
❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❈❛♠♣✐♥❛ ●r❛♥❞❡

❈❡♥tr♦ ❞❡ ❈✐ê♥❝✐❛s ❡ ❚❡❝♥♦❧♦❣✐❛

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛

❈✉rs♦ ❞❡ ▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛

❊st❛❜✐❧✐❞❛❞❡ ❯♥✐❢♦r♠❡ ♥❛ ❋r♦♥t❡✐r❛ ❞❡
✉♠❛ ❊q✉❛çã♦ ❞❛ ❖♥❞❛ ❙❡♠✐❧✐♥❡❛r ❝♦♠
❉✐ss✐♣❛çã♦ ◆ã♦ ▲✐♥❡❛r ♥❛ ❋r♦♥t❡✐r❛

♣♦r

❏♦sé ❍é❧✐♦ ❍❡♥r✐q✉❡ ❞❡ ▲❛❝❡r❞❛ †

s♦❜ ♦r✐❡♥t❛çã♦ ❞♦

Pr♦❢✳ ❉r✳ ❆❧❞♦ ❚r❛❥❛♥♦ ▲♦✉rê❞♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛♦ ❈♦r♣♦ ❉♦❝❡♥t❡ ❞♦ Pr♦❣r❛♠❛

❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠▼❛t❡♠át✐❝❛ ✲ ❈❈❚ ✲ ❯❋❈●✱ ❝♦♠♦

r❡q✉✐s✐t♦ ♣❛r❝✐❛❧ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❡str❡ ❡♠

▼❛t❡♠át✐❝❛✳

†❊st❡ tr❛❜❛❧❤♦ ❝♦♥t♦✉ ❝♦♠ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ❞❛ ❈❆P❊❙
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Lacerda, José Hélio Henrique de. 

     Estabilidade uniforme na fronteira de uma equação da onda semilinear 

com dissipação não linear na fronteira / José Hélio Henrique de Lacerda. – 
Campina Grande, 2018. 

        158 f.: il. color. 

   

        Dissertação (Mestrado em Matemática) – Universidade Federal de 
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❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛ ❉❡✉s ♣❡❧❛s ❜❡♥çã♦s ❛❧❝❛♥ç❛❞❛s ❞✉r❛♥t❡ t♦❞♦ ❡ss❡ ♣❡r❝✉rs♦❀ ❆❣r❛❞❡ç♦ ❛♦ ♣r♦✲

❢❡ss♦r ❉r✳ ❆❧❞♦ ❚r❛❥❛♥♦ ▲♦✉rê❞♦✱ ♣❡❧❛ ♦r✐❡♥t❛çã♦✱ ♣♦r s✉❛ ❞❡❞✐❝❛çã♦ ❡ ♣❛❝✐ê♥❝✐❛ ❡♠ ❛t❡♥❞❡r

❡ ♦✉✈✐r t♦❞♦s ♦s s❡✉s ♦r✐❡♥t❛♥❞♦s s❡♠♣r❡ q✉❡ ♥❡❝❡ssár✐♦✱ ♣♦r s✉❛ s❡♥s✐❜✐❧✐❞❛❞❡ ❡♠ ♣❡r❝❡❜❡r ❡

❝♦♠♣r❡❡♥❞❡r ❛s ❞✐✜❝✉❧❞❛❞❡s ❞❡ ❝❛❞❛ ✉♠✱ ♥♦s ✐♥❝❡♥t✐✈❛♥❞♦ ❡ ♥♦s ❢❛③❡♥❞♦ ❛❝r❡❞✐t❛r q✉❡ é ♣♦ssí✲

✈❡❧ ✈❡♥❝❡r ♦s ♦❜stá❝✉❧♦s✱ ♣❡❧♦ ❛♣r❡♥❞✐③❛❞♦ ♠❛t❡♠át✐❝♦✱ ❡♠ ✜♠✱ ♣❡❧♦ ❡①❡♠♣❧♦ ❞❡ s✐♠♣❧✐❝✐❞❛❞❡

❡ ❣❡♥❡r♦s✐❞❛❞❡❀ ❆♦s ♣r♦❢❡ss♦r❡s ♣❛rt✐❝✐♣❛♥t❡s ❞❛ ❜❛♥❝❛✱ ▼❛♥✉❡❧ ▼✐❧❧❛ ▼✐r❛♥❞❛ ❡ ❏✉❛♥ ❙♦r✐❛♥♦

♣♦r s✉❛s ✈❛❧✐♦s❛s s✉❣❡stõ❡s ❡ ♦❜s❡r✈❛çõ❡s✱ ❡♠ ❡s♣❡❝✐❛❧ ❛♦ ♣r♦❢❡ss♦r ❉r✳ ▼❛♥✉❡❧ ▼✐❧❧❛ ▼✐r❛♥❞❛

♣❡❧❛s ❣r❛♥❞❡s ❝♦♥tr✐❜✉✐çõ❡s ♥♦ ♥♦ss♦ tr❛❜❛❧❤♦✱ ❛s q✉❛✐s✱ ❝♦♠ ❝❡rt❡③❛✱ ❢♦r❛♠ ❞❡ ❣r❛♥❞❡ ✈❛❧✐❛

❡ t♦r♥♦✉ ♦ tr❛❜❛❧❤♦ ♠❛✐s ❞✐❞át✐❝♦❀ ❆ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❞❛ ❣r❛❞✉❛çã♦ ❡ ❞♦ ♠❡str❛❞♦ q✉❡

❝♦♥tr✐❜✉ír❛♠ r✐❝❛♠❡♥t❡ ♣❛r❛ ♦ ♠❡✉ ❛♣r❡♥❞✐③❛❞♦❀ ❆♦ ♣r♦❢❡ss♦r ❉r✳ ❉❛✈✐s ▼❛t✐❛s ❞❡ ❖❧✐✈❡✐r❛

q✉❡ ❢♦✐ ♠❡✉ ♦r✐❡♥t❛❞♦r ♥❛ ❣r❛❞✉❛çã♦✱ ❝♦♠ q✉❡♠ t✐✈❡ ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❛♣r❡♥❞❡r ♠✉✐t♦✱ ❡♠

❡s♣❡❝✐❛❧✱ ♣❡❧♦ ❡①❡♠♣❧♦ ❞❡ ❛❧tr✉ís♠♦ ❡ ❤✉♠✐❧❞❛❞❡❀ ❆ ♠✐♥❤❛ ❢❛♠í❧✐❛✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛ ♠✐♥❤❛ ♠ã❡

▲ú❝✐❛ ❞❡ ❋át✐♠❛❀ ❆ ♠✐♥❤❛ ❡s♣♦s❛ ❈❧á✉❞✐❛✱ q✉❡ ❡st❡✈❡ s❡♠♣r❡ ❛♦ ♠❡✉ ❧❛❞♦ ♠❡ ❛♣♦✐❛♥❞♦ ❡♠

t♦❞♦s ♦s ♠♦♠❡♥t♦s❀ ❆ t♦❞♦s ♦s ❛♠✐❣♦s ❞♦ ♠❡str❛❞♦ ❝♦♠ q✉❡♠ t✐✈❡ ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❡st✉❞❛r

❡ ❛♣r❡♥❞❡r✱ ❡♠ ❡s♣❡❝✐❛❧ ❏❡♦✈❛♥② ❡ ❲❛❧❧❛❝❡ q✉❡ ♠❡ ❛❥✉❞❛r❛♠ ♥♦s ♠♦♠❡♥t♦s ♠❛✐s ❞✐❢í❝❡✐s❀ ❛♦s

❢✉♥❝✐♦♥ár✐♦s ❞♦ ❈✉rs♦ ❞❡ ▼❛t❡♠át✐❝❛ ❞❛ ❯❋❈●✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ❆♥❞r❡③③❛ ❡ ❆♥✐♥❤❛✳

✐✐✐



❉❡❞✐❝❛tór✐❛

❉❡❞✐❝♦ ♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❛ ♠✐✲

♥❤❛ ❢❛♠í❧✐❛ ❡ ♠❡✉s ♣r♦❢❡ss♦r❡s✱

❡♠ ❡s♣❡❝✐❛❧✱ ♠✐♥❤❛ ♠ã❡ ▲ú❝✐❛ ❡ ❛

♠✐♥❤❛ ❡s♣♦s❛ ❈❧á✉❞✐❛ ❈♦✉t✐♥❤♦✳

✐✈



❘❡s✉♠♦

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡st❛ ❞✐ss❡rt❛çã♦ é ❢❛③❡r ✉♠ ❡st✉❞♦ ❞❡t❛❧❤❛❞♦ ❞♦ tr❛❜❛❧❤♦ ❯♥✐❢♦r♠

❇♦✉♥❞❛r② ❙t❛❜✐❧✐③❛t✐♦♥ ♦❢ ❙❡♠✐❧✐♥❡❛r ❲❛✈❡ ❊q✉❛t✐♦♥s ✇✐t❤ ◆♦♥❧✐♥❡❛r ❇♦✉♥❞❛r② ❉❛♠♣✐♥❣ ❞♦s

❛✉t♦r❡s ■✳ ▲❛s✐❡❝❦❛ ❡ ❉✳ ❚❛t❛r✉ ❬✶✽❪✳ ❆q✉✐✱ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛

✭✶✮✱ ✈✐❛ t❡♦r✐❛ ❞♦s ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛✐s ♠♦♥ót♦♥♦s✱ ❜❡♠ ❝♦♠♦ ♦ ❞❡❝❛✐♠❡♥t♦ ❞❛ ❡♥❡r❣✐❛ E(t)

❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛

∣∣∣∣∣∣∣∣∣∣∣∣

utt = ∆u− f0(u), s♦❜r❡ Ω× (0,∞);
∂u

∂ν
= −g

(
ut
∣∣
Γ1

)
− f1

(
u
∣∣
Γ1

)
s♦❜r❡ Γ1 × (0,∞);

u = 0, s♦❜r❡ Γ0 × (0,∞);

u(0) = u0 ∈ H1
Γ0
(Ω), ut(0) = u1 ∈ L2(Ω),

✭✶✮

♦♥❞❡ Ω é ✉♠❛ r❡❣✐ã♦ ❛❜❡rt❛ ❧✐♠✐t❛❞❛ ❞♦ ❡s♣❛ç♦ ❊✉❝❧✐❞✐❛♥♦ Rn✱ (n ≥ 1)✱ ❝♦♠ ❢r♦♥t❡✐r❛ r❡❣✉❧❛r

Γ := Γ0 ∪ Γ1✱ s❡♥❞♦ Γ0 ❡ Γ1 ❢❡❝❤❛❞♦s ❡ ❞✐s❥✉♥t♦s✱ ✐st♦ é✱ Γ0 ∩ Γ1 = ∅✱ ν ✉♠ ✈❡t♦r ✉♥✐tár✐♦

❡①t❡r♥♦ ♥♦r♠❛❧ à ❢r♦♥t❡✐r❛ Γ1 ❡

H1
Γ0
(Ω) =

{
v ∈ H1(Ω); v = 0 s♦❜r❡ Γ0

}
.

P❛❧❛✈r❛s ✲ ❈❤❛✈❡s✿ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦✳ ❉✐ss✐♣❛çã♦ ♥ã♦ ❧✐♥❡❛r✳ ❚❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦✳



❆❜str❛❝t

❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✐s t♦ ♠❛❦❡ ❛ ❞❡t❛✐❧❡❞ st✉❞② ♦❢ t❤❡ ✇♦r❦ ❯♥✐❢♦r♠

❇♦✉♥❞❛r② ❙t❛❜✐❧✐③❛t✐♦♥ ♦❢ ❙❡♠✐❧✐♥❡❛r ❲❛✈❡ ❊q✉❛t✐♦♥s ✇✐t❤ ◆♦♥❧✐♥❡❛r ❇♦✉♥❞❛r② ❉❛♠♣✐♥❣ ♦❢

t❤❡ ❛✉t❤♦rs ■✳ ▲❛s✐❡❝❦❛ ❛♥❞ ❉✳ ❚❛t❛r✉ ❬✶✽❪✳ ❍❡r❡✱ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥ ♦❢ Pr♦❜❧❡♠

(1)✱ ✈✐❛ t❤❡♦r② ♦❢ t❤❡ ♠♦♥♦t♦♥♦✉s ♠❛①✐♠❛❧ ♦♣❡r❛t♦rs✱ ❛s ✇❡❧❧ ❛s t❤❡ ❞❡❝❛② ♦❢ ❡♥❡r❣② ❊✭t✮

❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣r♦❜❧❡♠

∣∣∣∣∣∣∣∣∣∣∣∣

utt = ∆u− f0(u), ♦♥ Ω× (0,∞);
∂u

∂ν
= −g

(
ut
∣∣
Γ1

)
− f1

(
u
∣∣
Γ1

)
♦♥ Γ1 × (0,∞); (1)

u = 0, ♦♥ Γ0 × (0,∞);

u(0) = u0 ∈ H1
Γ0
(Ω), ut(0) = u1 ∈ L2(Ω),

✇❤❡r❡ Ω ✐s ❛ ❜♦✉♥❞❡❞ ♦♣❡♥ r❡❣✐♦♥ ✐♥ Rn, n ≥ 1✱ ✇✐t❤ ❛ s♠♦♦t❤ ❜♦✉♥❞❛r② Γ := Γ0 ∪ Γ1✱ ✇✐t❤

Γ0 ❛♥❞ Γ1 ❝❧♦s❡❞ ❛♥❞ ❞✐s❥♦✐♥t✱ ν ✐s ❛♥ ♦✉t❡r ✉♥✐t ✈❡❝t♦r ♥♦r♠❛❧ t♦ t❤❡ ❜♦✉♥❞❛r② Γ1 ❛♥❞

H1
Γ0
(Ω) =

{
v ∈ H1(Ω); v = 0 ♦♥ Γ0

}
.

❑❡②✲❲♦r❞s✿ ❊①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥✳ ◆♦♥✲❧✐♥❡❛r ❞✐ss✐♣❛t✐♦♥✳ ❉❡❝❛② r❛t❡✳



◆♦t❛çõ❡s ❡ ❙í♠❜♦❧♦s

• P♦r K r❡♣r❡s❡♥t❛♠♦s ♦ ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s R ♦✉ ♦ ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s C❀

• P♦r R+ r❡♣r❡s❡♥t❛♠♦s ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ R✱ ❢♦r♠❛❞♦ ♣❡❧♦s ♥ú♠❡r♦s r❡❛✐s ♥ã♦ ♥❡❣❛t✐✈♦s❀

• Nn = N× · · · × N✱ ✭n ✈❡③❡s✮❀

• |α| = α1 + · · · + αn✱ zα = zα1
1 zα2

2 · · · zαn

n ✱ ♦♥❞❡ α = (α1,α2, ..., αn) ∈ Nn ❡ z =

(z1, z2, ..., zn) ∈ Kn❀

• Dα =
∂|α|

∂xα1
1 ∂x

α2
2 · · · ∂xαn

n

=
∂α1

∂xα1
1

∂α2

∂xα2
2

· · · ∂
αn

∂xαn
n

✱ ♦♣❡r❛❞♦r ❞❡r✐✈❛çã♦ ❞❡ ♦r❞❡♠ |α|❀

• ❙❡ α, β ∈ Nn✱ ❡s❝r❡✈❡♠♦s β ≤ α ♣❛r❛ ✐♥❞✐❝❛r βi ≤ αi✱ ♣❛r❛ t♦❞♦ i = 1, 2, .., n❀

• ∇u = (∂1u, ..., ∂nu)❀

• ∆ =
n∑

i=1

∂2

∂x2i
❀

• E
cont→֒ F ✱ ✐♥❞✐❝❛ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ E ⊂ F ✱ ❞♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ E ♥♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦

F ❀

• Ω é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ r❡❣✉❧❛r ❞♦ Rn❀

• Γ r❡♣r❡s❡♥t❛ ❛ ❢r♦♥t❡✐r❛ ❞❡ Ω❀

• Γ0 r❡♣r❡s❡♥t❛ ✉♠ ♣❡❞❛ç♦ ❞❛ ❢r♦♥t❡✐r❛ Γ ❞❡ Ω✱ Γ0 ∩ (Γ�Γ0) = ∅❀

• Ck(Ω)✱ k = 1, 2, 3, ...✱ ❝♦♥❥✉♥t♦ ❞❛s ❛♣❧✐❝❛çõ❡s ❞❡✜♥✐❞❛s ❡♠ Ω ❝✉❥❛s ❞❡r✐✈❛❞❛s ❞❡ ♦r❞❡♠ k

sã♦ ❝♦♥tí♥✉❛s ❡♠ Ω❀

• C0(Ω)✱ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡♠ Ω❀

• {x ∈ Ω; u(x) 6= 0}Ω✱ é ♦ ❢❡❝❤♦✱ ❡♠ Ω✱ ❞♦ ❝♦♥❥✉♥t♦ {x ∈ Ω; u(x) 6= 0}✳ ❆s ✈❡③❡s✱ q✉❛♥❞♦

♥ã♦ ❝❛✉s❛r ❝♦♥❢✉sã♦✱ ❡s❝r❡✈❡♠♦s s✐♠♣❧❡s♠❡♥t❡ {x ∈ Ω; u(x) 6= 0}❀

• supp u = {x ∈ Ω; u(x) 6= 0},Ω s✉♣♦rt❡✱ ❡♠ Ω✱ ❞❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ u : Ω −→ R❀

• Q = Ω× (0, T ) s✉❜❝♦♥❥✉♥t♦ ❞♦ Rn+1❀

• Σi = Γi × (0, T ), (i = 0, 1)❀

• ∂

∂ν
r❡♣r❡s❡♥t❛ ❛ ❞❡r✐✈❛❞❛ ♥❛ ❞✐r❡çã♦ ♥♦r♠❛❧ ❡①t❡r✐♦r❀



• ⇀ s✐❣♥✐✜❝❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛❀

• ∗
⇀ s✐❣♥✐✜❝❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ ❡str❡❧❛❀

• X ′ ❞❡s✐❣♥❛ ♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ X❀

• L(X, Y ) ❞❡s✐❣♥❛ ♦ ❡s♣❛ç♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s ❧✐♠✐t❛❞❛s ❞❡ X ❡♠ Y ✳ ◗✉❛♥❞♦

X = Y ❡s❝r❡✈❡♠♦s s✐♠♣❧❡s♠❡♥t❡ L(X)✳



❙✉♠ár✐♦
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✶ ❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s ✾
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✶✳✶✳✶ ❊s♣❛ç♦s Lp(Ω) ❡ Lp
loc(Ω) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✶✳✷ ❊s♣❛ç♦ ❞❛s ❋✉♥çõ❡s ❚❡st❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✶✳✸ ❚♦♣♦❧♦❣✐❛ ❙♦❜r❡ C∞
0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
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✶✳✷ ❊s♣❛ç♦s ❋✉♥❝✐♦♥❛✐s à ❱❛❧♦r❡s ❱❡t♦r✐❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✸ ❖s ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ Wm,p(Ω) ❡ Wm,p
0 (Ω) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✹ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❋r❛❝✐♦♥❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✺ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s ❙♦❜r❡ ❛ ❚❡♦r✐❛ ❞♦ ❚r❛ç♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✶✳✺✳✶ ❚r❛ç♦ ❡♠ L2(0, T,Hm(Ω)) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✶✳✺✳✷ ❚r❛ç♦ ❡♠ H−1(0, T,Hm(Ω)) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
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✶✳✻ ❖♣❡r❛❞♦r❡s ▼♦♥ót♦♥♦s ❡ ❙❡♠✐❣r✉♣♦s ❞❡ ❖♣❡r❛❞♦r❡s ▲✐♥❡❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✶✳✻✳✶ ❖♣❡r❛❞♦r❡s ▼❛①✐♠❛✐s ▼♦♥ót♦♥♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✶✳✻✳✷ ❚❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s ❞❡ ❖♣❡r❛❞♦r❡s ▲✐♥❡❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✶✳✼ ❘❡s✉❧t❛❞♦s ❜ás✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻
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✷ ❚❡♦r❡♠❛ ❞❡ ❊①✐stê♥❝✐❛ ✻✶

✷✳✶ Pr✐♠❡✐r♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✸ ❙❡❣✉♥❞♦ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧ ✼✺

✹ ❚❛①❛ ❞❡ ❉❡❝❛✐♠❡♥t♦ ✾✻
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✺ ❆♣ê♥❞✐❝❡s ✶✹✶
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❇✐❜❧✐♦❣r❛✜❛ ✶✺✻



■♥tr♦❞✉çã♦

◆♦ ❡st✉❞♦ ❞❡ ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐❛✐s ♥ã♦ ❧✐♥❡❛r❡s é ❝♦♠✉♠

♣❛ss❛r ♣❡❧❛s s❡❣✉✐♥t❡s ❡t❛♣❛s✿ ❝♦♥str✉✐r ✉♠ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ ❡ ♠♦str❛r q✉❡ ♣❛r❛ ❝❛❞❛ n ∈
N✱ t❛❧ ♣r♦❜❧❡♠❛ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ vn❀ ♣r♦✈❛r q✉❡ ❛ s❡q✉ê♥❝✐❛ (vn)n ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛

q✉❡ ❝♦♥✈❡r❣❡ ❡♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ t♦♣♦❧♦❣✐❛ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ v❀ ♣❛ss❛r ❛♦ ❧✐♠✐t❡ ♥♦ ♣r♦❜❧❡♠❛

❛♣r♦①✐♠❛❞♦✱ ♣❛r❛ ❛ ♣❛rt✐r ❞❛í✱ ♦❜s❡r✈❛r q✉❡ t❛❧ ❧✐♠✐t❡ é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✳ ◆♦

❡♥t❛♥t♦✱ ✉♠ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ ❛ s❡r ❡♥❢❛t✐③❛❞♦ ♥❛ ❛❜♦r❞❛❣❡♠ ❜ás✐❝❛ ♣❛r❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡

s♦❧✉çõ❡s ❞❡ ♣r♦❜❧❡♠❛s ♥ã♦ ❧✐♥❡❛r❡s✱ s❡♠ r❡✐✈✐♥❞✐❝❛r ✉♥✐❝✐❞❛❞❡✱ é q✉❡ ♣♦r ♠❛✐s s✉❛✈❡ q✉❡ s❡❥❛♠ ♦s

❞❛❞♦s ✐♥✐❝✐❛✐s✱ ❛s s♦❧✉çõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦ ♣r♦❜❧❡♠❛ ♥ã♦ ❧✐♥❡❛r ♥ã♦ ♣r❡❝✐s❛♠ s❡r r❡❣✉❧❛r❡s✳

❆❧é♠ ❞✐ss♦✱ ❡❧❛s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱ ❞❡♣❡♥❞❡♠ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✱ ✉♠❛ ✈❡③

q✉❡✱ ♥❛ ❛✉sê♥❝✐❛ ❞❡ ✉♥✐❝✐❞❛❞❡✱ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ s♦❧✉çã♦ ♥ã♦ ♣r❡❝✐s❛ s❡r ❛q✉❡❧❛ ♣r♦❞✉③✐❞❛ ♣❡❧♦

❛r❣✉♠❡♥t♦ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❡ ❡①✐stê♥❝✐❛ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✳ P♦r ✐ss♦✱ é ♥❡❝❡ssár✐♦ ✉♠

tr❛t❛♠❡♥t♦ ❡s♣❡❝✐❛❧✳

❈♦♠♦ ♦❜s❡r✈❛❞♦ ❡♠ ❬✶✽❪✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ✉♥✐❢♦r♠❡ ❞❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛ t❡♠

s✐❞♦ ❜❛st❛♥t❡ ❡st✉❞❛❞♦✳ ❈♦♥t✉❞♦✱ ♦s ❝❛s♦s ❝✉❥❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛s sã♦ ♥ã♦ ❧✐♥❡❛r❡s✱ sã♦

♠❛r❝❛❞♦s ♣♦r ❛♠❜♦s ♦s s❡❣✉✐♥t❡s r❡❝✉rs♦s✿ ❛s ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡s ❞ã♦ ♦r✐❣❡♠ ❛ ✉♠ ♣r♦❜❧❡♠❛

♠♦♥ót♦♥♦❀ ♦ t❡r♠♦ ❞✐ss✐♣❛t✐✈♦ ♥❛ ❢r♦♥t❡✐r❛ é ❞❡ ❝r❡s❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧✱ ♣ré✲❛tr✐❜✉í❞♦✱ ♥❛

♦r✐❣❡♠✳ ❚❛❧ ♣r♦♣r✐❡❞❛❞❡ ❝♦♥tr✐❜✉✐✱ ❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s✱ ♣❛r❛ ❝♦♥❢❡r✐r ✉♠❛ ❡str✉t✉r❛ ❡s♣❡❝í✜❝❛

à ❡q✉❛çã♦✱ q✉❡ ♣❡r♠✐t❡ ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ♣❛❞rã♦ ❞❡ ▲②❛♣✉♥♦✈✱ q✉❡ é ✉s❛❞❛ ♣❛r❛

❝❛❧❝✉❧❛r ❛s t❛①❛s ❞❡ ❞❡❝❛✐♠❡♥t♦ ❞❡s❡❥❛❞❛s✳ ◆♦ tr❛❜❛❧❤♦ r❡❛❧✐③❛❞♦ ♣♦r ■✳ ▲❛s✐❡❝❦❛ ❡ ❉✳ ❚❛t❛r✉

❬✶✽❪ ❛s ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s ❛❝✐♠❛ sã♦ ❞✐s♣❡♥s❛❞❛s ❡ é ❥✉st❛♠❡♥t❡ ♥❡st❡ ❢❛t♦ q✉❡ ❝♦♥s✐st❡♠ ❛s

❞✐✜❝✉❧❞❛❞❡s té❝♥✐❝❛s ♣❛r❛ r❡s♦❧✈❡r ❝♦♠ ê①✐t♦ ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❡ ❛ ♦❜t❡♥çã♦

❞❡ t❛①❛s ❞❡ ❞❡❝❛✐♠❡♥t♦ ❣❧♦❜❛✐s ❡ ✉♥✐❢♦r♠❡s✳

◆♦ss♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ♥❡st❛ ❞✐ss❡rt❛çã♦ é ❢❛③❡r ✉♠ ❡st✉❞♦ ❞✐❞át✐❝♦ ❞♦ ❛rt✐❣♦ ❯♥✐❢♦r♠

❇♦✉♥❞❛r② ❙t❛❜✐❧✐③❛t✐♦♥ ♦❢ ❙❡♠✐❧✐♥❡❛r ❲❛✈❡ ❊q✉❛t✐♦♥s ✇✐t❤ ◆♦♥❧✐♥❡❛r ❇♦✉♥❞❛r② ❉❛♠♣✐♥❣ ❞♦s

❛✉t♦r❡s ■✳ ▲❛s✐❡❝❦❛ ❡ ❉✳ ❚❛t❛r✉ ❬✶✽❪ ♦ q✉❛❧ tr❛t❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦✱ ✈✐❛ t❡♦r✐❛ ❞❡ ♦♣❡r❛❞♦r❡s

✻



♠❛①✐♠❛✐s ♠♦♥ót♦♥♦s✱ ✭✈❡r ❱✳ ❇❛r❜✉ ❬✷❪✱ ❍✳ ❇r❡③✐s ❬✺❪ ♦✉ ❱✳ ❑♦r♠♦r♥✐❦ ❬✶✼❪ ✮ ❡ ♦ ❞❡❝❛✐♠❡♥t♦

❞❛ ❡♥❡r❣✐❛ E := E(t) ❛ss♦❝✐❛❞❛ ❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✭✶✮✱

∣∣∣∣∣∣∣∣∣∣∣∣

utt = ∆u− f0(u), s♦❜r❡ Ω× (0,∞);
∂u

∂ν
= −g

(
ut
∣∣
Γ1

)
− f1

(
u
∣∣
Γ1

)
s♦❜r❡ Γ1 × (0,∞); (1)

u = 0, s♦❜r❡ Γ0 × (0,∞);

u(0) = u0 ∈ H1
Γ0
(Ω), ut(0) = u1 ∈ L2(Ω),

♦♥❞❡ Ω é ✉♠❛ r❡❣✐ã♦ ❛❜❡rt❛ ❧✐♠✐t❛❞❛ ❞♦ Rn✱ (n ≥ 1)✱ ❝♦♠ ❢r♦♥t❡✐r❛ r❡❣✉❧❛r Γ := Γ0 ∪Γ1✱ s❡♥❞♦

Γ0 ❡ Γ1 ❢❡❝❤❛❞♦s ❡ ❞✐s❥✉♥t♦s✱ ✐st♦ é✱ Γ0∩Γ1 = ∅✱ ν ✉♠ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ ❡①t❡r✐♦r à ❢r♦♥t❡✐r❛

Γ1 ❡

H1
Γ0
(Ω) =

{
v ∈ H1(Ω); v = 0 s♦❜r❡ Γ0

}
.

❆s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s sã♦ ❢❡✐t❛s s♦❜r❡ ❛s ❢✉♥çõ❡s ♥ã♦ ❧✐♥❡❛r❡s fi ❡ g (i = 0, 1)✳

❍✐♣ót❡s❡✿ ✭❍✲✶✮ P❛r❛ ❛ ❢✉♥çã♦ g : R → R✱

✭✐✮ g(s) é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ ❝r❡s❝❡♥t❡ ❡♠ R❀

✭✐✐✮ g(s)s > 0 ♣❛r❛ s 6= 0❀

✭✐✐✐✮ M2s
2 ≤ g(s)s ≤M1s

2✱ ♣❛r❛ |s|R≥ 1✱ ❡ ❛❧❣✉♥s M1 ❡ M2✱ ❝♦♠ 0 < M2 ≤M1✳

❍✐♣ót❡s❡✿ ✭❍✲✷✮ P❛r❛ ❛ ❢✉♥çã♦ f0 : R → R✱

✭✐✮ f0(s) ∈ W 1,∞
loc (R)✱ ❝♦♥tí♥✉❛✱ ❞❡ ❝❧❛ss❡ C1(R) ♣♦r ♣❛rt❡s ❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ s = 0❀

✭✐✐✮ f0(s)s ≥ 0✱ ♣❛r❛ s ∈ R❀

✭✐✐✐✮ |f ′
0(s)|R≤ N(1 + |s|k0−1

R ), 1 < k0 <
n

n− 2
✱ ♣❛r❛ N < |s|R✱ ❝♦♠ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡

❡ n > 2✳

❍✐♣ót❡s❡✿ ✭❍✲✸✮ P❛r❛ ❛ ❢✉♥çã♦ f1 : R → R✱

✭✐✮ f1(s) é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ s = 0❀

✭✐✐✮ f1(s)s ≥ 0✱ ♣❛r❛ s ∈ R❀

✭✐✐✐✮ |f1(s)|R≤M |s|k1R +A|s|R✱ ♣❛r❛ s ∈ R, k1 <
n− 1

n− 2
❡ M,A ❝♦♥st❛♥t❡s ❞❛❞❛s✳



❆ss✐♠ ❝♦♠♦ ❢❡✐t♦ ❡♠ ❬✶✽❪✱ ♥♦ss❛ ❛❜♦r❞❛❣❡♠ ❜ás✐❝❛ ♣❛r❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s✱

s❡♠ ❡①✐❣✐r ✉♥✐❝✐❞❛❞❡✱ ❞❡♣❡♥❞❡ ❞❡ ✉♠❛ ❝♦♥str✉çã♦ ❛ ♣❛rt✐r ❞❡ ♣r♦❜❧❡♠❛s ❛♣r♦①✐♠❛❞♦s ❛❞❡q✉❛❞♦s✱

❞❡ ♠♦❞♦ q✉❡ s❡ ♦❜t❡♥❤❛ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ❡✱ ❡♠ s❡❣✉✐❞❛✱ ❛ ♣❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡ ♣r♦❞✉③ ❛

r❡✐✈✐♥❞✐❝❛çã♦ ❞❡s❡❥❛❞❛ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✳ ❊st✉❞❛♠♦s t❛♠❜é♠✱

❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❞❛ ❡♥❡r❣✐❛ E := E(t) ❛ss♦❝✐❛❞❛ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛✱ ❛ q✉❛❧ é ❞❛❞❛ ❡♠

❢✉♥çã♦ ❞♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✭✶✮✳

❊st❡ tr❛❜❛❧❤♦ ❡stá ❞✐✈✐❞✐❞♦ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

◆♦ ❈❛♣ít✉❧♦ ✶✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s s♦❜r❡ ❉✐str✐❜✉✐çõ❡s ♣❛r❛ ❢✉♥çõ❡s

r❡❛✐s✱ ❢✉♥çõ❡s ✈❡t♦r✐❛✐s✱ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❡ r❡s✉❧t❛❞♦s ❣❡r❛✐s ❞❡ tr❛ç♦✳ ❆❧é♠ ❞✐ss♦✱ ❡♥✉♥❝✐❛♠♦s

❡ ❞❡♠♦♥str❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ✭❚❡♦r❡♠❛ ✷✳✶✮✱ ✈✐❛ ❛ t❡♦r✐❛ ❞❡ ♦♣❡r❛❞♦r❡s

♠❛①✐♠❛✐s ♠♦♥ót♦♥♦s✱ ❝♦♠♦ ❢❡✐t♦ ❡♠ ❱✳ ❇❛r❜✉ ❬✷❪✱ ❍✳ ❇r❡③✐s ❬✺❪ ♦✉ ❱✳ ❑♦r♠♦r♥✐❦ ❬✶✼❪✳

◆♦ ❈❛♣ít✉❧♦ ✸ ❞❡♠♦♥str❛♠♦s ♦ ❚❡♦r❡♠❛ ✸✳✶✱ q✉❡ t❛♠❜é♠ tr❛t❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦✱

✉t✐❧✐③❛♥❞♦ ❛s ❛♣r♦①✐♠❛çõ❡s ♦❜t✐❞❛s ♥♦ ❚❡♦r❡♠❛ ✷✳✶✳

◆♦ ❈❛♣ít✉❧♦ ✹✱ ♦❜t❡♠♦s ❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❞❛ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛

✭✶✮✳ ❆❧é♠ ❞✐ss♦✱ ❛♣r❡s❡♥t❛♠♦s✱ ❡♠ sí♥t❡s❡✱ ✉♠ ♣r♦❜❧❡♠❛ ❝✉❥♦ ❡st✉❞♦ é ❜❛s❡❛❞♦ ♥♦ ♠ét♦❞♦ ❛q✉✐

❛♣❧✐❝❛❞♦✳

P♦r ✜♠✱ ♥♦ ❈❛♣ít✉❧♦ ✺ sã♦ ❡♥✉♥❝✐❛❞♦s ♠❛✐s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ✉t✐❧✐③❛❞♦s ♥♦

❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✳



❈❛♣ít✉❧♦ ✶

❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s

◆♦ q✉❡ s❡❣✉❡✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ ❝♦♥❝❡✐t♦s ❜ás✐❝♦s r❡❧❛❝✐♦♥❛❞♦s ❛ t❡♦r✐❛

❞❛s ❉✐str✐❜✉✐çõ❡s✱ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✱ ❚❡♦r✐❛ ❞❛ ▼❡❞✐❞❛✱ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✱ t❡♦r✐❛ ❞❡ ❙❡♠✐✲

❣r✉♣♦s ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❧✐♠✐t❛❞♦s✱ ❡♥tr❡ ♦✉tr♦s✱ q✉❡ s❡rã♦ ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛

♥♦ ❡st✉❞♦ s❡❣✉✐♥t❡✳ ❈♦♥t✉❞♦✱ ♣♦r s❡r❡♠ r❡s✉❧t❛❞♦s ❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞♦s✱ ♠✉✐t♦s ❞❡❧❡s ♥ã♦ s❡rã♦

❞❡♠♦♥str❛❞♦s✳

✶✳✶ ❊s♣❛ç♦s ❋✉♥❝✐♦♥❛✐s

◆❡st❛ s❡çã♦✱ ✈❡r❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s r❡❧❛❝✐♦♥❛❞♦s ❛s t❡♦r✐❛s ❞❛s ❉✐str✐❜✉✐çõ❡s ❡

❞♦s ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✳ ❆♦ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ❡♠ ✉♠ ❡st✉❞♦ ♠❛✐s ❛❜r❛♥❣❡♥t❡ s♦❜r❡ ❡st❡s t❡♠❛s

r❡❝♦♠❡♥❞❛♠♦s ▲✳ ❆✳ ▼❡❞❡✐r♦s ❡ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛✱ ❬✷✽❪ ♦✉ ❱✳ ❈❛✈❛❧❝❛♥t✐ ❡ ▼✳ ❈❛✈❛❧❝❛♥t✐ ❬✼❪✳

Pr✐♠❡✐r♦✱ ✜①❡♠♦s ❛❧❣✉♠❛s ♥♦t❛çõ❡s ❡ sí♠❜♦❧♦s ✉t✐❧✐③❛❞♦s✳ ❘❡♣r❡s❡♥t❛♥❞♦ ♣♦r K ♦ ❝♦r♣♦

❞♦s ♥ú♠❡r♦s r❡❛✐s R ♦✉ ♦ ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s C ❡ ♣♦r N ♦ ♠♦♥♦✐❞❡ ❞♦s ♥ú♠❡r♦s

♥❛t✉r❛✐s✳ ❉❛❞♦s α = (α1,α2, ..., αn) ∈ Nn ❡ z = (z1, z2, ..., zn) ∈ Kn ❞❡✜♥✐♠♦s✱

|α| = α1 + · · ·+ αn, zα = zα1
1 zα2

2 · · · zαn

n .

❆❧é♠ ❞✐ss♦✱ ❞❡♥♦t❛♠♦s ♣♦r

Dα =
∂|α|

∂xα1
1 ∂x

α2
2 · · · ∂xαn

n

=
∂α1

∂xα1
1

∂α2

∂xα2
2

· · · ∂
αn

∂xαn
n

♦ ♦♣❡r❛❞♦r ❞❡r✐✈❛çã♦ ❞❡ ♦r❞❡♠ |α|✳ ◗✉❛♥❞♦ α = (0, 0, ..., 0)✱ ❞❡✜♥✐♠♦s D0u = u✱ ♣❛r❛ t♦❞❛

❢✉♥çã♦ u ❡✱ ♣❛r❛ α = (0, 0, ..., i, ..., 0)✱ t❡♠✲s❡ Di =
∂

∂xi
✱ ❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❝♦♠ r❡❧❛çã♦ ❛

✈❛r✐á✈❡❧ xi✳ ❙❡ α, β ∈ Nn✱ ❡s❝r❡✈❡♠♦s β ≤ α ♣❛r❛ ✐♥❞✐❝❛r βi ≤ αi✱ ♣❛r❛ t♦❞♦ i = 1, 2, ..., n✳



❚❡♠♦s ❛✐♥❞❛ ∇u =
( ∂u
∂x1

, ...,
∂u

∂xn

)
✱ ∆ =

n∑

i=1

∂2

∂x2i
❡✱ E

cont→֒ F ✐♥❞✐❝❛ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ E ⊂ F ✱

❞♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ E ♥♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ F ✳ ❆❞❡♠❛✐s✱ s❡ Ω é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞♦ Rn

❡ Γ ❛ s✉❛ ❢r♦♥t❡✐r❛✱ ❡s❝r❡✈❡♠♦s {x ∈ Ω; u(x) 6= 0}Ω ♣❛r❛ r❡♣r❡s❡♥t❛r ♦ ❢❡❝❤♦✱ ❡♠ Ω✱ ❞♦ ❝♦♥❥✉♥t♦

{x ∈ Ω; u(x) 6= 0}✳

❉❡✜♥✐çã♦ ✶✳✶ ✭❙✉♣♦rt❡✮✳ ❙❡❥❛♠ Ω ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞♦ Rn ❡ u ✉♠❛ ❢✉♥çã♦ ♥✉♠ér✐❝❛

♠❡♥s✉rá✈❡❧ ❞❡✜♥✐❞❛ ❡♠ Ω✳ ❈♦♥s✐❞❡r❡ (Oi)i∈Λ ❛ ❢❛♠í❧✐❛ ❞❡ t♦❞♦s ♦s s✉❜❝♦♥❥✉♥t♦s ❛❜❡rt♦s Oi

❞❡ Ω t❛✐s q✉❡ u = 0✱ q✉❛s❡ s❡♠♣r❡ ❡♠ Oi✱ ♣❛r❛ t♦❞♦ i ∈ Λ✳ ❊♥tã♦✱ u = 0 q✉❛s❡ s❡♠♣r❡ ♥♦

❝♦♥❥✉♥t♦ ❛❜❡rt♦ O =
⋃

i∈Λ
Oi✳ ❈♦♠ ✐st♦✱ ❞❡✜♥✐♠♦s ♦ s✉♣♦rt❡ ❞❡ u✱ ❞❡♥♦t❛❞♦ ♣♦r supp(u)✱ ❝♦♠♦

s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ Ω\O✳ ◗✉❛♥❞♦ ❛ ❢✉♥çã♦ u é ❝♦♥tí♥✉❛✱ t❡♠♦s

supp(u) := {x ∈ Ω; u(x) 6= 0}Ω.

❖❜s❡r✈❛çã♦ ✶✳✶✳ ❙❡ u ❡ v sã♦ ❢✉♥çõ❡s ♥✉♠ér✐❝❛s ♠❡♥s✉rá✈❡✐s ❡♠ Ω ❡ λ ∈ K✱ ❝♦♠ λ 6= 0✱

♠♦str❛✲s❡ q✉❡ ✭✈❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❡ ▼✳ ▼✳ ▼✐r❛♥❞❛✱ ❬✷✽❪ ♦✉ ❱✳ ❈❛✈❛❧❝❛♥t✐ ❡ ▼✳ ❈❛✈❛❧❝❛♥t✐

❬✼❪ ✮

• supp(u+ v) ⊂ supp(u)
⋃
supp(v);

• supp(uv) ⊂ supp(u)
⋂
supp(v);

• supp(λu) = λsupp(u);

• supp(Ty)u = y + supp(u)✱ ♦♥❞❡ Tyu ❞❡✜♥✐❞❛ ♣♦r Tyu(x) = u(x − y) é ❛ tr❛♥s❧❛çã♦ ❞❡ u

♣♦r y✳

✶✳✶✳✶ ❊s♣❛ç♦s Lp(Ω) ❡ Lp
loc(Ω)

❘❡♣r❡s❡♥t❛♠♦s ♣♦r Lp(Ω)✱ 1 ≤ p < ∞✱ ♦ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s

♥✉♠ér✐❝❛s u✱ ♠❡♥s✉rá✈❡✐s ❞❡✜♥✐❞❛s ❡♠ Ω t❛✐s q✉❡ |u|pR é ✐♥t❡❣rá✈❡❧ à ▲❡❜❡s❣✉❡✱ ❡♠ Ω✳ ❊♠

sí♠❜♦❧♦s✿

Lp(Ω) :=

{
u : Ω −→ R;

∫

Ω

|u(x)|pRdx <∞
}
,

♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖u‖Lp(Ω):=

(∫

Ω

|u(x)|pRdx
) 1

p

.

◆♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r p = 2✱ ♠♦str❛✲s❡ q✉❡ L2(Ω) é ✉♠ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r

(u, v)L2(Ω) =

∫

Ω

u(x)v(x)dx,

✶✵



♦♥❞❡ v ❞❡♥♦t❛ ♦ ❝♦♠♣❧❡①♦ ❝♦♥❥✉❣❛❞♦ ❞❡ v ✭q✉❛♥❞♦ s❡ tr❛t❛r ❞♦ ❝♦r♣♦ ❞♦s ❝♦♠♣❧❡①♦s✮✳

❆❧é♠ ❞✐ss♦✱ q✉❛♥❞♦ p = ∞✱ L∞(Ω) é ♦ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s ♥✉♠é✲

r✐❝❛s✱ ♠❡♥s✉rá✈❡✐s ❡ss❡♥❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛s ❡♠ Ω✳ ❊♠ s✉♠❛✿

L∞(Ω) := {u : Ω −→ R,♠❡♥s✉rá✈❡✐s ❡ ∃C > 0; |u(x)|R ≤ C q✉❛s❡ s❡♠♣r❡ ❡♠ Ω},

♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖u‖L∞(Ω):= sup
x∈Ω

ess|u(x)|R = inf{C; |u(x)|R ≤ C, q✉❛s❡ s❡♠♣r❡ Ω}.

▼♦str❛✲s❡ q✉❡ s❡ u ∈ L∞(Ω)✱ ❡♥tã♦ |u(x)|R ≤ ‖u‖L∞(Ω)✳

❉❡♥♦t❛♠♦s ❛✐♥❞❛✱ ♣♦r Lp
loc(Ω)✱ 1 ≤ p <∞✱ ♦ ❡s♣❛ç♦ ❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s u : Ω −→ R

t❛✐s q✉❡ |u|pR é ✐♥t❡❣rá✈❡❧ à ▲❡❜❡s❣✉❡✱ s♦❜r❡ ❝❛❞❛ ❝♦♠♣❛❝t♦ K ❞❡ Ω✳ ❉❛❞❛s ✉♠❛ s✉❝❡ssã♦ (uξ)

❡♠ Lp
loc(Ω) ❡ u ∈ Lp

loc(Ω)✱ ❞✐③❡♠♦s q✉❡ uξ −→ u ❡♠ Lp
loc(Ω)✱ s❡ ♣❛r❛ ❝❛❞❛ ❝♦♠♣❛❝t♦ K ❡♠ Ω

t❡♠♦s

lim
ξ→∞

(uξ − u) = lim
ξ→∞

∫

K
|uξ(x)− u(x)|pRdx = 0.

➱ ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ Lp
loc(Ω) é ✉♠ ❊s♣❛ç♦ ❞❡ ❋ré❝❤❡t✱ ✐st♦ é✱ ✉♠ ❡s♣❛ç♦ ❧♦❝❛❧♠❡♥t❡

❝♦♥✈❡①♦ ❝♦♠♣❧❡t♦ q✉❡ é ♠❡tr✐③á✈❡❧✳ ▼♦str❛✲s❡ ❛✐♥❞❛ q✉❡ Lp
loc(Ω)

cont→֒ L1
loc(Ω)✳

✶✳✶✳✷ ❊s♣❛ç♦ ❞❛s ❋✉♥çõ❡s ❚❡st❡s

❘❡♣r❡s❡♥t❛♠♦s ♣♦r C∞
0 (Ω)✱ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s ❢✉♥çõ❡s ❛ ✈❛❧♦r❡s r❡❛✐s ❞❡✜♥✐❞❛s ❡♠

Ω ⊂ Rn✱ ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✱ q✉❡ sã♦ ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❖s ❡❧❡♠❡♥t♦s ❞❡ C∞
0 (Ω)

sã♦ ❞❡♥♦♠✐♥❛❞♦s ❢✉♥çõ❡s t❡st❡s✱ ♦❜s❡r✈❡ q✉❡ C∞
0 (Ω) 6= ∅✱ ♣♦✐s

❊①❡♠♣❧♦ ✶✳✶✳ ❙❡❥❛ ρ : Rn −→ R ❞❡✜♥✐❞❛ ♣♦r✿

ρ(x) :=

∣∣∣∣∣∣
exp

(
−1

1−‖x‖2
Rn

)
, s❡ ‖x‖Rn< 1

0, s❡ ‖x‖Rn≥ 1,
✭✶✳✶✮

♦♥❞❡ ‖x‖2Rn= x21 + x22 + · · ·+ x2n✳ ❆ ❢✉♥çã♦ ρ ♣❡rt❡♥❝❡ ❛ C∞
0 (Rn) ❡

supp(ρ) = {x ∈ Rn; ‖x‖Rn≤ 1}.

❊①❡♠♣❧♦ ✶✳✷✳ ❙❡❥❛♠ ρ ❛ ❢✉♥çã♦ ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r ❡ k =

∫

Rn

ρ(x)dx✳ P❛r❛ ❝❛❞❛ ξ =

1, 2, 3, · · · ✱ ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ ρξ : Rn −→ R ❞❡✜♥✐❞❛ ♣♦r

ρξ(x) =
ξn

k
ρ(ξx), ♣❛r❛ t♦❞♦ x ∈ Rn.

✶✶



▼♦str❛✲s❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ ξ, ρξ é ✉♠❛ ❢✉♥çã♦ t❡st❡ ❡♠ Rn, ❛ q✉❛❧ ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡✲

❞❛❞❡s✿

(i) 0 ≤ ρξ(x) ≤
ξn

k
❀

(ii)

∫

Rn

ρξ(x) =

∫

‖x‖Rn≤ 1
ξ

ρξ(x)dx = 1❀

(iii) supp(ρξ) =
{
x ∈ Rn; ‖x‖Rn≤ 1

ξ

}
✳

❖❜s❡r✈❛çã♦ ✶✳✷✳ ➱ ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r q✉❡ ✉♠❛ s✉❝❡ssã♦ (ρξ) ❞❡ ❢✉♥çõ❡s t❡st❡s✱ ❞❡✜♥✐❞❛s ❡♠

Rn✱ ❣♦③❛♥❞♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s (i)✱ (ii) ❡ (iii) é ❞❡♥♦♠✐♥❛❞❛ s✉❝❡ssã♦ r❡❣✉❧❛r✐③❛♥t❡✳ ❆❧é♠

❞✐ss♦✱ ✈❛❧❡ ♦

✶✳✶✳✸ ❚♦♣♦❧♦❣✐❛ ❙♦❜r❡ C∞
0

❉❡♥♦♠✐♥❛✲s❡ ❊s♣❛ç♦ ❞❛s ❋✉♥çõ❡s ❚❡st❡s✱ ❞❡♥♦t❛❞♦ ♣♦r D(Ω)✱ ♦ ❝♦♥❥✉♥t♦ C∞
0 (Ω)

♠✉♥✐❞♦ ❝♦♠ ❛ s❡❣✉✐♥t❡ t♦♣♦❧♦❣✐❛✿ s❡❥❛♠ (φξ) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❞❡ C∞
0 (Ω) ❡ φ ∈ C∞

0 (Ω)✳

❉✐③❡♠♦s q✉❡ φξ −→ φ, ❡♠ D(Ω) s❡ ❡①✐st❡ ✉♠ ❝♦♠♣❛❝t♦ K ❞❡ Ω t❛❧ q✉❡

(i) supp(φξ) ⊂ K, ∀ξ ∈ N❀

(ii) Dαφξ −→ Dαφ ✉♥✐❢♦r♠❡♠❡♥t❡ s♦❜r❡ K, ∀α ∈ N✳

❖❜s❡r✈❛çã♦ ✶✳✸✳ ◆♦t❡ q✉❡ s❡♥❞♦ (φξ) ⊂ C∞
0 (Ω) ❡ φ ∈ C∞

0 (Ω)✱ φξ −→ φ✱ ❡♠ D(Ω) s❡✱ ❡

s♦♠❡♥t❡ s❡✱ (φξ − φ) −→ 0✱ ❡♠ D(Ω)✳ ❆❧é♠ ❞✐ss♦✱ ✈❛❧❡ ♦

❚❡♦r❡♠❛ ✶✳✶✳ C∞
0 (Ω) é ❞❡♥s♦ ❡♠ Lp(Ω)✱ ♣❛r❛ 1 ≤ p <∞✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❡ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✷✽❪✳

✶✳✶✳✹ ❉✐str✐❜✉✐çõ❡s ❙♦❜r❡ Ω

❉❡♥♦t❛♠♦s ♣♦r D′
(Ω) ♦ ❊s♣❛ç♦ ❞❛s ❉✐str✐❜✉✐çõ❡s s♦❜r❡ Ω✱ ♦ q✉❛❧ é ❢♦r♠❛❞♦ ♣❡❧♦s

❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s✱ ❝♦♥tí♥✉♦s T : D(Ω) −→ R✱ ♦✉ s❡❥❛✱

(i) T é ❧✐♥❡❛r❀

(ii) ❙❡ φν −→ φ ❡♠ D(Ω), ❡♥tã♦ 〈T, φν〉 −→ 〈T, φ〉, ❡♠ R✳ ❖♥❞❡ 〈T, φ〉 ❞❡♥♦t❛ ❛ ❞✐str✐❜✉✐çã♦

T ❛♣❧✐❝❛❞❛ à φ✳

✶✷



❊①❡♠♣❧♦ ✶✳✸✳ ❙❡❥❛ u ∈ L1
loc(Ω)✳ ❈♦♥s✐❞❡r❡ Tu ∈ D(Ω) ❞❡✜♥✐❞❛ ♣♦r

〈Tu, φ〉 =
∫

Ω

u(x)φ(x)dx,

♣❛r❛ t♦❞❛ φ ∈ D(Ω)✳ ➱ ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r✱ s❡♠ ♠✉✐t❛s ❞✐✜❝✉❧❞❛❞❡s✱ q✉❡ Tu é ✉♠❛ ❞✐str✐❜✉✐çã♦

s♦❜r❡ Ω✱ ✐st♦ é✱ Tu é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✳

❖❜s❡r✈❛çã♦ ✶✳✹✳ ❙❡❥❛♠ (Tν) ✉♠❛ s✉❝❡ssã♦ ❡♠ D′
(Ω) ❡ T ∈ D′

(Ω)✱ ❞✐③❡♠♦s q✉❡

Tν −→ T, ❡♠ D′
(Ω) q✉❛♥❞♦ 〈Tν , φ〉 −→ 〈T, φ〉, ∀φ ∈ D(Ω).

■❞❡♥t✐✜❝❛♥❞♦ L2(Ω) ❝♦♠ ♦ s❡✉ ❞✉❛❧✱ ♣r♦✈❛✲s❡ ❛ s❡❣✉✐♥t❡ ❝❛❞❡✐❛ ❞❡ ✐♠❡rsõ❡s ❞❡♥s❛s

D(Ω) →֒ Lp
loc(Ω) →֒ D′(Ω).

❉❡✜♥✐çã♦ ✶✳✷ ✭❉❡r✐✈❛❞❛ ❉✐str✐❜✉❝✐♦♥❛❧✮✳ ❙❡❥❛♠ T ✉♠❛ ❞✐str✐❜✉✐çã♦ s♦❜r❡ Ω ⊂ Rn ❡ α ∈ Nn

✉♠ ♠✉❧t✐✲í♥❞✐❝❡✳ ❆ ❞❡r✐✈❛❞❛ ❞❡ T ✱ ❞❡ ♦r❞❡♠ |α|✱ é ❞❡✜♥✐❞❛ ❝♦♠♦ s❡♥❞♦ ♦ ❢✉♥❝✐♦♥❛❧ DαT ❞❛❞♦

♣♦r✿

〈DαT, φ〉 = (−1)|α|〈T,Dαφ〉, ∀φ ∈ D(Ω).

▲❡♠❛ ✶✳✶ ✭❉✉ ❇♦✐s ❘❛②♠♦♥❞✮✳ ❙❡❥❛♠ u ∈ L1
loc(Ω) ❡ Tu ∈ D′(Ω)✳ ❊♥tã♦ Tu = 0 s❡✱ ❡

s♦♠❡♥t❡ s❡✱ u = 0 ❡♠ q✉❛s❡ t♦❞♦ ♣♦♥t♦ ❞❡ Ω✱ ✐st♦ é✱
∫

Ω

u(x)ϕ(x)dx = 0, ∀ϕ ∈ D(Ω).

❊♥tã♦✱ u = 0 q✉❛s❡ s❡♠♣r❡ ❡♠ Ω✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❛ ♣r♦✈❛ ✈❡❥❛ ❍✳ ❇r❡③✐s ❬✹❪✳

❖❜s❡r✈❛çã♦ ✶✳✺✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ▲❡♠❛ ❞❡ ❉✉ ❇♦✐s ❘❡②♠♦♥❞ ✶✳✶ t❡♠♦s q✉❡

s❡ u, v ∈ L1
loc(Ω)✱ ❡♥tã♦ Tu = Tv s❡✱ ❡ s♦♠❡♥t❡ s❡✱ u = v ❡♠ q✉❛s❡ t♦❞♦ ♣♦♥t♦ ❞❡ Ω✳ P♦r ✐ss♦✱

❞✐③❡♠♦s q✉❡ Tu é ✉♥✐✈♦❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r u s♦❜r❡ Ω✳ ■st♦ ♥♦s ♣❡r♠✐t❡ ✐❞❡♥t✐✜❝❛r u à

❞✐str✐❜✉✐çã♦ Tu✱ ♣♦r ❡❧❛ ❞❡✜♥✐❞❛✳ ❉❡st❡ ♠♦❞♦✱ ❡s❝r❡✈❡♠♦s s✐♠♣❧❡s♠❡♥t❡ u ♥♦ ❧✉❣❛r ❞❡ Tu✳ P♦r

♦✉tr♦ ❧❛❞♦✱ ♦ ❢✉♥❝✐♦♥❛❧ DαT é ✉♠❛ ❞✐str✐❜✉✐çã♦ s♦❜r❡ Ω✱ ✐st♦ é✱ DαT é ❧✐♥❡❛r ❡ s❡ Tν −→ T

❡♠ D′
(Ω)✱ ❡♥tã♦ DαTν −→ DαT ❡♠ D′

(Ω)✱ ♣❛r❛ t♦❞♦ α = (α1, · · · , αn) ∈ Nn✳ ❆❧é♠ ❞✐ss♦✱

s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ q✉❡ t♦❞❛ ❞✐str✐❜✉✐çã♦ ♣♦ss✉✐ ❞❡r✐✈❛❞❛s ❞❡ t♦❞❛s ❛s ♦r❞❡♥s✱ ♥♦ s❡♥t✐❞♦ ❡①♣♦st♦

❛❝✐♠❛✳ ❙❡❣✉❡✲s❡ ❛✐♥❞❛✱ q✉❡ s❡ Ω é ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ Rn✱ u ∈ Lp(Ω)✱ ❝♦♠ 1 ≤ p ≤ ∞✱

❡♥tã♦ u ♣♦ss✉✐ ❞❡r✐✈❛❞❛ ❞✐str✐❜✉❝✐♦♥❛❧ ❞❡ t♦❞❛s ❛s ♦r❞❡♥s✱ ❡♥tr❡t❛♥t♦✱ ♥ã♦ é ✈❡r❞❛❞❡ q✉❡ ❡♠

❣❡r❛❧✱ Dαu s❡❥❛ ✉♠❛ ❢✉♥çã♦ ❞❡ Lp(Ω)✳ ❊st❡ ❢❛t♦ ♠♦t✐✈♦✉ ❛ ❞❡✜♥✐çã♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❢✉♥çõ❡s✱

❞❡♥♦♠✐♥❛❞♦ ❊s♣❛ç♦ ❙♦❜♦❧❡✈✳

✶✸



✶✳✷ ❊s♣❛ç♦s ❋✉♥❝✐♦♥❛✐s à ❱❛❧♦r❡s ❱❡t♦r✐❛✐s

❙❡❥❛X ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❉❡♥♦t❛♠♦s ♣♦rD(0, T ;X) ♦ ❡s♣❛ç♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♥✈❡①♦ ❞❛s

❢✉♥çõ❡s ✈❡t♦r✐❛✐s φ : (0, T ) −→ X q✉❡ sã♦ ✐♥❞❡✜♥✐❞❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ ♣♦ss✉❡♠ s✉♣♦rt❡ ❝♦♠✲

♣❛❝t♦ ❡♠ (0, T )✳ ❉❡ ❢♦r♠❛ s✐♠✐❧❛r ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛❝✐♠❛✱ ❞✐r❡♠♦s q✉❡ φn −→ φ, ❡♠ D(0, T ;X)✱

s❡ ❡①✐st❡ ✉♠ ❝♦♠♣❛❝t♦ K ❞❡ (0, T )✱ t❛❧ q✉❡

(i) supp(φ), supp(φξ) ⊂ K, ∀ξ ∈ N❀

(ii) P❛r❛ ❝❛❞❛ ξ ∈ N✱ φξ −→ φ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ X✱ ∀t ∈ (0, T )✳

❖ ❡s♣❛ç♦ ❞❛s ❛♣❧✐❝❛çõ❡s ❧✐♥❡❛r❡s ❡ ❝♦♥tí♥✉❛s T : D(0, T ) −→ X s❡rá ❞❡♥♦t❛❞♦ ♣♦rD′(0, T,X)✱

✐ss♦ s✐❣♥✐✜❝❛ q✉❡ s❡ φξ −→ φ✱ ❡♠ D(0, T )✱ ❡♥tã♦ 〈T, φξ〉 −→ 〈T, φ〉 ❡♠ X✳ ❉✐r❡♠♦s ❛✐♥❞❛ q✉❡

Tξ −→ T ✱ ❡♠ D′(0, T ;X)✱ s❡ 〈Tξ, φ〉 −→ 〈T, φ〉 ❡♠ X✱ ♣❛r❛ t♦❞♦ φ ∈ D(0, T )✳ ❖ ❡s♣❛ç♦

D′(0, T,X)✱ ♠✉♥✐❞♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛❝✐♠❛✱ é ❞❡♥♦♠✐♥❛❞♦ ❊s♣❛ç♦ ❞❛s ❉✐str✐❜✉✐çõ❡s ❱❡t♦✲

r✐❛✐s ❞❡ (0, T ) ❝♦♠ ✈❛❧♦r❡s ❡♠ X✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❯♠❛ ❢✉♥çã♦ φ é ❞✐t❛ ❢♦rt❡♠❡♥t❡ ♠❡♥s✉rá✈❡❧ q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡

❢✉♥çõ❡s s✐♠♣❧❡s (ϕξ) t❛❧ q✉❡ ϕξ −→ φ ❡♠ X, q✉❛s❡ s❡♠♣r❡ ❡♠ (0, T )✳

❖❜s❡r✈❛çã♦ ✶✳✻✳ Pr♦✈❛✲s❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ {θζ, θ ∈ D(Ω), ζ ∈ X} é t♦t❛❧ ✶❡♠ D(0, T,X)✳

❉❡♥♦t❛♠♦s ♣♦r Lp(0, T ;X)✱ 1 ≤ p ≤ ∞ ♦ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s u

❞❡✜♥✐❞❛s ❡♠ (0, T )✱ ❝♦♠ ✈❛❧♦r❡s ❡♠ X q✉❡ sã♦ ❢♦rt❡♠❡♥t❡ ♠❡♥s✉rá✈❡✐s ❡ ‖u(t)‖X é ✐♥t❡❣rá✈❡❧

à ▲❡❜❡s❣✉❡✱ ❝♦♠ ❛ ♥♦r♠❛

‖u‖Lp(0,T ;X):=

(∫ T

0

‖u(t)‖pXdt
) 1

p

.

◗✉❛♥❞♦ p = ∞✱ r❡♣r❡s❡♥t❛♠♦s ♣♦r L∞(0, T ;X)✱ 1 ≤ p ≤ ∞ ♦ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❛s

✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s u ❞❡✜♥✐❞❛s ❡♠ (0, T )✱ ❝♦♠ ✈❛❧♦r❡s ❡♠ X✱ q✉❡ sã♦ ❢♦rt❡♠❡♥t❡ ♠❡♥s✉rá✈❡✐s

❡ ‖u(t)‖X ♣♦ss✉✐ s✉♣r❡♠♦ ❡ss❡♥❝✐❛❧ ✜♥✐t♦ ❡♠ (0, T )✳ ❚❛❧ ❡s♣❛ç♦ é ♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖u‖L∞(0,T,X) := sup
0≤t≤T

ess‖u(t)‖X . ✭✶✳✷✮

❖❜s❡r✈❛çã♦ ✶✳✼✳ ◆♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ p = 2 ❡ X é ✉♠ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❞❡✜♥❡✲s❡✱ ❡♠

L2(0, T ;X)✱ ❛ ❡str✉t✉r❛ ❍✐❧❜❡rt✐❛♥❛✿

(u, v)L2(0,T ;X) :=

∫ T

0

(
u(t), v(t)

)
X
dt, ‖u‖2L2(0,T ;X):=

∫ T

0

‖u(t)‖2Xdt. ✭✶✳✸✮

✶❯♠ ❝♦♥❥✉♥t♦ Υ é ❞✐t♦ t♦t❛❧ ❡♠ X s❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ✜♥✐t❛s ❞❡ ❡❧❡♠❡♥t♦s ❞❡ Υ sã♦

❞❡♥s❛s ❡♠ X.

✶✹



❆❞❡♠❛✐s✱ s❡ X é r❡✢❡①✐✈♦✱ 1 < p, q <∞ ❡
1

p
+

1

q
= 1 ✈❛❧❡ ❛ ✐❞❡♥t✐✜❝❛çã♦

[
Lp(0, T ;X)

]′ ∼= Lq(0, T ;X ′),

♦♥❞❡
1

p
+

1

q
= 1✳ ◗✉❛♥❞♦ p = 1 t❡♠✲s❡ ❛ ✐❞❡♥t✐✜❝❛çã♦

[
L1(0, T ;X)

]′ ∼= L∞(0, T ;X ′).

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ Ω é ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❞♦ Rn✱ T > 0 ❡ Q := Ω× (0, T ) é ✉♠ ❝✐❧✐♥❞r♦ ❡♠

Rn+1✱ ♣❛r❛ 1 ≤ p <∞✱ t❡♠♦s

Lp
(
0, T ;Lp(Ω)

) ∼= Lp(Q).

❆s ❞❡♠♦♥str❛çõ❡s ❞❡ t❛✐s ✐❞❡♥t✐✜❝❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❘✳ ❊❞✇❛r❞s ❬✶✷❪ ♦✉ ❘✳

❉✐♥❝✉❧❡❛♥✉ ❬✶✶❪✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❉❛❞❛ T ∈ D(0, T ;X)✱ ❞❡✜♥✐♠♦s ❛ ❞❡r✐✈❛❞❛ ❞❡ T ✱ ❞❡ ♦r❞❡♠ n✱ ❝♦♠♦ s❡♥❞♦ ❛

❉✐str✐❜✉✐çã♦ ❱❡t♦r✐❛❧ s♦❜r❡ (0, T )✱ ❝♦♠ ✈❛❧♦r❡s ❡♠ X✱ ❞❛❞❛ ♣♦r✿

〈dnT
dtn

, ϕ
〉
:= (−1)n

〈
T,
dnϕ

dtn

〉
, ∀ϕ ∈ D(0, T ).

❉❡♥♦t❛♠♦s ❛✐♥❞❛ ♣♦r C0([0, T ];X)✱ ♦ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❛s ❢✉♥çõ❡s u ❞❡✜♥✐❞❛s ❡♠ [0, T ]

❝♦♠ ✈❛❧♦r❡s ❡♠ X✱ ♠✉♥✐❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖u‖C0([0,T ];X):= sup
0≤t≤T

‖u(t)‖X .

P♦r ✜♠✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H1
0 (0, T ;X)✱ ❞❡✜♥✐❞♦ ♣♦r

H1
0 (0, T ;X) :=

{
u ∈ L2(0, T ;X); u′ ∈ L2(0, T ;X), e u(0) = u(T ) = 0

}
,

♠✉♥✐❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r

(u, v)H1
0 (0,T ;X) :=

∫ T

0

(
u(t), v(t)

)
X
dt+

∫ T

0

(
u′(t), v′(t)

)
X
dt.

❉❡♥♦t❛♥❞♦ ♣♦rH−1(0, T ;X) ♦ ❞✉❛❧ ❞❡H1
0 (0, T ;X) ❡✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❘❡♣r❡s❡♥t❛çã♦

❞❡ ❘✐❡s③ ✺✳✶✹ ♣❛r❛ ✐❞❡♥t✐✜❝❛r L2(0, T ;X) ❝♦♠ ♦ s❡✉ ❞✉❛❧✱ ♠♦str❛✲s❡ ❛ s❡❣✉✐♥t❡ ❝❛❞❡✐❛ ❞❡ ✐♠❡rsõ❡s

D(0, T ;X) →֒ H1
0 (0, T ;X) →֒ L2(0, T ;X) →֒ H−1(0, T ;X) →֒ D′(0, T ;X).

❆♣❡s❛r ❞♦ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s r❡❧❛t✐✈♦s ❛♦s ❡s♣❛ç♦s ❛❝✐♠❛ ❞❡✜♥✐❞♦s✱

♠❡♥❝✐♦♥❛r❡♠♦s ❛♣❡♥❛s ❛❧❣✉♥s✱ ❝♦♥t✉❞♦✱ ❡s❝❧❛r❡❝❡♠♦s q✉❡ ♦✉tr♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❡st❡ ❛ss✉♥t♦

♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✺❪✱ ❘✳ ❚❡♠❛♥ ❬✸✻❪ ♦✉ ❱✳ ❈❛✈❛❧❝❛♥t✐ ❡ ▼✳ ❈❛✈❛❧❝❛♥t✐

❬✼❪✳

✶✺



▲❡♠❛ ✶✳✷✳ ❙❡❥❛♠ X ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ X ′ ♦ s❡✉ ❞✉❛❧ ❡ u, g ∈ L1(0, T ;X)✳ ❙ã♦ ❡q✉✐✈❛✲

❧❡♥t❡s✿

(i) u é q✉❛s❡ s❡♠♣r❡ ✉♠❛ ♣r✐♠✐t✐✈❛ ❞❡ g✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡①✐st❡ ζ ∈ X✱ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡

❞❡ t, t❛❧ q✉❡

u(t) = ζ +

∫ t

0

g(s)ds;

(ii) ♣❛r❛ ❝❛❞❛ φ ∈ D(0, T )✱ t❡♠♦s

∫ t

0

u(t)φ′(t)dt = −
∫ t

0

g(s)φ(s)ds,

g =
du

dt
✱ ♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s❀

(iii) ♣❛r❛ ❝❛❞❛ η ∈ X
d

dt
〈u(t), η〉 = 〈g(t), η〉,

♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s s♦❜r❡ (0, T )✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✺❪✳

❈♦r♦❧ár✐♦ ✶✳✶✳ ❙❡❥❛♠ X ❡ Y ❊s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ t❛✐s q✉❡ ❛ ✐♠❡rsã♦ X →֒ Y é ❝♦♥tí♥✉❛✳ ❙❡

u ∈ L1(0, T ;X) ❡
du

dt
∈ L1(0, T ;Y )✱ ❡♥tã♦ u ∈ C0([0, T ];Y )✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✺❪✳

❚❡♦r❡♠❛ ✶✳✷✳ ❙❡❥❛♠ X✱ Y ❊s♣❛ç♦s ❞❡ ❍✐❧❜❡rt t❛✐s q✉❡ X
cont→֒ Y ✱ u ∈ Lp(0, T,X)✱ u′ ∈

Lp(0, T, Y ) ❡ 1 ≤ p ≤ ∞✱ ❡♥tã♦ u ∈ C0([0, T ];Y )✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✺❪✳

❚❡♦r❡♠❛ ✶✳✸✳ ❙❡❥❛♠ u ∈ [Lq(0, T ;X)]′✱ v ∈ Lp(0, T ;X)✱ ❝♦♠
1

p
+

1

q
= 1✳ ❊♥tã♦

〈u, v〉[Lq(0,T ;X)]′×Lp(0,T ;X) =

∫ T

0

〈u(t), v(t)〉X′×Xdt.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❘✳ ❉✐♥❝✉❧❡❛♥✉ ❬✶✶❪ ♦✉ ❘✳ ❊❞✇❛r❞s ❬✶✷❪✳

Pr♦♣♦s✐çã♦ ✶✳✶✳ ❈♦♥s✐❞❡r❡ u ∈ L2(0, T ;X)✳ ❊①✐st❡ ✉♠❛ ú♥✐❝❛ φ ∈ H−1(0, T ;X) t❛❧ q✉❡

〈φ, θξ〉 =
(
〈u′, θ〉, ξ

)
, ∀θ ∈ D(0, T ), ∀ξ ∈ X.

✶✻



❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✷✾❪✳

❈♦♠ ❜❛s❡ ♥❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✱ ✐❞❡♥t✐✜❝❛♥❞♦ u′ ❝♦♠ φ✱ ❞✐r❡♠♦s q✉❡ s❡ u ∈ L2(0, T ;X)

❡♥tã♦ u′ ∈ H−1(0, T ;X)✳ ❆❧é♠ ❞✐ss♦✱ ✈❛❧❡ ❛

Pr♦♣♦s✐çã♦ ✶✳✷✳ ❙❡♥❞♦ X ✉♠ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❛ ❛♣❧✐❝❛çã♦

u ∈ L2(0, T ;X) 7→ u′ ∈ H−1(0, T ;X)

é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✷✾❪✳

P❛r❛ ❡♥✉♥❝✐❛r♠♦s ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♣r❡❝✐s❛♠♦s ❞❛ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦✿ r❡♣r❡s❡♥t❛♠♦s

♣♦r Cs([0, T ];Y ) ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❢r❛❝❛♠❡♥t❡ ❝♦♥tí♥✉❛s ❞❡ [0, T ] ❡♠ Y. ■st♦ s✐❣♥✐✜❝❛ q✉❡

♣❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞♦ ❞✉❛❧ ❞❡ Y ✱ ✐st♦ é✱ ∀y ∈ Y ′✱ ❛ ❛♣❧✐❝❛çã♦ t 7→ 〈u(t), y〉 é ❝♦♥tí♥✉❛✳

❚❡♦r❡♠❛ ✶✳✹✳ ❙❡❥❛♠ X ❡ Y ❊s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ s❡♥❞♦ X r❡✢❡①✐✈♦✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ✐♠❡rsã♦

X →֒ Y é ❞❡♥s❛ ❡ ❝♦♥tí♥✉❛✳ ❊♥tã♦

L∞(0, T : X) ∩ Cs([0, T ] : Y ) = Cs([0, T ] : X).

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✺❪✳

✶✳✸ ❖s ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ Wm,p(Ω) ❡ Wm,p
0 (Ω)

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s✱ ❞❡ ❢♦r♠❛ r❡s✉♠✐❞❛✱ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ ♣r♦♣r✐❡❞❛❞❡s ❜ás✐❝❛s

❞♦s ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✳

❙❡❥❛♠ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ Rn, m ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❡ 1 ≤ p ≤ ∞✳ ❉❡✜♥✐♠♦s

♦ ❊s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈✱ ❞❡♥♦t❛❞♦ ♣♦r Wm,p(Ω)✱ ❝♦♠♦ s❡♥❞♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s ❢✉♥çõ❡s u

♣❡rt❡♥❝❡♥t❡s ❛ Lp(Ω) t❛✐s q✉❡ Dαu ♣❡rt❡♥❝❡ ❛ Lp(Ω)✱ ❝♦♠ α ∈ Nn ❡ |α| ≤ m✳ ❊♠ sí♠❜♦❧♦s✿

Wm,p(Ω) = {u ∈ Lp(Ω); Dαu ∈ Lp(Ω), ∀α ∈ Nn, 0 ≤ |α| ≤ m},

s❡♥❞♦ Dα ♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s✳ ▼♦str❛✲s❡ q✉❡ Wm,p(Ω) é ✉♠❛ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠

❛ ♥♦r♠❛

‖u‖Wm,p(Ω):=


∑

|α|≤m

∫

Ω

|Dαu|p
Lp(Ω)dx




1
p

, 1 ≤ p <∞, ✭✶✳✶✮

✶✼



❡

‖u‖Wm,∞(Ω):=
∑

|α|≤m

|Dαu|L∞(Ω), p = ∞. ✭✶✳✷✮

◗✉❛♥❞♦ p = 2✱ ✉s❛♠♦s ❛ ♥♦t❛çã♦ Hm(Ω) ♥♦ ❧✉❣❛r ❞❡Wm,2(Ω)✳ ❱❡r✐✜❝❛✲s❡ ✭✈❡❥❛ ▼✳ ▼✐❧❧❛✳

▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✽❪✮ q✉❡ Hm(Ω) é ✉♠ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r

((u, v))Hm(Ω) :=
∑

|α|≤m

(Dαu,Dαv)L2(Ω). ✭✶✳✸✮

❖❜s❡r✈❛çã♦ ✶✳✽✳ ➱ ✐♠♣♦rt❛♥t❡ ❝♦♠❡♥t❛r q✉❡ ✉s❛♥❞♦ ♦ ▲❡♠❛ ❉✉ ❇♦✐s ❘❡②♠♦♥❞ ✶✳✶✱ ♠♦str❛✲s❡

q✉❡ s❡ u ∈ Wm,p(Ω) ❡♥tã♦ supp(Dαu) ⊂ supp(u)✱ ♣❛r❛ t♦❞♦ |α| ≤ m✳ P♦r ♦✉tr♦ ❧❛❞♦✱ q✉❛♥❞♦

m = 0✱ t❡♠✲s❡ W 0,p(Ω) = Lp(Ω)✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♠♦str❛❞♦ ❡♠ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳

▼❡❞❡✐r♦s ❬✷✽❪✱ D(Ω) é ❞❡♥s♦ ❡♠ Lp(Ω)✱ ♣♦ré♠✱ t❛♠❜é♠ ❡♠ ❬✷✽❪ ✈❡r✐✜❝❛✲s❡ q✉❡ ♣❛r❛ m ≥ 1✱

❡♠ ❣❡r❛❧✱ D(Ω) ♥ã♦ é ❞❡♥s♦ ❡♠ Wm,p(Ω)✳ P♦r ❡st❛ r❛③ã♦✱ ❞❡♥♦t❛♠♦s ♣♦r Wm,p
0 (Ω) ♦ ❢❡❝❤♦ ❞❡

D(Ω) ❡♠ Wm,p(Ω)✱ ♦✉ s❡❥❛✱

Wm,p
0 (Ω) := D(Ω)

Wm,p(Ω)
.

❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ❝❛s♦ ❞❡✜♥✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ q✉❛♥❞♦ p = 2 ❡s❝r❡✈❡♠♦s Hm
0 (Ω) ♥♦ ❧✉❣❛r

❞❡ Wm,2
0 (Ω)✱ ✐st♦ é✱

Wm,2
0 (Ω) := Hm

0 (Ω) := D(Ω)
Hm(Ω)

.

❙✉♣♦♥❞♦ 1 ≤ p < ∞✱ 1 < q ≤ ∞ ❡
1

p
+

1

q
= 1✱ ❞❡♥♦t❛♠♦s ♣♦r W−m,q(Ω) ❡ H−m(Ω) ♦s

❞✉❛✐s t♦♣♦❧ó❣✐❝♦s ❞❡ Wm,p
0 (Ω) ❡ Hm

0 (Ω)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦r ✜♠✱ ❝♦♠♦ ♣❛r❛ 1 < p < ∞✱

♦s ❡s♣❛ç♦s Lp(Ω) sã♦ r❡✢❡①✐✈♦s ❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞❡ ❇❛♥❛❝❤✲❆❧❛♦❣❧✉✲❇♦✉r❜❛❦✐✱ ✉♠

❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ E é r❡✢❡①✐✈♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞❛ s✉❝❡ssã♦ ❧✐♠✐t❛❞❛ ❡♠ E ♣♦ss✉✐ ✉♠❛

s✉❜s❡çã♦ ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡✳ Pr♦✈❛✲s❡ q✉❡ s❡♥❞♦ 1 < p < ∞✱ Wm,p(Ω) é r❡✢❡①✐✈♦✱ ✐st♦ é

♦ q✉❡ ❛✜r♠❛ ♦

❚❡♦r❡♠❛ ✶✳✺✳ ❙❡ 1 < p < ∞ ❡♥tã♦ ♦ ❊s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ Wm,p(Ω) é ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤

r❡✢❡①✐✈♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✺❪ ♦✉ ❱✳ ❈❛✈❛❧❝❛♥t✐ ❡ ▼✳ ❈❛✈❛❧❝❛♥t✐ ❬✼❪✳

❊♥✉♥❝✐❛r❡♠♦s ❛ s❡❣✉✐r ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱ ❛ ♣❛rt✐r ❞❛ q✉❛❧✱ ❝♦♠ ❝❡rt❛s ❤✐♣ót❡s❡s

s♦❜r❡ Ω✱ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ ❡♠ Hm
0 (Ω)✱ ❛ ♥♦r♠❛ ❞♦ ✏❣r❛❞✐❡♥t❡✑ ❡ ❛ ♥♦r♠❛ ✐♥❞✉③✐❞❛ ♣♦r

Hm(Ω) s♦❜r❡ ❡st❡ ❡s♣❛ç♦✱ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ ❆♥t❡s ♣♦ré♠✱ s❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❞♦ Rn✱ ❞✐r❡♠♦s

q✉❡ Ω é ❧✐♠✐t❛❞♦ ❡♠ ✉♠❛ ❞✐r❡çã♦ xi ❞♦ Rn s❡ ❛ ♣r♦❥❡çã♦ ❞❡ Ω s♦❜r❡ ♦ ❡✐①♦ xi é ✉♠ ❝♦♥❥✉♥t♦

❧✐♠✐t❛❞♦ ❞❛ r❡t❛✳

✶✽



▲❡♠❛ ✶✳✸ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✮✳ ❙✉♣♦♥❤❛♠♦s q✉❡ Ω é ✉♠ ❛❜❡rt♦ ❞♦ Rn ❡ ❧✐♠✐t❛❞♦

❡♠ ❛❧❣✉♠❛ ❞✐r❡çã♦ xi✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C(Ω) t❛❧ q✉❡✿

‖u‖Lp(Ω) ≤ C(Ω)‖∇u‖Lp(Ω), ∀u ∈ W 1,p
0 (Ω), (1 ≤ p ≤ +∞).

❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❡①♣r❡ssã♦ ‖∇u‖Lp(Ω) é ✉♠❛ ♥♦r♠❛ ❡♠W 1,p
0 (Ω)✱ ❡q✉✐✈❛❧❡♥t❡ ❛ ♥♦r♠❛ ‖u‖W 1,p(Ω)✳

❙♦❜r❡ H1
0 (Ω)✱ ❛ ❡①♣r❡ssã♦

n∑

i=1

∫

Ω

∂u

∂xi

∂v

∂xi
é ✉♠ ♣r♦❞✉t♦ ❡s❝❛❧❛r q✉❡ ✐♥❞✉③ ❛ ♥♦r♠❛ ‖∇u‖Lp(Ω) ❡

❡st❛ é ❡q✉✐✈❛❧❡♥t❡ à ♥♦r♠❛ ‖u‖H1(Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✽❪ ♦✉ ❍✳ ❇r❡③✐s ❬✹❪✳

❊♥❝❡rr❛♠♦s ❡st❛ s❡çã♦ ❝♦♠ ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✿

❉❡✜♥✐çã♦ ✶✳✺ ✭■♠❡rsõ❡s✿ ❈♦♥tí♥✉❛✴❈♦♠♣❛❝t❛✮✳ ❈♦♥s✐❞❡r❡ ♦s ❊s♣❛ç♦s ❞❡ ❍✐❧❜❡rt H ❡

H1✱ ♠✉♥✐❞♦s ❝♦♠ ❛s ♥♦r♠❛s ‖·‖H ❡ | · |H1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙✉♣♦♥❤❛ q✉❡ H1 ⊂ H ❡ ❝♦♥s✐❞❡r❡

τ : H1 −→ H ❛ ✐♥❥❡çã♦ ❝❛♥ô♥✐❝❛ ❞❡ H1 ❡♠ H, q✉❡ ❛ ❝❛❞❛ u ∈ H1 ❢❛③ ❝♦rr❡s♣♦♥❞❡r ✉♠ τu ∈ H✳

❉✐③❡♠♦s q✉❡ τ é ♦ ♦♣❡r❛❞♦r ✐♠❡rsã♦ ✭♦✉ ❛ ✐♠❡rsã♦ ✮ ❞❡ H1 ❡♠ H✳

❆❧é♠ ❞✐ss♦✱ ❞✐③❡♠♦s q✉❡ ❛ ✐♠❡rsã♦ τ é ❝♦♥tí♥✉❛✱ q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱

t❛❧ q✉❡

‖u‖H≤ C|u|H1 , ∀u ∈ H1.

❆ ❛♣❧✐❝❛çã♦ τ é ❞✐t❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ q✉❛♥❞♦ ❛ ✐♠❛❣❡♠✱ ♣♦r τ ✱ ❞❡ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s

❞❡ H1 sã♦ ❝♦♥❥✉♥t♦s r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦s ❞❡ H✱ ✐st♦ é✱ ❝♦♥❥✉♥t♦s ❝✉❥♦s ❢❡❝❤♦s sã♦ ❝♦♠♣❛❝t♦s

❡♠ H✳

✶✳✹ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❋r❛❝✐♦♥❛❞♦s

❙❡♥❞♦ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ Rn✱ ❝♦♠ ❢r♦♥t❡✐r❛ Γ r❡❣✉❧❛r✱ ❡ s > 0 ✉♠ ♥ú♠❡r♦ r❡❛❧✳

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ❛ ❞❡✜♥✐çã♦ ❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❡s♣❛ç♦s Hs(Ω)✱ ♦s q✉❛✐s✱

sã♦ ❡st✉❞❛❞♦s ❝♦♠ ♠❛✐♦r ♣r♦❢✉♥❞✐❞❛❞❡ ❡♠ ▲✐♦♥s✲▼❛❣❡♥❡s ❬✷✷❪ ❡ ❡♠ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳

❆✳ ▼❡❞❡✐r♦s ❬✷✽❪✳ P❛r❛ ✐ss♦✱ ❞❛r❡♠♦s ♦✉tr❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ❡s♣❛ç♦s Hm(Ω) ✈✐st♦s ♥❛ s❡çã♦

❛♥t❡r✐♦r✳ ❊♠ sí♥t❡s❡✱ t❡♠♦s

Hm(Ω) :=
{
u ∈ L2(Ω);Dαu ∈ L2(Ω), 0 ≤ |α| ≤ m

}
.

❆♥t❡s ❞❡ ❞❡✜♥✐r♠♦s ♦ ❡s♣❛ç♦ Hs(Ω)✱ sã♦ ♥❡❝❡ssár✐❛s ❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s ♣r❡❧✐♠✐♥❛r❡s

s♦❜r❡ ❛s ❞✐str✐❜✉✐çõ❡s t❡♠♣❡r❛❞❛s✱ ❝✉❥♦s ❞❡t❛❧❤❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✷✽❪✳ ❱❡❥❛♠♦s✿

✶✾



❉✐③✲s❡ q✉❡ ✉♠❛ ❢✉♥çã♦ ϕ ∈ C∞(Rn) ❞❡❝r❡s❝❡ r❛♣✐❞❛♠❡♥t❡ ♥♦ ✐♥✜♥✐t♦ q✉❛♥❞♦✱ ♣❛r❛ ❝❛❞❛

k ∈ N✱ t❡♠✲s❡

Pk(ϕ) = max
|α|≤k

sup
x∈Rn

(1 + ‖x‖2Rn)k|Dαϕ(x)| <∞,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡

lim
‖x‖→∞

P (x)Dαϕ(x) = 0,

♣❛r❛ t♦❞♦ ♣♦❧✐♥ô♠✐♦ P ❞❡ n ✈❛r✐á✈❡✐s r❡❛✐s ❡ α ∈ N.

❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ S(Rn) ❞❛s ❢✉♥çõ❡s q✉❡ ❞❡❝r❡s❝❡♠ r❛♣✐❞❛♠❡♥t❡ ♥♦ ✐♥✜♥✐t♦✳

❉✐③❡♠♦s q✉❡ ✉♠❛ s✉❝❡ssã♦ (φξ)✱ ❡♠ S(Rn)✱ ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦ q✉❛♥❞♦✱ ♣❛r❛ t♦❞♦ k ∈ N✱ ❛

s✉❝❡ssã♦
(
Pk(φξ)

)
❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦ ❡♠ K✳ ❆❞❡♠❛✐s✱ ❛ s✉❝❡ssã♦ (φξ) ❝♦♥✈❡r❣❡ ♣❛r❛ φ✱ ❡♠

S(Rn)✱ s❡
(
Pk(φξ − φ)

)
❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦ ❡♠ K✳

❊①❡♠♣❧♦ ✶✳✹✳ ❙❡❥❛ φ ∈ C∞
0 (Rn)✱ ❡♥tã♦ φ ∈ S(Rn)✳

❉❡ ❢❛t♦✱ ❞❡s❞❡ q✉❡ φ ∈ C∞
0 (Rn)✱ ❡①✐st❡ ✉♠ ❝♦♠♣❛❝t♦ K ⊂ Rn t❛❧ q✉❡ supp(φ) ⊂ K✳ ▲♦❣♦✱ ❞❛❞♦s

ε > 0✱ k ∈ N ❡ α ∈ Nn✱ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r σ > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ x ∈ Rn✱ ❝♦♠ ‖x‖Rn > σ✱

t❡♥❤❛✲s❡

‖x‖kRn |Dαφ(x)| = 0 < ε,

♠♦str❛♥❞♦ q✉❡ φ ∈ S(Rn)✳

❖❜s❡r✈❛çã♦ ✶✳✾ ✭❊s♣❛ç♦ ❞❡ ❙❝❤✇❛rt③✮✳ ❖ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s q✉❡ ❞❡❝r❡s❝❡♠ r❛♣✐❞❛♠❡♥t❡

♥♦ ✐♥✜♥✐t♦ S(Rn)✱ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❊s♣❛ç♦ ❞❡ ❙❝❤✇❛rt③✳

❉❡✜♥✐çã♦ ✶✳✻ ✭❉✐str✐❜✉✐çã♦ ❚❡♠♣❡r❛❞❛✮✳ ❆s ❢♦r♠❛s ❧✐♥❡❛r❡s ❞❡✜♥✐❞❛s ❡♠ S(Rn)✱ ❝♦♥tí✲

♥✉❛s✱ ♥♦ s❡♥t✐❞♦ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❛❝✐♠❛ ❡♠ S(Rn)✱ sã♦ ❞❡♥♦♠✐♥❛❞❛s ❞✐str✐❜✉✐çõ❡s t❡♠♣❡r❛❞❛s✳

❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ t♦❞❛s ❛s ❞✐str✐❜✉✐çõ❡s t❡♠♣❡r❛❞❛s✱ ❝♦♠ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♣♦♥t✉❛❧✱ s❡rá r❡♣r❡✲

s❡♥t❛❞♦ ♣♦r S ′(Rn)✳ ❊♥tã♦✱

lim
ν→∞

Tν = T, ❡♠ S ′(Rn) s❡ lim
ν→∞

〈Tν , φ〉 = 〈T, φ〉, ∀φ ∈ S(Rn).

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r♠♦s ♣r❡❝✐s❛♠♦s ❞❡✜♥✐r ❛ ✐♠♣♦rt❛♥t❡ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r✳

❉❡✜♥✐çã♦ ✶✳✼✳ ❙❡❥❛ f ∈ L1(Rn)✳ ❆ ❚r❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞❡ f ✱ ❞❡♥♦t❛❞❛ ♣♦r f̂ ✱ é ✉♠❛

❢✉♥çã♦ ❞❡✜♥✐❞❛ s♦❜r❡ ♦ ❡s♣❛ç♦ Rn ❡ ❞❛❞❛ ♣❡❧❛ ❢ór♠✉❧❛

f̂(ζ) = (2π)−
n
2

∫

Rn

exp−2πi〈ζ,x〉 f(x)dx,

♦♥❞❡ 〈ζ, x〉 é ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s✉❛❧ ❡♠ Rn ❡ i =
√
−1✳

✷✵



❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ Jm(x) = (1 + ‖x‖2Rn)
m
2 ✱ x ∈ Rn✳ ▼♦str❛✲s❡ q✉❡ Jm(x) ❞❡❝r❡s❝❡

❧❡♥t❛♠❡♥t❡ ♥♦ ✐♥✜♥✐t♦✳ P❛r❛ ✜♥❛❧♠❡♥t❡ ❞❡✜♥✐r♠♦s ♦ ❡s♣❛ç♦ Hs(Ω) ♣r❡❝✐s❛♠♦s ❞♦ s❡❣✉✐♥t❡

r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✶✳✸✳ P❛r❛ t♦❞♦ m ∈ N t❡♠♦s✿

Hm(Ω) = {u ∈ S ′; (1 + ‖x‖2)m
2 û ∈ L2(Rn)}.

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✽❪✳

▼♦t✐✈❛❞♦s ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ♣❛r❛ s ∈ R✱ s ≥ 0✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❢✉♥çã♦ Js(x) =

(1 + ‖x‖2Rn)
s
2 ❡ ❞❡✜♥✐♠♦s ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Hs(Rn) ♣♦r✿

Hs(Rn) := {u ∈ S ′; (1 + ‖x‖2) s
2 û ∈ L2(Rn)},

♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

(u, v)Hs(Rn) :=

∫

Rn

(1 + ‖x‖2)sû(x)v̂(x)dx,

❡ ❛ ♥♦r♠❛ ✐♥❞✉③✐❞❛

‖x‖2Hs(Rn) :=

∫

Rn

(1 + ‖x‖2Rn)s|û(x)|2Rdx.

▼♦str❛✲s❡ ❡♠ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✽❪ q✉❡ Hs(Rn)
cont→֒ L2(Rn)✳ ❆❞❡♠❛✐s✱

t❡♠✲s❡✿

Pr♦♣♦s✐çã♦ ✶✳✹✳ P❛r❛ t♦❞♦ s ≥ 0✱ Hs(Rn) é ✉♠ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳ ❆❧é♠ ❞✐ss♦✱ S(Rn) é

❝♦♥t✐♥✉♦ ❡ ❞❡♥s❛♠❡♥t❡ ✐♠❡rs♦ ❡♠ Hs(Rn)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✽❪✳

❖❜s❡r✈❛çã♦ ✶✳✶✵✳ P❛r❛ t♦❞♦ s ∈ R✱ ❞❡♥♦t❛r❡♠♦s ♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ Hs(Rn) ♣♦r H−s(Rn)✱

♦✉ s❡❥❛✱

H−s(Rn) := (Hs(Rn))′.

❖ r❡s✉❧t❛❞♦ ❛❜❛✐①♦ é✱ t❛♠❜é♠✱ ✉♠ ❢❛t♦r ❞❡ ♠♦t✐✈❛çã♦ ♣❛r❛ ❛ ❞❡✜♥✐çã♦ ❞♦ ❡s♣❛ç♦ Hs(Ω)✳

Pr♦♣♦s✐çã♦ ✶✳✺✳ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ Rn ❞❡ ❝❧❛ss❡ Cm✳ ❊♥tã♦

Hm(Ω) = {u = v|Ω; v ∈ Hm(Rn)}.

✷✶



❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✽❪✳

◗✉❛♥❞♦ Ω é ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❡ r❡❣✉❧❛r ❞♦ Rn✱ ❞❡✜♥❡✲s❡ ♦ ❡s♣❛ç♦ Hs(Ω) ♣♦r

Hs(Ω) := {u = v|Ω; v ∈ Hs(Rn)},

♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

‖u‖Hs(Ω) := inf{‖w‖Hs(Rn);w|Ω = u}.

Pr♦♣♦s✐çã♦ ✶✳✻✳ ❙❡ 0 ≤ s1 ≤ s2 ❡ Ω é ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❜❡♠ r❡❣✉❧❛r ❞♦ Rn✱ ❡♥tã♦

Hs2(Ω)
cont→֒ Hs1(Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✐♦♥s✲▼❛❣❡♥❡s ❬✷✷❪✳

❋✐♥❛❧✐③❛♠♦s ❡st❛ s❡çã♦ ❝❛r❛❝t❡r✐③❛♥❞♦ ♦ ❡s♣❛ç♦ Hs(Γ)✳ ❈♦♠♦ ❜❡♠ é ♦❜s❡r✈❛❞♦ ♣♦r ▼✳

▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s✱ ❡♠ ❬✷✽❪✱ ♥♦ ❝❛s♦ ❡♠ q✉❡

Ω := Rn
+ := {(x′, xn) ∈ Rn; x′ ∈ Rn−1, e xn > 0},

t❡♠✲s❡ Γ = {(x′, 0); x′ ∈ Rn−1}✳ ❆ss✐♠✱ ✐❞❡♥t✐✜❝❛♥❞♦ ❝❛❞❛ ❢✉♥çã♦ u ❞❡✜♥✐❞❛ ❡♠ Γ ❝♦♠ ✉♠❛

❢✉♥çã♦ ❞♦ Rn−1 ❡♠ R t❛❧ q✉❡ x′ 7→ u(x′, 0)✱ s❡❣✉❡✲s❡ q✉❡ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ D(Γ)✱ ❞❛s ❢✉♥çõ❡s

❞❡✜♥✐❞❛s ❡♠ Γ ❝♦♠ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❞❡ t♦❞❛s ❛s ♦r❞❡♥s✱ é ❞❛❞♦ ♣♦r D(Γ) = D(Rn−1) ❡✱

Lp(Γ) = Lp(Rn−1)✳ ▲♦❣♦✱ ♥❡ss❡ ❝❛s♦ ♣❛rt✐❝✉❧❛r✱ t❡♠♦s Hs(Γ) = Hs(Rn−1)✳

P❛r❛ ♦ ❝❛s♦ ♦♥❞❡ Γ é ❛ ❢r♦♥t❡✐r❛ ❞❡ ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ r❡❣✉❧❛r Ω ❞♦ Rn, ❝♦♥s✐❞❡r❡♠♦s

Q := {y; y = (y′, yn); ‖y′‖ ≤ 1 ❡ −1 < yn < 1}✱ Q+ := {y ∈ Q; yn > 0} ❡Q− := {y ∈ Q; yn < 0}✳
❆❧é♠ ❞✐ss♦✱ s❡❥❛♠

∑
:= Q∩{yn = 0} ❡ {(U1, ϕ1), . . . , (UK , ϕk)} ✉♠ s✐st❡♠❛ ❞❡ ❝❛rt❛s ❧♦❝❛✐s ♣❛r❛

Γ✳ ❆ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ U1, U2, . . . , Uk ❞❡ Ω ❞❡t❡r♠✐♥❛ ✉♠❛ ♣❛rt✐çã♦ C∞ ❞❛ ✉♥✐❞❛❞❡ s✉❜♦r❞✐♥❛❞❛✱

✐st♦ é✱ ❡①✐st❡♠ θ0, θ1, . . . , θk ∈ C∞
0 (Rn) t❛✐s q✉❡

(i) supp(θ0) ⊂ Ω; supp(θi) ⊂ Ui, i = 1, 2, . . . , k❀

(ii) 0 ≤ θi ≤ 1❀

(iii)
k∑

i=0

θi(x) = 1, ∀x ∈ Ω✳

❙❡❥❛ u ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ ❞❡✜♥✐❞❛ s♦❜r❡ Γ✱ ♣♦r (i) t❡♠♦s

u(x) =
k∑

i=1

(θiu)(x), ♣❛r❛ q✉❛s❡ t♦❞♦ x ∈ Γ. ✭✶✳✶✮

✷✷



P❛r❛ ❝❛❞❛ 1 ≤ i ≤ k✱ ❞❡✜♥✐♠♦s

ui(y) = (θiu)(ϕ
−1(y)).

❖❜s❡r✈❡ q✉❡

S(uθi) = {x ∈ Ω; (uθi) 6= 0} ⊂ supp(θi) ∩ Γ ⊂ Ui ∩ Γ.

❉❛í✱ s❡❣✉❡✲s❡ q✉❡ S(uθi) é ✉♠ ❝♦♠♣❛❝t♦ ❞♦ Rn✱ ❥á q✉❡ ❛ ✐♥t❡rs❡çã♦ ❞❡ ❢❡❝❤❛❞♦s é ❛✐♥❞❛ ✉♠

❢❡❝❤❛❞♦ ❡ Ui ∩ Γ é ❧✐♠✐t❛❞♦✳ ❆ss✐♠✱ ♦ ❝♦♥❥✉♥t♦

S(ui) = {x ∈ Ω; (uθi) 6= 0},

é ✉♠ ❝♦♠♣❛❝t♦ ❞♦ Rn−1 ❝♦♥t✐❞♦ ♥♦ ❛❜❡rt♦ Γ✱ ♣♦✐s ϕi(S(uθi)) = S(ui) ❡ ϕ é ❝♦♥tí♥✉❛ ❡♠ S(uθi)✳

◆♦t❡ q✉❡ supp(ui) ⊂ S(ui) ⊂ Γ✳ ❊♥tã♦✱ ♣♦❞❡♠♦s ❡st❡♥❞❡r ui ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ũi(y) =

∣∣∣∣∣∣
(uθi)(ϕ

−1(y)), s❡ y ∈ Γ

0, s❡ y ∈ Rn−1\Γ.
✭✶✳✷✮

❉❡st❛ ❝♦♥str✉çã♦ ✈❡♠♦s q✉❡ ũi ♣♦ss✉✐ ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ui✳ ◆❡st❡ ❝❛s♦✱ ❝♦♠♦ u

é ✐♥t❡❣rá✈❡❧✱ ❡♥tã♦ ũi é t❛♠❜é♠ ✐♥t❡❣rá✈❡❧ ❡
∫

Rn−1

ũi(y)dy =

∫

Ui∩Γ
u(x)θi(x)Ji(x)dΓ,

♦♥❞❡ Ji(x) é ✉♠❛ ❛♣❧✐❝❛çã♦ ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ s♦❜r❡ Γi = U ∩ Γ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡

♣❛r❛ ❝❛❞❛ 1 ≤ i ≤ k✱ ũi ❢♦r ✐♥t❡❣rá✈❡❧✱ t❡♠♦s ♣♦r (1.1) q✉❡ u t❛♠❜é♠ s❡rá ❡

∫

Γ

u(x)dΓ =
k∑

i=1

∫

Γ

(uθi)(x)dΓ =
k∑

i=1

∫

Rn−1

ũi(y)J(y)dy.

❈♦♠ ✐ss♦✱ ❞❡♥♦t❛♥❞♦ ♣♦r dΓ✱ ❛ ♠❡❞✐❞❛ s♦❜r❡ Γ ✐♥❞✉③✐❞❛ ♣❡❧❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✱ ❞❡✲

✜♥✐r❡♠♦s ♦ ❡s♣❛ç♦ Lp(Γ) ❝♦♠♦ s❡♥❞♦ ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❡♠ Lp✱ s♦♠á✈❡✐s s♦❜r❡ Γ✱ ♣❛r❛ ❛

♠❡❞✐❞❛ dΓ ❝♦♠ ❛ ♥♦r♠❛
∣∣∣∣∣∣∣∣

‖v‖Lp(Γ) :=

(∫

Γ

|v(x)|pdΓ
) 1

p

, 1 ≤ p <∞

‖v‖L∞ := sup
x∈Γ

ess|v(x)|, p = ∞.

✭✶✳✸✮

❉♦ ♠❡s♠♦ ♠♦❞♦✱ ✉s❛♥❞♦ ❛ ♣❛rt✐çã♦ ❞❛ ✉♥✐❞❛❞❡ (θi)✱ 1 ≤ i ≤ k✱ ❞❡✜♥✐♠♦s

Lp(Γ) := {v : Γ → R; vθi ◦ θ̃i
−1

= ṽi ∈ Lp(Rn−1), i = 1, . . . , k},

♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

‖v‖Lp(Γ) :=

( k∑

i=1

‖ṽi‖pRn−1

) 1
p

✷✸



❛ q✉❛❧ ♠♦str❛✲s❡ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ ♥♦r♠❛ ❞❛❞❛ ❡♠ (1.3)✳

❉❡✜♥✐♠♦s ♦ ❡s♣❛ç♦ D(Γ) ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

D(Γ) := {v : Γ → R; vθ̃i ◦ ϕ−1 ∈ Cm(Rn−1), ∀m ∈ N, i = 1, . . . , k},

♦♥❞❡

Cm(Γ) := {v : Γ → R; vθi ◦ θ̃i
−1

= ũi ∈ Cm(Rn−1), ∀m ∈ N, i = 1, . . . , k}.

❈♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦

φi : D(Γ) → D(Rn−1)

u 7→ φi(u) = ũi = ũθi ◦ ϕ−1.
✭✶✳✹✮

❙❡♥❞♦ v ∈ D(Rn−1)✱ t❡♠♦s

〈φi(u), v〉D′(Rn−1)×D(Rn−1) =

∫

Rn−1

ũiv(y)dy =

∫

Ui∩Γ
u(x)θi(x)v(ϕi(x))Ji(x)dΓ, ✭✶✳✺✮

♦♥❞❡ Ji(x) é ✉♠❛ ❢✉♥çã♦ ✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ s♦❜r❡ Ui ∩ Γ✳ ❉❡✜♥✐♥❞♦

ψi(v) :=

∣∣∣∣∣∣
θi(x)v(ϕi(x))Ji(x), x ∈ Ui ∩ Γ

0, x ∈ Γ\Ui ∩ Γ,

❞❡ (1.5) ♣♦❞❡♠♦s ❡s❝r❡✈❡r

〈φi(u), v〉D′(Rn−1)×D(Rn−1) =

∫

Γ

u(x)ψi(v)(x)dx

♦✉ ❛✐♥❞❛✱ ❞❡s❞❡ q✉❡ ψi(v) ∈ D(Γ)✱ t❡♠✲s❡

〈φi(u), v〉D′(Rn−1)×D(Rn−1) = 〈u, ψi(v)〉D′(Γ)×D(Γ). ✭✶✳✻✮

❉❡ (1.6) ❡ ❝♦♠♦ D(Γ) é ❞❡♥s♦ ❡♠ D′(Γ)✱ r❡s✉❧t❛ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ❡♠ (1.4) s❡ ♣r♦❧♦♥❣❛✱

❝♦♥t✐♥✉❛♠❡♥t❡✱ ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡ ❝♦♥t✐♥✉❛r❡♠♦s ❞❡♥♦t❛♥❞♦ ♣♦r φi✱ ❞❡ D′(Γ) ❡♠ D′(Rn−1)✳

P♦r ✜♠✱ ❞❡✜♥✐♠♦s ♣❛r❛ t♦❞♦ s ∈ R ♦ ❡s♣❛ç♦✳

Hs(Γ) := {u;φi(u) ∈ Hs(Rn−1), i = 1, . . . , k}

♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

‖u‖Hs(Γ) :=

( k∑

j=1

‖φi(u)‖2Hs(Rn−1)

) 1
2

. ✭✶✳✼✮

❖❜s❡r✈❛çã♦ ✶✳✶✶✳ ▼♦str❛✲s❡ ❡♠ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✽❪ q✉❡ ❛ ❞❡✜♥✐çã♦ ❞♦

❡s♣❛ç♦ Hs(Γ) ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ s✐st❡♠❛ ❞❡ ❝❛rt❛s ❧♦❝❛✐s ❞❡ Γ✳ ❆❞❡♠❛✐s✱ ✈❡r✐✜❝❛✲s❡ q✉❡ s✐st❡♠❛s

✷✹



❞✐st✐♥t♦s✱ ♣♦ss✉✐♥❞♦ ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s✱ ❣❡r❛♠ ♥♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s ❛ ❞❛❞❛ ❡♠ (1.7)✳

P♦rt❛♥t♦✱ ❛ ❞❡✜♥✐çã♦ ❞♦ ❡s♣❛ç♦ Hs(Γ) ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ s✐st❡♠❛ ❞❡ ❝❛rt❛s ❧♦❝❛✐s ❡s❝♦❧❤✐❞♦✳ P❛r❛

✉♠❛ ❡①♣♦s✐çã♦ ❜❡♠ ♠❛✐s ❛♠♣❧❛ ❞♦s ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ r❡❝♦♠❡♥❞❛♠♦s ❊✳

❍❡❜❡② ❬✶✺❪✳ ❆ s❡❣✉✐r✱ ❡♥✉♥❝✐❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s✱ ❛♥t❡s ♣♦ré♠✱ ❧❡♠❜r❡♠♦s q✉❡✿ s❡ Ω é ✉♠

s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ Rn✳ ❉✐③❡♠♦s q✉❡ Ω é ❜❡♠ r❡❣✉❧❛r s❡ s✉❛ ❢r♦♥t❡✐r❛ Γ é ✉♠❛

✈❛r✐❡❞❛❞❡ ❞❡ ❝❧❛ss❡ C∞ ❞❡ ❞✐♠❡♥sã♦ n−1 ❡ Ω ❡stá ❧♦❝❛❧♠❡♥t❡ ❡♠ ✉♠ ú♥✐❝♦ ❧❛❞♦ ❞❡ Γ✱ ♦✉ s❡❥❛✱

Ω̄ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠ ❜♦r❞♦ ❞❡ ❝❧❛ss❡ C∞✱ s❡♥❞♦ Γ ♦ s❡✉ ❜♦r❞♦✳

Pr♦♣♦s✐çã♦ ✶✳✼✳ ❖ ❡s♣❛ç♦ D(Γ) é ❞❡♥s♦ ❡♠ Hs(Γ)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✐♦♥s✲▼❛❣❡♥❡s ❬✷✷❪✳

Pr♦♣♦s✐çã♦ ✶✳✽✳ ❖ ❡s♣❛ç♦ H
1
2 (Γ) ❡stá ❝♦♥t✐♥✉❛♠❡♥t❡ ✐♠❡rs♦ ❡♠ L2(Γ)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✐♦♥s✲▼❛❣❡♥❡s ❬✷✷❪✳

✶✳✺ ❆❧❣✉♥s ❘❡s✉❧t❛❞♦s ❙♦❜r❡ ❛ ❚❡♦r✐❛ ❞♦ ❚r❛ç♦

❈♦♥❞✐r❡♠♦s Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❜❡♠ r❡❣✉❧❛r ❞♦ Rn ❝♦♠ ❢r♦♥t❡✐r❛ Γ✳ ❘❡♣r❡s❡♥t❛♠♦s ♣♦r

D(Ω) ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s ❢✉♥çõ❡s r❡❛✐s ❞❡✜♥✐❞❛s ❡♠ Ω, ♣♦ss✉✐♥❞♦ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❝♦♥tí♥✉❛s

❞❡ t♦❞❛s ❛s ♦r❞❡♥s✳ ❉❛❞❛ ✉♠❛ ❢✉♥çã♦ u ❞❡✜♥✐❞❛ ❡♠ Ω✱ ❞❡♥♦t❛♠♦s ♣♦r γ0u ❛ r❡str✐çã♦ ❞❡ u ❛

Γ✳ P♦r D(Ω) r❡♣r❡s❡♥t❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s ρ : Ω → R ♣❡rt❡♥❝❡♥t❡s ❛ C∞
0 (Rn)✱

r❡str✐t❛s ❛ Ω✳ ❊♠ sí♠❜♦❧♦s✿

D(Ω) := {φ|Ω = ρ, φ ∈ C∞
0 (Rn)}.

Pr♦♣♦s✐çã♦ ✶✳✾✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C t❛❧ q✉❡

‖γ0u‖
H

1
2 (Γ)

≤ C‖u‖H1(Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✽❪✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ 1.9 ❡ ♣❡❧♦ ❢❛t♦ q✉❡D(Ω) é ❞❡♥s♦ ❡♠H1(Ω)✱ ♣♦❞❡♠♦s ❡st❡♥❞❡r

❛ ❛♣❧✐❝❛çã♦ ∣∣∣∣∣∣
γ0 : D(Ω) → H

1
2 (Γ)

u 7→ γ0u = u
∣∣
Γ
,

✷✺



à ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✱ ❛✐♥❞❛ r❡♣r❡s❡♥t❛❞❛ ♣♦r γ0✱∣∣∣∣∣∣
γ0 : H

1(Ω) → H
1
2 (Γ)

u 7→ γ0u = u
∣∣
Γ
, ∀u ∈ D(Ω).

✭✶✳✶✮

❆ ❛♣❧✐❝❛çã♦ ❞❛❞❛ ❡♠ (1.1) é ❞❡♥♦♠✐♥❛❞❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ❞❡ ♦r❞❡♠ ③❡r♦✳

❚❡♦r❡♠❛ ✶✳✻✳ ❖ ♥ú❝❧❡♦ ❞❡ γ0 é ♦ ❡s♣❛ç♦ H1
0 (Ω)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✽❪✳

▼❛✐s ❣❡r❛❧♠❡♥t❡✱ ❡♠ ❢❛❝❡ ❞❡ D(Ω) s❡r ❞❡♥s♦ ❡♠ Hm(Ω) ❛ ❛♣❧✐❝❛çã♦

γj : D(Ω) → Hm−j− 1
2 (Γ),

♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ à ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✱ t❛❧ q✉❡

∂uj

∂νj

∣∣∣∣
Γ

= γju, ∀u ∈ D(Ω), ∀j = 1, . . . ,m− 1.

❉❡ss❡ ♠♦❞♦✱ ✉s❛♥❞♦ ❛ ♥♦t❛çã♦
m−1∏

j=0

Hm−j− 1
2 (Γ) ♣❛r❛ r❡♣r❡s❡♥t❛r ♦ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt

Hm− 1
2 (Γ)×Hm− 3

2 (Γ)× · · · ×H
1
2 (Γ),

♣♦❞❡♠♦s ❡♥✉♥❝✐❛r ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✶✳✼ ✭❚❡♦r❡♠❛ ❞♦ ❚r❛ç♦✮✳ ❆ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

u 7−→ (γ0u, γ1u, · · · , γm−1u) =

(
u
∣∣∣
Γ
,
∂u

∂νA

∣∣∣
Γ
, · · · , ∂

m−1u

∂νm−1
A

∣∣∣
Γ

)
,

❞❡ D(Ω) ❡♠
m−1∏

j=0

Wm−j− 1
p
,p(Γ)✱ ♣r♦❧♦♥❣❛✲s❡ à ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r✱ ❝♦♥tí♥✉❛ ❡ s♦❜r❡❥❡t✐✈❛ ❞❡

Wm,p(Ω) ❡♠
m−1∏

j=0

Wm−j− 1
p
,p(Γ)✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛

γ✱ ∣∣∣∣∣∣∣∣

γ : Hm(Ω) →
m−1∏

j=0

Hm−j− 1
2 (Γ)

u 7→ γu = (γ0u, γ1u, . . . , γm−1u), ∀u ∈ D(Ω),

✭✶✳✷✮

❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ♥❛t✉r❛❧ ❞♦ ❡s♣❛ç♦
m−1∏

j=0

Hm−j− 1
2 (Γ) ❞❛❞❛ ♣♦r

‖w‖∏m−1
j=0 Hm−j− 1

2 (Γ)
= ‖w0‖

Hm− 1
2 (Γ)

+ ‖w‖
Hm− 3

2 (Γ)
+ . . .+ ‖w‖

H
1
2 (Γ)

,

♦♥❞❡ w = (w0, w1, . . . , wm−1) ∈
m−1∏

j=0

Hm−j− 1
2 (Γ)✳ ❆❧é♠ ❞✐ss♦✱ γ−1(0) = Hm

0 (Ω) ❡ γ ❛❞♠✐t❡ ✉♠❛

✐♥✈❡rs❛ à ❞✐r❡✐t❛✱ ❛ q✉❛❧ é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✳

✷✻



❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✽❪ ♦✉ ▲✐♦♥s✲▼❛❣❡♥❡s ❬✷✷❪✳

❖❜s❡r✈❛çã♦ ✶✳✶✷✳ ❆ ❛♣❧✐❝❛çã♦ γ é ❞❡♥♦♠✐♥❛❞❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ❞❡ ♦r❞❡♠ ♠✳ ❈♦♠ ❜❛s❡ ♥♦

❡st✉❞♦ ❛❝✐♠❛✱ q✉❛♥❞♦ ❞✐③❡♠♦s q✉❡ ❛s ❢✉♥çõ❡s ❞❡ H1
0 (Ω) s❡ ❛♥✉❧❛♠ ♥❛ ❢r♦♥t❡✐r❛ ❞❡ Ω✱ ♥❛ ✈❡r❞❛❞❡

❡st❛♠♦s ❛✜r♠❛♥❞♦ q✉❡ H1
0 (Ω) é ♦ ♥ú❝❧❡♦ ❞❛ ❛♣❧✐❝❛çã♦ γ0✳

❊♥❝❡rr❛♠♦s ❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♥❞♦ ✉♠ ❜r❡✈❡ r❡s✉♠♦ ❞♦ ❡st✉❞♦ r❡❛❧✐③❛❞♦ ❡♠ ▼✳ ▼✐❧❧❛✳

▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✽❪ s♦❜r❡ ♦ tr❛ç♦ ❞❛ ❞❡r✐✈❛❞❛ ♥♦r♠❛❧✱ ♦♥❞❡ ♠♦str❡✲s❡ q✉❡ t♦♠❛♥❞♦

u ❡♠ ✉♠ ❡s♣❛ç♦ ❝♦♥✈❡♥✐❡♥t❡✱ ♦ tr❛ç♦ ❞❛ s✉❛ ❞❡r✐✈❛❞❛ ♥♦r♠❛❧
∂u

∂ν
♣❡rt❡♥❝❡ ❛ ❝❡rt♦ ❊s♣❛ç♦ ❞❡

❙♦❜♦❧❡✈ H−s(Γ)✱ s❡♥❞♦ s > 0 ✉♠ ♥ú♠❡r♦ r❡❛❧✳

❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ Rn✱ ❝♦♠ ♥♦r♠❛❧ ❡①t❡r♥❛ ν ❡ ❝♦♠ ❢r♦♥t❡✐r❛ ❜❡♠ r❡❣✉❧❛r Γ✳

❉❛❞❛ v ∈ H1(Ω)✱ γ0v ∈ L2(Γ)❀ ❛ss✐♠✱ s❡ v ∈ H2(Ω) ❡♥tã♦
∂v

∂xi
∈ H1(Ω) ❡ γ0

∂v

∂xi
∈ L2(Γ)✱ ❞❛í✱

❢❛③ s❡♥t✐❞♦ ❢❛❧❛r s♦❜r❡ ❛ ❞❡r✐✈❛❞❛ ❞❡ v ♥❛ ❞✐r❡çã♦ ν ♥♦r♠❛❧ à Γ✱ ✐st♦ é✱
∂v

∂ν
✳ ❈♦♠ ✐ss♦✱ ❞❡✜♥✐♠♦s

γ0
∂v

∂ν
= γ1v✳ ❙❡❣✉❡ ❞❛ t❡♦r✐❛ ❞♦ tr❛ç♦ q✉❡ γ1 é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❞❡ H2(Ω) ❡♠ L2(Γ) ❞❡

♠♦❞♦ q✉❡ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ❢✉♥çõ❡s u ∈ H1(Ω) ❡ v ∈ H2(Ω) ✈❛❧❡ ❛ ❢ór♠✉❧❛ ❞❡ ●r❡❡♥

∫

Ω

∆vudx =
n∑

i=1

∫

Ω

∂u

∂xi

∂v

∂xi
dx−

∫

Γ

u
∂v

∂ν
dΓ.

❊ s❡ u, v ∈ C2(Ω̄) ❡♥tã♦

∫

Ω

(v∆u− u∆v)dx =

∫

Γ

(
v
∂u

∂ν
− u

∂v

∂ν

)
dx.

❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ H0(Ω) := {u ∈ L2(Ω);∆u ∈ L2(Ω)}✱ ♦ q✉❛❧ ♠✉♥✐❞♦ ❝♦♠ ♦

♣r♦❞✉t♦ ❡s❝❛❧❛r
(
u, v
)
H0(Ω)

:=
(
u, v
)
L2(Ω)

+
(
∆u,∆v

)
L2(Ω)

,

é ✉♠ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳ ❱❡r✐✜❝❛✲s❡ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

Pr♦♣♦s✐çã♦ ✶✳✶✵✳ D(Ω̄) é ❞❡♥s♦ ❡♠ H0(Ω)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✽❪✳

❚❡♦r❡♠❛ ✶✳✽✳ ❆ ❛♣❧✐❝❛çã♦
∣∣∣∣∣∣
D(Ω̄) → H

−1
2 (Γ)×H

−3
2 (Γ)

u 7→ (γ0u, γ1u)

s❡ ❡st❡♥❞❡ à ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛ ❞❡ H0(Ω) ❡♠ H
−1
2 (Γ)×H

−3
2 (Γ)✳

✷✼



❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✷✽❪✳

❖❜s❡r✈❛çã♦ ✶✳✶✸✳ ❙❡ Ω é ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ Rn ❞❡ ❝❧❛ss❡ C2 ❡ u,∆u ∈ L2(Ω) ❡♥tã♦ ❛

❛♣❧✐❝❛çã♦ L2(Γ) −→ H
1
2 (Ω) é ❝♦♥tí♥✉❛ ❡✱ ♣♦r ✐ss♦

‖u‖
H

1
2 (Ω)

≤ C‖u‖L2(Γ). ✭✶✳✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱❛ ✐♠❡rsã♦ H
1
2 (Ω) →֒ L2(Ω) é ❝♦♥tí♥✉❛✳ ❆ss✐♠✱

‖u‖L2(Ω) ≤ C1‖u‖
H

1
2 (Ω)

. ✭✶✳✹✮

P♦rt❛♥t♦✱ ❞❡ (1.3) ❡ (1.4)✱ ♦❜t❡♠♦s

‖u‖L2(Ω) ≤ C1‖u‖
H

1
2 (Ω)

≤ C‖u‖L2(Γ).

✶✳✺✳✶ ❚r❛ç♦ ❡♠ L2(0, T,Hm(Ω))

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ▼✳ ▼✳ ▼✐r❛♥❞❛ ❬✷✾❪ s♦❜r❡ ♦

tr❛ç♦ ❡♠ L2(0, T,Hm(Ω))✳ ❱✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡ q✉❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ tr❛ç♦

γ : Hm(Ω) →
m−1∏

j=0

Hm−j− 1
2 (Γ) ✭✶✳✺✮

q✉❡ é ❧✐♥❡❛r✱ ❝♦♥tí♥✉❛ ❡ s♦❜r❡❥❡t♦r❛✳

❉❡✜♥❛♠♦s ❛ ❛♣❧✐❝❛çã♦

γ̂ : L2(0, T,Hm(Ω)) → L2

(
0, T,

m−1∏

j=0

Hm−j− 1
2 (Γ)

)
✭✶✳✻✮

u 7→ γ̂u, (γu)(t) = γu(t),

♦♥❞❡ γu(t) é ❛ ❢✉♥çã♦ ❡♠ (1.5) ❛♣❧✐❝❛❞❛ ❛♦ ✈❡t♦r u(t) ∈ Hm(Ω)✳ ▼♦str❛✲s❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦

(1.6) é ❧✐♥❡❛r✱ ❝♦♥tí♥✉❛ ❡ s♦❜r❡❥❡t♦r❛✳

Pr♦♣♦s✐çã♦ ✶✳✶✶✳ ❙❡❥❛ u ∈ L2(0, T,Hm(Ω)) t❛❧ q✉❡ u′ ∈ L2(0, T,Hm(Ω))✱ ❡♥tã♦ γ̂u′ = (γ̂u)′✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✷✾❪✳

✶✳✺✳✷ ❚r❛ç♦ ❡♠ H−1(0, T,Hm(Ω))

◆♦ q✉❡ s❡❣✉❡✱ ❡♥✉♥❝✐❛r❡♠♦s ♣❛r❛ ❢✉♥çõ❡s ❞❡ H−1(0, T,Hm(Ω))✱ ✉♠ r❡s✉❧t❛❞♦ ❞❡ tr❛ç♦

❞❡✈✐❞♦ ❛ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✷✾❪✳ ▼♦str❛✲s❡ q✉❡ s❡ f ∈ H−1(0, T,Hm(Ω)) ❡♥tã♦ f = φ0 + ψ0,

✷✽



❝♦♠ φ0, ψ0 ∈ L2(0, T,Hm(Ω))✳ ❙❡❥❛♠ L = L2(0, T,Hm(Ω))× L2(0, T,Hm(Ω)), M ♦ s✉❜❡s♣❛ç♦

❢❡❝❤❛❞♦ ❞❡ L ❡ ♦s ✈❡t♦r❡s {α, β} t❛✐s q✉❡

(α, v)L2(0,T,Hm(Ω)) + (β, v′)L2(0,T,Hm(Ω)) = 0,

♣❛r❛ t♦❞♦ v ∈ H1
0 (0, T,H

m(Ω))✳ ❈♦♥s✐❞❡r❡ M⊥ ♦ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡ M ✳ ❉❡✜♥✐♥❞♦ ❛

❛♣❧✐❝❛çã♦

H−1(0, T,Hm(Ω)) →M⊥

f 7→ {φ0
f , ψ

0
f},

♦♥❞❡ {φ0
f , ψ

0
f} ∈ ξf é t❛❧ q✉❡ ‖f‖ = ‖{φ0

f , ψ
0
f}‖ ❡

ξf =
{
{φ0

f , ψ
0
f} ∈ L; (φf , v) + (ψf , v

′) = 〈f, v〉, ∀v ∈ H1
0 (Ω)

}
,

✐st♦ é✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s {φf , ωf} ∈ L t❛✐s q✉❡ f = φf + ψf ✳ ❱❡r✐✜❝❛✲s❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛

❛❝✐♠❛ é ✉♠❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✳

P❛r❛ f ∈ H−1(0, T,Hm(Ω)) ❞❡✜♥❡✲s❡ γ̃f ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

〈γ̃f, w〉 =
∫ T

0

(γφ0
f , w)Y dt+

∫ T

0

(γψ0
f , w

′)Y dt,

❝♦♠ w ∈ H−1

(
0, T,

m−1∑

j=0

Hm−j 1
2 (Γ)

)
✱ ❛ q✉❛❧ é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛✳ ❉❡ss❡ ♠♦❞♦✱ ✜❝❛ ❞❡✜♥✐❞❛ ❛

❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛

γ̃ : H−1(0, T,Hm(Ω)) → H−1

(
0, T,

m−1∑

j=0

Hm−j 1
2 (Γ)

)

f 7→ γ̃

❊st❛ ❛♣❧✐❝❛çã♦ é ❞❡♥♦♠✐♥❛❞❛ ❛♣❧✐❝❛çã♦ tr❛ç♦ ♣❛r❛ ❛s ❢✉♥çõ❡s ❞❡ H−1(0, T,Hm(Ω)).

✶✳✺✳✸ ■♥t❡r♣♦❧❛çã♦ ❞❡ ❊s♣❛ç♦s

❈♦♠ ❜❛s❡ ♥♦ ❡st✉❞♦ ❢❡✐t♦ ♣♦r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✷✾❪✱ ♦ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ❛♣r❡✲

s❡♥t❛r ✉♠❛ ✐♥tr♦❞✉çã♦ ❛♦ ❡st✉❞♦ ❞❡ ❝❡rt♦s ♦♣❡r❛❞♦r❡s Aα ❡ ❞❡ ❝❡rt♦s ❡s♣❛ç♦s Xθ := [V,H]θ

✭✐♥t❡r♣♦❧❛çã♦ ♦✉ ❝♦♥str✉çã♦ ❞❡ ❡s♣❛ç♦s ✏✐♥t❡r♠❡❞✐ár✐♦s✑✱ ❡♥tr❡ ❞❡t❡r♠✐♥❛❞♦s ❊s♣❛ç♦s ❍✐❧❜❡rt V

❡ H✮✳ ❊♥tr❡t❛♥t♦✱ ❞❡st❛❝❛♠♦s q✉❡ ✉♠❛ ❛❜♦r❞❛❣❡♠ ❜❡♠ ♠❛✐s ❛♠♣❧❛ s♦❜r❡ t❛✐s t❡♠❛s é ❢❡✐t❛ ❡♠

▲✐♦♥s✲▼❛❣❡♥❡s ❬✷✷❪✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛♦ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦✱ ✈ár✐❛s ❛♣❧✐❝❛çõ❡s ❞❡st❛s t❡♦r✐❛s✱ tr❛✲

t❛♥❞♦ ♣r♦❜❧❡♠❛s ❡♥✈♦❧✈❡♥❞♦ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s✱ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ■✳ ▲❛s✐❡❝❦❛✲❍✳

❚r✐❣❣✐❛♥✐ ❬✶✾❪ ♦✉ ❡♠ ■✳ ▲❛s✐❡❝❦❛✲❍✳ ❚r✐❣❣✐❛♥✐ ❬✷✵❪✳

✷✾



❈♦♥s✐❞❡r❡ V ❡ H ❊s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✱ ♠✉♥✐❞♦s ❝♦♠ ♦s ♣r♦❞✉t♦s ✐♥t❡r♥♦s ((·, ·)), (·, ·)
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s❡♥❞♦ ❛ ❞✐♠❡♥sã♦ ❞❡ V ✐♥✜♥✐t❛ ❡ V ⊂ H✱ t❛✐s q✉❡ ❛ ✐♥❥❡çã♦ ❞❡ V ❡♠ H é

❝♦♥tí♥✉❛ ❡ V é ❞❡♥s♦ ❡♠H✳ ❙❡❥❛ a(u, v) ✉♠❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r ❝♦♥tí♥✉❛ ❡♠ V ×V ✳ ❉❡♥♦t❛♠♦s

♣♦r D(A) ♦ ❝♦♥❥✉♥t♦ ❞♦s u ∈ V t❛✐s q✉❡ ❛ ❢♦r♠❛ ❛♥t✐❧✐♥❡❛r v 7→ a(u, v) é ❝♦♥tí♥✉❛ ❡♠ V ❝♦♠ ❛

t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ♣♦r H✳ ❈♦♠♦ V é ❞❡♥s♦ ❡♠ H ♣♦❞❡♠♦s ♣r♦❧♦♥❣❛r ❡st❛ ❢♦r♠❛ ❛♥t✐❧✐♥❡❛r ❛

t♦❞♦ H✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③ ✺✳✶✹✱ ♣❛r❛ ❝❛❞❛ u ∈ D(A) ❡①✐st❡

✉♠ ú♥✐❝♦ Au ∈ H t❛❧ q✉❡

a(u, v) = (Au, v), ♣❛r❛ t♦❞♦ v ∈ V. ✭✶✳✼✮

❙❡❣✉❡✲s❡✱ ❡♥tã♦✱ q✉❡

D(A) =
{
u ∈ V ; ∃f ∈ H s❛t✐s❢❛③❡♥❞♦ a(u, v) = (f, v), ∀v ∈ V

}
.

❈♦♠ ❡ss❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ D(A)✱ ✈❡r✐✜❝❛✲s❡ q✉❡ D(A) é ✉♠ s✉❜❡s♣❛ç♦ ❧✐♥❡❛r ❞❡ H ❡ q✉❡

A : D(A) → H✱ ❞❡✜♥✐❞♦ ♣♦r (1.7)✱ é ✉♠ ♦♣❡r❛❞♦r ❞❡ H ❞❛❞♦ ♣❡❧❛ tr✐♣❧❛ {V,H, a(u, v)}✳ ❙❡✱

❛❧é♠ ❡ s❡r ✉♠❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r ❝♦♥tí♥✉❛ ❡♠ V × V ✱ a(u, v) ❢♦r ❝♦❡r❝✐✈❛✱ ✐st♦ é✱ ∃C > 0✱ t❛❧

q✉❡

|a(v, v)| ≥ C‖v‖2 ∀v ∈ V, ✭✶✳✽✮

❡♥tã♦ ✈❛❧❡♠ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

❚❡♦r❡♠❛ ✶✳✾✳ ❙❡ a(u, v) ✈❡r✐✜❝❛ (1.8)✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ f ∈ H ❡①✐st❡ ú♥✐❝♦ u ∈ D(A) t❛❧ q✉❡

Au = f. ✭✶✳✾✮

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✸✵❪✳

Pr♦♣♦s✐çã♦ ✶✳✶✷✳ ❙✉♣♦♥❤❛ q✉❡ a(u, v) s❛t✐s❢❛③ (1.8)✳ ❊♥tã♦ D(A) é ❞❡♥s♦ ❡♠ H ❡ A é ✉♠

♦♣❡r❛❞♦r ❢❡❝❤❛❞♦ ❞❡ H✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✸✵❪✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ S ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦ ❞❡ H ❝♦♠ ❞♦♠í♥✐♦ D(S) ⊂ H✳ ■♥tr♦❞✉③✐♠♦s

❡♠ D(S) ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

(u, v)D(S) = (u, v)H + (Su, Sv)H . ✭✶✳✶✵✮

✸✵



❈♦♠♦ S é ❢❡❝❤❛❞♦ ❡♠ H✱ s❡❣✉❡✲s❡ q✉❡ D(S) é ✉♠ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

❞❛❞♦ ❡♠ (1.10)✳ ❙✉♣♦♥❤❛ q✉❡✿
∣∣∣∣∣∣∣∣∣

♦ ♦♣❡r❛❞♦r A é ❞❡✜♥✐❞♦ ♣❡❧❛ t❡r♥❛ {V,H, a(u, v)}
∃ α0, α ∈ R, α > 0 t❛✐s q✉❡ Re[a(v, v) + α0(v, v)] ≥ α‖v‖2, ∀v ∈ V ;

V
comp→֒ H (✐♠❡rçã♦ ❝♦♠♣❛❝t❛),

✭✶✳✶✶✮

♦ ♦♣❡r❛❞♦r B é ❞❡✜♥✐❞♦ ♣❡❧❛ t❡r♥❛

{V,H, b(u, v)}, ♦♥❞❡ b(u, v) = a(u, v) + α0(u, v). ✭✶✳✶✷✮

❋❡✐t❛s t❛✐s ❝♦♥s✐❞❡r❛çõ❡s ❥á ♣♦❞❡♠♦s ❛♣r❡s❡♥t❛r✱ ❡♥tr❡ ♦✉tr♦s r❡s✉❧t❛❞♦s✱ ♦ ✐♠♣♦rt❛♥t❡

❚❡♦r❡♠❛ ❊s♣❡❝tr❛❧✳

❚❡♦r❡♠❛ ✶✳✶✵ ✭❚❡♦r❡♠❛ ❊s♣❡❝tr❛❧✮✳ ❙♦❜ ❝♦♥❞✐çã♦ (1.11) ❡ s✉♣♦♥❞♦ a(u, v) ❤❡r♠✐t✐❛♥♦✱ ✐st♦

é✱ a(u, v) = a(u, v)✱ sã♦ ✈á❧✐❞♦s✿

(i) A é ❛✉t♦❛❞❥✉♥t♦ ❡ ❡①✐st❡ ✉♠ s✐st❡♠❛ ♦rt♦♥♦r♠❛❧ ❝♦♠♣❧❡t♦ ✭❡♥✉♠❡rá✈❡❧✮ (wγ) ❝♦♥st✐t✉í❞♦

♣♦r ❛✉t♦✈❡t♦r❡s ❞❡ A❀

(ii) s❡ (λγ) sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ❛✉t♦✈❡t♦r❡s (wγ)✱ ❡♥tã♦ λγ −→ ∞,

D(A) =
{
u ∈ H;

∞∑

γ=1

λαγ |(u, wγ)|2 <∞
}

✭✶✳✶✸✮

❡

Au =
∞∑

γ=1

λγ(u, wγ)wγ ∀u ∈ D(A). ✭✶✳✶✹✮

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✸✵❪✳

❙✉♣♦♥❞♦ ✈á❧✐❞❛ ❛ ❝♦♥❞✐çã♦ (1.11) ❡ s❡♥❞♦ a(u, v) ❤❡r♠✐t✐❛♥♦✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦✲

r❡♠❛ ❊s♣❡❝tr❛❧ 1.10 ♠♦str❛✲s❡ q✉❡✿

Pr♦♣♦s✐çã♦ ✶✳✶✸✳ ❈♦♠ ❛ ♥♦t❛çã♦ ❛❝✐♠❛✱ t❡♠✲s❡

D(Am) =
{
u ∈ H;

∞∑

γ=1

λ2mγ |(u, wγ)|2 <∞
}

✭✶✳✶✺✮

❡

Amu =
∞∑

γ=1

λmγ (u, wγ)wγ ∀u ∈ D(Am), ✭✶✳✶✻✮

♦♥❞❡ m é ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✳

✸✶



❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✸✵❪✳

▼♦t✐✈❛❞♦s ♣♦r ❡st❡ r❡s✉❧t❛❞♦ ❛♣r❡s❡♥t❛♠♦s ❛

❉❡✜♥✐çã♦ ✶✳✽✳ ❙❡❥❛ h(λ) ✉♠❛ ❢✉♥çã♦ q✉❛❧q✉❡r ❞❡ R ❡♠ R✳ ❉❡✜♥✐♠♦s h(λ) ❝♦♠♦ ✉♠ ♦♣❡r❛❞♦r

❞❡ H ❝♦♠ ❞♦♠í♥✐♦

D(h(A)) =
{
u ∈ H;

∞∑

γ=1

h2(λγ)|(u, wγ)|2 <∞
}

✭✶✳✶✼✮

❡

h(A)u =
∞∑

γ=1

h(λγ)(u, wγ)wγ ∀u ∈ D(h(A)), ✭✶✳✶✽✮

♦♥❞❡ ♦s wγ sã♦ ♦s ❛✉t♦✈❡t♦r❡s ❞❡ h(A) ❛ss♦❝✐❛❞♦s ❛♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛✉t♦✈❛❧♦r❡s h(λγ)✳

Pr♦♣♦s✐çã♦ ✶✳✶✹✳ h(A) ✉♠ ♦♣❡r❛❞♦r ❛✉t♦❛❞❥✉♥t♦ ❞❡ H✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✸✵❪✳

❖❜s❡r✈❛çã♦ ✶✳✶✹✳ ❙❛❜❡♥❞♦ q✉❡ ✉♠ ♦♣❡r❛❞♦r R ❞❡ H é ♣♦s✐t✐✈♦ q✉❛♥❞♦ (Ru, u)H ≥ 0✱ ♣❛r❛

t♦❞♦ u ❡♠ H ✭♥♦ ❝❛s♦ ❡♠ q✉❡stã♦ ✈❡♠♦s q✉❡ A é ♣♦s✐t✐✈♦ s❡✱ ❡ s♦♠❡♥t❡ s❡ λγ ≥ 0, ∀γ✮✱
♠♦str❛✲s❡ q✉❡ h(A) é ♣♦s✐t✐✈♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ h(λγ) ≥ 0, ∀γ✳

❆ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡ ❞❡t❡r♠✐♥❛ ❛ r❛✐③ q✉❛❞r❛❞❛ ❞❡ ✉♠ ♦♣❡r❛❞♦r ♣♦s✐t✐✈♦ A✳

Pr♦♣♦s✐çã♦ ✶✳✶✺✳ ❙✉♣♦♥❤❛ q✉❡ A é ♣♦s✐t✐✈♦✳ ❊♥tã♦ ♦ ♦♣❡r❛❞♦r S ❞❡ H ❝♦♠ ❞♦♠í♥✐♦

D(S) :=
{
u ∈ H;

∞∑

γ=1

λγ|(u, wγ)|2 <∞
}

✭✶✳✶✾✮

❡ ❞❡✜♥✐❞♦ ♣♦r

Su :=
∞∑

γ=1

√
λγ(u, wγ)wγ ∀u ∈ D(S), ✭✶✳✷✵✮

é ♦ ú♥✐❝♦ ♦♣❡r❛❞♦r ❛✉t♦❛❞❥✉♥t♦ ♣♦s✐t✐✈♦ ❞❡ H q✉❡ s❛t✐s❢❛③ S2 = A✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✸✵❪✳

❖ ♦♣❡r❛❞♦r S ❞❡✜♥✐❞♦ ❛❝✐♠❛✱ ❞❡♥♦t❛❞♦ ♣♦r A
1
2 ✱ é ❞❡♥♦♠✐♥❛❞♦ r❛✐③ q✉❛❞r❛❞❛ ♣♦s✐t✐✈❛ ❞❡

A✳

❈♦♥s✐❞❡r❡ ♦ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt D(B
1
2 ) ❡q✉✐♣❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

(u, v)
D(B

1
2 )

:=
(
B

1
2u,B

1
2v
)
H
.

❚❡♠♦s✿

✸✷



Pr♦♣♦s✐çã♦ ✶✳✶✻✳ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s ❞❡s❝r✐t❛s ❛❝✐♠❛✿

(i) V = D(B
1
2 )❀

(ii) ❙❡ A é ♣♦s✐t✐✈♦✱ ❡♥tã♦ D(A
1
2 ) = D(B

1
2 )✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✸✵❪✳

❋✐♥❛❧♠❡♥t❡✱ ❝♦♥s✐❞❡r❡ ♦s ❊s♣❛ç♦s ❞❡ ❍✐❧❜❡rt V ❡ H✱ ♥❛s ❝♦♥❞✐çõ❡s ❛♥t❡r✐♦r♠❡♥t❡ ❡st✉❞❛✲

❞❛s✱ q✉❛✐s s❡❥❛♠✿ ❛ ✐♠❡rsã♦ ❞❡ V é♠ H é ❝♦♠♣❛❝t❛✱ V é ❞❡♥s♦ ❡♠ H ❡ t❡♠ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛❀

♦ ♦♣❡r❛❞♦r A é ❞❡✜♥✐❞♦ ♣❡❧❛ t❡r♥❛ {V,H, ((u, v))}❀ (λγ) é ✉♠❛ s✉❝❡ssã♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ❞❡ A

✭λγ > 0✱ λ→ ∞✮ ❛ss♦❝✐❛❞♦s ❛ s✉❝❡ssã♦ ♦rt♦♥♦r♠❛❧ ✭❝♦♠♣❧❡t❛✮ ❞❡ ❛✉t♦✈❡t♦r❡s (wγ)✳

P❛r❛ α ∈ R✱ ❞❡♥♦t❛r❡♠♦s ♣♦r Aα ♦ ♦♣❡r❛❞♦r ❛✉t♦❛❞❥✉♥t♦ ♣♦s✐t✐✈♦ ❞❡ H ❞❡✜♥✐❞♦ ♣❡❧❛

❢✉♥çã♦

h(λ) =

∣∣∣∣∣
λα, s❡ λ ≥ 0

0, s❡ λ < 0,

✐st♦ é✱

D(Aα) :=
{
u ∈ H;

∞∑

γ=1

λ2αγ |(u, wγ)|2 <∞
}

✭✶✳✷✶✮

❡ ❞❡✜♥✐❞♦ ♣♦r

Aαu :=
∞∑

γ=1

λαγ (u, wγ)wγ ∀u ∈ D(Aα). ✭✶✳✷✷✮

❉❡♥♦t❛♥❞♦ ♣♦r S ❛ r❛✐③ q✉❛❞r❛❞❛ ❞❡ A✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ 1.16 ✈❡♠♦s q✉❡

V = D(S) ❡ ((u, v)) = (Su, Sv) ∀u, v ∈ V.

❉❡✜♥✐♠♦s ♦s ❊s♣❛ç♦s ❞❡ ❍✐❧❜❡rt

Xθ := [V,H]θ = D(S1−θ) (1 ≤ θ ≤ 1),

❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

(u, v)Xθ
= (S1−θu, S1−θv)H

❡ ❛ ♥♦r♠❛ ❞♦ ❣rá✜❝♦ ❞❡ S1−θ✱ ✐st♦ é✱

(
‖u‖2H + ‖S1−θu‖2H

) 1
2
.

❖❜s❡r✈❡ q✉❡ X0 = [V,H]0 = V ✱ X1 = [V,H]1 = H✱ ♣❛r❛ θ1 ≤ θ2 t❡♠✲s❡ Xθ1 ⊂ Xθ2 ❡ ✈❛❧❡

♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

✸✸



Pr♦♣♦s✐çã♦ ✶✳✶✼✳ ❙❡ 0 ≤ θ1 ≤ θ2 ≤ 1✱ ❡♥tã♦ ❛ ✐♠❡rsã♦ ❞❡ Xθ1 ❡♠ Xθ1 é ❝♦♥tí♥✉❛ ❡ ❞❡♥s❛✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✸✵❪✳

❖❜s❡r✈❛çã♦ ✶✳✶✺✳ ❈♦♥s✐❞❡r❛♥❞♦ ❡♠ V ❡ H✱ ♥♦✈♦s ♣r♦❞✉t♦s ✐♥t❡r♥♦s ❡q✉✐✈❛❧❡♥t❡s ❛♦s ❛q✉✐

❞❡✜♥✐❞♦s ❡✱ ❞❡✜♥✐♥❞♦ Yθ := [V,H]θ✱ ❝♦♠ r❡❧❛çã♦ ❛ ❡st❡s ♥♦✈♦s ♣r♦❞✉t♦s ✐♥t❡r♥♦s✱ ♠♦str❛✲s❡

❡♠ ▲✐♦♥s✲▼❛❣❡♥❡s ❬✷✷❪ q✉❡ s❡ t❡♠ Yθ = Xθ ❡ s✉❛s ♥♦r♠❛s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ P♦r ♦✉tr♦ ❧❛❞♦✱

s❡♥❞♦ Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❡ ❜❡♠ r❡❣✉❧❛r ❞♦ Rn ✭✈❡❥❛ ❛ ❖❜s❡r✈❛çã♦ 1.11✮✱ s ✉♠

♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦ ❡ m ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦✱ t❛✐s q✉❡ s > m✳ ❚❛♠❜é♠ ❡♠ ❬✷✷❪ ✈❡r✐✜❝❛✲s❡ q✉❡

♦s ❡s♣❛ç♦s

Hs(Ω) := [Hm(Ω), L2(Ω)]1− s
m
,

❞❡♥♦♠✐♥❛❞♦s ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❞❡ ♦r❞❡♠ s✱ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞♦s ✐♥t❡✐r♦s m ❝♦♠ ❛ ♣r♦♣r✐✲

❡❞❛❞❡ ❛❝✐♠❛✱ ♥❛ ✈❡r❞❛❞❡ ♦ q✉❡ ♠✉❞❛♠ sã♦ ❛s ♥♦r♠❛s✱ s❡♥❞♦ ❡st❛s✱ t♦❞❛s ❡q✉✐✈❛❧❡♥t❡s✳ ❚❡♠♦s

❛✐♥❞❛✿

❚❡♦r❡♠❛ ✶✳✶✶✳ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❡ ❜❡♠ r❡❣✉❧❛r ❞♦ Rn✳ ❊♥tã♦

[Hs1(Ω), Hs2(Ω)]θ = H(1−θ)s1+θs2(Ω),

♣❛r❛ q✉❛✐sq✉❡r s1, s2 > 0, 0 < θ < 1✱ ✭❝♦♠ ♥♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s✮✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✐♦♥s✲▼❛❣❡♥❡s ❬✷✷❪✳

❚❡♦r❡♠❛ ✶✳✶✷✳ ❙❡❥❛♠ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❡ ❜❡♠ r❡❣✉❧❛r ❞♦ Rn ❡ Γ s✉❛ ❢r♦♥t❡✐r❛✳ ❊♥tã♦

[Hs1(Γ), Hs2(Γ)]θ = H(1−θ)s1+θs2(Γ),

♣❛r❛ q✉❛✐sq✉❡r s1 > s2 ❡♠ R✱ 0 < θ < 1✱ ✭❝♦♠ ♥♦r♠❛s ❡q✉✐✈❛❧❡♥t❡s✮✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✐♦♥s✲▼❛❣❡♥❡s ❬✷✷❪✳

❚❡♦r❡♠❛ ✶✳✶✸✳ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❡ ❜❡♠ r❡❣✉❧❛r ❞♦ Rn. ❖ ❡s♣❛ç♦ D(Ω) é ❞❡♥s♦

❡♠ Hs(Ω) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s ≤ 1

2
. ◆❡ss❡ ❝❛s♦✱ Hs

0(Ω) = Hs(Ω). ◗✉❛♥❞♦ s >
1

s
t❡♠✲s❡

Hs
0(Ω) ⊂ Hs(Ω) ❡str✐t❛♠❡♥t❡✳ ❖♥❞❡ Hs

0(Ω) ❞❡♥♦t❛ ♦ ❢❡❝❤♦ ❞❡ D(Ω) ❡♠ Hs(Ω)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✐♦♥s✲▼❛❣❡♥❡s ❬✷✷❪✳

❚❡♦r❡♠❛ ✶✳✶✹✳ ❙❡❥❛♠ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❡ ❜❡♠ r❡❣✉❧❛r ❞♦ Rn ❡ s ∈ R. P❛r❛ t♦❞♦ ǫ > 0✱ ❛

✐♥❥❡çã♦

Hs(Ω) −→ Hs−ǫ(Ω),

é ❝♦♠♣❛❝t❛✳

✸✹



❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✐♦♥s✲▼❛❣❡♥❡s ❬✷✷❪✳

❚❡♦r❡♠❛ ✶✳✶✺✳ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❡ ❜❡♠ r❡❣✉❧❛r ❞♦ Rn✳ ❉❛❞♦s s1, s2, s3 ∈ R✱ ❝♦♠

s1 > s2 > s3✳ P❛r❛ t♦❞♦ ǫ > 0✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C(ǫ) t❛❧ q✉❡

‖u‖Hs2 (Ω) ≤ ǫ‖u‖Hs1 (Ω) + C(ǫ)‖u‖Hs3 (Ω), ∀u ∈ Hs1(Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✐♦♥s✲▼❛❣❡♥❡s ❬✷✷❪✳

▼❛✐s ❣❡r❛❧♠❡♥t❡ t❡♠✲s❡✿

❚❡♦r❡♠❛ ✶✳✶✻✳ ❙❡❥❛♠ X, Y, Z ❊s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❝♦♠ X ⊂ Y ⊂ Z ❡ ❛ ✐♥❥❡çã♦ X −→ Y é

❝♦♠♣❛❝t❛✳ P❛r❛ t♦❞♦ ǫ > 0✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C(ǫ) t❛❧ q✉❡

‖u‖Y ≤ ǫ‖u‖X + C(ǫ)‖u‖Z , ∀u ∈ X.

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✐♦♥s✲▼❛❣❡♥❡s ❬✷✷❪✳

✶✳✻ ❖♣❡r❛❞♦r❡s ▼♦♥ót♦♥♦s ❡ ❙❡♠✐❣r✉♣♦s ❞❡ ❖♣❡r❛❞♦r❡s

▲✐♥❡❛r❡s

◆❡st❛ s❡çã♦ ✈❡r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ ❝♦♥❝❡✐t♦s ❜ás✐❝♦s s♦❜r❡ ♦♣❡r❛❞♦r❡s ♥ã♦ ❧✐♥❡❛r❡s

❡♠ ❊s♣❛ç♦s ❞❡ ❇❛♥❛❝❤❀ ❛❧é♠ ❞❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❡♥✈♦❧✈❡♥❞♦ ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛✐s ♠♦♥ót♦♥♦s✱

❝✉❥♦s ❞❡t❛❧❤❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❱✳ ❇❛r❜✉ ❬✷❪✳ ❆♣r❡s❡♥t❛r❡♠♦s ❛✐♥❞❛✱ ✐♠♣♦rt❛♥t❡s

♣r♦♣r✐❡❞❛❞❡s ❛ ❝❡r❝❛ ❞❛ t❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s✱ ❛s q✉❛✐s✱ sã♦ ❡st✉❞❛❞❛s

❞❡ ❢♦r♠❛ ❞❡t❛❧❤❛❞❛ ❡♠ ❆✳ ▼✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪ ✱ ❱✳ ❇❛r❜✉ ❬✷❪ ❡ ❙✳ ❩❤❡♥❣ ❬✷✸❪✳ ◆♦ q✉❡

s❡❣✉❡✱ ♥ã♦ ♥♦s ❡s❢♦rç❛r❡♠♦s ♣❛r❛ ❛ ❣❡♥❡r❛❧✐❞❛❞❡ ❡✱ ❡♠ ✈❡③ ❞✐ss♦✱ tr❛t❛r❡♠♦s ❛♣❡♥❛s ❛❧❣✉♠❛s

❝❧❛ss❡s ❡s♣❡❝✐❛✐s ❞❡ ❙❡♠✐❣r✉♣♦s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❙❡♠✐❣r✉♣♦s ❞✐ss✐♣❛t✐✈♦s✱ ✉♠❛ ✈❡③ q✉❡ ❡st❡

♥ã♦ é ♦ ♥♦ss♦ ❢♦❝♦❀ ❛❞❡♠❛✐s✱ ❛ t❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦ é ❣❡r❛❧♠❡♥t❡ ❛❝❡✐t❛ ❝♦♠♦ ♣❛rt❡ ✐♥t❡❣r❛♥t❡

❞❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ❡ ❡stá ✐♥❝❧✉í❞❛ ♥❛ ♠❛✐♦r✐❛ ❞♦s tr❛t❛❞♦s s♦❜r❡ ❡st❡ t❡♠❛✳

✶✳✻✳✶ ❖♣❡r❛❞♦r❡s ▼❛①✐♠❛✐s ▼♦♥ót♦♥♦s

❈♦♥s✐❞❡r❡ ♦s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s r❡❛✐sX ❡ Y ✳ ❉❡♥♦t❛r❡♠♦s ♣♦rX×Y ♦ ❝♦♥❥✉♥t♦ {(x, y); x ∈
X ❡ y ∈ Y }✱ ♣♦r P(Y ) ❞❡♥♦t❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s s✉❜❝♦♥❥✉♥t♦s ❞❡ Y ✳ ❉✐③❡♠♦s q✉❡

A : X → P(Y ) é ✉♠ ♦♣❡r❛❞♦r ❞❡ X ❡♠ Y s❡ ❛ ❝❛❞❛ x ∈ X✱ A ❛ss♦❝✐❛ Ax ∈ P(Y ) ❡ ♥❡ss❡ ❝❛s♦

❞❡✜♥✐♠♦s✿
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✶✳ ❖ ❞♦♠í♥✐♦ ❞♦ ♦♣❡r❛❞♦r A✿ D(A) := {x ∈ X;Ax 6= ∅}❀

✷✳ ❖ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞♦ ♦♣❡r❛❞♦r A✿ ℜ(A) :=
⋃

x∈X
Ax❀

✸✳ ❖ ●rá✜❝♦ ❞❡ A✿ Gr(A) := {(x, y); y ∈ Ax}✳

❙❡ ♣❛r❛ ❝❛❞❛ x ∈ D(A) ♦ ❝♦♥❥✉♥t♦ Ax ❢♦r ✉♥✐tár✐♦ ❡♥tã♦ ❞✐r❡♠♦s q✉❡ A é ✉♥í✈♦❝♦ ✭♦✉

✉♥✐✈❛❧❡♥t❡✮✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❞✐r❡♠♦s q✉❡ A é ♠✉❧tí✈♦❝♦ ✭♦✉ ♠✉❧t✐✈❛❧❡♥t❡✮✱ ❡ ♥❡ss❡ ❝❛s♦✱ A

♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ X × Y ✳ ◗✉❛♥❞♦ ♦ ♦♣❡r❛❞♦r A é ✉♥í✈♦❝♦✱ ❞❡♥♦t❛♠♦s

A : D(A) ⊂ X → Y ✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r X ′ r❡♣r❡s❡♥t❛♠♦s ♦ ❞✉❛❧ ❞❡ X✱ ✐st♦ é✱

X ′ := {f : X → R; f é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛},

♣♦r ✜♠✱ 〈·, ·〉X′×X ❞❡♥♦t❛ ❛ ❞✉❛❧✐❞❛❞❡ ❡♥tr❡ X ′ ❡ X✳

❉❡✜♥✐çã♦ ✶✳✾ ✭❖♣❡r❛❞♦r ♠♦♥ót♦♥♦✮✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♦♣❡r❛❞♦r A : D(A) ⊂ X → P(X ′)✱

✭♦✉ A : D(A) ⊂ X ′ → P(X)✮ é ♠♦♥ót♦♥♦ s❡

〈y1 − y2, x1 − x2〉X′×X ≥ 0, ∀(x1, y1), (x2, y2) ∈ Gr(A).

