
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❛ P❛r❛í❜❛

❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❉♦✉t♦r❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ❞❡ s✐st❡♠❛s
♣❛r❛❜ó❧✐❝♦s✱ ❤✐♣❡r❜ó❧✐❝♦s ❡ ❞✐s♣❡rs✐✈♦s

♣♦r

▼❛✉rí❝✐♦ ❈❛r❞♦s♦ ❙❛♥t♦s

❏♦ã♦ P❡ss♦❛ ✲ P❇

❏✉❧❤♦✴✷✵✶✹



❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ❞❡ s✐st❡♠❛s
♣❛r❛❜ó❧✐❝♦s✱ ❤✐♣❡r❜ó❧✐❝♦s ❡ ❞✐s♣❡rs✐✈♦s †

♣♦r

▼❛✉rí❝✐♦ ❈❛r❞♦s♦ ❙❛♥t♦s

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❋á❣♥❡r ❉✐❛s ❆r❛r✉♥❛

❡ s♦❜ ❝♦✲♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❊♥r✐q✉❡ ❋❡r♥á♥❞❡③ ❈❛r❛

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛ ❆ss♦❝✐❛❞♦
❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛ ✲ ❯❋P❇✴❯❋❈●✱ ❝♦♠♦
r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ❉♦✉t♦r ❡♠ ▼❛✲
t❡♠át✐❝❛✳

❏♦ã♦ P❡ss♦❛ ✲ P❇

❏✉❧❤♦✴✷✵✶✹

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙





❘❡s✉♠♦

◆❡st❛ t❡s❡✱ ❡st✉❞❛r❡♠♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥tr♦❧❡ ♣❛r❛ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❞❛ t❡♦r✐❛ ❞❛s ❡q✉❛✲
çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ✭❊❉Ps✮✿

• Pr♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ♠✉❧t✐ ♦❜❥❡t✐✈♦ ♣❛r❛ ✉♠ ♣r♦❜❧❡♠❛ ♣❛r❛❜ó❧✐❝♦✱ s❡❣✉✐♥❞♦ ❡str❛té❣✐❛s
❞♦ t✐♣♦ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤✿ ♣❛r❛ ❝❛❞❛ ❝♦♥tr♦❧❡ ❧í❞❡r✱ q✉❡ ✐♠♣õ❡ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛
♣❛r❛ ♦ ❡st❛❞♦✱ ❡♥❝♦♥tr❛♠♦s s❡❣✉✐❞♦r❡s✱ ❡♠ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤✱ ❛ss♦❝✐❛❞♦s ❛ ❢✉♥❝✐♦♥❛✐s
❝✉st♦✳ ❊♠ s❡❣✉✐❞❛✱ ❞❡t❡r♠✐♥❛♠♦s ♦ ❧í❞❡r ❞❡ ♠❡♥♦r ❝✉st♦✳

• ❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❧✐♥❡❛r✿ ❝♦♠ ✉♠❛ ❞✐s❝r❡t✐③❛çã♦
❡s♣❛ç♦✲t❡♠♣♦ ❛❞❡q✉❛❞❛✱ ❝♦♥str✉í♠♦s ♥✉♠❡r✐❝❛♠❡♥t❡ ❝♦♥tr♦❧❡s✲❢r♦♥t❡✐r❛ q✉❡ ❝♦♥❞✉③❡♠
❛ s♦❧✉çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❛ ③❡r♦❀ ✉t✐❧✐③❛♥❞♦ té❝♥✐❝❛s ❞❡ ❋✉rs✐❦♦✈✲■♠❛♥✉✈✐❧♦✈ ✭✈❡❥❛ ❬▲❡❝✲
t✉r❡ ◆♦t❡s ❙❡r✐❡s✱ ❱♦❧ ✸✹✱ ✶✾✾✻❪✮ ❝♦♥tr✉í♠♦s ❝♦♥tr♦❧❡s q✉❡ ❞❡❝❛❡♠ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♥♦
t❡♠♣♦ ✜♥❛❧✳

• ❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ♣❛r❛ ✉♠ s✐st❡♠❛ ❛❝♦♣❧❛❞♦ ❙❝❤rö❞✐♥❣❡r✲❑❞❱✿ ♥❡st❡ tr❛❜❛❧❤♦✱ ❝♦♠✲
❜✐♥❛♥❞♦ ❡st✐♠❛t✐✈❛s ❣❧♦❜❛✐s ❞❡ ❈❛r❧❡♠❛♥ ❝♦♠ ❡st✐♠❛t✐✈❛s ❞❡ ❡♥❡r❣✐❛✱ ♦❜t❡♠♦s ✉♠❛ ❞❡✲

s✐❣✉❛❧❞❛❞❡ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡✳ ❖ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ s❡❣✉❡ ♣❡❧♦ ♠ét♦❞♦ ❞❡
✉♥✐❝✐❝❛❞❡ ❍✐❧❜❡rt ✭❍❯▼✮✳

• ❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞♦ t✐♣♦ ❊✉❧❡r✱ ✐♥❝♦♠♣r❡ssí✈❡❧✱ ✐♥✈ís❝✐❞♦✱ s♦❜ ✐♥✢✉ê♥❝✐❛
❞❡ ✉♠❛ t❡♠♣❡r❛t✉r❛✿ ❯t✐❧✐③❛♠♦s ♦s ♠ét♦❞♦s ❞❡ ❡①t❡♥sã♦ s❡❣✉✐❞♦ ❞♦ ♠ét♦❞♦ ❞♦ r❡t♦r♥♦
♣❛r❛ ♣r♦✈❛r r❡s✉❧t❛❞♦s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♣❛r❛ ❡st❡ s✐st❡♠❛✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡✱ ❊str❛té❣✐❛s ❞♦ t✐♣♦ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤✱ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡
❈❛r❧❡♠❛♥✱ ❊q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✲✶❉✱ ❊q✉❛çã♦ ❞♦ ❈❛❧♦r✱ ❊q✉❛çã♦ ❑❞❱✱ ❊❧❡♠❡♥t♦s ✜♥✐t♦s✱
❙✐st❡♠❛ ❞❡ ❇♦✉ss✐♥❡sq✲■♥✈ís❝✐❞♦✳



❆❜str❛❝t

■♥ t❤✐s t❤❡s✐s✱ ✇❡ st✉❞② ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧ts ♦❢ s♦♠❡ ♣❤❡♥♦♠❡♥❛ ♠♦❞❡❧❡❞ ❜② P❛rt✐❛❧
❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✭P❉❊s✮✿

• ▼✉❧t✐ ♦❜❥❡❝t✐✈❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✱ ❢♦r ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❙t❛❝❦❡❧❜❡r✲◆❛s❤
str❛t❡❣② ✐s ❝♦♥s✐❞❡r❡❞✿ ❢♦r ❡❛❝❤ ❧❡❛❞❡r ❝♦♥tr♦❧ ✇❤✐❝❤ ✐♠♣♦s❡ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r
t❤❡ st❛t❡ ✈❛r✐❛❜❧❡✱ ✇❡ ✜♥❞ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❛ss♦❝✐❛t❡❞ t♦ s♦♠❡ ❝♦sts✳ ❚❤❡ ❧❡❛❞❡r
❝♦♥tr♦❧ ✐s ❝❤♦s❡♥ t♦ ❜❡ t❤❡ ♦♥❡ ♦❢ ♠✐♥✐♠❛❧ ❝♦st✳

• ◆✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r t❤❡ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✿ ✇✐t❤ ❛ ❝♦♥✈❡♥✐❡♥t s♣❛❝❡✲t✐♠❡

❞✐s❝r❡t✐③❛t✐♦♥✱ ✇❡ ♥✉♠❡r✐❝❛❧❧② ❝♦♥str✉❝t ❜♦✉♥❞❛r② ❝♦♥tr♦❧s ✇❤✐❝❤ ❧❡❛❞ t❤❡ s♦❧✉t✐♦♥ ♦❢
t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ t♦ ③❡r♦❀ ✉s✐♥❣ s♦♠❡ ❛r❣✉♠❡♥ts ♦❢ ❋✉rs✐❦♦✈✲■♠❛♥✉✈✐❧♦✈ ✭s❡❡
❬▲❡❝t✉r❡ ◆♦t❡s ❙❡r✐❡s✱ ❱♦❧ ✸✹✱ ✶✾✾✻❪✮ ✇❡ ❝♦♥str✉❝t ❝♦♥tr♦❧s ✇✐t❤ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ❛t
✜♥❛❧ t✐♠❡✳

• ◆✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r ❛ ❙❝❤rö❞✐♥❣❡r✲❑❞❱ s②st❡♠✿ ✐♥ t❤✐s ✇♦r❦✱ ✇❡ ❝♦♠❜✐♥❡ ❣❧♦❜❛❧
❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ✇✐t❤ ❡♥❡r❣② ❡st✐♠❛t❡s t♦ ♦❜t❛✐♥ ❛♥ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t②✳ ❚❤❡
❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧t ❤♦❧❞s ❜② t❤❡ ❍✐❧❜❡rt ❯♥✐q✉❡♥❡ss ▼❡t❤♦❞ ✭❍❯▼✮✳

• ❈♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧ts ❢♦r ❛ ❊✉❧❡r t②♣❡ s②st❡♠✱ ✐♥❝♦♠♣r❡ss✐❜❧❡✱ ✐♥✈✐s❝✐❞✱ ✉♥❞❡r t❤❡ ✐♥✢✉✲
❡♥❝❡ ♦❢ ❛ t❡♠♣❡r❛t✉r❡ ❛r❡ ♦❜t❛✐♥❡❞✿ ✇❡ ♠❛✐♥❧② ✉s❡ t❤❡ ❡①t❡♥s✐♦♥ ❛♥❞ r❡t✉r♥ ♠❡t❤♦❞s✳

❑❡②✇♦r❞s✿ ❈♦♥tr♦❧❧❛❜✐❧✐t②✱ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣✐❡s✱ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t✐❡s✱ ✶❉ ❙❝❤rö❞✐♥✲
❣❡r ❡q✉❛t✐♦♥✱ ❍❡❛t ❊q✉❛t✐♦♥✱ ❑❞❱ ❡q✉❛t✐♦♥✱ ❋✐♥✐t❡ ❡❧❡♠❡♥t ♠❡t❤♦❞s✱ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t✐❡s✱
■♥✈✐s❝✐❞ ❇♦✉ss✐♥❡sq s②st❡♠✳



❆❣r❛❞❡❝✐♠❡♥t♦s

✲❆♦s ♠❡✉s ❛♠✐❣♦s ❛❝❛❞ê♠✐❝♦s✱ ❉✐❡❣♦ ✭❉✐❡❣ã♦✮✱ ❋❡❧✐♣❡ ✭❋❡❧✐♣ã♦✮✱ ❏♦sé ✭❩é✮ ❡ P✐tá❣♦r❛s
✭P✐t❛✮ q✉❡ ❥✉♥t♦s ❝♦♥s❡❣✉✐♠♦s ❡♥❢r❡♥t❛r ❛s ❞✐✜❝✉❧❞❛❞❡s q✉❡ s✉r❣✐r❛♠ ♥❛ ✈✐❞❛ ❝♦♠♦ ❡st✉❞❛♥t❡✳

✲❆♦ ♣r♦❢❡ss♦r ▼❛r❝♦♥❞❡s ❘♦❞r✐❣✉❡s ❈❧❛r❦✱ ♣♦r t❡r ♠❡ r❡❝❡❜✐❞♦ ❞❡ ❜r❛ç♦s ❛❜❡rt♦s ❡ t❡r
❞❡❞✐❝❛❞♦ ♣❛rt❡ ❞♦ s❡✉ t❡♠♣♦ ❛ ♠❡ ♣❛ss❛r ❡ ❡♥s✐♥❛r ✉♠ ♣♦✉❝♦ ❞♦ s❡✉ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠át✐❝♦✱
s♦❜r❡t✉❞♦ ❧✐çõ❡s ❞❡ ✈✐❞❛ q✉❡ ✈♦✉ ❝❛rr❡❣❛r ♣❡❧♦ r❡st♦ ❞❛ ♠✐♥❤❛ ✈✐❞❛✳

✲❆♦ ♣r♦❢❡ss♦r ❋á❣♥❡r ❉✐❛s ❆r❛r✉♥❛✱ q✉❡ ❛❝❡✐t♦✉ s❡r ♠❡✉ ♦r✐❡♥t❛❞♦r ❡ ♣r♦♣♦r❝✐♦♥♦✉ ✈ár✐❛s
♦♣♦rt✉♥✐❞❛❞❡s ❞❡ ❛✈❛♥ç❛r ♠❛✐s ❡ ❡st✉❞❛r tó♣✐❝♦s ❝❛❞❛ ✈❡③ ♠❛✐s ✐♥t❡r❡ss❛♥t❡s✳

✲❆♦ ♣r♦❢❡ss♦r ❊♥r✐q✉❡ ❋❡r♥á♥❞❡③✲❈❛r❛✱ ♣♦r s✉❛ ❛t❡♥çã♦ ❡ ❤♦s♣✐t❛❧✐❞❛❞❡ ❡♠ ❙❡✈✐❧❧❛✱ ♣r♦✲
♣♦r❝✐♦♥❛♥❞♦ ♦ ❛♠❜✐❡♥t❡ ✐❞❡❛❧ ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ❡st❡ tr❛❜❛❧❤♦✳ ▼✉✐t♦ ♦❜r✐❣❛❞♦ ♣♦r t✉❞♦✦

✲❆♦s ♣r♦❢❡ss♦r❡s ❞❡ ❣r❛❞✉❛çã♦ ❡ ♣ós ❣r❛❞✉❛çã♦ q✉❡ t✐✈❡ ♥❛ ❯❋P■ ❡ ❯❋P❇✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
P♦r ♠❡✐♦ ❞❡ ✐♥❝❡♥t✐✈♦s ❡ ❝✉rs♦s ♠♦t✐✈❛❞♦r❡s ❢✉✐ ❝❛♣❛③ ❞❡ ❛✈❛♥ç❛r ❡ ❝✉♠♣r✐r ♦ ❡st❛❜❡❧❡❝✐❞♦✳
❊♠ ❡s♣❡❝✐❛❧✿ ❇❛r♥❛❜é P❡ss♦❛ ▲✐♠❛✱ ❏✉r❛♥❞✐r ❞❡ ❖❧✐✈❡✐r❛ ▲♦♣❡s✱ ❘♦❣❡r P❡r❡s ❞❡ ▼♦✉r❛✱ ❉❛♥✐❡❧
▼❛r✐♥❤♦ P❡❧❧❡❣r✐♥♦✱ ❊✈❡r❛❧❞♦ ❙♦✉t♦ ❞❡ ▼❡❞❡✐r♦s✱ ❏♦ã♦ ▼❛r❝♦s ❇❡③❡rr❛ ❞♦ Ó✳

✲➚ ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳





❉❡❞✐❝❛tór✐❛

✲❉❡❞✐❝♦ ❛♦s ♠❡✉s ♣❛✐s ✭▼❛♥♦❡❧ ❡ ❋r❛♥❝✐s❝❛✮ q✉❡ s❡♠♣r❡ ♠❡ ❛♣♦✐❛r❛♠✱ ✐♥❝❡♥t✐✈❛r❛♠ ❡
tr❛❜❛❧❤❛r❛♠ ❞✉r♦ ♣❛r❛ ❡❞✉❝❛r ❡ ❛ ❞❛r ♦ ♠❡❧❤♦r q✉❡ ❡❧❡s ♣♦❞✐❛♠ ♣❛r❛ ♠✐♠ ❡ ♣❛r❛ ♠❡✉s
✐r♠ã♦s✳

✲❆♦s ♠❡✉s ✐r♠ã♦s ✭❋á❜✐♦✱ ❋❛❜rí❝✐♦ ❡ ▼❛r❝❡❧♦✮ ❝♦♠ q✉❡♠ ♣♦ss♦ ❝♦♥t❛r ❛ q✉❛❧q✉❡r ♠♦♠❡♥t♦
❡ ❡♠ q✉❛❧q✉❡r s✐t✉❛çã♦✳

✲❆ ♠✐♥❤❛ ♥❛♠♦r❛❞❛ ▼❛❜❡❧ ▲♦♣❡s✱ ♣♦r t✉❞♦ q✉❡ ❝♦♥str✉í♠♦s ❥✉♥t♦s ♥❡ss❛ ❝❛♠✐♥❤❛❞❛✳

✲❆ t♦❞❛s ❛s ♠✐♥❤❛s t✐❛s✲♠ã❡s q✉❡ s❡♠♣r❡ ♠❡ tr❛t❛r❛♠ ❝♦♠ ♠✉✐t♦ ❝❛r✐♥❤♦ ❡ ❛♠♦r✳ ❉❡❞✐❝♦
❡♠ ❡s♣❡❝✐❛❧ ❛ ♠✐♥❤❛ ♠❛❞r✐♥❤❛ ❙✐❧✈✐❛ ▼❛r✐❛ q✉❡ s❡♠♣r❡ ♠❡ ❞❡✉ ♦ ❛♣♦✐♦ q✉❡ ❡✉ ♣r❡❝✐s❛✈❛✳

✲❆♦s ♠❡✉s ♣r✐♠♦s✲✐r♠ã♦s✱ ♣❡❧♦ ❝❛r✐♥❤♦ q✉❡ t❡♥❤♦ ♣♦r ✈♦❝ês✳

✲❆♦s ♠❡✉s ❛✈ós q✉❡ r❡♣r❡s❡♥t❛♠ ❛ ❜❛s❡ ❞❡ t♦❞❛ ♠✐♥❤❛ ❢❛♠í❧✐❛✳



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✐

✶ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r ❧✐♥❡❛r ❛♥❞ s❡♠✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝
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✷ ◆✉♠❡r✐❝❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ ✶❉ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✷✾
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✸ ■♥t❡r♥❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❛ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r✲❑❞❱ s②st❡♠ ♦♥ ❛ ❜♦✉♥✲

❞❡❞ ✐♥t❡r✈❛❧ ✹✾
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✸✳✷✳✶ Pr❡✈✐♦✉s r❡❣✉❧❛r✐t② r❡s✉❧ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
✸✳✷✳✷ Pr♦♦❢s ♦❢ ♣r♦♣♦s✐t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✸✳✸ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✸✳✸✳✶ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ❑❞❱ ❡q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽
✸✳✸✳✷ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✸✳✸✳✸ ❈❛r❧❡♠❛♥ ❊st✐♠❛t❡ ❢♦r t❤❡ ❙❝❤rö❞✐♥❣❡r✲❑❞❱ ❙②st❡♠✳ ❖❜s❡r✈❛t✐♦♥s ♦❢

ψ ❛♥❞ ❘❡(φ)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺
✸✳✸✳✹ ❈❛r❧❡♠❛♥ ❊st✐♠❛t❡ ❢♦r t❤❡ ❙❝❤rö❞✐♥❣❡r✲❑❞❱ ❙②st❡♠✳ ❖❜s❡r✈❛t✐♦♥s ♦❢ φ✳ ✼✶
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✸✳✹✳✶ ❖❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
✸✳✹✳✷ ◆✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺

✹ ❇♦✉♥❞❛r② ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❊✉❧❡r ✢✉✐❞s ✇✐t❤ ❇♦✉ss✐♥❡sq

❤❡❛t ❡✛❡❝ts ✼✼
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✹✳✷✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ ❛ tr❛❥❡❝t♦r② ✇❤❡♥ N = 2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺
✹✳✷✳✷ ❈♦♥str✉❝t✐♦♥ ♦❢ ❛ tr❛❥❡❝t♦r② ✇❤❡♥ N = 3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✹✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾
✹✳✹ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳ ❚❤❡ ✷❉ ❝❛s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵
✹✳✺ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳ ❚❤❡ ✸❉ ❝❛s❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻
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❇✐❜❧✐♦❣r❛✜❛ ✶✵✾

①



■♥tr♦❞✉çã♦

❙❡♠♣r❡ ❢♦✐ ❞❡ ✐♥t❡r❡ss❡ ❞❛ ❤✉♠❛♥✐❞❛❞❡ ✐♥✈❡st✐❣❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❞❡t❡r♠✐♥❛❞♦s ❢❡♥ô✲
♠❡♥♦s ❞❛ ♥❛t✉r❡③❛✳ ❯♠❛ ♣❡r❣✉♥t❛ ♥❛t✉r❛❧ q✉❡ s✉r❣❡ é ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❛t✉❛r ♦✉ ✐♥✢✉❡♥❝✐❛r
t❛❧ ❢❡♥ô♠❡♥♦ ❞❡ ♠❛♥❡✐r❛ ❛ ♦❜t❡r ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡s❡❥❛❞♦✳ ❯♠❛ ✈❡③ q✉❡ ❡st❡s ❢❡♥ô♠❡♥♦s
sã♦ ❝♦♠♣r❡❡♥❞✐❞♦s ❡ r❡♣r❡s❡♥t❛❞♦s ♠❛t❡♠❛t✐❝❛♠❡♥t❡✱ ✉♠❛ ❣r❛♥❞❡ q✉❛♥t✐❞❛❞❡ ❞❡ ❢❡rr❛♠❡♥✲
t❛s ❡ ♠ét♦❞♦s ❡stã♦ ❞✐s♣♦♥í✈❡✐s ♣❛r❛ s❡r❡♠ ❛♣❧✐❝❛❞♦s ❡ é ♥❡st❡ ♣♦♥t♦ q✉❡ s❡ ❜❛s❡✐❛ ❛ t❡♦r✐❛
♠♦❞❡r♥❛ ❞❡ ❈♦♥tr♦❧❡✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ t❡s❡ é ♠♦str❛r ♦ ❡st✉❞♦ ❞❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ✭❡♠ ✉♠ s❡♥t✐❞♦ q✉❡ s❡rá
❡①♣❧✐❝❛❞♦ ♣♦st❡r✐♦r♠❡♥t❡✮ ❞❡ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❞❛ t❡♦r✐❛ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s✳
❆♦ ❧♦♥❣♦ ❞❡st❛ ✐♥tr♦❞✉çã♦✱ ❞❡s❝r❡✈❡r❡♠♦s ✉♠ ♣♦✉❝♦ ❛ ❡✈♦❧✉çã♦ ❤✐stór✐❝❛ ❞❛ t❡♦r✐❛ ❞♦ ❝♦♥tr♦❧❡
❡✱ ❡♠ s❡❣✉✐❞❛✱ ♠♦t✐✈❛r❡♠♦s ❜r❡✈❡♠❡♥t❡ ❝❛❞❛ tr❛❜❛❧❤♦ q✉❡ s❡rá ❡st✉❞❛❞♦ ♥❡st❛ t❡s❡✳

❘❡❧❡♠❜r❛♥❞♦ ✉♠ ♣♦✉❝♦ ❛ ❤✐stór✐❛✱ ❡♥❝♦♥tr❛♠♦s q✉❡ ♦s r♦♠❛♥♦s ✉t✐❧✐③❛r❛♠ ❛❧❣✉♥s ❡❧❡♠❡♥✲
t♦s ❞❡ ❝♦♥tr♦❧❡ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ s❡✉s ❛q✉❡❞✉t♦s✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s✐st❡♠❛s ❡♥❣❡♥❤♦s♦s
r❡❣✉❧❛✈❛♠ ✈á❧✈✉❧❛s ❞❡ ♠♦❞♦ ❛ ♠❛♥t❡r ✉♠ ♥í✈❡❧ ❞❡ á❣✉❛ ❝♦♥st❛♥t❡✳ ▼✉✐t♦s ❡st✉❞✐♦s♦s ❛✜r✲
♠❛♠ q✉❡ ♥❛ ❛♥t✐❣❛ ♠❡s♦♣♦tâ♠✐❛✱ ♠❛✐s ❞❡ ✷✵✵✵ ❛♥♦s ❛♥t❡s ❞❡ ❈r✐st♦✱ ♦ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ❞❡
✐rr✐❣❛çã♦ t❛♠❜é♠ ❡r❛ ✉♠❛ ❛rt❡ ❝♦♥❤❡❝✐❞❛✳ ❖ tr❛❜❛❧❤♦ ❞❡ ❈❤✳ ❍✉②❣❡♥s ❡ ❘✳ ❍♦♦❦❡ ❛♦ ✜♥❛❧
❞♦ sé❝✉❧♦ ❳❱■■ s♦❜r❡ ♦s❝✐❧❛çã♦ ❞♦ ♣ê♥❞✉❧♦ é ✉♠ r❡❧❡✈❛♥t❡ tr❛❜❛❧❤♦ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛
t❡♦r✐❛ ❞♦ ❝♦♥tr♦❧❡✳ ❊st❡s tr❛❜❛❧❤♦s ❢✉t✉r❛♠❡♥t❡ ❢♦r❛♠ ❛❞❛♣t❛❞♦s ♣❛r❛ r❡❣✉❧❛r ❛ ✈❡❧♦❝✐❞❛❞❡
❞❡ ♠♦✐♥❤♦s ❞❡ ✈❡♥t♦✳ ❏✳ ❲❛tt ❛❞❛♣t♦✉ ❡st❡ ♠♦❞❡❧♦ ❡♠ s❡✉ ♠♦t♦r ❛ ✈❛♣♦r q✉❡ ❝♦♥st✐t✉✐✉
✉♠ ♠❡❝❛♥✐s♠♦ ✐♠♣♦rt❛♥tíss✐♠♦ ♥❛ r❡✈♦❧✉çã♦ ✐♥❞✉str✐❛❧✳ ◆❡st❡ ♠❡❝❛♥✐s♠♦✱ q✉❛♥❞♦ ❛ ✈❡❧♦❝✐✲
❞❛❞❡ ❞❛s ❡s❢❡r❛s ❛✉♠❡♥t❛✈❛✱ ✉♠❛ ♦✉ ✈ár✐❛s ❡s❢❡r❛s ❞❡st❛♣❛✈❛♠ ❛❧❣✉♠❛s ✈á❧✈✉❧❛s ❞✐♠✐♥✉✐♥❞♦
❛ ♣r❡ssã♦ ❡ r❡❞✉③✐♥❞♦ ❛ ✈❡❧♦❝✐❞❛❞❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❛s ❡s❢❡r❛s ✈♦❧t❛✈❛♠ ❛ t❛♣❛r ❛s ✈á❧✈✉❧❛s
❞❡ ♠♦❞♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ❛✉♠❡♥t❛r✳ ❊st❡ ♠❡❝❛♥✐s♠♦ t✐♥❤❛ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❝♦♥tr♦❧❛r ❛ ✈❡❧♦❝✐❞❛❞❡
❞❡ ❢♦r♠❛ ❛ ✜❝❛r ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❝♦♥st❛♥t❡✳ ❖ ❛strô♥♦♠♦ ❜r✐tâ♥✐❝♦ ●✳ ❆✐r② ❢♦✐ ♦ ♣r✐♠❡✐r♦ ❛
❛♥❛❧✐s❛r ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ♦ s✐st❡♠❛ r❡❣✉❧❛❞♦r ❛♣r❡s❡♥t❛❞♦ ♣♦r ❲❛tt✱ ♣♦ré♠✱ ❛ ♣r✐♠❡✐r❛ ❞❡s✲
❝r✐çã♦ ♠❛t❡♠át✐❝❛ ❞❡✜♥✐t✐✈❛ ❢♦✐ ❞❛❞❛ ❛♣❡♥❛s ♥♦ tr❛❜❛❧❤♦ ❞❡ ❏✳ ❈✳ ▼❛①✇❡❧❧✱ ❡♠ ✶✽✻✽✱ ❡♠ q✉❡
❛❧❣✉♥s ❝♦♠♣♦rt❛♠❡♥t♦s ✐♥❞❡s❡❥❛❞♦s ❡♥❝♦♥tr❛❞♦s ♥♦ ♠♦t♦r ❛ ✈❛♣♦r ❢♦r❛♠ ❞❡s❝r✐t♦s ❡ ❛❧❣✉♥s
♠❡❝❛♥✐s♠♦s ❞❡ ❝♦♥tr♦❧❡ ❢♦r❛♠ ♣r♦♣♦st♦s✳ ❈♦♠ ♦ ♣❛ss❛r ❞♦s ❛♥♦s✱ ❛s ✐❞❡✐❛s ❝❡♥tr❛✐s ❞❛ t❡♦r✐❛
❞❡ ❝♦♥tr♦❧❡ s♦❢r❡r❛♠ ✉♠ ✐♠♣❛❝t♦ ♥♦tá✈❡❧✳ ❊♠ ♠❡❛❞♦s ❞❡ ✶✾✷✵✱ ♦s ❡♥❣❡♥❤❡✐r♦s ❥á ✉t✐❧✐③❛✈❛♠
♣r♦❝❡ss❛♠❡♥t♦ ❝♦♥tí♥✉♦ ✉s❛♥❞♦ té❝♥✐❝❛s ❞❡ ❝♦♥tr♦❧❡ ❛✉t♦♠át✐❝♦ ♦✉ s❡♠✐ ❛✉t♦♠át✐❝♦✳ ❆ss✐♠✱
❛ ❡♥❣❡♥❤❛r✐❛ ❞❡ ❝♦♥tr♦❧❡ ❣❡r♠✐♥♦✉ ❡ ❣❛♥❤♦✉ ♦ r❡❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ✉♠❛ ár❡❛ ✐♥❞❡♣❡♥❞❡♥t❡✳ ❉✉✲
r❛♥t❡ ❛ s❡❣✉♥❞❛ ❣✉❡rr❛ ♠✉♥❞✐❛❧ ❡ ♦s ❛♥♦s s❡❣✉✐♥t❡s✱ ❡♥❣❡♥❤❡✐r♦s ❡ ❝✐❡♥t✐st❛s ♠❡❧❤♦r❛r❛♠ s✉❛s
❡①♣❡r✐ê♥❝✐❛s ❝♦♠ ♠❡❝❛♥✐s♠♦s ❞❡ ❝♦♥tr♦❧❡ ❞❡ r❛str❡❛♠❡♥t♦ ✱ ♠íss❡✐s ❜❛❧íst✐❝♦s ❡ ♠♦❞❡❧❛❣❡♠ ❞❡
❡sq✉❛❞rõ❡s ❛ér❡♦s✳ ❉❡♣♦✐s ❞♦s ❛♥♦s ✻✵✱ ♦s ♠ét♦❞♦s ❡ t❡♦r✐❛s ♠❡♥❝✐♦♥❛❞♦s ❛❝✐♠❛ ♣❛ss❛r❛♠ ❛
s❡r ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ♣❛rt❡ ❞❛ t❡♦r✐❛ ✧❝❧áss✐❝❛✧❞♦ ❝♦♥tr♦❧❡✳ ❆ s❡❣✉♥❞❛ ❣✉❡rr❛ ♠✉♥❞✐❛❧ s❡r✈✐✉

✐



♣❛r❛ ♣❡r❝❡❜❡r q✉❡ ♦s ♠♦❞❡❧♦s ❝♦♥s✐❞❡r❛❞♦s ❛té ♦ ♠♦♠❡♥t♦ ♥ã♦ ❡r❛♠ s✉✜❝✐❡♥t❡s ♣❛r❛ ❞❡s❝r❡✲
✈❡r ❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞♦ ♠✉♥❞♦ r❡❛❧✳ ◆❛ ✈❡r❞❛❞❡✱ ❥á s❡ s❛❜✐❛ q✉❡ ♦s ✈❡r❞❛❞❡✐r♦s s✐st❡♠❛s ❡r❛♠
♥ã♦ ❧✐♥❡❛r❡s ♦✉ ✐♥❞❡t❡r♠✐♥á✈❡✐s✱ ❞❡s❞❡ q✉❡ ❡st❡s sã♦ ❛❢❡t❛❞♦s ♣♦r ❛❧❣✉♠❛ ✧♣❡rt✉❜❛çã♦✧✳ ❆s
❝♦♥tr✐❜✉çõ❡s ❞❡ ❘✳ ❇❡❧❧♠❛♥ ♥♦ ❝♦♥t❡①t♦ ❞❡ ♣r♦❣r❛♠❛çã♦ ❞✐♥â♠✐❝❛✱ ❘✳ ❑❛❧♠❛♥ ♥❛s té❝♥✐❝❛s
❞❡ ✜❧tr❛❣❡♠ ❡ ❛♣r♦①✐♠❛çõ❡s ❛❧❣é❜r✐❝❛s ❛ s✐st❡♠❛s ❧✐♥❡❛r❡s ❡ ▲✳ P♦♥tr②❛❣✐♥ ❝♦♠ ♦ ♣r✐♥❝í♣✐♦
❞♦ ♠á①✐♠♦ ♣❛r❛ ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡ ó♣t✐♠♦ ♥ã♦ ❧✐♥❡❛r✱ ❡st❛❜❡❧❡❝❡r❛♠ ❛ ❜❛s❡ ♣❛r❛ ❛ t❡♦r✐❛
❞♦ ❝♦♥tr♦❧❡ ♠♦❞❡r♥❛✳ ❚❛❧ t❡♦r✐❛ ❣❛♥❤♦✉ ✉♠ ❢♦r♠❛❧✐s♠♦ ♦✉ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ♠❛t❡♠át✐❝❛
❞❡ ♠♦❞♦ ❛ ❝♦♥s❡❣✉✐r♠♦s ✉s❛r ❛s ❢❡rr❛♠❡♥t❛s ♠❛t❡♠át✐❝❛s q✉❡ t❡♠♦s ♣❛r❛ s♦❧✉❝✐♦♥❛r♠♦s t❛✐s
♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡✳

❯♠ s✐st❡♠❛ ❞❡ ❝♦♥tr♦❧❡ é ✉♠❛ ❡q✉❛çã♦ ❞❡ ❡✈♦❧✉çã♦ ✭❊❉❖ ♦✉ ❊❉P✮ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ✉♠
♣❛râ♠❡tr♦ u✱ q✉❡ ❡s❝r❡✈❡r❡♠♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ẏ = f(t, y, u),

♦♥❞❡ t ∈ [0, T ] é ♦ t❡♠♣♦✱ y : [0, T ] → Y é ❛ ❢✉♥çã♦ ❡st❛❞♦ ❡ u : [0, T ] → U é ♦ ❝♦♥tr♦❧❡✳ ❚❡♠♦s
q✉❡ Y ❡ U sã♦ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s ❛❞❡q✉❛❞♦s✳ ◆❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ ẏ r❡♣r❡s❡♥t❛ ❛ ❞❡r✐✈❛❞❛ ❞❡
y ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ t✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r ✉♠ ❝♦♥tr♦❧❡ u t❛❧ q✉❡ ❛ ❢✉♥çã♦ ❡st❛❞♦ s❡
❝♦♠♣♦rt❛ ❞❡ ✉♠❛ ❢♦r♠❛ ❞❡s❡❥❛❞❛✳ ❊①❡♠♣❧✐✜❝❛r❡♠♦s ❛❧❣✉♥s✱ ❞❡♥tr❡ ♦s ✈ár✐♦s✱ ♣r♦❜❧❡♠❛s ❞❡
❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♣r❡s❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛✳

❈♦♥tr♦❧❡ ó♣t✐♠♦✿ ❊♥❝♦♥tr❛r ✉♠ ❝♦♥tr♦❧❡ q✉❡ ♠✐♥✐♠✐③❛ ❛❧❣✉♠ ❢✉♥❝✐♦♥❛❧ ❝✉st♦✱ ♣♦r
❡①❡♠♣❧♦✱

J(u) = ‖y(T ;u)− ȳ‖2Y + ‖u‖2U,

❡♠ q✉❡ ȳ é ✉♠ ❛❧✈♦ ❞❡s❡❥❛❞♦ ❡ y(T ;u) é ♦ ❡st❛❞♦ ❛❧❝❛♥ç❛❞♦ ♣❡❧♦ s✐st❡♠❛ ♥♦ t❡♠♣♦ ✜♥❛❧ T ✳
❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛✿ ❉❛❞♦ ❞♦✐s t❡♠♣♦s T0 < T1 ❡ y0, y1 ❞♦✐s ♣♦ssí✈❡✐s ❡st❛❞♦s ❞♦

s✐st❡♠❛✱ ❡♥❝♦♥tr❛r u : [T0, T1] → U t❛❧ q✉❡
{
ẏ = f(y, u) ❡♠ [T0, T1]

y(T0) = y0, y(T1) = y1.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♣❛rt✐♥❞♦ ❞❡ q✉❛❧q✉❡r ❝♦♥✜❣✉r❛çã♦ ✐♥✐❝✐❛❧ y0✱ ♣♦❞❡♠♦s ❝♦♥❞✉③✐r ❛ s♦❧✉çã♦
y ♣❛r❛ ♦ ❡st❛❞♦ y1 s♦❜ ❛ ❛çã♦ ❞♦ ❝♦♥tr♦❧❡ u✳

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛✿ ❉❛❞♦s T0 < T1✱ ❞♦✐s ♣♦ssí✈❡✐s ❡st❛❞♦s y0, y1 ❡ ǫ > 0✱
❡♥❝♦♥tr❛r u : [T0, T1] → U t❛❧ q✉❡

{
ẏ = f(y, u) ❡♠ [T0, T1]

y(T0) = y0, ‖y(T1)− y1‖Y < ǫ.

❆ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛ é ✉♠❛ ✈❡rsã♦ ♠❛✐s ❢r❛❝❛ s❡ ❝♦♠♣❛r❛❞❛ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡
❡①❛t❛✳ ❉❡ ❢❛t♦✱ ❡♠ ✈❡③ ❞❡ ♣❡❞✐r♠♦s q✉❡ ❛ ❢✉♥çã♦ ❡st❛❞♦ s❡❥❛ ❡①❛t❛♠❡♥t❡ y1 ❡♠ T1✱ ♣❡❞✐♠♦s
❛♣❡♥❛s q✉❡ ♦ ❡st❛❞♦ ❡st❡❥❛ ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣ró①✐♠♦ ❞❡ y1✳

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ◆✉❧❛✿ ❉❛❞♦s ❞♦✐s t❡♠♣♦s T0 < T1 ❡ y0 ✉♠ ❡st❛❞♦ ❞♦ s✐st❡♠❛✱ ❡♥❝♦♥✲
tr❛r u : [T0, T1] → U t❛❧ q✉❡

{
ẏ = f(y, u) ❡♠ [T0, T1]

y(T0) = y0, y(T1) = 0.
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P❛r❛ ✜♥❛❧✐③❛r t❡♠♦s
❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ♣❛r❛ ❛s tr❛❥❡tór✐❛s✿ ❉❛❞♦s T0 < T1✱ y0 ∈ Y ❡ ȳ ✉♠❛ tr❛❥❡✲

tór✐❛ ✭✉♠❛ s♦❧✉çã♦ ❝♦♠ ❝♦♥tr♦❧❡ ū : [T0, T1] → U✮✳ ❡♥❝♦♥tr❛r ✉♠ ❝♦♥tr♦❧❡ u : [T0, T1] → U t❛❧
q✉❡ {

ẏ = f(y, u) ❡♠ [T0, T1]

y(T0) = y0, y(T1) = ȳ(T1).

❖s ❝♦♥❝❡✐t♦s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ♣❛r❛ ❛s tr❛❥❡tór✐❛s sã♦ ❞❡
❡s♣❡❝✐❛❧ ✐♠♣♦rtâ♥❝✐❛ ❡♠ s✐st❡♠❛s ♥ã♦ r❡✈❡rsí✈❡✐s ❡ s✐st❡♠❛s ❝♦♠ ❡❢❡✐t♦ r❡❣✉❧❛r✐③❛♥t❡✳ ◆❡st❡s
❝❛s♦s✱ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ♥ã♦ é ❡s♣❡r❛❞❛✳

❙❡❥❛♠♦s ♠❛✐s ❡s♣❡❝í✜❝♦s s♦❜r❡ ♦s ♣r♦❜❧❡♠❛s ❞❡ ❝♦♥tr♦❧❡ q✉❡ s❡rã♦ ❛❜♦r❞❛❞♦s ♥❡st❛ t❡s❡✳
■♥tr♦❞✉③✐r❡♠♦s ❡♠ ♣♦rt✉❣✉ês ♦s q✉❛tr♦s tr❛❜❛❧❤♦s q✉❡ ❢♦r❛♠ ❛❜♦r❞❛❞♦s✱ ♥♦ ❡♥t❛♥t♦✱ ❛ ❧✐♥✲
❣✉❛❣❡♠ ❛❞♦t❛❞❛ ♥♦s ❝❛♣ít✉❧♦s s❡rá ♦ ✐♥❣❧ês✳ ❙❡❣✉✐r❡♠♦s ❛ ♦r❞❡♠ ❛ s❡❣✉✐r✿

❈❛♣ít✉❧♦ ✶

❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r ❧✐♥❡❛r ❛♥❞ s❡♠✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝

❡q✉❛t✐♦♥s

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ♣❛r❛ s✐st❡♠❛s ♣❛r❛❜ó❧✐❝♦s ❧✐♥❡❛r❡s ❡ s❡♠✐❧✐♥❡❛r❡s ♣♦r ❡str❛té❣✐❛s

❞♦ t✐♣♦ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤

❙❡❥❛ N ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ❡ ♣♦s✐t✐✈♦✱ Ω ⊂ R
N ❡ T ✉♠ ♥ú♠❡r♦ r❡❛❧✳ ❈♦♥s✐❞❡r❡♠♦s ❡♠

Q = Ω × (0, T ) ✉♠ s✐st❡♠❛ ❞✐str✐❜✉í❞♦✱ ❣♦✈❡r♥❛❞♦ ♣♦r ✉♠❛ ❡q✉❛çã♦ ♣❛r❛❜ó❧✐❝❛ ❝♦♠ ✉♠
❝♦♥tr♦❧❡ v ❞❡ s✉♣♦rt❡ ω✳

❆❜♦r❞❛r❡♠♦s ♦ s❡❣✉✐♥t❡ ♠ét♦❞♦✿ ❆ss♦❝✐❛❞♦ ❛ ❡st❡ s✐st❡♠❛✱ t❡♠♦s três ✭♦✉ ♠❛✐s✮ ♦❜❥❡t✐✲
✈♦s✱ ✉♠ ❞♦ t✐♣♦ ✧❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡✧❡ ♦✉tr♦s ❞♦✐s✱ ♣♦ss✐✈❡❧♠❡♥t❡ ❝♦♥✢✐t✉♦s♦s✱ ❞♦ t✐♣♦ ✧❝♦♥tr♦❧❡
ó♣t✐♠♦✑ ❝♦♠ ❛ t❛r❡❢❛ ❞❡ ❢❛③❡r ❝♦♠ q✉❡ ♦ ❡st❛❞♦ ♥ã♦ s❡❥❛ ✧♠✉✐t♦ ❞✐st❛♥t❡✧❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦
✈❛❧♦r ❞❡s❡❥❛❞♦✳ ❉✐✈✐❞✐♠♦s v ❡♠ três ♣❛rt❡s✱ ❞✐❣❛♠♦s f ✱ v1 ❡ v2 ❝♦rr❡s♣♦♥❞❡♥❞♦✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✱ à ❞✐✈✐sã♦ ❞❡ ω ❡♠ três r❡❣✐õ❡s O✱ O1 ❡ O2✳ ❯t✐❧✐③❛♠♦s ❛ ♥♦çã♦ ❞❡ ♦♣t✐♠✐③❛çã♦ ❞❡
❙t❛❝❦❡❧❜❡r❣ ✭♠✉✐t♦ ✉t✐❧✐③❛❞♦ ❡♠ ❡❝♦♥♦♠✐❛✮ ❡♠ q✉❡ v1 ❡ v2 sã♦ ♦s s❡❣✉✐❞♦r❡s ❡ f é ♦ ❧í❞❡r✳
❋✐①❛❞♦ f ✱ r❡s♦❧✈❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❡ ó♣t✐♠♦ ♣❛r❛ v1 ❡ v2❀ ♦ ♣❛r ó♣t✐♠♦ é ❡s❝♦❧❤✐❞♦
♣♦r ♠❡✐♦ ❞❡ ✉♠ ❝r✐tér✐♦ ❞❡ ♦♣t✐♠✐③❛çã♦✱ ♥ã♦ ❝♦♦♣❡r❛t✐✈♦ ❞❡ ❏✳ ◆❛s❤ ❛ s❡r ❞❡t❛❧❤❛❞♦ ♣♦st❡✲
r✐♦r♠❡♥t❡✳ ❉❡st❛ ❢♦r♠❛✱ ❡s❝r❡✈❡♠♦s ♦ ♣❛r ❡♠ ❢✉♥çã♦ ❞❡ f ❞❡ ✉♠❛ ❢♦r♠❛ (v1, v2) = F(f)✱
♦❜t❡♥❞♦ ✉♠ s✐t❡♠❛ ❞❡ ♦♣t✐♠❛❧✐❞❛❞❡ ❛ss♦❝✐❛❞♦✱ ❞❡♣❡♥❞❡♥❞♦ ❛♣❡♥❛s ❞❡ f ✱ ♦♥❞❡ ❡st✉❞❛♠♦s ✉♠
♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❝♦♠ ❝♦♥tr♦❧❡ f ✳

❈♦♥s✐❞❡r❡♠♦s✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❛ ❡q✉❛çã♦ ❞♦ ❝❛❧♦r ❝♦♠ s❡✉s r❡s♣❡❝t✐✈♦s ❝♦♥tr♦❧❡s ❞❡✜♥✐✲
❞♦s s❡❣✉♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ❙t❛❝❦❡❧❜❡r❣✿





yt −∆y + a(x, t)y = F (y) + f1O + v11O1 + v21O2 ✐♥ Q,

y = 0 ♦♥ Σ,

y(x, 0) = y0(x) ✐♥ Ω,

✭✶✮

♦♥❞❡ F : R → R é s❡♠✐❧✐♥❡❛r✳ P❛r❛ i = 1, 2✱ s❡❥❛♠ Oi,d s✉❜❝♦♥❥✉♥t♦s ❛❜❡rt♦s ❞❡ Ω ❡
❝♦♥s✐❞❡r❡♠♦s ♦s s❡❣✉✐♥t❡s ❢✉♥❝✐♦♥❛✐s ✭s❡❝✉♥❞ár✐♦s✮✿

Ji(f ; v
1, v2) :=

αi

2

∫∫

Oi,d×(0,T )
|y − yi,d|

2 dx dt+
µi
2

∫∫

Oi×(0,T )
|vi|2 dx dt. ✭✷✮

✐✐✐



❙❡❥❛ t❛♠❜é♠ ♦ ❢✉♥❝✐♦♥❛❧ ♣r✐♥❝✐♣❛❧

J (f) :=
1

2

∫∫

O×(0,T )
|f |2 dx dt,

♦♥❞❡ αi > 0✱ µi > 0 sã♦ ❝♦♥st❛♥t❡s ❡ yi,d = yi,d(x, t) sã♦ ❢✉♥çõ❡s ❞❛❞❛s✳ ❆ ❡str✉t✉r❛ ❞♦
♣r♦❝❡ss♦ é ❞❛ ❢♦r♠❛✿ ❖s s❡❣✉✐❞♦r❡s v1 ❡ v2 ❛ss✉♠❡♠ q✉❡ ♦ ❧í❞❡r f ❢❡③ ✉♠❛ ❡s❝♦❧❤❛ ❡ ♣♦st❡r✐✲
♦r♠❡♥t❡ s❡rã♦ ✉♠ ❊q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ♣❛r❛ ♦s ❝✉st♦s Ji (i = 1, 2)✳ ❋✐①❛❞♦ f ✱ ♣r♦❝✉r❛♠♦s ♣♦r
❝♦♥tr♦❧❡s vi ∈ L2(Oi × (0, T )) q✉❡ s❛t✐s❢❛③❡♠

J1(f ; v
1, v2) = min

v̂1
J1(f ; v̂

1, v2), J2
(
f ; v1, v2

)
= min

v̂2
J2(f ; v

1, v̂2), ✭✸✮

❡ ♦ ♣❛r (v1, v2) s❡rá ❝❤❛♠❛❞♦ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ♣❛r❛ J1 ❡ J2✳ ❖❜s❡r✈❡♠♦s q✉❡✱ s❡ ♦s ❢✉♥❝✐♦♥❛✐s
Ji (i = 1, 2) sã♦ ❝♦♥✈❡①♦s✱ ❡♥tã♦ (v1, v2) é ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

J ′
1(f ; v

1, v2)(v̂1, 0) = 0, ∀v̂1 ∈ L2 (O1 × (0, T )) ; v1 ∈ L2(O1 × (0, T )) ✭✹✮

❡
J ′
2(f ; v

1, v2)(0, v̂2) = 0, ∀v̂2 ∈ L2 (O2 × (0, T )) ; v2 ∈ L2(O2 × (0, T )). ✭✺✮

❋✐①❡♠♦s ✉♠❛ tr❛❥❡tór✐❛ s✉✜❝✐❡♥t❡♠❡♥t❡ r❡❣✉❧❛r✱ ✐st♦ é✱ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✿




yt −∆y + a(x, t)ȳ = F (y) ❡♠ Q,

y = 0 s♦❜r❡ Σ,

y(x, 0) = y0(x) ❡♠ Ω.

✭✻✮

❯♠❛ ✈❡③ q✉❡ ♦ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ❢♦✐ ❞❡t❡r♠✐♥❛❞♦ ♣❛r❛ ❝❛❞❛ f ✱ ♣r♦❝✉r❛♠♦s ✉♠ ❝♦♥tr♦❧❡
ó♣t✐♠♦ f̂ ∈ L2(O × (0, T )) t❛❧ q✉❡

J(f̂) = min
f

J(f), ✭✼✮

s✉❥❡✐t♦ à r❡str✐çã♦
y(x, T ) = y(x, T ) ❡♠ Ω. ✭✽✮

❊①✐st❡♠ ✈ár✐♦s tr❛❜❛❧❤♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ❡st❡ tó♣✐❝♦✿

• ❖s tr❛❜❛❧❤♦s ❞❡ ❏✳✲▲✳ ▲✐♦♥s ❬✻✹❪ ❡ ❬✻✺❪✱ ♦♥❞❡ ♦ ❛✉t♦r ❛♣r❡s❡♥t❛ ❛❧❣✉♥s r❡s✉❧t❛❞♦s r❡❧❛❝✐✲
♦♥❛❞♦s às ❡str❛té❣✐❛s ❞❡ P❛r❡t♦ ❡ ❙t❛❝❦❡❧❜❡r❣✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

• ❖ tr❛❜❛❧❤♦ ❞❡ ❉í❛③ ❡ ▲✐♦♥s ❬✸✺❪✱ ♦♥❞❡ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛ ❞❡ ✉♠ s✐st❡♠❛ é
❡st❛❜❡❧❡❝✐❞♦ s❡❣✉✐♥❞♦ ❛ ❡str❛té❣✐❛ ❞❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ❡ ❛ ❡①t❡♥sã♦ ❡♠ ❉í❛③ ❬✸✹❪✱ q✉❡
❢♦r♥❡❝❡ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ s♦❧✉çã♦ ♣♦r ♠❡✐♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❞✉❛❧✐❞❛❞❡ ❞❡ ❋❡♥❝❤❡❧✲
❘♦❝❦❛❢❡❧❧❛r✳

• ❖s tr❛❜❛❧❤♦s ❬✼✽❪ ❡ ❬✼✾❪✱ ♦♥❞❡ ❘❛♠♦s✱ ●❧♦✇✐♥s❦✐ ❡ P❡r✐❛✉① ❡st✉❞❛♠ ♦ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤
❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ t❡ór✐❝♦ ❡ ♥✉♠ér✐❝♦ ♣❛r❛ ❊❉Ps ♣❛r❛❜ó❧✐❝❛s ❡ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❇✉r❣❡rs✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳

• ❋✐♥❛❧♠❡♥t❡✱ ♠❡♥❝✐♦♥❛♠♦s ♦ ❡q✉✐❧í❜r✐♦ ❞❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ❙t♦❦❡s
q✉❡ ❢♦✐ ❡st✉❞❛❞♦ ♣♦r ●✉✐❧❧é♥✲●♦♥③á❧❡③ ❡t ❛❧✳ ❡♠ ❬✺✶❪✳

✐✈



❖s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♣r❡s❡♥t❡s ♥♦s tr❛❜❛❧❤♦s ❝✐t❛❞♦s ❛❝✐♠❛ ❞ã♦ r❡s♣♦st❛s
❛♣❡♥❛s ♥♦ ♥í✈❡❧ ❞❡ ❝♦♥tr♦❧❡ ❛♣r♦①✐♠❛❞♦❀ ❛ ❣r❛♥❞❡ ♥♦✈✐❞❛❞❡ ♥❡st❡ tr❛❜❛❧❤♦ é ❡st❡♥❞❡r ♦s
r❡s✉❧t❛❞♦s ♣❛r❛ ✉♠ ♥í✈❡❧ ❞❡ ❝♦♥tr♦❧❡ ❡①❛t♦✳

❙✉♣♦♥❤❛♠♦s q✉❡ O1,d = O2,d = Od✳ ❖s r❡s✉❧t❛❞♦s ♣✐♥❝✐♣❛✐s sã♦ ♦s s❡❣✉✐♥t❡s✿

❚❡♦r❡♠❛ ✭❈❛s♦ ❧✐♥❡❛r✮✿ ❙✉♣♦♥❤❛♠♦s q✉❡ F ≡ 0✱ Od ∩O 6= ∅ ❡ q✉❡ µi sã♦ s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡s

µi ≥ C(Ω, T,Oi,Od, αi, ‖a‖L∞(Q)), i = 1, 2.

❆ss✉♠✐♠♦s q✉❡ ❛s ❢✉♥çõ❡s yi,d s❛t✐s❢❛③❡♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡✿ ❡①✐st❡

✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ρ̂ = ρ̂(x, t) q✉❡ ❡①♣❧♦❞❡ ❡♠ t = T t❛❧ q✉❡ s❡ ȳ é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡ ✭✻✮

❝♦♠ F ≡ 0 ❛ss♦❝✐❛❞❛ ❛♦ ❞❛❞♦ ✐♥✐❝✐❛❧ y0 ∈ L2(Ω) ❡♥tã♦
∫∫

Od×(0,T )
ρ̂2|y − yi,d|

2 dx dt < +∞, i = 1, 2. ✭✾✮

P❛r❛ q✉❛❧q✉❡r y0 ∈ L2(Ω) ❡①✐st❡♠ ❝♦♥tr♦❧❡s f ∈ L2(O × (0, T )) ❛ss♦❝✐❛❞♦ ❛♦ ❡q✉✐❧í❜r✐♦ ❞❡

◆❛s❤ (v1, v2) t❛✐s q✉❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ s♦❧✉çã♦ ✭✶✮ s❛t✐s❢❛③ ✭✽✮✳
❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❛♦ ❝❛s♦ ❡♠ q✉❡ F é s❡♠✐❧✐♥❡❛r ❡ ♥ã♦ ✐❞❡♥t✐✲

❝❛♠❡♥t❡ ♥✉❧❛✳ ❆ ❞✐✜❝✉❧❞❛❞❡ ♥❡st❡ ❝❛s♦ s❡ ❡♥❝♦♥tr❛ ♥♦ ❢❛t♦ q✉❡ ♦s ❢✉♥❝✐♦♥❛✐s ✭✷✮ ♣❡r❞❡♠ ❛
❝♦♥✈❡①✐❞❛❞❡ ❡✱ ♣♦rt❛♥t♦✱ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ✭✸✮ ♥ã♦ ♣♦❞❡ ♠❛✐s s❡r ❛ss♦❝✐❛❞♦ ❛♦ ❝♦♥❝❡✐t♦
❞✐❢❡r❡♥❝✐❛❧ ✭✹✮✲✭✺✮✳ ❉❡st❛ ❢♦r♠❛✱ é ♥❡❝❡ssár✐♦ ❞❡✜♥✐r ✉♠ ❝♦♥❝❡✐t♦ ♠❛✐s ❢r❛❝♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡
◆❛s❤✳ ❉✐③❡♠♦s q✉❡ ♦ ♣❛r (v1, v2) é ✉♠ q✉❛s❡ ❡q✉❧í❜r✐♦ ❞❡ ◆❛s❤ s❡ s❛t✐s❢❛③ ✭✹✮✲✭✺✮✳ ❆ss✐♠
t❡♠♦s ♦ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦✿
❚❡♦r❡♠❛ ✭❈❛s♦ s❡♠✐❧✐♥❡❛r✱ F ∈ W 1,∞✮✿ ❙✉♣♦♥❤❛♠♦s q✉❡ F ∈ W 1,∞(R) ❡ q✉❡ µi > 0

sã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s✳ ❙❡❥❛ ȳ é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡ ✭✻✮ ❝♦♠ ❞❛❞♦ ✐♥✐❝✐❛❧ y0 ∈ L2(Ω)

❡ s✉♣♦♥❤❛♠♦s q✉❡ ✭✾✮ é ✈❡r❞❛❞❡✐r♦✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ y0 ∈ L2(Ω)✱ ❡①✐st❡♠ ❝♦♥tr♦❧❡s f ∈

L2(O × (0, T )) ❡ q✉❛s❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ (v1, v2) t❛❧ q✉❡ ❛ s♦❧✉çã♦ ❞❡ ✭✶✮ s❛t✐s❢❛③ ✭✽✮✳
❯♠❛ q✉❡stã♦ ♥❛t✉r❛❧ é s♦❜ q✉❡ ❝♦♥❞✐çã♦ ✉♠ q✉❛s❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ é ❡q✉✐✈❛❧❡♥t❡ ❛♦

❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤✳ ❆ r❡s♣♦st❛ ❡stá ♥♦ t❡r❝❡✐r♦ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✭❈❛s♦ s❡♠✐❧✐♥❡❛r✱ F ∈ W 2,∞✮✿ ❙✉♣♦♥❤❛ q✉❡ F ∈ W 2,∞(R)✱ yi,d ∈ L∞(Oi,d ×

(0, T )) ✭i = 1, 2✮✳ ❙✉♣♦♥❤❛ t❛♠❜é♠ q✉❡ y0 ∈ H1
0 (Ω) ✭r❡s♣✳ y0 ∈ L2(Ω)✮ ❡ N ≤ 14 ✭r❡s♣✳ N ≤

12✮✳ ❊♥tã♦✱ ❡①✐st❡ C > 0 t❛❧ q✉❡✱ s❡ f ∈ L2(O × (0, T )) ❡ ❛✐♥❞❛ s❡ µi s❛t✐s❢❛③

µi ≥ C(1 + ‖f‖L2(O×(0,T ))),

❡♥tã♦ ❛s ❝♦♥❞✐çõ❡s ✭✸✮ ❡ ✭✹✮✲✭✺✮ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❖ q✉❛rt♦ ❡ ú❧t✐♠♦ r❡s✉❧t❛❞♦ ❝♦♥s✐st❡ ❡♠ ❛♥❛❧✐s❛r ❛ s✐t✉❛çã♦ s❡ s❡❣✉✐❞♦r❡s ❡stã♦ r❡str✐t♦s ❛
✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❡ ❢❡❝❤❛❞♦ Ui ⊂ L2(Oi× (0, T ))✳ ❙❡❥❛ I1 ❡ I2 ❞♦✐s ✐♥t❡r✈❛❧♦s ❝♦♥✈❡①♦s
❡ ❢❡❝❤❛❞♦s ❝♦♠ 0 ∈ I1 ∩ I2✱ ❝♦♥s✐❞❡r❡♠♦s

Ui = {v ∈ L2(Oi × (0, T )) : v(x, t) ∈ Ii}, i = 1, 2, ✭✶✵✮

❡ s✉♣♦♥❤❛♠♦s q✉❡ ❛ ♠✐♥✐♠✐③❛çã♦ ❞❡ J1 ❡ J2 ❡♠ ✭✸✮ é s✉❥❡✐t❛ à r❡str✐çã♦ v̂1 ∈ U1 ❡ v̂2 ∈ U2✳
❚❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿
❚❡♦r❡♠❛ ✭❈❛s♦ ❝♦♠ r❡str✐çõ❡s✮✿ ❙✉♣♦♥❤❛♠♦s q✉❡ F ≡ 0 ❡ q✉❡ µi > 0 sã♦ s✉✜❝✐❡♥t❡♠❡♥t❡

❣r❛♥❞❡s✳ ❙❡❥❛ y ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡ ✭✻✮ ❝♦♠ ❞❛❞♦ ✐♥✐❝✐❛❧ ȳ0 ∈ L2(Ω)✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ y0 ∈

✈



L2(Ω)✱ ❡①✐st❡♠ ❝♦♥tr♦❧❡s f ∈ L2(O× (0, T )) ❡ ❡q✉✐❧í❜r✐♦ ❞❡ ◆❛s❤ ❛ss♦❝✐❛❞♦ (v1, v2) ∈ U1 ×U2

t❛❧ q✉❡ ❛ s♦❧✉çã♦ ❞❡ ✭✶✮ s❛t✐s❢❛③ ✭✽✮✳
❖s r❡s✉❧t❛❞♦s ❞❡st❡ tr❛❜❛❧❤♦ sã♦ ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✼❪✳

❈❛♣ít✉❧♦ ✷

◆✉♠❡r✐❝❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ ✶❉ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

❊st✉❞♦ ♥✉♠ér✐❝♦ ❞❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ✶❉

❊st❡ ❝❛♣ít✉❧♦ ❧✐❞❛ ❝♦♠ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛✱ ❝♦♠ ❝♦♥tr♦❧❡ ❛t✉❛♥❞♦ ♥❛ ❢r♦♥t❡✐r❛✱ ♣❛r❛
❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❆ ❡q✉❛çã♦ ❞♦ ❡st❛❞♦ é ❞❛❞❛ ♣♦r✿





iyt − yxx + V (x, t)y = 0, (x, t) ∈ Q = (0, 1)× (0, T ),

y(0, t) = u(t), y(1, t) = 0, t ∈ (0, T ),

y(x, 0) = y0(x), x ∈ (0, 1).

✭✶✶✮

❊st❛♠♦s s✉♣♦♥❞♦ q✉❡ T > 0✱ y0 ∈ H1
0 ((0, 1);C) ❡ V ✱ Vx ∈ L∞(Q;R)✳ ❊♠ ✭✶✶✮✱ u ∈

L2((0, T );C) é ♦ ❝♦♥tr♦❧❡ ❡ y = y(x, t) é ♦ ❡st❛❞♦ ❛ss♦❝✐❛❞♦✳
❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ é ❝❛❧❝✉❧❛r ❛♣r♦①✐♠❛çõ❡s ♥✉♠ér✐❝❛s ❞❡ ❝♦♥tr♦❧❡s q✉❡

❝♦♥❞✉③❡♠ ❛ s♦❧✉çã♦ ❞❡ ✭✶✶✮ ❛ ③❡r♦ ✭❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛✮✳ ❉❡✈✐❞♦ à r❡✈❡rs✐❜✐❧✐❞❛❞❡ ❡♠ t❡♠♣♦
❞❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✱ ❛s ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❡ ❡①❛t❛ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

➱ ❜❡♠ ❝♦♥❤❡❝✐❞♦ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r T > 0✱ ✭✶✶✮ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡
♥✉❧❛✱ ✈❡❥❛ ❬✻✽❪✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r y0 ∈ L2((0, 1);C)✱ ❡①✐st❡♠ ❝♦♥tr♦❧❡s u ∈

L2((0, T );C) t❛❧ q✉❡ ♦ ❡st❛❞♦ ❛ss♦❝✐❛❞♦ s❛t✐s❢❛③ y(·, T ) = 0❀ ♠❛✐s ❛✐♥❞❛✱ ♦ ❝♦♥tr♦❧❡ ❞❡ ♥♦r♠❛
♠í♥✐♠❛ ❡♠ L2((0, T );C) é ❞❛❞♦ ♣♦r u = φx(0, ·)✱ ♦♥❞❡ φ r❡s♦❧✈❡ ♦ ♣r♦❜❧❡♠❛ ❛❞❥✉♥t♦





iφt − φxx + V φ = 0, (x, t) ∈ Q,

φ(x, t) = 0, (x, t) ∈ {0, 1} × (0, T ),

φ(x, T ) = φT (x), x ∈ (0, 1),

✭✶✷✮

❝♦♠ φT ❡♠ ✉♠ ❡s♣❛ç♦ ❛♣r♦♣r✐❛❞♦✳ ❈✐t❛♠♦s ♦s tr❛❜❛❧❤♦s ❬✻✸✱ ✽✼✱ ✽✽✱ ✽✾❪ ♦♥❞❡ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡
♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❢♦✐ ✐♥✈❡st✐❣❛❞❛✳

◆❡st❡ tr❛❜❛❧❤♦✱ ✉s❛r❡♠♦s ❛s ✐❞❡✐❛s ✐♥s♣✐r❛❞❛s ♥♦s tr❛❜❛❧❤♦s ❞❡ ❋✉rs✐❦♦✈ ❡ ■♠❛♥✉✈✐❧♦✈
❡♠ ❬✹✶❪✱ ♣❛r❛ ♣r♦❜❧❡♠❛s ♣❛r❛❜ó❧✐❝♦s s✐♠✐❧❛r❡s✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡
♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦✿





▼✐♥✐♠✐③❛r J(y, u) =
1

2

∫∫

Q
ρ2|y|2 dx dt+

1

2

∫ T

0
ρ1(0, t)

2|u|2 dt

❙✉❥❡✐t♦ ❛ (y, v) ∈ C(y0, T ).

✭✶✸✮

❊♠ ✭✶✸✮

C(y0, T ) = { (y, u) ∈ X : y é s♦❧✉çã♦ ❞❡ (11) ❡ s❛t✐s❢❛③ y(·, T ) = 0 } ,

♦♥❞❡

X = L2(Q;C)× L2((0, T );C).

✈✐



❆ss✉♠✐♠♦s t❛♠❜é♠ q✉❡
{
ρ = ρ(x, t), ρ1 = ρ1(x, t) sã♦ ❝♦♥tí♥✉❛s✱ r❡❛✐s ❡ ≥ ρ∗ > 0,

ρ, ρ1 ∈ L∞((0, 1)× (0, T − δ);R) ∀δ > 0,

sã♦ ❢✉♥çõ❡s ♣❡s♦ q✉❡✱ ❡♠ ♣r✐♥❝í♣✐♦✱ ♣♦❞❡♠ ❡①♣❧♦❞✐r ❡♠ t = T ✳
◆♦ss♦ ♦❜❥❡t✐✈♦ ❝♦♥s✐st✐rá ❡♠ r❡s♦❧✈❡r ♥✉♠❡r✐❝❛♠❡♥t❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐③❛çã♦ ✭✶✸✮✳ ❖

❢❛t♦ ❞❡ ❜✉s❝❛r♠♦s ✉♠ ❝♦♥tr♦❧❡ ❡ ✉♠ ❡st❛❞♦ q✉❡ sã♦ s♦❧✉çõ❡s ❞❡ ✭✶✸✮ ♣♦❞❡ s❡r ❥✉st✐✜❝❛❞♦ ❝♦♠♦
s❡❣✉❡✿ Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♠ ❡ss❡ ♠ét♦❞♦ ♦❜t❡♠♦s ✉♠ ✧❜♦♠✑ ♣❛r ❡st❛❞♦✲❝♦♥tr♦❧❡ q✉❡ s❛t✐s❢❛③
✭✶✶✮ ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛✳ ❙❡❣✉♥❞♦ q✉❡✱ ♥❛t✉r❛❧♠❡♥t❡✱ ♦s ❝♦♥tr♦❧❡s
♦❜t✐❞♦s t❡rã♦ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧✱ ❡✈✐t❛♥❞♦ ♦s❝✐❧❛çã♦ ✐♥❞❡s❡❥❛❞❛s
❞♦ ❝♦♥tr♦❧❡ q✉❛♥❞♦ t → T ❀ ❡st❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❥á ❢♦✐ ♦❜s❡r✈❛❞♦ ❡♠ ♣r♦❜❧❡♠❛s ♣❛r❛❜ó❧✐❝♦s
s✐♠✐❧❛r❡s q✉❛♥❞♦ s❡ ❝❛❧❝✉❧❛ ♥✉♠❡r✐❝❛♠❡♥t❡ ♦s ❝♦♥tr♦❧❡s ❞❡ ♥♦r♠❛ ♠í♥✐♠❛✳ P❛r❛ ❡st❡ ♣r♦♣ós✐t♦✱
✈❡r❡♠♦s q✉❡ C(y0, T ) é ♥ã♦✲✈❛③✐♦ ❡ q✉❡ ✭✶✸✮ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦✳

❖ ♣❛r (y, u) s♦❧✉çã♦ ♣❛r❛ ✭✶✸✮ s❡rá ❛♣r♦①✐♠❛❞♦ ❞❡ ❞✉❛s ❢♦r♠❛s ❞✐st✐♥t❛s✿ ♣r✐♠❡✐r❛♠❡♥t❡
❡♠ t❡r♠♦s ❞❡ ✉♠❛ ♥♦✈❛ ✈❛r✐á✈❡❧ p✱ ♣❡rt❡♥❝❡♥t❡ ❛ ✉♠ ❡s♣❛ç♦ ❛❞❡q✉❛❞♦ P ✱ s♦❧✉çã♦ ❞♦ s❡❣✉✐♥t❡
♣r♦❜❧❡♠❛ ✈❛r✐❛❝✐♦♥❛❧✿





∫∫

Q
ρ−2LpLq dx dt+

∫ T

0
ρ−2
1 px(0, t) qx(0, t) dt = i〈y0 , q(· , 0)〉

∀q ∈ P ; p ∈ P.

