
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❙♦❜r❡ ♦s ❚❡♦r❡♠❛s ❞❡
❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡

♣♦r

❉❛♥✐❡❧ ◆úñ❡③ ❆❧❛r❝ó♥

❏♦ã♦ P❡ss♦❛ ✲ P❇

▼❛rç♦✴✷✵✶✹



❙♦❜r❡ ♦s ❚❡♦r❡♠❛s ❞❡
❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡

♣♦r

❉❛♥✐❡❧ ◆úñ❡③ ❆❧❛r❝ó♥ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❉❛♥✐❡❧ ▼❛r✐♥❤♦ P❡❧❧❡❣r✐♥♦

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲

❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦

tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❏♦ã♦ P❡ss♦❛ ✲ P❇

▼❛rç♦✴✷✵✶✹

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❛♣❡s

✐✐



❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ❆♥á❧✐s❡

❆♣r♦✈❛❞❛ ❡♠✿

Pr♦❢✳ ❉r✳ ❊❞✉❛r❞♦ ❱❛s❝♦♥❝❡❧♦s ❖❧✐✈❡✐r❛ ❚❡✐①❡✐r❛

Pr♦❢✳ ❉r✳ ◆✐❧s♦♥ ❞❛ ❈♦st❛ ❇❡r♥❛r❞❡s

Pr♦❢✳ ❉r✳ ❱❛❧❞✐r ❆♥t♦♥✐♦ ▼❡♥❡❣❛tt♦

Pr♦❢✳ ❉r✳ ❉✐♦❣♦ ❉✐♥✐③ P❡r❡✐r❛ ❞❛ ❙✐❧✈❛ ❡ ❙✐❧✈❛

Pr♦❢✳ ❉r✳ ❉❛♥✐❡❧ ▼❛r✐♥❤♦ P❡❧❧❡❣r✐♥♦

❖r✐❡♥t❛❞♦r

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦

❡♠ ▼❛t❡♠át✐❝❛ ✲ ❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡

❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

▼❛rç♦✴✷✵✶✹

✐✐✐



❘❡s✉♠♦

❖s t❡♦r❡♠❛s ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✱ ❞❡♠♦♥str❛❞♦s ❡♠ ✶✾✸✶ ♥♦ ♣r❡st✐❣✐♦s♦ ❥♦r♥❛❧ ❆♥✲

♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ❝♦♠♦ ❢❡rr❛♠❡♥t❛s ♠✉✐t♦ út❡✐s ♥❛ s♦❧✉çã♦ ❞♦

❢❛♠♦s♦ Pr♦❜❧❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛❜s♦❧✉t❛ ❞❡ ❇♦❤r✳ ❆♣ós ✉♠ ❧♦♥❣♦ t❡♠♣♦ ❡sq✉❡❝✐❞♦s✱

❡st❡s t❡♦r❡♠❛s tê♠ s✐❞♦ ❜❛st❛♥t❡ ❡①♣❧♦r❛❞♦s ♥♦s ú❧t✐♠♦s ❛♥♦s✳ ❊st❡ ú❧t✐♠♦ q✉✐♥q✉ê✲

♥✐♦ ❡①♣❡r✐♠❡♥t♦✉ ♦ s✉r❣✐♠❡♥t♦ ❞❡ ✈ár✐❛s ♦❜r❛s ❞❡❞✐❝❛❞❛s ❛ ❡st✐♠❛r ❛s ❝♦♥st❛♥t❡s ❞❡

❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ✭❬✶✸✱ ✶✽✱ ✷✵✱ ✷✻✱ ✷✼✱ ✸✾✱ ✹✷✱ ✹✹✱ ✹✻✱ ✺✸❪✮ ❡ t❛♠❜é♠ ❝♦♥❡①õ❡s ✐♥❡s♣❡✲

r❛❞❛s ❝♦♠ ❛ ❚❡♦r✐❛ ❞❛ ■♥❢♦r♠❛çã♦ ◗✉â♥t✐❝❛ ❛♣❛r❡❝❡r❛♠ ✭✈❡r✱ ♣♦r ❡①❡♠♣❧♦✱ ❬✸✽❪✮✳ ❍á✱

❞❡ ❢❛t♦✱ q✉❛tr♦ ❝❛s♦s ♣❛r❛ s❡r❡♠ ✐♥✈❡st✐❣❛❞♦s✿ ♣♦❧✐♥♦♠✐❛❧ ✭❝❛s♦s r❡❛❧ ❡ ❝♦♠♣❧❡①♦✮ ❡

♠✉❧t✐❧✐♥❡❛r ✭❝❛s♦s r❡❛❧ ❡ ❝♦♠♣❧❡①♦✮✳ P♦❞❡♠♦s r❡s✉♠✐r ❡♠ ✉♠❛ ❢r❛s❡ ❛s ♣r✐♥❝✐♣❛✐s ✐♥❢♦r✲

♠❛çõ❡s ❞♦s tr❛❜❛❧❤♦s r❡❝❡♥t❡s✿ ❛s ❝♦♥st❛♥t❡s ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡

sã♦✱ ❡♠ ❣❡r❛❧✱ ❡①tr❛♦r❞✐♥❛r✐❛♠❡♥t❡ ♠❡♥♦r❡s ❞♦ q✉❡ ❛s ♣r✐♠❡✐r❛s ❡st✐♠❛t✐✈❛s t✐♥❤❛♠

♣r❡✈✐st♦✳ ◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ❞❛s ♥♦ss❛s ♣❡q✉❡♥❛s ❝♦♥tr✐❜✉✐çõ❡s ❛♦

❡st✉❞♦ ❞❛s ❝♦♥st❛♥t❡s ♥❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡✱ ♦s q✉❛✐s ❡♥❝♦♥tr❛♠✲s❡

❝♦♥t✐❞♦s ❡♠ ✭❬✹✵✱ ✹✶✱ ✹✷✱ ✹✹❪✮✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡❀ ❉❡s✐❣✉❛❧❞❛❞❡ 4/3 ❞❡ ▲✐tt❧❡✇♦♦❞❀

❖♣❡r❛❞♦r❡s ▼✉❧t✐❧✐♥❡❛r❡s❀ ❖♣❡r❛❞♦r❡s ▼ú❧t✐♣❧♦ ❙♦♠❛♥t❡s❀ P♦❧✐♥ô♠✐♦s ❍♦♠♦❣ê♥❡♦s✳

✐✈



❆❜str❛❝t

❚❤❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ t❤❡♦r❡♠s✱ ♣r♦✈❡❞ ✐♥ ✶✾✸✶ ✐♥ t❤❡ ♣r❡st✐❣✐♦✉s ❥♦✉r♥❛❧ ❆♥♥❛❧s ♦❢

▼❛t❤❡♠❛t✐❝s✱ ✇❡r❡ ✉s❡❞ ❛s ✈❡r② ✉s❡❢✉❧ t♦♦❧s ✐♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢❛♠♦✉s ✧❇♦❤r✬s

❛❜s♦❧✉t❡ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦❜❧❡♠✧✳ ❆❢t❡r ❛ ❧♦♥❣ t✐♠❡ ♦✈❡r❧♦♦❦❡❞✱ t❤❡s❡ t❤❡♦r❡♠s ❤❛✈❡

❜❡❡♥ ❡①♣❧♦r❡❞ ✐♥ t❤❡ r❡❝❡♥t ②❡❛rs✳ ▲❛st q✉✐♥q✉❡♥♥✐✉♠ ❡①♣❡r✐❡♥❝❡❞ t❤❡ r✐s✐♥❣ ♦❢ s❡✈❡r❛❧

✇♦r❦s ❞❡❞✐❝❛t❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❝♦♥st❛♥ts ✭❬✶✸✱ ✶✽✱ ✷✵✱ ✷✻✱ ✷✼✱ ✸✾✱

✹✷✱ ✹✹✱ ✹✻✱ ✺✸❪✮ ❛♥❞ ❛❧s♦ ✉♥❡①♣❡❝t❡❞ ❝♦♥♥❡❝t✐♦♥s ✇✐t❤ ◗✉❛♥t✉♠ ■♥❢♦r♠❛t✐♦♥ ❚❤❡♦r②

❛♣♣❡❛r❡❞ ✭s❡❡✱ ❡✳❣✳✱ ❬✸✽❪✮✳ ❚❤❡r❡ ❛r❡ ✐♥ ❢❛❝t ❢♦✉r ❝❛s❡s t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞✿ ♣♦❧②♥♦♠✐❛❧

✭r❡❛❧ ❛♥❞ ❝♦♠♣❧❡① ❝❛s❡s✮ ❛♥❞ ♠✉❧t✐❧✐♥❡❛r ✭r❡❛❧ ❛♥❞ ❝♦♠♣❧❡① ❝❛s❡s✮✳ ❲❡ ❝❛♥ s✉♠♠❛r✐③❡

✐♥ ❛ s❡♥t❡♥❝❡ t❤❡ ♠❛✐♥ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ r❡❝❡♥t ♣r❡♣r✐♥ts✿ t❤❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡

❝♦♥st❛♥ts ❛r❡✱ ✐♥ ❣❡♥❡r❛❧✱ ❡①tr❛♦r❞✐♥❛r✐❧② s♠❛❧❧❡r t❤❛♥ t❤❡ ✜rst ❡st✐♠❛t❡s ♣r❡❞✐❝t❡❞✳ ■♥

t❤✐s ✇♦r❦✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ♦❢ ♦✉r s♠❛❧❧ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ st✉❞② ♦❢ t❤❡ ❝♦♥st❛♥ts ♦❢

t❤❡ ✐♥❡q✉❛❧✐t✐❡s ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡✱ t❤❡s❡ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ ✭❬✹✵✱ ✹✶✱ ✹✷✱ ✹✹❪✮✳

❑❡②✇♦r❞s✿ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡✬s ■♥❡q✉❛❧✐t②❀ ▲✐tt❧❡✇♦♦❞✬s 4/3 ■♥❡q✉❛❧✐t②❀ ▼✉❧t✐❧✐♥❡❛r

❖♣❡r❛t♦rs❀ ▼✉❧t✐♣❧♦ ❙✉♠♠✐♥❣ ❖♣❡r❛t♦rs❀ ❍♦♠♦❣❡♥❡♦✉s P♦❧②♥♦♠✐❛❧s✳

✈



Pró❧♦❣♦

❖ Pr♦❜❧❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❆❜s♦❧✉t❛ ❞❡ ❇♦❤r

❯♠❛ sér✐❡ ❞❡ ❉✐r✐❝❤❧❡t ❝♦♠✉♠ é ✉♠❛ sér✐❡ ❞❛ ❢♦r♠❛

F (s) =
∞∑

n=1

an
ns

,

♦♥❞❡ (an)
∞
n=1 é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ C✱ ❡ s ∈ C✳

❆s sér✐❡s ❞❡ ❉✐r✐❝❤❧❡t ❞❡s❡♠♣❡♥❤❛♠ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥❛ t❡♦r✐❛ ❛♥❛❧ít✐❝❛ ❞♦s

♥ú♠❡r♦s ❡ ❢♦r❛♠ ❝❤❛♠❛❞❛s ❛ss✐♠ ❡♠ ❤♦♠❡♥❛❣❡♠ ❛♦ ❝é❧❡❜r❡ ♠❛t❡♠át✐❝♦ ❛❧❡♠ã♦

P❡t❡r ●✉st❛✈ ▲❡❥❡✉♥❡ ❉✐r✐❝❤❧❡t✳ ❊♠ ❝♦♥tr❛st❡ ❝♦♠ ❛s sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ✭♥❛s q✉❛✐s

♦s ❞♦♠í♥✐♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛s ❛❜s♦❧✉t❛✱ ❝♦♥❞✐❝✐♦♥❛❧ ❡ ✉♥✐❢♦r♠❡ sã♦ ❝ír❝✉❧♦s ❡ t♦❞♦s ❡st❡s

❝♦✐♥❝✐❞❡♠✮✱ ♦s ❞♦♠í♥✐♦s ♠❛①✐♠❛✐s✱ ♦♥❞❡ ❛s sér✐❡s ❞❡ ❉✐r✐❝❤❧❡t ❝♦♥✈❡r❣❡♠

❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡✱ ✉♥✐❢♦r♠❡ ♦✉ ❛❜s♦❧✉t❛♠❡♥t❡ sã♦ s❡♠✐♣❧❛♥♦s (Re s > σ) ❡✱ ❡♠

❣❡r❛❧✱ ♦s s❡♠✐♣❧❛♥♦s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛s ❛❜s♦❧✉t❛✱ ❝♦♥❞✐❝✐♦♥❛❧ ❡ ✉♥✐❢♦r♠❡ ♥ã♦ ❝♦✐♥❝✐❞❡♠✳

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♣❛r❛ ❝❛❞❛ sér✐❡ ❞❡ ❉✐r✐❝❤❧❡t F (s)✱ ❝❤❛♠❛♠♦s σ = σc✱ σu ♦✉ σa

❞❡ ❛❜s❝✐ss❛s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❝♦♥❞✐❝✐♦♥❛❧✱ ✉♥✐❢♦r♠❡ ♦✉ ❛❜s♦❧✉t❛ r❡s♣❡❝t✐✈❛♠❡♥t❡❀ σa

é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ í♥✜♠♦ ❞♦s r ∈ R t❛✐s q✉❡ s❡ Re s > r✱ t❡♠✲s❡ q✉❡ F (s) ❝♦♥✈❡r❣❡

❛❜s♦❧✉t❛♠❡♥t❡ ❡✱ ♠✉❞❛♥❞♦ ♦ ❛❞✈ér❜✐♦ ✧❛❜s♦❧✉t❛♠❡♥t❡✧✱ ❡♥❝♦♥tr❛♠♦s ❞❡✜♥✐çõ❡s

❛♥á❧♦❣❛s ♣❛r❛ σc ❡ σu✳

❉❡ ♠♦❞♦ ❣❡r❛❧✱ ♣❛r❛ ✉♠❛ sér✐❡ ❞❡ ❉✐r✐❝❤❧❡t F (s)✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❡♥tr❡ ❛s

❛❜s❝✐ss❛s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛✿

σc ≤ σu ≤ σa. ✭✶✮

✈✐



❖ ❡①❡♠♣❧♦ ♠❛✐s ❢❛♠♦s♦ ❞❛s sér✐❡s ❞❡ ❉✐r✐❝❤❧❡t é

ζ (s) =
∞∑

n=1

1

ns
,

❛ ❢✉♥çã♦ ③❡t❛ ❞❡ ❘✐❡♠❛♥♥✳

P❛r❛ ζ (s)✱ ✈❛❧❡ σc = σu = σa = 1. ❈♦♠ ❡❢❡✐t♦✱ é ❢á❝✐❧ ✈❡r q✉❡ ❛ sér✐❡
∑∞

n=1 1/n
s

❝♦♥✈❡r❣❡ ❛❜s♦❧✉t❛♠❡♥t❡ s❡ Re s > 1✳ ❇❛st❛ ♦❜s❡r✈❛r q✉❡ |1/ns| = 1/nRe s ❡✱ ❝♦♠♦

♣❛r❛ x ∈ R ❛ sér✐❡
∑∞

n=1 1/n
x ❝♦♥✈❡r❣❡ q✉❛♥❞♦ x > 1✱ s❡❣✉❡ q✉❡

∑∞
n=1 1/n

s ❝♦♥✈❡r❣❡

❡♠ ✈❛❧♦r ❛❜s♦❧✉t♦ s❡ Re s > 1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❡♠♦s q✉❡ q✉❛❧q✉❡r s❡♠✐♣❧❛♥♦

q✉❡ ❝♦♥t❡♥❤❛ ♦ s❡♠✐♣❧❛♥♦ ❛❝✐♠❛ ♠❡♥❝✐♦♥❛❞♦ ♥ã♦ ✈❛✐ s❡r ✉♠ ❞♦♠í♥✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛

❝♦♥❞✐❝✐♦♥❛❧ ♣❛r❛ ζ (s)✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ❧❡♠❜r❛r q✉❡ s❡ s = 1✱ ❛ sér✐❡

∞∑

n=1

1

ns

tr❛♥s❢♦r♠❛✲s❡ ♥❛ ❝♦♥❤❡❝✐❞❛ sér✐❡ ❤❛r♠ô♥✐❝❛✱ ❛ q✉❛❧ é ❞✐✈❡r❣❡♥t❡✳

❯♠ ♦✉tr♦ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ sér✐❡ ❞❡ ❉✐r✐❝❤❧❡t é H (s) =
∑∞

n=1 (−1)n+1 /ns✱ ❛ ❢✉♥çã♦

ζ ❞❡ ❘✐❡♠❛♥♥ ❛❧t❡r♥❛❞❛✳ ▲♦❣✐❝❛♠❡♥t❡✱ ❡st❛ sér✐❡ ❝♦♥✈❡r❣❡ ❛❜s♦❧✉t❛♠❡♥t❡ ♥♦ ♠❡s♠♦

s❡♠✐♣❧❛♥♦ q✉❡ ♦ ❢❛③ ❛ ❢✉♥çã♦ ζ ❞❡ ❘✐❡♠❛♥♥✳ ❆ss✐♠✱ ♣❛r❛ H (s)✱ t❡♠♦s σa = 1.

P♦ré♠✱ ❛s ❛❜s❝✐ss❛s ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ ζ ❡ H ♥ã♦ ❝♦✐♥❝✐❞❡♠✳ ▼❛✐s

❡①❛t❛♠❡♥t❡✱ ❛ ❛❜s❝✐ss❛ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❝♦♥❞✐❝✐♦♥❛❧ ❞❡ H é ③❡r♦✳ ❈♦♠ ❡❢❡✐t♦✱ ❛

❝♦♥✈❡r❣ê♥❝✐❛ ❝♦♥❞✐❝✐♦♥❛❧ ♣❛r❛ s ∈ C t❛❧ q✉❡ Re s > 0 s❡❣✉❡ ❞❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡

❆❜❡❧✲❉✐r✐❝❤❧❡t✲❉❡❞❡❦✐♥❞ ✭✈❡❥❛ ❬✷✽✱ Pá❣ ✶✹✸❪✮ ❞❛s sér✐❡s ❛❧t❡r♥❛❞❛s✱ ❛ q✉❛❧ ✐♠♣❧✐❝❛ ❡♠

q✉❡ s❡ (Xn)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ♣❛r❛ ③❡r♦ ❡ ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛✱ ❡♥tã♦✱
∑∞

n=1 (−1)n+1 Xn ❝♦♥✈❡r❣❡✳ ❊♠ ♥♦ss♦ ❝❛s♦✱ ❛ s❡q✉ê♥❝✐❛ 1/ns t❡♠ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛✱

♣♦✐s ∣∣∣∣
1

ns
− 1

(n+ 1)s

∣∣∣∣ = O

(
1

n1+Re s

)

❡✱ ❝♦♠♦ ❢♦✐ ❞✐t♦ ❛♥t❡s✱ ❛ sér✐❡
∑∞

n=1 1/n
1+Re s ❝♦♥✈❡r❣❡ ♣❛r❛ 1+Re s > 1 ✭✐✳❡✳ Re s > 0✮✳

❆ss✐♠✱ ✉♠❛ sér✐❡ ❞❡ ❉✐r✐❝❤❧❡t ♣♦❞❡ ❝♦♥✈❡r❣✐r ❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡ ♠❛s ♥ã♦ ❛❜s♦❧✉t❛♠❡♥t❡✳

❆ ❛♥á❧✐s❡ ❢❡✐t❛ ❛❝✐♠❛✱ ♣❛r❛ ❛ ❢✉♥çã♦ ζ ❞❡ ❘✐❡♠❛♥♥ ❛❧t❡r♥❛❞❛✱ ✐♥❞✐❝❛ q✉❡ ❛ ❧❛r❣✉r❛

♠á①✐♠❛ ❞❛ ❢❛✐①❛ ✈❡rt✐❝❛❧ ❡♠ q✉❡ ✉♠❛ sér✐❡ ❞❡ ❉✐r✐❝❤❧❡t ❝♦♥✈❡r❣❡ ❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡✱

♠❛s ♥ã♦ ❛❜s♦❧✉t❛♠❡♥t❡✱ é ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❞♦ q✉❡ 1✳

✈✐✐



❈♦♠ ✉♠ ♣♦✉❝♦ ♠❛✐s ❞❡ ❡s❢♦rç♦✱ ♣♦❞❡♠♦s ✈❡r q✉❡ ❛ ❧❛r❣✉r❛ ♠á①✐♠❛ ❞❛ ❢❛✐①❛ ✈❡rt✐❝❛❧

❡♠ q✉❡ ✉♠❛ sér✐❡ ❞❡ ❉✐r✐❝❤❧❡t ❝♦♥✈❡r❣❡ ❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡✱ ♠❛s ♥ã♦ ❛❜s♦❧✉t❛♠❡♥t❡✱ é

❡①❛t❛♠❡♥t❡ 1. ❈♦♠ ❡❢❡✐t♦✱ s❡✱ ♣❛r❛ s ∈ C✱ ❛ sér✐❡
∑∞

n=1 an/n
s ❝♦♥✈❡r❣❡✱ s❡❣✉❡ q✉❡

(an/n
s)n∈N ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦ ❡✱ ❛ss✐♠✱ é ❧✐♠✐t❛❞❛✱ ✐✳❡✳ |an/ns| ≤ C ♣❛r❛ ✉♠ ❝❡rt♦

C > 0. ❋✐♥❛❧♠❡♥t❡✱ s❡ w ∈ C é t❛❧ q✉❡ Rew > Re s+ 1✱ s❡❣✉❡ q✉❡

∞∑

n=1

∣∣∣ an
nw

∣∣∣ =
∞∑

n=1

∣∣∣∣
1

nw−s
· an
ns

∣∣∣∣

≤
∞∑

n=1

C

nRe(w−s)
,

❡✱ ❝♦♠♦ Re (w − s) > 1✱ ❝♦♥❝❧✉✐✲s❡ q✉❡
∑∞

n=1

∣∣ an
nw

∣∣ ❝♦♥✈❡r❣❡✳ ▲♦❣♦✱ ❛ ❧❛r❣✉r❛ ♠á①✐♠❛

❞❛ ❢❛✐①❛ ✈❡rt✐❝❛❧ ❡♠ q✉❡ ✉♠❛ sér✐❡ ❞❡ ❉✐r✐❝❤❧❡t ❝♦♥✈❡r❣❡ ❝♦♥❞✐❝✐♦♥❛❧♠❡♥t❡✱ ♠❛s ♥ã♦

❛❜s♦❧✉t❛♠❡♥t❡✱ é 1.

❙❡ ❞❡♥♦t❛♠♦s ❝♦♠ ❛ ❧❡tr❛ T ❛ ❧❛r❣✉r❛ ♠á①✐♠❛ ❞❛ ❢❛✐①❛ ✈❡rt✐❝❛❧ ♥❛ q✉❛❧ ✉♠❛ sér✐❡ ❞❡

❉✐r✐❝❤❧❡t ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡✱ ♠❛s ♥ã♦ ❛❜s♦❧✉t❛♠❡♥t❡✱ ♦ q✉❡ ♣♦❞❡ s❡r ❞✐t♦ ❝♦♠

r❡s♣❡✐t♦ ❛ T❄ ❊stá q✉❡stã♦ ❢♦✐ ❝♦♥s✐❞❡r❛❞❛ ❡♠ ✶✾✶✸ ✭❬✶✵❪✮ ♣♦r ❍❛r❛❧❞ ❇♦❤r✳

❈♦♥tr❛r✐❛♠❡♥t❡ ❛♦ ❢❡✐t♦ ❛❝✐♠❛✱ ♥ã♦ é ♥❛❞❛ tr✐✈✐❛❧ ❞❛r r❡s♣♦st❛ ❛ ❡st❡ ✐♥t❡rr♦❣❛♥t❡✳ ❉❡

✭✶✮✱ s❡❣✉❡ q✉❡ T ≤ 1✳ ❍❛r❛❧❞ ❇♦❤r ❝♦♥❤❡❝✐❛ ♠✉✐t♦ ♠❛✐s ❞♦ q✉❡ ✐ss♦✱ ❡❧❡

s❛❜✐❛ q✉❡ ❛ ❧❛r❣✉r❛ ♠á①✐♠❛ ❞❛ ❢❛✐①❛ ✈❡rt✐❝❛❧ ♥❛ q✉❛❧ ✉♠❛ sér✐❡ ❞❡ ❉✐r✐❝❤❧❡t ❝♦♥✈❡r❣❡

✉♥✐❢♦r♠❡♠❡♥t❡✱ ♠❛s ♥ã♦ ❛❜s♦❧✉t❛♠❡♥t❡✱ ❡r❛ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ 1
2
✳ P♦ré♠✱ ❇♦❤r ♥ã♦

❝♦♥s❡❣✉✐✉ ♥❡♥❤✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ sér✐❡ ❞❡ ❉✐r✐❝❤❧❡t t❛❧ q✉❡ (σa − σu) ∈
(
0, 1

2

]
.

◗✉❛❧ é ❛ ❧❛r❣✉r❛ ♠á①✐♠❛ T ❞❛ ❢❛✐①❛ ✈❡rt✐❝❛❧ ♥❛ q✉❛❧ ✉♠❛ sér✐❡ ❞❡ ❉✐r✐❝❤❧❡t ❝♦♥✈❡r❣❡

✉♥✐❢♦r♠❡♠❡♥t❡✱ ♠❛s ♥ã♦ ❛❜s♦❧✉t❛♠❡♥t❡❄ ❊st❛ q✉❡stã♦ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ♦ Pr♦❜❧❡♠❛

❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❆❜s♦❧✉t❛ ❞❡ ❇♦❤r ❡ ✐♥tr✐❣♦✉ ❛ ❝♦♠✉♥✐❞❛❞❡ ♠❛t❡♠át✐❝❛ ♣♦r q✉❛s❡ ❞✉❛s

❞é❝❛❞❛s✳

❆té q✉❡ ❡♠ ✶✾✸✶ ❊✐♥❛r ❍✐❧❧❡ ❡ ❍❡♥r✐ ❋ré❞ér✐❝ ❇♦❤♥❡♥❜❧✉st✱ ❡♠ ✉♠ ❡①❝❡❧❡♥t❡ tr❛❜❛❧❤♦

✭❝♦♥s✐❞❡r❛❞♦ ❡♠ ❬✸✺❪ ♣❡❧♦ ❡♠✐♥❡♥t❡ ♠❛t❡♠át✐❝♦ ❡st❛❞♦✲✉♥✐❞❡♥s❡ ❍❡♥r✐ ❇❡r❣❡ ❍❡❧s♦♥

❞❡✿ ✧❛ r❡♠❛r❦❛❜❧❡ ♣✐❡❝❡ ♦❢ ✇♦r❦✧✮✱ r❡s♦❧✈❡r❛♠ ♦ ✐♥t❡rr♦❣❛♥t❡✳

❊♠ ✉♠ ♣r✐♠❡✐r♦ ♣❛ss♦✱ ❡❧❡s ❣❡♥❡r❛❧✐③❛r❛♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ 4/3 ❞❡ ▲✐tt❧❡✇♦♦❞✿

✈✐✐✐



❚❡♦r❡♠❛ ✵✳✵✳✶ ✭❉❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡✮ P❛r❛ ❝❛❞❛ m✱

❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ CC,m ≥ 1 t❛❧ q✉❡

(
N∑

i1,...,im=1

|U(ei1 , ..., eim)|
2m
m+1

)m+1
2m

≤ CC,m ‖U‖ ✭✷✮

♣❛r❛ t♦❞❛ ❢♦r♠❛ ♠✲❧✐♥❡❛r U : lN∞ × · · · × lN∞ −→ C ❡ ♣❛r❛ q✉❛❧q✉❡r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ N

❝♦♠ CC,m = m
m+1
2m 2

m−1
2 ✳

◆♦ ♠❡s♠♦ tr❛❜❛❧❤♦✱ ❇♦❤♥❡♥❜❧✉st ❡ ❍✐❧❧❡ t❛♠❜é♠ ❞❡♠♦♥str❛r❛♠ ❛ s❡❣✉✐♥t❡

❞❡s✐❣✉❛❧❞❛❞❡ ♣❛r❛ ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s✿

❚❡♦r❡♠❛ ✵✳✵✳✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ P♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡✮ P❛r❛ ❝❛❞❛ m✱

❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ DC,m ≥ 1 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ ♣♦❧✐♥ô♠✐♦ m−❤♦♠♦❣ê♥❡♦✱

P (z) =
∑

|α|=m

aαz
α

s♦❜r❡ CN ✱ t❡♠✲s❡ 
∑

|α|=m

|aα|
2m
m+1




m+1
2m

≤ DC,m ‖P‖ , ✭✸✮

♦♥❞❡ DC,m = m
m+1
2m 2

m−1
2

mm

(m!)
m+1
2m

.

❈♦♠ ❛❥✉❞❛ ❞❡ss❡s ❞♦✐s t❡♦r❡♠❛s✱ ✜♥❛❧♠❡♥t❡✱ ❇♦❤♥❡♥❜❧✉st ❡ ❍✐❧❧❡ r❡s♦❧✈❡r❛♠ ♦ ♣r♦❜❧❡♠❛

❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛❜s♦❧✉t❛ ❞❡ ❇♦❤r✳ ❉❡ ❢❛t♦✱ ❡❧❡s ♣r♦✈❛r❛♠ ❡♠ ❬✶✶❪ q✉❡✱ ♣❛r❛ ❝❛❞❛

m ∈ N✱ ❡①✐st❡♠ sér✐❡s ❞❡ ❉✐r✐❝❤❧❡t ♣❛r❛ ❛s q✉❛✐s✿

σa − σu =
m− 1

2m
.

❆ss✐♠✱ ❛ ❧❛r❣✉r❛ ♠á①✐♠❛ ❞❛ ❢❛✐①❛ ✈❡rt✐❝❛❧ ♥❛ q✉❛❧ ✉♠❛ sér✐❡ ❞❡ ❉✐r✐❝❤❧❡t ❝♦♥✈❡r❣❡

✉♥✐❢♦r♠❡♠❡♥t❡✱ ♠❛s ♥ã♦ ❛❜s♦❧✉t❛♠❡♥t❡✱ é✿

T =
1

2
.

