
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞♦ t✐♣♦
♠✉❧t✐✲❜✉♠♣ ♣❛r❛ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s

♣♦r

❆❧â♥♥✐♦ ❇❛r❜♦s❛ ◆ó❜r❡❣❛

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

◆♦✈❡♠❜r♦✴✷✵✶✻



▼✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❞♦ t✐♣♦
♠✉❧t✐✲❜✉♠♣ ♣❛r❛ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s

♣♦r

❆❧â♥♥✐♦ ❇❛r❜♦s❛ ◆ó❜r❡❣❛

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❈❧❛✉❞✐❛♥♦r ❖❧✐✈❡✐r❛ ❆❧✈❡s

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲

❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦

tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❈❛♠♣✐♥❛ ●r❛♥❞❡ ✲ P❇

◆♦✈❡♠❜r♦✴✷✵✶✻

✐✐



 

 

                                                                      

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

      
     
    N754m     Nóbrega, Alânnio Barbosa. 
                           Multiplicidade de solução do tipo multi-bump para 

problemas elípticos / Alânnio Barbosa Nóbrega.- João Pessoa, 
2016. 

                           126f.   
                           Orientador: Claudianor Oliveira Alves 
                           Tese (Doutorado) - UFPB-UFCG 
                           1. Matemática. 2. Multi-bump. 3. Solução Nodal.                       

4. Operador Biharmônico. 5. Equação de Choquard. 6. Método 
Dual. 

 
 
 
    UFPB/BC                                                                      CDU: 51(043) 
 
 





❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♠✉❧t✐✲❜✉♠♣ ♣❛r❛ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛

❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s q✉❡ ❡♥✈♦❧✈❡♠ ♦ ♦♣❡r❛❞♦r ❇✐❤❛r♠ô♥✐❝♦✳ ❆❧é♠ ❞✐ss♦✱ ❛♣❧✐✲

❝❛♠♦s ♦ ♠ét♦❞♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♣❛r❛ ♦ ❜✐❤❛r♠ô♥✐❝♦ ♥♦ ❡st✉❞♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

♠✉❧t✐✲❜✉♠♣ ♣❛r❛ ❡q✉❛çã♦ ❞❡ ❈❤♦q✉❛r❞✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ▼✉❧t✐✲❜✉♠♣✱ ❙♦❧✉çã♦ ◆♦❞❛❧✱ ❖♣❡r❛❞♦r ❇✐❤❛r♠ô♥✐❝♦✱ ❊q✉❛çã♦ ❞❡

❈❤♦q✉❛r❞✱ ▼ét♦❞♦ ❉✉❛❧✳

✐✈



❆❜str❛❝t

■♥ t❤✐s ✇♦r❦ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲❜✉♠♣ s♦❧✉t✐♦♥s t♦ ❛ ❝❡rt❛✐♥ ❝❧❛ss ♦❢ ❡❧❧✐♣t✐❝

♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ ❜✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠s✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛♣♣❧② t❤❡ ♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞

t♦ ❜✐❤❛r♠♦♥✐❝ ❢♦r st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲❜✉♠♣ s♦❧✉t✐♦♥s t♦ ❈❤♦q✉❛r❞ ❊q✉❛t✐♦♥✳

❑❡②✇♦r❞s✿ ▼✉❧t✐✲❜✉♠♣✱ ◆♦❞❛❧ s♦❧✉t✐♦♥s✱ ❇✐❤❛r♠♦♥✐❝✱ ❈❤♦q✉❛r❞ ❡q✉❛t✐♦♥✱ ❉✉❛❧

▼❡t❤♦❞✳

✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❆ ❉❡✉s✱ ♣❡❧❛ ❣r❛ç❛ ❛❧❝❛♥ç❛❞❛✳

❆ ♠❡✉s ♣❛✐s ▲ú❝✐❛ ❡ ❖❞í✈✐♦✱ ♣♦r t♦❞♦ ❛♠♦r✱ ❞❡❞✐❝❛çã♦ ❡ ♣♦r ♠❡ ❡♥s✐♥❛r❡♠ q✉❡ ❛

❡❞✉❝❛çã♦ é ❛ ♠❡❧❤♦r ❢♦r♠❛ ❞❡ ♠✉❞❛♥ç❛ s♦❝✐❛❧ ❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞♦ ✐♥❞✐✈í❞✉♦✳

❆ ♠✐♥❤❛ ❡s♣♦s❛ P❛✉❧❛ ❡ ♠❡✉s ✜❧❤♦s ●❛❜r✐❡❧ ❡ ❆♥❛ ❏ú❧✐❛ ♣❡❧♦ ❛♠♦r✱ ♣❛❝✐ê♥❝✐❛ ❡ ❝♦♠✲

♣r❡❡♥sã♦ ♥❡ss❛ ❞✐❢í❝✐❧ ❥♦r♥❛❞❛✳

❆♦ Pr♦❢❡ss♦r ❈❧❛✉❞✐❛♥♦r ❖❧✐✈❡✐r❛ ❆❧✈❡s✱ ♣♦r s✉❛ ❞❡❞✐❝❛❞❛ ❡ ❣❡♥❡r♦s❛ ♦r✐❡♥t❛çã♦✳ ❙❡♥❞♦

s❡♠♣r❡ ✉♠ ❡①❡♠♣❧♦ ❞❡ ♣r♦❢❡ss♦r✱ ♣❡sq✉✐s❛❞♦r ❡ ❛❝✐♠❛ ❞❡ t✉❞♦ ❞❡ ✐♥t❡❣r✐❞❛❞❡✳

❆♦s Pr♦❢❡ss♦r❡s ▼❛r❝♦ ❆✉ré❧✐♦ ❙♦❛r❡s ❙♦✉t♦ ❡ ❉❛♥✐❡❧ ❈♦r❞❡✐r♦ ❞❡ ▼♦r❛✐s ❋✐❧❤♦✱ ♣❡❧♦s

s❡✉s ❡♥s✐♥❛♠❡♥t♦ ❡ ♣❡❧❛ ♣r♦♥t❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❞❡ ♠❡ ❛✉①✐❧✐❛r✳

❆ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞❛ ❯❆▼❛t✲❯❋❈● ♣❡❧❛ ❝♦♠♣r❡❡♥sã♦✱ ❛✉①í❧✐♦ ❡

❡♥s✐♥❛♠❡♥t♦s✳

❆♦s ♣r♦❢❡ss♦r❡s ❊❞❝❛r❧♦s ❉♦♠✐♥❣♦s ❞❛ ❙✐❧✈❛✱ ▼❛r❝♦s ❚❛❞❡✉ ❞❡ ❖❧✐✈❡✐r❛ P✐♠❡♥t❛✱ P❡❞r♦

❊❞✉❛r❞♦ ❯❜✐❧❧❛ ▲ó♣❡③ ❡ ❊✈❡r❛❧❞♦ ❙♦✉t♦ ❞❡ ▼❡❞❡✐r♦s ♣♦r s❡ ❞✐s♣♦♥✐❜✐❧✐③❛r❡♠ ❛ ♣❛rt✐❝✐✲

♣❛r ❞❛ ❜❛♥❝❛ ❛✈❛❧✐❛t✐✈❛ ❞❡ ♠✐♥❤❛ t❡s❡ ❡ ♣♦r s✉❛s s✐❣♥✐✜❝❛t✐✈❛s s✉❣❡stõ❡s ♣❛r❛ ♠❡❧❤♦r❛r

❡ss❡ tr❛❜❛❧❤♦✳

❆♦ ❛♠✐❣♦ ❘♦♠✐❧❞♦ ♣♦r ❞✐✈✐❞✐r ❝♦♠✐❣♦ t♦❞♦s ♦s ♠♦♠❡♥t♦s ❞✐❢í❝❡✐s ♣❡❧♦s q✉❛✐s ♣❛ss❛♠♦s

❛♦ ❧♦♥❣♦ ❞❡ss❡ ❉♦✉t♦r❛❞♦✱ ❝♦♠♣❛rt✐❧❤❛♥❞♦ ❞ú✈✐❞❛s ❡ ❛♠❡♥✐③❛♥❞♦ ❛s ♣r❡♦❝✉♣❛çõ❡s ❛

❜❛s❡ ❞❡ ❜♦❛s ❝♦♥✈❡rs❛s✳

❆♦ ♣r♦❢❡ss♦r ❆❧❞♦ ❚r❛❥❛♥♦✱ ♣♦✐s ❢♦✐ ❛ s✉❛ ❛❥✉❞❛ ❡ ♠♦t✐✈❛çã♦ ❞✉r❛♥t❡ ❛ ❣r❛❞✉❛çã♦ q✉❡

♠❡ ♣♦ss✐❜✐❧✐t♦✉ ❝❤❡❣❛r ❛té ❛q✉✐✳

❆♦ ♣r♦❢❡ss♦r P❛✐✈❛✱ q✉❡ ❢♦✐ ✐♠♣♦rt❛♥tíss✐♠♦ ♥❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❛❝❛❞ê♠✐❝❛ ❡ ♣❡ss♦❛❧✱

✐♥❝✉t✐♥❞♦ ❡♠ ♠✐♠ ♠✉✐t♦s ❞♦s ✈❛❧♦r❡s q✉❡ t❡♥❤♦ ❤♦❥❡✳

✈✐



✏✳✳✳ ♣♦r q✉❡ ❤♦❥❡ ❡✉ ✈♦✉ ❢❛③❡r✱ ❛♦ ♠❡✉ ❥❡✐t♦ ❡✉ ✈♦✉ ❢❛③❡r

✉♠ s❛♠❜❛ s♦❜r❡ ♦ ✐♥✜♥✐t♦✳✑

P❛✉❧✐♥❤♦ ❞❛ ❱✐♦❧❛

✈✐✐



❉❡❞✐❝❛tór✐❛

❆♦s ♠❡✉s ♣❛✐s✱ ❡s♣♦s❛ ❡ ✜❧❤♦s✳

✈✐✐✐



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

◆♦t❛çã♦ ❡ t❡r♠✐♥♦❧♦❣✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶ ❙♦❧✉çõ❡s ❞♦ t✐♣♦ ♠✉❧t✐✲❜✉♠♣ ♣❛r❛ ✉♠ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s

❝♦♠ ♦ ♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦ ✶✺

✶✳✶ ❆ ❈♦♥❞✐çã♦ (PS)c ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✷ ❆ ❈♦♥❞✐çã♦ (PS)c,∞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✶✳✸ ❯♠ ◆í✈❡❧ ▼✐♥✐♠❛① ❊s♣❡❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✶✳✹ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✷ ❙♦❧✉çõ❡s ❞♦ t✐♣♦ ♠✉❧t✐✲❜✉♠♣ ♣❛r❛ ❡q✉❛çã♦ ❞❡ ❈❤♦q✉❛r❞ ✹✷

✷✳✶ ❖ ♣r♦❜❧❡♠❛ ❧✐♠✐t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✶✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✷✳✷ ❆ ❝♦♥❞✐çã♦ (PS)c ♣❛r❛ Iλ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✷✳✸ ❆ ❝♦♥❞✐çã♦ (PS)c,∞ ♣❛r❛ (C)λ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✷✳✹ ❖✉tr❛s ♣r♦♣♦s✐çõ❡s ♣❛r❛ cΓ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✷✳✺ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✸ ❙♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❝♦♠ ♦ ♦♣❡r❛❞♦r

❜✐❤❛r♠ô♥✐❝♦ ✻✽

✸✳✶ ❖ ♠ét♦❞♦ ❞✉❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✸✳✶✳✶ ❙♦❧✉çã♦ ❞❡ ❊♥❡r❣✐❛ ▼í♥✐♠❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✸✳✷ ❙♦❧✉çã♦ ◆♦❞❛❧ ❞❡ ❊♥❡r❣✐❛ ▼í♥✐♠❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾

✸✳✸ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✹ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼



✹ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲❜✉♠♣ ♥♦❞❛❧ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡✲

♠❛s ❝♦♠ ♦ ♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦ ✾✹

✹✳✶ Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

✹✳✷ ❯♠ ✈❛❧♦r ❝rít✐❝♦ ❡s♣❡❝✐❛❧ ♣❛r❛ Jλ,R ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✹✳✸ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✷

❆♣ê♥❞✐❝❡s

❆ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ♣❛r❛ ♦ ❖♣❡r❛❞♦r ❇✐❤❛r♠ô♥✐❝♦ ✶✵✺

❆✳✶ ❆ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

❆✳✷ ❖ ♣r♦❜❧❡♠❛ ❞❡ ◆❛✈✐❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

❆✳✸ ❖ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼

❇ ❯♠ ❡①❡♠♣❧♦ ❡s♣❡❝✐❛❧ ✶✵✽

❘❡❢❡rê♥❝✐❛s ✶✶✵

①



■♥tr♦❞✉çã♦

◆♦s ú❧t✐♠♦s ❛♥♦s✱ ✈ár✐♦s ❛✉t♦r❡s ❡st✉❞❛r❛♠ ♣r♦❜❧❡♠❛s r❡❧❛❝✐♦♥❛❞♦s ❛ ❡①✐stê♥❝✐❛

❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ♥ã♦✲❧✐♥❡❛r

−∆u+ V (x)u = f(x, u), x ∈ Ω, (P1)

❝♦♥s✐❞❡r❛♥❞♦ ✈ár✐❛s ❝♦♥❞✐çõ❡s s♦❜r❡ V ❡ f ✱ ❛❧é♠ ❞❡ ❞✐❢❡r❡♥t❡s ❤✐♣ót❡s❡ ❣❡♦♠étr✐❝❛s

s♦❜r❡ ♦ ❞♦♠í♥✐♦ Ω ⊂ RN . ❊♠ ❬✷✽❪✱ ❇❡r❡st②❝❦✐ ❡ ▲✐♦♥s ❝♦♥s✐❞❡r❛r❛♠ ♦ ❝❛s♦ ❡♠ q✉❡ ♦

♣♦t❡♥❝✐❛❧ ❱ ❡r❛ ❝♦♥st❛♥t❡✱ ✐st♦ é✱ ❡①✐st❡ C > 0 t❛❧ q✉❡

V (x) = C, ∀x ∈ RN .

❘❛❜✐♥♦✇✐t③✱ ❡♠ ❬✻✺❪✱ ❝♦♥s✐❞❡r♦✉ V ❝♦❡r❝✐✈❛ ❡ ❧✐♠✐t❛❞❛ ✐♥❢❡r✐♦r♠❡♥t❡ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡

♣♦s✐t✐✈❛✱

V (x) ≥ V0 > 0, ♣❛r❛ t♦❞♦ x ∈ RN ❡ V (x) → ∞, q✉❛♥❞♦ |x| → ∞.

P♦st❡r✐♦r♠❡♥t❡✱ ❉❡❧ P✐♥♦ ❡ ❋❡❧♠❡r ❬✸✽❪ ❝♦♥s✐❞❡r❛r❛♠ ✉♠❛ ❤✐♣ót❡s❡ ♠❛✐s ❢r❛❝❛ q✉❡ ❛ ❞❡

❘❛❜✐♥♦✇✐t③✱ ❛ss✉♠✐♥❞♦ q✉❡ ❡①✐st❡ Ω ⊂ RN ❛❜❡rt♦ ❡ ❧✐♠✐t❛❞♦ t❛❧ q✉❡

min
x∈Ω

V (x) < min
x∈∂Ω

V (x).

❈♦t✐✲❩❡❧❛tt✐ ❡ ❘❛❜✐♥♦✇✐t③ ❬✸✼❪ ❡ P❛♥❦♦✈ ❬✺✽❪ ❝♦♥s✐❞❡r❛r❛♠ ♦ ❝❛s♦ ❡♠ q✉❡ V é ZN−♣❡r✐ó❞✐❝❛✱

♦✉ s❡❥❛

V (x+ y) = V (x), ∀x ∈ RN ❡ y ∈ ZN .

❖ ❝❛s♦ ❡♠ q✉❡ V é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❡r✐ó❞✐❝♦✱ ✐st♦ é✱ ❡①✐st❡ ✉♠ ♣♦t❡♥❝✐❛❧ ♣❡r✐ó❞✐❝♦

Vp : R
N → R t❛❧ q✉❡

V (x) ≤ Vp(x), ∀x ∈ RN ❡ |V (x)− Vp(x)| → 0, q✉❛♥❞♦ |x| → ∞,



❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ❡♠ ❆❧✈❡s✱ ❈❛rr✐ã♦ ❡ ▼✐②❛❣❛❦✐ ❬✺❪✳ ❊♠ ❆❧✈❡s✱ ❞❡ ▼♦r❛✐s ❋✐❧❤♦ ❡ ❙♦✉t♦

❬✼❪ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ♦ ❝❛s♦ ❡♠ q✉❡ V é r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛

V (x) = V (r), ♦♥❞❡ |x| = r.

P♦r s✉❛ ✈❡③✱ ❇❛rts❝❤ ❡ ❲❛♥❣ ❡♠ ❬✷✷❪ ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❡ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡

❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞♦ t✐♣♦ (P1)✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❤✐♣ót❡s❡

|{x ∈ RN ; V (x) ≤M}| < +∞, ✭✶✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ M ♣♦s✐t✐✈❛✳ P♦st❡r✐♦r♠❡♥t❡✱ ❡♠ ❬✷✸❪✱ ❇❛rts❝❤ ❡ ❲❛♥❣ ❝♦♥s✐❞❡✲

r❛r❛♠ V (x) = λa(x) + 1✱ ❝♦♠ a s❛t✐s❢❛③❡♥❞♦ ✭✶✮ ❡ ♣r♦✈❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡

❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❝♦♥✈❡r❣❡

❢♦rt❡♠❡♥t❡ ♣❛r❛ ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❡♠ ❞♦♠í♥✐♠♦ ❧✐♠✐t❛❞♦✳ ❊❧❡s t❛♠❜é♠

♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♣❡❧♦ ♠❡♥♦s ❝❛tΩ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✱ ♦♥❞❡ Ω = int(a−1(0))✳ ❖s ♠❡s♠♦s r❡s✉❧t❛❞♦s ❢♦r❛♠ ❡st❛❜❡❧❡❝✐❞♦s ♣♦r ❈❧❛♣♣ ❡

❉✐♥❣ ❬✸✺❪ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦✳

❖✉tr♦ ✐♠♣♦rt❛♥t❡ tr❛❜❛❧❤♦ q✉❡ tr❛t❛ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞♦ t✐♣♦ (P1) é ❞❡✈✐❞♦ ❛

❉✐♥❣ ❡ ❚❛♥❛❦❛ ❬✸✾❪✳ ◆❡st❡ tr❛❜❛❧❤♦ ♦s ❛✉t♦r❡s ❝♦♥s✐❞❡r❛r❛♠ ♦ ♣r♦❜❧❡♠❛




−∆u+ (λa(x) + b(x))u = up, ❡♠ RN ,

u > 0, ❡♠ RN ,
(P2)

❝♦♠ p ∈
(
1,
N + 2

N − 2

)
❡ N ≥ 3✳ ❊❧❡s ♠♦str❛r❛♠ q✉❡ ♦ ♣r♦❜❧❡♠❛ (P2) t❡♠ ♣❡❧♦ ♠❡♥♦s

2k − 1 s♦❧✉çõ❡s✱ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❛s q✉❛✐s sã♦ ❝❤❛♠❛❞❛s s♦❧✉çõ❡s ♠✉❧t✐✲

❜✉♠♣✳ ❊st❛s s♦❧✉çõ❡s tê♠ ❛ s❡❣✉✐♥t❡ ❝❛r❛❝t❡ríst✐❝❛ ✿

❈♦♥s✐❞❡r❛♥❞♦ Ω = int(a−1(0)) ❞❛❞♦ ♣❡❧❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ Ω =
k⋃

j=1

Ωj✱ ♦♥❞❡ ❝❛❞❛ Ωj é

❛❜❡rt♦✱ ♥ã♦✲✈❛③✐♦✱ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✳ ❊♥tã♦ ♣❛r❛ ❝❛❞❛ s✉❜❝♦♥❥✉♥t♦ ♥ã♦✲

✈❛③✐♦ Γ ⊂ {1, 2, · · · , k} ❡ ε > 0 ✜①❛❞♦✱ ❡①✐st❡ ✉♠ λ∗ > 0 t❛❧ q✉❡✱ (P1) ♣♦ss✉✐ ✉♠❛

s♦❧✉çã♦ uλ✱ ♣❛r❛ λ ≥ λ∗ = λ∗(ε)✱ s❛t✐s❢❛③❡♥❞♦✿
∣∣∣∣∣

∫

Ωj

[
|∇uλ|2 + (λa(x) + b(x))u2λ

]
−
(
1

2
− 1

p+ 1

)−1

cj

∣∣∣∣∣ < ε, ∀j ∈ Γ

❡ ∫

RN\ΩΓ

[
|∇uλ|2 + u2λ

]
dx < ε,

✷



♦♥❞❡ ΩΓ =
⋃

j∈Γ

Ωj ❡ cj é ♦ ♥í✈❡❧ ♠✐♥✐♠❛① ❞♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ r❡❧❛❝✐♦♥❛❞♦ ❛♦ ♣r♦❜❧❡♠❛





−∆u+ b(x)u = up, ❡♠ Ωj,

u > 0, ❡♠ Ωj,

u = 0, s♦❜r❡ ∂Ωj.

❇❛s❡❛❞♦s ♥♦ tr❛❜❛❧❤♦ ❞❡ ❉✐♥❣✲❚❛♥❛❦❛ ♠✉✐t♦s ❛✉t♦r❡s ❡st✉❞❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çã♦ ♠✉❧t✐✲❜✉♠♣ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞♦ t✐♣♦ (P2)✱ ❆❧✈❡s ❬✸❪ ❣❡♥❡r❛❧✐③♦✉ ♦ r❡s✉❧t❛❞♦ ❞❡

❉✐♥❣ ❡ ❚❛♥❛❦❛ ♣❛r❛ ♦ ♦♣❡r❛❞♦r p✲▲❛♣❧❛❝✐❛♥♦✱ ❆❧✈❡s✱ ❞❡ ▼♦r❛✐s ❋✐❧❤♦ ❡ ❙♦✉t♦ ❬✽❪ ❡

❆❧✈❡s ❡ ❙♦✉t♦ ❬✶✻❪ ❡st✉❞❛r❛♠ ♦ ❝❛s♦ ❡♠ q✉❡ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ❛♣r❡s❡♥t❛ ❝r❡s❝✐♠❡♥t♦

❝rít✐❝♦ ❡ ❡①♣♦♥❡♥❝✐❛❧✱ ❆❧✈❡s ❡ ❋❡rr❡✐r❛ ❬✾❪ ❝♦♥s✐❞❡r❛r❛♠ ♦ ♣r♦❜❧❡♠❛ ♣❛r❛ ♦ ♦♣❡r❛❞♦r

p(x)−▲❛♣❧❛❝✐❛♥♦✱ ❥á ❡♠ ❬✶✵❪ ❆❧✈❡s ❡ ❋✐❣✉❡✐r❡❞♦ ♠♦str❛r❛♠ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲

❜✉♠♣ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞♦ t✐♣♦ ❑✐r❝❤❤♦✛ ❡ ❡♠ ❬✶✽❪ ❆❧✈❡s ❡ ❨❛♥❣ ❡st✉❞❛r❛♠ ✉♠

s✐st❡♠❛ ❞♦ t✐♣♦ ❙❝❤rö♥❞✐❣❡r✲P♦✐ss♦♥✳ ❈✐t❛♠♦s ❛✐♥❞❛ tr❛❜❛❧❤♦s ❞❡✈✐❞♦ ❛ ❇❛rt❝❤ ❡ ❚❛♥❣

❬✷✶❪✱ ❋✉✱❏✐❛♦ ❡ ❚❛♥❣ ❬✹✶❪✳

❯♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❝♦♠✉♠ ❞♦ tr❛❜❛❧❤♦ ❞❡ ❉✐♥❣ ❡ ❚❛♥❛❦❛ ❝♦♠ ♦s ❞❡♠❛✐s tr❛❜❛❧❤♦s

q✉❡ tr❛t❛♠ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲❜✉♠♣ é q✉❡ ♦s ❛✉t♦r❡s r❡❝♦rr❡♠ ❛♦ ♠ét♦❞♦

❞❡ ♣❡♥❛❧✐③❛çã♦ q✉❡ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ❞❡❧ P✐♥♦ ❡ ❋❡❧♠❡r ❡♠ ❬✸✽❪✱ q✉❡ ❝♦♥s✐st❡ ❡♠

♠♦❞✐✜❝❛r ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ♦❜t❡♥❞♦ ❛ss✐♠ ✉♠ ♥♦✈♦ ♣r♦❜❧❡♠❛✳ ❊♥❝♦♥tr❛✲s❡ ✉♠❛ s♦❧✉çã♦

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♠♦❞✐✜❝❛❞♦ ❡ ❛♣ós ❛❧❣✉♠❛s ❡st✐♠❛t✐✈❛s✱ ♠♦str❛✲s❡ q✉❡ ❛ s♦❧✉çã♦ ♦❜t✐❞❛

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♠♦❞✐✜❝❛❞♦ t❛♠❜é♠ é s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (P2)✱ ❛❥✉st❛♥❞♦✲s❡ λ

❛❞❡q✉❛❞❛♠❡♥t❡✳

◆♦ ❈❛♣ít✉❧♦ ✶ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲❜✉♠♣ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛




∆2u+ (λV (x) + 1)u = f(u), ❡♠ RN ,

u ∈ H2(RN);
(B)λ

♦♥❞❡ N ≥ 1✱ ∆2 ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦✱ λ > 0 é ✉♠ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈♦ ❡

f : R → R é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1 ✈❡r✐✜❝❛♥❞♦ ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s✿

(f1) f(0) = f ′(0) = 0.

(f2) lim sup
t→+∞

|f ′(t)|
|t|q−2 < +∞, ♣❛r❛ q ∈ (2, 2∗) ♦♥❞❡

2∗ =





2N

N − 4
, N ≥ 5

+∞, 1 ≤ N ≤ 4.

✸



(f3) ❊①✐st❡ θ > 2 t❛❧ q✉❡

0 < θF (t) ≤ f(t)t, ♣❛r❛ t 6= 0.

(f4)
f(t)

|t| é ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡ ♣❛r❛ t 6= 0✳

❘❡❧❛❝✐♦♥❛❞♦ ❛♦ ♣♦t❡♥❝✐❛❧✱ V : RN → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ q✉❡ s❛t✐s❢❛③ ❛s

s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s✿

(V1) V (x) ≥ 0, ∀ x ∈ RN ❀

(V2) Ω = intV −1({0}) é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✱ ♥ã♦✲✈❛③✐♦✱ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡

∂Ω✳ ❆❧é♠ ❞✐ss♦✱ Ω t❡♠ k ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

• Ω =
k⋃

j=1

Ωj;

• dist(Ωi,Ωj) > 0, i 6= j.

(V3) ❊①✐st❡ M0 > 0 t❛❧ q✉❡ |{x ∈ RN ; V (x) ≤M0}| < +∞.

❖ ❡st✉❞♦ ❞❡ ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❡♠ ♦ ♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦ t❡♠ ❣r❛♥❞❡ ✐♠♣♦r✲

tâ♥❝✐❛ ❞❡✈✐❞♦ ❛s ❛♣❧✐❝❛çõ❡s ❛ ✈ár✐♦s ♣r♦❜❧❡♠❛s ❢ís✐❝♦s✱ ♣♦r ❡①❡♠♣❧♦ ✱ ❞❛❞❛ ✉♠❛ ♣❧❛❝❛

❡❧ást✐❝❛ ❝✉❥❛ ❛ ♣r♦❥❡çã♦ ✈❡rt✐❝❛❧ é ❛ r❡❣✐ã♦ Ω ⊂ R2✱ ❛ ❡q✉❛çã♦

∆2u = f(x), x ∈ Ω, ✭✷✮

❝❤❛♠❛❞❛ ❞❡ ♠♦❞❡❧♦ ❞❡ ❑✐r❝❤❤♦❢✲▲♦✈❡✱ ❞❡s❝r❡✈❡ ❛ ❞❡✢❡①ã♦ ❞❛ ♣❧❛❝❛ ♥❛ ❞✐r❡çã♦ ✈❡rt✐❝❛❧✱

♦♥❞❡ f ❞❡♥♦t❛ ✉♠❛ ❢♦rç❛ ✈❡rt✐❝❛❧ ❡①t❡r♥❛ ❡ ❛s ❞✐❢❡r❡♥t❡s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❞❡s✲

❝r❡✈❡♠ ❝♦♠♦ ❛ ♠❡♠❜r❛♥❛ ❡stá ♣r❡s❛ ♥♦ ❜♦r❞♦✱ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ♦ ♠♦❞❡❧♦ ❞❡

❑✐r❝❤❤♦❢✲▲♦✈❡ ❝✐t❛♠♦s ❬✸✶❪✱ ❬✹✷❪ ❡ ❬✹✻❪✳

❯♠❛ ♦✉tr❛ ✐♠♣♦rt❛♥t❡ ❛♣❧✐❝❛çã♦ ❞♦ ♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ♣♦r

▲❛③❡r ❡ ▼❝❑❡♥♥❛ ❡♠ ❬✹✽❪✱ ♥❡st❡ tr❛❜❛❧❤♦ ❡❧❡s ✉s❛r❛♠ ❛ ❡q✉❛çã♦

∆2u−∆u+ V (x)u = f(x, u), u ∈ R2, ✭✸✮

♣❛r❛ ❡st✉❞❛r ❛s ♦♥❞❛s ✈✐❛❥❛♥t❡s ❡♠ ✉♠❛ ♣♦♥t❡ s✉s♣❡♥s❛✳ ❙♦❜r❡ ❡st❡ t❡♠❛ ❝✐t❛♠♦s

❛✐♥❞❛ ♦ tr❛❜❛❧❤♦ ❞❡ ❋❡rr❡r♦ ❡ ●❛③③♦❧❛ ❬✹✵❪✳

❉❡st❛❝❛♠♦s q✉❡ ❡♠❜♦r❛ ♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ ❡♠ q✉❡ tr❛❜❛❧❤❛♠♦s ❝♦♠ ♦ ♦♣❡r❛❞♦r

❜✐❤❛r♠ô♥✐❝♦ s❡❥❛ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ ♦ ♠❡s♠♦ s❡❥❛ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✱ ❡①✐st❡♠

✹



❞✐✈❡rs❛s ❞✐✜❝✉❧❞❛❞❡s té❝♥✐❝❛s ❛♦ s❡ tr❛❜❛❧❤❛r ❝♦♠ ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❡♠ ❡st❡ ♦♣❡r❛✲

❞♦r✱ ♣♦r ❡①❡♠♣❧♦✱ ♥ã♦ ❡①✐st❡ ✉♠ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ q✉❡ ✈❛❧❡ ❡♠ q✉❛❧q✉❡r ❞♦♠í♥✐♦

❧✐♠✐t❛❞♦ ✭tr❛t❛r❡♠♦s ♠❛✐s ❞❡ss❡ ❛ss✉♥t♦ ♥♦ ❆♣ê♥❞✐❝❡ ❆✮✱ s❡ u ♣❡rt❡♥❝❡ H2(Ω)✱ ♥ã♦

♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ u± ♣❡rt❡♥❝❡ ❛ H2(Ω)✱ t❛♠❜é♠ ♥ã♦ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ♠ét♦❞♦ ❞❛

✐♥t❡r❛çã♦ ❞❡ ▼♦s❡r ♦✉ ♠ét♦❞♦ ❞❡ s✐♠❡tr✐③❛çã♦ ❞❡ ❙❝❤❛r✇③✳

◆♦s ú❧t✐♠♦s ❛♥♦s ♠✉✐t♦s ❛✉t♦r❡s ❡st✉❞❛r❛♠ ♣r♦❜❧❡♠❛s r❡❧❛❝✐♦♥❛❞♦s ❛♦ ♦♣❡r❛❞♦r

❜✐❤❛r♠ô♥✐❝♦ ❞❡♥tr❡ ♦s ✈ár✐♦s tr❛❜❛❧❤♦s ❞❡st❛❝❛♠♦s✱ ❬✹✼❪ ♦♥❞❡ ❏✉♥❣ ❡ ❈❤♦✐ ♠♦str❛r❛♠

❛ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞♦ t✐♣♦ ✭✸✮ ❡♠ ❞♦♠í♥✐♦

❧✐♠✐t❛❞♦✱ ♦s t❛❜❛❧❤♦s ❞❡ P✐♠❡♥t❛ ❡ ❙♦❛r❡s ❬✻✷✱ ✻✸✱ ✻✹❪ ❡♠ q✉❡ ❢♦r❛♠ ❡st✉❞❛❞♦s ♦ ❝♦♠✲

♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥❝❡♥tr❛çã♦ ♣❛r❛ s♦❧✉çõ❡s ❞❡ ❝❡rt❛s ❝❧❛ss❡s ❞❡ ♣r♦❜❧❡♠❛s ❜✐❤❛r♠ô♥✐❝♦s

s❡♠✐❧✐♥❡❛r❡s✳ ❊♠ ❬✼✻❪✱ ❨❡ ❡ ❚❛♥❣ ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦

♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞♦ t✐♣♦ ∆2u −∆u + λV (x)u = f(x, u)✱ ❝♦♠ u ∈ H2(RN) ❝♦♥s✐❞❡✲

r❛♥❞♦ q✉❡ V s❛t✐s❢❛③ ❛ ❤✐♣ót❡s❡ ❞❡ ❇❛rts❝❤✲❲❛♥❣✱ ❤✐♣ót❡s❡ (V3)✱ ❡ q✉❡ f é s✉❜❧✐♥❡❛r

✭♦✉ s✉♣❡r❧✐♥❡❛r✮ ❡ s✉♣❡rq✉❛❞rát✐❝❛✳ ❇❡❝❤✐♦ ❡ ●❛③③♦❧❛ ❬✷✼❪ ♠♦str❛r❛♠ r❡s✉❧t❛❞♦s ❞❡

❡①✐stê♥❝✐❛ ❡ ♥ã♦✲❡①✐stê♥❝✐❛ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❡♥✈♦❧✈❡♥❞♦ ♦ ❜✐❤❛r♠ô♥✐❝♦ ❝♦♥s✐❞❡r❛♥❞♦

✉♠❛ ♣❡rt✉❜❛çã♦ ❧✐♥❡❛r ❞❡ ✉♠ t❡r♠♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❝rít✐❝♦ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❞❡

❙t❡❦❧♦✈✳ ❏á ❡♠ ❬✻✻❪✱ ❘✉❢ ❡ ❙❛♥✐ ♠♦str❛r❛♠ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ót✐♠❛ ❞♦ t✐♣♦ ❆❞❛♠s ♣❛r❛

♦ ❜✐❤❛r♠ô♥✐❝♦ ❡ ❡♠ ❬✺✾❪ P❛ss❛❧❛q✉❛ ❡ ❘✉❢ ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞♦ t✐♣♦ ❍❛r❞②✲❙♦❜♦❧❡✈ ♣❛r❛ ♦ ❜✐❤❛r♠ô♥✐❝♦

◆♦ ❝❛s♦ ❞♦ ♣r♦❜❧❡♠❛ (B)λ ❛ ♣r✐♥❝✐♣❛❧ ❞✐✜❝✉❧❞❛❞❡ ❡♥❝♦♥tr❛❞❛ é ❞❡ ♥ã♦ ♣♦❞❡r♠♦s

❛♣❧✐❝❛r ♦ ♠ét♦❞♦ ❞❡ ✐♥t❡r❛çã♦ ❞❡ ▼♦s❡r ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♥ã♦ ♣♦❞❡r♠♦s ✉s❛r ❛

té❝♥✐❝❛ ❞❡ ♣❡♥❛❧✐③❛çã♦ ❞❡ ❞❡❧ P✐♥♦ ❡ ❋❡❧♠❡r✳ P❛r❛ ❝♦♥t♦r♥❛r ❡ss❡ ♣r♦❜❧❡♠❛ ✈❛♠♦s

❝♦♥s✐❞❡r❛r q✉❡ V s❛t✐s❢❛③ (V3) ❡ ❜❛s❡❛❞♦s ❡♠ ❛r❣✉♠❡♥t♦s ❞❡✈✐❞♦ ❛ ❇❛rt❝❤ ❡ ❲❛♥❣

❬✷✷✱ ✷✸❪✱ ✈❛♠♦s ♠♦str❛r ♥❛ ❙❡çã♦ ✶✳✶ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛

(B)λ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)c ♣❛r❛ c ❡♠ ✉♠ ❝❡rt♦ ✐♥t❡r✈❛❧♦✳

❖✉tr❛ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ ♥♦ ❡st✉❞♦ ❞♦ ♣r♦❜❧❡♠❛ (B)λ é ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ s❡ ♠♦✲

❞✐✜❝❛r ♦s ❝♦♥❥✉♥t♦s ❡♠ q✉❡ ✉s❛r❡♠♦s ♦ ▲❡♠❛ ❞❡ ❉❡❢♦r♠❛çã♦✳

❖ ♣r✐♥❝✐♣❛❧ ❚❡♦r❡♠❛ ❞♦ ❈❛♣ít✉❧♦ ✶ é ♦ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ✵✳✵✳✶ ❙✉♣♦♥❤❛ q✉❡ (f1) − (f4) ❡ (V1) − (V3) ✈❛❧❡♠✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ s✉❜✲

❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ Γ ⊂ {1, · · · , k} ❡ ε > 0 ✜①❛❞♦✱ ❡①✐st❡ ♣❛r❛ ❝❛❞❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡

✺



❣r❛♥❞❡✱ ✉♠❛ s♦❧✉çã♦ uλ ❞❡ (B)λ✱ s❛t✐s❢❛③❡♥❞♦✿
∣∣∣∣∣
1

2

∫

Ωj

[
|∆uλ|2 + (λV (x) + 1) |uλ|2

]
dx−

∫

Ωj

F (uλ)dx− cj

∣∣∣∣∣ < ε, ∀j ∈ Γ

❡ ∫

RN\ΩΓ

[
|∆uλ|2 + |uλ|2

]
dx < ε,

♦♥❞❡ ΩΓ = ∪j∈ΓΩj ❡ cj é ♦ ♥í✈❡❧ ♠✐♥✐♠❛① ❞♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ r❡❧❛❝✐♦♥❛❞♦ ❛♦ ♣r♦❜❧❡♠❛✿




∆2u+ u = f(u), ❡♠ Ωj

u =
∂u

∂η
= 0, s♦❜r❡ ∂Ωj.

