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✐

Resumo

◆❡ss❡ tr❛❜❛❧❤♦ é ❛♣r❡s❡♥t❛❞♦ ✉♠❛ té❝♥✐❝❛ ❞❡ tr❡✐♥❛♠❡♥t♦ s❡♠✐✲s✉♣❡r✈✐s✐♦♥❛❞♦✱ ♦r✐❣✐♥❛❧✲
♠❡♥t❡ ✐♥tr♦❞✉③✐❞❛ ♣♦r ❑❛♠❛❧ P❛✉❧ ◆✐❣❛♠ ✭✷✵✵✶✮✱ q✉❡ ✉t✐❧✐③❛✲s❡ ❞❡ ❛♠♦str❛s ♥ã♦✲♠❛r❝❛❞❛s
♣❛r❛ ❛ ♠❡❧❤♦r✐❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r ❇❛②❡s ■♥❣ê♥✉♦✳ ❚❛❧ ♠❡t♦❞♦❧♦❣✐❛ é ♠♦t✐✲
✈❛❞❛ ♣❡❧❛ r❡❞✉çã♦ ❞❡ ❝✉st♦s ♥❛ ❝♦♥str✉çã♦ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s✱ ✈✐st♦ q✉❡ ❛♠♦str❛s ♠❛r❝❛❞❛s
sã♦ s✐❣♥✐✜❝❛t✐✈❛t❡♠❡♥t❡ ♠❛✐s ❞✐s♣❡♥❞✐♦s❛s q✉❡ ❛♠♦str❛s ♥ã♦✲♠❛r❝❛❞❛s✳

❆tr❛✈és ❞❛ ✉t✐❧✐③❛çã♦ ❞♦ ♠ét♦❞♦ ❞❡ ▼❛①✐♠✐③❛çã♦ ❞❛ ❊①♣❡❝t❛t✐✈❛✱ ♠♦str❛✲s❡ q✉❡ ♦
♠ét♦❞♦ tr❛❞✐❝✐♦♥❛❧ ❞❡ tr❡✐♥❛♠❡♥t♦ s✉♣❡r✈✐s✐♦♥❛❞♦ ♣♦❞❡ s❡r s✉♣❡r❛❞♦ ❛♦ s❡ ✐♥tr♦❞✉③✐r
✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❛♠♦str❛s ♥ã♦ ♠❛r❝❛❞❛s✱ r❡❞✉③✐♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❛♠♦str❛s ♠❛r❝❛❞❛s
♥❡❝❡ssár✐❛s ♣❛r❛ ❛t✐♥❣✐r ❝❡rt♦s ♣❛t❛♠❛r❡s ❞❡ ❞❡s❡♠♣❡♥❤♦✳ ❊①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ♥♦
❝♦r♣✉s ✷✵◆❡✇s❣r♦✉♣✲✶✽✽✷✽ ♠♦str❛r❛♠ ❛✉♠❡♥t♦s ❞❡ ❞❡s❡♠♣❡♥❤♦ s✐♠✐❧❛r❡s ❛♦s ♦❜t✐❞♦s
♣♦r ◆✐❣❛♠✱ ♠❡s♠♦ r❡❧❛①❛♥❞♦ ❛❧❣✉♠❛s ❞❛s ❝♦♥❞✐çõ❡s ✐♠♣♦st❛s✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❛♦
r❡❧❛①❛r ❛ ❝♦♥❞✐çã♦ ❝r♦♥♦❧ó❣✐❝❛ ❞❡ t❡st❡ ✭✉t✐❧✐③❛çã♦ ❞❡ ❞♦❝✉♠❡♥t♦s ♠❛✐s ❛♥t✐❣♦s ♣❛r❛ ♦
tr❡✐♥♦ ❡ ♠❛✐s r❡❝❡♥t❡s ♣❛r❛ ♦ t❡st❡✮✱ ❢♦✐ ♦❜s❡r✈❛❞❛ ✉♠❛ ♠❛♥✉t❡♥çã♦ ❞❛s ✈❛♥t❛❣❡♥s ❞♦
♠ét♦❞♦ ❛té ✉♠ ♠á①✐♠♦ ❞❡ 15 ❝❧❛ss❡s✳

P❛❧❛✈r❛s✲❈❤❛✈❡✿ ❛♣r❡♥❞✐③❛❞♦ ❞❡ ♠áq✉✐♥❛✱ ❝❧❛ss✐✜❝❛çã♦ ❞❡ t❡①t♦✱ ❛♣r❡♥❞✐③❛❞♦ s❡♠✐✲
s✉♣❡r✈✐s✐♦♥❛❞♦✱ ❇❛②❡s ✐♥❣ê♥✉♦✱ ♠❛①✐♠✐③❛çã♦ ❞❛ ❡①♣❡❝t❛t✐✈❛✱ ♠♦❞❡❧♦ ♠✐st✉r❛✱ P②t❤♦♥✱
s❝✐❦✐t✲❧❡❛r♥✱ s❝✐♣②✱ ♥✉♠♣②
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Abstract

❍❡r❡ ✇❡ ♣r❡s❡♥t ❑❛♠❛❧ P❛✉❧ ◆✐❣❛♠✬s s❡♠✐✲s✉♣❡r✈✐s✐♦♥❡❞ tr❛✐♥✐♥❣ t❡❝❤♥✐q✉❡ ❢♦r ✐♠♣r♦✈✐♥❣
t❤❡ ◆❛✐✈❡ ❇❛②❡s ❝❧❛ss✐✜❡r✬s ♣❡r❢♦r♠❛♥❝❡ t❤r♦✉❣❤ t❤❡ ✉s❡ ♦❢ ✉♥❧❛❜❡❧❡❞ s❛♠♣❧❡s✳ ❚❤✐s
♠❡t♦❞♦❧♦❣② ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❝♦st r❡❞✉❝t✐♦♥ ❛❝❤✐❡✈❡❞ ✇❤❡♥ ❜✉✐❧❞✐♥❣ ❛ ❝❧❛ss✐✜❡r ✉s✐♥❣
❢❡✇❡r ❧❛❜❡❧❡❞ s❛♠♣❧❡s ✭❝♦st❧✐❡r✮ ❛♥❞ ♠♦r❡ ♠♦r❡ ✉♥❧❛❜❡❧❡❞ s❛♠♣❧❡s✳

■t✬s s❤♦✇♥ t❤❛t ✉s✐♥❣ ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ ❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞
◆❛✐✈❡ ❜❛②❡s ❧❡❛r♥✐♥❣ s✉r♣❛ss❡s t❤❡ tr❛❞✐t✐♦♥❛❧ ♦♥❡ ❛❧♦♥❡✳ ❚❤r♦✉❣❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢
✉♥❧❛❜❡❧❡❞ s❛♠♣❧❡s ✐♥ t❤❡ ❧❡❛r♥✐♥❣✱ ✐t✬s ♦❜s❡r✈❡❞ ❛ r❡❞✉❝t✐♦♥ ♦♥ t❤❡ ❛♠♦✉♥t ♦❢ ❧❛❜❡❧❡❞
s❛♠♣❧❡s ♥❡❡❞❡❞ ❢♦r ❛❝❤✐❡✈✐♥❣ s❡✈❡r❛❧ ♣❡r❢♦r♠❛♥❝❡ ❧❡✈❡❧s✳ ❚❤❡ ❡①♣❡r✐♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞
♦♥ ✷✵◆❡✇s❣r♦✉♣s✲✶✽✽✷✽ ❝♦r♣✉s ❛♥❞ s❤♦✇ s✐♠✐❧❛r r❡s✉❧ts t♦ ◆✐❣❛♠✬s✱ ❡✈❡♥ ✇❤❡♥ r❡❧❛①✐♥❣
s♦♠❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♠♣♦s❡❞✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ r❡❧❛①❡❞ t❤❡ ❝❤r♦♥♦❧♦❣✐❝ ❝♦♥❞✐t✐♦♥
✭✉s❡ ♦❧❞❡r ❞♦❝✉♠❡♥ts ❢♦r tr❛✐♥✐♥❣✱ ♥❡✇❡r ❢♦r t❡st✐♥❣✮✱ r❡s✉❧t✐♥❣ ✐♥ s✐♠✐❧❛r ♣♦s✐t✐✈❡ r❡s✉❧ts
✇❤✐❧❡ ✉♥❞❡r 15 ❝❧❛ss❡s✳

❑❡②✇♦r❞s✿ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣✱ t❡①t ❝❧❛ss✐✜❝❛t✐♦♥✱ s❡♠✐✲s✉♣❡r✈✐s❡❞ ❧❡❛r♥✐♥❣✱ ◆❛✐✈❡ ❇❛②❡s✱
❊①♣❡❝t❛t✐♦♥ ▼❛①✐♠✐③❛t✐♦♥✱ ▼✐①t✉r❡ ▼♦❞❡❧s✱ P②t❤♦♥✱ s❝✐❦✐t✲❧❡❛r♥✱ s❝✐♣②✱ ♥✉♠♣②
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✶

1 Introdução

◆❛ ❛t✉❛❧✐❞❛❞❡✱ é ♥♦tá✈❡❧ ♦ ❝r❡s❝✐♠❡♥t♦ ♠❛ss✐✈♦ ❞♦ ✈♦❧✉♠❡ ❞❡ ❞❛❞♦s ❡ ❞❡ s❡✉ trá❢❡❣♦ ♥❛

■♥t❡r♥❡t✳ ❊ss❛ t❡♥❞ê♥❝✐❛ é ❛❧✐♠❡♥t❛❞❛ ❡♠ ❣r❛♥❞❡ ♣❛rt❡ ♣❡❧♦ ✉s♦ ❞❛ r❡❞❡ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❞♦

❞✐❛✲❛✲❞✐❛✱ ❝♦♠♦ ♣❡sq✉✐s❛s✱ ❡st✉❞♦s✱ ❝♦♠✉♥✐❝❛çõ❡s✱ ♥❡❣ó❝✐♦s✱ r❡❞❡s s♦❝✐❛✐s✱ ❞❡♥tr❡ ✐♥ú♠❡r♦s

♦✉tr♦s✳

◆❡ss❡ ❝♦♥t❡①t♦✱ ♥♦s ú❧t✐♠♦s ❞❡③ ❛♥♦s✱ ❛ ár❡❛ ❞❡ ❘❡❝✉♣❡r❛çã♦ ❞❛ ■♥❢♦r♠❛çã♦ ✭❘■✮

t❡♠ ❛❞q✉✐r✐❞♦ ❜❛st❛♥t❡ r❡♥♦♠❡ ♣♦r ❝r✐❛r s✐st❡♠❛s ♣❛r❛ ❛ ❣❡stã♦ ❡ ♦ ❛❝❡ss♦ à ❞♦❝✉♠❡♥t♦s

❞✐❣✐t❛✐s✳ ❆ ❈❛t❡❣♦r✐③❛çã♦ ❞❡ ❚❡①t♦ ✭❈❚✮✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ❚❡①t♦✱

é ✉♠❛ ❞❛s t❛r❡❢❛s ❡ss❡♥❝✐❛✐s ❞❡ss❡s s✐st❡♠❛s✳

❆ ❈❚ t❡♠ ✉♠❛ ❤✐stór✐❛ ♥❛ ♣❡sq✉✐s❛ ❞❡s❞❡ ❛ ❞é❝❛❞❛ ❞❡ ✻✵✱ ♠❛s ❛♣❡♥❛s ♥❛ ❞é❝❛❞❛

❞❡ ✾✵ ♦❜t❡✈❡ ❛ ❛t❡♥çã♦ ♠❡r❡❝✐❞❛✱ ❝♦♠ ♦ s✉r❣✐♠❡♥t♦ ❞❡ ♥♦✈❛s ❛♣❧✐❝❛çõ❡s✱ ❛❧✐❛❞♦ ❝♦♠ ❛

✐♥tr♦❞✉çã♦ ❞❡ ❝♦♠♣✉t❛❞♦r❡s ♠❛✐s ✈❡❧♦③❡s ❡ ♠❛✐♦r ❛❝❡ss✐❜✐❧✐❞❛❞❡ ❛ ❞♦❝✉♠❡♥t♦s ♥❛ ❢♦r♠❛

❞✐❣✐t❛❧✳

✶✳✶ ❆ ❚❛r❡❢❛ ❞❡ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ❚❡①t♦

❆ t❛r❡❢❛ ❞❡ ❈❚ é ❞❡✜♥✐❞❛ ❝♦♠♦ ❛ ❛ss♦❝✐❛çã♦ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❇♦♦❧❡❛♥❛ ❛ ❝❛❞❛ ♣❛r (di, cj) ∈

D × C✱ ♦♥❞❡ D = {d1, . . . , d|D|} é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞♦❝✉♠❡♥t♦s ❡ C = {c1, . . . , c|C|} é ✉♠

❝♦♥❥✉♥t♦ ❞❡ ❝❛t❡❣♦r✐❛s ♥❛s q✉❛✐s ♦s ❞♦❝✉♠❡♥t♦s ❞❡✈❡♠ s❡r ❝❧❛ss✐✜❝❛❞♦s ❬❙❊❇❆❙❚■❆◆■

✷✵✵✷❪✳ ❆ss♦❝✐❛✲s❡ V à (di, cj) s❡ ♦ ❞♦❝✉♠❡♥t♦ di ❢❛③ ♣❛rt❡ ❞❛ ❝❧❛ss❡ cj✱ ❡ F ❝❛s♦ ❝♦♥trár✐♦✳

❋♦r♠❛❧♠❡♥t❡✱ ❡ss❛ ❛ss♦❝✐❛çã♦ é ❞❡✜♥✐❞❛ ♣❡❧❛ ❢✉♥çã♦ ❛❧✈♦ Φ̂ : D×C → {V, F}✱ ✉♠❛ ❢✉♥çã♦

❞❡s❝♦♥❤❡❝✐❞❛ q✉❡ ❞❡s❝r❡✈❡ ❡①❛t❛♠❡♥t❡ ❝♦♠♦ ♦s ❞♦❝✉♠❡♥t♦s s❡ r❡❧❛❝✐♦♥❛♠ ❝♦♠ ❛ ❝❧❛ss❡✳

❆ t❛r❡❢❛ ❞❡ ❈❚ ✈✐s❛ ♦❜t❡r ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡ Φ̂✱ ❞❡♥♦t❛❞❛ ♣♦r Φ✱ ✉s✉❛❧♠❡♥t❡

❞❡♥♦♠✐♥❛❞❛ ❞❡ ❝❧❛ss✐✜❝❛❞♦r✱ ♠♦❞❡❧♦ ♦✉ r❡❣r❛✳ ◆♦t❡ q✉❡ q✉❛♥t♦ ♠❛✐s Φ s❡ ❛♣r♦①✐♠❛r ❞❡

Φ̂✱ ♠❡❧❤♦r ♦ ❝❧❛ss✐✜❝❛❞♦r ❞❡s❝r❡✈❡rá ❛s r❡❧❛çõ❡s ❞♦❝✉♠❡♥t♦✲❝❧❛ss❡✳

❖s ♣r♦❜❧❡♠❛s ❞❡ ❈❚ ♣♦❞❡♠ s❡r ❝❧❛ss✐✜❝❛❞♦s✱ ❞❡♥tr❡ ♦✉tr❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✱ ❞❡ ❛❝♦r❞♦

❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ♠❛r❝❛çõ❡s ❡ ❝♦♠ ♦ ❢♦❝♦ ❞♦ ♣r♦❜❧❡♠❛✳ ❖s ♣r♦❜❧❡♠❛s ❞❡ ♠❛r❝❛çã♦



✶✳✷ ❇r❡✈❡ ❍✐stór✐❝♦ ❞❛ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ❚❡①t♦ ✷

ú♥✐❝❛ sã♦ ❛q✉❡❧❡s ❡♠ q✉❡ ❛♣❡♥❛s ✉♠❛ ❝❧❛ss❡ é ❛ss♦❝✐❛❞❛ ❛ ❝❛❞❛ ❞♦❝✉♠❡♥t♦✱ ❡♥q✉❛♥t♦

q✉❡ ♠❛r❝❛çã♦ ♠ú❧t✐♣❧❛ ✉♠❛ ♦✉ ♠❛✐s ❝❧❛ss❡s ♣♦❞❡♠ ❡st❛r ❛ss♦❝✐❛❞❛s✳ ◆♦ q✉❡ ❞✐③ r❡s♣❡✐t♦

❛♦ ❢♦❝♦ ❞♦ ♣r♦❜❧❡♠❛✱ ♥❛ ❝❛t❡❣♦r✐③❛çã♦ ❝❡♥tr❛❞❛ ❡♠ ❞♦❝✉♠❡♥t♦ ❞❡s❡❥❛✲s❡ ♦❜t❡r t♦❞❛s ❛s

❝❧❛ss❡s cj ∈ C q✉❡ s❡ ❛♣❧✐q✉❡♠ ❛ ✉♠ ❞❛❞♦ ❞♦❝✉♠❡♥t♦ dj✱ ❡♥q✉❛♥t♦ q✉❡ ♥❛ ❝❛t❡❣♦r✐③❛çã♦

❝❡♥tr❛❞❛ ❡♠ ❝❛t❡❣♦r✐❛ ❞❡s❡❥❛✲s❡ ❧✐st❛r t♦❞♦s ♦s ❞♦❝✉♠❡♥t♦s dj ∈ D q✉❡ ♣❡rt❡♥ç❛♠ à ❝❧❛ss❡

ci✳

❆♣r❡s❡♥t❛♠♦s ❛ s❡❣✉✐r ✉♠ ❜r❡✈❡ ❤✐stór✐❝♦ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ t❡①t♦ ❡ ❞♦ ❛♣r❡♥❞✐③❛❞♦

❞❡ ♠áq✉✐♥❛✱ ❝♦♥t❡①t✉❛❧✐③❛❞♦ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ tr❛t❛❞♦ ♥❡ss❡ tr❛❜❛❧❤♦✳

✶✳✷ ❇r❡✈❡ ❍✐stór✐❝♦ ❞❛ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ❚❡①t♦

❆ ♣r✐♠❡✐r❛ ❛❜♦r❞❛❣❡♠ ♣rát✐❝❛ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❚ s❡ ❞❡✉ ❝♦♠ ❛ ❊♥❣❡♥❤❛r✐❛ ❞❡ ❈♦♥✲

❤❡❝✐♠❡♥t♦ ✭❞♦ ✐♥❣❧ês ❦♥♦✇❧❡❞❣❡ ❡♥❣✐♥❡❡r✐♥❣✮✱ ❡♠ q✉❡ ♠áq✉✐♥❛s ❞❡ ❈❚ ❡r❛♠ ❝♦♥str✉í❞❛s

♠❛♥✉❛❧♠❡♥t❡ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡❣r❛s ✐♥✢❡①í✈❡✐s ❝r✐❛❞❛s ♣♦r ♦♣❡r❛❞♦r❡s ❤✉✲

♠❛♥♦s✳ ❊♥tr❡t❛♥t♦✱ ♥❛ ❞é❝❛❞❛ ❞❡ ✾✵ ❡ss❡ ♣❛r❛❞✐❣♠❛ ♣❡r❞❡✉ ♣♦♣✉❧❛r✐❞❛❞❡ ♣❛r❛ ❛ ✈❡rt❡♥t❡

❞♦ ❆♣r❡♥❞✐③❛❞♦ ❞❡ ▼áq✉✐♥❛ ✭❆▼✱ ❞♦ ✐♥❣❧ês ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣✮✱ q✉❡ ❢✉♥❞❛♠❡♥t❛ ♥❛ ♣r♦❜✲

❛❜✐❧✐❞❛❞❡ ❡ ❡st❛tíst✐❝❛ ❛ ❝♦♥str✉çã♦ ❛✉t♦♠át✐❝❛ ❞❡ss❛s ♠áq✉✐♥❛s✳

❊♠ ❣❡r❛❧✱ ♦ ♣❛r❛❞✐❣♠❛ ❆▼ ❛♣r❡s❡♥t❛ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ ✈❛♥t❛❣❡♠ ✉♠❛ ♣❡r❢♦r♠❛♥❝❡

❞❡ ❝❧❛ss✐✜❝❛çã♦ ❝♦♠♣❛rá✈❡❧ ❛ ❡①♣❡rts ❤✉♠❛♥♦s✱ ❡♥tr❡t❛♥t♦✱ ❛ ✉♠ ♠❡♥♦r ❝✉st♦✱ ✈✐st♦ q✉❡

♥ã♦ sã♦ ♠❛✐s ♥❡❝❡ssár✐♦s ♦s ❡♥❣❡♥❤❡✐r♦s ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦ ♦✉ ❡①♣❡rts✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛

✐♥tr♦❞✉çã♦ ❞♦ ❆▼ ♥ã♦ é ❣r❛t✉✐t❛✱ s❡♥❞♦ ♥❡❝❡ssár✐❛s ❛♠♦str❛s ♣ré✲❝❧❛ss✐✜❝❛❞❛s ♣❛r❛ s❡✉s

♣r♦❝❡ss♦s ❞❡ ❛♣r❡♥❞✐③❛❞♦ ❡ ❛✈❛❧✐❛çã♦✳

❙❡♥❞♦ ❛ss✐♠✱ q✉❛❧ é ♦ ❝✉st♦ ❞❡ ✉♠❛ ❛♠♦str❛ ♣ré✲❝❧❛ss✐✜❝❛❞❛❄ ❇❡♠✱ ♣♦❞❡✲s❡ ❞✐③❡r q✉❡

✐ss♦ ❞❡♣❡♥❞❡ ❞❛ ❛♣❧✐❝❛çã♦✱ ❞♦ ❝✉st♦ ❞❡ ♦❜t❡♥çã♦ ❞❛ ❛♠♦str❛ ❡ ❞♦ ❝✉st♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r

❤✉♠❛♥♦✳ P♦r ❡①❡♠♣❧♦✱ s✉♣♦♥❤❛ q✉❡ ✉♠ ♣♦rt❛❧ ❡❧❡trô♥✐❝♦ ❞❡ ♥♦tí❝✐❛s ❞❡s❡❥❛ ❛♣r❡s❡♥t❛r

s✉❛s ♥♦tí❝✐❛s ♦r❣❛♥✐③❛❞❛s ♣♦r ❝❛t❡❣♦r✐❛s ❡ ❞❡s❡❥❛ q✉❡ ✐ss♦ s❡❥❛ ❢❡✐t♦ ❛✉t♦♠❛t✐❝❛♠❡♥t❡✳ P❛r❛

t❛❧✱ ♦ ♣♦rt❛❧ ❞❡✈❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❝♦♥tr❛t❛r ✉♠ ♦✉ ♠❛✐s ✐♥❞✐✈í❞✉♦s ❝❛♣❛③❡s ❞❡ ❝❛t❡❣♦r✐③❛r s✉❛s

♥♦tí❝✐❛s ❝♦♠ ♣r❡❝✐sã♦✳ ❊ss❡s✱ ♣♦r s✉❛ ✈❡③✱ ❝❧❛ss✐✜❝❛rã♦ ♠❛♥✉❛❧♠❡♥t❡ ✉♠❛ ❝❡rt❛ q✉❛♥t✐❞❛❞❡

❞❡ ♥♦tí❝✐❛s ❞❡ ❝❛❞❛ ❝❛t❡❣♦r✐❛ ✭❞❡ ❛❝♦r❞♦ ❝♦♠ ❛❧❣✉♠ ❝r✐tér✐♦ ❞❛ ❡♠♣r❡s❛✮✱ ❢♦r♠❛♥❞♦ ✉♠

❝♦♥❥✉♥t♦ ❝♦♠✉♠❡♥t❡ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❝♦r♣✉s✳ ❖ ❝✉st♦✱ ♥❡ss❡ ❝❛s♦✱ ❞❡♣❡♥❞❡rá ❞♦s s❛❧ár✐♦s

❞♦s ✐♥❞✐✈í❞✉♦s ❡ ❞♦ t❡♠♣♦ t♦t❛❧ ❞❡ tr❛❜❛❧❤♦ q✉❡ ❡st❛rã♦ ❛❧♦❝❛❞♦s✳

◆♦t❡ q✉❡✱ ❡♠ ✉♠ ♣♦rt❛❧ ❞❡ ♥♦tí❝✐❛s✱ ❡ss❛ t❛r❡❢❛ ♣♦❞❡ s❡ ♠♦str❛r tr✐✈✐❛❧ ❡ ❝♦♥s❡q✉❡♥t❡✲

♠❡♥t❡ t❡r ✉♠ ❜❛✐①♦ ❝✉st♦✳ ❊♥tr❡t❛♥t♦✱ ❡♠ ár❡❛s ❝♦♠♦ ♠❡❞✐❝✐♥❛ ♦✉ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡

✐♠❛❣❡♥s✱ ❛ t❛r❡❢❛ ♣♦❞❡ ❛❞q✉✐r✐r ✉♠ ♥í✈❡❧ ❞❡ ❞✐✜❝✉❧❞❛❞❡ ❡❧❡✈❛❞♦✱ r❡q✉✐s✐t❛♥❞♦ ❥✉❧❣❛♠❡♥t♦



✶✳✸ ❖❜❥❡t✐✈♦s ✸

❞❡ ♣r♦✜ss✐♦♥❛✐s ♠❛✐s ❡①♣❡r✐❡♥t❡s ❡ ♣r♦✈❛✈❡❧♠❡♥t❡ ♠❛✐s ❝✉st♦s♦s✳

❈♦♠ ✐ss♦✱ ♥♦ ✜♥❛❧ ❞♦ sé❝✉❧♦ ❳❳ ❡ ♥♦ ✐♥í❝✐♦ ❞♦ sé❝✉❧♦ ❳❳■✱ s✉r❣✐✉ ✉♠ ♠❛✐♦r ✐♥t❡r❡ss❡

♣♦r té❝♥✐❝❛s q✉❡ ✉t✐❧✐③❛ss❡♠ ♠❡♥♦s ❛♠♦str❛s ♠❛r❝❛❞❛s ♣❛r❛ ❛❧❝❛♥ç❛r ❛s ♠❡s♠❛ ♠❛r❝❛s

❞❡ ❞❡s❡♠♣❡♥❤♦✳ ❚r❛❜❛❧❤♦s ❝♦♠♦ ❬❇▲❯▼ ✫ ▼■❚❈❍❊▲▲ ✶✾✾✽❪✱ ❬❏❖❆❈❍■▼❙ ✶✾✾✽❪

❡ ❬◆■●❆▼ ❡t ❛❧✳ ✶✾✾✽❪ ✐♥❛✉❣✉r❛r❛♠ ❡ss❡ ♠♦✈✐♠❡♥t♦ ❛♦ ✉t✐❧✐③❛r ♣❡q✉❡♥♦s ❝♦♥❥✉♥t♦s

❞❡ ❛♠♦str❛s ♠❛r❝❛❞❛s ❡ ❣r❛♥❞❡s ❝♦♥❥✉♥t♦s ❞❡ ❛♠♦str❛s ♥ã♦✲♠❛r❝❛❞❛s ♥❛ ♠❡❧❤♦r❛ ❞❡

❞❡s❡♠♣❡♥❤♦ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s✳

◆♦ ❝♦♥t❡①t♦ ❞♦ ❆▼✱ ❡ss❛ ❛❜♦r❞❛❣❡♠ ❝♦st✉♠❛ s❡r r♦t✉❧❛❞❛ ❝♦♠♦ ❛♣r❡♥❞✐③❛❞♦ s❡♠✐✲

s✉♣❡r✈✐s✐♦♥❛❞♦✳ ❆ ❝♦♥♦t❛çã♦ s✉♣❡r✈✐s✐♦♥❛❞♦ ✈❡♠ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✐♥t❡r✈❡♥çã♦ ❤✉♠❛♥❛

♥♦ ❛♣r❡♥❞✐③❛❞♦ ❞❛ ♠áq✉✐♥❛✱ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♥♦ ❛t♦ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❛♠♦str❛s✱

❡♥q✉❛♥t♦ q✉❡ ♦ ♣r❡✜①♦ s❡♠✐ ✐♥❞✐❝❛ ♦ ❝❛rát❡r ♣❛r❝✐❛❧ ❞❡ss❛ ✐♥t❡r✈❡♥çã♦✱ s✐♥❛❧✐③❛♥❞♦ q✉❡ ❛

♠áq✉✐♥❛ t❡♠ ✉♠❛ ❝❡rt❛ ❛✉t♦♥♦♠✐❛ ♥♦ ♣r♦❝❡ss♦✳

✶✳✸ ❖❜❥❡t✐✈♦s

❊ss❡ tr❛❜❛❧❤♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛♣r❡s❡♥t❛r ♦ ♠ét♦❞♦ ❞❡ tr❡✐♥❛♠❡♥t♦ s❡♠✐✲s✉♣❡r✈✐s✐♦♥❛❞♦

