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Resumo

Neste trabalho estudamos alguns problemas relacionados a geometria de hipersuper-
ficies Riemannianas imersas em variedades semi-Riemannianas (com indice zero ou
um) equipadas com uma fung¢éo densidade e que podem ser modeladas por uma certa
classe de produtos warped. Inicialmente, assumindo condicGes razoaveis na curvatura
média ponderada de tais hipersuperficies e considerando certas restricoes no espaco
ambiente, estabelecermos alguns resultados de unicidade e nao-existéncia. Também
estabelecermos resultados de estabilidade, bifurcacao e rigidez local associados & pro-
blemas variacionais que envolvem o funcional 1-4rea e o funcional area ponderada de

tais hipersuperficie.

Palavras-chave: variedades ponderadas; produtos warped; hipersuperficies Rieman-
nianas; tensor de Bakry-Emery-Ricci; curvatura média ponderada; f-Lapaciano; f-

parabolicidade; estabilidade, bifurcagdo; rigidez local.
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Abstract

In this work we study some problems related to the geometry of Riemannian hypersur-
faces immersed in semi-Riemannian manifolds (with index zero or one) equipped with
a density function and that can be modeled by a certain class of warped products.
Initially, assuming reasonable conditions in the weighted mean curvature of such hy-
persurfaces and considering certain restrictions in the ambient space, we establish some
results of uniqueness and non-existence. We also establish results of stability, bifur-
cation and local rigidity associated with variational problems involving the functional

1-area and the functional weighted area of such a hypersurface.

Keywords: wighted manifolds; warped products; Riemannian hypersurfaces; Bakry-
Emery-Ricci tensor, weighted mean curvature; f-Lapacian; f-parabolicity; estability,

bifurcation; local rigidity.
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Introduction

A weighted manifold M;LH is a semi-Riemannian manifold (M”H, g ) endowed
with a weighted volume form dp = e /dv, where the weight function f is a real-valued
smooth function on M """ and dv is the volume element induced by the metric ¢ (for
details see, for instance, [13],[60]). In this setting, as a crucial ingredient to understand
the geometry of a weighted manifold M;LH, the so-called Bakry-Emery-Ricci tensor
Ric; is introduced as being the following extension of the standard Ricci tensor Ric of
——n+1

M
mf = Ric + Hess f,

where Hess is the Hessian tensor in A7 . Other weighted objects, such as the weighted
mean curveture and the f-divergence can also be considered. A natural line of investi-
gation that appears into this thematic is the problem of extend results stated in terms
of the Ricci curvature, the mean curvature or the divergence, for example, to ana-
logous results for the Bakry-Emery-Ricci tensor, the weghted mean curvature or the
f-divergence.

It is also interesting to remark that weighted manifolds are closely related to
some classical mathematical concepts, as they can be used as a powerful mathematical
tool in order to obtain new results related to them. For some results of geometric
investigations concerning these weighted manifolds, we also refer the reader to the
articles of Morgan [61] and Wei-Wylie [68].

A theme that has been widely approached in isometric immersion theory in re-
cent years is the study of the geometry of semi-Riemannian manifolds that can be

regarded as warped products of the tipe (M ™ X o I, Ty ({-, ) asn) + (a0 marm)* 7 (edt?))



or (I x, M", mf(edt?) + (cvomg)*mhym({+, )aan)), where M" is a Riemannian manifold,
I C R is an open interval, 7~ and ng denote the canonical projections from A" x I
or I x M" onto each factor, (-, -)y~ is the Riemannian metric of M", « is a positive
function defined at the base (i.e. at the first factor) of the product and € € {—1,1}
is a constant that defines the causal character of the product (the warped product is
a Lorentzian manifold when ¢ = —1 and a Riemannian manifold when ¢ = 1). These
ambient spaces are naturaly foliated by a family of totally umbilical (spacelike, in the
Lorentzian case) hypersurfaces X7 := X" x {t} or X := {t} x X", ¢t € I, that will be
called slices. In this setting, an interesting question is to investigate the uniqueness of
such slices among (spacelike) hypersurfaces of the warped product, under reasonable
assumptions on their geometric data.

This branch of study, currently known as Bernstein (Calabi-Bernstein, in the
Lorentzian case) tipe results or also rigidity results, had its beginnings when Berns-
tein [I5] proved that the only entire minimal graphs in the 3-dimensional Euclidean
space R? are the planes. In the Lorentzian setting, there is an analogue result to Berns-
tein’s theorem, which states that the only entire maximal graphs in the 3-dimensional
Lorentz-Minkowski space I are the spacelike planes. This result was firstly proved by
Calabi [I8], and extended to the general n-dimensional case by Cheng and Yau [26].
A natural extension to the Benstein and Calabi-Bernstein problems is to determine a,
reasonable set of sufficient conditions which guarantee the uniqueness (or nonexistence)
of complete (spacelike) hypersurfaces immersed into a certain ambient space.

Another theme that has ben aroused the interest of some geometers it is the study
of variational questions associated to the area functional in Riemannian manifolds. A
example of this branch is the study of stability of hypersurfaces with constant mean
curvature H (shortly, H-hypersurfaces) in Riemannian manifolds T (n > 2), wich
began with Barbosa and do Carmo in [9], and Barbosa, do Carmo and Eschenburg
in [8]. In these papers, they introduced the notion of stability and proved that any
closed H-hypersurface immersed into M"™ is a critical point of the variational problem
of minimizing the area functional for volume-preserving variations.

In this thesis we will present unicity and nonexistence results related to spacelike
hypersurfaces immesed in semi-Riemannian manifolds that can be regarded as one of

the weighted warped products decribed above. We will also do a study of stability, local



rigidity and bifurcation for variational problems associated with the functional 1-area
and the functional weighted area in Riemannian spaces. The results that integrate the
present work correspond to the contents of papers [27], [31] [32], [33], [34] and [35].

In the Chapter [l we describe the ambient spaces that will appear throughout
this work, recall some facts about hypersurfaces immersed in such spaces and we have
also establish most of the notations that will be used.

In the Chapter 2| based in the paper [35], done in collaboation with H. F. de
Lima, A. M. Oliveira, M. S. Santos and M. A. L. Velasquez, we investigate the geo-
metry of conformal Killing graphs in a weighted Riemannian manifold M;LH endowed
with a complete conformal Killing vector field V', which are defined via the global
flow associated to V over an integral leaf of the distribution V+ (for more details see
Section . Taking into account the Cheeger-Gromoll type splitting theorems due
to Wei and Wylie [68], we assume that the weight function f does not depend on the
parameter of the flow associated to unit vector field v = —V/|V| (see Remark [1.5). In
these circumstances, we calculate a formula for the f-Laplacian of the support function
g(N,V) (cf. Lemma 2.4), where N is the Gauss map of the conformal Killing graph
Y(2). Afterwards, in Section under a suitable restriction on the norm of the
gradient of the function z, which determines such a graph ¥(z), we establish sufficient
conditions to ensure that X(z) is totally umbilical and, in particular, an integral leaf of
V+ (cf. Theorems and and Corollaries and . Our
approach is based on the use of the f-Laplacian of the supported function g(N, V),
the f-divergence of the tangent part of V' on X(z), jointly with a weighted version
of Stoke’s Theorem to the context of complete weighted Riemannian manifolds (see
Lemma .

In Section we study the stability of f-minimal conformal Killing graphs of
W;LH according to the behavior of the derivative of the conformal factor ¥y of V,
obtaining sufficient conditions to guarantee that an f-minimal conformal Killing graphs
be Ly-stable, where L; stands for the weighted Jacobi operator (cf. Theorem [2.16]
and Corollary . Finally, in Section our goal is to investigate the strong f-
stability of closed conformal Killing graphs in M;LH with constant f-mean curvature.
More specifically, we get sufficient conditions to a strong f-stable closed conformal

Killing graphs be either f-minimal or isometric to a leaf of V+ (cf. Theorem and



Corollary [2.20]).

As it is well known, an (n + 1)-dimensional Riemannian space (M”H, (-,-)) en-
dowed with a suitable Killing vector field Y can be regard as a Killing warped product
(M™ x4, R,(-,-)), for an appropriate n-dimensional Riemannian manifold M" and a
certain warping function o (for more details, see Section . In the Chapter (3]
based in the paper [32], caried out in collaboation with H. F. de Lima and M. A. L.
Velasquez, we obtain uniqueness results related to the mean curvature equation for
entire Killing graphs X" (z) constructed over the base M" of a weighted Killing warped
product My X, R with warping function o and whose weight function f does not de-
pend on the parameter ¢ € R, that is, (V f,0/0t) = 0 (see Theorem [3.9] Theorem
Theorem and Corollary in Section [3.3). For this, in Section we esta-
blish a suitable f-parabolicity criterion (see Proposition and Corollary and,
under appropriate constraints on the Bakry-Emery-Ricci tensor and on the f-mean
curvature, in Section we prove some rigidity results concerning complete two-sided
hypersurfaces immersed into M7 x, R (see Theorem Corollary Theorem
and Theorem [3.8]).

In the ChapterEI, based in the paper [33], which was done in collaboration with E.
L. de Lima, H. F. de Lima and M. A. L. Velasquez, our objective is to carry out a study
on the uniqueness, nonexistence and stability of spacelike hypersurfaces immersed into
a weighted standard static spacetime M}L X o Ry, the Lorentzian dual of the weighted
Killing warped product space dealt with in the Chapter [3] endowed with a weighted
function f does not depend on the parameter ¢ € R.

We start by obtaining explicit formulas for the Laplacian of the height function
h (see Proposition and the drift Laplacian of the angle function © (see Proposi-
tion , both functions naturally related to a spacelike hypersurface X" immersed
into M} X, R;. Then, applying some analytical results to subharmonic smooth func-
tions on complete Riemannian manifolds (for example: some parabolocity criteria, a
weak form of the Omori-Yau maximum principle and an extension of the Hopf’s The-
orem due to Yau) and considering suitable constraints on the f-mean curvature of X",

on the height function h, sometimes on angle function © and on the Bakry-Emery-

Ricci tensor of M™, we establish some uniqueness results (see Theorems 4.10]
and and Corollary and some nonexistence results (see Corollaries
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and [4.18)). In Remark we exhibit a large family of standard static spacetimes
that verify the hypotheses adopted in Theorem and also in their corollary. Next,
in Corollaries [£.11], £.16] and .19 we make a particular study on the Calabi-Bernstein

type properties of entire Killing graphs ¥"(z) constructed from a smooth function z
defined on the base M™ of M}L X Ry.

