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❛ ❝r❡s❝❡r ❛❝❛❞❡♠✐❝❛♠❡♥t❡✳ ❆ ♣r♦❢❡ss♦r❛ ❈é❧✐❛ ♣♦r ❛❝❡✐t❛r ♦ ❝♦♥✈✐t❡ ❞❡ ♣❛rt✐❝✐♣❛r ❞❛

❜❛♥❝❛✳

❆ ❯❋❈● ❡ ❛♦ ❈❆P❊❙ ♣❡❧❛ ❝♦♥❝❡ssã♦ ❞❡ ❜♦❧s❛s ❝♦♠ ❛s q✉❛✐s ❝♦♥s❡❣✉✐ ♠❡ ♠❛♥t❡r

❡ ❝♦♥t✐♥✉❛r ❝♦♠ ♦s ♠❡✉s ❡st✉❞♦s✳ P♦rt❛♥t♦ ❛❣r❛❞❡ç♦✱ ❛ t♦❞♦s q✉❡ ❝♦♥tr✐❜✉ír❛♠ ❡ ♠❡

❛♣♦✐❛r❛♠ ❞❡ ♠❛♥❡✐r❛ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛✱ ♦ ♠❡✉ ♠✉✐t♦ ♦❜r✐❣❛❞♦✳

✈✐



❙✉♠ár✐♦

✵✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶ ❊s♣❛ç♦s ▼étr✐❝♦s ✸

✶✳✶ ❊s♣❛ç♦s ▼étr✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶✳✷ ❉♦✐s ❡①❡♠♣❧♦s ✐♠♣♦rt❛♥t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✸ ❈♦♥❥✉♥t♦ ❛❜❡rt♦✱ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❡ ✈✐③✐♥❤❛♥ç❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✹ ❈♦♥✈❡r❣ê♥❝✐❛ ❡ ❙❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✺ ❊①❡♠♣❧♦s ❞❡ ❡s♣❛ç♦s ♠étr✐❝♦s ❝♦♠♣❧❡t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✻ ❊①❡♠♣❧♦s ❞❡ ❡s♣❛ç♦s ♠étr✐❝♦s ✐♥❝♦♠♣❧❡t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✷ ❊s♣❛ç♦s ❱❡t♦r✐❛✐s ◆♦r♠❛❞♦s ✶✽

✷✳✶ ❊s♣❛ç♦ ✈❡t♦r✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✷ ❊s♣❛ç♦s ♥♦r♠❛❞♦s✱ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✸ ❊s♣❛ç♦s ♥♦r♠❛❞♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✸ ▲❡♠❛ ❞❡ ❘✐❡s③ ✷✼

✸✳✶ ❇✐♦❣r❛✜❛ ❞❡ ❋✳ ❘✐❡s③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✸✳✷ ❈♦♠♣❛❝✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✸ ▲❡♠❛ ❞❡ ❘✐❡s③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✹ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✸✸

❘❡❢❡rê♥❝✐❛s ✸✹



✵✳✶ ■♥tr♦❞✉çã♦

❙❡❣✉♥❞♦ ❬✾❪✱ ❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ é ✉♠❛ r✐❝❛ ❢✉sã♦ ❞❡ ❝♦♥❝❡✐t♦s ❞❡ ➪❧❣❡❜r❛ ▲✐♥❡❛r✱

❆♥á❧✐s❡ ❡ ❚♦♣♦❧♦❣✐❛✱ ❝♦♠ ❞❡st❛q✉❡ ♣❛r❛ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳ ❊♠

❬✶❪✱ ❞❡st❛❝❛✲s❡ q✉❡ ❛ ➪❧❣❡❜r❛ ▲✐♥❡❛r é ✉♠❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❛♦

♠❡s♠♦ t❡♠♣♦ q✉❡ ❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ é ✉♠❛ ➪❧❣❡❜r❛ ▲✐♥❡❛r ❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳ ■ss♦

♥♦s ♠♦str❛ q✉❡ ❛ ♣❛ss❛❣❡♠ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♣❛r❛ ✐♥✜♥✐t❛ tr❛③ ✐♥ú♠❡r♦s r❡s✉❧t❛❞♦s

✐♥t❡r❡ss❛♥t❡s✳ ❊♥tr❡ ❡ss❡s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ❡stá ♦ ▲❡♠❛ ❞❡ ❘✐❡s③✱ ♦ q✉❛❧ ♣❡r♠✐t❡

❝❛r❛❝t❡r✐③❛r ❡s♣❛ç♦s ♥♦r♠❛❞♦s ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳

❊s♣❛ç♦s ♥♦r♠❛❞♦s ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ r❡♣r❡s❡♥t❛♠ ✉♠❛ ♣❛rt❡ ❞❡ ❡①tr❡♠❛ r❡✲

❧❡✈â♥❝✐❛ ♥❛ t❡♦r✐❛ ❞❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✳ ◆❛ ♣rát✐❝❛✱ r❛r❛♠❡♥t❡ ✈❡r✐✜❝❛♠♦s q✉❡ ✉♠

❡s♣❛ç♦ ✈❡t♦r✐❛❧ t❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ❡①✐❜✐♥❞♦ ✉♠❛ ❞❡ s✉❛s ❜❛s❡s✳ ◆❛ ✈❡r❞❛❞❡✱ ♠✉✐t♦

r❛r❛♠❡♥t❡ ♣♦❞❡♠♦s ❡①✐❜✐r ✉♠❛ ❜❛s❡ ❞❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ ❬✷❪✳ ◆❡st❡

s❡♥t✐❞♦✱ ❛ r❡❧❡✈â♥❝✐❛ ❞♦ ▲❡♠❛ ❞❡ ❘✐❡s③ é ♥♦tór✐❛✱ ♠❛s ❡st❡ r❡s✉❧t❛❞♦ ❡ s✉❛s ❛♣❧✐❝❛çõ❡s

sã♦ ✉s❛❞♦s ❞❡ ❢♦r♠❛ ❣❡♥❡r❛❧✐③❛❞❛ ♥❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✱ ♠✉✐t❛s ✈❡③❡s ✉s❛❞♦s s❡♠ s❡r❡♠

♠❡♥❝✐♦♥❛❞♦s ❡①♣❧✐❝✐t❛♠❡♥t❡✳

◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ✐♥tr♦❞✉çã♦ ❛♦s ❝♦♥❝❡✐t♦s✱ ♣r♦♣r✐❡❞❛❞❡s ❡ ❛❧❣✉♥s

r❡s✉❧t❛❞♦s ❞❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ❝♦♠ ♦ ❢♦❝♦ ♥♦ ▲❡♠❛ ❞❡ ❘✐❡s③✳

◆♦ ❝❛♣ít✉❧♦ ✶ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❞❡ ❊s♣❛ç♦s ▼étr✐❝♦s✱ t❛✐s ❝♦♠♦✱

♠étr✐❝❛✱ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✱ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✱ ✈✐③✐♥❤❛♥ç❛✱ ❝♦♥✈❡r❣ê♥❝✐❛✱ s❡q✉ê♥❝✐❛s ❞❡

❈❛✉❝❤②✳ ❊s♣❛ç♦s ♠étr✐❝♦s ❝♦♠♣❧❡t♦s ❡ ✐♥❝♦♠♣❧❡t♦s✳

◆♦ ❝❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛♠♦s ❊s♣❛ç♦s ◆♦r♠❛❞♦s✱ ❇❛♥❛❝❤ ❡ r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦

❡st❡s ❡s♣❛ç♦s✳ ❊st❡s r❡s✉❧t❛❞♦s sã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❞❡♠♦♥str❛r♠♦s ♦ ♥♦ss♦ ♣r✐♥❝✐♣❛❧

r❡s✉❧t❛❞♦ ❞❡st❡ tr❛❜❛❧❤♦✳

◆♦ ❝❛♣ít✉❧♦ ✸ ❛♣r❡s❡♥t❛♠♦s ❛ ❜✐♦❣r❛✜❛ ❞❡ ❋✳ ❘✐❡s③✱ ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s s♦❜r❡

❝♦♠♣❛❝✐❞❛❞❡ ❡ ✜♥❛❧♠❡♥t❡ ❡♥✉♥❝✐❛♠♦s ❡ ♠♦str❛♠♦s ♦ ❧❡♠❛ ❞❡ ❘✐❡s③✱ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦

❞❡st❡ tr❛❜❛❧❤♦✳

❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❝❛♣ít✉❧♦ ✹ ❛♣r❡s❡♥t❛♠♦s ❛s ❝♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s✳

✷



❈❛♣ít✉❧♦ ✶

❊s♣❛ç♦s ▼étr✐❝♦s

❆♣r❡s❡♥t❛r❡♠♦s ♥❡st❡ ❝❛♣ít✉❧♦ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ♣❛r❛ ♦

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡ ❝♦♠♣r❡❡♥sã♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ■♥✐❝✐❛♠♦s ❡st✉❞❛♥❞♦ ♦s ❡s♣❛ç♦s ♠é✲

tr✐❝♦s✳ ❊st❡s sã♦ ❢✉♥❞❛♠❡♥t❛✐s ♥❛ ❛♥á❧✐s❡ ❢✉♥❝✐♦♥❛❧✱ ♣♦rq✉❡ ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧

s❡♠❡❧❤❛♥t❡ ❛♦ q✉❡ ♦s ♥ú♠❡r♦s r❡❛✐s tê♠ ♥♦ ❝á❧❝✉❧♦✳ P❛r❛ ✈❡r ✉♠ ❡st✉❞♦ ♠❛✐s ❞❡t❛❧❤❛❞♦✱

❝♦♥s✉❧t❛r ❛s r❡❢❡rê♥❝✐❛s ❬✺❪✱ ❬✽❪✱ ❬✹❪✳

✶✳✶ ❊s♣❛ç♦s ▼étr✐❝♦s

❉❡✜♥✐çã♦ ✶✳✶✳✶ ❯♠ ❡s♣❛ç♦ ♠étr✐❝♦ é ✉♠ ♣❛r (X, d)✱ ♦♥❞❡ X é ✉♠ ❝♦♥❥✉♥t♦ ❡ d é

✉♠❛ ♠étr✐❝❛ ❡♠ X ✭♦✉ ❢✉♥çã♦ ❞❡ ❞✐stâ♥❝✐❛ ❡♠ X✮✱ ✐st♦ é✱ ✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ❡♠

X ×X t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ x✱ y✱ z ∈ X✿

✭▼✶✮ d é ✉♠❛ ❢✉♥çã♦ ❝♦♠ ✈❛❧♦r❡s r❡❛✐s✱ ✜♥✐t♦s ❡ ♥ã♦ ♥❡❣❛t✐✈♦s❀

✭▼✷✮ d(x, y) = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡ x = y❀

✭▼✸✮ d(x, y) = d(y, x)❀ ✭ ❙✐♠❡tr✐❛ ✮

✭▼✹✮ d(x, y) ≤ d(x, z) + d(z, y)✳ ✭❉❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✮

❖s ❡❧❡♠❡♥t♦s ❞❡ X sã♦ ❞❡s✐❣♥❛❞♦s ❝♦♠♦ ♣♦♥t♦s✳ P❛r❛ x ❡ y ✜①♦s✱ ❝❤❛♠❛♠♦s ❛♦

♥ú♠❡r♦ ♥ã♦ ♥❡❣❛t✐✈♦ d(x, y) ❛ ❞✐stâ♥❝✐❛ ❞❡ x ❛ y✳ ❆s ♣r♦♣r✐❡❞❛❞❡s (M1) ❛ (M4) sã♦ ♦s

❛①✐♦♠❛s ❞❛ ♠étr✐❝❛ r❡❢❡r✐❞❛✳ ❆ ❞❡s✐❣♥❛çã♦ ✧❉❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✧é ♠♦t✐✈❛❞❛ ♣♦r

✉♠ ❝♦♥❝❡✐t♦ ❣❡♦♠étr✐❝♦✿ ♥♦ ♣❧❛♥♦ ❊✉❝❧✐❞✐❛♥♦✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠ ❞♦s ❧❛❞♦s ❞❡ ✉♠

tr✐â♥❣✉❧♦ ♥ã♦ ❡①❝❡❞❡ ❛ s♦♠❛ ❞♦s ♦✉tr♦ ❞♦✐s✳



❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❡s♣❛ç♦s ♠étr✐❝♦s

❊①❡♠♣❧♦ ✶✳✶✳✷ ✭ ❘❡t❛ r❡❛❧ R✮ ❈♦♥s✐❞❡r❡ ❛ ♠étr✐❝❛ ✉s✉❛❧

d(x, y) = |x− y|.

♦♥❞❡ x, y ∈ R✳ P❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✈❛❧♦r ❛❜s♦❧✉t♦ ❛s ❝♦♥❞✐çõ❡s (M1) − (M4) sã♦

✈❡r✐✜❝❛❞❛s✳ ▲♦❣♦✱ (R, d) é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦✳

❊①❡♠♣❧♦ ✶✳✶✳✸ ✭ ❊s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ Rn✮ ❉❛❞♦s x✱ y ∈ Rn✱ ❝♦♠ x = (x1, x2, · · · , xn)

❡ y = (y1, y2, · · · , yn) ❞❡✜♥✐♠♦s ❛ ♠étr✐❝❛ ❡✉❝❧✐❞✐❛♥❛ ❝♦♠ s❡♥❞♦

d(x, y) =
√

(x1 − y1)2 + · · ·+ (xn − yn)2 =

√

√

√

√

n
∑

i=1

(xi − yi)
2.

P❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ♠étr✐❝❛✱ ❛s ♣r♦♣r✐❡❞❛❞❡s (M1) − (M3) sã♦ ✈❡r✐✜❝❛❞❛s✳ P❛r❛

♠♦str❛r (M4) ♣r❡❝✐s❛♠♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ♥♦ Rn ❝✉❥♦ ❡♥✉♥❝✐❛❞♦ é

♦ s❡❣✉✐♥t❡✿ s❡ x1, · · · , xn ❡ y1, · · · , yn sã♦ ♥ú♠❡r♦s r❡❛✐s ❛r❜✐trár✐♦s✱ ❡♥tã♦

n
∑

i=1

|xi · yi| ≤
(

n
∑

i=1

xi
2

)
1

2

·
(

n
∑

i=1

yi
2

)
1

2

✭✶✳✶✮

♥♦t❡ q✉❡ ❞❛❞♦s r, s ∈ R é ✈á❧✐❞♦ ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡

2rs ≤ r2 + s2.