✭✶✹✮

◆❡st❡ ❝❛s♦ t❡r❡♠♦s
y = ρ−2Lp, u = −ρ−2

1 px|x=0. ✭✶✺✮

❆ s❡❣✉♥❞❛ ❢♦r♠❛ ❝♦♥s✐st❡ ❡♠ ❛♣❧✐❝❛r ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧✱ ❡s❝r❡✈❡♥❞♦ ♦ ♣❛r (y, u) ❡♠
t❡r♠♦s ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ w ✭q✉❡ ❞❡♣❡♥❞❡rá ❞❡ p✮✱ ♣❡rt❡♥❝❡♥t❡ ❛ ✉♠ ❡s♣❛ç♦ ❛❞❡q✉❛❞♦ W ✱
s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛





∫∫

Q
(A1w +A2wt +A3wx +A4wxx) (A1m+A2mt +A3mx +A4mxx) dx dt

+

∫ T

0
(T − t)2γwx(0, t)mx(0, t) dt = iT γ〈y0 , ρ1(· , 0)m(· , 0)〉

∀m ∈W ; w ∈W,

✭✶✻✮

♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s Ai s❡rã♦ ❢✉♥çõ❡s ❡♠ L∞(Q;C)✳ ◆❡st❡ ❝❛s♦ t❡r❡♠♦s

y = ρ−1 (A1w +A2wt +A3wx +A4wxx) , u = −(T − t)γρ1(0, ·)
−1wx(0, ·). ✭✶✼✮

P❛r❛ ❝❛❧❝✉❧❛r♠♦s ❛s ❛♣r♦①✐♠❛çõ❡s ♣❛r❛ ❛ s♦❧✉çã♦ (y, u) ❞❡ ✭✶✸✮✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ❢❛r❡♠♦s
✉s♦ ❞♦ ♠ét♦❞♦ ❞❡ ❡❧❡♠❡♥t♦s ✜♥✐t♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛♣r♦①✐♠❛çõ❡s ♥✉♠ér✐❝❛s ♣❛r❛ p ❡ w✳ ❊♠
s❡❣✉✐❞❛✱ ✉t✐❧✐③❛r❡♠♦s ❛s ❡①♣r❡ssõ❡s ✭✶✺✮ ❡ ✭✶✼✮✳

P♦r ✭✶✹✮ ❡ ✭✶✻✮✱ ✈❡♠♦s q✉❡ p ❡ w sã♦ s♦❧✉çõ❡s ❢r❛❝❛s ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♦r❞❡♠ q✉❛tr♦ ♥♦
❡s♣❛ç♦ ❡ ♦r❞❡♠ ❞♦✐s ♥♦ t❡♠♣♦✳ P♦r ❡st❛ r❛③ã♦ é ♥❛t✉r❛❧ ❛ ✉t✐❧✐③❛çã♦ ❞❛ ❞✐s❝r❡t✐③❛çã♦ ❡♠ t❡r♠♦s
❞❡ ♣♦❧✐♥ô♠✐♦s q✉❡ ♣❡rt❡♥❝❡♠ ❛ (P3,x⊗P1,t)(R)✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ❡♠
t❡r♠♦s ❞❡ ❣rá✜❝♦s ❡ t❛❜❡❧❛s✳

❖s r❡s✉❧t❛❞♦s ❞❡st❡ tr❛❜❛❧❤♦ sã♦ ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✸✾❪✳

✈✐✐



❈❛♣ít✉❧♦ ✸

■♥t❡r♥❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❛ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r✲❑❞❱ s②st❡♠ ♦♥ ❛ ❜♦✉♥❞❡❞

✐♥t❡r✈❛❧

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ✐♥t❡r♥❛ ♣❛r❛ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❞♦ t✐♣♦ ❙❝❤rö❞✐♥❣❡r✲❑❞❱ ❡♠ ✉♠

✐♥t❡r✈❛❧♦ ❧✐♠✐t❛❞♦

◆♦s ú❧t✐♠♦s ❛♥♦s✱ ♠✉✐t♦s ❛rt✐❣♦s ❢♦r❛♠ ✈♦❧t❛❞♦s ❛♦ ❡st✉❞♦ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐✲
❞❛❞❡ ♣❛r❛ s✐st❡♠❛s ❛❝♦♣❧❛❞♦s ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s ♦♥❞❡ ♥♦✈♦s ❢❡♥ô♠❡♥♦s s✉r❣❡♠✳
❉❡ ❢❛t♦✱ ❡♠ ❛❧❣✉♥s s✐st❡♠❛s ♣❛r❛❜ó❧✐❝♦s ❢♦✐ ♣r♦✈❛❞♦ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♣❛r❛ t❡♠♣♦ ❣r❛♥❞❡✱ ❛♦
❝♦♥trár✐♦ ❞♦ q✉❡ ♦❝♦rr❡ q✉❛♥❞♦ s❡ ❡st✉❞❛ ❛ ❡q✉❛çã♦ ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡✳ ●r❛♥❞❡ ♣❛rt❡ ❞❡ss❡s
r❡s✉❧t❛❞♦s ❧✐❞❛♠ ❝♦♠ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♣❛r❛ s✐st❡♠❛s ♣❛r❛❜ó❧✐❝♦s ✭✈❡❥❛ ❬✸❪✮ ♦✉ ❤✐♣❡r❜ó❧✐❝♦s
✭✈❡❥❛ ❬✶✱ ✷✱ ✽❪✮✳ ❆❜♦r❞❛❣❡♥s ♣♦r ❡st✐♠❛t✐✈❛s ❞❡ ❈❛r❧❡♠❛♥✱ ♣r♦❜❧❡♠❛ ❞❡ ♠♦♠❡♥t♦s ❡ ♠ét♦❞♦s
❞❡ ❡♥❡r❣✐❛ ❢♦r❛♠ ❛♣❧✐❝❛❞♦s ♣❛r❛ ♦❜t❡r ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ✐♥t❡r♥❛ ❡ ❢r♦♥t❡✐r❛✳

❊①✐st❡♠ ♣♦✉❝♦s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❞❡ s✐st❡♠❛s ❞✐s♣❡rs✐✈♦s✳
❱ár✐♦s s✐st❡♠❛s ❞♦ t✐♣♦ ❇♦✉ss✐♥❡sq ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s ❡♠ ❬✼✶❪ ♦♥❞❡ r❡s✉❧t❛❞♦s ❞❡ ❝♦♥tr♦❧❛✲
❜✐❧✐❞❛❞❡ ❡①❛t❛ sã♦ ♣r♦✈❛❞♦s✳ ❖✉tr♦s s✐st❡♠❛s ❛❝♦♣❧❛❞♦s ❝♦♠ ❡q✉❛çõ❡s ❞♦ t✐♣♦ ❑♦rt❡✇❡❣✲❞❡
❱r✐❡s ❢♦r❛♠ ❡st✉❞❛❞♦s ❡♠ ❬✷✹✱ ✼✵❪ ♦♥❞❡ r❡s✉❧t❛❞♦s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ♥❛ ❢r♦♥t❡✐r❛ ❢♦r❛♠
❡st❛❜❡❧❡❝✐❞♦s✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❞✐s♣❡rs✐✈♦ ❞❡✜♥✐❞♦ ♥♦ ✐♥t❡r✈❛❧♦
[0, 1] ❡ ❢♦r♠❛❞♦ ♣♦r ❞✉❛s ❊❉Ps✿ ✉♠❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r ❡ ✉♠❛ ❡q✉❛çã♦ ❑♦rt❡✇❡❣✲❞❡
❱r✐❡s ✭❑❞❱✮✳ ❈♦♥s✐❞❡r❛♠♦s ✉♠ ❝♦♥tr♦❧❡ ✐♥t❡r♥♦ ❝♦♠ s✉♣♦rt❡ ❡♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦
ω ⊂ (0, 1) ❡ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❤♦♠♦❣ê♥❡❛✳

❉❛❞♦ T > 0✱ ❞❡♥♦t❛♠♦s Q = (0, 1)× (0, T )✳ ▼❛✐s ❛✐♥❞❛✱ 1ω é ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ω
❡ M,a1, a2, a3, a4 sã♦ ❢✉♥çõ❡s ❞❛❞❛s✳ ◆❡st❡ t❛❜❛❧❤♦✱ ♣❛r❛ ✉♠ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ z✱ ❞❡♥♦t❛♠♦s
♣♦r Re(z) ❡ Im(z) ❛ ♣❛rt❡ r❡❛❧ ❡ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❡ z✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖ s✐st❡♠❛ é ❞❛❞♦ ❝♦♥❢♦r♠❡ s❡❣✉❡✿




iwt + wxx = a1w + a2y + h1ω ❡♠ Q,

yt + yxxx + (My)x = Re(a3w) + a4y + ℓ1ω ❡♠ Q,

w(0, t) = w(1, t) = 0 ❡♠ (0, T ),

y(0, t) = y(1, t) = yx(1, t) = 0 ❡♠ (0, T ),

w(x, 0) = w0(x), y(x, 0) = y0(x) ❡♠ (0, 1),

✭✶✽✮

♦♥❞❡ ♦ ❡st❛❞♦ é ❢♦r♠❛❞♦ ♣❡❧❛ ❢✉♥çã♦ ❝♦♠♣❧❡①❛ w ❡ ❛ ❢✉♥çã♦ r❡❛❧ y✳ ❖s ❝♦♥tr♦❧❡s sã♦ ❛
❢✉♥çã♦ ❝♦♠♣❧❡①❛ ℓ ❡ ❛ ❢✉♥çã♦ r❡❛❧ ❤✳ ❊st❡ s✐st❡♠❛ é ✉♠❛ ✈❡rsã♦ ❧✐♥❡❛r✐③❛❞❛ ❞❡ ✉♠ s✐st❡♠❛
❙❝❤rö❞✐♥❣❡r✲❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s✱ ♥ã♦ ❧✐♥❡❛r✱ ♣r❡s❡♥t❡ ♥❛ ♠❡❝â♥✐❝❛ ❞♦s ✢✉✐❞♦s ❛ss✐♠ ❝♦♠♦ ♥❛
❢ís✐❝❛ ❞❡ ♣❧❛s♠❛ ♣❛r❛ ♠♦❞❡❧❛r ✐♥t❡r❛çõ❡s ❡♥tr❡ ♦♥❞❛s ❝✉rt❛s w = w(x, t) ❡ ♦♥❞❛s ❧♦♥❣❛s

y = y(x, t) ✭✈❡❥❛ ❬✻✶❪ ♦♥❞❡ ♦♥❞❛s ❝❛♣✐❧❛r✲❣r❛✈✐❞❛❞❡ sã♦ ❝♦♥s✐❞❡r❛❞❛s✮✳ ❘❡s✉❧t❛❞♦s ❞❡ ❜♦❛
❝♦❧♦❝❛çã♦ ❢♦r❛♠ ♦❜t✐❞♦s q✉❛♥❞♦ ♦ s✐st❡♠❛ é ❡st✉❞❛❞♦ ❡♠ t♦❞❛ r❡t❛ r❡❛❧ ❬✶✺✱ ✷✼❪ ♦✉ ♥♦ t♦r♦ ❬✾❪✳
❊st❡ s✐st❡♠❛ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ❛ ❛❝♦♣❧❛♠❡♥t♦ ❞❡ três ❡q✉❛çõ❡s r❡❛✐s ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♣❛rt❡
r❡❛❧ ❡ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✳ ◆❡st❡ tr❛❜❛❧❤♦ ♣r♦✈❛♠♦s r❡s✉❧t❛❞♦s ❞❡
❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❝♦♠ ♠❡♥♦s ❝♦♥tr♦❧❡s q✉❡ ❡q✉❛çõ❡s✳ ❉❡ ❢❛t♦✱ ♣r♦✈❛r❡♠♦s q✉❡ ❡st❡ s✐st❡♠❛
é ♥✉❧❛♠❡♥t❡ ❝♦♥tr♦❧á✈❡❧ ✉t✐❧✐③❛♥❞♦ ❛♣❡♥❛s ♦ ❝♦♥tr♦❧❡ h s✐❣♥✐✜❝❛♥❞♦ ❝♦♥tr♦❧❛r ✉♠ s✐st❡♠❛ ❞❡
❞✉❛s ❡q✉❛çõ❡s✱ ✉♠❛ r❡❛❧ ❡ ✉♠❛ ❝♦♠♣❧❡①❛✱ ❝♦♠ ❛♣❡♥❛s ♦ ❝♦♥tr♦❧❡ ❝♦♠♣❧❡①♦ h ♥❛ ❡q✉❛çã♦

✈✐✐✐



❞❡ ❙❝❤rö❞✐♥❣❡r✳ ❊♠ ✉♠ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦ ♣r♦✈❛♠♦s t❛♠❜é♠ q✉❡ é ♣♦ssí✈❡❧ ❝♦♥tr♦❧❛r ♦
s✐st❡♠❛ ✭✶✽✮ ❝♦♠ ♦ ❝♦♥tr♦❧❡ r❡❛❧ ℓ ❡ ✉♠ ❝♦♥tr♦❧❡ h ♣✉r❛♠❡♥t❡ r❡❛❧ ♦✉ ♣✉r❛♠❡♥t❡ ✐♠❛❣✐♥ár✐♦✱
♥❡❝❡ss✐t❛♥❞♦ ❞♦✐s ❝♦♥tr♦❧❡s r❡❛✐s ♣❛r❛ ❝♦♥tr♦❧❛r t♦❞♦ ♦ s✐st❡♠❛✳ ➱ ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡
❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r é ❝♦♥tr♦❧á✈❡❧ ❝♦♠ ✉♠ ❝♦♥tr♦❧❡ ❝♦♠♣❧❡①♦✳

❖ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞♦ tr❛❜❛❧❤♦ s❡❣✉❡✿

❚❡♦r❡♠❛ ✶✿ ❙❡❥❛ T > 0✳ ❙✉♣♦♥❤❛♠♦s M ∈ L2(0, T ;H1(0, 1)) ∩ L∞(0, T ;L2(0, 1))✱ a1, a4 ∈

L∞(0, T ;W 1,∞(0, 1))✱ ❡ a2, a3 ∈ L∞(0, T ;❲1,∞(0, 1))✳ ❙✉♣♦♥❤❛♠♦s t❛♠❜é♠ q✉❡

■♠(a3) ∈ C([0, T ];W 1,∞(0, 1)) ❝♦♠ |■♠(a3)| ≥ δ ✐♥ ω, ♣❛r❛ ❛❧❣✉♠ δ > 0. ✭✶✾✮

❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r (w0, y0) ∈ ❍
−1(0, 1)×L2(0, 1)✱ ❡①✐st❡ ✉♠ ❝♦♥tr♦❧❡ h1ω ∈ L2(0, T ;❍−1(0, 1))

t❛❧ q✉❡ ❛ ú♥✐❝❛ s♦❧✉çã♦

(w, y) ∈ C([0, T ],❍−1(0, 1)× L2(0, 1))

❞❡ ✭✶✽✮ ❝♦♠ ℓ = 0 s❛t✐s❢❛③

w(T, ·) = 0, y(T, ·) = 0.

❆❝✐♠❛✱ ❡s♣❛ç♦s ❡♠ ♥❡❣r✐t♦ ❞❡♥t♦t❛♠ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s ❝♦♠♣❧❡①❛s✱ ❞♦ ❝♦♥trár✐♦✱ ❞❡♥♦t❛♠
❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s r❡❛✐s✳

❖ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ s❡❣✉❡

❚❡♦r❡♠❛ ✷✿ ❙❡❥❛ T > 0✳ ❙✉♣♦♥❤❛♠♦s q✉❡ M ∈ L2(0, T ;H1(0, 1)) ∩ L∞(0, T ;L2(0, 1))✱

a1, a4 ∈ L∞(0, T ;W 1,∞(0, 1))✱ ❡ a2, a3 ∈ L∞(0, T ;❲1,∞(0, 1))✳ ❙✉♣♦♥❤❛♠♦s t❛♠❜é♠ q✉❡

■♠(a2) ∈ C([0, T ];W 1,∞(0, 1)) ❝♦♠ |■♠(a2)| ≥ δ ❡♠ ω, ♣❛r❛ ❛❧❣✉♠ δ > 0. ✭✷✵✮

❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r (w0, y0) ∈ ❍
−1(0, 1)×L2(0, 1)✱ ❡①✐st❡ ✉♠ ♣❛r ❞❡ ❝♦♥tr♦❧❡s r❡❛✐s (h1ω, ℓ1ω) ∈

L2(0, T ;H−1(0, 1)× L2(0, 1))✱ t❛❧ q✉❡ ❛ ú♥✐❝❛ s♦❧✉çã♦

(w, y) ∈ C([0, T ],❍−1(0, 1)× L2(0, 1))

❞❡ ✭✶✽✮ s❛t✐s❢❛③

w(T, ·) = 0, y(T, ·) = 0.

❉❡ ❢♦r♠❛ ❛ ♣r♦✈❛r ♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ s❡❣✉✐♠♦s ♦ ♣r♦❝❡ss♦ ♣❛❞rã♦ ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡✲
❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ ♦ s✐st❡♠❛ ❛❞❥✉♥t♦





iφt + φxx = a1φ+ ā3ψ ❡♠ Q,

−ψt − ψxxx −Mψx = ❘❡(ā2φ) + a4ψ ❡♠ Q,

φ(0, t) = φ(1, t) = 0 ❡♠ (0, T ),

ψ(0, t) = ψ(1, t) = ψx(0, t) = 0 ❡♠ (0, T ),

φ(x, T ) = φT (x), ψ(x, T ) = ψT (x) ❡♠ (0, 1),

✭✷✶✮

♣r♦✈❛♠♦s ❛s s❡❣✉✐♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ♦❜s❡r✈❛❜✐❧✐❞❛❞❡

❚❡♦r❡♠❛✿

✐①



✭❛✮ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✶✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖φ(·, 0)‖2
H1

0(0,1)
+ ‖ψ(·, 0)‖2L2(0,1) ≤ C

(∫∫

Qω

(|φ|2 + |❘❡(φx)|
2)dxdt

)
, ✭✷✷✮

♣❛r❛ q✉❛❧q✉❡r (φT , ψT ) ∈ ❍1
0(0, 1)×L

2(0, 1)✱ ♦♥❞❡ (φ, ψ) ∈ C([0, T ];❍1
0(0, 1)×L

2(0, 1))

é ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✷✶✮✳

✭❜✮ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖φ(·, 0)‖2
H1

0(0,1)
+ ‖ψ(·, 0)‖2L2(0,1) ≤ C

(∫∫

Qω

(|❘❡(φ)|2 + |❘❡(φx)|
2 + |ψ|2)dxdt

)
✭✷✸✮

♣❛r❛ (φT , ψT ) ∈ ❍1
0(0, 1) × L2(0, 1)✱ ♦♥❞❡ (φ, ψ) ∈ C([0, T ];❍1

0(0, 1) × L2(0, 1)) é ❛

s♦❧✉çã♦ ❞❡ ✭✷✶✮✳

❆ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ❛♥t❡r✐♦r é ❜❛s❡❛❞❛ ❡♠ ❡st✐♠❛t✐✈❛s ❣❧♦❜❛✐s ❞❡ ❈❛r❧❡♠❛♥✳ ❊st❡s r❡s✉❧✲
t❛❞♦s ♣♦❞❡♠ s❡r ✈✐st♦s ❡♠ ❬✻❪✳

❈❛♣ít✉❧♦ ✹

❇♦✉♥❞❛r② ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❊✉❧❡r ✢✉✐❞s ✇✐t❤ ❇♦✉ss✐♥❡sq ❤❡❛t

❡✛❡❝ts

❈♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❢r♦♥t❡✐r❛ ♣❛r❛ ✢✉✐❞♦s ❞❡ t✐♣♦ ❊✉❧❡r✱ ✐♥❝♦♠♣r❡ssí✈❡✐s ❝♦♠ ❡❢❡✐t♦ ❞❡

❝❛❧♦r ❞♦ t✐♣♦ ❇♦✉ss✐♥❡sq

❙❡❥❛ Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦✱ ❧✐♠✐t❛❞♦ ❡ ♥ã♦✲✈❛③✐♦ ❞❡ R
N ❞❡ ❝❧❛ss❡ C∞ ✭N = 2 ♦✉

N = 3✮✳ ❙✉♣♦♥❤❛♠♦s q✉❡ Ω é ❝♦♥❡①♦ ❡✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ❙❡❥❛ Γ0 ✉♠
s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ ♥ã♦ ✈❛③✐♦ ❞❛ ❢r♦♥t❡✐r❛ Γ ❞❡ Ω✳

◆❡st❡ ❝❛♣ít✉❧♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❢r♦♥t❡✐r❛ ❞♦ s✐st❡♠❛✿





yt + (y · ∇)y = −∇p+ ~k θ ❡♠ Ω× (0, T ),

∇ · y = 0 ❡♠ Ω× (0, T ),

θt + y · ∇θ = κ∆θ ❡♠ Ω× (0, T ),

y · n = 0 s♦❜r❡ (Γ\Γ0)× (0, T ),

y(x, 0) = y0(x), θ(x, 0) = θ0(x) ❡♠ Ω,

✭✷✹✮

♦♥❞❡

• ❖ ❝❛♠♣♦ y ❡ ❛ ❢✉♥çã♦ ❡s❝❛❧❛r p r❡♣r❡s❡♥t❛♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❡ ♣r❡ssã♦
❞♦ ✢✉✐❞♦ ❡♠ Ω× (0, T )✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

• ❆ ❢✉♥çã♦ θ r❡♣r❡s❡♥t❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ t❡♠♣❡r❛t✉r❛ ❞♦ ✢✉✐❞♦✳

• ❖ ❧❛❞♦ ❞✐r❡✐t♦ ~k θ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ❛ ❞❡♥s✐❞❛❞❡ ❞❛ ❢♦rç❛ ❞❡ ✢✉t✉❛çã♦ ✭~k ∈ R
N é ✉♠

✈❡t♦r ♥ã♦ ♥✉❧♦✮✳

• ❆ ❝♦♥st❛♥t❡ ♥ã♦ ♥❡❣❛t✐✈❛ κ ≥ 0 é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❞❡ ❝❛❧♦r✳

①



◆❛ ♠❡❝â♥✐❝❛ ❞♦s ✢✉✐❞♦s✱ ♦ s✐st❡♠❛ ✭✷✹✮ ❞❡s❝r❡✈❡ ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ✉♠ ✢✉✐❞♦ ✐♥✈ís❝✐❞♦ ❡
✐♥❝♦♠♣r❡ssí✈❡❧ s✉❥❡✐t♦ ❛ ✉♠❛ tr❛♥s❢❡rê♥❝✐❛ ❞❡ ❝❛❧♦r ❝♦♥✈❡❝t✐✈❛ s♦❜ ✐♥✢✉ê♥❝✐❛ ❞❡ ✉♠ ❝❛♠♣♦
❣r❛✈✐t❛❝✐♦♥❛❧✱ ✈❡❥❛ ❬✻✼❪✳

❆❜♦r❞❛r❡♠♦s ♦s ❝❛s♦s κ = 0 ❡ κ > 0✳ ◆♦ ❝❛s♦ κ = 0 ❞❡♥♦♠✐♥❛♠♦s ✭✷✹✮ ❞❡ s✐st❡♠❛ ❞❡
❇♦✉ss✐♥❡sq ✐♥✈ís❝✐❞♦ ❡ ✐♥❝♦♠♣r❡ssí✈❡❧✳

❙❡❥❛ α ∈ (0, 1) ❡ ❞❡✜♥✐♠♦s

C
m,α
0 (Ω;RN ) := {u ∈ Cm,α(Ω;RN ) : ∇ · u = 0 ❡♠ Ω, u · n = 0 s♦❜r❡ Γ },

C(m,α,Γ0) := {u ∈ Cm,α(Ω;RN ) : ∇ · u = 0 ❡♠ Ω, u · n = 0 s♦❜r❡ Γ\Γ0 },

♦♥❞❡ Cm,α(Ω;RN ) ❞❡♥♦t❛ ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s q✉❡ ❛ss✉♠❡♠ ✈❛❧♦r❡s ❡♠ R
N ❡ q✉❡ s✉❛s

❞❡r✐✈❛❞❛s ❛té ❛ ♦r❞❡♠ m sã♦ ❍ö❧❞❡r✲❝♦♥tí♥✉❛s ❡♠ Ω ❝♦♠ ❡①♣♦❡♥t❡ α✳
◗✉❛♥❞♦ κ = 0✱ é ❛♣r♦♣r✐❛❞♦ ❝♦♥s✐❞❡r❛r ❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ ❢r♦♥t❡✐r❛ ♣❛r❛ ✭✷✹✮✳ ❊♠

t❡r♠♦s ❣❡r❛✐s✱ ♣♦❞❡ s❡r ❢♦r♠✉❧❛❞❛ ❝♦♠♦ s❡❣✉❡

❉❛❞♦s y0✱ y1✱ θ0 ❡ θ1 ❡♠ ❡s♣❛ç♦s ❛♣r♦♣r✐❛❞♦s ❝♦♠ y0 ·n = y1 ·n = 0 s♦❜r❡ Γ\Γ0✱

❡♥❝♦♥tr❛r (y, p, θ) t❛❧ q✉❡ ✭✷✹✮ é s❛t✐s❢❡✐t♦✱ ♠❛✐s ❛✐♥❞❛✱

y(x, T ) = y1(x), θ(x, T ) = θ1(x) ❡♠ Ω. ✭✷✺✮

❖❜s❡r✈❡ q✉❡✱ q✉❛♥❞♦ κ = 0✱ ❞❡ ♠♦❞♦ ❛ ❞❡t❡r♠✐♥❛r✱ s❡♠ ❛♠❜✐❣✉✐❞❛❞❡✱ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦
r❡❣✉❧❛r ❧♦❝❛❧ ❡♠ t❡♠♣♦ ♣❛r❛ ✭✷✹✮✱ é s✉✜❝✐❡♥t❡ ❢♦r♥❡❝❡r ❛ ❝♦♠♣♦♥❡♥t❡ ♥♦r♠❛❧ ❞❛ ✈❡❧♦❝✐❞❛❞❡
♥❛ ❢r♦♥t❡✐r❛✱ t♦❞♦ ♦ ✈❡t♦r y ❡ ❛ t❡♠♣❡r❛t✉r❛ θ✱ ♥❛ r❡❣✐ã♦ ❞❛ ❢r♦♥t❡✐r❛ ♣♦r ♦♥❞❡ ♦ ✢✉✐❞♦ ❡♥tr❛✱
✐✳❡✳ ❛♣❡♥❛s ♦♥❞❡ y · n < 0✱ ✈❡❥❛ ♣♦r ❡①❡♠♣❧♦ ❬✻✻❪✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ♦s ❝♦♥tr♦❧❡s
t❡♠ ❛ ❢♦r♠❛





y · n s♦❜r❡ Γ0 × (0, T ), ❝♦♠
∫

Γ0

y · n dΓ = 0;

y ❡♠ q✉❛❧q✉❡r ♣♦♥t♦ ❞❡ Γ0 × (0, T ) s❛t✐s❢❛③❡♥❞♦ y · n < 0,

θ ❡♠ q✉❛❧q✉❡r ♣♦♥t♦ ❞❡ Γ0 × (0, T ) s❛t✐s❢❛③❡♥❞♦ y · n < 0.

❖ s✐❣♥✐✜❝❛❞♦ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛ é q✉❡✱ q✉❛♥❞♦ ✈❛❧❡✱ ♣♦❞❡r❡♠♦s
❝♦♥❞✉③✐r s s♦❧✉çã♦ ❞❡ q✉❛❧q✉❡r ❡st❛❞♦ (y0, θ0) ❡①❛t❛♠❡♥t❡ ❛ q✉❛❧q✉❡r ❡st❛❞♦ ✜♥❛❧ (y1, θ1)✱
❛t✉❛♥❞♦ ❛♣❡♥❛s s♦❜r❡ ✉♠❛ ♣❡q✉❡♥❛ ♣❛rt❡ ❞❛ ❢r♦♥t❡✐r❛ ❞✉r❛♥t❡ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ❛r❜✐✲
tr❛r✐❛♠❡♥t❡ ♣❡q✉❡♥♦✳

◆♦ ❝❛s♦ κ > 0✱ ❛ s✐t✉❛çã♦ é ❞✐❢❡r❡♥t❡✳ ❉❡✈✐❞♦ ❛♦ ❡❢❡✐t♦ r❡❣✉❧❛r✐③❛♥t❡ ❞❛ ❡q✉❛çã♦ ❞❛
t❡♠♣❡r❛t✉r❛✱ ♥ã♦ ♣♦❞❡♠♦s ❡s♣❡r❛r ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❡①❛t❛✱ ♣❡❧♦ ♠❡♥♦s ♣❛r❛
❛ t❡♠♣❡r❛t✉r❛✳

❉❡ ❢♦r♠❛ ❛ ❛♣r❡s❡♥t❛r ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥❛ ❢r♦♥t❡✐r❛ ❛❞❡q✉❛❞♦✱ ❞❡✜♥✐♠♦s
γ ⊂ Γ✳ ❊♥tã♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ s❡❣✉❡

❉❛❞♦s y0✱ y1 ❡ θ0 ❡♠ ❡s♣❛ç♦s ❛♣r♦♣r✐❛❞♦s ❝♦♠ y0 · n = y1 · n = 0 s♦❜r❡ Γ\Γ0

❡ θ0 = 0 s♦❜r❡ Γ\γ✱ ❡♥❝♦♥tr❛r (y, p, θ) ❝♦♠ θ = 0 s♦❜r❡ (Γ\γ)× (0, T ) t❛❧ q✉❡ ✭✷✹✮

é ✈á❧✐❞♦ ❡✱ ♠❛✐s ❛✐♥❞❛✱

y(x, T ) = y1(x), θ(x, T ) = 0 ✐♥ Ω. ✭✷✻✮

①✐



❙❡ é s❡♠♣r❡ ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r y✱ p ❡ θ✱ ❞✐③❡♠♦s q✉❡ ♦ s✐st❡♠❛ ❞❡ ❇♦✉ss✐♥❡sq✱ ✐♥✈ís❝✐❞♦✱
✐♥❝♦♠♣r❡ssí✈❡❧ ❝♦♠ t❡♠♣❡r❛t✉r❛ ❞✐❢✉s✐✈❛ ✭✷✹✮ ♣♦ss✉✐ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♥tr♦❧❡ ❡①❛t♦✲♥✉❧♦
♣❛r❛ (Ω,Γ0,Γ) ♥♦ t❡♠♣♦ T ✳

❖❜s❡r✈❡ q✉❡✱ s❡ κ > 0 ❡ ✜①❛♠♦s ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❛♥t❡s ❡ ✭♣♦r ❡①❡♠♣❧♦✮
❝♦♥❞✐çã♦ ❞❡ ❉✐r✐❝❤❧❡t ♣❛r❛ θ ❞❛ ❢♦r♠❛

θ = θ ∗ 1γ s♦❜r❡ Γ× (0, T ),

❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ♣❛r❛ ✭✷✹✮✳ P♦❞❡♠♦s ❛ss✉♠✐r✱ ♥❡st❡ ❝❛s♦✱ q✉❡ ♦s ❝♦♥tr♦❧❡s t❡♠ ❛
❢♦r♠❛





y · n s♦❜r❡ Γ0 × (0, T ), ❝♦♠
∫

Γ0

y · n dΓ = 0,

y ❡♠ q✉❛❧q✉❡r ♣♦♥t♦ ❞❡ Γ0 × (0, T ) s❛t✐s❢❛③❡♥❞♦ y · n < 0,

θ ❡♠ q✉❛❧q✉❡r ♣♦♥t♦ ❞❡ γ × (0, T ).

❖ s✐❣♥✐✜❝❛❞♦ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♥tr♦❧❡ ❡①❛t♦✲♥✉❧♦ é q✉❡✱ q✉❛♥❞♦ ✈❛❧❡✱ ♣♦❞❡♠♦s ❝♦♥❞✉③✐r
♦ ♣❛r (y, θ) ❞❡ q✉❛❧q✉❡r ❡st❛❞♦ ✐♥✐❝✐❛❧ (y0, θ0) ❡①❛t❛♠❡♥t❡ ❛ q✉❛❧q✉❡r ❡st❛❞♦ ❞❛ ❢♦r♠❛ (y1, 0)✱
❛t✉❛♥❞♦ ❛♣❡♥❛s ❡♠ ✉♠❛ ♣❡q✉❡♥❛ ♣❛rt❡ Γ0 ❡ γ ❞❛ ❢r♦♥t❡✐r❛✱ ❞✉r❛♥t❡ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦
❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡q✉❡♥♦ (0, T )✳

◆❛s ú❧t✐♠❛s ❞é❝❛❞❛s✱ ♠✉✐t❛ ✐♥✈❡st✐❣❛çã♦ ♥♦ ❝♦♥t❡①t♦ ❞❡ ✢✉✐❞♦s ✐♥❝♦♠♣r❡ssí✈❡✐s ♣❡r❢❡✐t♦s
❢♦✐ r❡❛❧✐③❛❞❛✳ ❚❡♠♦s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ♦s tr❛❜❛❧❤♦s ❞❡ ❈♦r♦♥ ❬✸✵✱ ✸✶❪ ❡ ●❧❛ss ❬✹✹✱ ✹✺✱ ✹✻❪✳ ◆❡st❡
tr❛❜❛❧❤♦✱ ❛❞❛♣t❛r❡♠♦s ❛s ✐❞é✐❛s ❞❡ ❬✸✵❪ ❡ ❬✹✻❪ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♠♦❞❡❧❛❞♦ ♣♦r ✭✷✹✮✳

P❛r❛ ✜♥❛❧✐③❛r✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞♦✐s ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❡st❡ tr❛❜❛❧❤♦✳
❚❡♦r❡♠❛ ✭κ = 0✮✿ ❙❡ κ = 0✱ ❡♥tã♦ ❡♥tã♦ ♦ s✐st❡♠❛ ❞❡ ❇♦✉ss✐♥❡sq✱ ✐♥✈ís❝✐❞♦ ✭✷✹✮ é ❡①❛✲

t❛♠❡♥t❡ ❝♦♥tr♦❧á✈❡❧ ♣❛r❛ (Ω,Γ0) ❡♠ q✉❛❧q✉❡r t❡♠♣♦ T > 0✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♣❛r❛ q✉❛❧✲

q✉❡r y0,y1 ∈ C(2, α,Γ0) ❡ q✉❛❧q✉❡r θ0, θ1 ∈ C2,α(Ω)✱ ❡①✐st❡♠ y ∈ C0([0, T ];C(1, α,Γ0))✱

θ ∈ C0([0, T ];C1,α(Ω)) ❡ p ∈ D′(Ω× (0, T )) t❛❧ q✉❡ t❡♠♦s ✭✷✹✮ ❛♥❞ ✭✷✺✮✳
◆♦s ❛r❣✉♠❡♥t♦s q✉❡ ♣r♦✈❛♠ ♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ✈❡♠♦s ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❛ r❡❣✉❧❛r✐❞❛❞❡ C2,α

♣❛r❛ ♦ ❞❛❞♦ ✐♥✐❝✐❛❧ ❡ ✜♥❛❧✳ ❊♥tr❡t❛♥t♦✱ ♣r♦✈❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❛ s♦❧✉çã♦ ❝♦♥tr♦❧❛❞❛ ❛♣❡♥❛s ♥♦
❡s♣❛ç♦ C1,α✳ ❙❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ♠❡❧❤♦r❛r ❡st❡ r❡s✉❧t❛❞♦ ♠❛s✱ ❛té ♦ ♠♦♠❡♥t♦✱ é ✉♠ ♣r♦❜❧❡♠❛
❡♠ ❛❜❡rt♦✳

❖ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦ ❞♦ tr❛❜❛❧❤♦ s❡❣✉❡

❚❡♦r❡♠❛ ✭κ > 0✮✿ ❙❡❥❛ Ω✱ Γ0 ❡ γ ❞❛❞♦s✱ ❡ s✉♣♦♥❤❛♠♦s q✉❡ κ > 0✳ ❊♥tã♦ ✭✷✹✮ é ❧♦❝❛❧♠❡♥t❡

❡①❛t♦✲♥✉❧♦ ❝♦♥tr♦❧á✈❡❧✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♣❛r❛ q✉❛❧q✉❡r T > 0 ❡ q✉❛❧q✉❡r y0,y1 ∈ C(2, α, ∅)✱

❡①✐st❡ η > 0✱ ❞❡♣❡♥❞❡♥❞♦ ❞❡ y0✱ t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ θ0 ∈ C2,α(Ω) ❝♦♠

θ0 = 0 ♦♥ Γ\γ, ‖θ0‖2,α ≤ η,

♣♦❞❡♠♦s ❡♥❝♦♥tr❛r y ∈ C0([0, T ];C1,α(Ω;RN )✱ θ ∈ C0([0, T ];C1,α(Ω)) ❝♦♠ θ = 0 s♦❜r❡

(Γ\γ)× (0, T )✱ ❡ p ∈ D′(Ω× (0, T )) s❛t✐s❢❛③❡♥❞♦ ✭✷✹✮ ❡ ✭✷✻✮✳
❊st❡s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ✈✐st♦s ❡♠ ❬✽✻❪✳

Pr♦❜❧❡♠❛s ❡♠ ❛❜❡rt♦ ❡ tr❛❜❛❧❤♦s ❢✉t✉r♦s

❈♦♠❡♥t❛r❡♠♦s ❜r❡✈❡♠❡♥t❡ ✉♠❛ sér✐❡ ❞❡ ♣❡r❣✉♥t❛s ❡ ♣r♦❜❧❡♠❛s ❡♠ ❛❜❡rt♦ q✉❡ ♦s r❡s✉❧t❛✲
❞♦s ❝♦♥t✐❞♦s ♥❡st❛ t❡s❡ ♣r♦❞✉③✐r❛♠✳
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• ❖✉tr♦s t✐♣♦s ❞❡ ❡q✉✐❧í❜r✐♦✿ ◆♦ ❈❛♣ít✉❧♦ ✶✱ ♦ ♣❛r ó♣t✐♠♦ é ❞❡t❡r♠✐♥❛❞♦ s❡❣✉♥❞♦ ♦ ❝r✐tér✐♦
♥ã♦ ❝♦♦♣❡r❛t✐✈♦ ❞❡ ◆❛s❤✳ ❯♠ ♣r♦❜❧❡♠❛ ♥❛t✉r❛❧ ❛ s❡❣✉✐r é ✉t✐❧✐③❛r ♦✉tr♦s t✐♣♦s ❞❡
❡str❛té❣✐❛s ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ♣❛r✳ ❯♠ ❡①❡♠♣❧♦ ❝❧áss✐❝♦ é ♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡ P❛r❡t♦❀
s❡❣✉✐♥❞♦ ❛ ♥♦t❛çã♦ ❞♦ ❈❛♣ít✉❧♦ ✶ t❡♠♦s✿

❉❡✜♥✐çã♦ ✭❊q✉✐❧í❜r✐♦ ❞❡ P❛r❡t♦✮✿ P❛r❛ ❝❛❞❛ f ∈ L2(O × (0, T )) ❞✐③❡♠♦s q✉❡ ♦ ♣❛r

(u1(f), u2(f)) ∈ H é ✉♠ ❡q✉✐❧í❜r✐♦ ❞❡ P❛r❡t♦ s❡ ♥ã♦ ❡①✐st❡ (û1, û2) ∈ H s❛t✐s❢❛③❡♥❞♦

Ji(û
1, û2) ≤ Ji(u

1(f), u2(f)) ❢♦r i = 1, 2,

❝♦♠ ❛❧❣✉♠❛ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s s❡♥❞♦ ❡str✐t❛✳

❯♠❛ ✈❡③ q✉❡ ♦ ♣❛r (u1(f), u2(f)) ❡stá ✜①❛❞♦✱ q✉❡r❡♠♦s ❞❡t❡r♠✐♥❛r f t❛❧ q✉❡ ♦ ❡st❛❞♦
y ❛ss♦❝✐❛❞♦ ❛ f ❡ ❛ (u1(f), u2(f)) s❛t✐s❢❛③ ✭✽✮✳

❊st❡ t❡♠❛ é ♦ ❛❧✈♦ ❞❡ ✉♠ tr❛❜❛❧❤♦ ❡♠ ❛♥❞❛♠❡♥t♦✳

• ❊str❛té❣✐❛s ❞♦ t✐♣♦ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❙t♦❦❡s✿

Pr♦❜❧❡♠❛s s✐♠✐❧❛r❡s ❛♦s ❞♦ ❈❛♣ít✉❧♦ ✶ ♣♦❞❡♠ s❡r ♣♦st✉❧❛❞♦s ♣❛r❛ s✐st❡♠❛s ❞♦ t✐♣♦
❙t♦❦❡s 




yt −∆y + (w · ∇)y +∇p = f1O + v11O1 + v21O2 ✐♥ Q,

∇ · y = 0 ✐♥ Q,

y = 0 ♦♥ Σ,

y(x, 0) = y0(x) ✐♥ Ω.

✭✷✼✮

❖ ❞❛❞♦ ✐♥✐❝✐❛❧ y0 ♣❡rt❡♥❝❡ ❛♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt

H := { z ∈ L2(Ω)N : ∇ · z = 0 ✐♥ Ω, z · n = 0 ♦♥ Γ },

♦ ❝❛♠♣♦ w ♣❡rt❡♥❝❡ ❛ L∞(0, T ;H) ❡ ♦s ❝♦♥tr♦❧❡s f ❡ vi s❛t✐s❢❛③❡♠

f ∈ L2(O × (0, T ))N , vi ∈ L2(Oi × (0, T ))N .

❈♦♠ ♦s ❢✉♥❝✐♦♥❛✐s J ❡ Ji ♣♦❞❡r❡♠♦s ❢♦r♠✉❧❛r ❛s ❡str❛té❣✐❛s ❞♦ t✐♣♦ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤
❛ss♦❝✐❛❞❛ ❛ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♥tr♦❧❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ♣❛r❛ ✭✷✼✮✳

❆ s✐t✉❛çã♦ s❡ t♦r♥❛ ♠❛✐s ❞✐❢í❝✐❧ q✉❛♥❞♦ ❛♥❛❧✐s❛♠♦s ♦ s✐st❡♠❛ ❞❡ ◆❛✈✐❡r✲❙t♦❦❡s




yt −∆y + (y · ∇)y +∇p = f1O + v11O1 + v21O2 ✐♥ Q,

∇ · y = 0 ✐♥ Q,

y = 0 ♦♥ Σ,

y(x, 0) = y0(x) ✐♥ Ω.

❆ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❡q✉✐❧í❜r✐♦ ♦✉ q✉❛s❡✲❡q✉✐❧í❜r✐♦ ♣❛r❛ ❝❛❞❛ f ❡✱ é ❝❧❛r♦✱ q✉❛♥❞♦ ✈❛❧❡
❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ❛ss♦❝✐❛❞❛ ❛ ❡st❡ ❡q✉✐❧í❜r✐♦ é ✉♠ ♣r♦❜❧❡♠❛ ❡♠
❛❜❡rt♦✳

P❛r❛ ♦✉tr♦s r❡s✉❧t❛❞♦s ❞❡ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♣❛r❛ s✐st❡♠❛s ❞❡ ❙t♦❦❡s ❡ ◆❛✈✐❡r✲❙t♦❦❡s✱
✈❡❥❛ ❬✹✷✱ ✺✻✱ ✸✼✱ ✹✾✱ ✺✵❪✳
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• ❊st✉❞♦ ♥✉♠ér✐❝♦ ❞❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ♥✉❧❛ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r 1D s❡♠✐❧✐♥❡❛r

❊st❡ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r ❛♣r♦①✐♠❛çõ❡s ♥✉♠ér✐❝❛s ♣❛r❛ ❝♦♥tr♦❧❡s u q✉❡ ❝♦♥✲
❞✉③❡♠ ❛ s♦❧✉çã♦ ❞❡





iyt − yxx + V (x, t)y = F (y)y, (x, t) ∈ (0, 1)× (0, T ),

y(0, t) = u(t), y(1, t) = 0, t ∈ (0, T ),

y(x, 0) = y0(x), x ∈ (0, 1),

✭✷✽✮

❛ ③❡r♦✳ ❉❡✈✐❞♦ às ♣r♦♣r✐❡❞❛❞❡s ❞❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r✱ ❡st❡ ♣r♦✲
❜❧❡♠❛ ♣♦ss✉✐ ✉♠ ❝❡rt♦ ♥í✈❡❧ ❞❡ ❞✐✜❝✉❧❞❛❞❡✱ ❡♥tr❡t❛♥t♦✱ r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ❥á ❢♦r❛♠
♦❜t✐❞♦s

• ❊st✉❞♦ ♥✉♠ér✐❝♦ ❞❛ ❝♦♥tr♦❧❛❜✐❧✐❞❛❞❡ ❜✐❧✐♥❡❛r ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r 1D

❊st❡ ♣r♦❜❧❡♠❛ ❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r ❛♣r♦①✐♠❛çõ❡s ♥✉♠ér✐❝❛s ♣❛r❛ ❝♦♥tr♦❧❡s u q✉❡ ❝♦♥✲
❞✉③❡♠ ❛ s♦❧✉çã♦ ❞❡





iyt − yxx + u(x, t)y = 0, (x, t) ∈ (0, 1)× (0, T ),

y(0, t) = 0, y(1, t) = 0, t ∈ (0, T ),

y(x, 0) = y0(x), x ∈ (0, 1).

✭✷✾✮

❛ ✉♠ ❡st❛❞♦ ✜♥❛❧ ❞❡s❡❥❛❞♦✳ ◆♦t❡ q✉❡ ♦ ❝♦♥tr♦❧❡ é ❜✐❧✐♥❡❛r ❡ ✐ss♦ ❣❡r❛ ❣r❛♥❞❡s ❞✐✜❝✉❧❞❛❞❡s
❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ té❝♥✐❝♦✳

①✐✈



❈❛♣ít✉❧♦ ✶

❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t②

❢♦r ❧✐♥❡❛r ❛♥❞ s❡♠✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝

❡q✉❛t✐♦♥s





❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t②

❢♦r ❧✐♥❡❛r ❛♥❞ s❡♠✐❧✐♥❡❛r ♣❛r❛❜♦❧✐❝

❡q✉❛t✐♦♥s

❋✳ ❉✳ ❆r❛r✉♥❛✱ ❊✳ ❋❡r♥á♥❞❡③✲❈❛r❛✱▼✳ ❈✳ ❙❛♥t♦s

❆❜str❛❝t✳ ❚❤✐s ♣❛♣❡r ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣✐❡s t♦ ❝♦♥tr♦❧ ♣❛r❛❜♦❧✐❝ ❡q✉❛✲

t✐♦♥s✳ ❲❡ ❛ss✉♠❡ t❤❛t ✇❡ ❝❛♥ ❛❝t ♦♥ t❤❡ s②st❡♠ t❤r♦✉❣❤ ❛ ❤✐❡r❛r❝❤② ♦❢ ❝♦♥tr♦❧s✳ ❆ ✜rst ❝♦♥tr♦❧

✭t❤❡ ❧❡❛❞❡r✮ ✐s ❛ss✉♠❡❞ t♦ ❝❤♦♦s❡ t❤❡ ♣♦❧✐❝②✳ ❚❤❡♥✱ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♣❛✐r ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦

❛ ♥♦♥❝♦♦♣❡r❛t✐✈❡ ♠✉❧t✐♣❧❡✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ str❛t❡❣②✮ ✐s ✐❞❡♥t✐✜❡❞❀ t❤✐s ❣♦✈❡r♥s t❤❡ ❛❝t✐♦♥

♦❢ t❤❡ ♦t❤❡r ❝♦♥tr♦❧s ✭t❤❡ ❢♦❧❧♦✇❡rs✮✳ ❚❤❡ ♠❛✐♥ ♥♦✈❡❧t② ✐♥ t❤✐s ♣❛♣❡r ✐s t❤❛t ✇❡ ❝❛♥ ✐♠♣♦s❡

❛♥❞ ♦❜t❛✐♥ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② t♦ ❛ ♣r❡s❝r✐❜❡❞ ✭❜✉t ❛r❜✐tr❛r②✮ tr❛❥❡❝t♦r②✳ ❲❡ st✉❞② ❧✐♥❡❛r ❛♥❞

s❡♠✐❧✐♥❡❛r ♣r♦❜❧❡♠s ❛♥❞ ❛❧s♦ ♣r♦❜❧❡♠s ✇✐t❤ ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❢♦❧❧♦✇❡rs✳

✶✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ❝❧❛ss✐❝❛❧ ❝♦♥tr♦❧ t❤❡♦r②✱ ✇❡ ✉s✉❛❧❧② ✜♥❞ ❛ st❛t❡ ❡q✉❛t✐♦♥ ♦r s②st❡♠ ❛♥❞ ♦♥❡ ❝♦♥tr♦❧
✇✐t❤ t❤❡ ♠✐ss✐♦♥ ♦❢ ❛❝❤✐❡✈✐♥❣ ❛ ♣r❡❞❡t❡r♠✐♥❡❞ ❣♦❛❧✳ ❯s✉❛❧❧② ✭❜✉t ♥♦t ❛❧✇❛②s✮✱ t❤❡ ❣♦❛❧ ✐s t♦
♠✐♥✐♠✐③❡ ❛ ❝♦st ❢✉♥❝t✐♦♥❛❧ ✐♥ ❛ ♣r❡s❝r✐❜❡❞ ❢❛♠✐❧② ♦❢ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s✳

❆ ♠♦r❡ ✐♥t❡r❡st✐♥❣ s✐t✉❛t✐♦♥ ❛r✐s❡s ✇❤❡♥ s❡✈❡r❛❧ ✭✐♥ ❣❡♥❡r❛❧✱ ❝♦♥✢✐❝t✐✈❡ ♦r ❝♦♥tr❛❞✐❝t♦r②✮
♦❜❥❡❝t✐✈❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s ♠❛② ❤❛♣♣❡♥✱ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ ❝♦st ❢✉♥❝t✐♦♥ ✐s t❤❡ s✉♠ ♦❢
s❡✈❡r❛❧ t❡r♠s ❛♥❞ ✐t ✐s ♥♦t ❝❧❡❛r ❤♦✇ t♦ ❛✈❡r❛❣❡✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ❡①♣❡❝t❛❜❧❡ t♦ ❤❛✈❡ ♠♦r❡ t❤❛♥
♦♥❡ ❝♦♥tr♦❧ ❛❝t✐♥❣ ♦♥ t❤❡ ❡q✉❛t✐♦♥✳ ■♥ t❤❡s❡ ❝❛s❡✱ ✇❡ ❛r❡ ❧❡❞ t♦ ❝♦♥s✐❞❡r ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ❝♦♥tr♦❧
♣r♦❜❧❡♠s✳

■♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ ♠♦♥♦✲♦❜❥❡❝t✐✈❡ ❝❛s❡✱ ✈❛r✐♦✉s str❛t❡❣✐❡s ❢♦r t❤❡ ❝❤♦✐❝❡ ♦❢ ❣♦♦❞ ❝♦♥tr♦❧s
❝❛♥ ❛♣♣❡❛r✱ ❞❡♣❡♥❞✐♥❣ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ▼♦r❡♦✈❡r✱ t❤❡s❡ str❛t❡❣✐❡s ❝❛♥
❜❡ ❝♦♦♣❡r❛t✐✈❡ ✭✇❤❡♥ t❤❡ ❝♦♥tr♦❧s ♠✉t✉❛❧❧② ❝♦♦♣❡r❛t❡ ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ s♦♠❡ ❣♦❛❧s✮ ♦r
♥♦♥❝♦♦♣❡r❛t✐✈❡✳

❚❤❡r❡ ❡①✐st ✈❛r✐♦✉s ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣ts ❢♦r ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♣r♦❜❧❡♠s✱ ✇✐t❤ ♦r✐❣✐♥ ✐♥ ❣❛♠❡

t❤❡♦r②✱ ♠❛✐♥❧② ♠♦t✐✈❛t❡❞ ❜② ❡❝♦♥♦♠✐❝s✳ ❊❛❝❤ ♦❢ t❤❡♠ ❞❡t❡r♠✐♥❡s ❛ str❛t❡❣②✳ ❚❤✉s✱ ❧❡t ✉s
♠❡♥t✐♦♥ t❤❡ ♥♦♥❝♦♦♣❡r❛t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥ str❛t❡❣② ♣r♦♣♦s❡❞ ❜② ◆❛s❤ ❬✼✸❪✱ t❤❡ P❛r❡t♦ ❝♦♦♣❡✲
r❛t✐✈❡ str❛t❡❣② ❬✼✹❪ ❛♥❞ t❤❡ ❙t❛❝❦❡❧❜❡r❣ ❤✐❡r❛r❝❤✐❝❛❧✲❝♦♦♣❡r❛t✐✈❡ str❛t❡❣② ❬✾✶❪✳

■♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❝♦♥tr♦❧ ♦❢ P❉❊s✱ ❛ r❡❧❡✈❛♥t q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r ♦♥❡ ✐s ❛❜❧❡ t♦ ❧❡❛❞
t❤❡ s②st❡♠ t♦ ❛ ❞❡s✐r❡❞ st❛t❡ ✭❡①❛❝t❧② ♦r ❛♣♣r♦①✐♠❛t❡❧②✮ ❜② ❛♣♣❧②✐♥❣ ❝♦♥tr♦❧s t❤❛t ❢✉❧✜❧❧ ♦♥❡
♦❢ t❤❡s❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡r❡ ❤❛✈❡ ❜❡❡♥ ✉♣ t♦ ❞❛t❡ s❡✈❡r❛❧ ✇♦r❦s ♦♥ t❤✐s s✉❜❥❡❝t
t❤❛t ✐♥t❡♥❞❡❞ t♦ ♣r♦✈✐❞❡ ❛♥ ❛♥s✇❡r t♦ t❤✐s q✉❡st✐♦♥✿

• ❚❤❡ ♣❛♣❡rs ❜② ❏✳✲▲✳ ▲✐♦♥s ❬✻✹❪ ❛♥❞ ❬✻✺❪✱ ✇❤❡r❡ t❤❡ ❛✉t❤♦r ❣✐✈❡s s♦♠❡ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣
P❛r❡t♦ ❛♥❞ ❙t❛❝❦❡❧❜❡r❣ str❛t❡❣✐❡s✱ r❡s♣❡❝t✐✈❡❧②✳

✸



• ❚❤❡ ♣❛♣❡r ❜② ❉í❛③ ❛♥❞ ▲✐♦♥s ❬✸✺❪✱ ✇❤❡r❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❛ s②st❡♠
✐s ❡st❛❜❧✐s❤❡❞ ❢♦❧❧♦✇✐♥❣ ❛ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣② ❛♥❞ t❤❡ ❡①t❡♥s✐♦♥ ✐♥ ❉í❛③ ❬✸✹❪✱
t❤❛t ♣r♦✈✐❞❡s ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ ❜② ♠❡❛♥s ♦❢ ❋❡♥❝❤❡❧✲❘♦❝❦❛❢❡❧❧❛r ❞✉❛❧✐t②
t❤❡♦r②✳

• ❚❤❡ ♣❛♣❡rs ❬✼✽❪ ❛♥❞ ❬✼✾❪✱ ✇❤❡r❡ ❘❛♠♦s✱ ●❧♦✇✐♥s❦✐ ❛♥❞ P❡r✐❛✉① st✉❞② ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠
❢r♦♠ t❤❡ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ♥✉♠❡r✐❝❛❧ ✈✐❡✇♣♦✐♥ts ❢♦r ❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ P❉❊s ❛♥❞ ❢♦r t❤❡
❇✉r❣❡rs ❡q✉❛t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳

• ❋✐♥❛❧❧②✱ ❧❡t ✉s ♠❡♥t✐♦♥ t❤❛t t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣② ❢♦r t❤❡ ❙t♦❦❡s s②st❡♠s ❤❛s
❜❡❡♥ st✉❞✐❡❞ ❜② ●✉✐❧❧é♥✲●♦♥③á❧❡③ ❡t ❛❧ ✐♥ ❬✺✶❪✳

❚❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✐ss✉❡s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡s❡ ✇♦r❦s ♦♥❧② ♣r♦✈✐❞❡ ❛♥s✇❡rs ❛t t❤❡ ❛♣♣r♦①✐✲
♠❛t❡ ❧❡✈❡❧✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ♠❛✐♥ r❡s✉❧ts ❛ss❡rt t❤❛t ♦♥❡ ❝❛♥ ❧❡❛❞ t❤❡ s②st❡♠ t♦ ❛ st❛t❡
t❤❛t ✐s ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ ❛ ❞❡s✐r❡❞ t❛r❣❡t✳

❚❤❡ ♠❛✐♥ ♥♦✈❡❧t② ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s t♦ ❡①t❡♥❞ t❤❡ ❛♥❛❧②s✐s ❛♥❞ t❤❡ r❡s✉❧ts t♦ t❤❡
❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢r❛♠❡✇♦r❦✳

✶✳✶✳✶ ❚❤❡ ♣r♦❜❧❡♠s ❛♥❞ t❤❡✐r ♠♦t✐✈❛t✐♦♥s

▲❡t Ω ⊂ R
N ❜❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ✇❤♦s❡ ❜♦✉♥❞❛r② Γ ✐s r❡❣✉❧❛r ❡♥♦✉❣❤✳ ▲❡t T > 0 ❜❡

❣✐✈❡♥ ❛♥❞ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝②❧✐♥❞❡r Q = Ω×(0, T )✱ ✇✐t❤ ❧❛t❡r❛❧ ❜♦✉♥❞❛r② Σ = Γ×(0, T ). ■♥
t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② C ❛ ❣❡♥❡r✐❝ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t✳ ❙♦♠❡t✐♠❡s✱ ✇❡ ✇✐❧❧ ✐♥❞✐❝❛t❡ t❤❡
❞❛t❛ ♦♥ ✇❤✐❝❤ C ❞❡♣❡♥❞s ❜② ✇r✐t✐♥❣ C(Ω)✱ C(Ω, T )✱ ❡t❝✳ ❚❤❡ ✉s✉❛❧ ♥♦r♠ ❛♥❞ s❝❛❧❛r ♣r♦❞✉❝t
✐♥ L2(Ω) ✇✐❧❧ ❜❡ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ ❜② ‖ · ‖ ❛♥❞ (· , ·)✳

❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② t♦ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ ❛ ♠✉❧t✐✲
♦❜❥❡❝t✐✈❡ ♣❛r❛❜♦❧✐❝ P❉❊ ♣r♦❜❧❡♠ ✐♥ Q✱ ✇❤❡r❡ ✇❡ ❛♣♣❧② ❛ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣②✳ ❋♦r
s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t ♦♥❧② t❤r❡❡ ❝♦♥tr♦❧s ❛r❡ ❛♣♣❧✐❡❞ ✭♦♥❡ ❧❡❛❞❡r ❛♥❞ t✇♦ ❢♦❧❧♦✇❡rs✮✱
❜✉t ✈❡r② s✐♠✐❧❛r ❝♦♥s✐❞❡r❛t✐♦♥s ❤♦❧❞ ❢♦r s②st❡♠s ✇✐t❤ ❛ ❤✐❣❤❡r ♥✉♠❜❡r ♦❢ ❝♦♥tr♦❧s✳

▼♦❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r s②st❡♠s ♦❢ t❤❡ ❢♦r♠




yt −∆y + a(x, t)y = F (y) + f1O + v11O1 + v21O2 ✐♥ Q,

y = 0 ♦♥ Σ,

y(x, 0) = y0(x) ✐♥ Ω,

✭✶✳✶✮

✇❤❡r❡ y = y(x, t) ✐s t❤❡ st❛t❡✱ a ∈ L∞(Q)✱ F ✐s ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❛♥❞
y0 ✐s ♣r❡s❝r✐❜❡❞✳

■♥ ✭✶✳✶✮✱ t❤❡ s❡t O ⊂ Ω ✐s t❤❡ ♠❛✐♥ ❝♦♥tr♦❧ ❞♦♠❛✐♥ ❛♥❞ O1,O2 ⊂ Ω ❛r❡ t❤❡ s❡❝♦♥❞❛r②

❝♦♥tr♦❧ ❞♦♠❛✐♥s ✭❛❧❧ t❤❡♠ ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ s♠❛❧❧✮❀ 1O✱ 1O1 ❛♥❞ 1O2 ❛r❡ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
❢✉♥❝t✐♦♥s ♦❢ O✱ O1 ❛♥❞ O2✱ r❡s♣❡❝t✐✈❡❧②❀ t❤❡ ❝♦♥tr♦❧s ❛r❡ f ✱ v1 ❛♥❞ v2✱ f ✐s t❤❡ ❧❡❛❞❡r ❛♥❞ v1

❛♥❞ v2 ❛r❡ t❤❡ ❢♦❧❧♦✇❡rs✳

▲❡t O1,d, O2,d ⊂ Ω ❜❡ ♦♣❡♥ s❡ts✱ r❡♣r❡s❡♥t✐♥❣ ♦❜s❡r✈❛t✐♦♥ ❞♦♠❛✐♥s ❢♦r t❤❡ ❢♦❧❧♦✇❡rs✳ ❲❡
✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ✭s❡❝♦♥❞❛r②✮ ❢✉♥❝t✐♦♥❛❧s

Ji(f ; v
1, v2) :=

αi

2

∫∫

Oi,d×(0,T )
|y − yi,d|

2 dx dt+
µi
2

∫∫

Oi×(0,T )
|vi|2 dx dt, i = 1, 2 ✭✶✳✷✮

✹



❛♥❞ t❤❡ ♠❛✐♥ ❢✉♥❝t✐♦♥❛❧

J (f) :=
1

2

∫∫

O×(0,T )
|f |2 dx dt, ✭✶✳✸✮

✇❤❡r❡ t❤❡ αi > 0✱ µi > 0 ❛r❡ ❝♦♥st❛♥ts ❛♥❞ t❤❡ yi,d = yi,d(x, t) ❛r❡ ❣✐✈❡♥ ❢✉♥❝t✐♦♥s✳

❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❝♦♥tr♦❧ ♣r♦❝❡ss ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ ❚❤❡ ❢♦❧❧♦✇❡rs v1 ❛♥❞ v2 ❛ss✉♠❡ t❤❛t t❤❡ ❧❡❛❞❡r f ❤❛s ♠❛❞❡ ❛ ❝❤♦✐❝❡ ❛♥❞ ✐♥t❡♥❞ t♦ ❜❡ ❛
◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ❝♦sts Ji (i = 1, 2)✳

❚❤✉s✱ ♦♥❝❡ f ❤❛s ❜❡❡♥ ✜①❡❞✱ ✇❡ ❧♦♦❦ ❢♦r ❝♦♥tr♦❧s vi ∈ L2(Oi × (0, T )) t❤❛t s❛t✐s❢②

J1(f ; v
1, v2) = min

v̂1
J1(f ; v̂

1, v2), J2
(
f ; v1, v2

)
= min

v̂2
J2(f ; v

1, v̂2). ✭✶✳✹✮

❆♥② ♣❛✐r (v1, v2) s❛t✐s❢②✐♥❣ ✭✶✳✹✮ ✐s ❝❛❧❧❡❞ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r J1 ❛♥❞ J2✳

◆♦t❡ t❤❛t✱ ✐❢ t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji (i = 1, 2) ❛r❡ ❝♦♥✈❡①✱ t❤❡♥ (v1, v2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠
✐❢ ❛♥❞ ♦♥❧② ✐❢

J ′
1(f ; v

1, v2)(v̂1, 0) = 0, ∀v̂1 ∈ L2 (O1 × (0, T )) ; v1 ∈ L2(O1 × (0, T )) ✭✶✳✺✮

❛♥❞

J ′
2(f ; v

1, v2)(0, v̂2) = 0, ∀v̂2 ∈ L2 (O2 × (0, T )) ; v2 ∈ L2(O2 × (0, T )). ✭✶✳✻✮

✷✳ ▲❡t ✉s ✜① ❛♥ ✉♥❝♦♥tr♦❧❧❡❞ tr❛❥❡❝t♦r② ♦❢ ✭✶✳✶✮✱ t❤❛t ✐s✱ ❛ s✉✣❝✐❡♥t❧② r❡❣✉❧❛r s♦❧✉t✐♦♥ t♦
t❤❡ s②st❡♠✿ 




yt −∆y + a(x, t)ȳ = F (y) ✐♥ Q,

y = 0 ♦♥ Σ,

y(x, 0) = y0(x) ✐♥ Ω.

✭✶✳✼✮

❖♥❝❡ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❤❛s ❜❡❡♥ ✐❞❡♥t✐✜❡❞ ❛♥❞ ✜①❡❞ ❢♦r ❡❛❝❤ f ✱ ✇❡ ❧♦♦❦ ❢♦r ❛♥
♦♣t✐♠❛❧ ❝♦♥tr♦❧ f̂ ∈ L2(O × (0, T )) s✉❝❤ t❤❛t

J(f̂) = min
f

J(f), ✭✶✳✽✮

s✉❜❥❡❝t t♦ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t②

y(x, T ) = y(x, T ) ✐♥ Ω. ✭✶✳✾✮

❙❡✈❡r❛❧ ♠♦t✐✈❛t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ♦❢ t❤✐s ❦✐♥❞✿

• ■❢ y = y(x, t) ✐s ✈✐❡✇❡❞ ❛s ❛ t❡♠♣❡r❛t✉r❡ ❞✐str✐❜✉t✐♦♥ ✐♥ ❛ ❜♦❞②✱ ✇❡ ✐♥t❡r♣r❡t t❤❛t ♦✉r
✐♥t❡♥t✐♦♥ ✐s t♦ ❞r✐✈❡ y t♦ ❛ ❞❡s✐r❡❞ y ❛t t✐♠❡ T ❜② ❤❡❛t✐♥❣ ❛♥❞ ❝♦♦❧✐♥❣ ✭❛❝t✐♥❣ ♦♥❧②
♦♥ t❤❡ s♠❛❧❧ s✉❜❞♦♠❛✐♥s O✱ O1 ❛♥❞ O2✮✱ tr②✐♥❣ ❛t t❤❡ s❛♠❡ t✐♠❡ t♦ ❦❡❡♣ r❡❛s♦♥❛❜❧❡
t❡♠♣❡r❛t✉r❡s ✐♥ O1,d ❛♥❞ O2,d ❞✉r✐♥❣ t❤❡ ✇❤♦❧❡ t✐♠❡ ✐♥t❡r✈❛❧ (0, T )✳

✺



• ❆ s✐♠✐❧❛r ❝♦♥tr♦❧ ♣r♦❝❡ss ♠❛❦❡s s❡♥s❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✢✉✐❞ ♠❡❝❤❛♥✐❝s✳ ❚❤✉s✱ ✇❡ ❝❛♥
r❡♣❧❛❝❡ ✭✶✳✶✮ ❛♥❞ ✭✶✳✼✮ ❜② s✐♠✐❧❛r ❙t♦❦❡s ❛♥❞✴♦r ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠s ❛♥❞ ✇❡ ❝❛♥ ❧♦♦❦
❢♦r ❝♦♥tr♦❧s f̄ ❛♥❞ ❛ss♦❝✐❛t❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ (v1, v2) s❛t✐s❢②✐♥❣ ✭✶✳✽✮✲✭✶✳✾✮✳ ■♥ t❤✐s ❝❛s❡✱
✐t ✐s ❛ss✉♠❡❞ t❤❛t ✇❡ ❛❝t ♦♥ t❤❡ s②st❡♠ t❤r♦✉❣❤ ♠❡❝❤❛♥✐❝❛❧ ❢♦r❝❡s ❛♣♣❧✐❡❞ ♦♥ O,O1 ❛♥❞
O2 ❛♥❞ t❤❡ ❣♦❛❧ ✐s t♦ r❡❛❝❤ y ❛t t✐♠❡ T ❦❡❡♣✐♥❣ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ y ♥♦t t♦♦ ❢❛r ❢r♦♠ yi,d
✐♥ Oi,d × (0, T ) ❢♦r i = 1, 2✳

• ■♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ✜♥❛♥❝❡✱ t❤✐s ❝❛♥ ❛❧s♦ ❜❡ ❛♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥✳ ❋♦r
✐♥st❛♥❝❡✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤❡ ♣r✐❝❡ ♦❢ ❛♥ ❊✉r♦♣❡❛♥ ❝❛❧❧ ♦♣t✐♦♥ ✐s ❣♦✈❡r♥❡❞ ❜② ❛
❜❛❝❦✇❛r❞ P❉❊ s✐♠✐❧❛r t♦ ✭✶✳✶✮✳ ◆♦✇✱ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ x ♠✉st ❜❡ ✐♥t❡r♣r❡t❡❞
❛s t❤❡ st♦❝❦ ♣r✐❝❡ ❛♥❞ t ✐s ✐♥ ❢❛❝t t❤❡ r❡✈❡rs❡ ♦❢ t✐♠❡ ✭✇❡ ✜① ❛ s✐t✉❛t✐♦♥ ❛t t = T ❛♥❞
✇❡ ✇❛♥t t♦ ❦♥♦✇ ✇❤❛t t♦ ❞♦ ✐♥ ♦r❞❡r t♦ ❛rr✐✈❡ ❛t t❤✐s s✐t✉❛t✐♦♥ ❢r♦♠ ❛ ✇❡❧❧ ❝❤♦s❡♥
st❛t❡✮✳ ■♥ t❤✐s r❡❣❛r❞✱ ✐t ❝❛♥ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❝♦♥tr♦❧ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ s②st❡♠ ✇✐t❤
t❤❡ ❝♦♠♣♦s❡❞ ❛❝t✐♦♥ ♦❢ s❡✈❡r❛❧ ❛❣❡♥ts✱ ❡❛❝❤ ♦❢ t❤❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ ❞✐✛❡r❡♥t r❛♥❣❡
♦❢ ✈❛❧✉❡s ♦❢ x✳ ❋♦r ❢✉rt❤❡r ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ♠♦❞❡❧✐♥❣ ❛♥❞ ❝♦♥tr♦❧ ♦❢ ♣❤❡♥♦♠❡♥❛ ♦❢
t❤✐s ❦✐♥❞✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✸✷✱ ✽✸✱ ✾✷❪✳

✶✳✶✳✷ ❚❤❡ ♠❛✐♥ r❡s✉❧ts

❲❡ ✇✐❧❧ ❤❛✈❡ t♦ ✐♠♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✿

O1,d = O2,d. ✭✶✳✶✵✮

❆❝❝♦r❞✐♥❣❧②✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ t❤❡s❡ s❡ts ❜② Od❀ s❡❡ ❜❡❧♦✇✱ ✐♥ ❙❡❝t✐♦♥ ✶✳✺✱ s♦♠❡ ❝♦♠♠❡♥ts ♦♥
t❤❡ ♥❡❝❡ss✐t② ♦❢ t❤❡ ❤②♣♦t❤❡s✐s ✭✶✳✶✵✮✳

■♥ t❤❡ ❧✐♥❡❛r ❝❛s❡ ✭F ≡ 0✮✱ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② t♦ t❤❡ tr❛❥❡❝t♦r✐❡s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡
♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt②✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤♦❧❞s✿

❚❤❡♦r❡♠ ✶✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t F ≡ 0✱ Od ∩ O 6= ∅ ❛♥❞ t❤❡ µi ❛r❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡✿

µi ≥ C(Ω, T,Oi,Od, αi, ‖a‖L∞(Q)) ❢♦r i = 1, 2. ✭✶✳✶✶✮

❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❢✉♥❝t✐♦♥ ρ̂ = ρ̂(x, t) ❜❧♦✇✐♥❣ ✉♣ ❛t t = T ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿ ✐❢

ȳ ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✼✮ ✇✐t❤ F ≡ 0 ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ st❛t❡ y0 ∈ L2(Ω) ❛♥❞ t❤❡

yi,d ❛r❡ s✉❝❤ t❤❛t ∫∫

Od×(0,T )
ρ̂2|y − yi,d|

2 dx dt < +∞, i = 1, 2, ✭✶✳✶✷✮

❢♦r ❛♥② y0 ∈ L2(Ω) t❤❡r❡ ❡①✐st ❝♦♥tr♦❧s f ∈ L2(O × (0, T )) ❛♥❞ ❛ss♦❝✐❛t❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐❛

(v1, v2) s✉❝❤ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥s t♦ ✭✶✳✶✮ s❛t✐s❢② ✭✶✳✾✮✳

❘♦✉❣❤❧② s♣❡❛❦✐♥❣✱ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✶✳✶✶✮ ♠❡❛♥s t❤❛t ✐t ✐s ✐♠♣♦rt❛♥t ❢♦r ✉s t♦ ❣❡t ❢♦❧❧♦✇❡rs
✇✐t❤ ♠♦❞❡r❛t❡ L2 ♥♦r♠s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✶✳✶✷✮ ♠❡❛♥s t❤❛t ❜♦t❤ y1,d
❛♥❞ y2,d ❛♣♣r♦❛❝❤ y ❛s t→ T ✳

■♥ t❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡✱ ✇✐t❤ F ❜❡✐♥❣ ❛ ❧♦❝❛❧❧② ▲✐♣s❝❤✐t③✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ ✇❡ ❝❛♥ ❝♦♥s✐✲
❞❡r t❤❡ s❛♠❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② q✉❡st✐♦♥s✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t❡ t❤❛t✱ ✐♥ t❤✐s ❝❛s❡✱ ✇❡

✻



❧♦s❡ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧s Ji ❛♥❞ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥ ✭✶✳✹✮ ✐s ♥♦t ♥❡❝❡s✲
s❛r✐❧② ❡q✉✐✈❛❧❡♥t t♦ ✭✶✳✺✮ ❛♥❞ ✭✶✳✻✮✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ✇❡❛❦❡♥ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ ❡q✉✐❧✐❜r✐✉♠ ❛s ❢♦❧❧♦✇s✿

❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t f ∈ L2(O× (0, T )) ❜❡ ❣✐✈❡♥✳ ❚❤❡ ♣❛✐r (v1, v2) ✐s ❛ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠

✇❤❡♥ t❤❡ ❝♦♥❞✐t✐♦♥s ✭✶✳✺✮ ❛♥❞ ✭✶✳✻✮ ❛r❡ s❛t✐s✜❡❞✳

❋♦r t❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

❚❤❡♦r❡♠ ✷✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t F ∈W 1,∞(R) ❛♥❞ t❤❡ µi > 0 ❛r❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ▲❡t y ❜❡

t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✼✮ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ st❛t❡ y0 ∈ L2(Ω) ❛♥❞ ❧❡t ✉s ❛ss✉♠❡ t❤❛t

✭✶✳✶✷✮ ❤♦❧❞s✱ ✇❤❡r❡ ρ̂ ✐s t❤❡ ✇❡✐❣❤t ❢✉r♥✐s❤❡❞ ❜② ❚❤❡♦r❡♠ ✶✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ y0 ∈ L2(Ω)✱ t❤❡r❡

❡①✐st ❝♦♥tr♦❧s f ∈ L2(O × (0, T )) ❛♥❞ ❛ss♦❝✐❛t❡❞ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐❛ (v1, v2) s✉❝❤ t❤❛t t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥s t♦ ✭✶✳✶✮ s❛t✐s❢② ✭✶✳✾✮✳

❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r t❤❡r❡ ❛r❡ s❡♠✐❧✐♥❡❛r s②st❡♠s ❢♦r ✇❤✐❝❤ t❤❡ ❝♦♥❝❡♣ts ♦❢
◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠ ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❚❤❡ ❛♥s✇❡r ✐s ❢✉r♥✐s❤❡❞ ❜② t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t F ∈ W 2,∞(R) ❛♥❞ yi,d ∈ L∞(Oi,d × (0, T )) ❢♦r i = 1, 2✳

❙✉♣♣♦s❡ t❤❛t y0 ∈ H1
0 (Ω) ✭r❡s♣✳ y0 ∈ L2(Ω)✮ ❛♥❞ N ≤ 14 ✭r❡s♣✳ N ≤ 12✮✳ ❚❤❡♥✱ t❤❡r❡ ❡①✐sts

C > 0 s✉❝❤ t❤❛t✱ ✐❢ f ∈ L2(O × (0, T )) ❛♥❞ t❤❡ µi s❛t✐s❢②

µi ≥ C(1 + ‖f‖L2(O×(0,T ))),

t❤❡ ❝♦♥❞✐t✐♦♥s ✭✶✳✹✮ ❛♥❞ ✭✶✳✺✮✲✭✶✳✻✮ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛❧s♦ ❛♥❛❧②③❡ ✐❢ ❛ r❡s✉❧t ❧✐❦❡ ❚❤❡♦r❡♠ ✶ ❤♦❧❞s tr✉❡ ✇❤❡♥ t❤❡ ❢♦❧❧♦✇❡rs ❛r❡
❝♦♥str❛✐♥❡❞ t♦ ❜❡❧♦♥❣ t♦ ❛♣♣r♦♣r✐❛t❡ ❝♦♥✈❡① s❡ts Ui ⊂ L2(Oi× (0, T ))✳ ❚❤✉s✱ ❧❡t I1 ❛♥❞ I2 ❜❡
t✇♦ ♥♦♥❡♠♣t② ❝❧♦s❡❞ ✐♥t❡r✈❛❧s ✇✐t❤ 0 ∈ I1 ∩ I2✱ ❧❡t ✉s t❛❦❡

Ui = { v ∈ L2(Oi × (0, T )) : v(x, t) ∈ Ii ❛✳❡✳ }, i = 1, 2, ✭✶✳✶✸✮

❛♥❞ ❧❡t ✉s s✉♣♣♦s❡ t❤❛t t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ J1 ❛♥❞ J2 ✐♥ ✭✶✳✹✮ ✐s s✉❜❥❡❝t t♦ t❤❡ r❡str✐❝t✐♦♥s
v̂1 ∈ U1 ❛♥❞ v̂2 ∈ U2✳

❚❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✸✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t F ≡ 0 ❛♥❞ t❤❡ µi > 0 ❛r❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ▲❡t y ❜❡ t❤❡

✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✼✮ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ st❛t❡ ȳ0 ∈ L2(Ω)✳ ❚❤❡♥✱ ❢♦r ❡❛❝❤ y0 ∈ L2(Ω)✱

t❤❡r❡ ❡①✐st ❝♦♥tr♦❧s f ∈ L2(O × (0, T )) ❛♥❞ ❛ss♦❝✐❛t❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ (v1, v2) ∈ U1 × U2 s✉❝❤

t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥s t♦ ✭✶✳✶✮ s❛t✐s❢② ✭✶✳✾✮✳

❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ t❤❡ ♠❛✐♥ ♥♦✈❡❧t② ♦❢ t❤✐s ♣❛♣❡r ✐s t❤❛t ✇❡ ❞❡❛❧ ✇✐t❤ ❡①❛❝t ❛♥❞ ♥♦t
❛♣♣r♦①✐♠❛t❡ ❝♦♥tr♦❧❧❛❜✐❧✐t②✳ ❚❤❡r❡ ❛r❡ ♦t❤❡r ♣♦✐♥ts t❤❛t ❞✐st✐♥❣✉✐s❤ ♦✉r ❝♦♥tr✐❜✉t✐♦♥ ❛s ✇❡❧❧✳
❚❤✉s✱ ❝♦♥tr❛r✐❧② t♦ ✇❤❛t ✇❛s ✐♠♣♦s❡❞ ✐♥ ♦t❤❡r ♣r❡✈✐♦✉s ♣❛♣❡rs ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✺✶❪✮✱ ✇❡ ❞♦
♥♦t ♠❛❦❡ ❛♥② ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ♦♣❡♥ s❡ts Oi✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ Oi ❝❛♥ ❜❡ ❞✐s❥♦✐♥t ♦❢ O✱

✼



✇❤✐❝❤ ✐s ♦❜✈✐♦✉s❧② t❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ s✐t✉❛t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❛♥❛❧②s✐s ❛♥❞ r❡s✉❧ts
❛❧s♦ ❤♦❧❞✱ ❛❢t❡r ❛♣♣r♦♣r✐❛t❡ ♠♦❞✐✜❝❛t✐♦♥s✱ ❢♦r m ❢♦❧❧♦✇❡rs ✇✐t❤ m ≥ 2✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳

■♥ ❙❡❝t✐♦♥ ✶✳✷✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✱ ✇❤✐❝❤ ❝♦♥❝❡r♥s t❤❡ ❧✐♥❡❛r ❝❛s❡✳ ❚❤✐s r❡s✉❧t ✇✐❧❧ ❜❡
str♦♥❣❧② ✉s❡❞ ✐♥ t❤❡ ♦t❤❡r s❡❝t✐♦♥s✳ ■♥ ❙❡❝t✐♦♥ ✶✳✸✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ s❡❡ t❤❛t t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ str❛t❡❣② ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♥♦♥❧✐♥❡❛r
♣r♦❜❧❡♠s ❛♥❞✱ ❛❧s♦✱ t❤❛t ✉♥❞❡r ❛❞❡q✉❛t❡ ❤②♣♦t❤❡s❡s ♦♥ F ✱ ✇❡ st✐❧❧ ♦❜t❛✐♥ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✳
❙❡❝t✐♦♥ ✶✳✹ ❞❡❛❧s ✇✐t❤ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♠❡♥ts
❛♥❞ q✉❡st✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✶✳✺✳

✶✳✷ ❚❤❡ ❧✐♥❡❛r ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✳ ❚❤❡ ♣r♦♦❢ ✐s ❧♦♥❣ ❛♥❞✱ ❢♦r ❝❧❛r✐t②✱ ❤❛s ❜❡❡♥ ❞❡❝♦♠♣♦s❡❞
✐♥ t✇♦ ♣❛rts✳ ■♥ ❙❡❝t✐♦♥ ✷✳✹ ✇❡ r❡❝❛❧❧ t❤❡ ❡①✐st❡♥❝❡✱ ✉♥✐q✉❡♥❡ss ❛♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛
◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✭❢♦r ✜①❡❞ ❜✉t ❛r❜✐tr❛r② f✮❀ t❤❡♥✱ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✷✱ ✇❡ ♣r♦✈❡ t❤❡ ❞❡s✐r❡❞
❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧t✳

❇② t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ✇❡ ♠❛② r❡❞✉❝❡ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② t♦ t❤❡ tr❛❥❡❝t♦r✐❡s
t♦ ❛ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt②✳ ■♥ ❢❛❝t✱ ❛❢t❡r t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ y = z+y✱ ✐t ✐s ✐♠♠❡❞✐❛t❡
t♦ s❡❡ ❢r♦♠ ✭✶✳✶✮ ❛♥❞ ✭✶✳✼✮ ❢♦r F ≡ 0 t❤❛t z ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠





zt −∆z + a(x, t)z = f1O + v11O1 + v21O2 ✐♥ Q,

z = 0 ♦♥ Σ,

z(·, 0) = z0 ✐♥ Ω,

✭✶✳✶✹✮

✇❤❡r❡ z0 = y0 − y0✳

■t ✐s ❝❧❡❛r t❤❛t y(x, T ) ≡ y(x, T ) ✐❢ ❛♥❞ ♦♥❧② ✐❢ z(x, T ) ≡ 0✳ ❆❧s♦✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡
❢✉♥❝t✐♦♥❛❧s Ji ✐♥ ✭✶✳✷✮ ✐♥ t❡r♠s ♦❢ z✱ ✇❤✐❝❤ ❣✐✈❡s

Ji(f ; v
1, v2) =

αi

2

∫∫

Oi,d×(0,T )
|z − zi,d|

2 dx dt+
µi
2

∫∫

Oi×(0,T )
|vi|2 dx dt, i = 1, 2,

✇❤❡r❡ zi,d := yi,d − y ❢♦r i = 1, 2✳

✶✳✷✳✶ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡❝❛❧❧ ❛♥ ❡①✐st❡♥❝❡✴✉♥✐q✉❡♥❡ss r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✱ ✐♥
t❤❡ s❡♥s❡ ♦❢ ✭✶✳✹✮✱ ❢♦r ❛♥② f ∈ L2(O × (0, T ))✳ ❚❤❡♥✱ ✇❡ r❡❝❛❧❧ ❛ r❡s✉❧t ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s
t❤✐s ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❡r♠s ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ ❛♥ ❛❞❥♦✐♥t s②st❡♠✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❞✉❡ t♦
❉í❛③ ❛♥❞ ▲✐♦♥s❀ s❡❡ ❬✸✹✱ ✸✺✱ ✻✺❪✳

❋♦r t❤❡ ♠♦♠❡♥t✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ✐♠♣♦s❡ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✶✳✶✵✮✳ ❚❤✐s r❡q✉✐r❡♠❡♥t ♦♥❧②
❛♣♣❡❛rs ❧❛t❡r✱ ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✷✱ ✇❤❡♥ t❤❡ ❝❤♦✐❝❡ ♦❢ f ❤❛s t♦ ❜❡ ♠❛❞❡✳

✽



❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡s Hi := L2 (Oi × (0, T )) ❛♥❞ H := H1 ×H2 ❛♥❞ ❧❡t ✉s ❝♦♥s✐❞❡r
t❤❡ ♦♣❡r❛t♦rs Li ∈ L(Hi;L

2 (Q)) ✇✐t❤ Liv
i = zi✱ ✇❤❡r❡ zi ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ s②st❡♠





zit −∆zi + a(x, t)z = vi1Oi
✐♥ Q,

zi = 0 ♦♥ Σ,

zi(x, 0) = 0 ✐♥ Ω.