➱ ♥❡st❡s ❞♦✐s t❡♦r❡♠❛s✱ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✱ q✉❡

❡♥❝♦♥tr❛✲s❡ ❡♥q✉❛❞r❛❞♦ ♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✳

✐①



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

◆♦t❛çã♦ ❡ t❡r♠✐♥♦❧♦❣✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶ ❉❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ✶✵

✶✳✶ ❙♦❜r❡ ❛s ❝♦♥st❛♥t❡s ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✳

❈❛s♦ ❝♦♠♣❧❡①♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✶✳✶ ❆ ✐♠♣♦rtâ♥❝✐❛ ❞❛s ✈❛r✐á✈❡✐s ❞❡ ❙t❡✐♥❤❛✉s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✶✳✷ ▼❡❧❤♦r❛♥❞♦ ❛s ❝♦♥st❛♥t❡s ❞♦ ❝❛s♦ ♠✉❧t✐❧✐♥❡❛r ❝♦♠♣❧❡①♦ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✷ ❯♠ ❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✷✳✶ ❖ ❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✶✳✷✳✷ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✶✳✷✳✸ ❈♦♠♣♦rt❛♠❡♥t♦ ♥ã♦✲♣♦❧✐♥♦♠✐❛❧ ❞❛s ❝♦♥st❛♥t❡ ót✐♠❛s ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✶✳✷✳✹ ❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s ❝♦♠♣❧❡①♦s ✳ ✳ ✳ ✸✵

✶✳✸ ❱❛r✐❛çõ❡s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ 4/3 ❞❡ ▲✐tt❧❡✇♦♦❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✶✳✸✳✶ ❆s ✈❛r✐❛çõ❡s✳ ❈❛s♦ r❡❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✶✳✸✳✷ ❆s ✈❛r✐❛çõ❡s✳ ❈❛s♦ ❝♦♠♣❧❡①♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✶✳✸✳✸ ❙♦❜r❡ ❛s ✈❛r✐❛çõ❡s ♥♦ ❝❛s♦ ❝♦♠♣❧❡①♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✷ ❉❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ✸✽

✷✳✶ ❆s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞ ✳ ✳ ✳ ✹✵

✷✳✶✳✶ ❯♠❛ ♣r♦✈❛ s✐♠♣❧❡s ❞❡ q✉❡ ♦ ❡①♣♦❡♥t❡ 2m
m+1

é ót✐♠♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✷✳✶✳✷ ❆ ❝♦♥st❛♥t❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞ ❡ ❛s

❝♦♥st❛♥t❡s ót✐♠❛s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✕

❍✐❧❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸



✷✳✶✳✸ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞✿ ♦ ❡①♣♦❡♥t❡ m+1
2

é

ót✐♠♦ ❛té ♣❛r❛ ❡s❝❛❧❛r❡s r❡❛✐s❄ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✷✳✷ ❙♦❜r❡ ❛s ❝♦♥st❛♥t❡s ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ ✳ ✹✼

✷✳✷✳✶ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ ♣❛r❛ ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s✳ ❊st❛❞♦ ❞❛ ❛rt❡ ✹✽

✷✳✷✳✷ ❈❛s♦ ❝♦♠♣❧❡①♦✳ ❯♠ ❚❡♦r❡♠❛ 1 + ǫ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

❆♣ê♥❞✐❝❡

❘❡❢❡rê♥❝✐❛s ✺✻

①✐



■♥tr♦❞✉çã♦

❆s ❞❡s✐❣✉❛❧❞❛❞❡s ♣♦❧✐♥♦♠✐❛❧ ❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ tê♠

❛♣❧✐❝❛çõ❡s ✐♠♣♦rt❛♥t❡s ❡♠ ❞✐❢❡r❡♥t❡s ár❡❛s ❞❛ ▼❛t❡♠át✐❝❛ ❡ ❞❛ ❋ís✐❝❛ t❛✐s ❝♦♠♦

❚❡♦r✐❛ ❞♦s ❖♣❡r❛❞♦r❡s✱ ❆♥á❧✐s❡ ❍❛r♠ô♥✐❝❛✱ ❆♥á❧✐s❡ ❈♦♠♣❧❡①❛✱ ❆♥á❧✐s❡ ❞❡ ❋♦✉r✐❡r✱

❚❡♦r✐❛ ❆♥❛❧ít✐❝❛ ❞♦s ◆ú♠❡r♦s ❡ ❚❡♦r✐❛ ❞❛ ■♥❢♦r♠❛çã♦ ◗✉â♥t✐❝❛ ✭✈❡r ❬✷✵✱ ✷✼❪ ❡

r❡❢❡rê♥❝✐❛s ❛❧✐ ❝♦♥t✐❞❛s✮✳

❉❡s❞❡ s✉❛ ♣r♦✈❛✱ ♥♦ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝s ❡♠ ✶✾✸✶✱ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s

✭♠✉❧t✐❧✐♥❡❛r ❡ ♣♦❧✐♥♦♠✐❛❧✮ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❢♦r❛♠ ✐❣♥♦r❛❞❛s ♣♦r ❞é❝❛❞❛s ✭✈❡r ❬✶✶❪✮

❡ só ✈♦❧t❛r❛♠ ❛♦s ❤♦❧♦❢♦t❡s ♥♦s ú❧t✐♠♦s ❛♥♦s✱ ❝♦♠ ♦❜r❛s ❞❡ ❆✳ ❉❡❢❛♥t✱ ▲✳ ❋r❡r✐❝❦✱ ❏✳

❖rt❡❣❛ ✲❈❡r❞á✱ ▼✳ ❖✉♥❛ï❡s✱ ❉✳ P♦♣❛✱ ❯✳ ❙❝❤✇❛rt✐♥❣✱ ❑✳ ❙❡✐♣✱ ❡♥tr❡ ♦✉tr♦s✳

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ ♣r♦✈❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛

❢✉♥çã♦ ♣♦s✐t✐✈❛ D : N → [1,∞) t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ ♣♦❧✐♥ô♠✐♦ m ❤♦♠♦❣ê♥❡♦ P ❡♠

CN ✱ ❛ ℓ 2m
m+1

✲♥♦r♠❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ P é ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡ ♣♦r

D(m) ✈❡③❡s ❛ sup✲♥♦r♠❛ ❞❡ P ♥♦ ♣♦❧✐❞✐s❝♦ ✉♥✐tár✐♦✳ ❯♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ é ✈á❧✐❞♦ s❡

s✉❜st✐t✉✐r♠♦s C ♣♦r R✳

❆s ❡st✐♠❛t✐✈❛s ✐♥✐❝✐❛✐s ♣❛r❛ D(m) ❛♣r❡s❡♥t❛♠ ✉♠ ❝r❡s❝✐♠❡♥t♦ ❞❛ ♦r❞❡♠ mm/2 ❡

só ❡♠ ✷✵✶✶ ✭❬✶✽❪✮ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ss❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❢♦✐ r❡❞❡s❝♦❜❡rt❛ ❡ ❛s ❡st✐♠❛t✐✈❛s

♣❛r❛ D(m) ❢♦r❛♠ s✉❜st❛♥❝✐❛❧♠❡♥t❡ ♠❡❧❤♦r❛❞❛s✳

◆♦ ❞♦❝✉♠❡♥t♦ ❛❝✐♠❛ ♠❡♥❝✐♦♥❛❞♦✱ é ♣r♦✈❛❞♦ q✉❡ D(m) ♣♦❞❡♠ s❡r ❡s❝♦❧❤✐❞❛



❤✐♣❡r✲❝♦♥tr❛❝t✐✈❛✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

D(m) ≤
(
1 +

1

m

)m−1 √
m
(√

2
)m−1

. ✭✹✮

❊ss❡ r❡s✉❧t❛❞♦✱ ❛❧é♠ ❞❛ s✉❛ ✐♠♣♦rtâ♥❝✐❛ ♠❛t❡♠át✐❝❛✱ t❡♠ ♠❛r❝❛♥t❡s ❛♣❧✐❝❛çõ❡s ❡♠

❞✐❢❡r❡♥t❡s ❝♦♥t❡①t♦s ✭✈❡r ❬✶✽❪✮✳

❆ ✈❡rsã♦ ♠✉❧t✐❧✐♥❡❛r ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ t❡♠ ✉♠❛ s✐♠✐❧❛r✱

♠✉t❛t✐s ♠✉t❛♥❞✐s✱ ❢♦r♠✉❧❛çã♦✿

❉❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ P❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦

m ≥ 1✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❡s❝❛❧❛r❡s ♣♦s✐t✐✈♦s (Cm)
∞
m=1 ❡♠ [1,∞) t❛❧ q✉❡

(
N∑

i1,...,im=1

∣∣U(ei1 , . . . , eim)
∣∣ 2m
m+1

)m+1
2m

≤ Cm sup
z1,...,zm∈DN

|U(z1, . . . , zm)|

♣❛r❛ t♦❞❛ ❢♦r♠❛ m✲❧✐♥❡❛r U : CN × · · · × CN → C ❡ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ N ✱ ♦♥❞❡

(ei)
N
i=1 ❞❡♥♦t❛ ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ CN ✱ ❡ DN r❡♣r❡s❡♥t❛ ♦ ♣♦❧✐❞✐s❝♦ ✉♥✐tár✐♦ ❛❜❡rt♦ ❡♠

CN ✳ ❈♦♠♦ ❛♥t❡s✱ t❡♠♦s ♦ r❡s♣❡❝t✐✈♦ r❡s✉❧t❛❞♦ t❛♠❜é♠ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s r❡❛✐s✳

❖ ❝❛s♦ m = 2 é ♦ ❢❛♠♦s♦ t❡♦r❡♠❛ 4/3 ❞❡ ▲✐tt❧❡✇♦♦❞ ✭✈❡❥❛ ❬✷✶✱ ✷✾✱ ✸✻❪✮✳

❖ ♣r♦♣ós✐t♦ ♦r✐❣✐♥❛❧ ❞♦ t❡♦r❡♠❛ 4/3 ❞❡ ▲✐tt❧❡✇♦♦❞ ❢♦✐ r❡s♦❧✈❡r ✉♠ ♣r♦❜❧❡♠❛ ❞❡ P✳

❏✳ ❉❛♥✐❡❧❧ s♦❜r❡ ❢✉♥çõ❡s ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛ ✭✈❡❥❛ ❬✸✻❪✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❢♦✐ ✐♥✈❡♥t❛❞❛ ♣❛r❛ r❡s♦❧✈❡r ♦ ❢❛♠♦s♦ ♣r♦❜❧❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛

❛❜s♦❧✉t❛ ❞❡ ❇♦❤r ❞❡♥tr♦ ❞❛ t❡♦r✐❛ ❞❛s sér✐❡s ❞❡ ❉✐r✐❝❤❧❡t ✭❡st❡ ❛ss✉♥t♦ ❢♦✐ ❡①♣❧♦r❛❞♦

r❡❝❡♥t❡♠❡♥t❡ ♣♦r ✈ár✐♦s ❛✉t♦r❡s✱ ✈❡r ❬✻✱ ✶✷✱ ✶✺✱ ✶✼✱ ✶✾✱ ✷✸✱ ✷✷❪ ❡ r❡❢❡rê♥❝✐❛s ❛❧✐ ❝♦♥t✐❞❛s✮✳

❆❧❣✉♥s r❡s✉❧t❛❞♦s ✐♥❞❡♣❡♥❞❡♥t❡s ❢♦r❛♠ ♣r♦✈❛❞♦s ♥♦s ❛♥♦s ✼✵✱ q✉❛♥❞♦ ❢♦r❛♠

♦❜t✐❞❛s ❝♦♥st❛♥t❡s ♠❡♥♦r❡s ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡✳ ❆♣❛r❡♥t❡♠❡♥t❡ ♦s ❛✉t♦r❡s ♥ã♦ t✐♥❤❛♠

❝♦♥❤❡❝✐♠❡♥t♦ ❞❛ ❡①✐stê♥❝✐❛ ❞♦s r❡s✉❧t❛❞♦s ♦r✐❣✐♥❛✐s ❞❡ ❇♦❤♥❡♥❜❧✉st ❡ ❍✐❧❧❡✳

❖ ❡sq✉❡❝✐♠❡♥t♦ ❞❛ ♦❜r❛ ❞❡ ❇♦❤♥❡♥❜❧✉st ❡ ❍✐❧❧❡ ♥♦ ♣❛ss❛❞♦ é tã♦ ♣❡r❝❡♣tí✈❡❧

q✉❡ ♦ ❧✐✈r♦ ❞❡ ❇❧❡✐ ✭❬✼❪✱ ✷✵✵✶✮ ❡♥✉♥❝✐❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❝♦♠♦ ✏t❤❡

✷



▲✐tt❧❡✇♦♦❞✬s 2m/(m + 1)✲✐♥❡q✉❛❧✐t②✑ ❡ ❛❜s♦❧✉t❛♠❡♥t❡ ♥❡♥❤✉♠❛ ♠❡♥çã♦ ❛♦ ❛rt✐❣♦ ❞❡

❇♦❤♥❡♥❜❧✉st ❡ ❍✐❧❧❡ é ❢❡✐t❛ ❡♠ t♦❞♦ ♦ ❧✐✈r♦✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❧✐✈r♦ ❞❡ ❇❧❡✐✱ ❛ ✏▲✐tt❧❡✇♦♦❞✬s 2m/(m + 1)✲✐♥❡q✉❛❧✐t②✑ é

♦r✐❣✐♥❛❧♠❡♥t❡ ❞❡✈✐❞❛ ❛ ❆✳ ▼✳ ❉❛✈✐❡ ✭❬✶✹❪✱ ✶✾✼✸✮ ❡✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡✱ ❛

●✳ ❏♦❤♥s♦♥ ❡ ❲✳ ❲♦♦❞✇❛r❞ ✭❬✸✶❪✱ ✶✾✼✹✮✱ ♦ q✉❡ é ✉♠ ❡q✉í✈♦❝♦ ♣♦✐s ❞❡ ❢❛t♦✱ ♦

tr❛❜❛❧❤♦ ❞❡ ❇♦❤♥❡♥❜❧✉st ❡ ❍✐❧❧❡ ❛♥t❡❝❡❞❡ ❛s ♦❜r❛s ♠❡♥❝✐♦♥❛❞❛s ❡♠ ♠❛✐s ❞❡ ✹✵ ❛♥♦s✳

◆❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r✱ é ❝♦♥❤❡❝✐❞♦ q✉❡ Cm ∈ [1,∞) ♣❛r❛ t♦❞♦ m ❡ q✉❡ ♦

❡①♣♦❡♥t❡ 2m
m+1

é ót✐♠♦ ♠❛s✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ♦s ✈❛❧♦r❡s ót✐♠♦s ♣❛r❛ Cm ♣❡r♠❛♥❡❝❡♠

❡♠ ♠✐stér✐♦✳ ❆ ú♥✐❝❛ ✐♥❢♦r♠❛çã♦ ♣r❡❝✐s❛ q✉❡ ❝♦♥❤❡❝❡♠♦s ♣❛r❛ ❡s❝❛❧❛r❡s r❡❛✐s é q✉❡

C2 =
√
2 é ót✐♠❛ ✭✈❡❥❛ ❬✷✼❪✮✳

❆s ❝♦♥st❛♥t❡s ♦r✐❣✐♥❛✐s ♦❜t✐❞❛s ♣♦r ❇♦❤♥❡♥❜❧✉st ❡ ❍✐❧❧❡ ✭♣❛r❛ ♦ ❝❛s♦ ❝♦♠♣❧❡①♦✮

sã♦

Cm = m
m+1
2m 2

m−1
2 .

❉❡♣♦✐s✱ ❡ss❡s r❡s✉❧t❛❞♦s ❢♦r❛♠ ♠❡❧❤♦r❛❞♦s ♣❛r❛

Cm = 2
m−1

2 ✭❉❛✈✐❡✱ ❑❛✐s❥❡r✱ ✼✵✬s ✭❬✶✹✱ ✸✹❪✮✮,

❡

Cm =

(
2√
π

)m−1

✭◗✉é✛❡❧❡❝✱ ✶✾✾✺ ✭❬✹✾❪✮✮✳

❊✱ r❡❝❡♥t❡♠❡♥t❡✱ ❢♦✐ ♣r♦✈❛❞♦ ❡♠ ✭❬✷✻❪✮ q✉❡ ❛s ❝♦♥st❛♥t❡s ót✐♠❛s q✉❡ s❛t✐s❢❛③❡♠ ❛

❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ tê♠ ❝r❡s❝✐♠❡♥t♦ s✉❜✲❡①♣♦♥❡♥❝✐❛❧ ✭♣❛r❛

❛♠❜♦s ♦s ❝❛s♦s ❡s❝❛❧❛r❡s r❡❛✐s ❡ ❝♦♠♣❧❡①♦s✮✳

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ✈❡rs❛ s♦❜r❡ ❡st✉❞♦s r❡❝❡♥t❡s ❞❛s ❝♦♥st❛♥t❡s ❞♦s t❡♦r❡♠❛s

♠✉❧t✐❧✐♥❡❛r ❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✱ ❡ s♦❜r❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦

❞❡st❛s✳ ❊♥❝♦♥tr❛✲s❡ ❞✐✈✐❞✐❞♦ ❡♠ ❞♦✐s ❝❛♣ít✉❧♦s✳

❖ ❈❛♣ít✉❧♦ ✶ ❡stá ❞❡❞✐❝❛❞♦ à ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✳

✸



❉❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s✱ ❡♥❝♦♥tr❛♠♦s ♠❡❧❤♦r❡s ❡st✐♠❛t✐✈❛s s✉♣❡r✐♦r❡s ♣❛r❛ ❛s

❝♦♥st❛♥t❡s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ ♥♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s ❝♦♠♣❧❡①♦s✳

❖ ♣♦♥t♦ ❝r✉❝✐❛❧ ❞♦ ♥♦ss♦ ❛r❣✉♠❡♥t♦ é q✉❡ ❛s ❝♦♥st❛♥t❡s q✉❡ s✉r❣❡♠ ♥♦

❚❡♦r❡♠❛ ✶✳✶✳✷ sã♦ ❞❡r✐✈❛❞♦s ❞❛s ❝♦♥st❛♥t❡s q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❤✐♥✲

❝❤✐♥❡ ♣❛r❛ ✈❛r✐á✈❡✐s ❞❡ ❙t❡✐♥❤❛✉s✳ ❈♦♠♦ ✈❡r❡♠♦s ♥♦ ✜♥❛❧ ❞❛ s❡çã♦✱ ♥♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s

❝♦♠♣❧❡①♦s✱ ✉s❛r ✈❛r✐á✈❡✐s ❞❡ ❙t❡✐♥❤❛✉s ❛♦ ✐♥✈és ❞❡ ❢✉♥çõ❡s ❞❡ ❘❛❞❡♠❛❝❤❡r ♥♦s ❢♦r♥❡❝❡

♠❡❧❤♦r❡s ❝♦♥st❛♥t❡s ♣❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡✳

❉❡♥♦t❡♠♦s ❛s ❝♦♥st❛♥t❡s ót✐♠❛s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ✭r❡❛❧

♦✉ ❝♦♠♣❧❡①❛✮ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ♣♦r (Km)
∞
m=1✳ ❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ❛❝✐♠❛✱ ❡♠ ✷✵✶✷

✭❬✷✻❪✮ é ♣r♦✈❛❞♦ q✉❡ (Km)
∞
m=1 tê♠ ❝r❡s❝✐♠❡♥t♦ s✉❜✲❡①♣♦♥❡♥❝✐❛❧✳ ❯♠ ♣r♦❜❧❡♠❛ ♥❛t✉r❛❧✱

r❡❧❛t✐✈♦ ❛♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛ s❡q✉ê♥❝✐❛ (Km)
∞
m=1✱ é t❡♥t❛r r❡s♣♦♥❞❡r ❛

s❡❣✉✐♥t❡ ♣❡r❣✉♥t❛✿ ➱ ✈❡r❞❛❞❡ q✉❡

lim
m→∞

(Km −Km−1) = 0?

◆♦ss❛ ❢❡rr❛♠❡♥t❛ ♣❛r❛ r❡s♦❧✈❡r ❡ss❛ q✉❡stã♦ é ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❝❤❛♠❛♠♦s ❞❡✿

❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛✳ ❊♠ ❡s♣❡❝✐❛❧✱ ♠♦str❛♠♦s q✉❡ ❛ r❡s♣♦st❛ ❛♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ é

❡ss❡♥❝✐❛❧♠❡♥t❡ ♣♦s✐t✐✈❛ ♥✉♠ s❡♥t✐❞♦ q✉❡ s❡rá ❡✈✐❞❡♥t❡ ❛♦ ❧♦♥❣♦ ❞❛ ❙❡çã♦ ✶✳✷✳ ❖✉tr❛

❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛ é q✉❡ (Km)
∞
m=1 t❡♠ ✉♠❛ ❡s♣é❝✐❡ ❞❡

❝r❡s❝✐♠❡♥t♦ ♥ã♦✲♣♦❧✐♥♦♠✐❛❧✿ s❡ p(m) é q✉❛❧q✉❡r ♣♦❧✐♥ô♠✐♦ ♥ã♦ ❝♦♥st❛♥t❡✱ ❡♥tã♦✱ Km

♥ã♦ é ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ✐❣✉❛❧ ❛ p(m). ▼❛✐s ❞♦ q✉❡ ✐ss♦✱ s❡

q > log2

(
e1−

1
2
γ

√
2

)
≈ 0.526,

❡♥tã♦✱

Km ≁ mq.

❆✐♥❞❛ ♥♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✱ ❡st✉❞❛♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✲

❍✐❧❧❡ ♣❛r❛ ♦ ❝❛s♦ m = 2✱ q✉❡ é ❛ ❞❡s✐❣✉❛❧❞❛❞❡ 4/3 ❞❡ ▲✐tt❧❡✇♦♦❞ ♣❛r❛ ❢♦r♠❛s ❜✐❧✐♥❡❛r❡s✳

✹



◗✉❛♥❞♦ ♦ ❡①♣♦❡♥t❡ 4/3 é s✉❜st✐t✉í❞♦ ♣♦r q✉❛❧q✉❡r r ≥ 4
3
✱ ❡♥tã♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

ót✐♠❛ LK,r q✉❡ s❛t✐s❢❛③

(
N∑

i,j=1

|U(ei, ej)|r
) 1

r

≤ LK,r ‖U‖ . ✭✺✮

❖ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ♥❡st❛ ❞✐r❡çã♦ ❛✜r♠❛ q✉❡✱ ♣❛r❛ ❝❛❞❛ r ≥ 4
3
, ❛ ❝♦♥st❛♥t❡

ót✐♠❛ LR,r q✉❡ s❛t✐s❢❛③ ✭✺✮ é

LR,r =





2
2−r
r ♣❛r❛ r ∈

[
4
3
, 2
)

1 ♣❛r❛ r ≥ 2.

❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ♥♦ss❛s ❡st✐♠❛t✐✈❛s✱ é ♠♦str❛❞♦ q✉❡ ❛s ❝♦♥st❛♥t❡s

ót✐♠❛s LR,r sã♦ s❡♠♣r❡ ❡str✐t❛♠❡♥t❡ ♠❛✐♦r❡s ❞♦ q✉❡ ❛s ❝♦♥st❛♥t❡s ót✐♠❛s LC,r✱ ♣❛r❛

t♦❞♦ r ∈
[
4
3
, 2
)
✳

❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡ss❡ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ❡stã♦ ❝♦♥t✐❞♦s ♥❛s ♣✉❜❧✐❝❛çõ❡s✿

❬✹✶❪ ❖♥ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥st❛♥ts ♦❢ t❤❡ ♠✉❧t✐❧✐♥❡❛r ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡

✐♥❡q✉❛❧✐t②✳ ❉✳ ◆úñ❡③✲❆❧❛r❝ó♥✳ ▲✐♥❡❛r ❆❧❣✳ ❆♣♣❧✳✱ ✹✸✾✭✽✮✿ ✷✹✾✹✲✷✹✾✾✱ ✭✷✵✶✸✮✳

❬✹✷❪ ❖♥ t❤❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ✐♥❡q✉❛❧✐t② ❛♥❞ ❛ ✈❛r✐❛♥t ♦❢ ▲✐tt❧❡✇♦♦❞✬s ✹✴✸

✐♥❡q✉❛❧✐t②✳ ❉✳ ◆úñ❡③✲❆❧❛r❝ó♥✱ ❉✳ P❡❧❧❡❣r✐♥♦✱ ❏✳ ❇✳ ❙❡♦❛♥❡✲❙❡♣ú❧✈❡❞❛✳ ❏✳ ❋✉♥❝t✳

❆♥❛❧✳✱ ✷✻✹✭✶✮✿ ✸✷✻✕✸✸✻✱ ✭✷✵✶✸✮✳

❖ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ ❡stá ❞❡❞✐❝❛❞♦ ❛♦ ❡st✉❞♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✕

❍✐❧❧❡ ❡ ❡♥❝♦♥tr❛✲s❡ ♦r❣❛♥✐③❛❞♦ ❡♠ ❞✉❛s s❡çõ❡s✳

❆ ❙❡çã♦ ✷✳✶ ❢♦❝❛✲s❡ ♥♦ ❡st✉❞♦ ❞❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕

❙❛❧❡♠✕❩②❣♠✉♥❞ ❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✳

❊st❛ s❡çã♦ ❝♦♥té♠ ✉♠❛ ♣r♦✈❛ ❜❛st❛♥t❡ s✐♠♣❧❡s ❞❛ ♦t✐♠❛❧✐❞❛❞❡ ❞♦ ❡①♣♦❡♥t❡

2m/(m + 1) ♥❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♣♦❧✐♥♦♠✐❛❧ ❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✳ ❆

♦t✐♠❛❧✐❞❛❞❡ ❞❡st❡ ❡①♣♦❡♥t❡ é ❜❡♠ ❝♦♥❤❡❝✐❞❛✱ ♠❛s ❛ ♥♦ss❛ ❛❜♦r❞❛❣❡♠✱ ❡♠❜♦r❛

❡ss❡♥❝✐❛❧♠❡♥t❡ ❞❡✈✐❞❛ ❛ ❍✳ P✳ ❇♦❛s ❬✽❪✱ ♣❛r❡❝❡ ♥ã♦ ❡st❛r ❡①♣❧✐❝✐t❛♠❡♥t❡ ✐s♦❧❛❞❛ ♥❛

✺



❧✐t❡r❛t✉r❛✳

❆s ♣r✐♠❡✐r❛s ♣r♦✈❛s ❞❛ ♦t✐♠❛❧✐❞❛❞❡ ❞♦ ❡①♣♦❡♥t❡ 2m/(m+1) ♥❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡

❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✱ ❞❡✈✐❞♦ à ❛✉sê♥❝✐❛ ❞❡ ❢❡rr❛♠❡♥t❛s ♣r♦❜❛❜✐❧íst✐❝❛s ❛✈❛♥ç❛❞❛s✱ ❡r❛♠

♠✉✐t♦ ❝♦♠♣❧✐❝❛❞❛s✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❉❡❢❛♥t ❡t ❛❧ ✭❬✶✽✱ Pá❣ ✹✽✻❪✮ ✏ ❇♦❤♥❡♥❜❧✉st ❡ ❍✐❧❧❡

♠♦str❛r❛♠✱ ♣♦r ♠❡✐♦ ❞❡ ✉♠ ❛r❣✉♠❡♥t♦ ❛❧t❛♠❡♥t❡ ♥ã♦ tr✐✈✐❛❧✱ q✉❡ ♦ ❡①♣♦❡♥t❡ 2m
m+1

♥ã♦

♣♦❞❡ s❡r ♠❡❧❤♦r❛❞♦✑ ♦✉ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❉❡❢❛♥t ❡ ❙❝❤✇❛rt✐♥❣ ❬✷✹✱ Pá❣ ✾✵❪✱ ✏❇♦❤♥❡♥❜❧✉st

❡ ❍✐❧❧❡ ♣r♦✈❛r❛♠ ❝♦♠ ✉♠ ❛r❣✉♠❡♥t♦ s♦✜st✐❝❛❞♦ q✉❡ ♦ ❡①♣♦❡♥t❡ 2m
m+1

é ót✐♠♦✑✳

◆❡st❛ s❡çã♦✱ ❡♥❢❛t✐③❛♠♦s ❝♦♠♦ ❛ ♦t✐♠❛❧✐❞❛❞❡ ❞♦ ❡①♣♦❡♥t❡ 2m
m+1

♣♦❞❡ s❡r ♦❜t✐❞❛

❝♦♠♦ ✉♠ ❝♦r♦❧ár✐♦ s✐♠♣❧❡s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞❀ ❞❡ ❢❛t♦✱ ❝♦♠♦

✜❝❛rá ❝❧❛r♦ ♥♦ t❡①t♦✱ ✉♠ r❡s✉❧t❛❞♦ ❢♦r♠❛❧♠❡♥t❡ ♠❛✐s ❢♦rt❡ é ✈á❧✐❞♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❡s❜♦ç❛♠♦s ❛❧❣✉♠❛s ✐❞❡✐❛s q✉❡ ♣♦❞❡♠ s❡r út❡✐s ♥❛ ✐♥✈❡st✐❣❛çã♦ ❞❡

❧✐♠✐t❡s ✐♥❢❡r✐♦r❡s ♣❛r❛ ❛s ❝♦♥st❛♥t❡s ót✐♠❛s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✕

❍✐❧❧❡ ❞♦ ❝❛s♦ ❝♦♠♣❧❡①♦✳ ❋✐♥❛❧✐③❛♥❞♦ ❛ s❡çã♦ ♠♦str❛r❡♠♦s ❝♦♠♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡

❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ♣♦❞❡ s❡r ✉s❛❞❛ ♣❛r❛ ♣r♦✈❛r ❛ ♦t✐♠❛❧✐❞❛❞❡ ❞♦ ❡①♣♦❡♥t❡ m+1
2

❞❛

❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞ ✭✐♥❝❧✉s✐✈❡ ♥♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s r❡❛✐s✮✳

◆❛ s❡çã♦ ✷✳✷✱ ❞✐ss❡rt❛r❡♠♦s ❜r❡✈❡♠❡♥t❡ s♦❜r❡ ♦ ❡st❛❞♦ ❞❛ ❛rt❡ ❞❛s ❝♦♥st❛♥t❡s

♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✳ ❈♦♠♦ ✈❡r❡♠♦s✱ r❡❝❡♥t❡♠❡♥t❡✱ ❢♦✐

♣r♦✈❛❞♦ ❡♠ ❬✶✸❪ q✉❡ ❛s ❝♦♥st❛♥t❡s ót✐♠❛s ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✲

❍✐❧❧❡ ✭❝❛s♦ r❡❛❧✮ sã♦ ❤✐♣❡r❝♦♥tr❛t✐✈❛s ❡ ❡ss❡ r❡s✉❧t❛❞♦ é ót✐♠♦✳

❈♦♥tr❛r✐❛♠❡♥t❡ ❛♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s r❡❛✐s✱ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡✱ ♥♦ ❝❛s♦ ❞❡

❡s❝❛❧❛r❡s ❝♦♠♣❧❡①♦s✱ ♥ã♦ ❤á r❡s✉❧t❛❞♦s q✉❡ ❢♦r♥❡ç❛♠ ❧✐♠✐t❛♥t❡s ✐♥❢❡r✐♦r❡s ♥ã♦ tr✐✈✐❛✐s

♣❛r❛ ❛s ❝♦♥st❛♥t❡s ót✐♠❛s Dm ♣❛r❛ ♣♦❧✐♥ô♠✐♦s m✲❤♦♠♦❣ê♥❡♦s ✭m > 2✮✳ ❏✉st❛♠❡♥t❡

♥♦ ✜♥❛❧ ❞❛ ❙❡çã♦ ✷✳✷ ❡①✐❜✐r❡♠♦s ❧✐♠✐t❛♥t❡s ✐♥❢❡r✐♦r❡s ♥ã♦ tr✐✈✐❛✐s ♣❛r❛ ❡st❛s ❝♦♥st❛♥t❡s✱

♣❛r❛ t♦❞♦ m ≥ 2✳

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♠♦str❛r❡♠♦s q✉❡

Dm ≥
(
1 + 21−m

) 1
2m > 1

✻



♣❛r❛ t♦❞♦ m ≥ 2✳

❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡ ❝❛♣ít✉❧♦ ❢❛③❡♠ ♣❛rt❡ ❞♦s tr❛❜❛❧❤♦s✿

❬✹✵❪ ❆ ♥♦t❡ ♦♥ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ✐♥❡q✉❛❧✐t②✳ ❉✳ ◆úñ❡③✲❆❧❛r❝ó♥✳

❏✳ ▼❛t❤✳ ❆♥❛❧✳ ❆♣♣❧✳✱ ✹✵✼✭✶✮✿ ✶✼✾✲✶✽✶✱ ✭✷✵✶✸✮✳

❬✹✹❪ ❚❤❡r❡ ❡①✐st ♠✉❧t✐❧✐♥❡❛r ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❝♦♥st❛♥ts (Cn)
∞
n=1 ✇✐t❤

limn→∞ (Cn+1 − Cn) = 0✳ ❉✳ ◆úñ❡③✕❆❧❛r❝ó♥✱ ❉✳ P❡❧❧❡❣r✐♥♦✱ ❏✳ ❇✳ ❙❡♦❛♥❡✲

❙❡♣ú❧✈❡❞❛✱ ❉✳ ▼✳ ❙❡rr❛♥♦✲❘♦❞rí❣✉❡③✳ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳✱ ✷✻✹✭✷✮✿ ✹✷✾✕✹✻✸✱ ✭✷✵✶✸✮✳

❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❛♣ê♥❞✐❝❡✱ ❞❡✐①❛♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❡♠ ❛❜❡rt♦ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❞❡

✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❢♦rt❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡✳

✼



◆♦t❛çã♦ ❡ t❡r♠✐♥♦❧♦❣✐❛

• ❊♠ t♦❞♦ ❡ss❡ t❡①t♦✱ K ❞❡♥♦t❛rá ♦ ❝♦r♣♦ ❞♦s r❡❛✐s R ♦✉ ♦ ❝♦r♣♦ ❞♦s ❝♦♠♣❧❡①♦s C✳

• ❖❝❛s✐♦♥❛❧♠❡♥t❡ ❡s❝r❡✈❡r❡♠♦s N0 := N∪{0}✱ ❝♦♠ N = {1, 2, 3, ...}.