❉❛í s❡✱

r =
√

(x1)2 + · · ·+ (xn)2

❡

s =
√

(y1)2 + · · ·+ (yn)2.

t❡♠♦s q✉❡✱

2 · |xi|
r

· |yi|
s

≤ x2
i

r2
+

y2i
s2

♣❛r❛ q✉❛❧q✉❡r i✱ ❝♦♠ 1 ≤ i ≤ n. ❙❡ s♦♠❛r♠♦s ❡♠ r❡❧❛çã♦ ❛♦ í♥❞✐❝❡ i✱ ♦❜t❡♠♦s

2

r · s ·
n
∑

i=1

|xi · yi| ≤ 1 + 1

♣♦rt❛♥t♦

n
∑

i=1

|xi · yi| ≤ r · s =
√

(x1)2 + · · ·+ (xn)2 ·
√

(y1)2 + · · ·+ (yn)2,

q✉❡ é ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✳

✹



❉❡st❛ ❢♦r♠❛ ♣♦❞❡♠♦s ✉s❛r ❛ s❡❣✉✐♥t❡ ✐❞❡♥t✐❞❛❞❡✿

[d(x, y)]2 =
n
∑

i=1

(xi − yi)
2

=
n
∑

i=1

(xi − zi + zi + yi)
2

=
n
∑

i=1

(xi − zi)
2 + 2

n
∑

i=1

(xi − zi) · (zi − yi) +
n
∑

i=1

(zi − yi)
2

≤
n
∑

i=1

(xi − zi)
2 + 2

[

n
∑

i=1

(xi − zi)
2

]
1

2

·
[

n
∑

i=1

(zi − yi)
2

]
1

2

+
n
∑

i=1

(zi − yi)
2

=

[

n
∑

i=1

(xi − zi)
2

]

+

[

n
∑

i=1

(zi − yi)
2

]

= [d(x, z)]2 + [d(z, y)]2.

P♦rt❛♥t♦✱

d(x, y) ≤ d(x, z) + d(z, y).

❊①❡♠♣❧♦ ✶✳✶✳✹ ✭❆ ♠étr✐❝❛ ③❡r♦✲✉♠✮ ◗✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ▼ é ✉♠ ❡s♣❛ç♦

▼étr✐❝♦✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r ❛ ♠étr✐❝❛✿

d(x, y) =







0, s❡ x = y

1, s❡ x 6= y

✭▼✶✮ d(x, y) ≥ 0✳ ❉❡ ❢❛t♦✱ s❡ x = y t❡♠♦s

d(x, y) = 0

❡ s❡ x 6= y ♦❜t❡♠♦s

d(x, y) = 1.

✭▼✷✮ ❙❡ d(x, y) = 0 ❡♥tã♦ x = y.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ x = y✱ t❡♠✲s❡

d(x, y) = 0.

✭▼✸✮ P❛r❛ x = y✱ t❡♠♦s

d(x, y) = 0 = d(y, x).

❙❡❥❛ x 6= y✱ s❡❣✉❡ q✉❡

d(x, y) = 1 = d(y, x).

✺



✭▼✹✮ P❛r❛ ✈❡r✐✜❝❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✱ ♣r❡❝✐s❛r❡♠♦s ❝♦♥s✐❞❡r❛r três ❝❛s♦s✳

✭❈❛s♦ ✶✮✿

x 6= y 6= z

✐♠♣❧✐❝❛ ❡♠

d(x, z) ≤ d(x, y) + d(y, z)

♣♦✐s

d(x, z) = 1

d(x, y) = 1

d(y, z) = 1,

❞❡ss❛ ❢♦r♠❛

1 ≤ 1 + 1.

✭❈❛s♦ ✷✮ ❙❡ x = y = z.

❚❡♠♦s q✉❡

d(x, z) ≤ d(x, y) + d(y, z)

♣♦✐s

d(x, z) = 0

d(x, y) = 0

d(y, z) = 0

❛ss✐♠✱

0 ≤ 0 + 0.

✭❈❛s♦ ✸✮ P❛r❛ x = y, x 6= z, y 6= z.

❙❡❣✉❡ q✉❡

d(x, z) ≤ d(x, y) + d(y, z).

❞❡ ♠❛♥❡✐r❛ q✉❡✿

d(x, z) = 1

d(x, y) = 0

d(y, z) = 1.

♣♦rt❛♥t♦

1 ≤ 0 + 1.

❊①❡♠♣❧♦ ✶✳✶✳✺ ✭❊s♣❛ç♦ ❞❛s s❡q✉ê♥❝✐❛s l∞✮ ❙❡❥❛ X ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s❡q✉ê♥✲

❝✐❛s ❧✐♠✐t❛❞❛s ❞❡ ♥ú♠❡r♦s r❡❛✐s✱ ♦✉ s❡❥❛✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ X é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

♥ú♠❡r♦s r❡❛✐s ♦♥❞❡✱

x = (ξ1, ξ2, · · · )

✻



♦✉

x = (ξj),

❞❡ ♠♦❞♦ q✉❡ ♣❛r❛ t♦❞♦ j = 1, 2, · · · t❡♠♦s

|ξj| ≤ cx

♦♥❞❡ cx é ✉♠ ♥ú♠❡r♦ r❡❛❧ q✉❡ ❞❡♣❡♥❞❡ ❞❡ x ♠❛s ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ j✳ ❱❛♠♦s ❞❡✜♥✐r ❛

♠étr✐❝❛ ❝♦♠♦ s❡♥❞♦

d(x, y) = sup
j∈N

|ξj − ηj|,

♦♥❞❡ y = (ηj) ∈ X ❡ N = (1, 2, · · · ) ♦♥❞❡ ♦ s✉♣r❡♠♦ é ❞❡♥♦t❛❞♦ ❝♦♠♦ sup .

❆s ♣r♦♣r✐❡❞❛❞❡s (M1)− (M4) sã♦ ❢❛❝✐❧♠❡♥t❡ ✈❡r✐✜❝á✈❡✐s✳

✭▼✶✮ ◆♦t❡ q✉❡

|ξj − ηj| ≥ 0 , ∀ j ∈ N,

♦✉ s❡❥❛✱

sup
j∈N

|ξj − ηj| ≥ 0.

✭▼✷✮ ❙❡ sup
t∈A

|ξj − ηj| = 0✱ ❡♥tã♦ |ξj − ηj| = 0 ♦✉ s❡❥❛✱ ξj = ηj.

❆♥❛❧♦❣❛♠❡♥t❡ s❡ ξj = ηj✱ t❡♠♦s sup
j∈N

|ξj − ηj| = 0.

✭▼✸✮ ❱❡❥❛ q✉❡✱

|ξj − ηj| = |ηj − ξj|,

❞❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡✿

sup
j∈N

|ξj − ηj| = sup
j∈N

|ηj − ξj|.

✭▼✹✮ ❚❡♠✲s❡ q✉❡

|ξj − ηj| = |ξj − ηj + αj − αj|

❯t✐❧✐③❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ✐♥❡q✉❛çã♦✿

|ξj − ηj| ≤ |ξj − αj|+ |αj − ηj|.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

|ξj − αj|+ |αj − ηj| ≤ sup
j∈N

|ξj − αj|+ sup
j∈N

|αj − ηj|.

P♦rt❛♥t♦✱

d(x, y) ≤ d(x, z) + d(z, y).

✼



❊①❡♠♣❧♦ ✶✳✶✳✻ ✭❊s♣❛ç♦ ❞❛s ❢✉♥çõ❡s C[a, b]✮ ❙❡❥❛ X = C[a, b] ♦ ❝♦♥❥✉♥t♦s ❞❛s ❢✉♥✲

çõ❡s x, y, · · · q✉❡ ❞❡♣❡♥❞❡♠ ❞❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡ t ∈ R✱ ❝♦♥tí♥✉❛s ♥♦ ✐♥t❡r✈❛❧♦

❢❡❝❤❛❞♦ J = [a, b]✳ P♦❞❡♠♦s ❞❡✜♥✐r ❛ ♠étr✐❝❛ ❝♦♠♦ s❡♥❞♦✿

d(x, y) = max
t∈J

|x(t)− y(t)|.

❆s ♣r♦♣r✐❡❞❛❞❡s (M1)− (M4) sã♦ ❢❛❝✐❧♠❡♥t❡ ✈❡r✐✜❝á✈❡✐s✳

✭▼✶✮ ◆♦t❡ q✉❡ |x(t)− y(t))| ≥ 0, ∀ t ∈ R ♦✉ s❡❥❛✱

max
t∈J

|x(t)− y(t)| ≥ 0.

✭▼✷✮ ❙❡ max
t∈J

|x(t)− y(t)| = 0✱ ❡♥tã♦ |x(t)− y(t)| = 0 ♦✉ s❡❥❛✱ x(t) = y(t)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ x(t) = y(t)✱ t❡♠♦s x(t)−y(t) = 0 ♦ q✉❡ r❡s✉❧t❛ |x(t)−y(t)| = 0✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡ max
t∈J

|x(t)− y(t)| = 0.

✭▼✸✮ ❚❡♠♦s q✉❡

max
t∈J

|x(t)− y(t)| = max
t∈J

|(−1)(y(t)− x(t))|.

P♦r ♣r♦♣r✐❡❞❛❞❡ ♠♦❞✉❧❛r✱ t❡♠♦s

max
t∈J

|(−1)(y(t)− x(t))| = max
t∈J

[| − 1| · |y(t)− x(t)|]

♦ q✉❡ ✐♠♣❧✐❝❛✿

max
t∈J

[| − 1| · |y(t)− x(t)|] = max
t∈J

·|y(t)− x(t)|.

✭▼✹✮ ◆♦t❡♠♦s q✉❡

|x(t)− y(t)| ≤ max
t∈J

|x(t)− y(t)|

❛❧é♠ ❞✐ss♦✱

|x(t)− z(t)| ≤ max
t∈J

|x(t)− z(t)|
❡✱

|x(t)− y(t)| ≤ |x(t)− z(t)|+ |z(t)− y(t)|,
✐st♦ é✱

max
t∈J

|x(t)− y(t)| ≤ max
t∈J

|x(t)− z(t)|+max
t∈J

|z(t)− y(t)|.

✶✳✷ ❉♦✐s ❡①❡♠♣❧♦s ✐♠♣♦rt❛♥t❡s

❊①❡♠♣❧♦ ✶✳✷✳✶ ✭❊s♣❛ç♦ B(A) ❞❡ ❢✉♥çõ❡s ❧✐♠✐t❛❞❛s✮ P♦r ❞❡✜♥✐çã♦✱ ❝❛❞❛ ❡❧❡♠❡♥t♦

x ∈ B(A) é ✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ❡ ❧✐♠✐t❛❞❛ ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ❝♦♥❥✉♥t♦✱ ❝✉❥❛ ♠étr✐❝❛

é ❞❡✜♥✐❞❛ ♣♦r✿

d(x, y) = sup
t∈A

|x(t)− y(t)|

❖ ❡s♣❛ç♦ B(A) é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦✱ ❞❡ ❢❛t♦ ♦s três ♣r✐♠❡✐r♦s ❛①✐♦♠❛s sã♦ ✈❡r✐✜❝❛❞♦s✱

♣♦✐s✿

✽



✭▼✶✮ ◆♦t❡ q✉❡

|x(t)− y(t)| ≥ 0 ∀ t ∈ A,

♦✉ s❡❥❛✱

sup
t∈A

|x(t)− y(t)| ≥ 0.

✭▼✷✮ ❙❡ sup
t∈A

|x(t)− y(t)| = 0✱ ❡♥tã♦ |x(t)− y(t)| = 0 ♦✉ s❡❥❛✱ x(t) = y(t).

❆♥❛❧♦❣❛♠❡♥t❡ s❡ x(t) = y(t)✱ t❡♠♦s sup
t∈A

|x(t)− y(t)| = 0.

✭▼✸✮ ❱❡❥❛ q✉❡✱ ♣❡❧♦ ❊①❡♠♣❧♦ ✶✳✶✳✻✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ✐❞❡♥t✐❞❛❞❡✿

|x(t)− y(t)| = |y(t)− x(t)|,

❞❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡

sup
t∈A

|x(t)− y(t)| = sup
t∈A

|y(t)− x(t)|.

✭▼✹✮ ❚❡♠✲s❡ q✉❡

|x(t)− y(t)| = |x(t)− y(t) + z(t)− z(t)|

❯t✐❧✐③❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ✐♥❡q✉❛çã♦

|x(t)− y(t)| ≤ |x(t)− z(t)|+ |z(t)− y(t)|.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

|x(t)− z(t)|+ |z(t)− y(t)| ≤ sup
t∈A

|x(t)− z(t)|+ sup
t∈A

|z(t)− y(t)|.

P♦rt❛♥t♦✱

d(x, y) ≤ d(x, z) + d(z, y).

❊①❡♠♣❧♦ ✶✳✷✳✷ ✭❊s♣❛ç♦ lp✮ P♦r ❞❡✜♥✐çã♦✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ ♥♦ ❡s♣❛ç♦ lp é ✉♠❛ s❡q✉ê♥✲

❝✐❛ x = (ξj) = (ξ1, ξ2, · · · ) ❞❡ ♥ú♠❡r♦s t❛✐s q✉❡ |ξ1|p + |ξ2|p + · · · ❝♦♥✈❡r❣❡✳ P♦rt❛♥t♦✱

❞❛❞♦ p ≥ 1 ✉♠ ♥ú♠❡r♦ r❡❛❧ ✜①♦ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✿

∞
∑

j=1

|ξj|p < ∞. ✭✶✳✷✮

❆❣♦r❛ ✈❛♠♦s ❞❡✜♥✐r ❛ ♠étr✐❝❛ ❞♦ ❡s♣❛ç♦ lp q✉❡ é ❞❛❞❛ ♣♦r✿

d(x, y) =

(

∞
∑

j=1

|ξj − ηj|p
)

1

p

.

❖♥❞❡ y = (ηj) ❡
∑ |ηj|p < ∞. P❛r❛ ♠♦str❛r q✉❡ ♦ ❡s♣❛ç♦ lp é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ s❡rá

✾



♣r❡❝✐s♦ ❞❡✜♥✐r♠♦s ❛s ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ♣❛r❛ s♦♠❛s ❡ ❞❡ ▼✐♥❦♦✇s❦✐✳

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ♣❛r❛ s♦♠❛s é ❞❡✜♥✐❞❛ ❝♦♠♦ s❡♥❞♦✿

∞
∑

j=1

|ξj · ηj| ≤
(

∞
∑

k=1

|ξk|p
)

1

p

·
(

∞
∑

m=1

|ηm|q
)

1

q

, ✭✶✳✸✮

♦♥❞❡✱ p > 1, 1
p
+ 1

q
= 1.

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡▼✐♥❦♦✇s❦✐✱ q✉❡ é ❞❛❞❛ ♣♦r✿

(

∞
∑

j=1

|ξj + ηj|p
)

1

p

≤
(

∞
∑

k=1

|ξk|p
)

1

p

+

(

∞
∑

m=1

|ηm|p
)

1

p

, ✭✶✳✹✮

♦♥❞❡ x = (ξj) ∈ lp ❡ y = (ηj) ∈ lp ❡ p ≥ 1. ❆s ❞❡♠♦♥str❛çõ❡s ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s (1.3)

❡ (1.4) ❡stã♦ ❞✐s♣♦♥í✈❡✐s ❡♠ ❬✺❪✳

❆s ♣r♦♣r✐❡❞❛❞❡s (M1)− (M3) ❞❡❝♦rr❡♠ ❞❛ ❞❡✜♥✐çã♦ ❞❛ ♠étr✐❝❛✳

❉❡✜♥✐❞❛s ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ ✈❡r✐✜❝❛r❡♠♦s ❛ q✉❛rt❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✉♠ ❡s♣❛ç♦

♠étr✐❝♦✳

✭▼✹✮

d(x, y) =
(

∑

|ξj − ηj|p
)

1

p

≤
(

∑

|ξj − ζj|+ |ζj − ηj|p
)

1

p

≤
(

∑

|ξj − ζj|p
)

1

p

+
(

∑

|ζj − ηj|p
)

1

p

= d(x, z) + d(z, y).