✭✹✮

❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡ ❝❛♣ít✉❧♦ ❞❡r❛♠ ♦r✐❣❡♠ ❛♦ ❛rt✐❣♦ ❬✶✷❪✿

❈✳❖✳ ❆❧✈❡s ❡ ❆✳❇✳ ◆ó❜r❡❣❛✱ ❊①✐st❡♥❝❡ ♦❢ ♠✉❧t✐✲❜✉♠♣ s♦❧✉t✐♦♥s ❢♦r ❛ ❝❧❛ss ♦❢ ❡❧❧✐♣t✐❝

♣r♦❜❧❡♠s ✐♥✈♦❧✈✐♥❣ t❤❡ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r✱ ▼♦♥❛ts❤✳▼❛t❤✳ ❆❝❡✐t♦ ♣❛r❛ ♣✉❜❧✐❝❛çã♦✳

◆♦ ❈❛♣ít✉❧♦ ✷ ✉t✐❧✐③❛♠♦s ❛ té❝♥✐❝❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♥♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ♣❛r❛ ♠♦s✲

tr❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲❜✉♠♣ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛




−∆u+ (λV (x) + 1)u =
( 1

|x|µ ∗ |u|p
)
|u|p−2u ❡♠ R3,

u ∈ H1(R3).
(C)λ

❝♦♠ µ ∈ (0, 3)✱ p ∈ (2, 6− µ)✱ λ ≥ 0 ❡ V s❛t✐s❢❛③❡♥❞♦ ❛s ❤✐♣ót❡s❡s (V1)− (V3)✳

❊ss❡ t✐♣♦ ❞❡ ♣r♦❜❧❡♠❛ t❛♠❜é♠ t❡♠ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ❞❡✈✐❞♦ ❛ s✉❛s ❛♣❧✐❝❛çõ❡s

❢ís✐❝❛s✳ ❆ ❡q✉❛çã♦ ♥ã♦✲❧✐♥❡❛r ❞❡ ❈❤♦q✉❛r❞

−∆u+ V (x)u =
( 1

|x|µ ∗ |u|p
)
|u|p−2u ❡♠ R3, ✭✺✮

p = 2 ❡ µ = 1✱ ❛♣❛r❡❝❡ ♥❛ ❞❡s❝r✐çã♦ ❞❛ ❚❡♦r✐❛ ◗✉â♥t✐❝❛ ❞❡ ✉♠ ♣♦❧❛r♦♥ ❡♠ r❡♣♦✉s♦ ❢❡✐t❛

♣♦r ❙✳ P❡❦❛r ❡♠ ✶✾✺✹ ❬✻✵❪ ❡ ❛ ♠♦❞❡❧❛❣❡♠ ❞❡ ✉♠ ❡❧étr♦♥ ♣r❡s♦ ❡♠ s❡✉ ♣ró♣r✐♦ ❜✉r❛❝♦✱

❢❡✐t❛ ❡♠ ✶✾✼✻✱ ♣♦r P✳ ❈❤♦q✉❛r❞✱ ❝♦♠♦ ✉♠❛ ❝❡rt❛ ❛♣r♦①✐♠❛çã♦ à t❡♦r✐❛ ❞❡ ❍❛rtr❡❡✲❋♦❝❦

❞❡ ✉♠ ❝♦♠♣♦♥❡♥t❡✲♣❧❛s♠❛ ❬✹✾❪✳ ❊♠ ❛❧❣✉♥s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s✱ ❡st❛ ❡q✉❛çã♦ é t❛♠❜é♠

❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✲◆❡✇t♦♥✱ ❛ q✉❛❧ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ♣♦r P❡♥r♦s❡

❡♠ s✉❛ ❞✐s❝✉ssã♦ s♦❜r❡ ❛✉t♦ ❝♦❧❛♣s♦ ❣r❛✈✐t❛❝✐♦♥❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❞❛ ♠❡❝â♥✐❝❛

q✉â♥t✐❝❛✱ ✈❡r ❬✻✶❪✳

❆ ❡①✐stê♥❝✐❛ ❡ ♣r♦♣r✐❡❞❛❞❡s q✉❛❧✐t❛t✐✈❛s ❞❡ ✭✺✮ ❢♦r❛♠ ❡①❛✉st✐✈❛♠❡♥t❡ ❡st✉❞❛❞❛s

♥❛s ú❧t✐♠❛s ❞é❝❛❞❛s✳ ❊♠ ❬✹✾❪✱ ▲✐❡❜ ♣r♦✈♦✉ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞❡

❡♥❡r❣✐❛ ♠í♥✐♠❛✳ P♦st❡r✐♦r♠❡♥t❡✱ ❡♠ ❬✺✶❪✱ ▲✐♦♥s ♠♦str♦✉ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s❡q✉ê♥✲

❝✐❛ ❞❡ s♦❧✉çõ❡s r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛s✳ ❊♠ ❬✸✹❪ ❈✐♥❣♦❧❛♥✐✱ ❈❧❛♣♣ ❡ ❙❡❝❝❤✐ ♠♦str❛r❛♠

✻



r❡s✉❧t❛❞♦s s♦❜r❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❛s s♦❧✉çõ❡s✱ ▼❛ ❡ ❩❤❛♦ ❡♠ ❬✺✷❪ ✜③❡r❛♠ ✉♠❛ ❝❧❛ss✐✜❝❛çã♦

❞❡ t♦❞❛s ❛s s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ❡ ❡♠ ❬✺✹❪ ▼♦r♦③ ❡ ❱❛♥ ❙❝❤❛❢t✐♥❣❡♥ ♠♦str❛r❛♠ s✐♠❡tr✐❛

r❛❞✐❛❧ ❞❛s s♦❧✉çõ❡s ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❡ ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❞❡❝❛✐♠❡♥t♦ ♥♦ ✐♥✜♥✐t♦✳ ❆❧é♠

❞✐ss♦✱ ▼♦r♦③ ❛♥❞ ❱❛♥ ❙❝❤❛❢t✐♥❣❡♥ ❡♠ ❬✺✺❪ ❝♦♥s✐❞❡r❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛

s♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ t✐♣♦ ❇❡r❡st②❝❦✐✲▲✐♦♥s✳ ◗✉❛♥❞♦ V é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ♣❡r✐ó✲

❞✐❝❛ ❝♦♠ inf
R3
V (x) > 0✱ ♦❜s❡r✈❛♥❞♦ q✉❡ ♦ t❡r♠♦ ♥ã♦✲❧♦❝❛❧ é ✐♥✈❛r✐❛♥t❡ ♣♦r tr❛♥s❧❛çã♦✱

♣♦❞❡♠♦s ♦❜t❡r ❢❛❝✐❧♠❡♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛

▼♦♥t❛♥❤❛ ✱ ✈❡❥❛ ❬✶❪ ♣♦r ❡①❡♠♣❧♦✳ P❛r❛ ♦ ♣♦t❡♥❝✐❛❧ ♣❡r✐ó❞✐❝♦ V q✉❡ ♠✉❞❛ ❞❡ s✐♥❛❧ ❡

0 s✐t✉❛✲s❡ ♥♦ ✐♥t❡r✈❛❧♦ ❞♦ ❡s♣❡❝tr♦ ❞♦ ♦♣❡r❛❞♦r ❞❡ ❙❝❤rö❞✐♥❣❡r −∆ + V ✱ ♦ ♣r♦❜❧❡♠❛

é ❢♦rt❡♠❡♥t❡ ✐♥❞❡✜♥✐❞♦✱ ❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ p = 2 ❢♦✐ ❝♦♥s✐❞❡r❛❞❛ ❡♠ ❬✸✷❪✳

◆♦ ❝❛s♦ ❣❡r❛❧✱ ❆❝❦❡r♠❛♥♥ ❬✶❪ ♣r♦♣ôs ✉♠❛ ♥♦✈❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡

✐♥✜♥✐t❛s s♦❧✉çõ❡s ❢r❛❝❛s ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❞✐st✐♥t❛s✳ P❛r❛ ♦✉tr♦s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛✲

❞♦s✱ ❝✐t❛♠♦s ●❤✐♠❡♥t✐ ❡ ❙❝❤❛❢t✐♥❣❡♥ ❬✹✹❪ ❡ ●❤✐♠❡♥t✐✱ ▼♦r♦③ ❡ ❙❝❤❛❢t✐♥❣❡♥ ❬✹✺❪ ♣❛r❛ ❛

❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s q✉❡ tr♦❝❛♠ ❞❡ s✐♥❛❧✱ ▼♦r♦③ ❡ ❙❝❤❛❢t✐♥❣❡♥ ❬✺✻❪✱ ❙❡❝❝❤✐ ❬✻✼❪✱ ❲❡✐

❡ ❲✐♥t❡r ❬✼✷❪ ♣❛r❛ ❡①✐stê♥❝✐❛ ❡ ❝♦♥❝❡♥tr❛çã♦ ❞❡ s♦❧✉çõ❡s s❡♠✐✲❝❧áss✐❝❛s✱ ▼♦r♦③ ❡ ❙❤❛❢✲

t✐♥❣❡♥ ❬✺✼❪ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛ ♣❛rt❡ ♥ã♦✲❧♦❝❛❧ é ❝rít✐❝❛ ❝♦♠ r❡s♣❡✐t♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞✲❙♦❜♦❧❡✈✳

P❛r❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲❜✉♠♣ ♣❛r❛ (C)λ✱ ♦ ♣r✐♠❡✐r♦ ♣❛ss♦ é

❝♦♥s✐❞❡r❛r ♦ ♣r♦❜❧❡♠❛ ❧✐♠✐t❡




−∆u+ u =
(∫

ΩΓ

|u|p
|x− y|µdy

)
|u|p−2u, ✐♥ ΩΓ,

u 6= 0 ❡♠ Ωj, j ∈ Γ,

u ∈ H1
0

(
ΩΓ

)
.

(C)∞,Γ

◆❛ ♣r✐♠❡✐r❛ s❡çã♦ ❞♦ ❈❛♣ít✉❧♦ ✷ ✈❛♠♦s ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛

♠í♥✐♠❛ q✉❡ ♥ã♦ s❡ ❛♥✉❧❛ ❡♠ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ Ωj✱ j ∈ Γ✳ P❛r❛ ❡♥❝♦♥tr❛r ❡st❡ t✐♣♦ ❞❡

s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❡st✉❞❛r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦ s♦❜r❡ ✉♠ s✉❜❝♦♥✲

❥✉♥t♦ ❞❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐✱ ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❛ s❡çã♦ é✿

❚❡♦r❡♠❛ ✵✳✵✳✷ ❙✉♣♦♥❞♦ q✉❡ µ ∈ (0, 3) ❡ p ∈ (2, 6 − µ)✳ ❖ ♣r♦❜❧❡♠❛ (C)∞,Γ ♣♦ss✉✐

✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ u q✉❡ ♥ã♦ s❡ ❛♥✉❧❛ ❡♠ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ Ωj ❞❡ ΩΓ✱

j ∈ Γ✳

◆❛ ❙❡çã♦ ✷✳✷ ❛❞❛♣t❛♠♦s ♦s ❛r❣✉♠❡♥t♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♥♦ ❈❛♣ít✉❧♦ ✶ ❛♦ ♣r♦✲

❜❧❡♠❛ ❞❡ ❈❤♦q✉❛r❞ ♥ã♦✲❧✐♥❡❛r ♣❛r❛ ♠♦str❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦✲

✼



❜❧❡♠❛ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)c. ❆ ❡s❝♦❧❤❛ ❞❡ss❛ té❝♥✐❝❛ ❡♠ ❞❡tr✐♠❡♥t♦ ❛♦ ▼ét♦❞♦ ❞❡

P❡♥❛❧✐③❛çã♦ ❞❡ ❉❡❧ P✐♥♦ ❡ ❋❡❧♠❡r s❡ ❞❡✉ ♣♦✐s ❛ ✉t✐❧✐③❛çã♦ ❞♦ s❡❣✉♥❞♦ ❛❝❛rr❡t❛r✐❛ ❡♠

♠❛✐♦r❡s r❡str✐çõ❡s s♦❜r❡ ❛s ❝♦♥st❛♥t❡s µ ❡ p. ❚♦❞❛✈✐❛✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♦❝♦rr❡✉

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (B)λ s✉r❣❡ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ♠♦❞✐✜❝❛r ♦s ❝♦♥❥✉♥t♦s ♦♥❞❡ s❡rá ✉t✐❧✐③❛❞♦

♦ ▲❡♠❛ ❞❡ ❉❡❢♦r♠❛çã♦✱ ♦ q✉❡ s❡rá ❢❡✐t♦ ♥❛ ❙❡çã♦ ✷✳✹✳

P♦r ✜♠✱ ♥❛ ❙❡çã♦ ✷✳✺ ♣r♦✈❛r❡♠♦s ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ ❝❛♣ít✉❧♦✱

❚❡♦r❡♠❛ ✵✳✵✳✸ ❙✉♣♦♥❞♦ q✉❡ µ ∈ (0, 3) ❡ p ∈ (2, 6−µ)✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ λ0 > 0✱

t❛❧ q✉❡ ♣❛r❛ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ Γ ⊂ {1, · · · , k} ❡ λ ≥ λ0✱ ♦ ♣r♦❜❧❡♠❛(
C
)
λ
t❡♠ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ uλ✱ ❛ q✉❛❧ ♣♦ss✉✐ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ P❛r❛ q✉❛❧q✉❡r

s❡q✉ê♥❝✐❛ λn → ∞ ♣♦❞❡♠♦s ❡①tr❛✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (λni
) t❛❧ q✉❡ (uλni

) ❝♦♥✈❡r❣❡

❢♦rt❡♠❡♥t❡ ❡♠ H1(R3) ♣❛r❛ ✉♠❛ ❢✉♥çã♦ u✱ q✉❡ s❛t✐s❢❛③ u = 0 ❢♦r❛ ❞❡ ΩΓ =
⋃

j∈Γ

Ωj✱ ❡

u|ΩΓ
é ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ (C)∞,Γ ♥♦ s❡♥t✐❞♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✷✳

❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✷ ❞❡r❛♠ ♦r✐❣❡♠ ❛♦ ❛rt✐❣♦ ❬✶✹❪✿

❈✳❖✳ ❆❧✈❡s✱ ❆✳❇✳ ◆ó❜r❡❣❛ ❡ ▼✳ ❨❛♥❣✱ ▼✉❧t✐✲❜✉♠♣ s♦❧✉t✐♦♥s ❢♦r ❈❤♦q✉❛r❞ ❡q✉❛t✐♦♥ ✇✐t❤

❞❡❡♣❡♥✐♥❣ ♣♦t❡♥t✐❛❧ ✇❡❧❧✱ ❈❛❧❝✳ ❱❛r✳ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✺✺✭✷✵✶✻✮ ✶✲✷✽✳

❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ♠♦str❛r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲❜✉♠♣ ♥♦❞❛❧ ♣❛r❛ ✉♠

♣r♦❜❧❡♠❛ ❝♦♠ ♦ ♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦ ✭✈❡r ❈❛♣ít✉❧♦ ✹✮✱ ♥♦ ❈❛♣ít✉❧♦ ✸ ❡st✉❞❛r❡♠♦s

❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛




∆2u = f(u), ❡♠ Ω,

u = Bu = 0, s♦❜r❡ ∂Ω,
(N)

♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡ ❡ f : R → R é ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛✲

③❡♥❞♦ (f1) ❡ ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s✿

(f5) f é í♠♣❛r✱ ✐st♦ é✱ f(t) = −f(−t), ∀t ∈ R.

(f6) ❊①✐st❡♠ c0 > 0 ❡ p ∈ (2, 2∗), t❛✐s q✉❡

lim
t→+∞

f(t)

tp−1
= c0,

♦♥❞❡

2∗ =





2N

N − 4
, N ≥ 5

+∞, 1 ≤ N ≤ 4.

(f7) ❊①✐st❡ b0 > 0 ❡ q ∈ (2, p]✱ t❛✐s q✉❡

lim
t→0+

f(t)

tq−1
= b0.

✽



(f8)
f(t)

t
é ❝r❡s❝❡♥t❡ ♣❛r❛ t > 0✳

❊♠ r❡❧❛çã♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s Bu = ∆u ✭❝♦♥❞✐çã♦ ❞❡ ◆❛✈✐❡r✮

♦✉ Bu =
∂u

∂ν
✭❝♦♥❞✐çã♦ ❞❡ ❉✐r✐❝❤❧❡t✮✳

❙♦❧✉çõ❡s ♥♦❞❛✐s ♣❛r❛ ♣r♦❜❧❡♠❛s ❝♦♠ ♦ ♦♣❡r❛❞♦r ▲❛♣❧❛❝✐❛♥♦ ❢♦r❛♠ ❡①❛✉st✐✈❛♠❡♥t❡

❡st✉❞❛❞♦s ♥❛s ú❧t✐♠❛s ❞é❝❛❞❛s ♣♦r ✈ár✐♦s ❛✉t♦r❡s✳ ❉❡st❛❝❛♠♦s ♦s tr❛❜❛❧❤♦s ❞❡ ❈❛str♦✱

❈♦ss✐♦ ❡ ◆❡✉❜❡r❣❡r ❬✸✸❪✱ q✉❡ ❡st✉❞❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ♣❛r❛ ✉♠ ♣r♦✲

❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t s✉♣❡r❧✐♥❡❛r✳ ❇❛rts❝❤✱ ▲✐✉ ❡ ❲❡t❤ ♠♦str❛r❛♠ ❡♠ ❬✷✻❪ ❛ ❡①✐stê♥❝✐❛

❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ♣❛r❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❡st❛❝✐♦♥ár✐❛✳ ❊♠ ❬✷✹❪ ❇❛rts❝❤✱ ❲❡t❤ ❡

❲✐❧❧❡♠ ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛ ♣❛r❛ ✉♠ ♣r♦✲

❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t ❛♣r❡s❡♥t❛♥❞♦ ❡①❛t❛♠❡♥t❡ ❞♦✐s ❞♦♠í♥✐♦s ♥♦❞❛✐s✳ ❏á ❡♠ ❬✷✺❪ ❇❛rts❝❤

❡ ❲❡t❤ ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ três s♦❧✉çõ❡s ♥♦❞❛✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t

s✐♥❣✉❧❛r♠❡♥t❡ ♣❡rt✉❜❛❞♦ −ε∆u + u = f(u), ❡♠ ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✳ ▼❛✐s r❡❝❡♥✲

t❡♠❡♥t❡✱ ❆❧✈❡s ❡ ❙♦✉t♦ ❡♠ ❬✶✼❪ ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛

♠í♥✐♠❛ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ❙❝❤rö♥❞✐❣❡r✲P♦✐ss♦♥✳ ❊ss❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛ ✉♠❛ ♥♦✈❛

❛❜♦r❞❛❣❡♠ ♣❛r❛ ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♥♦❞❛✐s ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♣r♦✲

❜❧❡♠❛s q✉❡ ❛♣r❡s❡♥t❛♠ t❡r♠♦s ♥ã♦✲❧♦❝❛✐s✱ ✐♥❝❧✉s✐✈❡ ❡ss❛ té❝♥✐❝❛ s❡rá ♠✉✐t♦ ✐♠♣♦rt❛♥t❡

♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ (N).

❈♦♥t✉❞♦✱ ❛ ❜✐❜❧✐♦❣r❛✜❛ s♦❜r❡ s♦❧✉çõ❡s ♥♦❞❛✐s ♣❛r❛ ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❡♠ ♦

♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦ ♥ã♦ é ♠✉✐t♦ ✈❛st❛✱ ♣❛r❛ ♣r♦❜❧❡♠❛s ❡♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝✐t❛♠♦s

♦ tr❛❜❛❧❤♦ ❞❡ ❲❡t❤ ❬✼✸❪✱ ♦♥❞❡ ♦ ❛✉t♦r ✉t✐❧✐③❛♥❞♦ ❛ té❝♥✐❝❛ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ▼♦r❡❛✉

✭❈♦♥❡s ❉✉❛✐s✮ ♣❛r❛ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt q✉❡ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r ●❛③③♦❧❛ ❡ ●r✉♥❛✉

❡♠ ❬✹✸❪✱ ♠♦str♦✉ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♣❡❧♦ ♠❡♥♦s três s♦❧✉çõ❡s✱ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛✱ ✉♠❛

s♦❧✉çã♦ ♥❡❣❛t✐✈❛ ❡ ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞♦ t✐♣♦ (N). ❉❡st❛❝❛♠♦s ❛✐♥❞❛

♦s tr❛❜❛❧❤♦s ❇♦♥❤❡✉r❡✱ ❙❛♥t♦s✱ ❘❛♠♦s ❡ ❚❛✈❛r❡s ❬✷✾❪ ❡ ❇♦♥❤❡✉r❡✱ ❙❛♥t♦s ❡ ❚❛✈❛r❡s ❬✸✵❪

❡♠ q✉❡ ❛ ♣❛rt✐r ❞♦ ❡st✉❞♦ ❞❡ s✐st❡♠❛s ❍❛♠✐❧t♦♥✐❛♥♦s ♠♦str❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❞♦ t✐♣♦ (N)✱ ♠❛s ❝♦♥s✐❞❡r❛♥❞♦ ❛♣❡♥❛s ❛

❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❞❡ ◆❛✈✐❡r✳◆♦ ❝❛s♦ ❞❡ ♣r♦❜❧❡♠❛s ❡♠ RN ♦ ú♥✐❝♦ tr❛❜❛❧❤♦ q✉❡

tr❛t❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ♣r❛ ✉♠❛ ❡q✉❛çã♦ ❝♦♠ ♦ ♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦ é ♦ tr❛❜❛❧❤♦ ❞❡

❲❛♥❣ ❡ ❙❤❡♥ ❬✼✵❪✳

◆♦ss❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ (N) ❜❛s❡✐❛✲s❡ ♥♦ ▼ét♦❞♦ ❉✉❛❧✱ ♦ q✉❛❧ ❥á ❢♦✐ ✉s❛❞♦ ♣♦r ❞✐✈❡rs♦s ❛✉t♦r❡s

✾



❝♦♠ ♦s ♠❛✐s ✈❛r✐❛❞♦s ♣r♦♣ós✐t♦s✳ ❲✐❧❧❡♠ ❡♠ ❬✼✺❪ ❡st✉❞♦✉ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✐♥✜♥✐t❛s

❢✉♥çõ❡s s✉❜❤❛r♠ô♥✐❝❛s ♣❛r❛ ✉♠❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛ ♥ã♦ ❧✐♥❡❛r✳ ❊♠ ❬✷✵❪ ❆♠❜r♦s❡tt✐

❡ ❙tr✉✇❡ ♠♦str❛r❛♠ ✉♠❛ ♣r♦✈❛ ❛❧t❡r♥❛t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❇ré③✐s✲◆✐r❡♥❜❡r❣✱ ❙tr✉✇❡

❬✻✽❪ ✉s♦✉ ♦ ♠ét♦❞♦ ❞✉❛❧ ♣❛r❛ ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ❝❡rt♦s s✐st❡♠❛s

❍❛♠✐❧t♦♥✐❛♥♦s ❡ ❡♠ ❬✻❪ ❆❧✈❡s✱ ❈❛rr✐ã♦ ❡ ▼✐②❛❣❛❦✐ ❡♠♣r❡❣❛r❛♠ ♦ ♠ét♦❞♦ ♥♦ ❡st✉❞♦

❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛ s✐st❡♠❛s ❍❛♠✐❧t♦♥✐❛♥♦s✳ ❈♦♥t✉❞♦✱ ❡♠ ♥♦ss❛

♣❡sq✉✐s❛ ❜✐❜❧✐♦❣rá✜❝❛ ♦❜s❡r✈❛♠♦s q✉❡ ♦ ▼ét♦❞♦ ❉✉❛❧ ❛✐♥❞❛ ♥ã♦ ❤❛✈✐❛ s✐❞♦ ✉t✐❧✐③❛❞♦

♣❛r❛ ❡st✉❞❛r ❞✐r❡t❛♠❡♥t❡ ♣r♦❜❧❡♠❛s ❝♦♠ ♦ ♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦✳ ❚❛❧ ♠ét♦❞♦ ♥♦s

♣❡r♠✐t❡ ❡st✉❞❛r ♦ ♣r♦❜❧❡♠❛ ❡♠ ✉♠ ♥♦✈♦ ❛♠❜✐❡♥t❡✱ ❛ s❛❜❡r ♦s ❡s♣❛ç♦s Lp✱ ♦♥❞❡ ♥ã♦ ❤á

❞✐✜❝✉❧❞❛❞❡s ❡♠ s❡ tr❛❜❛❧❤❛r ❝♦♠ ❛s ♣❛rt❡s ♣♦s✐t✐✈❛ ❡ ♥❡❣❛t✐✈❛ ❞❛s ❢✉♥çõ❡s✳ ◆❛ ❙❡çã♦

✸✳✶ ❞❡✜♥✐r❡♠♦s ♦ ❢✉♥❝✐♦♥❛❧ ❞✉❛❧ ❡ ♠♦str❛r❡♠♦s s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s✳

◆♦ ❝❛s♦ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❉✐r✐❝❤❧❡t✱ ♣❛r❛ q✉❡ ♣♦ss❛♠♦s ❣❛r❛♥t✐r q✉❡ ♦ ♣r✐♥❝í♣✐♦ ❞♦

♠á①✐♠♦ é ✈á❧✐❞♦ ❛ss✉♠✐r❡♠♦s ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❣❡♦♠étr✐❝❛ s♦❜r❡ ♦ ❞♦♠í♥✐♦ Ω✿

✭●✮ ❆ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❛ss♦❝✐❛❞❛ ∆2 ❡♠ Ω✱ ❞❡♥♦t❛❞❛ ♣♦r G∆2,Ω✱ é ♣♦s✐t✐✈❛ s❡ N ≥ 2✱

s❡♠♣r❡ q✉❡ B =
∂

∂ν
✳

▼❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❡st❛ ❝♦♥❞✐çã♦ ❡ t✐♣♦s ❞❡ ❞♦♠í♥✐♦ ♦♥❞❡ ❛ ♠❡s♠❛ ♦❝♦rr❡ ♣♦❞❡♠ s❡r

✈✐st♦s ♥♦ ❆♣é♥❞✐❝❡ ❆✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞♦ ❈❛♣ít✉❧♦ ✸ é ♦ s❡❣✉✐♥t❡

❚❡♦r❡♠❛ ✵✳✵✳✹ ❙✉♣♦♥❞♦ q✉❡ (G) ❡ (f1)− (f5) ✈❛❧❡♠✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛ (N) ♣♦ss✉✐

✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✳

❉❡st❛❝❛♠♦s ❛✐♥❞❛ q✉❡ ❛❧é♠ ❞♦ ❢❛t♦ ❞❡ ♦❜t❡r♠♦s ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛

♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (N)✱ ♥♦ss♦ ❡st✉❞♦ ❝♦♠♣❧❡t❛ ♦ tr❛❜❛❧❤♦ ❞❡ ❲❡t❤ ❡♠ ♦✉tr♦

s❡♥t✐❞♦✱ ❞❡✈✐❞♦ ❛s ❤✐♣ót❡s❡s ❛ss✉♠✐❞❛s s♦❜r❡ ♦ t❡r♠♦ ♥ã♦ ❧✐♥❡❛r f ♥♦ ❚❡♦r❡♠❛ ✵✳✵✳✹ ✱

♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ✉♠❛ ❝❧❛ss❡ ❞✐❢❡r❡♥t❡ ❞❡ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡s ❞❛s q✉❡ ❢♦r❛♠ ❝♦♥s✐❞❡r❛✲

❞❛s ❡♥ ❬✼✸❪✳

❊♠ ❬✼✸❪✱ ♦ ❛✉t♦r ❝♦♥s✐❞❡r♦✉ ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s s♦❜r❡ f ✿

(W1) f : Ω× R → R é ✉♠❛ ❢✉♥çã♦ ❞❡ ❈❛r❛t❤❡ó❞♦r②✱ ❡ f(x, 0) = 0 ♣❛r❛ q✉❛s❡ t♦❞♦ x

❡♠ Ω✳

(W2) ❊①✐st❡♠ q∗ > 0, q∗ ∈ (0, λ1)✱ ❡ 0 < p <
8

N − 4
♣❛r❛ N > 4✱ r❡s♣❡❝t✐✈❛♠❡♥t❡

p > 0 ♣❛r❛ N ≤ 4✱ t❛✐s q✉❡

|f(x, t)− f(x, s)| ≤ [q∗ + q∗(|t|p + |s|p)]|t− s| q✳s✳ ♣❛r❛ x ∈ Ω, t ∈ R.

✶✵



(W3) ❊①✐st❡♠ R > 0 ❡ η > 2 t❛✐s q✉❡

ηF (x, t) ≤ f(t)t, q✳s✳ ♣❛r❛ x ∈ Ω, |t| ≥ R.

(W4) f é ♥ã♦✲❞❡❝r❡s❝❡♥t❡ ❡♠ t ∈ R q✳s✳ ♣❛r❛ x ∈ Ω✳

❆q✉✐✱ λ1 ❞❡♥♦t❛ ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞❡ ∆2 ❡♠ Ω r❡❧❛t✐✈❛♠❡♥t❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥✲

t♦r♥♦ ❞❡ ❉✐r✐❝❤❧❡t ♦✉ ◆❛✈✐❡r✳

◆♦ss❛s ❤✐♣ót❡s❡s ♣❡r♠✐t❡♠ ❝♦♥s✐❞❡r❛r ❛❧❣✉♠❛s ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡s✱ q✉❡ ♥ã♦ ♣♦❞❡♠

s❡r ❝♦♥s✐❞❡r❛❞❛s ❡♠ ❬✼✸❪✳ P♦r ❡①❡♠♣❧♦✱ ♣♦❞❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ✉♠❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡

❞❛ ❢♦r♠❛

f(t) = ϕ(t)|t|p−2t,

♦♥❞❡ ϕ é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1✱ ❝r❡s❝❡♥t❡✱ ♣♦s✐t✐✈❛ ❡ ❧✐♠✐t❛❞❛ t❛❧ q✉❡ ♣❛r❛ q✉❛❧q✉❡r

s > 1✱ ❛ ❢✉♥çã♦
f ′(t)

ts−2
♥ã♦ é ❧✐♠✐t❛❞❛ ♥♦ ✐♥✜♥✐t♦✳ ◆♦ ❡♥t❛♥t♦✱ ❡st❡ t✐♣♦ ❞❡ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡

♥ã♦ ♣♦❞❡ s❡r ✉s❛❞❛ ❡♠ ❬✼✸❪✱ ♣♦✐s (W2) ✐♠♣❧✐❝❛ q✉❡
f ′(t)

tp−2
é ❧✐♠✐t❛❞❛ ♥♦ ✐♥✜♥✐t♦✱ ✈❡r

❆♣ê♥❞✐❝❡ ❇ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✳

❖s r❡s✉❧t❛❞♦s ❞❡ss❡ ❝❛♣ít✉❧♦ ❞❡r❛♠ ♦r✐❣❡♠ ❛♦ ❛rt✐❣♦ ❬✶✸❪✿

❈✳❖✳ ❆❧✈❡s ❡ ❆✳❇✳ ◆ó❜r❡❣❛✱ ◆♦❞❛❧ ❣r♦✉♥❞ st❛t❡ s♦❧✉t✐♦♥ t♦ ❛ ❜✐❤❛r♠♦♥✐❝ ❡q✉❛t✐♦♥ ✈✐❛

❞✉❛❧ ♠❡t❤♦❞✱ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✷✻✵ ✭✷✵✶✻✮✱ ✺✶✼✹✲✺✷✵✶✳

❖❜s❡r✈❛çã♦ ✵✳✵✳✺ ❖ ❡st✉❞♦ ❞♦ tr❛❜❛❧❤♦ ❞♦ ❲❡t❤ ♠♦t✐✈♦✉ t❛♠❜é♠ ♦✉tr♦ tr❛❜❛❧❤♦

♥♦ss♦ ❬✶✶❪✿

❈✳ ❖✳ ❆❧✈❡s✱ ●✳ ▼✳ ❋✐❣✉❡✐r❡❞♦ ❡ ❆✳ ❇✳ ◆♦❜r❡❣❛✱ ❊①✐st❡♥❝❡ ♦❢ s❡♠✐✲♥♦❞❛❧ s♦❧✉t✐♦♥ ❢♦r ❛

❝❧❛ss ♦❢ ❋✐t③❍✉❣❤✲◆❛❣✉♠♦ t②♣❡ s②st❡♠✳ ▼♦♥❛ts❤✳▼❛t❤✳ ✭✷✵✶✻✮✱ ✶✲✶✷✱

♦♥❞❡ ❛♣❧✐❝❛♠♦s ♦ ♠ét♦❞♦ ❞♦s ❝♦♥❡s ❞✉❛✐s ♣❛r❛ ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ s❡♠✐✲

♥♦❞❛❧ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❡❧í♣t✐❝❛s ❞♦ t✐♣♦ ❋✐t③✲❍✉❣❤ ◆❛❣✉♠♦




−∆u = f(x, u)− v ❡♠ Ω,

−∆v = δu− γv ❡♠ Ω

u± 6= 0 ✐♥ Ω,

u = v = 0 s♦❜r❡ ∂Ω,

♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡♠ RN ✱ δ > 0✱ γ > 2
√
δ ❡ f é ✉♠❛ ❢✉♥çã♦ s✉♣❡r❧✐♥❡❛r ❞❡

❝❧❛ss❡ C1 ❝♦♠ ❝r❡s❝✐♠❡♥t♦ s✉❜❝rít✐❝♦✳ P♦r ❢✉❣✐r ❞♦ t❡♠❛ ❞❛ t❡s❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s

♥❡st❡ ❛rt✐❣♦ ♥ã♦ ❢❛③❡♠ ♣❛rt❡ ❞❡ss❡ tr❛❜❛❧❤♦✳

◆♦ ❈❛♣ít✉❧♦ ✹ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲❜✉♠♣ ♥♦❞❛❧ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ 



∆2u+ λV (x)u = |u|p−2u, ❡♠ RN ,

u ∈ H2(RN),
(B1)λ

✶✶



♦♥❞❡ N ≥ 2✱ λ é ✉♠ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈♦ ❡ V : RN → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛

s❛t✐s❢❛③❡♥❞♦ (V2) ❡ ❛ ❝♦♥❞✐çã♦

✭V ′
1✮ V (x) ≥ 0, ∀ x ∈ RN ❡ ❡①✐st❡♠ R, V0 > 0 t❛✐s q✉❡

V (x) > V0, q✉❛♥❞♦ |x| ≥ R.

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ✉s❛r♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥♦ ❈❛♣ít✉❧♦ ✸ ✈❛♠♦s s✉♣♦r q✉❡ ♦

❞♦♠í♥✐♦ Ω =
l⋃

j=1

Ωj é t❛❧ q✉❡ ❝❛❞❛ Ωj s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ✭●✮✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ é ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞♦ ❈❛♣ít✉❧♦ ✹✿

❚❡♦r❡♠❛ ✵✳✵✳✻ ❙✉♣♦♥❞♦ q✉❡ ✈❛❧❡♠ (V ′
1), (V2) ❡ (V3)✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ s✉❜❝♦♥❥✉♥t♦

♥ã♦ ✈❛③✐♦ Γ ⊂ {1, · · · , k}✱ ❡①✐st❡ ✉♠ λ∗ > 0 t❛❧ q✉❡✱ ♣❛r❛ λ ≥ λ∗✱ ♦ ♣r♦❜❧❡♠❛ (B1)λ t❡♠

✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ uλ✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❢❛♠í❧✐❛ {uλ}λ≥λ∗ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿

P❛r❛ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ λn → ∞✱ ♣♦❞❡♠♦s ❡①tr❛✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ λni
t❛❧ q✉❡ {uλni

}
❝♦♥✈❡r❣❡ ❢♦rt❡ ❡♠ H2(RN) ♣❛r❛ ✉♠❛ ❢✉♥çã♦ u q✉❡ s❛t✐s❢❛③ u(x) = 0 ♣❛r❛ x /∈ ΩΓ =⋃

j∈Γ

Ωj, ❡ ❛ r❡str✐çã♦ u|Ωj
é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡





∆2u = |u|p−2u, ❡♠ Ωj,

u =
∂u

∂η
= 0, s♦❜r❡ ∂Ωj,

✭✻✮

♣❛r❛ ❝❛❞❛ j ∈ Γ✳

❖ ❡st✉❞♦ ❞❡ s♦❧✉çã♦ ❞♦ t✐♣♦ ♠✉❧t✐✲❜✉♠♣ ♥♦❞❛❧ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (B1)λ ❢♦✐ ♠♦t✐✲

✈❛❞♦ ♣❡❧♦ tr❛❜❛❧❤♦ ❬✹❪✱ ♥♦ q✉❛❧ ❆❧✈❡s ♠♦str♦✉ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞♦

t✐♣♦ ♠✉❧t✐✲❜✉♠♣ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ s✉❜❝rít✐❝♦ ♥♦ ❝❛s♦ ❞♦ ♦♣❡r❛❞♦r ▲❛♣❧❛❝✐❛♥♦ ❡ ♣❡❧♦

tr❛❜❛❧❤♦ ❞❡ ❆❧✈❡s ❡ P❡r❡✐r❛ ❬✶✺❪ ❡♠ q✉❡ ♦s ❛✉t♦r❡s ♣r♦✈❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦

♠✉❧t✐✲❜✉♠♣ ♥♦❞❛❧ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ❝♦♠ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❝rít✐❝♦✳ ❈♦♥t✉❞♦✱

♥♦ ❝❛s♦ ❞♦ ♣r♦❜❧❡♠❛ (B1)λ ❢♦✐ ♥❡❝❡ssár✐♦ ❞❡s❡♥✈♦❧✈❡r ✉♠❛ ♥♦✈❛ ❛❜♦r❞❛❣❡♠ ❜❛s❡❛❞❛ ♥♦

♠ét♦❞♦ ❞♦ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡✱ ♣♦✐s ❛s ❛❜♦r❞❛❣❡♥s ♣r❡s❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛ ♥ã♦

♣✉❞❡r❛♠ s❡r ❛❞❛♣t❛❞❛s ♥♦ ❝❛s♦ ❞♦ ♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦✱ ❡♠ ❣r❛♥❞❡ ♣❛rt❡ ♣❡❧❛ ❢❛❧t❛

❞❡ ✉♠ ♣r✐♥❝✐♣✐♦ ❞❡ ♠á①✐♠♦ ♠❛✐s ❣❡r❛❧✳ ❉❡st❛❝❛♠♦s q✉❡ ❛❜♦r❞❛❣❡♠ ❞❡s❡♥✈♦❧✈✐❞❛ ♣♦r

♥ós ♥♦ ❈❛♣ít✉❧♦ ✹ ♣♦❞❡ s❡r ✉s❛❞❛ ♣❛r❛ ♦❜t❡r s♦❧✉çõ❡s ♠✉❧t✐✲❜✉♠♣ ♣♦s✐t✐✈❛ ❡ ♥♦❞❛❧

♣❛r❛ ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦ ♦ ♦♣❡r❛❞♦r ▲❛♣❧❛❝✐❛♥♦ ❝♦♠♦




−∆u+ (λV (x) + 1)u = |u|p−2u, ✐♥ RN ,

u ∈ H1(RN).

✶✷



P♦r ✜♠✱ ♥♦ ❆♣ê♥❞✐❝❡ ❆ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❜r❡✈❡ ❡st✉❞♦ s♦❜r❡ ✉♠ ♣r✐♥❝í♣✐♦ ❞❡

♠á①✐♠♦ ♣❛r❛ ♣r♦❜❧❡♠❛s ❝♦♠ ♦ ♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦ ❡ ♥♦ ❆♣ê♥❞✐❝❡ ❇ ❛♣r❡s❡♥t❛♠♦s

✉♠ ❡①❡♠♣❧♦ ❡s♣❡❝✐❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ q✉❡ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ t❡r♠♦ ♥ã♦✲❧✐♥❡❛r

❡♠ (N)✳

✶✸



◆♦t❛çã♦ ❡ t❡r♠✐♥♦❧♦❣✐❛

• ❉❛❞♦ A ⊂ RN ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧✱ |A| ❞❡♥♦t❛ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✳

• ∆2u(x) = ∆(∆u(x)).

• ❉❛❞♦ α = (α1, · · · , αN)✱ D
αu =

∂α1+···+αN

∂xα1
1 · · · ∂xαN

N

u

• Ck(Ω) := {f : Ω −→ R; Dαf ∈ C(Ω), |α| ≤ k}, |α| =
N∑

j=1

αj.

• Wm,p(Ω) = {u ∈ Lp(Ω); Dαu ∈ Lp(Ω), ❝♦♠ |α| ≤ m}.

• ||u||m,p =


∑

|α|≤m

∫

Ω

|Dαu|pdx




1/p

.

• Wm,p
0 (Ω) = C∞

0 (Ω), ♦♥❞❡ ♦ ❢❡❝❤♦ é t♦♠❛❞♦ s❡❣✉♥❞♦ ❛ ♥♦r♠❛ ||u||m,p.

• Hm(Ω) = Wm,2(Ω) ❡ Hm
0 (Ω) = Wm,2

0 (Ω).

• ❖ sí♠❜♦❧♦ → s✐❣♥✐✜❝❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ ♥♦r♠❛✳

• ❖ sí♠❜♦❧♦ ⇀ s✐❣♥✐✜❝❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛✳

• ❆ ❡①♣r❡ssã♦ q.s. é ✉♠❛ ❛❜r❡✈✐❛çã♦ ♣❛r❛ q✉❛s❡ s❡♠♣r❡ ♦✉ q✉❛s❡ t♦❞♦ ♣♦♥t♦✳

• ❉❛❞❛ ✉♠❛ ❢✉♥çã♦ u ❞❡♥♦t❛r❡♠♦s ♣♦r u+ = max{u, 0} ❡ u− = min{u, 0} ❛s ♣❛rt❡s

♣♦s✐t✐✈❛ ❡ ♥❡❣❛t✐✈❛ ❞❛ ❢✉♥çã♦ u✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳



❈❛♣ít✉❧♦ ✶

❙♦❧✉çõ❡s ❞♦ t✐♣♦ ♠✉❧t✐✲❜✉♠♣ ♣❛r❛ ✉♠

❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s ❝♦♠ ♦

♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❜❛s❡❛❞♦s ♥♦s tr❛❜❛❧❤♦s ❞❡ ❉✐♥❣✲❚❛♥❛❦❛ ❬✸✾❪ ❡ ❆❧✈❡s ❬✸❪ ❡st✉❞❛r❡✲

♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♠✉❧t✐✲❜✉♠♣ ♣❛r❛ ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s




∆2u+ (λV (x) + 1)u = f(u), ❡♠ RN ,

u ∈ H2(RN);
(B)λ

♦♥❞❡ f ∈ C1(R) ❡ V ∈ C(RN) s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s (f1) − (f4) ❡ (V1) − (V3)✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✶✳✶ ❆ ❈♦♥❞✐çã♦ (PS)c

❯♠❛ ❞❛s ❞✐✜❝✉❧❞❛❞❡s ♣❛r❛ s❡ ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞♦ t✐♣♦ ♠✉❧t✐✲❜✉♠♣

♥♦ ❝❛s♦ ❞♦ ♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦ ❡stá ♥♦ ❢❛t♦ ❞❡ ♠♦str❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛

❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ (B)λ ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (PS), ♣♦✐s ♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ♥♦s

tr❛❜❛❧❤♦s ❡①✐st❡♥t❡s ❝♦♥s✐st❡ ❡♠ ♠♦❞✐✜❝❛r ♦ t❡r♠♦ ♥ã♦✲❧✐♥❡❛r ❡ ♣♦st❡r✐♦r♠❡♥t❡ ✉s❛r ♦

▼ét♦❞♦ ❞❡ ■♥t❡r❛çã♦ ❞❡ ▼♦s❡r✳ ◆♦ ❡♥t❛♥t♦✱ s❛❜❡✲s❡ q✉❡ ♦ ▼ét♦❞♦ ❞❡ ■♥t❡r❛çã♦ ❞❡

▼♦s❡r ♥ã♦ s❡ ❛♣❧✐❝❛ ♥♦ ❝❛s♦ ❞♦ ♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦✱ ♠❛s ♠♦str❛r❡♠♦s ♥❡st❛ s❡çã♦

q✉❡ r❡❝♦rr❡♥❞♦ ❛ ❛r❣✉♠❡♥t♦s ❞❡✈✐❞♦ ❛ ❇❛rts❝❤✲❲❛♥❣ ❬✷✸❪ t❡♠♦s✱ ♣❛r❛ ❝❛❞❛ C ≥ 0



❞❛❞♦✱ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ (B)λ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)c

❞❡s❞❡ q✉❡ c ∈ [0, C) ❡ λ s❡❥❛ ❡s❝♦❧❤✐❞♦ ❛❞❡q✉❛❞❛♠❡♥t❡✳

■♥✐❝✐❛❧♠❡♥t❡✱ r❡❝♦r❞❛♠♦s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ (B)λ é

Iλ : Eλ → R ❞❡✜♥✐❞♦ ♣♦r

Iλ(u) =
1

2

∫

RN

[
|∆u|2 + (λV (x) + 1) |u|2

]
dx−

∫

RN

F (u)dx,

♦♥❞❡

Eλ =

{
u ∈ H2(RN);

∫

RN

V (x) |u|2 dx < +∞
}
.

❖ s✉❜❡s♣❛ç♦ Eλ ♠✉♥✐❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

(u, v)λ =

∫

RN

[∆u∆v + (λV (x) + 1)uv] dx,

é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ ❛ ♥♦r♠❛ ❣❡r❛❞❛ ♣♦r ❡st❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ s❡rá ❞❡♥♦t❛❞♦ ♣♦r

‖ · ‖λ✳ ▼♦str❛✲s❡ q✉❡ Iλ é ❞❡ ❝❧❛ss❡ C1 ❡ s✉❛ ❞❡r✐✈❛❞❛ ❡♠ u ∈ Eλ é ❞❛❞❛ ♣♦r

I ′λ(u)v =

∫

RN

[∆u∆v + (λV (x) + 1)uv] dx−
∫

RN

f(u)vdx, ∀v ∈ Eλ.

◆♦ q✉❡ s❡❣✉❡✱ s❡ Θ ⊂ RN é ✉♠ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧✱ ❞❡♥♦t❛r❡♠♦s ♣♦r Eλ(Θ) ♦

❡s♣❛ç♦ H2(Θ) ♠✉♥✐❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

(u, v)λ,Θ =

∫

Θ

[∆u∆v + (λV (x) + 1)uv] dx.

❆ ♥♦r♠❛ ❛ss♦❝✐❛❞❛ ❝♦♠ ❡st❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ s❡rá ❞❡♥♦t❛❞♦ ♣♦r ‖ · ‖λ,Θ✳
◆♦ ♣r✐♠❡✐r♦ ❧❡♠❛ ❞❡ss❛ s❡çã♦✱ ✉s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s (f1)− (f3) ♠♦str❛r❡♠♦s q✉❡

t♦❞❛ s❡q✉ê♥❝✐❛ (PS)c é ❧✐♠✐t❛❞❛ ✳

▲❡♠❛ ✶✳✶✳✶ ❙❡❥❛ {un} ⊂ Eλ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iλ, ❡♥tã♦ {un} é ❧✐♠✐t❛❞❛ ❡♠

Eλ✳ ❆❧é♠ ❞✐ss♦✱ c ≥ 0.