Proceeding, in Section we show that closed spacelike hypersurfaces immersed
with constant f-mean curvature in a weighted standard static spacetime M} x, R,
are solutions of the variational problem of maximizing the weighted area functional for
all variations that keeps the balance of weighted volume equal to zero (see Proposi-
tion . As a consequence, we establish the notion of f-stability for such hypersur-
faces (Definition and provide an appropriate stability criterion (Proposition [4.24).
Finally, in Theorem we obtain a characterization of f-stable closed spacelike hy-
persurfaces of M}L X o Ry through the first nonzero eigenvalue of the drift Laplacian.

In the Chapter |5, based in the paper [34], carried out in collaboration with H.
de Lima and M. A. L. Velasquez, we obtain uniqueness results related to the mean
curvature equation for entire Killing graphs constructed over the Riemannian base M"
of a weighted standard static spacetime M}L X« Ry. As in the Riemannian case, dealt
with in the Chapter |3] in Section |5.1| we establish a suitable f-parabolicity criterion
and, in the Section assuming certain control over the Bakry-Emery Ricci tensor and
over the f-mean curvature, we study the rigidity of spacelike hypersurfaces immersed
in M} X4 Ry. Finally, we point out that, in Section applications of our main results
to weighted standard static spacetimes of the type G" x, R;, where G" stands for the

so-called Gaussian space which is nothing but that the Euclidian space R" endowed

ntl _ |yl?

with the Gaussian probability density e /® = (27) "2 ¢ "2, y € R", are also given.

As observed in [3] [I6] [I7], the set of trial maps for the variational problem of
minimizing the area functional for volume-preserving variations should be a collection
of embeddings of H-hypersufcaces >" into M”H; in order to detect solutions that
are not isometrically congruent, one should take into consideration the action of the
diffeomorphism group of >", acting by right composition in the space of embeddings,
and the action of the isometry group of M”H, acting by left composition on the space
of embeddings. The action of the diffeomorphism group of 3" on any set of embeddings

of H-hypersufcaces X" into M s free, which suggests that one should consider a



quotient of the space of embeddings by this action. This means that two embeddings of
H-hypersufcaces z;, : 37 9 M and - ¥7 9 " will be considered equivalent if
there exists a diffeomorphism ¢ : X7 — X7 such that x5 = 210¢. As to the left action of
the isometry group of H”H, this is not free; nevertheless, the group is compact and one
can study a bifurcation problem for its critical orbits. Thus, the variational problem
described above provides us with a framework where we can study the equivariant
bifurcation (cf. [3, 16l [I7, [66]) in a set of equivalence classes of embeddings of H-
hypersufcaces X7 into M " .

In this context, our purpose in the Chapter []is to study the notions of local rigidi-
ty, bifurcation instants and stability associated with the 1-area and f-area functional for
a family of open sets in certain warped products, using equivariant bifurcation theory
in order to establish sufficient conditions that allow us to guarantee the existence of
bifurcation instants or the local rigidity of such families.

In Section based in the paper [27], which is a collaboration with J. Q. Oliveira,
J. F. da Silva and M. A. L. Velasquez, considering a warped product I x, M" with
compact (without boundary) Riemannian fiber M", our purpose is to investigate the
existence of bifurcation instants or the local rigidity of a certain family {€2,} . _, of
open sets whose boundaries are H,-hypersurfaces. For this, initially, in a Riemannian
manifold 77" we consider the space of open subsets () C M with compact closure
and whose smooth compact boundary 0f) is an orientable hypersurface and we study

the variational problem of

(VP-1): minimizing the 1-area functional A(t) for all variations of

0} that preserve the volume of ).

We assemble the Jacobi functional F*(t) = A, (t) + A\V(t) (see (6.6)) associated with
the variational problem, where V(¢) (see (6.4)) is the balance of volume and A is a real
constant, we calculate its first variation £ 7*(0) (see (6.12)), and as a consequence we
get that the open subsets €2 of M"" whose boundary 0f is a compact Ho-hypersurface
are characterized as critical points of (VP-1) since the Ricci curvature Ricz( , ) of at
in the normal directions N; of the volume-preserving variations is constant (full details
can be found in Proposition and its subsequent comments). It is immediate to

note that any Einstein manifold verifies the adopted condition on the Ricci curvature,



and thus we are obtaining a type of extension for the variational characterization of
compact Ho-hypersurfaces obtained in [I] and [44]. When we change our variational

problem for the of

(VP-2) : minimizing the 1-area functional Ai(t) for all variations of

0%2, not necessarily volume-preserving variations of €1,

in Proposition we observed that the respective critical points of (VP-2) coincide
with the same critical points of the initial variational problem (VP-1). For each of
these critical points, in Proposition we calculate the second variation g—; F*0) in
terms of the Jacobi differential operator J (see (6.18])). Furthermore, for a family
of critical points {Q,} C " associated with our variational problem (VP-2), in
Subsection [6.2.2| we use the equivariant bifurcation theory to establish our notions of
bifurcation instants and local rigidity, as well as to relate these two concepts to the
Morse index Ind (f ’\(7), QT) of each (2., which in turn can be understood as the number
of negative eigenvalues (counted with multiplicity) of the Jacobi operator 7, on Q..

We begin the Section[6.2.3]by listing in Table[6.I]all Riemmanian warped products
of the type I x, M"™ that satisfy the condition on the Ricci curvature that we are
assuming. Then, in these products, we consider the family {Q,}
of (I xq M™,dr* + a(7)?(-,-)n) given by

re(r,m) Of Open subsets

Qr = (m,7) x M",  with 7€ (m,7],

where 71 and 7, are fixed numbers in / C R. Thus, assuming M™ to be compact
(without boundary), we have that the boundary 92, of each ), is the disjoint union
00, = X7 U X7 of two compact hypersurfaces ¥ = {m} x M" (fixed) and ¥7 =
{7} x M". Since the variations of OS2, only affects ¥” and taking into account that X" is
a compact I -hypersurface with constant second mean curvature Hy = (f'(7)/f(7))?,
we have that each element of {2}
(VP-2).

Next, in Proposition we collect all the elements that are sufficient to get

re(m .7 18 a critical point for the variational problem

an explicit expression for the eigenvalues of the Jacobi operator 7. of each element of
{27}, ¢ (s ,]» a0 expression that we will allow to calculate the Morse index Ind (F2™, Q).
Then, in Theorem [6.9] considering appropriate conditions of the spectrum of the
Laplacian on M" and the warped function «, we establish the local rigidity of the
family {Q,} | © I xq M" (see also Corollary . Furthermore, in Theo-
rem [6.11] and in Theorem [6.13] we establish some sufficient conditions in terms of «

76(7'1,7'2

and the behavior of eigenvalues of the Laplacian on M" to obtain bifurcation instants

of {Q:}, ¢y C I Xo M™ (see also Corollary and Corollary 6.14). Finally, in
Tables and [6.4] we list examples that verify all the conditions we are assuming.

7



In Section[6.3] we based in the paper [31], also carried out in collaboration with H.
F. de Lima and M. A. L. Velasquez. There, our purpose is to study the notions of local
rigidity, bifurcation instants and stability for a family of open sets {€2, }, of a weighted
Killing warped product M} x, R whose boundaries 0€2, are closed hypersurfaces with
constant weighted mean curvature H(7) (in abbreviation, we say that 0(1, is a closed
H ¢(7)-hypersufcace), where ~ varies on a prescribed interval I C R.

For this we consider the variational problems:

(VP-3): Minimizing the weighted area functional A; (see (6.36)) for

all variations of O€), that preserve the weighted volume of €1,

(VP-4): Minimizing the weighted area functional Ay (see (6.36)) for all
variations of 0, not necessarily weighted volume-preserving

variations of {1,.

By an analysis of the first variation of the associated weighted Jacobi functional
FYO = Ap + A()Vy,  with A(y) € R

(see (6.37))), where V; is the weighted volume functional (see (6.35)), we obtain in
Proposition that the critical points of (VP-3) and (VP-4) are the open sets €,
whose boundary 0f), is a closed H/(v)-hypersurface with constant weighted mean
curvature Hy(v) = A(7)/n. For these critical points, in Proposition [6.21] we obtain the
formula of the second variation of }";(7).

Concerning the variational problem (VP-4), in Subsection we use the equi-
variant bifurcation theory (cf. [3], 17, [16, 66]) to establish our notions of bifurcation
instants and local rigidity in terms of the Morse index of the weighted Jacobi operator
T~ (see (6.52)). Then, in Section we get some results of local rigidity and
bifurcation instants in M7 x, R via the analysis the number of negative eigenvalues of

jfw'



Chapter 1
Preliminaries

In this chapter, our aim is to establish the major part of the notations that will
be used and describe the ambient spaces that will be appear throughout this work.

1.1 Riemannian setting

Let " ' bea (n+ 1)-dimensional orientable Riemannian manifold (n > 2) with
metric tensor (-,-), Levi-Civita connection V and curvature tensor R. We denote by

X (1) the set of vector fields of class C° on 37", by C**(7) the ring of real functions

of class C= on M """ and by Cs°(M) the set of all smooth functions defined in et
with compact support. In this context, we consider hypersurfaces x : " ¢ W”H,
namely, isometric immersions from a connected, n-dimensional orientable Riemannian
manifold £ into M """, Since %" is orientable, one can choose a globally defined unit
normal vector field N on X", which will be called the Gauss map of x : X" — M;LH

The shape operator of z : X" ¢ M with respect to IV is given by

A XEY) - x(E)
Y = AY) = -VyN.

