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Resumo

Neste trabalho apresentamos estimativas de Carleman para uma classe de problemas
parabolicos degenerados sobre um quadrado (no caso bidimensional) ou sobre um in-
tervalo limitado (no caso unidimensional). Consideramos um operador diferencial que
degenera apenas em uma parte da fronteira. Provamos resultados de existéncia, uni-
cidade e estimativas de energia via teoria do semigrupo. Em seguida usamos fungoes
peso adequadas para obter estimativas de Carleman e, como aplicacoes, resultados de

controlabilidade multi-objetivo.

Palavras-chave: Controle nulo de Stackelberg-Nash; Desigualdade de Carleman; Ob-

servabilidade; Equagoes com coeficiente degenerados.
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Abstract

This work presents Carleman estimates to a class of degenerate parabolic problems
over a square (in the two dimensional case) or a bounded interval (in the one dimen-
sional case). We consider a differential operator that degenerate only in a part of the
boundary. Using semigroup theory, we prove well posedness results. Then, using sui-
tables weight functions, we prove Carleman estimates and, as application, results on

multi-objective controllability.

Keywords: Stackelberg-Nash null controllability; Carleman estimates; Observability;

Degenerate equations.
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Introducao

0.1 Controlabilidade nula de equacoes parabdlicas de-

generadas

Com o desenvolvimento do Calculo Diferencial e Integral em meados do século
XVII, a ciéncia provocou um grande impacto na sociedade. Desde entao, um sem
numero de fenémenos foram analisados, com resultados que permitiram avancos tecno-
logicos sem precedentes na historia da humanidade. Dentre as principais ferramentas
responséaveis por tamanho progresso, destacam-se as equacoes diferenciais. Capazes de
modelar diversos problemas, a resolucao dessas equagoes permitiam prever o compor-
tamento futuro de varias variaveis. Infelizmente (ou felizmente) muitas destas equacoes
sao tao dificeis de se resolver, que mesmo 4 séculos depois do inicio do Célculo, ainda
existem intimeras equagoes passiveis de analises. Nao por menos, o campo da mate-
mética que se dedica a encontrar solugoes aproximadas destas equacoes se desenvolveu
tanto no ultimo século.

Certamente, depois de se prever o comportamento de um determinado fenomeno,
um passo seguinte ¢ influencia-lo. E nesse sentido que atua a teoria de controle: atuar
e influenciar o comportamento de certas varidveis em tais fenémenos.

Um sistema de controle é uma equagao de evolugdo (EDO ou EDP) que depende

de um parametro u, que escreveremos da seguinte forma:

y = f(t,y,u),

onde t € [0,7] é o tempo, y : [0,7] — Y ¢ a fungao estado, u : [0,7] — U & o controle

e Y e U sao espacos de funcoes adequados. Na equacao acima, y' representa a derivada



de y em relacao ao tempo t.

O problema de controle consiste em encontrar um controle u tal que a funcao
estado se comporta de uma forma desejada. Exemplificaremos alguns, dentre os varios,
problemas de controlabilidade presentes na literatura.

Controle Otimo: Encontrar um controle que minimiza algum funcional custo, por
exemplo,

J(u) = ly(T5u) — gllg + [[ullZ,
em que y é um alvo desejado e y(T;u) é o estado alcancado pelo sistema no tempo
final T
Controlabilidade Exata: Dado dois tempos Ty < T e yo, y1 dois possiveis estados

do sistema, encontrar u : [Ty, T1] — U tal que

y' = fly,u) em [Tp,T1]
y(To) = yo, y(T1) = w1
Em outras palavras, partindo de qualquer configuracao inicial 3y, podemos con-
duzir a solucao y para o estado y; sob a agao do controle wu.
Controlabilidade Aproximada: Dados Ty < T7, dois possiveis estados yq, y; € € > 0,

encontrar u : [Ty, T1] — U tal que

y' = f(y,u) em [To,T}]
y(To) = yo, |ly(T1) —wllv <e.

A controlabilidade aproximada é uma versao mais fraca se comparada a contro-
labilidade exata. De fato, em vez de pedirmos que a fun¢ao estado seja exatamente 1,
em T, pedimos apenas que o estado esteja arbitrariamente perto de ;.
Controlabilidade Nula: Dados dois tempos Ty < T} e yo um estado do sistema,

encontrar u : [Ty, T1] — U tal que

v = fly,u) em [Ty, Ti]
y(To) = yo, y(T1) = 0.
Controlabilidade Exata para as Trajetérias: Dados T, < T}, yo € Y e y uma
trajetoria (uma solugdo com controle u : [Ty, T1] — U), encontrar um controle u :
[Ty, T1] — U tal que
y' = fly,u) em [To,T1]
y(To) = yo, y(Th) = y(T1).



Os conceitos de controlabilidade nula e controlabilidade exata para as trajetorias
sao de especial importancia em sistemas nao reversiveis e sistemas com efeito regulari-

zante. Nestes casos, a controlabilidade exata nao é esperada.

0.2 Controlabilidade nula de equacoes parabdlicas de-

generadas

O estudo da controlabilidade de equagoes diferenciais parciais atraiu o interesse
de varios cientistas nas tltimas décadas. Diversos resultados foram desenvolvidos sobre
problemas semi-lineares, problemas em dominios ilimitados, sistemas de dindmica dos
fluidos entre outros. Nessas direcoes, alguns trabalhos notaveis sao |15, 18, 20, 21, 24].
Por outro lado, no caso particular de equagoes parabdlicas degeneradas, ainda pouco
se sabe, veja |7, 19, 27].

Primeiramente, consideremos o modelo mais basico de equagao parabolica dege-

nerada estudado na ultima década:

( g — (x%Uy)5 + bo(z, t)u = glo em (0,1) x (0,7,
u(l) =0 ¢ u(0,-) =0 se a€(0,1) em (0.7). 0
(x%u,)(0,-) =0 se a€ll,2)
u(+,0) = ug em (0,1),

onde o € (0,2), w C (0,1) é um aberto e 1, sua fungio caracteristica associada, T' > 0,
bo € L*°(0,1), g € L*(w x (0,T)) e ug € L*(9).
Dizemos que (1) ¢ nulamente controldvel quando dado ug € L?(0,1), existe g €

L*((0,1) x (0,T)) tal que a solugao u de (1) satisfaz
u(-,T) = 0. (2)

Na década de 90, no trabalho [20], o0 método HUM comeca a ser popularizado e
se consagra como o principal método para provar a controlabilidade nula de equacoes
diferenciais parciais. Tal método consiste em reduzir o problema da controlabilidade
nula ao problema de obter uma certa desigualdade para o estado adjunto do sistema ori-
ginal. Tal desigualdade, chamada de desigualdade de observabilidade, viria a se tornar
na década seguinte, o principal método para provar a controlabilidade nula de proble-

mas parabolicos degenerados. Mais especificamente, em [7], os autores consideraram o
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sistema adjunto de (1), isto é,

4

v+ (%), + bo(x, t)v = h em (0,1) % (0,7),
T R B X &1 3)
(%0,)(0,-) =0 se a€ll,2)
| (1) =vr em (0,1).

e provaram a seguinte desigualdade de observabilidade para (3):

Proposition 0.2.1 Sejam « € (0,2) e T > 0 dados e seja w um subintervalo aberto
e ndo vazio de (0,1). Entdo existe C > 0 tal que, para todo vy € L*(0,1), a solugio v

de (3) satisfaz
/ 7%, (0, 7)|* dr < C’// lv(x, t)|? da dt. (4)
wx(0,T)

Desde sua popularizacao na década de 90, a principal ferramenta usada para obter
desigualdades de observabilidade tem sido as famigeradas Desigualdades de Carleman.
Na década seguinte, com as EDPs degeneradas, nao foi diferente, apesar exigirem
outras ferramentas adicionais. Em [7] os autores provaram a seguinte desigualdade de

Carleman:

Proposition 0.2.2 Assuma « € (0,2). Ezxistem constantes positivas so e C' tais que,

para qualquer s > sg e qualquer solugao v de (3), vale:

T
// e [5020, 2 + $20%22~[v]?] dar dt < © {He—mhw +s / e B, dt
0 0

} )

A inclus@o de um termo de primeira ordem espacial na equacao de (1) é uma ques-
tdo delicada que ainda néo foi totalmente solucionada. Em [19] os autores estenderam

os resultados de [7] para o seguinte problema

([ — (2u0)s + (291 (, D)) + bo(z, ) = glo em (0,1) x (0,7),
u(l,-) =0 and w0, =0 se ac(0.1) em (0,7), (6)
(x%uy)(0,) =0 se a€]l,2)
u(-,0) = ug em (0,1),
onde ¢ > /2 e by € L>(0,1). Neste caso a Proposi¢ao 0.2.2 ainda vale para o sistema
adjunto:
( v+ (2%y) 2 + 2910, + bov = h em (0,1) x (0,7),
(1) =0 ana § 0= s ac @y (7)
(x%v;)(0,-) =0 se «a€[l,2)
L v(-0) =wo em (0,1).




A controlabilidade nula de (6) sem o peso 29, isto é, do problema

¢

up — (2% + (b1(x, t)u), + bo(z, t)u = glo em (0,1) x (0,7),
w1, ) =0 ana | UOI=0seacQD ) (8)
(x%uz)(0,-) =0 se «a€]l,2)
\ u(+,0) = ug em (0,1),

até onde sabemos, permanece aberta. Em [27], considerando a € (0,1/2), os autores
fizeram modificagoes nas ja classicas func¢oes peso introduzidas em [7] e conseguiram

provar estimativas de Carleman semelhantes para o problema adjunto:

(
v+ (2%4) s + Divg + bov = h em (0,1) x (0,7),
v(0,-) =0 se a€ (0,1
v(l,-) =0 and ©.) 1) em (0,7), (9)
(x%v;)(0,-) =0 se a€[1,2)
| v(-,0) = em (0,1).

Com isso, a controlabilidade nula de (8) foi estabelecida para « € (0,1/2).

O caso a = 2 ¢ interessante do ponto de vista das aplicacoes, pois a equacao de
(6), com a = 2, tem como caso particular a célebre equacao de Black Scholes [6], que
modela o preco de opg¢oes de compra de ativos financeiros. Porém, ja se sabe desde [7],

que o problema (1) com a = 2, isto é, o problema

g — (%ug)y + bo(z,t)u = glo em (0,1) x (0,7,
uw(l,)=0 e (2%u,)(0,-)=0 em (0,7), (10)
u(-,0) = up em (0,1),
nao é, em geral, nulamente controlavel.
Passando a dimensoes espaciais superiores, até onde sabemos, o tnico trabalho
publicado é [10], onde os autores obtiveram controlabilidade nula (usando novamente

estimativas de Carleman) do seguinte sistema:

(

u — div(AgVu) + bpu = gol,, em  Qo,
u=0 if ae(0,1)

sobre Y, (11)
%:0 if aell2)
u(+,0) = ug em €,

\
onde Qg := Qp x (0,7), T > 0, Qy C R? é um dominio limitado com fronteira 'y de
classe C1, ¥g := Ty x (0,T), wy C Qg é aberto, ug € L*(Qp), go € L*(Qy), bo € L=(Qy),

a €(0,2), e Ag: Qy — Moyo(R) satisfaz as seguintes condigoes:
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(i) ai; € C3(Qo; R) N C°(Q; R), onde Ag(z) = (ay;());
(ii) Ag(z) é simétrica Vo € Qq;
(iii) Ag(x) é positiva definida Vz € Q;

(iv) Sejam r;(z), os autovalores e £;(x) os autovetores unitarios correspondentes a
Ao(z), i = 1,2. Denotemos por Pr,(z) a projecdo de = até a fronteira [y e

O(To;6) :=={z € Qo : d(z,Ty) < 6}. Existe 6 > 0 tal que

1. ri(x) =d(z,To)%, Vo € O(Ty;0),
2. ro(z) > 0 Vo € Q\O(Ly; 0);

3. e1(x) = v(Pr,(x)) Yx € O(Ty;9).

Vale salientar a discrepancia entre o sistema (11), cujo operador diferencial de-
genera em toda a fronteira, e o sistema (1), cujo operador diferencial degenera em
apenas uma parte da fronteira. Tal discrepancia é fruto da dificuldade de construir

pesos adequados para a desigualdade de Carleman.

0.3 Controlabilidade multi-objetivo

Diferentemente dos conceitos de controlabilidade usuais ja descritos acima, a
controlabilidade multi-objetivo, como o préprio nome sugere, consiste em buscar um
ou mais controles que facam o estado atender mais de um requisito. Neste trabalho,
temos como objetivo principal provar resultados de controlabilidade hierdrquica. Neste
tipo de controlabilidade o objetivo ¢, além de controlar o estado no instante final T,
controlar o estado também ao longo do processo evolutivo, pelo menos em uma parte
do dominio.

Para sermos mais claros considere agora o sistema

up — Au = fl, +v1l,, + v2l,, em @
u=20 sobre X (12)

u(z,0) = up(x) em €

onde 2 € R" ¢ um dominio limitado com fronteira I' suave, @ = Q x (0,7), ¥ =

I x (0,7) e w,w; C ) sao abertos. Fixemos abertos w; 4 C Q e fungdes u; 4 € L*(Q) e

6



introduzimos os funcionais

It =5 [ u—waP dazdtw// v (13)
wld>< OT w; X

onde 3;, ; > 0 sdo constantes fixadas e u é o estado de (12) associado a terna (f; vy, va).
O problema da controlabilidade nula hierarquica consiste em buscar controles f
(o lider) e (vq,v3) (0s seguidores) que levem o estado u de (12) ao estado nulo em T
e, ademais, mantenham o estado u o mais préximo possivel dos estados u; 4 ao longo
de todo o processo evolutivo, pelo menos nas regioces de controle w; 4. Em termos mais
técnicos isto significa que os controles f e (v, vy) devem ser tais que a solucao de (12)
satisfaz u(z,T) = 0 em e minimizam (em um certo sentido) os funcionais J;.
Diferentes formas de minimizar os funcionais J; conduzem a diferentes tipos de
controlabilidade hierarquica.
Definigao: Dado f € L*(Q), dizemos que um par (vy,v9) € L*(wy x (0,T),ws x (0,T))

é um equilibrio de Nash associado a f se

Ji(g; f1, f2) < Ja(g; fis f2), Vi € LAH(Q),
J2(g; f1, f2) < Jo(g; f1, f2), Vfa € LHQ).

Defini¢ao: Dado f € L*(Ox(0,T)), dizemos que um par (vy,v2) € L*(w; x (0,T), wp X

(14)

(0,7)) & um equilibrio de Pareto associado a f se, para qualquer (hy, ho) € L*(w; X
(0,7),ws x (0,T)) tivermos
L Ji(f;ha, ho) < Di(fiv1,v0) = Ja(fi01,02) < ol f5 e, ha),

2. Jo(fihi,ho) < Jo(fivr,ve) = Ji(fivn,v2) < Ji(fiha, he). (15)

A principal diferenca entre os conceitos de equilibrio de Nash e Pareto é que o
equilibrio de Pareto é cooperativo, enquanto o de Nash nao.
Em [4], os autores provaram a existéncia e unicidade do equilibrio de Nash, assim

como resultados de controlabilidade nula hierérquica.

0.4 Contribuicoes e organizacao do trabalho

Este trabalho estd organizado da seguinte maneira:
Capitulo 1: Neste capitulo nos dedicamos inteiramente & controlabilidade nula hi-

erarquica de Stackelberg-Nash para o sistema parabolico degenerado unidimensional.
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A principal ferramenta para obter resultados dessa classe, utilizando as técnicas de-
senvolvidas em [4], sdo "boas” estimativas de Carleman. ”"Boas” no sentido de que,
entre outras coisas, a desigualdade precisa ter derivadas temporal de primeira ordem
e derivadas espaciais de segunda ordem no lado esquerdo da desigualdade. Apesar
desse nao ser o caso da desigualdade na Proposicao 0.2.2, nao é dificil incluir estes
termos na mesma. O real problema da desigualdade na Proposigao 1, reside no fato do
termo de observacao atuar na fronteira. Para obter a desigualdade de observabilidade
com observacao no interior do dominio, em [7], os autores contornaram esse inconveni-
ente usando a desigualdade de Cacciopolli. Infelizmente essa desigualdade nao ajuda
para obter a observabilidade necessaria que conduz a controlabilidade nula hierarquica.
Dessa forma, construimos novos pesos para obter uma estimativa de Carleman com ob-
servacao atuando no interior do dominio. Esta nova estimativa de Carleman se estende
naturalmente ao sistema (7). Os novos pesos também podem ser alterados como em
[27] para obter estimativas de Carleman para o sistema (9) no caso o € (0,1/2). Com
estas novas estimativas de Carleman, somos capazes de aplicar as técnicas de [4] e
provar a controlabilidade nula hierarquica de Stackelberg-Nash para os sistemas (1),
(6) e (8). Quanto ao sistema (10), a questao é um pouco mais delicada, pois até ja
se sabe que o sistema sequer é, em geral, nulamente controlavel. Nao obstante, apre-
sentamos hipdteses geométricas sobre o dominio de controle, sobre as quais é possivel
obter boas estimativas de Carleman e resultados de controlabilidade nula hierarquica
de Stackelberg Nash.

Capitulo 2: Neste capitulo comecamos a estender os resultados do Capitulo 1 para
duas dimensoes espaciais. Motivados por problemas financeiros, Consideramos o se-

guinte sistema

up — div(AVu) + bu = gl, em @,
B.C. sobre X, (16)

u(+,0) = ug em €

onde Q = (0,1)x(0,1), T:=0990, T >0,Q =Q2x(0,7), 2 :=Tx(0,T), w C 2 éaberto
e 1, & a funcdo caracteristica, b € L=(Q), g € L*(Q), up € L*(Q), A : Q> My, o(R) ¢

dada por
A(z) = diag(ay", x3%),



¢

u=0 sobre X se aq, ag €10,1),
1

BC u=0 sobre Y34 e (AVu)r =0 sobre X5 se aj, as € [1,2],
o u=0 sobre Y34 ¢ (AVu)r =0 sobre ¥y se a5 €[0,1) e ag€[l1,2],
u=0 sobre Y9354 ¢ (AVu)r =0 sobre ¥; se a5 €[l,2] e ay€|0,1),

\

o = (Oél,CYQ) S [0,2] X [0,2], Zi,j,l = (F, U F]‘ U FZ) X (O,T), e
Dy = {0} % [0,1], Ty :=[0,1] x {0}, Ty := {1} x [0,1], Ty :=][0,1] x {1}.

Vale notar que, comparando com o sistema (11), o sistema (16) é uma extensao mais
fiel para duas dimensdes do sistema unidimensional (1). Neste capitulo, provamos a
boa colocacao do sistema (16) e, sob certas condigdes geométricas sobre o dominio
de controle, estimativas de Carleman para o caso o, as € (0,2). Como consequéncia
obtemos resultados de controlabilidade nula hierarquica de Stackelberg-Nash.

Capitulo 3: No capitulo anterior, provamos estimativas de Carleman para o sistema
(16) apenas para o caso aj,as € (0,2). A técnica usada para construir os pesos
necessarios para a desigualdade de Carleman enfrenta dificuldades técnicas nos demais
casos de combinacoes de valores de «;. Neste capitulo propomos outra técnica, com
outros pesos, para contemplar as demais combinacgoes de valores de ;. Dessa forma, no
caso em que a; = 0 ou as = 0, obtemos resultados com hipdteses geométricas menos
restritivas, enquanto que nos demais casos precisamos de hipoteses mais restritivas
as consideradas no Capitulo 2. Ademais, estendemos os resultados para sistemas em

dimensoes espaciais superiores.