✶✳✸ ❈♦♥❥✉♥t♦ ❛❜❡rt♦✱ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❡ ✈✐③✐♥❤❛♥ç❛

❉❡✜♥✐çã♦ ✶✳✸✳✶ ✭❇♦❧❛ ❡ ❡s❢❡r❛✮ ❉❛❞♦ ✉♠ ♣♦♥t♦ x0 ∈ X ❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ r > 0✱

❞❡✜♥✐♠♦s três t✐♣♦s ❞❡ ❝♦♥❥✉♥t♦s✱ ♦♥❞❡ X é ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦✱ ❡ r é ❞❡♥♦♠✐♥❛❞♦

❝♦♠♦ ♦ r❛✐♦✿

❼ ❇♦❧❛ ❛❜❡rt❛✿ B(x0; r) = {x ∈ X /d(x, x0) < r}.

❼ ❇♦❧❛ ❢❡❝❤❛❞❛✿ B(x0; r) = {x ∈ X /d(x, x0) ≤ r}.

❼ ❊s❢❡r❛✿ S(x0; r) = {x ∈ X /d(x, x0) = r}.

❉❡✜♥✐çã♦ ✶✳✸✳✷ ✭❈♦♥❥✉♥t♦ ❛❜❡rt♦✱ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✮ ❯♠ s✉❜❝♦♥❥✉♥t♦ M ❞❡ ✉♠

❡s♣❛ç♦ ♠étr✐❝♦ X é ❝♦♥s✐❞❡r❛❞♦ ❛❜❡rt♦ s❡ ❝♦♥t✐✈❡r ✉♠❛ ❜♦❧❛ ❡♠ t♦r♥♦ ❞❡ ❝❛❞❛ ✉♠ ❞❡

✶✵



s❡✉s ♣♦♥t♦s✳

❯♠ ❝♦♥❥✉♥t♦ K ❞❡ X é ❞✐t♦ ❢❡❝❤❛❞♦ s❡ s❡✉ ❝♦♠♣❧❡♠❡♥t❛r ❡♠ X ❢♦r ❛❜❡rt♦ ✐st♦ é✱

Kc = X −K

é ❛❜❡rt♦✳

❊①❡♠♣❧♦ ✶✳✸✳✸ ❚♦❞❛ ❜♦❧❛ B = B(a, r) é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✳

❊①❡♠♣❧♦ ✶✳✸✳✹ N ❡ Z sã♦ ❢❡❝❤❛❞♦s ❡♠ R✳

❉❡✜♥✐çã♦ ✶✳✸✳✺ ✭❱✐③✐♥❤❛♥ç❛✮ ❯♠❛ ❜♦❧❛ ❛❜❡rt❛ B(x0 : ǫ) ❞❡ r❛✐♦ ǫ é ❢r❡q✉❡♥t❡♠❡♥t❡

❝❤❛♠❛❞❛ ❞❡ ✈✐③✐♥❤❛♥ç❛ ❞❡ x0✳ P♦r ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x0 ♥♦s ❞✐③ q✉❡ q✉❛❧q✉❡r s✉❜❝♦♥✲

❥✉♥t♦ ❞❡ X ❝♦♥té♠ ✉♠❛ ǫ✲✈✐③✐♥❤❛♥ç❛ ❞❡ x0✳

❈❤❛♠❛♠♦s x0 ❞❡ ✉♠ ♣♦♥t♦ ❞❡ ✐♥t❡r✐♦r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ M ∈ X s❡ M ❢♦r ✉♠❛ ✈✐③✐✲

♥❤❛♥ç❛ ❞❡ x0✳ ❖ ✐♥t❡r✐♦r ❞❡ M é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❞❡ M ❡ ♣♦❞❡

s❡r ❞❡♥♦t❛❞♦ ♣♦r int(M)✳

❉❡✜♥✐çã♦ ✶✳✸✳✻ ✭P♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦✮ é ✉♠ ♣♦♥t♦ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ q✉❡ ♣♦❞❡ s❡r

❛♣r♦①✐♠❛❞♦ tã♦ ❜❡♠ q✉❛♥t♦ s❡ q✉❡✐r❛ ♣♦r ✐♥✜♥✐t♦s ♦✉tr♦s ♣♦♥t♦s ❞♦ ❝♦♥❥✉♥t♦✳

❉❡✜♥✐çã♦ ✶✳✸✳✼ ✭❈♦♥❥✉♥t♦ ❉❡♥s♦✮ ❯♠ s✉❜❝♦♥❥✉♥t♦ M ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ X é

❞✐t♦ ❞❡♥s♦ ❡♠ X✱ s❡

M = X.

M é ♦ ❝♦♥❥✉♥t♦ q✉❡ ❝♦♥s✐st❡ ♥♦s ♣♦♥t♦s ❞❡ M ❡ ❞♦s ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❡ M ✱ sã♦

❝❤❛♠❛❞♦s ❞❡ ❢❡❝❤♦ ❞❡ M ✳

❊①❡♠♣❧♦ ✶✳✸✳✽ ✭❈♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ❘❛❝✐♦♥❛✐s Q ❡♠ R✮ ❖ ❝♦♥❥✉♥t♦ ❞♦s ♥ú✲

♠❡r♦s ❘❛❝✐♦♥❛✐s Q é ❞❡♥s♦ ❡♠ R✱ ♣♦✐s ❡♥tr❡ ❞♦✐s ♥ú♠❡r♦s r❡❛✐s q✉❛✐sq✉❡r ❡①✐st✐rá ♣❡❧♦

♠❡♥♦s ✉♠ ♥ú♠❡r♦ r❛❝✐♦♥❛❧✳

❊①❡♠♣❧♦ ✶✳✸✳✾ ✭P❧❛♥♦ ❈♦♠♣❧❡①♦ C✮ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❞❡♥s♦ ❡♠ C é ♦ ❝♦♥❥✉♥t♦ ❞❡

t♦❞♦s ♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s ❝✉❥❛s ♣❛rt❡s r❡❛✐s ❡ ✐♠❛❣✐♥ár✐❛s sã♦ r❛❝✐♦♥❛✐s✳

✶✳✹ ❈♦♥✈❡r❣ê♥❝✐❛ ❡ ❙❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②

❉❡✜♥✐çã♦ ✶✳✹✳✶ ✭❈♦♥✈❡r❣ê♥❝✐❛ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛✮ ❯♠❛ s❡q✉ê♥❝✐❛ (xn) ❡♠ ✉♠

❡s♣❛ç♦ ▼étr✐❝♦ X = (X, d) é ❝♦♥✈❡r❣❡♥t❡ s❡ ❡①✐st✐r ✉♠ x ∈ X t❛❧ q✉❡✱

lim
n→∞

d(xn, x) = 0.

① é ❝❤❛♠❛❞♦ ❞❡ ❧✐♠✐t❡ ❞❡ xn ❡ ❡s❝r❡✈❡♠♦s

lim
n→∞

xn = x.

✶✶



♦✉ s✐♠♣❧❡s♠❡♥t❡

xn → x

❞✐③❡♠♦s q✉❡ xn ❝♦♥✈❡r❣❡ ♣❛r❛ x ♦✉ t❡♠ ❧✐♠✐t❡ x✳ ❙❡ (xn) ♥ã♦ ❢♦r ❝♦♥✈❡r❣❡♥t❡✱ ❞✐③❡♠♦s

q✉❡ xn é ❞✐✈❡r❣❡♥t❡✳

❱❡♠♦s q✉❡ ❛ ♠étr✐❝❛ d ♣r♦❞✉③ ❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s an = d(xn, x) ❝✉❥❛ ❝♦♥✈❡r✲

❣ê♥❝✐❛ ❡stá ❞❡✜♥✐❞❛ ♣❡❧❛ s❡q✉ê♥❝✐❛ (xn)✳ P♦rt❛♥t♦✱ s❡ xn → x✱ ❞❛❞♦ ✉♠ ǫ > 0 ❡①✐st❡

✉♠ N = N(ǫ) ❞❡ ♠♦❞♦ q✉❡ t♦❞♦ xn ❝♦♠ n > N s❡ ❡♥❝♦♥tr❛ ♥❛ ✈✐③✐♥❤❛♥ç❛ B(x : ǫ) ❞❡

x✳

❊①❡♠♣❧♦ ✶✳✹✳✷ ❙❡❥❛ X ♦ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ (0, 1) ❡♠ R ❝♦♠ ❛ ♠étr✐❝❛ ✉s✉❛❧✱ ❞❡✜♥✐❞❛

♣♦r✿

d(x, y) = |x− y|.

❊♥tã♦ ❛ s❡q✉ê♥❝✐❛ (1
2
, 1
3
, 1
4
, · · · ) ♥ã♦ é ❝♦♥✈❡r❣❡♥t❡ ❞❡s❞❡ ♦ 0✱ ♦ ♣♦♥t♦ ♣❛r❛ ♦ q✉❛❧ ❛

s❡q✉ê♥❝✐❛ q✉❡r ❝♦♥✈❡r❣✐r ♥ã♦ ❡stá ❡♠ X✳

❉❡✜♥✐çã♦ ✶✳✹✳✸ ✭❙❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✮ ❯♠❛ s❡q✉ê♥❝✐❛ (xn) ❡♠ ✉♠ ❡s♣❛ç♦ ♠é✲

tr✐❝♦ X = (X, d) é ❞✐t❛ ❞❡ ❈❛✉❝❤② s❡ ♣❛r❛ ❝❛❞❛ ǫ > 0 ❤á ✉♠ N = N(ǫ) t❛❧ q✉❡

d(xm, xn) < ǫ ✭✶✳✺✮

♣❛r❛ ❝❛❞❛ m✱ n > N.

❉❡✜♥✐çã♦ ✶✳✹✳✹ ✭❊s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦✮ ❖ ❡s♣❛ç♦ X é ❝♦♥s✐❞❡r❛❞♦ ❈♦♠♣❧❡t♦

s❡ ❝❛❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ X ❝♦♥✈❡r❣❡✱ ♦✉ s❡❥❛✱ t❡♠ ✉♠ ❧✐♠✐t❡ q✉❡ é ✉♠ ❡❧❡♠❡♥t♦

❞❡ X.

❚❡♦r❡♠❛ ✶✳✹✳✺ ✭❙❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✮ ❈❛❞❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠ ✉♠ ❡s✲

♣❛ç♦ ♠étr✐❝♦ é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ xn → x✱ ❡♥tã♦✱ ♣❛r❛ ❝❛❞❛ ǫ > 0✱ ❤á ✉♠ N = N(ǫ) t❛❧ q✉❡

d(xn, x) <
ǫ

2
,

♦♥❞❡ n > N ✳

P♦rt❛♥t♦ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✱ ♦❜t❡♠♦s ♣❛r❛ m,n > N

d(xm, xn) ≤ d(xm, x) + d(x, xn) <
ǫ

2
+

ǫ

2
= ǫ.

■ss♦ ♠♦str❛ q✉❡ (xn) é ❞❡ ❈❛✉❝❤②✳

✶✷



❚❡♦r❡♠❛ ✶✳✹✳✻ ✭❋❡❝❤♦✱ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✮ ❙❡❥❛ M ✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ ❞❡

✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ (X, d) ❡ M s❡✉ ❢❡❝❤♦✱ ❡♥tã♦✿

✭❛✮ x ∈ M s❡✱ ❡ s♦♠❡♥t❡ s❡ ❤♦✉✈❡r ✉♠❛ s❡q✉ê♥❝✐❛ (xn) ❡♠ M t❛❧ q✉❡ xn → x.

✭❜✮ M é ❢❡❝❤❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡ xn ∈ M ✱ xn → x ✐♠♣❧✐❝❛ x ∈ M ✳

❉❡♠♦♥str❛çã♦✳ (a) ❙❡❥❛ x ∈ M ✳ ❙❡ x ∈ M ✱ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ss❡ t✐♣♦ é

(x, x, · · · ).

❙❡ x /∈ M ✱ é ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❡ M ✳ P❛r❛ ❝❛❞❛

n = 1, 2, · · ·

❛ ❜♦❧❛ B(x, 1
n
) ❝♦♥té♠ ✉♠ xn ∈ M ❡ xn → x ♣♦✐s 1

n
→ 0 ❝♦♠ n → ∞✳

P♦r ♦✉tr♦ ❧❛❞♦ s❡ (xn) ❡stá ❡♠ M ❡ xn → x✱ ❡♥tã♦ x ∈ M ♦✉ ❝❛❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x

❝♦♥té♠ ♣♦♥t♦s xn 6= x ❞❡ ♠♦❞♦ q✉❡ x é ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❡ M ✳ P♦rt❛♥t♦

x ∈ M ✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❢❡❝❤♦✳

(b) M é ❢❡❝❤❛❞♦ ⇐⇒ M = M ❞❡ ♠♦❞♦ q✉❡ (b) s❡❣✉❡ ♣r♦♥t❛♠❡♥t❡ ❞❡ (a)✳

❚❡♦r❡♠❛ ✶✳✹✳✼ ✭❙✉❜❡s♣❛ç♦ ❝♦♠♣❧❡t♦✮ ❯♠ s✉❜❡s♣❛ç♦ M ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❈♦♠✲

♣❧❡t♦ X é ❡❧❡ ♣ró♣r✐♦ ❝♦♠♣❧❡t♦✱ s❡✱ ❡ s♦♠❡♥t❡ s❡ ♦ ❝♦♥❥✉♥t♦ M ❢♦r ❢❡❝❤❛❞♦ ❡♠ X✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ M ❝♦♠♣❧❡t♦✱ ♣♦r ✶✳✹✳✻ ✭❛✮✱ ♣❛r❛ ❝❛❞❛ x ∈ M ❤á ✉♠❛ s❡q✉ê♥❝✐❛

xn ❡♠ M q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ x✳ ❏á q✉❡ (xn) é ❞❡ ❈❛✉❝❤②✱ ♣♦r ✭✶✳✹✳✺✮ M ❡stá ❝♦♠♣❧❡t♦✱

(xn) ❝♦♥✈❡r❣❡ ❡♠ M ✳ ❙❡♥❞♦ ♦ ❧✐♠✐t❡ ú♥✐❝♦✳ P♦rt❛♥t♦ x ∈ M ✳ ■ss♦ ♣r♦✈❛ q✉❡ M é

❢❡❝❤❛❞♦ ♣♦rq✉❡ x ∈ M ❢♦✐ ❛r❜✐trár✐♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ M ❢❡❝❤❛❞♦ ❡ (xn) ❞❡ ❈❛✉❝❤② ❡♠ M ✳ ❊♥tã♦ xn → x ∈ M ✱ ♦ q✉❡

✐♠♣❧✐❝❛ q✉❡ x ∈ M ♣♦r ✶✳✹✳✻ ✭❛✮✱ ❡ x ∈ M ✱ ✉♠❛ ✈❡③ q✉❡ M = M ♣♦r s✉♣♦s✐çã♦✳ P♦r✲

t❛♥t♦ ❛ s❡q✉ê♥❝✐❛ ❛r❜✐trár✐❛ ❞❡ ❈❛✉❝❤② (xn) ❝♦♥✈❡r❣❡ ❡♠ M ✱ ♦ q✉❡ ♣r♦✈❛ ❛ ❈♦♠♣❧❡t✉❞❡

❞❡ M ✳

✶✸



✶✳✺ ❊①❡♠♣❧♦s ❞❡ ❡s♣❛ç♦s ♠étr✐❝♦s ❝♦♠♣❧❡t♦

❊①❡♠♣❧♦ ✶✳✺✳✶ ✭❊s♣❛ç♦ lp✮ ❖ ❡s♣❛ç♦ lp é ❝♦♠♣❧❡t♦✱ ❝♦♠ p ✜①♦ ❡ 1 ≤ p ≤ ∞.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ xn ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ♥♦ ❡s♣❛ç♦ lp✱ ♦♥❞❡ xm = (ξm1 , ξm2 , · · · )✳
❊♥tã♦ ♣❛r❛ ❝❛❞❛ ǫ > 0 ❤á ✉♠ N t❛❧ q✉❡ m,n > N ✱

d(xm, xn) =

(

∞
∑

j=1

|ξmj − ηnj |p
)

1

p

< ǫ ✭✶✳✻✮

♣❛r❛ ❝❛❞❛ j = 1, 2, · · · t❡r♠♦s

|ξmj − ηnj | < ǫ. ✭✶✳✼✮

(m,n > N).

