♦ ❛s

❛♣❧✐❝❛çõ❡s

(g · α)(i) = α(i+ g) e ((g, δ) · α)(i) = (g · α + δ)(i) = (g · α)(i) + δ,

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ i ∈ Zn✳ ❈♦♠♦ g · α é ❛♣❡♥❛s ❛ ❛♣❧✐❝❛çã♦ α ❞❡s❧♦❝❛❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠

g ∈ Zn✱ s❡❣✉❡ q✉❡ g · α ∈ Ωp✱ ❡ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ g · α é ✉♠❛ ❛çã♦ ❞❡ Zn ❡♠ Ωp✳

❆❧é♠ ❞✐ss♦✱ s❡ p = q t❛♠❜é♠ t❡♠♦s q✉❡ (g, δ) · α ♣❡rt❡♥❝❡ ❛ Ωp ❡ ❞❡✜♥❡ ✉♠❛ ❛çã♦ ❞❡

Zn × Z2 ❡♠ Ωp✳ ❆s Zn✲ór❜✐t❛s ❡ Zn × Z2✲ór❜✐t❛s sã♦ ♦s ❝♦♥❥✉♥t♦s

OZn(α) = {g · α : g ∈ Zn} e OZn×Z2(α) = {(g, δ) · α : (g, δ) ∈ Zn × Z2}, α ∈ Ωp,

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✹✳✹✳✶ ❉❛❞♦ α : Zn → Z2 s❡❥❛ wα = wα(x0, . . . , xn−1) = x0x1 · · · xn−1 ♦♥❞❡

|xi| = (1, α(i) + α(i+ 1)) ∈ Zn × Z2✱ i = 0, . . . , n− 1✳

❆❣♦r❛ ✈❛♠♦s ❡st❛❜❡❧❡❝❡r ❝♦♥❞✐çõ❡s ❡♠ α, β ∈ Ωp ♣❛r❛ q✉❡Mα(E) ≃Zn×Z2 Mβ(E)✳

Pr♦♣♦s✐çã♦ ✹✳✹✳✷ ❙❡❥❛♠ Mα(E) ❡ Mβ(E) ❛s s✉❜á❧❣❡❜r❛s Zn × Z2✲❣r❛❞✉❛❞❛s ❞❡

(Mn(E), ι)✱ ❞❡✜♥✐❞❛s ♥❛ s❡çã♦ ✹✳✶✳ ❙ã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ Mα(E) ≃Zn×Z2 Mβ(E)❀



✹✳✹✳ ●r❛❞✉❛çõ❡s ♥ã♦ ✐s♦♠♦r❢❛s ♣❛r❛ Mp,q(E) ✶✵✾

✭✐✐✮ wα ♥ã♦ é ✐❞❡♥t✐❞❛❞❡ ❣r❛❞✉❛❞❛ ❞❡ Mβ(E)❀

✭✐✐✐✮ ❊①✐st❡♠ δ ∈ Z2 ❡ k ∈ Zn t❛✐s q✉❡ β(k + i) = α(i) + δ✱ ♣❛r❛ t♦❞♦ i ∈ Zn✳ ❊♠

♣❛rt✐❝✉❧❛r✱ β = g · α + δ✱ ♦♥❞❡ g = −k ∈ Zn✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ T ✐s♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦ ❞❡ Mα(E) ❡♠ Mβ(E)✱

❡ ❝♦♥s✐❞❡r❡ ♦ ♠♦♥ô♠✐♦ wα = wα(x0, . . . , xn−1) = x0x1 · · · xn−1✳ P❛r❛ i = 0, . . . , n − 1✱

t♦♠❡ aiEi,i+1 ∈Mα(E)✱ ♦♥❞❡

|aiEi,i+1|ι,α = (i+ 1− 1, α(i) + α(i+ 1)) = (1, α(i) + α(i+ 1)) = |xi|

❡ a0a1 · · · an−1 6= 0✳ ❆ss✐♠ ♣♦❞❡♠♦s s✉❜st✐t✉✐r ❡♠ wα ❡ t❡♠♦s

wα(a0E01, a1E12, . . . , an−1En−1,0) = a0a1 · · · an−1E01E12 · · ·En−1,0 = aE00 6= 0.

