
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

▲✐♠✐t❡s ❛ss✐♥tót✐❝♦s ❡ ❡st❛❜✐❧✐❞❛❞❡
♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦

♣♦r

P❛♠♠❡❧❧❛ ◗✉❡✐r♦③ ❞❡ ❙♦✉③❛

❏♦ã♦ P❡ss♦❛ ✲ P❇

❉❡③❡♠❜r♦✴✷✵✶✻



▲✐♠✐t❡s ❛ss✐♥tót✐❝♦s ❡ ❡st❛❜✐❧✐❞❛❞❡
♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦

♣♦r

P❛♠♠❡❧❧❛ ◗✉❡✐r♦③ ❞❡ ❙♦✉③❛

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❋á❣♥❡r ❉✐❛s ❆r❛r✉♥❛

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲

❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦

tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❏♦ã♦ P❡ss♦❛ ✲ P❇

❉❡③❡♠❜r♦✴✷✵✶✻
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    S729l       Souza, Pammella Queiroz de. 
                           Limites assintóticos e estabilidade para o sistema de 

Mindlin-Timoshenko / Pammella Queiroz de Souza.- João 
Pessoa, 2016. 

                           102f.   
                           Orientador: Fágner Dias Araruna 
                           Tese (Doutorado) - UFPB-UFCG 
                           1. Matemática. 2. Sistema de Mindlin-Timoshenko.            

3. Limite assintótico. 4. Estabilização uniforme.    
 
 
 
 
    UFPB/BC                                                                        CDU: 51(043) 
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❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

➪r❡❛ ❞❡ ❈♦♥❝❡♥tr❛çã♦✿ ❆♥á❧✐s❡

❆♣r♦✈❛❞❛ ❡♠✿ ✶✺ ❞❡ ❞❡③❡♠❜r♦ ❞❡ ✷✵✶✻

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦

❡♠ ▼❛t❡♠át✐❝❛ ✲ ❯❋P❇✴❯❋❈●✱ ❝♦♠♦ r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡

❉♦✉t♦r ❡♠ ▼❛t❡♠át✐❝❛✳

❉❡③❡♠❜r♦✴✷✵✶✻

✐✈



❘❡s✉♠♦

❊st❛ t❡s❡ ❛❜♦r❞❛ ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ♣❛r❛ ✈✐❣❛s ❡ ♣❧❛❝❛s✳

❊st✉❞❛♠♦s q✉❡stõ❡s r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ♦ ❧✐♠✐t❡ ❛ss✐♥tót✐❝♦ ❡♠ r❡❧❛çã♦ ❛♦s ♣❛râ♠❡tr♦s

❡ ❛s t❛①❛s ❞❡ ❞❡❝❛✐♠❡♥t♦✳ ◆♦ ❝♦♥t❡①t♦ ❞♦ ❧✐♠✐t❡ ❛ss✐♥tót✐❝♦✱ ❝♦♠♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧✱

❛♣r❡s❡♥t❛♠♦s ✉♠❛ r❡s♣♦st❛ ♣♦s✐t✐✈❛ à ❝♦♥❥❡❝t✉r❛ ❢❡✐t❛ ♣♦r ▲❛❣♥❡s❡ ❡ ▲✐♦♥s ❡♠ ✶✾✽✽✱

♦♥❞❡ ♦ ♠♦❞❡❧♦ ❞❡ ❱♦♥✲❑ár♠á♥ é ♦❜t✐❞♦ ❝♦♠♦ ❧✐♠✐t❡ s✐♥❣✉❧❛r✱ q✉❛♥❞♦ k t❡♥❞❡ ❛♦ ✐♥✜✲

♥✐t♦✱ ❞♦ s✐st❡♠❛ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦✳ ■♥tr♦❞✉③✐♥❞♦ ♠❡❝❛♥✐s♠♦s ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦

❛♣r♦♣r✐❛❞♦s ✭✐♥t❡r♥♦s ❡ ❞❡ ❢r♦♥t❡✐r❛✮✱ t❛♠❜é♠ ♠♦str❛♠♦s q✉❡✱ s♦❜ ❝❡rt❛s ❝♦♥❞✐çõ❡s✱ ❛

❡♥❡r❣✐❛ ❞❡ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ t❡♠ ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❞❡❝❛✐♠❡♥t♦

❡①♣♦♥❡♥❝✐❛❧ ❡ ♣♦❧✐♥♦♠✐❛❧ ❝♦♠ r❡❧❛çã♦ ❛♦s ♣❛râ♠❡tr♦s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❙✐st❡♠❛ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦❀ ❧✐♠✐t❡ ❛ss✐♥tót✐❝♦❀ ❡st❛❜✐❧✐③❛çã♦

✉♥✐❢♦r♠❡✳

✈



❆❜str❛❝t

❚❤✐s t❤❡s✐s ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❞②♥❛♠✐❝s ♦❢ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠ ❢♦r ❜❡❛♠s

❛♥❞ ♣❧❛t❡s✳ ❲❡ st✉❞② ✐ss✉❡s r❡❧❛t✐♥❣ t♦ t❤❡ ❛s②♠♣t♦t✐❝ ❧✐♠✐t ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡ ♣❛✲

r❛♠❡t❡rs ❛♥❞ ❞❡❝❛② r❛t❡s✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛s②♠♣t♦t✐❝ ❧✐♠✐t✱ ❛s t❤❡ ♠❛✐♥ r❡s✉❧t✱

✇❡ ♣r❡s❡♥t ❛ ♣♦s✐t✐✈❡ r❡s♣♦♥s❡ t♦ t❤❡ ❝♦♥❥❡❝t✉r❡ ♠❛❞❡ ❜② ▲❛❣♥❡s❡ ❛♥❞ ▲✐♦♥s ✐♥ ✶✾✽✽✱

✇❤❡r❡ t❤❡ ❱♦♥✲❑ár♠á♥ ♠♦❞❡❧ ✐s ♦❜t❛✐♥❡❞ ❛s s✐♥❣✉❧❛r ❧✐♠✐t ✇❤❡♥ k t❡♥❞s t♦ ✐♥✜♥✐t②✱ t❤❡

▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠✳ ■♥tr♦❞✉❝✐♥❣ ❛♣♣r♦♣r✐❛t❡ ❞❛♠♣✐♥❣ ♠❡❝❤❛♥✐s♠s ✭✐♥t❡r♥❛❧

❛♥❞ ❜♦✉♥❞❛r②✮✱ ✇❡ ❛❧s♦ s❤♦✇ t❤❛t t❤❡ ❡♥❡r❣② ♦❢ s♦❧✉t✐♦♥s ❢♦r t❤❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦

s②st❡♠ ❤❛s ❞❡❝❛② ♣r♦♣❡rt✐❡s ❡①♣♦♥❡♥t✐❛❧ ❛♥❞ ♣♦❧②♥♦♠✐❛❧✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡✲

t❡rs✳

❑❡②✇♦r❞s✿ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠❀ ❛s②♠♣t♦t✐❝ ❧✐♠✐t❀ ✉♥✐❢♦r♠ st❛❜✐❧✐③❛t✐♦♥✳

✈✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛ ❉❡✉s✱ ♣♦✐s s❡♠ s❡✉ ❛♠♣❛r♦ ❡✉ ♥ã♦ ♣♦❞❡r✐❛ ❝♦♥❝r❡t✐③❛r ❡st❡ ♦❜❥❡t✐✈♦✳

❆❣r❛❞❡ç♦ ❞❡ ❢♦r♠❛ ❡s♣❡❝✐❛❧ ❛♦ ❛♠✐❣♦ ❡ ♣r♦❢❡ss♦r ❋á❣♥❡r ❆r❛r✉♥❛✱ ♣❡❧❛ ❝♦♠♣❡✲

t❡♥t❡ ♦r✐❡♥t❛çã♦✱ ❝♦♥✜❛♥ç❛✱ ❞❡❞✐❝❛çã♦ ❡ ♣❡❧❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❡♠ ❛❥✉❞❛r s❡♠♣r❡ ❝♦♠

t♦❞♦ ❝❛r✐♥❤♦✳

❏❡ t✐❡♥s à ❡①♣r✐♠❡r ♠❡s r❡♠❡r❝✐❡♠❡♥ts ❧❡s ♣❧✉s s✐♥❝èr❡s à ❋❛r✐❞ ❆♠♠❛r ❑❤♦❞❥❛✳

❆ ❧❛ ❢♦✐s ❡♥ ♠❛t❤é♠❛t✐q✉❡s ❡t ❞❛♥s ❧❛ ✈✐❡ q✉♦t✐❞✐❡♥♥❡✳ ■❧ ♠✬❛ ❞♦♥♥é ❞✉ s♦✉t✐❡♥ ♣ré❝✐✲

❡✉① ❛✈❡❝ ♣❛t✐❡♥❝❡ ❡t s❛❣❡ss❡✳ ❏❡ ❧✉✐ s✉✐s très r❡❝♦♥♥❛✐ss❛♥t❡ ♣♦✉r s❡s ❡♥❝♦✉r❛❣❡♠❡♥ts

❝❤❛❧❡✉r❡✉①✱ s❡s s✉❣❣❡st✐♦♥s ✐♠♣♦rt❛♥t❡s✳ ❏❡ ♥❡ ♣♦✉rr❛✐s ❥❛♠❛✐s ✐♠❛❣✐♥❡r ❝❡tt❡ t❤ès❡

s❛♥s s❡s ❛✐❞❡s✳

❆♦s ♠❡✉s ♣❛✐s✱ ❍❛❞✐❧s♦♥ ❆♥✉♥❝✐❛çã♦ ❡ ▼❛r✐❛ ❞❡ ❋át✐♠❛ ♣❡❧♦ ❝♦♥st❛♥t❡ ✐♥❝❡♥t✐✈♦

❛❥✉❞❛♥❞♦ ❛ s✉♣❡r❛r ❛s ♠✐♥❤❛s ❞✐✜❝✉❧❞❛❞❡s ❡ ✐❧✉♠✐♥❛♥❞♦ ♦ ❝❛♠✐♥❤♦ q✉❡ ❉❡✉s ❡s❝♦❧❤❡✉

♣❛r❛ ♠✐♠✳

➚s ♠✐♥❤❛s ✐r♠ãs P♦❧❧②❛♥♥❛ ❡ Pr✐s❝✐❧❛ q✉❡ sã♦ ♠❡✉ ❛❧✐❝❡r❝❡ ❡ ♠✐♥❤❛ ✐♥s♣✐r❛çã♦✳

➚ ♠✐♥❤❛ s♦❜r✐♥❤❛ ❡ ❛✜❧❤❛❞❛✱ ❏ú❧✐❛ q✉❡ tr❛♥s❜♦r❞❛ ♠✐♥❤❛ ✈✐❞❛ ❞❡ ❛♠♦r ❡ t❡r♥✉r❛✳

❆ ♠❡✉ ❡s♣♦s♦✱ ●✉st❛✈♦ ❆r❛ú❥♦✱ ♣♦r s❡✉ ❛♠♦r✱ ❝❛r✐♥❤♦✱ ❝♦♠♣❛♥❤❡r✐s♠♦✱ ❡stí♠✉❧♦

❡ ♣❡❧❛ ❝♦♥✜❛♥ç❛ ♥♦ ♠❡✉ s✉❝❡ss♦ ❛té ♠❡s♠♦ q✉❛♥❞♦ ❡✉ ❞✉✈✐❞❛✈❛✳

❆♦s ♣r♦❢❡ss♦r❡s ❞❛ ♣ós✲❣r❛❞✉❛çã♦ ❞❛ ❯❋P❇✿ ❆♥tô♥✐♦ ❞❡ ❆♥❞r❛❞❡✱ ❊❧✐s❛♥❞r❛

●❧♦ss✱ ❇r✉♥♦ ❍❡♥r✐q✉❡✱ P❡❞r♦ ❍✐♥♦❥♦s❛✱ ❈❛r❧♦s ❇♦❝❦❡r✱ ▲✐③❛♥❞r♦ ❈❤❛❧❧❛♣❛✱ ▼❛♥❛ssés

❳❛✈✐❡r ♣❡❧♦s ❡♥s✐♥❛♠❡♥t♦s ❛❞q✉✐r✐❞♦s ❞✉r❛♥t❡ ♦ ♠❡str❛❞♦✳ ❊♠ ❡s♣❡❝✐❛❧ ❛♦ Pr♦❢❡ss♦r

❯❜❡r❧â♥❞✐♦ ❙❡✈❡r♦✱ ♣❡❧❛ ❛♠✐③❛❞❡✱ ❛❝♦❧❤✐♠❡♥t♦ ❡ ✐♥❝❡♥t✐✈♦✳ ❆ ▲✉❝✐❛♥♦ ❞♦s ❙❛♥t♦s✱

❏♦s❡❧♠❛ ❙♦❛r❡s✱ ❆♥❛ ❆❧✐❝❡ ❙♦❜r❡✐r❛✱ ▲✉✐③ ▲✐♠❛✱ ❚❤✐❝✐❛♥② ▼❛ts✉❞♦✱ ❈❛r❧♦s ❊❞✉❛r❞♦✱

❘♦❣❡r ❘✉❜❡♥ ❡ ❏♦sé ❏♦❡❧s♦♥ ♣♦r t♦❞❛ ❞❡❞✐❝❛çã♦✱ ❝♦♠♣❡tê♥❝✐❛✱ ♣❡❧❛s ✈❛❧♦r♦s❛s ❝♦♥tr✐✲

❜✉✐çõ❡s ❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❡♥q✉❛♥t♦ ♠❛t❡♠át✐❝♦ ❡ ♣♦r ❛♣♦st❛r❡♠ t❛♥t♦ ♥♦ ♠❡✉ s✉❝❡ss♦✳

❆♦s ❛♠✐❣♦s ❡ ❝♦❧❡❣❛s ❞❡ ❣r❛❞✉❛çã♦ ❡ ♣ós✲❣r❛❞✉❛çã♦❀ ❡♠ ❡s♣❡❝✐❛❧✱ ❛❣r❛❞❡ç♦ ❛ ❨❛♥❡

▲ís❧❡② ❘❛♠♦s ❆r❛ú❥♦✱ ❘❡❣✐♥❛❧❞♦ ❆♠❛r❛❧ ❈♦r❞❡✐r♦ ❏ú♥✐♦r✱ ❏♦sé ❈❛r❧♦s ❞❡ ❆❧❜✉q✉❡rq✉❡

▼❡❧♦ ❏ú♥✐♦r✱ ◆❛❝✐❜ ❆♥❞ré ●✉r❣❡❧ ❡ ❆❧❜✉q✉❡rq✉❡✱ ●✐❧s♦♥ ▼❛♠❡❞❡ ❞❡ ❈❛r✈❛❧❤♦✱ ❉✐❛♥❛

▼❛r❝❡❧❛ ❙❡rr❛♥♦ ❘♦❞rí❣✉❡③✱ ❉❛♥✐❡❧ ◆✄✉♥❡③ ❆❧❛r❝ó♥ ❡ ❘✐❝❛r❞♦ ❇✉r✐t② ❈r♦❝❝✐❛ ▼❛❝❡❞♦✳

✈✐✐



▼❡r❝✐ à t♦✉t❡s ❧❡s ♣❡rs♦♥♥❡s ❞✉ ❧❛❜♦r❛t♦✐r❡ ❞❡ ♠❛t❤é♠❛t✐q✉❡s ❞❡ ❧✬❯♥✐✈❡rs✐té ❞❡

❋r❛♥❝❤❡✲❈♦♠té✱ ❝❡ q✉✐ ♠✬❛ ❛✐❞é ❞✬✉♥❡ ♠❛♥✐èr❡ ♦✉ ❞✬✉♥❡ ❛✉tr❡❀ ▲❡ ▼❡r❞② ❈❤r✐st✐❛♥✱

❉✉♣❛✐① ❈é❞r✐❝❀ ❡t s✉rt♦✉t ▼❛r✐♥❡✱ ❈❧é♠❡♥t ❡t ▼✐❝❤❡❧ ♣♦✉r ❧❡✉r ♣❛t✐❡♥❝❡✱ ❛✐❞❡✱ ❧❛

❝❛♠❛r❛❞❡r✐❡ ❡t ❞❡ ❧✬❛♠✐t✐é q✉✐ ❛ ✐♥♦♥❞é ♠❛ ✈✐❡ ❞❡ ❜♦♥s s♦✉✈❡♥✐rs✳

❆ ❈❆P❊❙✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❝♦♥❝❡❞✐❞♦ ❝♦♠ ✉♠❛ ❜♦❧s❛ ❞❡ ❞❡♠❛♥❞❛ s♦❝✐❛❧ ❡♠

t♦❞❛ ♠✐♥❤❛ ♣❡r♠❛♥ê♥❝✐❛ ♥❛ ❯❋P❇ ❡ ❝♦♠ ✉♠❛ ❜♦❧s❛ ❞♦ Pr♦❣r❛♠❛ ❞❡ ❉♦✉t♦r❛❞♦ ❝♦♠

❊stá❣✐♦ ♥♦ ❊①t❡r✐♦r ✭❆▼❙❯❉✮✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ ♠✐♥❤❛ ❡st❛❞❛ ♥❛ ❯♥✐✈❡rs✐té ❞❡ ❋r❛♥❝❤❡✲

❈♦♠té ✲ ❯❋❈✳

✈✐✐✐



✏❙❡ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣♦❞❡ ❝r✐❛r ♣r♦❜❧❡♠❛s✱ ♥ã♦ é ❛tr❛✈és

❞❛ ✐❣♥♦râ♥❝✐❛ q✉❡ ♣♦❞❡♠♦s s♦❧✉❝✐♦♥á✲❧♦s✳✑

■s❛❛❝ ❆s✐♠♦✈

✐①



❉❡❞✐❝❛tór✐❛

❆ ♠✐♥❤❛ s♦❜r✐♥❤❛✱ ❏ú❧✐❛ ❋r❡✐r❛ ❡ ❛♦

♠❡✉ ❡s♣♦s♦✱ ●✉st❛✈♦ ❆r❛ú❥♦✳

①



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

✶ ❆s②♠♣t♦t✐❝ ❧✐♠✐ts ❛♥❞ st❛❜✐❧✐③❛t✐♦♥ ❢♦r t❤❡ ✷❉ ♥♦♥❧✐♥❡❛r ▼✐♥❞❧✐♥✲

❚✐♠♦s❤❡♥❦♦ s②st❡♠ ✶✹

✶✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✷ ❆s②♠♣t♦t✐❝ ❧✐♠✐t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✶✳✸ ❙t❛❜✐❧✐t②✿ ■♥t❡r♥❛❧ ❢❡❡❞❜❛❝❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✶✳✹ ❙t❛❜✐❧✐t②✿ ❇♦✉♥❞❛r② ❢❡❡❞❜❛❝❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✶✳✺ ❋✉rt❤❡r ❝♦♠♠❡♥ts ❛♥❞ ♦♣❡♥ ♣r♦❜❧❡♠s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✷ ❆s②♠♣t♦t✐❝ ❧✐♠✐ts ❛♥❞ st❛❜✐❧✐③❛t✐♦♥ ❢♦r t❤❡ ❧✐♥❡❛r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❚✐✲

♠♦s❤❡♥❦♦ s②st❡♠ ✺✷

✷✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✷✳✷ ❆s②♠♣t♦t✐❝ ❧✐♠✐t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡t❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✷✳✷✳✶ ❚❤❡ ❧✐♠✐t s②st❡♠ ✇❤❡♥ (h, k) → (0,∞) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✷✳✷✳✷ ❚❤❡ ❧✐♠✐t s②st❡♠ ❛s k → ∞ ❛♥❞ t❤❡♥ h→ 0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✷✳✷✳✸ ❚❤❡ ❧✐♠✐t s②st❡♠ ❛s h→ 0 ❛♥❞ t❤❡♥ k → ∞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✷✳✸ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ✐♥ t✐♠❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✷✳✸✳✶ ❯♥✐❢♦r♠ st❛❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

❘❡❢❡rê♥❝✐❛s ✽✼



■♥tr♦❞✉çã♦

◆♦s ú❧t✐♠♦s ❛♥♦s é ❝r❡s❝❡♥t❡ ♦ ✐♥t❡r❡ss❡ ♥♦ ❡st✉❞♦ ❞❛ ❡st❛❜✐❧✐③❛çã♦ ❡ ♦ ❝♦♥tr♦❧❡

❞❡ s✐st❡♠❛s ❞❡ ♥❛t✉r❡③❛ ❡❧ást✐❝❛ ✭❡♥✈♦❧✈❡♥❞♦ ❡str✉t✉r❛s ✢❡①í✈❡✐s s✉❥❡✐t❛s ❛ ✈✐❜r❛çõ❡s✮✱

❡♠ ♣❛rt✐❝✉❧❛r ♦s q✉❡ ♠♦❞❡❧❛♠ ❛ ❛çã♦ ❞❡ ✈✐❣❛s ❡ ♣❧❛❝❛s✱ ❞❡✈✐❞♦ ❛ ❛♣❧✐❝❛çã♦ à ❢ís✐❝❛ ❡ à

❡♥❣❡♥❤❛r✐❛✳ ❯♠ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❡①tr❡♠❛♠❡♥t❡ ✉s❛❞♦ ♥❛ ❞❡s❝r✐çã♦ ❞❡ ✈✐❜r❛çõ❡s ❞❡

✈✐❣❛s ❡ ♣❧❛❝❛s ✜♥❛s é ♦ s✐st❡♠❛ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦✳ ❊st❡ ♠♦❞❡❧♦ é ❝♦♥s✐❞❡r❛❞♦ ✉♠

❞♦s ♠❛✐s ♣r❡❝✐s♦s ♣❡❧♦ ❢❛t♦ ❞❡ ❝♦♥s✐❞❡r❛r t❛♥t♦ ❞❡❢♦r♠❛çõ❡s tr❛♥s✈❡rs❛✐s ❝♦♠♦ t❛♠❜é♠

r♦t❛❝✐♦♥❛✐s ✭✈❡r ❋✐❣✉r❛ ✶✮✳

❋✐❣✉r❛ ✶

P❛r❛ ❞❡s❝r❡✈❡r ❡ss❡ ♠♦❞❡❧♦✱ ❝♦♥s✐❞❡r❡♠♦s Ω ⊂ R
2 ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥✲

t❡✐r❛ Γ s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r✳ ❙❡❥❛♠ {Γ0,Γ1} ✉♠❛ ♣❛rt✐çã♦ ❞❡ Γ ❡ T > 0 ❞❛❞♦✳

❈♦♥s✐❞❡r❡♠♦s ♦ ❝✐❧✐♥❞r♦ Q = Ω × (0, T )✱ ❝♦♠ ❢r♦♥t❡✐r❛ ❧❛t❡r❛❧ Σ = Σ0 ∪ Σ1✱ ♦♥❞❡

Σi = Γi× (0, T )✱ i = 0, 1✳ ❆ ❛çã♦ ❞♦ s✐st❡♠❛ ❞❡ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦

✭✈❡r ❚✐♠♦s❤❡♥❦♦ ❬✺✺❪✱ ▼✐♥❞❧✐♥ ❬✹✵❪ ❡ ▲❛❣♥❡s❡✲ ▲✐♦♥s ❬✷✼❪✮ é ❞❛❞❛ ♣❡❧❛s ❛❝♦♣❧❛❞❛s ❡q✉❛✲



çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s





ρh3

12
φ1tt − L1(φ1, φ2, ψ) = 0, ❡♠ Q,

ρh3

12
φ2tt − L2(φ1, φ2, ψ) = 0, ❡♠ Q,

ρhψtt − L3(φ1, φ2, ψ, η1, η2) = 0, ❡♠ Q,

ρhη1tt − L4(ψ, η1, η2) = 0, ❡♠ Q,

ρhη2tt − L5(ψ, η1, η2) = 0, ❡♠ Q,

✭✶✮

♦♥❞❡

L1(φ1, φ2, ψ) = D

(
φ1xx +

1− µ

2
φ1yy +

1 + µ

2
φ2xy

)
− k (φ1 + ψx) ,

L2(φ1, φ2, ψ) = D

(
φ2yy +

1− µ

2
φ2xx +

1 + µ

2
φ1xy

)
− k (φ2 + ψy) ,

L3(φ1, φ2, ψ, η1, η2) = k
[
(ψx + φ1)x + (ψy + φ2)y

]
+ (N1ψx +N12ψy)x + (N2ψy +N12ψx)y ,

L4(ψ, η1, η2) = N1x +N12y,

L5(ψ, η1, η2) = N2y +N12x,

N1 =
Eh

1− µ2

(
η1x + µη2y +

1

2
ψ2
x +

µ

2
ψ2
y

)
,

N2 =
Eh

1− µ2

(
η2y + µη1x +

1

2
ψ2
y +

µ

2
ψ2
x

)
,

N12 =
Eh

2(1 + µ)
(η1y + η2x + ψxψy) .

❆q✉✐✱ ❝♦♠♦ ❡♠ t♦❞♦ ♦ ♥♦ss♦ tr❛❜❛❧❤♦✱ ♦s s✉❜s❝r✐t♦s r❡♣r❡s❡♥t❛♠ ❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s✳

❖ ✈❡t♦r ν = (ν1, ν2) é ♦ ✈❡t♦r ♥♦r♠❛❧ ❡①t❡r✐♦r ❛ Ω ❡ ∂
∂ν

r❡♣r❡s❡♥t❛ ❛ ❞❡r✐✈❛❞❛ ♥♦r♠❛❧✳

❋✐s✐❝❛♠❡♥t❡✱ ❛s ❢✉♥çõ❡s φ1 = φ1(x, y, t)✱ φ2 = φ2(x, y, t)✱ r❡♣r❡s❡♥t❛♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

♦s â♥❣✉❧♦s ❞❡ r♦t❛çã♦ ❞❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❞❛ ♣❧❛❝❛ x = const.✱ y = const. ❝♦♥t❡♥❞♦

♦ ✜❧❛♠❡♥t♦ q✉❡✱ q✉❛♥❞♦ ❛ ♣❧❛❝❛ ❡stá ❡♠ ❡q✉✐❧í❜r✐♦✱ é ♦rt♦❣♦♥❛❧ à s✉♣❡r❢í❝✐❡ ♠é❞✐❛

♥♦ ♣♦♥t♦ (x, y, 0)✳ ❆ ❢✉♥çã♦ ψ = ψ(x, y, t) é ♦ ❞❡s❧♦❝❛♠❡♥t♦ tr❛♥s✈❡rs❛❧ ❞❛ ♣❧❛❝❛✱ ❡

η1 = η1(x, y, t)✱ η2 = η2(x, y, t) r❡♣r❡s❡♥t❛♠ ❛ ❞❡❢♦r♠❛çã♦ ❧♦♥❣✐t✉❞✐♥❛❧ ❞❛ ♣❧❛❝❛ ♥♦

✐♥st❛♥t❡ t ❞❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧✐③❛❞❛ ❡♠ (x, y) ✉♥✐❞❛❞❡s ❛ ♣❛rt✐r ❞♦ ♣♦♥t♦ ✜♥❛❧

(x, y) = (0, 0)✳ ❆ ❝♦♥t❛♥t❡ ♣♦s✐t✐✈❛ h r❡♣r❡s❡♥t❛ ❛ ❡s♣❡ss✉r❛ ❞❛ ♣❧❛❝❛ q✉❡✱ ♣❛r❛ ❡ss❡

♠♦❞❡❧♦✱ ❝♦♥s✐❞❡r❛♠♦s ✉♥✐❢♦r♠❡ ❡ ✜♥❛✳ ❆ ❝♦♥st❛♥t❡ D é ♦ ♠ó❞✉❧♦ ❞❡ r✐❣✐❞❡③ à ✢❡①ã♦

❡ é ❞❛❞♦ ♣♦r D = Eh3/12(1− µ2)✳ ❆ ❝♦♥st❛♥t❡ ρ é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♠❛ss❛ ♣♦r ✉♥✐❞❛❞❡

✷



❞❡ ✈♦❧✉♠❡ ❡ ♦ ♣❛râ♠❡tr♦ k✱ q✉❡ ♠✉❧t✐♣❧✐❝❛ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❞❛s ❡q✉❛çõ❡s✱ é ❝❤❛♠❛❞♦ ❞❡

♠ó❞✉❧♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ❡♠ t♦rçã♦ ❡ é ❝❛❧❝✉❧❛❞♦ ♣❡❧❛ ❢ór♠✉❧❛

k =
k̂Eh

2 (1 + µ)
,

♦♥❞❡ ❛ ❝♦♥t❛♥t❡ E é ♦ ♠ó❞✉❧♦ ❞❡ ❨♦✉♥❣✱ µ é ♦ r❛✐♦ ❞❡ P♦✐ss♦♥
(
0 < µ < 1

2

)
❡ k̂ é

❝❤❛♠❛❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦rr❡çã♦ ❞❡ t♦rçã♦✳ ❊st❡ ❝♦❡✜❝✐❡♥t❡ ❛♣❛r❡❝❡ ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡

❛s ❞❡❢♦r♠❛çõ❡s s♦❢r✐❞❛s ♣❡❧❛s t♦rçõ❡s ♥ã♦ sã♦ ❝♦♥st❛♥t❡s ❡♠ t♦❞❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❞❛

♣❧❛❝❛✳ ❖ ♠ó❞✉❧♦ k é t❛♠❜é♠ ✐♥✈❡rs❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ â♥❣✉❧♦ ❞❡ r♦t❛çã♦ ❞❛ ♣❧❛❝❛✳

❆ ❞❡❞✉çã♦ ❞♦ ♠♦❞❡❧♦ ✭✶✮ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ▲❛❣♥❡s❡✲▲✐♦♥s ❬✷✼❪✳

❈♦♥s✐❞❡r❡♠♦s q✉❡ ❛ ♣❧❛❝❛ s❡❥❛ ❞❡ ❢♦r♠❛ q✉❡ s✉❛s ❡①tr❡♠✐❞❛❞❡s ❡st❡❥❛♠ ✜①❛s s♦❜r❡

✉♠❛ ♣♦rçã♦ Γ0 ❞❛ ❢r♦♥t❡✐r❛✱ ❡♥q✉❛♥t♦ q✉❡ ❢♦rç❛s ❡ ♠♦♠❡♥t♦s sã♦ ❛♣❧✐❝❛❞♦s ♥♦ r❡st❛♥t❡

Γ1 ❞❛ ❢r♦♥t❡✐r❛✳ ❆s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❛ss♦❝✐❛❞❛s ❛ ❡st❡ ❝❛s♦ sã♦ ❞❛❞❛s ♣♦r




φ1 = φ2 = ψ = η1 = η2 = 0 ❡♠ Σ0,

{B1(φ1, φ2),B2(φ1, φ2),B3(φ1, φ2, ψ, η1, η2),B4(η1, η2),B5(η1, η2)} = {0, 0, 0, 0, 0} ❡♠ Σ1,

✭✷✮

♦♥❞❡

B1(φ1, φ2) = D

[
ν1φ1x + µν1φ2y +

1− µ

2
(φ1y + φ2x) ν2

]
,

B2(φ1, φ2) = D

[
ν2φ2y + µν2φ1x +

1− µ

2
(φ1y + φ2x) ν1

]
,

B3(φ1, φ2, ψ, η1, η2) = k

(
∂ψ

∂ν
+ ν1φ1 + ν2φ2

)
+ (ν1N1 + ν2N12)ψx + (ν2N2 + ν1N12)ψy,

B4(ψ, η1, η2) = ν1N1 + ν2N12,

B5(ψ, η1, η2) = ν2N2 + ν1N12.

P❛r❛ ❝♦♠♣❧❡t❛r♠♦s ♦ s✐st❡♠❛ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦✱ ✈❛♠♦s ✐♥❝❧✉✐r ❛s s❡❣✉✐♥t❡s ❝♦♥✲

❞✐çõ❡s ✐♥✐❝✐❛✐s




{φ1 (·, 0) , φ2 (·, 0) , ψ (·, 0) , η1 (·, 0) , η2 (·, 0)} = {φ10, φ20, ψ0, η10, η20} ❡♠ Ω,

{φ1t (·, 0) , φ2t (·, 0) , ψt (·, 0) , η1t (·, 0) , η2t (·, 0)} = {φ11, φ21, ψ1, η11, η21} ❡♠ Ω,

✭✸✮

❆ ❡♥❡r❣✐❛ ❞❡st❡ s✐st❡♠❛ é ❞❡✜♥✐❞❛ ♣♦r

Ek(t) =
1

2

{
ρh3

12

[
|φ1t|2 + |φ2t|2

]
+ ρh

[
|ψt|2 + |η1t|2 + |η2t|2

]
+ k

[
|φ1 + ψx|2 + |φ2 + ψy|2

]

+ F ([bij], [bij]) +D

[
|φ1x|2 + |φ2y|2 +

1− µ

2
|φ1y + φ2x|2 +2µ

∫

Ω

(φ1xφ2y) dxdy

]}
,

✸



♦♥❞❡

b11 = η1x +
1

2
ψ2
x, b22 = η2y +

1

2
ψ2
y , b12 = b21 = η1y + η2x + ψxψy,

❡

(F ([bij]) , [bij])(L2(Ω))4 =
Eh

1− µ2

{
µ

∣∣∣∣η1x + η2y +
1

2
|∇ψ|2

∣∣∣∣
2

+ (1− µ)|b11|2 + (1− µ)|b22|2

+
1− µ

2
|η1y + η2x + ψxψy|2

}
.

❊st❡ s✐st❡♠❛ t❡♠ ✉♠ ❝❛rát❡r ❝♦♥s❡r✈❛t✐✈♦✱ ✐st♦ é✱

Ek(t) = Ek(0), ∀ t > 0.

❆♦ s✉♣♦r q✉❡ ♦ ✜❧❛♠❡♥t♦ ❞❛ ♣❧❛❝❛ ♣❡r♠❛♥❡❝❡ ♣❡r♣❡♥❞✐❝✉❧❛r à s✉♣❡r❢í❝✐❡ ♠❡❞✐❛♥❛

❞❡❢♦r♠❛❞❛✱ ♦s ❡❢❡✐t♦s ❞❡ t♦rçã♦ tr❛♥s✈❡rs❛✐s sã♦ ❞❡s♣r❡③❛❞♦s ✭✈❡r ❋✐❣✉r❛ ✷✮✳

❋✐❣✉r❛ ✷

◆❡st❡ ❝❛s♦✱ ♦ ♠♦❞❡❧♦ q✉❡ ❞❡s❝r❡✈❡ ❞✐♥â♠✐❝❛ ❞❛ ♣❧❛❝❛ é ♦ s✐st❡♠❛ ❞❡ ❱♦♥✲❑ár♠á♥ ✭✈❡r

❬✷✼❪✮✱ ❝✉❥❛s ❡q✉❛çõ❡s sã♦





ρhψtt −
ρh3

12
∆ψtt +D∆2ψ − (N1ψx +N12ψy)x − (N2ψy +N12ψx)y = 0 ❡♠ Q,

ρhη1tt − (N1x +N12y) = 0 ❡♠ Q,

ρhη2tt − (N2y +N12x) = 0 ❡♠ Q.

✭✹✮

❈♦♥s✐❞❡r❛r ❞❡s♣r❡③í✈❡❧ ♦ ❡❢❡✐t♦ ❞❡ t♦rçã♦ tr❛♥s✈❡rs❛❧ ❞❛ ♣❧❛❝❛ é ♦ ♠❡s♠♦ q✉❡ ❢❛③❡r

♦ ♠ó❞✉❧♦ k t❡♥❞❡r ❛♦ ✐♥✜♥✐t♦✱ ✈✐st♦ q✉❡✱ ❝♦♠♦ ❞✐ss❡♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ❡st❡ ♠ó❞✉❧♦ é

✐♥✈❡rs❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ â♥❣✉❧♦ ❞❡ t♦rçã♦✳ ❉❡ss❛ ❢♦r♠❛✱ ✈ê✲s❡ ❜❛st❛♥t❡ ♥❛t✉r❛❧ ❛

q✉❡stã♦ ♣r♦♣♦st❛ ♣♦r ▲❛❣♥❡s❡ ❡ ▲✐♦♥s ❡♠ ❬✷✼✱ ♣✳ ✷✹❪✱ à q✉❛❧ é ❢♦r♠✉❧❛❞❛ ❝♦♠♦ s❡❣✉❡✳

❈♦♥❥❡❝t✉r❛ ✭▲❛❣♥❡s❡✲▲✐♦♥s✮❆s s♦❧✉çõ❡s ❞♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡❦♦

✭✶✮ ❝♦♥✈❡r❣❡♠ ✭q✉❛♥❞♦ k → ∞✮ ♣❛r❛ ❛s s♦❧✉çõ❡s ❞♦ s✐st❡♠❛ ❞❡ ❱♦♥✲❑ár♠á♥ ✭✹✮✳

✹



❖ ♣r✐♠❡✐r♦ tr❛❜❛❧❤♦ q✉❡ t❡♥t♦✉ ❞❛r ✉♠❛ r❡s♣♦st❛ ❛ ❡st❛ ❝♦♥❥❡❝t✉r❛✱ ♣❡❧♦ ♠❡♥♦s

♥♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ❢♦✐ ❬✽❪✳ ▲á ♦s ❛✉t♦r❡s ❛❞✐❝✐♦♥❛r❛♠ ✉♠ t❡r♠♦ r❡❣✉❧❛r✐③❛♥t❡ ❞❡

q✉❛rt❛ ♦r❞❡♠ ❛♦ s✐st❡♠❛ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦✱ ✐st♦ é✱ ❝♦♥s✐❞❡r❛r❛♠ ♦ s✐st❡♠❛





ρh3

12
φtt −Dφxx + k (φ+ ψx) = 0 ✐♥ Q,

ρhψtt − k (φ+ ψx)x − Eh

[
ψx

(
ηx +

1

2
ψ2
x

)]

x

+
1

k
ψxxxx = 0 ✐♥ Q,

ρhηtt − Eh

(
ηx +

1

2
ψ2
x

)

x

= 0 ✐♥ Q,

✭✺✮

❡ ♣r♦✈❛r❛♠ q✉❡✱ q✉❛♥❞♦ k → ∞✱ ♦ s✐st❡♠❛ ✭✺✮ ❝♦♥✈❡r❣❡ ♣❛r❛ ♦ s✐st❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧

❞❡ ❱♦♥✲❑ár♠á♥




ρhψtt −
ρh3

12
ψxxtt +Dψxxxx − Eh

[
ψx

(
ηx +

1

2
ψ2
x

)]

x

= 0 ❡♠ Q,

ρhηtt − Eh

(
ηx +

1

2
ψ2
x

)

x

= 0 ❡♠ Q.
✭✻✮

◆♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ❡♠ ❬✽❪✱ ♦ ✉s♦ ❞♦ t❡r♠♦ ❞❡ r❡❣✉❧❛r✐③❛♥t❡ ❢♦✐ ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛

❣❛r❛♥t✐r ❛ ❝♦♠♣❛❝✐❞❛❞❡ ♣❛r❛ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s♦❧✉çõ❡s ❡✱ ♣♦rt❛♥t♦✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ ❛

♣❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡ ♥♦ t❡r♠♦ ♥ã♦ ❧✐♥❡❛r✳

P❛r❛ ♦ ❝❛s♦ ❧✐♥❡❛r✱ ♦ s✐st❡♠❛ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ é ❞❛❞♦ ♣♦r




ρh3

12
φ1tt − L1(φ1, φ2, ψ) = 0 ❡♠ Q,

ρh3

12
φ2tt − L2(φ1, φ2, ψ) = 0 ❡♠ Q,

ρhψtt − L̃3(φ1, φ2, ψ) = 0 ❡♠ Q,

✭✼✮

♦♥❞❡ L1✱ L2 sã♦ ❝♦♠♦ ❞❡✜♥✐❞♦s ❛❝✐♠❛ ❡

L̃3(φ1, φ2, ψ) = k
[
(ψx + φ1)x + (ψy + φ2)y

]
.

❊♠ ❬✷✼❪✱ ▲❛❣♥❡s❡✲▲✐♦♥s ♣r♦✈❛r❛♠ q✉❡ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✼✮ ❝♦♥✈❡r❣❡✱ q✉❛♥❞♦ k →
∞✱ ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❑✐r❝❤❤♦✛ ✭s✉❥❡✐t♦ ❛ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❛♣r♦♣r✐❛❞❛s✮

ρhψtt −
ρh3

12
∆ψtt +D∆2ψ = 0. ✭✽✮

❊①✐st❡ ✉♠❛ ❡①t❡♥s❛ ❧✐t❡r❛t✉r❛ ♥♦ ❝♦♥t❡①t♦ ❞❡ ❧✐♠✐t❡s ❛ss✐♥tót✐❝♦s ❡♠ r❡❧❛çã♦ ❛

♣❛râ♠❡tr♦s s✐♥❣✉❧❛r❡s✳ ❚♦❞❛✈✐❛✱ ✈❛♠♦s ♠❡♥❝✐♦♥❛r ❛♣❡♥❛s ❛❧❣✉♥s tr❛❜❛❧❤♦s q✉❡ ❡stã♦

✺



r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ♦s s✐st❡♠❛ ❤✐♣❡r❜ó❧✐❝♦s ❛❝✐♠❛ ❞❡s❝r✐t♦s✳ ❈♦♠❡❝❡♠♦s ❝♦♠ ♦ r❡s✉❧✲

t❛❞♦ ❡♠ ❬✾❪✱ ♦ q✉❛❧ ♦s ❛✉t♦r❡s ❡st✉❞❛r❛♠ ♦ s✐st❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r ❞❡ ▼✐♥❞❧✐♥✲

❚✐♠♦s❤❡♥❦♦ ❝♦♠ ✉♠ ❝♦♥tr♦❧❡ ❛♣❧✐❝❛❞♦ ♥❛ ❢r♦♥t❡✐r❛✱ ❡ ♣r♦✈❛r❛♠ q✉❡ s❡✉ ❧✐♠✐t❡ ❛ss✐♥✲

tót✐❝♦ ❝♦♥✈❡r❣❡✱ q✉❛♥❞♦ k → ∞✱ ♣❛r❛ ♦ s✐st❡♠❛ ❝♦♥tr♦❧❛❞♦ ❞❡ ❑✐r❝❤❤♦✛✳ ▼❡♥③❛❧❛ ❡

❩✉❛③✉❛✱ ❡♠ ❬✸✺❪✱ ♠♦str❛r❛♠ q✉❡ ♦ ❧✐♠✐t❡ ❞♦ s✐st❡♠❛ ❞❡ ✈✐❣❛ ❞❡ ❚✐♠♦s❤❡♥❦♦✱ q✉❛♥❞♦

✉♠ ♣❛râ♠❡tr♦ ❛❞❡q✉❛❞♦ t❡♥❞❡ ❛ ③❡r♦✱ s❡ ❛♣r♦①✐♠❛ ✭❢r❛❝❛♠❡♥t❡✮ ❞♦ s✐st❡♠❛ ❞❡ ❱♦♥✲

❑ár♠á♥✳ ❊♠ ❬✸✻❪✱ ♦s ❛✉t♦r❡s ❝♦♥s✐❞❡r❛r❛♠ ✉♠ ♠♦❞❡❧♦ ❞✐♥â♠✐❝♦ ♥ã♦ ❧✐♥❡❛r ❞♦ s✐st❡♠❛

❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ❞❡♣❡♥❞❡♥❞♦ ❞❡ ✉♠ ♣❛râ♠❡tr♦ ε > 0 ❡ ❡st✉❞❛r❛♠ s❡✉ ❧✐♠✐t❡

❢r❛❝♦ q✉❛♥❞♦ ε→ 0✳ ❆❧é♠ ❞✐ss♦✱ ❡❧❡s ♠♦str❛r❛♠ q✉❡✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ t✐♣♦ ❞❡ ❝♦♥❞✐çã♦

❞❡ ❝♦♥t♦r♥♦✱ ❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ❞❡st❡ ♠♦❞❡❧♦ ♣♦❞❡ ❞❡s❛♣❛r❡❝❡r ♦✉ ♣♦❞❡ s❡ t♦r♥❛r ✉♠❛

♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ❝♦♥❝❡♥tr❛❞❛ ♥♦s ❡①tr❡♠♦s ❞❛ ✈✐❣❛✳ ❊♠ ❬✶✹❪✱ ❈❤✉❡s❤♦✈ ❡ ▲❛s✐❡❝❦❛ ❛♥❛✲

❧✐s❛r❛♠ ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ♠♦❞❡❧♦s ❞❡ ♣❧❛❝❛s ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ❝♦♠

❢♦rç❛s ❞❡ ❢❡❡❞❜❛❝❦ ♥ã♦✲❧✐♥❡❛r❡s✱ ♠♦str❛♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❛tr❛t♦r ❣❧♦❜❛❧ ❝♦♠♣❛❝t♦

♣❛r❛ ♦ s✐st❡♠❛ ❡ ❡st✉❞❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❧✐♠✐t❡ q✉❛♥❞♦ ♦ ♠ó❞✉❧♦ ❞❡ ❝✐s❛❧❤❛♠❡♥t♦

t❡♥❞❡ ❛ ✐♥✜♥✐t♦✳ P❛r❛ ♦ s✐st❡♠❛ ♥ã♦✲❧✐♥❡❛r ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ❘❛❤♠❛♥✐✱ ❡♠ ❬✹✹❪✱

❝♦♥s✐❞❡r❛ ✉♠❛ ♣❧❛❝❛ r❡❢♦rç❛❞❛ ♣♦r ✉♠ r❡❢♦rç♦ ✜♥♦ ❡♠ ✉♠❛ ♣♦rçã♦ ❞❡ s✉❛ ❢r♦♥t❡✐r❛ ❡

❡st✉❞❛ ❡st❛ ❥✉♥çã♦ ❛tr❛✈és ❞❡ ✉♠ ♠♦❞❡❧♦ ❛♣r♦①✐♠❛❞♦ ♦♥❞❡ ♦ r❡❢♦rç♦ t❡♠ ✉♠ ♣❛♣❡❧

✐♠♣♦rt❛♥t❡ ❡♠ s✉❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✳

❊st❛❜✐❧✐③❛çã♦

❆ ❡st❛❜✐❧✐③❛çã♦ ❞❡ ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ❡♥✈♦❧✈❡♥❞♦ ❡str✉t✉r❛s ✢❡①í✈❡✐s s✉❥❡✐t❛s

❛ ✈✐❜r❛çõ❡s t❡♠ s✐❞♦ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ❡st✐♠✉❧❛❞❛ ♣❡❧♦ ♥ú♠❡r♦ ❝r❡s❝❡♥t❡ ❞❡ q✉❡stõ❡s

❞❡ ✐♥t❡r❡ss❡ ♣rát✐❝♦✳ ❉❡♥tr❡ ❡ss❡s ♠♦❞❡❧♦s✱ ♣♦❞❡♠♦s ❞❡st❛❝❛r ❛q✉❡❧❡s r❡❧❛❝✐♦♥❛❞♦s

à ❡♥❣❡♥❤❛r✐❛ ❡str✉t✉r❛❧ ♠♦❞❡r♥❛✱ q✉❡ r❡q✉❡r❡♠ ♠❡❝❛♥✐s♠♦s ❞❡ ❝♦♥tr♦❧❡ ❛t✐✈♦s ♣❛r❛

❡st❛❜✐❧✐③❛r ❡str✉t✉r❛s ✐♥tr✐♥s❡❝❛♠❡♥t❡ ✐♥stá✈❡✐s ♦✉ q✉❡ ♣♦ss✉❡♠ ✉♠ ❛♠♦rt❡❝✐♠❡♥t♦

♥❛t✉r❛❧ ♠✉✐t♦ ❢r❛❝♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ♦s ♠♦❞❡❧♦s q✉❡ ❞❡s❝r❡✈❡♠ ♦s ❞❡s❧♦❝❛♠❡♥t♦s

❞❡ ✈✐❣❛s ❡ ♣❧❛❝❛s ✜♥❛s✳

❙❡❥❛H ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ♥♦r♠❛ ❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞❡♥♦t❛❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡

♣♦r (·, ·) ❡ | · |✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt t❛❧ q✉❡ X ⊂ H ❝♦♠ ✐♠❡rsã♦ ❞❡♥s❛ ❡

❝♦♥tí♥✉❛✳ ❉❡♥♦t❡♠♦s ❛ ♥♦r♠❛ ❡ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ X ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r ‖ · ‖X
❡ a(·, ·)✳

✻



❖ ♣r♦❜❧❡♠❛ ❞❡ ❡st❛❜✐❧✐③❛çã♦ ♣♦❞❡ s❡r ❢♦r♠✉❧❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❉❛❞♦ ✉♠

s✐st❡♠❛ ❞♦ t✐♣♦




ytt(t) +Ay(t) + B(t, yt(t)) = 0, t ∈ [0, T ],

y(0) = y0, yt(0) = y1,

✭✾✮

♦♥❞❡ T > 0✱ y0 ∈ X ✱ y1 ∈ H✱ A ∈ L(X ,X ′) ♦ ú♥✐❝♦ ♦♣❡r❛❞♦r t❛❧ q✉❡ 〈Au, v〉 = a(u, v)

♣❛r❛ t♦❞♦ (u, v) ∈ X ×X ✳ ❖ ❞♦♠í♥✐♦ ❞♦ ♦♣❡r❛❞♦r A s❡rá ❞❡♥♦t❛❞♦ ♣♦r D(A) := {v ∈
X ;Av ∈ H}✳ ❆ss✉♠❛ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ α0 t❛❧ q✉❡

(y,Ay) ≥ α0‖y‖, y ∈ D(A).