• ❯s❛r❡♠♦s ♦ t❡r♠♦ ✏♦♣❡r❛❞♦r✑ ❝♦♠ ♦ ♠❡s♠♦ s❡♥t✐❞♦ ❞❡ ✏❢✉♥çã♦✑✳ ❖ t❡r♠♦ ♦♣❡r❛❞♦r

m✲❧✐♥❡❛r s❡rá ✉s❛❞♦ ♥♦s t❡r♠♦s ❞❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✵✳✵✳✸ ❙❡❥❛♠ m ∈ N✱ E1, E2, ..., Em ❡ F ❡s♣❛ç♦s ✈❡t♦r✐❛✐s s♦❜r❡ K✳ ❉✐③❡♠♦s

q✉❡ ✉♠ ♦♣❡r❛❞♦r A : E1 × · · · ×Em −→ F é m✲❧✐♥❡❛r ✭♠✉❧t✐❧✐♥❡❛r✮ s❡ é ❧✐♥❡❛r ❡♠ ❝❛❞❛

✈❛r✐á✈❡❧✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ A : E1 × · · · ×Em −→ F é m✲❧✐♥❡❛r ✭♠✉❧t✐❧✐♥❡❛r✮ s❡ ♣❛r❛

t♦❞♦s x1 ∈ E1, ..., xm ∈ Em ❡ i = 1, ...,m, ♦s ♦♣❡r❛❞♦r❡s

A(x1,...,xi−1,·,xi+1,...,xm) : Ei −→ F

A(x1,...,xi−1,·,xi+1,...,xm) (y) = A(x1, ..., xi−1, y, xi+1, ..., xm)

sã♦ ❧✐♥❡❛r❡s✳

• ❉❡♥♦t❛♠♦s ♣❛r❛ ❝❛❞❛ m ∈ N✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ♠✉❧t✐❧✐♥❡❛✲

r❡s ❞❡ E1 × · · · × Em ❡♠ F ♣♦r L(E1, ..., Em;F )✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ♦ ❝♦♥❥✉♥t♦

L(E1, ..., Em;F ) é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♠✉♥✐❞♦ ❝♦♠ ❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s ❞❡ ❡s♣❛✲

ç♦s ❞❡ ❢✉♥çõ❡s✳ ❆❧❡♠ ❞✐ss♦✱ s❡ E1, ..., Em ❡ F sã♦ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ♥♦r♠❛❞♦s✱

‖A‖ := sup
‖xm‖

≤ 1 ‖A (x1, ..., xm)‖F

❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ L(E1, ..., Em;F )✱ ❛ q✉❛❧ ❝❤❛♠❛r❡♠♦s ❡✈❡♥t✉❛❧♠❡♥t❡ ❞❡

sup✲♥♦r♠❛✳

• ❙❡ A ❢♦r ❧✐♠✐t❛❞♦ ❡♠ ❛❧❣✉♠❛ ❜♦❧❛ ❞❡ E1×· · ·×Em✱ ❞✐③❡♠♦s q✉❡ A é ✉♠ ♦♣❡r❛❞♦r

m✲❧✐♥❡❛r ❝♦♥tí♥✉♦✳ ❉❡♥♦t❛♠♦s ♣♦r L(E1, ..., Em;F )✱ ♦ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❞❡ t♦❞♦s

♦s ♦♣❡r❛❞♦r❡s ♠✲❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s ❞❡ ❞❡ E1 × · · · × Em ❡♠ F ✳



• ❙❡ F = K✱ ❡ dim(Ei) é ✜♥✐t❛ ♣❛r❛ t♦❞♦ i = 1, ...,m ❞✐r❡♠♦s q✉❡ A é ✉♠❛ ❢♦r♠❛

m−❧✐♥❡❛r✳

• ❖ ♣♦❧✐❞✐s❝♦ ✉♥✐tár✐♦ ❢❡❝❤❛❞♦ ❡♠ Km✱ é ♦ ❝♦♥❥✉♥t♦

{w = (w1, ..., wm) ∈ Km; |wi| ≤ 1 ♣❛r❛ t♦❞♦ i = 1, ...,m}

• ❉✐r❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ (Xn)
∞
n=1 ⊂ R é ❤✐♣❡r❝♦♥tr❛t✐✈❛ s❡ ❡①✐st❡ ✉♠❛ ❝♦♥s✲

t❛♥t❡ C > 1✱ t❛❧ q✉❡

Xn ≤ Cn

♣❛r❛ t♦❞♦ n ∈ N✳

✾



❈❛♣ít✉❧♦ ✶

❉❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡

❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st ❡ ❍✐❧❧❡ ❬✶✶❪ é ✉♠ ❛♣❡r❢❡✐ç♦❛♠❡♥t♦

❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ 4/3 ❞❡ ▲✐tt❧❡✇♦♦❞✱ ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ❢♦r♠❛s ♠✉❧t✐❧✐♥❡❛r❡s ✭✈❡❥❛ t❛♠✲

❜é♠ ❬✶✽✱ ✷✵✱ ✷✶❪ ♣❛r❛ r❡❝❡♥t❡s ❛❜♦r❞❛❣❡♥s✮✿ ♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ m✱ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ CK,m ≥ 1 t❛❧ q✉❡

(
N∑

i1,...,im=1

∣∣U(ei1 , . . . , eim)
∣∣ 2m
m+1

)m+1
2m

≤ CK,m sup
z1,...,zm∈DN

|U(z1, ..., zm)|

♣❛r❛ t♦❞❛ ❢♦r♠❛ m✲❧✐♥❡❛r U : ℓN∞ × · · · × ℓN∞ → C ❡ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ N ✳

❆ ❡st✐♠❛t✐✈❛ ♦r✐❣✐♥❛❧ ♣❛r❛ CC,m é m
m+1
2m 2

m−1
2 ❀ ❢♦✐ ❛✐♥❞❛ ♠❡❧❤♦r❛❞❛ ♣❛r❛ 2

m−1
2

❡♠ ❬✶✹✱ ✸✹❪ ❡ ♣❛r❛
(

2√
π

)m−1

❡♠ ❬✹✾❪ ❡✱ r❡❝❡♥t❡♠❡♥t❡✱ ❝♦♥st❛♥t❡s ❛✐♥❞❛ ♠❡❧❤♦r❡s✱ ❝♦♠

ót✐♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦✱ ❢♦r❛♠ ♦❜t✐❞❛s ❡♠ ❬✹✻✱ ✷✻❪ ✭♣❛r❛ tr❛❜❛❧❤♦s r❡❧❛❝✐♦✲

♥❛❞♦s✱ ✈❡❥❛ ❬✷✼✱ ✸✾✱ ✹✹❪✮✳

❆ ♠♦t✐✈❛çã♦ ♦r✐❣✐♥❛❧ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ r❡♣♦✉s❛ s♦❜r❡ ♦

❢❛♠♦s♦ ♣r♦❜❧❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛❜s♦❧✉t❛ ❞❡ ❇♦❤r q✉❡ ❝♦♥s✐st❡ ❡♠ ❞❡t❡r♠✐♥❛r ❛ ❧❛r✲

❣✉r❛ ♠á①✐♠❛ T ❞❛ ❢❛✐①❛ ✈❡rt✐❝❛❧ ❡♠ q✉❡ ✉♠❛ sér✐❡ ❞❡ ❉✐r✐❝❤❧❡t
∞∑
n=1

ann
−s ❝♦♥✈❡r❣❡

✉♥✐❢♦r♠❡♠❡♥t❡ ♠❛s ♥ã♦ ❛❜s♦❧✉t❛♠❡♥t❡✳ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❢♦✐ ✉♠❛

❢❡rr❛♠❡♥t❛ ❝r✉❝✐❛❧ ♣❛r❛ ❞❛r ✉♠❛ s♦❧✉çã♦ ✜♥❛❧ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ❇♦❤r✿ T = 1/2✳



✶✳✶ ❙♦❜r❡ ❛s ❝♦♥st❛♥t❡s ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r

❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✳ ❈❛s♦ ❝♦♠♣❧❡①♦

◆❡st❛ s❡çã♦ ✐r❡♠♦s ❞❛r ♠❡❧❤♦r❡s ❡st✐♠❛t✐✈❛s s✉♣❡r✐♦r❡s ❞❛s ❝♦♥st❛♥t❡s ♣❛r❛ ♦

❝❛s♦ ❝♦♠♣❧❡①♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✳ ❆❧é♠ ❞♦ ✐♥t❡r❡ss❡ ♠❛t❡♠át✐❝♦

✐♥trí♥s❡❝♦ ❞❡ ❡♥❝♦♥tr❛r ❝♦♥st❛♥t❡s ót✐♠❛s ♣❛r❛ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s✱ ❛ ❜✉s❝❛ ❞❡ ♠❡❧❤♦r❡s

❝♦♥st❛♥t❡s ❡♠ ❞❡s✐❣✉❛❧❞❛❞❡s ❞♦ t✐♣♦ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ t❡♠ ✉♠❛ ❧♦♥❣❛ ❤✐stór✐❛ ♠♦t✐✲

✈❛❞❛ ♣♦r ♦❜❥❡t✐✈♦s ❝♦♥❝r❡t♦s✳

❈♦♠♦ ✐❧✉str❛çã♦✱ r❡❝♦r❞❛♠♦s q✉❡✱ ❡♠ ✷✵✶✶✱ ❢♦✐ ♣r♦✈❛❞♦ q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐✲

♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ é ❤✐♣❡r❝♦♥tr❛t✐✈❛✳ ❆✳ ❉❡❢❛♥t✱ ▲✳ ❋r❡r✐❝❦✱ ❏✳ ❖rt❡❣❛✲❈❡r❞á✱

▼✳ ❖✉♥❛ï❡s ❛♥❞ ❑✳ ❙❡✐♣ ♦❜t✐✈❡r❛♠✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ✈ár✐♦s r❡s✉❧t❛❞♦s ♥♦✈♦s r❡❧❛❝✐✲

♦♥❛❞♦s ❝♦♠ ♦ ❡st✉❞♦ ❞❡ sér✐❡s ❞❡ ❉✐r✐❝❤❧❡t✳ P♦r ❡①❡♠♣❧♦✱ ♦❜t✐✈❡r❛♠ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦

❞❡ ✉♠ r❡s✉❧t❛❞♦ ❞❛❞♦ ♣♦r ❍✳ P✳ ❇♦❛s ❡ ❉✳ ❑❤❛✈✐♥s♦♥ ❬✾❪ s♦❜r❡ ♦s r❛✐♦s ❞❡ ❇♦❤r n✲

❞✐♠❡♥s✐♦♥❛✐s✳

❈♦♠♦ ❥á ♠❡♥❝✐♦♥❛♠♦s ♥♦ r❡s✉♠♦ ❞❡st❛ t❡s❡✱ ✉♠❛ ❞❛s ❛♣❧✐❝❛çõ❡s ♠❛✐s r❡❝❡♥t❡s ❞❛

❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ r❡s✐❞❡ ♥♦ ❝❛♠♣♦ ❞❛ t❡♦r✐❛ ❞❛ ✐♥❢♦r♠❛çã♦ q✉â♥t✐❝❛✱

✉♠❛ ✈❡③ q✉❡ ♦ ❝r❡s❝✐♠❡♥t♦ ❡①❛t♦ ❞❛s CK,m ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛ ✉♠❛ ❝♦♥❥❡❝t✉r❛ ❞❡ ❆❛✲

r♦♥s♦♥ ❡ ❆♠❜❛✐♥✐s ❬✶❪ s♦❜r❡ s✐♠✉❧❛çõ❡s ❝❧áss✐❝❛s ❞❡ t❡st❡s ❞❡ ❛❧❣♦r✐t♠♦s q✉â♥t✐❝♦s ✭✈❡r

t❛♠❜é♠ ❬✸✷❪✮✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s ❝✐t❛r ❬✸✽❪ ♣❛r❛ ❛s ❛♣❧✐❝❛çõ❡s ❞❛s ❡st✐♠❛t✐✈❛s ❞❡ ❬✹✻❪

♥❛ ❚❡♦r✐❛ ❞❛ ■♥❢♦r♠❛çã♦ ◗✉â♥t✐❝❛✳ ❈❤❛♠❛♠♦s ❛ ❛t❡♥çã♦ ♣❛r❛ ♦ ❢❛t♦ q✉❡ ❛s ❝♦♥st❛♥t❡s

❞❡ ❬✹✻❪ sã♦ ❛s ♠❡♥♦r❡s q✉❡ ❝♦♥❤❡❝❡♠♦s✳

✶✳✶✳✶ ❆ ✐♠♣♦rtâ♥❝✐❛ ❞❛s ✈❛r✐á✈❡✐s ❞❡ ❙t❡✐♥❤❛✉s

❙❡❥❛ ε1, . . . , εn ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ ❛❧❣✉♠

❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ (Ω,Σ, P ) ❝♦♠ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡✱ ❝♦♠ r❡s♣❡✐t♦ à ♠❡❞✐❞❛

❞❡ ▲❡❜❡s❣✉❡✱ ♥♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦ ❝♦♠♣❧❡①♦

{z ∈ C : |z| = 1} .

❊st❛s sã♦ ❛s ❝❤❛♠❛❞❛s ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❞❡ ❙t❡✐♥❤❛✉s✳ ❆ ✉t✐❧✐❞❛❞❡ ❞❛s ✈❛r✐á✈❡✐s

❛❧❡❛tór✐❛s ❞❡ ❙t❡✐♥❤❛✉s ♥❛ ♣r♦✈❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ ♣❛r❡❝❡ t❡r s✐❞♦

✶✶



♦❜s❡r✈❛❞❛ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♣♦r ❍✳◗✉❡✛é❧❡❝ ❬✹✾❪✳

❊♠ ♥♦ss❛ ♣r❡s❡♥t❡ ❛❜♦r❞❛❣❡♠✱ ♠✉❞❛r❡♠♦s ❛ ♣r♦✈❛ ❛♣r❡s❡♥t❛❞❛ ❡♠ ❬✷✵✱ ✹✻❪✱ s✉❜s✲

t✐t✉✐♥❞♦ ❛s ❢✉♥çõ❡s ❞❡

❘❛❞❡♠❛❝❤❡r ❤❛❜✐t✉❛✐s ♣♦r ✈❛r✐á✈❡✐s ❞❡ ❙t❡✐♥❤❛✉s✳

❖ ♣r✐♠❡✐r♦ ❞♦s r❡s✉❧t❛❞♦s q✉❡ ♥♦s ♣❡r♠✐t✐rá ♠❡❧❤♦r❛r ❛s ❝♦♥st❛♥t❡s ❞❛ ❞❡s✐❣✉❛❧✲

❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ é ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ té❝♥✐❝❛ ✭❚❡♦r❡♠❛ ✶✳✶✳✷✮✱ q✉❡ é ✉♠❛

✈❡rsã♦ ❞❡ ✉♠ r❡s✉❧t❛❞♦ s❡♠❡❧❤❛♥t❡ ❛♣r❡s❡♥t❛❞♦ ❡♠ ❬✷✵✱ ✹✻❪ ♣❛r❛ ❛s ❢✉♥çõ❡s ❞❡ ❘❛✲

❞❡♠❛❝❤❡r✱ ✉s❛♥❞♦ ❞❡st❛ ✈❡③✱ ✈❛r✐á✈❡✐s ❞❡ ❙t❡✐♥❤❛✉s✳ ❖ ♣♦♥t♦ ❝r✉❝✐❛❧ ❡♠ ♥♦ss♦ ❛r❣✉✲

♠❡♥t♦ é q✉❡ ❛s ❝♦♥st❛♥t❡s q✉❡ s✉r❣❡♠ ♥♦ ❚❡♦r❡♠❛ ✶✳✶✳✷ sã♦ ❞❡r✐✈❛❞❛s ❞❛s ❝♦♥st❛♥t❡s

q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❤✐♥❝❤✐♥❡ ♣❛r❛ ✈❛r✐á✈❡✐s ❞❡ ❙t❡✐♥❤❛✉s ❡✱ ❝♦♠♦ ✈❡r❡✲

♠♦s ♠❛✐s ❛❞✐❛♥t❡✱ ❡st❡ ♣r♦❝❡❞✐♠❡♥t♦ ❣❡r❛ ♠❡❧❤♦r❡s ❝♦♥st❛♥t❡s ♣❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡

❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡✳

❘❡❝♦r❞❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❤✐♥❝❤✐♥❡ ♣❛r❛ ✈❛r✐á✈❡✐s ❞❡ ❙t❡✐♥❤❛✉s ❡ ♦✉tr♦s

r❡s✉❧t❛❞♦s út❡✐s✿

❚❡♦r❡♠❛ ✶✳✶✳✶ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❤✐♥❝❤✐♥❡✮ P❛r❛ t♦❞♦ 0 < p < ∞✱ ❡①✐st❡♠

❝♦♥st❛♥t❡s Ãp ❡ B̃p t❛✐s q✉❡

Ãp

(
N∑

n=1

|an|2
) 1

2

≤
∥∥∥∥∥

N∑

n=1

anεn

∥∥∥∥∥
p

≤ B̃p

(
N∑

n=1

|an|2
) 1

2

✭✶✳✶✮

♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ N ❡ ❡s❝❛❧❛r❡s a1, . . . , aN .

❉❡ ❬✹✺✱ ♣✳ ✶✺✶❪ s❛❜❡♠♦s q✉❡

Ap ≤ Ãp ✭✶✳✷✮

♣❛r❛ t♦❞♦ p✱ ♦♥❞❡ Ap ❞❡♥♦t❛ ❛s ❝♦♥st❛♥t❡s q✉❡ ❛♣❛r❡❝❡♠ ❛♦ ✐♥✈és ❞❡ Ãp ♥❛ ❞❡s✐❣✉❛❧✲

❞❛❞❡ ❞❡ ❑❤✐♥❝❤✐♥❡ ♣❛r❛ ❢✉♥çõ❡s ❞❡ ❘❛❞❡♠❛❝❤❡r✳ P♦r ❡①❡♠♣❧♦✱ q✉❛♥❞♦ p = 1 é s❛❜✐❞♦

q✉❡ Ap =
1√
2
≈ 0.707 ❡ Ãp =

√
π
2

≈ 0.886.

P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❑❤✐♥❝❤✐♥❡✱ r❡❝♦♠❡♥❞❛♠♦s ❬✷✺✱ ❚❡♦✲

r❡♠❛ ✶✳✶✵❪ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❢✉♥çõ❡s ❞❡ ❘❛❞❡♠❛❝❤❡r ❡ ❬✸✱ ❙❡çã♦ ✷❪ ♣❛r❛ ❝❛s♦s ♠❛✐s ❣❡r❛✐s✱

✶✷



✐♥❝❧✉✐♥❞♦ ♦ ❝❛s♦ ❞❡ ✈❛r✐á✈❡✐s ❞❡ ❙t❡✐♥❤❛✉s✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✱ ❝r✉❝✐❛❧ ♣❛r❛ ❛ ♣r♦✈❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡✱

t❡♠ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛ ♠❡s♠❛ ♣r♦✈❛ ❞❛ ✈❡rsã♦ ❛♥á❧♦❣❛ ♣❛r❛ ❢✉♥ç♦❡s ❞❡ ❘❛❞❡♠❛❝❤❡r ✭✈❡r

❬✷✵✱ ✹✸✱ ✹✻❪✮✳

❚❡♦r❡♠❛ ✶✳✶✳✷ ❙❡❥❛♠ 1 ≤ r ≤ 2✱ ❡ (yi1,...,im)
N
i1,...,im=1 ✉♠❛ ♠❛tr✐③ ❡♠ C✳ ❊♥tã♦✱

(
N∑

i1,...,im=1

|yi1,...,im |2
)1/2

≤
(
Ãr

)−m

∥∥∥∥∥

N∑

i1,...,im=1

εi1 ...εimyi1...im

∥∥∥∥∥
r

.

❚❡♥❞♦ ❡♠ ✈✐st❛ ✭✶✳✷✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛s ❝♦♥st❛♥t❡s
(
Ãr

)−m

♥ã♦ sã♦ ♠❛✐♦r❡s ❞♦

q✉❡ ❛s ❝♦♥st❛♥t❡s ❞❡ s❡✉ ❛♥á❧♦❣♦ ♣❛r❛ ❛s ❢✉♥çõ❡s ❞❡ ❘❛❞❡♠❛❝❤❡r ❡✱ ♣♦r ✐ss♦✱ t❡r❡♠♦s

♠❡❧❤♦r❡s ❡st✐♠❛t✐✈❛s ♣❛r❛ ❛s ❝♦♥st❛♥t❡s ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡✳

✶✳✶✳✷ ▼❡❧❤♦r❛♥❞♦ ❛s ❝♦♥st❛♥t❡s ❞♦ ❝❛s♦ ♠✉❧t✐❧✐♥❡❛r ❝♦♠♣❧❡①♦

❆ ♣r♦✈❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡✱ s✉❜st✐t✉✐♥❞♦ ❛s ❢✉♥çõ❡s ❞❡ ❘❛✲

❞❡♠❛❝❤❡r ♣❡❧❛s ✈❛r✐á✈❡✐s ❞❡ ❙t❡✐♥❤❛✉s✱ é ❛ ♠❡s♠❛ ♣r♦✈❛ ❞❛❞❛ ❡♠ ❬✹✻❪✳ ❆ ❞✐❢❡r❡♥ç❛

♥❛s ❝♦♥st❛♥t❡s é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s ♥♦✈❛s ❝♦♥st❛♥t❡s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❤✐♥❝❤✐♥❡

♣❛r❛ ✈❛r✐á✈❡✐s ❞❡ ❙t❡✐♥❤❛✉s✳ P❛r❛ t♦r♥❛r ♦ t❡①t♦ ♠❛✐s ❛✉t♦s✉✜❝✐❡♥t❡✱ ❢❛r❡♠♦s ♦s ❞❡t❛✲

❧❤❡s ❞❛ ❞❡♠♦♥str❛çã♦✳

P❛r❛ ✐ss♦✱ ❛✐♥❞❛ ♣r❡❝✐s❛♠♦s ❞❡ ❞✉❛s ❞❡s✐❣✉❛❧❞❛❞❡s✱ ❛ s❛❜❡r ❛ ❞❡ ▼✐♥❦♦✇s❦✐ ❡ ✉♠❛

✈❛r✐❛çã♦ ❞❡ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡✈✐❞❛ ❛ ❘♦♥ ❇❧❡✐✳ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▼✐♥❦♦✇s❦✐ é ✉♠

r❡s✉❧t❛❞♦ ❝❧áss✐❝♦✱ ♠✉✐t♦ ✉s❛❞♦ ♥❛ t❡♦r✐❛ ❞❛ ♠❡❞✐❞❛✱ ❞❡✈✐❞♦ ❛♦ ♠❛t❡♠át✐❝♦ ❛❧❡♠ã♦

❍❡r♠❛♥♥ ▼✐♥❦♦✇s❦✐✳ ❊♥✉♥❝✐á✲❧❛✲❡♠♦s ❡①♣❧✐❝✐t❛♠❡♥t❡✱ ♣♦✐s ✈ár✐❛s ❞❡s✐❣✉❛❧❞❛❞❡s s❡♠❡✲

❧❤❛♥t❡s sã♦ ❛ss♦❝✐❛❞❛s ❛ ▼✐♥❦♦✇s❦✐✳ ❖ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ♣♦❞❡ ❡♥❝♦♥tr❛r ✉♠❛ ♣r♦✈❛

❞❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠ ❬✺✷❪✳

▲❡♠❛ ✶✳✶✳✸ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▼✐♥❦♦✇s❦✐ ♣❛r❛ ✐♥t❡❣r❛✐s✮ ❙❡❥❛♠ ✭X,A, µ✮ ❡

✭Y,B, µ✮ ❡s♣❛ç♦s ❞❡ ♠❡❞✐❞❛ s✐❣♠❛✲✜♥✐t♦s✳ ❙❡ u : X × Y → R é A × B✲♠❡♥s✉rá✈❡❧✱

❡♥tã♦
(∫

X

(∫

Y

|u (x, y)| ν (dy)
)p

µ (dx)

) 1
p

≤
∫

Y

(∫

X

|u (x, y)|p µ (dx)

) 1
p

ν (dy) ✱

✶✸



♣❛r❛ t♦❞♦ p ∈ [1,∞)✱ ❝♦♠ ❛ ✐❣✉❛❧❞❛❞❡ ♣❛r❛ p = 1✳

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s✱ ♦✉tr❛ ❞❡s✐❣✉❛❧❞❛❞❡ q✉❡ ✉s❛r❡♠♦s é ✉♠❛ ✈❛r✐❛çã♦ ❞❡ ✉♠❛

❞❡s✐❣✉❛❧❞❛❞❡ ❞❡✈✐❞❛ ❛ ❘♦♥ ❇❧❡✐ ❬✼✱ ❚❤❡♦r❡♠ ✺ ❛♥❞ ✸✻✳❪✳ ❊st❛ ✈❛r✐❛♥t❡ ❢♦✐ ❝♦♥❝❡❜✐❞❛

♣♦r ❆✳ ❉❡❢❛♥t ❡t ❛❧✳ ❬✷✵✱ ▲❡♠♠❛ ✸✳✶✳❪✳ P❛r❛ ✉♠❛ ♣r♦✈❛ ❞❡t❛❧❤❛❞❛ ❞❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡

r❡❝♦♠❡♥❞❛♠♦s ❛ ❞✐ss❡rt❛çã♦ ❬✹✸❪✳

❚❡♦r❡♠❛ ✶✳✶✳✹ ✭❇❧❡✐✱ ❉❡❢❛♥t ❡t ❛❧✳✮ ❙❡❥❛♠ A ❡ B ❞♦✐s ❝♦♥❥✉♥t♦s ✜♥✐t♦s ♥ã♦ ✈❛③✐♦s

❡ (aij)i,j∈A×B ✉♠❛ ♠❛tr✐③ ❡s❝❛❧❛r ❝♦♠ ❡♥tr❛❞❛s ♣♦s✐t✐✈❛s❀ ❞❡♥♦t❡♠♦s s✉❛s ❧✐♥❤❛s ❡ ❝♦✲

❧✉♥❛s ♣♦r αj = (aij)i∈A ❡ βi = (aij)j∈B✳ ❊♥tã♦✱ ♣❛r❛ q, r1, r2 ≥ 1✱ ❝♦♠ q > max(r1, r2),

t❡♠✲s❡

 ∑

(i,j)∈A×B

a
ω(r1,r2)
ij




1
ω(r1,r2)

≤
(
∑

i∈A
‖βi‖r1q

) f(r1,r2)
r1

(
∑

j∈B
‖αj‖r2q

) f(r2,r1)
r2

❝♦♠

ω : [1, q)2 → [0,∞) ✱ ω (x, y) :=
q2 (x+ y)− 2qxy

q2 − xy
✱

f : [1, q)2 → [0,∞) ✱ f (x, y) :=
q2x− qxy

q2 (x+ y)− 2qxy
✳

❆❣♦r❛ s✐♠✱ t❡♠♦s r❡✉♥✐❞❛s ❛s ❢❡rr❛♠❡♥t❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ❞❛r ✉♠❛ ❞❡♠♦♥str❛çã♦

❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✱ ♦ q✉❛❧ ♥♦s ✈❛✐ ❞❛r ♠❡♥♦r❡s ❡st✐♠❛t✐✈❛s ♣❛r❛

❛s ❝♦♥st❛♥t❡s ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ♥♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s

❝♦♠♣❧❡①♦s✳

❚❡♦r❡♠❛ ✶✳✶✳✺ ❙❡ m ≥ 1✱ ❡♥tã♦
(

N∑

i1,...,im=1

∣∣U(ei1 , . . . , eim)
∣∣ 2m
m+1

)m+1
2m

≤ CC,m sup
z1,...,zm∈DN

|U(z1, ..., zm)|

♣❛r❛ t♦❞❛ ❢♦r♠❛ m✲❧✐♥❡❛r U : ℓN∞ × · · · × ℓN∞ → C ❡ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ N ❝♦♠

CC,1 = 1,

CC,m =
CC,m

2(
Ã 2m

m+2

)m/2

♣❛r❛ m ♣❛r ❡

CC,m =




CC,m−1
2(

Ã 2m−2
m+1

)m+1
2




m−1
2m



CC,m+1
2(

Ã 2m+2
m+3

)m−1
2




m+1
2m

.

♣❛r❛ m í♠♣❛r✳

✶✹



❉❡♠♦♥str❛çã♦✳ ❋❛ç❛♠♦s ♦ ❝❛s♦ m í♠♣❛r✳ ❖ ❝❛s♦ m = 1 é ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❤✐♥✲

❝❤✐♥❡✱ ❡ ♦ ❝❛s♦ m = 2 é ❛ ❞❡s✐❣✉❛❧❞❛❞❡ 4/3 ❞❡ ▲✐tt❧❡✇♦♦❞✳ Pr♦❝❡❞❡r❡♠♦s ♣♦r ✐♥❞✉çã♦✱

♦❜t❡♥❞♦ ♦ ❝❛s♦ m ✭í♠♣❛r✮ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❞♦s ❝❛s♦s m−1
2

❡ m+1
2

✳

❙✉♣♦♥❞♦ q✉❡ ♦ r❡s✉❧t❛❞♦ é ✈á❧✐❞♦ ♣❛r❛ m−1
2

❡ m+1
2

✱ ♣r♦✈❛r❡♠♦s q✉❡ é ✈á❧✐❞♦ ♣❛r❛

m✳ ❙❡❥❛ U : ℓN∞ × · · · × ℓN∞ → C ❡ N ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ q✉❛❧q✉❡r✳

❈♦♥s✐❞❡r❡♠♦s ♥❛ ♥♦t❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✳✹✱

q = 2,

s1 =
2
(
m−1
2

)
m−1
2

+ 1
=

2m− 2

m+ 1
,

s2 =
2
(
m+1
2

)
m+1
2

+ 1
=

2m+ 2

m+ 3
.

❆ss✐♠✱ ω (s1, s2) =
2m
m+1

✳ ▲♦❣♦✱ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✳✹✱

(
N∑

i1,...,im=1

∣∣∣U
(
e
(1)
i1
, ..., e

(m)
im

)∣∣∣
2m
m+1

)m+1
2m

≤




N∑

i1,...,im−1
2

=1

∥∥∥∥∥
(
U
(
e
(1)
i1
, ..., e

(m)
im

))N
im+1

2
,...,im=1

∥∥∥∥∥

s1

2




f(s1,s2)
s1

×




N∑

im+1
2

,...,im=1

∥∥∥∥∥
(
U
(
e
(1)
i1
, ..., e

(m)
im

))N
i1,...,im−1

2
=1

∥∥∥∥∥

s2

2




f(s2,s1)
s2

.

Pr❡❝✐s❛♠♦s ❡st✐♠❛r ♦s ❞♦✐s ❢❛t♦r❡s ❛❝✐♠❛✳ ❈♦♠❡ç❛r❡♠♦s ❝♦♠ ♦ s❡❣✉♥❞♦ ❢❛t♦r✱ ♣❛r❛ ♦
q✉❛❧ ❡s❝r❡✈❡♠♦s dt := dt1...dtm−1

2
✳ P❛r❛ ❝❛❞❛ im+1

2
, ..., im ✜①♦✱ t❡♠♦s✱ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✳✷✱

∥∥∥∥∥
(
U
(
e
(1)
i1

, ..., e
(m)
im

))N
i1,...,im−1

2
=1

∥∥∥∥∥

s2

2

≤
(
˜
A

1−m
2

s2

)s2 ∫

I
m−1

2

∣∣∣∣∣∣∣

N∑

i1,...,im−1
2

=1

εi1 (t1) ...εim−1
2

(
tm−1

2

)
U
(
e
(1)
i1

, ..., e
(m)
im

)
∣∣∣∣∣∣∣

s2

dt

=

(
˜
A

1−m
2

s2

)s2 ∫

I
m−1

2

∣∣∣∣∣∣∣
U




N∑

i1=1

εi1 (t1) e
(1)
i1

, ...,

N∑

im−1
2

=1

εim−1
2

(
tm−1

2

)
e
(m−1

2 )
im−1

2

, e
(m+1

2 )
im+1

2

, ..., e
(m)
im




∣∣∣∣∣∣∣

s2

dt.