❈♦♠♦ T é ✐s♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦ ❞❡✈❡♠♦s t❡r |T (aiEi,i+1)|ι,β = |aiEi,i+1|ι,α ❡

0 6= T (wα(a0E01, a1E12, . . . , an−1En−1,0)) = wα(T (a0E01), T (a1E12), . . . , T (an−1En−1,0)),

❞♦♥❞❡ t❡♠♦s (ii)✳

❆❣♦r❛ s✉♣♦♥❤❛ (ii)✳ ❊♥tã♦ ❡①✐st❡♠ y0, , . . . , yn−1 ∈ Γβ t❛✐s q✉❡

wα(y0, . . . , yn−1) = y0 · · · yn−1 6= 0 ✭✹✳✶✽✮

❡ |yi|ι,β = |xi| = (1, α(i) + α(i+ 1))✱ i = 0, . . . , n− 1✳ ❙❡ y0 = b0Ekj0 ✱ ❡♥tã♦ j0 − k = 1✱

❞♦♥❞❡ j0 = k + 1✳ ▲♦❣♦✱ ♣♦r ✭✹✳✶✽✮✱ ❞❡✈❡♠♦s t❡r y1 = b1Ek+1,j1 ✱ ❡ ❞❛í j1 − (k + 1) =

1✱ ❞♦♥❞❡ t❡♠♦s j1 = k + 2✳ ❘❡♣❡t✐♥❞♦ ❡ss❡ ❛r❣✉♠❡♥t♦ ♦❜t❡♠♦s yi = biEk+i,k+i+1✱

i = 0, . . . , n− 1✳ ❆ss✐♠✱ ❞❡ |y0|ι,β = |x0|✱ t❡♠♦s β(k) + β(k + 1) = α(0) + α(1)✳ ❙❡♥❞♦

δ = α(0) + β(k) ∈ Z2✱ ❡♥tã♦

β(k + 1) = α(1) + α(0) + β(k) = α(1) + δ. ✭✹✳✶✾✮

❈♦♠♦ |y1|ι,β = |x1|✱ t❡♠♦s β(k + 1) + β(k + 2) = α(1) + α(2)✳ ❈♦♠❜✐♥❛♥❞♦ ✐st♦ ❝♦♠

✭✹✳✶✾✮ t❡♠♦s β(k + 2) = α(2) + δ✳ ❈♦♥t✐♥✉❛♥❞♦✱ ♣❛r❛ |yi|ι,β = |xi|✱ i = 2, . . . , n − 1✱

♦❜t❡♠♦s β(k+ i) = α(i)+δ✱ ♣❛r❛ t♦❞♦ i ∈ Zn✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ t♦♠❛♥❞♦ j = k+ i ∈ Zn✱

t❡♠♦s i = j − k ❡ ❞❛í

β(j) = α(j − k) + δ = α(j + g) + δ,
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♦♥❞❡ g = −k✱ ♦✉ s❡❥❛✱ β(j) = (g · α)(j) + δ✱ ♣❛r❛ t♦❞♦ j ∈ Zn✱ ❡ t❡♠♦s β = g · α + δ✱

❝♦♠ g = −k✳

❋✐♥❛❧♠❡♥t❡✱ s✉♣♦♥❞♦ (iii)✱ ❜❛st❛ t♦♠❛r ❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r

ψ : Mα(E) −→ Mβ(E)

aEij 7−→ ψ(aEij) = aEk+i,k+j
.

❱❡♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ ψ é ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r ❤✐♣ót❡s❡✱ t❡♠♦s

|ψ(aEij)|ι,β = (k + j − (k + i), β(k + i) + β(k + j))

= (j − i, α(i) + δ + α(j) + δ)

= (j − i, α(i) + α(j)) = |aEij|ι,α,

❡ ♣♦rt❛♥t♦ ψ é ✉♠ ✐s♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦ ❡ t❡♠♦s (i)✳ �

❚♦♠❡ α, β ∈ Ωp✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ s❡ ❡s❝r❡✈❡r♠♦s α =

α(0)α(1) · · ·α(n − 1)✱ ❡♥tã♦ Mα(E) ≃Zn×Z2 Mβ(E) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ β é ♦❜t✐❞❛ ❞❡ α

❞❡s❧♦❝❛♥❞♦✲s❡ k ❧✉❣❛r❡s ✭δ = 0✮✱ ♦✉ ❞❡s❧♦❝❛♥❞♦✲s❡ k ❧✉❣❛r❡s ❡♠ α ❡ s♦♠❛♥❞♦ 1 ❡♠

t♦❞❛s ❝♦♦r❞❡♥❛❞❛s ✭δ = 1✮✱ ♣❛r❛ ❛❧❣✉♠ k ∈ Zn✱ ♦✉ s❡❥❛✱ β = g · α ♦✉ β = g · α + 1✱