❙❡❥❛ {B(t, ·)}t≥0 ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s t❛❧ q✉❡

B(t, 0) = 0, B(t, y) ∈ X ′ ❡ (y,By) ≥ 0,

♣❛r❛ t♦❞♦ y ∈ X ❡ t ∈ [0, T ]✳ ◆♦t❡ q✉❡ ❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛ ✭✾✮✱ ❞❛❞❛ ♣♦r

E(t) =
1

2

[
|yt|2 + |A1/2y|2

]
,

❞❡❝r❡s❝❡ à ♠❡❞✐❞❛ ❡♠ q✉❡ t ❛✉♠❡♥t❛✳ ❘❡st❛✲♥♦s s❛❜❡r s❡ ❡ss❛ ❡♥❡r❣✐❛ t❡♥❞❡ ❛ ③❡r♦✱

q✉❛♥❞♦ t→ ∞✱ ❡ ❡♠ q✉❡ t❛①❛ ✐ss♦ ❛❝♦♥t❡❝❡✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ❡st❛❜✐❧✐③❛çã♦ ✭✾✮ ♣♦❞❡ s❡r ❛❜♦r❞❛❞♦ s♦❜ ❞✐❢❡r❡♥t❡s ❤✐♣ót❡s❡s ❡♠

r❡❧❛çã♦ à ❢❛♠í❧✐❛ ❞❡ ♦♣❡r❛❞♦r❡s B ✭✈❡r ❬✷✵✱ ✷✽✱ ✸✵✱ ✸✶✱ ✹✼✱ ✺✾❪✮✳ ❉❡♥tr❡ ❡❧❛s ♣♦❞❡♠♦s

❝♦♥s✐❞❡r❛r B ❧✐♥❡❛r ✭✈❡r✱ ♣♦r ❡①❡♠♣❧♦✱ ❬✹✻❪✮✱ ♥ã♦ ❧✐♥❡❛r ❝♦♠ ❛❧❣✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❝r❡s❝✐✲

♠❡♥t♦ ✭✈❡r ❬✺✾❪✮✱ B ❞❡✜♥✐❞♦ ❧♦❝❛❧♠❡♥t❡ ♦✉ ♥♦ ❜♦r❞♦ ❡✱ ♣❛r❛ ♦ ❝❛s♦ ❛✉tô♥♦♠♦ ❝♦♠ ✉♠❛

❝♦♥❞✐çã♦ ♠❛✐s ❢♦rt❡ q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ♣❛r❛ ♦ ❝❛s♦ ♥ã♦ ❧✐♥❡❛r ✭✈❡r ❬✺✾❪✮✳

❍á ✉♠❛ ✈❛st❛ ❧✐t❡r❛t✉r❛ s♦❜r❡ ♣r♦❜❧❡♠❛s ❞❡ ❡st❛❜✐❧✐③❛çã♦✳ ❈♦♥t✉❞♦✱ ❛ ✜♠ ❞❡ s❡r✲

♠♦s ♠❛✐s ♣r❡❝✐s♦s✱ ❝✐t❛r❡♠♦s ❛❧❣✉♥s tr❛❜❛❧❤♦s q✉❡ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❛♦ t❡♠❛ ❞❛ t❡s❡✳

❊♠ ❬✽❪✱ ♦s ❛✉t♦r❡s ♠♦str❛r❛♠ q✉❡✱ ✐♥tr♦❞✉③✐♥❞♦ ♠❡❝❛♥✐s♠♦s ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ✐♥t❡r♥♦✱

❛ ❡♥❡r❣✐❛ ❞❛s s♦❧✉çõ❡s ❞♦ s✐st❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♥ã♦ ❧✐♥❡❛r ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦

❞❡❝❛✐ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♣❛râ♠❡tr♦ k✳ ❖s r❡s✉❧t❛❞♦s ❞❡

❡st❛❜✐❧✐③❛çã♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❧✐♥❡❛r ❢♦r❛♠ ♦❜t✐❞♦s ♣♦r ▲❛❣♥❡s❡ ❡♠ ❬✷✺❪ ❡ ❑✐♠ ❡ ❘❡♥❛r❞

❡♠ ❬✷✷❪✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❛♠♦rt❡❝✐♠❡♥t♦ ❡♠ ❛♠❜❛s ❛s ❡q✉❛çõ❡s✱ ❡ ♣♦r ❆❧❛❜❛✉✲❇♦✉ss❛✉✐r❛

❡♠ ❬✶❪ ❝♦♠ ✉♠ ú♥✐❝♦ ❝♦♥tr♦❧❡ ♥ã♦✲❧✐♥❡❛r✳ ❙♦✉❢②❛♥❡ ❬✺✷❪ ♠♦str♦✉ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦✲

♥❡♥❝✐❛❧ ✉♥✐❢♦r♠❡ ❞❛ ✈✐❣❛ ❞❡ ❚✐♠♦s❤❡♥❦♦ ✉s❛♥❞♦ ✉♠❛ ❢♦rç❛ ❞❡ ❝♦♥tr♦❧❡ ✐♥t❡r♥♦✳ ◆♦

✼



❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ ❛ ❡st❛❜✐❧✐③❛çã♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❧✐♥❡❛r ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ❢♦✐

❛♥❛❧✐s❛❞❛ ♣♦r ❙❛r❡ ❡♠ ❬✹✽❪ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❞✐ss✐♣❛çã♦ ❛t✉❛♥❞♦ s♦❜r❡ ✉♠❛ ♣♦rçã♦ ❞❛

❢r♦♥t❡✐r❛✳ ●r♦❜❜❡❧❛❛r✲❉❛❧s❡♥ ❬✶✾❪ ❡st✉❞♦✉ ♦ ❞❡❝❛✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧ ❞❛ s♦❧✉çã♦ ❞♦ ♠♦✲

❞❡❧♦ ❞❡ ♣❧❛❝❛ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ❝♦♠ ♠❡❝❛♥✐s♠♦s ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ✐♥t❡r♥♦✳ ❊♠

r❡❧❛çã♦ ❛♦ s✐st❡♠❛ ❞❡ ❱♦♥✲❑ár♠á♥✱ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❢♦✐ ❡st✉❞❛❞❛ ♣♦r ▼❡♥✲

③❛❧❛ ❡ ❩✉❛③✉❛✱ ❡♠ ❬✸✾❪✱ ♣❛r❛ ✉♠❛ ♣❧❛❝❛ t❡r♠♦❡❧ást✐❝❛ ♣r❡s❛ s♦❜r❡ s✉❛ ❢r♦♥t❡✐r❛✳ ❊♠

❬✸✽❪✱ P❛r❦ ❡ ❑❛♥❣ ✐♥✈❡st✐❣❛r❛♠ ❛ ❡st❛❜✐❧✐❞❛❞❡ ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞❡ ❱♦♥✲❑ár♠á♥ ❝♦♠

♠❡♠ór✐❛ ❡♠ ❞♦♠í♥✐♦s ♥ã♦ ❝✐❧í♥❞r✐❝♦s✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ✈❛♠♦s s❡r ♠❛✐s ❡s♣❡❝í✜❝♦s s♦❜r❡ ♦s ♣r♦❜❧❡♠❛s q✉❡ s❡rã♦ ❛❜♦r✲

❞❛❞♦s ♥❡st❛ t❡s❡✳ ■♥tr♦❞✉③✐r❡♠♦s ♦s ❞♦✐s tr❛❜❛❧❤♦s q✉❡ s❡rã♦ ♠♦str❛❞♦s ♥❛ ♦r❞❡♠

s❡❣✉✐♥t❡✳

❈❛♣ít✉❧♦ ✶

❆s②♠♣t♦t✐❝ ❧✐♠✐ts ❛♥❞ st❛❜✐❧✐③❛t✐♦♥ ❢♦r t❤❡ ✷❉ ♥♦♥❧✐♥❡❛r

▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠

◆❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s ❛ss✐♥tót✐❝❛s ♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ❜✐❞✐♠❡♥✲

s✐♦♥❛❧ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦✳ ❆♣r❡s❡♥t❛♠♦s ✉♠❛ r❡s♣♦st❛ ♣♦s✐t✐✈❛ à✱ ❛♥t❡r✐♦r♠❡♥t❡

❡♥✉♥❝✐❛❞❛✱ ❝♦♥❥❡❝t✉r❛ ♣r♦♣♦st❛ ♣♦r ▲❛❣♥❡s❡ ❡ ▲✐♦♥s✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♠♦str❛♠♦s

r✐❣♦r♦s❛♠❡♥t❡ q✉❡✱ s♦❜ ❛❞❡q✉❛❞❛s ❝♦♥❞✐çõ❡s ♣❛r❛ ♦s ❞❛❞♦s✱ ♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ❞❡

▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ✭✶✮ ❝♦♥✈❡r❣❡ ♣❛r❛ ♦ s✐st❡♠❛ ❱♦♥✲❑ár♠á♥ ✭✹✮✱ q✉❛♥❞♦ ♦ ♣❛râ♠❡✲

tr♦ k t❡♥❞❡ ❛♦ ✐♥✜♥✐t♦✳ ❆❧é♠ ❞✐ss♦✱ ♣r♦✈❛♠♦s q✉❡ ❛❞✐❝✐♦♥❛♥❞♦ t❡r♠♦s ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦

❛♣r♦♣r✐❛❞♦s ✭✐♥t❡r♥♦s ❡ ❞❡ ❢r♦♥t❡✐r❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮✱ ♣♦❞❡♠♦s ♦❜t❡r ✉♠❛ ♣r♦♣r✐❡❞❛❞❡

❞❡ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ✉♥✐❢♦r♠❡ ✭❡♠ k✮ ❞❛s s♦❧✉çõ❡s ❞❡ ✭✶✮✱ q✉❛♥❞♦ t→ ∞✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ tr❛❜❛❧❤♦ ♣♦❞❡ s❡r ❡♥✉♥❝✐❛❞♦ ❝♦♠♦ s❡❣✉❡✳

❚❡♦r❡♠❛✿ ❙❡❥❛
{
φk1, φ

k
2, ψ

k, ηk1 , η
k
2

}
s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✶✮ ❝♦♠ ❞❛❞♦s ✐♥✐❝✐❛✐s {φ10, φ11,

φ20, φ21, ψ0, ψ1, η10, η11, η20, η21} ∈ X s❛t✐s❢❛③❡♥❞♦

φ10 + ψ0x = 0 ❛♥❞ φ20 + ψ0y = 0 ✐♥ Ω. ✭✶✵✮

❊♥tã♦✱ ❢❛③❡♥❞♦ k → ∞✱ ♦❜t❡♠♦s

{φk1, φk2, ψk, ηk1 , ηk2} → {−ψx,−ψy, ψ, η1, η2} ❢r❛❝♦−∗ ❡♠ L∞ (0, T, [H1
Γ0
(Ω)]3 × [L2(Ω)]2

)
,

✭✶✶✮

♦♥❞❡ {ψ, η1, η2} r❡s♦❧✈❡ ✭✹✮✳

✽



❆ ❝♦♥❞✐çã♦ ✭✶✵✮ ❡ ❛ ❝♦♥s❡r✈❛çã♦ ❞❛ ❡♥❡r❣✐❛ ♥♦s ♣♦ss✐❜✐❧✐t❛ ♦❜t❡r ✉♠❛ ❧✐♠✐t❛çã♦

❞❛s ❢✉♥çõ❡s ♥✉♠ ❡s♣❛ç♦ ❞❡ ❡♥❡r❣✐❛ ✜♥✐t❛ ❡✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡

❆✉❜✐♥✲▲✐♦♥s✱ ♦❜t❡♠♦s q✉❡ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ✭✶✮ ❝♦♥✈❡r❣❡

♥❛ ❞✐r❡çã♦ ❞❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ❱♦♥✲❑ár♠á♥ ✭✹✮✳

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❛♦ ❞❡❝❛✐♠❡♥t♦ ❞❛ t❛①❛ ❞❡ ❡♥❡r❣✐❛ ❛s✲

s♦❝✐❛❞❛ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦✳ ❆♥❛❧✐s❛♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ♦

♠♦❞❡❧♦ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ❝♦♠ ❛♠♦rt❡❝✐♠❡♥t♦ ✐♥t❡r♥♦ ❞✐str✐❜✉í❞♦ ❛♦ ❧♦♥❣♦ ❞❛

♣❧❛❝❛✳ ❚❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛✿ ❙❡❥❛
{
φk1, φ

k
2, ψ

k, ηk1 , η
k
2

}
s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✶✮ ❝♦♠ ❞❛❞♦s ✐♥✐❝✐❛✐s {φ10, φ11,

φ20, φ21, ψ0, ψ1, η10, η11, η20, η21} ∈ X ✳ ❊♥tã♦ ❡①✐st❡ ❝♦♥st❛♥t❡ ω > 0 t❛❧ q✉❡

Ek(t) ≤ 4Ek(0) exp
−ω

2
t, ∀ t > 0.

❯♠❛ q✉❡stã♦ ♥❛t✉r❛❧ é ♦ q✉❡ ❛❝♦♥t❡❝❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛ ❞❡

▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ é ❞✐ss✐♣❛❞❛ ❛tr❛✈és ❞❡ ♠❡❝❛♥✐s♠♦s ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ❢r♦♥t❡✐r❛✳

❆ r❡s♣♦st❛ ❡stá ♥♦ t❡r❝❡✐r♦ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛✿ ❆ss✉♠❛ q✉❡ ❛ ❝♦♥❞✐çã♦ ❣❡♦♠étr✐❝❛

m · ν ≤ 0 ❡♠ Γ0 ❡ m · ν ≥ 0 ❡♠ Γ1

é s❛t✐s❢❡✐t❛✱ ♦♥❞❡ m = m(x, y) é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❡♠ R
2 ❞❡✜♥✐❞♦ ♣♦r

m(x, y) = (x, y)− (x0, y0)

❡ (x0, y0) é ✉♠ ♣♦♥t♦ ✜①❛❞♦ ❞❡ R
2✳ ❙❡❥❛

{
φk1, φ

k
2, ψ

k, ηk1 , η
k
2

}
s♦❧✉çã♦ s✉✜❝✐❡♥t❡♠❡♥t❡

r❡❣✉❧❛r ❞♦ s✐st❡♠❛ ✭✶✮✳ ❊♥tã♦ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C ❛♥❞ ω t❛✐s q✉❡

Ek(t) ≤ CEk(0) exp
−ωt, ∀ t > 0.

◆❛s ♣r♦✈❛s ❞♦s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s✱ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ♦ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧

❞❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛✱ ✉s❛♠♦s ✉♠ ♠ét♦❞♦ ❞❡✈✐❞♦ ❛ ❩✉❛③✉❛✱ ❡♠ ❬✺✾❪✱ ♦ q✉❛❧ ❝♦♥s✐st❡

❡♠ ✐♥tr♦❞✉③✐r ✉♠❛ ♣❡rt✉r❜❛çã♦ ❛❞❡q✉❛❞❛ ♥❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛ ❞❡ ❢♦r♠❛ ❛ ♦❜t❡r

✐♥❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❧❡✈❛♥❞♦ ❛♦ ❞❡❝❛✐♠❡♥t♦ ❞❛ t❛①❛ ❞❡ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❛♦ s✐st❡♠❛✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♦❜t✐❞❛s ♥♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ♣❛r❛

♦ s✐st❡♠❛ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ❡ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ♦s ❞❛❞♦s ✐♥✐❝✐❛✐s s❛t✐s❢❛③❡♠ ❛

❝♦♥❞✐çã♦ ✭✶✵✮ ♦❜t❡♠♦s✱ q✉❛♥❞♦ k → ∞✱ ♦ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛ ❡♥❡r❣✐❛ E (t)

❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ ✭✹✮✳ ❊ss❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ♣❛r❛ ♦ s✐st❡♠❛ ❧✐♠✐t❡ ❡stá ❞❡ ❛❝♦r❞♦

❝♦♠ ♦s r❡s✉❧t❛❞♦s ❡♠ ❬✹✸❪✳

✾



❈❛♣ít✉❧♦ ✷

❆s②♠♣t♦t✐❝ ❧✐♠✐ts ❛♥❞ st❛❜✐❧✐③❛t✐♦♥ ❢♦r t❤❡ ❧✐♥❡❛r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧

❚✐♠♦s❤❡♥❦♦ s②st❡♠

❖ s❡❣✉♥❞♦ ♣r♦❜❧❡♠❛ ❛❜♦r❞❛❞♦ ♥❡st❛ t❡s❡ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛♦ ♠♦❞❡❧♦ ❞❡ ✈✐❣❛

❧✐♥❡❛r ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦✿




ρh3

12
φtt − φxx + k (φ+ ψx) + αφt = 0, ❡♠ Q

ρhψtt − k (φ+ ψx)x = 0, ❡♠ Q

φ (0, ·) = φ (L, ·) = ψ (0, ·) = ψ (L, ·) = 0 ❡♠ (0, T ) ,

{φ (·, 0) , ψ (·, 0)} = {φ0, ψ0} ❡♠ (0, L) ,

{φt (·, 0) , ψt (·, 0)} = {φ1, ψ1} ❡♠ (0, L) .

✭✶✷✮

♦♥❞❡ α = α(x) > 0 é ✉♠❛ ❢✉♥çã♦ ❞❛❞❛✳

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❡ ❝❛♣ít✉❧♦ é ❡st✉❞❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❛ss✐♥tót✐❝❛s ❞♦ s✐st❡♠❛

❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ q✉❛♥❞♦ ❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡ ♣r♦♣❛❣❛çã♦ ♣❛r❛ ❛♠❜❛s ❛s ❡q✉❛çõ❡s

sã♦ ✐❣✉❛✐s✱ ✐st♦ é✱
12

ρh3
=

k

ρh
. ✭✶✸✮

❇❛s❡❛❞♦s ♥✐st♦✱ ♠♦str❛♠♦s ❝♦♠♦ ✉♠ s✐st❡♠❛ ♣❛r❛❜ó❧✐❝♦ ❞❡ q✉❛rt❛ ♦r❞❡♠ ❞♦ t✐♣♦




φ+ ψx = 0 ❡♠ Q,

αφt − φxx = 0 ❡♠ Q,

φ = 0 ❡♠ (0, T ),

αφ(·, 0) = αφ0(·) ❡♠ (0, L),

✭✶✹✮

♣♦❞❡ s❡r ♦❜t✐❞♦ ❝♦♠♦ ✉♠ ❧✐♠✐t❡ s✐♥❣✉❧❛r ❞♦ s✐st❡♠❛ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦✱ q✉❛♥❞♦ ❛

❡s♣❡ss✉r❛ h ❡ ♦ ♠ó❞✉❧♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡ ❡♠ ❝✐s❛❧❤❛♠❡♥t♦ k t❡♥❞❡♠ ❛ ③❡r♦ ❡ ❛♦ ✐♥✜♥✐t♦✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▼❛✐s ❛✐♥❞❛✱ ♣r♦✈❛♠♦s q✉❡✱ q✉❛♥❞♦ ✭✶✸✮ é s❛t✐s❢❡✐t❛✱ ❛ ❞✐ss✐♣❛çã♦ q✉❡

é ♣r♦❞✉③✐❞❛ ♣♦r ✉♠ ❛♠♦rt❡❝✐♠❡♥t♦ ❛♣❡♥❛s ♥❛ ❡q✉❛çã♦ ❞♦ â♥❣✉❧♦ ❞❡ r♦t❛çã♦ ♥♦ s✐st❡♠❛

❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦✱ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❢♦r♥❡❝❡r ♦ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛ ❡♥❡r❣✐❛

à ♠❡❞✐❞❛ q✉❡ t→ ∞✳ ❈❛s♦ ❝♦♥trár✐♦✱ s❡

12

ρh3
6= k

ρh
,

é ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ ❛ ❡♥❡r❣✐❛ ❞❡ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ t❡♠ ✉♠

❞❡❝❛✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧✱ q✉❛♥❞♦ t→ ∞✳

✶✵



❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞♦ tr❛❜❛❧❤♦ é ♦ s❡❣✉✐♥t❡✳

❚❡♦r❡♠❛✿ ❙❡❥❛ {φh,k, ψh,k} ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❞❡ ✭✶✷✮ ❝♦♠ ❞❛❞♦s ✐♥✐❝✐❛✐s

{φ0, φ1, ψ0, ψ1} s❛t✐s❢❛③❡♥❞♦

φ0 + ψ0x = 0 ❡♠ (0, L).

❙❡❥❛ α ∈ L∞([0, L]) ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛✳ ❊♥tã♦✱ ❢❛③❡♥❞♦ (h, k) → (0,∞)✱ ♦❜t❡♠♦s

{φh,k, ψh,k} → {φ, ψ} ❢r❛❝♦− ∗ ❡♠ L∞
(
0, T,

[
H1

0 (0, L)
]2)

❡ √
αφh,k → √

αφ ❡♠ C0
(
[0, T ], H1−θ

0 (0, L)
)
, θ ∈

(
0,

1

2

)
.

♦♥❞❡ {φ, ψ} r❡s♦❧✈❡ ♦ s✐st❡♠❛ ✭✶✹✮✳

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ❝♦♥s✐st❡♠ ❡♠ ❛♥❛❧✐③❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛

❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ à s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✶✷✮ s✉❥❡✐t♦ à ❝♦♥❞✐çã♦ ✭✶✸✮✳ ❆ss✐♠✱ t❡♠♦s

✐♥✐❝✐❛❧♠❡♥t❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛✿ ❆ss✉♠❛ q✉❡ α = α(x) é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ C1([0, L]) ❝♦♠

α(x) ≥ α0 > 0 ❡♠ (0, L).

❙❡ ✭✶✸✮ é s❛t✐s❢❡✐t❛ ❡♠ (0, L)✱ ❡♥tã♦ ❡①✐st❡♠ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛s C1 ❡ C2 t❛✐s q✉❡

Eh(t) ≤ C1Eh(0) exp
−C2

h3
t .

❊st❡ r❡s✉❧t❛❞♦ ❥á é ❝♦♥❤❡❝✐❞♦ ✭✈❡r ❬✺✷❪✱ ♣♦r ❡①❡♠♣❧♦✮✱ ♣♦ré♠ ❤á ✉♠ ✐♥t❡r❡ss❡ ♥❛ ❞❡✲

♣❡♥❞ê♥❝✐❛ ❞❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❞❛ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❛ ❡st❡ s✐st❡♠❛ ❝♦♠ r❡s♣❡✐t♦ ❛♦

♣❛râ♠❡tr♦ h✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ❛ss✉♠❛ h ∈ (0, 1)✳ ❙❛❜❡♥❞♦ q✉❡ ❛ ❝♦♥❞✐çã♦

✭✶✸✮ é s❛t✐s❢❡✐t❛✱ ♦❜t❡♠♦s k = 12/h2 ❡✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ♥♦r♠❛❧✐③❛♠♦s t♦❞♦s ♦s ♦✉✲

tr♦s ♣❛râ♠❡tr♦s ❞♦ s✐st❡♠❛✳ P♦rt❛♥t♦✱ ❛ ✜♠ ❞❡ ❡st✉❞❛r ♦ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛

s♦❧✉çã♦✱ ♣r♦✈❛♠♦s ♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ✈✐❛ té❝♥✐❝❛s ❞♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❡ ❛tr❛✈és ❞♦s

r❡s✉❧t❛❞♦s ❞❡✈✐❞♦ ❛ ◆❡✈❡s ❡t✳ ❛❧✳ ❡♠ ❬✹✶❪✳

❖ t❡r❝❡✐r♦ r❡s✉❧t❛❞♦ ❝♦♥s✐st❡ ❡♠ ❛♥❛❧✐s❛r ❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❞❡ ❡♥❡r❣✐❛ s❡ ❛

❝♦♥❞✐çã♦ ✭✶✸✮ ♥ã♦ ❢♦r s❛t✐s❢❡✐t❛✳ P♦rt❛♥t♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡r♦❡♠❛✿ ❙❡❥❛♠ ❞❛❞♦s ✐♥✐❝✐❛✐s s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r❡s✳ ❙❡ ❛ ❝♦♥❞✐çã♦ ✭✶✸✮ ♥ã♦ ❢♦r

s❛t✐s❢❡✐t❛✱ ❡♥tã♦ ❡①✐st❡ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ t > 0✱

E1(t) ≤
C

h2
(E1(0) + E2(0))t

−1.

✶✶



◆❛ ♣r♦✈❛ ❞♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ✉s❛♠♦s té❝♥✐❝❛s ❞♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ❢♦r♠❛ ❛

♦❜t❡r ✐♥❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❧❡✈❛♥❞♦ ❛♦ ❞❡❝❛✐♠❡♥t♦ ❞❛ t❛①❛ ❞❡ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❛♦

s✐st❡♠❛✳ ❆❧é♠ ❞✐ss♦✱ ✉s❛♠♦s ❛ ❡①♣r❡ssã♦ ✏r❡❣✉❧❛r♠❡♥t❡ s✉✜❝✐❡♥t❡✑ ♣❛r❛ ❛s s♦❧✉çõ❡s✱ ❛

✜♠ ❞❡ ❛ss❡❣✉r❛r q✉❡✱ s♦❜ ❝❡rt❛s r❡str✐çõ❡s✱ ♦s r❡s✉❧t❛❞♦s s❡ ♠❛♥té♠✳

Pr♦❜❧❡♠❛s ❡♠ ❛❜❡rt♦ ❡ tr❛❜❛❧❤♦s ❢✉t✉r♦s

❈♦♠❡♥t❛r❡♠♦s ❜r❡✈❡♠❡♥t❡ ✉♠❛ sér✐❡ ❞❡ ♣❡r❣✉♥t❛s ❡ ♣r♦❜❧❡♠❛s ❡♠ ❛❜❡rt♦ q✉❡ ♦s

r❡s✉❧t❛❞♦s ❝♦♥t✐❞♦s ♥❡st❛ t❡s❡ ♣r♦❞✉③❡♠✳

• ❊♠❜♦r❛ ❝♦♥❤❡ç❛♠♦s ❛ ❞❡❞✉çã♦ ❢ís✐❝❛ ♣❛r❛ ♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ❞❡ ▼✐♥❞❧✐♥✲

❚✐♠♦s❤❡♥❦♦ ✭✶✮ ✭✈❡r✱ ♣♦r ❡①❡♠♣❧♦✱ ❬✷✼❪✱ ❬✹✹❪✮✱ ♥ã♦ t❡♠♦s ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ r❡✲

s✉❧t❛❞♦s r❡❧❛t✐✈♦s ❛ ❜♦❛ ❝♦❧♦❝❛çã♦ ❡ r❡❣✉❧❛r✐❞❛❞❡ ♣❛r❛ t♦❞♦ k > 0✳ ◆♦ ❡♥t❛♥t♦✱

❝♦♠♦ ♥♦ ❈❛♣ít✉❧♦ ✶ ♦ ♥♦ss♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❡r❛ ❞❛r ✉♠❛ r❡s♣♦st❛ ♣♦s✐t✐✈❛ à

❝♦♥❥❡❝t✉r❛ ♣r♦♣♦st❛ ♣♦r ▲❛❣♥❡s❡✲▲✐♦♥s✱ ♦ q✉❡ ♣♦❞❡♠♦s ❞✐③❡r é q✉❡✱ ♣❛r❛ k s✉✜❝✐✲

❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡ ♣❛r❛ ❞❛❞♦s ✐♥✐❝✐❛✐s ♥♦ ❡s♣❛ç♦ X ✱ ♦ s✐st❡♠❛ ✭✶✮ s❡ ❛♣r♦①✐♠❛ ❞♦

s✐st❡♠❛ ❞❡ ❱♦♥✲❑ár♠á♥ ✭✹✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❡①✐st❡ ✉♠❛ ❡①t❡♥s❛ ❧✐t❡r❛t✉r❛ s♦❜r❡

❛ ❜♦❛ ❝♦❧♦❝❛çã♦ ♣❛r❛ ♦ s✐st❡♠❛ ✭✹✮✱ ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞❛ s♦❧✉çã♦✱ ❛ ❡st❛❜✐❧✐❞❛❞❡✱

❡t❝✳ ✭✈❡r ❬✶✼✱ ✷✺✱ ✷✻✱ ✷✾✱ ✹✸❪✮✳ ❆♥❛❧✐s❛♠♦s t❛♠❜é♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦

✭q✉❛♥❞♦ t → ∞✮ ♣❛r❛ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦

❝♦♠ ❢❡❡❞❜❛❝❦ ❞❡ ❢r♦♥t❡✐r❛✳ P❛r❛ ✐ss♦✱ t✐✈❡♠♦s q✉❡ s♦❧✐❝✐t❛r ✉♠❛ r❡❣✉❧❛r✐❞❛❞❡ ❛❞✐✲

❝✐♦♥❛❧ ♣❛r❛ s✉❛s s♦❧✉çõ❡s✳ P♦r ❡st❛ r❛③ã♦✱ ❡♠ t♦❞♦s ♦s r❡s✉❧t❛❞♦s ❞❡ss❛ s❡çã♦✱

✉s❛♠♦s ❛ ❡①♣r❡ssã♦ ✏s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r✑ ♣❛r❛ ❛s s♦❧✉çõ❡s✱ ❛ ✜♠ ❞❡ ❛ss❡❣✉r❛r

q✉❡✱ s♦❜ ❝❡rt❛s r❡str✐çõ❡s✱ ♦s r❡s✉❧t❛❞♦s s❡ ♠❛♥tê♠✳

• ◆❛ ♣r♦✈❛ ❞♦s r❡s✉❧t❛❞♦s ❞♦ ❈❛♣ít✉❧♦ ✶ ❝♦♥s✐❞❡r❛♠♦s ♦ ❝❛s♦ ♦♥❞❡ ♦s ❞❛❞♦s ✐♥✐❝✐❛✐s

sã♦ ✜①♦s✳ P♦ré♠✱ ♦s ♠❡s♠♦s r❡s✉❧t❛❞♦s sã♦ ✈á❧✐❞♦s s❡ ❝♦♥s✐❞❡r❛r♠♦s ❛ ❞❡♣❡♥❞ê♥✲

❝✐❛ ❡♠ k✱ ❞❡s❞❡ q✉❡ ❛ss✉♠❛♠♦s q✉❡ ♦s ❞❛❞♦s ✐♥✐❝✐❛✐s {φk10, φk11, φk20, φk21, ψk0 , ψk1 , ηk10,
ηk11, η

k
20, η

k
21} s❡❥❛♠ t❛✐s q✉❡ ❛ ❡♥❡r❣✐❛ Ek(0) ♣❡r♠❛♥❡❝❡ ❧✐♠✐t❛❞❛ ❡ q✉❡ ❝♦♥✈❡r❣❡♠

❢r❛❝❛♠❡♥t❡ ♣❛r❛ {φ10, φ11, φ20, φ21, ψ0, ψ1, η10, η11, η20, η21} ♥♦s ❡s♣❛ç♦s ❝♦rr❡s♣♦♥✲

❞❡♥t❡s✳

• ❊st✉❞❛♠♦s ❛✐♥❞❛ ♥♦ ❈❛♣ít✉❧♦ ✶ ♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❛❜✐❧✐③❛çã♦ ❞♦ s✐st❡♠❛ ❜✐❞✐✲

♠❡♥s✐♦♥❛❧ ♥ã♦ ❧✐♥❡❛r ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ♣❡rt✉r❜❛çã♦

✶✷



❞❛ ❡♥❡r❣✐❛✳ ❙❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ❛♥❛❧✐s❛r s❡ ♦s ♠❡s♠♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❛❜✐❧✐③❛çã♦

sã♦ ✈á❧✐❞♦s ❝♦♥s✐❞❡r❛♥❞♦ ♦s s✐st❡♠❛s ❝♦♠ ♠❡♥♦s t❡r♠♦s ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦✱ ♣♦✲

ré♠ ❡❧✐♠✐♥❛r ❛❧❣✉♥s ❞❡ss❡s t❡r♠♦s ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ é ✉♠❛ t❛r❡❢❛ ❞✐❢í❝✐❧ ❞❡✈✐❞♦

às ❝♦♠♣❧❡①❛s ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡s ❡♥✈♦❧✈✐❞❛s✳

• ❖✉tr♦ ♣r♦❜❧❡♠❛ ✐♥t❡r❡ss❛♥t❡ ❡ ❞✐❢í❝✐❧ é ♦❜t❡r ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦ ❞❡ ❡st❛❜✐❧✐③❛çã♦

❞♦ ♠♦❞❡❧♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ♥ã♦ ❧✐♥❡❛r ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ q✉❛♥❞♦ ♦s ♠❡❝❛♥✐s✲

♠♦s ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ✐♥t❡r♥♦ ❛t✉❛♠ ❡♠ ✉♠❛ r❡❣✐ã♦ ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡q✉❡♥❛

❞❛ ♣❧❛❝❛✳ ❆ ❞✐✜❝✉❧❞❛❞❡ ♣❛r❛ ❡st❡ ❝❛s♦✱ é ❝❧❛r♦✱ ❝♦♥s✐st❡ ❡♠ ♦❜t❡r ✉♠ r❡s✉❧t❛❞♦

❞❡ ❝♦♥t✐♥✉❛çã♦ ú♥✐❝❛ ♣❛r❛ ♦ s✐st❡♠❛ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦✳ ◆❡st❡ ❝♦♥t❡①t♦✱ ♠❡♥✲

❝✐♦♥❛♠♦s ❬✶✷❪✱ ❬✶✸❪✱ ❬✶✽❪✱ ❬✷✸❪✱ ❬✻✶❪ q✉❡ ♦❜t✐✈❡r❛♠ t❛①❛s ❞❡ ❞❡❝❛✐♠❡♥t♦ ♣❛r❛ ❛

❡♥❡r❣✐❛ ❞❡ ✈ár✐♦s s✐st❡♠❛s ❤✐♣❡r❜ó❧✐❝♦s ❝♦♥s✐❞❡r❛♥❞♦ t❡r♠♦s ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦

❧♦❝❛❧✐③❛❞♦s ❧✐♥❡❛r❡s ❡ ♥ã♦✲❧✐♥❡❛r❡s✳

• Pr♦❜❧❡♠❛s s✐♠✐❧❛r❡s ❛♦s ❞♦ ❈❛♣ít✉❧♦ ✷✱ ♣♦❞❡♠ s❡r ♣♦st✉❧❛❞♦s ♣❛r❛ ♦ s✐st❡♠❛ ♥ã♦

❧✐♥❡❛r ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦✳ ❆ s✐t✉❛çã♦ s❡ t♦r♥❛ ♠❛✐s ❞✐❢í❝✐❧

q✉❛♥❞♦ ❛♥❛❧✐s❛♠♦s ♦s t❡r♠♦s ♥ã♦ ❧✐♥❡❛r❡s ❞♦ s✐st❡♠❛ ❡✱ ♣❛r❛ ✐st♦✱ ✉t✐❧✐③❛r❡♠♦s

♦✉tr♦s t✐♣♦s ❞❡ ❡str❛té❣✐❛s ♣❛r❛ ✈❡r✐✜❝❛r q✉❛✐s ❤✐♣ót❡s❡s ❞❡✈❡♠♦s ❛❞✐❝✐♦♥❛r ♥♦

❛♠♦rt❡❝✐♠❡♥t♦ ❞❡ ♠♦❞♦ q✉❡ ♣♦ss❛♠♦s ❞❡t❡r♠✐♥❛r ❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❞❛ ❡♥❡r✲

❣✐❛ ❛ss♦❝✐❛❞❛ ❛♦ s✐st❡♠❛✳ ❊st❡ t❡♠❛ é ♦ ❛❧✈♦ ❞❡ ✉♠ tr❛❜❛❧❤♦ ❡♠ ❛♥❞❛♠❡♥t♦✳

✶✸



❈❛♣ít✉❧♦ ✶

❆s②♠♣t♦t✐❝ ❧✐♠✐ts ❛♥❞ st❛❜✐❧✐③❛t✐♦♥ ❢♦r

t❤❡ ✷❉ ♥♦♥❧✐♥❡❛r ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦

s②st❡♠





❆s②♠♣t♦t✐❝ ❧✐♠✐ts ❛♥❞ st❛❜✐❧✐③❛t✐♦♥ ❢♦r t❤❡ ✷❉
♥♦♥❧✐♥❡❛r ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠

❋✳ ❉✳ ❆r❛r✉♥❛✱ P✳ ❇r❛③ ❡ ❙✐❧✈❛ ❛♥❞ P✳ ◗✉❡✐r♦③✲❙♦✉③❛

❆❜str❛❝t✿ ❲❡ s❤♦✇ ❤♦✇ t❤❡ s♦ ❝❛❧❧❡❞ ✈♦♥ ❑ár♠á♥ ♠♦❞❡❧ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❛ s✐♥❣✉❧❛r

❧✐♠✐t ♦❢ ❛ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠ ✇❤❡♥ t❤❡ ♠♦❞✉❧✉s ♦❢ ❡❧❛st✐❝✐t② ✐♥ s❤❡❛r k t❡♥❞s

t♦ ✐♥✜♥✐t②✳ ❚❤✐s r❡s✉❧t ❣✐✈❡s ❛ ♣♦s✐t✐✈❡ ❛♥s✇❡r t♦ ❛ ❝♦♥❥❡❝t✉r❡ ❜② ▲❛❣♥❡s❡✲▲✐♦♥s ✐♥ ✶✾✽✽✳

■♥tr♦❞✉❝✐♥❣ ❞❛♠♣✐♥❣ ♠❡❝❤❛♥✐s♠s✱ ✇❡ ❛❧s♦ s❤♦✇ t❤❛t t❤❡ ❡♥❡r❣② ♦❢ s♦❧✉t✐♦♥s ❢♦r t❤✐s

♠♦❞✐✜❡❞ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠ ❞❡❝❛②s ❡①♣♦♥❡♥t✐❛❧❧②✱ ✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t t♦

t❤❡ ♣❛r❛♠❡t❡r k✳ ❆s k → ∞✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❛♠♣❡❞ ❱♦♥✲❑ár♠á♥ ♠♦❞❡❧ ✇✐t❤ ❛ss♦❝✐❛t❡❞

❡♥❡r❣② ❡①♣♦♥❡♥t✐❛❧❧② ❞❡❝❛②✐♥❣ t♦ ③❡r♦ ❛s ✇❡❧❧✳

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✐s ❛ ✇✐❞❡❧② ✉s❡❞ ❛♥❞ ♣❤②s✐❝❛❧❧②

❢❛✐r❧② ❝♦♠♣❧❡t❡ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ t♦ ❞❡s❝r✐❜❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ ♣❧❛t❡ t❛❦✐♥❣ ✐♥t♦

❛❝❝♦✉♥t tr❛♥s✈❡rs❡ s❤❡❛r ❡✛❡❝ts ✭s❡❡✱ ❡✳❣✳✱ ❬✷✼❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ❚❤✐s ♠♦❞❡❧

✐s ✉s❡❞✱ ❢♦r ❡①❛♠♣❧❡✱ t♦ ♠♦❞❡❧ ❛✐r❝r❛❢t ✇✐♥❣s ✭s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ❬✶✻❪✮✳ ❚♦ ❞❡s❝r✐❜❡

t❤✐s ♠♦❞❡❧✱ ❧❡t Ω ⊂ R
2 ❜❡ ❛♥ ♦♣❡♥ ❜♦✉♥❞❡❞ s❡t ✇❤♦s❡ ❜♦✉♥❞❛r② Γ ✐s r❡❣✉❧❛r ❡♥♦✉❣❤✳

❈♦♥s✐❞❡r {Γ0,Γ1} t♦ ❜❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ Γ✳ ▲❡t T > 0 ❜❡ ❣✐✈❡♥ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❝②❧✐♥❞❡r

Q = Ω × (0, T )✱ ✇✐t❤ ❧❛t❡r❛❧ ❜♦✉♥❞❛r② Σ = Σ0 ∪ Σ1✱ ✇❤❡r❡ Σi = Γi × (0, T )✱ i = 0, 1✳

❚❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿





ρh3

12
φ1tt − L1(φ1, φ2, ψ) = 0, ✐♥ Q,

ρh3

12
φ2tt − L2(φ1, φ2, ψ) = 0, ✐♥ Q,

ρhψtt − L3(φ1, φ2, ψ, η1, η2) = 0, ✐♥ Q,

ρhη1tt − L4(ψ, η1, η2) = 0, ✐♥ Q,

ρhη2tt − L5(ψ, η1, η2) = 0, ✐♥ Q.

✭✶✳✶✮

✶✻



❲❡ ❝♦♠♣❧❡t❡ t❤❡ s②st❡♠ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s




φ1 = φ2 = ψ = η1 = η2 = 0 ♦♥ Σ0,

{B1(φ1, φ2),B2(φ1, φ2),B3(φ1, φ2, ψ, η1, η2),B4(η1, η2),B5(η1, η2)} = {0, 0, 0, 0, 0} ♦♥ Σ1,

✭✶✳✷✮

❛♥❞ ✐♥✐t✐❛❧ ❞❛t❛




{φ1 (·, 0) , φ2 (·, 0) , ψ (·, 0) , η1 (·, 0) , η2 (·, 0)} = {φ10, φ20, ψ0, η10, η20} ✐♥ Ω,

{φ1t (·, 0) , φ2t (·, 0) , ψt (·, 0) , η1t (·, 0) , η2t (·, 0)} = {φ11, φ21, ψ1, η11, η21} ✐♥ Ω,

✭✶✳✸✮

✇❤❡r❡

L1(φ1, φ2, ψ) = D

(
φ1xx +

1− µ

2
φ1yy +

1 + µ

2
φ2xy

)
− k (φ1 + ψx) ,

L2(φ1, φ2, ψ) = D

(
φ2yy +

1− µ

2
φ2xx +

1 + µ

2
φ1xy

)
− k (φ2 + ψy) ,

L3(φ1, φ2, ψ, η1, η2) = k
[
(ψx + φ1)x + (ψy + φ2)y

]
+ (N1ψx +N12ψy)x + (N2ψy +N12ψx)y ,

L4(ψ, η1, η2) = N1x +N12y,

L5(ψ, η1, η2) = N2y +N12x,

B1(φ1, φ2) = D

[
ν1φ1x + µν1φ2y +

1− µ

2
(φ1y + φ2x) ν2

]
,

B2(φ1, φ2) = D

[
ν2φ2y + µν2φ1x +

1− µ

2
(φ1y + φ2x) ν1

]
,

B3(φ1, φ2, ψ, η1, η2) = k

(
∂ψ

∂ν
+ ν1φ1 + ν2φ2

)
+ (ν1N1 + ν2N12)ψx + (ν2N2 + ν1N12)ψy,

B4(ψ, η1, η2) = ν1N1 + ν2N12,

B5(ψ, η1, η2) = ν2N2 + ν1N12,

N1 =
Eh

1− µ2

(
η1x + µη2y +

1

2
ψ2
x +

µ

2
ψ2
y

)
,

N2 =
Eh

1− µ2

(
η2y + µη1x +

1

2
ψ2
y +

µ

2
ψ2
x

)
,

N12 =
Eh

2(1 + µ)
(η1y + η2x + ψxψy) .

■♥ s②st❡♠ (1.1)✱ s✉❜s❝r✐♣ts ♠❡❛♥ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✳ ❚❤❡ ✈❡❝t♦r ν = (ν1, ν2) r❡♣r❡s❡♥ts

t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ t♦ Ω ❛♥❞ ∂
∂ν

st❛♥❞s ❢♦r t❤❡ ♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡✳ ❚❤❡ ✉♥❦♥♦✇♥s

❛r❡ φ1 = φ1(x, y, t)✱ φ2 = φ2(x, y, t)✱ ψ = ψ(x, y, t)✱ η1 = η1(x, y, t)✱ ❛♥❞ η2 = η2(x, y, t)✳

P❤②s✐❝❛❧❧②✱ t❤❡ ❢✉♥❝t✐♦♥s φ1 ❛♥❞ φ2 r❡♣r❡s❡♥t✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❛♥❣❧❡s ♦❢ r♦t❛t✐♦♥ ♦❢

✶✼



t❤❡ ❝r♦ss s❡❝t✐♦♥s x = constant✱ y = constant ❝♦♥t❛✐♥✐♥❣ t❤❡ ✜❧❛♠❡♥t ✇❤✐❝❤✱ ✇❤❡♥

t❤❡ ♣❧❛t❡ ✐s ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ✐s ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ♠✐❞❞❧❡ s✉r❢❛❝❡ ❛t t❤❡ ♣♦✐♥t (x, y, 0)✳

❚❤❡ ❢✉♥❝t✐♦♥ ψ ✐s t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t✱ ❛♥❞ η1✱ η2 ❛r❡ t❤❡ ✐♥✲♣❧❛♥❡ ❞✐s♣❧❛❝❡♠❡♥t

♦❢ t❤❡ ♣❧❛t❡ ❛t t✐♠❡ t ♦❢ t❤❡ ❝r♦ss s❡❝t✐♦♥ ❧♦❝❛t❡❞ ❛t (x, y) ✉♥✐ts ❢r♦♠ t❤❡ ❡♥❞✲♣♦✐♥t

(x, y) = (0, 0)✳ ❚❤❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t h r❡♣r❡s❡♥ts t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ♣❧❛t❡ ✇❤✐❝❤✱

✐♥ t❤✐s ♠♦❞❡❧✱ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ s♠❛❧❧ ❛♥❞ ✉♥✐❢♦r♠ ✇✐t❤ r❡s♣❡❝t t♦ x✳ ❚❤❡ ❝♦♥st❛♥t

ρ ✐s t❤❡ ♠❛ss ❞❡♥s✐t② ♣❡r ✉♥✐t ✈♦❧✉♠❡ ♦❢ t❤❡ ♣❧❛t❡ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r k ✐s t❤❡ s♦

❝❛❧❧❡❞ ♠♦❞✉❧✉s ♦❢ ❡❧❛st✐❝✐t② ✐♥ s❤❡❛r✳ ❚❤❡ ❝♦♥st❛♥t E ✐s t❤❡ ❨♦✉♥❣✬s ♠♦❞✉❧✉s ❛♥❞ t❤❡

❝♦♥st❛♥t µ✱ 0 < µ < 1/2✱ ✐s t❤❡ P♦✐ss♦♥✬s r❛t✐♦✳ ❚❤❡ ❝♦♥st❛♥t D ✐s t❤❡ ♠♦❞✉❧✉s ♦❢

✢❡①✉r❛❧ r✐❣✐❞✐t② ❛♥❞ ✐s ❣✐✈❡♥ ❜② D = Eh3/12(1 − µ2)✳ ❚❤❡ ❝♦♥st❛♥t k ✐s ❣✐✈❡♥ ❜②

t❤❡ ❡①♣r❡ss✐♦♥ k = k̂Eh/2 (1 + µ)✱ ✇❤❡r❡ k̂ ✐s ❛ s❤❡❛r ❝♦rr❡❝t✐♦♥ ❝♦❡✣❝✐❡♥t✳ ❋♦r ♠♦r❡

❞❡t❛✐❧s ❝♦♥❝❡r♥✐♥❣ t❤❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ❤②♣♦t❤❡s❡s ❛♥❞ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s

s❡❡✱ ❢♦r ✐♥st❛♥❝❡✱ ▲❛❣♥❡s❡✲▲✐♦♥s ❬✷✼❪✳

❋♦r t❤❡ ♥♦♥❧✐♥❡❛r s②st❡♠ ✭✶✳✶✮✕✭✶✳✸✮✱ ✐♥ ❬✹✹❪ ❘❛❤♠❛♥✐ ❝♦♥s✐❞❡rs ❛ ♣❧❛t❡ r❡✐♥❢♦r❝❡❞

❜② ❛ t❤✐♥ st✐✛❡♥❡r ♦♥ ❛ ♣♦rt✐♦♥ ♦❢ ✐ts ❜♦✉♥❞❛r② ❛♥❞ ♠♦❞❡❧s t❤✐s ❥✉♥❝t✐♦♥ t❤r♦✉❣❤ ❛♥

❛♣♣r♦①✐♠❛t❡ ♠♦❞❡❧ ✇❤❡r❡ t❤❡ st✐✛❡♥❡r ❤❛s ❛ r♦❧❡ ♦♥ ✐ts ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

❚❤❡ ❧✐♥❡❛r ✈❡rs✐♦♥ ♦❢ s②st❡♠ ✭✶✳✶✮✕✭✶✳✸✮ ✐s




ρh3

12
φ1tt − L1(φ1, φ2, ψ) = 0 ✐♥ Q,

ρh3

12
φ2tt − L2(φ1, φ2, ψ) = 0 ✐♥ Q,

ρhψtt − L̃3(φ1, φ2, ψ) = 0 ✐♥ Q,

✭✶✳✹✮

✇❤❡r❡ L1✱ L2 ❛r❡ ❞❡✜♥❡❞ ❛❜♦✈❡ ❛♥❞

L̃3(φ1, φ2, ψ) = k
[
(ψx + φ1)x + (ψy + φ2)y

]
.