Capitulo 1

Controlabilidade nula de
Stackelberg-Nash para algumas
equacoes parabdlicas degeneradas

lineares e semilineares

Stackelberg-Nash null controllability for some linear
and semilinear degenerate parabolic equations

F. D. ARARUNA, B.S.V.de ARAUJO, and E. FERNANDEZ-CARA

Abstract

This paper deals with the application of Stackelberg-Nash strategies to the null
controllability of degenerate parabolic equations. We assume that we can act on the
system through a hierarchy of controls. A first control (the leader) is assumed to
determine the policy; then, a Nash equilibrium pair (corresponding to a noncooperative
multi-objective optimization strategy) is found; this governs the action of other controls
(the followers). This way, the state of the system is driven to zero and, consequently,
we solve a hierarchical null controllability problem. The main novelty in this paper is
that the physical systems are governed by linear or semilinear 1D heat equations with

degenerate coefficients.



Keywords: Null controllability, Stackelberg-Nash strategies, degenerate parabolic
equations, Carleman inequalities.

Mathematics Subject Classification: 34K35, 49J20, 35K 10.

1.1 Introduction

The study of the controllability of partial differential equations and systems has
attracted the interest of many authors. The theory has been extended to semilinear
problems, equations in unbounded domains, and systems in fluid dynamics, among
others; see for instance |15, 18, 20, 21, 24]. In the particular case of degenerate parabolic
equation, still not many things are known, see [7, 19, 27|.

In this paper, we assume that a € [0,2] is an exponent.

Let us first consider the following degenerate systems:

(

up — (2%Uy)y + bo(x, t)u = glo in  Q,
u(1,-) =0 and w0, =0 o) (0,7), (1.1)
(x%u;)(0,-) =0 if aell,2]
\ u(-,0) = ug in (0,1),
( up — (2%, + (2901 (2, t)u)s + bo(z, t)u = glo in  Q,
u(1,-) =0 and u(0,-) =0 it o€ (0.1) on (0,7), (1.2)
(x%u;)(0,-) =0 if aell,2]
u(+,0) = ug in (0,1),

\

(with ¢ > «/2), and
(

u — (2%uy)p + (b1 (2, )u), + bo(z, t)u = glo in Q,
(1) =0 and { UOI=0 A ac D) 1)
(z%u;)(0,-) =0 if a€|l,2]
\ u(+,0) = ug in  (0,1),

where @ = (0,1)x(0,7), O C (0,1) is a non-empty open subset and 10 is its associated
characteristic function, by € L>(Q), by € L>(0,T; H'(0,1)), g € L*Q), and uy €
L?(0,1).

When a € [0,1), we say that the problems (1.1), (1.2) and (1.3) are weakly

degenerate; contrarily, we say that they are strongly degenerate if o € [1,2). When
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a = 2, an appropriate change of variables show that (1.1), (1.2) and (1.3) are equivalent
to some nondegenerate problems in an unbounded domain. In particular, (1.2) and
(1.3) can be viewed as generalizations of the celebrated Black-Scholes equation

[L'2

Up = 5 Oy = TTUg +ru =0, (1.4)

which models the behavior of an option w = wu(z,t) as a function of the portfolio
cotization and time. Here, o is the volatility and r is the risk free rate [6].

From the control viewpoint, a relevant question is whether or not these systems
are null-controllable. In other words, for each ug € L*(0, 1), we try to elucidate if there
exist controls g € L?*(Q) such as the associated states u (the corresponding solutions

to (1.1), (1.2) or (1.3)) satisfy

w(z, T)=0 in (0,1). (1.5)

In the nondegenerate case, that is, when the spatial domain is replaced by an in-
terval (a,b), with a > 0, the null controllability of these systems is a trivial consequence
of the (classical) results in [20] and [25].

The null controllability of systems (1.1), (1.2) and (1.3) have been proved, repec-
tively, in [7] (for o € (0,2)), [12] (for a € (0,2)), and [27] (for o € (0,1/2)). These
works are based on classical duality arguments, which reduces a null controllability
property to an observability inequality for the solutions of the adjoint system. In these
cases, the adjoint system of (1.1), (1.2) and (1.3) are given respectively by

;

v + (2% )z + bo(z, t)v = h in  Q,
0,-) =0 if acl0,1
(1) =0 and 4 "0 tacldl) o, (1.6)
(x%;)(0,-) =0 if a€]l,2)
\ v(+,0) = v in (0,1),
(
U + (l’avx)x + xqblvx + bo’U =h in Q,
0,)) =0 it aclo1
Dot )=0 ana 4 V) 0D o), (1.7)
(x%v,)(0,-) =0 if a€[l,2)
v(-,0) = g in (0,1),

\

and

12



/

U+ (%) g + b1vy + bov = h in Q,
0(0,-) =0 if aclo1
v(1,-) =0 and (©.) 0.1) on (0,7, (1.8)
(x%;)(0,-) =0 if a€]l,2)
v(-,0) = vy in  (0,1).

\

The observability inequalities for (1.6), (1.7), and (1.8) were obtained making use of
suitable Carleman estimates for themselves.

The inclusion of a first-order term in the equation in (1.1) is a delicate question
that, in general, remains open. If it is a multiple of an appropriate power of z, like in
(1.2), it is easy to show that the Carleman estimates proved in [7] again hold for its
adjoint system and, consequently, null controllability holds too, see [19]. However, the
more general situation presented in (1.3) has been solved only for a € [0,1/2), see [27].

Now, taking a = 2 in (1.1), we have the following system:

ur — (2%ug)z + bo(x,t)u = glp in Q,
uz(1,+) = ug(0,-) =0 on (0,7), (1.9)
u(+,0) = in  (0,1).
In this case, an additional difficulty is found: there is no known Carleman estimate for
the solution to the associated adjoint. To overcome this difficulty, we introduce the

change of variables
y=1log(1/z), Uly,t) =2 u(z,1), (1.10)

which transform (1.9) into

Ui = Uyy + By, t)U = G(y, )Ly in Q'
1 : 1
(Uy ! iU) (0.)=0 and  Hm (Uy ! 5”) (1) =0 on  (0.7), (L.1)
U(-,0) = U, in (0, +00),
where
Q' = (0,400) x (0,7), B(y,t) =bo(x,t) +1/4, G=e g,
and

J={y € (0,+00): e €O}

Since we are dealing here with a problem in unbounded domain, the null controllability

properties depend on the choice of ¥. Indeed, in [21] the authors present a Carleman
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estimate for solutions of the adjoint system of a similar one to (1.11), but with Dirichlet
boundary conditions. It is well know that the boundary conditions have an important
role in the Carleman inequality, hence, to deal with (1.11), a new inequality must be

proved for its adjoint system:

wy + wyy + By, t)w = F in Q'
1 1

wy+-w | (0,-)=0 and lim (w,+ -w | (y,)=0 on (0,7), (1.12)
2 y—00 2

w(-,T) = wr in (0,+00).

As mentioned in [21], there are few situations where we can get a Carleman
estimate for systems in unbounded domain. The most simple of this situations is when
the non-controllable region is a bounded set. To deal with this case, (0, +00)\¢ must
be a bounded set; and this happens if and only if O > 0.

This paper deals with Stackelberg-Nash strategies for the null controllability of
degenerate parabolic systems similar to those above. To be more specific, let us fix the
non-empty open subsets O; C (0,1) (i = 1,2), and for each triplet (g, f1, f2) € [L*(Q)]?,
let us consider systems (1.1), (1.3) and (1.9) with gl replaced by glo + filo, + folo,,

i.e.
ur — (2%, + bo(x, )u = glo + filo, + f2lo, in Q,
u(0,-) =10 if a€l0,1
u(l,-) =0 and 0. 0.1) on (0,7), (1.13)
(x%uz)(0,-) =0 if a€][l,2)
u(+,0) = ug in (0,1),

\

Uy — (xau:p):v + (.C(,’qbl(l’, t)“):v + bo(l’, t)u = 91(9 + fll(’)l + f21(92 in Qv
w(0,-) =0 if aclo1

u(l,-) =0 and ©.) 0,1) on (0,7),(1.14)
(x%u.)(0,-) =0 if a€][l,2)

u(+,0) = ug in (0,1),

w — (x%Ug)e + (b1 (2, t)u), + bo(x, t)u = glo + filo, + folo, in Q,
u(l,-) =0 and w0} =0 it e (01) on (0,7), (1.15)
(x%uy)(0,-) =0 if a€][l,2)

u(-,0) = up in (0,1),
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and
up — (2%ug)e + bo(z, yu = glo + filo, + folo, in @,
uy(1,) = u,(0,) = 0 on (0,7T), (1.16)
u(+,0) = ug in (0,1).
For simplicity, we will assume that only three controls are applied (one leader and two
followers), but very similar considerations hold for systems with a higher number of
controls.

Now, for i = 1,2, let us introduce the non-empty open sets O, 4 C (0,1), the
functions w; g € L*(O;4 x (0,T)), and the functionals J; : L*(O x (0,T)) x U — R
given by

Ji(g; f1, f2) == %// lu — w; g|? do dt + p; // | fi]? dx dt, (1.17)
0:,ax(0,T) 0;x(0,T)
where U := U; X Uy, with U; := L*(O x (0,T)), B; and p; are positive constants, and
u is the associated state to (1.13), (1.14), (1.15) or (1.16).
For a fixed g € L*(Ox (0,T)), we say that a pair (fy, fo) € U is a Nash equilibrium

for (Jy, J2) associated to g when

Ji(g; f1, f2) < Jo(g; fis fo), Vi € LHQ),

- - (1.18)
Jo(g; f1, f2) < Jolg; fr, f2), Ve € L*(Q).

Our goal is to prove that, for any ug € L?(0, 1), there exist a control g € L*(O x (0, 7))
(called leader) and a associated Nash equilibrium (f, fo) € U (called followers) such
that the associated state u of (1.13), (1.14), (1.15) or (1.16) satisfies (1.5).

Results of this type, i.e. Stackelberg-Nash null controllability, were proved for
the first time in [4], in the context of nondegenerate parabolic equations. After that,
we can mention [23]. Most of the works dealing with Stackelberg-Nash strategy are in
the context of the approximate controllability. In this issue, we cite [22].

The rest of this paper is organized as follows. In Section 2 we present the nota-
tions, the definitions of some spaces and some preliminary results. We also provide in
this section the main tool of this work: Carleman estimates for degenerate parabolic
equations with control regions in the interior of the domain. In Section 3, we esta-
blish and prove our main results on Stackelberg-Nash null controllability. In Section 4,

we make some additional comments, discuss open questions and advance some future
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work. The paper ends with three appendices containing the proofs of the Carleman

estimates.

1.2 Notations and preliminary results

1.2.1 Notations and spaces

The usual norm and inner product in L?(0,1) and in L?*(Q) will be denoted
respectvely by |- | and (-,-), and || - || and ((+,)). The norms in L*>(0,1) and in L*(Q)
will be denoted respectively by |- |5 and || - ||o-

Let us consider the sets
H, = {wue€ L*0,1):uis absolutely continuous in [0, 1],

2%%u, € L*(0,1), uw(0) =u(1) =0},
for « € [0,1) and
H, = {wue€ L*0,1);uis locally absolutely continuous in (0, 1],
2, € L*(0,1), u(1) =0}

for a € [1,2].

In the sequel, for any two Banach spaces X and Y, the notation X < Y indicates
that X C Y and, moreover, the embedding X — Y is continuous.

It is easy see that L?(0,1) — H! for all « € [0, 2], so that L*(Q) — L*(0,T; H.,).
Moreover, it is shown in [1| that the embbeding H, < L*(0,1) is compact. Hence,

from the well known Aubin-Lions Compactness Theorem, we see that the Hilbert space
W, :={yeL*0,T;H,) :y, € L*(0,T; H) }

is compactly embedded in L?(Q).

1.2.2 Existence and estimates

The following result has been proved in [1, 19, 27|

Proposition 1.2.1 For any g € L*(Q) and any uy € L?(0,1), there exists exactly one
solution u to each of the systems (1.1), (1.2), (1.3) and (1.9), with

u € L*0,T; Hy) NC°([0,T]; L*(0, 1)).
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Furthermore, there exists a constant C' > 0 only depending on T, «, by and by, such
that

sup [u( O + [ o*lusf? dad < (Ll + uof)
Q

te[0,7]
Hardy inequalities are a standard tool in the analysis of degenerate equations.
The following result is proved in [1]:

Proposition 1.2.2 (Hardy’s inequality) Assume that « < 2 and o # 1. Let z :
[0,1] — R be locally absolutely continuous in (0, 1], with

1
/ 72, |* dr < +00.
0

Then, for all 6 € (0,1], one has

z—0t

5 é
4
/ 7722 dr < — 2/ %z dr if  a<1and lim z(r) =0
0 (1—-0a)? /),

1 4 1
/ 2?2 d < —2/ 1%z |*dr if a€(1,2) and lim z(z) = 0.
0 (1—=a)* Jy

z—1—

1.2.3 Carleman estimates for (1.6) and (1.7)

Let us introduce the functions 6, py and oy with

1 1 — g% @

0(t) == G0 po(z) = @)

and oo(z,t) :== 0(t)po(z).
The following Carleman estimate is proved in |7|:

Proposition 1.2.3 There exists positive constants so and C such that, for any s > sg
and any solution v to (1.6), one has:

T
// e [50220, 2 + %0%2%[v[?] da dt < C [He”ﬂhu? + 5 / e 2708, "dt
0 0

x:jl.w)

We will need below a Carleman estimate with the previous boundary integral
replaced by an interior observation term and time derivatives and second-order spatial
derivatives in the left hand side. The goal of this section is to present such an estimate.
The main idea is to modify the weight functions and then proceed as in [7]; a similar
result was recently proved in [10], but there the equation is slightly different (the
coefficient degenerate at both x =0 and z = 1).

Let us fix « € [0,2) and the non-empty open sets w C (0,1) and wy = (ag, cg) CC

w. We will use the following notations:
wor :=wo X (0,T), wr:=wx (0,T) and Qp := (0,aq) x (0,T).
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Let n € C*(0,1) be a function such that

x2—a .CEQ_Q

() = in [0,a0] and n(r) = —5—

in [co, 1].
Now, for A > )¢ > 0 and s € R, we introduce
pz) = e)x(2|77\oo+77(50))7 £(z,t) == p(x)0(t), o(z,t) = H(t)e‘“'”‘oo _¢,
M(A) =1 —af + A Y4 and Yo(s) := |1 — o] + 12
The main result in this section is the following:

Theorem 1.2.4 There exist positive constants C, sy and Ny, depending only on w, wy,
bolloo, T and a such that, for any s > s, any X\ > \g and any solution v to (1.6), one
has:

e [T ol + (0 ) + shaelo + s\ Pelunf?) dadt
Q
+ // e 2 |v)? [S* NPy (N)Ea(sE) + s° NP2 + PN |/ |'¢?] da dt
Q

<c [||e—wh||2+s3A3 // e_2$“§3|v|2dxdt] | (1.20)
wr

The proof of Theorem 1.2.4 is presented in Appendix A.
It is possible to refine the estimate in Theorem 1.2.4 by replacing the powers of

|| by powers of x at the price of increasing the power of A in the local term:

Corollary 1.2.5 There exist positive constants C, sq and g, depending only on w,
wo, ||bolleo, T and v such that, for any s > so, any A > XN, and any solution v to (1.6),
one has:

// e 27 [sTImNE (o 4 [(%02)2]?) + sAz®E|va]? + sX*a?E|v,|?] du dt
Q
+// e [ N1 (M) 22 (sE) + s*NPa? 7 + A1t 28] dudt
Q
<C [Hes"hHQ + s\ // e 78| da dt} : (1.21)

If v is a solution to (1.7) and we introduce h = h — z9byv,, we see that v solves a

system of the kind (1.6). Thus, the following result holds.

Corollary 1.2.6 Let us assume that ¢ > «/2 and by, by € L>(Q). Then, there ezists
positive constants C, sy, and X, depending only on w, ||boleo, ||b1]|ce, T, and « such

that, for any s > so, any A > X, and any solution v for (1.7), the estimates (1.20)
and (1.21) still hold.
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1.2.4 Carleman estimate for (1.8)

Let us assume that « € [0,1/2). To our knowledge, the arguments in the
proofs of the Carleman estimates in Section 2.3 cannot be adapted to the solutions to
(1.8). Therefore, we have to establish other estimates with other weight functions.

Let 7 € C*(0,1) be a function such that

3I(472a)/3 3x(472a)/3

n(l’)zm mn [07CL0] and T](I):—m m [00,1].

For simplicity, we will keep the same notation for the functions o and £ with the

function n replaced by 7. With this function, we get the following result:

Theorem 1.2.7 There exist positive constants C, sy and g, depending only on w, wy,
160l0os [|01loe, T and o such that, for any s > sg, any A > Ao and any solution v to
(1.8) one has

// e 27 [s I (NET (0l + [(2%00)a ) + sAzU D Befu, 2 4 sXPaif [P v, [P] da dt
Q
_'_// 6_2SU|U|2 [S/\25$(2a_4)/3+83)\3€3+83)\4$2a|f],|4§3} dr dt
Q
<C {He_s"hﬂ2 + 5373 // 6_25053|U|2dl’dt:| . (1.22)

The proof of Theorem 1.2.7 is given in Appendix B.

An estimate similar to those in Corollary 1.2.5 can also be obtained.

1.2.5 Carleman estimate for (1.12)

In general, there is no estimate of the Carleman kind for the adjoint system
of (1.9). This is expected since, in general, this system is not null-controllable.
However, if the control domain is of the form w = (0,¢) for some ¢ € (0,1),
then in the system (1.11) obtained after the change of variables (1.10), the new control
domain ¢ possesses a bounded complementary set in (0, 400). In view of the results in
[21], null controllability can be expected in this case and, consequently, it is reasonable
to try to prove a Carleman estimate for the solutions to (1.12).
Thus, let us assume that w = (0, ¢) and let us introduce Jy := (ag, +00) CC 9,
Yor = Yo x (0,T) and 97 := 9 x (0,T). Let € C?([0,00)) be a function such
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that 7(y) = —y in [0,a¢], 1, 7 and 7" are bounded in [0,400) and |7'| > C > 0 in
[0, +00)\Wo. Finally, for A > A\g > 0, let us set

Py) = XEAATW) () = A=) (g 1) = O(8)ply), E(y,t) = O(L)B(y),

G(y,t) = O(t)ele — £, G(y,t) = O(t)eil= —§ and = %0 4 27

The Carleman estimates that we can get for (1.12) are given in the following

result:

Theorem 1.2.8 There exist positive constants C, sg and Ny, depending only on w, B

and T such that, for any s > so, any A > Ao and any solution w to (1.12), one has:
// 0 [s’lé’l(]wt\z + wyy|?) 4 sA2|w, |* + 33)\45’3]11}]2} dy dt
<c [||@1/2F|12+53A4 // Q£3|w|2dydt] | (1.23)
Y

The proof of Theorem 1.2.8 is given in Appendix C.

1.3 Stackelberg-Nash null controllability

In this section we will prove the Stackelberg-Nash null controllabilty of (1.13),
(1.14), (1.15) and (1.16).
From the linearity of the systems and the convexity of the functionals J;, it is

clear that (f1, f2) is a Nash equilibrium for (J, J3) if and only if

J{(g;flan)(fa()):O? vfeul and Jé(g;flan)(va):Oa vfGUQ-

Arguing as in |4, 22| the following result holds.

Proposition 1.3.1 There exist a constant oy > 0 such that, if p; > peo (1 = 1,2), for
each g € L*(Q)) there exists a unique associated Nash equilibrium (f1, fa) for (Ji, J2).

Furthermore, there exists a constant C' > 0 such that

1(f1, f2)I < C(L+ lgl]).-

In particular, the corresponding state u satisfies

1wl oo 0,m2200,0)) + lull 20,7 m0) + el 220,751 0,0)) < C(1+ |l g]]).
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To establish the Stackelberg-Nash null controllability, in the sequel we will impose
the following assumptions:

(
01,4 = Oz 4; the common observability set will be denoted O,.

OaNO #£0.
// 02\usa? du dt < +o0 fori—=1,2. (1.24)
O,

dX(OvT)
In the case of system (1.3) «a € [0,1/2).

| In the case of system (1.9) O = (0, ¢) for some c € [0,1).

The main result in this section is the following.