❊s❝♦❧❤❡♠♦s ✉♠ j ✜①♦ ❞❡ (1.7)✱ ✈❡♠♦s q✉❡ (ξ1j , ξ
2
j , · · · ) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❞❡

♥ú♠❡r♦s r❡❛✐s✳ ❈♦♥✈❡r❣❡ ❥á q✉❡ R ❡stá ❈♦♠♣❧❡t♦✳ ❉✐❣❛♠♦s q✉❡✱ ξmj → ξj✳ ❯s❛♥❞♦

❡ss❡s ❧✐♠✐t❡s✱ ❞❡✜♥✐♠♦s x = (ξ1, ξ2, · · · ) ❛ss✐♠ ♠♦str❛rá q✉❡ x ∈ lp ❡ xn → x✳

❉❡ (1.6) t❡♠♦s ♣❛r❛ t♦❞♦ m,n > N

k
∑

j=1

|ξmj − ξnj |p ≤ ǫp.

(k = 1, 2, · · · ).
❋❛③❡♥❞♦ n → ∞✱ ♦❜t❡♠♦s ♣❛r❛ m > N

k
∑

j=1

|ξmj − ξj|p ≤ ǫp.

(k = 1, 2, · · · ).
P♦❞❡✲s❡ ❛❣♦r❛ t❡♥❞❡r k → ∞✱ ❡♥tã♦ ♣❛r❛ m > N

∞
∑

j=1

|ξmj − ξj|p ≤ ǫp. ✭✶✳✽✮

■ss♦ ♠♦str❛ q✉❡ xm − x = (ξmj − ξj) ∈ lp✱ ♦♥❞❡ xm ∈ lp✱ s❡❣✉❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡

▼✐♥❦♦✇s❦✐✱ q✉❡

x = xm + (x− xm) ∈ lp

❆❧é♠ ❞✐ss♦✱ ❛ sér✐❡ ❡♠ (1.8) r❡♣r❡s❡♥t❛ [d(xm, x)]
p ❞❡ ♠♦❞♦ q✉❡ (1.8) ✐♠♣❧✐❝❛ xm →

x✳ ❯♠❛ ✈❡③ q✉❡ (xm) ❡r❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❛r❜✐trár✐❛ ❡♠ lp✱ ✐ss♦ ♣r♦✈❛ ❛

❝♦♠♣❧❡t✉❞❡ ❞❡ lp✱ ♦♥❞❡ 1 ≤ p ≤ +∞✳

❊①❡♠♣❧♦ ✶✳✺✳✷ ✭❘❡t❛ r❡❛❧ R ❡ ♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ C✮ ❆ r❡t❛ r❡❛❧ R ❡ ♦s ♣❧❛♥♦s

❝♦♠♣❧❡①♦s C sã♦ ❡s♣❛ç♦s ♠étr✐❝♦s ❝♦♠♣❧❡t♦s✳
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❊①❡♠♣❧♦ ✶✳✺✳✸ ✭❊s♣❛ç♦ C[a, b]✮ ❖ ❡s♣❛ç♦ ❢✉♥❝✐♦♥❛❧ C[a, b] é ❝♦♠♣❧❡t♦✱ ♦♥❞❡ [a, b] é

q✉❛❧q✉❡r ✐♥t❡r✈❛❧♦ ❞❛❞♦ ❡♠ R✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ xm ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❛r❜✐trár✐❛ ❡♠ C[a, b]✳ ❊♥tã♦ ❞❛❞♦

ǫ > 0✱ ❡①✐st❡ ✉♠ N t❛❧ q✉❡ ♣❛r❛ t♦❞♦ m,n > N t❡♠♦s✿

d(xm, xn) = max
t∈j

|xm(t)− xn(t)| < ǫ. ✭✶✳✾✮

❖♥❞❡ j = [a, b]✳ P♦rt❛♥t♦✱ ♣❛r❛ q✉❛❧q✉❡r t = t0 ∈ j ✜①♦✳

|xm(t0)− xn(t0)| < ǫ.

■ss♦ ♠♦str❛ q✉❡ (x1(t0), x2(t0), · · · ) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❞❡ ♥ú♠❡r♦s r❡❛✐s✱ ✉♠❛

✈❡③ q✉❡ R ❡stá ❝♦♠♣❧❡t♦✱ ❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡✱ ❞✐❣❛♠♦s✱ xm(t0) → x(t0) ❝♦♠♦ m → ∞
❞❡st❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ❛ ❝❛❞❛ t ∈ j ✉♠ ♥ú♠❡r♦ r❡❛❧ ú♥✐❝♦ x(t)✳ ■ss♦ ❞❡✜♥❡

♣♦♥t✉❛❧♠❡♥t❡ ✉♠❛ ❢✉♥çã♦ x ❡♠ j✱ ❡ ♠♦str❡♠♦s q✉❡ x ∈ C[a, b] ❡ x→x✳

P♦r (1.9)✱ ❝♦♠♦ n → ∞✱ t❡♠♦s✿

max
t∈j

|xm(t)− x(t)| ≤ ǫ

♣❛r❛ ❝❛❞❛ t ∈ j✱

|xm(t)− x(t)| ≤ ǫ.

■ss♦ ♠♦str❛ q✉❡ (xm(t)) ❝♦♥✈❡r❣❡ ♣❛r❛ x(t) ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ j✳ ❙ã♦ ❝♦♥tí♥✉❛s ❡♠

j ❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ é ✉♥✐❢♦r♠❡✱ ❛ ❢✉♥çã♦ ❧✐♠✐t❡ x é ❝♦♥tí♥✉❛ ❡♠ j✱ ♣♦rt❛♥t♦✱ x ∈
C[a, b]. xm → x✳ ■ss♦ ♠♦str❛ ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ C[a, b]✳

✶✳✻ ❊①❡♠♣❧♦s ❞❡ ❡s♣❛ç♦s ♠étr✐❝♦s ✐♥❝♦♠♣❧❡t♦s

❊①❡♠♣❧♦ ✶✳✻✳✶ ✭❋✉♥çõ❡s ❝♦♥tí♥✉❛s✮ ❙❡❥❛ X ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s ❝♦♥tí✲

♥✉❛s ❞❡ ✈❛❧♦r r❡❛❧ ❡♠ J = [0, 1] ❡

d(x, y) =

∫ 1

0

|x(t)− y(t)| dt

❡st❡ ❡s♣❛ç♦ ♥ã♦ é ❝♦♠♣❧❡t♦✳

❉❡♠♦♥str❛çã♦✳ ❆s ❢✉♥çõ❡s xm ♥❛ ✜❣✉r❛ ✶ ❢♦r♠❛♠ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ♣♦rq✉❡

d(xm, xn) é ❛ ár❡❛ ❞♦ tr✐â♥❣✉❧♦ ❞❛ ✜❣✉r❛ ✷✱ ❡ ♣❛r❛ ❝❛❞❛ ǫ > 0 ❞❛❞♦✱

d(xm, xn) < ǫ,

q✉❛♥❞♦ m,n > 1
ǫ
.

❱❛♠♦s ♠♦str❛r q✉❡ ❡ss❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ♥ã♦ ❝♦♥✈❡r❣❡✳
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❋✐❣✉r❛ ✶✳✶✿ ❋✐❣✉r❛ ✶ ❬✺❪ ❋✐❣✉r❛ ✶✳✷✿ ❋✐❣✉r❛ ✷ ❬✺❪

❚❡♠♦s q✉❡

xm(t) = 0 ❡ s❡ t ∈ [0, 1
2
]✱

♦♥❞❡ am = 1
2
+ 1

m
✳ P♦rt❛♥t♦ ♣❛r❛ ❝❛❞❛ x ∈ X

d(xm, x) =

∫ 1

0

|xm(t)− x(t)| dt.

❙❡♣❛r❛♥❞♦ ❛ ✐♥t❡❣r❛❧ ❡♠ três ✐♥t❡❣r❛✐s✱ t❡♠♦s

d(xm, x) =

∫ 1

2

0

|x(t)| dt+
∫ am

1

2

|xm(t)− x(t)| dt+
∫ 1

am

|1− x(t)| dt.

❯♠❛ ✈❡③ q✉❡ ♦s ✐♥t❡❣r❛♥t❡s sã♦ ♥ã♦ ♥❡❣❛t✐✈♦s✱ ❝❛❞❛ ✐♥t❡❣r❛❧ á ❞✐r❡✐t❛ t❛♠❜é♠ é✳ P♦r✲

t❛♥t♦

d(xm, x) → 0

✐♠♣❧✐❝❛r✐❛ q✉❡ ❝❛❞❛ ✐♥t❡❣r❛❧ s❡ ❛♣r♦①✐♠❛ ❞❡ ③❡r♦ ❡✱ ✉♠❛ ✈❡③ q✉❡ x é ❝♦♥tí♥✉❛✱ ❞❡✈❡♠♦s

t❡r✿

x(t) = 0 s❡ t ∈ [0, 1
2
)✱ x(t) = 1 s❡ t ∈ (1

2
, 1]✳ ▼❛s ✐ss♦ ♥ã♦ é ♣♦ssí✈❡❧ ♣❛r❛ ✉♠❛ ❢✉♥çã♦

❝♦♥tí♥✉❛✱ ♣♦rt❛♥t♦ (xm) ♥ã♦ ❝♦♥✈❡r❣❡✱ ♦✉ s❡❥❛✱ ♥ã♦ t❡♠ ❧✐♠✐t❡ ❡♠ X✳ ■ss♦ ♣r♦✈❛ q✉❡

X ♥ã♦ é ❝♦♠♣❧❡t♦✳

✶✻



❊①❡♠♣❧♦ ✶✳✻✳✷ ✭❖ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ❘❛❝✐♦♥❛✐s Q✮ ❊st❡ é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦✲

❞♦s ♦s ♥ú♠❡r♦s r❛❝✐♦♥❛✐s ❝♦♠ ❛ ♠étr✐❝❛ ✉s✉❛❧ ❞❡✜♥✐❞❛ ♣♦r d(x, y) = |x − y|✱ ♦♥❞❡

x✱y ∈ Q✱ é ✉♠ ❡s♣❛ç♦ ✐♥❝♦♠♣❧❡t♦✳

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡ ♥❡♠ t♦❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ X é ❝♦♥✈❡r❣❡♥t❡ ❡♠ X✳

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ❡s♣❛ç♦ ♠étr✐❝♦ (Q, d)✱ ❝♦♠ ❛ ♠étr✐❝❛ ✉s✉❛❧ ❞❡✜♥✐❞❛ ❛❝✐♠❛✳

❈♦♥s✐❞❡r❡♠♦s ❛ s❡q✉ê♥❝✐❛ (xn) ❞❡ ♠♦❞♦ q✉❡ x0 = 1 ❡ xn+1 = N(xn)✱ n > 0, ♦♥❞❡

N(x) = x2+1
2x

. ◆♦t❡ q✉❡ ♦s ♣r✐♠❡✐r♦s ♥ú♠❡r♦s ❞❡ss❛ s❡q✉ê♥❝✐❛ sã♦✿

(1, 1.5, 1.416666666, 1.414215686, 1.414213562, · · · ).

❙❡♠ ❞✐✜❝✉❧❞❛❞❡s ♠❛✐♦r❡s ♣❡r❝❡❜❡✲s❡ q✉❡ ❡ss❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡ ♣❛r❛
√
2 ❡✱ ♣♦rt❛♥t♦

é ❞❡ ❈❛✉❝❤②✳ ❈♦♠♦ ❛ s❡q✉ê♥❝✐❛ (xn) ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ ♥ú♠❡r♦ ✐rr❛❝✐♦♥❛❧✱ s❡q✉❡ q✉❡

♦ ♣❛r (Q, d) ♥ã♦ é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦✳

✶✼



❈❛♣ít✉❧♦ ✷

❊s♣❛ç♦s ❱❡t♦r✐❛✐s ◆♦r♠❛❞♦s

❊s♣❛ç♦s ♠étr✐❝♦s sã♦ ♣❛rt✐❝✉❧❛r♠❡♥t❡ út❡✐s ❡ ✐♠♣♦rt❛♥t❡s✱ ♦❜t✐❞♦s s❡ t♦♠❛r♠♦s

✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ❞❡✜♥✐r ♥❡❧❡ ✉♠❛ ♠étr✐❝❛ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ♥♦r♠❛✳ ❖ ❡s♣❛ç♦

r❡s✉❧t❛♥t❡ é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ♥♦r♠❛❞♦✳ ❙❡ ❢♦r ✉♠❛ ♠étr✐❝❛ ❝♦♠♣❧❡t❛ ♦ ❡s♣❛ç♦✱ é

❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❖ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ é ❞❡❞✐❝❛❞♦ às ✐❞❡✐❛s ❜ás✐❝❛s ❞❡ss❛s

t❡♦r✐❛s✳

✷✳✶ ❊s♣❛ç♦ ✈❡t♦r✐❛❧

❖s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ❡♠ ♠✉✐t♦s r❛♠♦s ❞❛ ♠❛t❡♠át✐❝❛✳

◆❛ ✈❡r❞❛❞❡✱ ❡♠ ✈ár✐♦s ♣r♦❜❧❡♠❛s ♣rát✐❝♦s ✭❡ t❡ór✐❝♦s✮✱ ♥ós t❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ X ❝✉❥♦s

❡❧❡♠❡♥t♦s ♣♦❞❡♠ s❡r ✈❡t♦r❡s ❡♠ três ❞✐♠❡♥sõ❡s ♥♦ ❡s♣❛ç♦✱ ♦✉ s❡q✉ê♥❝✐❛s ❞❡ ♥ú♠❡r♦s

♦✉ ❢✉♥çõ❡s ❡ ❡ss❡s ❡❧❡♠❡♥t♦s ♣♦❞❡♠ s❡r ❛❞✐❝✐♦♥❛❞♦s ❡ ♠✉❧t✐♣❧✐❝❛❞♦s ♣♦r ❝♦♥st❛♥t❡s