✶✺



❙♦♠❛♥❞♦ s♦❜r❡ im+1
2
, ..., im = 1, ..., N ✱ ♦❜t❡♠♦s

N∑

im+1
2

,...,im=1

∥∥∥∥∥
(
U
(
e
(1)
i1
, ..., e

(m)
im

))N
i1,...,im−1

2
=1

∥∥∥∥∥

s2

2

≤
(
Ãs2

−m−1
2

)s2

×

∫

I
m−1

2

N∑

im+1
2

,...,im=1

∣∣∣∣∣∣∣
U




N∑

i1=1

εi1 (t1) e
(1)
i1
, ...,

N∑

im−1
2

=1

εim−1
2

(
tm−1

2

)
e
(m−1

2 )
im−1

2

, e
(m+1

2 )
im+1

2

, ..., e
(m)
im




∣∣∣∣∣∣∣

s2

dt.

◆♦ ✐♥t❡❣r❛♥❞♦✱ ✉s❛♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ ♣❛r❛ m+1
2

✱ t❡♠♦s

N∑

im+1
2

,...,im=1

∣∣∣∣∣∣∣
U




N∑

i1=1

εi1 (t1) e
(1)
i1
, ...,

N∑

im−1
2

=1

εim−1
2

(
tm−1

2

)
e
(m−1

2 )
im−1

2

, e
(m+1

2 )
im+1

2

, ..., e
(m)
im




∣∣∣∣∣∣∣

s2

✭✶✳✸✮

≤


CC,m+1

2

∥∥∥∥∥∥∥
U




N∑

i1=1

εi1 (t1) e
(1)
i1
, ...,

N∑

im−1
2

=1

εim−1
2

(
tm−1

2

)
e
(m−1

2 )
im−1

2

, ·, ..., ·




∥∥∥∥∥∥∥
π(s2;1)




s2

≤
(
CC,m+1

2
‖U‖

)s2
,

♦♥❞❡ π (s2; 1) ❞❡♥♦t❛ ❛ ♥♦r♠❛ ♠ú❧t✐♣❧♦ (s2; 1)✲s♦♠❛♥t❡ ✭♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ♦♣❡✲

r❛❞♦r❡s ♠ú❧t✐♣❧♦ s♦♠❛♥t❡s✱ r❡❝♦♠❡♥❞❛♠♦s ❛ t❡s❡ ❬✹✼❪✮✳ ❆ss✐♠✱




N∑

im+1
2

,...,im=1

∥∥∥∥∥
(
U
(
e
(1)
i1
, ..., e

(m)
im

))N
i1,...,im−1

2
=1

∥∥∥∥∥

s2

2




1
s2

≤ Ãs2

−m−1
2 ‖U‖CC,m+1

2
.

❆♥❛❧♦❣❛♠❡♥t❡✱ ♦❜t❡♠♦s ❛ ❡st✐♠❛t✐✈❛ ❞♦ ♣r✐♠❡✐r♦ ❢❛t♦r




N∑

i1,...,im−1
2

=1

∥∥∥∥∥
(
U
(
e
(1)
i1
, ..., e

(m)
im

))N
im+1

2
,...,im=1

∥∥∥∥∥

s1

2




1
s1

≤ Ãs1

−m+1
2 ‖U‖CC,m−1

2
.

✶✻



▲♦❣♦✱ ❝♦♠❜✐♥❛♥❞♦ ❛♠❜❛s ❡st✐♠❛t✐✈❛s✱ ♦❜t❡♠♦s

(
N∑

i1,...,im=1

∣∣∣U
(
e
(1)
i1
, ..., e

(m)
im

)∣∣∣
2m
m+1

)m+1
2m

≤
(
Ãs1

−m+1
2 ‖U‖CC,m−1

2

)f(s1,s2)(
Ãs2

−m−1
2 ‖U‖CC,m+1

2

)f(s2,s1)

=

(
Ã 2m−2

m+1

−m+1
2 ‖U‖CC,m−1

2

)m−1
2m
(
Ã 2m+2

m+3

−m−1
2 ‖U‖CC,m+1

2

)m+1
2m

.

❈♦♠ ✐st♦ ✜❝❛ ❞❡♠♦♥str❛❞♦ ♦ ❝❛s♦ m í♠♣❛r✳

❈♦♠ ❛ r❡s♣❡❝t✐✈❛ ♠✉❞❛♥ç❛ ❞❛s ❝♦♥st❛♥t❡s Ap ♣❡❧❛s Ãp✱ ♦ ❝❛s♦ m ♣❛r é ✐♥t❡✐r❛♠❡♥t❡

❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ❡♠ ❬✹✻❪✳

❈♦♠♦ ❢♦✐ ❞✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❞❡ ❬✹✺❪ s❛❜❡♠♦s q✉❡ Ap ≤ Ãp ♣❛r❛ t♦❞♦ p ❡✱ ❛ss✐♠✱

s❡❣✉❡ ❢❛❝✐❧♠❡♥t❡ q✉❡ ❛s ❝♦♥st❛♥t❡s ❞♦ ❚❡♦r❡♠❛ ✶✳✶✳✺ sã♦ ♠❡♥♦r❡s ❞♦ q✉❡ ❛s ❝♦♥st❛♥t❡s

❞♦ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ ❡♠ ❬✹✻❪✳ P❛r❛ p = 1✱ ❏✳ ❙❛✇❛ ❬✺✶❪ ♠♦str♦✉ q✉❡ ♦ ✈❛❧♦r ót✐♠♦ ♣❛r❛

Ãp é

Ã1 =

√
π

2
.

❈♦♠♦ C1 = 1✱ t❡♠♦s

C2 =
2√
π
,

q✉❡ ❢♦✐ ♦ ✈❛❧♦r ♦❜t✐❞♦ ♣♦r ◗✉❡✛é❧❡❝ ❬✹✾❪✳

❆ ❡st✐♠❛t✐✈❛ ❞♦s ✈❛❧♦r❡s ♣❛r❛ ❛s CC,m ❜❛s❡✐❛✲s❡ ♥❛ ❡st✐♠❛t✐✈❛ ❞♦s ✈❛❧♦r❡s ót✐♠♦s

♣❛r❛ Ãp ❝♦♠

p ∈
{

2m

m+ 2
: m ≥ 2

}
∪
{
2m− 2

m+ 1
: m ≥ 3

}
∪
{
2m+ 2

m+ 3
: m ≥ 3

}
⊂ [1, 2).

❈♦♠♦ ✉♠ ✏❆❞❞❡❞ ✐♥ ♣r♦♦❢ ✑ ♥♦ ♠❡s♠♦ ❛rt✐❣♦ ❬✺✶❪✱ ❏✳ ❙❛✇❛ ❛✜r♠❛ q✉❡ ♣❛r❛ ♦

♣❛râ♠❡tr♦ p✱ ❝♦♠ p0 < p < 2 ❡ p0 ∈ (0, 2)✱ ❞❡✜♥✐❞♦ ❝♦♠♦ ❛ ú♥✐❝❛ r❛✐③ ❞❛ ❡q✉❛çã♦

2p/2 · Γ
(
p+ 1

2

)
=

√
π

(
Γ

(
p+ 2

2

))2

,

❛s ❝♦♥st❛♥t❡s ót✐♠❛s sã♦

Ãp =

(
Γ

(
p+ 2

2

)) 1
p

. ✭✶✳✹✮

✶✼



❯♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡ 4 ❞í❣✐t♦s ♥♦s ❢♦r♥❡❝❡ p0 ≈ 0.4756. ◆♦ ❡♥t❛♥t♦✱ ❙❛✇❛ ♥ã♦

❛♣r❡s❡♥t♦✉ ♥❡♥❤✉♠❛ ♣r♦✈❛ ❞❡ s✉❛ ❛✜r♠❛çã♦✳ ▼❛s✱ ❢❡❧✐③♠❡♥t❡✱ ♣❛r❛ p ≥ 1✱ ❍✳ ❑ö♥✐❣

♣r♦✈♦✉ q✉❡ ✭✶✳✹✮ é✱ ❞❡ ❢❛t♦✱ ♦ ✈❛❧♦r ót✐♠♦ ❞❡ Ãp ✭✈❡❥❛ ❬✸✱ ❙❡çã♦ ✷❪ ❡ ❛s r❡❢❡rê♥❝✐❛s ❛❧✐

❝♦♥t✐❞❛s✮✳

❯s❛♥❞♦ ❡ss❡s ✈❛❧♦r❡s ♣❛r❛ Ãp ❝♦♥str✉í♠♦s ❛ t❛❜❡❧❛ ❛ s❡❣✉✐r✱ ♦♥❞❡ s❡ ♣♦❞❡ ✈❡r✐✜❝❛r

❛s ❞✐❢❡r❡♥t❡s ❡st✐♠❛t✐✈❛s ♣❛r❛ CC,m q✉❡ ❢♦r❛♠ ♦❜t✐❞❛s ❛té ♦ ♠♦♠❡♥t♦✳

m ❝♦♥st❛♥t❡s ♥♦✈❛s ❬✹✻❪ ✭✷✵✶✷✮

(
2√
π

)m−1

✭❬✹✾✱ ✷✶❪✱ ✶✾✾✺✮ 2
m−1

2 ✭❬✶✹✱ ✸✹❪✱✼✵✬s✮ m
m+1
2m 2

m−1
2 ✭❬✶✶❪✱✶✾✸✶✮

2 ≈ 1.13 − ≈ 1.13 ≈ 1.41 ≈ 2.38

3 ≈ 1.24 − ≈ 1.27 2 ≈ 4.16

4 ≈ 1.32 − ≈ 1.44 ≈ 2.83 ≈ 6.73

5 ≈ 1.4 − ≈ 1.62 4 ≈ 10.51

6 ≈ 1.46 − ≈ 1.83 ≈ 5.66 ≈ 16.09

7 ≈ 1.52 ≈ 1.93 ≈ 2.06 8 ≈ 24.32

8 ≈ 1.57 ≈ 2.03 ≈ 2.33 ≈ 11.31 ≈ 36.44

9 ≈ 1.63 ≈ 2.17 ≈ 2.63 16 ≈ 54.23

10 ≈ 1.68 ≈ 2.29 ≈ 2.97 ≈ 22.63 ≈ 80.28

11 ≈ 1.73 ≈ 2.45 ≈ 3.35 32 ≈ 118.35

12 ≈ 1.77 ≈ 2.59 ≈ 3.78 ≈ 45.43 ≈ 173.87

13 ≈ 1.81 ≈ 2.66 ≈ 4.26 64 ≈ 254.68

14 ≈ 1.84 ≈ 2.73 ≈ 4.81 ≈ 90.51 ≈ 372.13

15 ≈ 1.88 ≈ 2.81 ≈ 5.43 128 ≈ 542.57

16 ≈ 1.91 ≈ 2.87 ≈ 6.12 ≈ 181.02 ≈ 789.61

100 ≈ 3.3 ≈ 7.6 ≈ 1.56 · 103 ≈ 7.96 · 1014 ≈ 8.15 · 1015

❋✐♥❛❧♠❡♥t❡✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❞❛r ❛❧❣✉♠❛s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❛ss✐♥tót✐❝♦ ❞❛s ❝♦♥st❛♥t❡s ót✐♠❛s ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡

♣❛r❛ ♦ ❝❛s♦ ❝♦♠♣❧❡①♦✱ ♥❛ s❡❣✉✐♥t❡ s❡çã♦ ❝❛❧❝✉❧❛r❡♠♦s ♦ ❧✐♠✐t❡ q✉❛♥❞♦ m → ∞ ❞♦

q✉♦❝✐❡♥t❡ CC,m

C
C,m2

✱ ❛♥❛❧♦❣❛♠❡♥t❡ ❛♦ tr❛❜❛❧❤♦ ❢❡✐t♦ ♣♦r ❉✳ ❉✐♥✐③ ❡t ❛❧ ❡♠ ❬✷✻❪ ✳

✶✽



❈♦♠♦ Ãp =
(
Γ
(
p+2
2

)) 1
p ✱ t❡♠♦s

Ã 2m
m+2

=

(
Γ

(
2m
m+2

+ 2

2

))m+2
2m

❡

CC,m

CC,m
2

=

(
Γ

(
2m
m+2

+ 2

2

))−m−2
4

.

❯s❛♥❞♦ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s ❞❛ ❢✉♥çã♦ ❣❛♠♠❛✱ ❝♦♠♦ ❢❡✐t♦ ❡♠ ❬✷✻❪✱

♦❜t❡♠♦s

lim
m→∞

CC,m

CC,m
2

= lim
m→∞

(
Γ

(
2m
m+2

+ 2

2

))−m−2
4

= e
1
2
− 1

2
γ ≈ 1.23539.

✶✳✷ ❯♠ ❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛

❈♦♠♦ ❥á ♠❡♥❝✐♦♥❛♠♦s✱ ❛s ❝♦♥st❛♥t❡s ♦r✐❣✐♥❛✐s q✉❡ ❇♦❤♥❡♥❜❧✉st ❡ ❍✐❧❧❡ ♦❜t✐✈❡r❛♠

♣❛r❛ ♦ ❝❛s♦ ❝♦♠♣❧❡①♦ sã♦

CC,m = m
m+1
2m 2

m−1
2 .

P♦st❡r✐♦r♠❡♥t❡✱ ❡ss❡s r❡s✉❧t❛❞♦s ❢♦r❛♠ ♠❡❧❤♦r❛❞♦s ♣❛r❛

CC,m = 2
m−1

2 ✭❉❛✈✐❡✱ ❑❛✐s❥❡r✱ ✶✾✼✸ ✭❬✶✹✱ ✸✹❪✮✮

❡

CC,m =

(
2√
π

)m−1

✭◗✉é✛❡❧❡❝✱ ✶✾✾✺ ✭❬✹✾❪✮✮✳

◆✉♠❡r✐❝❛♠❡♥t❡ ❛s ♠❡❧❤♦r✐❛s ❢❡✐t❛s sã♦ ❜❛st❛♥t❡ ❜♦❛s✳ P♦ré♠✱ ♣♦❞❡ s❡ ♦❜s❡r✈❛r q✉❡

t♦❞❛s ❡st❛s ❡①♣r❡ssõ❡s tê♠ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧✳

❯♠ ♣♦♥t♦ ❞❡ r✉♣t✉r❛ ❢♦✐ ❞❛❞♦ ❡♠ ✷✵✶✷ ❡♠ ✭❬✷✻❪✮✳ ◆❡ss❡ ❛rt✐❣♦✱ ❢♦✐ ❞❡♠♦♥s✲

tr❛❞♦ q✉❡ ❛s ❝♦♥st❛♥t❡s ót✐♠❛s (KK,m)
∞
m=1 q✉❡ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r

❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ tê♠ ❝r❡s❝✐♠❡♥t♦ s✉❜❡①♣♦♥❡♥❝✐❛❧ ✭♣❛r❛ ♦s ❞♦✐s ❝❛s♦s✱ ❡s❝❛❧❛r❡s

r❡❛✐s ❡ ❝♦♠♣❧❡①♦s✮✳ ❊ss❛ ♥♦✈❛ ✐♥❢♦r♠❛çã♦ tr❛③ ❛ q✉❡stã♦ s♦❜r❡ q✉❛❧ s❡rá ♦ ❝♦♠♣♦r✲

t❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛q✉❡❧❛s ❝♦♥st❛♥t❡s ót✐♠❛s✳ ❆ss✐♠✱ ✉♠ ♣♦ssí✈❡❧ ♣❛ss♦ s❡❣✉✐♥t❡ é

r❡s♣♦♥❞❡r s❡ ❛ s✉❜❡①♣♦♥❡♥❝✐❛❧✐❞❛❞❡ ❞❛s ❝♦♥st❛♥t❡s ót✐♠❛s ♣♦❞❡ s❡r ♠❡❧❤♦r❛❞❛✱ ♦✉ ♥ã♦✳

❙❡❥❛ (KK,m)
∞
m=1 ❛ s❡q✉ê♥❝✐❛ ❞❛s ❝♦♥st❛♥t❡s ót✐♠❛s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✳ P♦❞❡♠♦s ♥♦s ♣❡r❣✉♥t❛r✱ ♣♦r ❡①❡♠♣❧♦✱

✶✾



Pr♦❜❧❡♠❛ ✶✳✷✳✶ (KK,m)
∞
m=1✱ t❡♠ ❝r❡❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧❄

Pr♦❜❧❡♠❛ ✶✳✷✳✷ ➱ ✈❡r❞❛❞❡ q✉❡

lim
m→∞

(KK,m −KK,m−1) = 0? ✭✶✳✺✮

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s✱ ❞❛r❡♠♦s r❡s♣♦st❛ ❛ ❡st❡s ❞♦✐s ♣r♦❜❧❡♠❛s✳ ❱❡✲

r❡♠♦s q✉❡ ❛ r❡s♣♦st❛ ❞♦ Pr♦❜❧❡♠❛ ✶✳✷✳✷ é ♣♦s✐t✐✈❛ ❡♠ ❝❡rt♦ s❡♥t✐❞♦✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✉♠ ❞❡ ♥♦ss♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ✭❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛✮ ♠♦s✲

tr❛r❡♠♦s q✉❡ s❡ ❡①✐st❡♠ L1, L2 ∈ [0,∞] t❛✐s q✉❡

L1 = lim
m→∞

(KK,m −KK,m−1) ❡ L2 = lim
m→∞

KK,2m

KK,m

,

❡♥tã♦✱

L1 = 0

❡

L2 ∈ [1,
e1−

1
2
γ

√
2

],

♦♥❞❡ γ ❞❡♥♦t❛ ❛ ❝♦♥st❛♥t❡ ❞❡ ❊✉❧❡r✲▼❛s❝❤❡r♦♥✐ ✭✈❡❥❛ ✭✶✳✶✵✮✮✳ ❆ ♥ã♦ ❡①✐stê♥❝✐❛ ❞♦s

❧✐♠✐t❡s ❛❝✐♠❛ s❡r✐❛ ✉♠ ❛❝♦♥t❡❝✐♠❡♥t♦ ❡①tr❡♠❛♠❡♥t❡ ❡str❛♥❤♦ ✉♠❛ ✈❡③ q✉❡ ♥ã♦ ❤á

♥❡♥❤✉♠❛ r❛③ã♦ ❛♣❛r❡♥t❡ ♣❛r❛ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♣❛t♦❧ó❣✐❝♦ ♣❛r❛ ❛s ❝♦♥st❛♥t❡s ót✐♠❛s

(KK,m)
∞
m=1✳

❖✉tr❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛ é ❛ r❡s♣♦st❛ ♥❡❣❛t✐✈❛ ❛♦ Pr♦❜❧❡♠❛

✶✳✷✳✶✳ ❉❡ ❢❛t♦✱ é ♣r♦✈❛❞♦ q✉❡ ❛ s❡q✉ê♥❝✐❛ (KK,m)
∞
m=1 ❞❛s ❝♦♥st❛♥t❡s ót✐♠❛s q✉❡ s❛t✐s✲

❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ♥ã♦ ♣♦❞❡ t❡r ✉♠ ❝r❡❝✐♠❡♥t♦ ❞♦

t✐♣♦ ♣♦❧✐♥♦♠✐❛❧✳ ▼❛✐s ❛✐♥❞❛✱ s❡

q > log2

(
e1−

1
2
γ

√
2

)
≈ 0.526,

❡♥tã♦✱

KK,m ≁ mq.

P❛r❛ ♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s ❝♦♠♣❧❡①♦s✱ ❛ ❛✜r♠❛çã♦ ❛✐♥❞❛ é ✈❛❧✐❞❛ ♣❛r❛

q > log2

(
e

1
2
− 1

2
γ
)
≈ 0.305.

✷✵



✶✳✷✳✶ ❖ ❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛

Pr✐♠❡✐r❛♠❡♥t❡✱ ♠♦str❛r❡♠♦s r❡s✉❧t❛❞♦s q✉❡ sã♦ ✈á❧✐❞♦s ♣❛r❛ ❛♠❜♦s ♦s ❝❛s♦s✱ ❡s✲

❝❛❧❛r❡s r❡❛✐s ❡ ❝♦♠♣❧❡①♦s✳ P♦r t❛❧ ♠♦t✐✈♦✱ ✉s❛r❡♠♦s ❛ ♠❡s♠❛ ♥♦t❛çã♦ ♣❛r❛ ♦s ❞♦✐s✳

❉❡♥♦t❛r❡♠♦s ♣♦r (Km)
∞
m=1 ❛ s❡q✉ê♥❝✐❛ ❞❛s ❝♦♥st❛♥t❡s ót✐♠❛s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐✲

❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ❞✐r❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s ♣♦s✐t✐✈♦s (Rm)
∞
m=1

é ❜❡♠ ❝♦♠♣♦rt❛❞❛ s❡ ❡①✐st❡♠ L1, L2 ∈ [0,∞] t❛✐s q✉❡

lim
m→∞

R2m

Rm

= L1 ✭✶✳✻✮

❡

lim
m→∞

(Rm −Rm−1) = L2. ✭✶✳✼✮

◆♦t❡✲s❡ q✉❡ ❛s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ s❡❥❛ ❜❡♠ ❝♦♠♣♦rt❛❞❛ sã♦ ❜❛s✲

t❛♥t❡ ❢r❛❝❛s✱ ♣♦r ❡①❡♠♣❧♦✱ ♦❜s❡r✈❡✲s❡ q✉❡ L1, L2 ♣♦❞❡♠ s❡r∞✳ ❆ss✐♠✱ q✉❛❧q✉❡r s❡q✉ê♥✲

❝✐❛ ❞❛ ❢♦r♠❛

Rm = bacm, ♣❛r❛ (a, b, c) ∈ [0,∞)2 × (−∞,∞), ♦✉

Rm = ba
c
m , ♣❛r❛ (a, b, c) ∈ [0,∞)2 × (−∞,∞), ♦✉

Rm = bma, ♣❛r❛ (a, b) ∈ (−∞,∞)× [0,∞)✱ ♦✉

Rm = b logm, ♣❛r❛ b ∈ (0,∞), ♦✉

Rm =
k∑

j=0

ajm
j, ❝♦♠ ak > 0

é ❜❡♠ ❝♦♠♣♦rt❛❞❛✳ ❈♦♠♦ ♦s ❡❧❡♠❡♥t♦s ❞❡ (Km)
∞
m=1 ❡stã♦ ❞❡♥tr♦ ❞♦ ✐♥t❡r✈❛❧♦ [1,∞)✱

r❡str✐♥❣✐r❡♠♦s ♥♦ss♦ ❡st✉❞♦ às s❡q✉ê♥❝✐❛s ❜❡♠ ❝♦♠♣♦rt❛❞❛s ❝♦♠ ✈❛❧♦r❡s ❡♠ [1,∞).

❖❜s❡r✈❡✲s❡ t❛♠❜é♠ q✉❡✱ ♠❡s♠♦ r❡str✐t♦s ❛ s❡q✉ê♥❝✐❛s ❡♠ [1,∞), ♦s ❧✐♠✐t❡s ✭✶✳✻✮ ❡

✭✶✳✼✮ sã♦✱ ❞❡ ❢❛t♦✱ ✐♥❞❡♣❡♥❞❡♥t❡s✳ P♦r ❡①❡♠♣❧♦

Rm :=





√
m, s❡ m = 2k ♣❛r❛ ❛❧❣✉♠ k

2
√
m, ❝❛s♦ ❝♦♥trár✐♦✳

s❛t✐s❢❛③ ✭✶✳✻✮✱ ❝♦♠ L1 =
√
2✱ ♠❛s ♥ã♦ ❝✉♠♣r❡ ✭✶✳✼✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡✜♥✐♥❞♦ ♣❛r❛

t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ k > 1,

Bk := {2k − 1, ..., 2k+1 − 2},

✷✶



❛ s❡q✉ê♥❝✐❛

Rm :=





mk, s❡ m ∈ Bk ♣❛r❛ ❛❧❣✉♠ k í♠♣❛r
(
2k − 1

)k
+ km, s❡ m ∈ Bk ♣❛r❛ ❛❧❣✉♠ k ♣❛r

s❛t✐s❢❛③ ✭✶✳✼✮✱ ♠❛s ♥ã♦ s❛t✐s❢❛③ ✭✶✳✻✮✳

❉❡♥♦t❡♠♦s ❛ s❡q✉ê♥❝✐❛ s✉❜❡①♣♦♥❡♥❝✐❛❧ ❞❡ ❝♦♥st❛♥t❡s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧✲

❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❝♦♥str✉í❞❛ ❡♠ ❬✹✻❪ ♣♦r (Cm)
∞
m=1 . ❆ss✐♠

Cm =





1 s❡ m = 1,(
A

m/2
2m
m+2

)−1

Cm
2

s❡ m é ♣❛r ❡
(
A

−1−m
2

2m−2
m+1

Cm−1
2

)m−1
2m
(
A

1−m
2

2m+2
m+3

Cm+1
2

)m+1
2m

s❡ m é í♠♣❛r,

❝♦♠

Ap :=
√
2

(
Γ((p+ 1)/2)√

π

)1/p

,

♣❛r❛ p > p0 ≈ 1.847 ❡

Ap := 2
1
2
− 1

p

♣❛r❛ p ≤ p0 ≈ 1.847, ♦♥❞❡ p0 é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ ú♥✐❝♦ ♥ú♠❡r♦ r❡❛❧ ♥♦ ✐♥t❡r✈❛❧♦

(1, 2) t❛❧ q✉❡

Γ

(
p0 + 1

2

)
=

√
π

2
.

❈♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ s❡q✉ê♥❝✐❛ (Km)
∞
m=1✱ ♣♦✲

❞❡♠♦s r❡str✐♥❣✐r ♥♦ss❛ ❛t❡♥çã♦ ♣❛r❛ s❡q✉ê♥❝✐❛s (Rm)
∞
m=1 t❛✐s q✉❡ 1 ≤ Rm ≤ Cm ♣❛r❛

t♦❞♦ m✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ♥♦ss♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ é ❛ s❡❣✉✐♥t❡ ❞✐❝♦t♦♠✐❛✿

❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛✳ ❙❡ 1 ≤ Rm ≤ Cm ♣❛r❛ t♦❞♦ m✱ ❡♥tã♦✱ ❡①❛t❛♠❡♥t❡

✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s é ✈❡r❞❛❞❡✐r❛✿

✭✐✮ (Rm)
∞
m=1 é s✉❜❡①♣♦♥❡♥❝✐❛❧ ❡ ♥ã♦ ❜❡♠ ❝♦♠♣♦rt❛❞❛✳

✭✐✐✮ (Rm)
∞
m=1 é ❜❡♠ ❝♦♠♣♦rt❛❞❛ ❝♦♠

lim
m→∞

R2m

Rm

∈ [1,
e1−

1
2
γ

√
2

] ✭✶✳✽✮

❡

lim
m→∞

(Rm −Rm−1) = 0. ✭✶✳✾✮

❈♦♠♦ ✉♠ ❝♦r♦❧ár✐♦✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ❛s ❝♦♥st❛♥t❡s ót✐♠❛s

(Km)
∞
m=1 :

✷✷



❈♦r♦❧ár✐♦ ✶✳✷✳✸ ❆ s❡q✉ê♥❝✐❛ ❞❛s ❝♦♥st❛♥t❡s ót✐♠❛s (Km)
∞
m=1 q✉❡ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐✲

❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ é✿

✭✐✮ s✉❜❡①♣♦♥❡♥❝✐❛❧ ❡ ♥ã♦ ❜❡♠ ❝♦♠♣♦rt❛❞❛

♦✉

✭✐✐✮ ❜❡♠ ❝♦♠♣♦rt❛❞❛ ❝♦♠

lim
m→∞

K2m

Km

∈ [1,
e1−

1
2
γ

√
2

]

❡

lim
m→∞

(Km −Km−1) = 0.

❙❡ ✭✐✮ ❢♦r ✈❡r❞❛❞❡✐r❛✱ ❡♥tã♦ t❡r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❝♦♠♣❧❡t❛♠❡♥t❡ s✉r♣r❡❡♥❞❡♥t❡✿

♦ ♠❛✉ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ (Km)
∞
m=1✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ✭✐✐✮ é ✈❡r❞❛❞❡✐r❛✱ t❡r❡♠♦s ✉♠❛

✐♥❢♦r♠❛çã♦ ❞❡ ❢♦r♠❛ q✉❛s❡ ❞❡✜♥✐t✐✈❛ s♦❜r❡ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ (Km)
∞
m=1✳

❉❡st❛❝❛♠♦s q✉❡ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s ❜❡♠ ❝♦♠♣♦rt❛❞❛s (Rm)
∞
m=1 t❛✐s q✉❡

lim
m→∞

(Rm −Rm−1) = 0,

♣♦ré♠

lim
m→∞

R2m

Rm

/∈ [1,
e1−

1
2
γ

√
2

].

❈♦♠ ❡❢❡✐t♦✱ ❝♦♠♦ e1−
1
2 γ

√
2

≈ 1.44✱ ♣❛r❛

Rm = m
3
5

t❡♠♦s

lim
m→∞

(Rm −Rm−1) = 0

❡

lim
m→∞

R2m

Rm

= 2
3
5 /∈ [1,

e1−
1
2
γ

√
2

].

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ♥♦ss♦ r❡s✉❧t❛❞♦✱ ♦❜s❡r✈❛♠♦s ♦ s❡❣✉✐♥t❡ ❢❛t♦✿

s❡ (Rm)
∞
m=1 é ❜❡♠ ❝♦♠♣♦rt❛❞❛✱ ❡

lim
m→∞

R2m

Rm

∈ [1, 2),

❡♥tã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡

lim
m→∞

(Rm −Rm−1) = 0.

❆ss✐♠✱ ♥♦ ♥♦ss♦ ❝❛s♦✱ ❛ ❝♦♥❞✐çã♦ ✭✶✳✾✮ é s✉♣ér✢✉❛✳

✷✸



✶✳✷✳✷ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛

❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ ❛ ❧❡tr❛ γ ❞❡♥♦t❛rá ❛ ❝♦♥st❛♥t❡ ❞❡ ❊✉❧❡r✲▼❛s❝❤❡r♦♥✐

γ = lim
m→∞

(
(− logm) +

m∑

k=1

1

k

)
≈ 0.577. ✭✶✳✶✵✮

▲❡♠❛ ✶✳✷✳✹ ❙❡ 1 ≤ Rm ≤ Cm ♣❛r❛ t♦❞♦ m ❡ ❡①✐st❡ L ∈ [0,∞] t❛❧ q✉❡

L = lim
m→∞

R2m

Rm

, ✭✶✳✶✶✮

❡♥tã♦✱

L ∈ [1,
e1−

1
2
γ

√
2

].

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s L < 1✳ P❛r❛ q✉❛❧q✉❡r 0 < ε < 1− L, ❡①✐st❡ ✉♠ N0 t❛❧

q✉❡

m ≥ N0 ⇒
R2m

Rm

< 1− ε.

❆r❣✉♠❡♥t❛♥❞♦ ♣♦r ✐♥❞✉çã♦✱ t❡♠♦s

R2lN0
< RN0(1− ε)l

♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ l ❡ ❝♦♥❝❧✉í♠♦s q✉❡

lim
l→∞

R2lN0
= 0,

q✉❡ é ✐♠♣♦ssí✈❡❧✱ ♣♦✐s Rm ≥ 1 ♣❛r❛ t♦❞♦ m. P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ❡s❝r❡✈❡r❡♠♦s

α :=
e1−

1
2
γ

√
2

.

❆❣♦r❛✱ ♠♦str❛r❡♠♦s q✉❡ L > α é t❛♠❜é♠ ✐♠♣♦ssí✈❡❧✳ ❉❡ ❬✷✻❪✱ é s❛❜✐❞♦ q✉❡

lim
m→∞

C2m

Cm

= α.

Pr♦✈❛r❡♠♦s q✉❡ s❡ L > α✱ ❡①✐st❡ ✉♠ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡ RN > CN ✱

❝❤❡❣❛♥❞♦ ❞❡st❡ ♠♦❞♦ ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❈♦♠ ❡❢❡✐t♦✱ ❞❛❞♦ ✉♠ ♣❡q✉❡♥♦ 0 < ε < L− α✱ ❡①✐st❡ ✉♠ n0 t❛❧ q✉❡

m ≥ n0 ⇒
C2m

Cm

< α +
ε

2
:= A ❡

R2m

Rm

> α + ε := B.