♣❛r❛ ❛❧❣✉♠ g ∈ Zn✳ ❈♦♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦ ♥ú♠❡r♦ ❞❡ ❣r❛❞✉❛çõ❡s

q✉❛s❡ ❡❧❡♠❡♥t❛r❡s ♥ã♦ ✐s♦♠♦r❢❛s ❞❡ Mp,q(E)✳

❚❡♦r❡♠❛ ✹✳✹✳✸ ❙❡❥❛♠ n = p + q ❝♦♠ 1 ≤ q ≤ p✱ ϑ(p, n) ♦ ♥ú♠❡r♦ ❞❡ ❣r❛❞✉❛çõ❡s

q✉❛s❡ ❡❧❡♠❡♥t❛r❡s ♥ã♦ ✐s♦♠♦r❢❛s ❞❡ Mp,q(E)✱ ϕ ❛ ❢✉♥çã♦ ❞❡ ❊✉❧❡r ❡ d = mdc(p, n)✳

• ❙❡ p 6= q✱ ❡♥tã♦

ϑ(p, n) =
1

n

∑

s|d

(
n/s

p/s

)

ϕ(s).

• ❙❡ p = q✱ ❡♥tã♦

ϑ(p, 2p) =
1

4p

∑

s|d

((
2p/s

p/s

)

ϕ(s) + 2p/sϕ(2s)

)

.

❉❡♠♦♥str❛çã♦✿ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✹✳✷✱ t❡♠♦s Mα(E) ≃Zn×Z2 Mβ(E) s❡✱ ❡ s♦♠❡♥t❡

s❡✱ β = g · α ♦✉ β = g · α + 1✱ ♣❛r❛ ❛❧❣✉♠ g ∈ Zn✳

❙✉♣♦♥❤❛ q < p✳ ❉❛❞❛ α ∈ Ωp t❡♠♦s q✉❡ g ·α+1 ∈ Ωq✱ g ∈ Zn✱ ♣♦✐s q é ♦ ♥ú♠❡r♦

❞❡ ❡❧❡♠❡♥t♦s ❡♠ i ∈ Zn t❛✐s q✉❡ (g · α)(i) = 1 ❡ g · α + 1 é ❛♣❧✐❝❛çã♦ g · α s♦♠❛♥❞♦

1 ❡♠ t♦❞❛s ❝♦♦r❞❡♥❛❞❛s✳ P❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✷✱ Mα(E) ❡ Mg·α+1(E) sã♦ ✐s♦♠♦r❢❛s
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✭✐s♦♠♦r✜s♠♦s Zn × Z2✲❣r❛❞✉❛❞♦s✮ ❛ (Mp,q(E), µ1) ❡ (Mq,p(E), µ2)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

♣❛r❛ ♣❡r♠✉t❛çõ❡s µ1, µ2 ∈ Sn q✉❡ ✐♥❞✉③❡♠ ❣r❛❞✉❛çõ❡s ❡♠ Mp,q(E) ❡ Mq,p(E)✳ ❆ss✐♠✱

s❡ Mα(E) ≃Zn×Z2 Mβ(E) ♣♦❞❡♠♦s ❞❡s❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ β = g · α + 1✱ ♣♦✐s ♥❡st❡

❝❛s♦ t❡rí❛♠♦s (Mp,q(E), µ1) ≃Zn×Z2 (Mq,p(E), µ2)✱ ♠❛s ϑ(p, n) sã♦ ❛s ❣r❛❞✉❛çõ❡s ♥ã♦

✐s♦♠♦r❢❛s ❞❡Mp,q(E) ❝♦♠ p ❡ q ✜①♦s ❡ p ≥ q✱ ❡♥tã♦ β = g ·α✱ ♦✉ s❡❥❛✱ α ❡ β ❞❡✈❡♠ ❡st❛r

♥❛ ♠❡s♠❛ ór❜✐t❛ ♥❛ ❛çã♦ ❞❡ Zn ❡♠ Ωp✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ α ❡ β ♣❡rt❡♥❝❡♠ ❛ ✉♠❛