❙❡ A ❢♦r ✉♥í✈♦❝♦ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦

〈Ax1 − Ax2, x1 − x2〉X′×X ≥ 0, ∀x1, x2 ∈ D(A).

◗✉❛♥❞♦ A é ✉♥í✈♦❝♦ ❡ ❧✐♥❡❛r é s✉✜❝✐❡♥t❡ ✈❡r✐✜❝❛r q✉❡

〈Ax, x〉X′×X ≥ 0, ∀x ∈ D(A).

❊①❡♠♣❧♦ ✶✳✺ ✭❙✉❜❞✐❢❡r❡♥❝✐❛❧✮✳ ❙❡❥❛♠ H ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ ϕ : H → (−∞,∞] ✉♠❛

❢✉♥çã♦ ♣ró♣r✐❛ ❡ ❝♦♥✈❡①❛ s♦❜r❡ H✱ ✐st♦ é✱ ϕ ≇ ∞ ❡

ϕ
(
tx+ (1− t)y

)
≤ tϕ(x) + (1− t)ϕ(y), ∀t ∈ [0, 1].

❈♦♥s✐❞❡r❡ ♦ ♦♣❡r❛❞♦r ♠✉❧tí✈♦❝♦ ∂ϕ ❝❤❛♠❛❞♦ s✉❜❞✐❢❡r❡♥❝✐❛❧ ❞❡ ϕ ❞❡✜♥✐❞♦ ♣♦r
∣∣∣∣∣∣
∂ϕ : H −→ P(H ′)

x 7→ ∂ϕ(x) = {y ∈ H ′;ϕ(z) ≥ ϕ(x) + 〈y, z − x〉H′×H ∀z ∈ H}
✭✶✳✶✮

❖❜s❡r✈❡ q✉❡ ∂ϕ é ✉♠ ♦♣❡r❛❞♦r ♠♦♥ót♦♥♦✱ ✈✐st♦ q✉❡ ♣❛r❛ x1, x2 ∈ H✱ y1 ∈ ∂ϕ(x1), y2 ∈ ∂ϕ(x2)✱

❡♠ ♣❛rt✐❝✉❧❛r t❡♠♦s

ϕ(x2) ≥ ϕ(x1) + 〈y1, x2 − x1〉H′×H , ❡ ϕ(x1) ≥ ϕ(x2) + 〈y2, x2 − x1〉H′×H .

✸✻



❆ss✐♠✱

ϕ(x1) + ϕ(x2) ≥ ϕ(x1) + ϕ(x2) + 〈y2, x2 − x1〉H′×H + 〈y1, x2 − x1〉H′×H ,

♦ q✉❡ ✐♠♣❧✐❝❛

〈y2, x2 − x1〉H′×H + 〈y1, x2 − x1〉H′×H ≤ 0

⇐⇒− 〈y2, x1 − x2〉H′×H − 〈y1, x1 − x2〉H′×H ≤ 0

⇐⇒(−1)
(
〈y2, x1 − x2〉H′×H − 〈y1, x1 − x2〉H′×H

)
≤ 0

⇐⇒〈y1 − y2, x1 − x2〉H′×H ≥ 0.

P♦rt❛♥t♦✱ ∂ϕ é ♠♦♥ót♦♥♦✳

❖♣❡r❛❞♦r ▼❛①✐♠❛❧ ▼♦♥ót♦♥♦

❆♥t❡s ❞❡ ❞❡✜♥✐r♠♦s ♦♣❡r❛❞♦r ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✱ ♣r❡❝✐s❛♠♦s ❞✐③❡r ♦ q✉❡ s✐❣♥✐✜❝❛ s❡r

♠❛①✐♠❛❧✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♦♣❡r❛❞♦r❡s ❞❡ X

❡♠ Y ✳

A ≤ B ⇐⇒ Gr(A) ⊂ Gr(B).

▼♦str❛✲s❡ q✉❡ ❛ r❡❧❛çã♦ ✏≤✑ ❞❡✜♥✐❞❛ ❛❝✐♠❛ é ❞❡ ♦r❞❡♠ ♣❛r❝✐❛❧✱ ♦✉ s❡❥❛✿

• é r❡✢❡①✐✈❛✿ Gr(A) ⊂ Gr(A)❀

• é ❛♥t✐ss✐♠étr✐❝❛✿ s❡ Gr(A) ⊂ Gr(B) ❡ Gr(B) ⊂ Gr(A) ❡♥tã♦ Gr(A) = Gr(A)❀

• é tr❛♥s✐t✐✈❛✿ s❡ Gr(A) ⊂ Gr(B) ❡ Gr(B) ⊂ Gr(C) ❡♥tã♦ Gr(A) ⊂ Gr(C)✳

❖❜s❡r✈❛çã♦ ✶✳✶✻✳ ❆ ♣❛❧❛✈r❛ ✏♣❛r❝✐❛❧✑ s✐❣♥✐✜❝❛ q✉❡ ♣♦❞❡♠ ❡①✐st✐r a, b t❛✐s q✉❡ ♥❡♠ a ≤ b ♥❡♠

b ≤ a✳ ◆❡ss❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ a ❡ b sã♦ ❡❧❡♠❡♥t♦s ✐♥❝♦♠♣❛rá✈❡✐s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠

❝♦♥❥✉♥t♦ M é t♦t❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ♦✉ ✉♠❛ ❝❛❞❡✐❛✱ q✉❛♥❞♦ é ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ ❡ ❞♦✐s

q✉❛✐sq✉❡r ❡❧❡♠❡♥t♦s sã♦ ❝♦♠♣❛rá✈❡✐s✱ ♦✉ s❡❥❛✱ ❞❛❞♦s x, y ∈ M ✈❛❧❡ s❡♠♣r❡ x ≤ y ♦✉ y ≤ x

✭♦✉ ❛♠❜♦s✮✳ ❯♠ ❧✐♠✐t❡ s✉♣❡r✐♦r✱ ♦✉ ✉♠❛ ❝♦t❛ s✉♣❡r✐♦r✱ ♣❛r❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ W ❞❡ ✉♠

❝♦♥❥✉♥t♦ ♣❛r❝✐❛❧♠❡♥t❡ ♦r❞❡♥❛❞♦ P é ✉♠ ❡❧❡♠❡♥t♦ u ∈ P t❛❧ q✉❡

a ≤ u, ♣❛r❛ t♦❞♦ a ∈ W.

❱❛❧❡ ♦❜s❡r✈❛r q✉❡ ♣❡♥❞❡♣❡♥❞♦ ❞❡ P ❡ ❞❡ W t❛❧ ❡❧❡♠❡♥t♦ ♣♦❞❡ ♥ã♦ ❡①✐st✐r✳ ❊♥tr❡t❛♥t♦✱ q✉❛♥❞♦

❡①✐st❡✱ ✉♠ ❡❧❡♠❡♥t♦ m ∈ P é ❞✐t♦ ♠❛①✐♠❛❧ s❡

m ≤ a ✐♠♣❧✐❝❛r m = a.
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❉❡✜♥✐çã♦ ✶✳✶✵ ✭❖♣❡r❛❞♦r ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✮✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♦♣❡r❛❞♦r A : D(A) ⊂
X → P(X ′) é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦ q✉❛♥❞♦ A é ❡❧❡♠❡♥t♦ ♠❛①✐♠❛❧ ♥♦ ❡s♣❛ç♦ ❞❡ t♦❞♦s ♦s

♦♣❡r❛❞♦r❡s ♠♦♥ót♦♥♦s ❞❡ X✱ ✐st♦ é✱ ❞❛❞♦ q✉❛❧q✉❡r ♦♣❡r❛❞♦r ♠♦♥ót♦♥♦ B : D(B) ⊂ X → P(X ′)

s❡ A ≤ B✱ ❡♥tã♦ A = B✳

❊①❡♠♣❧♦ ✶✳✻✳ ❙❡❥❛♠ H ✉♠ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ ϕ : H → (−∞,∞] ✉♠❛ ❢✉♥çã♦ ❝♦♥✈❡①❛ s♦❜r❡

H✱ ϕ ≇ ∞ ❡ s❡♠✐❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡✳ ❙❡❥❛ y ∈ H✱ ❝♦♠ ♦ ❛✉①✐❧✐♦ ❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥✈❡①❛ ❡

s❡♠✐❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡ x 7→ ϕ(x) + 1
2
‖x − y‖2H ✱ ♠♦str❛✲s❡ q✉❡ ♦ ♦♣❡r❛❞♦r s✉❜❞✐❢❡r❡♥❝✐❛❧

❞❡✜♥✐❞♦ ♥♦ ❊①❡♠♣❧♦ 1.5 é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✳

❖ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❡✜♥✐çã♦ ❞❡ ♦♣❡r❛❞♦r ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦ ❛♣r❡s❡♥t❛❞❛

❛❝✐♠❛✳

Pr♦♣♦s✐çã♦ ✶✳✶✽✳ ❖ ♦♣❡r❛❞♦r A : D(A) ⊂ X → P(X ′) é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦ s❡✱ ❡ s♦♠❡♥t❡

s❡✱ ♣❛r❛ t♦❞♦ (x0, y0) ∈ X ′ ×X t❛❧ q✉❡

〈y0 − y, x0 − x〉X′×X ≥ 0, ∀(x, y) ∈ Gr(A),

t❡♠✲s❡ (x0, y0) ∈ Gr(A)✳

❉❡♠♦♥str❛çã♦✿ (=⇒) ❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ A é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦ ❡ q✉❡ ❡①✐st❡

(x0, y0) ∈ X ′ ×X t❛❧ q✉❡

〈y0 − y, x0 − x〉X′×X ≥ 0, ∀(x, y) ∈ Gr(A) ❝♦♠ (x0, y0) /∈ Gr(A).

❙❡❥❛ Ã t❛❧ q✉❡ Gr(Ã) = Gr(A)∪{(x0, y0)}✱ é ❝❧❛r♦ q✉❡ A ≤ Ã ❡ Ã é ♠♦♥ót♦♥♦✱ ♦ q✉❡ ❝♦♥tr❛❞✐③

❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ A✳

(⇐=) ❙✉♣♦♥❤❛♠♦s q✉❡ A é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦ ❡ s❡❥❛ B : D(B) ⊂ X → P(X ′) ✉♠ ♦♣❡r❛❞♦r

♠♦♥ót♦♥♦ t❛❧ q✉❡ A ≤ B✳ ❈♦♥s✐❞❡r❡ (x0, y0) ∈ Gr(B)✱ s❡♥❞♦ B ♠♦♥ót♦♥♦ t❡♠✲s❡

〈y0 − y, x0 − x〉X′×X ≥ 0, ∀(x, y) ∈ Gr(B).

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ t♦❞♦ (x, y) ∈ Gr(A)✱ ❧♦❣♦✱ ♣♦r ❤✐♣ót❡s❡ (x0, y0) ∈ Gr(A)✳ ❊♥tã♦ Gr(B) ⊂
Gr(A)✱ ✐st♦ é✱ B ≤ A ❡ ♣❡❧❛ ❛♥t✐ss✐♠❡tr✐❛ s❡❣✉❡✲s❡ q✉❡ A = B✳

❖❜s❡r✈❛çã♦ ✶✳✶✼✳ ❙❡ A é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦ ❡ λ é ✉♠ ♥ú♠❡r♦ ♣♦s✐t✐✈♦ q✉❛❧q✉❡r ❡♥tã♦ ♦s

♦♣❡r❛❞♦r❡s λA ❡ A−1 sã♦ ♠❛①✐♠❛✐s ♠♦♥ót♦♥♦s✳

▲❡♠❛ ✶✳✹✳ ❙❡❥❛♠ X ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦ ❡ A : X → X ′ ✉♠ ♦♣❡r❛❞♦r ♠❛①✐♠❛❧

♠♦♥ót♦♥♦✳ ❙❡
(
um, vm

)
∈ D(A), um ⇀ u, vm ⇀ v ❡ q✉❛❧q✉❡r ✉♠ ❞♦s ❞♦✐s ✐t❡♥s ❛❜❛✐①♦ s❡

✈❡r✐✜❝❛✱ ✐st♦ é✱

✸✽



(i) lim
m,n→∞

sup
(
um − un, vm − vn

)
X
≤ 0❀

♦✉

(ii) lim
m→∞

sup
(
um − u, vm − v

)
X
≤ 0✳

❊♥tã♦✱ (u, v) ∈ D(A) ❡
(
um, vm

)
X
−→

(
u, v
)
X
✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❱✳ ❇❛r❜✉ ❬✷❪ ✳

❉❡✜♥✐çã♦ ✶✳✶✶ ✭❖♣❡r❛❞♦r❡s✿ ❤❡♠✐❝♦♥tí♥✉♦✴❝♦❡r❝✐✈♦✮✳ ❯♠ ♦♣❡r❛❞♦r A : X → X ′ é ❞✐t♦

❤❡♠✐❝♦♥tí♥✉♦ s❡ ♣❛r❛ t♦❞♦ x, y ∈ X

A(x+ ty)⇀ A(x), q✉❛♥❞♦ t −→ 0.

A é ❝♦❡r❝✐✈♦ q✉❛♥❞♦

lim
‖x‖→∞

〈Ax, x〉X′×X

‖x‖ = ∞.

❖s r❡s✉❧t❛❞♦s s❡❣✉✐♥t❡s ❝❛r❛❝t❡r✐③❛♠ ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛✐s ♠♦♥ót♦♥♦s ❡♠ ❊s♣❛ç♦s ❞❡

❇❛♥❛❝❤ r❡✢❡①✐✈♦s✳

Pr♦♣♦s✐çã♦ ✶✳✶✾✳ ❙❡❥❛♠ H ✉♠ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ A : H → H ✉♠ ♦♣❡r❛❞♦r ♠♦♥ót♦♥♦✳ ❙❡

A é ❤❡♠✐❝♦♥tí♥✉♦✱ ❡♥tã♦ A é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❱✳ ❇❛r❜✉ ❬✷❪✳

❚❡♦r❡♠❛ ✶✳✶✼✳ ❙❡❥❛♠ X ❡ X ′ ❡s♣❛ç♦s r❡✢❡①✐✈♦s ❡ ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①♦s❀ s❡❥❛ F : X → X ′

❛ ❛♣❧✐❝❛çã♦ ❞✉❛❧✐❞❛❞❡ ❞❡ X✳ ❈♦♥s✐❞❡r❡ ♦ ♦♣❡r❛❞♦r ♠♦♥ót♦♥♦ ✭♠✉❧tí✈♦❝♦✮ A : X → X ′✳ ❊♥tã♦

A é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ t♦❞♦ λ > 0 ✭❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ♣❛r❛ ❛❧❣✉♠ λ✮✱

ℜ(A+ λF ) = X ′✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❱✳ ❇❛r❜✉ ❬✷❪✳

❈♦r♦❧ár✐♦ ✶✳✷✳ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦ ❡ B : X → X ′ ✉♠ ♦♣❡r❛❞♦r ♠♦♥ót♦♥♦ ❧✐♠✐t❛❞♦

❡ ❤❡♠✐❝♦♥tí♥✉♦✳ ❙❡ ♦ ♦♣❡r❛❞♦r ✭♠✉❧t✐✈♦❝♦✮ A : X → X ′ é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦ ❡♥tã♦ A + B é

♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❱✳ ❇❛r❜✉ ❬✷❪ ✳

❖❜s❡r✈❛çã♦ ✶✳✶✽✳ ◆♦t❡ q✉❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❈♦r♦❧ár✐♦ 1.2 ♠♦str❛ q✉❡ q✉❛❧q✉❡r ♦♣❡r❛❞♦r

♠♦♥ót♦♥♦ ❧✐♠✐t❛❞♦ ❡ ❤❡♠✐❝♦♥tí♥✉♦ ❞❡ X ❡♠ X ′ é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦

t❡♦r❡♠❛ s❡❣✉✐♥t❡ ♥ã♦ ❡①✐❣❡ ❧✐♠✐t❛çã♦✳
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❚❡♦r❡♠❛ ✶✳✶✽✳ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦ ❡ B : X → X ′ ✉♠ ♦♣❡r❛❞♦r ♠♦♥ót♦♥♦ ❡ ❤❡♠✐✲

❝♦♥tí♥✉♦✳ ❊♥tã♦✱ B é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✳ ❙❡ ❛❧é♠ ❞✐ss♦✱ B é ❝♦❡r❝✐✈♦ ❡♥tã♦ ℜ(B) = X ′✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❱✳ ❇❛r❜✉ ❬✷❪ ✳

❚❡♦r❡♠❛ ✶✳✶✾✳ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦ ❡ A : X → X ′ ✉♠ ♦♣❡r❛❞♦r ✭♠✉❧tí✈♦❝♦✮ ♠❛①✐♠❛❧

♠♦♥ót♦♥♦✳ ❊♥tã♦✱ ℜ(A) = X ′ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ A−1 é ❧♦❝❛❧♠❡♥t❡ ❧✐♠✐t❛❞♦ ❡♠ ❝❛❞❛ ♣♦♥t♦

x′ ∈ ℜ(A) = D(A−1)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❱✳ ❇❛r❜✉ ❬✷❪✳

❚❡♦r❡♠❛ ✶✳✷✵✳ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦ ❡ A,B : X → X ′ ♦♣❡r❛❞♦r❡s ♠❛①✐♠❛✐s ♠♦♥ót♦✲

♥♦s✳ ❙✉♣♦♥❤❛ q✉❡
(
intD(A)

)
∩D(B) 6= ∅.

❊♥tã♦✱ A+B é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❱✳ ❇❛r❜✉ ❬✷❪ ✳

❖ ❚❡♦r❡♠❛ 1.20 ❝♦♥té♠ ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❛ s❡❣✉✐♥t❡ ✈❡rsã♦ ❞♦ ❈♦r♦❧ár✐♦ 1.2✳ ❱❡❥❛♠♦s✿

❈♦r♦❧ár✐♦ ✶✳✸✳ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦ ❡ B : X → X ′ ✉♠ ♦♣❡r❛❞♦r ♠♦♥ót♦♥♦ ❡ ❤❡♠✐✲

❝♦♥tí♥✉♦✳ ❙❡❥❛ ♦ ♦♣❡r❛❞♦r ✭♠✉❧t✐✈♦❝♦✮ A : X → X ′ ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✱ ❡♥tã♦ A+B é ♠❛①✐♠❛❧

♠♦♥ót♦♥♦✳ ❆❧é♠ ❞✐ss♦✱ s❡ A+B é ❝♦❡r❝✐✈♦ ❡♥tã♦ ℜ(A+B) = X ′✳

❚❡♦r❡♠❛ ✶✳✷✶ ✭❚❡♦r❡♠❛ ❞❡ ▼✐♥t②✮✳ (i) ❯♠ ♦♣❡r❛❞♦r A : H → H ′, s♦❜r❡ ✉♠ ❊s♣❛ç♦ ❞❡

❍✐❧❜❡rt H é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ℜ(A+ λI) = H ′✱ ♣❛r❛ ❛❧❣✉♠ λ > 0;

(ii) ❙❡ ✉♠ ♦♣❡r❛❞♦r ♠♦♥ót♦♥♦ A✱ ❞❡✜♥✐❞♦ ❡♠ ✉♠ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡t H✱ é ❝♦♥tí♥✉♦ ❡ D(A) = H✱

❡♥tã♦ A é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✺❪✳

✶✳✻✳✷ ❚❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s ❞❡ ❖♣❡r❛❞♦r❡s ▲✐♥❡❛r❡s

❱❡r❡♠♦s ❛ s❡❣✉✐r ✉♠ ❜r❡✈❡ r❡s✉♠♦ ❞❛ ✐♠♣♦rt❛♥t❡ t❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s✳ ◆♦ ❡♥t❛♥t♦✱ ❛ss✐♠

❝♦♠♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦r s❡ tr❛t❛r ❞❡ r❡s✉❧t❛❞♦s ❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞♦s✱ ♠✉✐t♦s ❞❡❧❡s ♥ã♦

s❡rã♦ ❞❡♠♦♥str❛❞♦s✳

❉❡✜♥✐çã♦ ✶✳✶✷✳ ❙❡❥❛♠ X ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ L(X) ♦ ❝♦♥❥✉♥t♦ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s

❧✐♠✐t❛❞♦s ❞❡ X✳ ❯♠❛ ❛♣❧✐❝❛çã♦ S : R+ → L(X) é ✉♠ ❙❡♠✐❣r✉♣♦ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s

❧✐♠✐t❛❞♦s✱ ❞❡ X✱ s❡

✹✵



(i) S(0) = I✱ ♦♥❞❡ I é ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ❞❡ L(X)❀

(ii) S(t+ s) = S(t)S(s), ∀t, s ∈ R+✳

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❉✐③❡♠♦s q✉❡ ♦ ❙❡♠✐❣r✉♣♦ {S(t)}t≥0 é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉♦✱ s❡

lim
t→0+

‖S(t)− I‖= 0.

❉❡✜♥✐çã♦ ✶✳✶✹✳ ❖ ❙❡♠✐❣r✉♣♦ {S(t)}t≥0 é ❞✐t♦ ❞❡ ❝❧❛ss❡ C0✱ ♦✉ ❢♦rt❡♠❡♥t❡ ❝♦♥tí♥✉♦ s❡✱

lim
t→0+

‖(S(t)− I)x‖= 0, ∀x ∈ X.

P♦r ✈❡③❡s✱ q✉❛♥❞♦ {S(t)}t≥0 ❢♦r ✉♠ ❙❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ✈❛♠♦s ❞✐③❡r s✐♠♣❧❡s♠❡♥t❡

q✉❡ {S(t)}t≥0 é ✉♠ C0✲❙❡♠✐❣r✉♣♦✳ ❆❞❡♠❛✐s✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❡♠ ❛❧❣✉♠❛s s✐t✉❛çõ❡s✱ t❛♠❜é♠

s❡rã♦ ✉s❛❞❛s ❛s ♥♦t❛çõ❡s S(t) ♦✉ s✐♠♣❧❡s♠❡♥t❡ S ♥♦ ❧✉❣❛r ❞❡ {S(t)}t≥0✳

▲❡♠❛ ✶✳✺✳ ❙❡❥❛ {S(t)}t≥0 ✉♠ C0✲❙❡♠✐❣r✉♣♦ ❡♠ X✱ ♦♥❞❡ X é ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❊♥tã♦✱

❡①✐st❡♠ M ≥ 1 ❡ δ > 0 t❛✐s q✉❡ 0 ≤ t ≤ δ✱

‖S(t)‖≤M.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪ ♦✉ ❙✳ ❩❤❡♥❣ ❬✷✸❪✳

❚❡♦r❡♠❛ ✶✳✷✷✳ ❙❡❥❛♠ X ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ {S(t)}t≥0 ✉♠ C0✲❙❡♠✐❣r✉♣♦ ❡♠ X✳ ❊♥tã♦✱

❡①✐st❡♠ ❝♦♥st❛♥t❡s M ≥ 1 ❡ ω ≥ 0 t❛✐s q✉❡

‖S(t)‖≤Meωt, ∀t ≥ 0.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪ ✱ ❱✳ ❇❛r❜✉ ❬✷❪ ♦✉ ❙✳ ❩❤❡♥❣ ❬✷✸❪✳

❈♦r♦❧ár✐♦ ✶✳✹✳ ❚♦❞♦ ❙❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 é ❢♦rt❡♠❡♥t❡ ❝♦♥tí♥✉♦ ❡♠ R+✱ ✐st♦ é✱ s❡ t ∈ R+

❡♥tã♦

lim
s→t

S(s)x = S(t)x, ∀x ∈ X.

❉❡♠♦♥str❛çã♦✿ ❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ t ∈ R+✱ ❞❡ h > 0 ✈❡♠♦s q✉❡

∥∥S(t+ h)x− S(t)x
∥∥ =

∥∥S(t)[S(h)− I]x
∥∥

≤
∥∥S(t)

∥∥∥∥(S(h)− I)x
∥∥ −→ 0,

q✉❛♥❞♦ h→ 0+✳ ❙❡ 0 < h < t✱

∥∥S(t− h)x− S(t)x
∥∥ =

∥∥S(t− h)[I − S(h)]x
∥∥

≤
∥∥S(t− h)

∥∥∥∥(S(h)− I)x
∥∥ −→ 0,

✹✶



q✉❛♥❞♦ h→ 0+✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✷✱ ♦❜t❡♠♦s

lim
s→t

S(s)x = S(t)x, ∀x ∈ X.

❖❜s❡r✈❛çã♦ ✶✳✶✾✳ ❉♦ ❡①♣♦st♦ ❛❝✐♠❛✱ q✉❛♥❞♦ ω0 < 0✱ ❡①✐st❡ M ≥ 1 t❛❧ q✉❡

‖S(t)‖≤M, ∀t ≥ 0.

♥❡st❡ ❝❛s♦✱ ❞✐③✲s❡ q✉❡ S é ✉♠ ❙❡♠✐❣r✉♣♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞♦ ❞❡ ❝❧❛ss❡ C0✳ ❙❡ ❛❧é♠

❞✐ss♦✱ M = 1✱ S é ❞✐t♦ ✉♠ ❙❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s ❞❡ ❝❧❛ss❡ C0✳

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❖ ♦♣❡r❛❞♦r A ❞❡✜♥✐❞♦ ♣♦r✿

D(A) =

{
x ∈ X; lim

h→0+

S(h)− I

h
x existe

}
,

Ax = lim
h→0+

S(h)− I

h
x, ∀x ∈ D(A),

é ❞✐t♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ ❙❡♠✐❣r✉♣♦ S✳ ❆❧❣✉♠❛s ✈❡③❡s ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r
S(h)− I

h
,

(h > 0) s❡rá ❞❡♥♦t❛❞♦ ♣♦r Ah✳

Pr♦♣♦s✐çã♦ ✶✳✷✵✳ ❙❡❥❛♠ S ✉♠ ❙❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❡ A ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ S✳

(i) ❙❡ x ∈ D(A) ❡♥tã♦ S(t)x ∈ D(A), ∀t ≥ 0 ❡

d

dt
S(t)x = AS(t)x = S(t)Ax. ✭✶✳✷✮

(ii) ❙❡ x ∈ D(A)✱ ❡♥tã♦

S(t)x− S(s)x =

∫ t

s

AS(τ)xdτ =

∫ t

s

S(τ)Axdτ. ✭✶✳✸✮

(iii) ❙❡ x ∈ X ❡♥tã♦
∫ t

s

S(τ)xdτ ∈ D(A) ❡

S(t)x− x = A

∫ t

0

S(τ)xdτ. ✭✶✳✹✮

❉❡♠♦♥str❛çã♦✿ ❋✐①❛❞♦ t > 0✱ ♣❛r❛ h > 0 t❡♠♦s

S(t+ h)− S(t)

h
x =

S(t)S(h)− S(t)

h
x =

S(h)− I

h
S(t)x = AhS(t)x = S(t)Ahx.

✹✷



❱❛♠♦s ❥✉st✐✜❝❛r ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✳ ◆♦t❡ q✉❡✱

S(t)Ahx = S(t)
S(h)− I

h
x =

S(t)S(h)x− S(t)x

h
=
S(t+ h)x− S(t)x

h
=

=
S(h)S(t)x− S(t)x

h
= AhS(t)x.

❈♦♠♦ x ∈ D(A) ❡♥tã♦ S(t)x ∈ D(A) ❞❛í✱ ❡①✐st❡ ♦ ❧✐♠✐t❡ AS(t)x✱ ♣♦rt❛♥t♦ ♣♦❞❡♠♦s ♣❛ss❛r ❛♦

❧✐♠✐t❡ ♥❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ S(t)Ax ❡①✐st❡ ❡❀ ❛❞❡♠❛✐s

AhS(t)x = lim
h→0+

S(h)S(t)x− S(t)x

h
= lim

h→0+

S(h+ t)x− S(t)x

h
=

=
d+

dt
S(t)x,

✭✶✳✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ 0 < h < t✱

S(t− h)

(
S(h)x− x

h

)
=
S(t− h)S(h)x− S(t− h)x

h
=
S(t)x− S(t− h)x

h
,

♦ q✉❡ ✐♠♣❧✐❝❛

S(t)x− S(t− h)x

h
− S(t)Ahx = S(t− h)

(
S(h)x− x

h

)
− S(t)Ahx. ✭✶✳✻✮

❙♦♠❛♥❞♦ ❡ s✉❜tr❛✐♥❞♦ S(t− h)Ahx ♥♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ (1.6)✱ t❡♠♦s

S(t− h)

(
S(h)x− x

h

)
− S(t)Ahx− S(t− h)Ahx+ S(t− h)Ahx

= S(t− h)

(
S(h)x− x

h
− Ahx

)

︸ ︷︷ ︸
(I)

+
(
S(t− h)− S(t)

)
Ahx︸ ︷︷ ︸

(II)

. ✭✶✳✼✮

❱❛♠♦s ❛♥❛❧✐s❛r (I) ❡ (II) s❡♣❛r❛❞❛♠❡♥t❡✳ ❈♦♠♦✱
∥∥∥∥∥S(t− h)

(
S(h)x− x

h
− Ahx

)∥∥∥∥∥ ≤ ‖S(t− h)‖
∥∥∥∥∥
S(h)x− x

h
− Ahx

∥∥∥∥∥,

❡ ❝♦♠♦ x ∈ D(A)✱ s❡❣✉❡ ❞❛ ❧✐♠✐t❛çã♦ ❞❡ S(t− h) q✉❡
∥∥∥∥∥S(t− h)

(
S(h)x− x

h
− Ahx

)∥∥∥∥∥ −→ 0, q✉❛♥❞♦ h→ 0+. ✭✶✳✽✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❧❤❛♥❞♦ ❛❣♦r❛ (II)✱ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❢♦rt❡ ❞❡ S(·)x✱ t❡♠♦s

‖(S(t− h)− S(t))Ahx‖−→ 0, q✉❛♥❞♦ h→ 0+. ✭✶✳✾✮

▲♦❣♦✱ ♣♦r (1.7), (1.8)✱ (1.9) ❡✱ ♦❜s❡r✈❛♥❞♦ (1.6) ✈❡♠♦s q✉❡
∥∥∥∥∥
S(t)x− S(t− h)x

h
− S(t)Ahx

∥∥∥∥∥ −→ 0, q✉❛♥❞♦ h→ 0+,

✹✸



❞♦♥❞❡✱ ❛ ❞❡r✐✈❛❞❛ à ❡sq✉❡r❞❛ ❞❡ S(t)x é ❞❛❞❛ ♣♦r

d−

dt
S(t)x = S(t)Ax. ✭✶✳✶✵✮

❊♥tã♦✱ ❞❡ (1.5), (1.10)
d

dt
(S(t)x) = S(t)Ax = AS(t)x,

♦ q✉❡ ♣r♦✈❛ (i)✳ ❆❣♦r❛✱ ♣❛r❛ ♠♦str❛r (ii) ♦❜s❡r✈❡ q✉❡ ❜❛st❛ ✐♥t❡❣r❛r (1.2) ❞❡ s ❛ t✱ ♦❜t❡♥❞♦
∫ t

s

d

dt
S(t)xdτ =

∫ t

s

AS(τ)xdτ =

∫ t

s

S(τ)Axdτ,

♦✉ s❡❥❛✱

S(t)x− S(s)x =

∫ t

s

AS(τ)xdτ =

∫ t

s

S(τ)Axdτ,

❡ (ii) s❡ ✈❡r✐✜❝❛✳ ❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ❥✉st✐✜❝❛r (iii) ♥♦t❡♠♦s q✉❡ ♣❛r❛ h > 0✱ ❝♦♠ h < t

(
S(h)− I

h

)∫ t

0

S(τ)xdτ =
1

h

[
S(h)

∫ t

0

S(τ)xdτ −
∫ t

0

S(τ)xdτ

]

=
1

h

[∫ t

0

S(h)S(τ)xdτ −
∫ t

0

S(τ)xdτ

]

=
1

h

[∫ t

0

S(τ + h)xdτ −
∫ t

0

S(τ)xdτ

]

=
1

h

∫ t+h

t

S(τ)xdτ

︸ ︷︷ ︸
I1

−1

h

∫ h

0

S(τ)xdτ.

✭✶✳✶✶✮

❆✜r♠❛çã♦ ✶✿ P❛r❛ ❝❛❞❛ x ∈ X ❡ h > 0

lim
h→0+

1

h

∫ t+h

t

S(τ)xdτ = S(t)x.

❉❡ ❢❛t♦✱ ♥♦t❡ q✉❡
∥∥∥∥∥
1

h

∫ t+h

t

S(τ)xdτ − S(t)x

∥∥∥∥∥ =

∥∥∥∥∥
1

h

∫ t+h

t

[
S(τ)x− S(t)x

]
dτ

∥∥∥∥∥ ≤ 1

h

∫ t+h

t

‖S(τ)x− S(t)x‖dτ.

❉❛í✱ s❡♥❞♦ S(·)x ❝♦♥tí♥✉❛✱ ♣❛r❛ t♦❞♦ ǫ > 0✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡

‖S(τ)x− S(t)x‖< ǫ, s❡♠♣r❡ q✉❡ |τ − t|< δ,

♣♦rt❛♥t♦✱ ♣❛r❛ h > 0 ♣❡q✉❡♥♦
∥∥∥∥∥
1

h

∫ t+h

t

S(τ)xdτ − S(t)x

∥∥∥∥∥ ≤ 1

h

∫ t+h

t

ǫdτ =
1

h
ǫh = ǫ,

❞♦♥❞❡✱ ❝♦♥❝❧✉í♠♦s q✉❡

lim
h→0+

1

h

∫ t+h

t

S(τ)xdτ = S(t)x,

✹✹



♦ q✉❡ ♣r♦✈❛ ❛ ❆✜r♠❛çã♦ 1 ❡ ♠♦str❛ q✉❡ ♦ ❧✐♠✐t❡ ❡♠ I1 ❡①✐st❡✳ ▲♦❣♦✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❡♠

(1.11)✱ q✉❛♥❞♦ h→ 0+✱ r❡s✉❧t❛

lim
h→0+

(
S(h)− I

h

)∫ t

0

S(τ)xdτ = lim
h→0+

1

h

∫ t+h

t

S(τ)xdτ − lim
h→0+

1

h

∫ h

0

S(τ)xdτ = S(t)x− x.

P♦r ✜♠✱ s❡❣✉❡✲s❡ q✉❡ ∫ t

0

S(τ)xdτ ∈ D(A),

❝♦♠

A

(∫ t

0

S(τ)xdτ

)
= lim

h→0+

S(h)− I

h

(∫ t

0

S(τ)xdτ

)
= S(t)x− x.

Pr♦♣♦s✐çã♦ ✶✳✷✶✳ (i) ❖ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ ❙❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 é ✉♠ ♦♣❡r❛❞♦r

❧✐♥❡❛r ❢❡❝❤❛❞♦ ❡ s❡✉ ❞♦♠í♥✐♦ é ❞❡♥s♦ ❡♠ X✳

(ii) ❯♠ ♦♣❡r❛❞♦r A ❢❡❝❤❛❞♦ ❝♦♠ ❞♦♠í♥✐♦ ❞❡♥s♦ ❡♠ X é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ♥♦ ♠á①✐♠♦

✉♠ ❙❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪✳

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r♠♦s ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♣r❡❝✐s❛♠♦s ❞❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✶✻✳ ❙❡❥❛ S ✉♠ ❙❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❡ A ♦ s❡✉ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧✳ ❈♦♥s✐❞❡r❡

A0 = I✱ A1 = A ❡ s✉♣♦♥❞♦ q✉❡ An−1 ❡st❡❥❛ ❞❡✜♥✐❞♦✱ ✈❛♠♦s ❞❡✜♥✐r An ♣♦♥❞♦✿

D(An) := {x; x ∈ D(An−1) e An−1x ∈ D(A)},

Ax := A(An−1x), ∀x ∈ D(An).

Pr♦♣♦s✐çã♦ ✶✳✷✷✳ ❙❡❥❛ S ✉♠ ❙❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❡ A s❡✉ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧✳ ❚❡♠♦s✿

✶✳ D(An) é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ X ❡ An é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❞❡ X✳

✷✳ ❙❡ x ∈ D(An)✱ ❡♥tã♦ S(t)x ∈ D(An), ∀t ≥ 0 ❡

dn

dtn
S(t)x = AnS(t)x = S(t)Anx, ∀n ∈ N.

✸✳ ❙❡❥❛ n ∈ N✱ s❡ x ∈ D(An) ❡♥tã♦
∫ t

0

S(τ)xdτ ∈ D(An+1) ❡

An+1

(∫ t

0

S(τ)xdτ

)
= S(t)Anx− Anx.

✹✺



❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪✳

❚❡♦r❡♠❛ ✶✳✷✸✳ ❙❡❥❛ A ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ ❙❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0✱ ♦✉ s❡❥❛✱ ❢♦rt❡✲

♠❡♥t❡ ❝♦♥tí♥✉♦ ❡♠ X✱ ❡♥tã♦
∞⋂

n=1

D(An) é ❞❡♥s♦ ❡♠ X✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪✳

▲❡♠❛ ✶✳✻✳ ❙❡❥❛ A ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❢❡❝❤❛❞♦ ❞❡ X✳ P♦♥❞♦ ♣❛r❛ ❝❛❞❛ x ∈ D(Ak)✱

|x|k=
k∑

j=0

‖Ajx‖, ✭✶✳✶✷✮

♦ ❢✉♥❝✐♦♥❛❧ | · |k é ✉♠❛ ♥♦r♠❛ ❡♠ D(Ak) ❝♦♠ ❛ q✉❛❧ D(Ak) é ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪✳

Pr♦♣♦s✐çã♦ ✶✳✷✸✳ ❙❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲❙❡♠✐❣r✉♣♦✱ ❡♥tã♦ ♣❛r❛ t♦❞♦ x ∈
D(Ak)

S(t)x ∈ Cn−k
(
[0,∞]; [D(Ak)]

)
, k = 0, 1, . . . , n.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪✳

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❉✐③✲s❡ q✉❡ ✉♠ C0✲❙❡♠✐❣r✉♣♦ S✱ ❝♦♠ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ A✱ é ❞✐❢❡r❡♥❝✐á✈❡❧

♣❛r❛ t > t0 ≥ 0 s❡ S(t)x ⊂ D(A), ∀t > t0✳ ❉✐③✲s❡ q✉❡ S é ❞✐❢❡r❡♥❝✐á✈❡❧ s❡ S é ❞✐❢❡r❡♥❝✐á✈❡❧

♣❛r❛ t > 0✳

❚❡♦r❡♠❛ ✶✳✷✹✳ ❙❡❥❛ S ✉♠ ❙❡♠✐❣r✉♣♦ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♣❛r❛ t > t0 ❡ S(n)(t)✱ ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r

❞❡✜♥✐❞♦ ♣♦r S(n)(t) = AnS(t), A0 = I, n = 0, 1, . . . ❊♥tã♦ ♦ ♦♣❡r❛❞♦r S(n)(t) ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s

♣r♦♣r✐❡❞❛❞❡s✿

(i) ∀t > (n+ 1)t0 ❡ t♦❞♦ s t❛❧ q✉❡ t− t0 > s > nt0✱ t❡♠✲s❡

S(n)(t)x = S(t− s)S(n)(s)x, ∀x ∈ X, n = 0, 1, . . . ; ✭✶✳✶✸✮

(ii) S(n)(t) é ❧✐♠✐t❛❞♦ ♣❛r❛ t♦❞♦ t > nt0, n = 0, 1, . . . ;

(iii) S(n)(t) =

[
AS

(
t

n

)]n
=

[
S(1)

(
t

n

)]n
, ∀t > nt0, n = 1, 2, . . .

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪✳

✹✻



❚❡♦r❡♠❛ ✶✳✷✺✳ ❙❡❥❛ {S(t)}t≥0 ✉♠ C0✲❙❡♠✐❣r✉♣♦✳ ❙❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ {S(t)}t≥0

❡ u ∈ D(A)✳ ❊♥tã♦✱

S(·)u ∈ C0([0,∞);D(A)) ∩ C1([0,∞);X),

❡
d

dt
(S(t)u) = AS(t)u = S(t)Au.

❉❡♠♦♥str❛çã♦✿ ❆ s❡❣✉♥❞❛ ♣❛rt❡ ❥á ❢♦✐ ♠♦str❛❞❛ ♥❛ Pr♦♣♦s✐çã♦ ✶✳✷✵✳ ❆❧é♠ ❞✐ss♦✱ ♥❡ss❛s

❝♦♥❞✐çõ❡s✱ ❥á ✈✐♠♦s q✉❡

d

dt
(S(·)u) = S(·)Au ∈ C0([0,∞);X), ❞❛í, S(·)u ∈ C1([0,∞);X).

❚❛♠❜é♠ ❥á s❛❜❡♠♦s q✉❡ S(t)u ∈ D(A)✱ q✉❛♥❞♦ u ∈ D(A)✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ D(A) ❝♦♠ ❛

♥♦r♠❛

‖u‖D(A)= ‖u‖X+‖Au‖X ,

t❡♠♦s

S(·)u ∈ C0([0,∞);D(A)), ✭✶✳✶✹✮

♣♦✐s✱ ❞❛❞♦ t ∈ [0,∞) ❡ {tn} ⊂ [0,∞) ❝♦♠ tn −→ t, q✉❛♥❞♦ n→ ∞ ❡♠ [0,∞), s❡♥❞♦

‖S(tn)u− S(t)u‖D(A)= ‖S(tn)u− S(t)u‖X+‖AS(tn)u− AS(t)u‖X ,

❝♦♠♦ S(·)u é ❝♦♥tí♥✉❛✱ r❡s✉❧t❛

‖S(tn)u− S(t)u‖−→ 0, q✉❛♥❞♦ n→ ∞,

❧♦❣♦✱

‖AS(tn)u− AS(t)u‖= ‖S(tn)Au− S(t)Au‖−→ 0, q✉❛♥❞♦ n→ ∞.

P♦rt❛♥t♦✱

‖S(tn)u− S(t)u‖D(A)−→ 0, q✉❛♥❞♦ n→ ∞,

♦ q✉❡ ♠♦str❛ (1.14)✳ ❊♥tã♦✱

S(·)u ∈ C0([0,∞);D(A) ∩ C1([0,∞);X).

❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ✭P❱■✮
∣∣∣∣∣∣

d

dt
u(t) = Au(t), t ≥ 0,

u(0) = u0.
✭✶✳✶✺✮

✹✼



❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✵ ❡ ✉s❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r✱ ♠♦str❛r❡♠♦s ❛

❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❝❧áss✐❝❛ ♣❛r❛ ♦ P❱■ (1.15)✳ ❆♥t❡s ♣♦ré♠✱ ♣r❡❝✐s❛♠♦s ❞✐③❡r ♦

q✉❡ s✐❣♥✐✜❝❛ s❡r s♦❧✉çã♦ ❝❧áss✐❝❛✳ ❱❡❥❛♠♦s✿

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ u ∈ X é s♦❧✉çã♦ ❝❧áss✐❝❛ ❞❡
∣∣∣∣∣∣

d

dt
u(t) = Au(t), t ≥ 0,

u(0) = u0.

q✉❛♥❞♦

u ∈ C0([0,∞);D(A) ∩ C1([0,∞);X),

❡ u ✈❡r✐✜❝❛ ♦ P❱■✳

❈♦r♦❧ár✐♦ ✶✳✺✳ ❙❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ C0−❙❡♠✐❣r✉♣♦ {S(t)}t≥0✱ ❡♥tã♦ ♣❛r❛ t♦❞♦

u0 ∈ D(A)✱

u(t) = S(t)u0,

é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ P❱■ ∣∣∣∣∣∣

d

dt
u(t) = Au(t), t ≥ 0,

u(0) = u0.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❝❛❞❛ u0 ∈ D(A)✱ s❡❥❛ u(t) = S(t)u0✱ ❞❛í✱

d

dt
u(t) =

d

dt
(S(t)u0) = AS(t)u0, ∀u0 ∈ D(A),

❧♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✺✱ u(t) = S(t)u0 é s♦❧✉çã♦ ❞♦ (1.15)✳

❖❜s❡r✈❡ q✉❡ t❛❧ ❢✉♥çã♦ é ❛ ú♥✐❝❛ s♦❧✉çã♦✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ w(t) é s♦❧✉çã♦ ❞♦ P❱■

(1.15)✳ ❉❡✜♥❛✱

v(s) = S(t− s)w(s).

❆ss✉♠❛ ♣♦r ✉♠ ✐♥st❛♥t❡ q✉❡

d

ds
v(s) =

d

ds
(S(t− s)w(s)) = −AS(t− s)w(s) + AS(t− s)w(s) = 0, ✭✶✳✶✻✮

❞❛í ❝♦♥❝❧✉í♠♦s q✉❡ v é ❝♦♥st❛♥t❡✳ ❈♦♠♦

v(t) = S(t− t)w(t) = S(0)w(t) = w(t),

❡

v(0) = S(t− 0)w(0) = S(t)w(0) = S(t)u0,

✹✽



♣♦✐s✱ w é s♦❧✉çã♦ ❞♦ P❱■ (1.15)✱ s❡♥❞♦ v ❝♦♥st❛♥t❡ t❡♠✲s❡

w(t) = S(t)u0 = u(t).

❆❣♦r❛✱ ✈❛♠♦s ❥✉st✐✜❝❛r ❛ ✐❣✉❛❧❞❛❞❡ ❡♠ (1.16)✳ ◆♦t❡ q✉❡

d

ds
v(s) = lim

h→0

v(s+ h)− v(s)

h
= lim

h→0

S(t− (s+ h))w(s+ h)− S(t− s)w(s)

h
.

❆ss✐♠✱ s♦♠❛♥❞♦ ❡ s✉❜tr❛✐♥❞♦ ♦ t❡r♠♦ S(t− s)w(s+ h)✱ ♦❜t❡♠♦s

d

ds
v(s) = lim

h→0

S(t− (s+ h))w(s+ h)− S(t− s)w(s+ h) + S(t− s)w(s+ h)− S(t− s)w(s)

h
,

✐st♦ é✱

d

ds
v(s) = lim

h→0

[S(t− (s+ h))− S(t− s)]w(s+ h) + S(t− s)[w(s+ h)− w(s)]

h
. ✭✶✳✶✼✮

P♦r ♦✉tr♦ ❧❛❞♦✿

❆✜r♠❛çã♦ ✷✿

lim
h→0

S(t− s)[w(s+ h)− w(s)]

h
= AS(t− s)w(s). ✭✶✳✶✽✮

❉❡ ❢❛t♦✱

lim
h→0

S(t− s)[w(s+ h)− w(s)]

h
= S(t− s)

(
lim
h→0

w(s+ h)− w(s)

h

)
= S(t− s)

d

ds
w(s) =

= S(t− s)Aw(s) = AS(t− s)w(s).

❆✜r♠❛çã♦ ✸✿

lim
h→0

[S(t− s− h)− S(t− s)]w(s+ h)

h
= −AS(t− s)w(s). ✭✶✳✶✾✮

❉❡ ❢❛t♦✱

lim
h→0

[S(t− s− h)− S(t− s)]w(s+ h)

h
= lim

h→0

[S(t− s− h)− S(t− s− h+ h)]w(s+ h)

h

❡✱ ♣♦r ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❙❡♠✐❣r✉♣♦

lim
h→0

[S(t− s− h)− S(t− s)]w(s+ h)

h
= lim

h→0

S(t− s− h)[I − S(h)]w(s+ h)

h
,

❧♦❣♦✱

lim
h→0

[S(t− s− h)− S(t− s)]w(s+ h)

h
= − lim

h→0
S(t− s− h)

(
S(h)− I

h

)
w(s+ h), ✭✶✳✷✵✮

❆❣♦r❛✱ ♥♦t❡ q✉❡

✹✾



∥∥∥∥∥S(t− s− h)

(
S(h)− I

h

)
w(s+ h)− AS(t− s)w(s)

∥∥∥∥∥ ≤

≤
∥∥∥∥∥S(t− s− h)

(
S(h)− I

h

)
w(s+ h)− S(t− s− h)

(
S(h)− I

h

)
w(s)

∥∥∥∥∥
︸ ︷︷ ︸

N1

+

+

∥∥∥∥∥S(t− s− h)

(
S(h)− I

h

)
w(s)− S(t− s− h)Aw(s)

∥∥∥∥∥
︸ ︷︷ ︸

N2

+

+

∥∥∥∥∥S(t− s− h)Aw(s)− S(t− s)Aw(s)

∥∥∥∥∥
︸ ︷︷ ︸

N3

✳

❆✜r♠❛çã♦ ✹✿ ◗✉❛♥❞♦ h→ 0 t❡♠♦s✿

✶✳ N1 −→ 0❀

✷✳ N2 −→ 0❀

✸✳ N3 −→ 0❀

Pr♦✈❛ ❞❡ ✶✳ ❙❡♥❞♦ S(t− s− ·) ❧✐♠✐t❛❞❛✱ t❡♠♦s

N1 =

∥∥∥∥∥S(t− s− h)

(
S(h)− I

h

)
(w(s+ h)− w(s))

∥∥∥∥∥

≤ c1

∥∥∥∥∥

(
S(h)− I

h

)
(w(s+ h)− w(s))

∥∥∥∥∥,

❧♦❣♦✱ s♦♠❛♥❞♦ ❡ s✉❜tr❛✐♥❞♦ S(h)w′(s) ❡ w′(s)✱ ♦❜t❡♠♦s

N1 ≤ c1

∥∥∥∥∥S(h)
(
w(s+ h)− w(s)

h

)
− S(h)w′(s)

∥∥∥∥∥

+ c1

∥∥∥S(h)w′(s)− w′(s)
∥∥∥+ c1

∥∥∥∥w
′(s)− w(s+ h)− w(s)

h

∥∥∥∥,

❞♦♥❞❡ s❡❣✉❡ q✉❡

N1 ≤
∥∥∥S(h)w′(s)− S(h)w′(s)

∥∥∥+
∥∥∥S(h)w′(s)− w′(s)

∥∥∥+ ‖w′(s)− w′(s)
∥∥∥,

♣❡❧❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡ w ❡ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ S(·)w′(s)✱ ✈❡r✐✜❝❛✲s❡ (1)✳

Pr♦✈❛ ❞❡ ✷✳ ❈♦♠♦ S(·) é ❧✐♠✐t❛❞♦✱ ❡①✐st❡ c1 > 0 t❛❧ q✉❡

N2 ≤ c1

∥∥∥∥∥

(
S(h)− I

h

)
w(s)− Aw(s)

∥∥∥∥∥.

✺✵



▲♦❣♦✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧✱ t❡♠♦s

(
S(h)− I

h

)
w(s) −→ Aw(s),

❞♦♥❞❡ s❡❣✉❡ q✉❡ w(s) ∈ D(A) ❡ N2 −→ 0✳

Pr♦✈❛ ❞❡ ✸✳ ❙❡❣✉❡ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❢♦rt❡ ❞❛ ❢✉♥çã♦

S(t− s− ·)Aw(s).

▲♦❣♦✱
∥∥∥∥∥S(t− s− h)

(
S(h)− I

h

)
w(s+ h)− AS(t− s)w(s)

∥∥∥∥∥ −→ 0, q✉❛♥❞♦ h→ 0. ✭✶✳✷✶✮

P♦rt❛♥❞♦✱ ❞❡ (1.17)✱ (1.20) ❡ (1.21) ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛s ❛✜r♠❛çõ❡s ❛❝✐♠❛ ♦ ❚❡♦r❡♠❛ ✶✳✷✺ ✜❝❛

♣r♦✈❛❞♦✳ ✭P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❡ ♦✉tr❛s ❛♣❧✐❝❛çõ❡s r❡❝♦♠❡♥❞❛♠♦s t❛♠❜é♠ ❘✳ ❆✳ ❞❡ ▼❡❧♦ ❬✷✼❪✮

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❙❡❥❛ A ✉♠ ♦♣❡r❛❞♦r ❡♠ ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ X✳ ❉❡♥♦♠✐♥❛♠♦s ♦ ❝♦♥❥✉♥t♦

r❡s♦❧✈❡♥t❡ ❞❡ A✱ ❞❡♥♦t❛❞♦ ♣♦r ρ(A)✱ ❝♦♠♦ s❡♥❞♦

ρ(A) := {λ ∈ C; (λI − A)−1 ∈ L(X)},

♦♥❞❡

L(X) := {L : X −→ X; é ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦}.

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❉❡♥♦♠✐♥❛♠♦s ♦ ❡s♣❡❝tr♦ ❞❡ A s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

σ(A) := C\ρ(A).

❖❜s❡r✈❛çã♦ ✶✳✷✵✳ ❘❡♣r❡s❡♥t❛♠♦s ❛ ❢❛♠í❧✐❛ R(λ;A) ♣♦r

R(λ;A) := {(λI − A)−1; λ ∈ ρ(A) e (λI − A) ∈ L(X)},

♦♥❞❡ R(λ;A) = (λI−A)−1 é ❞✐t♦ ♦ ♦♣❡r❛❞♦r r❡s♦❧✈❡♥t❡ ❞❡ A ❛ss♦❝✐❛❞♦ ❛ λ✱ s❡♥❞♦ λ r❡❛❧ ♦✉

❝♦♠♣❧❡①♦✳ ❆❧❣✉♠❛s ✈❡③❡s✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ♦ ♦♣❡r❛❞♦r R(λ;A) é t❛♠❜é♠ ❞❡♥♦t❛❞♦ ♣♦r R(λ)✳

▲❡♠❛ ✶✳✼✳ ❙❡❥❛ f : [0, h] −→ R ❝♦♥tí♥✉❛✱ ❡♥tã♦

1

h

∫ h

0

f(τ)dτ −→ f(0), h→ 0+.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪✳

✺✶



❚❡♦r❡♠❛ ✶✳✷✻✳ ❙❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ ❙❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çã♦ {S(t)}t≥0✱ ❡♥tã♦

(λI − A) é ✐♥✈❡rtí✈❡❧ ♣❛r❛ t♦❞♦ λ > 0 ❡

(λI − A)−1 = R(λ), ✭✶✳✷✷✮

❛❧é♠ ❞✐ss♦✱ t❡♠✲s❡ ♣❛r❛ ❝❛❞❛ λ > 0

‖(λI − A)−1‖≤ 1

λ
.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪✳

❯♠❛ q✉❡stã♦ ✐♠♣♦rt❛♥t❡ ❛ s❡r ❛♥❛❧✐s❛❞❛✱ ♥❛ t❡♥t❛t✐✈❛ ❞❡ r❡s♦❧✈❡r ♦ Pr♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②✱ é

♦❜t❡r ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡ s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r A s❡❥❛ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧

❞❡ ✉♠ C0−❙❡♠✐❣r✉♣♦ S(t)✳ ◆❡ss❡ s❡♥t✐❞♦✱ ♦s ✐♠♣♦rt❛♥t❡s t❡♦r❡♠❛s ❞❡ ❍✐❧❧❡✲❨♦s✐❞❛ ❡ ▲✉♠♠❡r✲

P❤✐❧❧✐♣s✱ ❛❥✉❞❛♠ ❛ r❡s♣♦♥❞❡r ❡ss❛ q✉❡stã♦✳

❚❡♦r❡♠❛ ✶✳✷✼ ✭❍✐❧❧❡✲❨♦s✐❞❛✮✳ ❯♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r A s♦❜r❡ ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ X✱ é ✉♠

❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲❙❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✿

✶✳ A é ❢❡❝❤❛❞♦ ❡ ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳

✷✳ ❖ ❝♦♥❥✉♥t♦ r❡s♦❧✈❡♥t❡ ρ(A) ❝♦♥té♠ R+ ❡ ♣❛r❛ t♦❞♦ λ > 0✱ ✈❛❧❡

‖(λI − A)−1‖≤ 1

λ
.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪✳

❆❣♦r❛✱ ♣❛r❛ ❛♣r❡s❡♥t❛r♠♦s ♦✉tr❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ❣❡r❛❞♦r❡s ✐♥✜♥✐t❡s✐♠❛✐s ❞♦s ❙❡♠✐❣r✉✲

♣♦s ❞❡ ❝♦♥tr❛çõ❡s✱ ❞❛❞❛ ♣❡❧♦ ♦ ❚❡♦r❡♠❛ ❞❡ ▲✉♠♠❡r✲P❤✐❧❧✐♣s✱ ♣r❡❝✐s❛♠♦s ❞❡ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s✳

❉❡✜♥✐çã♦ ✶✳✷✶✳ ❙❡❥❛ X ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ X ′ ♦ ❞✉❛❧ ❞❡ X ❡ 〈·, ·〉 ❛ ❞✉❛❧✐❞❛❞❡ ❡♥tr❡ X ❡

X ′✳ P❛r❛ ❝❛❞❛ x ∈ X ❞❡✜♥✐♠♦s

J(x) := {x′ ∈ X ′; 〈x, x′〉 = ‖x‖2= ‖x′‖2}.

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍❛♥❤✲❇❛♥❛❝❤ ✺✳✾✱ J(x) 6= ∅, ∀x ∈ X✳

❉❡✜♥✐çã♦ ✶✳✷✷✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞✉❛❧✐❞❛❞❡ é ✉♠❛ ❛♣❧✐❝❛çã♦ j : X −→ X ′, ∀x ∈ X❀ ❛❧é♠

❞✐ss♦

‖j(x)‖= ‖x‖.

✺✷



❉❡✜♥✐çã♦ ✶✳✷✸✳ ❖ ♦♣❡r❛❞♦r A : D(A) ⊂ X −→ X é ♠❛①✐♠❛❧ s❡✱

ℜ(I + A) = X,

✐st♦ é✱ ∀f ∈ X✱ ❡①✐st❡ u ∈ D(A) t❛❧ q✉❡ (I + A)u = f ✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❖ ♦♣❡r❛❞♦r ❧✐♥❡❛r A : D(A) ⊂ X −→ X é ❞✐ss✐♣❛t✐✈♦ s❡✱ ♣❛r❛ ❛❧❣✉♠❛

❛♣❧✐❝❛çã♦ ❞✉❛❧✐❞❛❞❡ j

Re〈Ax, j(x)〉 ≤ 0, ∀x ∈ D(A),

s❡✱ ❛❧é♠ ❞✐ss♦✱ ❡①✐st❡ λ > 0 t❛❧ q✉❡ Im(λI − A) = X✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ A é ♠❛①✐♠❛❧

❞✐ss✐♣❛t✐✈♦ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ♠✲❞✐ss✐♣❛t✐✈♦✳

❉✐③✲s❡ q✉❡ A é ❛❝r❡t✐✈♦ ✭♠✲❛❝r❡t✐✈♦✮ s❡ −A ❢♦r ❞✐ss✐♣❛t✐✈♦ ✭♠✲❞✐ss✐♣❛t✐✈♦✮✳

Pr♦♣♦s✐çã♦ ✶✳✷✹✳ ❙❡ A é ❞✐ss✐♣❛t✐✈♦✱ ❡♥tã♦

‖(λ− A)x‖≥ ‖x‖, ∀λ > 0 e ∀x ∈ D(A).

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪✳

Pr♦♣♦s✐çã♦ ✶✳✷✺✳ ❙❡ A é m−❞✐ss✐♣❛t✐✈♦ ❡ Im(λ0I − A) = X✱ λ0 > 0 ❡♥tã♦✿

✶✳ λ0 ∈ ρ(A) ❡ A é ❢❡❝❤❛❞♦❀

✷✳ (0,∞) ⊂ ρ(A)❀

✸✳ ℜ(λI − A) = X, ∀λ > 0✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪✳

❖❜s❡r✈❛çã♦ ✶✳✷✶✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦ ✈❛♠♦s ❡s❝r❡✈❡r A ∈ G(M,ω) ♣❛r❛ ❡①♣r✐♠✐r

q✉❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ ❙❡♠✐❣r✉♣♦ {S(t)}t≥0 ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❧✐♠✐t❛❞♦s ❞❡

❝❧❛ss❡ C0✱ S s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦

‖S(t)‖≤Meωt, ∀t > 0.

❚❡♦r❡♠❛ ✶✳✷✽ ✭▲✉♠❡r✲P❤✐❧❧✐♣s✮✳ ❉✐③❡♠♦s q✉❡ A ∈ G(1, 0) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ A ém−❞✐ss✐♣❛t✐✈♦

❡ ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪✳

✺✸



❖❜s❡r✈❛çã♦ ✶✳✷✷✳ ❙❡ X é ✉♠ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❡♥tã♦ A : D(A) ⊂ X −→ X é ❞✐ss✐♣❛t✐✈♦ s❡✿

Re〈Ax, x〉 ≤ 0, ∀x ∈ D(A).

▲❡♠❛ ✶✳✽✳ ❙❡❥❛ B : X −→ X ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✱ ❝♦♥tí♥✉♦ ❡ ❝♦♠ ✐♥✈❡rs♦ ❝♦♥tí♥✉♦✳ ❙❡❥❛

S ∈ L(X) t❛❧ q✉❡

‖S‖< 1

‖B−1‖ ,

❡♥tã♦✱ B + S é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❝♦♥tí♥✉♦ ❡ ✐♥✈❡rtí✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪✳

❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r s✐♠♣❧✐✜❝❛ ❜❛st❛♥t❡ ♦s ❝á❧❝✉❧♦s ♣❛r❛ ♠♦str❛r q✉❡ A é ♦ ❣❡r❛❞♦r

✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲❙❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s ❞❡ ✉♠ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H✳

Pr♦♣♦s✐çã♦ ✶✳✷✻ ✭▲✐✉✲❩❤❡♥❣✮✳ ❙❡❥❛ A : D(A) ⊂ H → H ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❝♦♠ D(A) = H✱

♦♥❞❡ H é ✉♠ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳ ❙❡ A é ❞✐ss✐♣❛t✐✈♦ ❡ 0 ∈ ρ(A) ❡♥tã♦ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧

❞❡ ✉♠ C0✲❙❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s ❞❡ H✳

❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦ 0 ∈ ρ(A) ❡♥tã♦ (0I − A) é ✐♥✈❡rtí✈❡❧ ❡ ❧✐♠✐t❛❞♦✳ ▲♦❣♦

A−1 ∈ L(H).

❱❛♠♦s ♠♦str❛r q✉❡ ♣❛r❛ t♦❞♦ λ ∈ R✱ λI − A = A(λA−1 − I) é ✐♥✈❡rtí✈❡❧✱ s❡♠♣r❡ q✉❡

0 < λ < ‖A−1‖−1
L(H).

❉❡ ❢❛t♦✱ ❝♦♠♦ A é ✐♥✈❡rtí✈❡❧✱ ♣❡❧♦ ▲❡♠❛ 1.8✱ t♦♠❛♥❞♦ B = −I ❡ S = λA−1✱ ♣❛r❛ |λ|< 1

‖A−1‖ ✱
t❡♠✲s❡ q✉❡ (λA−1 − I) é ✐♥✈❡rtí✈❡❧✱ ❡ ❝♦♠♦ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ♦♣❡r❛❞♦r❡s ✐♥✈❡rtí✈❡✐s é ✐♥✈❡rtí✈❡❧

s❡❣✉❡✲s❡ q✉❡ (λI − A) é ✐♥✈❡rtí✈❡❧✳ ❆❣♦r❛✱ ✉s❛♥❞♦ ❛ sér✐❡ ❞❡ ◆❡✉♠❛♥♥ ♣❛r❛ ♦♣❡r❛❞♦r❡s✿
∞∑

j=0

T j =
1

I − T
, s❡ ‖T‖< 1

s❡❣✉❡ q✉❡✱ s❡ 0 < ‖λA−1‖< 1✱ ❡♥tã♦

(λI − A)−1 = [A(λA−1 − I)]−1 = (λA−1 − I)−1A−1 = A−1(λA−1 − I)−1 =

= A−1 1

(λA−1 − I)
= −A−1 1

(I − λA−1)
= −A−1

∞∑

j=0

(λA−1)j.

❆ss✐♠✱ ♣❛r❛ 0 < ‖λA−1‖< 1

‖(λI − A)−1‖ =
∥∥∥− A−1

∞∑

j=0

(λA−1)j
∥∥∥ ≤ ‖A−1‖

∥∥∥
∞∑

j=0

(λA−1)j
∥∥∥ ≤

≤ ‖A−1‖
∞∑

j=0

‖(λA−1)j‖≤ ‖A−1‖
∞∑

j=0

‖(λA−1)‖j≤

<∞.

✺✹



P♦rt❛♥t♦✱

(λI − A)−1 ∈ L(H) ❞❡s❞❡ q✉❡ 0 < ‖λA−1‖< 1.

◆♦t❡ q✉❡✱

0 < ‖λA−1‖< 1 ⇐⇒ 0 < ‖A−1‖< 1

|λ| , ♣❛r❛ λ 6= 0.

P♦r ✐ss♦✱ s❡ λ > 0 ❡♥tã♦

0 < λ‖A−1‖< 1 ⇐⇒ 0 < λ < ‖A−1‖−1.

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛s♦ ❡♠ q✉❡ λ ∈ R\{0}, t❡♠♦s

0 < |λ|< ‖A−1‖−1. ✭✶✳✷✸✮

❉❡ss❡ ♠♦❞♦✱ ❝♦♠♦ D(A) = H✱ A é ❞✐ss✐♣❛t✐✈♦ ❡ (λI − A) é ❜✐❥❡t✐✈♦ s♦❜r❡ ❛ ❝♦♥❞✐çã♦ (1.23)✱

❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲✉♠❡r✲P❤✐❧❧✐♣s 1.28✱ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ C0✲❙❡♠✐❣r✉♣♦ ❞❡

❝♦♥tr❛çã♦✳

❚❡♦r❡♠❛ ✶✳✷✾✳ ❙❡❥❛♠ X ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ A ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦ ♥ã♦ ❧✐♠✐t❛❞♦ ❡

s♦❜r❡❥❡t♦r ❞❡ X✳ ❙❡ ♦ ❞♦♠í♥✐♦ ❞❡ A t❡♠ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ❡♠ X✱ ❡♥tã♦ ❛ ✐♥✈❡rs❛ ❞❡ A é ✉♠

♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ●♦♠❡s ❬✶✹❪✱ ❆✳ P❛③② ❬✸✷❪✳

❊♥❝❡rr❛♠♦s ❡st❛ s❡çã♦ ❝♦♠ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❜ás✐❝❛s✱ ❛s q✉❛✐s sã♦ ❡st✉❞❛❞❛s ❛❞❡q✉❛❞❛✲

♠❡♥t❡ ❡♠ ❆✳ ❇❛❧❛❦r✐s❤♥❛♥ ❬✶❪✳

❉❡✜♥✐çã♦ ✶✳✷✺ ✭❯♥✐❢♦r♠❡♠❡♥t❡ ❡stá✈❡❧✮✳ ❯♠ ❙❡♠✐❣r✉♣♦ S(t) é ✉♥✐❢♦r♠❡♠❡♥t❡ ❡stá✈❡❧

✭♦✉ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧✮ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ❡stá✈❡❧ s❡

‖S(t)‖ −→ 0, q✉❛♥❞♦ t→ ∞.

❖❜s❡r✈❛çã♦ ✶✳✷✸✳ ❉✉❛s ❞✐❢❡r❡♥t❡s ❡ ❡q✉✐✈❛❧❡♥t❡s ❝♦♥❞✐çõ❡s ♣❛r❛ ✉♥✐❢♦r♠✐❞❛❞❡ ❡stá✈❡❧ sã♦✿

(i) ‖S(t)‖ < 1, ♣❛r❛ ❛❧❣✉♠ t > 0❀

(ii)

∫ ∞

0

‖S(t)x‖2dt <∞, ∀x ∈ H.

❉❡✜♥✐çã♦ ✶✳✷✻ ✭❋♦rt❡♠❡♥t❡ ❡stá✈❡❧✮✳ ❯♠ ❙❡♠✐❣r✉♣♦ S(t) é ❢♦rt❡♠❡♥t❡ ❡stá✈❡❧ s❡

‖S(t)x‖ −→ 0, q✉❛♥❞♦ t→ ∞,

♣❛r❛ ❝❛❞❛ x ∈ H✳

✺✺



❖❜s❡r✈❛çã♦ ✶✳✷✹✳ ❆ ❡st❛❜✐❧✐❞❛❞❡ ❢♦rt❡ ♥ã♦ ♣r❡❝✐s❛ ✐♠♣❧✐❝❛r ❡st❛❜✐❧✐❞❛❞❡ ✉♥✐❢♦r♠❡✱ ♣♦ré♠✱ ♣❡❧♦

♣r✐♥❝í♣✐♦ ❞❛ ❧✐♠✐t❛çã♦ ✉♥✐❢♦r♠❡ ♣♦❞❡♠♦s ✈❡r ♣r♦♥t❛♠❡♥t❡ q✉❡ ❛ ❢♦rt❡ ❡st❛❜✐❧✐❞❛❞❡ ✐♠♣❧✐❝❛ q✉❡✿

(i) ‖S(t)‖ ≤M <∞❀ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

(ii) Reσ(A) ≤ w0 ≤ 0, ♦♥❞❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ S✳

❉❡✜♥✐çã♦ ✶✳✷✼ ✭❋r❛❝❛♠❡♥t❡ ❡stá✈❡❧✮✳ ❯♠ ❙❡♠✐❣r✉♣♦ S(t) é ❢r❛❝❛♠❡♥t❡ ❡stá✈❡❧ s❡

(
S(t)x, y

)
H
−→ 0, q✉❛♥❞♦ t→ ∞,

♣❛r❛ ❝❛❞❛ x, y ∈ H✳

❖❜s❡r✈❛çã♦ ✶✳✷✺✳ ❆ ❢r❛❝❛ ❡st❛❜✐❧✐❞❛❞❡ ♥ã♦ ♣r❡❝✐s❛✱ ♥♦ ❡♥t❛♥t♦✱ ✐♠♣❧✐❝❛r ✉♠❛ ❢♦rt❡ ❡st❛❜✐❧✐✲

❞❛❞❡✱ ♣♦ré♠✱ ♣❡❧♦ ♣r✐♥❝í♣✐♦ ❞❛ ❧✐♠✐t❛çã♦ ✉♥✐❢♦r♠❡✱ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❢r❛❝❛ ✐♠♣❧✐❝❛ q✉❡ ♦ ❙❡♠✐❣r✉♣♦

é ❧✐♠✐t❛❞♦✳

✶✳✼ ❘❡s✉❧t❛❞♦s ❜ás✐❝♦s

◆❡st❛ s❡çã♦✱ s❡♠♣r❡ q✉❡ ♥ã♦ ❤♦✉✈❡r r✐s❝♦ ❞❡ ❝♦♥❢✉sã♦ ✭❝♦♠ ❛ ♥♦t❛çã♦✮ ❞❡♥♦t❛r❡♠♦s ♦ ♣r♦❞✉t♦

✐♥t❡r♥♦ ❞❡ L2(Ω) ♣♦r (·, ·) ❡ ❛ ♥♦r♠❛ ✐♥❞✉③✐❞❛ ♣♦r | · |✳ ❚❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

❡♠ H1
Γ0
(Ω) ♣♦r ((·, ·)) ❡ ❛ ♥♦r♠❛ ❡♠ H1

Γ0
(Ω) ♣♦r ‖ · ‖. ▼♦str❛✲s❡ ❡♠ ❉✳ ❘♦❜❡rt ❡ ❏✳ ▲✐♦♥s ❬✶✵❪

q✉❡ ❡♠ H1
Γ0
(Ω) ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✳

❈♦♥s✐❞❡r❡♠♦s ♦ ♦♣❡r❛❞♦r A = −∆ ❞❡✜♥✐❞♦ ♣❡❧❛ t❡r♥❛
{
H1

Γ0
(Ω), L2(Ω), ((u, v))

}
✳ ❉❡❝♦rr❡

❞❛ ❚❡♦r✐❛ ❊s♣❡❝tr❛❧✱ ✭❝♦♥✜r❛ ❡♠ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✸✵❪✮ q✉❡

D(−∆) =

{
u ∈ H1

Γ0
(Ω) ∩H2(Ω);

∂u

∂ν
= 0 s♦❜r❡ Γ1

}
.

❆❧é♠ ❞✐ss♦✱ t❛♠❜é♠ ❡♠ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✸✵❪ ✈❡r✐✜❝❛✲s❡ q✉❡ D(A
1
2 ) = H1

Γ0
(Ω).

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ q✉❡ ♥♦s ❣❛r❛♥t✐rá ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ ∣∣∣∣∣∣∣∣∣

−∆u = 0 ❡♠ Ω,

u = 0 s♦❜r❡ Γ0,
∂u

∂ν
= z s♦❜r❡ Γ1.

✭✶✳✷✹✮

▲❡♠❛ ✶✳✾✳ ❉❛❞♦s f ∈ L2(Ω) ❡ z ∈ L2(Γ1)✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ u ∈ H1
Γ0
(Ω) ∩H 3

2 (Ω) s♦❧✉çã♦ ❞♦

Pr♦❜❧❡♠❛ (1.24) ❡

‖u‖
H

3
2 (Ω)

≤ C‖z‖L2(Γ1). ✭✶✳✷✺✮

✺✻



Pr♦✈❛✿ ❙❡❥❛ a : H1
Γ0
(Ω)×H1

Γ0
(Ω) → R ❞❡✜♥✐❞❛ ♣♦r

a(u, v) = ((u, v)), ∀u, v ∈ H1
Γ0
(Ω).

❚❡♠✲s❡ q✉❡ a é ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ❝♦♥tí♥✉❛ ❡ ❝♦❡r❝✐✈❛✳ ❙❡❥❛ L : H1
Γ0
(Ω) → R ❞❛❞❛ ♣♦r

〈L, v〉 = (f, v) +

∫

Γ1

zvdΓ, ∀v ∈ H1
Γ0
(Ω).

◆♦t❡ q✉❡ ▲ é ✉♠❛ ❢♦r♠❛ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛ s♦❜r❡ H1
Γ0
(Ω)✳ ❉❡ ❢❛t♦✱

✐✮ ▲ é ❧✐♥❡❛r

❙❡❥❛♠ v, w ∈ H1
Γ0
(Ω) ❡ α ∈ R✳ ❆ss✐♠✱

〈L, αv + w〉 = (f, αv + w) +

∫

Γ1

z(αv + w)dΓ = α(f, v) + (f, w) + α

∫

Γ1

zvdΓ +

∫

Γ1

zwdΓ =

= α(f, v) + α

∫

Γ1

zvdΓ + (f, w) +

∫

Γ1

zwdΓ = α〈L, v〉+ 〈L,w〉.

✐✐✮ ▲ é ❝♦♥tí♥✉❛

❙❛❜❡♠♦s q✉❡ ∫

Γ1

zvdΓ = (z, v)L2(Γ1).

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ✺✳✸ ❡ ♣❡❧❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ H1
Γ0
(Ω) →֒ L2(Ω)✱ ❝♦♠

❝♦♥st❛♥t❡ ❞❡ ✐♠❡rsã♦ C1✱ ♦❜t❡♠♦s

|〈L, v〉| ≤ |f ||v|+ |z|L2(Γ1)|v|L2(Γ1) ≤ C1|f |‖v‖+ |z|L2(Γ1)|v|L2(Γ1).

P♦r ♦✉tr♦ ❧❛❞♦✱ H
1
2 (Γ1)

cont→֒ L2(Γ1)✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❚r❛ç♦ 1.7✱ t❡♠♦s✿

|γ0v|
H

1
2 (Γ1)

≤ C3‖v‖.

❉❛í✱

|〈L, v〉| ≤ C1|f |‖v‖+ C2|z|L2(Γ1)|v|L2(Γ1) ≤ C1|f |‖v‖+ C2|z||v|
H

1
2 (Γ1)

≤ C1|f |‖v‖+ C2C3‖v‖ = C‖v‖,

♦♥❞❡ C = C1|f | + C2C3|z|L2(Γ1)✳ P♦rt❛♥t♦✱ ♣❡❧♦ ▲❡♠❛ ❞❡ ▲❛①✲▼✐❧❣r❛♠ ✺✳✶✵✱ ❡①✐st❡ ✉♠ ú♥✐❝♦

u ∈ H1
Γ0
(Ω) t❛❧ q✉❡

a(u, v) = 〈L, v〉,

♦✉ ❛✐♥❞❛

((u, v)) = 〈L, v〉.