✷✹



Pr♦❝❡❞❡♥❞♦ ✐♥❞✉t✐✈❛♠❡♥t❡✱ t❡♠♦s

C2ln0
< AlCn0

R2ln0
> BlRn0

♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ l✳ ❈♦♠ ✐ss♦✱

R2ln0

C2ln0

>
BlRn0

AlCn0

=

(
B

A

)l
Rn0

Cn0

.

❈♦♠♦ B
A
> 1✱ ❝♦♥❝❧✉í♠♦s q✉❡

lim
l→∞

(
B

A

)l
Rn0

Cn0

= ∞

❡ ❛ss✐♠ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ N1 t❛❧ q✉❡

R2N1n0

C2N1n0

> 1,

q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

▲❡♠❛ ✶✳✷✳✺ ❙❡ 1 ≤ Rm ≤ Cm ♣❛r❛ t♦❞♦ m ❡ ♦ ❧✐♠✐t❡ ✭✶✳✶✶✮ ❡①✐st❡✱ ❡♥tã♦✱ ❡①✐st❡ ✉♠

✐♥t❡✐r♦ ♣♦s✐t✐✈♦ N0 t❛❧ q✉❡
2lN0

R2lN0

>
N0

RN0

(
4

3

)l

♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ l.

❉❡♠♦♥str❛çã♦✳ ❉♦ ❧❡♠❛ ❛♥t❡r✐♦r t❡♠♦s

lim
m→∞

R2m

Rm

= L ∈ [1,
e1−

1
2
γ

√
2

].

❆ss✐♠✱ ❝♦♠♦
e1−

1
2
γ

√
2

<
3

2
,

❡①✐st❡ ✉♠ ❝❡rt♦ N0 t❛❧ q✉❡
R2m

Rm

<
3

2

♣❛r❛ t♦❞♦ m ≥ N0. ▲♦❣♦✱ ♣♦r ✐♥❞✉çã♦✱

R2lN0
<

(
3

2

)l

RN0

♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ l✳ ❈♦♥❝❧✉í♠♦s q✉❡

2lN0

R2lN0

>
2lN0(
3
2

)l
RN0

=
N0

RN0

(
4

3

)l

♣❛r❛ t♦❞♦ l.

✷✺



▲❡♠❛ ✶✳✷✳✻ ❙❡ (Rm)
∞
m=1 é ❜❡♠ ❝♦♠♣♦rt❛❞❛ ❡ 1 ≤ Rm ≤ Cm ♣❛r❛ t♦❞♦ m, ❡♥tã♦✱

lim
m→∞

(Rm −Rm−1) = 0. ✭✶✳✶✷✮

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ M := limm→∞ (Rm −Rm−1) . ❆ t❛r❡❢❛ ♣r✐♥❝✐♣❛❧ é ♠♦str❛r q✉❡

M /∈ (0,∞).

❙✉♣♦♥❤❛ q✉❡ M ∈ (0,∞)✳ ◆❡st❡ ❝❛s♦✱ ❞❡ ✭✶✳✶✷✮✱ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ N1

t❛❧ q✉❡

m ≥ N1 ⇒ Rm −Rm−1 >
M

2
.

❆ss✐♠✱

m ≥ N1 ⇒ R2m −Rm >
mM

2

❡

m ≥ N1 ⇒
R2m

Rm

− 1 >

(
mM

2

)
1

Rm

.

❉♦ ▲❡♠❛ ✶✳✷✳✹✱ t❡♠♦s

1 ≤ lim
m→∞

R2m

Rm

≤ e1−
1
2
γ

√
2

.

▲♦❣♦✱ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ N2 t❛❧ q✉❡

m ≥ N2 ⇒
R2m

Rm

<
3

2
.

❉❡st❡ ♠♦❞♦✱ s❡ N3 := max {N1, N2} , t❡♠♦s

m ≥ N3 ⇒
1

2
>

R2m

Rm

− 1 >

(
mM

2

)
1

Rm

. ✭✶✳✶✸✮

❉♦ ❧❡♠❛ ❛♥t❡r✐♦r s❛❜❡♠♦s q✉❡ ❡①✐st❡ N0 t❛❧ q✉❡

2lN0

R2lN0

>
N0

RN0

(
4

3

)l

✭✶✳✶✹✮

♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ l.

❆❣♦r❛✱ ✈❛♠♦s ❡s❝♦❧❤❡r ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ l0 t❛❧ q✉❡

l > l0 ⇒ Nl := 2lN0 > N3.

❆ss✐♠✱ ❞❡ ✭✶✳✶✸✮✱ s❛❜❡♠♦s q✉❡

l ≥ l0 ⇒ Nl > N3 ⇒
1

2
>

(
NlM

2

)
1

RNl

=

(
M

2

)
2lN0

R2lN0

. ✭✶✳✶✺✮

✷✻



▼❛s✱ ❝♦♠♦

lim
l→∞

N0

RN0

(
4

3

)l

= ∞,

❞❡ ✭✶✳✶✹✮ ❡ ✭✶✳✶✺✮✱ ❝❤❡❣❛♠♦s ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❖ ❛r❣✉♠❡♥t♦ ♣❛r❛ ♠♦str❛r q✉❡ limm→∞ (Rm −Rm−1) ♥ã♦ ♣♦❞❡ s❡r ✐♥✜♥✐t♦ é ✉♠❛

❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❛r❣✉♠❡♥t♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✳

❖❜s❡r✈❡✲s❡ q✉❡ ✉♠❛ s✐♠♣❧❡s ♠♦❞✐✜❝❛çã♦ ❞❛ ♣r♦✈❛ ❞♦s ❧❡♠❛s ❛♥t❡r✐♦r❡s ❢♦r♥❡❝❡ ♦

s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❣❡r❛❧✿

Pr♦♣♦s✐çã♦ ✶✳✷✳✼ ❙❡ (Rm)
∞
m=1 é ❜❡♠ ❝♦♠♣♦rt❛❞❛ ❡

1 ≤ lim
m→∞

R2m

Rm

< 2,

❡♥tã♦✱

lim
m→∞

(Rm −Rm−1) = 0.

◆♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞♦s ❧❡♠❛s ❛♥t❡r✐♦r❡s✿

❚❡♦r❡♠❛ ✶✳✷✳✽ ✭❉✐❝♦t♦♠✐❛✮ ❙❡ 1 ≤ Rm ≤ Cm ♣❛r❛ t♦❞♦ m, ❡①❛t❛♠❡♥t❡ ✉♠❛ ❞❛s

s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s é ✈❡r❞❛❞❡✐r❛✿

✭✐✮ (Rm)
∞
m=1 é s✉❜❡①♣♦♥❡♥❝✐❛❧ ❡ ♥ã♦ ❜❡♠ ❝♦♠♣♦rt❛❞❛✳

✭✐✐✮ (Rm)
∞
m=1 é ❜❡♠ ❝♦♠♣♦rt❛❞❛ ❝♦♠

lim
m→∞

R2m

Rm

∈ [1,
e1−

1
2
γ

√
2

]

❡

lim
m→∞

(Rm −Rm−1) = 0.

❉❡st❛❝❛♠♦s q✉❡ ❛ ✐♥❢♦r♠❛çã♦ limm→∞ (Rm −Rm−1) = 0 ❡♠ ✭✐✐✮ é ✉♠❛ ❝♦♥✲

s❡q✉ê♥❝✐❛ ❞♦ ❢❛t♦ ❞❡ q✉❡ (Rm)
∞
m=1 é ❜❡♠ ❝♦♠♣♦rt❛❞❛✱ ❝♦♠ limm→∞

R2m

Rm
∈ [1, e

1− 1
2 γ

√
2
];

✐st♦ é ❞❡✈✐❞♦ à Pr♦♣♦s✐çã♦ ✶✳✷✳✼✳

❖ ❝♦r♦❧ár✐♦ s❡❣✉✐♥t❡ r❡s♣♦♥❞❡ ♣♦s✐t✐✈❛♠❡♥t❡✱ ❡♠ ❝❡rt❛ ❢♦r♠❛✱ ♦ Pr♦❜❧❡♠❛ ✶✳✷✳✷✿

❈♦r♦❧ár✐♦ ✶✳✷✳✾ ❆ s❡q✉ê♥❝✐❛ ❞❛s ❝♦♥st❛♥t❡s ót✐♠❛s (Km)
∞
m=1 q✉❡ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐✲

❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ é✿

✭✐✮ s✉❜❡①♣♦♥❡♥❝✐❛❧ ❡ ♥ã♦ ❜❡♠ ❝♦♠♣♦rt❛❞❛

♦✉

✭✐✐✮ ❜❡♠ ❝♦♠♣♦rt❛❞❛ ❝♦♠

lim
m→∞

K2m

Km

∈ [1,
e1−

1
2
γ

√
2

]

❡

lim
m→∞

(Km −Km−1) = 0.

✷✼



◆♦ ❝❛s♦ ❡s❝❛❧❛r r❡❛❧✱ é ❝♦♥❤❡❝✐❞♦ q✉❡ (Km)
∞
m=1 s❛t✐s❢❛③

21−
1
m ≤ Km ≤ Cm

♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ m ✭✈❡❥❛ ❬✷✼❪✮✳ ◆ã♦ é ❞✐❢í❝✐❧ ❡♥❝♦♥tr❛r ❡①❡♠♣❧♦s ❞❡ s❡q✉ê♥❝✐❛s

s✉❜❡①♣♦♥❡♥❝✐❛✐s ❡ ♥ã♦ ❜❡♠ ❝♦♠♣♦rt❛❞❛s q✉❡ s❛t✐s❢❛ç❛♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r✳ P♦r

❡①❡♠♣❧♦✱

Rm :=





21−
1
m , s❡ m = 2k ♣❛r❛ ❛❧❣✉♠ k

Cm, ❝❛s♦ ❝♦♥trár✐♦✳

✶✳✷✳✸ ❈♦♠♣♦rt❛♠❡♥t♦ ♥ã♦✲♣♦❧✐♥♦♠✐❛❧ ❞❛s ❝♦♥st❛♥t❡ ót✐♠❛s

➱ ❜❡♠ s❛❜✐❞♦ q✉❡ ♦ ❡①♣♦❡♥t❡ 2m
m+1

♥❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ t❛♥t♦ ♣♦❧✐♥♦♠✐❛❧ ❝♦♠♦

♠✉❧t✐❧✐♥❡❛r✱ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ é ót✐♠♦✳ P♦r ✐ss♦✱ ♦ s❡♥s♦ ❝♦♠✉♠ ♥♦s ❞✐t❛ q✉❡

❛s ❝♦♥st❛♥t❡s ót✐♠❛s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❞❡✈❡♠ ❞❡ t❡r ✉♠ ❝♦♠✲

♣♦rt❛♠❡♥t♦ ✉♥✐❢♦r♠❡✱ s❡♠ ♦s❝✐❧❛çõ❡s ❡str❛♥❤❛s ♥♦ s❡✉ ❝r❡s❝✐♠❡♥t♦✳ ❙❡ ❛ ♣❛rt❡ ✭✐✮ ❞♦

❈♦r♦❧ár✐♦ ✶✳✷✳✾ ❢♦ss❡ ✈❡r❞❛❞❡✐r❛✱ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ s❡r✐❛ ❢♦rt❡♠❡♥t❡ ✐♥❡s♣❡r❛❞♦✳ P♦r

♦✉tr♦ ❧❛❞♦✱ s❡ ❛ ♣❛rt❡ ✭✐✐✮ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✾ ❢♦r ✈❡r❞❛❞❡✐r❛✱ s❡♥❞♦ ♦ ❝♦♥❥❡❝t✉r❛❞♦ ♥❡st❡

❡st✉❞♦✱ t❛♠❜é♠ t❡r❡♠♦s ✐♥❢♦r♠❛çõ❡s ✐♠♣♦rt❛♥t❡s s♦❜r❡ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡st❛s ❝♦♥st❛♥✲

t❡s✳ P♦r ❡①❡♠♣❧♦✿

lim
m→∞

(Km −Km−1) = 0

❡ ❡st❡ t❛♠❜é♠ é ✉♠ r❡s✉❧t❛❞♦ s✉r♣r❡❡♥❞❡♥t❡✱ t❡♥❞♦ ❡♠ ✈✐st❛ ❛s ❡st✐♠❛t✐✈❛s ❛♥t❡r✐♦r❡s

❝♦♥❤❡❝✐❞❛s ♣❛r❛ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡st❛s ❝♦♥st❛♥t❡s ✭✈❡❥❛ ❬✶✶✱ ✷✵✱ ✷✶✱ ✸✾❪✮✳

❈♦♠♦ ♦✉tr❛ ❛♣❧✐❝❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✱

♠❡♥❝✐♦♥❛❞♦ ♥❛ ✐♥tr♦❞✉çã♦✱ ♦ q✉❛❧ ❞á r❡s♣♦st❛ ♥❡❣❛t✐✈❛ ❛♦ Pr♦❜❧❡♠❛ ✶✳✷✳✶✳

❈♦r♦❧ár✐♦ ✶✳✷✳✶✵ ❙❡❥❛ (Km)
∞
m=1 ❛ s❡q✉ê♥❝✐❛ ❞❛s ❝♦♥st❛♥t❡s ót✐♠❛s q✉❡ s❛t✐s❢❛③❡♠

❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✳ ❙❡ p(m) é q✉❛❧q✉❡r ♣♦❧✐♥ô♠✐♦ ♥ã♦✲

❝♦♥st❛♥t❡✱ ❡♥tã♦✱

Km ≁ p(m).

▼❛✐s ❛✐♥❞❛✱ s❡

q ∈ R− [0, β] , ✭✶✳✶✻✮

❝♦♠

β := log2

(
e1−

1
2
γ

√
2

)
≈ 0.526,

✷✽



❡ c ∈ (0,∞)✱ ❡♥tã♦✱ ❛ s❡q✉ê♥❝✐❛ (Km)
∞
m=1 ♥ã♦ ♣♦❞❡ s❡r ❞❛ ❢♦r♠❛

Km ∼ cmq.

❈♦♠ ❡❢❡✐t♦✱ ❡s❝r❡✈❡♥❞♦ B
(q)
m = cmq s❡ Km ∼ B

(q)
m ✱ ♦❜t❡♠♦s

lim
m→∞

K2m

Km

= lim
m→∞

(
B

(q)
2m

B
(q)
m

.
K2m

B
(q)
2m

.
B

(q)
m

Km

)

= lim
m→∞

(
B

(q)
2m

B
(p)
m

)
. lim
m→∞

(
K2m

B
(q)
2m

)
. lim
m→∞

(
B

(q)
m

Km

)

= 2q.

❈♦♠♦ q ∈ R−
[
0, log2

(
e1−

1
2 γ

√
2

)]
, t❡♠♦s

2q /∈ [1,
e1−

1
2
γ

√
2

]

❡ ✐st♦ ❝♦♥tr❛❞✐③ ♦ ❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛✳ ❖ ❝❛s♦ q < 0 é ♦❜✈✐❛♠❡♥t❡ ✐♠♣♦ssí✈❡❧✳ ❯♠

♣r♦❝❡❞✐♠❡♥t♦ ❛♥á❧♦❣♦ ♠♦str❛ q✉❡ s❡ p(m) é q✉❛❧q✉❡r ♣♦❧✐♥ô♠✐♦ ♥ã♦✲❝♦♥st❛♥t❡✱ ❡♥tã♦✱

Km ≁ p(m).

❆s ❝♦♥s❡q✉ê♥❝✐❛s ❞♦ ❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛ ❢♦r❛♠ ❝♦♥✜r♠❛❞❛s ❡ ❝♦♠♣❧❡♠❡♥t❛❞❛s ♣♦s✲

t❡r✐♦r♠❡♥t❡ ♣♦r ❞✐❢❡r❡♥t❡s ❛✉t♦r❡s✳ P♦r ❡①❡♠♣❧♦✱ ♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✾ ❢♦✐ ♠❡❧❤♦r❛❞♦ ❡♠

❬✹✹❪ ♣❛r❛✿

• ❚❡♦r❡♠❛ ✭❬✹✹✱ ❚❤❡♦r❡♠ ✽✳✶❪✮✳ ❙❡❥❛ (Km)
∞
m=1 ❛ s❡q✉ê♥❝✐❛ ❞❛s ❝♦♥st❛♥t❡s ót✐✲

♠❛s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✳ ❙❡ ❡①✐st❡

L ∈ [−∞,∞] t❛❧ q✉❡

lim
m→∞

(Km+1 −Km) = L,

❡♥tã♦✱

L = 0.

❖❜s❡r✈❡✲s❡ q✉❡✱ ♥♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ ♥ã♦ é ♣r❡❝✐s♦ q✉❡ ❛s (Km)
∞
m=1 s❡❥❛♠ ❜❡♠

❝♦♠♣♦rt❛❞❛s ♣❛r❛ ❝♦♥❝❧✉✐r q✉❡ L = 0 q✉❛♥❞♦ limm→∞ (Km+1 −Km) = L✳

❯♠❛ ♦✉tr❛ ❝♦♥❝❧✉sã♦ ✐♠♣♦rt❛♥t❡ ❡♠ ❬✹✹✱ ❚❤❡♦r❡♠ ✽✳✺❪ é q✉❡✱ ♣❛r❛ t♦❞♦ m ≥ 2✱

Km < 1.65 (m− 1)
log2

(

e
1− 1

2 γ
√

2

)

+ 0.13.

■st♦✱ ❛❧é♠ ❞❡ ❝♦♥✜r♠❛r ♦ ❈♦r♦❧❛r✐♦ ✶✳✷✳✶✵✱ ❢♦r♥❡❝❡ ✐♥❢♦r♠❛çõ❡s ♠❛✐s ♣r❡❝✐s❛s s♦❜r❡ ❛s

Km✳ P♦r ❡①❡♠♣❧♦ ♦ ❢❛t♦ ❞❡ t❡r❡♠ ❝r❡s❝✐♠❡♥t♦ s✉❜♣♦❧✐♥♦♠✐❛❧ ❡ p✲s✉❜✲❤❛r♠ô♥✐❝♦ ♣❛r❛

p ≈ 0.47.

✷✾



✶✳✷✳✹ ❚❡♦r❡♠❛ ❞❡ ❉✐❝♦t♦♠✐❛ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s ❝♦♠♣❧❡①♦s

◆❛ s✉❜s❡çã♦ ✶✳✷✳✶✱ ❢♦✐ ❞✐t♦ q✉❡ ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s sã♦ ✈á❧✐❞♦s ♣❛r❛ ❛♠❜♦s

❝❛s♦s✱ ❡s❝❛❧❛r❡s r❡❛✐s ❡ ❝♦♠♣❧❡①♦s✳ ■st♦ é ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❛s ♠❡❧❤♦r❡s ❝♦♥st❛♥t❡s

❝♦♥❤❡❝✐❞❛s ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ ♣❛r❛ ❡s❝❛❧❛r❡s ❝♦♠♣❧❡①♦s

sã♦ ♠❡♥♦r❡s ❞♦ q✉❡ ❛s ♠❡❧❤♦r❡s ❝♦♥st❛♥t❡s ❝♦♥❤❡❝✐❞❛s ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡

❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ ♣❛r❛ ❡s❝❛❧❛r❡s r❡❛✐s✳

❉✐t♦ ✐st♦✱ ❡s❝r❡✈❡r❡♠♦s ❛ s❡❣✉✐r ♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦ ❝❛s♦ ❝♦♠♣❧❡①♦✱

♦s q✉❛✐s ♣♦❞❡♠ s❡r ❢❛❝✐❧♠❡♥t❡ ❞❡❞✉③✐❞♦s ❛ ♣❛rt✐r ❞♦s r❛❝✐♦❝í♥✐♦s ✐♥tr♦❞✉③✐❞♦s ♥❛s s❡çõ❡s

❛♥t❡r✐♦r❡s✳

▲❡♠❜r❡♠♦s q✉❡✱ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ é ♣r♦✈❛❞♦✱ ♥♦ ❚❡♦r❡♠❛ ✶✳✶✳✺✱ q✉❡✱ ♣❛r❛ ♦ ❝❛s♦

❞❡ ❡s❝❛❧❛r❡s ❝♦♠♣❧❡①♦s✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ é s❛t✐s❢❡✐t❛

❝♦♠ ❝♦♥st❛♥t❡s (CC,m)
∞
m=1 ❞❛❞❛s ♣♦r✿

CC,m =





1 s❡ m = 1,(
Ã

m/2
2m
m+2

)−1

CC,m
2

s❡ m é ♣❛r ❡
(
Ã

−1−m
2

2m−2
m+1

CC,m−1
2

)m−1
2m
(
Ã

1−m
2

2m+2
m+3

CC,m+1
2

)m+1
2m

s❡ m é í♠♣❛r✱

❝♦♠

Ãp =

(
Γ

(
p+ 2

2

)) 1
p

.

❆❧é♠ ❞✐ss♦✱ t❛♠❜é♠ é ♣r♦✈❛❞♦✱ ♥❛ ♠❡s♠❛ s❡çã♦ ✭s✉❜s❡çã♦ ✶✳✶✳✷✮✱ q✉❡

lim
m→∞

CC,2m

CC,m

= e
1
2
− 1

2
γ.

❚❡♠♦s✱ ❛ss✐♠✱ ✉♠ t❡♦r❡♠❛ ❞❡ ❞✐❝♦t♦♠✐❛ ❡ s❡✉s r❡s♣❡❝t✐✈♦s ❝♦r♦❧ár✐♦s✱ ♦♥❞❡ sã♦

✉s❛❞❛s ❡st❛s ♥♦✈❛s ✐♥❢♦r♠❛çõ❡s✿

❚❡♦r❡♠❛ ✶✳✷✳✶✶ ✭❉✐❝♦t♦♠✐❛✮ ❙❡ 1 ≤ Rm ≤CC,m ♣❛r❛ t♦❞♦ m, ❡①❛t❛♠❡♥t❡ ✉♠❛ ❞❛s

s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s é ✈❡r❞❛❞❡✐r❛✿

✭✐✮ (Rm)
∞
m=1 é s✉❜❡①♣♦♥❡♥❝✐❛❧ ❡ ♥ã♦ ❜❡♠ ❝♦♠♣♦rt❛❞❛✳

✭✐✐✮ (Rm)
∞
m=1 é ❜❡♠ ❝♦♠♣♦rt❛❞❛ ❝♦♠

lim
m→∞

R2m

Rm

∈ [1, e
1
2
− 1

2
γ]

❡

lim
m→∞

(Rm −Rm−1) = 0.
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❈♦r♦❧ár✐♦ ✶✳✷✳✶✷ ❆ s❡q✉ê♥❝✐❛ ❞❛s ❝♦♥st❛♥t❡s ót✐♠❛s (KC,m)
∞
m=1 q✉❡ s❛t✐s❢❛③❡♠ ❛ ❞❡✲

s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s ❝♦♠♣❧❡①♦s é✿

✭✐✮ s✉❜❡①♣♦♥❡♥❝✐❛❧ ❡ ♥ã♦ ❜❡♠ ❝♦♠♣♦rt❛❞❛

♦✉

✭✐✐✮ ❜❡♠ ❝♦♠♣♦rt❛❞❛ ❝♦♠

lim
m→∞

KC,2m

KC,m

∈ [1, e
1
2
− 1

2
γ]

❡

lim
m→∞

(KC,m −KC,m−1) = 0.

❈♦r♦❧ár✐♦ ✶✳✷✳✶✸ ❙❡❥❛ (KC,m)
∞
m=1 ❛ s❡q✉ê♥❝✐❛ ❞❛s ❝♦♥st❛♥t❡s ót✐♠❛s q✉❡ s❛t✐s❢❛③❡♠

❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s ❝♦♠♣❧❡①♦s✳

❙❡ p(m) é q✉❛❧q✉❡r ♣♦❧✐♥ô♠✐♦ ♥ã♦✲❝♦♥st❛♥t❡✱ ❡♥tã♦✱

KC,m ≁ p(m).

▼❛✐s ❛✐♥❞❛✱ s❡

q ∈ R− [0, β] , ✭✶✳✶✼✮

❝♦♠

β := log2

(
e

1
2
− 1

2
γ
)
≈ 0.30497,

❡ c ∈ (0,∞)✱ ❡♥tã♦✱ ❛ s❡q✉ê♥❝✐❛ (KC,m)
∞
m=1 ♥ã♦ ♣♦❞❡ s❡r ❞❛ ❢♦r♠❛

KC,m ∼ cmq.

✶✳✸ ❱❛r✐❛çõ❡s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ 4/3 ❞❡ ▲✐tt❧❡✇♦♦❞

❆ ❞❡s✐❣✉❛❧❞❛❞❡ 4/3 ❞❡ ▲✐tt❧❡✇♦♦❞ ❬✸✻❪ ✭✈❡❥❛ t❛♠❜é♠ ❬✷✾❪✮ ❛✜r♠❛ q✉❡ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ LK ≥ 1 t❛❧ q✉❡

(
N∑

i,j=1

|U(ei, ej)|
4
3

) 3
4

≤ LK ‖U‖

♣❛r❛ t♦❞❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r U : ℓN∞× ℓN∞ → K ❡ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ N. ➱ ❜❛st❛♥t❡ ❝♦♥❤❡✲

❝✐❞♦ q✉❡ ♦ ❡①♣♦❡♥t❡ 4/3 é ót✐♠♦ ❡ r❡❝❡♥t❡♠❡♥t❡ ❢♦✐ ❞❡♠♦♥str❛❞♦✱ t❛♠❜é♠ ♣♦r ❉✐♥✐③✱

▼✉ñ♦③✲❋❡r♥á♥❞❡③✱ P❡❧❧❡❣r✐♥♦ ❡ ❙❡♦❛♥❡✲❙❡♣ú❧✈❡❞❛ ❡♠ ❬✷✼❪ q✉❡ ❛ ❝♦♥st❛♥t❡ LR =
√
2 é

✸✶



✐❣✉❛❧♠❡♥t❡ ót✐♠❛✳ P❛r❛ ❡s❝❛❧❛r❡s ❝♦♠♣❧❡①♦s✱ é s❛❜✐❞♦ q✉❡ LC ≤ 2/
√
π.

◆♦ ❡♥t❛♥t♦✱ s❡ s✉❜st✐t✉✐r♠♦s 4/3 ♣♦r r > 4/3✱ ♣❡❧❛ ✐♥❝❧✉sã♦ ❞❛s ♥♦r♠❛s é ❝❧❛r♦

q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ót✐♠❛ LK,r q✉❡ s❛t✐s❢❛③

(
N∑

i,j=1

|U(ei, ej)|r
) 1

r

≤ LK,r ‖U‖

❡ é ♠❡♥♦r q✉❡
√
2 ✭❝❛s♦ r❡❛❧✮ ❡ 2/

√
π ✭❝❛s♦ ❝♦♠♣❧❡①♦✮✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡♥tr❡ ♦✉tr♦s r❡s✉❧t❛❞♦s✱ ♦❜t❡r❡♠♦s ❛ ❝♦♥st❛♥t❡ ót✐♠❛ LR,r ♣❛r❛

t♦❞♦ r ≥ 4
3
; ❝♦♠ ❡❢❡✐t♦✱ ♣r♦✈❛r❡♠♦s q✉❡

LR,r =

{
2

2−r
r ♣❛r❛ r ∈

[
4
3
, 2
)

1 ♣❛r❛ r ≥ 2.

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ♥♦ss❛s ❡st✐♠❛t✐✈❛s✱ ✈❡r❡♠♦s q✉❡

LR,r > LC,r

♣❛r❛ t♦❞♦ r ∈
[
4
3
, 2
)
.

✶✳✸✳✶ ❆s ✈❛r✐❛çõ❡s✳ ❈❛s♦ r❡❛❧

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ s❡ s✉❜st✐t✉✐r♠♦s 4/3 ♣♦r r > 4/3✱ ❡♥tã♦✱ ❛

❝♦♥st❛♥t❡ ót✐♠❛ LK,r q✉❡ s❛t✐s❢❛③

(
N∑

i,j=1

|U(ei, ej)|r
) 1

r

≤ LK,r ‖U‖ ✭✶✳✶✽✮

é ♠❡♥♦r q✉❡
√
2. ◆♦ss♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ é ❡♥❝♦♥tr❛r ♦ ✈❛❧♦r ót✐♠♦ ❞❡ LK,r ♣❛r❛ ❝❛❞❛

r ≥ 4/3 :

❚❡♦r❡♠❛ ✶✳✸✳✶ ❆s ❝♦♥st❛♥t❡ ót✐♠❛ LR,r q✉❡ s❛t✐s❢❛③ ✭✶✳✶✽✮ é

LR,r =

{
2

2−r
r ♣❛r❛ r ∈

[
4
3
, 2
)

1 ♣❛r❛ r ≥ 2.

❉❡♠♦♥str❛çã♦✳ ❖ ❝❛s♦ r ≥ 2 é ❜❛st❛♥t❡ s✐♠♣❧❡s✳ ◆❛ ✈❡r❞❛❞❡✱ ♣♦❞❡✲s❡ ✉t✐❧✐③❛r q✉❡ ♦

❝♦r♣♦ ❡s❝❛❧❛r r❡❛❧ t❡♠ ❝♦t✐♣♦ 2 ❡ ❛ s✉❛ ❝♦♥st❛♥t❡ ❞❡ ❝♦t✐♣♦ é 1✳ P♦r ✐ss♦✱

(
N∑

i,j=1

|U(ei, ej)|2
) 1

2

≤ ‖U‖ ✭✶✳✶✾✮

✸✷



♣❛r❛ t♦❞♦ N ❡ t♦❞❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r U : ℓN∞×ℓN∞ → R✳ ❯s❛♥❞♦ ✭✶✳✶✾✮ ❡ ❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡

❞❛ ♥♦r♠❛ ℓr✱ ❞❡❞✉③✐♠♦s q✉❡ LR,r ≤ 1. P♦r ♦✉tr♦ ❧❛❞♦✱ ✉t✐❧✐③❛♥❞♦ U0(x, y) = x1y1 ❡♠

✭✶✳✶✽✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ LR,r ≥ 1✳

❆❣♦r❛✱ ✈❛♠♦s ❧✐❞❛r ❝♦♠ ♦ ❝❛s♦ r ∈ [4
3
, 2)✳ ❯s❛♥❞♦ ✉♠ ❛r❣✉♠❡♥t♦ s✐♠♣❧❡s ❞❡

✐♥t❡r♣♦❧❛çã♦✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ s❡ θ ∈ (0, 1) é t❛❧ q✉❡

1

r
=

θ

4/3
+

1− θ

2
,

❡♥tã♦✱

(
N∑

i,j=1

|U(ei, ej)|r
) 1

r

≤



(

N∑

i,j=1

|U(ei, ej)|4/3
) 3

4




θ

(

N∑

i,j=1

|U(ei, ej)|2
) 1

2




1−θ

≤
(√

2 ‖U‖
)θ

(‖U‖)1−θ

=
(√

2
)θ

‖U‖

= 2
2−r
r ‖U‖ .

◆♦ ♦✉tr♦ s❡♥t✐❞♦✱ ✐♥s♣✐r❛❞♦s ❡♠ ❬✷✼❪✱ ❝♦♥s✐❞❡r❛♠♦s

U1(x, y) = x1y1 + x1y2 + x2y1 − x2y2, ✭✶✳✷✵✮

t❡♠♦s ‖U1‖ = 2 ❡✱ ❛ss✐♠✱

LR,r ≥
4

1
r

‖U1‖
= 2

2−r
r .

❚❡♠♦s ❛ss✐♠✱ ❛ ✐❣✉❛❧❞❛❞❡✳

✶✳✸✳✷ ❆s ✈❛r✐❛çõ❡s✳ ❈❛s♦ ❝♦♠♣❧❡①♦

P❛r❛ t♦❞♦ r ≥ 2 é ✈á❧✐❞♦ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ LR,r✳ ❆ss✐♠✱ ♣❛r❛

t♦❞♦ r ≥ 2✱ t❡♠♦s LC,r = 1.

▼♦str❛r❡♠♦s q✉❡

LC,r ≤
(

2√
π

) 4−2r
r

♣❛r❛ t♦❞♦ r ∈
[
4

3
, 2

)
.