♠❡s♠❛ Zn✲ór❜✐t❛✱ ❡♥tã♦ Mα(E) ≃Zn×Z2 Mβ(E)✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✹✳✷✳ ❉❡ss❡ ♠♦❞♦✱

s❡ ♥ã♦ ❡①✐st✐r ✐s♦♠♦r✜s♠♦ ❣r❛❞✉❛❞♦ ❡♥tr❡ Mα(E) ❡ Mβ(E)✱ ❡♥tã♦ α ❡ β ❞❡✈❡♠ ❡st❛r

❡♠ Zn✲ór❜✐t❛s ❞✐❢❡r❡♥t❡s✳ P♦rt❛♥t♦✱ ❛s ❣r❛❞✉❛çõ❡s q✉❛s❡ ❡❧❡♠❡♥t❛r❡s ♥ã♦ ✐s♦♠♦r❢❛s ❞❡

Mp,q(E) ❡stã♦ ❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ór❜✐t❛s ❞❡ Zn ❡♠ Ωp✱

❞♦♥❞❡ ❜❛st❛ ❡st❛❜❡❧❡❝❡r ♦ t♦t❛❧ ❞❡ Zn✲ór❜✐t❛s✳

P❡❧❛ ❢ór♠✉❧❛ ❞❡ ❈❛✉❝❤②✲❋r♦❜❡♥✐✉s t❡♠♦s q✉❡

♥ú♠❡r♦ ❞❡ Zn✲ór❜✐t❛s =
1

n

∑

g∈Zn

ν(g),

♦♥❞❡ ν(g) é ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ✜①♦s ♣♦r g ∈ Zn✱ ♦✉ s❡❥❛✱ ♦ t♦t❛❧ ❞❡ ❡❧❡♠❡♥t♦s ♥♦

❝♦♥❥✉♥t♦ {α ∈ Ωp : g · α = α} ✭✈❡❥❛ ❬✶✹❪✱ ❝❛♣ít✉❧♦ ✹✱ ♣❛❣✳ ✺✵✮✳

❱❛♠♦s ❞❡t❡r♠✐♥❛r ❡♥tã♦ ν(g)✱ ♣❛r❛ ❝❛❞❛ g ∈ Zn✳ ❉❛❞♦ l ❞✐✈✐s♦r ❞❡ n✱ ❝♦♥s✐❞❡r❡

s ∈ N t❛❧ q✉❡ n = ls ❡ g = l ∈ Zn✳ ❖❜s❡r✈❡ q✉❡ o(g) = s ❡♠ Zn✳ ❯♠❛ ❛♣❧✐❝❛çã♦

α ∈ Ωp é ✜①❛ ♣♦r g s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t❡♠ ❛ ❢♦r♠❛ BB · · ·B✱ ♦♥❞❡ B = δ1δ2 · · · δl ∈ Zl2

❡ s❡ r❡♣❡t❡ s ✈❡③❡s ❡♠ α✳ ❉❡ ❢❛t♦✱ α é ✜①❛ ♣♦r g s❡✱ ❡ s♦♠❡♥t❡ s❡✱ g · α = α✱ ♦✉ s❡❥❛✱

α(i) = α(i+ l)✱ i = 0, · · · , n− 1✱ ♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛

δ1 = α(0) = α(l) = α(2l) = · · · = α((s− 1)l)

δ2 = α(1) = α(l + 1) = α(2l + 1) = · · · = α((s− 1)l + 1)
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

δl = α(l − 1) = α(2l − 1) = α(3l − 1) = · · · = α(n− 1)

✭✹✳✷✵✮

❡

α = α(0)α(1) · · ·α(l − 1)α(l)α(l + 1) · · ·α((s− 1)l)α((s− 1)l + 1) · · ·α(n− 1)

= δ1 δ2 · · · δl
︸ ︷︷ ︸

B

δ1 δ2 · · · δl
︸ ︷︷ ︸

B

· · · δ1 δ2 · · · δl
︸ ︷︷ ︸

B

,

♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ r❡♣❡t✐çõ❡s ❞❡ B é n/l = s✳ ❈♦♠♦ t❡♠♦s p ③❡r♦s ❡♠ α ∈ Ωp✱ ♦ ♥ú♠❡r♦

❞❡ ③❡r♦s ❡♠ ❝❛❞❛ B ❞❡✈❡ s❡r p/s✱ ❞❛í s ❞❡✈❡ ❞✐✈✐❞✐r p✳ ❏á q✉❡ s|n ❡ d = mdc(p, n)
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t❡♠♦s q✉❡ s|d✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦s h1 ❡ h2 ❡♠ Zn✱ ❝♦♠ o(h1) = o(h2)✱ t❡♠♦s h1 = mh2✱