Since, for each fixed p € £", A, : T, — T,X is a self-adjoint linear map, the spectral

theorem allows us to choose on 7,% an orthonormal basis {ei,...,e,} of eigenvectors
of A,, with corresponding eigenvalues x1(p),...,kx,(p), respectively. The functions
Ki,...,h, on X" thus defined are called principal curvatures of x : ¥" % M

Moreover, it is well known that the curvature tensor R of " is described in terms of
A and R by the so called Gauss equation, which can be written as

RU VYW = (RU,VYW)T + (AU),W)AV) — (A(V), WYA(U) (1.1)

for all U, V,W € X(X), where (-)" stands for tangential components on "



We will deal with the first three mean curvatures of the hypersurface = : X" ¢

M”H, namely

(

1 T
o, = -~ ;f%
2
Hy = ——— KiKj, 1.2
n(n —1) ; I (1.2)
6
Hy = KikK;Kk.
n(n—1)(n — 2) <Z<k 7
\ <J

We have that H, is the mean curvature of z : 3" ¢ H”H, which is the main extrinsic
curvature of X" and when there is no danger of confusion it will be denote simply by H.
On the other hand, the second mean curvature H, defines a geometric quantity which is
related to the scalar curvature S of z: X" o ", Indeed, it follows from the Gauss
equation that the (non-normalized) Ricci curvature Ricy of = : X" ¢ M s
given by

Ricx(U, V) = Ricy(U, V) — (R(U, N)V,N) + nH{A(U), V) — (AU), A(V)),

for U,V € X(¥"), where Ricy; stands for the Ricci curvature of T Therefore, S
obeys the relation
S = S —2Ricy (N, N) +n(n — 1)Hs, (1.3)

where S stands for the scalar curvature of 37" . For instance, if there is one 7 € R
such that the Ricci curvature of 37" verifies the condition

Ricy7(N,N) = 3 = const. on xm (1.4)
we get from (1.3]) and (|1.4) that S and H, are related by
S=(n-1)(o+nH,). (1.5)

When required, if a hypersurface z : ¥ 3 M""" has constant second mean
curvature H,, for short we will simply say that z : X" & " s an I 2-hypersurface.
One also let the Newton transformation T : X(X") — X(X") associated with
= n+l . .
x: X" M be given by setting

T = nH 1d — A, (1.6)
where Id : X(X") — X(X") denotes the identity map.

Associated to the Newton transformation 7" one has the well known Cheng-Yau’s

square operator [25]

O . O — C=(Z")

u — O(u) = tr (T o Hessx u), (1.7)

that is a second order differential operator, where Hessy; stands for the Hessian operator
on X",

10



1.2 Lorentzian setting

Let (M”H, (-,-)) be a (n + 1)-dimentional Lorentzian manifold. We mean by

C>(F) the ring of real functions of class C on M " and by X(3) the C=(7)-
module of vector fields of class C*° on 3""". We recall (cf. [62, Chapter 3|) that
a vector field X € X(M) is said to be timelike if (X, X) < 0 on M”H; spacelike if
(X, X)>0on """ and a unit vector field if (X, X)==+1on M Furthermore, a
Lorentzian manifold 37" is said to be time-orientable if there exist a timelike vector
field globaly defined on 3" Consider a spacelike hypersurface  : X" < M;LH. It
means that the induced metric on X" via the immersion z is a Riemannian metric.
When 3" is time-orientable by a timelike vector field (cf. [6Z, Lemma 5.32]), say
a certain K € X(M), and £" is a spacelike hypersurface, then ¥" is orientable and
one can choose a globally defined unit normal vector field N on X" having the same
time-orientation of W”H, that is, (K, N) < 0. Such N is said the future-pointing

Gauss map of 7. If we let

A X(EY - X(EY

_ (1.8)
Y = AY) = —VyN

denote the shape operator of X" with respect to NV, then the mean curvature H of X"

is defined by
H: > —- R

oo HE) = (4. 9

The choice of the sign in our definition of H is motivated by the fact that in that case
the mean curvature vector is given by H = HN and, therefore, H(p) > 0 at a point
p € X" if; and only if, H(p) is in the same time-orientation as N(p), and hence as

K(p).

1.3 Weighted manifolds

On a complete Riemannian manifold M”H, let us remember that the classical
Laplace operator A on WM™ can be defined as the differential operator associated to
the standard Dirichlet form

M

QM=/|WWawHWMCﬂM,

where | - | is the norm induced by the Riemannian metric of M”H, dv is the volume
element on 3 """ and £2(dv) denotes the set of measurable functions « on 7" such
that the Lebesgue integral (with respect to dv) of |¢|? exists and is finite.

Now let f € C(M) be a real valued smooth function, that will be referred as a

weight function (or density function). If we replace the measure dv with the weighted

11



measure
dp = e fdv (1.10)

in the definition of O, we obtain a new quadratic form Q;, and we will denote by A
the elliptic operator on C°(M) C L%(dp) induced by Q;. In this sense, A; arises
as a natural generalization of the Laplacian. It is clearly symmetric and positive and
extends to a positive operator on £?(dyu). By Stokes theorem,

Ap(p) = Ap—(Vo,Vf), e C&(M).

The triple (M i

acting in C>°(M) will be called, respectively, the weighted manifold associated with
M and f, which we simply denote by W;LH, and the f-Laplacian (or drift Lapla-

cian).

,(-,+),dp) and the differential operator A; defined above and

Let us remember that a Riemannian manifold " is parabolic if every bounded
solution of Au > 0 must be identically constant. We recall that a smooth function u
on a weighted manifold M;LH is said to be f-superharmonic if Ay(u) < 0. Taking this
into account, the weighted manifold M;LH is called f-parabolic if the only nonnegative
and f-superharmonic functions on W;LH are the constant ones.

Let us remember that a notion of curvature for weighted manifolds goes back to
Lichnerowicz [58, [57] and it was later developed by Bakry and Emery in their seminal
work [6], where they introduced the following modified Ricci curvature

Ric; = Ric + Hess f, (1.11)

where Ric and Hess are the standard Ricci tensor and the Hessian on W;LH, respec-
tively. As it is common in the current literature, we will refer to this tensor as being the
Bakry-Emery-Ricci tensor of M;LH. We note that the interplay between the geometry
of """ and the behavior of the weighted function f is mostly taken into account by
means of its Bakry-Emery-Ricci tensor Ric; (cf. [68]).

1.3.1 Hypersurfaces in a class of weighted warped products

Let M}LH be a weighted warped product of the tipe

(M7 %o T, (o) = mhn (5 dare) + (00 gt (edt?) , dp)
or
(1 Mo M, (-, = s (edt) + (a0 mn)2mhpm (- Yagm) du).

We will often refer to the first factor of the product as being the base and the second
factor as being the fiber of the warped product. Here M" is a Riemannian manifold,
I € R is an open interval, my» and nr denote the canonical projections from W;LH

12



onto each factor, o is a positive function defined at the base of the product, e € {—1,1}
and du = e /dv is the weighted volume form associated with the real-valued smooth
function f, where dv is the volume element induced by the metric (-, ).

In the case that 7" is a Riemannian manifold (i.e. when ¢ = 1), we will
consider two-stded hypersurfaces x : X" — W;LH. This condition means that there is
a globally defined unit normal vector field N. On the other hand, in the Lorentzian
case (i.e., when ¢ = —1), X" will be considered a spacelike hypersurface and, in this
case, there exist a normal timelike vector field NV globaly defined on 3.

Let us denote by V, V and V the Levi-Civita connections of HHH, 3™ and M",
respectively. The f-mean curvature of X" is the function H; given by

nH; =nH +e(Vf,N), (1.12)

where I/ = e+ tr(A) denotes the classical mean curvature of ¥ with respect to N.
The f-divergence on ¥", for any X € X(X), is defined by

div, X = divX — (Vf, X), (1.13)

where div(X) = trace{Y — Vy X} denotes the divergence relative to ¥". A direct
calculation assures us that

divf(ch) = pdivy X + (Vip, X) (1.14)

for all X € X(X) and any ¢ € C*°(X). We define the f-Laplacian (or drift Laplacian)
relative to X" by

Ap(p) = divy (V) = Ap = (V [, V), (1.15)

for all ¢ € C°(X), where A is the standard Laplacian relative to X". From ([1.14])
and ([1.15) we can obtain the expression

Af(op) = 05 (p) + ¢Ar(0) +2(Vo, V), (1.16)

which is valid for any pair of functions o, p € C>*(X).

We recall that a slice of M is a hipersurface My obtained by fixing some ¢, € I,
that is, M = M™ x {to} or M = {t,} x M"; and a slab of M" is the region lying
between two slices, that is, a region of the type

M" Xa[tl,tg] = {(q,t)GMn XQI : tlftftg}

or
[tl,tg] XaMn = {(t,Q)GIXaMn . tlftftg}

13



1.4 Ambient spaces and immersed hypersurfaces

In what follows we will introduce the ambient spaces that will appear throughout
the forthcoming chapters. Namely, we will describe certain weighted semi-Riemannian
manifolds with index zero or one that can be regarded as weighted warped products
for which one of the factors is a n-dimensional Riemannian manifold M" and the other
is an open interval I C R whose metric defines the causal character of the product.

1.4.1 Weighted Riemannian spaces furnished wiht a conformal
Killing vector field

Let us consider an (n + 1)-dimensional weighted Riemannian manifold W;LH

endowed with a conformal Killing vector field V whose orthogonal distribution D is
integrable. Thus, there exists a smooth function 1y, € C°(M) such that

Ly (o) =2¢v (), (1.17)

where Ly stands for the Lie derivative in the direction of V. The function ¢y is called
the conformal factor of V.

In this setting, we denote by & : I x M" — W;LH the flow generated by V', where
I = (—00,a) is an interval with a > 0 and M"™ is an arbitrarily fixed integral leaf of D
labeled as t = 0, which we will suppose to be connected and complete. It may happen
that a = 400, i.e., the vector field V' is complete. Since &, = P(t,.) is a conformal
map for any fixed ¢t € R, there exists a positive function A € C°(I x M") such that
AO,u) =1 and &7 (-,-)(u) = N2(t,u)(-,-)(u), for any u € M".