❚❤❡r❡ ❛r❡ q✉✐t❡ ❛ ❢❡✇ ✇♦r❦s ♦♥ t❤✐s s②st❡♠✿ ▲❛❣♥❡s❡ ❛♥❞ ▲✐♦♥s ✭s❡❡ ❬✷✼❪✮ st✉❞✐❡❞

✐ts ✇❡❧❧✲♣♦s❡❞♥❡ss ❛♥❞ ❛♥❛❧②③❡❞ ✐ts ❛s②♠♣t♦t✐❝ ❧✐♠✐t ✇❤❡♥ t❤❡ ♣❛r❛♠❡t❡r k t❡♥❞s t♦

✐♥✜♥✐t②✳ ■♥ ❬✷✺❪✱ ▲❛❣♥❡s❡ st✉❞✐❡❞ ♣r♦❜❧❡♠s ♦❢ ❡①✐st❡♥❝❡✱ ✉♥✐q✉❡♥❡ss ❛♥❞ s♦♠❡ ♦t❤❡r

✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s ❛s t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ✐♥ t✐♠❡ ✇❤❡♥ s♦♠❡ ❞❛♠♣✐♥❣ ❡✛❡❝ts ❛r❡

❝♦♥s✐❞❡r❡❞✳ ■♥ ❬✶✹❪✱ ❈❤✉❡s❤♦✈ ❛♥❞ ▲❛s✐❡❝❦❛ st✉❞✐❡❞ t❤❡ ❞②♥❛♠✐❝s ❢♦r ❛ ❝❧❛ss ♦❢ ▼✐♥❞❧✐♥✲

❚✐♠♦s❤❡♥❦♦ ♣❧❛t❡ ♠♦❞❡❧s ✇✐t❤ ♥♦♥❧✐♥❡❛r ❢❡❡❞❜❛❝❦ ❢♦r❝❡s ❛♥❞ s❤♦✇❡❞ t❤❡ ❡①✐st❡♥❝❡

♦❢ ❛ ❝♦♠♣❛❝t ❣❧♦❜❛❧ ❛ttr❛❝t♦r ❢♦r t❤❡ s②st❡♠✳ ❋✉rt❤❡r♠♦r❡ t❤❡② st✉❞✐❡❞ ✐ts ❧✐♠✐t✐♥❣

✶✽



♣r♦♣❡rt✐❡s ✇❤❡♥ t❤❡ s❤❡❛r ♠♦❞✉❧✉s t❡♥❞s t♦ ✐♥✜♥✐t②✳ ■♥ ❬✹✽❪✱ ❙❛r❡ ✐♥✈❡st✐❣❛t❡❞ s②st❡♠

✭✶✳✹✮ ✇✐t❤ ❢r✐❝t✐♦♥❛❧ ❞✐ss✐♣❛t✐♦♥s ❛❝t✐♥❣ ♦♥ t❤❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ r♦t❛t✐♦♥ ❛♥❣❧❡s ❛♥❞

♣r♦✈❡❞ t❤❛t t❤✐s s②st❡♠ ✐s ♥♦t ❡①♣♦♥❡♥t✐❛❧❧② st❛❜❧❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❛♥② r❡❧❛t✐♦♥s ❜❡t✇❡❡♥

t❤❡ ❝♦♥st❛♥ts ♦❢ t❤❡ s②st❡♠✳ ▼♦r❡♦✈❡r✱ ❤❡ s❤♦✇❡❞ t❤❛t t❤❡ s♦❧✉t✐♦♥ ❞❡❝❛②s ♣♦❧②♥♦♠✐❛❧❧②

t♦ ③❡r♦✱ ✇✐t❤ r❛t❡s t❤❛t ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✳

■♥ ✷✵✶✺✱ ❘❛❤♠❛♥✐ ✭s❡❡ ❬✹✺❪✮ st✉❞✐❡❞ s②st❡♠ ✭✶✳✹✮ ❛♥❞ ♦❜t❛✐♥❡❞ r❡s✉❧ts s✐♠✐❧❛r t♦ t❤♦s❡

✐♥ ❬✹✹❪ ❢♦r t❤❡ s②st❡♠ ✭✶✳✶✮✕✭✶✳✸✮✳

■❢ ♦♥❡ ❛ss✉♠❡s t❤❡ ✜❧❛♠❡♥t ♦❢ t❤❡ ♣❧❛t❡ t♦ r❡♠❛✐♥ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❞❡❢♦r♠❡❞

♠✐❞❞❧❡ s✉r❢❛❝❡✱ t❤❡ tr❛♥s✈❡rs❡ s❤❡❛r ❡✛❡❝ts ❛r❡ ♥❡❣❧❡❝t❡❞✱ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ♠♦❞❡❧ ✐s

t❤❡ s♦ ❝❛❧❧❡❞ ♦♥ ❑ár♠á♥ s②st❡♠ ✭s❡❡ ❬✷✼❪✮





ρhψtt −
ρh3

12
∆ψtt +D∆2ψ − (N1ψx +N12ψy)x − (N2ψy +N12ψx)y = 0 ✐♥ Q,

ρhη1tt − (N1x +N12y) = 0 ✐♥ Q,

ρhη2tt − (N2y +N12x) = 0 ✐♥ Q,

✭✶✳✺✮

✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s




ψ =
∂ψ

∂ν
= η1 = η2 = 0 ♦♥ Γ0,

D [∆ψ + (1− µ) (2ν1ν2ψxy − ν21ψyy − ν22ψxx)] = 0 ♦♥ Σ1,

D

[
∂(∆ψ)

∂ν
+ (1− µ)

∂

∂τ
[(ν21 − ν22)ψxy + ν1ν2 (ψyy − ψxx)]

]
− ρh3

12

∂ψtt
∂ν

−(ν2N2 + ν1N12)ψy = 0 ♦♥ Γ1,

ν1N1 + ν2N12 = 0 ♦♥ Γ1,

ν2N2 + ν1N12 = 0 ♦♥ Γ1,

✭✶✳✻✮

❛♥❞ ✐♥✐t✐❛❧ ❞❛t❛




{ψ(·, 0), η1(·, 0), η2(·, 0)} = {ψ0, η10, η20} ✐♥ Ω,

{ψt(·, 0), η1t(·, 0), η2t(·, 0)} = {ψ1, η11, η21} ✐♥ Ω.

✭✶✳✼✮

■♥ ✭✶✳✻✮✱ τ = (−ν2, ν1) ✐s t❤❡ t❛♥❣❡♥t ✈❡❝t♦r t♦ Ω ❛♥❞ ∂
∂τ

r❡♣r❡s❡♥ts t❤❡ t❛♥❣❡♥t✐❛❧

❞❡r✐✈❛t✐✈❡✳ ❙②st❡♠ ✭✶✳✺✮✕✭✶✳✼✮ ❤❛s ❜❡❡♥ ♦❜❥❡❝t ♦❢ st✉❞✐❡s ❢♦r ♠❛♥② ②❡❛rs✳ ▲❡t ✉s

♠❡♥t✐♦♥ s♦♠❡ ❦♥♦✇♥ r❡s✉❧ts ❛❜♦✉t t❤✐s t②♣❡ ♦❢ s②st❡♠✳ ▲❛s✐❡❝❦❛ ❬✷✾❪ ❛♥❞ ❋❛✈✐♥✐ ❡t✳❛❧✳

✶✾



❬✶✽❪ st✉❞✐❡❞ ✇❡❧❧✲♣♦s❡❞♥❡ss ❢♦r t❤✐s ♣r♦❜❧❡♠✱ ❛s ✇❡❧❧ ❛s t❤❡ r❡❣✉❧❛r✐t② ♦❢ ✐ts s♦❧✉t✐♦♥✳

P❡r❧❛ ▼❡♥③❛❧❛ ❛♥❞ ❩✉❛③✉❛ ❬✸✾❪ ♣r♦✈❡❞ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② r❛t❡s ❢♦r t❤❡ ❡♥❡r❣② ♦❢ t❤❡

s②st❡♠ ❢♦r ❛ ❜♦✉♥❞❡❞ s♠♦♦t❤ t❤❡r♠♦❡❧❛st✐❝ ♣❧❛t❡ ❝❧❛♠♣❡❞ ♦♥ ✐ts ❜♦✉♥❞❛r②✳ ❆ s✐♠✐❧❛r

r❡s✉❧t ✇❛s ♦❜t❛✐♥❡❞ ❜② ❑❛♥❣ ❬✷✶❪ ❢♦r ✈♦♥ ❑ár♠á♥ ❡q✉❛t✐♦♥s ✇✐t❤ ❛ ♠❡♠♦r② t❡r♠✳

❋✐♥❛❧❧②✱ ❢♦r ♠♦♥♦t♦♥✐❝ ❢✉♥❝t✐♦♥s ✇✐t❤ ❝❡rt❛✐♥ ❣r♦✇t❤ ♣r♦♣❡rt✐❡s ❛t t❤❡ ♦r✐❣✐♥ ❛♥❞ ❛t

✐♥✜♥✐t②✱ ▲❛❣♥❡s❡ ❛♥❞ ▲❡✉r✐♥❣ ❬✷✻❪ s❤♦✇❡❞ t❤❛t t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✈♦♥ ❑ár♠á♥ ✐s

✉♥✐❢♦r♠❧② ❛s②♠♣t♦t✐❝❛❧❧② st❛❜❧❡✳

◆❡❣❧❡❝t✐♥❣ t❤❡ s❤❡❛r ❡✛❡❝ts ♦❢ t❤❡ ♣❧❛t❡ ♦❜t❛✐♥✐♥❣ s②st❡♠ ✭✶✳✺✮ ✐s ❢♦r♠❛❧❧② ❡q✉✐✈❛✲

❧❡♥t t♦ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♠♦❞✉❧✉s ♦❢ ❡❧❛st✐❝✐t② k t❡♥❞✐♥❣ t♦ ✐♥✜♥✐t② ✐♥ s②st❡♠ (1.1)✱ s✐♥❝❡

k ✐s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ s❤❡❛r ❛♥❣❧❡✳ ❚❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s ❞❡✈♦t❡❞ t♦ ❛♥❛❧②③❡

t❤❡ ❛s②♠♣t♦t✐❝ ❧✐♠✐t ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠ ✭✶✳✶✮ ❛s k → ∞✳

❚❤✐s ♣r♦❜❧❡♠ ✇❛s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✶✾✽✽ ❜♦♦❦ ❜② ▲❛❣♥❡s❡ ❛♥❞ ▲✐♦♥s ❬✷✼✱ ♣✳ ✷✹❪✱ ✇❤❡r❡

✐t ✇❛s ❝♦♥❥❡❝t✉r❡❞ t❤❛t s②st❡♠ ✭✶✳✶✮ ❛♣♣r♦❛❝❤❡s✱ ✐♥ s♦♠❡ s❡♥s❡✱ t❤❡ ✈♦♥ ❑ár♠á♥ s②st❡♠

✭✶✳✺✮✱ ❛s k → ∞✿

✏❖♥❡ ❡①♣❡❝ts t❤❛t✱ ❛s k → ∞✱ s♦❧✉t✐♦♥s ♦❢ t❤❡ s②st❡♠ ✭✶✳✶✮ ✇✐❧❧ ❝♦♥✈❡r❣❡

✭✐♥ s♦♠❡ s❡♥s❡✮ t♦ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✈♦♥ ❑ár♠á♥ s②st❡♠ ✭✶✳✺✮✳ ❍♦✇❡✈❡r✱ ❛

r✐❣♦r♦✉s ♣r♦♦❢ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❧❛❝❦✐♥❣ ❛♥❞ s❡❡♠s t♦ ❜❡ ❛ ❞✐✣❝✉❧t q✉❡st✐♦♥✳✧

■♥ t❤✐s ❞✐r❡❝t✐♦♥✱ ✐♥ ✶✾✽✽ ▲❛❣♥❡s❡ ❛♥❞ ▲✐♦♥s ♣r♦✈❡❞ ✐♥ ❬✷✼❪ ✭s❡❡ ❛❧s♦ ❬✾❪ ❢♦r t❤❡ ♦♥❡✲

❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✮ t❤❛t✱ ✐♥ t❤❡ ❧✐♥❡❛r ❝❛s❡✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦

♠♦❞❡❧ ✭✶✳✹✮ ❝♦♥✈❡r❣❡s✱ ❛s k → ∞✱ t♦✇❛r❞s t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❑✐r❝❤❤♦✛ ♠♦❞❡❧

✭s✉❜❥❡❝t t♦ ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✮

ρhψtt −
ρh3

12
∆ψtt +D∆2ψ = 0. ✭✶✳✽✮

▲❛t❡r ♦♥✱ ✐♥ ❬✽❪✱ t❤❡ ❛✉t❤♦rs st✉❞✐❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♥♦♥❧✐♥❡❛r ▼✐♥❞❧✐♥✲

❚✐♠♦s❤❡♥❦♦ s②st❡♠ ✇✐t❤ ❛♥ ❡①tr❛ ❢♦✉rt❤ ♦r❞❡r r❡❣✉❧❛r✐③✐♥❣ t❡r♠




ρh3

12
φtt −Dφxx + k (φ+ ψx) = 0 ✐♥ Q,

ρhψtt − k (φ+ ψx)x − Eh

[
ψx

(
ηx +

1

2
ψ2
x

)]

x

+
1

k
ψxxxx = 0 ✐♥ Q,

ρhηtt − Eh

(
ηx +

1

2
ψ2
x

)

x

= 0 ✐♥ Q,

✭✶✳✾✮

❛♥❞ s❤♦✇❡❞ t❤❛t✱ ❛s k → ∞✱ t❤❡ s②st❡♠ ✭✶✳✾✮ ❝♦♥✈❡r❣❡s t♦✇❛r❞ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧

✷✵



✈♦♥ ❑ár♠á♠ s②st❡♠




ρhψtt −
ρh3

12
ψxxtt +Dψxxxx − Eh

[
ψx

(
ηx +

1

2
ψ2
x

)]

x

= 0 ✐♥ Q,

ρhηtt − Eh

(
ηx +

1

2
ψ2
x

)

x

= 0 ✐♥ Q.

✭✶✳✶✵✮

■♥ t❤❡ ❛r❣✉♠❡♥t ✉s❡❞ ✐♥ ❬✽❪✱ t❤❡ ✉s❡ ♦❢ t❤❡ ❡①tr❛ ❢♦✉rt❤ ♦r❞❡r r❡❣✉❧❛r✐③✐♥❣ t❡r♠ ✇❛s

✐♥❞✐s♣❡♥s❛❜❧❡✱ s✐♥❝❡ ✐t ❡♥s✉r❡s t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ ❛ ❢❛♠✐❧② ♦❢ s♦❧✉t✐♦♥s✱ ❛s k → ∞✱

❛❧❧♦✇✐♥❣ ♦♥❡ t♦ ♣❛ss t♦ t❤❡ ❧✐♠✐t ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r t❡r♠✳ ❍❡r❡✱ ✇❡ st✉❞② t❤❡ ♥♦♥✲

❧✐♥❡❛r t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠ ✇✐t❤♦✉t ❛♥② r❡❣✉❧❛r✐③✐♥❣ t❡r♠✳ ❲❡ ♣r♦✈❡ t❤❛t t❤❡

▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠ ❝♦♥✈❡r❣❡s t♦ t❤❡ ✈♦♥ ❑ár♠á♥ ♦♥❡✱ t❤❡r❡❢♦r❡ ❣✐✈✐♥❣ ❛ ♣♦✲

s✐t✐✈❡ ❛♥s✇❡r ❢♦r t❤❡ ✶✾✽✽ ▲❛❣♥❡s❡✲▲✐♦♥s ❝♦♥❥❡❝t✉r❡✳ ❲❡ ♥♦t❡ t❤❛t ♦✉r ❛r❣✉♠❡♥t ❤❡r❡

❝❛♥ ❜❡ ✉s❡❞ ❢♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❛s ✇❡❧❧✱ ❛ss✉r✐♥❣ t❤❡ ❝♦♥❥❡❝t✉r❡ t♦ ❤♦❧❞ ❛❧s♦

✐♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✭❛s ✇♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞✮✳

■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛s②♠♣t♦t✐❝ ❧✐♠✐ts✱ ✇✐t❤ r❡s♣❡❝t t♦ s✐♥❣✉❧❛r ❝♦❡✣❝✐❡♥ts✱ ▼❡♥③❛❧❛

❛♥❞ ❩✉❛③✉❛ ♣r♦✈❡❞ ✐♥ ❬✸✺❪ t❤❛t t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ✈♦♥ ❑ár♠á♥ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s

❛♣♣r♦❛❝❤❡s ✭✇❡❛❦❧②✮ t♦ ❛ ♥♦♥❧♦❝❛❧ ❜❡❛♠ ❡q✉❛t✐♦♥ ♦❢ ❚✐♠♦s❤❡♥❦♦ t②♣❡ ❛s ❛ s✉✐t❛❜❧❡

♣❛r❛♠❡t❡r t❡♥❞s t♦ ③❡r♦✳ ■♥ ❬✸✻❪✱ t❤❡ ❛✉t❤♦rs ❝♦♥s✐❞❡r❡❞ ❛ ❞②♥❛♠✐❝❛❧ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧

♥♦♥❧✐♥❡❛r ✈♦♥ ❑ár♠á♥ ♠♦❞❡❧ ❞❡♣❡♥❞✐♥❣ ♦♥ ♦♥❡ ♣❛r❛♠❡t❡r ε > 0 ❛♥❞ st✉❞✐❡❞ ✐ts ✇❡❛❦

❧✐♠✐t ❛s ε → 0✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡② ♣r♦✈❡❞ t❤❛t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t②♣❡ ♦❢ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥✱ t❤❡ ♥♦♥❧✐♥❡❛r✐t② ♦❢ ❚✐♠♦s❤❡♥❦♦ ♠♦❞❡❧ ♠❛② ❡✐t❤❡r ✈❛♥✐s❤ ♦r ♠❛② ❜❡❝♦♠❡

❛ ♥♦♥❧✐♥❡❛r✐t② ❝♦♥❝❡♥tr❛t❡❞ ♦♥ t❤❡ ❡①tr❡♠❡s ♦❢ t❤❡ ❜❡❛♠✳ ■♥ ❬✸✼❪✱ t❤❡ ❢✉❧❧ ♥♦♥❧✐♥❡❛r

❞②♥❛♠✐❝ ✈♦♥ ❑ár♠á♥ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✇❛s ❝♦♥s✐❞❡r❡❞ ❛♥❞ t❤❡ ❛✉t❤♦rs s❤♦✇❡❞

❤♦✇ t❤❡ s♦✲❝❛❧❧❡❞ ❚✐♠♦s❤❡♥❦♦ ❛♥❞ ❇❡r❣❡r ♠♦❞❡❧s ❢♦r t❤✐♥ ♣❧❛t❡s ♠❛② ❜❡ ♦❜t❛✐♥❡❞ ❛s

s✐♥❣✉❧❛r ❧✐♠✐ts ♦❢ t❤❡ ✈♦♥ ❑ár♠á♥ s②st❡♠ ✇❤❡♥ ❛ s✉✐t❛❜❧❡ ♣❛r❛♠❡t❡r t❡♥❞s t♦ ③❡r♦✳

❲❡ ❛❧s♦ ♠❡♥t✐♦♥ t❤❡ ✇♦r❦ ❬✹✸❪✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ♦❜t❛✐♥❡❞ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♦❢ ❇❡r❣❡r✲

❚✐♠♦s❤❡♥❦♦✬s ❡q✉❛t✐♦♥ ❛s ❛ ❧✐♠✐t ♦❢ t❤❡ ✉♥✐❢♦r♠ st❛❜✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ✈♦♥ ❑ár♠á♥ s②st❡♠

♦❢ ❜❡❛♠s ❛♥❞ ♣❧❛t❡s ✇✐t❤ r❡s♣❡❝t t♦ ❛ s✐♥❣✉❧❛r ♣❛r❛♠❡t❡r✳

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤✐s ✇♦r❦ ❝♦♥❝❡r♥s st❛❜✐❧✐③❛t✐♦♥✳ ❯♣ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❡①✲

♣♦♥❡♥t✐❛❧ st❛❜✐❧✐t② ❤❛s ♥♦t ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❢♦r t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥ ♥♦♥❧✐♥❡❛r ▼✐♥❞❧✐♥✲

❚✐♠♦s❤❡♥❦♦ s②st❡♠✱ s♦ ✇❡ st✉❞② ❞❡❝❛② ♣r♦♣❡rt✐❡s ♦❢ ✐ts s♦❧✉t✐♦♥s ✇✐t❤ ❜♦t❤ ✐♥t❡r♥❛❧

❛♥❞ ❜♦✉♥❞❛r② ❞❛♠♣✐♥❣✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❆❞❞✐♥❣ ❛♣♣r♦♣r✐❛t❡

❞❛♠♣✐♥❣ t❡r♠s✱ t❤❡r❡ ✐s ❛ ✉♥✐❢♦r♠ ✭✇✐t❤ r❡s♣❡❝t t♦ k✮ r❛t❡ ♦❢ ❞❡❝❛② ❢♦r t❤❡ t♦t❛❧ ❡♥❡r❣②

♦❢ t❤❡ s♦❧✉t✐♦♥s ❢♦r ✭✶✳✶✮ ❛s t → ∞✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ❛♥❛❧②s✐s✱ ✇❡ ♦❜t❛✐♥ ❛

✷✶



❞❡❝❛② r❛t❡ ❢♦r t❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ t❤❡ s♦❧✉t✐♦♥s ❢♦r t❤❡ ✈♦♥ ❑ár♠á♥ s②st❡♠ ✭❛s t→ ∞✮

❛s ❛ s✐♥❣✉❧❛r ❧✐♠✐t ♦❢ t❤❡ ✉♥✐❢♦r♠ ✭✇✐t❤ r❡s♣❡❝t t♦ k✮ ❞❡❝❛② r❛t❡ ♦❢ t❤❡ ❡♥❡r❣② ♦❢ t❤❡

▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠✳

▲❡t ✉s ♠❡♥t✐♦♥ s♦♠❡ ❦♥♦✇♥ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ st❛❜✐❧✐③❛t✐♦♥✳ ■♥ t❤❡ ♦♥❡✲

❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ❆r❛r✉♥❛ ❡t✳ ❛❧✳ s❤♦✇❡❞ ✐♥ ❬✽❪ t❤❡ ❡①♣♦♥❡♥t✐❛❧ st❛❜✐❧✐t② ♦❢ t❤❡ ♥♦♥❧✐✲

♥❡❛r ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ❜❡❛♠ ✉♥❞❡r ✐♥t❡r♥❛❧ ❞❛♠♣✐♥❣✳ ❙t❛❜✐❧✐③❛t✐♦♥ r❡s✉❧ts ❢♦r t❤❡

❧✐♥❡❛r ♠♦❞❡❧ ✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥ ❬✷✺✱ ✷✷❪ ❝♦♥s✐❞❡r✐♥❣ ❞❛♠♣✐♥❣ ✐♥ ❜♦t❤ ❡q✉❛t✐♦♥s✱ ❛♥❞ ✐♥

❬✶❪ ✇✐t❤ ❛ s✐♥❣❧❡ ♥♦♥❧✐♥❡❛r ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧✳ ■♥ ❬✺❪✱ t❤❡ s②st❡♠ ✐s ❞❛♠♣❡❞ ❜② ❛ ♠❡♠♦r②

t②♣❡ t❡r♠✳ ■♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ t❤❡ ✉♥✐❢♦r♠ st❛❜✐❧✐③❛t✐♦♥ ❢♦r ❧✐♥❡❛r ▼✐♥❞❧✐♥✲

❚✐♠♦s❤❡♥❦♦ ♠♦❞❡❧ ✇❛s st✉❞✐❡❞ ✐♥ ❬✹✽❪ ❝♦♥s✐❞❡r✐♥❣ ❢r✐❝t✐♦♥❛❧ ❞✐ss✐♣❛t✐♦♥s ❛❝t✐♥❣ ♦♥

t❤❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ r♦t❛t✐♦♥s ❛♥❣❧❡✳ ●r♦❜❜❡❧❛❛r✲❉❛❧s❡♥ ❬✶✾❪ st✉❞✐❡❞ t❤❡ ♣♦❧②♥♦♠✐❛❧

❞❡❝❛② r❛t❡ ♦❢ t❤❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ♣❧❛t❡ ♠♦❞❡❧ ✇✐t❤ t❤❡r♠❛❧ ❞✐ss✐♣❛t✐♦♥✳ ❙t❛❜✐❧✐③❛✲

t✐♦♥ r❡s✉❧ts ✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥ ❬✹✷❪ ❢♦r t❤❡ ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✇✐t❤ ♥♦♥❝♦♥st❛♥t ❛♥❞

♥♦♥s♠♦♦t❤ ❝♦❡✣❝✐❡♥ts✱ ✇❤❡♥ t❤❡ ✐♥t❡r✐♦r ❞✐ss✐♣❛t✐♦♥ ❛❝ts ❡✐t❤❡r ♦♥ ❜♦t❤ ❡q✉❛t✐♦♥s ♦r

♦♥❧② ♦♥ t❤❡ ❡❧❛st✐❝✐t② ❡q✉❛t✐♦♥✳ ❚❤❡ st❛❜✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ✈♦♥ ❑ár♠á♥ s②st❡♠✱ ✐♥ t❤❡

t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ✇❛s st✉❞✐❡❞ ❜② ▼❡♥③❛❧❛ ❛♥❞ ❩✉❛③✉❛ ✐♥ ❬✸✾❪✱ ✇❤❡r❡ t❤❡ ❡♥❡r❣②

❞❡❝r❡❛s❡s ❛❧♦♥❣ tr❛❥❡❝t♦r✐❡s✳ ❇r❛❞❧❡②✲▲❛s✐❡❝❦❛ ❬✶✵❪ st✉❞✐❡❞ t❤❡ ❧♦❝❛❧ ❡①♣♦♥❡♥t✐❛❧ st❛❜✐✲

❧✐③❛t✐♦♥ ❢♦r ❛♥ ✉♥str✉❝t✉r❡❞ ♣❡rt✉r❜❛t✐♦♥ ❛♥❞ ❢❡❡❞❜❛❝❦ ❝♦♥tr♦❧s✳ ❑❛♥❣ ❬✷✶❪ ♣r♦✈❡❞ t❤❡

❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ✈♦♥ ❑ár♠á♥ s②st❡♠ ✇✐t❤ ♠❡♠♦r②✳

❚❤✐s ✇♦r❦ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✶✳✷✱ ✇❡ r✐❣♦r♦✉s❧② st✉❞② t❤❡ ❜❡❤❛✲

✈✐♦r ♦❢ t❤❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠ t♦✇❛r❞s t❤❡ ✈♦♥ ❑ár♠á♥ s②st❡♠ ❛s k → ∞✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ♣r♦✈❡ t❤❛t s♦❧✉t✐♦♥s {φ1, φ2, ψ, η1, η2} ♦❢ (1.1)✕(1.3) ❝♦♥✈❡r❣❡ t♦

{−ψx,−ψy, ψ, η1, η2} ❛s k → ∞✱ ✇❤❡r❡ {ψ, η1, η2} s♦❧✈❡s s②st❡♠ (1.5)✕✭✶✳✼✮✳ ■♥ ❙❡❝t✐✲

♦♥s ✶✳✸ ❛♥❞ ✶✳✹ ✇❡ ♣r♦✈❡ t❤❛t✱ ❛❞❞✐♥❣ ❛♣♣r♦♣r✐❛t❡ ❞❛♠♣✐♥❣ t❡r♠s ✭✐♥t❡r♥❛❧ ❛♥❞ ❜♦✉♥✲

❞❛r②✱ r❡s♣❡❝t✐✈❡❧②✮✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ ❛♥ ✉♥✐❢♦r♠ ✭✐♥ k✮ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♣r♦♣❡rt② ❢♦r t❤❡

s♦❧✉t✐♦♥s ♦❢ ✭✶✳✶✮✕✭✶✳✸✮✳ ❋✐♥❛❧❧②✱ ✐♥ ❙❡❝t✐♦♥ ✶✳✺✱ ✇❡ ❜r✐❡✢② ❞✐s❝✉ss s♦♠❡ r❡❧❛t❡❞ ✐ss✉❡s

❛♥❞ ♦♣❡♥ ♣r♦❜❧❡♠s✳

✶✳✷ ❆s②♠♣t♦t✐❝ ❧✐♠✐t

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❧✐♠✐t ♦❢ t❤❡ s♦❧✉t✐♦♥s ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r

▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠ ✭✶✳✶✮✕✭✶✳✸✮ ❛s k → ∞✳ ❚♦ st✉❞② t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ❝♦♥s✐❞❡r

✷✷



t❤❡ ❍✐❧❜❡rt s♣❛❝❡

X =
[
H1

Γ0
(Ω)× L2(Ω)

]2 ×
[
W 1,4(Ω) ∩H1

Γ0
(Ω)
]
×L2(Ω)×

[
H1

Γ0
(Ω)× L2(Ω)

]2
, ✭✶✳✶✶✮

✇❤❡r❡ H1
Γ0
(Ω) = {ϕ : ϕ ∈ H1(Ω), ϕ = 0 ♦♥ Γ0}✳

❚❤❡ ❡♥❡r❣② Ek (t) ♦❢ s♦❧✉t✐♦♥s ✐s ❣✐✈❡♥ ❜②

Ek(t) =
1

2

{
ρh3

12

[
|φ1t|2 + |φ2t|2

]
+ ρh

[
|ψt|2 + |η1t|2 + |η2t|2

]
+ k

[
|φ1 + ψx|2 + |φ2 + ψy|2

]
✭✶✳✶✷✮

+ F ([bij], [bij]) +D

[
|φ1x|2 + |φ2y|2 +

1− µ

2
|φ1y + φ2x|2 +2µ

∫

Ω

(φ1xφ2y) dxdy

]}
,

✇❤❡r❡

b11 = η1x +
1

2
ψ2
x, b22 = η2y +

1

2
ψ2
y , b12 = b21 = η1y + η2x + ψxψy,

❛♥❞

F ([bij]) =
Eh

1− µ2



µ


b11 + b22 0

0 b11 + b22


+ c(1− µ)


b11 b12

b21 b22





 .

◆♦t❡ t❤❛t

(F ([bij]) , [bij])(L2(Ω))4 =


 Eh

1− µ2



µ


b11 + b22 0

0 b11 + b22


+ c(1− µ)


b11 b12

b21 b22





 ,


b11 b12

b21 b22






=
Eh

1− µ2

{
µ

∣∣∣∣η1x + η2y +
1

2
|∇ψ|2

∣∣∣∣
2

+ (1− µ)|b11|2 + (1− µ)|b22|2

+
1− µ

2
|η1y + η2x + ψxψy|2

}
> 0

s✐♥❝❡ Eh
1−µ2 > 0 ❛♥❞ 0 < µ < 1✱ ✇❤✐❝❤ s❤♦✇s t❤❛t F ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ▼♦r❡♦✈❡r✱ ✇❡

❤❛✈❡ ❜② ❬✷✺✱ ▲❡♠♠❛ ✷✳✶❪ t❤❛t

D

[
|φ1x|2 + |φ2y|2 +

1− µ

2
|φ1y + φ2x|2 + 2µ

∫

Ω

(φ1xφ2y)

]
≥ C‖φ1‖2H1(Ω) + ‖φ2‖2H1(Ω).

❙♦✱ t❤❡ ❡♥❡r❣② ✐s ♣♦s✐t✐✈❡✳ ❋✉rt❤❡r♠♦r❡✱

Ek(t) = Ek(0), ∀ t ≥ 0. ✭✶✳✶✸✮

❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❣✐✈❡ ❛ ♣♦s✐t✐✈❡ r❡s♣♦♥s❡ t♦ ❛ ▲❛❣♥❡s❡✲▲✐♦♥s

❝♦♥❥❡❝t✉r❡ ❢r♦♠ ❬✷✼❪✳ ❖✉r r❡s✉❧t ✐s ❛s ❢♦❧❧♦✇s✳

✷✸



❚❤❡♦r❡♠ ✶✳✷✳✶ ▲❡t
{
φk1, φ

k
2, ψ

k, ηk1 , η
k
2

}
❜❡ ❛ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✶✳✶✮✕✭✶✳✸✮ ✇✐t❤ ✐♥✐t✐❛❧

❞❛t❛ {φ10, φ11, φ20, φ21, ψ0, ψ1, η10, η11, η20, η21} ∈ X s❛t✐s❢②✐♥❣

φ10 + ψ0x = 0 ❛♥❞ φ20 + ψ0y = 0 ✐♥ Ω. ✭✶✳✶✹✮

❚❤❡♥✱ ❧❡tt✐♥❣ k → ∞✱ ♦♥❡ ❣❡ts

{φk1, φk2, ψk, ηk1 , ηk2} → {−ψx,−ψy, ψ, η1, η2} ✇❡❛❦−∗ ✐♥ L∞ (0, T, [H1
Γ0
(Ω)]3 × [L2(Ω)]2

)
,

✇❤❡r❡ {ψ, η1, η2} s♦❧✈❡s ✭✶✳✺✮✕✭✶✳✼✮✳

❘❡♠❛r❦ ✶✳✷✳✷ ❚❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ s②st❡♠ ✭✶✳✺✮✕✭✶✳✼✮ ✐s ❣✐✈❡♥ ❜②

ρh
d

dt
(ψt, c) +

ρh3

12

d

dt
(∇ψt,∇c) + ρh

d

dt
(η1t, d) + ρh

d

dt
(η2t, e) + (N1ψx +N12ψy, cx)

+ (N2ψy +N12ψx, cy) +
(
Nk

1 , dx
)
+
(
Nk

12, dy
)
+
(
Nk

2 , ey
)
+
(
Nk

12, ex
)
+D(∆ψ,∆c) = 0,

✭✶✳✶✺✮

❢♦r ❛❧❧ {c, d, e} ∈
[
H2(Ω) ∩H1

Γ0
(Ω)
]
×
[
H1

Γ0
(Ω)
]2

❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ✭✶✳✻✮✳ ■♥

❡q✉❛t✐♦♥ (1.15)✱ (·, ·) r❡♣r❡s❡♥ts t❤❡ ✐♥♥❡r ♣r♦❞✉❝t ✐♥ L2 (Ω) . ❋✉rt❤❡r♠♦r❡✱ t❤❡ s②st❡♠

✭✶✳✺✮✕✭✶✳✼✮ ✐s ❝♦♥s❡r✈❛t✐✈❡✱ t❤❛t ✐s✱ ✐ts ❡♥❡r❣②

E(t) =
1

2

{
ρh [|ψt|2 + |η1t|2 + |η2t|2] +

ρh3

12
|∇ψt|2 +D|∆ψ|2 + Eh

1− µ

∫

Ω

[
η1x +

1

2
ψ2
x

]2

+

[
η2y +

1

2
ψ2
y

]2
+

[
η1x + η2y +

1

2
|∇ψ|2

]2
+ 1−µ

2
[η1y + η2x + ψxψy]

2

}

✭✶✳✶✻✮

s❛t✐s✜❡s E(t) = E(0)✱ ❢♦r ❛❧❧ t ∈ [0, T ] .

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✶✳ ❋♦r ❡❛❝❤ k > 0 ✜①❡❞✱ ❧❡t {φk1, φk2, ψk, ηk1 , ηk2} ❜❡ t❤❡ s♦❧✉t✐♦♥

♦❢ s②st❡♠ ✭✶✳✶✮✕✭✶✳✸✮ ✇✐t❤ ❞❛t❛ {φ10, φ11, φ20, φ21, ψ0, ψ1, η10, η11, η20, η21} ∈ X ✳ ❙✐♥❝❡

t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ {φ10, φ11, φ20, φ21, ψ0, ψ1, η10, η11, η20, η21} s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ (1.14)✱

♦♥❡ ❤❛s✱ ❞✉❡ t♦ t❤❡ ❝♦♥s❡r✈❛t✐♦♥ ♦❢ ❡♥❡r❣② (1.13) ,

Ek(t) ≤ C, ∀ k > 0, ∀ t > 0. ✭✶✳✶✼✮

❋r♦♠ ♥♦✇ ♦♥✱ t❤❡ ❧❡tt❡r C st❛♥❞s ❢♦r ❛ ❣❡♥❡r✐❝ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✇❤✐❝❤ ♠❛② ✈❛r② ❢r♦♠

❧✐♥❡ t♦ ❧✐♥❡ ✭✉♥❧❡ss ♦t❤❡r✇✐s❡ st❛t❡❞✮✳ ❚❤❡ ❡st✐♠❛t❡ ✭✶✳✶✼✮ ✐♠♣❧✐❡s t❤❛t t❤❡ s❡q✉❡♥❝❡s

✭✐♥ k✮

(φk1t), (φ
k
2t), (ψ

k
t ), (η

k
1t), (η

k
2t),

√
k
(
φk1 + ψkx

)
,
√
k
(
φk2 + ψky

)
,
(
φk1x
)
,
(
φk2y
)
,
(
φk1y + φk2x

)
,

(
ηk1x +

1

2

[
ψkx
]2
)
,

(
ηk2y +

1

2

[
ψky
]2
)
,

(
ηk1x + ηk2y +

1

2

[
∇ψk

]2
)
,
(
ηk1y + ηk2x + ψkxψ

k
y

)

✷✹



❛r❡ ❜♦✉♥❞❡❞ ✐♥ L∞(0, T, L2(Ω))✳ ❋✉rt❤❡r♠♦r❡✱

[
φk1y
]
x
=
[
φk1x
]
y
∈ H−1(Ω) ❛♥❞

[
φk2x
]
y
=
[
φk2y
]
x
∈ H−1(Ω),

s✐♥❝❡
(
φk1x
)
❛♥❞

(
φk2y
)
❛r❡ ❜♦✉♥❞❡❞ ✐♥ L∞(0, T, L2(Ω))✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

[
φk1y
]
y
=
[
φk1y + φk2x

]
y
−
[
φk2x
]
y
=
[
φk1y + φk2x

]
y
−
[
φk2y
]
x
∈ H−1(Ω),

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
(
φk1y
)
✐s ❜♦✉♥❞❡❞ ✐♥ L∞ (0, T, L2(Ω))✳ ❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t

(
φk2x
)
✐s ❜♦✉♥❞❡❞ ✐♥ L∞ (0, T, L2(Ω))✳ ❚❤✉s✱ t❤❡ s❡q✉❡♥❝❡s ✭✐♥ k✮ (φk1)✱ (φ

k
2) ❛♥❞ (ψk)

❛r❡ ❜♦✉♥❞❡❞ ✐♥ L∞ (0, T,H1
Γ0
(0, L)

)
✳

❙✐♥❝❡✱ ❢♦r ❡❛❝❤ k✱ ηk1t ❛♥❞ η
k
2t ❜❡❧♦♥❣ t♦ C0 ([0, T ], L2(Ω))✱ ✇❡ ❝❛♥ ✇r✐t❡

ηk1(t) = η10 +

∫ t

0

ηk1t(s)ds ❛♥❞ ηk2(t) = η20 +

∫ t

0

ηk2t(s)ds.

❚❤❡r❡❢♦r❡✱ s✐♥❝❡ (ηk1t) ✐s ❜♦✉♥❞❡❞ ✐♥ L∞(0, T, L2(0, L))✱ t❤❡ s❡q✉❡♥❝❡
(
ηk1
)
✐s ❜♦✉♥❞❡❞

L∞ (0, T, L2(Ω))✳ ■♥❞❡❡❞✱

∣∣ηk1
∣∣ =

∣∣∣∣η10 +
∫ t

0

ηk1t

∣∣∣∣ ≤ C +

∫ t

0

∣∣ηk1t
∣∣ ≤ C.

❆♥❛❧♦❣♦✉s❧②✱ ✐t ❢♦❧❧♦✇s t❤❛t
(
ηk2
)
✐s ❜♦✉♥❞❡❞ ✐♥ L∞ (0, T, L2(Ω))✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s❡✲

q✉❡♥❝❡s
(
ηk1
)
✱
(
ηk2
)
❛r❡ ❜♦✉♥❞❡❞ ✐♥ L∞ (0, T, L2(Ω))✳ ❊①tr❛❝t✐♥❣ s✉❜s❡q✉❡♥❝❡s✱ ✇✐t❤♦✉t

❝❤❛♥❣✐♥❣ ♥♦t❛t✐♦♥✱ ♦♥❡ ❣❡ts

{
φk1, φ

k
2, ψ

k, ηk1 , η
k
2

}
→ {φ1, φ2, ψ, η1, η2} ✇❡❛❦−∗ ✐♥ L∞

(
0, T ;

[
H1

Γ0
(Ω)
]3 ×

[
L2(Ω)

]2)
,

✭✶✳✶✽✮

✇✐t❤

φ1 + ψx = 0 ❛♥❞ φ2 + ψy = 0, ✭✶✳✶✾✮

{
φk1t, φ

k
2t, ψ

k
t , η

k
1t, η

k
2t

}
→ {φ1t, φ2t, ψt, η1t, η2t} ✇❡❛❦− ∗ ✐♥ L∞

(
0, T ;

[
L2 (Ω)

]5)
,

✭✶✳✷✵✮

ηk1x +
1

2

[
ψkx
]2 → α ✇❡❛❦− ∗ ✐♥ L∞ (0, T, L2(Ω)

)
, ✭✶✳✷✶✮

ηk2y +
1

2

[
ψky
]2 → β ✇❡❛❦− ∗ ✐♥ L∞ (0, T, L2(Ω)

)
, ✭✶✳✷✷✮

❛♥❞

ηk1y + ηk2x + ψkxψ
k
y → γ ✇❡❛❦− ∗ ✐♥ L∞ (0, T, L2(Ω)

)
. ✭✶✳✷✸✮

✷✺



◆♦✇✱ ✉s✐♥❣ ❛ ❝♦♠♣❛❝t♥❡ss t❤❡♦r❡♠ ❞✉❡ t♦ ❆✉❜✐♥✲▲✐♦♥s ✭s❡❡ ❬✺✵✱ ❈♦r♦❧❧❛r② ✹❪✮✱ ✇❡

♦❜t❛✐♥

φk1 → φ1 str♦♥❣❧② ✐♥ L2 (Q) ✭✶✳✷✹✮

❛♥❞

φk2 → φ2 str♦♥❣❧② ✐♥ L2 (Q) . ✭✶✳✷✺✮

❚❤❡r❡❢♦r❡✱ ❣✐✈❡♥ ε > 0✱ ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ k ♦♥❡ ❤❛s

∣∣ψkx + φ1

∣∣ ≤
∣∣ψkx + φk1

∣∣+
∣∣φk1 − φ1

∣∣ ≤ C√
k
+ ε.

❈♦♥s❡q✉❡♥t❧②✱

ψkx → −φ1 ✐♥ L2(Q). ✭✶✳✷✻✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❡ ❛❧s♦ ❤❛✈❡ ❜② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✭✶✳✶✽✮ t❤❛t

ψkx → ψx ✐♥ D′(Q) ✭✶✳✷✼✮

❈♦♠❜✐♥✐♥❣ ✭✶✳✷✻✮ ❛♥❞ ✭✶✳✷✼✮✱ ✇❡ ♦❜t❛✐♥

ψx = −φ1.

■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✇❡ ❣❡t

ψy = −φ2.

❚❤❡r❡❢♦r❡✱

ψk → ψ str♦♥❣❧② ✐♥ L∞ (0, T,H1
Γ0
(Ω)
)
. ✭✶✳✷✽✮

❇② t❤❡ ♣r❡✈✐♦✉s ❝♦♥✈❡r❣❡♥❝❡ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

[
ψkx
]2 → [ψx]

2 str♦♥❣❧② ✐♥ L∞ (0, T, L1(Ω)
)

✭✶✳✷✾✮

❛♥❞
[
ψky
]2 → [ψy]

2 str♦♥❣❧② ✐♥ L∞ (0, T, L1(Ω)
)
. ✭✶✳✸✵✮

❖♥ ♦t❤❡r ❤❛♥❞✱ t❤❡ s❡q✉❡♥❝❡s
(
ηk1
)
✱
(
ηk2
)
❛r❡ ❜♦✉♥❞❡❞ ✐♥ L∞ (0, T, L2(Ω)) ❛♥❞ s♦

ηk1x → η1x ✇❡❛❦− ∗ ✐♥ L∞ (0, T,H−1(Ω)
)

✭✶✳✸✶✮

❛♥❞

ηk2y → η2y ✇❡❛❦− ∗ ✐♥ L∞ (0, T,H−1(Ω)
)
. ✭✶✳✸✷✮

✷✻



❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r
(
ηk1y
)
❛♥❞

(
ηk2x
)
✳ ❈♦♠❜✐♥✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡s ✭✶✳✷✽✮✕✭✶✳✸✷✮✱ ✐t

❢♦❧❧♦✇s t❤❛t

α = η1x +
1

2
ψ2
x, β = η2y +

1

2
ψ2
y , γ = η1y + η2x + ψxψy,

Nk
1ψ

k
x +Nk

12ψ
k
y → N1ψx +N12ψy ✇❡❛❦❧② ✐♥ L∞ (0, T, L2(Ω)

)
, ✭✶✳✸✸✮

❛♥❞

Nk
2ψ

k
y +Nk

12ψ
k
x → N2ψy +N12ψx ✇❡❛❦❧② ✐♥ L∞ (0, T, L2(Ω)

)
. ✭✶✳✸✹✮

❋♦r {a, b, c, d, e} ∈
[
H1

Γ0
(Ω)
]5

s❛t✐s❢②✐♥❣

a+ cx = 0 ❛♥❞ b+ cy = 0, ✭✶✳✸✺✮

t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ (1.1)✕(1.3) ✐s

ρh3

12
d
dt
(φk1t, a) +

ρh3

12
d
dt
(φk2t, b) + ρh d

dt
(ψkt , c) + ρh d

dt
(ηk1t, d) + ρh d

dt
(ηk2t, e) +D

[(
φk1x, ax

)
+ 1−µ

2

(
φk1y, ay

)

+ 1+µ
2

(
φk2x, ay

)
+
(
φk2y, by

)
+ 1−µ

2

(
φk2x, bx

)
+ 1+µ

2

(
φk1y, bx

)]
+
(
Nk

1ψ
k
x +Nk

12ψ
k
y , cx

)

+
(
Nk

1 , dx
)
+
(
Nk

12, dy
)
+
(
Nk

2ψ
k
y +Nk

12ψ
k
x, cy

)
+
(
Nk

2 , ey
)
+
(
Nk

12, ex
)
= 0.

