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❚r❛❜❛❧❤♦ ❞❡ ❈♦♥❝❧✉sã♦ ❞❡ ❈✉rs♦

❯s♦ ❞❡ ❘❡❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ P❛❞rõ❡s ♥❛ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ❉♦❝✉♠❡♥t♦s ❞❡ ❚❡①t♦

❆♥❞ré ❉✐❡❜ ▼❛rt✐♥s

Pr♦❢✳ ❉r✳ ❇r✉♥♦ ❇❛r❜♦s❛ ❆❧❜❡rt

Pr♦❢❡ss♦r ❖r✐❡♥t❛❞♦r

❈❛♠♣✐♥❛ ●r❛♥❞❡✱ ❆❣♦st♦ ❞❡ ✷✵✶✶



❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❆♥❞ré ❉✐❡❜ ▼❛rt✐♥s

❯s♦ ❞❡ ❘❡❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ P❛❞rõ❡s ♥❛
❈❧❛ss✐✜❝❛çã♦ ❞❡ ❉♦❝✉♠❡♥t♦s ❞❡ ❚❡①t♦

❚r❛❜❛❧❤♦ ❞❡ ❈♦♥❝❧✉sã♦ ❞❡ ❈✉rs♦ ❛♣r❡s❡♥✲
t❛❞♦ à ❯♥✐❞❛❞❡ ❆❝❛❞ê♠✐❝❛ ❞❡ ❊♥❣❡♥❤❛r✐❛
❊❧étr✐❝❛ ❝♦♠♦ ♣❛rt❡ ❞♦s r❡q✉✐s✐t♦s ♣❛r❛
♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ❊♥❣❡♥❤❡✐r♦ ❊❧❡tr✐❝✐st❛✳

❖r✐❡♥t❛❞♦r✿

Pr♦❢✳ ❉r✳ ❇r✉♥♦ ❇❛r❜♦s❛ ❆❧❜❡rt

❈❛♠♣✐♥❛ ●r❛♥❞❡

❉❡③❡♠❜r♦ ❞❡ ✷✵✶✶



✐

Lista de Figuras
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❋✐❣✉r❛ ✹ ✲ ❉✐❛❣r❛♠❛ ❞❡ ❇❧♦❝♦s ✲ ❈♦❧❡t❛ ❞❡ ❉❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
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Lista de Tabelas
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❊t❛♣❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
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Sumário

✶ ■♥tr♦❞✉çã♦ ✶
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✷✳✶ ❙✐st❡♠❛s ❞❡ ❈❧❛ss✐✜❝❛çã♦ ❆rt✐✜❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸
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✸ ▼❡t♦❞♦❧♦❣✐❛ ✶✹
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✶

1 Introdução

◆❛ ❛t✉❛❧✐❞❛❞❡✱ é ♥♦tá✈❡❧ ♦ ❝r❡s❝✐♠❡♥t♦ ♠❛ss✐✈♦ ❞♦ ✈♦❧✉♠❡ ❞❡ ❞❛❞♦s ❡ ❞❡ s❡✉ ✢✉①♦ ♥❛

■♥t❡r♥❡t✳ ❊ss❛ t❡♥❞ê♥❝✐❛ é ❛❧✐♠❡♥t❛❞❛ ❡♠ ❣r❛♥❞❡ ♣❛rt❡ ♣❡❧♦ ✉s♦ ❞❛ r❡❞❡ ♣❛r❛ ✉♠❛ ❣r❛♥❞❡

q✉❛♥t✐❞❛❞❡ ❞❡ ❛♣❧✐❝❛çõ❡s✿ ♣❡sq✉✐s❛s ❡ ❡st✉❞♦s✱ ❝♦♠✉♥✐❝❛çõ❡s✱ ♥❡❣ó❝✐♦s✱ r❡❞❡s s♦❝✐❛✐s✱

❝♦♠♣r❛s✱ ❞❡♥tr❡ ♦✉tr❛s✳ ❉❡ss❛ t❡♥❞ê♥❝✐❛✱ r❡❢♦rç❛✲s❡ ❛✐♥❞❛ ♠❛✐s ✉♠❛ ♥❡❝❡ss✐❞❛❞❡ ❣❡r❛❧ ❞❡

✉♠❛ ❝♦♠♣r❡❡♥sã♦ ❞❡ss❡s ❞❛❞♦s✱ ♣❛r❛ ❛s ♠❛✐s ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s✳

◆❡ss❡ â♠❜✐t♦✱ ♥♦s ♣♦s✐❝✐♦♥❛♠♦s ♥❛ ár❡❛ ❞❡ r❡❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ♣❛❞rõ❡s✱ q✉❡ ❧✐❞❛ ❡s✲

♣❡❝✐✜❝❛♠❡♥t❡ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ♦❜❥❡t♦s ❡♠ ❝❛t❡❣♦r✐❛s ✭♦✉ ❝❧❛ss❡s✮✳ ❊ss❡s

♦❜❥❡t♦s✱ ❞❡♥♦♠✐♥❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦ ♣❛❞rõ❡s✱ ♣♦❞❡♠ s❡r ✐♠❛❣❡♥s✱ ❢♦r♠❛s ❞❡ ♦♥❞❛✱

♣❛❧❛✈r❛s✱ t❡①t♦s ♦✉ q✉❛❧q✉❡r t✐♣♦ ❞❡ ❝♦✐s❛ q✉❡ ♣♦ss❛ s❡r ❝❧❛ss✐✜❝❛❞❛✳

❆ ár❡❛ ❞❡ r❡❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ♣❛❞rõ❡s t❡♠ ✉♠❛ ❧♦♥❣❛ ❤✐stór✐❛✱ ♠❛s ❢♦✐ ❛♣❡♥❛s ❡♠

♠❡❛❞♦s ❞❡ ✶✾✻✵ q✉❡✱ ❝♦♠ ♦ s✉r❣✐♠❡♥t♦ ❞♦ ▼✐♥✐❝♦♠♣✉t❛❞♦r✱ ❝♦♠❡ç❛r❛♠ ❛ s✉r❣✐r ♠❛✐♦r❡s

❞❡♠❛♥❞❛s ❞❡ ❛♣❧✐❝❛çõ❡s ♣rát✐❝❛s ✭❚❍❊❖❉❖❘■❉■❙ ✫ ❑❖❯❚❘❖❯▼❇❆❙ ✷✵✵✻✮✳ ❈♦♠ ♦

♣❛ss❛r ❞♦ t❡♠♣♦✱ ❞❛ ❡r❛ ✐♥❞✉str✐❛❧ ❛ ♣ós✲✐♥❞✉str✐❛❧✱ ❡ss❛ ár❡❛ t❡♠ ❣❛♥❤❛❞♦ ❣r❛♥❞❡ ♣r❡stí❣✐♦

❡ ❝♦♠♦ ♣❛rt❡ ✐♥t❡❣r❛❧ ❞♦s s✐st❡♠❛s ✐♥t❡❧✐❣❡♥t❡s ❢❡✐t♦s ♣❛r❛ t♦♠❛❞❛ ❞❡ ❞❡❝✐sõ❡s✳

❆t✉❛❧♠❡♥t❡✱ ❡ss❛ ár❡❛ ♣♦ss✉✐ ✐♥ú♠❡r❛s ♣❡sq✉✐s❛s ❡♠ ❛♥❞❛♠❡♥t♦ ❡ ❛♣❧✐❝❛çõ❡s ♥❛ ❡♥✲

❣❡♥❤❛r✐❛✳ P♦r ❡①❡♠♣❧♦✱ ♣♦❞❡♠♦s ❝✐t❛r ♦s s✐st❡♠❛s ❞❡ r❡❝♦♥❤❡❝✐♠❡♥t♦ ót✐❝♦ ❞❡ ❝❛r❛❝t❡r❡s

✭❞♦ ✐♥❣❧ês ❖♣t✐❝❛❧ ❈❤❛r❛❝t❡r ❘❡❝♦❣♥✐t✐♦♥ ✲ ❖❈❘✮ ❥á ❡♠♣r❡❣❛❞♦s ❡♠ ❙❝❛♥♥❡rs ❝♦♠❡r❝✐❛✐s

♠♦❞❡r♥♦s✱ ♦✉ ❛té s✐st❡♠❛s ❞❡ ❞❡t❡❝çã♦ ❞❡ ❢❛❝❡ ✭❩❍❆❖ ❡t ❛❧✳ ✷✵✵✸✮✳ ◆ã♦ ♦❜st❛♥t❡✱ ♦

r❡❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ♣❛❞rõ❡s t❛♠❜é♠ t❡♠ s✐❞♦ ❛♣❧✐❝❛❞♦ ❡♠ ❞✐✈❡rs❛s ár❡❛s ❞❛ ❡♥❣❡♥❤❛r✐❛

❡❧étr✐❝❛✱ ❝♦♠♦ ♥♦s s✐st❡♠❛s ❞❡ ♣♦tê♥❝✐❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♥♦ ❡st✉❞♦ ❞❡ ❞❡s❝❛r❣❛s ♣❛r❝✐❛✐s

✭❈❍❆◆● ✫ ❨❆◆● ✷✵✵✽✮ ❡ t❛♠❜é♠ ♥♦ ♣r♦❝❡ss❛♠❡♥t♦ ❞✐❣✐t❛❧ ❞❡ s✐♥❛✐s ♣❛r❛ ♠❡❞✐❝✐♥❛

✭●❯P❚❆ ❡t ❛❧✳ ✷✵✵✼✮✳

❯♠❛ ♦✉tr❛ ❛♣❧✐❝❛çã♦ ♣rát✐❝❛ ✐♠♣♦rt❛♥t❡ é ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❞♦❝✉♠❡♥t♦s ❞❡ t❡①t♦

✭▲■ ✫ ❏❆■◆ ✶✾✾✽✮ ✕ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❊st❛ tr❛t❛✲s❡ ❞❛ ❞❡s✐❣♥❛çã♦ ❞❡ ✉♠❛

❝❛t❡❣♦r✐❛ ❛ ✉♠ ❞♦❝✉♠❡♥t♦ ❞❡ t❡①t♦✱ ♣♦r ❡①❡♠♣❧♦ ❞❡t❡r♠✐♥❛r ❞❡ ♠❛♥❡✐r❛ ❛✉t♦♠át✐❝❛ q✉❡

✉♠❛ ❞❛❞❛ ♥♦tí❝✐❛ ❢❛③ ♣❛rt❡ ❞❛ ❝❛t❡❣♦r✐❛ ❡s♣♦rt❡s ✭❲❯✱ ❋❯▲▲❊❘ ✫ ❩❍❆◆● ✷✵✵✾✮ ♦✉



✶✳✶ ❖❜❥❡t✐✈♦s ✷

❛té q✉❡ ✉♠❛ ♠❡♥s❛❣❡♠ ✐♥st❛♥tâ♥❡❛ ❝♦♠♦ ✏❊st♦✉ ót✐♠♦✦ ✑ r❡✢❡t❡ ✉♠❛ ❡♠♦çã♦ ♣♦s✐t✐✈❛

✭❆❇❇❆❙■✱ ❈❍❊◆ ✫ ❙❆▲❊▼ ✷✵✵✽✮✳

◆❡ss❡ tr❛❜❛❧❤♦ ❢♦✐ ♣r♦❥❡t❛❞♦ ❡ ✐♠♣❧❡♠❡♥t❛❞♦ ✉♠ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦✱ ✉t✐❧✐③❛♥❞♦ ♦

❝❧❛ss✐✜❝❛❞♦r ◆❛✐✈❡ ❇❛②❡s ✭◆❇✮ ❡ ✐♠♣❧❡♠❡♥t❛❞♦ ✉♠ ✇❡❜ ❝r❛✇❧❡r ❡s♣❡❝í✜❝♦ ♣❛r❛ ♦❜t❡♥çã♦

❞♦s ❞♦❝✉♠❡♥t♦s ❞❡ tr❡✐♥❛♠❡♥t♦ ❡ t❡st❡s✳ ◆❡ss❡ s✐st❡♠❛ ❢♦✐ ♦❜s❡r✈❛❞❛ ❛ r❡❧❛çã♦ ❡♥tr❡ ❛

q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ ✐st♦ é✱ ♦ t❛♠❛♥❤♦ ❞♦ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ ❡ ❛ q✉❛❧✐❞❛❞❡

r❡s✉❧t❛♥t❡ ❞♦ ❝❧❛ss✐✜❝❛❞♦r✳

✶✳✶ ❖❜❥❡t✐✈♦s

❊st❡ tr❛❜❛❧❤♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛ ❝r✐❛çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❞♦❝✉♠❡♥t♦s

❛❝❛❞ê♠✐❝♦s✱ ❝✉❥♦ ♣r♦♣ós✐t♦ ❡s♣❡❝í✜❝♦ é ❝❧❛ss✐✜❝❛r t❡s❡s ❞❡ ♠❡str❛❞♦ ❡✴♦✉ ❞♦✉t♦r❛❞♦ ❡♠

s❡✉ r❡s♣❡❝t✐✈♦ ❝✉rs♦ ❜❛s❡❛❞♦ ♥❛ ❛♥á❧✐s❡ ❝♦♠♣❛r❛t✐✈❛ ❞❡ s❡✉ ❝♦♥t❡ú❞♦ ❡ ❞❡ ✉♠ ❛♣r❡♥❞✐③❛❞♦

♣ré✈✐♦ s♦❜r❡ ♦s ❝✉rs♦s ❝♦♥❤❡❝✐❞♦s✳ Pr♦♣õ❡✲s❡ t❛♠❜é♠ ✉♠❛ ❛♥á❧✐s❡ ❞♦s r❡s✉❧t❛❞♦s ❡ ❞❛

♣❡r❢♦r♠❛♥❝❡ ❞♦ s✐st❡♠❛ ❝♦♥str✉í❞♦✳

❈♦♠♦ ♦❜❥❡t✐✈♦s s❡❝✉♥❞ár✐♦s✱ ✈✐s❛✲s❡ ❢♦♠❡♥t❛r ❝♦♥❤❡❝✐♠❡♥t♦s ❡ ❤❛❜✐❧✐❞❛❞❡s ♣rát✐❝❛s

♥❛ ❝♦♥str✉çã♦ ❞❡ ✇❡❜ ❝r❛✇❧❡rs ✭♦✉ ✇❡❜ s♣✐❞❡rs✮✱ ❢❡rr❛♠❡♥t❛ ♥❡❝❡ssár✐❛ ♣❛r❛ ❞♦✇♥❧♦❛❞

❛✉t♦♠át✐❝♦ ❞❛s t❡s❡s ❞❡ ❜❛♥❝♦s ❞❡ t❡s❡s ❞❡ ✉♥✐✈❡rs✐❞❛❞❡s ❜r❛s✐❧❡✐r❛s✳
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◆❡ss❛ s❡çã♦ é ❢❡✐t❛ ✉♠❛ r❡✈✐sã♦ ❜✐❜❧✐♦❣rá✜❝❛ ❝♦♠ ♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ♣❛r❛ ❛ ✐♠♣❧❡♠❡♥✲

t❛çã♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r✳

✷✳✶ ❙✐st❡♠❛s ❞❡ ❈❧❛ss✐✜❝❛çã♦ ❆rt✐✜❝✐❛❧

❖s s✐st❡♠❛s ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❛rt✐✜❝✐❛❧ sã♦ s✐st❡♠❛s ❡♠ q✉❡ ♦❝♦rr❡ ❛ ❝❧❛ss✐✜❝❛çã♦ ✉♠ ♣❛❞rã♦

❡♠ ❞✉❛s ♦✉ ♠❛✐s ❝❧❛ss❡s ✭♦✉ ❝❛t❡❣♦r✐❛s✮ ❞❡ ❢♦r♠❛ ❛✉t♦♠át✐❝❛✳ P❛r❛ t❛❧✱ ♦ s✐st❡♠❛ ❞❡✈❡

s❡r ❝❛♣❛③ ❞❡ ❛❞q✉✐r✐r ✈❛❧♦r ❞❛ ✈❛r✐á✈❡❧ ❛tr❛✈és ❞❡ ✉♠ s❡♥s♦r✱ ♠❡❞✐r s✉❛s ❝❛r❛❝t❡ríst✐❝❛s ❡

❛ ♣❛rt✐r ❞❡ ❛❧❣✉♠ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦✱ ❞❡❝✐❞✐r ❛ q✉❛❧ ❝❧❛ss❡ ♣❡rt❡♥❝❡ ♦ ♣❛❞rã♦✳

❊ss❛s ♠❡❞✐❞❛s sã♦ ❝♦♠✉♠❡♥t❡ ❝❤❛♠❛❞❛s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ♣❛❞rã♦✳ ❆❧é♠ ❞✐ss♦✱

❝❤❛♠❛✲s❡ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s x ♦ ✈❡t♦r ❝♦♠♣♦st♦ ♣❡❧❛s ❝❛r❛❝t❡ríst✐❝❛s xi ❞❡ ✉♠ ❞❡✲

t❡r♠✐♥❛❞♦ ♣❛❞rã♦✳

x = [x1, x2, ..., xk] ✭✷✳✶✮

❯♠ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ✐❞❡♥t✐✜❝❛ ✉♥✐❝❛♠❡♥t❡ ✉♠ ♣❛❞rã♦✱ s❡♥❞♦ ❛ss✐♠ ✉♠❛ ♠❛♥❡✐r❛

❜❛st❛♥t❡ ❝♦♥✈❡♥✐❡♥t❡ ❞❡ r❡♣r❡s❡♥t❛çã♦✳ ▼♦str❛♠♦s ❛ s❡❣✉✐r ✉♠ ❡①❡♠♣❧♦ q✉❡ ✐❧✉str❛ ♦s

❝♦♥❝❡✐t♦s ❛❝✐♠❛ ❛♣r❡s❡♥t❛❞♦s✳

❊①❡♠♣❧♦ ✶ ✭▲❛r❣♦ ♦✉ ❈♦♠♣r✐❞♦✮✳ ❙✉♣♦♥❤❛ q✉❡ ♥❡❝❡ss✐t❛♠♦s ❝❧❛ss✐✜❝❛r ♦❜❥❡t♦s ❡♠ ❞✉❛s

❝❧❛ss❡s✿ ▲❛r❣♦ ✭▲✮ ♦✉ ❈♦♠♣r✐❞♦ ✭❈✮✳ ❊♠ ♥♦ss♦ ❝♦♥t❡①t♦✱ ✉♠ ♦❜❥❡t♦ é ❞✐t♦ ▲ s❡ s✉❛ ❧❛r❣✉r❛

❢♦r ♠❛✐♦r q✉❡ s❡✉ ❝♦♠♣r✐♠❡♥t♦✱ ❝❛s♦ ❝♦♥trár✐♦ ❡❧❡ é ❞✐t♦ ❝❧❛ss❡ ❈✳

❈♦♥s✐❞❡r❡ q✉❡ ♥♦ss♦ s❡♥s♦r é ❝❛♣❛③ ❞❡ ♠❡❞✐r ❛ ❧❛r❣✉r❛ l ❡ ❝♦♠♣r✐♠❡♥t♦ c ❞❡ ✉♠ ♦❜❥❡t♦✱

✐st♦ é✱ ♦s ♦❜❥❡t♦s ♠❡❞✐❞♦s sã♦ r❡♣r❡s❡♥t❛❞♦s ♣❡❧♦ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ti = (li, ci)✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ q✉❡ ❞♦✐s ♦❜❥❡t♦s ❢♦r❛♠ ♠❡❞✐❞♦s ❡ ♦❜t✐✈❡♠♦s ♦s s❡❣✉✐♥t❡s ✈❡t♦r❡s✿

t1 = (1, 5) ❡ t2 = (3, 2)✳ ◆❡ss❡ ❝❛s♦✱ é ♦❜✈✐♦ q✉❡ ♦ ♦❜❥❡t♦ t1 é ❞❛ ❝❧❛ss❡ ❈ ❡ t2 ❞❛ ❝❧❛ss❡

▲✳



✷✳✶ ❙✐st❡♠❛s ❞❡ ❈❧❛ss✐✜❝❛çã♦ ❆rt✐✜❝✐❛❧ ✹

◆♦ ❡①❡♠♣❧♦ ❛❝✐♠❛✱ ❛ ❞✐st✐♥çã♦ ❡♥tr❡ ❛s ❞✉❛s ❝❧❛ss❡s é ❝❧❛r❛✿ s❡ li > ci✱ ♦ ♦❜❥❡t♦ é ❞❛

❝❧❛ss❡ L✱ ❝❛s♦ ❝♦♥trár✐♦✱ é ❞❛ ❝❧❛ss❡ C✳ ◆❛ ✜❣✉r❛ ✶✱ ♠♦str❛♠♦s ❛s r❡❣✐õ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s

às ❝❧❛ss❡s✱ ❛ss✐♠ ❝♦♠♦ ❛ ❧✐♥❤❛ q✉❡ ❛s ❞✐✈✐❞❡✱ ❝❤❛♠❛❞❛ ❞❡ ❧✐♥❤❛ ❞❡❝✐sór✐❛✳

❋✐❣✉r❛ ✶ ✕ ▲✐♥❤❛ ❞❡❝✐sór✐❛ ❡♥tr❡ ❝❧❛ss❡s ▲❛r❣♦ ❡ ❈♦♠♣r✐❞♦

❊ss❛ ❧✐♥❤❛ ❞❡❝✐sór✐❛ ❞❡✜♥❡ ♦s ❧✐♠✐t❡s ♦♥❞❡ ❛❝❛❜❛ ✉♠❛ ❝❧❛ss❡ ❡ ♦♥❞❡ ❝♦♠❡ç❛ ❛ ♦✉tr❛✱

❝♦♥st✐t✉✐♥❞♦ ❛ss✐♠ ♦ ❝❧❛ss✐✜❝❛❞♦r✱ ❝✉❥♦ ♣❛♣❡❧ é ❞✐✈✐❞✐r ♦ ❡s♣❛ç♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❡♠

r❡❣✐õ❡s q✉❡ ❝♦rr❡s♣♦♥❞❡♠ às ❝❧❛ss❡s✳

❱❛❧❡ ♥♦t❛r q✉❡ ♥❡ss❡ ❡①❡♠♣❧♦ t❡♠♦s ✉♠ ❡s♣❛ç♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❛♣❡♥❛s ❞✉❛s

❞✐♠❡♥sõ❡s✱ ❡♥q✉❛♥t♦ q✉❡ ♥❛ ♠❛✐♦r✐❛ ❞♦s s✐st❡♠❛s ❞❡ ❝❧❛ss✐✜❝❛çã♦ s❡ ✉t✐❧✐③❛♠ ❡s♣❛ç♦s ❞❡

❞✐♠❡♥sõ❡s ♠❛✐♦r❡s✳

✷✳✶✳✶ ❆s♣❡❝t♦s ❈♦♥str✉t✐✈♦s

◆❛ ❝♦♥str✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦✱ ✉♠❛ sér✐❡ ❞❡ ❡t❛♣❛s ❞❡✈❡♠ s❡r ❡①❡❝✉t❛❞❛s✱

❝♦♠♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ♥♦ ❞✐❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❞❛ ✜❣✉r❛ ✷✳