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ {un} é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c✱

Iλ(un) → c ❡ I ′λ(un) → 0.

❊♥tã♦✱ ♣❛r❛ θ ❞❛❞♦ ❡♠ (f3) ❡ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

Iλ(un)−
1

θ
I ′λ(un)un ≤ c+ 1 + ||un||λ . ✭✶✳✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱

Iλ(un)−
1

θ
I ′λ(un)un =

(
1

2
− 1

θ

)
‖un‖2λ +

∫

RN

[
1

θ
f(un)un − F (un)

]
dx.

✶✻



P♦r (f3)✱

Iλ(un)−
1

θ
I ′λ(un)un ≥

(
1

2
− 1

θ

)
‖un‖2λ. ✭✶✳✷✮

❈♦♠❜✐♥❛♥❞♦ (1.1) ❡ (1.2)✱ ♦❜t❡♠♦s
(
1

2
− 1

θ

)
‖un‖2λ ≤ c+ 1 + ‖un‖λ,

♠♦str❛♥❞♦ q✉❡ {un} é ❧✐♠✐t❛❞❛✳ ❯s❛♥❞♦ ❛ ❧✐♠✐t❛çã♦ ❞❡ {un}✱ ✈❡♠♦s q✉❡

c+ on(1) ||un||λ ≥ Iλ(un)−
1

θ
I ′λ(un)un ≥

(
θ − 2

2θ

)
||un||2λ ,

✐♠♣❧✐❝❛♥❞♦ ❡♠

lim sup
n→+∞

||un||2λ ≤ 2cθ

θ − 2
, ✭✶✳✸✮

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ c ≥ 0.

❖ ♣ró①✐♠♦ ❝♦r♦❧ár✐♦ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✳

❈♦r♦❧ár✐♦ ✶✳✶✳✷ ❙❡❥❛ {un} ⊂ Eλ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)0 ♣❛r❛ Iλ. ❊♥tã♦✱ un → 0 ❡♠

Eλ✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✶✳✶✳✶✱

0 ≤
(
1

2
− 1

θ

)
‖un‖2λ ≤ on(1).

P❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❝♦♠ n→ +∞, ❡♥❝♦♥tr❛♠♦s

‖un‖2λ → 0,

❡ ♣♦rt❛♥t♦

un → 0 ❡♠ Eλ.

❖ ♣ró①✐♠♦ ❧❡♠❛ é ✉♠ r❡s✉❧t❛❞♦ ❞♦ t✐♣♦ ❇r❡③✐s✲▲✐❡❜ q✉❡ s❡rá ✐♠♣♦rt❛♥t❡ ♣❛r❛

❣❛r❛♥t✐r ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♠♣❛❝✐❞❛❞❡ ❞♦s ❢✉♥❝✐♦♥❛✐s Iλ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

▲❡♠❛ ✶✳✶✳✸ ❙❡❥❛ {un} ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iλ ❝♦♠ c ≥ 0✳ ❙❡ un ⇀ u ❡♠ Eλ,

❡♥tã♦

Iλ(vn)− Iλ(un) + Iλ(u) = on(1)

I ′λ(vn)− I ′λ(un) + I ′λ(u) = on(1),

♦♥❞❡ vn = un − u. P♦rt❛♥t♦✱ {vn} é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c−Iλ(u) ✳

✶✼



❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡

Iλ(vn)− Iλ(un) + Iλ(u) =
1

2

(
‖vn‖2λ − ‖un‖2λ + ‖u‖2λ

)

−
∫

RN

(F (vn)− F (un) + F (u)) dx

= on(1)−
∫

BR(0)

(F (vn)− F (un) + F (u)) dx

−
∫

RN\BR(0)

(F (vn)− F (un) + F (u)) dx,

♦♥❞❡ R > ✵ s❡rá ✜①❛❞❛ ♣♦st❡r✐♦r♠❡♥t❡✳ ❈♦♠♦ un ⇀ u ❡♠ Eλ✱ t❡♠♦s ♣❡❧❛s ✐♠❡rsõ❡s

❞❡ ❙♦❜♦❧❡✈

• un → u ❡♠ Lp(BR(0)) ♣❛r❛ 1 ≤ p < 2∗;

• un(x) → u(x) q.s. ❡♠ RN .

❆❧é♠ ❞✐ss♦✱ ❡①✐st❡♠ h1 ∈ L2(BR(0)) ❡ h2 ∈ Lq(BR(0)) t❛✐s q✉❡

|un(x)| ≤ h1(x), h2(x) q✳s✳ ❡♠ RN . ✭✶✳✹✮

P♦r (f1) ❡ (f2)✱

|f ′(t)| ≤ ε+ Cε|t|q−2, ✭✶✳✺✮

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

|f(t)| ≤ ε|t|+ Cε|t|q−1 ✭✶✳✻✮

❡

|F (t)| ≤ ε|t|2 + Cε|t|q. ✭✶✳✼✮

❆ss✐♠✱ ❞❡ (1.4)− (1.7)

• |F (vn(x))− F (un(x)) + F (u(x))| → 0 ❡

•
|F (vn)− F (un) + F (u)| ≤ ε

(
|un|2 + |u|2

)
+ Cε (|un|q + |u|q)

≤ 2εh21 + 2Cεh
q
2 ∈ L1(BR(0)) ,

❧♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✱

∫

BR(0)

|F (vn)− F (un) + F (u)| dx→ 0. ✭✶✳✽✮

✶✽



P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ❡ ♣♦r (f1) − (f2)✱ q✉❡ ❞❛❞♦ ǫ > 0✱

❡①✐st❡ Cǫ > 0 s❛t✐s❢❛③❡♥❞♦

|F (vn)− F (un)| ≤ ǫ (|un|+ |u|) |u|+ Cǫ (|un|+ |u|)q−1 |u| .

❆ ❡st✐♠❛t✐✈❛ ❛❝✐♠❛ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ❛ ❧✐♠✐t❛çã♦ ❞❡ {un} ❡ ❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈ r❡s✉❧t❛

❡♠
∫

RN\BR(0)

|F (vn)− F (un)| dx ≤ ǫC1

(
|u|L2(RN\BR(0)) + |u|2L2(RN\BR(0))

)

+ Cǫ

(
|u|Lq(RN\BR(0)) + |u|q

Lq(RN\BR(0))

)
.

P♦r ❡ss❛ ú❧t✐♠❛ ❡st✐♠❛t✐✈❛✱ ♣♦❞❡♠♦s ✜①❛r R > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡
∫

RN\BR(0)

|F (vn)− F (un)| dx ≤ ǫ.

▼❛✐s ✉♠❛ ✈❡③ ♣♦r (f2)✱
∫

RN\BR(0)

|F (u)| dx ≤ ǫ |u|2L2(RN\BR(0)) + Cǫ|u|qLq(RN\BR(0))
.

❊♥tã♦✱ ❛✉♠❡♥t❛♥❞♦ R s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡
∫

RN\BR(0)

|F (u)| dx ≤ ǫ.

▲♦❣♦✱ ∫

RN\BR(0)

|F (vn)− F (un) + F (u)| dx ≤ ǫ, ∀n ∈ N.

❉❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ ǫ, s❡❣✉❡ q✉❡

lim sup
n→+∞

∫

RN\BR(0)

|F (vn)− F (un) + F (u)| dx = 0. ✭✶✳✾✮

❉❡ ✭✶✳✽✮ ❡ ✭✶✳✾✮✱ ♦❜t❡♠♦s ❛ ♣r✐♠❡✐r❛ ❞❛s ❡①♣r❡ssõ❡s✳

P❛r❛ ♠♦str❛r♠♦s ❛ s❡❣✉♥❞❛ ✐❞❡♥t✐❞❛❞❡ ❝♦♥s✐❞❡r❡♠♦s ✉♠❛ ❢✉♥çã♦ t❡st❡ ϕ ∈ H2(RN),

❝♦♠ ‖ϕ‖H2(RN ) ≤ 1 ❡♥tã♦

|I ′λ(vn)ϕ− I ′λ(un)ϕ+ I ′λ(u)ϕ| =
∣∣∣∣
∫

RN

[f(vn)− f(un) + f(u)]ϕdx

∣∣∣∣

❯s❛♥❞♦ ❛❣♦r❛ ✭✶✳✻✮✱ t❡♠♦s f(vn)− f(un) + f(u) ∈ Lq/(q−1)(BR(0)), ❡ ♣♦rt❛♥t♦
∫

BR(0)

|f(vn)− f(un) + f(u)||ϕ|dx ≤ |f(vn)− f(un) + f(u)|Lq/(q−1)(BR(0))|ϕ|Lq(BR(0)),

✶✾



❡ ♣❡❧❛ ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈

∫

BR(0)

|f(vn)− f(un) + f(u)||ϕ|dx ≤ C|f(vn)− f(un) + f(u)|Lq/(q−1)(BR(0)).

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ✜③❡♠♦s ♥❛ ♣r✐♠❡✐r❛ ♣❛rt❡✱ ✉s❛♠♦s ♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛

❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❡ ❝♦♥❝❧✉í♠♦s q✉❡

∫

BR(0)

|f(vn)− f(un) + f(u)||ϕ|dx→ 0, ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ r❡❧❛çã♦ ❛ ϕ. ✭✶✳✶✵✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ❡ ♣♦r ✭✶✳✺✮

|f (vn)− f (un)| ≤ ǫ |u|+ Cǫ (|un|+ |u|)q−2 |u| .

❊♥tã♦✱ ✉s❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ●❡♥❡r❛❧✐③❛❞❛ ❞❡ ❍ö❧❞❡r
∫

RN\BR(0)

|f(vn)− f(un)||ϕ|dx ≤ ε|u|L2(RN\BR(0))|ϕ|L2(RN\BR(0))

+Cε|un|q−2
Lq(RN\BR(0))

|u|Lq(RN\BR(0))|ϕ|Lq(RN\BR(0)).

❆ss✐♠✱ ✉s❛♥❞♦ ❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✱ ❛ ❧✐♠✐t❛çã♦ ❞❡ {un} ❡ ✜①❛♥❞♦ R s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✱ t❡♠♦s ∫

RN\BR(0)

|f(vn)− f(un)||ϕ|dx ≤ ε.

❘❡♣❡t✐♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♣❛r❛ ♠♦str❛r ❛ ♣r✐♠❡✐r❛ ✐❞❡♥t✐❞❛❞❡✱ t❡♠♦s

∫

RN\BR(0)

|f(u)||ϕ|dx ≤ ε.

▲♦❣♦✱ ∫

RN\BR(0)

|f(vn)− f(un) + f(u)||ϕ|dx ≤ ε,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡✱

lim sup
n→+∞

∫

RN\BR(0)

|f(vn)− f(un) + f(u)||ϕ|dx = 0, ✭✶✳✶✶✮

✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ r❡❧❛çã♦ ❛ ϕ. ❉❡ ✭✶✳✶✵✮ ❡ ✭✶✳✶✶✮ ✱ ♦❜t❡♠♦s ❛ s❡❣✉♥❞❛ ✐❞❡♥t✐❞❛❞❡✳

❆❣♦r❛✱ ✉s❛♥❞♦ (f1) ❡ (f2) ♠♦str❛r❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❡st✐♠❛t✐✈❛ ♣♦r ❜❛✐①♦ ♣❛r❛

❛❧❣✉♥s ♥í✈❡✐s ❛ss♦❝✐❛❞♦s ❝♦♠ ❛s s❡q✉ê♥❝✐❛s ✭P❙✮✱ ❛ q✉❛❧ é ✉♥✐❢♦r♠❡ ❡♠ r❡❧❛çã♦ ❛ λ✳

▲❡♠❛ ✶✳✶✳✹ ❙❡❥❛ {un} ✉♠❛ s❡q✉❡♥❝✐❛ (PS)c ♣❛r❛ Iλ✳ ❊♥tã♦ c = 0✱ ♦✉ ❡①✐st❡ c∗ > 0

✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λ, t❛❧ q✉❡ c ≥ c∗ ♣❛r❛ t♦❞♦ λ > 0.

✷✵



❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ 1.1.1✱ c ≥ 0✳ ❙❡ c > 0✱ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ f

❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈ ✐♠♣❧✐❝❛ ❡♠

I ′λ(u)u ≥ 1

2
||u||2λ −K ||u||qλ ,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ K✳ ❉❡s❞❡ q✉❡ q > 2✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡

I ′λ(u)u ≥ 1

4
||u||2λ , ♣❛r❛ ||u||λ < δ. ✭✶✳✶✷✮

◆♦ q✉❡ s❡❣✉❡ ❝♦♥s✐❞❡r❛♠♦s c∗ = δ2
θ − 2

2θ
❡ c < c∗✱ ❡♥tã♦ ♣❡❧❛ ❡st✐♠❛t✐✈❛ (1.3) ❞♦ ▲❡♠❛

✶✳✶✳✶

lim sup
n→+∞

||un||2λ < δ2,

✐♠♣❧✐❝❛♥❞♦ q✉❡ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

||un||λ ≤ δ. ✭✶✳✶✸✮

❆ss✐♠✱ ❞❡ ✭✶✳✶✷✮ ❡ ✭✶✳✶✸✮

I ′λ(un)un ≥ 1

4
||un||2λ ,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡✱

||un||2λ → 0 q✉❛♥❞♦ n→ ∞.

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ❢✉♥❝✐♦♥❛❧ Iλ✱

Iλ(un) → Iλ(0) = 0,

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ {un} é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ❝♦♠ c > 0✳ ❈♦♥s❡q✉❡♥✲

t❡♠❡♥t❡✱ c ≥ c∗.

❖s ♣ró①✐♠♦s ❞♦✐s ❧❡♠❛s ❡st❛❜❡❧❡❝❡♠ ❛❧❣✉♠❛s ❡st✐♠❛t✐✈❛s ♣❛r❛ ❛ ♥♦r♠❛ Lq ❞❛s

s❡q✉ê♥❝✐❛s (PS)c✳ ❊st❛s ❡st✐♠❛t✐✈❛s s❡rã♦ ❝r✉❝✐❛✐s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❝♦♥❞✐çã♦ (PS)c✱

✈❡❥❛ ❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✼ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✳

▲❡♠❛ ✶✳✶✳✺ ❙❡❥❛ {un} ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iλ. ❊♥tã♦✱ ❡①✐st❡ δ0 > 0 ✐♥❞❡♣❡♥✲

❞❡♥t❡ ❞❡ λ, t❛❧ q✉❡

lim inf
n→+∞

|un|qLq(RN )
≥ δ0c.

❉❡♠♦♥str❛çã♦✳ P♦r (f1) ❡ (f2), ❞❛❞♦ ǫ > 0✱ ❡①✐st❡ Cǫ > 0 t❛❧ q✉❡

1

2
f(t)t− F (t) ≤ ǫ |t|2 + Cǫ |t|q , ∀t ∈ R.

✷✶



❊♥tã♦✱

c = lim inf
n→+∞

(
I(un)−

1

2
I ′(un)un

)
≤ lim inf

n→+∞

(
ǫ ||un||2λ + Cǫ |un|qLq(RN )

)
. ✭✶✳✶✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ (f3)✱

Iλ(un)−
1

θ
I ′λ(un)un ≥

(
1

2
− 1

θ

)
||un||2λ . ✭✶✳✶✺✮

❈♦♠❜✐♥❛♥❞♦ (1.14) ❝♦♠ (1.15)✱

c ≤ 2ǫcθ

θ − 2
+ Cǫ lim inf

n→+∞
|un|qLq(RN )

.

❆ss✐♠✱ ♣❛r❛ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱

lim inf
n→+∞

|un|qLq(RN )
≥ c

Cǫ

(
1− 2ǫθ

θ − 2

)
> 0.

❆❣♦r❛✱ ♦ ❧❡♠❛ s❡❣✉❡ ✜①❛♥❞♦

δ0 =
1

Cǫ

(
1− 2ǫθ

θ − 2

)
.

▲❡♠❛ ✶✳✶✳✻ ❙❡❥❛ c1 > 0 ✉♠❛ ❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λ✳ ❉❛❞♦ ǫ > 0✱ ❡①✐st❡ Λ =

Λ(ǫ) > 0 ❡ R = R(ǫ, c1) > 0 t❛✐s q✉❡✱ s❡ {un} é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iλ ❝♦♠

c ∈ [0, c1], ❡♥tã♦

lim sup
n→+∞

|un|qLq(RN\BR(0))
≤ ǫ, ∀λ ≥ Λ.

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ R > 0✱ ✜①❡♠♦s

A(R) = {x ∈ RN/ |x| > R ❡ V (x) ≥M0}

❡

B(R) = {x ∈ RN/ |x| > R ❡ V (x) < M0}.

❊♥tã♦✱
∫

A(R)

|un|2dx ≤ 1

(λM0 + 1)

∫

RN

(λV (x) + 1)|un|2dx

≤ 1

(λM0 + 1)
||un||2λ ✭✶✳✶✻✮

≤ 1

(λM0 + 1)

[(
1

2
− 1

θ

)−1

c+ on(1)

]

≤ 1

(λM0 + 1)

[(
1

2
− 1

θ

)−1

c1 + on(1)

]
.

✷✷



❈♦♠♦ c1 ✐♥❞❡♣❡♥❞❡ ❞❡ λ, ♣♦r (1.16) ❡①✐st❡ Λ > 0 t❛❧ q✉❡

lim sup
n→+∞

∫

A(R)

|un|2dx <
ǫ

2
, ∀λ ≥ Λ. ✭✶✳✶✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ♣❛r❛ p ∈ [1, 2∗/2]✱ ♦❜t❡♠♦s

∫

B(R)

|un|2dx ≤
(∫

B(R)

|un|2p dx
) 1

p

|B(R)|
1
p′ .

❆❣♦r❛✱ ❞❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ Eλ →֒ L2p(Ω), s❡❣✉❡ q✉❡
∫

B(R)

|un|2dx ≤ β ||un||2λ |B(R)|
1
p′ ,

♦♥❞❡ β é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ ❉❡ ✭✶✳✶✺✮✱
∫

B(R)

|un|2dx ≤ βc1

(
1

2
− 1

θ

)−1

|B(R)|
1
p′ + on(1).

P♦r (V3)✱

|B(R)| → 0 ✇❤❡♥ R → +∞.

P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r R s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡

lim sup
n→+∞

∫

B(R)

|un|2dx <
ǫ

2
. ✭✶✳✶✽✮

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✶✳✶✼✮ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✭✶✳✶✽✮ ✐♠♣❧✐❝❛ ❡♠

lim sup
n→+∞

∫

RN\BR(0)

|un|2dx < ǫ.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ✐♥t❡r♣♦❧❛çã♦✱
∫

RN\BR(0)

|un|q dx ≤ |un|qαL2(RN\BR(0))
|un|q(1−α)

L2∗ (RN\BR(0))
,

♦♥❞❡
1

q
=
α

2
+

1− α

2∗
, ♣❡❧❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈ ❡ ♣❡❧♦ ❢❛t♦ ❞❡ {un} s❡r ❧✐♠✐t❛❞❛ ❡♠

Eλ✱

|un|q(1−α)

L2∗ (RN\BR(0))
≤ C||un||q(1−α)

λ ≤ C,

♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ P♦rt❛♥t♦✱

lim sup
n→+∞

∫

RN\BR(0)

|un|q dx < ε, λ ≥ Λ

❛✉♠❡♥t❛♥❞♦ R ❡ Λ s❡ ♥❡❝❡ssár✐♦✳

❆❣♦r❛✱ ❡st❛♠♦s ❛♣t♦s ❛ ♣r♦✈❛r q✉❡ ♣❛r❛ ✉♠❛ ❡s❝♦❧❤❛ ❛❞❡q✉❛❞❛ ❞❡ λ ♦ ❢✉♥❝✐♦♥❛❧

Iλ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)c.

✷✸



Pr♦♣♦s✐çã♦ ✶✳✶✳✼ ❉❛❞♦ c1 > 0, ❡①✐st❡ Λ = Λ(c1) t❛❧ q✉❡ Iλ ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (PS)c

♣❛r❛ t♦❞♦ c ∈ [0, c1] ❡ λ ≥ Λ.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ {un} ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c✳ P❡❧♦ ▲❡♠❛ ✶✳✶✳✶✱ {un} é ❧✐♠✐t❛❞❛ ❡

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱




un ⇀ u ❡♠ Eλ;

un(x) → u(x) q.s. ❡♠ RN ;

un → u ❡♠ Ls
loc(R

N) ♣❛r❛ 1 ≤ s < 2∗.

❊♥tã♦ I ′λ(u) = 0 ❡ Iλ(u) ≥ 0✱ ♣♦✐s

Iλ(u) = Iλ(u)−
1

θ
I ′λ(u)u ≥

(
1

2
− 1

θ

)
‖u‖2λ ≥ 0.

❈♦♥s✐❞❡r❛♥❞♦ vn = un − u, t❡♠♦s ♣❡❧♦ ▲❡♠❛ ✶✳✶✳✸ q✉❡ {vn} é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d✱

❝♦♠ d = c− Iλ(u)✳ ❆❧é♠ ❞✐ss♦✱

0 ≤ d = c− Iλ(u) ≤ c ≤ c1.

❆✜r♠❛♠♦s q✉❡ d = 0✳ ❉❡ ❢❛t♦✱ s❡ d > 0✳ ❙❡❣✉❡ ❞♦s ▲❡♠❛s ✶✳✶✳✹ ❡ ✶✳✶✳✺ q✉❡ d ≥ c∗ ❡

lim inf
n→+∞

|vn|qLq(RN )
≥ δ0c∗ > 0. ✭✶✳✶✾✮

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✳✻ ❝♦♠ ǫ =
δ0c∗
2

> 0, ❡①✐st❡♠ Λ, R > 0 t❛✐s q✉❡

lim sup
n→+∞

|vn|qLq(RN\BR(0))
≤ δ0c∗

2
, ♣❛r❛ λ ≥ Λ. ✭✶✳✷✵✮

❈♦♠❜✐♥❛♥❞♦ (1.19) ❝♦♠ (1.20)✱ ♦❜t❡♠♦s

lim inf
n→+∞

|vn|qLq(BR(0)) ≥
δ0c∗
2

> 0,

♦ q✉❡ é ❛❜s✉r❞♦✱ ♣♦✐s ❞♦ ❢❛t♦ q✉❡ vn ⇀ 0 ❡♠ Eλ✱ ❡ ❞❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛

Eλ →֒ Lq(BR(0))

❡♥❝♦♥tr❛♠♦s

lim inf
n→+∞

|vn|qLq(BR(0)) = 0.

P♦rt❛♥t♦ d = 0 ❡ {vn} é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)0 ✳ ❆ss✐♠✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✶✳✷✱ vn → 0

❡♠ Eλ✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ un → u ❡♠ Eλ✱ ♠♦str❛♥❞♦ q✉❡ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡✱ Iλ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)c ♣❛r❛ t♦❞♦ c ∈ [0, c1].

✷✹



✶✳✷ ❆ ❈♦♥❞✐çã♦ (PS)c,∞

◆❡st❛ s❡çã♦✱ ❡st✉❞❛r❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c,∞✱ ✐st♦ é✱

✉♠❛ s❡q✉ê♥❝✐❛ {un} ⊂ H2(RN) s❛t✐s❢❛③❡♥❞♦✿

un ∈ Eλn ❡ λn → +∞;

Iλn(un) → c, ♣❛r❛ ❛❧❣✉♠ c ∈ [0, cΓ];

‖I ′λn
(un)‖E′

λn
→ 0,

♦♥❞❡ cΓ é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✱ q✉❡ s❡rá ❞❡✜♥✐❞❛ ♥❛ ♣ró①✐♠❛ s❡çã♦ ❡ ✐♥❞❡♣❡♥❞❡ ❞❡

λ✳

◆♦ q✉❡ s❡❣✉❡✱ ♣❛r❛ ❝❛❞❛ j ∈ {1, 2, · · · , k}, ✜①❛♠♦s ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❧✐♠✐✲

t❛❞♦ Ω′
j ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡ t❛❧ q✉❡

✭✐✮ Ωj ⊂ Ω′j;

✭✐✐✮ Ωj ∩ Ωi 6= ∅, ♣❛r❛ t♦❞♦ j 6= i.

Pr♦♣♦s✐çã♦ ✶✳✷✳✶ ❙❡❥❛ {un} ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c,∞ ♣❛r❛ Iλ✳ ❊♥tã♦✱ ❡①✐st❡♠ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛ ❞❡ {un}✱ q✉❡ ❛✐♥❞❛ ❞❡♥♦t❛r❡♠♦s ♣♦r {un} ❡ u ∈ H2(RN) t❛✐s q✉❡

un ⇀ u ❡♠ H2(RN).

❆❧é♠ ❞✐ss♦✱

✐✮ u ≡ 0 ❡♠ RN \
k⋃

j=1

Ωj ❡ u é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞❡





∆2u+ u = f(u), ❡♠ Ωj,

u =
∂u

∂η
= 0, s♦❜r❡ ∂Ωj,

✭✶✳✷✶✮

♣❛r❛ t♦❞♦ j ∈ {1, · · · , k};

✐✐✮ ||un − u||2λn
→ 0.

✐✐✐✮ {un} t❛♠❜é♠ s❛t✐s❢❛③

λn

∫

RN

V (x) |un|2 dx→ 0, n→ +∞

||un||2λn,RN\
⋃k

j=1 Ωj
→ 0

||un||2λn,Ω′

j
→
∫

Ωj

[
|∆u|2 + |u|2

]
dx, ∀j ∈ {1, · · · , k}.

✷✺



❉❡♠♦♥str❛çã♦✳ ◆♦ q✉❡ s❡❣✉❡✱ ✜①❛♠♦s c ∈ [0, cΓ] ✈❡r✐✜❝❛♥❞♦

Iλn(un) → c ❡ ‖I ′λn
(un)‖E′

λn
→ 0.

❊♥tã♦✱ ✉s❛♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞♦ ▲❡♠❛ ✶✳✶✳✶✱

lim sup
n→+∞

||un||2λn
≤ 2cθ

θ − 2
, ✭✶✳✷✷✮

✐♠♣❧✐❝❛♥❞♦ q✉❡ {||un||λn
} é ❧✐♠✐t❛❞❛ ❡♠ R✳ ❈♦♠♦

||un||λn
≥ ||un||H2(RN ) ,

{un} t❛♠❜é♠ é ❧✐♠✐t❛❞❛ ❡♠ H2(RN)✱ ❡ ❡♥tã♦✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ {un}✱ ❛✐♥❞❛
❞❡♥♦t❛❞❛ ♣♦r ❡❧❛ ♠❡s♠♦✱ ❡ u ∈ H2(RN) t❛✐s q✉❡

un ⇀ u ❡♠ H2(RN).

P❛r❛ ♠♦str❛r (i)✱ ✜①❛♠♦s ♣❛r❛ ❝❛❞❛ m ∈ N∗ ♦ ❝♦♥❥✉♥t♦

Cm =

{
x ∈ RN/V (x) >

1

m

}
.

❆ss✐♠✱

RN \ Ω =
+∞⋃

m=1

Cm.

◆♦t❡ q✉❡✱
∫

Cm

|un|2 dx =

∫

Cm

λnV (x) + 1

λnV (x) + 1
|un|2 dx

≤ 1
λn

m
+ 1

||un||2λn

≤ mM

λn +m
,

♦♥❞❡ M = sup
n∈N

‖un‖2λn
. P❡❧♦ ▲❡♠❛ ❞❡ ❋❛t♦✉

∫

Cm

|u|2 dx ≤ lim inf
n→+∞

∫

Cm

|un|2 dx

≤ lim inf
n→+∞

mM

λn +m
= 0.

P♦rt❛♥t♦✱ u = 0 q✉❛s❡ s❡♠♣r❡ ❡♠ Cm✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ u = 0 q✉❛s❡ s❡♠♣r❡ ❡♠

RN \ Ω. P♦r s✉❛ ✈❡③✱ s❡❣✉✐♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✻✷❪ ✜①❛♠♦s

ϕ ∈ C∞
0 (RN \ Ω)✱ t❡♠♦s

∫

RN\Ω

∇u(x)ϕ(x)dx = −
∫

RN\Ω

u(x)∇ϕ(x)dx = 0,

✷✻



❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

∇u(x) = 0, q.s. ❡♠ RN \ Ω.

❈♦♠♦ ∂Ω é s✉❛✈❡ ✱ u ∈ H2(RN \ Ω) ❡ ∇u ∈ H1(RN \ Ω), ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❚r❛ç♦✱ ✈❡r

❬✷❪ ✭❚❡♦r❡♠❛ ✺✳✷✷✮✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s K1, K2 > 0 s❛t✐s❢❛③❡♥❞♦

|u|L2(∂Ω) ≤ K1 ||u||H2(RN\Ω) = 0,

❡

|∇u|L2(∂Ω) ≤ K2 ||∇u||H1(RN\Ω) = 0,

♠♦str❛♥❞♦ q✉❡ u ∈ H2
0 (Ω). P❛r❛ ❝♦♠♣❧❡t❛r ❛ ❞❡♠♦♥str❛çã♦ ❞❡ i)✱ ❝♦♥s✐❞❡r❡ ✉♠❛ ❢✉♥çã♦

t❡st❡ ϕ ∈ C∞
0 (Ω) ❡ ♦❜s❡r✈❡ q✉❡

I ′λn
(un)ϕ =

∫

Ω

[∆un∆φ+ unϕ] dx−
∫

Ω

f(un)ϕdx. ✭✶✳✷✸✮

❈♦♠♦ {un} è ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c,∞✱

I ′λn
(un)ϕ→ 0. ✭✶✳✷✹✮

❘❡❝♦r❞❛♥❞♦ q✉❡ un ⇀ u ✐♥ H2(RN)✱ ❞❡✈❡♠♦s t❡r

∫

Ω

[∆un∆ϕ+ unϕ] dx→
∫

Ω

[∆u∆ϕ+ uϕ] dx ✭✶✳✷✺✮

❡ ∫

Ω

f(un)ϕdx→
∫

Ω

f(u)ϕdx. ✭✶✳✷✻✮

❆ss✐♠✱ ❞❡ ✭✶✳✷✸✮✲✭✶✳✷✻✮✱

∫

Ω

[∆u∆ϕ+ uφ] dx =

∫

Ω

f(u)ϕdx, ∀ϕ ∈ C∞
0 (Ω).

❈♦♠♦ C∞
0 (Ω) é ❞❡♥s♦ ❡♠ H2

0 (Ω)✱ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ✐♠♣❧✐❝❛ ❡♠

∫

Ω

[∆u∆v + uv] dx =

∫

Ω

f(u)vdx, ∀v ∈ H2
0 (Ω),

♠♦str❛♥❞♦ q✉❡ u é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛




∆2u+ u = f(u), ❡♠Ωj,

u =
∂u

∂η
= 0, s♦❜r❡ ∂Ωj.

✭✶✳✷✼✮

✷✼



P❛r❛ ii)✱ ♥♦t❡ q✉❡

||un − u||2λn
= ||un||2λn

+ ||u||2λn
− 2

∫

RN

[∆un∆u+ (λnV (x) + 1)unu] dx. ✭✶✳✷✽✮

❉❡ i)✱

‖u‖2λn
= ‖u‖2H2

0 (Ω),

❧♦❣♦✱ ∫

RN

[∆un∆u+ (λnV (x) + 1)unu] dx = ‖u‖2H2
0 (Ω) + on(1).

❊♥tã♦✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ✭✶✳✷✽✮ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦

||un − u||2λn
= ||un||2λn

− ||u||2H2
0 (Ω) + on(1). ✭✶✳✷✾✮

❉❛ ❧✐♠✐t❛çã♦ ❞❡ {‖un‖λn} ❡ ♣❡❧♦ ❧✐♠✐t❡ ‖I ′λn
(un)‖E′

λn
→ 0, s❡❣✉❡ q✉❡

I ′λn
(un)un → 0.

P♦rt❛♥t♦✱

||un||2λn
= I ′λn

(un)un +

∫

RN

f(un)undx =

∫

RN

f(un)undx+ on(1). ✭✶✳✸✵✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❛❜❡♠♦s q✉❡ ♦ ❧✐♠✐t❡ I ′λn
(un)u→ 0 é ❡q✉✐✈❛❧❡♥t❡ ❛

∫

Ω

[∆un∆u+ unu] dx−
∫

Ω

f(un)udx = on(1),

♦ q✉❡ ❝♦♥❞✉③ ❛ ∫

RN

[
|∆u|2 + |u|2

]
dx =

∫

RN

f(u)udx. ✭✶✳✸✶✮

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✷✾✮ ❝♦♠ ✭✶✳✸✵✮ ❡ ✭✶✳✸✶✮✱ ✈❡♠♦s q✉❡

||un − u||2λn
=

∫

RN

f(un)undx−
∫

RN

f(u)udx+ on(1).

❆✜r♠❛çã♦ ✶✳✷✳✷ ∫

RN

f(un)undx→
∫

RN

f(u)udx.

❉❡ ❢❛t♦✱ ✉s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✶✳✶✳✻ ♠♦str❛✲s❡ q✉❡

∫

A(R)

u2ndx ≤ C

λnM0 + 1

∫

B(R)

u2ndx ≤ K|B(R)|1/p′ ,

✷✽



♦♥❞❡ p′ é ♦ ❡①♣♦❡♥t❡ ❝♦♥❥✉❣❛❞♦ ❞❡ p ∈ (1, 2∗/2) ❡ M0 é ❝♦♠♦ ♥❛ ❝♦♥❞✐çã♦ (V3).

■ss♦ ♠♦str❛ q✉❡ s❡ ε > 0 é ❞❛❞♦✱ ❡①✐st❡♠ Λε, Rε t❛✐s q✉❡✱ s❡ λn > Λε ❡ R > Rε✱

t❡♠♦s ∫

Bc
R

u2ndx < ε.

❈♦♠♦ ♥♦ ▲❡♠❛ ✶✳✶✳✻✱ ♠♦str❛♠♦s ♣♦r ✐♥t❡r♣♦❧❛çã♦ q✉❡
∫

Bc
R

|un|pdx < ε,

❞❡s❞❡ q✉❡ λn > Λε ❡ R > Rε✳ P♦r (f3) ❡ ♣❡❧❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✱ t❡♠♦s ♣❛r❛ λn > Λε

❡ R > Rε ∫

Bc
R

f(un)undx < Cε,

❝♦♠ C ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ε.

P❡❧❛ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡ ❞❡ f(u(.))✱ ♣❛r❛ ε ❞❛❞♦✱ ❡①✐st❡ Rε > 0 ♠❛✐♦r q✉❡ ♦ ❛♥t❡r✐♦r✱

t❛❧ q✉❡ ∫

Bc
R

f(u)udx < Cε,

s❡ R > Rε > 0✳ ❈♦♠ ✐ss♦✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡ R ≥ Rε ❡ ✉s❛♥❞♦ ❛

❝♦♥✈❡r❣ê♥❝✐❛ ❢♦rt❡

un → u ❡♠ Lq
loc(R

N), q ∈ (2, 2∗),

t❡♠♦s∫

RN

f(un)undx−
∫

RN

f(u)udx =

(∫

BR

f(un)undx−
∫

BR

f(u)udx

)

+

(∫

Bc
R

f(un)undx−
∫

Bc
R

f(u)udx

)
< Cε+ on(1)

♦ q✉❡ ♠♦str❛ ❛ ❛✜r♠❛çã♦✳

P♦r ✜♠✱ ♣❛r❛ ♣r♦✈❛r iii), é s✉✜❝✐❡♥t❡ ✉s❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❜❛✐①♦

λn

∫

RN

V (x) |un|2 dx = λn

∫

RN

V (x) |un − u|2 dx ≤ ‖un − u‖2λn
→ 0.

✶✳✸ ❯♠ ◆í✈❡❧ ▼✐♥✐♠❛① ❊s♣❡❝✐❛❧

◆❡st❛ s❡çã♦✱ ❞❡♥♦t❛r❡♠♦s ♣♦r Ij : H
2
0 (Ωj) → R ❡ Iλ,j : H

2(Ω′
j) → R ♦s ❢✉♥❝✐♦♥❛✐s

❞❛❞♦s ♣♦r

Ij(u) =
1

2

∫

Ωj

[
|∆u|2 + |u|2

]
dx−

∫

Ωj

F (u)dx

✷✾



❡

Iλ,j(u) =
1

2

∫

Ω′

j

[
|∆u|2 + (λV (x) + 1) |u|2

]
dx−

∫

Ω′

j

F (u)dx.

P♦❞❡✲s❡ ♠♦str❛r q✉❡ Ij ❡ Iλ,j s❛t✐s❢❛③❡♠ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✳ ❉❡s❞❡

q✉❡ Ij ❡ Iλ,j s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡✱ t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛

▼♦♥t❛♥❤❛ ❞❡✈✐❞♦ ❛ ❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③✱ q✉❡ ❡①✐st❡♠ wj ∈ H2
0 (Ωj) ❡ wλ,j ∈ H2(Ω′

j)

s❛t✐s❢❛③❡♥❞♦

Ij(wj) = cj, Iλ,j(wλ,j) = cλ,j ❡ I
′
j(wj) = I ′λ,j(wλ,j) = 0

♦♥❞❡

cj = inf
α∈Υj

max
t∈[0,1]

Ij(α(t)),

cλ,j = inf
α∈Υλ,j

max
t∈[0,1]

Iλ,j(α(t)),

Υj = {α ∈ C([0, 1], H2
0 (Ωj));α(0) = 0, ❡ Ij(α(1)) < 0},

❡

Υλ,j = {α ∈ C([0, 1], H2
0 (Ω

′
j));α(0) = 0, ❡ Iλ,j(α(1)) < 0}.

P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s s♦❜r❡ ❛ ❛✜r♠❛çã♦ ❛❝✐♠❛ ❝✐t❛♠♦s ♦ ❈❛♣ít✉❧♦ ✺ ❞❡ ❬✼✹❪✳

◆♦ q✉❡ s❡❣✉❡✱ cΓ =
l∑

j=1

cj ❡ R > 0 é ✉♠❛ ❝♦♥st❛♥t❡ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡

✈❡r✐✜❝❛♥❞♦

0 < Ij

(
1

R
wj

)
, Ij(Rwj) < cj, ∀j ∈ Γ.

▲♦❣♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ cj✱

max
s∈[1/R2,1]

Ij(sRwj) = cj, ∀j ∈ Γ.

❈♦♥s✐❞❡r❡ Γ = {1, 2, · · · , l}✱ ❝♦♠ l ≤ k ❡ ✜①❡

γ0(s1, s2, · · · , sl)(x) =
l∑

j=1

sjRwj(x), ∀(s1, · · · , sl) ∈ [1/R2, 1]l.

❉❡♥♦t❛r❡♠♦s ♣♦r Γ∗ ❛ ❝❧❛ss❡ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s γ ∈ C([1/R2, 1], Eλ \ {0}) s❛t✐s❢❛✲
③❡♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

(a) γ = γ0 s♦❜r❡ ∂([1/R2, 1]l)

❡

(b) Iλ,RN\Ω′

Γ
(γ(s1, · · · , sl)) ≥ 0,

✸✵



♦♥❞❡ Iλ,RN\Ω′

Γ
: H2(RN \ Ω′

Γ) → R é ♦ ❢✉♥❝✐♦♥❛❧ ❞❡✜♥✐❞♦ ♣♦r

Iλ,RN\Ω′

Γ
(u) =

1

2

∫

RN\Ω′

Γ

[
|∆u|2 + (λV (x) + 1) |u|2

]
dx−

∫

RN\Ω′

Γ

F (u)dx.

❯s❛♥❞♦ ❛ ❝❧❛ss❡ Γ∗✱ ❞❡✜♥✐♠♦s ♦ s❡❣✉✐♥t❡ ♥í✈❡❧ ♠✐♥✐♠❛①

bλ,Γ = inf
γ∈Γ∗

max
(s1,··· ,sl)∈[1/R2,1]l

Iλ(γ(s1, · · · , sl)).

❖❜s❡r✈❡ q✉❡ Γ∗ 6= ∅✱ ♣♦✐s γ0 ∈ Γ∗✳

▲❡♠❛ ✶✳✸✳✶ P❛r❛ ❝❛❞❛ γ ∈ Γ∗, ❡①✐st❡ (t1, · · · , tl) ∈ [1/R2, 1]l ✈❡r✐✜❝❛♥❞♦

I ′λ,j(γ(t1, · · · , tl))γ(t1, · · · , tl) = 0, ♣❛r❛ j ∈ {1, · · · , l}.

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ γ ∈ Γ∗✱ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ γ̃ : [1/R2, 1]l → Rl ❞❡✜♥✐❞❛ ♣♦r

γ̃(s1, · · · , sl) =
(
I ′λ,1(γ(s1, · · · , sl))γ(s1, · · · , sl), · · · , I ′λ,l(γ(s1, · · · , sl))γ(s1, · · · , sl)

)
.

P❛r❛ (s1, · · · , sl) ∈ ∂([1/R2, 1]l), s❛❜❡♠♦s q✉❡

γ(s1, · · · , sl) = γ0(s1, · · · , sl).

❆✐♥❞❛✱

I ′λ,j(γ0(s1, · · · , sl))(γ0(s1, · · · , sl)) = 0 ⇒ sj 6∈ {1/R2, 1}, ∀j ∈ Γ,

❝❛s♦ ❝♦♥trár✐♦✱

I ′λ,j(γ0(s1, · · · , sl))(γ0(s1, · · · , sl)) = 0

♣❛r❛ sj =
1

R2
♦✉ sj = 1✱ ✐st♦ é✱

I ′j(
1

R
wj)(

1

R
wj) = 0 ♦✉ I ′j(Rwj)(Rwj) = 0

✐♠♣❧✐❝❛♥❞♦ q✉❡

Ij(
1

R
wj) ≥ cj ♦✉ Ij(Rwj) ≥ cj,

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❡s❝♦❧❤❛ ❞❡ R✳ P♦r t❛♥t♦✱

(0, 0, · · · , 0) 6∈ γ̃(∂([1/R2, 1]l)).

❆ss✐♠✱ ♣❡❧♦ ●r❛✉ ❚♦♣♦❧ó❣✐❝♦ ❞❡ ❇r♦✉✇❡r

deg
(
γ̃, (1/R2, 1)l, (0, 0, · · · , 0)

)
= deg

(
γ̃0, (1/R

2, 1)l, (0, 0, · · · , 0)
)
,

✸✶



❞❡s❞❡ q✉❡

γ̃0(t1, t2, · · · , tl) = (0, 0, · · · , 0) ⇔ ti = 1/R, i ∈ Γ,

t❡♠♦s

deg
(
γ̃0, (1/R

2, 1)l, (0, 0, · · · , 0)
)
= sgn (Jγ̃0(1/R, 1/R, · · · , 1/R)) ,

♣♦r s✉❛ ✈❡③✱

Jγ̃0(1/R, 1/R, · · · , 1/R) =

∣∣∣∣∣∣∣∣∣∣∣∣

a1 0 · · · 0

0 a2 · · · 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳

0 0 · · · al

∣∣∣∣∣∣∣∣∣∣∣∣
❝♦♠

ai =
2

R

∫

Ω′

i

[
|∆wi|2 + (λV (x) + 1)|wi|2

]
dx−

∫

Ω′

i

[f ′(wi)wi − f(wi)]Rwidx.