❇② ❞❡✜♥✐t✐♦♥✱ ❢♦r ❛♥② ❝♦♥tr♦❧ f ✱ t❤❡ ♣❛✐r (v1, v2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t
s❛t✐s✜❡s ✭✶✳✺✮ ❛♥❞ ✭✶✳✻✮✱ t❤❛t ✐s t♦ s❛②✱

αi

∫∫

Oi,d×(0,T )
(z − zi,d)w

i dx dt+ µi

∫∫

Oi×(0,T )
viv̂i dx dt = 0 ∀v̂i ∈ Hi, ✭✶✳✶✺✮

✇❤❡r❡ wi ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ z ✇✐t❤ r❡s♣❡❝t t♦ vi ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ v̂i✳
◆♦t❡ t❤❛t 




wi
t −∆wi + a(x, t)wi = v̂i1Oi

✐♥ Q,

wi = 0 ♦♥ Σ,

wi(x, 0) = 0 ✐♥ Ω.

❈♦♥s❡q✉❡♥t❧②✱ Liv̂
i = wi✳ ❲❡ ❛❧s♦ ❤❛✈❡ z = L1v

1 + L2v
2 + u✱ ✇❤❡r❡





ut −∆u+ a(x, t)u = f1O ✐♥ Q,

u = 0 ♦♥ Σ,

u(x, 0) = z0 ✐♥ Ω.

❚❤❡r❡❢♦r❡✱ ✇❡ ♠❛② r❡✇r✐t❡ ✭✶✳✶✺✮ ✐♥ t❤❡ ❢♦r♠

αi

∫∫

Oi,d×(0,T )
(L1v

1 + L2v
2 − (zi,d − u))Liv̂

i dx dt

+µi

∫∫

Oi×(0,T )
viv̂i dx dt = 0, ∀v̂i ∈ Hi

♦r ∫∫

Oi×(0,T )

(
αiL

∗
i ((L1v

1+L2v
2 − (zi,d − u))1Oi,d

)+µiv
i
)
v̂i dx dt = 0, ∀v̂i ∈ Hi,

✇❤❡r❡ L∗
i : L(L

2(Q);Hi) ✐s t❤❡ ❛❞❥♦✐♥t ♦❢ Li✳
■♥ ♦t❤❡r ✇♦r❞s✱ (v1, v2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢

αiL
∗
i ((L1v

1 + L2v
2)1Oi,d

) + µiv
i = αiL

∗
i ((zi,d − u)1Oi,d

) ✐♥ Hi, i = 1, 2.

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r L ∈ L(H;H)✱ ❣✐✈❡♥ ❜②

L(v1, v2) = (α1L
∗
1((L1v

1 + L2v
2)1O1,d

) + µ1v
1, α2L

∗
2((L1v

1 + L2v
2)1O2,d

) + µ2v
2), ✭✶✳✶✻✮

❢♦r ❛❧❧ (v1, v2) ∈ H✳ ❚❤❡♥✱ t❤❡ t❛s❦ ✐s t♦ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ ❢♦r
t❤❡ ❡q✉❛t✐♦♥

L(v1, v2) = Ψ, (v1, v2) ∈ H, ✭✶✳✶✼✮

✇❤❡r❡
Ψ = (α1L

∗
1((z1,d − u)1O1,d

), α2L
∗
2((z2,d − u)1O2,d

)). ✭✶✳✶✽✮

■♥ t❤✐s ❞✐r❡❝t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✾



Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t

α1‖1O1,d
L2‖(1) < 4µ2 ❛♥❞ α2‖1O2,d

L1‖(2) < 4µ1, ✭✶✳✶✾✮

✇❤❡r❡ ‖ · ‖(i) ❞❡♥♦t❡s t❤❡ ♥♦r♠ ✐♥ t❤❡ s♣❛❝❡ L(H3−i;L
2(Oi,d × (0, T )))✳ ❚❤❡♥ L ✐s ❛♥ ✐s♦✲

♠♦r♣❤✐s♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❡❛❝❤ f ∈ L2(O×(0, T ))✱ t❤❡r❡ ❡①✐sts ❡①❛❝t❧② ♦♥❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠

(v1(f), v2(f)) ✐♥ t❤❡ s❡♥s❡ ♦❢ ✭✶✳✹✮✳

Pr♦♦❢✿ ❋r♦♠ ✭✶✳✶✻✮ ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

(L(v1, v2), (v1, v2))H =
2∑

i=1

µi‖v
i‖2Hi

+
2∑

i,j=1

αi(Ljv
(j), Liv

i)L2(Oi,d×(0,T ))

≥
2∑

i=1

(
µi‖v

i‖2Hi
+ αi‖Liv

i‖2L2(Oi,d×(0,T ))

)

−
2∑

i=1

αi

(
‖Liv

i‖2L2(Oi,d×(0,T )) +
1

4
‖L3−iv

3−i‖2L2(Oi,d×(0,T ))

)

≥
2∑

i=1

(
µi −

α3−i

4
‖1O3−i,d

Li‖
2
(3−i)

)
‖vi‖2Hi

.

❚❤❡r❡❢♦r❡✱
(L((v1, v2), (v1, v2))H ≥ γ‖(v1, v2)‖2H ∀(v1, v2) ∈ H, ✭✶✳✷✵✮

✇❤❡r❡ γ = mini {µi − α3−i‖1O3−i,d
Li‖

2
(3−i)} > 0✱ s❡❡ ✭✶✳✶✾✮✳

◆♦✇✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ a : H×H 7→ R✱ ✇✐t❤

a((v1, v2), (v̂1, v̂2)) := (L((v1, v2), (v̂1, v̂2)))H.

❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♦♣❡r❛t♦r L ❛♥❞ t❤❡ ✐♥❡q✉❛❧✐t② ✭✶✳✷✵✮✱ ✇❡ r❡❛❞✐❧② s❡❡ t❤❛t a(· , ·) ✐s
❝♦♥t✐♥✉♦✉s ❛♥❞ ❝♦❡r❝✐✈❡ ♦♥ H✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ▲❛①✲▼✐❧❣r❛♠ ❚❤❡♦r❡♠ ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛♥②
Φ ∈ H′✱ t❤❡r❡ ❡①✐sts ❡①❛❝t❧② ♦♥❡ (v1, v2) ∈ H s❛t✐s❢②✐♥❣

a((v1, v2), (v̂1, v̂2)) = 〈Φ, (v̂1, v̂2)〉H′×H ∀ (v̂1, v̂2) ∈ H; (v1, v2) ∈ H.

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❣❡t ✭✶✳✶✼✮ ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❞♦♥❡✳

❋r♦♠ t❤❡ ♣r♦♦❢✱ ✐t ❜❡❝♦♠❡s ❝❧❡❛r t❤❛t✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✱ ❢♦r ❛♥②
f ∈ L2(O × (0, T )) t❤❡ ❛ss♦❝✐❛t❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (v1(f), v2(f)) s❛t✐s✜❡s

‖(v1(f), v2(f))‖H ≤ C
(
1 + ‖f‖L2(O×(0,T ))

)
, ✭✶✳✷✶✮

✇❤❡r❡ C ❞❡♣❡♥❞s ♦♥ Ω,O, T,Oi,Oi,d, αi, µi, ‖z0‖ ❛♥❞ ‖a‖L∞(Q)✳ ❚❤❡s❡ ❡st✐♠❛t❡s ✇✐❧❧ ❜❡ ✉s❡❞
❜❡❧♦✇✳ ◆♦t✐❝❡ t❤❛t✱ ✐♥ ✈✐❡✇ ♦❢ ✭✶✳✷✶✮✱ t❤❡ st❛t❡ z ❛ss♦❝✐❛t❡❞ t♦ f ❛♥❞ (v1(f), v2(f)) s❛t✐s✜❡s

‖z‖L2(0,T ;H1
0 (Ω)) + ‖zt‖L2(0,T ;H−1(Ω)) ≤ C(1 + ‖f‖L2(O×(0,T ))), ✭✶✳✷✷✮

✇❤❡r❡ C ✐s ❛s ❛❜♦✈❡✳

✶✵



❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❡①♣r❡ss t❤❡ ❢♦❧❧♦✇❡rs v1(f) ❛♥❞ v2(f) ✐♥ t❡r♠s ♦❢ ❛ ✭♥❡✇✮ ❛❞❥♦✐♥t
✈❛r✐❛❜❧❡✳

▲❡t f ∈ L2(O× (0, T )) ❜❡ ❣✐✈❡♥✳ ❋♦r ❛♥② (v1, v2) ∈ H✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❛ss♦❝✐❛t❡❞ st❛t❡
z ✭t❤❡ s♦❧✉t✐♦♥ ❢♦r ✭✶✳✶✹✮✮✳ ■♥ ✈✐❡✇ ♦❢ ✭✶✳✶✺✮✱ ✐t ✐s ✈❡r② ♥❛t✉r❛❧ t♦ ✐♥tr♦❞✉❝❡ t❤❡ ❛❞❥♦✐♥t st❛t❡s
φi ✭i = 1, 2✮✱ ✇✐t❤





−φit −∆φi + a(x, t)φi = αi(z − zi,d)1Oi,d
✐♥ Q,

φi = 0 ♦♥ Σ,

φi(·, T ) = 0 ✐♥ Ω.

❯s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ ✇❡ s❡❡ t❤❛t (v1, v2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❛♥❞ ♦♥❧② ✐❢
∫∫

Oi×(0,T )

(
φi + µiv

i
)
v̂i dx dt = 0 ∀v̂i ∈ Hi; vi ∈ Hi.

❚❤✐s ❞✐r❡❝t❧② ✐♠♣❧✐❡s t❤❛t

vi = −
1

µi
φi
∣∣∣
Oi×(0,T )

❢♦r i = 1, 2.

▲❡t ✉s ❣❛t❤❡r ❛❧❧ t❤❡s❡ ✐♥❢♦r♠❛t✐♦♥s ✐♥ t❤❡ s❛♠❡ s②st❡♠✳ ❲❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✿




zt −∆z + a(x, t)z = f 1O −
2∑

i=1

1

µi
φi1Oi

✐♥ Q,

−φit −∆φi + a(x, t)φi = αi(z − zi,d)1Oi,d
✐♥ Q,

z = 0, φi = 0 ♦♥ Σ,

z(x, 0) = z0(x), φi(x, T ) = 0 ✐♥ Ω.

✭✶✳✷✸✮

❘❡❝❛❧❧ t❤❛t ♦✉r ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♣r♦✈❡ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ z ❛t t✐♠❡ t = T ✳
❚❤❡r❡❢♦r❡✱ t❤❡ t❛s❦ ✐s t♦ ✜♥❞ ❛ ❞✐str✐❜✉t❡❞ ❝♦♥tr♦❧ f ∈ L2(O × (0, T )) s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥
t♦ ✭✶✳✷✸✮ s❛t✐s✜❡s

z(x, T ) = 0 ✐♥ Ω. ✭✶✳✷✹✮

✶✳✷✳✷ ◆✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛❝❤✐❡✈❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳
❲❡ ✇✐❧❧ ❡st❛❜❧✐s❤ ❛♥ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ s②st❡♠





−ψt −∆ψ + a(x, t)ψ =

2∑

i=1

αiγ
i1Oi,d

✐♥ Q,

γit −∆γi + a(x, t)γi = −
1

µi
ψ1Oi

✐♥ Q,

ψ = 0, γi = 0 ♦♥ Σ,

ψ(x, T ) = ψT (x), γi(x, 0) = 0 ✐♥ Ω,

✭✶✳✷✺✮

✇❤✐❝❤ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s t❤❡ ❛❞❥♦✐♥t ♦❢ ✭✶✳✷✸✮✳ ❚❤✐s ✇✐❧❧ s✉✣❝❡✳
❚❤❡ ♦❜s❡r✈❛❜✐❧✐t② ❡st✐♠❛t❡ ✐s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

✶✶



Pr♦♣♦s✐t✐♦♥ ✸✳ ❆ss✉♠❡ t❤❛t ✭✶✳✶✵✮ ❤♦❧❞s ❛♥❞ t❤❡ µi ❛r❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❚❤❡r❡ ❡①✐st C > 0✱

♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ Ω,O, T,Oi,Od, αi, µi ❛♥❞ ‖a‖L∞(Q) ❛♥❞ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ρ̂ = ρ̂(x, t)✱ ♦♥❧②

❞❡♣❡♥❞✐♥❣ ♦♥ Ω✱ O✱ T ❛♥❞ ‖a‖L∞(Q)✱ s✉❝❤ t❤❛t ❢♦r ❛♥② ψT ∈ L2(Ω) t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②

❤♦❧❞s tr✉❡ ❢♦r t❤❡ s♦❧✉t✐♦♥ (ψ, γi) ♦❢ ✭✶✳✷✺✮✿

∫

Ω
|ψ(x, 0)|2 dx+

2∑

i=1

∫∫

Q
ρ̂−2|γi|2 dx dt ≤ C

∫∫

O×(0,T )
|ψ|2 dx dt. ✭✶✳✷✻✮

▲❡t ✉s ❛ss✉♠❡ ❢♦r ❛ ♠♦♠❡♥t t❤❛t Pr♦♣♦s✐t✐♦♥ ✸ ❤♦❧❞s ❛♥❞ ❧❡t ✉s ♣r♦✈❡ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t②
r❡s✉❧t ✐♥ ❚❤❡♦r❡♠ ✶✳ ❋r♦♠ ❛ ✇❡❧❧ ❦♥♦✇♥ ❞✉❛❧✐t② ❛r❣✉♠❡♥t✱ ✇❡ ❤❛✈❡ t❤❛t✱ ❢♦r ❛♥② z0 ∈ L2(Ω)

❛♥❞ ❛♥② ψT ∈ L2(Ω)✱
∫

Ω

[
z(x, T )ψT (x)− z0(x)ψ(x, 0)

]
dx =

∫∫

O×(0,T )
fψ dx dt

−
2∑

i=1

αi

∫∫

Od×(0,T )
zi,dγ

i dx dt,
✭✶✳✷✼✮

✇❤❡r❡ (z, φ1, φ2) ❛♥❞ (ψ, γ1, γ2) ❛r❡ t❤❡ s♦❧✉t✐♦♥s t♦ ✭✶✳✷✸✮ ❛♥❞ ✭✶✳✷✺✮✱ r❡s♣❡❝t✐✈❡❧② ❛ss♦❝✐❛t❡❞
t♦ z0 ❛♥❞ ψT ✳

❚❤✉s✱ t♦ ♣r♦✈❡ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt② ✐s ❡q✉✐✈❛❧❡♥t t♦ ✜♥❞✱ ❢♦r ❡❛❝❤ z0 ∈ L2(Ω)✱
❛ ❝♦♥tr♦❧ f s✉❝❤ t❤❛t✱ ❢♦r ❛♥② ψT ∈ L2(Ω)✱ ♦♥❡ ❤❛s

∫∫

O×(0,T )
fψ dx dt = −

∫

Ω
z0(x)ψ(x, 0) dx+

2∑

i=1

αi

∫∫

Od×(0,T )
zi,dγ

i dx dt.

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✇❛②s t♦ s❤♦✇ t❤❛t ✭✸✳✹✮ ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ s✉❝❤ ❛ ❝♦♥tr♦❧✳ ❚❤❡②
r❡❧② ♦♥ ✇❡❧❧ ❦♥♦✇♥ ❛r❣✉♠❡♥ts✳ ❋♦r ❝♦♠♣❧❡t❡♥❡ss✱ ❧❡t ✉s s❦❡t❝❤ ♦♥❡ ♦❢ t❤❡♠✳

❋♦r ❡❛❝❤ ε > 0✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧✿

Fǫ(ψ
T ) :=

1

2

∫∫

O×(0,T )
|ψ|2 dx dt+ ǫ‖ψT ‖+

∫

Ω
z0(x)ψ(x, 0) dx

−
2∑

i=1

αi

∫∫

O×(0,T )
zi,dγ

i dx dt ∀ψT ∈ L2(Ω).

■t ✐s t❤❡♥ ❝❧❡❛r t❤❛t Fε : L
2(Ω) 7→ R ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ str✐❝t❧② ❝♦♥✈❡①✳ ▼♦r❡♦✈❡r✱

Fǫ(ψ
T ) ≥

1

4

∫∫

O×(0,T )
|ψ|2 dx dt

− C

(∫

Ω
|z0|2 dx+

2∑

i=1

α2
i

∫∫

Od×(0,T )
ρ̂2|zi,d|

2 dx dt

)

+ ε‖ψT ‖,

✇❤❡r❡ C ❛♥❞ ρ̂ ❛r❡ ❢✉r♥✐s❤❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✶✳ ❈♦♥s❡q✉❡♥t❧②✱ Fǫ ✐s ❛❧s♦ ❝♦❡r❝✐✈❡ ✐♥ L2(Ω)✳
◆♦t❡ t❤❛t✱ ❤❡r❡✱ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❛ss✉♠♣t✐♦♥ ✭✶✳✶✷✮ ♦♥ zi,d = yi,d − ȳ✳

▲❡t ψT
ǫ ❜❡ t❤❡ ✉♥✐q✉❡ ♠✐♥✐♠✐③❡r ♦❢ Fǫ✳ ❚❤❡♥✱ ❡✐t❤❡r ψT

ǫ = 0 ♦r
〈
F ′
ǫ(ψ

T
ǫ ), ψ

T
〉
= 0 ∀ψT ∈ L2(Ω).

✶✷



❙✉♣♣♦s❡ t❤❛t ψT
ǫ 6= 0✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡

∫∫

O×(0,T )
ψεψ dx dt+ ǫ(

ψT
ε

‖ψT
ε ‖
, ψT ) +

∫

Ω
z0(x)ψε(x, 0) dx

−
2∑

i=1

αi

∫∫

O×(0,T )
zi,dγ

i dx dt = 0 ∀ψT ∈ L2(Ω),

✭✶✳✷✽✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞ ❜② (ψǫ, γ
1
ǫ , γ

2
ǫ ) t❤❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✷✺✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ψT =ψT

ǫ ✳ ❚❛❦✐♥❣
f = fǫ := ψǫ1O×(0,T ) ✐♥ ✭✶✳✷✼✮✱ ❞❡♥♦t✐♥❣ ❜② zǫ t❤❡ ❛ss♦❝✐❛t❡❞ st❛t❡ ❛♥❞ ❝♦♠♣❛r✐♥❣ t♦ ✭✶✳✷✽✮✱
✇❡ s❡❡ t❤❛t ∫

Ω

(
zǫ(x, T )−

ǫ

‖ψT
ǫ ‖
ψT
ǫ

)
ψT (x) dx = 0 ∀ψT ∈ L2(Ω),

✇❤✐❝❤ ✐♠♣❧✐❡s
‖zǫ(· , T )‖ = ε. ✭✶✳✷✾✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢r♦♠ ✭✶✳✷✽✮ ❛♥❞ ✭✸✳✹✮ ✇❡ ❛❧s♦ ❤❛✈❡

‖fǫ‖L2(O×(0,T )) ≤ C

(∫

Ω
|z0|2 dx+

2∑

i=1

∫∫

Oi,d×(0,T )
ρ̂2|zi,d|

2 dx dt

)1/2

, ✭✶✳✸✵✮

t❤❛t ✐s✱ fǫ ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L2(O× (0, T ))✳ ❖❜✈✐♦✉s❧②✱ ✇❡ ❛❧s♦ ❤❛✈❡ ✭✶✳✷✾✮ ❛♥❞ ✭✶✳✸✵✮
✇❤❡♥ ψT

ǫ = 0 ❛♥❞ ✇❡ t❛❦❡ fǫ = 0✳
❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❞❡❞✉❝❡ ❛ ✉♥✐❢♦r♠ ❡st✐♠❛t❡ ❢♦r zǫ✳ ❚❤❡♥✱ t❛❦✐♥❣ ❧✐♠✐ts ❛s ǫ→ 0✱

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❤♦❧❞s✳
❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳

❘❡♠❛r❦ ✶✳ ❚❤❡ ❧❡❛❞❡r ❝♦♥tr♦❧ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❡①tr❡♠❛❧

♣r♦❜❧❡♠ ✭✶✳✽✮✕✭✶✳✾✮✳ ❚❤✐s ❝❧❛✐♠ ❝❛♥ ❜❡ ❥✉st✐✜❡❞ ❛s ❢♦❧❧♦✇s✿

✶✳ ❋♦r ❡❛❝❤ ε > 0✱ t❤❡r❡ ❡①✐sts ❡①❛❝t❧② ♦♥❡ ♠✐♥✐♠❛❧ L2 ♥♦r♠ ❝♦♥tr♦❧ fǫ s✉❝❤ t❤❛t t❤❡

❛ss♦❝✐❛t❡❞ st❛t❡✱ ✐✳❡✳ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♦❧✉t✐♦♥ t♦ ✭✶✳✷✸✮✱ s❛t✐s✜❡s

‖zǫ(· , T )‖ ≤ ε.

✷✳ ❋r♦♠ t❤❡ ✇❡❛❦ ❧♦✇❡r s❡♠✐❝♦♥t✐♥✉✐t② ♦❢ t❤❡ t❡r♠s ✐♥ Jε✱ ✐t ✐s ❝❧❡❛r t❤❛t ❛♥② ✇❡❛❦ ❧✐♠✐t

♦❢ ❛ s✉❜s❡q✉❡♥❝❡ ♦❢ {fε} ♠✐♥✐♠✐③❡s t❤❡ L2 ♥♦r♠ ✐♥ t❤❡ ❢❛♠✐❧② ♦❢ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧s ❢♦r z✳

❈♦♥s❡q✉❡♥t❧②✱ t❤✐s ✐s t❤❡ ❝❛s❡ ❢♦r f ✳ �

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ✭✶✳✶✵✮ ✇✐❧❧ ❜❡ ✉s❡❞ ❤❡r❡✳

▲❡t ω ❜❡ ❛ ♥♦♥✲❡♠♣t② ♦♣❡♥ s❡t s❛t✐s❢②✐♥❣ ω ⊂⊂ Od ∩ O✳ ▲❡t η0 = η0(x) ❜❡ ❛ ❢✉♥❝t✐♦♥

s❛t✐s❢②✐♥❣ {
η0 ∈ C2(Ω)✱ η0 > 0 ✐♥ Ω✱ η0 = 0 ♦♥ ∂Ω✱

|∇η0| > 0 ✐♥ Ω \ ω✳

❙✉❝❤ ❛ ❢✉♥❝t✐♦♥ η0 ❛❧✇❛②s ❡①✐sts❀ s❡❡ ❬✹✶❪✳

✶✸



▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s

α(x, t) =
e2λ‖η

0‖∞ − eλ(‖η
0‖∞+η0(x))

t(T − t)
, ξ(x, t) =

eλ(‖η
0‖∞+η0(x))

t(T − t)
✭✶✳✸✶✮

❛♥❞ t❤❡ ♥♦t❛t✐♦♥

Im(ψ) := sm−4λm−3

∫∫

Q
e−2sαξm−4(|ψt|

2 + |∆ψ|2) dx dt

+ sm−2λm−1

∫∫

Q
e−2sαξm−2|∇ψ|2 dx dt

+ smλm+1

∫∫

Q
e−2sαξm|ψ|2 dx dt.

❋r♦♠ t❤❡ ✉s✉❛❧ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t✐❡s ✭s❡❡ ❬✹✶✱ ✺✼✱ ✸✻❪✮✱ ✇❡ ❤❛✈❡✿

I3(ψ) ≤ C

(∫∫

Ω×(0,T )
e−2sα|α1γ

11O1,d
+ α2γ

21O2,d
|2 dx dt

+s3λ4
∫∫

ω×(0,T )
e−2sαξ3|ψ|2 dx dt

)
.

✭✶✳✸✷✮

❙✐♥❝❡ ✭✶✳✶✵✮ ❤♦❧❞s✱ ✇❡ ✐♥tr♦❞✉❝❡ h := α1γ
1 + α2γ

2✳ ❖♥❡ ❤❛s
∫∫

Q
e−2sα|h|2 dx dt ≤ I0(h)

≤ C

(
s−3λ−2

∫∫

Q
e−2sαξ−3|ψ|2 dx dt+ λ

∫∫

ω×(0,T )
e−2sα|h|2 dx dt

) ✭✶✳✸✸✮

❢♦r ❛❧❧ ❧❛r❣❡ s ❛♥❞ λ ❛♥❞ s♦♠❡ C ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ Ω✱ ω ❛♥❞ T ✳

❇✉t✱ ✐♥ ω×(0, T )✱ ♦♥❡ ❤❛s h = −ψt−∆ψ+aψ✳ ❈♦♥s❡q✉❡♥t❧②✱ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡

❝✉t✲♦✛ ❢✉♥❝t✐♦♥ ζ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ ✇❡ ❣❡t
∫∫

ω×(0,T )
e−2sα|h|2 dx dt ≤

∫∫

ω′×(0,T )
ζ e−2sαh (−ψt −∆ψ + aψ) dx dt

≤ εI0(h) + Cεs
4λ5

∫∫

ω′×(0,T )
ξ4e−2sα|ψ|2 dx dt,

✭✶✳✸✹✮

✇❤❡r❡ ω′ ✐s ❛ ♥❡✇ ♦♣❡♥ s❡t s❛t✐s❢②✐♥❣ ω ⊂ ω′ ⊂ Od ∩ O✳ ❋r♦♠ ✭✶✳✸✷✮✱ ✭✶✳✸✸✮ ❛♥❞ ✭✶✳✸✹✮✱ ✇❡

✜♥❞ t❤❛t✱ ❢♦r s♦♠❡ C > 0✱

I3(ψ) + I0(h) ≤ C

∫∫

ω′×(0,T )
ξ4e−2sα|ψ|2 dx dt. ✭✶✳✸✺✮

▲❡t ρ̂ = ρ̂(x, t) ❜❡ ❛ ♣♦s✐t✐✈❡ ♥♦♥❞❡❝r❡❛s✐♥❣ C1 ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ❜❧♦✇s ✉♣ ❛t t = T ✳ ❋r♦♠

t❤❡ P❉❊ s❛t✐s✜❡❞ ❜② γi ✐♥ ✭✶✳✷✺✮✱ ✇❡ r❡❛❞✐❧② s❡❡ t❤❛t

1

2

d

dt

∫

Ω
ρ̂−2|γi|2 dx+

∫

Ω
ρ̂−2|∇γi|2 dx = −

1

µi

∫

Oi

ρ̂−2ψγi dx−

∫

Ω
ρ̂−3ρ̂t|γ

i|2 dx

≤
1

µ2i

∫

Oi

ρ̂−2|ψ|2 dx+

∫

Ω
ρ̂−2|γi|2 dx

✶✹



❛♥❞✱ ✉s✐♥❣ ●r♦♥✇❛❧❧ ▲❡♠♠❛ ❛♥❞ t❤❡ ❢❛❝t t❤❛t γi(x, 0) ≡ 0✱ ✐t ❢♦❧❧♦✇s t❤❛t
(∫

Ω
ρ̂−2|γi|2 dx

)
(τ) ≤ C

∫∫

Oi×(0,T )
ρ̂−2|ψ|2 dx dt ✭✶✳✸✻✮

❢♦r ❛❧❧ τ ∈ [0, T ]✳

▲❡t ✉s ❝❤♦♦s❡ ρ̂ s❛t✐s❢②✐♥❣ ρ̂ > ξ−3/2esα ✐♥ Q❀ t❤❡♥✱ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✸✻✮ ✐s ❜♦✉♥❞❡❞✱

✉♣ t♦ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t✱ ❜② I3(ψ)✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ✈✐❡✇ ♦❢ ✭✶✳✸✺✮ ❛♥❞ ✭✶✳✸✻✮✱ ✇❡ s❡❡ t❤❛t

I3(ψ) +
2∑

i=1

∫∫

Q
ρ̂−2|γi|2 dx dt ≤ C

∫∫

O×(0,T )
ξ4e−2sα|ψ|2 dx dt. ✭✶✳✸✼✮

❖❜s❡r✈❡ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ ρ̂ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❈❛r❧❡♠❛♥ ✇❡✐❣❤t ξ−
3
2 esα✱ t❤❛t ❞❡♣❡♥❞s

♦♥ Ω✱ O✱ T ❛♥❞ ‖a‖L∞(Q)❀ ❜✉t ρ̂ ❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ O✱ Od✱ αi ❛♥❞ µi✳

❚♦ ❡♥❞ t❤❡ ♣r♦♦❢✱ ✇❡ ♥❡❡❞ ❛♥ ❡♥❡r❣② ❡st✐♠❛t❡ ❢♦r ψ✳

▼✉❧t✐♣❧②✐♥❣ t❤❡ ✜rst P❉❊ ✐♥ ✭✶✳✷✺✮ ❜② ψ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐♥ Ω× (τ, t)✱ ✇❡ ❤❛✈❡

‖ψ(· , τ)‖2 − ‖ψ(· , t)‖2 +

∫∫

Ω×(τ,t)
|∇ψ|2 dx ds

≤ C

∫ t

τ
‖ψ(·, s)‖2 ds+ C

∫ t

τ
‖(α1γ

1 + α2γ
2)1Od

‖2 ds

❢♦r ❛❧❧ τ, t ∈ [0, T ]✱ ✇✐t❤ τ ≤ t✳ ❋♦r t❤❡ γi✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ P❉❊ ✐♥ ✭✶✳✷✺✮✱ ✇❡

❣❡t✿

‖γi(· , s)‖2 − ‖γi(· , τ)‖2 ≤ C

∫ s

τ
‖γi(· , σ)‖2 dσ +

C

µ2i

∫∫

Oi×(τ,s)
|ψ(x, σ)|2 dx dσ ✭✶✳✸✽✮

❢♦r ❛❧❧ s ∈ [τ, t]✳ ❯s✐♥❣ ❛❣❛✐♥ ●r♦♥✇❛❧❧ ▲❡♠♠❛✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❢♦✉♥❞✿

‖γi(· , s)‖2 ≤ C

(
‖γi(· , τ)‖2 +

∫ s

τ
‖ψ(· , σ)‖2 dσ

)
.

❈♦♥s❡q✉❡♥t❧②✱

‖ψ(· , τ)‖2 ≤ ‖ψ(· , t)‖2 + C

[∫ t

τ
‖ψ(· , s)‖2 ds+

2∑

i=1

‖γi(· , τ)‖2

]

❢♦r ❛❧❧ τ, t ∈ [0, T ]✱ ✇✐t❤ τ ≤ t✱ ✇❤❡♥❝❡

‖ψ(· , τ)‖2 ≤ C

(
‖ψ(· , t)‖2 +

2∑

i=1

‖γi(· , τ)‖2

)
.

■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✜♥❞ t❤❛t

‖ψ(· , 0)‖2 ≤ C‖ψ(· , t)‖2, ∀t ∈ [0, T ].

❚❤✐s ②✐❡❧❞s

‖ψ(· , 0)‖2 ≤
C

T

∫∫

Ω×(T/4,3T/4)
|ψ|2 dx dt ≤ CI3(ψ).

❈♦♠❜✐♥✐♥❣ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❛♥❞ ✭✶✳✸✼✮✱ ✇❡ ❞❡❞✉❝❡ ✭✸✳✹✮✳

✶✺



❘❡♠❛r❦ ✷✳ ■❢✱ ✐♥st❡❛❞ ♦❢ ✭✶✳✶✵✮✱ ✇❡ s✉♣♣♦s❡ t❤❛t

Oi ⊂ O ❢♦r i = 1, 2,

t❤❡ s❛♠❡ r❡s✉❧t ❤♦❧❞s✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ ❢r♦♠ ✭✶✳✸✽✮ t❤❛t

‖γi(· , s)‖2 ≤ C

∫∫

Oi×(0,s)
|ψ(x, σ)|2 dx dσ ≤ C

∫∫

O×(0,s)
|ψ(x, σ)|2 dx dσ.

❇② r❡♣❧❛❝✐♥❣ t❤✐s ✐♥❡q✉❛❧✐t② ✐♥ t❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✸✷✮ ❛♥❞ t❛❦✐♥❣ ✐♥t♦

❛❝❝♦✉♥t ✭✶✳✸✻✮✱ ✇❡ ❣❡t ❡❛s✐❧② ✭✶✳✸✼✮✳ �

✶✳✸ ❚❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♠♦❞❡❧✱ ✇✐t❤ ❛ ♥♦t ♥❡❝❡s✲
s❛r✐❧② ✈❛♥✐s❤✐♥❣ ❢✉♥❝t✐♦♥ F ✳ ❖✉r ❣♦❛❧s ❛r❡ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✳

✶✳✸✳✶ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐❛

❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✶✳✶✱ ✐♥ t❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡✱ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❢✉♥❝t✐✲
♦♥❛❧s Ji ✐s ❧♦st✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐t ✐s ♥♦t ❝❧❡❛r ✇❤❡t❤❡r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ ✉s❡❞
✐♥ t❤❡ ❧✐♥❡❛r ❝❛s❡ ✐s t❤❡ ❣♦♦❞ ♦♥❡✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✇❡ ♠✉st r❡✲❞❡✜♥❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ◆❛s❤
♦♣t✐♠❛❧✐t② ✭r❡❝❛❧❧ ❉❡✜♥✐t✐♦♥ ✶✮✳

◆♦t✐❝❡ t❤❛t ✭✶✳✺✮✕✭✶✳✻✮ ✐s ❡q✉✐✈❛❧❡♥t t♦





αi

∫∫

Od×(0,T )
(y − yi,d) p

i dx dt+ µi

∫∫

Oi×(0,T )
viv̂idxdt = 0

∀v̂i ∈ Hi; vi ∈ Hi, i = 1, 2,
✭✶✳✸✾✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞ ❜② pi t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ st❛t❡ y ✇✐t❤ r❡s♣❡❝t t♦ vi ✐♥ t❤❡ ❞✐r❡❝t✐♦♥
v̂i✳ ❖❜✈✐♦✉s❧②✱ ♦♥❡ ❤❛s





pit −∆pi + a(x, t)pi = F ′(y)pi + v̂i1Oi
✐♥ Q,

pi = 0 ♦♥ Σ,

pi(x, 0) = 0 ✐♥ Ω.

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❛❞❥♦✐♥t s②st❡♠s





−φit −∆φi + a(x, t)φi = F ′(y)φi + αi(y − yi,d)1Od
✐♥ Q,

φi = 0 ♦♥ Σ,

φi(x, T ) = 0 ✐♥ Ω.

❚❤❡♥✱ ❛ s❤♦rt ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t ✭✶✳✸✾✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❡q✉✐✈❛❧❡♥t❧② ❛s

∫∫

Oi×(0,T )
(φi + µiv

i) v̂i dx dt = 0 ∀v̂i ∈ Hi; vi ∈ Hi, i = 1, 2.

✶✻



❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛♥② ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠✿

vi = −
1

µi
φi
∣∣∣
Oi×(0,T )

, i = 1, 2, ✭✶✳✹✵✮

✇✐t❤




yt −∆y + a(x, t)y = F (y) + f1O −
1

µ1
φ11O1 −

1

µ2
φ21O2 ✐♥ Q,

−φit −∆φi + a(x, t)φi = F ′(y)φi + αi(y − yi,d)1Oi,d
✐♥ Q,

y = 0, φi = 0 ♦♥ Σ,

y(x, 0) = y0(x), φi(x, T ) = 0 ✐♥ Ω.

✭✶✳✹✶✮

✶✳✸✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷ ❢♦❧❧♦✇s s♦♠❡ ❛r❣✉♠❡♥ts t❤❛t ❛r❡ ♥♦✇❛❞❛②s st❛♥❞❛r❞ ❛♥❞ ✇❡❧❧
❦♥♦✇♥❀ s❡❡ ❬✹✶✱ ✾✹❪✳ ■t ✐s ❞✐✈✐❞❡❞ ✐♥ t❤r❡❡ st❡♣s✿ ✜rst✱ ✇❡ ♣❡r❢♦r♠ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ t❤❛t
r❡❞✉❝❡s t❤❡ t❛s❦ t♦ s♦❧✈❡ ❛ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠❀ t❤❡♥✱ t❤✐s ✐s r❡✇r✐tt❡♥ ❛s ❛ ✜①❡❞✲♣♦✐♥t
❡q✉❛t✐♦♥ ✐♥ L2(Q)❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ✉s❡ ❛❣❛✐♥ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ ❡♥❡r❣② ❡st✐♠❛t❡s t♦
❞❡❞✉❝❡ ❛♥ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ❛❞❥♦✐♥t ♦❢ ❛ ❧✐♥❡❛r✐③❡❞ s②st❡♠❀ ✜♥❛❧❧②✱ ✐♥ ❛ t❤✐r❞ st❡♣✱
✇❡ ✉s❡ s♦♠❡ ❝♦♠♣❛❝t♥❡ss ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s②st❡♠ ❛♥❞ ✇❡ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✜①❡❞✲♣♦✐♥t✳

❙t❡♣ ✶✿ ❲❡ ♠✉st ✜♥❞ ❛ ❧❡❛❞❡r ❝♦♥tr♦❧ f ∈ L2(O×(0, T )) s✉❝❤ t❤❛t t❤❡ s♦❧✉t✐♦♥ (y, φ1, φ2)

t♦ ✭✶✳✹✶✮ s❛t✐s✜❡s ✭✶✳✾✮✳ ■♥ ❢❛❝t✱ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ z = y−y✱ ✇❡ ❝❛♥ r❡✇r✐t❡
✭✶✳✹✶✮ ✐♥ t❤❡ ❢♦r♠





zt −∆z + a(x, t)z = G(x, t; z)z + f1O −
1

µ1
φ11O1 −

1

µ2
φ21O2 ✐♥ Q,

−φit −∆φi + a(x, t)φi = F ′(z + ȳ)φi + αi(z − zi,d)1Od
✐♥ Q,

z = 0, φi = 0 ♦♥ Σ,

z(x, 0) = z0(x), φi(x, T ) = 0 ✐♥ Ω,

✭✶✳✹✷✮

✇❤❡r❡ zi,d := yi,d − ȳ✱ z0 = y0 − ȳ(· , 0) ❛♥❞

G(x, t; z) =

∫ 1

0
F ′(y(x, t) + σz) dσ.

❖❜✈✐♦✉s❧②✱ ✇❤❛t ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ ✐s t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r z ✐♥ ✭✶✳✹✷✮✳

❙t❡♣ ✷✿ ❋♦r ❡❛❝❤ z ∈ L2(Q) ❛♥❞ ❡❛❝❤ f ∈ L2(O × (0, T ))✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❧✐♥❡❛r
s②st❡♠





wt −∆w + a(x, t)w = G(x, t; z)w + f1O −
1

µ1
φ11O1 −

1

µ2
φ21O2 ✐♥ Q,

−φit −∆φi + a(x, t)φi = F ′(z + y)φi + αi(w − zi,d)1Od
✐♥ Q,

w = 0, φi = 0 ♦♥ Σ,

w(x, 0) = z0, φi(x, T ) = 0 ✐♥ Ω.

✭✶✳✹✸✮

✶✼



❇② ❛ss✉♠♣t✐♦♥✱ t❤❡r❡ ❡①✐sts K > 0 s✉❝❤ t❤❛t

|G(x, t; s)|+ |F ′(s)| ≤ K ∀(x, t, s) ∈ Q× R.

◆♦t❡ t❤❛t✱ ❛r❣✉✐♥❣ ❛s ✐♥ ❙❡❝t✐♦♥ ✷✳✹✱ ✐t ❝❛♥ ❜❡ ♣r♦✈❡❞ t❤❛t✱ ✐❢ µ1 ❛♥❞ µ2 ❛r❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡✱
✭✶✳✹✸✮ ♣♦ss❡ss❡s ❡①❛❝t❧② ♦♥❡ s♦❧✉t✐♦♥ ❢♦r ❡❛❝❤ f ∈ L2(O × (0, T ))✳ ❋✉rt❤❡r♠♦r❡✱ ♦♥❡ ❤❛s

‖w‖L2(0,T ;H1
0 (Ω)) + ‖wt‖L2(0,T ;H−1(Ω)) ≤ C

(
1 + ‖f‖L2(O×(0,T ))

)
, ✭✶✳✹✹✮

✇❤❡r❡ C ❞❡♣❡♥❞s ♦♥ Ω✱ O✱ T ✱ Od✱ αi✱ µi✱ K✱ ‖a‖L∞(Q) ❛♥❞ ‖z0‖✳
▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ♠❛♣♣✐♥❣ Λ : L2(Q) 7→ L2(Q)✱ ✇✐t❤ Λ(z) = wz ❢♦r ❛❧❧ z ∈ L2(Q)✱

✇❤❡r❡ wz ✐s t❤❡ st❛t❡ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♠✐♥✐♠❛❧ L2 ♥♦r♠ ♥✉❧❧ ❝♦♥tr♦❧ fz ❢♦r t❤❡ ❧✐♥❡❛r s②st❡♠
✭✶✳✹✸✮✳ ■♥ ♦t❤❡r ✇♦r❞s✱ wz ✐s✱ t♦❣❡t❤❡r ✇✐t❤ φ1z✱ φ

2
z ❛♥❞ fz✱ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✹✸✮ ❛♥❞ fz

♠✐♥✐♠✐③❡s ✭✶✳✸✮ s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥t

w(x, T ) = 0 ✐♥ Ω.

❚❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ s♦❧✉t✐♦♥ t♦ ✭✶✳✹✸✮ ♣r♦✈❡s t❤❛t Λ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳
❚❤❡ ❣♦❛❧ ✐s ♥♦✇ t♦ ♣r♦✈❡ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r w ✐♥ ✭✶✳✹✸✮✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱ ✇❡ ✇✐❧❧

♠❛❦❡ ✉s❡ ♦❢ ❛ s✉✐t❛❜❧❡ ❣❧♦❜❛❧ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❛❞❥♦✐♥t s②st❡♠✱ t❤❛t
✐s✱ 




−ψz,t −∆ψz + a(x, t)ψz = G(x, t; z)ψz + (α1γ
1
z + α2γ

2
z )1Od

✐♥ Q,

γiz,t −∆γiz = F ′(z + y)γiz −
1

µi
ψz1Oi

✐♥ Q,

ψz = 0, γiz = 0 ♦♥ Σ,

ψz(x, T ) = ψT , γiz(x, 0) = 0 ✐♥ Ω.

■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

Pr♦♣♦s✐t✐♦♥ ✹✳ ❚❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t C > 0✱ ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ Ω✱ O✱ T ✱ Oi✱ Od✱ αi✱

µi✱ K ❛♥❞ ‖a‖L∞(Q) ❛♥❞ ❛ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ρ̂ = ρ̂(x, t)✱ ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ Ω✱ O✱ T ✱ K ❛♥❞

‖a‖L∞(Q)✱ s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t② ❤♦❧❞s tr✉❡ ❢♦r ❛♥② ψT ∈ L2(Ω) ❛♥❞

❛♥② z ∈ L2(Q)✿

∫

Ω
|ψz(x, 0)|

2 dx+

2∑

i=1

∫∫

Q
ρ̂−2|γiz|

2 dx dt ≤ C

∫∫

O×(0,T )
|ψz|

2 dx dt.

❚❤❡ ♣r♦♦❢ ✐s ❛❧♠♦st ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ❛♥❞✱ ❢♦r ❜r❡✈✐t②✱ ✐s ♦♠✐tt❡❞✳
❚❤✐s r❡s✉❧t ❧❡❛❞s✱ ❛s ✐♥ ❙❡❝t✐♦♥ ✶✳✷✳✷✱ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠✐♥✐♠❛❧ ♥♦r♠ ♥✉❧❧ ❝♦♥tr♦❧

fz ∈ L2(O× (0, T )) ❢♦r ✭✶✳✹✸✮✳ ❋✉rt❤❡r♠♦r❡ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C✱
♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ Ω✱ O✱ T ✱ Oi✱ Od✱ αi✱ µi✱ K✱ ‖a‖L∞(Q) ❛♥❞ ‖z0‖✱ s✉❝❤ t❤❛t

‖fz‖
2
L2(O×(0,T )) ≤ C, ∀z ∈ L2(Q). ✭✶✳✹✺✮

❙t❡♣ ✸✿ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✶✳✹✹✮ ❛♥❞ ✭✶✳✹✺✮ ✱ ✇❡ s❡❡ t❤❛t wz ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥
L2(0, T ;H1

0 (Ω)) ❛♥❞ wz,t ✐s ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L2(0, T,H−1(Ω))✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧
❆✉❜✐♥✲▲✐♦♥s ❈♦♠♣❛❝t♥❡ss ❚❤❡♦r❡♠✱ t❤✐s ♠❡❛♥s t❤❛t Λ ♠❛♣s t❤❡ ✇❤♦❧❡ s♣❛❝❡ L2(Q) ✐♥t♦ ❛
❝♦♠♣❛❝t s❡t✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♠❛♣♣✐♥❣ z 7→ Λ(z) ✐s ♦❜✈✐♦✉s❧② ❝♦♥t✐♥✉♦✉s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ✉s❡
❙❝❤❛✉❞❡r ❋✐①❡❞✲P♦✐♥t ❚❤❡♦r❡♠ t♦ ❡♥s✉r❡ t❤❡ s❡♠✐❧✐♥❡❛r ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧t✳

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳

✶✽



✶✳✸✳✸ ❊q✉✐❧✐❜r✐❛ ❛♥❞ q✉❛s✐✲❡q✉✐❧✐❜r✐❛

❚❤❡ ❛✐♠ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✶✱ t❤❛t ✐s✱ t♦ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r✱ ✐♥
t❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡✱ ✇❡ ♠❛② ❤❛✈❡ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✳ ▲❡t ✉s s❤♦✇ t❤❛t t❤❡ ❛♥s✇❡r ✐s ♣♦s✐t✐✈❡
✇❤❡♥ F ∈W 2,∞(R)✳

▲❡t f ∈ L2(O× (0, T )) ❜❡ ❣✐✈❡♥ ❛♥❞ ❧❡t (v1, v2) ❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ ◆❛s❤ q✉❛s✐✲❡q✉✐❧✐❜r✐✉♠✳
◆♦t❡ t❤❛t✱ ❢♦r ❛♥② s ∈ R ❛♥❞ (w1, w2) ∈ H✱

〈D1J1(f ; v
1 + sw1, v2), w2〉 − 〈D1J1(f ; v

1, v2), w2〉 = sµ1

∫∫

O1×(0,T )

w1w2 dx dt

+α1

∫∫

Od×(0,T )

(ys − y1,d)p
s dx dt− α1

∫∫

Od×(0,T )

(y − y1,d)p dx dt,
✭✶✳✹✻✮

✇❤❡r❡




yst −∆ys + a(x, t)ys = F (ys) + f1O + (v1 + sw1)1O1 + v21O2 ✐♥ Q,

ys = 0 ♦♥ Σ,

ys(x, 0) = y0 ✐♥ Ω,

✭✶✳✹✼✮

ps ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ys ✇✐t❤ r❡s♣❡❝t t♦ v1 ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ w2✱ ✐✳❡✳ t❤❡ s♦❧✉t✐♦♥ t♦




pst −∆ps + a(x, t)ps = F ′(ys)ps + w21O1 ✐♥ Q,

ps = 0 ♦♥ Σ,

ps(x, 0) = 0 ✐♥ Ω

✭✶✳✹✽✮

❛♥❞ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ♥♦t❛t✐♦♥ y = ys|s=0 ❛♥❞ p = ps|s=0✳
▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❛❞❥♦✐♥t ♦❢ ✭✶✳✹✽✮✿





−φst −∆φs + a(x, t)φs = F ′(ys)φs + α1(y
s − y1,d)1Od

✐♥ Q,

φs = 0 ♦♥ Σ,

φs(x, T ) = 0 ✐♥ Ω

✭✶✳✹✾✮

❛♥❞ ❧❡t ✉s ❛❧s♦ s❡t φ = φs|s=0✳
❚❤❡♥✱ ✇❡ ❝❛♥ r❡♣❧❛❝❡ ✭✶✳✹✾✮ ✐♥ ✭✶✳✹✻✮ ❛♥❞ ✉s❡ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts t♦ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

✐❞❡♥t✐t②✿

〈D1J1(f ; v
1 + sw1, v2), w2〉 − 〈D1J1(f ; v

1, v2), w2〉 = sµ1

∫∫

O1×(0,T )

w1w2 dx dt

+

∫∫

Od×(0,T )

(φs − φ)w2 dx dt.

◆♦t✐❝❡ t❤❛t

−(φs − φ)t −∆(φs − φ) + a(x, t)(φs − φ) =

[F ′(ys)− F ′(y)]φs + F ′(y)(φs − φ) + α1(y
s − y)1Od

.

✶✾



❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❧✐♠✐ts

η = lim
s→0

1

s
(φs − φ) ❛♥❞ h = lim

s→0

1

s
(ys − y)

❡①✐st ❛♥❞ s❛t✐s❢②




−ηt −∆η + a(x, t)η = F ′′(y)hφ+ F ′(y)η + α1h1Od
✐♥ Q,

ht −∆h+ a(x, t)h = F ′(y)h+ w11O1 ✐♥ Q,

η = h = 0, ♦♥ Σ,

η(x, T ) = h(x, 0) = 0 ✐♥ Ω.

✭✶✳✺✵✮

❚❤✉s✱ ❢r♦♠ ✭✶✳✺✵✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

〈D2
1J1(f ; v

1, v2), (w1, w2)〉 = µ1

∫∫

O1×(0,T )
w1w2 dx dt+

∫∫

O1×(0,T )
ηw2 dx dt.

■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛❧❧ w1 ∈ L2(O1 × (0, T ))✱ ♦♥❡ ❤❛s✿

〈D2
1J1(f ; v

1, v2), (w1, w1)〉 = µ1

∫∫

O1×(0,T )
|w1|2 dx dt+

∫∫

O1×(0,T )
ηw1 dx dt. ✭✶✳✺✶✮

▲❡t M > 0 ❜❡ s✉❝❤ t❤❛t |F ′′(s)| ≤ M ❛✳❡✳ ✐♥ R✳ ▲❡t ✉s s❤♦✇ t❤❛t✱ ❢♦r s♦♠❡ C ♦♥❧②
❞❡♣❡♥❞✐♥❣ ♦♥ Ω✱ O✱ T ✱ Oi✱ Od✱ αi✱ M ✱ K✱ ‖a‖L∞(Ω) ❛♥❞ ‖y0‖✱ ✇❡ ❤❛✈❡

∣∣∣∣∣

∫∫

O1×(0,T )
ηw1 dx dt

∣∣∣∣∣ ≤ C(1 + ‖f‖L2(O×(0,T )))‖w
1‖H1 , ∀w1 ∈ L2(O1 × (0, T )). ✭✶✳✺✷✮

❋r♦♠ st❛♥❞❛r❞ ❡♥❡r❣② ❡st✐♠❛t❡s✱ s✐♥❝❡ F ′ ∈ L∞(Q)✱ ✇❡ ❤❛✈❡
∫

Ω
|h(x, t)|2 dx+

∫∫

Q
|∇h|2 dx ≤ C

∫∫

O1×(0,T )
|w1|2 dx dt.

❯s✐♥❣ t❤❡ P❉❊✬s ✐♥ (1.50)✱ ✇❡ ❛❧s♦ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣✿
∫∫

O1×(0,T )
ηw1 dx dt =

∫∫

Q
(ht −∆h+ a(x, t)h− F ′(y)h)η dx dt

=

∫∫

Q
h(−ηt −∆η + a(x, t)η − F ′(y)η) dx dt

=

∫∫

Q
(F ′′(y)hφ+ α1h1Od

)h dx dt

=

∫∫

Q
(F ′′(y)|h|2φ+ α1|h|

21Od
) dx dt.

✭✶✳✺✸✮

▲❡t ✉s ✜rst ❛ss✉♠❡ t❤❛t y0 ∈ H1
0 (Ω)✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ✜♥❞ r ❛♥❞ s s✉❝❤ t❤❛t

φ ∈ Lr(0, T ;Ls(Ω)) ❛♥❞ h ∈ L2r′(0, T ;L2s′(Ω)), ✭✶✳✺✹✮

✇❤❡r❡ r′ ❛♥❞ s′ ❛r❡ t❤❡ ❝♦♥❥✉❣❛t❡ ♦❢ r ❛♥❞ s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ✇✐❧❧ ♠❛❦❡ ♣♦ss✐❜❧❡ t♦ ❜♦✉♥❞
❢r♦♠ ❛❜♦✈❡ t❤❡ ❧❛st ✐♥t❡❣r❛❧ ✐♥ ✭✶✳✺✸✮✳

✷✵



■t ✐s ❝❧❡❛r t❤❛t h ∈ L2(0, T ;H2(Ω)) ∩ L∞(0, T ;H1
0 (Ω))✳ ❋♦r t❤✐s r❡❛s♦♥✱ ✐t ✐s ♥❛t✉r❛❧ t♦

❛s❦ ❢♦r ✇❤✐❝❤ ✈❛❧✉❡s ♦❢ α ❛♥❞ β t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♠❜❡❞❞✐♥❣ ❤♦❧❞s✿

L2(0, T ;H2(Ω)) ∩ L∞(0, T ;H1
0 (Ω)) →֒ Lα(0, T ;Lβ(Ω)). ✭✶✳✺✺✮

❇② ✐♥t❡r♣♦❧❛t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❛t✱ ❢♦r ❡❛❝❤ 0 < θ < 1✱ ✭✶✳✺✺✮ ❤♦❧❞s ✇❤❡♥

1

α
=
θ

2
❛♥❞

1

β
=

(N − 4)θ

2N
+

(N − 2)(1− θ)

2N
=
α(N − 2)− 4

2αN
.

❚❛❦✐♥❣ α = 2r′ ❛♥❞ β = 2s′✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t r = α/(α− 2) ❛♥❞ s = αN/2(α+ 2)✳

❆♥❛❧♦❣♦✉s❧②✱ ✇❡ ❤❛✈❡ t❤❛t y ∈ L2(0, T ;H2(Ω)) ∩ L∞(0, T ;H1
0 (Ω)) →֒ La(0, T ;Lb(Ω))✱

✇✐t❤ b = 2aN/(a(N − 2)− 4)✳ ❯s✐♥❣ t❤❡ r❡❣✉❧❛r✐t② r❡s✉❧ts ♦❢ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ❢❛❝t
t❤❛t yd,i ∈ L∞(Od,i × (0, T ))✱ ✐t ❢♦❧❧♦✇s t❤❛t

φ ∈ La(0, T ;W 2,b(Ω)) →֒ La(0, T ;L
Nb

N−2b (Ω)) = La(0, T ;L
2aN

aN−6a−4 (Ω)).

■❢ a = r = α/(α−2)✱ ✇❡ ❣❡t φ ∈ Lr(0, T ;L
2αN

αN−10α+8 (Ω))✳ ❚♦ ✜♥✐s❤✱ ✇❡ ♠✉st ❤❛✈❡ L
2αN

αN−10α+8 (Ω) →֒

Ls(Ω)✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

αN

2(α+ 2)
≤

2αN

α(N − 10) + 8
.

❆♥❞ ✇❡ s❡❡ t❤❛t t❤✐s ✐♥❡q✉❛❧✐t② ❤♦❧❞s tr✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ N ≤ 14✳

❚❤✉s✱ ❢r♦♠ ✭✶✳✺✸✮✱ ✭✶✳✹✾✮ ❢♦r s = 0✱ ✭✶✳✹✵✮✱ ✭✶✳✹✶✮✱ ✭✶✳✹✼✮ ❢♦r s = 0 ❛♥❞ t❤❡ ❡st✐♠❛t❡s ❛t
❙✉❜s❡❝t✐♦♥ ✶✳✸✳✷✱ ✇❡ s❡❡ t❤❛t✱ ✐❢ y0 ∈ H1

0 (Ω) ❛♥❞ N ≤ 14✱

∣∣∣∣∣

∫∫

O1×(0,T )
ηw1 dx dt

∣∣∣∣∣ ≤ M‖h‖2
L2r′ (0,T ;L2s′ (Ω))

‖φ‖Lr(0,T ;Ls(Ω))

+α1‖h‖
2
L2(Od×(0,T ))

≤ C(‖φ‖Lr(0,T ;Ls(Ω)) + 1)‖w1‖2H1

≤ C(‖y‖L2(Q) + 1)‖w1‖2H1

≤ C

(
2∑

i=1

1

µi
‖φi‖Hi

+ ‖f‖+ ‖y0‖+ 1

)
‖w1‖2H1

≤ C(1 + ‖f‖)‖w1‖2H1
.

❚❤✐s ♣r♦✈❡s ✭✶✳✺✷✮ ✐♥ t❤✐s ❝❛s❡✳

◆♦✇✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ y0 ∈ L2(Ω)✳ ❆s ✐♥ t❤❡ ✜rst s✐t✉❛t✐♦♥✱ t❤❡ ✐❞❡❛ ✐s t♦
✜♥❞ r ❛♥❞ s s✉❝❤ t❤❛t ✭✷✳✶✶✮ ❤♦❧❞s✳ ❙✐♥❝❡ t❤❡ r❡❣✉❧❛r✐t② ♦❢ η ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❞❛t❛
y0✱ ✇❡ st✐❧❧ ❤❛✈❡ η ∈ L2(0, T ;H2(Ω)) ∩ L∞(0, T ;H1

0 (Ω)) ❛♥❞✱ t❤❡r❡❢♦r❡✱ η ∈ Lα(0, T ;Lβ(Ω))✱
✇❤❡r❡ α ❛♥❞ β ❛r❡ ❛s ❛❜♦✈❡✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ ❜② ❛ ✐♥t❡r♣♦❧❛t✐♦♥ ❛r❣✉♠❡♥t t❤❛t y ∈

L2(0, T ;H1
0 (Ω)) ∩ L

∞(0, T ;L2(Ω)) →֒ Lā(0, T ;Lb̄(Ω))✱ ✇❤❡r❡ ā ≥ 2 ❛♥❞ b̄ = 2Nā/(āN − 4)✳
❯s✐♥❣ ❛❣❛✐♥ ♣❛r❛❜♦❧✐❝ r❡❣✉❧❛r✐t②✱ ✇❡ ❣❡t

φ ∈ Lā(0, T ;W 2,b̄(Ω)) →֒ Lā(0, T ;L
Nb̄

N−2b̄ (Ω)) = Lā(L
2āN

ā(N−4)−4 (Ω)).

✷✶



■❢ ā = r = α/(α − 2)✱ ✇❡ ❤❛✈❡ φ ∈ Lr(L
2αN

α(N−8)+8 (Ω))✳ ❚♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢✱ ✇❡ ♠✉st ❤❛✈❡

L
2αN

α(N−8)+8 (Ω) →֒ Ls(Ω)✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

αN

2(α+ 2)
≤

2αN

α(N − 8) + 8
.

❙✐♥❝❡ t❤✐s ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢ N ≤ 12✱ t❤❡ ❡st✐♠❛t❡ ✭✶✳✺✷✮ ✐s ♣r♦✈❡❞ ❛❧s♦ ✐♥ t❤✐s ❝❛s❡✳

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✶✳✺✶✮ ❛♥❞ ✭✶✳✺✷✮✱ ✇❡ s❡❡ t❤❛t

〈D2
1J1(f ; v

1, v2), (w1, w1)〉 ≥
(
µ1 − C(1 + ‖f‖L2(O×(0,T )))

)
‖w1‖2H1

dx dt.

◆♦t❡ t❤❛t t❤❡ ♣r❡✈✐♦✉s ❝♦♥st❛♥t C ❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ µ1 ❛♥❞ µ2✳

■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t✱ ✉♥❞❡r t❤❡ ♣r❡✈✐♦✉s ❛ss✉♠♣t✐♦♥ ♦♥ y0 ❛♥❞ N ✱

〈
D2

2J2(f ; v
1, v2), (w2, w2)

〉
≥
(
µ2 − C(1 + ‖f‖L2(O×(0,T )))

)
‖w2‖2H2

dx dt.

❢♦r ❛♥♦t❤❡r ❝♦♥st❛♥t C ✐♥❞❡♣❡♥❞❡♥t ♦❢ µ1 ❛♥❞ µ2✳

■t ✐s ♥♦✇ ❝❧❡❛r t❤❛t✱ ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ µ1 ❛♥❞ µ2✱ t❤❡ ❝♦✉♣❧❡ (v1, v2) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠
✐♥ t❤❡ s❡♥s❡ ♦❢ ✭✶✳✹✮✳

✶✳✹ ❚❤❡ ❝❛s❡ ✇✐t❤ r❡str✐❝t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✸✳

❲❡ r❡t✉r♥ t♦ t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r ❛ ❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ P❉❊✱
❜✉t ✇❡ ✐♠♣♦s❡ s♦♠❡ r❡str✐❝t✐♦♥s✿ t❤❡ ❢♦❧❧♦✇❡rs (v1, v2) ❛r❡ s✉♣♣♦s❡❞ t♦ ♠✐♥✐♠✐③❡ t❤❡ ❢✉♥❝t✐♦✲
♥❛❧s ✭✶✳✷✮ s✉❜❥❡❝t t♦ t❤❡ ❝♦♥✈❡① ❝♦♥str❛✐♥ts vi ∈ Ui✱ ✇❤❡r❡ t❤❡ Ui ❛r❡ ❣✐✈❡♥ ❜② ✭✶✳✶✸✮✳

❚❤✐s ✐s ❛ ♠♦r❡ ❞✐✣❝✉❧t ♣r♦❜❧❡♠✳ ❚❤❡ s❡❛r❝❤ ♦❢ ❛ ♣❛✐r (v1, v2) s❛t✐s❢②✐♥❣ ✭✶✳✹✮✱ ✇❤❡r❡ t❤❡
♠✐♥✐♠✐③❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ✐♥ U1,d ❛♥❞ U2,d✱ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

D1J1(f ; v
1, v2)(v̂1 − v1, 0) ≥ 0 ∀v̂1 ∈ U1,d; v1 ∈ U1,d ✭✶✳✺✻✮

❛♥❞

D2J2(f ; v
1, v2)(0, v̂2 − v2) ≥ 0, ∀v̂2 ∈ U2,d; v2 ∈ U2,d. ✭✶✳✺✼✮

❆s ✐♥ ❙❡❝t✐♦♥ ✶✳✷✱ ✇✐t❤ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ z = y − ȳ✱ ✇❡ ❛r❡ ❧❡❞ t♦ ❛ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②
♣r♦❜❧❡♠✳ ❚❤❡♥✱ ✇❡ s❡❡ t❤❛t ✭✶✳✺✻✮✲✭✶✳✺✼✮ ✐s ❡q✉✐✈❛❧❡♥t t♦





αi

∫∫

Oi,d×(0,T )
(z − zi,d)w

i dx dt+ µi

∫∫

Oi×(0,T )
vi(v̂i − vi) dx dt ≥ 0

∀v̂i ∈ Ui,d; vi ∈ Ui,d,

✭✶✳✺✽✮

✇❤❡r❡ wi ✐s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ z ✇✐t❤ r❡s♣❡❝t t♦ v̂i ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ vi✱ t❤❛t ✐s t♦ s❛②✱ t❤❡ s♦❧✉t✐♦♥
t♦ 




wi
t −∆wi + a(x, t)wi = vi1Oi

✐♥ Q,

wi = 0 ♦♥ Σ,

wi(x, 0) = 0 ✐♥ Ω.