Theorem 1.3.2 Assume that (1.24) holds. There exists g > oo such that, if i, pa >
o, for every ug € L*(0,1) there exist a leader control g € L*(Q) and a unique associated

Nash equilibrium (f1, f2) such that the corresponding state, i.e. the solution to (1.13),
(1.14), (1.15) or (1.16), satisfies (1.5).

1.3.1 Proof of Theorem 1.3.2

The strategy will be the following:

e First, we will characterize the Nash equilibrium associated to g as the solution,

together with u, to an appropriate coupled system.

e Then, we will prove that, if u; and us are large enough, any solution to the

corresponding adjoint system satisfies an observability estimate.

As a consequence of a well known duality argument, this will imply the desired
result. This strategy is very similar to systems (1.13), (1.14), (1.15) and (1.16). Hence
we will only consider the system (1.13).

Arguing as in [4, 22|, the following result can be easily proved.

Proposition 1.3.3 Let g € L*(Ox(0,T)) be given. Then (f1, f2) is a Nash equilibrium
of (1.13) associated to g if and only if

1
fi=——dilox0.1);

1
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where the ¢; (i = 1,2) solve, together with u, the following coupled system:

¢

u — (%) + bo(z, t)u = 1o f — iﬁblla — i@l@ n Q,
—(0i)e — (@(Pi)x)e + bo(x, 1) = ci(u — u;a)lo,, m - Q,

{ w(0,1) = ¢:(0,¢) = 0 i ac (USSR 0.7)
(2%u;)(0,1) = (2%(¢:)2)(0,8) =0 if a€[1,2)
uw(z,0) = up(x), ¢i(x,T)=0 in (0,1).

As we said previously, to prove Theorem 1.3.2 it is sufficient to find an observa-
bility estimate for the adjoint system of (??7), which is given by

/

—2 — (2%2) + bo(7, )2 = Brp1lo, , + Bapalo,, in Q,
1 ) .
(()Oz)t - (xa((P’L):E):E + b0<x7t)90l = _;2101 (2 = 17 2) m Qu

7

z2(1,t) = ¢;(1,t) =0 on (0,7), (1.26)
2(0,t) = ¢;(0,t) =0 if a€l0,1) on (0.7),
(Iazx)(oat) = ($a(gpi)x)(0,t) =0 if ae [17 2)

2(x,T) = zp(x), ¢i(x,0) =0 in (0,1).

For this, we consider the following result.

Theorem 1.3.4 Let assumptions in (1.24) hold. Then there exist positive constants
po and C, and a weight function p = p(t) blowing up at t = T such that, if p; > po
(i = 1,2), for any z¥ € L?*(0,1) and any solution (z,¢;) to (1.26), the following
mequality holds:

2
|z(-,0)|2—|—Z//Qp_2|g0i|2dxdt§ C’//O (0|z|2d$dt. (1.27)
i=1 x

7T)

Proof. Let us fix ' and w; with
W= (d,d) CCw = (a;,c;) CCONOy
and a function ¢» € C*°(0, 1) such that
0<y<1,v=1in « and supp(y)) CC wi.
We will use the notations w/ := w’ x (0,7, wir := w; X (0,7T) and we will denote by

E(v) the left hand side of (1.20).
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Let us assume that (z, 1, p2) solves (1.26) and let us introduce h := 511 + Bapo.
It is clear that Theorem 1.2.4 can be applied to z and also to h. Thus, there exist

positive constants \g, So, and C' such that, for s > sg and A > Ay, one has

E(z) < C // 27 Pda di + 8N //6280g3\z|2dxdt
Q W
// e 2| z|?dw dt + s*\* //6_25‘753|h|2 dxdt] :
Q wp

Then, for sq large enough, we get

3)\4// 23”53]z\2dmdt+53)\4// 23”53!h!2dwdt]- (1.28)

Since h = —z; — (2%2,), + bz in wy, it follows that

//w TORf dedt < 57 // e 27 Yh [~z — (2%2), + b2] dr dt (1.29)

and

E(h) < C

E(z)+ E(h) <C

Using integration by parts and Young’s inequality, we find

—s3 )\ // e B Yhz drdt < Os 'E(h) + s\ // e ¢ 2> do dt, (1.30)

—s°\ // e EBY(1%2, ), dedt < Cs E(h) + Cs®\® // e 277 2| dw dt (1.31)
wiT wiT
and

s At // e~ B0 hbyz drdt < Cs™'E(h) 4+ Cs*\* // e 2782 ? du dt. (1.32)
wir wiT
Combining the estimates in (1.29), (1.30), (1.31) and (1.32) we see that
% / / Ie‘2s"§3|hl2dxdt < Cs'E(h)+ Cs®\® // e 272 |? dw dt
W wir
and, from (1.28),
E(z)+ E(h) < Cs\ // e 27¢T 2 d dt, (1.33)

for large enough s and .

From now on, the constant C' may depend on s and .
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Let ¢; € C'([0,T]) be such that
0<1; <1, ¢y=1in[0,7/2] and ; =0in [37/4,T]

and let us modify the functions 6, £ and o as follows:

2\4 3
o(t) = W)t it te 0,172, €:=ph, and 7 := 0= — ¢
o) i te[T)2,T],

Then Z := 1,z is a solution to the following system

Zy — (%Zy) e + bo(x, ) Z = Yy (t)h + Yy(t) 2 in Q

20 =0 and { 200 el
(2°Z,)(0,-) =0 if a€ll,2)

and, from the energy estimate in Proposition 1.2.1, the following estimate holds:

3L 1 3L 1
/ |h|2dxdt+/ |2|* dw dt | .
0 Jo ZJo

Using this inequality and the fact that e=2*% and £ are bounded from above in [0, T'/2],

T
|2(-, 0)[? +/2/ (2> + 2|2, |?] dedt < C
0 Jo

we obtain

T2 01 B
|z(-,0)? —i—/ /6_23" (272 + Ea%|2,|?] dadt
o Jo

3T/4 1 3T/4 1
/ /\h|2d:cdt+/ /\z|2d:cdt :
o Jo /2 Jo

Now, the fact that e 27 and ¢ are bounded from below in [T'/2,3T/4], we get

<C

T/2 r1 o B
12(-,0)]? +/ / e 27 (2772 + Ea%|z,*] dwdt
o Jo

37/4 o1
<C / |h|* dx dt + E(2)] . (1.34)
o Jo
On the other hand, since £ = ¢ in [T/2,T], we have
T o -
/ / e 27 [Ea* 2 + £a%|2, ] dudt < E(2). (1.35)
7/2 J0
From (1.34) and (1.35), a new estimate is found:
3L .1
|2(-, 0)]? +// e 27 [Ea* 2 + €a%2, ] dedt < C / |h|? dz dt + E(z)|(1.36)
Q 0 Jo
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Using again Proposition 1.2.1 and the inequalities e72%7, ¢ > C' > 0 in [0,37/4], we
see that

s/ 51 62 —256 [¢3,.,.2—a| |2 e 2
/0 0 hPdrdt < c[ E] [//Qe 070 + &2, ] dedt|(1.37)

M1
and, from (1.36) and (1.37), we conclude that

\z(-70)|2+// e 20 [5_3$2_°‘|z|2+gxa|zm|2] dedt < CE(z), (1.38)
Q

whenever p; and po are large enough. By (1.33) and (1.38), it follows that
(L0 + E(z) + E(h) < c// 27T 2 d dit. (1.39)
Wi

Let us introduce the functions

oo(t) = m[%)lc]a(x 1) =CO(t) and p(t) = e*®,
re

Note that p is a positive nondecreasing function in C*([0,77]) that blows up at ¢t = T.
Multiplying the equation satisfied by ¢; by p~2¢p; and integrating in space, we find that

1d . ) )
sl el + o 2(i)* < Cp 22>+ Clp~ il

and, from Gronwall’s Lemma, p~'¢; can be bounded as follows:

PO (2 < c// 22 dedt, Ve [0,T]. (1.40)

Using (1.39) and the fact that p=2 < e72%7 we get the estimates

// 2|22 dzdt < CE(2) < c// e259¢7|2|2 da d.
0 "

Finally, in view of (1.39) and (1.40), (1.27) holds. m
As mentioned above, the observability estimate (1.27) implies the null controlla-

bility of (1.13). We still have an estimate of the control:

// lg|? dzdt < C |u0|2+z// |ui,d|2dxdt] ,
O4X% OT)

where C'is the constant in (1.27). This ends the proof of Theorem 4.
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1.3.2 Similar results for semilinear problems

In this section, we extend Theorem 1.3.2 to semilinear systems of the form

;

Uy — (Iaux)m+b0($7t)u: FO(“) +gl(9+f11(91 +f21(92 in Qy
u(1,¢) =0 and u(0,6) =0 i aco) on (0,7), (1.41)
(x%u)(0,t) =0 if a€][l,2)
u(z,0) = ug(x) in (0,1),

where Fj : R — R is a globally Lipschitz-continuous function satisfying Fy(0) = 0.
Note that an existence-uniqueness result like Proposition 1.2.1 still holds for
(1.41).
In this semilinear framework, the functionals .J; in (1.17) are not convex in general.

Accordingly, we must consider a weaker concept of Nash equilibrium:

Definition 1.3.5 Let g € L*(O x (0,T)) be given. The pair (f1, f2) € U is called a
Nash quasi-equilibrium of (1.41) associated to g if

Ji(g; fi, f2)(£,0) = 0, ¥V feL*w x(0,7)),

Jé(gvflan)(())f) = Oa vfGLQ(WQX (OaT)>

The main result in this section is the following:

Theorem 1.3.6 Assume (1.24) holds and p, and py are large enough. Then, for each
ug € L*(0,1), there exist a leader control g € L*(w x (0,1)) and an associated Nash
quasi-equilibrium (f1, f2) such that the corresponding solution to (1.41) satisfies (1.5).

The proof relies on a standard and well known fixed-point argument. For details,
the reader is referred to [4], where the same result is proved for a nondegenerate
semilinear parabolic PDE.

Completely similar results can be obtained for semilinear systems of the kind

(1.2), (1.3) and (1.9).

1.4 Additional comments and open questions

1.4.1 On the assuption O; ;= Oy 4

The assumption (1.24); can be suppressed if we assume that O; 4N O # () for
i=1,2and O; 4N O # Oy4N O, see 5] for details. However, when O 4 # Os 4, but
014N O = 00y4N O, the Stackelberg-Nash null controllability is open.
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1.4.2 Higher dimensions

Little is known on the control of degenerate parabolic PDEs in higher dimen-
sions. Recently, some results have been established on the global null controllability
of a model similar to (1.1) that degenerate at the whole border, see [10]. They rely
on suitable Carleman estimates similar to (1.20), whence it is reasonable to think that
the results in this work can be extended to this model.

In a forthcoming paper we will present Carleman estimates for some models that

degenerates in only a part of the border.

1.4.3 Wave equations

An interesting question is whether Stackelberg-Nash null controllability can be
proved for wave equations. This question is open; one of the main difficulties is that,
to our best knowledge, the few Carleman estimates with interior control region already

in the literature do not have all the necessary terms in the left hand side.

1.5 Appendix A: Proof of Theorem 1

It is suficient to prove Theorem 3 assuming that by = 0.
Let v be the solution to (1.6) (where vr € L?*(0,1) and g € L*(Q)). For any
s > s9 > 0, we set z = e *?v. By a density argument we can assume without loss of

generality that v is regular enough. We have:

2

v, = e [soz 4+ 2], (2%0,), = €7[s2020%2 4 250,02, + 5(0,2%) o2 + (2%22) ]

and, consequently,

Ptz4+ P z=¢e%g,

where Ptz = soy2 + s22%02%2 + (2%2,), and P~z = 2z + s(2%0,) .2 + 251%0,2,. This

gives:

le=7g|* = | P*2|* + | P2 + 2(P*2, P~z)). (1.42)
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We have that (PTz, P~2)) = I + ... + I, where

I = ((s01z+ s*022% + (2%22) e, 24))
I, = %02, (2%0,) ez + 20,2%2,)

Iy = (0202, (2%04) ez + 20,02,))
Iy = s(((2%2)e, (x%04) ez + 20,2%2,)).

The next step is to compute I, I5, I3 and I,. To this purpose, we will use that

z=2z,=0att=0andt="T and, also,
// (%2) 2 dx dt = 0.
Q
After integrating by parts, we deduce easily that

Il = —g/ |Z‘2(Utt+280—x0—xt$a) dx dt
Q

I, = —s° // 10,04 |22 dx dt;
Q
I; = — 3//x 0o (1%02) |2 dx dt;
I, = // TY0,) ppt™ 22pdx dt — 23// x%0,) Ixa|zz|2 dx dt

+sa// 0,222, |* da dt + s/ o PR dt
Q 0

Consequently,

=0

(PTz, P 2) = /O’x 2a]zm|2dt //x oo (2%02),|2|* dx dt
=0

—25//(xaax)x:ca]zm|2dx dt — 2s* //axath;o‘|z|2dx dt
—l—as//ax 2o 1]z$\2dxdt—s//x O )ax®®22, dx dt
——//Utt!ZI dz dt. (1.43)
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Using the definitions of the functions o and &, we see that

Op0pt” = )‘2xa|7],‘2€£t
w0, (a%02)e = —Nan (2 [}).E — 22 |
(2°04)27® = —Aw“(wan’)xi—k%mln/\?&
O'xl'2a_1 — 2a 1 15
(2%00)a0t® = —Az(2™n)auf — 2022 (2°0)oE — N2 n'n"E — XNx® ()¢
o, = r2on'€.

With this information, we will now estimate each term in the right hand side of

(1.43). For sg and \g large enough, we have:

T
s/ 0,22 2| dt
0 =0

—5 //x o (7%02) |2|* dx dt > C [ % // 2200|263 |2 |* d dt + s*N? // 2Tz dxdt}
Q 0

z=1

> 0, (1.44)

—033>\3/ &322 dx dt, (1.45)

wor
—23// T(2%0,) | 20| dz dt > C’s/\2// x2a|n'|2§|zx|2dxdt+23/\//xa§|zx|2dxdt

Q Q 0
—CSA/ €lo? dar dt, (1.46)
woT
—252 // 120,00 |2[P drdt > —Cs*)\? {// x2a|n’]4§3]2|2dmdt+//wQ_a§3]z]2da:dt
Q Q 0
+/ §3|z|2dxdt}, (1.47)
wor

and

as// v o |z P dedt > —as/\//xo‘§|z$|2da:dt—03)\/ €|z, |? dw dt, (1.48)
Q 0 wor

where C' only depends on ag, T and «.

On the other hand,

—s// 2 (2%0,) pp2zedr dt = s)\// 2 (x*n) el 22, dx dt + s)\Q// 200" €2z da dt
Q Q

+2$/\2// o0 (20 w22, dx dt + s)\3// 2%(n')3€ 22, dx di(1.49)
Q Q
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In order to estimate this last term, we note that

s)\// (2N ) g2z, dr dt > —C’s)\// (&2 + ¢|z?) dadt,  (1.50)
Q wor

s/\Q// 220y Epzy do dt > —C// (A2 |13 27 + 270 €| 2,]?) d dt
Q Q
—C// (SN2 2 + AoE|2,|?) dwdt
0

—C// (SN2 + Az |?) du dt, (1.51)

28)\2// xan'(xo‘n')xfzzzdxdt > —C// (82/\4x2a|7],|4§3|2|2+:E2a|77,|2§|z$|2) dr dt
Q Q
—C’// (SN2 + Aa€|2,]?) dadt
o

—0// (SN2 + Nz |?) da dt, (1.52)

// NV¢zz, drdt > C// (N2 |0 €|z | + X2 [*€%|2]?) da df1.53)

From (1.49)-(1.53), we conclude that
// (2%0)gn22s dx dt > —C// (A |23 2 4+ N2 |/ €| 2. |?) dadt
Q
—C// (SN2 + Aa*E|z,]?) dadt
0

—C// (SN2 + sAE|z[?) du dt. (1.54)

From (1.43)-(1.48) and (1.54), we conclude that
(Ptz,P2) > C {// (AU | |23 22 + sA* 2|0/ €|z, ]?) dadt
Q

+ / (SN2 27 + sAa€|z,|?) da dt}
Qo

—C U/ (S°N3 |27 + sAE|z[?) dxdt+s// 53/2|z|2dxdt1
woT Q

and, using (1.42), we find that
P2l P2l ] (N s\t e ) e
+// (S°N32? 78 2” + sAzE|z,|?) da dt
0
<C {He_ngQ + // (S°N3E|2° + sAE|z,|*) dwdt + S/Q§3/2|z|2dxdt] (1.55)
wor
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Furthermore, we see that

83/\3// Er* 2P dedt < Cs*A\? {// §3x2_a|z\2dxdt+// Ex* 'Y 2| dw dt
Q 0 Q

+/ €3)2|? da dt]

s)\// 2%z Pdrdt < Cs\ {/ §xa\le2dxdt+// x| ?| 2, d dt
Q Qo Q
+/ §\zm|2dxdt}
wor

1P+ 1P + // (SN2 P8 2 5N |26 2 ?) dr
Q
+//(s3/\3x2_a§3|z|2 + sAzYE| 2, |?) da dt
Q

<C {He‘”g”2 +// (S°A3E|2” + sAE|z.[?) dxdt+s// 53/2|z|2d:):dt] .(1.56)
woT Q

Let us denote by L(z) all the terms in the left hand side of (1.56). For instance,

and

Hense, from (1.55) we obtain

assume that a # 1. Using Young and Hardy’s Inequality we deduce that

32)\2// ElzPdedt < 33)\3// £3x2_a\z|2dxdt+s)\// 2072 EV2 22 dx dt
Q Q Q

33)\3// §3x2a\z|2d:€dt+s)\// 2|(€Y22),)? dx dt
Q Q
CL(2). (1.57)

IA

<
Now assume that @ = 1. Using Holder, Young and Hardy’s inequality we see that
§P2NT/A // PP dedt = // (A 22E3) 2| D)V (s A3 2| ?)3/* da dt
Q Qo
T 1
+83/2)\7/4// 53/2|Z|2 dr dt
0 Jag

Cs*\* // 2|2 dxdt+8/\// g2 (EM22)? da dt
Q Q
< CL(z). (1.58)

IN

From (1.56), (1.57) and (1.58) we deduce that
| PT2|1° + |P2])* + // (A | |23 2 + sA* 2 |0/ €|z, ]?) dadt
Q
+ / / (s* X272 2? + SN2y (N)Ea(sE) 2] + sAzE|z,[*) da dt
Q
<C {He‘”gll2 + // (S°N3|2” + sAE|z,|?) da dt| . (1.59)
wor
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Now, we will work to include the terms with a first-order time derivative and
second order spatial derivatives in the left hand side. Using the estimate (1.59) and

the definitions of P~z and Pz, we see that
s 1 (N) //le\zty2dxdt < C {HeSUgHQ+//(s3)\3£3\zl2+s)\§]zx\2) dxdt} (1.60)
wor
and
3_171()\)//62 EN(2%%,) P dodt < C [He—“gu? +//(53)\3§3]z]2 + A2 ) dxdt}(.lﬁl)
wor
From (1.59), (1.60) and (1.61), it is now clear that
// ~ly e+ 1(2%20)0 ] + sAz®E za]® 4+ sA2 2| |2€| 20)?) da dt
—l—//Q (8° X271 (N)Ea(s8)|2]* + s* N2> |2 + A |/ |*€%|2]?) dwdt
<C {Hes"gHZ +// (X3 |2” + sAE|z[?) dxdt] .
wor

Coming back to the original variable v and using the estimate

/62505\UI|2d9&dt < Cs2\? //625‘753\1)]2d95dt
woT wT

Cs2\7? // e 7 (2%, o |* da dt
Q

we find the desired inequality (1.20). O

1.6 Appendix B: Proof of Theorem 2

Again, we will assume that by = 0. Let gy = g — byv,. Arguing as before, we

T
(PTz,P2) = s/ O’xl‘2a|2m|2dt //x oo (2702),|2|* dx dt
0

—25//(33‘“01)13:“\296]2 dx dt — 2s // 0,022 |2|* d dt
Q
—I—as//az 20 1\zx]2dxdt——// ou|z|? dx dt
—s // T%0,) 2t 22, dx dt. (1.62)
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r=1

T
s/ 20, |2, |* dt > 0, (1.63)
0

=0

—s° // 10, (1%02) |z dxdt > C [33)\4// :C2a\n']4§3]z|2dxdt+53)\3/ 53\z|2d:€dt]
Q Q Qo
—6’33)\3/ &\z|? dx dt, (1.64)

worT

—25// T(2%0,) 0| 2e)* dz dt > Cs\? // x2a\n’|2§|zm\2dxdt—08)\/ €|z, |* d dt
Q Q

worT

2
+§(1+a)sA// g4e=2/3¢ 5 | da dt, (1.65)
Qo

—25” // V0,00 2|? dr dt > —032/\2/ §3|z|2dxdt—032)\2/ &\z|* dw dt
Q Q

worT

0
—Cs*\? // 22| [4€3|2|* d dt, (1.66)
Q

as// 2?* o2, |* de dt > —as)\// g 4e=2/8¢| 2,2 da dt — Cs)\/ €|z, |? dx dt(1.67)
Q

0 woT

and
—f// oulz? dedt > —C’s/ §3|z|2dxdt—C's/ 3122 du dt
2JJ)q Qo wor
—cs// 22/ €2 2 da . (1.68)
Q

Note that in this case we can control the term on the left hand side of (1.68)
much more easily than in the previous case. However, to estimate the last term in the
right hand side of (1.62) is more difficult. It is just here where the restriction o < 1/2

is required. We have:

—s// r(2%0,) 2z, dr dt = s)\// 2 (x*N) pul 22, da di
Q Q

+s>\3// 22 ()€ 22, da dt + 23)\2// 21 () o€ 22, dr di

Q Q

+s)\2// ¥ n'n" €22, do dt. (1.69)
Q

In the previous case we had (®7'),, = 0 in (0, 1)\wo. Here, this is lost and, therefore,

we have to work differently.
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Using integration by parts, we have that

s/\// (2N ) 022, dx dit

// L 2P [ (2N ) wa) 2 + A2 (21 ) ) dx dt. (1.70)

In view of Proposition 1.2.2, we have

// “ )z $§|z|2 dx dt

2—5—2(1+a)(2—a 5 da) //Q

—Cs)\/ f\z|2dxdt—03)\/ £|z\2d:cdt
0

wor

2_28)\1+0‘ )(2—a) // (40=2)/3(£1/2,)2 g gt
3 5 —4da .