❙❡♥s♦r

✭❆q✉✐s✐çã♦ ❞♦

P❛❞rã♦✮

❊①tr❛çã♦ ❞❛s

❈❛r❛❝t❡ríst✐❝❛s

❊s❝♦❧❤❛ ❞♦ ❱❡✲

t♦r ❞❡ ❈❛r❛❝✲

t❡ríst✐❝❛s

Pr♦❥❡t♦ ❞♦ ❈❧❛s✲

s✐✜❝❛❞♦r

❆✈❛❧✐❛çã♦ ❞♦

❙✐st❡♠❛

❋✐❣✉r❛ ✷ ✕ ❉✐❛❣r❛♠❛ ❞❡ ❇❧♦❝♦s ✲ Pr♦❥❡t♦ ❞❡ ✉♠ ❙✐st❡♠❛ ❞❡ ❈❧❛ss✐✜❝❛çã♦



✷✳✷ ❙✐st❡♠❛s ❞❡ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ❚❡①t♦ ✺

➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ ❝❛❞❛ ❡t❛♣❛ ❝♦st✉♠❛ s❡r ❞✐❢❡r❡♥t❡ ♣❛r❛

❝❛❞❛ ❛♣❧✐❝❛çã♦✱ ❡✳❣✳ ♥♦ ❡①❡♠♣❧♦ ✶ s❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ❛❞q✉✐r✐r ❛s ❝❛r❛❝t❡ríst✐❝❛s ❛tr❛✈és ❞❡

s❡♥s♦r❡s ó♣t✐❝♦s✱ ❡♥q✉❛♥t♦ q✉❡ ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❞❡ t❡①t♦✱ ♣♦❞❡rí❛♠♦s ♦❜t❡r

❛s ❝❛r❛❝t❡ríst✐❝❛s ❛tr❛✈és ❞❡ ✉♠ tr❛t❛♠❡♥t❡♦ ❡st❛tíst✐❝♦ ❞♦ ❞♦❝✉♠❡♥t♦✱ ♣r♦❝❡❞✐♠❡♥t♦

❛❞♦t❛❞♦ ♥❡ss❡ tr❛❜❛❧❤♦✳

✷✳✷ ❙✐st❡♠❛s ❞❡ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ❚❡①t♦

❉❛❞♦ ✉♠ ❞♦❝✉♠❡♥t♦ d ❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝❧❛ss❡s ✭♦✉ ❝❛t❡❣♦r✐❛s✮ C✱ ❞❡s❡❥❛✲s❡ ❞❡t❡r♠✐♥❛r

❛ q✉❛❧ ❝❧❛ss❡ ci ∈ C ♦ ❞♦❝✉♠❡♥t♦ d ❡stá ♠❛✐s r❡❧❛❝✐♦♥❛❞♦✳

❖ ♣r✐♠❡✐r♦ ♣❛ss♦ ♥❛ s♦❧✉çã♦ ❞❡st❡ ♣r♦❜❧❡♠❛ tr❛t❛✲s❡ ❞❛ ❡①tr❛çã♦ ✭♦✉ s❡❧❡çã♦✮ ❞❛s

❝❛r❛❝t❡ríst✐❝❛s ❛ ♣❛rt✐r ❞♦ ❝♦r♣✉s ❞❡ tr❡✐♥❛♠❡♥t♦✳

❯♠❛ ✈❡③ ❞❡✜♥✐❞❛s ❛s ❝❛r❛❝t❡ríst✐❝❛s✱ ❞❡✈❡✲s❡ ❝♦♥✈❡rt❡r ♦s ❞♦❝✉♠❡♥t♦s ❞♦ ❝♦r♣✉s ❞❡

tr❡✐♥❛♠❡♥t♦ ❡♠ s✉❛s r❡♣r❡s❡♥t❛çõ❡s ❡♠ ✈❡t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ s❡♥❞♦ ❡ss❡s ♦s ❞❛❞♦s

❛❧✐♠❡♥t❛❞♦s ❛♦ ❝❧❛ss✐✜❝❛❞♦r ♣❛r❛ ♦ ❛♣r❡♥❞✐③❛❞♦✳

❯♠❛ ✈❡③ ✜♥❛❧✐③❛❞♦ ♦ ❛♣r❡♥❞✐③❛❞♦✱ ✉t✐❧✐③❛✲s❡ ♦ ❝❧❛ss✐✜❝❛❞♦r ♣❛r❛ ❝❧❛ss✐✜❝❛r ❞♦❝✉♠❡♥t♦s

❞❡ ✉♠ ❝♦r♣✉s ❞❡ t❡st❡s✱ ❢❛③❡♥❞♦✲s❡ ❡❢❡t✐✈❛♠❡♥t❡ ❛s ♠étr✐❝❛s ❞❡ q✉❛❧✐❞❛❞❡ ❞♦ ❝❧❛ss✐✜❝❛❞♦r

♣❛r❛ ♣♦st❡r✐♦r ❛♥á❧✐s❡✳

✷✳✷✳✶ ❊①tr❛çã♦ ❞❡ ❈❛r❛❝t❡ríst✐❝❛s

❖ ♣r♦❝❡ss♦ ❞❡ ❡①tr❛çã♦ ✭♦✉ s❡❧❡çã♦✮ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s é ✉♠ ❞♦s ♣❛ss♦s ❢✉♥❞❛♠❡♥t❛✐s ♥❛

❝♦♥str✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦✳ ➱ ♥❡ss❛ ❡t❛♣❛ q✉❡ ♦s ❞❛❞♦s sã♦ ❛♥❛❧✐s❛❞♦s ❡✱

s❡❣✉✐♥❞♦ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ❝r✐tér✐♦✱ s❡ ❞❡t❡r♠✐♥❛♠ q✉❛✐s ❝❛r❛❝t❡ríst✐❝❛s ❞♦s ❞❛❞♦s ♠❡❧❤♦r

♦s ❞✐st✐♥❣✉❡♠ ❡♠ s✉❛s ❝❛t❡❣♦r✐❛s✳

P♦r ❡①❡♠♣❧♦✱ ✉♠ ♠ét♦❞♦ ❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞♦ é ♦ ▲✐♠✐❛r ❞❡ ❋r❡q✉ê♥❝✐❛ ✭❨❆◆● ✫

P❊❉❊❘❙❊◆ ✶✾✾✼✮ ❞♦ ✐♥❣❧ês ❉♦❝✉♠❡♥t ❋r❡q✉❡♥❝②✳ ❊ss❡ ♠ét♦❞♦ ♣❛rt❡ ❞❡ ✉♠ ♣r❡ss✉♣♦st♦

✉♠ t❛♥t♦ ✐♥❣ê♥✉♦✿ q✉❛♥t♦ ♠❡♥♦r ❛ ❢r❡q✉ê♥❝✐❛ fi ❞❡ ✉♠ t❡r♠♦ ♥♦s ❞♦❝✉♠❡♥t♦s✱ ♠❡♥♦s

✐♥❢♦r♠❛çã♦ ❡❧❡ ♣r♦♠♦✈❡ ♣❛r❛ ❛ ❝❧❛ss✐✜❝❛çã♦✳

■♥✐❝✐❛❧♠❡♥t❡✱ ♦s t❡r♠♦s ❞♦ ❝♦r♣✉s ❞❡ tr❡✐♥❛♠❡♥t♦ t❡♠ s✉❛ ❢r❡q✉ê♥❝✐❛ ❝♦♠♣✉t❛❞❛✳

❊♠ s❡❣✉✐❞❛✱ sã♦ r❡♠♦✈✐❞♦s ♦s t❡r♠♦s ❞❡ ♠❡♥♦r ❢r❡q✉ê♥❝✐❛✱ r❡s♣❡✐t❛♥❞♦ ✉♠ ❝❡rt♦ ❧✐♠✐❛r

❡s❝♦❧❤✐❞♦ ♣❡❧♦ ♣r♦❥❡t✐st❛✱ ♦❜t❡♥❞♦✲s❡ ❛ss✐♠ ❛s ♣❛❧❛✈r❛s ✏♠❛✐s ✐♠♣♦rt❛♥t❡s✑ ❞♦ ❝♦r♣✉s✱ ♦

✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳



✷✳✷ ❙✐st❡♠❛s ❞❡ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ❚❡①t♦ ✻

❊st❡ ❡ ✐♥ú♠❡r♦s ♦✉tr♦s ♠ét♦❞♦s ❢♦r❛♠ ❝♦♠♣❛r❛❞♦s ♣♦r ❨❛♥❣ ❡ P❡❞❡rs❡♥ ✭❨❆◆● ✫

P❊❉❊❘❙❊◆ ✶✾✾✼✮✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♦ ●❛♥❤♦ ❞❡ ■♥❢♦r♠❛çã♦ ✭■●✮✱ ■♥❢♦r♠❛çã♦ ▼ú✲

t✉❛ ✭▼■✮✱ ❋♦rç❛ ❞♦s ❚❡r♠♦s ✭❚❙✮ ❡ χ2 ✭❈❍■✮✱ s❡♥❞♦ ♦s três ♣r✐♠❡✐r♦s ♠ét♦❞♦s ♠❛✐s

s❡♠â♥t✐❝♦s ❡ ❝♦♥s✐st❡♥t❡s ❡♠ r❡❧❛çã♦ à ✐♥❢♦r♠❛çã♦ ❡ ❛♦ ♣r♦❜❧❡♠❛ ❞❛ ❝❧❛ss✐✜❝❛çã♦✳

❉♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❡ss❡ ❡st✉❞♦✱ ❢♦✐ ♦❜s❡r✈❛❞♦ q✉❡ ❛ ✉t✐❧✐③❛çã♦ ❞♦ ♠ét♦❞♦ ❉❋

♣r♦❞✉③✐✉ r❡s✉❧t❛❞♦s s❛t✐s❢❛tór✐♦s q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦s ♠ét♦❞♦s ■● ❡ ❈❍■✱ ♠❡s♠♦

s❡♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ♠❡♥♦r ❝♦♠♣❧❡①✐❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ❞❡♥tr❡ ♦s ❡st✉❞❛❞♦s✳

✷✳✷✳✷ ❈♦♥✈❡rsã♦ ❞❡ ✉♠ ❉♦❝✉♠❡♥t♦ ❡♠ ❱❡t♦r ❞❡ ❈❛r❛❝t❡ríst✐❝❛s

❚❛♥t♦ ♣❛r❛ ♦ tr❡✐♥❛♠❡♥t♦ q✉❛♥t♦ ♣❛r❛ ❛ ❝❧❛ss✐✜❝❛çã♦✱ ♦s ❞♦❝✉♠❡♥t♦s ❞❡✈❡♠ s❡r ❝♦♥✈❡r✲

t✐❞♦s ❡♠ ✈❡t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ ❜❛s❡❛❞♦s ♥❛s ❝❛r❛❝t❡ríst✐❝❛s ♦❜t✐❞❛s ♥❛ ❡①tr❛çã♦✳ ❊ss❡

♣r♦❝❡❞✐♠❡♥t♦ s❡ ❞á ♣❡❧♦ s❡❣✉✐♥t❡ tr❛t❛♠❡♥t♦✿

✶✳ ❘❡♠♦çã♦ ❞❡ ❝❛r❛❝t❡r❡s ✐♥❞❡s❡❥❛❞♦s ✭♥ú♠❡r♦s ❡ sí♠❜♦❧♦s✮

✷✳ ❘❡♠♦çã♦ ❞❛s ♣❛❧❛✈r❛s ✈❛③✐❛s ✭st♦♣ ✇♦r❞s✮

✸✳ ▼❛r❝❛çã♦ ❞♦ ❞♦❝✉♠❡♥t♦ ✭s❡♣❛r❛çã♦ ❞❛s ♣❛❧❛✈r❛s ♣♦r ❡s♣❛ç♦s✮

◆♦ ♣r✐♠❡✐r♦ ♣❛ss♦✱ sã♦ r❡♠♦✈✐❞♦s ❝❛r❛❝t❡r❡s ✐♥❞❡s❡❥❛❞♦s ❝♦♠♦ ✈✐r❣✉❧❛s✱ ♣♦♥t♦s✱ ♣❛rê♥✲

t❡s❡s ❡ ❡t❝✳ ◆❛ ✈❡r❞❛❞❡✱ ❡st❡s ❝❛r❛❝t❡r❡s sã♦ s✉❜st✐t✉í❞♦s ♣♦r ❡s♣❛ç♦s✱ ♣❛r❛ ♥ã♦ ♣❡r❞❡r♠♦s

♣❛❧❛✈r❛s ❝♦♠♣♦st❛s ❡ ♦✉tr♦s ❝❛s♦s ❡s♣❡❝✐❛✐s✳

❊♠ s❡❣✉✐❞❛✱ sã♦ r❡♠♦✈✐❞❛s ❛s ♣❛❧❛✈r❛s ✈❛③✐❛s ✭st♦♣ ✇♦r❞s✮ ❞♦s ❞♦❝✉♠❡♥t♦s✱ ✐st♦ é✱

♣❛❧❛✈r❛s q✉❡ s✉♣♦st❛♠❡♥t❡ ♥ã♦ ❛❞✐❝✐♦♥❛♠ ✐♥❢♦r♠❛çã♦ à ❝❧❛ss✐✜❝❛çã♦ ❡ às ❞✐❢❡r❡♥ç❛s ❡♥tr❡

♦s ❞♦❝✉♠❡♥t♦s✳ P♦r ❡①❡♠♣❧♦✱ ♣♦❞❡♠♦s ❝✐t❛r ❛❧❣✉♠❛s ♣❛❧❛✈r❛s ✈❛③✐❛s✿ ✏✈♦❝ê✱ ❛✐♥❞❛✱ ♦✉tr❛✱

♦✉tr❛s✱ q✉❡♠✱ q✉❡r✱ ✉♠❛✱ ✉♠❛s✑✳ P♦r s❡r ✉♠❛ ♣rát✐❝❛ ❝♦♠✉♠ ♥♦s ❙✐st❡♠❛s ❞❡ ❘❡❝✉♣❡r❛çã♦

❞❛ ■♥❢♦r♠❛çã♦✱ é ❝♦♠✉♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❞✐❝✐♦♥ár✐♦s ❞❡ ♣❛❧❛✈r❛s ✈❛③✐❛s ♣❛r❛ ❛s ✈ár✐❛s

❧✐♥❣✉❛s✳ ❊♥tr❡t❛♥t♦✱ ♥♦ ♠♦♠❡♥t♦ ❞❛ ❡s❝r✐t❛ ❞❡st❡ tr❛❜❛❧❤♦✱ ♥ã♦ ❢♦✐ ♣♦ssí✈❡❧ ♦❜t❡r ✉♠

❞✐❝✐♦♥ár✐♦ ♣❛❞r♦♥✐③❛❞♦✳ ❙❡♥❞♦ ❛ss✐♠✱ ❢♦✐ ❝r✐❛❞♦ ✉♠ ❞✐❝✐♦♥ár✐♦ ✉t✐❧✐③❛♥❞♦ ♣❛❧❛✈r❛s ✈❛③✐❛s

❞❡ ✈ár✐❛s ❢♦♥t❡s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ❞♦ ♣r♦❥❡t♦ ♦♣❡♥ s♦✉r❝❡ ❆♣❛❝❤❡ ▲✉❝❡♥❡✳

❯♠❛ ✈❡③ ❝♦♥❝❧✉í❞♦s ♦s ♣❛ss♦s ❛❝✐♠❛✱ é ❢❡✐t♦ ♦ ú❧t✐♠♦ ♣❛ss♦✿ ❛ ♠❛r❝❛çã♦ ❞♦ ❞♦❝✉♠❡♥t♦✳

◆❡st❡ ♣❛ss♦✱ ♦ t❡①t♦ é q✉❡❜r❛❞♦ ❡♠ ♣❛❧❛✈r❛s ✉t✐❧✐③❛♥❞♦ ❛s ✈ír❣✉❧❛s ❝♦♠♦ ♣✐✈ôs✳ ◆♦

❛❧❣♦rít♠♦ ❛q✉✐ ✐♠♣❧❡♠❡♥t❛❞♦✱ ❢♦✐ ✉t✐❧✐③❛❞❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❡♠ ♠❛♣❛ ❞❡ ❢r❡q✉ê♥❝✐❛s

♣❛r❛ ♦s ❞♦❝✉♠❡♥t♦s✱ ✐st♦ é✱ ♦ ❞♦❝✉♠❡♥t♦ ❡♠ t❡①t♦ é ❝♦♥✈❡rt✐❞♦ ❡♠ ✉♠ ♠❛♣❛ ♦♥❞❡ ❛s

❝❤❛✈❡s sã♦ ♦s ♣❛❧❛✈r❛s ❡ ♦s ✈❛❧♦r❡s sã♦ ❛s ❢r❡q✉ê♥❝✐❛s ❞❛s ♣❛❧❛✈r❛s✳ P♦r ❡①❡♠♣❧♦✱ s❡ ❛



✷✳✷ ❙✐st❡♠❛s ❞❡ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ❚❡①t♦ ✼

♣❛❧❛✈r❛ ✏s✐st❡♠❛✑ ❛♣❛r❡❝❡ ❞❡③ ✈❡③❡s ❡ ❛ ♣❛❧❛✈r❛ ✏✐♥❢♦r♠❛çã♦✑ ❛♣❛r❡❝❡ ❝✐♥❝♦ ✈❡③❡s✱ t❡rí❛♠♦s

♦ s❡❣✉✐♥t❡ ♠❛♣❛✿

Mi = [sistema : 10, informacao : 5, . . . ] ✭✷✳✷✮

P♦❞❡rí❛♠♦s r❡♣r❡s❡♥t❛r ♦ ❞♦❝✉♠❡♥t♦ ♣♦r ✉♠ ✈❡t♦r ❞❡ t❡r♠♦s ❡♠ ✈✐rt✉❞❡ ❞❡ s✉❛

s✐♠♣❧✐❝✐❞❛❞❡ ♠❛s✱ ❡♥tr❡t❛♥t♦✱ ♦♣t❛♠♦s ♣❡❧❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡♠ ♠❛♣❛ ❞❡ ❢r❡q✉ê♥❝✐❛s ♣❡❧❛

❝❛♣❛❝✐❞❛❞❡ ❞❡ ❡①t❡♥❞❡r ♦ s♦❢t✇❛r❡ ♣❛r❛ tr❛❜❛❧❤♦s ❢✉t✉r♦s✱ ❝♦♠♦ ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡

♦✉tr♦s ♠ét♦❞♦s ❞❡ ❡①tr❛çã♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❡ ❞❡ ❝❧❛ss✐✜❝❛çã♦✳

◆❛s ár❡❛s ❞❡ Pr♦❝❡ss❛♠❡♥t♦ ❞❡ ▲✐♥❣✉❛❣❡♠ ◆❛t✉r❛❧ ❡ ❘❡❝✉♣❡r❛çã♦ ❞❛ ■♥❢♦r♠❛çã♦✱

❝♦st✉♠❛✲s❡ ✉t✐❧✐③❛r ♦ ♠♦❞❡❧♦ ❜♦❧s❛ ❞❡ ♣❛❧❛✈r❛s✳ ◆❡ss❡ ♠♦❞❡❧♦✱ ✉♠ ❞♦❝✉♠❡♥t♦ é r❡♣✲

r❡s❡♥t❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲♦r❞❡♥❛❞♦ ❞❡ ♣❛❧❛✈r❛s✱ ❞❡s♣r♦✈✐❞♦ ❞❡ r❡❣r❛s ❣r❛♠❛t✐❝❛✐s ❡

♦r❞❡♠✳

✷✳✷✳✸ ▼♦❞❡❧♦ ❞❡ ❊s♣❛ç♦ ❱❡t♦r✐❛❧ ✭▼❊❱✮

Pr♦♣♦st♦ ♣♦r ❲♦♥❣ ❡ ❨❛♥❣ ✭❙❆▲❚❖◆✱ ❲❖◆● ✫ ❨❆◆● ✶✾✼✺✮✱ ♦ ▼♦❞❡❧♦ ❞❡ ❊s♣❛ç♦ ❱❡✲

t♦r✐❛❧ ❞❡✜♥❡ ✉♠❛ ♠❛♥❡✐r❛ ❣❡♥ér✐❝❛ ❞❡ s❡ r❡♣r❡s❡♥t❛r ❞♦❝✉♠❡♥t♦s ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❞♦❝✉✲

♠❡♥t♦s✳

❈♦♥s✐❞❡r❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❞♦❝✉♠❡♥t♦s D ❝♦♠♣♦st♦ ♣♦r ❞♦❝✉♠❡♥t♦s Di✱ ✐♥❞❡①❛❞♦s ♣♦r

✉♠ ♦✉ ♠❛✐s t❡r♠♦s Ti q✉❡ ♣♦❞❡♠ t❡r ♣❡s♦s ❛tr✐❜✉í❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ s✉❛ ✐♠♣♦rtâ♥❝✐❛✱

♦✉ ❛té ♣❡s♦s ❜✐♥ár✐♦s ✭✵ ♦✉ ✶✮✳ P♦r ❡①❡♠♣❧♦✱ ✉♠ ❞♦❝✉♠❡♥t♦ ❞❡ t❡①t♦ t❡♠ ✉♠ ❝♦♥❥✉♥t♦

❞❡ ♣❛❧❛✈r❛s✳ ❆ ❝❛❞❛ ♣❛❧❛✈r❛ ❞❡st❡ ❝♦♥❥✉♥t♦✱ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ✉♠ ♣❡s♦ ✐♥❞✐✈✐❞✉❛❧✳ ❉❡st❛

❢♦r♠❛✱ ✉♠ ❞♦❝✉♠❡♥t♦ Di ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ ✈❡t♦r ♥✲❞✐♠❡♥s✐♦♥❛❧

Di = (di1, di2, . . . , din) ✭✷✳✸✮

✷✳✷✳✹ ❈♦♠❜✐♥❛çã♦ ❞❛ ❈♦♥✈❡rsã♦ ❡ ❞♦ ▼❊❱

❇❛s❡❛❞♦ ♥♦ ♠♦❞❡❧♦ ❞❡ ❞♦❝✉♠❡♥t♦ q✉❡ ♦❜t❡♠♦s ♥❛ s❡çã♦ ✷✳✷✳✷✱ t♦r♥❛✲s❡ ♥❡❝❡ssár✐♦ ❞❡✜♥✐r

✉♠❛ tr❛♥s❢♦r♠❛çã♦ Di = T (Mi) q✉❡ ❛♣❧✐❝❛❞❛ ❛ ✉♠ ♠❛♣❛ ❞❡ ❢r❡q✉ê♥❝✐❛s ❞♦s t❡r♠♦s Mi✱

♦❜té♠ ♦ r❡s♣❡❝t✐✈♦ ▼❊❱ Di ♣❛r❛ ❡st❡ ❞♦❝✉♠❡♥t♦✳

◆♦ ❝❛♠♣♦ ❞♦s ❙✐st❡♠❛s ❞❡ ❘❡❝✉♣❡r❛çã♦ ❞❛ ■♥❢♦r♠❛çã♦✱ t❛❧ tr❛♥s❢♦r♠❛çã♦ ❝♦rr❡s♣♦♥❞❡

❛♦ ❝♦♥❝❡✐t♦ ❞❛ ❋✉♥çã♦ ❞❡ ❘❛♥q✉❡❛♠❡♥t♦ ✭❞♦ ✐♥❣❧ês ❘❛♥❦✐♥❣ ❢✉♥❝t✐♦♥✮✱ ❝✉❥♦ ♣r♦♣ós✐t♦



✷✳✷ ❙✐st❡♠❛s ❞❡ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ❚❡①t♦ ✽

é ❞❡t❡r♠✐♥❛r ❛ r❡❧❡✈â♥❝✐❛ ❞❡ ✉♠ ❞♦❝✉♠❡♥t♦ ❛ ✉♠❛ ❞❛❞❛ ❝♦♥s✉❧t❛✳ ❚❛❧ ♣r♦❜❧❡♠❛ ♠♦str❛✲s❡

❜❛st❛♥t❡ ❛❜r❛♥❣❡♥t❡✱ ❝♦♠♦ ♦❜s❡r✈❛❞♦ ♣♦r ▲✐✉ ✭▲■❯ ✷✵✵✾✮ ❡♠ s✉❛ ♣❡sq✉✐s❛ s♦❜r❡ ❛❧❣♦rít✲