✭✶✳✺✾✮

✷✷



❚❤❡ ❛❞❥♦✐♥t s②st❡♠ ❛ss♦❝✐❛t❡❞ t♦ ✭✶✳✺✾✮ ✐s ❣✐✈❡♥ ❜②




−φit −∆φi + a(x, t)φi = αi(z − zi,d)1Oi,d
✐♥ Q,

φ = 0 ♦♥ Σ,

φ(x, T ) = 0 ✐♥ Ω.

❘❡♣❧❛❝✐♥❣ t❤❡ ❡q✉❛t✐♦♥ s❛t✐s✜❡❞ ❜② φi ✐♥ ✭✶✳✺✽✮✱ ✇❡ ♦❜t❛✐♥
∫∫

Oi×(0,T )

(
φi + µiv

i
)
(v̂i − vi) dx dt ≥ 0, ∀v̂i ∈ Ui,d; vi ∈ Ui,d, i = 1, 2. ✭✶✳✻✵✮

◆♦✇✱ ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡ ♣r♦❥❡❝t♦rs PUi,d
: L2(Oi × (0, T )) 7→ Ui,d✱ ✇❡ s❡❡ t❤❛t ✭✶✳✻✵✮ ❝❛♥ ❜❡

r❡✇r✐tt❡♥ ❡q✉✐✈❛❧❡♥t❧② ✐♥ t❤❡ ❢♦r♠

vi = PUi,d
(−

1

µi
φi|Oi×(0,T )), i = 1, 2.

❲❡ ♠❛② ❣r♦✉♣ ❛❧❧ t❤✐s ✐♥❢♦r♠❛t✐♦♥ t♦ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠✿




zt −∆z + a(x, t)z = f1O +

2∑

i=1

PUi,d
(−

1

µi
φi|Oi×(0,T )) ✐♥ Q,

−φit −∆φi + a(x, t)φi = αi(z − zi,d)|Oi,d
✐♥ Q,

z = 0, φi = 0 ♦♥ Σ,

z(x, 0) = z0, φi(x, T ) = 0 ✐♥ Ω.

✭✶✳✻✶✮

▲❡t ✉s ♣r♦✈❡ t❤❛t✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ✭✶✳✶✾✮✱ ❢♦r ❡❛❝❤ f ∈ L2(O × (0, T )) t❤❡r❡ ❡①✐sts
❡①❛❝t❧② ♦♥❡ s♦❧✉t✐♦♥ t♦ ✭✶✳✻✶✮✱ ✐✳❡✳ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (v1, v2) ✐♥ U1,d×U2,d✳

■♥❞❡❡❞✱ ♥♦t✐❝❡ t❤❛t ✭✶✳✻✵✮ ❝❛♥ ❛❧s♦ ❜❡ r❡✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

{
(L(v1, v2), (v̂1, v̂2)− (v1, v2)) ≥ (Ψ, (v̂1, v̂2)− (v1, v2))H
∀ (v1, v2) ∈ U1,d × U2,d; (v̂1, v̂2) ∈ U1,d × U2,d,

✭✶✳✻✷✮

✇❤❡r❡ L ❛♥❞ Ψ ❛r❡ r❡s♣❡❝t✐✈❡❧② ❣✐✈❡♥ ❜② ✭✶✳✶✻✮ ❛♥❞ ✭✶✳✶✽✮✳ ■❢ µ1 ❛♥❞ µ2 s❛t✐s❢② ✭✶✳✶✾✮✱ L ✐s ❛
❝♦❡r❝✐✈❡ ❝♦♥t✐♥✉♦✉s ❜✐❧✐♥❡❛r ❢♦r♠ ♦♥ H✱ ✇❤❡♥❝❡ ✭✶✳✻✷✮ ✐s ✉♥✐q✉❡❧② s♦❧✈❛❜❧❡✳

❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ❝♦✉♣❧❡ (v1, v2) ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ st❛t❡ z s❛t✐s❢② ✭❛❣❛✐♥✮
t❤❡ ❡st✐♠❛t❡s ✭✶✳✷✶✮ ❛♥❞ ✭✶✳✷✷✮✳ ❆s ✐♥ t❤❡ s❡♠✐❧✐♥❡❛r ❝❛s❡✱ ✇❡ ✇✐❧❧ ❛♥❛❧②③❡ ❛♥❞ s♦❧✈❡ t❤❡ ♥✉❧❧
❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r ✭✶✳✻✶✮ ❜② ❛ ✜①❡❞✲♣♦✐♥t ♠❡t❤♦❞✳

❚♦ t❤✐s ❡♥❞✱ ♥♦t❡ t❤❛t t❤❡ ♣r♦❥❡❝t♦rs PUi,d
❛r❡ ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿

PUi,d
(k)(x, t) =

{
k(x, t) ✐❢ k(x, t) ∈ Ii,

Pi(k(x, t)) ♦t❤❡r✇✐s❡,

❢♦r (x, t) ❛✳❡✳ ✐♥ Oi × (0, T )✱ ✇❤❡r❡ Pi : R 7→ Ii ✐s t❤❡ ✉s✉❛❧ ♣r♦❥❡❝t♦r ♦♥ t❤❡ ✐♥t❡r✈❛❧ Ii✳ ❆❧s♦✱
♥♦t❡ t❤❛t✱ ❢♦r ❡✈❡r② k ∈ Hi✱ PUi,d

❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠ PUi,d
(k) = qi(k)k✱ ✇❤❡r❡ t❤❡

❢✉♥❝t✐♦♥ k 7→ qi(k) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ Hi ❛♥❞

‖qi(k)‖∞ ≤ C, ∀k ∈ Hi.

✷✸



❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐s r❡❞✉❝❡❞ t♦ ✜♥❞ f ∈ L2(O× (0, T )) s✉❝❤ t❤❛t t❤❡
s♦❧✉t✐♦♥ ❢♦r 




zt −∆z + a(x, t)z = f1O −
2∑

i=1

q̃i(φ
i)φi1Oi

✐♥ Q,

−φit −∆φi + a(x, t)ψ = αi(z − zi,d)1Oi,d
✐♥ Q,

z = 0, φi = 0 ♦♥ Σ,

z(x, 0) = z0, φi(x, T ) = 0 ✐♥ Ω,

✭✶✳✻✸✮

✇❤❡r❡ q̃i(φi) st❛♥❞s ❢♦r t❤❡ ❢✉♥❝t✐♦♥ q̃i(φi) = qi(−
1
µi
φi
∣∣
Oi×(0,T )

)✱ s❛t✐s✜❡s ✭✶✳✷✹✮✳

❇✉t t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❡❛s✐❧②✳ ■♥❞❡❡❞✱ ❢♦r ❡❛❝❤ ❝♦✉♣❧❡ (φ̃1, φ̃2) ∈ L2(Q) × L2(Q) ✇❡ ❝❛♥
❝♦♥s✐❞❡r t❤❡ s②st❡♠





zt −∆z + a(x, t)z = f1O −
2∑

i=1

q̃i(φ̃
i)φi|Oi

✐♥ Q,

−φit −∆φi + a(x, t)ψ = αi(z − zi,d)1Oi,d
✐♥ Q,

z = 0 φi = 0 ♦♥ Σ,

z(x, 0) = z0, φi(x, T ) = 0 ✐♥ Ω.

✭✶✳✻✹✮

❚❤❡ ❛r❣✉♠❡♥ts ✐♥ ❙❡❝t✐♦♥s ✶✳✷✳✷ ❛♥❞ ✶✳✸✳✷ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❛❣❛✐♥ t♦ ✭✶✳✻✹✮✳ ❚❤❡ ♠❛✐♥
❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t t❤❡r❡ ❡①✐st ❡①❛❝t❧② ♦♥❡ ♠✐♥✐♠❛❧ L2 ♥♦r♠ ♥✉❧❧ ❝♦♥tr♦❧ f ❢♦r t❤✐s s②st❡♠✱
✇✐t❤

‖f‖L2(O×(0,T )) ≤ C ✭✶✳✻✺✮

❛♥❞✱ ❛❧s♦✱ z✱ φ1 ❛♥❞ φ2 ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✐♥ L2(0, T ;H1
0 (Ω)) ∩ L

∞(0, T ;L2(Ω)) ❛♥❞ zt✱ φ1t
❛♥❞ φ2t ✉♥✐❢♦r♠❧② ❜♦✉♥❞❡❞ ✭❛t ❧❡❛st✮ ✐♥ L2(0, T ;H−1(Ω))✳

❍❡♥❝❡✱ ✐t ✐s ♥♦t ❞✐✣❝✉❧t t♦ ❞❡❞✉❝❡ t❤❛t t❤❡ ♠❛♣♣✐♥❣ (φ1, φ2) 7→ (φ̃1, φ̃2) ♣♦ss❡ss❡s ❛t
❧❡❛st ♦♥❡ ✜①❡❞✲♣♦✐♥t✳ ❙✉❝❤ ❛ ✜①❡❞✲♣♦✐♥t s❛t✐s✜❡s✱ t♦❣❡t❤❡r ✇✐t❤ s♦♠❡ f ❛♥❞ s♦♠❡ z✱ ✭✶✳✻✸✮
❛♥❞ ✭✶✳✷✹✮✳

✶✳✺ ❙♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♠❡♥ts ❛♥❞ q✉❡st✐♦♥s

✶✳✺✳✶ ❖♥ t❤❡ ❛ss✉♠♣t✐♦♥ O1,d = O2,d

❚❤❡ ❛ss✉♠♣t✐♦♥ ✭✶✳✶✵✮ ✐s ✉s❡❞ ✐♥ ✭✶✳✸✷✮ ❛♥❞ ♦♥❧② t❤❡r❡✳ ■♥❞❡❡❞✱ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐❤ ✭✶✳✸✸✮
❛♥❞ ✭✶✳✸✹✮✱ ✭✶✳✸✷✮ ②✐❡❧❞s ✭✶✳✸✺✮✳ ❆t ♣r❡s❡♥t✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ✇❤❡t❤❡r ❛♥ ❡st✐♠❛t❡ ❧✐❦❡ ✭✸✳✹✮
r❡♠❛✐♥s tr✉❡ ❢♦r O1,d 6= O2,d✳ ❍♦✇❡✈❡r✱ t❤✐s ✐s t❤❡ ❝❛s❡ ✐❢ ✇❡ ♠♦❞✐❢② ❛♣r♦♣r✐❛t❡❧② t❤❡ s❡❝♦♥❞❛r②
❢✉♥❝t✐♦♥❛❧s Ji✳

❚❤✉s✱ ❧❡t ρ∗ = ρ∗(x, t) ❜❡ ❛ ✇❡✐❣❤t ✭❛ ♣♦s✐t✐✈❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ♦♥ Ω × (0, T )✮ s✉❝❤
t❤❛t ρ∗ ≥ esα/2✱ s❡❡ ✭✸✳✷✸✮✳ ❲❡ ❛ss✉♠❡ ♥♦✇ t❤❛t t❤❡ ❢♦❧❧♦✇❡rs ♣r♦❞✉❝❡ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢✉♥❝t✐♦♥❛❧s

J̃i(f ; v
1, v2) :=

αi

2

∫∫

Oi,d×(0,T )
|y − yi,d|

2 dx dt+
µi
2

∫∫

Oi×(0,T )
ρ2∗|v

i|2 dx dt,

✷✹



❢♦r i = 1, 2✳ ❲✐t❤ ❝♦♠♣✉t❛t✐♦♥s s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♦♣t✐♠❛❧✐t② s②st❡♠✿





zt −∆z + a(x, t)z = f1O −
2∑

i=1

1

µi
ρ−2
∗ φi1Oi

✐♥ Q,

−φit −∆φi + a(x, t)φi = αi(z − zi,d)1Oi,d
✐♥ Q,

y = 0, φi = 0 ♦♥ Σ,

y(x, 0) = y0(x), φi(x, T ) = 0 ✐♥ Ω.

❚❤❡ ❛ss♦❝✐❛t❡❞ ❛❞❥♦✐♥t s②st❡♠ ✐s ❣✐✈❡♥ ❜②




−ψt −∆ψ + a(x, t)ψ =
2∑

i=1

αiγ
i1Oi,d

✐♥ Q,

γit −∆γi + a(x, t)γi = −
1

µi
ρ−2
∗ ψ1Oi

✐♥ Q,

ψ = 0, γi = 0 ♦♥ Σ,

ψ(x, T ) = ψT (x), γi(x, 0) = 0 ✐♥ Ω

❛♥❞ t❤❡ ♠❛✐♥ t❛s❦ ✐s t♦ ♣r♦✈❡ ❛♥ ❡st✐♠❛t❡ ❧✐❦❡ ✭✸✳✹✮ ❢♦r t❤❡ s♦❧✉t✐♦♥s (ψ, γ1, γ2)✳
■♥ t❤✐s s✐t✉❛t✐♦♥✱ ✇❡ ❤❛✈❡ ❛♥ ✉s❡❢✉❧ ❡♥❡r❣② ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ γi✿

‖γi(· , τ)‖2 +

∫ τ

0
‖∇γi(· , t)‖2 dt ≤

C

µ2i

∫∫

Q
ρ−4
∗ |ψ|2 dx dt. ✭✶✳✻✻✮

❯s✐♥❣ ✭✶✳✻✻✮ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✶✳✸✷✮✱ s✐♥❝❡ t❤❡ µi ❛r❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ ✇❡ ❣❡t✿

I3(ψ) ≤ Cs3λ4
∫∫

ω×(0,T )
e−2sαξ3|ψ|2dxdt. ✭✶✳✻✼✮

❈♦♠❜✐♥✐♥❣ ✭✶✳✻✼✮ ❛♥❞ ✭✶✳✸✻✮✱ ✇❡ ❛rr✐✈❡ ❛t ✭✸✳✹✮✳
❚❤✐s s❤♦✇s t❤❛t ✐❢ ✇❡ r❡♣❧❛❝❡ Ji ❜② J̃i ❢♦r i = 1, 2✱ t❤❡ ❝❧❛✐♠s ✐♥ ❚❤❡♦r❡♠ ✶ t♦ ✸ r❡♠❛✐♥

tr✉❡✳ ■♥ ❢❛❝t✱ t❤✐s ✐s ♥♦t s✉r♣r✐s✐♥❣✿ ✐❢ ✇❡ ✐♠♣♦s❡ J̃i < +∞✱ t❤❡♥ ✇❡ ❢♦r❝❡ t❤❡ ❝♦♥tr♦❧s
vi t♦ ✈❛♥✐s❤ ❡①♣♦♥❡♥t✐❛❧❧② ❛s t → T− ❛♥❞ t❤❡ ❧❡❛❞❡r f ✜♥❞s ♥♦ ♦❜str✉❝t✐♦♥ t♦ ❝♦♥tr♦❧ t❤❡
s②st❡♠✳ ❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✐t ✐s ✉♥❦♥♦✇♥ ✇❤❡t❤❡r ✭✸✳✹✮ ❝♦♥t✐♥✉❡s t♦ ❜❡ tr✉❡ ✐♥ t❤❡ ♦r✐❣✐♥❛❧
❢r❛♠❡✇♦r❦ ✭✶✳✹✮ ✇❤❡♥ O1,d 6= O2,d✳

✶✳✺✳✷ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ ❙t♦❦❡s ❛♥❞ ◆❛✈✐❡r✲❙t♦❦❡s s②s✲

t❡♠s

■t ♠❛❦❡s ❝♦♠♣❧❡t❡ s❡♥s❡ t♦ ❝♦♥s✐❞❡r t❤❡ ❙t♦❦❡s✲❧✐❦❡ s②st❡♠




yt −∆y + (w · ∇)y +∇p = f1O + v11O1 + v21O2 ✐♥ Q,

∇ · y = 0 ✐♥ Q,

y = 0 ♦♥ Σ,

y(x, 0) = y0(x) ✐♥ Ω,

✭✶✳✻✽✮

✇❤❡r❡ Ω✱ T ✱ O ❛♥❞ t❤❡ Oi ❛r❡ ❛s ❛❜♦✈❡✱ y0 ❜❡❧♦♥❣s t♦ t❤❡ ❍✐❧❜❡rt s♣❛❝❡

H := { z ∈ L2(Ω)N : ∇ · z = 0 ✐♥ Ω, z · n = 0 ♦♥ Γ },

✷✺



t❤❡ ✜❡❧❞ w ❜❡❧♦♥❣s t♦ L∞(0, T ;H) ❛♥❞ t❤❡ ❝♦♥tr♦❧s f ❛♥❞ vi s❛t✐s❢②

f ∈ L2(O × (0, T ))N , vi ∈ L2(Oi × (0, T ))N .

❲✐t❤ ❢✉♥❝t✐♦♥❛❧s J ❛♥❞ Ji s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ✇❡ ❝❛♥ ❢♦r♠✉❧❛t❡ ❛❣❛✐♥
t❤❡ ❙t❛❝❦❡❧❜❡r❣✲◆❛s❤ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r ✭✶✳✻✽✮✳ ❘❡s✉❧ts ♦❢ t❤❡ s❛♠❡ ❦✐♥❞ ❝❛♥ ❜❡
♦❜t❛✐♥❡❞ ❡❛s✐❧② ❜② ❛❞❛♣t✐♥❣ t❤❡ ❛r❣✉♠❡♥ts ✐♥ ❙❡❝t✐♦♥s ✶✳✷ t♦ ✶✳✹✳

❚❤❡ s✐t✉❛t✐♦♥ ✐s ♦❜✈✐♦✉s❧② ♠✉❝❤ ♠♦r❡ ❞✐✣❝✉❧t t♦ ❛♥❛❧②③❡ ✇❤❡♥ ✇❡ ❝♦♥s✐❞❡r t❤❡ ◆❛✈✐❡r✲
❙t♦❦❡s s②st❡♠





yt −∆y + (y · ∇)y +∇p = f1O + v11O1 + v21O2 ✐♥ Q,

∇ · y = 0 ✐♥ Q,

y = 0 ♦♥ Σ,

y(x, 0) = y0(x) ✐♥ Ω.

◆♦✇✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ ♦r q✉❛s✐✲❡q✉✐❧✐❜r✐❛ ❢♦r ❡❛❝❤ f ❛♥❞✱ ♦❢ ❝♦✉rs❡✱ ✇❤❡t❤❡r
♦r ♥♦t t❤❡r❡ ❡①✐st ♥✉❧❧ ❝♦♥tr♦❧s ❛♥❞ ❛ss♦❝✐❛t❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♣❛✐rs ❛r❡ ♦♣❡♥ ♣r♦❜❧❡♠s✳

❋♦r ♦t❤❡r ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧ts ❢♦r ❙t♦❦❡s ❛♥❞ ◆❛✈✐❡r✲❙t♦❦❡s s②st❡♠s✱ s❡❡ ❬✹✷✱ ✺✻✱ ✸✼✱ ✹✾✱
✺✵❪✳

✶✳✺✳✸ ❖t❤❡r ❙t❛❝❦❡❧❜❡r❣ str❛t❡❣✐❡s

■t ✐s ♣♦ss✐❜❧❡ t♦ ✐♥tr♦❞✉❝❡ ♦t❤❡r str❛t❡❣✐❡s t♦ ❝♦♥tr♦❧ s②st❡♠s ♦❢ t❤❡ ❦✐♥❞ ✭✶✳✶✮✳ ❖♥❡ ♦❢
t❤❡♠ ✐s t❤❡ s♦ ❝❛❧❧❡❞ ❙t❛❝❦❡❧❜❡r❣✲P❛r❡t♦ ♠❡t❤♦❞✳

❚❤✉s✱ t♦ ❡❛❝❤ f ∈ L2(O× (0, T )) ✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ ♦♥❡ ♦r s❡✈❡r❛❧ P❛r❡t♦ ❡q✉✐❧✐❜r✐✉♠ ♣❛✐rs
(u1(f), u2(f)) ∈ H✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ✐s ♥♦ (û1, û2) ∈ H s❛t✐s❢②✐♥❣

Ji(û
1, û2) ≤ Ji(u

1(f), u2(f)) ❢♦r i = 1, 2,

♦♥❡ ♦❢ t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❛t ❧❡❛st ❜❡✐♥❣ str✐❝t✳ ❚❤❡♥✱ ✇❡ s❡❛r❝❤ ❢♦r f s✉❝❤ t❤❛t t❤❡ st❛t❡s y ❛ss♦✲
❝✐❛t❡❞ t♦ f ❛♥❞ t❤❡ (u1(f), u2(f)) s❛t✐s❢② ✭✶✳✾✮✱ ✇❤❡r❡ y = y(x, t) ✐s ❛ ♣r❡s❝r✐❜❡❞ ✉♥❝♦♥tr♦❧❧❡❞
s♦❧✉t✐♦♥ t♦ ✭✶✳✶✮✳

❚❤❡ ❛♥❛❧②s✐s ♦❢ ❙t❛❝❦❡❧❜❡r❣✲P❛r❡t♦ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✇✐❧❧ ❜❡ t❤❡ ❣♦❛❧ ♦❢ ❛ ❢♦rt❤❝♦♠✐♥❣ ♣❛♣❡r✳

✶✳✺✳✹ ❚❤❡ ❜♦✉♥❞❛r② ❝❛s❡

■t ✐s ♥❛t✉r❛❧ t♦ ✇♦♥❞❡r ✐❢ r❡s✉❧ts s✐♠✐❧❛r t♦ ❚❤❡♦r❡♠s ✶✱ ✷ ❛♥❞ ✸ ❛❧s♦ ❤♦❧❞ ✇✐t❤ ❜♦✉♥❞❛r②
❝♦♥tr♦❧s✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ s②st❡♠




zt −∆z + a(x, t)z = F (z) ✐♥ Q,

z = f1S + v11S1 + v21S2 ♦♥ Σ,

z(x, 0) = z0(x) ✐♥ Ω,

✇❤❡r❡ S,S1,S2 ⊂ ∂Ω ❛r❡ ♥♦♥✲❡♠♣t② ❝❧♦s❡❞ s❡ts ❛♥❞ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥❛❧s

Li(f ; v
1, v2) :=

αi

2

∫∫

Oi,d×(0,T )
|y − yi,d|

2 dx dt+
µi
2

∫∫

Si×(0,T )
|vi|2 dΣ dt ✭✶✳✻✾✮

✷✻



❢♦r i = 1, 2✳ ◆♦✇✱ t❤❡ ♣r♦❜❧❡♠ ✐s t♦ ✜♥❞ ❢♦r ❡❛❝❤ f ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ (v1(f), v2(f)) ❛ss♦❝✐❛t❡❞
t♦ t❤❡ ❢✉♥❝t✐♦♥❛❧s Li ❛♥❞✱ t❤❡♥✱ ❝❤♦♦s❡ f ✐♥ ❛ ❛♣♣r♦♣r✐❛t❡ ✇❛② s✉❝❤ t❤❛t z(x, T ) ≡ 0✳

❲❡ ❝❛♥ tr② t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠ ❛s ❜❡❢♦r❡✳ ❍♦✇❡✈❡r✱ ✇❡ ✜♥❞ s♦♠❡ t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t✐❡s✱
❛s s❤♦✇♥ ❜❡❧♦✇✳

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ❝❛s❡✱ t❤❛t ✐s✱ F (s) ≡ 0✳ ❆r❣✉✐♥❣ ❛s ✐♥ ❙❡❝t✐♦♥ ✶✳✷✱ ✇❡ s❡❡ t❤❛t
t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠ ❢♦r (v1(f), v2(f)) ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿





zt −∆z + a(x, t)z = 0 Q,

−φit −∆φi + a(x, t)φi = αi(z − zi,d)1Oi,d
✐♥ Q,

z = f1S +
1

µ1

∂φ1

∂n
1S1 +

1

µ2

∂φ2

∂n
1S2 , φi = 0 ♦♥ Σ,

z(x, 0) = z0(x), φi(x, T ) = 0 ✐♥ Ω.

✭✶✳✼✵✮

❚❤❡ ❛❞❥♦✐♥t s②st❡♠ ✐s ❣✐✈❡♥ ❜②





−ψt −∆ψ + a(x, t)ψ =
2∑

i=1

αiγ
i1Oi,d

✐♥ Q,

γit −∆γi + a(x, t)γi = 0 ✐♥ Q,

ψ = 0, γi =
1

µi
ψ1Si

♦♥ Σ,

ψ(x, T ) = ψT (x), γi(x, 0) = 0 ✐♥ Ω.

✭✶✳✼✶✮

❚❤✉s✱ ✐❢ ✇❡ tr② t♦ ❛❞❛♣t t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✱ ✇❡ s❡❡ ❛t ♦♥❝❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s ❛r❡ r❡q✉✐r❡❞✿

O1,d = O2,d = Od ❛♥❞ Od ∩ S 6= ∅. ✭✶✳✼✷✮

❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✐♥ t❤✐s ❝❛s❡ ✐s t❤❛t ✇❡ ❤❛✈❡ t♦ ❝♦♠❜✐♥❡ ❛ ❜♦✉♥❞❛r② ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t②
❢♦r ψ ❛♥❞ ❛ ❞✐str✐❜✉t❡❞ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t② ❢♦r h = α1γ

1 + α2γ
2 ❢♦r ❢✉♥❝t✐♦♥s s❛t✐s❢②✐♥❣

♥♦♥❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ Σ✳ ❚❤✐s ✐♥t❡r❡st✐♥❣ s✐t✉❛t✐♦♥ ✇✐❧❧ ❜❡ ❛❧s♦
❛♥❛❧②③❡❞ ✐♥ ❛ ❢♦rt❤❝♦♠✐♥❣ ♣❛♣❡r✳

✷✼



✷✽



❈❛♣ít✉❧♦ ✷

◆✉♠❡r✐❝❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡

✶❉ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥





◆✉♠❡r✐❝❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡

✶❉ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

❊♥r✐q✉❡ ❋❡r♥á♥❞❡③✲❈❛r❛✱▼❛✉r✐❝✐♦ ❈✳ ❙❛♥t♦s

❆❜str❛❝t✳ ❚❤✐s ♣❛♣❡r ❞❡❛❧s ✇✐t❤ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ ❜♦✉♥❞❛r② ❝♦♥tr♦❧s t❤❛t ❞r✐✈❡

t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ 1D ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ t♦ ❛ ♣r❡s❝r✐❜❡❞ st❛t❡ ❛t ❛ ✜♥❛❧ t✐♠❡✳ ❯s✐♥❣

✐❞❡❛s ❢r♦♠ ❋✉rs✐❦♦✈ ❛♥❞ ■♠❛♥✉✈✐❧♦✈✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝♦♥tr♦❧ t❤❛t ♠✐♥✐♠✐③❡s ♦✈❡r t❤❡ ❝❧❛ss ♦❢

❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s ❛ ❢✉♥❝t✐♦♥❛❧ t❤❛t ✐♥✈♦❧✈❡s ✇❡✐❣❤t❡❞ ✐♥t❡❣r❛❧s✱ ✇✐t❤ ✇❡✐❣❤ts t❤❛t ❜❧♦✇ ✉♣

❛t T ✳ ❲❡ ✇✐❧❧ s❡❡ t❤❛t t❤✐s ❡①tr❡♠❛❧ ♣r♦❜❧❡♠ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ❞✐✛❡r❡♥t✐❛❧ ♣r♦❜❧❡♠ t❤❛t ✐s

❢♦✉rt❤✲♦r❞❡r ✐♥ s♣❛❝❡ ❛♥❞ s❡❝♦♥❞✲♦r❞❡r ✐♥ t✐♠❡✳ ❆❞❛♣t✐♥❣ s♦♠❡ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡s ❛♣♣❧✐❡❞ ❜②

t❤❡ ✜rst ❛✉t❤♦r ❛♥❞ ▼ü♥❝❤ t♦ t❤❡ ❤❡❛t ❡q✉❛t✐♦♥✱ ✇❡ ❛♣♣r♦①✐♠❛t❡ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥

❜② ✐♥tr♦❞✉❝✐♥❣ ❛♣♣r♦♣r✐❛t❡ s♣❛❝❡✲t✐♠❡ ✜♥✐t❡ ❡❧❡♠❡♥ts t❤❛t ❛r❡ C1 ✐♥ s♣❛❝❡ ❛♥❞ C0 ✐♥ t✐♠❡✳ ❲❡

♣r❡s❡♥t t✇♦ ❛♣♣r♦❛❝❤❡s❀ t❤❡ s❡❝♦♥❞ ♦♥❡ r❡❧✐❡s ♦♥ ❛ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ ❧♦✇❡r

❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ❢♦r t❤❡ st✐✛♥❡ss ♠❛tr✐①✳ ❚❤❡ r❡s✉❧ts ♦❢ s♦♠❡ ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❡ ❡✣❝✐❡♥❝②

♦❢ t❤❡s❡ ♠❡t❤♦❞s

✷✳✶ ■♥tr♦❞✉❝t✐♦♥✱ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠

❲❡ ❛r❡ ♠❛✐♥❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r t❤❡ ✶❉ ❧✐♥❡❛r ❙❝❤rö✲
❞✐♥❣❡r ❡q✉❛t✐♦♥✳ ❚❤❡ st❛t❡ ❡q✉❛t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿





iyt − yxx + V (x, t)y = 0, (x, t) ∈ (0, 1)× (0, T ),

y(0, t) = u(t), y(1, t) = 0, t ∈ (0, T ),

y(x, 0) = y0(x), x ∈ (0, 1).

✭✷✳✶✮

❍❡r❡✱ T > 0 ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t y0 ∈ H1
0 ((0, 1);C) ❛♥❞ V, Vx ∈ L∞((0, 1)× (0, T );R)✳ ■♥

✭✷✳✶✮✱ u ∈ L2((0, T );C) ✐s t❤❡ ❝♦♥tr♦❧ ❛♥❞ y = y(x, t) ✐s t❤❡ ❛ss♦❝✐❛t❡❞ st❛t❡✳
■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥

Ly := iyt − yxx + V y.

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t✱ ❢♦r ❛♥② u ∈ L2((0, T );C)✱ ♣r♦❜❧❡♠ ✭✷✳✶✮ ❤❛s ❡①❛❝t❧② ♦♥❡ s♦❧✉t✐♦♥ y ✐♥
t❤❡ tr❛♥s♣♦s✐t✐♦♥ s❡♥s❡✱ ✇✐t❤

y ∈ C0([0, T ];H−1((0, 1);C)) ∩H−1(0, T ;L2((0, 1);C)), ✭✷✳✷✮

s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✶✹✱ ✻✽❪✳
❖✉r ❛✐♠ ✐♥ t❤✐s ♣❛♣❡r ✐s t♦ ✜♥❞ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥s t♦ ❝♦♥tr♦❧s u s✉❝❤ t❤❛t t❤❡

❛ss♦❝✐❛t❡❞ s♦❧✉t✐♦♥s t♦ ✭✷✳✶✮ s❛t✐s❢② y(·, T ) = 0✳ ❚❤✐s ✐s ❝❛❧❧❡❞ ❛ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠✳
■♥ ❢❛❝t✱ ❞✉❡ t♦ t❤❡ t✐♠❡ r❡✈❡rs✐❜✐❧✐t② ♦❢ t❤❡ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✱ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②
❛♥❞ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ❛r❡ ❡q✉✐✈❛❧❡♥t✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t ✇❡ ❝❛♥ r❡❛❝❤ ❛♥②

✸✶



✜♥❛❧ st❛t❡ ✐♥ H−1((0, 1);C) ❜② t❤❡ ❛❝t✐♦♥ ♦❢ ❛ ❜♦✉♥❞❛r② ❝♦♥tr♦❧✳ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧
✐♥✈❡st✐❣❛t❡ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠✳

■t ✐s ❦♥♦✇♥ t❤❛t✱ ❢♦r ❛♥② T > 0✱ ✭✷✳✶✮ ❤❛s t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt②✳ ■♥ ♦t❤❡r ✇♦r❞s✱
❢♦r ❛♥② y0 ∈ H1

0 ((0, 1);C)✱ t❤❡r❡ ❡①✐st ❝♦♥tr♦❧s u ∈ L2((0, T );C) s✉❝❤ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞
st❛t❡s s❛t✐s❢② y(·, T ) = 0✳ ❚❤✐s ✇❛s ♣r♦✈❡❞ ✐♥ ❬✻✽❪ ❢♦r V ≡ 0 ❜② ❛♣♣❧②✐♥❣ t❤❡ s♦ ❝❛❧❧❡❞ ❍✐❧❜❡rt

✉♥✐q✉❡♥❡ss ♠❡t❤♦❞ t♦❣❡t❤❡r ✇✐t❤ ♠✉❧t✐♣❧✐❡rs t❡❝❤♥✐q✉❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ✇❛s ❡st❛❜❧✐s❤❡❞
t❤❛t t❤❡ ❝♦♥tr♦❧ ♦❢ ♠✐♥✐♠❛❧ ♥♦r♠ ✐♥ L2((0, T );C) ✐s ❣✐✈❡♥ ❜② u = φx(0, ·)✱ ✇❤❡r❡ φ s♦❧✈❡s ❛
❜❛❝❦✇❛r❞s ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠





iφt − φxx = 0, (x, t) ∈ (0, 1)× (0, T ),

φ(x, t) = 0, (x, t) ∈ {0, 1} × (0, T ),

φ(x, T ) = φT (x), x ∈ (0, 1),

✇✐t❤ φT ✐♥ ❛♥ ❛♣♣r♦♣r✐❛t❡ s♣❛❝❡✳
❚❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✭✷✳✶✮ ✇✐t❤ ❛ ✈❛♥✐s❤✐♥❣ ♦r t✐♠❡✲✐♥❞❡♣❡♥❞❡♥t ♣♦t❡♥t✐❛❧ V ❤❛s

❛❧s♦ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ❜② ♦t❤❡r ♠❡t❤♦❞s✳ ❚❤✉s✱ ✐♥ ▲❡❜❡❛✉ ❬✻✸❪✱ ❍✐❧❜❡rt ✉♥✐q✉❡♥❡ss ✇❛s ✉s❡❞
✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ♠✐❝r♦❧♦❝❛❧ ❛♥❛❧②s✐s ❛♥❞ ❡①t❡♥❞❡❞ t♦ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ ❙❝❤rö❞✐♥❣❡r
s②st❡♠s✳ ▲❛t❡r✱ ❚❛t❛r✉ ❬✽✼✱ ✽✽❪ ❛♥❞ ❚r✐❣❣✐❛♥✐ ❬✽✾❪ ✉s❡❞ ❛♣♣r♦♣r✐❛t❡ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t✐❡s
t♦ ❞❡❞✉❝❡ ❛♣♣r♦①✐♠❛t❡ ❛♥❞ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ❛♥❞ st❛❜✐❧✐③❛❜✐❧✐t② r❡s✉❧ts✳ ❖t❤❡r ♣r♦♦❢s ♦❢
❝♦♥tr♦❧❧❛❜✐❧✐t② ❤❛✈❡ ❜❡❡♥ ❢✉r♥✐s❤❡❞ ❜② ❍♦r♥ ❛♥❞ ▲✐tt♠❛♥ ❬✺✸✱ ✺✹❪ ❛♥❞ P❤✉♥❣ ❬✼✻❪✳

■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦✱ ✇❡ ✇✐❧❧ ✉s❡ s♦♠❡ ✐❞❡❛s ✐♥s♣✐r❡❞ ❜② t❤❡ ✇♦r❦ ♦❢ ❋✉rs✐❦♦✈ ❛♥❞ ■♠❛♥✉✈✐❧♦✈
✐♥ ❬✹✶❪ ❢♦r s✐♠✐❧❛r ♣❛r❛❜♦❧✐❝ s②st❡♠s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①tr❡♠❛❧
♣r♦❜❧❡♠✿ 




▼✐♥✐♠✐③❡ J(y, u) =
1

2

∫∫

Q
ρ2|y|2 dx dt+

1

2

∫ T

0
ρ1(0, t)

2|u|2 dt

❙✉❜❥❡❝t t♦ (y, v) ∈ C(y0, T ).

✭✷✳✸✮

❍❡r❡ ❛♥❞ ✐♥ t❤❡ s❡q✉❡❧✱ Q = (0, 1)× (0, T ) ❛♥❞ C(y0, T ) ✐s t❤❡ ❧✐♥❡❛r ♠❛♥✐❢♦❧❞

C(y0, T ) = { (y, u) ∈ X : y s♦❧✈❡s (2.1) ❛♥❞ s❛t✐s✜❡s y(·, T ) = 0 }

✇❤❡r❡
X = L2(Q;C)× L2((0, T );C). ✭✷✳✹✮

❲❡ ❛ss✉♠❡ t❤❛t
{
ρ = ρ(x, t), ρ1 = ρ1(x, t) ❛r❡ ❝♦♥t✐♥✉♦✉s✱ r❡❛❧✲✈❛❧✉❡❞ ❛♥❞ ≥ ρ∗ > 0,

ρ, ρ1 ∈ L∞((0, 1)× (0, T − δ);R) ∀δ > 0,
✭✷✳✺✮

s♦ t❤❛t✱ ✐♥ ♣r✐♥❝✐♣❧❡✱ t❤❡② ❝❛♥ ❜❧♦✇ ✉♣ ❛s t→ T−✳
❚❤❡ ❢❛❝t t❤❛t ✇❡ s❡❛r❝❤ ❢♦r ♥✉❧❧ ❝♦♥tr♦❧s ❛♥❞ ❛ss♦❝✐❛t❡❞ st❛t❡s s♦❧✈✐♥❣ ✭✷✳✸✮ ❝❛♥ ❜❡ ❥✉st✐✜❡❞

❛s ❢♦❧❧♦✇s✿ ✜rst✱ t❤❡② ❝❛♥ s❡r✈❡ t♦ s❡❧❡❝t t❤❡ ✏❣♦♦❞✑ ❝♦♥tr♦❧✲st❛t❡ ♣❛✐r✱ ❛❝❝♦r❞✐♥❣ t♦ ❛ ♣r❡✈✐♦✉s❧②
❡st❛❜❧✐s❤❡❞ ❝r✐t❡r✐♦♥❀ s❡❝♦♥❞❧②✱ t❤❡② ❛✈♦✐❞ ✉♥♣❧❡❛s❛♥t ♦s❝✐❧❧❛t✐♦♥s ♦❢ t❤❡ ❝♦♥tr♦❧ ❛s t → T ✭✐t
✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t t❤✐s ♣❤❡♥♦♠❡♥♦♥ ❝❛♥ ❛♣♣❡❛r ✐❢✱ ❢♦r ✐♥st❛♥❝❡✱ ✇❡ s✐♠♣❧② tr② t♦ ✜♥❞ ♠✐♥✐♠❛❧
L2 ♥♦r♠ ♥✉❧❧ ❝♦♥tr♦❧s❀ s❡❡ ❬✹✽❪✮✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ ✐♥ t❤✐s ♣❛♣❡r ✐s t♦ s♦❧✈❡ t❤❡ ❡①tr❡♠❛❧ ♣r♦❜❧❡♠ ✭✷✳✸✮ ♥✉♠❡r✐❝❛❧❧②✳ ❚♦ t❤✐s
♣✉r♣♦s❡✱ ✇❡ ✇✐❧❧ s❡❡ ❜❡❢♦r❡ t❤❛t t❤❡ ♠❛♥✐❢♦❧❞ C(y0, T ) ✐♥ ✭✷✳✸✮ ✐s ♥♦♥✲❡♠♣t② ❛♥❞ ✭✷✳✸✮ ♣♦ss❡ss❡s
❡①❛❝t❧② ♦♥❡ s♦❧✉t✐♦♥✳

✸✷



■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② C ❛ ♣♦s✐t✐✈❡ ❣❡♥❡r✐❝ ❝♦♥st❛♥t ❛♥❞ 〈· , ·〉 ✇✐❧❧ st❛♥❞ ❢♦r t❡
✉s✉❛❧ ❞✉❛❧✐t② ♣❛✐r✐♥❣ ❢♦r H1

0 ❛♥❞ H−1✳
❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✳✷✱ ✇❡ ♣r❡s❡♥t t✇♦ ❡q✉✐✈❛❧❡♥t ✈❛r✐❛t✐♦♥❛❧

❡q✉❛❧✐t✐❡s ✇❤♦s❡ s♦❧✉t✐♦♥s p ❛♥❞ w ❢✉r♥✐s❤ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✸✮❀ s❡❡ ✭✷✳✶✸✮ ❛♥❞ ✭✷✳✶✽✮✳
❲❡ ✇✐❧❧ s❡❡ t❤❛t t❤❡ ♣❛✐r (y, u) ♦❜t❛✐♥❡❞ ❜② t❤❡ ❋✉rs✐❦♦✈✲■♠❛♥✉✈✐❧♦✈ ♠❡t❤♦❞ ❜❡❧♦♥❣s t♦ X✱
✇❤✐❝❤ ✐s ❛♥ ✐♥t❡r❡st✐♥❣ ❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt②✱ s✐♥❝❡ t❤❡ ♥❛t✉r❛❧ r❡❣✉❧❛r✐t② ❢♦r y ✐s ✭✷✳✷✮✳ ■♥
❙❡❝t✐♦♥ ✷✳✸✱ t❤❡s❡ ✈❛r✐❛t✐♦♥❛❧ ❡q✉❛❧✐t✐❡s ❛r❡ ❛♥❛❧②③❡❞ ♥✉♠❡r✐❝❛❧❧②✳ ❲❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ❢❛♠✐❧✐❡s
♦❢ ❛♣♣r♦①✐♠❛t❡ ♣r♦❜❧❡♠s ❛♥❞ ✇❡ ♣r♦✈❡ ❛♣♣r♦♣r✐❛t❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts✳ ❙❡❝t✐♦♥ ✷✳✹ ❞❡❛❧s
✇✐t❤ t❤❡ r❡s✉❧ts ♦❢ s♦♠❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✳ ■t ✐s s❡❡♥ t❤❛t t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣✐❡s ❛r❡
❡✣❝✐❡♥t ❛♥❞ ❢✉r♥✐s❤ s❛t✐s❢❛❝t♦r② ❛♣♣r♦①✐♠❛t✐♦♥s t♦ t❤❡ ❝♦♥tr♦❧✲st❛t❡ ♣❛✐r (y, u)✳ ❋✐♥❛❧❧②✱ s♦♠❡
❛❞❞✐t✐♦♥❛❧ ❝♦♠♠❡♥ts ❛r❡ ❣✐✈❡♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✺✳

✷✳✷ ❱❛r✐❛t✐♦♥❛❧ ❛♣♣r♦❛❝❤❡s t♦ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠

✷✳✷✳✶ Pr❡❧✐♠✐♥❛r✐❡s✳ ❆ ✜rst ✈❛r✐❛t✐♦♥❛❧ ❡q✉❛❧✐t②

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ✇❡✐❣❤ts

ρ(x, t) ≡ exp
(
α(x)
T−t

)
, ρ0(x, t) ≡ ρ(x, t)(T − t)3/2,

ρ1(x, t) ≡ ρ(x, t)(T − t)1/2, ρ2(x, t) ≡ ρ(x, t)(T − t)−3/2,
✭✷✳✻✮

✇❤❡r❡

α(x) = K1(e
K2 − eβ0(x)), β0(x) ≡ β00(1− x), K2 > β00 > 0. ✭✷✳✼✮

❖❜✈✐♦✉s❧②✱ ρ ❛♥❞ ρ1 s❛t✐s❢② ✭✸✳✷✸✮✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❡①tr❡♠❛❧ ♣r♦❜❧❡♠ ✭✷✳✸✮✳ ❚❤❡ r♦❧❡s
♦❢ ρ ❛♥❞ ρ0 ❛r❡ ❝❧❛r✐✜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❣✉♠❡♥ts ❛♥❞ r❡s✉❧ts✳

▲❡t ✉s s❡t

P0 = {q ∈ C2(Q : C) : q = 0 ♦♥ {0, 1} × [0, T ]}.

■♥ t❤✐s ❧✐♥❡❛r s♣❛❝❡✱ t❤❡ s❡sq✉✐❧✐♥❡❛r ❢♦r♠

(p, q)P =

∫∫

Q
ρ−2LpLq dx dt+

∫ T

0
ρ−2
1 (0, t)px(0, t) qx(0, t) dt,

✐s ❛♥ ✐♥♥❡r ♣r♦❞✉❝t✳ ❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ✉♥✐q✉❡ ❝♦♥t✐♥✉❛t✐♦♥ ♣r♦♣❡rt② ❢♦r t❤❡ ❙❝❤rö✲
❞✐♥❣❡r ❡q✉❛t✐♦♥✱ s❡❡ ❬✶✹✱ ✺✽❪✳

▲❡t P ❜❡ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ P0 ❢♦r t❤❡ ♣r❡✈✐♦✉s ✐♥♥❡r ♣r♦❞✉❝t✳ ❚❤❡♥✱ P ✐s ❛
❍✐❧❜❡rt s♣❛❝❡ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤♦❧❞s✿

▲❡♠♠❛ ✷✳✶✳ ❚❤❡r❡ ❡①✐st ♣♦s✐t✐✈❡ ✭s✉✣❝✐❡♥t❧② ❧❛r❣❡✮ ❝♦♥st❛♥ts K1✱ K2 ❛♥❞ C0 s✉❝❤ t❤❛t ♦♥❡

❤❛s ∫∫

Q
ρ−2
2 |iqt − qxx|

2 dx dt+

∫∫

Q
ρ−2
0 |q|2 dx dt

≤ C0

(∫∫

Q
ρ−2|Lq|2 dx dt+

∫ T

0
ρ−2
1 |qx(0, t)|

2 dt

) ✭✷✳✽✮

❢♦r ❛❧❧ q ∈ P ✳

✸✸



❉❡♠♦♥str❛çã♦✳ ❲❡ ❝❛♥ ❛r❣✉❡ ❛s ✐♥ t❤❡ ♣r♦♦❢s ♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ❛♥❞ ❚❤❡♦r❡♠ ✷ ✐♥ ❬✶✹❪✳ ❚❤✉s✱

❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ✇❡✐❣❤ts

ζ(x, t) ≡ exp
(

α(x)
t(T−t)

)
, ζ0(x, t) ≡ ζ(x, t)(t(T − t))3/2,

ζ1(x, t) ≡ ζ(x, t)(t(T − t))1/2, ζ2(x, t) ≡ ζ(x, t)(t(T − t))−3/2.

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ K1✱ K2✱ C ❛♥❞ C0✿
∫∫

Q
ζ−2
2 |iqt − qxx|

2 dx dt+

∫∫

Q
ζ−2
1 |qx|

2 dx dt+

∫∫

Q
ζ−2
0 |q|2 dx dt

≤ C

(∫∫

Q
ζ−2|Lq|2 dx dt+

∫ T

0
ζ−2
1 |qx(0, t)|

2 dt

)

≤ C0

(∫∫

Q
ρ−2|Lq|2 dx dt+

∫ T

0
ρ−2
1 |qx(0, t)|

2 dt

)
.

✭✷✳✾✮

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✉s✉❛❧ ❡st✐♠❛t❡s ❢♦r t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ s❤♦✇

t❤❛t
∫∫

(0,1)×(0,T/2)
|q|2 dx dt ≤ C

(∫∫

Q
ζ−2
0 |q|2 dx dt+

∫∫

(0,1)×(0,T/2)
|Lq|2 dx dt

)

❛♥❞✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t iqt − qxx = Lq − V q✱ ✇❡ ❛❧s♦ ❤❛✈❡
∫∫

(0,1)×(0,T/2)
|iqt − qxx|

2 dx dt ≤ C

(∫∫

Q
ζ−2
0 |q|2 dx dt+

∫∫

(0,1)×(0,T/2)
|Lq|2 dx dt

)
.

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❣❡t ✭✷✳✽✮ ❢♦r ❡✈❡♥t✉❛❧❧② ❧❛r❣❡r ❝♦♥st❛♥ts K1✱ K2 ❛♥❞ C0✳

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✷✳✶✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✿

Pr♦♣♦s✐t✐♦♥ ✺✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ p ∈ P t♦ t❤❡ ♣r♦❜❧❡♠




∫∫

Q
ρ−2LpLq dx dt+

∫ T

0
ρ−2
1 px(0, t) qx(0, t) dt = i〈y0 , q(· , 0)〉

∀q ∈ P ; p ∈ P.

✭✷✳✶✵✮

❉❡♠♦♥str❛çã♦✳ ▲❡t ✉s ❝❤❡❝❦ t❤❛t ✇❡ ❝❛♥ ❛♣♣❧② t❤❡ ▲❛①✲▼✐❧❣r❛♠ ▲❡♠♠❛ t♦ ✭✷✳✶✵✮✳ ■♥❞❡❡❞✱

t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ✐♥ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ✐s ❥✉st t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ✐♥ P ✱ ✇❤✐❧❡ t❤❡ ❛♥t✐❧✐♥❡❛r

❢♦r♠ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✐s ❝♦♥t✐♥✉♦✉s✳

❚❤✐s ❝❛♥ ❜❡ ❥✉st✐✜❡❞ ❛s ❢♦❧❧♦✇s✳ ■❢ q ∈ P ✱ t❤❡♥ ✇❡ ❣❡t ❢r♦♠ ✭✷✳✽✮ t❤❛t

q ∈ L2((0, T ′);L2((0, 1);C)) ✭✷✳✶✶✮

❛♥❞

iqt − qxx ∈ L2((0, T ′);L2((0, 1);C)) ✭✷✳✶✷✮

❢♦r ❛♥② T ′ < T ❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐♠♣❧✐❡s t❤❛t qt ∈ L2((0, T ′);H−2((0, 1);C)) ✇❤✐❝❤✱ ❝♦♠❜✐♥❡❞

✇✐t❤ ✭✷✳✶✶✮✱ ②✐❡❧❞s q ∈ C0([0, T ′];H−1((0, 1);C)) ❢♦r ❛❧❧ T ′✳ ❚❤✉s P ✐s ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞

✐♥ C0([0, T ′];H−1((0, 1);C)) ❛♥❞ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✶✵✮ ❝❡rt❛✐♥❧② ❞❡✜♥❡s ❛ ❝♦♥t✐♥✉♦✉s

❛♥t✐❧✐♥❡❛r ❢♦r♠ ♦♥ P ✳

✸✹



■t ✇✐❧❧ ❜❡ s❡❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ t❤❛t ✭✷✳✶✵✮ ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠
❢♦r ✭✷✳✸✮✳

✷✳✷✳✷ ❆♥❛❧②s✐s ♦❢ ✭✷✳✸✮

■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t C(y0, T ) ✐s ♥♦♥✲❡♠♣t② ❛♥❞ ✭✷✳✸✮ ♣♦ss❡ss❡s ❡①❛❝t❧② ♦♥❡
s♦❧✉t✐♦♥ (y, u) ∈ X✳

❚❤❡♦r❡♠ ✹✳ ❋♦r ❛♥② y0 ∈ L2((0, 1);C)✱ t❤❡r❡ ❡①✐sts ❡①❛❝t❧② ♦♥❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✸✮✳ ■t ✐s ❣✐✈❡♥

❜②

y = ρ−2Lp, u = −ρ−2
1 px|x=0 ✭✷✳✶✸✮

✇❤❡r❡ p ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✵✮✳

❉❡♠♦♥str❛çã♦✳ ▲❡t p ∈ P ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✵✮ ❛♥❞ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❝♦✉♣❧❡ (y, u)

❣✐✈❡♥ ❜② ✭✷✳✶✸✮✳ ■♥ ✈✐❡✇ ♦❢ ✭✷✳✶✸✮ ❛♥❞ ✭✷✳✶✵✮✱ ✇❡ s❡❡ t❤❛t

∫∫

Q
yLq dx dt =

∫ T

0
u(t)qx(0, t) dt+ i〈y0 , q(· , 0)〉 ∀q ∈ P. ✭✷✳✶✹✮

❚❤❡ ❝♦♥tr♦❧ u ❞❡✜♥❡❞ ✐♥ ✭✷✳✶✸✮ ❜❡❧♦♥❣s t♦ L2((0, T );C)✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡

s♦❧✉t✐♦♥ ỹ t♦ ✭✷✳✶✮ ✐♥ t❤❡ tr❛♥s♣♦s✐t✐♦♥ s❡♥s❡✳ ■♥ ♣❛rt✐❝✉❧❛r

〈ỹ, ḡ〉 =

∫ T

0
u(t)φx(0, t) dt+ i

∫ 1

0
y0(x)φ(x, 0) dx ∀g ∈ D(Q;C) ✭✷✳✶✺✮

✇❤❡r❡ 〈· , ·〉 st❛♥❞s ❢♦r t❤❡ ✉s✉❛❧ ❞✉❛❧✐t② ♣❛✐r✐♥❣ ❢♦r t❤❡ s♣❛❝❡sH−1(0, T ;L2((0, 1);C)) ❛♥❞H1
0 (0, T ;L

2((0, 1);C))

❛♥❞ ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞ ❜② φ t❤❡ ✉♥✐q✉❡ ✭str♦♥❣✮ s♦❧✉t✐♦♥ t♦




iφt − φxx + V (x, t)φ = g, (x, t) ∈ (0, 1)× (0, T ),

φ(0, t) = 0, φ(1, t) = 0, t ∈ (0, T ),

φ(x, T ) = 0, x ∈ (0, 1).

✭✷✳✶✻✮

◆♦t✐❝❡ t❤❛t φ ∈ P ✳ ■♥❞❡❡❞✱ ✇❡ ✜rst ❤❛✈❡ φ(x, t) = 0 ❢♦r ❛❧❧ (x, t) ∈ [0, 1] × [T − δ, T ] ❢♦r

s♦♠❡ δ > 0✳ ❆❧s♦✱ s✐♥❝❡ V ❛♥❞ Vx ❛r❡ ❡ss❡♥t✐❛❧❧② ❜♦✉♥❞❡❞✱ t❤❡ ✉s✉❛❧ ❡st✐♠❛t❡s s❤♦✇ t❤❛t

φ ∈ L∞(([0, T );H1
0 ((0, 1);C)

❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ ❢r♦♠ ▲❡♠♠❛s ✶ ❛♥❞ ✷ ✐♥ ❬✶✹❪✱ ✇❡ ✜♥❞ t❤❛t

φ ∈ C0([0, T ];H1
0 ((0, 1);C), φx(0, ·) ∈ L2((0, T );C)

❛♥❞ φ ∈ P ✳ ❚❤✉s✱ y ❛❧s♦ s❛t✐s✜❡s ✭✷✳✶✺✮ ❛♥❞ y = ỹ✳ ❚❤✐s ♠❡❛♥s t❤❛t (y, u) ∈ C(y0, T )✱ ✐✳❡✳

C(y0, T ) ✐s ♥♦♥✲❡♠♣t②✳

■♥ ❛❞❞✐t✐♦♥✱ (z, u) 7→ J(z, u) ✐s ❛ str✐❝t❧② ❝♦♥✈❡①✱ ♣r♦♣❡r ❛♥❞ ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥

♦♥ X ❛♥❞ J(z, u) → +∞ ❛s ‖(z, u)‖X → +∞✳ ❍❡♥❝❡✱ t❤❡ ❡①tr❡♠❛❧ ♣r♦❜❧❡♠ ✭✷✳✸✮ ♣♦ss❡ss❡s

❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥✳

✸✺



❋✐♥❛❧❧②✱ ❧❡t (z, v) ∈ C(y0, T ) ❜❡ s✉❝❤ t❤❛t J(z, v) < +∞✳ ■t ✐s t❤❡♥ ❝❧❡❛r t❤❛t

J(z, v)− J(y, u) = J(z − y, v − u)

+Re

(∫∫

Q
ρ2y(z̄ − ȳ) dx dt+

∫ T

0
ρ21u(v̄ − ū) dt

)

≥ Re

[∫∫

Q
Lp(z̄ − ȳ)dxdt−

∫ T

0
px(0, t)(v̄ − ū) dx dt

]

= 0.

❙♦✱ ✐♥ ❢❛❝t✱ (y, u) ✐s t❤❡ ✉♥✐q✉❡ ♠✐♥✐♠✐③❡r✳

❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✭✷✳✶✵✮✕✭✷✳✶✸✮ ✐s ❛ r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠ ❢♦r ✭✷✳✸✮✳
■♥❞❡❡❞✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✭✷✳✶✵✮ ✐s ❛ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r②✲✈❛❧✉❡ ♣r♦❜❧❡♠





L(ρ−2Lp) = 0, (x, t) ∈ (0, 1)× (0, T ),

p(0, t) = 0, p(1, t) = 0, t ∈ (0, T ),

(ρ−2Lp+ ρ−2
1 p)(0, t) = 0, (ρ−2Lp)(1, t) = 0, t ∈ (0, T ),

(ρ−2Lp)(x, 0) = 0, (ρ−2Lp)(x, T ) = 0, x ∈ (0, 1),

t❤❛t ✐s ♦❢ t❤❡ s❡❝♦♥❞✲♦r❞❡r ✐♥ t✐♠❡ ❛♥❞ ❢♦✉rt❤✲♦r❞❡r ✐♥ s♣❛❝❡ ❛♥❞ t❤✐s ✐s t✉r♥ ❡q✉✐✈❛❧❡♥t t♦
t❤❡ s②st❡♠ ❢♦r♠❡❞ ❜② t❤❡ ❝♦♥str❛✐♥ts J(y, u) < +∞ ❛♥❞ (y, u) ∈ C(y0, T )✱ t❤❡ ❜❛❝❦✇❛r❞s ✐♥
t✐♠❡ ✭❛❞❥♦✐♥t✮ s②st❡♠

{
ipt − pxx + V (x, t)p = ρ2y, (x, t) ∈ (0, 1)× (0, T ),

p(0, t) = 0, p(1, t) = 0, t ∈ (0, T )

❛♥❞ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✐♥ ✭✷✳✶✸✮✳ ❇✉t t❤✐s ✐s ❥✉st t❤❡ ♦♣t✐♠❛❧✐t② s②st❡♠ ❢♦r ✭✷✳✸✮✳
❖❢ ❝♦✉rs❡✱ t❤❡ ❝♦♥tr♦❧ u ✐s ♥♦t t❤❡ ♠✐♥✐♠❛❧ L2 ♥♦r♠ ♥✉❧❧ ❝♦♥tr♦❧ ❢♦r ✭✷✳✶✮✳ ❆s s❤♦✇♥

❛❜♦✈❡✱ t❤❡ ❛♣♣r♦❛❝❤ ✐♥ t❤✐s ♣❛♣❡r ✐s ❞✐✛❡r❡♥t✱ ❜✉t ❡♥s✉r❡s ❣♦♦❞ ✭❡①♣♦♥❡♥t✐❛❧✮ ❝♦♥✈❡r❣❡♥❝❡ t♦
③❡r♦ ♦❢ t❤❡ ❝♦♥tr♦❧ ❛♥❞ t❤❡ st❛t❡ ❛s t→ T ✳

✷✳✷✳✸ ❆ s❡❝♦♥❞ ✈❛r✐❛t✐♦♥❛❧ ❡q✉❛❧✐t②

▲❡t ✉s ♣❡r❢♦r♠ t❤❡ ❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡

w = (T − t)−γρ−1
1 p

❢♦r s♦♠❡ ❛♣♣r♦♣r✐❛t❡ γ✳ ▲❡t W ❜❡ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ P0 ❢♦r t❤❡ s❝❛❧❛r ♣r♦❞✉❝t

(w,m)W =

∫∫

Q
ρ−2L((T − t)γρ1w(x, t))L((T − t)γρ1m(x, t)) dx dt

+

∫ T

0
(T − t)2γwx(0, t)mx(0, t) dt;

❖❜✈✐♦✉s❧②✱ ✇❡ ❤❛✈❡✿
W = {(T − t)−γρ−1

1 q : q ∈ P}

❛♥❞✱ ❢♦r ❛♥② m ∈W ✱ ♦♥❡ ❤❛s

ρ−1L((T − t)γρ1m) = A1m+A2mt +A3mx +A4mxx,

✸✻



✇❤❡r❡




A1 = −(T − t)γ−
1
2 (αxx + i(γ + 1

2)) + (T − t)γ−
3
2 (iα− α2

x) + (T − t)γ+
1
2V,

A2 = i(T − t)γ+
1
2 ,

A3 = −2αx(T − t)γ−
1
2 ,

A4 = −(T − t)γ+
1
2 .

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❡q✉❛❧✐t② ✭✷✳✶✵✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❡q✉✐✈❛❧❡♥t❧② ✐♥ t❤❡ ❢♦r♠




∫∫

Q
(A1w +A2wt +A3wx +A4wxx) (A1m+A2mt +A3mx +A4mxx) dx dt

+

∫ T

0
(T − t)2γwx(0, t)mx(0, t) dt = iT γ〈y0 , ρ1(· , 0)m(· , 0)〉

∀m ∈W ; w ∈W.

✭✷✳✶✼✮

❚❤❡ ✇❡❧❧✲♣♦s❡❞♥❡ss ♦❢ t❤✐s s②st❡♠ ✐s ♥♦✇ ♦❜✈✐♦✉s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

Pr♦♣♦s✐t✐♦♥ ✻✳ ❚❤❡ ✈❛r✐❛t✐♦♥❛❧ ❡q✉❛❧✐t② ✭✷✳✶✼✮ ♣♦ss❡ss❡s ❡①❛❝t❧② ♦♥❡ s♦❧✉t✐♦♥ w ∈ W ✳ ▼♦✲

r❡♦✈❡r✱ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (y, u) t♦ ✭✷✳✶✵✮ ✐s ❣✐✈❡♥ ❜②

y = ρ−1 (A1w +A2wt +A3wx +A4wxx) , u = −(T − t)γρ1(0, ·)
−1wx(0, ·), ✭✷✳✶✽✮

✇❤❡r❡ w ∈W s♦❧✈❡s ✭✷✳✶✼✮✳

■♥ ♦r❞❡r t♦ ❤❛✈❡ ❛❧❧ t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ L∞(Q;C)✱ ✐t ✐s ❡♥♦✉❣❤ t♦ t❛❦❡ γ > 3/2✳ ❚❤✐s ✇✐❧❧
❜❡ ❛ss✉♠❡❞ ✐♥ t❤❡ s❡q✉❡❧✳

✷✳✸ ◆✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❡q✉❛❧✐t✐❡s

❲❡ ✇✐❧❧ ♥♦✇ ❛♥❛❧②③❡ ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ ✈✐❡✇♣♦✐♥t t❤❡ ♣r❡✈✐♦✉s ✈❛r✐❛t✐♦♥❛❧ ❡q✉❛❧✐t✐❡s✳ ❲❡
✇✐❧❧ ✉s❡ st❛♥❞❛r❞ ❛r❣✉♠❡♥ts✱ t❤❛t ❛❧❧♦✇ t♦ ❛♣♣r♦①✐♠❛t❡ ✭✷✳✶✵✮ ❛♥❞ ✭✷✳✶✼✮ ❜② ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧
❧✐♥❡❛r ♣r♦❜❧❡♠s✱ ✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥t ♠❛tr✐❝❡s ❛r❡ s♣❛rs❡ ❛♥❞ ❡❛s② t♦ ❝♦♥str✉❝t✳ ❲❡ ✇✐❧❧ ❞♦
t❤✐s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ❣❡♥❡r❛❧ t❤❡♦r② ❛♣♣❧✐❡s ❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥✈❡r❣❡♥❝❡
r❡s✉❧ts ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ❛♣♣r♦♣r✐❛t❡ s♣❛❝❡s✳

❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❛❞❛♣t t❤❡ r❡s✉❧ts ✐♥ ❬✶✷✱ ✷✺✱ ✼✼❪✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ❤❡r❡ ✐s
t❤❛t t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❡q✉❛❧✐t✐❡s ❝♦♥t❛✐♥ ❞❡r✐✈❛t✐✈❡s ♦❢ ♦r❞❡r t✇♦ ✭❡q✉✐✈❛❧❡♥t❧②✱ t❤❡② ❛r❡ ✇❡❛❦
❢♦r♠✉❧❛t✐♦♥ ♦❢ ❢♦✉rt❤✲♦r❞❡r ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s✮✳ ❆❝❝♦r❞✐♥❣❧②✱ ✐t ✇✐❧❧ ❜❡ ❛ ❧✐tt❧❡ ♠♦r❡
❞✐✣❝✉❧t t♦ ❝♦♥str✉❝t ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s t❤❛♥ ✐♥ t❤❡ ♠♦r❡ st❛♥❞❛r❞ s✐t✉❛t✐♦♥ ♦❢ ❛ s❡❝♦♥❞✲
♦r❞❡r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠✳

✷✳✸✳✶ ❋✐rst ❛♣♣r♦❛❝❤

❋♦r ❛♥② ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ Ph ⊂ P ✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ♣r♦❜❧❡♠✿

(ph, qh)P = ℓ0(qh) ∀qh ∈ Ph; ph ∈ Ph, ✭✷✳✶✾✮

✇❤❡r❡ ℓ0 ✐s t❤❡ ❛♥t✐❧✐♥❡❛r ❢♦r♠

ℓ0(qh) = i〈y0 , qh(· , 0)〉 ∀qh ∈ Ph.

❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ t②♣✐❝❛❧ ❢♦r ❛♥② ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤✐s ❦✐♥❞✿

✸✼



▲❡♠♠❛ ✷✳✷✳ ▲❡t p ∈ P ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✵✮ ❛♥❞ ❧❡t ph ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥

t♦ ✭✷✳✶✾✮✳ ❚❤❡♥

‖p− ph‖P = inf
qh∈Ph

‖p− qh‖P . ✭✷✳✷✵✮

❉❡♠♦♥str❛çã♦✳ ◆♦t✐❝❡ t❤❛t✱ ❢♦r ❛♥② qh ∈ Ph✱

‖ph − p‖2P = (ph − p, ph − p)P = (ph − p, ph − qh)P + (ph − p, qh − p)P .

❚❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ✐s ③❡r♦ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❜② ‖ph −

p‖P ‖qh − p‖P ✳ ❈♦♥s❡q✉❡♥t❧②✱ ♦♥❡ ❤❛s ✭✷✳✷✵✮✳

▲❡t ✉s ❛ss✉♠❡ t❤❛tH ⊂ R
d ✐s ❛ ❣❡♥❡r❛❧✐③❡❞ ✭♥♦t ♥❡❝❡ss❛r✐❧② ❝♦✉♥t❛❜❧❡✮ s❡q✉❡♥❝❡ ❝♦♥✈❡r❣✐♥❣

t♦ ③❡r♦ ❛♥❞ ❧❡t Ph ❜❡ ❛s ❛❜♦✈❡ ❢♦r ❡❛❝❤ h ∈ H✳ ▲❡t ✉s ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐st ✐♥t❡r♣♦❧❛t✐♦♥
♦♣❡r❛t♦rs Πh : P0 7→ Ph s❛t✐s❢②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣✿

‖Πhq − q‖P → 0 ❛s h→ 0 ∀q ∈ P0. ✭✷✳✷✶✮

❲❡ t❤❡♥ ❤❛✈❡ ❛ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✼✳ ▲❡t p ∈ P ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✵✮ ❛♥❞ ❧❡t ph ∈ Ph ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✶✾✮

❢♦r ❡❛❝❤ h ∈ H✳ ❚❤❡♥

‖p− ph‖P → 0 ❛s h→ 0.

❉❡♠♦♥str❛çã♦✳ ▲❡t ✉s ❝❤♦♦s❡ ǫ > 0✳ ❋r♦♠ t❤❡ ❞❡♥s✐t② ♦❢ P0 ✐♥ P ✱ t❤❡r❡ ❡①✐sts pǫ ∈ P0 s✉❝❤

t❤❛t ‖p− pǫ‖P ≤ ǫ✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ ▲❡♠♠❛ ✷✳✷✱ ✇❡ ✜♥❞ t❤❛t

‖p− ph‖P ≤ ‖p−Πhpǫ‖P

≤ ‖p− pǫ‖P + ‖pǫ −Πhpǫ‖P

≤ ǫ+ ‖pǫ −Πhpǫ‖P .

■♥ ✈✐❡✇ ♦❢ ✭✷✳✷✶✮✱ ♦♥❡ ❤❛s ‖pǫ −Πhpǫ‖P → 0 ❛s h→ 0 ❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s✳

✷✳✸✳✷ ❙❡❝♦♥❞ ❛♣♣r♦❛❝❤

❲❡ ✇✐❧❧ ♥♦✇ t✉r♥ t♦ t❤❡ ❢♦r♠✉❧❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✸✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ s❡sq✉✐❧✐♥❡❛r ❢♦r♠ A(·, ·)✱ ✇✐t❤

A(w,m)=

∫∫

Q
(A1w+A2wt+A3wx+A4wxx)(A1m+A2mt+A3mx+A4mxx) dx dt

+

∫ T

0
(T − t)2γwx(0, t)mx(0, t) dt ∀w,m ∈W

❛♥❞ t❤❡ ❛♥t✐❧✐♥❡❛r ❢♦r♠ ℓ✱ ✇✐t❤

ℓ(m) = iT γ〈y0 , ρ1(· , 0)m(· , 0)〉 ∀m ∈W.

✸✽



❚❤❡♥✱ ✭✷✳✶✼✮ r❡❛❞s ❛s ❢♦❧❧♦✇s✿

A(w,m) = ℓ(m) ∀m ∈W ; w ∈W. ✭✷✳✷✷✮

❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ❙❡❝t✐♦♥✱ ❢♦r ❛♥② ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ Wh ⊂ W ✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t❡❞ ♣r♦❜❧❡♠✿

A(wh,mh) = ℓ(mh) ∀mh ∈Wh; wh ∈Wh. ✭✷✳✷✸✮

❖❜✈✐♦✉s❧②✱ ✭✷✳✷✸✮ ✐s ✇❡❧❧ ♣♦s❡❞✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ❛ r❡s✉❧t s✐♠✐❧❛r t♦ ▲❡♠♠❛ ✷✳✷✿

▲❡♠♠❛ ✷✳✸✳ ▲❡t w ∈ W ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✷✷✮ ❛♥❞ ❧❡t wh ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥

t♦ ✭✷✳✷✸✮✳ ❚❤❡♥

‖w − wh‖W = inf
mh∈Wh

‖w −mh‖W .

▲❡t Wh ❜❡ ❛s ❛❜♦✈❡ ❢♦r ❡❛❝❤ h ∈ H✳ ❆❣❛✐♥✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐st ✐♥t❡r♣♦❧❛t✐♦♥
♦♣❡r❛t♦rs Πh : P0 7→Wh s❛t✐s❢②✐♥❣

‖Πhm−m‖W → 0 ❛s h→ 0 ∀m ∈ P0. ✭✷✳✷✹✮

❲❡ ❤❛✈❡✿

Pr♦♣♦s✐t✐♦♥ ✽✳ ▲❡t w ∈W ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✷✷✮ ❛♥❞ ❧❡t wh ∈Wh ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ ✭✷✳✷✸✮

❢♦r ❡❛❝❤ h ∈ H✳ ❚❤❡♥

‖w − wh‖W → 0 ❛s h→ 0.