❙❡❣✉❡ ❞❡ (f4) q✉❡ ❝❛❞❛ ai < 0 ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

sgn (Jγ̃0(1/R, 1/R, · · · , 1/R)) = (−1)l.

❈♦♠ ✐ss♦✱ ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡ ❡①✐st❡ (t1, t2, · · · , tl) ∈ (1/R2, 1)l s❛t✐s❢❛③❡♥❞♦

I ′λ,j(γ(t1, t2, · · · , tl))(γ(t1, t2, · · · , tl)) = 0, ♣❛r❛ j ∈ {1, 2, · · · , l}.

Pr♦♣♦s✐çã♦ ✶✳✸✳✷

a)
l∑

j=1

cλ,j ≤ bλ,Γ ≤ cΓ, ∀λ ≥ 1.

b) P❛r❛ γ ∈ Γ∗ ❡ (s1, · · · , sl) ∈ ∂([1/R2, 1]l)✱

Iλ(γ(s1, · · · , sl)) < cΓ, ∀λ ≥ 1.

❉❡♠♦♥str❛çã♦✳

✸✷



❛✮ ❉❡s❞❡ q✉❡ γ0 ∈ Γ∗✱

bλ,Γ ≤ max
(s1,··· ,sl)∈[1/R2,1]l

Iλ,j(γ0(s1, · · · , sl))

≤ max
(s1,··· ,sl)∈[1/R2,1]l

Iλ,j(
l∑

i=1

siRwi(x))

≤
l∑

j=1

max
sj∈[1/R2,1]

Ij(sjRwj(x))

≤
l∑

j=1

cj = cΓ.

P❛r❛ ❝❛❞❛ γ ∈ Γ∗ ❡ (t1, · · · , tl) ∈ [1/R2, 1]l✱ ♣❡❧♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ✉s❛❞♦ ♥♦ ▲❡♠❛

✶✳✸✳✶

Iλ,j(γ(t1, · · · , tl)) ≥ cλ,j, ∀j ∈ Γ.

◆❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✉s❛♠♦s ❛ s❡❣✉✐♥t❡ ❝❛r❛❝t❡r✐③❛çã♦

cλ,j = inf{Iλ,j(u); u ∈ Eλ \ {0}; I ′λ,j(u)u = 0}.

P♦r ♦✉tr♦ ❧❛❞♦✱ r❡❝♦r❞❛♥❞♦ q✉❡ Iλ,RN\Ω′

Γ
(γ(s1, · · · , sl)) ≥ 0✱

Iλ(γ(s1, · · · , sl)) ≥
l∑

j=1

Iλ,j(γ(s1, · · · , sl)),

❡ ❡♥tã♦✱

max
(s1,··· ,sl)∈[1/R2,1]l

Iλ(γ(s1, · · · , sl)) ≥ Iλ(γ(t1, · · · , tl)) ≥
l∑

j=1

cλ,j.

❆ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ bλ,Γ ✐♠♣❧✐❝❛ q✉❡

bλ,Γ ≥
l∑

j=1

cλ,j,

■st♦ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❡ a).

❜✮ ❈♦♠♦ γ(s1, · · · , sl) = γ0(s1, · · · , sl) s♦❜r❡ ∂([1/R2, 1]l), t❡♠♦s

Iλ(γ0(s1, · · · , sl)) =
l∑

j=1

Ij(sjRwj), ∀(s1, · · · , sl) ∈ ∂([1/R2, 1]l).

❉❡s❞❡ q✉❡

Ij(sjRwj) ≤ max
s∈[1/R2,1]

Ij(sRwj) = cj, ∀j ∈ Γ

✸✸



❡ ❛❧é♠ ❞✐ss♦✱ ❡①✐st❡ j0 ∈ Γ t❛❧ q✉❡ sj0 ∈ {1/R2, 1}✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

Iλ(γ0(s1, · · · , sl)) =
∑

j 6=j0

Ij(sjRwj) + Ij0(sj0Rwj0) < cΓ,

♣♦✐s ♣❡❧❛ ❡s❝♦❧❤❛ ❞❡ R

Ij0(
1

R
wj0), Ij0(Rwj0) < cj0 .

❈♦r♦❧ár✐♦ ✶✳✸✳✸ bλ,Γ → cΓ, q✉❛♥❞♦ λ→ +∞.

❉❡♠♦♥str❛çã♦✳ ❘❡♣❡t✐♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♥❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✱ ♣♦✲

❞❡♠♦s ❡①tr❛✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ λn → ∞ t❛❧ q✉❡

wλn,j → u0 ❡♠ H2(Ω′
j),

♦♥❞❡ u0 ∈ H2
0 (Ωj) é ✉♠❛ s♦❧✉çã♦ ❞❡ ✭✶✳✷✶✮ ❡

Iλn,j(wλn,j) → Ij(u0).

❈♦♠♦ cj é ♦ ♠❡♥♦r ♥í✈❡❧ ❝rít✐❝♦ ❞❡ ❡♥❡r❣✐❛ ♣❛r❛ Ij✱ t❡♠♦s

lim sup
λ→∞

cλ,j = lim sup
λ→∞

Iλ,j(wλ,j) = Ij(u0) ≥ cj. ✭✶✳✸✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱

cλ,j = inf
α∈Υλ,j

max
t∈[0,1]

Iλ,j(α(t))

≤ inf
α∈Υj

max
t∈[0,1]

Iλ,j(α(t)) ✭✶✳✸✸✮

≤ inf
α∈Υj

max
t∈[0,1]

Ij(α(t)) = cj

❉❡ ✭✶✳✸✷✮ ❡ ✭✶✳✸✸✮✱

cλ,j → cj ♣❛r❛ ❝❛❞❛ ∀j ∈ Γ.

P♦rt❛♥t♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ 1.3.2✱ bλ,Γ → cΓ q✉❛♥❞♦ λ→ +∞.

✸✹



✶✳✹ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧

◆♦ q✉❡ s❡❣✉❡✱ ❝♦♥s✐❞❡r❛♠♦s

M = 1 +
l∑

j=1

√(
1

2
− 1

θ

)
cj > 0,

BM+1(0) = {u ∈ Eλ; ‖u‖λ ≤M + 1},

❡ ♣❛r❛ µ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦

Aλ
µ =

{
u ∈ BM+1; ||u||λ,RN\Ω′

Γ
≤ µ ❡ |Iλ,j(u)− cj| ≤ µ, ∀j ∈ Γ

}
,

❡

IcΓλ = {u ∈ Eλ/Iλ(u) ≤ cΓ} .

❖❜s❡r✈❡ q✉❡ Aλ
µ ∩ IcΓλ 6= ∅, ♣♦✐s w =

l∑

j=1

wj ∈ Aλ
µ ∩ IcΓλ . ❋✐①❛♥❞♦

0 < µ <
1

4
min{cj; j ∈ Γ}, ✭✶✳✸✹✮

t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛ ✉♥✐❢♦r♠❡ ♣❛r❛ ‖I ′λ(u)‖ ♥♦ ❝♦♥❥✉♥t♦
(
Aλ

2µ \ Aλ
µ

)
∩ IcΓλ .

Pr♦♣♦s✐çã♦ ✶✳✹✳✶ ❙❡❥❛ µ > 0 s❛t✐s❢❛③❡♥❞♦ (1.34)✳ ❊♥tã♦✱ ❡①✐st❡ σ0 > 0 ✐♥❞❡♣❡♥❞❡♥t❡

❞❡ λ ❡ Λ∗ ≥ 1 t❛✐s q✉❡

‖I ′λ(u)‖ ≥ σ0 ♣❛r❛ λ ≥ Λ∗ ❡ ♣❛r❛ t♦❞♦ u ∈
(
Aλ

2µ \ Aλ
µ

)
∩ IcΓλ . ✭✶✳✸✺✮

❉❡♠♦♥str❛çã♦✳ ❆r❣✉♠❡♥t❛♥❞♦ ♣♦r ❝♦♥tr❛❞✐çã♦✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❡♠ λn → +∞ ❡

un ∈ Eλn ✱ ❝♦♠

un ∈
(
Aλn

2µ \ Aλn
µ

)
∩ IcΓλ ❡ ‖I ′λn

(un)‖ → 0.

❉❡s❞❡ q✉❡ un ∈ Aλn
2µ ✱ ❛ s❡q✉ê♥❝✐❛ {‖un‖λn} é ❧✐♠✐t❛❞❛✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡ {Iλn(un)}

t❛♠❜é♠ é ❧✐♠✐t❛❞❛✳ ❊♥tã♦✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉❡♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱

Iλn(un) → c ∈ (−∞, cΓ].

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✱ ♥♦✈❛♠❡♥t❡ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉❡♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱ un → u

❡♠ H2(RN) ❡ u ∈ H2
0 (ΩΓ) é ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✷✶✮✳ ❆❧é♠ ❞✐ss♦✱

λn

∫

RN

V (x) |un|2 dx→ 0, ✭✶✳✸✻✮

||un||2λn,RN\ΩΓ
→ 0 ✭✶✳✸✼✮

||un||2λn,Ω′

j
→
∫

Ωj

[
|∆u|2 + |u|2

]
dx, ∀j ∈ Γ. ✭✶✳✸✽✮

✸✺



❈♦♠♦ cΓ =
l∑

j=1

cj ❡ cj é ♦ ♥í✈❡❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ Ij✱ ✉♠ ❞♦s s❡❣✉✐♥t❡s ❝❛s♦s ♦❝♦rr❡✿

✐✮ u
∣∣
Ωj

6= 0 , ∀j ∈ Γ, ♦✉

✐✐✮ u
∣∣
Ωj0

= 0 , ♣❛r❛ ❛❧❣✉♠ j0 ∈ Γ.

❙❡ i) ♦❝♦rr❡✱ ❞❡ (1.36)− (1.38)

Ij(u) = cj, ∀j ∈ Γ.

▲♦❣♦✱ un ∈ Aλn
µ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❙❡ ii) ♦❝♦rr❡✱ ❞❡ (1.36) ❡ (1.37)

|Iλn,j0(un)− cj0)| → cj0 ≥ 4µ,

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡ ❞❡ un ∈ Aλn
2µ \ Aλn

µ ♣❛r❛ t♦❞♦ n ∈ N✳ ❈♦♠♦ i) ♦✉ ii) ♥ã♦

❛❝♦♥t❡❝❡♠✱ t❡♠♦s ✉♠ ❛❜s✉r❞♦✱ ✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✷ ❙❡❥❛♠ µ s❛t✐s❢❛③❡♥❞♦ (1.34) ❡ Λ∗ ≥ 1 ❛ ❝♦♥st❛♥t❡ ❞❛❞❛ ♥❛ Pr♦♣♦s✐✲

çã♦ ✶✳✸✳✷✳ ❊♥tã♦ ♣❛r❛ λ ≥ Λ∗✱ ❡①✐st❡ uλ ✉♠❛ s♦❧✉çã♦ ❞❡ (B)λ s❛t✐s❢❛③❡♥❞♦ uλ ∈ Aλ
µ∩IcΓλ .

❉❡♠♦♥str❛çã♦✳ ▼♦str❛r❡♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ♥ã♦ ❡①✐st❡♠ ♣♦♥t♦s ❝rít✐❝♦s ❞❡ Iλ

❡♠ Aλ
µ ∩ IcΓλ . P❡❧❛ Pr♦♣♦s✐çã♦ 1.1.7✱ Iλ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)d ♣❛r❛ d ∈ [0, cΓ] ❡ λ

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❆ss✐♠✱ ❡①✐st❡ dλ > 0 t❛❧ q✉❡

||I ′λ(u)|| ≥ dλ, ∀u ∈ Aλ
µ ∩ IcΓλ .

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✶✱

‖I ′λ(u)‖ ≥ σ0, ∀u ∈ (Aλ
2µ \ Aλ

µ) ∩ IcΓλ ,

♦♥❞❡ σ0 é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λ. ◆♦ q✉❡ s❡❣✉❡✱ ❞❡✜♥✐♠♦s ❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s Ψ : Eλ → R

❡ H : IcΓλ → R ♣♦r

Ψ(u) = 1, u ∈ Aλ
3µ/2,

Ψ(u) = 0, u 6∈ Aλ
2µ,

0 ≤ Ψ(u) ≤ 1, ♣❛r❛ u ∈ Eλ,

✸✻



❡

H(u) =





−Ψ(u) ||Y (u)||−1 Y (u), u ∈ Aλ
2µ,

0, u 6∈ Aλ
2µ,

♦♥❞❡ Y é ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♣s❡✉❞♦✲❣r❛❞✐❡♥t❡ ♣❛r❛ Iλ s♦❜r❡

X = {u ∈ Eλ; Iλ(u) 6= 0}.

❖❜s❡r✈❡ q✉❡

||H(u)|| ≤ 1 ♣❛r❛ t♦❞♦ λ ≥ Λ∗ ❡ u ∈ IcΓλ .

❆s ✐♥❢♦r♠❛çõ❡s ❛❝✐♠❛ ❣❛r❛♥t❡♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ✢✉①♦ η : [0,+∞) × IcΓλ → IcΓλ

❞❡✜♥✐❞♦ ♣♦r 



dη(t, u)

dt
= H(η(t, u))

η(0, u) = u ∈ IcΓλ ,

✈❡r✐✜❝❛♥❞♦
dIλ(η(t, u))

dt
≤ −Ψ(η(t, u)) ||I ′λ(η(t, u))|| ≤ 0, ✭✶✳✸✾✮
∣∣∣∣
∣∣∣∣
dη

dt

∣∣∣∣
∣∣∣∣ = ||H(η)|| ≤ 1, ✭✶✳✹✵✮

❡

η(t, u) = u, ∀ t ≥ 0 ❡ u ∈ IcΓλ \ Aλ
2µ. ✭✶✳✹✶✮

◆♦ q✉❡ s❡❣✉❡✱ ❞❡✜♥✐♠♦s

β(s1, · · · , sl) = η(T, γ0(s1, · · · , sl)), ∀(s1, · · · , sl) ∈ [1/R2, 1]l,

♦♥❞❡ T > 0 s❡rá ✜①❛❞♦ ♣♦st❡r✐♦r♠❡♥t❡✳

❯♠❛ ✈❡③ q✉❡✱

γ0(s1, · · · , sl) 6∈ Aλ
2µ, ∀(s1, · · · , sl) ∈ ∂([1/R2, 1]l),

❞❡❞✉③✐♠♦s q✉❡

β(s1, · · · , sl) = γ0(s1, · · · , sl), ∀(s1, · · · , sl) ∈ ∂([1/R2, 1]l).

❆❧é♠ ❞✐ss♦✱ é ❢á❝✐❧ ❝❤❡❝❛r q✉❡

Iλ,RN\Ω′

Γ
(β(s1, · · · , sl)) ≥ 0, ∀(s1, · · · , sl) ∈ [1/R2, 1]l,

♠♦str❛♥❞♦ q✉❡ β ∈ Γ∗✳

✸✼



◆♦t❡ q✉❡ supp(γ0(s1, · · · , sl)) ⊂ ΩΓ ♣❛r❛ t♦❞♦ (s1, · · · , sl) ∈ [1/R2, 1]l ❡ Iλ(γ0(s1, · · · , sl))
✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λ ≥ Λ. ❆❧é♠ ❞✐ss♦✱

Iλ(γ0(s1, · · · , sl)) ≤ cΓ, ∀(s1, · · · , sl) ∈ [1/R2, 1]l

❡

Iλ(γ0(s1, · · · , sl)) = cΓ, s❡ sj = 1/R, ∀j ∈ Γ.

P♦rt❛♥t♦✱

m0 = max
{
Iλ(u); u ∈ γ0([1/R

2, 1]l) \ Aλ
µ

}
,

é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λ✱ ❡ ✈❡r✐✜❝❛

m0 < cΓ.

❉❡ ❢❛t♦✱ s❡ m0 = cΓ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ {(sn1 , · · · , snl )} ⊂ [1/R2, 1]l t❛❧ q✉❡

cΓ −
1

n
≤ Iλ(γ0(s

n
1 , · · · , snl )) ≤ cΓ,

❡ ♣♦rt❛♥t♦

Iλ(γ0(s
n
1 , · · · , snl )) → cΓ. ✭✶✳✹✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱ γ0(s
n
1 , · · · , snl ) /∈ Aλ

µ ✱ ❧♦❣♦ ❡①✐st❡ j0 ∈ Γ t❛❧ q✉❡

|Ij0(γ0(sn1 , · · · , snl ))− cj0 | > µ,

❞❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ cj0

Ij0(γ0(s
n
1 , · · · , snl )) < cj0 − µ

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

Iλ(γ0(s
n
1 , · · · , snl )) < cΓ − µ,

❞❡st❛ ❢♦r♠❛

lim sup
n→∞

Iλ(γ0(s
n
1 , · · · , snl )) ≤ cΓ − µ,

♦ q✉❡ ❝♦♥tr❛❞✐③ ✭✶✳✹✷✮✳

❉❡s❞❡ q✉❡ ❡①✐st❡ K∗ t❛❧ q✉❡

|Iλ(u)− Iλ(v)| ≤ K∗‖u− v‖λ,Ω′

j
, ∀u, v ∈ BM+1 ❡ ∀j ∈ Γ,

✸✽



❛✜r♠❛♠♦s q✉❡ ♣❛r❛ T s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

max
(s1,··· ,sl∈[1/R2,1]l)

Iλ (β(s1, · · · , sl)) ≤ max{m0, cΓ −
1

2K∗
σ0µ}. ✭✶✳✹✸✮

❉❡ ❢❛t♦✱ ✜①❡ u = γ0(s1, · · · , sl) ∈ Eλ. ❙❡ u 6∈ Aλ
µ,

Iλ (η(t, u))) ≤ Iλ (η(0, u))) = Iλ(u) ≤ m0, ∀t ≥ 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ u ∈ Aλ
µ✱ ❞❡♥♦t❛♥❞♦ ♣♦r η̃(t) = η(t, u), d̃λ = min{dλ, σ0} ❡ T =

σ0µ

2K∗dλ
> 0✱ ❛♥❛❧✐s❛♠♦s ♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

❈❛s❡ ✶✿ η̃(t) ∈ Aλ
3µ/2, ∀t ∈ [0, T ].

❈❛s❡ ✷✿ η̃(t0) ∈ ∂Aλ
3µ/2, ♣❛r❛ ❛❧❣✉♠ t0 ∈ [0, T ].

❆♥á❧✐s❡ ❞♦ ❈❛s♦ ✶✿ ◆❡st❡ ❝❛s♦✱

Ψ(η̃(t)) ≡ 1, ∀t ∈ [0, T ]

❡

‖I ′λ(η̃(t))‖ ≥ d̃λ, ∀t ∈ [0, T ].

❆ss✐♠✱

Iλ(η̃(T )) = Iλ(u) +

∫ T

0

d

ds
Iλ(η̃(s))ds ≤ cΓ −

∫ T

0

d̃λds,

s❡❣✉❡ q✉❡

Iλ(η̃(T )) ≤ cΓ − d̃λT = cΓ −
1

2K∗
σ0µ.

❆♥á❧✐s❡ ❞♦ ❝❛s♦ ✷✿ ❙❡❥❛ 0 ≤ t1 ≤ t2 ≤ T s❛t✐s❢❛③❡♥❞♦ η̃(t1) ∈ ∂Aλ
µ, η̃(t2) ∈ ∂Aλ

3µ/2

❡ η̃(t) ∈ Aλ
3µ/2 \ Aλ

µ, ∀t ∈ [t1, t2]. ❊♥tã♦

‖η̃(t1)− η̃(t2)‖ ≥ 1

2K∗
µ. ✭✶✳✹✹✮

❉❡ ❢❛t♦✱ ❞❡♥♦t❛♥❞♦ w1 = η̃(t) ❡ w2 = η̃(t2), s❡❣✉❡ q✉❡

‖w2‖λ,RN\Ω′

Γ
=

3

2
µ ♦✉ |Iλ,j0(w2)− cj0 | =

3

2
µ.

❉❛ ❞❡✜♥✐çã♦ ❞❡ Aλ
µ, t❡♠♦s ‖w2‖λ,RN\Ω′

Γ
≤ µ. ▲♦❣♦✱

‖w2 − w1‖λ ≥ 1

K∗
|Iλ,j0(w2)− Iλ,j0(w1)| ≥

1

2K∗
µ.

✸✾



P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦

‖η̃(t1)− η̃(t2)‖λ ≤
∣∣∣∣
∣∣∣∣
dη

dt

∣∣∣∣
∣∣∣∣ |t1 − t2| . ✭✶✳✹✺✮

❈♦♠♦

∣∣∣∣
∣∣∣∣
dη

dt

∣∣∣∣
∣∣∣∣ ≤ 1✱ ❞❡ ✭✶✳✹✹✮ ❡ ✭✶✳✹✺✮✱

|t1 − t2| ≥
1

2K∗
µ. ✭✶✳✹✻✮

❉❡s❞❡ q✉❡✱

Iλ(η̃(T )) ≤ Iλ(u)−
∫ T

0

Ψ(η̃(s))‖I ′λ(η̃(s))‖ds,

s❡❣✉❡ ❞❡ ✭✶✳✹✻✮✱

Iλ(η̃(T )) ≤ cΓ −
∫ t2

t1

σ0ds ≤ cΓ −
σ0
2K∗

µ,

♣r♦✈❛♥❞♦ ✭✶✳✹✸✮✳

❆ss✐♠✱

bλ,Γ ≤ max
[1/R2,1]l

Iλ(η̂(s1, · · · , sl)) ≤ max{m0, cΓ −
1

2K∗σ0µ} < cΓ,

q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s bλ,Γ → cΓ, q✉❛♥❞♦ λ→ ∞.

❉❛s ❞✉❛s ú❧t✐♠❛s ♣r♦♣♦s✐çõ❡s✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ Iλ t❡♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ uλ

❡♠ Aλ
µ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❈♦♥❝❧✉sã♦ ❞❛ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✶✿

❉❛ ú❧t✐♠❛ Pr♦♣♦s✐çã♦ ❡①✐st❡ {uλn} ❝♦♠ λn → +∞ s❛t✐s❢❛③❡♥❞♦✿

I ′λn
(uλn) = 0,

‖uλn‖λn,RN\Ω′

Γ
→ 0

❡

Iλn,j(uλn) → cj, ∀j ∈ Γ.

▲♦❣♦✱ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✱

uλn → u ❡♠ H2(RN) ❝♦♠ u ∈ H2
0 (ΩΓ).

✹✵



❆❧é♠ ❞✐ss♦✱ u é ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ❞❡




∆2u+ u = f(u), ❡♠ Ωj

u =
∂u

∂η
= 0, s♦❜r❡ ∂Ωj,

✭✶✳✹✼✮

❝♦♠ Ij(u) = cj ♣❛r❛ t♦❞♦ i ∈ Γ✳ ❆❣♦r❛✱ ❛✜r♠❛♠♦s q✉❡ u = 0 ❡♠ Ωj✱ ♣❛r❛ t♦❞♦ j /∈ Γ✳

❉❡ ❢❛t♦✱ é ♣♦ssí✈❡❧ ♣r♦✈❛r q✉❡ ❡①✐st❡ σ1 > 0✱ ♦ q✉❛❧ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ j✱ t❛❧ q✉❡ s❡ v é

✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ❞❡ ✭✶✳✹✼✮✱ ❡♥tã♦

‖v‖H2
0 (Ωj) ≥ σ1.

◆♦ ❡♥t❛♥t♦✱ ❛ s♦❧✉çã♦ u ✈❡r✐✜❝❛

‖u‖H2(RN\Ω′

Γ)
= 0,

♠♦str❛♥❞♦ q✉❡ u = 0 ❡♠ Ωj✱ ♣❛r❛ t♦❞♦ j /∈ Γ✳ ■st♦ ✜♥❛❧✐③❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛

✵✳✵✳✶✳

✹✶



❈❛♣ít✉❧♦ ✷

❙♦❧✉çõ❡s ❞♦ t✐♣♦ ♠✉❧t✐✲❜✉♠♣ ♣❛r❛

❡q✉❛çã♦ ❞❡ ❈❤♦q✉❛r❞

◆♦ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ✉t✐❧✐③❛r ♦s ❛r❣✉♠❡♥t♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♥♦ ❈❛♣ít✉❧♦ ✶

♣❛r❛ ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲❜✉♠♣ ♣❛r❛ ❡q✉❛çã♦ ♥ã♦✲❧✐♥❡❛r ❞❡ ❈❤♦q✉❛r❞




−∆u+ (λV (x) + 1)u =
( 1

|x|µ ∗ |u|p
)
|u|p−2u ❡♠ R3,

u ∈ H1(R3).
(C)λ

♦♥❞❡ µ ∈ (0, 3), p ∈ (2, 6 − µ) ❡ V é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ♥ã♦ ♥❡❣❛t✐✈❛ s❛t✐s❢❛③❡♥❞♦

♠❛✐s ✉♠❛ ✈❡③ ❛s ❤✐♣ót❡s❡s

(V1) V (x) ≥ 0, ∀ x ∈ RN ❀

(V2) Ω = intV −1({0}) é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✱ ♥ã♦✲✈❛③✐♦✱ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡

∂Ω✳ ❆❧é♠ ❞✐ss♦✱ Ω t❡♠ k ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

• Ω =
k⋃

j=1

Ωj;

• dist(Ωi,Ωj) > 0, i 6= j.

(V3) ❊①✐st❡ M0 > 0 t❛❧ q✉❡ |{x ∈ RN ; V (x) ≤M0}| < +∞.

◆♦ ❞❡❝♦rr❡r ❞❡st❡ ❝❛♣ít✉❧♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s Eλ =
(
E, ‖ · ‖λ

)
♦♥❞❡

E =

{
u ∈ H1(R3) ;

∫

R3

V (x)|u|2dx <∞
}
,



❡

‖u‖λ =

(∫

R3

(|∇u|2 + (λV (x) + 1)|u|2)dx
) 1

2

.

❖❜✈✐❛♠❡♥t❡✱ Eλ é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ Eλ →֒ H1(R3) ❝♦♥t✐♥✉❛♠❡♥t❡ λ ≥ 0 ❡ Eλ ❡stá

✐♠❡rs♦ ❝♦♠♣❛❝t❛♠❡♥t❡ ❡♠ Ls
loc(R

3)✱ ♣❛r❛ t♦❞♦ 1 ≤ s < 6✳ ❊st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛

❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (C)λ ♣r♦❝✉r❛♥❞♦ ♣♦r ♣♦♥t♦s ❝rít✐❝♦s ❞♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛

Iλ : Eλ → R ❞❡✜♥✐❞♦ ♣♦r

Iλ(u) =
1

2

∫

R3

(
|∇u|2 +

(
λV (x) + 1

)
u2
)
dx− 1

2p

∫

R3

( 1

|x|µ ∗ |u|p
)
|u|pdx.

✷✳✶ ❖ ♣r♦❜❧❡♠❛ ❧✐♠✐t❡

P❛r❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲❜✉♠♣ ♣❛r❛ (C)λ✱ ♦ ♣r✐♠❡✐r♦ ♣❛ss♦ é✱

✜①❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ Γ ❞❡ {1, · · · , k}✱ ❝♦♥s✐❞❡r❛r ♦ ♣r♦❜❧❡♠❛ ❧✐♠✐t❡




−∆u+ u =
(∫

ΩΓ

|u|p
|x− y|µdy

)
|u|p−2u, ✐♥ ΩΓ

u 6= 0 ❡♠ Ωj, j ∈ Γ

u ∈ H1
0

(
ΩΓ

)
,

(C)∞,Γ

❡ ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♥ã♦ ♥✉❧❛ s♦❜r❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡

Ωj✱ j ∈ Γ✳ ❆ ✐❞❡✐❛ ♣r✐♥❝✐♣❛❧ é ♣r♦✈❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛ (C)∞,Γ

❞❡✜♥✐❞♦ ♣♦r

IΓ(u) =
1

2

∫

ΩΓ

(|∇u|2 + |u|2)dx− 1

2p

∫

ΩΓ

(∫

ΩΓ

|u|p
|x− y|µdy

)
|u|pdx ✭✷✳✶✮

❛t✐♥❣❡ ♦ ✈❛❧♦r ♠í♥✐♠♦ s♦❜r❡

MΓ = {u ∈ NΓ : I ′Γ(u)ui = 0 ❡ ui 6= 0, i ∈ Γ}

♦♥❞❡ Γ ⊂ {1, · · · , k}✱ ui = u|Ωi
❡ NΓ é ❛ ✈❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐ ❞❡ IΓ ❞❡✜♥✐❞❛ ♣♦r

NΓ = {u ∈ H1
0 (ΩΓ) \ {0} : I ′Γ(u)u = 0}.

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♣r♦✈❛r❡♠♦s q✉❡ ❡①✐st❡ w ∈ MΓ t❛❧ q✉❡

IΓ(w) = inf
u∈MΓ

IΓ(u) ❛♥❞ I ′Γ(w) = 0. ✭✷✳✷✮

❉✐③❡♠♦s q✉❡ w ∈ H1
0 (ΩΓ)✱ s❛t✐s❢❛③❡♥❞♦ wi = w|Ωi

6= 0, i ∈ Γ✱ é ✉♠❛ s♦❧✉çã♦ ❞❡

❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ (C)∞,Γ s❡ ❛ ❝♦♥❞✐çã♦ ✭✷✳✷✮ ✈❛❧❡✳ ❊st❛ ♣r♦♣r✐❡❞❛❞❡ s❡rá ✉s❛❞❛ ♣❛r❛

✹✸



❝❛r❛❝t❡r✐③❛r ❛ ❢♦r♠❛ ♠✉❧t✐✲❜✉♠♣ ❞❛s s♦❧✉çõ❡s ❞❡ (C)λ✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡ ♥♦ ❞❡❝♦rr❡r

❞❡ss❛ s❡çã♦ ❝♦♥s✐❞❡r❛r❡♠♦s ❛♣❡♥❛s Γ = {1, 2}✳ ❆❧é♠ ❞✐ss♦✱ ❞❡♥♦t❛♠♦s ♣♦r Ω, M ❡ N
♦s ❝♦♥❥✉♥t♦s ΩΓ, MΓ ❡ NΓ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ IΓ s❡rá ❞❡♥♦t❛❞♦ ♣♦r I✳ ▲♦❣♦✱

Ω = Ω1 ∪ Ω2,

M = {u ∈ N : I ′(u)ui = 0 ❡ ui 6= 0, i = 1, 2.}

❡

N = {u ∈ H1
0 (Ω) \ {0} : I ′(u)u = 0}.

◆♦ q✉❡ s❡❣✉❡✱ ❞❡♥♦t❛♠♦s ♣♦r || ||✱ || ||1 ❡ || ||2 ❛s ♥♦r♠❛s ❡♠ H1
0 (Ω)✱ H

1
0 (Ω1) ❡ H

1
0 (Ω2)

❞❛❞❛s ♣♦r

||u|| =
(∫

Ω

(|∇u|2 + |u|2)dx
) 1

2

,

||u||1 =
(∫

Ω1

(|∇u|2 + |u|2)dx
) 1

2

❡

||u||2 =
(∫

Ω2

(|∇u|2 + |u|2)dx
) 1

2

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆❡st❛ s❡çã♦ ❡ ♥♦ ❞❡❝♦rr❡r ❞❡ss❡ ❝❛♣ít✉❧♦ r❡❝♦rr❡r❡♠♦s s✉❝❡ss✐✈❛s ✈❡③❡s ❛ s❡❣✉✐♥t❡

❞❡s✐❣✉❛❧❞❛❞❡ ❝❧áss✐❝❛ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞✲❙♦❜♦❧❡✈✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶ ❬✺✵❪ [Desigualdade de Hardy − Littlewood− Sobolev]✿

❙❡❥❛♠ s, r > 1 ❡ 0 < µ < 3 ❝♦♠ 1/s+µ/3+ 1/r = 2✳ ❉❛❞♦s f ∈ Ls(R3) ❡ h ∈ Lr(R3)✳

❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ót✐♠❛ C(s, µ, r)✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ f, h✱ t❛✐s q✉❡

∫

R3

∫

R3

f(x)h(y)

|x− y|µ dydx ≤ C(s, µ, r)|f |Ls(R3)|h|Lr(R3).

❖ s❡❣✉✐♥t❡ ❧❡♠❛ ♠♦str❛ q✉❡ ♦ ❝♦♥❥✉♥t♦ M é ♥ã♦ ✈❛③✐♦✳

▲❡♠❛ ✷✳✶✳✷ ❉❛❞♦s 0 < µ < 3✱ 2 < p < 6− µ ❡ v ∈ H1
0 (Ω) ❝♦♠ vj 6= 0 ♣❛r❛ j = 1, 2✱

❡♥tã♦ ❡①✐st❡ (β1, β2) ∈ (0,+∞)2 t❛✐s q✉❡ β1v1 + β2v2 ∈ M✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡ M 6= ∅
❡ ❛❧é♠ ❞✐ss♦✱ c0 = inf

u∈M
I(u) > 0✳

❉❡♠♦♥str❛çã♦✳ ❋✐①❛❞❛ v ∈ H1
0 (Ω) ❝♦♠ vi 6= 0 ♣❛r❛ i = 1, 2✱ ❞❡✜♥✐♠♦s ❛ ❢✉♥çã♦

G(s1, s2) = I(s
1
p

1 v1 + s
1
p

2 v2),

✹✹



❛ss✐♠ ❝♦♠♦ ❡♠ ❬✹✹❪✱ ✉t✐❧✐③❛♠♦s ❛ ✐❞❡♥t✐❞❛❞❡

∫

Ω×Ω

1

|x|µ ∗ (s1|v1|p + s2|v2|p)2dydx =

∫

Ω

(
1

|x|µ2
∗ (s1|v1|p + s2|v2|p)

)2

dx,

❛ q✉❛❧ é ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ✺✳✾ ❞❡ ❬✺✵❪ ❡ r❡❡s❝r❡✈❡♠♦s G ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦

G(s1, s2) =
s

2
p

1

2
‖v1‖21 +

s
2
p

2

2
‖v2‖22 −

1

2p

∫

Ω

(
1

|x|µ2
∗ (s1|v1|p + s2|v2|p)

)2

dx.

❈♦♠♦ G é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ G(0, 0) = 0 ❡ G(s1, s2) → −∞ q✉❛♥❞♦ |(s1, s2)| →
+∞✱ t❡♠♦s q✉❡ G ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❣❧♦❜❛❧ (a, b) ∈ [0,+∞)2✳

❆✜r♠❛çã♦ ✷✳✶✳✸ ❖ ♣♦♥t♦ (a, b) ∈ (0,+∞)2 é ♦ ú♥✐❝♦ ♠á①✐♠♦ ❣❧♦❜❛❧ ♣❛r❛ ❛ ❢✉♥çã♦

G✳

❉❡ ❢❛t♦✱ ❞❛❞♦s (s1, s2), (t1, t2) ∈ (0,+∞)2 ❡ t ∈ (0, 1)✱ t❡♠♦s

G(t(s1, s2) + (1− t)(t1, t2)) =
(ts1 + (1− t)t1)

2/p

2
‖v1‖21 +

(ts2 + (1− t)t2)
2/p

2
‖v2‖22

− 1

2p

∫

Ω

[
t
( 1

|x|µ2
∗ (s1|v1|p + s2|v2|p)

)
+ (1− t)

( 1

|x|µ2
∗ (t1|v1|p + t2|v2|p)

)]2
dx.

P❡❧❛ ❝♦♥❝❛✈✐❞❛❞❡ ❞❛ ❢✉♥çã♦ t 7→ t2/p ❡ ❝♦♥✈❡①✐❞❛❞❡ ❡str✐t❛ ❞❛ ❢✉♥çã♦ t 7→ t2 ❝♦♥❝❧✉í♠♦s

q✉❡ G é ✉♠❛ ❢✉♥çã♦ ❡str✐t❛♠❡♥t❡ ❝ô♥❝❛✈❛ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ (a, b) é ♦ ú♥✐❝♦ ♣♦♥t♦

❞❡ ♠á①✐♠♦ ❣❧♦❜❛❧ ❡ ∇G(a, b) = (0, 0)✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s t❛♠❜é♠ a, b 6= 0✱ ♣♦✐s s❡ ✉♠

❞❡❧❡s ❢♦r ♥✉❧♦✱ ❞✐❣❛♠♦s a = 0✳ ❈♦♠♦

∂G

∂si
(s1, s2) =

1

p
s

2−p
p

i ‖vi‖21 −
1

p

∫

Ω

[
1

|x|µ2
∗ (s1|v1|p + s2|v2|p)|vi|p

]
dx,

❡ ❞❡s❞❡ q✉❡ p > 2 ♦ ♥ú♠❡r♦
2− p

p
é ♥❡❣❛t✐✈♦ ❡ ♣♦rt❛♥t♦✱

lim
s1→0

∂G

∂s1
(s1, s2) = +∞,

♠❛s ❞❡✈❡♠♦s t❡r✱
∂G

∂si
(a, b) = 0, ♣❛r❛ i = 1, 2.

❆❣♦r❛✱ ♠♦str❛r❡♠♦s q✉❡ c0 > 0✳ ■♥✐❝✐❛❧♠❡♥t❡✱ r❡❝♦r❞❛♠♦s q✉❡ s❡ w ∈ M✱ ❡♥tã♦

‖w‖2 =
∫

Ω

∫

Ω

|w(y)|p|w(x)|p
|x− y|µ dydx.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞✲❙♦❜♦❧❡✈✱ ❡①✐st❡ C > 0 t❛❧ q✉❡

‖w‖2 ≤ C|w|2p
L6p/(6−µ)(Ω)

,

✹✺



❡ ♣❡❧❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✱

‖w‖2 ≤ C‖w‖2p,

❈♦♠♦ ‖w‖ 6= 0✱ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡ τ > 0 s❛t✐s❢❛③❡♥❞♦

‖w‖2 ≥ τ, ∀w ∈ M.

▲♦❣♦✱

I(w) = I(w)− 1

2p
I ′(w)w =

(
1

2
− 1

2p

)
‖w‖2 ≥

(
1

2
− 1

2p

)
τ > 0, ∀w ∈ M.

❡ ❡♥tã♦✱ c0 ≥
(
1

2
− 1

2p

)
τ > 0✳

❆❣♦r❛ ✈❛♠♦s ❡♥✉♥❝✐❛r ♠❛✐s ✉♠ ❧❡♠❛ té❝♥✐❝♦✳

▲❡♠❛ ✷✳✶✳✹ ❙❡❥❛♠ 0 < µ < 3✱ 2 < p < 6 − µ ❡ {wn} ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠

M ❝♦♠ wn ⇀ w ❡♠ H1
0 (Ω)✳ ❊♥tã♦ ‖wn,j‖ 6→ 0 ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ wj 6= 0 ✱ ♦♥❞❡

wn,j = wn|Ωj
❡ wj = w|Ωj

♣❛r❛ j = 1, 2✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❝♦♠♦ {wn} ⊂ M t❡♠♦s ♣❛r❛ j = 1, 2

‖wn,j‖2j =
∫

Ωj

(∫

Ω

|wn|p
|x− y|µdy

)
|wn,j|pdx,

❡ ♣❛❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍❛r❞②✲▲✐t❧❧❡✇♦♦❞✲❙♦❜♦❧❡✈ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s ✐♠❡rsõ❡s ❞❡ ❙♦✲

❜♦❧❡✈✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C t❛❧ q✉❡

‖wn,j‖2j ≤ C‖wn‖p‖wn,j‖pj .

❈♦♠♦ {wn} é ❧✐♠✐t❛❞❛ ❡ p > 2✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ρ ❞❡ ♠♦❞♦ q✉❡

‖wn,j‖j ≥ ρ > 0.

▲♦❣♦✱

‖wn,j‖j 6→ 0, q✉❛♥❞♦ n→ ∞.

❆❣♦r❛✱ s✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ w1 = 0✳ P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍❛r❞②✲

▲✐tt❧❡✇♦♦❞✲❙♦❜♦❧❡✈ ❡ ♣❡❧❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✱ ✈❡♠♦s q✉❡
∫

Ω1

(∫

Ω

|wn|p
|x− y|µdy

)
|wn,1|pdx→ 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ I ′(wn)(wn,j) = 0✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡

‖wn,1‖21 =
∫

Ω1

(∫

Ω

|wn|p
|x− y|µdy

)
|wn,1|pdx,

✹✻



♦❜t❡♠♦s

‖wn,1‖21 → 0

q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ❖ ❝❛s♦ w2 6= 0 s❡❣✉❡ ❞❡ ❢♦r♠❛ s✐♠✐❧❛r✳

❆❣♦r❛✱ ❡st❛♠♦s ❛♣t♦s ❛ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛

(C)∞,Γ✳

✷✳✶✳✶ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✷

❉♦ ▲❡♠❛ ✷✳✶✳✷✱ c0 > 0 ❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ {wn} ⊂ M t❛❧ q✉❡

lim
n
I(wn) = c0.

◆♦t❡ q✉❡ {wn} é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✱ ♣♦✐s

(
1

2
− 1

2p

)
‖wn‖2 = I(wn)−

1

2p
I ′(wn)wn ≤ c0 + on(1).

P♦rt❛♥t♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡

wn ⇀ w ❡♠ H1
0 (Ω) ❡ wn → w ❡♠ Lq(Ω), ∀ q ∈ [1, 6) ❡ n→ ∞.

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❢✉♥çã♦

G(s1, s2) = I

(
s

1
p

1wn,1 + s
1
p

2wn,2

)
=

s
2
p

1

2
‖wn,1‖21 +

s
2
p

2

2
‖wn,2‖22

− 1

2p

∫

Ω

(
1

|x|µ2
∗ (s1|wn,1|p + s2|wn,2|p)

)2

dx.

❈♦♠♦ s 7→ s2/p é ❝ô♥❝❛✈♦ ❡ s 7→ s2 é ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ ❢✉♥çã♦

G(s1, s2) é ❡str✐t❛♠❡♥t❡ ❝ô♥❝❛✈❛ ❝♦♠ ∇G(1, 1) = 0✳ ▲♦❣♦✱ (1, 1) é ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❡

♠á①✐♠♦ ❣❧♦❜❛❧ ❞❡ G s♦❜r❡ [0,+∞)2✳ ▲♦❣♦✱

I(wn) = I(wn,1 + wn,2) = max
t,s≥0

I(twn,1 + swn,2).