We restrict ourselves to the case where the function A depends only on the variable
t, that is, A € C°°(I). Geometrically, as it was already observed in [28], this hypothesis
allows us to relate the induced metrics in distinct leaves of the foliation orthogonal to
V, which we will denote by V=.

From we deduce the conformal Killing equation

<VXV7 Y> + <vaYV> = 2¢V<X7 Y>7

for any X, Y € X(M).
An interesting particular case of a conformal Killing vector field V' is that in
which
VxV =4y X (1.18)

for all X € X(M); in this case we say that V is closed, an allusion to the fact that its
dual 1-form is closed. Yet more particularly, a closed and conformal Killing vector field
V' is said to be parallel if its conformal factor 1y, vanishes identically, and homothetic
if 4y, is constant.

14



Let M7 = ®,(M") be a leaf of V* furnished with the induced metric. From
(L.18) we get

V{V,V) =2y V. (1.19)

Consequently, |V'|? is constant on the leaves of V+. Moreover, computing covariant
derivatives in (|1.19)), we have that

and, since both Hess and the metric (-, -) are symmetric tensors, we get
X(¢V)<Vv Y> = Y(¢V)<Vv X>7

for all X,Y € ¥(M). Now, taking Y = V we arrive at

= Vv
Vipy = |$/}|§)V = v(Wv)v, (1.20)
Vv ) N
where v = ——— and, hence, 1y is also constant on the leaves of V.

V]
Furthermore, with a straightforward computation, we verify that the shape ope-

rator A; of a leaf M € V+ with respect to v is given by

= Yy
A(X) =Vxvr=—X
for any X € X(M7) and, hence, the leaves A} are totally umbilical hypersurfaces with

constant mean curvature H = H(t) with respect to v given by

_ Yy

H=r
Vi

(1.21)

Under the additional condition that the weight function f of M;LH does not
depend on the parameter of the flow associated to the unit vector field v, which means
that (Vf,v) = 0 on W;LH, we obtain from (1.12) and (1.21) that the f-mean curvature
of a leaf M7 € V7 is given by

Yy

(1.22)
Remark 1.1 We observe that the following result is a consequence of a Cheeger-
Gromoll type splitting theorem due to G. Wei and W. Wylie (c¢f. Theorem 6.1 of
of [68], , see also Theorem 1.1 of [{7]):

“Let H;LH be a weighted Riemannian manifold that contains a
line. If the Bakry-Emery-Ricci tensor of H;LH s nonnegative and
the weight function f is bounded then f must be constant along the

line.”
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Taking into account the Remark in any weighted Riemannian manifold H;LH

endowed with complete closed conformal Killing vector field V', having nonnegative
Bakry-Emery-Ricci tensor and with bounded weight function f, we have that f does
not depend on the parameter of the flow associated with the unit vector field v.

A particular class of Riemannian manifolds provided with a closed conformal
Killing vector field is the so-called warped product of the type I x, M", that is, the
product manifold M™ x R endowed with the warping metric

() = mp(dt®) + (oo e ) mhpn ({5 D are)-

A warped product I x, M"™ endowed with a weight function f will be called a weighted
warped product and it will be denoted by

(I xaM™),;.

For such a space, if 7; is the canonical projection onto I, then the vector field V' =
(av o 7r) O is conformal Killing and closed, with conformal factor ¢y = o' o 77, where
the line denotes differentiation with respect to ¢ € I. Moreover (see [59]), for ¢ € I, the
slice M = {t} x M" is totally umbilical, with constant mean curvature with respect
to —0; given by

Conversely, let M;LH be a weighted Riemannian manifold endowed with closed
conformal Killing vector field V. If p € M;LH and M)’ is the leaf of V+ passing through
p, then we can find a neighborhood i), of p in M} and an open interval I C R containing
0 such that the flow ® of V' is defined on U/, for every ¢ € I. Besides, if V is complete,
following the ideas in Section 3 of [59], one can prove that

(Rx M), — ;" (123
(t,u) = D(t,u)

is a global parametrization on M;LH, so that M;LH is isometric to the weighted warped
product
(R Xq M;)f , (1.24)

where a(t) = |[V(®(t,u))|, t € R and v € M, is an arbitrary point.
When the weight function f considered in a warped product of the type I x, M"
does not depend on the parameter ¢ € R, we will explicit this condition simply writing

I x, M} (1.25)

and, in what follows, this notation will be used without further comments. In this case,
from (|1.22) we get that the f-mean curvature of the slice {¢{} x M™ with respect to the
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orientation given by —0; is given by

(1.26)

At the end of this section, our purpose will be to give a description of one of
our objects of study: conformal Killing graphs immersed in a weighted Riemannian
manifoldf W;LH endowed with closed conformal Killing vector field V. In this sense,
following the ideas established in [28], given a domain Q in M" = M}, we define the
conformal Killing graph ¥(z) of a smooth function 2 on ) as the hypersurface of H;LH
given by

Y(z) = {®(z(u),u) : ucQ},
where ® is the flow generated by V. When 2 = M™, ¥(z) is said to be entire.

If we assign coordinates zo = t,21,...,7, to points in M;LH of the form @ =
®(t,u), where x4, . .., x, arelocal coordinates in A", then the corresponding coordinate
vector fields are

Dlz=V(t) and Oi|lz = ®w0ily, forallie {1,... n}.

Thus, the conformal Killing graph ¥(z) is parameterized in terms of local coordinates

by z(z1,...,%,),x1,..., 2, and the tangent space to X(z) is spanned by the vectors
gxzz Dla(z(w)w) + Oil o2y, forallie {1,...,n}. (1.27)
Hence, from we see that the metric induced on 3(z) is given by
22(2(u)) (1 dz? 4 da2) ,
Y
where v = W and do? stands for the metric of the leaf M™.

Moreover, denoting by Dz the gradient of the function 2 with respect the metric
do?, with a straightforward computation we verify that
1
N = ((IDZ(“)*DZ(U) — ’7(90|<I>(z(u),u)) (1.28)
A(z(u)) /7 + [Dz(u)]?

gives an orientation on ¥(z) such that (V, V) < 0.

In this scenario, we will consider the support function 7y on a conformal Killing
graph X(z) immersed in H;LH, which is defined by
nyX(z) - R
p = avip) = {V(p),Np),

where N is the Gauss map of X(z) given in (1.28]). We have that 7y is negative and

(1.29)

Vi = —A(VT), (1.30)

where A is the shape operator of Y(z) with respect to N and V' is the projection of
vector field V' on the tangent bundle of X(2).
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1.4.2 Generalized Robertson-Walker Spacetime

According to the terminology introduced in [4], a particular class of time-oriented
Lorentzian manifolds is that of generalized Robertson- Walker (GRW) spacetimes de-
noted by I x, M™ (n > 2), namely, product manifolds I x M" endowed with warped
metric tensor

() = —mr(dt?) + (a o mam ) mhpn (- D aan)-
In other words, I; x, M"™ is nothing but a warped product with Lorentzian base
(I, —dt?), Riemannian fiber (M", (- ,-))/) and warping function a.

1.4.3 Weighted Killing warped products
Let (3"
Killing vector field Y which never vanishes. We recall that Y is a Killing vector field

,g) be a (n 4+ 1)-dimensional Riemannian manifold endowed with a

Killing if £y g = 0, where Ly stands for the Lie derivative in the direction of Y. Let us
suppose in addition that ¥ has complete flow lines and that the associated orthogonal
distribution D is integrable. In this setting, we denote by ® : M" xR — M the
flow generated by Y, where M™ is an arbitrarily fixed integral leaf of D, labeled as
t = 0, which we will suppose to be connected.

In this setting, M " can be regarded as the Killing warped product M" x, R,
that is, the product manifold M™ x R endowed with the warping metric

(o) = ma(( ) an) + (oo mag ) m (dt?), (1.31)

where the warping function is given by o = |Y'| > 0. In particular, when oo = 1 in ([1.31])
we have that the space (M" x R, (-,-)) is just a standard product space.

Now, let (M"™ x, R) F be a weighted Killing warped product associated with the
density function f. We say that = : ¥" & (M" x, R) ;s f-minimal when its f-mean
curvature vanishes identically. It is a well-known fact that minimal hypersurfaces of
M™ x, R arise as critical points of the area functional (under compactly supported

variations)
Vol(2") = / dv,

where dv is the volume element of the hypersurface >" induced via immersion z. Since
the weighted structure on M" x, R also induces a weighted structure on >", we can

consider the similar variational problem for the weighted area functional
Vol (27) = / e dv.

From variational formulas (see for instance [I3]) one can see that 2 : " 9 (M" x, R),
is f-minimal, namely a critical point of the weighted area functional, if and only if H;
vanishes identically.
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Remark 1.2 We observe that the Killing vector field Y determines in M™ x, R a
codimension one foliation by totally geodesic slices M™ x {ly}, to € R, with respect
to orientation determined by Y. Moreover, assuming that the weighted function f €
C®(M™ x, R) is invariant along the flow determinate by Y, that is, (Vf,Y) = 0,
from we get that each slice M™ x {t} is f-minimal.

As a consequence of Remark in any weighted Killing warped product
(M" x4 R), having nonnegative Bakry-Emery-Ricci tensor and with bounded weighted
function f, we have that f does not depend on the parameter of the flow associated
to the Killing vector field Y. For sake of simplicity, in what follows, Killing warped
products M"™ x, R endowed with a weighted function f which does not depend on the
parameter ¢ € R will denoted by

MJ? X4 R

and this notation will be used without further comments.

Associated to a two-sided hypersurface z : X" & (M" X, R),, we will consider
two particular smooth functions, namely, the (vertical) height function

h = (7g) o ¥ = R (1.32)

and the angle function

©O: ¥ - R

(1.33)
p = O(p) = (N(p),Y(p),
where N is the Gauss map of X" and Y is the Killing vector field on M" x, R.
We have that .
Vh = — YT, (1.34)

where (-)7 denotes the projection of a smooth vector field in X(M" x,R) onto X(Z").