✭✶✳✸✻✮

❯s✐♥❣ ❝♦♥✈❡r❣❡♥❝❡s (1.18)✱ ✭✶✳✷✵✮✕✭✶✳✷✸✮✱ ✭✶✳✸✸✮ ❛♥❞ ✭✶✳✸✹✮ ✐♥ ❡q✉❛t✐♦♥ (1.36)✱ ❛♥❞ ❛♣✲

♣❧②✐♥❣ ✐❞❡♥t✐t✐❡s (1.19) ❛♥❞ (1.35)✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ s②st❡♠

✭✶✳✺✮✕✭✶✳✼✮ ❣✐✈❡♥ ✐♥ (1.15)✳ ❚♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢✱ ✐t r❡♠❛✐♥s t♦ ✐❞❡♥t✐❢② t❤❡ ✐♥✐t✐❛❧ ❞❛t❛

♦❢ t❤❡ ❧✐♠✐t s②st❡♠✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡s (1.18)✱ (1.20)✱ ❛♥❞ ❝❧❛ss✐❝❛❧ ❝♦♠✲

♣❛❝t♥❡ss ❛r❣✉♠❡♥ts✱ ♦♥❡ ❤❛s {ψk, ηk1 , ηk2} → {ψ, η1, η2} ✐♥ C0([0, T ] ; [L2 (Ω)]3)✳ ❚❤❡♥✱
{
ψk (·, 0) , ηk1 (·, 0) , ηk2 (·, 0)

}
→ {ψ (·, 0) , η1 (·, 0) , η2 (·, 0)} ✐♥ [L2 (Ω)]3✱ ✇❤✐❝❤ ❝♦♠❜✐✲

♥❡❞ ✇✐t❤ (1.3)1 ❣✉❛r❛♥t❡❡s t❤❛t {ψ (·, 0) , η1 (·, 0) , η2 (·, 0)} = {ψ0, η10, η20} . ■♥ ♦r❞❡r

t♦ ✐❞❡♥t✐❢② {ψt (·, 0) , η1t (·, 0) , η2t (·, 0)}✱ ♠✉❧t✐♣❧② ❜♦t❤ s✐❞❡s ♦❢ ❡q✉❛t✐♦♥ (1.36) ❜② t❤❡

❢✉♥❝t✐♦♥ θδ ∈ H1 (0, T ) ❞❡✜♥❡❞ ❜②

θδ (t) =





− t

δ
+ 1, ✐❢ t ∈ [0, δ] ,

0, ✐❢ t ∈ (δ, T ] ,

✷✼



❛♥❞ ✐♥t❡❣r❛t❡ ❜② ♣❛rts t♦ ♦❜t❛✐♥

− ρh3

12
(φ11, a) +

ρh3

12δ

∫ δ
0
(φk1t, a)dt− ρh3

12
(φ21, b) +

ρh3

12δ

∫ δ
0
(φk2t, b)dt− ρh(ψ1, c) +

ρh
δ

∫ δ
0
(ψkt , c)dt

− ρh(η11, d) +
ρh
δ

∫ δ
0
(ηk1t, d)dt− ρh(η21, e) +

ρh
δ

∫ δ
0
(ηk2t, e) +

∫ T
0
D
[(
φk1x, ax

)
+ 1−µ

2

(
φk1y, ay

)

+ 1+µ
2

(
φk2x, ay

)
+
(
φk2y, by

)
+ 1−µ

2

(
φk2x, bx

)
+1+µ

2

(
φk1y, bx

)]
θδdt+

∫ t
0

(
Nk

1ψ
k
x +Nk

12ψ
k
y , cx

)
θδdt

+
∫ T
0

(
Nk

2ψ
k
y +Nk

12ψ
k
x, cy

)
θδdt−

∫ T
0

(
Nk

1x +Nk
12y, d

)
θδdt−

∫ T
0

(
Nk

2y +Nk
12x, e

)
θδdt = 0.

✭✶✳✸✼✮

P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ❛s k → ∞ ✐♥ t❤❡ ❧❛st ❡q✉❛t✐♦♥✱ ❛♥❞ ✉s✐♥❣ (1.18)✱ (1.20) − (1.33)✱

♦♥❡ ♦❜t❛✐♥s

− ρh3

12
(φ11, cx) +

ρh3

12δ

∫ δ
0
(ψxt, cx)dt+

ρh3

12
(φ21, cy) +

ρh3

12δ

∫ δ
0
(ψyt, cy)dt− ρh(ψ1, c) +

ρh
δ

∫ δ
0
(ψt, c)dt

− ρh(η11, d) +
ρh
δ

∫ δ
0
(η1t, d)dt− ρh(η21, e) +

ρh
δ

∫ δ
0
(η2t, e) +D

∫ T
0
(∆ψ,∆c)θδdt

+
∫ t
0
(N1ψx +N12ψy, cx) θδdt+

∫ T
0
(N2ψy +N12ψx, cy) θδdt−

∫ T
0
(N1x +N12y, d) θδdt

−
∫ T
0
(N2y +N12x, e) θδdt = 0.

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♠✉❧t✐♣❧②✐♥❣ ❡q✉❛t✐♦♥ (1.15) ❜② θδ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐♥ t✐♠❡✱ ✇❡ ❣❡t

t❤❡ ✐❞❡♥t✐t②

− ρh3

12
(∆ψt(·, 0), c)− ρh(ψt(·, 0), c)− ρh(η1t(·, 0), d)− ρh(η2t, e)

= −ρh3

12
(φ11x + φ21y, c)− ρh(ψ1, c)− ρh(η11, d)− ρh(η21, e).

✭✶✳✸✽✮

❚❤❡r❡❢♦r❡✱
(
−h2

12
∆ψ + ψ

)
t
(·, 0) = ψ1+

h2

12
(φ11x+φ21y)✱ η1t(·, 0) = η11, ❛♥❞ η2t(·, 0) = η21✳

❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✶✳✷✳✸ ◆♦t❡ t❤❛t ✐♥ ♦r❞❡r t♦ ❢✉❧❧② ✐❞❡♥t✐❢② t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢

t❤❡ ❧✐♠✐t s②st❡♠ ✭✶✳✺✮✕✭✶✳✼✮ ❛♥❞✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ♦❢ ψt✱

❛♥ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥ ❤❛s t♦ ❜❡ s♦❧✈❡❞✳ ◆❛♠❡❧②✱ t❤❡ ✐♥✐t✐❛❧ ❞❛t✉♠ ❢♦r t❤❡ ✈❡❧♦❝✐t② ψt ✐♥

✭✶✳✺✮5 ✐s ❞❡t❡r♠✐♥❡❞ ❜② s♦❧✈✐♥❣ t❤❡ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥

ψt (·, 0) ∈ H1
Γ0
(Ω) :

(
−h

2

12
∆ψ + ψ

)

t

(·, 0) = ψ1 +
h2

12
(φ11x + φ21y) ✐♥ Ω,

❛s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ t❤❡♦r❡♠ s❤♦✇❡❞✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤✐s ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥

✐♥ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠

h2

12
(∇ψt(·, 0),∇c) + (ψt(·, 0), c) = (ψ1, c)−

h2

12
(φ11, cx)−

h2

12
(φ21, cy),

✇❤❡r❡ t❤❡ t❡r♠s φ11x ❛♥❞ φ21y ❛r❡ ♥♦t t❤❡ ❞❡r✐✈❡❞ ❢r♦♠ φ1 ❛♥❞ φ2✱ r❡s♣❡❝t✐✈❡❧②✱ ✐♥ t❤❡

s❡♥s❡ ♦❢ tr❛♥s♣♦s✐t✐♦♥✱ ❜✉t t❤❡② ❛r❡ r❛t❤❡r t❤❡ ❧✐♥❡❛r ♠❛♣♣✐♥❣s ✇❤✐❝❤✱ ✇❤❡♥ ❛❝t✐♥❣ ♦♥

❛♥② ❡❧❡♠❡♥t c ♦❢ H1
Γ0
(Ω)✱ ♣r♦❞✉❝❡ − (φ11, cx) ❛♥❞ − (φ21, cy)✳ ❚❤❡ s❛♠❡ ❝❛♥ ❜❡ s❛✐❞

❛❜♦✉t ∆ψt(·, 0) ②✐❡❧❞✐♥❣ −(∇ψt(·, 0),∇c)✳

✷✽



✶✳✸ ❙t❛❜✐❧✐t②✿ ■♥t❡r♥❛❧ ❢❡❡❞❜❛❝❦

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛♥❛❧②③❡ t❤❡ ♣❧❛t❡ ♠♦❞❡❧ ✇✐t❤ ❤✐♥❣❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞

✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✐♥t❡r♥❛❧ ❞❛♠♣✐♥❣ ❞✐str✐❜✉t❡❞ ❛❧❧ ❛❧♦♥❣ t❤❡ ♣❧❛t❡✳ ❈♦♥s✐❞❡r t❤❡ s②st❡♠





ρh3

12
φ1tt − L1(φ1, φ2, ψ) + φ1t = 0 ✐♥ Q,

ρh3

12
φ2tt − L2(φ1, φ2, ψ) + φ2t = 0 ✐♥ Q,

ρhψtt − L3(φ1, φ2, ψ, η1, η2) + ψt = 0 ✐♥ Q,

ρhη1tt − L4(ψ, η1, η2) + η1t = 0 ✐♥ Q,

ρhη2tt − L5(ψ, η1, η2) + η2t = 0 ✐♥ Q,

✭✶✳✸✾✮

✉♥❞❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✶✳✷✮ ❛♥❞ ✐♥✐t✐❛❧ ❞❛t❛ ✭✶✳✸✮✳ ❚❤❡ ❡♥❡r❣② ♦❢ s♦❧✉t✐♦♥s ❢♦r

✭✶✳✸✾✮✱ ✭✶✳✷✮✱ ✭✶✳✸✮ ❞❡❝r❡❛s❡s ✐♥ t✐♠❡✳ ■♥❞❡❡❞✱ t❤❡ ❡♥❡r❣② ❣✐✈❡♥ ❜② ✭✶✳✶✷✮ ♦❜❡②s t❤❡

❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❧❛✇

d

dt
Ek (t) = −

(
|φ1t (t)|2 + |φ2t(t)|2 + |ψt (t)|2 + |η1t (t)|2 + |η2t(t)|2

)
. ✭✶✳✹✵✮

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♦❜t❛✐♥ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❢♦r t❤❡ ❡♥❡r❣② (1.16) ❛ss♦✲

❝✐❛t❡❞ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✈♦♥ ❑ár♠á♥ s②st❡♠




ρhψtt −
ρh3

12
∆ψtt +D∆2ψ − [N1ψx +N12ψy]x − [N2ψy +N12ψx]y + ψt −∆ψt = 0 ✐♥ Q,

ρhη1tt − [N1x +N12y] + η1t = 0 ✐♥ Q,

ρhη2tt − [N2y +N12x] + η2t = 0 ✐♥ Q,

✭✶✳✹✶✮

✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✶✳✻✮ ❛♥❞ ✐♥✐t✐❛❧ ❞❛t❛ ✭✶✳✼✮✱ ❛s ❛ ❧✐♠✐t ✭❛s k → ∞) ♦❢ t❤❡

✉♥✐❢♦r♠ st❛❜✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ❞✐ss✐♣❛t✐✈❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠ ✭✶✳✸✾✮✱ ✭✶✳✷✮✱ ✭✶✳✸✮✳

❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✶✳✷✳✶✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛

{φ10, φ11, φ20, φ21, ψ0, ψ1, η10, η11, η20, η21} ∈ X s❛t✐s❢②✐♥❣ ✭✶✳✶✹✮✱ s②st❡♠ (1.41) ❝❛♥ ❜❡

♦❜t❛✐♥❡❞ ❛s ❛ ❧✐♠✐t✱ ❛s k → ∞✱ ♦❢ s②st❡♠ ✭✶✳✸✾✮✱ ✭✶✳✷✮✱ ✭✶✳✸✮✳

❙✐♥❝❡ t❤❡ ❡♥❡r❣② Ek(t) ✐♥ ✭✶✳✶✷✮ ✐s ❛ ♥♦♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤✐s

❡♥❡r❣② ❞❡❝❛②s ❡①♣♦♥❡♥t✐❛❧❧② ✭❛s t → ∞) ✉♥✐❢♦r♠❧② ✇✐t❤ r❡s♣❡❝t t♦ k✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤♦❧❞s✿

✷✾



❚❤❡♦r❡♠ ✶✳✸✳✶ ▲❡t {φ1, φ2, ψ, η1, η2} ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✶✳✸✾✮✱ ✭✶✳✷✮✱ ✭✶✳✸✮ ❢♦r

❞❛t❛ {φ10, φ11, φ20, φ21, ψ0, ψ1, η10, η11, η20, η21} ∈ X ✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t ω > 0 s✉❝❤

t❤❛t

Ek (t) ≤ 4Ek (0) e
−ω

2
t, ∀ t ≥ 0. ✭✶✳✹✷✮

❘❡♠❛r❦ ✶✳✸✳✷ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✐♥❡q✉❛❧✐t② ✭✸✳✹✮✱ ✐❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ s❛t✐s❢② (1.14)✱

❧❡tt✐♥❣ k → ∞ ♦♥❡ r❡❝♦✈❡rs t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ t❤❡ ❡♥❡r❣② E (t) ❛ss♦❝✐❛t❡❞ t♦

s②st❡♠ (1.41) ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② (1.16)✳ ❚❤✐s ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ r❡s✉❧ts ❢r♦♠ ❬✹✸❪

✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ s❛♠❡ ❞❡❝❛② r❛t❡ ❢♦r t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✈♦♥ ❑ár♠á♠ s②st❡♠ ✇❛s

♦❜t❛✐♥❡❞✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✸✳✶✳ ❋♦r ❡❛❝❤ k ≥ 1 ✜①❡❞✱ ❧❡t {φk1, φk2, ψk, ηk1 , ηk2} ❜❡ t❤❡ s♦❧✉t✐♦♥

♦❢ s②st❡♠ ✭✶✳✸✾✮✱ ✭✶✳✷✮✱ ✭✶✳✸✮ ✇✐t❤ ❞❛t❛ {φ10, φ20, ψ0, η10, η20} ∈ X ✳ ❋r♦♠ ♥♦✇ ♦♥ ✐♥ t❤✐s

♣r♦♦❢✱ ✇❡ ✇✐❧❧ ♦♠✐t t❤❡ ✐♥❞❡① k ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✳ ❋♦r ❛♥ ❛r❜✐tr❛r②

λ > 0, ❞❡✜♥❡ t❤❡ ♣❡rt✉r❜❡❞ ❡♥❡r❣②

Gλ (t) := Ek (t) + λF (t) , ✭✶✳✹✸✮

✇❤❡r❡ F ✐s t❤❡ ❢✉♥❝t✐♦♥❛❧

F (t) = θ

(
ρh3

12
φ1t, φ1

)
+ θ

(
ρh3

12
φ2t, φ2

)
+ θ(ρhψt, ψ) + 2θ(ρhη1t, η1) + 2θ(ρhη2t, η2),

✭✶✳✹✹✮

✇❤❡r❡ θ > 0 ✐s ❛ ❝♦♥st❛♥t t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r ♦♥✳ ▲❡t ✉s ❜♦✉♥❞ ❡❛❝❤ t❡r♠ ♦♥ t❤❡

r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✐❞❡♥t✐t② (1.44) ❜② ❛♥ ❡①♣r❡ss✐♦♥ ✐♥✈♦❧✈✐♥❣ t❤❡ ❡♥❡r❣② (1.12)✳

• ❆♥❛❧②s✐s ♦❢ θ
(
ρh3

12
φ1t, φ1

)
+ θ

(
ρh3

12
φ2t, φ2

)
✳

❯s✐♥❣ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t②✱ ♦♥❡ ♦❜t❛✐♥s

θ

(
ρh3

12
φ1t, φ1

)
+ θ

(
ρh3

12
φ2t, φ2

)

≤ Cθ

(
ρh3

12
|φ1t|2 +

ρh3

12
|φ2t|2 + |φ1x|2 + |φ2y|2 + |φ1y + φ2x|2 − 2

∫

Ω

φ1xφ2y

)

≤ CθEk(t). ✭✶✳✹✺✮

• ❆♥❛❧②s✐s ♦❢ θ (ρhψt (t) , ψ (t)) .

❯s✐♥❣ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t② ❛❣❛✐♥✱ ♦♥❡ ❣❡ts

θ (ρhψt, ψ) ≤ Cθ
(
ρh|ψt|2 + |ψx|2 + |ψy|2

)
✭✶✳✹✻✮

≤ Cθ
(
ρh|ψt|2 + |φ1 + ψx|2 + |φ2 + ψy|2 + |φ1|2 + |φ2|2

)

≤ Cθ
(
ρh|ψt|2 + |φ1 + ψx|2 + |φ2 + ψy|2 + |φ1x|2 + |φ1y|2 + |φ2x|2 + |φ2y|2

)

≤ CθEk(t).

✸✵



• ❆♥❛❧②s✐s ♦❢ 2θ (ρhη1t, η1) + 2θ (ρhη2t, η2)✳

❖♥❡ ❤❛s

2θ (ρhη1t, η1) + 2θ (ρhη2t, η2)

≤ Cθ
(
ρh|η1t|2 + |η1x|2 + |η1y|2 + ρh|η2t|2 + |η2x|2 + |η2y|2

)

≤ Cθ

(
ρh|η1t|2 + ρh|η2t|2 +

∣∣∣∣η1x +
1

2
ψ2
x

∣∣∣∣
2

+

∣∣∣∣η2y +
1

2
ψ2
y

∣∣∣∣
2

+ |η1y|2 + |η2x|2 +
1

2

∣∣ψ2
x

∣∣2 + 1

2

∣∣ψ2
y

∣∣2
)

✭✶✳✹✼✮

≤ Cθ

(
ρh|η1t|2 + ρh|η2t|2 +

∣∣∣∣η1x +
1

2
ψ2
x

∣∣∣∣
2

+

∣∣∣∣η2y +
1

2
ψ2
y

∣∣∣∣
2

+ |η1y + η2x|2 − 2

∫

Ω

η1yη2x + |∇ψ|2
)

≤ CθEk(t).

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❜♦✉♥❞s ✭✶✳✹✺✮✕✭✶✳✹✼✮✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

|F (t)| ≤ CEk (t) . ✭✶✳✹✽✮

◆♦✇✱ ✉s✐♥❣ (1.43) ❛♥❞ (1.48)✱ ♦♥❡ ♦❜t❛✐♥s

|Gλ (t)− Ek (t)| ≤ λ |F (t)| ≤ λCEk (t) ,

✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

(1− λC)Ek (t) ≤ Gλ (t) ≤ (1 + λC)Ek (t) .

❚❛❦✐♥❣ 0 < λ ≤ 1/2C, ♦♥❡ ❣❡ts

Ek (t)

2
≤ Gλ (t) ≤ 2Ek (t) . ✭✶✳✹✾✮

❉✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ❢✉♥❝t✐♦♥❛❧ F ❛♥❞ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✐♥ (1.39)✱ ♦♥❡ ♦❜t❛✐♥s

d

dt
F (t) = −θD |φ1x|2 −

1− µ

2
θD |φ1y|2 − θD

1 + µ

2

∫

Ω

φ2xφ1y − θk|φ1|2 − θk

∫

Ω

ψxφ1

− θ

∫

Ω

φ1tφ1 + θ
ρh3

12
|φ1t|2 − θD |φ2y|2 − θD

1− µ

2
|φ2x|2 − θD

1 + µ

2

∫

Ω

φ1yφ2x

− θk|φ2|2 − θk

∫

Ω

ψyφ2 + θ
ρh3

12
|φ2t|2 − θ

∫

Ω

φ2tφ2 − θk |ψx|2 − θk

∫

Ω

φ1ψx✭✶✳✺✵✮

− θk |ψy|2 − θk

∫

Ω

φ2ψy − θ

∫

Ω

[N1ψx +N12ψy]ψx − θ

∫

Ω

[N2ψy +N12ψx]ψy

+ θρh|ψt|2 − θ

∫

Ω

ψtψ − 2θ

∫

Ω

N1η1x − 2θ

∫

Ω

N12η1y + 2θρh|η1t|2

− 2θ

∫

Ω

N2η2y − 2θ

∫

Ω

N12η2x + 2θρh|η2t|2 − 2θ

∫

Ω

η1tη1 − 2θ

∫

Ω

η2tη2.

✸✶



❲❡ ❜♦✉♥❞ ❡❛❝❤ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✐❞❡♥t✐t② (1.50) s❡♣❛r❛t❡❧②✳

• ❆♥❛❧②s✐s ♦❢ −θ(φ1t, φ1)− θ(φ2t, φ2)✳

−θ(φ1t, φ1)− θ(φ2t, φ2)

≤ θ2

2ξ
|φ1t|2 +

ξ

2
|φ1|2 +

θ2

2ξ
|φ2t|2 +

ξ

2
|φ2|2

≤ θ2

2ξ

[
|φ1t|2 + |φ2t|2

]
+
ξC

2

(
|φ1x|2 + |φ1y|2 + |φ2x|2 + |φ2y|2

)
✭✶✳✺✶✮

=
θ2

2ξ

[
|φ1t|2 + |φ2t|2

]
+
ξC

2

(
|φ1x|2 + |φ2y|2 + |φ1y + φ2x|2 − 2

∫

Ω

φ1yφ2x

)

≤ θ2

2ξ

[
|φ1t|2 + |φ2t|2

]
+ ξCEk(t),

✇❤❡r❡ ξ > 0 ✐s ❛ r❡❛❧ ♥✉♠❜❡r t♦ ❜❡ ❛♣♣r♦♣r✐❛t❡❧② ❝❤♦s❡♥✳

• ❆♥❛❧②s✐s ♦❢ −θ (ψt (t) , ψ (t)) .

−θ(ψt, ψ) ≤ θ2

2ξ
|ψt|2 +

ξ

2
|ψ|2

≤ θ2

2ξ
|ψt|2 +

ξC

2

(
|ψx|2 + |ψy|2

)

≤ θ2

2ξ
|ψt|2 +

ξC

2

(
|φ1 + ψx|2 + |φ2 + ψy|2 + |φ1|2 + |φ2|2

)
✭✶✳✺✷✮

≤ θ2

2ξ
|ψt|2 +

ξC

2

(
|φ1 + ψx|2 + |φ2 + ψy|2 + |φ1x|2 + |φ1y|2 + |φ2x|2 + |φ2y|2

)

≤ θ2

2ξ
|ψt|2 + ξCEk(t).

• ❆♥❛❧②s✐s ♦❢ −2θ(η1t, η1)− 2θ(η1t, η1)✳

✸✷



−2θ(η1t, η1)− 2θ(η1t, η1)

≤ θ2

2ξ
|η1t|2 +

ξ

2
|η1|2 +

θ2

2ξ
|η2t|2 +

ξ

2
|η2|2

≤ θ2

2ξ

[
|η1t|2 + |η2t|2

]
+
ξC

2

[
|η1x|2 + |η1y|2 + |η2x|2 + |η2y|2

]
✭✶✳✺✸✮

≤ θ2

2ξ

[
|η1t|2 + |η2t|2

]
+
ξC

2

[∣∣∣∣η1x +
1

2
ψ2
x

∣∣∣∣
2

+

∣∣∣∣η2y +
1

2
ψ2
y

∣∣∣∣
2

+ |η1y + η2x|2

−2

∫

Ω

η1yη2x +
1

2
ψ2
x +

1

2
ψ2
y

]

≤ θ2

2ξ

[
|η1t|2 + |η2t|2

]
+
ξC

2

[∣∣∣∣η1x +
1

2
ψ2
x

∣∣∣∣
2

+

∣∣∣∣η2y +
1

2
ψ2
y

∣∣∣∣
2

+ |η1y + η2x|2

−2

∫

Ω

η1yη2x + |∇ψ|2
]

≤ θ2

2ξ

[
|η1t|2 + |η2t|2

]
+ ξCEk(t).

❯s✐♥❣ ❜♦✉♥❞s (1.51)✕(1.53)✱ ♦♥❡ ♦❜t❛✐♥s✱ ❢r♦♠ (1.50)✱

d

dt
F (t) ≤ −θD |φ1x|2 − θD |φ2y|2 − θk |φ1 + ψx|2 − θk |φ2 + ψy|2 − θD

(
1− µ

2

)
|φ1y + φ2x|2

− 2θDµ

∫

Ω

φ1yφ2x − 2θ
Eh

1− µ2

(
1− µ

2

)
|η1y + η2x + ψxψy|2 − 2θ

∣∣∣∣η1x +
1

2
ψ2
x

∣∣∣∣
2

− 2θ

∣∣∣∣η2y +
1

2
ψ2
y

∣∣∣∣
2

− 2µθ

∣∣∣∣η2y +
1

2
ψ2
y

∣∣∣∣
2

− 2µθ

∣∣∣∣η1x +
1

2
ψ2
x

∣∣∣∣
2

+ 3ξCEk(t) + θ
ρh3

12

[
|φ1t|2 + |φ2t|2

]
+ θρh

[
|ψt|2 + 2|η1t|2 + 2|η2t|2

]
+
θ2

2ξ

[
|φ1t|2 + |φ2t|2

]

+
θ2

2ξ
|ψt|2 +

θ2

2ξ

[
|η1t|2 + |η2t|2

]

≤ −(θ − 3ξC)Ek(t) +

(
θ
ρh3

12
+
θ2

2ξ

)[
|φ1t|2 + |φ2t|2

]
+

(
θρh+

θ2

2ξ

)
|ψt|2 ✭✶✳✺✹✮

+

(
2θρh+

θ2

2ξ

)[
|η1t|2 + |η2t|2

]
.

❚❤❡r❡❢♦r❡✱

d

dt
F (t) ≤ −(θ − 3ξC)Ek(t) + C

[
|φ1t|2 + |φ2t|2 + |ψt|2 + |η1t|2 + |η2t|2

]
. ✭✶✳✺✺✮

❈♦♥s✐❞❡r✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ (1.43)✱ ❛♥❞ ♦❜s❡r✈✐♥❣ (1.40) ❛♥❞ (1.55)✱

♦♥❡ ❤❛s

d

dt
Gλ(t) ≤ −λ(θ − 3ξC)Ek(t)− (1− λC)

[
|φ1t|2 + |φ2t|2 + |ψt|2 + |η1t|2 + |η2t|2

]
.

✸✸



❈❤♦♦s✐♥❣ λ ≤ 1/2C ❛♥❞ ξ < θ/3✱ ♦♥❡ ♦❜t❛✐♥s✱ ❛❝❝♦r❞✐♥❣ t♦ (1.49)✱

d

dt
Gλ(t) ≤ −λ(θ − 3ξC)Ek(t) ≤ −w

2
Gλ(t), ∀t ≥ 0,

✇❤❡r❡ ω = λ (θ − 3ξC)✳ ❚❤❡r❡❢♦r❡✱

Gλ(t) ≤ Gλ(0)e
−w

2
t. ✭✶✳✺✻✮

❈♦♠❜✐♥✐♥❣ (1.49) ❛♥❞ (1.56)✱ ♦♥❡ ❣❡ts (1.42) . ❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳

✶✳✹ ❙t❛❜✐❧✐t②✿ ❇♦✉♥❞❛r② ❢❡❡❞❜❛❝❦

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛♥❛❧②③❡ t❤❡ ♣❧❛t❡ ♠♦❞❡❧ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❡♥❡r❣② ♦❢ t❤❡
▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠ ✐s ❞✐ss✐♣❛t❡❞ t❤r♦✉❣❤ ❜♦✉♥❞❛r② ❢❡❡❞❜❛❝❦ ♠❡❝❤❛♥✐s♠s✳ ▲❡t
✉s ❛ss✉♠❡ t❤❛t Γi 6= ∅ (i = 0, 1)✱ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r t❤❡ s②st❡♠ ✭✶✳✶✮ ✇✐t❤ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s




φ1 = φ2 = ψ = η1 = η2 = 0 ♦♥ Σ0,

{B1(φ1, φ2),B2(φ1, φ2),B3(φ1, φ2, ψ, η1, η2),B4(η1, η2),B5(η1, η2)} = −{φ1t, φ2t, ψt, η1t, η2t} ♦♥ Σ1,

✭✶✳✺✼✮

❛♥❞ ✐♥✐t✐❛❧ ❞❛t❛ ✭✶✳✸✮✳ ❚❤❡ ❡♥❡r❣② ♦❢ t❤✐s s②st❡♠ ♦❜❡②s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐ss✐♣❛t✐♦♥ ❧❛✇✿

d

dt
Ek(t) = −

∫

Γ1

[(
φk1t
)2

+
(
φk2t
)2

+
(
ψkt
)2

+
(
ηk1t
)2

+
(
ηk2t
)2]

dΓ.

❈♦♥s❡q✉❡♥t❧②✱

Ek(t) ≤ Ek(0), ∀ t ≥ 0.

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ st✉❞②✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ E(t)✱ ❛s t→ ∞✳

❚❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ✭✶✳✶✮✱ ✭✶✳✺✼✮✱ ✭✶✳✸✮ ✐s ❣✐✈❡♥ ❜②

ρh3

12
d
dt
(φk1t, a) +

ρh3

12
d
dt
(φk2t, b) + ρh d

dt
(ψkt , c) + ρh d

dt
(ηk1t, d) + ρh d

dt
(ηk2t, e) + k

[(
φk1 + ψkx, a+ cx

)

+
(
φk2 + ψky , b+ cy

)]
+D

[(
φk1x, ax

)
+ 1−µ

2

(
φk1y, ay

)
+ 1+µ

2

(
φk2x, ay

)
+
(
φk2y, by

)
+ 1−µ

2

(
φk2x, bx

)

+ 1+µ
2

(
φk1y, bx

)]
+
(
Nk

1ψ
k
x +Nk

12ψ
k
y , cx

)
−
(
Nk

1 , dx
)
+
(
Nk

12, dy
)
+
(
Nk

2ψ
k
y +Nk

12ψ
k
x, cy

)

−
(
Nk

2 , ey
)
+
(
Nk

12, ex
)
+
∫
Γ1

[
φk1ta+ φk2tb+ ψkt c+ ηk1td+ ηk2te

]
= 0,

✭✶✳✺✽✮

❢♦r ❛❧❧ {a, b, c, d, e} ∈
[
H1

Γ0
(Ω)
]5
✳

❘❡♠❛r❦ ✶✳✹✳✶ ❯s✐♥❣ ❛r❣✉♠❡♥ts s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✱ ❝♦♥s✐❞❡r✐♥❣ ✐♥✐t✐❛❧

❞❛t❛ ✐♥ ❛ s✉✐t❛❜❧❡ ❝❧❛ss ❛♥❞ s❛t✐s❢②✐♥❣ ✭✶✳✶✹✮✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡ s②st❡♠ ✭✶✳✶✮✱

✸✹



✭✶✳✺✼✮✱ ✭✶✳✸✮ ❝♦♥✈❡r❣❡s ✭❛s k → ∞✮ t♦✇❛r❞ t❤❡ ❞✐ss✐♣❛t✐✈❡ ✈♦♥ ❑ár♠á♥ s②st❡♠ ✭✶✳✺✮

✇✐t❤ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s




ψ = ∂ψ
∂ν

= η1 = η2 = 0 ♦♥ Γ0,

D [∆ψ + (1− µ) (2ν1ν2ψxy − ν21ψyy − ν22ψxx)] = − (ν1ψxt + ν2ψyt) ♦♥ Γ1,

D
[
∂(∆ψ)
∂ν

+ (1− µ) ∂
∂τ

[(ν21 − ν22)ψxy + ν1ν2 (ψyy − ψxx)]
]
− ρh3

12
∂ψtt

∂ν

−(ν1N1 + ν2N12)ψx − (ν2N2 + ν1N12)ψy =
∂
∂τ

(−ν1ψyt + ν2ψxt)− ψt ♦♥ Γ1,

ν1N1 + ν2N12 = −η1t ♦♥ Γ1,

ν2N2 + ν1N12 = −η2t ♦♥ Γ1,

✭✶✳✺✾✮

❛♥❞ ✐♥✐t✐❛❧ ❞❛t❛ ✭✶✳✼✮✳

■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❡ ✉♥✐❢♦r♠ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ♦❢ s②st❡♠ ✭✶✳✶✮✱ ✭✶✳✺✼✮✱

✭✶✳✸✮✱ s♦♠❡ r❡str✐❝t✐♦♥s ❛r❡ ♥❡❡❞❡❞ ♦♥ t❤❡ ❣❡♦♠❡tr② ♦❢ Ω, Γ0 ❛♥❞ Γ1✳ ▲❡t ✉s ✐♥tr♦❞✉❝❡

❛ ✈❡❝t♦r ✜❡❧❞ m = m(x, y) ✐♥ R
2 ❞❡✜♥❡❞ ❜②

m(x, y) = (x, y)− (x0, y0),

✇❤❡r❡ (x0, y0) ✐s ❛ ✜①❡❞ ♣♦✐♥t ♦❢ R2✳ ❲❡ ❛ss✉♠❡ t❤❛t Γ0 ❛♥❞ Γ1 ❛r❡ s✉❝❤ t❤❛t t❤❡r❡

❡①✐sts (x0, y0) ∈ R
2 s✉❝❤ t❤❛t

m · ν ≤ 0 ♦♥ Γ0, m · ν ≥ 0 ♦♥ Γ1. ✭✶✳✻✵✮

❋✐❣✉r❛ ✶✳✶✿ ❊①❛♠♣❧❡ ❢♦r ✇❤✐❝❤ ❝♦♥❞✐t✐♦♥ ✭✶✳✻✵✮ ✐s s❛t✐s✜❡❞✳

▲❡t ✉s ❝♦♥s✐❞❡r G = [gij] t❤❡ 5× 5 ♠❛tr✐① s✉❝❤ t❤❛t

gij = 0, i 6= j, ❛♥❞ (m · ν)gii = 1, i = 1, . . . , 5.

◆♦t❡ t❤❛t gij ∈ C1(Γ1)✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❛r❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts g0 ❛♥❞ G0 s✉❝❤ t❤❛t

g0|ς|2 ≤ Gς · ς ≤ G0|ς|2, ∀ ς ∈ R
5, ♦♥ Γ1. ✭✶✳✻✶✮

❇❡❢♦r❡ ❡st❛❜❧✐s❤✐♥❣ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ st❛t❡ ❛♥❞ ♣r♦✈❡ t❤❡

❢♦❧❧♦✇✐♥❣ t✇♦ ❧❡♠♠❛s✳

✸✺



▲❡♠♠❛ ✶✳✹✳✷ ▲❡t {φ1, φ2, ψ, η1, η2} ❛♥❞ {φ1t, φ2t, ψt, η1t, η2t} ❜❡ r❡❣✉❧❛r ❡♥♦✉❣❤✳ ❚❤❡♥

∫

Ω

[φ1tL1(φ1, φ2, ψ) + φ2tL2(φ1, φ2, ψ) + ψtL3(φ1, φ2, ψ, η1, η2) + η1tL4(ψ, η1, η2)

+ η2tL5(ψ, η1, η2)] dxdy + a(φ1, φ2, ψ, η1, η2, φ1t, φ2t, ψt, η1t, η2t) ✭✶✳✻✷✮

=

∫

Γ

[φ1tB1(φ1, φ2) + φ2tB2(φ1, φ2) + ψtB3(φ1, φ2, ψ, η1, η2) + η1tB4(ψ, η1, η2) + η2tB5(ψ, η1, η2)] dΓ,

✇✐t❤

a(φ1, φ2, ψ, η1, η2, φ1t, φ2t, ψt, η1t, η2t)

:= a0(φ1, φ2, φ1t, φ2t) + ka1(φ1, φ2, ψ, φ1t, φ2t, ψt) + a2(ψ, η1, η2, ψt, η1t, η2t),

✇❤❡r❡

a0(φ1, φ2, φ1t, φ2t)

= D
∫
Ω

[
φ1xφ1tx + φ2yφ2ty + µφ1xφ2ty + µφ1txφ2y +

1−µ
2

(φ1y + φ2x) (φ1ty + φ2tx)
]
dxdy,

a1(φ1, φ2, ψ, φ1t, φ2t, ψt) =

∫

Ω

[(φ1 + ψx) (φ1t + ψtx) + (φ2 + ψy) (φ2t + ψty)] dxdy,

❛♥❞

a2(ψ, η1, η2, ψt, η1t, η2t)

=
Eh

1− µ2

∫

Ω

[
(1− µ)

(
η1x +

1

2
ψ2
x

)
(η1tx + ψxψtx) + (1− µ)

(
η2y +

1

2
ψ2
y

)
(η2ty + ψyψty)

+ µ

(
η1x + η2y +

1

2
|∇ψ|2

)(
η1tx + η2ty +∇ψ · ∇ψt

)

+
1− µ

2
(η1y + η2x + ψxψy)

(
η1ty + η2tx + ψxψty + ψyψtx

)]
dxdy.

❘❡♠❛r❦ ✶✳✹✳✸ ❍❡r❡ ❛♥❞ ❡❧s❡✇❤❡r❡ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✉s❡ t❤❡ t❡r♠ ✏r❡❣✉❧❛r ❡♥♦✉❣❤✧t♦

❡♥s✉r❡ t❤❛t ❛❧❧ ✐♥t❡❣r❛❧s ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ✭s❡❡ ❙❡❝t✐♦♥ ✶✳✺ ❢♦r ❛❞❞✐t✐♦♥❛❧ ❝♦♠♠❡♥ts ♦♥

t❤✐s ♣♦✐♥t✮✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳✹✳✷✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t♦rs Li(φ1, φ2, ψ, η1, η2) (i =
1, . . . , 5)✱ ♦♥❡ ❤❛s
∫

Ω

[φ1tL1(φ1, φ2, ψ) + φ2tL2(φ1, φ2, ψ) + ψtL3(φ1, φ2, ψ, η1, η2) + η1tL4(ψ, η1, η2) + η2tL5(ψ, η1, η2)]

=

∫

Ω

{
φ1t

[
D

(
φ1xx +

1− µ

2
φ1yy +

1 + µ

2
φ2xy

)
− k (φ1 + ψx)

]
+ φ2t

[
D

(
φ2yy +

1− µ

2
φ2xx +

1 + µ

2
φ1xy

)

− k (φ2 + ψy)
]
+ ψt

{
k
[
(ψx + φ1)x + (ψy + φ2)y

]
+ (N1ψx +N12ψy)x + (N2ψy +N12ψx)y

}

+ η1t [N1x +N12y] + η2t [N2y +N12x]
}
.

✸✻



❚❤r♦✉❣❤ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ♦♥❡ ♦❜t❛✐♥s

∫
Ω
[φ1tL1(φ1, φ2, ψ) + φ2tL2(φ1, φ2, ψ) + ψtL3(φ1, φ2, ψ, η1, η2) + η1tL4(ψ, η1, η2) + η2tL5(ψ, η1, η2)]

= −a0(φ1, φ2, φ1t, φ2t)− ka1(φ1, φ2, ψ, φ1t, φ2t, ψt)−
∫
Ω
[(N1ψx +N12ψy)ψtx + (N1ψy +N12ψx)ψty

+ η1txN1 +N1tyN12 + η2tyN2 + η2txN12] +
∫
Γ

{
φ1tD

[
φ1xν1 +

1−µ
2
φ1yν2 +

1+µ
2
φ2xν2

]

+ φ2tD
[
φ2yν2 +

1−µ
2
φ2xν1 +

1+µ
2
φ1yν1

]
+ ψtk [(φ1 + ψx)ν1 + (φ2 + ψy)ν2] + (N1ψx +N12ψy)ν1

+ (N2ψy +N12ψx)ν2 + η1t(N1ν1 +N12ν2) + η2t(N2ν2 +N12ν1)
}
.

❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ N1✱ N2 ❛♥❞ N12✱ ♦♥❡ ❤❛s

∫
Ω
[φ1tL1(φ1, φ2, ψ) + φ2tL2(φ1, φ2, ψ) + ψtL3(φ1, φ2, ψ, η1, η2) + η1tL4(ψ, η1, η2) + η2tL5(ψ, η1, η2)]

= −a0(φ1, φ2, φ1t, φ2t)− ka1(φ1, φ2, ψ, φ1t, φ2t, ψt)− a2(ψ, η1, η2, ψt, η1t, η2t) +
∫
Γ

{
φ1tB1(φ1, φ2)

+ φ2tB2(φ1, φ2) + ψtB3(φ1, φ2, ψ, η1, η2) + η1tB4(ψ, η1, η2) + η2tB5(ψ, η1, η2)
}
,

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

▲❡♠♠❛ ✶✳✹✳✹ ❈♦♥s✐❞❡r {φ1, φ2, ψ, η1, η2} t♦ ❜❡ r❡❣✉❧❛r ❡♥♦✉❣❤✳ ❚❤❡♥

∫
Ω
[(m · ∇φ1)L1(φ1, φ2, ψ) + (m · ∇φ2)L2(φ1, φ2, ψ) + (m · ∇ψ)L3(φ1, φ2, ψ) + (m · ∇η1)L4(ψ, η1, η2)

+ (m · ∇η2)L5(ψ, η1, η2)] dxdt = k
∫
Ω
[(φ1 + ψx)φ1 + (φ2 + ψy)φ2] dxdy − 1

2

∫
Γ
m · ν

{
D
[
(φ1x)

2

+ (φ2y)
2 + 2µφ1xφ2y +

1−µ
2

(φ1y + φ2x)
2]+ k

[
(φ1 + ψx)

2 + (φ2 + ψy)
2]

+ Eh
1−µ2

[
(1− µ)

(
η1x +

1
2
ψ2
x

)2
+ (1− µ)

(
η2y +

1
2
ψ2
y

)2
+ µ

(
η1x + η2y +

1
2
|∇ψ|2

)2

+ 1−µ
2

(η1y + η2x + ψxψy)
2]} dΓ +

∫
Γ
[(m · ∇φ1)B1(φ1, φ2) + (m · ∇φ2)B2(φ1, φ2)

+ (m · ∇ψ)B3(φ1, φ2, ψ, η1, η2) + (m · ∇η1)B4(ψ, η1, η2) + (m · ∇η2)B5(ψ, η1, η2)] dΓ.

✭✶✳✻✸✮

Pr♦♦❢✳ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳✹✳✷✱

∫
Ω
[(m · ∇φ1)L1(φ1, φ2, ψ) + (m · ∇φ2)L2(φ1, φ2, ψ) + (m · ∇ψ)L3(φ1, φ2, ψ) + (m · ∇η1)L4(ψ, η1, η2)

+ (m · ∇η2)L5(ψ, η1, η2)] dxdt = −a (φ1, φ2, ψ, η1, η2,m · ∇φ1,m · ∇φ2,m · ∇ψ,m · ∇η1,m · ∇η2)
+
∫
Γ
[(m · ∇φ1)B1(φ1, φ2) + (m · ∇φ2)B2(φ1, φ2) + (m · ∇ψ)B3(φ1, φ2, ψ, η1, η2) + (m · ∇η1)B4(ψ, η1,

+ (m · ∇η2)B5(ψ, η1, η2)] dΓ.

✭✶✳✻✹✮

■♥ t❤✐s ✇❛②✱ t♦ ♣r♦✈❡ ✭✶✳✻✸✮ ✇❡ ❤❛✈❡ ♦♥❧② t♦ st✉❞② t❤❡ t❡r♠

a (φ1, φ2, ψ, η1, η2,m · ∇φ1,m · ∇φ2,m · ∇ψ,m · ∇η1,m · ∇η2) . ✭✶✳✻✺✮

✸✼



◆♦t❡ t❤❛t

a0(φ1, φ2,m · ∇φ1,m · ∇φ2)

= D

∫

Ω

[φ1x(m · ∇φ1)x + φ2y(m · ∇φ2)y + µφ1x(m · ∇φ2)y + µφ2y(m · ∇φ1)x

+
1− µ

2
(φ1y + φ2x) ((m · ∇φ1)y + (m · ∇φ2)x)

]
dxdy

=
D

2

∫

Ω

div

{
m

[
φ2
1x + φ2

2y + 2µφ1xφ2y +
1− µ

2
(φ1y + φ2x)

2

]}
dxdy ✭✶✳✻✻✮

=
D

2

∫

Γ

m · ν
[
φ2
1x + φ2

2y + 2µφ1xφ2y +
1− µ

2
(φ1y + φ2x)

2

]
dΓ,

a1(φ1, φ2, ψ,m · ∇φ1,m · ∇φ2,m · ∇ψ)

=

∫

Ω

[(φ1 + ψx) ((m · ∇φ1) + (m · ∇ψ)x) + (φ2 + ψy) ((m · ∇φ2) + (m · ∇ψ)y)] dxdy

=
1

2

∫

Ω

div
{
m
[
(φ1 + ψx)

2
+ (φ2 + ψy)

2
]}

dxdy −
∫

Ω

[(φ1 + ψx)φ1 + (φ2 + ψy)φ2] dxdy✭✶✳✻✼✮

=
1

2

∫

Γ

{
m · ν

[
(φ1 + ψx)

2
+ (φ2 + ψy)

2
]}

dΓ−
∫

Ω

[(φ1 + ψx)φ1 + (φ2 + ψy)φ2] dxdy,

❛♥❞

a2(ψ, η1, η2,m · ∇ψ,m · ∇η1,m · ∇η2)

=
Eh

1− µ2

∫

Ω

[
(1− µ)

(
η1x +

1

2
ψ2
x

)
((m · ∇η1)x + ψx(m · ∇ψ)x)

+ (1− µ)

(
η2y +

1

2
ψ2
y

)
((m · ∇η2)y + ψy(m · ∇ψ)y)

+ µ

(
η1x + η2y +

1

2
|∇ψ|2

)(
(m · ∇η1)x + (m · ∇η2)y +∇ψ · ∇(m · ∇ψ)

)

+
1− µ

2
(η1y + η2x + ψxψy)

(
(m · ∇η1)y + (m · ∇η2)x + ψx(m · ∇ψ)y + ψy(m · ∇ψ)x

)]
dxdy

=
Eh

2(1− µ2)

∫

Ω

div

{
m

[
(1− µ)

(
η1x +

1

2
ψ2
x

)2

+ (1− µ)

(
φ2y +

1

2
ψ2
y

)2

✭✶✳✻✽✮

+ µ

(
η1x + η2y +

1

2
|∇ψ|2

)2

+
1− µ

2
(η1y + η2x + ψxψy)

2

]}
dxdy

=
Eh

2(1− µ2)

∫

Γ

m · ν
[
(1− µ)

(
η1x +

1

2
ψ2
x

)2

+ (1− µ)

(
η2y +

1

2
ψ2
y

)2

+ µ

(
η1x + η2y +

1

2
|∇ψ|2

)2

+
1− µ

2
(η1y + η2x + ψxψy)

2

]
dΓ.

✸✽



P❧✉❣❣✐♥❣ ✭✶✳✻✻✮✕✭✶✳✻✽✮ ✐♥ ✭✶✳✻✺✮ ✇❡ ❣❡t

a(φ1, φ2, ψ, η1, η2,m · ∇φ1,m · ∇φ2,m · ∇ψ,m · ∇η1,m · ∇η2)
= 1

2

∫
Γ
m · ν

{
D
[
(φ1x)

2 + (φ2y)
2 + 2µφ1xφ2y +

1−µ
2

(φ1y + φ2x)
2]+ k

[
(φ1 + ψx)

2 + (φ2 + ψy)
2]

+ Eh
1−µ2

[
(1− µ)

(
η1x +

1
2
ψ2
x

)2
+ (1− µ)

(
φ2y +

1
2
ψ2
y

)2
+ µ

(
η1x + η2y +

1
2
|∇ψ|2

)2

+ 1−µ
2

(η1y + η2x + ψxψy)
2]} dΓ− k

∫
Ω
[(φ1 + ψx)φ1 + (φ2 + ψy)φ2] dxdy.