❞♦ ❝❧❛ss✐✜❝❛❞♦r ❇❛②❡s ✐♥❣ê♥✉♦ ❛tr❛✈és ❞❛ té❝♥✐❝❛ ▼❛①✐♠✐③❛çã♦ ❞❡ ❊①♣❡❝t❛t✐✈❛✱ ❝♦♠♦ ♣r♦✲

♣♦st♦ ♣♦r ❬◆■●❆▼ ✷✵✵✶❪✳ ❆❧é♠ ❞✐ss♦✱ ✈✐s❛✲s❡ ❞❡♠♦♥str❛r ♣r♦❝❡❞✐♠❡♥t♦s ❡①♣❡r✐♠❡♥t❛✐s

❝♦♠♣❧❡♠❡♥t❛r❡s ❛♦s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ♣♦r ◆✐❣❛♠✱ ✈❡r✐✜❝❛♥❞♦ ❛ ❢✉♥❝✐♦♥❛❧✐❞❛❞❡ ❞♦

♠ét♦❞♦ ✐♥❝❧✉s✐✈❡ s♦❜ ❝♦♥❞✐çõ❡s ♠❛✐s ❣❡r❛✐s ❞❡ ❝♦r♣✉s✳

✶✳✸✳✶ ❖r❣❛♥✐③❛çã♦

◆♦ ❈❛♣ít✉❧♦ ✷✱ é ❛♣r❡s❡♥t❛❞❛ ❛ ❢♦r♠✉❧❛çã♦ t❡ór✐❝❛ ❞♦ ♠♦❞❡❧♦ ❣❡♥❡r❛t✐✈♦ ❞❡ ❞♦❝✉♠❡♥t♦s

❡ ❞♦ ❝❧❛ss✐✜❝❛❞♦r ❇❛②❡s ✐♥❣ê♥✉♦✱ ❛ss✐♠ ❝♦♠♦ ❞♦ ♠ét♦❞♦ ❞❡ ▼❛①✐♠✐③❛çã♦ ❞❛ ❊①♣❡❝t❛t✐✈❛✳

❊♠ s❡❣✉✐❞❛✱ ♥♦ ❈❛♣ít✉❧♦ ✸✱ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ♠étr✐❝❛s ✉t✐❧✐③❛❞❛s ♥❛ ❛✈❛❧✐❛çã♦ ❞❡

s✐st❡♠❛s ❞❡ ❈❚✱ ♥❡❝❡ssár✐❛s ♣❛r❛ ♦s t❡st❡s s✉❜s❡q✉❡♥t❡s✳

P❛r❛ ❛ ✈❡r✐✜❝❛çã♦ ❞♦ ♠ét♦❞♦✱ ❢♦r❛♠ r❡❛❧✐③❛❞♦s ❡①♣❡r✐♠❡♥t♦s s♦❜ ✉♠❛ sér✐❡ ❞❡ ❝♦♥❞✐çõ❡s✳

❊ss❡s sã♦ ❞❡s❝r✐t♦s ♥♦ ❈❛♣ít✉❧♦ ✹✱ ❞❛ ♣r❡♣❛r❛çã♦ ❞♦ ❡①♣❡r✐♠❡♥t♦ à ❛♥á❧✐s❡ ❞♦s r❡s✉❧t❛❞♦s✳

❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❈❛♣ít✉❧♦ ✺ sã♦ ❢❡✐t❛s ❛s ❝♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s ❡ ❛♣r❡s❡♥t❛❞❛s ❛s s✉❣✲

❡stõ❡s ❞❡ tr❛❜❛❧❤♦s ❢✉t✉r♦s✳



✶✳✹ ❖ ▲❛❜♦r❛tór✐♦ ✹

✶✳✹ ❖ ▲❛❜♦r❛tór✐♦

❖ ❡stá❣✐♦ ❢♦✐ r❡❛❧✐③❛❞♦ ♥♦ ▲❛❜♦r❛tór✐♦ ❞❡ ❆✉t♦♠❛çã♦ ❡ Pr♦❝❡ss❛♠❡♥t♦ ❞❡ ❙✐♥❛✐s ✭▲❆P❙✮✱

q✉❡ é ✉♠ ❧❛❜♦r❛tór✐♦ ❞❡ ❡♥s✐♥♦ ❡ ♣❡sq✉✐s❛ ❞❛ ❯♥✐❞❛❞❡ ❆❝❛❞ê♠✐❝❛ ❞❡ ❊♥❣❡♥❤❛r✐❛ ❊❧étr✐❝❛

✭❯❆❊❊✮ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡ ✭❯❋❈●✮✳ ❖ ❧❛❜♦r❛tór✐♦ s❡ s✐t✉❛

♥♦ ❜❧♦❝♦ ❈❏ ❞♦ ❝❛♠♣✉s ■ ❡ ❝♦♥t❛ ❝♦♠ ❛ ♣❛rt✐❝✐♣❛çã♦ ❞❡ ❛❧✉♥♦s ❞❡ ❣r❛❞✉❛çã♦✱ ♠❡str❛❞♦

❡ ❞♦✉t♦r❛❞♦ ❡♠ s✉❛s ❛t✐✈✐❞❛❞❡s✱ ❛t✉❛♥❞♦ ❡♠ ❛❧❣✉♠❛s s✉❜ár❡❛s ❞♦ ♣r♦❝❡ss❛♠❡♥t♦ ❞✐❣✐t❛❧

❞❡ s✐♥❛✐s ❝♦♠ ♠❛✐♦r ❝♦♥❝❡♥tr❛çã♦ ♥♦s t❡♠❛s✿

• ❘á❞✐♦ ❉❡✜♥✐❞♦ ♣♦r ❙♦❢t✇❛r❡ ✭❙❉❘✮❀

• Pr♦❝❡ss❛❞♦r❡s ❉✐❣✐t❛✐s ❞❡ ❙✐♥❛✐s ✭❉❙Ps✮❀

• ❆♣r❡♥❞✐③❛❞♦ ❞❡ ▼áq✉✐♥❛ ❡ ❙✐st❡♠❛s ❞❡ ❈❧❛ss✐✜❝❛çã♦✳

❖ ❧❛❜♦r❛tór✐♦ ❝♦♥t❛ ❝♦♠ ♣❧❛❝❛s ❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❯❙❘P ✭❯♥✐✈❡rs❛❧ ❙♦❢t✇❛r❡ ❘❛❞✐♦

P❡r✐♣❤❡r❛❧✮ ♣❛r❛ ❝r✐❛çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❞❡ ❙❉❘ ❡✱ ♣❧❛❝❛s ❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡q✉✐♣❛❞❛s ❝♦♠

❉❙Ps ❞❛ ❚❡①❛s ■♥str✉♠❡♥ts ❘©✱ t❡♥❞♦ ❛♠❜♦s ❡q✉✐♣❛♠❡♥t♦s ✉t✐❧✐③❛❞♦s t❛♥t♦ ❡♠ ❛t✐✈✐❞❛❞❡s

❞❡ ♣❡sq✉✐s❛ ❝♦♠♦ ❞❡ ❡♥s✐♥♦ ♥❛s ❞✐s❝✐♣❧✐♥❛s ❞❛ ❣r❛❞✉❛çã♦ ❞❡ ❡♥❣❡♥❤❛r✐❛ ❡❧étr✐❝❛✳

❊♠ t❡r♠♦s ❞❡ ✐♥❢r❛✲❡str✉t✉r❛✱ ♦ ❛♠❜✐❡♥t❡ ❝♦♥t❛ ❝♦♠ ✉♠ s✐st❡♠❛ ❞❡ r❡❢r✐❣❡r❛çã♦ ❞❡

❛r✲❝♦♥❞✐❝✐♦♥❛❞♦✱ ❝♦♠♣✉t❛❞♦r❡s✱ ❛❝❡ss♦ ❞❡ ❜❛♥❞❛ ❧❛r❣❛ à ■♥t❡r♥❡t ❡ ❜❛♥❝❛❞❛s ❞❡ tr❛❜❛❧❤♦

❛♣r♦♣r✐❛❞❛s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ tr❛❜❛❧❤♦s✳ ❊ss❛s ❝♦♥❞✐çõ❡s ✈✐❛❜✐❧✐③❛r❛♠ ❛ ❡①❡❝✉çã♦

❞♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ s❡♠ ♠❛✐♦r❡s ❞✐✜❝✉❧❞❛❞❡s✳

✶✳✺ ❆s♣❡❝t♦s ●❡r❛✐s ❞♦ ❊stá❣✐♦

❖ ❡stá❣✐♦ r❡❛❧✐③❛❞♦ s❡ ♣♦s✐❝✐♦♥❛ ♥❛ ❝❛t❡❣♦r✐❛ ❞❡ ❡stá❣✐♦ s✉♣❡r✈✐s✐♦♥❛❞♦✱ r❡❛❧✐③❛❞♦ ❡♠ ✉♠

♣❡rí♦❞♦ ❞❡ ✶✷✵❤✳ ❊ss❡ ♣❡rí♦❞♦ ❢♦✐ ❞✐✈✐❞✐❞♦ ♥❛s s❡❣✉✐♥t❡s ❡t❛♣❛s✿

• ✹✵❤ ❢♦r❛♠ ❞❡❞✐❝❛❞❛s à r❡✈✐sã♦ ❜✐❜❧✐♦❣rá✜❝❛❀

• ✷✵❤ ❢♦r❛♠ ❞❡❞✐❝❛❞❛s ❛♦ ❡st✉❞♦ ❞♦ ❛r❝❛❜♦✉ç♦ s❝✐❦✐t✲❧❡❛r♥ ❡ ❞❛s ❜✐❜❧✐♦t❡❝❛s q✉❡ ✈✐❡r❛♠

❛ s❡r ✉t✐❧✐③❛❞❛s ♥♦ tr❛❜❛❧❤♦❀

• ✻✵❤ ❢♦r❛♠ ❞❡❞✐❝❛s à ❡①♣❡r✐♠❡♥t❛çã♦ ❡ ❛✈❛❧✐❛çã♦ ❞♦s r❡s✉❧t❛❞♦s



✺

2 Algoritmo de Nigam: Bayes ingênuo,
Maximização de Expectativa

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❛❧❣♦r✐t♠♦ ❞❡ tr❡✐♥❛♠❡♥t♦ s❡♠✐✲s✉♣❡r✈✐s✐♦♥❛❞♦ ♣r♦♣♦st♦

♣♦r ❑❛♠❛❧ P❛✉❧ ◆✐❣❛♠ ✭✷✵✵✶✮✱ q✉❡ ❝♦♠❜✐♥❛ ♦ ❝❧❛ss✐✜❝❛❞♦r ❝❧áss✐❝♦ ❇❛②❡s ✐♥❣ê♥✉♦ ❝♦♠ ❛

té❝♥✐❝❛ ▼❛①✐♠✐③❛çã♦ ❞❡ ❊①♣❡❝t❛t✐✈❛✳ ❚❛❧ ❛rr❛♥❥♦ ❜✉s❝❛ ✉♠ ❛✉♠❡♥t♦ ♥♦ ❞❡s❡♠♣❡♥❤♦ ❞❡

❈❚ ❛tr❛✈és ❞❡ ❛♣r♦✈❡✐t❛♠❡♥t♦ ❞❡ ✐♥❢♦r♠❛çã♦ ♣r♦✈❡♥✐❡♥t❡ ❞❡ ❞♦❝✉♠❡♥t♦s s❡♠ ♠❛r❝❛çã♦✳

✷✳✶ ■♥tr♦❞✉çã♦

❊♠ s✉❛ t❡s❡ ❞❡ ❞♦✉t♦r❛❞♦✱ ❑❛♠❛❧ P❛✉❧ ◆✐❣❛♠ ✭✷✵✵✶✮ ♣r♦♣ôs ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❞♦ ❝❧❛ss✐✲

✜❝❛❞♦r ❇❛②❡s ✐♥❣ê♥✉♦ ✭◆❇✮ ❝♦♠ ❛ té❝♥✐❝❛ ❞❡ ♠❛①✐♠✐③❛çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♥❤❡❝✐❞❛

❝♦♠♦ ▼❛①✐♠✐③❛çã♦ ❞❡ ❊①♣❡❝t❛t✐✈❛ ✭❊▼✮✳ ❆❧é♠ ❞❛ ❝♦♠❜✐♥❛çã♦ ◆❇✰❊▼✱ ◆✐❣❛♠ t❛♠❜é♠

✐♥✈❡st✐❣♦✉ ♦✉tr❛s té❝♥✐❝❛s ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ ♠❡s♠♦ ♣r♦❜❧❡♠❛✳ ❊♥tr❡t❛♥t♦✱ ❞❛❞♦ ♦ ♣❡rí♦❞♦

❞❡ ❡①❡❝✉çã♦ ❞❡ss❡ tr❛❜❛❧❤♦✱ ♠❛♥t❡♠♦s ❢♦❝♦ ❛♣❡♥❛s ♥♦ ♠ét♦❞♦ ◆❇✰❊▼✳

❆ ♣r✐♥❝✐♣❛❧ ♠♦t✐✈❛çã♦ ♣♦r trás ❞❡ss❛ ❛❜♦r❞❛❣❡♠ é ❧✐❞❛r ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝❧❛ss✐✲

✜❝❛çã♦ q✉❛♥❞♦ s❡ t❡♠ ♣♦✉❝♦s ❞♦❝✉♠❡♥t♦s ♠❛r❝❛❞♦s ❞✐s♣♦♥í✈❡✐s✳ ❊ss❡ é ✉♠ ♣r♦❜❧❡♠❛

❝♦♠✉♠✱ ✈✐st♦ q✉❡ ❞♦❝✉♠❡♥t♦s ♠❛r❝❛❞♦s sã♦ ❞✐s♣❡♥❞✐♦s♦s ❡ s✉❛ ❝r✐❛çã♦ ❝♦st✉♠❛ ♥❡❝❡ss✐✲

t❛r ❞❡ ❡①♣❡rts ❝♦♠ ❞♦♠í♥✐♦ ♥❛s ❝❛t❡❣♦r✐❛s ❛❧✈♦✳ ❖✉tr❛ ♣♦ssí✈❡❧ ♦❝♦rrê♥❝✐❛ ❞❡ss❡ ♣r♦❜❧❡♠❛

é ❛ ❡①✐stê♥❝✐❛ ❞❡ ❧✐♠✐t❛çõ❡s té❝♥✐❝❛s ✭❡✳❣✳ ❛♣❧✐❝❛çõ❡s r❡❛✐s ❡♠ q✉❡ ♠❛r❝❛çõ❡s sã♦ ♦❜t✐❞❛s

❛♦s ♣♦✉❝♦s✮✳

❊♠ s❡✉ tr❛❜❛❧❤♦✱ ◆✐❣❛♠ ♠♦str♦✉ q✉❡ ❛ ❝♦♠❜✐♥❛çã♦ ◆❇✰❊▼ ♣♦❞❡ r❡❞✉③✐r ♦ ❡rr♦

❞❡ ❝❧❛ss✐✜❝❛çã♦✳ P❛r❛ t❛♥t♦✱ ❡❧❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❛♣r❡s❡♥t♦✉ ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ❛ ❣❡r❛çã♦ ❞❡

❞♦❝✉♠❡♥t♦s ❞❡ t❡①t♦✳ ❆ ♣❛rt✐r ❞❡ss❡ ♠♦❞❡❧♦✱ ❢♦r❛♠ ❞❡r✐✈❛❞♦s ♦s ❝♦♥❝❡✐t♦s ❞♦ ❝❧❛ss✐✜❝❛❞♦r

◆❇✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ s✉❛s ❞❡✈✐❞❛s s✉♣♦s✐çõ❡s ❞❡ s✐♠♣❧✐✜❝❛çã♦✳ ❊♠ s❡❣✉✐❞❛✱ ◆✐❣❛♠

✉t✐❧✐③♦✉ ❛ té❝♥✐❝❛ ❊▼ ♣❛r❛ ♠❛①✐♠✐③❛çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✱ s♦❜ ❛ s✉♣♦s✐çã♦ ❞❡ ❝♦rr❡❧❛çã♦

❞✐r❡t❛ ❡♥tr❡ ♦ ♠♦❞❡❧♦ ♠✐st✉r❛ ❡ ❛❝✉rá❝✐❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦✱ ♦✉ s❡❥❛✱ ❡❧❡ ❝♦♥❥❡❝t✉r♦✉ q✉❡ ❛

♠❛①✐♠✐③❛çã♦ r❡s✉❧t❛ ❡♠ ✉♠❛ ♠❡❧❤♦r❛ ♥♦s í♥❞✐❝❡s ❞❡ ❛❝✉rá❝✐❛✳



✷✳✷ ▼♦❞❡❧♦ ●❡♥❡r❛t✐✈♦ ♣❛r❛ ♦s ❉♦❝✉♠❡♥t♦s ✻

✷✳✷ ▼♦❞❡❧♦ ●❡♥❡r❛t✐✈♦ ♣❛r❛ ♦s ❉♦❝✉♠❡♥t♦s

❊ss❛ s❡çã♦ ❞✐③ r❡s♣❡✐t♦ ❛♦ ♠♦❞❡❧♦ ♣r♦❜❛❜✐❧íst✐❝♦ s✉♣♦st❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♥❛ ❣❡r❛çã♦ ❞♦s

❞♦❝✉♠❡♥t♦s ❞❡ t❡①t♦✳ ❊ss❡ ♠♦❞❡❧♦ s❡ ❜❛s❡✐❛ ❡♠ três ♣r✐♥❝í♣✐♦s✿

• ♦s t❡①t♦s sã♦ ♣r♦❞✉③✐❞♦s ♣♦r ✉♠ ♠♦❞❡❧♦ ♠✐st✉r❛ ✭θ✮❀

• ❡①✐st❡ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ✉♠ ♣❛r❛ ✉♠ ❡♥tr❡ ❝♦♠♣♦♥❡♥t❡s ❞❛ ♠✐st✉r❛ ❡ ❝❧❛ss❡s❀

• ❛s ❝♦♠♣♦♥❡♥t❡s ❞❛ ♠✐st✉r❛ sã♦ ❞✐str✐❜✉✐çõ❡s ♠✉❧t✐♥♦♠✐❛✐s ❞❡ ♣❛❧❛✈r❛s ✐♥❞✐✈✐❞✉❛✐s✱

✐st♦ é✱ ❛s ♣❛❧❛✈r❛s ❞❡ ✉♠ ❞♦❝✉♠❡♥t♦ sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ✉♠❛s ❞❛s ♦✉tr❛s✳

P♦r ❡①❡♠♣❧♦✱ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝❧❛ss❡s C ❡ ✉♠ ✈♦❝❛❜✉❧ár✐♦ V ✱ ♣♦❞❡♠♦s ❣❡r❛r ✉♠

❞♦❝✉♠❡♥t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

✶✳ ❏♦❣✉❡ ✉♠ ❞❛❞♦ ❡♥✈✐❡s❛❞♦✶ ❞❡ |C| ❧❛❞♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ ❝❧❛ss❡ cj ❞♦ ❞♦❝✉♠❡♥t♦❀

✷✳ ❊s❝♦❧❤❛ ♦ ❞❛❞♦ ❡♥✈✐❡s❛❞♦ ❞❡ |V| ❧❛❞♦s ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❝❧❛ss❡ r❡s✉❧t❛♥t❡ cj❀

✸✳ ❏♦❣✉❡ ♦ ❞❛❞♦ |d| ✈❡③❡s ❡ ❛♥♦t❡ ❛s ♣❛❧❛✈r❛s r❡s✉❧t❛♥t❡s❀

❋♦r♠❛❧♠❡♥t❡✱ ♦ ♠♦❞❡❧♦ ❞❡ ♠✐st✉r❛ θ é ❝♦♠♣♦st♦ ♣❡❧❛s ❝♦♠♣♦♥❡♥t❡s cj ∈ C =

{c1, . . . , c|C|}✳ ❆ ❝r✐❛çã♦ ❞❡ ✉♠ ❞♦❝✉♠❡♥t♦ di s❡ ❞á ✐♥✐❝✐❛❧♠❡♥t❡ ♣❡❧❛ ❡s❝♦❧❤❛ ❞❡ ✉♠❛

❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❛ ♠✐st✉r❛✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ s✉❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ❡✈❡♥t♦ P (cj|θ)✳

❊♠ s❡❣✉✐❞❛✱ ♦ ❞♦❝✉♠❡♥t♦ é ❣❡r❛❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ s✉❛ ♣ró♣r✐❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡✈❡♥t♦

P (di|cj; θ)✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ r❡❧❛❝✐♦♥❛❞❛ ❛♦ ❞♦❝✉♠❡♥t♦ di ♣♦❞❡ s❡r ❡s❝r✐t❛

❝♦♠♦

P (di|θ) =
∑

cj∈C

P (cj|θ)P (di|cj; θ). ✭✷✳✶✮

❖ ❞♦❝✉♠❡♥t♦ di é ❝♦♠♣♦st♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ♦r❞❡♥❛❞♦ ❞❡ ♣❛❧❛✈r❛s< wdi,1 , wdi,2 , · · · >✱

❡♠ q✉❡ wdi,k é ❛ k✲és✐♠❛ ♣❛❧❛✈r❛ ❞♦ ❞♦❝✉♠❡♥t♦ di✳ ❙✉♣♦♥❞♦ q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦

❞♦❝✉♠❡♥t♦ |di| é ❡s❝♦❧❤✐❞♦ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ ❝❧❛ss❡ ❡ ❞❛s ♣❛❧❛✈r❛s s♦rt❡❛❞❛s✱ ♣♦❞❡♠♦s

❡s❝r❡✈❡r

✶ P♦❞❡✲s❡ ❡♥t❡♥❞❡r ✉♠ ❞❛❞♦ ❡♥✈✐❡s❛❞♦ ❝♦♠♦ s❡♥❞♦ ❛q✉❡❧❡ ❝✉❥❛ ❣❡♦♠❡tr✐❛ ❛♣r❡s❡♥t❡ ✈✐és ❞❡ ♦❝♦rrê♥❝✐❛ ❞❡
s❡✉s ❧❛❞♦s✳ P♦r ❡①❡♠♣❧♦✱ ♣♦❞❡✲s❡ ❧❛♣✐❞❛r ✉♠ ❞❛❞♦ ❞❡ ✻ ❢❛❝❡s ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ ❢❛❝❡ ✶ ♦❝♦rr❛ ❝♦♠ ♠❛✐♦r
❢r❡q✉ê♥❝✐❛ ❞♦ q✉❡ ❛s ❞❡♠❛✐s✳



✷✳✸ ❚r❡✐♥❛♠❡♥t♦ ❞♦ ❈❧❛ss✐✜❝❛❞♦r ❇❛②❡s ■♥❣ê♥✉♦ ✼

P (di|cj; θ) = P (< wdi,1 , . . . , wdi,|di|
> |cj; θ)

(a)
= P (|di|)

|di|
∏

k=1

P (wdi,k |ck; θ;wdi,q , q < k)

(b)
= P (|di|)

|di|
∏

k=1

P (wdi,k |ck; θ), ✭✷✳✷✮

❡♠ q✉❡ (a) s❡❣✉❡ ❞❛ s✉♣♦s✐çã♦ ❞❡ q✉❡ ❛ ❣❡r❛çã♦ ❞❡ ♣❛❧❛✈r❛s é ❝♦♥❞✐❝✐♦♥❛❞❛ ♥❛s ♣❛❧❛✈r❛s

❛♥t❡r✐♦r❡s✳ ❈♦♠♦ s✐♠♣❧✐✜❝❛çã♦✱ r❡❧❛①❛✲s❡ ❡ss❡ ❝♦♥❞✐❝✐♦♥❛♠❡♥t♦ ❡♠ (b) ❡ ♣♦rt❛♥t♦ t❡♠♦s

✉♠ ♣r♦❝❡ss♦ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ❣❡r❛çã♦ ❞❡ ♣❛❧❛✈r❛s✳

◆♦s ❝❛♣ít✉❧♦s ❡ s❡çõ❡s ❛ s❡❣✉✐r✱ ✉t✐❧✐③❛♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦ ♣❛r❛ s❡ r❡❢❡r✐r ❛♦ ♠♦❞❡❧♦

❞❡✜♥✐❞♦ ❡ ❛♦s ♣❛râ♠❡tr♦s r❡❧❛❝✐♦♥❛❞♦s✿

• ❈♦♥❥✉♥t♦ ❞❡ ❝❧❛ss❡s✿ C = {c1, c2, . . . , c|C|}✱ ✈♦❝❛❜✉❧ár✐♦✿ V = {w1, w2, . . . , w|V|}❀

❈♦r♣✉s✿ D = {d1, . . . , d|D|}❀

• P❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦✿

✕ Pr♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ❝❧❛ss❡✿ θcj
∆
= P (cj|θ)❀

✕ Pr♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ♣❛❧❛✈r❛s✿ θwt|cj
∆
= P (wt|cj; θ)❀

• ▼♦❞❡❧♦ ❝♦♠♣❧❡t♦✿ θ = {θwt|cj : wt ∈ V ; θcj : cj ∈ C}

◆❛s s❡çõ❡s s❡❣✉✐♥t❡s✱ sã♦ ❛♣r❡s❡♥t❛❞♦s ♦s r❡s✉❧t❛❞♦s ❞❡ ❡st✐♠❛t✐✈❛ ❞❡ ♠á①✐♠❛ ✈❡r♦ss✐♠✲

✐❧❤❛♥ç❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ❝❧❛ss❡ ❡ ♣❛❧❛✈r❛✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❝♦♥❥❡❝t✉r❛ ❛♣r❡s❡♥t❛❞❛

❛♥t❡r✐♦r♠❡♥t❡✳

✷✳✸ ❚r❡✐♥❛♠❡♥t♦ ❞♦ ❈❧❛ss✐✜❝❛❞♦r ❇❛②❡s ■♥❣ê♥✉♦

❖ tr❡✐♥❛♠❡♥t♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r ❇❛②❡s ■♥❣ê♥✉♦ ✭◆❇✱ ❞♦ ✐♥❣❧ês ◆❛✐✈❡ ❇❛②❡s✮ ❝♦♥s✐st❡ ❡♠

❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ❣❡♥❡r❛t✐✈♦ θ ❛ ♣❛rt✐r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞♦❝✉♠❡♥t♦s

♠❛r❝❛❞♦s D✱ s❡♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ❞❡♥♦t❛❞❛ ♣♦r θ̂✳ ❖ ❝❧❛ss✐✜❝❛❞♦r ◆❇ ✉t✐❧✐③❛ ✉♠❛ ❡st✐✲

♠❛t✐✈❛ ❜❛s❡❛❞❛ ♥❛ ♠❛①✐♠✐③❛çã♦ ❛ ♣♦st❡r✐♦r✐ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✭▼❆P✮✱ ✐st♦ é✱ ♦❜t❡♠✲s❡

argmaxθ P (θ|D)✱ ✐st♦ é✱ ♦ ✈❛❧♦r ❞❡ θ ♠❛✐s ♣r♦✈á✈❡❧ ❞❛❞❛ ❛ ❡✈✐❞ê♥❝✐❛ ❡♠♣ír✐❝❛ ❡ ✉♠❛

❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐✳



✷✳✹ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ❉♦❝✉♠❡♥t♦s ❝♦♠ ❈❧❛ss✐✜❝❛❞♦r ❇❛②❡s ■♥❣ê♥✉♦ ✽

◆✐❣❛♠ ✭✷✵✵✶✮ ❡s❝♦❧❤❡✉ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐ ❢♦r♠❛❞❛ ♣❡❧♦ ♣r♦❞✉t♦ ❞❡ ❞✐str✐❜✉✐çõ❡s

❞❡ ❉✐r✐❝❤❧❡t✳ ❆ ❢ór♠✉❧❛ ❞❡ ❡st✐♠❛t✐✈❛ ❞♦s ♣❛râ♠❡tr♦s r❡s✉❧t❛♥t❡ ❞❛ ♠❛①✐♠✐③❛çã♦✱ ❞❛❞❛ ❛

❡✈✐❞ê♥❝✐❛ ❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ ♣r✐♦r✐✱ é s✐♠♣❧❡s♠❡♥t❡ ✉♠❛ r❛③ã♦ ❞❡ ❝♦♥t❛❣❡♥s✳ ❙❡♥❞♦ ❛ss✐♠✱

❛ ❡st✐♠❛t✐✈❛ ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❝❧❛ss❡ ✭♦✉ ♣❡s♦ ❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ♠✐st✉r❛✮ é ❞❛❞❛ ♣❡❧❛

r❛③ã♦ ❡♥tr❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❞♦❝✉♠❡♥t♦s ♣❡rt❡♥❝❡♥t❡s àq✉❡❧❛ ❝❧❛ss❡ ♣❡❧❛ q✉❛♥t✐❞❛❞❡ t♦t❛❧