♣❛r❛ ❛❧❣✉♠ m ∈ N✳ ❉❛í✱ ❞❛❞♦ α ✜①♦ ♣♦r h2✱ ♣♦r ✭✹✳✷✵✮ s❡❣✉❡ q✉❡

α(i) = α(i+ h2) = α(i+mh2) = α(i+ h1), ∀i ∈ Zn,

❡ ❡♥tã♦ α é ✜①♦ ♣♦r h1✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ t♦❞❛ α ✜①❛ ♣♦r h1 t❛♠❜é♠ é ✜①❛ ♣♦r h2✳

❆ss✐♠ ν(h1) = ν(h2)✳ ❙❡♥❞♦ ϕ ❛ ❢✉♥çã♦ ❞❡ ❊✉❧❡r✱ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❝♦♠ ♠❡s♠❛

♦r❞❡♠ s ❡♠ Zn é ❞❛❞♦ ♣♦r ϕ(s)✳ ❖❜s❡r✈❡ ❛❣♦r❛ q✉❡ ❞❛❞❛ α ∈ Ωp ✜①❛ ♣♦r g ∈ Zn✱ ❝♦♠

o(g) = s✱ ❡♥tã♦ s|d ❡ α ✜❝❛ ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ❡s❝♦❧❤❛ ❞❡ B ❝♦♠ p/s ③❡r♦s✳ ❈♦♠♦ B t❡♠

❝♦♠♣r✐♠❡♥t♦ l✱ t❡♠♦s
(
l
p/s

)
❢♦r♠❛s ❞❡ ♠♦♥tá✲❧♦✱ ♦♥❞❡ l = n/s✱ ♦✉ s❡❥❛✱ ν(g) =

(
n/s
p/s

)
✱ ❡

❡ss❡ ♠❡s♠♦ ♥ú♠❡r♦ é ❛❞✐❝✐♦♥❛❞♦ ϕ(s) ✈❡③❡s✱ ♣♦✐s ν(h1) = ν(h2) q✉❛♥❞♦ o(h1) = o(h2)✳

P♦rt❛♥t♦

ϑ(p, n) = ♥ú♠❡r♦ ❞❡ Zn✲ór❜✐t❛s =
1

n

∑

g∈Zn

ν(g) =
1

n

∑

s|d

(
n/s

p/s

)

ϕ(s).

❆❣♦r❛ s✉♣♦♥❤❛ p = q ✭n = 2p ❡ d = p✮ ❡ ❝♦♥s✐❞❡r❡ ❛ ❛çã♦ ❞❡ Zn × Z2 ❡♠ Ωp✳

❉❡ ♠♦❞♦ s❡♠❡❧❤❛♥t❡ ❛♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡ Mα(E) ≃Zn×Z2 Mβ(E) s❡✱ ❡

s♦♠❡♥t❡ s❡✱ α ❡ β ♣❡rt❡♥❝❡♠ ❛ ♠❡s♠❛ Zn ×Z2✲ór❜✐t❛✱ ❞❛í ❜❛st❛ ❞❡t❡r♠✐♥❛r ♦ t♦t❛❧ ❞❡

Zn × Z2✲ór❜✐t❛s✳ ◆♦✈❛♠❡♥t❡ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ❈❛✉❝❤②✲❋r♦❜❡♥✐✉s t❡♠♦s

♥ú♠❡r♦ ❞❡ Zn × Z2✲ór❜✐t❛s =
1

2n

∑

(g,δ)∈Zn×Z2

ν(g, δ),

♦♥❞❡ ν(g, δ) é ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ✜①♦s ♣♦r (g, δ) ∈ Zn × Z2✳

❖ ✈❛❧♦r ❞❡
∑
ν(g, 0) é ✐❣✉❛❧ ❛♦ ❞❛ ❢ór♠✉❧❛ ❛♥t❡r✐♦r✱ ♣♦✐s ♥❡st❡ ❝❛s♦ ❡st❛♠♦s

❝♦♥s✐❞❡r❛♥❞♦ β = g · α✳ ❘❡st❛ ❝❛❧❝✉❧❛r ❡♥tã♦ ν(g, 1) ♣❛r❛ g ∈ Zn✳ ❉❛❞♦ l ∈ N ❞✐✈✐s♦r

❞❡ n✱ ❝♦♥s✐❞❡r❡ s ∈ N t❛❧ q✉❡ l = n/s ❡ g = l ∈ Zn✳ ❯♠❛ ❛♣❧✐❝❛çã♦ α ∈ Ωp é ✜①❛ ♣♦r

(g, 1) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t❡♠ ❛ ❢♦r♠❛ CC · · ·C✱ ♦♥❞❡

C = δ1 δ2 · · · δl δ1 + 1 δ2 + 1 · · · δl + 1.