♠♦s ❞❡ r❛♥q✉❡❛♠❡♥t♦✳

P♦r ❡①❡♠♣❧♦✱ ✉♠❛ ❢✉♥çã♦ ❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞❛ é ❛ ❚❋✲■❉❋✱ ♦♥❞❡ ❛ ❢✉♥çã♦ ♣❡s♦ é

❞❡✜♥✐❞❛ ♣♦r✿

dij = tfi,j log
|D|

|d̄ ∈ D|t ∈ d̄|
✭✷✳✹✮

♦♥❞❡ tfi,j é ❛ ❢r❡q✉ê♥❝✐❛ ❞♦ t❡r♠♦ j ♥♦ ❞♦❝✉♠❡♥t♦ i ❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❧♦❣❛rít♠✐❝❛ é ❞❡♥♦♠✲

✐♥❛❞❛ ❢r❡q✉ê♥❝✐❛ ✐♥✈❡rs❛ ✭✐♥✈❡rs❡ ❞♦❝✉♠❡♥t ❢r❡q✉❡♥❝②✮✱ ✐st♦ é✱ ❢r❡q✉ê♥❝✐❛ ❞❡ ❞♦❝✉♠❡♥t♦s

❡♠ q✉❡ ♦ t❡r♠♦ ❡stá ♣r❡s❡♥❡t✳

◆❛ s❡çã♦ ✹✳✷✳✸✱ ❛♣r❡s❡♥t❛♠♦s t❛♠❜é♠ ♦ ❊st✐♠❛❞♦r ❞❡ ▼á①✐♠❛ ❱❡r♦ss✐♠✐❧❤❛♥ç❛✱ ❛♣❧✐✲

❝❛❞♦ ❝♦♠♦ ❢✉♥çã♦ ❞❡ r❛♥q✉❡❛♠❡♥t♦ s♦❜ ❛s ❝❧❛ss❡s ❡ ❞♦❝✉♠❡♥t♦s ✉t✐❧✐③❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✳



✷✳✸ Pr♦❜❛❜✐❧✐❞❛❞❡ ❡ ❊st❛tíst✐❝❛ ✾

✷✳✸ Pr♦❜❛❜✐❧✐❞❛❞❡ ❡ ❊st❛tíst✐❝❛

◆❡ss❛ s❡çã♦ ❝♦♥s✐❞❡r❛♠♦s ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❞✐s❝r❡t❛s✱ ❝✉❥❛ ♥♦t❛çã♦ ❡♥❝♦♥tr❛✲s❡ ❡♠ ❧❡✲

tr❛s ♠❛✐ús❝✉❧❛s ✭❡✳❣✳ X, Y ✮✳ ❆s s✉❛s r❡❛❧✐③❛çõ❡s ❡♥❝♦♥tr❛♠✲s❡ r❡♣r❡s❡♥t❛❞♦s ♣♦r ❧❡tr❛s

♠✐♥ús❝✉❧❛s ✭❡✳❣✳ x, y✮✳

✷✳✸✳✶ Pr♦❜❛❜✐❧✐❞❛❞❡ ❈♦♥❞✐❝✐♦♥❛❧

◗✉❛♥❞♦ ❞✉❛s ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❞❡♠♦♥str❛♠ ❛❧❣✉♠❛ r❡❧❛çã♦ ❞❡ ❞❡♣❡♥❞ê♥❝✐❛✱ t♦r♥❛✲s❡

♠❛✐s ❢á❝✐❧ ❡st✐♠❛r ♦ ✈❛❧♦r ❞❡ ✉♠❛ ❛♦ s❛❜❡r ♦ ✈❛❧♦r ❞❛ ♦✉tr❛✳ ▼❛t❡♠❛t✐❝❛♠❡♥t❡ ✐ss♦ ♣♦❞❡

s❡r ❡s❝r✐t♦ ❝♦♠♦✿

P (X = x1|Y = y1) =
P (X = x1, Y = y1)

P (Y = y1)
✭✷✳✺✮

♦♥❞❡ P (X = x1|Y = y1) é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❡✈❡♥t♦ X = x1 ❛❝♦♥t❡❝❡r ✉♠❛ ✈❡③ q✉❡

Y = y1 ❛❝♦♥t❡❝❡✉✳

➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ❝❛s♦ ❛s ✈❛r✐á✈❡✐s s❡❥❛♠ ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥✲

❥✉♥t❛ t♦r♥❛✲s❡ ♦ ♣r♦❞✉t♦ ❞❛s ✈❛r✐á✈❡✐s ✐♥❞✐✈✐❞✉❛✐s✱ t❡♥❞♦ ♣♦rt❛♥t♦

P (X = x1|Y = y1) = P (X = x1) ✭✷✳✻✮

♦✉ s❡❥❛✱ ❛ ✐♥❢♦r♠❛çã♦ ❞❛ ♦❝♦rrê♥❝✐❛ ❞♦ ❡✈❡♥t♦ Y = y1 ♥ã♦ ❝♦♥tr✐❜✉✐ ❝♦♠ ♦ ❡✈❡♥t♦ X = x1✳

✷✳✸✳✷ ▲❡✐ ❞❛ Pr♦❜❛❜✐❧✐❞❛❞❡ ❚♦t❛❧ ❡ ❛ ❘❡❣r❛ ❞❡ ❇❛②❡s

❆ ▲❡✐ ❞❛ Pr♦❜❛❜✐❧✐❞❛❞❡ ❚♦t❛❧ ❛✜r♠❛ q✉❡✱ ❞❛❞♦ ✉♠ ❡✈❡♥t♦ A ❡ m ❞✐❢❡r❡♥t❡s ♠❛♥❡✐r❛s ❞❡

♦❝♦rr❡r ❡st❡ ❡✈❡♥t♦ A1, A2, . . . , Am✱ ❝❛s♦ ❡ss❡s s✉❜❡✈❡♥t♦sAi s❡❥❛♠ ♠✉t✉❛♠❡♥t❡ ❡①❝❧✉s✐✈♦s✱

❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ A ♦❝♦rr❡r é ❞❛❞❛ ♣❡❧❛ s♦♠❛ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞♦s s✉❜❡✈❡♥t♦s Ai✿

P (A) =
∑

i

P (Ai) ✭✷✳✼✮

❈♦♥s✐❞❡r❡ ❡♥tã♦ ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ Y q✉❡ ❛ss✉♠❡ ✈❛❧♦r y ❡♠m ❞✐❢❡r❡♥t❡s ♠❛♥❡✐r❛s✱

❡♠ ❢✉♥çã♦ ❞❡ ♦✉tr❛ ✈❛r✐á✈❡❧ x ∈ X = {x1, x2, . . . , xm}✳ ❈♦♠♦ ❡ss❛s ♣r♦❜❛❜✐❧✐❞❛❞❡ sã♦ ♠✉✲

t✉❛♠❡♥t❡ ❡①❝❧✉s✐✈❛s✱ t❡♠✲s❡ ❞❛ ▲❡✐ ❞❛ Pr♦❜❛❜✐❧✐❞❛❞❡ ❚♦t❛❧ q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ P (Y = y)

♣♦❞❡ s❡r ❝♦♠♣✉t❛❞❛ ♣♦r✿



✷✳✹ ❚❡♦r✐❛ ❉❡❝✐sór✐❛ ❞❡ ❇❛②❡s ✶✵

P (Y = y) =
∑

x∈X

P (y, x) ✭✷✳✽✮

❉❛ ❞❡✜♥✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧✱ t❡♠♦s✿

P (x|y) =
P (x, y)

P (y)
✭✷✳✾✮

❈♦♠♦ P (x, y) = P (x|y)P (y) = P (y|x)P (x)✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❝♦♠♦✿

P (x|y) =
P (y|x)P (x)

∑

x∈X P (y|x)P (x)
✭✷✳✶✵✮

❆ ❡q✉❛çã♦ ❛❝✐♠❛ é ❞❡♥♦♠✐♥❛❞❛ r❡❣r❛ ❞❡ ❇❛②❡s✳ ❯♠❛ ✐♥t❡r♣r❡t❛çã♦ ✐♥t❡r❡ss❛♥t❡ ❞❛

r❡❣r❛ ❞❡ ❇❛②❡s é q✉❡ ❡❧❛ ❢❛③ ✉♠❛ ✐♥✈❡rsã♦ ❡st❛tíst✐❝❛✱ t♦r♥❛♥❞♦ P (y|x) ❡♠ P (x|y)✳

P♦r ❡①❡♠♣❧♦✱ s✉♣♦♥❞♦ q✉❡ x é ✉♠❛ ❝❛✉s❛ ❡ y ✉♠ ❡❢❡✐t♦✱ t❡♠✲s❡ q✉❡ ♥❛ ♣r❡s❡♥ç❛ ❞❛

❝❛✉s❛ x✱ é ❢á❝✐❧ ❞❡t❡r♠✐♥❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❡❢❡✐t♦ y s❡r ♦❜s❡r✈❛❞♦✱ ✐st♦ é✱ ❛ s❡♠❡❧❤❛♥ç❛

P (y|x)✳

❈♦♠♦ ✉♠❛ sér✐❡ ❞❡ ❝❛✉s❛s xi ♦❝❛s✐♦♥❛♠ ♦ ♠❡s♠♦ ❡❢❡✐t♦ y✱ ♦❜s❡r✈❛r ♦ ❡❢❡✐t♦ y ♥ã♦

❛❥✉❞❛ ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛ ❝❛✉s❛ x✳ ❉❡ ❢❛t♦✱ ❛ ✉t✐❧✐❞❛❞❡ ❞❛ r❡❣r❛ ❞❡ ❇❛②❡s ❛♣❛r❡❝❡ ♥❛

❞❡t❡r♠✐♥❛çã♦ ❞❡ P (x|y)✱ ✉♠❛ ✈❡③ s❛❜✐❞❛ ❛ s❡♠❡❧❤❛♥ç❛ ❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ ♣r✐♦r✐ ❞❛ ❝❛✉s❛

P (x)✳

❈♦st✉♠❛✲s❡ ❝❤❛♠❛r P (x|y) ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ ♣♦st❡r✐♦r✐✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ♣♦st❡r✐♦r✱

✈✐st♦ q✉❡ ❡st❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♠♦str❛ ❛s ❞✐❢❡r❡♥ç❛s ❝❛✉s❛❞❛s ♣❡❧❛ ♦❜s❡r✈❛çã♦ ❞♦ ❡✈❡♥t♦ y

♥❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ P (x)✱ ♦✉ s❡❥❛✱ é ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣♦st❡r✐♦r ❛♦ ❡✈❡♥t♦ y✳

✷✳✹ ❚❡♦r✐❛ ❉❡❝✐sór✐❛ ❞❡ ❇❛②❡s

✷✳✹✳✶ ❈♦♥❝❡✐t♦s ❋✉♥❞❛♠❡♥t❛✐s

❆ t❡♦r✐❛ ❞❡❝✐sór✐❛ ❞❡ ❇❛②❡s é ✉♠❛ ❛❜♦r❞❛❣❡♠ ❡st❛tíst✐❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❝❧❛ss✐✜❝❛çã♦

❞❡ ♣❛❞rõ❡s✳ ❉❡ ❢❛t♦✱ ❡ss❛ t❡♦r✐❛ ✉t✐❧✐③❛✲s❡ ❞❡ ♠❡❞✐çõ❡s✱ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❡ ❝✉st♦s ❞❡ ❞❡❝✐sã♦

♥❛ ❡①❡❝✉çã♦ ❞❡ ✉♠ ♣r♦❝❡ss♦ ❞❡❝✐sór✐♦✳

❙✉♣♦♥❤❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡❝✐sór✐♦ ♦♥❞❡ ✉♠ ❝❧❛ss✐✜❝❛❞♦r ❞❡✈❡ ❞❡❝✐❞✐r ❛ q✉❛❧ ❝❧❛ss❡ ci ∈ C

✉♠ ❞♦❝✉♠❡♥t♦ d ♣❡rt❡♥❝❡✳ ◆♦ ✉s♦ ❞❛ t❡♦r✐❛ ❞❡❝✐sór✐❛ ❞❡ ❇❛②❡s✱ t❡rí❛♠♦s ♣❡❧❛ r❡❣r❛ ❞❡

❇❛②❡s✿



✷✳✹ ❚❡♦r✐❛ ❉❡❝✐sór✐❛ ❞❡ ❇❛②❡s ✶✶

P (ci|d) =
P (d|ci)P (ci)

P (d)
✭✷✳✶✶✮

✐st♦ é✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ P (ci|d) ❞♦ ❡✈❡♥t♦ ✏❝❧❛ss❡ ci ❞❛❞♦ ✉♠ ❞♦❝✉♠❡♥t♦ d✑ é r❡❧❛❝✐♦♥❛❞❛

❝♦♠ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡♠❡❧❤❛♥ç❛ P (d|ci)✱ ✐st♦ é✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❜t❡r♠♦s ♦ ❞♦✲

❝✉♠❡♥t♦ d ❞❛❞♦ q✉❡ ♦ ♠❡s♠♦ é ❞❛ ❝❧❛ss❡ ci❀ ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ ♣r✐♦r✐ ❞❡ ♦❝♦rr❡r ✉♠

❞♦❝✉♠❡♥t♦ ❞❛ ❝❧❛ss❡ ci ✭P (ci)✮❀ ❡ ❞❛ ❡✈✐❞ê♥❝✐❛ P (d)✳ ❉❡ ❢❛t♦✱ ❛ ❡✈✐❞ê♥❝✐❛ é ❞❛❞❛ ♣♦r✿

P (d) =
∑

c∈C

P (d|c)P (c) ✭✷✳✶✷✮

♦♥❞❡ d é ✉♠ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s d = (d1, d2, . . . , dn)✳ ❉❡st❛ ❢♦r♠❛✱ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r

q✉❡ ♦ ❝á❧❝✉❧♦ ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ r❡✈❡❧❛ ✉♠ ✈❛❧♦r P (d) ❝♦♥st❛♥t❡✳ ❉❡ ❢❛t♦✱ ❡st❡ ✈❛❧♦r

s❡r✈❡ ❛♣❡♥❛s ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s s♦♠❡♠ ✉♠✳ ❆❧é♠ ❞✐ss♦✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

P (ci|d)✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

P (ci|d1, d2, . . . , dn) =
P (d1, d2, . . . , dn|ci)P (ci)

P (d)
✭✷✳✶✸✮

P♦❞❡✲s❡ ♥♦t❛r q✉❡ ♦ ♥✉♠❡r❛❞♦r ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ é ❡q✉✐✈❛❧❡♥t❡ à ♣r♦❜❛❜✐❧✐✲

❞❛❞❡ ❝♦♥❥✉♥t❛ P (ci, d1, d2, . . . , dn)✳ ❙✉♣♦♥❞♦ q✉❡ ❛s ❝❛r❛❝t❡ríst✐❝❛s di, dj sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s

✭i 6= j✮✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❥✉♥t❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

P (ci, d1, d2, . . . , dn) = P (ci)
∏

i=1,...,n

P (di|ci) ✭✷✳✶✹✮

❊st❛ s✉♣♦s✐çã♦ ❞❡ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❝♦st✉♠❛ s❡r t❛①❛❞❛ ❝♦♠♦ ✐♥❣ê♥✉❛✱ ❝❛r❛❝t❡r✐③❛♥❞♦ ♦

♣♦♣✉❧❛r ♥♦♠❡ ❇❛②❡s ■♥❣ê♥✉♦ ♣❛r❛ ❡st❡ ❝❧❛ss✐✜❝❛❞♦r✳

❙✉❜st✐t✉✐♥❞♦ ♥❛ ❡①♣r❡ssã♦ ❞❡ P (ci|d)✱ ♦❜t❡♠♦s✿

P (ci|d) =
P (ci)

∏

i=1,...,n P (di|ci)

P (d)
✭✷✳✶✺✮

❡①♣r❡ssã♦ ❡ss❛ q✉❡ ❞❡t❡r♠✐♥❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ ❞♦❝✉♠❡♥t♦ d ♣❡rt❡♥❝❡r ❛ ❝❧❛ss❡ ci✱

s✉♣♦♥❞♦ ❛ ✐♥❞❡♣❡♥❞❡♥❝✐❛ ❞❛s ❝❛r❛❝t❡ríst✐❝❛s✳

✷✳✹✳✷ ❚r❡✐♥❛♠❡♥t♦

❖ tr❡✐♥❛♠❡♥t♦ ❞❡ss❡ ❝❧❛ss✐✜❝❛❞♦r s❡ ❞á ♣❡❧♦ ❝á❧❝✉❧♦ ❞❛✿



✷✳✹ ❚❡♦r✐❛ ❉❡❝✐sór✐❛ ❞❡ ❇❛②❡s ✶✷

• Pr♦❜❛❜✐❧✐❞❛❞❡ ❛ ♣r✐♦r✐ ♣♦r ❝❧❛ss❡✿ P (ci)❀

• Pr♦❜❛❜✐❧✐❞❛❞❡ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠❛ ♣❛❧❛✈r❛ di ♥✉♠❛ ❝❧❛ss❡ ci✿ P (di|ci✮✳

❯♠❛ ♠❛♥❡✐r❛ s✐♠♣❧❡s ❞❡ ❡st✐♠❛r ❡ss❡s ✈❛❧♦r❡s é ❛tr❛✈és ❞♦ ❊st✐♠❛❞♦r ❞❡ ▼á①✐♠❛

❱❡r♦ss✐♠✐❧❤❛♥ç❛✱ q✉❡ ✉t✐❧✐③❛✲s❡ ❞❛ ❢r❡q✉ê♥❝✐❛ r❡❧❛t✐✈❛ ❞♦s ♣❛râ♠❡tr♦s✳ P❛r❛ ❡st✐♠❛r ❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ ♣r✐♦r✐✱ ❢❛③❡♠♦s✿

P (ci) =
Nci

N
✭✷✳✶✻✮

♦♥❞❡ Nci é ♦ ♥ú♠❡r♦ ❞❡ ❞♦❝✉♠❡♥t♦s ❞❛ ❝❧❛ss❡ ci ❡ N é ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❞♦❝✉♠❡♥t♦s✳

❙✐♠✐❧❛r♠❡♥t❡✱ ♣♦❞❡✲s❡ ❡st✐♠❛r P (di|ci) ♣♦r✿

P (di|ci) =
Ndi,ci

Ndco

✭✷✳✶✼✮

♦♥❞❡ Ndi,ci é ♦ ♥ú♠❡r♦ ❞❡ ♦❝♦rrê♥❝✐❛s ❞❛ ❝❛r❛❝t❡ríst✐❝❛ di ❡♠ ❞♦❝✉♠❡♥t♦s ❞❛ ❝❧❛ss❡ ci ❡

Ndco é ♦ t♦t❛❧ ❞❡ ♦❝♦rrê♥❝✐❛s ❞❛s ❝❛r❛❝t❡ríst✐❝❛s ❡♠ ❞♦❝✉♠❡♥t♦s ❞❛ ❝❧❛ss❡ ci✳

❯♠ ❞♦s ♣r♦❜❧❡♠❛s q✉❡ ♦❝♦rrr❡ ❝♦♠ ❡ss❛ ❡st✐♠❛t✐✈❛ s✐♠♣❧❡s é ❛ ❛♣❛r✐çã♦ ❞♦ ✈❛❧♦r

♥✉❧♦ ♣❛r❛ ❝♦♠❜✐♥❛çõ❡s q✉❡ ♥ã♦ ♣❡rt❡♥❝❡♠ ❛♦ ❝♦r♣✉s ❞❡ tr❡✐♥❛♠❡♥t♦✳ P❛r❛ s✉♣r✐♠✐r ❡st❡

♣r♦❜❧❡♠❛✱ ♣♦❞❡✲s❡ ❛♣❧✐❝❛r ❛ s✉❛✈✐③❛çã♦ ❞❡ ▲❛♣❧❛❝❡✿

P (di|ci) =
Ndi,ci + 1

Ndco + |d|
✭✷✳✶✽✮

✐st♦ é✱ s♦♠❛✲s❡ ♦ ✈❛❧♦r 1 ♥♦ ♥✉♠❡r❛❞♦r ❡ 1 ♥♦ ❞❡♥♦♠✐♥❛❞♦r ♣❛r❛ ❝❛❞❛ ❝❛r❛❝t❡ríst✐❝❛✱ ♦

q✉❡ ❡q✉✐✈❛❧❡ ❛♦ t❛♠❛♥❤♦ ❞♦ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s |d|✳

✷✳✹✳✸ ❈❧❛ss✐✜❝❛çã♦

❯♠❛ ✈❡③ ✜♥❛❧✐③❛❞♦ ♦ tr❡✐♥❛♠❡♥t♦✱ t❡♠✲s❡ ❡♠ ♠ã♦s ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❛ ♣r✐♦r✐ P (ci) ❡ ❛s

♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s P (di|ci)✳ ❈♦♠ ❡st❡s ✈❛❧♦r❡s✱ é ♣♦ssí✈❡❧ ❝♦♠♣✉t❛r ❛s ♣r♦❜❛❜✐❧✐✲

❞❛❞❡s P (c1|d), P (c2|d), . . . , P (cm|d)✱ s❡♥❞♦ ❛ ♠❛✐♦r ❞❡st❛s ❛ ❝❧❛ss❡ ❡s❝♦❧❤✐❞❛ ❝♦♠♦ ♠❡❧❤♦r

r❡♣r❡s❡♥t❛♥t❡ ♣❛r❛ ♦ ❞♦❝✉♠❡♥t♦ d✳

❋♦r♠❛❧♠❡♥t❡✱ ❛ ❝❧❛ss✐✜❝❛çã♦ é ❞❛❞❛ ♣♦r✿

ci = argmax
c∈C

P (c|d) ✭✷✳✶✾✮



✷✳✹ ❚❡♦r✐❛ ❉❡❝✐sór✐❛ ❞❡ ❇❛②❡s ✶✸

♦♥❞❡

P (c|d) =
P (c)

∏

i=1,...,n P (di|c)

P (d)
✭✷✳✷✵✮
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3 Metodologia

◆❡ss❡ tr❛❜❛❧❤♦ s❡rá ❛❞♦t❛❞❛ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ tr❛❞✐❝✐♦♥❛❧ ✭❚❍❊❖❉❖❘■❉■❙ ✫ ❑❖❯❚❘❖❯▼❇❆❙ ✷✵✵✻✮✱

✭❉❯❉❆✱ ❍❆❘❚ ✫ ❙❚❖❘❑ ✷✵✵✶✮ ♣❛r❛ ♦ ♣r♦❥❡t♦ ❞♦ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❛rt✐✜❝✐❛❧✳ ❊st❛

♠❡t♦❞♦❧♦❣✐❛ ❢♦✐ ❞❡s❝r✐t❛ ❜r❡✈❡♠❡♥t❡ ♥❛ s❡çã♦ ✷✳✶✳✶✳

◆♦ ♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦✱ ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ t❡①t♦s✱ ❞❡✈❡♠♦s ❛♣❧✐❝❛r ❛❧❣✉♠❛s tr❛❞✉çõ❡s

❛♦s ♥♦♠❡s ❞❛ ♠❡t♦❞♦❧♦❣✐❛✱ sã♦ ❡❧❛s✿

• ♣❛❞rã♦✿ ❝❤❛♠❛♠♦s ❞❡ ❞♦❝✉♠❡♥t♦ ♦ ♣❛❞rã♦ ❝♦♥s✐❞❡r❛❞♦ ♥❡ss❡ s✐st❡♠❛

• s❡♥s♦r✿ ✇❡❜ ❝r❛✇❧❡r é ♦ ♥♦♠❡ ❞❛❞♦ à ❢❡rr❛♠❡♥t❛ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❞♦✇♥❧♦❛❞ ❞♦s