22,2 g dt

—C’s)\/ 53\z|2dxdt—05/\// 22| '3 2| du dt. (1.71)
wor Q
Furthermore
_28)\(1+04 // (da— 2)/3 1/2 ) de dt
3 5 —4da o

)5\ // (1a-2)/3 [az P a2 g, 4 2 “awazr?} dvdt,  (1.72)

where m(a) == 2(1 + a)(2 — @) (5 — 4a)~" and
—Cs)\Q// QGo=D/3¢ 0 dedt > O)\// (AU D/3¢) 2,12 4 $2X3¢3|2|?) da dt. (1.73)
0 0
Then from (1.71), (1.72) and (1.73), we get
// Ll dedt > —m(a)sA // 24e=D3¢ |5 12 da dt
Qo
—052)\3/ &\z|* dx dt — Cs)\// 2 [*€3| 2 |? d dt
Qo Q
—C)\// g 4e=28¢| 22 da dt — CS/\/ 2 dr dt. (1.74)
0

wor

On the other hand,

A2 1
2 //m 1 (2% ) el |2]* da dt > ( —|—a s>\2// G| 2[* da di
0

—CS)\Q/ §|z|2d$dt—CSAQ//x(2“_4)/3§|z|2dxdt (1.75)
0 Jbg

wor
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and, from (1.70), (1.74) and (1.75), we see that

s)\// (2N pulzz, drdt > C’s)\Q// 223 22 da dt — 082)\3/ &z’ dx dt
Q 0 Qo
—m(oz)sv\// g 4e=23¢| 2 |2 da dt — C’/\// g e=23¢| 2 |2 da dt
0 0
—C's)\2// 220|163 | 2|* dw dt — C’s/\2/ &z dw dt. (1.76)
Q wor

Note that the new strategy makes appear a new term in the right hand side of

(1.76). For the other terms in (1.69), we have that
25)\2// 0 (21 ) o€ 22, do dt > —C// (s* N2 [*% |27 + 2|0 |2€) 20 ) dw dt
Q Q
—0// (s2A3E3 2% + Ao 2/3¢ |2, ) da dt
0

—C// (N3 |2” + Az, |?) dudt, (1.77)

s)\z// vy 2z, dadt > —C’// (SN2 23|22 + 220 1| 20 )?) d dt
Q Q
—C / / (s N3 2 + Azl 4o=2/3¢ 2, |?) da dt
Qo

—C// (N3 |2” + M|z |?) da dt, (1.78)

and
5)\3//Q:L’2°‘(77’)3§zzx dx dt > —C//Q (N2 2| 2o |* + X' |*€%|2]?) da di(1.79)
From (1.69), (1.76), (1.77), (1.78) and (1.79), we conclude that
—s//Q$a(x“0x)mzzx drdt > —C’//Q (N2 €]z + $* N2 ||| °) du dt
+03A2// :p(2a_4)/3§|z|2dxdt—0// (N3 2* + sAE|z,|?) du dt
0 worT
—C // (82N 2| + AxUo=2/3¢ |2, 2) du dt
0
—m(a)s)\// 2 4e=2/3¢ | 2|2 du dt. (1.80)
0

It is important to take care of the constants accompanying the term

SA // 2 He=D/3¢| 2 2 da dt
0
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in the estimates (1.65), (1.67) and (1.80). The sum of these constants is

(2= a)(1 = 20)
5 — 4o ’

that is only positive for a € [0,1/2).
From (1.62), (1.63), (1.64), (1.65), (1.66), (1.67), (1.80) and (1.68), we deduce
that

[P PP+ [ (NP + X e ) dadt
Q
+ // (s*N3E3| 2% + sA2x VB¢ 22 4 sh\aUeD/3¢ 2, %) d dt
0
<C [He‘sc’goH2 + // (S3>\3§3|z|2 +s>\§|zx\2) drdt| .
wor

Arguing as in Appendix A, we can replaced the integral in )y in the left hand
side by integrals in ). Moreover, thanks to the additional term in the left hand side
of this inequality, we can incorporate terms with time derivatives and second-order

spatial derivatives more easily and also return to the variable v:
//Q e 2 [sTHT o 4 |(2%v2)a|?] + sAz DB v, 12 4 s 222 P v, P] da dt
+ //Q e 2 pf? [sA2z P3¢ 4 BN 4 SN || ]?] da dt
<C [Hes”(g — b)) ||? + // e 27 [N |2 + sAE|z,*] dadt|.  (1.81)
wor

Since the power of x in the local term with first-order spatial derivatives is nega-
tive, and we can deduce that (1.81) remains true with (g —byv,) replaced by g. Finally,
to eliminate the term with derivatives in the right hand side, it suffices to work as in

the case considered in Appendix A. O

1.7 Appendix C: Proof of Theorem 3

Again we will prove Theorem 1.2.8 when B = 0. In view of the presence of

Robin conditions in (1.12), we will perform another change of variables:
v(y,t) = e"w(y,t).

Now, (1.12) becomes
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— : /
vt—i-vyy—gg m Qu

(vz — 20) (0,t) =0 and lim (vy - %v) (y,t) =0 on (0,7, (1.82)

Y—r00

v(x, T) = vr(z) in (0,1),

where go := e F — (0" + |n/[*)v — 2n/v,.

SO

Let v be a solution to (1.82). For any s > so > 0, we set z = ¢ *?v and Z = e~*w.
We have that z and z satisfy the following initial, final and boundary conditions:
2=2Z=2zy=2%2,=0 at t=0 and t =T,
1 . .
(zy + (s)\f — 5) z) (0,t) =0 and yginoo 2y(y,t) = ygrpooz(y,t) =0 on [0,7],
~ 1
(éy + (—S)\f - 5) 2) (0,£) =0 and yligloo Zy(y,t) = yli}rllooé(y,t) =0 on [0,7].
Again, we assume that v is sufficintly regular. We have:
vy =€ sonz 4 2], vy =€z + P00z + 2502, + 50y,2]
and, consequently,
Mz + Myz = gy,
with Mz := Ij1+ Lo+ i3 := =25\ |28z — 25| |€2 + 20, Moz i= Doy + Ioo+ Doz :=
PN |2E%2 + 2y + soyz and g1 = e 7 gg + sA\y"Ez — sA?|n/|*¢z. This gives
[Mi2]* + ([ Maz]|* + 2(Miz, Ma2)) = lgal*. (1.83)

Let us estimate (M;z, Msz)):

(I, In) = —233/\4//@|n’|4§3|z|2dydt,

(L, I51) = 353)\3/ ]77’\277”53\2|2dydt+353)\4// |n'|*€3| 2% dy dt
Q' Q'

T
+ 8% [pelapar
0

)

y=0

(L L) = —2X° // 1/ PE20(2t — T)|=|2 dy dt,
Q/
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(I11, I) = 43)\2// n'n"Ezz, dy dt — 5)\3// B0 120" + Mo/ [M)€| 2| dy dt

T
£253° //Q el Py e — 5 [ ()Pt
/ 0

)

y=0

T
+ 25)\2/ 10222, dt
y=0 0

)
y=0

T
(a2, I2) = s)\// 77”§|zy\2dydt+s)\2// \n’]2§]zy|2dydt+s)\/ n'5]2y|2dt
/ Q/ 0

)
y=0

T
((]13, 122)) = / ZZty dt
0

(I Ds) = —262\2 / 1 2ea)=|? dy d,
Q/

(I, I53) = 52)\// n"§0t|z|2dydt+82/\2// 101260, |2|? dy dt
/ Q/

T
+52)\// 0 &oy|z? dy dt + 52)\/ 0oy z|* dt
/ 0

Y

y=0

and

s
(I3, Ir3) = —5// oulz|? dy dt.

Adding all theses inequalities, we obtain after some work that
(MizMy2) > C / / (SN2 + sA%E] 2, ) dy
—C / (S°AUE |2 + sN*E|z,?) dydt
wor
T

4 / [S93(f°6% 22 — sA¥ (V€| + s Ao€an)=I?] d
0

T
+ / [sA' €|z |* + 25N |0 P22y + 22, dt
0

y=0

Working similarly with the function Z, we obtain
Mz + Mz = §
with Mlg = ill + [~12 + [ng = —28)\2|77/’2§§ -+ 28)\?7,égy + 21‘/, Mgg = IN21 -+ ]—"22 -+ j23 =
SN2 |262% + Zy + 56,2 and gy = e gy — SA"€2 — sA2|nf|2€%. This gives:
lgull* = IMZ) + [|M22]* + 2((M 2, Ma2)) (1.85)
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and
(M2, My2) > 0// SSNEED| 2|2 + sAZE|Z, % dy dt
—c// SSNAERZ? + sA2E|Z, |2 dy dt

T
+ / [=s* N2’ 22 + sXP (0 )°€2% — s Ny'€5, 2% dt
0

y=0

T
- / —SAN'EZ) + 25N |n) [PE22, + 22, dt (1.86)
0

y=0
Note that z = 2, £ = £, 0 = & and 0, = &, for y = 0. Hence, from (1.84) and
(1.86), we find

(M1, M2) + (W05 502) 2 € [[ [P+ S + sNlaf? + 812, )] dy

5
~C [ [N + 1)+ 5¥(elzy P+ €12, )] dy

(1.87)

y=0

T
n / [styn’ﬁ(gzzy +E22y) — sA (E22 — €22) + 25 + zzty} dt
0

On the other hand, in view of the boundary conditions satisfied by z and Z we

see that

T
/ (22t + 22, dt
0

y=0
’ 212 2y Loz 2 1 512 2
= SAG(I217 = |217) + (27 + [2[)e + 5 sAL (2" = [, dt] - =0,
0 y:O
T T
23)\2/ |0 |?€[22, + 2Z,] dt = 25)\2/ 7' |%¢]z)?dt| >0,
0 y=0 0 y=0
and
T T
— s)\/ n'élz — 2 dt = 282/\2/ E|z2at|  >0.
0 y=0 0 y=0
As a consequence, from (1.87), (1.85) and (1.83), we deduce that
2 ~ ~ ~,
Sl + 181 + [] [3El + A7) + 2Nl + E12)] dy
i=1 Q

<0 ol + 1+ [ [0l + 12 + SN+ €1)] ayaef1.85)
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Using (1.88) and the definitions of g1, g1, M;z and M;Z, we see that, for s and A

large enough,
51 //Q (€l + L2 ) + E P + 13 )] do
" //Q [Nl + €12, + XL + &2 dyar
<C [|\g1/2go||2+// [5A2(§|zy|2+§|zy|2)+53A4(§3|z|2+§3|z|2)] dydt]

From classical arguments, we can eliminate the terms with derivatives in the right

hand side of the inequality and find that
[ L )+ € + )]
o[ [l @t + NP+ 1] dya
<C [\|91/290|\2+83A4 // [53\Z!2+§3!5!2] dydt} :
or

We then conclude the proof coming back to the original variable w and using the

definition of ¢ and the fact that & < C¢ < CE. O
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Capitulo 2

Estimativas de Carleman para
algumas EDPs parabodlicas
degeneradas em dimensao 2 e

aplicacoes

Carleman estimates for some 2-D degenerate
parabolic PDEs and applications

F.D. ARARUNA, B.S.V.de ARAUJO, and E. FERNANDEZ-CARA

Abstract

This paper deals with a class of two-dimensional degenerate parabolic equations in a
squere. The goal is to obtain Carleman estimates to obtain controllability results. In
order to be more faithfull with the 1D degenerate problem, we consider that the
degeneracy ocour only in a part of the boundary. Then, we present well posedness
results and, under some geometrical assumptions, we build suitable weight functions
that allows to deduce a global Carleman estimates. As an application, we prove some

null controllability and Stackelberg-Nash null controllability results.

Keywords: Null controllability, degenerate parabolic equations, Carleman inequali-
ties, Stackelber-Nash strategies.
Mathematics Subject Classification: 34K35, 49J20, 35K 10.



2.1 Introduction

The study of the controllability of partial differential equations and systems has
attracted the interest of many authors. The theory has been extended to semilinear
problems, equations in unbounded domains of some kinds, and systems in fluid dyna-
mics, among others; see for instance [15, 18, 20, 21, 24].

The study of controllability of degenerate parabolic equations started in the last
decade with the works [1, 7, 8, 9, 12, 13, 14]. In this paper, we will analyze the following
problem in two spatial dimensions:

u — div(AVu) +bu = g1, in Q,
B.C. on X, (2.1)
u(-,0) = up in Q,

where Q = (0,1) x (0,1), =00, T >0, Q =2 x (0,7), 2 :=Tx (0,7), w C Qs
a non-empty open set, b € L=(Q), g € L*(Q), up € L*(2), A : Q > My,»(R) is given
by

A(z) = diag(ai*, 23°),

and the boundary conditions are given by

u=0 on X if «ay, as €10,1),

BC u=0 on Y34 and (AVu)r =0 on X5 if oy, as €[1,2],

u=0 on Y34 and (AVu)r=0 on %X, if ag3€]0,1), az€]l,2],
)%

u=0 on Y934 and (AVu)r=0 on %; if a5 €(l,2], az€l0,1),

with o = (o, a2) € [0,2] x [0,2], 3, ;;, == (I UT; UTY) x (0,7), and
Iy = {0} x[0,1], T'y:=1[0,1] x {0}, I'3 := {1} x [0,1], 'y :=[0,1] x {1}.

In previous papers, the main model is the following:

w — (%) = g(z,t) 10 in (0,1) x (0,7,
w1, ) =0 and | WOI=0 i aclDh o), (2.2)
(x%uz)(0,-) =0 if a€][l,2)
\ u(+,0) =y in (0,1),

where a € (0,2), T > 0, ug € L*(0,1), g € L*((0,1)x (0,7T)), O C (0,1) is a non-empty

open set, and 1p is the associated characteristic function. The global null controllability
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of this system is proved using Carleman estimates with appropriate weight functions
[1].
Recently, some results on 2D degenerate parabolic equations have appeared in
[10, 11]. There, the authors study the well-posedness and the global null controllability
of the following system:
( up — div(AgVu) + bou = gol,, in Qo
u=0 if a€(0,1)

on X, (2.3)
% =0 if a€]l,2)
L u(+,0) = ug in €,

where Qy := Qo x (0,7), T > 0, Qy C R? is a bounded domain with boundary 'y of
class C*, 3o := Ty x (0,T), wo C Qo is open, ug € L*(Q), go € L*(Qo), bo € L=(Qo),
a € (0,2), and Ay : Qo — Mayo(R) satisfies the following conditions:

(1) Ao(l’) = {CLZJ(CL’)}, with the Q45 S CS(Q(), R) N C()(ﬁo, R),
(ii) Ag(w) is simetric for all x € Qy and positive definite for all z € Qo;

(iii) Let r;(x) be the eigenvalues and let ¢;(z) be the associated unit-norm eigenvectors
of Ag(x) for i = 1,2. Let us denote by Pr,(z) the projection of x onto the
boundary I'y and O(T'y;0) := {x € Qp : d(z,I'g) < d}. There exists § > 0 such
that the following holds:

1. ri(z) =d(z,T9)* Vo e O(T;0),
2. ra(x) >0 Ve Q\O(Ty;0);

3. e1(z) = v(Pr,(x)) Vo € O(Ty;9).

It is convenient to enhance the main differences between systems (2.3) and (2.1).
First, contrarily to (2.1), (2.3) degenerates on the whole border. This is crucial, because
Carleman estimates need weight functions with a specific behavior near the part of the
boundary where the degeneracy occurs. The techniques used in [10] can be extended
to problems where the degeneracy appears on a part of the boundary, but this part
must be separated from the rest. A typical example is when 2y is an annulus and
the coefficients degenerate just one of the components of the boundary. Hence, a new

thecnique is required to deal with (2.1). Here, the main idea is to use the control
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domain to "separate" the part of the boundary where the degeneracy does not occur
from a neighborhood of the origin. Note that not only one but the two eigenvalues of
the matrix A can degenerate.

In this work, we will prove the well-posedness of (2.1) using semigroup theory
in all cases «; € [0,2]. However, the proof of Carleman estimates requires different
techniques and weights in each case; therefore, for this purpose, we will strict to the
case o, ag € (0,2). The other cases will be considered in a forthcoming paper.

It will be seen that, as an application of Carleman estimates, we can prove results
on the null controllability and Stackelberg-Nash controllability for linear and semilinear
degenerate parabolic systems.

This paper is organized as follows. In Section 2.2, we will present some results on
the degenerate operator associated to (2.1) and we will deduce the well posedness. In
Section 2.3, we will present Carleman estimates for the solutions to the adjoint of (2.1)
when «; € (0,2). This will allow to prove results concerning the null controllability
of linear and semilinear problems of the kind (2.1). In Section 2.4, we will use these
Carleman estimates to prove the Stackelberg-Nash controllability. In Section 2.5, we
will present some extensions of the results, open questions and future work. Finally,
the paper contains an Appendix where the proof of the Carleman estimate presented

in the Section 2.3 is given.

2.2 Preliminar results and well-posedness

2.2.1 Notations, spaces and operators

The usual norm and inner product in L?(Q) and in L?*(Q) will be denoted res-
pectively by | - | and (-,-), and || - || and ((-,-)). The norms in L>(2) and L*(Q) will
be denoted respectively by |- | and || - ||co-

Now, let us introduce some matrices, spaces, and operators.
o A'(x) :=diag(x{"", x5*"), with r € R,
o H(Q):={ue L*Q): VuAVu € L'(Q)},

o H2(Q) :={ue HL) : div(AVu) € L*(Q)},
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Hdi’”(Q) = {w € L*(0)? : div(w) € L*(N)},

L2 () :={we L*Q)?: wA 'w e L'(Q)},

H¥(Q) :={w € L2, () : div(w) € L*(Q)},

Vou = AY2Vu, ue H:(Q),

Agu := div(AVu), ue HA(Q).
Now, let us consider the following norms:
o |uly = (Jul® + |Voul)V2, we HL(Q),

o [ulpa = (Julf +[Dou)2, ue H3(Q),

1/2
o |W|giv,a = (/ wA™ w dr + |div(w)|2) . w e Hiv Q).
Q

Note that, for these (natural) norms, HL(), H2(Q)) and H%"(Q) are Hilbert

spaces and one has the following continuous embbedings:
HY(Q) = Ho(Q) = L*(Q),  Ha(Q) < Ha(Q),  Hy"(Q) — H™(Q).