✭♥ú♠❡r♦s✮ ❞❡ ❢♦r♠❛ ♥❛t✉r❛❧✱ ♦ r❡s✉❧t❛❞♦ s❡♥❞♦ ♥♦✈❛♠❡♥t❡ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ X✳ ❚❛✐s

s✐t✉❛çõ❡s ❝♦♥❝r❡t❛s s✉❣❡r❡♠ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♥❢♦r♠❡ ❞❡✜♥✐❞♦ ❛❜❛✐①♦✳

❆ ❞❡✜♥✐çã♦ ✈❛✐ ❡♥✈♦❧✈❡r ✉♠ ❝♦r♣♦ ❣❡r❛❧ K✱ ♠❛s ♥❛ ❛♥á❧✐s❡ ❢✉♥❝✐♦♥❛❧✱ K s❡rá R✳ ❖s

❡❧❡♠❡♥t♦s ❞❡ K sã♦ ❝❤❛♠❛❞♦s ❡s❝❛❧❛r❡s❀ ♣♦rt❛♥t♦✱ ❡♠ ♥♦ss♦ ❝❛s♦✱ ❡❧❡s s❡rã♦ ♥ú♠❡r♦s

r❡❛✐s ♦✉ ❝♦♠♣❧❡①♦s✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡r ❡♠ ❬✻❪✳

❉❡✜♥✐çã♦ ✷✳✶✳✶ ✭❊s♣❛ç♦s ✈❡t♦r✐❛✐s✮ ❯♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ✭♦✉ ❡s♣❛ç♦ ❧✐♥❡❛r✮ s♦❜r❡

✉♠ ❝♦r♣♦ K é ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ X ❞❡ ❡❧❡♠❡♥t♦s x, y, · · · ✭❝❤❛♠❛❞♦s ❞❡ ✈❡t♦r❡s✮

❥✉♥t♦ ❝♦♠ ❞✉❛s ♦♣❡r❛çõ❡s ❛❧❣é❜r✐❝❛s✳ ❊ss❛s ♦♣❡r❛çõ❡s sã♦ ❝❤❛♠❛❞❛s ❛❞✐çã♦ ❞❡ ✈❡t♦r ❡

♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ✈❡t♦r❡s ♣♦r ❡s❝❛❧❛r❡s✱ ♦✉ s❡❥❛✱ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ K✳ P❛r❛ q✉❡ ♦ ❝♦♥✲



❥✉♥t♦ s❡❥❛ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❜❛st❛ s❛t✐s❢❛③❡r ❛s s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡s✿

❙❡❥❛♠ u✱ v ❡ w ∈ V ❡✱ α✱ β ∈ K✳

✭❆✶✮ ❆ss♦❝✐❛t✐✈✐❞❛❞❡ ❞❛ ❛❞✐çã♦✿

u+ (v + w) = (u+ v) + w.

✭❆✷✮ ❈♦♠✉t❛t✐✈✐❞❛❞❡ ❞❛ ❛❞✐çã♦✿

u+ v = v + u.

✭❆✸✮ ❊❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❛ ❛❞✐çã♦✿

∃ 0 ∈ V / v + 0 = v.

✭❆✹✮ ■♥✈❡rs♦ ❆❞✐t✐✈♦✿

∃ − v ∈ V / v + (−v) = 0.

✭P✶✮ ❆ss♦❝✐❛t✐✈✐❞❛❞❡ ❞❛ ▼✉❧t✐♣❧✐❝❛çã♦✿

α · (β · v) = (α · β) · v.

✭P✷✮ ❊❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦✿

1 · v = v.

✭P✸✮ ❉✐str✐❜✉t✐✈✐❞❛❞❡ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r ❡♠ r❡❧❛çã♦ ❛ s♦♠❛ ❞❡ ❞♦✐s ✈❡t♦r❡s✿

α · (u+ v) = α · u+ α · v.

✭P✹✮ ❉✐str✐❜✉t✐✈✐❞❛❞❡ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r ❡♠ r❡❧❛çã♦ ❛ ❛❞✐çã♦ ❞♦ ❝♦r♣♦✿

(α + β) · u = α · u+ β · u.

❊①❡♠♣❧♦ ✷✳✶✳✷ ✭❊s♣❛ç♦ Rn✮ ❙❡❥❛ x = (ξ1, ξ2, · · · , ξn) ❡ y = (η1, η2, · · · ηn). ➱ ❢á❝✐❧

✈❡r q✉❡ ♦ Rn é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s ❞❡ s♦♠❛ ❡ ♣r♦❞✉t♦✳

x+ y = (ξ1 + η1 + · · · , ξn + ηn)

α · x = (αξ1, αξ2, · · · , αξn),

♦♥❞❡ α ∈ R✳

✶✾



❊①❡♠♣❧♦ ✷✳✶✳✸ ✭❖ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦✱ C[a, b]✮

❋♦r♠❛♠ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s ❞❡✜♥✐❞❛s ❝♦♠♦ s❡♥❞♦ ✿

(x+ y)(t) = x(t) + y(t)

(αx)(t) = αx(t),

❝♦♠ α ∈ R✳

❉❡✜♥✐çã♦ ✷✳✶✳✹ ✭❙✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧✮ ❯♠ ❙✉❜❡s♣❛ç♦ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ X é

✉♠ s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ Y ❞❡ X t❛❧ q✉❡ t♦❞♦s ♦s y1 ❡ y2 ∈ Y ❡ t♦❞♦s ♦s ❡s❝❛❧❛r❡s α

❡ β t❡♠♦s αy1 + βy2 ∈ Y ✳

❯♠ s✉❜❡s♣❛ç♦ ❡s♣❡❝✐❛❧ ❞❡ q✉❛❧q✉❡r ❡s♣❛ç♦ ✈❡t♦r✐❛❧ X é Y = 0.

❉❡✜♥✐çã♦ ✷✳✶✳✺ ✭❈♦♠❜✐♥❛çã♦ ❧✐♥❡❛r✮ ❯♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❡ ✈❡t♦r❡s x1, · · · , xm

❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ X é ✉♠❛ ❡①♣r❡ssã♦ ❞❛ ❢♦r♠❛✿

α1x1 + α2x2+, · · · , αmxm,

♦♥❞❡ α1, α2 · · · , αm sã♦ ❡s❝❛❧❛r❡s q✉❛✐sq✉❡r✳

P❛r❛ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ M ⊂ X ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝♦♠❜✐♥❛çõ❡s

❧✐♥❡❛r❡s ❞❡ ✈❡t♦r❡s ❞❡ M é ❝❤❛♠❛❞♦ ❞❡ ❡①t❡♥sã♦ ❞❡ M ✳

❖❜✈✐❛♠❡♥t❡✱ ❡st❡ é ✉♠ s✉❜❡s♣❛ç♦ Y ❞❡ X✱ ❡ ❞✐③❡♠♦s q✉❡ Y é ❡st❡♥❞✐❞♦ ♦✉ ❣❡r❛❞♦

♣♦r M ✳ ❱❛♠♦s ❛❣♦r❛ ❛♣r❡s❡♥t❛r ❞♦✐s ✐♠♣♦rt❛♥t❡s ❝♦♥❝❡✐t♦s r❡❧❛❝✐♦♥❛❞♦s q✉❡ ✐rã♦ s❡r

✉t✐❧✐③❛❞♦s✳

❉❡✜♥✐çã♦ ✷✳✶✳✻ ✭❉❡♣❡♥❞ê♥❝✐❛ ❡ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❧✐♥❡❛r✮ ❉❡♣❡♥❞ê♥❝✐❛ ❡ ✐♥❞❡♣❡♥✲

❞ê♥❝✐❛ ❧✐♥❡❛r ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s M é ❞❡✜♥✐❞♦ ♣♦r ♠❡✐♦ ❞❛ ❡q✉❛çã♦✿

α1x1 + α2x2 + · · ·+ αrxr = 0, ✭✷✳✶✮

♦♥❞❡ α1, α2 · · · , αr sã♦ ❡s❝❛❧❛r❡s q✉❛✐sq✉❡r✳ ❈❧❛r❛♠❡♥t❡✱ ❛ ❡q✉❛çã♦ (2.1) ✈❛❧❡ ♣❛r❛

α1 = α2 = · · · = αr = 0✳ ❙❡ ❡st❛ ❢♦r ❛ ú♥✐❝❛ r✲✉♣❧❛ ❞❡ ❡s❝❛❧❛r❡s ♣❛r❛ ♦s q✉❛✐s (2.1)

s❡ ♠❛♥té♠✱ ♦ ❝♦♥❥✉♥t♦ M é ❝♦♥s✐❞❡r❛❞♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✳ M é ❞✐t♦ ❧✐♥❡❛r s❡

M ♥ã♦ ❢♦r ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡✱ ♦✉ s❡❥❛✱ s❡ (2.1) t❛♠❜é♠ ❢♦r ✈á❧✐❞♦ ♣❛r❛ ❛❧❣✉♠❛

r✲✉♣❧❛ ❞❡ ❡s❝❛❧❛r❡s✱ ♥❡♠ t♦❞♦s ③❡r♦✳

❉❡✜♥✐çã♦ ✷✳✶✳✼ ✭❊s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ✐♥✜♥✐t❛✮ ❯♠ ❡s♣❛ç♦ ✈❡✲

t♦r✐❛❧ X é ❝♦♥s✐❞❡r❛❞♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s❡ ❤♦✉✈❡r ✉♠ ✐♥t❡✐r♦ n t❛❧ q✉❡ X ❝♦♥té♠

✉♠ ❝♦♥❥✉♥t♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ n ✈❡t♦r❡s ❛♦ ♣❛ss♦ q✉❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❞❡

✷✵



n + 1 ♦✉ ♠❛✐s ✈❡t♦r❡s ❞❡ X é ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡✳ n é ❝❤❛♠❛❞♦ ❞❡ ❞✐♠❡♥sã♦ ❞❡

X✱ ❡s❝r✐t❛ n = dimX✳ P♦r ❞❡✜♥✐çã♦✱ X = {0} é ✜♥✐t♦ ❞✐♠❡♥s✐♦♥❛❧ ❡ dimX = 0✳ ❙❡

X ♥ã♦ ❢♦r ✜♥✐t♦ ❞✐♠❡♥s✐♦♥❛❧✱ ❡❧❡ é ❞✐t♦ s❡r ✐♥✜♥✐t♦ ❞✐♠❡♥s✐♦♥❛❧✳

❖❜s❡r✈❛çã♦✿ ❊♠ ❛♥á❧✐s❡✱ ♦s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ sã♦ ❞❡ ♠❛✐♦r

✐♥t❡r❡ss❡ ❞♦ q✉❡ ♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ P♦r ❡①❡♠♣❧♦✱ C[a, b] ❡ l2 sã♦ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱

❡♥q✉❛♥t♦ Rn ❡ Cn sã♦ ♥✲❞✐♠❡♥s✐♦♥❛✐s✳

❉❡✜♥✐çã♦ ✷✳✶✳✽ ✭❇❛s❡✮ ❙❡ dimX = n✱ ✉♠❛ ♥✲✉♣❧❛ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ✈❡✲

t♦r❡s ❞❡ X é ❝❤❛♠❛❞❛ ❞❡ ❜❛s❡ ♣❛r❛ X✳ ❙❡ {e1, e2 · · · , en} é ✉♠❛ ❜❛s❡ ♣❛r❛ X✱ ❝❛❞❛

x ∈ X t❡♠ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ú♥✐❝❛ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s ✈❡t♦r❡s ❞❛ ❜❛s❡✿

x = α1e1 + · · ·+ αnen

❊①❡♠♣❧♦ ✷✳✶✳✾ ✭❇❛s❡✮ ❯♠❛ ❜❛s❡ ♣❛r❛ ♦ Rn é✿

e1 = (1, 0, 0, · · · , 0),

e2 = (0, 1, 0, · · · , 0),

· · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · ·

en = (0, 0, 0, · · · , 1),

❡st❛ ❜❛s❡ é ❝❤❛♠❛❞❛ ❝♦♠♦ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞♦ Rn.

❚❡♦r❡♠❛ ✷✳✶✳✶✵ ✭❉✐♠❡♥sã♦ ❞❡ ✉♠ s✉❜❡s♣❛ç♦✮ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐✲

♠❡♥sã♦ n✳ ❊♥tã♦ q✉❛❧q✉❡r s✉❜❡s♣❛ç♦ ❛♣r♦♣r✐❛❞♦ Y ❞❡ X t❡♠ ❞✐♠❡♥sã♦ ♠❡♥♦r q✉❡

n✳

❉❡♠♦♥str❛çã♦✳ ❙❡ n = 0✱ ❡♥tã♦ X = {0} ❡ ♥ã♦ t❡♠ s✉❜❡s♣❛ç♦ ❛❞❡q✉❛❞♦✳ P♦r ♦✉tr♦

❧❛❞♦✱ s❡ dimY = {0}✱ ❡♥tã♦ Y = {0}✱ ❡ s❡ X 6= Y ✐♠♣❧✐❝❛ dimX ≥ 1.

❈❧❛r❛♠❡♥t❡✱

dimY ≤ dimX = n.

❙❡ dimY ❢♦ss❡ n✱ ❡♥tã♦ Y t❡r✐❛ ✉♠❛ ❜❛s❡ ❞❡ n ❡❧❡♠❡♥t♦s✱ q✉❡ t❛♠❜é♠ s❡r✐❛♠ ✉♠❛

❜❛s❡ ♣❛r❛ X✱ ♣♦✐s dimX = n✱ ❞❡ ♠♦❞♦ q✉❡ X = Y ✳ ■ss♦ ♠♦str❛ q✉❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦

❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ✈❡t♦r❡s ❡♠ Y ❞❡✈❡ t❡r ♠❡♥♦s ❞❡ n ❡❧❡♠❡♥t♦s ❡ dimY < n✳

✷✶



✷✳✷ ❊s♣❛ç♦s ♥♦r♠❛❞♦s✱ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤

❉❡✜♥✐çã♦ ✷✳✷✳✶ ✭◆♦r♠❛✮ ❯♠❛ ♥♦r♠❛ || · || ❡♠ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ X é ✉♠❛ ❢✉♥çã♦

r❡❛❧ ❡♠ X ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✱

✭✐✮ ||x|| ≥ 0, ∀x ∈ X.

✭✐✐✮ ||x|| = 0 ⇐⇒ x = 0.

✭✐✐✐✮ ||αx|| = |α| ||x||, ∀α ∈ R.

✭✐✈✮ ||x+ y|| ≤ ||x||+ ||y||.