◆♦ ❡♥t❛♥t♦✱ ♥ã♦ t❡♠♦s ✐♥❢♦r♠❛çã♦ s❡ ♥♦ss❛s ❡st✐♠❛t✐✈❛s sã♦ ót✐♠❛s ♣❛r❛ r ∈
[
4
3
, 2
)
.

P❛r❛ ♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s ❝♦♠♣❧❡①♦s✱ ❛s ♠❡❧❤♦r❡s ❡st✐♠❛t✐✈❛s q✉❡ ❝♦♥❤❡❝❡♠♦s ♣❛r❛

❛ ❝♦♥st❛♥t❡ ♥♦ t❡♦r❡♠❛ 4/3 ❞❡ ▲✐tt❧❡✇♦♦❞ é

LC, 4
3
≤ 2√

π
.

✸✸



❖ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❞❡ ✐♥t❡r♣♦❧❛çã♦ ✉t✐❧✐③❛❞♦ ♥♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s r❡❛✐s ♣♦❞❡ s❡r

✉s❛❞♦ ♣❛r❛ ♠♦str❛r q✉❡ s❡ θ ∈ (0, 1) é t❛❧ q✉❡

1

r
=

θ

4/3
+

1− θ

2
,

❡♥tã♦✱

(
N∑

i,j=1

|U(ei, ej)|r
) 1

r

≤



(

N∑

i,j=1

|U(ei, ej)|4/3
) 3

4




θ

(

N∑

i,j=1

|U(ei, ej)|2
) 1

2




1−θ

≤
(

2√
π

) 4−2r
r

‖U‖ .

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ r ≥ 4/3✱ é ❢á❝✐❧ ✈❡r✐✜❝❛r✱ ❝♦♠♦ ♥♦ ❝❛s♦ r❡❛❧✱ q✉❡ LC,r ≥ 1. ◆♦

❡♥t❛♥t♦✱ s❡ r ∈
[
4
3
, 2
)
✱ ❛ ♥♦ss❛ té❝♥✐❝❛ ♣❛r❛ ❢♦r♥❡❝❡r ❡st✐♠❛t✐✈❛s ✐♥❢❡r✐♦r❡s ót✐♠❛s ♣❛r❛

LR,r ♣❛r❡❝❡ ✐♥út✐❧ ♣❛r❛ ♦ ❝❛s♦ ❝♦♠♣❧❡①♦✳ ❆ t❛❜❡❧❛ ❛ s❡❣✉✐r é ✐❧✉str❛t✐✈❛✿

r LC,r ≥ LC,r ≤

1
(

2√
π

) 4−2r
r

4/3 1 2/
√
π ≈ 1.128380

1.93 1 1.0088

1.95 1 1.0062

1.99 1 1.0012

≥ 2 1 1

❈♦♠♦ LR,r = 2
2−r
r ❡ LC,r ≤

(
2√
π

) 4−2r
r

♣❛r❛ t♦❞♦ r ∈
[
4
3
, 2
)
✱ r❡s✉❧t❛ q✉❡

LR,r > LC,r ✭✶✳✷✶✮

♣❛r❛ t♦❞♦s ♦s ❝❛s♦s ♥ã♦ tr✐✈✐❛✐s✱ ✐✳❡✳✱ s❡♠♣r❡ q✉❡ r ∈
[
4
3
, 2
)
.

✶✳✸✳✸ ❙♦❜r❡ ❛s ✈❛r✐❛çõ❡s ♥♦ ❝❛s♦ ❝♦♠♣❧❡①♦

◆ã♦ s❛❜❡♠♦s s❡ ♥♦ss❛s ❡st✐♠❛t✐✈❛s s✉♣❡r✐♦r❡s ♣❛r❛ ❡s❝❛❧❛r❡s ❝♦♠♣❧❡①♦s sã♦ ❛s

ót✐♠❛s✳ ❆❣♦r❛ ❡♥❢❛t✐③❛♠♦s q✉❡ ✉♠❛ té❝♥✐❝❛ ❞✐❢❡r❡♥t❡✱ ❡♠❜♦r❛ ❜❛st❛♥t❡ ❡✜❝❛③ ♣❛r❛ ❡s✲

t✐♠❛t✐✈❛s ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✱ ❢♦r♥❡❝❡ r❡s✉❧t❛❞♦s ♣✐♦r❡s✳

❊st❛ ❛❜♦r❞❛❣❡♠ é ❜❛s❡❛❞❛ ❡♠ ❛r❣✉♠❡♥t♦s r❡❝❡♥t❡s ❞❡ ❬✷✵✱ ✹✻❪✳ P♦r ✉♠❛ q✉❡stã♦ ❞❡

♣r❛t✐❝✐❞❛❞❡✱ ❧❡♠❜r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s út❡✐s ♠❡♥❝✐♦♥❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✿

✸✹



❚❡♦r❡♠❛ ✶✳✸✳✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❤✐♥❝❤✐♥❡✮ P❛r❛ t♦❞♦ 0 < p < ∞✱ ❡①✐st❡♠

❝♦♥st❛♥t❡s Ap ❡ Bp t❛✐s q✉❡

Ap

(
N∑

n=1

|an|2
) 1

2

≤
(∫ 1

0

∣∣∣∣∣

N∑

n=1

anrn (t)

∣∣∣∣∣

p

dt

) 1
p

≤ Bp

(
N∑

n=1

|an|2
) 1

2

✭✶✳✷✷✮

♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ N ❡ ❡s❝❛❧❛r❡s a1, . . . , an ✭rn ❞❡♥♦t❛ ❛ ❡♥és✐♠❛ ❢✉♥çã♦ ❞❡

❘❛❞❡♠❛❝❤❡r✮.

P❛r❛ p > p0✱ ❝♦♠ 1 < p0 < 2 ❞❡✜♥✐❞♦ ♣♦r

Γ

(
p0 + 1

2

)
=

√
π

2
,

✉♠ r❡s✉❧t❛❞♦ ❞❛❞♦ ♣♦r ❯✳ ❍❛❛❣❡r✉♣ ✭❬✸✵❪✮ ❛✜r♠❛ q✉❡

Ap :=
√
2

(
Γ((p+ 1)/2)√

π

)1/p

✭✶✳✷✸✮

é ❛ ♠❡❧❤♦r ❝♦♥st❛♥t❡ q✉❡ s❛t✐s❢❛③ ✭✶✳✷✷✮✳ P❛r❛ p ≤ p0✱ ♦ ♠❡❧❤♦r ✈❛❧♦r é

Ap = 2
1
2
− 1

p . ✭✶✳✷✹✮

❚❡♦r❡♠❛ ✶✳✸✳✸ ✭❇❧❡✐✱ ❉❡❢❛♥t ❡t ❛❧✱ ❬✷✵✱ ▲❡♠♠❛ ✸✳✶❪✮ ❙❡❥❛♠ A ❡ B ❞♦✐s ❝♦♥❥✉♥✲

t♦s ✜♥✐t♦s ❡ ♥ã♦✲✈❛③✐♦s ❡ (aij)(i,j)∈A×B ✉♠❛ ♠❛tr✐③ ❡s❝❛❧❛r ❝♦♠ ❡♥tr❛❞❛s ♣♦s✐t✐✈❛s❀ ❞❡✲

♥♦t❡♠♦s s✉❛s ❝♦❧✉♥❛s ♣♦r αj = (aij)i∈A ❡ s✉❛s ❧✐♥❤❛s ♣♦r βi = (aij)j∈B. ❊♥tã♦✱ ♣❛r❛

q, s1, s2 ≥ 1✱ ❝♦♠ q > max(s1, s2)✱ t❡♠♦s

 ∑

(i,j)∈A×B

a
w(s1,s2)
ij




1
w(s1,s2)

≤
(
∑

i∈A
‖βi‖s1q

) f(s1,s2)
s1

(
∑

j∈B
‖αj‖s2q

) f(s2,s1)
s2

,

❝♦♠

w : [1, q)2 → [0,∞), w(x, y) :=
q2(x+ y)− 2qxy

q2 − xy
,

f : [1, q)2 → [0,∞), f(x, y) :=
q2x− qxy

q2(x+ y)− 2qxy
.

❈♦♠♦ ♦❜s❡r✈❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ é ♣♦ssí✈❡❧ ✉s❛r ✉♠❛ ✈❡rsã♦ ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ ❞♦

❚❡♦r❡♠❛ ✶✳✸✳✷✿

❚❡♦r❡♠❛ ✶✳✸✳✹ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❤✐♥❝❤✐♥❡✮ P❛r❛ t♦❞♦ 0 < p < ∞✱ ❡①✐st❡♠

❝♦♥st❛♥t❡s Ãp ❡ B̃p t❛✐s q✉❡

Ãp

(
N∑

n=1

|an|2
) 1

2

≤
∥∥∥∥∥

N∑

n=1

anεn

∥∥∥∥∥
p

≤ B̃p

(
N∑

n=1

|an|2
) 1

2

✭✶✳✷✺✮

♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ N ❡ ❡s❝❛❧❛r❡s a1, . . . , an ✭εn ❞❡♥♦t❛ ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ❞❡

❙t❡✐♥❤❛✉s✮.

✸✺



❉❡ ❬✹✺✱ ♣✳ ✶✺✶❪✱ s❛❜❡♠♦s q✉❡

Ap ≤ Ãp ✭✶✳✷✻✮

Ãp =

(
Γ

(
p+ 2

2

)) 1
p

❡ ❡st❛s ❝♦♥st❛♥t❡s sã♦ ót✐♠❛s ♣❛r❛ ♦ ❝❛s♦ q✉❡ é ❞❡ ♥♦ss♦ ✐♥t❡r❡ss❡✱ ✐✳❡✳✱ p ≥ 1 ✭✈❡❥❛

❬✸✱ ✺✶❪✮✳ ❆ss✐♠✱ ✉s❛♠♦s ♦s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s ❡ ♦❜t❡♠♦s✿

Pr♦♣♦s✐çã♦ ✶✳✸✳✺ ❆ ❝♦♥st❛♥t❡ ót✐♠❛ LC,r q✉❡ s❛t✐s❢❛③✿

LC,r ≤



(
Γ

(
2r
4−r

+ 2

2

)) 4−r
2r




−1

♣❛r❛ t♦❞♦ r ∈
(
4
3
, 2
)
✳

◆❡st❛ ❞❡♠♦♥str❛çã♦ ✉t✐❧✐③❛♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ s♦♠❛❜✐❧✐❞❛❞❡✱ ♣❛r❛ ❞❡t❛❧❤❡s s♦❜r❡

♦♣❡r❛❞♦r❡s ❛❜s♦❧✉t❛♠❡♥t❡ s♦♠❛♥t❡s r❡❝♦♠❡♥❞❛♠♦s ❬✷✺❪✮✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ U : ℓN∞ × ℓN∞ → C ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r✳ ❯s❛♠♦s ♦ ❚❡♦r❡♠❛ ✶✳✸✳✸

❝♦♠ {
s1 = s2 =

2r
4−r

,

q = 2

❆ss✐♠ {
ω (s1, s2) = r,

f (s1, s2) =
1
2
.

❚❡♠♦s ❡♥tã♦

(
N∑

i,j=1

|U(ei, ej)|r
) 1

r

≤
(

N∑

i=1

∥∥∥(U(ei, ej))
N
j=1

∥∥∥
s2

2

) f(s2,s1)
s2

·
(

N∑

j=1

∥∥∥(U(ei, ej))
N
i=1

∥∥∥
s1

2

) f(s1,s2)
s1

.

▲♦❣♦✱ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✹✱ t❡♠♦s

∥∥∥(U(ei, ej))
N
i=1

∥∥∥
s1

2
≤
(
Ãs1

−1
)s1 ∫

[0,1]

∣∣∣∣∣

N∑

i=1

εi(t)U(ei, ej)

∣∣∣∣∣

s1

dt

=
(
Ãs1

−1
)s1 ∫

[0,1]

∣∣∣∣∣

N∑

i=1

U(εi(t)ei, ej)

∣∣∣∣∣

s1

dt.

❙♦♠❛♥❞♦ s♦❜r❡ j = 1, . . . , N ♦❜t❡♠♦s

N∑

j=1

∥∥∥(U(ei, ej))
N
i=1

∥∥∥
s1

2
≤
(
Ãs1

−1
)s1 ∫

[0,1]

N∑

j=1

∣∣∣∣∣U(
N∑

i=1

εi(t)ei, ej)

∣∣∣∣∣

s1

dt.

✸✻



❆ss✐♠

N∑

j=1

∥∥∥(U(ei, ej))
N
i=1

∥∥∥
s1

2
≤
(
Ãs1

−1
)s1 ∫

[0,1]

∥∥∥∥∥U(
N∑

i=1

εi(t)ei, .)

∥∥∥∥∥

s1

π(s1;1)

dt

≤
(
Ãs1

−1
)s1

‖U‖s1 ,

♦♥❞❡ π(s1; 1) ❞❡♥♦t❛ ❛ (s1; 1)✲♥♦r♠❛ ❛❜s♦❧✉t❛✳

▲♦❣♦ (
N∑

j=1

∥∥∥(U(ei, ej))
N
i=1

∥∥∥
s1

2

) 1
s1

≤ Ãs1

−1 ‖U‖ .

❈♦♠♦ s1 = s2✱ ❛ ♦✉tr❛ ❡st✐♠❛t✐✈❛ é ❛♥á❧♦❣❛❀ ❝♦♠❜✐♥❛♥❞♦ ❛♠❜❛s ❡st✐♠❛t✐✈❛s ♦❜t❡♠♦s(
N∑

i,j=1

|U(ei, ej)|r
)1/r

≤
(
Ãs1

−1 ‖U‖
)1/2 (

Ãs1

−1 ‖U‖
)1/2

= Ãs1

−1 ‖U‖ .

❖✉ s❡❥❛

(
N∑

i,j=1

|U(ei, ej)|r
)1/r

≤



(
Γ

(
2r
4−r

+ 2

2

)) 4−r
2r




−1

‖U‖ .

❈♦♥❝❧✉✐♠♦s ❛ss✐♠ q✉❡

LC,r ≤



(
Γ

(
2r
4−r

+ 2

2

)) 4−r
2r




−1

♣❛r❛ t♦❞♦ r ∈
[
4
3
, 2
)
.

P♦ré♠✱ ✉♠❛ ✐♥s♣❡çã♦ ❞✐r❡t❛ r❡✈❡❧❛

(
Γ

(
4

4− r

)) r−4
2r

>

(
2√
π

) 4−2r
r

♣❛r❛ t♦❞♦ r ∈
(
4
3
, 2
)
❡✱ ❛ss✐♠✱ ❛s ❡st✐♠❛t✐✈❛s ❞❛ s✉❜s❡çã♦ ✶✳✸✳✷ tê♠✱ ❞❡ ❢❛t♦✱ ♠❛✐s

♣r❡❝✐sã♦✳

✸✼



❈❛♣ít✉❧♦ ✷

❉❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡

❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡

❙❡❥❛♠ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ s♦❜r❡ K✱ ❡ m ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ q✉❛❧q✉❡r✳ ❉❡

❢♦r♠❛ ❣❡r❛❧✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✷✳✵✳✻ ❉✐③❡♠♦s q✉❡ p : E → K✱ é ✉♠ ♣♦❧✐♥ô♠✐♦ ❤♦♠♦❣ê♥❡♦ ❡♠ E ❞❡ ❣r❛✉

m✱ s❡ ❡①✐st❡ ✉♠❛ ❢♦r♠❛ m−❧✐♥❡❛r

Q : Em → K

t❛❧ q✉❡

p (x) = Q (x, x, ..., x)

♣❛r❛ t♦❞♦ x ∈ E✳

❉❡♥♦t❛♥❞♦ ♣♦r Q̂ ❛ r❡str✐çã♦ ❞❡ Q à ❞✐❛❣♦♥❛❧ ❞❡ Em✱ t❡♠♦s ✉♠ ❢❛♠♦s♦ r❡s✉❧t❛❞♦

❛❧❣é❜r✐❝♦ q✉❡ ❞✐③ ♦ s❡❣✉✐♥t❡✿

▲❡♠❛ ✷✳✵✳✼ P❛r❛ t♦❞♦ ♣♦❧✐♥ô♠✐♦ m−❤♦♠♦❣ê♥❡♦ p✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢♦r♠❛ s✐♠étr✐❝❛

m✲❧✐♥❡❛r

P : Em → K

t❛❧ q✉❡ P̂ = p✳

❚❛❧ ❢♦r♠❛ s✐♠étr✐❝❛ m✲❧✐♥❡❛r é ❝❤❛♠❛❞❛ ❞❡ ❢♦r♠❛ ♣♦❧❛r ❞❡ p✳



❯♠ ♦✉tr♦ r❡s✉❧t❛❞♦ ❝♦♥❤❡❝✐❞♦ ❞✐③ q✉❡ ♣♦❧✐♥ô♠✐♦s m✲❤♦♠♦❣ê♥❡♦s ❡ ❢♦r♠❛s

m−❧✐♥❡❛r❡s sã♦ ❝♦♥tí♥✉❛s s♦❜r❡ E s❡✱ ❡ s♦♠❡♥t❡ s❡✱ sã♦ ❧✐♠✐t❛❞♦s ♥❛ ❜♦❧❛ ✉♥✐tár✐❛

BE ♦✉ BEm ✱ r❡s♣❡t✐✈❛♠❡♥t❡✳

❊♠ t❛❧ ❝❛s♦ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛s ♥♦r♠❛s✿

‖p‖ := sup {|p (x)| ; x ∈ BE} ✭✷✳✶✮

♣❛r❛ p ✉♠ ♣♦❧✐♥ô♠✐♦ m✲❤♦♠♦❣ê♥❡♦ ❝♦♥tí♥✉♦ ❡♠ E✱ ❡

‖P‖ := sup {|P (x1, ..., xm)| ; x1, ..., xm ∈ BE}

♣❛r❛ P ✉♠❛ ❢♦r♠❛ m−♠✉❧t✐❧✐♥❡❛r ❝♦♥tí♥✉❛ ❡♠ Em✳ ❊♠ ❣❡r❛❧✱ ❡st❛s ♥♦r♠❛s sã♦ ♠✉✐t♦

❞✐❢í❝❡✐s ❞❡ s❡r❡♠ ❝❛❧❝✉❧❛❞❛s✳

❉❡♥♦t❛♥❞♦ ♣♦r P (mE)✱ ♦ ❡s♣❛ç♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s m−❤♦♠♦❣ê♥❡♦s ❡ ❝♦♥✲

tí♥✉♦s s♦❜r❡ E✱ ❛ ✐❣✉❛❧❞❛❞❡ ✭✷✳✶✮ ❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ s♦❜r❡ P (mE)✳

❈♦♠♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ E = Kn✱ ♦ ♣♦❧✐♥ô♠✐♦ m✲❤♦♠♦❣ê♥❡♦ p ♣♦❞❡ s❡r

❡s❝r✐t♦ ❝♦♠♦

p (x) =
∑

|α|=m

aαx
α, ✭✷✳✷✮

❝♦♠ x = (x1, ..., xn) ∈ Kn✱ α = (α1, ..., αn) ∈ (N0)
n✱ |α| = α1+ ...+αn ❡ xα = xαn

1 ...xαn
n ✳

◗✉❛♥❞♦ ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ❡♠

P (mE) ❛ s❡❣✉✐♥t❡ ♥♦r♠❛✳ ▲❡♠❜r❡♠♦s q✉❡ s❡ ❛ ❞✐♠❡♥sã♦ ❞❡ E ❢♦r n✱ ♣♦❞❡♠♦s

✐❞❡♥t✐✜❝á✲❧♦ ❝♦♠ Kn✳

❉❡✜♥✐çã♦ ✷✳✵✳✽ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ p ✉♠ ♣♦❧✐♥ô♠✐♦

m✲❤♦♠♦❣ê♥❡♦ ❝♦♥tí♥✉♦ ❡♠ E✳

|p|q :=


∑

|α|=m

|aα|q



1
q

.

❞❡✜♥❡ ❛ lq✱ q ≥ 1✱ ♥♦r♠❛ ❞❡ p (x) =
∑

|α|=m aαx
α✱ q✉❡ s❡rá ❞❡♥♦t❛❞❛ ♣♦r |·|q

❆ss✐♠✱ q✉❛♥❞♦ E ❢♦r ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ t❡r❡♠♦s q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s cm,n ❡

Cm,n✱ t❛✐s q✉❡

cm,n |p|q ≤ ‖p‖ ≤ Cm,n |p|q , ✭✷✳✸✮

♣❛r❛ t♦❞♦ p ∈ P (mE)✳ ■st♦ é✱ ❛s ♥♦r♠❛s ‖.‖ ❡ |.|q ✈ã♦ s❡r ❡q✉✐✈❛❧❡♥t❡s✳

✸✾



❯♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ❛♥t❡r✐♦r ❞❡s✐❣✉❛❧❞❛❞❡ é ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡

❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✱ ❛ s❛❜❡r✱ q✉❛♥❞♦ q = 2m
m+1

✳ ❙❡❣✉♥❞♦ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ s❡ q = 2m
m+1

✱

❡♥tã♦

|p|q ≤ c−1
m,n ‖p‖

tr❛♥s❢♦r♠❛✲s❡ ❡♠

|p| 2m
m+1

≤ cm ‖p‖ .

❉✐t♦ ❞❡ ♦✉tr♦ ♠♦❞♦✱ s❡ q = 2m
m+1

✱ ❡♥tã♦ ❛ ❝♦♥st❛♥t❡ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ❞✐♠❡♥sã♦ ❞♦

❡s♣❛ç♦ Kn✳

❇♦❤♥❡♥❜❧✉st ❡ ❍✐❧❧❡ ♣r♦✈❛r❛♠ q✉❡ 2m
m+1

é ót✐♠♦✱ ♥♦ s❡♥t✐❞♦ q✉❡ s❡ ❝♦♥s✐❞❡r❛r♠♦s

q < 2m
m+1

✱ ♣❡r❞❡r❡♠♦s ❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ❞✐♠❡♥sã♦ ❞♦ ❡s♣❛ç♦ Kn✳

❉✐ss❡rt❛r❡♠♦s ✉♠ ♣♦✉❝♦ ♥❡st❡ ❝❛♣ít✉❧♦ s♦❜r❡ ❡st❛ ❢❛♠♦s❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ s✉❛

♣r♦❢✉♥❞❛ r❡❧❛çã♦ ❝♦♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞✳ ◆♦ ✜♥❛❧ ❞♦ ❝❛♣í✲

t✉❧♦ ❡s❝r❡✈❡r❡♠♦s s♦❜r❡ ♦ ❡st❛❞♦ ❞❛ ❛rt❡ ❞❛s ❝♦♥st❛♥t❡s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❡ ❞❛r❡♠♦s ❡st♠❛t✐✈❛s ✐♥❢❡r✐♦r❡s ♥ã♦✲tr✐✈✐❛✐s ♣❛r❛ ❛s

❝♦♥st❛♥t❡s ót✐♠❛s ♥♦ ❝❛s♦ ❝♦♠♣❧❡①♦✳

✷✳✶ ❆s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❡ ❑❛❤❛♥❡✕

❙❛❧❡♠✕❩②❣♠✉♥❞

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞ ✭✈❡❥❛ ❬✸✸✱ ❚❡♦r❡♠❛ ✹✱ ❈❛♣ít✉❧♦ ✻❪ ❡

t❛♠❜é♠ ❬✺✵❪✮ é ✉♠ r❡s✉❧t❛❞♦ ♣♦❞❡r♦s♦ ❡ ❝♦♠ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s ✭✈❡❥❛ ❬✺✱ ✽✱ ✾✱ ✶✻✱ ✹✽❪✮✳

❊ss❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ❡♠ s✉❛s ❢♦r♠✉❧❛çõ❡s ♠❛✐s ❣❡r❛✐s✱ é ✉♠ r❡s✉❧t❛❞♦ ♣r♦❜❛❜✐❧íst✐❝♦✱ ♠❛s

♥♦ ♥♦ss♦ ❝❛s♦✱ ✉♠❛ ✈❡rsã♦ ♠❛✐s ❢r❛❝❛ é s✉✜❝✐❡♥t❡✳

❚❡♦r❡♠❛ ✷✳✶✳✶ ❬❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞❪❙❡❥❛♠ m,n ✐♥t❡✐r♦s ♣♦s✐✲

t✐✈♦s✳ ❊♥tã♦ ❡①✐st❡♠ s✐♥❛✐s εα = ±1 t❛✐s q✉❡ ♦ ♣♦❧✐♥ô♠✐♦ m✲❤♦♠♦❣ê♥❡♦

Pm,n : ℓn∞ → C

❞❛❞♦ ♣♦r

Pm,n(z) =
∑

|α|=mεαz
α

s❛t✐s❢❛③

‖Pm,n‖ ≤ Cn(m+1)/2
√

logm

♦♥❞❡ C > 0 é ✉♠❛ ❝♦♥st❛♥t❡ ✉♥✐✈❡rs❛❧ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ n ♥❡♠ ❞❡ m✳

✹✵



❉❡s❞❡ ❛ ♣✉❜❧✐❝❛çã♦ ❞♦ ❢❛♠♦s♦ ❛rt✐❣♦ ❬✽❪ ❞❡ ❍✳ P✳ ❇♦❛s✱ ♦ ✉s♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡

❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞ ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣r♦❜❛❜✐❧íst✐❝♦s ❛✈❛♥ç❛❞♦s ♥❛ t❡♦r✐❛ ❞❛s

sér✐❡s ❞❡ ❉✐r✐❝❤❧❡t ♣❛r❡❝❡ t❡r✲s❡ t♦r♥❛❞♦✱ ❡♠ ❝❡rt♦ s❡♥t✐❞♦✱ ✉s✉❛❧ ✭✈❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱

❬✹✱ ✶✽✱ ✸✼❪ ❡ ❛s r❡❢❡rê♥❝✐❛s ❛❧✐ ❝♦♥t✐❞❛s✮✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ ❢♦r♥❡❝❡♠♦s ❝♦♥❡①õ❡s ❡①♣❧í❝✐t❛s

❡♥tr❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✲❙❛❧❡♠✲❩②❣♠✉♥❞ ❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❇♦❤♥❡♥❜❧✉st✲

❍✐❧❧❡ q✉❡ ♣♦❞❡♠ s❡r út❡✐s ❡♠ ❢✉t✉r❛s ✐♥✈❡st✐❣❛çõ❡s✳

✷✳✶✳✶ ❯♠❛ ♣r♦✈❛ s✐♠♣❧❡s ❞❡ q✉❡ ♦ ❡①♣♦❡♥t❡ 2m
m+1 é ót✐♠♦

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ♥❛ ■♥tr♦❞✉çã♦✱ ❛ ♣r♦✈❛ ✭❞❛❞❛ ♣♦r ❇♦❤♥❡♥❜❧✉st ❡ ❍✐❧❧❡✮ ❞❛

♦t✐♠❛❧✐❞❛❞❡ ♦ ❡①♣♦❡♥t❡ 2m/(m + 1) ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❡r❛ ❞❡♠❛✲

s✐❛❞♦ ❝♦♠♣❧✐❝❛❞❛✳ ❱❡r❡♠♦s ❛ s❡❣✉✐r q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✲❙❛❧❡♠✲❩②❣♠✉♥❞

♥♦s ❞á ✉♠❛ ♣r♦✈❛ ❜❛st❛♥t❡ s✐♠♣❧❡s ❞❡st❡ ❢❛t♦✱ ❛ ❡ssê♥❝✐❛ ❞♦ ♥♦ss♦ ❛r❣✉♠❡♥t♦ ♣♦❞❡ s❡r

❡♥❝♦♥tr❛❞❛ ♥♦ ❛rt✐❣♦ ❞❡ ❇♦❛s ❬✽❪✳

❊♠ ❬✼❪ ❤á ✉♠❛ ♣r♦✈❛ ❛❧t❡r♥❛t✐✈❛ ❞❛ ♦t✐♠❛❧✐❞❛❞❡ ❞♦ ❡①♣♦❡♥t❡ 2m/(m + 1) ♣❛r❛

♦ ❝❛s♦ ❞❡ ❢♦r♠❛s m✲❧✐♥❡❛r❡s✳ P♦ré♠✱ ♦ ❛r❣✉♠❡♥t♦ é t❛♠❜é♠ ♥❛❞❛ tr✐✈✐❛❧ ❡ ❡♥✈♦❧✈❡ ♦s

❝♦♥❝❡✐t♦s ❞❡ ❝♦♥❥✉♥t♦s p✲❙✐❞♦♥ ❡ s✐st❡♠❛s s✉❜❣❛✉ss✐❛♥♦s✳ ❆❣♦r❛✱ ♠♦str❛r❡♠♦s q✉❡ ❛

♦t✐♠❛❧✐❞❛❞❡ ❞♦ ❡①♣♦❡♥t❡ 2m
m+1

é ✉♠❛ ❝♦♥s❡qüê♥❝✐❛ ❞✐r❡t❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✲

❙❛❧❡♠✲❩②❣♠✉♥❞ ✭♦s r❡s✉❧t❛❞♦s sã♦ ❞❡♠♦♥str❛❞♦s ♣❛r❛ ❡s❝❛❧❛r❡s ❝♦♠♣❧❡①♦s✱ ♠❛s ♦

♠❡s♠♦ ❛r❣✉♠❡♥t♦ ✈❛❧❡ ♣❛r❛ ❡s❝❛❧❛r❡s r❡❛✐s✱ ✉♠❛ ✈❡③ q✉❡ é ó❜✈✐♦ q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ❑❛❤❛♥❡✲❙❛❧❡♠✲❩②❣♠✉♥❞ ♣♦❞❡ s❡r ❛❞❛♣t❛❞❛ ❛♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s r❡❛✐s✮✳

❚❡♦r❡♠❛ ✷✳✶✳✷ ❖ ❡①♣♦❡♥t❡ 2m
m+1

♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ é

ót✐♠♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ m ≥ 2 ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ✜①♦✳ P❛r❛ ❝❛❞❛ n✱ s❡❥❛ Pm,n : ℓn∞ → C

♦ ♣♦❧✐♥ô♠✐♦ m✲❤♦♠♦❣ê♥❡♦ q✉❡ s❛t✐s❢❛③ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞✳

P❛r❛ ♥♦ss♦ ♦❜❥❡t✐✈♦ é s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r ♦ ❝❛s♦ n > m.

❙❡❥❛ q < 2m
m+1

✳ ❊♥tã♦✱ ✉♠ ❝á❧❝✉❧♦ ❞❡ ❝♦♠❜✐♥❛tór✐❛ ♠♦str❛ q✉❡

∑
|α|=m |εα|q = p(n) +

1

m!

m−1∏
k=0

(n− k),

♦♥❞❡ p (n) > 0 é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ m − 1. ❙❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡

❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❢♦ss❡ ✈á❧✐❞❛ ❝♦♠ ♦ ❡①♣♦❡♥t❡ q✱ ❡♥tã♦✱ t❡rí❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛

✹✶



❝♦♥st❛♥t❡ Cm,q > 0 t❛❧ q✉❡

Cm,qC ≥ 1

n(m+1)/2
√
logm

(
p(n) +

1

m!

m−1∏
k=0

(n− k)

)1/q

♣❛r❛ t♦❞♦ n✱ ❝♦♠ C ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✶✳ ❊❧❡✈❛♥❞♦ ❛♠❜♦s ❧❛❞♦s ❛♦ ❡①♣♦❡♥t❡ q ❡ ❢❛③❡♥❞♦

n → ∞✱ ♦❜t❡♠♦s

(Cm,qC)q ≥ lim
n→∞

(
r(n)

m!nq(m+1)/2
(√

logm
)q +

p(n)

nq(m+1)/2
(√

logm
)q

)
,

❝♦♠

r(n) =
m−1∏
k=0

(n− k).