✺✼



❆ss✐♠✱

((u, v)) = (f, v) +

∫

Γ1

zvdΓ, ∀v ∈ H1
Γ0
(Ω). ✭✶✳✷✻✮

❊♠ ♣❛rt✐❝✉❧❛r✱ (1.26) é ✈á❧✐❞❛ ♣❛r❛ t♦❞❛ ϕ ∈ D(Ω)✳ ❊♥tã♦✱

∫

Ω

∇u(x)∇ϕ(x)dx =

∫

Ω

f(x)ϕ(x)dx.

P❡❧❛ ❢ór♠✉❧❛ ❞❡ ●r❡❡♥ ✺✳✶✱ ❝♦♠♦ ϕ ∈ D(Ω)✱ t❡♠✲s❡

−
∫

Ω

∆u(x)ϕ(x)dx =

∫

Ω

∇u(x)∇ϕ(x)dx−
∫

Γ

∂u

∂ν
(x)ϕ(x)dx =

∫

Ω

∇u(x)∇ϕ(x)dx.

❆ss✐♠✱

−
∫

Ω

∆u(x)ϕ(x)dx =

∫

Ω

f(x)ϕ(x)dx. ✭✶✳✷✼✮

❉❛í✱

(−∆u, ϕ) = (f, ϕ), ∀ϕ ∈ D(Ω). ✭✶✳✷✽✮

❉❡s❞❡ q✉❡ D(Ω) é ❞❡♥s♦ ❡♠ L2(Ω)✱ ❞❡ (1.28) s❡❣✉❡ q✉❡

(−∆u, v) = (f, v), ∀v ∈ L2(Ω). ✭✶✳✷✾✮

P♦r (1.29)✱ ♦❜t❡♠♦s −∆u = f ❡♠ L2(Ω)✳ P♦rt❛♥t♦✱

∫

Ω

[
−∆u(x)− f(x)

]
ϕ(x)dx = 0, ∀ϕ ∈ D(Ω).

❘❡s✉❧t❛♥❞♦✱ ♣❡❧♦ ▲❡♠❛ ❞❡ ❉✉ ❇♦✐s ❘❡②♠♦♥❞ ✶✳✶✱ q✉❡ −∆u = f q✉❛s❡ s❡♠♣r❡ ❡♠ Ω✳ ❉❛í✱

s❡❣✉❡ ♣♦r r❡❣✉❧❛r✐❞❛❞❡ ❡❧í♣t✐❝❛ q✉❡ u ∈ H2(Ω)✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡ u ∈ H
3
2 (Ω).

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡s❞❡ q✉❡ u ∈ H2(Ω) ❡ ∆u ∈ L2(Ω)✱ s❡❣✉❡ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ●r❡❡♥ ✺✳✶ q✉❡

〈
∂u

∂ν
, v

〉

H− 1
2 (Γ1)×H

1
2 (Γ1)

= (∆u, f) + ((u, v)). ✭✶✳✸✵✮

❙✉❜st✐t✉✐♥❞♦ (1.26) ❡♠ (1.30)✱ t❡♠✲s❡

〈
∂u

∂ν
, v

〉

H− 1
2 (Γ1)×H

1
2 (Γ1)

= (∆u, f) + (f, v) +

∫

Γ1

zvdΓ

♦ q✉❡ ✐♠♣❧✐❝❛ 〈
∂u

∂ν
, v

〉

H− 1
2 (Γ1)×H

1
2 (Γ1)

=

∫

Γ1

zvdΓ.

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③ ✺✳✶✹✱ ♦❜t❡♠♦s

〈
∂u

∂ν
, v

〉

H− 1
2 (Γ1)×H

1
2 (Γ1)

= 〈z, v〉
H− 1

2 (Γ1)×H
1
2 (Γ1)

,

✺✽



❞♦♥❞❡ s❡❣✉❡ q✉❡
∂u

∂ν
= z ❡♠ H− 1

2 (Γ1)✳ ❈♦♠♦ z ∈ L2(Γ1)✱ r❡s✉❧t❛

∂u

∂ν
= z ❡♠ L2(Γ1).

P♦r ✜♠✱ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ ♦ ♦♣❡r❛❞♦r tr❛ç♦ ❞❡ ♦r❞❡♠ ③❡r♦ é s♦❜r❡❥❡t✐✈♦ q✉❛♥❞♦ ❞❡✜♥✐❞♦ ❡♠

L2(Γ1)✱ ♦❜té♠✲s❡

‖u‖
H

3
2 (Ω)

≤ C‖z‖L2(Γ1).

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ♦ ♦♣❡r❛❞♦r

N : L2(Γ1) −→ H
3
2 (Ω)

z 7−→ Nz = u,
✭✶✳✸✶✮

♦♥❞❡s u é ❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ (1.24) ✳

❙❡❥❛ ♦ ♦♣❡r❛❞♦r A = −∆✱ ❞❡✜♥✐♥❞♦ ♣❡❧❛ t❡r♥❛
{
H1

Γ0
(Ω), L2(Ω),

(
∇u,∇v

)
L2(Ω)

}
✳ ❱❛♠♦s

❛ss✉♠✐r q✉❡ ❛ ❢r♦♥t❡✐r❛ Γ é ❞❡ ❝❧❛ss❡ C2✳ ❊♥tã♦✱ ❞❡♥♦t❛♥❞♦ ♣♦r D(A) ♦ ❞♦♠í♥✐♦ ❞❡ A✱ s❡❣✉❡✲s❡

q✉❡

D(A) =
{
u ∈ H1

Γ0
(Ω) ∩H2(Ω);

∂u

∂ν
= 0 ❡♠ Γ1

}
. ✭✶✳✸✷✮

❆❧é♠ ❞✐ss♦✱ ❞❛ ❚❡♦r✐❛ ❊s♣❡❝tr❛❧ ✭✈❡❥❛ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✸✵❪✮ s❡❣✉❡ q✉❡D(A
1
2 ) = H1

Γ0
(Ω).

❉❛ t❡♦r✐❛ ❞♦s ❡s♣❛ç♦s Hs(Ω)✱ ♣❛r❛ ε s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠♦s ❛s ✐♠❡rsõ❡s

H
3
2 (Ω) →֒ D(A

3
4
−ε) →֒ D(A

1
2 ). ✭✶✳✸✸✮

❆ss✐♠✱ ❞❡ (1.25) ❡ (1.33)✱ ♦❜t❡♠♦s ♦ ♦♣❡r❛❞♦r Ñ : L2(Γ1) → D(A
1
2 )✱ ❛✐♥❞❛ ❞❡♥♦t❛❞♦ ♣♦r N ✱ ♦✉

s❡❥❛✱ ∣∣∣∣∣∣∣∣∣

N : L2(Γ1) −→ D(A
1
2 )

❡

‖Nz‖
D(A

1
2 )
≤ C‖z‖L2(Γ1), ∀z ∈ L2(Γ1).

✭✶✳✸✹✮

❯s❛♥❞♦ (1.24) ❡ (1.31) r❡s✉❧t❛

(
(A

1
2 )Nz, (A

1
2 )v
)
L2(Ω)

=
(
∆Nz︸ ︷︷ ︸
=0

, v
)
L2(Ω)

+

∫

Γ

∂Nz

∂ν
vdΓ =

∫

Γ1

zvdΓ1, ✭✶✳✸✺✮

♣❛r❛ t♦❞♦ z ∈ L2(Γ1) ❡ t♦❞♦ v ∈ D(A
1
2 ).

❱❡r✐✜❝❛✲s❡ t❛♠❜é♠ ❞❛ ❚❡♦r✐❛ ❊s♣❡❝tr❛❧✱ ❝♦♠♦ ❢❡✐t♦ ❡♠ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✸✵❪✱ q✉❡
∣∣∣∣∣∣
A : D(A

1
2 ) −→

(
D(A

1
2 )
)′
:= D(A− 1

2 )

〈Au, v〉
D(A− 1

2 )×D(A
1
2 )

=
(
A

1
2u,A

1
2v
)
L2(Ω)

.
✭✶✳✸✻✮

✺✾



❊♥tã♦✱ ∣∣∣∣∣∣
A∗ : D(A

1
2 ) −→ D(A− 1

2 )

〈A∗v, w〉
D(A− 1

2 )×D(A
1
2 )

= 〈v, Aw〉
D(A

1
2 )×D(A− 1

2 )
=
(
A

1
2u,A

1
2v
)
L2(Ω)

.
✭✶✳✸✼✮

❚❡♠♦s ❛✐♥❞❛

N∗ : D(A− 1
2 ) −→ L2(Γ1).

❉❡ ♠♦❞♦ q✉❡

N∗A∗ : D(A
1
2 ) −→ L2(Γ1)

❡✱ ♣❛r❛ v ∈ D(A
1
2 )✱ z ∈ L2(Γ1) ✈❛❧❡

(
N∗A∗v, z

)
L2(Γ1)

= 〈A∗v,Nz〉
D(A− 1

2 )×D(A
1
2 )

= 〈v, ANz〉
D(A

1
2 )×D(A− 1

2 )
=
(
A

1
2v, A

1
2Nz

)
L2(Ω)

.

❈♦♠ ✐ss♦✱ ❞❡ (1.35) ♦❜t❡♠♦s

(
N∗A∗v, z

)
L2(Γ1)

=

∫

Γ1

zvdΓ1.

❊st❡s ❝á❧❝✉❧♦s ♣r♦❞✉③❡♠✱ ❡♥tã♦ ♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✶✳✶✵✳ ❈♦♠ ❛ ❝♦♥str✉çã♦ ❛❝✐♠❛✱ t❡♠✲s❡
∣∣∣∣∣∣
N∗A∗ : D(A

1
2 ) −→ L2(Γ1)

N∗A∗v = v
∣∣
Γ1

✭✶✳✸✽✮

❡

(
N∗A∗v, z

)
L2(Γ1)

= 〈v, ANz〉
D(A

1
2 )×D(A− 1

2 )
=

∫

Γ1

zvdΓ1, ∀v ∈ D
(
A

1
2

)
, ∀z ∈ L2(Γ1). ✭✶✳✸✾✮

✻✵



❈❛♣ít✉❧♦ ✷

❚❡♦r❡♠❛ ❞❡ ❊①✐stê♥❝✐❛

✷✳✶ Pr✐♠❡✐r♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧

◆❡st❛ s❡çã♦ ✈❡r❡♠♦s ✉♠ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ r❡❢❡r❡♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❛ss♦❝✐❛❞❛ ❛♦

Pr♦❜❧❡♠❛ (1)✳

❚❡♦r❡♠❛ ✷✳✶✳ ❆ss✉♠❛ q✉❡✿

(i) ❆s ❢✉♥çõ❡s f0(s) ❡ f1(s) sã♦ ▲✐♣s❝❤✐t③ ❝♦♥tí♥✉❛s ❡♠ R✱ ❝♦♠ sfi(s) ≥ 0✱ ♣❛r❛ s ∈ R

(i = 0, 1)❀

(ii) g(s) é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ♠♦♥ót♦♥❛ ❝r❡s❝❡♥t❡ ❡♠ R❀

(iii) g(s)s ≥ 0✱ s ∈ R❀

(iv) α(s1 − s2) ≤ g(s1)− g(s2)✱ ♣❛r❛ t♦❞♦ (s1 − s2) ≥ 0 ❡ ❛❧❣✉♠ α > 0 ✜①♦✳

❊♥tã♦✱ ♦ Pr♦❜❧❡♠❛ (1) t❡♠ ú♥✐❝❛ s♦❧✉çã♦ u ∈ C0
(
0,∞;H1

Γ0
(Ω)
)
∩ C1

(
0,∞;L2(Ω)

)
✳ ❆❞❡♠❛✐s✱

s❡ g s❛t✐s❢❛③ ♦ ✐t❡♠ (iii) ♥❛ ❍✐♣ót❡s❡ ✭H✲✶✮✱ t❡♠✲s❡

ut

∣∣∣
Γ
∈ L2

(
0,∞; Γ1

)
,

∂

∂ν
u ∈ L2

(
0,∞; Γ1

)
. ✭✷✳✶✮

❉❡♠♦♥str❛çã♦✿ ❙❡♠♣r❡ q✉❡ ♥ã♦ ❤♦✉✈❡r ♣❡r✐❣♦ ❞❡ ❝❛✉s❛r ❝♦♥❢✉sã♦ ❝♦♠ ❛ ♥♦t❛çã♦✱ ❡s❝r❡✈❡✲

r❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ s✐♠♣❧❡s♠❡♥t❡ g(v) ♥♦ ❧✉❣❛r g(v(·))✱ ✜❝❛♥❞♦ ✐♠♣❧í❝✐t♦ q✉❡ t❛❧ ❡①♣r❡ssã♦

♣❡rt❡♥❝❡ ❛ R✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s q✉❡ ❛♣❛r❡❝❡r❡♠ ❡♠ ❛❧❣✉♠❛s

❞❡s✐❣✉❛❧❞❛❞❡s s❡rã♦ ❞❡♥♦t❛❞❛s ♣❡❧♦ ♠❡s♠♦ sí♠❜♦❧♦✳

✻✶



❊st❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❞❡♠♦♥str❛❞♦ ✉s❛♥❞♦ r❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s ♥ã♦ ❧✐♥❡✲

❛r❡s✳ ❈♦♠ ❡ss❡ ♦❜❥❡t✐✈♦✱ ❝♦♠❡ç❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❊s♣❛ç♦ ❞❡ ❍✐❧❜❡rt E = H1
Γ0
(Ω) × L2(Ω)✱

❡q✉✐♣❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r

([
u1

v1

]
,

[
u2

v2

])

E

=
(
A

1
2 (u1), A

1
2 (u2)

)
L2(Ω)

+ (v1, v2)L2(Ω). ✭✷✳✷✮

■♥tr♦❞✉③❛✱ ❡♠ E✱ ♦ ♦♣❡r❛❞♦r A ❞❡✜♥✐❞♦ ♣♦r

A
[
u

v

]
=

[
−v
A
(
u+N [g(v) + f1(u)]

)
+ f0(u)

]
, ✭✷✳✸✮

♦♥❞❡

D(A) :=
{
u, v ∈ H1

Γ0
(Ω); u+N [g(v) + f1(u)] ∈ D(A)

}
,

s❡♥❞♦ A ❡ N ❝♦♠♦ ♥❛ ❙❡çã♦ ✶✳✼✳ ❈♦♠♦ u+N [g(v) + f1(u)] ∈ D(A)✱ ❡♥tã♦ ❡①✐st❡♠

∂u

∂ν
,

∂N

∂ν
[g(v) + f1(u)]

❡ ♣♦r (1.32)✱ t❡♠♦s

∂

∂ν

(
u+N [g(v) + f1(u)]

)
=
∂u

∂ν
+
∂N

∂ν

[
g(v) + f1(u)

]
= 0, ❡♠ Γ1.

❆❞❡♠❛✐s✱ ❞❡ (1)✱ ❝♦♠ ut = v✱ ♦❜t❡♠♦s

∂u

∂ν
+ g(v) + f1(u) = 0, ❡♠ Γ1.

◆♦t❡ q✉❡ ❛ ❡q✉❛çã♦ (1) ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

[
u

ut

]

t

= −A
[
u

ut

]
.

❋❡✐t❛s t❛✐s ❝♦♥s✐❞❡r❛çõ❡s ♥♦ss♦s ♣ró①✐♠♦s ♣❛ss♦s sã♦✿

✭✶✮ ▼♦str❛r q✉❡ ♣❛r❛ w s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ A+ wI é ✉♠ ♦♣❡r❛❞♦r ♠♦♥ót♦♥♦ ❞❡ E❀

✭✷✮ Pr♦✈❛r q✉❡ ❝♦♠ ♦ w ❛❝✐♠❛✱ A+ wI✱ é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦ ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ✶✳✷✶✮✳

❙❡❥❛♠ L0 ❡ L1 ❛s ❝♦♥t❛♥t❡s ❞❡ ▲✐♣s❝❤✐t③ ❞❡ f0 ❡ f1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❚❡♠♦s
∣∣∣∣∣∣
|f0(s1)− f0(s2)|R ≤ L0|s1 − s2|R, ∀s1, s2 ∈ R

|f1(s1)− f1(s2)|R ≤ L1|s1 − s2|R, ∀s1, s2 ∈ R.
✭✷✳✹✮

✻✷



❉❛❞♦s

[
u1

v1

]
❡

[
u2

v2

]
❡♠ D(A)✱ s❡❥❛

X :=

(
A
[
u1

v1

]
−A

[
u2

v2

]
,

[
u1

v1

]
−
[
u2

v2

])

E

. ✭✷✳✺✮

❈♦♠♦

A
[
u1

v1

]
−A

[
u2

v2

]
=

[
−v1

A
(
u1 +N [g(v1) + f1(u1)]

)
+ f0(u1)

]
−

−
[

−v2
A
(
u2 +N [g(v2) + f1(u2)]

)
+ f0(u2)

]
=

=

[
v2 − v1

A(u1 − u2) + AN [g(v1)− g(v2)] + AN [f1(u1)− f1(u2)] + f0(u1)− f0(u2)

]
.

P♦r (2.2) t❡♠♦s

X =
(
A

1
2 (v2 − v1), A

1
2 (u1 − u2)

)
L2(Ω)︸ ︷︷ ︸

Y1

+
(
A(u1 − u2), v1 − v2

)
L2(Ω)︸ ︷︷ ︸

Y2

+

+
(
AN [g(v1)− g(v2)], v1 − v2

)
L2(Ω)︸ ︷︷ ︸

Y3

+
(
AN [f1(u1)− f1(u2)], v1 − v2

)
L2(Ω)︸ ︷︷ ︸

Y4

+

+
(
f0(u1)− f0(u2), v1 − v2

)
L2(Ω)︸ ︷︷ ︸

Y5

.

❖❜s❡r✈❡ q✉❡

Y1 + Y2 =
(
A

1
2 (v2 − v1), A

1
2 (u1 − u2)

)
L2(Ω)

+
(
A(u1 − u2), v1 − v2

)
L2(Ω)

=
(
A

1
2 (v2 − v1), A

1
2 (u1 − u2)

)
L2(Ω)

−
(
A(u1 − u2), v2 − v1

)
L2(Ω)

=
(
A

1
2 (v2 − v1), A

1
2 (u1 − u2)

)
L2(Ω)

−
(
A

1
2 (v2 − v1), A

1
2 (u1 − u2)

)
L2(Ω)

= 0.

✭✷✳✻✮

❯s❛♥❞♦ ♦ ▲❡♠❛ 1.10 ❡ ♦ ✐t❡♠ (iv) ❞❛ ❤✐♣ót❡s❡ ❞♦ ❚❡♦r❡♠❛ 2.1✱ t❡♠✲s❡

Y3 =
(
AN [g(v1)− g(v2)], v1 − v2

)
L2(Ω)

=
(
A

1
2N [g(v1)− g(v2)], A

1
2 (v1 − v2)

)
L2(Ω)

=

=
〈
AN [g(v1)− g(v2)], v1 − v2

〉
D(A− 1

2 )×D(A
1
2 )

=

∫

Γ1

[
g(v1(·))− g(v2(·))

][
v1(·)− v2(·)

]
dΓ1

≥ α‖v1 − v2‖L2(Γ1).

✭✷✳✼✮

✻✸



❉♦ ♠❡s♠♦ ♠♦❞♦✱ ✉t✐❧✐③❛♥❞♦ t❛♠❜é♠ (2.4) ❡ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❍ö❧❞❡r ✺✳✸ ❡ ❨♦✉♥❣ ✺✳✶✳

∣∣Y4
∣∣
R
=

∣∣∣∣
(
AN [f1(u1)− f1(u2)], v1 − v2

)
L2(Ω)

∣∣∣∣
R

=

∣∣∣∣
∫

Γ1

[
f1(u1(·))− f1(u2(·))

][
v1(·)− v2(·)

]
dΓ1

∣∣∣∣
R

≤
∫

Γ1

|f1(u1(·))− f1(u2(·))|R|v1(·)− v2(·)|RdΓ1

≤ 1√
α
L1‖u1 − u2‖L2(Γ1)

√
α‖v1 − v2‖L2(Γ1)

≤ L2
1

2α
‖u1 − u2‖2L2(Γ1)

+
α

2
‖v1 − v2‖2L2(Γ1)

.

❈♦♠♦ ‖w‖L2(Γ1)≤ C0‖w‖
D(A

1
2 )
✱ ♣❛r❛ t♦❞♦ w ❡♠ D(A

1
2 )✱ r❡s✉❧t❛

∣∣Y4
∣∣
R
≤ L2

1

2α
C2

0‖u1 − u2‖2
D(A

1
2 )
+
α

2
‖v1 − v2‖2L2(Γ1)

.

❆ss✐♠✱

Y4 ≥ −L
2
1

2α
C2

0‖u1 − u2‖2
D(A

1
2 )
−α
2
‖v1 − v2‖2L2(Γ1)

. ✭✷✳✽✮

❆♥❛❧♦❣❛♠❡♥t❡✱ ♥♦✈❛♠❡♥t❡ ❞❡ (2.4) ❡ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❍ö❧❞❡r ✺✳✸ ❡ ❨♦✉♥❣ ✺✳✶✳

∣∣Y5
∣∣
R
=

∣∣∣∣
(
f0(u1)− f0(u2), v1 − v2

)
L2(Ω)

∣∣∣∣
R

≤
∫

Ω

|f0(u1(·))− f0(u2(·))|R|v1(·)− v2(·)|RdΩ

≤ L2
0

2
‖u1 − u2‖2L2(Ω)+

1

2
‖v1 − v2‖2L2(Ω)≤

L2
0

2
C2

1‖u1 − u2‖2
D(A

1
2 )
+
1

2
‖v1 − v2‖2L2(Ω).

▲♦❣♦✱

Y5 ≥ −L
2
0

2
C2

1‖u1 − u2‖2
D(A

1
2 )
−1

2
‖v1 − v2‖2L2(Ω). ✭✷✳✾✮

❊♥tã♦✱ ❞❡ (2.6)✱ (2.7)✱ (2.8) ❡ (2.9)✱ ♦❜t❡♠♦s

X = Y1 + Y2 + Y3 + Y4 + Y5 ≥ α‖v1 − v2‖2L2(Γ1)
−L

2
1

2α
C2

0‖u1 − u2‖2
D(A

1
2 )
−α
2
‖v1 − v2‖2L2(Γ1)

−

− L2
0

2
C2

1‖u1 − u2‖2
D(A

1
2 )
−1

2
‖v1 − v2‖2L2(Ω)

=
α

2
‖v1 − v2‖2L2(Γ1)

−K1‖u1 − u2‖2
D(A

1
2 )
−1

2
‖v1 − v2‖2L2(Ω),

✭✷✳✶✵✮

♦♥❞❡ K1 =
L2
1C

2
0

2α
+
L2
0C

2
1

2
✳

❈♦♥s✐❞❡r❡ ♦ ♥ú♠❡r♦ r❡❛❧ w✱ ❞❛❞♦ ♣♦r

w = K1 +
1

2
✭✷✳✶✶✮

❡ s❡❥❛

Y := w

([
u1

v1

]
−
[
u2

v2

]
,

[
u1

v1

]
−
[
u2

v2

])

E

,

✻✹



✐st♦ é✱

Y := w

([
u1 − u2

v1 − v2

]
,

[
u1 − u2

v1 − v2

])

E

= w
(
A

1
2 (u1 − u2), A

1
2 (u1 − u2)

)
L2(Ω)

+ w‖v1 − v2‖2L2(Ω)

= w

∥∥∥∥
[
u1 − u2

v1 − v2

]∥∥∥∥
2

E

= w‖u1 − u2‖2
D(A

1
2 )
+w‖v1 − v2‖2L2(Ω).

✭✷✳✶✷✮

❈♦♠❜✐♥❛♥❞♦ (2.10) ❡ (2.12)✱ r❡s✉❧t❛

X + Y =
α

2
‖v1 − v2‖2L2(Γ1)

−K1‖u1 − u2‖2
D(A

1
2 )
−1

2
‖v1 − v2‖2L2(Ω)+

+
(
K1 +

1

2

)
‖u1 − u2‖2

D(A
1
2 )
+
(
K1 +

1

2

)
‖v1 − v2‖2L2(Ω)≥ 0.

P♦rt❛♥t♦ A+wI é ♠♦♥ót♦♥♦✳ P❛r❛ ♣r♦✈❛r q✉❡ A+wI é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡

▼✐♥t② ✶✳✷✶✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ ♣❛r❛ ❛❧❣✉♠ λ̃ > 0✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❛ ❡q✉❛çã♦

(
A+ wI + λ̃I

)[ u
v

]
=

[
h1

h2

]
, ✭✷✳✶✸✮

t❡♠ s♦❧✉çã♦

[
u

v

]
❡♠ D(A)✱ ♣❛r❛ q✉❛❧q✉❡r

[
h1

h2

]
❡♠ E✳

❈♦♠ ❡❢❡✐t♦✱ ♦❜s❡r✈❡ q✉❡ s❡♥❞♦

[
h1

h2

]
∈ E✱ t❡♠✲s❡ h1 ∈ D(A

1
2 ) ❡ h2 ∈ L2(Ω)✱ ♣❛r❛ t♦❞♦

[
u

v

]
∈ D(A) ❡ w + λ̃ = λ > 0✱ ❛ ✐❞❡♥t✐❞❛❞❡

A
[
u

v

]
+ λI

[
u

v

]
=

[
h1

h2

]
, ✭✷✳✶✹✮

✐♠♣❧✐❝❛✱ 
 −v + λu

A
(
u+N [g(v) + f1(u)]

)
+ f0(u) + λv


 =

[
h1

h2

]
.

▲♦❣♦✱

−v + λu = h1 =⇒ u =
h1 + v

λ
. ✭✷✳✶✺✮

❉❛í✱

A
(h1 + v

λ

)
+ AN

[
g(v) + f1

(h1 + v

λ

)]
+ f0

(h1 + v

λ

)
+ λv = h2, ✭✷✳✶✻✮

♦ q✉❡ ❛❝❛rr❡t❛

A
v

λ
+ ANg(v) + ANf1

(h1 + v

λ

)
+ f0

(h1 + v

λ

)
+ λv = h2 − A

h1
λ
. ✭✷✳✶✼✮

✻✺



❈♦♥s✐❞❡r❡ ♦s ♦♣❡r❛❞♦r❡s

B : D(A
1
2 ) −→ D(A− 1

2 ) ❡ C : D(A
1
2 ) −→ D(A− 1

2 ),

❞❡✜♥✐❞♦s ♣♦r ∣∣∣∣∣∣∣

Bv := ANg(v) + ANf1

(h1 + v

λ

)

Cv := A
v

λ
+ f0

(h1 + v

λ

)
+ λv.

✭✷✳✶✽✮

◆♦t❡ q✉❡✱ Bv + Cv = h2 − A
h1
λ

∈ D(A− 1
2 )✳

❆ ✐❞❡✐❛ ❛q✉✐ é ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ✶✳✷✵✳ P❛r❛ ✐ss♦✱ ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡ B ❡ C sã♦

♠❛①✐♠❛✐s ♠♦♥ót♦♥♦s ❡ q✉❡ C é ❝♦❡r❝✐✈♦✳ ◆♦t❡ q✉❡✱ s❡ ♠♦str❛r♠♦s q✉❡ B + C é ♠❛①✐♠❛❧

♠♦♥ót♦♥♦✱ ❡♥tã♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✷✵✱ ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡ (2.17) é s♦❜r❡❥❡t✐✈♦✳

▲♦❣♦✱ ❞❛❞♦ h2 − A
h1
λ

∈ D(A− 1
2 ) ❡①✐st❡ v ∈ D(A

1
2 ) t❛❧ q✉❡ (2.17) é s❛t✐s❢❡✐t❛✳ ❉❡ss❡ ♠♦❞♦✱

t♦♠❛♥❞♦ u ❝♦♠♦ ❡♠ (2.15) ♦ ♣❛r (u, v) r❡s♦❧✈❡ ❛ ❡q✉❛çã♦ (2.13)✱ ♣❛r❛ q✉❛❧q✉❡r (h1, h2) ❡♠ E✳

❆✜r♠❛çã♦ ✶✿ P❛r❛ λ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ B é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✳

❈♦♠ ❡❢❡✐t♦✱ ♣r✐♠❡✐r♦ ♦❜s❡r✈❡ q✉❡ B é ♠♦♥ót♦♥♦✱ ✐st♦ é✱

〈Bv1 − Bv2, v1 − v2〉
D(A− 1

2 )×D(A
1
2 )

≥ 0, ∀v1, v2 ∈ D(B).

❉❡ ❢❛t♦✱ s❡♥❞♦ L1 ❡ α ❝♦♠♦ ❞❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✱ s❡❥❛ λ > 0✱ t❛❧ q✉❡ L1 < αλ✳ ❊♥tã♦✱ ♣❛r❛

s1 < s2 ❡♠ R✱ ♣♦r (2.4) ✭x ✜①♦✮✱ ♦❜t❡♠♦s
∣∣∣∣f1
(h1(x) + s1

λ

)
− f1

(h1(x) + s2
λ

)∣∣∣∣
R

≤ L1

λ
|s1 − s2|R.

▲♦❣♦✱

f1

(h1(x) + s1
λ

)
− f1

(h1(x) + s2
λ

)
≥ −L1

λ
|s1 − s2|R. ✭✷✳✶✾✮

❉❡✜♥✐♥❞♦

θ(s) := g(s) + f1

(h1(x) + s

λ

)
,

❝♦♠♦ ♣♦r ❤✐♣ót❡s❡✱ α(s2 − s1) ≤ g(s2)− g(s1)✱ ✉s❛♥❞♦ t❛♠❜é♠ (2.19)✱ s❡❣✉❡✲s❡ q✉❡

θ(s2)− θ(s1) = g(s2) + f1

(h1 + s2
λ

)
− g(s1)− f1

(h1(x) + s1
λ

)

≥ α(s2 − s1)−
L1

λ
(s2 − s1) =

(
α− L1

λ

)
(s2 − s1) ≥ 0,

s❡♠♣r❡ q✉❡ L1 < αλ✳ P♦r ✐ss♦✱ θ(s) é ❝r❡s❝❡♥t❡✱ q✉❛s❡ s❡♠♣r❡ ❡♠ Ω✱ ♣❛r❛ L1 < αλ✳ ❉❡ss❡

♠♦❞♦✱ ✉s❛♥❞♦ (1.39)✱ ♦❜té♠✲s❡ ✭✈❡❥❛ ❛ ❙❡çã♦ ✶✳✼✮
〈
Bv1 − Bv2, v1 − v2

〉
D(A− 1

2 )×D(A
1
2 )

=
〈
AN(θv1)− AN(θv2), v1 − v2

〉
D(A− 1

2 )×D(A
1
2 )

=

∫

Γ1

[
θ(v1(x))− θ(v2(x))

][
v1(x)− v2(x)

]
dΓ1

≥ 0,

✻✻



♠♦str❛♥❞♦ q✉❡ B é ♠♦♥ót♦♥♦✳ P❛r❛ ♣r♦✈❛r q✉❡ B é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✽✱

❜❛st❛ ♠♦str❛r q✉❡ B é ❤❡♠✐❝♦♥tí♥✉♦✱ ♦✉ s❡❥❛✱

〈
B(v1 + tv2), z

〉
D(A− 1

2 )×D(A
1
2 )

−→
〈
Bv1, z

〉
D(A− 1

2 )×D(A
1
2 )
, q✉❛♥❞♦ t→ 0 ✭✷✳✷✵✮

♣❛r❛ t♦❞♦ z ❡♠ D(A
1
2 )✳ ▼❛s✱ ✐ss♦ s❡❣✉❡ ❞❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❝r❡s❝❡♥t❡ ❞❡ θ ❡ ❞♦ ❢❛t♦ q✉❡ s❡♥❞♦

f1 ❡ g ❝♦♥tí♥✉❛s✱ t❡♠✲s❡ θ
(
v1(x) + tv2(x)

)
−→ θ

(
v1(x)

)
✱ q✉❛♥❞♦ t→ 0✳ ❉❛í✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡

δ > 0 t❛❧ q✉❡ |t|R < δ ✐♠♣❧✐❝❛

∣∣θ
(
v1(x) + tv2(x)

)
− θ
(
v1(x)

)∣∣
R
<

ε

medΓ1

,

❧♦❣♦
∣∣∣∣
∫

Γ1

θ
(
v1(x) + tv2(x)

)
dΓ1 −

∫

Γ1

θ
(
v1(x)

)
Γ1

∣∣∣∣
R

≤
∫

Γ1

∣∣θ
(
v1(x) + tv2(x)

)
− θ
(
v1(x)

)∣∣
R
dΓ1

<
ε

medΓ1

∫

Γ1

dΓ1 = ε, s❡♠♣r❡ q✉❡ |t|R < δ.

❈♦♠♦✱ ✭❝♦♥✜r❛ ❛ ❙❡çã♦ ✶✳✼✮

〈
B(v1 + tv2), z

〉
D(A− 1

2 )×D(A
1
2 )

=

∫

Γ1

θ
(
v1(x) + tv2(x)

)
z(x)dΓ1,

r❡s✉❧t❛ q✉❡

〈
B(v1 + tv2), z

〉
D(A− 1

2 )×D(A
1
2 )

−→
〈
Bv1, z

〉
D(A− 1

2 )×D(A
1
2 )
, q✉❛♥❞♦ t→ 0.

❆✜r♠❛çã♦ ✷✿ P❛r❛ λ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ C é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦ ❡ ❝♦❡r❝✐✈♦✳

❉❡ ❢❛t♦✱ ♣r✐♠❡✐r♦ ♦❜s❡r✈❡ q✉❡

C(v) = A
v

λ
+ f0

(h1 + v

λ

)
+ λv

é ♠♦♥ót♦♥♦✱ ✈✐st♦ q✉❡

〈
Cv1 − Cv2, v1 − v2

〉
D(A− 1

2 )×D(A
1
2 )

=
〈1
λ
A(v1 − v2), v1 − v2

〉
D(A− 1

2 )×D(A
1
2 )
+ λ‖v1 − v2‖2L2(Ω)

+
〈
f0

(h1 + v1
λ

)
− f0

(h1 + v2
λ

)
, v1 − v2

〉
D(A− 1

2 )×D(A
1
2 )

=
1

λ
‖A 1

2 (v1 − v2)‖2L2(Ω)+λ‖v1 − v2‖2L2(Ω)+

+

(
f0

(h1 + v1
λ

)
− f0

(h1 + v2
λ

)
, v1 − v2

)

L2(Ω)

.

✭✷✳✷✶✮

❈♦♠♦✱ ♣♦r (2.4),
∣∣∣∣f0
(h1(·) + v1(·)

λ

)
− f0

(h1(·) + v2(·)
λ

)∣∣∣∣
R

∣∣v1(·)− v2(·)
∣∣
R
≤ L0

λ

∣∣v1(·)− v2(·)
∣∣2
R
,

✻✼



t❡♠♦s

[
f0

(h1(·) + v1(·)
λ

)
− f0

(h1(·) + v2(·)
λ

)][
v1(·)− v2(·)

]
≥ −L0

λ

∣∣v1(·)− v2(·)
∣∣2
R
.

❉❛í

∫

Ω

[
f0

(h1(·) + v1(·)
λ

)
− f0

(h1(·) + v2(·)
λ

)][
v1(·)− v2(·)

]
dΩ ≥ −L0

λ

∫

Ω

|v1(·)− v2(·)|2RdΩ,

♦✉ s❡❥❛✱ (
f0

(h1 + v1
λ

)
− f0

(h1 + v2
λ

)
, v1 − v2

)

L2(Ω)

≥ −L0

λ
‖v1 − v2‖2L2(Ω).

❆ss✐♠✱

〈
Cv1 − Cv2, v1 − v2

〉
D(A− 1

2 )×D(A
1
2 )

≥ 1

λ
‖A 1

2 (v1 − v2)‖2L2(Ω)+
(
λ− L0

λ

)
‖v1 − v2‖2L2(Ω)≥ 0,

♣❛r❛ L0 < λ2✳ ▲♦❣♦✱ C(v) é ♠♦♥ót♦♥♦✱ ♣❛r❛ t♦❞♦ L0 < λ2✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ ♠♦str❛r q✉❡

C é ❤❡♠✐❝♦♥tí♥✉❛✱ ♣r✐♠❡✐r♦ ♦❜s❡r✈❛♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ η(s) := λs + f0

(
h1 + s

λ

)
é ▲✐♣s❝❤✐t③

❝♦♥tí♥✉❛✱ ♣♦✐s

∣∣η(s1)− η(s2)
∣∣
R
=

∣∣∣∣∣λ(s1 − s2) + f0

(
h1 + s1
λ

)
− f0

(
h1 + s2
λ

) ∣∣∣∣∣
R

≤
(
λ+

L0

λ

)∣∣s1 − s2
∣∣
R
.

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ∣∣∣∣∣f0
(
h1 + s1
λ

)
− f0

(
h1 + s2
λ

) ∣∣∣∣∣
R

≤ L0

λ

∣∣s1 − s2
∣∣
R
,

❞❡✈❡♠♦s t❡r

f0

(
h1 + s1
λ

)
− f0

(
h1 + s2
λ

)
≥ −L0

λ

∣∣s1 − s2
∣∣
R
.

▲♦❣♦✱ ♣❛r❛ s1 ≥ s2✱ t❡♠♦s

η(s1)− η(s2) = λ(s1 − s2) + f0

(
h1 + s1
λ

)
− f0

(
h1 + s2
λ

)
≥
(
λ− L0

λ

)
(s1 − s2).

❆ss✐♠✱ ♣❛r❛ L0 < λ2✱ η(·) é ♠♦♥ót♦♥❛ ❝r❡s❝❡♥t❡✳ P♦rt❛♥❞♦✱ C é ▲✐s♣❝❤✐t③ ❝♦♥tí♥✉❛ ❡ ♠♦♥ót♦♥❛✱

❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ C é ❤❡♠✐❝♦♥tí♥✉❛✳

▼♦str❡♠♦s q✉❡ ✭♣❛r❛ λ ❣r❛♥❞❡✮ C é ❝♦❡r❝✐✈♦✱ ✐st♦ é✱

lim
‖v‖

D(A
1
2 )

→∞

〈Cv, v〉
D(A− 1

2 )×D(A
1
2 )

‖v‖
D(A

1
2 )

= ∞.

❉❡ (1.36) s❡❣✉❡ q✉❡

‖v‖2
D(A

1
2 )
= ‖A 1

2v‖2L2(Ω). ✭✷✳✷✷✮

✻✽



❆❞❡♠❛✐s✱
〈Cv, v〉

D(A− 1
2 )×D(A

1
2 )

‖A 1
2v‖L2(Ω)

≥ 1

λ

‖A 1
2v‖2L2(Ω)

‖A 1
2v‖L2(Ω)

=
1

λ
‖A 1

2v‖L2(Ω)−→ ∞,

q✉❛♥❞♦ ‖A 1
2v‖L2(Ω)−→ ∞.

❈♦♠ ❡❢❡✐t♦✱ ♣♦r (1.36)✱ t❡♠✲s❡

〈
Cv, v

〉
D(A− 1

2 )×D(A
1
2 )

=
〈
A
v

λ
+ λv + f0

(h1 + v

λ

)
, v
〉
D(A− 1

2 )×D(A
1
2 )

=
1

λ
‖A 1

2 (v)‖2L2(Ω)+λ‖v‖2L2(Ω)+
〈
f0

(h1 + v

λ

)
, v
〉
D(A− 1

2 )×D(A
1
2 )

=
1

λ
‖A 1

2 (v)‖2L2(Ω)+λ‖v‖2L2(Ω)+

(
f0

(h1 + v

λ

)
, v

)

L2(Ω)

≥ 1

λ
‖A 1

2 (v)‖2L2(Ω),

✭✷✳✷✸✮

❥á q✉❡ ♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ✈❛❧❡

λ‖v‖2L2(Ω)+

(
f0

(h1 + v

λ

)
, v

)

L2(Ω)

≥ 0.

❉❡ ❢❛t♦✱ ✐♥✐❝✐❛❧♠❡♥t❡ ♦❜s❡r✈❡ q✉❡ f0(0) = 0✱ ✈✐st♦ q✉❡ ♣♦r ❤✐♣ót❡s❡✱ sf0(s) ≥ 0✱ ❞❛í

s > 0 =⇒ f0(s) > 0 ❡ s < 0 =⇒ f0(s) < 0.

❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ f0✱ ❝♦♥s✐❞❡r❡ ❛s s❡q✉ê♥❝✐❛s (sm) ⊂ R✱ ❝♦♠ sm > 0 ❡ sm → 0✱

❡ (ξm) ⊂ R✱ ❝♦♠ ξn < 0 ❡ ξm → 0. P❡❧❛s ♦❜s❡r✈❛çõ❡s ❛❝✐♠❛ ✈❡♠♦s q✉❡

f0(0) = lim
m→∞

f0(sm) ≥ 0 ❡ f0(0) = lim
m→∞

f0(ξm) ≤ 0,

❞♦♥❞❡ f0(0) = 0✳ ❉❡ss❡ ♠♦❞♦✱ s❡♥❞♦ f0 ▲✐♣s❝❤✐t③✱ t❡♠♦s
∣∣∣∣f0
(h1(·) + v(·)

λ

)
v(·)
∣∣∣∣
R

=

∣∣∣∣f0
(h1(·) + v(·)

λ

)
− f0(0)

∣∣∣∣
R

|v(·)|R

≤ L0

λ
|h1(·) + v(·)|R|v(·)|R ≤ L0

λ
|h1(·)|R|v(·)|R +

L0

λ
|v(·)|2R,

✭✷✳✷✹✮

❞❛í

f0

(h1(·) + v(·)
λ

)
v(·) ≥ −L0

λ
|h1(·)|R|v(·)|R − L0

λ
|v(·)|2R.

❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ✺✳✸✱ t❡♠✲s❡

λ‖v‖2L2(Ω)+

(
f0

(h1 + v

λ

)
, v

)

L2(Ω)

= λ‖v‖2L2(Ω)+

∫

Ω

f0

(h1(v(·)) + v(·)
λ

)
v(·)dΩ

≥ λ‖v‖2L2(Ω)−
L0

λ

∫

Ω

[
|h1(·)|R|v(·)|R + |v(·)|2R

]
dΩ

≥ λ‖v‖2L2(Ω)−
L0

λ

[
‖h1‖L2(Ω)‖v‖L2(Ω)+‖v‖2L2(Ω)

]

=
(
λ− L0

λ

)
‖v‖2L2(Ω)−

L0

λ
‖h1‖L2(Ω)‖v‖L2(Ω).

✭✷✳✷✺✮

✻✾



❙✉♣♦♥❞♦ v 6= 0✱ q✉❡r❡♠♦s ♣r♦✈❛r q✉❡

[(
λ− L0

λ

)
‖v‖L2(Ω)−

L0

λ
‖h1‖L2(Ω)

]
‖v‖L2(Ω)≥ 0.

❊♥tã♦✱ ❜❛st❛ ♣r♦✈❛r q✉❡ (
λ− L0

λ

)
‖v‖L2(Ω)−

L0

λ
‖h1‖L2(Ω)≥ 0,

✐st♦ é✱ [
λ2 − L0

]
‖v‖L2(Ω)

λ
− L0‖h1‖L2(Ω)

λ
≥ 0,

♦✉ ❛✐♥❞❛✱

[
λ2 − L0

]
‖v‖L2(Ω)−L0‖h1‖L2(Ω)= λ2‖v‖L2(Ω)−L0

(
‖v‖L2(Ω)+‖h1‖L2(Ω)

)
= aλ2 − c ≥ 0,

♦♥❞❡✱ a = ‖v‖L2(Ω) ❡ c = L0

(
‖v‖L2(Ω)+‖h1‖L2(Ω)

)
✳ ❈♦♥s✐❞❡r❡

P (λ) = aλ2 − c.

❱❛♠♦s ❛♥❛❧✐s❛r ♣❛r❛ q✉❛✐s ✈❛❧♦r❡s ❞❡ λ✱ t❡♠✲s❡ P (λ) ≥ 0✳ Pr✐♠❡✐r♦ ❝❛❧❝✉❧❡♠♦s ❢♦r♠❛❧♠❡♥t❡ ❛s

r❛í③❡s ❞❡ P ✳ ❙❡♥❞♦ △ ♦ ❞❡s❝r✐♠✐♥❛♥t❡✱ t❡♠♦s △ := 0− 4a(−c) = 4ac✱ ❡ ❛s r❛í③❡s sã♦✿

λ1 =

√△
2a

λ2 =
−√△
2a

.

❙❡❥❛ λ0 > 0 t❛❧ q✉❡ λ0 > λ1 ❡ λ20 > L0✳ ❊♥tã♦✱ aλ0 > aλ1 ❡

aλ20 − c > aλ21 − c = P (λ1) = 0.

P♦rt❛♥t♦✱ ♣❛r❛ t♦❞♦ λ > λ0 + λ20✱ t❡♠✲s❡

(
λ− L0

λ

)
‖v‖2L2(Ω)−

L0

λ
‖h1‖L2(Ω)‖v‖L2(Ω)≥ 0.

▲♦❣♦✱ ♣❛r❛ t❛✐s ✈❛❧♦r❡s ❞❡ λ✱

λ‖v‖2L2(Ω)+

(
f0

(h1 + v

λ

)
, v

)

L2(Ω)

≥ 0.

❈♦♥❝❧✉í♠♦s✱ ♣♦rt❛♥t♦✱ q✉❡ C(v) é ❝♦❡r❝✐✈♦ ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ✶✳✶✽✮✳ ❆❧é♠ ❞✐ss♦✱ B(v) ❡ C(v) sã♦

♠❛①✐♠❛✐s ♠♦♥ót♦♥♦s ❡

int
(
D(B)

)
∩D(C) 6= ∅,

♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✵✱ B + C é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ C ❝♦❡r❝✐✈♦✱ B + C é

❝♦❡r❝✐✈♦ ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✽ s❡❣✉❡✲s❡ q✉❡ (B+C)
(
D(A

1
2 )
)
= D(A− 1

2 )✱ ♦✉ s❡❥❛✱ ♦ ❧❛❞♦ ❡sq✉❡r❞♦

✼✵



❞❡ (2.17) é s♦❜r❡❥❡t✐✈♦✱ ✐ss♦ s✐❣♥✐✜❝❛ q✉❡ ♣❛r❛ h2 −
1

λ
Ah1 ❡♠ D(A− 1

2 ) ❡①✐st❡ v ❡♠ D(A
1
2 ) t❛❧

q✉❡

Bv + Cv = h2 −
1

λ
Ah1,

♣❛r❛ L0 < λ2 ❡ L1 < αλ✱ ♦♥❞❡ λ > λ0 + λ20✳

❈♦♥s✐❞❡r❡ u =
h1 + v

λ
❡♠ D(A

1
2 )✳ ❆ss✐♠✱ ♣♦r (2.17) ♦❜t❡♠♦s

A
(
u+N [g(v) + f1(u)]

)
+ f0(u) + λv = h2.

❈♦♠♦
(
h2 − f0(u) − λv

)
∈ L2(Ω)✱ r❡s✉❧t❛ q✉❡

(
u + N [g(v) + f1(u)]

)
∈ D(A)✳ ❊♥tã♦✱ ♣❛r❛

λ̃ > λ2 + αλ✱ ♦ ♦♣❡r❛❞♦r

(A+ wI) + λ̃I

é s♦❜r❡❥❡t✐✈♦ ❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▼✐♥t② ✶✳✷✶ A+wI é ♠❛①✐♠❛❧ ♠♦♥ót♦♥♦✳ ❙❡♥❞♦ ❛ss✐♠✱ ❞❡s❞❡

q✉❡ D(A) é ❞❡♥s♦ ❡♠ E✱ ♣♦r r❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s ♥ã♦ ❧✐♥❡❛r❡s ✭✈❡❥❛ ❱✳ ❇❛r❜✉

❬✷❪✮✱ ❛ ❡q✉❛çã♦ ∣∣∣∣∣∣∣∣∣

Y ′ +AY + wI = wI

Y (0) =

[
y0

y1

]
, y0 ∈ D(A

1
2 ), y1 ∈ L2(Ω),

✭✷✳✷✻✮

t❡♠ ú♥✐❝❛ s♦❧✉çã♦ Y ∈ C0
(
[0,∞);E

)
✳ ❈♦♠ ✐ss♦✱ ♦ Pr♦❜❧❡♠❛ (1) t❡♠ ✉♠❛ s♦❧✉çã♦ ❣❡♥❡r❛❧✐③❛❞❛

u ∈ C0
(
(0,∞);D(A

1
2 )
)
∩ C1

(
(0,∞);L2(Ω)

)
✳

P♦r ✜♠✱ ♣r♦✈❡♠♦s q✉❡ s❡ ✈❛❧❡ ❛ ❍✐♣ót❡s❡ (H − 1)− (iii)✱ ❡♥tã♦

ut
∣∣
Γ
∈ L2

(
0,∞; Γ1

)
,

∂

∂ν
u ∈ L2

(
0,∞; Γ1

)
. ✭✷✳✷✼✮

❖r❛✱ ❞❛❞♦

[
u0

v0

]
∈ D(A)✱ t❡♠✲s❡

v0 ∈ H1
Γ0
(Ω) =⇒ v0

∣∣
Γ
∈ H

1
2 (Γ)

cont→֒ L2(Γ), ✭✷✳✷✽✮

♦✉ s❡❥❛✱ v0
∣∣
Γ
∈ L2(Γ)✳ ❈♦♠♦ u0 ∈ D(A) ✐♠♣❧✐❝❛ u0 ∈ H1

Γ0
(Ω)✱ t❡♠♦s

∂u0
∂ν

= γ1u0 ∈ L2(Γ).

❱❛♠♦s ♠♦str❛r q✉❡ g
(
v0
∣∣
Γ

)
∈ L2(Γ1). ❉❡ ❢❛t♦✱ ♣r✐♠❡✐r♦ ♦❜s❡r✈❡ q✉❡ s❡♥❞♦ g(s)s > 0✱

♣❛r❛ s 6= 0✱ t❡♠♦s g(0) = 0 ✭❜❛st❛ ❛r❣✉♠❡♥t❛r ❝♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r ♣❛r❛ f0✮✳

❊st✉❞❛r❡♠♦s✱ ❛❣♦r❛✱ ♦s ❝❛s♦s |s| < 1 ❡ |s| ≥ 1✱ ♣❛r❛ ♦❜t❡r♠♦s ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ♥♦s

♣❡r♠✐t❛♠ ♣r♦✈❛r q✉❡ g(v0) ∈ L2(Γ).

✼✶



• ❙❡ |s| < 1 ❡♥tã♦ −1 < s < 1. ❆❞❡♠❛✐s✿

(i) ❙❡ 0 ≤ s < 1 ❡♥tã♦ 0 ≤ g(s) ≤ g(1) =⇒ [g(s)]2 ≤ g(s)g(1) ≤ g(1)g(1) = [g(1)]2;

(ii) ❙❡ −1 < s < 0 ❡♥tã♦ g(−1) < g(s) < g(0) = 0 =⇒ 0 < g(s)g(s) < g(s)g(−1).

❈♦♠♦ g(−1) < g(s), ♣♦✐s g é ❝r❡s❝❡♥t❡ ❡✱ s❡♥❞♦ g(−1) < 0 t❡♠♦s g(s)g(−1) < g(−1)g(−1) =

[g(−1)]2. ▲♦❣♦✱ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s✿

0 ≤ [g(s)]2 < g(s)g(−1) ❡ g(s)g(−1) < g(−1)g(−1) = [g(−1)]2,

♦❜t❡♠♦s 0 ≤ [g(s)]2 < [g(−1)]2. ❙❡❥❛ k = max{[g(−1)]2, [g(1)]2}✱ ❡♥tã♦ [g(s)]2 ≤ k, ♣❛r❛ t♦❞♦ s

s❛t✐s❢❛③❡♥❞♦ |s| < 1.

• ❙❡ |s| ≥ 1✱ ♣❡❧❛ ❍✐♣ót❡s❡ (H−1)−(iii)✱ t❡♠✲s❡M2|s|2R ≤ |sg(s)|R ≤M1|s|2R, ♦ q✉❡ ❛❝❛rr❡t❛

|g(s)|R ≤M1|s|R.

❉❡ ♣♦ss❡ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛ ❥á ♣♦❞❡♠♦s ♠♦str❛r q✉❡ g(v0) ∈ L2(Γ)✳ ❈♦♠ ❡❢❡✐t♦✱

✭✉s❛♥❞♦ ❛ ♥♦t❛çã♦ |·|✱ ♥♦ ❧✉❣❛r ❞❡ |·|R✮ ♣❛r❛ q✉❛❧q✉❡r v0(x) ∈ R t❡♠♦s |v0(x)| < 1 ♦✉ |v0(x)| ≥ 1.

P❛r❛

[
u0

v0

]
∈ D(A)✱ ❞❡ ✭✷✳✷✽✮✱ s❡❣✉❡✲s❡ q✉❡ v0 ∈ L2(Γ). ▲♦❣♦✱

∫

Γ

|g(v0(x))|2dΓ =

∫

{x∈Γ:|v0(x)|<1}
|g(v0(x))|2dΓ +

∫

{x∈Γ:|v0(x)|≥1}
|g(v0(x))|2dΓ

≤
∫

{x∈Γ:|v0(x)|<1}
kdΓ +M2

1

∫

{x∈Γ:|v0(x)|≥1}
|v0(x)|2dΓ

≤ kmed(Γ) +M2
1C1 = C <∞.

P♦rt❛♥t♦✱ g(v0) ∈ L2(Γ).

❆❣♦r❛✱ s❡
(
u(t), ut(t)

)
❞❡♥♦t❛ ❛ s♦❧✉çã♦ ❞❡ (1)✱ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛♦ ✈❛❧♦r ✐♥✐❝✐❛❧ (u0, v0) ∈

D(A)✳ ❊♥tã♦✱ ♣♦r ♣r♦♣r✐❡❞❛❞❡s ❞❛ t❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦✱ ✈❡♠♦s q✉❡
(
u(t), ut(t)

)
∈ D(A) ❡✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡

ut
∣∣
Γ1

∈ L∞(0, T ;L2(Γ1)
)
,

∂u

∂ν

∣∣∣
Γ1

∈ L∞(0, T ;L2(Γ1)
)
. ✭✷✳✷✾✮

❙❡♥❞♦✱ ♣♦r (H − 1)− (iii)✱ α(s1 − s1) ≥ g(s1 − g(s2))✱ t❡♠♦s✿

• ❙❡ 0 ≤ s ❡♥tã♦ 0 ≤ s− 0 ❡ αs = α(s− 0) ≤ g(s)− g(0) = g(s) =⇒ αs2 ≤ sg(s)❀

• ❙❡ 0 ≥ s ❡♥tã♦ 0 ≤ −s = 0− s ❡ −αs = α(0− s) ≤ g(0)− g(s) =⇒ αs2 ≤ sg(s)✳

✼✷



❊♠ q✉❛❧q✉❡r ❝❛s♦✱

αs2 ≤ sg(s). ✭✷✳✸✵✮

P❛r❛ ❝♦♥❝❧✉✐r ❛ ♣r♦✈❛ ❞❡st❡ t❡♦r❡♠❛ ✈❛♠♦s ✉t✐❧✐③❛r ✉♠❛ ✐❞❡♥t✐❞❛❞❡ ♣❛r❛ ❛ ❡♥❡r❣✐❛ E(t)

❛ss♦❝✐❛❞❛ ❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✭✶✮✳ ❚❛❧ r❡s✉❧t❛❞♦ é ❞❛❞♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✱ ❝✉❥♦s✱ ❡♥✉♥❝✐❛❞♦

❡ ❞❡♠♦♥str❛çã♦ s❡rã♦ ❛❞✐❛❞♦s ♣❛r❛ ♦ ❈❛♣ít✉❧♦ ✸✱ ❛ ♣❛rt✐r ❞❛ q✉❛❧ ♦❜t❡♠♦s

E(t) +

∫ t

0

∫

Γ1

utg(ut)dΓ1ds = E(0), ✭✷✳✸✶✮

♦♥❞❡

E(t) =
1

2

(
‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)

)
+

∫

Γ1

F1(u)dΓ1 +

∫

Ω

F0(u)dΩ, ✭✷✳✸✷✮

❝♦♠

Fi(s) ≡
∫ s

0

fi(t)dt, (i = 0, 1).

❉❡s❞❡ q✉❡ t > 0 ✐♠♣❧✐❝❛ fi(t) > 0 ❡✱ t < 0 ✐♠♣❧✐❝❛ fi(t) < 0✱ (i = 0, 1) s❡❣✉❡✲s❡ q✉❡

Fi(s) ≥ 0✱ ♣♦✐s

s > 0 =⇒ Fi(s) =

∫ s

0

fi(t)dt ≥ 0, (i = 0, 1),

❡

s < 0 =⇒ Fi(s) = −
∫ 0

s

fi(t)dt =

∫ 0

s

−fi(t)dt ≥ 0 (i = 0, 1).

▲♦❣♦✱ ✉s❛♥❞♦ (2.30)✱ (2.31) ❡ (2.32)✱ ♦❜t❡♠♦s

E(t) + α

∫ t

0

∫

Γ1

|ut|2dΓ1ds ≤ E(t) +

∫ t

0

∫

Γ1

utg(ut)dΓ1ds = E(0).

❆ss✐♠✱

‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)+
α

2

∫ t

0

∫

Γ1

|ut|2dΓ1dt ≤ ‖∇u(0)‖2L2(Ω)+‖ut(0)‖2L2(Ω) +

+ 2

∫

Γ1

F1

(
u(0)

)
dΓ1 + 2

∫

Ω

F0

(
u(0)

)
dΩ.

✭✷✳✸✸✮

❱❛♠♦s ♦❜t❡r ❡st✐♠❛t✐✈❛s ♣❛r❛ ❛s ❞✉❛s ú❧t✐♠❛s ✐♥t❡❣r❛✐s✳ ❙❡♥❞♦ ❛s ❢✉♥çõ❡s fi ▲✐♣s❝❤✐t③✱

❝♦♠ fi(0) = 0 (i = 0, 1)✱ t❡♠♦s |fi(s)| = |fi(s) − fi(0)| ≤ Li|s|❀ ❛ss✐♠✱ Fi

(
u(0)

)
≤ Ci|u(0)|2✱

❝♦♠ i = 0, 1✳ ❆❞❡♠❛✐s✱ ♣♦r ❤✐♣ót❡s❡ u(0) = u0 ∈ H1
Γ0
(Ω) ❡ ut(0) = u1 ∈ L2Ω)✱ ❞♦♥❞❡

2

∫

Ω

F0

(
u(0)

)
dΩ ≤ C

∫

Ω

|u(0)|2dΩ ≤ C‖u0‖2L2(Ω).

❯s❛♥❞♦ ❛ ✐♠❡rsã♦ H
1
2 (Γ1) ⊂ L2(Γ1) ❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ γ0 : H1(Ω) → H

1
2 (Γ1)✱ t❡♠✲s❡

2

∫

Γ1

F1

(
u(0)

)
dΓ1 ≤ C1‖u0‖2L2(Γ1)

≤ C2‖u0‖2H1(Ω) ≤ C‖∇u0‖2L2(Ω),

✼✸



♦♥❞❡ ♣❛r❛ ❛ ú❧t✐♠❛ ❡st✐♠❛t✐✈❛ ❛♣❧✐❝❛♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré ✶✳✸✳ P♦rt❛♥t♦✱

‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)+
α

2

∫ t

0

‖ut‖2L2(Γ1)
dΓ1dt ≤ C

(
‖∇u0‖2L2(Ω)+‖u1‖2L2(Ω)+‖u0‖2L2(Ω)

)
.

✭✷✳✸✹✮

❈♦♠♦✱ D(A) é ❞❡♥s♦ ❡♠ E✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (2.34) ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ♣❛r❛ t♦❞♦ u0, v0 ∈
H1

Γ0
(Ω)× L2(Ω)❀ ❞❡ss❡ ♠♦❞♦✱ ut ∈ L2

(
0,∞;L2(Γ1)

)
✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ❍✐♣ót❡s❡ (H − 1)− (iii)

❡ ♣♦r (2.34)✱ ✈❡♠♦s q✉❡ g(ut) ∈ L2
(
0,∞;L2(Γ1)

)
✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ f1 ▲✐♣s❝❤✐t③✱ ❝♦♠

f1(0) = 0✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✺✳✻ q✉❡ f1(u) ∈ L2
(
0,∞;L2(Γ1)

)
✳ ▲♦❣♦✱ ❞❛ ✐❞❡♥t✐❞❛❞❡

∂u

∂ν
= −g(ut|Γ1)− f1(u|Γ1), s♦❜r❡ Γ1 × (0,∞)

❝♦♥❝❧✉í♠♦s q✉❡
∂u

∂ν
∈ L2

(
0,∞;L2(Γ1)

)
✳ ■st♦ ❡♥❝❡rr❛ ❛ ♣r♦✈❛✳

✼✹



❈❛♣ít✉❧♦ ✸

❙❡❣✉♥❞♦ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

◆♦ q✉❡ s❡❣✉❡✱ ❛ss✐♠ ❝♦♠♦ ❢❡✐t♦ ♣♦r ■✳ ▲❛s✐❡❝❦❛ ❡ ❉✳ ❚❛t❛r✉ ❡♠ ❬✶✽❪✱ ♥♦ss❛ ❛❜♦r❞❛❣❡♠ ❜á✲

s✐❝❛ ♣❛r❛ ♣r♦✈❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s✱ s❡♠ r❡✐✈✐♥❞✐❝❛r ✉♥✐❝✐❞❛❞❡✱ ❞❡♣❡♥❞❡ ❞❡ ✉♠❛ ❝♦♥str✉çã♦

❛ ♣❛rt✐r ❞❡ ♣r♦❜❧❡♠❛s ❛♣r♦①✐♠❛❞♦s✱ ❛❞❡q✉❛❞♦s✱ ❞❡ ♠♦❞♦ q✉❡ s❡ ♦❜t❡♥❤❛ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s

❡✱ ❡♠ s❡❣✉✐❞❛✱ ❛ ♣❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡ ♣r♦❞✉③ ❛ r❡✐✈✐♥❞✐❝❛çã♦ ❞❡s❡❥❛❞❛ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s

♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✳ ◆♦ ❡♥t❛♥t♦✱ ✉♠ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ ❛ s❡r ❡♥❢❛t✐③❛❞♦✱ ♥♦ ♣r❡s❡♥t❡ ❝❛s♦✱

é q✉❡ ♣♦r ♠❛✐s s✉❛✈❡s q✉❡ s❡❥❛♠ ♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✱ ❛s s♦❧✉çõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦ ♣r♦❜❧❡♠❛

♥ã♦✲❧✐♥❡❛r ♥ã♦ ♣r❡❝✐s❛♠ s❡r r❡❣✉❧❛r❡s✳ ❆❧é♠ ❞✐ss♦✱ ❡❧❛s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❞❡♣❡♥❞❡♠ ❝♦♥t✐✲

♥✉❛♠❡♥t❡ ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✱ ✉♠❛ ✈❡③ q✉❡✱ ♥❛ ❛✉sê♥❝✐❛ ❞❡ ✉♥✐❝✐❞❛❞❡✱ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ s♦❧✉çã♦

♥ã♦ ♣r❡❝✐s❛ s❡r ❛q✉❡❧❛ ♣r♦❞✉③✐❞❛ ♣❡❧♦ ❛r❣✉♠❡♥t♦ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❡ ❡①✐stê♥❝✐❛ ♠❡♥❝✐♦♥❛❞♦

❛♥t❡r✐♦r♠❡♥t❡✳ P♦r ✐ss♦✱ é ♥❡❝❡ssár✐♦ ✉♠ tr❛t❛♠❡♥t♦ ❡s♣❡❝✐❛❧✳

❊s❝❧❛r❡❝❡♠♦s q✉❡✱ ❛ss✐♠ ❝♦♠♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♥❡st❡ ❝❛♣ít✉❧♦✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ s✐♠✲

♣❧✐✜❝❛r ❛ ❡s❝r✐t❛✱ s❡♠♣r❡ q✉❡ ❢♦r ❝♦♥✈❡♥✐❡♥t❡✱ ❡①♣r❡ssõ❡s ❞♦ t✐♣♦ v(·)✱ g(v(·)) ❡ |g(v(·))|R✱ s❡rã♦
❞❡♥♦t❛❞❛s s✐♠♣❧❡s♠❡♥t❡ ♣♦r v✱ g(v) ❡ |g(v)|✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♥s✐❞❡r❛♥❞♦ ❛s ❤✐♣ót❡s❡s ❛❜❛✐①♦✱ ♠♦str❛r❡♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s✳

❍✐♣ót❡s❡s✿ ✭❍✲✶✮

✭✐✮ g(s) é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ ❝r❡s❝❡♥t❡ ❡♠ R❀

✭✐✐✮ g(s)s > 0 ♣❛r❛ s 6= 0❀

✭✐✐✐✮ M2s
2 ≤ g(s)s ≤M1s

2✱ ♣❛r❛ |s|R≥ 1✱ ❡ ✭❛❧❣✉♠✮ 0 < M2 ≤M1✳

❍✐♣ót❡s❡s✿ ✭❍✲✷✮

✭✐✮ f0(s) ∈ W 1,∞
loc (R) é ❝♦♥tí♥✉❛ ❡ ❞❡ ❝❧❛ss❡ C1(R) ♣♦r ♣❡❞❛ç♦s ❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ s = 0❀



✭✐✐✮ f0(s)s ≥ 0✱ ♣❛r❛ s ∈ R❀

✭✐✐✐✮ |f ′
0(s)|R≤ N(1 + |s|k0−1

R ), 1 < k0 <
n

n− 2
✱ ♣❛r❛ |s|R> N ✱ ❝♦♠ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

n > 2✳

❍✐♣ót❡s❡s✿ ✭❍✲✸✮

✭✐✮ f1(s) é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ s = 0❀

✭✐✐✮ f1(s)s ≥ 0 ♣❛r❛ s ∈ R❀

✭✐✐✐✮ |f1(s)|R≤M |s|k1R +A|s|R✱ ♣❛r❛ s ∈ R, k1 <
n− 1

n− 2
✱ s❡♥❞♦ M ❡ A ❝♦♥st❛♥t❡s ❞❛❞❛s✳

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r♠♦s ♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ❞❡❞✉③✐r ❢♦r♠❛❧♠❡♥t❡ ❛

❡q✉❛çã♦ ❞❛ ❡♥❡r❣✐❛ E(t)✱ ❛ss♦❝✐❛❞❛ ❛ s♦❧✉çã♦ (u, ut) ❞♦ Pr♦❜❧❡♠❛ ✭✶✮✱ ❛ q✉❛❧✱ ❝♦♠♦ ❥á ♠❡♥❝✐♦✲

♥❛❞♦✱ é ❞❛❞❛ ♣♦r

E(t) =
1

2

(
‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)

)
+

∫

Γ1

F1(u)dΓ1 +

∫

Ω

F0(u)dΩ, ✭✸✳✶✮

♦♥❞❡✱

Fi(s) ≡
∫ s

0

fi(t)dt, (i = 0, 1).

P❛r❛ ❞❡❞✉③✐r (3.1)✱ ✈❛♠♦s ❛ss✉♠✐r q✉❡ ❛s ❢✉♥çõ❡s ❡♥✈♦❧✈✐❞❛s (u, ut) ♣♦ss✉❛♠ r❡❣✉❧❛r✐❞❛❞❡s

q✉❡ ♥♦s ♣❡r♠✐t❛♠ ❛♣❧✐❝❛r ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡ ❛ ❢ór♠✉❧❛ ❞❡ ●r❡❡♥ ✺✳✶✳ ❆ss✐♠✱ ♠✉❧t✐♣❧✐❝❛♥❞♦

❛ ❡q✉❛çã♦ utt = ∆u− f0(u) ✭❡♠ (1)✮✱ ♣♦r ut ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ Ω ✱ ♦❜t❡♠♦s

∫

Ω

uttutdΩ =

∫

Ω

∆uutdΩ−
∫

Ω

utf0(u)dΩ. ✭✸✳✷✮

❱❛♠♦s ❛♥❛❧✐s❛r ❝❛❞❛ ✐♥t❡❣r❛❧ s❡♣❛r❛❞❛♠❡♥t❡✳ ◆♦t❡ q✉❡

∫

Ω

uttutdΩ =
(
utt(t), ut(t)

)
L2(Ω)

=
1

2

d

dt

(
ut(t), ut(t)

)
L2(Ω)

=
1

2

d

dt
‖ut(t)‖2L2(Ω), ✭✸✳✸✮

♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ●r❡❡♥ ✺✳✶

∫

Ω

∆uutdΩ = −
∫

Ω

∇u∇utdΩ +

∫

Γ

ut
∂u

∂ν
dΓ, ✭✸✳✹✮

♦♥❞❡

−
∫

Ω

∇u∇utdΩ = −
(
∇u(t),∇ut(t)

)
L2(Ω)

= −1

2

d

dt

(
∇u(t),∇u(t)

)
L2(Ω)

= −1

2

d

dt
‖∇u(t)‖2L2(Ω).

✭✸✳✺✮

✼✻



❆❧é♠ ❞✐ss♦✱ s❡♥❞♦ Γ = Γ1 ∪ Γ0✱ ❝♦♠ Γ1 ∩ Γ0 = ∅ ❡ ❝♦♠♦✱ ♣♦r ❤✐♣ót❡s❡✱
∣∣∣∣∣∣

∂u

∂ν
= −g

(
ut|Γ1

)
− f1

(
u|Γ1) ❡♠ Γ1 × (0,∞)

u = 0, ❡♠ Γ0 × (0,∞)

❞❡♥♦t❛♥❞♦ −g
(
ut|Γ1

)
− f1

(
u|Γ1) s✐♠♣❧❡s♠❡♥t❡ ♣♦r −g(ut)− f1(u)✱ ♦❜t❡♠♦s

∫

Γ1

ut
∂u

∂ν
dΓ1 = −

∫

Γ1

utg(ut)dΓ1 −
∫

Γ1

utf1(ut)dΓ1. ✭✸✳✻✮

❊♥tã♦✱ s✉❜st✐t✉✐♥❞♦ (3.5) ❡ (3.6) ❡♠ (3.4)✱ t❡♠✲s❡
∫

Ω

∆uutdΩ = −1

2

d

dt
‖∇u(t)‖2L2(Ω) −

∫

Γ1

utg(ut)dΓ1 −
∫

Γ1

utf1(ut)dΓ1. ✭✸✳✼✮

❆❣♦r❛✱ ❞❡✜♥✐♥❞♦

Fi(s) :=

∫ s

0

fi(t)dt, (i = 0, 1),

✈❡♠♦s q✉❡✱
dFi

ds
(s) = fi(s), (i = 0, 1)✳ ▲♦❣♦✱

dFi

dt
(u(t)) =

∂Fi

∂u
(u(t))

du

dt
(t) = fi(u(t))ut(t), (i = 0, 1)

❞♦♥❞❡

−
∫

Γ1

ut(t)f1(u(t))dΓ1 = − d

dt

∫

Γ1

F1(u(t))dΓ1 ✭✸✳✽✮

❡

−
∫

Ω

ut(t)f0(u(t))dΩ = − d

dt

∫

Ω

F0(u(t))dΩ. ✭✸✳✾✮

P♦rt❛♥❞♦✱ s✉❜st✐t✉✐♥❞♦ (3.9)✱ (3.8) ❡♠ (3.7) ❡ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ❥✉♥t❛♠❡♥t❡ ❝♦♠ (3.3)✱

❡♠ (3.2)✱ ♦❜t❡♠♦s

d

dt

[
1

2
‖ut(t)‖2L2(Ω) +

1

2
‖∇u(t)‖2L2(Ω) +

∫

Γ1

F1(u)dΓ1 +

∫

Ω

F0(u)dΩ

]
= −

∫

Γ1

utg(ut)dΓ1. ✭✸✳✶✵✮

❈♦♥s✐❞❡r❛♥❞♦

E(t) :=
1

2

(
‖ut(t)‖2L2(Ω) + ‖∇u(t)‖2L2(Ω)

)
+

∫

Γ1

F1(u)dΓ1 +

∫

Ω

F0(u)dΩ,

♦❜t❡♠♦s ❛ ❛ss❡rt✐✈❛ (3.1)✳ ❖❜s❡r✈❡ q✉❡
d

dt
E(t) ≤ 0 ❡

E(t)− E(0) = −
∫ t

0

∫

Γ1

utg(ut)dΓ1dt. ✭✸✳✶✶✮

❚❡♦r❡♠❛ ✸✳✶✳ ❆ss✉♠❛ ❛s ❤✐♣ót❡s❡s (H−1)−(H−3)✳ P❛r❛ q✉❛❧q✉❡r (u0, u1) ∈ H1
Γ0
(Ω)×L2(Ω)✱

♦ Pr♦❜❧❡♠❛ (1) ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ u ∈ C0
loc

(
0,∞;H1

Γ0
(Ω)
)
∩ C1

loc

(
0,∞;L2(Ω)

)
t❛❧ q✉❡

ut ∈ L2
loc

(
0,∞; Γ1

)
,
∂u

∂ν
∈ L2

loc

(
0,∞; Γ1

)
. ✭✸✳✶✷✮

✼✼



❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ ❞❡st❡ t❡♦r❡♠❛ s❡rá ❢❡✐t❛ ❡♠ ❡t❛♣❛s✿ ♣r✐♠❡✐r♦ ❝♦♥str✉í♠♦s ✉♠ ♣r♦✲

❜❧❡♠❛ ❛✉①✐❧✐❛r ❛♣r♦①✐♠❛❞♦✱ ♣❛r❛ ♦ q✉❛❧ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ é ❡st❛❜❡❧❡❝✐❞❛ ♣❡❧❛

t❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s ♥ã♦ ❧✐♥❡❛r❡s❀ ♥❛ s❡❣✉♥❞❛ ❡t❛♣❛ ♦❜t❡♠♦s ❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✭✶✮ ❝♦♠♦

❧✐♠✐t❡ ❞❡ s♦❧✉çõ❡s ❞❛s ❡q✉❛çõ❡s ❛♣r♦①✐♠❛❞❛s✳ ❈♦♠ ❡ss❡ ♦❜❥❡t✐✈♦ ❝♦♠❡ç❛♠♦s ❝♦♠ ❛

Pr♦♣♦s✐çã♦ ✸✳✶✳ ❙❡❥❛ u ✉♠❛ ❢✉♥çã♦ ❞❛❞❛ ❡♠ C0
[
0, T ;H1(Ω)

]
∩ C1

[
0, T ;L2(Ω)

]
t❛❧ q✉❡

∣∣∣∣∣∣∣∣∣∣∣∣

utt −∆u = f ∈ L1
[
0, T ;L2(Ω)

]

u(0) = u0 ∈ H1(Ω), ut(0) = u1 ∈ L2(Ω)

ut,
∂u

∂ν

∣∣∣
Γ
∈ L2

[
0, T ;L2(Γ1)

]

u = 0, s♦❜r❡
∑

0 = Γ0 × (0, T ).

✭✸✳✶✸✮

❊♥tã♦✱ ❛ s❡❣✉✐♥t❡ ✐❞❡♥t✐❞❛❞❡ ❞❛ ❡♥❡r❣✐❛ é ❛ss❡❣✉r❛❞❛ ♣❛r❛ ❝❛❞❛ 0 ≤ t ≤ T ✱

E1(t)−
∫ t

0

∫

Γ1

∂u

∂ν

∣∣∣
Γ
utdΓ1ds−

∫ t

0

∫

Ω

futdΩds = E1(0),

♦♥❞❡

E1(t) =
1

2

(
‖∇u(t)‖2L2(Ω) + ‖ut(t)‖2L2(Ω)

)
.