P❡❧♦ ▲❡♠❛ ✷✳✶✳✹✱ s❛❜❡♠♦s t❛♠❜é♠ q✉❡ wj 6= 0 ♣❛r❛ j = 1, 2✳ ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✶✳✷

❡①✐st❡♠ t1, t2 > 0 t❛✐s q✉❡

t1w1 + t2w2 ∈ M,

❡ ❡♥tã♦✱

c0 ≤ I(t1w1 + t2w2).

✹✼



❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡ wn ⇀ w ❡♠ H1
0 (Ω) ❡ ❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ❞❡ ❙♦❜♦❧❡✈✱ t❡♠♦s

I(t1w1 + t2w2) ≤ lim inf
n→+∞

I(t1wn,1 + t2wn,2) ≤ lim inf
n→+∞

I(wn) = c0,

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

c0 = I(t1w1 + t2w2) ❝♦♠ t1w1 + t2w2 ∈ M.

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ w∗ = t1w1 + t2w2 é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ I✳ ❙✉♣♦♥❤❛

♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ‖I ′(w∗)‖ > 0 ❡ ✜①❡ α > 0 t❛❧ q✉❡

‖I ′(w∗)‖ ≥ α.

❆❧é♠ ❞✐ss♦✱ ✜①❛r❡♠♦s r > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ t❛❧ q✉❡ s❡ (t, s) ∈ B = Br(1, 1) ⊂
R2✱ ❡♥tã♦ ❡①✐st❡ ❛❧❣✉♠ ǫ0 > 0 ❝♦♠

I(t
1
p (w∗)1 + s

1
p (w∗)2) < c0 − 2ǫ0, ∀(t, s) ∈ ∂B. ✭✷✳✸✮

◆❛ s❡q✉ê♥❝✐❛ ✜①❛♠♦s ǫ ∈ (0, ǫ0) ❡ δ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ t❛❧ q✉❡

‖I ′(u)‖ ≥ α

2
≥ 4ǫ

δ
∀u ∈ I−1{[c0 − 2ǫ, c0 + 2ǫ]} ∩ S

♦♥❞❡

S = {t 1p (w∗)1 + s
1
p (w∗)2 : (t, s) ∈ B}.

❯s❛♥❞♦ ♦ ▲❡♠❛ ❞❡ ❉❡❢♦r♠❛çã♦✱ ✈❡r ❬✸✻❪✭❚❡♦r❡♠❛ ✷✳✶✮✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛

η : H1
0 (Ω) → H1

0 (Ω)✱ t❛❧ q✉❡

η(u) = u ∀u /∈ I−1{[c0 − 2ǫ, c0 + 2ǫ]} ∩ S ✭✷✳✹✮

❡

η(Ic0+ǫ ∩ S) ⊂ Ic0−ǫ ∩ Sδ ✭✷✳✺✮

♦♥❞❡

Sδ = {v ∈ H1
0 (Ω) : dist(v, S) ≤ δ}.

◆❛ s❡q✉ê♥❝✐❛✱ ✜①❛♠♦s δ > 0 ❞❡ ♠♦❞♦ q✉❡

v ∈ Sδ ⇒ v1, v2 6= 0. ✭✷✳✻✮

✹✽



❆ss✐♠✱ ❞❡✜♥✐♥❞♦ γ(t, s) = η(t
1
p (w∗)1 + s

1
p (w∗)2)✱ ✭✷✳✸✮ ❡ ✭✷✳✹✮ ✐♠♣❧✐❝❛♠ q✉❡

γ(s, t) = t
1
p (w∗)1 + s

1
p (w∗)2, ∀(s, t) ∈ ∂B. ✭✷✳✼✮

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦

max
t,s≥0

I(t
1
p (w∗)1 + s

1
p (w∗)2) = I(t1(w∗)1 + t2(w∗)2) = c0,

♣♦r ✭✷✳✺✮✱

I(γ(t, s)) ≤ c0 − ǫ.

❆✜r♠❛çã♦ ✷✳✶✳✺ ❊①✐st❡ (t0, s0) ∈ B t❛❧ q✉❡

(
I ′(γ(t0, s0))(γ(t0, s0)1), I

′(γ(t0, s0))(γ(t0, s0)2)
)
= (0, 0).

❆ss✉♠✐♥❞♦ ♣♦r ✉♠ ♠♦♠❡♥t♦ q✉❡ ❛ ❛✜r♠❛çã♦ s❡❥❛ ✈❡r❞❛❞❡✐r❛✱ ❞❡❞✉③✐♠♦s q✉❡ γ(t0, s0) ∈
M✱ ❡ ❡♥tã♦✱

c0 ≤ I(γ(t0, s0)) ≤ c0 − ǫ

q✉❡ é ❛❜s✉r❞♦✳ ❆q✉✐✱ ✭✷✳✻✮ ❢♦✐ ✉s❛❞♦ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ γ(t0, s0)j 6= 0 ♣❛r❛ j = 1, 2✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ w∗ = t1w1 + t2w2 é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ I✳

❉❡♠♦♥str❛çã♦ ❞❛ ❆✜r♠❛çã♦ ✷✳✶✳✺✿ ■♥✐❝✐❛❧♠❡♥t❡✱ ♥♦t❡ q✉❡

(
I ′(γ(t, s))(γ(t, s)1), I

′(γ(t, s))(γ(t, s)2)
)
= (0, 0)

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡
(
1

t
I ′(γ(t, s))(γ(t, s)1),

1

s
I ′(γ(t, s))(γ(t, s)2)

)
= (0, 0)

❡ ♣♦r ✭✷✳✼✮
(
1

t
I ′(γ(t, s))(γ(t, s)1),

1

s
I ′(γ(t, s))(γ(t, s)2)

)
=

(
1

t
I ′(γ0(t, s))(γ0(t, s)1),

1

s
I ′(γ0(t, s))(γ0(t, s)2)

)
,

♣❛r❛ t♦❞♦ (t, s) ∈ ∂B✱ ♦♥❞❡

γ0(t, s) = t
1
p (w∗)1 + s

1
p (w∗)2 ∀(s, t) ∈ B.

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❢✉♥çã♦

G(t, s) = I(t
1
p (w∗)1 + s

1
p (w∗)2),

✹✾



❞❡❞✉③✐♠♦s q✉❡

1

p

(
1

t
I ′(γ0(t, s))(γ0(t, s)1),

1

s
I ′(γ0(t, s))(γ0(t, s)2)

)
= ∇G(t, s) ∀(t, s) ∈ B.

❈♦♠♦ G é ✉♠❛ ❢✉♥çã♦ ❡str✐t❛♠❡♥t❡ ❝♦♥❝❛✈❛ ❡ ∇G(1, 1) = (0, 0)✱ s❡❣✉❡ q✉❡

0 > 〈∇G(t, s)−∇G(1, 1), (t, s)− (1, 1)〉 = 〈∇G(t, s), (t, s)− (1, 1)〉 ∀(s, t) 6= (1, 1),

❡♥tã♦✱

0 > 〈∇G(t, s), (t, s)− (1, 1)〉 ♣❛r❛ |(s, t)− (1, 1)| = r.

❉❡✜♥✐♥❞♦ H : R2 → R2 ♣♦r

H(t, s) = ∇G(t, s)

❡ f(t, s) = H(t+ 1, s+ 1)✱ t❡♠♦s q✉❡

0 > 〈f(t, s), (t, s)〉 ♣❛r❛ |(s, t)| = r.

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ❇r♦✉✇❡r✱ s❛❜❡♠♦s q✉❡ ❡①✐st❡ (t∗, s∗) ∈ Br(0, 0) t❛❧

q✉❡ f(t∗, s∗) = (0, 0)✱ ✐st♦ é✱

H(t∗ + 1, s∗ + 1) = (0, 0),

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ ❡①✐st❡ (t0, s0) ∈ B t❛❧ q✉❡

(
I ′(γ(t0, s0))(γ(t0, s0)1), I

′(γ(t0, s0))(γ(t0, s0)2)
)
= (0, 0),

♦ q✉❡ ❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ❛✜r♠❛çã♦✳

✷✳✷ ❆ ❝♦♥❞✐çã♦ (PS)c ♣❛r❛ Iλ

◆❡st❛ s❡çã♦✱ ♣r♦✈❛r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ❛s s❡q✉ê♥❝✐❛s

(PS) ❞♦ ❢✉♥❝✐♦♥❛❧ Iλ✳ ◆♦ss♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ é ♣r♦✈❛r q✉❡✱ ❞❛❞♦ c ≥ 0 ✐♥❞❡♣❡♥❞❡♥t❡

❞❡ λ✱ ♦ ❢✉♥❝✐♦♥❛❧ Iλ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)d ♣❛r❛ d ∈ [0, c)✱ ❞❡s❞❡ q✉❡ λ s❡❥❛ s✉✜❝✐✲

❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

▲❡♠❛ ✷✳✷✳✶ ❙❡❥❛ {un} ⊂ Eλ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iλ, ❡♥tã♦ {un} é ❧✐♠✐t❛❞❛✳

❆❧é♠ ❞✐ss♦✱ c ≥ 0.

✺✵



❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ {un} é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c✱

Iλ(un) → c ❡ I ′λ(un) → 0.

❊♥tã♦✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡

Iλ(un)−
1

2p
I ′λ(un)un ≤ c+ 1 + ‖un‖λ. ✭✷✳✽✮

P♦r ♦✉tr♦ ❧❛❞♦✱

Iλ(un)−
1

2p
I ′λ(un)un =

(
1

2
− 1

2p

)
‖un‖2λ. ✭✷✳✾✮

❆❧é♠ ❞✐ss♦✱ ❞❡ (2.8) ❡ (2.9)

(
1

2
− 1

2p

)
‖un‖2λ ≤ c+ 1 + ‖un‖λ,

❞❡ ♦♥❞❡ s❡❣✉❡ ❛ ❧✐♠✐t❛çã♦ ❞❡ {un}✳ ❆ss✐♠✱ ♣♦r ✭✷✳✾✮✱

0 ≤
(
1

2
− 1

2p

)
‖un‖2λ ≤ c+ on(1), ✭✷✳✶✵✮

❡ ♦ ▲❡♠❛ s❡❣✉❡ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❝♦♠ n→ +∞✳

❈♦r♦❧ár✐♦ ✷✳✷✳✷ ❙❡❥❛ {un} ⊂ Eλ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)0 ♣❛r❛ Iλ. ❊♥tã♦ un → 0 ❡♠

Eλ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ 2.2.1✳

◆♦ ♣ró①✐♠♦ ▲❡♠❛ ♠♦str❛r❡♠♦s ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ Iλ q✉❡ ❡stá

r❡❧❛❝✐♦♥❛❞❛ ❛♦ ▲❡♠❛ ❞❡ ❇r❡③✐s✲▲✐❡❜ ♣❛r❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡s ♥ã♦ ❧♦❝❛✐s✱ ✈❡r ❬✶✱ ✺✺❪✳

▲❡♠❛ ✷✳✷✳✸ ❙❡❥❛♠ c ≥ 0 ❡ (un) ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iλ. ❙❡ un ⇀ u ❡♠ Eλ,

❡♥tã♦

Iλ(vn)− Iλ(un) + Iλ(u) = on(1) ✭✷✳✶✶✮

I ′λ(vn)− I ′λ(un) + I ′λ(u) = on(1), ✭✷✳✶✷✮

♦♥❞❡ vn = un − u. ❆❧é♠ ❞✐ss♦✱ {vn} é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c−Iλ(u)✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡ q✉❡

Iλ(vn)−Iλ(un) + Iλ(u) =
1

2

(
‖vn‖2λ − ‖un‖2λ + ‖u‖2λ

)
−

− 1

2p

∫

R3

(∫

R3

|vn(y)|p |vn(x)|p − |un(y)|p |un(x)|p + |u(y)|p |u(x)|p
|x− y|µ dy

)
dx.

✺✶



❈♦♠♦ un ⇀ u ❡♠ Eλ✱ t❡♠♦s

Iλ(vn)− Iλ(un) + Iλ(u) =

= on(1) +
1

2p

∫

R3

(∫

R3

|vn(y)|p (− |vn(x)|p + |un(x)|p − |u(x)|p)
|x− y|µ dy

)
dx

+
1

2p

∫

R3

(∫

R3

|un(y)|p (− |vn(x)|p + |un(x)|p − |u(x)|p)
|x− y|µ dy

)
dx ✭✷✳✶✸✮

+
1

2p

∫

R3

(∫

R3

|u(y)|p (− |vn(x)|p + |un(x)|p − |u(x)|p)
|x− y|µ dy

)
dx

+
1

p

∫

R3

(∫

R3

|vn(y)|p|u(x)|p
|x− y|µ dy

)
dx.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍❛r❞②✲▲✐t❧❧❡✇♦♦❞✲❙♦❜♦❧❡✈✱

∫

R3



∫

R3

|vn(y)|p
(
|vn(x)|p − |un(x)|p + |u(x)|p

)

|x− y|µ dy


 dx ≤

C |vn|p6p
6−µ

(∫

R3

∣∣|vn(x)|p − |un(x)|p + |u(x)|p
∣∣ 6
6−µdx

) 6−µ
6

.

◆♦t❡ q✉❡
∫

R3

∣∣∣|vn(x)|p− |un(x)|p + |u(x)|p
∣∣∣

6
6−µ

dx =

=

∫

BR(0)

∣∣∣|vn(x)|p − |un(x)|p + |u(x)|p
∣∣∣

6
6−µ

dx+ ✭✷✳✶✹✮

∫

R3\BR(0)

∣∣∣|vn(x)|p − |un(x)|p + |u(x)|p
∣∣∣

6
6−µ

dx.

♦♥❞❡✱ R > 0 s❡rá ✜①❛❞♦ ♣♦st❡r✐♦r♠❡♥t❡✳ ❈♦♠♦ un ⇀ u ❡♠ Eλ✱ s❛❜❡♠♦s q✉❡

• un → u, ❡♠ L
6p

6−µ (BR(0));

• un(x) → u(x), q✳s✳ ❡♠ R3,

❡ ❡①✐st❡ h1 ∈ L
6p

6−µ (BR(0)) t❛❧ q✉❡

|un(x)| ≤ h1(x) q✳s✳ ❡♠ R3.

❉❡st❛ ❢♦r♠❛✱

|vn(x)|p − |un(x)|p + |u(x)|p → 0, q.s. ❡♠ R3,

❡

∣∣∣ |vn(x)|p − |un(x)|p + |u(x)|p
∣∣∣

6
6−µ ≤ (2p + 1)

6
6−µ (h1(x) + |u(x)|)

6p
6−µ ∈ L1(BR(0)).

✺✷



▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡✱

∫

BR(0)

∣∣∣ |vn(x)|p − |un(x)|p + |u(x)|p
∣∣∣

6
6−µ

dx→ 0. ✭✷✳✶✺✮

❆❧é♠ ❞✐ss♦✱ t❡♠♦s t❛♠❜é♠

∣∣∣ |un(x)− u(x)|p − |un(x)|p
∣∣∣ ≤ p2p−1(|un(x)|p−1 |u(x)|+ |u(x)|p),

❡♥tã♦✱

∫

R3\BR(0)

∣∣∣ |un(x)− u(x)|p − |un(x)|p
∣∣∣

6
6−µ

dx ≤ ✭✷✳✶✻✮

C

∫

R3\BR(0)

|un(x)|
6(p−1)
6−µ |u(x)| 6

6−µ dx+ C

∫

R3\BR(0)

|u(x)|
6p

6−µ dx.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ t❡♠♦s

∫

R3\BR(0)

|un(x)|
6(p−1)
6−µ |u(x)| 6

6−µ dx ≤
(∫

R3\BR(0)

|un(x)|
6p

6−µ dx

) p−1
p
(∫

R3\BR(0)

|u(x)|
6p

6−µ dx

) 1
p

.

❉❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈ ❡ ♣❡❧❛ ❧✐♠✐t❛çã♦ ❞❡ {un}✱
∫

R3\BR(0)

|un(x)|
6(p−1)
6−µ |u(x)| 6

6−µ dx ≤ C|u|6/(6−µ)

L 6p
(6−µ)

(R3\BR(0)).

❈♦♠♦ ♣❛r❛ ❝❛❞❛ ε > 0✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r R > 0 t❛❧ q✉❡

∫

R3\BR(0)

|u(x)|
6p

6−µ dx ≤ ε,

❝♦♥❝❧✉í♠♦s q✉❡

∫

R3\BR(0)

∣∣∣ |vn(x)|p − |un(x)|p + |u(x)|p
∣∣∣

6
6−µ

dx ≤ ε,

❧♦❣♦✱

lim sup
n→∞

∫

R3\BR(0)

∣∣∣ |vn(x)|p − |un(x)|p + |u(x)|p
∣∣∣

6
6−µ

dx = 0. ✭✷✳✶✼✮

❉❡ ✭✷✳✶✹✮✲✭✷✳✶✼✮✱

∫

R3

∣∣∣|vn(x)|p − |un(x)|p + |u(x)|p
∣∣∣

6
6−µ

dx→ 0.

P❛r❛ ✜♥❛❧✐③❛r ❛ ❞❡♠♦♥str❛çã♦✱ ♣r❡❝✐s❛♠♦s ♣r♦✈❛r q✉❡

∫

R3

(∫

R3

|vn(y)|p|u(x)|p
|x− y|µ dy

)
dx→ 0.

✺✸



❯♠❛ ✈❡③ q✉❡ vn ⇀ 0 ❡♠ Eλ ❡ p ∈ (2, 6−µ), ❛ s❡q✉ê♥❝✐❛ {|vn|p} é ❧✐♠✐t❛❞❛ ❡♠ L
6

6−µ (R3)✳

❈♦♠♦ vn(x) → 0 q✳s✳ ❡♠ R3✱ ❣❛r❛♥t✐♠♦s q✉❡ {|vn|p} ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ 0 ❡♠

L
6

6−µ (R3)✳ ❯s❛♥❞♦ ♠❛✐s ✉♠❛ ✈❡③ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞✲❙♦❜♦❧❡✈✱ s❛❜❡♠♦s

q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r Φ : L
6

6−µ (R3) → R ❞❡✜♥✐❞♦ ♣♦r

Φ(w) =

∫

R3

( 1

|x|µ ∗ w
)
|u(x)|pdx

é ❝♦♥tí♥✉♦✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Φ(|vn|p) → 0✱ ♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

∫

R3

(
1

|x|µ ∗ |vn(x)|p
)
|u(x)|pdx→ 0,

❡ ❛ ❞❡♠♦♥str❛çã♦ ❡stá ❝♦♠♣❧❡t❛✳

▲❡♠❛ ✷✳✷✳✹ ❙❡❥❛ {un} ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iλ✳ ❊♥tã♦ c = 0✱ ♦✉ ❡①✐st❡ c∗ > 0✱

✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λ, t❛❧ q✉❡ c ≥ c∗, ♣❛r❛ t♦❞♦ λ > 0.

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ 2.2.1✱ s❛❜❡♠♦s q✉❡ c ≥ 0✳ ❙❡ c > 0✱ t❡♠♦s ♣♦r ✉♠ ❧❛❞♦

q✉❡

c+ on(1)‖un‖λ = Iλ(un)−
1

2p
I ′λ(un)un ≥

(
p− 1

2p

)
‖un‖2λ,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

lim sup
n→+∞

‖un‖2λ ≤ 2pc

p− 1
. ✭✷✳✶✽✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞✲❙♦❜♦❧❡✈ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s ✐♠❡r✲

sõ❡s ❞❡ ❙♦❜♦❧❡✈ ✐♠♣❧✐❝❛♠ q✉❡

I ′λ(un)un ≥ 1

2
‖un‖2λ −K‖un‖2pλ ,

♦♥❞❡ K é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ ❆ss✐♠✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡

I ′λ(un)un ≥ 1

4
||un||2λ , ♣❛r❛ ||un||λ < δ. ✭✷✳✶✾✮

❈♦♥s✐❞❡r❡ c∗ = δ2
p− 1

2p
❡ c < c∗✳ ❊♥tã♦ s❡❣✉❡ q✉❡

‖un‖λ ≤ δ ✭✷✳✷✵✮

♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❉❡ ♦♥❞❡✱

I ′λ(un)un ≥ 1

4
‖un‖2λ,

✺✹



❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

‖un‖2λ → 0.

P♦rt❛♥t♦✱

Iλ(un) → Iλ(0) = 0,

♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ q✉❡ (un) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ❝♦♠ c > 0✳ ▲♦❣♦✱ c ≥ c∗.

▲❡♠❛ ✷✳✷✳✺ ❙❡❥❛ {un} ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iλ. ❊♥tã♦✱ ❡①✐st❡ δ0 > 0 ✐♥❞❡♣❡♥✲

❞❡♥t❡ ❞❡ λ, t❛❧ q✉❡

lim inf
n→+∞

|un|2p
L

6p
6−µ (R3)

≥ δ0c.

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ {un} é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iλ✱

c = lim
n→+∞

Iλ(un) = lim
n→+∞

(
Iλ(un)−

1

2
I ′λ(un)un

)

=

(
1

2
− 1

2p

)
lim

n→+∞

∫

R3

( 1

|x|µ ∗ |un|p
)
|un|pdx,

♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍❛r❞②✲▲✐tt❧❡✇♦♦❞✲❙♦❜♦❧❡✈✱ ♦❜t❡♠♦s

c ≤
(
1

2
− 1

2p

)
K lim inf

n→+∞
|un|2p

L
6p

6−µ (R3)
.

P♦rt❛♥t♦✱ ❛ ❝♦♥❝❧✉sã♦ s❡❣✉❡ ❝♦♥s✐❞❡r❛♥❞♦

δ0 =

(
p− 1

2p

)
K−1 > 0.

▲❡♠❛ ✷✳✷✳✻ ❙❡❥❛ c1 > 0 ✉♠❛ ❝♦♥st❛♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λ✳ ❉❛❞♦ ε > 0✱ ❡①✐st❡♠

Λ = Λ(ε) > 0 ❡ R = R(ε, c1) t❛❧ q✉❡✱ s❡ {un} é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Iλ ❝♦♠

c ∈ [0, c1], ❡♥tã♦

lim sup
n→+∞

|un|2p
L

6p
6−µ (Bc

R(0))
≤ ε, ∀λ ≥ Λ.

❉❡♠♦♥str❛çã♦✳

P❛r❛ R > 0✱ ❝♦♥s✐❞❡r❡

A(R) = {x ∈ R3/ |x| > R ❡ V (x) ≥M0}

❡

B(R) = {x ∈ R3/ |x| > R ❡ V (x) < M0}.

✺✺



❊♥tã♦✱

∫

A(R)

u2ndx ≤ 1

(λM0 + 1)

∫

R3

(λV (x) + 1)u2ndx

≤ 1

(λM0 + 1)
||un||2λ ✭✷✳✷✶✮

≤ 1

(λM0 + 1)

[(
1

2
− 1

2p

)−1

c+ on(1)

]

≤ 1

(λM0 + 1)

[(
1

2
− 1

2p

)−1

c1 + on(1)

]
.

❉❡s❞❡ q✉❡ c1 é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λ, ♣♦r (2.21) ❡①✐st❡ Λ > 0 t❛❧ q✉❡

lim sup
n→+∞

∫

A(R)

u2ndx <
ε

2
, ∀λ ≥ Λ. ✭✷✳✷✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ♣❛r❛ s ∈ [1, 3] ❡ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

Eλ →֒ L2s(R3)✱ ✈❡♠♦s q✉❡

∫

B(R)

u2ndx ≤ β ||un||2λ |B(R)| 1
s′ ≤ c1

(
1

2
− 1

2p

)−1

|B(R)| 1
s′ + on(1),

♦♥❞❡ β é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ ❆❣♦r❛✱ ♣❡❧❛ ❤✐♣ót❡s❡ (V3) ❞♦ ♣♦t❡♥❝✐❛❧ V ✱ s❛❜❡♠♦s

q✉❡

|B(R)| → 0, ✇❤❡♥ R → +∞,

❡♥tã♦ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r R s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡

lim sup
n→+∞

∫

B(R)

u2ndx <
ε

2
. ✭✷✳✷✸✮

❉❡ ✭✷✳✷✷✮ ❡ ✭✷✳✷✸✮✱ ♦❜t❡♠♦s q✉❡

lim sup
n→+∞

∫

R3

u2ndx < ε.

❆ss✐♠ ❝♦♠♦ ♥♦ ▲❡♠❛ ✶✳✶✳✻✱ ✉s❛♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ✐♥t❡r♣♦❧❛çã♦ ♣❛r❛ ♠♦str❛r q✉❡

lim sup
n→+∞

∫

R3\BR(0)

|un|
6p

6−µdx < ε, λ > Λ,

❛✉♠❡♥t❛♥❞♦ ♦s ✈❛❧♦r❡s ❞❡ R ❡ Λ s❡ ♥❡❝❡ssár✐♦✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✼ ❉❛❞♦ c1 > 0, ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λ✱ ❡①✐st❡ Λ = Λ(c1) > 0 t❛❧ q✉❡ s❡

λ ≥ Λ✱ ❡♥tã♦ Iλ ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (PS)c ♣❛r❛ t♦❞♦ c ∈ [0, c1]✳

✺✻



❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ {un} ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c✳ ❖ ▲❡♠❛ ✷✳✷✳✶ ✐♠♣❧✐❝❛ q✉❡ {un} é

❧✐♠✐t❛❞❛✳ P❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱




un ⇀ u, ❡♠ Eλ;

un(x) → u(x), q✳s✳ ❡♠ R3;

un → u, ❡♠ Ls
loc(R

3), 1 ≤ s < 6.

❊♥tã♦✱ I ′λ(u) = 0 ❡ Iλ(u) ≥ 0✳ ❈♦♥s✐❞❡r❛♥❞♦ vn = un − u, ♦ ▲❡♠❛ ✷✳✷✳✸ ❣❛r❛♥t❡ q✉❡

{vn} é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)d ❝♦♠ d = c− Iλ(u)✳ ❆❧é♠ ❞✐ss♦✱

0 ≤ d = c− Iλ(u) ≤ c ≤ c1.

❆✜r♠❛♠♦s q✉❡ d = 0✳ ❙✉♣♦♥❤❛ q✉❡ d > 0✱ ♣❡❧♦s ▲❡♠❛s 2.2.4 ❡ 2.2.5✱ s❛❜❡♠♦s q✉❡

d ≥ c∗ ❡

lim inf
n→+∞

|vn|2p
L

6p
6−µ (R3)

≥ δ0c∗ > 0. ✭✷✳✷✹✮

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✷✳✷✳✻ ❝♦♠ ε =
δ0c∗
2

> 0, ❡①✐st❡♠ Λ, R > 0 t❛✐s q✉❡

lim sup
n→+∞

|vn|2p
L

6p
6−µ (Bc

R(0))
≤ δ0c∗

2
, ♣❛r❛ λ ≥ Λ. ✭✷✳✷✺✮

❈♦♠❜✐♥❛♥❞♦ (2.24) ❡ (2.25), ♦❜t❡♠♦s

lim inf
n→+∞

|vn|2p
L

6p
6−µ (BR(0))

≥ δ0c∗
2

> 0,

♦ q✉❡ é ❛❜s✉r❞♦✱ ♣♦✐s ❝♦♠♦ vn ⇀ 0 ❡♠ Eλ, ❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ Eλ →֒ L
6p

6−µ (BR(0))

✐♠♣❧✐❝❛ q✉❡

lim inf
n→+∞

|vn|2p
L

6p
6−µ (BR(0))

= 0.

▲♦❣♦✱ d = 0 ❡ {vn} é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)0✳ ❊♥tã♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ 2.2.2✱ vn → 0 ❡♠ Eλ✳

P♦rt❛♥t♦✱ Iλ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)c ♣❛r❛ c ∈ [0, c1] s❡ λ é s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

✷✳✸ ❆ ❝♦♥❞✐çã♦ (PS)c,∞ ♣❛r❛ (C)λ

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ✈❡rsã♦ ❞❛ ❝♦♥❞✐çã♦ (PS)c,∞ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡

❈❤♦q✉❛r❞ (C)λ.

Pr♦♣♦s✐çã♦ ✷✳✸✳✶ ❙✉♣♦♥❞♦ q✉❡ 0 < µ < 3✱ 2 ≤ p < 6 − µ ❡ {un} ⊂ H1(R3) é ✉♠❛

s❡q✉ê♥❝✐❛ (PS)d,∞ ♣❛r❛ (Iλ)λ≥1 ❝♦♠ 0 < d ≤ cΓ✳ ❊♥tã♦✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱

❡①✐st❡ u ∈ H1(R3) t❛❧ q✉❡ un ⇀ u ❡♠ H1(R3)✳ ❆❧é♠ ❞✐ss♦✱

✺✼



✭✐✮ un → u ❡♠ H1(R3)❀

✭✐✐✮ u = 0 ❡♠ R3 \ Ω ❡ u ∈ H1
0 (Ω) é ✉♠❛ s♦❧✉çã♦ ♣❛r❛

−∆u+ u =
(∫

Ω

|u|p
|x− y|µdy

)
|u|p−2u ❡♠ Ω;

✭✐✐✐✮ λn

∫

R3

V (x)|un|2 → 0❀

✭✐✈✮ ‖un − u‖2λ,Ω → 0❀

✭✈✮ ‖un‖2λ,R3\Ω → 0❀

✭✈✐✮ Iλn(un) →
1

2

∫

Ω

(|∇u|2 + |u|2)dx− 1

2p

∫

Ω

(∫

Ω

|u|p
|x− y|µdy

)
|u|pdx✳

❉❡♠♦♥str❛çã♦✳ P♦r ❤✐♣ót❡s❡✱

Iλn(un) → d ❡ ‖I ′λn
(un)‖E′

λn
→ 0.

❊♥tã♦✱ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❡♠♣r❡❣❛❞♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✷✳✶ ♠♦str❛♠

q✉❡ (‖un‖λn) ❡ (un) sã♦ ❧✐♠✐t❛❞♦s ❡♠ R ❡ H1(R3) r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▲♦❣♦✱ ♣❛ss❛♥❞♦ ❛

✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ ❡①✐st❡ u ∈ H1(R3) t❛❧ q✉❡

un ⇀ u ❡♠ H1(R3) ❡ un(x) → u(x) q✳s✳ ♣❛r❛ x ∈ R3.

❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ m ∈ N✱ ❞❡✜♥✐♠♦s Cm =

{
x ∈ R3 ; V (x) ≥ 1

m

}
✳ ❙❡♠ ♣❡r❞❛ ❞❡

❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ λn < 2(λn − 1), ∀n ∈ N✳ ▲♦❣♦
∫

Cm

|un|2dx ≤ 2m

λn

∫

Cm

(
λnV (x) + 1)|un|2dx ≤ C

λn
.

P❡❧♦ ▲❡♠❛ ❞❡ ❋❛t♦✉✱ ♦❜t❡♠♦s q✉❡
∫

Cm

|u|2dx = 0,

♦ q✉❡ ✐♠♣❧✐❝❛ u = 0 ❡♠ Cm✱ ❛ss✐♠✱ u = 0 ❡♠ R3 \ Ω✳ ❉❡st❛ ❢♦r♠❛✱ ❡st❛♠♦s ❛♣t♦s ❛

♣r♦✈❛r (i)− (vi)✳

(i) P♦r ✉♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s✱ ✈❡♠♦s q✉❡

‖un − u‖2λn
= I ′λn

(un)un − I ′λn
(un)u+

∫

R3

(
1

|x|µ ∗ |un|p
)
|un|p−2un(un − u)dx+ on(1).

❊♥tã♦✱

‖un − u‖2λn
=

∫

R3

( 1

|x|µ ∗ |un|p
)
|un|p−2un(un − u)dx+ on(1).

✺✽



❈♦♠♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✷✳✸✱

‖un − u‖2λn
→ 0,

♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ un → u ❡♠ H1(R3).

(ii) ❈♦♠♦ u ∈ H1(R3) ❡ u = 0 ❡♠ R3 \ Ω✱ t❡♠♦s u ∈ H1
0 (Ω) ❡ u|Ωj

∈ H1
0 (Ωj)✱

♣❛r❛ j ∈ {1, 2..., k}✳ ❆❧é♠ ❞✐ss♦✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ un → u ❡♠ H1(R3) ❡

I ′λn
(un)ϕ→ 0 ♣❛r❛ ϕ ∈ C∞

0 (Ω)✱ ♦❜t❡♠♦s

∫

Ω

(∇u∇ϕ+ uϕ)dx−
∫

Ω

(∫

Ω

|u|p
|x− y|µdy

)
|u|p−2uϕdx = 0, ✭✷✳✷✻✮

♠♦str❛♥❞♦ q✉❡ u|Ω é ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♥ã♦✲❧♦❝❛❧




−∆u+ u =
(∫

Ω

|u|p
|x− y|µdy

)
|u|p−2u ❡♠ Ω,

u = 0, s♦❜r❡ ∂Ω.

(iii) ❚❡♥❞♦ ✭✐✮ ❡♠ ♠❡♥t❡✱

λn

∫

R3

V (x)|un|2dx =

∫

R3

λnV (x)|un − u|2dx ≤ ‖un − u‖2λn
.

❊♥tã♦

λn

∫

R3

V (x)|un|2dx→ 0.

(iv) P❛r❛ ❝❛❞❛ j ∈ {1, 2..., k}✱

|un − u|22,Ωj
, |∇un −∇u|22,Ωj

→ 0.

❆ss✐♠✱ ∫

Ω

|∇un|2dx→
∫

Ω

|∇u|2dx ❡
∫

Ω

|un|2dx→
∫

Ω

|u|2dx.

❊♠ ✈✐st❛ ❞❡ ✭✐✐✐✮✱ s❛❜❡♠♦s ∫

Ω

λnV (x)|un|2dx→ 0,

✐♠♣❧✐❝❛♥❞♦ ❡♠

‖un‖2λn,Ω →
∫

Ω

(|∇u|2 + |u|2)dx.

(v) ❈♦♠❜✐♥❛♥❞♦ ✭✐✮ ❡ ‖un − u‖2λn
→ 0✱ ♦❜t❡♠♦s

‖un‖2λn,R3\Ω → 0.

✺✾



(vi) P♦❞❡♠♦s ❡s❝r❡✈❡r ♦ ❢✉♥❝✐♦♥❛❧ Iλn ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

Iλn(un) =
1

2

∫

Ω

(|∇un|2 + (λnV (x) + 1)|un|2)dx+
1

2

∫

R3\Ω

(|∇un|2 + (λnV (x) + 1)|un|2)dx

− 1

2p

∫

R3\Ω

( 1

|x|µ ∗ |un|p
)
|un|pdx−

1

2p

∫

Ω

( 1

|x|µ ∗ |un|p)|un|pdx.

❆✜r♠❛çã♦ ✷✳✸✳✷ ❯s❛♥❞♦ (i)− (v)✱ ♦❜t❡♠♦s

✭❛✮

∫

Ω

(
1

|x|µ ∗ |un|p
)
|un|pdx→

∫

Ω

(∫

Ω

|u|p
|x− y|µdy

)
|u|pdx;

✭❜✮

∫

R3\Ω

(
1

|x|µ ∗ |un|p
)
|un|pdx→ 0;

✭❝✮
1

2

∫

Ω

(|∇un|2 + (λnV (x) + 1)|un|2)dx→ 1

2

∫

Ω

(|∇u|2 + |u|2)dx;

✭❞✮
1

2

∫

R3\Ω

(|∇un|2 + (λnV (x) + 1)|un|2)dx→ 0,

❉❡ ❢❛t♦✱ ♣❛r❛ ♠♦str❛r♠♦s ♦ ✐t❡♠ (a) ❝♦♥s✐❞❡r❡♠♦s

ũn(x) =





un(x), s❡ x ∈ Ω

0, s❡ x ∈ R3 \ Ω.

❊♥tã♦✱

∣∣∣
∫

Ω

∫

R3

|un(y)|p|un(x)|p
|x− y|µ dydx−

∫

Ω

∫

Ω

|u(y)|p|u(x)|p
|x− y|µ dydx

∣∣∣ ≤
∫

R3

∫

R3

∣∣∣|un(y)|p − |u(y)|p
∣∣∣|ũn(x)|p

|x− y|µ dydx+

∫

R3

∫

R3

|u(y)|p
∣∣∣|ũn(x)|p − |u(x)|p

∣∣∣
|x− y|µ dydx

P♦r ❍❛r❞②✲▲✐t❧❧❡✇♦♦❞✲❙♦❜♦❧❡✈✱

∫

R3

∫

R3

∣∣∣|un(y)|p − |u(y)|p
∣∣∣|ũn(x)|p

|x− y|µ dydx ≤
(∫

R3

∣∣∣|un(x)|p−|u(x)|p
∣∣∣
6/(6−µ)

dx
)(6−µ)/6

|ũn|p
L

6p
6−µ (R3)

.

❙❡❣✉❡ ♣♦r (i) ❡ ❞❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈ q✉❡

∫

R3

∫

R3

∣∣∣|un(y)|p − |u(y)|p
∣∣∣|ũn(x)|p

|x− y|µ dydx→ 0.

❆♥❛❧♦❣❛♠❡♥t❡✱
∫

R3

∫

R3

|u(y)|p
∣∣∣|ũn(x)|p − |u(x)|p

∣∣∣
|x− y|µ dydx→ 0.

✻✵



▼♦str❛♥❞♦ (a). P❛r❛ ♣r♦✈❛r (b) ❝♦♥s✐❞❡r❛♠♦s

ũn(x) =





un(x), s❡ x ∈ R3 \ Ω
0, s❡ x ∈ Ω,

❡ ♣r♦❝❡❞❡♠♦s ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♥♦ ✐t❡♠ (a)✳ ❖s ✐t❡♥s (c) ❡ (d) s❡❣✉❡♠ ✐♠❡❞✐❛t❛♠❡♥t❡

❞❡ (iii)− (v).

P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

Iλn(un) →
1

2

∫

Ω

(|∇u|2 + |u|2)dx− 1

2p

∫

Ω

(∫

Ω

|u|p
|x− y|µdy

)
|u|pdx.

✷✳✹ ❖✉tr❛s ♣r♦♣♦s✐çõ❡s ♣❛r❛ cΓ

◆♦ q✉❡ s❡❣✉❡✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ❝♦♥s✐❞❡r❛♠♦s Γ = {1, · · · , l}, ❝♦♠
l ≤ k✳ ❆❧é♠ ❞✐ss♦✱ ❞❡♥♦t❛♠♦s ♣♦r Ω′

Γ = ∪j∈ΓΩ
′
j✱ ♦♥❞❡ Ω′

j é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ Ωj

❝♦♠ Ω′
j ∩ Ω′

i = ∅ s❡ j 6= i✳ ❯s❛♥❞♦ ❡st❛ ♥♦t❛çã♦✱ ✐♥tr♦❞✉③✐♠♦s ♦ ❢✉♥❝✐♦♥❛❧

Iλ,Γ(u) =
1

2

∫

Ω′

Γ

(|∇u|2 + (λV (x) + 1)|u|2)dx− 1

2p

∫

Ω′

Γ

(∫

Ω′

Γ

|u|p
|x− y|µdy

)
|u|pdx,

❝♦♠ u ∈ H1(Ω′
Γ)✱ q✉❡ é ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛ ❡q✉❛çã♦ ❞❡ ❈❤♦q✉❛r❞ ❝♦♠

❝♦♥❞✐çã♦ ❞❡ ◆❡✉♠❛♥♥




−∆u+ (λV (x) + 1)u =
(∫

Ω′

Γ

|u|p
|x− y|µdy

)
|u|p−2u, ❡♠ Ω′

Γ,

∂u

∂η
= 0, s♦❜r❡ ∂Ω′

Γ.

(CNλ)

◆♦ q✉❡ s❡❣✉❡✱ ❞❡♥♦t❛♠♦s ♣♦r cΓ ♦ ♥ú♠❡r♦ ❞❛❞♦ ♣♦r

cΓ = inf
u∈MΓ

IΓ(u)

♦♥❞❡

MΓ = {u ∈ NΓ : I ′Γ(u)uj = 0 ❡ uj 6= 0, ∀j ∈ Γ}

❝♦♠ uj = u|Ωj
❡

NΓ = {u ∈ H1(ΩΓ) \ {0} : I ′Γ(u)u = 0}.

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡♥♦t❛♠♦s ♣♦r cλ,Γ ♦ ♥ú♠❡r♦ ❞❛❞♦

cλ,Γ = inf
u∈M′

Γ

Iλ,Γ(u)

✻✶



♦♥❞❡

M′
Γ = {u ∈ N ′

Γ : I ′λ,Γ(u)uj = 0 ❡ uj 6= 0, ∀j ∈ Γ}

❝♦♠ uj = u|Ω′

j
❡

N ′
Γ = {u ∈ H1(Ω′

Γ) \ {0} : I ′λ,Γ(u)u = 0}.

❘❡♣❡t✐♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞❛ ❙❡çã♦ ✷✱ s❛❜❡♠♦s q✉❡ ❡①✐st❡♠ wΓ ∈ H1
0 (ΩΓ) ❡

wλ,Γ ∈ H1(Ω′
Γ) t❛✐s q✉❡

IΓ(wΓ) = cΓ ❛♥❞ I ′Γ(wΓ) = 0

❡

Iλ,Γ(wλ,Γ) = cλ,Γ ❡ I ′λ,Γ(wλ,Γ) = 0.

❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ❞❡s❝r❡✈❡ ✉♠❛ ✐♠♣♦rt❛♥t❡ r❡❧❛çã♦ ❡♥tr❡ cΓ ❡ cλ,Γ✳

▲❡♠❛ ✷✳✹✳✶ ✭✐✮ 0 < cλ,Γ ≤ cΓ, ∀λ ≥ 0❀

✭✐✐✮ cλ,Γ → cΓ, q✉❛♥❞♦ λ→ ∞✳

❉❡♠♦♥str❛çã♦✳ (i) ❈♦♠♦ H1
0 (ΩΓ) ⊂ H1(Ω′

Γ)✱ é ❢á❝✐❧ ✈❡r q✉❡

0 < cλ,Γ ≤ cΓ.

(ii) ❈♦♥s✐❞❡r❡♠♦s ❛ s❡q✉ê♥❝✐❛ λn → ∞✳ ❉♦s ❝♦♠❡♥tár✐♦s ❛❝✐♠❛✱ ♣❛r❛ ❝❛❞❛ λn

❡①✐st❡ wn ∈ H1(Ω′) ❝♦♠

Iλn,Γ(wn) = cλn,Γ ❡ I ′λn,Γ(wn) = 0.

❈♦♠♦
(
cλn,Γ

)
é ❧✐♠✐t❛❞❛✱ ❡①✐st❡ (wni

)✱ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (wn)✱ t❛❧ q✉❡ (Iλni ,Γ
(wni

)) ❝♦♥✲

✈❡r❣❡ ❡ I ′λni ,Γ
(wni

) = 0✳ ❘❡♣❡t✐♥❞♦ ❛s ♠❡s♠❛s ✐❞❡✐❛s ❡①♣❧♦r❛❞❛s ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛

Pr♦♣♦s✐çã♦ ✷✳✸✳✶✱ s❛❜❡♠♦s q✉❡ ❡①✐st❡ w ∈ H1
0 (ΩΓ) \ {0} ⊂ H1(Ω′

Γ) t❛❧ q✉❡

wj = w|Ωj
6= 0, j ∈ Γ

❡

wni
→ w ❡♠ H1(Ω′

Γ), q✉❛♥❞♦ ni → ∞.