Furthermore, H(Q) C H]

loc

() and H2(Q) C HE.(Q).

Lemma 2.2.1 C=(9Q) is dense in HL(Q).

Proof. We know that H'(Q2) < H!(Q) and that C=(€Q) is dense in H'(92). Hence, it
is sufficient to prove that H'(Q) is dense in HL(Q). Let us fix u € HL(Q). For A > 1

let us introduce the diffeomorphism fy : 2 — €2 where

x 1
f)\(ZL’) = X +ZL‘07>\ and Tox = ﬁ()\ — 1,/\ — 1)

It is clear that Q) CC Q and |Q2,] — ||, as A — 1.
Now let us introduce
u(z) if  zeQ,
u(fa(z)) if z e Q\Q,.

up(z) ==
Using that H!(Q) C H}.

loc

ur — uf2 = / @)~ @+ Vofuo fy— @) do

() and Q, CC Q we deduce that uy € H'(Q2). Furthermore,

< / (N|u)]® + |Voul?) d +/ (|u]* + |Vou*)dz — 0 as X — 1.
Ia(\Q2x) 2\
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Therefore, H'(Q) is dense in HL(Q). =
Lemma 2.2.1 leads to the following definition

H. () == Dy, (2.4)

where the definition of the space Dy depends on «:

( {v e C>®(Q) : supp(v) CC Q} if aq, ag €10,1),
{veC>®(Q): 30 > 0;supp(v) C (0,1 —10) x (0,1 =68} if ai, ay €[1,2],
{veC>®(Q): 30 > 0;supp(v) C (6,1 —6) x (0,1 =08} if a1 €0,1), ay€[l,2],

\ {veC=(Q): 35> 0;supp(v) C (0,1 —6) x (6,1 =68} if a3 €[1,2], as€]0,1).

2.2.2 Trace operators
We know that the trace operator T : H'(Q2) — L?*(T") is continuous and
HYA(T) = T(H'(9)
is a Hilbert space for the norm
[0l g2y = inf{|ul i) 1 u € HY(Q), T(u)=v}.

Moreover, there exists a unique normal trace operator T, : H4*(Q) — H~Y/2(T), which
is continuous and satisfies
o T,(w) = (w-v)|r Vw € C®(Q)?,
. / (div(w)u +w - V) do = (T, (w), T(w)) Yo € H(Q) Vu e H'(S).
Q

Given w € H%(Q), we can introduce a continuous linear form 7,, : H'(Q) — R
by putting
Tow(u) == /(div(w)u +w - Vu)dr Yu e H'(Q).
0

Moreover, we have

Now, for any 0 > 0, we introduce
o QOs:={reQ:dxzTI)>d}and I's := 0Qs,
o rs: HLY(Q) — HY(Q), with rs(u) := u|qg,,
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L] R(g : ng(Q) — Hdw(Q), with R(;(w) = ’U)|Q5,
o 1% :=Tjsors, where Ty : H'(Qg) — H'/?(T's) is the trace operator,
e T°:=T,50 Rs, where T, 5 : H%(Qs) — H~Y?(Ts) is the normal trace operator.

Lemma 2.2.2 Ifw € H¥(Q), then the functional T,, can be continuously extended to
the space HL(2). Moreover,

To(u) = Hm(T%(w), T°(u)) Yu € HL(Q).

6—0

Proof. For v € H!(Q) we have

/(div(w)u +w - Vu)dx
Q

/Q (div(w)u + [(AY2) " w][AV2Vu))da
< div(w)|u] + [(AY?) " w||AY2Vul

< (I(AYA) ] + [div(w) ) (Jul + A2 Vu]) < |wlas.alula-

This conclude the proof. m
In view to obtain appropriate results on the normal traces in HZ" (), we will

consider the cases a; € [0,1) and «a; € [1, 2] separately.

The case a3, az € [0,1)

The classical results on the normal trace theory remain true for the spaces H4(Q)

and H!(Q).

Lemma 2.2.3 There exists a unique trace operator T* : H:(Q) — L?(T) which extends
T : HY(Q) — LXT). Moreover T is continuous and HY*(Q) := T(HL(Q)) is a
Hilbert space equipped with the norm

0] /2y = f{[ula s u € HA(Q) and T%(u) = v}.

Proof. We know that C>(Q) is dense in H}(€2). Consequently, it is suficient to prove

that T : (C=(Q),]| - |o) — L2(T) is continuous. First let us consider the following
open cover Uo,...,U4 of Q, where Uo = Bl/4<(1/2, 1/2))7 U1 = Bl/g((0,1/2>>, UQ =

B12((1/2,0)), Us := By/2((1,1/2)) and Uy := By/2((1/2,1)). Let g, ..., 04 € C=(Q)
be a partition of unity subordinate to the cover {Uy,...,Us}, ie. @o+ ... + ¢4 = 1,
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0 < ¢ <1, supp ¢ is a compact set and supp ¢ C U;. Given u € C®(Q), let
u; = p'/%u. Using that a; € [0,1) we deduce that

1/2
3/4 ou ! ouy |2
0 _ ar/2Y%1 _a1/2d <C / a|YH d '
o)l = | [ ot T dn <o ( [ ot |52 o
Hence 5
0
]u1|2d5§0/x?1 i dz < Clul?.
T Q 3x1

In a similar way we conclude that
/ lui|*ds < Clul®, i=1,..,4.
ry;

Therefore

4 4
Tl = [P ds =Y [ el ds =Y [ s < Cluf,
=0 =0 i

This conclude the proof. m
The following result is a fundamental tool, not only to deduce the existence of a
normal trace operator, but also to prove the Carleman estimates present in the next

section.

Lemma 2.2.4 (Hardy inequality I) Assume that a;,as € [0,1). There exists a

positive constant C' = C(aq, ag) such that

/xf‘i_2\ul2d:c§0/x?i
0 0

Before proving this Hardy Inequality, we consider the following result:

ou
8.§Ci

2
dr Yu € ker(T?).

Lemma 2.2.5 Assume aq,as € [0,1). There exist C = C(a) > 0 such that, for any

u € C*(2), one has

2

/ 13‘111—2|u(1‘) — u(x170)|2 dx S C/ m?l aa_u dr
@ Q 451
and 2
az—2 2 o | OU
x9? “|u(x) — u(0,29)|*dx < C | x5 . do.
@ Q T2
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Proof. Let us fix max{a;,as} < a <b < 1. We have that

1 1 2
/x22 lu(z) — w(0,z9)|*dr = / [/ (/ tb/2§u( l,t)t_b/2dt) x§“22dm2] dz,
Q 0 0 0 X2
1 1 T2 2 o
< | [/ (/ | 20 ) (/ o) e ]
0 0 0 0

1 1 1 *2 ou
= — | =——(z1, )| dt | 2271 dxy]| d
1—b 0 /0 <A 8$2<x1’ ) > 1‘2] 1
1 L ou 2 !
< | =——(xq, ¢ ox=1=b g ) dt| d
= 1 ; /0 &EQ(%, ) (/t To 962) X1
and
t 1 1
/ az=1=b gy, = / x5 anglfbdxz Sto‘Qa/ xy =,
1 t t
t2—a ta2_b
= 11—t < .
a— b< )< b—a
Thus

2
[ 1) = w0,z e < € [ e |2

The other inequality can be proved in a similar way. m

Now, we will return to the Lemma 2.2.4 to establish its proof.
Proof. |Proof of Lemma 2.2.4]

Now, let us fix u € ker(T®) and § > 0. There exists a sequence u, € C*(2) such
that u, — v in H(Q). Let us introduce two auxiliary sequences given by u; ,(z) =
Uy (21,0) and ug,(2) = u, (0, 23). From T%(u,) — 0 in L*(T") we deduce that u;, — 0

in L?(Q). Using Lemma 2.2.5 we have that

. oun |®
[t — Ui |* 282 da < C’/ “adid.
Qs ’ ol dz;
Passing to the limit n — 400 we obtain that
ou |
/ lu|?22 2 dx < C’/ —| xfdx, Vo >0.
Qs |0

This conclude the proof. m

From Lemma 2.2.4 the following result holds:

Lemma 2.2.6 ker (1) = H,,,(Q) (recall the definition of this space in (2.4)).
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Proof. It is clear that H}(Q) C ker(T®). Let us fix u € ker(T®) and introduce
f(z) := z29, fu(z) == min{nf(x),1}, u, := fopu and Q, :={x € Q: f,(z) = 1}. Ttis
clear that f, =0on I', Q, CC Q,4; and |Q,| — |Q|. Furthermore,

/(!un|2+|Vun| Ydr < C(n (/ ]u|2dx+/|vou|2dx) < 400

and u, € H'(Q). On the other hand T(u,) = T*(u,) = fu|rT*(u) = 0, then u, €
ker(T) = HL(Q).

Moreover, we have that

/(\u —up* + | Vo(u —u,)?)dz = / (lu = foul® + |Vo(u — fou)?) da
Q Q

\Q2n

< C/ (Jul® + |V0u\2)d9€—|—n2/ Vo f|?|ul® dx. (2.5)
O\ 2N\Q,

The first integral in the right hand side of (2.5) tends to 0 as n — +o0o0. With

respect to the second integral, using Lemma 2.2.4 we have that

n2/ \Vof|*|lul*de < / (z129) 2 (25 23 + 25227 ) |ul? dx
O\, AR

< /( =2 4 02 )y 2 da — 0.
Q

——HL(©
We conclude that u, — u in H}(Q) and, consequently, ker(T%) C H&(Q)HO‘( ' ¢

T o Ha ()
Hoo(Q) "7 = Hyy(Q). =
As a consequence of Lemmas 2.2.4 and 2.2.6, the space H,, ;(Q) can be endowed

with the norm

oo = / Voul? dz,
(9]

that is equivalent to the norm | - |, on H} ((€2).

Lemma 2.2.7 There exists a unique normal trace operator T : H#(Q) s H~Y2(T)

that is continuous and satisfies
o T2(w) = (w-v)|r Yw € C=(Q)2,

o To(u) = (T¥(w), T(u)) Yw € H¥(Q) Yu € HL(Q).
To prove Lemma 2.2.7, before we need to stablish some preliminaries results.

Lemma 2.2.8 Assume that o; € [0,1). Then HL(Q) — Wh1(Q).
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Proof. From Holder inequality
ou

dr < /Jci—ai d:c/xf
/Q 9 [ Q 0

This conclude the proof. m

2
&Z dx] <00 Yue HLAQ).

X

Lemma 2.2.9 Assume a; € [0,1). Given u € HL(Q), let us introduce

w(z) of x€Q
0 if zeRA\Q.

u(r) =
If i € WHY(R?), then u € H} o(€2).

Proof. From Lemma 2.2.8, we have that H],(Q) = HL(Q) N Wy (Q). Hence, it is
suficient to show that u € Wy (Q).

Given A > 1 let us introduce the diffeomorphism f) : Q — Q) where
1
i(x) =z —a1, and 2 = 5()\ -1, A=1).

It is clear that Q CC Q) and |Q2,] — Q2] as A — 1.
Now let us introduce
u(z) if ze £,1(Q)
a(fa(@) i @ & (9.

It is clear that supp(uy) CC Q, whence it remains to conclude that uy € WH(Q) and

up(z) ==

uy — w in WH(Q). In fact, we have that
i = [ (ul+ Vadot [ (u(fa)] + Va(fila)]) do
D) O\f5 ()

< ula +/ (JulA? + |Vu|\?) dz < +oo.
BV (0)

Hence, uy, € W11(Q). Moreover, arguing as in the proof of Lemma 2.2.1 we conclude

that uy — v in WH(Q). m

Lemma 2.2.10 Assume that the o; € [0,1). Then C>®(Q)? is dense in H¥*(Q).

Proof. Let us denote by (-,*)ad» the inner product of H¥(Q). Let us fix w €
(C=(Q)A)* = {w € HE(Q) : (w,0)adin = 0 Yo € C=(Q)?} and u = div(w) € L*(Q).
We have that

/Qudiv(v) dr = —/(Alw)v dr Vv € C™(Q)>.

Q
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Thus Vu = A~ 'w in the sense of distributions. Consequently, AVu = w € L2,(1),

that is to say, VuAVu € L'(Q2). Then u € H!(Q). Moreover, since a; € [0,1), we

deduce that Vu = A~'w € L'(Q) and ATy € L'(R*)2. Using that Vi = ATy in the

sense of distributions we conclude that @ € W1!(R?). From Lemma A.3, we see that

u € H} (). Consequently there exists a sequence u, € C§°(Q) such that u, — u in
Using that H3*(Q) c H¥(Q), from standard normal trace theory we get

/(vVun + div(v)u,) dr =0 Yo € H*™(Q).
Q

Consequently, for any fixed v € H¥ (), we have that

‘(wa /U)a,div‘ =

/Q (wA="v + div(w)div(v)) dz

/Q(vVu + udiv(v)) dx

/Q (OV (1 — 1) + (1 — 1y )div(v)) da

IN

/Q(\AWV(U = un)[[(AY2) 0] + |u — upldiv(v)]) da

< u — uplalv|div.e — 0.

Therefore w = 0 and thus (C*°(Q)?)+ = {0}. =

Finally, we are ready to give the proof of Lemma 2.2.7.
Proof. |Proof of Lemma 2.2.7]

Let T}, : H®(Q)) — H~Y2(T') be the standard normal trace operator. We know
that H®(Q) c H%(Q). Then, from Lemma A.4 it is sufficient to prove that T, :
(C=(D)2,| - laiw.a) — Ha '*(T') is continuous. For this purpose, let us fix w € C>(0)2.

Given u € HL(Q) there exists a sequence u, € C*(Q) such that u, — u in
H!(Q). We have that T,,(u,) = (T, (w), T*(u,)) and from Lemma 2.2.1 we get T, (u) =
(T, (w), T*(u)). This way, we can deduce that

(T, (w), T*())| < [wldiv.a-lula Yu € Ha(9). (2.6)

Given v € Ha/*(T'), there exists a sequence u, € H:(€) such that T%(u,) = v

and |uy,|q — |U|Hé/2(F . From (2.6) we get:

)
|<T,,(’LU), ’U>‘ S ‘wldiv,a'|un|a-

Consequently [(T,(w),v)| < ]w[div,a.w\Hl/g(r) Yo € H(i/z(l“) and therefore |T,, (w) <

’H71/2
o ()
|| div.o- Hence T, 0 (C(Q)%, | - |giv.a) — L*(T) is continuous. m
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The case where «; € [1,2] for some ¢

Now, let us assume that «; € [1,2] for some i € {1,2}. It is no possible to prove

the existence of a trace operator, but we have the following:

Lemma 2.2.11 For any w € H¥(Q), one has
/(w -Vu+ div(w)u)der =0 Yu € H;O(Q).
Q

Before to prove Lemma 2.2.11, we will stablish the following result:

Lemma 2.2.12 Assume w = (w,1,wy) € H¥(Q) and u € Dy. The functions f,g :
[0,1/2] — R, given by

F6):= | [TuPds and  g(5) := (T(w), T°(u))

s

are continuous in § = 0.

Proof. There exists dp > 0 such that supp(u) C (0,1 — ) x (0,1 — dp). Thus,
f(é) = f1(5) + fg(é) Vo € [0,50/2] where

1-6 1-6
f1(9) ::/5 lu(0, 22)|* dza and  fo(6) ::/6 |u(z1,6)|* dry.

Given 41,09 € [0,60/2], with 07 < 09, we have that

d2
‘|’/ ’U(51,$2>’2 dl’g

01

1-62
[ (lG1,2) (G z2) )
3

2

1-61
+/ ’U(él,xz)P dl'g
1

5
1-85 6
2 2 8 2
—(|ul*) dzy dz
L[ ) e,
< (Julr= () + [Vul L= (0))]d1 — 6o

|f1(61) = f1(82)] <

IN

‘U’LOO(Q)|(51 — (52‘ +

Hence, fi is continuous. In a similar way we deduce that f5 is continuous. Therefore
f is continuous in [0, 4y /2].
Now let us fix 41,02 € [0, /2] with ; < d2. From standard normal trace theory,
9(61) — g(62)] < / (div(w)u + w.Vu) dz < |w|gawo; \o5,)- Ul @5 \05,)-
Q5,\Qs,
Thus, since |2, \2s,| — 0 as |d; — d2] — 0 the conclusion follows.
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Now we will to come back to proof of Lemma 2.2.11.
proof of Lemma 2.2.11.
To fix ideas, we will present the proof only in the case ay,ay € [1,2]. The other
cases are similar.
Let us fix w = (wy,wy) € C®°(Q)%, u € Dy1, dy > 0 such that supp(u) C
(0,1 —399) x (0,1 —dp) and 01,2 € (0,99/2) with 0; < Jo. We have that
52 q 52 1 1-5 1-5
/5 5|(Tf(w),T6(u))|2d5 < / 5 (/5 |w1(5,x2)|2dx2./6 [u(6, z2) |* d,

1 g1

1-6 1-6
+/ |w2(x1,5)|2dx1./ ]u(x1,5)|2dm1> do
5 5

< i ([ e+ [ sl
(51,52)X(0,1) (0,1)><(51,62)
We know that C*°(Q)? is dense in H%"(€2). Hence, for all w € H%(Q) one has
1 5002 2 1, |2 1), |2
[ 5@ 0 @ < b ([ oo de s [ o).
01 (61,02)%(0,1) (0,1)x(d1,62)
Moreover, if w € HY(Q) we deduce that
1 5
/ g|<Ty (U}),T (U)>|2 dd S |U|%W(Q)|w|div.a V< 51 < 52 < (50/2
01
This gives

1
21
T (w), T (u)[?dd - < ’u‘%m(ﬂ)|w’div.a < +00.

v
0

From the continuity of g in 6 = 0 we deduce that

g(0) = lim g(9) = 0.

6—0

From Lemma 2.2.1 we conclude that
Tow(w) =0 Yw € H*(Q) and wu € Dy,.

Now the result follows from the density of Dy; in H} o, (€2). m

We end this section with a Hardy-like inequality corresponding to this case.

Lemma 2.2.13 (Hardy inequality II) Assume that a; # 1 fori =1,2. There exist
C = C(ay, ) such that

2

0l i Vu € HY o(9).

/x?i2]u\2dx gC’/x?i
Q Q 0

o4

H



Proof. Again, we will present the proof only for the case oy, a0 € (1,2]. The other

cases could be deduced using these ideas combined with the present in the case oy, ap €

[0,1). Let us fix v € Dy, x1 € (0,1) and put 5 =2 — a;. We have that

|U(5€17$2)|2

<

ov

ds
ov
ds
ov

0s

1
/ SB-B)/2
xr1
1
/ S(3-5)/2
1
1
/ S3-5)/2
1

1
ov
(B-p)/4ZZ

/J}1 s aSv(s, Tg)

(s, )
(s,22)

(s,22)

2

2 1
ds./ s~ B=0/2 4

x1

(2.7)

Multiplying (2.7) by #;” and integrating 21 in (0,1), we get:

1
/ w7 P o(ay, x0)|? day
0

4 1
_ 4 / SB-B)/2
(cn —1)2 0s

1 1
2 / / S5-9)/2
O{l - 1 0 1
1
2 / S3-8)2| 9V
ar—1J 0s

aq
Ly

—(s,9)

—— (71, 72)

8x1

0
ga(5:72)

2 s
</ :zrg_l_ﬁ)ﬂ dxl) ds
0

2

2
ds) :Ugflfﬁw dz,

ov
_(Sv 552)

2

da:l.