❖❜s❡r✈❛çã♦ ✸✳✶✳ ◆♦t❡ q✉❡ ❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❢♦r♠❛❧♠❡♥t❡ ♦❜t✐❞♦ ♣❡❧♦ ✉s♦ ❞❛ ❢ór♠✉❧❛ ❞❡

●r❡❡♥ ✺✳✶ ❡ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ s♦❜r❡ ♦ t❡♠♣♦✳ ❊♥tr❡t❛♥t♦✱ ♥ã♦ t❡♠♦s ✐♥❢♦r♠❛çõ❡s s✉✜❝✐❡♥t❡

s♦❜r❡ ❛ s✉❛✈✐❞❛❞❡ ❞❛ s♦❧✉çã♦❀ ❛❧é♠ ❞✐ss♦✱ ❡st❛ ♣♦❞❡ ♥ã♦ ❞❡♣❡♥❞❡r ❝♦♥t✐♥✉❛♠❡♥t❡ ❞♦s ❞❛❞♦s

✐♥✐❝✐❛✐s✱ ♣♦r ❡st❛ r❛③ã♦✱ ♣♦r ❡♥q✉❛♥t♦ ✈❛♠♦s ❛❝❡✐tá✲❧❛ ❡✱ ♣♦st❡r✐♦r♠❡♥t❡ ❝♦♠ ♦ ❛✉①✐❧✐♦ ❞♦ ▲❡♠❛

✸✳✷✱ q✉❡ s❡rá ❡♥✉♥❝✐❛❞♦ ❡ ❞❡♠♦♥str❛❞♦ ♠❛✐s ❛❞✐❛♥t❡✱ ✈❛♠♦s ♣r♦✈á✲❧❛✳

❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❛♣r♦①✐♠❛çã♦ ❞❛ ❡q✉❛çã♦ (1)✱ t❡♥❞♦ ❝♦♠♦ ♣❛râ♠❡tr♦ ❞❡ ❛♣r♦①✐♠❛çã♦

l −→ ∞✳
∣∣∣∣∣∣∣∣∣∣∣∣

ultt = ∆ul − f0l(ul), s♦❜r❡ Ω× (0,∞)
∂ul
∂ν

= −g
(
ult
∣∣
Γ

)
− 1

l
ult
∣∣
Γ
− f1l

(
ul
∣∣
Γ

)
s♦❜r❡ Γ1 × (0,∞)

ul = 0, s♦❜r❡ Γ0 × (0,∞)

ul(t = 0) = u0 ∈ H1
Γ0
(Ω), ult(t = 0) = u1 ∈ L2(Ω),

✭✸✳✶✹✮

♦♥❞❡ fil, i = 0, 1 sã♦ ❞❡✜♥✐❞❛s ♣♦r

fil(s) :=

∣∣∣∣∣∣∣∣∣

fi(s), s❡ |s| ≤ l

fi(l), s❡ s ≥ l (i = 0, 1)

fi(−l), s❡ s ≤ −l.
✭✸✳✶✺✮

✼✽



❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞♦ ♣❛râ♠❡tr♦ l ❛s ❢✉♥çõ❡s fil, (i = 0, 1) ❡ gl(s) = g(s)+
1

l
s

s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳ ❉❡ ❢❛t♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s ❛ss✉♠✐r

q✉❡ ❛s ❢✉♥çõ❡s fi(s) sã♦ ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✱ ✈✐st♦ q✉❡ ❞♦ ❝♦♥trár✐♦ ♣♦❞❡♠♦s ❞❡✜♥✐r fil(s) =

f̃i(s), |s| ≤ l ♦♥❞❡ f̃i é ✉♠❛ ❢✉♥çã♦ ▲✐♣s❝❤✐t③ q✉❡ ❛♣r♦①✐♠❛ fi✳ ❆❞❡♠❛✐s✱ s❡ s1 − s2 ≥ 0 t❡♠♦s

gl(s1)− gl(s2) =
1

l
(s1 − s2) + g(s1)− g(s2) ≥ α(s1 − s2).

▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✱ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ (ul, ult) ❞❡ (3.14) t❛❧ q✉❡

ul ∈ C0
(
0,∞;H1

Γ0
(Ω)
)
∩ C1

(
0,∞;L2(Ω)

)

❡
∂ul
∂ν

∈ L2
(
0,∞;H1

Γ0
(Ω)
)
, ult

∣∣
Γ1

∈ L2(Σ1), gl(ult) ∈ L2
(
0,∞;H1

Γ0
(Ω)
)
. ✭✸✳✶✻✮

❱❛♠♦s ♣r♦✈❛r q✉❡ ❛ s❡q✉ê♥❝✐❛ ✭♦✉ s✉❜s❡q✉ê♥❝✐❛✮ ❞❡ s♦❧✉çõ❡s ul t❡♠ ✉♠ ❧✐♠✐t❡ ❛♣r♦♣r✐❛❞♦

q✉❡ é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧ (1)✳ P❛r❛ ✐ss♦✱ ♣r❡❝✐s❛♠♦s ❞♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✸✳✶✳ ❙♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✶✱ q✉❛♥❞♦ l → ∞ ❡ ul ⇀ u ❡♠ H1(Ω)✱ t❡♠♦s
∫

Ω

F0l(u)dΩ +

∫

Γ1

F1l(u|Γ1)dΓ ≤ C(‖u‖H1(Ω)), ✭✸✳✶✼✮

∣∣∣∣∣∣∣∣∣

(i) f1l
(
ul|Γ1

)
−→ f1

(
u|Γ1

)
❡♠ L2(Γ1)

❡

(ii) f0l(ul) −→ f0(u) ❡♠ L2(Ω),

✭✸✳✶✽✮

♦♥❞❡ ❛ ❝♦♥st❛♥t❡ C(‖u‖H1(Ω)) ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛ ♥♦r♠❛ ❞❡ u ❡♠ H1(Ω)✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ❡s❝r✐t❛✱ s❡♠♣r❡ q✉❡ ❢♦r ♦♣♦rt✉♥♦✱ ❛s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s

q✉❡ ❛♣❛r❡❝❡r❡♠ ♥❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭♦✉ ✐❣✉❛❧❞❛❞❡s✮ s❡rã♦ ❞❡♥♦t❛❞❛s ♣❡❧♦ ♠❡s♠♦ sí♠❜♦❧♦✳

❈♦♥s✐❞❡r❡ u ∈ H1(Ω)✱ ❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈
∣∣∣∣∣∣
H1(Ω) ⊂ L

2n
n−2 (Ω), H

1
2 (Γ) ⊂ L

2n−2
n−2 (Γ), n > 2

H1(Ω) ⊂ Lp(Ω), H
1
2 (Γ) ⊂ Lp(Γ), 1 ≤ p <∞ n = 2,

✭✸✳✶✾✮

❡ ❛s ✐♥❥❡çõ❡s ❝♦♠♣❛❝t❛s
∣∣∣∣∣∣
H1(Ω) ⊂ L2k0(Ω), H

1
2 (Γ) ⊂ L2k1(Γ), n > 2

H1(Ω) ⊂ Lp(Ω), H
1
2 (Γ) ⊂ Lp(Γ), 1 ≤ p <∞ n = 2.

✭✸✳✷✵✮

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❍✐♣ót❡s❡ (H−2)✱ f0(0) = 0✱ ❞❛í ✉s❛♥❞♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✱ t❡♠♦s

|f0(s)| = |f0(s) − f0(0)| = |f ′
0(ξ)||s|✱ ❝♦♠ 0 ≤ |ξ| ≤ |s|✳ ❖❜s❡r✈❡ q✉❡✿ ♣❛r❛ |ξ| > N ✱ ♣♦r

✼✾



(H − 2)− (iii)✱ t❡♠✲s❡ |f ′
0(ξ)| ≤ N(1 + |s|k0−1) ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ |f0(s)| ≤ N(1 + |s|k0−1)|s|✳

❙❡ |s| ≤ N ✱ ❡♥tã♦ ♣♦r (H − 2) − (i) ❡①✐st❡ C > 0 t❛❧ q✉❡ |f ′
0(ξ)| ≤ C✱ ♣❛r❛ t♦❞♦ ξ ∈ [−N,N ]❀

❛ss✐♠ |f0(s)| ≤ C|s| ≤ C(|s|+ |s|k0)✱ ♣❛r❛ t♦❞♦ s ∈ [−N,N ]✳ ▲♦❣♦✱ ❡♠ q✉❛❧q✉❡r ❝❛s♦ t❡♠♦s

F0l(s) =

∫ s

0

f0l(t)dt ≤ C
(
|s|2+|s|k0+1

)

♦ q✉❡ ✐♠♣❧✐❝❛ ∣∣∣∣
∫

Ω

F0l

(
u(x)

)
dΩ

∣∣∣∣ ≤ C

∫

Ω

|u(x)|2dΩ + C

∫

Ω

|u(x)|k0+1dΩ.

• ❈❛s♦ n > 2✿ ✭♦ ❝❛s♦ n = 2 é tr❛t❛❞♦ ❞❡ ❢♦r♠❛ s✐♠✐❧❛r✮ s❡♥❞♦
1

n
+

1
2n
n−2

+
1

2
= 1✱ ♣❡❧❛

❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ✺✳✸✱
∫

Ω

|u(x)|k0+1dΩ =

∫

Ω

|u(x)|k0−1|u(x)||u(x)|dΩ

≤ ‖u‖k0−1

Ln(k0−1)(Ω)
‖u‖

L
2n
n−2 (Ω)

‖u‖L2(Ω).

❈♦♠♦ 0 < k0 − 1 <
2

n− 2
✱ ♦✉ s❡❥❛✱ n(k0 − 1) <

2n

n− 2
✱ t❡♠♦s

H1(Ω) ⊂ L
2n
n−2 (Ω) ⊂ Ln(k0−1)(Ω) ❡ H1(Ω) ⊂ L2(Ω),

❞❛í✱ ∫

Ω

|u(x)|k0+1dΩ ≤ C‖u‖k0−1
H1(Ω)‖u‖2H1(Ω).

❊♥tã♦✱ ∣∣∣∣
∫

Ω

F0l

(
u(x)

)
dΩ

∣∣∣∣ ≤ C

∫

Ω

|u(x)|2dΩ + C

∫

Ω

|u(x)|k0+1dΩ ≤ C
(
‖u‖H1(Ω)

)
.

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❛ ❍✐♣ót❡s❡ (H − 3)✱ ♦❜té♠✲s❡✱ F1l(s) ≤ C
(
|s|2+|s|k1+1

)
, ❞♦♥❞❡

∣∣∣∣
∫

Γ1

F1l

(
u(x)

)
dΓ1

∣∣∣∣ ≤ C

∫

Γ1

|u(x)|2dΓ1 + C

∫

Γ1

|u(x)|k1+1dΓ1.

❉❡s❞❡ q✉❡
1

2(n− 1)
+

1
2(n−1)
n−2

+
1

2
= 1

t❡♠✲s❡✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ✺✳✸✱

∫

Γ1

|u(x)|k1+1dΓ1 ≤ ‖u‖k1−1

L2(n−1)(k1−1)(Γ1)
‖u‖

L
2(n−1)
n−2 (Γ1)

‖u‖L2(Γ1).

❙❡♥❞♦ H
1
2 (Γ) ⊂ L

2n−2
n−2 (Γ) ⊂ L2(n−1)(k1−1)(Γ)✱ r❡s✉❧t❛

∫

Γ1

|u(x)|k1+1dΓ1 ≤ C‖u‖k1−1

H
1
2 (Γ1)

‖u‖
H

1
2 (Γ1)

‖u‖L2(Γ1).

✽✵



▲♦❣♦✱ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ γ0 : H1(Ω) −→ H
1
2 (Γ) ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❚r❛ç♦ ✶✳✼✱ ♦❜t❡♠♦s

‖u‖
H

1
2 (Γ)

≤ C‖u‖H1(Ω)❀ ❞❡ss❡ ♠♦❞♦

∫

Γ1

|u(x)|k1+1dΓ1 ≤ C‖u‖k1−1
H1(Ω)‖u‖2H1(Ω).

❆ss✐♠✱ ∣∣∣∣
∫

Γ1

F1l

(
u(x)

)
dΓ1

∣∣∣∣ ≤ C
(
‖u‖H1(Ω)

)
.

P♦rt❛♥t♦✱ ∫

Ω

F0l

(
u(x)

)
dΩ +

∫

Γ1

F1l

(
u(x)

)
dΓ1 ≤ C

(
‖u‖H1(Ω)

)
,

♦♥❞❡ ❛ ❝♦♥st❛♥t❡ C
(
‖u‖H1(Ω)

)
❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛ ♥♦r♠❛ ❞❡ u ❡♠ H1(Ω)✳ ■st♦ ❥✉st✐✜❝❛ ❛

♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ ❧❡♠❛✳ ❆❣♦r❛✱ ♣❛r❛ ♣r♦✈❛r (3.18)− (i) ❞❡✜♥✐♠♦s

Γl := {x ∈ Γ; |ul(x)| > l}.

◆♦t❡ q✉❡ ❡♠ Γ−Γl t❡♠♦s |ul(x)| ≤ l❀ ❛ss✐♠✱ f1l(ul(x)) = f1(ul(x))✱ ♣❛r❛ t♦❞♦ x ∈ Γ−Γl✳ ❊♥tã♦✱

✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ |a− b|2 ≤ 2|a|2+2|b|2 ❡ ❞❡♥♦t❛♥❞♦ fil
(
ul(x)

)
, x ∈ Γ✱ s✐♠♣❧❡s♠❡♥t❡ ♣♦r

fil(ul)✱ ♦❜t❡♠♦s
∫

Γ

|f1l(ul)− f1(ul)|2dΓ =

∫

Γ−Γl

| f1l(ul)− f1(ul)︸ ︷︷ ︸
=0

|2dΓ +

∫

Γl

|f1l(ul)− f1(ul)|2dΓl

≤ 2

∫

Γl

|f1l(ul)|2dΓl + 2

∫

Γl

|f1(ul)|2dΓl.

✭✸✳✷✶✮

❙❡❥❛ Γ̃l := {x ∈ Γl; ul(x) > l}. ❚❡♠♦s

2

∫

Γl

|f1l(ul)|2dΓl = 2

∫

Γl−Γ̃l

|f1l(ul)|2dΓl + 2

∫

Γ̃l

|f1l(ul)|2dΓ̃l

= 2

∫

Γl−Γ̃l

|f1(−l)|2dΓl + 2

∫

Γ̃l

|f1(l)|2dΓ̃l

≤ 2

∫

Γl

|f1(−l)|2dΓl + 2

∫

Γl

|f1(l)|2dΓl.

✭✸✳✷✷✮

▲♦❣♦✱ s✉❜st✐t✉✐♥❞♦ (3.22) ❡♠ (3.21)✱ r❡s✉❧t❛
∫

Γ

|f1l(ul)− f1(ul)|2dΓ ≤ 2

[ ∫

Γl

|f1(ul)|2dΓl +

∫

Γl

|f1(−l)|2dΓl +

∫

Γl

|f1(l)|2dΓl

]
. ✭✸✳✷✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛s ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈ ❡ ❞❛ ❚❡♦r✐❛ ❞♦ ❚r❛ç♦✱ ♣❛r❛ n > 2✱ s❡❣✉❡✲s❡ q✉❡

(∫

Γl

l
2n−2
n−2 dΓl

) 1
2n−2
n−2 ≤

(∫

Γl

|ul|
2n−2
n−2 dΓl

) 1
2n−2
n−2 ≤

(∫

Γ

|ul|
2n−2
n−2 dΓ

) 1
2n−2
n−2 ≤ C

(
‖ul‖H1(Ω)

)
,

♦✉ s❡❥❛✱

med(Γl) ≤
[
C
(
‖ul‖H1(Ω)

)]
l
−2n+2
n−2 . ✭✸✳✷✹✮

✽✶



❆♥❛❧♦❣❛♠❡♥t❡ tr❛t❡✲s❡ ♦ ❝❛s♦ n = 2✳ ❙✉♣♦♥❞♦ 1 ≤ l✱ s❡ 1 ≤ k1 ❡♥tã♦ 2 ≤ 2k1 ❡✱ ❞❡s❞❡ q✉❡

1 ≤ l ≤ |ul(x)|✱ ♣❛r❛ t♦❞♦ x ∈ Γl✱ t❡♠♦s |ul(x)|2 + |ul(x)|2k1 ≤ 2|ul(x)|2k1 , ∀x ∈ Γl✳ ❆ss✐♠✱ ❞❛

❍✐♣ót❡s❡ (H − 3)✱ ♦❜t❡♠♦s

∫

Γl

|f1(ul)|2dΓl ≤ C

∫

Γl

|ul|2k1dΓl. ✭✸✳✷✺✮

❆❧é♠ ❞✐ss♦✱

k1 <
n− 1

n− 2
=⇒ k1(n− 2) < (n− 1) =⇒ 1 <

n− 1

k1(n− 2)
:= p.

❈♦♥s✐❞❡r❡ q ❞❡ t❛❧ ♠♦❞♦ q✉❡
1

p
+

1

q
= 1✱ ✐st♦ é✱

1

q
= 1− 1

p
=
n− 1

n− 1
− k1(n− 2)

n− 1
=
n− 1− k1(n− 2)

n− 1
.

❊♥tã♦✱ ♣♦r (3.24)✱ (3.25)✱ ♣❡❧❛s ✐♠❡rsõ❡s (3.19) ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ✺✳✸✱ t❡♠✲s❡

∫

Γl

|f1(ul)|2dΓl ≤ C

∫

Γl

|ul|2k1dΓl ≤
[ ∫

Γl

(
|ul|2k1

)p
dΓl

] 1
p
(∫

Γl

1qdΓl

) 1
q

≤

≤ C

[ ∫

Γl

|ul|
2n−2
n−2 dΓl

] k1(n−2)
n−1 (

medΓl

)n−1−k1(n−2)
n−1 −→ 0, q✉❛♥❞♦ l → ∞.

✭✸✳✷✻✮

❖❜s❡r✈❡ q✉❡ ❡♠ (3.26) ✉s❛♠♦s ♦ ❢❛t♦ q✉❡
(−2n+ 2)

(n− 2)

(
n− 1− k1(n− 2)

)

(n− 1)
< 0, ♣♦✐s n > 2 ❡ ♣♦r

(3.24)
(
medΓl

)n−1−k1(n−2)
n−1 ≤

(
l
−2n+2
n−2

)n−1−k1(n−2)
n−1 −→ 0, q✉❛♥❞♦ l → ∞.

❆❞❡♠❛✐s✱ H
1
2 (Γ) ⊂ L

2n−2
n−2 (Γ) ❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ γ0 : H1(Ω) −→ H

1
2 (Γ) ✐♠♣❧✐❝❛♠

‖u‖
L

2n−2
n−2 (Γ)

≤ C1‖u‖
H

1
2 (Γ)

≤ C‖u‖H1(Ω)

❡ ❛ ul ⇀ u ❡♠ H1(Ω) ❛❝❛rr❡t❛ ✭❧❡♠❜r❡ q✉❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ ✐♠♣❧✐❝❛ ❧✐♠✐t❛çã♦✮

[ ∫

Γl

|ul|
2n−2
n−2 dΓl

] k1(n−2)
n−1

≤
(
‖ul‖H1(Ω)

) k1(n−2)
n−1 ≤ C̃

(
‖ul‖H1(Ω)

)
,

♦♥❞❡✱ ♣♦r ❝♦♥t❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ ❞❡ ul ❡♠ H1(Ω)✱ ❛ ❝♦♥st❛♥t❡ C̃
(
‖ul‖H1(Ω)

)
✐♥❞❡♣❡♥❞❡

❞❡ l✱ ❞❡♣❡♥❞❡♥❞♦ ❛♣❡♥❛s ❞❛ ♥♦r♠❛ ❞❡ ul ❡♠ H1(Ω)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❛♠❜é♠ ♣❡❧❛ ❍✐♣ót❡s❡

(H − 3)✱ t❡♠✲s❡ |f1(l)|2 ≤ Cl2k1 ❡ |f1(−l)|2 ≤ Cl2k1 ✳ ▲♦❣♦✱ ✉s❛♥❞♦ (3.24)✱ ♦❜t❡♠♦s
∫

Γl

|f1(ul)|2dΓl +

∫

Γl

|f1(−l)|2dΓl +

∫

Γl

|f1(l)|2dΓl ≤ C

∫

Γl

l2k1dΓl = Cl2k1med(Γl) ≤

≤ C
(
‖ul‖H1(Ω)

)
l2k1−

2n−2
n−2 −→ 0,

✭✸✳✷✼✮

✽✷



q✉❛♥❞♦ l → ∞✳ ◆♦✈❛♠❡♥t❡ ❛ ❝♦♥st❛♥t❡ C
(
‖ul‖H1(Ω)

)
❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ ‖ul‖H1(Ω)✳ ❉❡ss❡

♠♦❞♦✱ ❝♦♠❜✐♥❛❞♦ (3.27) ❡ (3.26) ❝♦♠ (3.23)✱ ✈❡♠♦s q✉❡
∫

Γ

|f1l(ul)− f1(ul)|2dΓ −→ 0, q✉❛♥❞♦ l → ∞. ✭✸✳✷✽✮

▼❛s✱
∫

Γ

|f1l(ul)− f1(u)|2dΓ ≤ 2

∫

Γ

|f1l(ul)− f1(ul)|2dΓ + 2

∫

Γ

|f1(ul)− f1(u)|2dΓ. ✭✸✳✷✾✮

❱❛♠♦s ❛♥❛❧✐s❛r ❛ ú❧t✐♠❛ ✐♥t❡❣r❛❧ ❡♠ (3.29)✳ ◆♦t❡ q✉❡ s❡♥❞♦ ul ⇀ u ❡♠ H1(Ω)✱ t❡♠♦s

ul ⇀ u ❡♠ H
1
2 (Γ)✱ ❞❡s❞❡ q✉❡ ❛ ✐♠❡rsã♦ H

1
2 (Γ) ❡♠ L2(Γ) é ❝♦♠♣❛❝t❛✱ s❡❣✉❡✲s❡ q✉❡ ❡①✐st❡ ✉♠❛

s✉❜s❡q✉ê♥❝✐❛✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r (ul)l✱ t❛❧ q✉❡

ul −→ u ❢♦rt❡ ❡♠ L2(Γ).

❉❡ss❡ ♠♦❞♦✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (ul)l✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣❡❧♦ ♠❡s♠♦ ♥♦♠❡✱ t❛❧ q✉❡

ul −→ u, q✉❛s❡ s❡♠♣r❡ ❡♠ Γ. ✭✸✳✸✵✮

▲♦❣♦✱ f1(ul) −→ f1(u) ❡♠ L2(Γ), ♦✉ s❡❥❛✱
∫

Γ

|f1(ul)− f1(u)|2dΓ −→ 0 q✉❛♥❞♦ l → ∞.

P♦rt❛♥t♦✱ ✉s❛♥❞♦ t❛♠❜é♠ (3.28) ❡ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❡♠ (3.29)✱ s❡❣✉❡✲s❡ q✉❡
∫

Γ

|f1l(ul)− f1(u)|2dΓ −→ 0, q✉❛♥❞♦ l → ∞.

❈♦♠ ✐ss♦✱ ♦❜t❡♠♦s ❛ ❝♦♥✈❡r❣ê♥❝✐❛ (3.18)− (i)✳ ❆ ♣r♦✈❛ ❞❡ (3.18)− (ii) ♣♦❞❡ s❡r ❢❡✐t❛ s❡❣✉✐♥❞♦

✐❞❡✐❛s ❛♥á❧♦❣❛s✳

P❛r❛ ❝♦♥❝❧✉✐r ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ 3.1 ♣r✐♠❡✐r♦ ♦❜s❡r✈❛♠♦s q✉❡ ✉s❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s

❞❡ r❡❣✉❧❛r✐❞❛❞❡s (3.16) ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❛♣❧✐❝❛r ♦ r❡s✉❧t❛❞♦ ♣❛r❛ ❡♥❡r❣✐❛✱ ♦❜t✐❞♦ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✸✳✶✳ ❆ss✐♠✱ ❞❡s❞❡ q✉❡ s♦❜r❡ Γ1 × (0,∞) ✈❛❧❡

∂ul
∂ν

= −g
(
ult
∣∣
Γ

)
− 1

l
ult
∣∣
Γ
− f1l

(
ul
∣∣
Γ

)
=⇒ g

(
ult
∣∣
Γ

)
+

1

l
ult
∣∣
Γ
= −∂ul

∂ν
− f1l

(
ul
∣∣
Γ

)
,

t❡♠♦s
∫ t

0

∫

Γ1

ult

[
g(ult) +

1

l
ult

]
dΓ1ds = −

∫ t

0

∫

Γ1

ult
∂ul
∂ν

dΓ1ds−
∫ t

0

∫

Γ1

ultf1l (ul) dΓ1ds.

▲♦❣♦✱ ❞♦ r❡s✉❧t❛❞♦ ❞❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❛❞♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✱ ❞❡ (3.11)✱ ♣❛r❛ ❝❛❞❛ t > 0✱

♦❜t❡♠♦s

El(t) +

∫ t

0

∫

Γ1

ult

[
g(ult) +

1

l
ult

]
dΓ1ds = El(0), ✭✸✳✸✶✮

✽✸



s❡♥❞♦ El(t) ❝♦♠♦ ❡♠ (3.1)✱ ❝♦♠ ul ♥♦ ❧✉❣❛r ❞❡ u ❡ fil ♥♦ ❧✉❣❛r ❞❡ fi, (i = 0, 1)✳ ❆❣♦r❛✱ ♣❡❧♦

r❡s✉❧t❛❞♦ (3.17) ❞♦ ▲❡♠❛ ✸✳✶✱ s❡❣✉❡✲s❡ q✉❡

El(0) =
1

2
‖∇ul(0)‖2L2(Ω) +

1

2
‖ult(0)‖2L2(Ω) +

∫

Ω

F0l(ul(0))dΩ +

∫

Γ1

F1l(ul(0))dΓ1

≤ 1

2
‖∇ul(0)‖2L2(Ω) +

1

2
‖ult(0)‖2L2(Ω) + C

(
‖ul(0)‖H1(Ω)

)
.

❈♦♠♦ ul(t = 0) = u0 ∈ H1
Γ0
(Ω) ❡ ult(t = 0) = u1 ∈ L2(Ω)✱ t❡♠♦s

El(0) ≤ C
(
‖u1‖L2(Ω), ‖u0‖H1(Ω)

)
, ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ l. ✭✸✳✸✷✮

❆❞❡♠❛✐s✱ ♣❡❧❛ ❍✐♣ót❡s❡ (H−1)✱ ultg(ult) ≥ 0 ❡ |ult|2 ≤M−1
2 ultg(ult)✱ ❡st❛ ú❧t✐♠❛ ♣❛r❛ |ult| ≥ 1✳

❙❡❥❛

Σ̃1 :=
{
(x, t) ∈ Σ1; |ult(x, t)| < 1

}
.

❯s❛♥❞♦ (3.31) ❡ (3.32)✱ t❡♠♦s
∫

Σ1

|ult|2dΣ1 =

∫

Σ̃1

|ult|2dΣ̃1 +

∫

Σ1−Σ̃1

|ult|2dΣ1

≤ medΣ̃1 +M−1
2

∫

Σ1−Σ̃1

ultg(ult)dΣ1

≤ medΣ̃1 +M−1
2

∫

Σ1

ultg(ult)dΣ1

≤ C̃
(
‖u1‖L2(Ω), ‖u0‖H1(Ω)

)
.

✭✸✳✸✸✮

❆ss✐♠✱

‖ult‖2L2(Σ1)
=

∫

Σ1

|ult|2dΣ1 ≤ C
(
‖u1‖L2(Ω), ‖u0‖H1(Ω)

)
✭✸✳✸✹✮

❱❛♠♦s✱ ❛❣♦r❛✱ ♠♦str❛r q✉❡ t❛♠❜é♠ é ✈❡r❞❛❞❡✐r❛ ❛ ❡st✐♠❛t✐✈❛✿

‖ul‖C0(0,T ;H1
Γ0

(Ω)) + ‖ult‖C0(0,T ;L2(Ω)) ≤ C. ✭✸✳✸✺✮

❉❡ ❢❛t♦✱ ❝♦♠♦ El(0) é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛ ❡ El(t) ≤ El(0)✱ ✐st♦ é✱

El(t) =
1

2
‖∇ul(t)‖2L2(Ω) +

1

2
‖ult(t)‖2L2(Ω) +

∫

Ω

F0l(ul(t))dΩ +

∫

Γ1

F1l(ul(t))dΓ1

≤ El(0) ≤ C,

✭✸✳✸✻✮

❡♠ ♣❛rt✐❝✉❧❛r ‖ult(t)‖L2(Ω) ≤ C1✳ ❆ss✐♠✱

‖ult‖C0(0,T ;L2(Ω)) ≤ C1. ✭✸✳✸✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ Γ0 6= ∅✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré ✶✳✸✱ ❛ ♥♦r♠❛

‖∇u‖L2(Ω) é ❡q✉✐✈❛❧❡♥t❡ ❛ ♥♦r♠❛ ❞❡ u ❡♠ H1
Γ0
(Ω) ❡❀ ❛ss✐♠✱

‖ul(t)‖H1
Γ0

(Ω) ≤ C2‖∇u(t)‖L2(Ω) ≤ C3El(0) ≤ C.

✽✹



❉♦♥❞❡✱ ♦❜té♠✲s❡ ✭❧❡♠❜r❡ q✉❡✱ q✉❛s❡ s❡♠♣r❡✱ ❛s ❝♦♥st❛♥t❡s q✉❡ s✉r❣❡♠ ❡stã♦ s❡♥❞♦ ❞❡♥♦t❛❞❛s

♣❡❧♦ ♠❡s♠♦ sí♠❜♦❧♦✮

‖ul‖C0(0,T ;H1
Γ0

(Ω)) ≤ C. ✭✸✳✸✽✮

❈❛s♦ s❡❥❛✱ Γ0 = ∅✱ ✉♠❛ ✈❡③ q✉❡ ‖ult(t)‖L2(Ω) ≤ C1✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ✺✳✶✱ ✈❡♠♦s

q✉❡
d

dt

∫

Ω

|ul|2dΩ = 2

∫

Ω

ulultdΩ ≤
∫

Ω

|ul|2dΩ +

∫

Ω

|ult|2dΩ ≤
∫

Ω

|ul|2dΩ + C1.

■♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ t✱ s❡♥❞♦ ul(t = 0) = u0✱ r❡s✉❧t❛

‖ul(t)‖2L2(Ω) ≤ CT + ‖u0‖2L2(Ω) +

∫ t

0

‖ul(t)‖2L2(Ω).

P♦r ❝♦♥s❡❣✉✐♥t❡✱ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ ✺✳✷✱ t❡♠✲s❡ ‖ul(t)‖L2(Ω) ≤ C̃, ♣❛r❛ ❛❧❣✉♠ C̃ > 0✳

❈♦♠♦✱ ♣♦r (3.36) ‖∇ul(t)‖2L2(Ω) é ❧✐♠✐t❛❞❛✱ ♦❜t❡♠♦s✱ t❛♠❜é♠ ♥❡ss❡ ❝❛s♦✱ ✉♠❛ ❡st✐♠❛t✐✈❛ ❝♦♠♦

❡♠ (3.38)✳ ❈♦♠ ✐ss♦✱ ❡ ❝♦♠❜✐♥❛❞♦ (3.37) ❝♦♠ (3.38) ✜❝❛ ❥✉st✐✜❝❛❞❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ (3.35)✳

P♦rt❛♥t♦✱ ✭ ♣♦r (3.35)✮ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ ul✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ❞❛ ♠❡s♠❛ ❢♦r♠❛✱ t❛❧

q✉❡

ul ⇀ u
∣∣
Γ

❢r❛❝♦ ❡♠ H1
(
Ω× [0, T ]

)
. ✭✸✳✸✾✮

❆❧é♠ ❞✐ss♦✱ ♣♦r (3.34)✱ (3.39)✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❆✉❜✐♥✲▲✐♦♥s ✺✳✷✶ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❚r❛ç♦ ✶✳✼✱

∣∣∣∣∣∣∣∣∣

(i) ul
∣∣
Γ
−→ u

∣∣
Γ

❢♦rt❡ ❡♠ L∞(0, T ;L2(Γ1))

(ii) ult
∣∣
Γ
⇀ ut

∣∣
Γ

❢r❛❝♦ ❡♠ L2(Σ1).

✭✸✳✹✵✮

❖❜s❡r✈❡ q✉❡ ❞❛s ❤✐♣ót❡s❡s (H−1)−(H−3)✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❛s ✐♠❡rsõ❡s

(3.19)✱ (3.20) ❡ ♣♦r (3.40)✱ s❡❣✉❡✲s❡ q✉❡
∣∣∣∣∣∣∣∣∣

(i) f0(ul) −→ f0(u) ❡♠ L∞(0, T ;L2(Ω))

(ii) f1(ul|Γ) −→ f1(u|Γ) ❡♠ L∞(0, T ;L2(Γ1))

(iii) g(ult|Γ)⇀ g0 ∈ L2(Σ1) ❡♠ L2(Σ1), ♣❛r❛ ❛❧❣✉♠ g0 ∈ L2(Σ1).

✭✸✳✹✶✮

❙❡❥❛♠ ul ❡ um s♦❧✉çõ❡s ❞❡ (3.14)✱ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ♣❛râ♠❡tr♦s l ❡ m✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈❛❧❝✉❧❛♥❞♦ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❡q✉❛çõ❡s q✉❡ ❡♥✈♦❧✈❡♠ ul ❡ um✱ t❡♠✲s❡

ultt − umtt = ∆ul −∆um −
[
f0l(ul)− f0m(um)

]
,

♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ❛❝✐♠❛ ♣♦r (ult − umt) ❡ ✐♥t❡❣r❛♥❞♦ ❡♠ Ω✱ ♦❜té♠✲s❡
∫

Ω

(
ultt − umtt

)
(ult − umt)dΩ =

∫

Ω

(
∆ul −∆um

)
(ult − umt)dΩ

−
∫

Ω

[
f0l(ul)− f0m(um)

]
(ult − umt)dΩ.

✭✸✳✹✷✮

✽✺



◆♦t❡ q✉❡ ∫

Ω

(
ultt − umtt

)
(ult − umt)dΩ =

1

2

d

dt
‖(ult − umt)(t)‖2L2(Ω) ✭✸✳✹✸✮

❡ ♣❡❧❛ ❢♦r♠✉❧❛ ❞❡ ●r❡❡♥ ✺✳✶

∫

Ω

(
∆ul−∆um

)
(ult−umt)dΩ = −1

2

d

dt
‖∇(ul−um)(t)‖2L2(Ω)+

∫

Γ

(ult−umt)
∂

∂ν
(ul−um)dΓ. ✭✸✳✹✹✮

▼❛s✱

∂ul
∂ν

= −g
(
ult
∣∣
Γ

)
− 1

l
ult
∣∣
Γ
− f1l

(
ul
∣∣
Γ

)
❡
∂um
∂ν

= −g
(
umt

∣∣
Γ

)
− 1

m
umt

∣∣
Γ
− f1m

(
um
∣∣
Γ

)
;

❛ss✐♠✱ ❞❡♥♦t❛♥❞♦ ult
∣∣
Γ
❡ ult

∣∣
Γ
s✐♠♣❧❡s♠❡♥t❡ ♣♦r ult ❡ ult✱ t❡♠✲s❡

∂ul
∂ν

− ∂um
∂ν

= −
[
g(ult)− g(umt)

]
−
[1
l
ult −

1

m
umt

]
−
[
f1l(ul)− f1m(um)

]
.

❙✉❜st✐t✉✐♥❞♦ ❡♠ (3.44)✱ r❡s✉❧t❛
∫

Ω

(
∆ul −∆um

)
(ult − umt)dΩ = −1

2

d

dt
‖∇(ul − um)(t)‖2L2(Ω)

−
∫

Γ

(ult − umt)
[
g(ult)− g(umt)

]
dΓ

−
∫

Γ

(ult − umt)
[1
l
ult −

1

m
umt

]
dΓ

−
∫

Γ

(ult − umt)
[
f1l(ul)− f1m(um)

]
dΓ.

✭✸✳✹✺✮

❆❣♦r❛✱ ❝♦♠❜✐♥❛❞♦ (3.42)✱ (3.43) ❡ (3.45)✱ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ t ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ ul = um = 0

❡♠ Γ0 × (0,∞)✱ ♦❜t❡♠♦s

1

2
‖∇(ul − um)(t)‖2L2(Ω) +

1

2
‖(ult − umt)(t)‖2L2(Ω) +

∫ t

0

∫

Γ1

(ult − umt)
[
g(ult)− g(umt)

]
dΓ1dt ≤

≤ 1

2
‖∇(ul − um)(0)‖2L2(Ω) +

1

2
‖(ult − umt)(0)‖2L2(Ω) +

∫

Σ1

∣∣ult − umt

∣∣
∣∣∣∣
1

l
ult −

1

m
umt

∣∣∣∣dΣ1 +

+

∫

Σ1

|ult − umt|
∣∣∣f1l(ul)− f1m(um)

∣∣∣dΣ1 +

∫

Q

|ult − umt|
∣∣f0l(ul)− f0m(um)

∣∣dQ. ✭✸✳✹✻✮

❖❜s❡r✈❡ q✉❡

‖∇(ul − um)(0)‖2L2(Ω) = ‖(ult − umt)(0)‖2L2(Ω) = 0, ✭✸✳✹✼✮

♣♦✐s

ul(t = 0) = u0 = um(t = 0) ❡ ult(t = 0) = u1 = umt(t = 0).

✽✻



❆❧é♠ ❞✐ss♦✱

∣∣ult − umt

∣∣
∣∣∣∣
1

l
ult −

1

m
umt

∣∣∣∣ ≤
(
|ult|+ |umt|

)(1

l
|ult|+

1

m
|umt|

)

=
1

l
|ult|2 +

1

l
|ult||umt|+

1

m
|ult||umt|+

1

m
|umt|2

≤ 1

l
|ult|2 +

1

2

(
1

l
+

1

m

)(
|ult|2 + |umt|2

)
+

1

m
|umt|2

≤
(
3

l
+

1

m

)
|ult|2 +

(
1

l
+

3

m

)
|umt|2.

✭✸✳✹✽✮

❊♥tã♦✱ ❞❡ (3.46)✱ (3.47) ❡ (3.48)✱ ✈❡♠♦s q✉❡

1

2
‖∇(ul − um)(t)‖2L2(Ω) +

1

2
‖(ult − umt)(t)‖2L2(Ω) +

∫ t

0

∫

Γ1

(ult − umt)
[
g(ult)− g(umt)

]
dΓ1dt

≤
∫

Σ1

|ult − umt|
∣∣f1l(ul)− f1m(um)

∣∣dΣ1 +

∫

Q

∣∣f0l(ul)− f0m(um)
∣∣|ult − umt|dQ +

+

(
3

l
+

1

m

)∫

Σ1

|ult|2dΣ1 +

(
1

l
+

3

m

)∫

Σ1

|umt|2dΣ1. ✭✸✳✹✾✮

◆♦ss♦ ♣ró①✐♠♦ ♣❛ss♦ é ♠♦str❛r q✉❡ ❛s ❡①♣r❡ssõ❡s à ❞✐r❡✐t❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ (3.49) ❝♦♥✈❡r✲

❣❡♠ ♣❛r❛ ③❡r♦ q✉❛♥❞♦ l,m→ ∞✳ ❉❡ ❢❛t♦✱

• ❉❛ ❡st✐♠❛t✐✈❛ (3.34) s❡❣✉❡ q✉❡
(
3

l
+

1

m

)∫

Σ1

|ult|2dΣ1 −→ 0 ❡

(
1

l
+

3

m

)∫

Σ1

|umt|2dΣ1 −→ 0, q✉❛♥❞♦ l,m→ ∞.

• ◗✉❛♥t♦ ❛ ♣❡♥ú❧t✐♠❛ ✐♥t❡❣r❛❧ à ❞✐r❡✐t❛ ❞❡ (3.49)✱ t❛♠❜é♠ ♣♦r (3.34) ❡①✐st❡ C > 0 t❛❧ q✉❡

‖ult − umt‖L2(Σ1) ≤ C✱ ❡♠ ✈✐rt✉❞❡ ❞❡ (3.39) ❡st❛♠♦s s♦❜ ❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✸✳✶✱ ♣♦r

✐ss♦✱ ♣♦❞❡♠♦s ✉s❛r ❛s ❝♦♥✈❡r❣ê♥❝✐❛s ❞❛❞❛s ❡♠ (3.18)✳ ❆❞❡♠❛✐s✱ ❡♠ (3.28) ✈✐♠♦s q✉❡

∫

Γ1

|f1l(ul)− f1(ul)|2dΓ1 −→ 0, q✉❛♥❞♦ l → ∞.

❆ss✐♠✱ ♣❛r❛ T > 0 ✭✜①♦✮✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡ l0 > 0 t❛❧ q✉❡

∫

Γ1

|f1l(ul)− f1(ul)|2dΓ1 = ‖f1l(ul)− f1(ul)‖2L2(Γ1)
<
ε

T
, ∀ l > l0.

▲♦❣♦✱

‖f1l(ul)−f1(ul)‖2L2(Σ1)
=

∫ T

0

∫

Γ1

|f1l(ul)−f1(ul)|2dΓ1dt <

∫ T

0

ε

T
dt ≤ ε, ∀ l > l0. ✭✸✳✺✵✮

❊♥tã♦✱ ✉s❛♥❞♦ t❛♠❜é♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ✺✳✸✱ ♦❜t❡♠♦s

∫

Σ1

|ult − umt|
∣∣f1l(ul)− f1m(um)

∣∣dΣ1 ≤ ‖ult − umt‖L2(Σ1)‖f1l(ul)− f1m(um)‖L2(Σ1) ≤

✽✼



≤ C
(
‖f1l(ul)− f1(ul)‖L2(Σ1)︸ ︷︷ ︸

−→ 0 ♣♦r (3.50)

+ ‖f1(ul)− f1(u)‖L2(Σ1)︸ ︷︷ ︸
−→ 0 ♣♦r (3.41)

+ ‖f1(u)− f1m(um)‖L2(Σ1)︸ ︷︷ ︸
−→ 0 ♣♦r (3.18)

)
.

❉♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡
∫

Σ1

|ult − umt|
∣∣f1l(ul)− f1m(um)

∣∣dΣ1 −→ 0 q✉❛♥❞♦ l,m→ ∞. ✭✸✳✺✶✮

• ❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ ú❧t✐♠❛ ✐♥t❡❣r❛❧ ❛❣✐♠♦s ❞❡ ❢♦r♠❛ s✐♠✐❧❛r ❛♦ ❝❛s♦

❛♥t❡r✐♦r✱ ♣r✐♠❡✐r♦ ♦❜s❡r✈❛♠♦s q✉❡ ♣♦r (3.39) ❡①✐st❡ C > 0 t❛❧ q✉❡ ‖ult − umt‖L2(Q) ≤ C✳

❆❧é♠ ❞✐ss♦✱ ♣r♦❝❡❞❡♥❞♦ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❡ f1l✱ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✶ q✉❛♥❞♦

♦❜t✐✈❡♠♦s (3.28)✱ ✈❡r✐✜❝❛✲s❡ q✉❡
∫

Ω

|f0l(ul)− f0(ul)|2dΩ −→ 0, q✉❛♥❞♦ l → ∞.

❉❛í✱ ❞❛❞♦s T > 0 ❡ ε > 0✱ ❡①✐st❡ l0 > 0 t❛❧ q✉❡
∫

Ω

|f0l(ul)− f0(ul)|2dΩ = ‖f0l(ul)− f0(ul)‖2L2(Ω) <
ε

T
, ∀ l > l0.

P♦r ✐ss♦✱

‖f0l(ul)− f0(ul)‖2L2(Q) =

∫ T

0

∫

Ω

|f0l(ul)− f0(ul)|2dΩdt <
∫ T

0

ε

T
dt ≤ ε, ∀ l > l0. ✭✸✳✺✷✮

◆♦✈❛♠❡♥t❡ ♣❡❧❛s ❝♦♥✈❡r❣ê♥❝✐❛s ❛♥t❡r✐♦r❡s ❡ ♣❡❧❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ✺✳✸✱ ♦❜t❡♠♦s
∫

Q

|ult − umt|
∣∣f0l(ul)− f0m(um)

∣∣dQ ≤ ‖ult − umt‖L2(Q)‖f0l(ul)− f0m(um)‖L2(Q) ≤

≤ C
(
‖f0l(ul)− f0(ul)‖L2(Q)︸ ︷︷ ︸

−→ 0 ♣♦r (3.52)

+ ‖f0(ul)− f0(u)‖L2(Q)︸ ︷︷ ︸
−→ 0 ♣♦r (3.41)

+ ‖f0(u)− f0m(um)‖L2(Q)︸ ︷︷ ︸
−→ 0 ♣♦r (3.18)

)
.

▲♦❣♦✱
∫

Q

∣∣f0l(ul)− f0m(um)
∣∣|ult − umt|dQ −→ 0, q✉❛♥❞♦ l,m→ ∞. ✭✸✳✺✸✮

❈♦♥s❡q✉❡♥t❡♠❡♥t❡

‖∇(ul−um)(t)‖2L2(Ω)+‖(ult−umt)(t)‖2L2(Ω)+

∫ t

0

∫

Γ1

(ult−umt)
[
g(ult)−g(umt)

]
dΓ1dt −→ 0,

✭✸✳✺✹✮

q✉❛♥❞♦ l,m → ∞✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❝❛❞❛ t❡r♠♦ ❞❛ ❡①♣r❡ssã♦ (3.54) ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦

q✉❛♥❞♦ l,m → ∞✱ ❥á q✉❡ sã♦ ♥ã♦ ♥❡❣❛t✐✈♦s✳ ❉❡ ❢❛t♦✱ q✉❛♥t♦ ❛♦s ❞♦✐s ♣r✐♠❡✐r♦s t❡r♠♦s

♥ã♦ ❤á ♥❛❞❛ ❛ ❢❛③❡r✱ ♣❛r❛ ♦ ú❧t✐♠♦ ❜❛st❛ ✈❡r q✉❡ ♣♦r (H − 1) g é ❝r❡s❝❡♥t❡✱ ❞❛í✱ ❞❛❞♦s

sl, sm ∈ R s❡ sl ≤ sm ❡♥tã♦ g(sl) ≤ g(sm)✱ (sl − sm) ≤ 0 ❡ g(sl) − g(sm) ≤ 0✱ ♦ q✉❡

✐♠♣❧✐❝❛ 0 ≤ (sl−sm)
[
g(sl)−g(sm)

]
✳ ❙❡ ❢♦r sl > sm✱ t❡♠♦s g(sl) ≥ g(sm)✱ (sl−sm) > 0

❡ g(sl) − g(sm) ≥ 0 ❞♦♥❞❡✱ ♥♦✈❛♠❡♥t❡✱ 0 ≤ (sl − sm)
[
g(sl) − g(sm)

]
✳ P♦rt❛♥t♦✱ ❞❛

❝♦♥✈❡r❣ê♥❝✐❛ (3.54) ❝♦♥❝❧✉í♠♦s q✉❡

✽✽



ul −→ u ❡♠ C0[0, T ;H1
Γ0
(Ω)] ∩ C1[0, T ;L2(Ω)] ✭✸✳✺✺✮

❡

lim
l,m→∞

∫

Σ1

(ult − umt)
[
g(ult)− g(umt)

]
dΣ1 = 0. ✭✸✳✺✻✮

❖✉ s❡❥❛✱

lim
l→∞

[∫

Σ1

g(ult)ultdΣ1 − lim
m→∞

∫

Σ1

g(ult)umtdΣ1 − lim
m→∞

∫

Σ1

g(umt)ultdΣ1

]

+ lim
m→∞

∫

Σ1

g(umt)umtdΣ1 = 0.

❙❡♥❞♦ ❛ss✐♠✱ ❞❡ (3.40)✱ (3.41) ❡ (3.56)✱ ♦❜té♠✲s❡

lim
l→∞

[∫

Σ1

g(ult)ultdΣ1 −
∫

Σ1

g(ult)utdΣ1 −
∫

Σ1

g0ultdΣ1

]
+ lim

m→∞

∫

Σ1

g(umt)umtdΣ1 = 0. ✭✸✳✺✼✮

P♦r ❝♦♥s❡❣✉✐♥t❡✱ ❞❡ (3.40) ❡ (3.41)✱ ❝♦♠ m ♥♦ ❧✉❣❛r ❞❡ l✱ r❡s✉❧t❛

2 lim
l→∞

∫

Σ1

g(ult)ultdΣ1 = 2

∫

Σ1

g0utdΣ1. ✭✸✳✺✽✮

▼❛s✱ ❝♦♠❜✐♥❛♥❞♦ (3.58) ❝♦♠ (3.41)✱ (3.40) ❡ ❛ ♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞❡ g✱ ❡♠ ✈✐rt✉❞❡ ❞♦ ▲❡♠❛ ✶✳✹

s❡❣✉❡✲s❡ q✉❡

g0 = g(ut|Γ). ✭✸✳✺✾✮

P♦rt❛♥t♦✱ ❞❡ (3.59)✱ (3.39)− (3.41)✱ ♣♦r ♣❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡ ❡♠ (3.14)✱ ♦❜t❡♠♦s

∣∣∣∣∣∣∣∣∣

utt = ∆u− f0(u), ❡♠ D′(Q)
∂u

∂ν
= −g

(
ut
∣∣
Γ

)
− f1

(
u
∣∣
Γ

)
, ❡♠ L2(0,∞; Γ1)

u(0) = u0, ut(0) = u1,

✭✸✳✻✵✮

❝♦♠ ❛ r❡❣✉❧❛r✐❞❛❞❡
∂u

∂ν
, ut ∈ L2(0, T ; Γ1).

■st♦ ❡♥❝❡rr❛ ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳

❱❡r❡♠♦s ❛ s❡❣✉✐r ♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ♠❡♥❝✐♦♥❛❞♦✱ ♦ q✉❛❧ ❢❛❝✐❧✐t❛rá ❜❛st❛♥t❡ ❛ ♣r♦✈❛

❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳

▲❡♠❛ ✸✳✷✳ ❆ss✉♠❛ q✉❡ ❝❡rt❛ ❢✉♥çã♦ u ∈ C0
[
0, T ;H1(Ω)

]
∩ C1

[
0, T ;L2(Ω)

]
s❛t✐s❢❛③ (3.13)✳

❊♥tã♦✱ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s ❞❡ ❢✉♥çõ❡s

ul ∈ C0
[
0, T ;H2(Ω)

]
∩ C1

[
0, T ;H1

Γ0
(Ω)
]
, fl ∈ C0

[
0, T ;H1

Γ0
(Ω)
]
, ✭✸✳✻✶✮

✽✾



t❛✐s q✉❡ ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

fl −→ f em L1[0, T ;L2(Ω)],

ultt −∆ul = fl

ul −→ u em C0[0, T ;H1(Ω)],

ult −→ ut em C0[0, T ;L2(Ω)],

ult −→ ut em L2(Σ1),
∂ul
∂ν

−→ ∂u

∂ν
❡♠ L2(Σ1).

✭✸✳✻✷✮

❉❡♠♦♥str❛çã♦✿ P♦r ❞❡♥s✐❞❛❞❡✱ s❡❥❛ (fl)l ✉♠❛ s❡q✉ê♥❝✐❛ q✉❛❧q✉❡r ❡♠ C0[0, T ;H1
Γ0
(Ω)] t❛❧ q✉❡

fl −→ f ❡♠ L1(0, T ;L2(Ω))✳ ❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ ❞❡ ❡q✉❛çõ❡s ❧✐♥❡❛r❡s

∣∣∣∣∣∣∣∣∣∣∣∣

vltt = ∆vl + fl, ❡♠ Q

vl(0) = v0l, vlt(0) = v1l ❡♠ Ω

vl = 0, s♦❜r❡ Σ0

∂vl
∂ν

+ vl = gl, ❡♠ Σ1

✭✸✳✻✸✮

♦♥❞❡ (v0l, v1l) ∈ D(AF )✱ ❝♦♠

D(AF ) :=
{
(z, y) ∈ H2(Ω)×H1(Ω); z = 0 s♦❜r❡ Γ0 ❡

∂z

∂ν
= −y, ❡♠ Γ1

}
,

AF

[
u

v

]
=

[
−v
A[u−Nv]

]
❡ (v0l, v1l) −→ (u0, u1), ❡♠ H1

Γ0
(Ω)× L2(Ω)

∣∣∣∣∣∣

N : L2(Γ1) −→ L2(Ω)

z 7−→ Nz = v ⇐⇒ ∆v = 0,
∂v

∂ν

∣∣∣
Γ1

= z ❡ v = 0, ❡♠ Γ0

✭✸✳✻✹✮

Au = ∆u, D(A) :=
{
u ∈ H1

Γ0
(Ω) ∩H2(Ω); ∆u ∈ L2(Ω),

∂u

∂ν
= 0, s♦❜r❡ Γ1

}
.

❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ (gl)l t❛❧ q✉❡

∣∣∣∣∣∣∣∣∣

gl ∈ H1(0, T ;L2(Γ1) ∩ C0(0, T ;H
1
2 (Γ1))

gl(t = 0) = 0,

gl −→
∂u

∂ν
+ ut

∣∣
Γ
, ❡♠ L2(Σ1).

✭✸✳✻✺✮

❙❛❜❡♠♦s q✉❡ ✭✈❡❥❛ ●✳ ❈❤❡♥ ❬✾❪✮ AF é ✉♠ ❣❡r❛❞♦r ❢♦rt❡ ❡stá✈❡❧ ❞♦ ❙❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s

eAF t✱ s♦❜r❡ ♦ ❡s♣❛ç♦ E := H1
Γ0
(Ω)× L2(Ω)✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♦♣❡r❛❞♦r

(Lg)(t) :=

∫ t

0

eAF (t−s)

[
0

ANg(s)

]
ds, ✭✸✳✻✻✮

✾✵



L : L2(Σ1) −→ C0[0, T ;E] é ❧✐♠✐t❛❞♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ ♣❛r❛ g s❛t✐s❢❛③❡♥❞♦ g(t = 0) = 0✱

t❡♠♦s

‖Lg‖C0(0,T ;H2(Ω)) +
∥∥∥ d
dt
Lg
∥∥∥
C0(0,T ;H1(Ω))

≤ C
(
‖g′‖H1(0,T ;L2(Γ)) + ‖g‖

C0(0,T ;H
1
2 (Γ))

)
. ✭✸✳✻✼✮

■♥✐❝✐❛❧♠❡♥t❡✱ ♥♦t❡ q✉❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

(Lg)(t) = −A−1
F

[
0

ANg(t)

]
+ eAF tA−1

F

[
0

ANg(0)

]
+

∫ t

0

eAF (t−s)A−1
F

[
0

ANg′(s)

]
ds,

♦✉ s❡❥❛✱

(Lg)(t) = −
[
Ng(t)

0

]
+ A−1

F (Lg′)(t). ✭✸✳✻✽✮

❉❡ ❢❛t♦✱ ❛♣❧✐❝❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡♠ (3.66) ❡ s✉♣♦♥❞♦ g(t = 0) = 0✱ ✈❡♠♦s q✉❡

(Lg)(t) = −A−1
F eAF (t−s)

[
0

ANg(s)

]∣∣∣∣∣

t

0

+

∫ t

0

A−1
F eAF (t−s)

[
0

ANg′(s)

]
ds

= −A−1
F

[
0

ANg(t)

]
+ A−1

F (Lg′)(t).

✭✸✳✻✾✮

❆❞❡♠❛✐s✱

−A−1
F

[
0

ANg(s)

]
=

[
u

v

]
⇐⇒

[
0

ANg(s)

]
= AF

[
u

v

]
=

[ −v
A[u−Nv]

]
,

♦ q✉❡ ✐♠♣❧✐❝❛ v = 0 ❡ ANg(s) = Au✱ ✐st♦ é✱ Ng(s) = u✳ ▲♦❣♦✱

A−1
F

[
0

ANg(s)

]
=

[
Ng(s)

0

]
. ✭✸✳✼✵✮

❉❡ss❡ ♠♦❞♦✱ s✉❜st✐t✉✐♥❞♦ (3.70) ❡♠ (3.69)✱ ♦❜t❡♠♦s (3.68)✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡

(i) N ∈ L
(
H

1
2 (Γ1);H

2(Ω)
)
, (ii) A−1

F L ∈ L
(
L2(Σ1);C

0(0, T ;D(AF )
)
.

❆ss✐♠✱ ❞❡ (i)✱ t❡♠✲s❡ ‖Ng(t)‖H2(Ω) ≤ C‖g(t)‖
H

1
2 (Γ1)

✱ ♦ q✉❡ ❛❝❛rr❡t❛

sup
0≤t≤T

‖Ng(t)‖H2(Ω) ≤ C sup
0≤t≤T

‖g(t)‖
H

1
2 (Γ1)

= C‖g‖
C0[0,T ;H

1
2 (Γ1)]

. ✭✸✳✼✶✮

❉❡ (ii) s❡❣✉❡✲s❡ q✉❡✱ sup
0≤t≤T

‖(A−1
F L)g′(t)‖D(AF ) = ‖(A−1

F L)g′‖C0(0,T ;D(AF ) ≤ C‖g′‖L2(Σ1)✳ ▲♦❣♦✱

✭❞❡♥♦t❛♥❞♦ ❛s ❝♦♥st❛♥t❡s ♣❡❧♦ ♠❡s♠♦ sí♠❜♦❧♦✮

sup
0≤t≤T

‖(A−1
F L)g′(t)‖D(AF ) ≤ C‖g′‖L2(Σ1) = C‖g′‖L2(0,T ;L2(Γ1)) ≤ C‖g′‖H1(0,T ;L2(Γ1)). ✭✸✳✼✷✮

✾✶



❊♥tã♦✱ ❞❡ (3.68)✱ (3.71) ❡ (3.72)✱ r❡s✉❧t❛

‖Lg‖C0(0,T ;H2(Ω)) = sup
0≤t≤T

∥∥∥∥∥

[
Ng(t)

0

]
+ (A−1

F L)g′(t)

∥∥∥∥∥
H2(Ω)

≤ C‖g‖
C0[0,T ;H

1
2 (Γ1)]

+ C‖g′‖H1(0,T ;L2(Γ1)).

✭✸✳✼✸✮

◆♦t❡ q✉❡✱ s❡♥❞♦ Ng(t) ∈ H2(Ω)✱ ♦ ✈❡t♦r

[
Ng(t)

0

]
♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ✉♠ ❡❧❡♠❡♥t♦ ❞❡

H2(Ω)✳ ❆❣♦r❛✱ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞❡
d

dt
Lg✱ ♦❜s❡r✈❡♠♦s q✉❡

[
d

dt
Lg

]
(t) = −A−1

F

[
0

ANg′(t)

]
+

[
Ng′(t)

0

]
+ (Lg′)(t) = (Lg′)(t). ✭✸✳✼✹✮

❈♦♠ ❡❢❡✐t♦✱ ❞❡r✐✈❛♥❞♦ (3.68)✱ ♦❜t❡♠♦s

[
d

dt
Lg

]
(t) = −

[
Ng′(t)

0

]
+ A−1

F

d

dt
(Lg′)(t). ✭✸✳✼✺✮

P❛r❛ 0 < h✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ✭♦ ❝❛s♦ h < 0 é tr❛t❛❞♦ ❞❡ ❢♦r♠❛ s✐♠✐❧❛r✮ t❡♠♦s

(Lg′)(t+ h)− (Lg′)(t)

h
=

1

h

∫ t+h

0

eAF (t+h−s)

[
0

ANg′(s)

]
ds− 1

h

∫ t

0

eAF (t−s)

[
0

ANg′(s)

]
ds

=
1

h
eAF h

∫ t

0

eAF (t−s)

[
0

ANg′(s)

]
ds− 1

h

∫ t

0

eAF (t−s)

[
0

ANg′(s)

]
ds

+
1

h
eAF h

∫ t+h

t

eAF (t−s)

[
0

ANg′(s)

]
ds

=
eAF h − 1

h
(Lg′)(t) + eAF h 1

h

∫ t+h

t

eAF (t−s)

[
0

ANg′(s)

]
ds.

✭✸✳✼✻✮

❆ss✐♠✱ ✉♠❛ ✈❡③ ❢❡✐t❛ ❛ ❛♥á❧✐s❡ t❛♠❜é♠ ♣❛r❛ h < 0✱ t❡♠✲s❡

d

dt
(Lg′)(t) = lim

h→0

(Lg′)(t+ h)− (Lg′)(t)

h

= lim
h→0

eAF h − 1

h
(Lg′)(t) + lim

h→0
eAF h 1

h

∫ t+h

t

eAF (t−s)

[
0

ANg′(s)

]
ds

= (Lg′)(t) +

[
0

ANg′(t)

]
.

✭✸✳✼✼✮

✾✷



P♦r ✜♠✱ s✉❜st✐t✉✐♥❞♦ ❡st❡ r❡s✉❧t❛❞♦ ❡♠ (3.75)✱ ✈❡♠♦s q✉❡

[
d

dt
Lg

]
(t) = −

[
Ng′(t)

0

]
+ (Lg′)(t) + A−1

F

[
0

ANg′(t)

]
= (Lg′)(t).

❈♦♠ ✐ss♦✱ ❡stá ❥✉st✐✜❝❛❞❛ ❛ ✐❞❡♥t✐❞❛❞❡ (3.74)✳ P♦rt❛♥t♦✱ ❛ ❛ss❡rt✐✈❛ (3.67) s❡❣✉❡ ❞❡ (3.66)

❡ (3.74)✱ ❢❛③❡♥❞♦ ♣❛r❛ (Lg′)(t)✱ ✉♠ ❡st✉❞♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ♥❛ ♦❜t❡♥çã♦ ❞❛ ❡st✐♠❛t✐✈❛ ♣❛r❛

(Lg)(t)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ✭✈❡❥❛ ❆✳❱✳ ❇❛❧❛❦r✐s❤♥❛♥ ❬✶❪✮ ❛ s♦❧✉çã♦ vl ❞❡ (3.63) ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦
[
vl(t)

vlt(t)

]
= eAF t

[
v0l

v1l

]
+

∫ t

0

eAF (t−s)

[
0

fl(s)

]
ds+ (Lgl)(t).

❉❡s❞❡ q✉❡

[
v0l

v1l

]
∈ D(AF ) ❡

[
0

fl(s)

]
∈ D(AF )✱ ♣♦r ❛r❣✉♠❡♥t♦s ❞❛ t❡♦r✐❛ ❞❡ ❙❡♠✐❣r✉♣♦s

✭✈❡❥❛✱ ❱✳ ❇❛r❜✉ ❬✷❪ ♦✉ ❆✳❱✳ ❇❛❧❛❦r✐s❤♥❛♥ ❬✶❪✮ ❝♦♥❝❧✉í♠♦s q✉❡

vl ∈ C0
(
0, T ;H2(Ω)

)
∩ C1

(
0, T ;H1(Ω)

)
.

P♦r ✐ss♦✱ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❛♣❧✐❝❛r ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ♣❛r❛ ♦❜t❡r ❛ ✐❞❡♥t✐❞❛❞❡

❞❛ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ (3.63)✳ ❖ ❛r❣✉♠❡♥t♦ q✉❡ s❡rá ✉t✐❧✐③❛❞♦ é s✐♠✐❧❛r

❛♦ ❡♠♣r❡❣❛❞♦ ♥♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ ♣♦r ❡st❛ r❛③ã♦✱ ♦♠✐t✐r❡♠♦s ❛❧❣✉♥s ❞❡t❛❧❤❡s✿ ♣r✐♠❡✐r♦ ♠✉❧✲

t✐♣❧✐❝❛♠♦s ❛ ❡q✉❛çã♦ vltt = ∆vl + fl ♣♦r vlt✱ ✐♥t❡❣r❛♠♦s s♦❜r❡ Ω ❡ ❛♣ós ❛♥á❧✐s❡ ❞❛s ✐♥t❡❣r❛✐s

❡♥✈♦❧✈✐❞❛s✱ ♦❜t❡♠♦s

d

dt

(
1

2
‖∇vl(t)‖2L2(Ω) +

1

2
‖vlt(t)‖2L2(Ω)

)
=

∫

Γ

vlt
∂vl
∂ν

dΓ +

∫

Ω

flvltdΩ

= −
∫

Γ

|vlt|2dΓ +

∫

Γ

vltgldΓ +

∫

Ω

flvltdΩ,

✭✸✳✼✽✮

♦♥❞❡ ✉s❛♠♦s t❛♠❜é♠ ❛ ❤✐♣ót❡s❡✱
∂vl
∂ν

= gl − vlt✳ ❙❡❥❛♠ vl ❡ vm s♦❧✉çõ❡s ❞❡ (3.63)✳ ❚♦♠❛♥❞♦ ❛

❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❡q✉❛çõ❡s vltt = ∆vl + fl ❡ vmtt = ∆vm + fm✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ♣♦r

(vlt − vmt)✱ ❛ ❡q✉❛çã♦ (3.78) t♦r♥❛✲s❡

d

dt

(
1

2
‖∇(vl − vm)(t)‖2L2(Ω) +

1

2
‖(vlt − vmt)(t)‖2L2(Ω)

)
= ✭✸✳✼✾✮

= −
∫

Γ

|vlt − vmt|2dΓ +

∫

Γ

(vlt − vmt)(gl − gm)︸ ︷︷ ︸
I

dΓ +

∫

Ω

(vlt − vmt)(fl − fm)dΩ.

❆❣♦r❛✱ ✐♥t❡❣r❛♥❞♦ (3.79) ❞❡ 0 ❛ t✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ✺✳✶ ✭❡♠ I✮ ❡ ❧❡♠❜r❛♥❞♦

q✉❡ vl = vm = 0 s♦❜r❡ Σ0✱ t❡♠✲s❡

1

2
‖∇(vl − vm)(t)‖2L2(Ω) +

1

2
‖(vlt − vmt)(t)‖2L2(Ω) ≤

∫ t

0

∫

Ω

(vlt − vmt)(fl − fm)︸ ︷︷ ︸
J

dΩds −

✾✸



−
∫ t

0

∫

Γ1

|vlt − vmt|2dΓ1ds+
1

2

∫ t

0

∫

Γ1

|vlt − vmt|2dΓ1ds+
1

2

∫ t

0

∫

Γ1

|gl − gm|2dΓ1 +

+
1

2
‖∇(vl − vm)(0)‖2L2(Ω) +

1

2
‖(vlt − vmt)(0)‖2L2(Ω).

❖✉ ❛✐♥❞❛✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r 2✱ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ ❨♦✉♥❣ ✺✳✶ ❡♠ J ✱ ♦❜t❡♠♦s

‖∇(vl − vm)(t)‖2L2(Ω)︸ ︷︷ ︸
ϕ1

+ ‖(vlt − vmt)(t)‖2L2(Ω)︸ ︷︷ ︸
ϕ2

+

∫ t

0

∫

Γ1

|vlt − vmt|2dΓ1ds

︸ ︷︷ ︸
ϕ3

≤

≤
∫ t

0

∫

Ω

|vlt − vmt|2dΩ
︸ ︷︷ ︸

=ϕ2

ds+

∫ t

0

∫

Ω

|fl − fm|2dΩds+
∫ t

0

∫

Γ1

|gl − gm|2dΓ1 + ✭✸✳✽✵✮

+‖∇(v0l − v0m)‖2L2(Ω) + ‖v1l − v1m‖2L2(Ω). ✭✸✳✽✶✮

◆♦t❡ q✉❡✱ ♦s ❞♦✐s ú❧t✐♠♦s t❡r♠♦s ❡♠ (3.80) ❝♦♥✈❡r❣❡♠ ♣❛r❛ ③❡r♦ q✉❛♥❞♦ l,m→ ∞, ✈✐st♦

q✉❡

gl −→
∂u

∂ν
+ ut

∣∣
Γ
, ❡♠ L2(Σ1) ❡ fl −→ f ❡♠ L1(0, T ;L2(Ω)),

❜❡♠ ❝♦♠♦ ❛s ❡①♣r❡ssõ❡s ❡♠ (3.81)✱ ❥á q✉❡ sã♦ ♦s ❞❛❞♦s ✐♥✐❝✐❛✐s ❞♦ ♣r♦❜❧❡♠❛ (3.63)✳ ▲♦❣♦✱ ❞❛❞♦

ε > 0✱ ♣❛r❛ l ❡ m s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s✱ t❡♠♦s

ψl,m(t) := ϕ1(t) + ϕ2(t) + ϕ3(t) ≤ ε+

∫ t

0

ϕ2(s)ds ≤ ε+

∫ t

0

ψl,m(s)ds. ✭✸✳✽✷✮

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ ✺✳✷ ❡♠ (3.82)✱ t❡♠✲s❡ 0 ≤ ψl,m(t) ≤ εC✳ ❙❡♥❞♦

ε > 0 ❛r❜✐trár✐♦✱ ❢❛③❡♥❞♦ l,m→ ∞ ✈❡♠♦s q✉❡ lim
l,m→∞

ψl,m(t) = 0✱ ♦✉ s❡❥❛✱

lim
l,m→∞

[
‖∇(vl − vm)(t)‖2L2(Ω) + ‖(vlt − vmt)(t)‖2L2(Ω) +

∫ t

0

∫

Γ1

|vlt − vmt|2dΓ1ds

]
= 0,

❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡
∣∣∣∣∣∣
vl −→ v, ❡♠ C0[0, T ;H1(Ω)] ∩ C0[0, T ;L2(Ω)]

vlt
∣∣
Γ
−→ vt

∣∣
Γ

❡♠ L2(Σ1).
✭✸✳✽✸✮

❉❡ (3.63) ❡ (3.65) s❡❣✉❡ q✉❡

∂vl
∂ν

+ vlt = gl −→
∂u

∂ν
+ ut

∣∣
Γ

❡♠ L2(Σ1). ✭✸✳✽✹✮

❆ss✐♠✱ ❞❡ (3.83) ❡ (3.84)✱ ♦❜té♠✲s❡

∂vl
∂ν

= gl − vlt −→
∂u

∂ν
+ ut

∣∣
Γ
− vt

∣∣
Γ

❡♠ L2(Σ1).

✾✹



❉❡ss❡ ♠♦❞♦✱ ❥á ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ♣❛ss❛r ❛♦ ❧✐♠✐t❡ ❡♠ (3.63)✱ ❢❛③❡♥❞♦ ✐st♦ ♦❜t❡♠♦s

∣∣∣∣∣∣∣∣∣∣∣∣

vtt = ∆v + f,

v(0) = u0, vt(0) = u1,
∂v

∂ν
= −vt +

∂u

∂ν
+ ut

∣∣
Γ

s♦❜r❡ Σ1,

v
∣∣
Γ0

= 0.

✭✸✳✽✺✮

❉❡s❞❡ q✉❡ ❛ ❢✉♥çã♦ u t❛♠❜é♠ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ (3.85)✱ ♣♦r ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦

♣r♦❜❧❡♠❛ (3.85)✱ ❞❡✈❡♠♦s t❡r v = u ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ul ≡ vl✱ ❝♦♥str✉í❞❛s ❡♠ (3.63)✱ sã♦

❛♣r♦①✐♠❛çõ❡s ❞❛ ❢✉♥çã♦ u✳ ■st♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✸✳✷✳

❉❡ ♣♦ss❡ ❞❡st❡ r❡s✉❧t❛❞♦✱ ✜♥❛❧♠❡♥t❡ ♣♦❞❡♠♦s ❞❡♠♦♥str❛r ❛ Pr♦♣♦s✐çã♦ ✸✳✶✳ ❱❡❥❛♠♦s✿

❉❡♠♦♥str❛çã♦✿ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ♦❜t❡r ❛ ✐❞❡♥t✐❞❛❞❡ ❞❛ ❡♥❡r❣✐❛ ♣❛r❛ vl✱ s♦❧✉çã♦ ❛♣r♦①✐♠❛❞❛

❞❡ (3.13)✳ P❛r❛ ✐ss♦✱ ❛r❣✉♠❡♥t❛♠♦s ❝♦♠♦ ♥♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ ♦✉ s❡❥❛✱ ♠✉❧t✐♣❧✐❝❛♠♦s ❛ ❡q✉❛çã♦

vltt − ∆vl = fl ♣♦r vlt✱ ✐♥t❡❣r❛♠♦s s♦❜r❡ Ω ❡ ❛♣ós ❛♥á❧✐s❡ ❞❛s ✐♥t❡❣r❛✐s ❡♥✈♦❧✈✐❞❛s✱ ✉s❛♥❞♦

✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡ ❛ ❢ór♠✉❧❛ ❞❡ ●r❡❡♥ ✺✳✶✱ ♦❜t❡♠♦s

d

dt

(
1

2
‖∇vl(t)‖2L2(Ω) +

1

2
‖vlt(t)‖2L2(Ω)

)
=

∫

Γ

vlt
∂vl
∂ν

dΓ +

∫

Ω

flvltdΩ. ✭✸✳✽✻✮

❙❡❥❛

E1(t) :=
1

2
‖∇vl(t)‖2L2(Ω) +

1

2
‖vlt(t)‖2L2(Ω). ✭✸✳✽✼✮

❈♦♠♦✱ ♣♦r ❤✐♣ót❡s❡✱ vl = 0, s♦❜r❡ Σ0✱ ✐♥t❡❣r❛♥❞♦ (3.86) ❞❡ 0 ❛ t✱ t❡♠✲s❡

E1(t)− E1(0)−
∫ t

0

∫

Γ1

vlt
∂vl
∂ν

dΓ1ds =

∫ t

0

∫

Ω

flvltdΩds. ✭✸✳✽✽✮

❖ r❡s✉❧t❛❞♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶ s❡❣✉❡✱ ❡♠ ✈✐rt✉❞❡ ❞♦ ▲❡♠❛ ✸✳✷✱ ♣♦r ♣❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡✳

✾✺



❈❛♣ít✉❧♦ ✹

❚❛①❛ ❞❡ ❉❡❝❛✐♠❡♥t♦

P❛r❛ ❡st✉❞❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ♣r❡❝✐s❛♠♦s ❞❡ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s✳ ❆♥t❡s ♣♦ré♠✱ ✜①❡♠♦s

❛❧❣✉♠❛s ♥♦t❛çõ❡s ✉t✐❧✐③❛❞❛s ♥❡st❡ ❝❛♣ít✉❧♦✿ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ s✐♠♣❧✐✜❝❛r ❛ ❡s❝r✐t❛✱ ❛ss✐♠ ❝♦♠♦

❢❡✐t♦ ♥♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ ❛❜✉s❛r❡♠♦s ✉♠ ♣♦✉❝♦ ❞❛ ♥♦t❛çã♦ ❡ s❡♠♣r❡ q✉❡ ♥ã♦ ❤♦✉✈❡r ♣❡r✐❣♦

❞❡ ❝♦♥❢✉sã♦✱ ❛❧❣✉♠❛s ❡①♣r❡ssõ❡s s❡rã♦ s✐♠♣❧✐✜❝❛❞❛s✱ ♣♦r ❡①❡♠♣❧♦✿ |g
(
u(x, t)

)
|R s❡rá ❞❡♥♦t❛❞❛

❛♣❡♥❛s ♣♦r |g(u)|✳

❙❡❥❛ h(s) ✉♠❛ ❢✉♥çã♦ r❡❛❧ ❞❡✜♥✐❞❛ ♣❛r❛ s ≥ 0✱ ❝ô♥❝❛✈❛✱✶ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡✱ h(0) = 0

❡ q✉❡ s❛t✐s❢❛ç❛

h
(
sg(s)

)
≥ s2 + g2(s), ❝♦♠ |s|≤ N, ♣❛r❛ ❛❧❣✉♠ N > 0. ✭✹✳✶✮

❖❜s❡r✈❛çã♦ ✹✳✶✳ ❊♠ ✈✐rt✉❞❡ ❞❛ ❍✐♣ót❡s❡ (H − 1)✱ é ♣♦ssí✈❡❧ ♣r♦✈❛r q✉❡ t❛❧ ❢✉♥çã♦ h ♣♦❞❡

s❡♠♣r❡ s❡r ❝♦♥str✉í❞❛✳ ◆❛ ✈❡r❞❛❞❡✱ ❞❡✜♥✐♥❞♦ ❛s ❢✉♥çõ❡s ❝r❡s❝❡♥t❡s k1, k2✱ s♦❜r❡ R✱ t❛✐s q✉❡
∣∣∣∣∣∣
k1
(
sg(s)

)
≥ s2 + g2(s), ♣❛r❛ s ≥ 0

k2
(
sg(s)

)
≥ s2 + g2(s), ♣❛r❛ s < 0.

✭✹✳✷✮

❊♥tã♦✱ ❛ ❢✉♥çã♦

h := conc
(
max{k1, k2}

)
, (❡♥✈❡❧♦♣❡ ❝ô♥❝❛✈♦)

♣♦ss✉✐ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡s❡❥❛❞❛s✳

❈♦♥str✉çã♦ ❞❛s ❢✉♥çõ❡s k1 ❡ k2✿

P❛r❛ ❢❛❝✐❧✐t❛r ♦s ❝á❧❝✉❧♦s ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ ❢✉♥çã♦ g1(s) =
g(s)

p
✱ ♦♥❞❡

p := max{|g(−1)|, g(1)}.
✶❯♠❛ ❢✉♥çã♦ h : R+ −→ R+ é ❝ô♥❝❛✈❛ q✉❛♥❞♦✱ βh(s1) + (1− β)h(s2) ≥ h

(
βs1 + (1− β)s2

)
, ∀β ∈ [0, 1].