❞❡ ❞♦❝✉♠❡♥t♦s✱

θ̂cj
∆
= P (cj|θ̂)

=
1 +

∑|D|
i=1 zij

|C|+ |D|
, ✭✷✳✸✮

❡♠ q✉❡ D é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞♦❝✉♠❡♥t♦s✱ C é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❧❛ss❡s✱ zij é ❛ ❢✉♥çã♦ ✐♥❞✐❝❛❞♦r❛

❞❡ ♣❡rt✐♥ê♥❝✐❛ ❞♦ ❞♦❝✉♠❡♥t♦ di à ❝❧❛ss❡ cj ✭✐✳❡✳ zij = 1 ♣❛r❛ yi = cj✱ 0 ❝❛s♦ ❝♦♥trár✐♦✮

❡ ❛♠❜♦s ♥✉♠❡r❛❞♦r ❡ ❞❡♥♦♠✐♥❛❞♦r sã♦ ❡①♣❛♥❞✐❞♦s ❝♦♠ ❝♦♥st❛♥t❡s ❛ ✜♠ ❞❡ ❡✈✐t❛r ♣r♦❜✲

❛❜✐❧✐❞❛❞❡s ♥✉❧❛s ✭▲❛♣❧❛❝❡ s♠♦♦t❤✐♥❣✮✳ ❙✐♠✐❧❛r♠❡♥t❡✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡

♣❛❧❛✈r❛ é ❞❛❞❛ ♣❡❧❛ r❛③ã♦

θ̂wt|cj
∆
= P (wt|cj; θ̂)

=
1 +

∑|D|
i=1 zijN(wt, di)

|V |+
∑|V|

s=1

∑|D|
i=1 zijN(ws, di)

, ✭✷✳✹✮

❡♠ q✉❡ N(ws, di) é ❝♦♥t❛❣❡♠ ❞❡ ❛♣❛r✐çõ❡s ❞❛ ♣❛❧❛✈r❛ ws ♥♦ ❞♦❝✉♠❡♥t♦ di ❡ zij é ❛ ❢✉♥çã♦

✐♥❞✐❝❛❞♦r❛ ❞❡ ❝❧❛ss❡✱ ❞❡✜♥✐❞❛ ❛♥t❡r✐♦r♠❡♥t❡✳

✷✳✹ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ❉♦❝✉♠❡♥t♦s ❝♦♠ ❈❧❛ss✐✜❝❛❞♦r ❇❛②❡s

■♥❣ê♥✉♦

P❡❧❛ r❡❣r❛ ❞❡ ❇❛②❡s ❡♠ ❝♦♥❥✉♥t♦ ❝♦♠ ❛s ❡q✉❛çõ❡s ✭✷✳✶✮ ❡ ✭✷✳✷✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ♦❝♦rrê♥❝✐❛ ❞❛ ❝❧❛ss❡ cj ❞❛❞♦ ♦ ❞♦❝✉♠❡♥t♦ di✱ s♦❜ ❛ ót✐❝❛ ❞♦ ♠♦❞❡❧♦

❡st✐♠❛❞♦ θ̂✱ ❝♦♠♦
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P (yi = cj|di; θ̂) =
P (cj|θ̂)P (di|cj; θ̂)

P (di|θ̂)

=
P (cj|θ̂)

∏|di|
k=1 P (wdi,k |cj; θ̂)

∑|C|
r=1 P (cr|θ̂)

∏|di|
k=1 P (wdi,k |cr; θ̂)

, ✭✷✳✺✮

❉❛❞♦ ♦ ♠♦❞❡❧♦ θ̂ = {θ̂wt|cj : wt ∈ V ; θ̂cj : cj ∈ C}✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ✭✷✳✺✮

❝♦♠♦

P (yi = cj|di; θ̂) =
θ̂cj

∏|di|
k=1 θ̂wdi,k

|cj
∑|C|

r=1 θ̂cr
∏|di|

k=1 θ̂wdi,k
|cr

, ✭✷✳✻✮

❙❡♥❞♦ ❛ ❝❧❛ss❡ r❡❛❧ ❞♦ ❞♦❝✉♠❡♥t♦ di ❞❡♥♦t❛❞❛ ♣♦r cj✱ ❛ t❛r❡❢❛ ❞❡ ❈❚ ♣❛r❛ ♦ ❝❧❛ss✐✜✲

❝❛❞♦r ◆❇ ❝♦♥s✐st❡ ❡♠ ❡s❝♦❧❤❡r ❛ ❝❧❛ss❡ ♠❡❧❤♦r ♣♦s✐❝✐♦♥❛❞❛ ❡♠ ✉♠ r❛♥❦✐♥❣ ❞❛s ♣r♦❜❛❜✐❧✲

✐❞❛❞❡s P (yi = cj|di; θ̂), cj ∈ C✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❡ss❛ t❛r❡❢❛ ❝♦♥s✐st❡ ❡♠ ❞❡t❡r♠✐♥❛r✱

❞❛❞♦ ♦ ♠♦❞❡❧♦ ♣r♦❜❛❜✐❧íst✐❝♦ ❡ ♦ ❞♦❝✉♠❡♥t♦ di✱ q✉❛❧ ❝❧❛ss❡ é ♠❛✐s ♣r♦✈á✈❡❧✳ ▼❛t❡♠❛t✐❝❛✲

♠❡♥t❡✱ ❡ss❛ ❡s❝♦❧❤❛ s❡ tr❛❞✉③ ❡♠

ŷi = argmax
cj∈C

P (yi = cj|di; θ̂), ✭✷✳✼✮

❡♠ q✉❡ P (yi = cj|di; θ̂) é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✻✮✱ ❡ ŷi é ❛ ❝❧❛ss❡ ❡st✐♠❛❞❛ ♣❛r❛ ♦

❞♦❝✉♠❡♥t♦ di✳

✷✳✺ ▼❛①✐♠✐③❛çã♦ ❞❛ ❊①♣❡❝t❛t✐✈❛

❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞♦❝✉♠❡♥t♦s ❞❡ tr❡✐♥❛♠❡♥t♦ D✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❝♦♥str✉✐r ✉♠ ❝❧❛s✲

s✐✜❝❛❞♦r ◆❇ ❝♦♠♦ ❞❡s❝r✐t♦ ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s✱ ❝✉❥♦ ♣r♦❝❡ss♦ é ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✶✳

❚r❛❞✐❝✐♦♥❛❧♠❡♥t❡✱ sã♦ ❝♦♥❤❡❝✐❞❛s t♦❞❛s ❛s ❝❧❛ss❡s yi ∈ C ❞♦s ❞♦❝✉♠❡♥t♦s ❞❡ tr❡✐♥❛♠❡♥t♦

di ∈ D ❡ ♣♦rt❛♥t♦ t♦❞♦ ♦ ❝♦♥❥✉♥t♦ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♥♦ tr❡✐♥❛♠❡♥t♦ ✐♥❞✉t✐✈♦✳ P♦st❡r✐✲

♦r♠❡♥t❡ à ❝♦♥str✉çã♦✱ ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r é t❡st❛❞♦ ✉t✐❧✐③❛♥❞♦ ♦✉tr♦ ❝♦♥❥✉♥t♦

❞❡ ❞♦❝✉♠❡♥t♦s ❞❡ t❡st❡ Dt✳

❆♠♦str❛s

▼❛r❝❛❞❛s Dl

❚r❡✐♥♦ ❈❧❛ss✐✜❝❛❞♦r θ̂
(dl, yl)

❋✐❣✉r❛ ✶ ✕ ❊sq✉❡♠❛ ❞❡ ❚r❡✐♥❛♠❡♥t♦ ❙✉♣❡r✈✐s✐♦♥❛❞♦
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P♦r ♦✉tr♦ ❧❛❞♦✱ s✉♣♦♥❤❛ ♦ ❝❛s♦ ❡♠ q✉❡ q✉❡ s❡ ❝♦♥❤❡❝❡ ❛♣❡♥❛s ✉♠❛ ♣❛rt❡ ❞❛s ❝❧❛ss❡s

yi ❞♦s ❞♦❝✉♠❡♥t♦s di ∈ D✱ ✐st♦ é✱ D é ❢♦r♠❛❞♦ ♣♦r ❞✉❛s ♣❛rt✐çõ❡s ❞✐s❥✉♥t❛s✱ Dl ❞❡

❞♦❝✉♠❡♥t♦s ❞❡ ❝❧❛ss❡ ❝♦♥❤❡❝✐❞❛ ❡ Du ❞❡ ❞♦❝✉♠❡♥t♦s ❞❡ ❝❧❛ss❡ ❞❡s❝♦♥❤❡❝✐❞❛✱ ❛rr❛♥❥♦ ❡st❡

❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✮✳ ◆❡ss❛s ❝♦♥❞✐çõ❡s✱ ❡s♣❡r❛✲s❡ q✉❡ ♦ tr❡✐♥❛♠❡♥t♦ tr❛❞✐❝✐♦♥❛❧ s♦❜

♦ ❝♦♥❥✉♥t♦ Dl ❣❡r❡ ✉♠ ❞❡s❡♠♣❡♥❤♦ ✐♥❢❡r✐♦r ❛♦ ❝❛s♦ ❡♠ q✉❡ Dl = D✱ ✈✐st♦ q✉❡ ♠❡♥♦s

❞♦❝✉♠❡♥t♦s ♠❛r❝❛❞♦s ❡stã♦ ❞✐s♣♦♥í✈❡✐s✳

❆♠♦str❛s

▼❛r❝❛❞❛s Dl

❚r❡✐♥♦ ❈❧❛ss✐✜❝❛❞♦r θ̂

❆♠♦str❛s

◆ã♦✲

▼❛r❝❛❞❛s Du

(dl, yl)

du

❋✐❣✉r❛ ✷ ✕ ❊sq✉❡♠❛ ❞❡ ❚r❡✐♥❛♠❡♥t♦ ❙❡♠✐✲❙✉♣❡r✈✐s✐♦♥❛❞♦

❈♦♠♦ ❞❡s❝r✐t♦ ♥❛ s❡çã♦ ✷✳✸✱ ♦ tr❡✐♥❛♠❡♥t♦ ◆❇ é ❛❜♦r❞❛❞♦ ❝♦♠♦ ✉♠❛ ♠❛①✐♠✐③❛çã♦

❛ ♣r✐♦r✐ ✭▼❆P✮ ❞❡ θ✱ ✐st♦ é✱ ♦ ❝á❧❝✉❧♦ ❞❡ argmaxθ P (θ|D)✳ ❈♦♠♦ ♦ argmax ❞♦ ❧♦❣❛rít♠♦

❞♦ ♦♣❡r❛♥❞♦ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♠á①✐♠♦ ❞♦ ♦♣❡r❛♥❞♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

argmax
θ

P (θ|D) = argmax
θ

logP (θ|D) ✭✷✳✽✮

= argmax
θ

logP (D|θ)P (θ)

= argmax
θ

[logP (θ) + logP (D|θ)] . ✭✷✳✾✮

❖ s❡❣✉♥❞♦ t❡r♠♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✾✮✱ logP (D|θ)✱ é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ t♦❞♦s ♦s ❞♦❝✉✲

♠❡♥t♦s ❞♦ ❞❛❞♦ ❡s♣❛ç♦ ❞❡ ❞♦❝✉♠❡♥t♦s✳ ❉❛❞♦ q✉❡ ♥♦ ♠♦❞❡❧♦ s✉♣♦st♦ ♦s ❞♦❝✉♠❡♥t♦s sã♦

✐♥❞❡♣❡♥❞❡♥t❡s ❡♥tr❡ s✐✱ ❡ss❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ é ❞❛❞❛ ♣❡❧♦ ♣r♦❞✉t♦ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ❝❛❞❛

❞♦❝✉♠❡♥t♦✳ ❆ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❞♦❝✉♠❡♥t♦ ♠❛r❝❛❞♦ é P (yi = cj|θ)P (di|yi = cj; θ)✱

❡♥q✉❛♥t♦ q✉❡ ♣❛r❛ ✉♠ ❞♦❝✉♠❡♥t♦ ♥ã♦✲♠❛r❝❛❞♦ é
∑C

j=1 P (cj|θ)P (di|cj; θ)✳ ❙❡♥❞♦ ❛ss✐♠✱

♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❛ ❡q✳ ✭✷✳✾✮ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦
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logP (D|θ) = log





∏

di∈Du

|C|
∑

j=1

P (cj|θ)P (di|cj; θ)×
∏

di∈Dl

P (yi = cj|θ)P (di|yi = cj; θ)





=
∑

di∈Du

log

|C|
∑

j=1

P (cj|θ)P (di|cj; θ) +
∑

di∈Dl

logP (yi = cj|θ)P (di|yi = cj; θ)

. ✭✷✳✶✵✮

❈❤❛♠❛♠♦s ❡ss❛ ❡①♣r❡ssã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥❝♦♠♣❧❡t❛ ❡✱ ✈✐st♦ q✉❡ ❞❡s❝♦♥❤❡❝❡♠♦s ❛s

❝❧❛ss❡s ❞♦s ❞♦❝✉♠❡♥t♦s ♥ã♦✲♠❛r❝❛❞♦s✱ s❡✉ ❝á❧❝✉❧♦ s❡ t♦r♥❛ ❝♦♠♣❧✐❝❛❞♦ ♦✉ ❛té ✐♠♣♦ssí✈❡❧✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ s♦✉❜éss❡♠♦s ❛ ♣r✐♦r✐ ♦s ✈❛❧♦r❡s ❞❛ ❢✉♥çã♦ ✐♥❞✐❝❛❞♦r❛ ❞❡ ❝❧❛ss❡ zij✱

♣♦❞❡rí❛♠♦s ❝❛❧❝✉❧❛r logP (D|θ) ❝♦♠♦✿

logP (D|θ) =

|D|
∑

i=1

|C|
∑

j=1

zij log (P (cj|θ)P (di|cj; θ)) . ✭✷✳✶✶✮

◆♦t❡ q✉❡✱ ❛♦ s✉❜st✐t✉✐r♠♦s zij ♣❡❧♦ s❡✉ ✈❛❧♦r ❡s♣❡r❛❞♦✱ ♣❛r❛ ❞♦❝✉♠❡♥t♦s ♥ã♦✲♠❛r❝❛❞♦s✱

t❡♠♦s q✉❡ ❛ ❡q✉❛çã♦ ✭✷✳✶✶✮ ❧✐♠✐t❛ ✐♥❢❡r✐♦r♠❡♥t❡ ❛ ❡q✉❛çã♦ ✭✷✳✶✵✮✱ s❡♥❞♦ ❡st❛ ✉♠❛ ❛♣❧✐✲

❝❛çã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♥ ✭❡✳❣✳ E[logX] ≥ log E[X]✮✳ ❈♦♠♦ r❡s✉❧t❛❞♦✱ ♣♦❞❡✲s❡

❧♦❝❛❧✐③❛r ✉♠ ♠á①✐♠♦ ❧♦❝❛❧ θ̂ ❛tr❛✈és ❞❡ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❡s❝❛❧❛❞❛ ❞❡ ❝♦❧✐♥❛ ✶✳ ❊ss❛ té❝✲

♥✐❝❛ é ❢♦r♠❛❧♠❡♥t❡ ❡st✉❞❛❞❛ s♦❜ ♦ ♥♦♠❡ ▼❛①✐♠✐③❛çã♦ ❞❛ ❊①♣❡❝t❛t✐✈❛ ✭❊▼✮ ❡ ❢♦✐ ♣r♦✈❛❞❛

♣♦r ❬❉❊▼P❙❚❊❘✱ ▲❆■❘❉ ✫ ❘❯❇■◆ ✶✾✼✼❪✳

◆♦t❡ q✉❡ zij é ❞❡s❝♦♥❤❡❝✐❞♦ ♣❛r❛ ❞♦❝✉♠❡♥t♦s ♥ã♦✲♠❛r❝❛❞♦s ❡ ❝♦♥❤❡❝✐❞♦ ♣❛r❛ ❞♦✲

❝✉♠❡♥t♦s ♠❛r❝❛❞♦s✳ P❛r❛ ❞♦❝✉♠❡♥t♦s ♥ã♦✲♠❛r❝❛❞♦s✱ s✉❜st✐t✉✐r❡♠♦s zij ♣❡❧♦ s❡✉ ✈❛❧♦r

❡s♣❡r❛❞♦✱ ❞❛❞♦ ♦ ♠♦❞❡❧♦ ❡st✐♠❛❞♦ ❛t✉❛❧ ✭P (cj|di, θ̂)✮✳

❈♦♥s✐❞❡r❡ ẑ
(k) ❡ θ̂(k) ❛s ❡st✐♠❛t✐✈❛s ❞❡ z = [zij] ❡ θ ♥❛ k✲✐t❡r❛çã♦✳ ❖ ❛❧❣♦r✐t♠♦ ❊▼

❧♦❝❛❧✐③❛ ✉♠ ♠á①✐♠♦ ❧♦❝❛❧ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✶✮ ❛tr❛✈és ❞❛ ✐t❡r❛çã♦ ❡♥tr❡ ♦s s❡❣✉✐♥t❡s ♣❛ss♦s✿

• P❛ss♦ ❊✿ ❛❥✉st❡ ẑ
(k+1) = E[z|D; θ̂(k)]

• P❛ss♦ ▼✿ ❛❥✉st❡ θ̂(k+1) = argmaxθ P (θ|D; ẑ(k+1))

◆❛ ♣rát✐❝❛✱ ♦ ♣❛ss♦ ❊ tr❛t❛ ❞♦ ❝á❧❝✉❧♦ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s P (cj|di; θ̂) ♣❛r❛ ♦s ❞♦❝✉✲

♠❡♥t♦s ♥ã♦✲♠❛r❝❛❞♦s ✉t✐❧✐③❛♥❞♦ ♦ ❡st❛❞♦ ❛t✉❛❧ ❞♦ ❝❧❛ss✐✜❝❛❞♦r ✭θ̂✮ ♥❛ ❡q✉❛çã♦ ✭✷✳✻✮✳ ❖

✶ ❆ ❡s❝❛❧❛❞❛ ❞❡ ❝♦❧✐♥❛ é ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ♦t✐♠✐③❛çã♦ q✉❡ ❢❛③ ♣❛rt❡ ❞❛ ❢❛♠✐❧✐❛ ❞❡ ♠ét♦❞♦s ❞❡ ❜✉s❝❛
❧♦❝❛❧✳ ❚r❛t❛✲s❡ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ✐t❡r❛t✐✈♦ q✉❡ ❜✉s❝❛ ♠á①✐♠♦s ❧♦❝❛✐s ❞❡ ✉♠❛ ❞❛❞❛ ❢✉♥çã♦ ❛tr❛✈és ❞❛
♠♦❞✐✜❝❛çã♦ ❞❡ ✉♠ ❞❡ s❡✉s ♣❛râ♠❡tr♦s ❛té q✉❡ ♥ã♦ ❤❛❥❛♠ ♠❛✐s ✈❛r✐❛çõ❡s s✐❣♥✐✜❝❛t✐✈❛s ♥♦ ✈❛❧♦r ❞❛
♠❡s♠❛ ❬❘❯❙❙❊▲▲ ✫ ◆❖❘❱■● ✷✵✵✸❪✳



✷✳✺ ▼❛①✐♠✐③❛çã♦ ❞❛ ❊①♣❡❝t❛t✐✈❛ ✶✷

♣❛ss♦ ▼ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❝á❧❝✉❧♦ ❞❛ ♥♦✈❛ ❡st✐♠❛t✐✈❛ ❞❡ ♠á①✐♠♦ ❛ ♣♦st❡r✐♦r✐ ❞♦s ♣❛râ♠❡tr♦s

❞♦ ❝❧❛ss✐✜❝❛❞♦r θ̂ ✉t✐❧✐③❛♥❞♦ ❛s ❡st✐♠❛t✐✈❛s ❛t✉❛✐s P (cj|di; θ̂) ♥❛s ❡q✉❛çõ❡s ✭✷✳✸✮ ❡ ✭✷✳✹✮✳

❊ss❡ ❧❛ç♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣❡❧♦ s✐st❡♠❛ ❛♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✸✱ ❡♠ q✉❡ ♦ tr❡✐♥♦ é

r❡❛❧✐♠❡♥t❛❞♦ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❛♠♦str❛s s❡♠ ♠❛r❝❛çã♦ ❡ s✉❛s ❡st✐♠❛t✐✈❛s ❞❡ ❝❧❛ss❡✳

❆♠♦str❛s

▼❛r❝❛❞❛s Dl

❚r❡✐♥♦

❆♠♦str❛s

◆ã♦✲

▼❛r❝❛❞❛s Du

❈❧❛ss✐✜❝❛çã♦

f(θ,D)

(dl, yl)

θ̂

du

(du, ŷu)

❋✐❣✉r❛ ✸ ✕ ❊sq✉❡♠❛ ❞❡ ❚r❡✐♥❛♠❡♥t♦ ❙❡♠✐✲❙✉♣❡r✈✐s✐♦♥❛❞♦ ❝♦♠ ▲❛ç♦ ❊▼

◆❛ ✈❡r✐✜❝❛çã♦ ❞♦ ♠ét♦❞♦✱ ♦ ❝❧❛ss✐✜❝❛❞♦r s❡rá s✉❜♠❡t✐❞♦ ❛ t❡st❡s ❡ ❛✈❛❧✐❛❞♦ s❡❣✉✐♥❞♦

❛❧❣✉♥s ❝r✐tér✐♦s✱ ❛♣r❡s❡♥t❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ❛ s❡❣✉✐r✳



✶✸

3 Avaliação de Desempenho

◆❛ ❛✈❛❧✐❛çã♦ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s✱ ✉♠❛ ♣rát✐❝❛ ❝♦♠✉♠ é ❛ ❝r✐❛çã♦ ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ ❜❛s❡❛❞♦

❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞♦❝✉♠❡♥t♦s D ✭t❛♠❜é♠ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❝♦r♣✉s✮ ❡ ♣♦st❡r✐♦r ❛✈❛❧✐❛çã♦

❞♦ ❝❧❛ss✐✜❝❛❞♦r ✉t✐❧✐③❛♥❞♦ ♠étr✐❝❛s ❞❡ ❞❡s❡♠♣❡♥❤♦✳ ❊♠ ❣❡r❛❧✱ ♣❛rt✐❝✐♦♥❛✲s❡ D ❡♠ ❞♦✐s

❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s✱ Dtreino ❡ Dteste✱ ❝♦♠ ♣r♦♣ós✐t♦ ❞❡ ❛✈❡r✐❣✉❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦

❝❧❛ss✐✜❝❛❞♦r q✉❛♥❞♦ s✉❜♠❡t✐❞♦ à ♥♦✈♦s ❞♦❝✉♠❡♥t♦s✳ ◆♦ ♣r♦❝❡ss♦ ❞❡ t❡st❡✱ ♦s ❞♦❝✉♠❡♥t♦s

di ∈ Dteste sã♦ s✉❜♠❡t✐❞♦s ❛♦ ❝❧❛ss✐✜❝❛❞♦r✱ r❡s✉❧t❛♥❞♦ ♥✉♠❛ ❡st✐♠❛t✐✈❛ ❞❡ ❝❧❛ss❡ ŷi✳

❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♣❛r❛✲s❡ ŷi ❝♦♠ ❛ ❝❧❛ss❡ ✈❡r❞❛❞❡✐r❛ yi ❛ ✜♠ ❞❡ ❛✈❡r✐❣✉❛r ❛❝❡rt♦s ❡ ❡rr♦s✳

❊ss❡ ❧❡✈❛♥t❛♠❡♥t♦ é ❢❡✐t♦ ✉t✐❧✐③❛♥❞♦ ❛s ❢❡rr❛♠❡♥t❛s ❛♣r❡s❡♥t❛❞❛s ❛ s❡❣✉✐r✳

✸✳✶ ▼❛tr✐③ ❞❡ ❈♦♥❢✉sã♦

❉❡✜♥❡✲s❡ ❛ ♠❛tr✐③ ❞❡ ❝♦♥❢✉sã♦ ❝♦♠♦ s❡♥❞♦ ✉♠❛ ♠❛tr✐③ ❝♦♠♣♦st❛ ❞❡ ❝♦♥t❛❣❡♥s ❞❡ ❡rr♦s

❡ ❛❝❡rt♦s ❞❡ ❝❧❛ss✐✜❝❛çã♦✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♦ ❡❧❡♠❡♥t♦ aij ❞❛ ♠❛tr✐③ ❝♦rr❡s♣♦♥❞❡ ❛♦

♥ú♠❡r♦ ❞❡ ♣r❡❞✐çõ❡s r❡❛❧✐③❛❞❛s q✉❡ r❡s✉❧t❛r❛♠ ♥❛ ❝❧❛ss❡ ci ❝✉❥❛ ❝❧❛ss❡ ✈❡r❞❛❞❡✐r❛ ❡r❛ cj✱

✐st♦ é✱ ❛s ❧✐♥❤❛s ❝♦rr❡s♣♦♥❞❡♠ às ❝❧❛ss❡s ✈❡r❞❛❞❡✐r❛s ❡ ❛s ❝♦❧✉♥❛s às ❝❧❛ss❡s ♣r❡❞✐t❛s✳ ◆♦t❡

q✉❡ ♣❛r❛ i = j✱ aij r❡♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ♣r❡❞✐çõ❡s ❝♦rr❡t❛s ❞❛ ❝❧❛ss❡ ci✳

P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ✉♠❛ t❛r❡❢❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❝♦♠ três ❝❧❛ss❡s ❝✉❥♦s t❡st❡s r❡s✉❧✲

t❛r❛♠ ♥❛ ♠❛tr✐③ ❞❡ ❝♦♥❢✉sã♦

A =









5 1 2

1 8 1

2 3 7









. ✭✸✳✶✮

❉❡ss❛ ♠❛tr✐③✱ ♣♦❞❡♠♦s ❝♦♥st❛t❛r ✺✱ ✽ ❡ ✼ ♣r❡❞✐çõ❡s ❝♦rr❡t❛s ❞❛s três ❝❧❛ss❡s✱ ♦❜s❡r✲

✈❛❞❛s ♥❛ ❞✐❛❣♦♥❛❧ ♣r✐♥❝✐♣❛❧✳ ◆♦t❡ q✉❡ ❢♦✐ ❢❡✐t❛ ✉♠❛ ♣r❡❞✐çã♦ ❡rrô♥❡❛ ❞❛ ✷a ❝❧❛ss❡ q✉❛♥❞♦ ❛

❝♦rr❡t❛ s❡r✐❛ ❛ ✶a ✭❡❧❡♠❡♥t♦ a12✮ ❡ ♦✉tr❛ ❞❛ ✸a ❝❧❛ss❡ q✉❛♥❞♦ ❛ ❝♦rr❡t❛ s❡r✐❛ ❛ ✷a ✭❡❧❡♠❡♥t♦

a23✮✳ ❆s ❞❡♠❛✐s ❝♦♥st❛t❛çõ❡s ❞❡ ❡rr♦s sã♦ s✉❣❡r✐❞❛s ❝♦♠♦ ❡①❡r❝í❝✐♦ ❛♦ ❧❡✐t♦r✳



✸✳✷ ❚❛❜❡❧❛ ❞❡ ❈♦♥❢✉sã♦ ✶✹

✸✳✷ ❚❛❜❡❧❛ ❞❡ ❈♦♥❢✉sã♦

❈♦♠♦ ✈✐st♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❛ ♠❛tr✐③ ❞❡ ❝♦♥❢✉sã♦ tr❛t❛✲s❡ ❞❡ ✉♠❛ ❝♦♠♣✐❧❛çã♦ ❞❡ ❞❛❞♦s

❝♦♠ r❡s♣❡✐t♦ à t♦❞❛s ❛s ❝❧❛ss❡s ❞❛ t❛r❡❢❛ ❞❡ ❈❚✳ ◆❛ ❞❡✜♥✐çã♦ ❞❛s ♠étr✐❝❛s✱ ❡♥tr❡t❛♥t♦✱

t♦r♥❛✲s❡ ❝♦♥✈❡♥✐❡♥t❡ ❞❡✜♥✐r ❛ t❛❜❡❧❛ ❞❡ ❝♦♥❢✉sã♦✱ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦s ❡rr♦s ❡ ❛❝❡rt♦s ❞❡

✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❝❧❛ss❡✳

▼♦str❛♠♦s ❛ s❡❣✉✐r ❛ ❡str✉t✉r❛ ❞❡ ✉♠❛ t❛❜❡❧❛ ❞❡ ❝♦♥❢✉sã♦ ♥❛ t❛❜❡❧❛ ✶✱ ❞❡s❝r❡✈❡♥❞♦