Now, integrating (2.8) with respect to x5 in (0, 1) we obtain:

/x?12|v\2dx§0/x?l
Q Q

In a similar way we deduce that

/x§22|v|2dx§0/x32 Ov
Q Q 0

The result follows by density argument. m

2.2.3 Well posedness

Let us fix a = (aq,a2) in [0,2] x [0,2].

Lemma 2.2.14 The operator —Ag

w
3x1

X2

2
dx Yv € Dy.

2
dx Vv € Do.

: D(Ag) — L*(Q), where D(Ag) = H2(Q) N

Hé,o(Q)r is m-dissipative and self-adjoint. Moreover, if a; # 1 # g, then —Aq is

strictly dissipative.
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Proof. |Proof of Lemma 2.2.1J] Let us consider the bilinear form ¢ : H}(Q)? — R
given by
q(u,v) := / VuAVuvdz.
Q

It is clear that ¢ is simmetric and ¢(u,u) > 0. Furthermore
|q(u, v)] < fula-|v]a-

Hence ¢ is continuous. Moreover, from Lemmas 2.2.4 and 2.2.13 we deduce that ¢ is
coercive on Hy () if o # 1.

Now supose that (u,v) € H3(Q) x H} (). From Lemmas 2.2.7 and 2.2.11 we

/ Nou.v dx.

From the properties of g, the result follows.

have that

As consequence of Lemma 2.2.13, —A is the infinitesimal generator of a strongly
continuous semigroups. Thus, using standard techniques, we can prove the following

well-posedness result:

Theorem 2.2.15 For any g € L*(Q) and any uy € L*(Q), there erists a unique
solution u € C°([0,T7]; L*(Q)) N L*(0, T Hy o()) to (2.1). Furthermore, there esists a

positive constant C' such that

T
sup_[u(t)]* +/ [u(®)[2 dt < C (Juol* + |lg]I*) -
0

te[0,T]

2.3 Carleman estimates and null controllability re-
sults
In this section we will assume that oy, as € (0,2). Let us consider the adjoint of
(2.1):

—Aow+bw=f in Q,
B.C. on X, (2.9)
w(+,0) = wy in Q.

In order to establish a Carleman estimate for the solutions to (2.9), we will assume

the following on the observabillity domain:
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= (50 > 0, = aop, b() S (250, 1-— 2(50) such that
wo := Bs,(P1) U Bs, (P2) C w, (2.10)
where By, (P;) :={zxe€Q:|x—PB| <d}, Pr=1(0,by), Pslao,0).

Lemma 2.3.1 Assume that (2.10) holds. There exist C > 0, ¢; € (by — 0o, bo), ¢2 €
(ap — 6o, an), di € (bo,bo + &), da € (an,ap + &), and n € C>(Q) N C°(Q) such that,

for Vi={x € Q:cix1 +co(x2— 1) <0} and W :={x € Q: dyx1 + do(x9 — dy) > 0},
one has:

2 2—q
)

(i) n(z) :Z;_ ” inV, n(x)= —Z i in W,

i=1

(ii) |Vnl, [VnAVn|, AV = C> 0 in (Q\wo)\V,

2 2
: o On 2a-1 91 0O
(111) AVn-V(VnAVn), AV (div(AVn)), ;1 AV (mZ ) : E x; oz, e C°(Q).

Figura 2.1: illustration of the sets V" and W.

Proof. For instance, let us fix V; =V with ¢; = by — 0p/2 and ¢3 = a9 — Jp/2 and
W1 = W with d1 = b0+50/2 and dg = CLO+50/2.

Let us consider h € C'*°(£2) such that

x T2 . T T2 .
(x) 5 a + S in V;, an (x) R w— in W,

o7



From Morse theory, there exists a sequence h,, € C°°(Q) of Morse functions such that
h, — h in C>(Q).

Now let us fix Vo = V with ¢; = by — 360/4 and ¢3 = ag — 360/4 and Wy = W with
dy = by + 300/4 and dy = ag + 39p/4. We have that Vo CC V; and Wy CC Wy, Let be
Y € C=(Q) such that 0 < < 1in Q, ¢ = 1in VoUW, and ¥ = 0 in Q\(V; U W).

Using that h, — h in C*(Q) it is possible to prove that the function

Mo = hn+¢(h_hn)

is a Morse function for all n sufficiently large. Moreover, 7y € C>=(Q),

X1 X2 X1 X2

- - in W
2—0(1 2-@2 - 2

no(x) in Vo and n(z) =

- 2 — (0%} + 2 — Qo
Since 179 is a Morse function, it follows that the set D = {z € Q2 : |V = 0} is

finite. Using classical arguments (see [10]) we can move the set D to wo\(V; U W7).

Thus, we can assume that
Vol >C >0 in Q\(wo\(Vi UWY)).

Now, let us consider 7, € C*°(2) with all the smothness properties presented in

item 3 and such that

2—aq 2—ao 2—aq 2—a2

x , T T
"1<I>:21—a1+22—a2 in Vi and m(x)= 1 2

_2—a1 2 — s

Again, we will fix V3 =V with ¢; = by — 5dp/6 and cs = ag — 5Jy/6 and W3 = W
with d; = by + 509/6 and dy = ag + 509/6. We have that V3 CC V5 and W3 CC Wh.
Let be o € C°(Q) such that 0 < 0 < 1in Q, ¢ = 1in VaUWs, o = 0 in Q\ (Vo U Wy),
22 <0in V5\Vs and 22 > 0 in Wy\Ws.

We finally introduce the function

n = N +m(1 — )no,

where m > 0 is such that 27~ —mz; <0 Va; € [0,1].
Sinse 79, ¢ € C=(Q), m € C>®(Q)NC°(Q) and n; has all the smothness properties
of item 3 we deduce that n € C*°(Q) N C°(Q) and the item 3. Furthermore

2—a 2—a 2—«a 2—«a
x x . x x :
! 2 in V3 and n(2)=-—1t— - 2 in Ws.
2 — (6%} 2 — (6%)

77(17):2_&1 2—&2
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This proves item 1.
Since n = n; in V3 U W3, the item 2 follows in V53U W3. On the other hand n = 1y
in Q — (Vo UW3) and the item 2 follows in Q\(V, U W3) too. In Vo — V3 we have that

87] 1—ay 1 B SO 890 2 1 2—0{j
al‘i - P +m2—051 +8$Z;2—&J($J _mx])7

and easily we deduce that item 2 holds in V5\V3. In a similar way we deduce that item
2 holds in W5\Wj. The proof is now complete. m

Now, for A > )\g and s € R, let us introduce the following functions and constants
0(t) = [H(T = D], €(a,1) = OO (5 1) 1 o) — ¢(a, 1),
YA = Jay — 1+ e — 1+ XY yo(s) = |og — 1| + |ag — 1| + 572,
The main result in this section is the following:

Theorem 2.3.2 Assume that (2.10) holds. There ezist positive constants C,sg, Ao,
such that, for any X > X\, s > so and any solution w to (2.9), one has:

// e > [sT I (NE (Jwe” + | Aow]?) 4+ sAEVow]? + sA?|[VwAVy[*] dx dt

Q

+ / / e 27 w|? [s*A*1 (V)72 (s8) + "N (2] + 257%) + X Vo] dadt
Q

<C l”e_sngQ + 8°\? //6_2SU§3|U)|2 dx dt} :
wX

(0,1)
2.3.1 Application to null controllability

This section deals with the null controllability of (2.1). The first main result is

following:

Theorem 2.3.3 Let us fir T > 0, a, as € (0,2) and an open set w C . Assume that
(2.10) holds. Then, for any ug € L*(Q), there exists a control g € L*(Q) such that the
solution u of (2.1) satisfies

u(,T)=0 in S (2.11)
Moreover, there exists a constant C' = C(T, a,w) > 0 such that

9]l < Cluo|.

As usual in null controllability problems, Theorem 2.3.3 is equivalent to an ob-

servabillity property for the adjoint system (2.9):
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Proposition 2.3.4 Let us fit T > 0, aj,as € (0,2) and an open set w C Q. Assume
that (2.10) holds. Then there exists a positive constant C = C(T,o,w) such that, for
any wr € L*(Q), the solution to (2.9) satisfies

/]w(x,0)|2dx§0/ |w|? dx dt.
0

wx(0,T)
The way that the Carleman estimate in Theorem 2.3.1 leads to Theorem 2.3.4 is

standard; we refer for details to [10].

2.4 Stackelberg-Nash null controllability

In this section we will prove the Stackelberg-Nash null controllabilty of (2.1). In
the sequel we will use the spaces U; = L*(w; x (0,T)) and U = Uy X Us.

Let us consider the linear system

_A0u+bu:glw+f11w1+f21wz n Qa
B.C. on 3, (2.12)
u(+,0) = up in Q,

where ay, ay € (0,2), the w; C Q are non-empty open sets, (fi, f2) € U and ug € L*(Q).
Let us fix new non-empty open sets w; 4 C (0,1), ;g € L*(wiq x (0,7)) and

Bi, p; > 0 and let us introduce the following functionals:

Ji(g; f1, f2) == & // |u—uzd|2dmdt+uz/ |f1|2dxdt (2.13)

de UT

Definition 2.4.1 The pair (f1, f2) € U is called a Nash equilibrium of (2.12) associa-
ted to g if

J(g; f1, f2) = f}ég} Ji(g; £, fa)  and  Jo(g; f1, f2) = Jf}ég?l Ji(g; f1, f).
where these minima are respectively taken in Uy and Us.

From the convexity of the functionals J;, we have that (fi, f2) is a Nash equili-

brium if, and only if

Ji(g; fr, [2)(f1,0) =0 Vfi €Uy and Ji(g; f1, f2)(0, f2) =0 Vfa € Us.

Arguing as in [4, 22| the following is obtained:
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Proposition 2.4.2 There exist positive constants poo and C such that, if iy, o > pioo,
for every g € L*(w x (0,T)) there erists a unique associated Nash equilibrium (fi, f2)
for (2.12), furthermore satisfying

I(fr, f2)ll < C(1+ gl

In particular, the corresponding state u satisfies
[ull oo 0,5220) + Null 20,751 o () + el 20, 750-102)) < C (L + lgl])-

In order to establish the Stackelberg-Nash null controllability, that is, the exis-
tence of g such that the solution to (2.12) (where (fi, fo) is the Nash-equilibrium

associated to g) satisfies (2.11), we will impose the following assuptions:

w14 = wa,q; the common observability set will be denoted wy.

wgNw # () and satisfies (2.10). (2.14)
/ 0%|u; 4* dv dt < +oo  fori=1,2.
de(U,T)

The main result in this section is the following:

Theorem 2.4.3 Assume that (2.10) and (2.14) hold. There exists po > poo such that,
if 11, o > o, for every uy € L*(Q), there exist a leader control g € L*(w x () and a

unique associated Nash equilibrium (f1, f2), such that the solution u of (2.12) satisfies
(2.11).

2.4.1 Proof of Theorem 2.4.3

The proof of Theorem 2.4.3 follows the same steps of the proof of the similar
result in [2]. Hence we will present only a sketch and we will consider only the case
ag,ap € (0,1).

We first note that, arguing as in [4, 22|, the following result can be stablished:

Proposition 2.4.4 Let g € L*(wx(0,T)) be given. Then (f1, f2) is a Nash equilibrium
of (2.12) associated to g if and only if

1
fi= —f¢i

)

where the ¢;, 1 = 1,2, solve, together with u, the following coupled optimality system:

w; X (0,T)5

(
U= Do+ b= Tog — —drlu — —dolu, in Q,
H1 H2
—(0i)e — Dods + b = Bi(u — uia)le, , in Q, (2.15)
u=¢; =0 on X,
u(+,0) =ug, ¢i(-,T)=0 m - .
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In view of Proposition 2.4.4, if py, ue > po, there exists a unique solution to
(2.15). If we prove that this system is null-controllable, we will have achieved in fact
the proof of Theorem 2.4.3. Therefore, what we need is an observabillity estimate for

the adjoint system

(
=2 — Doz + bz = Broily, , + Bapoly,, in Q,
z
i)t — Dopi + bp; = ——14, in @,
(03)e 0¥ » m (2.16)
z2=9; =0 on
\ 2(,T) =21, ;(-,0)=0 in .

This is established in the following result:

Theorem 2.4.5 Assume that (2.10) and (2.14) hold. There exist po,C > 0 and a
weight function p = p(t) blowing up at t = T such that, if p1, 2 > po, for any
2T e L*(0,1), the associated solution (z,p1,pa) to (2.16)satisfies:

2
|z(.,0)|2+2// p 2|l dx dt < C//e2s°'§9]z\2d:cdt. (2.17)
i=1 7/ @ wx(0,T)

The proof of (2.17) is very similar to the proof of the corresponding result in [2]

and, for brevity, we will not be given.

2.5 Further extensions and open questions

In this section we will present some additional comments on the controllability

of degenerate parabolic equations.

2.5.1 On systems with gradients

First, consider the problems

uy — Nou+ B - (AY?Vu) + bu = gl,, in Q,
B.C. on X, (2.18)
u(-,0) = ug in €,
and
uy — DNou+ B-Vu+bu=gl, in Q,
B.C. on X, (2.19)
u(-,0) = ug in Q,
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where B € L*(Q).

If u is a solution to (2.18), then u solves (2.1) with g1, replaced by gl, —
B(AY?Vu). Therefore, the Carleman estimate proved in Theorem 2.3.2 holds for the
solutions to the adjoint of (2.18) and the control results in this paper are again true
for (2.18).

The null controllability of (2.19) is an open question, even in spatial dimension

1. However, if oy, as € (0,1/2), using an appropriate function 7 satisfying

2 (1-200)/3 2 (1-200)/3
n(x)zBZi_—m in V and n(x):—SZi_—m in W
i=1 ’ i=1 g

as defined in [27], we conclude again that all the results in this paper are satisfied.

2.5.2 On other degenerate operators

Using the Carleman estimates stablished in [10], we can argue as before and prove

that Theorem 2.4.3 is still true for system (2.3).

The half-degenerate problem

The half-degenerate problem appears when the PDE degenerates only with res-
pect to one variable, that is, oy € (0,2] and ay = 0.

This case, apparently more simple, is in fact a little more delicate. The main
reason is that the constrution os a function n appropriate for Carleman estimates is
more complicate. In order to be more precise, let us remember that, for nondegenerate

problems, an important property that the function n must have is

In the degenerate problems in the previous section, this requirement can be weakened

to
0
a_Z <0 on (T3UTy) x (0,T).
But in this half-degenerate case, we must have
In
8_ S 0 on (FQUF3 UF4) X (O,T)
v

and it is not easy to combine this property and other properties that the function 7

must have.
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This suggests to consider another kind of n and work differently. In a forthcoming

paper we will present some Carleman estimates for this case.

The problem with a; =2 or ay =2

It is well known that, in general, (2.2) is not null controllable, see for exemple
[9, 16, 17]. However, as we have shown in 2|, there exist situations, depending on the
observation domain, where it is possible to prove null controllability. A new technique
will be presented in a next work to deal with this case and deduce appropriate Carleman

estimates (also valid in higher dimensions).

2.5.3 On spatial dimension 3

Assume that Q := (0,1)3 with a;,b; € (0,1), a; < b; and let us introduce the sets

V= H[O,ai], wo = (H(O,bﬂ) \V and W := Q\(V Uuwy).

Then, there exist functions n € C*°(£2) such that

1
92—«

—1
n(x) (27 +227%) in V and n(z) = 5 C((a:f_a +227%) in W.
Consequently, the results in this paper can be adapted to this situation if we

assume that w contains a set like wy.

2.5.4 On the assumptions on w

The main open question left in this work is about the observation domain w. The
key point is Theorem 2.3.1. With a function n satisfying all the properties in Theorem
2.3.1, we can deduce a Carleman estimate and, consequently, the other results follow.
In general, with w CC €2, we do not know how to build a function 7 satisfying all the
properties needed in the proof of Theorem 2.3.1. The best we can do is to build a
function 7 that satisfies properties 1 and 3 and fulfills V| > C' > 0 in (Q\w)\V; but
we cannot prove for 7 that [VnAVy|, [AVy| > C > 0 in (Q\w)\V.

2.6 Appendix A: Proof of Theorem 2.3.2

Proof. In the sequel, C' > 0 is a generic constant that depends on 7" and a and w

is a solution of (2.9). From a density argument we can assume that w is sufficiently

64



regular.

For s > sq > 0 we introduce

We see that

(i) z= gx, =0att=0and t="T,
(ii) B.C. holds on ¥,

(iii) If P=(2) := z+sdiv(zAVo)+sVaAVz and Pt := div(AVz)+s*2Vo AVo+s0,2
one has

P 24+ Ptz=ec"f,
From item 3, we have that
|P~ 2|2+ | P22+ 2Pz, P2) = e £ (2.20)
Let us set (P~ z,P*z)) = I + ... + I, where

I = ((div(AVz2) + s°2VoAVa + 50,2, %)),
I, = s*(0.2,div(zAVo) + VoAVz2)),

Iy = s$*(2VoAVo,div(zAVeo) + VAV2)),
Iy = s(div(AVz),div(zAVo) + VoAVa)).

From B.C. we have that

// div(AVz)z dzdt = // div(AVz)zdzr dt = / VzAVz dx dt
Q
= // (VzAVz) dzdt = 0.
ot

Hence,
I = %S//Q(QSVUAVUt‘Z‘Q+Utt|Z’2)dl’dt. (2.21)
Again, from B.C. we get
L, = —§° //Q 2zAVoV (02) dr dt + s° //Q AV (0,Vz) dx dt
= —SQ/LVOAV0t|z\2d$dt (2.22)
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and

Iy = —§° / /Q 2AVoV (2VoAV0)dx dt + s° / /Q 2(VoAVo)VzAVo dz dt
= —s° //Q AVoV (Vo AVa)|z|* dx dt. (2.23)
Now let us to compute Iy.
Iy = s //Q div(AVz)[zdiv(AVo) + 2VzAVo| dx dt
= —s //Q AV 2|V zdiv(AVo) + 2V (div(AVo)) + 2V (VzAV0o)] dz dt
+s //E(zdiv(AVa) +2V2zAV0)AVz.zv ds dt. (2.24)

On the other hand we have that

—2s // AV2V(VzAVo)dx dt

(% 0z o, 00
= —232// AVZ|: z; &U, axiv (m 5%)] dx dt (2.25)

and
aZ 0z 80 0 0z
_232// AVz; 835 V%dxdt = —SZ// Tj 8_1'1'5_331'<8x] > dz dt
2,7=1
o aja e 80' 82 2
= SZJZI [// 8$J axz ( Z; 37] axl) dx dt —//295@ .Tj a:L',L a—x] Vldet]
= Z// j 8x] oz, (xz axi)erz a%axz( 7) 8% ]dxdt
7,7=1
_S/ |VZAVZ|AVO'I/det
_ // |VzAVz|div(AVo) dxdt—i—sZ//& 20— 13_0 0z I di
= il; 9z, | o,

—s/ |\VzAVz|AVov ds dt. (2.26)
>

2
) dx dt

+ // (25(VzAV0)AVzy — |V2zAVz|AVov) dsdt. (2.27)
2

From (2.24)-(2.26), we get:

2
Iy = // (—SZAVZV (div(AVo)) — 252 5 AV 2V < 0) N SZaixfai_lg_g 92
i i =1 Z;
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From (2.21)-(2.23), (2.27) and (2.29) we conclude that
Jo
— + _ 2 o a
(P~ z,P2) = // AVoV (Vo AVo)|z|* dx dt — 2s E // axZAVZV (xl &ci) dx dt

do | 9z |
// Vo AVay|z|* da:dt—i—sZ// ;T2 18@

dz dt

833'1'

—s// zAVzV(dw(AVcr))dxdt—E// o 2|? dw dt
Q Q

+ // (25(VzAV0)AVzr — [V2AVz|AVov) dsdt. (2.28)
>

Let us denote by T1,..., T7 the seven integrals in the right hand side of (2.28).
Now, we will estimate all them. For the integral on the boundary we will use the

following result:

Lemma A.1: If v € H2(Q) N H, ,(©2), one has

0
(’3_;2:0 on I's and a—;l:() on I'y.