Moreover, we have
. 1
N* = N — = oY, (1.35)

where (-)* denotes the projection of a smooth vector field in X(M™ x,R) onto X(M").
From (1.34) and (|1.35]) we get the following relation:

1 *
|Vh|? = ¥|N |2n- (1.36)
Indeed, we have that
1 T T
(Vh,Vh) = —{YT,Y7) = —(Y —ON,Y - ON)
1 ©2 1 ) )
- @(1—5) =@ @t V=g
1 * * 1 * *
= ¥<N7N>_¥<N7N>M”



In what follows, we define the entire Killing graph ¥"(z) associated to a smooth
function z € C*°(M™"), according to [30], as being the hypersurface of M} x, R given
by

Y'2) = {P(y,2(y)) : yeM"} € M" x,R.

The induced metric on M™ from the Riemannian metric (1.39)) via ¥"(z) is given by
<.7.>Z e <.7.>M_|_a2d22‘
On the other hand, the function

G: M"xR — R
(yvt) = G(yvt) Z:t—Z(y),

is such that
Y'(z) = z(GH0)).

Then, for all X € X(M"™ x, R) we have

. 1 1
X(@) = X'(G)+ = (X0 w(@) = <¥ v Dz,X>,
where v is the unit vector field given by v = |—¥|, Dz denotes the gradient of a function

z with respect to the metric (-,-)3; of M™ and X* is the orthogonal projection of X

on X(M"). Thus,

VG = iIJ—DZ

o

is a normal vector field on G~1(0) and, consequently,

= 1
No = 2.(VG) = =Y —x.(Dz)

o

is a normal vector field on ¥"(z). Since,

it follows that

No ! (Y — o*z,(Dz)) (1.37)

N =
INol o (14 a2|Dz2)"?

gives an unit normal vector field on ¥"(z), which we will consider as being its Gauss
map, for which the angle function © defined in (1.33)) is given by

«
O = NY) = mrapmyE > " (1.38)
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1.4.4 Weighted standard static spacetimes

Consider an (n + 1)-dimensional Lorentzian manifold M""" with Lorentzian me-
tric ¢ = ¢g(-, -) and endowed with a timelike Killing vector field Y. Here timelike referred
to a vector field means that Y, € T, M is a timelike vector (and so nonzero) for each
peM.

We observe that the distribution D of all smooth vector fields of 37" that are

orthogonal to Y, defined at each point by

M"'sp — Dp)={veT, M : g(v,Y,) =0},
is of constant rank and integrable. Given a Riemannian integral leaf A" of that
distribution D, let ¥ : I x M" — M be the flow generated by Y with initial values
in M™, where I is a maximal interval of definition. Without loss of generality, in what
follows we will consider / = R. In this setting, our space " can be regarded as the
standard static spacetime M™ x, R, (cf. Proposition 12.38 of [62]), that is, the product
manifold M" x R endowed with the Lorentzian warping metric

<'7'> :W}kwn(<7>M”) + (O‘OWM”)zwlT%(_dtz)v (139)
where a = |Y| = /—(Y,Y) > 0 is the warping function.

Remark 1.3 The importance of standard static spacetimes comes from the fact that

they include some classical spacetimes. In what follows we list some of them:

(a) A simple example is given by the Lorentz-Minkowski space ", which is isomel-
ric to the warped product (R" x Ry, mh. (grn) + mh(—dt?) ).

(b) The Einstein static universe (S" x Ry, wd:(gsn) + m(—dt?)) is also a standard
static space (cf. Example 5.11 of [T)).

(¢) Another example is given by the exterior Schwarzschild spacetime, which is de-
fined as follows. Let R* be given coordinates (t,r,0,p), where (r,0,p) are the
usual spherical coordinates on R>. Given a positive constant m, the exterior
Schwarzschild spacetime is defined on the subset r > 2m of R*, a subset which is
topologically R? x S?. The Schwarzschild metric for the region r > 2m is given

in (t,7,0, ) coordinates by

2 om\ "
ds? — (1 _ ﬂ) di? + (1 _ ﬂ) dr? + r? (d92 + sin? ngoz) .

T T

Since the metric for this spacetime 1s invariant under time translations t — t+a,
the coordinate vector field 0/0t is a (globally defined) timelike Killing vector field
(cf. Section 5.2 of [I4] or Chapter 18 of [62] ). Consequently, the exterior
Schwarzschild spacetime is a standard static spacetime.
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(d) A model that also presents static regions (which appeared shortly after the Schwarzschild
spacetime) is the Reissner-Nordstrém spacetime, whose metric in (t,r,0, ) coor-

dinates admits the representation

2 2 2 2\ !
ds® = — (1 — ﬂ+ 6—2) dt* + (1 _ + 6—2) dr® +r? (d92+sin29dg02) .
rooor rooor
This metric has singularities inr =0, 7 =1, andr = r_, where r. = m=+(m?—
e2)'/2 and in regions corresponding to +o0o0 > r > r, and r_ > r > 0 we have
that the Reissner-Nordstrom spacetime is static (cf. Section 5.5 of [52]).

Now, in the configuration described above, let (M" x, R;), be a weighted stan-
dard static spacetime. We will consider complete spacelike hypersurfaces

:L‘ZY“—)(M" XaRl)f7

namely, isometric immersions from a (connected) n-dimensional Riemannian manifold
Y. into weighted standard static spacetime. As (M" x, Ry) ; 1s time-orientable by the
timelike vector field Y and x : ¥" < (M" X, Ry), is a spacelike hypersurface, then
¥ is orientable (cf. Proposition 5.26 of [62]) and one can choose a globally defined
unit normal vector field /V on X" having the same time-orientation of (M" X, Ry); (cf.
Proposition 5.29 of [62]), that is,

(Y,N) <0. (1.40)

Such N is said the future-pointing Gauss map of = : ¥" — (M" x, Rl)f. We say that
X" = (M" x,R) ;s f-mazimal when its f-mean curvature vanishes identically.

Remark 1.4 Since the timelike Killing vector field Y has identically zero conformal
factor ¢ (more precisely, ¢ = %HdivY = 0, where div stands for the divergence on
M™ x, Ry, it follows from Proposition 1 of [59] that Y determines in M™ x, Ry a

codimension one Riemannian foliation by totally geodesic slices X = M" x {1y},

0
to € R, with respect to the orientation determined by — = Y. Moreover, assuming
that the weighted function f € C°(M™ x, R) is invariant along the flow determinate
by Y, that is, (Vf,Y) =0, from ([1.12) we get that each slice i is f-mazimal.

Remark 1.5 We observe that the following result is a consequence of a splitting theo-
rem due to Case (see Theorem 1.2 of [22]):

“Let H;LH be a weighted timelike geodesically complete spacetime that contains
a timelike line with mf(X, X) > 0 for all timelike vector fields X, and whose
weighted function f is bounded. Then f must be constant along timelike line of
=—n+l ,

M
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From Remark 1.5} in any weighted standard static spacetime (M" x, R;) having
nonnegative Bakry-Emery-Ricci tensor for timelike vector fields and with bounded
weighted function f, we have that f does not depend on the parameter of the flow
associated to the Killing vector field % =Y. Hence, we can see that it is reasonable
to consider static spacetimes M"™ x, R; endowed with a weighted function f does not
depend on the parameter ¢ € R. For sake of simplicity, we will denote such an ambient
space by

My xa Ry
and from now on this notation will be used without further comments.

Aassociated with a spacelike hypersurface x : X" < MY x, R, we will consider

the height function
h=(mg)| : X — R (1.41)

and the angle function ’
O: ¥ —» R
p = O@p) = NpE.Yp),
where N is the future-pointing Gauss map of X" and Y is the Killing vector field on

M? x4 Ry. From 1i we note that © will be always a negative function on X"
We have that

(1.42)

1
Vh = —EYT, (1.43)

where ()T denote the projection of a smooth vector field in X(M" x, R;) on X(Z").
Furthermore,
N* =N+ %@Y, (1.44)
where (-)* denote the projection of a smooth vector field in X(M" x, R;) on X(M").
From and it is not difficult to verify that the following relation holds.
|Vh|? = $|N*|§W. (1.45)

In what follows, until the end of this section, we proceed to describe the inteire
Killing graphs in (M} X, Ry). According to [30], we define the entire Killing graph
¥.(z) associated to a smooth function z € C°°(M) as being the hypersurface given by

N(2) = {¥(y,2(y)) :y € M"} C M" xa Ry,
The metric induced on M™ from the Lorentzian metric (1.39) via X(z) is given by
()= (" )m — a?d2?. (1.46)

Moreover, Y.(z) is spacelike if, and only if, a?|Dz|%, < 1, where Dz denotes the
gradient of a function z with respect to the metric (-, )5, of M™. Indeed, if ¥(z) is
spacelike, then

0 < (Dz,Dz), = (Dz, D2)y — a*(Dz, Dz)3,
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and, hence, we conclude that a?|Dz|3, < 1. Conversely, if o?|Dz[3, < 1 and X is a

vector field tangent to 3(z), we obtain, from Cauchy-Schwarz inequality,

<X7X>Z = <X*7X*>M - O‘2<D27X*>?\4 > <X*7X*>M(1 - O‘2|DZ|?\4)7

where X* is the orthogonal projection of X onto TM™. Thus, (X, X)., > 0 and

(X, X). =0if, and only if, X = 0.

The function G : M™ x R; — R given by G(y,t) = z(y) — ¢ is such that ¥(z) =

U(G1(0)). Thus, for each vector field X tangent to M" x, R;, we have
1

o’

(X, 0)0/(C) = (=8, + Dz, X).

o’

X(G) = X*(G)

Hence,
— 1
VG = —2(9t + Dz
«

is a normal vector field on G~1(0) and, consequently,
= 1
No = ¥.(VG) = =Y + 1,(D2)

is a normal timelike vector field on ¥(z). Since,

1 — 2D 2 \1/2
|N0| — ( Q | Z|M) 7
(8%

it follows that

No _ L (Y + a20,(Dz))

N =
[Nol (1 = a?|Dz[3,)"/?