✭✶✳✻✾✮

❚❤❡ ❡q✉❛t✐♦♥ ✭✶✳✻✸✮ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ✭✶✳✻✹✮ ❛♥❞ ✭✶✳✻✾✮✳

❚❤❡ ♠❛✐♥ r❡s✉❧t ✐♥ t❤✐s s❡❝t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✶✳✹✳✺ ❆ss✉♠❡ t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥ ✭✶✳✻✵✮ t♦ ❤♦❧❞✳ ▲❡t {φ1, φ2, ψ, η1, η2}
❜❡ ❛ r❡❣✉❧❛r ❡♥♦✉❣❤ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✶✳✶✮✱ ✭✶✳✺✼✮✱ ✭✶✳✸✮✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡

❝♦♥st❛♥ts C ❛♥❞ ω s✉❝❤ t❤❛t

Ek (t) ≤ CEk (0) e
−ωt, ∀ t ≥ 0. ✭✶✳✼✵✮

❘❡♠❛r❦ ✶✳✹✳✻ ❋♦r r❡❣✉❧❛r ❡♥♦✉❣❤ ✐♥✐t✐❛❧ ❞❛t❛ s❛t✐s❢②✐♥❣ (1.14)✱ ♦♥❡ ♦❜t❛✐♥s✱ ❛s ❛

❝♦♥s❡q✉❡♥❝❡ ♦❢ ✐♥❡q✉❛❧✐t② (2.39)✱ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❢♦r t❤❡ ❡♥❡r❣② E (t) ❛ss♦❝✐❛t❡❞ t♦

s②st❡♠ ✭✶✳✺✮✱ ✭✶✳✺✾✮✱ ✭✶✳✼✮ ❛s k → ∞✳ ❚❤✐s ❞❡❝❛② r❛t❡ ❢♦r t❤❡ ❧✐♠✐t s②st❡♠ ✐s ✐♥

❛❣r❡♠❡♥t ✇✐t❤ t❤❡ r❡s✉❧ts ❢r♦♠ ❬✹✸❪✳

❘❡♠❛r❦ ✶✳✹✳✼ ❚❤❡ ❝❛s❡ Γ0 = ∅ ✐s ♥♦t ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♣❛♣❡r✳ ■♥ t❤✐s ❝❛s❡✱ ♦♥❡

❝❛♥♥♦t ❛ss✉r❡ t❤❛t t❤❡ ❡♥❡r❣② ❞❡❝❛②s t♦ ③❡r♦ ❢♦r ❡✈❡r② ✜♥✐t❡ ❡♥❡r❣② s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮✱

✭✶✳✺✼✮✱ ✭✶✳✸✮ r❡❣❛r❞❧❡ss ♦❢ ❤♦✇ t❤❡ ❢❡❡❞❜❛❝❦s ❛r❡ ❝❤♦s❡♥✳ ■♥❞❡❡❞✱ ❞❡✜♥✐♥❣

{φ11, φ21, ψ1, η11, η21} =

{
α, β,−αx− βy + γ,−1

2
α2x− 1

2
αβy + c1,−

1

2
β2y − 1

2
αβx+ c2

}
,

✇❤❡r❡ α✱ β✱ γ✱ c1 ❛♥❞ c2 ❛r❡ ♥♦♥③❡r♦ ❝♦♥st❛♥ts✱ ❛♥❞ {φ10, φ20, ψ0, η10, η20} s✉❝❤ t❤❛t

{
Li(φ10, φ20, ψ0, η10, η20) = 0, i = 1, . . . , 5,

{B1(φ10, φ20),B2(φ10, φ20),B3(φ10, φ20, ψ0, η10, η20),B4(ψ0, η10, η20),B5(ψ0, η10, η20)} = −{φ11, φ21, ψ1, η11, η21},

✐t ✐s ♥♦t ❞✐✣❝✉❧t t♦ ❝❤❡❝❦ t❤❛t

{φ1, φ2, ψ, η1, η2} = t{φ11, φ21, ψ1, η11, η21}+ {φ10, φ20, ψ0, η10, η20}

✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮✱ ✭✶✳✺✼✮✱ ✭✶✳✸✮✳ ❍♦✇❡✈❡r✱ ❢♦r t❤✐s s♦❧✉t✐♦♥✱

E(t) =
1

2

[
ρh3

12

(
|φ11|2 + |φ21|2

)
+ ρh

(
|ψ1|2 + |η1|2 + |η2|2

)]
= ❝♦♥st✳ > 0.

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳✹✳✺✳ ❲❡ ❞✐✈✐❞❡ t❤❡ ♣r♦♦❢ ✐♥t♦ t❤r❡❡ st❡♣s✿

✸✾



❙t❡♣ ✶ ❲❡ ❛♣♣❧② ▲❡♠♠❛ ✶✳✹✳✹ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮✱ ✭✶✳✺✼✮✱ ✭✶✳✸✮ ❛♥❞ ✐♥t❡❣r❛t❡ t❤❡

r❡s✉❧t✐♥❣ ✐❞❡♥t✐t② ✇✐t❤ r❡s♣❡❝t t♦ t ❢r♦♠ 0 t♦ T t♦ ♦❜t❛✐♥

ρh

∫ T

0

[
h2

12
(φ1tt,m · ∇φ1) +

h2

12
(φ2tt,m · ∇φ2) + (ψtt,m · ∇ψ) + (η1tt,m · ∇η1) + (η2tt,m · ∇η2)

]
dt

− k

∫ T

0

∫

Ω

[(φ1 + ψx)φ1 + (φ2 + ψy)φ2]

= − 1

2

∫ T

0

∫

Γ

m · ν
{
D

[
(φ1x)

2 + (φ2y)
2 + 2µφ1xφ2y +

1− µ

2
(φ1y + φ2x)

2

]
+ k

[
(φ1 + ψx)

2

+ (φ2 + ψy)
2]+ Eh

1− µ2

[
(1− µ)

(
η1x +

1

2
ψ2
x

)2

+ (1− µ)

(
η2y +

1

2
ψ2
y

)2

✭✶✳✼✶✮

+ µ

(
η1x + η2y +

1

2
|∇ψ|2

)2

+
1− µ

2
(η1y + η2x + ψxψy)

2

]}

+

∫ T

0

∫

Γ0

[(m · ∇φ1)B1 + (m · ∇φ2)B2 + (m · ∇ψ)B3 + (m · ∇η1)B4 + (m · ∇η2)B5]

−
∫ T

0

∫

Γ1

[φ1t(m · ∇φ1) + φ2t(m · ∇φ2) + ψt(m · ∇ψ) + η1t(m · ∇η1) + η2t(m · ∇η2)] .✭✶✳✼✷✮

❆❧❧ ♦❢ t❤❡ ✐♥t❡❣r❛❧s ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✼✶✮ ♠❛② ❜❡ ✐♥t❡r♣r❡t❡❞ ✐♥ t❤❡ L2 (Q)

s❝❛❧❛r ♣r♦❞✉❝t s✐♥❝❡ {φ1tt, φ2tt, ψtt, η1tt, η2tt} ∈ C
(
[0,∞), [L2(Ω)]

5
)
✳ ❚❤❡ ✜rst ✐♥t❡❣r❛❧

♦♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♠❛② ❜❡ ✇r✐tt❡♥ ❛s

ρh

∫ T

0

∫

Ω

{
h2

12
[φ1tt(m · ∇φ1) + φ2tt(m · ∇φ2)] + ψtt(m · ∇ψ) + η1tt(m · ∇η1) + η2tt(m · ∇η2)

}
✭✶✳✼✸✮

= Y1 − ρh

∫ T

0

∫

Ω

[
h2

12
(φ1t(m · ∇φ1t) + φ2t(m · ∇φ2t)) + ψt(m · ∇ψt) + η1t(m · ∇η1t) + η2t(m · ∇η2t)

]
,

✇❤❡r❡

Y1 = ρh

∫

Ω

{
h2

12
[φ1t(m · ∇φ1) + φ2t(m · ∇φ2)] + ψt(m · ∇ψ) + η1t(m · ∇η1) + η2t(m · ∇η2)

} ∣∣∣∣∣

T

0

.

✭✶✳✼✹✮

❆ t②♣✐❝❛❧ t❡r♠ ♦❢ t❤❡ ❧❛st ✐♥t❡❣r❛❧ ✐♥ ✭✶✳✼✸✮ ✐s ✭❡①❝❡♣t ❢♦r ❛ ❝♦♥st❛♥t ❢❛❝t♦r✮
∫ T

0

(φ1t,m · ∇φ1t) dt =
1

2

∫ T

0

∫

Ω

div(mφ2
1t)dxdydt−

∫ T

0

∫

Ω

φ2
1tdxdydt

=
1

2

∫ T

0

∫

Γ1

(m · ν)φ2
1tdΓdt−

∫ T

0

∫

Ω

φ2
1tdxdydt.

❚❤❡ ♦t❤❡r t❡r♠s ♦❢ t❤❛t ✐♥t❡❣r❛❧ ❛r❡ tr❡❛t❡❞ s✐♠✐❧❛r❧②✳ ❚❤✉s✱ ✐t ❢♦❧❧♦✇s t❤❛t

ρh
∫ T
0

∫
Ω

{
h2

12
[φ1t(m · ∇φ1t) + φ2t(m · ∇φ2t)] + ψt(m · ∇ψt) + η1t(m · ∇η1t) + η2t(m · ∇η2t)

}
dxdydt

= ρh
2

∫ T
0

∫
Γ1

m · ν
[
h2

12
(φ2

1t + φ2
2t) + ψ2

t + η21t + η22t

]
dΓdt ✭✶✳✼✺✮

−
∫ T
0

∫
Ω
ρh
[
h2

12
(φ2

1t + φ2
2t) + ψ2

t + η21t + η22t

]
dxdydt.

✹✵



❈♦♠❜✐♥✐♥❣ ✭✶✳✼✶✮✱ ✭✶✳✼✸✮ ❛♥❞ ✭✶✳✼✺✮✱ ♦♥❡ ❤❛s

Y1 +
∫ T
0

∫
Ω
ρh
[
h2

12
(φ2

1t + φ2
2t) + ψ2

t + η21t + η22t

]
− k

∫ T
0

∫
Ω
[(φ1 + ψx)φ1 + (φ2 + ψy)φ2]

= J1 − J2 +
∫ T
0

∫
Γ0

[(m · ∇φ1)B1 + (m · ∇φ2)B2 + (m · ∇ψ)B3 + (m · ∇η1)B4 + (m · ∇η2)B5] dΓdt

−
∫ T
0

∫
Γ1

[φ1t(m · ∇φ1) + φ2t(m · ∇φ2) + ψt(m · ∇ψ) + η1t(m · ∇η1) + η2t(m · ∇η2)] dΓdt,
✭✶✳✼✻✮

✇❤❡r❡

J1 =
ρh

2

∫ T

0

∫

Γ1

m · ν
[
h2

12
(φ2

1t + φ2
2t) + ψ2

t + η21t + η22t

]
dΓdt, ✭✶✳✼✼✮

❛♥❞

J2 =
1

2

∫ T

0

∫

Γ1

m · ν
{
D

[
(φ1x)

2 + (φ2y)
2 + 2µφ1xφ2y +

1− µ

2
(φ1y + φ2x)

2

]
+ k

[
(φ1 + ψx)

2

+ (φ2 + ψy)
2]+ Eh

1− µ2

[
(1− µ)

(
η1x +

1

2
ψ2
x

)2

+ (1− µ)

(
η2y +

1

2
ψ2
y

)2

✭✶✳✼✽✮

+ µ

(
η1x + η2y +

1

2
|∇ψ|2

)2

+
1− µ

2
(η1y + η2x + ψxψy)

2

]}
dΓdt.

▲❡t ✉s ❡①❛♠✐♥❡ t❤❡ ✐♥t❡❣r❛❧s ♦♥ Γ0 ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✼✻✮✳ ❙✐♥❝❡ φ1 = φ2 =

ψ = η1 = η2 = 0 ♦♥ Γ0✱ ✇❡ ❤❛✈❡ ∇φ1 = ν
(
∂φ1
∂ν

)
♦♥ Γ0 ❛♥❞ s✐♠✐❧❛r❧② ❢♦r t❤❡ ♦t❤❡r

❢✉♥❝t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱

∫

Γ0

m · ν
{
D

[
φ2
1x + φ2

2y + 2µφ1xφ2y +
1− µ

2
(φ1y + φ2x)

2

]
+ k

[
(φ1 + ψx)

2 + (φ2 + ψy)
]}

+
Eh

1− µ2

[
(1− µ)

(
η1x +

1

2
ψ2
x

)2

+ (1− µ)

(
η2y +

1

2
ψ2
y

)2

+ µ

(
η1x + η2y +

1

2
|∇ψ|2

)2

+
1− µ

2
(η1y + η2x + ψxψy)

2

]
=

∫

Γ0

m · ν
{
D

[(
ν1
∂φ1

∂ν
+ ν2

∂φ2

∂ν

)2

✭✶✳✼✾✮

− (1− µ)ν1ν2
∂φ1

∂ν

∂φ2

∂ν

]
+ k

(
∂ψ

∂ν

)2

+
Eh

1− µ2


(1− µ)

(
ν1
∂η1
∂ν

+ ν2
∂η2
∂ν

+
1

2

(
∂ψ

∂ν

)2
)2

− 2(1− µ)

(
ν1
∂η1
∂ν

+
1

2

(
ν1
∂ψ

∂ν

)2
)(

ν2
∂η2
∂ν

+
1

2

(
ν2
∂ψ

∂ν

)2
)

+ µ

(
ν1
∂η1
∂ν

+ ν2
∂η2
∂ν

+
1

2

∣∣∣∣
(
∂ψ

∂ν

)∣∣∣∣
2
)2

+
1− µ

2

(
ν2
∂η1
∂ν

+ ν1
∂η2
∂ν

+ ν1
∂ψ

∂ν
ν2
∂ψ

∂ν

)



 .

✹✶



❋✉rt❤❡r♠♦r❡✱
∫

Γ0

[(m · ∇φ1)B1 + (m · ∇φ2)B2 + (m · ∇ψ)B3 + (m · ∇η1)B4 + (m · ∇η2)B5] ✭✶✳✽✵✮

=

∫

Γ0

m · ν
{
D

2

[
(1− µ)

((
∂φ1

∂ν

)2

+

(
∂φ2

∂ν

)2
)

+ (1 + µ)

(
ν1
∂φ1

∂ν
+ ν2

∂φ2

∂ν

)2
]
+ k

(
∂ψ

∂ν

)2

+N1

(
ν1
∂ψ

∂ν

)2

+ 2N12ν1
∂ψ

∂ν
ν2
∂ψ

∂ν
+N2

(
ν2
∂ψ

∂ν

)2

+N1ν1
∂η1

∂ν
+N12ν2

∂η1

∂ν
+N2ν2

∂η2

∂ν
+N12ν1

∂η2

∂ν

}
.

❙✐♥❝❡

−1

2

{
D

[
φ21x + φ22y + 2µφ1xφ2y +

1− µ

2
(φ1y + φ2x)

2

]
+ k

[
(φ1 + ψx)

2 + (φ2 + ψy)
]

+
Eh

1− µ2

[
(1− µ)

(
η1x +

1

2
ψ2

x

)2

+ (1− µ)

(
η2y +

1

2
ψ2

y

)2

+ µ

(
η1x + η2y +

1

2
|∇ψ|2

)2

+
1− µ

2
(η1y + η2x + ψxψy)

2

]}
+ [(m · ∇φ1)B1 + (m · ∇φ2)B2 + (m · ∇ψ)B3 + (m · ∇η1)B4 + (m · ∇η2)B5]

=
1

2

{
D

[(
ν1
∂φ1

∂ν
+ ν2

∂φ2

∂ν

)2

+
1− µ

2

(
ν2
∂φ1

∂ν
− ν1

∂ψ2

∂ν

)2
]
+ k

(
∂ψ

∂ν

)2

+
Eh

1− µ2


(1− µ)

(
ν1
∂η1

∂ν
+

1

2

(
ν1
∂ψ

∂ν

)2
)2

+ (1− µ)

(
ν2
∂η2

∂ν
+

1

2

(
ν2
∂ψ

∂ν

)2
)2

✭✶✳✽✶✮

+ µ

(
ν1
∂η1

∂ν
+ ν2

∂η2

∂ν
+

1

2
|∇ψ|2

)2

+
1− µ

2

(
ν2
∂η1

∂ν
+ ν1

∂η2

∂ν
+ ν1

∂ψ

∂ν
ν2
∂ψ

∂ν

)2
]}

,

✇❡ ❝♦♥❝❧✉❞❡ ❢r♦♠ ✭✶✳✼✻✮ ❛♥❞ ✭✶✳✽✶✮ t❤❛t

Y1 +
∫ T

0

∫
Ω
ρh
[
h2

12
(φ21t + φ22t) + ψ2

t + η21t + η22t

]
− k

∫ T

0

∫
Ω
[(φ1 + ψx)φ1 + (φ2 + ψy)φ2]

= J0 + J1 − J2 +
∫ T

0

∫
Γ0

[(m · ∇φ1)B1 + (m · ∇φ2)B2 + (m · ∇ψ)B3 + (m · ∇η1)B4 + (m · ∇η2)B5] dΓdt

−
∫ T

0

∫
Γ1

[φ1t(m · ∇φ1) + φ2t(m · ∇φ2) + ψt(m · ∇ψ) + η1t(m · ∇η1) + η2t(m · ∇η2)] dΓdt,

x

✭✶✳✽✷✮

✇❤❡r❡

J0 =
1

2

∫ T

0

∫

Γ0

{
D

[(
ν1
∂φ1

∂ν
+ ν2

∂φ2

∂ν

)2

+
1− µ

2

(
ν2
∂φ1

∂ν
− ν1

∂ψ2

∂ν

)2
]
+ k

(
∂ψ

∂ν

)2

+
Eh

1− µ2


(1− µ)

(
ν1
∂η1
∂ν

+
1

2

(
ν1
∂ψ

∂ν

)2
)2

+ (1− µ)

(
ν2
∂η2
∂ν

+
1

2

(
ν2
∂ψ

∂ν

)2
)2

+µ

(
ν1
∂η1
∂ν

+ ν2
∂η2
∂ν

+
1

2
|∇ψ|2

)2

+
1− µ

2

(
ν2
∂η1
∂ν

+ ν1
∂η2
∂ν

+ ν1
∂ψ

∂ν
ν2
∂ψ

∂ν

)2
]}

.

◆♦✇✱ ✉s❡ ✭✶✳✻✷✮ ✇✐t❤ {φ1, φ2, 0, η1, η2} ✐♥ t❤❡ t❤✐r❞ t❡r♠ ♦♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✽✷✮

t♦ ♦❜t❛✐♥

ρh

∫

Ω

[
h2

12
(φ1ttφ1 + φ2ttφ2) + η1ttη1 + η2ttη2

]
dxdy − k

∫

Ω

[(φ1 + ψx)φ1 + (φ2 + ψy)φ2] dxdy

+a0(φ1, φ2) + a2(ψ, η1, η2, 0, η1, η2) = −
∫

Γ1

[φ1tφ1 + φ2tφ2 + η1tη1 + η2tη2] dΓ.✭✶✳✽✸✮

✹✷



■♥t❡❣r❛t❡ ✐❞❡♥t✐t② ✭✶✳✽✸✮ ✇✐t❤ r❡s♣❡❝t t♦ t ❢r♦♠ 0 t♦ T ✳ ❆❢t❡r ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts

✐♥ t❤❡ ✜rst t❡r♠✱ ♦♥❡ ♦❜t❛✐♥s

Y2 − ρh
∫ T
0

∫
Ω

[
h2

12
(φ2

1t + φ2
2t) + η21t + η22t

]
dxdydt+ k

∫ T
0

∫
Ω
[(φ1 + ψx)φ1 + (φ2 + ψy)φ2] dxdydt

+
∫ T
0
[a0(φ1, φ2) + a2(η1, η2)] dt = −

∫ T
0

∫
Γ1

[φ1tφ1 + φ2tφ2 + η1tη1 + η2t] dΓdt ✭✶✳✽✹✮

✇❤❡r❡

Y2 = ρh

∫

Ω

[
h2

12
(φ1tφ1 + φ2tφ2) + η1tη1 + η2tη2

]
dxdy

∣∣∣∣∣

T

0

. ✭✶✳✽✺✮

▼✉❧t✐♣❧② ❡q✉❛t✐♦♥ ✭✶✳✽✹✮ ❜② 1 − ε✱ ✇✐t❤ ε ∈ (0, 1)✱ ❛♥❞ ❛❞❞ t❤❡ ♣r♦❞✉❝t t♦ ❡q✉❛t✐♦♥
✭✶✳✽✷✮ t♦ ❣❡t

(1− ε)ρh
∫ T

0

∫
Ω
ψ2
t dxdydt+ ε

∫ T

0

∫
Ω
ρh
[
h2

12
(φ21t + φ22t) + ψ2

t + η21t + η22t

]
dxdydt+ (1− ε)

∫ T

0
a0(φ1, φ2)dt

(1− ε)
∫ T

0
a2(ψ, η1, η2)dt− εk

∫ T

0
a1(φ1, φ2, ψ, φ1, φ2, 0) + Y1 + (1− ε)Y2 = J0 + J1 − J2

−
∫ T

0

∫
Γ1

[φ1t(m · ∇φ1 + (1− ε)φ1) + φ2t(m · ∇φ2 + (1− ε)φ2) + ψt(m · ∇ψ) + η1t(m · ∇η1 + (1− ε)η1)

+η2t(m · ∇η2 + (1− ε)η2)] dΓdt.

✭✶✳✽✻✮

◆♦✇✱ ✉s❡ ✭✶✳✻✷✮ ✇✐t❤ {0, 0, ψ, 0, 0}✳ ❆❢t❡r ❛♥ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ✐♥ t ♦♥❡ ♦❜t❛✐♥s

Y3 − ρh
∫ T
0

∫
Ω
ψ2
t dxdydt+ k

∫ T
0
a1(φ1, φ2, ψ, 0, 0, ψ)dt

+
∫ T
0
a2(ψ, η1, η2, ψ, 0, 0) = −

∫ T
0

∫
Γ1

ψψtdΓdt,

✭✶✳✽✼✮

✇❤❡r❡

Y3 = ρh

∫

Ω

ψtψdxdy

∣∣∣∣∣

T

0

. ✭✶✳✽✽✮

▼✉❧t✐♣❧② ✐❞❡♥t✐t② ✭✶✳✽✼✮ ❜② ε ❛♥ ❛❞❞ t❤❡ ♣r♦❞✉❝t t♦ ❡q✉❛t✐♦♥ ✭✶✳✽✻✮ t♦ ♦❜t❛✐♥

(1− 2ε)ρh
∫ T
0

∫
Ω
ψ2
t dxdydt+ ε

∫ T
0

∫
Ω
ρh
[
h2

12
(φ2

1t + φ2
2t) + ψ2

t + η21t + η22t

]
dxdydt

+ (1− ε)
∫ T
0
[a0(φ1, φ2) + a2(ψ, η1, η2, 0, η1η2)] dt+ εk

∫ T
0
a1(φ1, φ2, ψ)dt

− 2εk
∫ T
0
a1(φ1, φ2, ψ, φ1, φ2, 0)dt+ ε

∫ T
0
a2(ψ, η1, η2, ψ, 0, 0) + Y1 + (1− ε)Y2 + εY3

= J0 + J1 − J2 −
∫ T
0

∫
Γ1

[φ1t(m · ∇φ1 + (1− ε)φ1) + φ2t(m · ∇φ2 + (1− ε)φ2)

+ ψt(m · ∇ψ + εψ) + η1t(m · ∇η1 + (1− ε)η1) + η2t(m · ∇η2 + (1− ε)η2)] dΓdt.

✭✶✳✽✾✮

✹✸



❙t❡♣ ✷ ❉❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥❛❧

ρε(t) = ρh
[
h2

12
(φ1t(t),m · ∇φ1(t)) +

h2

12
(φ2t(t),m · ∇φ2(t)) + (ψt(t),m · ∇ψ(t))

+ (η1t(t),m · ∇η1(t)) + (η2t(t),m · ∇η2(t))
]
+ (1− ε)ρh

{
h2

12
[(φ1t(t), φ1(t)) + (φ2t(t), φ2(t))]

+ (η1t(t), η1(t)) + (η2t(t), η2(t))
}
+ ερh(ψt(t), ψ(t)).

✭✶✳✾✵✮

❋r♦♠ ✐❞❡♥t✐t✐❡s ✭✶✳✼✹✮✱✭✶✳✽✺✮✱ ❛♥❞ ✭✶✳✽✽✮✱ ♦♥❡ s❡❡s t❤❛t

Y1 + (1− ε)Y2 + εY3 = ρε(T )− ρε(0). ✭✶✳✾✶✮

❙✐♥❝❡ ✭✶✳✽✾✮ ✐s ✈❛❧✐❞ ❢♦r ❛❧❧ T > 0✱ ✇❡ ❞✐✛❡r❡♥t✐❛t❡ ✐♥ T ❛♥❞ ♦❜t❛✐♥✱ ✇r✐t✐♥❣ t ✐♥ ♣❧❛❝❡
♦❢ T ✱

d

dt
ρε(t) =

d

dt
(J0 + J1 − J2)− (1− 2ε)ρh

∫

Ω

ψ2

t dxdy − ερh

∫

Ω

[
h2

12

(
φ21t + φ22t

)
+ ψ2

t + η21t + η22t

]
dxdy

− (1− ε) [a0(φ1, φ2) + a2(ψ, η1, η2, 0, η1, η2)]− εka1(φ1, φ2, ψ)dt+ 2εka1(φ1φ2, ψ, φ1, φ2, 0)

− εa2(ψ, η1, η2, ψ, 0, 0)−
∫

Γ1

[φ1t(m · ∇φ1 + (1− ε)φ1) + φ2t(m · ∇φ2 + (1− ε)φ2)

+ ψt(m · ∇ψ + εψ) + η1t(m · ∇η1 + (1− ε)η1) + η2t(m · ∇η2 + (1− ε)η2)] dΓ ✭✶✳✾✷✮

✇❤❡r❡ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s ❡✈❛❧✉❛t❡❞ ❛t t✳ ◆♦✇✱ ❧❡t δ > 0 ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ♣❡rt✉r❜❡❞

❡♥❡r❣② Fε,δ(t) ❣✐✈❡♥ ❜②

Fε,δ(t) = E(t) + δρε(t). ✭✶✳✾✸✮

❲❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ t❤❛t ❢♦r ❛❧❧ ε✱ δ s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ♦♥❡ ❤❛s

d

dt
Fε,δ(t) ≤ −1

2
εδE(t)− δ

2
EΓ(t), ✭✶✳✾✹✮

✇❤❡r❡

EΓ(t) =
ρh

2

∫

Γ1

m · ν
[
h2

12
(φ2

1t + φ2
2t) + ψ2

t + η21t + η22t

]
dΓ +

1

2

∫

Γ

|m · ν|
{
D
[
(φ1x)

2 + (φ2y)
2

+ 2µφ1xφ2y +
1− µ

2
(φ1y + φ2x)

2

]
+ k

[
(φ1 + ψx)

2 + (φ2 + ψy)
2]

+
Eh

1− µ2

[
(1− µ)

(
η1x +

1

2
ψ2
x

)2

+ (1− µ)

(
η2y +

1

2
ψ2
y

)2

✭✶✳✾✺✮

+ µ

(
η1x + η2y +

1

2
|∇ψ|2

)2

+
1− µ

2
(η1y + η2x + ψxψy)

2

]}
dΓ.

❲❡ ❜❡❣✐♥ t❤❡ ♣r♦♦❢ ♦❢ ✐♥❡q✉❛❧✐t② ✭✶✳✾✹✮ ❡st✐♠❛t✐♥❣ d
dt
ρε(t)✳ ❋✐rst ♦❢ ❛❧❧✱ ✇❡ ❜♦✉♥❞ t❤❡

t❡r♠ a1(φ1, φ2, ψ, φ1φ2, 0) ✐♥ ✭✶✳✾✷✮✳ ❋♦r ❛♥② ξ > 0✱ ✇❡ ❤❛✈❡

|a1(φ1, φ2, ψ, φ1, φ2, 0)| ≤
ξ

2
a1(φ1, φ2, ψ) +

1

2ξ
a1(φ1, φ2, 0).

✹✹



❙✐♥❝❡ Γ0 6= ∅✱ ❛❝❝♦r❞✐♥❣ t♦ ❛ r❡s✉❧t ❞✉❡ t♦ ▲❛❣♥❡s❡ ✭s❡❡ ❬✷✺✱ ▲❡♠♠❛ ✷✳✶❪✮ t❤❡r❡ ✐s ❛

❝♦♥st❛♥t γ0 ✭❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❣❡♦♠❡tr② ♦❢ Ω ❛♥❞ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs µ ❛♥❞ D✮ s✉❝❤

t❤❛t

a1(φ1, φ2, 0) = ‖φ1‖2 + ‖φ2‖2 ≤ γ0a0(φ1, φ2).

❚❤❡r❡❢♦r❡✱

|a1(φ1, φ2, ψ, φ1, φ2, 0)| ≤
ξ

2
a1(φ1, φ2, ψ) +

γ0
2ξ
a0(φ1, φ2). ✭✶✳✾✻✮

❯s❡ ✐♥❡q✉❛❧✐t② ✭✶✳✾✻✮ ✐♥ ✐❞❡♥t✐t② ✭✶✳✾✷✮ t♦ ❣❡t

d

dt
ρε(t) ≤ d

dt
(J0 + J1 − J2)− (1− 2ε)ρh

∫

Ω

ψ2
t dxdy − ερh

∫

Ω

[
h2

12

(
φ2
1t + φ2

2t

)
+ ψ2

t + η21t + η22t

]
dxdy

−
(
1− ε− εγ0k

ξ

)
a0(φ1, φ2)− (1− ε)a2(ψ, η1, η2, 0, η1, η2)− εk(1− ξ)a1(φ1, φ2, ψ)dt

− εa2(ψ, η1, η2, ψ, 0, 0)−
∫

Γ1

[φ1t(m · ∇φ1 + (1− ε)φ1) + φ2t(m · ∇φ2 + (1− ε)φ2)

+ ψt(m · ∇ψ + εψ) + η1t(m · ∇η1 + (1− ε)η1) + η2t(m · ∇η2 + (1− ε)η2)] dΓ.

❋✐① ξ = 1
2
✱ ❛♥❞ t❤❡♥ ❝❤♦♦s❡ ε > 0 s♦ t❤❛t 1− ε− 2εγ0k ≥ ε✱ t❤❛t ✐s✱

0 < ε ≤ 1

2(1 + γ0k)
. ✭✶✳✾✼✮

❋♦r s✉❝❤ ε✱ ♦♥❡ ❤❛s

d

dt
ρε(t) ≤ d

dt
(J0 + J1 − J2)− (1− 2ε)ρh

∫

Ω

ψ2

t dxdy − ερh

∫

Ω

[
h2

12

(
φ21t + φ22t

)
+ ψ2

t + η21t + η22t

]
dxdy

− εa0(φ1, φ2)− (1− ε)a2(ψ, η1, η2, 0, η1, η2)−
kε

2
a1(φ1, φ2, ψ)− εa2(ψ, η1, η2, ψ, 0, 0)

−
∫

Γ1

[φ1t(m · ∇φ1 + (1− ε)φ1) + φ2t(m · ∇φ2 + (1− ε)φ2) + ψt(m · ∇ψ + εψ)

+ η1t(m · ∇η1 + (1− ε)η1) + η2t(m · ∇η2 + (1− ε)η2)] dΓdt ✭✶✳✾✽✮

≤ d

dt
(J0 + J1 − J2)− (1− 2ε)ρh

∫

Ω

ψ2

t dxdy − εE(t)− ε

2

{
ρh

∫

Ω

[
h2

12

(
φ21t + φ22t

)
+ ψ2

t

+ η21t + η22t

]
dxdy + a0(φ1, φ2) + a2(ψ, η1, η2)

}
−
∫

Γ1

[φ1t(m · ∇φ1 + (1− ε)φ1)

+ φ2t(m · ∇φ2 + (1− ε)φ2) + ψt(m · ∇ψ + εψ) + η1t(m · ∇η1 + (1− ε)η1)

+ η2t(m · ∇η2 + (1− ε)η2)] dΓdt.

✹✺



❲❡ ❡st✐♠❛t❡ t❤❡ ❧❛st t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✾✽✮ ❛s ❢♦❧❧♦✇s✿
∣∣∣∣∣
∫
Γ1

[φ1t(m · ∇φ1 + (1− ε)φ1) + φ2t(m · ∇φ2 + (1− ε)φ2) + ψt(m · ∇ψ + εψ) + η1t(m · ∇η1 + (1− ε)η1)

+ η2t(m · ∇η2 + (1− ε)η2)] dΓ

∣∣∣∣∣ ≤
1

2ξ

∫
Γ1

[
φ21t + φ22t + ψ2

t + η21t + η22t
]
dΓ + ξ

2

∫
Γ1

[
(m · ∇φ1 + (1− ε)φ1)

2

+ (m · ∇φ2 + (1− ε)φ2)
2 + (m · ∇ψ + εψ)2 + (m · ∇η1 + (1− ε)η1)

2 + (m · ∇η2 + (1− ε)η2)
2
]
dΓ

= − 1

2ξ
d
dt
E(t) + ξ

2

∫
Γ1

[
(m · ∇φ1 + (1− ε)φ1)

2 + (m · ∇φ2 + (1− ε)φ2)
2 + (m · ∇ψ + εψ)2

+ (m · ∇η1 + (1− ε)η1)
2 + (m · ∇η2 + (1− ε)η2)

2
]
dΓ.

✭✶✳✾✾✮

▲♦♦❦✐♥❣ ❢♦r t❤❡ ❧❛st ✐♥t❡❣r❛❧ ✐♥ ✭✶✳✾✾✮✱ ✐t ❢♦❧❧♦✇s ❜② ✭✶✳✻✶✮ t❤❛t
∫
Γ1

[(m · ∇φ1 + (1− ε)φ1)
2 + (m · ∇φ2 + (1− ε)φ2)

2 + (m · ∇ψ + εψ)2 + (m · ∇η1 + (1− ε)η1)
2

+ (m · ∇η2 + (1− ε)η2)
2] dΓ ≤ G0

∫
Γ1

m · ν [(m · ∇φ1 + (1− ε)φ1)
2 + (m · ∇φ2 + (1− ε)φ2)

2

+ (m · ∇ψ + εψ)2 + (m · ∇η1 + (1− ε)η1)
2 + (m · ∇η2 + (1− ε)η2)

2] dΓ.

✭✶✳✶✵✵✮

❲❡ ♥♦✇ ❜♦✉♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✐♥❡q✉❛❧✐t② ✭✶✳✶✵✵✮✳ ■ts ✜rst t❡r♠ ✐s ❜♦✉♥❞❡❞ ❜②
∫

Γ1

m · ν(m · ∇φ1 + (1− ε)φ1)
2dΓ ≤ 2

∫

Γ1

m · ν
[
(m · ∇φ1)

2 + (1− ε)2φ2
1

]
dΓ

≤ 2R2

∫

Γ1

m · ν|∇φ1|2dΓ + 2(1− ε)2R

∫

Γ1

φ2
1dΓ,

✇❤❡r❡ R = supΓ1
m(x, y)✳ ❚❤❡ ♦t❤❡r t❡r♠s ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❛♥❛❧♦❣♦✉s❧②✳ ❚❤❡r❡❢♦r❡✱

♦♥❡ ❣❡ts
∫
Γ1

[(m · ∇φ1 + (1− ε)φ1)
2 + (m · ∇φ2 + (1− ε)φ2)

2 + (m · ∇ψ + εψ)2 + (m · ∇η1 + (1− ε)η1)
2

+ (m · ∇η2 + (1− ε)η2)
2] dΓ ≤ 2G0R

2
∫
Γ1

m · ν [|∇φ1|2 + |∇φ2
2 + |∇ψ|2 + |∇η1|2 + |∇η2|2] dΓ

+ 2G0(1− ε)2R
∫
Γ1

[φ2
1 + φ2

2 + ψ2 + η21 + η22] dΓ.

✭✶✳✶✵✶✮

❋♦r k ≥ k0 > 0 ✇❡ ❤❛✈❡✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❛❣♥❡s❡ ✭s❡❡ ❬✷✺✱ ▲❡♠♠❛ ✷✳✶❪✮ ❛♥❞ t♦ tr❛❝❡

t❤❡♦r②✱
∫

Γ1

[
φ2
1 + φ2

2 + ψ2 + η21 + η22
]
dΓ ≤ γ1 [a0(φ1, φ2) + ka1(φ1, φ2, ψ) + a2(ψ, η1, η2)] .

✭✶✳✶✵✷✮

■♥ ❛❞❞✐t✐♦♥✱
∫

Γ1

m · ν
[
|∇φ1|2 + |∇φ2|2 + |∇ψ|2 + |∇η1|2 + |∇η2|2

]
dΓ

≤ γ̃2

[
a

Γ1
(φ1, φ2, ψ, η1, η2) +

∫

Γ1

(φ2
1 + φ2

2 + η21 + η22)

]

≤ γ2
[
a

Γ1
(φ1, φ2, ψ, η1, η2) + a0(φ1, φ2) + a2(η1, η2)

]
, ✭✶✳✶✵✸✮

✹✻



✇❤❡r❡ t❤❡ ❝♦♥st❛♥ts γ1, γ2 ❞❡♣❡♥❞ ♦♥❧② ♦♥ Ω, D, µ, ❛♥❞ k0✱ ❛♥❞

a
Γ1
(φ1, φ2, ψ, η1, η2) = 2

d

dt
J2

=

∫

Γ

m · ν
{
D

[
(φ1x)

2 + (φ2y)
2 + 2µφ1xφ2y +

1− µ

2
(φ1y + φ2x)

2

]
+ k

[
(φ1 + ψx)

2 + (φ2 + ψy)
2]

+
Eh

1− µ2

[
(1− µ)

(
η1x +

1

2
ψ2
x

)2

+ (1− µ)

(
η2y +

1

2
ψ2
y

)2

+ µ

(
η1x + η2y +

1

2
|∇ψ|2

)2

✭✶✳✶✵✹✮

+
1− µ

2
(η1yη2x + ψxψy)

2

]}
dΓ.

❋r♦♠ ✭✶✳✾✾✮✕✭✶✳✶✵✹✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡st✐♠❛t❡
∣∣∣∣∣

∫

Γ1

[φ1t(m · ∇φ1 + (1− ε)φ1) + φ2t(m · ∇φ2 + (1− ε)φ2) + ψt(m · ∇ψ + εψ)

+ η1t(m · ∇η1 + (1− ε)η1) + η2t(m · ∇η2 + (1− ε)η2)] dΓ

∣∣∣∣∣

≤ − 1

2ξ

d

dt
E(t) + ξG0R

2γ2
[
a

Γ1
(φ1, φ2, ψ, η1, η2) + a0(φ1, φ2) + a2(ψ, η1, η2)

]
✭✶✳✶✵✺✮

+ ξG0γ1(1− ε)2R [a0(φ1, φ2) + ka1(φ1, φ2, ψ) + a2(ψ, η1, η2)]

≤ − 1

2ξ

d

dt
E(t) + ξG0R

2γ2 [aΓ1
(φ1, φ2, ψ, η1, η2) + a0(φ1, φ2) + a2(ψ, η1, η2)] + ξG0γ1(1− ε)2RE(t)

❯s✐♥❣ ✭✶✳✶✵✺✮ ✐♥ ✭✶✳✾✽✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

d

dt
ρε(t) ≤ d

dt
J0 +

1

2
c
Γ1
(φ1, φ2, ψ, η1, η2)−

1

2ξ

d

dt
E(t)−

(
1

2
− ξγ2G0R

2

)
a

Γ1
(φ1, φ2, ψ, η1, η2)

−
[
ε− 2ξγ1G0(1− ε)2R

]
E(t)−

[ε
2
− ξγ2G0R

2
]
[a0(φ1, φ2) + a2(ψ, η1, η2)] ,✭✶✳✶✵✻✮

✇❤❡r❡

c
Γ1
(φ1, φ2, ψ, η1, η2) = 2

d

dt
J1 = ρh

∫

Γ1

m · ν
[
h2

12
(φ2

1t + φ2
2t) + ψ2

t + η21t + η22t

]
dΓ.

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ J0 ❛♥❞ t❤❡ ✜rst ♦❢ t❤❡ ❣❡♦♠❡tr✐❝ ❛ss✉♠♣t✐♦♥s ✐♥ ✭✶✳✻✵✮✱ ✇❡ ❤❛✈❡

d

dt
J0 =

1

2

∫ T

0

∫

Γ0

m · ν
{
D

[
(φ1x)

2
+ (φ2y)

2
+ 2µφ1xφ2y +

1− µ

2
(φ1y + φ2x)

2

]
+ k

[
(φ1 + ψx)

2

+ (φ2 + ψy)
2
]
+

Eh

1− µ2

[
(1− µ)

(
η1x +

1

2
ψ2

x

)2

+ (1− µ)

(
η2y +

1

2
ψ2

y

)2

+ µ

(
η1x + η2y +

1

2
|∇ψ|2

)2

+
1− µ

2
(η1y + η2x + ψxψy)

2

]}
+

1− µ

4

∫

Γ0

m · ν
(
ν2
∂φ1

∂ν
+ ν1

∂φ2

∂ν

)2

≤ −1

2
a

Γ0
(φ1, φ2, ψ, η1, η2), ✭✶✳✶✵✼✮

✹✼



✇❤❡r❡

a
Γ0
(φ1, φ2, ψ, η1, η2) =

1

2

∫ T

0

∫

Γ0

|m · ν|
{
D

[
(φ1x)

2
+ (φ2y)

2
+ 2µφ1xφ2y +

1− µ

2
(φ1y + φ2x)

2

]
+ k

[
(φ1 + ψx)

2

+ (φ2 + ψy)
2
]
+

Eh

1− µ2

[
(1− µ)

(
η1x +

1

2
ψ2

x

)2

+ (1− µ)

(
η2y +

1

2
ψ2

y

)2

+ µ

(
η1x + η2y +

1

2
|∇ψ|2

)2

+
1− µ

2
(η1y + η2x + ψxψy)

2

]}
.

❙✉❜st✐t✉t✐♥❣ ✭✶✳✶✵✼✮ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✶✵✻✮✱ ♦♥❡ ❣❡ts t❤❡ ❡st✐♠❛t❡

d

dt
ρε(t) ≤ +

1

2
c
Γ1
(φ1, φ2, ψ, η1, η2)−

1

2ξ

d

dt
E(t)−

(
1

2
− ξγ2G0R

2

)
a

Γ1
(φ1, φ2, ψ, η1, η2) ✭✶✳✶✵✽✮

−
[
ε− 2ξγ1G0(1− ε)2R

]
E(t)−

[ε
2
− ξγ2G0R

2

]
[a0(φ1, φ2) + a2(ψ, η1, η2)]−

1

2
a

Γ0
(φ1, φ2, ψ, η1, η2),

◆♦✇✱ t❛❦✐♥❣ ε < 1/2 ❛♥❞ ❝❤♦♦s✐♥❣ ξ > 0 s♠❛❧❧ ❡♥♦✉❣❤ s✉❝❤ t❤❛t

2ξγ1G0(1− ε)2R ≤ ε

2
, ξγ2G0R

2 ≤ ε

4
<

1

4
,

✇❡ ❝❛♥ ❣✉❛r❛♥t❡❡ ❢r♦♠ ✐♥❡q✉❛❧✐t② ✭✶✳✶✵✽✮ t❤❛t

d

dt
ρε(t) ≤ − 1

2ξ

d

dt
E(t)−ε

2
E(t)+

1

2
c
Γ1
(φ1, φ2, ψ, η1, η2)−

1

4
a

Γ1
(φ1, φ2, ψ, η1, η2)−

1

4
a

Γ0
(φ1, φ2, ψ, η1, η2).

▲❡t ✉s ❝♦♥s✐❞❡r

Fε,δ(t) = E(t) + δρε(t)

✇✐t❤ δ > 0✳ ❚❤❡r❡❢♦r❡✱

d

dt
Fε,δ(t) =

d

dt
E(t) + δ

d

dt
ρε(t)

=

(
1− δ

2ξ

)
d

dt
E(t)− δε

2
E(t) +

δ

2
c
Γ1
(φ1, φ2, ψ, η1, η2)−

δ

4
a

Γ
(φ1, φ2, ψ, η1, η2),

✇❤❡r❡

a
Γ
(φ1, φ2, ψ, η1, η2) = a

Γ0
(φ1, φ2, ψ, η1, η2) + a

Γ1
(φ1, φ2, ψ, η1, η2).

❋r♦♠ ✭✶✳✻✶✮✱ ✇❡ ❣❡t

d

dt
E(t) = −

∫

Γ1

[
φ2
1t + φ2

2t + ψ2
t + η21t + η22t

]
dΓ

≤ −g0
∫

Γ1

m · ν
[
φ2
1t + φ2

2t + ψ2
t + η21t + η22t

]
dΓ

≤ − g0
ρh
c
Γ1
(φ1, φ2, ψ, η1, η2), ✭✶✳✶✵✾✮

✹✽



♣r♦✈✐❞❡❞ h2

12
≤ 1 ✭❛s ✇❡ ♠❛② ❛ss✉♠❡✮✳ ❚❤❡r❡❢♦r❡

d

dt
Fε,δ(t) = −

[
g0
ρh

(
1− δ

2ξ

)
− δ

2

]
c
Γ1
(φ1, φ2, ψ, η1, η2)−

εδ

2
E(t)− δ

4
a

Γ1
(φ1, φ2, ψ, η1, η2)

≤ −εδ
2
E(t)− δ

4

[
c
Γ1
(φ1, φ2, ψ, η1, η2) + a

Γ1
(φ1, φ2, ψ, η1, η2)

]
✭✶✳✶✶✵✮

= −εδ
2
E(t)− δ

2
EΓ(t),

✇✐t❤ δ > 0 ❜❡✐♥❣ ❝❤♦s❡♥ s✉❝❤ t❤❛t

g0
ρh

(
1− δ

2ξ

)
− δ

2
≥ δ

4
.

❙t❡♣ ✸ ❚♦ ❣❡t t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ E(t) ✉s✐♥❣ ✐♥❡q✉❛❧✐t② ✭✶✳✶✶✵✮✱ ✇❡ ♥❡❡❞ t♦

❝♦♠♣❛r❡ E(t) ❛♥❞ Fε,δ(t)✳ ❚♦ ❝❛rr② t❤✐s ♦✉t✱ ✇❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✶✳✾✵✮ ♦❢ ρε(t) ❛♥❞

❛ r❡s✉❧t ❞✉❡ t♦ ▲❛❣♥❡s❡ ✭s❡❡ ❬✷✺✱ ▲❡♠♠❛ ✷✳✶❪✮ t♦ ♦❜t❛✐♥

|ρε(t)| ≤ CE(t),

✇❤❡r❡ C ❞❡♣❡♥❞s ♦♥ Ω, D, µ, ❛♥❞ K0 ✭K ≥ K0 > 0✮ ❜✉t ♥♦t ♦♥ ε✳ ❈♦♥s❡q✉❡♥t❧②

|Fε,δ − E(t)| = δρε(t) ≤ δCE(t).

❚❤❡r❡❢♦r❡✱

(1− δC)E(t) ≤ Fε,δ(t) ≤ (1 + δC)E(t).