Futhermore,
— =0 on I'y if a; €(0,1) and as € [1,2),

=0 on I'y if ap€(0,1) and oy € [1,2).
(‘3:1:’1

Proof:  Let us fix ¢ € C§°(I'3). There exist € > 0 such that ¢ = 0 in T'5\I'§,
where I'§ := {(1,22) € I's : 23 € (6,1 —¢)}. Now let us extend ¢ to I' puting ¢ = 0
in I UT, UTy and let us consider ® € C'(Q) and ¥ = (¥, ¥,) € C*(Q)? such that
U=¢ponland ¥V=rv=(v,1n)=(1,0) on I'. Using that v =0 in I'; we have that

2 2
0 = Z/ %(l,?jﬂvqjjq))_ods:Z/F%<x?j/2v\qu))l/2d8
N € J o ]
_ Z/ — (‘) %/21)\11 D) dx—Z/a %/QU\II ;P ds
Ty 0T Z2
> [ ot obeas= [ 2w opa
— Jr, 0y ry 02

_ ov o ds.
I's 8372

v . v

Hence, — = 0 on I';. In a similar way we conclude that — = 0 on I'y and the other
To Zq

identities. %
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Using Lemma B.1 we deduce that
// (25(VzAV0)AV 2y — |V2AV2|AVov) dsdt > 0. (2.29)
b
Now, using the definitions of ¢ and & and the properties of  we deduce that

T > 033/\4/ §3|v0n|4|zy2dxdt+033A3/T/ (227 4 157 |22 dw dt
Q 0JV

T
—C// &\z* dw dt, (2.30)
0 Jwo

T
T, > 25)\2/ §|VzAVn|2dxdt+2s)\//é\voz\2da:dt
Q 0JV

T
—C’s)\/ €| Voz|? dx dt, (2.31)
0 Jaw

T
T3 > —Cs*)\? {// 53\V0n|4]z\2dxdt+//£3(:v T ) 2P dadt
Q 0o Jv

T
+// §3|z|2dxdt] (2.32)
0 Jwo
0z
T, atedl
// [alxl e 1—|-042£E (%J dx dt

O / €[Vo2]? du dt. (2.33)
0 Jow

and

Using the definitions of o and & we get
Ts = s\ // £2|Von[*VAVy dz dt + s)\/ E2AV 2V (|Von|?) dz dt
Q Q

+5\? // Ezdiv(AVN)VzAVn dx dt 4 s\ // §2AV 2V (div(AVn)) dx df2.34)
Q Q

Now, using Young’s inequality we have that

A3 // E2|Von|* VAV dx dt > —s*\* // §3|Vo77]4\2\2dxdt—)\2/ EIVAVY|? dz dR2.35)
Q Q Q

T
s/\/ E2AV 2V (IVon?) dz dt > —C |:S2)\3/ §3|V0n|4|z|2da:dt+)\/ £|Voz|* do dt
Q Q o Joww

T T
+/ / (2XN3E3 (277 + 257 2 + NE|Voz|?) da dt + 52\ // &)z dw dt,} (2.36)
0JV 0 Jwo
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T
)\2/ E2div(AVn)VzAVndx dt > —C [52)\3/ EVonl*|z|? dx dt~|—)\/ EIVoz|* dz dt
Q Q oJaw

T T
+//(S2/\3§3(x —on g2 a2)|z]2+)\§|Voz\2)da:dt+52)\3// §3|z|2dxdt,](2.37)
0oJV 0 Jwo

s)\/ £2AV 2V (div(AVn))dx dt > —C {32)\3/ E\Von|*|z? dx dt
Q Q
T T
+82)\3// &z da dt + )\/ £|Voz|? da dt} : (2.38)
0 Jwo 0 JO\V
From (2.34)-(2.38) we get:

15 2 —C{ // & Von|* |ZI2dxdt// (2N (277 + 237 2 + N Voz|? )da dt

2)\3// §3|z|2dmdt+)\/ §]VOZ|2dmdt] (2.39)
Q\V

Finally, we have
T > —Cs// P2 dedt and Tr > 0. (2.40)
Q
From (2.28)-(2.33), (2.39) and (2.40), we deduce that
(P z,Pt2) >C [// (S*NENVon||2|> + sA2E|V2AVD|®) dx dt
Q
T
+//(33)\353(35%_0‘+m%_o‘)|z|2+3A§|Voz|2)dxdt}
0JV
r G T b T G
—C {sw// §5|z]2d;1:dts)\/ gyvozy2dxdt+s/ 55/2],2\2dxdt} . (2.41)
0 Jwo 0Jo\V Q
Combining (2.20) and (2.41), we conclude that
[Pl + 121+ [ SNVl + 532V 2AT ) dodt
Q
T
//(33)\353(91: T 1) |2 4 A VozP) dedt < C {Hes"sz—i—s/ €322 dx dt
0JV Q
T T
+S>\/ §|V0z|2dxdt+s3/\3// §3yz|2dxdt] (2.42)
0 JO\V 0 Juwo

Let us denote by L(z) the sum of all the terms in the left hand side of (2.42) and
by R(z) the sum of all the terms in the right.
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For instance assume that some a; # 1. Using Hardy inequality, we deduce that

$2)\2 // §2|z|2 dedt — // (83/2>\3/2§3/2xl('27ai)/2’ZD(81/2>\1/2£1/2x1(ar2)/2’ZDdxdt
Q Q

< 33)\3// g z|2dxdt+s)\// 2072V 22 da dt
Q Q
T

< 83)\3//531_?—041'
0Jv

+CS3A3// §3|Von|4|z|2dxdt+s)\// T
Q Q
CR(z).

T
z]dedt+s3)\3// &\z|* dx dt
0 Jwo

0

2
— dz dt
83,"1- o

(€22)

< (2.43)

Now, let us assume that a; = ag = 1. Using Holder and Hardy inequalities, we

see that
T 13 T )
83/2)\7/4// 53/2|Z|2 de dt — 5Z//(53/\4$353|Z|2)1/4(5/\%_ /3§|Z|2)3/4 dz dt
0JV = JoJv
2
< $oN // §3|v0n|4|z|2dxdt+sAZ// a; P22 da dt
Q i=1 7/ @
< CR(2). (2.44)
From (2.43) and (2.44), we get:

T
X2~ (\ 2 2dxdt < CR(2).
s m)/ofvswg)rz\ rdt < CR(2)

Furthermore,

T
S A1) // (8|2 dr dt < "Ny (N) / /V Eya(s€)]2)* d dt
Q 0

T
+32A2// £3|z|2dxdt+52/\2// E\Von|*|z? dx dt.
0 Jwo Q

From (2.42), we deduce that

L(2) + 22 ()) //Q 21, (s6)|2 dz dt < CR(2). (2.45)

On the other hand, we have:
/ /Q (*A3E3 (227 + 257 °2) |22 4 sAE| Vo2 |?) d dt
T T
< //(83A3§3(x§a1+x3a2)|z|2+3A5|voz|2)dxdt+s3x3// |22 d dt

0JV 0 Jw
. 0

+0s°\3 // fg\VoU\4!z\2dxdt+s)\/ €|Voz|* da dt.

Q 0 JOoV
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Therefore, from (2.45) we conclude that
|P~2|]> + || PT 2| + // (sSAE[Voz]? 4+ sAE|VZAVDP + s* X1 (V) E272(s€) |2]?) da dt
Q
" // s 2PN (@17 4 25702 + N Von|*) dee di
Q
T T
<C [HeS"f||2+s3>\3//£3|z\2d:cdt+s)\/ §|Voz|2dxdt]. (2.46)
0 Jwo 0 JOoV
Now, using the definitions of P~z and P*z, we see that
sty (N) // EN 2P dzdt < 57PN P 2|2 + syi(N) // 22| div(AVe) | do dt
Q Q
+C'sv1(N) // §VzAVe|* do dt
Q
< sy W) P 2|2 + CsNtn (M) // E|Von||=[2 da dt
Q
+CsA?y1 () // |22 da dt + CsA*y1(N) // E|VzAV|? dx dt
Q Q
and
s () // Doz dr dt < sy (V| P22 + 51 (A) // 2P Voo 2 da dt
Q Q
+C'sy1(N) // E o2 d dt
Q
<SP+ N ([ Vol do e
Q
+C0sv1(N) // &322 da dt.
Q
From (2.46), we get:
/ / 5 (VE (212 + [P0z ]?) + SAE| Vo2 |2 + sA2E| V2 AV 2] da dt
Q
J[ IR0 a(s6) + SN 4 a3+ SN Vil s
Q
T T
<c [He‘s"fﬂz+s3)\3//§3|z|2dxdt+s)\/ §|V0z|2dxdt]. (2.47)
0 Juwo 0JOV

Let us consider a set Vi CC V such that item 2 of Theorem 2.3.1 is still true in
(Q\wo)\Vi and let us take 1 € C=(Q) such that 0 < ¢ < 1in ©, ¢» = 0in V; and
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1 =11in Q\V. Using integration by parts, we have that

T
s)\/ ElVozPdrdt < s\ // Vz.(§YAVz) dx dt = —sA // z.div(§Y AV z) dz dt
0JOV Q Q

< s)\//q)fV@/)Aszdxdt+s)\2 //Q E2pV 2z AV dz dt
+SA //Q ExpNozdx dt

< 053/2)\// 53/2|z|2dxdt+051/2/\// E\Voz|* da dt

Q Q
+0s%\? //Qé‘”’(:c?“ + 257 2P dw dt + \? //Q§|V2AV7;|2dxdt
+Cs3\? //Qg?’(xf—al+x§—“2)\z\2dxdt+s1A1/2 //Q Y Noz|* dx dt.
Hense, from (2.47), for sg and Ag large enough we deduce that
//Q[sl%(A)gl(\th + [ Doz|?) + sAE[Voz|? + sA2E|VzAVY|?] dx dt
J] R 0006 + SN 1 a3+ SN Vol e

T
<c [||e—8fff||2+s3A3//g3|z|2dxdt].
0 Jwo

Using classical arguments we can come back to the original variable w and conclude

the result. m
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Capitulo 3

Estimativas de Carleman para alguns
operadores parabodlicos degenerados

em dimensoes superiores

Carleman estimates for some degenerate parabolic
operators in higher dimensions

F.D. ARARUNA, B.S.V.de ARAUJO, and E. FERNANDEZ-CARA

Abstract

This paper complements the results on Carleman estimates for degenerate pa-
rabolic equations present in [3]. We use geometrical assumptions on the observation
domain, that depends on the tipe of degenerate operator, to build suitable weight
fuctions that allows to deduce Carleman estimates.

Keywords: Null controllability, degenerate parabolic equations, Carleman inequali-
ties.

Mathematics Subject Classification: 34K35, 49J20, 35K10.

3.1 Introduction

The study of the controllability of parabolic equations and systems has attracted

the interest of a lot of authors. The theory has been extended to semilinear problems,



equations in unbounded domains and Stokes and Navier-Stokes equations; see for ins-
tance |15, 18, 20, 21, 24|.
On the other hand, it can be said that the study of controllability of degenerate
parabolic equations started in the last decade with the works [1, 7, 8, 9, 12, 13, 14].
In this paper we will give continuity to the results present in [3| to the following

system in two spatial dimensions:

up — div(AVu) + b(x, t)yu = g(z,t)1, in Q,
B.C. on X, (3.1)
u(x,0) = ug(x) in Q,

where Q = (0,1)x(0,1), T':=09Q, T > 0,Q = Qx(0,7), X :=Ix(0,T), w C Qis open,
1., is the characteristic function, b € L>(Q), g € L*(Q;), up € L*(Q), A : Q > Moy (R)
is given by

A(x) = diag(z]*, ©5?),
¢

u=0 on X if aj,a9 €10,1),

u=0 on Y34 and (AVu)r =0 on X5 if ay,as €[1l,+00),

B.C.:
u=0 on X34 and (AVu)r=0 on %y if a3 €[0,1), ag€[l,+00),

u=0 on Y934 and (AVu)r=0 on %; if o €][l,+x), as€|0,1),

\

a = (041,042) € [0,+OO) X {O, +OO), Ei,j,l = (Fl U Fj UF[) X (O,T), and
Ty = {0} x [0,1], T := [0, 1] x {0}, Tg:= {1} x [0,1] Ty := [0, 1] x {1}.

In [3] we has been present the well posedness for (3.1). Furthermore, there we

has been proved Carleman estimates for the adjoint system

wy + Dow + bz, tH)w=f in Q
B.C. on % (3.2)
w(z,0) = wy(z) in Q

in the case aj,ay € (0,2). Infortunately the thecnique used is not adequate to deal
with the case of a; = 0 or oy > 2 for some i € {1,2}. The goal of this work is to
present modifications of the thecnique to deduce Carleman estimates for solution of
(3.2) in these cases and extend the results to higher spatial dimensions. As we will see,

different combinations of the values of «; requires different weight functions to deduce
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an Carleman estimate. As usual, we will present some applications of the results in
null controllability problems.

This paper is organized as follows: In Section 3.2 we introduced notations and
some Hilbert’s spaces. Furthermore we recall the results on the well posedness of (3.1).
In Section 3.3 we presented the suitable weight function and the associated Carleman
estimate for solutions of (3.2). In Section 3.4 we presented some applications on null
controllability problems. In Section 3.5 we commented some extensions of the results
to higher dimensions. In Section 3.6 we extend the previous results to a problem with
a more general degenerate parabolic operator. In Section 3.7 we make other comments
on extensions and open questions. The work end’s with two appendices contained the

proof of the Carleman’s estimate presented in the sections 3.3 and 3.6.

3.2 Notations, spaces and preliminaries results

The usual norm and inner product in L?(Q2) will be denoted by | - | and (-,+); on
the other hand, || - || (resp. | |o and || - ||s) and ((+,-)) will stand for the norm and the
inner product in L?(Q) (resp. L>=(Q2) and L>(Q)). The results present in this section
has been proven in [3].

Let us introduce some matrices, spaces and operators:

o A"(2) := diag(x{*",x5?"), with z€Q, r € R,

HL(Q) == {u € LX) : VuAVu € LY(Q)},

H2(Q) :={u e HL(Q) : div(AVu) € L*(Q)},

Vou 1= AY2Vu, ue H: (),

Aou = div(AVu), u € H2().
Now let us consider the following norms
o [ulo = (Jul* + [Voul’)'2, u e Hy(9),

o [ulpe = (Jul} +[Douf’) 2, ue HZ(Q),

I6)



Note that, for those (natural) norms, H!(2), H2(Q2) and H¥"(Q) are Hilbert

spaces and one has the following continuous embbedings:
H'(Q) = HY(Q) = L*(), HX(Q) — HL(Q) and HI(Q)— H™(Q).

Furthermore, H!(Q)) C H}

loc

() and H2(Q) C HE ().
Lemma 3.2.1 H.(Q) and H?(Q) are Hilbert spaces. Furthermore, C=(Q) is dense in
The Lemma 3.2.1 lead us to the following definition

H;,O(Q) = ﬁOHé(Q),

where the definition of the space D, depends on «:
( _

{v e C>®(Q) : supp(v) CC Q} if ay,a0 €10,1)

{v e C=(Q): 30 > 0;supp(v) C (0,1 —6) x (0,1 —0)} if ay,a €[1,+00)

{v e C=(Q): 30 > 0;supp(v) C (5,1 —9) x (0,1 =68} if a3 €[0,1), as€[l,+00)
\ {veC>®(Q): 30 > 0;supp(v) C (0,1 —10) x (6,1 =08)} if a; €[l,+0), ay€|0,1).

Lemma 3.2.2 The operator —A¢ : D(Ag) — L*(Q), where D(Ag) := H2(Q) N
H(}“O(Q), is m-dissipative and self-adjoint. Moreover, if o # 1, then —Aq is stric-
tly dissipative.

As consequence of Lemma 3.2.2, —/\( is the infinitesimal generator of a strongly
continuous semigroup. Thus, using standard thecniques, we can prove the following
well-posedness result.

Theorem 3.2.3 For any g € L*(Q) and any ug € L*(Y), there exists a unique solution

u e CO0,T); L*(2)) N L*(0,T; H, 4(2)). Furthermore, there exist a constant C > 0
such that

T
sup [lu(®)|2 + / ()2 dt < C (Juof? + llg]?)

te[0,T

3.3 Carleman estimates and null controllability re-

sults

In this section we will present the suitable weight functions that allows to deduce
the Carleman estimates to solutions of (3.2). Each combination of the values of «;

requires different geometrical assumptions and different weight funtions.
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In this section we will assume that there exists ag, by, 09 € (0, 1) such that
(0,0) x (0,0) Cw if  ag,a2 € (0,+00)
wo := 19 (0,9) % (ap,bp) Cw if a5 € (0,400) and as =0 (3.3)
(ag,bo) x (0,0) Cw if a3 =0 and az € (0,+00).
For comparison, in [3|, where we has considered the case a;,as € (0,2), the

geometrial assumption is: There exists numbers a;, b;,0 € (0,1) with a; < b;, such that
Wy = (al,bl) X (O, 6) U (O, 6) X (agybg) Cw. (34)

We note that if some «; = 0, then (3.4) implies (3.3), but not conversly. On the other
hand, if oy, as € (0,2), then (3.3) implies (3.4), but not conversly.

Now, we will introduce the weight function n € C*(2) given by
—(z?+23)/2 it  ap, a9 € (0,400)
n(x) =19 no(ze) —22/2 if a; € (0,+00) and ay =0 (3.5)
no(x1) —x3/2 if a3 =0 and ay € (0, +00),
where 79 € C*([0,1]) is such that ny(z) = « in [0,a¢] and ny(z) = —x in [by, 1].
Furthermore, for A > )\ and s € R, let us introduce
0(t) .= [t(T — )], &(x,t) = O(t)e*NMleetni@)

and  o(z,t) == 0(t)eN= — ¢(z,1).

Note that, in any case we have that
Von|>>C >0 in Q\wo. (3.6)

The property (3.6) is fundamental to deduce an Carleman estimate. Furthermore,

there are other properties that the function 7 must have and one of them is:
// ¢ [IVoz’VnAv — 2(VzAV))AVzw] dsdt > 0 Vz e L*(0,T; H2(Q) N H] ,(2))(3.7)
>

The property (3.7) can be easily deduced using the following result:

Lemma 3.3.1 Assume that v € H2(Q) N H)(Q). If v =0 on Ty (respec I's), then

0

8—;2:0 on I'y (respec Tj).
Moreover, If v =0 on T'y (respec T'y), then

0

8—;1:0 on Ty (respec Ty).
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The proof of Lemma 3.3.1 is given in [3].

The main result in this section is the following:

Theorem 3.3.2 Assume (3.3). There exists constants C, so, Ao such that for any X >

Xos > so and w solution of (3.2) one has

// 6—230 [8_15_1 (|wt|2 + |dZU(AV1U)|2) + $>\2€ (|V0UJ|2 + |V1UAVT]|2):| dQS’ dt
Q

4650 // e 2932 dy dt < C (\|es°'f\|2+s3)\4 // e2SU§Sywy2dxdt).
Q wr

The proof of Theorem 3.3.2 is given in Appendix A.

3.4 Application to null controllability

In this section we will discuss the null controllability of (3.1). This is stablished

in the following result:

Theorem 3.4.1 Let us fir T > 0, aj,as € [0,+00) and a open set w C Q. Assume
that (3.3) holds. Then, for any uy € L*(Q), there exists a control g such that the
solution u to (3.1) satisfies

uw(,T)=0 in Q. (3.8)
Moreover, there exist a constant C = C(T, a,w) > 0 such that
l9ll < Cluol-
As is classical in null controllability problems, the Theorem 3.4.1 is equivalent to

an observabillity property for the adjoint system (3.2). This is the goal of the following

result:

Theorem 3.4.2 Let us fir T > 0, ay,as € [0,400) and a open set w C Q. Assume
that (3.8) holds. Then there ezist a constant C = C(T,a,w) > 0 soch that, for any
wy € L*(Q), the solution w of (3.2) satisfies

T
/|w(x,0)\2d$§0//\w|2da:dt.
Q 0 Jw

The way that leads the Carleman estimate present in Theorem 3.3.2 to Theorem

3.4.2 is standard and we refer to [10] for details.
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3.5 Extension to higher dimensions

In this section we will discuss the problem in spatial dimension higher than 2.
In order to not deal with a large set of notations, we will consider only the spatial
dimension 3.