❛s ❞❡✜♥✐çõ❡s ❧♦❣♦ ❡♠ s❡❣✉✐❞❛✳

❈❧❛ss❡ cj ❈❧❛ss❡s Pr❡❞✐t❛s

❈❧❛ss❡s ❱❡r❞❛❞❡✐r❛s
❱❡r❞❛❞❡✐r♦ P♦s✐t✐✈♦ ✭V Pj✮ ❋❛❧s♦ ◆❡❣❛t✐✈♦ ✭FNj✮

❋❛❧s♦ P♦s✐t✐✈♦ ✭FPj✮ ❱❡r❞❛❞❡✐r♦ ◆❡❣❛t✐✈♦ ✭V Nj✮

❚❛❜❡❧❛ ✶ ✕ ❚❛❜❡❧❛ ❞❡ ❈♦♥❢✉sã♦ ❞❛ ❝❧❛ss❡ cj

❱❡r❞❛❞❡✐r♦ P♦s✐t✐✈♦ é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ t♦t❛❧ ❞❡ ♣r❡❞✐çõ❡s ❞❛ ❝❧❛ss❡ cj q✉❡ ❞❡ ❢❛t♦

s❡ tr❛t❛✈❛ ❞❛ ❝❧❛ss❡ cj✳ ❊♠ ❝♦♠♣❧❡♠❡♥t❛r✱ ❋❛❧s♦ P♦s✐t✐✈♦ é ♦ t♦t❛❧ ❞❡ ♣r❡❞✐çõ❡s q✉❡

♠❛r❝❛r❛♠ ❞♦❝✉♠❡♥t♦s ❝♦♠♦ ❞❛ ❝❧❛ss❡ cj q✉❛♥❞♦ ♥❛ ✈❡r❞❛❞❡ ♣❡rt❡♥❝✐❛♠ ❛ ♦✉tr❛✳

◆❛ s❡❣✉♥❞❛ ❝♦❧✉♥❛ ❞❛ t❛❜❡❧❛ ✶✱ ♦❜s❡r✈❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ♦ ❋❛❧s♦ ◆❡❣❛t✐✈♦✱ q✉❡ ❝♦r✲

r❡s♣♦♥❞❡ ❛♦ t♦t❛❧ ❞❡ ♣r❡❞✐çõ❡s q✉❡ ♠❛r❝❛r❛♠ ❞♦❝✉♠❡♥t♦s ❞❛ ❝❧❛ss❡ cj ❝♦♠♦ ❞❡ ♦✉tr❛s

❝❧❛ss❡s✳ ❋✐♥❛❧♠❡♥t❡✱ t❡♠♦s ♦s ❱❡r❞❛❞❡✐r♦s ◆❡❣❛t✐✈♦s✱ q✉❡ ❝♦♠♣r❡❡♥❞❡♠ ❛s ♣r❡❞✐çõ❡s ❞❡

❞♦❝✉♠❡♥t♦s ❞❡ ♦✉tr❛s ❝❧❛ss❡s q✉❡ ❢♦r❛♠ ❝❧❛ss✐✜❝❛❞♦s ❝♦rr❡t❛♠❡♥t❡ ❝♦♠♦ ♥ã♦ ♣❡rt❡♥❝❡♥t❡s

à ❝❧❛ss❡ cj✳

❆ t❛❜❡❧❛ ❞❡ ❝♦♥❢✉sã♦ é ✉♠ ✐♥str✉♠❡♥t♦ ❜❛st❛♥t❡ ✉t✐❧✐③❛❞♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♥❛ ♠❡❞✐❝✐♥❛✳

❙✉♣♦♥❤❛ q✉❡ ✉♠ ♠é❞✐❝♦ ❞á ❞✐❛❣♥óst✐❝♦s ❞❡ ♣❛❝✐❡♥t❡s ❝♦♠♦ ❞♦❡♥t❡s ♦✉ s❛✉❞á✈❡✐s✳ ❙❡♥❞♦

❛ss✐♠✱ ❛s ❞❡✜♥✐çõ❡s ❞❡ ❱P✱ ❋P✱ ❱◆ ❡ ❋◆ ♣♦❞❡♠ s❡r ✐♥t❡r♣r❡t❛❞❛s ❝♦♠♦

• ❱❡r❞❛❞❡✐r♦ ♣♦s✐t✐✈♦✿ ✉♠ ♣❛❝✐❡♥t❡ ❞♦❡♥t❡ ❢♦✐ ❞✐❛❣♥♦st✐❝❛❞♦ ❝♦♠♦ ❞♦❡♥t❡❀

• ❋❛❧s♦ ♣♦s✐t✐✈♦✿ ✉♠ ♣❛❝✐❡♥t❡ s❛✉❞á✈❡❧ ❢♦✐ ❞✐❛❣♥♦st✐❝❛❞♦ ❝♦♠♦ ❞♦❡♥t❡❀

• ❱❡r❞❛❞❡✐r♦ ♥❡❣❛t✐✈♦✿ ✉♠ ♣❛❝✐❡♥t❡ s❛✉❞á✈❡❧ ❢♦✐ ❞✐❛❣♥♦st✐❝❛❞♦ ❝♦♠♦ s❛✉❞á✈❡❧❀

• ❋❛❧s♦ ♥❡❣❛t✐✈♦✿ ✉♠ ♣❛❝✐❡♥t❡ ❞♦❡♥t❡ ❢♦✐ ❞✐❛❣♥♦st✐❝❛❞♦ ❝♦♠♦ s❛✉❞á✈❡❧✳



✸✳✸ ▼étr✐❝❛s ❞❡ ❉❡s❡♠♣❡♥❤♦ ✶✺

✸✳✸ ▼étr✐❝❛s ❞❡ ❉❡s❡♠♣❡♥❤♦

◆❛ ❛✈❛❧✐❛çã♦ ❞❡ s✐st❡♠❛s✱é ❝♦♠✉♠ s❡ ❜✉s❝❛r ♠❡❞✐❞❛s ♥✉♠ér✐❝❛s q✉❡ ✈❛❧♦r✐③❡♠ s❡✉ ❞❡✲

s❡♠♣❡♥❤♦✳ ◆♦s s✐st❡♠❛s ❞❡ ❈❚ ❡ ❘■✱ ❡♠ ❡s♣❡❝✐❛❧✱ ✉♠❛ sér✐❡ ❞❡ ♠❡❞✐❞❛s ❢♦r❛♠ ❝r✐❛❞❛s

❝♦♠ ❡st❡ ♣r♦♣ós✐t♦✳ ❆s ♠❛✐s ✉s✉❛✐s sã♦ ❛ ❛❝✉rá❝✐❛✱ ♣r❡❝✐sã♦✱ ❝♦❜❡rt✉r❛ ✭♦✉ r❡❝❛❧❧✮ ❡ ❋✶✱

❛♣r❡s❡♥t❛❞❛s ❛ s❡❣✉✐r✳

✸✳✸✳✶ ❆❝✉rá❝✐❛

❆ ❛❝✉rá❝✐❛ é ❞❡✜♥✐❞❛ ♣❡❧❛ r❛③ã♦ ❡♥tr❡ ♦ ♥ú♠❡r♦ ❞❡ ♣r❡❞✐çõ❡s ❝♦rr❡t❛s r❡❛❧✐③❛❞❛s ❡ ♦ t♦t❛❧

❞❡ ♣r❡❞✐çõ❡s r❡❛❧✐③❛❞❛s✱

❆❝✉rá❝✐❛ =
★ ♣r❡❞✐çõ❡s ❝♦rr❡t❛s

★ ❞❡ ♣r❡❞✐çõ❡s
. ✭✸✳✷✮

●❡r❛❧♠❡♥t❡ ♥ã♦ s❡ ✉t✐❧✐③❛ ❛ ❛❝✉rá❝✐❛ ❝♦♠♦ ✉♠❛ ♠étr✐❝❛ ❝♦♥✜á✈❡❧✱ ♣♦✐s é ❝♦♠♣❧❡t❛✲

♠❡♥t❡ s✉s❝❡tí✈❡❧ ❛♦ ✈✐és ❞❡ ❝❧❛ss❡s ♥♦ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦✳ P♦r ❡①❡♠♣❧♦✱ ❞❛❞❛ ✉♠❛

t❛r❡❢❛ ❞❡ ❈❚ ❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ❝♦♠♣♦st♦ ♣♦r 90 ❞♦❝✉♠❡♥t♦s ❞❡ ✉♠❛ ❝❡rt❛

❝❧❛ss❡ ❆ ❡ 10 ❞♦❝✉♠❡♥t♦s ❞❡ ✉♠❛ ♦✉tr❛ ❝❧❛ss❡ ❇✱ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r ✉♠ ❝❧❛ss✐✜❝❛❞♦r q✉❡

♠❛rq✉❡ q✉❛❧q✉❡r ❞♦❝✉♠❡♥t♦ ❝♦♠♦ ❆✱ s❡♠ ❛♦ ♠❡♥♦s ❛♥❛❧✐s❛r s❡✉ ❝♦♥t❡ú❞♦✳ ◆♦t❡ q✉❡ ❡ss❡

❝❧❛ss✐✜❝❛❞♦r ♣♦❞❡rá ❛❧❝❛♥ç❛r 90% ❞❡ ❛❝✉rá❝✐❛✱ ♠❡s♠♦ ❡rr❛♥❞♦ ♥❛ ♣r❡❞✐çã♦ ❞❡ t♦❞♦s ♦s

❞♦❝✉♠❡♥t♦s ❞❛ ❝❧❛ss❡ ❇✳ ❱❛❧❡ ♥♦t❛r q✉❡ ❡ss❡ ♣r♦❜❧❡♠❛ ♣♦❞❡ s❡r ❛♠❡♥✐③❛❞♦ ❛♦ s❡ ✉t✐❧✐③❛r

✉♠ ❝♦♥❥✉♥t♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ❜❛❧❛♥❝❡❛❞♦✱ ♦♥❞❡ s❡ ❡♥❝♦♥tr❛ ♣r❡s❡♥t❡ ✉♠ ♥ú♠❡r♦ ✐❣✉❛❧ ❞❡

❞♦❝✉♠❡♥t♦s ♣♦r ❝❧❛ss❡✳

❊♠ t❡r♠♦s ❞❛ t❛❜❡❧❛ ❞❡ ❝♦♥❢✉sã♦ ✭❚❛❜❡❧❛ ✶✮✱ ❛ ❛❝✉rá❝✐❛ ❡♠ ✉♠❛ ❞❛❞❛ ❝❧❛ss❡ ci ♣♦❞❡

s❡r ❝❛❧❝✉❧❛❞❛ ❛tr❛✈és ❞❛ ❢ór♠✉❧❛

Acci =
V Pi + V Ni

V Pi + FPi + FNi + V Ni

. ✭✸✳✸✮

❖ ❝♦♠♣❧❡♠❡♥t♦ ❞❛ ❛❝✉rá❝✐❛ é ♦ ❡rr♦ ❞❡ ❝❧❛ss✐✜❝❛çã♦✱ ❞❛❞♦ ♣♦r

Erri =
FPi + FNi

V Pi + FPi + FNi + V Ni

. ✭✸✳✹✮



✸✳✸ ▼étr✐❝❛s ❞❡ ❉❡s❡♠♣❡♥❤♦ ✶✻

✸✳✸✳✷ Pr❡❝✐sã♦

❆ ♣r❡❝✐sã♦ é ✉♠❛ ♠étr✐❝❛ ❞❡r✐✈❛❞❛ ❞❛ t❛❜❡❧❛ ❞❡ ❝♦♥❢✉sã♦ ❡ ✐♥❞✐❝❛ ❛ ♣r♦♣♦rçã♦ ❞❡ ♣r❡❞✐çõ❡s

♣♦s✐t✐✈❛s ✈❡r❞❛❞❡✐r❛s ✭❱Ps✮ r❡❛❧✐③❛❞❛s ❞❡♥tr❡ t♦❞❛s ❛s ♣r❡❞✐çõ❡s ♣♦s✐t✐✈❛s ♣r❡s❡♥t❡s✳ ◆♦

❝❛♠♣♦ ❞❛ r❡❝✉♣❡r❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦✱ ❡ss❛ ❞❡✜♥✐çã♦ é ✐♥t❡r♣r❡t❛❞❛ ❝♦♠♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

❞❡ q✉❡ ✉♠ ❞♦❝✉♠❡♥t♦ r❡❝✉♣❡r❛❞♦ s❡❥❛ r❡❧❡✈❛♥t❡✳ ❊♠ ❛♠❜♦s ❝❛s♦s✱ ❛ ♣r❡❝✐sã♦ é ❞❛❞❛ ♣❡❧❛

r❛③ã♦

Pr❡❝✐sã♦ =
★ ❞❡ ♣r❡❞✐çõ❡s ♣♦s✐t✐✈❛s ✈❡r❞❛❞❡✐r❛s

★ ❞❡ ♣r❡❞✐çõ❡s ♣♦s✐t✐✈❛s
.

❊♠ t❡r♠♦s ❞❛s ✈❛r✐á✈❡✐s ❞❛ t❛❜❡❧❛ ❞❡ ❝♦♥❢✉sã♦✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r ❛ ♣r❡❝✐sã♦ Pi ❞❛

❝❧❛ss❡ ci ❝♦♠♦

Pi =
V Pi

V Pi + FPi

. ✭✸✳✺✮

❱❛❧❡ ♥♦t❛r q✉❡ ❛ ♣r❡❝✐sã♦ Pi ❛ss✉♠❡ ✈❛❧♦r❡s ♥♦ ✐♥t❡r✈❛❧♦ [0, 1]✳ ◆♦t❡ q✉❡ ❛ ♣r❡❝✐sã♦ é

♠á①✐♠❛ ✭Pi = 1.0✮ ♥❛ ❛✉sê♥❝✐❛ ❞❡ ❢❛❧s♦s ♣♦s✐t✐✈♦s ✭FPi = 0.0✮✱ ♦✉ s❡❥❛✱ t♦❞♦s ❛s ♣r❡❞✐çõ❡s

❞❡ ❞♦❝✉♠❡♥t♦s ❝♦♠♦ ❞❛ ❝❧❛ss❡ ci ❡st❛✈❛♠ ❝♦rr❡t❛s✳ ❉❡ ♦✉tr♦ ♣♦♥t♦ ❞❡ ✈✐st❛✱ ♣♦❞❡✲s❡

❛✜r♠❛r q✉❡ ♥❡♥❤✉♠ ❞♦❝✉♠❡♥t♦ ❞❡ ♦✉tr❛ ❝❧❛ss❡ ❢♦✐ ♣r❡❞✐t♦ ❡rrô♥❡❛♠❡♥t❡ ❝♦♠♦ s❡♥❞♦ ❞❛

❝❧❛ss❡ ci✳

❆ ♣r❡❝✐sã♦ ❛❧❝❛♥ç❛ ✉♠ ♠í♥✐♠♦ ✭Pi = 0.0✮ ♥❛ ❛✉sê♥❝✐❛ ❞❡ ❱Ps ✭V Pi = 0.0✮ ♦✉ q✉❛♥❞♦

❛ ❢r❛çã♦ ❞❡ ❱Ps ❢♦r ✐♥s✐❣♥✐✜❝❛♥t❡ q✉❛♥❞♦ ❝♦♠♣❛r❛❞❛ ❝♦♠ ♦s ❋Ps ✭FPi → ∞✮✳ ❙❡♥❞♦

❛ss✐♠✱ ❛ ♣r❡❝✐sã♦ é ♥✉❧❛ q✉❛♥❞♦ t♦❞❛s ❛s ♣r❡❞✐çõ❡s ❞❡ ❞♦❝✉♠❡♥t♦s q✉❡ r❡s✉❧t❛♠ ♥❛ ❝❧❛ss❡

ci sã♦ ❡rrô♥❡❛s✱ ✐st♦ é✱ ♦s ❞♦❝✉♠❡♥t♦s ♣❡rt❡♥❝❡♠ ❛ ♦✉tr❛s ❝❧❛ss❡s✳

✸✳✸✳✸ ❈♦❜❡rt✉r❛ ✭❘❡❝❛❧❧✮

❆ ❝♦❜❡rt✉r❛✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ r❡❝❛❧❧✱ é ✉♠❛ ♠étr✐❝❛ ❞❡r✐✈❛❞❛ ❞❛ t❛❜❡❧❛ ❞❡ ❝♦♥❢✉sã♦

❡ ✐♥❞✐❝❛ ❛ ♣r♦♣♦rçã♦ ❞❡ ♣r❡❞✐çõ❡s ♣♦s✐t✐✈❛s ✈❡r❞❛❞❡✐r❛s ✭❱Ps✮ r❡❛❧✐③❛❞❛s ❞❡♥tr❡ t♦❞♦s ♦s

❞♦❝✉♠❡♥t♦s ♣♦s✐t✐✈♦s✳ ◆♦ ❝❛♠♣♦ ❞❛ r❡❝✉♣❡r❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦✱ ❝♦st✉♠❛✲s❡ ✐♥t❡r♣r❡t❛r

❡ss❛ ❞❡✜♥✐çã♦ ❝♦♠♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ r❡❝✉♣❡r❛r ✉♠ ❞♦❝✉♠❡♥t♦ r❡❧❡✈❛♥t❡✳ ❊ss❛ r❛③ã♦

é ❞❛❞❛ ♣❡❧❛ ❡①♣r❡ssã♦

❈♦❜❡rt✉r❛ =
★ ❞❡ ♣r❡❞✐çõ❡s ♣♦s✐t✐✈❛s ✈❡r❞❛❞❡✐r❛s

★ ❞❡ ❞♦❝✉♠❡♥t♦s ♣♦s✐t✐✈♦s
. ✭✸✳✻✮
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❊♠ t❡r♠♦s ❞❛s ✈❛r✐á✈❡✐s ❞❛ t❛❜❡❧❛ ❞❡ ❝♦♥❢✉sã♦✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r ❛ ❝♦❜❡rt✉r❛ Ci ❞❛

❝❧❛ss❡ ci ❝♦♠♦

Ci =
V Pi

V Pi + FNi

. ✭✸✳✼✮

❆ss✐♠ ❝♦♠♦ ❛ ♣r❡❝✐sã♦✱ ❛ ❝♦❜❡rt✉r❛ ❛ss✉♠❡ ✈❛❧♦r❡s ♥♦ ✐♥t❡r✈❛❧♦ [0, 1]✳ ❆ ❝♦❜❡rt✉r❛

♠á①✐♠❛ ✭Ci = 1.0✮ é ❛❧❝❛♥ç❛❞❛ ♣❛r❛ FNi = 0.0✱ ✐st♦ é✱ ♥ã♦ ❤á ♣r❡s❡♥ç❛ ❞❡ ❢❛❧s♦s ♥❡❣❛t✐✈♦s

❡ ♣♦rt❛♥t♦✱ ♥ã♦ ❤♦✉✈❡r❛♠ ♣r❡❞✐çõ❡s ❞❡ ❞♦❝✉♠❡♥t♦s ❞❛ ❝❧❛ss❡ ci ♠❛r❝❛❞♦s ❝♦♠♦ ❞❡ ♦✉tr❛

❝❧❛ss❡✳ ❖ ♠í♥✐♠♦ é ❞❛❞♦ ♣❛r❛ V Pi = 0.0 ♦✉ FNi → ∞✱ ✐st♦ é✱ ♥❡♥❤✉♠❛ ♣r❡❞✐çã♦ ❞❡

❞♦❝✉♠❡♥t♦s ❞❛ ❝❧❛ss❡ ci ❢♦✐ ❝♦rr❡t❛✳

✸✳✸✳✹ ❋✶

❆s ♠étr✐❝❛s ❊ ❡ ❋ ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ♣♦r ❱❛♥ ❘✐❥s❜❡r❣❡♥ ❬❘■❏❙❇❊❘●❊◆ ✶✾✼✾❪ ❡ ❛✈❛❧✐❛♠

♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ s✐st❡♠❛s ❞❡ r❡❝✉♣❡r❛çã♦ ❞❛ ✐♥❢♦r♠❛çã♦✳ ❆ ♠étr✐❝❛ ❋✶✱ ❝❛s♦ ♣❛rt✐❝✉❧❛r

❞❛ ♠étr✐❝❛ ❋✱ ✐♥❞✐❝❛ ♦ q✉❛♥t♦ ❛ ♣r❡❝✐sã♦ ❡ ❛ ❝♦❜❡rt✉r❛ s❡ s♦❜r❡♣õ❡♠✱ s❡♥❞♦ ❝♦♥✜á✈❡❧ ♥❛

❛✈❛❧✐❛çã♦ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s✳ ❖ ✈❛❧♦r ❞❡ ❋✶ ♣❛r❛ ✉♠❛ ❞❛❞❛ ❝❧❛ss❡ ci é ❞❛❞♦

♣❡❧❛ ♠é❞✐❛ ❤❛r♠ô♥✐❝❛

F1i =
2PiRi

Pi +Ri

, ✭✸✳✽✮

❡♠ q✉❡ Pi ❡ Ri sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛ ♣r❡❝✐sã♦ ❡ ❛ ❝♦❜❡rt✉r❛ ✭♦✉ r❡❝❛❧❧✮ ❞❛ ❝❧❛ss❡ ci✳
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4 Experimentos

◆❡ss❡ ❝❛♣ít✉❧♦ sã♦ ❞❡s❝r✐t♦s ♦s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ♥❡ss❡ tr❛❜❛❧❤♦ ❝♦♠ ✐♥t✉✐t♦ ❞❡ s❡

✈❡r✐✜❝❛r ♦ ♠ét♦❞♦ ◆❇✰❊▼ ♣r♦♣♦st♦✳ ◆✐❣❛♠ ✭✷✵✵✶✮ r❡❛❧✐③♦✉ ❡①♣❡r✐♠❡♥t♦s ♥❛ ✈❡r✐✜❝❛çã♦

❞♦ ♠ét♦❞♦ ✉t✐❧✐③❛♥❞♦ três ❞✐❢❡r❡♥t❡s ❝♦r♣♦r❛✿ ❝♦❧❡çã♦ ❞❡ ❞✐s❝✉ssõ❡s ❞❡ ❣r✉♣♦s ❞❛ ❯s❡◆❡t

✭✷✵◆❡✇s❣r♦✉♣s✮✱ ❝♦❧❡çã♦ ❞❡ ♣á❣✐♥❛s ✇❡❜ ✭❲❡❜❑❇✮ ❡ ❝♦❧❡çã♦ ❞❡ ♥♦tí❝✐❛s ✭❘❡✉t❡rs✮✳ ❉❡♥tr❡

s❡✉s r❡s✉❧t❛❞♦s✱ ❡❧❡ ♦❜s❡r✈♦✉ q✉❡ ♦ ✉s♦ ❞❡ ❞♦❝✉♠❡♥t♦s s❡♠ ♠❛r❝❛çã♦ ♠❡❧❤♦r❛ ❛ ❛❝✉rá❝✐❛

❞♦ ❝❧❛ss✐✜❝❛❞♦r ◆❇✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈♦✉ ✉♠❛ s✐❣♥✐✜❝❛t✐✈❛ ♠❡❧❤♦r✐❛ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠

❜❛✐①♦ ♥ú♠❡r♦ ❞❡ ❞♦❝✉♠❡♥t♦s ♠❛r❝❛❞♦s ♥♦ tr❡✐♥❛♠❡♥t♦✱ ❛❧❝❛♥ç❛♥❞♦ r❡❞✉çã♦ ❞❡ ❛té 30%

♥♦ ❡rr♦ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ♣❛r❛ ✸✵✵ ❞♦❝✉♠❡♥t♦s ❞❡ tr❡✐♥❛♠❡♥t♦ ❡ ✶✵✵✵✵ ❞♦❝✉♠❡♥t♦s s❡♠

♠❛r❝❛çã♦✳

❊♠ s❡✉s ❡①♣❡r✐♠❡♥t♦s✱ ◆✐❣❛♠ ✉t✐❧✐③♦✉ ♦ ♠ét♦❞♦ ❞❡ ❡①tr❛çã♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ❞❡

✈❡t♦r✐③❛çã♦ ♣♦r ❝♦♥t❛❣❡♠ ✭❞♦ ✐♥❣❧ês ❈♦✉♥t ❱❡❝t♦r✐③❡r✮✳ ❆ ✈❡t♦r✐③❛çã♦ ✐♥✐❝✐❛✲s❡ ❝♦♠ ❛

❝♦♠♣✐❧❛çã♦ ❞❡ ✉♠ ✈♦❝❛❜✉❧ár✐♦ ❞❡ ♣❛❧❛✈r❛s ♣r❡s❡♥t❡s ♥♦s ❞♦❝✉♠❡♥t♦s ❞❡ tr❡✐♥❛♠❡♥t♦✳ ❊♠

s❡❣✉✐❞❛✱ é ❢❡✐t❛ ✉♠❛ ❝♦♥t❛❣❡♠ ❞❡ss❛s ♣❛❧❛✈r❛s ♣❛r❛ ❝❛❞❛ ❞♦❝✉♠❡♥t♦ ❞♦s ❝♦♥❥✉♥t♦s ❞❡

tr❡✐♥❛♠❡♥t♦ ❡ t❡st❡✱ r❡s✉❧t❛♥❞♦ ♥♦s r❡s♣❡❝t✐✈♦s ✈❡t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✳

◆✐❣❛♠ ♦♣t♦✉ ♣♦r ♥ã♦ ✉t✐❧✐③❛r ✉♠ ♠ét♦❞♦ ❞❡ s❡❧❡çã♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s✱ ✈✐st♦ q✉❡

s❡✉ ✉s♦ r❡❞✉③✐r✐❛ ❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡ ❞♦s ❞♦❝✉♠❡♥t♦s s❡♠ ♠❛r❝❛çã♦✱ ❛❝❛rr❡t❛♥❞♦ ✉♠❛

♣♦t❡♥❝✐❛❧ ♣❡r❞❛ ❞❡ ✐♥❢♦r♠❛çã♦ ❡ ♣r❡❥✉❞✐❝❛♥❞♦ ♦ ♠ét♦❞♦ ♣r♦♣♦st♦✳

◆❛ ♣r❡♣❛r❛çã♦ ❞♦ ❡①♣❡r✐♠❡♥t♦✱ ❡❧❡ s❡❧❡❝✐♦♥♦✉ ♣❛r❛ t❡st❡ ♦s ❞♦❝✉♠❡♥t♦s ♠❛✐s r❡❝❡♥t❡s

✭20% ❞♦ t♦t❛❧✮✱ s♦❜ ♦ ❛r❣✉♠❡♥t♦ ❞❡ ❞❡♣❡♥❞ê♥❝✐❛ t❡♠♣♦r❛❧ ❡♥tr❡ ♦s ❞♦❝✉♠❡♥t♦s ✭✐✳❡✳ ❞♦❝✉✲

♠❡♥t♦s ♠❛✐s ♥♦✈♦s t❡♠ ❝♦♥t❡ú❞♦ ❞❡♣❡♥❞❡♥t❡ ❞♦s ❞♦❝✉♠❡♥t♦s ♠❛✐s ❛♥t✐❣♦s✮✳ ❆❧é♠ ❞✐ss♦✱

❡❧❡ ❡❢❡t✉♦✉ ✉♠❛ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ ❞❡ ❝❧❛ss❡s ♥♦s ❝♦♥❥✉♥t♦s✱ ♦✉ s❡❥❛✱ ❝❛❞❛ ❝♦♥❥✉♥t♦

✭tr❡✐♥❛♠❡♥t♦✱ t❡st❡✱ ♥ã♦✲♠❛r❝❛❞♦s✮ t❡♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ❞♦❝✉♠❡♥t♦s ♣♦r ❝❧❛ss❡✳ ✶✵✵✵✵

❞♦❝✉♠❡♥t♦s ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❢♦r♠❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞♦❝✉♠❡♥t♦s s❡♠ ♠❛r❝❛çã♦ ❡ ✻✵✵✵

❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❢♦r♠❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ❞♦❝✉♠❡♥t♦s ♠❛r❝❛❞♦s ♣❛r❛ tr❡✐♥❛♠❡♥t♦✳

◆❡ss❡ tr❛❜❛❧❤♦✱ ❡♠ ❝♦♠♣❧❡♠❡♥t♦ ❛♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ◆✐❣❛♠✱ ❜✉s❝❛♠♦s ♠♦str❛r ❛