✷✳✸✳✸ ❚❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s Ph ❛♥❞ Wh

■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♥str✉❝t s♦♠❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡s Xh t❤❛t ❝❛♥ ❜❡ r❡s♣❡❝✲
t✐✈❡❧② ✉s❡❞ ✐♥ ✭✷✳✶✾✮ ❛♥❞ ✭✷✳✷✸✮✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❡q✉❛❧✐t✐❡s ✭✷✳✶✵✮ ❛♥❞ ✭✷✳✶✼✮✱ ❛s
✇❡❧❧ ❛s t❤❡✐r ✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ❝♦✉♥t❡r♣❛rts ✭✷✳✶✾✮ ❛♥❞ ✭✷✳✷✸✮ ❛r❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥s ♦❢ ❡❧❧✐♣t✐❝
♣r♦❜❧❡♠s ♦❢ t❤❡ s❡❝♦♥❞ ❛♥❞ ❢♦✉rt❤ ♦r❞❡r ✐♥ t✐♠❡ ❛♥❞ s♣❛❝❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ✈❛r✐❛❜❧❡s t ❛♥❞
x ♣❧❛② ❤❡r❡ s✐♠✐❧❛r r♦❧❡s ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❞❛t❛ ❛r❡ ❢✉r♥✐s❤❡❞ ♦♥ t❤❡ ✇❤♦❧❡ ❜♦✉♥❞❛r② ♦❢ Q
✭❛❧t❤♦✉❣❤✱ ♦❢ ❝♦✉rs❡✱ t✇♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♠✉st ❜❡ ✐♠♣♦s❡❞ ♦♥ t❤❡ ❧❛t❡r❛❧ s✐❞❡s ❛♥❞ ♦♥❧②
♦♥❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐s r❡q✉✐r❡❞ ♦♥ t❤❡ t♦♣ ❛♥❞ t❤❡ ❜♦tt♦♠ ❡❞❣❡s✮✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐t ✐s
♥❛t✉r❛❧ t♦ ✇♦r❦ ✇✐t❤ s♣❛❝❡s Xh ✇❤❡r❡ t✐♠❡ ❛♥❞ s♣❛❝❡ ❛r❡ ❤❛♥❞❧❡❞ s✐♠✉❧t❛♥❡♦✉s❧②✳ ■♥ ♦✉r
❝♦♥t❡①t✱ t❤✐s ♠❡❛♥s t❤❛t ✇❡ ♠✉st ❝♦♥s✐❞❡r t✐♠❡✲s♣❛❝❡ ✜♥✐t❡ ❡❧❡♠❡♥ts✳

◆♦t✐❝❡ t❤❛t t✐♠❡✲s♣❛❝❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❛♣♣r♦①✐♠❛t✐♦♥ ❤❛s ❛❧s♦ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ❝♦♥♥❡❝t✐♦♥
✇✐t❤ ♦t❤❡r ♣r♦❜❧❡♠s❀ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✺✱ ✶✵✱ ✶✶✱ ✹✸✱ ✺✺✱ ✽✵❪ ❢♦r s♦♠❡ ❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r
♣❛r❛❜♦❧✐❝ ❛♥❞ ❤②♣❡r❜♦❧✐❝ s②st❡♠s✳

❋♦r ❛♥② ❝♦✉♣❧❡ ♦❢ ✐♥t❡❣❡rs K,L ≥ 1✱ ✇❡ s❡t ∆x = 1/K✱ ∆t = T/L ❛♥❞ h = (∆x,∆t) ❛♥❞
✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ✉♥✐❢♦r♠ q✉❛❞r❛♥❣✉❧❛t✐♦♥

Qh = {Rkl = [xk, xk+1]× [tl, tl+1] : 1 ≤ k ≤ K, 1 ≤ l ≤ L},

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ♥♦t❛t✐♦♥

xk = (k − 1)∆x ❛♥❞ tl = (l − 1)∆t

✸✾



❢♦r ❛❧❧ k ❛♥❞ l✳
❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② C1,0

x,t (Q) t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s q ∈ C0(Q) t❤❛t ♣♦ss❡ss ❛ ♣❛rt✐❛❧ ❞❡r✐✈❛✲
t✐✈❡ qx ∈ C0(Q)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤♦❧❞s✿

❚❤❡♦r❡♠ ✺✳ ❆ss✉♠❡ t❤❛t qh ∈ C0(Q) ❛♥❞ qh|R ∈ H1(R) ❢♦r ❛❧❧ R ∈ Qh✳ ❚❤❡♥ qh ∈ H1(Q)✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ qh ∈ C1,0
x,t (Q) ❛♥❞ (qh|R)xx ∈ L2(R) ❢♦r ❛❧❧ R ∈ Qh✱ t❤❡♥ (qh)xx ∈ L2(Q)✳

❚❤❡ ♣r♦♦❢ ✐s ❡❛s② ❛♥❞ ✐s ❧❡❢t t♦ t❤❡ r❡❛❞❡r✳
❋♦r ❡❛❝❤ h✱ ❧❡t ✉s s❡t

Xh = { qh ∈ C1,0
x,t (Q) : qh|R ∈ P(R) ∀R ∈ Qh, qh = 0 ♦♥ {0, 1} × [0, T ] },

✇❤❡r❡ P(R) ❞❡♥♦t❡s t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s ✐♥ x ❛♥❞ ✐♥ t✿

P(R) = (P3,x ⊗ P1,t)(R)

✭❤❡r❡✱ Pr,ξ st❛♥❞s ❢♦r t❤❡ s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ ♦r❞❡r r ✐♥ t❤❡ ✈❛r✐❛❜❧❡ ξ✮✳
■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❛ ❢✉♥❝t✐♦♥ f ∈ P(R) ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✈❛❧✉❡s ♦❢ f ❛♥❞

fx ❛t t❤❡ ❢♦✉r ✈❡rt✐❝❡s ♦❢ R✳ ❈♦♥s❡q✉❡♥t❧②✱ Xh ✐s ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡ ♦❢ P ❛♥❞ W ❛♥❞
❛♥② ❢✉♥❝t✐♦♥ ph ∈ Xh ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✈❛❧✉❡s ♦❢ ph ❛t t❤❡ ♥♦❞❡s ♦❢ Qh t❤❛t ❞♦
♥♦t ❜❡❧♦♥❣ t♦ {0, 1} ❛♥❞ t❤❡ ✈❛❧✉❡s ♦❢ (ph)x ❛t t❤❡ ♥♦❞❡s ♦❢ Qh✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❢✉♥❝t✐♦♥s

L0,k(x) =
(∆x+ 2x− 2xk)(∆x− x+ xk)

2

(∆x)3
, L1,k(x) =

(x− xk)
2(−2x+ 2xk + 3∆x)

(∆x)3

L2,k(x) =
(x− xk)(∆x− x+ xk)

2

(∆x)2
, L3,k(x) =

−(x− xk)
2(∆x− x+ xk)

(∆x)2

❛♥❞
L0l(t) =

tl − t+∆t

∆t
, L1l(t) =

t− tl
∆t

.

◆♦t✐❝❡ t❤❛t t❤❡s❡ ❢✉♥❝t✐♦♥s s❛t✐s❢②
{
Li,k(xm+k) = δim, L′

i,k(xm+k) = 0,

Li+2,k(xm+k) = 0, L′
i+2,k(xm+k) = δim,

❢♦r i,m = 0, 1✳
❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡♠❡♥t❛r② r❡s✉❧t✱ ✇❤❡r❡ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦♣❡r❛t♦r Πh : P0 7→ Xh

✐s ✐♥tr♦❞✉❝❡❞✿

▲❡♠♠❛ ✷✳✹✳ ▲❡t u ∈ P0 ❛♥❞ ❧❡t ✉s ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ Πhu ❛s ❢♦❧❧♦✇s✿ ♦♥ ❡❛❝❤ Rkl✱ ✇❡ s❡t

Πhu(x, t) =

1∑

i,j=0

Li,k(x)Lj,l(t)u(xi+k, tj+l) +

1∑

i,j=0

Li+2,k(x)Lj,l(t)ux(xi+k, tj+l).

❚❤❡♥ Πhu ✐s t❤❡ ✉♥✐q✉❡ ❢✉♥❝t✐♦♥ ✐♥ Xh t❤❛t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r ❛❧❧ k ❛♥❞ l✿

Πhu(xk, tl) = u(xk, tl), (Πhu)x(xk, tl) = ux(xk, tl).

✹✵



✷✳✸✳✹ ❈♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts

❲❡ ❞✐✈✐❞❡ t❤✐s ❙❡❝t✐♦♥ ✐♥ t✇♦ ♣❛rts✱ r❡s♣❡❝t✐✈❡❧② ❞❡✈♦t❡❞ t♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts
✐♥ ✭✷✳✷✶✮ ❛♥❞ ✭✷✳✷✹✮✳ ❋♦r s✐♠♣❧✐❝✐t②✱ t❤❡ ✉s✉❛❧ ♥♦r♠ ✐♥ Lr((0, 1)× (0, T );C) ✭r❡s♣✳ ✐♥ t❤❡ s♣❛❝❡
Lr(0, T ;Ls((0, 1);C))✮ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② ‖ · ‖r ✭r❡s♣✳ ‖ · ‖r,s✮✳

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ‖q −Πhq‖P

❲❡ ✜rst ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

▲❡♠♠❛ ✷✳✺✳ ❚❤❡r❡ ❡①✐st C✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ h = (∆x,∆t)✱ s✉❝❤ t❤❛t✱ ❢♦r ❛♥② q ∈ P0✱ ♦♥❡

❤❛s✿
∫∫

Q
|q −Πhq|

2 dx dt ≤ C
(
‖qx‖∞∆t(∆x)2 + ‖pt‖

2
2,∞∆x(∆t)2

+ ‖qxt‖
2
2,∞(∆x)3(∆t)4 + ‖qxx‖

2
∞,2(∆x)

4(∆t)
)
.

✭✷✳✷✺✮

❚❤✐s r❡s✉❧t ✐s ♣r♦✈❡❞ ✐♥ ❬✸✽❪❀ s❡❡ t❤❡ ❡st✐♠❛t❡s ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳✸✳ ■t r❡❧✐❡s ♦♥ t❤❡ ✐❞❡♥t✐t②

q −Πhq =

1∑

i,j=0

mijqx(xi+k, tj+l) +

1∑

i,j=0

Li,kLj,lR[q : xi+k, tj+l], ✭✷✳✷✻✮

✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥s mi,j ❛♥❞ R[q : xi+k, tj+l] ❛r❡ ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿

mi,j(x, t) ≡ (Li,k(x)(x− xk)− Li+2,k(x))L(t),

R[q : xi+k, tj+l] ≡

∫ t

tj+l

qt(xi+k, s)ds+ (x− xi+k)

∫ t

tj+l

(t− s)qxt(xi+k, s)ds

+

∫ x

xi+k

(x− s)qxx(s, t)ds.

■♥ ❛ s✐♠✐❧❛r ✇❛②✱ ✐t ❝❛♥ ❛❧s♦ ❜❡ s❤♦✇♥ t❤❛t✱ ❢♦r ❛♥② q ∈ P0✱
∫∫

K
(q −Πhq)xx dx dt→ 0 ❛s h→ 0. ✭✷✳✷✼✮

❲❡ ❛❧s♦ ❤❛✈❡ ❛ ❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ t❤❡ ♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ ❛t x = 0✿

▲❡♠♠❛ ✷✳✻✳ ❋♦r ❛♥② q ∈ P0✱ ♦♥❡ ❤❛s

∫ T

0
|(q −Πhq)x(0, t)|

2dt→ 0 ❛s h→ 0. ✭✷✳✷✽✮

❉❡♠♦♥str❛çã♦✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② Rl t❤❡ r❡❝t❛♥❣❧❡ (0, x1) × (tl, tl+1)✳ ❚❤❡♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣

✐❞❡♥t✐t② ❤♦❧❞s ✐♥ Rl✿

Πhq(x, t) =

1∑

i,j=0

Li,0(x)Lj,l(t)q(xi, tj+l) +

1∑

i,j=0

Li+2,0(x)Lj,l(t)qx(xi, tj+l).

✹✶



❆❢t❡r ❞✐✛❡r❡♥t✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ x✱ s❡tt✐♥❣ x = 0✱ ✇❡ s❡❡ t❤❛t

(q −Πhq)x(0, t) = qx(0, t)− L0l(t)qx(0, tl)− L1l(t)qx(0, tl+1)

= qx(0, tl) +

∫ t

tl

qxt(0, s) ds−
tl − t+∆t

∆t
qx(0, tl)−

t− tl
∆t

qx(0, tl+1)

=

∫ t

tl

qxt(0, s) ds−
t− tl
∆t

[qx(0, tl+1)− qx(0, tl)] .

❈♦♥s❡q✉❡♥t❧②✱ ∫ T

0
|(q −Πhq)x|

2(0, t) dt ≤ C‖qxt(0, ·)‖
2
∞∆t.

❚❤✐s ♣r♦✈❡s ✭✷✳✷✽✮✳

◆♦✇✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✷✳✷✺✮✱ ✭✷✳✷✼✮ ❛♥❞ ✭✷✳✷✽✮✱ ✇❡ s❡❡ t❤❛t ✭✷✳✷✶✮ ❤♦❧❞s✳ ❚❤✐s s❤♦✇s
t❤❛t t❤❡ ♣r♦❜❧❡♠s ✭✷✳✶✾✮ ❢✉r♥✐s❤ ❛ s❡q✉❡♥❝❡ ♦❢ ❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥s ph t❤❛t ❝♦♥✈❡r❣❡s
str♦♥❣❧② t♦ p ✐♥ P ✳

❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ‖m−Πhm‖W

▲❡t ✉s ✜rst ♥♦t✐❝❡ t❤❛t✱ ❢♦r ❛♥② m ∈ P0✱

‖m−Πhm‖2W ≤ 4‖A1‖
2
∞

∫∫

Q
|m−Πhm|2 dx dt

+4‖A2‖
2
∞

∫∫

Q
|(m−Πhm)t|

2 dx dt+ 4‖A3‖
2
∞

∫∫

Q
|(m−Πhm)x|

2 dx dt

+4‖A4‖
2
∞

∫∫

Q
|(m−Πhm)xx|

2 dx dt+ T 2γ

∫ T

0
|(m−Πhm)x(0, t)|

2 dt.

✭✷✳✷✾✮

❋r♦♠ ▲❡♠♠❛ ✷✳✺✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✷✳✷✾✮ ❝♦♥✈❡r❣❡s t♦
③❡r♦ ❛s h→ 0✳ ❚❤❡ ♥❡①t t❤r❡❡ t❡r♠s ❝♦♥✈❡r❣❡ ❛s ✇❡❧❧❀ t♦ ❝❤❡❝❦ t❤✐s✱ ✐t s✉✣❝❡s t♦ ❞✐✛❡r❡♥t✐❛t❡
✭✷✳✷✻✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛r✐❛❜❧❡ ❛♥❞ ❛r❣✉❡ ❛s ✐♥ ❬✸✽❪✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❛st t❡r♠
❝♦♥✈❡r❣❡s t♦ ③❡r♦ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✷✳✻✳ ❚❤❡r❡❢♦r❡✱ ♦♥❡ ❤❛s ✭✷✳✷✹✮✱ ✐✳❡✳

‖m−Πhm‖W → 0 ❛s h→ 0

❢♦r ❛❧❧ m ∈ P0✳
❆s ❜❡❢♦r❡✱ t❤✐s s❤♦✇s t❤❛t t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ♣r♦❜❧❡♠s ✭✷✳✷✸✮ ❝♦♥✈❡r❣❡ str♦♥❣❧② ✐♥ W

t♦ w ❛s h→ 0✳

✷✳✹ ◆✉♠❡r✐❝❛❧ ❊①♣❡r✐♠❡♥ts

■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t t❤❡ r❡s✉❧ts ♦❢ s♦♠❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts ❝♦♥❝❡r♥✐♥❣ t❤❡
s♦❧✉t✐♦♥s t♦ ✭✷✳✶✾✮ ❛♥❞ ✭✷✳✷✸✮✳

❇♦t❤ ♣r♦❜❧❡♠s ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❧✐♥❡❛r s②st❡♠s ✇❤❡r❡ t❤❡ ❝♦❡✣❝✐❡♥t ♠❛tr✐❝❡s ❛r❡ s♣❛rs❡✳
❖♥❝❡ ✇❡ ✜♥❞ t❤❡ s♦❧✉t✐♦♥ ph t♦ ✭✷✳✶✾✮✱ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ st❛t❡✲❝♦♥tr♦❧ ♣❛✐r ❝❛♥ ❜❡ ❢♦✉♥❞
t❤r♦✉❣❤ ✭✷✳✶✸✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ s♦❧✉t✐♦♥ wh t♦ ✭✷✳✷✸✮ ❢✉r♥✐s❤❡s ❛♥♦t❤❡r ❛♣♣r♦①✐♠❛t❡❞

✹✷
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❋✐❣✉r❛ ✷✳✶✿ ❚❤❡ ❢✉♥❝t✐♦♥s ρ−1 ❛♥❞ ρ−1
1 (0, ·) ❢♦r β00 = 0.1✱ K2 = 1.4β00 ❛♥❞ K1 = 0.5✳

st❛t❡✲❝♦♥tr♦❧ ♣❛✐r ✉s✐♥❣ ✭✷✳✶✽✮✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ✇❡✐❣❤ts ρ ❛♥❞ ρ1 ❛r❡ ❣✐✈❡♥ ❜② ✭✷✳✻✮✕✭✷✳✼✮✳ ❚❤❡
❢✉♥❝t✐♦♥s ρ−1 ❛♥❞ ρ1(0, ·)−1 ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✷✳

❚❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❧✐♥❡❛r s②st❡♠s ❛r✐s✐♥❣ ✐♥ ✭✷✳✶✾✮ ❛♥❞ ✭✷✳✷✸✮ ❛r❡ ❝♦♠♣✉t❡❞ ❜② ♣❡r❢♦r♠✐♥❣
❛ LU ❢❛❝t♦r✐③❛t✐♦♥ ❛♥❞ s♦❧✈✐♥❣ t✇♦ tr✐❛♥❣✉❧❛r s②st❡♠s✳ ■♥ t❤❡ ❡①♣❡r✐♠❡♥ts✱ ✇❡ ❤❛✈❡ t❛❦❡♥ T =

0.5 ❛♥❞ y0(x) ≡ sin(πx) + i sin(2πx)✳ ◆♦t✐❝❡ t❤❛t✱ ♣❤②s✐❝❛❧❧②✱ y0 ♣r♦✈✐❞❡s ❛ tr✉❡ ♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♦❢ ❛ ♣❛rt✐❝❧❡ ✐♥ ✭✵✱✶✮✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❤❛✈❡ t❛❦❡♥ ∆x =

∆t✳
❲❡ ✜rst ♣r❡s❡♥t t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ ✭✷✳✶✾✮❀ s❡❡ ❚❛❜❧❡s ✶ ❛♥❞ ✷✱

r❡s♣❡❝t✐✈❡❧② ❝♦♥❝❡r♥✐♥❣ t❤❡ ❝❤♦✐❝❡s
V (x, t) ≡ 0

❛♥❞
V (x, t) ≡ xµ(t), ✇✐t❤ µ = 10 · ✶[T/4,3T/4].

▲❡t ✉s ❞❡♥♦t❡ ❜② Sh t❤❡ ♠❛tr✐① ❛r✐s✐♥❣ ❢r♦♠ ✭✷✳✶✾✮✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ❝♦♥❞ (Sh) =
‖Sh‖ ‖S

−1
h ‖ ❞❡♣❡♥❞s str♦♥❣❧② ♦♥ h = (∆x,∆t)✳ ❍❡r❡✱ t❤❡ ♥♦r♠ ‖Sh‖ st❛♥❞s ❢♦r t❤❡ ❧❛r❣❡st

s✐♥❣✉❧❛r ✈❛❧✉❡ ♦❢ Sh✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐t ✐s ❢♦✉♥❞ t❤❛t ❝♦♥❞ (Sh) = O(|h|−16)✳ ❋♦r t❤❡ ❝♦♠✲
♣✉t❛t✐♦♥s ♦❢ ‖yh − y‖L2(Q) ❛♥❞ ‖uh − u‖L2(0,T )✱ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❝♦✉♣❧❡ (y, u) ❢♦✉♥❞ ❢♦r
∆x = ∆t = 1/150✳ ◆♦t✐❝❡ t❤❛t ‖yh − y‖L2(Q) = O(|h|0.4) ❛♥❞ ‖uh − u‖L2(0,T ) = O(|h|1.0)✳

❲❡ ♥♦✇ ♣r❡s❡♥t t❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ ✭✷✳✷✸✮✳ ❚❤❡② ❛r❡ ❣✐✈❡♥ ✐♥ ❚❛❜❧❡s
✸ ❛♥❞ ✹✳

◆♦t✐❝❡ t❤❛t✱ ♥♦✇✱ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ✐♥❝r❡❛s❡s ❤❛s ❜❡❡♥ r❡❞✉❝❡❞ ❛
❧♦t✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❞❡♥♦t✐♥❣ ❜② Mh t❤❡ ♠❛tr✐① ♦❢ ❝♦❡✣❝✐❡♥ts ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✭✷✳✷✸✮✱ ✇❡ s❡❡
t❤❛t ❝♦♥❞(Mh) = O(|h|−6.0) ✭t❤❡ r❛t❡ ✐s ✐♥ ♣r❛❝t✐❝❡ t❤❡ s❛♠❡ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ♣♦t❡♥t✐❛❧✮✳
❖❜✈✐♦✉s❧②✱ t❤✐s ✐♥❞✐❝❛t❡s t❤❛t t❤❡ r❡s✉❧ts ❢✉r♥✐s❤❡❞ ❜② t❤✐s s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ❛r❡ ♠✉❝❤ ♠♦r❡
r❡❧✐❛❜❧❡✳

❈♦♠♣❛r✐♥❣ ‖uh‖L2(0,T ) ❛♥❞ ‖yh‖L2(Q) ✐♥ ❚❛❜❧❡s ✶ ❛♥❞ ✸✱ ✇❡ s❡❡ t❤❛t✱ ✐♥ t❤❡ ❝❛s❡ V ≡ 0✱
t❤❡ ❜❛❞ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ✐♥ t❤❡ ✜rst ❛♣♣r♦❛❝❤ ✐s ♥♦t r❡❧❡✈❛♥t ✇❤❡♥ t❤❡ s♦❧✉t✐♦♥ ❛♥❞ t❤❡
❝♦♥tr♦❧ ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ t❡r♠s ♦❢ p✳ ❈♦♥tr❛r✐❧②✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ✇❤❡♥ V (x, t) ≡ xµ(t)✱ ❛s
❝❛♥ ❜❡ s❡❡♥ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ r❡s✉❧ts ✐♥ ❚❛❜❧❡s ✷ ❛♥❞ ✹✳ ❚❤✐s ❝♦♥✜r♠s t❤❛t t❤❡ ✜rst ❛♣♣r♦❛❝❤
❝❛♥ ❜❡ ❧❡ss ❡✣❝✐❡♥t ❛♥❞✱ ✐♥ ❣❡♥❡r❛❧✱ t❤❡ s❡❝♦♥❞ ❛♣♣r♦❛❝❤ ♠✉st ❜❡ ❛❞♦♣t❡❞✳

✹✸



❚❛❜❧❡ ✶ ✿ P♦t❡♥t✐❛❧ V (x, t) = 0

∆x,∆t 1/20 1/40 1/60 1/80 1/100 1/150

❝♦♥❞ 8.2× 109 7.0× 1014 8.2× 1018 2.6× 1022 3.0× 1025 1.1× 1031

‖ph‖L2(Q) ✵✳✵✸✾✺ ✵✳✵✸✾✶ ✵✳✵✹✵✶ ✵✳✵✺✷✷ ✵✳✶✶✺✾ ✶✳✶✶✶✾

‖uh‖L2(0,T ) ✵✳✷✾✾✸ ✵✳✸✶✶✶ ✵✳✸✶✺✶ ✵✳✸✶✻✾ ✵✳✸✶✼✽ ✵✳✸✶✽✾

‖yh‖L2(Q) ✵✳✻✹✽✹ ✵✳✼✽✽✾ ✵✳✽✻✸✻ ✵✳✾✵✾✺ ✵✳✾✹✶✸ ✵✳✾✾✶✽

‖yh − y‖L2(Q) ✵✳✻✸✾✾ ✵✳✹✶✾✾ ✵✳✷✾✺✸ ✵✳✷✵✾✷ ✵✳✶✹✸✷ ✲

‖uh − u‖L2(0,T ) ✵✳✵✻✷✺ ✵✳✵✸✷✷ ✵✳✵✷✵✷ ✵✳✵✶✸✶ ✵✳✵✵✽✷ ✲

❚❛❜❧❡ ✷✿ P♦t❡♥t✐❛❧ V (x, t) = x ∗ µ(t)

∆x,∆t 1/20 1/40 1/60 1/80 1/100 1/150

❝♦♥❞ 8.2× 109 7.0× 1014 8.2× 1018 2.6× 1022 3.1× 1025 6.0× 1031

‖ph‖L2(Q) ✵✳✵✷✶✵ ✵✳✵✷✵✷ ✵✳✵✷✵✶ ✵✳✵✷✵✵ ✵✳✵✷✵✵ ✵✳✵✷✵✷

‖uh‖L2(0,T ) ✵✳✶✽✷✹ ✵✳✶✾✷✹ ✵✳✶✾✹✼ ✵✳✶✾✺✷ ✵✳✶✾✺✷ ✵✳✶✾✻✼

‖yh‖L2(Q) ✵✳✹✺✸✶ ✵✳✻✶✹✶ ✵✳✻✾✹✷ ✵✳✼✹✶✵ ✵✳✼✼✷✸ ✵✳✽✷✸✷

‖yh − y‖L2(Q) ✵✳✺✾✷✸ ✵✳✸✽✹✺ ✵✳✷✻✽✶ ✵✳✶✽✾✻ ✵✳✶✸✵✹ ✲

‖uh − u‖L2(0,T ) ✵✳✵✹✸✵ ✵✳✵✷✷✽ ✵✳✵✶✺✷ ✵✳✵✶✵✷ ✵✳✵✵✻✼ ✲

❚❛❜❧❡ ✸ ✿ P♦t❡♥t✐❛❧ V (x, t) = 0

∆x,∆t 1/20 1/40 1/60 1/80 1/100 1/150

❝♦♥❞ 7.0× 109 3.8× 1010 1.0× 1011 1.4× 1011 3.6× 1011 8.6× 1011

‖wh‖L2(Q) ✵✳✵✽✶✻ ✵✳✵✽✼✺ ✵✳✵✽✼✺ ✵✳✵✽✼✻ ✵✳✵✽✼✻ ✵✳✵✽✼✽

‖uh‖L2(0,T ) ✵✳✷✾✷✺ ✵✳✸✶✷✸ ✵✳✸✶✺✽ ✵✳✸✶✼✹ ✵✳✸✶✽✷ ✵✳✸✶✾✷

‖yh‖L2(Q) ✵✳✻✼✸✶ ✵✳✼✾✸✷ ✵✳✽✻✻✸ ✵✳✾✶✶✷ ✵✳✾✹✷✺ ✵✳✾✾✷✶

‖yh − y‖L2(Q) ✵✳✻✹✹✺ ✵✳✹✶✼✶ ✵✳✷✾✸✽ ✵✳✷✵✽✹ ✵✳✶✹✷✽ ✲

‖uh − u‖L2(0,T ) ✵✳✵✽✾✶ ✵✳✵✸✶✻ ✵✳✵✷✵✵ ✵✳✵✶✸✵ ✵✳✵✵✽✶ ✲

❚❛❜❧❡ ✹ ✿ P♦t❡♥t✐❛❧ V (x, t) = x ∗ µ(t)

∆x,∆t 1/20 1/40 1/60 1/80 1/100 1/150

❝♦♥❞ 6.8× 109 3.7× 1010 1.0× 1011 2.0× 1011 3.3× 1011 1.1× 1012

‖wh‖L2(Q) ✵✳✵✽✶✻ ✵✳✵✽✶✶ ✵✳✵✽✶✶ ✵✳✵✽✶✶ ✵✳✵✽✶✷ ✵✳✵✽✶✹

‖uh‖L2(0,T ) ✵✳✷✾✷✺ ✵✳✸✵✸✾ ✵✳✸✵✼✾ ✵✳✸✵✾✻ ✵✳✸✶✵✺ ✵✳✸✶✶✻

‖yh‖L2(Q) ✵✳✻✼✸✶ ✵✳✽✶✺✻ ✵✳✽✾✵✶ ✵✳✾✸✺✹ ✵✳✾✻✻✻ ✶✳✵✶✹✽

‖yh − y‖L2(Q) ✵✳✻✹✸✺ ✵✳✹✶✾✷ ✵✳✷✾✹✶ ✵✳✷✵✽✸ ✵✳✶✹✷✼ ✲

‖uh − u‖L2(0,T ) ✵✳✵✻✷✾ ✵✳✵✸✷✹ ✵✳✵✷✵✸ ✵✳✵✶✸✷ ✵✳✵✵✽✸ ✲

■♥ ✇❤❛t r❡❣❛r❞s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡s✱ ✇❡ s❡❡ t❤❛t✱ ❛❣❛✐♥✱ ‖yh − y‖L2(Q) = O(|h|0.4) ❛♥❞
‖uh − u‖L2(0,T ) = O(|h|1.0)✳

✹✹



❚❤❡ ❝♦♠♣✉t❡❞ st❛t❡s ❛♥❞ ❝♦♥tr♦❧s ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡s ✷✳✹✕✷✳✹✳
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✭❝✮ ❚❤❡ ✐♠❛❣✐♥❛r② ♣❛rt

❋✐❣✉r❛ ✷✳✷✿ ❚❤❡ ❝❛s❡ V = 0

✷✳✺ ❆❞❞✐t✐♦♥❛❧ ❝♦♠♠❡♥ts ❛♥❞ ❝♦♥❝❧✉s✐♦♥s

❲❡ ❤❛✈❡ ♣r❡s❡♥t❡❞ s♦♠❡ ♥✉♠❡r✐❝❛❧ ♠❡t❤♦❞s t♦ s♦❧✈❡ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠
❢♦r ✭✷✳✶✮✳ ❆s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❧✐♥❡❛r✐t② ❛♥❞ r❡✈❡rs✐❜✐❧✐t② ♦❢ t❤❡ ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥✱ t❤✐s ❛❧❧♦✇s t♦ ❝♦♥tr♦❧ ❡①❛❝t❧② ❛♥② ✜♥❛❧ st❛t❡✳

❆r❣✉✐♥❣ ❛s ✐♥ s♦♠❡ ♣r❡✈✐♦✉s ✇♦r❦s✱ ✇❡ ❤❛✈❡ r❡❞✉❝❡❞ t❤❡ ♥✉♠❡r✐❝❛❧ t❛s❦ t♦ s♦❧✈✐♥❣ t❤❡
✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠s ✭✷✳✶✾✮ ❛♥❞ ✭✷✳✷✸✮✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ♦❜t❛✐♥❡❞ ❛❢t❡r ❛ ✈❡r② ♥❛t✉r❛❧
❝❤❛♥❣❡ ♦❢ ✈❛r✐❛❜❧❡ ❛♥❞ ✐s ♠♦r❡ ❛♣♣r♦♣r✐❛t❡ ❢r♦♠ t❤❡ ♥✉♠❡r✐❝❛❧ ✈✐❡✇♣♦✐♥t✳

■♥ t❤❡ ❝♦♥t❡①t ♦❢ ♥✉♠❡r✐❝❛❧ ❜♦✉♥❞❛r② ❝♦♥tr♦❧❧❛❜✐❧✐t②✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❡①t❡♥❞ t❤❡

✹✺
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✭❝✮ ❚❤❡ ✐♠❛❣✐♥❛r② ♣❛rt

❋✐❣✉r❛ ✷✳✸✿ ❚❤❡ ❝❛s❡ V = x ∗ µ(t)

❛r❣✉♠❡♥ts✱ ❛♥❛❧②s✐s ❛♥❞ r❡s✉❧ts ❛t ❧❡❛st ✐♥ t✇♦ ❞✐r❡❝t✐♦♥s✿ ♥♦♥❧✐♥❡❛r 1D ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠s




iyt − yxx + (V (x, t) + f(y))y = 0, (x, t) ∈ (0, 1)× (0, T ),

y(0, t) = u(t), y(1, t) = 0, t ∈ (0, T ),

y(x, 0) = y0(x), x ∈ (0, 1),

❛♥❞ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ♣r♦❜❧❡♠s ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳ ❚❤✐s ✇✐❧❧ ❜❡ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ❢♦rt❤❝♦✲
♠✐♥❣ ✇♦r❦✳

✹✻
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✭❛✮ ❚❤❡ ❝❛s❡ V = 0
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✭❜✮ ❚❤❡ ❝❛s❡ V = x ∗ µ(t)

❋✐❣✉r❛ ✷✳✹✿ ❊✈♦❧✉t✐♦♥ ✐♥ t✐♠❡ ♦❢ t❤❡ ❝♦♥tr♦❧s

✹✼



✹✽



❈❛♣ít✉❧♦ ✸

■♥t❡r♥❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❛ ❧✐♥❡❛r

❙❝❤rö❞✐♥❣❡r✲❑❞❱ s②st❡♠ ♦♥ ❛

❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧





■♥t❡r♥❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❛ ❧✐♥❡❛r

❙❝❤rö❞✐♥❣❡r✲❑❞❱ s②st❡♠ ♦♥ ❛

❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧

❋✳❉✳ ❆r❛r✉♥❛✱ ❊✳ ❈❡r♣❛✱❆✳ ▼❡r❝❛❞♦✱▼✳❈✳ ❙❛♥t♦s

❆❜str❛❝t✳ ❚❤❡ ❝♦♥tr♦❧ ♦❢ ❛ ❧✐♥❡❛r ❞✐s♣❡rs✐✈❡ s②st❡♠ ❝♦✉♣❧✐♥❣ ❛ ❙❝❤rö❞✐♥❣❡r ❛♥❞ ❛ ❧✐♥❡❛r

❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ❡q✉❛t✐♦♥ ✐s st✉❞✐❡❞ ✐♥ t❤✐s ♣❛♣❡r✳ ❚❤❡ s②st❡♠ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s t❤r❡❡ ❝♦✉♣❧❡❞

r❡❛❧✲✈❛❧✉❡❞ ❡q✉❛t✐♦♥s ❜② t❛❦✐♥❣ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ✐♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✳ ❚❤❡ ✐♥t❡r✲

♥❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✐s ♣r♦✈❡♥ ❜② ✉s✐♥❣ ❡✐t❤❡r ♦♥❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❝♦♥tr♦❧ ♦♥ t❤❡ ❙❝❤rö❞✐♥❣❡r

❡q✉❛t✐♦♥ ♦r t✇♦ r❡❛❧✲✈❛❧✉❡❞ ❝♦♥tr♦❧s✱ ♦♥❡ ♦♥ ❡❛❝❤ ❡q✉❛t✐♦♥✳ ◆♦t✐❝❡ t❤❛t t❤❡ s✐♥❣❧❡ ❙❝❤rö❞✐♥❣❡r

❡q✉❛t✐♦♥ ✐s ♥♦t ❦♥♦✇♥ t♦ ❜❡ ❝♦♥tr♦❧❧❛❜❧❡ ✇✐t❤ ❛ r❡❛❧✲✈❛❧✉❡❞ ❝♦♥tr♦❧✳ ❚❤❡ st❛♥❞❛r❞ ❞✉❛❧✐t② ♠❡t❤♦❞

✐s ✉s❡❞ t♦ r❡❞✉❝❡ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt② t♦ ❛♥ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t②✱ ✇❤✐❝❤ ✐s ♦❜t❛✐♥❡❞ ❜②

♠❡❛♥s ♦❢ ❛ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❛♣♣r♦❛❝❤✳

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ❧❛st ②❡❛rs✱ ❛ ❧♦t ♦❢ ✇♦r❦s ❤❛✈❡ ❜❡❡♥ ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt✐❡s
❢♦r s②st❡♠s ♦❢ ❝♦✉♣❧❡❞ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ ❛♥❞ ♥❡✇ ♣❤❡♥♦♠❡♥❛ ❤❛✈❡ ❛♣♣❡❛r❡❞✳ ❋♦r
✐♥st❛♥❝❡✱ s♦♠❡ ❧✐♥❡❛r ♣❛r❛❜♦❧✐❝ s②st❡♠s ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡♥ t♦ ❜❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜❧❡ ♦♥❧② ✐❢ t❤❡
t✐♠❡ ♦❢ ❝♦♥tr♦❧ ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❤✐❝❤ ♥❡✈❡r ❤❛♣♣❡♥s ✇❤❡♥ ❝♦♥tr♦❧❧✐♥❣ s✐♥❣❧❡ ❧✐♥❡❛r ♣❛r❛❜♦❧✐❝
❡q✉❛t✐♦♥s✳ ▼♦st ♦❢ t❤❡s❡ ✇♦r❦s ❤❛✈❡ ❞❡❛❧t ✇✐t❤ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❡✐t❤❡r ♣❛r❛❜♦❧✐❝ ✭s❡❡
❬✹✱ ✸❪✮ ♦r ❤②♣❡r❜♦❧✐❝ s②st❡♠s ✭s❡❡ ❬✶✱ ✷✱ ✽✱ ✶✽✱ ✸✸❪✮✳ ❉✐✛❡r❡♥t t♦♦❧s✱ ❛s ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s✱
♠♦♠❡♥t ♣r♦❜❧❡♠s✱ ❡♥❡r❣② ♠❡t❤♦❞s ❛♥❞ ♠✐❝r♦❧♦❝❛❧ t❡❝❤♥✐q✉❡s✱ ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ ♦❜t❛✐♥
✐♥t❡r♥❛❧ ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡✛♦rts ❤❛✈❡ ❜❡❡♥ ❛❞❞r❡ss❡❞ t♦
st✉❞② t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❛ ❣✐✈❡♥ s②st❡♠ ✇✐t❤ ❧❡ss ❝♦♥tr♦❧s t❤❛♥ ❡q✉❛t✐♦♥s✳

❈♦♥❝❡r♥✐♥❣ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❞✐s♣❡rs✐✈❡ s②st❡♠s✱ t❤❡r❡ ❛r❡ ❢❡✇ r❡s✉❧ts ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳
❙❡✈❡r❛❧ ❇♦✉ss✐♥❡sq s②st❡♠s ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✼✶❪ ✇❤❡r❡ ✐♥t❡r♥❛❧ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t②
r❡s✉❧ts ❛r❡ ♣r♦✈❡♥✳ ❖t❤❡r s②st❡♠s ❝♦✉♣❧✐♥❣ ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ❡q✉❛t✐♦♥s ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ✐♥
❬✷✹✱ ✼✵❪ ✇❤❡r❡ ❜♦✉♥❞❛r② ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ❛ ❧✐♥❡❛r ❞✐s♣❡rs✐✈❡ s②st❡♠ ♣♦s❡❞ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [0, 1] ❛♥❞
❢♦r♠❡❞ ❜② t✇♦ ❝♦✉♣❧❡❞ P❉❊s✿ ❛ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❛♥❞ ❛ ❧✐♥❡❛r ❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s ✭❑❞❱✮
❡q✉❛t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r ✐♥t❡r♥❛❧ ❝♦♥tr♦❧s s✉♣♣♦rt❡❞ ♦♥ ❛ ♥♦♥❡♠♣t② ♦♣❡♥ s✉❜s❡t ω ⊂ (0, 1) ❛♥❞
❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

●✐✈❡♥ T > 0✱ ✇❡ ❞❡♥♦t❡ Q = (0, 1) × (0, T ) ❛♥❞ Qω = ω × (0, T )✳ ▼♦r❡♦✈❡r✱ 1ω st❛♥❞s
❢♦r t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ ω ❛♥❞ M,a1, a2, a3, a4 ❛r❡ ❣✐✈❡♥ ❢✉♥❝t✐♦♥s✳ ❚❤r♦✉❣❤♦✉t t❤✐s
✇♦r❦✱ ❢♦r ❛ ❝♦♠♣❧❡① ♥✉♠❜❡r z✱ ✇❡ ❞❡♥♦t❡ ❜② z✱ ❘❡(z) ❛♥❞ ■♠(z) t❤❡ ❝♦♥❥✉❣❛t❡✱ t❤❡ r❡❛❧ ♣❛rt
❛♥❞ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ z✱ r❡s♣❡❝t✐✈❡❧②✳

✺✶



❚❤❡ ❝♦♥tr♦❧ s②st❡♠ r❡❛❞s ❛s




iwt + wxx = a1w + a2y + h1ω ✐♥ Q,

yt + yxxx + (My)x = Re(a3w) + a4y ✐♥ Q,

w(0, t) = w(1, t) = 0 ✐♥ (0, T ),

y(0, t) = y(1, t) = yx(1, t) = 0 ✐♥ (0, T ),

w(x, 0) = w0(x), y(x, 0) = y0(x) ✐♥ (0, 1),

✭✸✳✶✮

✇❤❡r❡ t❤❡ st❛t❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ w ❛♥❞ t❤❡ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ y✱ ❛♥❞
t❤❡ ❝♦♥tr♦❧ ✐s ❣✐✈❡♥ ❜② t❤❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ h✳ ❙②st❡♠ ✭✸✳✶✮ ✐s ❛ ❧✐♥❡❛r✐③❡❞ ✈❡rs✐♦♥ ♦❢
❛ ❙❝❤rö❞✐♥❣❡r✲❑♦rt❡✇❡❣✲❞❡ ❱r✐❡s s②st❡♠ ✉s❡❞ ✐♥ ✢✉✐❞ ♠❡❝❤❛♥✐❝s ❛s ✇❡❧❧ ❛s ♣❧❛s♠❛ ♣❤②s✐❝s ❛s
❛ ♠♦❞❡❧ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ❛ s❤♦rt✲✇❛✈❡ w = w(x, t) ❛♥❞ ❛ ❧♦♥❣✇❛✈❡ y = y(x, t) ✭s❡❡
❢♦r ✐♥st❛♥❝❡ ❬✻✶❪ ✇❤❡r❡ ❝❛♣✐❧❧❛r②✲❣r❛✈✐t② ✇❛✈❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✮✳ ❲❡❧❧ ♣♦s❡❞♥❡ss st✉❞✐❡s ❤❛✈❡
❜❡❡♥ ♣❡r❢♦r♠❡❞ ✇❤❡♥ t❤❡ s②st❡♠ ✐s st✉❞✐❡❞ ♦♥ t❤❡ ✇❤♦❧❡ ❧✐♥❡ ❬✶✺✱ ✷✼❪ ♦r ♦♥ t❤❡ t♦r✉s ❬✾❪✳

▲❡t ✉s t❛❦❡ ❛ ❧♦♦❦ ❛t t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt✐❡s ❢♦r ❡❛❝❤ ❡q✉❛t✐♦♥ ✐♥ ♦✉r s②st❡♠✳ ❋r♦♠
♥♦✇ ♦♥✱ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ s♣❛❝❡s ❛r❡ ❞❡♥♦t❡❞ ✉s✐♥❣ ❜♦❧❞ ❧❡tt❡rs✳

❈♦♥❝❡r♥✐♥❣ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ♣♦s❡❞ ♦♥ ❛ ❞♦♠❛✐♥ Ω ⊂ R
n✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t

❝♦♥tr♦❧❧❛❜✐❧✐t② ✐s tr✉❡ ✐❢ t❤❡ r❡❣✐♦♥ ♦❢ ❝♦♥tr♦❧ s❛t✐s✜❡s t❤❡ ❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ✇❛✈❡
❡q✉❛t✐♦♥ ✭s❡❡ ❬✻✸❪✮✳ ■♥ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✱ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❢✉❧✜❧❧❡❞ ❢♦r ❛♥ ❛r❜✐tr❛r②
♦♣❡♥ s❡t ω ⊂ Ω✳ ❲❡ r❡❢❡r t♦ ❬✻✽❪ ❛♥❞ ❬✼✻❪✱ ✇❡r❡ ❡①♣❧✐❝✐t ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t✐❡s ✇❡r❡ ♦❜✲
t❛✐♥❡❞✱ ❜♦t❤ ✐♥ t❤❡ L2 ❛♥❞ t❤❡ H1 s❡tt✐♥❣s✳ ❆ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t② ✇❛s ♦❜t❛✐♥❡❞ ✐♥ ❬✶✹❪ ✐♥
t❤❡ ❝♦♥t❡①t ♦❢ ❛♥ ✐♥✈❡rs❡ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ❛♥ ♦❜s❡r✈❛❜✐❧✐t② r❡s✉❧t ✐♥ H1✳ ■♥ ❬✾✸❪✱ ❛♥ L2

♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t② ✐s ❞❡r✐✈❡❞ ❢r♦♠ ❛ H−1 ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡✳ ■♥ ❬✼✷❪✱ ♦❜s❡r✈❛❜✐❧✐t② ❡st✐✲
♠❛t❡s ❤❛✈❡ ❜❡❡♥ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❝♦♥tr♦❧ tr❛♥s♠✉t❛t✐♦♥ ♠❡t❤♦❞✳ ■♥ ❛❧❧ t❤❡ ♠❡♥t✐♦♥❡❞ ✇♦r❦s✱
t❤❡ ❝♦♥tr♦❧ ✐s ❛ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✳ ❆s ❢❛r ❛s ✇❡ ❦♥♦✇✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢
t❤❡ ❙❝❤r♦❞✐♥❣❡r ❡q✉❛t✐♦♥ ✉s✐♥❣ ❛ ♣✉r❡ r❡❛❧ ♦r ♣✉r❡ ✐♠❛❣✐♥❛r② ❝♦♥tr♦❧ ✐s ♦♣❡♥✳ ■♥ t❤✐s ✇♦r❦✱
✇❡ ❛r❡ ❛❜❧❡ t♦ ♣r♦✈❡ ❛ H1 ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t② ✇❤❡r❡ t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞♦❡s ♥♦t ❝♦♥s✐st ✐♥ t❤❡
H1 ❧♦❝❛❧ t❡r♠✱ ❜✉t ❥✉st t❤❡ L2 ♥♦r♠s ♦❢ t❤❡ s♦❧✉t✐♦♥ ❛♥❞ t❤❡ r❡❛❧ ♣❛rt ♦❢ ✐ts ❞❡r✐✈❛t✐✈❡ ✭s❡❡
❚❤❡♦r❡♠ ✸✳✺✮✳ ❚❤✐s ✐s ❛ ✜rst st❡♣ ✐♥ ❛❞❞r❡ss✐♥❣ t❤❛t ♣r♦❜❧❡♠✳

❋♦r t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ ❑❞❱ ❡q✉❛t✐♦♥ ♦♥ ❛♥ ✐♥t❡r✈❛❧ [0, L]✱ ✇❡ r❡❢❡r t♦ t❤❡ r❡❝❡♥t
✇♦r❦ ❬✷✵❪ ✇❤❡r❡ t❤❡ ✐♥t❡r♥❛❧ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✐s ♣r♦✈❡♥ ✐♥ t❤❡ st❛t❡ s♣❛❝❡ L2(0, L) ✇✐t❤
❝♦♥tr♦❧s ✐♥ L2(0, T ;L2(ω))✳ ■♥ ❬✷✵❪✱ t❤❡ ❛✉t❤♦rs ♣r♦✈❡ ❛ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t②✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥
♦❜t❛✐♥❡❞ ✐♥ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ✇❛② t♦ t❤❡ ♦♥❡ ♣r♦✈❡❞ ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✭s❡❡ ❚❤❡♦r❡♠ ✸✳✹✮✳
❲❡ r❡❢❡r t♦ ❬✷✸✱ ✽✶❪ ❢♦r s✉r✈❡②s ♦♥ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ ❑❞❱ ❡q✉❛t✐♦♥✳

■♥ t❤✐s ❛rt✐❝❧❡ ✇❡ ♦❜t❛✐♥ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ s②st❡♠ ✭✸✳✶✮ ✇✐t❤ ❛ s✐♥❣❧❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❝♦♥tr♦❧✳
❚♦ ♦✉r ❜❡st ❦♥♦✇❧❡❞❣❡✱ t❤❡r❡ ❛r❡ ♥♦ ♣r❡✈✐♦✉s ❝♦♥tr♦❧ r❡s✉❧ts ❛❜♦✉t s②st❡♠ ✭✸✳✶✮✳ ❲❡ ❤♦♣❡
t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✇✐❧❧ ❜❡ t❤❡ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ❢✉rt❤❡r r❡s❡❛r❝❤✳ ❖✉r ✜rst ♠❛✐♥ r❡s✉❧t ✐s t❤❡
❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✸✳✶✳ ▲❡t T > 0✳ ❲❡ s✉♣♣♦s❡ M ∈ L2(0, T ;H1(0, 1)) ∩ L∞(0, T ;L2(0, 1))✱ a1, a4 ∈

L∞(0, T ;W 1,∞(0, 1))✱ ❛♥❞ a2, a3 ∈ L∞(0, T ;❲1,∞(0, 1))✳ ❙✉♣♣♦s❡ ❛❧s♦ t❤❛t

■♠(a3) ∈ C([0, T ];W 1,∞(0, 1)) ✇✐t❤ |■♠(a3)| ≥ δ ✐♥ ω, ❢♦r s♦♠❡ δ > 0. ✭✸✳✷✮

❚❤❡♥✱ ❢♦r ❛♥② (w0, y0) ∈ ❍
−1(0, 1)×L2(0, 1)✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥tr♦❧ h1ω ∈ L2(0, T ;❍−1(0, 1))

✺✷



s✉❝❤ t❤❛t t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥

(w, y) ∈ C([0, T ],❍−1(0, 1)× L2(0, 1))

♦❢ ✭✸✳✶✮ s❛t✐s✜❡s

w(T, ·) = 0, y(T, ·) = 0.

❘❡♠❛r❦ ✸✳✶✳ ❲❡ ❛❝t✉❛❧❧② ♦❜t❛✐♥ ❛ ❝♦♥tr♦❧ h ∈ L2(0, T ;H1(ω)′)✱ ✇❤❡r❡ H1(ω)′ ✐s t❤❡ ❞✉❛❧

s♣❛❝❡ ♦❢ H1(ω)✳ ■♥ t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠✱ h1ω ❞❡♥♦t❡s t❤❡ ❡❧❡♠❡♥t ✐♥ L2(0, T ;H−1(0, 1))

❞❡✜♥❡❞ ❢♦r ❛❧♠♦st ❡✈❡r② t ∈ (0, T ) ❜②

〈h(t, ·)1ω, θ〉H−1(0,1),H1
0 (0,1)

= 〈h(t, ·), θ1ω〉(H1(ω))′,H1(ω) , ∀θ ∈ H1
0 (0, 1).

❲❡ r❡❝❛❧❧ t❤❛t s②st❡♠ ✭✸✳✶✮ ✐s ❢♦r♠❡❞ ❜② t❤r❡❡ r❡❛❧✲✈❛❧✉❡❞ ❡q✉❛t✐♦♥s✿ t❤❡ ❑❞❱ ❡q✉❛t✐♦♥ ❛♥❞
t❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ♦❢ t❤❡ ❝♦♠♣❧❡①✲✈❛❧✉❡❞ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✳ ❍❡♥❝❡✱ ❚❤❡♦r❡♠
✸✳✶ st❛t❡s t❤❛t t❤✐s s②st❡♠ ✐s ♥✉❧❧ ❝♦♥tr♦❧❧❛❜❧❡ ❜② ✉s✐♥❣ t✇♦ r❡❛❧ ❝♦♥tr♦❧s✱ ❣✐✈❡♥ ❜② t❤❡ ❝♦♠♣❧❡①
❝♦♥tr♦❧ h✳

▼♦r❡♦✈❡r✱ ✇❡ ❛r❡ ❛❧s♦ ❛❜❧❡ t♦ ♣r♦✈❡ ♥✉❧❧✲❝♦♥tr♦❧❧❛❜✐❧✐t② ❜② ✉s✐♥❣ t✇♦ r❡❛❧✲✈❛❧✉❡❞ ❝♦♥tr♦❧s✿
❡✐t❤❡r ❛ ♣✉r❡❧② r❡❛❧ ♦r ❛ ♣✉r❡❧② ✐♠❛❣✐♥❛r② ❝♦♥tr♦❧ h✱ ❛♥❞ ❛ ❝♦♥tr♦❧ ℓ ✐♥ t❤❡ ❑❞❱ ❡q✉❛t✐♦♥✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r t❤❡ s②st❡♠





iwt + wxx = a1w + a2y + h1ω ✐♥ Q,

yt + yxxx + (My)x = Re(a3w) + a4y + ℓ1ω ✐♥ Q,

w(0, t) = w(1, t) = 0 ✐♥ (0, T ),

y(0, t) = y(1, t) = yx(1, t) = 0 ✐♥ (0, T ),

w(x, 0) = w0(x), y(x, 0) = y0(x) ✐♥ (0, 1),

✭✸✳✸✮

✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

❚❤❡♦r❡♠ ✸✳✷✳ ▲❡t T > 0✳ ❲❡ s✉♣♣♦s❡ M ∈ L2(0, T ;H1(0, 1)) ∩ L∞(0, T ;L2(0, 1))✱ a1, a4 ∈

L∞(0, T ;W 1,∞(0, 1))✱ ❛♥❞ a2, a3 ∈ L∞(0, T ;❲1,∞(0, 1))✳ ❙✉♣♣♦s❡ ❛❧s♦ t❤❛t

■♠(a2) ∈ C([0, T ];W 1,∞(0, 1)) ✇✐t❤ |■♠(a2)| ≥ δ ✐♥ ω, ❢♦r s♦♠❡ δ > 0. ✭✸✳✹✮

❚❤❡♥✱ ❢♦r ❛♥② (w0, y0) ∈ ❍−1(0, 1) × L2(0, 1)✱ t❤❡r❡ ❡①✐sts ❛ ♣❛✐r ♦❢ r❡❛❧✲✈❛❧✉❡❞ ❝♦♥tr♦❧s

(h1ω, ℓ1ω) ∈ L2(0, T ;H−1(0, 1)× L2(0, 1))✱ s✉❝❤ t❤❛t t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥

(w, y) ∈ C([0, T ],❍−1(0, 1)× L2(0, 1))

♦❢ ✭✸✳✸✮ s❛t✐s✜❡s

w(T, ·) = 0, y(T, ·) = 0.

❘❡♠❛r❦ ✸✳✷✳ ◆♦t✐❝❡ t❤❛t✱ ✐♥ ❚❤❡♦r❡♠ ✸✳✷✱ t❤❡ ❝♦♥tr♦❧ h ❛❝t✐♥❣ ♦♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

✐s ❛ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❤②♣♦t❤❡s✐s |❘❡(a2)| > 0 ✐♥st❡❛❞ ♦❢ |■♠(a2)| > 0✱

✇❡ st✐❧❧ ♦❜t❛✐♥ ❛ ♥✉❧❧✲❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧t✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❝♦♥tr♦❧ ♦❢ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

✐s ❛ ♣✉r❡ ✐♠❛❣✐♥❛r②✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✳

✺✸



❘❡♠❛r❦ ✸✳✸✳ ❍②♣♦t❤❡s❡s ✭✸✳✷✮ ❛♥❞ ✭✸✳✹✮ ✐♠♣❧② t❤❛t s♦♠❡ ❝♦✉♣❧✐♥❣ t❡r♠s ✐♥ ❡q✉❛t✐♦♥s ✭✸✳✶✮

❛♥❞ ✭✸✳✸✮✱ r❡s♣❡❝t✐✈❡❧②✱ ❞♦ ♥♦t ✈❛♥✐s❤ ✐♥ t❤❡ ❝♦♥tr♦❧ ③♦♥❡✳ ❚❤✐s ✐s ❝r✉❝✐❛❧✱ ✉♥❞❡r ♦✉r ❛♣♣r♦❛❝❤✱

t♦ ❡❧✐♠✐♥❛t❡ ♦♥❡ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s ✭s❡❡ t❤❡♦r❡♠s ✸✳✻ ❛♥❞ ✸✳✼✮✳ ❙✐♠✐❧❛r ❝♦♥❞✐t✐♦♥s ❛♣♣❡❛r

✐♥ r❡❧❛t❡❞ r❡s✉❧ts ❛❜♦✉t ♣❛r❛❜♦❧✐❝ s②st❡♠s✿ s❡❡ ❬✸❪ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✳ ❘❡❝❡♥t❧②✱ ♥✉❧❧✲

❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❤②♣❡r❜♦❧✐❝ ❛♥❞ ♣❛r❛❜♦❧✐❝ s②st❡♠s ✇✐t❤ ❞✐s❥♦✐♥t ❝♦♥tr♦❧ ❛♥❞ ❝♦✉♣❧✐♥❣ ❞♦♠❛✐♥s

❤❛s ❜❡❡♥ ♣r♦✈❡❞✳ ❋♦r ❡①❛♠♣❧❡ ❬✷❪✱ ✇❤❡r❡ ❜♦t❤ ❞♦♠❛✐♥s ❤❛✈❡ t♦ s❛t✐s❢② s♦♠❡ ❣❡♦♠❡tr✐❝ ❝♦♥❞✐t✐✲

♦♥s✱ ❛♥❞ ❬✹❪✱ ✇❤❡r❡ ✐t ✐s ♥❡❡❞❡❞ ❛ ♠✐♥✐♠❛❧ t✐♠❡ ♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t②✳ ■t ✇♦✉❧❞ ❜❡ ✈❡r② ✐♥t❡r❡st✐♥❣

t♦ ❦♥♦✇ ✐❢ s✐♠✐❧❛r r❡s✉❧ts ❛r❡ tr✉❡ ❢♦r s②st❡♠ ✭✸✳✶✮✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡♦r❡♠s ✸✳✶ ❛♥❞ ✸✳✷✱ ✇❡ ❢♦❧❧♦✇ t❤❡ st❛♥❞❛r❞ ❝♦♥tr♦❧❧❛❜✐❧✐t②✲♦❜s❡r✈❛❜✐❧✐t②
❞✉❛❧✐t②✱ ✇❤✐❝❤ r❡❞✉❝❡s ❛ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt② t♦ ❛♥ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t② ❢♦r t❤❡
s♦❧✉t✐♦♥s ♦❢ t❤❡ ❛❞❥♦✐♥t s②st❡♠✱ ✇❤✐❝❤ ✐♥ t❤✐s ❝❛s❡ ✐s ❣✐✈❡♥ ❜②





iφt + φxx = a1φ+ ā3ψ ✐♥ Q,

−ψt − ψxxx −Mψx = ❘❡(ā2φ) + a4ψ ✐♥ Q,

φ(0, t) = φ(1, t) = 0 ✐♥ (0, T ),

ψ(0, t) = ψ(1, t) = ψx(0, t) = 0 ✐♥ (0, T ),

φ(x, T ) = φT (x), ψ(x, T ) = ψT (x) ✐♥ (0, 1).

✭✸✳✺✮

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ♥❡①t r❡s✉❧t✳

❚❤❡♦r❡♠ ✸✳✸✳ ✭❛✮ ❯♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❚❤❡♦r❡♠ ✸✳✶✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0

s✉❝❤ t❤❛t

‖φ(·, 0)‖2
H1

0(0,1)
+ ‖ψ(·, 0)‖2L2(0,1) ≤ C

(∫∫

Qω

(|φ|2 + |❘❡(φx)|
2)dxdt

)
, ✭✸✳✻✮

❢♦r ❛♥② (φT , ψT ) ∈ ❍1
0(0, 1) × L2(0, 1)✱ ✇❤❡r❡ (φ, ψ) ∈ C([0, T ];❍1

0(0, 1) × L2(0, 1)) ✐s

t❤❡ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✸✳✺✮✳

✭❜✮ ❯♥❞❡r t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❚❤❡♦r❡♠ ✸✳✷✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

‖φ(·, 0)‖2
H1

0(0,1)
+ ‖ψ(·, 0)‖2L2(0,1) ≤ C

(∫∫

Qω

(|❘❡(φ)|2 + |❘❡(φx)|
2 + |ψ|2)dxdt

)
✭✸✳✼✮

❢♦r ❛♥② (φT , ψT ) ∈ ❍1
0(0, 1) × L2(0, 1)✱ ✇❤❡r❡ (φ, ψ) ∈ C([0, T ];❍1

0(0, 1) × L2(0, 1)) ✐s

t❤❡ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✸✳✺✮✳

❘❡♠❛r❦ ✸✳✹✳ ◆♦t✐❝❡ t❤❛t✱ ✐♥ ✐♥❡q✉❛❧✐t② ✭✸✳✼✮✱ φ ❛♣♣❡❛rs ✐♥ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦♥❧② ❜② ✐ts r❡❛❧

♣❛rt✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ♣r♦✈❡ t❤❛t t❤❡ ❝♦♥tr♦❧ h ❛❝t✐♥❣ ♦♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✐♥ ✭✸✳✸✮

❝❛♥ ❜❡ ❝❤♦s❡♥ ❛s ❛ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥✳

❚❤❡ ✇♦r❦ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✸✳✷ ✇❡ st❛t❡ ✇❡❧❧✲♣♦s❡❞♥❡ss r❡s✉❧ts ✇❡ ♥❡❡❞
✐♥ t❤✐s ✇♦r❦✳ ■♥ ❙❡❝t✐♦♥ ✸✳✸✱ ✇❡ ♣r♦✈❡ t❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ✇❡ ✇✐❧❧ ✉s❡ ❧❛t❡r✳ ■♥ ❢❛❝t✱
✇❡ ♣r♦✈❡ ♦♥❡✲♣❛r❛♠❡t❡r ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r t❤❡ ❑❞❱ ❛♥❞ ❢♦r t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥s✱
❛♥❞ ✇❡ ✉s❡ t❤❡♠ ✐♥ ♦r❞❡r t♦ ❣❡t ❛♣♣r♦♣r✐❛t❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r t❤❡ ❛❞❥♦✐♥t s②st❡♠ ✭✸✳✺✮✳
❙❡❝t✐♦♥ ✸✳✹ ✐s ❞❡✈♦t❡❞ t♦ ♣r♦✈❡ t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t✐❡s st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✸✱ ❛♥❞ t❤❡♥
t♦ ❞❡❞✉❝❡ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧ts ♦❢ t❤❡♦r❡♠s ✸✳✶ ❛♥❞ ✸✳✷✳

✺✹



✸✳✷ ❲❡❧❧✲♣♦s❡❞♥❡ss

▲❡t ✉s ✐♥tr♦❞✉❝❡ s♦♠❡ ❢✉♥❝t✐♦♥❛❧ s♣❛❝❡s ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❞ ❛❧♦♥❣ t❤❡ ♣❛♣❡r✿

X0 := L2(0, T ;H−2(0, 1)), X1 := L2(0, T ;H2
0 (0, 1)),

X̃0 := L1(0, T ;H−1(0, 1)), X̃1 := L1(0, T ;H3(0, 1) ∩H1
0 (0, 1)),

Y0 := L2(0, T ;L2(0, 1)) ∩ C([0, T ];H−1(0, 1)),

Y1 := L2(0, T ;H4(0, 1)) ∩ C([0, T ];H3(0, 1)).

✭✸✳✽✮

■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❞❡✜♥❡ ✭s❡❡ ❡✳❣✳ ❬✶✻❪✮✱ ❢♦r ❡❛❝❤ θ ∈ [0, 1]✱ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ s♣❛❝❡s

Xθ := (X0, X1)[θ], X̃θ := (X̃0, X̃1)[θ] ❛♥❞ Yθ := (Y0, Y1)[θ].

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✉❧❛r✐t② ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts✿

a1 ∈ L∞(0, T ;W 1,∞(0, 1)), a2 ∈ ▲
∞(Q), a3 ∈ L∞(0, T ;❲1,∞(0, 1)), a4 ∈ L∞(Q),M ∈ Y 1

4
.

✭✸✳✾✮
◆♦t✐❝❡ t❤❛t Y 1

4
= L2(0, T ;H1

0 (0, 1)) ∩ C([0, T ];L
2(0, 1))✳

❚❤❡ ♠❛✐♥ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ♣r♦✈❡ t❤❡ ✇❡❧❧ ♣♦s❡❞♥❡ss ♦❢ s②st❡♠




iwt + wxx = a1w + a2y + f1 ✐♥ Q,

yt + yxxx + (My)x = ❘❡(a3w) + a4y + f2 ✐♥ Q,

w(0, t) = w(1, t) = 0 ✐♥ (0, T ),

y(0, t) = y(1, t) = yx(1, t) = 0 ✐♥ (0, T ),

w(x, 0) = w0(x), y(x, 0) = y0(x) ✐♥ (0, 1),

✭✸✳✶✵✮

❛♥❞ ✐ts ❛❞❥♦✐♥t s②st❡♠ ❣✐✈❡♥ ❜②




iφt + φxx = a1φ+ ā3ψ + g1 ✐♥ Q,

−ψt − ψxxx −Mψx = ❘❡(ā2φ) + a4ψ + g2 ✐♥ Q,

φ(0, t) = φ(1.t) = 0 ✐♥ (0, T ),

ψ(0, t) = ψ(1, t) = ψx(0, t) = 0 ✐♥ (0, T ),

φ(x, T ) = φT (x), ψ(x, T ) = ψT (x) ✐♥ (0, 1).

✭✸✳✶✶✮

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ❯♥❞❡r ❤②♣♦t❤❡s❡s ✭✸✳✾✮✱ ❢♦r ❛♥② (g1, g2) ∈ L1(0, T ;❍1
0(0, 1)×L

2(0, 1)) ❛♥❞

(φT , ψT ) ∈ ❍
1
0(0, 1)× L2(0, 1)✱ t❤❡ s②st❡♠ ✭✸✳✶✶✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥

(φ, ψ) ∈ C([0, T ];❍1
0(0, 1))× Y 1

4
.

❈♦♥❝❡r♥✐♥❣ s②st❡♠ ✭✸✳✶✵✮✱ ✇❡ ❝♦♥s✐❞❡r s♦❧✉t✐♦♥s ✐♥ t❤❡ s❡♥s❡ ♦❢ tr❛♥s♣♦s✐t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✸✳✶✳ ●✐✈❡♥ (w0, y0) ∈ ❍−1(0, 1) × L2(0, 1) ❛♥❞ (f1, f2) ∈ L2(0, T ;❍−1(0, 1) ×

L2(0, 1))✱ ✇❡ s❛② t❤❛t (w, y) ∈ L∞(0, T ;❍−1(0, 1)× L2(0, 1)) ✐s ❛ s♦❧✉t✐♦♥ ✭❜② tr❛♥s♣♦s✐t✐♦♥✮

♦❢ s②st❡♠ ✭✸✳✶✵✮ ✐❢

∫ T

0
〈w, g1〉❍−1,❍1

0
dt+

∫∫

Q
yg2dxdt =

∫ T

0
〈f1, φ〉 ❍−1,❍1

0
dt

+

∫∫

Q
f2ψ dxdt+ i〈w0, φ̄|t=0〉❍−1,❍1

0
+

∫ 1

0
y0(x)ψ(x, 0)dx, ✭✸✳✶✷✮

✺✺



❢♦r ❛❧❧ (g1, g2) ∈ L1(0, T ;❍1
0(0, 1) × L2(0, 1))✱ ✇❤❡r❡ (φ, ψ) ∈ C([0, T ];❍1

0(0, 1)) × Y 1
4
✐s t❤❡

s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✸✳✶✶✮ ✇✐t❤ (φT , ψT ) = (0, 0)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤♦❧❞s✳

Pr♦♣♦s✐t✐♦♥ ✸✳✷✳ ❯♥❞❡r ❤②♣♦t❤❡s❡s ✭✸✳✾✮✱ ❢♦r ❛♥② (f1, f2) ∈ L1(0, T ;❍−1(0, 1) × L2(0, 1))

❛♥❞ (w0, y0) ∈ ❍
−1(0, 1)× L2(0, 1)✱ t❤❡ s②st❡♠ ✭✸✳✶✵✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥

(w, y) ∈ C([0, T ];❍−1(0, 1)× L2(0, 1)). ✭✸✳✶✸✮

❇❡❢♦r❡ ♣r♦✈✐♥❣ ♣r♦♣♦s✐t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷✱ ✇❡ r❡❝❛❧❧ s♦♠❡ ❦♥♦✇♥ r❡s✉❧ts ❛❜♦✉t t❤❡ ✇❡❧❧✲
♣♦s❡❞♥❡ss ♦❢ ❡❛❝❤ ❡q✉❛t✐♦♥ ❛♣♣❡❛r✐♥❣ ✐♥ s②st❡♠ ✭✸✳✶✵✮✳

✸✳✷✳✶ Pr❡✈✐♦✉s r❡❣✉❧❛r✐t② r❡s✉❧ts

▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ❑❞❱ ❡q✉❛t✐♦♥ ❣✐✈❡♥ ❜②




−ψt − ψxxx −Mψx = g ✐♥ Q,

ψ(0, t) = ψ(1, t) = ψx(0, t) = 0 ✐♥ (0, T ),

ψ(x, T ) = ψT (x) ✐♥ (0, 1).

✭✸✳✶✹✮

Pr♦♣♦s✐t✐♦♥ ✸✳✸ ✭❬✹✼❪✱ ❙❡❝t✐♦♥ ✷✳✷✳✷✮✳ ▲❡t M ∈ Y 1
4
❜❡ ❣✐✈❡♥✳ ■❢ ψT ∈ L2(0, 1) ❛♥❞ g ∈ G ✇✐t❤

G = L2(0, T ;H−1(0, 1)) ♦r G = L1(0, T ;L2(0, 1))✱ t❤❡♥ s②st❡♠ ✭✸✳✶✹✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥

ψ ∈ Y 1
4
✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

‖ψ‖Y 1
4

≤ C(‖g‖G + ‖ψT ‖L2(0,1)). ✭✸✳✶✺✮

■♥ t❤❡ ❝❛s❡ M = 0✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠♣r♦✈❡❞ r❡❣✉❧❛r✐t② r❡s✉❧ts✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹ ✭❬✹✼❪✱ ❙❡❝t✐♦♥ ✷✳✸✳✶✮✳ ❙✉♣♣♦s❡ t❤❛t M = 0✳ ■❢ ψT ∈ H3(0, 1) ✐s s✉❝❤ t❤❛t

ψT (0) = ψT (1) = ψ′
T (1) = 0✱ ❛♥❞ g ∈ G ✇✐t❤ G = L2(0, T ;H2

0 (0, 1)) ♦r G = L1(0, T ;H3(0, 1)∩

H2
0 (0, 1))✱ t❤❡♥ s②st❡♠ ✭✸✳✶✹✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ψ ∈ Y1✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐st ❛ ❝♦♥st❛♥t

C > 0 s✉❝❤ t❤❛t

‖ψ‖Y1 ≤ C(‖g‖G + ‖ψT ‖H3(0,1)). ✭✸✳✶✻✮

Pr♦♣♦s✐t✐♦♥ ✸✳✺ ✭❬✹✼❪✱ ❙❡❝t✐♦♥ ✷✳✸✳✷✮✳ ▲❡t θ ∈ [14 , 1] ❜❡ ❣✐✈❡♥ ❛♥❞ s✉♣♣♦s❡ M = 0 ❛♥❞ ψT = 0✳

■❢ g ∈ G ✇✐t❤ G = Xθ ♦r G = X̃θ✱ t❤❡♥ s②st❡♠ ✭✸✳✶✹✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ψ ∈ Yθ✳ ▼♦r❡♦✈❡r✱

t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t

‖ψ‖Yθ
≤ C‖g‖G. ✭✸✳✶✼✮

▲❡t ✉s ❝♦♥s✐❞❡r ♥♦✇ t❤❡ ❧✐♥❡❛r ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥




iφt + φxx = a1φ+ g ✐♥ Q,

φ(0, t) = φ(1, t) = 0 ✐♥ (0, T ),

φ(x, T ) = φT (x) ✐♥ (0, 1).