❉❡ ❢❛t♦✱ α é ✜①❛ ♣♦r (g, 1) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ g · α+ 1 = α✱ ♦✉ s❡❥❛✱ α(i) = α(i+ l) + 1✱

♣❛r❛ t♦❞♦ i = 0, . . . , n− 1✱ ♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛

δ1 = α(0) = α(l) + 1 = α(2l) = α(3l) + 1 = · · ·

δ2 = α(1) = α(l + 1) + 1 = α(2l + 1) = α(3l + 1) + 1 = · · ·
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

δl = α(l − 1) = α(2l − 1) + 1 = α(3l − 1) = α(4l − 1) + 1 = · · ·
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❡ t❡♠♦s

δ1 + 1 = α(l) = α(3l) = · · · = α((s− 1)l)

δ2 + 1 = α(l + 1) = α(3l + 1) = · · · = α((s− 1)l + 1)
✳✳✳

✳✳✳
✳✳✳

✳✳✳

δl + 1 = α(2l − 1) = α(4l − 1) = · · · = α(n− 1)

♦✉ s❡❥❛✱

α = α(0) · · ·α(l) · · ·α(2l − 1)α(2l) · · ·α((s− 1)l)α((s− 1)l + 1) · · ·α(n− 1)

= δ1 δ2 · · · δl δ1 + 1 δ2 + 1 · · · δl + 1
︸ ︷︷ ︸

C

· · · δ1 δ2 · · · δl δ1 + 1 δ2 + 1 · · · δl + 1
︸ ︷︷ ︸

C

.

❙❡❥❛ t ♦ ♥ú♠❡r♦ ❞❡ r❡♣❡t✐çõ❡s ❞❡ C✳ ❈♦♠♦ C t❡♠ t❛♠❛♥❤♦ 2l✱ ❡♥tã♦ t = n/2l = s/2✱ ❡

t❡♠♦s s = 2t✳ ❆❧é♠ ❞✐ss♦✱ t|p✱ ♣♦✐s l = n/s = 2p/2t = p/t✳ ❉❡st❛ ❢♦r♠❛✱ ♣❛r❛ ❡♥❝♦♥tr❛r

✉♠❛ ❛♣❧✐❝❛çã♦ α ∈ Ωp q✉❡ é ✜①❛ ♣♦r (g, 1) ∈ Zn × Z2✱ ❝♦♠ o(g) = s✱ ❜❛st❛ ❞❡t❡r♠✐♥❛r

C ❝♦♠ l = p/t ③❡r♦s✳ ❚❡♠♦s 2l ❢♦r♠❛s ❞❡ ❡s❝♦❧❤❡r C ❞❡ss❛ ❢♦r♠❛✱ ♣♦✐s ✐♥❞❡♣❡♥❞❡♥t❡

❞❛ ❡s❝♦❧❤❛ ❞♦s ✈❛❧♦r❡s ❞❡ δ1, . . . , δl✱ ♦❜t❡♠♦s l ③❡r♦s ❡♠ C✳ ❊♥tã♦ ν(g, 1) = 2l = 2p/t✳

❆❧é♠ ❞✐ss♦✱ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ p 6= q✱ t❛♠❜é♠ t❡♠♦s q✉❡ ❡❧❡♠❡♥t♦s ❞❡ ♠❡s♠❛
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✈❡③❡s✳ P♦rt❛♥t♦✱ ❝❤❛♠❛♥❞♦ ❞❡ s ♦ ♥ú♠❡r♦ ❞❡ r❡♣❡t✐çõ❡s ❞❡ C✱ t❡♠♦s

ϑ(p, 2p) = ♥ú♠❡r♦ ❞❡ Zn × Z2✲ór❜✐t❛s

=
1

2n

∑

(g,δ)∈Zn×Z2

ν(g, δ)

=
1

4p




∑

(g,0)∈Zn×Z2

ν(g, 0) +
∑

(g,1)∈Zn×Z2

ν(g, 1)





=
1

4p




∑

s|p

(
n/s

p/s

)

ϕ(s) +
∑

t|p

2p/tϕ(2t)





=
1

4p

∑

s|p

((
n/s

p/s

)

ϕ(s) + 2p/sϕ(2s)

)

.
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