Hense, let us consider the system (3.1) with

3

Q:=TJ(0,1), Ti:={0}x[0,1]x[0,1], Ty:=[0,1] x {0} x [0,1],

=1

[3:=[0,1] x [0,1] x {0}, I'y:={1} x[0,1] x[0,1], I'5:=1[0,1} x {1} x [0,1],
[ :=10,1] x [0,1] x {1}, A(x) := diag(z]*, 252, 25?),
where «; € [0,4+00) and analogous boundary conditions depending on the degeneracy.

Now let us assume the following geometrical condition: There exists numbers

a;,b;,0 € (0,1), 4 =1,2,3, such that

(0,8) x (0,9) x (0,0) C if a1, a0, a3 € (0,+00)
(0,0) x (0,9) x (as,b3) Cw if a5, a9 € (0,400), az3=0
(0,0) x (az,by) x (0,9) C if  aj,a3€(0,+00), az=0
wo =14 (ay,bi) x (0,8) x (0,8) Cw if as,a3€ (0,+00), a; =0 (3.9)

(0,0) x (az,b2) X (ag, bs) Cw if a; € (0,400), az=a3=0
(al,bl) X (O,(S) X (ag,bg) Cw if Qg € (0,+OO>, ap =a3 =0

\ (al,bl) X ((lQ,bQ) X (0,5) Cw if Qa3 € (0,+OO>7 a; =ay =10
and let us introduce the weight function n € C>(Q) given by

— (22 + 23 + 23)/2 it ap,an, a3 € (0,+00)
—($%+$%)/2+n3(l’3) if o1, € (O, —|—OO), az =10

_(I% —|—£L'3 /2 +772(£L’2> if Q1,03 € (Oa +OO)7 Oy = 0
(@) =49 —(2423)/2+mz1) if o, a3€(0,4x), a;=0 (3.10)

3)
3
—22/2 + no(x) + m3(w3) if a1 € (0,400), g =a3=0
—x3/2 +m(x1) +m3(x3) if ag € (0,+0), a;=a3=0
| —23/2+m(z1) +p(z2) if a3z € (0,+00), ar=ay=0
where 7, € C*°([0, 1]) is such that n;(z) = = in [0, ;] and n;(z) = —z in [b;, 1].

Note that, in any case, one has that (3.6) holds. Now, to get (3.7) we must extend
the Lemma 3.3.1:
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Lemma 3.5.1 Assume that v € HZ(Q) N H} (). Ifi € {1,2,3} and v = 0 on T
(respec T';13), then

0
a—“:o on Iy (respec T'iy3), for j€{1,2,3} and j #1.
Ly

The proof of Lemma 3.5.1 is very similar to the Lemma 3.3.1 and will not be
given.
Now, with properties (3.6) and (3.7), we can repeat the same calculations present

in Appendix A and deduce that Theorem 3.3.2 still true assuming (3.9).

3.6 Extension to more general degenerate operators

In this section we will consider the problem with a more general degenerate

operator:

up — div(AVu) + b(z, t)u = g(x,t)l, in Q,
B.C. on X
u(z,0) = up(x) in

(3.11)

)

Y

where B.C' is similar to B.C. with A replaced by A := A+ B and B: Q) — Msyo(R)
is such that

1. by €CYQ), where B(z)= (bj(z));

2. B(z) is simetric Vz € Q;

3. Bx)(.(>0 VzeQ and (€ R?

4. 1+0byy +ax9bi2 >0 on I's and 1+ by +21bi2 >0 on I'y;

5. 14+b11 —a2b12>0 on I'y if ay =0 and 1+ by +21b12 >0 on I'y if ay =0;
6. there exists € >0 and p; € C1(Q) such that

bis(x) = 20200 %p, () and pia(z) >0 Vo€ Q\(6,1] x (¢,1].  (3.12)

From item 3 of (3.12) we have that
VAV > |Von| > C >0 in Q\wp. (3.13)

Now we need an estimate similar to (3.7). This is the goal of the following result
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Lemma 3.6.1 Assume that (3.12) holds. For all z € L*(0,T; HZ(Q) N H.,((Q)) one
has
//f |:|VZ/~1VZ|V77AV — Q(VZAVU)AVZ.I/] dsdt > 0.
>

Proof. For instace assume that oy, as € (0,+00). Using Lemma 3.3.1 it is easy to see
that V2AVz = VzAv = 0 on [[; UT,] x (0,7). On the other hand we have that

2
(]_ + b11)<1 + bn + ZEleg) on F3(314)

\V2AV 2|VnAv — 2(V2AV)) AV 2.0 = o
1

and

2

|V2AV 2|VnAv — 2(V2AV)) AV 2.0 = (14 bog)(1 4 by + x1b15)  on T['y(3.15)

01‘2

Hense the result follows from item 4 of (3.12).
Now, assume that a3 € (0,4+00) and as = 0. Analogously to the previous
case, we have that (3.14) and (3.15) holds and VzAVz = VzAv = 0 on Ty x (0,7).

Furthermore, one has

2

IVZAVZIVTIAV — 2(VZAVT})AVZV = (1 + b22)(1 + b22 — .fl?lblg) on FQ.

X2

Hense, again the result follows from item 4 of (3.12). In a similar way we conclude the
result if «; =0 and oy € (0,+00). m

The adjoint system assossiated to (3.11) is

wy + div(AVw) + b(z,t)yw = f in Q
B.C. on
w(zx,0) = wy(x) in Q

\g|

(3.16)

The main result in this section is

Theorem 3.6.2 Assume (3.3) and (3.12). There exists constants C, sg, \g such that
for any A > X\g, s > sg and w solution of (3.16) one has

//Q e % [s‘lﬁ_l <|wt|2 + |div(fle)|2> + sA%¢ <|wa1Vw|2 + |Vw/~1Vn|2>] dx dt

+5° 2 // e 28 w?drdt < C (Hes"fH2 + s*\? // e 78 w|? dw dt) :
Q wr

The proof of Theorem 3.6.2 is very similar to the previous theorem, but for

completness, we give a sketch in Appendix B.
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3.7 Open questions on others extensions

The study of the null controllability of degenerate parabolic equations in higher
spatial dimensions started few years ago and still there many opens questions. In this
section we discuss some opens questions and comment other extensions of the results

proved.

3.7.1 On systems with gradient

Let us consider the following systems
uy — Agu + B.(AY?Vu) +bu=gl, in Q
B.C. on X (3.17)
u(z,0) = ug(x) in Q
and
uy — Aou+ BVu+bu=gl, in @
B.C. on ¥ (3.18)
u(z,0) = up(x) in
where B € L=(Q)>.
As we comment in [2], all the results in this paper still true for (3.17) and, for
(3.18) if ay, a9 € (0,1/2). To our best knowledge, an Carleman estimate for (3.18)

with a; € [1/2,4+00) remains as a open question, even in spatial dimension 1.

3.7.2 On semilinear problems

The results of this work can be extend, in a standard way, to semilinear problems
of the kind:
up — div(AVu) + Fo(u) = g(x,t)1, in @,
B.C. on Y, (3.19)
u(z,0) = up(x) in
where Fj : R +— R is globally lipschitz continous.
Now, let us consider the following semilinear problem
u — div(AVu) + F1(Vu,u) = g(x,t)1, in Q,
B.C. on X, (3.20)
u(z,0) = ug(x) in
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where F} : R? x R + R is globally lipschitz continous. This problem remains unsolved
even in spatial dimension 1. The reason is that the most natural way to solve him is
by the use of Carleman estimates for solutions of the adjoint of (3.18). Hense, from
the discussion of the previous section, the results of this paper only can be extended

to (3.20) if one of the following assumptions are satisfied:
1. |[FR(V,t)— F(U,r)| <ClAV =U)|+|t—r]], YU,V €R? and t,r eR;

2. al,a2€(0,1/2).

3.7.3 On others degenerate operators

With respect to other degenerate parabolic operators, there is a whole range of
inexplored problems. In [10], the authors deal with a spatial domain Q with boundary
I of class C* and a matrix A whose only the first eigenvalue degenerates and this dege-
neration ocours on the whole border. Hense, questions as matrix with more eigenvalues
degenerating are interesting. Problems where the degeneration ocours only in a part
of the boundary is very interesting too. This work deal with this situation, but the

question still open in other kind of domains.

3.7.4 On assumptions on the observations domains

It is well know that (3.1), in space dimension 1, is, in general, not null controllable
if = 2, see [2, 7]. This "in general", should be understood in the sense that the
null controllability does not hold for an arbitrary observation domain w. However,
as we has been proved in [2], if w has some suitable geometrical proprieties, the null
controllability’s holds. When « € (0,2) the null controllability of (3.1) holds without
restrictions for w. In spatial dimension 2, we can’t deduce Carleman estimates for
solutions of (3.2) without impose some geometrical restrictions on w, even if o; € (0, 2).
Hense, an interesting question is study other kind of geometrical properties on w that

leads to Carleman estimates to solutions of (3.2).

3.8 Appendix A: Proof of Theorem 3.3.2

It is sufficient consider the case b = 0. In the sequel C' > 0 is a constant that

depends on 7" and w and w is a solution of (3.2). From a density argument we can
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assume that w is sufficiently regular.

For s > sq > 0 we introduce

z=e *w
We see that
0
2_8:;_0 at t=0 and t="1T, (3.21)
B.C. holds on %, (3.22)
P 2+ Ptz =g, (3.23)
where
g = e f — s\N|Von’z + sAédiv(AVn)z,
P (2) = I+ Iy + Lis := —250%¢|Von|*2 — 2sAEV2ZAVD + 2,
and
P+(Z) = [21 + [22 + [23 = 82>\2€2‘V07]‘2Z + dZ’U(AVZ) + SO0z

From (3.23) we have that
[P~z + |P*2))* + 2(P~z, P*2) = gl (3.24)
Now, let us estimate (P~ z, PTz)). Using (3.21) and (3.22) we see that

(I, In) = —253)\4// (V|2 dy dt,
Q

(Is, Iot) = —s*2? //ng”|von|2V(|zP)Avndxdt:s3A3//Q|z|2dw(§3|von|2Avn) dar dt
= 353A4//Qg3yv0n|4|z|2dxdt+S3A3 //Qg?’dw(yvonFAvn)|zPdxdt
and
(L3, I2) = —52)\2//62§§t|V0n|2]z\2dydt.
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Hense, from (3.6), for so and Ay sufficiently large one has

(P z,1yn) = 33)\4// £3|V077]4\z|2d:cdt+53>\3// Ediv(|[Von|> AVn)|z|? dx dt
Q Q

~522 [[ ¢l unl P dy

Q
T
> 083/\4/ §3|z|2dxdt—083)\4// &z dw dt. (3.25)
Q 0 Jwo
Furthermore,
(([11,[23)) = —252)\2/ 50’,5’V077|2‘Z’2dydt,
Q

(o, I3)) = s°A / |z div(E0, AVn) da dt
Q

= o3 [ colVanPleP e — 3 [ 6ivonPlef deds
Q Q

+52A / Ediv(AVn)|z)? dx dt
Q

s
(I13,123) = —5// oy |z|? dx dt.
Q

Hense, from (3.25) we see that

and

T
(P z, L1y + I3p) > 053A4// g3|z\2dxdt—cs3A4/ E\z|*dr dt. (3.26)
Q 0 Jwo

On the other hand,
(I, I) = 2sA\? //Q AV 2.V (E|Von|*z) dz dt
— 2s)? //Q§|V0n|2|voz|2d:rdt+23A3/Q§|Von|2szAV77dmdt
+2s\? /Q £2VzAV(IVon|?) dz dt
_ —s/\3/lez\QVnAV(VOn\Q)da:dt—5)\2/Q5dz’v(AV(]V077|2))|z|2dxdt

+2s\? // EIVon|*|Voz | dxdt+23)\3/ EIVon|?2V2AVdr dt,  (3.27)
Q Q

(L3, I2)) = // 2div(AVz) dx dt = / V2 AVzdx dt
Q

= // pr (|Voz|?) dx dt = 0, (3.28)
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and
(La,I2) = 2sA // AV 2V (EVzAVD) dx dt—23)\/ E(VzAVN)AVz.vdsdl
Q pY
= 2s5)\? // E|VzAVR|? dxdt—l—Qs)\/ EV2ZAV(VzAVD) dx dt
Q Q

—23)\/ §(VzAVN)AV z.v dsdt. (3.29)
>

Now we will to compute the second integral on the right hand side of (3.29).
First, note that in any case we have that

0 ony\ .,
oz, ( ('3:ch> =0 for i #j.

Hense

25\ / EVZAV(V2AVY) dedt = —23)\2 // Eo o ( g; z gg) de dt
7 7 J J

a, Oéz a
_ SAE;//g a}? 8%(%] < ) da:dt+25AZ//g <x axl) dz dt
_ iy O ey 91 e O ey O
= —S)\Z// [)\ )’ +8:1:j (zi") ; Bz, + iy <3:j 8:@-)] dx dt
1,j=1
+25)\Z// e on dxdt+sAZ//§ o
Li 6 2,j=1
= —s)\z// £|Vonl? |Voz|2dxdt+s>\2//

+23AZ / / £a

Using (3.7), from (3.27), (3.28), (3.29) and (3.30) we get

0z
axi

ox;

07}
Oz

ox;

88;7 an vjdsdt

8% 8_@

4 . 0n
o (e ) dadt
i (a i (%i) v

ndmdt+s)\// £|Voz 2V Av ds dt. (3.30)

arz

8_@

(P 2z, 1) > Osv/ &IV Voz|* + |V2AVY*] da dt
Q
—C’s)\// §|VOZ\2d:Edt—C’s/\3/ &\z* dx dt (3.31)
Q Q
Using (3.6), from (3.26) and (3.31) we see that
(P~ z,Pt2) > C /[S)\2€(|V()Z|2—|—|VZAV?7|2>+83)\4§3|Z|2} dx dt
Q
T
—C// [sA%€|Voz|? + $*A'¢P|2|?] da dt (3.32)
0 Jwo
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From (3.24) we deduce that

P~ 2]* + || P2 +3A2/Q§ [[Voz]? + |V2AVY ] dxdt+s3>\4/Q§3|z|2dxdt

<C {Hg”2 + // [sA%E|Voz|* + AP 2] da:dt] . (3.33)

From the definitions of P~z and P*z we see that
! // E Ny dedt < Cs™ Y|P z||* + Cs)\4/ &z da dt
Q Q
+Cs\? / EIV2AV? dx dt,
Q

and

! // £ div(AV2)|? de dt < s—1||P+z||2+Cs3A4// &3z dx dt.
9 Q

Hense, from (3.33) we deduce that

-1 // 1 (Jze]* + |div(AVz) %) dxdt—l—s)\2/ ¢ [IVoz|? + |V2zAVY|?] du dt
Q Q

+33A4/Q53|z\2dxdtgc [ngu// [sA%¢|Voz|? + $*A1% 2] dxdt}. (3.34)

Now let us consider a open set wy CC w; CC w and a function 1) € C*(Q) such

that 0 < ¢ < 1,9 =11in wy and ¢ = 0 in Q\w;. For any € > 0 we have that

/\2/ E\VozPdrdt < S)\Q/ EYVzAV z dx dt

wor wiT

= —5/\3/ EYzVzAVndz dt — s)\2/ E2V2AV Y dx dt

wir wiT

—3/\2/ EYzdiv(AVz) dx dt

wiT

IN

032)\4// §3|z|2dxdt+/\2/ E|VzAVY|? dz dt
// E|Voz| dedt + Ce's 3/\4/ &z dw dt

e st //§ "div(AV 2)|? dx dt.

Hense, for € sufficiently small and for so and A sufficiently large, from (3.34) we deduce

that
- // 1 (Jze]* + |div(AVz) %) d:pdt+s/\2/ ¢ [IVoz|* + |V2zAVY|?] dx dt
Q Q

+83>\4/ &z dovdt < C [Hg”2 —I—S3)\4/ 53’2‘2d$dt:| : (3.35)
Q

wT
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Using classical arguments we can coming back to the original variable w and
deduce that (3.35) still true with z repalced by w and g replaced by f. This conclude
the proof.

3.9 Appendix B: Scketch of the proof of the Theorem
3.6.2

The main difference from this case to the previous one is the computation of
the term in the left hand side of (3.30) and the estimate (3.31). Hense we will discuss

only this part of the proof. Firstly, a straightfull calculations shows that

8
25)\// EVZAV (VZAV?]) dedt = —s\? // g|szle|.\anan|dxdt+ZTi
’ N i=1
+5A / ¢|V2AVz|(VnAv) ds dt, (3.36)
2

where T7, ..., Ty are given by

T, = QSAZ// —(xazgng) dz dt,
Ty, = —SAZ//

e
2
0 ([ o o O
8—(% T 8:1:]> dx dt
z]l

0z 82 a; ON
T3 = 2 -
’ sA Z // 58361 ox; b Ox; <x] (%cj) da dt,

8%

0z
ox;

2,J=1
0z 0z o, ON
Ty (= —sA biix dx dt
. ° ;1// 8x,3xjaxk( & 3xk) v
0z 0z on
Ts = 2s\ x5 b dz dt,
° ° z]zkzl// szaxj i ox; (jkax ) v
n
Ts = —sA b dx dt
i ’ zgl// axl axa ( o Jk@f%) v

o 8z 02’ on

,7,k,l=1

and

0z 0z on
Ty = —s\ Z // 3xlax38x (bwbkla l) da dt.

i,5,k,l=1
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Now, it is easy to see that
Ty + T < C’s)\/ £|V2AV 2| da dt. (3.37)
Q

To estimate the other terms we will to use the item 6 of (3.21). We have that

0z 82 0 an
T < A — by — dx dt
L] < Cs Z// Ox; Ox; ”83:] (:v] ax])’
2,7=1
{// %ﬁbji (x;vjﬁ)‘ dr dt
Q\(el)Xel Ox; Ox; = Ox; O
// azazb 0 xajﬁn
<61)x 61 Ox; Ox; ”3% 7 O
0z
AT / ;
ij=1 Q\(e,1) x (e,1)

//el)x €,1)

Oz,
< Cs/\// E|V2AV 2| dx dt. (3.38)
Q

IN

dx dt}

ocl/2
L

2% da dt

IN

axl

0
al'j

a1/2

x?j 2 de dt}

é?:vl

In a similar way we deduce that
Ty +Ts+T7] < CsA // £|V2AV 2| du dt. (3.39)
Q

On the other hand we have that

2
0 on
Ts = —s)\/ £|VzAVz| —<bz—> dx dt
0 Zlax, Jaxj
poiyp, 9N
—s)\g // 8331 3371 i)b”a dxdt

1,7=1

> Cs)\// 5!VzAVz|dxdt—s)\Z

i,0=1
//Q\elx(el)
s ][]
Z[ Q\(el)xel

i,j=1

T
[/ E|V2AV 2| dz dt
0 J(

6,1)x(e,1)
29

8_xi

a; /2 OZJ/Q 877
(z0)2/ x; ”8 dx dt]

0x;

axl i T Py

e ] dxdt]

Li

—Cs)\/ £\ V2AV 2| dz dt (3.40)
Q

From item 6 of (3.21) and the definition of the function n we see that the first

term on the right hand side of (3.40) is non negative. Hense

Ts > —C's\ / £|V2AV 2| du dt. (3.41)
Q
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In a similar way we deduce that
Ty > —C'sA // £|V2AV 2| da dt. (3.42)
Q

Arguing as in the previous proof, from (3.36), (3.37), (3.38), (3.39), (3.41) and
(3.42) we deduce an estimate similar to (3.31). The rest of the proof is very similar to

the previous one and it’s left to the reader.
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