(1.47)

defines the future-pointing Gauss map of ¥(z) such that its angle function © = (N,Y’)

is given by
«

0=— <
(1 —a?[Dz[3,)"/?

0.
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Chapter 2

Conformal Killing graphs in foliated
Riemannian spaces whith density:

rigidity and stability

In this chapter we investigate the geometry of conformal Killing graphs in a
Riemannian manifold M;LH endowed with a weight function f and having a closed
conformal Killing vector field V' with conformal factor vy, that is, graphs constructed
through the flow generated by V' and which are defined over an integral leaf of the
foliation V+ orthogonal to V. For such graphs, we establish some rigidity results under
appropriate constraints on the f-mean curvature. Afterwards, we obtain some stability
results for f-minimal conformal Killing graphs of W;LH according to the behavior of
1y . Finally, related to conformal Killing graphs immersed in H;LH with constant f-
mean curvature, we study the strong stability. The results presented in this chapter
are part of [35].

2.1 Some auxiliary lemmas

This section is devoted to present the analytical machinery that will be used to
establish the main results of this chapter.

Let us denote by £(M") the set of integrable functions on the weighted Rieman-
nian manifold M} with respect to the weighted volume element dy = e 7dM, where
dM stands for the volume element induced by the metric of M;. Since from we
have that

div, X = efdiv (e 7X),

for all smooth vector field X on My, it is not difficult to see that from Proposition 2.1



of [19] we get the following extension of a result due to Yau in [71].

Lemma 2.1 Let X be a smooth vector field on an oriented n-dimensional complete
weighted Riemannian manifold My with weight function [ such that divyX does not
change sign on My. If |X| € L} (M™), then div;X = 0.

The next lemma is due to Wei and Wylie [68] and it extends Theorem 7 of [71].

Lemma 2.2 All complete noncompact Riemannian manifolds endowed with a bounded
weghted function f and with nonnegative Bakry-Emery-Ricci tensor have at least linear

f-volume growth.

In the context of conformal Killing graphs immersed in a weighted Riemannian
manifold, following the same ideals of Lemma 4.3 of [37] (see also the proof of Theorem
4.2 of [36]) we obtain the following

Lemma 2.3 Let M;LH be a weighted Riemannian manifold endowed with complete
closed conformal Killing vector field V' an let ¥(z) be an entire conformal Killing graph
n H;LH, defined on some leaf M™ of the foliation V+. If ¥(z) lies between two leaves
of the foliation V* then %(z) is complete. Moreover, if |Dz| € L}(M"), then the
projection V' of V onto X(z) satisfies [V'] € L}(E(2)).

In what follows we assume that the weight function f of M;LH does not depend
on the parameter of the flow associated with the unit vector field v = —V/|V|, that is,
(Vf,v) = 0. In our next lemma, we present a suitable formula for the drift Laplacian

of Nv-

Lemma 2.4 Let M;LH be a weighted Riemannian manifold endowed with closed con-
formal Killing vector field V' having conformal factor i and such that the weight
function [ does not depend on the parameter of the flow associated to v = —V/|V|. If

Y(z) is a conformal Killing graph in H;LH, with Gauss map N given in (1.28), and
Ny 1s the smooth function on X(2) defined in then

Ag(nv) = = {Ric; (N, N) + [AP} v — V" (Hy) = n{evHy + N(yy)},  (21)

where A and Hy are the shape operator and the f-mean curvature of X(z) with respect

to N, respectively, and mf denotes the Bakry-Emery-Ricci tensor of M;LH.

Proof. According to the digression presented in Section [1.4.1] we have that (up to iso-
metry) W;LH can be regarded locally as a weighted warped product of the type (1.24).

In this setting, we have that V = a d,, ¥y = o/, v = —0,, |V| = «, and, consequently,
<vf7 0t> =0.
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Note that, from we get

where 0 = 0, — (N, 9,)N is the projection of J, on the tangent bundle of (z).
On the other hand,

O/ (Vf,N) = (Vor VI, N) + (V[,Vor N) (2:3)
= (Vo waynV /I, N) = (V [, A0,))

Now, taking into account that (Vf,8,) = 0 and denoting by V the Levi-Civita
connection on M, we have Vf = a2V f. Then,

(Va VI, N) = (Vo a2V [),N) (2.4)
= (—204’30/6]"" + a*ﬁaﬁf, N).

Hence, applying Proposition 7.35 of [62], from (2.4]) we get

(Vo.Vf.N) = (=20 %'V f +a *a 'a'Vf,N) (2.5)
= —aa Y(V[,N) = —a'a (V. N).
Substituting in equation we get that
0 (Vf,N) = —(Vf,Nya o/ = (N,0,) Hess f(N,N) = (Vf, A9, ). (2.6)

From equation (2.2) and (2.6) we conclude that

—nal0;, VH) = —na(d] ,VH;) — o/ (V[,N) (2.7)
- <N7 0t> Hessf(N, N) - a(ﬁf, A((()t—r»
On the other hand, from Proposition 2.1 of [20] we have that
A(N,ad) = —-n{ad,VH)—n{ad'H+ N(a')} (2.8)
—(N,a9;) {Ric(N,N) + |A]*}.

So, substituting in and using we obtain
A(N,ad) = —n{ad, VH;) — (N,ad;) {Ricy(N,N) + |A]*} (2.9)
—n{a'H; + N(a')} = (Vf, Al d))).

Moreover, from (|1.30) we verify that
V(N,a8,) = —A(ad]). (2.10)
We finish the proof using the equations (2.9) and (2.10)) into (1.15). m

We conclude this section by providing an explicit expression for the f-divergence
of the tangencial component V' of V' along a conformal Killing graph.
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Lemma 2.5 Let M;LH be a weighted Riemannian manifold endowed with closed con-
formal Killing vector field V' having conformal factor i and such that the weight
function [ does not depend on the parameter of the flow associated to v = —V/|V/|,
and let X2(z) be a conformal Killing graph in H;LH. Then

dinVv—r = n?/}v + TL’I]\/'Hf, (211)

where Hy is the f-mean curvature of X(z) with respect to N and ny is the smooth

function on X(z) defined in (1.29).
Proof. Since (Vf,V) =0, then, writing V =V + 7N, we get

(V£VT) = - (V[,N). (2.12)
On the other hand, from equation (8.4) of [2] we have

divV'" = napy + nny H, (2.13)

where H is the standard mean curvature of ¥(z). Hence, from (1.13)), (2.13) and (2.12)
we obtain (2.11). m

From Remark when a weighted Riemannian manifold M;LH endowed with

complete closed conformal Killing vector field V' has bounded weight function f and
nonnegative Bakry-Emery-Ricci tensor, we have that f does not depend on the param-
eter of the flow associated with the unit vector field ». In this case, we can see that
the hypotheses adopted in Lemmas [2.4 and 2.5 on the weight function f are naturally
verified.

2.2 Rigidity results for conformal Killing graphs in
—n+1

M

In this section we establish the rigidity results related to conformal Killing graphs
—n+1

in M,

Theorem 2.6 Let M;LH be a weighted Riemannian manifold endowed with complete
closed conformal Killing vector field V' and such that the weight function f does not
depend on the parameter of the flow associated to v = —V/|V|, and let 3(z) be an entire
conformal Killing graph in M;LH, defined on some leaf M" of the foliation V*, which
lies between two leaves of V+. Suppose that the [-mean curvature H; (not necessarily
constant) of X.(z) satisfies the following inequality

0< Hf < Hf, (2.14)

where Hy is the f-mean curvature of M" given in (L.22). If |Dz| € L}(M"), then
¥(z) is isometric to a leaf of V*.
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Proof. Let 6 be the angle between v and N. From (2.11]) and (2.14), we get
dinVT =n|V|{H; — Hfcos0} > n(l —cos8)H|V| > 0. (2.15)

On the other hand, from Lemma we obtain that X(z) is complete and |[VT| €
L}(2(z)). Consequently, we can apply Lemma [2.1{to guarantee that div,V" vanishes
identically on X(z). Therefore, returning to we conclude that cosf = 1 on X(2),
that is, the unit vector fields NV and v determine the same direction on ¥(z) and, hence,
¥(2) must be isometric to a leaf of the foliation V-. =

From the analysis of the sign of div; (V'7) in the proof of Theorem we obtain
the following

Theorem 2.7 Let H;LH be a weighted Riemannian manifold endowed with complete
closed conformal Killing vector field V' and such that the weight function f does not
depend on the parameter of the flow associated to v = —V/|V|, and let X(z) be an
entire conformal Killing graph in M;LH, defined on some leaf M™ of the foliation V+,
which lies between two leaves of V*. Suppose that the f-mean curvature H; of $(z) is
constant and satisfies
0< Hy<Hy,
where H; is the f-mean curvature of M™ given in (L.22). If |Dz| € L}(M™), then

Y(z2) is either f-minimal or isometric to a leaf of V*.

In the case that the ambient space in the Theorems and 2.7 is a weighted
warped product of the type (1.25)), noting that #,; admits the expression (1.26f), we
get the following results:

Corollary 2.8 Let 3(z) be an entire conformal Killing graph in a weighted warped
product R x, M7, defined on a slice M = {to} x M", ty € R, which lies in a slab of
R x, My. Suppose that the f-mean curvature H; (not necessarily constant) of X(z)
satisfies the following inequality

O0<aH;<da.
If |IDz| € L3(M?), then X(z) is isometric to slice {t} x M", for some t € R.

Corollary 2.9 Let 3(z) be an entire conformal Killing graph in a weighted warped
product R x,, M7, defined on a slice M}, = {to} x M", ty € R, which lies in a slab of
R x, M7. Suppose that the f-mean curvature Hy of X(z) is constant and satisfies

0<aH;<d

If |Dz| € L3(M}}), then X(2) is either f-minimal or isometric to slice {t} x M", for
some t € R.
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Continuing with our study, if the f-mean curvature of the conformal Killing graph
and the conformal factor of the conformal Killing vector field have opposite signs, we
have established the following result.