❡❢❡t✐✈✐❞❛❞❡ ❞♦ ♠ét♦❞♦ ◆❇✰❊▼ ❡♠ ❝♦r♣✉s ♠❛✐s ❡s❝❛ss♦s ❞❡ ❞♦❝✉♠❡♥t♦s✳ ❆❧é♠ ❞✐ss♦✱
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✐❣♥♦r♦✉✲s❡ ❛ ❞❡♣❡♥❞ê♥❝✐❛ t❡♠♣♦r❛❧ ❡♥tr❡ ♦s ❞♦❝✉♠❡♥t♦s✳ ❖s ❝♦♥❥✉♥t♦s ✭tr❡✐♥❛♠❡♥t♦✱

t❡st❡ ❡ ♥ã♦✲♠❛r❝❛❞♦s✮ ❢♦r❛♠ ❡s❝♦❧❤✐❞♦s ❛❧❡❛tór✐❛♠❡♥t❡ ❞♦ ❝♦r♣✉s✳

❖ ❝♦r♣✉s ✉t✐❧✐③❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ♦ ✧✷✵◆❡✇s❣r♦✉♣s✲✶✽✽✷✽✲ ✉♠❛ ❝♦❧❡çã♦ ❞❡ ✶✽✽✷✽

♠❡♥s❛❣❡♥s ❞❡ ❣r✉♣♦s ❞❡ ♥♦tí❝✐❛s ❞❛ r❡❞❡ ❯s❡◆❡t✳ ❊ss❛ ❝♦❧❡çã♦ é ❞❡r✐✈❛❞❛ ❞❛ ❝♦❧❡çã♦ ♦r✐❣✲

✐♥❛❧ ✧✷✵◆❡✇s❣r♦✉♣s✲✶✾✾✾✼✲ ❝♦❧❡t❛❞❛ ♣♦r ❑❡♥ ▲❛♥❣ ✲ ❡♠ q✉❡ ❢♦r❛♠ r❡♠♦✈✐❞❛s ♠❡♥s❛❣❡♥s

❞✉♣❧✐❝❛❞❛s ❡ ❝❛♠♣♦s ❞❡ ♠❡t❛❞❛❞♦s ❞❛s ♠❡♥s❛❣❡♥s✳ ❋♦r❛♠ ♠❛♥t✐❞♦s ❛♣❡♥❛s ♦ t❡①t♦ ❞❛s

♠❡♥s❛❣❡♥s ❡ ♦s ❡♥❞❡r❡ç♦s ❡❧❡trô♥✐❝♦s ❞♦s r❡♠❡t❡♥t❡s✳ ❊ss❛ ❝♦❧❡çã♦ ❡♥❝♦♥tr❛✲s❡ ❞✐s♣♦♥í✈❡❧

t❛♥t♦ ♥♦ ♣♦rt❛❧ ▼▲❝♦♠♣✳♦r❣ q✉❛♥t♦ ♥♦ ❛r❝❛❜♦✉ç♦ s❝✐❦✐t✲❧❡❛r♥✳
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❆ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦ ◆❇✰❊▼ ✉t✐❧✐③♦✉✲s❡ ❞♦ ❛r❝❛❜♦✉ç♦ s❝✐❦✐t✲❧❡❛r♥ ❬P❊✲

❉❘❊●❖❙❆ ❡t ❛❧✳ ✷✵✶✶❪✳ ❊ss❡ ❛r❝❛❜♦✉ç♦ ❢♦✐ ❡s❝r✐t♦ ♥❛ ❧✐♥❣✉❛❣❡♠ ❞❡ ♣r♦❣r❛♠❛çã♦ P②t❤♦♥✱

❡ ✉t✐❧✐③❛✲s❡ ❞❡ ❜✐❜❧✐♦t❡❝❛s ❝✐❡♥tí✜❝❛s ❞❡ ❣r❛♥❞❡ r❡♥♦♠❡ ♥❛ ❝♦♠✉♥✐❞❛❞❡ P②t❤♦♥ ✭♥✉♠♣②✱

s❝✐♣②✱ ♠❛t♣❧♦t❧✐❜ ❬❏❖◆❊❙ ❡t ❛❧✳ ✷✵✵✶✕❪✮✳

❖ ❛r❝❛❜♦✉ç♦ ❝♦♥t❛ ❝♦♠ ✐♠♣❧❡♠❡♥t❛çõ❡s ❞♦s ♣r✐♥❝✐♣❛✐s ❝❧❛ss✐✜❝❛❞♦r❡s ❝♦♥❤❡❝✐❞♦s ✭❡✳❣✳

❙❱▼✱ ❇❛②❡s ✐♥❣ê♥✉♦✱ ❦◆◆✮✱ ❛ss✐♠ ❝♦♠♦ ❢❛❝✐❧✐❞❛❞❡s ❞❡ ❛❝❡ss♦ à ❞✐❢❡r❡♥t❡s ❝♦r♣♦r❛✱ ❝♦♠♦

♣♦r ❡①❡♠♣❧♦ ♦ ✷✵◆❡✇s❣r♦✉♣s✱ ❞❛❞♦s ❞❡ ❞♦❡♥ç❛s ♦❝✉❧❛r❡s✱ ❡ ✐♥❝❧✉s✐✈❡ ❛❝❡ss♦ ❛s ❜✐❜❧✐♦t❡❝❛s

▼▲❈♦♠♣✳♦r❣ ❡ ▼▲❉❛t❛✳♦r❣✱ q✉❡ ♣♦ss✉❡♠ ✉♠ ❣r❛♥❞❡ ❛❝❡r✈♦ ❞❡ ❝♦r♣♦r❛ ♣❛r❛ ❛♣r❡♥✲

❞✐③❛❞♦ ❞❡ ♠áq✉✐♥❛✳ ❊♠ s❡✉ ❛❝❡r✈♦✱ t❛♠❜é♠ ❝♦♥t❛ ❝♦♠ ✐♠♣❧❡♠❡♥t❛çõ❡s ❛❧❣♦r✐t♠♦s ❞❡

tr❡✐♥❛♠❡♥t♦ s❡♠✐✲s✉♣❡r✈✐s✐♦♥❛❞♦ ❡ ♥ã♦ s✉♣❡r✈✐s✐♦♥❛❞♦✱ ❡sq✉❡♠❛s ❞❡ ✈❛❧✐❞❛çã♦ ❝r✉③❛❞❛ ❡

✐♥❝❧✉s✐✈❡ ❛s ♠étr✐❝❛s ❞❡ ❛✈❛❧✐❛çã♦ ✭♣r❡❝✐sã♦✱ ❝♦❜❡rt✉r❛✱ r❡❝❛❧❧✱ ❡t❝✮✳

❆ ❡s❝♦❧❤❛ ❞♦ ❛r❝❛❜♦✉ç♦ s❡ ❞❡✉ ♣♦r ♠❛✐♦r ❡①♣❡r✐ê♥❝✐❛ ❝♦♠ ❛ ❧✐♥❣✉❛❣❡♠ ♣♦r ♣❛rt❡ ❞♦

❛✉t♦r✱ ❛ss✐♠ ❝♦♠♦ ♣❡❧♦ st❛t✉s ❞♦ ❛r❝❛❜♦✉ç♦✱ ♣♦r t❡r ✐♥ú♠❡r♦s ❝♦♥tr✐❜✉✐❞♦r❡s ❞❡ ♣r❡stí❣✐♦✱

❛♣♦✐♦ ❞❡ ❣r❛♥❞❡s ❡♠♣r❡s❛s ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♦ ●♦♦❣❧❡ ■♥❝✳ ❡ q✉❛❧✐❞❛❞❡ ❝♦♥st❛t❛❞❛ ❡♠

s❡✉s r❡s✉❧t❛❞♦s✳

✹✳✷ ❈♦r♣✉s ❡ Pr♦t♦❝♦❧♦ ❞❡ ❚r❛t❛♠❡♥t♦

❖ ❝♦r♣✉s ✉t✐❧✐③❛❞♦ ❢♦✐ ♦ ✷✵◆❡✇s❣r♦✉♣s✲✶✽✽✷✽✱ ❝♦♥t❡♥❞♦ ✉♠ t♦t❛❧ ❞❡ ✶✽✽✷✽ ❞♦❝✉♠❡♥t♦s

❞✐✈✐❞✐❞♦s ❡♠ ✷✵ ❝❛t❡❣♦r✐❛s✳ ❊♠ ♥♦ss♦s t❡st❡s✱ ✉t✐❧✐③❛♠♦s ✽ ❝❛t❡❣♦r✐❛s✱ r❡s✉❧t❛♥❞♦ ❡♠ ✉♠❛

s♦♠❛ ❞❡ ✼✹✼✻ ❞♦❝✉♠❡♥t♦s ❝✉❥♦ ✈♦❝❛❜✉❧ár✐♦ t♦t❛❧✐③♦✉ ✹✹✷✵✵ ♣❛❧❛✈r❛s ú♥✐❝❛s✳

P❛r❛ ♦ tr❡✐♥❛♠❡♥t♦✱ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ 30% ❞♦s ❞♦❝✉♠❡♥t♦s✱ ❡q✉✐✈✲
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❛❧❡♥t❡ ❛ ✷✷✹✷ ❞♦❝✉♠❡♥t♦s✳ ❋♦r❛♠ r❡s❡r✈❛❞♦s ✼✹✽ ♣❛r❛ ♦ t❡st❡ ❡ ♣❛r❛ ❞♦❝✉♠❡♥t♦s ♥ã♦

♠❛r❝❛❞♦s ❞♦ ♠ét♦❞♦ ◆❇✰❊▼✱ ❢♦r❛♠ r❡s❡r✈❛❞♦s ♦s ✹✹✽✻ r❡st❛♥t❡s✳

❖ ❡①♣❡r✐♠❡♥t♦ r❡❛❧✐③❛❞♦ ✈❡r✐✜❝♦✉ ❛ ❢✉♥❝✐♦♥❛❧✐❞❛❞❡ ❞♦ ♠ét♦❞♦ ◆❇✰❊▼ ♣❛r❛ ✉♠ ❝♦r✲

♣✉s ♠❡♥♦r ❞♦ q✉❡ ♦ ✉t✐❧✐③❛❞♦ ♣♦r ◆✐❣❛♠ ✭✷✵◆❡✇s❣r♦✉♣s✲✶✾✾✾✾ ❝♦♠ t♦❞❛s ❛s ❝❛t❡❣♦r✐❛s✮✳

❆❧é♠ ❞✐ss♦✱ ♦ ❡①♣❡r✐♠❡♥t♦ ❜✉s❝♦✉ ✈❡r✐✜❝❛r ❛ ✈❛❧✐❞❛❞❡ ❞♦ ♠ét♦❞♦ ✐❣♥♦r❛♥❞♦ ❛ s✉♣♦s✐çã♦

❞❡ ❞❡♣❡♥❞ê♥❝✐❛ t❡♠♣♦r❛❧ ❞❡ ◆✐❣❛♠✱ ❡♠ q✉❡ ❡❧❡ ✉t✐❧✐③♦✉ ❛♣❡♥❛s ♦s ❞♦❝✉♠❡♥t♦s ❞❛t❛❞♦s

♠❛✐s r❡❝❡♥t❡s ❡♠ s❡✉s t❡st❡s✳

❊♠ ♥♦ss♦s t❡st❡s✱ ✈❡r✐✜❝❛♠♦s q✉❡ ♦ ✉s♦ ❞❡ ✈❡t♦r✐③❛çã♦ ❚❋✲■❉❋ ♣r❡❥✉❞✐❝♦✉ ❛ ♣❡r❢♦r✲

♠❛♥❝❡ ✭❝♦♠♦ ❝♦♥st❛t❛❞♦ ♣♦r ◆✐❣❛♠✮✳ ❙❡♥❞♦ ❛ss✐♠✱ ✉t✐❧✐③❛♠♦s ✈❡t♦r✐③❛çã♦ ♣♦r ❝♦♥t❛❣❡♠

♥❛ ♣r❡♣❛r❛çã♦ ❞♦s ❞♦❝✉♠❡♥t♦s✱ ❡♠ q✉❡ ♦s ✈❡t♦r❡s ❞❡ ❝❛r❛❝t❡ríst✐❝❛s sã♦ ♠♦♥t❛❞♦s ❛ ♣❛rt✐r

❞❡ ❝♦♥t❛❣❡♥s ❞❡ ♦❝♦rrê♥❝✐❛s ❞❛s ♣❛❧❛✈r❛s ❞♦ ✈♦❝❛❜✉❧ár✐♦✳

❊♠ s❡❣✉✐❞❛✱ ❢♦r❛♠ ❛✈❛❧✐❛❞♦s ♦s ❝❧❛ss✐✜❝❛❞♦r❡s ◆❇ tr❛❞✐❝✐♦♥❛❧ ❡ ◆❇✰❊▼ s♦❜ ❛s ♠étr✐✲

❝❛s ❞❡✜♥✐❞❛s ♥❛ s❡çã♦ ✸✳✸✱ s✉❜♠❡t✐❞♦s ❛ ♣r♦❣r❡ss✐✈❛s q✉❛♥t✐❞❛❞❡s ❞❡ ❞♦❝✉♠❡♥t♦s ♠❛r❝❛✲

❞♦s ♥❛ ❡t❛♣❛ ❞❡ tr❡✐♥❛♠❡♥t♦✱ ✐st♦ é✱ ❢♦r❛♠ ❛❧✐♠❡♥t❛❞♦s ♥♦ tr❡✐♥❛♠❡♥t♦ ❝♦♠ 8, 16, . . . , 2242

❞♦❝✉♠❡♥t♦s✳ ❖ ♣r♦♣ós✐t♦ ❞❡ss❡ ❛rr❛♥❥♦ ❢♦✐ ✈❡r✐✜❝❛r ❛ ♠❡❧❤♦r✐❛ ❞❛s ♠étr✐❝❛s ♣♦r ♣❛rt❡ ❞♦

◆❇✰❊▼ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦ ◆❇ tr❛❞✐❝✐♦♥❛❧✳

✹✳✸ ❘❡s✉❧t❛❞♦s

❖ ❛❧❣♦r✐t♠♦ ◆❇✰❊▼ tr❛t❛✲s❡ ❞❡ ✉♠ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ ❞❡ ♠❛①✐♠✐③❛çã♦ ❞❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✱ ❝♦♠♦ ❞❡s❝r✐t♦ ♥❛ s❡çã♦ ✷✳✺✳ ❊♠ ❣❡r❛❧✱ ♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦ t♦♠♦✉

✉♠❛ ♠é❞✐❛ ❞❡ ✶✺ ✐t❡r❛çõ❡s ❛té ❝♦♥✈❡r❣✐r✱ ✉t✐❧✐③❛♥❞♦ ❝♦♠♦ ❝♦♥❞✐çã♦ ❞❡ ♣❛r❛❞❛ ❛s ♠✉❞❛♥ç❛s

♥♦ ✈❛❧♦r ❞❛ ❡q✉❛çã♦ ✭✷✳✶✶✮✳

❆♦ r❡❛❧✐③❛r ♦ ❡①♣❡r✐♠❡♥t♦ ❝♦♠ ✽ ❝❛t❡❣♦r✐❛s ❡ ♣r❡♣❛r❛çã♦ ❞❡s❝r✐t❛ ❝♦♠♦ ♥❛ s❡çã♦ ✹✳✷✱

♦❜t✐✈❡♠♦s ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛ ✹ ❛ s❡❣✉✐r✳
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8 32 80 192 472 1136
Numero de documentos marcados

0.0

0.2

0.4

0.6

0.8

1.0
F1 NB+EM

NB

8 32 80 192 472 1136
Numero de documentos marcados

0.0

0.2

0.4

0.6

0.8

1.0

C
o
b
e
rt

u
ra

NB+EM

NB

8 32 80 192 472 1136
Numero de documentos marcados

0.0

0.2

0.4

0.6

0.8

1.0

P
re

ci
sã

o

NB+EM

NB

8 32 80 192 472 1136
Numero de documentos marcados

0.0

0.2

0.4

0.6

0.8

1.0

A
cu

rá
ci

a

NB+EM

NB

❋✐❣✉r❛ ✹ ✕ ▼étr✐❝❛s ❋✶✱ ❈♦❜❡rt✉r❛✱ Pr❡❝✐sã♦ ❡ ❆❝✉rá❝✐❛ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s ◆❇ ❡ ◆❇✰❊▼
♣❛r❛ ✽ ❝❧❛ss❡s ✈s ◆ú♠❡r♦ ❞❡ ❞♦❝✉♠❡♥t♦s ♠❛r❝❛❞♦s ✭tr❡✐♥❛♠❡♥t♦✮

❉❛ ❋✐❣✉r❛ ✹✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦ ❝❧❛ss✐✜❝❛❞♦r ◆❇✰❊▼ ❛♣r❡s❡♥t❛ t♦❞❛s ❛s ♠étr✐❝❛s

s✉♣❡r✐♦r❡s ❛♦ ◆❇ tr❛❞✐❝✐♦♥❛❧✳

❊♠ s❡✉ ❡①♣❡r✐♠❡♥t♦✱ ◆✐❣❛♠ ❝♦♥st❛t♦✉ ✉♠❛ ♠❡❧❤♦r❛ ♥❛ ❛❝✉rá❝✐❛ ❝♦♠ ♠❛✐♦r s✐❣♥✐✜❝â♥✲

❝✐❛ ♥❛ r❡❣✐ã♦ ✐♥✐❝✐❛❧✱ ♦♥❞❡ s❡ ✉t✐❧✐③❛♠ ♣♦✉❝♦s ❞♦❝✉♠❡♥t♦s ♠❛r❝❛❞♦s✳ ❈♦♠♣❛r❛t✐✈❛♠❡♥t❡✱

♥♦ss♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛♠ q✉❡✱ ♣❛r❛ ♠❡♥♦s ❝❧❛ss❡s ❡ ✐❣♥♦râ♥❝✐❛ ❞❛ ❞❡♣❡♥❞❡♥❝✐❛ t❡♠♣♦✲

r❛❧✱ ♦ ❝❧❛ss✐✜❝❛❞♦r ◆❇✰❊▼ ❛♣r❡s❡♥t❛ ♠❡❧❤♦r✐❛s ♠❛✐s s✐❣♥✐✜❝❛t✐✈❛s ♥✉♠❛ r❡❣✐ã♦ ♠❛✐s ❝❡♥✲

tr❛❧✱ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡ ♥❛ ❢❛✐①❛ [32, 80] ❞♦ ❡✐①♦ ❤♦r✐③♦♥t❛❧✳ ❉✐❢❡r❡♥t❡♠❡♥t❡ ❞❡ ◆✐❣❛♠✱

♦♣t❛♠♦s ♣♦r ❛♣r❡s❡♥t❛r ♦s ❣rá✜❝♦s ❝♦♠♣❧❡t♦s ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s ♠étr✐❝❛s✱ ❛♦ ✐♥✈és ❞❡ ❛♣✲

r❡s❡♥t❛r ❛♣❡♥❛s ♦ ♠❡❧❤♦r ♣♦♥t♦ ❞❡ ❜❛❧❛♥ç♦ ❡♥tr❡ ❛ ♣r❡❝✐sã♦ ❡ ❛ ❝♦❜❡rt✉r❛ ✭❜r❡❛❦✲❡✈❡♥

♣♦✐♥t✮✳

P❛r❛ ❛ ❛❝✉rá❝✐❛✱ ♣r✐♥❝✐♣❛❧ ♠❡❞✐❞❛ ✉t✐❧✐③❛❞❛ ♣♦r ◆✐❣❛♠ ❡♠ s✉❛ ❛♥á❧✐s❡✱ ♦❜s❡r✈❛♠♦s

✉♠❛ ♠❡❧❤♦r✐❛ ♠❛✐s s✐❣♥✐✜❝❛t✐✈❛ ♥✉♠❛ ❢❛✐①❛ ♠❛✐s ❧❛r❣❛✱ [16, 192] ❞♦ ❡✐①♦ ❤♦r✐③♦♥t❛❧✱ ❝♦♠♦

❛♣r❡s❡♥t❛❞♦ ♥♦ ❣rá✜❝♦ ♠❛✐s ❞❡t❛❧❤❛❞♦ ❞❛ ❋✐❣✉r❛ ✺✳ ❈♦♠ ❡ss❡s r❡s✉❧t❛❞♦s✱ ♣♦❞❡♠♦s

❝♦♥st❛t❛r ❛ ♠❡❧❤♦r✐❛ ♣r♦✈❡♥✐❡♥t❡ ❞❛ ▼❛①✐♠✐③❛çã♦ ❞❡ ❊①♣❡❝t❛t✐✈❛ ❡ ❛♣r♦✈❡✐t❛♠❡♥t♦ ❞❛
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✐♥❢♦r♠❛çã♦ ♣r❡s❡♥t❡ ♥♦s ❞♦❝✉♠❡♥t♦s ♥ã♦✲♠❛r❝❛❞♦s✳
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❋✐❣✉r❛ ✺ ✕ ❆❝✉rá❝✐❛ ♣❛r❛ ❡①♣❡r✐♠❡♥t♦ ❝♦♠ ✽ ❝❧❛ss❡s

❉♦s ❣rá✜❝♦s ❞❛s ✜❣✉r❛s ✹✱ ✺✱ ♣♦❞❡✲s❡ ❝♦♥st❛t❛r q✉❡ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡

❞♦❝✉♠❡♥t♦s ♠❛r❝❛❞♦s✱ ♦s ❝❧❛ss✐✜❝❛❞♦r❡s t❡♥❞❡♠ ❛ ❝♦♥✈❡r❣✐r ❛ ✉♠ ♣♦♥t♦ ❝♦♠✉♠✳ ❆♦ ✜♠

❞♦ ❡①♣❡r✐♠❡♥t♦✱ ♦ ❝❧❛ss✐✜❝❛❞♦r ◆❇✰❊▼ ❛♣r❡s❡♥t♦✉ ❡♠ ♠é❞✐❛ ✉♠ ♠❡s♠♦ ✈❛❧♦r ❞❡ 0.93

♣❛r❛ t♦❞❛s ❛s ♠étr✐❝❛s ✭♣r❡❝✐sã♦✱ ❝♦❜❡rt✉r❛✱ ❋✶ ❡ ❛❝✉rá❝✐❛✮✳ ❆s ♠❡❞✐❞❛s ♣♦r ❝❧❛ss❡ sã♦

❛♣r❡s❡♥t❛❞❛s ♥❛ ❚❛❜❡❧❛ ✷ ❛ tít✉❧♦ ❞❡ ✐❧✉str❛çã♦✳

❈❛t❡❣♦r✐❛ Pr❡❝✐sã♦ ❈♦❜❡rt✉r❛ ❋✶

❛❧t✳❛t❤❡✐s♠ 0.95 0.96 0.96

❝♦♠♣✳❣r❛♣❤✐❝s 0.78 0.90 0.83

❝♦♠♣✳s②s✳✐❜♠✳♣❝✳❤❛r❞✇❛r❡ 0.92 0.95 0.93

❝♦♠♣✳✇✐♥❞♦✇s✳① 0.98 0.81 0.88

r❡❝✳❛✉t♦s 1.00 0.94 0.97

s❝✐✳♠❡❞ 0.96 0.96 0.96

s❝✐✳s♣❛❝❡ 0.96 0.96 0.96

t❛❧❦✳♣♦❧✐t✐❝s✳♠✐s❝ 0.91 0.95 0.93

▼é❞✐❛ 0.93 0.93 0.93

❚❛❜❡❧❛ ✷ ✕ Pr❡❝✐sã♦✱ ❝♦❜❡rt✉r❛ ❡ ❋✶ ♣♦r ❝❧❛ss❡ ♣❛r❛ ❝❧❛ss✐✜❝❛❞♦r ◆❇✰❊▼✱ ❡①♣❡r✐♠❡♥t♦
❝♦♠ ✽ ❝❧❛ss❡s
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✹✳✹ ❚❡st❡s ❝♦♠ ■♥❝❧✉sã♦ ❞❡ ▼❛✐s ❈❛t❡❣♦r✐❛s

P❛r❛ ❣❛r❛♥t✐r ♠❛✐♦r ❛❜r❛♥❣ê♥❝✐❛ ❞♦s ❡①♣❡r✐♠❡♥t♦s✱ r❡❛❧✐③❛♠♦s ❡①♣❡r✐♠❡♥t♦s ✈❛r✐❛♥❞♦ ♦

♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ♣❛r❛ ✻✱ ✶✺ ❡ ✷✵ ❝❧❛ss❡s✳ ❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ◆✐❣❛♠✱

✐❣♥♦r❛♠♦s ✉♠❛ ♣♦ssí✈❡❧ ❞❡♣❡♥❞ê♥❝✐❛ t❡♠♣♦r❛❧ ❡♥tr❡ ♦s ❞♦❝✉♠❡♥t♦s ❡ ✈❡r✐✜❝❛♠♦s q✉❛❧

s✉❛ ✐♠♣❧✐❝❛çã♦ ♥♦s r❡s✉❧t❛❞♦s✳

❘❡❞✉③✐♥❞♦ ❞❡ ✽ ♣❛r❛ ✻ ❝❧❛ss❡s✱ ❛ ♠❡❧❤♦r✐❛ r❡s✉❧t❛♥t❡ ❞♦ ♠ét♦❞♦ ◆❇✰❊▼ ♣❡r♠❛♥❡❝❡✉

♣r❡s❡♥t❡✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥♦ ❣rá✜❝♦ ❞❛ ❋✐❣✉r❛ ✻ ❛ s❡❣✉✐r✳ ❉❛❞❛ ❛ s✐♠✐❧❛r✐❞❛❞❡ ❞♦s ❣rá✜❝♦s

❞❛s ✜❣✉r❛s ✻ ❡ ✹✱ ❛s ❛♥á❧✐s❡s r❡❛❧✐③❛❞❛s ♥❛ s❡çã♦ ❛♥t❡r✐♦r ❛✐♥❞❛ ✈❛❧❡♠✳ ❆❧é♠ ❞✐ss♦✱ é

✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ❛ ♠❡❧❤♦r✐❛ ❞❡ ❞❡s❡♠♣❡♥❤♦ ♣❛r❛ ✻ ❝❧❛ss❡s s✉♣❡r❛ ❛ ♠❡❧❤♦r✐❛ ♣❛r❛

✽ ❝❧❛ss❡s✱ ✐♥❞✐❝❛♥❞♦ ✉♠❛ ♣♦ssí✈❡❧ t❡♥❞ê♥❝✐❛ ❞❡ ♠❡❧❤♦r✐❛ ❡♠ ❞✐r❡çã♦ à ❝❧❛ss✐✜❝❛çã♦ ❜✐♥ár✐❛

✭|C| = 2✮✳
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❋✐❣✉r❛ ✻ ✕ ▼étr✐❝❛s ❋✶✱ ❈♦❜❡rt✉r❛✱ Pr❡❝✐sã♦ ❡ ❆❝✉rá❝✐❛ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s ◆❇ ❡ ◆❇✰❊▼
♣❛r❛ ✻ ❝❧❛ss❡s ✈s ◆ú♠❡r♦ ❞❡ ❞♦❝✉♠❡♥t♦s ♠❛r❝❛❞♦s ✭tr❡✐♥❛♠❡♥t♦✮

❆✉♠❡♥t❛♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❧❛ss❡s ❛❧✈♦ ♣❛r❛ ✶✺✱ ♦❜t❡♠♦s ♦s ❣rá✜❝♦s ❞❛s ♠étr✐❝❛s

❛♣r❡s❡♥t❛❞♦s ♥❛ ❋✐❣✉r❛ ✼✳ ❆♦ ❝♦♥trár✐♦ ❞❛ ♠❡❧❤♦r✐❛ ♦❜s❡r✈❛❞❛ ♥❛ r❡❞✉çã♦ ❞❡ ❝❧❛ss❡s✱
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♦❜s❡r✈❛♠♦s q✉❡ ♦ ❛✉♠❡♥t♦ ✐♠♣❧✐❝❛ ♥✉♠❛ r❡❞✉çã♦ ❞❡ ❞❡s❡♠♣❡♥❤♦ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠

♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r✳ P♦r ♦✉tr♦ ❧❛❞♦✱ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦ ◆❇ tr❛❞✐❝✐♦♥❛❧✱ ❛✐♥❞❛ é

♣♦ssí✈❡❧ ✈❡r✐✜❝❛r ✉♠❛ ♠❡❧❤♦r❛ ♣❡❧♦ ♠❡♥♦s ♥❛ ❝♦❜❡rt✉r❛ ❡ ♥❛ ❛❝✉rá❝✐❛✳
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❋✐❣✉r❛ ✼ ✕ ▼étr✐❝❛s ❋✶✱ ❈♦❜❡rt✉r❛✱ Pr❡❝✐sã♦ ❡ ❆❝✉rá❝✐❛ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s ◆❇ ❡ ◆❇✰❊▼
♣❛r❛ ✶✺ ❝❧❛ss❡s ✈s ◆ú♠❡r♦ ❞❡ ❞♦❝✉♠❡♥t♦s ♠❛r❝❛❞♦s ✭tr❡✐♥❛♠❡♥t♦✮

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ✷✵ ❝❧❛ss❡s✱ ♦❜s❡r✈❛♠♦s ❞❡❣r❛❞❛çõ❡s ❛✐♥❞❛ ♠❛✐♦r❡s ❞♦ q✉❡ ♦ ❡①♣❡r✐✲