❉❡✜♥✐çã♦ ✷✳✷✳✷ ✭❊s♣❛ç♦ ◆♦r♠❛❞♦✱ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✮ ❯♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X

é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ✉♠❛ ♥♦r♠❛ ❞❡✜♥✐❞❛ ♥❡❧❡✳ ❯♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ é ✉♠ ❡s♣❛ç♦

♥♦r♠❛❞♦ ❝♦♠♣❧❡t♦ ✭❝♦♠♣❧❡t♦ ♥❛ ♠étr✐❝❛ ❞❡✜♥✐❞❛ ♣❡❧❛ ♥♦r♠❛✮✳

❆ ♥♦r♠❛ ❡♠ X ❞❡✜♥❡ ✉♠❛ ♠étr✐❝❛ q✉❡ é ❞❛ ❢♦r♠❛✿

d(x, y) = ||x− y||,

♦♥❞❡ x ❡ y ∈ X ❡ é ❝❤❛♠❛❞❛ ❞❡ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ♣❡❧❛ ♥♦r♠❛✳ ❖ ❡s♣❛ç♦ ♥♦r♠❛❞♦ é

❞❡♥♦t❛❞♦ ♣♦r (X, ||.||) ♦✉ s✐♠♣❧❡s♠❡♥t❡ ♣♦r X✳

❙❡❣✉❡ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❡s♣❛ç♦s ◆♦r♠❛❞♦s ❞❡ ❇❛♥❛❝❤✿

❊①❡♠♣❧♦ ✷✳✷✳✸ ✭❖ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ Rn✮ ❊ss❡s ❡s♣❛ç♦s sã♦ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤

❝♦♠ ♥♦r♠❛ ❞❡✜♥✐❞❛ ♣♦r

||x|| =
(

n
∑

j=1

|ξj|2
)

1

2

=
√

|ξ1|2 + · · ·+ |ξn|2.

❖ Rn é ✉♠ ❡s♣❛ç♦ ❝♦♠♣❧❡t♦ ❡ ♣r♦❞✉③ ❛ ♠étr✐❝❛

d(x, y) = ||x− y|| =
√

|ξ1 − η1|2 + · · ·+ |ξn − ηn|2.

❉❡♠♦♥str❛çã♦✳ ▲❡♠❜r❛♠♦s q✉❡ ❛ ♠étr✐❝❛ ❞♦ Rn ❢♦✐ ❞❡✜♥✐❞❛ ♥♦ ❡①❡♠♣❧♦ (1.1.3)✳

❆ss✐♠ ❝♦♥s✐❞❡r❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② (xm) ∈ Rn✱ ♦♥❞❡ xm = (ξ
(m)
1 , · · · , ξ(m)

n ).

❈♦♠♦ (xm) é ❞❡ ❈❛✉❝❤②✱ ♣❛r❛ ❝❛❞❛ ǫ > 0 ❡①✐st❡ ✉♠ N t❛❧ q✉❡✿

d(xm, xr) =

( n
∑

j=1

(ξ
(m)
j − η

(r)
j )2

)
1

2

< ǫ ✭✷✳✷✮

❝♦♠ (m, r > N). ❚❡♠♦s q✉❡ ♣❛r❛ m, r > N ❡ j = 1, · · · , n

(ξ
(m)
j − η

(r)
j )2 < ǫ2

✷✷



❡

|ξ(m)
j − η

(r)
j | < ǫ.

■ss♦ ♠♦str❛ q✉❡ ♣❛r❛ ❝❛❞❛ j ✜①♦✱ (1 ≤ j ≤ n)✱ ❛ s❡q✉ê♥❝✐❛ (ξ
(1)
1 , ξ

(2)
2 · · · ) é ✉♠❛

s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❞❡ ♥ú♠❡r♦s r❡❛✐s✳ ➱ ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✱ ❞✐❣❛♠♦s q✉❡

ξ
(m)
j −→ ξj ❝♦♠♦ m −→ ∞✳ ❯s❛♥❞♦ ❡ss❡s n ❧✐♠✐t❡s✱ ❞❡✜♥✐♠♦s x = (ξ1, ξ2, · · · , ξn).
❈❧❛r❛♠❡♥t❡ x ∈ Rn. ❉❡ (2.2) ❝♦♠ r −→ ∞,

d(xm, x) ≤ ǫ ✭✷✳✸✮

❝♦♠ m > N.

■ss♦ ♠♦str❛ q✉❡ x é ♦ ❧✐♠✐t❡ ❞❡ (xm) ❡ ♣r♦✈❛ ❛ ❝♦♠♣❧❡t✉❞❡ ❞❡ Rn ♣♦rq✉❡ (xm) ❡r❛ ✉♠❛

s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❛r❜✐trár✐❛✳

❊①❡♠♣❧♦ ✷✳✷✳✹ ✭❊s♣❛ç♦ lp✮ ❊st❡ ❡s♣❛ç♦ ❢♦✐ ❞❡✜♥✐❞♦ ❡♠ (1.2.2) ➱ ✉♠ ❡s♣❛ç♦ ❇❛♥❛❝❤

❝♦♠ ♥♦r♠❛ ❞❛❞❛ ♣♦r✿

||x|| =
( ∞
∑

j=1

|ξj|p
)

1

p

. ✭✷✳✹✮

◆❛ ✈❡r❞❛❞❡✱ ❡st❛ ♥♦r♠❛ ✐♥❞✉③ ❛ ♠étr✐❝❛ ❡♠ (1.2.2)✿

d(x, y) = ||x− y|| =
( ∞
∑

j=1

|ξj − ηj|p
)

1

p

.

❆ ❝♦♠♣❧❡t✉❞❡ ❥á ❢♦✐ ♠♦str❛❞❛✳

✷✳✸ ❊s♣❛ç♦s ♥♦r♠❛❞♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛

❖s ❡s♣❛ç♦s ♥♦r♠❛❞♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ sã♦ ♠❛✐s s✐♠♣❧❡s ❞♦ q✉❡ ❞✐♠❡♥sã♦ ♦s ❞❡

✐♥✜♥✐t❛✳ ❊❧❡s sã♦ ✐♠♣♦rt❛♥t❡s✱ ✉♠❛ ✈❡③ q✉❡ ♦s ❡s♣❛ç♦s ❡ s✉❜❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛

❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ❡♠ ✈ár✐❛s ❛♣❧✐❝❛çõ❡s✳ P♦rt❛♥t♦✱ ✈❛❧❡ ❛ ♣❡♥❛ ❡st✉❞❛r ❛❧❣✉♠❛s

♣r♦♣r✐❡❞❛❞❡s ❡ r❡s✉❧t❛❞♦s ❞❡ss❡s ❡s♣❛ç♦s✳ ❯♠❛ ❢♦♥t❡ ❞❡ r❡s✉❧t❛❞♦s ❞♦ t✐♣♦ ❞❡s❡❥❛❞♦ é

♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✷✳✸✳✶ ✭❈♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s✮ ❙❡❥❛ (x, · · · , xn) ✉♠ ❝♦♥❥✉♥t♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥✲

❞❡♣❡♥❞❡♥t❡ ❞❡ ✈❡t♦r❡s ❡♠ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X ✭❞❡ q✉❛❧q✉❡r ❞✐♠❡♥sã♦✮✳ ❊♥tã♦✱ ❤á

✉♠ ♥ú♠❡r♦ c > 0 t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ ❡s❝♦❧❤❛ ❞❡ ❡s❝❛❧❛r❡s α1, · · · , αn✱ ♥ós t❡♠♦s✿

||α1x1 + · · ·+ αnxn|| ≥ c(|α1|+ · · ·+ |αn|) ✭✷✳✺✮

♦♥❞❡ c > 0.

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ▲❡♠❛ ❡stá ❞✐s♣♦♥í✈❡❧ ❡♠ ❬✺❪✳

✷✸



❚❡♦r❡♠❛ ✷✳✸✳✷ ✭❈♦♠♣❧❡t✉❞❡✮ ❚♦❞♦ s✉❜❡s♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ Y ❞❡ ✉♠ ❡s♣❛ç♦

♥♦r♠❛❞♦ X é ❝♦♠♣❧❡t♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ t♦❞♦ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é

❝♦♠♣❧❡t♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❛♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❛r❜✐trár✐❛ (ym) ❡♠ Y ❡

♠♦str❛♥❞♦ q✉❡ é ❝♦♥✈❡r❣❡♥t❡ ❡♠ Y ❀ ♦ ❧✐♠✐t❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r y✳ ❙❡❥❛ dimY = n ❡

{e1, · · · , en} ✉♠❛ ❜❛s❡ q✉❛❧q✉❡r ♣❛r❛ Y ✳ ❊♥tã♦ ❝❛❞❛ ym t❡♠ ✉♠❛ ú♥✐❝❛ r❡♣r❡s❡♥t❛çã♦

❞❛ ❢♦r♠❛

ym = α
(m)
1 e1 + · · ·+ α(m)

n en.

❈♦♠♦ (ym) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✱ ♣❛r❛ ❝❛❞❛ ǫ > 0 ❡①✐st❡ ✉♠N t❛❧ q✉❡ ||ym−yr|| <
ǫ q✉❛♥❞♦ m, r > N ✳ P❡❧♦ ▲❡♠❛ ✷✳✸✳✶ t❡♠♦s ♣❛r❛ ❛❧❣✉♠ c > 0

ǫ > ||ym − yr|| =
∣

∣

∣

∣

∣

∣

∣

∣

n
∑

j=1

(α
(m)
j − α(m)

r )ej

∣

∣

∣

∣

∣

∣

∣

∣

≥ c
n
∑

j=1

|α(m)
j − α(m)

r |,

♦♥❞❡ m, r > N ✳ ❉✐✈✐❞✐♥❞♦ ♣♦r c > 0 t❡♠♦s

|α(m)
j − α(m)

r | ≤
n
∑

j=1

|α(m)
j − α(m)

r | < ǫ

c

❝♦♠ (m, r > N).

■ss♦ ♠♦str❛ q✉❡ ❝❛❞❛ ✉♠❛ ❞❛s n s❡q✉ê♥❝✐❛s

(α
(m)
j ) = (α1, α2, · · · )

❝♦♠ j = 1 · · ·n é ❞❡ ❈❛✉❝❤② ❡♠ R✳ P♦rt❛♥t♦✱ ❝♦♥✈❡r❣❡✱ s❡❥❛ αj ♦ ❧✐♠✐t❡ ❞❡♥♦t❛❞♦✳

❯s❛♥❞♦ ❡ss❡s n ❧✐♠✐t❡s α1, · · · , αn ❞❡✜♥✐♥❞♦

y = α1e1 + · · ·+ αnen.

❈❧❛r❛♠❡♥t❡✱ y ∈ Y ✳ ❆❧é♠ ❞✐ss♦✱

||ym − y|| =
∣

∣

∣

∣

∣

∣

∣

∣

n
∑

j=1

(α
(m)
j − αj)ej

∣

∣

∣

∣

∣

∣

∣

∣

≤
n
∑

j=1

|α(m)
j − αj| ||ej||.

➚ ❞✐r❡✐t❛✱ α(m)
j −→ αj✳ ❉❛í ||ym − y|| −→ 0✱ ✐st♦ é✱ ym −→ y✳ ■ss♦ ♠♦str❛ q✉❡ (ym) é

❝♦♥✈❡r❣❡♥t❡ ❡♠ Y ✳ ❈♦♠♦ (ym) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ Y ✱ ✐ss♦ ♣r♦✈❛ q✉❡ Y é

❝♦♠♣❧❡t♦✳

✷✹



❚❡♦r❡♠❛ ✷✳✸✳✸ ✭❋❡❝❤❛♠❡♥t♦✮ ❚♦❞♦ s✉❜❡s♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ Y ❞❡ ✉♠ ❡s♣❛ç♦

♥♦r♠❛❞♦ X é ❢❡❝❤❛❞♦ ❡♠ X✳

❖❜s❡r✈❡ q✉❡ s✉❜❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ♥ã♦ ♣r❡❝✐s❛♠ s❡r ❢❡❝❤❛❞♦s✳ ❊①❡♠✲

♣❧♦✳ ❙❡❥❛ X = C[0, 1] ❡ Y = (x0, x1, · · · )✱ ♦♥❞❡ xj(t) = tj✱ ❞❡ ♠♦❞♦ q✉❡ Y é ♦ ❝♦♥❥✉♥t♦

❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s✳ Y ♥ã♦ é ❢❡❝❤❛❞♦ ❡♠ X✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ✈❡r ❡♠ ❬✺❪✳

❖❜s❡r✈❛çã♦✿ ❖✉tr❛ ♣r♦♣r✐❡❞❛❞❡ ✐♥t❡r❡ss❛♥t❡ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛ X é q✉❡ t♦❞❛s ❛s ♥♦r♠❛s ❡♠ X ❧❡✈❛♠ à ♠❡s♠❛ t♦♣♦❧♦❣✐❛ ♣❛r❛ X✱ ✐st♦ é✱ ♦s

s✉❜❝♦♥❥✉♥t♦s ❛❜❡rt♦s ❞❡ X sã♦ ♦s ♠❡s♠♦s✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ ❡s❝♦❧❤❛ ❞❡ ✉♠❛

♥♦r♠❛ ❡♠ X✳

❉❡✜♥✐çã♦ ✷✳✸✳✹ ✭◆♦r♠❛s ❡q✉✐✈❛❧❡♥t❡✮ ❯♠❛ ♥♦r♠❛ || · || ❡♠ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ X

é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ ♥♦r♠❛ || · ||0 ❡♠ X s❡ ❤♦✉✈❡r ♥ú♠❡r♦s ♣♦s✐t✐✈♦s a ❡ b t❛✐s q✉❡ ♣❛r❛

t♦❞♦ x ∈ X t❡♠♦s

a||x||0 ≤ ||x|| ≤ b||x||0. ✭✷✳✻✮

◆♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s ❡♠ X ❞❡✜♥❡♠ ❛ ♠❡s♠❛ t♦♣♦❧♦❣✐❛ ♣❛r❛ ❳✳

❉❡ ❢❛t♦✱ ✐ss♦ ❞❡❝♦rr❡ ❞❡ (2.6) ❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ t♦❞♦ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ♥ã♦ ✈❛③✐♦ é

✉♠❛ ✉♥✐ã♦ ❞❡ ❜♦❧❛s ❛❜❡rt❛s✳

❚❡♦r❡♠❛ ✷✳✸✳✺ ✭◆♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s✮ ❊♠ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ X ❞❡ ❞✐♠❡♥sã♦ ✜✲

♥✐t❛✱ q✉❛❧q✉❡r ♥♦r♠❛ || · || é ❡q✉✐✈❛❧❡♥t❡ ❛ q✉❛❧q✉❡r ♦✉tr❛ ♥♦r♠❛ ||| · ||0.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ dimX = n ❡ {e1, · · · , en} ✉♠❛ ❜❛s❡ ♣❛r❛ X✳ ❊♥tã♦ ❝❛❞❛ x ∈ X

t❡♠ ✉♠❛ ú♥✐❝❛ r❡♣r❡s❡♥t❛çã♦

x = α1e1 + · · ·+ αnen.

P❡❧♦ ▲❡♠❛ ✷✳✸✳✶ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ c t❛❧ q✉❡

||x|| ≥ c(|α1|+ · · ·+ |αn|).