❞♦❝✉♠❡♥t♦s ❡ ♥❡ss❡ ❝❛s♦ é ♦ ♣ró♣r✐♦ s❡♥s♦r

■♥✐❝✐❛❧♠❡♥t❡ ❢♦✐ ❢❡✐t❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡ ❡①❡❝✉çã♦ ❞❛ ❝♦❧❡t❛ ❞❡ ❞❛❞♦s✱ ♦❜t❡♥❞♦ ✉♠

❝♦♥❥✉♥t♦ ❞❡ t❡s❡s ✉t✐❧✐③❛❞♦ ♥♦s ❡①♣❡r✐♠❡♥t♦s✳ ❊♠ s❡❣✉✐❞❛✱ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ♦ ♠ét♦❞♦ ❞❡

❡①tr❛çã♦ ❞❛s ❝❛r❛❝t❡ríst✐❝❛s✱ ❛ss✐♠ ❝♦♠♦ ♦ tr❡✐♥❛♠❡♥t♦ s✉♣❡r✈✐s✐♦♥❛❞♦✱ ❝♦♠♦ ❞❡s❝r✐t♦ ♥❛

s❡çã♦ ✷✳✹✳✷✳ P♦r ✜♠✱ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞❛ ❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss✐✜❝❛çã♦✱ ❝♦♠ ❜❛s❡ ♥❛ ❞❡s❝r✐çã♦

✈✐st❛ ♥❛ s❡çã♦ ✷✳✹✳✸✳

❆♦ ✜♠ ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r✱ ❢♦r❛♠ ❢❡✐t♦s ♦s ❞❡✈✐❞♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠♦

❧✐st❛❞♦s ♥♦s ♦❜❥❡t✐✈♦s ❞❡st❡ tr❛❜❛❧❤♦✳ ◆♦ ❝❛♣ít✉❧♦ ❛ s❡❣✉✐r s❡rá ❞❡s❝r✐t♦ ♦ ♣r♦❥❡t♦ ❡ ❛

✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ s✐st❡♠❛✱ s❡❣✉✐♥❞♦ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❛q✉✐ ❛♣r❡s❡♥t❛❞❛✳
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4 Projeto e Implementação do Sistema
de Classificação

✹✳✶ Pr♦❥❡t♦

✹✳✶✳✶ ■♥tr♦❞✉çã♦

❖ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ t❡♠ s❡✉ ♣r♦❥❡t♦ ♠♦str❛❞♦ ♥♦ ❞✐❛❣r❛♠❛ ❞❡ ❜❧♦❝♦s ❞❛ ✜❣✉r❛ ✸✳

❈♦❧❡t❛ ❞❡

❉❛❞♦s

❇❛♥❝♦ ❞❡ ❚❡s❡s

✭❝♦r♣✉s✮
❚r❡✐♥❛♠❡♥t♦

❚❡st❡s ❞❡

❈❧❛ss✐✜❝❛çã♦

❆✈❛❧✐❛çã♦ ❞♦

❙✐st❡♠❛

❋✐❣✉r❛ ✸ ✕ ❉✐❛❣r❛♠❛ ❞❡ ❇❧♦❝♦s ✲ ❙✐st❡♠❛ ❞❡ ❈❧❛ss✐✜❝❛çã♦

❖ ♣r✐♠❡✐r♦ ❜❧♦❝♦ r❡❢❡r❡✲s❡ à ❝♦❧❡t❛ ❞❡ ❞❛❞♦s ✭s❡çã♦ ✹✳✶✳✷✮✱ ❡t❛♣❛ ♥❛ q✉❛❧ sã♦ ♦❜t✐❞❛s

t❡s❡s ❡ ❝r✐❛❞♦ ✉♠ ❜❛♥❝♦ ❞❡ t❡s❡s✳ ❊♠ s❡❣✉✐❞❛ t❡♠♦s ♦ tr❡✐♥❛♠❡♥t♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r✱ ❛❧✐✲

♠❡♥t❛❞♦ ♣❡❧♦ ❜❛♥❝♦ ❞❡ t❡s❡s✳ ❆♣ós ❡ss❛ ❢❛s❡✱ sã♦ r❡❛❧✐③❛❞♦s ♦s t❡st❡s ❞❡ ❝❧❛ss✐✜❝❛çã♦ ♦♥❞❡

sã♦ ❛r♠❛③❡♥❛❞♦s r❡s✉❧t❛❞♦s q✉❛♥t✐t❛t✐✈♦s s♦❜r❡ ❛ q✉❛❧✐❞❛❞❡ ❞♦ ❝❧❛ss✐✜❝❛❞♦r✳ ❋✐♥❛❧♠❡♥t❡✱

t❡♠✲s❡ ❛ ❛✈❛❧✐❛çã♦ ❞♦ s✐st❡♠❛✱ ♦♥❞❡ sã♦ ✐♥❢❡r✐❞♦s ❝♦♠♣♦rt❛♠❡♥t♦s ❞♦ s✐st❡♠❛ ❜❛s❡❛❞♦ ♥❛s

♠❡❞✐❞❛s ❢❡✐t❛s ❛♥t❡r✐♦r♠❡♥t❡✳

✹✳✶✳✷ ❈♦❧❡t❛ ❞❡ ❉❛❞♦s

❖s ❞❛❞♦s ❛ s❡r❡♠ ❝♦❧❡t❛❞♦s sã♦ t❡s❡s ❞❡ ♠❡str❛❞♦ ❡ ❞♦✉t♦r❛❞♦✱ ❝♦♠♦ ❞✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✳

◆❡ss❡ tr❛❜❛❧❤♦ ❢♦✐ ✉t✐❧✐③❛❞♦ ♦ ❜❛♥❝♦ ❞❡ t❡s❡s ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❙ã♦ P❛✉❧♦ ✭❯❙P✮✱ s❡♥❞♦



✹✳✷ ■♠♣❧❡♠❡♥t❛çã♦ ✶✻

❡st❛ ✉♠❛ ❢♦♥t❡ ❜❡♠ ❡st❛❜❡❧❡❝✐❞❛ ❡ ❝♦♠ ✉♠ ❣r❛♥❞❡ ❛❝❡r✈♦ ❞❡ ❞♦❝✉♠❡♥t♦s✳ ❖ ❡♥❞❡r❡ç♦

❞❡st❡ ❜❛♥❝♦ é✿ ❤tt♣✿✴✴✇✇✇✳t❡s❡s✳✉s♣✳❜r✴

P❛r❛ ❡st❛ ❝♦❧❡t❛✱ ♦ ✇❡❜ ❝r❛✇❧❡r ❢♦✐ ♣❧❛♥❡❥❛❞♦ ♣❛r❛ ❢✉♥❝✐♦♥❛r ❞❡ ♠❛♥❡✐r❛ r❡❛❧✐♠❡♥t❛❞❛✱

❝♦♥t✐♥✉❛♥❞♦ s✉❛ ❜✉s❝❛ ♣♦r ❞♦❝✉♠❡♥t♦s ❛té ♥ã♦ ❡♥❝♦♥tr❛r ♠❛✐s ♣á❣✐♥❛s ♥❛ ❧✐st❛❣❡♠✳

❆♦ ❛❧✐♠❡♥tá✲❧♦ ❝♦♠ ❛ ♣r✐♠❡✐r❛ ♣á❣✐♥❛ ❞❡ ✉♠❛ ❧✐st❛ ❞❡ t❡s❡s ❞❡ ✉♠ ❞❛❞♦ ❝✉rs♦✱ ♦ ❧✐♥❦

♣❛r❛ ❛ ♣ró①✐♠❛ ♣á❣✐♥❛ ❥á é ❛❞q✉✐r✐❞♦✱ ♦❜t❡♥❞♦ ❡♥tã♦ ✉♠❛ ♣r♦❣r❡ssã♦ q✉❡ ✈❛rr❡ t♦❞❛s ❛s

t❡s❡s ❞♦ ❝✉rs♦✳ ❚❛❧ ❡str✉t✉r❛ é ♠♦str❛❞❛ ♥♦ ❞✐❛❣r❛♠❛ ❞❛ ✜❣✉r❛ ✹✳

Pá❣✐♥❛ ■♥✐❝✐❛❧ ❲❡❜ ❝r❛✇❧❡r ▲✐st❛ ❞❡ ❚❡s❡s

Pró①✐♠❛ ♣á❣✐♥❛

❋✐❣✉r❛ ✹ ✕ ❉✐❛❣r❛♠❛ ❞❡ ❇❧♦❝♦s ✲ ❈♦❧❡t❛ ❞❡ ❉❛❞♦s

✹✳✷ ■♠♣❧❡♠❡♥t❛çã♦

◆❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♣r♦❥❡t♦ ❞❡s❝r✐t♦ ♥❛ s❡çã♦ ✹✳✶✱ ❢♦✐ ❡s❝♦❧❤✐❞❛ ❛ ❧✐♥❣✉❛❣❡♠ ❞❡ ♣r♦❣r❛✲

♠❛çã♦ P②t❤♦♥✱ ♣❡❧❛ s✉❛ ✈❡rs❛t✐❧✐❞❛❞❡✱ s✐♠♣❧✐❝✐❞❛❞❡ ❡ ♣♦r ♣♦ss✉✐r ❜✐❜❧✐♦t❡❝❛s ♥❛t✐✈❛s ❞❡

❝á❧❝✉❧♦ ♥✉♠ér✐❝♦✱ ✈❛rr❡❞✉r❛ ✇❡❜ ✭✇❡❜ s❝r❛♣✐♥❣✮ ❡ ❛♥❛❧✐s❛❞♦r❡s ❞❡ t❡①t♦✳

❋♦r❛♠ ❡s❝♦❧❤✐❞❛s ❛s s❡❣✉✐♥t❡s ❜✐❜❧✐♦t❡❝❛s✿

• ❙❝r❛♣②✱ ❢r❛♠❡✇♦r❦ ❞❡ ✈❛rr❡❞✉r❛ ✉t✐❧✐③❛❞♦ ♥❛ ❝♦❧❡t❛ ❞❛s t❡s❡s❀

• ♥✉♠♣②✱ ♣❛r❛ ❝á❧❝✉❧♦s ♠❛t❡♠át✐❝♦s ❞❡ ❛❧t❛ ✈❡❧♦❝✐❞❛❞❡❀

❈♦♠♦ s♦❢t✇❛r❡ ❛❞✐❝✐♦♥❛❧✱ ✉t✐❧✐③❛♠♦s ♦ ▼♦♥❣♦❉❇ ❝♦♠♦ ❜❛♥❝♦ ❞❡ ❞❛❞♦s ♣❛r❛ ❛r✲

♠❛③❡♥❛r ❛s t❡s❡s✱ ♣♦r ❛♣r❡s❡♥t❛r ✉♠❛ ót✐♠❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❧❡✐t✉r❛ ❡ ❡s❝r✐t❛ ❞❡ ❞♦❝✉♠❡♥t♦s✳
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✹✳✷✳✶ ❈♦❧❡t❛ ❞❡ ❉❛❞♦s

❆ ❝♦❧❡t❛ ❞❡ ❞❛❞♦s ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞❛ ✉t✐❧✐③❛♥❞♦ ♦ ❢r❛♠❡✇♦r❦ ❙❝r❛♣②✳ ❊st❡ ❢r❛♠❡✇♦r❦

❢♦r♥❡❝❡ ❢❛❝✐❧✐❞❛❞❡s ♣❛r❛ ✐♠♣❧❡♠❡♥t❛r ✇❡❜ s♣✐❞❡rs ✲ r♦❜ôs q✉❡ ✈❛rr❡♠ s✐t❡s ❞❡ ♠❛♥❡✐r❛

❡sq✉❡♠át✐❝❛ ❡ ♦❜❡❞❡❝❡♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❣r❛s ❞❡✜♥✐❞❛s ♣❡❧♦ ♣r♦❣r❛♠❛❞♦r✳

❆ ❝♦❧❡t❛ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❞✐❛❣r❛♠❛ ✈✐st♦ ♥❛ ✜❣✉r❛ ✹✱ t❡♥❞♦ ♦s

❞♦❝✉♠❡♥t♦s ❛r♠❛③❡♥❛❞♦s ❡♠ ✉♠ ❜❛♥❝♦ ▼♦♥❣♦❉❇✳

✹✳✷✳✷ ❊①tr❛çã♦ ❞❡ ❈❛r❛❝t❡ríst✐❝❛s

◆♦ ♣r♦❝❡ss♦ ❞❡ ❡①tr❛çã♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ ✉t✐❧✐③❛♠♦s ♦ ❝r✐tér✐♦ ❞♦ ▲✐♠✐❛r ❞❡ ❋r❡q✉ê♥❝✐❛

❉❋ ✭s❡çã♦ ✷✳✷✳✶✮✱ ❞❡✜♥✐❞♦ ❛ s❡❣✉✐r✿

❉❡✜♥✐çã♦ ✶ ✭▲✐♠✐❛r ❞❡ ❋r❡q✉ê♥❝✐❛ ✭❉❋✮✮✳ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞♦❝✉♠❡♥t♦s d ∈ D✱ ❛s

❝❛r❛❝t❡ríst✐❝❛s sã♦ ❞❡✜♥✐❞❛s ♣♦r✿

X = {t ∈ V (D)|tf > tlim} ✭✹✳✶✮

♦♥❞❡ V (D) ❞❡♥♦t❛ ♦ ✈♦❝❛❜✉❧ár✐♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❞♦❝✉♠❡♥t♦s D ❡ tlim é ❛ ❢r❡q✉ê♥❝✐❛

❧✐♠✐❛r ❡♠ q✉❡ s❡ ❞❡✈❡ ❝♦♥s✐❞❡r❛r ✉♠ t❡r♠♦✳

❊ss❡ ❝r✐tér✐♦ ❝♦♥s✐❞❡r❛ ♦s t❡r♠♦s ♠❛✐s ❢r❡q✉❡♥t❡s ❝♦♠♦ ♠❛✐s ✐♠♣♦rt❛♥t❡s✱ ❡❢❡t✐✈❛♠❡♥t❡

❡❧✐♠✐♥❛♥❞♦ ♦s ❞❡ ♠❛✐s ❜❛✐①❛ ❢r❡q✉ê♥❝✐❛✳ ◆❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❡ss❡ ♠ét♦❞♦✱ ✉t✐❧✐③❛♠♦s ♦

❛❧❣♦rít♠♦ ♠♦str❛❞♦ ♥♦ ❆❧❣♦rít♠♦ ✶ ❛ s❡❣✉✐r✳

❆❧❣♦rít♠♦ ✶ ❊①tr❛çã♦ ❞❛s ❈❛r❛❝t❡ríst✐❝❛s

❢♦r ❞♦❝✉♠❡♥t ✐♥ tr❛✐♥✐♥❣❉♦❝s ❞♦
❢♦r t❡r♠ ✐♥ ❙❡t✭❚♦❦❡♥✐③❡✭❞♦❝✉♠❡♥t✳t❡①t✮✮ ❞♦
frequency[term]← frequency[term] + 1

❡♥❞ ❢♦r

cutFrequency ← max(frequency.values)+mean(frequency.values)
sizedivider

features← frequency(value > cutFrequency)
❡♥❞ ❢♦r

❖ ❛❧❣♦rít♠♦ ✶ ✐♥✐❝✐❛✲s❡ ❢❛③❡♥❞♦ ✉♠ ♠❛♣❡❛♠❡♥t♦ ❞♦ ✈♦❝❛❜✉❧ár✐♦ ♣r❡s❡♥t❡ ♥♦s ❞♦❝✉✲

♠❡♥t♦s✱ ✐st♦ é✱ ✉♠❛ ❝♦♥t❛❣❡♠ ❞❛s ♣❛❧❛✈r❛s ❡ ❞❡ s✉❛s r❡s♣❡❝t✐✈❛s ❢r❡q✉ê♥❝✐❛s ❞❡ ❞♦❝✉♠❡♥t♦

✭❡♠ q✉❛♥t♦s ❞♦❝✉♠❡♥t♦s ❡❧❛ ❛♣❛r❡❝❡✮✳

➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r ❛ s❡♣❛r❛çã♦ ❞❡ ✉♠ ❞♦❝✉♠❡♥t♦ ❡♠ t❡r♠♦s ✭❢✉♥çã♦ ❚♦❦❡♥✐③❡✭✮✮

❡ ❡♠ s❡❣✉✐❞❛ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ✭❢✉♥çã♦ ❙❡t✭✮✮✱ ♦♥❞❡ ❛ ❢r❡q✉ê♥❝✐❛ ♣ró♣r✐❛ ❞♦ t❡r♠♦ ♥♦
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❞♦❝✉♠❡♥t♦ t❡r♠✐♥❛ ♣♦r s❡r ✐❣♥♦r❛❞❛✳ ■ss♦ s❡ ❢❛③ ♥❡❝❡ssár✐♦ ♣♦✐s ♦ ♠ét♦❞♦ ❉❋ ❛♣❡♥❛s

❝♦♥s✐❞❡r❛ q✉❛♥t♦s ❞♦❝✉♠❡♥t♦s ❡♠ q✉❡ ❛♣❛r❡❝❡ ♦ t❡r♠♦✱ ❡♥q✉❛♥t♦ ✐❣♥♦r❛ s✉❛ ❢r❡q✉ê♥❝✐❛✳

❯♠❛ ✈❡③ ♦❜t✐❞♦ ♦ ✈♦❝❛❜✉❧ár✐♦✱ ♦ ♠ét♦❞♦ ❉❋ r❡q✉❡r ❛ ❞❡✜♥✐çã♦ ❞❡ ✉♠ ❧✐♠✐❛r ♦♥❞❡

❛s ❝❛r❛❝t❡ríst✐❝❛s sã♦ ✐♠♣♦rt❛♥t❡s✳ ❉❡✜♥✐♠♦s ❡ss❡ ❧✐♠✐❛r ❝♦♠ ✉♠❛ ❢✉♥çã♦ ❞❡ ❝♦rt❡ ❞❛❞❛

♣♦r✿

fc =
max(c) +mean(c)

sizedivider
✭✹✳✷✮

♦♥❞❡ s✐③❡ ❞✐✈✐❞❡r é ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ❡s♣❡❝✐✜❝❛❞♦ ♣❡❧♦ ♣r♦❣r❛♠❛❞♦r✱ max(c) ❞❡♥♦t❛

♦ ✈❛❧♦r ♠á①✐♠♦ ❞❡ ❢r❡q✉ê♥❝✐❛ ❡ mean(c) ❞❡♥♦t❛ ♦ ✈❛❧♦r ♠é❞✐♦ ❞❡ ❢r❡q✉ê♥❝✐❛✳

❆tr❛✈és ❞❡ ❛❧t❡r❛çõ❡s ♥♦ s✐③❡ ❞✐✈✐❞❡r✱ é ♣♦ssí✈❡❧ ❝♦♥tr♦❧❛r ❛ s❡❧❡t✐✈✐❞❛❞❡ ❞♦ ✜❧tr♦✳ P♦r

❡①❡♠♣❧♦✱ ❛♦ ❛✉♠❡♥t❛r s✐③❡ ❞✐✈✐❞❡r✱ t❡♠♦s ✉♠❛ r❡❞✉çã♦ ♥❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❝♦rt❡ fc✱ ♦ q✉❡

❛❝❛rr❡t❛ ❡♠ ♠❛✐s ❝❛r❛❝t❡ríst✐❝❛s s❡♥❞♦ ❡①tr❛í❞❛s ✭❢❛t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦s ❡①♣❡r✐♠❡♥t♦s

r❡❛❧✐③❛❞♦s ♥❛ s❡çã♦ ✺✮✳

✹✳✷✳✸ ❚r❡✐♥❛♠❡♥t♦

P❛r❛ ♦ tr❡✐♥❛♠❡♥t♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r✱ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ✉♠ ♣r♦❣r❛♠❛ ✭t❛♠❜é♠ ♥❛ ❧✐♥✲

❣✉❛❣❡♠ P②t❤♦♥✮ s❡❣✉✐♥❞♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡s❝r✐t♦ ♥❛ s❡çã♦ ✷✳✹✳✷✳ ◆❡ss❛ ✐♠♣❧❡♠❡♥t❛çã♦

❢♦r❛♠ ❢❡✐t❛s ❛❧❣✉♠❛s ♠♦❞✐✜❝❛çõ❡s ❛♦ ❛❧❣♦rít♠♦ ♦r✐❣✐♥❛❧✱ r❡s✉❧t❛♥❞♦ ♥✉♠❛ ♠❛✐♦r ✈❡❧♦❝✐✲

❞❛❞❡ ♥♦ tr❡✐♥❛♠❡♥t♦✳ ❖ ❛❧❣♦rít♠♦ ✜♥❛❧ é ♠♦str❛❞♦ ♥♦ ❆❧❣♦rít♠♦ ✷ ❛ s❡❣✉✐r✳

❆❧❣♦rít♠♦ ✷ ❚r❡✐♥❛♠❡♥t♦

❢♦r ❝❧❛ss ✐♥ ❝❧❛ss❡s ❞♦
prior[class]← log

(

class.ndocs
classes.ndocs

)

❢♦r ❞♦❝ ✐♥ ❝❧❛ss✳❞♦❝s ❞♦
allText← allText+ doc.text

❡♥❞ ❢♦r

❢♦r t❡r♠ ✐♥ ❚♦❦❡♥✐③❡✭❛❧❧❚❡①t✮ ❞♦
✐❢ t❡r♠ ✐♥ ❢❡❛t✉r❡s t❤❡♥
termFrequency[term]← termFrequency[term] + 1

❡♥❞ ✐❢

❡♥❞ ❢♦r

base← Sum(termFrequency.values) + termFrequency.size

❢♦r t❡r♠ ✐♥ ❢❡❛t✉r❡s ❞♦
conditional[term][class]← log

(

termFrequency[term]+1
base

)

❡♥❞ ❢♦r

❡♥❞ ❢♦r

■♥✐❝✐❛❧♠❡♥t❡✱ ♦ ❛❧❣♦rít♠♦ tr❛t❛ ❞❡ ❝❛❧❝✉❧❛r ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❛ ♣r✐♦r✐ ❞❛s ❝❧❛ss❡s ✭❡q✳
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✭✷✳✶✻✮✮✱ ❛r♠❛③❡♥❛❞❛s ✉♠ ♠❛♣❛ ❝❤❛♠❛❞♦ prior✳ ❊♠ s❡❣✉✐❞❛✱ ♣❛r❛ ❝❛❞❛ ❝❧❛ss❡✱ sã♦ ❝♦♥❝❛t❡✲

♥❛❞♦s t♦❞♦s ♦s t❡①t♦s✱ ❡①tr❛í❞♦s s❡✉s t❡r♠♦s ❡ s✉❛s ❢r❡q✉ê♥❝✐❛s sã♦ ❞❡✈✐❞❛♠❡♥t❡ ❝♦♥t❛❞❛s✳

❋✐♥❛❧♠❡♥t❡✱ sã♦ ❝❛❧❝✉❧❛❞❛s ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s ❛♣❧✐❝❛♥❞♦ ❛ ❢r❡q✉ê♥❝✐❛ ❞♦s t❡r✲

♠♦s à ❡q✉❛çã♦ ✭✷✳✶✽✮✳ ❊ss❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♥❞✐❝✐♦♥❛✐s sã♦ ❛r♠❛③❡♥❛❞❛s ♥✉♠ ♠❛♣❛