♠❡♥t♦ ♣❛r❛ ✶✺ ❝❧❛ss❡s✳ ❉❡ ❢❛t♦✱ ✷✵ ❝❧❛ss❡s ✐♠♣❧✐❝❛ ♥✉♠❛ ❞❡❣r❛❞❛çã♦ ❝♦♠♣❧❡t❛ ❡♠ r❡❧❛çã♦

❛♦ ♠ét♦❞♦ ◆❇ tr❛❞✐❝✐♦♥❛❧✳ ❖ ❣rá✜❝♦ ❞❛ ❋✐❣✉r❛ ✽ ❛♣r❡s❡♥t❛ ♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ❡①♣❡r✐✲

♠❡♥t♦ ❝♦♠ ✷✵ ❝❧❛ss❡s✳
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❋✐❣✉r❛ ✽ ✕ ▼étr✐❝❛s ❋✶✱ ❈♦❜❡rt✉r❛✱ Pr❡❝✐sã♦ ❡ ❆❝✉rá❝✐❛ ❞❡ ❝❧❛ss✐✜❝❛❞♦r❡s ◆❇ ❡ ◆❇✰❊▼
♣❛r❛ ✷✵ ❝❧❛ss❡s ✈s ◆ú♠❡r♦ ❞❡ ❞♦❝✉♠❡♥t♦s ♠❛r❝❛❞♦s ✭tr❡✐♥❛♠❡♥t♦✮



✷✻

5 Considerações Finais

◆❡ss❡ tr❛❜❛❧❤♦ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ✉♠ ♠ét♦❞♦ s❡♠✐✲s✉♣❡r✈✐s✐♦♥❛❞♦ ❞❡ tr❡✐♥❛♠❡♥t♦ ♣❛r❛ ❝❧❛s✲

s✐✜❝❛❞♦r ❇❛②❡s ✐♥❣ê♥✉♦ q✉❡ ✉t✐❧✐③❛ ❞♦❝✉♠❡♥t♦s ♥ã♦✲♠❛r❝❛❞♦s ♥❛ ♠❡❧❤♦r✐❛ ❞❡ ❞❡s❡♠♣❡♥❤♦✳

❊ss❡ ♠ét♦❞♦✱ ♣r♦♣♦st♦ ✐♥✐❝✐❛❧♠❡♥t❡ ♣♦r ◆✐❣❛♠✱ ❝♦♥s✐st❡ ♥❛ ✉t✐❧✐③❛çã♦ ❞♦ tr❡✐♥❛♠❡♥t♦

tr❛❞✐❝✐♦♥❛❧ ❡♠ ❝♦♥❥✉♥t♦ ❝♦♠ ❛ té❝♥✐❝❛ ❞❡ ▼❛①✐♠✐③❛çã♦ ❞❡ ❊①♣❡❝t❛t✐✈❛✳ ❆♦ ❧♦♥❣♦ ❞♦ tr❛✲

❜❛❧❤♦✱ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞❛s ❛s ❜❛s❡s ♣r♦❜❛❜✐❧íst✐❝❛s ♥❛s q✉❛✐s ♦ ♠ét♦❞♦ s❡ ❢♦♠❡♥t❛✳ P♦r

✜♠✱ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ❡①♣❡r✐♠❡♥t♦s ✈❡r✐✜❝❛♥❞♦ ❛ ❢✉♥❝✐♦♥❛❧✐❞❛❞❡ ❞♦ ♠ét♦❞♦ s♦❜ ♥♦✈❛s

❝♦♥❞✐çõ❡s✱ ♥ã♦ ✈❡r✐✜❝❛❞❛s ♣♦r ◆✐❣❛♠ ❡♠ s✉❛ t❡s❡ ❞❡ ❞♦✉t♦r❛❞♦✳

❉♦s t❡st❡s r❡❛❧✐③❛❞♦s✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♦ ❛rr❛♥❥♦ ◆❇✰❊▼ ❞❡ ❢❛t♦ ❛❝❛rr❡t❛ ♥✉♠❛

♠❡❧❤♦r✐❛ ❞❡ ❝❧❛ss✐✜❝❛çã♦ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s✳ ❊♠ s❡✉ tr❛❜❛❧❤♦✱ ◆✐❣❛♠ ♠♦str♦✉ q✉❛♥❞♦

r❡❛❧✐③❛❞♦ ♦ t❡st❡ ❝♦♠ ❞♦❝✉♠❡♥t♦s ♠❛✐s r❡❝❡♥t❡s ✭❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦ tr❡✐♥❛♠❡♥t♦ ❝♦♠

❞♦❝✉♠❡♥t♦s ♠❛✐s ❛♥t✐❣♦s✮✱ ♦ ♠ét♦❞♦ ❛♣r❡s❡♥t❛ ♠❡❧❤♦r✐❛s s✐❣♥✐✜❝❛t✐✈❛s ❞❡ ❛❝✉rá❝✐❛ ❡ ❞❡

❇❊P ✭❜r❡❛❦✲❡✈❡♥ ♣♦✐♥t✮✱ ♣♦ré♠✱ ♥ã♦ ❛♥❛❧✐s♦✉ ❞❡t❛❧❤❛❞❛♠❡♥t❡ ❛s ♠étr✐❝❛s ❞❡ ♣r❡❝✐sã♦✱

❝♦❜❡rt✉r❛ ❡ ❋✶✳

❊♠ ♥♦ss♦s t❡st❡s ❡✈✐t❛♠♦s ✉t✐❧✐③❛r ♦ ❝r✐tér✐♦ ❞❡ ♦r❞❡♠ ❝r♦♥♦❧ó❣✐❝❛✱ ❜✉s❝❛♥❞♦ ✈❡r✐✜❝❛r

❛ ❡❢❡t✐✈✐❞❛❞❡ ❞♦ ♠ét♦❞♦ s♦❜r❡ ✉♠ ❝❛s♦ ♠❛✐s ❣❡r❛❧✳

◆♦ ❝♦r♣✉s ✉t✐❧✐③❛❞♦✱ ♦ ♠ét♦❞♦ ◆❇✰❊▼ ❛♣r❡s❡♥t♦✉ ✉♠❛ ♠❡❧❤♦r✐❛ ❞❡ ♣❡r❢♦r♠❛♥❝❡

♣❛r❛ ✉♠❛ ❜❛✐①❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❧❛ss❡s ❛❧✈♦✱ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦ ◆❇✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡

q✉❛♥❞♦ ♣♦✉❝♦s ❞♦❝✉♠❡♥t♦s sã♦ ✉t✐❧✐③❛❞♦s ♥♦ tr❡✐♥❛♠❡♥t♦✳ ❚❛❧ r❡s✉❧t❛❞♦ s❡ ♠♦str❛ r❡❧❡✲

✈❛♥t❡✱ ✈✐st♦ q✉❡ ♦ ✉s♦ ❞❡ ♠❡♥♦s ❞♦❝✉♠❡♥t♦s ❞❡ tr❡✐♥❛♠❡♥t♦ ❡❢❡t✐✈❛♠❡♥t❡ r❡❞✉③ ♦ ❝✉st♦

❞❡ ❝♦♥str✉çã♦ ❞♦ ❝❧❛ss✐✜❝❛❞♦r✳

❊♠ ♥♦ss♦s t❡st❡s✱ ✈❡r✐✜❝❛♠♦s ✉♠❛ s✉♣❡r✐♦r✐❞❛❞❡ ❞♦ ♠ét♦❞♦ ◆❇✰❊▼ ❡♠ r❡❧❛çã♦ ❛♦

◆❇ ♣❛r❛ |C| ≤ 15✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❢♦✐ ❝♦♥st❛t❛❞♦ q✉❡ q✉❛♥t♦ ♠❡♥♦s ❝❧❛ss❡s ❛❧✈♦✱ ♠❡❧❤♦r

♦ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠ét♦❞♦ ◆❇✰❊▼✳

❆♣ós ♦ ❧✐♠✐❛r ❞❡ |C| > 15 ❝❧❛ss❡s✱ ♦ ◆❇✰❊▼ ❛♣r❡s❡♥t♦✉ ♣❡r❢♦r♠❛♥❝❡ ♠❡♥♦r ♦✉ ✐❣✉❛❧

❛♦ tr❛❞✐❝✐♦♥❛❧ ◆❇✳ ❉✉r❛♥t❡ ❛ ❡①❡❝✉çã♦ ❞♦s ❡①♣❡r✐♠❡♥t♦s ♣❛r❛ |C| > 15✱ ♦❜s❡r✈♦✉✲s❡ ❡♠✲

♣✐r✐❝❛♠❡♥t❡ q✉❡ ❛❧❣✉♠❛s ❞❛s ❝❧❛ss❡s t✐✈❡r❛♠ t♦❞❛s ❛s s✉❛s ♠étr✐❝❛s ❛♥✉❧❛❞❛s ✭❝♦❜❡rt✉r❛✱
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♣r❡❝✐sã♦✮✱ s❡♥❞♦ ❡ss❡ ♣♦ss✐✈❡❧♠❡♥t❡ ♦ ♠♦t✐✈♦ ❞❛ r❡❞✉çã♦ ❞❛s ♠étr✐❝❛s ❣❧♦❜❛✐s ❞♦ ❝❧❛ss✐✜✲

❝❛❞♦r✳

❈♦♥❝❧✉í♠♦s q✉❡ ♦ ♠ét♦❞♦ ◆❇✰❊▼ ♣♦❞❡ s❡r ✉♠ ♠ét♦❞♦ ✈✐á✈❡❧ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡

❈❚ ❞❡ ♣♦✉❝❛s ❝❧❛ss❡s✱ ♦❢❡r❡♥❝❡♥❞♦ ✉♠ ♣♦t❡♥❝✐❛❧ ❛✉♠❡♥t♦ ❞❡ ❞❡s❡♠♣❡♥❤♦✳ ❙✉❣❡r❡✲s❡✱

❡♥tr❡t❛♥t♦✱ ✉♠❛ ❝♦♠♣❛r❛çã♦ ♣ré✈✐❛ ❝♦♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ❝❧❛ss✐✜❝❛❞♦r tr❛❞✐❝✐♦♥❛❧ ✭❡✳❣✳

◆❇✱ ❙❱▼✮ s♦❜ ❝♦♥❞✐çõ❡s ❝♦♥tr♦❧❛❞❛s✱ ✈✐st♦ q✉❡ ♦s t❡st❡s r❡❛❧✐③❛❞♦s ♥♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦

s❡ r❡str✐♥❣✐r❛♠ ❛ ❛♣❡♥❛s ✉♠ ❝♦r♣✉s✳

❊ss❡ ❡stá❣✐♦ ❛♣r❡s❡♥t♦✉ ✐♠❡♥s✉rá✈❡✐s ❣❛♥❤♦s ♣❛r❛ ♦ ❛✉t♦r ♥❛ ❝♦♥❞✐çã♦ ❞❡ ❛❧✉♥♦ ❞❡

❣r❛❞✉❛çã♦✱ ✈✐st♦ q✉❡ ♦ ❝♦❧♦❝♦✉ ❡♠ ❝♦♥t❛t♦ ❝♦♠ t❡❝♥♦❧♦❣✐❛ ❞❡ ♣♦♥t❛ ❡♠♣r❡❣❛❞❛ ♣♦r t♦❞❛

❛ ✐♥❞ústr❛ ❛♦ r❡❞♦r ❞♦ ♠✉♥❞♦ ❡✱ ❛❧é♠ ❞✐ss♦✱ tr❛t♦✉ ❞❡ ✉♠ tó♣✐❝♦ ❞❡ ❜❛st❛♥t❡ ✐♥t❡r❡ss❡

♥❛ ❝♦♠✉♥✐❞❛❞❡ ❛❝❛❞ê♠✐❝❛✳ ❉❛❞❛ ❛ ❣❛♠❛ ❞❡ ❛♣❧✐❝❛çõ❡s ♥♦ ♠✉♥❞♦ r❡❛❧✱ é ♣♦ssí✈❡❧ ❛✜r♠❛r

q✉❡ ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❛❞q✉✐r✐❞♦s ❛❥✉❞❛rã♦ ❡♠ ❛❜r✐r ♠✉✐t❛s ♣♦rt❛s✱ s❡❥❛♠ ❡♠ ♣❡sq✉✐s❛ ❡

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♦✉ ♥♦ ♠❡r❝❛❞♦ ❞❡ tr❛❜❛❧❤♦✳

✺✳✶ ❚r❛❜❛❧❤♦s ❋✉t✉r♦s

▼❡s♠♦ t❡♥❞♦ ✉♠ ❜r❡✈❡ ♣❡rí♦❞♦ ❞❡ ❡①❡❝✉çã♦✱ ❡ss❡ ❡stá❣✐♦ ♣❡r♠✐t✐✉ ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡

♥♦✈❛s ✐❞❡✐❛s ❡ ♣♦ssí✈❡✐s t❡♠❛s ♣❛r❛ tr❛❜❛❧❤♦s ❢✉t✉r♦s✳

❖ ❧❡✐t♦r ♣♦❞❡ ♦❜s❡r✈❛r q✉❡ ❛s ❛♥á❧✐s❡s ❛♣r❡s❡♥t❛❞❛s ♥❡ss❡ tr❛❜❛❧❤♦ s❡ r❡str✐♥❣✐r❛♠

❛♦ ❝❧❛ss✐✜❝❛❞♦r ◆❇ tr❡✐♥❛❞♦ ❝♦♠ ♦ ♠ét♦❞♦ ❊▼✳ ❙❡♥❞♦ ❛ss✐♠✱ t♦r♥❛✲s❡ ✐♥t❡r❡ss❛♥t❡ ✉♠

❡st✉❞♦ ❞❛ ❡❢❡t✐✈✐❞❛❞❡ ❞♦ ♠ét♦❞♦ ❛ ♦✉tr♦s ❝❧❛ss✐✜❝❛❞♦r❡s ✭❡✳❣✳ ❙❱▼✱ ❚❙❱▼✱ ❦◆◆✮✳ ❉❡s❡❥❛✲

s❡ t❛♠❜é♠ ❡❢❡t✉❛r ♠❡❞✐çõ❡s ❞♦ ♠ét♦❞♦ q✉❛♥❞♦ s✉❜♠❡t✐❞♦ ❛ ♦✉tr♦s ❝♦r♣♦r❛✱ ❛✜♠ ❞❡

❛ss❡❣✉r❛r ✉♠❛ ❝❡rt❛ s❡❣✉r❛♥ç❛ ♥♦s r❡s✉❧t❛❞♦s✳

❆❧é♠ ❞✐ss♦✱ ❡♠ s✉❛ t❡s❡ ❞❡ ❞♦✉t♦r❛❞♦✱ ◆✐❣❛♠ ❛♣r❡s❡♥t♦✉ ❡①t❡♥sõ❡s ❞♦ ♠ét♦❞♦ ❛q✉✐

❛♣r❡s❡♥t❛❞♦✱ ♦❜t❡♥❞♦ r❡s✉❧t❛❞♦s s✉r♣r❡❡♥❞❡♥t❡s✳ ❯♠ ❡st✉❞♦ ❞❡t❛❧❤❛❞♦ ❞❡ss❛s ❡①t❡♥sõ❡s

♣♦❞❡ ❝♦♥st✐t✉✐r ✉♠ ✐♥t❡r❡ss❛♥t❡ tr❛❜❛❧❤♦ ❢✉t✉r♦✱ ❡♠ q✉❡ ❛❧é♠ ❞♦ ❝r❡s❝✐♠❡♥t♦ ♣❡ss♦❛❧✱

❡①✐st❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❛❧t❡r❛çõ❡s ❡ ❡①♣❡r✐♠❡♥t❛çã♦ ❝♦♠ ♦ ♠❡s♠♦✳

❆✐♥❞❛ ♥♦ â♠❜✐t♦ ❞♦ ◆❇✰❊▼✱ ♦ ❛✉t♦r ❣♦st❛r✐❛ ❞❡ ✐♥✈❡st✐❣❛r s✉❛ ❡❢❡t✐✈✐❞❛❞❡ ❡♠ ❝♦r♣♦r❛

❞❡ ❢♦r♠❛s ✈❛r✐❛❞❛s✱ ❡✳❣✳ ❝♦r♣✉s ❝♦♠ ❞♦❝✉♠❡♥t♦s ♣r❡❞♦♠✐♥❛♥t❡♠❡♥t❡ ❡①t❡♥s♦s ♦✉ ❝✉rt♦s

✭❡✳❣✳ ♠❡♥s❛❣❡♥s ❞♦ ❚✇✐tt❡r✮✱ ❝♦r♣✉s ❡①❝❧✉s✐✈❛♠❡♥t❡ ♥✉♠ér✐❝♦s ✭❡✳❣✳ ❞✐❛❣♥óst✐❝♦s ❞❡

❞♦❡♥ç❛s✮✱ ❞❡♥tr❡ ♦✉tr♦s✳ ❯♠❛ ♦✉tr❛ ♣♦ssí✈❡❧ ✈❛r✐❛çã♦ s❡r✐❛ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ❞❡

s❡❧❡çã♦ ❞❡ ❝❛r❛❝t❡ríst✐❝❛s ✐♥❝♦r♣♦r❛❞♦ ❛♦ ♣r♦❝❡ss♦ ❞♦ ❊▼✱ s❡❥❛ ♥❛ ❡st✐♠❛t✐✈❛ ❞❡ ♣❡rt✐♥ê♥❝✐❛

❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❛♠♦str❛s ♥ã♦✲♠❛r❝❛❞❛s ♦✉ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ❛♠♦str❛s ♠❛r❝❛❞❛s✳
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❯♠❛ ♦✉tr❛ s✉❣❡stã♦ é ❛ ✐♥tr♦❞✉çã♦ ❞❡ ✉♠ ✜❧tr♦ ♥❛ r❡❛❧✐♠❡♥t❛çã♦ ❞❡ ❡st✐♠❛t✐✈❛s

❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❞♦❝✉♠❡♥t♦s ♥ã♦✲♠❛r❝❛❞♦s✱ ❝♦♠ ✐♥t✉✐t♦ ❞❡ ❜❛❧❛♥❝❡❛r ❛s ❞✐str✐❜✉✐çõ❡s ❞❡

❝❧❛ss❡s ❡♥tr❡ ❛s ♣r❡❞✐çõ❡s ♣❛r❛ ♦s ❞♦❝✉♠❡♥t♦s ♥ã♦✲♠❛r❝❛❞♦s✱ ❡✈✐t❛♥❞♦ q✉❡ ❝❡rt❛s ❝❧❛ss❡s

❛❧❝❛♥❝❡♠ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❛ ♣r✐♦r✐ ✭θ̂cj✮ ❞♦♠✐♥❛♥t❡✳



✷✾

Referências
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APÊNDICE A -- Código Fonte

✶ ★ −∗− ❝♦❞✐♥❣ ✿ ✉ t ❢−✽ −∗−

★ ❆✉t❤♦r ✿ ❆♥❞r❡ ❉✐❡❜ ▼❛rt✐♥s ❁❛♥❞r❡ ✳ ❞✐❡❜❅❣♠❛✐❧ ✳ ❝♦♠❃

✐♠♣♦rt s②s

✻ ❢r♦♠ t✐♠❡ ✐♠♣♦rt t✐♠❡

❢r♦♠ ♦♣❡r❛t♦r ✐♠♣♦rt ✐ t ❡♠❣❡ t t ❡ r

❢r♦♠ ❝ ♦ ❧ ❧ ❡ ❝ t ✐ ♦ ♥ s ✐♠♣♦rt ❈♦✉♥t❡r

❢r♦♠ ♣♣r ✐♥t ✐♠♣♦rt ♣♣r ✐♥t

✶✶ ✐♠♣♦rt ❝P ✐ ❝❦ ❧ ❡ ❛s ♣ ✐ ❝ ❦ ❧ ❡

✐♠♣♦rt ♥✉♠♣② ❛s ♥♣

✐♠♣♦rt ♣②❧❛❜ ❛s ♣ ❧

✶✻ ❢r♦♠ s ❝ ✐♣② ✳ s♣❛r s ❡ ✐♠♣♦rt ✈st❛❝❦ ✱ ❝sr❴♠❛tr✐①

❢r♦♠ s ❦ ❧ ❡ ❛ r♥ ✳ ❞❛ t❛ s ❡ t s ✐♠♣♦rt ❢❡t❝❤❴✷✵♥❡✇s❣r♦✉♣s ✱ ❧♦❛❞❴♠❧❝♦♠♣

❢r♦♠ s ❦ ❧ ❡ ❛ r♥ ✳ ❢ ❡ ❛ t✉ r ❡❴❡①t r❛ ❝ t ✐ ♦♥ ✳ t ❡① t ✐♠♣♦rt ❈♦✉♥t❱❡❝t♦r ✐③❡r

❢r♦♠ s ❦ ❧ ❡ ❛ r♥ ✳ ♥❛✐✈❡❴❜❛②❡s ✐♠♣♦rt ▼✉❧t✐♥♦♠✐❛❧◆❇

✷✶ ❢r♦♠ s ❦ ❧ ❡ ❛ r♥ ✳ ♠❡t r ✐ ❝ s ✐♠♣♦rt ❢✶❴s❝♦r❡ ✱ r ❡ ❝❛ ❧ ❧❴s❝♦ r ❡ ✱ ♣ r❡❝ ✐ s ✐ ♦♥❴s❝♦r❡ ✱

❝ ❧ ❛ s s ✐ ❢ ✐ ❝ ❛ t ✐ ♦ ♥❴ r ❡ ♣ ♦ r t ✱ ③❡r♦❴♦♥❡❴s❝♦r❡

❝ ❛ t ❡ ❣ ♦ r ✐ ❡ s ❂ ❬

✬ ♠✐s❝ ✳ ❢ ♦ r s ❛ ❧ ❡ ✬ ✱

✷✻ ✬❝♦♠♣ ✳ ❣ r❛♣❤ ✐ ❝ s ✬ ✱

✬ ❝♦♠♣ ✳ ♦s ✳♠s−✇✐♥❞♦✇s ✳ ♠✐s❝ ✬ ✱

✬ ❝♦♠♣ ✳ s②s ✳ ✐❜♠ ✳ ♣❝ ✳ ❤❛r❞✇❛r❡ ✬ ✱

✬ ❝♦♠♣ ✳ s②s ✳♠❛❝ ✳ ❤❛r❞✇❛r❡ ✬ ✱

✬ ❝♦♠♣ ✳ ✇✐♥❞♦✇s ✳ ① ✬ ✱

✸✶ ✬ ❛ ❧ t ✳ ❛t❤❡✐s♠ ✬ ✱

✬ s♦❝ ✳ r ❡ ❧ ✐ ❣ ✐ ♦ ♥ ✳ ❝ ❤ r ✐ s t ✐ ❛ ♥ ✬ ✱



❆♣ê♥❞✐❝❡ ❆ ✲✲ ❈ó❞✐❣♦ ❋♦♥t❡ ✸✶

✬ t ❛ ❧ ❦ ✳ r ❡ ❧ ✐ ❣ ✐ ♦ ♥ ✳ ♠✐s❝ ✬ ✱

✬ t ❛ ❧ ❦ ✳ ♣ ♦ ❧ ✐ t ✐ ❝ s ✳ ♠✐s❝ ✬ ✱

✬ t ❛ ❧ ❦ ✳ ♣ ♦ ❧ ✐ t ✐ ❝ s ✳ ❣✉♥s ✬ ✱

✸✻ ✬ t ❛ ❧ ❦ ✳ ♣ ♦ ❧ ✐ t ✐ ❝ s ✳ ♠✐❞❡❛st ✬ ✱

✬ r ❡ ❝ ✳ ❛✉t♦s ✬ ✱

✬ r ❡ ❝ ✳ ♠♦t♦r❝②❝ ❧❡ s ✬ ✱

✬ r ❡ ❝ ✳ s♣♦r t ✳ ❜ ❛ s ❡❜❛ ❧ ❧ ✬ ✱

✬ r ❡ ❝ ✳ s♣♦r t ✳ ❤♦❝❦❡② ✬ ✱

✹✶ ✬ s ❝ ✐ ✳ ❝r②♣t ✬ ✱

✬ s ❝ ✐ ✳ ❡ ❧ ❡ ❝ t r ♦ ♥ ✐ ❝ s ✬ ✱

✬ s ❝ ✐ ✳♠❡❞ ✬ ✱

✬ s ❝ ✐ ✳ s♣❛❝❡ ✬ ✱

❪

✹✻ ♥❴❝❛t ❂ ❧❡♥ ✭ ❝ ❛ t ❡ ❣ ♦ r ✐ ❡ s ✮

❞ ❛ t ❛ ❢ ✐ ❧ ❡ ❂ ✬♥✐❣❛♠❴♥❜❴❡♠✳✪❞ ✳ ♦✉t ✬ ✪ ♥❴❝❛t

★ r✶ ✿ ♣❡r❝❡♥t❛❣❡ ♦ ❢ ❧ ❛ ❜ ❡ ❧ ❡ ❞ ❞♦❝✉♠❡♥ts t♦ ✉s❡ ♦♥ t r ❛ ✐ ♥ ✐ ♥ ❣

★ ❡ ✳ ❣ ✳ ✐ ❢ r✶❂✵✳✸ ✱ ✸✵✪ ♦❢ t❤❡ ❞♦❝✉♠❡♥ts ✇ ✐ ❧ ❧ ❜❡ ✉s❡❞ ❢ ♦ r t r ❛ ✐ ♥ ✐ ♥ ❣

✺✶ r✶ ❂ ✵ ✳✸

★ r✷−r✶ ✿ ♣❡r❝❡♥t❛❣❡ ♦ ❢ ✉♥ ❧ ❛ ❜ ❡ ❧ ❡ ❞ ❞♦❝✉♠❡♥ts t♦ ✉s❡ ♦♥ ◆❇✰❊▼ ♠❡t❤♦❞

★ ✶−r✷ ✿ ♣❡r❝❡♥t❛❣❡ ♦ ❢ ❧ ❛ ❜ ❡ ❧ ❡ ❞ ❞♦❝✉♠❡♥ts ❢ ♦ r t ❡ s t ✐ ♥ ❣

★ ❡ ✳ ❣ ✳ ✐ ❢ r✶❂✵✳✸ ✱ r✷❂✵✳✾ ✱ t❤❡♥ ✻✵✪ ✇ ✐ ❧ ❧ ❜❡ ✉s❡❞ ❛s ✉♥ ❧ ❛ ❜ ❡ ❧ ❡ ❞ ❢ ♦ r ◆❇✰❊▼

✺✻ ★ ❛♥❞ ✶✵✪ ✇ ✐ ❧ ❧ ❜❡ ✉s❡❞ ❢ ♦ r t ❡ s t ✐ ♥ ❣ ✳

r✷ ❂ ✵ ✳✾

❞❡❢ ❜❡♥❝❤♠❛r❦❴❝r❡❛t❡ ✭ ①❴tr❛✐♥ ✱ ②❴tr❛✐♥ ✱ ①❴t❡st ✱ ②❴t❡st ✱ s ❝ ♦ r ❡ s ✮ ✿

✻✶ ✧✧✧ ❈r❡❛t❡ ❛ ❜❡♥❝❤♠❛r❦ ❢ ♦ r t❤❡ ❣ ✐✈❡♥ t r ❛ ✐ ♥ ❛♥❞ t ❡ s t ❞❛ t ❛ s ❡ t ✳ ❙ t♦r❡

r ❡ s ✉ ❧ t s

♦♥ ❣ ✐✈❡♥ ✧ s❝♦r❡ s ✧ ❞ ✐ ❝ t ✳

❘❡t✉r♥s ❛ ❢✉♥❝ t ✐ ♦♥ ❢ ✐ t❴♣ r ❡ ❞ ✐ ❝ t ✭ ❡s t ✐♠❛t♦r ✱ ♥❛♠❡✮ t ❤❛ t ❢ ✐ t s t❤❡ t r❛ ✐♥ ✱

♣ r ❡ ❞ ✐ ❝ t s t❤❡ t ❡ s t

❛♥❞ s t ♦ r ❡ s t❤❡ s❝♦r❡ s ✭ ❢✶ ✱ r ❡ ❝ ❛ ❧ ❧ ✱ ♣ r ❡ ❝ ✐ s ✐ ♦♥ ❛♥❞ ❛❝❝✉r❛❝② ✮ ✉♥❞❡r t❤❡