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❢♦r♥❡❝❡

||x||0 ≤
n
∑

j=1

|αj| ||ej||0 ≤
n
∑

j=1

|αj|,

✷✺



k = maxj ||ej||0✳
❆ss✐♠✱ a||x||0 ≤ ||x|| ♦♥❞❡ aa

k
> 0✳ ❆ ♦✉tr❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ (2.6) é ❛❣♦r❛ ♦❜t✐❞❛ ♣♦r

✉♠❛ tr♦❝❛ ❞❡ || · || ❡ || · ||0 ♥♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r✳

✷✻



❈❛♣ít✉❧♦ ✸

▲❡♠❛ ❞❡ ❘✐❡s③

◆❡st❡ ❝❛♣ít✉❧♦ ♠♦str❛r❡♠♦s ❛❧❣✉♠❛s ♦✉tr❛s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❡ ❡s♣❛ç♦s ♥♦r✲

♠❛❞♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ♦s s✉❜❡s♣❛ç♦s q✉❡ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❛♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♠✲

♣❛❝✐❞❛❞❡ ❡ ❞❡♠♦♥str❛r❡♠♦s ♦ ❧❡♠❛ ❞❡ ❘✐❡s③ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ tr❛❜❛❧❤♦✳

❊ss❡ ❧❡♠❛ s❡r✈❡ ♣❛r❛ ❝❛r❛❝t❡r✐③❛r ❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ✐♥✜♥✐t❛✱ ♦♥❞❡ ❛ ❝❛r❛❝✲

t❡r✐③❛çã♦ ❞❡ ❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ♠❛✐s ❢á❝✐❧ ❞❡ s❡ tr❛❜❛❧❤❛r ♣♦✐s r❡s✉❧t❛❞♦s

✈á❧✐❞♦s ❡♠ ❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♥❡♠ s❡♠♣r❡ sã♦ ✈á❧✐❞♦s ❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳

✸✳✶ ❇✐♦❣r❛✜❛ ❞❡ ❋✳ ❘✐❡s③

❋✐❣✉r❛ ✸✳✶✿ ❘✐❡s③ ❬✸❪

❋r✐❣②❡s ❘✐❡s③ ❢♦✐ ✉♠ ▼❛t❡♠át✐❝♦ ❛✉str♦✲❤ú♥❣❛r♦ ♥❛s❝✐❞♦ ❡♠ ●②ör✱ ❧♦❝❛❧✐③❛❞❛ ♥♦

♥♦r♦❡st❡ ❞❛ ❍✉♥❣r✐❛✱ ♣✐♦♥❡✐r♦ ❞❛ ❛♥á❧✐s❡ ❢✉♥❝✐♦♥❛❧✱ ♦❜t❡✈❡ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s ♥❛ ❢ís✐❝❛✲



♠❛t❡♠át✐❝❛✳ ❋✐❧❤♦ ❞♦ ♠é❞✐❝♦ ■❣♥á❝③ ❘✐❡s③✱ t❛♠❜é♠ t❡✈❡ ✉♠ ✐r♠ã♦ ♠❛✐s ❥♦✈❡♠ q✉❡

s❡ ❞❡st❛❝♦✉ ❝♦♠♦ ♠❛t❡♠át✐❝♦✿ ▼❛r❝❡❧ ❘✐❡s③ ✭✶✽✽✻✲✶✾✻✾✮✳ ❋♦✐ ❡❞✉❝❛❞♦ ❡♠ ❇✉❞❛♣❡st❡

❡ s❡❣✉✐✉ ♣❛r❛ ●ött✐♥❣❡♥ ❡ ❩✉r✐q✉❡ ♣❛r❛ ❝♦♠♣❧❡♠❡♥t❛r s❡✉s ❡st✉❞♦s✳ ❉❡ ✈♦❧t❛ ❛ ❇✉✲

❞❛♣❡st❡ ♦❜t❡✈❡ s❡✉ ❞♦✉t♦r❛❞♦ ✭✶✾✵✷✮ ❝♦♠ ✉♠❛ ❞✐ss❡rt❛çã♦ ❡♠ ❣❡♦♠❡tr✐❛ ❡ ❞♦✐s ❛♥♦s

❞❡♣♦✐s ❢♦✐ ❝♦♥tr❛t❛❞♦ ♣❡❧❛ ✉♥✐✈❡rs✐❞❛❞❡ ❧♦❝❛❧✳ ❋♦✐ ✐♥❞✐❝❛❞♦ ♣❛r❛ ✉♠ ❝át❡❞r❛ ❡♠ ❑♦✲

❧♦③s✈ár✱ ❍✉♥❣r✐❛ ✭✶✾✶✶✮✱ ♠❛s ❝♦♠ ❛ ❛ss✐♥❛t✉r❛ ❞♦ ❚r❛t❛❞♦ ❞❡ ❚r✐❛♥♦♥ ✭✶✾✷✵✮ ❛ ❝✐❞❛❞❡

♣❛ss♦✉ ♣❛r❛ ♦ ❞♦♠í♥✐♦ ❞❛ ❘♦♠ê♥✐❛✳

❈♦♠♦ ♣r♦❢❡ss♦r ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❞❛ ❍✉♥❣r✐❛ ♠✉❞♦✉✲s❡ ♣❛r❛ ❙③❡❣❡❞ ✭✶✾✷✷✮✱ ♦♥❞❡

❥✉♥t♦ ❝♦♠ ♦ ❝♦♠♣❛tr✐♦t❛ ❆❧❢r❡❞ ❍❛❛r ✭✶✽✽✺✲✶✾✸✸✮✱ ❢✉♥❞♦✉ ✭✶✾✷✷✮ ♦ ■♥st✐t✉t♦ ❞❡ ▼❛✲

t❡♠át✐❝❛ ❏á♥♦s ❇♦❧②❛✐✱ ❡♠ ❤♦♠❡♥❛❣❡♠ ❛♦ ❢❛♠♦s♦ ♠❛t❡♠át✐❝♦ ❤ú♥❣❛r♦ ♥❛s❝✐❞♦ ❡♠

❑♦❧♦③s✈ár✳ ❚♦r♥♦✉✲s❡ ❡❞✐t♦r ❞❛ r❡❝é♠ ❝r✐❛❞❛ r❡✈✐st❛ ❞♦ ■♥st✐t✉t♦✱ ❛ ❆❝t❛ ❙❝✐❡♥t✐❛r✉♠

▼❛t❤❡♠❛t✐❝❛r✉♠✱ q✉❡ r❛♣✐❞❛♠❡♥t❡ t♦r♥♦✉✲s❡ ♥✉♠❛ r❡s♣❡✐tá✈❡❧ ❢♦♥t❡ ❞❡ ♣✉❜❧✐❝❛çã♦

❞❡ ♣❛♣❡rs ❡♠ ♠❛t❡♠át✐❝❛✱ ✐♥❝❧✉✐♥❞♦ ♦s s❡✉s ♣ró♣r✐♦s ❝♦♠♦ ♦ t❡♦r❡♠❛ ❞❡ ❊❣♦r♦✈ ❡♠

❢✉♥çõ❡s ❧✐♥❡❛r❡s ✭✶✾✷✷✮✳

❆♥♦s ❞❡♣♦✐s ❢♦✐ ✐♥❞✐❝❛❞♦ ♣❛r❛ ❛ ❝át❡❞r❛ ❞❡ ♠❛t❡♠át✐❝❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❇✉✲

❞❛♣❡st❡ ✭✶✾✹✺✮ ❡ ❢♦✐ ❡❧❡✐t♦ ♣❛r❛ ❛ ❆❝❛❞❡♠✐❛ ❞❡ ❈✐ê♥❝✐❛s ❞❛ ❍✉♥❣r✐❛ ✭✶✾✹✾✮ q✉❛♥❞♦ ❢♦✐

♣r❡♠✐❛❞♦ ❝♦♠ ♦ ❑♦ss✉t❤✳ ❚❛♠❜é♠ ❢♦✐ ♠❡♠❜r♦ ❞❛ ❆❝❛❞❡♠✐❛ ❞❡ ❈✐ê♥❝✐❛s ❞❡ P❛r✐s ❡

❞❛ ❙♦❝✐❡❞❛❞❡ ❘❡❛❧ ❞❡ ❋✐s✐♦❣r❛✜❛ ❞❡ ▲✉♥❞✱ ❙✉é❝✐❛✳ ❘❡❝❡❜❡✉ ❞♦✉t♦r❛❞♦s ❤♦♥♦rár✐♦s ❞❛s

✉♥✐✈❡rs✐❞❛❞❡s ❞❡ ❙③❡❣❡❞✱ ❇✉❞❛♣❡st❡ ❡ P❛r✐s ❡ ♠♦rr❡✉ ❡♠ ❇✉❞❛♣❡st❡✳ P❛r❛ ♠❛✐♦r❡s

✐♥❢♦r♠❛çõ❡s✱ ✈❡r ❬✸❪✳

✸✳✷ ❈♦♠♣❛❝✐❞❛❞❡

❉❡✜♥✐çã♦ ✸✳✷✳✶ ✭❊s♣❛ç♦ ❈♦♠♣❛❝t♦✮ ❯♠ ❡s♣❛ç♦ ♠étr✐❝♦ X é ❞✐t♦ s❡r ❝♦♠♣❛❝t♦ s❡

t♦❞❛ s❡q✉ê♥❝✐❛ ❡♠ X t✐✈❡r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ M ❞❡ X

é ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♣❛❝t♦ s❡ M ❢♦r ❝♦♠♣❛❝t♦✱ ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠ s✉❜❡s♣❛ç♦ ❞❡ X✱

♦✉ s❡❥❛✱ s❡ ❝❛❞❛ s❡q✉ê♥❝✐❛ ❡♠ M t❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❝✉❥♦ ❧✐♠✐t❡ é ✉♠

❡❧❡♠❡♥t♦ ❞❡ M ✳

▲❡♠❛ ✸✳✷✳✷ ✭❈♦♠♣❛❝✐❞❛❞❡✮ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ M ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ é

❢❡❝❤❛❞♦ ❡ ❧✐♠✐t❛❞♦✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ teorema (1.4.6(a)) t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ x ∈ M ❤á ✉♠❛ s❡q✉ê♥✲

❝✐❛ (xn) ❡♠ M t❛❧ q✉❡ xn → x✳ ❯♠❛ ✈❡③ q✉❡ M é ❝♦♠♣❛❝t♦✱ x ∈ M P♦rt❛♥t♦✱ M é

❢❡❝❤❛❞♦ ♣♦rq✉❡ x ∈ M ❢♦✐ ❛r❜✐trár✐♦✳ Pr♦✈❛♠♦s q✉❡ M é ❧✐♠✐t❛❞♦✳ ❙❡ M ❢♦r ✐❧✐♠✐t❛❞♦✱

✷✽



❡❧❡ ❝♦♥té♠ ✉♠❛ s❡q✉ê♥❝✐❛ ✐❧✐♠✐t❛❞❛ (yn) ❞❡ ♠♦❞♦ q✉❡ d(yn, b) > n✱ ♦♥❞❡ b é q✉❛❧q✉❡r

❡❧❡♠❡♥t♦ ✜①♦✳ ❊st❛ s❡q✉ê♥❝✐❛ ♥ã♦ ♣♦❞❡r✐❛ t❡r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✱ ✉♠❛ ✈❡③

q✉❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❞❡✈❡ s❡r ❧✐♠✐t❛❞❛✳

❖❜s❡r✈❛çã♦ ❖ ✐♥✈❡rs♦ ❞❡ss❡ ❧❡♠❛ é✱ ❡♠ ❣❡r❛❧✱ ❢❛❧s♦✳

P❛r❛ ♣r♦✈❛r ❡st❡ ❢❛t♦ ✐♠♣♦rt❛♥t❡✱ ❝♦♥s✐❞❡r❛♠♦s ❛ s❡q✉ê♥❝✐❛ (en) ❡♠ l2✱ ♦♥❞❡ en = (δnj)

t❡♠ ♦ ❡♥és✐♠♦ t❡r♠♦ ✶ ❡ t♦❞♦s ♦s ♦✉tr♦s t❡r♠♦s ✵✳ ❊st❛ s❡q✉ê♥❝✐❛ é ❧✐♠✐t❛❞❛ ♣♦rq✉❡

||en|| = 1✳ ❙❡✉s t❡r♠♦s ❝♦♥st✐t✉❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s q✉❡ é ❢❡❝❤❛❞♦ ♣♦rq✉❡ ♥ã♦

t❡♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦✳ P❡❧❛ ♠❡s♠❛ r❛③ã♦✱ ❡ss❡ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥ã♦ é ❝♦♠♣❛❝t♦✳

❚❡♦r❡♠❛ ✸✳✷✳✸ ✭❈♦♠♣❛❝✐❞❛❞❡✮ ❊♠ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ X✱ q✉❛❧✲

q✉❡r s✉❜❝♦♥❥✉♥t♦ M ⊂ X é ❝♦♠♣❛❝t♦ s❡ ❡ s♦♠❡♥t❡ s❡ M ❢♦r ❢❡❝❤❛❞♦ ❡ ❧✐♠✐t❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♣❛❝✐❞❛❞❡ ✐♠♣❧✐❝❛ ❢❡❝❤❛♠❡♥t♦ ❡ ❧✐♠✐t❛çã♦ ♣♦r Lema (3.2.1)✱ ❡

♣r♦✈❛♠♦s ♦ ❝♦♥trár✐♦✳ ❙❡❥❛ M ❢❡❝❤❛❞♦ ❡ ❧✐♠✐t❛❞♦✳ ❚♦♠❛♥❞♦ dimX = n ❡ e1, · · · , en
✉♠❛ ❜❛s❡ ♣❛r❛ X✳ ◆ós ❝♦♥s✐❞❡r❛♠♦s q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ (xm) ❡♠ M ✳ ❈❛❞❛ Xm t❡♠

✉♠❛ r❡♣r❡s❡♥t❛çã♦✿

xm = ξ
(m)
1 e1 + · · ·+ ξ(m)

n en.