❆❧é♠ ❞✐ss♦✱ t❡♠♦s t❛♠❜é♠

cλni ,Γ
= Iλni ,Γ

(wni
) → IΓ(w)

✻✷



❡

0 = I ′λni ,Ω
′(wni

) → I ′Γ(w).

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ cΓ✱

lim
i
cλni ,Γ

≥ cΓ.

❊♥tã♦✱ ❝♦♠❜✐♥❛♥❞♦ ♦ ú❧t✐♠♦ ❧✐♠✐t❡ ❝♦♠ ❛ ❝♦♥❝❧✉sã♦ ✭✐✮✱ ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡

cλni ,Γ
→ cΓ, q✉❛♥❞♦ ni → ∞.

■st♦ ❡st❛❜❡❧❡❝❡ ♦ r❡s✉❧t❛❞♦ ❡♥✉♥❝✐❛❞♦✳

◆❛ s❡q✉ê♥❝✐❛✱ ❞❡♥♦t❛r❡♠♦s ♣♦r w ∈ H1
0 (ΩΓ) ❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♦❜t✐❞❛

♥❛ ❙❡çã♦ ✷✱ ✐st♦ é✱

w ∈ MΓ, IΓ(w) = cΓ ❡ I ′Γ(w) = 0. ✭✷✳✷✼✮

❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s tj = s
1
p

j ✱ é ó❜✈✐♦ q✉❡

IΓ
(
t1w1 + · · ·+ tlwl

)
=

l∑

j=1

t2j
2
||wj||2j −

1

2p

∫

ΩΓ

(∫

ΩΓ

∣∣∑l
j=1 tjwj

∣∣p

|x− y|µ dy

)∣∣∣
l∑

j=1

tjwj

∣∣∣
p

dx

=
l∑

j=1

s
2
p

j

2
||wj||2j −

1

2p

∫

ΩΓ

(∫

ΩΓ

∑l
j=1 sj|wj|p
|x− y|µ dy

)( l∑

j=1

sj|wj|p
)
dx.

❆r❣✉♠❡♥t❛♥❞♦ ♠❛✐s ✉♠❛ ✈❡③ ❝♦♠♦ ❡♠ ❬✹✹❪✱

∫

ΩΓ

(∫

ΩΓ

∑l
j=1 sj|wj|p
|x− y|µ dy

)( l∑

j=1

sj|wj|p
)
dx =

∫

ΩΓ

[
1

|x|µ/2 ∗
( l∑

j=1

sj|wj|p
)]2

dx.

❈♦♠♦ s 7→ s2/p é ❝ô♥❝❛✈♦ ❡ s 7→ s2 é ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ ❢✉♥çã♦

G(s1, s2, · · · , sl) = IΓ(s
2
p

1w1 + · · ·+ s
2
p

l wl)

é ❡str✐t❛♠❡♥t❡ ❝ô♥❝❛✈❛ ❝♦♠ ∇G(1, · · · , 1) = 0✳ ▲♦❣♦✱ (1, · · · , 1) é ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❡

♠á①✐♠♦ ❣❧♦❜❛❧ ❞❡ G s♦❜r❡ [0,+∞)l ❝♦♠ G(1, · · · , 1) = cΓ✳

❆ss✉♠✐♥❞♦ p > 2✱ t❡♠♦s

I ′Γ(
l∑

j=1

tjwj)(tiwi) = t2i ‖wi‖2i − t2pi

∫

Ωi

(∫

Ωi

|wi|p
|x− y|dy

)
|wi|pdx

−
l∑

j=1,j 6=i

tpi t
p
j

∫

Ωj

(∫

Ωi

|wi|p
|x− y|dy

)
|wj|pdx

✻✸



❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❡①✐st❡♠ r > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡ R > 0 s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡ t❛✐s q✉❡

I ′Γ

(
l∑

j=1,j 6=i

tjwj(x) +Rwi

)
(Rwi) < 0, ♣❛r❛ i ∈ Γ, ∀tj ∈ [r, R] ❡ j 6= i, ✭✷✳✷✽✮

I ′Γ

(
l∑

j=1,j 6=i

tjwj(x) + rwi

)
(rwi) > 0, ♣❛r❛ i ∈ Γ, ∀tj ∈ [r, R] ❡ j 6= i. ✭✷✳✷✾✮

❡

IΓ

(
l∑

j=1

tjwj(x)

)
< cΓ, ∀(t1, · · · , tl) ∈ ∂[r, R]l, ✭✷✳✸✵✮

♦♥❞❡ wj := w|Ωj
✱ j ∈ Γ✳ ❯s❛♥❞♦ ❡st❛s ✐♥❢♦r♠❛çõ❡s✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

γ0(t1, · · · , tl)(x) =
l∑

j=1

tjwj(x) ∈ H1
0 (ΩΓ), ∀(t1, · · · , tl) ∈ [r, R]l,

❡ ❞❡♥♦t❡ ♣♦r Γ∗ ❛ ❝❧❛ss❡ ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s γ ∈ C
(
[r, R]l, Eλ \ {0}

)
q✉❡ s❛t✐s❢❛③ ❛s

s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

(a) γ = γ0 s♦❜r❡ ∂[r, R]l,

❡

(b) ΦΓ(γ) =
1

2

∫

R3\Ω′

Γ

(
|∇γ|2 + (λa(x) + 1)|γ|2

)
dx− 1

p

∫

R3\Ω′

Γ

(
1

|x|µ ∗ |γ|p
)
|γ|pdx ≥ 0,

♦♥❞❡ R > 1 > r > 0 sã♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ♦❜t✐❞❛s ❡♠ ✭✷✳✷✽✮ ❡ ✭✷✳✷✾✮✳ ❈♦♠♦ γ0 ∈ Γ∗,

s❛❜❡♠♦s q✉❡ Γ∗ 6= ∅✳ P♦r ✭❛✮ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ γ ❡ ✭✷✳✸✵✮✱ t❡♠♦s

Iλ
(
γ(t1, · · · , tl)

)
< cΓ, ∀(t1, · · · , tl) ∈ ∂[r, R]l, ∀γ ∈ Γ∗. ✭✷✳✸✶✮

❖ ♣ró①✐♠♦ ❧❡♠❛ s❡rá ✉s❛❞♦ ♣❛r❛ ❞❡s❝r❡✈❡r ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✐♥t❡rs❡çã♦ ❞❛s ❢✉♥çõ❡s

❞❡ Γ∗ ❡ ♦ ❝♦♥❥✉♥t♦ MΓ ♥❛ s❡çã♦ ✜♥❛❧✳

▲❡♠❛ ✷✳✹✳✷ P❛r❛ t♦❞♦ γ ∈ Γ∗✱ ❡①✐st❡ (t1, . . . , tl) ∈ (r, R)l t❛❧ q✉❡

I ′λ,Γ(γ(t1, . . . , tl))γj(t1, . . . , tl) = 0,

♦♥❞❡ γj(t1, . . . , tl) = γ(t1, . . . , tl)|Ω′

j
✱ j ∈ Γ✳

❉❡♠♦♥str❛çã♦✳ ❉❡s❞❡ q✉❡ p > 2 ❡ γ = γ0 s♦❜r❡ ∂[r, R]l✱ ✉s❛♥❞♦ ✭✷✳✷✽✮ ❡ ✭✷✳✷✾✮✱

✈❡♠♦s q✉❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▼✐r❛♥❞❛ ❬✺✸❪✳

✻✹



✷✳✺ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✸

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❡♥❝♦♥t❛r ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s ♥ã♦ ♥❡❣❛t✐✈❛s uλ ♣❛r❛ ✈❛✲

❧♦r❡s ❣r❛♥❞❡s ❞❡ λ✱ q✉❡ ❝♦♥✈❡r❣❡♠ ♣❛r❛ ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ (C)∞,Γ ❛s

λ→ ∞✳ P❛r❛ ❡st❡ ✜♠✱ ♣r♦✈❛r❡♠♦s ❞✉❛s ♣r♦♣♦s✐çõ❡s q✉❡✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ Pr♦♣♦s✐çã♦

✷✳✸✳✶✱ ♥♦s ❛❥✉❞❛rá ❛ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ✵✳✵✳✸✳

❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ❞❡♥♦t❛♠♦s ♣♦r

Θ =
{
u ∈ Eλ : ‖u‖λ,Ω′

j
>
rτ

2
j = 1, · · · , l

}
,

♦♥❞❡ r ❢♦✐ ✜①❛❞♦ ❡♠ ✭✷✳✷✽✮ ❡ τ é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ t❛❧ q✉❡

‖uj‖j > τ, ∀u ∈ ΥΓ = {u ∈ MΓ : IΓ(u) = cΓ} ❛♥❞ ∀j ∈ Γ.

❆❧é♠ ❞✐ss♦✱ IcΓλ ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦

IcΓλ =
{
u ∈ Eλ ; Iλ(u) ≤ cΓ

}
.

❋✐①❛♥❞♦ δ =
rτ

8
✱ ♣❛r❛ ξ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❞❡✜♥✐♠♦s

Aλ
ξ =

{
u ∈ Θ2δ : ΦΓ(u) ≥ 0, ||u||λ,R3\Ω′

Γ
≤ ξ ❡ |Iλ(u)− cΓ| ≤ ξ

}
. ✭✷✳✸✷✮

❖❜s❡r✈❡ q✉❡

w ∈ Aλ
ξ ∩ IcΓλ ,

♠♦str❛♥❞♦ q✉❡ Aλ
ξ ∩IcΓλ 6= ∅✳ ❚❡♠♦s ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛ ✉♥✐❢♦r♠❡ ❞❡

∥∥I ′λ(u)
∥∥
E∗

λ

s♦❜r❡

❛ r❡❣✐ã♦
(
Aλ

2ξ \ Aλ
ξ

)
∩ IcΓλ ✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✶ P❛r❛ ❝❛❞❛ ξ > 0✱ ❡①✐st❡♠ Λ∗ ≥ 1 ❡ σ0 > 0 ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λ t❛❧

q✉❡ ∥∥I ′λ(u)
∥∥
E∗

λ

≥ σ0, ♣❛r❛ λ ≥ Λ∗ ❡ t♦❞♦ u ∈
(
Aλ

2ξ \ Aλ
ξ

)
∩ IcΓλ . ✭✷✳✸✸✮

❉❡♠♦♥str❛çã♦✳ ◆ós ❛ss✉♠✐♠♦s q✉❡ ❡①✐st❡♠ λn → ∞ ❡ un ∈
(
Aλn

2ξ \ Aλn
ξ

)
∩ IcΓλn

t❛❧

q✉❡
∥∥I ′λn

(un)
∥∥
E∗

λn

→ 0.

❉❡s❞❡ q✉❡ un ∈ Aλn
2ξ ✱ s❛❜❡♠♦s q✉❡ {‖un‖λn} ❡

{
Iλn(un)

}
sã♦ ❛♠❜❛s ❧✐♠✐t❛❞❛s✳ P❛ss❛♥❞♦

❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ {Iλn(un)} ❝♦♥✈❡r❣❡✳ ❆ss✐♠✱

❞❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✶✱ ❡①✐st❡ u ∈ H1
0 (ΩΓ) t❛❧ q✉❡ u é ✉♠❛ s♦❧✉çã♦ ♣❛r❛

−∆u+ u =
(∫

ΩΓ

|u|p
|x− y|µdy

)
|u|p−2u ✐♥ ΩΓ

✻✺



❝♦♠

un → u ✐♥ H1(R3), ‖un‖λn,R3\Ω → 0 ❡ Iλn(un) → IΓ(u).

❈♦♠♦ (un) ⊂ Θ2δ✱ r❡s✉❧t❛ q✉❡

‖un‖λn,Ω′

j
>
rτ

4
, j = 1, · · · , l.

❋❛③❡♥❞♦ n→ +∞✱ ♦❜t❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡

‖u‖j ≥
rτ

4
> 0, j = 1, · · · , l,

q✉❡ ✐♠♣❧✐❝❛ u|Ωj
6= 0✱ j = 1, · · · , l ❡ I ′Γ(u) = 0✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ IΓ(u) ≥ cΓ✳

❚♦❞❛✈✐❛✱ ❞♦ ❢❛t♦ q✉❡ Iλn(un) ≤ cΓ ❡ Iλn(un) → IΓ(u)✱ t❡♠♦s IΓ(u) = cΓ✱ ❡♥tã♦✱ u ∈ ΥΓ✳

▲♦❣♦✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡

‖un‖j >
rτ

2
❡ |Iλn(un)− cΓ| ≤ ξ, j = 1, · · · , l.

❉❡st❛ ❢♦r♠❛ un ∈ Aλn
ξ ✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

◆♦ q✉❡ s❡❣✉❡✱ ξ1, ξ
∗ s❡rã♦ ❞❡✜♥✐❞♦s ❝♦♠♦

ξ1 = min
(t1,··· ,tl)∈∂[r,R]l

|IΓ(γ0(t1, · · · , tl))− cΓ| > 0

❡

ξ∗ = min{ξ1/2, δ, ρ/2},

♦♥❞❡

ρ = 4R2cΓ,

❡ R✱δ sã♦ ❞❛❞♦s ❡♠ ✭✷✳✷✽✮ ❡ ✭✷✳✸✷✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆❧é♠✱ ♣❛r❛ ❝❛❞❛ s > 0✱ Bλ
s ❞❡♥♦t❛

♦ ❝♦♥❥✉♥t♦

Bλ
s =

{
u ∈ Eλ ; ‖u‖2λ ≤ s

}
♣❛r❛ s > 0.

Pr♦♣♦s✐çã♦ ✷✳✺✳✷ ❉❛❞♦s 0 < µ < 3 ❡ 2 < p < 6 − µ✳ ❙❡❥❛♠ ξ ∈ (0, ξ∗) ❡ Λ∗ ≥ 1

❞❛❞♦s ♥❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳ ❊♥tã♦✱ ♣❛r❛ λ ≥ Λ∗✱ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ uλ ❞❡ (C)λ t❛❧

q✉❡ uλ ∈ Aλ
ξ ∩ IcΓλ ∩ Bλ

2ρ+1✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❡st❛ ♣r♦♣♦s✐çã♦ s❡❣✉❡ ❞❛ ♠❡s♠❛ ❢♦r♠❛ ❞❛ Pr♦♣♦✲

s✐çã♦ ✶✳✹✳✷✳

❬❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✸✿ ❈♦♥❝❧✉sã♦❪ ❉❛ ú❧t✐♠❛ Pr♦♣♦s✐çã♦✱ ❡①✐st❡ (uλn)

❝♦♠ λn → +∞ s❛t✐s❢❛③❡♥❞♦✿

✻✻



✭❛✮ I ′λn
(uλn) = 0, ∀n ∈ N❀

✭❜✮ Iλn(uλn) → cΓ.

✭❝✮ ||uλn ||λn,RN\Ω′

Γ
→ 0.

P♦rt❛♥t♦✱ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✸✳✶✱ ♦❜t❡♠♦s q✉❡ (uλn) ❝♦♥✈❡r❣❡ ❡♠H1(R3) ♣❛r❛ ✉♠❛ ❢✉♥çã♦

u ∈ H1(R3)✱ ❛ q✉❛❧ s❛t✐s❢❛③ u = 0 ❢♦r❛ ❞❡ Ω ❡ u|Ωj
6= 0, j = 1, · · · , l✳ ❆❣♦r❛✱ ❛✜r♠❛♠♦s

q✉❡ u = 0 ❡♠ Ωj✱ ♣❛r❛ t♦❞♦ j /∈ Γ✳ ❈♦♠ ❡❢❡✐t♦✱ é ♦ssí✈❡❧ ♠♦str❛r q✉❡ ❡①✐st❡ σ1 > 0✱♦

q✉❛❧ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ j✱ t❛❧ q✉❡ s❡ v é ✉♠❛s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ❞❡ (C)∞,Γ✱ ❡♥tã♦

‖v‖H1
0 (ΩΓ) ≥ σ1.

❚♦❞❛✈✐❛✱ ❛ s♦❧✉çã♦ u ✈❡r✐✜❝❛

‖u‖H1(RN\ΩΓ) = 0,

♠♦str❛♥❞♦ q✉❡ u = 0 ❡♠ Ωj✱ ♣❛r❛ t♦❞♦ j /∈ Γ✳ ■st♦ ✜♥❛❧✐③❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛

✵✳✵✳✸✳

✻✼



❈❛♣ít✉❧♦ ✸

❙♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛

✉♠ ♣r♦❜❧❡♠❛ ❝♦♠ ♦ ♦♣❡r❛❞♦r

❜✐❤❛r♠ô♥✐❝♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st✉❞❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛

♦ ♣r♦❜❧❡♠❛ 



∆2u = f(u), ❡♠ Ω,

u = Bu = 0, s♦❜r❡ ∂Ω,
(N)

♦♥❞❡ Ω ⊂ RN(N ≥ 2) é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉❛✈❡✱ ∆2 é ♦ ♦♣❡r❛❞♦r

❜✐❤❛r♠ô♥✐❝♦✱ f é ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ (f1)✱(f4) ❡ (f5)− (f7)✳

❊♠ r❡❧❛çã♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❝♦♥s✐❞❡r❛r❡♠♦s Bu = ∆u ♦✉ Bu =
∂u

∂ν
✳ ❙❡

Bu = ∆u✱ t❡♠♦s ❛ ❝♦♥❞✐çã♦ ❞❡ ◆❛✈✐❡r

u = ∆u = 0, s♦❜r❡ ∂Ω,

❡ ♣❛r❛ ♦ ❝❛s♦ Bu =
∂u

∂ν
✱ t❡♠♦s ❛ ❝♦♥❞✐çã♦ ❞❡ ❉✐r✐❝❤❧❡t

u =
∂u

∂ν
= 0, s♦❜r❡ ∂Ω.

◆♦ q✉❡ s❡❣✉❡✱ ❞✐r❡♠♦s q✉❡ ✉♠❛ s♦❧✉çã♦ u ❞❡ (N) é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧✱ q✉❛♥❞♦

u± 6= 0✱ ♦♥❞❡ u+ = max{u, 0} ❡ u− = min{u, 0}✳
❘❡❝♦r❞❛♠♦s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ I : H → R ❛ss♦❝✐❛❞♦ ❝♦♠ (P ) é ❞❡✜♥✐❞♦ ♣♦r

I(u) =
1

2

∫

Ω

|∆u|2dx−
∫

Ω

F (u)dx,



♦♥❞❡ H = H2(Ω)∩H1
0 (Ω) ♥♦ ❝❛s♦ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ◆❛✈✐❡r✱ ❡ H = H2

0 (Ω) ♣❛r❛ ❛ ❝♦♥❞✐çã♦

❞❡ ❉✐r✐❝❤❧❡t✳ ❆❧é♠ ❞✐ss♦✱ é ❜❡♠ ❝♦♥❤❡❝✐❞♦ q✉❡ ♣❛r❛ ❡st❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ H é

✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♠✉♥✐❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈u, v〉 =
∫

Ω

∆u∆v dx,

❝✉❥❛ ❛ ♥♦r♠❛ ❛ss♦❝✐❛❞❛ é

‖u‖H =

(∫

Ω

|∆u|2dx
) 1

2

.

P♦r ✉♠ ❛r❣✉♠❡♥t♦ ♣❛❞rã♦ ♠♦str❛✲s❡ q✉❡ ♣♦♥t♦s ❝rít✐❝♦s ❞❡ I sã♦ ♣r❡❝✐s❛♠❡♥t❡

❛s s♦❧✉çõ❡s ❢r❛❝❛s ❞❡ (P )✳ ◆♦ q✉❡ s❡❣✉❡✱ ❞✐r❡♠♦s q✉❡ u ∈ H é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡

❡♥❡r❣✐❛ ♠í♥✐♠❛ s❡

I(u) = min{I(v) : v é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ♣❛r❛ (P )}.

✸✳✶ ❖ ♠ét♦❞♦ ❞✉❛❧

◆❡st❛ s❡çã♦✱ ❞❡✜♥✐r❡♠♦s ❡ ♣r♦✈❛r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❢✉♥❝✐♦♥❛❧ ❞✉❛❧

❛ss♦❝✐❛❞♦ ❛ (N)✳ ❯s❛♥❞♦ ✉♠ r❡s✉❧t❛❞♦ ❞♦ t✐♣♦ ❆❣♠♦♥✲❉♦❧❣❧✐s✲◆✐r❡♠❜❡r❣ ✭✈❡r ❬✹✷❪✮✱

♣❛r❛ ❝❛❞❛ w ∈ L
p

p−1 (Ω)✱ p ∈ (2, 2∗)✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ u ∈ W 4, p
p−1 (Ω) ❞♦

♣r♦❜❧❡♠❛ ❧✐♥❡❛r 



∆2u = w, ❡♠ Ω,

u = Bu = 0, s♦❜r❡ ∂Ω.
(Pw)

❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖u‖
W

4,
p

p−1 (Ω)
≤ C‖w‖

L
p

p−1 (Ω)
.

❉♦s ❝♦♠❡♥tár✐♦s ❛❝✐♠❛✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r

T : L
p

p−1 (Ω) → W 4, p
p−1 (Ω)✱ t❛❧ q✉❡ ♣❛r❛ w ∈ L

p
p−1 (Ω)✱ Tw é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡

(Pw)✳ P❡❧❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✱

‖Tw‖
W

4,
p

p−1 (Ω)
≤ C‖w‖

L
p

p−1 (Ω)
, ∀w ∈ L

p
p−1 (Ω),

♠♦str❛♥❞♦ q✉❡ T é ❝♦♥tí♥✉❛✳ ❆❣♦r❛✱ r❡❝♦r❞❛♥❞♦ q✉❡ ❛s ✐♠❡rsõ❡s ❛❜❛✐①♦

W 4, p
p−1 (Ω) →֒ Ls(Ω), ∀s ∈

[
p

p− 1
, 4(p)∗

)

✻✾



sã♦ ❝♦♠♣❛❝t❛s ♣❛r❛

4(p)∗ =





Np

p(N − 4)−N
, N ≥ 5,

+∞, 1 ≤ N ≤ 4,

♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡ T : L
p

p−1 (Ω) → Lp(Ω) é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❝♦♠♣❛❝t♦✱ ♣♦✐s

p ∈
(

p

p− 1
, 4(p)∗

)
✳ ❆❧é♠ ❞✐ss♦✱ T s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

(T1) T é ♣♦s✐t✐✈♦✱ ✐st♦ é✱ ♣❛r❛ q✉❛❧q✉❡r w ∈ L
p

p−1 (Ω)✱
∫

Ω

wTw dx ≥ 0✳ ❆❧é♠ ❞✐ss♦✱ s❡

w é ♥ã♦ ♥❡❣❛t✐✈❛ ❡ w 6= 0✱ Tw > 0 ❡♠ Ω✳

❈♦♠ ❡❢❡✐t♦✱ ♣❛r❛ ❝❛❞❛ ϕ ∈ Lp/p−1

∫

Ω

∆(Tw)∆(ϕ)dx =

∫
wϕ.

❚♦♠❛♥❞♦ ϕ = Tw, t❡♠♦s
∫

Ω

wTw =

∫

Ω

∆(Tw)∆(Tw)dx

= ‖w‖ ≥ 0.

❆❧é♠ ❞✐ss♦✱ s❡ w é ♥ã♦ ♥❡❣❛t✐✈❛ ❝♦♠ w 6= 0✱ t❡♠♦s ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ✭✈❡r

❆♣ê♥❞✐❝❡ ❆✮ q✉❡ Tw é ♣♦s✐t✐✈♦ ❡♠ Ω.

(T2) T é s✐♠étr✐❝♦✱ ♥♦ s❡♥t✐❞♦ q✉❡✱ s❡ w1, w2 ∈ L
p

p−1 (Ω)✱ ❡♥tã♦

∫

Ω

w1Tw2 dx =

∫

Ω

w2Tw1 dx.

❉❡ ❢❛t♦✱ ♣❛r❛ ❝❛❞❛ ϕ, ψ ∈ Lp/p−1

∫

Ω

∆(Tw1)∆(ϕ)dx =

∫

Ω

w1ϕdx

❡ ∫

Ω

∆(Tw2)∆(ψ)dx =

∫

Ω

w2ψdx.

❊s❝♦❧❤❡♥❞♦ ϕ = Tw2 ❡ ψ = tw1, t❡♠♦s

∫

Ω

w1Tw2dx =

∫

Ω

∆(Tw1)∆(Tw2)dx =

∫

Ω

w2Tw1d.x

❯s❛♥❞♦ ♦ ❢✉♥❝✐♦♥❛❧ T ✱ ❞❡✜♥✐♠♦s Ψ : L
p

p−1 (Ω) → R ♣♦r

Ψ(w) =

∫

Ω

H(w)dx− 1

2

∫

Ω

wTwdx,

✼✵



♦♥❞❡ H(t) =

∫ t

0

h(s)ds ❡ h é ❛ ✐♥✈❡rs❛ ❞❡ f ✳ ◆♦t❡ q✉❡ f é ✐♥✈❡rtí✈❡❧✱ ♣♦✐s (f1) − (f5)

✐♠♣❧✐❝❛♠ q✉❡ f : R → R é ❜✐❥❡t✐✈❛✳ ❖ ❢✉♥❝✐♦♥❛❧ Ψ é ❝❤❛♠❛❞♦ ❞❡ ❢✉♥❝✐♦♥❛❧ ❞✉❛❧

❛ss♦❝✐❛❞♦ ❛ (P )✳

◆♦ q✉❡ s❡❣✉❡✱ ♣❛r❛ q✉❛❧q✉❡r w ∈ L
p

p−1 (Ω)✱ ❞❡♥♦t❛r❡♠♦s ♣♦r ‖w‖ ❛ ♥♦r♠❛

L
p

p−1 (Ω)✱ ✐st♦ é✱

‖w‖ =

(∫

Ω

|w|
p

p−1 dx

) p−1
p

.

❆❣♦r❛✱ ♠♦str❛r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ h✳ ❊st❛s ♣r♦♣r✐❡❞❛❞❡s s❡rã♦ ❡ss❡♥✲

❝✐❛✐s ♣❛r❛ ♦ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❢✉♥❝✐♦♥❛❧ Ψ✳

(h0) h é ❝♦♥tí♥✉❛✱ h(0) = 0 ❡ h(t) = −h(−t), ∀t ∈ R✳

(h1) h ✈❡r✐✜❝❛ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ❞❡ ❝r❡s❝✐♠❡♥t♦✿ ❉❛❞♦ ε > 0✱ ❡①✐st❡♠ δ,M > 0

t❛✐s q✉❡

(
1

c0(1 + ε)
t

)1/(p−1)

≤ h(t) ≤
(

1

c0(1− ε)
t

)1/(p−1)

, ∀t ≥ f(M), ✭✸✳✶✮

❡ (
1

b0(1 + ε)
t

)1/(q−1)

≤ h(t) ≤
(

1

b0(1− ε)
t

)1/(q−1)

, ∀t ≤ f(δ). ✭✸✳✷✮

❉❡ ❢❛t♦✱ ❞❡ (f3)− (f4)✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡♠ δ,M > 0 t❛✐s q✉❡

(1− ε)c0t
p−1 ≤ f(t) ≤ (1 + ε)c0t

p−1, ∀t ≥M, ✭✸✳✸✮

❡

(1− ε)b0t
q−1 ≤ f(t) ≤ (1 + ε)b0t

q−1, ∀t ≤ δ. ✭✸✳✹✮

❆❣♦r❛✱ (3.1)− (3.2) s❡❣✉❡ ❞❡ (3.3)− (3.4)✳

(h2) ❆s ❢✉♥çõ❡s H ❡ h s❛t✐s❢❛③❡♠ ❛s s❡❣✉✐♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s

H(t)− 1

2
h(t)t ≥ Cεt

p/(p−1), ∀t ≥ f(M). ✭✸✳✺✮

❈♦♠ ❡❢❡✐t♦✱ ♣❛r❛ t ≥ f(M) t❡♠♦s ♣♦r ✭✸✳✶✮

H(t) ≥
(
p− 1

p

)(
1

c0(1 + ε)

)1/(p−1)

tp/(p−1) +K

✼✶



♦♥❞❡ K é ✉♠❛ ❝♦♥st❛♥t❡✱ ❛ q✉❛❧ ♣♦❞❡ s❡r ♥❡❣❛t✐✈❛✳ ❯♠❛ ✈❡③ q✉❡✱

lim sup
t→+∞

H(t)

tp/(p−1)
≥
(
p− 1

p

)(
1

c0(1 + ε)

)1/(p−1)

,

♦❜t❡♠♦s

H(t) ≥
[(

p− 1

p

)(
1

c0(1 + ε)

)1/(p−1)

− ε

]
tp/(p−1)

♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ P♦rt❛♥t♦✱ ♣♦r ✭✸✳✶✮✱

H(t)− 1

2
h(t)t ≥ Cεt

p/(p−1), ✭✸✳✻✮

♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡

Cε =

[
(p− 1)

p

(
1

c0(1 + ε)

)1/(p−1)

− 1

2

(
1

c0(1− ε)

)1/(p−1)

− ε

]
.

❈♦♠♦ Cε > 0 ♣❛r❛ ε s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❛ ❡st✐♠❛t✐✈❛ ❡stá ♣r♦✈❛❞❛✳

(h3) ❊①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s c1, c2 ❡ δ′ s❛t✐s❢❛③❡♥❞♦

H(t) ≤ c1t
p

p−1 , ∀t ≥ 0, ✭✸✳✼✮

❡

H(t) ≥





c2t
q/(q−1), ♣❛r❛ t ∈ [0, δ′),

c2t
p/(p−1), ♣❛r❛ t ≥ δ′.

✭✸✳✽✮

❆ ❞❡♠♦♥str❛çã♦ ❞❡ (h3) s❡❣✉❡ ♦ ♠❡s♠♦ t✐♣♦ ❞❡ ❛r❣✉♠❡♥t♦ ❡①♣❧♦r❛❞♦ ♥❛ ❞❡♠♦♥str❛çã♦

❞❡ (h2)✳

(h4) ❆ ❢✉♥çã♦ H(t)− 1

2
h(t)t é ❝r❡s❝❡♥t❡ ♣❛r❛ t > 0✳

❊st❛ ♣r♦♣r✐❡❞❛❞❡ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ❢❛t♦ q✉❡ h ∈ C1(R) ❡
h(t)

t
é ❞❡❝r❡s✲

❝❡♥t❡ ♣❛r❛ t > 0✳

❯s❛♥❞♦ (h0)✲(h3)✱ ♣♦❞❡✲s❡ ✈❡r✐✜❝❛r q✉❡ Ψ é C1(L
p

p−1 (Ω),R) ❝♦♠

Ψ′(w)η =

∫

Ω

h(w)ηdx−
∫

Ω

ηTwdx, ∀w, η ∈ L
p

p−1 (Ω).

✼✷



❆❧é♠ ❞✐ss♦✱ s❡ w ∈ L
p

p−1 (Ω) é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Ψ✱ ❡♥tã♦ ❡❧❡ ❣❡r❛ ✉♠❛ s♦❧✉çã♦

♣❛r❛ (P )✳ ❈♦♠ ❡❢❡✐t♦✱ ♣❛r❛ q✉❛❧q✉❡r η ∈ L
p

p−1 (Ω)✱ s❛❜❡♠♦s q✉❡ Ψ′(w)η = 0✱ ♦✉

❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ∫

Ω

(h(w)− Tw)ηdx = 0, ∀η ∈ L
p

p−1 (Ω),

✐♠♣❧✐❝❛♥❞♦ q✉❡

Tw = h(w), q.s. ❡♠ Ω.

P♦rt❛♥t♦✱ ❢❛③❡♥❞♦ u = Tw✱ t❡♠♦s

∆2u = ∆2Tw = w = f(h(w)) = f(Tw) = f(u) q.s. ❡♠ Ω.

❆❧é♠ ❞✐ss♦✱ u t❛♠❜é♠ ✈❡r✐✜❝❛ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ u = Bu = 0✳ ▲♦❣♦✱ u é ✉♠❛

s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ❞❡ (P )✳ ❆q✉✐✱ é ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ u é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ s❡✱

❡ s♦♠❡♥t❡ s❡✱ w é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♥♦❞❛❧✱ ✐st♦ é✱ w± 6= 0✳

◆♦ ♣ró①✐♠♦ ▲❡♠❛ ♠♦str❛r❡♠♦s q✉❡ Ψ s❛t✐s❢❛③ ❛ ❣❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✳

▲❡♠❛ ✸✳✶✳✶

i)❊①✐st❡♠ ρ, β > 0 t❛✐s q✉❡ Ψ(w) ≥ β, ♣❛r❛ ‖w‖ = ρ.

ii)❊①✐st❡ e ∈ L
p

p−1 (Ω), ❝♦♠ ‖e‖ > ρ ❡ Ψ(e) < 0.

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ w ∈ L
p

p−1 (Ω)✱

∫

Ω

H(w)dx ≥ c1

∫

[|w(x)|≤δ′]

|w(x)|q/(q−1) dx+ c2

∫

[|w(x)|>δ′]

|w(x)|p/(p−1) dx.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱

∫

[|w(x)|≤δ′]

|w(x)|p/(p−1) dx ≤ c

(∫

[|w(x)|≤δ′]

|w(x)|q/(q−1) dx

)p(q−1)/(p−1)q

❞❡s❞❡ q✉❡ q ∈ (2, p]✱ s❡ ‖w‖ é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ✈❡♠♦s q✉❡

∫

[|w(x)|>δ′]

|w(x)|p/(p−1) dx ≥
(∫

[|w(x)|>δ′]

|w(x)|p/(p−1) dx

)q(p−1)/p(q−1)

.

❈♦♠❜✐♥❛♥❞♦ ❛s ❞✉❛s ú❧t✐♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s✱ t❡♠♦s

Ψ(w) ≥c̃1
(∫

[|w(x)|≤δ′]

|w(x)|p/(p−1) dx

)q(p−1)/p(q−1)

+

+ c2

(∫

[|w(x)|>δ′]

|w(x)|p/(p−1) dx

)q(p−1)/p(q−1)

− c3‖w‖2.

✼✸



❉❡s❞❡ q✉❡ ❞❛❞♦ α > 0 ❡①✐st❡ C > 0 t❛❧ q✉❡

Aα +Bα ≥ C(A+B)α, ∀A,B > 0,

t❡♠♦s

Ψ(w) ≥ C‖w‖q/(q−1) − c3‖w‖2, ∀w ∈ L
p

p−1 (Ω).

❈♦♠♦ q > 2✱ ✜①❛♥❞♦ ρ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡♥❝♦♥tr❛♠♦s β > 0 ✈❡r✐✜❝❛♥❞♦

Ψ(w) ≥ β, ❢♦r ‖w‖ = ρ,

♠♦str❛♥❞♦ i)✳ P❛r❛ ♠♦str❛r ii)✱ é s✉✜❝✐❡♥t❡ ✈❡r q✉❡ ♣❛r❛ ❝❛❞❛ w ∈ L
p

p−1 (Ω) \ {0} ❡

t > 0✱

Ψ(tw) → −∞ q✉❛♥❞♦ t→ +∞.

❆q✉✐✱ ✉s❛♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s (h3) ❡ (T1)✳

❖ ♣ró①✐♠♦ ❧❡♠❛ s❡rá ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❝♦♥s❡❣✉✐r♠♦s ❞❡♠♦♥str❛r q✉❡ Ψ ✈❡r✐✜❝❛ ❛

❝♦♥❞✐çã♦ (PS)✳

▲❡♠❛ ✸✳✶✳✷ ❙❡❥❛ {wn} ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Ψ✳ ❊♥tã♦✱ {wn} é ❧✐♠✐t❛❞❛ ❡♠

L
p

p−1 (Ω)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ {wn} ⊂ L
p

p−1 (Ω) é ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Ψ✱ ❞❡✈❡♠♦s t❡r

Ψ(wn) → c ❡ Ψ′(wn) → 0.

❆ss✐♠✱

Ψ(wn)−
1

2
Ψ′(wn)wn ≤ c+ 1 + ‖wn‖ ✭✸✳✾✮

♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✸✳✺✮✱

Ψ(wn)−
1

2
Ψ′(wn)wn =

∫

Ω

(
H(wn)−

1

2
h(wn)wn

)
dx

≥ C̃ǫ

∫

Ω

|wn|
p

p−1 dx− C̃ |Ω| . ✭✸✳✶✵✮

❉❡ (3.9) ❡ (3.10)✱

C̃ǫ‖wn‖
p

p−1 − C̃ |Ω| ≤ c+ 1 + ‖wn‖,

♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❈♦♠♦ p > 2✱ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✐♠♣❧✐❝❛ q✉❡ {wn}
é ❧✐♠✐t❛❞❛ ❡♠ L

p
p−1 (Ω)✳

❆❣♦r❛ ❡st❛♠♦s ❛♣t♦s ❛ ♠♦str❛r q✉❡ Ψ ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (PS)✳

✼✹



▲❡♠❛ ✸✳✶✳✸ ❖ ❢✉♥❝✐♦♥❛❧ Ψ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (PS)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ {wn} ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c ♣❛r❛ Ψ✳ ❊♥tã♦✱

Ψ(wn) → c ❡ Ψ′(wn) → 0.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

sup
‖η‖≤1

|Ψ′(wn)η| → 0,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

sup
‖η‖≤1

∣∣∣∣
∫

Ω

(h(wn)− Twn) η dx

∣∣∣∣→ 0.

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❘✐❡s③✱ ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡

|h(wn)− Twn|Lp(Ω) → 0.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞♦ ▲❡♠❛ ✸✳✶✳✷✱ {wn} é ❧✐♠✐t❛❞❛ ❡♠ L
p

p−1 (Ω). ❈♦♠♦ L
p

p−1 (Ω) é

r❡✢❡①✐✈♦✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉❡♥❝✐❛ ❞❡ {wn}✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r ❡❧❛ ♠❡s♠❛✱ ❡①✐st❡

w ∈ L
p

p−1 (Ω) t❛❧ q✉❡

wn ⇀ w ❡♠ L
p

p−1 (Ω).

❉❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ T s❡❣✉❡ q✉❡ Twn → Tw ❡♠ Lp(Ω), ❡♥tã♦

|h(wn)− Tw|Lp(Ω) ≤ |h(wn)− Twn|Lp(Ω) + |Twn − Tw|Lp(Ω) → 0,

✐♠♣❧✐❝❛♥❞♦ q✉❡ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ ❡①✐st❡ g ∈ Lp(Ω) t❛❧ q✉❡

|h(wn)(x)| ≤ g(x) q✳s✳ ❡♠ Ω ✭✸✳✶✶✮

❡

h(wn(x)) → u(x) q✳s✳ ❡♠ Ω. ✭✸✳✶✷✮

❘❡❝♦r❞❛♥❞♦ q✉❡ h é ❛ ✐♥✈❡rs❛ ❞❡ f ✱ s❡❣✉❡ q✉❡

wn(x) → f(u(x)) := w(x) q✳s✳ ❡♠ Ω. ✭✸✳✶✸✮

❈♦♠❜✐♥❛♥❞♦ ✭✸✳✶✮ ❡ ✭✸✳✷✮✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s M1,M2 ❡ δ” t❛✐s q✉❡

|h(wn)| ≥





M1|wn|1/(p−1) , |wn| > δ”,

M2|wn|1/(q−1), |wn| ≤ δ”.
✭✸✳✶✹✮

✼✺



P♦rt❛♥t♦✱ ❞❡ (3.11)− (3.14)✱ ❡①✐st❡ g̃ ∈ L
p

p−1 (Ω) t❛❧ q✉❡

|wn(x)| ≤ g̃(x) q✳s✳ ❡♠ Ω.

❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡✱ t❡♠♦s

wn → w ❡♠ L
p

p−1 (Ω),

✜♥❛❧✐③❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❚❡♦r❡♠❛ ✸✳✶✳✹ ❖ ❢✉♥❝✐♦♥❛❧ Ψ t❡♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ w∗ ∈ L
p

p−1 (Ω)✱ ❝✉❥❛ ❡♥❡r❣✐❛ é

✐❣✉❛❧ ❛♦ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✳ ❆❧é♠ ❞✐ss♦✱ w∗ t❡♠ s✐♥❛❧ ❞❡✜♥✐❞♦✱ ✐st♦ é✱ ❡❧❛ é

♣♦s✐t✐✈❛ ♦✉ ♥❡❣❛t✐✈❛ s♦❜r❡ Ω✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦s ▲❡♠❛s ✸✳✶✳✶ ❡ ✸✳✶✳✷✱ ♦ ❢✉♥❝✐♦♥❛❧ Ψ s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦

❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ❞❡✈✐❞♦ à ❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③ ❬✶✾❪✳ ▲♦❣♦✱ ♦ ♥í✈❡❧

❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ c é ✉♠ ♥í✈❡❧ ❝rít✐❝♦ ♣❛r❛ Ψ✱ ✐st♦ é✱ ❡①✐st❡ w∗ ∈ L
p

p−1 (Ω) t❛❧ q✉❡

Ψ′(w∗) = 0 ❡ Ψ(w∗) = c > 0. ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ Ψ(0) = 0✱ ❝♦♥❝❧✉í♠♦s q✉❡ w∗ 6= 0.

❘❡❝♦r❞❛♠♦s q✉❡ c é ❞❛❞♦ ♣♦r

c = inf
γ∈Γ

max
t∈[0,1]

Ψ(γ(t)) > 0, ✭✸✳✶✺✮

♦♥❞❡

Γ =
{
γ ∈ C([0, 1], L

p
p−1 (Ω)); γ(0) = 0 ❡ Ψ(γ(1)) < 0

}
.

❖ ♥í✈❡❧ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✱ c✱ ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞♦ ❞❛s s❡❣✉✐♥t❡s ♠❛♥❡✐r❛s

c = inf
w∈L

p
p−1 (Ω)\{0}

sup
t≥0

Ψ(tu) = inf
u∈N

Ψ(u) = inf
u∈NΨ

Ψ(u) ✭✸✳✶✻✮

♦♥❞❡

N = {w ∈ L
p

p−1 (Ω) \ {0}; Ψ′(w)w = 0}

❡

NΨ = {w ∈ L
p

p−1 (Ω) \ {0}; Ψ′(w) = 0}.