✭✸✳✶✽✮

Pr♦♣♦s✐t✐♦♥ ✸✳✻ ✭❬✷✷❪✮✳ ❙✉♣♣♦s❡ a1 ∈ L∞(0, T ;W1,∞(0, 1))✳ ❋♦r ❛♥② φT ∈ X ❛♥❞ g ∈

L1(0, T ;X)✱ ✇✐t❤ X = L2(0, 1) ♦r X = ❍1
0(0, 1)✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ φ ∈ C([0, T ];X)

♦❢ s②st❡♠ ✭✸✳✶✽✮✳

✺✻



✸✳✷✳✷ Pr♦♦❢s ♦❢ ♣r♦♣♦s✐t✐♦♥s ✸✳✶ ❛♥❞ ✸✳✷

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶✿ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♠❛♣

Π : L1(0, T ;L2(0, 1)) → [C([0, T ];L2(0, 1))]2

❞❡✜♥❡❞ ❜② Πψ̃ = (φ, ψ)✱ ✇❤❡r❡





iφt + φxx = a1φ+ ā3ψ̃ + g1 ✐♥ Q,

−ψt − ψxxx −Mψx = ❘❡(ā2φ) + a4ψ̃ + g2 ✐♥ Q,

φ(0, t) = φ(1, t) = 0 ✐♥ (0, T ),

ψ(0, t) = ψ(1, t) = ψx(0, t) = 0 ✐♥ (0, T ),

φ(x, T ) = φT (x), ψ(x, T ) = ψT (x) ✐♥ (0, 1).

✭✸✳✶✾✮

❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✻✱ ✇❡ ❣❡t φ ∈ C([0, T ];L2(0, 1))✱ ❛♥❞ t❤❡♥✱ Pr♦♣♦s✐t✐♦♥ ✸✳✸ ❣✐✈❡s ✉s ψ ∈ Y 1
4

❛♥❞ ❤❡♥❝❡ ♦♣❡r❛t♦r Π ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ▼♦r❡♦✈❡r✱ t❤❡ ❢♦❧❧♦✇ ✐❞❡♥t✐t② ❤♦❧❞s

∫ T

0
〈ψt, π〉D′,D = l(π), ✭✸✳✷✵✮

✇❤❡r❡

l(π) = −

∫∫

Q
(ψxπxx +Mψxπ − ❘❡(ā2φ)π + a4ψ̃π + g2π) dxdt, ∀π ∈ D(Q). ✭✸✳✷✶✮

◆♦t✐❝❡ t❤❛t l ✐s ❝♦♥t✐♥✉♦✉s ✐♥ L2(0, T ;H2
0 (0, 1)) ❛♥❞✱ ✐♥ t❤✐s ✇❛②✱ ψt ✐s ❛ ❞✐str✐❜✉t✐♦♥ ✐♥

L2(0, T ;H−2(0, 1)). ◆♦✇ ✇❡ s❡t

Λ : L1(0, T ;L2(0, 1)) → L1(0, T ;L2(0, 1))

❜② Λψ̃ = ψ✳ ❚❤❡♥✱ ✇❡ ❣❡t t❤❛t t❤❡ r❛♥❣❡ ♦❢ Λ ✐s ❝♦♥t❛✐♥❡❞ ✐♥

W = {ψ ∈ L2(0, T ;H1
0 (0, 1));ψt ∈ L2(0, T ;H−2(0, 1))},

✇❤✐❝❤✱ ❜② t❤❡ ❆✉❜✐♥✲▲✐♦♥s ▲❡♠♠❛✱ ✐s ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ L1(0, T ;L2(0, 1))✳ ❚❤✉s✱ ❜② ❙❝❤❛✉✲
❞❡r✬s ❚❤❡♦r❡♠✱ Λ ❤❛s ❛ ✜①❡❞ ♣♦✐♥t ψ ∈ L2(0, T ;H1

0 (0, 1))✱ ❛♥❞ t❤❡♥ (φ, ψ) = Πψ s♦❧✈❡s
s②st❡♠ ✭✸✳✶✶✮✳ ◆♦✇✱ s✐♥❝❡ a3 ∈ L∞(0, T ;❲1,∞(0, 1))✱ ✇❡ ❣❡t ā3ψ ∈ L2(0, T ;❍1

0(0, 1)) ❛♥❞✱
❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✻✱ ✇❡ ❞❡❞✉❝❡ t❤❛t (φ, ψ) ∈ C([0, T ];❍1

0(0, 1))× Y 1
4
✱ ✇❤✐❝❤ ❡♥❞s t❤❡ ♣r♦♦❢✳

❘❡♠❛r❦ ✸✳✺✳ ■❢ ✇❡ s✉♣♣♦s❡ (φT , ψT ) ∈ ❍
1
0(0, 1)×H

1
0 (0, 1)✱ ❝♦♥❞✐t✐♦♥ ✭✸✳✾✮ ❛♥❞ t❤❡ ❛❞❞✐t✐♦♥❛❧

r❡❣✉❧❛r✐t② a4 ∈ L∞(0, T ;W 1,∞(0, 1))✱ t❤❡♥ ✇❡ ❝❛♥ ♣r♦❝❡❡❞ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✶

t♦ ♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥ (φ, ψ) ∈ C([0, T ];❍1
0(0, 1))× Y 1

2
✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✷✿ ❚❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✶✷✮ ❞❡✜♥❡s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ✇❤✐❝❤
♠❛♣s (g1, g2) ∈ L1(0, T ;❍1

0(0, 1)×L
2(0, 1)) t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛❧✉❡ ✐♥ R✳ ❇② t❤❡ r❡❣✉❧❛r✐t②

st❛t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✱ t❤✐s ❢✉♥❝t✐♦♥❛❧ ✐s ❝♦♥t✐♥✉♦✉s✳ ❇② ❘✐❡s③✬s ❚❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛
✉♥✐q✉❡ ♣❛✐r (w, y) ∈ L∞(0, T ;❍−1(0, 1) × L2(0, 1)) s❛t✐s❢②✐♥❣ ✭✸✳✶✷✮✳ ❚❤❡ r❡❣✉❧❛r✐t② ✭✸✳✶✸✮
❢♦❧❧♦✇s ❜② ❛ ❞❡♥s✐t② ❛r❣✉♠❡♥t✳

✺✼



✸✳✸ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♣r♦♦❢ ♦❢ s❡✈❡r❛❧ ❛♣♣r♦♣r✐❛t❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ✇❤✐❝❤
✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ ♥❡①t s❡❝t✐♦♥ ✐♥ ♦r❞❡r t♦ ♣r♦✈❡ t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t✐❡s ❛♥❞ t❤❡♥ t❤❡
♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧ts ♦❢ ♦✉r ❙❝❤rö❞✐♥❣❡r✲❑❞❱ s②st❡♠✳ ❋✐rst✱ ✇❡ ❞❡❛❧ ✇✐t❤ t❤❡ s✐♥❣❧❡
❡q✉❛t✐♦♥s ❜② s❡♣❛r❛t❡ ❛♥❞ t❤❡♥ ✇❡ ❛❞❞r❡ss t❤❡ ❝♦✉♣❧❡❞ s②st❡♠✳ ■♥ ❛❧❧ t❤❡s❡ ❝❛s❡s✱ ✇❡ ✉s❡ t❤❡
s❛♠❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳

▲❡t ✉s s✉♣♣♦s❡ t❤❛t ω = (ã0, b̃0) ⊂ (0, 1) ❛♥❞ ❧❡t [a0, b0] ⊂ ω✳ ▲❡t c0 = (a0 + b0)/2 ❛♥❞
❝♦♥s✐❞❡r✱ ❢♦r K1,K2 > 0 t♦ ❜❡ ❝❤♦s❡♥ ❧❛t❡r✱ t❤❡ ❢✉♥❝t✐♦♥s

φ0(x) = −K1 exp(−K2(x− c0)
2) +K1 + 1, ✭✸✳✷✷✮

ξ(t) =
1

t(T − t)
❛♥❞ Φ(x, t) = φ0(x)ξ(t). ✭✸✳✷✸✮

1

0
c 0a0 b0

( )

ã0 b0

~
1

❋✐❣✉r❛ ✸✳✶✿ ❚❤❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ φ0✳

❲❡ t❛❦❡ K2 =
1

2(c0−a0)2
✳ ■❢ c0 ≥ 1/2✱ t❤❡♥ t❤❡ ❝♦♥st❛♥t K1 ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t

3K1 <
1

1− exp(−K2c20)
.

■❢ c0 < 1/2✱ K1 ✐s ❝❤♦s❡♥ s❛t✐s❢②✐♥❣

3K1 <
1

1− exp(−K2(1− c0)2)
.

■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

−φ′′0(x) ≥ C ❛♥❞ |φ′0(x)|
2 ≥ C ✐♥ [0, 1] \ ω,

φ′0(1) > 0 ❛♥❞ φ′0(0) < 0,

8Φ̌(t)− 7Φ̂(t) > 0 ✐♥ [0, T ],

✭✸✳✷✹✮

✇❤❡r❡ (Φ̂(t), Φ̌(t)) = (maxx∈[0,1]Φ(t, x),minx∈[0,1]Φ(t, x))✳

✸✳✸✳✶ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ❑❞❱ ❡q✉❛t✐♦♥

❋♦❧❧♦✇✐♥❣ ❬✹✼❪✱ ✇❡ ❣❡t ❛ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ❑❞❱ ❡q✉❛t✐♦♥✳ ❚❤✐s r❡s✉❧t ✐s s✐♠✐❧❛r
t❤❛♥ t❤❡ ❡st✐♠❛t❡ ♦❜t❛✐♥❡❞ ✐♥ ❬✷✵❪✱ ❛♥❞ ❤❛s ❜❡❡♥ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❜t❛✐♥❡❞✳ ❍♦✇❡✈❡r✱ ✐♥ ♦r❞❡r
t♦ ❞❡❛❧ ✇✐t❤ t❤❡ s②st❡♠✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ s❛♠❡ ✇❡✐❣❤t ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ♦❢
❜♦t❤ ❡q✉❛t✐♦♥s✳

✺✽



❚❤❡♦r❡♠ ✸✳✹✳ ■❢ M ∈ L2(0, T ;H1(0, 1)) ∩ L∞(0, T ;L2(0, 1))✱ t❤❡♥ t❤❡r❡ ❡①✐st C0 > 0 ❛♥❞

s0 ≥ 1 s✉❝❤ t❤❛t

s5
∫∫

Q
e−2sΦξ5|v|2 dxdt+ s3

∫∫

Q
e−2sΦξ3|vx|

2 dxdt

+ s

∫∫

Q
e−2sΦξ|vxx|

2 dxdt ≤ C0

(∫∫

Q
e−2sΦ|Lv|2 dxdt

+s5
∫∫

Qω

e−2sΦξ5|v|2 dxdt+ s

∫∫

Qω

e−2sΦξ|vxx|
2 dxdt

)
✭✸✳✷✺✮

❢♦r ❛❧❧ s > s0 ❛♥❞ v ∈ L2(0, T ;H2 ∩ H1
0 (0, 1)) ✇✐t❤ vx(0, t) = 0 ❛♥❞ s✉❝❤ t❤❛t Lv := (vt +

vxxx +Mvx) ❜❡❧♦♥❣s t♦ L2(0, T ;L2(0, 1))✳

Pr♦♦❢✿ ▲❡t ✉s ❞❡✜♥❡
w = e−sΦv, ✭✸✳✷✻✮

❢♦r ❡❛❝❤ s > 0 ❛♥❞ v ∈ C∞(Q) ✇✐t❤ v(0, t) = v(1, t) = vx(0, t) = 0✳ ❚❤❡♥ w(x, 0) = w(x, T ) =

0 ❛♥❞
vt = sesΦΦtw + esΦwt,

vx = sesΦΦxw + esΦwx,

vxx = s2esΦ(Φx)
2w + sesΦΦxxw + 2sesΦΦxwx + esΦwxx,

vxxx = s3esΦ(Φx)
3w + 3s2esΦΦxΦxxw + 3s2esΦ(Φx)

2wx,

+sesΦΦxxxw + 3sesΦΦxxwx + 3sesΦΦxwxx + esΦwxxx.

■♥ t❤✐s ✇❛②✱ ✐❢ ✇❡ ❞❡✜♥❡ LΦw := e−sΦL(esΦw)✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡♥t✐t②

LΦw = sΦtw + wt + s3(Φx)
3w + 3s2ΦxΦxxw + 3s2(Φx)

2wx + sΦxxxw

+3sΦxxwx + 3sΦxwxx + wxxx +M(sΦxw + wx).
✭✸✳✷✼✮

■❢ ✇❡ ✇r✐t❡
L1w = wt + wxxx + 3s2(Φx)

2wx,

L2w = 3sΦxwxx + s3(Φx)
3w + 3sΦxxwx,

✭✸✳✷✽✮

✇❡ ❤❛✈❡ t❤❛t

‖L1w‖
2
L2(Q) + ‖L2w‖

2
L2(Q) + 2(L1w,L2w)L2(Q) = ‖LΦw −Rw‖2L2(Q), ✭✸✳✷✾✮

✇❤❡r❡
Rw = sΦtw + sΦxxxw + 3s2ΦxΦxxw +M(sΦxw + wx).

❲❡ ♥♦✇ ❡①❛♠✐♥❡ ❡❛❝❤ ✐♥t❡❣r❛❧ t❡r♠ ❝♦♠✐♥❣ ❢r♦♠ (L1w,L2w)L2(Q)✳ ❉❡♥♦t✐♥❣ Iij t❤❡ L2✲
♣r♦❞✉❝t ♦❢ t❤❡ i✲t❤ t❡r♠ ♦❢ L1w ✇✐t❤ t❤❡ j✲t❤ t❡r♠ ♦❢ L2w✱ ✇❡ ❤❛✈❡✿

I11 = 3s

∫∫

Q
Φxwtwxx dxdt = −3s

∫∫

Q
Φxxwtwx dxdt+

3

2
s

∫∫

Q
Φxt|wx|

2 dxdt, ✭✸✳✸✵✮

I12 =
1

2
s3
∫∫

Q
(Φx)

3 d

dt
|w|2 dxdt = −

3

2
s3
∫∫

Q
(Φx)

2Φxt|w|
2 dxdt, ✭✸✳✸✶✮

I13 = 3s

∫∫

Q
Φxxwxwt dxdt =

3

2
s

∫∫

Q
Φxt|wx|

2 dxdt− I11, ✭✸✳✸✷✮

✺✾



I21 =
3

2
s

∫∫

Q
Φx∂x|wxx|

2 dxdt

=
3

2
s

∫ T

0
Φx(1, t)|wxx(1, t)|

2 dt−
3

2
s

∫ T

0
Φx(0, t)|wxx(0, t)|

2 dt

−
3

2
s

∫∫

Q
Φxx|wxx|

2 dxdt,

✭✸✳✸✸✮

I22 = s3
∫∫

Q
(Φx)

3wwxxx dxdt = −3s3
∫∫

Q
(Φx)

2Φxxwwxx dxdt

−
1

2
s3
∫∫

Q
(Φx)

3∂x|wx|
2 dxdt

= −
3

2
s3
∫∫

Q
((Φx)

2Φxx)xx|w|
2 dxdt+

9

2
s3
∫∫

Q
(Φx)

2Φxx|wx|
2 dxdt

−
1

2
s3
∫ T

0
(Φx(1, t))

3|wx(1, t)|
2 dt,

✭✸✳✸✹✮

I23 = 3s

∫ T

0
Φxx(1, t)wx(1, t)wxx(1, t) dt−

3

2
s

∫∫

Q
Φxxx∂x|wx|

2 dxdt

−3s

∫∫

Q
Φxx|wxx|

2 dxdt

= 3s

∫ T

0
Φxx(1, t)wx(1, t)wxx(1, t)dt−

3

2
s

∫ T

0
Φxxx(1, t)|wx(1, t)|

2 dt

+
3

2
s

∫∫

Q
Φxxxx|wx|

2 dxdt− 3s

∫∫

Q
Φxx|wxx|

2 dxdt,

✭✸✳✸✺✮

I31 =
9

2
s3
∫∫

Q
Φ3
x∂x|wx|

2 dxdt =
9

2
s3
∫ T

0
Φx(1, t)

3|wx(1, t)|
2 dt

−
27

2
s3
∫∫

Q
(Φx)

2Φxx|wx|
2 dxdt,

✭✸✳✸✻✮

I32 =
3

2
s5
∫∫

Q
(Φx)

5∂x|w|
2 dxdt = −

15

2
s5
∫∫

Q
(Φx)

4Φxx|w|
2 dxdt, ✭✸✳✸✼✮

❛♥❞

I33 = 9s3
∫∫

Q
(Φx)

2Φxx|wx|
2 dxdt. ✭✸✳✸✽✮

●❛t❤❡r✐♥❣ ❛❧❧ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✱ ✇❡ ❣❡t

(L1w,L2w)L2(Q) =

∫∫

Q

(
−
3

2
s3(Φx)

2Φxt −
3

2
s3((Φx)

2Φxx)xx −
15

2
s5(Φx)

4Φxx

)
|w|2 dxdt

+

∫∫

Q

(
3

2
sΦxt +

3

2
sΦxxxx

)
|wx|

2 dxdt−
9

2
s

∫∫

Q
Φxx|wxx|

2 dxdt

+
3

2
s

∫ T

0

(
Φx(1, t)|wxx(1, t)|

2 − Φx(0, t)|wxx(0, t)|
2
)
dt

+

∫ T

0

(
−
3

2
Φxxx(1, t) + 4s3(Φx(1, t))

3

)
|wx(1, t)|

2 dt

+3s

∫ T

0
Φxx(1, t)wx(1, t)wxx(1, t) dt.

✭✸✳✸✾✮

✻✵



❘❡♣❧❛❝✐♥❣ ✭✸✳✸✾✮ ✐♥ ✭✸✳✷✾✮ ✇❡ ♦❜t❛✐♥

‖L1w‖
2
L2(Q) + ‖L2w‖

2
L2(Q) − 15s5

∫∫

Q
(Φx)

4Φxx|w|
2 dxdt

− 9s

∫∫

Q
Φxx|wxx|

2 dxdt+ 3s

∫ T

0
(Φx(1, t)|wxx(1, t)|

2 − Φx(0, t)|wxx(0, t)|
2) dt

+ 8s3
∫ T

0
(Φx(1, t))

3|wx(1, t)|
2 dt = ‖LΦw −Rw‖2L2(Q) +Ψ(w), ✭✸✳✹✵✮

✇❤❡r❡

Ψ(w) =

∫∫

Q

(
3s3(Φx)

2Φxt + 3s3((Φx)
2Φxx)xx

)
|w|2 dxdt−

∫∫

Q
(3sΦxt + 3sΦxxxx) |wx|

2 dxdt

3

∫ T

0
Φxxx(1, t)|wx(1, t)|

2dt− 6s

∫ T

0
Φxx(1, t)wx(1, t)wxx(1, t) dt.

■♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ❛♥❞ ✉s✐♥❣ ❨♦✉♥❣ ✐♥❡q✉❛❧✐t② ✇❡ ❛❧s♦ ❤❛✈❡

s3
∫∫

Q
ξ3|wx|

2dxdt ≤ s5
∫∫

Q
ξ5|wxx|

2dxdt+ s

∫∫

Q
ξ|w|2dxdt. ✭✸✳✹✶✮

❈♦♥s✐❞❡r ω0 ⊂⊂ ω s✉❝❤ t❤❛t ❤②♣♦t❤❡s❡s ✭✸✳✷✹✮ st✐❧❧ ❤♦❧❞ ✐♥ ω0✳ ❍❡♥❝❡✱ ❝♦♠❜✐♥✐♥❣ ✭✸✳✹✵✮
❛♥❞ ✭✸✳✹✶✮ ✇❡ ❤❛✈❡ t❤❛t t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t

‖L1w‖
2
L2(Q) + ‖L2w‖

2
L2(Q) +

∫∫

Q

(
s5ξ5|w|2 + s3ξ3|wx|

2 + sξ|wxx|
2
)
dxdt

+ s

∫ T

0
ξ(|wxx(1, t)|

2 + |wxx(0, t)|
2) dt+ s3

∫ T

0
ξ3|wx(1, t)|

2 dt

≤ C

∫∫

Q
|Lφw|

2 dxdt+ C

∫∫

Qω0

(
s5ξ5|w|2 + sξ|wxx|

2
)
dxdt+ C‖Rw‖2L2(Q) + CΨ(w).

✭✸✳✹✷✮

■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ Ψ✱ ♥♦t✐❝❡ t❤❛t t❤❡r❡ ❡①✐sts C > 0 s✉❝❤ t❤❛t

∫ ∫

Q
(3s3(Φx)

2Φxt + 3s3((Φx)
2Φxx)xx)|w|

2 dxdt ≤ Cs3
∫∫

Q
ξ4|w|2 dxdt, ✭✸✳✹✸✮

❛♥❞ ∫∫

Q
(3sΦxt + 3sΦxxxx)|wx|

2 dx dt ≤ Cs

∫∫

Q
ξ2|wx|

2 dxdt. ✭✸✳✹✹✮

❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t

3

∫ T

0
Φxxx(1, t)|wx(1, t)|

2dt− 12s

∫ T

0
Φxx(1, t)wx(1, t)wxx(1, t)dt

≤ Cs2
∫ T

0
ξ3(t)|wx(1, t)|

2dt+ C

∫ T

0
ξ(t)|wxx(1, t)|

2dt. ✭✸✳✹✺✮

✻✶



❈♦♠❜✐♥✐♥❣ ✭✸✳✹✸✮✱ ✭✸✳✹✹✮ ❛♥❞ ✭✸✳✹✺✮ ✇❡ ♦❜t❛✐♥

|Ψ(w)| ≤ C

(
s3
∫∫

Q
ξ4|w|2 dxdt+ s

∫∫

Q
ξ2|wx|

2 dxdt

+s2
∫ T

0
ξ3(t)|wx(1, t)|

2 dt+

∫ T

0
ξ(t)|wxx(1, t)|

2 dt

)
. ✭✸✳✹✻✮

▲❡t N(w) ❜❡ t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✹✷✮✳ ❋♦r ❛♥② ε > 0 t❤❡r❡ ❡①✐sts s1 > 1 s✉❝❤ t❤❛t

|Ψ(w)| ≤ εN(w), ✭✸✳✹✼✮

❢♦r ❛❧❧ s ≥ s1✳
■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ Rw✱ ✇❡ ✉s❡ t❤❛t H

3
4 (0, 1) ❡♠❜❡❞s ✐♥ L∞(0, 1) t♦ ❣❡t

‖Mwx‖L2(Q) ≤ C‖M‖L∞(0,T ;L2(0,1))‖w‖L2(0,T ;H
7
4 (0,1))

≤ C‖M‖L∞(0,T ;L2(0,1))

(
‖w‖L2(0,T ;H2(0,1)) + ‖w‖L2(0,T ;H1(0,1))

)
.

❚❤❡♥✱ t❤❡r❡ ❡①✐sts s2 ≥ 1 s✉❝❤ t❤❛t

‖Rw‖2L2(Q) ≤ C

(
s4
∫∫

Q
ξ4|w|2 dxdt+

∫∫

Q
|wx|

2 dxdt+

∫∫

Q
|wxx|

2 dxdt

)
≤ εN(w), ✭✸✳✹✽✮

❢♦r s ≥ s2✳ ❋r♦♠ ✭✸✳✹✷✮✱ ✭✸✳✹✼✮ ❛♥❞ ✭✸✳✹✽✮ ✇❡ ♦❜t❛✐♥

s5
∫∫

Q
ξ5|w|2 dxdt+ s3

∫∫

Q
ξ3|wx|

2 dxdt+ s

∫∫

Q
ξ|wxx|

2 dxdt ≤ C

∫∫

Q
|Lφw|

2 dxdt

+ Cs5
∫∫

Qω0

ξ5|w|2 dxdt+ Cs

∫∫

Qω0

ξ|wxx|
2 dxdt. ✭✸✳✹✾✮

◆♦✇ ✇❡ ❣❡t ❛♥ ❡st✐♠❛t❡ ✐♥ ✈❛r✐❛❜❧❡ v✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✭✸✳✷✻✮✱ ✇❡ ❤❛✈❡ t❤❛t

e−2sΦ|vx|
2 ≤ C(s2ξ2|w|2 + |wx|

2) ❛♥❞

e−2sΦ|vxx|
2 ≤ C(s4ξ4|w|2 + s2ξ2|wx|

2 + |wxx|
2).

✭✸✳✺✵✮

❆❧s♦ ❢r♦♠ ✭✸✳✷✻✮ ✇❡ ❣❡t

|wxx|
2 ≤ Ce−2sΦ

(
s4ξ4|v|2 + s2ξ2|vx|

2 + |vxx|
2
)
. ✭✸✳✺✶✮

❋r♦♠ ✭✸✳✹✾✮ t♦ ✭✸✳✺✶✮ ✇❡ ♦❜t❛✐♥ ✭✸✳✷✺✮✳

✸✳✸✳✷ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t② ❢♦r t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ ♣r♦✈❡ t❤❡ ♦♥❡ ♣❛r❛♠❡t❡r ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✸✳✺✳ ❚❤❡r❡ ❡①✐st ❝♦♥st❛♥ts C > 0 ❛♥❞ s0 ≥ 1 s✉❝❤ t❤❛t

s

∫∫

Q
e−2sΦξ|px|

2 dxdt+ s3
∫∫

Q
e−2sΦξ3|p|2 dxdt ≤ C

∫∫

Q
e−2sΦ|Bp|2 dxdt

+ Cs3
∫∫

Qω

ξ3e−2sΦ|p|2 dxdt+ Cs

∫∫

Qω

e−2sΦξ|❘❡(px)|
2 dxdt, ✭✸✳✺✷✮

❢♦r ❛❧❧ s > s0✱ ❛♥❞ p ∈ L2(0, T ;❍1
0(0, 1)) s✉❝❤ t❤❛t Bp := (ipt + pxx) ∈ L2(0, T ;▲2(0, 1))✳

✻✷



Pr♦♦❢✿ ▲❡t ✉s ❞❡✜♥❡
q = e−sΦp ✭✸✳✺✸✮

❢♦r ❡❛❝❤ s > 0 ❛♥❞ p ∈ ❈∞(Q) s✉❝❤ t❤❛t p(0, ·) = p(1, ·) = 0✳ ❍❡♥❝❡ ✇❡ ❤❛✈❡

BΦq := e−sΦB(e−sΦq) = i (sΦtq + qt) + s2Φ2
xq + sΦxxq + 2sΦxqx + qxx. ✭✸✳✺✹✮

■❢ ✇❡ ❞❡♥♦t❡
B1q = iqt + qxx + s2Φ2

xq ❛♥❞
B2q = 2sΦxqx + sΦxxq,

✭✸✳✺✺✮

t❤❡♥ ✇❡ ❣❡t

‖B1q‖
2
L2(Q)+‖B2q‖

2
L2(Q)+2Re

∫∫

Q
B1qB2qdxdt ≤ C

(∫∫

Q
|BΦq|

2 dxdt+ s2
∫∫

Q
|Φt|

2|q|2 dxdt

)
.

✭✸✳✺✻✮

■♥ ♦r❞❡r t♦ ❛♥❛❧②③❡ t❤❡ t❡r♠ (B1q,B2q)L2(Q)✱ ✇❡ ❞❡♥♦t❡ ❜② Fij t❤❡ L2✲♣r♦❞✉❝t ♦❢ t❤❡ i✲t❤
t❡r♠ ♦❢ B1q ✇✐t❤ t❤❡ j✲t❤ t❡r♠ ♦❢ B2q✳ ❲❡ ❤❛✈❡ t❤❛t

F11 = 2sRe

∫∫

Q
iqtΦxq̄x dxdt = −2s■♠

∫∫

Q
qtΦxq̄x dxdt

= 2s■♠
∫∫

Q
Φxqtxq̄ dxdt+ 2s■♠

∫∫

Q
Φxxqtq̄ dxdt

= −2s■♠
∫∫

Q
Φxtqxq̄ dx, dt− 2s■♠

∫

Q
Φxqxq̄t dxdt

+2s■♠
∫∫

Q
Φxxqtq̄ dxdt

= −2s■♠
∫∫

Q
Φxtqxq̄ dxdt− F11 + 2s■♠

∫∫

Q
Φxxqtq̄ dxdt.

✭✸✳✺✼✮

■♥ t❤✐s ✇❛②

F11 = −s■♠
∫∫

Q
Φxtqxq̄ dxdt+ s■♠

∫∫

Q
Φxxqtq̄ dxdt ✭✸✳✺✽✮

❛♥❞
F12 = s❘❡

∫∫

Q
iqtΦxxq̄ dxdt. ✭✸✳✺✾✮

❲❡ ❛❧s♦ ❤❛✈❡ t❤❛t

F21 = 2s❘❡
∫∫

Q
qxxΦxq̄x dxdt = s❘❡

∫∫

Q
Φx∂x|qx|

2 dxdt

= s❘❡
∫ T

0

(
Φx(1, t)|qx(1, t)|

2 − Φx(0, t)|qx(0, t)|
2
)
dt− s❘❡

∫∫

Q
Φxx|qx|

2 dxdt,

✭✸✳✻✵✮
❛♥❞

F22 = s❘❡
∫∫

Q
qxxΦxxq̄ dxdt = −s❘❡

∫∫

Q

(
qxΦxxxq̄ +Φxx|qx|

2
)
dxdt

= −
s

2
❘❡
∫∫

Q
Φxxx∂x|q|

2 dxdt− s❘❡
∫∫

Q
Φxx|qx|

2 dxdt

=
s

2
❘❡
∫∫

Q
Φxxxx|q|

2 dxdt− s❘❡
∫∫

Q
Φxx|qx|

2 dxdt.

✭✸✳✻✶✮

✻✸



❚♦ ✜♥✐s❤ ✇❡ ❤❛✈❡

F31 = 2s3❘❡
∫∫

Q
Φ3
xqq̄x dxdt = s3❘❡

∫∫

Q
Φ3
x∂x|q|

2 dxdt

= −3s3❘❡
∫∫

Q
Φ2
xΦxx|q|

2 dxdt,
✭✸✳✻✷✮

❛♥❞

F32 = s3❘❡
∫∫

Q
Φ2
xΦxx|q|

2 dxdt. ✭✸✳✻✸✮

●❛t❤❡r✐♥❣ ❛❧❧ t❤❡ ♣r❡✈✐♦✉s ✐♥t❡❣r❛❧ t❡r♠s ✇❡ ❣❡t

❘❡(B1q,B2q)L2(Q) = s❘❡
∫ T

0

(
Φx(1, t)|qx(1, t)|

2 − Φx(0, t)|qx(0, t)|
2
)
dt

−s■♠
∫∫

Q
Φxtqxq̄ dxdt− s❘❡

∫∫

Q
Φxx|qx|

2 dxdt

s

2
❘❡
∫∫

Q
Φxxxx|q|

2 dxdt− s❘❡
∫∫

Q
Φxx|qx|

2 dxdt

−2s3❘❡
∫∫

Q
Φ2
xΦxx|q|

2 dxdt.

✭✸✳✻✹✮

❲❡ ❤❛✈❡ t❤❛t t❤❡r❡ ❡①✐sts ω0 ⊂⊂ ω s✉❝❤ t❤❛t ❤②♣♦t❤❡s❡s ✭✸✳✷✹✮ st✐❧❧ ❤♦❧❞ ✐♥ ω0✳ ❍❡♥❝❡✱ ❢r♦♠
✭✸✳✻✹✮ ✇❡ ❤❛✈❡ t❤❛t t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts C > 0 ❛♥❞ s1 s✉❝❤ t❤❛t

s3
∫∫

Q
ξ3|q|2 dxdt+ s

∫∫

Q
ξ|qx|

2 dxdt ≤ C

(∫∫

Q
|BΦq|

2 dxdt

+s3
∫∫

Qω0

ξ3|q|2 dxdt+ s

∫∫

Qω0

ξ|qx|
2 dxdt

)
, ✭✸✳✻✺✮

❢♦r ❛❧❧ s ≥ s1✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t p = esΦq✱ ✇❡ ❤❛✈❡ t❤❛t

e−2sΦ|px|
2 ≤ C(s2ξ2|q|2 + |qx|

2) ❛♥❞

|qx|
2 ≤ Ce−2sΦ(s2ξ2|p|2 + |qx|

2).
✭✸✳✻✻✮

❇② ✭✸✳✻✺✮ ❛♥❞ ✭✸✳✻✻✮ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡

s3
∫∫

Q
e−2sΦξ3|p|2 dxdt+ s

∫∫

Q
e−2sΦξ|px|

2 dxdt ≤

∫∫

Q
e−2sΦ|Bp|2 dxdt

+ s3
∫∫

Qω0

e−2sΦξ3|p|2 dxdt+ s

∫∫

Qω0

e−2sΦξ|px|
2 dxdt. ✭✸✳✻✼✮

❚♦ ❝♦♥❝❧✉❞❡ t❤❡ ♣r♦♦❢✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♦❜t❛✐♥ ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ px✱
♦❜t❛✐♥✐♥❣ ✐♥ t❤✐s ✇❛② ✭✸✳✺✷✮✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤✐s✱ ✇❡ ❞❡❝♦♠♣♦s❡ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥
✐♥t♦ t❤❡ r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts✳ ❲❡ ✇r✐t❡ p1 = ❘❡(p) ❛♥❞ p2 = ■♠(p)✳ ❚❤❡♥ ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s②st❡♠ ❣✐✈❡♥ ❜②

{
p1t + p2xx = ■♠(Bp) ✐♥ Q,

−p2t + p1xx = ❘❡(Bp) ✐♥ Q.
✭✸✳✻✽✮

✻✹



▲❡t ✉s t❛❦❡ ρ ∈ C∞
0 (ω) s✉❝❤ t❤❛t ρ = 1 ✐♥ ω0✳ ▼✉❧t✐♣❧②✐♥❣ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ❜② sξρe−2sΦp1

❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ♦♥ ω × (0, T )

s

∫∫

Qω

(e−2sΦξ)tρp2p1 dxdt+ s

∫∫

Qω

e−2sΦξρp2p1t dxdt

−s

∫∫

Qω

(e−2sΦξρ)xp1xp1 dxdt− s

∫∫

Qω

e−2sΦξρ|p1x|
2 dxdt

= s

∫∫

Qω

e−2sΦξρ❘❡(Bp)p1 dxdt.

✭✸✳✻✾✮

▼✉❧t✐♣❧②✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥ ❜② sξρe−2sΦp2 ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ♦♥ ω × (0, T )

s

∫∫

Qω

e−2sΦξρp1tp2 dxdt− s

∫∫

Qω

(e−2sΦξρ)xp2xp2 dxdt

−s

∫∫

Qω

e−2sΦξρ|p2x|
2 dxdt = s

∫∫

Qω

e−2sΦξρ■♠(Bp)p2 dxdt.
✭✸✳✼✵✮

❙✉❜tr❛❝t✐♥❣ ❜♦t❤ ❡①♣r❡ss✐♦♥s ❛♥❞ ✉s✐♥❣ t❤❡ ♣r♦♣❡rt② ♦❢ ρ ✇❡ ♦❜t❛✐♥

s

∫∫

Qω0

e−2sΦξ|p2x|
2 dxdt ≤ −s

∫∫

Qω

(e−2sΦξρ)xp2xp2 dxdt− s

∫∫

Qω

e−2sΦξρ■♠(Bp)p2 dxdt

− s

∫∫

Qω

(e−2sΦξ)tρp2p1 dxdt+ s

∫∫

Qω

(e−2sΦξρ)xp1xp1 dxdt

+ s

∫∫

Qω

e−2sΦξρ|p1x|
2 dxdt+ s

∫∫

Qω

e−2sΦξρ❘❡(Bp)p1 dxdt. ✭✸✳✼✶✮

❚❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✼✶✮ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❜② ❧♦❝❛❧ t❡r♠s ♦❢ p1✱ p2 ❛♥❞ p1x✳ ■♥
❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤✐s ❛♥❞ ✭✸✳✻✼✮✱ ✇❡ ❞❡❞✉❝❡ ✭✸✳✺✷✮✳

✸✳✸✳✸ ❈❛r❧❡♠❛♥ ❊st✐♠❛t❡ ❢♦r t❤❡ ❙❝❤rö❞✐♥❣❡r✲❑❞❱ ❙②st❡♠✳ ❖❜s❡r✈❛t✐♦♥s

♦❢ ψ ❛♥❞ ❘❡(φ)✳

❲❡ st❛t❡ ❛♥❞ ♣r♦✈❡ ❛ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ❢♦r s②st❡♠ ✭✸✳✺✮✳ ❚❤✐s ✐♥❡q✉❛❧✐t② ✇✐❧❧ ❜❡ ✉s❡❞
✐♥ ♥❡①t s❡❝t✐♦♥ t♦ ♣r♦✈❡ t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ❡st✐♠❛t❡ ✭✸✳✼✮✳ ❚❤❡ ♠❛✐♥ ♣❛rt ♦❢ t❤❡ ♣r♦♦❢ ❝♦♥s✐sts
✐♥ r❡♠♦✈✐♥❣✱ ❛❢t❡r t❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡s ❢♦r ❜♦t❤ ❡q✉❛t✐♦♥s ❛r❡ ❝♦♠❜✐♥❡❞✱ ♦♥❡ ❝♦♠♣♦♥❡♥t
♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥✳ ❙✐♠✐❧❛r ❛r❣✉♠❡♥ts ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ ❢♦r s②st❡♠s ♦❢ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s
✭s❡❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❬✸❪✮✳

❚❤❡♦r❡♠ ✸✳✻✳ ❆ss✉♠✐♥❣ ❤②♣♦t❤❡s❡s ♦❢ ❚❤❡♦r❡♠ ✸✳✷✱ t❤❡r❡ ❡①✐st C > 0 ❛♥❞ s0 > 0 s✉❝❤ t❤❛t

❢♦r ❛❧❧ s ≥ s0✱

s

∫∫

Q
e−2sΦ̂ξ|φx|

2 dxdt+ s3
∫∫

Q
e−2sΦ̂ξ3|φ|2 dxdt+ s5

∫∫

Q
e−2sΦ̂ξ5|ψ|2 dxdt

+ s3
∫∫

Q
e−2sΦ̂ξ3|ψx|

2 dxdt+ s

∫∫

Q
e−2sΦ̂ξ|ψxx|

2 dxdt ≤ Cs5
∫∫

Qω

e−2Φ̌ξ5|ψ|2 dxdt

+Cs29
∫∫

Qω

ξ47es(6Φ̂−8Φ̌)|ψ|2dt+Cs3
∫∫

Qω

ξ3e−2sΦ̌|❘❡(φ)|2 dxdt+Cs

∫∫

Qω

e−2sΦ̌ξ3|❘❡(φx)|
2 dxdt,

✭✸✳✼✷✮

❢♦r ❛❧❧ (φT , ψT ) ∈ ❍
1
0(0, 1)× L2(0, 1)✱ ✇❤❡r❡ (φ, ψ) st❛♥❞s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✸✳✺✮✳

✻✺



Pr♦♦❢✿ ❲❡ st❛rt s✉♣♣♦s✐♥❣ t❤❛t (φT , ψT ) ∈ ❍
1
0(0, 1) × H1

0 (0, 1)✳ ❚❤❡ ❝❛s❡ (φT , ψT ) ∈

❍
1
0(0, 1) × L2(0, 1) ❢♦❧❧♦✇s ❜② ❛ ❞❡♥s✐t② ❛r❣✉♠❡♥t✳ ❲❡ r❡❝❛❧❧ t❤❛t✱ ❜② ❘❡♠❛r❦ ✸✳✺✱ (φ, ψ) ∈

C([0, T ];❍1
0(0, 1))× Y 1

2
✳ ❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ✐s ♦r❞❡r❡❞ ✐♥ t✇♦ st❡♣s✳

❙t❡♣ ✶✿ ❲❡ t❛❦❡ ω1 ⊂⊂ ω ❛♥❞ ❛♣♣❧② ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t✐❡s ✭✸✳✷✺✮ ❛♥❞ ✭✸✳✺✷✮ t♦ ❡❛❝❤ ❡q✉❛t✐♦♥
♦❢ s②st❡♠ ✭✸✳✺✮ ✇✐t❤ ♦❜s❡r✈❛t✐♦♥s ✐♥ ω1✳ ❆❞❞✐♥❣ ✉♣ ❜♦t❤ ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❝❛♥ ❛❜s♦r❜ t❤❡ ③❡r♦✲
♦r❞❡r t❡r♠s ♦❢ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡✱ ♦❜t❛✐♥✐♥❣

s

∫∫

Q
e−2sΦξ|φx|

2 dxdt+ s3
∫∫

Q
e−2sΦξ3|φ|2 dxdts5

∫∫

Q
e−2sΦξ5|ψ|2 dxdt

+ s3
∫∫

Q
e−2sΦ̂ξ3|ψx|

2 dxdt+ s

∫∫

Q
e−2sΦξ|ψxx|

2 dxdt

≤ Cs5
∫∫

Qω1

e−2Φξ5|ψ|2 dxdt+ Cs

∫∫

Qω1

e−2sΦξ|ψxx|
2 dxdt

+ Cs3
∫∫

Qω1

ξ3e−2sΦ|φ|2 dxdt+ Cs

∫∫

Qω1

e−2sΦξ|❘❡(φx)|
2 dxdt. ✭✸✳✼✸✮

■♥ ♦r❞❡r t♦ r❡♠♦✈❡ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡ ❝♦♥tr♦❧ ❛❝t✐♥❣ ✐♥ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✱
✇❡ ❤❛✈❡ t♦ r❡♠♦✈❡ t❤❡ ✇❡✐❣❤t❡❞ ✐♥t❡❣r❛❧ ♦❢ ■♠(φ) ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✼✸✮✳ ❙✐♥❝❡
|■♠(a2)| ≥ δ > 0 ✐♥ ω✱ ✇❡ ❣❡t

s3
∫∫

Qω1

ξ3e−2sΦ|φ|2 dxdt = s3
∫∫

Qω1

ξ3e−2sΦ|❘❡(φ)|2 dxdt+s3
∫∫

Qω1

ξ3e−2sΦ|■♠(φ)|2 dxdt

≤ s3
∫∫

Qω1

ξ3e−2sΦ|❘❡(φ)|2 dxdt+
s3

δ2

∫∫

Qω1

ξ3e−2sΦ|■♠(a2)|
2|■♠(φ)|2 dxdt. ✭✸✳✼✹✮

▲❡t θ ∈ C∞
0 (ω) s✉❝❤ t❤❛t θ = 1 ✐♥ ω1 ❛♥❞ ❙❣♥ t❤❡ s✐❣♥ ❢✉♥❝t✐♦♥✳ ▼✉❧t✐♣❧②✐♥❣ t❤❡ s❡❝♦♥❞

❡q✉❛t✐♦♥ ♦❢ s②st❡♠ ✭✸✳✺✮ ❜② s3❙❣♥(■♠(a2))e
−2sΦξθ■♠(φ) ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐♥ ω×(0, T )✱ ✇❡ ❤❛✈❡

s3
∫∫

Qω1

ξ3e−2sΦ|■♠(a2)||■♠(φ)|2 dxdt ≤ s3
∫∫

Qω

θξ3e−2sΦ|■♠(a2)||■♠(φ)|2 dxdt

= −s3
∫∫

Qω

θe−2sΦξ3❙❣♥(■♠(a2))❘❡(a2)❘❡(φ)■♠(φ) dxdt

− s3
∫∫

Qω

θe−2sΦξ3❙❣♥(■♠(a2))a4ψ■♠(φ) dxdt

− s3
∫∫

Qω

θe−2sΦξ3❙❣♥(■♠(a2))ψt■♠(φ) dxdt

− s3
∫∫

Qω

θe−2sΦξ3❙❣♥(■♠(a2))ψxxx■♠(φ) dxdt

−s3
∫∫

Qω

θe−2sΦξ3❙❣♥(■♠(a2))Mψx■♠(φ) dxdt.

✭✸✳✼✺✮

❲❡ ❞❡♥♦t❡ ❜② Ji t❤❡ i✲t❤ t❡r♠ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✼✺✮✳ ❯♥t✐❧ t❤❡ ❡♥❞ ♦❢ t❤✐s ♣r♦♦❢✱

✻✻



✇❡ s②st❡♠❛t✐❝❛❧❧② ❛♣♣❧② ✐♥❡q✉❛❧✐t② ab ≤ εa2 + Cb2✱ ✇❤❡r❡ ε > 0 ✐s s♠❛❧❧ ❡♥♦✉❣❤✳ ❲❡ ❤❛✈❡

|J1| ≤ εs3
∫∫

Q
e−2sΦξ3|■♠(φ)|2 dxdt+ Cs3

∫∫

Qω

e−2sΦξ3|❘❡(φ)|2 dxdt. ✭✸✳✼✻✮

❆♥❛❧♦❣♦✉s❧②✱

|J2| ≤ εs3
∫∫

Q
e−2sΦξ3|■♠(φ)|2 dxdt+ Cs3

∫∫

Qω

e−2sΦξ3|ψ|2 dxdt. ✭✸✳✼✼✮

❋♦r J3 ✇❡ ❤❛✈❡

J3 = s3
∫∫

Qω

(❙❣♥(■♠(a2))e
−2sΦξ3θ)tψ■♠(φ) dxdt

+ s3
∫∫

Qω

❙❣♥(■♠(a2))e
−2sΦξ3θψ■♠(φt) dxdt, ✭✸✳✼✽✮

❛♥❞ ✉s✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ ✭✸✳✺✮ ✇❡ ♦❜t❛✐♥

J3 = s3
∫∫

Qω

(❙❣♥(■♠(a2))e
−2sΦξ3θ)tψ■♠(φ) dxdt

+s3
∫∫

Qω

❙❣♥(■♠(a2))e
−2sΦξ3θψ❘❡(φxx) dxdt

−s3
∫∫

Qω

❙❣♥(■♠(a2))e
−2sΦξ3θψ❘❡(a1φ+ ā3ψ) dxdt.

✭✸✳✼✾✮

❲❡ r❡♠❛r❦ t❤❛t ✐t ♠❛❦❡s s❡♥s❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❙❣♥(■♠(a2)) ✐♥ ✭✸✳✼✾✮✳ ❚❤✐s
✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t✱ ✐♥ ω✱ t❤❡ ❙❣♥ ♦❢ ■♠(a2) ✐s ❝♦♥st❛♥t ❛♥❞ ❡q✉❛❧s t♦ ♦♥❡ ♦r ♠✐♥✉s ♦♥❡✳

❉❡♥♦t✐♥❣ ❜② J i
3 t❤❡ i✲t❤ t❡r♠ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✼✾✮✱ ❛♥❞ ♥♦t✐❝✐♥❣

|(e−2sΦξ3θ❙❣♥(■♠(a2)))t| = | − 2se−2sΦΦtξ
3θ❙❣♥(■♠(a2)) + e−2sΦ(ξ3)tθ❙❣♥(■♠(a2))|

≤ sCe−2sΦξ5,

✇❡ ♦❜t❛✐♥

|J1
3 | ≤ εs3

∫∫

Qω

e−2sΦξ3|■♠(φ)|2 dxdt+ Cs5
∫∫

Qω

e−2sΦξ7|ψ|2 dxdt. ✭✸✳✽✵✮

■♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ✇❡ s❡❡ t❤❛t

J2
3 = −s3

∫∫

Qω

(e−2sΦξ3θ❙❣♥(■♠(a2)))xψ❘❡(φx) dxdt

−s3
∫∫

Qω

e−2sΦξ3θ❙❣♥(■♠(a2))ψx❘❡(φx) dxdt,
✭✸✳✽✶✮

❛♥❞ ✉s✐♥❣ t❤❛t

(e−2sΦξ3θ❙❣♥(■♠(a2)))x = −2se−2sΦΦxξ
3θ■♠(a2) + e−2sΦξ3(θ❙❣♥(■♠(a2)))x

≤ sCe−2sΦξ4,

✇❡ ✜♥❞

|J2
3 | ≤ Cs3

∫∫

Qω

e−2sΦξ3|❘❡(φx)|
2 dxdt+ Cs5

∫∫

Qω

e−2sΦξ5|ψ|2 dxdt

+εs3
∫∫

Qω

e−2sΦξ3|ψx|
2 dxdt.

✭✸✳✽✷✮

✻✼



❲❡ s❡❡ t❤❛t

|J3
3 | ≤ Cs3

∫∫

Qω

e−2sΦξ3|ψ|2 dxdt+ Cs3
∫∫

Qω

e−2sΦξ3|❘❡(φ)|2 dxdt

+εs3
∫∫

Qω

e−2sΦξ3|■♠(φ)|2 dxdt.
✭✸✳✽✸✮

❲❡ ❤❛✈❡

J4 = s3
∫∫

Qω

(e−2sΦξ3θ❙❣♥(■♠(a2)))xψxx■♠(φ) dxdt

+s3
∫∫

Qω

e−2sΦξ3θ❙❣♥(■♠(a2))ψxx■♠(φx) dxdt,
✭✸✳✽✹✮

❛♥❞ t❤❡r❡❢♦r❡

|J4| ≤ εs3
∫∫

Q
e−2sΦξ3|■♠(φ)|2 dxdt+ εs

∫∫

Q
e−2sΦξ|■♠(φx)|

2 dxdt

+Cs5
∫∫

Qω

e−2sΦξ5|ψxx|
2 dxdt.

✭✸✳✽✺✮

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡

|J5| ≤ Cs3
∫∫

Qω

e−2sΦξ3|Mψx|
2 dxdt+ εs3

∫∫

Qω

e−2sΦξ3|■♠(φ)|2 dxdt

≤ C‖M‖L∞(0,T ;L2(0,1))

(
s5
∫∫

Qω

e−2sΦ̌ξ5|ψ|2 dxdt+ s

∫∫

Qω

e−2sΦ̌ξ|ψxx|
2 dxdt

)

+ εs3
∫∫

Qω

e−2sΦξ3|■♠(φ)|2 dxdt. ✭✸✳✽✻✮

❋r♦♠ ✭✸✳✼✺✮ ❛♥❞ t❤❡ s✉❜s❡q✉❡♥t ✐♥❡q✉❛❧✐t✐❡s✱ ✇❡ ❣❡t

s3
∫∫

Qω1

ξ3e−2sΦ|■♠(a2)|
2|■♠(φ)|2 dxdt ≤ εs3

∫∫

Q
e−2sΦξ3|■♠(φ)|2 dxdt

+ Cs3
∫∫

Qω

e−2sΦξ3|❘❡(φ)|2 dxdt+ Cs5
∫∫

Qω

e−2sΦ̌ξ7|ψ|2 dxdt

+Cs3
∫∫

Qω

e−2sΦξ3|❘❡(φx)|
2 dxdt+εs3

∫∫

Qω

e−2sΦξ3|ψx|
2 dxdt+εs

∫∫

Q
e−2sΦξ|■♠(φx)|

2 dxdt

+ Cs5
∫∫

Qω

e−2sΦ̌ξ5|ψxx|
2 dxdt. ✭✸✳✽✼✮

❋r♦♠ ✭✸✳✼✸✮✱ ✭✸✳✼✹✮ ❛♥❞ ✭✸✳✽✼✮ ✇❡ ♦❜t❛✐♥ t❤❡ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t②

s

∫∫

Q
e−2sΦ̂ξ|φx|

2 dxdt+ s3
∫∫

Q
e−2sΦ̂ξ3|φ|2 dxdt+ s5

∫∫

Q
e−2sΦ̂ξ5|ψ|2 dxdt

+ s3
∫∫

Q
e−2sΦ̂ξ3|ψx|

2 dxdt+ s

∫∫

Q
e−2sΦ̂ξ|ψxx|

2 dxdt ≤ Cs5
∫∫

Qω

e−2Φ̌ξ7|ψ|2 dxdt

+ Cs5
∫∫

Qω

e−2sΦ̌ξ5|ψxx|
2 dxdt+ Cs3

∫∫

Qω

ξ3e−2sΦ̌|❘❡(φ)|2 dxdt

+ Cs3
∫∫

Qω

e−2sΦ̌ξ3|❘❡(φx)|
2 dxdt. ✭✸✳✽✽✮

✻✽



❙t❡♣ ✷✿ ■♥ t❤✐s st❡♣ ✇❡ ❢♦❧❧♦✇ ❬✹✼❪ ✐♥ ♦r❞❡r t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ♦❜s❡r✈❛t✐♦♥ ♦❢ ψxx ❛♣♣❡❛r✐♥❣
✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✽✽✮✳ ❇② ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❛r❣✉♠❡♥t ❛♥❞ t❤❡ ❨♦✉♥❣ ✐♥❡q✉❛❧✐t② ✇❡
❤❛✈❡

s5
∫∫

Qω

e−2sΦ̌ξ5|ψxx|
2 dxdt ≤ Cs5

∫ T

0
e−2sΦ̌ξ5‖ψ‖

1
2

L2(ω)
‖ψ‖

3
2

H
8
3 (ω)

dt

= C

∫ T

0
e−2sΦ̌ξ5

[
(s

29
4 ξ

21
2 e

3
2
sΦ̂e−

3
2
sΦ̌)‖ψ‖

1
2

L2(ω)
(s

−9
4 ξ−

21
2 e−

3
2
sΦ̂e

3
2
sΦ̌)‖ψ‖

3
2

H
8
3 (ω)

]
dt

≤ C

∫ T

0
e−2sΦ̌ξ5

[
Cε(s

29ξ42e6sΦ̂e−6sΦ̌)‖ψ‖2L2(ω) + ε(s−3ξ−14e−2sΦ̂e2sΦ̌)‖ψ‖2
H

8
3 (ω)

]
dt

= Cs29
∫ T

0
ξ47es(6Φ̂−8Φ̌)‖ψ‖2L2(ω)dt+ εs−3

∫ T

0
ξ−9e−2sΦ̂‖ψ‖2

H
8
3 (ω)

dt, ✭✸✳✽✾✮

✇✐t❤ ε > 0 t❛❦❡♥ s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ◆♦✇ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ H
8
3 t❡r♠ ✐♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡

♦❢ ✭✸✳✽✾✮ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✽✽✮✱ ✇❤✐❝❤ ✐s ❞❡♥♦t❡❞ ❜② I(φ, ψ)✳ ❚❤✐s
✇✐❧❧ ❜❡ ❞♦♥❡ ❜② ✉s✐♥❣ ❛ ❜♦♦tstr❛♣✲❦✐♥❞ ❛r❣✉♠❡♥t ❢♦r t❤❡ ❑❞❱ ❡q✉❛t✐♦♥✳

▲❡t θ1 = e−sΦ̂ξ−
1
2 ✳ ●✐✈❡♥ (φ, ψ) ∈ C([0, T ];❍1

0(0, 1)) × Y 1
4
s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✸✳✺✮✱ ✇❡

❤❛✈❡ t❤❛t (φ1, ψ1) := (θ1φ, θ1ψ) ✐s s♦❧✉t✐♦♥ ♦❢




iφ1t + φ1xx = k ✐♥ Q,

ψ1t + ψ1xxx = g ✐♥ Q,

φ1(0, t) = φ1(1, t) = 0 ✐♥ (0, T ),

ψ1(0, t) = ψ1(1, t) = ψ1x(0, t) = 0 ✐♥ (0, T ),

φ1(x, T ) = 0, ψ1(x, T ) = 0 ✐♥ (0, 1),

✭✸✳✾✵✮

✇❤❡r❡
k❂iθ′1φ+ θ1(a1φ+ ā3ψ),

g❂θ′1ψ − θ1(Re(ā2φ) + a4ψ) +Mθ1ψx.
✭✸✳✾✶✮

❋r♦♠ t❤❡ ❢❛❝ts t❤❛tM ∈ L∞(0, T ;L2(0, 1)) ❛♥❞ |θ′1| ≤ Csξ
3
2 e−sΦ̂✱ ✇❡ ❣❡t k ∈ L2(0, T ;❍1

0(0, 1))

❛♥❞ g ∈ L2(0, T ;L2(0, 1))✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡

‖k‖2
L2(0,T ;▲2(0,1))

+ ‖g‖2L2(0,T ;L2(0,1)) ≤ Cs−1I(φ, ψ). ✭✸✳✾✷✮

❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✸✳✺ ✇❡ ❣❡t

‖φ1‖
2
L∞(0,T ;▲2(0,1))

+ ‖ψ1‖
2

L4(0,T ;H
3
2 (0,1))

≤ C‖k‖2
L2(0,T ;▲2(0,1))

+ C‖g‖2
L2(0,T ;▲2(0,1))

. ✭✸✳✾✸✮

❈♦♠❜✐♥✐♥❣ ✭✸✳✾✸✮ ❛♥❞ ✭✸✳✾✷✮ ✇❡ ❣❡t

‖φ1‖
2
L∞(0,T ;▲2(0,1))

+ ‖ψ1‖
2

L4(0,T ;H
3
2 (0,1))

≤ Cs−1I(φ, ψ). ✭✸✳✾✹✮

❈♦♥s✐❞❡r ♥♦✇ θ2 = e−sΦ̂ξ−
5
2 ✳ ❚❤✉s (φ2, ψ2) := (θ2φ, θ2ψ) s❛t✐s✜❡s





iφ2t + φ2xx = k1 ✐♥ Q,

ψ2t + ψ2xxx = g1 ✐♥ Q,

φ2(0, t) = φ2(1, t) = 0 ✐♥ (0, T ),

ψ2(0, t) = ψ2(1, t) = ψ2x(0, t) = 0 ✐♥ (0, T ),

φ2(x, T ) = 0, ψ2(x, T ) = 0 ✐♥ (0, 1),

✭✸✳✾✺✮

✻✾



✇❤❡r❡
k1 = iθ′2φ+ θ2(a1φ+ ā3ψ)

= iθ′2θ
−1
1 φ1 + θ2θ

−1
1 (a1φ1 + ā3ψ1),

g1 = θ′2ψ − θ2(Re(ā2φ) + a4ψ) +Mθ2ψx

= θ′2θ
−1
1 ψ1 − θ2θ

−1
1 (Re(ā2φ1) + a4ψ1) +Mθ2θ

−1
1 ψ1x.

✭✸✳✾✻✮

❲❡ ❤❛✈❡ t❤❛t |θ2θ
−1
1 | ≤ C ❛♥❞ |θ′2θ

−1
1 | ≤ Cs✳ ❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❛♥❞

t❤❡ ❢❛❝t t❤❛t M,ψ1x ∈ L4(0, T ;H
1
2 (0, 1))✱ ✇❡ ❤❛✈❡ (k1, g1) ∈ L2(0, T ;❍1

0(0, 1) × H
1
3 (0, 1))✳

❍❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❛t t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❢✉♥❝t✐♦♥s ✐♥ H
1
2 (0, 1) ❜❡❧♦♥❣s t♦ H

1
3 (0, 1)✳ ❇❡✐♥❣

L2(0, T ;H
1
3 (0, 1)) = X7/12✱ ✇❡ ✉s❡ ✭✸✳✾✸✮✱ ✭✸✳✾✷✮ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✳✺ t♦ ♦❜t❛✐♥

‖φ2‖
2
L∞(0,T ;▲2(Ω))

+ ‖ψ2‖
2
Y 7

12

≤ C‖k1‖
2
L2(0,T ;▲2(0,1))

+ C‖g1‖
2

L2(0,T ;H
1
3 (0,1))

≤ CsI(φ, ψ),
✭✸✳✾✼✮

✇❤❡r❡
Y 7

12
= L2(0, T ;H

7
3 (0, 1)) ∩ L∞(0, T ;H

4
3 (0, 1)).

❋✐♥❛❧❧②✱ ❝♦♥s✐❞❡r θ3 = e−sΦ̌ξ−
9
2 ✳ ❚❤❡♥ (φ3, ψ3) := (θ3φ, θ3ψ) ✐s s♦❧✉t✐♦♥ ♦❢





iφ3t + φ3xx = k2 ✐♥ Q,

ψ3t + ψ3xxx = g2 ✐♥ Q,

φ3(0, t) = φ3(1, t) = 0 ✐♥ (0, T ),

ψ3(0, t) = ψ3(1, t) = ψ3x(0, t) = 0 ✐♥ (0, T ),

φ3(x, T ), ψ3(x, T ) = 0 = 0 ✐♥ (0, 1),

✭✸✳✾✽✮

✇❤❡r❡
k2 = iθ′3φ+ θ3(a1φ+ ā3ψ)

= iθ′3θ
−1
2 φ2 + θ3θ

−1
2 (a1φ2 + ā3ψ2)

g2 = θ′3ψ − θ3(Re(ā2φ) + a4ψ) +Mθ3ψx

= θ′3θ
−1
2 ψ2 − θ3θ

−1
2 (Re(ā2φ2) + a4ψ2) +Mθ3θ

−1
2 ψ2x.

✭✸✳✾✾✮

Pr♦❝❡❡❞✐♥❣ ❛s ❜❡❢♦r❡✱ ✇❡ s❡❡ t❤❛t |θ3θ
−1
2 | ≤ C ❛♥❞ |θ′3θ

−1
2 | ≤ Cs✳ ❆❧s♦✱M ∈ L3(0, T ;H

2
3 (0, 1))

❛♥❞ ψ2x ∈ L6(0, T ;H2/3(0, 1))✳ ■♥ t❤✐s ✇❛② (k2, g2) ∈ L2(0, T ;❍1
0(0, 1) × H

2
3 (0, 1))✳ ❍❡r❡

✇❡ ❤❛✈❡ ✉s❡❞ t❤❛t t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ❢✉♥❝t✐♦♥s ✐♥ H
2
3 (0, 1) ❜❡❧♦♥❣s t♦ H

2
3 (0, 1)✳ ❙✐♥❝❡

L2((0, T );H
2
3 (0, 1)) = X2/3✱ ✇❡ ❤❛✈❡

‖φ3‖
2
L∞((0,T );▲2(Ω))

+ ‖ψ3‖
2
Y 2

3

≤ C‖k2‖
2
L2(0,T ;▲2(0,1))

+ C‖g2‖
2

L2(0,T ;H
2
3 (0,1))

≤ Cs3I(φ, ψ),
✭✸✳✶✵✵✮

✇❤❡r❡
Y 2

3
= L2(0, T ;H

8
3 (0, 1)) ∩ L∞(0, T ;H

5
3 (0, 1)).

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ θ3✱ ✐♥❡q✉❛❧✐t② ✭✸✳✶✵✵✮ ✐♠♣❧✐❡s t❤❛t

s−3

∫ T

0
ξ−9e−2sΦ̂‖ψ‖2

H
8
3 (ω)

dt ≤ CI(φ, ψ) ✭✸✳✶✵✶✮

■♥❡q✉❛❧✐t② ✭✸✳✶✵✶✮✱ ❝♦♠❜✐♥❡❞ ✇✐t❤ ✭✸✳✽✽✮ ❛♥❞ ✭✸✳✽✾✮ ✐♠♣❧② ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t② ✭✸✳✼✷✮✳

✼✵



✸✳✸✳✹ ❈❛r❧❡♠❛♥ ❊st✐♠❛t❡ ❢♦r t❤❡ ❙❝❤rö❞✐♥❣❡r✲❑❞❱ ❙②st❡♠✳ ❖❜s❡r✈❛t✐♦♥s

♦❢ φ✳

❲❡ st❛t❡ ❛♥❞ ♣r♦✈❡ ❛ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ❢♦r s②st❡♠ ✭✸✳✺✮✱ ✇✐t❤ ♦❜s❡r✈❛t✐♦♥s ❣✐✈❡♥ ♦♥❧② ❜②
❧♦❝❛❧ t❡r♠s ♦❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✳ ❚❤✐s ✐♥❡q✉❛❧✐t② ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ♥❡①t
s❡❝t✐♦♥ t♦ ♣r♦✈❡ t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ❡st✐♠❛t❡ ✭✸✳✻✮✳

❚❤❡♦r❡♠ ✸✳✼✳ ❆ss✉♠✐♥❣ ❤②♣♦t❤❡s❡s ♦❢ ❚❤❡♦r❡♠ ✸✳✶✱ t❤❡r❡ ❡①✐st C > 0 ❛♥❞ s0 > 0 s✉❝❤ t❤❛t✱

❢♦r ❛❧❧ s ≥ s0✱ ✇❡ ❤❛✈❡

s

∫∫

Q
e−2sΦ̂ξ|φx|

2 dxdt+ s3
∫∫

Q
e−2sΦ̂ξ3|φ|2 dxdt+ s5

∫∫

Q
e−2sΦ̂ξ5|ψ|2 dxdt

+ s3
∫∫

Q
e−2sΦ̂ξ3|ψx|

2 dxdt+ s

∫∫

Q
e−2sΦ̂ξ|ψxx|

2 dxdt

≤ Cs12
∫∫

Qω

e−2s(8Φ̌−7Φ̂)ξ61(|φ|2 + |❘❡(φx)|
2) dxdt ✭✸✳✶✵✷✮

❢♦r ❛❧❧ (φT , ψT ) ∈ ❍
1
0(0, 1)× L2(0, 1)✱ ✇❤❡r❡ (φ, ψ) st❛♥❞s ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✸✳✺✮✳

Pr♦♦❢✿ ❲❡ t❛❦❡ ω1 ⊂⊂ ω ❛♥❞ ✉s❡ ❈❛r❧❡♠❛♥ ✐♥❡q✉❛❧✐t② ✭✸✳✼✸✮✳ ❆♣♣❧②✐♥❣ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t
❛s ✐♥ ❙t❡♣ ✷ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✻ ✭s❡❡ ✭✸✳✽✾✮✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✐♥❡q✉❛❧✐t②

s

∫∫

Qω1

e−2sΦ̌ξ|ψxx|
2dxdt ≤ Cs13

∫ T

0
ξ31e−s(8Φ̌−6Φ̂)‖ψ‖2L2(ω1)

dt+εs−3

∫ T

0
ξ−9e−2sΦ̂‖ψ‖2

H
8
3 (ω1)

dt.

✭✸✳✶✵✸✮

❯s✐♥❣ ✭✸✳✶✵✸✮ ❛♥❞ ✭✸✳✶✵✶✮ ✐♥ ✭✸✳✼✸✮ ✇❡ ❣❡t

s

∫∫

Q
e−2sΦξ|φx|

2 dxdt+ s3
∫∫

Q
e−2sΦξ3|φ|2 dxdts5

∫∫

Q
e−2sΦξ5|ψ|2 dxdt

+ s3
∫∫

Q
e−2sΦ̂ξ3|ψx|

2 dxdt+ s

∫∫

Q
e−2sΦξ|ψxx|

2 dxdt ≤ C

(
s3
∫∫

Qω1

ξ3e−2sΦ|φ|2 dxdt

+s

∫∫

Qω1

e−2sΦξ|❘❡(φx)|
2 dxdt+ s13

∫∫

Qω1

ξ31e−s(8Φ̌−6Φ̂)|ψ|2dt

)
. ✭✸✳✶✵✹✮

❚❤❡ t❛s❦ ♥♦✇ ✐s t♦ ❡❧✐♠✐♥❛t❡ t❤❡ ❧♦❝❛❧ t❡r♠ ♦❢ ψ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✶✵✹✮✳ ❈♦♥s✐❞❡r
Γ(t) = ξ31(t)es(6Φ̂−8Φ̌)(t) ❛♥❞ θ ❛ C∞(0, 1) ❢✉♥❝t✐♦♥✱ s✉❝❤ t❤❛t θ = 1 ✐♥ ω1 ❛♥❞ ❙✉♣♣ θ ⊂ ω✳
▼✉❧t✐♣❧②✐♥❣ t❤❡ ✐♠❛❣✐♥❛r② ♣❛rt ♦❢ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✐♥ ✭✸✳✺✮ ❜② Γ(t)θ(x)■♠(a3)ψ ❛♥❞
✐♥t❡❣r❛t✐♥❣ ♦♥ Q✱ ✇❡ ❤❛✈❡

∫∫

Qω1

|■♠(a3)|
2ξ31(t)es(6Φ̂−8Φ̌)(t)|ψ|2 dxdt

≤

∫∫

Qω

Γ(t)θ(x) (■♠(a3)a1■♠(φ)− ❘❡(φt)− ■♠(φxx))ψ dxdt. ✭✸✳✶✵✺✮

✼✶



❲❡ ✇✐❧❧ ♥♦✇ ❡st✐♠❛t❡ t❤❡ t❤r❡❡ t❡r♠s ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✶✵✺✮✳ ❚❤❡ ✜rst t❡r♠ ❝❛♥
❜❡ ❜♦✉♥❞❡❞ ❛s ❢♦❧❧♦✇s
∫∫

Qω

Γ(t)θ(x)■♠(a3)a1■♠(φ)ψ dxdt

=

∫∫

Qω

■♠(a3)a1Γ(t)θ(x)(Γ(t)ξ
− 5

2 esΦ̂)■♠(φ)(Γ(t)−1ξ
5
2 e−sΦ̂)ψ dxdt

≤ Cǫs
−5

∫∫

Qω

e−2s(8Φ̌−7Φ̂)ξ57|■♠(φ)|2 dxdt+ ǫs5
∫∫

Qω

ξ5e−2sΦ̂|ψ|2 dxdt. ✭✸✳✶✵✻✮

❚❤❡ s❡❝♦♥❞ t❡r♠ ✐s ❣✐✈❡♥ ❜②

−

∫∫

Qω

Γ(t)θ(x)■♠(a3)❘❡(φt)ψ dxdt =
∫∫

Qω

(Γ(t)■♠(a3))tθ(x)❘❡(φ)ψ dxdt

+

∫∫

Qω

Γ(t)■♠(a3)θ(x)❘❡(φ)ψt dxdt = X1 +X2. ✭✸✳✶✵✼✮

❆❜♦✈❡✱ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t Γ ❞❡❝r❡❛s❡s ❡①♣♦♥❡♥t✐❛❧❧② t♦ ③❡r♦ ❛t t = 0 ❛♥❞ t = T ✳ ❯s✐♥❣
t❤❛t

Γt(t) = −(T − 2t)es(6Φ̂−8Φ̌)(t)
(
31ξ32(t) + sξ33(6φ̂0 − 8φ̌0)

)
≤ CsΓ(t)ξ2(t),

✇❤❡r❡ (φ̂0, φ̌0) = ( max
x∈[0,1]

φ0, min
x∈[0,1]

φ0)✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞ ❢♦r X1

|X1| ≤ Cs

∫∫

Qω

Γ(t)ξ2(t)|❘❡(φ)ψ| dxdt

= Cs

∫∫

Qω

Γ(t)ξ2(t)(Γ
1
2 ξ−

3
2 esΦ̂)|❘❡(φ)|(Γ− 1

2 ξ
3
2 e−sΦ̂)|ψ| dxdt

≤ Cǫs
−5

∫∫

Qω

e−2s(8Φ̌−7Φ̂)ξ61|❘❡(φ)|2 dxdt+ ǫs5
∫∫

Qω

e−2sΦ̂ξ5|ψ|2 dxdt. ✭✸✳✶✵✽✮

❯s✐♥❣ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ ✭✸✳✺✮ ✇❡ ❤❛✈❡ ❢♦r X2 t❤❛t

X2 =

∫∫

Qω

Γ(t)■♠(a3)θ(x)❘❡(φ)(−ψxxx −Mψx − ❘❡(ā2φ)− a4ψ) dxdt =

X1
2 +X2

2 +X3
2 +X4

2 . ✭✸✳✶✵✾✮

❚❤❡ t❛s❦ ♥♦✇ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ✈❛r✐❛❜❧❡s Xi
2 ✐♥ t❡r♠s ♦❢ t❤❡ ❙❝❤rö❞✐♥❣❡r ✈❛r✐❛❜❧❡s φ ❛♥❞

❘❡(φx)✳ ■♥❞❡❡❞✱

X1
2 =

∫∫

Qω

Γ(t)(■♠(a3)θ(x))x❘❡(φ)ψxx dxdt+

∫∫

Qω

Γ(t)■♠(a3)θ(x)❘❡(φ)xψxx dxdt ≤

Cǫs
−1

∫∫

Qω

ξ61e−2s(8φ̌−7φ̂)(|❘❡(φ)|2 + |❘❡(φx)|) dxdt+ ǫs

∫∫

Qω

e−2sφ̂ξ|ψxx|
2 dxdt ✭✸✳✶✶✵✮

❋♦r X2
2 ✇❡ ❤❛✈❡

X2
2 = Cǫs

−1

∫∫

Qω

ξ61e−2s(8φ̌−7φ̂)|❘❡(φ)|2 dxdt+ǫ‖M‖L∞(0,T ;L2(Ω))s

∫∫

Q
e−2sφ̂ξ|ψxx|

2 dx dt

✭✸✳✶✶✶✮

✼✷



❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ X3
2 ❛♥❞ X4

2 ❛r❡ s✐♠♣❧❡r ❛♥❞ r❡s✉❧ts ♦♥

X3
2 ≤ C

∫∫

Qω

ξ31es(6Φ̂−8Φ̌)|❘❡(φ)|2 dxdt,

X4
2 ≤ Cǫs

−5

∫∫

Qω

e2s(7Φ̂−8Φ̌)ξ57|❘❡(φ)|2 dxdt+ ǫs5
∫∫

Qω

ξ5e−2sΦ̂|ψ|2 dxdt.