❯♠❛ ✈❡③ q✉❡ M é ❧✐♠✐t❛❞♦✱ (xm) t❛♠❜é♠ é✱ ❞✐❣❛♠♦s✱ ||xm|| ≤ k ♣❛r❛ t♦❞♦ m✳ P♦r

Lema (2.3.1)✿

k ≥ ||xm|| = ||
n
∑

j=1

ξ
(m)
j ej|| ≥ c

n
∑

j=1

|ξ(m)
j |,

♦♥❞❡ c > 0✳ P♦rt❛♥t♦✱ ❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s (ξmj ) ✭j ✜①♦✮ é ❧✐♠✐t❛❞❛ ❡✱ ♣❡❧♦ ❚❡♦✲

r❡♠❛ ❞❡ ❇♦❧③❛♥♦✲❲❡✐❡rstr❛ss ❞✐s♣♦♥í✈❡❧ ❡♠ ❬✼❪✱ t❡♠ ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ξj❀ ❝♦♠

1 ≤ j ≤ n ❈♦♠♦ ♥❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✷✳✹✲✶ ❡♠ ❬✺❪ ♥ós ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ (xm) t❡♠

✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (zm) q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ z =
∑

ξjej✳ ❯♠❛ ✈❡③ q✉❡ M é ❢❡❝❤❛❞♦✱

z ∈ M ✳ ■ss♦ ♠♦str❛ q✉❡ ❛ s❡q✉ê♥❝✐❛ ❛r❜✐trár✐❛ (xm) ❡♠ M t❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡

❝♦♥✈❡r❣❡ ❡♠ M ✳ ▲♦❣♦✱ M é ❝♦♠♣❛❝t♦✳

✷✾



◆♦ss❛ ❞✐s❝✉ssã♦ ♠♦str❛ ♦ s❡❣✉✐♥t❡✳ ❊♠ Rn ✭♦✉ ❡♠ q✉❛❧q✉❡r ♦✉tr♦ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❞❡

❞✐♠❡♥sã♦ ✜♥✐t❛✮ ♦s s✉❜❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s sã♦ ♣r❡❝✐s❛♠❡♥t❡ ♦s s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s

❡ ❧✐♠✐t❛❞♦s✱ ❞❡ ♠♦❞♦ q✉❡ ❡st❛ ♣r♦♣r✐❡❞❛❞❡ ✭❢❡❝❤❛♠❡♥t♦ ❡ ❢r♦♥t❡✐r❛✮ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛

❞❡✜♥✐r ❝♦♠♣❛❝t❛çã♦✳ ◆♦ ❡♥t❛♥t♦✱ ✐ss♦ ♥ã♦ ♣♦❞❡ ♠❛✐s s❡r ❢❡✐t♦ ♥♦ ❝❛s♦ ❞❡ ✉♠ ❡s♣❛ç♦

♥♦r♠❛♥❞♦ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳

✸✳✸ ▲❡♠❛ ❞❡ ❘✐❡s③

❖ ❧❡♠❛ ❞❡ ❘✐❡s③ ♥♦s ❞✐③ q✉❡ t♦❞❛ ❜♦❧❛ ✉♥✐tár✐❛ ❢❡❝❤❛❞❛ ❡♠ ❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦

✐♥✜♥✐t❛ ♥✉♥❝❛ s❡rá ❝♦♠♣❛❝t❛✳

▲❡♠❛ ✸✳✸✳✶ ✭❘✐❡s③✮ ❙❡❥❛ Y ✉♠ s✉❜❝♦♥❥✉♥t♦ ♣ró♣r✐♦ ❞❡ Z✱ s❡♥❞♦ Z ✉♠ s✉❜❡s♣❛ç♦

❞❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X ✭❞❡ q✉❛❧q✉❡r ❞✐♠❡♥sã♦✮✱ ❡ s✉♣♦♥❤❛ q✉❡ Y s❡❥❛ ❢❡❝❤❛❞♦ ❡

t❛♠❜é♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ Z✳ ❊♥tã♦ ♣❛r❛ ❝❛❞❛ ♥ú♠❡r♦ r❡❛❧ θ ♣❡rt❡♥❝❡♥t❡ ❛♦ ✐♥t❡r✈❛❧♦

(0, 1)✱ ❤á ✉♠ z ∈ Z t❛❧ q✉❡✿

||z|| = 1,

||z − y|| ≥ θ,

♣❛r❛ t♦❞♦ y ∈ Y.

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❛♠♦s q✉❛❧q✉❡r v ∈ (Z − Y ) ❡ ❞❡♥♦t❛♠♦s s✉❛ ❞✐stâ♥❝✐❛ ❞❡

Y ♣♦r a✱ ✐st♦ é ✭❋✐❣✉r❛ ✸✮✱

a = inf
y∈Y

||v − y||.

❈❧❛r❛♠❡♥t❡ a > 0✱ ♣♦✐s Y é ❢❡❝❤❛❞♦✳ ❚♦♠❛♥❞♦ q✉❛❧q✉❡r θ ∈ (0, 1)✳ P❡❧❛ ❞❡✜♥✐çã♦

❞❡ í♥✜♠♦✱ ❤á ✉♠ y0 ∈ Y t❛❧ q✉❡✿

✭✶✮

a ≤ ||v − y0|| ≤
a

θ
.

❖❜s❡r✈❡ q✉❡
a

θ
> a ❞❡s❞❡ q✉❡ 0 < θ < 1. ❙❡❥❛✿

z = c(v − y0),

♦♥❞❡✱

c =
1

||v − y0||
.

✸✵



❋✐❣✉r❛ ✸✳✷✿ ❋✐❣✉r❛ ✸

❊♥tã♦ ||z|| = 1✱ ❡ ♠♦str❛♠♦s q✉❡ ||z − y|| ≥ θ ♣❛r❛ ❝❛❞❛ y ∈ Y ✳ ❚❡♠♦s✿

||z − y|| = ||c(v − y0)− y||

= c||v − y0 − c−1y||

= ||v − y1||,

❛ss✐♠✱

y1 = y0 + c−1y.

❆ ❢♦r♠❛ ❞❡ y1✱ ♠♦str❛ q✉❡ y1 ∈ Y ✳ P♦rt❛♥t♦✱ ||v − y1|| ≥ a✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ a✳

❊s❝r❡✈❡♥❞♦ c ❡ ✉s❛♥❞♦ (1)✱ ♦❜t❡♠♦s

||z − y|| = c||c− y1|| ≥ ca =
a

||v − y0||
≥ a

a
θ

= θ.

❱✐st♦ q✉❡ y ∈ Y ❡r❛ ❛r❜✐trár✐♦✱ ✐ss♦ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛✳

❊♠ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❢❡❝❤❛❞❛ é ❝♦♠♣❛❝t❛✳ ❊ss❡

r❡s✉❧t❛❞♦ s❡rá ♠♦str❛❞♦ ❝♦♠ ♦ ❛✉①✐❧✐♦ ❞♦ ▲❡♠❛ ❞❡ ❘✐❡s③✳

❚❡♦r❡♠❛ ✸✳✸✳✷ ✭❉✐♠❡♥sã♦ ✜♥✐t❛✮ ❙❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡

q✉❡ ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❢❡❝❤❛❞❛ M = {x/||x|| ≤ 1} é ❝♦♠♣❛❝t❛✱ ❡♥tã♦ X t❡♠ ❞✐♠❡♥sã♦

✜♥✐t❛✳

✸✶



❉❡♠♦♥str❛çã♦✳ ❆ss✉♠✐♠♦s q✉❡ M é ❝♦♠♣❛❝t♦✱ ♠❛s dimX = ∞✱ ❡ ♠♦str❛✲s❡ q✉❡

✐ss♦ ❧❡✈❛ ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❊s❝♦❧❤❡♠♦s q✉❛❧q✉❡r x1 ❝♦♠ ♥♦r♠❛ 1✳ ❊st❡ x1 ❣❡r❛ ✉♠

s✉❜❡s♣❛ç♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ X1 ❞❡ X✱ q✉❡ é ❢❡❝❤❛❞♦ ❡ é ✉♠ s✉❜❡s♣❛ç♦ ♣ró♣r✐♦ ❞❡ X ❥á

q✉❡ dimX = ∞✳ P❡❧♦ ▲❡♠❛ ❞❡ ❘✐❡s③ ❡①✐st❡ ✉♠ x2 ∈ X ❝♦♠ ♥♦r♠❛ 1 t❛❧ q✉❡

||x2 − x1|| ≥ θ =
1

2
.

❖s ❡❧❡♠❡♥t♦s x1, x2 ❣❡r❛♠ ✉♠ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ X2 ❞❡ X✳ P❡❧♦ ❧❡♠❛

❞❡ Riesz ❡①✐st❡ ✉♠ X3 ❞❡ ♥♦r♠❛ 1 t❛❧ q✉❡ ♣❛r❛ t♦❞♦s ♦s X ∈ X2 t❡♠♦s

||x3 − x|| ≥ 1

2
.

❊♠ ♣❛rt✐❝✉❧❛r✱

||x3 − x1|| ≥
1

2
,

||x3 − x2|| ≥
1

2
.

Pr♦❝❡❞❡♥❞♦ ♣♦r ✐♥❞✉çã♦✱ ♦❜t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ (xn) ❞❡ ❡❧❡♠❡♥t♦s xn ∈ M t❛❧ q✉❡

||xm − xn|| ≥
1

2

(m 6= n). ❖❜✈✐❛♠❡♥t❡✱ (xn) ♥ã♦ ♣♦❞❡ t❡r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✳ ■ss♦ ❝♦♥tr❛❞✐③

❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ M ✳ P♦rt❛♥t♦✱ ♥♦ss❛ s✉♣♦s✐çã♦ dimX = ∞ é ❢❛❧s♦ ❡ dimX < ∞✳

✸✷



❈❛♣ít✉❧♦ ✹

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❆ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ❢❛③ ✉s♦ ❞❡ ♠✉✐t♦s ❝♦♥❝❡✐t♦s ❞❡ á❧❣❡❜r❛ ❧✐♥❡❛r ❡ ♣♦❞❡ s❡r

❝♦♥s✐❞❡r❛❞❛ ❛té ❝❡rt♦ ♣♦♥t♦ ❝♦♠♦ ♦ ❡st✉❞♦ ❞❡ ❡s♣❛ç♦s ♥♦r♠❛❞♦s ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳

◆♦ss♦ tr❛❜❛❧❤♦ ✈✐s♦✉ ✉♠ ✐♠♣♦rt❛♥t❡ ❧❡♠❛ ❞❡st❛ ár❡❛✱ ♦ ❧❡♠❛ ❞❡ ❘✐❡s③✱ q✉❡ ❝❛✲

r❛❝t❡r✐③❛ ❡s♣❛ç♦s ♥♦r♠❛❞♦s ❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ ♣♦ré♠✱ ♥ã♦ é tr✐✈✐❛❧ tr❛❜❛❧❤❛r ❝♦♠

❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ ✉♠❛ ✈❡③ ♥❡♠ s❡♠♣r❡ ✉♠ r❡s✉❧t❛❞♦ q✉❡ s❛t✐s❢❛③ ✉♠ ❡s✲

♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♣r❡✈❛❧❡❝❡ q✉❛♥❞♦ ❡ss❡ ❡s♣❛ç♦ é ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ ❝♦♠♦

♣♦r ❡①❡♠♣❧♦ ♦ ▲❡♠❛ ❞❡ ❘✐❡s③ ✱ ✈✐st♦ q✉❡ t♦❞❛ ❜♦❧❛ ❢❡❝❤❛❞❛ ✉♥✐tár✐❛ é ❝♦♠♣❛❝t❛✱ s❡✱

❡ s♦♠❡♥t❡ s❡ ❛ ❞✐♠❡♥sã♦ ❢♦r ✜♥✐t❛✱ ♦✉ s❡❥❛✱ ❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ❡ss❡ r❡s✉❧t❛❞♦ ♥ã♦ é

✈á❧✐❞♦✳

P❛r❛ ❢✉t✉r❛s ♣❡sq✉✐s❛s ♣r❡t❡♥❞❡✲s❡ ❡st✉❞❛r ♦ ❢❛t♦ ❞❡ q✉❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❡s♣❡❝✲

tr❛✐s ❞♦s ♦♣❡r❛❞♦r❡s ❝♦♠♣❛❝t♦s q✉❡ ❛t✉❛♠ ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ sã♦ s❡♠❡❧❤❛♥t❡s

❛♦ ❞❛s ♠❛tr✐③❡s✳

P♦r ✜♠ ❛❝r❡❞✐t❛♠♦s q✉❡ ♦s ♦❜❥❡t✐✈♦s ❢♦r❛♠ ❛❧❝❛♥ç❛❞♦s ❡ ❡s♣❡r❛♠♦s q✉❡ ❡st❡

tr❛❜❛❧❤♦ s✐r✈❛ ❝♦♠♦ ❢♦♥t❡ ❞❡ ♣❡sq✉✐s❛ ❛❝❛❞ê♠✐❝❛ ♣❛r❛ tr❛❜❛❧❤♦s ❢✉t✉r♦s q✉❡ ❡♥✈♦❧✈❛♠

❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✱ ❡♠ ❡s♣❡❝í✜❝♦ ♦ ❡st✉❞♦ ❞❡ ♦♣❡r❛❞♦r❡s ❝♦♠♣❛❝t♦s✱ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱

❡s♣❛ç♦ ❞❛s s❡q✉ê♥❝✐❛s✱ ❡s♣❛ç♦ ❞❡ ❢✉♥çõ❡s ❡ ♦ ▲❡♠❛ ❞❡ ❘✐❡s③✳
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❬✶❪ ❇♦t❡❧❤♦✱ ●✳✱ P❡❧❧❡❣r✐♥♦✱ ❉✳✱ ❚❡✐①❡✐r❛✱ ❊✳ ❋✉♥❞❛♠❡♥t♦s ❞❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✳ ✶❛

❡❞✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ❙❇▼✱ ✷✵✶✷✳

❬✷❪ ❇✉❡♥♦✱ ❍✳ P✳ ◆♦t❛s ❞❡ ❛✉❧❛ ❡♠ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ❖r❞✐♥ár✐❛s ■✳ ▼✐♥❛s ●❡r❛✐s✱

✷✵✵✶✳

❬✸❪ ❉✐s♣♦♥í✈❡❧ ❡♠✿ < ❤tt♣s✿✴✴♠❛t❤s❤✐st♦r②✳st✲❛♥❞r❡✇s✳❛❝✳✉❦✴❇✐♦❣r❛♣❤✐❡s✴❘✐❡s③✴>

❆❝❡ss♦ ❡♠ ✵✶ ❞❡ ❋❡✈❡r❡✐r♦ ❞❡ ✷✵✷✷✳

❬✹❪ ❉♦♠✐♥❣✉❡s ❍✳ ❍✳ ❊s♣❛ç♦s ▼étr✐❝♦s ❡ ■♥tr♦❞✉çã♦ à ❚♦♣♦❧♦❣✐❛✱ ❊❞✳ ❆t✉❛❧✱ ✶✾✽✷✳

❬✺❪ ❑r❡②s③✐❣✱ ❊r✇✐♥✳ ■♥tr♦❞✉❝t♦r② ❢✉♥❝t✐♦♥❛❧ ❛♥❛❧②s✐s ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s✱ ❏♦❤♥ ❡ ❲✐❧❡②

❙♦♥s✱ ✶✾✼✽✳

❬✻❪ ▲✐♠❛✱ ❊❧♦♥ ▲❛❣❡s✳ ➪❧❣❡❜r❛ ▲✐♥❡❛r✳ ✲✾ ❡❞✳✲ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱ ✷✵✶✽✳

❬✼❪ ▲✐♠❛✱ ❊❧♦♥ ▲❛❣❡s✳ ❆♥á❧✐s❡ ❘❡❛❧ ❱♦❧✉♠❡ ✶✳ ❋✉♥çõ❡s ❞❡ ✉♠❛ ✈❛r✐á✈❡❧✴❊❧♦♥ ▲❛❣❡s

▲✐♠❛✳ ✽ ❡❞✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱ ✷✵✵✻✳

❬✽❪ ▲✐♠❛✱ ❊✳ ▲✳ ❊s♣❛ç♦s ▼étr✐❝♦s✳ Pr♦❥❡t♦ ❊✉❝❧✐❞❡s✳ ■▼P❆✱ ❈◆Pq✳ ✭✶✾✼✼✮✳ ▲✐✈r♦s

❚é❝♥✐❝♦s ❡ ❈✐❡♥tí✜❝♦s✱ ❊❞✐t♦r❛✳

❬✾❪ ❖❧✐✈❡✐r❛✱ ❈✳ ❘✳ ■♥tr♦❞✉çã♦ à ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✱ ✸❛ ❡❞✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■♠♣❛✱ ✷✵✶✵✳