❈♦♠♦

deg r = m >
q(m+ 1)

2
,

t❡rí❛♠♦s

lim
n→∞

(
r(n)

m!nq(m+1)/2
(√

logm
)q +

p(n)

nq(m+1)/2
(√

logm
)q

)
= ∞,

✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕

❍✐❧❧❡ ✭❝♦♠ ❡①♣♦❡♥t❡ q✮ ✐♠♣❧✐❝❛ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❝♦♠

♦ ♠❡s♠♦ ❡①♣♦❡♥t❡✱ ❝♦♥❝❧✉í♠♦s q✉❡ 2m
m+1

é t❛♠❜é♠ ót✐♠♦ ♥♦ ❝❛s♦ ♠✉❧t✐❧✐♥❡❛r✳

▲❡♠❜r❛♠♦s q✉❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❇❡r♥♦✉❧❧✐ é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝✉❥♦s ❝♦❡✜❝✐❡♥t❡s sã♦

−1 ♦✉ 1❀ ❛ ♣r♦✈❛ ❛♥t❡r✐♦r✱ ❡♠❜♦r❛ s✐♠♣❧❡s✱ ♣r♦✈❛✱ ❞❡ ❢❛t♦✱ ✉♠ r❡s✉❧t❛❞♦ ♠❛✐s ❢♦rt❡✿

❚❡♦r❡♠❛ ✷✳✶✳✸ ❙❡❥❛ q ≥ 1 t❛❧ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Cq,m ≥ 1 q✉❡ s❛t✐s❢❛③

(
∑

|α|=m

|εα|q
) 1

q

≤ Cq,m ‖Pm,n‖

♣❛r❛ t♦❞♦ ♣♦❧✐♥ô♠✐♦ ❞❡ ❇❡r♥♦✉❧❧✐ m✲❤♦♠♦❣ê♥❡♦ Pm,n : ℓn∞ → C ❞❡✜♥✐❞♦ ♣♦r

Pm,n(z) =
∑

|α|=m

εαz
α.

❊♥tã♦✱

q ≥ 2m

m+ 1
.

✹✷



✷✳✶✳✷ ❆ ❝♦♥st❛♥t❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞

❡ ❛s ❝♦♥st❛♥t❡s ót✐♠❛s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡

❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡

❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ Kpol
m ❞❡♥♦t❛ ❛ ❝♦♥st❛♥t❡ ót✐♠❛ s❛t✐s❢❛③❡♥❞♦ ❛ ✭m✲❤♦♠♦❣ê♥❡❛✮

❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ ✭❝❛s♦ ❝♦♠♣❧❡①♦✮ ❡ C ❞❡♥♦t❛ ❛ ❝♦♥st❛♥t❡

✉♥✐✈❡rs❛❧ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❑❛❤❛♥❡✲❙❛❧❡♠✲❩②❣♠✉♥❞✳

◆❡st❛ s✉❜s❡çã♦✱ ✈❛♠♦s ❡s❜♦ç❛r ❛❧❣✉♠❛s ❝♦♥❡①õ❡s ❡♥tr❡ ❛ ❝♦♥st❛♥t❡ ✉♥✐✈❡rs❛❧

❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✲❙❛❧❡♠✲❩②❣♠✉♥❞ ❡ ❛s ❝♦♥st❛♥t❡s ót✐♠❛s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡

♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ ✭❝❛s♦ ❝♦♠♣❧❡①♦✮❀ ❡st❛ ❛❜♦r❞❛❣❡♠ ♣♦❞❡ s❡r út✐❧ ♣❛r❛ ❛

❝♦♥str✉çã♦ ❞❡ ❡str❛té❣✐❛s ❛❞❡q✉❛❞❛s ♣❛r❛ ❛ ✐♥✈❡st✐❣❛çã♦ ❞❛s ❡st✐♠❛t✐✈❛s ✐♥❢❡r✐♦r❡s ♣❛r❛

❛s ❝♦♥st❛♥t❡s ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ✭❝❛s♦ ❝♦♠♣❧❡①♦✮✳

❆ ❜✉s❝❛ ❞❛s ❝♦♥st❛♥t❡s ✐❞❡❛✐s ❞❡ q✉❛❧q✉❡r ♥❛t✉r❡③❛ é ♥❛t✉r❛❧♠❡♥t❡ ❞✐✈✐❞✐❞❛ ❡♠

❞✉❛s ❛❜♦r❞❛❣❡♥s ❞✐❢❡r❡♥t❡s✿ ❛ ❜✉s❝❛ ❞❡ ❡st✐♠❛t✐✈❛s s✉♣❡r✐♦r❡s ❡ ❡st✐♠❛t✐✈❛s ✐♥❢❡r✐♦r❡s✳

P❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡✱ ❛ s✐t✉❛çã♦ ♥ã♦ é ❞✐❢❡r❡♥t❡✳

❖ ♠❡❧❤♦r r❡s✉❧t❛❞♦ ❡♠ ❧✐♠✐t❛♥t❡s s✉♣❡r✐♦r❡s ♣❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡

❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ ✭❝❛s♦ ❝♦♠♣❧❡①♦✮ é ❞❡✈✐❞♦ ❛ ❉❡❢❛♥t❡t ❛❧✳✱ ♣✉❜❧✐❝❛❞♦ ❡♠ ✷✵✶✶✱ ❡♠

❬✶✽❪ ✭✈❡r ✭✷✳✾✮✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛s ❡st✐♠❛t✐✈❛s ♣❛r❛ ❧✐♠✐t❡s ✐♥❢❡r✐♦r❡s ❛♣r❡s❡♥t❛ ♣♦✉❝♦s

❛✈❛♥ç♦s ♥♦ ❝❛s♦ ❝♦♠♣❧❡①♦✳ ❆té ❛❣♦r❛✱ ♦ ú♥✐❝♦ r❡s✉❧t❛❞♦ ♥ã♦✲tr✐✈✐❛❧ ✭♣❛r❛ ❡s❝❛❧❛r❡s

❝♦♠♣❧❡①♦s✮ ❛✜r♠❛ q✉❡

Kpol
2 ≥ 1.1066 ✭❬✶✸❪✮✳

❱❛♠♦s ❝♦♠❡ç❛r ❝♦♠ ✉♠❛ ♦❜s❡r✈❛çã♦ s✐♠♣❧❡s✿ ❛s ❝♦♥st❛♥t❡s ót✐♠❛s q✉❡ s❛t✐s❢❛③❡♠ ❛

✭m ❤♦♠♦❣ê♥❡❛✮ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ♣♦❞❡♠ s❡r ✉s❛❞❛s ♣❛r❛

❡st✐♠❛r ❛ ❝♦♥st❛♥t❡ ✉♥✐✈❡rs❛❧ C ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞ ✳

❈♦♠ ❡❢❡✐t♦✱ ✉s❛♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r ✭❡s❝♦❧❤❡♥❞♦m = n✮✱

❝♦♥❝❧✉✐✲s❡ q✉❡

Kpol
m C ≥ 1

m
m+1

2

√
logm

(
(2m− 1)!

m! (m− 1)!

)m+1
2m

✭✷✳✹✮

♣❛r❛ t♦❞♦ m ≥ 2. ❯♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s ❢♦r♥❡❝❡ ✉♠❛ ❝♦t❛ ✐♥❢❡r✐♦r ♣❛r❛ ♦ ✈❛❧♦r ót✐♠♦ ❞❡

C. ❉❡ ❢❛t♦✱ ♣❛r❛ m = 2✱ ❞❡ ✭✷✳✹✮✱ t❡♠♦s

Kpol
2 C > 0.9680. ✭✷✳✺✮

✹✸



▼❛s✱ ❞❡ ❬✹✾✱ ❚❤❡♦r❡♠ ■■■✳✶❪✱ s❛❜❡♠♦s q✉❡

Kpol
2 ≤ 1.7432

❡✱ ❛ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡

C >
0.9680

1.7432
> 0.5553. ✭✷✳✻✮

P♦ré♠✱ ✉s❛♥❞♦ ✉♠❛ té❝♥✐❝❛ ❞✐❢❡r❡♥t❡ ♣♦❞❡✲s❡ ♦❜t❡r ✉♠❛ ❡st✐♠❛t✐✈❛ ❜❛st❛♥t❡ ♠❡❧❤♦r

♣❛r❛ C✳ ❉❡ ❬✷✱ ❡q ✸✳✶❪ ❡ ♦ ✧▼❛①✐♠✉♠ ▼♦❞✉❧✉s Pr✐♥❝✐♣❧❡✧✭❝♦♠♦ é ✉s❛❞♦ ❡♠ ❬✶✸❪✮✱

♣♦❞❡♠♦s ♠♦str❛r q✉❡ s❡ P2 : ℓ
2
∞ → C é ❞❡✜♥✐❞♦ ♣♦r

P2(z1, z2) = az21 + bz22 + cz1z2 ✭✷✳✼✮

❝♦♠ a, b, c ∈ R✱ ❡♥tã♦✱

‖P2‖ =




|a+ b|+ |c| s❡ ab ≥ 0 ♦✉ |c(a+ b)| > 4|ab|✱

(|a|+ |b|)
√

1 + c2

4|ab| ❝❛s♦ ❝♦♥trár✐♦✳

▲♦❣♦✱ s❡ a, b, c ∈ {−1, 1} , ♦s ✈❛❧♦r❡s ♣♦ssí✈❡✐s ♣❛r❛ ❛ ♥♦r♠❛ ❞❡ P2 sã♦ 3 ❡
√
5. ❆ss✐♠✱

r❡s✉❧t❛ ✐♠❡❞✐❛t♦ q✉❡

C ≥
√
5

23/2
√
log 2

> 0.9495. ✭✷✳✽✮

◆ã♦ ❡♥❝♦♥tr❛♠♦s ❡st✐♠❛t✐✈❛s ✐♥❢❡r✐♦r❡s ♣❛r❛ C ♥❛ ❧✐t❡r❛t✉r❛✱ ❛ss✐♠✱ ♣r♦✈❛✈❡❧✲

♠❡♥t❡✱ ✭✷✳✽✮ ♣♦❞❡ s❡r ❞❡ ✐♥t❡r❡ss❡✳ ❆ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❡st✐♠❛t✐✈❛s ✭✷✳✻✮ ❡ ✭✷✳✽✮ é

t❛❧✈❡③ ❞❡✈✐❞❛ ❛♦ ❢❛t♦ ❞❡ q✉❡ ♣♦❧✐♥ô♠✐♦s ❞❡ ❇❡r♥♦✉❧❧✐ ♣❛r❡❝❡♠ ♥ã♦ s❡r ❜♦♥s ❝❛♥❞✐✲

❞❛t♦s ♣❛r❛ ♣r♦✈❡r ❝♦t❛s ✐♥❢❡r✐♦r❡s ♣❛r❛ Kpol
m ✳ ◆❛ ✈❡r❞❛❞❡✱ ❡♠ ❬✶✸❪✱ ❛ ♠❡❧❤♦r ❡s❝♦❧❤❛

♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ ❝♦t❛s ✐♥❢❡r✐♦r❡s ♣❛r❛ ❛ ❝♦♥st❛♥t❡ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡

❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❡♥tr❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❞❛ ❢♦r♠❛ ✭✷✳✼✮ é

P2(z1, z2) = z21 − z22 +
352 203

125 000
z1z2.

❈♦♠♦ C é ✉♠❛ ❝♦♥st❛♥t❡ ✉♥✐✈❡rs❛❧✱ ♣r❡s✉♠✐♠♦s q✉❡ ✭✷✳✹✮ t❛❧✈❡③ ♥ã♦ s❡❥❛ út✐❧ ♥❛s

❡st✐♠❛t✐✈❛s ❞❛s ❝♦♥st❛♥t❡s ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✳ P❛r❛ ✉♠❛ ✈❡rsã♦ ♠❛✐s ❢♦rt❡ ❞❡ ✭✷✳✹✮✱

♣❛r❡❝❡ q✉❡ ❞❡✈❡ ❡✈✐t❛r✲s❡ ❛ ✉t✐❧✐③❛çã♦ ❞❛ ❝♦♥st❛♥t❡ ✉♥✐✈❡rs❛❧ C ❡ ✉s❛r ✈❛❧♦r❡s ♣❛rt✐❝✉✲

❧❛r❡s ❞❡ C ♣❛r❛ ❡s❝♦❧❤❛s ❡s♣❡❝í✜❝❛s ❞❡ m,n. ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡ n ≥ m ≥ 2 ❡stã♦

✜①♦s✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞ ❞✐③✲♥♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡

✹✹



Cm,n ❝♦♠ 0 < Cm,n ≤ C t❛❧ q✉❡ ❡①✐st❡♠ s✐♥❛✐s εα = ±1 ❡ ✉♠ ♣♦❧✐♥ô♠✐♦ m✲❤♦♠♦❣ê♥❡♦

Pm,n : ℓn∞ → C

Pm,n(z) =
∑

|α|=m

εαz
α,

❝♦♠

‖Pm,n‖ ≤ Cm,nn
(m+1)/2

√
logm.

▼❛♥t❡♥❞♦ ❡ss❛ ♥♦t❛çã♦✱ t❡♠♦s q✉❡

Kpol
m Cm,n ≥ 1

n
m+1

2

√
logm

(
(n+m− 1)!

m! (n− 1)!

)m+1
2m

s❡♠♣r❡ q✉❡ m,n s❡❥❛♠ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s ❝♦♠ n ≥ m ≥ 2✳ ❆ss✐♠✱ ❛ ❜✉s❝❛ ❞♦s ✈❛❧♦r❡s

ót✐♠♦s ❞❡ Cm,n, ❛❧é♠ ❞❡ s❡✉ ✐♥t❡r❡ss❡ ✐♥trí♥s❡❝♦✱ ♣♦❞❡ ❛❥✉❞❛r ♥❛ ✐♥✈❡st✐❣❛çã♦ ✐♥❝✐♣✐❡♥t❡

❞❡ ❝♦t❛s ✐♥❢❡r✐♦r❡s ♣❛r❛ ❛s ❝♦♥st❛♥t❡s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✕

❍✐❧❧❡ Kpol
m ✳ P♦ré♠✱ ♥♦ss❛ s✉s♣❡✐t❛ é q✉❡ ♦s ♣♦❧✐♥ô♠✐♦s ❞❡ ❇❡r♥♦✉❧❧✐ ✭❡✱ ♣♦rt❛♥t♦✱ ❛

❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✲❙❛❧❡♠✲❩②❣♠✉♥❞✮ sã♦ ❡✜❝❛③❡s ❡①❝❧✉s✐✈❛♠❡♥t❡ ♣❛r❛ ❛ ♣r♦✈❛ ❞❛

♦t✐♠❛❧✐❞❛❞❡ ❞♦ ❡①♣♦❡♥t❡ 2m
m+1

✭❚❡♦r❡♠❛ ✷✳✶✳✷✮ ❡✱ ❝♦♠♦ ❛❝♦♥t❡❝❡✉ ♥♦ ❝❛s♦ m = n = 2✱

❡❧❡s ♥ã♦ ♣❛r❡❝❡♠ ❡✜❝✐❡♥t❡s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❛s ❝♦♥st❛♥t❡s Kpol
m ✳

✷✳✶✳✸ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞✿ ♦ ❡①♣♦❡♥t❡
m+1
2 é ót✐♠♦ ❛té ♣❛r❛ ❡s❝❛❧❛r❡s r❡❛✐s❄

➱ ó❜✈✐♦ q✉❡ ❛ ♥♦r♠❛ ❞❡ ✉♠ ♣♦❧✐♥♦♠✐♦ ❞❡ ❇❡r♥♦✉❧❧✐ s♦❜r❡ ♦ ❝♦r♣♦ ❡s❝❛❧❛r ❝♦♠♣❧❡①♦

♥✉♥❝❛ é ♠❡♥♦r ❞♦ q✉❡ ❛ s✉❛ ♥♦r♠❛ s♦❜r❡ ♦ ❝♦r♣♦ ❡s❝❛❧❛r r❡❛❧✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡

K = R ♦✉ C✱ εα ∈ {−1, 1} ❡

PK : ℓn∞(K) → K

PK(z) =
∑

|α|=m

εαz
α,

❡♥tã♦✱

‖PR‖ ≤ ‖PC‖ .

❯♠ ❡①❡♠♣❧♦ ❝♦♥❝r❡t♦✿ s❡ PK : ℓ2∞(K) → K é ❞❛❞♦ ♣♦r

PK(z) = z21 − z22 + z1z2,

✹✺



❡♥tã♦✱

‖PR‖ =
5

4
<

√
5 = ‖PC‖ .

❆ss✐♠✱ ❝♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ♥♦ ✐♥í❝✐♦ ❞❛ ♣r✐♠❡✐r❛ s❡çã♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ é ó❜✈✐♦ q✉❡ ❛

❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡ ✲ ❙❛❧❡♠ ✲ ❩②❣♠✉♥❞ ✈❛❧❡ ♣❛r❛ ❡s❝❛❧❛r❡s r❡❛✐s✳ P❛r❡❝❡ s❡r ❜❡♠

❝♦♥❤❡❝✐❞♦ q✉❡ ❛ ♣♦tê♥❝✐❛ m+1
2

♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞ é ót✐♠❛

♣❛r❛ ❡s❝❛❧❛r❡s ❝♦♠♣❧❡①♦s✱ ♠❛s ♣❛r❛ ❡s❝❛❧❛r❡s r❡❛✐s ♦ r❡s✉❧t❛❞♦ ♣❛r❡❝❡ ♥ã♦ s❡r ❝❧❛r♦✳

❊♠ q✉❛❧q✉❡r ❝❛s♦✱ ♣r♦✈❛r❡♠♦s ❛ s❡❣✉✐r q✉❡ ♦ ❡①♣♦❡♥t❡ m+1
2

é ót✐♠♦ ♣❛r❛ ❛♠❜♦s ❝❛s♦s✳

❚❡♦r❡♠❛ ✷✳✶✳✹ ❖ ❡①♣♦❡♥t❡ m+1
2

♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞ é ót✐♠❛

♣❛r❛ ❛♠❜♦s ♦s ❝❛s♦s ❞❡ ❡s❝❛❧❛r❡s r❡❛✐s ❡ ❝♦♠♣❧❡①♦s✳

❉❡♠♦♥str❛çã♦✳ ❖ ❛r❣✉♠❡♥t♦ é s❡♠❡❧❤❛♥t❡ à ♣r♦✈❛ ❞❛ ♦t✐♠❛❧✐❞❛❞❡ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✷✳

❙❡❥❛♠ m ≥ 2 ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ✜①♦✱ n ≥ m ❡ K = R ♦✉ C✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ❞❡s✐✲

❣✉❛❧❞❛❞❡ ❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞ é ✈❛❧✐❞❛ ♣❛r❛ ✉♠ ❡①♣♦❡♥t❡ q < m+1
2

. P❛r❛ ❝❛❞❛

n ❡ m✱ s❡❥❛ Pm,n : ℓn∞(K) → K ♦ ♣♦❧✐♥ô♠✐♦ m✲❤♦♠♦❣ê♥❡♦ q✉❡ s❛t✐s❢❛③ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ❑❛❤❛♥❡✕❙❛❧❡♠✕❩②❣♠✉♥❞ ❝♦♠ ❡st❡ ❡①♣♦♥❡♥t❡ q✳ ❈♦♠♦ ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✷✱

t❡♠♦s
∑

|α|=m |εα|
2m
m+1 = p(n) +

1

m!

m−1∏
k=0

(n− k)

♦♥❞❡ p (n) > 0 é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ m − 1❀ ❡ ❡①✐st✐r✐❛ ✉♠❛ ❝♦♥st❛♥t❡ C(q) > 0 t❛❧

q✉❡

Kpol
m C(q) ≥

1

nq
√
logm

(
p(n) +

1

m!

m−1∏
k=0

(n− k)

)(m+1)/2m

♣❛r❛ t♦❞♦ n. ▲♦❣♦✱

(
Kpol

m C(q)

) 2m
m+1 ≥ lim

n→∞


 r(n)

m!n
2mq
m+1

(√
logm

) 2m
m+1

+
p(n)

n
2mq
m+1

(√
logm

) 2m
m+1


 ,

❝♦♠ r ❝♦♠♦ ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✷✳ ❈♦♠♦

deg r = m >
2mq

m+ 1
,

♦❜t❡♠♦s ✉♠ ❛❜s✉r❞♦✳

✹✻



✷✳✷ ❙♦❜r❡ ❛s ❝♦♥st❛♥t❡s ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

❞❡ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡

❈♦♠♦ ❢♦✐ ❞✐t♦ ♥❛ ■♥tr♦❞✉çã♦✱ ❇♦❤♥❡♥❜❧✉st ❡ ❍✐❧❧❡ t❛♠❜é♠ ❞❡♠♦♥str❛r❛♠ ❡♠ ❬✶✶❪

✉♠❛ ✈❡rsã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣❛r❛ ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s✳ ❊❧❡s ❞❡♠♦♥str❛r❛♠ q✉❡✿

❚❡♦r❡♠❛ ✷✳✷✳✶ P❛r❛ ❝❛❞❛ m✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ DC,m ≥ 1 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦

♣♦❧✐♥ô♠✐♦ m−❤♦♠♦❣ê♥❡♦ P (z) =
∑

|α|=m aαz
α s♦❜r❡ CN ✱ t❡♠✲s❡


∑

|α|=m

|aα|
2m
m+1




m+1
2m

≤ DC,m ‖P‖

❆s ❝♦♥st❛♥t❡s ♦r✐❣✐♥❛✐s ❞❛❞❛s ♣♦r ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ ❛♣❛r❡♥t❡♠❡♥t❡ ♥ã♦ ❢♦r❛♠

❡①♣r❡ss❛❞❛s ❡①♣❧✐❝✐t❛♠❡♥t❡✳ ◆✉♠ tr❛❜❛❧❤♦ r❡❝❡♥t❡✱ ❉❡❢❛♥t ❡ ❙❡✈✐❧❧❛✲P❡r✐s ❬✷✸❪ ❡s❝r❡✲

✈❡♠ ❛s ❝♦♥st❛♥t❡s q✉❡ t❛❧✈❡③ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ ❝♦♥s✐❞❡r❛✈❛♠ ❝♦♠♦ s❡♥❞♦ ✈á❧✐❞❛s ♥❛

❞❡s✐❣✉❛❧❞❛❞❡✱ ❛s q✉❛✐s sã♦✱ ❛ s❛❜❡r✱

DC,m = m
m+1
2m 2

m−1
2

mm

(m!)
m+1
2m

.

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ♥❛ ❙❡çã♦ ✶✳✷✱ ❛t✉❛❧♠❡♥t❡ é ❝♦♥❤❡❝✐❞♦ q✉❡ ❛s ❝♦♥st❛♥t❡s ót✐✲

♠❛s ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ♣❛r❛ ♦ ❝❛s♦ ♠✉❧t✐❧✐♥❡❛r ♣♦ss✉❡♠ ❝r❡s❝✐♠❡♥t♦

s✉❜♣♦❧✐♥♦♠✐❛❧✳ ❊♠ ✈✐st❛ ❞✐st♦✱ ❛ ✐♥✈❡st✐❣❛çã♦ ❞❡ ❧✐♠✐t❛♥t❡s ✐♥❢❡r✐♦r❡s ♣❛r❛ ❛s ❝♦♥st❛♥✲

t❡s ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ♣❛r❡❝❡ s❡r ✉♠❛ t❛r❡❢❛ ✐♠♣♦rt❛♥t❡✳ ❖s r❡s✉❧t❛❞♦s ❡①✐st❡♥t❡s

♣❛r❛ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡❛r❡s ❡ ❡s❝❛❧❛r❡s r❡❛✐s sã♦ ❛❧t❛♠❡♥t❡ ♥ã♦✲tr✐✈✐❛✐s✳

◆❛ s❡çã♦ ✶✳✷✱ ❝♦♠❡♥t❛♠♦s q✉❡ ❡♠ ❬✷✼❪ é ♠♦str❛❞♦ q✉❡ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ♠✉❧t✐❧✐♥❡✲

❛r❡s ❡ ❡s❝❛❧❛r❡s r❡❛✐s t❡♠✲s❡ q✉❡

KR,m ≥ 21−
1
m

❡ ❛✐♥❞❛ ❡stá ❡♠ ❛❜❡rt♦ s❡ ❡st❛s ❡st✐♠❛t✐✈❛s sã♦ ót✐♠❛s ♦✉ ♥ã♦✳ ❆ss✐♠✱ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡

❞❡ ❛s ❝♦♥st❛♥t❡s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ s❡r❡♠ ❧✐♠✐t❛❞❛s ❡stá ❛❜❡rt❛✳ ▼❛✐s

❛✐♥❞❛✱ ♣❛r❛ ♦ ❝❛s♦ ♠✉❧t✐❧✐♥❡❛r ❝♦♠♣❧❡①♦✱ ♥ã♦ ❡①✐st❡♠ ❧✐♠✐t❛♥t❡s ✐♥❢❡r✐♦r❡s ❝♦♥❤❡❝✐❞♦s

❞✐❢❡r❡♥t❡s ❞♦s tr✐✈✐❛✐s ❡ t❛♠❜é♠✱ ❛té q✉❡ s❡ ♠♦str❡ ♦ ❝♦♥trár✐♦✱ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❛s

❝♦♥st❛♥t❡s ót✐♠❛s ♥♦ ❝❛s♦ ❝♦♠♣❧❡①♦ s❡r❡♠ ♣❛r❛ t♦❞♦ m✱ CC,m = 1 ♥ã♦ ♣♦❞❡ s❡r ❞❡s❝❛r✲

t❛❞❛✳ ◆❛ ❙❡çã♦ ✷✳✷✳✷✱ ❞❛r❡♠♦s ❡st✐♠❛t✐✈❛s ✐♥❢❡r✐♦r❡s ♥ã♦✲tr✐✈✐❛✐s ♣❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

♣♦❧✐♥♦♠✐❛❧✱ ❝❛s♦ ❝♦♠♣❧❡①♦✳ ▼♦str❛r❡♠♦s q✉❡ s❡ m ≥ 2✱ ❡♥tã♦✱

DC,m ≥
(
1 + 21−m

) 1
2m .

✹✼



✷✳✷✳✶ ❇♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ ♣❛r❛ ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s✳ ❊st❛❞♦

❞❛ ❛rt❡

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ♣❛r❛ ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s ✭❬✶✶❪✱ ✶✾✸✶✮

❣❛r❛♥t❡ q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ DK : N → [1,∞) t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ ♣♦❧✐♥ô♠✐♦ m✲

❤♦♠♦❣ê♥❡♦ P s♦❜r❡ KN ✱ ❛ ℓ 2m
m+1

✲♥♦r♠❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❡ P é ❧✐♠✐t❛❞❛

s✉♣❡r✐♦r♠❡♥t❡ ♣♦r DK (m) ✈❡③❡s ❛ s✉♣✲♥♦r♠❛ ❞❡ P ♥♦ ♣♦❧✐❞✐s❝♦ ✉♥✐tár✐♦✳

❊s❝r❡✈❡♥❞♦ DK,m = DK (m)✱ ❛s ❡st✐♠❛t✐✈❛s ❤✐stór✐❝❛s ♣❛r❛ ❛s ❝♦♥st❛♥t❡s ♥♦ ❝❛s♦

♣♦❧✐♥♦♠✐❛❧ ❝♦♠♣❧❡①♦ sã♦✿

DC,m ≤





m
m+1
2m 2

m−1
2

mm

(m!)
m+1
2m

❬✶✶❪ ✭✶✾✸✶✮
(√

2
)m−1 m

m
2 (m+1)

m+1
2

2m(m!)
m+1
2m

❬✶✹✱ ✸✹❪ ✭✼✵✬s✮
(

2√
π

)m−1
m

m
2 (m+1)

m+1
2

2m(m!)
m+1
2m

❬✹✾❪ ✭✶✾✾✺✮

❘❡❝❡♥t❡♠❡♥t❡✱ ❡♠ ✭❬✶✽❪✱ ✷✵✶✶✮✱ é ♣r♦✈❛❞♦ q✉❡ ♣❛r❛ ♦ ❝❛s♦ ❝♦♠♣❧❡①♦✱

DC,m ≤
(
1 +

1

m

)m−1 √
m
(√

2
)m−1

, ✭✷✳✾✮

q✉❡ ♥♦s ❢♦r♥❡❝❡ ❛ ❤✐♣❡r❝♦♥tr❛t✐✈✐❞❛❞❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❛ ❡st✐♠❛✲

t✐✈❛ ❛♥t❡r✐♦r ❣❛r❛♥t❡ q✉❡ ❡①✐st❡ C > 1 t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ m ❡ ♣❛r❛ t♦❞♦ ♣♦❧✐♥ô♠✐♦

m−❤♦♠♦❣ê♥❡♦ P (z) =
∑

|α|=m aαz
α s♦❜r❡ CN ✱ t❡♠✲s❡


∑

|α|=m

|aα|
2m
m+1




m+1
2m

≤ Cm ‖P‖ . ✭✷✳✶✵✮

❙✐♠✐❧❛r à ✈❡rsã♦ ♠✉❧t✐❧✐♥❡❛r✱ ♦ ❡①♣♦❡♥t❡ 2m
m+1

é ót✐♠♦✳

❈♦♠♦ ❛✜r♠❛♠♦s ♥♦ r❡s✉♠♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ♣♦❞❡♠♦s r❡s✉♠✐r ❡♠ ✉♠❛ ❢r❛s❡ ❛s

♣r✐♥❝✐♣❛✐s ✐♥❢♦r♠❛çõ❡s ❞♦s tr❛❜❛❧❤♦s r❡❝❡♥t❡s✿ ❛s ❝♦♥st❛♥t❡s ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡

❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ sã♦✱ ❡♠ ❣❡r❛❧✱ ❡①tr❛♦r❞✐♥❛r✐❛♠❡♥t❡ ♠❡♥♦r❡s ❞♦ q✉❡ ❛s ♣r✐♠❡✐r❛s

❡st✐♠❛t✐✈❛s t✐♥❤❛♠ ♣r❡✈✐st♦✳

P❛r❛ ❡♥t❡♥❞❡r ♦ s✐❣♥✐✜❝❛❞♦ ❞❛ ❢r❛s❡ ❛♥t❡r✐♦r✱ ❜❛st❛ ❧❡♠❜r❛r q✉❡✱ ♣❛r❛ ♦ ❝❛s♦ ❞❛ ❞❡✲

s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r✱ ❛s ♠❡❧❤♦r❡s ❝♦♥st❛♥t❡s ❝♦♥❤❡❝✐❞❛s ♣❛ss❛r❛♠ ❞❡ t❡r ❝r❡s❝✐♠❡♥t♦

❡①♣♦♥❡♥❝✐❛❧ ❛ t❡r ❝r❡s❝✐♠❡♥t♦ p✲s✉❜✲❤❛r♠ô♥✐❝♦ ♣❛r❛ ✉♠ ❝♦rr❡s♣♦♥❞❡♥t❡ p ∈ (0, 1)✳ P♦r

s✉❛ ✈❡③✱ ♣❛r❛ ♦ ❝❛s♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣❛r❛ ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s✱ ❝❛s♦ ❝♦♠♣❧❡①♦✱ ❛s

❝♦♥st❛♥t❡s ♣❛ss❛r❛♠ ❞❡ t❡r ❝r❡s❝✐♠❡♥t♦ ❞❛ ♦r❞❡♠ o
(
m

m
2

)
❛ t❡r✱ ❝♦♠♦ ❢♦✐ ❞✐t♦ ❛❝✐♠❛✱

✹✽



❝r❡s❝✐♠❡♥t♦ ❤✐♣❡r❝♦♥tr❛t✐✈♦✳

❊st❛ s✐t✉❛çã♦ ♥ã♦ é ❞✐❢❡r❡♥t❡ ♣❛r❛ ♦ ❝❛s♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣❛r❛ ♣♦❧✐♥ô♠✐♦s ❤♦♠♦✲

❣ê♥❡♦s s♦❜r❡ ❡s❝❛❧❛r❡s r❡❛✐s✳ P❛r❡❝❡ s❡r ❢♦❧❝❧♦r❡ ♦ ❢❛t♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡

❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ s❡r ✈á❧✐❞❛ ♣❛r❛ ❡s❝❛❧❛r❡s r❡❛✐s✱ ♠❛s ♥❡♥❤✉♠❛ ❡st✐♠❛t✐✈❛ ❛♣❛r❡❝❡ ♥❛

❧✐t❡r❛t✉r❛✳

❘❡❝❡♥t❡♠❡♥t❡ ❡♠ ❬✶✸❪ ♥✉♠ tr❛❜❛❧❤♦ ❞❡ ❈❛♠♣♦s✱ ▼✉ñ♦③✲❋❡r♥á♥❞❡③✱ P❡❧❧❡❣r✐♥♦

❡ ❙❡♦❛♥❡✲❙❡♣ú❧✈❡❞❛✱ ♦s ❛✉t♦r❡s ✉s❛♠ r❡s✉❧t❛❞♦s ❝❧áss✐❝♦s ❡ ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ ❬✷✶✱

▲❡♠❛ ✺❪ ♣❛r❛ ♣r♦♣♦r❝✐♦♥❛r ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛✿

❚❡♦r❡♠❛ ✷✳✷✳✷ ❙❡ P é ✉♠ ♣♦❧✐♥ô♠✐♦ m−❤♦♠♦❣ê♥❡♦ ❡♠ Rn✱ ❞❛❞♦ ♣♦r

P (x1, ..., xn) =
∑

|α|=m

aαx
α,

❡♥tã♦ 
∑

|α|=m

|aα|
2m
m+1




m+1
2m

≤ DR,m ‖P‖

❝♦♠

DR,m = CR,m
mm

(m!)
m+1
2m

P♦ré♠✱ ✉♠ ❡st✉❞♦ ❝♦♠ ✐❞❡✐❛s ♠♦❞❡r♥❛s ♥♦ ♠❡s♠♦ tr❛❜❛❧❤♦ ✭❬✶✸❪✮✱ ❢♦r♥❡❝❡✉ ❛

s❡❣✉✐♥t❡ ♥♦✈❛ ❡st✐♠❛t✐✈❛ ❡ ❝♦♠ ✐st♦ ❛ ❤✐♣❡r❝♦♥tr❛t✐✈✐❞❛❞❡ ❞❛s ❝♦♥st❛♥t❡s ♣❛r❛ ♦ ❝❛s♦

❞❡ ❡s❝❛❧❛r❡s r❡❛✐s✳

❚❡♦r❡♠❛ ✷✳✷✳✸ ✭❈❛♠♣♦s✱ ▼✉ñ♦③✱ P❡❧❧❡❣r✐♥♦✱ ❙❡♦❛♥❡✳✮ ❙❡ P é ✉♠ ♣♦❧✐♥ô♠✐♦

m−❤♦♠♦❣ê♥❡♦ s♦❜r❡ RN ❞❛❞♦ ♣♦r

P (x1, ..., xn) =
∑

|α|=m

aαx
α,

❡♥tã♦✱

 ∑

|α|=m

|aα|
2m
m+1




m+1
2m

≤ DR,m ‖P‖

❝♦♠

DR,m ≤


2

3
2 (

3

√
e
√
3

2
√
2
)




m

< (3.3521)m .