✭✸✳✶✶✷✮

❚♦ ✜♥✐s❤✱ ✇❡ ♠✉st ❜♦✉♥❞ t❤❡ t❤✐r❞ t❡r♠ ♦♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ✭✸✳✶✵✺✮✳ ■♥ ❢❛❝t✱

−

∫∫

Qω

Γ(t)θ(x)■♠(φxx)ψ dxdt = −

∫∫

Qω

Γ(t)θxx(x)■♠(φ)ψ dxdt

− 2

∫∫

Qω

Γ(t)θx(x)■♠(φ)ψx dxdt−

∫∫

Qω

Γ(t)θ(x)■♠(φ)ψxx dxdt

≤ Cǫ

∫∫

Qω

e−2s(8Φ̌−7Φ̂)ξ57(s−5 + s−3ξ2 + s−1ξ4)|■♠(φ)|2 dxdt+

ǫ

(∫∫

Qω

e−2sΦ̂(s5ξ5|ψ|2 + s3ξ3|ψx|
2 + sξ|ψxx|

2) dxdt

)
. ✭✸✳✶✶✸✮

❈♦♠❜✐♥✐♥❣ ✭✸✳✶✵✺✮✲✭✸✳✶✶✸✮✱ ✇❡ ❣❡t

∫∫

Qω1

ξ31(t)e−s(8Φ̌−6Φ̂)(t)|ψ|2 dxdt ≤ Cs−1

∫∫

Qω

e−2s(8Φ̌−7Φ̂)ξ61(|φ|2 + |❘❡(φx)|
2) dxdt

ǫ

(∫∫

Qω

e−2sΦ̂(ξ5|ψ|2 + ξ3|ψx|
2 + ξ|ψxx|

2) dxdt

)
. ✭✸✳✶✶✹✮

❘❡♣❧❛❝✐♥❣ ✭✸✳✶✶✹✮ ✐♥ t❤❡ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ✭✸✳✶✵✹✮ ✇❡ ♦❜t❛✐♥ ✭✸✳✶✵✷✮✳

✸✳✹ ❖❜s❡r✈❛❜✐❧✐t② ❛♥❞ ❈♦♥tr♦❧

❚❤❡ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t✐❡s st❛t❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✸ ❛r❡ ♣r♦✈❡❞ ✐♥ t❤✐s s❡❝t✐♦♥✳ ❋r♦♠ t❤❡s❡
✐♥❡q✉❛❧✐t✐❡s ✇❡ ❞❡❞✉❝❡ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧ts st❛t❡❞ ✐♥ t❤❡♦r❡♠s ✸✳✶ ❛♥❞ ✸✳✷✳

✸✳✹✳✶ ❖❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t✐❡s

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡q✉❛❧✐t✐❡s ✭✸✳✻✮ ❛♥❞ ✭✸✳✼✮✱ ❧❡t ✉s ❛ss✉♠❡ t❤❡ ❤②♣♦t❤❡s❡s
♦❢ ❚❤❡♦r❡♠ ✸✳✸✳ ●✐✈❡♥ (φT , ψT ) ∈ ❍1

0(0, 1)× L2(0, 1)✱ ✇❡ ❞❡✜♥❡✱ ❢♦r ❡❛❝❤ t ∈ [0, T ]✱

E(t) =

∫ 1

0

(
|φ(x, t)|2 + |φx(x, t)|

2 + |ψ(x, t)|2
)
dx, ✭✸✳✶✶✺✮

✇❤❡r❡ (φ, ψ) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✸✳✺✮✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ♦❢ E(t)✳

▲❡♠♠❛ ✸✳✶✳ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t ❢♦r ❡✈❡r② (φT , ψT ) ∈ ❍1
0(0, 1)×L

2(0, 1)

✇❡ ❤❛✈❡

E(0) ≤ C

∫ 3T/4

T/4
E(t)dt. ✭✸✳✶✶✻✮

✼✸



Pr♦♦❢✿ ▼✉❧t✐♣❧②✐♥❣ t❤❡ ✜rst ❡q✉❛t✐♦♥ ♦❢ s②st❡♠ ✭✸✳✺✮ ❜② φ̄ ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐♥ (0, 1) ✇❡ ❣❡t

1

2

d

dt

∫ 1

0
|φ|2 dx = ■♠

∫ 1

0
(a1φ+ ā3ψ)φ̄ dx = ■♠

∫ 1

0
ā3ψφ̄ dx. ✭✸✳✶✶✼✮

❉❡♥♦t✐♥❣ f = a1φ+ ā3ψ✱ ♠✉❧t✐♣❧②✐♥❣ t❤❡ s❛♠❡ ❡q✉❛t✐♦♥ ❜② φ̄t ❛♥❞ ✐♥t❡❣r❛t✐♥❣ ✐♥ (0, 1) ✇❡ ❣❡t

−
1

2

d

dt

∫ 1

0
|φx|

2 dx = ❘❡
∫ 1

0
fφ̄t dx

= ❘❡
∫ 1

0
f(−iφ̄xx + if̄) dx

= ❘❡
∫ 1

0
(−iφ̄xxf) dx.

❛♥❞ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts ✐♥ x ✇❡ ❣❡t t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 ❞❡♣❡♥❞✐♥❣ ♦♥ a1 ❛♥❞
a3 s✉❝❤ t❤❛t

−
1

2

d

dt

∫ 1

0
|φx|

2 dx ≤ C

∫ 1

0

(
|φ|2 + |φx|

2 + |ψ|2
)
dx+

1

2

∫ 1

0
|ψx|

2. ✭✸✳✶✶✽✮

▼✉❧t✐♣❧②✐♥❣ t❤❡ s❡❝♦♥❞ ❡q✉❛t✐♦♥ ♦❢ s②st❡♠ ✭✸✳✺✮ ❜② ψ✱ ❛♥❞ ❞❡♥♦t✐♥❣ g = ❘❡(ā2φ) + a4ψ✱ ✇❡
♦❜t❛✐♥

−
1

2

d

dt

∫ 1

0
|ψ|2 dx+

1

2
|ψx(1, t)|

2 ≤

∫ 1

0
|gψ|dx+

1

2
‖M‖2L∞(0,1)

∫ 1

0
|ψ|2 dx+

1

2

∫ 1

0
|ψx|

2 dx.

✭✸✳✶✶✾✮
▼✉❧t✐♣❧②✐♥❣ t❤❡ s❛♠❡ ❡q✉❛t✐♦♥✱ t❤✐s t✐♠❡ ❜② (1− x)ψ✱ ✇❡ ❣❡t

−
1

2

d

dt

∫ 1

0
(1− x)|ψ|2 dx+

3

2

∫ 1

0
|ψx|

2 dx ≤

∫ 1

0
|gψ|dx

+
1

2
‖M‖2L∞(0,1)

∫ 1

0
|ψ|2 dx+

1

2

∫ 1

0
|ψx|

2 dx. ✭✸✳✶✷✵✮

❋r♦♠ ✭✸✳✶✷✵✮ ❛♥❞ ✭✸✳✶✶✾✮✱ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C > 0 ❞❡♣❡♥❞✐♥❣ ♦♥ a2 ❛♥❞ a4 s✉❝❤ t❤❛t

−
1

2

d

dt

∫ 1

0
(2− x)|ψ|2 dx+

1

2

∫ 1

0
|ψx|

2 dx ≤ C(1 + ‖M‖2L∞(0,1))

∫ 1

0

(
|φ|2 + |ψ|2

)
dx. ✭✸✳✶✷✶✮

❋r♦♠ ✭✸✳✶✶✼✮✱ ✭✸✳✶✶✽✮ ❛♥❞ ✭✸✳✶✷✶✮✱ ✇❡ ❤❛✈❡

−
1

2

d

dt

∫ 1

0

(
(2− x)|ψ|2 + |φ|2 + |φx|

2
)
dx ≤ C(1 + ‖M‖2L∞(0,1))

∫ 1

0

(
|φx|

2 + |φ|2 + |ψ|2
)
dx,

✭✸✳✶✷✷✮
✇❤❡r❡ t❤❡ ❝♦♥st❛♥t C > 0 ❞❡♣❡♥❞s ♦♥ a1, a2, a3 ❛♥❞ a4✳ ❚❤❡r❡❢♦r❡✱ ❞❡♥♦t✐♥❣

Ẽ(t) :=
1

2

∫ 1

0

(
(2− x)|ψ|2 + |φ|2 + |φx|

2
)
dx, ✭✸✳✶✷✸✮

✇❡ ❣❡t
d

dt
Ẽ(t) ≥ −C(1 + ‖M(t)‖2L∞(0,1))Ẽ(t), ∀t ∈ (0, T ). ✭✸✳✶✷✹✮

✼✹



❋r♦♠ ✭✸✳✶✷✹✮ ✇❡ ♦❜t❛✐♥ t❤❛t

d

dt

(
e
C

∫ t

0 (1+‖M(s)‖2
L∞(0,1)

)ds
Ẽ(t)

)
≥ 0, ∀t ∈ (0, T ). ✭✸✳✶✷✺✮

■♥t❡❣r❛t✐♥❣ ✭✸✳✶✷✺✮ ♦♥ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ (0, t) ✇❡ ❣❡t

Ẽ(0) ≤ e
C(T+‖M‖2

L2(0,T ;H1(0,1))
)
Ẽ(t), ∀t ∈ (0, T ). ✭✸✳✶✷✻✮

■♥t❡❣r❛t✐♥❣ ✭✸✳✶✷✻✮ ♦♥ t❤❡ ✐♥t❡r✈❛❧ [T/4, 3T/4] ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t 1 ≤ 2 − x ≤ 2✱
❢♦r ❡❛❝❤ x ∈ [0, 1]✱ ✇❡ ♦❜t❛✐♥ ✭✸✳✶✶✻✮ ❛♥❞ ▲❡♠♠❛ ✸✳✶ ✐s ♣r♦✈❡❞✳

❋r♦♠ ❞❡✜♥✐t✐♦♥ ✭✸✳✷✸✮ ✇❡ ❤❛✈❡ t❤❛t t❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t

e−2sΦ̂ξk ≥ δ, ✭✸✳✶✷✼✮

❢♦r ❛❧❧ t ∈ [T/4, 3T/4]✱ x ∈ [0, 1]✱ ❛♥❞ k = 1, 3, 5✳ ❍❡♥❝❡

δ

∫ 3T/4

T/4
E(t)dt ≤

∫∫

Q
e−2sΦ̂ξ3|φ|2 dxdt+

∫∫

Q
e−2sΦ̂ξ|φx|

2 dxdt+

∫∫

Q
e−2sΦ̂ξ5|ψ|2 dxdt.

✭✸✳✶✷✽✮
❋r♦♠ ✭✸✳✶✷✽✮✱ ▲❡♠♠❛ ✸✳✶✱ ❛♥❞ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ✭✸✳✶✵✷✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ✐♥❡✲
q✉❛❧✐t② ✭✸✳✻✮✳ ❆♥❛❧♦❣♦✉s❧②✱ ❜✉t ✉s✐♥❣ ❈❛r❧❡♠❛♥ ❡st✐♠❛t❡ ✭✸✳✼✷✮✱ ✇❡ ❞❡❞✉❝❡ t❤❡ ♦❜s❡r✈❛❜✐❧✐t②
✐♥❡q✉❛❧✐t② ✭✸✳✼✮✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✸✳

✸✳✹✳✷ ◆✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②

❚❤❡ ❞✉❛❧✐t② ❜❡t✇❡❡♥ ♦❜s❡r✈❛❜✐❧✐t② ❛♥❞ ❝♦♥tr♦❧❧❛❜✐❧✐t② ✐s ✇❡❧❧ ❦♥♦✇♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❙❡❡
❢♦r ✐♥st❛♥❝❡ t❤❡♦r❡♠s ✷✳✹✷✱ ✷✳✹✸ ❛♥❞ ✷✳✹✹ ✐♥ ❬✷✽❪✳ ■♥ t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ♣r♦✈❡
❚❤❡♦r❡♠ ✸✳✶ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ♦❜s❡r✈❛❜✐❧✐t② ✭✸✳✻✮✳ ❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷ ❜② ✉s✐♥❣
✭✸✳✼✮ ✐s ✈❡r② s✐♠✐❧❛r ❛♥❞ t❤❡♥ ✐s ♦♠✐tt❡❞ ❤❡r❡✳

❲❡ st❛rt ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❛ ❝♦♥tr♦❧ ❞r✐✈✐♥❣ s②st❡♠ ✭✸✳✶✮ t♦ t❤❡ r❡st✳
❚❤✐s ❦✐♥❞ ♦❢ r❡s✉❧t ✐s ❛❧r❡❛❞② ❝❧❛ss✐❝ ❢♦r ♣❛r❛❜♦❧✐❝ s②st❡♠s✳

▲❡♠♠❛ ✸✳✷✳ ❆ ❝♦♥tr♦❧ h ∈ L2(0, T ;❍1(ω)′) ❞r✐✈❡s s②st❡♠ ✭✸✳✶✮ ❢r♦♠ w(0, ·) = w0 ❛♥❞

y(0, ·) = y0 t♦ w(T, ·) = 0 ❛♥❞ y(T, ·) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢

−i〈w0, φ̄|t=0〉❍−1,❍1
0
−

∫ 1

0
y0(x)ψ(x, 0)dx =

∫ T

0
〈h, φ1ω〉❍1(ω)′,❍1(ω)dt,

❢♦r ❛❧❧ (φT , ψT ) ∈ ❍1
0(0, 1) × L2(0, 1)✱ ✇❤❡r❡ (φ, ψ) ∈ C([0, T ];❍1

0(0, 1) × L2(0, 1)) ✐s t❤❡

s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✸✳✺✮✳

❉❡♠♦♥str❛çã♦✳ ❚❤✐s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✱ ❢♦r r❡❣✉❧❛r s♦❧✉t✐♦♥s✱ ❜② s✐♠♣❧❡ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts

❛❢t❡r ♠✉❧t✐♣❧②✐♥❣ s②st❡♠ ✭✸✳✶✮ ❜② t❤❡ s♦❧✉t✐♦♥s ♦❢ ✭✸✳✺✮✳ ❚❤❡ ❧❡ss r❡❣✉❧❛r ❢r❛♠❡✇♦r❦ ❝❛♥ ❜❡

♣r♦✈❡❞ ✉s✐♥❣ ❞❡♥s✐t② ❛r❣✉♠❡♥ts✳

✼✺



■♥ ♦r❞❡r t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✸✳✶✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡t

B = {φ1ω; (φ
T , ψT ) ∈ ❍1

0(0, 1)× L2(0, 1)} ⊂ L2(0, T ;❍1(ω))

❛♥❞ H ✐ts ❝❧♦s✉r❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ L2(0, T ;❍1(ω)) ♥♦r♠✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❞❡✜♥❡ t❤❡ ♠❛♣

Λ : φ1ω ∈ B 7−→ (φ(0, x), ψ(0, x)) ∈ ❍1
0(0, 1)× L2(0, 1)

✇❤✐❝❤ ✐s ✇❡❧❧✲❞❡✜♥❡❞ t❤❛♥❦s t♦ ✭✸✳✻✮✳ ▼♦r❡♦✈❡r✱ Λ ✐s ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❞✉❡ t♦ ✭✸✳✻✮✳ ◆♦✇✱
✇❡ ❞❡✜♥❡

N : φ1ω ∈ B 7−→ −i〈w0, φ̄|t=0〉❍−1,❍1
0
−

∫ 1

0
y0(x)ψ(x, 0)dx ∈ CI

✇❤✐❝❤ ✐s ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥ ❛ ❝♦♥t✐♥✉♦✉s ✇❛②✱ st✐❧❧ t❤❛♥❦s t♦ ✭✸✳✻✮✱
t♦ H✱ t❤❡ ❝❧♦s✉r❡ ♦❢ B✳ ❲❡ ♥♦✇ ❡①t❡♥❞ t❤❡ ♦♣❡r❛t♦r N t♦ t❤❡ ✇❤♦❧❡ s♣❛❝❡ L2(0, T ;❍1(ω))

❜② r❡q✉✐r✐♥❣ N ✈❛♥✐s❤❡s ♦♥ H⊥✳ ❚❤✉s✱ N ✐s ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ ✐t
❜❡❧♦♥❣s t♦ L2(0, T ;❍1(ω)′)✳ ■♥ ❝♦♥❝❧✉s✐♦♥✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❡❧❡♠❡♥t N ∈

L2(0, T ;❍1(ω)′) s✉❝❤ t❤❛t✱ ✇❤❡♥ ❡✈❛❧✉❛t❡❞ ✐♥ B✱ ✐s s✉❝❤ t❤❛t

−i〈w0, φ̄|t=0〉❍−1,❍1
0
−

∫ 1

0
y0(x)ψ(x, 0)dx = N(φ1ω), ∀φ1ω ∈ B.

❯s✐♥❣ ▲❡♠♠❛ ✸✳✷ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ L2(0, T ;❍1(ω)′)✱ ✇❡ s❡❡ t❤❛t t❤❡ ❝♦♥tr♦❧ ✇❡
❧♦♦❦ ❢♦r ✐s ❣✐✈❡♥ ❜② N ✳ ❍❡♥❝❡ ❚❤❡♦r❡♠ ✸✳✶ ✐s ♣r♦✈❡❞✳

✼✻



❈❛♣ít✉❧♦ ✹

❇♦✉♥❞❛r② ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢

✐♥❝♦♠♣r❡ss✐❜❧❡ ❊✉❧❡r ✢✉✐❞s ✇✐t❤

❇♦✉ss✐♥❡sq ❤❡❛t ❡✛❡❝ts





❇♦✉♥❞❛r② ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢

✐♥❝♦♠♣r❡ss✐❜❧❡ ❊✉❧❡r ✢✉✐❞s ✇✐t❤

❇♦✉ss✐♥❡sq ❤❡❛t ❡✛❡❝ts

❊♥r✐q✉❡ ❋❡r♥á♥❞❡③✲❈❛r❛✱▼❛✉rí❝✐♦ ❈✳ ❙❛♥t♦s✱❉✐❡❣♦ ❆✳ ❙♦✉③❛

❆❜str❛❝t✳ ❚❤✐s ♣❛♣❡r ❞❡❛❧s ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✐♥✈✐s❝✐❞ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✢✉✐❞s

❢♦r ✇❤✐❝❤ t❤❡r♠❛❧ ❡✛❡❝ts ❛r❡ ✐♠♣♦rt❛♥t✳ ❚❤❡② ✇✐❧❧ ❜❡ ♠♦❞❡❧❡❞ t❤r♦✉❣❤ t❤❡ s♦ ❝❛❧❧❡❞ ❇♦✉ss✐♥❡sq

❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥ t❤❡ ③❡r♦ ❤❡❛t ❞✐✛✉s✐♦♥ ❝❛s❡✱ ❜② ❛❞❛♣t✐♥❣ ❛♥❞ ❡①t❡♥❞✐♥❣ s♦♠❡ ✐❞❡❛s ❢r♦♠ ❏✳✲

▼✳ ❈♦r♦♥ ❛♥❞ ❖✳ ●❧❛ss✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ s✐♠✉❧t❛♥❡♦✉s ❣❧♦❜❛❧ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ ✈❡❧♦❝✐t②

✜❡❧❞ ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ ❢♦r ✷❉ ❛♥❞ ✸❉ ✢♦✇s✳ ❲❤❡♥ t❤❡ ❤❡❛t ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ✐s ♣♦s✐t✐✈❡✱

✇❡ ♣r❡s❡♥t s♦♠❡ ❛❞❞✐t✐♦♥❛❧ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ❢♦r t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❛♥❞ ❧♦❝❛❧

♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ t❡♠♣❡r❛t✉r❡✳

✹✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡t Ω ⊂ R
N ❜❡ ❛ ♥♦♥❡♠♣t②✱ ❜♦✉♥❞❡❞ ❛♥❞ ❝♦♥♥❡❝t❡❞ ♦♣❡♥ s❡t ✇❤♦s❡ ❜♦✉♥❞❛r② Γ := ∂Ω

✐s ♦❢ ❝❧❛ss C∞✱ ✇✐t❤ N = 2 ♦r N = 3✳ ▲❡t Γ0 ⊂ Γ ❜❡ ❛ ✭s♠❛❧❧✮ ♥♦♥❡♠♣t② ♦♣❡♥ s✉❜s❡t ♦❢ Γ
❛♥❞ ❛ss✉♠❡ t❤❛t T > 0✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t Ω ✐s s✐♠♣❧② ❝♦♥♥❡❝t❡❞✳

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② C ❛ ❣❡♥❡r✐❝ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t❀ s♣❛❝❡s ♦❢ RN ✲✈❛❧✉❡❞ ❢✉♥❝t✐✲
♦♥s✱ ❛s ✇❡❧❧ ❛s t❤❡✐r ❡❧❡♠❡♥ts✱ ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❜♦❧❞❢❛❝❡❞ ❧❡tt❡rs❀ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② n = n(x)

t❤❡ ♦✉t✇❛r❞ ✉♥✐t ♥♦r♠❛❧ t♦ Ω ❛t ♣♦✐♥ts x ∈ Γ✳
■♥ t❤✐s ✇♦r❦✱ ✇❡ ✇✐❧❧ ❜❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t❤❡ s②st❡♠✿





yt + (y · ∇)y = −∇p+ ~k θ ✐♥ Ω× (0, T ),

∇ · y = 0 ✐♥ Ω× (0, T ),

θt + y · ∇θ = κ∆θ ✐♥ Ω× (0, T ),

y · n = 0 ♦♥ (Γ\Γ0)× (0, T ),

y(x, 0) = y0(x), θ(x, 0) = θ0(x) ✐♥ Ω.

✭✹✳✶✮

❚❤✐s s②st❡♠ ♠♦❞❡❧s t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛♥ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❤♦♠♦❣❡♥❡♦✉s ✐♥✈✐s❝✐❞ ✢✉✐❞ ✇✐t❤
t❤❡r♠❛❧ ❡✛❡❝ts✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

• ❚❤❡ ✜❡❧❞ y ❛♥❞ t❤❡ s❝❛❧❛r ❢✉♥❝t✐♦♥ p st❛♥❞ ❢♦r t❤❡ ✈❡❧♦❝✐t② ❛♥❞ t❤❡ ♣r❡ss✉r❡ ♦❢ t❤❡ ✢✉✐❞
✐♥ Ω× (0, T )✱ r❡s♣❡❝t✐✈❡❧②✳

• ❚❤❡ ❢✉♥❝t✐♦♥ θ ♣r♦✈✐❞❡s t❤❡ t❡♠♣❡r❛t✉r❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✢✉✐❞✳

• ❚❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ~k θ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s t❤❡ ❜✉♦②❛♥❝② ❢♦r❝❡ ❞❡♥s✐t② ✭~k ∈ R
N ✐s ❛

♥♦♥✲③❡r♦ ✈❡❝t♦r✮✳

✼✾



• ❚❤❡ ♥♦♥♥❡❣❛t✐✈❡ ❝♦♥st❛♥t κ ≥ 0 ✐s t❤❡ ❤❡❛t ❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t✳

❚❤✐s s②st❡♠ ✐s r❡❧❡✈❛♥t ❢♦r t❤❡ st✉❞② ❛♥❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛t♠♦s♣❤❡r✐❝ ❛♥❞ ♦❝❡❛♥♦❣r❛♣❤✐❝
t✉r❜✉❧❡♥❝❡✱ ❛s ✇❡❧❧ ❛s ♦t❤❡r ✢✉✐❞ ♣r♦❜❧❡♠s ✇❤❡r❡ r♦t❛t✐♦♥ ❛♥❞ str❛t✐✜❝❛t✐♦♥ ♣❧❛② ❞♦♠✐♥❛♥t
r♦❧❡s ✭s❡❡ ❡✳❣✳ ❬✼✺❪✮✳ ■♥ ✢✉✐❞ ♠❡❝❤❛♥✐❝s✱ ✭✹✳✶✮ ✐s ✉s❡❞ t♦ ❞❡❛❧ ✇✐t❤ ❜✉♦②❛♥❝②✲❞r✐✈❡♥ ✢♦✇❀ ✐t
❞❡s❝r✐❜❡s t❤❡ ♠♦t✐♦♥ ♦❢ ❛♥ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✐♥✈✐s❝✐❞ ✢✉✐❞ s✉❜❥❡❝t t♦ ❝♦♥✈❡❝t✐✈❡ ❤❡❛t tr❛♥s❢❡r
✉♥❞❡r t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❣r❛✈✐t❛t✐♦♥❛❧ ❢♦r❝❡s✱ s❡❡ ❬✻✼❪✳

❲❡ ✇✐❧❧ ❜❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❝❛s❡s κ = 0 ❛♥❞ κ > 0✳ ❲❤❡♥ κ = 0✱ ✭✹✳✶✮ ✐s ❝❛❧❧❡❞ t❤❡
✐♥❝♦♠♣r❡ss✐❜❧❡ ✐♥✈✐s❝✐❞ ❇♦✉ss✐♥❡sq s②st❡♠✳

❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t α ∈ (0, 1) ❛♥❞ ✇❡ s❡t

C
m,α
0 (Ω;RN ) := {u ∈ Cm,α(Ω;RN ) : ∇ · u = 0 ✐♥ Ω, u · n = 0 ♦♥ Γ },

C(m,α,Γ0) := {u ∈ Cm,α(Ω;RN ) : ∇ · u = 0 ✐♥ Ω, u · n = 0 ♦♥ Γ\Γ0 },
✭✹✳✷✮

✇❤❡r❡ Cm,α(Ω;RN ) ❞❡♥♦t❡s t❤❡ s♣❛❝❡ ♦❢ RN ✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s ✇❤♦s❡ m✲t❤ ♦r❞❡r ❞❡r✐✈❛t✐✈❡s
❛r❡ ❍ö❧❞❡r✲❝♦♥t✐♥✉♦✉s ✐♥ Ω ✇✐t❤ ❡①♣♦♥❡♥t α✳ ❚❤❡ ✉s✉❛❧ ♥♦r♠s ✐♥ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡sC0(Ω;Rℓ)

❛♥❞ Cm,α(Ω;Rℓ) ✇✐❧❧ ❜❡ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ ❜② ‖ · ‖0 ❛♥❞ ‖ · ‖m,α✳ ❲❡ ✇✐❧❧ ❛❧s♦ ♥❡❡❞ t♦ ✇♦r❦
✇✐t❤ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡s C0([0, T ];Cm,α(Ω;Rℓ))✱ ✇❤❡r❡ t❤❡ ✉s✉❛❧ ♥♦r♠s ❛r❡

‖w‖0,m,α := max
[0,T ]

‖w(· , t)‖m,α.

■♥ ♣❛rt✐❝✉❧❛r✱ ‖ · ‖(0) ✇✐❧❧ st❛♥❞ ❢♦r ‖ · ‖0,0,0✳
❲❤❡♥ κ = 0✱ ✐t ✐s ❛♣♣r♦♣r✐❛t❡ t♦ ❝♦♥s✐❞❡r t❤❡ ❡①❛❝t ❜♦✉♥❞❛r② ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠ ❢♦r

✭✹✳✶✮✳ ■♥ ❣❡♥❡r❛❧ t❡r♠s✱ ✐t ❝❛♥ ❜❡ st❛t❡❞ ❛s ❢♦❧❧♦✇s✿

●✐✈❡♥ y0✱ y1✱ θ0 ❛♥❞ θ1 ✐♥ ❛♣♣r♦♣r✐❛t❡ s♣❛❝❡s ✇✐t❤ y0 · n = y1 · n = 0 ♦♥ Γ\Γ0✱

✜♥❞ (y, p, θ) s✉❝❤ t❤❛t ✭✹✳✶✮ ❤♦❧❞s ❛♥❞✱ ❢✉rt❤❡r♠♦r❡✱

y(x, T ) = y1(x), θ(x, T ) = θ1(x) ✐♥ Ω. ✭✹✳✸✮

■❢ ✐t ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ ✜♥❞ y✱ p ❛♥❞ θ✱ ✐t ✇✐❧❧ ❜❡ s❛✐❞ t❤❛t t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✐♥✈✐s❝✐❞
❇♦✉ss✐♥❡sq s②st❡♠ ✐s ❡①❛❝t❧② ❝♦♥tr♦❧❧❛❜❧❡ ❢♦r (Ω,Γ0) ❛t t✐♠❡ T ✳

◆♦t✐❝❡ t❤❛t✱ ✇❤❡♥ κ = 0✱ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ ✇✐t❤♦✉t ❛♠❜✐❣✉✐t② ❛ ✉♥✐q✉❡ ❧♦❝❛❧ ✐♥ t✐♠❡
r❡❣✉❧❛r s♦❧✉t✐♦♥ t♦ ✭✹✳✶✮✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣r❡s❝r✐❜❡ t❤❡ ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✈❡❧♦❝✐t②
♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ✢♦✇ r❡❣✐♦♥ ❛♥❞ t❤❡ ❢✉❧❧ ✜❡❧❞ y ❛♥❞ t❤❡ t❡♠♣❡r❛t✉r❡ θ ♦♥ t❤❡ ✐♥✢♦✇
s❡❝t✐♦♥✱ ✐✳❡✳ ♦♥❧② ✇❤❡r❡ y · n < 0✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✻✻❪✳ ❍❡♥❝❡✱ ✐♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ❛ss✉♠❡
t❤❛t t❤❡ ❝♦♥tr♦❧s ❛r❡ ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s✿





y · n ♦♥ Γ0 × (0, T ), ✇✐t❤
∫

Γ0

y · n dΓ = 0;

y ❛♥❞ θ ❛t ❛♥② ♣♦✐♥t ♦❢ Γ0 × (0, T ) s❛t✐s❢②✐♥❣ y · n < 0.

❚❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt② ✐s t❤❛t✱ ✇❤❡♥ ✐t ❤♦❧❞s✱ ✇❡ ❝❛♥ ❞r✐✈❡
t❤❡ ✢✉✐❞ ❢r♦♠ ❛♥② ✐♥✐t✐❛❧ st❛t❡ (y0, θ0) ❡①❛❝t❧② t♦ ❛♥② ✜♥❛❧ st❛t❡ (y1, θ1)✱ ❛❝t✐♥❣ ♦♥❧② ♦♥ ❛♥
❛r❜✐tr❛r② s♠❛❧❧ ♣❛rt Γ0 ♦❢ t❤❡ ❜♦✉♥❞❛r② ❞✉r✐♥❣ ❛♥ ❛r❜✐tr❛r② s♠❛❧❧ t✐♠❡ ✐♥t❡r✈❛❧ (0, T )✳

✽✵



■♥ t❤❡ ❝❛s❡ κ > 0✱ t❤❡ s✐t✉❛t✐♦♥ ✐s ❞✐✛❡r❡♥t✳ ❉✉❡ t♦ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ❡✛❡❝t ♦❢ t❤❡
t❡♠♣❡r❛t✉r❡ ❡q✉❛t✐♦♥✱ ✇❡ ❝❛♥♥♦t ❡①♣❡❝t ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t②✱ ❛t ❧❡❛st ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡✳

■♥ ♦r❞❡r t♦ ♣r❡s❡♥t ❛ s✉✐t❛❜❧❡ ❜♦✉♥❞❛r② ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦❜❧❡♠✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ ❛ ♥♦✲
♥❡♠♣t② ♦♣❡♥ s✉❜s❡t γ ⊂ Γ✳ ❚❤❡♥✱ t❤❡ ♣r♦❜❧❡♠ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

●✐✈❡♥ y0✱ y1 ❛♥❞ θ0 ✐♥ ❛♣♣r♦♣r✐❛t❡ s♣❛❝❡s ✇✐t❤ y0 · n = y1 · n = 0 ♦♥ Γ\Γ0

❛♥❞ θ0 = 0 ♦♥ Γ\γ✱ ✜♥❞ (y, p, θ) ✇✐t❤ θ = 0 ♦♥ (Γ\γ)×(0, T ) s✉❝❤ t❤❛t ✭✹✳✶✮ ❤♦❧❞s

❛♥❞✱ ❢✉rt❤❡r♠♦r❡✱

y(x, T ) = y1(x), θ(x, T ) = 0 ✐♥ Ω. ✭✹✳✹✮

■❢ ✐t ✐s ❛❧✇❛②s ♣♦ss✐❜❧❡ t♦ ✜♥❞ y✱ p ❛♥❞ θ✱ ✐t ✇✐❧❧ ❜❡ s❛✐❞ t❤❛t t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡✱ ❤❡❛t
❞✐✛✉s✐✈❡✱ ✐♥✈✐s❝✐❞ ❇♦✉ss✐♥❡sq s②st❡♠ ✭✹✳✶✮ ✐s ❡①❛❝t❧②✲♥✉❧❧ ❝♦♥tr♦❧❧❛❜❧❡ ❢♦r (Ω,Γ0, γ) ❛t t✐♠❡ T ✳

◆♦t❡ t❤❛t✱ ✐❢ κ > 0 ❛♥❞ ✇❡ ✜① t❤❡ s❛♠❡ ❜♦✉♥❞❛r② ❞❛t❛ ❢♦r y ❛s ❜❡❢♦r❡ ❛♥❞ ✭❢♦r ❡①❛♠♣❧❡✮
❉✐r✐❝❤❧❡t ❞❛t❛ ❢♦r θ ♦❢ t❤❡ ❢♦r♠

θ = θ∗1γ ♦♥ Γ× (0, T ),

t❤❡r❡ ❡①✐sts ❛t ♠♦st ♦♥❡ s♦❧✉t✐♦♥ t♦ ✭✹✳✶✮✳ ❚❤❡r❡❢♦r❡✱ ✐t ❝❛♥ ❜❡ ❛ss✉♠❡❞ ✐♥ t❤✐s ❝❛s❡ t❤❛t t❤❡
❝♦♥tr♦❧s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿





y · n ♦♥ Γ0 × (0, T ), ✇✐t❤
∫

Γ0

y · n dΓ = 0;

y ❛t ❛♥② ♣♦✐♥t ♦❢ Γ0 × (0, T ) s❛t✐s❢②✐♥❣ y · n < 0;

θ ❛t ❛♥② ♣♦✐♥t ♦❢ γ × (0, T ).

❖❢ ❝♦✉rs❡✱ t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ❡①❛❝t✲♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♣r♦♣❡rt② ✐s t❤❛t✱ ✇❤❡♥ ✐t ❤♦❧❞s✱
✇❡ ❝❛♥ ❞r✐✈❡ t❤❡ ✢✉✐❞ ✈❡❧♦❝✐t②✲t❡♠♣❡r❛t✉r❡ ♣❛✐r ❢r♦♠ ❛♥② ✐♥✐t✐❛❧ st❛t❡ (y0, θ0) ❡①❛❝t❧② t♦ ❛♥②
✜♥❛❧ st❛t❡ ♦❢ t❤❡ ❢♦r♠ (y1, 0)✱ ❛❝t✐♥❣ ♦♥❧② ♦♥ ❛r❜✐tr❛r② s♠❛❧❧ ♣❛rts Γ0 ❛♥❞ γ ♦❢ t❤❡ ❜♦✉♥❞❛r②
❞✉r✐♥❣ ❛♥ ❛r❜✐tr❛r② s♠❛❧❧ t✐♠❡ ✐♥t❡r✈❛❧ (0, T )✳

■♥ t❤❡ ❧❛st ❞❡❝❛❞❡s✱ ❛ ❧♦t ♦❢ r❡s❡❛r❝❤❡rs ❤❛s ❢♦❝✉s❡❞ ❛tt❡♥t✐♦♥ ♦♥ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢
s②st❡♠s ❣♦✈❡r♥❡❞ ❜② ✭❧✐♥❡❛r ❛♥❞ ♥♦♥❧✐♥❡❛r✮ P❉❊s✳ ❙♦♠❡ r❡❧❛t❡❞ r❡s✉❧ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✽✱ ✹✽✱
✻✷✱ ✾✵❪✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✐❞❡❛❧ ✢✉✐❞s✱ t❤✐s s✉❜❥❡❝t ❤❛s ❜❡❡♥ ♠❛✐♥❧② ✐♥✈❡st✐❣❛t❡❞
❜② ❈♦r♦♥ ❬✸✵✱ ✸✶❪ ❛♥❞ ●❧❛ss ❬✹✹✱ ✹✺✱ ✹✻❪✳

■♥ t❤✐s ♣❛♣❡r✱ ♦✉r ✜rst t❛s❦ ✇✐❧❧ ❜❡ t♦ ❛❞❛♣t t❤❡ t❡❝❤♥✐q✉❡s ❛♥❞ ❛r❣✉♠❡♥ts ♦❢ ❬✸✶❪ ❛♥❞ ❬✹✻❪
t♦ t❤❡ s✐t✉❛t✐♦♥s ♠♦❞❡❧❡❞ ❜② ✭✹✳✶✮✳ ❚❤✉s✱ ♦✉r ✜rst ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✻✳ ■❢ κ = 0✱ t❤❡♥ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ✐♥✈✐s❝✐❞ ❇♦✉ss✐♥❡sq s②st❡♠ ✭✹✳✶✮ ✐s ❡①❛❝t❧②

❝♦♥tr♦❧❧❛❜❧❡ ❢♦r (Ω,Γ0) ❛t ❛♥② t✐♠❡ T > 0✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❛♥② y0,y1 ∈ C(2, α,Γ0)

❛♥❞ ❛♥② θ0, θ1 ∈ C2,α(Ω)✱ t❤❡r❡ ❡①✐st y ∈ C0([0, T ];C(1, α,Γ0))✱ θ ∈ C0([0, T ];C1,α(Ω)) ❛♥❞

p ∈ D′(Ω× (0, T )) s✉❝❤ t❤❛t ♦♥❡ ❤❛s ✭✹✳✶✮ ❛♥❞ ✭✹✳✸✮✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻ r❡❧✐❡s ♦♥ t❤❡ ❡①t❡♥s✐♦♥ ❛♥❞ r❡t✉r♥ ♠❡t❤♦❞s✳ ❚❤❡s❡ ❤❛✈❡ ❜❡❡♥
❛♣♣❧✐❡❞ ✐♥ s❡✈❡r❛❧ ❞✐✛❡r❡♥t ❝♦♥t❡①ts t♦ ❡st❛❜❧✐s❤ ❝♦♥tr♦❧❧❛❜✐❧✐t②❀ s❡❡ t❤❡ s❡♠✐♥❛❧ ✇♦r❦s ❬✽✹❪
❛♥❞ ❬✷✾❪❀ s❡❡ ❛❧s♦ ❛ ❧♦♥❣ ❧✐st ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❬✷✽❪✳

▲❡t ✉s ❣✐✈❡ ❛ s❦❡t❝❤ ♦❢ t❤❡ str❛t❡❣② ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✿

✽✶



• ❋✐rst✱ ✇❡ ❝♦♥str✉❝t ❛ ✏❣♦♦❞✧tr❛❥❡❝t♦r② ❝♦♥♥❡❝t✐♥❣ (0, 0) t♦ (0, 0) ✭s❡❡ ❙❡❝t✐♦♥s ✹✳✷✳✶
❛♥❞ ✹✳✷✳✷✮✳

• ❚❤❡♥✱ ✇❡ ❛♣♣❧② t❤❡ ❡①t❡♥s✐♦♥ ♠❡t❤♦❞ ♦❢ ❉❛✈✐❞ ▲✳ ❘✉ss❡❧❧ ❬✽✹❪✳

• ❚❤❡♥✱ ✇❡ ✉s❡ ❛ ❋✐①❡❞✲P♦✐♥t ❚❤❡♦r❡♠ ❛♥❞ ✇❡ ❞❡❞✉❝❡ ❛ ❧♦❝❛❧ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧t✳

• ❋✐♥❛❧❧②✱ ✇❡ ✉s❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ s❝❛❧✐♥❣ ❛r❣✉♠❡♥t ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❡ ❞❡s✐r❡❞ ❣❧♦❜❛❧ r❡s✉❧t✳

■♥ ❢❛❝t✱ ❚❤❡♦r❡♠ ✻ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦❝❛❧ r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✾✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t κ = 0✳ ❚❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② y0 ∈

C(2, α,Γ0) ❛♥❞ ❛♥② θ0 ∈ C2,α(Ω) ✇✐t❤

max {‖y0‖2,α, ‖θ0‖2,α} ≤ δ,

t❤❡r❡ ❡①✐st y ∈ C0([0, 1];C(1, α,Γ0))✱ θ ∈ C0([0, 1];C1,α(Ω)) ❛♥❞ p ∈ D′(Ω× (0, 1)) s❛t✐s❢②✐♥❣

✭✹✳✶✮ ✐♥ Ω× (0, 1) ❛♥❞ t❤❡ ✜♥❛❧ ❝♦♥❞✐t✐♦♥s

y(x, 1) = 0, θ(x, 1) = 0 ✐♥ Ω. ✭✹✳✺✮

■t ✇✐❧❧ ❜❡ s❡❡♥ ❧❛t❡r t❤❛t✱ ✐♥ ♦✉r ❛r❣✉♠❡♥t✱ t❤❡ C2,α✲r❡❣✉❧❛r✐t② ♦❢ t❤❡ ✐♥✐t✐❛❧ ❛♥❞ ✜♥❛❧ ❞❛t❛
✐s ♥❡❡❞❡❞✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ♦♥❧② ❡♥s✉r❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦♥tr♦❧❧❡❞ s♦❧✉t✐♦♥ t❤❛t ✐s C1,α ✐♥
s♣❛❝❡✳ ■t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ✐♠♣r♦✈❡ t❤✐s r❡s✉❧t ❜✉t✱ ❛t ♣r❡s❡♥t✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ❤♦✇✳

❖✉r s❡❝♦♥❞ ♠❛✐♥ r❡s✉❧t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✼✳ ▲❡t Ω✱ Γ0 ❛♥❞ γ ❜❡ ❣✐✈❡♥ ❛♥❞ ❧❡t ✉s ❛ss✉♠❡ t❤❛t κ > 0✳ ❚❤❡♥ ✭✹✳✶✮ ✐s ❧♦❝❛❧❧②

❡①❛❝t❧②✲♥✉❧❧ ❝♦♥tr♦❧❧❛❜❧❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❛♥② T > 0 ❛♥❞ ❛♥② y0,y1 ∈ C(2, α, ∅)✱ t❤❡r❡

❡①✐sts η > 0✱ ❞❡♣❡♥❞✐♥❣ ♦♥ y0✱ s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ θ0 ∈ C2,α(Ω) ✇✐t❤

θ0 = 0 ♦♥ Γ\γ, ‖θ0‖2,α ≤ η,

✇❡ ❝❛♥ ✜♥❞ y ∈ C0([0, T ];C1,α(Ω;RN )✱ θ ∈ C0([0, T ];C1,α(Ω)) ✇✐t❤ θ = 0 ♦♥ (Γ\γ)× (0, T )✱

❛♥❞ p ∈ D′(Ω× (0, T )) s❛t✐s❢②✐♥❣ ✭✹✳✶✮ ❛♥❞ ✭✹✳✹✮✳

❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ str❛t❡❣②✳ ❋✐rst✱ ✇❡ ❧✐♥❡❛r✐③❡ ❛♥❞ ❝♦♥tr♦❧ ♦♥❧② t❤❡ t❡♠✲
♣❡r❛t✉r❡ θ❀ t❤✐s ❧❡❛❞s t❤❡ s②st❡♠ t♦ ❛ st❛t❡ ♦❢ t❤❡ ❢♦r♠ (ỹ0, 0) ❛t ✭s❛②✮ t✐♠❡ T/2✳ ❚❤❡♥✱ ✐♥
❛ s❡❝♦♥❞ st❡♣✱ ✇❡ ❝♦♥tr♦❧ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✉s✐♥❣ ✐♥ ♣❛rt ❚❤❡♦r❡♠ ✻✳ ■t ✇✐❧❧ ❜❡ s❡❡♥ t❤❛t✱ ✐♥
♦r❞❡r t♦ ❣❡t ❣♦♦❞ ❡st✐♠❛t❡s ❛♥❞ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✜①❡❞ ♣♦✐♥t✱ t❤❡ ✐♥✐t✐❛❧ t❡♠♣❡r❛t✉r❡
θ0 ♠✉st ❜❡ s♠❛❧❧✳

❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ✐t ✐s ✉♥❦♥♦✇♥ ✇❤❡t❤❡r ❛ ❣❧♦❜❛❧ ❡①❛❝t✲♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧t ❤♦❧❞s
❢♦r ✭✹✳✶✮ ✇❤❡♥ κ > 0✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❝♦st ♦❢ ❝♦♥tr♦❧❧✐♥❣ θ ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤
t❤❡ L∞✲♥♦r♠ ♦❢ t❤❡ tr❛♥s♣♦rt✐♥❣ ✈❡❧♦❝✐t② ✜❡❧❞ y ❛♥❞ t❤✐s ✐s ❛ ❝r✉❝✐❛❧ ❞✐✣❝✉❧t② t♦ ❡st❛❜❧✐s❤
❡st✐♠❛t❡s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ s✐③❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛✳

❚❤❡ r❡st ♦❢ t❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✹✳✷✱ ✇❡ r❡❝❛❧❧ t❤❡ r❡s✉❧ts ♥❡❡❞❡❞
t♦ ♣r♦✈❡ ❚❤❡♦r❡♠s ✾ ❛♥❞ ✼✳ ■♥ ❙❡❝t✐♦♥ ✹✳✸✱ ✇❡ ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳ ■♥ ❙❡❝t✐♦♥ ✹✳✹✱
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✇❡ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✾ ✐♥ t❤❡ ✷❉ ❝❛s❡❀ ✐t ✇✐❧❧ ❜❡ s❡❡♥ t❤❛t t❤❡ ♠❛✐♥ ✐♥❣r❡❞✐❡♥ts ♦❢ t❤❡ ♣r♦♦❢
❛r❡ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛ ♥♦♥tr✐✈✐❛❧ tr❛❥❡❝t♦r② t❤❛t st❛rts ❛♥❞ ❡♥❞s ❛t (0, 0) ❛♥❞ ❛ ❋✐①❡❞✲P♦✐♥t
❚❤❡♦r❡♠ ✭t❤❡ ❦❡② ✐❞❡❛s ♦❢ t❤❡ r❡t✉r♥ ♠❡t❤♦❞✮✳ ■♥ ❙❡❝t✐♦♥ ✹✳✺✱ ✇❡ ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾
✐♥ t❤❡ ✸❉ ❝❛s❡✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✹✳✻ ❝♦♥t❛✐♥s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳

✹✳✷ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ r❡❝❛❧❧ s♦♠❡ r❡s✉❧ts ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢s ♦❢ ❚❤❡♦r❡♠s ✻ ❛♥❞ ✼✳
❆❧s♦✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ✐♥❞✐❝❛t❡ ❤♦✇ t♦ ❝♦♥str✉❝t ❛ tr❛❥❡❝t♦r② ❛♣♣r♦♣r✐❛t❡ t♦ ❛♣♣❧② t❤❡ r❡t✉r♥
♠❡t❤♦❞✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❇❛♥❛❝❤✬s ❋✐①❡❞✲P♦✐♥t ❚❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✽✳ ▲❡t (B1, ‖ · ‖1) ❛♥❞ (B2, ‖ · ‖2) ❜❡ ❇❛♥❛❝❤ s♣❛❝❡s ✇✐t❤ B2 ❝♦♥t✐♥✉♦✉s❧② ❡♠❜❡❞❞❡❞

✐♥ B1✳ ▲❡t B ❜❡ ❛ s✉❜s❡t ♦❢ B2 ❛♥❞ ❧❡t G : B 7→ B ❜❡ ❛ ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣ s✉❝❤

t❤❛t✱ ❢♦r s♦♠❡ m ≥ 1 ❛♥❞ s♦♠❡ γ ∈ [0, 1)✱ ♦♥❡ ❤❛s

‖Gm(u)−Gm(v)‖1 ≤ γ‖u− v‖1 ∀u, v ∈ B.

▲❡t ✉s ❞❡♥♦t❡ ❜② B t❤❡ ❝❧♦s✉r❡ ♦❢ B ❢♦r t❤❡ ♥♦r♠ ‖ · ‖1✳ ❚❤❡♥✱ G ❝❛♥ ❜❡ ✉♥✐q✉❡❧② ❡①t❡♥❞❡❞ t♦

❛ ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣ G̃ : B 7→ B t❤❛t ♣♦ss❡ss❡s ❛ ✉♥✐q✉❡ ✜①❡❞✲♣♦✐♥t ✐♥ B✳

▲❛t❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇✐❧❧ ❜❡ ✈❡r② ✐♠♣♦rt❛♥t t♦ ❞❡❞✉❝❡ ❛♣♣r♦♣r✐❛t❡ ❡st✐♠❛t❡s✳ ❚❤❡
♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✸❪✳

▲❡♠♠❛ ✶✳ ▲❡t m ❜❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r✳ ❆ss✉♠❡ t❤❛t u ∈ C0([0, T ];Cm+1,α(Ω))✱ g ∈

C0([0, T ];Cm,α(Ω)) ❛♥❞ v ∈ C0([0, T ];Cm,α(Ω;RN )) ❛r❡ ❣✐✈❡♥✱ ✇✐t❤ v · n = 0 ♦♥ Γ × (0, T )

❛♥❞
∂u

∂t
+ v · ∇u = g ✐♥ Ω× (0, T ). ✭✹✳✻✮

❚❤❡♥✱ ut ∈ C0([0, T ];Cm,α(Ω)) ❛♥❞✱ ❢♦r ❛♥② m ≥ 1✱

d

dt+
‖u(· , t)‖m,α ≤ ‖g(· , t)‖m,α +K‖v(· , t)‖m,α‖u(· , t)‖m,α ✐♥ (0, T ),

✇❤❡r❡ K ✐s ❛ ❝♦♥st❛♥t ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ α ❛♥❞ m✳ ■❢ m = 0✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s

d

dt+
‖u(· , t)‖0,α ≤ ‖g(· , t)‖0,α + α‖∇v(· , t)‖0,α‖u(· , t)‖0,α ✐♥ (0, T ).

❋r♦♠ ▲❡♠♠❛ ✶ ❛♥❞ ❛ st❛♥❞❛r❞ r❡❣✉❧❛r✐③❛t✐♦♥ ❛r❣✉♠❡♥t✱ ✇❡ ❡❛s✐❧② ❞❡❞✉❝❡ t❤❡ ✢♦❧❧♦✇✐♥❣✿

▲❡♠♠❛ ✷✳ ▲❡t m ❜❡ ❛ ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r✳ ❆ss✉♠❡ t❤❛t u ∈ C0([0, T ];Cm,α(Ω))✱ g ∈

C0([0, T ];Cm,α(Ω)) ❛♥❞ v ∈ C0([0, T ];Cm,α(Ω;RN )) ❛r❡ ❣✐✈❡♥✱ ✇✐t❤ v · n = 0 ♦♥ Γ × (0, T )

❛♥❞
∂u

∂t
+ v · ∇u = g ✐♥ Ω× (0, T ). ✭✹✳✼✮

❚❤❡♥

‖u‖0,m,α ≤

(∫ T

0
‖g(· , t)‖m,α dt+ ‖u(· , 0)‖m,α

)
exp

(
K

∫ T

0
‖v(· , t)‖m,α dt

)
,

✇❤❡r❡ K ✐s ❛ ❝♦♥st❛♥t ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ α ❛♥❞ m✳

✽✸



❲❡ ✇✐❧❧ ❛❧s♦ ✉s❡ ❛ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛ ✇❤♦s❡ ♣r♦♦❢ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✹✹❪✿

▲❡♠♠❛ ✸✳ ▲❡t ✉s ❛ss✉♠❡ t❤❛t

w0 ∈ C1,α(Ω̄;RN ), ∇ ·w0 = 0 ✐♥ Ω,

u ∈ C0([0, T ];C1,α(Ω̄;RN )), u · n = 0 ♦♥ Γ× (0, T ),

g ∈ C0([0, T ];C0,α(Ω̄,RN )), ∇ · g = 0 ✐♥ Ω× (0, T ).

▲❡t w ❜❡ ❛ ❢✉♥❝t✐♦♥ ✐♥ C0([0, T ];C1,α(Ω;RN )) s❛t✐s❢②✐♥❣
{

wt + (u · ∇)w = (w · ∇)u− (∇ · u)w + g ✐♥ Ω× (0, T ),

w(· , 0) = w0 ✐♥ Ω.

❚❤❡♥✱ ∇ ·w ≡ 0✳ ▼♦r❡♦✈❡r✱ t❤❡r❡ ❡①✐sts v ∈ C0([0, T ];C2,α(Ω;RN )) s✉❝❤ t❤❛t

w = ∇× v ✐♥ Ω× (0, T ).

❚♦ ❡♥❞ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ r❡❝❛❧❧ ❛ ✇❡❧❧ ❦♥♦✇♥ r❡s✉❧t ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ♥✉❧❧ ❝♦♥tr♦❧❧❛❜✐❧✐t②
♦❢ ❣❡♥❡r❛❧ ♣❛r❛❜♦❧✐❝ ❧✐♥❡❛r s②st❡♠s ♦❢ t❤❡ ❢♦r♠





ut − κ∆u+w · ∇u = v1ω ✐♥ Ω× (0, T ),

u = 0 ♦♥ Γ× (0, T ),

u(x, 0) = u0(x) ✐♥ Ω,

✭✹✳✽✮

✇❤❡r❡ κ > 0✱ w ∈ L∞(Ω× (0, T ))✱ ω ⊂ Ω ✐s ❛ ♥♦♥✲❡♠♣t② ♦♣❡♥ s❡t ❛♥❞ 1ω ✐s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝
❢✉♥❝t✐♦♥ ♦❢ ω✳

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t✱ ❢♦r ❡❛❝❤ u0 ∈ L2(Ω) ❛♥❞ ❡❛❝❤ v ∈ L2(ω×(0, T ))✱ t❤❡r❡ ❡①✐sts ❡①❛❝t❧②
♦♥❡ s♦❧✉t✐♦♥ u t♦ ✭✹✳✽✮✱ ✇✐t❤

u ∈ C0([0, T ];L2(Ω)) ∩ L2(0, T ;H1
0 (Ω)).

❲❡ ❛❧s♦ ❤❛✈❡✿

❚❤❡♦r❡♠ ✾✳ ❚❤❡ ❧✐♥❡❛r s②st❡♠ ✭✹✳✽✮ ✐s ♥✉❧❧✲❝♦♥tr♦❧❧❛❜❧❡ ❛t ❛♥② t✐♠❡ T > 0✳ ■♥ ♦t❤❡r ✇♦r❞s✱

❢♦r ❡❛❝❤ u0 ∈ L2(Ω) t❤❡r❡ ❡①✐sts v ∈ L2(ω × (0, T )) s✉❝❤ t❤❛t t❤❡ ❛ss♦❝✐❛t❡❞ s♦❧✉t✐♦♥ t♦ ✭✹✳✽✮

s❛t✐s✜❡s

u(x, T ) = 0 ✐♥ Ω. ✭✹✳✾✮

❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡①tr❡♠❛❧ ♣r♦❜❧❡♠




▼✐♥✐♠✐③❡
1

2

∫∫

ω×(0,T )
|v|2 dx dt

❙✉❜❥❡❝t t♦✿ v ∈ L2(ω × (0, T ))✱ u s❛t✐s✜❡s ✭✹✳✾✮

✭✹✳✶✵✮

♣♦ss❡ss❡s ❡①❛❝t❧② ♦♥❡ s♦❧✉t✐♦♥ v̂ s❛t✐s❢②✐♥❣

‖v̂‖2 ≤ C0‖u0‖2, ✭✹✳✶✶✮

✇❤❡r❡

C0 = exp

(
C1

(
1 +

1

T
+ (1 + T 2)‖w‖2∞

))

❛♥❞ C1 ♦♥❧② ❞❡♣❡♥❞s ♦♥ Ω✱ ω ❛♥❞ κ✳

✽✹



✹✳✷✳✶ ❈♦♥str✉❝t✐♦♥ ♦❢ ❛ tr❛❥❡❝t♦r② ✇❤❡♥ N = 2

❲❡ ✇✐❧❧ ❛r❣✉❡ ❛s ✐♥ ❬✸✶❪✳ ❚❤✉s✱ ❧❡t Ω1 ⊂ R
2 ❜❡ ❛ ❜♦✉♥❞❡❞✱ ▲✐♣s❝❤✐t③✲❝♦♥tr❛❝t✐❜❧❡ ♦♣❡♥ s❡t

✇❤♦s❡ ❜♦✉♥❞❛r② ✐s ♦❢ ❝❧❛ss C∞ ❛♥❞ ❝♦♥s✐sts ♦❢ t✇♦ ❞✐s❥♦✐♥t ❝❧♦s❡❞ ❧✐♥❡ s❡❣♠❡♥ts Γ− ❛♥❞ Γ+

❛♥❞ t✇♦ ❞✐s❥♦✐♥t ❝✉r✈❡s Σ′ ❛♥❞ Σ′′ ♦❢ ❝❧❛ss C∞ s✉❝❤ t❤❛t ∂Σ′ ∪ ∂Σ′′ = ∂Γ− ∪ ∂Γ+✳
❲❡ ❛ss✉♠❡ t❤❛t Ω ⊂ Ω1✳ ❲❡ ❛❧s♦ ✐♠♣♦s❡ t❤❛t t❤❡r❡ ✐s ❛ ♥❡✐❣❤❜♦r❤♦♦❞ U− ♦❢ Γ− ✭r❡s♣✳

U+ ♦❢ Γ+✮ s✉❝❤ t❤❛t Ω1 ∩ U
− ✭r❡s♣✳ Ω1 ∩ U

+✮ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ U− ✭r❡s♣✳
U+✮✱ ❛♥ ♦♣❡♥ s❡♠✐✲♣❧❛♥❡ ❧✐♠✐t❡❞ ❜② t❤❡ ❧✐♥❡ ❝♦♥t❛✐♥✐♥❣ Γ− ✭r❡s♣✳ Γ+✮ ❛♥❞ t❤❡ ❜❛♥❞ ❧✐♠✐t❡❞
❜② t❤❡ t✇♦ str❛✐❣❤t ❧✐♥❡s ♦rt❤♦❣♦♥❛❧ t♦ Γ− ✭r❡s♣✳ Γ+✮ ❛♥❞ ♣❛ss✐♥❣ t❤r♦✉❣❤ ∂Γ− ✭r❡s♣✳ ∂Γ+✮❀
s❡❡ ❋✐❣✉r❡ ✹✳✶✳

❋✐❣✉r❛ ✹✳✶✿ ❚❤❡ ❞♦♠❛✐♥ Ω1

▲❡t ϕ ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦ 



−∆ϕ = 0 ✐♥ Ω1,

ϕ = 1 ♦♥ Γ+,

ϕ = −1 ♦♥ Γ−,

∂ϕ

∂n
= 0 ♦♥ Σ,

✭✹✳✶✷✮

✇❤❡r❡ Σ = Σ′ ∪ Σ′′✳ ❚❤❡♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢r♦♠ ❏✳✲▼✳ ❈♦r♦♥ ❬✸✶❪✿

▲❡♠♠❛ ✹✳ ❖♥❡ ❤❛s ϕ ∈ C∞(Ω1)✱ −1 < ϕ(x) < 1 ❢♦r ❛❧❧ x ∈ Ω1 ❛♥❞

∇ϕ(x) 6= 0 ∀x ∈ Ω1. ✭✹✳✶✸✮

▲❡t γ ∈ C∞([0, 1]) ❜❡ ❛ ♥♦♥✲③❡r♦ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t ❙✉♣♣ γ ⊂ (0, 1/2) ∪ (1/2, 1) ❛♥❞ t❤❡
s❡ts (❙✉♣♣ γ) ∩ (0, 1/2) ❛♥❞ (❙✉♣♣ γ) ∩ (1/2, 1) ❛r❡ ♥♦♥✲❡♠♣t②✳

▲❡t M > 0 ❜❡ ❛ ❝♦♥st❛♥t t♦ ❜❡ ❝❤♦s❡♥ ❜❡❧♦✇ ❛♥❞ s❡t

y(x, t) :=Mγ(t)∇ϕ(x), p(x, t) := −Mγt(t)ϕ(x)−
M2

2
γ(t)2|∇ϕ(x)|2, θ ≡ 0.

❚❤❡♥ ✭✹✳✶✮ ✐s s❛t✐s✜❡❞ ❜② (y, p, θ) ❢♦r T = 1✱ y0 = 0 ❛♥❞ θ0 = 0✳ ❚❤❡ tr✐♣❧❡t (y, p, θ) ✐s t❤✉s ❛
♥♦♥tr✐✈✐❛❧ tr❛❥❡❝t♦r② ♦❢ ✭✹✳✶✮ t❤❛t ❝♦♥♥❡❝ts t❤❡ ③❡r♦ st❛t❡ t♦ ✐ts❡❧❢✳

✽✺



▲❡t Ω3 ❜❡ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t ♦❢ ❝❧❛ss C∞ s✉❝❤ t❤❛t Ω1 ⊂⊂ Ω3✳ ❲❡ ❡①t❡♥❞ ϕ t♦ Ω3 ❛s
❛ C∞ ❢✉♥❝t✐♦♥ ✇✐t❤ ❝♦♠♣❛❝t s✉♣♣♦rt ✐♥ Ω3 ❛♥❞ ✇❡ st✐❧❧ ❞❡♥♦t❡ t❤✐s ❡①t❡♥s✐♦♥ ❜② ϕ✳ ▲❡t ✉s
✐♥tr♦❞✉❝❡ y∗(x, t) :=Mγ(t)∇ϕ(x) ✭♦❜s❡r✈❡ t❤❛t y ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ y∗ t♦ Ω× [0, 1]✮✳ ❆❧s♦✱
❝♦♥s✐❞❡r t❤❡ ❛ss♦❝✐❛t❡❞ ✢✉① ❢✉♥❝t✐♦♥ Y∗ : Ω3 × [0, 1]× [0, 1] 7→ Ω3✱ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

{
Y∗

t (x, t, s) = y∗(Y∗(x, t, s), t)

Y∗(x, s, s) = x.
✭✹✳✶✹✮

❖❜✈✐♦✉s❧②✱ Y∗ ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ♣❛rt✐❝❧❡s tr❛♥s♣♦rt❡❞ ❜②
t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ y∗✳ ❚❤❡ ✢✉① Y∗ ✐s ♦❢ ❝❧❛ss C∞ ✐♥ Ω3× [0, 1]× [0, 1]✳ ❋✉rt❤❡r♠♦r❡✱ Y∗(· , t, s)

✐s ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ♦❢ Ω3 ♦♥t♦ ✐ts❡❧❢ ❛♥❞ (Y∗(· , t, s))−1 = Y∗(· , s, t) ❢♦r ❛❧❧ s, t ∈ [0, 1]✳

❘❡♠❛r❦ ✸✳ ❋r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ y∗ ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ Ω1 s❛t✐s✜❡❞ ❜② ϕ✱ ✇❡

♦❜s❡r✈❡ t❤❛t t❤❡ ♣❛rt✐❝❧❡s ❝❛♥♥♦t ❝r♦ss Σ✳ ❙✐♥❝❡ ϕ ✐s ❝♦♥st❛♥t ♦♥ Γ+✱ t❤❡ ❣r❛❞✐❡♥t ∇ϕ ✐s

♣❛r❛❧❧❡❧ t♦ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r ♦♥ Γ+✳ ❙✐♥❝❡ ϕ ❛tt❛✐♥s ❛ ♠❛①✐♠✉♠ ❛t ❛♥② ♣♦✐♥t ♦❢ Γ+✱ ✇❡ ❤❛✈❡

∇ϕ · n > 0 ♦♥ Γ+✱ ✇❤❡♥❝❡ y∗ · n ≥ 0 ♦♥ Γ+ × [0, 1]✳ ❙✐♠✐❧❛r❧②✱ y∗ · n ≤ 0 ♦♥ Γ− × [0, 1]✳

❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ♣❛rt✐❝❧❡s ♠♦✈✐♥❣ ✇✐t❤ ✈❡❧♦❝✐t② y∗ ❝❛♥ ❧❡❛✈❡ Ω1 ♦♥❧② t❤r♦✉❣❤ Γ+ ❛♥❞ ❝❛♥

❡♥t❡r Ω1 ♦♥❧② t❤r♦✉❣❤ Γ−✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❛t t❤❡ ♣❛rt✐❝❧❡s t❤❛t tr❛✈❡❧ ✇✐t❤ ✈❡❧♦❝✐t② y∗ ❛♥❞ ❛r❡ ✐♥s✐❞❡
Ω1 ❛t t✐♠❡ t = 0 ✭r❡s♣✳ t = 1/2✮ ✇✐❧❧ ❜❡ ♦✉ts✐❞❡ Ω1 ❛t t✐♠❡ t = 1/2 ✭r❡s♣✳ t = 1✮✳

▲❡♠♠❛ ✺✳ ❚❤❡r❡ ❡①✐st M > 0 ✭❧❛r❣❡ ❡♥♦✉❣❤✮ ❛♥❞ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t Ω2 s❛t✐s❢②✐♥❣ Ω1 ⊂⊂

Ω2 ⊂⊂ Ω3 s✉❝❤ t❤❛t

Y∗(x, 1/2, 0) 6∈ Ω2 ❛♥❞ Y∗(x, 1, 1/2) 6∈ Ω2 ∀x ∈ Ω2. ✭✹✳✶✺✮

❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ ❬✸✶❪ ❛♥❞ r❡❧✐❡s ♦♥ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ y∗ ❛♥❞✱ ♠♦r❡ ♣r❡❝✐s❡❧②✱ ♦♥ t❤❡
❢❛❝t t❤❛t t 7→ ϕ(Y∗(x, t, s)) ✐s ♥♦♥❞❡❝r❡❛s✐♥❣✳

❚❤❡ ♥❡①t st❡♣ ✐s t♦ ✐♥tr♦❞✉❝❡ ❛♣♣r♦♣r✐❛t❡ ❡①t❡♥s✐♦♥ ♠❛♣♣✐♥❣s ❢r♦♠ Ω t♦ Ω3✳ ❲❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢r♦♠ ❬✺✷❪✿

▲❡♠♠❛ ✻✳ ❋♦r ℓ = 1 ❛♥❞ ℓ = 2✱ t❤❡r❡ ❡①✐st ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♠❛♣♣✐♥❣s πℓ : C0(Ω;Rℓ) 7→

C0(Ω3;R
ℓ) s✉❝❤ t❤❛t





πℓ(f) = f ✐♥ Ω ❛♥❞ ❙✉♣♣πℓ(f) ⊂ Ω2 ∀f ∈ C0(Ω;Rℓ),

πℓ ♠❛♣s ❝♦♥t✐♥✉♦✉s❧② Cm,λ(Ω;Rℓ) ✐♥t♦ Cm,λ(Ω3;R
ℓ) ∀m ≥ 0, ∀λ ∈ (0, 1).

❚❤❡ ♥❡①t ❧❡♠♠❛ ❛ss❡rts t❤❛t ✭✹✳✶✺✮ ❤♦❧❞s ♥♦t ♦♥❧② ❢♦r y∗ ❜✉t ❛❧s♦ ❢♦r ❛♥② ❛♣♣r♦♣r✐❛t❡
❡①t❡♥s✐♦♥ ♦❢ ❛♥② ✢♦✇ z ❝❧♦s❡ ❡♥♦✉❣❤ t♦ y✿

▲❡♠♠❛ ✼✳ ❋♦r ❡❛❝❤ z ∈ C0(Ω× [0, 1];R2)✱ ❧❡t ✉s s❡t z∗ = y∗+π2(z−y)✳ ❚❤❡r❡ ❡①✐sts ν > 0

s✉❝❤ t❤❛t✱ ✐❢ ‖z− y‖(0) ≤ ν✱ t❤❡♥

Z∗(x, 1/2, 0) 6∈ Ω2 ❛♥❞ Z∗(x, 1, 1/2) 6∈ Ω2 ∀x ∈ Ω2, ✭✹✳✶✻✮

✇❤❡r❡ Z∗ ✐s t❤❡ ✢✉① ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ z∗✳

✽✻



❉❡♠♦♥str❛çã♦✳ ▲❡t ✉s s❡t

A =
{
Y∗(x, 1/2, 0) : x ∈ Ω2

}
∪
{
Y∗(x, 1, 1/2) : x ∈ Ω2

}
.