Pr♦✈❛✲s❡ q✉❡ s❡ h é ❞✉❛s ✈❡③❡s ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♥tã♦ h é ❝ô♥❝❛✈❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ h′′(s) ≤ 0✳

✾✻



◆♦t❡ q✉❡ p > 0✱ ♣♦✐s ♣❡❧❛ ❍✐♣ót❡s❡ (H − 1)✱ 0 < M2 ≤ g(1) ≤ M1. ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ g é

♠♦♥ót♦♥❛ ❝r❡s❝❡♥t❡✱ s❡ −1 < s < 1✱ ❡♥tã♦ g(−1) ≤ g(s) ≤ g(1)✱ ♦ q✉❡ ✐♠♣❧✐❝❛

|g1(s)| ≤ 1, ♣❛r❛ |s| ≤ 1. ✭✹✳✸✮

❙❡❥❛ ♦ ♥ú♠❡r♦ r❡❛❧ L✱ ❞❛❞♦ ♣♦r

L =
1 +

(
M1

p

)2

1
M2

> 2. ✭✹✳✹✮

❈♦♥s✐❞❡r❡ ❛s ❢✉♥çõ❡s

α : (−∞, 0 ] −→ R

y 7→ α(y) = e2y.

❡

θ : (−∞, 0] −→ R✱ ❞❡✜♥✐❞❛ ❡♠ ❝❛❞❛ ✐♥t❡r✈❛❧♦ (−n− 1,−n]✱ (❝♦♠ n = 0, 1, 2, ...) ♣♦r

θ(y) = Le−2(n+1) + L(e−2n − e−2(n+1))(y + n+ 1), (−n− 1 < y ≤ −n).

❖❜s❡r✈❡ q✉❡✿

(i) θ é ❝♦♥t✐♥✉❛ ❡♠ (−∞, 0]✿ ♣♦✐s é ❝♦♥t✐♥✉❛ ♥♦ ✐♥t❡r✐♦r ❞❡ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ❞❡ ❞❡✜♥✐çã♦ ❡✱

♥♦s ❡①tr❡♠♦s ❝♦♠ ✉♠❛ ❛♥á❧✐s❡ s✐♠♣❧❡s ✈❡r✐✜❝❛✲s❡ q✉❡ ♦s ❧✐♠✐t❡s ❧❛t❡r❛✐s ❝♦✐♥❝✐❞❡♠❀

(ii) θ é ❝r❡s❝❡♥t❡✿ ♣♦✐s é ❝♦♥tí♥✉❛ ❡ ♥♦ ✐♥t❡r✐♦r ❞❡ ❝❛❞❛ ✐♥t❡r✈❛❧♦ (−n− 1,−n]✱ s✉❛ ❞❡r✐✈❛❞❛

❡①✐st❡ ❡ é ♣♦s✐t✐✈❛❀

(iii) θ é ❝ô♥❝❛✈❛✿ ❞❡ ❢❛t♦✱ ❜❛st❛ ✈❡r q✉❡ s✉❛ ❞❡r✐✈❛❞❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♥♦ ✐♥t❡r✐♦r ❞❡ ❝❛❞❛

✐♥t❡r✈❛❧♦ (−n−1,−n]✱ s❛t✐s❢❛③ θ′′(y) ≤ 0✳ ❖✉ ❛✐♥❞❛✱ s❡ y1, y2 ∈ (−n−1,−n] ❡ ε, δ ∈ [0, 1]

sã♦ t❛✐s q✉❡ ε+ δ = 1✱ ❢❛③❡♥❞♦ a = Le−2(n+1) ❡ b = L(e−2n − e−2(n+1))✱ t❡♠♦s

εθ(y1) + δθ(y2) = ε[a+ b(y1 + n+ 1)] + δ[a+ b(y2 + n+ 1)]

= (ε+ δ)a+ b[ε(y1 + n+ 1) + δ(y2 + n+ 1)]

= a+ b(εy1 + δy2 + n+ 1)

= θ
(
εy1 + δy2

)
;

(iv) lim
y→−∞

θ(y) = 0✿ ❜❛st❛ ✈❡r q✉❡ lim
y→−∞

θ(y) = lim
n→∞

θ(y) = 0❀

(v) θ(0) = L✿ ✈✐st♦ q✉❡ y = 0 =⇒ n = 0❀

✾✼



(vi) α(y) < θ(y), ∀y ∈ (−∞, 0]✿ t❛❧ ❢❛t♦ ♣♦❞❡ s❡r ❥✉st✐✜❝❛❞♦ ♦❜s❡r✈❛♥❞♦ q✉❡ θ é ❝ô♥❝❛✈❛✱

α é ❝♦♥✈❡①❛ ❡ θ s✉♣❡r❛ α ♥♦s ❡①tr❡♠♦s ✭à ❞✐r❡✐t❛✮ ❞❡ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ❞❛ ❢♦r♠❛ · · · (−n −
2,−n− 1]✱ (−n− 1,−n]✳

❉❡✜♥✐♥❞♦ ❛ ❢✉♥çã♦ k1 : (−∞,+∞) −→ (−∞,+∞)✱ ♣♦r

k1(s) :=

∣∣∣∣∣∣∣∣∣∣∣∣

Lθ
(
ln(s

1
2 )
)

s❡ 0 < s < 1

0 s❡ s = 0

L2s s❡ s ≥ 1

Ls s❡ s < 0.

❚❡♠♦s q✉❡ k1 é ❝r❡s❝❡♥t❡ ❡✱ ❢❛③❡♥❞♦ ✉♠❛ ❛♥á❧✐s❡ ❞♦s ❧✐♠✐t❡s ❧❛t❡r❛✐s ✈❡r✐✜❝❛✲s❡ q✉❡ k1 é

❝♦♥tí♥✉❛✳ ❆❧é♠ ❞✐ss♦✱ s❡ 0 < s < 1 s❡❣✉❡ ❞❡ (4.3) q✉❡ 0 < g1(s) < 1✳ ❆ss✐♠✱

Lθ(ln(s)) > Lα(ln(s)) = Le2 ln(s) = Ls2 ❡ Lθ
(
ln(g1(s))

)
> Lg21(s), (0 < s < 1). ✭✹✳✺✮

❉♦ ❢❛t♦ ❞❡ θ s❡r ❝ô♥❝❛✈❛ ❡ ❞❡ (4.4)✱ t❡♠✲s❡

k1
(
sg1(s)

)
= Lθ

(
ln
(
sg1(s)

) 1
2
)
= Lθ

(1
2
ln(s) +

1

2
ln(g1(s))

)

≥ L

2
θ
(
ln(s)

)
+
L

2
θ
(
ln(g1(s))

)
≥ L

2
s2 +

L

2
g21(s)

> s2 + g21(s), (0 < s < 1).

✭✹✳✻✮

❈♦♠♦ k1(0) = 0✱ t❡♠♦s

k1
(
sg1(s)

)
> s2 + g21(s) (0 ≤ s < 1). ✭✹✳✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ 1 ≤ |s| ♣❡❧❛ ❍✐♣ót❡s❡ (H − 1)

0 <
M2

p
s2 ≤ sg1(s) ≤

M1

p
s2.

❉❛í

sg1(s) = |sg1(s)| ≤
M1

p
s2 =⇒ |g1(s)| ≤

M1

p
|s| =⇒ |g1(s)|2 ≤

(M1

p

)2
|s|2.

❊♥tã♦✱ (
M1

p

)2
M2

p

s(g1(s)) ≥
(
M1

p

)2
M2

p

M2

p
s2 =

(M1

p

)2
|s|2 ≥ |g1(s)|2 = g21(s) ✭✹✳✽✮

❡
1
M2

p

sg1(s) ≥
1
M2

p

M2

p
s2 = s2. ✭✹✳✾✮

✾✽



❆ss✐♠✱ ❞❡ (4.4)✱ (4.8) ❡ (4.9)✱ r❡s✉❧t❛

k1
(
sg1(s)

)
> s2 + g21(s), ♣❛r❛ 1 ≤ |s|. ✭✹✳✶✵✮

❙❡ ❢♦r −1 < s < 0✱ ❝♦♠♦ 0 < sg1(s) = |s||g1(s)| < 1✱ ♣♦r (4.5) ❡ (4.6)✱ ❝♦♠ |s| ❡ |g1(s)| ♥♦s
❧✉❣❛r❡s ❞❡ s ❡ g1(s)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠♦s

k1
(
sg1(s)

)
= k1

(
|s||g1(s)|

)
> |s|2 + |g1(s)|2 = s2 + g21(s).

P♦rt❛♥t♦✱

k1
(
sg1(s)

)
> s2 + g21(s), ∀s ∈ (−∞,+∞).

❉❡✜♥✐♥❞♦ k1(s) = k2(s)✱ ♦❜t❡♠♦s ❛s ❢✉♥çõ❡s ♣r♦❝✉r❛❞❛s✳ �

❙❡❥❛

h̃(x) := h

(
x

medΣ1

)
, x ≥ 0

♦♥❞❡ Σ1 := Γ1 × (0, T ) ❡ T > 0 é ✉♠❛ ❝♦♥st❛♥t❡✳

❈♦♠♦ h̃ é ♠♦♥ót♦♥❛ ❡ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ✭♣♦✐s ❛ss✐♠ é h✮✱ ♣❛r❛ t♦❞♦ c ≥ 0, c + h̃ é

✐♥✈❡rtí✈❡❧✳ ❉❡✜♥❛

p(x) := (cI + h̃)−1(kx), ✭✹✳✶✶✮

♦♥❞❡ k é ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ ❊♥tã♦ p é ♣♦s✐t✐✈❛✱ ❝♦♥tí♥✉❛✱ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ✭❥á q✉❡ é ❛

✐♥✈❡rs❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡ ❝r❡s❝❡♥t❡✮✱ ❝♦♠ p(0) = 0✳ ❙❡❥❛

q(x) := x− (I + p)−1(x), x > 0. ✭✹✳✶✷✮

❉❡s❞❡ q✉❡ p é ♣♦s✐t✐✈❛ ❡ ❝r❡s❝❡♥t❡✱ q t❛♠❜é♠ ♦ é✳ ❖❜s❡r✈❡ q✉❡✿

q = I − (I + p)−1 =⇒ q(I + p) =
(
I − (I + p)−1

)
(I + p) = (I + p)− I = p.

▲♦❣♦

q = p(I + p)−1.

❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s ❛❞✐❝✐♦♥❛✐s✿

❍✐♣ót❡s❡✿ ✭❍✲✹✮ ❈♦♠ h := x− x0, x0 ∈ Rn✱ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❣❡♦♠étr✐❝❛ é ✈á❧✐❞❛✳

hν ≤ 0, s♦❜r❡ Γ0.

❆ ✜❣✉r❛ ❛❜❛✐①♦✱ ✐❧✉str❛ ✉♠❛ s✐t✉❛çã♦ s❛t✐s❢❛③❡♥❞♦ ❛ ❤✐♣ót❡s❡ ❛❝✐♠❛✳

✾✾



❋✐❣✉r❛ ✹✳✶✿ Γ0 ≡ Γ0(x
0) := {x ∈ Γ; (x− x0) · ν(x) ≤ 0}

❍✐♣ót❡s❡✿ ✭❍✲✺✮ P❡❧♦ ♠❡♥♦s ✉♠ ❞♦s ✐t❡♥s ❛❜❛✐①♦ é ❛ss❡❣✉r❛❞♦✿

(i) f0 é ❧✐♥❡❛r❀

(ii) Γ0 = ∅ ❡ f0(u)u ≥ ǫu2✱ ♣❛r❛ ❛❧❣✉♠ ǫ > 0 ♦✉ f1(u)u ≥ ǫu2✱ ♣❛r❛ ❛❧❣✉♠ ǫ > 0❀

(iii) Γ0 = ∂Ω1 6= ∅✱ ♦♥❞❡ Ω1 é ❝♦♥✈❡①♦ ❡ Ω1 ∩ Ω = ∅✳

❚❡♦r❡♠❛ ✹✳✶✳ ❆ss✉♠❛ ❛s ❤✐♣ót❡s❡s (H − 1)−(H − 5)✳ ❙❡❥❛ (u, ut) ❛ s♦❧✉çã♦ ❞❡ (1) ❝♦♠ ❛s

♣r♦♣r✐❡❞❛❞❡s ♦❜t✐❞❛s ♥♦ ❚❡♦r❡♠❛ 3.1✳ ❊♥tã♦✱ ♣❛r❛ ❛❧❣✉♠ T0 > 0

E(t) ≤ S

(
t

T0
− 1

)
(E(0)), ♣❛r❛ t > T0, ✭✹✳✶✸✮

♦♥❞❡ S(t) é ❛ s♦❧✉çã♦ ✭s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s✮ ❞❛ ❊q✉❛çã♦ ❉✐❢❡r❡♥❝✐❛❧

d

dt
S(t) + q(S(t)) = 0, S(0) = E(0) ✭✹✳✶✹✮

❡ q(s) é ❞❛❞♦ ❝♦♠♦ ❡♠ (4.12)✱ s❡♥❞♦ ❛ ❝♦♥st❛♥t❡ k ❡♠ (4.11)✱ ❡♠ ❣❡r❛❧✱ ❞❡♣❡♥❞❡♥t❡ ✭❛ ♠❡♥♦s

q✉❡ k = 1✱ ♦♥❞❡ k = max{k0, k1}✮ ❞❡ E(0)✱ ❡ ❛ ❝♦♥st❛♥t❡ c =
1

medΣ1

(M1 +M−1
2 )✳

▼❛♥t❡♥❞♦ ❛ ♥♦t❛çã♦ Q := Ω × (0, T ), Σi := Γi × (0, T ), (i = 0, 1)✱ ♣❛r❛ ♣r♦✈❛r ♦

❚❡♦r❡♠❛ 4.1✱ ❝♦♠❡ç❛♠♦s ❝♦♠ ❛✿

Pr♦♣♦s✐çã♦ ✹✳✶✳ ❆ss✉♠❛ ❛ ❍✐♣ót❡s❡ (H − 4)✳ ❙❡❥❛ u ∈ C0
(
0, T ;H1(Ω)

)
∩C1

[
0, T ;L2(Ω)

]
t❛❧

q✉❡ (3.13) s❡ ✈❡r✐✜❝❛✳ ❊♥tã♦

∫ T−α

α

[
‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)

]
dt ≤ C

[
‖∇u‖2L∞[0,T ;L2(Ω)]+‖ut‖2L∞(0,T ;L2(Ω))

]

✶✵✵



+C

[∫

Σ1

∣∣∣∂u
∂ν

∣∣∣
2

dΣ1 +

∫

Σ1

|ut|2dΣ1 +

∫

Q

|f |2dQ
]
+ CT‖u‖2

L2[0,T ;H
1
2+ρ(Ω)]

, ✭✹✳✶✺✮

♦♥❞❡ ❛ ❝♦♥st❛♥t❡ C ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ T ✱ 0 < ρ < min
{
α,

1

2

}
é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❛r❜✐✲

trár✐♦ ❡ ✜①♦✳

❉❡♠♦♥str❛çã♦✿ ❊♠ ✈✐rt✉❞❡ ❞♦ ▲❡♠❛ 3.2 é s✉✜❝✐❡♥t❡ ♣r♦✈❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (4.15) ♣❛r❛ ❢✉♥çõ❡s

u ∈ C0[0, T ;H2(Ω)] ∩ C1[0, T ;H1
Γ0
(Ω)], s❛t✐s❢❛③❡♥❞♦ (3.13)✳ ❊♥tã♦✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ (3.13) ♣♦r

h∇u✱ ❝♦♠ h := x− x0 ♣❛r❛ ❛❧❣✉♠ x0 ∈ Rn ❡✱ ❛♣❧✐❝❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ t❡♠✲s❡

∫

Q

utth∇udQ =

∫

Ω

uth∇udΩ
∣∣∣
T

0
− 1

2

∫

Σ1

hν|ut|2dΣ1 +
n

2

∫

Q

|ut|2dQ; ✭✹✳✶✻✮

❡ ∫

Q

∆uh∇udQ =
1

2

∫

Σ

∣∣∣∂u
∂ν

∣∣∣
2

hνdΣ− 1

2

∫

Σ1

|∇τu|2hνdΣ1+

+

∫

Σ1

h∇τu
∂u

∂ν
dΣ1 +

(n
2
− 1
)∫

Q

|∇u|2dQ,
✭✹✳✶✼✮

♦♥❞❡

∇u = ∇τu+
∂u

∂ν
ν ❡ |∇u|2= |∇τu|2+

∣∣∣∂u
∂ν

∣∣∣
2

,

s❡♥❞♦ ∇τu ♦ ❣r❛❞✐❡♥t❡ t❛♥❣❡♥❝✐❛❧✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ h = (x − x0) = (x1 − x01, ..., xn − x0n),

♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦

utt −∆u = f

♣♦r h∇u ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ Q✱ r❡s✉❧t❛

∫

Q

utth∇udQ−
∫

Q

∆uh∇udQ =

∫

Q

fh∇udQ. ✭✹✳✶✽✮

❱❛♠♦s ❛♥❛❧✐s❛r ❛ ♣r✐♠❡✐r❛ ✐♥t❡❣r❛❧ à ❡sq✉❡r❞❛ ❡♠ (4.18)✳ ❱❡❥❛♠♦s✿

∫

Q

utth∇udQ =

∫

Ω

∫ T

0

utt

n∑

i=1

(xi − x0i )
∂u

∂xi
dtdΩ =

n∑

i=1

∫

Ω

∫ T

0

utt(xi − x0i )
∂u

∂xi
dtdΩ. ✭✹✳✶✾✮

◆♦t❡ q✉❡ ✭❛❜✉s❛♥❞♦ ✉♠ ♣♦✉❝♦ ❞❛ ♥♦t❛çã♦✱ ♣♦r ❡①❡♠♣❧♦ ❡s❝r❡✈❡♥❞♦ ut = ∂u
∂t
✮

∫ T

0

utt(xi − x0i )
∂u

∂xi
dt = ut(xi − x0i )

∂u

∂xi

∣∣∣∣
T

0

−
∫ T

0

ut(xi − x0i )
∂2u

∂t∂xi
dt. ✭✹✳✷✵✮

❈♦♠♦ u ∈ C0[0, T ;H2(Ω)] ♣♦❞❡♠♦s ♠✉❞❛r ❛ ♦r❞❡♠ ❞❡ ❞❡r✐✈❛çã♦✱ ❞❛í

ut(xi−x0i )
∂2u

∂t∂xi
= ut(xi−x0i )

∂2u

∂xi∂t
=

1

2
(xi−x0i )

∂

∂xi

(
u2t

)
=

1

2

∂

∂xi

[
(xi−x0i )u2t

]
− 1

2
u2t . ✭✹✳✷✶✮

✶✵✶



❙✉❜st✐t✉✐♥❞♦ ❡♠ (4.20)✱ t❡♠♦s

∫ T

0

utt(xi − x0i )
∂u

∂xi
dt = ut(xi − x0i )

∂u

∂xi

∣∣∣∣
T

0

− 1

2

∫ T

0

∂

∂xi

[
(xi − x0i )u

2
t

]
dt+

1

2

∫ T

0

u2tdt. ✭✹✳✷✷✮

❊♥tã♦✱

n∑

i=1

∫

Ω

∫ T

0

utt(xi − x0i )
∂u

∂xi
dtdΩ =

n∑

i=1

∫

Ω

ut(xi − x0i )
∂u

∂xi

∣∣∣∣
T

0

dΩ +
n∑

i=1

∫

Ω

1

2

∫ T

0

u2tdtdΩ −

−
n∑

i=1

∫

Ω

1

2

∫ T

0

∂

∂xi

[
(xi − x0i )u

2
t

]
dtdΩ.

✭✹✳✷✸✮

❙✉❜st✐t✉✐♥❞♦ (4.23) ❡♠ (4.19)✱ ✉s❛♥❞♦ ♦s t❡♦r❡♠❛s ❞❡ ●❛✉ss✲●r❡❡♥ ✺✳✷ ❡ ❞❡ ❋✉❜✐♥✐ ✺✳✸✱ ♦❜t❡♠♦s

∫

Q

utth∇udQ =
n∑

i=1

∫

Ω

∫ T

0

utt(xi − x0i )
∂u

∂xi
dtdΩ

=

∫

Ω

[
uth∇u

]
dΩ
∣∣∣
T

0
+
n

2

∫

Q

|ut|2dQ − 1

2

∫

Σ1

hν|ut|2dΣ1.

✭✹✳✷✹✮

P♦rt❛♥t♦ (4.16) ❡stá ✈❡r✐✜❝❛❞♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱

∫

Q

∆uh∇udQ =

∫ T

0

∫

Ω

n∑

j=1

∂2u

∂x2j

n∑

i=1

(xi − x0i )
∂u

∂xi
dxdt =

∫ T

0

∑

i,j

∫

Ω

∂2u

∂x2j
(xi − x0i )

∂u

∂xi
dxdt.

✭✹✳✷✺✮

❚❡♠♦s✱

∂

∂xj

[ ∂u
∂xj

(xi − x0i )
∂u

∂xi

]
=
∂2u

∂x2j
(xi − x0i )

∂u

∂xi
+
∂u

∂xj

[
δi,j

∂u

∂xi
+ (xi − x0i )

∂2u

∂xj∂xi

]
,

♦♥❞❡✱

δi,j =

∣∣∣∣∣
1, s❡ i 6= j

0, s❡ i = j.
. ✭✹✳✷✻✮

❆ss✐♠✱

∂2u

∂x2j
(xi − x0i )

∂u

∂xi
=

∂

∂xj

[ ∂u
∂xj

(xi − x0i )
∂u

∂xi

]
− ∂u

∂xj
δi,j

∂u

∂xi
− ∂u

∂xj
(xi − x0i )

∂2u

∂xj∂xi
. ✭✹✳✷✼✮

❈♦♠♦
∂u

∂xj
(xi − x0i )

∂2u

∂xj∂xi
= (xi − x0i )

∂u

∂xj

∂2u

∂xi∂xj
=

1

2
(xi − x0i )

∂

∂xi

[( ∂u
∂xj

)2]
,

(4.27) t♦r♥❛✲s❡

∂2u

∂x2j
(xi − x0i )

∂u

∂xi
=

∂

∂xj

[ ∂u
∂xj

(xi − x0i )
∂u

∂xi

]
− ∂u

∂xj
δi,j

∂u

∂xi
− 1

2
(xi − x0i )

∂

∂xi

[( ∂u
∂xj

)2]
. ✭✹✳✷✽✮

✶✵✷



❙✉❜st✐t✉✐♥❞♦ (4.28) ❡♠ (4.25) r❡s✉❧t❛

∫

Q

∆uh∇udQ =

∫ T

0

∑

i,j

∫

Ω

∂

∂xj

[ ∂u
∂xj

(xi − x0i )
∂u

∂xi

]
dxdt−

∫ T

0

∑

i,j

∫

Ω

∂u

∂xj
δi,j

∂u

∂xi
dxdt −

−
∫ T

0

∑

i,j

∫

Ω

1

2
(xi − x0i )

∂

∂xi

[( ∂u
∂xj

)2]
dxdt.

✭✹✳✷✾✮

❆♥❛❧✐s❛♥❞♦ s❡♣❛r❛❞❛♠❡♥t❡ ❝❛❞❛ ✐♥t❡❣r❛❧ ❡♠ (4.29)✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ●❛✉ss✲●r❡❡♥ ✺✳✷✱ t❡♠✲s❡

∫ T

0

∑

i,j

∫

Ω

∂

∂xj

[ ∂u
∂xj

(xi − x0i )
∂u

∂xi

]
dxdt =

∫ T

0

∑

i,j

∫

Γ

∂u

∂xj
(xi − x0i )

∂u

∂xi
νjdΓdt =

=

∫ T

0

∑

i,j

∫

Γ0

∂u

∂xj
(xi − x0i )

∂u

∂xi
νjdΓ0dt+

∫ T

0

∑

i,j

∫

Γ1

∂u

∂xj
(xi − x0i )

∂u

∂xi
νjdΓ1dt =

=

∫ T

0

∫

Γ0

∣∣∣∂u
∂ν

∣∣∣
2

hνdΓ0dt+

∫ T

0

∫

Γ1

∂u

∂ν
h∇udΓ1dt. ✭✹✳✸✵✮

P❛r❛ ♦❜t❡r ❛ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ ✉t✐❧✐③❛♠♦s ♦ ▲❡♠❛ ✺✳✻ ✭♣❛r❛ ❞❡t❛❧❤❡s ✈❡❥❛ ❬✷✻❪ ❈❛♣ít✉❧♦ 3✮✳

❆❣♦r❛✱ ✉s❛♥❞♦ (4.26)✱ s❡❣✉❡✲s❡ q✉❡

−
∫ T

0

∑

i,j

∫

Ω

∂u

∂xj
δi,j

∂u

∂xi
dxdt = −

∫ T

0

∫

Ω

|∇u|2dΩdt. ✭✹✳✸✶✮

P♦r ✜♠✱ ♥♦✈❛♠❡♥t❡ ❞❛ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ●❛✉ss✲●r❡❡♥ ✺✳✷

−
∫ T

0

∑

i,j

∫

Ω

1

2
(xi − x0i )

∂

∂xi

[( ∂u
∂xj

)2]
dxdt = −1

2

∫ T

0

∑

i,j

∫

Γ

(xi − x0i )
( ∂u
∂xj

)2
νidΓdt +

+
1

2

∫ T

0

∑

i,j

∫

Ω

( ∂u
∂xj

)2]
dxdt.

✭✹✳✸✷✮

❈♦♠♦✱ ✭❝♦♥✜r❛ ♦ ▲❡♠❛ ✺✳✻ ♦✉ ✈❡❥❛ ❬✷✻❪ ❈❛♣ít✉❧♦ 3✮

1

2

∫ T

0

∑

i,j

∫

Γ

(xi − x0i )
( ∂u
∂xj

)2
νidΓdt =

1

2

∫ T

0

∑

i,j

∫

Γ0

(xi − x0i )
( ∂u
∂xj

)2
νidΓ0dt +

+
1

2

∫ T

0

∑

i,j

∫

Γ1

(xi − x0i )
( ∂u
∂xj

)2
νidΓ1dt

=
1

2

∫ T

0

∫

Γ0

∣∣∣∂u
∂ν

∣∣∣
2

hνdΓ0dt+
1

2

∫ T

0

∫

Γ1

|∇u|2hνdΓ1dt,

✭✹✳✸✸✮

❡
1

2

∫ T

0

∑

i,j

∫

Ω

( ∂u
∂xj

)2
dxdt =

n

2

∫ T

0

∫

Ω

|∇u|2dΩdt. ✭✹✳✸✹✮

✶✵✸



❙✉❜st✐t✉✐♥❞♦ (4.33)✱ (4.34) ❡♠ (4.32) ❡ ❧❡✈❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ (4.31) ❡

(4.30)✱ à (4.29)✱ ♦❜t❡♠♦s

∫

Q

∆uh∇udQ =

∫ T

0

∫

Γ0

∣∣∣∂u
∂ν

∣∣∣
2

hνdΓ0dt+

∫ T

0

∫

Γ1

∂u

∂ν
h∇udΓ1dt−

∫ T

0

∫

Ω

|∇u|2dΩdt −

− 1

2

∫ T

0

∫

Γ0

∣∣∣∂u
∂ν

∣∣∣
2

hνdΓ0dt−
1

2

∫ T

0

∫

Γ1

|∇u|2hνdΓ1dt+
n

2

∫ T

0

∫

Ω

|∇u|2dΩdt

=
1

2

∫ T

0

∫

Γ0

∣∣∣∂u
∂ν

∣∣∣
2

hνdΓ0dt+
(n
2
− 1
)∫ T

0

∫

Ω

|∇u|2dΩdt +

+

∫ T

0

∫

Γ1

∂u

∂ν
h∇udΓ1dt

︸ ︷︷ ︸
I

− 1

2

∫ T

0

∫

Γ1

|∇u|2hνdΓ1dt

︸ ︷︷ ︸
II

.

✭✹✳✸✺✮

❙❡❥❛ β = {τ1, ..., τn−1} ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞♦ ♣❧❛♥♦ t❛♥❣❡♥t❡ ❛ x ∈ Γ1✳ ❚❡♠♦s

∇u = λν +∇τu ❡♠ Γ1,

♦♥❞❡∇τ é ♦ ❣r❛❞✐❡♥t❡ t❛♥❣❡♥❝✐❛❧✳ ❆ss✐♠✱∇u ν = λ|ν|2+∇τu ν = λ, ♣♦✐s ∇τu⊥ ν ❡ |ν| = 1.

▼❛s✱ ♣❡❧♦ ▲❡♠❛ ✺✳✻✱
∂u

∂ν
νi =

∂u

∂xi
❡♠ Γ1✱ ❡♥tã♦

∇u ν =
n∑

i=1

∂u

∂xi
νi =

n∑

i=1

∂u

∂ν
νiνi =

∂u

∂ν

n∑

i=1

ν2i =
∂u

∂ν
, ❡♠ Γ1,

❞♦♥❞❡ λ =
∂u

∂ν
❡✱ ♣♦rt❛♥t♦

∇u =
∂u

∂ν
ν +∇τu ❡♠ Γ1, ✭✹✳✸✻✮

|∇u|2 =
∣∣∣∂u
∂ν

∣∣∣
2

+ |∇τu|2, ❡♠ Γ1. ✭✹✳✸✼✮

❉❡ (4.36) t❡♠♦s✱

h∇u =
∂u

∂ν
hν + h∇τu =⇒ ∂u

∂ν
h∇u =

∣∣∣∂u
∂ν

∣∣∣
2

hν +
∂u

∂ν
h∇τu, ❡♠ Γ1.

❉❛í✱ ∫

Γ1

∂u

∂ν
h∇udΓ1 =

∫

Γ1

∣∣∣∂u
∂ν

∣∣∣
2

hνdΓ1 +

∫

Γ1

∂u

∂ν
h∇τudΓ1. ✭✹✳✸✽✮

▼✉❧t✐♣❧✐❝❛♥❞♦ (4.37) ♣♦r hν ❡ ✐♥t❡❣r❛♥❞♦✱ t❡♠✲s❡

∫

Γ1

|∇u|2hνdΓ1 =

∫

Γ1

∣∣∣∂u
∂ν

∣∣∣
2

hνdΓ1 +

∫

Γ1

|∇τu|2hνdΓ1. ✭✹✳✸✾✮

✶✵✹



❙✉❜st✐t✉✐♥❞♦ (4.38) ❡ (4.39) ❡♠ I ❡ II ♥❛ ❡q✉❛çã♦ (4.35)✱ r❡s✉❧t❛
∫

Q

∆uh∇udQ =
1

2

∫ T

0

∫

Γ0

∣∣∣∂u
∂ν

∣∣∣
2

hνdΓ0dt+
(n
2
− 1
)∫

Q

|∇u|2dQ+

∫ T

0

∫

Γ1

∣∣∣∂u
∂ν

∣∣∣
2

hνdΓ1dt

+

∫

Σ1

∂u

∂ν
h∇τudΣ1 −

1

2

∫ T

0

∫

Γ1

∣∣∣∂u
∂ν

∣∣∣
2

hνdΓ1dt−
1

2

∫

Σ1

|∇τu|2hνdΣ1

=
1

2

∫ T

0

∫

Γ0

∣∣∣∂u
∂ν

∣∣∣
2

hνdΓ0dt+
1

2

∫ T

0

∫

Γ1

∣∣∣∂u
∂ν

∣∣∣
2

hνdΓ1dt+
(n
2
− 1
)∫

Q

|∇u|2dQ

+

∫

Σ1

∂u

∂ν
h∇τudΣ1 −

1

2

∫

Σ1

|∇τu|2hνdΣ1

=
1

2

∫

Σ

∣∣∣∂u
∂ν

∣∣∣
2

hνdΣ +
(n
2
− 1
)∫

Q

|∇u|2dQ+

∫

Σ1

∂u

∂ν
h∇τudΣ1 −

− 1

2

∫

Σ1

|∇τu|2hνdΣ1,

✭✹✳✹✵✮

q✉❡ é ❥✉st❛♠❡♥t❡ ❛ ❡q✉❛çã♦ (4.17)✳

❆❣♦r❛✱ ❞❡ (4.16)✱ (4.17) ❡✱ ❝♦♠♦ ♣❡❧❛ ❍✐♣ót❡s❡ (H − 4)✱ hν ≤ 0 s♦❜r❡ Γ0✱ ♦❜t❡♠♦s
∫

Q

fh∇udQ =

∫

Q

utth∇udQ−
∫

Q

∆uh∇udQ

=

∫

Ω

uth∇udΩ
∣∣∣
T

0
− 1

2

∫

Σ1

hν|ut|2dΣ1 +
n

2

∫

Q

|ut|2dQ+
1

2

∫

Σ1

|∇τu|2hνdΣ1 −

− 1

2

∫

Σ

∣∣∣∂u
∂ν

∣∣∣
2

hνdΣ−
∫

Σ1

h∇τu
∂u

∂ν
dΣ1 −

n

2

∫

Q

|∇u|2dQ+

∫

Q

|∇u|2dQ

≥ n

2

∫

Q

[
|ut|2 − |∇u|2

]
dQ+

∫

Q

|∇u|2dQ+

∫

Ω

uth∇udΩ
∣∣∣
T

0
− 1

2

∫

Σ1

∣∣∣∂u
∂ν

∣∣∣
2

hνdΣ1

+
1

2

∫

Σ1

|∇τu|2hνdΣ1 −
∫

Σ1

h∇τu
∂u

∂ν
dΣ1 −

1

2

∫

Σ1

hν|ut|2dΣ1.

✭✹✳✹✶✮

❊♥tã♦✱

n

2

∫

Q

[
|ut|2−|∇u|2

]
dQ+

∫

Q

|∇u|2dQ ≤
∫

Q

fh∇udQ+
1

2

∫

Σ1

∣∣∣∂u
∂ν

∣∣∣
2

hνdΣ1 −

− 1

2

∫

Σ1

|∇τu|2hνdΣ1 +

∫

Σ1

h∇τu
∂u

∂ν
dΣ1 −

−
∫

Ω

uth∇udΩ
∣∣∣
T

0
+

1

2

∫

Σ1

hν|ut|2dΣ1.

✭✹✳✹✷✮

❙❡♥❞♦ h ❝♦♥tí♥✉❛ ❡♠ Q̄✱ t❡♠✲s❡ |h(x)|≤ C1✱ ♣❛r❛ t♦❞♦ x ∈ Q ❡ ❛❧❣✉♠ C1 > 0✳ ❉❡s❞❡ q✉❡
∣∣∣∣∣∣∣

‖ut(T )‖L2(Ω)≤ sup
0≤s≤T

ess‖ut(s)‖L2(Ω)= ‖ut‖L∞(0,T ;L2(Ω)),

‖∇u(T )‖L2(Ω)≤ sup
0≤s≤T

ess‖∇u(s)‖L2(Ω)= ‖∇u‖L∞(0,T ;L2(Ω)),
✭✹✳✹✸✮

r❡s✉❧t❛♠

−1

2

∫

Σ1

|∇τu|2hνdΣ1 ≤
∫

Σ1

|∇τu|2|hν|dΣ1 ≤ C1

∫

Σ1

|∇τu|2dΣ1 ✭✹✳✹✹✮

✶✵✺



❡
1

2

∫

Σ1

∣∣∣∂u
∂ν

∣∣∣
2

hνdΣ1 +
1

2

∫

Σ1

hν|ut|2dΣ1 ≤ C1

∫

Σ1

∣∣∣∂u
∂ν

∣∣∣
2

dΣ1 + C1

∫

Σ1

|ut|2dΣ1. ✭✹✳✹✺✮

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ✺✳✶
∫

Q

fh∇udQ ≤
∫

Q

|h||f∇u|dQ ≤
∫

Q

[C2
1

2
|f |2 + 1

2
|∇u|2

]
dQ

≤ C2

∫

Q

|f |2dQ+
1

2

∫

Q

|∇u|2dQ.
✭✹✳✹✻✮

❆♥❛❧♦❣❛♠❡♥t❡
∫

Σ1

h∇τu
∂u

∂ν
dΣ1 ≤

∫

Σ1

∣∣∣h∇τu
∂u

∂ν

∣∣∣dΣ1 ≤
1

2

∫

Σ1

∣∣∣∂u
∂ν

∣∣∣
2

dΣ1 + C3

∫

Σ1

|∇τu|2dΣ1, ✭✹✳✹✼✮

❡

−
∫

Ω

uth∇udΩ
∣∣∣
T

0
≤
[
C4

∫

Ω

|ut|2dΩ +

∫

Ω

|∇u|2dΩ
]T

0

≤ C5

{
‖ut‖2L∞(0,T ;L2(Ω))+‖∇u‖2L∞(0,T ;L2(Ω))

}
,

✭✹✳✹✽✮

♦♥❞❡ ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✉s❛♠♦s ♦ ❢❛t♦ q✉❡
[∫

Ω

|ut|2dΩ +

∫

Ω

|∇u|2dΩ
]T

0

=
[
‖ut(t)‖2L2(Ω) + ‖∇u(t)‖2L2(Ω)

]T
0

=
[
‖ut(T )‖2L2(Ω) + ‖∇u(T )‖2L2(Ω)

]
−
[
‖ut(0)‖2L2(Ω) + ‖∇u(0)‖2L2(Ω)

]

≤ ‖ut(T )‖2L2(Ω) + ‖∇u(T )‖2L2(Ω)

≤ ‖ut‖2L∞(0,T ;L2(Ω))+‖∇u‖2L∞(0,T ;L2(Ω)).

▲♦❣♦✱ s✉❜st✐t✉✐♥❞♦ (4.44)✱ (4.45)✱ (4.46)✱ (4.47) ❡ (4.48) ❡♠ (4.42) ❡ ❞❡♥♦t❛♥❞♦ ♣♦r C ❛ ♠❛✐♦r

❞❛s ❝♦♥t❛♥t❡s q✉❡ ❛♣❛r❡❝❡♠ à ❞✐r❡✐t❛ ❞❡ ❝❛❞❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ♦❜t❡♠♦s

n

2

∫

Q

(
|ut|2−|∇u|2

)
dQ+

1

2

∫

Q

|∇u|2dQ ≤ C
{
‖ut‖2L∞(0,T ;L2(Ω))+‖∇u‖2L∞(0,T ;L2(Ω))

}
+

+ C

{∫

Σ1

|ut|2dΣ1 +

∫

Σ1

|∇τu|2dΣ1 +

∫

Q

|f |2dQ
}
+

+ C

∫

Σ1

∣∣∣∂u
∂ν

∣∣∣
2

dΣ1.

✭✹✳✹✾✮

❘❡t♦r♥❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ utt−∆u = f ✱ ♠✉❧t✐♣❧✐❝❛♥❞♦✲❛ ♣♦r u ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ Q✱ t❡♠✲s❡

∫

Q

uttudQ−
∫

Q

∆u udQ =

∫

Q

fudQ. ✭✹✳✺✵✮

❉❛ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ s❡♥❞♦ u
∣∣
Σ0

= 0✱ r❡s✉❧t❛♠

∫

Q

uttudQ =

[∫

Ω

utudΩ

]T

0

−
∫

Q

|ut|2dQ ✭✹✳✺✶✮

✶✵✻



❡

−
∫

Q

∆u udQ =

∫

Q

∇u∇udQ−
∫

Σ

u
∂u

∂ν
dΣ =

∫

Q

|∇u|2dQ−
∫

Σ1

u
∂u

∂ν
dΣ1. ✭✹✳✺✷✮

❙✉❜st✐t✉✐♥❞♦ (4.51) ❡ (4.52) ❡♠ (4.50)✱ ♦❜t❡♠♦s
∫

Q

(
|∇u|2−|ut|2

)
dQ =

∫

Q

fudQ−
[∫

Ω

utudΩ

]T

0

+

∫

Σ1

u
∂u

∂ν
dΣ1.

❉❡ss❡ ♠♦❞♦✱ ✜①❛❞♦ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ♠❛s ❛r❜✐trár✐♦✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡

❨♦✉♥❣ ✺✳✶✱ ❛r❣✉♠❡♥t❛♥❞♦ ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡ ❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré ✶✳✸✱ ♣❛r❛

♦❜t❡r ‖u‖2L2(Ω) ≤ C‖∇u‖2L2(Ω), s❡❣✉❡✲s❡ q✉❡
∫

Q

(
|∇u|2−|ut|2

)
dQ ≤ C

∫

Σ1

[
1

ǫ

∣∣∣∂u
∂ν

∣∣∣
2

+ ǫ|u|2
]
dΣ1 + C

1

ǫ

∫

Q

|f |2dQ+ ǫC

∫

Q

|u|2dQ

+ C
{
‖ut‖2L∞(0,T ;L2(Ω))+‖∇u‖2L∞(0,T ;L2(Ω))

}
,

✭✹✳✺✸✮

♦♥❞❡ ♥❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❡ ♥❛s ♣ró①✐♠❛s ❡①♣r❡ssõ❡s✱ s❡♠♣r❡ q✉❡ ❢♦r ❝❛❜í✈❡❧✱ ❛s ❝♦♥st❛♥t❡s

q✉❡ ❛♣❛r❡❝❡r❡♠ à ❞✐t❡✐r❛ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s s❡rã♦ ❞❡♥♦t❛❞❛s ♣♦r C✱ ✈✐st♦ q✉❡ s❡♠♣r❡ ♣♦❞❡♠♦s

❝♦♥s✐❞❡r❛r ❛ ♠❛✐♦r ❞❡❧❛s✳ ❈♦♠♦✱

‖γ0u‖L2(Σ1)≤ C‖u‖H1(Q),

✐st♦ é✱

ǫ

∫

Σ1

|u|2dΣ1 ≤ ǫC

∫

Q

|u|2dQ+ ǫC

∫

Q

|∇u|2dQ. ✭✹✳✺✹✮

❊♥tã♦✱ ♣❛r❛ 0 <
n− 1

2
< a <

n

2
, ♠✉❧t✐♣❧✐❝❛♥❞♦ (4.53) ♣♦r a ❡ ✉s❛♥❞♦ (4.54)✱ t❡♠✲s❡

a

∫

Q

(
|∇u|2−|ut|2

)
dQ− ǫaC

∫

Q

|∇u|2dQ ≤ C

∫

Σ1

∣∣∣∂u
∂ν

∣∣∣
2

dΣ1 + C

∫

Q

|f |2dQ+ C

∫

Q

|u|2dQ +

+ C
{
‖ut‖2L∞(0,T ;L2(Ω))+‖∇u‖2L∞(0,T ;L2(Ω))

}
.

✭✹✳✺✺✮

❈♦♠❜✐♥❛♥❞♦ (4.49) ❝♦♠ (4.55)✱ ♦❜t❡♠♦s
[
a+

1

2
− n

2
− ǫaC

] ∫

Q

|∇u|2dQ+
(n
2
− a
)∫

Q

|ut|2dQ ≤

≤ C

∫

Q

|u|2dQ+ C

{∫

Σ1

∣∣∣∂u
∂ν

∣∣∣
2

dΣ1 +

∫

Σ1

|ut|2dΣ1 +

∫

Σ1

|∇τu|2dΣ1 +

∫

Q

|f |2dQ
}
+

+ C
{
‖ut‖2L∞(0,T ;L2(Ω))+‖∇u‖2L∞(0,T ;L2(Ω))

}
.

❙❡❥❛ k = a +
1

2
− n

2
> 0✳ ❱❛♠♦s ❡s❝♦❧❤❡r ǫ > 0 ❞❡ ♠♦❞♦ q✉❡ k − ǫaC > 0❀ ❛ss✐♠✱ ❜❛st❛

t♦♠❛r 0 < ǫ <
k

aC
✳ P❛r❛ t❛❧ ǫ✱ s❡❥❛ 0 < d = min

{
k − ǫaC,

n

2
− a
}
✱ ❡♥tã♦

d

[∫

Q

|∇u|2dQ+

∫

Q

|ut|2dQ
]
≤
[
a+

1

2
− n

2
− ǫaC

] ∫

Q

|∇u|2dQ+
(n
2
− a
)∫

Q

|ut|2dQ.

✶✵✼



▲♦❣♦✱
∫

Q

(
|∇u|2+|ut|2

)
dQ ≤ C

{∫

Σ1

∣∣∣∂u
∂ν

∣∣∣
2

dΣ1 +

∫

Σ1

|ut|2dΣ1 +

∫

Σ1

|∇τu|2dΣ1 +

∫

Q

|f |2dQ
}
+

+ C
{
‖ut‖2L∞(0,T ;L2(Ω))+‖∇u‖2L∞(0,T ;L2(Ω))

}
+ C

∫

Q

|u|2dQ.
✭✹✳✺✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞♦ ▲❡♠❛ 7.2✱ ❞❡s✐❣✉❛❧❞❛❞❡ (7.5) ❡♠ [✷✶]✱ ✭✈❡❥❛ ▲❡♠❛ ✺✳✶✸ ♥♦ ❆♣ê♥❞✐❝❡ ❇✮ t❡♠✲s❡

∫ T−α

α

∫

Γ1

|∇τu|2dΓ1dt ≤ Cρ,α

[∫

Σ1

∣∣∣∂u
∂ν

∣∣∣
2

+ |ut|2
]
dΣ1+Cρ,α‖u‖2

H
1
2+ρ(Q)

+Cρ,α

∫

Q

|f |2dQ, ✭✹✳✺✼✮

♦♥❞❡ α ❡ ρ sã♦ ❛s ❝♦♥t❛♥t❡s ❞❛❞❛s ♥❛s ❤✐♣ót❡s❡s✳ ❈♦♠♦✱ 0 < ρ+
1

2
< 1✱ t❡♠♦s

H
1
2
+ρ(Q) →֒ H0(Q) = L2(Q).

❊♥tã♦✱ ❡♠ (4.56)✱ t♦♠❛♥❞♦ (α, T − α) ♥♦ ❧✉❣❛r ❞❡ (0, T ) ❡ ✉s❛♥❞♦ (4.57)✱ ✈❡♠♦s q✉❡
∫ T−α

α

∫

Ω

|∇u|2dQ+

∫ T−α

α

∫

Ω

|ut|2dQ ≤ Cρ,α

∫

Σ1

∣∣∣∂u
∂ν

∣∣∣
2

dΣ1 + Cρ,α

∫

Σ1

|ut|2dΣ1 +

+ Cρ,α

∫

Q

|f |2dQ+ C‖ut‖2L∞(0,T ;L2(Ω)) +

+ C‖∇u‖2L∞(0,T ;L2(Ω))+Cρ,α‖u‖2
H

1
2+ρ(Q)

.

✭✹✳✺✽✮

❈♦♠♦✱

‖u‖
H

1
2+ρ(Q)

= inf
{
‖v‖

H
1
2+ρ(Rn+1)

, v
∣∣
Q
= u

}
≤ ‖v‖

H
1
2+ρ(Rn+1)

❡

‖v‖2
H

1
2+ρ(Rn+1)

=

∫

Rn+1

(
1 + ‖(x, t)‖2Rn+1

) 1
2
+ρ|v̂(x, t)|2Rdtdx,

❞❡s❞❡ q✉❡

1 + ‖(x, t)‖2Rn+1= 1 + t2 + ‖x‖2Rn≤ 1 + T 2

︸ ︷︷ ︸
C(T )

+‖x‖2Rn≤ C(T ) + C(T )‖x‖2Rn≤ C(T )
(
1 + ‖x‖2Rn

)

t❡♠✲s❡✱

‖v‖2
H

1
2+ρ(Rn+1)

≤
∫

R

C(T )

∫

Rn

(1 + ‖x‖2Rn)
1
2
+ρ|v̂(x, t)|2Rdtdx ≤ C(T )

∫

R

‖v(t)‖2
H

1
2+ρ(Rn)

dt.

❉❛í✱

‖u‖2
H

1
2+ρ(Q)

≤ C(T )

∫

R

‖v(t)‖2
H

1
2+ρ(Rn)

dt. ✭✹✳✺✾✮

P♦r ♣r♦♣r✐❡❞❛❞❡ ❞❡ í♥✜♠♦✱ ♣❛r❛ t♦❞♦ ξ > 0✱ ❡①✐st❡ ‖vξ‖
H

1
2+ρ(Rn)

t❛❧ q✉❡

‖u(t)‖
H

1
2+ρ(Ω)

≤ ‖vξ‖
H

1
2+ρ(Rn)

< ‖u(t)‖
H

1
2+ρ(Ω)

+ξ.

✶✵✽



❆ss✐♠✱ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ q✉❛♥❞♦ ξ → 0✱ s❡❣✉❡✲s❡

‖u(t)‖
H

1
2+ρ(Ω)

= lim
ξ→0

‖vξ‖
H

1
2+ρ(Rn)

, ♦♥❞❡ vξ
∣∣
Ω
= u(t).

❙❡❥❛

v̄ξ(x, t) =

∣∣∣∣∣
tvξ, 0 ≤ t ≤ T

0, t > T.

P♦r (4.59)✱ t❡♠♦s

‖u‖2
H

1
2+ρ(Q)

≤ C(T )

∫

R

‖v̄ξ(t)‖2
H

1
2+ρ(Rn)

dt ≤ C(T )

∫ T

0

‖vξ‖2
H

1
2+ρ(Rn)

dt,

❢❛③❡♥❞♦ ξ → 0✱ t❡♠✲s❡

‖u‖2
H

1
2+ρ(Q)

≤ C(T )

∫ T

0

‖u(t)‖2
H

1
2+ρ(Ω)

= C(T )‖u‖2
L2[0,T ;H

1
2+ρ(Ω)]

,

s✉❜st✐t✉✐♥❞♦ ❡st❡ r❡s✉❧t❛❞♦ ❡♠ (4.58)✱ ♦❜t❡♠♦s ❛ ❡st✐♠❛t✐✈❛

∫ T−α

α

[
‖∇u‖2L2(Ω)+‖ut‖2L2(Ω)

]
dt ≤ C

{∫

Σ1

∣∣∣∂u
∂ν

∣∣∣
2

dΣ1 +

∫

Σ1

|ut|2dΣ1 +

∫

Q

|f |2dQ
}

+

+ C
[
‖ut‖2L∞(0,T ;L2(Ω))+‖∇u‖2L2(0,T ;L2(Ω))

]
+

+ CT‖u‖2
L2[0,T ;H

1
2+ρ(Ω)]

.

✭✹✳✻✵✮

❊♠ ✈✐rt✉❞❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✱ ❛ s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ ✭✶✮ ♣♦ss✉✐ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ r❡❣✉✲

❧❛r✐❞❛❞❡ ❧✐st❛❞❛s ❡♠ (3.13)✳ ❆ss✐♠✱ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❛♣❧✐❝❛r ❛ ✐❞❡♥t✐❞❛❞❡ ❞❛ ❡♥❡r❣✐❛

❞❡s❝r✐t❛ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳ ❚❛❧ ❢❛t♦✱ s❡rá ✉t✐❧✐③❛❞♦ ♣❛r❛ ♣r♦✈❛r ❛✿

Pr♦♣♦s✐çã♦ ✹✳✷✳ ❆ss✉♠❛ ❛s ❤✐♣ót❡s❡s (H−1)−(H−4)✳ ❙❡❥❛ (u, ut) s♦❧✉çã♦ ❞♦ Pr♦❜❧❡♠❛ (1)✱

❝✉❥❛ ❡①✐stê♥❝✐❛ é ❣❛r❛♥t✐❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ 3.1✳ ❊♥tã♦✱

∫ T

0

E(t)dt ≤ C
(
E(0)

) [∫

Σ1

[
|g(ut)|2 + |ut|2+|f1(u)|2

]
dΣ1 +

∫

Q

[
|f0(u)|2+|u|2

]
dQ+ E(T )

]
.

✭✹✳✻✶✮

❖❜s❡r✈❛çã♦ ✹✳✷✳ ❆♥t❡s ❞❡ ❝♦♠❡ç❛r♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❡ t❛❧ r❡s✉❧t❛❞♦✱ ❝♦♠♦ ❥á ♠❡♥❝✐♦✲

♥❛❞♦ ❡♠ ♦✉tr♦s ❝❛s♦s✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❛❧❣✉♠❛s ❡①♣r❡ssõ❡s s❡rã♦ s✐♠♣❧✐✜❝❛❞❛s✱ ♣♦r ❡①❡♠♣❧♦✱

|u(·, ·)|R✱ s❡rá ❞❡♥♦t❛❞❛ ♣♦r |u| ❡❀ ❛❧é♠ ❞✐ss♦✱ ❡♠ ❞❡s✐❣✉❛❧❞❛❞❡s ❞♦ t✐♣♦ ✏≤✑ q✉❛♥❞♦✱ à ❞✐✲

r❡✐t❛✱ ❛♣❛r❡❝❡r❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛❧❣✉♠❛s ❡①♣r❡ssõ❡s✱ t❛✐s ❝♦♥st❛♥t❡s s❡rã♦

❞❡♥♦t❛❞❛s ♣❡❧♦ ♠❡s♠♦ s✐♠❜♦❧♦✱ ✈✐st♦ q✉❡✱ ♥❡st❛s ❝♦♥❞✐çõ❡s✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣❡r♠❛♥❡❝❡ ✈á❧✐❞❛ s❡

❝♦♥s✐❞❡r❛r♠♦s ❛ ♠❛✐♦r ❞❛s ❝♦♥st❛♥t❡s✳

✶✵✾



❉❡♠♦♥str❛çã♦✿ ❈♦♠♦
∂u

∂ν
= −g

(
ut
∣∣
Γ1

)
− f1

(
u
∣∣
Γ1

)
✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✱ t❡♠✲s❡

E(t) +

∫ t

0

∫

Γ1

g(ut)utdΓ1ds = E(0), ✭✹✳✻✷✮

♦♥❞❡

E(t) =
1

2

(
‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)

)
+

∫

Γ1

F1(u)dΓ1 +

∫

Ω

F0(u)dΩ

❡✱

Fi(s) =

∫ s

0

fi(t)dt, i = 0, 1.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✶✱ r❡s✉❧t❛

∫ T−α

α

[
‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)

]
dt ≤ C

[
‖∇u‖2L∞[0,T ;L2(Ω)]+‖ut‖2L∞(0,T ;L2(Ω))

]
+

+ C

∫

Σ1

[
|g(ut)|2+|f1(u)|2+|ut|2

]
dΣ1 +

+ C

∫

Q

|f0(u)|2dQ+ CT‖u‖2
L2[0,T ;H

1
2+ρ(Ω)]

.

✭✹✳✻✸✮

❙❡♥❞♦ Fi ≥ 0✱ (i = 0, 1) ❡ g(ut)ut ≥ 0✱ ❞❡ (4.62) ♦❜t❡♠♦s

E(0) ≥ E(t) =
1

2

(
‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)

)
+

∫

Γ1

F1(u)dΓ1 +

∫

Ω

F0(u)dΩ

≥ 1

2

(
‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)

)
, 0 ≤ t ≤ T.

✭✹✳✻✹✮

❊♠ ♣❛rt✐❝✉❧❛r✱

‖∇u(t)‖2L2(Ω)≤ 2E(0) ❡ ‖ut(t)‖2L2(Ω)≤ 2E(0), ∀ 0 ≤ t ≤ T,

❞♦♥❞❡

sup
0≤t≤T

‖∇u(t)‖2L2(Ω)≤ 2E(0) ❡ sup
0≤t≤T

‖ut(t)‖2L2(Ω)≤ 2E(0)

♦ q✉❡✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ✺✳✶✱ ✐♠♣❧✐❝❛♠

‖∇u‖2L∞(0,T ;L2(Ω))+‖ut‖2L∞(0,T ;L2(Ω))≤ CE(0) ≤ CE(T ) + C

∫ T

0

∫

Γ1

g(ut)utdΓ1ds

≤ CE(T ) + C

∫

Σ1

[
|g(ut)|2 + |ut|2

]
dΣ1.

❙✉❜st✐t✉✐♥❞♦ ❡♠ (4.63)✱ ♦❜t❡♠♦s

∫ T−α

α

[
‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)

]
dt ≤ C

∫

Σ1

[
|g(ut)|2+|f1(u)|2+|ut|2

]
dΣ1 + CE(T ) +

+ C

∫

Q

|f0(u)|2dQ+ CT‖u‖2
L2[0,T ;H

1
2+ρ(Ω)]

.

✭✹✳✻✺✮

✶✶✵



❋✐①❛❞♦ 0 < α ≤ T ✱ ❞❡ (4.64) s❡❣✉❡✲s❡ q✉❡

∫ α

0

[
‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)

]
dt ≤ 2αE(0),

❡♥tã♦✱ ❛♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ✺✳✶ ❡♠ (4.62)✱ ♦❜t❡♠♦s

∫ α

0

[
‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)

]
dt+

∫ T

T−α

[
‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)

]
dt

≤ 4αE(0)

≤ 4α

[
E(T ) +

∫

Σ1

[
|g(ut)|2 + |ut|2

]
dΣ1

]
.

✭✹✳✻✻✮

▲♦❣♦✱ ❞❡ (4.65) ❡ (4.66) ✈❡♠♦s q✉❡

∫

Q

[
|∇u|2+|ut|2

]
dQ ≤ C

[
E(T ) +

∫

Σ1

[
|g(ut)|2 + |f1(u)|2 + |ut|2

]
dΣ1

]

+ C

∫

Q

|f0(u)|2dQ+ CT‖u‖2
L2[0,T ;H

1
2+ρ(Ω)]

.

✭✹✳✻✼✮

❖✉ ❛✐♥❞❛✱

∫ T

0

‖∇u‖2L2(Ω)dt ≤ C

[
E(T ) +

∫

Σ1

[
|g(ut)|2 + |f1(u)|2 + |ut|2

]
dΣ1

]

+ C

∫

Q

|f0(u)|2dQ+ CT‖u‖2
L2[0,T ;H

1
2+ρ(Ω)]

.

✭✹✳✻✽✮

❉♦ ✐t❡♠ (iii)✱ ♥❛s ❤✐♣ót❡s❡s (H − 2) ❡ (H − 3)✱ ♦❜té♠✲s❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✭❝♦♥✜r❛ ❛

❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✶✮

F0(s) ≤ C
(
|s|2+|s|k0+1

)
❡ F1(s) ≤ C

(
|s|2+|s|k1+1

)
,

✈✐st♦ q✉❡✱ ♣♦r ❡①❡♠♣❧♦✱ ❞❛ ❍✐♣ót❡s❡ (H − 3)

F1(s) =

∫ s

0

f1(t)dt ≤
∫ s

0

|f1(t)|dt ≤
∫ s

0

(
M |t|k1 + A|t|

)
dt ≤ C

(
|s|k1+1 + |s|2

)
.

❆ss✐♠✱
∫

Ω

F0

(
u(t)

)
dΩ +

∫

Γ1

F1

(
u(t)

)
dΓ1 ≤ C

∫

Ω

|u(t)|2dΩ + C

∫

Γ1

|u(t)|2dΓ1 +

+ C

[∫

Ω

|u(t)|k0+1dΩ +

∫

Γ1

|u(t)|k1+1dΓ1

]
.

✭✹✳✻✾✮

❱❛♠♦s ❛♥❛❧✐s❛r✱ s❡♣❛r❛❞❛♠❡♥t❡✱ ❛s três ú❧t✐♠❛s ✐♥t❡❣r❛✐s ❛❝✐♠❛✳ P❛r❛ ✐ss♦✱ r❡❝♦r❞❡♠♦s ❛s

✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈ (3.19) ❡ ❛s ✐♥❥❡çõ❡s ❝♦♠♣❛❝t❛s (3.20)✳

✶✶✶



• ❈❛s♦ n > 2✿ s❡♥❞♦
1

n
+

1
2n
n−2

+
1

2
= 1✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ✺✳✸✱

∫

Ω

|u(t)|k0+1dΩ =

∫

Ω

|u(t)|k0−1|u(t)||u(t)|dΩ

≤ ‖u(t)‖k0−1

Ln(k0−1)(Ω)
‖u(t)‖

L
2n
n−2 (Ω)

‖u(t)‖L2(Ω).

❈♦♠♦ 0 < k0 − 1 <
2

n− 2
=⇒ n(k0 − 1) <

2n

n− 2
✱

H1(Ω) ⊂ L
2n
n−2 (Ω) ⊂ Ln(k0−1)(Ω) ❡ H1(Ω) ⊂ L2(Ω),

t❡♠✲s❡ ∫

Ω

|u(t)|k0+1dΩ ≤ C‖u(t)‖k0−1
H1(Ω)‖u(t)‖2H1(Ω).

❆❞❡♠❛✐s✱ ‖u(t)‖2H1(Ω)≤ CE(0)✱ ❡♥tã♦

∫

Ω

|u(t)|k0+1dΩ ≤ CE(0)‖u(t)‖2H1(Ω). ✭✹✳✼✵✮

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡s❞❡ q✉❡
1

2(n− 1)
+

1
2(n−1)
n−2

+
1

2
= 1✱ t❡♠✲s❡

∫

Γ1

|u(t)|k1+1dΓ1 ≤ ‖u(t)‖k1−1

L2(n−1)(k1−1)(Γ1)
‖u(t)‖

L
2(n−1)
n−2 (Γ1)

‖u(t)‖L2(Γ1).

❙❡♥❞♦ H
1
2 (Γ) ⊂ L

2n−2
n−2 (Γ) ⊂ L2(n−1)(k1−1)(Γ)✱ r❡s✉❧t❛

∫

Γ1

|u(t)|k1+1dΓ1 ≤ C‖u(t)‖k1−1

H
1
2 (Γ1)

‖u(t)‖
H

1
2 (Γ1)

‖u(t)‖L2(Γ1).

▲♦❣♦✱ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ γ0 : H1(Ω) −→ H
1
2 (Γ) ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❚r❛ç♦ ✶✳✼✱ ♦❜t❡♠♦s

∫

Γ1

|u(t)|k1+1dΓ1 ≤ C‖u(t)‖k1−1
H1(Ω)‖u(t)‖2H1(Ω).

❈♦♠♦ ‖u(t)‖2H1(Ω)≤ CE(0)✱ t❡♠✲s❡

∫

Γ1

|u(t)|k1+1dΓ1 ≤ CE(0)‖u(t)‖2H1(Ω). ✭✹✳✼✶✮

P♦r ✜♠✱ ♥♦✈❛♠❡♥t❡ ♣♦r ✐♠❡rsõ❡s ❡ ❞❛ t❡♦r✐❛ ❞♦ tr❛ç♦

∫

Γ1

|u(t)|2dΓ1 ≤ C‖u(t)‖2H1(Ω). ✭✹✳✼✷✮

❊♥tã♦✱ s✉❜st✐t✉✐♥❞♦ (4.70)✱ (4.71) ❡ (4.72) ❡♠ (4.69)✱ ♦❜t❡♠♦s

∫

Ω

F0(u(t))dΩ +

∫

Γ1

F1(u(t))dΓ1 ≤ C
(
E(0)

) [∫

Ω

|∇u(t)|2dΩ +

∫

Ω

|u(t)|2dΩ
]
. ✭✹✳✼✸✮

✶✶✷



■♥t❡❣r❛♥❞♦ (4.73) ❞❡ 0 ❛ T ✱ ✈❡♠♦s q✉❡
∫ T

0

[∫

Ω

F0(u(t))dΩ +

∫

Γ1

F1(u(t))dΓ1

]
dt ≤ C

(
E(0)

) [∫ T

0

‖∇u(t)‖2L2(Ω)dt+

∫

Q

|u|2dQ
]

✭✹✳✼✹✮

• ❈❛s♦ n = 2✿ é tr❛t❛❞♦ ❞❡ ❢♦r♠❛ s✐♠✐❧❛r✳

❆❣♦r❛✱ ✉s❛♥❞♦ (4.68) ❡ (4.74)✱ ♦❜t❡♠♦s
∫ T

0

[∫

Ω

F0(u(t))dΩ +

∫

Γ1

F1(u(t))dΓ1

]
dt ≤ C

(
E(0)

)[ ∫

Σ1

[
|g(ut)|2 + |f1(u)|2 + |ut|2

]
dΣ1

]

≤ C
(
E(0)

)[
E(T ) +

∫

Q

|f0(u)|2dQ
]

+ C
(
E(0)

)[
CT‖u‖2

L2[0,T ;H
1
2+ρ(Ω)]

+C

∫

Q

|u|2dQ
]
.

✭✹✳✼✺✮

P♦rt❛♥t♦✱ ❝♦♠❜✐♥❛♥❞♦ (4.67) ❡ (4.75)✱ ♦❜té♠✲s❡
∫ T

0

E(t)dt ≤ C
(
E(0)

)[
E(T ) +

∫

Σ1

[
|g(ut)|2 + |f1(u)|2 + |ut|2

]
dΣ1

]
+

+ C
(
E(0)

) ∫

Q

(
|f0(u)|2 + |u|2

)
dQ+ C

(
E(0)

)
‖u‖2

L2[0,T ;H
1
2+ρ(Ω)]

.

✭✹✳✼✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✻✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ ε > 0✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C(ǫ)✱

t❛❧ q✉❡

‖u‖2
L2[0,T ;H

1
2+ρ(Ω)]

≤ ε

∫ T

0

‖∇u(t)‖2L2(Ω)dt+ C(ε)

∫ T

0

‖u(t)‖2L2(Ω)dt. ✭✹✳✼✼✮

❆ss✐♠✱
∫ T

0

E(t)dt ≤ C
(
E(0)

)[
E(T ) +

∫

Σ1

[
|g(ut)|2 + |f1(u)|2 + |ut|2

]
dΣ1

]

+ C
(
E(0)

) ∫

Q

(
|f0(u)|2 + |u|2

)
dQ

+ εC
(
E(0)

) ∫ T

0

‖∇u(t)‖2L2(Ω)dt+ C
(
E(0)

)
C(ε)

∫ T

0

‖u(t)‖2L2(Ω)dt.

✭✹✳✼✽✮

❖✉ ❛✐♥❞❛✱
∫ T

0

E(t)dt− εC
(
E(0)

) ∫ T

0

‖∇u(t)‖2L2(Ω)dt ≤ C
(
E(0)

)[ ∫

Σ1

[
|g(ut)|2 + |f1(u)|2 + |ut|2

]
dΣ1

]

+ C
(
E(0)

) ∫

Q

(
|f0(u)|2 + |u|2

)
dQ+ C

(
E(0)

)
E(T )

+ C
(
E(0)

)
C(ε)

∫ T

0

‖u(t)‖2L2(Ω)dt.

✭✹✳✼✾✮

❉❡s❞❡ q✉❡✱ εC
(
E(0)

)
‖∇u(t)‖2L2(Ω)≤ εC1

(
E(0)

)
E(t), t❡♠✲s❡

−εC1

(
E(0)

)
E(t) ≤ −εC

(
E(0)

)
‖∇u(t)‖2L2(Ω).

✶✶✸



❉❛í

∫ T

0

E(t)dt− εC1

(
E(0)

) ∫ T

0

E(t)dt ≤
∫ T

0

E(t)dt− εC
(
E(0)

) ∫ T

0

‖∇u(t)‖2L2(Ω)dt,

♦✉ s❡❥❛✱

[
1− εC1

(
E(0)

)] ∫ T

0

E(t)dt ≤
∫ T

0

E(t)dt− εC
(
E(0)

) ∫ T

0

‖∇u(t)‖2L2(Ω)dt. ✭✹✳✽✵✮

▲♦❣♦✱ ♣❛r❛ ε > 0 ♣❡q✉❡♥♦ ❞❡ ♠♦❞♦ q✉❡ 1− εC1

(
E(0)

)
≥ δ > 0✱ t❡♠✲s❡

δ

∫ T

0

E(t)dt ≤
[
1− εC1

(
E(0)

)] ∫ T

0

E(t)dt ≤
∫ T

0

E(t)dt− εC
(
E(0)

) ∫ T

0

‖∇u(t)‖2L2(Ω)dt.

✭✹✳✽✶✮

❈♦♠❜✐♥❛❞♦ (4.81) ❡ (4.79)✱ r❡s✉❧t❛

∫ T

0

E(t)dt ≤ C
(
E(0)

) [∫

Σ1

(
|g(ut)|2 + |f1(u)|2 + |ut|2

)
dΣ1 +

∫

Q

(
|f0(u)|2 + |u|2

)
dQ+ E(T )

]
.

✭✹✳✽✷✮

◆♦ss♦ ♣ró①✐♠♦ ♣❛ss♦ é ❡st✐♠❛r ♦s t❡r♠♦s ♥ã♦ ❧✐♥❡❛r❡s q✉❡ ❛♣❛r❡❝❡♠ ❡♠ (4.82)✳ ❆ ♣r♦♣♦✲

s✐çã♦ s❡❣✉✐♥t❡ ♥♦s ❛❥✉❞❛ ♥❡ss❡ s❡♥t✐❞♦✳ ❱❡❥❛♠♦s✿

Pr♦♣♦s✐çã♦ ✹✳✸✳ ❆ss✉♠❛ ❛s ❤✐♣ót❡s❡s (H − 1)−(H − 5)✳ ❙❡❥❛♠ u ❝♦♠♦ ❛❝✐♠❛✱ ε > 0 ❛r❜✐✲

tr❛r✐❛♠❡♥t❡ ♣❡q✉❡♥♦ ❡ C(ε) ✉♠❛ ❝♦♥st❛♥t❡ ❞❡♣❡♥❞❡♥❞♦ ❞❡ ε ❡ ♣♦ss✐✈❡❧♠❡♥t❡ ❞❡ E(0)✳ ❊♥tã♦✱

∫

Σ1

|f1(u)|2dΣ1 ≤ ε|E(0)|
(k1−1)
1−εk1

∫ T

0

E(t)dt+ C(ε)

∫

Σ1

|u|2dΣ1 ✭✹✳✽✸✮

∫

Q

|f0(u)|2dQ ≤ ε|E(0)|
(k0−1)
1−εk0

∫ T

0

E(t)dt+ C(ε)

∫

Q

|u|2dQ. ✭✹✳✽✹✮

❙❡ k = 1 ❡♥tã♦ ♦s ♣r✐♠❡✐r♦s t❡r♠♦s à ❞✐r❡✐t❛ ❞❡ (4.83) ❡ ❞❡ (4.84) ♣♦❞❡♠ s❡r ♦♠✐t✐❞♦s❀ ❛❧é♠

❞✐ss♦✱ ♥❡ss❡ ❝❛s♦✱ C(ε) ✐♥❞❡♣❡♥❞❡ ❞❡ E(0)✳

❉❡♠♦♥str❛çã♦✿ Pr♦✈❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ ♣❛r❛ k > 1 ✭♦ ❝❛s♦ k = 1 é ❡✈✐❞❡♥t❡✮✳ ◆♦✈❛♠❡♥t❡

❡s❝❧❛r❡❝❡♠♦s q✉❡ ❞✉r❛♥t❡ ❛ ❞❡♠♦♥str❛çã♦✱ s❡♠♣r❡ q✉❡ ❢♦r ♦♣♦rt✉♥♦✱ ❛s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s q✉❡

❛♣❛r❡❝❡r❡♠ à ❞✐r❡✐t❛ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s s❡rã♦ r❡♣r❡s❡♥t❛❞❛s ♣❡❧♦ ♠❡s♠♦ sí♠❜♦❧♦ ❡ ❡①♣r❡ssõ❡s

❞♦ t✐♣♦ |u(x, t)|R s❡rã♦ ❞❡♥♦t❛❞❛s s✐♠♣❧❡s♠❡♥t❡ ♣♦r |u|✳

❯s❛♥❞♦ ❛ ❍✐♣ót❡s❡ (H − 3) ❡ ❛♣❧✐❝❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ■♥t❡r♣♦❧❛çã♦✿

‖u‖Lp≤ ‖u‖1−q

L2 ‖u‖qLr

1

p
=

1− q

2
+
q

r
,

✶✶✹



❝♦♠ p = 2k1, r = 2k1 + s✱ 0 < s <
1

2
❡ 0 < q < 1✱ ♦❜t❡♠♦s

∫

Γ1

|f1(u)|2dΓ1 ≤ C

∫

Γ1

(
|u|2 + |u|2k1

)
dΓ1 ≤ C

∫

Γ1

|u|2dΓ1 + C‖u‖(1−q)2k1
L2(Γ1)

‖u‖2qk1
L2k1+s(Γ1)

, ✭✹✳✽✺✮

♦♥❞❡ 0 < q < 1✱ é ❞❛❞♦ ♣♦r

q = 1 +
s

k1(2− 2k1 − s)
.

❆♣❧✐❝❛♥❞♦✱ ❡♠ (4.85)✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡✿

ab ≤ ǫ−pap

p
+
bp̄

p̄
ǫp̄,

1

p
+

1

p̄
= 1,

❝♦♠

p =
1

(1− q)k1
❡ p̄ =

1

1− k1(1− q)
,

t❡♠✲s❡
∫

Γ1

|f1(u)|2dΓ1 ≤ C

[∫

Γ1

|u|2dΓ1 +
1

ǫ
1

(1−q)k1

‖u‖2L2(Γ1)
+ǫ

1
1−k1(1−q)‖u‖

2k1q
1−k1(1−q)

L2k1+s(Γ1)

]
. ✭✹✳✽✻✮

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ 0 < s < min
{1
2
,
2n− 2

n− 2
− 2k1

}
✭♥♦t❡ q✉❡ ♣♦r (H − 3)✱ s > 0✮✱ ✉s❛♥❞♦ ❛s

✐♠❡rsõ❡s ❞❛❞❛s ❡♠ (3.19)✱ (3.20) ❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ γ0 : H1(Ω) −→ H
1
2 (Γ1)✱ t❡♠✲s❡

H
1
2 (Γ1) ⊂ L

2n−2
n−2 (Γ1) ⊂ Ls+2k1(Γ1)

❞❛í✱

‖u‖L2k1+s(Γ1)≤ C‖u‖
H

1
2 (Γ1)

≤ C‖u‖H1(Ω).

❈♦♠❜✐♥❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛ ❝♦♠ (4.86)✱ r❡s✉❧t❛
∫

Γ1

|f1(u)|2dΓ1 ≤ C

[(
1 +

1

ǫ
1

(1−q)k1

)
‖u‖2L2(Γ1)

+ǫ
1

1−k1(1−q)‖u‖
2k1q

1−k1(1−q)

H1(Ω)

]
. ✭✹✳✽✼✮

❖❜s❡r✈❡ q✉❡ ‖u(t)‖2H1(Ω)≤ CE(0)✳

❈♦♠ ❡❢❡✐t♦✱ s❡ Γ0 6= ∅ ✐st♦ é ✐♠❡❞✐❛t♦ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré ✶✳✸✳ P♦r ♦✉tr♦ ❧❛❞♦✱

s❡ Γ0 = ∅ ❡♥tã♦ ❞♦ ✐t❡♠ (ii) ❞❛ ❍✐♣ót❡s❡ (H − 5)✱ t❡♠✲s❡ uf0(u) ≥ εu2 ♦✉ uf1(u) ≥ εu2✱ ♣❛r❛

❛❧❣✉♠ ε > 0✳ ❈♦♠♦ Fi(s) =

∫ s

0

fi(t)dt, (i = 0, 1)✱ r❡s✉❧t❛

F0(x) ≥ εx2 ou F1(x) ≥ εx2;

❛ss✐♠✱ ✉s❛♥❞♦ (4.62) ✈❡♠♦s q✉❡

E(0) ≥ E(t) =
1

2

{
‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)

}
+

∫

Γ1

F1(u)dΓ1 +

∫

Ω

F0(u)dΩ

≥ 1

2

{
‖∇u(t)‖2L2(Ω)+‖ut(t)‖2L2(Ω)

}
+

∫

Γ1

F1(u)dΓ1 + ε

∫

Ω

|u|2dΩ

≥ 1

2
‖∇u(t)‖2L2(Ω)+ε‖u(t)‖2L2(Ω)≥ C‖u(t)‖2H1(Ω)

✶✶✺



♦✉ ✭❛♥❛❧♦❣❛♠❡♥t❡✮

E(0) ≥ E(t) ≥ 1

2
‖∇u(t)‖2L2(Ω)+ε‖u(t)‖2L2(Γ)≥ C‖u(t)‖2H1(Ω),

♦♥❞❡ ♥❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✉t✐❧✐③❛♠♦s ❛s ❞❡s✐❣✉❛❧❞❛❞❡s✱

‖u(t)‖L2(Ω) ≤ C‖u(t)‖
H

1
2 (Ω)

≤ C‖u(t)‖L2(Γ),

❞❛❞❛s ♣♦r ✐♠❡rsõ❡s ✭✈❡❥❛ ❛ ❖❜s❡r✈❛çã♦ 1.13✱ ♥♦ ❈❛♣ít✉❧♦ ✶✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱

2k1q

1− k1(1− q)
= 2 +

2(k1 − 1)

1− k1(1− q)
.