▼♦r❡♦✈❡r✱ s✐♥❝❡

E(t) +
1

ε
EΓ(t) ≥ E(t),

♦♥❡ ❣❡ts
d

dt
Fε,δ ≤ −ωFε,δ,

✇❤❡r❡ ω = δε
2(1+δC)

. ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✶✳✾✵✮✱ ✭✶✳✾✸✮ ❛♥❞ ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ ε ✭s❡❡ ✭✶✳✾✼✮✮✱

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C > 0 ❛♥❞ ω > 0 s✉❝❤ t❤❛t

E(t) ≤ CE(0)e−ωt,

❢♦r ❡✈❡r② t > 0 ❛♥❞ ❡✈❡r② s♦❧✉t✐♦♥ ♦❢ ✭✶✳✶✮✱ ✭✶✳✺✼✮✱ ✭✶✳✸✮✳ ❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳

✹✾



✶✳✺ ❋✉rt❤❡r ❝♦♠♠❡♥ts ❛♥❞ ♦♣❡♥ ♣r♦❜❧❡♠s

✭✐✮ ❆❧t❤♦✉❣❤ ✇❡ ❦♥♦✇ t❤❡ ♣❤②s✐❝❛❧ ❞❡❞✉❝t✐♦♥ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦

s②st❡♠ ✭✶✳✶✮✕✭✶✳✸✮ ✭s❡❡ ❡✳❣✳ ❬✷✼❪✱ ❬✹✹❪✮✱ ✇❡ ❛r❡ ♥♦t ❛✇❛r❡ ♦❢ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣

✇❡❧❧✲♣♦s❡❞♥❡ss ❛♥❞ r❡❣✉❧❛r✐t② ❢♦r ❛❧❧ k > 0✳ ❍♦✇❡✈❡r✱ s✐♥❝❡ ♦✉r ♠❛✐♥ ❣♦❛❧ ✇❛s

t♦ ❣✐✈❡ ❛ ♣♦s✐t✐✈❡ r❡s♣♦♥s❡ t♦ t❤❡ ▲❛❣♥❡s❡✲▲✐♦♥s ❝♦♥❥❡❝t✉r❡✱ ✇❤❛t ✇❡ ❝❛♥ s❛② ✐s

t❤❛t✱ ❢♦r k ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ ❢♦r ✐♥✐t✐❛❧ ❞❛t❛ ✐♥ t❤❡ s♣❛❝❡ X ✱ t❤❡ s②st❡♠ ✭✶✳✶✮✕✭✶✳✸✮

✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ❦♥♦✇♥ ✈♦♥ ❑ár♠á♥ s②st❡♠ ✭✶✳✺✮✕✭✶✳✼✮ ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✷✳✶✮✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡r❡ ✐s ❛♥ ❡①t❡♥s✐✈❡ ❧✐t❡r❛t✉r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ✇❡❧❧✲♣♦s❡❞♥❡ss✱

r❡❣✉❧❛r✐t②✱ st❛❜✐❧✐t②✱ ❡t❝✱ ❢♦r s②st❡♠ ✭✶✳✺✮✕✭✶✳✼✮ ✭s❡❡ ❬✶✼✱ ✷✺✱ ✷✻✱ ✷✾✱ ✹✸❪✮✳ ■♥ ❙❡❝t✐♦♥

✶✳✹ ✇❡ ❤❛✈❡ ❛♥❛❧②③❡❞ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ✭❛s t→ ∞✮ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡

♥♦♥❧✐♥❡❛r ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠ ✇✐t❤ ❜♦✉♥❞❛r② ❢❡❡❞❜❛❝❦✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡

❤❛❞ t♦ r❡q✉❡st ❛♥ ❛❞❞✐t✐♦♥❛❧ r❡❣✉❧❛r✐t② ❢♦r t❤❡✐r s♦❧✉t✐♦♥s✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✐♥

❛❧❧ r❡s✉❧ts ♦❢ t❤❛t s❡❝t✐♦♥✱ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❡①♣r❡ss✐♦♥ ✏r❡❣✉❧❛r ❡♥♦✉❣❤✧t♦ t❤❡

s♦❧✉t✐♦♥s✱ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❛t✱ ✉♥❞❡r ❝❡rt❛✐♥ r❡str✐❝t✐♦♥s✱ t❤❡ r❡s✉❧ts ❤♦❧❞✳ ■♥

♦✉r ❝❛s❡✱ ❢♦r ✐♥st❛♥❝❡✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ s♦❧✉t✐♦♥ {φ1(t), φ2(t), ψ(t), η1(t), η2(t)} ∈
[
H2 ∩H1

Γ0

]2×
[
H3 ∩H1

Γ0

]
×
[
H2 ∩H1

Γ0

]2
✱ t❤❡ st❛❜✐❧✐t② r❡s✉❧t ❤♦❧❞✳ ❋♦r t❤❡ ❧✐♥❡❛r

▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠✱ t❤✐s ✐ss✉❡ ✇❛s tr❡❛t❡❞ ✐♥ ❬✷✺✱ ❘❡♠❛r❦ ✸✳✶❪✳

✭✐✐✮ ■♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠s ✶✳✷✳✶✱ ✶✳✸✳✶ ❛♥❞ ✶✳✹✳✺✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❝❛s❡ ✇❤❡r❡

t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛r❡ ✜①❡❞✳ ❚❤❡ s❛♠❡ r❡s✉❧ts ❤♦❧❞ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡②

❞♦ ❞❡♣❡♥❞ ♦♥ k✱ ♣r♦✈✐❞❡❞ ✇❡ ❛ss✉♠❡ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛
{
φk10, φ

k
11, φ

k
20, φ

k
21, ψ

k
0 , ψ

k
1 , η

k
10,

ηk11, η
k
20, η

k
21

}
t♦ ❜❡ s✉❝❤ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❡♥❡r❣② Ek(0) r❡♠❛✐♥s ❜♦✉♥❞❡❞ ❛♥❞ s✉❝❤

t❤❛t t❤❡② ❝♦♥✈❡r❣❡ ✇❡❛❦❧② t♦ {φ10, φ11, φ20, φ21, ψ0, ψ1, η10, η11, η20, η21} ✐♥ t❤❡ ❝♦r✲

r❡s♣♦♥❞✐♥❣ s♣❛❝❡s✳

✭✐✐✐✮ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❛♥❛❧②③❡ ✇❤❡t❤❡r t❤❡ s❛♠❡ st❛❜✐❧✐③❛t✐♦♥ r❡s✉❧ts ✭❚❤❡✲

♦r❡♠s ✶✳✸✳✶✱ ✶✳✹✳✺✮ ❤♦❧❞ ❝♦♥s✐❞❡r✐♥❣ t❤❡ s②st❡♠s ✭✶✳✸✾✮✱ ✭✶✳✷✮✱ ✭✶✳✸✮ ❛♥❞ ✭✶✳✶✮✱

✭✶✳✺✼✮✱ ✭✶✳✸✮ ✇✐t❤ ❧❡ss ❞❛♠♣✐♥❣ t❡r♠s✳ ❚♦ ❡❧✐♠✐♥❛t❡ s♦♠❡ ♦❢ t❤❡s❡ ❞✐ss✐♣❛t✐✈❡

t❡r♠s ✐s ❛ ❞✐✣❝✉❧t t❛s❦ ❞✉❡ t♦ t❤❡ ❝♦♠♣❧❡① ♥♦♥❧✐♥❡❛r✐t✐❡s ✐♥✈♦❧✈❡❞✳ ■♥ t❤✐s ❝♦♥✲

t❡①t✱ ✇❡ ❝❛♥ ♠❡♥t✐♦♥ t❤❡ ✇♦r❦s ❬✶❪✕❬✸❪✱ ❬✻❪ ❛♥❞ ❬✺✷❪ ✇❤✐❝❤ ❤❛✈❡ ♦❜t❛✐♥❡❞ st❛❜✐❧✐t②

❢♦r s♦♠❡ ❤②♣❡r❜♦❧✐❝ s②st❡♠s ✇✐t❤♦✉t ❞❛♠♣✐♥❣ t❡r♠s ✐♥ s♦♠❡ ♦❢ ✐ts ❡q✉❛t✐♦♥s✳

✭✐✈✮ ❆♥♦t❤❡r ✐♥t❡r❡st✐♥❣ ❛♥❞ ❞✐✣❝✉❧t ♣r♦❜❧❡♠ ✐s t♦ ♦❜t❛✐♥ t❤❡ s❛♠❡ r❡s✉❧t ✐♥ ❚❤❡♦r❡♠

✺✵



✶✳✸✳✶ ✇❤❡♥ t❤❡ ❞❛♠♣✐♥❣ ♠❡❝❤❛♥✐s♠s ❛❝t ✐♥ ❛♥ ❛r❜✐tr❛r② s♠❛❧❧ r❡❣✐♦♥ ♦❢ t❤❡ ♣❧❛t❡✳

❚❤❡ ❞✐✣❝✉❧t② ❢♦r t❤✐s ❝❛s❡✱ ♦❢ ❝♦✉rs❡✱ ❝♦♥s✐sts ✐♥ ❣❡tt✐♥❣ ❛ ✉♥✐q✉❡ ❝♦♥t✐♥✉❛t✐♦♥

r❡s✉❧t ❢♦r t❤❡ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ s②st❡♠✳ ❖♥ t❤✐s s✉❜❥❡❝t✱ ✇❡ ♠❡♥t✐♦♥ ❬✶✷❪✱ ❬✶✸❪✱

❬✶✽❪✱ ❬✷✸❪✱ ❬✻✶❪ ✇❤✐❝❤ ❤❛✈❡ ♦❜t❛✐♥❡❞ ❞❡❝❛② r❛t❡s ❢♦r t❤❡ ❡♥❡r❣② ♦❢ ✈❛r✐♦✉s ❤②♣❡r❜♦❧✐❝

s②st❡♠s ❝♦♥s✐❞❡r✐♥❣ ❜♦t❤ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r ❧♦❝❛❧✐③❡❞ ❞❛♠♣✐♥❣ t❡r♠s✳

✺✶



❈❛♣ít✉❧♦ ✷

❆s②♠♣t♦t✐❝ ❧✐♠✐ts ❛♥❞ st❛❜✐❧✐③❛t✐♦♥ ❢♦r

t❤❡ ❧✐♥❡❛r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧

❚✐♠♦s❤❡♥❦♦ s②st❡♠





❆s②♠♣t♦t✐❝ ❧✐♠✐ts ❛♥❞ st❛❜✐❧✐③❛t✐♦♥ ❢♦r t❤❡ ❧✐♥❡❛r
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❚✐♠♦s❤❡♥❦♦ s②st❡♠

❋✳ ❆♠♠❛r✲❑❤♦❞❥❛ ❛♥❞ P✳ ◗✉❡✐r♦③ ❞❡ ❙♦✉③❛

❆❜str❛❝t✿ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❛r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❚✐♠♦s❤❡♥❦♦ s②st❡♠

❢♦r ❜❡❛♠s✳ ❲❡ s❤♦✇ ❤♦✇ ❛ ❢♦✉rt❤ ♦r❞❡r ♣❛r❛❜♦❧✐❝ s②st❡♠ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❛ s✐♥❣✉❧❛r

❧✐♠✐t ♦❢ ❚✐♠♦s❤❡♥❦♦✬s s②st❡♠ ✇❤❡♥ t❤❡ t❤✐❝❦♥❡ss h ❛♥❞ t❤❡ ♠♦❞✉❧✉s ♦❢ ❡❧❛st✐❝✐t② ✐♥

s❤❡❛r k t❡♥❞s t♦ ③❡r♦ ❛♥❞ ✐♥✜♥✐t②✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❛❧s♦ s❤♦✇ t❤❛t t❤❡ ❚✐♠♦s❤❡♥❦♦

s②st❡♠ ❢♦r ❜❡❛♠ ❝❛♥ ❜❡ ✉♥✐❢♦r♠❧② st❛❜✐❧✐③❡❞ ❜② ♦♥❡ ✐♥t❡r♥❛❧ ❞❛♠♣✐♥❣✳ ❚❤❡ ♣r♦♦❢ ✐s

❜❛s❡❞ ♦♥ ♠✉❧t✐♣❧✐❡rs t❡❝❤♥✐q✉❡s✳

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ❚✐♠♦s❤❡♥❦♦ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✐s ✇✐❞❡❧② ✉s❡❞ ❛♥❞ ❢❛✐r❧② ❝♦♠♣❧❡t❡ ♠❛t❤❡✲

♠❛t✐❝❛❧ ♠♦❞❡❧ ♦❢ ❜❡❛♠s ❛♥❞ ❡❧❛st✐❝ s②st❡♠s✱ s♦ ✐t ✐s ✈❡r② ✐♠♣♦rt❛♥t t♦ ✐♥✈❡st✐❣❛t❡ t❤❡

st❛❜✐❧✐t② ♦❢ s✉❝❤ ❡❧❛st✐❝ s②st❡♠s ✇✐t❤ ❞✐str✐❜✉t❡❞ ❢❡❡❞❜❛❝❦✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❛ ❜❡❛♠

♦❢ ❧❡♥❣t❤ L > 0✱ ❛ ❝r♦ss s❡❝t✐♦♥ ♦❢ ❛ ❜❡❛♠ ✇✐t❤ ❛ s✉✣❝✐❡♥t❧② s♠♦♦t❤ ❜♦✉♥❞❛r② Γ✱ t❤❡

❚✐♠♦s❤❡♥❦♦ ❜❡❛♠ s②st❡♠ ✐s ❞❡s❝r✐❜❡❞ ❜②





ρh3

12
φtt − φxx + k (φ+ ψx) = 0 ✐♥ Q,

ρhψtt − k (φ+ ψx)x = 0 ✐♥ Q,
✭✷✳✶✮

✇❤❡r❡ Q = (0, L)× (0, T )✱ t❤❡ ✐♥t❡r✈❛❧ (0, L) ✐s t❤❡ s❡❣♠❡♥t ♦❝❝✉♣✐❡❞ ❜② t❤❡ ❜❡❛♠✱ ❛♥❞

T ✐s ❛ ❣✐✈❡♥ ♣♦s✐t✐✈❡ t✐♠❡✳ ■♥ s②st❡♠ ✭✷✳✶✮✱ s✉❜s❝r✐♣ts ♠❡❛♥s ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s✳ ❚❤❡

✉♥❦♥♦✇♥s φ = φ(x, t) ❛♥❞ ψ = ψ(x, t) r❡♣r❡s❡♥t✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❛♥❣❧❡ ♦❢ r♦t❛t✐♦♥

❛♥❞ t❤❡ ✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❛t t✐♠❡ t ♦❢ t❤❡ ❝r♦ss s❡❝t✐♦♥ ❧♦❝❛t❡❞ x ✉♥✐ts ❢r♦♠ t❤❡

❡♥❞✲♣♦✐♥t x = 0✳ ❚❤❡ ❝♦♥st❛♥t h > 0 r❡♣r❡s❡♥ts t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❜❡❛♠ ✇❤✐❝❤✱ ✐♥

t❤✐s ♠♦❞❡❧✱ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ s♠❛❧❧ ❛♥❞ ✉♥✐❢♦r♠ ✇✐t❤ r❡s♣❡❝t t♦ x✳ ❚❤❡ ❝♦♥st❛♥t ρ

✐s t❤❡ ♠❛ss ❞❡♥s✐t② ♣❡r ✉♥✐t ✈♦❧✉♠❡ ♦❢ t❤❡ ❜❡❛♠ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r k ✐s t❤❡ s♦ ❝❛❧❧❡❞

♠♦❞✉❧✉s ♦❢ ❡❧❛st✐❝✐t② ✐♥ s❤❡❛r✳

❚❤❡r❡ ✐s ❛ ❧❛r❣❡ ❧✐t❡r❛t✉r❡ ♦♥ t❤✐s ♠♦❞❡❧✱ ❛❞❞r❡ss✐♥❣ ♣r♦❜❧❡♠s ♦❢ ❡①✐st❡♥❝❡✱ ✉♥✐✲

q✉❡♥❡ss✱ ❛s②♠♣t♦t✐❝ ❧✐♠✐t ❛♥❞ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ✐♥ t✐♠❡ ✇❤❡♥ s♦♠❡ ❞❛♠♣✐♥❣ ❡✛❡❝ts

❛r❡ ❝♦♥s✐❞❡r❡❞✱ ❛s ✇❡❧❧ ❛s s♦♠❡ ♦t❤❡r ✐♠♣♦rt❛♥t ♣r♦♣❡rt✐❡s✳ ▲❡t ✉s ♠❡♥t✐♦♥ s♦♠❡ ❦♥♦✇♥

r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ❚✐♠♦s❤❡♥❦♦ ❜❡❛♠✳ ❑✐♠ ❛♥❞ ❘❡♥❛r❞② ❬✷✷❪

✺✹



♣r♦✈❡❞ t❤❡ ❡①♣♦♥❡♥t✐❛❧ st❛❜✐❧✐t② ♦❢ t❤❡ ❚✐♠♦s❤❡♥❦♦ ❜❡❛♠ ✉♥❞❡r t✇♦ ❜♦✉♥❞❛r② ❝♦♥✲

tr♦❧s✳ ❙♦✉❢②❛♥❡ ❬✺✷❪ s❤♦✇❡❞ t❤❡ ❡①♣♦♥❡♥t✐❛❧ st❛❜✐❧✐t② ♦❢ t❤❡ ✉♥✐❢♦r♠ ❚✐♠♦s❤❡♥❦♦ ❜❡❛♠

❜② ✉s✐♥❣ ♦♥❡ ❞✐str✐❜✉t❡❞ ❢❡❡❞❜❛❝❦✳ ❙❤✐ ❡t ❛❧✳ ❬✹✾❪ ❝♦♥s✐❞❡r❡❞ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✉♥✐❢♦r♠

❚✐♠♦s❤❡♥❦♦ ❜❡❛♠ ✉♥❞❡r t✇♦ ❧♦❝❛❧❧② ❞✐str✐❜✉t❡❞ ❢❡❡❞❜❛❝❦s✳ ❆♠♠❛r✲❑❤♦❞❥❛ ❡t ❛❧✳ ❬✺❪

st✉❞✐❡❞ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ✉♥✐❢♦r♠ ❚✐♠♦s❤❡♥❦♦ ❜❡❛♠ ♦❢ ♠❡♠♦r② t②♣❡✳ ❙♦✉❢②❛♥❡

❛♥❞ ❲❡❤❜❡ ❬✺✸❪ ♣r♦✈❡❞ t❤❡ ✉♥✐❢♦r♠ st❛❜✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ❚✐♠♦s❤❡♥❦♦ ❜❡❛♠ ✉♥❞❡r ♦♥❡

❧♦❝❛❧❧② ❞✐str✐❜✉t❡❞ ❢❡❡❞❜❛❝❦✳ ❳✉ ❛♥❞ ❨✉♥❣ ❬✺✼❪ ♣r♦✈❡❞ ❛♥ ❡①♣♦♥❡♥t✐❛❧ st❛❜✐❧✐t② ♦❢ t❤❡

✉♥✐❢♦r♠ ❚✐♠♦s❤❡♥❦♦ ❜❡❛♠ ❜② t✇♦ ♣♦✐♥t✇✐s❡ ❝♦♥tr♦❧s✳ ❚❤❡ ✜rst ❛♥❛❧②s✐s ❢♦r ❛ ❚✐✲

♠♦s❤❡♥❦♦ ❜❡❛♠ ✇✐t❤ ✈❛r✐❛❜❧❡ ♣❤②s✐❝❛❧ ♣❛r❛♠❡t❡rs s❡❡♠s t♦ ❜❡ t❤❡ ♦♥❡ ♦❢ ❚❛②❧♦r ❬✺✹❪✳

❍❡ st✉❞✐❡❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥tr♦❧ ♦❢ s②st❡♠ ✭✷✳✶✮ ✉♥❞❡r t✇♦ ❢❡❡❞❜❛❝❦s✳ ❨❛♥ ❡t ❛❧✳ ❬✺✽❪

st✉❞✐❡❞ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♥♦♥✉♥✐❢♦r♠ ❚✐♠♦s❤❡♥❦♦ ❜❡❛♠ ✉♥❞❡r t✇♦ ❧♦❝❛❧❧② ❞✐str✐❜✉t❡❞

❢❡❡❞❜❛❝❦s✳

■♥ ✶✾✽✽✱ ❏✳❊ ▲❛❣♥❡s❡ ❛♥❞ ❏✳✲▲✳ ▲✐♦♥s ♣r♦✈❡❞ ✐♥ ❬✷✼❪ ✭s❡❡ ❛❧s♦ ❬✾❪✮ t❤❛t✱ ✐♥ t❤❡

❧✐♥❡❛r ❝❛s❡✱ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❚✐♠♦s❤❡♥❦♦ ♠♦❞❡❧ ❝♦♥✈❡r❣❡s✱ ❛s k → ∞✱ t♦✇❛r❞s t♦ t❤❡

s♦❧✉t✐♦♥ ♦❢ t❤❡ ❑✐r❝❤❤♦✛ ♠♦❞❡❧ ✭s✉❜❥❡❝t t♦ ❛♣♣r♦♣r✐❛t❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✮✳ ▼♦r❡

♣r❡❝✐s❡❧②✱ t❤❡② ♣r♦✈❡❞ t❤❛t✱ ❢♦r ❛ ❜❡❛♠ ♦❢ ❧❡♥❣t❤ L > 0 ❛ ❝r♦ss s❡❝t✐♦♥ ♦❢ ❛ ❜❡❛♠ ✇✐t❤

❛ s✉✣❝✐❡♥t❧② s♠♦♦t❤ ❜♦✉♥❞❛r② Γ✱ t❤❡ ❧✐♥❡❛r ❚✐♠♦s❤❡♥❦♦ s②st❡♠ ✭✷✳✶✮ ❝♦♥✈❡r❣❡s✱ ❛s

k → ∞✱ t♦ t❤❡ ❑✐r❝❤❤♦✛ ❜❡❛♠ ♠♦❞❡❧

ρhψtt −
ρh3

12
ψxxtt + ψxxxx = 0. ✭✷✳✷✮

✉♥❞❡r ✈❛r✐♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡② ❛❧s♦ ♣r♦✈❡❞ t❤❛t ✐♥ ❛ s✐t✉❛t✐♦♥s ♥♦t ♣❤②s✐❝❛❧❧②

✐♥t❡r❡st✐♥❣✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❝♦♥tr♦❧ ❛s k → ∞✳ ❚❤✐s ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❢♦r t❤❡

❝♦♥tr♦❧ ❜✉t ❛ss✉♠✐♥❣ t❤❛t h ✐s ✧❧❛r❣❡✧✇✐t❤ r❡s♣❡❝t t♦ L ✲ ✐s ❡①❛❝t❧② t❤❡ ♦♣♣♦s✐t❡ ♦❢ t❤❡

❛ss✉♠♣t✐♦♥ t♦ ♦❜t❛✐♥ t❤❡ ♠♦❞❡❧✳ ■♥ ✷✵✶✵✱ ✇❛s ♣r♦✈❡❞ ❜② ❆r❛r✉♥❛✲❇r❛③ ❡ ❙✐❧✈❛✲❩✉❛③✉❛

✭s❡❡ ❬✽❪✮ t❤❛t✱ ✐♥ t❤❡ ♥♦♥❧✐♥❡❛r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ ✐❢ ❛ ❢♦✉rt❤ ♦r❞❡r r❡❣✉❧❛r✐③✐♥❣ t❡r♠

✐s ❛❞❞❡❞ ✐♥ t❤❡ ❝♦♠♣♦♥❡♥t ψ✱ t❤❡♥ t❤❡ ♥♦♥❧✐♥❡❛r ❝♦♠♣❧❡t❡ ❚✐♠♦s❤❡♥❦♦ s②st❡♠ ♠❛② ❜❡

❞❡r✐✈❡❞ ❛s ❛ s✐♥❣✉❧❛r ❧✐♠✐t ♦❢ t❤❡ ❱♦♥✲❑ár♠á♥ s②st❡♠✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡② ♣r♦✈❡ t❤❛t

t❤❡ ♥♦♥❧✐♥❡❛r ❚✐♠♦s❤❡♥❦♦ s②st❡♠




ρh3

12
φtt − φxx + k (φ+ ψx) = 0 ✐♥ Q,

ρhψtt − k (φ+ ψx)x −
[
ψx

(
ηx +

1

2
ψ2
x

)]

x

+
1

k
ψxxxx = 0 ✐♥ Q,

ρhηtt −
(
ηx +

1

2
ψ2
x

)

x

= 0 ✐♥ Q,

✭✷✳✸✮

✺✺



❛♣♣r♦❛❝❤❡s✱ ❛s k → ∞✱ t❤❡ ❱♦♥✲❑ár♠á♥ s②st❡♠




ρhψtt −
ρh3

12
ψxxtt + ψxxxx −

[
ψx

(
ηx +

1

2
ψ2
x

)]

x

= 0 ✐♥ Q

ρhηtt −
(
ηx +

1

2
ψ2
x

)

x

= 0 ✐♥ Q.

❋✉rt❤❡r♠♦r❡✱ t❤❡② ♣r♦✈❡❞ t❤❛t✱ ❛❞❞✐♥❣ ❛♣♣r♦♣r✐❛t❡ ❞❛♠♣✐♥❣ t❡r♠ ✐♥ t❤❡ t❤r❡❡ ❡q✉❛✲

t✐♦♥s ♦❢ t❤❡ s②st❡♠ ✭✷✳✸✮✱ t❤❡r❡ ✐s ❛ ✉♥✐❢♦r♠ ✭✇✐t❤ r❡s♣❡❝t t♦ k✮ r❛t❡ ♦❢ ❞❡❝❛② ❢♦r t❤❡

t♦t❛❧ ❡♥❡r❣② ♦❢ t❤❡ s♦❧✉t✐♦♥s ♦❢ ✭✷✳✸✮ ❛s t→ ∞✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r♦✈❡ t❤❛t✱ t❤❡ ❛s②♠♣t♦t✐❝ ❧✐♠✐t ♦❢ t❤❡ ❚✐♠♦s❤❡♥❦♦ s②st❡♠

❝♦♥✈❡r❣❡s t♦ ❛ ❢♦✉rt❤ ♦r❞❡r ♣❛r❛❜♦❧✐❝ s②st❡♠✳ ▼♦r❡♦✈❡r✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞❡❝❛②

♣r♦♣❡rt✐❡s ♦❢ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❧✐♥❡❛r ❚✐♠♦s❤❡♥❦♦ ❜❡❛♠ ✉♥❞❡r ♦♥❡ ✐♥t❡r♥❛❧ ❞❛♠♣✐♥❣ ❛♥❞

t❤❡ ❝♦♥❞✐t✐♦♥ 12
ρh3

= k
ρh
✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❛♠♣❡❞ s②st❡♠✿




ρh3

12
φtt − φxx + k (φ+ ψx) + αφt = 0,

ρhψtt − k (φ+ ψx)x = 0,
✭✷✳✹✮

✇❤❡r❡ α ≥ 0 ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡✳ ❲❡ ❝♦♥s✐❞❡r ✭✷✳✹✮ ✉♥❞❡r ❉✐r✐❝❤❧❡t

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿




φ (0, ·) = φ (L, ·) = 0 ♦♥ (0, T ) ,

ψ (0, ·) = ψ (L, ·) = 0 ♦♥ (0, T ) ,
✭✷✳✺✮

❛♥❞ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛




{φ (·, 0) , ψ (·, 0)} = {φ0, ψ0} ✐♥ (0, L) ,

{φt (·, 0) , ψt (·, 0)} = {φ1, ψ1} ✐♥ (0, L) .
✭✷✳✻✮

❲❡ ❝❛♥ ❡♥s✉r❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥s ❢♦r t❤❡ s②st❡♠ ✭✷✳✹✮✱ ✭✷✳✺✮✱

✭✷✳✻✮ ✉s✐♥❣ s❡♠✐❣r♦✉♣ t❤❡♦r②✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❍✐❧❜❡rt s♣❛❝❡

H =
[
H1

0 (0, L)× L2(0, L)
]2
,

❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t✿

〈Y, Ỹ 〉H =

∫ L

0

[
ρh3

12
v2ṽ2 + ρhw2w̃2 + k(v1 + w1x)(ṽ1 + w̃1x) + v1xṽ1x

]
dx ✭✷✳✼✮

✇❤❡r❡ Y = (v1, v2, w1, w2), Ỹ = (ṽ1, ṽ2, w̃1, w̃2) ∈ H✱ t❤❡♥ ❢♦r ❛♥② (φ0, φ1, ψ0, ψ1) ∈ H
t❤❡ ♣r♦❜❧❡♠ ✭✷✳✹✮✱ ✭✷✳✺✮✱✭✷✳✻✮ ❤❛s ❛ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥ ✐♥ t❤❡ ❝❧❛ss

{φ, ψ} ∈ C0
(
[0,∞);

[
H1

0 (0, L)
]2) ∩ C1

(
[0,∞);

[
L2(0, L)

]2)
.

✺✻



▼♦r❡♦✈❡r✱ t❤❡ ❡♥❡r❣② Eh,k(t)✱ ❣✐✈❡ ❜②

Eh,k(t) =
1

2

[
ρh3

12

∣∣∣φh,kt
∣∣∣
2

+ ρh
∣∣∣ψh,kt

∣∣∣
2

+
∣∣φh,kx

∣∣2 + k
∣∣φh,k + ψh,kx

∣∣2
]

✭✷✳✽✮

♦❜❡②s t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ❧❛✇

d

dt
Eh,k(t) = −

∫ L

0

α
(
φh,kt

)2
✭✷✳✾✮

✇❤❡r❡ | · | ❞❡♥♦t❡s t❤❡ ♥♦r♠ ✐♥ L2(0, L)✳

❚❤❡ ♣❧❛♥ ♦❢ t❤❡ ♣❛♣❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ■♥ t❤❡ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝

❧✐♠✐t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡t❡rs k ❛♥❞ h ♣r♦✈✐♥❣ t❤❛t ✐♥ ❢❛❝t t❤❡ ❧✐♠✐t ♦❢ t❤❡

❚✐♠♦s❤❡♥❦♦ s②st❡♠ ❝♦♥✈❡r❣❡ t♦✇❛r❞ ❛ ❢♦✉rt❤ ♦r❞❡r ♣❛r❛❜♦❧✐❝ s②st❡♠✳ ■♥ t❤❡ ❙❡❝t✐♦♥

✷✳✸ t❤❡ ✉♥✐❢♦r♠ st❛❜✐❧✐③❛t✐♦♥ ♦❢ ✭✷✳✶✮ ✐s ♣r♦✈❡❞ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ 12
ρh3

= k
ρh

♦♥ t❤❡

✇❤♦❧❡ ✐♥t❡r✈❛❧✱ ✉s✐♥❣ ♠✉❧t✐♣❧✐❡rs t❡❝❤♥✐q✉❡s ❛♥❞ ◆❡✈❡s ❡t✳ ❛❧✳ ❬✹✶❪ r❡s✉❧ts✳

✷✳✷ ❆s②♠♣t♦t✐❝ ❧✐♠✐t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡t❡rs

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛♥❛❧②③❡ t❤❡ ❜❡❛♠ ♠♦❞❡❧ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ✐♥ t❤❡

♣r❡s❡♥❝❡ ♦❢❛♥ ✐♥t❡r♥❛❧ ❧♦❝❛❧✐③❡❞ ❞❛♠♣✐♥❣✳

✷✳✷✳✶ ❚❤❡ ❧✐♠✐t s②st❡♠ ✇❤❡♥ (h, k) → (0,∞)

❋✐rst ♦❢ ❛❧❧✱ ✇❡ ✇✐❧❧ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❧✐♠✐t ✇❤❡♥ (h, k) → (0,∞)✳

❚❤❡♦r❡♠ ✷✳✷✳✶ ▲❡t {φh,k, ψh,k} ❜❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s t♦ ✭✷✳✹✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮ ✇✐t❤

❞❛t❛ {φ0, φ1, ψ0, ψ1} ∈ H s❛t✐s❢②✐♥❣

φ0 + ψ0x = 0 ✐♥ (0, L). ✭✷✳✶✵✮

▲❡t α ∈ L∞ ([0, L]) ❜❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥✳ ❚❤❡♥✱ ❧❡tt✐♥❣ (h, k) → (0,∞)✱ ♦♥❡ ❣❡ts

{φh,k, ψh,k} → {φ, ψ} ✇❡❛❦− ∗ ✐♥ L∞
(
0, T,

[
H1

0 (0, L)
]2)

❛♥❞ √
αφh,k → √

αφ ✐♥ C0
(
[0, T ], H1−θ

0 (0, L)
)
, θ ∈

(
0,

1

2

)
.

✇❤❡r❡ {φ, ψ} s♦❧✈❡s t❤❡ s②st❡♠




φ+ ψx = 0 ✐♥ Q,

αφt − φxx = 0 ✐♥ Q,

φ = 0 ✐♥ (0, T ),

αφ(·, 0) = αφ0(·) ✐♥ (0, L).

✭✷✳✶✶✮

✺✼



Pr♦♦❢✳ ❋♦r ❡❛❝❤ h, k > 0 ✜①❡❞✱ ❧❡t {φh,k, ψh,k} ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✹✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮

✇✐t❤ ❞❛t❛ ✐♥ H✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✷✳✾✮ ❛♥❞ t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ α✱ ✇❡ ❤❛✈❡✿

Eh,k(t) ≤ Eh,k(0), t ∈ (0,∞) .

❇✉t✱ t❤❛♥❦s t♦ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✷✳✶✵✮✱ ✇❡ ✜rst ❤❛✈❡✿

Eh,k(0) =
1

2

[
ρh3

12
|φ1|2 + ρh |ψ1|2 + |φ0,x|2 + k |φ0 + ψ0,x|2

]

=
1

2

[
ρh3

12
|φ1|2 + ρh |ψ1|2 + |φ0,x|2

]

≤ C

❢♦r✱ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ h ∈ (0, 1) . ❚❤✉s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡s ✭✐♥ h ❛♥❞ k✮

{
h3/2φh,kt

}
,
{
h1/2ψh,kt

}
,
{
φh,kx

}
,
{√

k
(
φh,k + ψh,kx

)}

❛r❡ ❜♦✉♥❞❡❞ ✐♥ L∞(0, T ;L2(0, L)).❲❡ ❛❧s♦ ❣❡t t❤❛t (ψh,kx ) ✐s ❜♦✉♥❞❡❞ ✐♥ L∞(0, T, L2(0, L))✳

■♥ ❢❛❝t✱
∣∣ψh,kx

∣∣ ≤
∣∣φh,k + ψh,kx

∣∣+ |φh,k| ≤ C.

❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ s❡q✉❡♥❝❡s (φh,k) ❛♥❞ (ψh,k) ❛r❡ ❜♦✉♥❞❡❞ ✐♥ L∞(0, T,H1
0 (0, L))✳

❚❤❡r❡❢♦r❡✱ ❡①tr❛❝t✐♥❣ s✉❜s❡q✉❡♥❝❡s ✭t❤❛t ✇❡ st✐❧❧ ❞❡♥♦t❡ ❜② t❤❡ s❛♠❡ ✐♥❞❡① t♦ s✐♠♣❧✐❢②

♥♦t❛t✐♦♥s✮✱ ♦♥❡ ❣❡ts✿

{
φh,k, ψh,k

}
→ {φ, ψ} ✇❡❛❦− ∗ ✐♥ L∞(0, T ;H1

0 (0, L)). ✭✷✳✶✷✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡
√
k
(
φh,k + ψh,kx

)
✐s ❜♦✉♥❞❡❞ ✐♥ L∞(0, T ;L2(0, L)), ✇❡ ❤❛✈❡

φh,k + ψh,kx → 0, ✇❡❛❦− ∗ ✐♥ L∞(0, T ;L2(0, L)). ✭✷✳✶✸✮

■t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✶✷✮ ❛♥❞ ✭✷✳✶✸✮ t❤❛t✿

φ+ ψx = 0, in Q. ✭✷✳✶✹✮

◆♦✇✱ ❡①tr❛❝t✐♥❣ s✉❜s❡q✉❡♥❝❡s ✭t❤❛t ✇❡ st✐❧❧ ❞❡♥♦t❡ ❜② t❤❡ s❛♠❡ ✐♥❞❡① t♦ s✐♠♣❧✐❢②

♥♦t❛t✐♦♥s✮✱ ♦♥❡ ❣❡ts

{√
h3φh,kt ,

√
hψh,kt

}
→ {µ, τ} ✇❡❛❦− ∗ ✐♥ L∞ (0, T, L2(0, L)

)
✭✷✳✶✺✮

✺✽



▼♦r❡♦✈❡r✱ ✉s✐♥❣ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✭✷✳✶✺✮✱ ✇❡ ♦❜t❛✐♥

{
h3φh,kt , hψh,kt

}
→ {0, 0} ✇❡❛❦− ∗ ✐♥ L∞ (0, T, L2(0, L)

)
. ✭✷✳✶✻✮

❋♦r {a, b} ∈ [H1
0 (0, L)]

2 s❛t✐s❢②✐♥❣

a+ bx = 0 ✭✷✳✶✼✮

t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❚✐♠♦s❤❡♥❦♦ s②st❡♠ ✭✷✳✹✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮ ✐s s✐♠♣❧②✿

ρh3

12

d

dt

(
φh,kt , a

)
+ ρh

d

dt

(
ψh,kt , b

)
+
(
φh,kx , ax

)
+
d

dt

(
αφh,k, a

)
= 0. ✭✷✳✶✽✮

❯s✐♥❣ ❝♦♥✈❡r❣❡♥❝❡s ✭✷✳✶✺✮✲✭✷✳✶✻✮ ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✶✽✮✱ ❛♥❞ ❛♣♣❧②✐♥❣ ✐❞❡♥t✐t✐❡s ✭✷✳✶✵✮ ❛♥❞

✭✷✳✶✼✮✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✭✷✳✶✶✮ ❣✐✈❡♥ ✐♥ ✭✷✳✶✾✮✳ ❚♦ ✜♥✐s❤

t❤❡ ♣r♦♦❢✱ ✐t r❡♠❛✐♥s t♦ ✐❞❡♥t✐❢② t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ♦❢ t❤❡ ❧✐♠✐t s②st❡♠✳

■♥t❡❣r❛t✐♥❣ ♦♥ (0, T ) t❤❡ r❡❧❛t✐♦♥ ✭✷✳✾✮ ❣✐✈❡s
∫ T

0

α
(
φh,kt

)2
dt = Eh,k(0)− Eh,k(t) ≤ C

❛♥❞ t❤❡ s❡q✉❡♥❝❡
(√

αφh,kt

)
✐s ❜♦✉♥❞❡❞ ✐♥ L2(Q)✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡s ✭✷✳✶✷✮✱

(√
αφh,k

)
✐s ❜♦✉♥❞❡❞ ✐♥ L∞(0, T ;H1

0 (0, L)). ❚❤✉s ❢r♦♠ t❤❡ ❝♦♠♣❛❝t♥❡ss r❡s✉❧t ✐♥ ❙✐♠♦♥

❬✺✵✱ ❈♦r♦❧❧❛r② ✹✱ ♣✳ ✽✺❪✱
(√

αφh,k
)
✐s ✐♥ ♣❛rt✐❝✉❧❛r ❝♦♠♣❛❝t ✐♥ C0

(
[0, T ], H1−θ

0 (0, L)
)

❢♦r ❛♥② θ ∈
(
0, 1

2

)
. ❚❤✉s✿

√
αφh,k → √

αφ ✐♥ C0
(
[0, T ], H1−θ

0 (0, L)
)
, θ ∈

(
0,

1

2

)
.

❚❤❡♥✱
√
αφh,k(·, 0) → √

αφ(·, 0) ✐♥ L2(0, L)✱ ✇❤✐❝❤ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✷✳✻✮1✱ ❣✉❛r❛♥t❡❡s

t❤❛t
√
αφ(·, 0) = √

αφ0 ❛♥❞ t❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

❚❤❡♦r❡♠ ✷✳✷✳✷ ❋♦r ❛♥② φ0 ∈ H1
0 (0, L), t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ φ ❢♦r t❤❡ ♣r♦✲

❜❧❡♠ ✭✷✳✶✶✮ ✇❤✐❝❤ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②




d

dt
(αφ, a) + (φx, ax) = 0, ∀ a ∈ H1

0 (0, L),

αφ (·, 0) = αφ0

✭✷✳✶✾✮

s✉❝❤ t❤❛t✿

φ ∈ L∞(0, T ;H1
0 (0, L)), ∀ T > 0,

❛♥❞ √
αφ ∈ C0

(
[0,∞) ;H1−θ

0 (0, L)
)

✺✾



❢♦r ❛♥② θ ∈
(
0, 1

2

)
✳ ❋✉rt❤❡r♠♦r❡ t❤❡ ❡♥❡r❣②

E(t) =
1

2

∫ L

0

αφ2, t ∈ (0,∞)

✐♥ ✭✷✳✶✶✮ s❛t✐s✜❡s

E(t) ≤ e−
2C

αmax
tE (0) , t ∈ (0,∞) ,

✇❤❡r❡ C > 0 ✐s t❤❡ P♦✐♥❝❛ré ❝♦♥st❛♥t✳

Pr♦♦❢✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥ ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ♦❢ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✳ ❚❤❡♥✱

✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ st✉❞②✱ ✜rst ♦❢ ❛❧❧✱ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❧✐♠✐t ♣r♦❜❧❡♠

✭✷✳✶✶✮✳

▲❡t φ1 ❛♥❞ φ2 s♦❧✉t✐♦♥s ♦❢ ✭✷✳✶✶✮ ❛♥❞ ✇❡ ❞❡✜♥❡ w = φ1 − φ2 s✉❝❤ t❤❛t




αwt − wxx = 0 ✐♥ Q

w = 0 ✐♥ (0, T )

w(·, 0) = 0 ✐♥ (0, L)

❇② t❤❡ ❡♥❡r❣② ✐❞❡♥t✐t② ♦❢ t❤❡ s②st❡♠

1

2

d

dt

∫ L

0

αw2 +

∫ L

0

w2
x = 0,

✇❡ ✐♥❢❡r t❤❛t
1

2

∫ L

0

αw2 +

∫ t

0

∫ L

0

w2
x = 0, t > 0

❛♥❞ t❤✉s 



αw2 = 0 ⇒ w (·, t) ≡ 0 supp(α),

w2
x = 0 ⇒ w = f(t) (0, L)× (0, t) ,

t > 0.

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t w ≡ 0 ✐♥ Q ❛♥❞ t❤✐s ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥

❢♦r t❤❡ ♣r♦❜❧❡♠ ✭✷✳✶✶✮✳

❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✷✳✶✱ ✇❡ ❞❡❞✉❝❡ ❛♥❛❧♦❣♦✉s❧② t❤❛t

φ ∈ L∞(0, T ;H1
0 (0, L)), ∀ T > 0,

❛♥❞
√
αφ ∈ C0

(
[0,∞) ;H1−θ

0 (0, L)
)

❢♦r ❛♥② θ ∈
(
0, 1

2

)
❛r❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✷✳✷✳✶✳

✻✵



▼♦r❡♦✈❡r✱ ❜② t❤❡ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠ ✭✷✳✶✶✮ ❛♥❞ ✉s✐♥❣ t❤❡ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t②✱

✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡

1

2

d

dt

∫ L

0

αφ2 =

∫ L

0

−φ2
x ≤ −C

∫ L

0

φ2 ≤ − C

αmax

∫ L

0

αφ2

✇❤✐❝❤ ✐♠♣❧✐❡s
d

dt

∫ L

0

αφ2 ≤ − 2C

αmax

∫ L

0

αφ2.

❚❤❡♥✱
d

dt

(
e

2C
αmax

t

∫ L

0

αφ2

)
≤ 0.

■♥t❡❣r❛t✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡q✉❛t✐♦♥s ✐♥ t❤❡ t✐♠❡✱ ♦♥❡ ❤❛s

∫ L

0

αφ2 ≤ e−
2C

αmax
t

∫ L

0

αφ2
0

❛♥❞ t❤✐s ♣r♦♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②✳ ❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠✳

❘❡♠❛r❦ ✷✳✷✳✸ ❲❤❡♥ 0 < α0 ≤ α(x) ≤ α1 ♦♥ (0, L) ✐♥ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✱ ❢r♦♠ ❛

r❡s✉❧t ✐♥ ▲❛❞②③̌❡♥s❦❛❥❛ ❡t✳ ❛❧✳ ❬✷✹✱ ❚❤❡♦r❡♠ ✻✳✶✱ ♣✳ ✶✼✽❪ ✇❡ ❝❛♥ ❡♥s✉r❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞

✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✷✳✷✾✮ ✐♥ H1 (Q) ❢♦r ❛♥② ✐♥✐t✐❛❧ ❞❛t❛ φ0 ∈ H1
0 (0, L) .