❖ ❝♦♥❥✉♥t♦ N é ❝❤❛♠❛❞♦ ❞❡ ❱❛r✐❡❞❛❞❡ ❞❡ ◆❡❤❛r✐ ❛ss♦❝✐❛❞❛ ❛ Ψ✱ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s

✈❡r ❬✼✹❪✳

❆❣♦r❛✱ ✐r❡♠♦s ♠♦str❛r q✉❡ w∗ t❡♠ ✉♠ s✐♥❛❧ ❞❡✜♥✐❞♦✳ ❉❡ ❢❛t♦✱ ❝♦♠♦
∫

Ω

w∗Tw∗dx =

∫

Ω

(w∗
+ + w∗

−)T (w∗
+ + w∗

−)dx ≤
∫

Ω

w∗
+Tw∗

+dx+

∫

Ω

w∗
−Tw∗

−dx,

✼✻



t❡♠♦s

Ψ(w∗) = max
t≥0

Ψ(tw∗) ≥ Ψ(tw∗) ≥ Ψ(tw∗
+) + Ψ(tw∗

−), ∀t ≥ 0.

❆r❣✉♠❡♥t❛♥❞♦ ♣♦r ❝♦♥tr❛❞✐çã♦✱ s❡ w∗
± 6= 0, t❡♠✲s❡

∫

Ω

w∗
+Tw∗

+dx > 0 ❡
∫

Ω

w∗
−Tw∗

−dx > 0.

P♦rt❛♥t♦✱ ❡①✐st❡♠ t±0 ∈ (0,+∞) s❛t✐s❢❛③❡♥❞♦

Ψ(t±0 w∗
±) = max

t≥0
Ψ(tw∗

±) > 0.

❯s❛♥❞♦ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ c ♠❡♥❝✐♦♥❛❞♦ ❡♠ ✭✸✳✶✻✮✱

Ψ(t+0 w∗
+),Ψ(t−0 w∗

−) ≥ c.

❆ss✐♠✱

c = Ψ(w∗) ≥ Ψ(t+0 w∗
+) + Ψ(t+0 w∗

−) ≥ c+Ψ(t+0 w∗
−),

❞❡ ♦♥❞❡ s❡❣✉❡

Ψ(t+0 w∗
−) ≤ 0.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

t+0 > t−0 .

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱

t+0 < t−0 ,

♦❜t❡♥❞♦ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

✸✳✶✳✶ ❙♦❧✉çã♦ ❞❡ ❊♥❡r❣✐❛ ▼í♥✐♠❛

◆❡st❛ s❡çã♦✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ (N)✱

✐st♦ é✱ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ u ∈ H ❞❡ I ✈❡r✐✜❝❛♥❞♦

I(u) = inf
v∈NI

I(v)

♦♥❞❡

NI = {u ∈ H, I ′(u) = 0} .

❈♦♠ ❡ss❡ ✐♥t✉✐t♦✱ ❛ ❛✜r♠❛çã♦ ❛❜❛✐①♦ é ❝r✉❝✐❛❧ ❡♠ ♥♦ss❛ ❛❜♦r❞❛❣❡♠

✼✼



❆✜r♠❛çã♦ ✸✳✶✳✺ w ∈ L
p

p−1 (Ω) é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ Ψ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ u = Tw

é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ I✳ ❆❧é♠ ❞✐ss♦✱ Ψ(w) = I(u)✳

❉❡ ❢❛t♦✱ s❛❜❡♠♦s q✉❡ s❡ w é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Ψ✱ ❡♥tã♦ u = Tw é ✉♠ ♣♦♥t♦

❝rít✐❝♦ ❞❡ I✳ ❆❣♦r❛✱ ❞❛❞♦ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ u ∈ H ❞❡ I ❡ ❝♦♥s✐❞❡r❛♥❞♦ w1 = f(u)✱

t❡♠♦s

∆2u = w1,

✐st♦ é✱

Tw1 = u.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱
∫

Ω

Tw1ηdx =

∫

Ω

uηdx =

∫

Ω

h(w1)ηdx, ∀η ∈ Lp/(p−1)(Ω),

♠♦str❛♥❞♦ q✉❡ w1 é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ Ψ✳ ❆❧é♠ ❞✐ss♦✱

I(u) = I(u)− I ′(u)u =
1

2

∫

Ω

|∆u|2dx−
∫

Ω

F (u)dx−
∫

Ω

|∆u|2dx+
∫

Ω

f(u)udx

=

∫

Ω

[f(u)u− F (u)]dx− 1

2

∫

Ω

|∆u|2dx.

❈♦♠♦✱ ∫

Ω

∆Tw1∆ηdx =

∫

Ω

w1ηdx, ∀η ∈ H,

✜①❛♥❞♦ η = Tw1✱ ❡♥❝♦♥tr❛♠♦s
∫

Ω

|∆u|2dx =

∫

Ω

|∆Tw1|2dx =

∫

Ω

w1Tw1dx.

❆❣♦r❛✱ ❢❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s r = h(s)✱ t❡♠♦s

H(t) =

∫ t

0

h(s)ds =

∫ h(t)

0

rf ′(r)dr.

❯s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱

H(t) =

∫ h(t)

0

rf ′(r)dr = h(t)t−
∫ h(t)

0

f(r)dr = f(h(t))h(t)− F (h(t)),

❧♦❣♦✱

H(w1) = f(h(w1))h(w1)− F (h(w1)) = f(u)u− F (u),

❝♦♥❞✉③✐♥❞♦ ❛

I(u) = Ψ(w1).
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❈♦♥s✐❞❡r❛♥❞♦

NI = {u ∈ H, I ′(u) = 0}

❡

d = inf
u∈NI

I(u),

❞❛ ❛♥á❧✐s❡ ❛♥t❡r✐♦r✱ ❞❡✈❡♠♦s t❡r c = d✳ P♦rt❛♥t♦✱ u = Tw∗ é ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛

♠í♥✐♠❛ ♣❛r❛ (P )✱ ♦♥❞❡ w∗ é ♦ ♣♦♥t♦ ❝rít✐❝♦ ♦❜t✐❞♦ ♥♦ ❚❡♦r❡♠❛ ✸✳✶✳✹✳

✸✳✷ ❙♦❧✉çã♦ ◆♦❞❛❧ ❞❡ ❊♥❡r❣✐❛ ▼í♥✐♠❛

◆❡st❛ s❡çã♦✱ ✉s❛r❡♠♦s ♦ ♠ét♦❞♦ ❞✉❛❧ ♣❛r❛ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛

♠í♥✐♠❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ (N)✳ P❛r❛ ❡st❡ ✜♠✱ ♣r♦❝✉r❛r❡♠♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ Ψ ♥♦

❝♦♥❥✉♥t♦

M =
{
w ∈ Lp/(p−1)(Ω);w± 6= 0 ❡ Ψ′(w)w+ = Ψ′(w)w− = 0

}
.

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♣r♦✈❛r❡♠♦s q✉❡ ❡①✐st❡ w0 ∈ M ✈❡r✐✜❝❛♥❞♦

Ψ(w0) = inf
w∈M

Ψ(w) ❡ Ψ′(w0) = 0.

◆❡st❡ ❝❛s♦✱ t❡♠♦s q✉❡ u0 = Tw0 é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛ ♣❛r❛ (N)✳

❊st❛ ❝♦♥❝❧✉sã♦ ✈❡♠ ❞♦ ❡st✉❞♦ ❢❡✐t♦ ♥❛ ❙✉❜s❡çã♦ ✸✳✶✳✶✱ ♣♦✐s é ❢á❝✐❧ ♣r♦✈❛r q✉❡

I(u0) = min{I(u) : u é s♦❧✉çã♦ ♥♦❞❛❧ ♣❛r❛ (N)}.

❈♦♠♦ Ψ t❡♠ ✉♠ t❡r♠♦ ♥ã♦ ❧♦❝❛❧
∫

Ω

wTwdx✱ ✈❡♠♦s q✉❡

0 = Ψ′(w+)w =

∫

Ω

h(w+)w+dx−
∫
w+Tw+dx−

∫
w+Tw−dx,

❧♦❣♦✱

Ψ′(w+)w+ =

∫

Ω

w+Tw−dx < 0

❡ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞❡ ▼á①✐♠♦ ✭✈❡r ❆♣ê♥❞✐❝❡ ❆✮✱

Ψ′(w+)w+ < 0.

❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛♠♦s q✉❡

Ψ′(w−)w− =

∫

Ω

w−Tw+dx < 0.

✼✾



❆ ✐♥❢♦r♠❛çã♦ ❛❝✐♠❛ ♥ã♦ ♥♦s ♣❡r♠✐t❡ r❡♣❡t✐r ♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♣❛r❛ ♦❜t❡r

s♦❧✉çã♦ ♥♦❞❛❧ ♥♦ ❝❛s♦ ❞♦ ♦♣❡r❛❞♦r ▲❛♣❧❛❝✐❛♥♦✳ P❛r❛ ❝♦♥t♦r♥❛r ❡ss❛ ❞✐✜❝✉❧❞❛❞❡ ❛❞❛♣✲

t❛♠♦s ♣❛r❛ ♦ ♥♦ss♦ ❝❛s♦ ❛ ❛❜♦r❞❛❣❡♠ ❡①♣❧♦r❛❞❛ ♣♦r ❆❧✈❡s ❡ ❙♦✉t♦ ❡♠ ❬✶✼❪✳

❖s ♣ró①✐♠♦s ❧❡♠❛s sã♦ r❡s✉❧t❛❞♦s té❝♥✐❝♦s q✉❡ s❡rã♦ ❡ss❡♥❝✐❛✐s ♣❛r❛ ♦❜t❡r ❛ s♦✲

❧✉çã♦ ♥♦❞❛❧ ❞❡ ❡♥❡r❣✐❛ ♠í♥✐♠❛✳

▲❡♠❛ ✸✳✷✳✶ ❊①✐st❡ ρ > 0 t❛❧ q✉❡
∫

Ω

wTwdx ≥ ρ, ∀w ∈ N .

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❡①✐st❛ {wn} ⊂ N t❛❧ q✉❡
∫

Ω

wnTwndx→ 0. ✭✸✳✶✼✮

❈♦♠♦ ∫

Ω

h(wn)wndx =

∫

Ω

wnTwndx, ∀n ∈ N,

❡ h(t)t ≥ 0 ♣❛r❛ t♦❞♦ t ∈ R✱ t❡♠♦s q✉❡

h(wn)wn → 0 ❡♠ L1(Ω).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r ❡❧❛ ♠❡s♠❛✱

h(wn(x))wn(x) → 0, q✳s✳ ❡♠ Ω, ✭✸✳✶✽✮

❡ ❡①✐st❡ g ∈ L1(Ω) t❛❧ q✉❡

|h(wn(x))wn(x)| ≤ g(x), q✳s✳ ❡♠ Ω. ✭✸✳✶✾✮

P♦rt❛♥t♦✱ ❞❡ (h1) ❡ ✭✸✳✶✽✮✱

wn(x) → 0, q✳s✳ ❡♠ Ω.

❈♦♥s✐❞❡r❛♥❞♦

An = {x ∈ Ω, |wn(x)| ≥ f(M)} ,

♣♦r ✭✸✳✶✮ ❡ ✭✸✳✶✾✮✱ ❡①✐st❡ K > 0 t❛❧ q✉❡

|wn(x)| ≤
1

K
g

p−1
p (x) q✳s✳ ❡♠ An.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ x /∈ An✱

|wn(x)| ≤ f(M).

✽✵



❆❧é♠ ❞✐ss♦✱

|wn(x)| ≤
1

K
g

p−1
p (x) + f(M) ∈ Lp/(p−1)(Ω), q✳s✳ ❡♠ Ω.

❆ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ✭✸✳✼✮ ✐♠♣❧✐❝❛ ❡♠

H(wn) ≤ c |wn(x)|
p

p−1 ≤
(
1

k
g

p−1
p (x) + f(M)

) p
p−1

∈ L1(Ω).

❈♦♠♦

H(wn)(x) → 0, q✳s✳ ❡♠ Ω

♦ ❚❡♦r❡♠❛ ❞❡ ▲❡❜❡s❣✉❡ ❣❛r❛♥t❡ q✉❡
∫

Ω

H(wn)dx→ 0. ✭✸✳✷✵✮

❉❡ ✭✸✳✶✺✮✱ ✭✸✳✶✼✮ ❡ ✭✸✳✷✵✮✱

0 < c ≤ Ψ(wn) → 0,

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳

▲❡♠❛ ✸✳✷✳✷ ❊①✐st❡ ρ > 0 t❛❧ q✉❡
∫

Ω

w±Tw±dx ≥ ρ,

♣❛r❛ t♦❞♦ w ∈ M ❝♦♠ w± 6= 0.

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ w ∈ M✱ ❝♦♠♦ ❥á s❛❜❡♠♦s q✉❡

Ψ′(w+)w+,Ψ′(w−)w− < 0,

❡①✐st❡♠ ú♥✐❝♦s tw+ , tw− ∈ (0, 1) t❛✐s q✉❡

tw+w+, tw−w− ∈ N .

❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✶✱ ∫

Ω

tw+w+T (tw+w+)dx ≥ ρ.

❈♦♠♦ tw+ < 1, s❡❣✉❡ q✉❡ ∫

Ω

w+Tw+dx ≥ ρ.

❆♥❛❧♦❣❛♠❡♥t❡✱ ∫

Ω

w−Tw−dx ≥ ρ,

❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

✽✶



▲❡♠❛ ✸✳✷✳✸ ❉❛❞❛ ✉♠❛ ❢✉♥çã♦ v ∈ L
p

p−1 (Ω) ❝♦♠ v± 6= 0. ❊♥tã♦ ❡①✐st❡♠ s, t > 0 t❛✐s

q✉❡ Ψ′(tv+ + sv−)v+ = 0 ❡ Ψ′(tv+ + sv−)v− = 0.

❉❡♠♦♥str❛çã♦✳ ◆♦ q✉❡ s❡❣✉❡✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧

V (s, t) =
(
Ψ′(tv+ + sv−)tv+,Ψ′(tv+ + sv−)sv−

)
.

◆♦t❡ q✉❡

Ψ′(tv+ + sv−)tv+ =

∫

Ω

tv+h(tv+ + sv−)dx−
∫

Ω

tv+T (tv+ + sv−)dx

=

∫

Ω

tv+h(tv+)dx−
∫

Ω

tv+T (tv+ + sv−)dx.

❈♦♠♦ v+ 6= 0, ❡①✐st❡ α > 0 t❛❧ q✉❡ [v+ ≥ α] = {x ∈ Ω : v+(x) ≥ α} t❡♠ ♠❡❞✐❞❛

♣♦s✐t✐✈❛✳ ❆❧é♠ ❞✐ss♦✱

Ψ′(tv+ + sv−)tv+ ≥
∫

[v+≥α]

tv+h(tv+)dx−
∫

Ω

tv+T (tv+ + sv−)dx.

❈♦♠♦ h é ❝r❡s❝❡♥t❡✱ ♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦

Ψ′(tv+ + sv−)tv+ ≥
∫

[v+≥α]

tα(tα)1/(q−1)dx−
∫

Ω

tv+T (tv+ + sv−)dx.

❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❡ T ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❢❛t♦ q✉❡
∫

Ω

v+T (v−)dx < 0✱

♦❜t❡♠♦s

Ψ′(tv+ + sv−)tv+ ≥ tq/(q−1)αq/(q−1)
∣∣[v+ ≥ α]

∣∣− ‖T‖ t2
∥∥v+

∥∥2 .

▲♦❣♦✱ ❡①✐st❡ r > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ t❛❧ q✉❡

Ψ′(rv+ + sv−)rv+ > 0, ∀s > 0. ✭✸✳✷✶✮

P♦❞❡♠♦s ✉s❛r ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ♣❛r❛ ♣r♦✈❛r q✉❡

Ψ′(tv+ + rv−)rv− > 0, ∀t > 0. ✭✸✳✷✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱

Ψ′(tv+ + sv−)tv+ ≤ c

∫

Ω

tv+
∣∣tv+

∣∣1/(p−1)
dx− t2

∫

Ω

v+T (v+)dx− ts

∫

Ω

v+T (v−)dx.

❉❡s❞❡ q✉❡ t, s ≥ r, s❡❣✉❡ q✉❡

Ψ′(tv+ + sv−)tv+ ≤ c

∫

Ω

tv+
∣∣tv+

∣∣1/(p−1)
dx− t2

∫

Ω

v+T (v+)dx− r2
∫

Ω

v+T (v−)dx,

✽✷



❡♥tã♦✱

lim
t→+∞

Ψ′(tv+ + sv−)tv+ = −∞, ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ s ≥ r.

❆ss✐♠✱ ♣♦❞❡♠♦s ✜①❛r R > r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❛❧ q✉❡

Ψ′(Rv+ + sv−)Rv+ < 0, ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ s ≥ r. ✭✸✳✷✸✮

❆♥❛❧♦❣❛♠❡♥t❡✱

Ψ′(tv+ +Rv−)Rv− > 0 ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ t ≥ r. ✭✸✳✷✹✮

P♦rt❛♥t♦✱ ❞❡ (3.21) − (3.24)✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ❞❡ ▼✐r❛♥❞❛ ♣❛r❛ ❡♥❝♦♥tr❛r

(s, t) ∈ (r, R)× (r, R) ✈❡r✐✜❝❛♥❞♦ V (s, t) = 0.

◆❛ s❡q✉ê♥❝✐❛✱ ♣❛r❛ ❝❛❞❛ v ∈ L
p

p−1 (Ω) ❝♦♠ v± 6= 0, ❞❡✜♥✐♠♦s

hv : [0,+∞)× [0,+∞) → R ♣♦r

hv(t, s) = Ψ(tv+ + sv−).

❈♦♥s✐❞❡r❛♠♦s t❛♠❜é♠✱ ❛ ❢✉♥çã♦ φv : [0,+∞)× [0,+∞) → R2 ❞❡✜♥✐❞❛ ♣♦r

φv(t, s) =

(
∂hv

∂t
(t, s),

∂hv

∂s
(t, s)

)
.

Pr♦♣♦s✐çã♦ ✸✳✷✳✹ ❙❡ w ∈ M✱ ❡♥tã♦

✐✮ hw(t, s) < hw(1, 1) = Ψ(w), ∀s, t ≥ 0 ❝♦♠ (s, t) 6= (1, 1).

✐✐✮ det(Φw)′(1, 1) < 0.

❉❡♠♦♥str❛çã♦✳

Pr✐♠❡✐r♦ ❞❡ t✉❞♦✱ ♣r❡❝✐s❛♠♦s ♠♦str❛r ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡

❆✜r♠❛çã♦ ✸✳✷✳✺ ❙❡ w ∈ Lp/(p−1)(Ω) ❝♦♠ w± 6= 0✱ ❡♥tã♦

(∫

Ω

w+Tw−dx

)2

<

(∫

Ω

w+Tw+dx

)(∫

Ω

w−Tw−dx

)
.

❉❡ ❢❛t♦✱ ♣❡❧❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞❡ T ✱ t❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❜❛✐①♦
∫

Ω

(tw+ + sw−)T (tw+ + sw−)dx > 0, (t, s) 6= (0, 0),

❛ q✉❛❧ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ❛ s✐♠❡tr✐❛ ❞❡ T ✱ ✐♠♣❧✐❝❛ q✉❡

t2
∫

Ω

w+Tw+dx+ 2st

∫

Ω

w+Tw−dx+ s2
∫

Ω

w−Tw−dx > 0.

✽✸



❊♥tã♦✱ ♣❛r❛ s 6= 0,

(
t

s

)2 ∫

Ω

w+Tw+dx+ 2

(
t

s

)∫

Ω

w+Tw−dx+

∫

Ω

w−Tw−dx > 0.

❋❛③❡♥❞♦ X =
t

s
✱ ❞❡❞✉③✐♠♦s q✉❡

X2

∫

Ω

w+Tw+dx+ 2X

∫

Ω

w+Tw−dx+

∫

Ω

w−Tw−dx > 0, ∀X ∈ R.

❉❡st❛ ❢♦r♠❛✱ ♦ ♣♦❧✐♥ô♠✐♦

P (X) = X2

∫

Ω

w+Tw+dx+ 2X

∫

Ω

w+Tw−dx+

∫

Ω

w−Tw−dx

♥ã♦ t❡♠ r❛í③❡s r❡❛✐s✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦
∫

Ω

w+Tw+dx > 0✱ ❡①✐st❡ ✉♠ X0 ∈ R, t❛❧ q✉❡

P (X) ≥ P (X0) > 0, ∀X ∈ R. ✭✸✳✷✺✮

❉❡s❞❡ q✉❡ w ∈ M, s❛❜❡♠♦s q✉❡ Ψ′(w)w+ = Ψ′(w)w− = 0✳ ❊♥tã♦✱ (1, 1) é ✉♠ ♣♦♥t♦

❝rít✐❝♦ ❞❡ hw ❡ ❛s ✐❞❡♥t✐❞❛❞❡s ❛❜❛✐①♦ sã♦ ✈❡r❞❛❞❡✐r❛s

∫

Ω

h(w+)w+dx =

∫

Ω

w+Tw+dx+

∫

Ω

w+Tw−dx

❡ ∫

Ω

h(w−)w−dx =

∫

Ω

w−Tw+dx+

∫

Ω

w−Tw−dx.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ (3.1) ❡ (3.2)✱

hw(t, s) ≤ Ctp/(p−1)

∫

Ω

∣∣w+
∣∣p/(p−1)

dx+ Csp/(p−1)

∫

Ω

∣∣w−
∣∣p/(p−1)

dx

− t2
∫

Ω

w+Tw+dx− 2ts

∫

Ω

w−Tw+dx− s2
∫

Ω

w−Tw−dx,

♦♥❞❡ C é✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ ❆s ❡st✐♠❛t✐✈❛s ❛❝✐♠❛ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✭✸✳✷✺✮ ❣❛r❛♥t❡♠

q✉❡

hw(t, s) → −∞, q✉❛♥❞♦ |(s, t)| → +∞.

❈♦♠❜✐♥❛♥❞♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ hw ❝♦♠ ♦ ú❧t✐♠♦ ❧✐♠✐t❡✱ ❞❡❞✉③✐♠♦s q✉❡ hw ❛ss✉♠❡ ✉♠

♠á①✐♠♦ ❣❧♦❜❛❧ ❡♠ ❛❧❣✉♠ ♣♦♥t♦ (a, b).

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ a, b > 0. ❈♦♠ ❡❢❡✐t♦✱ s❡ b = 0

Ψ(aw+) ≥ Ψ(tw+), ∀t > 0,

✽✹



❡
∂hw

∂t
(a, 0) = 0.

❊♥tã♦✱

Ψ′(aw+)w+ = 0,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

1

a

∫

Ω

h(aw+)w+dx =

∫

Ω

w+T (w+)dx. ✭✸✳✷✻✮

❘❡❝♦r❞❛♥❞♦ q✉❡ Ψ′(w)w+ = 0, s❛❜❡♠♦s q✉❡
∫

Ω

h(w+)w+dx <

∫

Ω

w+T (w+)dx. ✭✸✳✷✼✮

❉❡ ✭✸✳✷✻✮✲✭✸✳✷✼✮✱ ∫

Ω

[
h(aw+)

aw+
− h(w+)

w+

]
(w+)2dx > 0.

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡
h(t)

t
é ❞❡❝r❡s❝❡♥t❡ ♣❛r❛ t > 0✱ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛ ✐♠♣❧✐❝❛♠ q✉❡

a < 1. P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦t❡ q✉❡

hw(a, 0) = Ψ(aw+) = Ψ(aw+)− 1

2
Ψ′(aw+)aw+ =

∫

Ω

(
H(aw+)− 1

2
h(aw+)aw+

)
dx.

❉❡s❞❡ q✉❡ H(t)− 1

2
h(t)t é ❝r❡s❝❡♥t❡ ♣❛r❛ t > 0✱ a ∈ (0, 1) ❡

∫

Ω

(
H(w−)− 1

2
h(w−)w−

)
dx > 0,

t❡♠♦s

hw(a, 0) <

∫

Ω

(
H(w+)− 1

2
h(w+)w+

)
dx

<

∫

Ω

(
H(w+)− 1

2
h(w+)w+

)
dx+

∫

Ω

(
H(w−)− 1

2
h(w−)w−

)
dx

<

∫

Ω

(
H(w+ + w−)− 1

2
h(w+ + w−)(w+ + w−)

)
dx

< Ψ(w)− 1

2
Ψ′(w)w = Ψ(w) = hw(1, 1),

♦❜t❡♥❞♦ ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s (a, 0) é ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❣❧♦❜❛❧ ♣❛r❛ hw✳ ❖ ♠❡s♠♦

t✐♣♦ ❞❡ ❛r❣✉♠❡♥t♦ ♠♦str❛ q✉❡ a > 0✱ ♣r♦✈❛♥❞♦ ❛ ❛✜r♠❛çã♦✳

❆ s❡❣✉♥❞❛ ❛✜r♠❛çã♦ é q✉❡ 0 < a, b ≤ 1. ❈♦♠ ❡❢❡✐t♦✱ ✉♠❛ ✈❡③ q✉❡ (a, b) é ✉♠

♣♦♥t♦ ❝rít✐❝♦ ❞❡ hw, t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐❞❛❞❡s

Ψ′(aw+ + bw−)aw+ = 0 ❡ Ψ′(aw+ + bw−)bw− = 0

✽✺



♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡

a2
∫

Ω

w+Tw+dx+ ab

∫

Ω

w+Tw−dx = a

∫

Ω

h(aw+)w+dx

❡

b2
∫

Ω

w−Tw−dx+ ab

∫

Ω

w+Tw−dx = b

∫

Ω

h(bw+)w+dx.

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ✈❛♠♦s s✉♣♦r q✉❡ a ≥ b. ❊♥tã♦✱

ab

∫

Ω

w+Tw−dx ≥ a2
∫

Ω

w+Tw−dx.

❆ss✐♠ ∫

Ω

w+Tw+dx+

∫

Ω

w+Tw−dx ≤
∫

Ω

h(aw+)

aw+
(w+)2dx,

❡ ∫

Ω

w+Tw+dx+

∫

Ω

w+Tw−dx =

∫

Ω

h(w+)

w+
(w+)2dx.

❈♦♠❜✐♥❛♥❞♦ ❛s ✐♥❢♦r♠❛çõ❡s ❛❝✐♠❛✱ t❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡

0 ≤
∫

Ω

[
h(aw+)

aw+
− h(w+)

w+

]
(w+)2,

❛ q✉❛❧ ❝♦♠❜✐♥❛❞❛ ❝♦♠ ♦ ❢❛t♦ q✉❡
h(t)

t
é ❞❡❝r❡s❝❡♥t❡ ♣❛r❛ t > 0 ✐♠♣❧✐❝❛ ❡♠ a ≤ 1.

P❛r❛ ❝♦♥❝❧✉✐r ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ✐t❡♠ i)✱ ♠♦str❛r❡♠♦s q✉❡ hw ♥ã♦ t❡♠ ♠á①✐♠♦

❣❧♦❜❛❧ ❡♠ [0, 1]× [0, 1] \ {(1, 1)} . ❖❜s❡r✈❡ q✉❡

hw(a, b) = Ψ(aw+ + bw−)− 1

2
Ψ′(aw+ + bw−)(aw+ + bw−)

=

∫

Ω

[
H(aw+)− h(aw+)aw

]
dx+

∫

Ω

[
H(bw−)− h(bw−)bw−

]
dx.

▲♦❣♦✱

hw(a, b) <

∫

Ω

[
H(w+)− h(w+)w

]
dx+

∫

Ω

[
H(w−)− h(w−)bw−

]
dx

<

∫

Ω

[
H(w+ + w−)− h(w+ + w−)(w+ + w−)

]
dx = hw(1, 1),

♣r♦✈❛♥❞♦ i)✳

P❛r❛ ♠♦str❛r ♦ ✐t❡♠ ii)✱ ♥♦t❡ q✉❡

det(Φw)′(1, 1) = G(w+)G(w−)−
(∫

Ω

w+Tw−dx

)2

,

✽✻



♦♥❞❡

G(v) =

∫

Ω

h′(v)v2dx−
∫

Ω

vTvdx.

❈♦♠♦ w ∈ M ❡
∫

Ω

w−Tw+dx =

∫

Ω

w+Tw−dx✱ ♦❜t❡♠♦s

∫

Ω

w+Tw+dx =

∫

Ω

h(w+)w+dx−
∫

Ω

w+Tw−dx

❡ ∫

Ω

w−Tw−dx =

∫

Ω

h(w−)w−dx−
∫

Ω

w+Tw−dx.

P♦rt❛♥t♦✱

G(w+) =

∫

Ω

[
h′(w+)(w+)2 − h(w+)w+

]
dx+

∫

Ω

w+Tw−dx.

P♦r (h4)✱

h(t)t > h′(t)t2, ∀t 6= 0,

❡♥tã♦✱

G(w+) <

∫

Ω

w+Tw−dx.

❆♥❛❧♦❣❛♠❡♥t❡✱

G(w−) <

∫

Ω

w+Tw−dx.

❈♦♠ ✐st♦✱

det(Φw)′(1, 1) < 0

✸✳✸ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✹

◆♦ q✉❡ s❡❣✉❡✱ ❞❡♥♦t❛♠♦s ♣♦r cM ♦ í♥✜♠♦ ❞❡ Ψ ❡♠ M✱ ✐st♦ é✱

cM = inf
w∈M

Ψ(w).

❈♦♠♦ M ⊂ N , ❞❡✈❡♠♦s t❡r

cM ≥ c > 0.

❙❡❥❛ {wn} ⊂ M t❛❧ q✉❡

Ψ(wn) → cM.

✽✼



❯s❛♥❞♦ ✉♠ ❛r❣✉♠❡♥t♦ ♣❛❞rã♦✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ {wn} é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛

❡♠ L
p

p−1 (Ω)✳ ❆ss✐♠✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱

wn ⇀ w ❡♠ L
p

p−1 (Ω),

♣❛r❛ ❛❧❣✉♠ w ∈ L
p

p−1 (Ω)✳

❆✜r♠❛çã♦ ✸✳✸✳✶ w±
n ⇀ w± ❡♠ L

p
p−1 (Ω).

❉❡ ❢❛t♦✱ s❡♥❞♦ {wn} ❧✐♠✐t❛❞❛ ❡♠ L
p

p−1 (Ω)✱ {w+
n } ❡ {w−

n } t❛♠❜é♠ sã♦ ❧✐♠✐t❛❞❛s✳ ❉❛

r❡✢❡①✐✈✐❞❛❞❡ ❞❡ L
p

p−1 (Ω)✱ ❡①✐st❡♠ w1, w2 ∈ L
p

p−1 (Ω) t❛✐s q✉❡

w+
n ⇀ w1 ❡ w−

n ⇀ w2 ❡♠ L
p

p−1 (Ω)

❝♦♠

w1(x) ≥ 0, w2(x) ≤ 0 q✳s✳ ❡♠ Ω ❡ w = w1 + w2.

P❡❧♦ ▲❡♠❛ ✸✳✷✳✷✱ ∫

Ω

w1Tw1dx,

∫

Ω

w2Tw2dx ≥ ρ

✐♠♣❧✐❝❛♥❞♦ q✉❡

w1, w2 6= 0.

❈♦♠❜✐♥❛♥❞♦ ❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ T ❝♦♠ ♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ❡♥❝♦♥tr❛❞♦ ♥♦ ❆♣ê♥❞✐❝❡

❆✱ t❡♠♦s Tw+
n → Tw1 ❡♠ Lp(Ω) ❡ Tw1 > 0 ❡♠ Ω. ❊♥tã♦✱

Tw+
n (x) → Tw1(x) q✳s✳ ❡♠ Ω. ✭✸✳✷✽✮

❆✐♥❞❛ ♣❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ T

w+
n Tw

+
n → w1Tw1 ❡♠ L1(Ω),

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

w+
n (x)Tw

+
n (x) → w1(x)Tw1(x) q✳s✳ ❡♠ Ω, ✭✸✳✷✾✮

♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✳ ❉❡ ✭✸✳✷✽✮ ❡ ✭✸✳✷✾✮

w+
n (x) =

w+
n (x)Tw

+
n (x)

Tw+
n (x)

→ w1(x)Tw1(x)

Tw1(x)
= w1(x) q✳s✳ ❡♠ Ω.

❆♥❛❧♦❣❛♠❡♥t❡✱

w−
n (x) → w2(x) q✳s✳ ❡♠ Ω.

✽✽



❖❜s❡r✈❡ q✉❡✱ s❡ w1(x) > 0✱ ❡♥tã♦ w+
n (x) > 0 ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ▲♦❣♦✱

wn(x) = w+
n (x) → w1(x).

❯s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ♣❛r❛ ♣r♦✈❛r q✉❡

wn(x) = w−
n (x) → w2(x) s❡ w2(x) < 0.

❉❡st❛ ❢♦r♠❛✱ w1(x)w2(x) = 0 q✳s✳ ❡♠ Ω ❡

{x ∈ Ω;w2(x) < 0} ∩ {x ∈ Ω;w1(x) > 0} = ∅.

P♦rt❛♥t♦✱

w+(x) = max{w(x), 0} = max{w1(x) + w2(x), 0} = w1(x) q✳s✳ ❡♠ Ω

❡

w−(x) = min{w(x), 0} = min{w1(x) + w2(x), 0} = w2(x) q✳s✳ ❡♠ Ω,

✜♥❛❧✐③❛♥❞♦ ❛ ♣r♦✈❛ ❞❛ ❛✜r♠❛çã♦✳

❉♦ ▲❡♠❛ ✸✳✷✳✸✱ ❡①✐st❡♠ t, s > 0 t❛✐s q✉❡

Ψ′(tw+ + sw−)w+ = Ψ′(tw+ + sw−)w− = 0.

▼♦str❛r❡♠♦s q✉❡ t, s ≤ 1✳ ❘❡❝♦r❞❛♥❞♦ q✉❡ Ψ′(wn)w
±
n = 0, s❡❣✉❡ q✉❡

∫

Ω

w+
n h(w

+
n )dx =

∫

Ω

w+
n Tw

+
n dx+

∫

Ω

w−
n Tw

+
n dx

❡ ∫

Ω

w−
n h(w

−
n )dx =

∫

Ω

w−
n Tw

−
n dx+

∫

Ω

w−
n Tw

+
n dx.

❊♥tã♦✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❝♦♠ n→ +∞ ♥❛s ❡①♣r❡ssõ❡s ❛❝✐♠❛✱

∫

Ω

w+h(w+)dx =

∫

Ω

w+Tw+dx+

∫

Ω

w−Tw+dx

❡ ∫

Ω

w−h(w−)dx =

∫

Ω

w−Tw−dx+

∫

Ω

w−Tw+dx.

❯♠❛ ✈❡③ q✉❡ Ψ′(tw+ + sw−)tw+ = 0, s❛❜❡♠♦s q✉❡

∫

Ω

h(tw+)tw+dx = t2
∫

Ω

w+Tw+dx+ ts

∫

Ω

w−Tw+dx.

✽✾



❙✉♣♦♥❞♦ t ≥ s, ♦❜t❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❜❛✐①♦
∫

Ω

h(tw+)

tw+
(w+)2dx ≥

∫

Ω

w+Tw+dx+

∫

Ω

w−Tw+dx ≥
∫

Ω

h(w+)

w+
(w+)2dx,

✐st♦ é✱ ∫

Ω

[
h(tw+)

tw+
(w+)2 − h(w+)

w+
(w+)2

]
dx ≥ 0.

❈♦♠♦
h(t)

t
é ❞❡❝r❡s❝❡♥t❡ ♣❛r❛ t > 0✱ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❣❛r❛♥t❡ q✉❡ t ≤ 1✱ ❡♥tã♦✱

s ≤ 1✳

◆♦ q✉❡ s❡❣✉❡✱ ♣r♦✈❛r❡♠♦s q✉❡ Ψ(tw+ + sw−) = cM. P❛r❛ ❡st❡ ✜♠✱ ❝♦♠♦ tw+ +

sw− ∈ M✱ ❞❡✈❡♠♦s t❡r

cM ≤ Ψ(tw+ + sw−) = Ψ(tw+ + sw−)− 1

2
Ψ′(tw+ + sw−)(tw+ + sw−)

≤
∫

Ω

[
H(tw+ + sw−)− 1

2
h(tw+ + sw−)(tw+ + sw−)

]
dx,

≤
∫

Ω

[
H(tw+)− 1

2
h(tw+)(tw+)

]
dx+

∫

Ω

[
H(sw−)− 1

2
h(sw−)(sw−)

]
dx.

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ q✉❡ H(t)− 1

2
h(t)t é ❝r❡s❝❡♥t❡ ♣❛r❛ t > 0✱ ♦❜t❡♠♦s

cM ≤
∫

Ω

[
H(w+)− 1

2
h(w+)(w+)

]
dx+

∫

Ω

[
H(w−)− 1

2
h(w−)(w−)

]
dx,

P❡❧♦ ▲❡♠❛ ❞❡ ❋❛t♦✉

cM ≤ lim inf
n→+∞

∫

Ω

[
H(w+

n )−
1

2
h(w+

n )(w
+
n )

]
dx+ lim inf

n→+∞

∫

Ω

[
H(w−

n )−
1

2
h(w−

n )(w
−
n )

]
dx

≤ lim inf
n→+∞

∫

Ω

[
H(w+

n + w−
n )−

1

2
h(w+

n + w−
n )(w

+
n + w−

n )

]
dx,

≤ lim inf
n→+∞

[
Ψ(wn)−

1

2
Ψ′(wn)wn

]
= lim inf

n→+∞
Ψ(wn) = cM,

♠♦str❛♥❞♦ q✉❡

cM = Ψ(tw+ + sw−).

❉❡✜♥✐♥❞♦ w0 = tw+ + sw− ∈ M✱ s❡❣✉❡ q✉❡

w0 ∈ M ❡ Ψ(w0) = cM.

P❛r❛ ❝♦♥❝❧✉✐r ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✵✳✵✳✹✱ ❛✜r♠❛♠♦s q✉❡ w0 é ✉♠ ♣♦♥t♦

❝rít✐❝♦ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ Ψ. ❙✉♣♦♥❤❛♠♦s q✉❡ ✐ss♦ ♥ã♦ ♦❝♦rr❡✱ ❡♥tã♦ ❡①✐st❡ α > 0 ❡

v0 ∈ L
p

p−1 (Ω) ❝♦♠ |v0|
L

p
p−1 (Ω)

= 1 s❛t✐s❢❛③❡♥❞♦

Ψ′(w)v0 = 2α > 0.

✾✵



❈♦♠♦ Ψ′ é ❝♦♥tí♥✉❛✱ ✜①❛♠♦s r > 0 t❛❧ q✉❡

Ψ′(v)v0 > α, v± 6= 0, ♣❛r❛ t♦❞♦ v ∈ Br(w) ⊂ L
p

p−1 (Ω).

❋✐①❡♠♦s D = (ξ, χ)× (ξ, χ) ⊂ R2 ❝♦♠ 0 < ξ < 1 < χ t❛❧ q✉❡

✭✐✮ (1, 1) ∈ D ❡ Φw(t, s) = 0 ❡♠ D s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t = s = 1;

✭✐✐✮ cM /∈ hw(∂D);

✭✐✐✐✮ {tw+ + sw−; (t, s) ∈ D} ⊂ Br(w).

❈♦♠♦ Ψ é ❝♦♥tí♥✉❛✱ ♣♦❞❡♠♦s ✜①❛r r′ > 0 t❛❧ q✉❡

B = Br′(w0) ⊂ Br(w0)

❡

B ∩ {tw+ + sw−; (t, s) ∈ ∂D} = ∅.

❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ρ : L
p

p−1 (Ω) → [0,+∞) ❞❡✜♥✐❞❛ ♣♦r

ρ(u) = dist(u,Bc).

❆❧é♠ ❞✐ss♦✱ ❞❡✜♥✐♠♦s ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ▲✐♣s❝❤✐t③✐❛♥♦ V : L
p

p−1 (Ω) → L
p

p−1 (Ω) ❞❛❞♦

♣♦r

V (u) = −ρ(u)v0.

P❛r❛ ❝❛❞❛ u ∈ L
p

p−1 (Ω), ❞❡♥♦t❛r❡♠♦s ♣♦r η(τ) = η(τ, u) ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❛ ❊❉❖




η′(τ) = V (η(τ)), τ > 0

η(0) = u.

❆✜r♠❛♠♦s q✉❡✱

✭✶✮ s❡ u /∈ B, η(τ, u) = u, ♣❛r❛ t♦❞♦ τ ❀

✭✷✮ s❡ u ∈ B, τ 7→ Ψ(η(τ, u)) é ❞❡❝r❡s❝❡♥t❡ ❡ η(τ, u) ∈ B, ♣❛r❛ t♦❞♦ τ > 0❀

✭✸✮ ❡①✐st❡ τ0 t❛❧ q✉❡ Ψ(η(τ, w0)) ≤ Ψ(w)− ((r′α)/2)τ, ♣❛r❛ t♦❞♦ 0 ≤ τ ≤ τ0.

✾✶



❈♦♠ ❡❢❡✐t♦✱ ♦ ✐t❡♠ (1) é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ρ. P♦r s✉❛ ✈❡③✱ ♦

✐t❡♠ (2) s❡❣✉❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡

Ψ′(η(τ)η′(τ) ≤ −ρ(η(τ))α < 0, ∀η(τ) ∈ B.

P♦r ✜♠✱ ♣❛r❛ ♠♦str❛♠♦s q✉❡ (3) ♦❝♦rr❡✱ ✜①❡♠♦s τ0 > 0 t❛❧ q✉❡

‖η(τ, w0)− w0‖ ≤ r′

2
, ♣❛r❛ t♦❞♦ |τ | ≤ τ0.

▲♦❣♦✱
d

dτ
Ψ(η(τ, w0)) ≤ −ρ(η(τ))α ≤ −r

′α

2
.

■♥t❡❣r❛♥❞♦ ❡♠ [0, τ0], t❡♠♦s

Ψ(η(τ0, w0)) ≤ Ψ(w0)−
r′α

2
τ0.

❈♦♥s✐❞❡r❛♥❞♦ γ : D → L
p

p−1 (Ω) ❞❡✜♥✐❞❛ ♣♦r

γ(t, s) = η(τ0, tw
+ + sw−).

◆♦t❡ q✉❡✱

max
(t,s)∈D

Ψ(γ(t, s)) < cM,

♣♦✐s

Ψ(γ(t, s)) ≤ hw(t, s) < cM, ∀(t, s) ∈ D \ {(1, 1)}

❡

Ψ(γ(1, 1)) ≤ Ψ(w)− ((r′α)/2)τ0 < cM.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ γ(D) ∩M = ∅.
P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ Υ : D → R2 ♣♦r

Υ(t, s) =
(
t−1Ψ′(γ(t, s))(γ(t, s)+), s−1Ψ′(γ(t, s))(γ(t, s)−)

)
,

♦❜t❡♠♦s q✉❡

Υ(t, s) =
(
Ψ′(tw+ + sw−)w+,Ψ′(tw+ + sw−)w−

)
= Φw(t, s), ∀(t, s) ∈ ∂D.