❣ ✐✈❡♥ ♥❛♠❡ ✳

✻✻ ✧✧✧

❞❡❢ ❢ ✐ t❴♣ r ❡❞ ✐ ❝ t ✭ ❝ ❧ ❢ ✱ ♥❛♠❡✮ ✿

❝ ❧ ❢ ✳ ❢ ✐ t ✭ ①❴tr❛✐♥ ✱ ②❴tr❛✐♥ ✮

♣ r ❡❞ ✐ ❝ t ✐ ♦♥ ❂ ❝ ❧ ❢ ✳ ♣ r ❡❞ ✐ ❝ t ✭ ①❴t❡st ✮

s ❝ ♦ r ❡ s ❬ ✬ ❢ ✶ ✬ ❪ ✳ s ❡ t ❞ ❡ ❢ ❛ ✉ ❧ t ✭♥❛♠❡ ✱ ❬ ❪ ✮ ✳ ❛♣♣❡♥❞ ✭ ❢✶❴s❝♦r❡ ✭ ②❴t❡st ✱

♣ r ❡❞ ✐ ❝ t ✐ ♦ ♥ ✮ ✮
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✼✶ s ❝ ♦ r ❡ s ❬ ✬ r ❡ ❝ ✬ ❪ ✳ s ❡ t ❞ ❡ ❢ ❛ ✉ ❧ t ✭♥❛♠❡ ✱ ❬ ❪ ✮ ✳ ❛♣♣❡♥❞ ✭ r ❡ ❝ ❛ ❧ ❧❴ s ❝ ♦ r ❡ ✭ ②❴t❡st ✱

♣ r ❡❞ ✐ ❝ t ✐ ♦ ♥ ✮ ✮

s ❝ ♦ r ❡ s ❬ ✬ ♣r❡❝ ✬ ❪ ✳ s ❡ t ❞ ❡ ❢ ❛ ✉ ❧ t ✭♥❛♠❡ ✱ ❬ ❪ ✮ ✳ ❛♣♣❡♥❞ ✭ ♣ r ❡ ❝ ✐ s ✐ ♦♥❴s❝♦ r ❡ ✭ ②❴t❡st ✱

♣ r ❡❞ ✐ ❝ t ✐ ♦ ♥ ✮ ✮

s ❝ ♦ r ❡ s ❬ ✬ ❛❝❝ ✬ ❪ ✳ s ❡ t ❞ ❡ ❢ ❛ ✉ ❧ t ✭♥❛♠❡ ✱ ❬ ❪ ✮ ✳ ❛♣♣❡♥❞ ✭ ③❡r♦❴♦♥❡❴s❝♦r❡ ✭ ②❴t❡st ✱

♣ r ❡❞ ✐ ❝ t ✐ ♦ ♥ ✮ ✮

r❡t✉r♥ ♣ r ❡❞ ✐ ❝ t ✐ ♦ ♥

r❡t✉r♥ ❢ ✐ t❴♣ r ❡❞ ✐ ❝ t

✼✻

❞❡❢ s❝♦r❡❴❛✈❣ ✭ s ❝ ♦ r ❡ s ❡ t ✮ ✿

✧✧✧ ❈❛ ❧ ❝✉ ❧ ❛ t ❡ ❛✈❡r❛❣❡ s❝♦r❡ s ♦ ❢ ❢✶ ✱ r ❡ ❝ ❛ ❧ ❧ ❛♥❞ ♣ r ❡ ❝ ✐ s ✐ ♦♥ ♦✈❡r

❛ s ❡ t ♦ ❢ s❝♦r❡s ✱ ♣ ♦ s s ✐ ❜ ❧ ② ♦✉t♣✉t ❢r♦♠ ✐ t ❡ r ❛ t ✐ ♦ ♥ s ✳ ❯s❡ ❢✉ ❧ ❢ ♦ r

❝r♦ss−✈ ❛ ❧ ✐ ❞ ❛ t ✐ ♦ ♥ ♣✉r♣♦s❡s ✳

✽✶ ✧✧✧

❦❡②s ❂ s ❝ ♦ r ❡ s ❡ t ❬ ✵ ❪ ❬ ✬ ❢ ✶ ✬ ❪ ✳ ❦❡②s ✭ ✮

❛✈❣ ❂ ④ ✬ ❢ ✶ ✬ ✿ ❞ ✐ ❝ t ✳ ❢r♦♠❦❡②s ✭ ❦❡②s ✱ ❬ ❪ ✮ ✱

✬ ♣r❡❝ ✬ ✿ ❞ ✐ ❝ t ✳ ❢r♦♠❦❡②s ✭ ❦❡②s ✱ ❬ ❪ ✮ ✱

✬ r ❡ ❝ ✬ ✿ ❞ ✐ ❝ t ✳ ❢r♦♠❦❡②s ✭ ❦❡②s ✱ ❬ ❪ ✮ ✱

✽✻ ✬ ❛❝❝ ✬ ✿ ❞ ✐ ❝ t ✳ ❢r♦♠❦❡②s ✭ ❦❡②s ✱ ❬ ❪ ✮ ⑥

♥❴s❝♦r❡s ❂ ❢ ❧ ♦ ❛ t ✭ ❧ ❡♥ ✭ s ❝ ♦ r ❡ s ❡ t ✮ ✮

❢♦r ❝ ❧ ❢ ✐♥ ❦❡②s ✿

✾✶ ❛✈❣ ❬ ✬ ❢ ✶ ✬ ❪ ❬ ❝ ❧ ❢ ❪ ❂ s✉♠ ✭ ❬ ♥♣ ✳ ❛rr❛② ✭ s ❬ ✬ ❢ ✶ ✬ ❪ ❬ ❝ ❧ ❢ ❪ ✮ ❢♦r s ✐♥ s ❝ ♦ r ❡ s ❡ t ❪ ✮ ✴

♥❴s❝♦r❡s

❛✈❣ ❬ ✬ ♣r❡❝ ✬ ❪ ❬ ❝ ❧ ❢ ❪ ❂ s✉♠ ✭ ❬ ♥♣ ✳ ❛rr❛② ✭ s ❬ ✬ ♣r❡❝ ✬ ❪ ❬ ❝ ❧ ❢ ❪ ✮ ❢♦r s ✐♥ s ❝ ♦ r ❡ s ❡ t

❪ ✮ ✴ ♥❴s❝♦r❡s

❛✈❣ ❬ ✬ r ❡ ❝ ✬ ❪ ❬ ❝ ❧ ❢ ❪ ❂ s✉♠ ✭ ❬ ♥♣ ✳ ❛rr❛② ✭ s ❬ ✬ r ❡ ❝ ✬ ❪ ❬ ❝ ❧ ❢ ❪ ✮ ❢♦r s ✐♥ s ❝ ♦ r ❡ s ❡ t ❪ ✮ ✴

♥❴s❝♦r❡s

❛✈❣ ❬ ✬ ❛❝❝ ✬ ❪ ❬ ❝ ❧ ❢ ❪ ❂ s✉♠ ✭ ❬ ♥♣ ✳ ❛rr❛② ✭ s ❬ ✬ ❛❝❝ ✬ ❪ ❬ ❝ ❧ ❢ ❪ ✮ ❢♦r s ✐♥ s ❝ ♦ r ❡ s ❡ t ❪ ✮ ✴

♥❴s❝♦r❡s

✾✻ r❡t✉r♥ ❛✈❣

❞❡❢ ❢✶❴r❡❝❴♣r❡❝❴❛❝❝ ✭ ②❴t❡st ✱ ♣ r ❡❞ ✐ ❝ t ✐ ♦♥ ✮ ✿

✧✧✧ ❈♦♠♣✉t❡s ✭ ❢✶ ✱ r ❡ ❝ ❛ ❧ ❧ ✱ ♣ r ❡❝ ✐ s ✐ ♦♥ ✱ ❛❝❝✉r❛❝② ✮ ❣ ✐ ✈❡♥ t❤❡ ❦♥♦✇♥ ❧ ❛ ❜ ❡ ❧ s

❛♥❞

✶✵✶ t❤❡ ♣ r ❡ ❞ ✐ ❝ t ✐ ♦♥ ✳

✧✧✧

r❡t✉r♥ ✭ ❢✶❴s❝♦r❡ ✭ ②❴t❡st ✱ ♣ r ❡❞ ✐ ❝ t ✐ ♦♥ ✮ ✱

r ❡ ❝ ❛ ❧ ❧❴ s ❝ ♦ r ❡ ✭ ②❴t❡st ✱ ♣ r ❡❞ ✐ ❝ t ✐ ♦♥ ✮ ✱

♣ r ❡ ❝ ✐ s ✐ ♦♥❴s❝♦ r ❡ ✭ ②❴t❡st ✱ ♣ r ❡❞ ✐ ❝ t ✐ ♦ ♥ ✮ ✱
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✶✵✻ ③❡r♦❴♦♥❡❴s❝♦r❡ ✭ ②❴t❡st ✱ ♣ r ❡❞ ✐ ❝ t ✐ ♦♥ ✮ ✮

❞❡❢ ✐ s❴s❝♦r❡❴❜❡tt❡ r ✭ s❝♦r❡✶ ✱ s ❝♦ r ❡✷ ✮ ✿

✧✧✧ ❘❡t✉r♥s ❚r✉❡ ✐ ❢ s❝♦r❡✶ ❤❛s ❛ ❤ ✐ ❣❤❡r ❛✈❡r❛❣❡ ✈❛ ❧✉❡ ♦✈❡r s❝♦r❡✷ ✳

✶✶✶ ✧✧✧

❞ ✐ ❢ ❢ ❂ ♥♣ ✳ ❛rr❛② ✭ s ❝♦ r ❡✶ ✮ − ♥♣ ✳ ❛rr❛② ✭ s ❝♦ r ❡✷ ✮

r❡t✉r♥ ♥♣ ✳♠❡❛♥✭ ❞ ✐ ❢ ❢ ✮ ❃ ✵ ✳✵

✶✶✻ ❞❡❢ ♥♦r♠❛❧ ✐ ③❡❴❝ ❧❛s s❴❢r❡qs ✭♥✉♠❴❞♦❝s ✱ ❝ ❛ t ❡ ❣♦ r ✐ ❡ s ✱ ①❴tr❛✐♥ ✱ ②❴tr❛✐♥ ✮ ✿

✧✧✧ ❘❡t✉r♥s ❛ t r ❛ ✐ ♥ ✐ ♥ ❣ t ✉ ♣ ❧ ❡ ✭ ①❴tr❛✐♥ ✱ ②❴tr❛✐♥ ✮ ✇✐ t❤ ❛♥

✉♥✐❢♦r♠ ❞ ✐ s t r ✐ ❜ ✉ t ✐ ♦ ♥ ♦ ❢ ❝ ❧ ❛ s s ❡ s ✭ ♦r ❝ ❛ t ❡ ❣ ♦ r ✐ ❡ s ✮ ✳ ❊✳ ❣ ✳ ❣ ✐ ✈❡♥

✭ ①❴tr❛✐♥ ✱ ②❴tr❛✐♥ ✮ ✱ ♥✉♠❴❞♦❝s❂✶✵✵ ❛♥❞ ❝ ❛ t ❡ ❣ ♦ r ✐ ❡ s ❂❬ ✬❛ ✬ ✱ ✬ ❜ ✬ ✱ ✬ ❝ ✬ ✱ ✬ ❞ ✬ ❪ ✱

r ❡ t✉ r♥s ❛ ♥❡✇ ✭ ①❴tr❛✐♥❴ ✱ ②❴tr❛✐♥❴ ✮ ✇✐t❤ ❛t ❧ ❡ ❛ s t ✷✺ ❞♦❝✉♠❡♥ts

✶✷✶ ♦ ❢ ❡❛❝❤ ❝ ❧ ❛ s s ✭✶✵✵ ❞♦❝s ✴✹ ❝ ❛ t ❡ ❣ ♦ r ✐ ❡ s ❂ ✷✺ ❞♦❝s ✴ ❝❛ t ✮ ✳

✧✧✧

♥❴❝❛t ❂ ❧❡♥ ✭ ❝ ❛ t ❡ ❣ ♦ r ✐ ❡ s ✮

❞♦❝s❴♣❡r❴❝❛t ❂ ♥♣ ✳ ❢ ❧ ♦ ♦ r ✭♥✉♠❴❞♦❝s✴ ❢ ❧ ♦ ❛ t ✭ ♥❴❝❛t ✮ ✮

①❴tr❛✐♥❴ ✱ ②❴tr❛✐♥❴ ❂ ❬ ❪ ✱ ❬ ❪

✶✷✻ ❛❞❞❡❞ ❂ ✵

♣r✐♥t ✬❚♦✥ t r ❛ ✐ ♥ ✿ ✥✪❞✥❞♦❝✉♠❡♥ts ✱ ✥✪❞✥ ❝❛ t ❡ ❣♦ r ✐ ❡ s ✱ ✥✪❞✥❞♦❝s ✴ ❝❛t ✬ ✪ ✭♥✉♠❴❞♦❝s ✱

♥❴❝❛t ✱ ❞♦❝s❴♣❡r❴❝❛t ✮

♣r✐♥t ✬ ❙♦ r t ✐♥❣ ✥❛♥❞✥ s ❡ ❧ ❡ ❝ t ✐ ♥ ❣ ✥❞♦❝✉♠❡♥ts✥ ❢ ♦ r ✥ t r ❛ ✐ ♥ ✐ ♥ ❣ ✳ ✳ ✳ ✬

✶✸✶ ❢♦r ✐❞① ✐♥ r❛♥❣❡ ✭ ①❴tr❛✐♥ ✳ s❤❛♣❡ ❬ ✵ ❪ ✮ ✿

s t ❛ t s ❂ ❈♦✉♥t❡r ✭ ②❴tr❛✐♥❴ ✮

① ❂ ①❴tr❛✐♥ ❬ ✐❞① ❪

② ❂ ②❴tr❛✐♥ ❬ ✐❞① ❪

✶✸✻

✐ ❢ s t ❛ t s ❬ ② ❪ ❃❂ ❞♦❝s❴♣❡r❴❝❛t ✿

❝♦♥t✐♥✉❡

①❴tr❛✐♥❴ ✳ ❛♣♣❡♥❞ ✭① ✳ t♦❛r r❛② ✭ ✮ ❬ ✵ ❪ ✮

✶✹✶ ②❴tr❛✐♥❴ ✳ ❛♣♣❡♥❞ ✭② ✮

★ ❖♥❧② ❛❞❞ ✉♣ t♦ ♥✉♠❴❞♦❝s

❛❞❞❡❞ ✰❂ ✶

✐ ❢ ❛❞❞❡❞ ❂❂ ♥✉♠❴❞♦❝s ✿

✶✹✻ ❜r❡❛❦
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♣r✐♥t ✧❚r❛♥s❢♦r♠✐♥❣✥♠❛tr✐① ✧

②❴tr❛✐♥❴ ❂ ♥♣ ✳ ❛rr❛② ✭ ②❴tr❛✐♥❴ ✮

①❴tr❛✐♥❴ ❂ ❝sr❴♠❛tr✐① ✭ ①❴tr❛✐♥❴ ✮

✶✺✶

r❡t✉r♥ ①❴tr❛✐♥❴ ✱ ②❴tr❛✐♥❴

❝❧❛ss ◆✐❣❛♠◆❇✭▼✉❧t✐♥♦♠✐❛❧◆❇ ✮ ✿

✶✺✻

❞❡❢ ❝♦♠♣❧❡t❡❴❧♦❣❴♠❡❛s✉r❡ ✭ s ❡ ❧ ❢ ✱ ① ✱ ② ✮ ✿

✧✧✧ ❈❛ ❧ ❝✉ ❧ ❛ t ❡ ❝♦♠♣❧❡t❡ ❧ ♦ ❣ ♠❡❛s✉r❡ ✉s ✐♥❣ t❤❡ ❥ ♦ ✐ ♥ t ❧ ♦ ❣ ❧ ✐ ❦ ❡ ❧ ✐ ❤ ♦ ♦ ❞ s

♦ ❢ ❡❛❝❤ ♦ ❢ t❤❡ ❝♦♠♣♦♥❡♥ts ✳

✧✧✧

✶✻✶ t ♦ t ❛ ❧ ❂ ✵ ✳✵

❝ ❧ s s ❂ s ❡ ❧ ❢ ✳ ❝ ❧ ❛ s s ❡ s❴ ✳ t ♦ ❧ ✐ s t ✭ ✮

❢♦r ❝ ❧ s ✐♥ ❝ ❧ s s ✿

❥ ❧ ❧ ❂ s ❡ ❧ ❢ ✳ ❴❥♦ ✐♥t❴❧♦❣❴❧ ✐❦❡ ❧ ✐❤♦♦❞ ✭① ✮

✶✻✻ ❢♦r ✐❞① ✐♥ ①r❛♥❣❡ ✭① ✳ s❤❛♣❡ ❬ ✵ ❪ ✮ ✿

✐ ❢ ② ❬ ✐❞① ❪ ❂❂ ❝ ❧ s ✿

t ♦ t ❛ ❧ ✰❂ ❥ ❧ ❧ ❬ ✐❞① ❪ ❬ ❝ ❧ s s ✳ ✐♥❞❡① ✭ ❝ ❧ s ✮ ❪

r❡t✉r♥ t ♦ t ❛ ❧

✶✼✶

★ ❖✉t♣✉t ❢♦ r♠❛t t ✐♥❣

❞❡❢ ❤✶ ✭ ✮ ✿

✶✼✻ ♣r✐♥t ✬❂ ✬ ∗ ✽✵

❞❡❢ ❤✷ ✭ ✮ ✿

♣r✐♥t ✬− ✬ ∗ ✽✵

❞❡❢ ❤✸ ✭ ✮ ✿

♣r✐♥t ✬ ✳ ✬ ∗ ✽✵

✶✽✶

♠❛①❴❧❛❜❡❧❡❞ ❂ ❬ ❪

✶✽✻ ❞❡❢ ♣r♦❝❡❞✉r❡ ✭ ✮ ✿

❣❧♦❜❛❧ ❝ ❛ t ❡ ❣♦ r ✐ ❡ s ✱ r✶ ✱ r✷ ✱ ♠❛①❴❧❛❜❡❧❡❞

t✵ ❂ t✐♠❡ ✭ ✮

s ❝ ♦ r ❡ s ❂ ④ ✬ ❢ ✶ ✬ ✿ ④⑥ ✱ ✬ ♣r❡❝ ✬ ✿ ④⑥ ✱ ✬ r ❡ ❝ ✬ ✿ ④⑥ ✱ ✬ ❛❝❝ ✬ ✿ ④⑥⑥
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✶✾✶

★ ▲♦❛❞ ✷✵♥❡✇s❣r♦✉♣−✶✽✽✷✽ ❢r♦♠ ♠❧❝♦♠♣

❞❛t❛ ❂ ❧♦❛❞❴♠❧❝♦♠♣ ✭ ✬ ✷✵♥❡✇s−✶✽✽✷✽ ✬ ✱ ❝ ❛ t ❡ ❣ ♦ r ✐ ❡ s❂❝❛ t ❡ ❣♦ r ✐ ❡ s ✱ s ❤ ✉ ❢ ❢ ❧ ❡❂❚r✉❡ ✮

❝ ❛ t ❡ ❣ ♦ r ✐ ❡ s ❂ ❞❛t❛ ✳ t❛r❣❡t❴♥❛♠❡s ❬ ✿ ❪

✶✾✻ ★ ❈❛ ❧ ❝✉ ❧ ❛ t ❡ ♣r♦♣♦r t ✐ ♦♥s t♦ s ♣ ❧ ✐ t ❞ ❛ t ❛ s ❡ t

❞✐✈✶ ❂ ✐♥ t ✭♥♣ ✳ ❢ ❧ ♦ ♦ r ✭ r✶ ∗ ❧ ❡♥ ✭ ❞❛t❛ ✳ ❞❛t❛ ✮ ✮ ✮

❞✐✈✷ ❂ ✐♥ t ✭♥♣ ✳ ❢ ❧ ♦ ♦ r ✭ r✷ ∗ ❧ ❡♥ ✭ ❞❛t❛ ✳ ❞❛t❛ ✮ ✮ ✮

♣r✐♥t ✬ ❙ ♣ ❧ ✐ t ✐ ♥ ❣ ✥✪❞✥ ❞❛t❛s❡ t ✥ ✐♥ t♦ ✥ t r ❛ ✐ ♥❂✪❞ ✱ ✥ ✉♥ ❧❛❜❡ ❧❡❞❂✪❞ ✱ ✥ t ❡ s t❂✪❞ ✬ ✪ ✭ ❧ ❡♥

✭ ❞❛t❛ ✳ ❞❛t❛ ✮ ✱ ❞✐✈✶ ✱ ❞✐✈✷−❞✐✈✶ ✱ ❧ ❡♥ ✭ ❞❛t❛ ✳ ❞❛t❛ ✮ − ❞✐✈✷ ✮

✷✵✶

t✶ ❂ t✐♠❡ ✭ ✮

②❴tr❛✐♥ ❂ ❞❛t❛ ✳ t ❛ r ❣ ❡ t ❬ ✿ ❞ ✐✈✶ ❪

①❴tr❛✐♥❴❢✐ ❧❡♥❛♠❡s ❂ ❞❛t❛ ✳ ❢ ✐ ❧ ❡♥❛♠❡s ❬ ✿ ❞ ✐✈✶ ❪

♣r✐♥t ✬ ❈r❡❛t❡❞✥ t r ❛ ✐ ♥ ✐ ♥ ❣ ✥ ✭✪✵✳✸ ❢ s ✮ ✬ ✪ ✭ t✐♠❡ ✭ ✮ − t✶ ✮

✷✵✻

t✶ ❂ t✐♠❡ ✭ ✮

②❴✉♥❧❛❜❡❧❡❞ ❂ ❞❛t❛ ✳ t ❛ r ❣ ❡ t ❬ ❞✐✈✶ ✿ ❞✐✈✷ ❪

①❴✉♥❧❛❜❡❧❡❞❴❢✐ ❧❡♥❛♠❡s ❂ ❞❛t❛ ✳ ❢ ✐ ❧ ❡♥❛♠❡s ❬ ❞✐✈✶ ✿ ❞✐✈✷ ❪

♣r✐♥t ✬ ❈r❡❛t❡❞✥ ✉♥ ❧❛❜❡ ❧❡❞ ✥ ✭✪✵✳✸ ❢ s ✮ ✬ ✪ ✭ t✐♠❡ ✭ ✮ − t✶ ✮

✷✶✶

t✶ ❂ t✐♠❡ ✭ ✮

②❴t❡st ❂ ❞❛t❛ ✳ t ❛ r ❣ ❡ t ❬ ❞✐✈✷ ✿−✶❪

①❴t❡st❴❢✐ ❧❡♥❛♠❡s ❂ ❞❛t❛ ✳ ❢ ✐ ❧ ❡♥❛♠❡s ❬ ❞✐✈✷ ✿−✶❪

♣r✐♥t ✬ ❈r❡❛t❡❞✥ t ❡ s t ✥ ✭✪✵✳✸ ❢ s ✮ ✬ ✪ ✭ t✐♠❡ ✭ ✮ − t✶ ✮

✷✶✻

♣r✐♥t ✬ ❋ ✐♥ ✐ s❤❡❞ ✥ s ❡♣❛ r❛ t ✐♥❣ ✥❞❛t❛✥ ✭✪✵✳✸ ❢ s ✮ ✬ ✪ ✭ t✐♠❡ ✭ ✮ − t✵ ✮

♣r✐♥t ✬ ❈❛t❡❣♦r ✐ ❡ s ✿ ✥ ✬ ✱ ❝ ❛ t ❡ ❣ ♦ r ✐ ❡ s

✷✷✶ ♣r✐♥t ✬ ❱❡❝ t♦ r ✐ ③ ✐ ♥❣ ✬

t✶ ❂ t✐♠❡ ✭ ✮

✈ ❡ ❝ t ♦ r ✐ ③ ❡ r ❂ ❈♦✉♥t❱❡❝t♦r ✐③❡r ✭ st♦♣❴✇♦r❞s❂✬ ❡♥❣ ❧ ✐ s ❤ ✬ ✱ s t r ✐♣❴❛❝❝❡♥t s❂✬

✉♥✐❝♦❞❡ ✬ ✱

❝❤❛r s❡ t❴❡r r♦r❂✬ r ❡♣ ❧ ❛ ❝ ❡ ✬ ✮

①❴tr❛✐♥ ❂ ✈ ❡ ❝ t ♦ r ✐ ③ ❡ r ✳ ❢ ✐ t❴tr❛♥s ❢♦ r♠ ✭ ✭ ♦♣❡♥ ✭ ❢ ✮ ✳ r❡❛❞ ✭ ✮ ❢♦r ❢ ✐♥

①❴tr❛✐♥❴❢✐ ❧❡♥❛♠❡s ✮ ✮ ✳ t ♦ ❝ s r ✭ ✮

✷✷✻ ♣r✐♥t ✬ ❱❡❝t♦r ✐ ③❡❞ ✥①❴tr❛✐♥ ✬

①❴t❡st ❂ ✈ ❡ ❝ t ♦ r ✐ ③ ❡ r ✳ t r❛♥s ❢♦r♠ ✭ ✭ ♦♣❡♥ ✭ ❢ ✮ ✳ r❡❛❞ ✭ ✮ ❢♦r ❢ ✐♥ ①❴t❡st❴❢✐ ❧❡♥❛♠❡s

✮ ✮ ✳ t ♦ ❝ s r ✭ ✮

♣r✐♥t ✬ ❱❡❝t♦r ✐ ③❡❞ ✥①❴t❡st ✬



❆♣ê♥❞✐❝❡ ❆ ✲✲ ❈ó❞✐❣♦ ❋♦♥t❡ ✸✻

①❴✉♥❧❛❜❡❧❡❞ ❂ ✈ ❡ ❝ t ♦ r ✐ ③ ❡ r ✳ t r❛♥s ❢♦r♠ ✭ ✭ ♦♣❡♥ ✭ ❢ ✮ ✳ r❡❛❞ ✭ ✮ ❢♦r ❢ ✐♥

①❴✉♥❧❛❜❡❧❡❞❴❢✐ ❧❡♥❛♠❡s ✮ ✮ ✳ t ♦ ❝ s r ✭ ✮

♣r✐♥t ✬ ❱❡❝t♦r ✐ ③❡❞ ✥①❴✉♥❧❛❜❡❧❡❞ ✬

✷✸✶ ♣r✐♥t ✬❉♦♥❡✥ ✭✪✵✳✸ ❢ s ✮ ✬ ✪ ✭ t✐♠❡ ✭ ✮ − t✶ ✮

♣r✐♥t ✬ ❯♥✐q✉❡✥✇♦r❞s ✿ ✬ ✱ ❧ ❡♥ ✭ ✈ ❡ ❝ t ♦ r ✐ ③ ❡ r ✳ ✈♦❝❛❜✉❧❛r②❴ ✮

❞❡❧ ①❴tr❛✐♥❴❢✐ ❧❡♥❛♠❡s ✱ ①❴t❡st❴❢✐ ❧❡♥❛♠❡s ✱ ①❴✉♥❧❛❜❡❧❡❞❴❢✐ ❧❡♥❛♠❡s

✷✸✻ ★ ❈r❡❛t❡ ❛ ❧ ✐ s t ♦ ❢ ❧ ❛ ❜ ❡ ❧ ❡ ❞ ❝♦✉♥ts t♦ ✉s❡ ♦♥ t r ❛ ✐ ♥ ✐ ♥ ❣

✐ ♥ ❞ ✐ ❝ ❡ s ❂ ❬ ✐ ♥ t ✭♥♣ ✳ ❢ ❧ ♦ ♦ r ✭ ❝ ✮ ✮ ❢♦r ❝ ✐♥ ♥♣ ✳ ❧ ♦❣ s♣❛❝❡ ✭♥♣ ✳ ❝ ❡ ✐ ❧ ✭♥♣ ✳ ❧♦❣✷ ✭ ♥❴❝❛t ✮