✷✳✷✳✷ ❚❤❡ ❧✐♠✐t s②st❡♠ ❛s k → ∞ ❛♥❞ t❤❡♥ h→ 0

◆♦✇ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ st✉❞②✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❧✐♠✐t✱ ❛s k → ∞✱ ♦❢ t❤❡ s②st❡♠

✭✷✳✹✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮ ✇❤❡♥ h ✐s ✜①❡❞✳

❚❤❡♦r❡♠ ✷✳✷✳✹ ▲❡t α ∈ L∞ ([0, L]) ❜❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥ ❛♥❞ {φk, ψk} ❜❡ t❤❡

✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✹✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮ ✇✐t❤ ❞❛t❛ {φ0, φ1, ψ0, ψ1} ∈ H s❛t✐s❢②✐♥❣

φ0 + ψ0x = 0 ✐♥ (0, L). ✭✷✳✷✵✮

❚❤❡♥✱ ❧❡tt✐♥❣ k → ∞ ❛♥❞✱ ❧❛t❡r ♦♥✱ h→ 0✱ ♦♥❡ ❣❡ts t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♣r♦♣❡rt②

❤♦❧❞s✿

{φk, ψk} → {−ψx, ψ} ✇❡❛❦− ∗ ✐♥ L∞
(
0, T,

[
H1

0 (0, L)
]2)

✇❤❡r❡ ψ s♦❧✈❡s t❤❡ s②st❡♠ ✭✷✳✶✶✮✳

Pr♦♦❢✳ ❋♦r ❡❛❝❤ k > 0 ✜①❡❞✱ ❧❡t {φk, ψk} ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✷✳✹✮✕✭✷✳✻✮ ✇✐t❤

{φ0, φ1, ψ0, ψ1} ∈ H✳ ❋✐rst❧② ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡ s②st❡♠ ✭✷✳✹✮✕✭✷✳✻✮ ❛♣♣r♦❛❝❤❡s✱ ❛s

✻✶



k → ∞✱ t❤❡ ❦✐r❝❤❤♦✛ s②st❡♠




ρhψtt − ρh3

12
ψttxx + ψxxxx + (αψxt)x = 0 ✐♥ Q

ψ =
∂ψ

∂ν
= 0 ✐♥ (0, T )

ψ(·, 0) = ψ0(·),
[
ψt(·, 0)−

h2

12
ψtxx(·, 0)

]
= ψ1 +

h2

12
φ1x ✐♥ Ω

✭✷✳✷✶✮

❆❢t❡r✇❛r❞s✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t s②st❡♠ ✭✷✳✷✶✮ ❝♦♥✈❡r❣❡s t♦ t❤❡ s②st❡♠ ✭✷✳✶✶✮ ❛s h→ 0✳

❈♦♥❢♦r♠✐♥❣ t♦ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠ ✭✷✳✹✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮ ✐♥ ✭✷✳✽✮

s❛t✐s❢②✐♥❣ ✭✷✳✾✮ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡s ✭✐♥ k✮ r❡♠❛✐♥s ❜♦✉♥❞❡❞ ✐♥

L∞ (0, T, L2(0, L))
(
φkt
)
,
(
ψkt
)
,
(
φkx
)
,
(
k
(
φk + φkx

))

❛♥❞
(
ψkt
)
✐s ❜♦✉♥❞❡❞ ✐♥ L2 (0, T, L2(0, L))✳

❊①tr❛❝t✐♥❣ s✉❜s❡q✉❡♥❝❡s ❛♥❞ ❦❡❡♣✐♥❣ t❤❡ s❛♠❡ ❡q✉❛t✐♦♥✱ ♦♥❡ ❣❡ts✿

{φk, ψk} → {φ, ψ} ✇❡❛❦− ∗ L∞
(
0, T

[
H1

0 (0, L)
]2)

✭✷✳✷✷✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡
√
k
(
φh,k + ψh,kx

)
✐s ❜♦✉♥❞❡❞ ✐♥ L∞(0, T ;L2(0, L)), ✇❡ ❤❛✈❡

φh,k + ψh,kx → 0 ✇❡❛❦ ✕ ∗ ✐♥ L∞(0, T ;L2(0, L)). ✭✷✳✷✸✮

■t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✳✷✷✮ ❛♥❞ ✭✷✳✷✸✮ t❤❛t✿

φ+ ψx = 0, in Q. ✭✷✳✷✹✮

▼♦r❡♦✈❡r✱

{φkt , ψkt } → {φt, ψt} ✐♥ L∞
(
0, T,

[
L2(0, L)

]2)
. ✭✷✳✷✺✮

❯s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❝♦♥✈❡r❣❡♥❝❡s ❛♥❞ ❛♣♣❧②✐♥❣ ✐❞❡♥t✐t✐❡s ✭✷✳✶✼✮ ❛♥❞ ✭✷✳✷✹✮ ✐♥ ✭✷✳✶✽✮✱

♦♥❡ ♦❜t❛✐♥s t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✭✷✳✷✶✮ t❤❛t ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦s

ψ ❛s

ρh
d

dt
(ψt, b) +

ρh3

12

d

dt
(ψtx, bx) + (ψxx, bxx) +

d

dt
(αψx, bx) = 0. ✭✷✳✷✻✮

❚♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢✱ ✐t r❡♠❛✐♥s t♦ ✐❞❡♥t✐❢② t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ♦❢ t❤❡ ❧✐♠✐t s②st❡♠✳ ■♥

✈✐❡✇ ♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡s ✭✷✳✷✷✮ ❛♥❞ ✭✷✳✷✺✮✱ ❛♥❞ ❝❧❛ss✐❝❛❧ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥ts✱ ♦♥❡

❤❛s ψh,k → ψh ✐♥ C0 ([0, T ], L2(0, L))✳ ❚❤❡♥ ψh,k(·, 0) → ψh(·, 0) ✐♥ L2(0, L)✱ ✇❤✐❝❤

✻✷



❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✷✳✻✮1✱ ❣✉❛r❛♥t❡❡s t❤❛t ψh(·, 0) = ψ0(·)✳ ■♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② ψht (·, 0)✱
♠✉❧t✐♣❧② ✭✷✳✶✽✮ ❜② t❤❡ ❢✉♥❝t✐♦♥ θδ ∈ H1(0, L) ❞❡✜♥❡❞ ❜②





− t

δ
+ 1 ✐❢ t ∈ [0, δ],

0, ✐❢ t ∈ (δ, T ],

❛♥❞ ✐♥t❡❣r❛t❡ ❜② ♣❛rts t♦ ♦❜t❛✐♥

−ρh
3

12
(φ1, a) +

∫ T

0

ρh3

12δ

(
φkt , a

)
− ρh (ψ1, b) +

∫ T

0

ρh

δ

(
ψkt , b

)

+

∫ δ

0

(
φkx, ax

)
θδ − α (φ0, a) +

∫ T

0

α
(
φk, a

)
= 0

P❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ❛s k → ∞ ✐♥ t❤❡ ❧❛st ❡q✉❛t✐♦♥ ❛♥❞ ✉s✐♥❣ ✭✷✳✷✷✮ ❛♥❞ ✭✷✳✷✺✮✱ ♦♥❡

♦❜t❛✐♥s

−ρh
3

12
(φ1, a) +

∫ T

0

ρh3

12δ
(φt, a)− ρh (ψ1, b) +

∫ T

0

ρh

δ
(ψt, b)

+

∫ δ

0

(ψxx, bxx) θδ + α (ψ0x, bx) +

∫ T

0

α (ψx, bx) = 0

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♠✉❧t✐♣❧②✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✭✷✳✸✷✮ ❜② θδ ❛♥❞

✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ✐♥ t✐♠❡ ✇❡ ❣❡t t❤❡ ✐❞❡♥t✐t②

−ρh (ψt(·, 0), b)−
ρh3

12
(ψtx(·, 0), bx) = +

ρh3

12
(φ1, bx)− ρh (ψ1, b) ,

❢♦r ❛❧❧ b ∈ H1
0 (0, L)✳ ■♥ t❤✐s ✇❛②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

(
ψ − h2

12
ψxx

)

t

(·, 0) = ψ1 +
h2

12
φ1x✳

◆♦✇✱ ❝♦♥s✐❞❡r t❤❡ ❡♥❡r❣② ♦❢ t❤❡ s②st❡♠ ✭✷✳✷✶✮✳

Eh(t) =
1

2

[
ρh
∣∣ψht
∣∣2 + ρh3

12

∣∣ψhtx
∣∣2 +

∣∣ψhxx
∣∣2
]

s❛t✐s❢②✐♥❣
d

dt
Eh(t) = −α|ψhtx|2.

❚❤❡r❡❢♦r❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡s ✭✐♥ h✮ r❡♠❛✐♥ ❜♦✉♥❞❡❞ ✐♥ L∞ (0, T, L2(Ω))

(√
hψht

)
,
(√

h3ψhtx

)
,
(
ψhxx
)

❛♥❞ t❤❡ s❡q✉❡♥❝❡
(
ψht
)
✐s ❜♦✉♥❞❡❞ ✐♥ L2(0, T, L2(0, L))✳ ❊①tr❛❝t✐♥❣ s✉❜s❡q✉❡♥❝❡s✱ ❛♥❞

❦❡❡♣✐♥❣ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥✱ ♦♥❡ ❣❡ts

{√
hψht ,

√
h3ψhtx

}
→ {µ, τ} ✇❡❛❦− ∗ ✐♥ L∞

(
0, T,

[
L2(0, L)

]2)
✭✷✳✷✼✮

✻✸



ψh → ψ ✇❡❛❦− ∗ ✐♥ L∞ (0, T,H2
0 (0, L)

)
. ✭✷✳✷✽✮

❇② t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✭✷✳✷✼✮ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t µ = τ = 0 ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡

❝♦♥✈❡r❣❡♥❝❡s ✭✷✳✷✼✮ ❛♥❞ ✭✷✳✷✽✮ ✐♥ ✭✷✳✷✻✮✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ s②st❡♠

✭✷✳✶✶✮ ❣✐✈❡♥ ✐♥ ✭✷✳✶✾✮✳ ❚❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛r❡ s✐♠✐❧❛r❧② ✐❞❡♥t✐✜❡❞✳

✷✳✷✳✸ ❚❤❡ ❧✐♠✐t s②st❡♠ ❛s h→ 0 ❛♥❞ t❤❡♥ k → ∞

◆♦✇✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ st✉❞②✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❧✐♠✐t ✇❤❡♥ h → 0 ♦❢ t❤❡

s❡q✉❡♥❝❡ {φh,k, ψh,k} ♦❢ s♦❧✉t✐♦♥s t♦

❚❤❡♦r❡♠ ✷✳✷✳✺ ▲❡t α ∈ L∞ ([0, L]) ❜❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥✳ ▲❡t {φh,k, ψh,k} t❤❡

s❡q✉❡♥❝❡ ♦❢ s♦❧✉❛t✐♦♥s t♦ ✭✷✳✹✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮ ✇✐t❤ ❞❛t❛ {φ0, φ1, ψ0, ψ1} ∈ H ✳

❚❤❡♥✱ ❧❡tt✐♥❣ h→ 0✱ ♦♥❡ ❣❡ts

{φh,k, ψh,k} → {φk, ψk} ✇❡❛❦− ∗ ✐♥ L∞
(
0, T,

[
H1

0 (0, L)
]2)

✇❤❡r❡ {φk, ψk} s♦❧✈❡s t❤❡ s②st❡♠





αφt − φxx + k (φ+ ψx) = 0 ✐♥ Q,

(φ+ ψx)x = 0 ✐♥ Q,

φ = ψ = 0 ✐♥ (0, T ),

αφ(·, 0) = αφ0(·) ✐♥ (0, L).

✭✷✳✷✾✮

Pr♦♦❢✳ ❋✐① k > 0 ❛♥❞ ❢♦r ❡❛❝❤ h > 0✱ ❧❡t {φh,k, ψh,k} ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢

t❤❡ s②st❡♠ ✭✷✳✹✮✱ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ {φ0, φ1, ψ0, ψ1} ∈ H✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✷✳✾✮ ❛♥❞ t❤❡

❛ss✉♠♣t✐♦♥ ♦♥ α✱

Eh,k(t) ≤ Eh,k(0), t ∈ (0,∞).

❇✉t✱ ❢♦r k ✜①❡❞✱ ✇❡ ❤❛✈❡

Eh,k(0) ≤
1

2

[
ρh3

12
|φ1|2 + ρh|ψ1|2 + |φ0,x|2 + k|φ0|2 + k|ψ0,x|2

]
≤ Ck

✇❤❡r❡ Ck > 0 ✐s ❛ ❣❡♥❡r✐❝ ❝♦♥st❛♥t ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ k. ❚❤✉s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡

❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡s ✭✐♥ h✮

{√
h3φh,kt

}
,
{√

hψh,kt

}
,
{
φh,kx

}
,
{
φh,k + ψh,kx

}

✻✹



❛r❡ ❜♦✉♥❞❡❞ ✐♥ L∞(0, T ;L2(0, L)).❲❡ ❛❧s♦ ❣❡t t❤❛t (ψh,kx ) ✐s ❜♦✉♥❞❡❞ ✐♥ L∞(0, T, L2(0, L))✳

■♥ ❢❛❝t✱
∣∣ψh,kx

∣∣ ≤
∣∣φh,k + ψh,kx

∣∣+ |φh,k| ≤ Ck.

❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ s❡q✉❡♥❝❡s (φh,k) ❛♥❞ (ψh,k) ❛r❡ ❜♦✉♥❞❡❞ ✐♥ L∞(0, T,H1
0 (0, L))✳

❊①tr❛❝t✐♥❣ s✉❜s❡q✉❡♥❝❡s✱ ♦♥❡ ❣❡ts✿

{√
h3φh,kt ,

√
hψh,kt

}
→
{
µk, τ k

}
✇❡❛❦− ∗ ✐♥ L∞ (0, T, L2(0, L)

)
,

❛♥❞
{
φh,k, ψh,k

}
→
{
φk, ψk

}
✇❡❛❦− ∗ ✐♥ L∞

(
0, T,

[
H1

0 (0, L)
]2)

.

❆♥❛❧♦❣♦✉s❧②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t µk = τ k = 0✳

❋♦r {a, b} ∈ [H1
0 (0, L)]

2✱ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❚✐♠♦s❤❡♥❦♦ s②st❡♠

✭✷✳✹✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮ ✐s ❣✐✈❡♥ ❜②

ρh3

12

d

dt

(
φh,kt , a

)
+ ρh

(
ψh,kt , b

)
+
(
φh,kx , ax

)
+ k

(
φh,k + ψh,kx , a+ bx

)
+
d

dt

(
αφh,k, a

)
= 0.

✭✷✳✸✵✮

❆♣♣❧②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❝♦♥✈❡r❣❡♥❝❡s ✐♥ ✭✷✳✸✵✮✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥

♦❢ t❤❡ s②st❡♠ ✭✷✳✷✾✮ ❣✐✈❡♥ ❜②

d

dt

(
αφk, a

)
+ k

(
φk + ψkx, a+ bx

)
+
(
φkx, ax

)
= 0 ✭✷✳✸✶✮

❢♦r ❛❧❧ {a, b} ∈ [H1
0 (0, L)]

2✳ ❲❡ ❝♦♥❝❧✉❞❡ s✐♠✐❧❛r❧② t❤❛t αφk(·, 0) = αφ0(·) ✇❤✐❝❤ ❝♦♠✲

♣❧❡t❡s t❤❡ ♣r♦♦❢✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✻ ▲❡t α ∈ L∞ ([0, L]) ❜❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥✳ ▲❡t {φk, ψk} t❤❡

s❡q✉❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s t♦ ✭✷✳✷✾✮ ✇✐t❤ ❞❛t❛ φ0 ∈ H1
0 (0, L) ✳

❚❤❡♦r❡♠ ✷✳✷✳✼ ❚❤❡♥✱ ❧❡tt✐♥❣ k → ∞✱ ♦♥❡ ❣❡ts

{φk, ψk} → {φ, ψ} ✇❡❛❦ ✐♥ L2
(
0, T,H1

0 (0, L)
)

✇❤❡r❡ {φ, ψ} s❛t✐s✜❡s 



αφt − φxx = 0 ✐♥ Q,

φ+ ψx = 0 ✐♥ Q,

φ = ψ = 0 ✐♥ (0, T ),

αφ(·, 0) = αφ0(·) ✐♥ (0, L).

✭✷✳✸✷✮

✻✺



Pr♦♦❢✳ ◆♦t❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✷✳✷✾✮ s❛t✐s✜❡s

1

2

∫ L

0

α
∣∣φk (t)

∣∣2 +
∫ t

0

∫ L

0

(∣∣φkx
∣∣2 + k

∣∣φk + ψkx
∣∣2
)
=

1

2

∫ L

0

α |φ0|2 .

❚❤❡r❡❢♦r❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡s ✭✐♥ k✮ r❡♠❛✐♥ ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✇✐t❤ r❡s♣❡❝t t♦ k

✐♥ L2 (Q)
(
φkx
)
,
(√

k(φk + ψkx)
)

❛♥❞ t❤❡ s❡q✉❡♥❝❡ (
√
αφk) ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L∞ (0, T, L2(0, L))✳ ❊①tr❛❝t✐♥❣ s✉❜✲

s❡q✉❡♥❝❡s✱ ❛♥❞ ❦❡❡♣✐♥❣ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥✱ ♦♥❡ ❣❡ts

φk → φ ✇❡❛❦ ✐♥ L2 (0, T,H1
0 (0, L))

√
k(φk + ψkx) → θ ✇❡❛❦ ✐♥ L2(Q),

❚❤❡r❡❢♦r❡
φk → φ str♦♥❣ ✐♥ L2 (Q)

(φk + ψkx) → 0 ✇❡❛❦ ✐♥ L2(Q),

❛♥❞ t❤❡r❡ ❡①✐sts ψ ∈ L2 (0, T,H1
0 (0, L)) s✉❝❤ t❤❛t✿

φk → φ str♦♥❣ ✐♥ L2 (Q)

ψkx → ψx = −φ ✇❡❛❦ ✐♥ L2(Q),

❆♥❛❧♦❣♦✉s❧②✱ ❛♣♣❧②✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❝♦♥✈❡r❣❡♥❝❡s ✐♥ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥

d

dt

(
αφk, a

)
+
(
φkx, ax

)
= 0

✇✐t❤ {a, b} ∈ [H1
0 (0, L)]

2 s❛t✐s❢②✐♥❣

a+ bx = 0.

✇❡ ♦❜t❛✐♥ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✭✷✳✶✶✮✳ ❚❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❢♦r φ ✐s

s✐♠✐❧❛r❧② ✐❞❡♥t✐✜❡❞✳

❚❤❡ ♥❡①t r❡s✉❧t ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥ ❢♦r t❤❡ ♣r♦❜❧❡♠ ✭✷✳✷✾✮✳

❚❤❡♦r❡♠ ✷✳✷✳✽ ▲❡t α ∈ L∞ ([0, L]) ❜❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥✳ ❋♦r ❛♥② φ0 ∈ H1
0 (0, L),

t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ {φk, ψk} t♦ t❤❡ ♣r♦❜❧❡♠ ✭✷✳✷✾✮




d

dt

(
αφk, a

)
+
(
φkx, ax

)
+ k

(
φk + ψkx, a+ bx

)
= 0, ∀ {a, b} ∈ [H1

0 (0, L)]
2
,

αφk (·, 0) = αφ0

✭✷✳✸✸✮

✻✻



s✉❝❤ t❤❛t✿

{φk, ψk} ∈ L∞
(
0, T ;

[
H1

0 (0, L)
]2)

, ∀ T > 0,

❛♥❞ √
αφk ∈ C0

(
[0,∞) ;H1−θ

0 (0, L)
)

❢♦r ❛♥② θ ∈
(
0, 1

2

)
✳ ❋✉rt❤❡r♠♦r❡

∫ L

0

α
∣∣φk
∣∣2 ≤ e−

2C
αmax

t

∫ L

0

α |φ0|2 , t ∈ (0,∞) , k > 0.

✇❤❡r❡ C > 0 ✐s t❤❡ P♦✐♥❝❛ré ❝♦♥st❛♥t✳

Pr♦♦❢✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥ ❢♦r t❤❡ s②st❡♠ ✭✷✳✷✾✮ ❢♦❧❧♦✇s ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡

❚❤❡♦r❡♠ ✷✳✷✳✺✳ ◆♦✇ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ t♦ ♣r♦✈❡ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥✳ ❚♦ ♣r♦✈❡

t❤✐s✱ ❧❡t {φ1, ψ1} ❛♥❞ {φ2, ψ2} s♦❧✉t✐♦♥s ♦❢ ✭✷✳✷✾✮ ❛♥❞ ✇❡ ❞❡✜♥❡ {w, s} = {φ1−φ2, ψ1−
ψ2} s✉❝❤ t❤❛t 




αwt − wxx + k (w + sx) = 0 ✐♥ Q

k (w + sx)x = 0 ✐♥ Q

w = s = 0 ✐♥ (0, T )

w(·, 0) = 0 ✐♥ (0, L)

❇② t❤❡ ❡♥❡r❣② ✐❞❡♥t✐t② ♦❢ t❤❡ s②st❡♠ ✭✷✳✷✾✮

1

2

d

dt

∫ L

0

αw2 +

∫ L

0

(
w2
x + k(w + sx)

2
)
= 0,

❝♦♥s❡q✉❡♥t❧②✱

1

2

∫ L

0

αw2 +

∫ t

0

∫ L

0

(
w2
x + k(w + sx)

2
)
= 0, t > 0

❛♥❞ t❤✉s




αw2 = 0 ⇒ w(·, t) ≡ 0, supp(α),

w2
x = 0 ⇒ w (x, t) = f (t) , (0, L)× (0, t),

w + sx = 0, (0, L)× (0, t),

t > 0

❤❡♥❝❡✱ w ≡ 0 ✐♥ Q ❛♥❞✱ ❢r♦♠ w + sx = 0,✐t ❢♦❧❧♦✇s t❤❛t s (x, t) = σ (t) ✳ ❇✉t s = 0 ♦♥

Σ✱ t❤❡r❡❢♦r❡✱ s = 0 ✐♥ Q✳

✻✼



❚♦ ♣r♦♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛②✱ ✇✐t❤ r❡s♣❡❝t t❤❡ ❝♦♠♣♦♥❡♥t φ✱ ❢♦r t❤❡ s②st❡♠

✭✷✳✷✾✮ ✐t✬s s✉✣❝✐❡♥t t♦ s❡❡ t❤❛t

1

2

d

dt

∫ L

0

αφ2 = −
∫ L

0

(
φ2
x + k(φ+ ψx)

2
)
≤ −

∫ L

0

φ2
x.

❲❡ ❝❛♥ ♥♦✇ ♣r♦❝❡❡❞ ❛♥❛❧♦❣♦✉s❧② t♦ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❚❤❡♦r❡♠ ✷✳✷✳✷ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s

t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✷✳✷✳✾ ◆♦t❡ t❤❛t t♦ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❧✐♠✐t ✐♥ r❡❧❛t✐♦♥ t♦ ♣❛r❛♠❡t❡rs✱ ✇❡

❣❡t t❤❡ s❛♠❡ ❧✐♠✐t s②st❡♠✱ ❜✉t ✐s ✐♠♣♦rt❛♥t t♦ s❡❡ t❤❛t✿ ✇❤❡♥ ✇❡ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝

❧✐♠✐t ✇❤❡♥ (h, k) → (0,∞) ✐♥ t❤❡ ❚❤❡♦r❡♠ ✷✳✷✳✶ ❛♥❞ ✇❤❡♥ ✇❡ st✉❞② t❤❡ ❧✐♠✐t ✇✐t❤

k → ∞ ❛♥❞ ❧❛t❡r k → ∞ ■♥ ❚❤❡♦r❡♠ ✷✳✷✳✹✱ ✇❡ ♥❡❡❞ ❛ r❡str✐❝t✐♦♥ ✐♥ r❡❧❛t✐♦♥ t♦ t❤❡

✐♥✐t✐❛❧ ❞❛t❛ ♦❢ t②♣❡

φ0 + ψx0 = 0 ✐♥ (0, L).

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t♦ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❧✐♠✐t ✇❤❡♥ h → 0 ❧❛t❡r ♦♥ k → ∞✱ ✐♥ t❤❡

❚❤❡♦r❡♠ ✷✳✷✳✺ ✇❡ ♦❜t❛✐♥ t❤❡ s②st❡♠ t②♣❡ ✭✷✳✶✶✮ ✇✐t❤♦✉t t❤❡ r❡str✐❝t✐♥❣ ❝♦♥❞✐t✐♦♥ t♦ t❤❡

✐♥✐t✐❛❧ ❞❛t❛ ✭✐✳❡✳✱ ❢♦r ❛♥② ❞❛t❛ ✐♥✐t✐❛❧✮✳

✷✳✸ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ✐♥ t✐♠❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ st✉❞②✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ❢♦r t❤❡

❡♥❡r❣② ❛ss♦❝✐❛t❡❞ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✭✷✳✹✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮✳ ❚♦ ♠❛❦❡ t❤✐s✱ ✇❡ ♥❡❡❞ t♦

r❡❝❛❧❧ s♦♠❡ ❞❡✜♥✐t✐♦♥s ❛♥❞ r❡s✉❧ts ✐♥ ✈✐❡✇ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ s♦♠❡ ♦✉r r❡s✉❧ts✳

❲❡ ✇✐❧❧ ✐♥tr♦❞✉❝❡ t❤❡ ❘✐❡♠❛♥♥ ✐♥✈❛r✐❛♥ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ s②st❡♠ ✭✷✳✹✮✱ ✭✷✳✺✮✱

✭✷✳✻✮✿

u1 = φt −
√

12
ρh3
φx, v1 = φt +

√
12
ρh3
φx,

u2 = ψt −
√

k
ρh
(φ+ ψx), v2 = ψt +

√
k
ρh
(φ+ ψx).

❚❤❡r❡❢♦r❡✱

u1t = −
√

12

ρh3
u1x − 6

√
k

ρh5
(v2 − u2)−

6

ρh3
α (u1 + v1) ,

u2t = −
√

k

ρh
u2x −

√
k

ρh

u1 + v1
2

.

❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t

v1t =

√
12

ρh3
v1x − 6

√
k

ρh5
(v2 − u2)−

6

ρh3
α (u1 + v1) ,

✻✽



❛♥❞

v2t =

√
k

ρh
v2x −

√
k

ρh

u1 + v1
2

.

❚❤✉s✱ t❤❡ ♣r♦❜❧❡♠ ✭✷✳✹✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

 U

V



t

=M


 U

V



x

+ F


 U

V


 ✐♥ Q, ✭✷✳✸✹✮

✇❤❡r❡ M ✐s t❤❡ ❞✐❛❣♦♥❛❧ 4× 4 ♠❛tr✐① ❣✐✈❡♥ ❜②

M = ❞✐❛❣
[
−
√

12
ρh3
, −

√
k
ρh
,
√

12
ρh3
,
√

k
ρh

]
, ✭✷✳✸✺✮

U =
[
u1 u2

]❚
, V =

[
v1 v2

]❚

❛♥❞

F =




−6α
ρ

1
h3

6
√

k
ρh5

−6α
ρ

1
h3

−6
√

k
ρh5

−1
2

√
k
ρh

0 −1
2

√
k
ρh

0

−6α
ρ

1
h3

6
√

k
ρh5

−6α
ρ

1
h3

−6
√

k
ρh5

−1
2

√
k
ρh

0 −1
2

√
k
ρh

0




.

❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✷✳✺✮ ❜❡❝♦♠❡




U(0, ·) = −V (0, ·),
V (L, ·) = −V (L, ·),

i = 1, 2. ✭✷✳✸✻✮

▲❡t ✉s ❞❡✜♥❡✱ ♦♥ t❤❡ ♥❡✇ ❡♥❡r❣② s♣❛❝❡ G = [L2(0, L)]
4✱ t❤❡ ♦♣❡r❛t♦r

B =M ∂
∂x

+ F,

D(B) =






 U

V


 ∈ [H1(0, L)]

2 × [H1(0, L)]
2
; ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✷✳✸✻✮




✭✷✳✸✼✮

■s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t s♦❧✉t✐♦♥s ♦❢ ✭✷✳✸✹✮ ✐♥ G ❝♦rr❡s♣♦♥❞ t♦ s♦❧✉t✐♦♥s ♦❢ ✭✷✳✹✮ ✐♥ H ❛♥❞

t❤❡ ❝♦♥✈❡rs❡ ❤♦❧❞s tr✉❡✳

❘❡t✉r♥✐♥❣ t♦ t❤❡ tr❛♥s❢♦r♠❡❞ s②st❡♠ ✭✷✳✸✹✮✱ ✇❡ ♥♦t❡ t❤❛t t❤❡ ❡♥tr✐❡s ♦❢ M ✭s❡❡

✭✷✳✸✺✮ ❢♦r ✐ts ❞❡✜♥✐t✐♦♥✮ ❛r❡ ❞✐st✐♥❝t ✐❢✱ ❛♥❞ ♦♥❧② ✐❢✱

12

ρh3
6= k

ρh
⇔ 12

h2
6= k

■♥ t❤✐s ❝❛s❡✱ ❛ r❡s✉❧t ♦❢ ◆❡✈❡s✱ ❘✐❜❡✐r♦ ❛♥❞ ▲♦♣❡s ❬✹✶✱ ❚❤❡♦r❡♠ ❆ ❛♥❞ ❇❪ ❛ss❡rts t❤❛t

re(e
Bt) = re(e

B0t) = eα0t, t > 0,

✻✾



✇❤❡r❡

B0 =M
∂

∂x
+ F0, D(B0) = D(B),

F0 = diag

[
− 6

ρh3
α, 0, − 6

ρh3
α, 0

]

❛♥❞ α0 = s(B0) = sup{❘❡λ;λ ∈ σ(B0)}✳ ❚♦ ❝♦♠♣✉t❡ α0, ✇❡ s❡t U = (u1, u2)✱ V =

(v1, v2) ❛♥❞ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠✿

B0


U
V


 = λ


U
V


 ,


U
V


 ∈ D(B0).

❆ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥ ✭✐t ✐s ❛ ❞✐❛❣♦♥❛❧ ❞✐✛❡r❡♥t✐❛❧ s②st❡♠✮ ❧❡❛❞s ✉s t♦ t❤❡

❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ B0

e
2
(
λ+ 6

ρh3
α
)√

ρh3

12
L
= 1 ♦r e2λ

√
ρh
k
L = 1.

❚❤❡r❡❢♦r❡✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ B0 ❛r❡✿

λ1n (k, h) = − 6

ρh3
α− inπ

L

√
12

ρh3
, λ2n (k, h) = − inπ

L

√
k

ρh

❛♥❞ ✐t ❢♦❧❧♦✇s t❤❛t

s(B0) = 0,

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ω(A) = ω(B) = 0✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ♥♦t ❡①✐st ❛ ❛s②♠♣✲

t♦t✐❝ st❛❜✐❧✐t② ♦❢ t❤❡ ♦♣❡r❛t♦r ❝♦♥❝❡r♥❡❞✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ s②st❡♠ ✭✷✳✹✮ s❛t✐s❢② t❤❡

❝♦♥❞✐t✐♦♥
12

ρh3
=

k

ρh
. ✭✷✳✸✽✮

❙♦✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ✭✷✳✸✽✮ ✐s tr✉❡✱ ♦♥❡ ❤❛s

λ


 u1

u2


 =


 −√

σ 0

0 −√
σ




 u1

u2



x

+


 −ασ

2
µ

−
√
σ
2

0




 u1

u2


 ✭✷✳✸✾✮

✇❤❡r❡ σ = 12
ρh3

❛♥❞ µ = 144
ρh5

1
2
√
σ
✳ ❚❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ✐s

det(P −XI) = X2 +
1√
σ

(ασ
2

+ 2λ
)
X +

λ

σ

(ασ
2

+ λ
)
+

µ

2
√
σ
.

❚❤❡r❡❢♦r❡✱ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠ ✭✷✳✸✾✮ ❛r❡

X1 =
1

2

[
− 1√

σ

(ασ
2

+ 2λ
)
−

√
∆

]
❛♥❞ X2 =

1

2

[
− 1√

σ

(ασ
2

+ 2λ
)
+
√
∆

]

✼✵



✇❤❡r❡ t❤❡ ❞✐s❝r✐♠✐♥❛♥t ✐s

∆ =
1

σ

(ασ
2

)2
− 2µ√

σ
.

❆❢t❡r s♦♠❡ ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡✐❣❡♥✈❡❝t♦rs ❛ss♦❝✐❛t❡❞ t❤❡ ❡✐❣❡♥✈❛❧✉❡s✱

s♦ ✇❡ ❤❛✈❡

V1 =



−α

√
σ

2
−
√(

α
√
σ

2

)2
− 2µ√

σ

1




❛♥❞

V2 =



−α

√
σ

2
+

√(
α
√
σ

2

)2
− 2µ√

σ

1


 .

❚❤✉s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥s ❝♦rr❡s♣♦♥❞ ❛r❡✿

 u1

u2


 = aeX1xV1 + beX2xV2.

❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ♣r♦✈❡ 
 v1

v2


 = a′eX1xV1 + b′eX2xV2.

❲❤❡♥✿

• x = 0✱ ✇❡ ❤❛✈❡

ui(0, ·) = −vi(0, ·) ⇒ ui(0, ·) + vi(0, ·) = 0.

❚❤❡♥

(a+ a′)V1 + (b+ b′)V2 = 0 ⇒ a = −a′ ❛♥❞ b = −b′.

• x = L✱

ui(L, ·) = −vi(L, ·) ⇒ ui(L, ·) + vi(L, ·) = 0.

■t ❢♦❧❧♦✇s

(aeX1L + a′e−X1L)V1 + (beX2L + b′e−X2L)V2 = 0

⇒ (aeX1L − ae−X1L)V1 + (beX2L − be−X2L)V2 = 0

⇒ a(eX1L − e−X1L)V1 + b(eX2L − e−X2L) = 0.

✼✶



❈♦♥s❡q✉❡♥t❧②✱

e2X1L = 1 ♦r e2X2L = 1,

s♦ 



X1 =
imπ
L
, m ∈ Z

X2 =
inπ
L
, n ∈ Z.

❚❤✉s✱

− 1√
σ

(ασ
2

+ 2λ
)
−

√
∆ =

2inπ

L
, n ∈ Z ✭✷✳✹✵✮

❛♥❞

− 1√
σ

(ασ
2

+ 2λ
)
+
√
∆ =

2inπ

L
, n ∈ Z. ✭✷✳✹✶✮

❆♥❛❧②③✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✭✷✳✹✵✮ ❛♥❞ ✭✷✳✹✶✮✱ ✇❡ ❢♦✉♥❞ t✇♦ ❢❛♠✐❧✐❡s ♦❢ ❡✐❣❡♥✈❛❧✉❡s

♦❢ t❤❡ ♣r♦❜❧❡♠ ✭✷✳✹✮✳ ■♥ ❢❛❝t✱ ✜rst ❧❡t✬s ❧♦♦❦ ❛t t❤❡ ❡q✉❛t✐♦♥ ✭✷✳✹✵✮✱

− 1√
σ

(ασ
2

+ 2λ
)
+
√
∆ =

2imπ

L
.

❈♦♥s❡q✉❡♥t❧②✱

λ1h = −ασ
4

+

√
σ

2

√
∆− imπ

√
σ

L
.

❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ♦❜t❛✐♥

λ2h = −ασ
4

−
√
σ

2

√
∆− inπ

√
σ

L
.

❘❡♠❛r❦ ✷✳✸✳✶ ❆t t❤✐s ♠♦♠❡♥t ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡ r❡❛❧ ♣❛rt ✐s ♥❡❣❛t✐✈❡✳ ■♥ ❢❛❝t✱ ❢♦r

h s✉✣❝✐❡♥t❧② s♠❛❧❧✿

√
α2σ

4
− 6

h2
>
α
√
σ

2
⇔ −ασ

4
+

√
σ

2

√
α2σ

4
− 6

h2
> 0

❚❤❡♥✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

Re(λ2h) = −ασ
4

−
√
σ

2

√
∆ < Re(λ1h) = −ασ

4
+

√
σ

2

√
∆ < 0.

❙✐♥❝❡ Re(λ1h) ❛♥❞ Re(λ2h) ❛r❡ ♥❡❣❛t✐✈❡s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❡ss❡♥t✐❛❧ t②♣❡ ♦❢

s❡♠✐❣r♦✉♣ ✐s str✐❝t❧② ♥❡❣❛t✐✈❡✱ ✐✳❡✳✱

ωe = Re(λ1h) < 0.

❋r♦♠ t❤✐s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❡①✐st ❛ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ♦❢ t❤❡ ♦♣❡r❛t♦r ❝♦♥❝❡r♥❡❞✳

❋✐♥❛❧❧②✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r♦♦❢ t❤❛t✱ ❢♦r t❤✐s ❝❛s❡✱ t❤❡ st❛❜✐❧✐③❛t✐♦♥ ✐s ✉♥✐❢♦r♠✳

✼✷



✷✳✸✳✶ ❯♥✐❢♦r♠ st❛❜✐❧✐t②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ st✉❞② t❤❡ ✉♥✐❢♦r♠② st❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠ ✭✷✳✹✮ ✇❤❡♥ ✇❡

❝♦♥s✐❞❡r ❛❧❧ t❤❡ ❝❛s❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ s②st❡♠✳

❋✐rst ♦❢ ❛❧❧✱ ✐s ✐♠♣♦rt❛♥t s❡❡ t❤❛t t❤❡ s②st❡♠ ✭✷✳✹✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮ ❝❛♥ ❜❡ ♣✉t ✐♥ t❤❡

❛❜str❛❝t ❢♦r♠ 



Yt = AY,
Y (0) = Y0,

✭✷✳✹✷✮

✇❤❡r❡

A =




0 1 0 0

12
ρh3

(
∂2

∂x2
− k
)

− 12
ρh3
α − 12

ρh3

(
k ∂
∂x

)
0

0 0 0 1

k
ρh

∂
∂x

0 k
ρh

∂2

∂x2
0



, Y =




φ

φ′

ψ

ψ′



,

❛♥❞

Y0 =
[
φ0 φ1 ψ0 ψ1

]T

■t ✐s ❡❛s② s❡❡ t❤❛t t❤❡ ♦♣❡r❛t♦r A : D (A) ⊂ H → H ✇✐t❤ ❞♦♠❛✐♥

D(A) = {Y ∈ H;AY ∈ H},

✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ s❡♠✐❣r♦✉♣ ♦❢ ♦♣❡r❛t♦rs ✐♥ H. ■♥❞❡❡❞✱

〈−AY, Y 〉H = −
∫ L

0

φxφxtdx−
∫ L

0

φxxφtdx+ k

∫ L

0

(φ+ ψx)φtdxdx

−k
∫ L

0

(φt + ψxt) (φ+ ψx)− k

∫ L

0

(φ+ ψx)x ψtdx+

∫ L

0

αφ2
t ≥ 0.

❚❤❡r❡❢♦r❡✱ ✇❡ ♣r♦♦❢ t❤❛t A ✐s ♠❛①✐♠❛❧ ❞✐ss✐♣❛t✐✈❡ ❛♥❞ s♦✱ ❜② t❤❡ ▲✉♠❡r✲P❤✐❧✐♣s

t❤❡♦r❡♠✱ ✐t ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ C0−s❡♠✐❣r♦✉♣ (eAt)✳

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✷✳✸✳✷ ❆ss✉♠❡ t❤❛t α = α(x) ✐s ❛ ♣♦s✐t✐✈❡ C1([0, L]) ❢✉♥❝t✐♦♥ ✇✐t❤

α(x) ≥ α0 > 0 ♦♥ (0, L).

■❢
12

ρh3
=

k

ρh
♦♥ (0, L)

t❤❡♥ t❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C1 ❛♥❞ C2 s✉❝❤ t❤❛t

Eh(t) ≤ C1Eh(0) exp
−C2

h3
t .

✼✸



❚❤✐s r❡s✉❧t ✐s ❛❧r❡❛❞② ❦♥♦✇♥ ✭s❡❡ ❬✺✷❪ ❢♦r ✐♥st❛♥❝❡✮ ❜✉t ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ❜② t❤❡

❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❞❡❝❛② r❛t❡ ♦❢ t❤❡ ❡♥❡r❣② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s s②st❡♠ ✇✐t❤ r❡s♣❡❝t

t♦ t❤❡ ♣❛r❛♠❡t❡r ❤✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ✇✐❧❧ ❛ss✉♠❡ h ∈ (0; 1)✳ ❑♥♦✇✐♥❣

t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ 12
ρh3

= k
h
✐s s❛t✐s✜❡❞✱ ✇❡ ♦❜t❛✐♥ k = 12

h2
❛♥❞✱ ❢♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧

✧♥♦r♠❛❧✐③❡✧❛❧❧ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s②st❡♠✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ st✉❞② t❤❡

❢♦❧❧♦✇✐♥❣ s②st❡♠





h3φtt − φxx +
1

h2
(φ+ ψx) + αφt = 0,

hψtt −
1

h2
(φ+ ψx)x = 0,

✭✷✳✹✸✮

✉♥❞❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✷✳✺✮ ❛♥❞ ✐♥✐t✐❛❧ ❞❛t❛ ✭✷✳✻✮✳

❋♦r t❤✐s s②st❡♠✱ t❤❡ ❡♥❡r❣② Eh(t) ✐s ❣✐✈❡♥ ❜② ✭✷✳✽✮ ❛♥❞ ♦❜❡②s t❤❡ ❞✐ss✐♣❛t✐♦♥ ❧❛✇

✭✷✳✾✮

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✸✳✷✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥str✉❝t✐♦♥

♦❢ ❛ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ L t❤❛t ✐s ❛ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❤❛s t❤❡ ❢♦r♠

L(t) = V (Y (t)) , t ∈ R
+

✇❤❡r❡ Y = (φ, φt, ψ, ψt) ✐s ❛ s♦❧✉t✐♦♥ ♦❢ ✭✷✳✹✸✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮ ❛♥❞ V ❛ ❢✉♥❝t✐♦♥❛❧ ❢r♦♠ H
✐♥t♦ R

+✱ s✉❝❤ t❤❛t L s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t✐❡s✿

✐✮ ❚❤❡r❡ ❡①✐st t✇♦ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts C1, C2 s✉❝❤ t❤❛t

C1‖Y ‖2H ≤ V (Y ) ≤ C2‖Y ‖2H, Y ∈ H

✐✐✮ ❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t❡ C3 s✉❝❤ t❤❛t

d

dt
L(t) ≤ −C3‖Y (t)‖2H,

❢♦r ❛♥② s♦❧✉t✐♦♥ ♦❢ ✭✷✳✹✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮✳

❚♦ ❝♦♥str✉❝t t❤✐s ❢✉♥❝t✐♦♥❛❧ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♠✉❧t✐♣❧②❡r t❡❝❤♥✐q✉❡✳

❙t❡♣ ✶✿ ❲❡ ♠✉❧t✐♣❧② t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✹✸✮ ❜②−φ ❛♥❞ ✐♥t❡❣r❛t❡ t❤❡ r❡s✉❧t✐♥❣

❡q✉❛t✐♦♥ ♦✈❡r [0, L]

d

dt

(∫ L

0

−h3φtφ
)

=

∫ L

0

−φxxφ+
1

h2
(φ+ ψx)φ+ αφtφ− h3φ2

t

=

∫ L

0

φ2
x +

1

h2
(φ+ ψx)φ+ αφtφ− h3φ2

t

✼✹



❛♥❞ ♠✉❧t✐♣❧② t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✹✸✮ ❜② −ψ ❛♥❞ ✐♥t❡❣r❛t❡ ♦✈❡r [0, L]

d

dt

(∫ L

0

−hψtψ
)

=

∫ L

0

− 1

h2
(φ+ ψx)xψ − hψ2

t

=

∫ L

0

1

h2
(φ+ ψx)ψx − hψ2

t .

❍❡♥❝❡

d

dt

(∫ L

0

−
(
h3φtφ+ hψtψ

))
=

∫ L

0

−h3φ2
t + φ2

x +
1

h2
(φ+ ψx)

2 + αφtφ− hψ2
t ,

❞❡♥♦t✐♥❣

I1 = −
∫ L

0

[
h3φtφ+ hψtψ

]

❛♥❞ ✉s✐♥❣ t❤❡ ❨♦✉♥❣ ❛♥❞ P♦✐♥❝❛ré ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

d

dt
I1 ≤

∫ L

0

−h3φ2
t + φ2

x +
1

h2
(φ+ ψx)

2 + εφ2
t + Cεφ

2 − hψ2
t

≤
∫ L

0

−h3φ2
t + φ2

x +
1

h2
(φ+ ψx)

2 + εφ2
t + Cεφ

2
x − hψ2

t ✭✷✳✹✹✮

=

∫ L

0

−
(
h3 − ε

)
φ2
t − hψ2

t + Cφ2
x +

1

h2
(φ+ ψx)

2.

❙t❡♣ ✷✿ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ ❛ ♣r♦❜❧❡♠ ✐♥ t❤❡ t✇♦ ❧❛st t❡r♠s ♦❢ t❤❡ ✐♥❡q✉❛❧✐t②

✭✷✳✹✹✮✳ ❚❤❡♥✱ t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ♠✉❧t✐♣❧② t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✹✸✮ ❜② φ ❛♥❞

✐♥t❡❣r❛t❡ ♦✈❡r [0, L]✱

d

dt

(∫ L

0

h3φtφ

)
=

∫ L

0

−φ2
x −

1

h2
(φ+ ψx)φ− αφtφ+ h3φ2

t

❖♥ ♦t❤❡r ❤❛♥❞✱ ❧❡t✬s ❝♦♥s✐❞❡r w t❤❡ s♦❧✉t✐♦♥ t♦

−wxx = φx, w(0) = w(L) = 0 ✭✷✳✹✺✮

✐✳❡✳

w(x) = −
∫ x

0

φ(y)dx+
x

L

∫ L

0

φ(y)dx.

t❤❡♥ ♠✉❧t✐♣❧② t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✹✸✮ ❜② w ❛♥❞ ✐♥t❡❣r❛t❡ ♦✈❡r [0, L]✱ ♦♥❡ ❣❡ts

d

dt

∫ L

0

hψtwdx =

∫ L

0

1

h2
(φ+ ψx)xw + hψtwt.

◆♦t❡ t❤❛t ∫ L

0

1

h2
(φ+ ψx)xw =

∫ L

0

1

h2
w2
x −

1

h2
ψφx.

✼✺



❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

d

dt

(∫ L

0

h3φtφ+ hψtw

)
=

∫ L

0

h3φ2
t − φ2

x −
1

h2
(φ+ ψx)φ− αφtφ+ hψtwt +

1

h2
(φ+ ψx)xw

=

∫ L

0

h3φ2
t − φ2

x −
1

h2
φ2 − 1

h2
ψxφ− αφtφ+ hψtwt +

1

h2
w2
x −

1

h2
ψφx

=

∫ L

0

h3φ2
t − φ2

x −
1

h2
φ2 − αφtφ+ hψtwt +

1

h2
w2
x

■♥ t❤✐s ♠♦♠❡♥t ✇❡ ♥❡❡❞ ♦❜s❡r✈❡ t❤❛t ❜② t❤❡ ❡q✉❛❧✐t② ✭✷✳✻✻✮ ✇❡ ♦❜t❛✐♥

∫ L

0

1

h2
w2
x −

1

h2
φ2 = − 1

Lh2

(∫ L

0

φ

)2

< 0.

❚❤❡♥✱ ✉s✐♥❣ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②

d

dt

(∫ L

0

h3φtφ+ hψtw

)
=

∫ L

0

h3φ2
t − φ2

x − αφtφ+ hψtwt

≤
∫ L

0

(
h3 + Cεα

)
φ2
t − (1− ε)φ2

x + εhψ2
t + Cεw

2
t✭✷✳✹✻✮

❇✉t t❤❛♥❦s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ w✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t

∫ L

0

w2 ≤ C

∫ L

0

φ2

❙✐♥❝❡✱ t❤❡ ❡q✉❛t✐♦♥ ❞❡✜♥✐♥❣ w ❝❛♥ ❜❡ ❞✐✛❡r❡♥t✐❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t✱ ✇❡ ❤❛✈❡

∫ L

0

w2
t ≤ C

∫ L

0

φ2
t

❈♦♥s❡q✉❡♥t❧②✱

d

dt
I2 ≤

∫ L

0

(
h3 + Cεα + C

)
φ2
t − (1− ε)φ2

x + εhψ2
t ✭✷✳✹✼✮

✇❤❡r❡

I2 =

∫ L

0

h3φtφ+ hψtw.

❙t❡♣ ✸✿ ◆♦✇ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ♦❜t❛✐♥ ♦♥❡ ❡st✐♠❛t✐✈❡ ❢♦r t❤❡ t❡r♠ (φ+ ψx)✳

❆♥❞ t♦ ❞♦ t❤✐s ✇❡ ♠✉❧t✐♣❧② t❤❡ ✜rst ❡q✉❛t✐♦♥ ❜② 1
h2

(φ+ ψx) ❛♥❞ ✐♥t❡❣r❛t❡ t❤❡ r❡s✉❧t✐♥❣

❡q✉❛t✐♦♥ ♦✈❡r [0, L]✱ ✇❡ ❣❡t

d

dt

(∫ L

0

hφt (φ+ ψx)

)
=

∫ L

0

1

h2
φxx(φ+ ψx)−

1

h4
(φ+ ψx)

2 − 1

h2
αφt(φ+ ψx) + hφt (φ+ ψx)t

=
1

h2
[φxψx]

∣∣∣
L

0
+

∫ L

0

− 1

h2
φx(φ+ ψx)x −

1

h4
(φ+ ψx)

2 − 1

h2
αφt(φ+ ψx) + hφt (φ+ ψx)t

✼✻



❛♥❞ ♠✉❧t✐♣❧② t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ❜② φx ❛♥❞ ✐♥t❡❣r❛t❡ ♦✈❡r [0, L]

d

dt

(∫ L

0

hψtφx

)
=

∫ L

0

1

h2
(φ+ ψx)xφx + hψtφxt

❚❤✉s✱

d

dt

(∫ L

0

hφt(φ+ ψx) + hψtφx

)

=
1

h2
[φxψx]

∣∣∣
L

0
+

∫ L

0

− 1

h2
φx(φ+ ψx)x −

1

h4
(φ+ ψx)

2 − 1

h2
αφt(φ+ ψx)

+hφt (φ+ ψx)t +
1

h2
(φ+ ψx)xφx + hψtφxt

✇❤✐❝❤ ✐♠♣❧✐❡s

d

dt
I3 =

1

h2
[φxψx]

∣∣∣
L

0
+

∫ L

0

− 1

h4
(φ+ ψx)

2 − 1

h2
αφt(φ+ ψx) + hφ2

t

≤ 1

h2
[φxψx]

∣∣∣
L

0
+

∫ L

0

[
− (1− ε)

1

h4
(φ+ ψx)

2 + (h+ Cε)φ
2
t

]
, ✭✷✳✹✽✮

✇❤❡r❡

I3 =

∫ L

0

hφt(φ+ ψx) + hψtφx.