❝❤❛♠❛❞♦ conditional✳

➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r ❛❧❣✉♠❛s ♦t✐♠✐③❛çõ❡s ❝♦♠♦ ♦ ✉s♦ ❞❛ ❝♦♥❝❛t❡♥❛çã♦ ❞♦s t❡①t♦s

❞♦s ❞♦❝✉♠❡♥t♦s ♥❛ ❝♦♥t❛❣❡♠ ❞❡ t❡r♠♦s✱ ❛ss✐♠ ❝♦♠♦ ♥♦ ❝á❧❝✉❧♦ ♣ré✈✐♦ ❞♦ ❧♦❣❛rít♠♦ ❞❛s

♣r♦❜❛❜✐❧✐❞❛❞❡s ✭❞❡s❝r✐t♦ ♥❛ s❡çã♦ ✹✳✷✳✹✮✳

✹✳✷✳✹ ❈❧❛ss✐✜❝❛çã♦

P❛r❛ ❛ ❝❧❛ss✐✜❝❛çã♦✱ ❢♦✐ ✐♠♣❧❡♠❡♥t❛❞♦ ✉♠ ♣r♦❣r❛♠❛ ❡♠ P②t❤♦♥ s❡❣✉✐♥❞♦ ❛s ♣r❡s❝r✐çõ❡s

❞❛ s❡çã♦ ✷✳✹✳✸✳ ❯♠❛ ♣❡q✉❡♥❛ ♠♦❞✐✜❝❛çã♦ ❢♦✐ ❢❡✐t❛ ♥❛ ❢✉♥çã♦ ❞❡ ❡st✐♠❛çã♦ ❞❛ ❝❧❛ss❡✿

ci = argmax
c∈C

P (c|d) = argmax
c∈C

P (c)
∏

i=1,...,n P (di|c)

P (d)
✭✹✳✸✮

❯♠ ♣r♦❜❧❡♠❛ ✐♥❡r❡♥t❡ ❛ ❡ss❛ ❢✉♥çã♦ é ❛ ♦❝♦rrê♥❝✐❛ ❞❡ ♦✈❡r✢♦✇♥♦ ❝á❧❝✉❧♦ ❞♦ ♣r♦❞✉tór✐♦

❞❛s P (di|c)✳ ❆ ✜♠ ❞❡ ❡❧✐♠✐♥❛r ❡st❡ ♣r♦❜❧❡♠❛✱ ❝❛❧❝✉❧❛♠♦s ❡♥tã♦ ♦ ❧♦❣❛rít♠♦ ❞♦ ♣r♦❞✉t♦✱

✉♠❛ ✈❡③ q✉❡ log(xy) = log(x) + log(y)✳ ❖✉tr❛ ♦t✐♠✐③❛çã♦ ❝♦♠✉♠ é ✉t✐❧✐③❛r P (d) = 1✱ ❥á

q✉❡ ❡st❡ t❡r♠♦ é ❝♦♥st❛♥t❡ ♣❛r❛ t♦❞❛s ❛s ❝❧❛ss❡s ❡ ♥ã♦ ❛❢❡t❛ ❛ ❡st✐♠❛t✐✈❛ ✜♥❛❧✳

❋❡✐t❛s ❡ss❛s ♠♦❞✐✜❝❛çõ❡s✱ ♦❜t❡♠♦s✿

ci = argmax
c∈C

(

log(P (c)) +
∑

i

log(P (di|c))

)

✭✹✳✹✮

❆ ♣❛rt✐r ❞❡ss❛ ❡①♣r❡ssã♦✱ ✐♠♣❧❡♠❡♥t❛♠♦s ♦ ❛❧❣♦rít♠♦ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ♠♦str❛❞♦ ♥♦

❆❧❣♦rít♠♦ ✸ ❧✐st❛❞♦ ❛ s❡❣✉✐r✳

❆❧❣♦rít♠♦ ✸ ❈❧❛ss✐✜❝❛çã♦

❢♦r ❝❧❛ss ✐♥ ❝❧❛ss❡s ❞♦
score[class]← prior[class]

❡♥❞ ❢♦r

❢♦r t❡r♠ ✐♥ ❚♦❦❡♥✐③❡✭❞♦❝✉♠❡♥t✳t❡①t✮ ❞♦
✐❢ t❡r♠ ✐♥ ❢❡❛t✉r❡s t❤❡♥
score[class]← score[class] + conditional[term][class]

❡♥❞ ✐❢

❡♥❞ ❢♦r

class = maximum(score)
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❖ ❛❧❣♦rít♠♦ ♠♦str❛❞♦ ❛❝✐♠❛ ♣r♦❝❡❞❡ ❝♦♠♣✉t❛♥❞♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ P (c|d) ♣❛r❛ ❝❛❞❛

❝❧❛ss❡ c ∈ C✱ ❞❡♥♦t❛❞❛ ❛q✉✐ ♣❡❧♦ ♠❛♣❛ s❝♦r❡✳

■♥✐❝✐❛✲s❡ ♣♦r ❛❞✐❝✐♦♥❛r ❛♦ s❝♦r❡ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❛ ♣r✐♦r✐✱ ❝♦♠♣✉t❛❞❛s ♣r❡✈✐❛♠❡♥t❡

♥♦ tr❡✐♥❛♠❡♥t♦ ✭❆❧❣♦rít♠♦ ✷✮✳ ❊♠ s❡❣✉✐❞❛✱ é ❢❡✐t❛ ✉♠❛ ✈❛rr❡❞✉r❛ ♣❡❧♦s t❡r♠♦s ❞♦ ❞♦✲

❝✉♠❡♥t♦ ❡♠ ❜✉s❝❛ ❞❛s ❝❛r❛❝t❡ríst✐❝❛s✱ ❡❢❡t✐✈❛♠❡♥t❡ s♦♠❛♥❞♦ s✉❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❝♦♥❞✐✲

❝✐♦♥❛✐s conditional[term][class] ✭❝♦rr❡s♣♦♥❞❡♥t❡s à ❡q✉❛çã♦ ✭✷✳✶✽✮✮✳

❋✐♥❛❧♠❡♥t❡✱ t♦♠❛✲s❡ ❛ ❞❡❝✐sã♦ ❞❡ ❡s❝♦❧❤❛ ❜❛s❡❛❞♦ ♥❛ ❝❧❛ss❡ ❝✉❥♦ score ❢♦✐ ♠á①✐♠♦✱

✐st♦ é✱ ❛ ❝❧❛ss❡ q✉❡ ♠❛✐♦r ♣r♦❜❛❜✐❧✐❞❛❞❡ P (c|d)✳

❯♠❛ ✈❡③ ❝♦♥❝❧✉í❞❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦✱ s✉❜♠❡t❡♠♦s t❛❧ s✐s✲

t❡♠❛ ❛ t❡st❡s ❡ ❛✈❛❧✐❛çõ❡s ❞❡ q✉❛❧✐❞❛❞❡✱ ❝♦♥t❡ú❞♦ ❡st❡ ❛❜♦r❞❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✺ ❛ s❡❣✉✐r✳
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5 Procedimentos Experimentais

◆❡st❡ ❝❛♣ít✉❧♦ é ❞❡s❝r✐t♦ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❡①♣❡r✐♠❡♥t❛❧ ❛ ✜♠ ❞❡ ✈❛❧✐❞❛r ♦ ❝❧❛ss✐✜❝❛❞♦r

❝♦♥str✉í❞♦✱ ♦❜s❡r✈❛♥❞♦ ❛❧❣✉♠❛s ♠étr✐❝❛s ❞❡ q✉❛❧✐❞❛❞❡ ❡ r❡❧❛❝✐♦♥❛♥❞♦ ✈❛r✐á✈❡✐s ❞❡ ✐♥t❡r✲

❡ss❡✳

✺✳✶ ❖❜❥❡t✐✈♦s

❖s ❡①♣❡r✐♠❡♥t♦s ❛q✉✐ ❞❡s❝r✐t♦s t✐✈❡r❛♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♦❜s❡r✈❛r ❛ r❡❧❛çã♦ ❡♥tr❡ ♦ t❛♠❛♥❤♦

❞♦ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s c ❡ ❛ q✉❛❧✐❞❛❞❡ ❞♦ ❝❧❛ss✐✜❝❛❞♦r ✭❛❝✉rá❝✐❛ ❣❧♦❜❛❧✮✳ P❛r❛ t❛❧✱ ♥♦s

✉t✐❧✐③❛♠♦s ❞❛ ♠♦❞✐✜❝❛çã♦ ♣❛r❛♠étr✐❝❛ s✐③❡ ❞✐✈✐❞❡r ✭✐♥tr♦❞✉③✐❞❛ ♥❛ s❡çã♦ ✹✳✷✳✷✮ ♣❛r❛ ❛

s❡❧❡çã♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❛ ✜♠ ❞❡ ♠♦❞✐✜❝❛r ♦ t❛♠❛♥❤♦ ❞❡st❡ ✈❡t♦r✳

✺✳✷ Pr❡♣❛r❛çã♦

❯♠❛ ✈❡③ r❡❛❧✐③❛❞❛ ❛ ❝♦❧❡t❛ ❞❡ t❡s❡s ❡ ♠♦♥t❛❞♦ ✉♠ ❜❛♥❝♦ ❞❡ t❡s❡s✱ ❢♦✐ ❢❡✐t♦ ✉♠ ♣r♦❝❡❞✐✲

♠❡♥t♦ ❡①♣❡r✐♠❡♥t❛❧ ❞❡ ❛♥á❧✐s❡ s♦❜r❡ ♦ ♠❡s♠♦✳ ❖ ❜❛♥❝♦ ✉t✐❧✐③❛❞♦ ♥❡st❡ ❡①♣❡r✐♠❡♥t♦ t❡♠

❛s s❡❣✉✐♥t❡s ❝❛r❛❝t❡ríst✐❝❛s✿

• ❚♦t❛❧ ❞❡ t❡s❡s✿ 647 t❡s❡s❀

• ❈✉rs♦s ❡s❝♦❧❤✐❞♦s ❛♦ ❛❝❛s♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ✐♥❝❧✉sã♦ ❞❡ ❞♦✐s ❝✉rs♦s ❝♦♠ ❛❧t♦ ✈♦❧✉♠❡

❡ ♦s ❞❡♠❛✐s ❝♦♠ ✈♦❧✉♠❡ ♠♦❞❡r❛❞♦ ❛ ✜♠ ❞❡ ♦❜s❡r✈❛r ❛s ❞✐❢❡r❡♥ç❛s ❞❡ ♣❡r❢♦r♠❛♥❝❡❀

• ❯t✐❧✐③❛❞♦s 75% ❞❡ t❡s❡s ❞❡ ❝❛❞❛ ❝✉rs♦ ♣❛r❛ tr❡✐♥❛♠❡♥t♦✱ ❡s❝♦❧❤✐❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡

❞❡♥tr♦ ❞♦ ❝♦r♣✉s ❀

• ❯t✐❧✐③❛❞♦s ♦s r❡st❛♥t❡s 25% ❞❡ t❡s❡s ♣❛r❛ t❡st❡s ❡ ❛✈❛❧✐❛çã♦❀

P♦r ❝✉rs♦✱ ✉t✐❧✐③♦✉✲s❡ ❛s s❡❣✉✐♥t❡s q✉❛♥t✐❞❛❞❡s✿
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❈✉rs♦ ◆ú♠❡r♦ ❞❡ ❚❡s❡s

❊♥❣❡♥❤❛r✐❛ ▼❡❝â♥✐❝❛ ❞❡ ❊♥❡r❣✐❛ ❞❡ ❋❧✉í❞♦s 51

❇✐♦t❡❝♥♦❧♦❣✐❛ 203

●❡♦t❡❝tô♥✐❝❛ 54

Pr♦❝❡ss❛♠❡♥t♦ ❞❡ ❙✐♥❛✐s ❡ ■♥str✉♠❡♥t❛çã♦ 55

●❡♥ét✐❝❛ 52

❊♥❢❡r♠❛❣❡♠ Ps✐q✉✐átr✐❝❛ 164

❊♥❣❡♥❤❛r✐❛ ❞❡ ❙✐st❡♠❛s 68

❚♦t❛❧✿ 647

❚❛❜❡❧❛ ✶ ✕ ❈✉rs♦s ❡ ❚❡s❡s

✺✳✸ ❘❡s✉❧t❛❞♦s

❉❛♥❞♦ ♣r♦ss❡❣✉✐♠❡♥t♦✱ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡s❝r✐t♦ ❛❝✐♠❛ ❢♦✐ ❡①❡❝✉t❛❞♦ ♣❛r❛ ✈❛❧♦r❡s ❞♦ s✐③❡

❞✐✈✐❞❡r ❞❡ 2 ❛ 18✱ ❝♦♠ ✉♠ ♣❛ss♦ ❞❡ 2 ❡♥tr❡ ❝❛❞❛ ❡①❡❝✉çã♦✳ P❛r❛ ❝❛❞❛ s✐③❡ ❞✐✈✐❞❡r ❢♦r❛♠

❢❡✐t♦s t♦❞♦s ♦s ♣❛ss♦s ❞♦ s✐st❡♠❛ ✭❡①tr❛çã♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ tr❡✐♥❛♠❡♥t♦ ❡ t❡st❡s✮✳ ❉♦s

r❡s✉❧t❛❞♦s✱ ♦❜t✐✈❡♠♦s ♦s s❡❣✉✐♥t❡s✿

s✐③❡ ❞✐✈✐❞❡r ❈❛r❛❝t❡ríst✐❝❛s |c| ❆❝✉rá❝✐❛ ●❧♦❜❛❧ ✭%✮

2 730 17, 18 %

4 2453 43, 56 %

6 4184 61, 35 %

8 5724 65, 64 %

10 7016 68, 71 %

12 8378 74, 23 %

14 9892 76, 07 %

16 11065 77, 30 %

18 12359 84, 66 %

❚❛❜❡❧❛ ✷ ✕ s✐③❡ ❞✐✈✐❞❡r✱ ◆ú♠❡r♦ ❞❡ ❈❛r❛❝t❡ríst✐❝❛s ❡ ❆❝✉rá❝✐❛ ●❧♦❜❛❧

❈♦♠♦ ❡s♣❡r❛❞♦✱ ♦❜t✐✈❡♠♦s ✉♠❛ ♠❛✐♦r t❛①❛ ❞❡ ❛❝❡rt♦s ❡♠ ✈✐rt✉❞❡ ❞♦ ❛✉♠❡♥t♦ ❞♦

t❛♠❛♥❤♦ ❞♦ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳ ❉❡ ❢❛t♦✱ ✐ss♦ ♣♦❞❡ s❡r ❡①♣❧✐❝❛❞♦ ♣❡❧❛ ♠❛✐♦r ❞❡♥✲

s✐❞❛❞❡ ❞❡ ✐♥❢♦r♠❛çã♦ ❛❜s♦r✈✐❞❛ ♣❡❧♦ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♣❡❧❛

r❡♣r❡s❡♥t❛çã♦ ❡♠ ▼❊❱ ❞♦s ❞♦❝✉♠❡♥t♦s ❞❡ ❡♥tr❛❞❛✳ P❧♦t❛♥❞♦ ❛ ❛❝✉rá❝✐❛ ❡♠ ❢✉♥çã♦ ❞♦
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♥ú♠❡r♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ ♦❜t❡♠♦s ♦ ❣rá✜❝♦ ❛♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✺ ❛ s❡❣✉✐r✳

❋✐❣✉r❛ ✺ ✕ ❆❝✉rá❝✐❛ × ◆ú♠❡r♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s

◆♦t❛✲s❡✱ ❡♥tr❡t❛♥t♦✱ q✉❡ ♦ ❛✉♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ✐♠♣❧✐❝❛ ♥✉♠ ♠❛✐♦r

t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞❛ s❡❧❡çã♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ ❞♦ tr❡✐♥❛♠❡♥t♦ ❡ t❛♠❜é♠ ❞♦ ♣r♦❝❡ss♦

❞❡ ❝❧❛ss✐✜❝❛çã♦✳ ◆❛ ❡①❡❝✉çã♦ ❞❡ss❡ ❡①♣❡r✐♠❡♥t♦✱ ♠❡❞✐♠♦s ♦s t❡♠♣♦s ❞❡ ❡①❡❝✉çã♦ ❞❡ ❝❛❞❛

❡t❛♣❛✱ ♠♦str❛❞♦s ❛ s❡❣✉✐r ♥❛ t❛❜❡❧❛ ✸✳

s✐③❡ ❞✐✈✐❞❡r |c| textracao ✭s✮ ttreinamento ✭s✮ tclassificacao ✭s✮ ttotal ✭s✮

2 730 19, 005 20, 587 6, 774 46, 366

4 2453 19, 224 22, 065 16, 725 58, 014

6 4184 40, 791 49, 013 17, 227 107, 031

8 5724 40, 947 48, 837 18, 232 108, 016

10 7016 40, 130 48, 803 19, 084 108, 017

12 8378 23, 279 22, 239 9, 817 55, 335

14 9892 39, 339 53, 127 23, 227 115, 693

16 11065 39, 954 50, 699 20, 994 111, 617

18 12359 39, 530 49, 789 20, 374 109.693

❚❛❜❡❧❛ ✸ ✕ s✐③❡ ❞✐✈✐❞❡r✱ ◆ú♠❡r♦ ❞❡ ❈❛r❛❝t❡ríst✐❝❛s ❡ ❚❡♠♣♦s ❞❡ ❊①❡❝✉çã♦ ❞❛s ❊t❛♣❛s

❉❛ t❛❜❡❧❛ ✸✱ ♣♦❞❡ s❡ ♦❜s❡r✈❛r ✉♠ t❡♠♣♦ t♦t❛❧ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❝♦♠ ♦

♥ú♠❡r♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳ ❙❡❣✉♥❞♦ ▼❛♥♥✐♥❣ ✭▼❆◆◆■◆●✱ ❘❆●❍❆❱❆◆ ✫ ❙❈❍❚❩❊ ✷✵✵✽✮✱

❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ t❡♠♣♦ ❞♦ tr❡✐♥❛♠❡♥t♦ ✭s❡çã♦ ✹✳✷✳✸✮ é O(|D|Lavg + |C||V |)✱ ♦♥❞❡ |D|
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é ♦ ♥ú♠❡r♦ ❞❡ ❞♦❝✉♠❡♥t♦s✱ Lavg é ♦ t❛♠❛♥❤♦ ♠é❞✐♦ ❞♦s ❞♦❝✉♠❡♥t♦s✱ |C| é ♦ ♥ú♠❡r♦ ❞❡

❝❧❛ss❡s ❡ |V | é ♦ t❛♠❛♥❤♦ ❞♦ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳ ❉❡ ❢❛t♦✱ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❡ |V |✱

♣♦❞❡♠♦s ❝♦♥st❛t❛r ❞❛ t❛❜❡❧❛ ✸ ✉♠ t❡♠♣♦ ♣r❡❞♦♠✐♥❛♥t❡♠❡♥t❡ ❝r❡s❝❡♥t❡✱ ❝♦♠♦ ❡s♣❡r❛❞♦

♣❡❧❛ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡✳

▼❛♥♥✐♥❣ ❛✐♥❞❛ ♠♦str♦✉ q✉❡ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ t❡♠♣♦ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ✭s❡çã♦ ✹✳✷✳✹✮ é

O(|C|Ma)✱ ♦♥❞❡ |C| é ♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ❡ Ma é ♦ ♥ú♠❡r♦ ❞❡ t❡r♠♦s ♥♦ ❞♦❝✉♠❡♥t♦ ❛ s❡r

❝❧❛ss✐✜❝❛❞♦✳ ❉❡ ❢❛t♦✱ t❛❧ ❝♦♠♣❧❡①✐❞❛❞❡ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞❛ ♥♦ ❛❧❣♦rít♠♦ ✸✱ ✉♠❛ ✈❡③ q✉❡

♦ ✈❡t♦r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s é ✉t✐❧✐③❛❞♦ ♣❛r❛ ✈❡r✐✜❝❛r s❡ ✉♠ t❡r♠♦ ❞♦ ❞♦❝✉♠❡♥t♦ é ❞❡ ❢❛t♦

✉♠❛ ❝❛r❛❝t❡ríst✐❝❛✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ ❛ ❝♦♠♣❧❡①✐❞❛❞❡ é ♠❛❥♦r❛❞❛ ♣❡❧❛

q✉❛♥t✐❞❛❞❡ ❞❡ t❡r♠♦s✱ ♠❡s♠♦ q✉❡ ❛✐♥❞❛ ♣♦ss✉❛ ♦♣❡r❛çõ❡s r❡❧❛t✐✈❛s ❛♦ t❛♠❛♥❤♦ ❞♦ ✈❡t♦r

❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ❡ss❛ r❡❧❛t✐✈❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ♥❛ ❝♦❧✉♥❛

tclassificacao✱ q✉❡ ✈❛r✐❛ ❡♠ ♣r♦♣♦rçõ❡s ❜❡♠ ♠❡♥♦r❡s ❞♦ q✉❡ ❞❛s ♦✉tr❛s ❝♦❧✉♥❛s✳
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6 Considerações Finais

❈♦♠ ❛ r❡❛❧✐③❛çã♦ ❞♦ tr❛❜❛❧❤♦✱ ❢♦✐ ♣♦ssí✈❡❧ ♦❜t❡r ✉♠ ❣r❛♥❞❡ ✈♦❧✉♠❡ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦ ♥♦

â♠❜✐t♦ ❞♦s ❙✐st❡♠❛s ❞❡ ❘❡❝✉♣❡r❛çã♦ ❞❛ ■♥❢♦r♠❛çã♦✳ ❉♦ ♣r♦❥❡t♦ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s ❛♦s

♠ét♦❞♦s ❞❡ ♠✐♥❡r❛çã♦ ❞❡ ❞❛❞♦s✱ ❢♦✐ ♣♦ss✐✈❡❧ r❡❛❧✐③❛r ✉♠❛ ❜r❡✈❡ r❡✈✐sã♦ ❞♦ ❡st❛❞♦ ❞❛

❛rt❡ ❡♠ ❡①tr❛çã♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ r❡✈✐s❛r ❝♦♥❤❡❝✐♠❡♥t♦s ❜ás✐❝♦s ❞❡ Pr♦❜❛❜✐❧✐❞❛❞❡ &

❊st❛tíst✐❝❛ ❡ Pr♦❝❡ss♦s ❊st♦❝ást✐❝♦s✱ ❡ ❛✐♥❞❛ ✈❡r✐✜❝❛r ❛ ❝♦♥str✉çã♦ ❡ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦

♠❛✐s ❝❧áss✐❝♦ ❝❧❛ss✐✜❝❛❞♦r ❛rt✐✜❝✐❛❧✳

❉♦ s✐st❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❝♦♥str✉í❞♦✱ ❢♦✐ ♣♦ssí✈❡❧ ❛❧❝❛♥ç❛r ✉♠❛ ❛❝✉rá❝✐❛ ❣❧♦❜❛❧ ❞❡

84, 66%✱ ✐st♦ é✱ 84, 66% ❞❡ ❛❝❡rt♦s ♥❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ t❡s❡s ❞❡♥tr❡ s❡t❡ ❝✉rs♦s✳ ❆❧✐❛❞♦ ❛

❡st❡ ❛❧t♦ ❞❡s❡♠♣❡♥❤♦✱ t❡♠✲s❡ ❛ ❞❡s✈❛♥t❛❣❡♠ ❞❡ ✉♠ ❧♦♥❣♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦✱ t♦♠❛♥❞♦

✉♠ t❡♠♣♦ ♠á①✐♠♦ ❞❡ 115, 69 s❡❣✉♥❞♦s✳

■♥✐❝✐❛❧♠❡♥t❡✱ ♦ tr❡✐♥❛♠❡♥t♦ ❡ ❛ ❝❧❛ss✐✜❝❛çã♦ ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠

♦s ❛❧❣♦rít♠♦s ❞❡✜♥✐❞♦s ♣♦r ▼❛♥♥✐♥❣ ✭▼❆◆◆■◆●✱ ❘❆●❍❆❱❆◆ ✫ ❙❈❍❚❩❊ ✷✵✵✽✮✳ ❚❛❧

❝❧❛ss✐✜❝❛❞♦r t❡✈❡ r❡s✉❧t❛❞♦s ❞❡ ❛❝✉rá❝✐❛ s✐♠✐❧❛r❡s ❛♦s ♦❜t✐❞♦s ♥❡st❡ tr❛❜❛❧❤♦✱ ♣♦ré♠✱ t❡✈❡

t❡♠♣♦s ❞❡ ❡①❡❝✉çã♦ ♠✉✐t♦ ❡❧❡✈❛❞♦s✳ ❖t✐♠✐③❛çõ❡s ❢♦r❛♠ ❢❡✐t❛s ♥♦ tr❡✐♥❛♠❡♥t♦✱ ♠❛✐s ❡s✲

♣❡❝✐✜❝❛♠❡♥t❡ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥t❛❣❡♠ ❞❡ t❡r♠♦s✱ ❡ ♥♦ ❝á❧❝✉❧♦ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❛ ♣♦s✲

t❡r✐♦r✐✱ ❝♦♠♦ ✈✐st♦ ♥❛ s❡çã♦ ✹✳✷✳✸✳ ❖✉tr❛ s✐♠♣❧❡s ♦t✐♠✐③❛çã♦ ❛♣❧✐❝❛❞❛ ❢♦✐ ♣ré✲❝♦♠♣✉t❛r

♦s ❧♦❣❛rít♠♦s ✉t✐❧✐③❛❞♦s ♥❛ ❢ór♠✉❧❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦✱ ❞✐str✐❜✉✐♥❞♦ ♠❡❧❤♦r ♦ ♣r♦❝❡ss❛♠❡♥t♦

❡♥tr❡ ❛s ❢❛s❡s ❞❡ tr❡✐♥❛♠❡♥t♦ ❡ ❞❡ ❝❧❛ss✐✜❝❛çã♦✳ ❆♦ ✜♠ ❞♦ ❛❧❣♦rít♠♦ ❞❡ tr❡✐♥❛♠❡♥t♦✱

❢♦✐ ✐♠♣❧❡♠❡♥t❛❞❛ t❛♠❜é♠ ✉♠❛ ♦t✐♠✐③❛çã♦ ❝❤❛♠❛❞❛ ♠❡♠♦✐③❛çã♦✱ ❡♠ q✉❡ ♦s ✈❛❧♦r❡s ❞❡

❧♦❣❛rít♠♦s sã♦ ♠❛♣❡❛❞♦s ♣❛r❛ s❡✉s ♦♣❡r❛♥❞♦s✱ ❛♣r♦✈❡✐t❛♥❞♦ ♦s ✈❛❧♦r❡s ♣❛r❛ r❡♣❡t✐çõ❡s ❞❡

s❡✉s ♦♣❡r❛♥❞♦s✳ P❛r❛ ♦ ♣r♦❝❡ss♦ ❞❡ ❝❧❛ss✐✜❝❛çã♦✱ ♦ ❧❛ç♦ q✉❡ ❝♦♠♣✉t❛ ❛s ❝♦♥tr✐❜✉✐çõ❡s ❛

♣r✐♦r✐ ❢♦✐ s❡♣❛r❛❞♦ ❞♦ ❧❛ç♦ ❞❡ ❝♦♥tr✐❜✉✐çõ❡s ❛ ♣♦st❡r✐♦r✐✱ r❡❞✉③✐♥❞♦ ❡♠ |d| ♦ ♥ú♠❡r♦ ❞❡

❝á❧❝✉❧♦s r❡❞✉♥❞❛♥t❡s✳

❆♦ ✜♠ ❞❛s ♦t✐♠✐③❛çõ❡s✱ ♦ s✐st❡♠❛ ❛❧❝❛♥ç♦✉ ✉♠❛ ❛❧t❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝❧❛ss✐✜❝❛çã♦✱

❧❡✈❛♥❞♦ ❡♥tr❡ 10 ❛ 20 s❡❣✉♥❞♦s ♣❛r❛ ❝❧❛ss✐✜❝❛r ✉♠ ❞♦❝✉♠❡♥t♦ ❞❡ ✸✷ ♠✐❧ ♣❛❧❛✈r❛s✳ ❙✐♠✐✲

❧❛r♠❡♥t❡✱ ♦ tr❡✐♥❛♠❡♥t♦ ❛♣ós ❛s ♦t✐♠✐③❛çõ❡s ❛❧❝❛♥ç♦✉ ❛ ♠❛r❝❛ ❞❡ 30 ❛ 50 s❡❣✉♥❞♦s ♣❛r❛



✻✳✶ ❚r❛❜❛❧❤♦s ❋✉t✉r♦s ✷✻

✉♠ t♦t❛❧ ❞❡ 485 ❞♦❝✉♠❡♥t♦s✱ ❝♦♠ ✉♠❛ ♠é❞✐❛ ❞❡ 30 ♠✐❧ ♣❛❧❛✈r❛s ❝❛❞❛✳ ❖s ❡①♣❡r✐♠❡♥t♦s

❢♦r❛♠ ❡①❡❝✉t❛❞♦s ❡♠ ✉♠ ❝♦♠♣✉t❛❞♦r ❝♦♠ ♣r♦❝❡ss❛❞♦r ■♥t❡❧✭❘✮ ❈♦r❡✭❚▼✮ ✐✺ ▼✺✷✵ ✷✳✹✵

●❍③ ❞❡ q✉❛tr♦ ♥ú❝❧❡♦s ❡ ✹ ●❇ ❞❡ ♠❡♠ór✐❛ ❘❆▼ ✭❉❉❘✸✮✳

❊ss❛s ♠❛r❝❛s ❞❡ ❞❡s❡♠♣❡♥❤♦ sã♦ ✈❛♥t❛❣❡♥s ❝♦♥❤❡❝✐❞❛s ❞♦ ❝❧❛ss✐✜❝❛❞♦r ◆❛✐✈❡ ❇❛②❡s✱

✈✐st♦ q✉❡ s✉❛s ❝♦♠♣❧❡①✐❞❛❞❡s ❞❡ t❡♠♣♦ sã♦ ❧✐♥❡❛r❡s ❝♦♠ ♦s ❞❛❞♦s ❞❡ ❡♥tr❛❞❛✱ ❝♦♠♦

✈✐st♦ ♥❛ s❡çã♦ ✺✳✸✳ P❡❧❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞❡ ❝♦♥str✉çã♦ ❡ ❜❛✐①❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ t❡♠♣♦✱

❡ss❡s ❝❧❛ss✐✜❝❛❞♦r❡s s❡ ♠♦str❛♠ ❡①tr❡♠❛♠❡♥t❡ ✐♥t❡r❡ss❛♥t❡s ♣❛r❛ t❛r❡❢❛s ❞❡ ❝❧❛ss✐✜❝❛çã♦

r♦t✐♥❡✐r❛s✱ ❛❧❝❛♥ç❛♥❞♦ ❞❡s❡♠♣❡♥❤♦s ❛❝❡✐tá✈❡✐s ❞❡♥tr♦ ❞❡ ❝❡rt♦s ❧✐♠✐t❡s ♦♣❡r❛❝✐♦♥❛✐s✳

✻✳✶ ❚r❛❜❛❧❤♦s ❋✉t✉r♦s

❆♦ ❧♦♥❣♦ ❞❡ss❡ tr❛❜❛❧❤♦✱ ❢♦r❛♠ ♦❜s❡r✈❛❞♦s ❛❧❣✉♥s ❝♦♠♣♦rt❛♠❡♥t♦s ✐♥t❡r❡ss❛♥t❡s ❡♠ r❡✲

❧❛çã♦ à ♠♦❞✐✜❝❛çõ❡s ❡①♣❡r✐♠❡♥t❛✐s r❡❛❧✐③❛❞❛s ♥♦s ♠ét♦❞♦s✳ ❯♠❛ ❞❛s ♠♦❞✐✜❝❛çõ❡s s❡ ❞❡✉

♥❛ ❢ór♠✉❧❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦✱ ♦♥❞❡ ❛ ✐♥❢♦r♠❛çã♦ ❞❡ ❢r❡q✉ê♥❝✐❛ ❞♦ t❡r♠♦ ♥♦ ❞♦❝✉♠❡♥t♦ ❢♦✐

✐♥❝♦r♣♦r❛❞❛✳ ❆ ❡①♣r❡ssã♦ ❡①♣❡r✐♠❡♥t❛❞❛ é ❞❛❞❛ ♣♦r✿

ci = argmax
c∈C

(

log(P (c)) +
∑

i

Nd,di × log(P (di|c))

)

✭✻✳✶✮

♦♥❞❡ Nd,di ❞❡♥♦t❛ ❛ ❢r❡q✉ê♥❝✐❛ ❞♦ t❡r♠♦ di ♥♦ ❞♦❝✉♠❡♥t♦ d✳ ❋❡✐t❛ ❡ss❛ ♠♦❞✐✜❝❛çã♦✱ ❢♦✐

♣♦ssí✈❡❧ ♦❜t❡r ✉♠ ❝r❡s❝✐♠❡♥t♦ ♠❛✐s ❛❝❡❧❡r❛❞♦ ♣❛r❛ ❛ ❛❝✉rá❝✐❛ ❣❧♦❜❛❧ ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦

❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳ ❉♦s r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s✱ ♣♦❞❡♠♦s ❝✐t❛r ✉♠❛ ❛❝✉rá❝✐❛ ❞❡ 42, 00%

♣❛r❛ 758 ❝❛r❛❝t❡ríst✐❝❛s✱ ❡♥q✉❛♥t♦ q✉❡ ❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss✐✜❝❛çã♦ tr❛❞✐❝✐♦♥❛❧ ❛♣r❡s❡♥t❛

17, 80% ♣❛r❛ ✉♠ ♥ú♠❡r♦ s✐♠✐❧❛r ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳

❇❛s❡❛❞♦ ♥❡ss❡s r❡s✉❧t❛❞♦s✱ t♦r♥❛✲s❡ ✐♥t❡r❡ss❛♥t❡ ✐♥✈❡st✐❣❛r ❛ ❝❛✉s❛ ❞❡ t❛❧ ♠❡❧❤♦r❛✱

❛ss✐♠ ❝♦♠♦ s❡✉ r✐❣♦r ♠❛t❡♠át✐❝♦ ♦✉ ❛té ❝♦♠♦ ❢♦r♠❛❧✐③❛r t❛❧ ♠♦❞✐✜❝❛çã♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ t❛♠❜é♠ é ❞❡ ✐♥t❡r❡ss❡ ❛ ❝♦♠♣❛r❛çã♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r ◆❛✐✈❡ ❇❛②❡s

❝♦♠ ♦✉tr♦s t✐♣♦s ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♦ ❙✉♣♣♦rt ❱❡❝t♦r ▼❛❝❤✐♥❡ ♦✉ ❛s

❉❡❝✐s✐♦♥ tr❡❡s✳ ❆❧é♠ ❞✐ss♦✱ ❛✐♥❞❛ ❤á ✉♠ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ♥❛ ❡①tr❛çã♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱

❡t❛♣❛ ❡st❛ q✉❡ ♣♦❞❡ ❛❝❛rr❡t❛r ✉♠ ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦✳



✷✼

Referências

❆❇❇❆❙■✱ ❆✳❀ ❈❍❊◆✱ ❍✳❀ ❙❆▲❊▼✱ ❆✳ ❙❡♥t✐♠❡♥t ❛♥❛❧②s✐s ✐♥ ♠✉❧t✐♣❧❡ ❧❛♥❣✉❛❣❡s✿ ❋❡❛t✉r❡
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<❤tt♣✿✴✴❞♦✐✳❛❝♠✳♦r❣✴✶✵✳✶✶✹✺✴✶✸✻✶✻✽✹✳✶✸✻✶✻✽✺>✳

❈❍❆◆●✱ ❲✳✲❨✳❀ ❨❆◆●✱ ❍✳✲❚✳ P❛rt✐❛❧ ❞✐s❝❤❛r❣❡ ♣❛tt❡r♥ r❡❝♦❣♥✐t✐♦♥ ♦❢ ❝❛st✲r❡s✐♥ ❝✉rr❡♥t
tr❛♥s❢♦r♠❡rs ✉s✐♥❣ ❢✉③③② ❝✲♠❡❛♥s ❝❧✉st❡r✐♥❣ ❛♣♣r♦❛❝❤✳ ❲❙❊❆❙ ❚r❛♥s✳ ❈♦♠♣✳

❘❡s✳✱ ❲♦r❧❞ ❙❝✐❡♥t✐✜❝ ❛♥❞ ❊♥❣✐♥❡❡r✐♥❣ ❆❝❛❞❡♠② ❛♥❞ ❙♦❝✐❡t② ✭❲❙❊❆❙✮✱ ❙t❡✈❡♥s
P♦✐♥t✱ ❲✐s❝♦♥s✐♥✱ ❯❙❆✱ ✈✳ ✸✱ ♣✳ ✶✼✷✕✶✽✶✱ ▼❛r❝❤ ✷✵✵✽✳ ■❙❙◆ ✶✾✾✶✲✽✼✺✺✳ ❉✐s♣♦♥í✈❡❧
❡♠✿ <❤tt♣✿✴✴❞❧✳❛❝♠✳♦r❣✴❝✐t❛t✐♦♥✳❝❢♠❄✐❞❂✶✹✻✻✽✽✹✳✶✹✻✻✽✾✶>✳

❉❯❉❆✱ ❘✳❀ ❍❆❘❚✱ P✳❀ ❙❚❖❘❑✱ ❉✳ P❛tt❡r♥ ❝❧❛ss✐✜❝❛t✐♦♥✳ ❲✐❧❡②✱ ✷✵✵✶✳ ✭P❛tt❡r♥
❈❧❛ss✐✜❝❛t✐♦♥ ❛♥❞ ❙❝❡♥❡ ❆♥❛❧②s✐s✿ P❛tt❡r♥ ❈❧❛ss✐✜❝❛t✐♦♥✮✳ ■❙❇◆ ✾✼✽✵✹✼✶✵✺✻✻✾✵✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ <❤tt♣✿✴✴❜♦♦❦s✳❣♦♦❣❧❡✳❝♦♠✳❜r✴❜♦♦❦s❄✐❞❂❨♦①◗❆❆❆❆▼❆❆❏>✳

●❯P❚❆✱ ❈✳ ◆✳ ❡t ❛❧✳ ◆❡✉r❛❧ ♥❡t✇♦r❦ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❤♦♠♦♠♦r♣❤✐❝ s❡❣♠❡♥t❡❞ ❤❡❛rt
s♦✉♥❞s✳ ❆♣♣❧✳ ❙♦❢t ❈♦♠♣✉t✳✱ ❊❧s❡✈✐❡r ❙❝✐❡♥❝❡ P✉❜❧✐s❤❡rs ❇✳ ❱✳✱ ❆♠st❡r❞❛♠✱ ❚❤❡
◆❡t❤❡r❧❛♥❞s✱ ❚❤❡ ◆❡t❤❡r❧❛♥❞s✱ ✈✳ ✼✱ ♣✳ ✷✽✻✕✷✾✼✱ ❏❛♥✉❛r② ✷✵✵✼✳ ■❙❙◆ ✶✺✻✽✲✹✾✹✻✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ <❤tt♣✿✴✴❞❧✳❛❝♠✳♦r❣✴❝✐t❛t✐♦♥✳❝❢♠❄✐❞❂✶✷✷✶✺✽✶✳✶✷✷✶✼✻✷>✳

▲■✱ ❨✳ ❍✳❀ ❏❆■◆✱ ❆✳ ❑✳ ❈❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❡①t ❞♦❝✉♠❡♥ts✳ ❚❤❡ ❈♦♠♣✉t❡r ❏♦✉r♥❛❧✱
✈✳ ✹✶✱ ♣✳ ✺✸✼✕✺✹✻✱ ✶✾✾✽✳

▲■❯✱ ❚✳✲❨✳ ▲❡❛r♥✐♥❣ t♦ r❛♥❦ ❢♦r ✐♥❢♦r♠❛t✐♦♥ r❡tr✐❡✈❛❧✳ ❋♦✉♥❞✳ ❚r❡♥❞s ■♥❢✳ ❘❡tr✳✱ ◆♦✇
P✉❜❧✐s❤❡rs ■♥❝✳✱ ❍❛♥♦✈❡r✱ ▼❆✱ ❯❙❆✱ ✈✳ ✸✱ ♣✳ ✷✷✺✕✸✸✶✱ ▼❛r❝❤ ✷✵✵✾✳ ■❙❙◆ ✶✺✺✹✲✵✻✻✾✳
❉✐s♣♦♥í✈❡❧ ❡♠✿ <❤tt♣✿✴✴❞❧✳❛❝♠✳♦r❣✴❝✐t❛t✐♦♥✳❝❢♠❄✐❞❂✶✻✶✽✸✵✸✳✶✻✶✽✸✵✹>✳

▼❆◆◆■◆●✱ ❈✳ ❉✳❀ ❘❆●❍❆❱❆◆✱ P✳❀ ❙❈❍❚❩❊✱ ❍✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ■♥❢♦r♠❛t✐♦♥

❘❡tr✐❡✈❛❧✳ ◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆✿ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✽✳ ■❙❇◆ ✵✺✷✶✽✻✺✼✶✾✱
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❙❆▲❚❖◆✱ ●✳❀ ❲❖◆●✱ ❆✳❀ ❨❆◆●✱ ❈✳ ❙✳ ❆ ✈❡❝t♦r s♣❛❝❡ ♠♦❞❡❧ ❢♦r ❛✉t♦♠❛t✐❝ ✐♥❞❡①✐♥❣✳
❈♦♠♠✉♥✳ ❆❈▼✱ ❆❈▼✱ ◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆✱ ✈✳ ✶✽✱ ♣✳ ✻✶✸✕✻✷✵✱ ◆♦✈❡♠❜❡r ✶✾✼✺✳
■❙❙◆ ✵✵✵✶✲✵✼✽✷✳ ❉✐s♣♦♥í✈❡❧ ❡♠✿ <❤tt♣✿✴✴❞♦✐✳❛❝♠✳♦r❣✴✶✵✳✶✶✹✺✴✸✻✶✷✶✾✳✸✻✶✷✷✵>✳

❚❍❊❖❉❖❘■❉■❙✱ ❙✳❀ ❑❖❯❚❘❖❯▼❇❆❙✱ ❑✳ P❛tt❡r♥ ❘❡❝♦❣♥✐t✐♦♥✱ ❚❤✐r❞ ❊❞✐t✐♦♥✳
❖r❧❛♥❞♦✱ ❋▲✱ ❯❙❆✿ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ■♥❝✳✱ ✷✵✵✻✳ ■❙❇◆ ✵✶✷✸✻✾✺✸✶✼✳

❲❯✱ ◗✳❀ ❋❯▲▲❊❘✱ ❊✳❀ ❩❍❆◆●✱ ❈✳✲◗✳ ❚❡①t ❞♦❝✉♠❡♥t ❝❧❛ss✐✜❝❛t✐♦♥ ❛♥❞ ♣❛tt❡r♥
r❡❝♦❣♥✐t✐♦♥✳ ■♥✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✷✵✵✾ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥

❆❞✈❛♥❝❡s ✐♥ ❙♦❝✐❛❧ ◆❡t✇♦r❦ ❆♥❛❧②s✐s ❛♥❞ ▼✐♥✐♥❣✳ ❲❛s❤✐♥❣t♦♥✱ ❉❈✱ ❯❙❆✿
■❊❊❊ ❈♦♠♣✉t❡r ❙♦❝✐❡t②✱ ✷✵✵✾✳ ♣✳ ✹✵✺✕✹✶✵✳ ■❙❇◆ ✾✼✽✲✵✲✼✻✾✺✲✸✻✽✾✲✼✳ ❉✐s♣♦♥í✈❡❧ ❡♠✿
<❤tt♣✿✴✴❞❧✳❛❝♠✳♦r❣✴❝✐t❛t✐♦♥✳❝❢♠❄✐❞❂✶✻✵✷✷✹✵✳✶✻✵✷✼✷✾>✳



❘❡❢❡rê♥❝✐❛s ✷✽

❩❍❆❖✱ ❲✳ ❡t ❛❧✳ ❋❛❝❡ r❡❝♦❣♥✐t✐♦♥✿ ❆ ❧✐t❡r❛t✉r❡ s✉r✈❡②✳ ❆❈▼ ❈♦♠♣✉t✳ ❙✉r✈✳✱ ❆❈▼✱
◆❡✇ ❨♦r❦✱ ◆❨✱ ❯❙❆✱ ✈✳ ✸✺✱ ♣✳ ✸✾✾✕✹✺✽✱ ❉❡❝❡♠❜❡r ✷✵✵✸✳ ■❙❙◆ ✵✸✻✵✲✵✸✵✵✳ ❉✐s♣♦♥í✈❡❧
❡♠✿ <❤tt♣✿✴✴❞♦✐✳❛❝♠✳♦r❣✴✶✵✳✶✶✹✺✴✾✺✹✸✸✾✳✾✺✹✸✹✷>✳



✷✾

APÊNDICE A -- Dicionário de Palavras Vazias

◆❡ss❛ s❡çã♦ é ❛♣r❡s❡♥t❛❞♦ ♦ ❞✐❝✐♦♥ár✐♦ ❞❡ ♣❛❧❛✈r❛s ✈❛③✐❛s ✉t✐❧✐③❛❞♦ ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ♥♦

tr❛t❛♠❡♥t♦ ❞❡ ❞♦❝✉♠❡♥t♦s ✭s❡çã♦ ✷✳✷✳✷✮✳

❞❡✱ ❛✱ ♦✱ q✉❡✱ ❡✱ ❞♦✱ ❞❛✱ ❡♠✱ ✉♠✱ ♣❛r❛✱ é✱ ❝♦♠✱ ♥ã♦✱ ✉♠❛✱ ♦s✱ ♥♦✱ s❡✱ ♥❛✱ ♣♦r✱ ♠❛✐s✱

❛s✱ ❞♦s✱ ❝♦♠♦✱ ♠❛s✱ ❢♦✐✱ ❛♦✱ ❡❧❡✱ ❞❛s✱ t❡♠✱ à✱ á✱ s❡✱ s✉❛✱ ♦✱ s❡r✱ q✉❛♥❞♦✱ ♠✉✐t♦✱ ❤á✱ ♥♦s✱

❥á✱ ❡stá✱ ❡✱ t❛♠❜é♠✱ só✱ ♣❡❧♦✱ ♣❡❧❛✱ ❛té✱ ✐ss♦✱ ❡❧❛✱ ❡♥tr❡✱ ❡r❛✱ ❞❡♣♦✐s✱ s❡♠✱ ♠❡s♠♦✱ ❛♦s✱ t❡r✱

s❡✉s✱ q✉❡♠✱ ♥❛s✱ ♠❡✱ ❡ss❡✱ ❡❧❡s✱ ❡stã♦✱ ✈♦❝ê✱ t✐♥❤❛✱ ❢♦r❛♠✱ ❡ss❛✱ ♥✉♠✱ ♥❡♠✱ s✉❛s✱ ♠❡✱ às✱