Theorem 2.10 Let H;LH be a weighted Riemannian manifold with nonnegative Bakry-
Emery-Ricci tensor mf, endowed with complete closed conformal Killing vector field
V' having conformal factor ¥y and such that the weight function f is bounded. Let X(z)
be an entire conformal Killing graph in M;LH, defined on some leaf M" of the folia-
tion V*, which lies between two leaves of V*, and with Gauss map N given in .
Suppose that ¢y and the f-mean curvature H; of 3(z2) verify one of the following
conditions:

(a) Hy > 0 and ¢y <0 on X(z);
(b) Hf <0 and ¢y > 0 on X(z).

If the norm of the second fundamental form |A| of ¥(z) is bounded and |Dz| € L;(M"),
then 3(z) is totally geodesic and mf in the direction of N wvanishes tdentically. In
addition, if X(2) is noncompact and the Bakry-Emery-Ricci tensor of L(z) is also

nonnegative, then Y(z) is isometric to a totally geodesic leaf of V.

Proof. First of all, we note that f does not depend on the parameter of the flow
associated with v (see Remark [1.5)).

Since the support function 7y defined in is negative, from either item (a)
or (b) jointly with equation we obtain that div; (V') does not change sign on
%(2). Since (2) lies between two leaves of the foliation V- and |Dz| € L}(M"), from
Lemma we obtain that X(z) is complete and [V'| € £3(X(2)). So, Lemma
gives div; (VT) = 0 on X(2). Therefore, 1y = 0 and H; = 0 on (z).

Now, considering (2.1)), we obtain

Ay(ny) = — {Ricy (N, N) + [A*} v > 0
on X(z). Moreover, we note that the boundedness of |A| on X(z) gives
V| < JA[VT] € L3(2(2)).
Applying again Lemma we get As (ny) = 0 on X(2) and, consequently,
Ricy(N,N) + |A]* =0

on ¥(z). Since Ric;(N,N) > 0, we get Ric;(N,N) =0 and A = 0 on %(2), that is,
¥(2) is totally geodesic.
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Proceeding, in view of (1.30), we obtain that V7, = 0 on X(z) and, hence,
ny = (V, N} is constant and nonzero on X(z). On the order hand, since V' is parallel
on X(z), from ([1.19) we have that (V, V) is constant on M;LH. Thus,

VT2 = |V = (V,N)N]? = (V,V) — (V,N)? (2.16)

is also constant on X(z). Therefore,
+00 > / VT du = |V T vols(2(2)), (2.17)
3(z)

where vol;(X(z)) is the weighted volume of ¥(z). If, in addition, we assume X(z)
is noncompact and that the Bakry-Emery-Ricci tensor of X(z) is also nonnegative,
Lemma, gives vol;(X(z)) = 4oc and, consequently, the only possibility that we

have for validity of (2.17) is that |[V''| = 0 on X(2). Thus, from (2.16]) we get
(V. N) = VI

Therefore, Cauchy-Schwarz inequality gives that V is parallel to N and, hence, 3(z)
must be isometric to a totally geodesic leaf of V. =

When the f-mean curvature of a conformal Killing graph and the conformal factor
of the conformal Killing vector field have the same sign, we have the following

Theorem 2.11 Let H;LH be a weighted Riemannian manifold with nonnegative Bakry-
Emery-Ricci tensor Ricy, endowed with complete closed conformal Killing vector field
V' having conformal factor ¥y and such that the weight function f is bounded. Let X(z)
be an entire conformal Killing graph in M;LH, defined on some leaf M" of the folia-
tion V*, which lies between two leaves of V*, with Gauss map N given in , and
with norm of the second fundamental form |A| and f-mean curvature H; both bounded.
Suppose that |Dz| € E}(M"), Hy has the same sign as ¢y and

1 9y

Y < n(HH? 2.1

where t € R is the parameter of the flow associated with the unit vector field v =
—V/|V|. Then %(z) is totally geodesic and Ric; in the direction of N vanishes iden-
tically. In addition, if ¥(z) is noncompact, (V, V') is constant on X(z) and the Bakry-
Emery-Ricci tensor of X(2) is also nonnegative, then %(z) is isometric to a totally
geodesic leaf of V*+.

Proof. We have that f does not depend on the parameter of the flow associated with

v (see Remark [L.5). From (1.20) we observe that

_ 1 0
N(yy) = (N,Viyy) = —V(¢V) Ny = —m%ﬁva

T (2.19)
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where 7y is the negative support function defined in (1.29). Thus, in (2.1)) we have

ﬂ&/}\/
vl ot

Ap(nv) = —n(VH;, V) — {Riep(N, N) + A} gy — naby Iy +
From hypothesis (2.18)), we get
Ap(ny) > —n(VH;, V) — {Rics(N,N) + |A} gy — noy Hy — n?(Hy)?ny. (2.20)
Now, let us consider on ¥(z) the smooth vector field

X =Vny +nH V'

Since Y(z) lies between two leaves of the foliation V= and |Dz| € L;(M"), from
Lemma 2.3 we obtain that ¥(z) is complete and [V''| € £3(%(2)). Then, from (1.30)
we obtain

|X] < {JA]+ | Hg}V | € L3(2(2)),

since Hy and |A| are bounded on ¥(z),
Moreover, from (|1.13)), (1.14), (2.11)) and (2.20) we have

div, X = As(py) +n(VH;, V) +nH;div; (V) (2.21)
> —n(VH;, V) — {Ricy(N,N) + |A*} v

—ngpy Hy — n®(Hg)*ny +n{VH;, V)

+n*y Hy +n?(Hp )y
= — {Ric;(N,N) + |A*} v + n(n — )¢y Hy > 0,

where in the last inequality we used that 7y is negative, Ric; is nonnegative and
the assumption that H; and ¢y have the same sign on ¥". Thus, Lemma [2.1] gives
divyX = 0 on X(2). Therefore, by returning to we obtain that Ric;(N,N) =0
and X(z) is totally geodesic.

Finally, if ©(2) is noncompact, (V, V) is constant on X(z) and the Bakry-Emery-
Ricci tensor of ¥(z) is also nonnegative, then holds and we can reason as in the
last part of the proof of Theorem to conclude that X(z) is isometric to a totally
geodesic leaf of V. m

If the ambient space M;LH in Theorems [2.10[ and [2.11|is a weighted warped pro-

duct R x, M}, we observe that the hypotheses about the Bakry-Emery-Ricci tensor of
M;LH and the weight function f can be disregarded, because in this case we already
have to the weigted function f does not depend on the parameter of the flow asso-
ciated with the unit vector field —¢,. Hence, when M;LH =R x, M}L we have that
Theorems and can be rescripted, respectively, in the following way.

Corollary 2.12 Let R x, M} be a weighted warped product with bounded weight func-
tion [ and let 3(z) be an entire conformal Killing graph in R Xo M7, defined on a slice
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Mp = {to} x I, ty € R, which lies in a slab of R x, M7, and with Gauss map N
given in . Suppose that the warped function o and the f-mean curvature H; of

Y(z) verify one of the following conditions:
(a) Hf > 0 and o/ <0 on 3(2);
(b) Hy <0 and o' > 0 on 3(z).

If the norm of the second fundamental form |A| of £(2) is bounded and |Dz| € L3(M}),
then X(2) is totally geodesic and the Bakry-Emery-Ricci tensor of R X, M} in the
direction of N wvanishes identically. In addition, if () is noncompact and the Bakry-

Emery-Ricci tensor of ©(2) is nonnegative, then L(2) is isometric to a totally geodesic
slice {t} x M", for same t € R.

Corollary 2.13 Let R X, M} be a weighted warped product with bounded weight func-
tion [ and let 3(z) be an entire conformal Killing graph in R Xo M7, defined on a slice
My = {to} x M", ty € R, which lies in a slab of R x, My, with Gauss map N given
n , and with norm of the second fundamental form |A| and f-mean curvature
Hy both bounded. Suppose that |Dz| € L;(M[), H; has the same sign as the derivative
of the warped function o and

o < —na (Hp)?.

Then %.(z) is totally geodesic and the Bakry-Emery-Ricci tensor of R X, M} in the
direction of N vanishes identically. In addition, if X(2) is noncompact, (V, V') is con-
stant on X(z2) and the Bakry-Emery-Ricci tensor of (2) is nonnegative, then Y(2) is
isometric to a totally geodesic slice {t} x M", t € R.

2.3 Stability of f-minimal conformal Killing graphs

Let M;LH be a weighted Riemannian manifold, with weight function f and en-
dowed with closed conformal Killing vector field V', and let 2 : £(z) & M;LH be an
conformal Killing graph with Gauss map N defined in (1.28)). In this setting, we denote
by d¥(z) the volume element with respect to the metric induced by z : 3(2) & H;LH
and we mean by C§°(X(z)) the set of all functions of class C* on X(z) supported
compactly.

It is well known that, given a function ¢ € C§°(X(z)) there exists a normal

variation with compact support an fized boundary
xs:2(z) = H;LH, for s € (—e,€), (2.22)
of z:X(2) & H;LH, that is,
(1) x5 = Id outside a compact subset of X(z);
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(#1) for s € (—¢,€), the map z, : X(2) — H;LH is a immersion such that z(p) = z(p)
for all p € 3(z);

(1ii) xs(p) = p for all p € 9X(2).

Moreover, associated with x, : X(z) — M;LH we have that the variational normal field
is /N and the first variation of the weighted area functional

Ap: (—e,6) - R

s —  Ays(s) = Areay <xs(2(z))) :/ dus , (2.23)
3(z)

where du, = ¢ /d%(2), and dX(z), denotes the volume element of ¥(z) with respect

to the metric induced by z, : X(2) — W;LH, is given by (see, for instance, [23], Lemma

3.2)

(A = 0 = [ el (2.24)

ds
As a consequence, x : X(2) & H;LH is a f-minimal if and only if J,, (A;) = 0 for every
smooth function ¢ € C§°(X(2)). In other words, f-minimal conformal Killing graphs
in W;LH are characterized as critical points of A;.
The stability operator of this variational problem is given by the second variation
formula for the f-area, which in our case is written as follows (see Proposition 3.5
of [23] for H; = 0)

) = G = - [ ersterin (2.25)

with
Ly = Ag + |A]* + Ricg(N, N),

where A, is the drift Laplacian operator on X(z), N is the Gauss map of X(z), |A]
denotes the length of the shape operator A of X(z) and Ric; is the Bakry-Emery-Ricci
tensor of W;LH.