✮ ✱ ♥♣ ✳ ❢ ❧ ♦ ♦ r ✭♥♣ ✳ ❧♦❣✷ ✭ ①❴tr❛✐♥ ✳ s❤❛♣❡ ❬ ✵ ❪ ✮ ✮ ✱ ✷✵ ✱ ❜❛s❡❂✷✮ ❪

♠❛①❴❧❛❜❡❧❡❞ ❂ ♥♣ ✳ s ♦ r t ✭ ❧ ✐ s t ✭ s ❡ t ✭ ✐ ♥ ❞ ✐ ❝ ❡ s ✮ ✮ ✮

★ ❊❛s❡ ❧ ❛ t ❡ ♥♦r♠❛ ❧ ✐ s❛ t ✐♦♥ ❜② ♠❛❦✐♥❣ ❛ ❧ ❧ ❡ ❧❡♠❡♥ts ✐♥ ❝♦✉♥ts ❧ ✐ s t

♠✉ ❧ t ✐ ♣ ❧ ❡ ♦ ❢ t❤❡ ❝ ❛ t ❡ ❣ ♦ r ✐ ❡ s ♥✉♠❜❡r

✷✹✶ ❢♦r ✐ ✐♥ r❛♥❣❡ ✭ ❧ ❡♥ ✭♠❛①❴❧❛❜❡❧❡❞ ✮ ✮ ✿

✇❤✐❧❡ ♠❛①❴❧❛❜❡❧❡❞ ❬ ✐ ❪ ✪ ♥❴❝❛t ✦❂ ✵ ✿

♠❛①❴❧❛❜❡❧❡❞ ❬ ✐ ❪ −❂ ✶

★ ❘❡♠♦✈❡ ❞✉ ♣ ❧ ✐ ❝ ❛ t ❡ s ❛♥❞ s♦ r t ✐ t ❛s❝❡♥❞✐♥❣

♠❛①❴❧❛❜❡❧❡❞ ❂ ♥♣ ✳ s ♦ r t ✭ ❧ ✐ s t ✭ s ❡ t ✭♠❛①❴❧❛❜❡❧❡❞ ✮ ✮ ✮

✷✹✻

♣r✐♥t ✬ ❚r❛ ✐♥ ✐♥❣ ✥ s✉♣♣♦rt ✿ ✬ ✱ ♠❛①❴❧❛❜❡❧❡❞

❢♦r ♠❛① ✐♥ ♠❛①❴❧❛❜❡❧❡❞ ✿

t✷ ❂ t✐♠❡ ✭ ✮

✷✺✶ ★ ●❡t ❛ ❜❛ ❧❛♥❝❡❞ t r ❛ ✐ ♥ ✐ ♥ ❣ s ❡ t ✇✐ t❤ ❛♥ ❡q✉❛ ❧ ❛♠♦✉t ♦ ❢ ❞♦❝s ♣❡r

❝❛ t❡❣♦r②

①❴tr❛✐♥❴ ✱ ②❴tr❛✐♥❴ ❂ ♥♦r♠❛❧ ✐ ③❡❴❝ ❧❛s s❴❢r❡qs ✭♠❛① ✱ ❝ ❛ t ❡ ❣♦ r ✐ ❡ s ✱ ①❴tr❛✐♥

✱ ②❴tr❛✐♥ ✮

♣r✐♥t ✬❉♦♥❡✥ ✭✪✵✳✸ ❢ s ✮ ✬ ✪ ✭ t✐♠❡ ✭ ✮ − t✷ ✮

t✷ ❂ t✐♠❡ ✭ ✮

✷✺✻ ❞♦❝s❴♣❡r❴❝❛t ❂ ♥♣ ✳ ❢ ❧ ♦ ♦ r ✭♠❛①✴ ❢ ❧ ♦ ❛ t ✭ ❧ ❡♥ ✭ ❝ ❛ t ❡ ❣ ♦ r ✐ ❡ s ✮ ✮ ✮

★ ▼❛❦❡ s✉r❡ ✐ t ✬ s ❜❛ ❧❛♥❝❡❞

♣r✐♥t ✬ ❙ t ❛ t ✐ s t ✐ ❝ s ✥ ❢ ♦ r ✥ t r ❛ ✐ ♥ ✐ ♥ ❣ ✥ ❧ ❛ ❜ ❡ ❧ s ✿ ✬ ✱ ✬❖❑✬ ✐ ❢ ❛ ❧ ❧ ✭ ❬ ② ❂❂

❞♦❝s❴♣❡r❴❝❛t ❢♦r ② ✐♥ ❈♦✉♥t❡r ✭ ②❴tr❛✐♥❴ ✮ ✳ ✈❛ ❧✉❡ s ✭ ✮ ❪ ✮ ❡❧s❡ ✬❇❛❞ ✬

❜❡♥❝❤♠❛r❦ ❂ ❜❡♥❝❤♠❛r❦❴❝r❡❛t❡ ✭ ①❴tr❛✐♥❴ ✱ ②❴tr❛✐♥❴ ✱ ①❴t❡st ✱ ②❴t❡st ✱

s ❝ ♦ r ❡ s ✮

✷✻✶

❤✶ ✭ ✮

♣r✐♥t ✬◆❇✥ t r ❛ ✐ ♥❂✪❞✥ t ❡ s t❂✪❞ ✬ ✪ ✭ ①❴tr❛✐♥❴ ✳ s❤❛♣❡ ❬ ✵ ❪ ✱ ①❴t❡st ✳ s❤❛♣❡ ❬ ✵ ❪ ✮

❤✷ ✭ ✮



❆♣ê♥❞✐❝❡ ❆ ✲✲ ❈ó❞✐❣♦ ❋♦♥t❡ ✸✼

✷✻✻ ❝❧❢❴♥❜ ❂ ▼✉❧t✐♥♦♠✐❛❧◆❇ ✭ ✮

②❴♣r❡❞ ❂ ❜❡♥❝❤♠❛r❦ ✭ ❝❧❢❴♥❜ ✱ ✬ ♥❜ ✬ ✮

♣r✐♥t ❝ ❧ ❛ s s ✐ ❢ ✐ ❝ ❛ t ✐ ♦ ♥❴ r ❡ ♣ ♦ r t ✭ ②❴t❡st ✱ ②❴♣r❡❞ ✱ t❛r❣❡t❴♥❛♠❡s❂❝❛ t ❡ ❣ ♦ r ✐ ❡ s

✮

♣r✐♥t ✬ ❆❝❝✉r❛❝②❂✪✳✸ ❢ ✬ ✪ ③❡r♦❴♦♥❡❴s❝♦r❡ ✭ ②❴t❡st ✱ ②❴♣r❡❞ ✮

✷✼✶ ❤✷ ✭ ✮

★ ❯♥❝♦♠♠❡♥t ♠❡ ✐ ❢ ②♦✉ ✇❛♥t t♦ ❝♦♠♣❛r❡ ✇✐ t❤ ❖♥❡−✈s−❘❡st

❝ ❧ ❛ s s ✐ ❢ ✐ ❝ ❛ t ✐ ♦ ♥ ❛♣♣r♦❛❝❤ ✳

★ ❚✐♣ ✿ ✐ t ✇ ✐ ❧ ❧ ♣ r♦❜❛❜ ❧ ② ❜❡ ❜ ❡ t t ❡ r t❤❛♥ ✉s✉❛ ❧ ◆❇ ❜✉t ✇♦rs❡ t❤❛♥ ◆❇✰

❊▼✳

★ ❤✶ ✭✮

✷✼✻ ★ ♣r ✐♥ t ✬◆❇ ❖❱❘ t r❛ ✐♥❂✪❞ t ❡ s t❂✪❞ ✬ ✪ ✭ ①❴tr❛✐♥❴ ✳ s❤❛♣❡ ❬ ✵ ❪ ✱ ①❴t❡s t ✳

s❤❛♣❡ ❬ ✵ ❪ ✮

★ ❤✷ ✭✮

★ ❝❧❢❴♥❜❴♦✈r ❂ ❖♥❡❱s❘❡st❈❧❛ss ✐ ❢ ✐ ❡ r ✭▼✉❧t✐♥♦♠✐❛❧◆❇ ✭✮ ✮

★ ②❴♣r❡❞ ❂ ❜❡♥❝❤♠❛r❦ ✭ ❝❧❢❴♥❜❴♦✈r ✱ ✬ ♥❜✰♦✈r ✬ ✮

✷✽✶

★ ♣r ✐♥ t ❝ ❧ ❛ s s ✐ ❢ ✐ ❝ ❛ t ✐ ♦ ♥❴ r ❡ ♣ ♦ r t ✭ ②❴t❡st ✱ ②❴♣r❡❞ ✱ t❛r❣❡t❴♥❛♠❡s❂

❝❛ t ❡ ❣ ♦ r ✐ ❡ s ✮

★ ♣r ✐♥ t ✬ ❆❝❝✉r❛❝②❂✪✳✸ ❢ ✬ ✪ ③❡r♦❴♦♥❡❴s❝♦r❡ ✭ ②❴t❡st ✱ ②❴♣r❡❞ ✮

★ ❤✷ ✭✮

✷✽✻ ❤✶ ✭ ✮

♣r✐♥t ✬◆❇✰❊▼✥ t r ❛ ✐ ♥❂✪❞✥ ✉♥❧❛❜❡ ❧❡❞❂✪❞✥ t ❡ s t❂✪❞ ✬ ✪ ✭ ①❴tr❛✐♥❴ ✳ s❤❛♣❡ ❬ ✵ ❪ ✱

①❴✉♥❧❛❜❡❧❡❞ ✳ s❤❛♣❡ ❬ ✵ ❪ ✱ ①❴t❡st ✳ s❤❛♣❡ ❬ ✵ ❪ ✮

❤✷ ✭ ✮

❝❧❢❴♥❜❴❡♠ ❂ ◆✐❣❛♠◆❇✭ ✮

✷✾✶

♣r✐♥t ✬ ■ ♥ ✐ t ✐ ❛ ❧ ✐ ③ ✐ ♥ ❣ ✥◆✐❣❛♠◆❇✥✇✐t❤✥✪❞✥ ❧ ❛❜ ❡ ❧ ❡❞ ✥❞♦❝s ✥ ✳ ✳ ✬ ✪ ✭ ①❴tr❛✐♥❴ ✳

s❤❛♣❡ ❬ ✵ ❪ ✮

★ ■ ♥ ✐ t ✐ ❛ ❧ ✐ ③ ❡ ✇✐ t❤ ❧ ❛ ❜ ❡ ❧ ❡ ❞ ❞♦❝✉♠❡♥ts

❝❧❢❴♥❜❴❡♠ ✳ ❢ ✐ t ✭ ①❴tr❛✐♥❴ ✱ ②❴tr❛✐♥❴ ✮

✷✾✻

★ ❈❛ ❧ ❝✉ ❧ ❛ t ❡ ✐ ♥ ✐ t ✐ ❛ ❧ ❜ r❡❛❦ ✐♥❣ ❝♦♥❞ ✐ t ✐ ♦♥

❧❛st❴ ❂ ❝❧❢❴♥❜❴❡♠ ✳ ❝♦♠♣❧❡t❡❴❧♦❣❴♠❡❛s✉r❡ ✭ ①❴tr❛✐♥❴ ✱ ②❴tr❛✐♥❴ ✮

♣r✐♥t ✬ ❙ t ❛ r t ✐ ♥❣ ✥ ❣♦♦❞♥❡ss ✿ ✥✪✳✸ ❢ ✬ ✪ ❧❛st❴



❆♣ê♥❞✐❝❡ ❆ ✲✲ ❈ó❞✐❣♦ ❋♦♥t❡ ✸✽

✸✵✶ ✐ t ❂ ✵

❜❡st❴s❝♦r❡ ❂ ◆♦♥❡

★ ❆♣♣❡♥❞ t❤❡ ✉♥ ❧ ❛ ❜ ❡ ❧ ❡ ❞ ❞♦❝✉♠❡♥ts t♦ t❤❡ ❧ ❛ ❜ ❡ ❧ ❡ ❞ ♦♥❡s

①❴tr❛✐♥❴♥❡✇ ❂ ❝sr❴♠❛tr✐① ✭ ✈st❛❝❦ ✭ ❬ ①❴tr❛✐♥❴ ✱ ①❴✉♥❧❛❜❡❧❡❞ ❪ ✮ ✮

✸✵✻

✇❤✐❧❡ ❚r✉❡ ✿

②❴✉♥❧❛❜❡❧❡❞❴♣r❡❞ ❂ ❝❧❢❴♥❜❴❡♠ ✳ ♣ r ❡❞ ✐ ❝ t ✭ ①❴✉♥❧❛❜❡❧❡❞ ✮

❤✸ ✭ ✮

✸✶✶ ♣r✐♥t ✬ ▲♦♦♣✥ ✐ t ❡ r ❛ t ✐ ♦ ♥❂✪❞ ✬ ✪ ✐ t

★ ❆♣♣❡♥❞ t❤❡ ✉♥ ❧ ❛ ❜ ❡ ❧ ❡ ❞ ♣ r ❡ ❞ ✐ ❝ t ✐ ♦ ♥ s t♦ t❤❡ ❦♥♦✇♥ ❧ ❛ ❜ ❡ ❧ s

②❴tr❛✐♥❴♥❡✇ ❂ ②❴tr❛✐♥❴ ✳ t ♦ ❧ ✐ s t ✭ ✮

②❴tr❛✐♥❴♥❡✇ ✳ ❡①t❡♥❞ ✭ ②❴✉♥❧❛❜❡❧❡❞❴♣r❡❞ ✳ t ♦ ❧ ✐ s t ✭ ✮ ✮

✸✶✻ ②❴tr❛✐♥❴♥❡✇ ❂ ♥♣ ✳ ❛rr❛② ✭ ②❴tr❛✐♥❴♥❡✇ ✮

♣r✐♥t ✬ ❋ ✐ t t ✐ ♥ ❣ ✥♥❡✇✥ ❝ ❧ ❛ s s ✐ ❢ ✐ ❡ r ✥✇✐t❤✥ ❥ ♦ ✐ ♥ t ✥ s ❡ t ✥▲❛❜❡❧❡❞✰❯♥❧❛❜❡❧❡❞ ✥

✳ ✳ ✬

❝❧❢❴♥❜❴❡♠❴t❡st ❂ ◆✐❣❛♠◆❇✭ ✮

❝❧❢❴♥❜❴❡♠❴t❡st ✳ ❢ ✐ t ✭ ①❴tr❛✐♥❴♥❡✇ ✱ ②❴tr❛✐♥❴♥❡✇ ✮

✸✷✶

♣r✐♥t ✬ ❈❛ ❧ ❝✉ ❧ ❛ t ✐♥❣ ✥ ❣♦♦❞♥❡ss ✳ ✳ ✬

❝✉r❴s❝♦r❡ ❂ ❢✶❴r❡❝❴♣r❡❝❴❛❝❝ ✭ ②❴t❡st ✱ ❝❧❢❴♥❜❴❡♠❴t❡st ✳ ♣ r ❡❞ ✐ ❝ t ✭

①❴t❡st ✮ ✮

♥❡✇❴ ❂ ❝❧❢❴♥❜❴❡♠❴t❡st ✳ ❝♦♠♣❧❡t❡❴❧♦❣❴♠❡❛s✉r❡ ✭ ①❴tr❛✐♥❴♥❡✇ ✱

②❴tr❛✐♥❴♥❡✇ ✮

❝❤❛♥❣❡ ❂ ♥❡✇❴ − ❧❛st❴

✸✷✻

♣r✐♥t ✬ ●♦♦❞♥❡ss✥ s ❝ ♦ r ❡ s ✿ ✥ ❛❝❝❂✪✵✳✸ ❢ ✥ ❢ ✶❂✪✳✸ ❢ ✥ r ❡❝❂✪✳✸ ❢ ✥ ♣r❡❝❂✪✳✸ ❢ ✬ ✪

❝✉r❴s❝♦r❡

♣r✐♥t ✬❏▲▲✥ s ❝♦ r ❡ ✿ ✥✪s ✥ ✭ ❝❤❛♥❣❡❂✪✳✸ ❢ ✮ ✬ ✪ ✭ ✬●❖❖❉✬ ✐ ❢ ❝❤❛♥❣❡ ❃❂ ✵✳✵

❡❧s❡ ✬❇❆❉✬ ✱ ❝❤❛♥❣❡ ✮

✐ ❢ ❜❡st❴s❝♦r❡ ✐ s ◆♦♥❡ ✿

✸✸✶ ❜❡st❴s❝♦r❡ ❂ ❝✉r❴s❝♦r❡

❡ ❧ ✐ ❢ ♥♦t ✐ s❴s❝♦r❡❴❜❡tt❡ r ✭ ❝✉r❴s❝♦r❡ ✱ ❜❡st❴s❝♦r❡ ✮ ✿

♣r✐♥t ✬◆❡✇✥ s ❝♦ r ❡ ✥ ✐ s ✥✇♦rs❡ ✥ t❤❛♥✥ ❧ ❛ s t ✳ ✳ ✬

★ ❋■❳▼❊✿ ❡♠♣ ✐ r ✐ ❝ ❛ ❧ ❧ ② ✇❡ ❞ ✐ s ❝♦✈❡ r❡❞ t ❤❛ t ❜ ❛ ✐ ❧ ✐ ♥ ❣ ♦♥ t❤❡

❢ ✐ r s t ❜❛❞ s❝♦r❡

★ ✐ s ❛ ❣♦♦❞ ❛♣♣r♦❛❝❤ ✱ s ✐♥❝❡ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦ ❢ t❤❡ ❧ ♦ ❣

♣ r ♦ ❜ ❛ ❜ ✐ ❧ ✐ t ②



❆♣ê♥❞✐❝❡ ❆ ✲✲ ❈ó❞✐❣♦ ❋♦♥t❡ ✸✾

✸✸✻ ★ ♥♦t ❛❧✇❛②s ❧ ❡❛❞ t♦ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦ ❢ t❤❡ ♠❡tr ✐❝ s ✭❘❡❝ ✳ ✱

Pr❡❝ ✳ ✱ ❆❝❝ ✳ ✮ ✳

★ ❚❤✐s ♠❡❛♥s t ❤❛ t ❜ ❛ ✐ ❧ ✐ ♥ ❣ ♦♥ ❛ ❜❛❞ s❝♦r❡ ✐ s ❛ ❣♦♦❞ ❛♣r♦❛❝❤

❢ ♦ r ❛❝❤ ✐ ❡ ✈ ✐♥❣

★ ❣r ❡❛ t ❡ r ♣❡r❢♦r♠❛♥❝❡ ✳ ❯♥❝♦♠♠❡♥t t❤❡ ❢ ♦ ❧ ❧ ♦✇ ✐ ♥ ❣ ❧ ✐ ♥ ❡ ❢ ♦ r

t ❤❛ t ✳

★❜r❡❛❦

✸✹✶

❝❧❢❴♥❜❴❡♠ ❂ ❝❧❢❴♥❜❴❡♠❴t❡st

★ ❇❛✐ ❧ ✇❤❡♥ ❝❤❛♥❣❡ ♦♥ ❧ ♦ ❣ ♣r♦❜ ✳ ✐ s s♠❛ ❧ ❧ ❡♥♦✉❣❤ ✳ ❚✇❡❛❦✐♥❣ t ❤ ✐ s

t ❤ r ❡ s ❤ ♦ ❧ ❞ ♠❛②

★ ❧❡❛❞ t♦ ❜ ❡ t t ❡ r r ❡ s ✉ ❧ t s ✳

✸✹✻ ✐ ❢ ♥♣ ✳ ❛❜s ✭ ❝❤❛♥❣❡ ✮ ❁ ✵ ✳ ✶ ✿

♣r✐♥t ✬ ❈❤❛♥❣❡✥♦♥✥❏▲▲✥ ✐ s ✥❡♥♦✉❣❤ ✱ ✥❜②❡ ✬

❜r❡❛❦

❧❛st❴ ❂ ♥❡✇❴

✸✺✶ ✐ t ✰❂ ✶

s ❝ ♦ r ❡ s ❬ ✬ ❢ ✶ ✬ ❪ ✳ s ❡ t ❞ ❡ ❢ ❛ ✉ ❧ t ✭ ✬ ♥❜✰❡♠ ✬ ✱ ❬ ❪ ✮ ✳ ❛♣♣❡♥❞ ✭ ❝✉r❴s❝♦r❡ ❬ ✵ ❪ ✮

s ❝ ♦ r ❡ s ❬ ✬ r ❡ ❝ ✬ ❪ ✳ s ❡ t ❞ ❡ ❢ ❛ ✉ ❧ t ✭ ✬ ♥❜✰❡♠ ✬ ✱ ❬ ❪ ✮ ✳ ❛♣♣❡♥❞ ✭ ❝✉r❴s❝♦r❡ ❬ ✶ ❪ ✮

s ❝ ♦ r ❡ s ❬ ✬ ♣r❡❝ ✬ ❪ ✳ s ❡ t ❞ ❡ ❢ ❛ ✉ ❧ t ✭ ✬ ♥❜✰❡♠ ✬ ✱ ❬ ❪ ✮ ✳ ❛♣♣❡♥❞ ✭ ❝✉r❴s❝♦r❡ ❬ ✷ ❪ ✮

✸✺✻ s ❝ ♦ r ❡ s ❬ ✬ ❛❝❝ ✬ ❪ ✳ s ❡ t ❞ ❡ ❢ ❛ ✉ ❧ t ✭ ✬ ♥❜✰❡♠ ✬ ✱ ❬ ❪ ✮ ✳ ❛♣♣❡♥❞ ✭ ❝✉r❴s❝♦r❡ ❬ ✸ ❪ ✮

♣r✐♥t

♣r✐♥t ✬ ❋ ✐♥❛ ❧ ✥ ❣♦♦❞♥❡ss ✥ s ❝♦ r ❡ ✿ ✥ ❛❝❝❂✪✵✳✸ ❢ ✥ ❢ ✶❂✪✳✸ ❢ ✥ r ❡❝❂✪✳✸ ❢ ✥ ♣r❡❝❂✪✳✸ ❢ ✬

✪ ❝✉r❴s❝♦r❡

♣r✐♥t ❝ ❧ ❛ s s ✐ ❢ ✐ ❝ ❛ t ✐ ♦ ♥❴ r ❡ ♣ ♦ r t ✭ ②❴t❡st ✱ ❝❧❢❴♥❜❴❡♠ ✳ ♣ r ❡❞ ✐ ❝ t ✭ ①❴t❡st ✮ ✱

t❛r❣❡t❴♥❛♠❡s❂❝ ❛ t ❡ ❣ ♦ r ✐ ❡ s ✮

✸✻✶

❤✷ ✭ ✮

♣r✐♥t ✬ ❚❡sts ✥ ❢ ♦ r ✥❦❂✪❞✥ t♦♦❦✥✪✵✳✸ ❢ s ✬ ✪ ✭♠❛① ✱ t✐♠❡ ✭ ✮ − t✷ ✮

✸✻✻ ♣r✐♥t ✬ ❆ ❧ ❧ ✥ t ❡ s t s ✥ t♦♦❦✥✪✵✳✸ ❢ s ✬ ✪ ✭ t✐♠❡ ✭ ✮ − t✵ ✮

r❡t✉r♥ s ❝ ♦ r ❡ s

✐ ❢ ❧ ❡♥ ✭ s②s ✳ ❛r❣✈ ✮ ✦❂ ✷ ✿

✸✼✶ ★ ❘❡♣❡❛t t❤❡ ♣r♦❝❡❞✉r❡ ✺ t ✐♠❡s ✭✺− ❢ ♦ ❧ ❞ ✮

s ❝ ♦ r ❡ s ❂ ❬ ♣r♦❝❡❞✉r❡ ✭ ✮ ❢♦r ✐ ✐♥ r❛♥❣❡ ✭✺ ✮ ❪



❆♣ê♥❞✐❝❡ ❆ ✲✲ ❈ó❞✐❣♦ ❋♦♥t❡ ✹✵

★ ❈♦♠♣✉t❡ t❤❡ s❝♦r❡ s ✬ ❛✈❡r❛❣❡

s ❝ ♦ r ❡ s ❂ s❝♦r❡❴❛✈❣ ✭ s ❝ ♦ r ❡ s ✮

✸✼✻

♣r✐♥t ✬ ❙❛✈✐♥❣✥ t♦ ✥ ❢ ✐ ❧ ❡ ✥✪s ✬ ✪ ❞ ❛ t ❛ ❢ ✐ ❧ ❡

♣ ✐ ❝ ❦ ❧ ❡ ✳ ❞✉♠♣✭④ ✬ s ❝ ♦ r ❡ s ✬ ✿ s ❝♦ r❡ s ✱ ✬ ❢ ❡ ❛ t ✉ r ❡ s ✬ ✿ ♠❛①❴❧❛❜❡❧❡❞ ⑥ ✱ ♦♣❡♥ ✭ ❞ ❛ t ❛ ❢ ✐ ❧ ❡ ✱

✬✇✰✬ ✮ ✮

❡ ❧ ✐ ❢ s②s ✳ ❛r❣✈ ❬ ✶ ❪ ❂❂ ✬−− ❧ ❛ s t ✬ ✿

❞❛t❛ ❂ ♣ ✐ ❝ ❦ ❧ ❡ ✳ ❧♦❛❞ ✭ ♦♣❡♥ ✭ ❞ ❛ t ❛ ❢ ✐ ❧ ❡ ✱ ✬ r ✬ ✮ ✮

✸✽✶ s ❝ ♦ r ❡ s ❂ ❞❛t❛ ❬ ✬ s ❝ ♦ r ❡ s ✬ ❪

♠❛①❴❧❛❜❡❧❡❞ ❂ ❞❛t❛ ❬ ✬ ❢ ❡ ❛ t ✉ r ❡ s ✬ ❪

❢ ♦♥t ❂ ④ ✬ s ✐ ③ ❡ ✬ ✿ ✶✷⑥

✸✽✻ ♣ ❧ ✳ r❝ ✭ ✬ ❢ ♦♥t ✬ ✱ ∗∗ ❢ ♦♥t ✮

♣ ❧ ✳ ❢ ✐ ❣ ✉ r ❡ ✭ ✮

♣ ❧ ✳ ❣ r ✐ ❞ ✭❚r✉❡ ✮

♣ ❧ ✳ t ✐ t ❧ ❡ ✭ ✬❋✶ ✱ ✥ ❘❡❝❛ ❧ ❧ ✥✫✥ Pr ❡ ❝ ✐ s ✐ ♦♥ ✬ ✮

✸✾✶ ❢✶ ❂ ♣❧ ✳ s✉❜♣ ❧♦t ✭✹✶✶✮

r ❡❝ ❂ ♣❧ ✳ s✉❜♣ ❧♦t ✭✹✶✷✮

♣r❡❝ ❂ ♣❧ ✳ s✉❜♣❧♦t ✭✹✶✸✮

❛❝❝ ❂ ♣❧ ✳ s✉❜♣❧♦t ✭✹✶✹✮

✸✾✻

❞❡❢ s❡t✉♣❴❣r❛♣❤ ✭ ❣ ✮ ✿

❣ ✳ ❧ ❡❣❡♥❞ ✭ ❧ ♦ ❝❂✬ ❧♦✇❡r ✥ r ✐ ❣❤ t ✬ ✱ ♣r♦♣❂❢♦♥t ✮

❣ ✳ s ❡ t❴① ❧❛❜❡ ❧ ✭ ✬◆✉♠❡r♦✥❞❡✥❞♦❝✉♠❡♥t♦s✥♠❛r❝❛❞♦s ✬ ✮

❣ ✳ t✐❝❦❴♣❛r❛♠s ✭ ❛① ✐ s❂✬ ❜♦t❤ ✬ ✱ ✇❤✐❝❤❂✬♠❛❥♦r ✬ ✱ ❧ ❛ ❜ ❡ ❧ s ✐ ③ ❡ ❂✶✵✮

✹✵✶ ❣ ✳ t✐❝❦❴♣❛r❛♠s ✭ ❛① ✐ s❂✬ ❜♦t❤ ✬ ✱ ✇❤✐❝❤❂✬♠✐♥♦r ✬ ✱ ❧ ❛ ❜ ❡ ❧ s ✐ ③ ❡ ❂✼✮

❣ ✳ ①❛① ✐ s ✳ s❡t❴♠❛❥♦r❴❢♦r♠❛tt❡r ✭ ♣ ❧ ✳ ❋✉♥❝❋♦r♠❛tt❡r ✭❧❛♠❜❞❛ ① ✱ ♣♦s ✿ ✬✪✶✐ ✬ ✪ ①✮ ✮
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❣ ✳ s❡t❴①❧✐♠ ✭①♠✐♥❂✵✱ ①♠❛①❂♠❛①✭♠❛①❴❧❛❜❡❧❡❞ ✮ ∗✶ ✳ ✶ ✮

❣ ✳ s❡t❴②❧✐♠ ✭②♠✐♥❂✵✳✵ ✱ ②♠❛①❂✶✳✵✮

✹✵✻

♣ ❧ ♦ t ❛ r ❣ s ❂ ④ ✬ ♠❛r❦❡rs ✐ ③❡ ✬ ✿ ✸⑥

❢✶ ✳ s ❡ t❴② ❧❛❜❡ ❧ ✭ ✬❋✶ ✬ ✮

❢ ✶ ✳ s❡♠✐ ❧♦❣① ✭♠❛①❴❧❛❜❡❧❡❞ ✱ s ❝ ♦ r ❡ s ❬ ✬ ❢ ✶ ✬ ❪ ❬ ✬ ♥❜✰❡♠ ✬ ❪ ✱ ✬−♦❦ ✬ ✱ ❧ ❛ ❜ ❡ ❧❂✬◆❇✰❊▼✬ ✱ ∗∗

♣ ❧ ♦ t ❛ r ❣ s ✮
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