❆ss✐♠✱ ❞❡ (4.87)✱ ♦❜té♠✲s❡

∫

Γ1

|f1(u)|2dΓ1 ≤ C
(
1 +

1

ǫ
1

(1−q)k1

)∫

Γ1

|u(t)|2dΓ1 + Cǫ
1

1−k1(1−q)‖u(t)‖2H1(Ω)‖u(t)‖
2(k1−1)

1−k1(1−q)

H1(Ω)

≤ C(ε)

∫

Γ1

|u(t)|2dΓ1 + ε|E(0)|
2(k1−1)

1−k1(1−q)E(t),

✭✹✳✽✽✮

♦♥❞❡ C(ε) = C
(
1 +

1

ǫ
1

(1−q)k1

)
✱ ε = Cǫ

1
1−k1(1−q) ✳ ■♥t❡❣r❛♥❞♦ (4.88) ❞❡ 0 ❛ T ✱ ✈❡♠♦s q✉❡

∫

Σ1

|f1(u)|2dΣ1 ≤ ε|E(0)|
2(k1−1)

1−k1(1−q)

∫ T

0

E(t)dt+ C(ε)

∫

Σ1

|u(t)|2dΣ1.

■st♦ ♣r♦✈❛ ❛ ❛ss❡rt✐✈❛ (4.83)✳ ❆ ❥✉st✐✜❝❛t✐✈❛ ❞❡ (4.84) é s✐♠✐❧❛r✱ ♣♦r ✐ss♦ s❡rá ♦♠✐t✐❞❛✳

❙❡♥❞♦ ❛ss✐♠✱ ❞❛s ♣r♦♣♦s✐çõ❡s (4.2) ❡ (4.3)✱ ♣❛r❛ ε > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❡ k =

max{k0, k1}✱ t❡♠✲s❡

(
1− ε[E(0)]2(k−1)

)∫ T

0

E(t)dt ≤ C
(
E(0)

) ∫

Σ1

(
|g(ut)|2 + |ut(t)|2

)
dΣ1 +

+ C
(
E(0)

){
C(ε)

∫

Σ1

|u|2dΣ1

︸ ︷︷ ︸
I

+C(ε)

∫

Q

|u|2dQ
︸ ︷︷ ︸

II

+E(T )

}
.

✭✹✳✽✾✮

◆♦ss♦ ♣ró①✐♠♦ ♦❜❥❡t✐✈♦ é ✐♥✈❡st✐❣❛r ♦s t❡r♠♦s I ❡ II à ❞✐r❡✐t❛ ❞❡ (4.89)✳ P❛r❛ t❛♥❞♦✱

♣r❡❝✐s❛♠♦s ❞♦✿

▲❡♠❛ ✹✳✶✳ ❆ss✉♠❛ ❛s ❤✐♣ót❡s❡s (H − 1)−(H − 5)✳ ❙❡❥❛ (u, ut) s♦❧✉çã♦ ❞❡ (1)✳ ❊♥tã♦ ♣❛r❛

T > T0✱ ❝♦♠ T0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♠✲s❡

∫

Σ1

|u|2dΣ1 +

∫

Q

|u|2dQ ≤ C
(
E(0)

) ∫

Σ1

(
|ut|2 + |g(ut)|2

)
dΣ1. ✭✹✳✾✵✮

✶✶✻



❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ s❡rá ❢❡✐t❛ ♣♦r ❝♦♥tr❛❞✐çã♦✳ ❙✉♣♦♥❤❛ q✉❡ t❛❧ ❞❡s✐❣✉❛❧❞❛❞❡ ♥ã♦ s❡

✈❡r✐✜q✉❡✱ s❡❥❛ (ul(t))l ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❞❡ (1)✱ t❛❧ q✉❡

lim
l→∞

∫

Σ1

|ul|2dΣ1 +

∫

Q

|ul|2dQ
∫

Σ1

|ult|2dΣ1 +

∫

Σ1

|g(ult)|2dΣ1

= ∞, ✭✹✳✾✶✮

♦♥❞❡ ❛ ❡♥❡r❣✐❛ ❞❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s
(
ul(0), ult(0)

)
é ❞❡♥♦t❛❞❛ ♣♦r El(0)✳

❆✜r♠❛çã♦✿ El(0) é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛ ✭❡♠ l✮✱ ✐st♦ é✱ El(0) ≤ M ✱ ♣❛r❛ ❛❧❣✉♠ M > 0 ❡

t♦❞♦ l ≥ 1✳ ❉❡ ❢❛t♦✱

El(0) =
1

2

{
‖∇ul(0)‖2L2(Ω)+‖ult(0)‖2L2(Ω)

}
+

∫

Ω

F0l(ul(0))dΩ +

∫

Γ1

F1l(ul(0))dΓ1,

❡ ❝♦♠♦

ul(0) = u0 ∈ H1
Γ0
(Ω) ❡ ylt(0) = y1 ∈ L2(Ω), ✭✹✳✾✷✮

s❡❣✉❡✲s❡ q✉❡ ‖∇ul(0)‖2L2(Ω) ❡ ‖ult(0)‖2L2(Ω) sã♦ ❧✐♠✐t❛❞❛s✳ ◗✉❛♥t♦ ❛s ❞✉❛s ✐♥t❡❣r❛✐s ❛❝✐♠❛✱ ♣r♦❝❡✲

❞❡♠♦s ❞❡ ❢♦r♠❛ s✐♠✐❧❛r ❛ ✭✉♠❛ ♣❛rt❡ ❞❛✮ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✶✳ ▲❡♠❜r❡✲s❡ q✉❡ ❞❡ ❛❝♦r❞♦

❝♦♠ ❛ ❍✐♣ót❡s❡ (H − 2)✱ t❡♠♦s |f0(s)| ≤ C(|s|+ |s|k0)✳ ▲♦❣♦✱

F0l(ul(0)) =

∫ ul(0)

0

f0l(s)ds ≤ C
(
|ul(0)|2+|ul(0)|k0+1

)

♦ q✉❡ ✐♠♣❧✐❝❛ ∣∣∣∣
∫

Ω

F0l

(
ul(0)

)
dΩ

∣∣∣∣ ≤ C

∫

Ω

|ul(0)|2dΩ + C

∫

Ω

|ul(0)|k0+1dΩ.

❆ss✐♠✱ ✉s❛♥❞♦ (4.92) ❡ ❛s ✐♠❡rsõ❡s (3.19) ✈❡♠♦s q✉❡
∫

Ω

F0l(ul(0))dΩ é ❧✐♠✐t❛❞❛✳ ❆♥❛❧♦❣❛♠❡♥t❡✱

♦❜s❡r✈❛♥❞♦ q✉❡ ♣❡❧❛ ❍✐♣ót❡s❡ (H−3)✱ F1l(s) ≤ C
(
|s|2+|s|k1+1

)
, ✭ ✈❡❥❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛

✸✳✶✮✱ ✉s❛♥❞♦ (4.92) ❡ ❛s ✐♠❡rsõ❡s (3.20) ✈❡r✐✜❝❛✲s❡ q✉❡
∫

Γ1

F1l(ul(0))dΓ1 é ❧✐♠✐t❛❞❛✳ ❈♦♠ ✐ss♦

❥✉st✐✜❝❛♠♦s ❛ ❛✜r♠❛çã♦ ❢❡✐t❛✳ �

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ (4.62) ❡ ❞❛ ❍✐♣ót❡s❡ (H − 1)− (iii)✱ t❡♠✲s❡

M2

∫ t

0

∫

Γ1

|ult|2dΓ1ds+ El(t) ≤
∫ t

0

∫

Γ1

g(ult)ultdΓ1ds+ El(t) = El(0) ≤M,

♦✉ s❡❥❛✱ ♣❛r❛ 0 ≤ t ≤ T ✱

M2

∫ t

0

∫

Γ1

|ult|2dΓ1ds+
1

2

{
‖∇ul(t)‖2L2(Ω)+‖ult(t)‖2L2(Ω)

}
+

∫

Γ1

F1(ul)dΓ1 +

∫

Ω

F0(ul)dΩ ≤M.

❊♥tã♦✿

• (ul)
∞
l=1 é ❧✐♠✐t❛❞❛ ❡♠ H1(Q)❀

✶✶✼



• (ul)
∞
l=1 é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;H1(Q))❀

• (ult)
∞
l=1 é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;L2(Ω))✱ ❧♦❣♦✱ é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T ;L2(Ω)) = L2(Q)❀

• (ult)
∞
l=1 é ❧✐♠✐t❛❞❛ ❡♠ L2(Σ) = L2(0, T ;L2(Γ))✳

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦

‖v‖
H

1
2 (Γ)

≤ C‖v‖H1(Ω), ∀v ∈ H1(Ω),

s❡❣✉❡✲s❡ q✉❡

• (ul)
∞
l=1 é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;H

1
2 (Γ))✱ ❧♦❣♦✱ é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T ;H

1
2 (Γ))✳

❈♦♠♦ ❛s ✐♥❥❡çõ❡s H1(Ω) ⊂ L2(Ω) ❡ H
1
2 (Γ) ⊂ L2(Γ) sã♦ ❝♦♠♣❛❝t❛s ❡ s❡♥❞♦ ❡st❡s ❊s♣❛ç♦s

❞❡ ❍✐❧❜❡rt✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❆✉❜✐♥✲▲✐♦♥s 5.21✱ ♦❜t❡♠♦s
∣∣∣∣∣∣∣∣∣∣∣∣

ul ⇀ u ❡♠ H1(Q)

ul
∗
⇀ u ❡♠ L∞(0, T ;H1(Ω))

ul −→ u ❢♦rt❡ ❡♠ L2(Q)

ul −→ u ❢♦rt❡ ❡♠ L2(Σ).

✭✹✳✾✸✮

❉❡✈❡♠♦s ❛♥❛❧✐s❛r ♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

❈❛s♦ ❆✿ ❆ss✉♠❛ q✉❡ u 6= 0✱ ❝♦♠♦ ♣❛r❛ t♦❞♦ ǫ > 0✱ ❛ ✐♥❥❡çã♦ H1(Ω) ⊂ H1−ǫ(Ω) é ❝♦♠♣❛❝t❛✱

✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ 1.14✮ s❡❣✉❡✲s❡ q✉❡

ul −→ u ❢♦rt❡ ❡♠ C0(0, T ;H1−ǫ(Ω)),

❝♦♠ ❛ ♥♦r♠❛ ✉♥✐❢♦r♠❡✳ ▲♦❣♦✱ ❝♦♠♦ f0 ∈ W 1,∞
loc (R), ✐st♦ é✱ f0 é ✉♠❛ ❢✉♥çã♦ ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③

❡♥tã♦✱

f0(ul) −→ f0(u) ❡♠ L∞(0, T ;L2(Ω)).

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ tr❛ç♦ ❞❡ ♦r❞❡♠ ③❡r♦✱ t❡♠✲s❡

‖v‖
H

1
2 (Γ)

≤ C‖v‖H1(Ω) ∀v ∈ H1(Ω).

❙❡♥❞♦ (ul)
∞
l=1 ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;H1(Ω))✱ r❡s✉❧t❛♠✿

• (ul)
∞
l=1 é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;H

1
2 (Γ))❀

• (ult)
∞
l=1 é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T ;L2(Γ))✳

✶✶✽



❈♦♠♦ H
1
2 (Γ) ⊂ L2(Γ)✱ ✭✐♠❡rsã♦ ❝♦♠♣❛❝t❛✮✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ 4 ♣á❣✐♥❛ 85 ❡♠ ❏✳ ❙✐♠♦♥ ❬✸✺❪✱

✭✈❡❥❛ ♦ ❈♦r♦❧ár✐♦ ✺✳✸ ♥♦ ❆♣ê♥❞✐❝❡ ❇✮ ✈❡♠♦s q✉❡

ul −→ u ❢♦rt❡ ❡♠ C0(0, T ;L2(Γ)),

✐st♦ é✱ (ul)∞l=1 é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t❛ ❡♠ C0(0, T ;L2(Γ))✳ ❉❛í✱ ♣❡❧♦ ▲❡♠❛ 1 ♣á❣✐♥❛ 71 ❡♠ ❏✳

❙✐♠♦♥ ❬✸✺❪✱ ✭✈❡❥❛ ♦ ▲❡♠❛ ✺✳✶✷ ♥♦ ❆♣ê♥❞✐❝❡ ❇✮

lim
h→0

‖ul(t+ h)− ul(t)‖L2(Γ)= 0, ∀, l ≥ 1, ∀ 0 ≤ t ≤ t+ h ≤ T

❡♥tã♦ ✭♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✮✱

lim
h→0

ul(x, t+ h) = ul(x, t), ∀l ≥ 1, ∀ 0 ≤ t ≤ t+ h ≤ T, q✉❛s❡ s❡♠♣r❡ ❡♠ Γ.

❆ss✐♠✱ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ f1✱

lim
h→0

f1(ul(x, t+ h)) = f1(ul(x, t)), ∀l ≥ 1, ∀ 0 ≤ t < t+ h ≤ T, q✉❛s❡ s❡♠♣r❡ ❡♠ Γ;

❞❡ss❡ ♠♦❞♦✱ ♣❛r❛ t♦❞♦ ε > 0✱ ❡①✐st❡ η > 0 t❛❧ q✉❡ 0 < |h|< η ✐♠♣❧✐❝❛

∣∣f1(ul(x, t+ h))− f1(ul(x, t))
∣∣ < ε

med(Γ)
, ∀l ≥ 1, ∀ 0 ≤ t < t+ h ≤ T, q✉❛s❡ s❡♠♣r❡ ❡♠ Γ,

♦✉ ❛✐♥❞❛✱

∣∣f1(ul(x, t+h))−f1(ul(x, t))
∣∣2 < ε2

[med(Γ)]2
, ∀l ≥ 1, ∀ 0 ≤ t < t+h ≤ T, q✉❛s❡ s❡♠♣r❡ ❡♠ Γ.

❊♥tã♦✱ ♣❛r❛ t♦❞♦ ε > 0✱ ❡①✐st❡ η > 0 t❛❧ q✉❡ 0 < |h|< η ✐♠♣❧✐❝❛

‖f1(ul(t+ h))− f1(ul(t))‖L2(Γ)< ε, ∀l ≥ 1, ∀0 ≤ t < t+ h ≤ T,

❧♦❣♦✱

sup
0≤t≤T−h

ess‖f1(ul(t+ h))− f1(ul(t))‖L2(Γ)≤ ε, ∀l ≥ 1

s❡♠♣r❡ q✉❡ 0 < |h|< η✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❢❛③❡♥❞♦ τhf(x) = f(x+ h)✱ ✈❡♠♦s q✉❡

‖τhf1ul − f1ul‖L∞(0,T−h;L2(Γ))−→ 0, q✉❛♥❞♦ h −→ 0, ∀l ≥ 1.

❈♦♠♦ (ul)
∞
l=1 é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;H

1
2 (Γ)) ⊂ L1

loc(0, T ;H
1
2 (Γ))✱ ♣❡❧♦ ❚❡♦r❡♠❛ 3 ♣á❣✐♥❛ 80

❡♠ ❏✳ ❙✐♠♦♥ ❬✸✺❪✱ ✭✈❡❥❛ ♦ ❚❡♦r❡♠❛ ✺✳✷✻ ♥♦ ❆♣ê♥❞✐❝❡ ❇✮

f1ul −→ ψ ❢♦rt❡ ❡♠ C0(0, T ;L2(Γ)). ✭✹✳✾✹✮

✶✶✾



❊♠ (4.93) ✈✐♠♦s q✉❡✱ ul −→ u✱ ❢♦rt❡ ❡♠ L2(Σ) ❡✱ ♥♦✈❛♠❡♥t❡ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦

f1 ✭♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✮

f1ul −→ f1u, q✉❛s❡ s❡♠♣r❡ ❡♠ Σ.

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡ (4.94) s❡❣✉❡✲s❡ q✉❡

f1ul −→ ψ, q✉❛s❡ s❡♠♣r❡ ❡♠ Σ.

▲♦❣♦✱ ♣♦r ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡✱ f1u(x, t) = ψ(x, t)✱ q✉❛s❡ s❡♠♣r❡ ❡♠ Σ ❡✱ ♣♦rt❛♥t♦✱

f1(ul
∣∣
Γ
) −→ f1(u

∣∣
Γ
) ❢♦rt❡ ❡♠ L∞(0, T ;L2(Γ)).

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❛♠♦s q✉❡ ♣♦r (4.91)✱ ♣❛r❛ t♦❞♦ r > 0 ❡①✐st❡ l0 ∈ N t❛❧ q✉❡
∫

Σ1

|ul|2dΣ1 +

∫

Q

|ul|2dQ
∫

Σ1

|ult|2dΣ1 +

∫

Σ1

|g(ult)|2dΣ1

> r, ∀ l > l0.

❆ss✐♠✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ r > 0✱ ❡①✐st❡ l0 ∈ N t❛❧ q✉❡ ♣❛r❛ l ≥ l0✱ t❡♠✲s❡
∫

Σ1

|ult|2dΣ1 +

∫

Σ1

|g(ult)|2dΣ1 <
1

r

(∫

Σ1

|ul|2dΣ1 +

∫

Q

|ul|2dQ
︸ ︷︷ ︸

é ❧✐♠✐t❛❞♦✱ ♣♦r(4.93)

)
.

❊♥tã♦✱ ❢❛③❡♥❞♦ r −→ ∞✱ ✈❡♠♦s q✉❡

ult −→ 0 ❡♠ L2(Σ1) ❡ g(ult) −→ 0 ❡♠ L2(Σ1).

❈♦♠♦ ∣∣∣∣∣∣∣∣∣∣∣∣

uttl −∆ul = −f0(ul) ❡♠ Ω× (0,∞)
∂ul
∂ν

= −g(ult
∣∣
Γ1
)− f1(ul

∣∣
Γ1
) ❡♠ Γ1 × (0,∞)

ul = 0 ❡♠ Γ0 × (0,∞)

ul(0) = u0 ∈ H1
Γ0
(Ω), ult(0) = u1 ∈ L2(Ω),

♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡✱ ♦❜t❡♠♦s
∣∣∣∣∣∣∣∣∣

utt −∆u = −f0(u)
∂u

∂ν
= −f1(u), ut = 0 s♦❜r❡ Γ1

u = 0, s♦❜r❡ Γ0

✭✹✳✾✺✮

❢❛③❡♥❞♦ ut = v✱ t❡♠✲s❡ ∣∣∣∣∣∣∣∣∣

vtt −∆v = −f ′
0(u)v

∂v

∂ν
= v = 0, ❡♠ Γ1

v = 0 ❡♠ Γ0

❱❛♠♦s✱ ❛❣♦r❛✱ ❝♦♥s✐❞❡r❛r ❛s três ♣♦ss✐❜✐❧✐❞❛❞❡s ❡♠ (H − 5)✿

✶✷✵



✭✐✮ s❡ f0 é ❧✐♥❡❛r✱ ❡♥tã♦ f ′
0(u) = f0✱ ❞❛í

∣∣∣∣∣∣∣∣∣

vtt −∆v + f0(v) = 0
∂v

∂ν
= v = 0, ❡♠ Γ1

v = 0 s♦❜r❡ Γ0.

▲♦❣♦✱ ♣♦r r❡s✉❧t❛❞♦s ❞❡ ✉♥✐❝✐❞❛❞❡ ❞❛ s♦❧✉çã♦ ❞❛ ♦♥❞❛✱ ✈❡r✐✜❝❛✲s❡ q✉❡ v = ut = 0❀

✭✐✐✮ ❙❡ ❢♦r Γ0 = ∅✱ ♣r✐♠❡✐r♦ ♦❜s❡r✈❡♠♦s q✉❡ u ∈ L∞(0, T ;H1(Ω)) ✐♠♣❧✐❝❛ u ∈ L
2n
n−2 (Q) ❡✱ ❞❡

❛❝♦r❞♦ ❝♦♠ (H − 2) − (iii)✱ ♣❛r❛ T s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ r❡s✉❧t❛❞♦

❞❡ ✉♥✐❝✐❞❛❞❡ ❛♣r❡s❡♥t❛❞♦ ❡♠ ❆✳ ❘✉✐③ ❬✸✹❪ ♣❛r❛ ♥♦✈❛♠❡♥t❡ ❝♦♥❝❧✉✐r q✉❡ v = ut = 0❀

✭✐✐✐✮ ❙❡ ✈❛❧❡ (iii) ❡♠ (H − 5)✱ ❛❞❛♣t❛♥❞♦ ❛s ✐❞❡✐❛s ❡♠♣r❡❣❛❞❛s ❡♠ ❆✳ ❘✉✐③ ❬✸✹❪✱ ♦❜té♠✲s❡ ♠❛✐s

✉♠❛ ✈❡③ v = ut = 0✳

❉❡ss❡ ♠♦❞♦✱ ❛ ♣❛rt✐r ❞❡ (4.95)✱ ♦❜t❡♠♦s ❛ ❡q✉❛çã♦ ❡❧í♣t✐❝❛

∣∣∣∣∣∣
−∆u = −f0(u)
∂u

∂ν
= −f1(u), ❡♠ Γ1.

✭✹✳✾✻✮

▼✉❧t✐♣❧✐❝❛♥❞♦ (4.96) ♣♦r u ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ Ω✱ t❡♠✲s❡

−
∫

Ω

∆u udΩ =

∫

Ω

|∇u|2dΩ−
∫

Γ1

u
∂u

∂ν
dΓ1 =

∫

Ω

f0(u)udΩ,

♦✉ s❡❥❛✱ ∫

Ω

|∇u|2dΩ +

∫

Ω

f0(u)udΩ +

∫

Γ1

f1(u)udΓ1 = 0. ✭✹✳✾✼✮

❈♦♠♦ fi(s)s ≥ 0, i = 0, 1✱ ❞❡✈❡♠♦s t❡r ∇u = 0✳ ❊♥tã♦✱ s❡ Γ0 6= ∅ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡

P♦✐♥❝❛ré ✶✳✸
(
‖u‖L2(Ω) ≤ c‖∇u‖L2(Ω)

)
✱ r❡s✉❧t❛ u = 0✳ ❈♦♥tr❛❞✐çã♦✦ ❏á q✉❡ s✉♣♦♠♦s u 6= 0✳ ❙❡

❢♦r Γ0 = ∅✱ ♣♦r (H − 5)− (ii) ❡ (4.97)✱ ♦❜té♠✲s❡
∫

Ω

|∇u|2dΩ + ε

∫

Ω

|u|2dΩ +

∫

Γ1

f1(u)udΓ1 ≤ 0,

♦✉ ∫

Ω

|∇u|2dΩ +

∫

Ω

f0(u)udΩ + ε

∫

Γ1

|u|2dΓ1 ≤ 0.

❊♠ q✉❛❧q✉❡r ❝❛s♦✱ ✈❡♠♦s q✉❡ u = 0 ❡ t❡♠♦s ♥♦✈❛♠❡♥t❡ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❈❛s♦ ❇✳ ❆ss✉♠❛ q✉❡ u = 0 ❡ ❞❡♥♦t❡♠♦s

Cl =
(
‖ul‖2L2(Σ1)

+‖ul‖2L2(Q)

) 1
2
, ❡ ũl =

1

Cl

ul.

✶✷✶



❈❧❛r❛♠❡♥t❡✱

‖ũl‖2L2(Σ1)
+‖ũl‖2L2(Q)= 1. ✭✹✳✾✽✮

❈♦♠♦ u = 0✱ ❡♥tã♦ Cl −→ 0✱ q✉❛♥❞♦ l → ∞ ❡✱ ♣♦r (4.91)✱ t❡♠✲s❡

ũlt −→ 0 em L2(Σ1) ✭✹✳✾✾✮

✭❧❡♠❜r❡ q✉❡ Υ → ∞ =⇒ 1
Υ

→ 0✮✳ ❉❡ (4.62) s❡❣✉❡✲s❡ q✉❡
d

dt
E(t) ≤ 0✱ ❧♦❣♦ E(T ) ≤ E(t) ❡

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

TE(T ) ≤
∫ T

0

E(t)dt.

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ❡st❡ r❡s✉❧t❛❞♦ à s♦❧✉çã♦ ul ❞❡ (4.62)✱ ♦❜t❡♠♦s

TEl(0)− T

∫

Σ1

g(ult)ultdΣ1 = TEl(T ) ≤
∫ T

0

El(t)dt,

❡♥tã♦✱ ♣❛r❛ ε > 0 ♣❡q✉❡♥♦✱ t❡♠✲s❡

(
1− ε[El(0)]

2(k−1)
)[
TEl(0)− T

∫

Σ1

g(ult)ultdΣ1

]
≤
(
1− ε[El(0)]

2(k−1)
)∫ T

0

El(t)dt

❡ ❞❡ (4.89)✱ ♣❛r❛ t❛❧ ε✱ r❡s✉❧t❛

TEl(0)− T

∫

Σ1

g(ult)ultdΣ1 ≤ C̃
(
El(0)

){∫

Σ1

(
|g(ult)|2 + |ult|2 + |ul|2

)
dΣ1

}

+ C̃
(
El(0)

){∫

Q

|ul|2dQ+ El(T )

}
,

♦♥❞❡ C̃
(
El(0)

)
=

C
(
El(0)

)

1− ε[El(0)]2(k−1)
✳ ❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ✺✳✶✱ ♣❛r❛ ♦❜t❡r

∫

Σ1

g(ult)ultdΣ1 ≤
∫

Σ1

|g(ult)|2dΣ1 +

∫

Σ1

|ult|2dΣ1,

✈❡♠♦s q✉❡

TEl(0)− C
(
El(0)

)
El(T ) ≤ CT

(
El(0)

){∫

Σ1

(
|g(ult)|2 + |ult|2 + |ul|2

)
dΣ1 +

∫

Q

|ul|2dQ
}
,

♦♥❞❡ CT

(
El(0)

)
❞❡♥♦t❛ CT C̃

(
El(0)

)
✳ ❙❡♥❞♦ El(T ) ≤ El(0)✱ t❡♠✲s❡

[
T − C

(
El(0)

)]
El(0) ≤ CT

(
El(0)

){∫

Σ1

(
|g(ult)|2 + |ult|2 + |ul|2

)
dΣ1 +

∫

Q

|ul|2dQ
}
.

❚♦♠❛♥❞♦ T > T0✱ ❝♦♠ T0 > C
(
El(0)

)
✱ ❞❡ ♠♦❞♦ q✉❡ T − C

(
El(0)

)
≥ 1✳ ❉❡ (4.62)✱ ♦❜té♠✲s❡

El(t) ≤ El(0) ≤ CT

(
El(0)

){∫

Σ1

(
|g(ult)|2 + |ult|2 + |ul|2

)
dΣ1 +

∫

Q

|ul|2dQ
}
. ✭✹✳✶✵✵✮

✶✷✷



▲♦❣♦✱

‖∇ul(t)‖2L2(Ω)+‖ult(t)‖2L2(Ω)≤ CT

(
El(0)

){∫

Σ1

(
|g(ult)|2 + |ult|2 + |ul|2

)
dΣ1 +

∫

Q

|ul|2dQ
}
,

❞✐✈✐❞✐♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♣♦r C2
l ✱ ❞❡s❞❡ q✉❡ ũl =

1

Cl

ul✱ r❡s✉❧t❛

‖∇ũl(t)‖2L2(Ω)+‖ũlt(t)‖2L2(Ω)≤ CT

(
El(0)

)




∫

Σ1

(
|g(ult)|2 + |ult|2

)
dΣ1

‖ul‖2L2(Σ1)
+ ‖ul‖2L2(Q)

+ 1




. ✭✹✳✶✵✶✮

◆♦t❡ q✉❡✱ ♣♦r (4.91)✱ ❛ ❡①♣r❡ssã♦ q✉❡ ❡stá ♠✉❧t✐♣❧✐❝❛♥❞♦ CT

(
El(0)

)
✱ ❡♠ (4.101)✱ é ❧✐♠✐✲

t❛❞❛✳

❉❛í✱ ❞❡♥♦t❛♥❞♦ ❛ ♥♦✈❛ ❝♦♥st❛♥t❡ ❛✐♥❞❛ ♣❡❧♦ ♠❡s♠♦ ♥♦♠❡✱ t❡♠✲s❡

‖∇ũl(t)‖2L2(Ω)+‖ũlt(t)‖2L2(Ω)≤ CT

(
El(0)

)
0 ≤ t ≤ T. ✭✹✳✶✵✷✮

P♦rt❛♥❞♦✱ s❡ Γ0 6= ∅ ❡♥tã♦ ‖v‖H1
Γ0

(Ω)≤ C‖∇v‖L2(Ω)✱ ♣❛r❛ t♦❞♦ v ∈ H1
Γ0
(Ω)✳ ❆ss✐♠✱ ❞❡ (4.102)

r❡s✉❧t❛♠✿

• (ũl)
∞
l=1 é ❧✐♠✐t❛❞❛ ❡♠ H1(Q) ❀

• (ũl)
∞
l=1 é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;H1(Ω))✳

❙❡ Γ0 = ∅✱ ♥♦✈❛♠❡♥t❡ r❡❝♦rr❡♠♦s ❛ ❍✐♣ót❡s❡ (H − 5)− (ii)✱ ♣❛r❛ ♦❜t❡r

ε‖ul‖2L2(Ω) = ε

∫

Ω

|ul|2dΩ ≤
∫

Ω

F0(ul)dΩ ♦✉ ε‖ul‖2L2(Γ1)
= ε

∫

Γ1

|ul|2dΓ1 ≤
∫

Γ1

F1(ul)dΓ1,

❞❛í✱

El(t) ≥ ‖∇ul(t)‖2L2(Ω)+ε‖ul(t)‖2L2(Ω)≥ C‖ul(t)‖2H1(Ω)

♦✉

El(t) ≥ ‖∇ul(t)‖2L2(Ω)+ε‖ul(t)‖2L2(Γ)≥ C‖ul(t)‖2H1(Ω),

♦♥❞❡ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ é ❥✉st✐✜❝❛❞❛ ♣❡❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s✿

‖u(t)‖L2(Ω) ≤ C‖u(t)‖
H

1
2 (Ω)

≤ C‖u(t)‖L2(Γ),

❞❛❞❛s ♣♦r ✐♠❡rsõ❡s ✭✈❡❥❛ ❛ ❖❜s❡r✈❛çã♦ 1.13✱ ♥♦ ❈❛♣ít✉❧♦ ✶✮✳

❊♠ q✉❛❧q✉❡r ❝❛s♦✱ t❡♠♦s✿

• (ũl)
∞
l=1 é ❧✐♠✐t❛❞❛ ❡♠ H1(Q)❀

✶✷✸



• (ũl)
∞
l=1 é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;H1(Ω))✳

▲♦❣♦✱ ❞❡ ❢♦r♠❛ s✐♠✐❧❛r ❛♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ ✭♣❛ss❛♥❞♦ ❛ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✮ t❡♠✲s❡

∣∣∣∣∣∣∣∣∣

ũl ⇀ ũ ❡♠ H1(Q)

ũl −→ ũ ❢♦rt❡ ❡♠ L2(Q)

ũl −→ ũ ❢♦rt❡ ❡♠ L2(Σ).

✭✹✳✶✵✸✮

❆❞❡♠❛✐s✱ s❡♥❞♦ ũl =
1

Cl

ul✱ t❡♠♦s ❛ ❡q✉❛çã♦

∣∣∣∣∣∣∣∣∣∣

ũltt = ∆ũl −
f0(ul)

Cl

ũl = 0 , s♦❜r❡ Σ0

∂ũl
∂ν

=
−g(ult)− f1(ul)

Cl

, s♦❜r❡ Σ1.

✭✹✳✶✵✹✮

P❛r❛ ♣❛ss❛r ❛♦ ❧✐♠✐t❡ ❡♠ (4.104)✱ é ♥❡❝❡ssár✐♦ q✉❡ ❞❡t❡r♠✐♥❡♠♦s ♦s ❧✐♠✐t❡s ❞♦s t❡r♠♦s

♥ã♦ ❧✐♥❡❛r❡s✳ P❛r❛ ❡st❡ ✜♠✱ t❡♠♦s ❛

Pr♦♣♦s✐çã♦ ✹✳✹✳
g(ult)

Cl

−→ 0 ❡♠ L2(Σ1), q✉❛♥❞♦ l −→ ∞ ✭✹✳✶✵✺✮

f0(ul)

Cl

−→ f ′
0(0)ũ ❡♠ L2(Q), q✉❛♥❞♦ l −→ ∞ ✭✹✳✶✵✻✮

f1(ul)

Cl

−→ f ′
1(0)ũ ❡♠ L2(Σ1), q✉❛♥❞♦ l −→ ∞. ✭✹✳✶✵✼✮

❉❡♠♦♥str❛çã♦✿ ◆♦t❡ q✉❡ (4.105)✱ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❡ (4.91)✱ ♣♦✐s

∫

Σ1

[
g(ult)

Cl

]2
dΣ1 ≤

∫

Σ1

|ult|2dΣ1 +

∫

Σ1

|g(ult)|2dΣ1

‖ul‖2L2(Σ1)
+‖ul‖2L2(Q)︸ ︷︷ ︸
C2

l

−→ 0.

▲♦❣♦✱ ♣♦r (4.91)✱
g(ult)

Cl

−→ 0 ❡♠ L2(Σ1), q✉❛♥❞♦ l −→ ∞✳ ◗✉❛♥t♦ ❛ (4.106)✱ s❡❥❛ △l ❞❛❞♦

♣♦r

△l :=

∥∥∥∥f
′
0(0)ũl −

f0(ul)

Cl

∥∥∥∥
2

L2(Q)

=

∫

Q

∣∣∣∣f
′
0(0)ũl −

f0(ul)

Cl

∣∣∣∣
2

dQ =

=

∫

Q

|ũl|2
∣∣∣∣f

′
0(0)−

1

ũlCl

f0(ul)

∣∣∣∣
2

dQ,
(
♣♦✐s ũl =

1

Cl

ul

)

=

∫

Q

|ũl|2
∣∣∣∣f

′
0(0)−

1

ul
f0(ul)

∣∣∣∣
2

dQ

=

∫

{|ul|≤ǫ}
|ũl|2

∣∣∣∣f
′
0(0)−

f0(ul)

ul

∣∣∣∣
2

dQ+

∫

{|ul|>ǫ}
|ũl|2

∣∣∣∣f
′
0(0)−

f0(ul)

ul

∣∣∣∣
2

dQ,

✶✷✹



♦♥❞❡
{
|ul|≤ ǫ

}
:= {(x, t) ∈ Q; |ul(x, t)|≤ ǫ}✳ ❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ |a− b|2≤ 2a2 +2b2✱ t❡♠✲s❡

△l ≤
∫

{|ul|≤ǫ}
|ũl|2

∣∣∣∣f
′
0(0)−

f0(ul)

ul

∣∣∣∣
2

dQ+ 2|f ′
0(0)|2

∫

{|ul|>ǫ}
|ũl|2dQ+ 2

∫

{|ul|>ǫ}

|ũl|2|f0(ul)|2
|ul|2

dQ.

✭✹✳✶✵✽✮

❙❡♥❞♦
ũl
ul

=
1

Cl

❡ ♣❡❧❛ ❍✐♣ót❡s❡ (H − 2) |f0(s)|≤ C
(
|s|+|s|k0

)
✱ r❡s✉❧t❛

|ũl|2
|ul|2

|f0(ul)|2 ≤ C

( |ul|2
C2

l

+
|ul|2k0
C2

l

)
,

❢❛③❡♥❞♦ ρǫ := sup
‖x‖≤ǫ

∣∣∣∣f
′
0(0)−

f0(x)

x

∣∣∣∣✱ t❡♠♦s

∫

{|ul|≤ǫ}
|ũl|2

∣∣∣∣f
′
0(0)−

f0(ul)

ul

∣∣∣∣
2

dQ ≤ ρ2ǫ

∫

{|ul|≤ǫ}
|ũl|2dQ ✭✹✳✶✵✾✮

❡

2|f ′
0(0)|2

∫

{|ul|>ǫ}
|ũl|2dQ+ 2

∫

{|ul|>ǫ}

|ũl|2|f0(ul)|2
|ul|2

dQ ≤

≤
∫

{|ul|>ǫ}

[
2|f ′

0(0)|2
|ul|2
C2

l

+ 2C

( |ul|2
C2

l

+
|ul|2k0
C2

l

)]
dQ

=

∫

{|ul|>ǫ}

[(
2|f ′

0(0)|2 + 2C
) |ul|2
C2

l

+ 2C
|ul|2k0
C2

l

]
dQ

≤ C

∫

{|ul|>ǫ}

( |ul|2
C2

l

+
|ul|2k0
C2

l

)
dQ, ✭✹✳✶✶✵✮

♦♥❞❡ C ❞❡♥♦t❛
(
2|f ′

0(0)|2 + 2C
)
✳ ❆ss✐♠✱ ❞❡ (4.108)✱ (4.109) ❡ (4.110)✱ ♦❜t❡♠♦s

△l ≤ ρ2ǫ‖ũl‖2L2(Q)+C

∫

{|ul|>ǫ}

( |ul|2
C2

l

+
|ul|2k0
C2

l

)
dQ. ✭✹✳✶✶✶✮

◆♦t❡ q✉❡ f ′
0(0) = lim

x→0

f0(x)

x
✱ ❧♦❣♦✱ ρǫ −→ 0 q✉❛♥❞♦ ǫ −→ 0✳ ❈♦♠♦ ♣♦r (H − 2)✱ 2k0 > 2

s❡❣✉❡✲s❡ q✉❡ ǫ2k0−2 < |ul|2k0−2✱ ❞❛í

|ul|2<
|ul|2k0
ǫ2k0−2

,

s✉❜st✐t✉✐♥❞♦ ❡♠ (4.111)✱ ✈❡♠♦s q✉❡

△l ≤ ρ2ǫ‖ũl‖2L2(Q)+C

∫

{|ul|>ǫ}

|ul|2k0
C2

l

(
1 +

1

ǫ2k0−2

)
dQ

≤ ρ2ǫ‖ũl‖2L2(Q)+Cǫ

1

C2
l

‖ul‖2k0L2k0 (Q)

= ρ2ǫ‖ũ‖2L2(Q)+CǫC
2k0−2
l ‖ũl‖2k0L2k0 (Q)

, (♣♦✐s ul = Clũl).

❈♦♠♦ (ũl)
∞
l=1 é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;H1(Ω)) ❡ H1(Ω) ⊂ L2k0(Ω)✱ s❡❣✉❡✲s❡ q✉❡ (ũl)

∞
l=1 é

❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;L2k0(Ω)) ⊂ L2k0(0, T ;L2k0(Ω)) = L2k0(Q)✱ ♦✉ s❡❥❛✱

✶✷✺



• (ũl)
∞
l=1 é ❧✐♠✐t❛❞❛ ❡♠ L2k0(Q) ⊂ L2(Q)✳

❊♥tã♦✱ lim
l→∞

sup△l ≤ Cρ2ǫ , ♦♥❞❡ C = sup
l

‖ũl‖2L2(Q)❀ ❛ss✐♠✱

0 ≤ lim
l→∞

inf△l ≤ lim
l→∞

sup△l ≤ Cρ2ǫ −→ 0, q✉❛♥❞♦ ǫ −→ 0

❧♦❣♦

lim
l→∞

△l = lim
l→∞

∥∥∥∥f
′
0(0)ũl −

f0(ul)

Cl

∥∥∥∥
2

L2(Q)

= 0, ✭✹✳✶✶✷✮

❞❡s❞❡ q✉❡
f0(ul)

Cl

− f ′
0(0)ũ =

f0(ul)

Cl

− f ′
0(0)ũl + f ′

0(0)ũl − f ′
0(0)ũ,

t❡♠✲s❡ ∥∥∥∥
f0(ul)

Cl

− f ′
0(0)ũ

∥∥∥∥
L2(Q)

≤
∥∥∥∥
f0(ul)

Cl

− f ′
0(0)ũl

∥∥∥∥
L2(Q)

+ |f ′
0(0)|‖ũl − ũ‖L2(Q).

❉❛í✱ ✉s❛♥❞♦ (4.112)✱ (4.103) ❡ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡✱ ❝♦♥❝❧✉í♠♦s q✉❡

f0(ul)

Cl

−→ f ′
0(0)ũ ❡♠ L2(Q), q✉❛♥❞♦ l → ∞

✐st♦ ♣r♦✈❛ (4.106)✳ ❆ ❥✉st✐✜❝❛t✐✈❛ ❞❡ (4.107) é s✐♠✐❧❛r✱ ♦❜s❡r✈❛♥❞♦ q✉❡ ❞❡ (H − 3) − (iii)✱

♦❜té♠✲s❡ |f1(s)|≤M |s|k1+A|s|✳

❆❣♦r❛✱ ❛♣❧✐❝❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ❞❛ Pr♦♣♦s✐çã♦ 4.4 à ❡q✉❛çã♦ (4.104) ❡ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡

q✉❛♥❞♦ l −→ ∞✱ ♦❜t❡♠♦s ∣∣∣∣∣∣∣∣∣∣∣∣

ũtt = ∆ũ− f ′
0(0)ũ

∂ũ

∂ν
= −f ′

1(0)ũ ❡♠ Σ1

ũ = 0 ❡♠ Σ0

ũt = 0 ❡♠ Σ1.

✭✹✳✶✶✸✮

❈♦♠♦ ũtt = ∆ũ − f ′
0(0)ũ ∈ L2(0, T ;L2(Ω)) ❡ ũt ∈ L2(0, T ;L2(Ω))✱ ❢❛③❡♥❞♦ v = ũt ∈

C0[0, T ;L2(Ω)]✱ ❞❡ (4.113) t❡♠✲s❡

∣∣∣∣∣∣∣∣∣

vtt = ∆v − f ′
0(0)v

∂v

∂ν
= 0 s♦❜r❡ Σ1 ( ♣♦✐s ũt = 0 ❡♠ Σ1)

v = 0 s♦❜r❡ Σ0 ∪ Σ1 = Σ.

✭✹✳✶✶✹✮

▲♦❣♦✱ ♣♦r r❡s✉❧t❛❞♦s ❞❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❛ ♦♥❞❛✱ ♣❛r❛ T ❣r❛♥❞❡✱ s❡❣✉❡✲s❡ q✉❡

v ≡ ũt ≡ 0 ✭✹✳✶✶✺✮

✶✷✻



❞❛í✱ r❡t♦r♥❛♥❞♦ ❛ (4.113)✱ ✉s❛♥❞♦ (4.115)✱ ♦❜t❡♠♦s

∣∣∣∣∣∣∣∣∣

∆ũ− f ′
0(0)ũ = 0 ❡♠ Q

∂ũ

∂ν
= −f ′

1(0)ũ s♦❜r❡ Σ1

ũ = 0 s♦❜r❡ Σ0.

✭✹✳✶✶✻✮

P♦r ✜♠✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ (4.116) ♣♦r ũ ❡ ♣r♦❝❡❞❡♥❞♦ ❛♥❛❧♦❣❛♠❡♥t❡

❛♦ ❈❛s♦ ❆✱ t❡♠✲s❡ ũ = 0✳ ▼❛s✱ ♣♦r (4.98)✱ ‖ũl‖2L2(Σ1)
+‖ũl‖2L2(Q)= 1 ❡✱ ❢❛③❡♥❞♦ l −→ ∞ ❞❡✈❡♠♦s

t❡r

‖ũ‖2L2(Σ1
+‖ũ‖2L2(Q)= 1

♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ s❡r ũ = 0✳ ■st♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ 4.1✳

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (4.89)✱ ❝♦♠ ε > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❡ ♣♦r (4.90)✱ ♦❜t❡♠♦s

♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✹✳✺✳ ❙❡❥❛ T > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❊♥tã♦✱

E(T ) ≤ CT

(
E(0)

) ∫

Σ1

(
|ut|2 + |g(ut)|2

)
dΣ1.

❉❡♠♦♥str❛çã♦✿ ❈♦♠ ❡❢❡✐t♦✱ ♣❛r❛ ε > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ C1 = 1− ε[E(0)]2(k−1) > 0✱

♠✉❧t✐♣❧✐❝❛♥❞♦ (4.89) ♣♦r
1

C1

❡ ✉s❛♥❞♦ (4.90)✱ ✈❡♠♦s q✉❡

∫ T

0

E(t)dt ≤ C
(
E(0)

){∫

Σ1

(
|ut|2 + |g(ut)|2

)
dΣ1 + E(T )

}
.

❏á s❛❜❡♠♦s✱ ❞❡ (4.62)✱ q✉❡
d

dt
E(t) ≤ 0✱ ♦ q✉❡ ❛❝❛rr❡t❛ E(T ) ≤ E(t)✱ ♣❛r❛ 0 ≤ t ≤ T ✳ ❉❛í✱

E(T )T ≤ C
(
E(0)

){∫

Σ1

(
|ut|2 + |g(ut)|2

)
dΣ1 + E(T )

}
;

❛ss✐♠✱
[
T − C

(
E(0)

)]
E(T ) ≤ C

(
E(0)

) ∫

Σ1

(
|ut|2 + |g(ut)|2

)
dΣ1.

▲♦❣♦✱ ♣❛r❛ T s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❞❡ ♠♦❞♦ q✉❡
[
T − C

(
E(0)

)]
≥ δ > 0✱ ♦❜t❡♠♦s

E(T ) ≤ CT

(
E(0)

) ∫

Σ1

(
|ut|2 + |g(ut)|2

)
dΣ1.

❆♥t❡s ❞❡ ✜♥❛❧✐③❛r♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✷ ❛♣r❡s❡♥t❛♠♦s ❛ s❡❣✉✐♥t❡ ❡st✐♠❛✲

t✐✈❛✿

✶✷✼



▲❡♠❛ ✹✳✷✳ ❙❡❥❛ p(s) ❝♦♠♦ ❞❡✜♥✐❞♦ ❡♠ (4.11) ❡ s❡❥❛ T > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❊♥tã♦

p(E(T )) + E(T ) ≤ E(0).

❉❡♠♦♥str❛çã♦✿ Pr✐♠❡✐r♦ ❧❡♠❜r❡ q✉❡ ❞❡ (4.1) t❡♠♦s h(sg(s)) ≥ s2+ g2(s)✱ ❝♦♠ |s| ≤ N ✱ ♣❛r❛

❛❧❣✉♠ N > 0✳ ❙✉♣♦♥❤❛ N ≥ 1 ❡ ❞❡♥♦t❡♠♦s
∣∣∣∣∣∣
ΣA :=

{
(x, t) ∈ Σ1; |ut(x, t)|≥ N, ❝♦♠ ut ∈ L2(Σ1)

}

ΣB := Σ1 − ΣA.
✭✹✳✶✶✼✮

❉❛ ❍✐♣ót❡s❡ (H − 1)− (iii)✱ t❡♠♦s

M2s
2 ≤ sg(s) ≤M1s

2, ♣❛r❛ |s|≥ 1, 0 < M2 ≤M1

❧♦❣♦✱

s2 < M−1
2 sg(s) ✭✹✳✶✶✽✮

❡

sg(s) = |sg(s)| ≤M1|s|2 =⇒ |g(s)| ≤M1|s| =⇒ g2(s) ≤M1|s||g(s)| =M1sg(s). ✭✹✳✶✶✾✮

P♦rt❛♥t♦✱ ❞❡ (4.118) ❡ (4.119)✱ ♦❜té♠✲s❡

s2 + g2(s) ≤
(
M−1

2 +M1

)
sg(s), |s|≥ 1. ✭✹✳✶✷✵✮

◆♦ q✉❡ s❡❣✉❡✱ ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛ ❡s❝r✐t❛✱ ❡①♣r❡ssõ❡s ❞♦ t✐♣♦ v(x, t) s❡rã♦ ❞❡♥♦t❛❞❛s s✐♠✲

♣❧❡s♠❡♥t❡ ♣♦r v✳ ❊♥tã♦✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ t❡♠✲s❡
∫

ΣA

(
|g(ut)|2 + |ut|2

)
dΣA ≤

(
M−1

2 +M1

) ∫

ΣA

utg(ut)dΣA. ✭✹✳✶✷✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ (4.1)✱ ❞❛ ❍✐♣ót❡s❡ (H − 1) − (ii) ❡✱ s❡♥❞♦ h ❝r❡s❝❡♥t❡✱ ❝♦♠ h(0) = 0✱

t❡♠✲s❡
∫

ΣB

(
|g(ut)|2 + |ut|2

)
dΣB ≤

∫

ΣB

h(utg(ut))dΣB ≤
∫

Σ1

h(utg(ut))dΣ1. ✭✹✳✶✷✷✮

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♥ ✺✳✷✵✱
∫

ΣB

h(utg(ut))dΣB ≤ medΣ1h

(
1

medΣ1

∫

Σ1

utg(ut)dΣ1

)
≤ medΣ1h̃

(∫

Σ1

utg(ut)dΣ1

)
,

✭✹✳✶✷✸✮

✈✐st♦ q✉❡ h̃(x) = h

(
x

medΣ1

)
✳ ❈♦♠❜✐♥❛♥❞♦ ♦s r❡s✉❧t❛❞♦s (4.121), (4.122) ❡ (4.123)✱ t❡♠✲s❡ ❛

❡st✐♠❛t✐✈❛∫

Σ1

(
|g(ut)|2 + |ut|2

)
dΣ1 =

∫

ΣA

(
|g(ut)|2 + |ut|2

)
dΣA +

∫

ΣB

(
|g(ut)|2 + |ut|2

)
dΣB

≤
(
M−1

2 +M1

) ∫

Σ1

utg(ut)dΣ1 +medΣ1h̃

(∫

Σ1

utg(ut)dΣ1

) ✭✹✳✶✷✹✮

✶✷✽



❛ q✉❛❧✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ 4.5✱ ♥♦s ❢♦r♥❡❝❡

E(T ) ≤ CT

(
E(0)

){(
M−1

2 +M1

) ∫

Σ1

utg(ut)dΣ1 +medΣ1h̃

(∫

Σ1

utg(ut)dΣ1

)}
. ✭✹✳✶✷✺✮

❚♦♠❛♥❞♦

k =
1

CT

(
E(0)

)
medΣ1

❡ C =

(
M−1

2 +M1

)

medΣ1

,

❞❡ (4.125) ❡ ❛ss✉♠✐♥❞♦ q✉❡ CT

(
E(0)

)
≥ 1✱ ✭✈✐st♦ q✉❡ ❞♦ ❝♦♥trár✐♦ ❛ ♠✉❧t✐♣❧✐❝❛♠♦s ♣♦r ✉♠❛

❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ❞❡ ♠♦❞♦ q✉❡ ❛ ♥♦✈❛ ❡①♣r❡ssã♦ ♦❜t✐❞❛ ♣♦ss✉❛ t❛❧ ♣r♦♣r✐❡❞❛❞❡✮✱ t❡♠✲s❡

kE(T ) ≤ C

∫

Σ1

utg(ut)dΣ1 + h̃

(∫

Σ1

utg(ut)dΣ1

)
= (CI + h̃)

(∫

Σ1

utg(ut)dΣ1

)
.

❆ss✐♠✱ ✉s❛♥❞♦ t❛♠❜é♠ (4.62)✱ ✈❡♠♦s q✉❡

(CI + h̃)−1(kE(T )) ≤
∫

Σ1

utg(ut)dΣ1 = E(0)− E(T ),

❧♦❣♦✱ ❞❡s❞❡ q✉❡ p(x) = (CI + h̃)−1(kx)✱ ♦❜t❡♠♦s

p(E(T )) + E(T ) ≤ E(0),

✐st♦ ♣r♦✈❛ ♦ r❡s✉❧t❛❞♦ ♥❡st❡ ❝❛s♦✳ ❙❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❢♦r 0 < N < 1✱ ❝♦♥s✐❞❡r❡

ΣÃ :=
{
(x, t) ∈ ΣA;N ≤ |ut(x, t)|< 1, ❝♦♠ ut ∈ L2(Σ1)

}
.

❊♥tã♦✱

∫

ΣA

(
|g(ut)|2 + |ut|2

)
dΣA =

∫

Σ
A−Ã

(
|g(ut)|2 + |ut|2

)
dΣA +

∫

Σ
Ã

(
|g(ut)|2 + |ut|2

)
dΣÃ.

❖❜s❡r✈❡ q✉❡ ❡♠ ΣA−Ã ✈❛❧❡ ♦ ✐t❡♠ (iii) ❞❡ (H − 1) ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❛s ❛♥á❧✐s❡s ❢❡✐t❛s

❛♥t❡r✐♦r♠❡♥t❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡♥❞♦ g ❝♦♥tí♥✉❛ s❡❣✉❡✲s❡ q✉❡ g(s) é ❧✐♠✐t❛❞❛ ♣❛r❛ N ≤ |s| < 1✱

❝♦♠♦ g é ❝r❡s❝❡♥t❡✱ ❝♦♠ g(0) = 0✱ ❞❡✜♥✐♥❞♦ r = max{|g(−1)|, g(1)} ✈❡♠♦s q✉❡ |g(s)| ≤ r ♣❛r❛

t♦❞♦ s s❛t✐s❢❛③❡♥❞♦ N ≤ |s| < 1✱ ❧♦❣♦ ♣❛r❛ t❛✐s ✈❛❧♦r❡s ❞❡ s✱ g2(s) ≤ r2✳ ❊♥tã♦✱ |g(ut(x, t))|2 ≤
r2, ♣❛r❛ t♦❞♦ (x, t) ∈ ΣÃ✱ s❡♥❞♦ |ut(x, t))|2 < 1✱ ♣❛r❛ t♦❞♦ (x, t) ∈ ΣÃ✱ ❞❡st❛s ♦❜s❡r✈❛çõ❡s

r❡s✉❧t❛ ∫

Σ
Ã

(
|g(ut)|2 + |ut|2

)
dΣÃ ≤

∫

Σ
Ã

(
1 + r2

)
dΣÃ = (1 + r2)medΣÃ.

▲♦❣♦✱

∫

ΣA

(
|g(ut)|2 + |ut|2

)
dΣA ≤

(
M1 +M−1

2

) ∫

Σ
A−Ã

(
|g(ut)|2 + |ut|2

)
dΣA + (1 + r2)medΣÃ.

✶✷✾



❚❡♠♦s ❞♦✐s ❝❛s♦s ❛ ❛♥❛❧✐s❛r✱ q✉❛✐s s❡❥❛♠✿

• ❙❡

(1 + r2)medΣÃ ≤
(
M1 +M−1

2

) ∫

Σ
A−Ã

(
|g(ut)|2 + |ut|2

)
dΣA,

❡♥tã♦ ∫

ΣA

(
|g(ut)|2 + |ut|2

)
dΣA ≤ 2

(
M1 +M−1

2

) ∫

Σ
A−Ã

(
|g(ut)|2 + |ut|2

)
dΣA

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❝♦♠

C =
2
(
M−1

2 +M1

)

medΣ1

.

• ❈❛s♦ s❡❥❛

0 ≤
(
M1 +M−1

2

) ∫

Σ
A−Ã

(
|g(ut)|2 + |ut|2

)
dΣA < (1 + r2)medΣÃ

❝♦♥s✐❞❡r❡ M t❛❧ q✉❡

(1 + r2)medΣÃ ≤M
(
M1 +M−1

2

) ∫

Σ
A−Ã

(
|g(ut)|2 + |ut|2

)
dΣA,

❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❝♦♠

C =
M
(
M−1

2 +M1

)

medΣ1

.

P❛r❛✱ ✜♥❛❧♠❡♥t❡✱ ❝♦♥❝❧✉✐r♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ 4.1 ♥❡❝❡ss✐t❛♠♦s ❞♦ s❡❣✉✐♥t❡

r❡s✉❧t❛❞♦✿

▲❡♠❛ ✹✳✸✳ ❙❡❥❛ p ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛✱ ❝r❡s❝❡♥t❡ t❛❧ q✉❡ p(0) = 0✳ ❙❡♥❞♦ p ❝r❡s❝❡♥t❡✱ ♣♦❞❡♠♦s

❞❡✜♥✐r ❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡ q(x) = x− (I + p)−1(x)✳ ❈♦♥s✐❞❡r❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ (sm)
∞
m=1✱ ❞❡

♥ú♠❡r♦s ♣♦s✐t✐✈♦s✱ s❛t✐s❢❛③❡♥❞♦

sm+1 + p(sm+1) ≤ sm. ✭✹✳✶✷✻✮

❊♥tã♦✱ sm ≤ S(m)✱ ♦♥❞❡ S(t) é ❛ s♦❧✉çã♦ ❞❛ ❊q✉❛çã♦ ❉✐❢❡r❡♥❝✐❛❧
∣∣∣∣∣∣

d

dt
S(t) + q(S(t)) = 0

S(0) = s0

✭✹✳✶✷✼✮

❆❧é♠ ❞✐ss♦✱ s❡ p(x) > 0 ♣❛r❛ x > 0 ❡♥tã♦ lim
t→∞

S(t) = 0✳

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡ q✉❡ t❛❧ s❡q✉ê♥❝✐❛ (sm)
∞
m=1 ❡①✐st❡✱ ♣♦✐s s❡♥❞♦ p ❝r❡s❝❡♥t❡ ❡ p(0) = 0✱

❡①✐st❡ (I + p)−1✳ ❉❡✜♥❛

s0 > s1 = 1, s2 = (I + p)−1
(s1
2

)
, ... , sm+1 = (I + p)−1

( sm
m+ 1

)
, m ≥ 2.

✶✸✵



❚❡♠♦s✿

s2 = (I + p)−1
(1
2

)
⇐⇒ (I + p)(s2) =

1

2
< s1;

s3 = (I + p)−1
(s2
3

)
⇐⇒ (I + p)(s3) =

s2
3
< s2;

✳✳✳
✳✳✳

sm+1 = (I + p)−1
( sm
m+ 1

)
⇐⇒ (I + p)(sm+1) =

sm
m+ 1

< sm. �

❆ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✹✳✸ s❡rá ❢❡✐t❛ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ m✳ Pr✐♠❡✐r♦ ♥♦t❡♠♦s q✉❡ s1 ≤ S(1)✳

❈♦♠ ❡❢❡✐t♦✱ ❞❡ (4.126)

(I + p)(s1) ≤ s0,

❝♦♠♦ (I + p)−1 é ❝r❡s❝❡♥t❡✱ t❡♠✲s❡

s1 ≤ (I + p)−1(s0) = s0 − q(s0). ✭✹✳✶✷✽✮

❙❡♥❞♦ q ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛✱ ✭✈❡❥❛ ❛ ❝♦♥str✉çã♦ ♥♦ ✐♥í❝✐♦ ❞❡st❡ ❈❛♣ít✉❧♦✮ s❡❣✉❡ ❞❡ (4.127) q✉❡
d

dt
S(t) ≤ 0❀ ❛ss✐♠ S(t) é ♥ã♦ ❝r❡s❝❡♥t❡✱ ✐st♦ é✱

S(t) ≤ S(τ), ∀t ≥ τ. ✭✹✳✶✷✾✮

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ 0 ≤ t✱ S(t) ≤ S(0) = s0 ♦ q✉❡ ✐♠♣❧✐❝❛ q(S(t)) ≤ q(S(0)) = q(s0)✱ ✭♣♦✐s q é

❝r❡s❝❡♥t❡✮✳ ▲♦❣♦✱ ✐♥t❡❣r❛♥❞♦ (4.127) ❞❡ 0 ❛ 1✱ t❡♠✲s❡

0 = S(1)− S(0) +

∫ 1

0

q(S(t))dt ≤ S(1)− S(0) +

∫ 1

0

q(s0)dt = S(1)− s0 + q(s0),

❞♦♥❞❡✱ ♣♦r (4.128)✱ s1 ≤ s0 − q(s0) ≤ S(1)✳

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡ ♦ r❡s✉❧t❛❞♦ é ✈á❧✐❞♦ ♣❛r❛ m > 1✱ ✐st♦ é✱ sm ≤ S(m)✳ ❱❛♠♦s

♠♦str❛r q✉❡ sm+1 ≤ S(m+1). ❉❡ ❢❛t♦✱ ❞❡ (4.126) ✈❡♠♦s q✉❡ (I+p)(sm+1) ≤ sm✱ ♦ q✉❡ ✐♠♣❧✐❝❛

sm+1 ≤ (I + p)−1(sm) = sm − q(sm). ✭✹✳✶✸✵✮

❉❡ (4.129)✱ s❡❣✉❡✲s❡ q✉❡ ♣❛r❛ m ≤ t ≤ m + 1✱ ✈❛❧❡ S(t) ≤ S(m)✱ ❡♥tã♦ ✐♥t❡❣r❛♥❞♦ (4.127) ❞❡

m ❛ m+ 1✱ ♦❜t❡♠♦s

0 = S(m+ 1)− S(m) +

∫ m+1

m

q(S(t))dt

≤ S(m+ 1)− S(m) +

∫ m+1

m

q(S(m))dt

= S(m+ 1)− S(m) + (m+ 1)q(S(m))−mq(S(m))

= S(m+ 1)− S(m) + q(S(m))

= S(m+ 1)− (I + p)−1(S(m)),

✭✹✳✶✸✶✮

✶✸✶



♦✉ s❡❥❛✱

(I + p)−1(S(m)) ≤ S(m+ 1).

❈♦♠♦✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ sm ≤ S(m) ❡ (I + p)−1 é ❝r❡s❝❡♥t❡✱ ❞❡ (4.130)✱ ♦❜t❡♠♦s

sm+1 ≤ (I + p)−1(sm) ≤ (I + p)−1(S(m)) ≤ S(m+ 1)

❝♦♠♦ q✉❡rí❛♠♦s✳

P❛r❛ ✜♥❛❧✐③❛r ❛ ♣r♦✈❛ ❞♦ ❧❡♠❛✱ r❡st❛ ♣r♦✈❛r q✉❡ s❡ p(t) > 0✱ ♣❛r❛ t > 0✱ ❡♥tã♦ lim
t→∞

S(t) = 0✳

Pr✐♠❡✐r♦ ♥♦t❡ q✉❡ s❡ t ∈ R+ ❡♥tã♦ ❡①✐st❡ m ∈ Z t❛❧ q✉❡ m ≤ t ≤ m+ 1✱ ❧♦❣♦

0 ≤ sm+1 ≤ S(m+ 1) ≤ S(t),

❞♦♥❞❡ S(t) ≥ 0✱ ♣❛r❛ t♦❞♦ t ∈ R+✱ ♣♦rt❛♥t♦ S(t) é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ R+✳ ❆ss✐♠✱

lim
t→∞

S(t) = inf{S(t), t ≥ 0} = C ≥ 0.

❱❛♠♦s ♣r♦✈❛r q✉❡ C = 0✳ ❉❡ ❢❛t♦✱ s❡ C > 0 ❡♥tã♦✱ ♣♦r ❤✐♣ót❡s❡✱ p(C) > 0✱ ❧♦❣♦

C + p(C) = (I + p)(C) > C =⇒ C > (I + p)−1(C)

♣♦r ✐ss♦✱ 0 < q(C)✳

❈♦♠♦ 0 ≤ S(1) ≤ S(0)✱ ❡①✐st❡ m ∈ N t❛❧ q✉❡ S(0) < mq(C)✱ ✐st♦ é✱

S(0)−mq(C) < 0. ✭✹✳✶✸✷✮

❙❡❥❛ 0 ≤ τ ≤ m ≤ t❀ ❛ss✐♠ S(t) ≤ S(m) ≤ S(τ) ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

q(S(t)) ≤ q(S(m)) ≤ q(S(τ))

♦✉ ❛✐♥❞❛✱

−q(S(t)) ≥ −q(S(m)) ≥ −q(S(τ)), ✭✹✳✶✸✸✮

❞♦♥❞❡✱ ♣♦r (4.127)

S(m) = S(0)−
∫ m

0

q(S(τ))dτ ≤ S(0)−mq(S(t)),

❝♦♠♦ lim
t→∞

S(t) = C✱ ❢❛③❡♥❞♦ t −→ ∞ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ✉s❛♥❞♦ (4.132)✱ t❡♠✲s❡

S(m) ≤ S(0)−mq(C) < 0

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ✈✐st♦ q✉❡ S(t) ≥ 0 ❡♠ R+✱ ♣♦rt❛♥t♦ C = 0✱ ♦✉ s❡❥❛✱ lim
t→∞

S(t) = 0✳

✶✸✷



❋✐♥❛❧♠❡♥t❡✱ ❥á ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ 4.1✳ ❱❡❥❛♠♦s✿

❉❡♠♦♥str❛çã♦✿ ✭❞♦ ❚❡♦r❡♠❛ 4.1✮ ▲❡♠❜r❡✲s❡ q✉❡ ♦ r❡s✉❧t❛❞♦ ❞♦ ▲❡♠❛ 4.2 é ✈❛❧✐❞♦ ❡♠ (0, T )✱

❝♦♠ T > T0✱ ♣❛r❛ ❛❧❣✉♠ T0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❉❡s❞❡ q✉❡✱ ♣❛r❛m ≥ 0✱ (m+1)T ≥ T > T0✱

♦ r❡s✉❧t❛❞♦ ❞♦ ▲❡♠❛ 4.2 é ✈á❧✐❞♦ s♦❜r❡ ♦ ✐♥t❡r✈❛❧♦ (0, (m+ 1)T )✳ ▲♦❣♦✱

E
(
(m+ 1)T

)
+ p
(
E
(
(m+ 1)T

))
≤ E(0),

❝♦♠

k =
1

C(m+1)T

(
E(0)

)
medΣ1

❡ C =
(M−1

2 +M1)

medΣ1

.

❆❣♦r❛✱ ♥♦ ▲❡♠❛ 4.2✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ✐♥t❡r✈❛❧♦
(
mT, (m + 1)T

)
♥♦ ❧✉❣❛r ❞❡ (0, T )✱ ❝♦♠ m =

0, 1, 2, ...✱ t❡♠✲s❡

E
(
(m+ 1)T

)
+ p̃
(
E
(
(m+ 1)T

))
≤ E(mT ), ✭✹✳✶✸✹✮

❝♦♠

p̃(x) = (C̃ + h̃)−1(k̃x)

♦♥❞❡✱

k̃ =
1

C(m+1)T

(
E(mT )

)
medΣ̃1

❡ C̃ =
M−1

2 (M2
1 + 1)

medΣ̃1

s❡♥❞♦ Σ̃1 := Γ1 ×
(
mT, (m+ 1)T

)
✳ ▼❛s✱ med(0, T ) = med

(
mT, (m+ 1)T

)
= T ✱ ❞❛í

medΣ1 = medΣ̃1 ❡ C̃ = C.

❈♦♠♦ E(mT ) ≤ E(0)✱ ❡♥tã♦ k ≤ k̃ ♦ q✉❡ ❛❝❛rr❡t❛ kx ≤ k̃x✱ ❝♦♠ x ≥ 0✳ ❆❞❡♠❛✐s✱

p(x) = (CI + h̃)−1(kx)✱ ❧♦❣♦

Cp(x) + h̃(p(x)) = kx ≤ k̃x =⇒ p(x) ≤ (CI + h̃)−1(k̃x) = p̃(x),

♦✉ s❡❥❛✱ p(x) ≤ p̃(x) ❡ ♣♦r (4.134)✱ ♦❜té♠✲s❡

E
(
(m+ 1)T

)
+ p
(
E
(
(m+ 1)T

))
≤ E(mT ).

❙❡❥❛♠ sm = E(mT ), s0 = E(0)✱ ❞❡ss❡ ♠♦❞♦✱

sm+1 + p(sm+1) ≤ sm, m = 0, 1, 2, . . .

❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ 4.3✱ sm ≤ S(m)✱ ♦♥❞❡ S(t) é s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦

d

dt
S(t) + q(S(t)) = 0, S(0) = s0,

✶✸✸



❞❛í✱ E(mT ) = sm ≤ S(m), ♣❛r❛ m = 0, 1, 2, . . . ❡ t > T ✳ P♦rt❛♥t♦✱ t♦♠❛♥❞♦ t = mT + τ ✱ ❝♦♠

0 ≤ τ < T ✳ ❙❡♥❞♦ mT < t✱ t❡♠✲s❡

E(t) ≤ E(mT ) ≤ S(m) = S

(
t− τ

T

)
. ✭✹✳✶✸✺✮

❈♦♠♦

τ < T =⇒ τ

T
< 1 =⇒ −1 < − τ

T
=⇒ t

T
− 1 <

t− τ

T
=⇒ S

(
t− τ

T

)
≤ S

(
t

T
− 1

)
,

❞❡ (4.135) ♦❜t❡♠♦s

E(t) ≤ S

(
t

T
− 1

)
, t > T.

❈♦r♦❧ár✐♦ ✹✳✶✳ ❆ss✉♠❛ q✉❡ ❛❧é♠ ❞❛s ❤✐♣ót❡s❡s ✭❍✲✶✮✲✭❍✲✺✮✱ ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s

a, b✱ t❡♠✲s❡ ∣∣∣∣∣∣
g(s)s ≤ bs2, ♣❛r❛ ❝❛❞❛ ♥ú♠❡r♦ r❡❛❧ s

g(s)s ≥ a|s|p+1, ♣❛r❛ |s| ≤ 1, ♣❛r❛ ❛❧❣✉♠ p ≥ 1.
✭✹✳✶✸✻✮

❊♥tã♦✱ ∣∣∣∣∣∣
E(t) ≤ Ce−αt, s❡ p = 1

E(t) ≤ Ct
2

1−p , s❡ p > 1,
✭✹✳✶✸✼✮

♦♥❞❡ ❛♠❜❛s ❛s ❝♦♥st❛♥t❡s C > 0 ❡ α > 0 ❞❡♣❡♥❞❡♠✱ ❡♠ ❣❡r❛❧✱ ❞❡ E(0) ✭❡①❝❡t♦ ♣❛r❛ k = 1✮✳

❉❡♠♦♥str❛çã♦✿ ➱ s✉✜❝✐❡♥t❡ ❝♦♥str✉✐r ✉♠❛ ❢✉♥çã♦ h ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ (4.1)✳ ◆❛ ✈❡r❞❛❞❡

♣♦❞❡♠♦s t♦♠❛r h = a−
2

p+1 (1 + b2)sm✱ ♦♥❞❡ m =
2

p+ 1
≤ 1✳ ❊♥tã♦✱

p(s) = (cI + h̃)−1(ks),

✐st♦ é✱

cp+ d(a, b)sm = ks,

♦♥❞❡ d = d(a, b) é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ❞❡♣❡♥❞❡ ❞❡ a ❡ b✳ ▲❡♠❜r❛♥❞♦ q✉❡

q(s) = s− (I + p)−1(s).