For f-minimal conformal Killing graphs in W;LH, the above discussion motivates
the following notion of stability.

Definition 2.14 Let M;LH be a weighted Riemannian manifold, with weight function
[ and endowed with closed conformal Killing vector field V, and let x : X(2) M;LH
be a f-minimal conformal Killing graph. We say that x : X(2) H;LH is Ly-stable if

02 (Ag) >0 for every ¢ € C§°(X(2)).

In order to proof our main theorem in this section, we will need to use the following
auxiliary result, which gives a sufficient condition for a f-minimal hypersurfaces be L -
stable.
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Lemma 2.15 Let M;LH be a weighted Riemannian manifold, with weight function f

and endowed with closed conformal Killing vector field V, and let = : 3(z) ¢ M;LH

be a f-minimal conformal Killing graph. If there exists a positive smooth function
u € C™(X(z)) such that Ls(u) <0, then z: X(2) H;LH is Ls-stable.

Proof. Let us assume that there exists such a function u and take ¢ € C§°(X(2)).

Then, we can choose p € Ci°(X(2)) satisfying ¢ = ou. Hence, from (1.16)) and ([2.25))
we have

2 — —

52 (Af) = / L) dn /  ouLslow)dn (2.26)
- _ /E( | (gzuLf(u) + 0u*As(0) +20u(Vo, Vu}) dp
> /  (0u(0) +20u(Ve, Vi)~ 0w (Vo V1)) dp

1
= [ (0980 + 596 9 — 0029091} ) .
¢
On the other hand, we can see that
div(u®Vo?) = (Vu?, Vo?) + u*A(0?) = (Vu?, Vo) + 20u*A(p) + 2u*|Vo|*.

Therefore, from the weighted version of divergence theorem (see Lemma 2.2 of [21]),
we get from last equation together with (2.26) that

L.
637 (Ag) > —/E( | (5 div(u?V?) — u?|Vo|? — pu(Vo, Vf>) dp
1
= —/ (5din(U2V92)—U2|VQ|2) dp = / u?|Vol*dy > 0
2(z) 2(z)

and, therefore, z : ¥£(2) H;LH is Ly-stable. m
Now, analyzing the behavior of the conformal factor ¥y, along a conformal Killing
graph, we will state and prove our main result concerning L-stability. In what fol-

lows, t € R denotes the parameter of the flow associated with the unit vector field
v = =V/|V].

Theorem 2.16 Let H;LH be a weighted Riemannian manifold nonnegative Bakry-
Emery-Ricci tensor, endowed with complete closed conformal Killing vector field V
having conformal factor ¢ and whose weight function f is bounded, and let z : 3(2) ¢+

H;LH be a f-minimal conformal Killing graph.

(a) If 6(9% <0 on X(z) then x : ¥(z) M;LH is Lg-stable.

(b) If ¥(z) is compact and Iy >0 on X(z) then x : ¥(z) & H;LH is L;-stable if
and only if Yy is constant on X(z).

35



3, —n
(¢) If ¥(z) is compact and Ky > 0 on X(z) then z : ¥(z) & ]\4f+1 cannot be

ot
L¢-stable.

Proof. We have that f does not depend on the parameter of the flow associated with v
(see Remark [1.5). On (z), we consider the smooth positive function u = —7y, where
ny is defined in (1.29). Then, from (2.1) and (2.19) we obtain

n (9?/)\/

L = — —— 2.27
and, with a direct application of Lemma [2.15] the result of item (a) is obtained imme-
diately.

Now, let us consider (b). Note that in this case C§°(2(z)) = C*(X(2)). So, if
x:X(z) % M;LH is Ls-stable, from Definition [2.14] and equation (2.27) we get

2 U2 (9?/)‘/
%(2) si(z) V]

0
which guarantees us % =0 on X(2). The converse follows from item (a).
=5 n+1

Finally, we prove (c). Assuming the opposite, if we would have z : 3(2) & M,
L s-stable then, from the analysis of signals studied in (2.28]), we obtain

U2 (9?/)\/
Og—n/ WY 4 <,
s V] Ot

which is absurd. m
When the ambient space is a weighted warped product of the type (1.25)), we can
apply Theorem to obtain the following result.

Corollary 2.17 Letz : X(2) + R X, M} be a f-minimal conformal Killing graph.

(a) If the warping function o satisfies o < 0 on X(z) then x : X(z) & R xo My is
L¢-stable.

(b) If X(2) compact and the warping function o satisfies o > 0 on X(z) then x :
Y(z) ¥ Rx, My is Lg-stable if and only if o = at+b on £(2), for some a,b € R.

(¢) If X(2) compact and the warping function o satisfies o > 0 on X(z) then x :
Y(z) % H;LH cannot be Ly-stable.

2.4 Stability of constant f-mean curvature conformal
Killing graphs

Let M;LH be a weighted Riemannian manifold, with weight function f and en-
dowed with closed conformal Killing vector field V', and let 2 : £(z) & M;LH be an
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closed (that is, compact and without boundary) conformal Killing graph with Gauss
map N defined in given in ([1.28]).
In what follows we consider the set

g:{wecw@(z)) : /E(z)wduﬂ}a

formed by all the smooth functions on ¥(z) with weighted integral mean equal to zero,
where du = e /dX(z) and d¥(z) is the volume element with respect to the metric
induced by z : ©(2) 3 H;LH

According the ideas established in the Lemmas 2.1 and 2.2 of [8] (see also Lemma

3.2 of [23]), every smooth function ¢ € G induces a normal variation (namely, a smooth

function of form (2.22)) checking only item (i7)) of z : £(2) % H;LH, with varia-

tional normal field ¢ N and with first variation J, (A) of the weighted area functional
A; o (—€,€) > R, defined in (2.23), given by the expression (2.24). As a consequence
of (2.24), any closed conformal Killing graph = : ¥(z) 3~ M;LH with constant f-mean

curvature H; is a critical point of A, restricted to all functions ¢ belonging to G.
Geometrically, this condition means that the variations under consideration preserve
a certain weighted volume function (for more details, see Section 3 of [23]). For these
critical points, Proposition 3.5 of [23] (see also Proposition 2.5 of [8]) asserts that the
stability of the corresponding variational problem is given by the second variation
07 (Ag) = — ) {As(9) + (|AP +Rics (N, N)) () } pdu (2.29)

where A, is the drift Laplacian operator on X(z), N is the Gauss map of X(z), |A]
denotes the length of the shape operator A of X(z) and Ric; is the Bakry-Emery-Ricci
tensor of W;LH.

From , let us now note that o7 (Ay) depends only on ¢ € C*(%(z)). The
following notion of stability now makes sense.
Definition 2.18 Let H;LH be a weighted Riemannian manifold, with weight function
[ and endowed with closed conformal Killing vector field V, and let x : X(2) H;LH
be a closed conformal Killing graph with constant f-mean curvature Hy. We say that
x:X%(z) P H;LH is strongly f-stable when 62 (Ay) > 0 for every ¢ € C=(%(z)).

We are now in position to state and prove the following rigidity result for strongly
f-stable conformal Killing graphs.

Theorem 2.19 Let H;LH be a weighted Riemannian manifold nonnegative Bakry-
Emery-Ricci tensor, endowed with complete closed conformal Killing vector field V
having conformal factor ¢, and whose weight function f is bounded. Let x : ¥(z) ¢+
M;LH be a strongly f-stable closed conformal Killing graph. Suppose that

6(;/}—2/ > maX{wva,O}, (230)
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where t € R is the parameter of the flow associated with the unit vector field v =
—V/|V|. If the set where ¥y = 0 has empty interior in X(z2), then X(2) is either

f-minimal or isometric to a leaf of the foliation V*.

Proof. As seen in Remark we have that f not depend of ¢ € R. Let us consider in
W;LH the global parametrization (|1.23). Since z : ¥(z) 3~ M;LH is strongly f-stable,

it follows from Definition and (2.29) that

s {A7(0) + {Rics (N, N) + AP} o} pdu > 0, (2.31)

for all ¢ € C*°(X(z)). In particular, since H; is constant on ¥(z), taking the negative
function 7y defined in (1.29) we get from (2.1)) that

As(ny) + {Rics (N, N) + [AP}yy = —n{uv Hy + N(dy)}.

Thus, from (2.31) we have that

o ){?/}VHf + Ny )} nv du > 0. (2.32)

On the other hand, it follows from ({1.20) that

Nliv) = (N, i) = w(wr) (N, ) = ~ 2L cosd,

where 6 is the angle between N and —v. Substituting the above into (2.32)), we finally

arrive at

/ (Q/JVHf _ v COS@) |V|cos@du > 0.

Now, from (2.30) we obtain

0 < / {Q/JVHf _ Oy COSQ} |V|cos@du
(z) ot

< / (1—0059)&/}—‘/|V|0059du < 0.

Hence,

oy oy
W =0 and o1 = —1/1va

on X(z). But, since H; is constant on X(z), 3(2) is either f-minimal or H; # 0 on

(1 — cosb)

¥(2). If this last case occurs, the condition on the zero set of ¢y on ¥(z) together with

the above give Oy # 0 on a dense subset of X(z) and, hence, cos# = 1 on this set.
By continuity, cos# = 1 on X(z). Therefore, in this case, X(z) must be a leaf of the
foliation V+. m

We close this chapter observing that, when the ambient space is a weighted
warped product of the type (L.25), we can apply Theorem 2.19| to obtain the following

result.
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Corollary 2.20 Let x : X(z) & R x, My be a strongly f-stable closed conformal
Killing graph. Suppose that the warped function o satisfies

a” > max{a'H;,0}.

If the set where o/ = 0 has empty interior in X(z), then X(z) is either f-minimal or
isometric to the slice {to} x M™, for some {3 € R.
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