✹✾



➱ ♣r❡❝✐s❛♠❡♥t❡ ♥❡st❡ ❝❛s♦ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ❡s❝❛❧❛r❡s r❡❛✐s q✉❡✱ ❛♣❛r❡♥t❡♠❡♥t❡ t❡♠♦s

♦ ♠❛✐♦r ❛✈❛♥ç♦ ♥❛ ❜✉s❝❛ ❞❡ ❧✐♠✐t❛♥t❡s ✐♥❢❡r✐♦r❡s✳ ◆♦ ♠❡s♠♦ tr❛❜❛❧❤♦ ❬✶✸❪ ❡♠ q✉❡

♦s ❛✉t♦r❡s ♣r♦✈❛♠ ❛ ❤✐♣❡r❝♦♥tr❛t✐✈✐❞❛❞❡ ♣❛r❛ ♦ ❝❛s♦ ♣♦❧✐♥♦♠✐❛❧ r❡❛❧✱ é ❞❛❞❛ ✉♠❛

❡st✐♠❛t✐✈❛ ✐♥❢❡r✐♦r t❡♥❞❡♥❞♦ ❛ ✐♥✜♥✐t♦✳ ▼❛✐s ❞♦ q✉❡ ✐ss♦✱ ✉♠❛ ❡st✐♠❛t✐✈❛ ✐♥❢❡r✐♦r ❝♦♠

❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧✱ ♦ q✉❡ ♣❡r♠✐t❡ ❝♦♥❝❧✉✐r ❡♠ ❬✶✸❪ q✉❡✿

❚❡♦r❡♠❛ ✷✳✷✳✹ ✭❈❛♠♣♦s✱ ▼✉ñ♦③✱ P❡❧❧❡❣r✐♥♦✱ ❙❡♦❛♥❡✳✮ ❖ ❝r❡s❝✐♠❡♥t♦ ❞❛s ❝♦♥s✲

t❛♥t❡s ót✐♠❛s q✉❡ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ♣❛r❛ ❡s✲

❝❛❧❛r❡s r❡❛✐s ♥ã♦ ♣♦❞❡ s❡r ♠❡❧❤♦r ❞♦ q✉❡ ❤✐♣❡r❝♦♥tr❛t✐✈♦✳ ▼❛✐s ❛✐♥❞❛✱

DR,m >

(
2 4
√
3√
5

)m

> (1.1771)m

♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ m✳

❘❡s✉♠✐♥❞♦✱

(3.3521)m > DR,m > (1.1771)m

❡ ❛ ❤✐♣❡r❝♦♥tr❛t✐✈✐❞❛❞❡ ♥♦ ❝❛s♦ ♣♦❧✐♥♦♠✐❛❧ r❡❛❧ é ót✐♠❛✦

➱ ♥❛t✉r❛❧ ♣❡♥s❛r q✉❡ ♣❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❝♦♠♣❧❡①❛ s❡❥❛ ✈❛❧✐❞❛ ✉♠❛

❛✜r♠❛çã♦ ❞♦ ♠❡s♠♦ t✐♣♦✳ P♦ré♠✱ ♥ã♦ é ❝♦♥❤❡❝✐❞♦ q✉❡ ❡①✐st❛♠ ❡st✐♠❛t✐✈❛s ✐♥❢❡r✐♦r❡s

♣❛r❛ DC,m ❞✐❢❡r❡♥t❡s ❞❛s tr✐✈✐❛✐s✱ ❝♦♠ ❛ ú♥✐❝❛ ❡①❝❡çã♦ ❞♦ ❝❛s♦ m = 2✳

✷✳✷✳✷ ❈❛s♦ ❝♦♠♣❧❡①♦✳ ❯♠ ❚❡♦r❡♠❛ 1 + ǫ

❊♠ ♥♦ss♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ ♦ ú♥✐❝♦ ❧✐♠✐t❛♥t❡ ✐♥❢❡r✐♦r ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ❛s ❝♦♥st❛♥t❡s

❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ✭❝♦♠♣❧❡①❛✮❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ é

DC,2 ≥ 1.1066,

♣r♦✈❛❞♦ ❡♠ ❬✶✸❪✳ ❖ ❢❛t♦ ❞❡ ♥ã♦ s❡ ❝♦♥❤❡❝❡r ❡st✐♠❛t✐✈❛s ♣❛r❛ ❛s ♥♦r♠❛s ❞❡ ♣♦❧✐♥ô♠✐♦s

❝♦♠♣❧❡①♦s ❞❡ ❣r❛✉s s✉♣❡r✐♦r❡s ❛ ❞♦✐s é ✉♠ ✐♠♣❡❞✐♠❡♥t♦ ♣❛r❛ ♦❜t❡r ❡st✐♠❛t✐✈❛s ✐♥❢❡r✐♦✲

r❡s ❡✈❡♥t✉❛❧♠❡♥t❡ ❜♦❛s ♣❛r❛ DC,m✱ ❝♦♠ m > 2✳ ◆♦ss♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✱ q✉❡ ❛♣❛r❡❝❡

❡♠ ❬✹✵❪✱ ❢♦r♥❡❝❡✲♥♦s ❡st✐♠❛t✐✈❛s ✐♥❢❡r✐♦r❡s ♥ã♦✲tr✐✈✐❛✐s✳

❚❡♦r❡♠❛ ✷✳✷✳✺ P❛r❛ t♦❞♦ m ≥ 2✱

DC,m ≥
(
1 + 21−m

) 1
2m > 1.

✺✵



❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ P2 : ℓ
2
∞ → C ✉♠ ♣♦❧✐♥ô♠✐♦ 2✲❤♦♠♦❣ê♥❡♦ ❞❛❞♦ ♣♦r

P2(z1, z2) = az21 + bz22 + cz1z2.

❝♦♠ a, b, c ∈ R ❡ ab < 0 ❡ |c(a+ b)| ≤ 4|ab|. ❉❡ ✭✷✳✶✳✷✮✱ s❛❜❡♠♦s q✉❡

‖P2‖ = (|a|+ |b|)
√

1 +
c2

4|ab| .

P❛r❛ ❝❛❞❛ m ≥ 2✱ ❝♦♥s✐❞❡r❡♠♦s

Pm(z) = z3 . . . zmP2(z1, z2).

❊s❝♦❧❤❡♥❞♦ a = −b = 1✱ ❛ ℓ 2m
m+1

♥♦r♠❛ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ Pm é

(
m+1
√
a2m +

m+1
√
b2m +

m+1
√
c2m
)m+1

2m
=
(
2 +

m+1
√
c2m
)m+1

2m

❡

‖Pm‖ = ‖P2‖ = (|a|+ |b|)
√

1 +
c2

4 |ab| =
√
4 + c2.

❆ss✐♠✱ ♦❜t❡♠♦s

DC,m ≥ fm(x)

♣❛r❛ t♦❞♦ ♥ú♠❡r♦ r❡❛❧ x✱ ❝♦♠

fm(x) =
(
2 +

m+1
√
x2m
) (m+1)

2m
.
(√

4 + x2
)−1

.

❘❡s♦❧✈❡♥❞♦ f ′
m(x) = 0✱ ❝♦♥❝❧✉í♠♦s q✉❡ x = 2

m+1
2 é ♦ ♣♦♥t♦ ♦♥❞❡ ♦ ♠á①✐♠♦ é ❛t✐♥❣✐❞♦✳

❆ss✐♠✱

DC,m ≥ fm(2
m+1

2 ) =
(
1 + 21−m

) 1
2m .

❯♠ ❝á❧❝✉❧♦ s✐♠♣❧❡s ♠♦str❛ q✉❡ (1 + 21−m)
1

2m > 1✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✻ ❆❞♦t❛♥❞♦ ♦ ♣♦❧✐♥ô♠✐♦ P (z) =
k∏

j=1

P2 (z2j−1, z2j) ♣❛r❛ m = 2k

✭r❡s♣✳✱ P (z) = zm

k∏

j=1

P2 (z2j−1, z2j) ♣❛r❛ m = 2k + 1✮✱ ♦ ❚❡♦r❡♠❛ ✷✳✷✳✺ ♣♦❞❡ s❡r ❧❡✲

✈❡♠❡♥t❡ ♠❡❧❤♦r❛❞♦ ♣❛r❛✿

DC,m ≥
(
1 + 21−m

) 1
4 ✭r❡s♣✳✱

(
1 + 21−m

)m−1
4m ✮✳

✺✶



❆❝r❡❞✐t❛♠♦s q✉❡ ❛s ❡st✐♠❛t✐✈❛s ✐♥❢❡r✐♦r❡s ❞❛❞❛s ♥♦ ❚❡♦r❡♠❛ ✷✳✷✳✺ ❡stã♦ ❧♦♥❣❡ ❞❡

s❡r❡♠ ❛s ❡st✐♠❛t✐✈❛s ót✐♠❛s✳

❈♦♠♦ ✉♠ ❝♦♠❡♥tár✐♦ ✜♥❛❧✱ ❡st❛♠♦s ♣❡rs✉❛❞✐❞♦s ❛ ❛❝r❡❞✐t❛r q✉❡ ❛ ❝❤❛✈❡ q✉❡

♣❡r♠✐t✐rá ❡♥❝♦♥tr❛r ♠❡❧❤♦r❡s ❡st✐♠❛t✐✈❛s ✐♥❢❡r✐♦r❡s ♣❛r❛ ♦ ❝❛s♦ ❝♦♠♣❧❡①♦ ❡♥❝♦♥tr❛✲s❡

❡♠ ❬✷❪✱ ♠❡❞✐❛♥t❡ ✉♠❛ ❛♣r♦♣r✐❛❞❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛s ✐❞❡✐❛s ❛❧✐ ❡①♣♦st❛s ❛ ♣♦❧✐♥ô♠✐♦s ❞❡

❣r❛✉s ♠❛✐♦r❡s✳

✺✷



❆♣ê♥❞✐❝❡

❊①✐st❡ ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❢♦rt❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡❄

❆✐♥❞❛ ❤á ✉♠❛ sér✐❡ ❞❡ q✉❡stõ❡s ❡♠ ❛❜❡rt♦ s♦❜r❡ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❛s ❝♦♥st❛♥t❡s

ót✐♠❛s q✉❡ s❛t✐s❢❛③❡♠ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♠✉❧t✐❧✐♥❡❛r❡s ✭❡ ♣♦❧✐♥♦♠✐❛✐s✮ ❞❡ ❇♦❤♥❡♥❜❧✉st✕

❍✐❧❧❡ ❛ s❡r❡♠ r❡s♦❧✈✐❞❛s✳ P♦r ❡①❡♠♣❧♦✱ ♥ã♦ é ❝❧❛r♦ q✉❡ ❛s ♠❡❧❤♦r❡s ❝♦♥st❛♥t❡s (Km)
∞
m=1

q✉❡ s❛t✐s❢❛③❡♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ t❡♥❞❛♠ ❛♦ ✐♥✜♥✐t♦✳ P❛✲

r❡❝❡ q✉❡ ❛s ❡st✐♠❛t✐✈❛s ♦r✐❣✐♥❛✐s ♥♦s ✐♥❞✉③✐❛♠ ❛ ♣❡♥s❛r q✉❡✱ ❞❡ ❢❛t♦✱ Km → ∞, ♣♦ré♠

♥ã♦ ❡①✐st❡ ♥❡♥❤✉♠❛ ❡✈✐❞ê♥❝✐❛ ❝♦♥❝r❡t❛✳

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ♥♦ ❝❛♣ít✉❧♦ ✷✱ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s r❡❛✐s é s❛❜✐❞♦ q✉❡

Km ≥ 21−
1
m ✭✷✳✶✶✮

❡ K2 =
√
2✳ P♦r ♦✉tr♦ ❧❛❞♦ t♦❞❛s ❛s ❡st✐♠❛t✐✈❛s ❝♦♥❤❡❝✐❞❛s ♣❛r❛ ❛s ❝♦♥st❛♥t❡s ♥❛ ❞❡s✐✲

❣✉❛❧❞❛❞❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ s✉❣❡r❡♠ q✉❡ ✏♣r♦✈❛✈❡❧♠❡♥t❡✑ t❡♠✲s❡ limm→∞ Km = ∞.

❈♦♥t✉❞♦✱ ❝♦♠♦ ✉♠❛ q✉❡stã♦ ❞❡ ❢❛t♦✱ ♥ã♦ s❛❜❡♠♦s ❞❡ q✉❛❧q✉❡r ♣r♦✈❛ ❞❡ q✉❡ ❛ s❡q✉ê♥✲

❝✐❛ (Km)
∞
m=1 t❡♥❞❡ ❛♦ ✐♥✜♥✐t♦✳ ◆❡st❛ ❞✐r❡çã♦✱ só s❛❜❡♠♦s q✉❡✱ ♣❛r❛ ♦ ❝❛s♦ r❡❛❧✱ K3 é

❡str✐t❛♠❡♥t❡ ♠❛✐♦r q✉❡ K2 ✭✈❡❥❛ ❬✷✼❪✮✳ ❆ss✐♠✱ ♥ã♦ é ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♠♣♦ssí✈❡❧ q✉❡ ❛s

❡st✐♠❛t✐✈❛s ❞❡ ✭✷✳✶✶✮ s❡❥❛♠ ót✐♠❛s✳

❊♠❜♦r❛ ❛✐♥❞❛ ♣❡r♠❛♥❡ç❛ ❡♠ ✉♠ ✈é✉ ❞❡ ♠✐stér✐♦✱ ❝♦♠❜✐♥❛♥❞♦ t♦❞❛s ❛s ✐♥❢♦r♠❛✲

çõ❡s ♦❜t✐❞❛s ❛té ❛❣♦r❛✱ ❛❝r❡❞✐t❛♠♦s q✉❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❛ ❧✐♠✐t❛çã♦ ❞❛s ❝♦♥st❛♥t❡s ❞❛

❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ❞❡✈❡ s❡r s❡r✐❛♠❡♥t❡ ❝♦♥s✐❞❡r❛❞❛✳ Pr❡❢❡✲



r✐♠♦s ♥ã♦ ❝♦♥❥❡❝t✉r❛r q✉❡ é ✈❡r❞❛❞❡✱ ♠❛s ❡♠ ✈❡③ ❞✐ss♦✱ ❝♦❧♦❝❛♠♦✲❧♦ ❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛

❡♠ ❛❜❡rt♦✿

Pr♦❜❧❡♠❛ ✷✳✷✳✼ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ✉♥✐✈❡rs❛❧ KK t❛❧ q✉❡

(
N∑

i1,...,im=1

∣∣U(ei1 , . . . , eim)
∣∣ 2m
m+1

)m+1
2m

≤ KK sup
z1,...,zm∈DN

|U(z1, . . . , zm)|

♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ m ≥ 1✱ t♦❞❛ ❢♦r♠❛ m✲❧✐♥❡❛r U : KN × · · · ×KN → K ❡ t♦❞♦

✐♥t❡✐r♦ ♣♦s✐t✐✈♦ N❄

❈♦♥❥❡❝t✉r❛ ✷✳✷✳✽ ❙❡ ❛ r❡s♣♦st❛ ❞♦ ❛♥t❡r✐♦r ♣r♦❜❧❡♠❛ é ♣♦s✐t✐✈❛✱ ❝♦♥❥❡❝t✉r❛♠♦s q✉❡

KR = 2 ❡ KC ≤ 2.

❏✉st✐✜❝❛♠♦s ♥♦ss❛ ❝♦♥❥❡❝t✉r❛ ❞❡ q✉❡ KR = 2 ♠♦t✐✈❛❞♦s ♣❡❧❛s ❝♦t❛s ✐♥❢❡r✐♦r❡s

♦❜t✐❞❛s ❡♠ ❬✷✼❪ ♣❛r❛ ❛s ❝♦♥st❛♥t❡s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡

✭❝❛s♦ r❡❛❧✮

Km ≥ 21−
1
m . ✭✷✳✶✷✮

❉❡st❛❝❛♠♦s q✉❡ ♦ ❝❛s♦ m = 2 ❡♠ ✭✷✳✶✷✮ é ót✐♠♦✱ ✐✳❡✳✱
√
2 é ❛ ❝♦♥st❛♥t❡ ót✐♠❛

♣❛r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ 2✲❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ ✭❝❛s♦ r❡❛❧✮✳ ❈♦♠♦ ❢❛t♦ ❛❞✐❝✐♦♥❛❧✱ s❡

❝♦♥s✐❞❡r❛r♠♦s m = 1✱ ❡♥tã♦✱ ❛ ❢ór♠✉❧❛ ✭✷✳✶✷✮ t❛♠❜é♠ ❢♦r♥❡❝❡ ✉♠ ✈❛❧♦r ót✐♠♦✳ ❊♥tã♦✱

✉♠❛ ✈❡③ q✉❡✱ ❡♠ ❝❛❞❛ ♥í✈❡❧ m✱ ❛ ❡st✐♠❛t✐✈❛ ✐♥❢❡r✐♦r ♣❛r❛ Km é ♦❜t✐❞❛ ♣❡❧♦ ♠❡s♠♦

❛r❣✉♠❡♥t♦ ✐♥❞✉t✐✈♦ ✭♣❛r❛ ❞❡t❛❧❤❡s✱ ✈❡❥❛ ❬✷✼❪✮ ❡✱ ❝♦♠♦ ♦s ❝❛s♦s m = 1, 2✱ ❢♦r♥❡❝❡♠

❝♦♥st❛♥t❡s ót✐♠❛s✱ ❛❝r❡❞✐t❛♠♦s q✉❡ ♥ã♦ é ✐♠♣♦ssí✈❡❧ q✉❡ ❛ ❢ór♠✉❧❛ ✭✷✳✶✷✮ ❞ê ♦s ✈❛❧♦r❡s

❡①❛t♦s ♣❛r❛ ❛s ❝♦♥st❛♥t❡s ót✐♠❛s ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡✳

❘❡❢♦rç❛♠♦s ♥♦ss❛ ❝r❡♥ç❛✱ ♦❜s❡r✈❛♥❞♦ ♦s ✈ár✐♦s tr❛❜❛❧❤♦s r❡❝❡♥t❡s q✉❡ ♠♦str❛♠

q✉❡ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❛s ❝♦♥st❛♥t❡s ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♠✉❧t✐❧✐♥❡❛r ❞❡ ❇♦❤♥❡♥❜❧✉st✕❍✐❧❧❡ é✱

❞❡ ❢❛t♦✱ ♠✉✐t♦ ♠❛✐s ❧❡♥t♦ ❞♦ q✉❡ ❛s ❡st✐♠❛t✐✈❛s ♦r✐❣✐♥❛✐s ♣r❡✈✐❛♠✳

P❛r❡❝❡ s❡r ❢♦❧❝❧♦r❡ ✭❡♠❜♦r❛ ♥ã♦ ❢♦r♠❛❧♠❡♥t❡ ♣r♦✈❛❞♦✮ q✉❡ ❛s ❝♦♥st❛♥t❡s ♣❛r❛ ♦

❝❛s♦ ❞❡ ❡s❝❛❧❛r❡s r❡❛✐s sã♦ ♠❛✐♦r❡s ❞♦ q✉❡ ❛s ❝♦♥st❛♥t❡s ♣❛r❛ ♦ ❝❛s♦ ❝♦♠♣❧❡①♦✳ P♦r

❡①❡♠♣❧♦✱ ♣❛r❛ m = 2✱ t❡♠♦s K2 =
√
2 ♥♦ ❝❛s♦ r❡❛❧ ❡ K2 ≤ 2√

π
<

√
2 ♥♦ ❝❛s♦ ❝♦♠♣❧❡①♦✳

❆❧é♠ ❞✐ss♦✱ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❛s ❝♦♥st❛♥t❡s ♥♦ ❝❛s♦ ❝♦♠♣❧❡①♦ ♣❛r❡❝❡ s❡r ♠❛✐s ❧❡♥t♦ ❞♦

✺✹



q✉❡ ♦ ❝r❡s❝✐♠❡♥t♦ ♥♦ ❝❛s♦ r❡❛❧ ✭✈❡❥❛ ❬✹✶✱ ✹✷❪✮✳ ❊♥tã♦✱ s❡ ❛ ♥♦ss❛ ❝♦♥❥❡❝t✉r❛ é ❝♦rr❡t❛✱

♣❛r❡❝❡ ♥❛t✉r❛❧ ♣❡♥s❛r q✉❡ KC ≤ KR✳

❊♠ ♥♦ss♦ ❡♥t❡♥❞❡r✱ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ✑❞❡s✐❣✉❛❧❞❛❞❡ ❢♦rt❡ ❞❡ ❇♦❤♥❡♥❜❧✉st✕

❍✐❧❧❡✑ só s❡ ❛♣❧✐❝❛ ♣❛r❛ ❢♦r♠❛s ♠✉❧t✐❧✐♥❡❛r❡s ❞❡s❞❡ q✉❡✱ ♥♦ ❝❛s♦ ❞❡ ♣♦❧✐♥ô♠✐♦s✱ é ♠♦s✲

tr❛❞♦ ❡♠ ❬✶✸❪ q✉❡✱ ♣❡❧♦ ♠❡♥♦s ♣❛r❛ ❡s❝❛❧❛r❡s r❡❛✐s✱ ❛s ❝♦♥st❛♥t❡s ót✐♠❛s ♥ã♦ sã♦ ❧✐♠✐✲

t❛❞❛s✳

✺✺



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❙✳ ❆❛r♦♥s♦♥✱ ❆✳ ❆♠❜❛✐♥✐s✱ ❚❤❡ ◆❡❡❞ ❢♦r ❙tr✉❝t✉r❡ ✐♥ ◗✉❛♥t✉♠ ❙♣❡❡❞✉♣s✱ ■♥ Pr♦✲

❝❡❡❞✐♥❣s ♦❢ ■❈❙✳ ✭✷✵✶✶✮✱ ✸✸✽✕✸✺✷✳ ❛r❳✐✈✿✵✾✶✶✳✵✾✾✻

❬✷❪ ❘✳ ▼✳ ❆r♦♥✱ ▼✳ ❑❧✐♠❡❦✱ ❙✉♣r❡♠✉♠ ♥♦r♠s ❢♦r q✉❛❞r❛t✐❝ ♣♦❧②♥♦♠✐❛❧s✱ ❆r❝❤✳ ▼❛t❤✳

✭❇❛s❡❧✮ ✼✻ ✭✷✵✵✶✮✱ ♥♦✳ ✶✱ ✼✸✕✽✵✳

❬✸❪ ❆✳ ❇❛❡r♥st❡✐♥✱ ❘✳ ❈✳ ❈✉❧✈❡r❤♦✉s❡✱ ▼❛❥♦r✐③❛t✐♦♥ ♦❢ s❡q✉❡♥❝❡s✱ s❤❛r♣ ✈❡❝t♦r ❑❤✐♥✲

❝❤✐♥ ✐♥❡q✉❛❧✐t✐❡s✱ ❛♥❞ ❜✐s✉❜❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s✱ ❙t✉❞✐❛ ▼❛t❤✳ ✶✺✷ ✭✷✵✵✷✮✱ ✷✸✶✕✷✹✽✳

❬✹❪ ❘✳ ❇❛❧❛s✉❜r❛♠❛♥✐❛♥✱ ❇✳ ❈❛❧❛❞♦✱ ❍✳ ◗✉❡✛é❧❡❝✱ ❚❤❡ ❇♦❤r ✐♥❡q✉❛❧✐t② ❢♦r ♦r❞✐♥❛r②

❉✐r✐❝❤❧❡t s❡r✐❡s✱ ❙t✉❞✐❛ ▼❛t❤✳ ✶✼✺ ✭✷✵✵✻✮✱ ✷✽✺✕✸✵✹✳

❬✺❪ ❋✳ ❇❛②❛rt✱ ▼❛①✐♠✉♠ ♠♦❞✉❧✉s ♦❢ r❛♥❞♦♠ ♣♦❧②♥♦♠✐❛❧s✱ ◗✉❛rt✳ ❏✳ ▼❛t❤✳ ✻✸ ✭✷✵✶✷✮✱

✷✶✕✸✾✳

❬✻❪ ❖✳ ❇❧❛s❝♦✱ ❚❤❡ ❇♦❤r r❛❞✐✉s ♦❢ ❛ ❇❛♥❛❝❤ s♣❛❝❡✱ ❱❡❝t♦r ♠❡❛s✉r❡s✱ ✐♥t❡❣r❛t✐♦♥ ❛♥❞

r❡❧❛t❡❞ t♦♣✐❝s✱ ❖♣❡r✳ ❚❤❡♦r② ❆❞✈✳ ❆♣♣❧✳✱ ✷✵✶✱ ❇✐r❦❤ä✉s❡r ❱❡r❧❛❣✱ ❇❛s❡❧✱ ✭✷✵✶✵✮✱

✺✾✕✻✹✳ ❄❄

❬✼❪ ❘✳ ❇❧❡✐✱ ❆♥❛❧②s✐s ✐♥ ■♥t❡❣❡r ❛♥❞ ❋r❛❝t✐♦♥❛❧ ❉✐♠❡♥s✐♦♥s✱ ❈❛♠❜r✐❞❣❡ ❙t✉❞✐❡s ✐♥

❆❞✈❛♥❝❡s ▼❛t❤❡♠❛t✐❝s✱ ✷✵✵✶✳

❬✽❪ ❍✳ P✳ ❇♦❛s✱ ❚❤❡ ❢♦♦t❜❛❧❧ ♣❧❛②❡r ❛♥❞ t❤❡ ✐♥✜♥✐t❡ s❡r✐❡s✱ ◆♦t✐❝❡s ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳

✹✹ ✭✶✾✾✼✮✱ ✶✹✸✵✕✶✹✸✺✳

❬✾❪ ❍✳ P✳ ❇♦❛s✱ ❉✳ ❑❤❛✈✐♥s♦♥✱ ❇♦❤r✬s ♣♦✇❡r s❡r✐❡s t❤❡♦r❡♠ ✐♥ s❡✈❡r❛❧ ✈❛r✐❛❜❧❡s✱ Pr♦❝✳

❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✶✷✺ ✭✶✾✾✼✮✱ ✷✾✼✺✕✷✾✼✾✳



❬✶✵❪ ❍✳ ❇♦❤r✱ Ü❜❡r ❞✐❡ ❇❡t❡✉t✉♥❣ ❞❡r P♦t❡♥③r❡✐❤❡♥ ✉♥❡♥❞❧✐❡❤ ✈✐❡❧❡r ❱❛r✐❛❜❡❧♥ ✐♥ ❞❡r

❚❤❡♦r✐❡ ❞❡r ❉✐r✐❝❤❧❡ts❝❤❡♥ ❘❡✐❤❡♥
∑

an
ns ✱ ◆❛❝❤r✐❝❤t❡♥ ✈♦♥ ❞❡ ❑ö♥✐❣❧✐❝❤❡♥ ●❡✲

s❡❧❧s❝❤❛❢t ❞❡r ❲✐ss❡♥s❝❤❛❢t❡♥ ③✉ ●ött✐♥❣❡♥✱ ▼❛t❤❡♠❛t✐s❝❤✲P❤②s✐❦❛❧✐s❝❤❡ ❑❧❛ss❡✳

✭✶✾✶✸✮✱ ✹✹✶✕✹✽✽✳

❬✶✶❪ ❍✳ ❋✳ ❇♦❤♥❡♥❜❧✉st ❛♥❞ ❊✳ ❍✐❧❧❡✱ ❖♥ t❤❡ ❛❜s♦❧✉t❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❉✐r✐❝❤❧❡t s❡r✐❡s✱

❆♥♥✳ ♦❢ ▼❛t❤✳ ✸✷ ✭✶✾✸✶✮✱ ✻✵✵✕✻✷✷✳

❬✶✷❪ ❊✳ ❇♦♠❜✐❡r✐ ❛♥❞ ❏✳ ❇♦✉r❣❛✐♥✱ ❆ r❡♠❛r❦ ♦♥ ❇♦❤r✬s ✐♥❡q✉❛❧✐t②✱ ■♥t✳ ▼❛t❤✳ ❘❡s✳ ◆♦t✳

✽✵ ✭✷✵✵✹✮✱ ✹✸✵✼✕✹✸✸✵✳

❬✶✸❪ ❏✳ ❘✳ ❈❛♠♣♦s✱ ●✳ ❆✳ ▼✉ñ♦③✲❋❡r♥á♥❞❡③✱ ❉✳ P❡❧❧❡❣r✐♥♦✱ ❏✳ ❇✳ ❙❡♦❛♥❡✲❙❡♣ú❧✈❡❞❛✱ ❚❤❡

❜♦❤♥❡♥❜❧✉st✲❍✐❧❧❡ ✐♥❡q✉❛❧✐t② ❢♦r r❡❛❧ ❤♦♠♦❣❡♥❡♦✉s ♣♦❧②♥♦♠✐❛❧s ✐s ❤②♣❡r❝♦♥tr❛❝t✐✈❡

❛♥❞ t❤✐s r❡s✉❧t ✐s ♦♣t✐♠❛❧✱ ❛r❳✐✈✿✶✷✵✾✳✹✻✸✷✈✷✳

❬✶✹❪ ❆✳ ▼✳ ❉❛✈✐❡✱ ◗✉♦t✐❡♥t ❛❧❣❡❜r❛s ♦❢ ✉♥✐❢♦r♠ ❛❧❣❡❜r❛s✱ ❏✳ ▲♦♥❞♦♥ ▼❛t❤✳ ❙♦❝✳ ✼ ✭✶✾✼✸✮✱

✸✶✕✹✵✳

❬✶✺❪ ❆✳ ❉❡❢❛♥t✱ ❉✳ ●❛r❝í❛✱ ▼✳ ▼❛❡str❡✱ ❇♦❤r✬s ♣♦✇❡r s❡r✐❡s t❤❡♦r❡♠ ❛♥❞ ❧♦❝❛❧ ❇❛♥❛❝❤
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