❉❡s❞❡ q✉❡ ♣❛r❛ s ♣❡q✉❡♥♦ ❡ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ α > 0✱ ❞❡♣❡♥❞❡♥❞♦✱ ❡♠ ❣❡r❛❧✱ ❞❡ E(0) ✭❛ ♠❡♥♦s

q✉❡ k = 1✮✱ t❡♠✲s❡ p(s) ∼ αs
1
m ❡ ♣♦rt❛♥t♦ q(s) ∼ αs

1
m ✱ r❡s♦❧✈❡♥❞♦ ❡q✉❛çã♦ (4.14) ❝♦♠ q ❝♦♠♦

❛❝✐♠❛✱ ♦❜t❡♠♦s

S(t)x =

∣∣∣∣∣∣
c1
(
t+ c2x

1−p
2

) 2
1−p , s❡ p > 1

e−αtx, s❡ p = 1,
✭✹✳✶✸✽✮

♦♥❞❡ c1, c2 ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s ❞❡ α ❡ p✳ ❆❣♦r❛✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❛ ♣❛rt✐r ❞♦ ❚❡♦r❡♠❛ ✹✳✶✳

✶✸✹



✹✳✶ ❆♣❧✐❝❛çã♦

❈♦♠♦ ❛♣❧✐❝❛çã♦ ❞♦ ♠ét♦❞♦ ❛q✉✐ ❡st✉❞❛❞♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r✱ ❞❡ ❢♦r♠❛ ❜❛st❛♥t❡ s✉❝✐♥t❛✱

✉♠ r❡s✉❧t❛❞♦ ❞♦ tr❛❜❛❧❤♦ ✐♥t✐t✉❧❛❞♦ ❲❡❧❧✲♣♦s❡❞♥❡ss ❛♥❞ ♦♣t✐♠❛❧ ❞❡❝❛② r❛t❡s ❢♦r t❤❡

✇❛✈❡ ❡q✉❛t✐♦♥ ✇✐t❤ ♥♦♥❧✐♥❡❛r ❜♦✉♥❞❛r② ❞❛♠♣✐♥❣✲s♦✉r❝❡ ✐♥t❡r❛❝t✐♦♥✱ r❡❛❧✐③❛❞♦ ♣♦r

▼❛r❝❡❧♦ ▼✳ ❈❛✈❛❧❝❛♥t✐❀ ❱❛❧ér✐❛ ◆✳ ❉✳ ❈❛✈❛❧❝❛♥t✐ ❡ ■r❡♥❛ ▲❛s✐❡❝❦❛✳ ❖ tr❛❜❛❧❤♦ ❛❝✐♠❛ ❝✐t❛❞♦✱

❛♣❡s❛r ❞❡ tr❛t❛r ✉♠ ❝❛s♦ ❜❡♠ ♠❛✐s ❣❡r❛❧ ❞❡ ❡①✐stê♥❝✐❛ ❡ ❡st❛❜✐❧✐❞❛❞❡✱ ❛♣❧✐❝❛ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛

♠❡s♠❛ té❝♥✐❝❛ ✉t✐❧✐③❛❞❛ ❡♠ ❬✶✽❪✳

❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ♠♦❞❡❧♦ ❞❡ ❡q✉❛çã♦ ❞❡ ♦♥❞❛ s❡♠✐❧✐♥❡❛r ❝♦♠ ❞✐ss✐♣❛çã♦ ♥ã♦ ❧✐♥❡❛r ♥❛

❢r♦♥t❡✐r❛✳ ∣∣∣∣∣∣∣∣∣

utt = ∆u+ f(u), s♦❜r❡ Ω× (0,∞)
∂u

∂ν
+ u+ g(ut) = h(u) s♦❜r❡ Γ× (0,∞)

u(0) = u0 ∈ H1(Ω), ut(0) = u1 ∈ L2(Ω),

✭✹✳✶✸✾✮

♦♥❞❡ f(u), g(ut), h(u) sã♦ ♦s ♦♣❡r❛❞♦r❡s ◆❡♠②ts❦✐✐✷✱ ❛ss♦❝✐❛❞♦s ❛s ❢✉♥çõ❡s ❡s❝❛❧❛r❡s ❝♦♥tí♥✉❛s

f(s), g(s) ❡ h(s)✱ ❞❡✜♥✐❞❛s ♣❛r❛ s ∈ R✳ ❆ ❢✉♥çã♦ g(s) é ❛ss✉♠✐❞❛ ♠♦♥ót♦♥❛✳

◆♦ tr❛❜❛❧❤♦ ❡♠ q✉❡stã♦✱ ♦s ❛✉t♦r❡s ❛❝✐♠❛ ❝✐t❛❞♦s✱ tê♠ ❝♦♠♦ ❢♦❝♦ ♣r✐♥❝✐♣❛❧ ❡st✉❞❛r ❞♦✐s

♣♦♥t♦s✿ ❛ ❜♦❛ ♣♦st✉r❛ ❞♦ s✐st❡♠❛ ❞❛❞♦ ♣♦r (4.139)✱ ♥♦ ❡s♣❛ç♦ ❞❡ ❡♥❡r❣✐❛ ✜♥✐t❛✱ ♦✉ s❡❥❛✱

H1(Ω)× L2(Ω)❀ ❡ ❛ ♦❜t❡♥çã♦ ❞❡ t❛①❛s ❞❡ ❞❡❝❛✐♠❡♥t♦ ✉♥✐❢♦r♠❡s ❞❛ ❡♥❡r❣✐❛ q✉❛♥❞♦ t→ ∞✳

❇♦❛ ♣♦st✉r❛ ❞♦ ♣r♦❜❧❡♠❛

P❛r❛ ❛ ❜♦❛ ♣♦st✉r❛ ❞♦ ♣r♦❜❧❡♠❛✱ ✐♥✐❝✐❛❧♠❡♥t❡ s✉♣õ❡✲s❡ ♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❞✐ss✐♣❛çã♦ é

❛ss✉♠✐❞❛ ❢♦rt❡♠❡♥t❡ ♠♦♥ót♦♥❛✳ ◆❡ss❡ ❝❛s♦✱ ♦❜té♠✲s❡ ❡①❝❧✉s✐✈✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s✳

❯s❛♥❞♦ ❛ ♥♦t❛çã♦ U(t) = (u(t), ut(t))✱ H := H1(Ω)× L2(Ω)✱ ♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ é ❞❛❞♦

♣♦r✿

❚❡♦r❡♠❛ ✹✳✷✳ ❆ss✉♠❛ q✉❡✿

(i) g é ❝♦♥tí♥✉❛ ❡ ❢♦rt❡♠❡♥t❡ ♠♦♥ót♦♥❛✱ ✐st♦ é✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ξ t❛❧ q✉❡
[
g(s1)− g(s2)

]
(s1 − s2) ≥ ξ|s1 − s2|2❀

(ii) f é ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❞❡ H1(Ω) → L2(Ω)❀

(iii) h̃(u) := h(u|Γ) é ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❞❡ H1(Ω) → L2(Γ)✳

✷❙❡❥❛♠ Ω ⊂ Rn ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✱ f : Ω×R → R ✉♠❛ ❢✉♥çã♦ s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❈❛r❛t❤❡♦❞♦r② ❡

M := {u : Ω → R; u é ♠❡♥s✉rá✈❡❧}✳ ❖ ♦♣❡r❛❞♦r Nf : M → M ❞❛❞♦ ♣❡❧❛ ❢ór♠✉❧❛ Nf (u) = f(x, u(x)) é ❝❤❛♠❛❞♦

♦♣❡r❛❞♦r ❞❡ ◆❡♠②ts❦✐✐✳

✶✸✺



❊♥tã♦✱ ❡①✐st❡ ú♥✐❝❛ s♦❧✉çã♦ ❧♦❝❛❧ U ∈ C0([0, TM);H) t❛❧ q✉❡ ut,∇u|Γ ∈ L2(0, TM × Γ)✱ ♦♥❞❡

TM ❞❡♣❡♥❞❡ ❞❛ |U(0)|H ❡ ❞❡ m1✱ s❡♥❞♦ ❛ ❝♦♥st❛♥t❡ m1 t❛❧ q✉❡ sg(s) ≥ m1|s|2, |s| ≥ 1✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✳ ❈❛✈❛❧❝❛♥t✐❀ ❱✳ ◆✳ ❉✳ ❈❛✈❛❧❝❛♥t✐ ❡ ■✳ ▲❛s✐❡❝❦❛ ❬✽❪✳

❖❜s❡r✈❛çã♦ ✹✳✸✳ ◆♦t❡ q✉❡ ✉♠❛ ✈❡rsã♦ ❣❧♦❜❛❧✱ ✭❝♦♠ ❝♦♥❞✐çõ❡s ❣❧♦❜❛✐s ❞❡ ▲✐♣s❝❤✐t③ ✐♠♣♦st❛s ❛

f ❡ h✮ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ é ❞❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✳ ❆ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✷

t❡♠ ❝♦♠♦ ❜❛s❡ ♦ ❛r❣✉♠❡♥t♦ ✉t✐❧✐③❛❞♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✱ ❛tr❛✈és ❞❛ t❡♦r✐❛ ❞♦s

♦♣❡r❛❞♦r❡s ♠❛①✐♠❛✐s ♠♦♥ót♦♥♦s✳

❖ r❡s✉❧t❛❞♦ ❢♦r♠✉❧❛❞♦ ❛ s❡❣✉✐r ❛❜r❡ ♠ã♦ ❞❛ s✉♣♦s✐çã♦ ❞❡ ❢♦rt❡ ♠♦♥♦t♦♥✐❝✐❞❛❞❡✳ P♦ré♠✱

♥❡ss❡ ❝❛s♦✱ ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞❡ ❡♥❡r❣✐❛ ✜♥✐t❛ é ♣❡r❞✐❞❛✳ P❛r❛ ❡♥✉♥❝✐❛r t❛❧ r❡s✉❧t❛❞♦

❝♦♥s✐❞❡r❛✲s❡ ❛ s❡❣✉✐♥t❡ ❤✐♣ót❡s❡✿

❍✐♣ót❡s❡ ◆✲✶

(i) g é ❝♦♥tí♥✉❛ ♠♦♥ót♦♥❛ ❡ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦✱ ♣❛r❛ ❛❧❣✉♠ q > 0

mq|s|q+1 ≤ sg(s) ≤Mq|s|q+1, ♣❛r❛ |s| ≥ 1;

(ii) f é ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❞❡ H1(Ω) → L2(Ω)❀

(iii) h̃(u) := h(u|Γ) é ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❞❡ H1−ǫ(Ω) → L
q+1
q (Γ)✱ ❝♦♠ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡

♣❡q✉❡♥♦✳

❚❡♦r❡♠❛ ✹✳✸✳ ❆ss✉♠❛ ❛ ❍✐♣ót❡s❡ ◆✲✶✳ ❊①✐st❡ ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛✱ ❧♦❝❛❧✱ U ∈ C0([0, TM);H)✱

♦♥❞❡ TM ❞❡♣❡♥❞❡ ❞❛ ♥♦r♠❛ |U(0)|H ❡ ❞❡ mq✳ ❆❧é♠ ❞✐ss♦✱ ut|Γ ∈ Lq+1((0, TM) × Γ)✱
∂u

∂ν
∈

L
q+1
q ((0, TM)×Γ) ❡ ❛ s♦❧✉çã♦ ♣♦❞❡ ♥ã♦ s❡r ú♥✐❝❛✳ ❙❡ ❛❞❡♠❛✐s✱ ❛ ♣r✐♦r✐ ❛ss✉♠✐r♠♦s q✉❡ |U(t)|H ✱

(t > 0) é ❧✐♠✐t❛❞♦✱ ❡♥tã♦ TM = ∞ ❡ ❛ s♦❧✉çã♦ ❢r❛❝❛ s❛t✐s❢❛③ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❛ ❡♥❡r❣✐❛

E
(
u(t), ut(t)

)
+

∫ t

0

∫

Γ

g(ut)utdΓdt = E
(
u(0), ut(0)

)
. ✭✹✳✶✹✵✮

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✳ ❈❛✈❛❧❝❛♥t✐❀ ❱✳ ◆✳ ❉✳ ❈❛✈❛❧❝❛♥t✐ ❡ ■✳ ▲❛s✐❡❝❦❛ ❬✽❪✳

❖❜s❡r✈❛çã♦ ✹✳✹✳ ❖ ❚❡♦r❡♠❛ ✹✳✸ é ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✱ ♦♥❞❡ ❡st❡ ú❧t✐♠♦ ❢♦r♥❡❝❡ ♦

♠❡s♠♦ r❡s✉❧t❛❞♦ ❝♦♠ q = 1✳

❉❡❝❛✐♠❡♥t♦ ✉♥✐❢♦r♠❡

P❛r❛ ❡st✉❞❛r t❛①❛s ❞❡ ❞❡❝❛✐♠❡♥t♦ é ♣r❡❝✐s♦ ✐♠♣♦r ❝♦♥❞✐çõ❡s ♠❛✐s ❡s♣❡❝í✜❝❛s ❛ss✉♠✐❞❛s

s♦❜r❡ ❛s ❢♦♥t❡s ❡ ❛ ❞✐ss✐♣❛çã♦✳

❍✐♣ót❡s❡ ◆✲✷

✶✸✻



(i) g ∈ C0(R) é ♠♦♥ót♦♥❛✱ g(0) = 0 ❡ s❛t✐s❢❛③

m1s
2 ≤ sg(s) ≤M2s

2, ♣❛r❛ |s| ≥ 1;

(ii) f ∈ C1(R)✱ f(0) = 0 ❡ |f ′(s)|≤ C(1 + |s|k0−1), ♣❛r❛ t♦❞♦ s ∈ R, 1 ≤ k0 ≤
n

n− 2
✱ n > 2

❡ 1 ≤ k0 <∞, n = 2❀

(iii) h ∈ C1(R)✱ h(0) = 0 ❡ |h′(s)|R≤ C(1 + |s|k1−1), ♣❛r❛ t♦❞♦ s ∈ R, 1 ≤ k1 <
n− 1

n− 2
✱ n > 2

❡ 1 ≤ k1 <∞, n = 2✳

❖❜s❡r✈❛çã♦ ✹✳✺✳ ❊♠ ❬✽❪ ♠♦str❛✲s❡ q✉❡ ❛s três ♣r✐♠❡✐r❛s ♣❛rt❡s ❞❛ ❍✐♣ót❡s❡ ◆✲✷ ✐♠♣❧✐❝❛♠ ❛s

❤✐♣ót❡s❡s ❞❡ ◆✲✶ (❝♦♠ q = 1)✱ q✉❡ ♣♦r s✉❛ ✈❡③✱ ❣❛r❛♥t❡♠ ❛ ❡①✐stê♥❝✐❛ ❧♦❝❛❧ ❞❡ s♦❧✉çõ❡s ❞❡

❡♥❡r❣✐❛ ✜♥✐t❛✳

❚❡♦r❡♠❛ ✹✳✹ ✭❚❛①❛s ❞❡ ❞❡❝❛✐♠❡♥t♦ ✉♥✐❢♦r♠❡✮✳ (i) ❆ss✉♠❛ q✉❡ ❛ ❍✐♣ót❡s❡ ◆✲✷ é ❛ss❡✲

❣✉r❛❞❛✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ❞❡ ❡♥❡r❣✐❛ ✜♥✐t❛ u ∈ C0
(
[0, TM);H1(Ω)

)
∩C1

(
[0, TM);L2(Ω)

)

❡ ut,∇u|Γ ∈ L2(0, TM ;L2(Γ))❀

(ii) ❈♦♥s✐❞❡r❡ t♦❞❛s ❛s s♦❧✉çõ❡s ❢r❛❝❛s ❞❡ ❡♥❡r❣✐❛ ✜♥✐t❛ ❞❡ ♠♦❞♦ q✉❡ ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞❛❞❛

❛❝✐♠❛ s❡❥❛ ✈á❧✐❞❛ ❡✱ ❛❧é♠ ❞✐ss♦ |u(t)|2L1(Ω) ≤ C1Ep(u(t)), t > 0✳ ❊♥tã♦✱ ❛s s♦❧✉çõ❡s

❝♦rr❡s♣♦♥❞❡♥t❡s sã♦ ❣❧♦❜❛✐s ❡ ❞❡✜♥✐❞❛s s♦❜r❡ [0,∞)❀

(iii) ❆❧é♠ ❞✐ss♦✱ s✉♣♦♥❤❛ q✉❡ ❛ ú♥✐❝❛ s♦❧✉çã♦ ❡st❛❝✐♦♥ár✐❛ ❞❡ (4.139)✱ ❞❡♥tr♦ ❞❛ ❝❧❛ss❡ ❞❡

s♦❧✉çõ❡s s♦❜ ❝♦♥s✐❞❡r❛çã♦✱ é ❛ s♦❧✉çã♦ tr✐✈✐❛❧✳ ❙♦❜ ❛s s✉♣♦s✐çõ❡s ❛❝✐♠❛✱ ❡ss❛s s♦❧✉çõ❡s s❛✲

t✐s❢❛③❡♠ ❛ ❡st✐♠❛t✐✈❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❝♦♥❞✉③✐❞❛ ♣♦r ✉♠❛ ❢✉♥çã♦ r❡❛❧ ♣♦s✐t✐✈❛ S(t)✱ ❞❡✜♥✐❞❛

❝♦♠♦ ❛ s♦❧✉çã♦ ❞❛ ❊q✉❛çã♦ ❉✐❢❡r❡♥❝✐❛❧

St + q∗(S) = 0, S(0) = E(0) = S0,

♦♥❞❡ q∗(S) é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ♠♦♥ót♦♥❛ ❝r❡s❝❡♥t❡ ❞❛❞❛ ♣♦r q∗(x) := x−
(
I+p

)−1
(x)✱

s❡♥❞♦ p ❝♦♠♦ ♥♦ ❈❛♣ít✉❧♦ ✹✳

❚❡♠♦s

E(t) ≤ S
( 1

T0
− 1
)
, ♣❛r❛ t > T0

❡ ❛ ❢✉♥çã♦ S(t) ❞❡❝❛✐ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ ③❡r♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✳ ❈❛✈❛❧❝❛♥t✐❀ ❱✳ ◆✳ ❉✳ ❈❛✈❛❧❝❛♥t✐ ❡ ■✳ ▲❛s✐❡❝❦❛ ❬✽❪✳

✶✸✼



❖❜s❡r✈❛çã♦ ✹✳✻✳ ❈♦♠♦ ♦❜s❡r✈❛❞♦ ❡♠ ❬✽❪✱ ❡st❡ ♥í✈❡❧ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ❢♦✐ ❛❧❝❛♥ç❛❞♦ ✉s❛♥❞♦

✉♠❛ ❡st❛❜✐❧✐❞❛❞❡ ✏✐♥trí♥s❡❝❛✱✑ ♠ét♦❞♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❡♠ ❬✶✽❪✳ ◆♦t❛✲s❡ q✉❡ s♦❜ ❛s s✉♣♦s✐çõ❡s

✐♠♣♦st❛s✱ s♦❧✉çõ❡s ❢r❛❝❛s✱ ♣♦❞❡♠✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱ s❡r❡♠ ú♥✐❝❛s✳ ◆♦ ❡♥t❛♥t♦✱ ❛s t❛①❛s

❞❡ ❞❡❝❛✐♠❡♥t♦ ❛♥✉♥❝✐❛❞❛s ♥♦ ❚❡♦r❡♠❛ ✹✳✹ sã♦ ✈á❧✐❞❛s ♣❛r❛ t♦❞❛s ❛s s♦❧✉çõ❡s ❢r❛❝❛s ❝♦♠ ❛s

♣r♦♣r✐❡❞❛❞❡s ♣r❡s❝r✐t❛s✳ ■st♦ é ❝♦♥s❡❣✉✐❞♦ ❡♠♣r❡❣❛♥❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❜❛st❛♥t❡ ❡s♣❡❝✐❛❧✱

t❡♥❞♦ ❝♦♠♦ ❜❛s❡ ♦ ❛r❣✉♠❡♥t♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❡♠ ❬✶✽❪ ♦ q✉❛❧ ❢♦✐ ❛♣❧✐❝❛❞♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦

❚❡♦r❡♠❛ 4.1✳

❈♦r♦❧ár✐♦ ✹✳✷✳ ❙❡ ❛ss✉♠✐r♠♦s q✉❡ g′(0) = 0 ✭✐st♦ é✱ ♦ ❛♠♦rt❡❝✐♠❡♥t♦ é ✏❢r❛❝♦✑ s✉♣❡r❧✐♥❡❛r ♥❛

♦r✐❣❡♠✮ ❡ ❛ ❢✉♥çã♦
√
sg(

√
s) é ❝♦♥✈❡①❛ ♣❛r❛ s ∈ [0, s0]✱ ♦♥❞❡ s0 > 0 ♣♦❞❡ s❡r ❛r❜✐tr❛r✐❛♠❡♥t❡

♣❡q✉❡♥♦✱ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ s❡r r❡s♦❧✈✐❞❛ t♦r♥❛✲s❡

St +
√
Sg(

√
S) = 0, S(0) = E(0) = S0,

❡ E(t) ≤ C
(
E(0)

)
S(t). ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♣♦r ✐♥t❡❣r❛çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✱ ❝♦♠

G(S, S0) ≡
∫ √

S

√
S0

1

g(u)
du,

♦❜t❡♠♦s✱

S(t) = G−1
(
− t

2
, S0

)
.

❈♦r♦❧ár✐♦ ✹✳✸✳ ❙❡ lim
s→0

s

g(s)
= 0 ❡ ❛ ❢✉♥çã♦

√
sg−1(

√
s) é ❝♦♥✈❡①❛ ♣❛r❛ s ∈ [0, s0]✱ ♦♥❞❡ s0 > 0

♣♦❞❡ s❡r ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡q✉❡♥♦✱ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❛ s❡r r❡s♦❧✈✐❞❛ t♦♠❛ ❛ ❢♦r♠❛

St +
√
Sg−1(

√
S) = 0, S(0) = E(0) = S0,

❡ E(t) ≤ C
(
E(0)

)
S(t). ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♣♦r ✐♥t❡❣r❛çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✱ ❝♦♠

G(S, S0) ≡
∫ √

S

√
S0

1

g−1(u)
du,

♦❜t❡♠♦s✱

S(t) = G−1
(
− t

2
, S0

)
.

P❛r❛ ❝♦♥❝❧✉✐r ✈❛♠♦s ✐❧✉str❛r ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❝♦♠ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❛♣r❡s❡♥t❛❞♦s ❡♠ ❬✽❪✳

❖♥❞❡✱ ♣♦r q✉❡stã♦ ❞❡ ❝❧❛r❡③❛✱ ❡♠ ❬✽❪ ❛s ❝♦♥st❛♥t❡s sã♦ ♥♦r♠❛❧✐③❛❞❛s ♣❛r❛ q✉❡ ❡❧❛s ♥ã♦ ❛♣❛r❡ç❛♠

♥❛s ❡①♣r❡ssõ❡s✳

❊①❡♠♣❧♦ ✹✳✶✳ ❈♦♥s✐❞❡r❡ g(s) = sp✱ ♣ró①✐♠♦ ❞❛ ♦r✐❣❡♠✱ p > 1✳ ❉❡s❞❡ q✉❡ ❛ ❢✉♥çã♦ s
p+1
2 é

❝♦♥✈❡①❛ ♣❛r❛ p ≥ 1 ❡st❛r❡♠♦s r❡s♦❧✈❡♥❞♦ ❛ ❡q✉❛çã♦

St + S
p+1
2 = 0. ✭✹✳✶✹✶✮

✶✸✽



❊st❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r ✐♥t❡❣r❛❞❛ ❞✐r❡t❛♠❡♥t❡✱ ♥♦ ❡♥t❛♥t♦✱ ♣♦r ✉♠❛ q✉❡stã♦ ❞❡ ✐❧✉str❛çã♦✱ ❞❛

❢ór♠✉❧❛ ❣❡r❛❧ ❡♥❝♦♥tr❛♠♦s

G(s, S0) =

∫ √
s

√
S0

u−pdu =
1

1− p

[
s

−p+1
2 − S

−p+1
2

0

]
,

❡

G−1(t) =
[
S

−p+1
2

0 − t(1− p)
] 2

−p+2
.

❆ss✐♠✱

E(t) ≤ C
(
E(0)

)[
E(0)

−p+1
2 + t(p− 1)

] 2
−p+2

.

➱ ❝❧❛r♦ q✉❡ ❛s ♠❡s♠❛s t❛①❛s ❞❡ ❞❡❝❛✐♠❡♥t♦ ♣♦❞❡r✐❛♠ s❡r ♦❜t✐❞❛s ♣❡❧❛ ✐♥t❡❣r❛çã♦ ❞✐r❡t❛ ❞❛

❡q✉❛çã♦ ✐♥✐❝✐❛❧ (4.141)✳

❊①❡♠♣❧♦ ✹✳✷✳ ❈♦♥s✐❞❡r❡ g(s) = s3e−
1
s2 ✱ ♣❛r❛ s ♣ró①✐♠♦ ❞❛ ♦r✐❣❡♠✳ ❉❡s❞❡ q✉❡ ❛ ❢✉♥çã♦ s2e−

1
s

é ❝♦♥✈❡①❛ ❡♠ ✉♠ ❜❛✐rr♦ ❞❛ ♦r✐❣❡♠✱ ❡st❛r❡♠♦s r❡s♦❧✈❡♥❞♦ ❛ ❡q✉❛çã♦

St + S2e−
1
S = 0. ✭✹✳✶✹✷✮

◆❡st❡ ❝❛s♦✱

G(S, S0) = −1

2

[
e−

1
S − e

− 1
S0

]
❡ G−1(t, S0) =

[
ln
(
e

1
S0 − 2t

)]−1

.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

E(t) ≤ C
(
E(0)

)[
ln
(
e

1
E(0) + t

)]−1

.

◆♦✈❛♠❡♥t❡ ❛s t❛①❛s ❞❡ ❞❡❝❛✐♠❡♥t♦ ♣♦❞❡r✐❛♠ s❡r ♦❜t✐❞❛s ♣♦r ✐♥t❡❣r❛çã♦ ❞✐r❡t❛ ❞❛ ❡q✉❛çã♦ ✐♥✐❝✐❛❧

(4.142)✳

❊①❡♠♣❧♦ ✹✳✸✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r g(s) = s|s|e− 1
|s| ✱ ♣❛r❛ s ♣ró①✐♠♦ ❞❡ ③❡r♦✳ ❉❡s❞❡ q✉❡ ❛ ❢✉♥✲

çã♦ s
3
2 e

− 1√
s é ❝♦♥✈❡①❛ s♦❜r❡ [0, s0] ♣❛r❛ ❛❧❣✉♠ s0 > 0 ♣❡q✉❡♥♦✱ ❞❡✈❡r❡♠♦s r❡s♦❧✈❡r ❛ ❡q✉❛çã♦

❞❡❢❡r❡♥❝✐❛❧

St + S
3
2 e

− 1√
s = 0.

❆ ❢✉♥çã♦ G(S, S0) é ❞❛❞❛ ♣♦r G(S, S0) = −
[
e

1√
s − e

1√
S0

]
✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡

G−1(t, S0) =
1

ln2[e
1√
s − t]

❡

E(t) ≤ C
(
E(0)

) 1

ln2[e
1√
E(0) + 1

2
t]
.

✶✸✾



❊①❡♠♣❧♦ ✹✳✹✳ ❚♦♠❡♠♦s ❛❣♦r❛✱ g(s) = |s|θ−1s, 0 < θ < 1✳ ◆❡st❡ ❝❛s♦✱ ❛ ❛♥á❧✐s❡ é ✐❞ê♥t✐❝❛ ❛♦

❝❛s♦ ❞♦ ❊①❡♠♣❧♦ ✹✳✶✱ ✈✐st♦ q✉❡ g−1(s) = s
1
θ , s > 0 ❡

1

θ
> 1✳ ❆ss✐♠✱ ❛s t❛①❛s ❞❡ ❞❡❝❛✐♠❡♥t♦✱

♥❡ss❡ ❝❛s♦✱ t♦r♥❛♠✲s❡

E(t) ≤ C
(
E(0)

)[
E(0)

−1+θ
2θ + t

1− θ

θ

] 2θ
θ−1
.

✶✹✵



❈❛♣ít✉❧♦ ✺

❆♣ê♥❞✐❝❡s

✺✳✶ ❆♣ê♥❞✐❝❡ ❆

❱❡r❡♠♦s ❛ s❡❣✉✐r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ✉t✐❧✐③❛❞♦s ♥♦ t❡①t♦✱ ♦s q✉❛✐s✱ ♣♦r s❡r❡♠

❜❛st❛♥t❡ ❝♦♥❤❡❝✐❞♦s ♥ã♦ s❡rã♦ ❞❡♠♦♥str❛❞♦s✳

▲❡♠❛ ✺✳✶✳ (❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ) ❙❡❥❛♠ p ❡ q ❡①♣♦❡♥t❡s ❝♦♥❥✉❣❛❞♦s✱ ✐st♦ é✱
1

p
+

1

q
= 1✱

❝♦♠ p > 1✱ α ❡ β ♥ú♠❡r♦s r❡❛✐s ♥ã♦ ♥❡❣❛t✐✈♦s✳ ❊♥tã♦✱

αβ ≤ αp

p
+
βq

q
.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

▲❡♠❛ ✺✳✷✳ (❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ■♥t❡r♣♦❧❛çã♦ ) ❙❡❥❛ u ∈ Lp(Ω)∩Lq(Ω)✱ ❝♦♠ 1 ≤ p ≤ q ≤ ∞✳

❊♥tã♦ u ∈ Lr(Ω)✱ ♣❛r❛ t♦❞♦ p ≤ r ≤ q ❡ t❡♠✲s❡

‖u‖Lr(Ω)≤ ‖u‖θLp(Ω)‖u‖1−θ
Lq(Ω) ✭✺✳✶✮

♦♥❞❡ 0 ≤ θ ≤ 1✱ s❛t✐s❢❛③
1

r
=
θ

p
+

1− θ

q
✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❆✳ ▼❡❞❡✐r♦s ❡ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✷✽❪✳

▲❡♠❛ ✺✳✸✳ (❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r) ❙❡❥❛♠ p ❡ q ❡①♣♦❡♥t❡s ❝♦♥❥✉❣❛❞♦s✱ ✐st♦ é✱
1

p
+

1

q
= 1✱

❝♦♠ p > 1 ❡ f ∈ Lp(Ω)✱ g ∈ Lq(Ω)✳ ❊♥tã♦✱

fg ∈ L1(Ω) e ‖fg‖L1(Ω)≤ ‖f‖Lp(Ω)‖g‖Lq(Ω).

❆❧é♠ ❞✐ss♦✱ s❡ p = q = 2✱ t❡♠♦s ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙❝❤✇❛rt③

∣∣∣∣
∫
fgdµ

∣∣∣∣
R

≤
∫

|fg|Rdµ = ‖f‖L1(Ω)≤ ‖f‖L2(Ω)‖g‖L2(Ω)=

(∫
|f |2Rdµ

) 1
2
(∫

|g|2Rdµ
) 1

2

.

✶✹✶



❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

▲❡♠❛ ✺✳✹✳ (❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ●❡♥❡r❛❧✐③❛❞❛) ❙❡❥❛♠ p1, p2, ..., pn ♥ú♠❡r♦s r❡❛✐s✱ ❝♦♠

pi ≥ 1 ♣❛r❛ i = 1, 2, ..., n✱ t❛✐s q✉❡
n∑

n=1

1

pi
≤ 1.

❙❡ fi ∈ Lpi(Ω)✱ i = 1, 2, ..., n✱ ❡♥tã♦ f = f1f2 · · · fn ∈ L1(Ω) ❡

‖f1f2 · · · fn‖L1(Ω)=

∫

Ω

|f1 · f2 · · · fn|Rdµ ≤
n∏

i=1

‖fi‖Lpi (Ω).

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉❡ ♣♦r ✐♥❞✉çã♦✳

▲❡♠❛ ✺✳✺✳ (❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▼✐♥❦♦✇s❦✐) ❙❡❥❛♠ f, g ∈ Lp(Ω) ❝♦♠ 1 ≤ p ≤ ∞✳ ❊♥tã♦✱

‖f + g‖Lp(Ω)≤ ‖f‖Lp(Ω)+‖g‖Lp(Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

❚❡♦r❡♠❛ ✺✳✶ ✭❢ór♠✉❧❛s ❞❡ ●r❡❡♥✮✳ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ Rn✱ ❝♦♠ ❢r♦♥t❡✐r❛ Γ ❞❡

❝❧❛ss❡ C2✳ ❙❡ v ∈ H2(Ω)✱ ❡♥tã♦✿

✶✳
∫

Ω

∇v∇udx = −
∫

Ω

u∆vdx+

∫

Γ

∂v

∂ν
uds, ∀u ∈ H1(Ω)❀

✷✳ P❛r❛ u, v ∈ H2(Ω)✱ t❡♠♦s
∫

Ω

u∆v − v∆udx =

∫

∂Ω

u
∂v

∂ν
− v

∂u

∂ν
ds;

✸✳ ❙❡ ρ ∈ H1(Ω) := {u ∈ H1(Ω);∆u ∈ L2(Ω)}✱ ❡♥tã♦

(∆ρ, u)L2(Ω) + ((ρ, u))V = 〈γ1ρ, γ0u〉
H− 1

2×H
1
2
, ∀u ∈ H1(Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪ ♦✉ ❘✳ ❊❞✇❛r❞s ❬✶✷❪✳

❚❡♦r❡♠❛ ✺✳✷ ✭●❛✉ss✲●r❡❡♥✮✳ ❙❡ u ∈ C1(Ω)✱ ❡♥tã♦
∫

Ω

uxi
dx =

∫

Γ

uνidΓ,

❝♦♠ i = 1, 2, · · · , n✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❡ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✷✽❪✳

▲❡♠❛ ✺✳✻✳ ❙❡ ϕ ∈ H1
0 (Ω) ∩H2(Ω) ❡ Γ = ∂(Ω)✱ ❡♥tã♦

∂ϕ

∂xi
= νi

∂ϕ

∂ν
, s♦❜r❡ Γ ❡ |∇ϕ|2 =

(
∂ϕ

∂ν

)2

.

✶✹✷



❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s✱ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ❆✳ ❚✳ ▲♦✉rê❞♦ ❬✷✻❪✳

Pr♦♣♦s✐çã♦ ✺✳✶ ✭❘❡❣r❛ ❞❛ ❈❛❞❡✐❛✮✳ ❙❡❥❛ g ∈ C1(R) t❛❧ q✉❡ g(0) = 0 ❡ |g′(s)| ≤M ✱ ∀s ∈ R

❡ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ M ✳ ❙❡❥❛ u ∈ W 1,p(Ω)✱ ❝♦♠ 1 ≤ p ≤ ∞✳ ❊♥tã♦✱

g ◦ u ∈ W 1,p(Ω) ❡
∂

∂xi
(g ◦ u) = (g′ ◦ u) ∂u

∂xi
, i = 1, 2, . . . , n.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

❚❡♦r❡♠❛ ✺✳✸ ✭❚❡♦r❡♠❛ ❞❡ ❋✉❜✐♥✐✮✳ ❙❡❥❛♠ Ω ⊂ Rm ❡ Λ ⊂ Rk s✉❜❝♦♥❥✉♥t♦s ♠❡♥s✉rá✈❡✐s

❡✱ s❡❥❛ f(x, y) ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ ❡♠ Ω × Λ✱ ❝♦♠ r❡s♣❡✐t♦ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ dxdy ❡♠

Rm × Rk✳ ❊♥tã♦✱ ♣❛r❛ q✉❛s❡ t♦❞♦ x ∈ Ω ❛ ❢✉♥çã♦ fx : Λ → R✱ fx(y) = f(x, y) é ✐♥t❡❣rá✈❡❧ ❡♠

Λ ❡✱ ♣❛r❛ q✉❛s❡ t♦❞♦ y ∈ Λ ❛ ❢✉♥çã♦ fy : Ω → R✱ fy(x) = f(x, y) é ✐♥t❡❣rá✈❡❧ ❡♠ Ω✳ ❆❧é♠

❞✐ss♦✱ ❛ ❢✉♥çã♦

ϕ(x) =

∫

Λ

f(x, y)dy

é ✐♥t❡❣rá✈❡❧ ❡♠ Ω ❡✱

ψ(y) =

∫

Ω

f(x, y)dx

é ✐♥t❡❣rá✈❡❧ ❡♠ Λ✱ ❝♦♠
∫

Ω

ϕ(x)dx =

∫

Ω

(∫

Λ

f(x, y)dy
)
dx =

∫

Λ×Ω

f(x, y)dydx =

∫

Ω×Λ

f(x, y)dxdy =

=

∫

Λ

(∫

Ω

f(x, y)dx
)
dy =

∫

Λ

ψ(y)dy.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❲✳ ❘✉❞✐♥ ❬✸✸❪✳

❚❡♦r❡♠❛ ✺✳✹ ✭❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✮✳ ❙✉♣♦♥❤❛ q✉❡ Ω é ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞❡ ❝❧❛ss❡ C1✱

j ∈ N✳ ❙ã♦ ❝♦♠♣❛❝t❛s ❛s ✐♠❡rsõ❡s✿

• ❙❡ m <
n

p
✱ ❡♥tã♦ W j+m,p(Ω) →֒ W j,q(Ω), q ∈

[
1,

np

n−mp

)
;

• ❙❡ m =
n

p
✱ ❡♥tã♦ W j+m,p(Ω) →֒ W j,q(Ω), q ∈ [1,∞).

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❡ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✷✽❪✳

❖❜s❡r✈❛çã♦ ✺✳✶✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❘❡❧❧✐♥❣✲❑♦♥❞r❛❝❤♦✈ q✉❡ s❡ Ω é ✉♠ ❛❜❡rt♦ ❜❡♠ r❡❣✉❧❛r

❞♦ Rn ❡♥tã♦ ❛ ✐♠❡rsã♦ ❞❡ H1(Ω) ❡♠ L2(Ω) é ❝♦♠♣❛❝t❛✱ s❡♥❞♦ H1(Ω) r❡✢❡①✐✈♦✱ ✐st♦ ♥♦s ♣❡r♠✐t❡

♣❛ss❛r ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛s ❢r❛❝❛s ❡♠ H1(Ω) à ❝♦♥✈❡r❣ê♥❝✐❛s ❢♦rt❡s ❡♠ L2(Ω)✳

Pr♦♣♦s✐çã♦ ✺✳✷✳ ❙✉♣♦♥❤❛ q✉❡ Ω é ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞❡ ❝❧❛ss❡ C1✱ j ∈ N✳ ❆s s❡❣✉✐♥t❡s

✐♠❡rsõ❡s sã♦ ❝♦♥tí♥✉❛s✿

✶✹✸



• ❙❡ Ω é ❧✐♠✐t❛❞♦ ❡ p < n✱ ❡♥tã♦ W 1,p(Ω) →֒ Lq(Ω), ♣❛r❛✱ 1 ≤ np

n−mp
❀

• ❙❡ Ω é ❧✐♠✐t❛❞♦ ❡ p < n✱ ❡♥tã♦ W 1,p(Ω) →֒ Lq(Ω), ♣❛r❛✱ 1 ≤ np

n− p
= p∗✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▲✳ ❆✳ ▼❡❞❡✐r♦s ❡ ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❬✷✽❪✳

❖❜s❡r✈❛çã♦ ✺✳✷✳ ❖ ♥ú♠❡r♦ p∗ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ ❙♦❜♦❧❡✈✳

Pr♦♣♦s✐çã♦ ✺✳✸✳ ❈♦♥s✐❞❡r❡ ♦s ♥ú♠❡r♦s r❡❛✐s p ❡ p′ t❛✐s q✉❡
1

p
+

1

p′
= 1.

✶✳ p = 2 s❡ n = 1, 2, 3❀

✷✳ p ≥ n

2
s❡ n ≥ 4✳

❊♥tã♦✱ ❛ ✐♠❡rsã♦ W 2,p(Ω) →֒ C0(Ω) é ❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ▼✐❧❧❛✳ ▼✐r❛♥❞❛ ❡ ▲✳ ❆✳ ▼❡❞❡✐r♦s ❬✸✶❪✳

❚❡♦r❡♠❛ ✺✳✺ ✭❘❡❣✉❧❛r✐❞❛❞❡✮✳ ❈♦♥s✐❞❡r❡ Ω ⊂ Rn ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛

Γ ❞❡ ❝❧❛ss❡ C2✳ ❙❡❥❛♠ f ∈ L2(Ω) ❡ u ∈ H1
0 (Ω) t❛✐s q✉❡

∫

Ω

∇u∇φ+

∫

Ω

uφ =

∫

Ω

fφ, ∀φ ∈ H1
0 (Ω).

❊♥tã♦✱ u ∈ H2(Ω) ❡ ‖u‖H2(Ω)≤ C‖f‖L2(Ω)✱ ♦♥❞❡ C é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ Ω✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

❚❡♦r❡♠❛ ✺✳✻✳ ❙❡❥❛♠ F : R → R ✉♠❛ ❢✉♥çã♦ ▲✐♣s❝❤✐t③ ❝♦♥tí♥✉❛ t❛❧ q✉❡ F (0) = 0✱ Ω ✉♠ ❛❜❡rt♦

❧✐♠✐t❛❞♦ ❞♦ Rn ❡ p ∈ [1,∞]✳ ❙❡ u ∈ W 1,p(Ω)✱ ❡♥tã♦ F (u) ∈ W 1,p(Ω) ❡ ∇F (u) = F ′(u)∇u✱
q✉❛s❡ s❡♠♣r❡ ❡♠ Ω✳ ❆❧é♠ ❞✐ss♦✱ s❡ p <∞ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ u 7→ F (u) é ❝♦♥tí♥✉❛ ❞❡ W 1,p(Ω)

❡♠ W 1,p(Ω)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s✲❈❛③❡♥❛✈❡ ❬✻❪✳

❈♦r♦❧ár✐♦ ✺✳✶✳ ❙❡❥❛♠ 1 ≤ p, q < ∞✳ ❙❡ u ∈ W 1,p
0 (Ω)∩ ∈ W 1,q(Ω) ❡ Ω t❡♠ ❢r♦♥t❡✐r❛ ❞❡ ❝❧❛ss❡

C1✱ ❡♥tã♦ u ∈ W 1,q
0 (Ω)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s✲❈❛③❡♥❛✈❡ ❬✻❪✳

✶✹✹



▲❡♠❛ ✺✳✼✳ ❙❡❥❛♠ F : R → R ✉♠❛ ❢✉♥çã♦ ▲✐♣s❝❤✐t③ ❝♦♥tí♥✉❛ t❛❧ q✉❡ F (0) = 0 ❡

G(x) =

∫ x

0

F (s)ds.

❙❡ u ∈ C1(Ī;L2(Ω))✱ ❡♥tã♦ ❛ ❢✉♥çã♦ f(t) =
∫

Ω

G(u(t))dx ♣❡rt❡♥❝❡ ❛ C1(Ī) ❡

f ′(t) =

∫

Ω

F (u(t))utdx, ∀ t ∈ I.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❇r❡③✐s✲❈❛③❡♥❛✈❡ ❬✻❪✳

▲❡♠❛ ✺✳✽ ✭■♠❡rsã♦ ❞❡ ❙♦❜♦❧❡✈✮✳ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ Rn ❝♦♠ ❢r♦♥t❡✐r❛ Γ r❡❣✉❧❛r✳

• ❙❡ n > pm✱ ❡♥tã♦ Wm,p(Ω) →֒ Lq(Ω)✱ ♦♥❞❡ q ∈
[
1,

np

n−mp

]
❀

• ❙❡ n = pm✱ ❡♥tã♦ Wm,p(Ω) →֒ Lq(Ω)✱ ♦♥❞❡ q ∈ [1,∞)❀

• ❙❡ n = 1 ❡ m ≥ 1✱ ❡♥tã♦ Wm,p(Ω) →֒ L∞(Ω)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

❚❡♦r❡♠❛ ✺✳✼ ✭❆❣♠♦♥✲❉♦✉❣❧✐s✲◆✐r❡♠❜❡r❣✮✳ ❙✉♣♦♥❤❛ q✉❡ Ω é ✉♠ ❛❜❡rt♦ ❞❡ ❝❧❛ss❡ C2 ❝♦♠

❢r♦♥t❡✐r❛ Γ ❧✐♠✐t❛❞❛✳ ❙❡❥❛ 1 < p < ∞✳ P❛r❛ t♦❞♦ f ∈ LP (Ω)✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦

♣r♦❜❧❡♠❛

−∆u+ u = f ❡♠ Ω.

❆❧é♠ ❞✐ss♦✱ s❡ Ω é ❞❡ ❝❧❛ss❡ Cm+2 ❡ s❡ f ∈ Wm,p(Ω)✱ m ∈ N✱ ❡♥tã♦

u ∈ Wm+2,p(Ω) ❡ ‖u‖Wm+2,p(Ω) ≤ C‖u‖Wm,p(Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

✺✳✷ ❆♣ê♥❞✐❝❡ ❇

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s r❡s✉❧t❛❞♦s ❞❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ❡ ❆♥á❧✐s❡ ♥ã♦ ▲✐♥❡❛r

✉t✐❧✐③❛❞♦s ♥❡st❛ ❞✐ss❡rt❛çã♦✳

❉❡✜♥✐çã♦ ✺✳✶ ✭ ❋♦r♠❛ ❙❡sq✉✐❧✐♥❡❛r✮✳ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ s♦❜r❡ ♦ ♠❡s♠♦ ❝♦r♣♦

K = (R ou C)✳ ❯♠❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r ✭♦✉ ❢✉♥❝✐♦♥❛❧ s❡sq✉✐❧✐♥❡❛r✮ h ❡♠ X×Y é ✉♠❛ ❛♣❧✐❝❛çã♦

h : X × Y −→ K

t❛❧ q✉❡ ♣❛r❛ t♦❞♦s x, x1, x2 ∈ X ❡ y, y1, y2 ∈ Y ❡ t♦❞♦s ❡s❝❛❧❛r❡s α, β ∈ K✱ t❡♠✲s❡✿

✶✹✺



(i) h(x1 + x2, y) = h(x1, y) + h(x2, y)❀

(ii) h(x, y1 + y2) = h(x, y1) + h(x, y2)❀

(iii) h(αx, y) = αh(x, y)❀

(iv) h(x, βy) = βh(x, y) ✭β = ❝♦♠♣❧❡①♦ ❝♦♥❥✉❣❛❞♦✮✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡ h é ❧✐♥❡❛r ♥❛ ♣r✐♠❡✐r❛ ✈❛r✐á✈❡❧ ❡ ❝♦♥❥✉❣❛❞❛ ❧✐♥❡❛r ♥❛ s❡❣✉♥❞❛ ✈❛r✐á✈❡❧✳ ❆❧é♠

❞✐ss♦✱ q✉❛♥❞♦ X ❡ Y sã♦ ❡s♣❛ç♦s r❡❛✐s ❡ K = R✱ ♥♦ ✐t❡♠ (iv) t❡♠♦s β = β ❡✱ ❞✐③❡♠♦s q✉❡ h

é ✉♠❛ ❢♦r♠❛ ❇✐❧✐♥❡❛r✱ ♥♦ s❡♥t✐❞♦ q✉❡ é ❧✐♥❡❛r ❡♠ ❛♠❜❛s ❛ ✈❛r✐á✈❡✐s✳ ❙❡ X ❡ Y sã♦ ❡s♣❛ç♦s

♥♦r♠❛❞♦s ❡ s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ x, y

|h(x, y)|K ≤ C‖x‖X‖y‖Y ,

❡♥tã♦ h é ❞✐t❛ ❧✐♠✐t❛❞❛ ❡ ♦ ♥ú♠❡r♦

‖h‖ = sup
x∈X−{0}
y∈Y −{0}

|h(x, y)|K
‖x‖X‖y‖Y

= sup
‖x‖=1
‖y‖=1

|h(x, y)|K,

é ❝❤❛♠❛❞♦ ♥♦r♠❛ ❞❡ h✳ ❯♠❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r h(x, y) é ❞❡♥♦♠✐♥❛❞❛ ❤❡r♠✐t✐❛♥❛✱ s❡

h(x, y) = h(y, x), ∀(x, y) ∈ X × Y.

◆♦ ❝❛s♦ ❡♠ q✉❡ X ❡ Y sã♦ ❡s♣❛ç♦s r❡❛✐s ❡ h(x, y) s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❛❝✐♠❛✱ ❞✐③❡♠♦s q✉❡

h(x, y) é s✐♠étr✐❝❛✳

❚❡♦r❡♠❛ ✺✳✽ ✭❚❡♦r❡♠❛ ❞❛ ❆♣❧✐❝❛çã♦ ❆❜❡rt❛✮✳ ❙❡❥❛♠ E ❡ F ❞♦✐s ❊s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❡

s❡❥❛ T ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❝♦♥tí♥✉♦ ❡ ❜✐❥❡t✐✈♦ ❞❡ E ❡♠ F ✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c > 0 t❛❧ q✉❡

BF (0, c) ⊂ T (BE(0, 1)).

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

❚❡♦r❡♠❛ ✺✳✾ ✭❍❛❤♥✲❇❛♥❛❝❤✱ ❡①t❡♥sã♦ ❞❡ ❋✉♥❝✐♦♥❛✐s ▲✐♥❡❛r❡s✮✳ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦

✈❡t♦r✐❛❧ r❡❛❧ ❡ p ✉♠ ❢✉♥❝✐♦♥❛❧ s✉❜❧✐♥❡❛r ❡♠ X✳ ❆❧é♠ ❞✐ss♦✱ s❡❥❛ f ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❞❡✜♥✐❞♦

❡♠ ✉♠ s✉❜❡s♣❛ç♦ Z ❞❡ X✱ s❛t✐s❢❛③❡♥❞♦

f(x) ≤ p(x), ∀x ∈ Z.

❊♥tã♦✱ f t❡♠ ✉♠❛ ❡①t❡♥sã♦ ❧✐♥❡❛r f̃ ❛ ♣❛rt✐r ❞❡ Z ♣❛r❛ X s❛t✐s❢❛③❡♥❞♦

f̃(x) ≤ p(x), ∀x ∈ X (I)

✐st♦ é✱ f̃ é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❡♠ X✱ s❛t✐s❢❛③❡♥❞♦ (I) ❡♠ X ❡ f̃(x) = f(x) ♣❛r❛ ❝❛❞❛ x ∈ Z✳

✶✹✻



❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

❚❡♦r❡♠❛ ✺✳✶✵ ✭❍❛❤♥✲❇❛♥❛❝❤✱ ❡♠ ❊s♣❛ç♦s ◆♦r♠❛❞♦s✮✳ ❙❡❥❛ f ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❧✐♠✐✲

t❛❞♦ ❡♠ ✉♠ s✉❜❡s♣❛ç♦ Z ❞❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X✳ ❊①✐st❡ ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❧✐♠✐t❛❞♦ f̃ ❡♠

X q✉❡ é ✉♠❛ ❡①t❡♥sã♦ ❞❡ f ♣❛r❛ X ❡ t❡♠ ❛ ♠❡s♠❛ ♥♦r♠❛✱ ✐st♦ é✱ ‖f̃‖X = ‖f‖Z , ♦♥❞❡

‖f̃‖X = sup
x∈X
‖x‖=1

|f̃(x)|, ‖f‖Z = sup
x∈Z
‖x‖=1

|f(x)|,

s❡♥❞♦ ‖f‖Z = 0 ♥♦ ❝❛s♦ tr✐✈✐❛❧ Z = {0}✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

❚❡♦r❡♠❛ ✺✳✶✶ ✭❇❛♥❛❝❤✲❆❧❛♦❣❧✉✲❇♦✉r❜❛❦✐✮✳ ❙❡❥❛ E ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❖ ❝♦♥❥✉♥t♦

BE′ = {f ∈ E ′; ‖f‖≤ 1} é ❝♦♠♣❛❝t♦ ❝♦♠ r❡s♣❡✐t♦ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❡str❡❧❛ σ(E ′, E)✳

❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❍✳ ❇r❡③✐s ❬✹❪✳

▲❡♠❛ ✺✳✾✳ ❙❡❥❛♠ α(·), η(·) ∈ L∞(0, T )✱ β(·) ∈ L1(0, T )✱ ❝♦♠ α(t), η(t), β(t) ≥ 0 ❡♠ q✉❛s❡ t♦❞♦

♣♦♥t♦✳ ❆ss✉♠❛ q✉❡

η(t) ≤ α(t) +

∫ t

s

β(τ)η(τ)dτ (s ≤ t ≤ T ). ✭✺✳✶✮

❊♥tã♦✱

η(t) ≤ α(t) +
1

B(t)

∫ t

s

α(τ)β(τ)B(τ)dτ (s ≤ t ≤ T ), ✭✺✳✷✮

♦♥❞❡ B(t) = exp

(
−
∫ t

s

β(τ)dτ

)
✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛

N(t) =

∫ t

s

β(τ)η(τ)dτ. ✭✺✳✸✮

❉❡r✐✈❛♥❞♦ (5.3) ❡ ✉s❛♥❞♦ (5.1)✱ t❡♠✲s❡

N ′(t) = β(t)η(t) ≤ β(t)[α(t) +N(t)] = α(t)β(t) + β(t)N(t).

❉❛í✱

N ′(t)− β(t)N(t) ≤ α(t)β(t). ✭✺✳✹✮

❉❡s❞❡ q✉❡ B(t) > 0✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ (5.4) ♣♦r B(t)✱ ♦❜t❡♠♦s

N ′(t)B(t)− B(t)β(t)N(t) ≤ B(t)α(t)β(t). ✭✺✳✺✮

✶✹✼



◆♦t❡ q✉❡ B′(t) = −β(t)B(t)✱ s✉❜st✐t✉✐♥❞♦ ❡♠ (5.5) r❡s✉❧t❛

N ′(t)B(t) + B′(t)N(t) ≤ α(t)β(t)B(t), ✭✺✳✻✮

♦✉ s❡❥❛✱
d

dt
[N(t)B(t)] ≤ α(t)β(t)B(t),

✐♥t❡❣r❛♥❞♦ ❞❡ s ❛ t✱ ❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r
1

B(t)
✱ ♦❜t❡♠♦s

N(t) ≤ 1

B(t)

∫ t

s

α(τ)β(τ)B(τ)dτ,

❝♦♠♦ η(t)− α(t) ≤ N(t)✱ s❡❣✉❡✲s❡ q✉❡

η(t) ≤ α(t) +
1

B(t)

∫ t

s

α(τ)β(τ)B(τ)dτ, (s ≤ t ≤ T ).

❈♦r♦❧ár✐♦ ✺✳✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧✮✳ ❙✉♣♦♥❤❛ q✉❡ α(t) ≡ α ❡♠ (5.1)✱ ❡♥tã♦

η(t) ≤ α exp

(∫ t

s

β(τ)dτ

)
(s ≤ t ≤ T ). ✭✺✳✼✮

❉❡♠♦♥str❛çã♦✿ ❙❡♥❞♦

B(t) = exp

(
−
∫ t

s

β(τ)dτ

)
, B′(t) = −β(t)B(t) ❡ B(s) = 1, ✭✺✳✽✮

❝♦♥s✐❞❡r❛♥❞♦ α(t) ≡ α ❡♠ (5.2) ❡ ✉s❛♥❞♦ (5.8)✱ ✈❡♠♦s q✉❡

η(t) ≤ α− α

B(t)

∫ t

s

−β(τ)B(τ)dτ = α− α

B(t)

∫ t

s

B′(τ)dτ = α− α

B(t)
[B(t)− B(s)], ✭✺✳✾✮

♦✉ s❡❥❛✱

η(t) ≤ α
1

B(t)
= α exp

(∫ t

s

β(τ)dτ

)
(s ≤ t ≤ T ).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ η(t) é ❧✐♠✐t❛❞❛✳

▲❡♠❛ ✺✳✶✵ ✭▲❛①✲▼✐❧❣r❛♠✮✳ ❙❡❥❛ H ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ a(u, v) ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r✱

❝♦♥tí♥✉❛ ❡ ❝♦❡r❝✐✈❛✳ P❛r❛ t♦❞❛ φ ∈ H ′ ❡①✐st❡ ✉♠ ú♥✐❝♦ u ∈ H t❛❧ q✉❡

a(u, v) = 〈φ, v〉, ∀v ∈ H.

❆❧é♠ ❞✐ss♦✱ s❡ a é s✐♠étr✐❝❛✱ u s❡ ❝❛r❛❝t❡r✐③❛ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡

u ∈ H e
1

2
a(u, u)− 〈φ, u〉 = min

v∈H

{
1

2
a(v, v)− 〈φ, v〉

}
.

✶✹✽



❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❍✳ ❇r❡③✐s ❬✹❪ ♦✉ ❘✳ ❊❞✇❛r❞s ❬✶✷❪✳

❚❡♦r❡♠❛ ✺✳✶✷✳ ❙❡❥❛♠ E ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ E ′ s❡✉ ❞✉❛❧ ❡ (fn) ✉♠❛ s✉❝❡ssã♦ ❞❡ E ′✳ ❙❡

fn −→ f ❢r❛❝♦ ❡str❡❧❛ ❡♠ σ(E ′, E)✱ ❡♥tã♦ ‖fn‖≤ C ❡ ‖f‖≤ lim inf‖fn‖✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪ ♦✉ ❘✳ ❊❞✇❛r❞s ❬✶✷❪✳

❚❡♦r❡♠❛ ✺✳✶✸ ✭❇❛♥❛❝❤✲❙t❡✐♥❤❛✉s✮✳ ❙❡❥❛♠ E✱ F ❊s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❡ (Tn) ✉♠❛ s✉❝❡ssã♦

❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s ❞❡ E ❡♠ F t❛✐s q✉❡✱ ♣❛r❛ ❝❛❞❛ x ∈ E✱ Tnx ❝♦♥✈❡r❣❡ q✉❛♥❞♦

n→ ∞ ❛ ✉♠ ❧✐♠✐t❡ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r Tx✳ ❊♥tã♦✿

(i) sup
n

‖Tn‖L(E,F )<∞❀

(ii) T ∈ L(E,F )❀

(iii) ‖T‖L(E,F )≤ lim inf‖Tn‖L(E,F )✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪ ♦✉ ❘✳ ❊❞✇❛r❞s ❬✶✷❪✳

❚❡♦r❡♠❛ ✺✳✶✹ ✭❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③✮✳ ❙❡❥❛♠ 1 < p <∞ ❡ φ ∈ (Lp)′✳ ❊①✐st❡ ✉♠ ú♥✐❝♦

u ∈ Lq✱ ♦♥❞❡
1

p
+

1

q
= 1✱ t❛❧ q✉❡

〈φ, f〉 =
∫
uf, ∀f ∈ Lp.

❆❧é♠ ❞✐ss♦✱ s❡ ✈❡r✐✜❝❛

‖u‖Lq= ‖φ‖(Lp)′ .

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪ ♦✉ ❍✳ ❊❞✇❛r❞s ❬✶✷❪✳

❚❡♦r❡♠❛ ✺✳✶✺✳ ❙❡❥❛♠ H ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦✱ K ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❢❡❝❤❛❞♦

❞❡ H ❡ φ : K −→ R ✉♠❛ ❢✉♥çã♦ ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

(i) φ é ❝♦♥✈❡①❛❀

(ii) φ s❡♠✐✲❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡❀

(iii) ❙❡ K é ✐❧✐♠✐t❛❞♦✱ ❡♥tã♦ φ é ❝♦❡r❝✐✈♦✱ ♦✉ s❡❥❛✱ lim
‖x‖−→∞

φ(x) = ∞.

❊♥tã♦✱ φ ❛t✐♥❣❡ ✉♠ ♠í♥✐♠♦ ❡♠ K✱ ✐st♦ é✱ ❡①✐st❡ x0 ∈ K t❛❧ q✉❡ φ(x0) = min
x∈K

φ(x).

✶✹✾



❉❡♠♦♥str❛çã♦✿ ❆ ♣r♦✈❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❍✳ ❇r❡③✐s ❬✹❪ ♦✉ ❘✳ ❊❞✇❛r❞s ❬✶✷❪✳

❖❜s❡r✈❛çã♦ ✺✳✸✳ ❙❡ ❛♦ ✐♥✈és ❞❡ s❡r ❝♦♥✈❡①❛✱ φ ❢♦r ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛✱ s❡♠✐✲❝♦♥tí♥✉❛ ✐♥❢❡✲

r✐♦r♠❡♥t❡ ❡ ❝♦❡r❝✐✈❛✱ ❡♥tã♦ φ ❛t✐♥❣❡ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ♠í♥✐♠♦✳

❚❡♦r❡♠❛ ✺✳✶✻✳ ❙❡❥❛♠ X ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦ ❡ (xn) ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠

X✳ ❊①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (xnk
) ❞❡ (xn) q✉❡ ❝♦♥✈❡r❣❡ ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

❚❡♦r❡♠❛ ✺✳✶✼✳ ❙❡❥❛♠ X ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ s❡♣❛rá✈❡❧ ❡ (fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠

X ′✳ ❊①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (fnk
) ❞❡ (fn) q✉❡ ❝♦♥✈❡r❣❡ ♥❛ topologiafraca∗.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

Pr♦♣♦s✐çã♦ ✺✳✹✳ ❙❡❥❛ (fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ X ′✳ ❊♥tã♦✱

(i) fn
∗
⇀ f s❡✱ ❡ s♦♠❡♥t❡ s❡✱ 〈fn, x〉 → 〈f, x〉, ∀x ∈ X❀

(ii) ❙❡ fn
∗
⇀ f ✱ ❡♥tã♦ ‖fn‖ é ❧✐♠✐t❛❞❛ ❡ ‖f‖ ≤ lim inf ‖fn‖.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

❚❡♦r❡♠❛ ✺✳✶✽✳ ❙❡❥❛ (fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ Lp(Ω) ❡ f ∈ Lp(Ω) t❛❧ q✉❡ ‖fn− f‖p → 0✳ ❊①✐st❡

✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (fnk
) ❡ ✉♠❛ ❢✉♥çã♦ h ∈ Lp(Ω) t❛❧ q✉❡

(i) fnk
(x) → f(x)❀

(ii) |fnk
(x)| ≤ h(x), ∀k ∈ N, q✉❛s❡ s❡♠♣r❡ ❡♠ Ω.

❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

❚❡♦r❡♠❛ ✺✳✶✾ ✭❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛✮✳ ❙❡❥❛ (fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥✲

çõ❡s ❡♠ L1(Ω) q✉❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s✿

(i) fn(x) → f(x) q✉❛s❡ s❡♠♣r❡ ❡♠ Ω;

(ii) ❊①✐st❡ ✉♠❛ ❢✉♥çã♦ g ∈ L1(Ω) t❛❧ q✉❡ ♣❛r❛ t♦❞♦ k ∈ N✱ |fn(x)| ≤ g(x)✱ q✉❛s❡ s❡♠♣r❡ ❡♠

Ω.

❊♥tã♦✱ f ∈ L1(Ω) ❡ ‖fn − f‖L1(Ω) −→ 0.

✶✺✵



❉❡♠♦♥str❛çã♦✿ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

❚❡♦r❡♠❛ ✺✳✷✵ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♥✮✳ ❆ss✉♠❛ q✉❡ med(Ω) < ∞ ❡ s❡❥❛ J : R →
(−∞,∞] ✉♠❛ ❢✉♥çã♦ ❝♦♥✈❡①❛✱ J ≇ ∞✳ ❙❡❥❛ f ∈ L1(Ω) t❛❧ q✉❡ f(x) ∈ D(J)✱ q✉❛s❡ s❡♠✲

♣r❡ ❡✱ J(f) ∈ L1(Ω)✳ ❊♥tã♦✱

J

(
1

med(Ω)

∫

Ω

f

)
≤ 1

med(Ω)

∫

Ω

J(f).

❱❛❧❡ ♦❜s❡r✈❛r q✉❡ q✉❛♥❞♦ ❛ ❢✉♥çã♦ J é ❝ô♥❝❛✈❛✱ ♦❜t❡♠♦s ✉♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♥♦ s❡♥t✐❞♦ ♦♣♦st♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❋✳ ❇♦②❡r ❡ P✳ ❋❛❜r✐❡ ❬✸❪✳

◆♦ ❡st✉❞♦ ❞❛s ❊❉Ps ♥ã♦ ❧✐♥❡❛r❡s✱ ♣❡❧♦ ♠ét♦❞♦ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡✱ ❣❡r❛❧♠❡♥t❡ t❡♠♦s q✉❡

♣❛ss❛r ♣❡❧❛s s❡❣✉✐♥t❡s ❡t❛♣❛s✿

(i) ❈♦♥str✉✐r ✉♠ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ ❡ ♣r♦✈❛r q✉❡ ♣❛r❛ ❝❛❞❛ n ∈ N t❛❧ ♣r♦❜❧❡♠❛ ♣♦ss✉✐

✉♠❛ s♦❧✉çã♦ vn❀

(ii) Pr♦✈❛r q✉❡ ❛ s❡q✉ê♥❝✐❛ (vn)n ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ❢♦rt❡ ♣❛r❛ ✉♠❛ ❢✉♥çã♦

v❀

(iii) P❛ss❛r ❛♦ ❧✐♠✐t❡ ♥♦ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦✱ ♣❛r❛ ❛ ♣❛rt✐r ❞❛í✱ ♦❜s❡r✈❛r q✉❡ t❛❧ ❧✐♠✐t❡ é

s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ♦r✐❣✐♥❛❧✳

◆❡st❡ ❝♦♥t❡①t♦✱ ❢❛③❡♥❞♦ ❡st✐♠❛t✐✈❛s ❞❛ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦✱ ❡♠

s✐t✉❛çõ❡s ❝♦♠✉♥s✱ ❣❡r❛❧♠❡♥t❡ ❝♦♥❝❧✉✐✲s❡ q✉❡✿

• (vn)n é ❧✐♠✐t❛❞❛ ❡♠ ❝❡rt♦ ❡s♣❛ç♦ Lp(0, T ;X)❀

• (v′n)n é ❧✐♠✐t❛❞❛ ❡♠ ❝❡rt♦ ❡s♣❛ç♦ Lr(0, T ;Y )✳

❙✉r❣❡✱ ❡♥tã♦ ♦ q✉❡st✐♦♥❛♠❡♥t♦✿ s♦❜ q✉❛✐s ❝♦♥❞✐çõ❡s ❡st❛s ❧✐♠✐t❛çõ❡s ♥♦s ♣❡r♠✐t❡♠ ♦❜t❡r

✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❢♦rt❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡❄ ❖ ❚❡♦r❡♠❛ ❞❡ ❆✉❜✐♥✲▲✐♦♥s ❢♦r♥❡❝❡ ✉♠❛ r❡s♣♦st❛

❛ ❡st❛ ♣❡r❣✉♥t❛✳ ❙❡ ♥ã♦ ✈❡❥❛♠♦s✿

❚❡♦r❡♠❛ ✺✳✷✶ ✭❆✉❜✐♥✲▲✐♦♥s✮✳ ❙❡❥❛♠ X✱ Y ❡ Z ❊s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❝♦♠ X
comp→֒ Y

cont→֒ Z✱

s❡♥❞♦ X ❡ Z r❡✢❡①✐✈♦s✳ ❙❡❥❛♠ 1 < p0, p <∞ ❡✱ W ♦ ❡s♣❛ç♦

W :=
{
u ∈ Lp0(0, T,X); u′ ∈ Lp(0, T, Z)

}

♠✉♥✐❞♦ ❞❛ ♥♦r♠❛ ‖u‖W = ‖u‖Lp0 (0,T,X) + ‖u‖Lp(0,T,Z). ❊♥tã♦✱ W é ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ❡ ❛

✐♠❡rsã♦ W ❡♠ Lp0(0, T, Y ) é ❝♦♠♣❛❝t❛✳

✶✺✶



❉❡♠♦♥str❛çã♦✿ ❱❡r ❏✳ ▲✳ ▲✐♦♥s ❬✶✵❪ ♦✉ ❘✳ ❚❡♠❛♠ ❬✸✻❪✳

▲❡♠❛ ✺✳✶✶ ✭▲❡♠❛ ❞❡ ▲✐♦♥s✮✳ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s✱ ❧✐♠✐t❛❞❛ ❡♠

Lq(Ω), 1 < q <∞ ❡ ❝♦♥✈❡r❣❡ ♣❛r❛ u q✉❛s❡ s❡♠♣r❡ ❡♠ Ω. ❊♥tã♦

(i) un → u ✭❢♦rt❡✮ ❡♠ Lp(Ω) ♣❛r❛ t♦❞♦ 1 ≤ p <∞;

(ii) un ⇀ u ✭❢r❛❝♦✮ ❡♠ Lq(Ω).

❉❡♠♦♥str❛çã♦✿ ❱❡r ❏✳ ▲✳ ▲✐♦♥s ❬✶✵❪✳

❖❜s❡r✈❛çã♦ ✺✳✹✳ ❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❆✉❜✐♥✲❧✐♦♥s é q✉❡ s❡ (un)n∈N é ✉♠❛ s❡q✉ê♥✲

❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ Lp0(0, T,X) t❛❧ q✉❡ (u′n)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ Lp(0, T, Z)✱ ♣❛r❛

❛❧❣✉♠ p ≥ 1✳ ❊♥tã♦ (un)n∈N é ❧✐♠✐t❛❞❛ ❡♠ W ✱ ✐st♦ é✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (un)n∈N q✉❡

❝♦♥✈❡r❣❡ ❢♦rt❡ ❡♠ Lp0(0, T, Y )✳ ❯♠❛ s✐t✉❛çã♦ ❢r❡q✉❡♥t❡ ❡♠ q✉❡ s❡ ✉t✐❧✐③❛ ❡st❡ t❡♦r❡♠❛ é q✉❛♥❞♦

♦s ❡s♣❛ç♦s X, Y, Z sã♦ ♦s ❡s♣❛ç♦s Wm,p(Ω)✱ Wm,p
0 (Ω) ♦✉ L2(Ω) ♣❛r❛ ❡s❝♦❧❤❛s ❛♣r♦♣r✐❛❞❛s ❞❡

m, p✱ (N = dimRN) ❡ Ω ⊂ RN ✳ P♦r ❡①❡♠♣❧♦✿ s❡

• (vn)n é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;H1
0 (Ω))❀

• (v′n)n é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;L2(Ω))✳

❊♥tã♦ (vn)n ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ❢♦rt❡ ❡♠ L2(0, T ;L2(Ω))✳ ❖♥❞❡✱ ❛q✉✐ ✉s❛✲

♠♦s ✐♠❡rsõ❡s ❡♥tr❡ ❊s♣❛ç♦s ❞❡ ❇♦❝❤♥❡r✲▲❡❜❡s❣✉❡✱ ❛ r❡✢❡①✐❜✐❧✐❞❛❞❡ ❞♦s ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❡

❛♣❧✐❝❛♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✱ ❝♦♠ p = p0 = 2✱ X = H1
0 (Ω) ❡ Y = Z = L2(Ω)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ r❡t✐r❛r♠♦s ❛ ❤✐♣ót❡s❡ ❞❡ r❡✢❡①✐✈✐❞❛❞❡ ❞❡ X ❡ Z ♦ r❡s✉❧t❛❞♦ ❞♦ ❚❡♦r❡♠❛ ❞❡

❆✉❜✐♥✲▲✐♦♥s ♣❡r♠❛♥❡❝❡ ✈á❧✐❞♦✱ ✐ss♦ é ♦ q✉❡ ❛✜r♠❛ ♦

❚❡♦r❡♠❛ ✺✳✷✷ ✭❆✉❜✐♥✲▲✐♦♥s✲❙✐♠♦♥✮✳ ❙❡❥❛♠ X ⊂ Y ⊂ Z ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ t❛✐s q✉❡ ❛

✐♠❡rsã♦ ❞❡ X ❡♠ Y é ❝♦♠♣❛❝t❛ ❡ ❛ ✐♠❡rsã♦ ❞❡ Y ❡♠ Z é ❝♦♥tí♥✉❛✳ ❙❡❥❛♠ 1 ≤ p, r ≤ ∞✳ P❛r❛

T > 0 ❞❡✜♥❛ ♦ ❡s♣❛ç♦

Ep,r :=
{
u ∈ Lp

(
]0, T [;X

)
;
du

dt
∈ Lr

(
]0, T [;Z

)}

(i) s❡ p <∞✱ ❡♥tã♦ ❛ ✐♠❡rsã♦ ❞❡ Ep,r ❡♠ Lp(]0, T [;Y ) é ❝♦♠♣❛❝t❛❀

(ii) s❡ p = ∞ ❡ 1 < r ❡♥tã♦ ❛ ✐♠❡rsã♦ ❞❡ Ep,r ❡♠ C0([0, T ];Y ) é ❝♦♠♣❛❝t❛✳

❆❧é♠ ❞✐ss♦✱ ♠✉♥✐❞♦ ❞❛ ♥♦r♠❛ ‖u‖Ep,r
= ‖u‖Lp(0,T,X)+‖u‖Lr(0,T,Z)✱ Ep,r é ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

✶✺✷



❉❡♠♦♥str❛çã♦✿ ❱❡r ❋✳ ❇♦②❡r ❡ P✳ ❋❛❜r✐❡ ❬✸❪✳

❖❜s❡r✈❛çã♦ ✺✳✺✳ ❱❛❧❡ ♠❡♥❝✐♦♥❛r q✉❡ ♥♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ Z ♣♦❞❡ s❡r s✉❜st✐t✉í❞♦ ♣♦r q✉❛❧q✉❡r

❊s♣❛ç♦ ❍❛✉s❞♦r✛ ❧♦❝❛❧♠❡♥t❡ ❝♦♥✈❡①♦✳ ❆❞❡♠❛✐s✱ ❡①✐st❡ ❛✐♥❞❛✱ ✉♠❛ ✈❡rsã♦ ❞❡st❡ ú❧t✐♠♦ r❡s✉❧t❛❞♦

♦♥❞❡ ❛ ❧✐♠✐t❛çã♦ ❞❛ ❞❡r✐✈❛❞❛ é s✉❜st✐t✉í❞❛ ♣❡❧❛ ❡q✉✐❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ s❡q✉ê♥❝✐❛✳ ❚❛❧ ✈❡rsã♦ é

❞❛❞❛ ♣❡❧♦✿

❚❡♦r❡♠❛ ✺✳✷✸ ✭❆✉❜✐♥✲▲✐♦♥s✮✳ ❙❡❥❛♠ F ⊂ G ⊂ H ❊s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ❡ (un)n ✉♠❛ s❡q✉ê♥❝✐❛

❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;F ) t❛✐s q✉❡✿

(i) ❛ ✐♠❡rsã♦ ❞❡ F ❡♠ G é ❝♦♠♣❛❝t❛❀

(ii) ❛ ✐♠❡rsã♦ ❞❡ G ❡♠ H é ❝♦♥tí♥✉❛❀

(iii) ❛ ❝♦❧❡çã♦ {un : [0, T ] −→ H, n ∈ N} é ❡q✉✐❝♦♥tí♥✉❛✳

❊♥tã♦ (un)n é ♣ré✲❝♦♠♣❛❝t❛ ❡♠ C0([0, T ];F )✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ▼✳ ❈✳ ▲♦♣❡s✱ ❍✳ ❏✳ ◆✉ss❡♥③✈❡✐❣ ❡ ❩❤❡♥❣ ❬✶✸❪✳

❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ f ❡ (τhf)(t) = f(t+ h)✱ ❝♦♠ h > 0✳ ❙❡ f é ❞❡✜♥✐❞❛ ❡♠ [0, T ] ❡♥tã♦ ❛

tr❛♥s❧❛çã♦ τhf é ❞❡✜♥✐❞❛ ❡♠ [−h, T − h]✳

❚❡♦r❡♠❛ ✺✳✷✹✳ ❙❡❥❛♠ B ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ F ⊂ Lp(0, T ;B)✳ F é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦

❡♠ Lp(0, T ;B)✱ ♣❛r❛ 1 ≤ p <∞✱ ✭♦✉ ❡♠ C0(0, T ;B)✱ ♣❛r❛ p = ∞✮ s❡ ❡ s♦♠❡♥t❡ s❡✱

(i)

{∫ t2

t1

f(t)dt; f ∈ F

}
é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ B ∀ 0 < t1 < t2 < T ❀

(ii) ‖τhf − f‖Lp(0,T−h;B) −→ 0, q✉❛♥❞♦ h→ 0✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ f ∈ F ✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❏✳ ❙✐♠♦♥ ❬✸✺❪✳

❚❡♦r❡♠❛ ✺✳✷✺✳ ❙❡❥❛♠ B ✉♠ ❊s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ F ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❡♠ Lp(0, T ;B)

(1 < p ≤ ∞)✳ F é ✉♠ ❝♦♥❥✉♥t♦ r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ Lq(0, T ;B)✱ ∀ q < p s❡✱ ❡ s♦♠❡♥t❡

s❡✱ ∀ 0 < t1 < t2 < T ✈❛❧❡♠✿

(i)

{∫ t2

t1

f(t)dt; f ∈ F

}
é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ B❀

(ii) ‖τhf − f‖L1(t1,t2;B) −→ 0, q✉❛♥❞♦ h→ 0✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ f ∈ F ✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❏✳ ❙✐♠♦♥ ❬✸✺❪✳

✶✺✸



❚❡♦r❡♠❛ ✺✳✷✻✳ ❙❡❥❛♠ X ❡ B ❊s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ ❝♦♠ X ⊂ B✱ ✭✐♠❡rsã♦ ❝♦♠♣❛❝t❛✮ ❡ s❡❥❛

F ⊂ Lp(0, T ;B) (1 ≤ p ≤ ∞) t❛❧ q✉❡✿

(i) F é ❧✐♠✐t❛❞♦ ❡♠ L1
loc(0, T ;X)❀

(ii) ‖τhf − f‖Lp(0,T−h;B) −→ 0 ✱ q✉❛♥❞♦ h→ 0 ✉♥✐❢♦r♠❡♠❡♥t❡✱ ♣❛r❛ f ∈ F ✳

❊♥tã♦ F é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ Lp(0, T ;B)✱ ✭❡ ❡♠ C0(0, T ;B) s❡ p = ∞✮✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❏✳ ❙✐♠♦♥ ❬✸✺❪✳

❚❡♦r❡♠❛ ✺✳✷✼✳ ❙❡❥❛♠ X ⊂ B ⊂ Y ❊s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ ❝♦♠ X ⊂ B✱ ✭✐♠❡rsã♦ ❝♦♠♣❛❝t❛✮✳ ❙❡

(1 ≤ p ≤ ∞) ❡

(i) F é ❧✐♠✐t❛❞♦ ❡♠ Lp(0, T ;X)

(ii) ‖τhf − f‖Lp(0,T−h;B) −→ 0 ✱ q✉❛♥❞♦ h→ 0 ✉♥✐❢♦r♠❡♠❡♥t❡✱ ♣❛r❛ f ∈ F ✳

❊♥tã♦ F é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ Lp(0, T ;B)✱ ✭❡ ❡♠ C0(0, T ;B) s❡ p = ∞✮✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❏✳ ❙✐♠♦♥ ❬✸✺❪✳

❈♦r♦❧ár✐♦ ✺✳✸✳ ❙❡❥❛♠ X ⊂ B ⊂ Y ❊s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ ❝♦♠ X ⊂ B✱ ✭✐♠❡rsã♦ ❝♦♠♣❛❝t❛✮✳

(i) ❙❡ F é ❧✐♠✐t❛❞♦ ❡♠ Lp(0, T ;X) ❡
∂F

∂t
:=

{
∂f

∂t
; f ∈ F

}
é ❧✐♠✐t❛❞♦ ❡♠ L1(0, T ;Y )✱ ❝♦♠

(1 ≤ p <∞)✳ ❊♥tã♦ F é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ Lp(0, T ;B)✳

(ii) ❙❡ F é ❧✐♠✐t❛❞♦ ❡♠ L∞(0, T ;X) ❡
∂F

∂t
é ❧✐♠✐t❛❞♦ ❡♠ Lr(0, T ;Y )✱ ❝♦♠ r > 1✱ ❡♥tã♦ F é

r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ C0(0, T ;B)✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❏✳ ❙✐♠♦♥ ❬✸✺❪✳

▲❡♠❛ ✺✳✶✷✳ ❙❡❥❛ F ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ C0(0, T ;B)✳ F é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡

s❡✱

(i) F (t) := {f(t); f ∈ F} é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ B ∀ 0 < t < T ❀

(ii) F é ✉♥✐❢♦r♠❡♠❡♥t❡ ❡q✉✐❝♦♥tí♥✉♦✱ ✐st♦ é✱ ∀ε > 0 ❡①✐st❡ η > 0 t❛❧ q✉❡

‖f(t2)− f(t1)‖B ≤ ε ∀ f ∈ F, ∀ 0 ≤ t1 ≤ t2 ≤ T, s❡♠♣r❡ q✉❡ |t2 − t1| ≤ η.
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❉❡♠♦♥str❛çã♦✿ ❱❡r ❏✳ ❙✐♠♦♥ ❬✸✺❪✳

▲❡♠❛ ✺✳✶✸✳ ❙❡❥❛ ε > 0 ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡q✉❡♥♦✳ ❙❡❥❛ w s♦❧✉çã♦ ❞❡ wtt = ∆w✱ ♦✉ ♠❛✐s

❣❡r❛❧♠❡♥t❡✱ s♦❧✉çã♦ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ ❛r❜✐trár✐❛ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s

s✉❛✈❡s ❡ ❞❡♣❡♥❞❡♥t❡s ❞♦ ❡s♣❛ç♦✳ ❊♥tã♦

∫ T−ε

ε

∫

Γ1

(
∂w

∂τ

)2

dΣ1 ≤ CTε

{∫ T

0

∫

Γ1

[(
∂w

∂ν

)2

+ w2
t

]
dΣ1 + ‖w‖2

H
1
2+ρ(QT )

}
, ✭✺✳✶✵✮

♦♥❞❡
∂

∂ν
❞❡♥♦t❛ ❛ ❞❡r✐✈❛❞❛ ❝♦✲♥♦r♠❛❧ ❡ ρ > 0 é t❛♠❜é♠ ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡q✉❡♥♦✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ■✳ ▲❛s✐❡❝❦❛ ❡ ❘✳ ❚r✐❣❣✐❛♥✐ ❬✷✶❪✳
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❲✐♥st♦♥✱ ✶✾✻✺✳

✶✺✻



❬✶✸❪ ❋■▲❍❖✱ ▼✳ ❈✳ ▲✳ ▲❖P❊❙ ❍✳ ❏✳ ◆✉ss❡♥③✈❡✐❣✳ ❛♥❞ ❩❍❊◆●✱ ❨✳ ❲❡❛❦ s♦❧✉t✐♦♥s ❢♦r t❤❡

❡q✉❛t✐♦♥s ♦❢ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❛♥❞ ✐♥✈✐s❝✐❞ ✢✉✐❞ ❞②♥❛♠✐❝s✳ ✶✾✾✾✳

❬✶✹❪ ●❖▼❊❙✱ ❆✳ ▼✳ ❙❡♠✐❣r✉♣♦s ❞❡ ❖♣❡r❛❞♦r❡s ▲✐♥❡❛r❡s ❡ ❆♣❧✐❝❛çõ❡s às ❊q✉❛çõ❡s ❞❡ ❊✈♦❧✉çã♦✳

❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛ ✲ ❯❋❘❏✱ ✶✾✽✺✳

❬✶✺❪ ❍❊❇❊❨✱ ❊✳ ◆♦♥❧✐♥❡❛r ❆♥❛❧②s✐s ♦♥ ▼❛♥✐❢♦❧❞s✿ ❙♦❜♦❧❡✈ ❙♣❛❝❡s ❛♥❞ ■♥❡q✉❛❧✐t✐❡s✳ ◆❡✇ ❨♦r❦✿

❈♦✉r❛♥t ■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✱ ✶✾✾✾✳
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