♠✐♥❤❛✱ tê♠✱ ♥✉♠❛✱ ♣❡❧♦s✱ ❡❧❛s✱ ❤❛✈✐❛✱ s❡❥❛✱ q✉❛❧✱ s❡rá✱ ♥ós✱ t❡♥❤♦✱ ❧❤❡✱ ❞❡❧❡s✱ ❡ss❛s✱ ❡ss❡s✱

♣❡❧❛s✱ ❡st❡✱ ❢♦ss❡✱ ❞❡❧❡✱ t✱ t❡✱ ✈♦❝ês✱ ✈♦s✱ ❧❤❡s✱ ♠❡✉s✱ ♠✐♥❤❛s✱ t❡✱ t✉❛✱ t❡✉s✱ t✉❛s✱ ♥♦ss♦✱

♥♦ss❛✱ ♥♦ss♦s✱ ♥♦ss❛s✱ ❞❡❧❛✱ ❞❡❧❛s✱ ❡st❛✱ ❡st❡s✱ ❡st❛s✱ ❛q✉❡❧❡✱ ❛q✉❡❧❛✱ ❛q✉❡❧❡s✱ ❛q✉❡❧❛s✱ ✐st♦✱

❛q✉✐❧♦✱ ❡st♦✱ ❡stá✱ ❡st❛♠♦s✱ ❡stã♦✱ ❡st✐✈❡✱ ❡st❡✈❡✱ ❡st✐✈❡♠♦s✱ ❡st✐✈❡r❛♠✱ ❡st❛✈❛✱ ❡stá✈❛✲

♠♦s✱ ❡st❛✈❛♠✱ ❡st✐✈❡r❛✱ ❡st✐✈ér❛♠♦s✱ ❡st❡❥❛✱ ❡st❡❥❛♠♦s✱ ❡st❡❥❛♠✱ ❡st✐✈❡ss❡✱ ❡st✐✈éss❡♠♦s✱

❡st✐✈❡ss❡♠✱ ❡st✐✈❡r✱ ❡st✐✈❡r♠♦s✱ ❡st✐✈❡r❡♠✱ ❤❡✐✱ ❤á✱ ❤❛✈❡♠♦s✱ ❤ã♦✱ ❤♦✉✈❡✱ ❤♦✉✈❡♠♦s✱ ❤♦✉✲

✈❡r❛♠✱ ❤♦✉✈❡r❛✱ ❤♦✉✈ér❛♠♦s✱ ❤❛❥❛✱ ❤❛❥❛♠♦s✱ ❤❛❥❛♠✱ ❤♦✉✈❡ss❡✱ ❤♦✉✈éss❡♠♦s✱ ❤♦✉✈❡ss❡♠✱

❤♦✉✈❡r✱ ❤♦✉✈❡r♠♦s✱ ❤♦✉✈❡r❡♠✱ ❤♦✉✈❡r❡✐✱ ❤♦✉✈❡rá✱ ❤♦✉✈❡r❡♠♦s✱ ❤♦✉✈❡rã♦✱ ❤♦✉✈❡r✐❛✱ ❤♦✉✲

✈❡rí❛♠♦s✱ ❤♦✉✈❡r✐❛♠✱ s♦✱ s♦♠♦s✱ sã♦✱ ❡r❛✱ ér❛♠♦s✱ ❡r❛♠✱ ❢✉✐✱ ❢♦✐✱ ❢♦♠♦s✱ ❢♦r❛♠✱ ❢♦r❛✱

❢ôr❛♠♦s✱ s❡❥❛✱ s❡❥❛♠♦s✱ s❡❥❛♠✱ ❢♦ss❡✱ ❢ôss❡♠♦s✱ ❢♦ss❡♠✱ ❢♦r✱ ❢♦r♠♦s✱ ❢♦r❡♠✱ s❡r❡✐✱ s❡rá✱ s❡r❡✲

♠♦s✱ s❡rã♦✱ s❡r✐❛✱ s❡rí❛♠♦s✱ s❡r✐❛♠✱ t❡♥❤♦✱ t❡♠✱ t❡♠♦s✱ té♠✱ t✐♥❤❛✱ tí♥❤❛♠♦s✱ t✐♥❤❛♠✱ t✐✈❡✱

t❡✈❡✱ t✐✈❡♠♦s✱ t✐✈❡r❛♠✱ t✐✈❡r❛✱ t✐✈ér❛♠♦s✱ t❡♥❤❛✱ t❡♥❤❛♠♦s✱ t❡♥❤❛♠✱ t✐✈❡ss❡✱ t✐✈éss❡♠♦s✱

t✐✈❡ss❡♠✱ t✐✈❡r✱ t✐✈❡r♠♦s✱ t✐✈❡r❡♠✱ t❡r❡✐✱ t❡rá✱ t❡r❡♠♦s✱ t❡rã♦✱ t❡r✐❛✱ t❡rí❛♠♦s✱ t❡r✐❛♠✱ ✈❡r



✸✵

APÊNDICE B -- Programas

◆❡ss❛ s❡çã♦ sã♦ ❛♣r❡s❡♥t❛❞♦s ♦s ♣r♦❣r❛♠❛s ❡s❝r✐t♦s ♥❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♣r♦❥❡t♦ ✭s❡çã♦

✹✳✷✮✳

❇✳✶ ❈❧❛ss✐✜❝❛❞♦r ◆❇ ❡ ❚r❡✐♥❛♠❡♥t♦✿ ❝❧❛ss✐✜❡rs✳♣②

✶ ★✦✴ ✉sr ✴ ❜ ✐♥ ✴❡♥✈ ♣②t❤♦♥

✷ ★ −∗− ❝♦❞✐♥❣ ✿ ✉ t ❢−✽ −∗−

✸

✹ ✐♠♣♦rt t✐♠❡

✺ ✐♠♣♦rt ♥✉♠♣②

✻ ✐♠♣♦rt ♦♣❡r❛t♦r

✼ ✐♠♣♦rt ❧ ♦ ❣❣ ✐♥❣

✽

✾ ✐♠♣♦rt ❝❙tr ✐♥❣■❖ ❛s ❙tr ✐♥❣■❖

✶✵

✶✶ ✐♠♣♦rt ❞❛t❛❜❛s❡

✶✷

✶✸ ❢r♦♠ ❜❛❣ ✐♠♣♦rt ∗

✶✹

✶✺ ❧♦❣ ❂ ❧♦❣❣ ✐♥❣ ✳ ❣❡t▲♦❣❣❡r ✭❴❴❢✐❧❡❴❴✮

✶✻

✶✼ ❝❧❛ss ◆❛ ✐✈❡❇❛②❡ s❈ ❧ ❛ s s ✐ ❢ ✐ ❡ r ✭ ♦❜ ❥ ❡ ❝ t ✮ ✿

✶✽

✶✾ ❞❡❢ ❴❴✐♥✐t❴❴✭ s ❡ ❧ ❢ ✱ ❝ ❧ ❛ s s ❡ s ✱ tr❛ ✐♥ ✐♥❣❴❞♦❝s ✱ t❡ s t ✐♥❣❴❞♦❝s ✮ ✿

✷✵ s ❡ ❧ ❢ ✳ ❝ ❧ ❛ s s ❡ s ❂ ❝ ❧ ❛ s s ❡ s

✷✶ s ❡ ❧ ❢ ✳ t r❛ ✐♥ ✐♥❣❴❞♦❝s ❂ tr❛ ✐♥ ✐♥❣❴❞♦❝s

✷✷ s ❡ ❧ ❢ ✳ t ❡ s t ✐♥❣❴❞♦❝s ❂ t❡st ✐♥❣❴❞♦❝s



❇✳✶ ❈❧❛ss✐✜❝❛❞♦r ◆❇ ❡ ❚r❡✐♥❛♠❡♥t♦✿ ❝❧❛ss✐✜❡rs✳♣② ✸✶

✷✸ s ❡ ❧ ❢ ✳ ♣ r ✐ ♦ r ❂ ④⑥

✷✹ s ❡ ❧ ❢ ✳ ❝♦♥❞ ❂ ④⑥

✷✺ s ❡ ❧ ❢ ✳ ❴❢❡❛t✉r❡s ❂ ❬ ❪

✷✻

✷✼ ❅♣r♦♣❡rt②

✷✽ ❞❡❢ ❢ ❡ ❛ t ✉ r ❡ s ✭ s ❡ ❧ ❢ ✮ ✿

✷✾ r❡t✉r♥ s ❡ ❧ ❢ ✳ ❴❢❡❛t✉r❡s

✸✵

✸✶ ❅❢❡❛t✉r❡s ✳ s ❡ t t ❡ r

✸✷ ❞❡❢ ❢ ❡ ❛ t ✉ r ❡ s ✭ s ❡ ❧ ❢ ✱ ❢ ❡ ❛ t ✉ r ❡ s ✮ ✿

✸✸ s ❡ ❧ ❢ ✳ ❴❢❡❛t✉r❡s ❂ ❢ ❡ ❛ t ✉ r ❡ s

✸✹

✸✺ ❞❡❢ t r ❛ ✐ ♥ ✭ s ❡ ❧ ❢ ✮ ✿

✸✻ ✧✧✧ P❡r❢♦r♠s ❛ ♥❛✐✈❡−❜❛②❡s ♦♥ t❤❡ ❣ ✐✈❡♥ ❢ ❡ ❛ t ✉ r ❡ s ✳ ❋ ✐ ❧ ❧ s

♦✉t

✸✼ ❞ ✐ ❝ t ✐ ♦ ♥ ❛ r ✐ ❡ s ♣ r ✐ ♦ r ❛♥❞ ❝♦♥❞ ✇✐ t❤ ♣ r ✐ ♦ r ♣ r ♦ ❜ ❛ ❜ ✐ ❧ ✐ t ✐ ❡ s

✸✽ P✭ ❝ ✮ ♦ ❢ ❛ ❝ ❧ ❛ s s ✬ ❝ ✬ ❛♥❞ ❝♦♥❞ ✐ t ✐ ♦ ♥❛ ❧ P✭ t❡r♠ ⑤ ❝ ✮ ✳

✸✾ ✧✧✧

✹✵ ❞♦❝s ❂ s ❡ ❧ ❢ ✳ t r❛ ✐♥ ✐♥❣❴❞♦❝s

✹✶ ♥ ❂ ❞♦❝s ✳ ❝♦✉♥t ✭ ✮

✹✷ ♣ r ✐ ♦ r ❂ ④⑥

✹✸ ❝♦♥❞ ❂ ④⑥

✹✹ ♠❡♠♦ ❂ ④⑥

✹✺

✹✻ ❧♦❣ ✳ ❞❡❜✉❣ ✭ ✬ s t ❛ r t ✐ ♥ ❣ ✥ t r ❛ ✐ ♥ ✐ ♥ ❣ ✥♦♥✥✪❞✥❞♦❝✉♠❡♥ts ✳ ✳ ✬ ✱ ♥ ✮

✹✼ st❛rt❴t✐♠❡ ❂ t✐♠❡ ✳ t✐♠❡ ✭ ✮

✹✽

✹✾ ❢♦r ❝ ❧ s ✐♥ s ❡ ❧ ❢ ✳ ❝ ❧ ❛ s s ❡ s ✿

✺✵ ★ ❈♦♠♣✉t❡ ♣ r ✐ ♦ r ♣ r ♦ ❜ ❛ ❜ ✐ ❧ ✐ t ✐ ❡ s

✺✶ ♥❝ ❂ ❞♦❝s ✳ ❢ ✐ ♥❞ ✭④ ✬ ❢ ✐ ❡ ❧ ❞ ✬ ✿ ❝ ❧ s ⑥✮ ✳ ❝♦✉♥t ✭ ✮

✺✷

✺✸ ★ ▼❛①✐♠✉♠ ▲✐❦ ❡ ❧ ✐ ❤♦♦❞ ❊st✐♠❛t❡ ✭▼▲❊✮

✺✹ ♣ r ✐ ♦ r ❬ ❝ ❧ s ❪ ❂ ♥✉♠♣② ✳ ❧ ♦❣ ✭ ♥❝✴ ❢ ❧ ♦ ❛ t ✭♥✮ ✮

✺✺

✺✻ ★ ❏♦✐♥ ❛ ❧ ❧ ❞♦❝✉♠❡♥ts ❢ ♦ r ❢ ❛ s t ❡ r ❝♦✉♥t ✐♥❣



❇✳✶ ❈❧❛ss✐✜❝❛❞♦r ◆❇ ❡ ❚r❡✐♥❛♠❡♥t♦✿ ❝❧❛ss✐✜❡rs✳♣② ✸✷

✺✼ t ❡ ① t ❢ ✐ ❧ ❡ ❂ ❙tr ✐♥❣■❖ ✳ ❙tr ✐♥❣■❖ ✭ ✮

✺✽ ❢♦r ❞♦❝ ✐♥ ❞♦❝s ✳ ❢ ✐ ♥❞ ✭④ ✬ ❢ ✐ ❡ ❧ ❞ ✬ ✿ ❝ ❧ s ⑥✮ ✿

✺✾ ✐ ❢ ♥♦t ❞❛t❛❜❛s❡ ✳ ❞♦❝❴❤❛s❴❞❛t❛ ✭ ❞♦❝ ✮ ✿

✻✵ ❝♦♥t✐♥✉❡

✻✶ t ❡ ① t ❢ ✐ ❧ ❡ ✳ ✇r ✐ t ❡ ✭ ✭ ✬ ✥ ✬ ✳ ❥ ♦ ✐ ♥ ✭ t♦❦❡♥ ✐ ③ ❡ ✭ ❞♦❝ ❬ ✬ ❞❛t❛ ✬ ❪ ✮ ✮

✰ ✬ ✥ ✬ ✮ ✳ ❡♥❝♦❞❡ ✭ ✬ ✉t ❢−✽ ✬ ✱ ✬ r ❡ ♣ ❧ ❛ ❝ ❡ ✬ ✮ ✮

✻✷

✻✸ ★ ❈♦✉♥t ✈♦❝❛❜✉ ❧❛r② ♦❝❝✉r❡♥❝❡s ♦♥ ❥♦ ✐♥❡❞ ❞♦❝✉♠❡♥ts

✻✹ ♥t❡r♠ ❂ ❞ ✐ ❝ t ✳ ❢r♦♠❦❡②s ✭ s ❡ ❧ ❢ ✳ ❢ ❡ ❛ t✉ r ❡ s ✱ ✵✮

✻✺ ❢♦r t❡r♠ ✐♥ t ❡ ① t ❢ ✐ ❧ ❡ ✳ ❣ ❡ t✈❛ ❧✉❡ ✭ ✮ ✳ s ♣ ❧ ✐ t ✭ ✮ ✿

✻✻ ✐ ❢ t❡r♠ ✐♥ s ❡ ❧ ❢ ✳ ❢ ❡ ❛ t ✉ r ❡ s ✿

✻✼ ♥t❡r♠ ❬ t❡r♠ ❪ ✰❂ ✶

✻✽

✻✾ ★ Pr❡❝♦♠♣✉t❡ ❞❡♥♦♠✐♥❛t♦r ❢ ♦ r ❝ ♦♥❞ ✐ t ✐ ♦ ♥❛ ❧ ♣r♦❜ ✳

❡ s t ✐♠❛t♦r

✼✵ ❜❛s❡ ❂ ❢ ❧ ♦ ❛ t ✭s✉♠✭ ♥t❡r♠ ✳ ✈❛ ❧✉❡ s ✭ ✮ ✮ ✰ ❧❡♥ ✭ ♥t❡r♠ ✮ ✮

✼✶

✼✷ ★ ❈♦♠♣✉t❡ ❝ ♦♥❞ ✐ t ✐ ♦ ♥❛ ❧ ♣ r ♦ ❜ ❛ ❜ ✐ ❧ ✐ t ✐ ❡ s

✼✸ ❢♦r t❡r♠ ✐♥ s ❡ ❧ ❢ ✳ ❢ ❡ ❛ t ✉ r ❡ s ✿

✼✹ ✐ ❢ t❡r♠ ♥♦t ✐♥ ❝♦♥❞ ✿

✼✺ ❝♦♥❞ ❬ t❡r♠ ❪ ❂ ④⑥

✼✻ ✈❛ ❧ ❂ ✭ ♥t❡r♠ ❬ t❡r♠ ❪ ✰ ✶✮ ✴❜❛s❡

✼✼ ✐ ❢ ✈❛ ❧ ♥♦t ✐♥ ♠❡♠♦✿

✼✽ ♠❡♠♦❬ ✈❛ ❧ ❪ ❂ ♥✉♠♣② ✳ ❧ ♦❣ ✭ ✈❛ ❧ ✮

✼✾

✽✵ ❝♦♥❞ ❬ t❡r♠ ❪ ❬ ❝ ❧ s ❪ ❂ ♠❡♠♦❬ ✈❛ ❧ ❪

✽✶

✽✷ ❧♦❣ ✳ ❞❡❜✉❣ ✭ ✬ ❢ ✐ ♥ ✐ s ❤ ❡ ❞ ✥ t r ❛ ✐ ♥ ✐ ♥ ❣ ✥ ✭ t♦♦❦✥✪✳✸ ❢ ✥ s ❡ ❝ s ✮ ✬ ✱ t✐♠❡ ✳

t✐♠❡ ✭ ✮ − st❛rt❴t✐♠❡ ✮

✽✸

✽✹ s ❡ ❧ ❢ ✳ ♣ r ✐ ♦ r ❂ ♣ r ✐ ♦ r

✽✺ s ❡ ❧ ❢ ✳ ❝♦♥❞ ❂ ❝♦♥❞

✽✻

✽✼ ❞❡❢ ❝ ❧ ❛ s s ✐ ❢ ② ✭ s ❡ ❧ ❢ ✱ ❞♦❝ ✮ ✿

✽✽ ✧✧✧ ❈ ❧ ❛ s s ✐ ❢ ② t❤❡ ✐♥♣✉t ❞♦❝✉♠❡♥t ✬ ❞♦❝ ✬ ✳



❇✳✷ ❈♦♥✈❡rsã♦ ❞❡ ❉♦❝✉♠❡♥t♦s ✭▼❊❱✮✿ ❜❛❣✳♣② ✸✸

✽✾ ✧✧✧

✾✵ t♦❦❡♥s ❂ t♦❦❡♥✐③❡❴♠❛♣ ✭ ❞♦❝ ❬ ✬ ❞❛t❛ ✬ ❪ ✮

✾✶ s ❝♦ r ❡ ❂ ④⑥

✾✷

✾✸ ❢♦r ❝ ❧ s ✐♥ s ❡ ❧ ❢ ✳ ❝ ❧ ❛ s s ❡ s ✿

✾✹ s ❝♦ r ❡ ❬ ❝ ❧ s ❪ ❂ s ❡ ❧ ❢ ✳ ♣ r ✐ ♦ r ❬ ❝ ❧ s ❪

✾✺

✾✻ ❢♦r t❡r♠ ✱ ❝♦✉♥t ✐♥ t♦❦❡♥s ✳ ✐ t ❡ r ✐ t ❡♠ s ✭ ✮ ✿

✾✼ ❝♦✉♥t ❂ ✶

✾✽ ✐ ❢ t❡r♠ ♥♦t ✐♥ s ❡ ❧ ❢ ✳ ❝♦♥❞ ✿

✾✾ ❝♦♥t✐♥✉❡

✶✵✵ ❢♦r ❝ ❧ s ✐♥ s ❡ ❧ ❢ ✳ ❝ ❧ ❛ s s ❡ s ✿

✶✵✶ s ❝♦ r ❡ ❬ ❝ ❧ s ❪ ✰❂ ❝♦✉♥t ∗ s ❡ ❧ ❢ ✳ ❝♦♥❞ ❬ t❡r♠ ❪ ❬ ❝ ❧ s ❪

✶✵✷

✶✵✸ r❡t✉r♥ ♠❛①✭ s ❝♦ r ❡ ✳ ✐ t ❡ r ✐ t ❡♠ s ✭ ✮ ✱ ❦❡②❂♦♣❡r❛t♦r ✳ ✐ t ❡♠❣❡ t t ❡ r ✭✶ ✮

✮ ❬ ✵ ❪

❇✳✷ ❈♦♥✈❡rsã♦ ❞❡ ❉♦❝✉♠❡♥t♦s ✭▼❊❱✮✿ ❜❛❣✳♣②

✶ ★ −∗− ❝♦❞✐♥❣ ✿ ✉ t ❢−✽ −∗−

✷

✸ ❢r♦♠ ♣t❜r❴❞✐❝t ✐♠♣♦rt ❙❚❖P❴❲❖❘❉❙

✹

✺ ❙❨▼❇❖▲❙ ❂ ❧ ✐ s t ✭ s ❡ t ✭✉ ✬ ❭ ❭ ✴ ✳ ✱ ✭ ✮ ❬❪✪✿❀❫⑦ ❵❭ ✬✦❭✧❂✰−❴❁❃❄ ✬ ✮ ✮

✻

✼ ❞❡❢ ❝ ❧ ❡❛♥ ✭ ❞❛t❛ ✮ ✿

✽ ✧✧✧ ❘❡♠♦✈❡ s②♠❜♦❧s ❛♥❞ ♥✉♠❜❡rs ✧✧✧

✾ ❢♦r s②♠❜♦❧ ✐♥ ❙❨▼❇❖▲❙✿

✶✵ ❞❛t❛ ❂ ❞❛t❛ ✳ r ❡♣ ❧ ❛ ❝ ❡ ✭ s②♠❜♦❧ ✱ ✉ ✬ ✥ ✬ ✮

✶✶ ❢♦r ✐ ✐♥ ①r❛♥❣❡ ✭✶✵✮ ✿

✶✷ ❞❛t❛ ❂ ❞❛t❛ ✳ r ❡♣ ❧ ❛ ❝ ❡ ✭✉ ✬✪❞ ✬ ✪ ✐ ✱ ✉ ✬ ✬ ✮

✶✸ r❡t✉r♥ ❞❛t❛

✶✹

✶✺ ❞❡❢ t ♦❦❡♥ ✐ ③ ❡ ✭ ❞❛t❛ ✱ t❤ r ❡ s❤♦ ❧❞❂✸✮ ✿



❇✳✸ ❯t✐❧✐tár✐♦s ♣❛r❛ ❇❛♥❝♦ ❞❡ ❉❛❞♦s✿ ❞❛t❛❜❛s❡✳♣② ✸✹

✶✻ r❡t✉r♥ ❢ ✐ ❧ t ❡ r ✭ ❧❛♠❜❞❛ ❦ ✿ ❧ ❡♥ ✭❦ ✮ ❃ t❤r❡s❤♦ ❧❞ ✱ ❝ ❧ ❡❛♥ ✭ ❞❛t❛ ✮ ✳

❧♦✇❡r ✭ ✮ ✳ s ♣ ❧ ✐ t ✭ ✮ ✮

✶✼

✶✽ ❞❡❢ t♦❦❡♥✐③❡❴♠❛♣ ✭ ❞❛t❛ ✱ t❤ r ❡ s❤♦ ❧❞❂✸✮ ✿

✶✾ ❞ ❂ ④⑥

✷✵ ❢♦r ❦ ✐♥ ❝ ❧ ❡❛♥ ✭ ❞❛t❛ ✮ ✳ ❧♦✇❡r ✭ ✮ ✳ s ♣ ❧ ✐ t ✭ ✮ ✿

✷✶ ❞ ❬ ❦ ❪ ❂ ❞ ✳ s ❡ t ❞ ❡ ❢ ❛ ✉ ❧ t ✭❦ ✱ ✵✮ ✰ ✶

✷✷ r❡t✉r♥ ❞

✷✸

✷✹ ❞❡❢ ❜❛❣❴♦❢❴✇♦r❞s ✭ ❞❛t❛ ✮ ✿

✷✺ ★ ▲♦✇❡r ❛♥❞ ❝♦♥✈❡r t t♦ s ❡ t

✷✻ ❞❛t❛ ❂ s ❡ t ✭ t♦❦❡♥ ✐ ③ ❡ ✭ ❞❛t❛ ✮ ✮

✷✼ ★ ❈♦♥✈❡rt t♦ s ❡ t ❛♥❞ r❡♠♦✈❡ s t♦♣ ✇♦r❞s

✷✽ ❞❛t❛ ❂ s ❡ t ✭ ❞❛t❛ ✮ − ❙❚❖P❴❲❖❘❉❙

✷✾ r❡t✉r♥ ❞❛t❛

✸✵

✸✶ ❞❡❢ ❢r❡q✉❡♥❝②❴❜❛❣ ✭ ❞❛t❛ ✮ ✿

✸✷ ❜❛❣ ❂ ❜❛❣❴♦❢❴✇♦r❞s ✭ ❞❛t❛ ✮

✸✸ ❢r❡q❴❜❛❣ ❂ ④⑥

✸✹ ★ ▲♦✇❡r ❛♥❞ ❝♦♥✈❡r t t♦ s ❡ t

✸✺ ❞❛t❛ ❂ ❝ ❧ ❡❛♥ ✭ ❞❛t❛ ✮ ✳ ❧♦✇❡r ✭ ✮ ✳ s ♣ ❧ ✐ t ✭ ✮

✸✻ ❢♦r ✇ ✐♥ ❜❛❣ ✿

✸✼ ❢r❡q❴❜❛❣ ❬✇❪ ❂ ❞❛t❛ ✳ ❝♦✉♥t ✭✇✮

✸✽ r❡t✉r♥ ❢r❡q❴❜❛❣

❇✳✸ ❯t✐❧✐tár✐♦s ♣❛r❛ ❇❛♥❝♦ ❞❡ ❉❛❞♦s✿ ❞❛t❛❜❛s❡✳♣②

✶ ★ −∗− ❝♦❞✐♥❣ ✿ ✉ t ❢−✽ −∗−

✷ ❢r♦♠ ♣②♠♦♥❣♦ ✐♠♣♦rt ❈♦♥♥❡❝t✐♦♥

✸

✹ ❞❜ ❂ ❈♦♥♥❡❝t✐♦♥ ✭ ✮ ✳ t ❤ ❡ s ❡ s

✺

✻ ❞❡❢ ❣❡ t❴❝ ❧ ❛ s s ❡ s ✭ ✮ ✿

✼ ✧✧✧ ❘❡t✉r♥ ❛ ✈ ❛ ✐ ❧ ❛ ❜ ❧ ❡ ❝ ❧ ❛ s s ❡ s ♦♥ t ❤ ❡ s ❡ s ❞❛t❛❜❛s❡ ✳

✽ ✧✧✧



❇✳✹ ❲❡❜ s♣✐❞❡r ♣❛r❛ ❜❛♥❝♦ ❞❡ t❡s❡s ✭❯❙P✮✿ ✉s♣✳♣② ✸✺

✾ r❡t✉r♥ ❧ ✐ s t ✭ s ❡ t ✭ ❬ ❞ ❬ ✬ ❢ ✐ ❡ ❧ ❞ ✬ ❪ ❢♦r ❞ ✐♥ ❞❜ ✳ t❤ ❡ s ❡ s ✳ ❢ ✐ ♥❞ ✭④⑥ ✱ ④ ✬