❊♥tã♦✱ ✉s❛♥❞♦ ♦ ❣r❛✉ t♦♣♦❧ó❣✐❝♦ ❞❡ ❇r♦✉✇❡r

d(υ,D, (0, 0)) = d(Φw, D, (0, 0)) = sgn(det(Φw)′(1, 1)) = −1

✾✷



♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ υ t❡♠ ✉♠ ③❡r♦ (a, b) ❡♠ ❉✳ P♦rt❛♥t♦✱ ❡①✐st❡ (a, b) ∈ D ✈❡r✐✜❝❛♥❞♦

Ψ′(γ(a, b))(γ(a, b)±) = 0,

✐st♦ é✱ γ(a, b) ∈ M ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❉❡st❛ ❢♦r♠❛ ❝♦♥❝❧✉í♠♦s q✉❡ w0 é ✉♠

♣♦♥t♦ ❝rít✐❝♦ ❞❡ Ψ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞♦ ♣r♦❜❧❡♠❛ (P )✳

✾✸



❈❛♣ít✉❧♦ ✹

❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲❜✉♠♣

♥♦❞❛❧ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s

❝♦♠ ♦ ♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦

❆ ♣r♦♣♦st❛ ❞❡st❡ ❝❛♣ít✉❧♦ é ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♠✉❧t✐✲❜✉♠♣ ♥♦❞❛❧

♣❛r❛ ❛ s❡❣✉✐♥t❡ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s




∆2u+ λV (x)u = |u|p−2u, ✐♥ RN

u ∈ H2(RN);
(B1)λ

♦♥❞❡ λ > 0 é ✉♠ ♣❛râ♠❡tr♦ ♣♦s✐t✐✈♦✱ V : RN → R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ p ∈ (2, 2∗)✱

❝♦♠ 2∗ =
2N

N − 4
s❡ N ≥ 5 ❡ 2∗ = +∞ s❡ 1 ≤ N ≤ 4✳

❱❛♠♦s s✉♣♦r q✉❡ V s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s (V2) ❡ (V3)✱ ❛❧é♠ ❞✐ss♦ ❝♦♥s✐❞❡r❛r❡♠♦s

❛ ♣r♦♣r✐❡❞❛❞❡

(V ′
1) V (x) ≥ 0, ∀ x ∈ RN ❡ ❡①✐st❡♠ R, V0 > 0 t❛❧ q✉❡

V (x) > V0, q✉❛♥❞♦ |x| ≥ R.

❆❧é♠ ❞✐ss♦✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ♣♦❞❡r♠♦s ✉s❛r ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥♦ ❈❛♣ít✉❧♦

✸ ✈❛♠♦s s✉♣♦r q✉❡ ♦ ❞♦♠í♥✐♦ Ω =
l⋃

j=1

Ωj é t❛❧ q✉❡ ❝❛❞❛ Ωj s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡

✭●✮ ❆ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❛ss♦❝✐❛❞❛ ∆2 ❡♠ Ωj✱ ❞❡♥♦t❛❞❛ ♣♦r G∆2,Ωj
✱ é ♣♦s✐t✐✈❛ s❡ N ≥ 2✱

s❡♠♣r❡ q✉❡ B =
∂

∂ν
✳



✹✳✶ Pr❡❧✐♠✐♥❛r❡s

◆❡st❛ s❡çã♦ ❡st❛❜❡❧❡❝❡♠♦s ❛❧❣✉♠❛s ♥♦t❛çõ❡s q✉❡ s❡rã♦ ✐♠♣♦rt❛♥t❡s ♥♦ ❞❡❝♦rr❡r

❞♦ ❝❛♣ít✉❧♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ r❡❝♦r❞❛♠♦s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ ❡♥❡r❣✐❛ Iλ : Eλ → R ❛ss♦❝✐❛❞♦

❛♦ ♣r♦❜❧❡♠❛ (B1)λ é ❞❡✜♥✐❞♦ ♣♦r

Iλ(u) =
1

2

∫

RN

[
|∆u|2 + λV (x) |u|2

]
dx−

∫

RN

|u|p dx,

♦♥❞❡

Eλ =

{
u ∈ H2(RN);

∫

RN

V (x)|u|2dx < +∞
}

é ❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖u‖λ =

(∫

RN

|∆u|2 + λV (x)|u|2dx
)1/2

.

P♦r (V ′
1)✱

∫

RN

|u|2dx ≤
∫

BR(0)

|u|2dx+
∫

RN\BR(0)

|u|2dx

≤ C

∫

BR(0)

|∆u|2dx+ 1

λV0

∫

RN\BR(0)

λV (x)|u|2dx.

▲♦❣♦✱ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡①✐st❡ Θ > 0 ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λ✱ t❛❧ q✉❡

‖u‖ ≤ Θ‖u‖λ,

♦♥❞❡

‖u‖ =

(∫

RN

|∆u|2 + |u|2dx
)1/2

.

P♦rt❛♥t♦✱ Eλ ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ H2(RN). ❆❧é♠ ❞✐ss♦✱ ♦ ❢✉♥❝✐♦♥❛❧ Iλ é ❞❡

❝❧❛ss❡ C1 ❡ ♣❛r❛ ❝❛❞❛ v ∈ Eλ

I ′λ(u)v =

∫

RN

[∆u∆v + λV (x)uv] dx−
∫

RN

|u|p−2uvdx.

P❛r❛ ❝❛❞❛ i ∈ {1, · · · , l} ❞❡✜♥✐♠♦s ♦ ❢✉♥❝✐♦♥❛❧ Ii s♦❜r❡ H
2
0 (Ωj) ♣♦r

Ii(u) =
1

2

∫

Ωi

|∆u|2dx−
∫

Ωi

|u|pdx.

❈♦♠♦ ❝❛❞❛ Ωi ✈❡r✐✜❝❛ ❛ ❝♦♥❞✐çã♦ (G)✱ s❡❣✉❡ ❞♦ ❡st✉❞♦ ❢❡✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✸ q✉❡

♣❛r❛ ❝❛❞❛ i ∈ {1, · · · , l} ♦ ♣r♦❜❧❡♠❛




∆2u = |u|p−2u, ✐♥ Ωi,

u =
∂u

∂η
= 0, s♦❜r❡ ∂Ωi.

(Pi)

✾✺



t❡♠ ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ui ∈ H2
0 (Ωi)✱ ❛ q✉❛❧ s❛t✐s❢❛③

Ii(ui) = ci,

♦♥❞❡

ci = inf{Ii(u); u ∈ H2
0 (Ωi) \ {0}, I ′i(u) = 0 ❡ u± 6= 0}.

❆ s♦❧✉çã♦ ui é ❣❡r❛❞❛ ❛ ♣❛rt✐r ❞❡ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ wi ❞♦ ❢✉♥❝✐♦♥❛❧ ❞✉❛❧Ψi : L
p/(p−1)(Ωi) →

R ❞❡✜♥✐❞♦ ♣♦r

Ψi(w) =
1

p′

∫

Ωi

|w|p′dx− 1

2

∫

Ωi

wTiwdx

♦♥❞❡
1

p
+

1

p′
= 1 ❡ Ti : L

p
p−1 (Ωi) → W 4, p

p−1 (Ωi) é ♦ ♦♣❡r❛❞♦r s♦❧✉çã♦ ❛ss♦❝✐❛❞♦ ❛♦

♣r♦❜❧❡♠❛ 



∆2u = w, ❡♠ Ωi,

u =
∂u

∂η
= 0, s♦❜r❡ ∂Ωi.

(Pw)

❖ ♣ró①✐♠♦ ❧❡♠❛ ♠♦str❛ ✉♠❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ❛ ♥♦r♠❛ Lp ❞❛s ♣❛rt❡s ♣♦s✐t✐✈❛ ❡

♥❡❣❛t✐✈❛ ❞❛s s♦❧✉çõ❡s ♥♦❞❛✐s ❞❡ (Pi)✱ ❡st❡ ❧❡♠❛ s❡rá ❝r✉❝✐❛❧ ♣❛r❛ ♥♦ss♦s ❛r❣✉♠❡♥t♦s ♥❛s

s❡çõ❡s ♣♦st❡r✐♦r❡s✳

▲❡♠❛ ✹✳✶✳✶ P❛r❛ ❝❛❞❛ i ∈ {1, · · · , l} ❡①✐st❡ ρi > 0 t❛❧ q✉❡
∫

Ωi

|u±i |pdx ≥ ρi.

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❡①♣♦st♦ ♥♦ ❈❛♣ít✉❧♦ ✸✱ ♣❛r❛ ❝❛❞❛ i ∈ {1, · · · , l} ❛ ❢✉♥çã♦

wi = |ui|p−2ui é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ Ψi✱ ♦✉ s❡❥❛
∫

Ω

|wi|p
′

dx =

∫

Ω

wiTwidx. ✭✹✳✶✮

P❡❧♦ ▲❡♠❛ ✸✳✷✳✷✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ρi t❛❧ q✉❡
∫

Ωi

w±
i Tw

±
i dx ≥ ρi. ✭✹✳✷✮

❉❡ ✭✹✳✶✮ ❡ ✭✹✳✷✮✱ ∫

Ω

|w±
i |p

′ ≥ ρi. ✭✹✳✸✮

❖ ❧❡♠❛ s❡❣✉❡ ❞❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡✳

❉❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ Γ ⊂ {1, · · · , l}✱ ❞❡✜♥✐♠♦s

ΩΓ =
⋃

i∈Γ

Ωi ❡ CΓ =
∑

i∈Γ

ci.

✾✻



❆❧é♠ ❞✐ss♦✱ ✜①❛♠♦s R > 0 t❛❧ q✉❡

l⋃

i=1

Ωi ⊂ BR(0),

❡ ❞❡✜♥❛ ♦s ❢✉♥❝✐♦♥❛✐s Iλ,R, Jλ,R : H2
0 (BR(0)) → R ♣♦r

Iλ,R(u) =
1

2

∫

BR(0)

(
|∆u|2 + λV (x)|u|2

)
dx− 1

p

∫

BR(0)

|u|pdx

❡

Jλ,R(u) =

∫

BR(0)

(
|∆u|2 + λV (x)|u|2

)
dx.

✹✳✷ ❯♠ ✈❛❧♦r ❝rít✐❝♦ ❡s♣❡❝✐❛❧ ♣❛r❛ Jλ,R

◆❡st❛ s❡çã♦ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ✈❛❧♦r ❝rít✐❝♦ ♣❛r❛ Jλ q✉❡ s❡rá ✉s❛❞♦

♣❛r❛ ❝♦♥str✉✐r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s q✉❡✱ ❝♦♠♦ ♠♦str❛r❡♠♦s ♥❛s s❡çõ❡s s❡❣✉✐♥t❡s✱

❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠❛ s♦❧✉çã♦ ♠✉❧t✐✲❜✉♠♣ ❞♦ ♣r♦❜❧❡♠❛ (B1)λ✳

◆♦ q✉❡ s❡❣✉❡✱ ❝♦♥s✐❞❡r❛r❡♠♦s

C =
l∑

i=1

ci, δ := min
i∈{1,··· ,l}

(1
2
− 1

p
)ρi

C
, 0 < µ <

δ

2
.

❡

ξ = min{ρi, i ∈ {1, · · · , l}}.

❯s❛♥❞♦ ❡st❡s ♥ú♠❡r♦s✱ ❞❡♥♦t❛♠♦s ♣♦r Aλ,R ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s u ∈ H2
0 (BR(0)) q✉❡

✈❡r✐✜❝❛♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❛❜❛✐①♦✿
∫

BR(0)

|u|pdx = 1; ✭✹✳✹✮

∫

Ωi

|u±|pdx ≥ δ, ∀i ∈ Γ; ✭✹✳✺✮
∫

Ωj

|u|pdx ≤ µ, ♣❛r❛ ❝❛❞❛ j /∈ Γ. ✭✹✳✻✮

◆♦t❡ q✉❡ Aλ,R 6= ∅, ♣♦✐s s❡ ❝♦♥s✐❞❡r❛r♠♦s u0 =
∑

i∈Γ

ui✱ t❡♠♦s

v0 =
u0

|u0|Lp(BR(0))

∈ Aλ,R. ✭✹✳✼✮

◆♦ q✉❡ s❡❣✉❡✱ t❛♠❜é♠ ✜①❛♠♦s

0 < µ < min

{
δ

2
,
ξ

2
‖v0‖−

2p
p−2

}
✭✹✳✽✮

✾✼



❡

γλ,R = inf
u∈Aλ,R

Jλ,R(u). ✭✹✳✾✮

▲❡♠❛ ✹✳✷✳✶ ❊①✐st❡ uλ,R ∈ Aλ,R t❛❧ q✉❡

Jλ,R(uλ,R) = γλ,R.

❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ α0 > 0 ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ λ ❡ R✱ t❛✐s q✉❡

γλ,R ≥ α0 ♣❛r❛ λ ≥ 1 ❡ R > 0.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ {un} ⊂ Aλ,R ✉♠❛ s❡q✉ê♥❝✐❛ t❛❧ q✉❡

‖un‖2λ = Jλ,R(un) → γλ,R.

❊♥tã♦✱ {un} é ❧✐♠✐t❛❞❛ ❡♠ H2
0 (BR(0))✱ ❡ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱

un ⇀ uλ,R ∈ H2
0 (BR(0)) ❡ un → uλ,R ❡♠ Lp(BR(0)).

❖s ❧✐♠✐t❡s ❛❝✐♠❛ ❣❛r❛♥t❡♠ q✉❡ uλ,R ∈ Aλ,R✳ P♦r ♦✉tr♦ ❧❛❞♦✱

γλ,R = lim inf
n→+∞

Jλ,R(un) ≥ Jλ,R(uλ,R),

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡

Jλ,R(uλ,R) = γλ,R.

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ✭✹✳✺✮

γλ,R = ‖uλ,R‖λ ≥ 1

C

∫

Ωi

|u±λ,R|p dx ≥ δ

C
:= α0 ♣❛r❛ λ ≥ 1 ❡ R > 0,

♦♥❞❡ C > 0 é ❛ ❝♦♥st❛♥t❡ ❞❛ ✐♠❡rsã♦ ❞❡ ❙♦❜♦❧❡✈✳

▲❡♠❛ ✹✳✷✳✷ ❆ ❢✉♥çã♦ uλ,R ∈ Aλ,R ♦❜t✐❞❛ ♥♦ ❧❡♠❛ ❛♥t❡r✐♦r é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛

Jλ,R s♦❜r❡ V =
{
u ∈ H2

0 (BR(0));

∫

BR(0)

|u|pdx = 1
}
.

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ uλ,R ♥ã♦ é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ Jλ,R. ❊♥tã♦ ❡①✐st❡♠

❝♦♥st❛♥t❡s ε, ν > 0 ❡ r > 0 t❛✐s q✉❡

‖J ′
λ,R(uλ,R)‖∗ >

8ε

ν
, ∀u ∈ J−1

λ,R

(
[γλ,R − 2ε, γλ,R + 2ε]

)
∩ Br(uλ,R).

✾✽



❉❛❞♦ τ > 0✱ ✜①❡ 0 < s <
r

3
❞❡ ♠❛♥❡✐r❛ q✉❡

u ∈ B2s(uλ,R) ⇒





∫

Ωi

|u±|pdx ≥ δ − τ, ∀i ∈ Γ;
∫

BR(0)\ΩΓ

|u|pdx ≤ µ+ τ.
✭✹✳✶✵✮

❆♣❧✐❝❛♥❞♦ ♦ ❧❡♠❛ ❞❡ ❞❡❢♦r♠❛çã♦ ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✼✹✱ ▲❡♠♠❛ ✺✳✶✺❪✱ ❡①✐st❡ ✉♠ ✢✉①♦

η : V → V ❝♦♠

• η(u) = u, u /∈ J−1
λ,R

(
[γλ,R − 2ε.γλ,R + 2ε]

)
∩B3s(uλ,R);

• η(J
γλ,R+ε

λ,R ∩ S) ⊂ J
γλ,R−ε

λ,R ∩ B2s(uλ,R).

❈♦♠♦ uλ,R ∈ J
γλ,R+ε

λ,R ∩ Bs(uλ,R)✱ t❡♠♦s

wλ,R = η(uλ,R) ∈ J
γλ,R−ε

λ,R ∩ B2s(uλ,R). ✭✹✳✶✶✮

❆❣♦r❛✱ ❝♦♥s✐❞❡r❛♠♦s Aτ
λ,R ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s u ∈ H2

0 (BR(0)) q✉❡ ✈❡r✐✜❝❛♠ ❛s

♣r♦♣r✐❡❞❛❞❡s ❛❜❛✐①♦✿

•
∫

BR(0)

|u|pdx = 1;

•
∫

Ωi

|u±|pdx ≥ δ − τ, ∀i ∈ Γ;

•
∫

Ωj

|u|pdx ≤ µ+ τ, ♣❛r❛ ❝❛❞❛ j /∈ Γ.

❈♦♠♦ Aλ,R ⊂ Aτ
λ,R✱ ❝♦♥❝❧✉í♠♦s q✉❡ Aτ

λ,R 6= ∅ ❡ ♦ ♥ú♠❡r♦

γτλ,R = inf
u∈Aτ

λ,R

Jλ,R(u),

❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

❉❡ ✭✹✳✶✵✮ ❡ ✭✹✳✶✶✮✱

γτλ,R ≤ Jλ,R(wλ,R) ≤ γλ,R − ε. ✭✹✳✶✷✮

❆✜r♠❛çã♦ ✹✳✷✳✸ γτλ,R → γλ,R, q✉❛♥❞♦ τ → 0.

❙❡❥❛ {τn} ⊂ (0,+∞) ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠ τn → 0✳ ❉♦s ❛r❣✉♠❡♥t♦s ✉s❛❞♦s ♥♦ ▲❡♠❛

✹✳✷✳✶✱ ❡①✐st❡ un = uτnλ,R ∈ Aτn
λ,R t❛❧ q✉❡

Jλ,R(un) = γτnλ,R.

✾✾



❖❜s❡r✈❡ q✉❡✱

‖un‖2 ≤ ‖un‖2λ = Jλ,R(un) = γτnλ,R ≤ γλ,R. ✭✹✳✶✸✮

❊♥tã♦✱ {un} é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❝♦♠ r❡s♣❡✐t♦ ❛ ♥✳ ❊♥tã♦ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜✲

s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦

un ⇀ u0 ∈ H2
0 (BR(0)).

▲♦❣♦✱

lim inf
n→+∞

γτnλ,R = lim inf
n→+∞

Jλ,R(un) ≥ Jλ,R(u0). ✭✹✳✶✹✮

❉❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✱ u0 ∈ Aλ,R ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

Jλ,R(u0) ≥ γλ,R. ✭✹✳✶✺✮

❈♦♠♦ {τn} é ✉♠❛ s❡q✉ê♥❝✐❛ ❛r❜✐trár✐❛✱ ❛ ❛✜r♠❛çã♦ s❡❣✉❡ ❞❡ ✭✹✳✶✸✮✲✭✹✳✶✺✮✳

❆ ❆✜r♠❛çã♦ ✹✳✷✳✸ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✭✹✳✶✷✮ ✐♠♣❧✐❝❛♠ ❡♠

γλ,R ≤ γλ,R − ε,

♦ q✉❡ é ❛❜s✉r❞♦✳

❆❣♦r❛✱ ❞♦ ❚❡♦r❡♠❛ ❞♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ❡①✐st❡ αλ,R > 0 t❛❧ q✉❡

J ′
λ,R(uλ,R)w = αλ,Rp

∫

BR(0)

|uλ,R|p−2uλ,Rwdx, ∀w ∈ H2
0 (BR(0)),

✐st♦ é✱ uλ,R é ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛




2∆2u+ 2λV (x)u = αλ,Rp|u|p−2u, ❡♠ BR(0)

u =
∂u

∂η
= 0, s♦❜r❡ ∂BR(0).

P♦rt❛♥t♦✱ vλ,R = βλ,Ruλ,R é ✉♠❛ s♦❧✉çã♦ ♣❛r❛




∆2u+ λV (x)u = |u|p−2u, ❡♠ BR(0)

u =
∂u

∂η
= 0, s♦❜r❡ ∂BR(0),

♦♥❞❡✱

βλ,R = γ
1/(p−2)
λ,R .

◆♦t❡ q✉❡✱
1

Θ
‖vλ,R‖2 ≤ ‖vλ,R‖2λ = γ

p/(p−2)
λ,R

∫

BR(0)

|uλ,R|pdx = γ
p/(p−2)
λ,R ,

✶✵✵



❝♦♠♦ v0 ❞❛❞♦ ❡♠ ✭✹✳✼✮ ♣❡rt❡♥❝❡ ❛ Aλ,R ♣❛r❛ t♦❞♦ λ ≥ 0✱ t❡♠♦s

γ
p/(p−2)
λ,R ≤

(
Jλ,R(v0)

)p/(p−2)

=

(
1

2
− 1

p

)−1(
1

2
− 1

p

)


∫
ΩΓ

|∆u0|2
( ∫

ΩΓ
|u0|p

)2/p




p/(p−2)

✭✹✳✶✻✮

=
(1
2
− 1

p

)−1

CΓ.

❊♥tã♦ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ s❡q✉ê♥❝✐❛ {Rn} t❛❧ q✉❡ Rn → +∞✱ t❡♠♦s {vλ,Rn} é ❧✐♠✐t❛❞❛

❡♠ H2(RN)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦

vλ,Rn ⇀ vλ, ❡♠ H2(RN), q✉❛♥❞♦ n→ ∞. ✭✹✳✶✼✮

Pr♦♣♦s✐çã♦ ✹✳✷✳✹ ❆ ❢✉♥çã♦ vλ é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞♦ ❢✉♥❝✐♦♥❛❧ Iλ. ❆❧é♠ ❞✐ss♦✱ ❡①✐st❡

δ∗ > 0 t❛❧ q✉❡

✭✐✮

∫

Ωi

|v±λ |pdx ≥ δ∗, ∀i ∈ Γ;

✭✐✐✮

∫

Ωj

|vλ|pdx <
ξ

2
, ∀j /∈ Γ.

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❝♦♥s✐❞❡r❡♠♦s ✉♠❛ ❢✉♥çã♦ t❡st❡ ϕ ∈ C∞
0 (RN)✳ P❡❧♦

❡st✉❞♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣❛r❛ ❝❛❞❛ n ∈ N

∫

suptϕ

[∆vλ,Rn∆ϕ+ λV (x)vλ,Rnϕ] dx =

∫

suptϕ

|vλ,Rn |p−2vλ,Rnϕdx.

❉❡ ✭✹✳✶✼✮ ❡ ♣❡❧❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✱
∫

suptϕ

[∆vλ∆ϕ+ λV (x)vλϕ] dx =

∫

suptϕ

|vλ|p−2vλϕdx,

♦✉ s❡❥❛✱

I ′λ(vλ)ϕ = 0.

P❡❧❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❞❡ ϕ ❡ ♣❡❧❛ ❞❡♥s✐❞❛❞❡ ❞❡ C∞
0 (RN) ❡♠ H2(RN)✱ ❝♦♥❝❧✉í♠♦s q✉❡ vλ

é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣❛r❛ Iλ.

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ uλ,Rn ♣❡rt❡♥❝❡r ❛ Aλ,Rn ✱ t❡♠♦s ♣♦r ✭✹✳✺✮ ❡ ✭✹✳✹✮ q✉❡∫

Ωi

|v±λ,Rn
|pdx ≥ βp

λ,Rn
δ ≥ α

p/(p−2)
0 δ := δ∗, ∀i ∈ Γ

❡ ∫

Ωj

|vλ,Rn |pdx < βp
λ,Rn

µ ≤ ‖v0‖
2p
p−2µ <

ξ

2
, ∀j /∈ Γ.

❉❡s❞❡ q✉❡ vλ,Rn ⇀ vλ✱ s❡❣✉❡ ❞❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ❞❡ ❙♦❜♦❧❡✈✱ H2(RN) →֒ Lp
loc(R

N)✱

q✉❡

✶✵✶



∫

Ωi

|v±λ |pdx ≥ δ∗, ∀i ∈ Γ

❡ ∫

Ωj

|vλ|pdx <
ξ

2
, ∀j /∈ Γ.

✹✳✸ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧

◆❡st❛ s❡çã♦ ❞❡♠♦♥str❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ✵✳✵✳✻✳ ❉❡s❞❡ q✉❡✱

‖vλ‖2 ≤ lim inf
R→∞

‖vλ,R‖2 ≤
(1
2
− 1

p

)−1

CΓ.,

♥ós ❝♦♥❝❧✉í♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ s❡q✉ê♥❝✐❛ {λn} ⊂ (0,+∞) ❝♦♠ λn → ∞✱ ❛ s❡q✉ê♥❝✐❛

{vλn} é ❧✐♠✐t❛❞❛ ❡♠ H2(RN)✳ ❊♥tã♦✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ ❡①✐st❡ v ∈ H2(RN)

t❛❧ q✉❡

vλn ⇀ v ❡♠ H2(RN).

❆❧é♠ ❞✐ss♦✱

Iλn,R(vλn,R) = Iλn,R(vλn,R)−
1

p
I ′λn,R(vλn,R)vλn,R =

(1
2
− 1

p

)
‖vλn,R‖2λn

=
(1
2
− 1

p

)(
‖uλn,R‖2λn

)p/(p−2)

=
(1
2
− 1

p

)(
γλn,R

)p/(p−2)

❡ ♣❡❧❛ ❡st✐♠❛t✐✈❛ ✭✹✳✶✻✮ ♦❜t❡♠♦s

Iλn,R(vλn,R) ≤ CΓ.

❊♥tã♦✱

0 ≤ (
1

2
− 1

p

)
‖vλn‖2λn

≤ Iλ(vλn) ≤ lim inf
R→∞

Iλn,R(vλn,R) ≤ CΓ, ✭✹✳✶✽✮

❛ss✐♠✱ ♣❛r❛ ❛❧❣✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱

Iλn(vλn) → c ∈ [0, CΓ].

❆❣♦r❛✱ ❛r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ♥❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✱ ❝♦♥❝❧✉í♠♦s q✉❡

✭❛✮ v ≡ 0 ❡♠ RN \
l⋃

i=1

Ωi ❡ v é ✉♠❛ s♦❧✉çã♦ ❞❡ (Pi) ♣❛r❛ ❝❛❞❛ i ∈ {1, · · · , l}.

✭❜✮ ‖vλn − v‖2λn
→ 0.

✶✵✷



❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ∫

Ωi

|v±λn
|pdx ≥ δ∗, ∀i ∈ Γ

❡ ∫

Ωj

|vλn |pdx ≤ ξ

2
, ∀j /∈ Γ,

♦ ❧✐♠✐t❡ ❢r❛❝♦ vλn ⇀ v ❡♠ H2(RN) ✐♠♣❧✐❝❛ ❡♠
∫

Ωi

|v±|pdx ≥ δ∗, ∀i ∈ Γ ✭✹✳✶✾✮

❡ ∫

Ωj

|v|pdx ≤ ξ

2
, ∀j /∈ Γ. ✭✹✳✷✵✮

P♦r ✭✹✳✶✾✮✱ v é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡ (Pi) ♣❛r❛ ❝❛❞❛ i ∈ Γ ❡ ♣♦r ✭✹✳✷✵✮ v ≡ 0 ❡♠ ❝❛❞❛

Ωj ❝♦♠ j /∈ Γ✱ ♣♦r q✉❡ s❡ ❡①✐st❡ j /∈ Γ ❝♦♠ v 6= 0 ❡♠ Ωj, ❡♥tã♦ ♣♦r ✭✹✳✽✮

ξ ≤
∫

Ωj

|v|pdx ≤ µ̃ <
ξ

2

♦ q✉❡ é ❛❜s✉r❞♦✳ ❉❡ (a)✱

Ii(v) ≥ ci, ♣❛r❛ ❝❛❞❛ i ∈ Γ.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ✐t❡♠ ✷ ❡ ✭✹✳✶✽✮

Ii(v) ≤ CΓ, ∀i ∈ Γ, ✭✹✳✷✶✮

❡♥tã♦✱

Ii(v) = ci, ∀i ∈ Γ,

♣♦✐s s❡ ❡①✐st✐r i0 ∈ Γ t❛❧ q✉❡

Ii0(v) > ci0 ,

t❡♠♦s
∑

i∈Γ

Ii(v) > CΓ,

♦ q✉❡ ❝♦♥tr❛❞✐③ ✭✹✳✷✶✮✳

❉♦ ❡st✉❞♦ ❢❡✐t♦ ❛❝✐♠❛✱ ❛ ❢✉♥çã♦ vλ é ✉♠❛ s♦❧✉çã♦ ♣❛r❛ (B1)λ ❡ ♣❛r❛ ❝❛❞❛ s❡q✉ê♥❝✐❛

{vλn}✱ ♣♦❞❡♠♦s ❡①tr❛✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ {vλni
} t❛❧ q✉❡

vλni
→ v ❡♠ H2(RN),

♣❛r❛ ❛❧❣✉♠ v ∈ H2(RN)✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❝❛❞❛ i ∈ Γ✱ v|Ωi
é ✉♠❛ s♦❧✉çã♦ ♥♦❞❛❧ ❞❡

❡♥❡r❣✐❛ ♠í♥✐♠❛ ❞❡ (Pi) ❡ v ≡ 0 ❡♠ RN \ ΩΓ✳

✶✵✸



❆♣ê♥❞✐❝❡s



❆♣ê♥❞✐❝❡ ❆

Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ♣❛r❛ ♦ ❖♣❡r❛❞♦r

❇✐❤❛r♠ô♥✐❝♦

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ❜❛s❡❛❞♦s ❡♠ ❬✹✷❪✱ tr❛t❛r❡♠♦s ❞❡ ✉♠ ❞♦s ♣♦♥t♦s ♠❛✐s ❞❡❧✐❝❛❞♦s ♥♦

❡st✉❞♦ ❞♦ ♦♣❡r❛❞♦r ❇✐❤❛r♠ô♥✐❝♦✱ ∆2, q✉❡ é ❞❡t❡r♠✐♥❛r s♦❜r❡ q✉❛✐s ❝♦♥❞✐çõ❡s t❡r❡♠♦s

✉♠ ♣r✐♥❝í♣✐♦ ❞❡ ♠á①✐♠♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛




∆2u = f(x), ❡♠ Ω,

u = Bu = 0, s♦❜r❡ ∂Ω
(P )

❝♦♠ Bu = ∆u ✭Pr♦❜❧❡♠❛ ❞❡ ◆❛✈✐❡r✮ ♦✉ Bu =
∂u

∂ν
✭Pr♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t ✮✳

❆✳✶ ❆ ❢✉♥çã♦ ❞❡ ●r❡❡♥

P❛r❛ ♦❜t❡r♠♦s ✉♠❛ ❢♦r♠❛ ❡①♣❧✐❝✐t❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r ✉♠❛ s♦❧✉çã♦ ♣r❛ ♦ ♣r♦❜❧❡♠❛

(P )✱ ♦ ♣r✐♠❡✐r♦ ♣❛ss♦ é ❞❡✜♥✐r ❛ s♦❧✉çã♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ♦♣❡r❛❞♦r ❜✐❤❛r♠ô♥✐❝♦ ∆2 ❡♠

RN . ❈♦♥s✐❞❡r❛♠♦s

FN(x) =





2Γ(n/2− 2)

NeN8Γ(N/2)
|x|4−n s❡ N > 4 ♦✉ N é ✐♠♣❛r

(−1)2−N/2

NeN4Γ(N/2)(2−N/2)!
|x|4−N s❡ N ≤ 4 é ♣❛r✱

✭❆✳✶✮

❡♥tã♦✱ ♥♦ s❡♥t✐❞♦ ❞✐str✐❜✉❝✐♦♥❛❧

∆2FN(x) = δ0,

♦♥❞❡ δ0 é ❛ ♠❛ss❛ ❞❡ ❉✐r❛❝ ♥❛ ♦r✐❣❡♠



❉❡✜♥✐çã♦ ❆✳✶ ❯♠❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ♣❛r❛ (P ) é ✉♠❛ ❢✉♥çã♦ (x, y) 7→ G(x, y) : Ω ×
Ω → R ∪ {∞} s❛t✐s❢❛③❡♥❞♦ ✿

• x 7→ G(x, y)− FN(x− y) ∈ C4(Ω) ∩ C(Ω) ♣❛r❛ t♦❞♦ y ∈ Ω s❡ ❞❡✜♥✐❞♦ s❡q✉❡♥❝✐✲

❛❧♠❡♥t❡ ♣❛r❛ x = y;

• ∆2
x(G(x, y) − FN(x − y)) = 0 ♣❛r❛ t♦❞♦ (x, y) ∈ Ω2 s❡ ❞❡✜♥✐❞♦ s❡q✉❡♥❝✐❛❧♠❡♥t❡

♣❛r❛ x = y❀

• ∂

∂x
G(x, y) = 0 ♣❛r❛ t♦❞♦ (x, y) ∈ ∂Ω× Ω.

❙❡ f ∈ C∞(Ω)✱ ❡♥tã♦ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ♣❡r♠✐t❡ q✉❡ s❡ ❡s❝r❡✈❛ ❛ s♦❧✉çã♦ ú♥✐❝❛ ❞♦

♣r♦❜❧❡♠❛ (P ) ❝♦♠♦

u(x) =

∫

Ω

G(x, y)f(y)dy. ✭❆✳✷✮

❉❡t❡r♠✐♥❛r ❛ ❢♦r♠❛ ❡①❛t❛ ❞❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ♥ã♦ é ✉♠❛ t❛r❡❢❛ s✐♠♣❧❡s✱ ❇♦❣❣✐♦ ❡♠

✶✾✵✺ ❝♦♥s❡❣✉✐✉ ❝❛❧❝✉❧❛r ❡①♣❧✐❝✐t❛♠❡♥t❡ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ♣❛r❛ ♦ ❜✐❤❛r♠ô♥✐❝♦ q✉❛♥❞♦

Ω é ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❡♠ RN ✱ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✐♥❞✐❝❛♠♦s ♦ ❝❛♣ít✉❧♦ ✷ ❞❡ ❬✹✷❪✳

❆✳✷ ❖ ♣r♦❜❧❡♠❛ ❞❡ ◆❛✈✐❡r

◆♦ ❝❛s♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ◆❛✈✐❡r ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ ♣r♦❜❧❡♠❛ (P ) ❝♦♠♦ ♦ s❡✲

❣✉✐♥t❡ s✐st❡♠❛ 



−∆u = v, ❡♠ Ω

−∆v = f, ❡♠ Ω

u = v = 0, s♦❜r❡ ∂Ω.

❊♥tã♦ s❡ f > 0✱ s❡❣✉❡ ❞♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦ ♣❛r❛ ♦ ♦♣❡r❛❞♦r ▲❛♣❧❛❝✐❛♥♦ ❛♦ ♣r♦❜❧❡♠❛




−∆v = f, ❡♠ Ω

v = 0, s♦❜r❡ ∂Ω.

t❡♠♦s✱ v ♣♦s✐t✐✈❛ ❡ ❛♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ♣r✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦✱ ❛❣♦r❛ ❛♦ ♣r♦❜❧❡♠❛




−∆u = v, ❡♠ Ω

u = 0, s♦❜r❡ ∂Ω.

❝♦♥❝❧✉í♠♦s q✉❡ u > 0.

✶✵✻



❆✳✸ ❖ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t

❖ ❝❛s♦ ❞♦ Pr♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t é ♠❛✐s sút✐❧ ❡ t❡♠♦s ♣❡❧❛ ❡①♣r❡ssã♦ ✭❆✳✷✮ q✉❡

s❡ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ G(x, y) ❢♦r ♣♦s✐t✐✈❛✱ ❡♥tã♦

f > 0 ⇒ u > 0.

❚♦❞❛✈✐❛✱ ♥ã♦ t❡♠♦s ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❡♠ q✉❛❧q✉❡r ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✱

P♦r ❡①❡♠♣❧♦✱ ❡♠ ✉♠❛ ❡❧✐♣s❡ Eab ⊂ R2 ❞❡ ❡✐①♦s a, b > 0✳ ❙❡ ❛ ❡①❝❡♥tr✐❝✐❞❛❞❡
a

b
≥ 1, 2✱

❡♥tã♦ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ♣❛r❛ ∆2 ❡♠ Ea,b tr♦❝❛ ❞❡ s✐♥❛❧✳ ◆♦ ❝❛s♦ ❞❛ ❜♦❧❛ ✉♥✐tár✐❛ B✱ ❛

♣❛rt✐r ❞❛ ❡①♣r❡ssã♦ ❡♥❝♦♥tr❛❞❛ ♣♦r ❇♦❣❣✐♦ ♠♦str❛✲s❡ q✉❡ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ é ♣♦s✐t✐✈❛

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ❆✳✶ P❛r❛ t♦❞❛ f ∈ Lp(B)✱ 1 < p < +∞, ❡①✐st❡ ✉♠❛ ú♥✐❝❛ u ∈ W 2,p(B) ∩
W 1,p

0 (B) ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t (P )✳ ❆❧é♠ ❞✐ss♦✱ f � 0, ❡♥tã♦

u > 0 ❡♠ B.

❆ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ❞❡ ●r❡♥♥ ♣❛r❛ ∆2 ❡♠ ✉♠❛ ❜♦❧❛ ✉♥✐tár✐❛ B ♥ã♦ é ✉♠ ❡✈❡♥t♦

s✐♥❣✉❧❛r✱ ♠❛s ❝♦♥tí♥✉❛ ✈❡r❞❛❞❡✐r♦ s♦❜ ♣❡q✉❡♥❛s C4,α−❞❡❢♦r♠❛çõ❡s s✉❛✈❡s ❞❛ ❜♦❧❛✱ ❛s

q✉❛✐s ❞❡✜♥✐♠♦s ❛❜❛✐①♦✳

❉❡✜♥✐çã♦ ❆✳✷ ❆ss✉♠✐♠♦s q✉❡ Ω1 ❡ Ω2 sã♦ ❞♦♠í♥✐♦s ❧✐♠✐t❛❞♦s ❞❡ ❝❧❛ss❡ Ck,α✳ ❉❛❞♦

ε > 0, ❞✐③❡♠♦s q✉❡ Ω2 ❡stá ε−♣ró①✐♠♦ ❞❡ Ω1 ♥♦ s❡♥t✐❞♦ Ck,α✱ s❡ ❡①✐st✐r ✉♠❛ ❛♣❧✐❝❛çã♦

s♦❜r❡❥❡t✐✈❛ g : Ω1 −→ Ω2 ❞❡ ❝❧❛ss❡ Ck,α t❛❧ q✉❡

‖g − Id‖Ck,α(Ω1)
≤ ε.

❚❡♦r❡♠❛ ❆✳✸ ❙❡❥❛ B ❛ ❜♦❧❛ ✉♥✐tár✐❛ ❞♦ RN ✱ N ≥ 2✳❊♥tã♦ ❡①✐st❡ ε0 = ε0(N) > 0 t❛❧

q✉❡ ♣❛r❛ ε ∈ [0, ε0] ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳ ❙❡ Ω ⊂ RN é ✉♠ ❞♦♠í♥✐♦ ❞❡

❝❧❛ss❡ C4,α q✉❡ ❡stá ε−♣ró①✐♠♦ ❞❡ B ♥♦ s❡♥t✐❞♦ C4,α✱ ❡♥tã♦ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ G∆2,Ω

♣❛r❛ ∆2 ❡♠ Ω s♦❜ ❛ ❝♦♥❞✐çã♦ ❞❡ ❉✐r✐❝❤❧❡t é ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛✱ ✐st♦ é

G∆2,Ω(x, y) > 0, ∀x, y ∈ Ω, x 6= y.
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❆♣ê♥❞✐❝❡ ❇

❯♠ ❡①❡♠♣❧♦ ❡s♣❡❝✐❛❧

◆♦ ❈❛♣ít✉❧♦ ✸ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❝❧❛ss❡ ❞❡ t❡r♠♦s ♥ã♦ ❧✐♥❡❛r❡s q✉❡ s❛t✐s❢❛③❡♠

♥♦ss❛s ❤✐♣ót❡s❡s ♠❛s q✉❡ ♥ã♦ s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s ❞♦ ❛rt✐❣♦ ❬✼✸❪✱ ❛ s❛❜❡r ❛s ❢✉♥çõ❡s

❞❛ ❢♦r♠❛

f(t) = ϕ(t)|t|p−2t,

♦♥❞❡ ϕ : R → R é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛✱ ❝r❡s❝❡♥t❡ ❡ ❧✐♠✐t❛❞❛ ❡s❝♦❧❤✐❞❛ ❞❡ t❛❧ ♠❛♥❡✐r❛

q✉❡ ♣❛r❛ ❝❛❞❛ s > 1
f ′(t)

ts−2
→ ∞, q✉❛♥❞♦ t→ ∞.

❉❡s❞❡ q✉❡✱

f ′(t) = ϕ′(t)|t|p−2t+ (p− 1)ϕ(t)|t|p−2,

✈❛♠♦s ❝♦♥str✉✐r ✉♠❛ ❢✉♥çã♦ ϕ ❝♦♠ ❛s ❝❛r❛❝t❡ríst✐❝❛s s✉♣r❛ ❝✐t❛❞❛s ❡ t❛❧ q✉❡

ϕ′(t)

ts−2
→ ∞, q✉❛♥❞♦ t→ ∞.

❈♦♥s✐❞❡r❛♠♦s ❡♥tã♦ q✉❡ ϕ(0) =
1

2
❡ ❝♦♥str✉í♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ (tn) t❛❧ q✉❡

t1 = 2, ϕ(t1) = 2 ❡ ϕ′(t1) = e

t2 = 4, ϕ(t2) = 2 +
1

2
❡ ϕ′(t2) = et2

t3 = 23, ϕ(t3) = 2 +
3∑

1

1

2n
❡ ϕ′(t3) = et3 · · ·

❡♠ ❣❡r❛❧✱

tn = 2n, ϕ(tn) = 2 +
n∑

1

1

2n
❡ ϕ′(tn) = etn .



❯♥✐♥❞♦ ❡st❡s ♣♦♥t♦s ❞❡ ❢♦r♠❛ q✉❡ ❛ ❢✉♥çã♦ s❡❥❛ ❞❡ ❝❧❛ss❡ C1✱ t❡♠♦s ❛ ❢✉♥çã♦ ❞❡s❡✲

❥❛❞❛✱♣♦✐s ❛ s❡q✉ê♥❝✐❛ (tn) é t❛❧ q✉❡ tn → ∞, t❡♠♦s

ϕ(tn) ≤ 3, ∀n ∈ N

❡
ϕ′(tn)

tsn
=
etn

tsn
→ ∞ q✉❛♥❞♦ n→ ∞.

e2

e4

e8

2 4 8

2

2, 5

2, 75

3

ϕ(t)

t
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