❇♦t❤A ❛♥❞ Ω2 ❛r❡ ❝♦♠♣❛❝t s✉❜s❡ts ♦❢ R2 ❛♥❞✱ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✺✱ A∩Ω2 = ∅✳ ❈♦♥s❡q✉❡♥t❧②✱

d := ❞✐st (A, Ω2) > 0✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ W := Y∗ − Z∗✳ ❚❤❡♥✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ▼❡❛♥ ❱❛❧✉❡ ❚❤❡♦r❡♠ ❛♥❞ t❤❡

♣r♦♣❡rt✐❡s ♦❢ π2✱ ✇❡ ❤❛✈❡✿

|W(x, t, s)| ≤ M

∫ t

s
γ(σ)|∇ϕ(Y∗(x, σ, s))−∇ϕ(Z∗(x, σ, s))| dσ

+

∫ t

s
|π2(z− y)(Z∗(x, σ, s), σ)| dσ

≤ M‖∇ϕ‖0

∫ t

s
γ(σ)|W(x, σ, s)| dσ +

∫ t

s
‖(π2(z− y))(·, σ)‖0 dσ

≤ M‖∇ϕ‖0

∫ t

s
γ(σ)|W(x, σ, s)| dσ + C

∫ t

s
‖(z− y)(·, σ)‖0 dσ,

✇❤❡r❡ (x, t, s) ∈ Ω3 × [0, 1]× [0, 1]✳ ❍❡♥❝❡✱ ❢r♦♠ ●r♦♥✇❛❧❧✬s ▲❡♠♠❛✱ ✇❡ ✜♥❞ t❤❛t

|W(x, t, s)| ≤ C

(∫ t

s
‖z− y‖0(σ) dσ

)
exp

(
M‖∇ϕ‖0

∫ t

s
γ(σ) dσ

)

≤ CeM‖∇ϕ‖0‖γ‖0‖z− y‖(0)

❚❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ν > 0 s✉❝❤ t❤❛t✱ ✐❢ ‖z− y‖(0) ≤ ν✱ ♦♥❡ ❤❛s

|W(x, t, s)| ≤
d

2
∀(x, t, s) ∈ Ω3 × [0, 1]× [0, 1]. ✭✹✳✶✼✮

❚❤❛♥❦s t♦ ▲❡♠♠❛ ✺ ❛♥❞ ✭✹✳✶✼✮✱ ✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ ✭✹✳✶✻✮ ❛♥❞ t❤❡ ♣r♦♦❢ ✐s ❛❝❤✐❡✈❡❞✳

✹✳✷✳✷ ❈♦♥str✉❝t✐♦♥ ♦❢ ❛ tr❛❥❡❝t♦r② ✇❤❡♥ N = 3

■♥ t❤✐s ❙❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❢♦❧❧♦✇ ❬✹✻❪✳ ❆s ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱ y ✇✐❧❧ ❜❡ ♦❢ t❤❡
♣♦t❡♥t✐❛❧ ❢♦r♠ “∇ϕ”✱ ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t ❛♥② ♣❛rt✐❝❧❡ tr❛✈❡❧✐♥❣ ✇✐t❤ ✈❡❧♦❝✐t② y ♠✉st ❧❡❛✈❡
Ω ❛t ❛♥ ❛♣♣r♦♣r✐❛t❡ t✐♠❡✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✇✐❧❧ ❜❡ t❤❛t✱ ✐♥ t❤✐s t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✱
“∇ϕ” ✐s ♥♦t ❝❤♦s❡♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t✳

❲❡ ✜rst r❡❝❛❧❧ ❛ ❧❡♠♠❛✿

▲❡♠♠❛ ✽✳ ▲❡t O ❜❡ ❛ r❡❣✉❧❛r ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t s✉❝❤ t❤❛t Ω ⊂⊂ O✳ ❋♦r ❡❛❝❤ a ∈ Ω✱ t❤❡r❡

❡①✐sts φa ∈ C∞(O × [0, 1]) s✉❝❤ t❤❛t supp(φa) ⊂ O × (1/4, 3/4)✱





−∆φa = 0 ✐♥ Ω× (0, 1),

∂φa

∂n
= 0 ♦♥ (Γ \ Γ0)× (0, 1)

✭✹✳✶✽✮

✽✼



❛♥❞

Φa(a, 1, 0) ∈ O \ Ω,

✇❤❡r❡ Φa := Φa(x, t, s) ✐s t❤❡ ✢✉① ❛ss♦❝✐❛t❡❞ t♦ ∇φa✱ t❤❛t ✐s✱ t❤❡ ✉♥✐q✉❡ R
N−✈❛❧✉❡❞ ❢✉♥❝t✐♦♥

✐♥ O × [0, 1]× [0, 1] s❛t✐s❢②✐♥❣





Φa
t (x, t, s) = ∇φa(Φa(x, t, s), t),

Φa(x, s, s) = x.
✭✹✳✶✾✮

❚❤❡ ♣r♦♦❢ ✐s ❣✐✈❡♥ ✐♥ ❬✹✻❪✳

❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ t❤❡s❡ Φa✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ ✈❡❝t♦r ✜❡❧❞ y∗ ✐♥ O × (0, 1) t❤❛t ♠❛❦❡s t❤❡
♣❛rt✐❝❧❡s ❣♦ ❢r♦♠ Ω t♦ t❤❡ ♦✉ts✐❞❡ ❛♥❞ t❤❡♥ ♠❛❦❡s t❤❡♠ ❝♦♠❡ ❜❛❝❦✳

■♥❞❡❡❞✱ ❢r♦♠ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥s Φa ❛♥❞ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ Ω✱ ✇❡ ❝❛♥ ✜♥❞
a1,a2✱ . . . ,ak ✐♥ Ω✱ r❡❛❧ ♥✉♠❜❡rs r1, . . . , rk✱ s♠♦♦t❤ ❢✉♥❝t✐♦♥s φ1 := φa1 , . . . , φk := φak s❛✲
t✐s❢②✐♥❣ ▲❡♠♠❛ ✽ ❛♥❞ ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ s❡t O0 ✇✐t❤ Ω ⊂⊂ O0 ⊂⊂ O✱ s✉❝❤ t❤❛t

Ω ⊂
k⋃

i=1

Bi ⊂⊂ O0 ❛♥❞ Φi(B
i
, 1, 0) ⊂ O \ O0, ✭✹✳✷✵✮

✇❤❡r❡ Bi := B(ai; ri) ❛♥❞ Φi := Φai ❢♦r i = 1, . . . , k✳

❆s ✐♥ ❬✹✻❪✱ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ y∗ ✐s ❛s ❢♦❧❧♦✇s✿ ❧❡t t❤❡ t✐♠❡ ti ❜❡ ❣✐✈❡♥ ❜②

ti =
1

4
+

i

4k
, i = 0, . . . , 2k,

ti+1/2 =
1

4
+

(
i+

1

2

)
1

4k
, i = 0, . . . , 2k − 1

✭✹✳✷✶✮

❛♥❞ ❧❡t ✉s s❡t

φ(x, t) =





0, (x, t) ∈ O × ([0, 1/4] ∪ [3/4, 1]),

8kφj(x, 8k(t− tj−1)), (x, t) ∈ O ×
[
tj−1, tj−1/2

]
,

−8kφj(x, 8k(tj − t)), (x, t) ∈ O ×
[
tj−1/2, tj

]
✭✹✳✷✷✮

❢♦r j = 1, . . . , 2k✱ ✇❤❡r❡ φk+i := φi ❢♦r i = 1, . . . , k❀ t❤❡♥✱ ✇❡ s❡t y∗ := ∇φ ❛♥❞ y := y∗|Ω×[0,1]

❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② Y∗ t❤❡ ✢✉① ❛ss♦❝✐❛t❡❞ t♦ y∗✳

■❢ ✇❡ s❡t p̄(x, t) := −φt(x, t)−
1
2 |∇φ(x, t)|

2 ❛♥❞ θ ≡ 0✱ t❤❡♥ ✭✹✳✶✮ ❛♥❞ ✭✹✳✸✮ ❛r❡ ✈❡r✐✜❡❞ ❜②
(y, p, θ) ❢♦r T = 1✱ y0 = y1 = 0 ❛♥❞ θ0 = θ1 = 0✳

❚❤❛♥❦s t♦ ✭✹✳✷✵✮ ❛♥❞ ✭✹✳✷✷✮✱ ♦♥❡ ❤❛s✿

▲❡♠♠❛ ✾✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ❤♦❧❞s ❢♦r ❛❧❧ i = 1, . . . , k✿

Y∗(x, ti−1/2, 0) ∈ O \ O0 ❛♥❞ Y∗(x, tk+i−1/2, 1/2) ∈ O \ O0 ∀x ∈ Bi. ✭✹✳✷✸✮

✽✽



❋♦r t❤❡ ♣r♦♦❢✱ ✐t s✉✣❝❡s t♦ ♥♦t✐❝❡ t❤❛t✱ ✐♥ O × [1/4, 3/4] × [1/4, 3/4]✱ Y∗(x, t, s) ✐s ❣✐✈❡♥
❛s ❢♦❧❧♦✇s✿





Φj(x, 8k(t− tj−1), 8k(s− tl−1)) ✐❢ (x, t, s) ∈ O × [tj−1, tj−1/2]× [tl−1, tl−1/2],

Φj(x, 8k(t− tj−1), 8k(tl − s)) ✐❢ (x, t, s) ∈ O × [tj−1, tj−1/2]× [tl−1/2, tl],

Φj(x, 8k(tj − t), 8k(s− tl−1)) ✐❢ (x, t, s) ∈ O × [tj−1/2, tj ]× [tl−1, tl−1/2],

Φj(x, 8k(tj − t), 8k(tl − s)) ✐❢ (x, t, s) ∈ O × [tj−1/2, tj ]× [tl−1/2, tl]

❢♦r ❛❧❧ l, j = 1, . . . , 2k✱ ✇❤❡r❡ Φk+i t❤❡ ✢✉① ❛ss♦❝✐❛t❡❞ t♦ ∇φk+i ❢♦r i = 1, . . . , k✳
❍❡♥❝❡✱ ♦♥❡ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r ❛❧❧ i = 1, . . . , k ❛♥❞ ❢♦r ❡❛❝❤ x ∈ Bi ✿

Y∗(x, ti−1/2, 0) = Y∗(x, ti−1/2, 1/4) = Y∗(x, ti−1/2, t0) = Φi(x, 1, 0) ∈ O \ O0

❛♥❞

Y∗(x, tk+i−1/2, 1/2) = Y∗(x, tk+i−1/2, tk) = Φk+i(x, 1, 0) = Φi(x, 1, 0) ∈ O \ O0.

❆ r❡s✉❧t s✐♠✐❧❛r t♦ ▲❡♠♠❛ ✻ ❛❧s♦ ❤♦❧❞s ❤❡r❡✿

▲❡♠♠❛ ✶✵✳ ❋♦r ℓ = 1 ❛♥❞ ℓ = 3✱ t❤❡r❡ ❡①✐st ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♠❛♣♣✐♥❣s πℓ : C
0(Ω;Rℓ) 7→

C0(O;Rℓ) s✉❝❤ t❤❛t





πℓ(f) = f ✐♥ Ω ❛♥❞ ❙✉♣♣πℓ(f) ⊂ O0 ∀f ∈ C0(Ω;Rℓ),

πℓ ♠❛♣s ❝♦♥t✐♥✉♦✉s❧② Cn,λ(Ω;Rℓ) ✐♥t♦ Cn,λ(O;Rℓ) ∀n ≥ 0, ∀λ ∈ (0, 1).

❋✐♥❛❧❧②✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t ✭✹✳✷✸✮ ❤♦❧❞s ❢♦r t❤❡ ✢✉① ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♦❢ ❛♥② ✈❡❧♦❝✐t②
✜❡❧❞ ❝❧♦s❡ ❡♥♦✉❣❤ t♦ y✿

▲❡♠♠❛ ✶✶✳ ❋♦r ❡❛❝❤ z ∈ C0(Ω× [0, 1];R3)✱ ❧❡t ✉s s❡t z∗ = y∗+π3(z−y)✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts

ν > 0 s✉❝❤ t❤❛t✱ ✐❢ ‖z− y‖(0) ≤ ν ❛♥❞ i = 1, . . . , k✱ ♦♥❡ ❤❛s✿

Z∗(x, ti−1/2, 0) ∈ O \ O0 ❛♥❞ Z∗(x, tk+i−1/2, 1/2) ∈ O \ O0 ∀x ∈ Bi,

✇❤❡r❡ Z∗ ✐s t❤❡ ✢✉① ❛ss♦❝✐❛t❡❞ t♦ z∗✳

❚❤❡ ♣r♦♦❢ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✼ ❛♥❞ ✇✐❧❧ ❜❡ ♦♠✐tt❡❞✳

✹✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻

❚❤✐s ❙❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ ♣r♦✈❡ t❤❡ ❡①❛❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② r❡s✉❧t ✐♥ ❚❤❡♦r❡♠ ✻✳ ❲❡ ✇✐❧❧
❛ss✉♠❡ t❤❛t Pr♦♣♦s✐t✐♦♥ ✾ ✐s s❛t✐s✜❡❞ ❛♥❞ ✇❡ ✇✐❧❧ ❡♠♣❧♦② ❛ s❝❛❧✐♥❣ ❛r❣✉♠❡♥t✳

▲❡t T > 0✱ θ0, θ1 ∈ C2,α(Ω) ❛♥❞ y0,y1 ∈ C(2, α,Γ0) ❜❡ ❣✐✈❡♥✳ ▲❡t ✉s s❡❡ t❤❛t✱ ✐❢

‖y0‖2,α + ‖y1‖2,α + ‖θ0‖2,α + ‖θ1‖2,α

✐s s♠❛❧❧ ❡♥♦✉❣❤✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❛ tr✐♣❧❡t (y, p, θ) s❛t✐s❢②✐♥❣ ✭✹✳✶✮ ❛♥❞ ✭✹✳✸✮✳

✽✾



■❢ ε ∈ (0, T/2) ✐s s♠❛❧❧ ❡♥♦✉❣❤ t♦ ❤❛✈❡

max{ε‖y0‖2,α, ε
2‖θ0‖2,α} ≤ δ ✭r❡s♣✳ max{ε‖y1‖2,α, ε

2‖θ1‖2,α} ≤ δ),

t❤❡♥✱ t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥ ✾✱ t❤❡r❡ ❡①✐st (y0, θ0) ✐♥ C0([0, 1];C1,α(Ω;RN+1)) ❛♥❞ ❛ ♣r❡s✲
s✉r❡ p0 ✭r❡s♣✳ (y1, θ1) ❛♥❞ p1✮ s♦❧✈✐♥❣ ✭✹✳✶✮✱ ✇✐t❤ y0(x, 0) ≡ εy0(x) ❛♥❞ θ0(x, 0) ≡ ε2θ0(x)

✭r❡s♣✳ y1(x, 0) ≡ −εy1(x) ❛♥❞ θ1(x, 0) = ε2θ1(x)✮ ❛♥❞ s❛t✐s❢②✐♥❣ ✭✹✳✺✮✳
▲❡t ✉s ❝❤♦♦s❡ ε ♦❢ t❤✐s ❢♦r♠ ❛♥❞ ❧❡t ✉s ✐♥tr♦❞✉❝❡ y : Ω× [0, T ] 7→ R

N ✱ p : Ω× [0, T ] 7→ R

❛♥❞ θ : Ω× [0, T ] 7→ R ❛s ❢♦❧❧♦✇s✿





y(x, t) = ε−1y0(x, ε−1t),

p(x, t) = ε−2p0(x, ε−1t),

θ(x, t) = ε−2θ0(x, ε−1t),

❢♦r (x, t) ∈ Ω× [0, ε],





y(x, t) = 0,

p(x, t) = 0,

θ(x, t) = 0,

❢♦r (x, t) ∈ Ω× (ε, T − ε),





y(x, t) = −ε−1y1(x, ε−1(T − t)),

p(x, t) = ε−2p1(x, ε−1(T − t)),

θ(x, t) = ε−2θ1(x, ε−1(T − t)),

❢♦r (x, t) ∈ Ω× [T − ε, T ].

❚❤❡♥✱ (y, θ) ∈ C0([0, T ];C1,α(Ω;RN+1) ❛♥❞ t❤❡ tr✐♣❧❡t (y, p, θ) s❛t✐s✜❡s ✭✹✳✶✮ ❛♥❞ ✭✹✳✸✮✳

✹✳✹ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳ ❚❤❡ ✷❉ ❝❛s❡

▲❡t µ ∈ C∞([0, 1]) ❜❡ ❛ ❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t µ ≡ 1 ✐♥ [0, 1/4]✱ µ ≡ 0 ✐♥ [1/2, 1] ❛♥❞ 0 < µ < 1✳
Pr♦♣♦s✐t✐♦♥ ✾ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✶✵✳ ❚❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t✱ ✐❢ max {‖y0‖2,α, ‖θ0‖2,α} ≤ δ✱ t❤❡♥ t❤❡ ❝♦✉♣❧❡❞

s②st❡♠ 



ζt + y · ∇ζ = −~k×∇θ ✐♥ Ω× (0, 1),

θt + y · ∇θ = 0 ✐♥ Ω× (0, 1),

∇ · y = 0, ∇× y = ζ ✐♥ Ω× (0, 1),

y · n = (y + µy0) · n ♦♥ Γ× (0, 1),

ζ(0) = ∇× y0, θ(0) = θ0 ✐♥ Ω,

✭✹✳✷✹✮

♣♦ss❡ss❡s ❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥ (ζ, θ,y)✱ ✇✐t❤

(ζ, θ,y) ∈ C0([0, 1];C0,α(Ω))× C0([0, 1];C1,α(Ω))× C0([0, 1];C1,α(Ω;R2)), ✭✹✳✷✺✮

s✉❝❤ t❤❛t

θ(x, t) = 0 ✐♥ Ω× (1/2, 1) ❛♥❞ ζ(x, 1) = 0 ✐♥ Ω. ✭✹✳✷✻✮

✾✵



❚❤❡ r❡♠✐♥❞❡r ♦❢ t❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✶✵✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❛❞❛♣t
s♦♠❡ ✐❞❡❛s ❢r♦♠ ❇❛r❞♦s ❛♥❞ ❋r✐s❝❤ ❬✶✸❪ ❛♥❞ ❑❛t♦ ❬✻✵❪✱ ❛❧r❡❛❞② ✉s❡❞ ✐♥ ❬✸✶❪ ❛♥❞ ❬✹✹❪✳ ▲❡t ✉s
❣✐✈❡ ❛ s❦❡t❝❤✳

❲❡ ✇✐❧❧ st❛rt ❢r♦♠ ❛♥ ❛r❜✐tr❛r② ✜❡❧❞ z := z(x, t) ✐♥ ❛ s✉✐t❛❜❧❡ ❝❧❛ss S ♦❢ ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥s✳ ❚♦ t❤✐s z✱ ✇❡ ✇✐❧❧ ❛ss♦❝✐❛t❡ ❛ s❝❛❧❛r ❢✉♥❝t✐♦♥ θ ✭❛ t❡♠♣❡r❛t✉r❡✮ ✈❡r✐❢②✐♥❣

{
θt + z · ∇θ = 0 ✐♥ Ω× (0, 1),

θ(x, 0) = θ0(x) ✐♥ Ω.

❛♥❞
θ(x, t) = 0 ✐♥ Ω× (1/2, 1).

❲✐t❤ t❤❡ ❤❡❧♣ ♦❢ θ✱ ✇❡ ✇✐❧❧ t❤❡♥ ❝♦♥str✉❝t ❛ ❢✉♥❝t✐♦♥ ζ ✭❛♥ ❛ss♦❝✐❛t❡❞ ✈♦rt✐❝✐t②✮ s❛t✐s❢②✐♥❣

{
ζt + z · ∇ζ = −~k×∇θ ✐♥ Ω× (0, 1),

ζ(0) = ∇× y0 ✐♥ Ω.

❛♥❞
ζ(x, 1) = 0 ✐♥ Ω.

❚❤❡♥✱ ✇❡ ✇✐❧❧ ❝♦♥str✉❝t ❛ ✜❡❧❞ y = y(x, t) s✉❝❤ t❤❛t ∇× y = ζ ❛♥❞ ∇ · y = 0✳ ❚❤✐s ✇❛②✱ ✇❡
✇✐❧❧ ❤❛✈❡ ❞❡✜♥❡❞ ❛ ♠❛♣♣✐♥❣ F ✇✐t❤ F (z) = y✳ ❲❡ ✇✐❧❧ ❝❤♦♦s❡ S s✉❝❤ t❤❛t F ♠❛♣s S ✐♥t♦
✐ts❡❧❢ ❛♥❞ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❡①t❡♥s✐♦♥ ♦❢ F ♣♦ss❡ss❡s ❡①❛❝t❧② ♦♥❡ ✜①❡❞✲♣♦✐♥t y✳ ❋✐♥❛❧❧②✱ ✐t ✇✐❧❧
❜❡ s❡❡♥ t❤❛t t❤❡ tr✐♣❧❡t (ζ, θ,y)✱ ✇❤❡r❡ ζ ❛♥❞ θ ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✈♦rt✐❝✐t② ❛♥❞ t❡♠♣❡r❛t✉r❡
❛ss♦❝✐❛t❡❞ t♦ y✱ s♦❧✈❡s ✭✹✳✷✹✮ ❛♥❞ s❛t✐s✜❡s ✭✹✳✷✺✮✳

▲❡t ✉s ♥♦✇ ❣✐✈❡ t❤❡ ❞❡t❛✐❧s✳
❚❤❡ ❣♦♦❞ ❞❡✜♥✐t✐♦♥ ♦❢ S ✐s ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② S′ t❤❡ s❡t ♦❢ ✜❡❧❞s z ∈

C0([0, 1];C2,α(Ω;R2)) s✉❝❤ t❤❛t ∇ · z = 0 ✐♥ Ω× (0, 1) ❛♥❞ z ·n = (y+ µy0) ·n ♦♥ Γ× (0, 1)✳
❚❤❡♥✱ ❢♦r ❛♥② ν > 0✱ ✇❡ s❡t

Sν = { z ∈ S′ : ‖z− y‖0,2,α ≤ ν }.

▲❡t ν > 0 ❜❡ t❤❡ ❝♦♥st❛♥t ❢✉r♥✐s❤❡❞ ❜② ▲❡♠♠❛ ✼ ❛♥❞ ❧❡t ✉s ❝❛rr② ♦✉t t❤❡ ♣r❡✈✐♦✉s ♣r♦❝❡ss
✇✐t❤ S = Sν ✳ ❚♦ ❣✉❛r❛♥t❡❡ t❤❛t Sν ✐s ♥♦♥❡♠♣t②✱ ✐t s✉✣❝❡s t♦ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ y0

✐s s✉✣❝✐❡♥t❧② s♠❛❧❧ ✐♥ C2,α(Ω;R2)✳ ❙✐♥❝❡✱ ✐❢ t❤✐s ✐s t❤❡ ❝❛s❡✱ y + µy0 ∈ Sν ✳
▲❡t z ∈ Sν ❜❡ ❣✐✈❡♥ ❛♥❞ ❧❡t ✉s s❡t z∗ = y∗ + π2(z− y)✳ ❲❡ ❤❛✈❡ t❤❡ ❡st✐♠❛t❡

‖z∗(· , t)‖2,α ≤ ‖y∗(· , t)‖2,α + C‖(z− y)(· , t)‖2,α ∀t ∈ [0, 1] ✭✹✳✷✼✮

❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤♦❧❞s✿

▲❡♠♠❛ ✶✷✳ ❚❤❡ ✢✉① Z∗ ❛ss♦❝✐❛t❡❞ t♦ z∗ s❛t✐s✜❡s Z∗ ∈ C1([0, 1]× [0, 1];C2,α(Ω3;R
2))✳

❘❡❝❛❧❧ t❤❛t Z∗ ✐s✱ ❜② ❞❡✜♥✐t✐♦♥✱ t❤❡ ✉♥✐q✉❡ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣

{
Z∗
t (x, t, s) = z∗(Z∗(x, t, s), t),

Z∗(x, s, s) = x,
✭✹✳✷✽✮

✾✶



❛♥❞
Z∗(x, t, s) ∈ Ω3 ∀(x, t, s) ∈ Ω3 × [0, 1]× [0, 1].

❋♦r t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✷✱ ✐t s✉✣❝❡s t♦ ❛♣♣❧② ❞✐r❡❝t❧② t❤❡ ✇❡❧❧ ❦♥♦✇♥ ✭❝❧❛ss✐❝❛❧✮ ❡①✐st❡♥❝❡✱
✉♥✐q✉❡♥❡ss ❛♥❞ r❡❣✉❧❛r✐t② t❤❡♦r② ♦❢ ❖❉❊s✳

❙✐♥❝❡ Z∗ ∈ C1([0, 1]×[0, 1];C2,α(Ω3;R
2))✱ θ0 ∈ C2,α(Ω) ❛♥❞ π1 ♠❛♣s ❝♦♥t✐♥✉♦✉s❧② C2,α(Ω)

✐♥t♦ C2,α(Ω3)✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ θ∗ ∈ C0([0, 1/2];C2,α(Ω3)) t♦ t❤❡ ♣r♦❜❧❡♠

{
θ∗t + z∗ · ∇θ∗ = 0 ✐♥ Ω3 × (0, 1/2),

θ∗(x, 0) = π1(θ0)(x) ✐♥ Ω3.
✭✹✳✷✾✮

◆♦t❡ t❤❛t✱ ✐♥ ✭✹✳✷✾✮✱ ♥♦ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ θ∗ ❛♣♣❡❛rs✳ ❖❜✈✐♦✉s❧②✱ t❤✐s ✐s ❜❡❝❛✉s❡
❙✉♣♣ z∗ ⊂ Ω3✳

❚❤❡ s♦❧✉t✐♦♥ t♦ ✭✹✳✷✾✮ ✈❡r✐✜❡s (❙✉♣♣ θ∗(· , t)) ⊂ Z∗(Ω2, t, 0) ❢♦r ❛❧❧ t ∈ [0, 1/2]✳ ■♥ ♣❛rt✐❝✉✲
❧❛r✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ ν✱ ✇❡ ❣❡t✿

❙✉♣♣ θ∗(· , 1/2) ⊂ Z∗(Ω2, 1/2, 0) ⊂ Ω3 \ Ω2,

✇❤❡♥❝❡ θ∗(x, 1/2) = 0 ✐♥ Ω2✳
▲❡t θ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥✿

θ(x, t) =

{
θ∗(x, t), (x, t) ∈ Ω× [0, 1/2),

0, (x, t) ∈ Ω× [1/2, 1].

❚❤❡♥ θ ∈ C0([0, 1];C2,α(Ω)) ❛♥❞ ♦♥❡ ❤❛s

{
θt + z · ∇θ = 0 ✐♥ Ω× (0, 1),

θ(x, 0) = θ0(x) ✐♥ Ω.
✭✹✳✸✵✮

❋♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ζ✱ t❤❡ ❛r❣✉♠❡♥t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❋✐rst❧②✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ ζ∗0 :=

∇× (π2(y0)) ❛♥❞ ❧❡t ζ∗ ∈ C0([0, 1/2];C1,α(Ω3)) ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠

{
ζ∗t + z∗ · ∇ζ∗ = −~k×∇θ∗ ✐♥ Ω3 × (0, 1/2),

ζ∗(x, 0) = ζ∗0 (x) ✐♥ Ω3.

❲✐t❤ t❤✐s ζ∗✱ ✇❡ ❞❡✜♥❡ ζ1/2 ∈ C1,α(Ω) ✇✐t❤

ζ1/2(x) := ζ∗(x, 1/2) ❢♦r❛❧❧ x ∈ Ω.

❚❤❡♥✱ ❧❡t ζ∗∗ ∈ C0([1/2, 1];C1,α(Ω3)) ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠

{
ζ∗∗t + z∗ · ∇ζ∗∗ = 0 ✐♥ Ω3 × (1/2, 1),

ζ∗∗(x, 1/2) = π1(ζ1/2)(x) ✐♥ Ω3.

❲❡ ❤❛✈❡ ζ∗∗(Z∗(x, t, 1/2), t) = π1(ζ1/2)(x) ❢♦r ❛❧❧ (x, t) ∈ Ω3× [1/2, 1] ❛♥❞✱ ❛❣❛✐♥ ❢r♦♠ t❤❡
❝❤♦✐❝❡ ♦❢ ν✱

❙✉♣♣ ζ∗∗(· , 1) ⊂ Z∗(Ω2, 1, 1/2) ⊂ Ω3 \ Ω2

✾✷



❛♥❞ ζ∗∗(· , 1) ≡ 0 ✐♥ Ω2✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ζ ∈ C0([0, 1];C1,α(Ω))✱ ✇✐t❤

ζ(x, t) =

{
ζ∗(x, t), (x, t) ∈ Ω× (0, 1/2),

ζ∗∗(x, t), (x, t) ∈ Ω× [1/2, 1).

❖❜✈✐♦✉s❧②✱ ζ ✐s ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ✐♥✐t✐❛❧✲✈❛❧✉❡ ♣r♦❜❧❡♠

{
ζt + z · ∇ζ = −~k×∇θ ✐♥ Ω× (0, 1),

ζ(x, 0) = (∇× y0)(x) ✐♥ Ω.
✭✹✳✸✶✮

❲✐t❤ t❤✐s ζ✱ ✇❡ ❝❛♥ ♥♦✇ ❣❡t ❛ ✉♥✐q✉❡ y ∈ C0([0, 1];C2,α(Ω;R2)) s✉❝❤ t❤❛t ∇ × y = ζ

✐♥ Ω × (0, 1)✱ ∇ · y = 0 ✐♥ Ω × (0, 1) ❛♥❞ y · n = (y + µy0) · n ♦♥ Γ × [0, 1]✳ ■♥❞❡❡❞✱ ❧❡t
ψ ∈ C0([0, 1];C3,α(Ω)) ❜❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❛♠✐❧② ♦❢ ❡❧❧✐♣t✐❝ ❡q✉❛t✐♦♥s✿

{
−∆ψ = ζ − µ∇× y0 ✐♥ Ω× (0, 1),

ψ = 0 ♦♥ Γ× (0, 1).
✭✹✳✸✷✮

❚❤❡♥✱ ❧❡t ✉s s❡t y := ∇×ψ+y+µy0✳ ❖❜✈✐♦✉s❧②✱ y ∈ C0([0, 1];C2,α(Ω;R2)) ❛♥❞ s❛t✐s✜❡s t❤❡
r❡q✉✐r❡❞ ♣r♦♣❡rt✐❡s✳ ❙✐♥❝❡ y ✐s ❞❡t❡r♠✐♥❡❞ ❜② z✱ ✇❡ ✇r✐t❡ y = F (z)✳ ❆❝❝♦r❞✐♥❣❧②✱ F : Sν 7→ S′

✐s ✇❡❧❧ ❞❡✜♥❡❞✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤♦❧❞s✿

▲❡♠♠❛ ✶✸✳ ❚❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t✱ ✐❢

max {‖y0‖2,α, ‖θ0‖2,α} ≤ δ, ✭✹✳✸✸✮

t❤❡♥ F (Sν) ⊂ Sν ✳

❉❡♠♦♥str❛çã♦✳ ▲❡t z ∈ Sν ❜❡ ❣✐✈❡♥✳ ❚❤❡♥ F (z)− y = ∇× ψ + µy0 ❛♥❞ ✇❡ ❤❛✈❡✿

‖F (z)(· , t)− y(· , t)‖2,α ≤ C(‖ζ(· , t)‖1,α + ‖y0‖2,α).

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✷ t♦ t❤❡ ❡q✉❛t✐♦♥s ♦❢ θ∗ ❛♥❞ ζ∗✱ ✇❡ ❣❡t

‖θ∗(· , t)‖2,α ≤ ‖π1(θ0)‖2,α exp

(
K

∫ t

0
‖z∗(· , τ)‖2,α dτ

)
✭✹✳✸✹✮

❛♥❞

‖ζ∗(· , t)‖1,α ≤ C(‖π2(y0)‖2,α + ‖π1(θ0)‖2,α) exp

(
K

∫ t

0
‖z∗(· , τ)‖2,α dτ

)
. ✭✹✳✸✺✮

❲✐t❤ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✱ ✇❡ ❛❧s♦ ♦❜t❛✐♥

‖ζ∗∗(· , t)‖1,α ≤ C(‖π2(y0)‖2,α + ‖π1(θ0)‖2,α) exp

(
K

∫ t

0
‖z∗(· , τ)‖2,α(τ)dτ

)
✭✹✳✸✻✮

✾✸



❢♦r ❛❧❧ t ∈ [1/2, 1]✳ ❚❤❛♥❦s t♦ ✭✹✳✸✺✮ ❛♥❞ ✭✹✳✸✻✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r ζ✿

‖ζ(· , t)‖1,α ≤ C(‖y0‖2,α + ‖θ0‖2,α) exp

(
K

∫ t

0
‖z∗(·, τ)‖2,αdτ

)
. ✭✹✳✸✼✮

❯s✐♥❣ ✭✹✳✸✼✮✱ ✭✹✳✷✼✮ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Sν ✱ ✇❡ s❡❡ t❤❛t

‖F (z)(· , t)− y(· , t)‖2,α ≤ C1(‖y0‖2,α + ‖θ0‖2,α) exp

(
C2

∫ t

0
‖z(· , τ)− y(· , τ)‖2,α dτ

)

≤ C1(‖y0‖2,α + ‖θ0‖2,α) exp(C2ν).

▲❡t δ > 0 ❜❡ s✉❝❤ t❤❛t 2C1δe
C2ν ≤ ν ❛♥❞ ❧❡t ✉s ❛ss✉♠❡ t❤❛t ✭✹✳✸✸✮ ✐s s❛t✐s✜❡❞✳ ❚❤❡♥

‖F (z)− y‖0,2,α ≤ ν

❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ F ♠❛♣s Sν ✐♥t♦ ✐ts❡❧❢✳

❲❡ ♥♦✇ ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ✜①❡❞✲♣♦✐♥t ♦❢ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ F ✐♥ t❤❡
❝❧♦s✉r❡ ♦❢ Sν ✐♥ C0([0, 1];C1,α(Ω;R3))✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡ ✇✐❧❧ ❝❤❡❝❦ t❤❛t F s❛t✐s✜❡s t❤❡
❤②♣♦t❤❡s❡s ♦❢ ❚❤❡♦r❡♠ ✽✳

❚♦ t❤✐s ❡♥❞✱ ✇❡ ✇✐❧❧ ✜rst ❡st❛❜❧✐s❤ t✇♦ ✐♠♣♦rt❛♥t ❧❡♠♠❛s✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

▲❡♠♠❛ ✶✹✳ ❚❤❡r❡ ❡①✐sts C̃ > 0✱ ♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ ‖y0‖2,α✱ ‖θ0‖2,α ❛♥❞ ν✱ s✉❝❤ t❤❛t✱ ❢♦r

❛♥② z1, z2 ∈ Sν ✱ ♦♥❡ ❤❛s✿

‖(ζ1 − ζ2)(·, t)‖0,α ≤ C̃

∫ t

0
‖(z1 − z2)(·, s)‖1,α ds ∀t ∈ [0, 1], ✭✹✳✸✽✮

✇❤❡r❡ ζi ✐s t❤❡ ✈♦rt✐❝✐t② ❛ss♦❝✐❛t❡❞ t♦ zi✳

❉❡♠♦♥str❛çã♦✳ ❋✐rst ♦❢ ❛❧❧✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ w∗ := z∗,1 − z∗,2 ❛♥❞ Θ∗ := θ∗,1 − θ∗,2 ✭✇❤❡r❡

t❤❡ ♥♦t❛t✐♦♥ ✐❞ s❡❧❢✲❡①♣❧❛✐♥✐♥❣✮✳ ❖❜✈✐♦✉s❧②✱ t❤❡ ❡st✐♠❛t❡s ✭✹✳✷✼✮ ❛♥❞ ✭r❡s♣✳ ✭✹✳✸✹✮ ❛♥❞ ✭✹✳✸✺✮✮

❤♦❧❞ ❢♦r z∗,1 ❛♥❞ z∗,2 ✭r❡s♣✳ θ∗,1 ❛♥❞ θ∗,2 ❛♥❞ ζ∗,1 ❛♥❞ ζ∗,2✮✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ❝❧❡❛r t❤❛t

Θ∗
t + z∗,1 · ∇Θ∗ = −w∗ · ∇θ∗,2.

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✶ t♦ t❤✐s ❡q✉❛t✐♦♥✱ ✇❡ ❤❛✈❡

d

dt+
‖Θ∗(·, t)‖1,α ≤ ‖w∗(·, t)‖1,α‖θ

∗,2(·, t)‖2,α +K‖z∗,1(·, t)‖1,α‖Θ
∗(·, t)‖1,α. ✭✹✳✸✾✮

■♥ ✈✐❡✇ ♦❢ ●r♦♥✇❛❧❧✬s ▲❡♠♠❛✱ ✭✹✳✷✼✮ ❛♥❞ ✭✹✳✸✹✮✱ ✇❡ s❡❡ t❤❛t

‖Θ∗(·, t)‖1,α ≤ C̃0

∫ t

0
‖w∗(·, s)‖1,α ds ∀t ∈ [0, 1/2]. ✭✹✳✹✵✮

❚❤❡ ❡q✉❛t✐♦♥s ✈❡r✐✜❡❞ ❜② Υ∗ := ζ∗,1 − ζ∗,2 ❛♥❞ Υ∗∗ := ζ∗∗,1 − ζ∗∗,2 ❛r❡

Υ∗
t + z∗,1 · ∇Υ∗ = −w∗ · ∇ζ∗,2 − ~k×∇Θ∗

✾✹



❛♥❞

Υ∗∗
t + z∗,1 · ∇Υ∗∗ = −w∗ · ∇ζ∗∗,2,

r❡s♣❡❝t✐✈❡❧②✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✶ t♦ t❤❡s❡ ❡q✉❛t✐♦♥s✱ ✇❡ ❣❡t✿

d

dt+
‖Υ∗(·, t)‖0,α ≤ ‖(w∗ · ∇ζ∗,2 + ~k×∇Θ∗)(·, t)‖0,α +K‖z∗,1(·, t)‖1,α‖Υ

∗(·, t)‖0,α ✭✹✳✹✶✮

❛♥❞

d

dt+
‖Υ∗∗(·, t)‖0,α ≤ ‖(w∗ · ∇ζ∗∗,2)(·, t)‖0,α +K‖z∗,1(·, t)‖1,α‖Υ

∗∗(·, t)‖0,α. ✭✹✳✹✷✮

❆♣♣❧②✐♥❣ ●r♦♥✇❛❧❧✬s ▲❡♠♠❛✱ ✇❡ ❞❡❞✉❝❡ ✐♥ ✈✐❡✇ ♦❢ ✭✹✳✹✵✮ t❤❛t

‖Υ∗(·, t)‖0,α ≤ C̃1‖ζ
∗,2‖0,1,α

∫ t

0
‖w∗(·, s)‖1,α ds ∀t ∈ [0, 1/2]

❛♥❞

‖Υ∗∗(·, t)‖0,α ≤ C̃2‖ζ
∗,2‖0,1,α

∫ t

0
‖w∗(·, s)‖1,α ds ∀t ∈ [1/2, 1].

❋✐♥❛❧❧②✱ ✇❡ s❡❡ ❢r♦♠ t❤❡s❡ ❡st✐♠❛t❡s ❛♥❞ ✭✹✳✸✼✮ t❤❛t ✭✹✳✸✽✮ ❤♦❧❞s✳

◆♦t❡ t❤❛t y1−y2 = ∇× (ψ1−ψ2)✱ ✇❤❡♥❝❡ ∇× (∇× (ψ1−ψ2)) = ζ1− ζ2 ❛♥❞ ∇× (ψ1−

ψ2) · n = 0 ♦♥ Γ× [0, 1]✳
▲❡t ✉s ❞❡♥♦t❡ ❜② M t❤❡ s❡t ♦❢ ✜❡❧❞s w ∈ C0([0, 1];C1,α(Ω;R2)) s✉❝❤ t❤❛t ∇ · w = 0

✐♥ Ω × (0, 1) ❛♥❞ w · n = 0 ♦♥ Γ × (0, 1)✳ ◆♦t❡ t❤❛t✱ ❢♦r ❛♥② w ∈ M✱ t❤❡ ♥♦r♠s ‖w‖1,α
❛♥❞ ‖∇ × w‖0,α ❛r❡ ❡q✉✐✈❛❧❡♥t❀ ✇❡ ✇✐❧❧ s❡t ✐♥ t❤❡ s❡q✉❡❧ |||w|||1,α := ‖∇ × w‖0,α ❢♦r ❛♥②
w ∈ M✳

▲❡♠♠❛ ✶✺✳ ▲❡t C̃ ❜❡ t❤❡ ❝♦♥st❛♥t ❢✉r♥✐s❤❡❞ ❜② ▲❡♠♠❛ 14✳ ❋♦r ❛♥② z1, z2 ∈ Sν ✱ ♦♥❡ ❤❛s

|||(Fm(z1)− Fm(z2))(·, t)|||1,α ≤
(C̃t)m

m!
‖z1 − z2‖0,1,α ∀m ≥ 1. ✭✹✳✹✸✮

❉❡♠♦♥str❛çã♦✳ ❚❤❡ ♣r♦♦❢ ✐s ❜② ✐♥❞✉❝t✐♦♥✳

❋♦r m = 1✱ t❤✐s ✐s ♦❜✈✐♦✉s✱ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✶✹✳

▲❡t ✉s ❛ss✉♠❡ t❤❛t ✭✹✳✹✸✮ ❤♦❧❞s ❢♦r m = k✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✶✹ t♦ y1 = F k(z1) ❛♥❞

y2 = F k(z2)✱ ✇❡ ❤❛✈❡

|||(F (y1)− F (y2))(·, t)|||1,α ≤ C̃

∫ t

0
‖(y1 − y2)(·, s)‖1,α ds ∀t ∈ [0, 1].

❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ♦❜t❛✐♥✿

|||(F k+1(z1)− F k+1(z2))(·, t)|||1,α ≤ C̃‖z1 − z2‖0,1,α

∫ t

0

(C̃s)k

k!
ds

=
(C̃t)k+1

(k + 1)!
‖z1 − z2‖0,1,α

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

✾✺



❲❡ ❞❡❞✉❝❡ t❤❛t✱ ❢♦r s♦♠❡ Ĉ > 0✱ ❛♥② m ≥ 1 ❛♥❞ ❛♥② z1, z2 ∈ Sν ✱ ♦♥❡ ❤❛s

max
t∈[0,1]

‖(Fm(z1)− Fm(z2))(·, t)‖1,α ≤
ĈC̃m

m!

(
max
τ∈[0,1]

‖(z1 − z2)(·, τ)‖1,α

)
.

❈♦♥s❡q✉❡♥t❧②✱ ✐❢ m ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ Fm : Sν 7→ Sν ✐s ❛ ❝♦♥tr❛❝t✐♦♥✱ t❤❛t ✐s✱ t❤❡r❡ ❡①✐sts
γ ∈ (0, 1) s✉❝❤ t❤❛t

‖Fm(z1)− Fm(z2)‖0,1,α ≤ γ‖z1 − z2‖0,1,α ∀z1, z2 ∈ Sν . ✭✹✳✹✹✮

❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✽ ✇✐t❤

B1 = C0([0, 1];C1,α(Ω;R2)), B2 = C0([0, 1];C2,α(Ω;R2)), B = Sν ❛♥❞ G = F,

t♦ ❞❡❞✉❝❡ t❤❛t F ♣♦ss❡ss❡s ❛ ✉♥✐q✉❡ ❡①t❡♥s✐♦♥ F̃ ✇✐t❤ ❛ ✉♥✐q✉❡ ✜①❡❞✲♣♦✐♥t y ✐♥ t❤❡ ❝❧♦s✉r❡
♦❢ Sν ✐♥ C0([0, 1];C1,α(Ω;R2))✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t y ✐s✱ t♦❣❡t❤❡r ✇✐t❤ s♦♠❡ ζ ❛♥❞ θ✱ ❛
s♦❧✉t✐♦♥ t♦ ✭✹✳✷✹✮ s❛t✐s❢②✐♥❣ ✭✹✳✷✺✮ ❛♥❞ ✭✹✳✷✻✮✳

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

✹✳✺ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳ ❚❤❡ ✸❉ ❝❛s❡

■♥ t❤✐s ❙❡❝t✐♦♥ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✾ ✐♥ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡✳
❚♦ ❞♦ t❤✐s✱ ❧❡t {ρi} ❜❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ ✉♥✐t② ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ❜❛❧❧s Bi ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝✲

t✐♦♥ ✹✳✷✳✷ ❛♥❞ ❧❡t ✉s s❡t ω0 = ∇ × π3(y0)✳ Pr♦♣♦s✐t✐♦♥ ✾ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✶✶✳ ❚❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t✱ ✐❢ max {‖y0‖2,α, ‖θ0‖2,α} ≤ δ✱ t❤❡♥ t❤❡ ❝♦✉♣❧❡❞

s②st❡♠ 



ωt + (y · ∇)ω = (ω · ∇)y − ~k×∇θ ✐♥ Ω× (0, 1),

θt + y · ∇θ = 0 ✐♥ Ω× (0, 1),

∇ · y = 0, ∇× y = ω ✐♥ Ω× (0, 1),

y · n = (y + µy0) · n ♦♥ Γ× (0, 1),

ω(0) = ∇× y0, θ(0) = θ0 ✐♥ Ω

✭✹✳✹✺✮

♣♦ss❡ss❡s ❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥ (ω, θ,y)✱ ✇✐t❤

(ω, θ,y) ∈ C0([0, 1];C0,α(Ω;R3))× C0([0, 1];C1,α(Ω))× C0([0, 1];C1,α(Ω;R3)), ✭✹✳✹✻✮

s✉❝❤ t❤❛t

θ(x, t) = 0 ✐♥ Ω× (tk−1/2, 1) ❛♥❞ ω(x, t) = 0 ✐♥ Ω× (t2k−1/2, 1). ✭✹✳✹✼✮

▲❡t ✉s ❣✐✈❡ t❤❡ ♣r♦♦❢ ♦❢ t❤✐s r❡s✉❧t✳ ❲❡ ✇✐❧❧ r❡♣❡❛t t❤❡ str❛t❡❣② ♦❢ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✵✱
✐♥❝♦r♣♦r❛t✐♥❣ s♦♠❡ ✐❞❡❛s ❢r♦♠ ❇❛r❞♦s ❛♥❞ ❋r✐s❝❤ ❬✶✸❪ ❛♥❞ ●❧❛ss ❬✹✻❪❀ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥
✐♥ ❙❡❝t✐♦♥ ✹✳✷✳✷✳

✾✻



❋✐rst✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② R′ t❤❡ s❡t ♦❢ ✜❡❧❞s z ∈ C0([0, 1];C2,α(Ω;R3)) s✉❝❤ t❤❛t ∇ · z = 0

✐♥ Ω× (0, 1) ❛♥❞ z · n = (y + µy0) · n ♦♥ Γ× (0, 1)✳ ❚❤❡♥✱ ❢♦r ❛♥② ν > 0✱ ✇❡ s❡t

Rν = { z ∈ R′ : ‖z− y‖0,1,α ≤ ν }.

▲❡t ✉s ✜① ν > 0 ❜❡✐♥❣ t❤❡ ❝♦♥st❛♥t ❢✉r♥✐s❤❡❞ ❜② ▲❡♠♠❛ ✶✶✳ ❆s ❜❡❢♦r❡✱ ✐❢ t❤❡ ✐♥✐t✐❛❧ ❞❛t✉♠
y0 ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧ ✐♥ C2(Ω;R3)✱ t❤❡♥ Rν ✐s ♥♦♥❡♠♣t②✳

◆♦✇✱ ✇❡ ❛r❡ ❣♦✐♥❣ t♦ ❝♦♥str✉❝t ❛ ♠❛♣♣✐♥❣ F : Rν → Rν ✳
❲❡ st❛rt ❢r♦♠ ❛♥ ❛r❜✐tr❛r② z ∈ Rν ❛♥❞ ✇❡ s❡t z∗ := y∗ + π3(z− y)✳

❋✐rst✱ ✇❡ ❞❡♥♦t❡ ❜② θ∗ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦
{
θ∗t + z∗ · ∇θ∗ = 0 ✐♥ O × [0, 1/2],

θ∗(x, 0) =
∑k

i=1 ψ
i(x)π1(θ0)(x) ✐♥ O.

❖❜✈✐♦✉s❧②✱ θ∗ =
∑k

i=1 θ
i✱ ✇❤❡r❡ θi ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦

{
θit + z∗ · ∇θi = 0 ✐♥ O × [0, 1/2],

θi(x, 0) = ψi(x)π1(θ0)(x) ✐♥ O.
✭✹✳✹✽✮

❚❤❡ ✐❞❡♥t✐t✐❡s

θi(Z∗(x, t, 0), t) = ψi(x)π1(θ0)(x) ∀(x, t) ∈ O × [0, 1/2]

✐♠♣❧② t❤❛t
❙✉♣♣ θi(· , t) ⊂ Z∗(Bi, t, 0) ∀t ∈ [0, 1/2].

❍❡♥❝❡✱ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✶✶✱ ✇❡ ❞❡❞✉❝❡ t❤❛t

❙✉♣♣ θi(· , ti−1/2) ⊂ Z∗(Bi, ti−1/2, 0) ⊂ O \ O0,

✇❤❡♥❝❡
θi(· , ti−1/2) = 0 ✐♥ Ω. ✭✹✳✹✾✮

❚❤❡♥✱ ✇❡ s✐♠♣❧② s❡t θ̂(x, t) := θ∗(x, t) ✐♥ O × [0, t0] ❛♥❞ ✇❡ s❛② t❤❛t✱ ✐♥ O × [t0, 1/2]✱ θ̂ ✐s
t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦





θ̂t + z∗ · ∇θ̂ = 0 ✐♥ O ×

(
[t0, 1/2] \

k⋃
i=1

{ti− 1
2
}

)
,

θ̂(x, ti−1/2) =
k∑

l=i

θl(x, ti−1/2)− θi(x, , ti−1/2) ✐♥ O, 1 ≤ i ≤ k.

✭✹✳✺✵✮

❲❡ ♥♦t✐❝❡ t❤❛t θ̂(· , tk−1/2) ≡ 0 ✐♥ O✳ ❚❤❡r❡❢♦r❡✱ θ̂ ≡ 0 ✐♥ O × [tk−1/2, 1/2]✳ ▼♦r❡♦✈❡r✱

θ̂(x, t) =

k∑

l=i

θl(x, t)− θi(x, t) ✐♥ O × (ti−1/2, ti+1/2), 1 ≤ i ≤ k − 1. ✭✹✳✺✶✮

✾✼



❲❡ r❡♠❛r❦ t❤❛t t❤❡ ❧❛t❡r❛❧ ❧✐♠✐ts ♦❢ θ̂ ❛t t❤❡ ♣♦✐♥ts {ti−1/2}
k
i=1 ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② t❤❡ s❛♠❡

✐♥ t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥ O✳
▲❡t θ ❜❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ θ̂ t♦ Ω✳ ❉✉❡ t♦ ✭✹✳✹✾✮ ❛♥❞ ✭✹✳✺✵✮✱ ✇❡ s❡❡ t❤❛t θ ✐s ❝♦♥t✐♥✉♦✉s ❛t

t❤❡ ♣♦✐♥ts {ti−1/2}
k
i=1 ❛♥❞

{
θt + z · ∇θ = 0 ✐♥ Ω× (0, 1/2),

θ(x, 0) = θ0(x) ✐♥ Ω
✭✹✳✺✷✮

❛♥❞ ✐t ❜❡❧♦♥❣s t♦ C0([0, 1];C1,α(Ω))✳
■♥ ❛♥ ❛♥❛❧♦❣♦✉s ✇❛② ❛s ❢♦r t❤❡ t❡♠♣❡r❛t✉r❡✱ ✇❡ ✇✐❧❧ ❞❡✜♥❡ ❛ ❢✉♥❝t✐♦♥ ω̂ ✐♥ O× [0, 1]✱ ✇❤♦s❡

t❤❡ r❡str✐❝t✐♦♥ t♦ Ω ✐s t❤❡ ❢✉♥❝t✐♦♥ ω s❛t✐s❢②✐♥❣ ✭✹✳✹✼✮✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ω̂ ✇✐❧❧ ❜❡ ♠❛❞❡ ✐♥
t❤r❡❡ ♣❛rts ❝♦rr❡s♣♦♥❞✐♥❣✱ r❡s♣❡❝t✐✈❡❧②✱ t♦ t❤❡ t❤r❡❡ t✐♠❡ ✐♥t❡r✈❛❧s [0, 1/2)✱ [1/2, tk+1/2) ❛♥❞
[tk+1/2, 1]✳

▲❡t ✉s ✐♥tr♦❞✉❝❡ ω0 := ∇× (π3(y0)) ❛♥❞ ❧❡t ω∗ ❜❡ t❤❡ s♦❧✉t✐♦♥ t♦
{

ω
∗
t + (z∗ · ∇)ω∗ = (ω∗ · ∇)z∗ − (∇ · z∗)ω∗ −

−→
❦ ×∇π1(θ) ✐♥ O × (0, 1/2),

ω
∗(x, 0) = ω0(x) ✐♥ O.

❲✐t❤ t❤✐s ω
∗✱ ✇❡ s❡t ω

∗∗
1/2 ∈ C1,α(Ω) ✇✐t❤ ω

∗∗
1/2(x) := ω

∗(x , 1/2) ❢♦r ❛❧❧ x ∈ Ω✳ ▲❡t ✉s
❝♦♥s✐❞❡r ω∗∗ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠





ω
∗∗
t + (z∗ · ∇)ω∗∗ = (ω∗∗ · ∇)z∗ − (∇ · z∗)ω∗∗ ✐♥ O × (1/2, 1),

ω
∗∗(x, 1/2) =

k∑
i=1

ψi(x)π3(ω
∗∗
1/2)(x) ✐♥ O.

✭✹✳✺✸✮

❆s ❜❡❢♦r❡✱ ✇❡ ❝❛♥ ❞❡❝♦♠♣♦s❡ ω∗∗ ❛s ❛ s✉♠ ♦❢ ❢✉♥❝t✐♦♥s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t ω1, . . . ,ωk ❜❡ t❤❡
s♦❧✉t✐♦♥s t♦ t❤❡ ♣r♦❜❧❡♠s

{
ω

i
t + (z∗ · ∇)ωi = (ωi · ∇)z∗ − (∇ · z∗)ωi ✐♥ O × (1/2, 1),

ω
i(x, 1/2) = ψi(x)π3(ω

∗∗
1/2)(x) ✐♥ O.

✭✹✳✺✹✮

❚❤❡♥

ω
∗∗ =

k∑

i=1

ω
i ✐♥ O × [1/2, 1].

❊❛❝❤ ω
i s❛t✐s✜❡s

ω
i(Z∗(x, t, 1/2), t) = ω

i(x, 1/2) +

∫ t

1/2
[(ωi · ∇)z∗ − (∇ · z∗)ωi](Z∗(x, σ, 1/2), σ) dσ.

❈♦♥s❡q✉❡♥t❧②✱

|ωi(Z∗(x, t, 1/2), t)| ≤ |ωi(x, 1/2)|+ C‖z∗‖0,1,0

∫ t

1/2
|ωi(Z∗(x, σ, 1/2), σ)| dσ.

◆♦t✐❝❡ t❤❛t✱ ✐❢ x 6∈ Bi ✇❡ t❤❡♥ ❤❛✈❡

|ωi(Z∗(x, t, 1/2), t)| ≤ C‖z∗‖0,1,0

∫ t

1/2
|ωi(Z∗(x, σ, 1/2), σ)| dσ

✾✽



❛♥❞✱ ❢r♦♠ ●r♦♥✇❛❧❧✬s ▲❡♠♠❛✱ ✇❡ s❡❡ t❤❛t

ω
i(Z∗(x, t, 1/2), t) = 0 ∀(x, t) ∈ (O \Bi)× [1/2, 1].

❆ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t (❙✉♣♣ ω
i(· , t)) ⊂ Z∗(Bi, t, 1/2)✱ ✇❤❡♥❝❡ ✇❡ ❣❡t

ω
i(x, tk+i−1/2) = 0 ❢♦r ❛❧❧ x ∈ Ω.

❚❤❡♥✱ ✇❡ s✐♠♣❧② s❡t ω̂(x, t) := ω
∗(x, t) ✐♥ O × [0, 1/2] ❛♥❞ ω̂(x, t) := ω

∗∗(x, t) ✐♥ O ×

[1/2, tk+1/2] ❛♥❞ ✇❡ s❛② t❤❛t✱ ✐♥ O × [tk+1/2, 1]✱ ω̂ ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦




ω̂t + (z∗ · ∇)ω̂ = (ω̂ · ∇)z∗ − (∇ · z∗)ω̂ ✐♥ O ×

(
[tk+1/2, 1] \

k⋃
i=1

{tk+i−1/2}

)

ω̂(x, tk+i− 1
2
) =

k∑

l=i

ω̂
l(x, tk+i− 1

2
)− ω̂

i(x, tk+i− 1
2
) ✐♥ O, 1 ≤ i ≤ k.

✭✹✳✺✺✮
❲❡ ♥♦t✐❝❡ t❤❛t ω̂(· , t2k−1/2) ≡ 0 ✐♥ O✳ ❚❤❡r❡❢♦r❡✱ ω̂ ≡ 0 ✐♥ O × [t2k−1/2, 1]✳ ▼♦r❡♦✈❡r✱

ω̂(x, t) =
k∑

l=i

ω
l(x, t)− ω

i(x, t) ✐♥ O × (tk+i−1/2, tk+i+1/2), 1 ≤ i ≤ k − 1. ✭✹✳✺✻✮

❲❡ ❞❡✜♥❡ ω t♦ ❜❡ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ω̂ t♦ Ω × [0, 1]✳ ■t ❜❡❧♦♥❣s t♦ C0([0, 1];C1,α(Ω;R3))

❛♥❞ t♦❣❡t❤❡r ✇✐t❤ t❤❡ t❡♠♣❡r❛t✉r❡ θ✱ s❛t✐s✜❡s✿
{

ωt + (z · ∇)ω = (ω · ∇)z−
−→
❦ ×∇θ ✐♥ Ω× [0, 1]

ω(x, 0) = (∇× y0)(x) ✐♥ Ω

❛♥❞✱ ♠♦r❡♦✈❡r✱ ω ≡ 0 ✐♥ Ω× [t2k−1/2, 1]✳
❚❤❛♥❦s t♦ ▲❡♠♠❛ ✸✱ ω ✐s ❞✐✈❡r❣❡♥❝❡✲❢r❡❡ ✐♥ Ω×(0, 1)✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢r♦♠ ❝❧❛ss✐❝❛❧ r❡s✉❧ts✱

✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❡①❛❝t❧② ♦♥❡ y ✐♥ C0([0, 1];C2,α(Ω;R3)) s✉❝❤ t❤❛t
{

∇× y = ω, ∇ · y = 0 ✐♥ Ω× (0, 1),

y · n = (µy0 + y) · n ♦♥ Γ× (0, 1).
✭✹✳✺✼✮

❙✐♥❝❡ y ✐s ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② z✱ ✇❡ ✇r✐t❡ F (z) = y✳ ❚❤❡ ♠❛♣♣✐♥❣ F : Rν 7→ R′ ✐s t❤✉s
✇❡❧❧ ❞❡✜♥❡❞✳

■♥ ✈✐❡✇ ♦❢ s♦♠❡ ❡st✐♠❛t❡s s✐♠✐❧❛r t♦ t❤❡ 2D ❝❛s❡✱ ✇❡ ❝❛♥ t❛❦❡ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ s♠❛❧❧ ❡♥♦✉❣❤
t♦ ❤❛✈❡ F (Rν) ⊂ Rν ✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ♦♥❡ ❤❛s✿

▲❡♠♠❛ ✶✻✳ ❚❤❡r❡ ❡①✐sts δ > 0 s✉❝❤ t❤❛t✱ ✐❢ {‖y0‖2,α, ‖θ0‖2,α} ≤ δ✱ ♦♥❡ ❤❛s F (z) ∈ Rν ❢♦r

❛❧❧ z ∈ Rν ✳

❚❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✶ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ✜♥❛❧ ♣❛rt ♦❢ ❙❡❝t✐♦♥ ✹✳✹✳
❊ss❡♥t✐❛❧❧②✱ ✇❤❛t ✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ ✐s t❤❛t✱ ❢♦r s♦♠❡ m ≥ 1✱ Fm ✐s ❛ ❝♦♥tr❛❝t✐♦♥ ❢♦r

t❤❡ ✉s✉❛❧ ♥♦r♠ ✐♥ C0([0, 1];C1,α(Ω;R3))✳ ■♥❞❡❡❞✱ ❛❢t❡r t❤✐s ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✽ ✇✐t❤
B1 = C0([0, 1];C1,α(Ω;R3))✱ B2 = C0([0, 1];C2,α(Ω;R3))✱ B = Rν ❛♥❞ G = F ❛♥❞ ❞❡❞✉❝❡
t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✜①❡❞✲♣♦✐♥t ♦❢ t❤❡ ❡①t❡♥s✐♦♥ F̃ ✐♥ t❤❡ ❝❧♦s✉r❡ ♦❢ Rν ✐♥ C0([0, 1];C1,α(Ω;R3))✳

❇✉t t❤✐s ❝❛♥ ❜❡ ❞♦♥❡ ❡❛s✐❧②✱ ❛r❣✉✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶✺✳ ❋♦r ❜r❡✈✐t②✱ ✇❡ ♦♠✐t
t❤❡ ❞❡t❛✐❧s✳

✾✾



✹✳✻ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼

❚❤❡♦r❡♠ ✼ ✐s ❛♥ ❡❛s② ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

Pr♦♣♦s✐t✐♦♥ ✶✷✳ ❋♦r ❡❛❝❤ y0 ∈ C(2, α, ∅) t❤❡r❡ ❡①✐st T ∗ ∈ (0, T ) ❛♥❞ η > 0 s✉❝❤ t❤❛t✱

✐❢ θ0 ∈ C2,α(Ω)✱ θ0 = 0 ♦♥ Γ\γ ❛♥❞ ‖θ0‖2,α ≤ η✱ t❤❡♥ t❤❡ s②st❡♠




yt + (y · ∇)y = −∇p+ ~k θ ✐♥ Ω× (0, T ∗),

∇ · y = 0 ✐♥ Ω× (0, T ∗),

θt + y · ∇θ = κ∆θ ✐♥ Ω× (0, T ∗),

y · n = 0 ♦♥ Γ× (0, T ∗),

θ = 0 ♦♥ (Γ\γ)× (0, T ∗),

y(x, 0) = y0(x), θ(x, 0) = θ0(x) ✐♥ Ω,

✭✹✳✺✽✮

♣♦ss❡ss❡s ❛t ❧❡❛st ♦♥❡ s♦❧✉t✐♦♥ y ∈ C0([0, T ∗];C2,α(Ω;RN ))✱ θ ∈ C0([0, T ∗];C2,α(Ω)) ❛♥❞

p ∈ D′(Ω× (0, T ∗)) s✉❝❤ t❤❛t

θ(x, T ∗) = 0 ✐♥ Ω. ✭✹✳✺✾✮

■♥❞❡❡❞✱ ✐❢ Pr♦♣♦s✐t✐♦♥ ✶✷ ❤♦❧❞s✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ✭✹✳✶✮ ❛♥❞ ❝♦♥tr♦❧ ✜rst t❤❡ t❡♠♣❡r❛t✉r❡ θ
❡①❛❝t❧② t♦ ③❡r♦ ❛t t✐♠❡ T ∗✳ ❚♦ ❞♦ t❤✐s✱ ✇❡ ♥❡❡❞ ✐♥✐t✐❛❧ ❞❛t❛ ❛s ❛❜♦✈❡✱ t❤❛t ✐s✱ y0 ∈ C(2, α, ∅)

❛♥❞ θ0 ∈ C2,α(Ω) s✉❝❤ t❤❛t θ0 = 0 ♦♥ Γ\γ ❛♥❞ ‖θ0‖2,α ≤ δ✳ ❚❤❡♥✱ ✐♥ ❛ s❡❝♦♥❞ st❡♣✱ ✇❡ ❝❛♥
❛♣♣❧② t❤❡ r❡s✉❧ts ✐♥ ❬✸✶❪ ❛♥❞ ❬✹✻❪ t♦ t❤❡ ❊✉❧❡r s②st❡♠ ✐♥ Ω× (T ∗, T )✱ ✇✐t❤ ✐♥✐t✐❛❧ ❞❛t❛ y(· , T ∗)✳
■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❝❛♥ ✜♥❞ ♥❡✇ ❝♦♥tr♦❧s ✐♥ (T ∗, T ) t❤❛t ❞r✐✈❡ t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❡①❛❝t❧② t♦ ❛♥②
✜♥❛❧ st❛t❡ y1✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✷✿ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❝❛s❡ N = 2✳ ❲❡ ✇✐❧❧
❛♣♣❧② ❛ ✜①❡❞✲♣♦✐♥t ❛r❣✉♠❡♥t t❤❛t ❣✉❛r❛♥t❡❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ t♦ ✭✹✳✺✽✮✲✭✹✳✺✾✮✳

❲❡ st❛rt ❢r♦♠ ❛♥ ❛r❜✐tr❛r② θ ∈ C0([0, T/2];C1,α(Ω))✳ ❚♦ t❤✐s θ✱ ❛r❣✉✐♥❣ ❛s ✐♥ ❙❡❝t✐♦♥ ✹✳✸✱
✇❡ ❝❛♥ ❛ss♦❝✐❛t❡ ❛ ✜❡❧❞ y ∈ C0([0, T/2];C2,α(Ω;RN )) ✈❡r✐❢②✐♥❣





yt + (y · ∇)y = −∇p+ ~k θ ✐♥ Ω× (0, T/2),

∇ · y = 0 ✐♥ Ω× (0, T/2),

y · n = 0 ♦♥ Γ× (0, T/2),

y(x, 0) = y0(x) ✐♥ Ω

❛♥❞
‖y‖0,2,α ≤ C(‖y0‖2,α + ‖θ‖0,2,α).

▲❡t Ω̃ ⊂ R
2 ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ♦♣❡♥ s❡t ✇✐t❤ ❜♦✉♥❞❛r② Γ̃ = ∂Ω̃ ♦❢ ❝❧❛ss C2 s✉❝❤ t❤❛t Ω ⊂ Ω̃

❛♥❞ Γ̃ ∩ Γ = Γ \ γ ✭s❡❡ ❋✐❣✳ ✹✳✷✮✳ ▲❡t ω ⊂ Ω̃ \ Ω ❜❡ ❛ ♥♦♥✲❡♠♣t② ♦♣❡♥ s✉❜s❡t✳
❚❤❡♥✱ ❛s ✐♥ ❚❤❡♦r❡♠ ✾✱ ✇❡ ❛ss♦❝✐❛t❡ t♦ y ❛ ♣❛✐r (θ̃, ṽ) s❛t✐s❢②✐♥❣





θ̃t + π(y) · ∇θ̃ = κ∆θ̃ + ṽ1ω ✐♥ Ω̃× (0, T/2),

θ̃ = 0 ♦♥ Γ̃× (0, T/2),

θ̃(x, 0) = π̃(θ0)(x), θ̃(x, T/2) = 0 ✐♥ Ω̃,

✶✵✵



❋✐❣✉r❛ ✹✳✷✿ ❚❤❡ ❞♦♠❛✐♥ Ω̃ ❛♥❞ t❤❡ s✉❜❞♦♠❛✐♥ ω✳

✇❤❡r❡ π ❛♥❞ π̃ ❛r❡ ❡①t❡♥s✐♦♥ ♦♣❡r❛t♦rs ❢r♦♠ Ω ✐♥t♦ Ω̃ t❤❛t ♣r❡s❡r✈❡ r❡❣✉❧❛r✐t②✳ ▲❡t θ ❜❡ t❤❡
r❡str✐❝t✐♦♥ ♦❢ θ̃ t♦ Ω× [0, T/2]✳ ❚❤❡♥✱ θ s❛t✐s✜❡s✿





θt + y · ∇θ = κ∆θ ✐♥ Ω× (0, T/2),

θ = θ̃1γ ♦♥ Γ× (0, T/2),

θ(x, 0) = θ0(x), θ(x, T/2) = 0 ✐♥ Ω.

▼♦r❡♦✈❡r✱ ❢r♦♠ ♣❛r❛❜♦❧✐❝ r❡❣✉❧❛r✐t②✱ ✐t ✐s ♥♦t ❞✐✣❝✉❧t t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛✲
❧✐t✐❡s ❤♦❧❞✿

‖θt‖0,0,α + ‖θ‖0,2,α ≤ C‖θ0‖
2
2,α e

C‖y‖0,2,α ≤ C‖θ0‖2,α e
C(‖y0‖2,α+‖θ‖0,2,α).

◆♦✇✱ ❧❡t ✉s ✐♥tr♦❞✉❝❡ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡

W = { θ ∈ C0([0, T/2];C2,α(Ω)) : θt ∈ C0([0, T/2];C0,α(Ω)) }

❛♥❞ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❧♦s❡❞ ❜❛❧❧

B := { θ ∈ C0([0, T/2];C1,α(Ω)) : ‖θ‖0,1,α ≤ 1 }

❛♥❞ t❤❡ ♠❛♣♣✐♥❣ Λ✱ ✇✐t❤

Λ(θ) = θ ∀θ ∈ C0([0, T/2];C1,α(Ω)).

❖❜✈✐♦✉s❧②✱ Λ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t✐❡s✱ ✐t ♠❛♣s
❝♦♥t✐♥✉♦✉s❧② t❤❡ ✇❤♦❧❡ s♣❛❝❡ C0([0, T/2];C1,α(Ω)) ✐♥t♦ W ✱ t❤❛t ✐s ❝♦♠♣❛❝t❧② ❡♠❜❡❞❞❡❞
✐♥ C0([0, T/2];C1,α(Ω))✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ r❡s✉❧ts ♦❢ t❤❡ ❆✉❜✐♥✲▲✐♦♥s ❦✐♥❞✱ s❡❡ ❢♦r ✐♥s✲
t❛♥❝❡ ❬✽✺❪✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ η > 0 ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧ ✭❞❡♣❡♥❞✐♥❣ ♦♥ ‖y0‖2,α✮ ❛♥❞ ‖θ0‖2,α ≤ η✱
Λ ♠❛♣s B ✐♥t♦ ✐ts❡❧❢✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❤②♣♦t❤❡s❡s ♦❢ ❙❝❤❛✉❞❡r✬s ❚❤❡♦r❡♠ ❛r❡ s❛t✐s✜❡❞ ❛♥❞
Λ ♣♦ss❡ss❡s ❛t ❧❡❛st ♦♥❡ ✜①❡❞✲♣♦✐♥t ✐♥ B✳

❚❤✐s ❡♥❞s t❤❡ ♣r♦♦❢✳

✶✵✶



✶✵✷



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❋✳ ❆❧❛❜❛✉✲❇♦✉ss♦✉✐r❛✱ ❆ t✇♦✲❧❡✈❡❧ ❡♥❡r❣② ♠❡t❤♦❞ ❢♦r ✐♥❞✐r❡❝t ❜♦✉♥❞❛r② ♦❜s❡r✈❛❜✐❧✐t② ❛♥❞
❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ✇❡❛❦❧② ❝♦✉♣❧❡❞ ❤②♣❡r❜♦❧✐❝ s②st❡♠s✳ ❙■❆▼ ❏✳ ❈♦♥tr♦❧ ❖♣t✐♠✳ ✹✷ ✭✷✵✵✸✮✱
♥♦✳ ✸✱ ✽✼✶✕✾✵✻✳

❬✷❪ ❋✳ ❆❧❛❜❛✉✲❇♦✉ss♦✉✐r❛✱ ▼✳ ▲é❛✉t❛✉❞✱ ▼❛tt❤✐❡✉ ■♥❞✐r❡❝t ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❧♦❝❛❧❧② ❝♦✉♣❧❡❞
✇❛✈❡✲t②♣❡ s②st❡♠s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✳ ❏✳ ▼❛t❤✳ P✉r❡s ❆♣♣❧✳ ✭✾✮ ✾✾ ✭✷✵✶✸✮✱ ♥♦✳ ✺✱ ✺✹✹✲✺✼✻✳

❬✸❪ ❋✳ ❆♠♠❛r✲❑❤♦❞❥❛✱ ❆✳ ❇❡♥❛❜❞❛❧❧❛❤✱ ▼✳ ●♦♥③á❧❡③✲❇✉r❣♦s ❛♥❞ ▲✳ ❞❡ ❚❡r❡s❛✱ ❘❡❝❡♥t r❡s✉❧ts
♦♥ t❤❡ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ ❧✐♥❡❛r ❝♦✉♣❧❡❞ ♣❛r❛❜♦❧✐❝ ♣r♦❜❧❡♠s✿ ❛ s✉r✈❡②✱ ▼❛t❤❡♠❛t✐❝❛❧ ❈♦♥tr♦❧
❛♥❞ ❘❡❧❛t❡❞ ❋✐❡❧❞s ✶ ✭✷✵✶✶✮✱ ♥♦✳ ✸✱ ♣♣✳ ✷✻✼✕✸✵✻✳

❬✹❪ ❋✳ ❆♠♠❛r✲❑❤♦❞❥❛✱ ❆✳ ❇❡♥❛❜❞❛❧❧❛❤✱ ▼✳ ●♦♥③á❧❡③✲❇✉r❣♦s ❛♥❞ ▲✳ ❞❡ ❚❡r❡s❛✱ ▼✐♥✐♠❛❧ t✐♠❡
♦❢ ❝♦♥tr♦❧❧❛❜✐❧✐t② ♦❢ t✇♦ ♣❛r❛❜♦❧✐❝ ❡q✉❛t✐♦♥s ✇✐t❤ ❞✐s❥♦✐♥t ❝♦♥tr♦❧ ❛♥❞ ❝♦✉♣❧✐♥❣ ❞♦♠❛✐♥s✱ ❈✳
❘✳ ▼❛t❤✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s✱ ❙❡r✳ ■ ✸✺✷ ✭✷✵✶✹✮✱ ♥♦✳ ✺✱ ✸✾✶✕✸✾✻✳

❬✺❪ ❆♥❞r❡❡✈✱ ❘✳✱ ❙t❛❜✐❧✐t② ♦❢ s♣❛rs❡ s♣❛❝❡✲t✐♠❡ ✜♥✐t❡ ❡❧❡♠❡♥t ❞✐s❝r❡t✐③❛t✐♦♥s ♦❢ ❧✐♥❡❛r ♣❛r❛❜♦❧✐❝
❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥s✱ ■▼❆ ❏✳ ◆✉♠❡r✳ ❆♥❛❧✳ ✸✸ ✭✷✵✶✸✮✱ ♥♦✳ ✶✱ ✷✹✷✕✷✻✵✳
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