❢ ✐ ❡ ❧ ❞ ✬ ✿ ✶⑥✮ ❪ ✮ ✮

✶✵

✶✶ ❞❡❢ ❞♦❝❴❤❛s❴❞❛t❛ ✭ ❞♦❝ ✮ ✿

✶✷ ✧✧✧ ❘❡t✉r♥s ✇❤❡t❤❡r t❤❡ ❞♦❝✉♠❡♥t ❤❛s ♥♦♥−❡♠♣t② ❞❛t❛ ✳

✶✸ ✧✧✧

✶✹ r❡t✉r♥ ❚r✉❡ ✐ ❢ ✬ ❞❛t❛ ✬ ✐♥ ❞♦❝ ❛♥❞ ❧ ❡♥ ✭ ❞♦❝ ❬ ✬ ❞❛t❛ ✬ ❪ ✮ ❃ ✵ ❡❧s❡

❋❛❧s❡

❇✳✹ ❲❡❜ s♣✐❞❡r ♣❛r❛ ❜❛♥❝♦ ❞❡ t❡s❡s ✭❯❙P✮✿ ✉s♣✳♣②

✶ ❢r♦♠ s❝r❛♣② ✳ s♣ ✐ ❞ ❡ r ✐♠♣♦rt ❇❛s❡❙♣✐❞❡r

✷ ❢r♦♠ s❝r❛♣② ✳ s ❡ ❧ ❡ ❝ t ♦ r ✐♠♣♦rt ❍t♠❧❳P❛t❤❙❡❧❡❝t♦r

✸ ❢r♦♠ s❝r❛♣② ✳ ❤tt♣ ✐♠♣♦rt ❘❡q✉❡st

✹ ❢r♦♠ s❝r❛♣② ✳ ❝♦♥❢ ✐♠♣♦rt s ❡ t t ✐ ♥ ❣ s

✺

✻ ❢r♦♠ s❝r❛♣② ✐♠♣♦rt ❧ ♦❣

✼

✽ ❢r♦♠ ✉ r ❧ ♣❛ r s ❡ ✐♠♣♦rt ✉ r ❧ ❥ ♦ ✐ ♥

✾ ❢r♦♠ t❤ ❡ s ❡ s ✳ ✐ t❡♠s ✐♠♣♦rt ∗

✶✵

✶✶ ❢r♦♠ ♣②♠♦♥❣♦ ✐♠♣♦rt ❈♦♥♥❡❝t✐♦♥

✶✷

✶✸ ✐♠♣♦rt t ❡♠♣ ❢ ✐ ❧ ❡

✶✹ ✐♠♣♦rt ♦s

✶✺

✶✻

✶✼ ❝❧❛ss ❯❙P▲✐st❆r❡❛s❙♣✐❞❡r ✭ ❇❛s❡❙♣✐❞❡r ✮ ✿

✶✽ ✧✧✧ ▲ ✐ s t s ❯❙P t ❤ ❡ s ✐ s ❛r❡❛s ✭ ❡ ✳ ❣ ✳ ❜ ✐ ♦ ❧ ♦ ❣② ✱ ♠❡❝❤❛♥✐❝❛❧

❡♥❣ ✐♥❡❡r ✐♥❣ ✱ ❛ r ❝❤ ✐ t ❡ ❝ t ✉ r ❡ ✱ ❡ t ❝ ✮

✶✾ ✧✧✧

✷✵ ♥❛♠❡ ❂ ✧✉s♣−❧ ✐ s t −❛r❡❛s ✧

✷✶ ❛❧❧♦✇❡❞❴❞♦♠❛✐♥s ❂ ❬ ✬ t ❡ s ❡ s ✳ ✉s♣ ✳ ❜r ✬ ❪

✷✷ s t ❛ r t❴✉r ❧ s ❂ ❬ ✬ ❤tt♣ ✿✴✴✇✇✇✳ t ❡ s ❡ s ✳ ✉s♣ ✳ ❜r✴ ✐♥❞❡① ✳ ♣❤♣❄ ♦♣t ✐♦♥❂

❝♦♠❴❥✉♠✐✫❢ ✐ ❧ ❡ ✐ ❞❂✻✫■t❡♠✐❞❂✻✶✫❧❛♥❣❂♣t−❜r✫♣❛❣✐♥❛❂✶ ✬ ❪



❇✳✹ ❲❡❜ s♣✐❞❡r ♣❛r❛ ❜❛♥❝♦ ❞❡ t❡s❡s ✭❯❙P✮✿ ✉s♣✳♣② ✸✻

✷✸ ❜❛s❡❴✉r❧ ❂ ✬ ❤tt♣ ✿✴✴✇✇✇✳ t ❡ s ❡ s ✳ ✉s♣ ✳ ❜r ✬

✷✹

✷✺ ❞❡❢ ♣❛rs❡ ✭ s ❡ ❧ ❢ ✱ r ❡ s♣♦♥s❡ ✮ ✿

✷✻ ❤①s ❂ ❍t♠❧❳P❛t❤❙❡❧❡❝t♦r ✭ r❡ s♣♦♥s❡ ✮

✷✼ tr② ✿

✷✽ ♥❡①t❴♣❛❣❡ ❂ ❤①s ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧❈♦r♣♦P❛❣✐♥❛❝❛♦

✧ ❪✴ ❛ ❬ ❧ ❛ s t ✭ ✮ −✶❪✴❅❤r❡❢ ✬ ✮ ✳ ❡ ① t r ❛ ❝ t ✭ ✮ ❬ ✵ ❪

✷✾ ② ✐ ❡ ❧ ❞ ❘❡q✉❡st ✭ ✉ r ❧ ❥ ♦ ✐ ♥ ✭ s ❡ ❧ ❢ ✳ ❜❛s❡❴✉r❧ ✱ ♥❡①t❴♣❛❣❡ ✮ ✱

❝ ❛ ❧ ❧ ❜ ❛ ❝❦❂s ❡ ❧ ❢ ✳ ♣❛rs❡ ✮

✸✵ ❡①❝❡♣t ✿

✸✶ ♣❛ss

✸✷ ❢♦r ❢ ✐♥ ❤①s ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧❞❛❞♦s▲✐♥❤❛✥❞❛❞♦s❈♦r✶

✧ ❪ ✥ ⑤ ✥✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧❞❛❞♦s▲✐♥❤❛✥❞❛❞♦s❈♦r✷ ✧ ❪ ✬ ✮ ✿

✸✸ ✐t❡♠ ❂ ❋✐❡ ❧❞■t❡♠ ✭ ✮

✸✹ ✐t❡♠ ❬ ✬♥❛♠❡ ✬ ❪ ❂ ❢ ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✳ ✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧

❞❛❞♦s❆r❡❛◆♦♠❡ ✧ ❪✴ ❛✴ t❡①t ✭ ✮ ✬ ✮ ✳ ❡ ① t r ❛ ❝ t ✭ ✮ ❬ ✵ ❪

✸✺ ✐t❡♠ ❬ ✬ s ✐ ③ ❡ ✬ ❪ ❂ ✐♥ t ✭ ❢ ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✳ ✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧

❞❛❞♦s❆r❡❛◆♦♠❡ ✧ ❪✴ t❡①t ✭ ✮ ✬ ✮ ✳ ❡ ① t r ❛ ❝ t ✭ ✮ ❬ ✵ ❪ ✳ r ❡ ♣ ❧ ❛ ❝ ❡ ✭ ✬ ✥ ✭

✬ ✱ ✬ ✬ ✮ ✳ r ❡ ♣ ❧ ❛ ❝ ❡ ✭ ✬ ✮ ✬ ✱ ✬ ✬ ✮ ✮

✸✻ ✐t❡♠ ❬ ✬ t②♣❡ ✬ ❪ ❂ ❢ ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✳ ✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧

❞❛❞♦s❆r❡❛❚✐♣♦ ✧ ❪✴ t ❡①t ✭ ✮ ✬ ✮ ✳ ❡ ① t r ❛ ❝ t ✭ ✮ ❬ ✵ ❪

✸✼ ✐t❡♠ ❬ ✬ ✉ r ❧ ✬ ❪ ❂ ✉ r ❧ ❥ ♦ ✐ ♥ ✭ s ❡ ❧ ❢ ✳ ❜❛s❡❴✉r❧ ✱ ❢ ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✳ ✴ ❞✐✈

❬ ❅❝❧❛ss❂✧❞❛❞♦s❆r❡❛◆♦♠❡ ✧ ❪✴ ❛✴❅❤r❡❢ ✬ ✮ ✳ ❡ ① t r ❛ ❝ t ✭ ✮ ❬ ✵ ❪ ✮

✸✽ ② ✐ ❡ ❧ ❞ ✐t❡♠

✸✾

✹✵ ❝❧❛ss ❯❙P❚❤❡s✐s❙♣✐❞❡r ✭ ❇❛s❡❙♣✐❞❡r ✮ ✿

✹✶ ✧✧✧ ❘❡ t r ✐ ❡✈❡ t ❤ ❡ s ❡ s ✐ ♥ ❢ ♦ ✳

✹✷ ✧✧✧

✹✸ ♥❛♠❡ ❂ ✬ ✉s♣−❧ ✐ s t −t❤ ❡ s ❡ s ✬

✹✹ ❛❧❧♦✇❡❞❴❞♦♠❛✐♥s ❂ ❬ ✬ t ❡ s ❡ s ✳ ✉s♣ ✳ ❜r ✬ ❪

✹✺ s t ❛ r t❴✉r ❧ s ❂ ❬ ❪

✹✻ ❜❛s❡❴✉r❧ ❂ ✬ ❤tt♣ ✿✴✴✇✇✇✳ t ❡ s ❡ s ✳ ✉s♣ ✳ ❜r ✬

✹✼ ❞❜ ❂ ❈♦♥♥❡❝t✐♦♥ ✭ ✮ ✳ t ❤ ❡ s ❡ s

✹✽

✹✾ ❞❡❢ s t ❛ r t❴r❡q✉❡ s t s ✭ s ❡ ❧ ❢ ✮ ✿



❇✳✹ ❲❡❜ s♣✐❞❡r ♣❛r❛ ❜❛♥❝♦ ❞❡ t❡s❡s ✭❯❙P✮✿ ✉s♣✳♣② ✸✼

✺✵ ❢♦r ❢ ✐♥ s ❡ t t ✐ ♥ ❣ s ❬ ✬❋■❊▲❉❙ ✬ ❪ ✿

✺✶ ❢ ✐ ❡ ❧ ❞ ❂ s ❡ ❧ ❢ ✳ ❞❜ ✳ ❢ ✐ ❡ ❧ ❞ s ✳ ❢ ✐♥❞❴♦♥❡ ✭④ ✬♥❛♠❡ ✬ ✿ ❢ ⑥✮

✺✷ ♣r✐♥t ✬ ❈r❡❛t ✐♥❣ ✥ r❡q✉❡ s t ✥ ❢ ♦ r ✥ ✬ ✱ ❢ ✐ ❡ ❧ ❞ ❬ ✬ ✉ r ❧ ✬ ❪

✺✸ ② ✐ ❡ ❧ ❞ ❘❡q✉❡st ✭ ❢ ✐ ❡ ❧ ❞ ❬ ✬ ✉ r ❧ ✬ ❪ ✱ ❝ ❛ ❧ ❧ ❜ ❛ ❝❦❂s ❡ ❧ ❢ ✳

♣❛ r s ❡❴t❤❡ s ❡ s❴ ❧ ✐ s t ✮

✺✹

✺✺ ❞❡❢ ♣❛r s ❡❴t❤❡ s ❡ s❴ ❧ ✐ s t ✭ s ❡ ❧ ❢ ✱ r ❡ s♣♦♥s❡ ✮ ✿

✺✻ ❤①s ❂ ❍t♠❧❳P❛t❤❙❡❧❡❝t♦r ✭ r❡ s♣♦♥s❡ ✮

✺✼ ♣r✐♥t ✬ P❛rs ✐♥❣ ✥ ❧ ✐ s t ✬

✺✽ tr② ✿

✺✾ ♥❡①t❴♣❛❣❡ ❂ ❤①s ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧❈♦r♣♦P❛❣✐♥❛❝❛♦

✧ ❪✴ ❛ ❬ ❧ ❛ s t ✭ ✮ −✶❪✴❅❤r❡❢ ✬ ✮ ✳ ❡ ① t r ❛ ❝ t ✭ ✮ ❬ ✵ ❪

✻✵ ② ✐ ❡ ❧ ❞ ❘❡q✉❡st ✭ ✉ r ❧ ❥ ♦ ✐ ♥ ✭ s ❡ ❧ ❢ ✳ ❜❛s❡❴✉r❧ ✱ ♥❡①t❴♣❛❣❡ ✮ ✱

❝ ❛ ❧ ❧ ❜ ❛ ❝❦❂s ❡ ❧ ❢ ✳ ♣❛ r s ❡❴t❤❡ s ❡ s❴ ❧ ✐ s t ✮

✻✶ ❡①❝❡♣t ✿

✻✷ ♣r✐♥t ✬ ❋ ✐♥ ✐ s❤❡❞ ✥ ❧ ✐ s t ✐ ♥ ❣ ✥ t ❤ ❡ s ✐ s ✥ ❢r♦♠✥ ❢ ✐ ❡ ❧ ❞ ✬

✻✸ ❢♦r ❢ ✐♥ ❤①s ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧❞❛❞♦s▲✐♥❤❛✥❞❛❞♦s❈♦r✶

✧ ❪ ✥ ⑤ ✥✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧❞❛❞♦s▲✐♥❤❛✥❞❛❞♦s❈♦r✷ ✧ ❪ ✬ ✮ ✿

✻✹ ✐t❡♠ ❂ ❚❤❡s❡s■t❡♠ ✭ ✮

✻✺ ✐t❡♠ ❬ ✬ ❛✉t❤♦r ✬ ❪ ❂ ❢ ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✳ ✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧

❞❛❞♦s❉♦❝◆♦♠❡ ✧ ❪✴ ❛✴ t❡①t ✭ ✮ ✬ ✮ ✳ ❡ ① t r ❛ ❝ t ✭ ✮ ❬ ✵ ❪

✻✻ ✐t❡♠ ❬ ✬ ✉ r ❧ ✬ ❪ ❂ ❢ ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✳ ✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧❞❛❞♦s❉♦❝◆♦♠❡

✧ ❪✴ ❛✴❅❤r❡❢ ✬ ✮ ✳ ❡ ① t r ❛ ❝ t ✭ ✮ ❬ ✵ ❪

✻✼ ✐t❡♠ ❬ ✬ t ✐ t ❧ ❡ ✬ ❪ ❂ ❢ ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✳ ✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧

❞❛❞♦s❉♦❝❚✐t✉❧♦ ✧ ❪✴ t ❡①t ✭ ✮ ✬ ✮ ✳ ❡ ① t r ❛ ❝ t ✭ ✮ ❬ ✵ ❪

✻✽ ✐t❡♠ ❬ ✬ ❢ ✐ ❡ ❧ ❞ ✬ ❪ ❂ ❢ ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✳ ✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧

❞❛❞♦s❉♦❝❆r❡❛ ✧ ❪✴ ❛✴ t❡①t ✭ ✮ ✬ ✮ ✳ ❡ ① t r ❛ ❝ t ✭ ✮ ❬ ✵ ❪

✻✾ ✐t❡♠ ❬ ✬ t②♣❡ ✬ ❪ ❂ ❢ ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✳ ✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧❞❛❞♦s❉♦❝❚✐♣♦

✧ ❪✴ ❛✴ t❡①t ✭ ✮ ✬ ✮ ✳ ❡ ① t r ❛ ❝ t ✭ ✮ ❬ ✵ ❪

✼✵ ✐t❡♠ ❬ ✬ ❞❡♣t ✬ ❪ ❂ ❢ ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✳ ✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧

❞❛❞♦s❉♦❝❯♥✐❞❛❞❡ ✧ ❪✴ ❛✴ t❡①t ✭ ✮ ✬ ✮ ✳ ❡ ① t r ❛ ❝ t ✭ ✮ ❬ ✵ ❪

✼✶ ✐t❡♠ ❬ ✬ ②❡❛r ✬ ❪ ❂ ✐♥ t ✭ ❢ ✳ s ❡ ❧ ❡ ❝ t ✭ ✬ ✳ ✴✴ ❞✐✈ ❬ ❅❝❧❛ss❂✧

❞❛❞♦s❉♦❝❆♥♦ ✧ ❪✴ ❛✴ t❡①t ✭ ✮ ✬ ✮ ✳ ❡ ① t r ❛ ❝ t ✭ ✮ ❬ ✵ ❪ ✮

✼✷ ② ✐ ❡ ❧ ❞ ✐t❡♠

✼✸



❇✳✹ ❲❡❜ s♣✐❞❡r ♣❛r❛ ❜❛♥❝♦ ❞❡ t❡s❡s ✭❯❙P✮✿ ✉s♣✳♣② ✸✽

✼✹ ❝❧❛ss ❯❙P❉♦✇♥❧♦❛❞❚❤❡s✐s❙♣✐❞❡r ✭ ❇❛s❡❙♣✐❞❡r ✮ ✿

✼✺ ✧✧✧ ❘❡ t r ✐ ❡✈❡ t ❤ ❡ s ❡ s ❞♦❝s ✳

✼✻ ✧✧✧

✼✼ ♥❛♠❡ ❂ ✬ ✉s♣−t❤❡s❡s−❞♦❝s ✬

✼✽ ❛❧❧♦✇❡❞❴❞♦♠❛✐♥s ❂ ❬ ✬ t ❡ s ❡ s ✳ ✉s♣ ✳ ❜r ✬ ❪

✼✾ s t ❛ r t❴✉r ❧ s ❂ ❬ ❪

✽✵ ❜❛s❡❴✉r❧ ❂ ✬ ❤tt♣ ✿✴✴✇✇✇✳ t ❡ s ❡ s ✳ ✉s♣ ✳ ❜r ✬

✽✶ ❞❜ ❂ ❈♦♥♥❡❝t✐♦♥ ✭ ✮ ✳ t ❤ ❡ s ❡ s

✽✷

✽✸ ❞❡❢ s t ❛ r t❴r❡q✉❡ s t s ✭ s ❡ ❧ ❢ ✮ ✿

✽✹ ❢♦r t ✐♥ s ❡ ❧ ❢ ✳ ❞❜ ✳ t❤ ❡ s ❡ s ✳ ❢ ✐ ♥❞ ✭ ✮ ✿

✽✺ ✐ ❢ ✬ ❞❛t❛ ✬ ✐♥ t ❛♥❞ ❧ ❡♥ ✭ t ❬ ✬ ❞❛t❛ ✬ ❪ ✮ ❃ ✵ ✿

✽✻ ❝♦♥t✐♥✉❡

✽✼ ★ ❈r❡❛t❡ ❛ r ❡ q✉❡ s t t♦ ❞♦✇♥❧♦❛❞ t❤❡ ♣❞❢ ❛♥❞ ♣r♦❝❡s s

✐ t

✽✽ r❡q ❂ ❘❡q✉❡st ✭ ✉ r ❧ ❥ ♦ ✐ ♥ ✭ s ❡ ❧ ❢ ✳ ❜❛s❡❴✉r❧ ✱ t ❬ ✬ ✉ r ❧ ✬ ❪ ✮ ✱

❝ ❛ ❧ ❧ ❜ ❛ ❝❦❂s ❡ ❧ ❢ ✳ ♣❛rs❡❴t❤❡s ✐ s❴s♣❡❝ ✮

✽✾ r❡q ✳ ♠❡t❛ ❬ ✬ t ❤ ❡ s ✐ s ✬ ❪ ❂ t

✾✵ ② ✐ ❡ ❧ ❞ r❡q

✾✶

✾✷ ❞❡❢ ♣❛rs❡❴t❤❡s ✐ s❴s♣❡❝ ✭ s ❡ ❧ ❢ ✱ r ❡ s♣♦♥s❡ ✮ ✿

✾✸ ❤①s ❂ ❍t♠❧❳P❛t❤❙❡❧❡❝t♦r ✭ r❡ s♣♦♥s❡ ✮

✾✹ t ❤ ❡ s ✐ s ❂ r❡s♣♦♥s❡ ✳ ♠❡t❛ ❬ ✬ t ❤ ❡ s ✐ s ✬ ❪

✾✺

✾✻ ★ P❞❢ ❞♦✇♥❧♦❛❞
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