❙t❡♣ ✹✿ ■♥ ♦r❞❡r t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② t❡r♠s ❛♣♣❡❛r✐♥❣ ✐♥ ✭✷✳✹✽✮✱ ✇❡

❝♦♥s✐❞❡r b(0) > 0, b(L) < 0
(
❢♦r ❡①❛♠♣❧❡✱ b(x) = L−2x

2

)
✳ ❲❡ ♠✉❧t✐♣❧② t❤❡ ✜rst

❡q✉❛t✐♦♥ ♦❢ ✭✷✳✹✸✮ ❜② bφx ❛♥❞ ✐♥t❡❣r❛t❡ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥ ♦✈❡r [0, L]✳ ❚❤✐s ❣✐✈❡s

d

dt

(∫ L

0

h3φtbφx

)
=

∫ L

0

h3φtbφxt + φxxbφx −
1

h2
(φ+ ψx) bφx − αφtbφx

=

∫ L

0

h3

2
b(φ2

t )x +
1

2
b(φ2

x)x −
1

h2
(φ+ ψx)bφx − αφtbφx ✭✷✳✹✾✮

=

∫ L

0

−h
3

2
bx(φ

2
t )−

1

2
bx(φ

2
x)−

1

h2
(φ+ ψx)bφx − αφtbφx +

[
b

2
φ2
x

] ∣∣∣∣∣

L

0

◆♦✇ ✇❡ ♠✉❧t✐♣❧② t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✹✸✮ ❜② bψx ❛♥❞ ✐♥t❡❣r❛t❡ t❤❡ r❡s✉❧t✐♥❣

❡q✉❛t✐♦♥ ♦✈❡r [0, L]✱ ✇❡ ♦❜t❛✐♥

d

dt

(∫ L

0

hψtbψx

)
=

∫ L

0

hψtbψxt +
1

h2
(φ+ ψx)x b(φ+ ψx)−

1

h2
(φ+ ψx)x bφ

=

∫ L

0

h

2
b(ψ2

t )x +
1

2h2
b
(
(φ+ ψx)

2
)
x
− 1

h2
(φ+ ψx)x bφ ✭✷✳✺✵✮

=

∫ L

0

−h
2
bxψ

2
t −

1

2h2
bx(φ+ ψx)

2 +
1

h2
(φ+ ψx) (bxφ+ bφx) +

[
b

2
ψ2
x

] ∣∣∣∣∣

L

0

✼✼



❆❞❞✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✭✷✳✹✽✮✱ ✭✷✳✹✾✮✱ ✭✷✳✺✵✮✱ ❛♥❞ ❝♦♥s✐❞❡r✐♥❣ N1 ❧❛r❣❡ ♥✉♠❜❡r ❛♥❞

N2 s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ✇❡ ❞❡❞✉❝❡

d

dt

[
N1I3 +

∫ L

0

(
h3φtbφx +N2hψtbψx

)]

=

∫ L

0

−N1(1− ε)
1

h4
(φ+ ψx)

2 +N1 (h+ Cε)φ
2
t −

h3

2
bxφ

2
t −

bx
2
φ2
x −

1

h2
(φ+ ψx) bφx − αφtbφx

−N2
h

2
bxψ

2
t −N2

bx
2h2

(φ+ ψx)
2 +N2

1

h2
(φ+ ψx) (bxφ+ bφx)

❯s✐♥❣ t❤❡ ❨♦✉♥❣ ✐♥❡q✉❛❧✐t②✱

d

dt

[
N1I3 −

∫ L

0

(
h3φtbφx +N2hψtbψx

)]

≤
∫ L

0

−N1(1− ε)
1

h4
(φ+ ψx)

2 +N1 (h+ Cε)φ
2
t −

h3

2
bxφ

2
t −

bx
2
φ2
x +

ε

h4
b (φ+ ψx)

2 + Cεbφ
2
x

+bCεφ
2
t + εbφ2

x −N2
h

2
bxψ

2
t −N2

bx
2h2

(φ+ ψx)
2 +N2

ε

h4
(φ+ ψx)

2 +N2Cεbxφ
2 +N2Cεbφ

2
x

❚❤❡♥ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡

d

dt
I4 ≤

∫ L

0

[
N1(h+ Cε) + bCε −

h3

2
bx

]
φ2
t −

[
N1(1− ε)− εb+N2

bxh
2

2
−N2εbx

]
1

h4
(φ+ ψx)

2

+

∫ L

0

[
−bx

2
+ Cεb+ εb+N2Cεbx +N2Cεb

]
φ2
x −N2

h

2
bxψ

2
t ✭✷✳✺✶✮

✇❤❡r❡

I4 = N1I3 +

∫ L

0

(
h3φtbφx +N2hψtbψx

)

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r

I5 = I4 + 2NI1

❝❤♦♦s✐♥❣ N ❧❛r❣❡ ♥✉♠❜❡r✱ t❤❡♥

d

dt
I5 ≤

∫ L

0

[
N1(h+ Cε) + bCε −

h3

2
bx − 2N(h3 − ε)

]
φ2
t

−
(
N1(1− ε)− εb+N2

bxh
2

2
−N2εbx − 2Nh2

)
1

h4
(φ+ ψx)

2 ✭✷✳✺✷✮

−
(
bx
2
− Cεb− εb−N2Cεbx −N2Cεb− 2NC

)
φ2
x −

(
2N +N2

bx
2

)
hψ2

t

❚❤❡ ▲②❛♣✉♥♦✈ ❢✉♥❝t✐♦♥❛❧ ✐s ♥♦✇ ❞❡✜♥❡❞ ❜②

Lh(t) = ÑEh(t) + I2 + µ1I5

❝❤♦♦s✐♥❣ µ1 s✉✣❝✐❡♥t❧② s♠❛❧❧ ❛♥❞ N s✉✣❝✐❡♥t❧② ❧❛r❣❡✳

✼✽



❉✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ❢✉♥❝t✐♦♥❛❧ L ❛♥❞ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✐♥ ✭✷✳✹✸✮✱ ♦♥❡ ♦❜t❛✐♥s

d

dt
Lh(t) ≤

∫ L

0

−
(
Ñα− Cε

h3
α− 1− C

h3
− µ1

N1

h3
(h+ Cε)− µ1

bCε

h3
+ µ1

bx

2
+ µ1

2N

h3
(h3 − ε)

)
h3φ2t

−µ1

(
N1(1− ε)− εb+N2

bxh
2

2
−N2εbx − 2Nh2

)
1

h4
(φ+ ψx)

2 −
(
µ12N + µ1N2

bx

2
− ε

)
hψ2

t

−
[
(1− ε) + µ1

(
bx

2
− Cεb− εb−N2Cεbx −N2Cεb− 2NC

)]
φ2x

✭✷✳✺✸✮

❈♦♥s❡q✉❡♥t❧②✱ ❜② ❡st✐♠❛t✐♥❣ t❤❡ ❝♦♥st❛♥ts✱ ♦♥❡ ❣❡ts ✭❝❤♦♦s✐♥❣ ε s✉✣❝✐❡♥t❧② s♠❛❧❧✱

N = C
h2

❛♥❞ Ñ = N
h3
✮

d

dt
Lh(t) ≤ −C

h5
Eh(t)

✇❤❡r❡ C ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t t❤❛t ♥♦t ❤❛s ❛ ❞❡♣❡♥❞❡♥❝❡ ✐♥ h✳

❖♥ ♦t❤❡r ❤❛♥❞✱ ❢♦r h ∈ (0, 1)✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

|Lh(t)− ÑEh(t)| ≤
C

h2
Eh(t)

✇❤❡r❡ C ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t t❤❛t ♥♦t ❤❛s ❛ ❞❡♣❡♥❞❡♥❝❡ ✐♥ h✳

❚❤❡r❡❢♦r❡✱ (
Ñ − C

h2

)
Eh(t) ≤ L(t) ≤

(
Ñ +

C

h2

)
Eh(t) ✭✷✳✺✹✮

✇❤❡r❡ t❤❡ ❝♦♥st❛♥t C > 0 ♥♦t ❤❛s ❛ ❞❡♣❡♥❞❡♥❝❡ ✐♥ h✳

❈♦♥s✐❞❡r✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❡①♣r❡ss✐♦♥ Lh(t)✱ ❛♥❞ ♦❜s❡r✈✐♥❣ ✭✷✳✺✹✮✱ ✇❡ ❝♦♥✲

❝❧✉❞❡
d

dt
Lh(t) ≤ −C

h3
Lh(t)

✇❤✐❝❤ ✐♠♣❧✐❡s
d

dt

(
Lh(t)e

C

h3
t
)
≤ 0.

■♥t❡❣r❛t✐♥❣ ✐♥ t✐♠❡ ❛♥❞ ✉s✐♥❣ ✭✷✳✺✹✮✱ ✇❡ ❣❡t

CEh(t) ≤ Lh ≤ Lh(0)e−
C

h3
t ≤ CEh(0)e

− C

h3
t,

✇❤❡r❡ C ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t t❤❛t ♥♦t ❤❛s ❞❡♣❡♥❞❡♥❝❡ ✐♥ h✳ ❚❤❡♥ ✇❡ ❣❡t t❤❡ ✉♥✐❢♦r♠

st❛❜✐❧✐t② ❛♥❞ t❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳

❆s ✐♥ t❤❡ ❛❜♦✈❡ t❤❡♦r❡♠s✱ ✉s✐♥❣ r❡s✉❧ts ❞✉❡ t♦ ❙♦✉❢②❛♥❡ ❬✺✷❪ ❛♥❞ ◆❡✈❡s✱ ❘✐❜❡✐r♦

❛♥❞ ▲♦♣❡s ❬✹✶❪✱ t❤❡ ❚✐♠♦s❤❡♥❦♦ s②st❡♠ ❝❛♥ ❜❡ ✉♥✐❢♦r♠❧② st❛❜❧❡ ♦r ♥♦✳ ■♥ ♦t❤❡rs

✇♦r❞s t❤❡ ✉♥✐❢♦r♠ st❛❜✐❧✐③❛t✐♦♥ ♦❢ ✭✷✳✹✮✱ ✭✷✳✺✮✱ ✭✷✳✻✮ ✐s ❛ss✉r❡❞ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥

✼✾



✭✷✳✸✽✮ ♦♥ t❤❡ ✐♥t❡r✈❛❧ ✭✵✱▲✮✳ ❙♦✱ ✐❢ ✭✷✳✸✽✮ ♥♦t ✐s s❛t✐s✜❡❞
(
✐✳❡✳, 12

ρh3
6= k

ρh

)
✱ t❤❡ s②st❡♠

✐s ♥♦t ✉♥✐❢♦r♠❧② st❛❜❧❡✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❧✐♥❡❛r ❚✐♠♦s❤❡♥❦♦ s②st❡♠ ✐s

♣♦❧②♥♦♠✐❛❧ st❛❜❧❡ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥ 12
ρh3

6= k
ρh
✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t t❤❡

❡♥❡r❣② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❚✐♠♦s❤❡♥❦♦ s②st❡♠ ❞❡❝❛② ♣♦❧②♥♦♠✐❛❧❧② ♦✈❡r

t✐♠❡✳

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ✇✐❧❧ ❛ss✉♠❡ k ✜①✱ h ∈ (0, 1) ❛♥❞✱ ❢♦r s✐♠♣❧✐❝✐t②✱

✇❡ ✇✐❧❧ ✧♥♦r♠❛❧✐③❡✧❛❧❧ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs ♦❢ t❤❡ s②st❡♠✳ ❚❤❡♥✱ ✇❡ ✇✐❧❧ st✉❞② t❤❡

❢♦❧❧♦✇✐♥❣ s②st❡♠ 



h3φtt − φxx + k (φ+ ψx) + αφt = 0,

hψtt − k (φ+ ψx)x = 0,
✭✷✳✺✺✮

✉♥❞❡r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✷✳✺✮ ❛♥❞ ✐♥✐t✐❛❧ ❞❛t❛ ✭✷✳✻✮✳

❋♦r t❤✐s s②st❡♠✱ t❤❡ ❡♥❡r❣② Eh(t) ✐s ❣✐✈❡♥ ❜②

Eh(t) =
1

2

[
h3
∣∣φht
∣∣2 + h

∣∣ψht
∣∣2 +

∣∣φhx
∣∣2 + k

∣∣φh + ψhx
∣∣2
]
, ✭✷✳✺✻✮

❛♥❞ ♦❜❡②s t❤❡ ❞✐ss✐♣❛t✐♦♥ ❧❛✇

d

dt
Eh(t) = −

∫ L

0

α
(
φht
)2
.

▲❡t

Eh(t) = Eh(t, φ, ψ) = E1(t)

❞❡♥♦t❡ t❤❡ ❡♥❡r❣② ❞❡✜♥❡❞ ✐♥ ✭✷✳✺✻✮✱ ❛♥❞ ❧❡t

E2(t) = Eh(t, φt, ψt)

❞❡♥♦t❡ t❤❡ ❡♥❡r❣② ♦❢ s❡❝♦♥❞ ♦r❞❡r✱ ❢♦r ❛ s✉✐t❛❜✐❧✐t② s♠♦♦t❤ s♦❧✉t✐♦♥✳ ❲❡ s❤❛❧❧ ♣r♦✈❡

t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✷✳✸✳✸ ▲❡t t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ r❡❣✉❧❛r ❡♥♦✉❣❤✳ ❚❤❡♥ t❤❡r❡ ✐s C > 0 s✉❝❤ t❤❛t

❢♦r ❛❧❧ t > 0✿

E1(t) ≤
C

h2
(E1(0) + E2(0))t

−1.

Pr♦♦❢✳ ❆❝❝♦r❞✐♥❣ ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❡♥❡r❣✐❡s E1(t) ❛♥❞ E2(t)✱ ✇❡ ❤❛✈❡

d

dt
E1(t) = −

∫ L

0

αφ2
t ❛♥❞

d

dt
E2(t) = −

∫ L

0

αφ2
tt.

❚❤❡ ♣r♦♦❢ ❝♦♥s✐sts ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ❛♣♣r♦♣r✐❛t❡❞ ❢✉♥❝t✐♦♥❛❧ ✉s✐♥❣ ♠✉❧t✐✲

♣❧✐❡rs t❡❝❤♥✐q✉❡s✳

✽✵



❙t❡♣ ✶✿ ❲❡ ♠✉❧t✐♣❧② t❤❡ ✜rst ❡q✉❛t✐♦♥ ✭✷✳✺✺✮ ❜② (φ+ ψx) ❛♥❞ ✐♥t❡❣r❛t❡ t❤❡
r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥ ♦✈❡r [0, L]

d

dt

(∫ L

0

h3φt(φ+ ψx)

)
=

∫ L

0

h3φt(φ+ ψx)t + φxx(φ+ ψx)− k(φ+ ψx)
2 − αφt (φ+ ψx)

=

∫ L

0

h3φt(φ+ ψx)t − φx (φ+ ψx)x − k (φ+ ψx)
2 − αφt (φ+ ψx) + [φxψx]

∣∣L
0

❇✉t
∫ L

0

h3φt (φ+ ψx)t =

∫ L

0

h3φ2
t + h3φtψxt =

∫ L

0

h3φ2
t −

∫ L

0

h3ψxφtt +
d

dt

(∫ L

0

h3φtψx

)

❚❤❡♥✱ ✇❡ ♦❜t❛✐♥

d

dt

(∫ L

0

h3φt(φ+ ψx)− h3φtψx

)
✭✷✳✺✼✮

=

∫ L

0

h3φ2
t −

∫ L

0

h3ψxφtt − φx (φ+ ψx)x − k (φ+ ψx)
2 − αφt (φ+ ψx) + [φxψx]

∣∣L
0

◆♦✇✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t♦ ❝❛♥❝❡❧ t❤❡ t❡r♠ φx (φ+ ψx)x✳ ❚♦ ❞♦ t❤✐s✱ ❧❡t✬s

♠✉❧t✐♣❧② t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✺✺✮ ❜② k−1φx ❛♥❞ ✐♥t❡❣r❛t❡ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥

♦✈❡r [0, L]✳

d

dt

(∫ L

0

h

k
ψtφx

)
=

∫ L

0

h

k
ψtφxt + (φ+ ψx)xφx =

∫ L

0

h

k
ψxφtt + (φ+ ψx)x φx −

d

dt

(∫ L

0

h

k
φtψx

)

✇❤✐❝❤ ✐♠♣❧✐❡s

d

dt

(∫ L

0

h

k
ψtφx +

h

k
φtψx

)
=

∫ L

0

h

k
ψxφtt + (φ+ ψx)x φx ✭✷✳✺✽✮

❋✐♥❛❧❧② ✇❡ ❛❞❞✐♥❣ t❤❡ t✇♦ r❡❧❛t✐♦♥s✱ ✭✷✳✺✼✮ ❛♥❞ ✭✷✳✺✽✮✱ ❣✐✈❡s

d

dt
I1 =

∫ L

0

h3φ2
t −

(
h3 − h

k

)
ψxφtt − k (φ+ ψx)

2 − αφt (φ+ ψx) + [φxψx]
∣∣L
0
✭✷✳✺✾✮

✇❤❡r❡

I1 =

∫ L

0

h3φt(φ+ ψx)−
(
h3 − h

k

)
φtψx +

h

k
ψtφx

❙t❡♣ ✷✿ ■♥ ♦r❞❡r t♦ ❞❡❛❧ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② t❡r♠s ❛♣♣❡❛r✐♥❣ ✭✷✳✺✾✮✱ ✇❡ ❝♦♥s✐❞❡r

b = b(x) ∈ C1([0, L]) ❜❡ ❛ ❣✐✈❡♥ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ ✐♥ ❛❞❞✐t✐♦♥ b(0) < 0, b(L) > 0
(
❢♦r ❡①❛♠♣❧❡✱ b(x) = 2x−L

2

)
✳ ❲❡ ♠✉❧t✐♣❧② t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✺✺✮ ❜② bφx ❛♥❞

✐♥t❡❣r❛t❡ t❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥ ♦✈❡r [0, L]✳ ❚❤✐s ❣✐✈❡s

d

dt

(∫ L

0

h3φtbφx

)
=

∫ L

0

h3φtbφxt + φxxbφx − k (φ+ ψx) bφx − αφtbφx

=

∫ L

0

h3

2
b(φ2

t )x +
1

2
b(φ2

x)x − k(φ+ ψx)bφx − αφtbφx ✭✷✳✻✵✮

=

∫ L

0

−h
3

2
bx(φ

2
t )−

1

2
bx(φ

2
x)− k(φ+ ψx)bφx − αφtbφx

✽✶



◆♦✇ ✇❡ ♠✉❧t✐♣❧② t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✺✺✮ ❜② bψx ❛♥❞ ✐♥t❡❣r❛t❡ t❤❡ r❡s✉❧t✐♥❣
❡q✉❛t✐♦♥ ♦✈❡r [0, L]✱ ✇❡ ♦❜t❛✐♥

d

dt

(∫ L

0

hψtbψx

)
=

∫ L

0

hψtbψxt + k (φ+ ψx)x b(φ+ ψx)− k (φ+ ψx)x bφ

=

∫ L

0

h

2
b(ψ2

t )x +
k

2
b
(
(φ+ ψx)

2
)
x
− k (φ+ ψx)x bφ

=

∫ L

0

−h
2
bxψ

2

t −
k

2
bx(φ+ ψx)

2 + k (φ+ ψx) (bxφ+ bφx) +

[
1

2
bψ2

x

] ∣∣∣∣∣

L

0

✭✷✳✻✶✮

❆❞❞✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✭✷✳✺✾✮✱ ✭✷✳✻✵✮ ❛♥❞ ✭✷✳✻✶✮✱ ✇❡ ❞❡❞✉❝❡ ❢♦rN1 s✉✣❝✐❡♥t❧② ❧❛r❣❡✱

d

dt

[
N1I1 −

∫ L

0

(
h3φtbφx + hψtbψx

)]

=

∫ L

0

N1h
3φ2

t −N1

(
h3 − h

k

)
ψxφtt −N1k (φ+ ψx)

2 −N1αφt (φ+ ψx) +
h3

2
bx(φ

2
t ) +

1

2
bx(φ

2
x)

∫ L

0

+k(φ+ ψx)bφx + αφtbφx +
h

2
bxψ

2
t +

k

2
bx(φ+ ψx)

2 − k (φ+ ψx) (bxφ+ bφx)

❯s✐♥❣ t❤❡ ❨♦✉♥❣ ✐♥❡q✉❛❧✐t②✱

d

dt

[
I1 −

∫ L

0

(
h3φtbφx + hψtbψx

)
]

≤
∫ L

0

N1

(
h3 + Cε

)
φ2t +N1

∣∣∣∣
(
h3 − h

k

)∣∣∣∣
2

Cεφ
2

tt +N1εψ
2

x −N1 (k − ε) (φ+ ψx)
2
+ Cεαφ

2

t + ε (φ+ ψx)
2

+

∫ L

0

h3

2
bxφ

2

t +
1

2
bxφ

2

x + εk(φ+ ψx)
2 + Cεbφ

2

x + Cεαφ
2

t + εbφ2x +
h

2
bxψ

2

t +
k

2
bx(φ+ ψx)

2

+εk (φ+ ψx)
2
+ Cεb

2

xφ
2 + Cεb

2φ2x

❚❤❡♥ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡

d

dt
I2 ≤

∫ L

0

(
N1h

3 +N1Cε + Cεα+
h3

2
bx

)
φ2t +N1

∣∣∣∣
(
h3 − h

k

)∣∣∣∣
2

Cεφ
2

tt ✭✷✳✻✷✮

+

∫ L

0

−
(
N1k −N1ε− εk − k

2
bx

)
(φ+ ψx)

2
+

(
1

2
bx + Cεb+ εb+ Cεbx + Cεb

)
φ2x +

h

2
bxψ

2

t

✇❤❡r❡

I2 = N1I1 −
∫ L

0

(
h3φtbφx + hψtbψx

)

❙t❡♣ ✸✿ ◆♦t❡ t❤❛t✱ ❢♦r ε > 0 ❝❤♦s❡♥ s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ✇❡ ❤❛✈❡ ❛ ♣r♦❜❧❡♠ ✐♥ t❤❡

t✇♦ ❧❛st t❡r♠s ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✻✷✮✳ ❚❤❡♥✱ t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ✇❡ ♠✉❧t✐♣❧② t❤❡

s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✺✺✮ ❜② ψ ❛♥❞ ✐♥t❡❣r❛t❡ ♦✈❡r [0, L]✳

d

dt

(∫ L

0

hψtψ

)
=

∫ L

0

hψ2
t + k(φ+ ψx)xψ =

∫ L

0

hψ2
t − k(φ+ ψx)

2 + k(φ+ ψx)φ✭✷✳✻✸✮

❲❡ ❝❛♥ s❡❡ t❤❛t ❜② ♣r❡✈✐♦✉s ♠✉❧t✐♣❧✐❡r✱ ✇❡ ♦❜t❛✐♥ ❛ ❡st✐♠❛t✐♦♥ ❢♦r ψ2
t ✳

✽✷



❲❡ ♥❡❡❞ ❛♥ ❡st✐♠❛t❡ ♦♥ t❤❡ ✐♥t❡❣r❛❧ ♦❢ φ2
x t♦ ❝♦♥❝❧✉❞❡✳ ❋♦r t❤✐s✱ ✇❡ ♠✉❧t✐♣❧② t❤❡

✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✺✺✮ ❜② φ✳

d

dt

(∫ L

0

h3φtφ

)
=

∫ L

0

h3φ2
t + φxxφ− k(φ+ ψx)φ− αφtφ

=

∫ L

0

h3φ2
t − φ2

x − k(φ+ ψx)φ− αφtφ ✭✷✳✻✹✮

❋✐♥❛❧❧②✱ ❧❡t✬s ❝♦♥s✐❞❡r w t❤❡ s♦❧✉t✐♦♥ t♦

−wxx = φx, w(0) = w(L) = 0 ✭✷✳✻✺✮

✐✳❡✳

w(x) = −
∫ x

0

φ(y)dx+
x

L

∫ L

0

φ(y)dx.

❚❤❡♥ ♦♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t

wx = −φ+
1

L

(∫ L

0

φ

)

s♦ t❤❛t✱ ✇❡ ❤❛✈❡ ∫ L

0

φ2 =

∫ L

0

w2
x +

1

L

(∫ L

0

φ

)2

. ✭✷✳✻✻✮

■♥ ❢❛❝t✱

φ2 = w2
x − 2w

(
1

L

∫ L

0

φ

)
+

1

L2

(∫ L

0

φ

)2

■♥t❡❣r❛t✐♥❣ ♦♥ (0, L)✱ ♦♥❡ ❣❡ts

∫ L

0

φ2 =

∫ L

0

w2
x −

2

L

(∫ L

0

φ

)∫ L

0

wx +
1

L2

(∫ L

0

φ

)2 ∫ L

0

dy

✇❤✐❝❤ ✐♠♣❧✐❡s

∫ L

0

φ2 =

∫ L

0

w2
x −

2

L

(∫ L

0

φ

)
(w(L)− w(0)) +

L

L2

(∫ L

0

φ

)2

❛♥❞ t❤❛t✬s s✉✣❝✐❡♥t t♦ ♦❜t❛✐♥ ✭✷✳✻✻✮✳

❋✉rt❤❡r♠♦r❡ ❜② st❛♥❞❛r❞ ❡❧❧✐♣t✐❝ ❡st✐♠❛t❡s ✐♠♣❧② t❤❛t
∫ L

0

w2
x ≤ C

∫ L

0

φ2
x

✇❤❡r❡ C ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳

◆♦✇✱ ✇❡ ♠✉❧t✐♣❧② t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✷✳✺✺✮ ❜② w ❛♥❞ ✐♥t❡❣r❛t❡ ♦✈❡r s♣❛❝❡✳

d

dt

(∫ L

0

hψtw

)
=

∫ L

0

hψtwt + k(φ+ ψx)xw ✭✷✳✻✼✮

✽✸



◆♦t❡ t❤❛t ∫ L

0

k(φ+ ψx)xw =

∫ L

0

kw2
x − kψφx. ✭✷✳✻✽✮

■♥ ❢❛❝t✱

∫ L

0

k(φ+ ψx)xw =

∫ L

0

kφxw + kψxxw =

∫ L

0

−kwxxw + kψwxx =

∫ L

0

kw2
x − kψφx.

❋✐♥❛❧❧②✱ ❛❞❞✐♥❣ t❤❡ ❡q✉❛t✐♦♥s ✭✷✳✻✹✮✱ ✭✷✳✻✼✮ ❛♥❞ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ✭✷✳✻✽✮✱ ♦♥ ❣❡ts

d

dt

(∫ L

0

h3φtφ+ hψtw

)
=

∫ L

0

h3φ2
t − φ2

x − k(φ+ ψx)φ+ hψtwt + k(φ+ ψx)xw − αφtφ

=

∫ L

0

h3φ2
t − φ2

x − kφ2 − kψxφ+ hψtwt + kw2
x − kψφx − αφtφ

=

∫ L

0

h3φ2
t − φ2

x − kφ2 + hψtwt + kw2
x − αφtφ

■♥ t❤✐s ♠♦♠❡♥t ✇❡ ♥❡❡❞ ♦❜s❡r✈❡ t❤❛t ❜② t❤❡ ❡q✉❛❧✐t② ✭✷✳✻✻✮ ✇❡ ♦❜t❛✐♥

∫ L

0

kw2
x − kφ2 = − k

L

(∫ L

0

φ

)2

< 0.

❚❤❡♥✱ ✉s✐♥❣ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②

d

dt

(∫ L

0

h3φtφ+ hψtw

)
=

∫ L

0

h3φ2
t − φ2

x + hψtwt − αφtφ

≤
∫ L

0

(
h3 + Cε

)
φ2
t − (1− ε)φ2

x + εhψ2
t + Cεw

2
t ✭✷✳✻✾✮

❇✉t t❤❛♥❦s t♦ ✭✷✳✻✺✮✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t

∫ L

0

w2 ≤ C

∫ L

0

φ2

❙✐♥❝❡✱ t❤❡ ❡q✉❛t✐♦♥ ❞❡✜♥✐♥❣ w ❝❛♥ ❜❡ ❞✐✛❡r❡♥t✐❛t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t✱ ✇❡ ❤❛✈❡

∫ L

0

w2
t ≤ C

∫ L

0

φ2
t

❯s✐♥❣ t❤✐s ❧❛st ❡st✐♠❛t❡ ✐♥ ✭✷✳✻✾✮ t♦❣❡t❤❡r ✇✐t❤ ✭✷✳✻✸✮ ✱ ✇❡ ♦❜t❛✐♥

d

dt

(∫ L

0

−hψtψ + h3φtφ+ hψtw

)

≤
∫ L

0

(
h3 + Cε + C

)
φ2
t − (1− ε)φ2

x + εhψ2
t − hψ2

t + k(φ+ ψx)
2 − k(φ+ ψx)φ

=

∫ L

0

(
h3 + Cε + C

)
φ2
t − (1− ε)φ2

x − (1− ε)hψ2
t + k(φ+ ψx)

2 − k(φ+ ψx)φ✭✷✳✼✵✮

✽✹



❯s✐♥❣ s✉❝❝❡ss✐✈❡❧② t❤❡ ❡st✐♠❛t❡s ✐♥ ✭✷✳✻✷✮ ❛♥❞ ✭✷✳✼✵✮✱ ✇❡ ♦❜t❛✐♥

d

dt
I4 ≤

∫ L

0

N1

∣∣∣∣
(
h3 − h

k

)∣∣∣∣
2

Cεφ
2
tt +

(
N2 +

N2C

h3
+
N2Cε
h3

+N1 +
N1Cε
h3

+
N1bx
2

)
h3φ2

t

+

∫ L

0

−
(
N2 −N2ε−

N1bx
2

)
hψ2

t −
(
N1 −

N1ε

k
− ε− bx

2
−N2 −N2ε

)
k (φ+ ψx)

2

+

∫ L

0

−
(
N2 −N2ε−

N2

2
− N1bx

2
−N1Cεb−N1εb−N1Cεb

2
x −N1Cεb

2

)
φ2
x

✇❤❡r❡

I4 = I2 +N2I3

❢♦r N2 > 0 ❧❛r❣❡ ❛♥❞

I3 =

∫ L

0

−hψtψ + h3φtφ+ hψtw +
α

2
φ2

❋✐♥❛❧❧②✱ ❧❡t✬s ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥❛❧ L ❜②

L(t) := ÑE1(t) + N̂E2(t) + I4.

❚❤❡♥✱

d

dt
L(t) ≤

∫ L

0

−
(
N̂α−N1

∣∣∣∣
(
h3 − h

k

)∣∣∣∣
2

Cε

)
φ2tt −

(
Ñα

h3
−N2 − N2C

h3
− N2Cε

h3
−N1 − N1Cε

h3
− N1bx

2

)
h3φ2t

+

∫ L

0

−
(
N2 −N2ε−

N1bx

2

)
hψ2

t −
(
N1 − N1ε

k
− ε− bx

2
−N2 −N2ε

)
k (φ+ ψx)

2

+

∫ L

0

−
(
N2 −N2ε−

N2

2
− N1bx

2
−N1Cεb−N1εb−N1Cεb

2

x −N1Cεb
2

)
φ2x ✭✷✳✼✶✮

❖♥ ♦t❤❡r ❤❛♥❞✱ ❢♦r h ∈ (0, 1) ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

[
Ñ − C

h2

]
E1(t) + N̂E2(t) ≤ L(t) ≤

[
Ñ +

C

h2

]
E1(t) + N̂E2(t).

t❤❡♥ ❝❤♦♦s✐♥❣ Ñ = C
h2
✱ ✇❡ ♦❜t❛✐♥

C

h2
(E1(t) + E2(t)) ≤ L(t) ≤ C

h2
(E1(t) + E2(t)) , ✭✷✳✼✷✮

✇❤❡r❡ C ✐s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳

❘❡t✉r♥✐♥❣ t♦ t❤❡ ❡q✉❛t✐♦♥ ✭✷✳✼✶✮✱ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ N ✱ ❝❤♦♦s✐♥❣ ε s✉✣❝✐❡♥t❧②

s♠❛❧❧ ❛♥❞ ✐❢ ✇❡ ✐❞❡♥t✐❢② N̂ = Ch2✱ ♦♥❡ ❣❡ts

d

dt
L(t) ≤ −Ch2E2(t)− C

(
Ñ

h3
+ 1

)
E1(t) ≤ −Ch2 (E1(t) + E2(t))

✽✺



❯s✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t② ✭✷✳✼✷✮ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

d

dt
L(t) = −CE1(t).

■♥t❡❣r❛t✐♥❣ ✐♥ t✐♠❡✱ ♦♥❡ ❣❡ts

L(t)− L(0) ≤ −C
∫ L

0

E1(t)

✇❤✐❝❤ ✐♠♣❧✐❡s ∫ L

0

E1(t) ≤ C (L(0)− L(t)) . ✭✷✳✼✸✮

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ ❛❣❛✐♥ ✭✷✳✼✷✮✱ ♦♥❡ ❤❛s

∫ t

0

E1(t) ≤ C (L(0)− L(t))

≤ C

[
C

h2
(E1(0) + E2(0))− CE1(t)

]

≤ C

h2
(E1(0) + E2(0)) .

❋✉rt❤❡r♠♦r❡✱
d

dt
(tE1(t)) ≤ E1(t).

❚❤❡♥✱ ✐♥t❡❣r❛t✐♥❣ ✐♥ t✐♠❡ ❛♥❞ ✉s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❡st✐♠❛t✐✈❡✱ ✇❡ ♦❜t❛✐♥

∫ t

0

d

dt
(tE1(t)) ≤

∫ t

0

E1(t)

✇❤✐❝❤ ✐♠♣❧✐❡s

tE1(t) ≤
∫ t

0

E1 ≤
C

h2
(E1(0) + E2(0)) .

❈♦♥s❡q✉❡♥t❧②✱

E1(t) ≤
C

h2
(E1(0) + E2(0)) t

−1

❛♥❞ t❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢✳

✽✻
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❬✸✻❪ ●✳ P✳ ▼❡♥③❛❧❛ ❛♥❞ ❊✳ ❩✉❛③✉❛✱ ❚✐♠♦s❤❡♥❦♦✬s ❇❡❛♠ ❊q✉❛t✐♦♥ ❛s ▲✐♠✐t ♦❢ ❛ ◆♦♥❧✐✲

♥❡❛r ❖♥❡✲❉✐♠❡♥s✐♦♥❛❧ ❱♦♥✲❑ár♠á♥ ❙②st❡♠✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢

❊❞✐♥❜✉r❣❤✱ ✶✸✵❆✱ ✭✷✵✵✵✮✱ ♣✳ ✽✺✺✲✽✼✺✳

❬✸✼❪ ●✳ P✳ ▼❡♥③❛❧❛ ❛♥❞ ❊✳ ❩✉❛③✉❛✱ ❚✐♠♦s❤❡♥❦♦✬s P❧❛t❡ ❊q✉❛t✐♦♥ ❛s ❛ ❙✐♥❣✉❧❛r ▲✐♠✐t

♦❢ t❤❡ ❉②♥❛♠✐❝❛❧ ❱♦♥✲❑ár♠á♥ ❙②st❡♠✱ ❏✳ ▼❛t❤✳ P✉r❡s ❆♣♣❧✳✱ ✼✾✱ ✭✶✮✱ ✭✷✵✵✵✮✱ ♣✳

✼✸✲✾✹✳

❬✸✽❪ ❏✳ ❨✳ P❛r❦ ❛♥❞ ❏✳ ❘✳ ❑❛♥❣✱ ●❧♦❜❛❧ ❡①✐st❡♥❝❡ ❛♥❞ st❛❜✐❧✐t② ❢♦r ❛ ❱♦♥✲❑ár♠á♥

❡q✉❛t✐♦♥s ✇✐t❤ ♠❡♠♦r② ✐♥ ♥♦♥❝②❧✐♥❞r✐❝❛❧ ❞♦♠❛✐♥s✱ ❏✳ ▼❛t❤✳ P❤②s✳ ✺✵✱ ✶✶✷✼✵✶

✭✷✵✵✾✮✳

❬✸✾❪ ●✳ P❡r❧❛ ▼❡♥③❛❧❛ ❛♥❞ ❊✳ ❩✉❛③✉❛✱ ❊①♣❧✐❝✐t② ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② r❛t❡s ❢♦r s♦❧✉t✐♦♥s

♦❢ ❱♦♥✲❑ár♠á♥ s②st❡♠ ♦❢ t❤❡r♠♦❡❧❛st✐❝ ♣❧❛t❡s✱ ❈✳ ❘✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s✱ ❙❡r✳ ■✱ ✸✷✹

✭✶✾✾✼✮✱ ✹✾✲✺✹✳

❬✹✵❪ ❘✳ ❉✳ ▼✐♥❞❧✐♥✱ ■♥✢✉❡♥❝❡ ♦❢ ❘♦t❛t♦r② ■♥❡rt✐❛ ❛♥❞ ❙❤❡❛r ♦♥ ❋❧❡①✉r❛❧ ▼♦t✐♦♥s ♦❢

■s♦tr♦♣✐❝ ❊❧❛st✐❝ P❧❛t❡s✱ ❏✳ ❆♣♣❧✳ ▼❡❝❤✳✱ ✶✽ ✭✶✾✺✶✮✱ ✸✶✲✸✽✳

❬✹✶❪ ❆✳ ❋✳ ◆❡✈❡s✱ ❍✳ ❙✳ ❘✐❜❡✐r♦✱ ❖✳ ▲♦♣❡s✳ ❖♥ t❤❡ s♣❡❝tr✉♠ ♦❢ ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦rs

❣❡♥❡r❛t❡❞ ❜② ❤②♣❡r❜♦❧✐❝ s②st❡♠s✱ ❏✳ ❋✉♥❝t✳ ❆♥❛❧✳ ✻✼✭✸✮✱ ✭✶✾✽✻✮

❬✹✷❪ ❙✳ ◆✐❝❛✐s❡✱ ■♥t❡r♥❛❧ st❛❜✐❧✐③❛t✐♦♥ ♦❢ ❛ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ♠♦❞❡❧ ❜② ✐♥t❡r✐♦r ❢❡❡❞✲

❜❛❝❦s✱ ▼❛t❤✳ ❈♦♥tr♦❧ ❛♥❞ ❘❡❧❛t✳ ❋✐❡❧❞s✱ ✶ ✭✸✮ ✭✷✵✶✶✮✱ ✸✸✶✲✸✺✷✳

✾✵



❬✹✸❪ ❆✳ P❛③♦t♦✱ ●✳ P❡r❧❛ ▼❡♥③❛❧❛ ❛♥❞ ❊✳ ❩✉❛③✉❛✱ ❙t❛❜✐❧✐③❛t✐♦♥ ♦❢ ❇❡r❣❡r✲❚✐♠♦s❤❡♥❦♦✬s

❡q✉❛t✐♦♥ ❛s ❧✐♠✐t ♦❢ t❤❡ ✉♥✐❢♦r♠ st❛❜✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ✈♦♥ ❑ár♠á♥ s②st❡♠ ♦❢ ❜❡❛♠s

❛♥❞ ♣❧❛t❡s✱ ▼❛t❤✳ ▼♦❞❡❧✳ ◆✉♠❡r✳ ❆♥❛❧✳✱ ✸✻ ✭✹✮ ✭✷✵✵✷✮✱ ✻✺✼✲✻✾✶✳

❬✹✹❪ ▲✳ ❘❛❤♠❛♥✐✱ ▼♦❞❡❧✐♥❣ ♦❢ t❤❡ ♥♦♥❧✐♥❡❛r ✈✐❜r❛t✐♦♥s ♦❢ ❛ st✐✛❡♥❡❞ ♠♦❞❡r❛t❡❧② t❤✐❝❦

♣❧❛t❡✱ ❈✳ ❘✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s✱ ❙❡r✳ ■✱ ✸✺✷ ✭✷✵✶✹✮✱ ✷✷✸✲✷✷✼✳

❬✹✺❪ ▲✳ ❘❛❤♠❛♥✐✱ ❘❡✐♥❢♦r❝❡♠❡♥t ♦❢ ❛ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ♣❧❛t❡ ❜② ❛ t❤✐♥ ❧❛②❡r✱ ❩✳

❆♥❣❡✇✳ ▼❛t❤✳ P❤②s✳✱ ✻✻ ✭✷✵✶✺✮✱ ✸✹✾✾✲✸✺✶✼✳

❬✹✻❪ ❉✳ ▲✳ ❘✉ss❡❧❧✱ ❉❡❝❛② r❛t❡s ❢♦r ✇❡❛❦❧② ❞❛♠♣❡❞ s②st❡♠s ✐♥ ❍✐❧❜❡rt s♣❛❝❡ ♦❜t❛✐♥❡❞ ✇✐t❤

❝♦♥tr♦❧✲t❤❡♦r❡t✐❝ ♠❡t❤♦❞s✱ ❏♦✉r♥❛❧ ♦❢ ❉✐❢❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✶✾ ✭✶✾✼✺✮✱ ✸✹✹✲✸✼✵✳

❬✹✼❪ ❉✳ ▲✳ ❘✉ss❡❧❧✱ ▲✐♥❡❛r st❛❜✐❧✐③❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ♦s❝✐❧❧❛t♦r ✐♥ ❍✐❧❜❡rt s♣❛❝❡✱ ❏♦✉r♥❛❧

♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❆♥❛❧②s✐s ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s ✷✺✱ ✭✶✾✻✾✮✱ ✻✻✸✲✻✼✺✳

❬✹✽❪ ❍✳ ❋✳ ❙❛r❡✱ ❖♥ t❤❡ st❛❜✐❧✐t② ♦❢ ▼✐♥❞❧✐♥✲❚✐♠♦s❤❡♥❦♦ ♣❧❛t❡s✱ ◗✉❛rt✳ ❆♣♣❧✳ ▼❛t❤✳✱

✻✼ ✭✷✵✵✾✮✱ ✷✹✾✲✷✻✸✳

❬✹✾❪ ❉✳ ❙❤✐✱ ❉✳ P❡♥❣✱ ❊①♣♦♥❡♥t✐❛❧ ❞❡❝❛② r❛t❡ ♦❢ t❤❡ ❡♥❡r❣② ♦❢ ❛ ❚✐♠♦s❤❡♥❦♦ ❜❡❛♠ ✇✐t❤

❧♦❝❛❧❧② ❞✐str✐❜✉t❡❞ ❢❡❡❞❜❛❝❦✱ ❆◆❩■❆▼ ❏✳ ✹✹ ✭✷✮ ✭✷✵✵✷✮ ✷✵✺✲✷✷✵✳

❬✺✵❪ ❏✳ ❙✐♠♦♥✱ ❈♦♠♣❛❝t s❡ts ✐♥ t❤❡ s♣❛❝❡ Lp (0, T ;B)✱ ❆♥♥✳ ▼❛t✳ P✉r❛ ❆♣♣❧✳✱ ❈❳▲❱■

(4) (1987)✱ ✻✺✲✾✻✳

❬✺✶❪ ▼✳ ❙❧❡♠r♦❞✱ ❚❤❡ ❧✐♥❡❛r st❛❜✐❧✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥ ❍✐❧❜❡rt s♣❛❝❡✱ ❏♦✉r♥❛❧ ♦❢ ❋✉♥❝t✐♦✲

♥❛❧ ❆♥❛❧②s✐s ✶✶ ✭✶✾✼✷✮✱ ✸✸✹✲✸✹✺✳

❬✺✷❪ ❆✳ ❙♦✉❢②❛♥❡✱ ❙t❛❜✐❧✐s❛t✐♦♥ ❞❡ ❧❛ ♣♦✉tr❡ ❞❡ ❚✐♠♦s❤❡♥❦♦✱ ❈✳ ❘✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s✱ ❙❡r✳

■✱ ✸✷✽ ✭✶✾✾✾✮✱ ✼✸✶✲✼✸✹✳

❬✺✸❪ ❆✳ ❙♦✉❢②❛♥❡✱ ❆✳❲❡❤❜❡✱ ❯♥✐❢♦r♠ st❛❜✐❧✐③❛t✐♦♥ ❢♦r t❤❡ ❚✐♠♦s❤❡♥❦♦ ❜❡❛♠ ❜② ❛ ❧♦❝❛❧❧②

❞✐str✐❜✉t❡❞ ❞❛♠♣✐♥❣✱ ❊❧❡❝tr♦♥✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✷✵✵✸ ✭✷✾✮ ✭✷✵✵✸✮✱ ✶✲✶✹✳

❬✺✹❪ ❙✳❲✳ ❚❛②❧♦r✱ ❇♦✉♥❞❛r② ❝♦♥tr♦❧ ♦❢ ❛ ❚✐♠♦s❤❡♥❦♦ ❜❡❛♠ ✇✐t❤ ✈❛r✐❛❜❧❡ ♣❤②s✐❝❛❧ ❝❤❛✲

r❛❝t❡r✐st✐❝s✱ ❘❡s❡❛r❝❤ r❡♣♦rt ★ ✸✺✻✱ ❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✶✾✾✽✱ ❯♥✐✈❡rs✐t②

♦❢ ❆✉❝❦❧❛♥❞✳

✾✶



❬✺✺❪ ❙✳ ❚✐♠♦s❤❡♥❦♦✱ ❙✳ ❲♦✐♥♦✇s❦②✲❑r✐❡❣❡r✱ ❚❤❡♦r② ♦❢ P❧❛t❡s ❛♥❞ ❙❤❡❧❧s✱ ▼❝●r❛✇✲❍✐❧❧✱

◆❡✇ ❨♦r❦✱ ✭✶✾✺✾✮✳

❬✺✻❪ ❏✳ ❱❛♥ ◆❡❡r✈❡♥✱ ❚❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ s❡♠✐❣r♦✉♣s ♦❢ ❧✐♥❡❛r ♦♣❡r❛t♦rs✱

❇✐r❤❛✉s❡r✱ ❇❛s❡❧✱ ✭✶✾✾✻✮✳

❬✺✼❪ ●✳ ❳✉✱ ❙✳ ❨✉♥❣✱ ❙t❛❜✐❧✐③❛t✐♦♥ ♦❢ ❚✐♠♦s❤❡♥❦♦ ❜❡❛♠ ❜② ♠❡❛♥s ♦❢ ♣♦✐♥t✇✐s❡ ❝♦♥tr♦❧s✱

❊❙❆■▼ ❈♦♥tr♦❧ ❖♣t✐♠✳ ❈❛❧❝✳ ❱❛r✳ ✾ ✭✷✵✵✸✮ ✺✼✾✲✻✵✵✳

❬✺✽❪ ◗✳ ❨❛♥✱ ❩✳ ❈❤❡♥✱ ❉✳ ❋❡♥❣✱ ❊①♣♦♥❡♥t✐❛❧ st❛❜✐❧✐t② ♦❢ ♥♦♥✉♥✐❢♦r♠ ❚✐♠♦s❤❡♥❦♦ ❜❡❛♠

✇✐t❤ ❝♦✉♣❧❡❞ ❧♦❝❛❧❧② ❞✐str✐❜✉t❡❞ ❢❡❡❞❜❛❝❦s✱ ❆❝t❛ ❆♥❛❧✳ ❋✉♥❝t✳ ❆♣♣❧✳ ✺ ✭✷✮ ✭✷✵✵✸✮

✶✺✻✲✶✻✹✳

❬✺✾❪ ❊✳ ❩✉❛③✉❛✱ ❙t❛❜✐❧✐t② ❛♥❞ ❞❡❝❛② ❢♦r ❛ ❝❧❛ss ♦❢ ♥♦♥❧✐♥❡❛r ❤②♣❡r❜♦❧✐❝ ♣r♦❜❧❡♠s✱ ❆s②♠♣✲

t♦t✐❝✳ ❆♥❛❧✳✱ ✶✱ ✭✶✾✽✽✮✱ ✶✻✶✲✶✽✺✳

❬✻✵❪ ❊✳ ❩✉❛③✉❛✱ ❆♥ ❛ ■♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ ❊①❛❝t ❈♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r ❉✐str✐❜✉t❡❞ ❙②st❡♠s✱
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